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Ioceawaemen
mpudyamunemuio xehedpor
dynxyuonarvrozo anaauide bBI'y

OT ABTOPOB

DyHKINOHAIBHBIN AHANN3 U3Y4YaeT MHOMKECTBA, CHaOKeHHBIE COIIaco-
BAHHBIMM MEXKIY OO0 anrebpamvecKuMy U TONOJOTHYECKUMH CTPYKTY-
pamu, ¥ uX OTOOpaXKeHHsl, 4 TAKXKEe MeTOMbI, C HOMOLIBIO KOTOPBIX CBele-
HUs 00 3TUX CTPYKTYPaxX NPUMEHSIIOTCS K KOHKDeTHBbIM 3aja4daM. Kak ca-
MOCTOSITE/IbHASL MaTEeMaTHUYeCKasa AUCHUILIMHA DYHKIMOHAJNBHBIN aHaIU3
odopmusics B Hayane XX BeKa B pe3ynbTaTe [EPEOCMbICIEHHS U 0600-
LIIEHHS DsAa MOHATHH MAaTeMaTUYECKOrO aHANW3a, ajare6pbl U reOMETPUH.
Ocnopononaraipomas MoHorpabdus Credana Banaxa “Teopust nuHeHHBIX
onepaumii” Gblta onyGaukoBaHa B 1932 rony. 3a mocnepyroomue NecaTH-
aAetus QYHKUMOHAIBHBIA aHaIU3 riIyOOKO IPOHHK IOYTH BO BCE 00JIacCTH
MATEMATHKH.

OCHOBO# /15 IIMPOKHX MPHJIONKEHHH (byHKIMOHAILHOTO AHAIM3A AB-
JA€TCs TO, YTO GONBITMHCTBO 33434, BOSHUKAIOUINX B MAaTEMATHKE ¥ Ma-
TEMaTUYECKOH DH3MKE, KACAETCs He OTIeNbHbIX 00bEKTOB THIIA DYHKUHIA,
Mep WM ypaBHEHHH, a, CKopee, ODUIMPHBIX KJIACCOB TAKHX OObEKTOB, IPU-
4eM Ha ITUX KJIACCAX OBBIYHO CYUIECTBYET eCTECTBEHHAA CTPYKTYpa BeK-
TOPHOr0 IPOCTPAHCTBA U ecTecTBeHHas Tonosorus. Cpean obnacrelt rpu-
MeHeHNs (DYHKIHOHAJIBLHOIO aHAJIN3a MOXKHO YKa3aTb MaTEMATUYECKYIO
duznky, Teoputo Gyuxuuit, Teopuio auddepeHINaTbHBIX H HHTErpalb-
HBIX YDaBHEHHUH, TEOPUIO BEPOATHOCTEH, METO/bI BEIMUCIEHUN, KBAHTOBYIO
MEXaHUKY, MATEMATHYECKYI0 S9KOHOMUKY U Pl IPYIHX Hay4HBbIX HaIIpaB-
JeHUH.

EcrectBenno, 4yTto GyHKUMOHANBHBIN aHAJIM3 CTAJT ONHOM M3 6a30BBIX
JUCUHAILUINH B YHMBEPCUTETCKOM MAaTeMaTH4YecKOM obpasoBanuH, omybmu-
KOBaHO MHOIO yuebHBIX mocoOuii u MOHOrpacHil pa3HOrO yPOBHS CJIOXK-
HocTH. OCOGEHHOCTBIO JAHHOM KHUIM, NPEIHA3HAYEHHON s CTYAEHTOB
MATEMATHYECKHX CNEUUaJIbHOCTENR YHUBEDCUTETOB, ABJIAETCS TO, YTO IIPU
ee HAIlMCAHHM CTABUJIACH 1eJib 0TOOpaTh MUHUMYM MaTepHalia, KOTOPBIH
OTpa’ykaeT OCHOBHBIE UAEH U METO/IbI (PYHKIMOHAILHOIO AHAJIN33 U BMECTe
C TeM MO2KeT ObITb JOCTATOYHO [OAPOOHO H3JIOKEH 33 BpEMsi, OTBEIEHHOE
V4eOHBIM NIaHOM Ha Kypc “@YHKUHOHAJBHBIA AHAJHM3 M UHTErpasibHBIE
VDPaBHEHHS .



B kHure u3noxkeHbl OCHOBBI TEOPHH MEPHI M HMHTerpana Jlebera, MeT-
PUYECKHX ¥ HOPMHUPOBAHHBLIX NPOCTPAHCTB U ONEPATOPOB B HHUX, OCHOB-
Hble TIPUHIIMIBL JTUHENHOro (pyHKIMOHAJILHOIO aHA/IN3a, OCHOBBI TEOPHUH
06061eHHbIX QYHKLHI K TONOJOTHYECKHX BEKTOPHBIX IpocTpaHcTs. VHTe-
rpaJjibHble YPAaBHEHUsI pAaCCMATPHUBAIOTCA B Ka4ecTBe OHOIO M3 OCHOBHBIX
00beKTOB NpuiioxkeHu#. COOTBETCTBYIONINE PE3YIhTATHI HE BBIIEJEHBI B
OTHAEJIBHYIO [VIABY, & PACIPeiesieHb] IT0 KHUre M HOCSIT XapaKTep WICTPa-
LM ¥ CJ1eCTBHI OBIUX yTBEePKAEH!HH, YTO NO3BONAET AEMOHCTPUPOBATD
[IOAOTBOPHOCTL METOJ0B (DYHKIIMOHAIBHOIO aHAIU3A.

IIpunoxenue comepxurT oCHOBHBIE (GAKThI U3 00I11elH TOIOJIOruH, KOTO-
pbie HYKHBI 475 Gosiee riiyGoOKOro MOHHMAHHMs PAAA BONPOCOB U UCIOJb-
3yIOTCS B OCHOBHOM B rviase IX.

B 0oCcHOBY KHUTM NONOMKEH KYPC JIeKUH, KOTOPbI B TeUeHUe psiia JIeT
YMTAETCH aBTOPAMY HA MEXaHUKO-MaTeMaThu4eckoM daxynbrere Benopyc-
CKOr0 roCyJapCTBeHHOro yuusepcurera. CofiepKaHHe OCHOBHOIO Kypea
usnoxkeno B raasax I — VII, matepuan rinas VIII u IX obbryno nsnaraercs
B CIIELKYPCaX.

IlepBoe uzpanue kHuru Boimao B 1984 rogy. B penensupoBaHnu nep-
BOro u3faHusa yvacrBoBann dien-koppecnosaeHT PAH JI. /1. Kynpssues,
npodeccopa B. 1. ['ony6os u B. M. [oBopoB, ybM KpuTHYECKHE 3aMeUaHUA
M II0JIE3HBIE COBETHI CIIOCODCTBOBAIH CYIECTBEHHOMY YJYULIEHHMIO COJED-
JKAHHUs KHUTH.

IIpu moaroroBke BTOPOro usnaHua ObLTH MepepaboTaHbl M PACUIMDEHbI
HEKOTOPbIE Pa3/IeNbl, VCTPAHEHbI OOHAPYIKEHHbIE ONIEYATKHY ¥ HETOYHOCTH.
Mp1 61aromapHbl pereH3eHTaM BToporo usnanns — akaaemuky HAH Bena-
pycu H. B. lajimyny, wien-koppecnongenty HAH Benapycu B. 1. Kop3ioky,
npocdeccopam I1. IT. 3abpeiiko n B. H. Pycaky 3a nenuble 3aMe4aHus.

Mp! BhIpakeM 6JaroJapHOCTE JOLIEHTaM Kadenps! GyHKIHOHATEHOTO
ananusa BI['Y M. X. Masens u JI.I. TperbsikoBoii, y4acTBOBaBUINM B MMOI-
IOTOBKE U PEJAKTHPOBAHNH TEKCTA, a TakkKe [. V. Paapino u E. M. Pagprao
33 TEXHHYECKYIO0 MOMOIb NPH IOATOTOBKE PYKOIIHCH.

B kuure npuHsATa CIUIOMIHAS HyMepauus naparpadoB, CChIIKH BHYTDH
naparpada naloTcs 6e3 yKasaHHs ero HOMepa. 3HAKoM [> 00o3Havaercs
HAYaJIo0 JOKA3aTEeNbCTBE, 3 3HAKOM <) — ero OKOHYaHMe. 3HAK := YHTAETCH
“IIOJIOKHUM TIO ONpeeNieHni0” WM “o06o3HaunM”.



['JIABA'1
TEOPUNA MEPHBI

§ 1. IPEABAPUTEJIBHBIE CBEJEHNW A

Hosrie MaTeMaTHIecKoe 0OBHEKTHI H IOHATHSA BBOAATCI BCETIA C IOMO-
WIBI0 APYTHX, Gosee obuMX 06BEKTOB, 1 OINPEIeaAI0TCd Kak Takue 6bosiee
obure 06beKThI, YAOBJIETBOPSIOLINE HEKOTOPLIM YCI0BUAM. Bonee obiue
06bEKTEI, B CBOI0 OUepeb, ObLIN BBEAEHBI C IOMOLIBIO eme Gosee o6iux U
1.1. Takas pernouxa HOHSITHI JOJIKHA LIE-TO OKAHYMBATBCH — KAKHE-TO
06BHEKTHI JONAKHBI ObITH MPUHATHI 38 6a30BbIe, KOTOPBIE HE BBOAATCS C 110~
Moo 6osiee 0bmKx nouATHi. Takum 6a30BbIM NOHATHEM B COBPEMEHHOR
\aTeMaTHKe OGbIYHO CYHTAETCS MTOHATHE MHOMHCEeCEa. MHOMKECTBO MOXK-
HO NOHHMATh KaK COBOKYIHOCTh, Ha6op, cOBpaHNe HEKOTOPBIX OO'LEKTOB
NPOH3BOJBHON NMPHUPOAbI, KOTOPblE HA3LIBAIOT JIEMEHTAMH JAHHOIO MHO-
»kecTBa. MHOXecTBO X CUMTaeTCs 3aJaHHbIM, €CJIM H3BECTHBI €ro 3JeMeH-
THI, T. €. A7 J1060r0 06beKTa a BBHITIOJHEHO: THOO @ ABJSAETCH JEMEHTOM
X (3anuceBaercs a € X ) n1ubo a He sBiAerca sjemenToM X (3amUcbiBa-
ercsa a ¢ X).

HamoMHuM OCHOBHBIE NOHATUSA TEOPHM MHOXKECTB.

Ecmu A u B — MHOMXKECTBa, TO MHOMKECTBO A HA3LIBAETCA 7NOIMHO-
oicecmeom mmoocecmea B (0603uaaerca A C B), eciau KaxKaplil SJeMeHT
MHOXKECTBa A sBJISETCsS 3JeMEHTOM MHOXKecTBa B.

MHo»XXecTBO BCex NOAMHOXKeCTB mHOXKecTBa X o6o3nadaerca P(X).
MuoxecTBO, CoCTOsILIee H3 OAHOM TOUKHU X, 0603Ha4aeTcs {}. MHOXecTBO,
HE COZlepIKalllee 31eMeHTOB, Ha3blBaeTCa nycmouim U obo3nauaercs (). das
moboro MHo>kectBa X BomosHerHo ) C X.

Ecnu ans snementoB MHOXecTBa X 3aaHO HEKOTOpOe CBOMcTBO P(z),
TO MOAMHOKECTBO MHOXKeCTBa X, COCTOsIee U3 BCEX IJEMEHTOB T € X,
A7 KOTOPbIX CBOMCTBO P(1) BBINOJIHEHO, 3aMUCHIBAIOT CAEAYIOWUM 06pa-
3om: {z| z € X, P(z)} mmm {z € X : P(z)}.

3amerumM, 4TO CBOICTBO P(z) 3a1aeT MOAMHOKECTBO B X TOJbLKO B TOM
ciydae, KOTJa 9TO CBOMCTBO CHOPMYIHPOBAHO TaK, YTO AJIsi KaXKIOrO 3Jie-
MEHTa, I CYHIECTBYET ONpEAE/IeHHbBIH OTBET: BHIMOJHEHO 3TO CBONCTBO M5t
JAHHOTO T WM HE BbINOJIHEHO. V3BecTHb! npuMepsl Taxnx GHOpMyIHpo-
BOK CBOHICTB 3/IEMEHTOB, [JIs KOTOPbIX TOJABKO JOCTATOYHO BHUMATEIbHbIH
AHAJIU3 MTOKA3BIBAET, YTO OHH HE YAOBJIETBODAIOT 3TOMY TPeHOBaHMIO.



Mpumep(napanokcPumapa) Ilycts X = N ectb mMuo-
»KEeCTBO HATYpaJNbHBIX Yncesn. HekoTopble HATypaJibHBIE YUCIIA MOTYT GbITh
3a/1aHbl C MOMOILIbI0 GPa3 Ha PyccKoM s3bike. IIycTbs M ecTh COBOKYTTHOCTD
BCEX HATYPAaJbHBLIX YHCEN, KOTOPbIE MOTYT OBITH 33IaHBI € IOMOIIbIO dpa3,
comepxkamux He Bonee 20 CJI0B, KaXKa0e U3 KOTOPBIX 3allUCHIBAETCA € TO-
MoIblo He Hosiee uem 20 GykB. Tak Kak BCeX BO3MOXKHBIX (Ppa3 yKa3aHHBIX
Pa3MepPOB KOHEYHOE YHCJIO, TO COBOKYITHOCTH M He MOXeEeT COBIaaaTb CO
BCceM MHOKecTBoM IN.

Iycms a ecmd HaumeHbwee U3 HAMYPAALHHIE YUCEA, KOTNOPbLE HE MO-
2ym bums 3adans Ppasoti, codepocawets menee 20 caos. Ilocnenuss ¢ppa-
3a comepkuT MeHee 20 CJIOB, KaXkJ0€e H3 KOTOPHIX 3aIMCHIBAETCHA C IIOMO-
b0 He Gosee uem 20 OykB, u 3ta dpasa 3amaer yucao a. Tem cambiM a
siBjisierca aaementoM M. Ho, mo cMmbiciy 3toit dbpassl, YHCIO @ HE sIBJIA-
ercs 3JieMeHTOM COBOKynHocTH M. Takum o6pa3om, yKa3aHHOE CBOMCTBO
HATYPAJIbHOrO YMCJIa He 331aeT MOAMHOXKECTBO, T. €. 9TO CBOUCTBO HEYETKO
3a1aHO.

Ilycte A u B — MHOXKECTBa; mnepecexenHuem dTHX MHOXKECTB Ha3bIBa-
ercst MHOXecTBO AN B = {z| z € A,z € B}. Ecau (A, )n>1 — nocaenosa-
TEJILHOCTh MHOKECTB, TO UX IepecevyeHHeM HA3bIBAETCS MHOXKECTBO

[e.¢]
m A, ={z|z€ Ap,n=1,2,...}.

n=1

Ananoruuno, eciin (A;);e; — CeMeCTBO MHOXKECTB, 3aHYMEDOBAHHBIX JJie-
MEHTaM# HeKOTOpPOro MHOXeCTBa I, To

(Ai={zlzeAViel}

€]

Ofbsedunenuem MHOXKecTB A u B nasbiBaercsa MHOXecTBo AU B =
= {z|] z € A wm z € B}. Eciiu (A;)ie;r — ceMeiicTBO MHOXeCTB, TO
obbeMHeHHeM Ha3bIBAeTCH MHOXKECTBO

UAiZ{J,‘I i €I, uro z € A;}.
i€l

Ecmu A C ;¢ Ai, TO roBopAT, uTO cemelicTBO MHOXeCTB A; ABNsAeTCA
noxpuimuem MHOXKecTBa X.

3uakom [] 6ymem o6o3Hauath B maubHeimieM ofbeJUHEHHE Henepe-
CEKAIOMUXCsl MHOXKECTB (dusstonxmuoe obsedunenue). Takum oGpasom,



A = A; ] Az osnavaer, uto A = A; U Ay u Ay N Ay = 0 ]__IA,- =A

3
osHaqaer, uto A = |J A; u A, N A; = 0 pns mobeix ¢,j € I, ¢ # j. Ecin
i€l
H A; = A, To rosopsrt, 4To cemeiicTBo MHOXeCTB A; 3alaeT pasbuenue
i
MHOXKECTBa A.

Pasnocmuvio mHoxkectB A u B unasbiBaerca MHOXectBo A\ B =
={z|z € A,z ¢ B}. Ecu A C B. 10 A\ B = (), T.e. pa3HoCTh HeceT
Mano uHGOPMAIIMY O B3aMMHOM DAaCIOJIOKEHHU MHOXKeCTB. Bosee To4yHO
€0 YYHTBIBAET CUMMEMPUNECKAA PA3HOCTIY:

AAB=(A\B) | J (B\4A)=(A|JB)\(4[)B)

Jnsa nanGosee 4acTO BCTPEYAOLIUXCA MHOXKeCTB 6yneM HMCIoiIb30BaTh
craHJapTHbie 0603HaueHusa: N — MHOXKECTBO HATYDaJbHBIX wuced; Z —
MHOXKECTBO IeNbIX uuces; Q — MHOXKECTBO palMoHajbHbIX 4uced; R —
MHOXKECTBO JeUCTBUTEIbHEIX uncen; C — MHOMKECTBO KOMIIJIEKCHBIX 4U-
cen; Ry — MHOXeCTBO MOJIOXKHTEJIbHBIX NefCTBUTENbHBIX wHces; R™ —
JeficTBHTENbHOE N-MepHoe mpocTpaHcTBo; C” — KOMIIEKCHOE 7-MEpHOe
mpoctpalcTio; P(X) — MHOXeCTBO BCeX NMOAMHOXKECTB X.

Hexapmoevim npoussederuem MHOXKecTB X H Y Ha3bIBaeTCs MHOXKe-
CTBO yNOPSJ04YEHBIX Hap JE€MEHTOB

XxY=A{(z.y)lze X,ye Y}

Ecmu (X;), ¢ € I, — ceMeliCTBO MHOKECTB, 33HyMEePOBAHHBIX 3JIEMEH-
TaMH HEKOTOPOTO MHOXECTBa I, TO UX npoussedenuem HA3bIBAETCA MHO-
xectBo || X, cocrosiee U3 cemMelCTB 371€MEHTOB, 3aHyMEPOBAHHBIX dJIe-

i€l
wenTaMu MHOXecTBa | (bynkumii Ha [), Takux, uro f(i) € X;.
VYTBepxaenue o TOM, 49TO npoussenenue || X; HEmyCTBIX MHOXKECTB

BCErJa He SIBJSeTCA IMyCTbIM, IPHHUMAETCS B z”1‘*Eelop1x11»1 MHOXKECTB KakK CJie-
AyIoU{as aKkCHOMA.

Axkcuoma BbIGOpa. Jas 6CAK020 CeMEUCMEE HENYCTOLL MHONCECTE
X;. 1 € I, cywecmsyem dynxyusa f na mmoorcecmee I maxasa, wmo ana-
senue f(i) npunadaesicum X; das awbozo i € I.

JdpyruMn CIOBaMHM MOMKHO CKa3aThb, YTO AKCHOMa BbIOOpa yTBEpXKIa-
€T CyIIECTBOBAHNE MHOXECTBA, COAEP KALIEro POBHO IO OJHOMY 3JeMeH-
TV M3 KaXKJ0ro MHOXecTBa X;. B Teopuu MHOXKECTB IJOKa3bIBAETCH, UTO
3TO yTBEPKIEHHUE HE MOXKET ObITh MOIYYEHO U3 APYTux, Hosiee O4eBUIAHbIX
cBoiicTB. II0aTOMY YTBEpPXKAEHHS O CYLIECTBOBAHMU HEKOTOPHIX OOBEKTOB,



JIOKa3aTeNbCTBA KOTOPBIX OCHOBAHbI Ha aKCHOME BhIOOpa, He SBJISIOTCS
KOHCTPYKTHBHBIMH — OHH HE YKa3bIBAIOT CI0COGA SBHOTO MOCTPOEHMS HC-
KOMOro obbexra.

Onpenenenue 1. Omnowenuem mexncdy mruodxcecmeamu X u Y Ha-
3bIBaeTCs Moboe momMuoxkectBo R w3 mekaproea npousseneHus X X Y.
Ecnn X =Y, To orHOmenue R Ha3bIBaeTcA (6unGDHBIM) OMHOWENRUEM HA
Mmuoxcecmae X.

IIpumepsl oTHOmEHUH Ha MHOXKecTBe R.:

l.z<y, re {{z,y) ERxR |z <y}

2.y =sinz, r.e. {(z,y) e R xR |y =sinz};

3.z—ye Z,re. {(z,y)y ERxR |z —yeZ}.

Omnpenenenne 2. OtHouenve R Ha MHOXecTBe X Ha3bIBaeTCa pe-
paekcusnvim, ecmu (z,z) € R ana Ve € X; cummempuumim, €Cid U3
(z,y) € R caenyer (y.z) € R: mpansumuenom, ecnu u3 (z,y) € R u
(y,z) € R cneayer (z.z) € R. OTHowenue R Ha3bIBAETCA QNMUCUMMEM-
puunbtim, ecnu w3 (t.y) € R u (y,z) € R cnenyer = y.

Haubonee yacTo HCnoab3y0TCA CAEAYIOUYE BHAbI OTHOMIEHHIA.

1. OTHomleHHe 3KBUBAJIEHTHOCTH

Otromenne R C X X X HA3bIBAETCS OMHOWENUEM IKEUBLAEHTHOCTIIU
Ha MHOXeCTBe X, ecii OHO pedIeKCHBHO, CHMMETPUYHO U TPAH3UTUBHO.
O6er4no ycnosue (z,y) € R B ciiyvae OTHOUIEHNS 9KBUBAJEHTHOCTH 3allH-

CbIBAETCS] B BUIE T ~ Y WIH T £ Y.

Ecau na maoxecrse X 3a/1aHO OTHOIIIEHHE SKBHBAJIEHTHOCTH, TO MHO-
xectBo X pa3buBaeTcsad Ha HenepeceKaloIINecst KJACChI SKBHUBAJIEHTHBIX
Mexay coboit snemenToB. Knacc 3KBHBAJIEHTHOCTH, COAEDIKAIIMIA SNEMEHT
z, 0603HAYaeM [I].

IIpumep. B kauecrBe X BO3bMeM MHOXKECTBO Liesbix uucen Z. Bregem
OTHOILIEHNE SKBUBAJIGHTHOCTH: I ~ Y, eC/iu £ — Y = 3k, k € Z. MHoxecTBO
Z pacnagnaercs Ha TPH KJacca;

[0]:‘{"‘7'61‘370,3,6,.‘.};
M]={...,-5,-2,1,4,7,... };
[2]:{"'1-7!—4a'1 » ,...}.

2. OTHoIeHue NopsaaKa

Otnomtenne R Ha MHOMKECTBe X HA3bIBAETCH OMHOWEHUEM TOPAJKG,
€CJIM OHO TPAH3UTHBHO, ped)IeKCUBHO U aHTUCUMMeTpuyHO. O6BI4HO yCiio-
Bue (z,y) € R B ciiy4ae OTHOIIEHUS MOPs/IKa 3AIMHCHIBAIOT B BUAE I < Y U
YUTAIOT ‘X [peaIiecTByeT ¥y MJH “y ciaeayer 3a .



Henycroe MuoxectBo X ¢ 33HaHHBIM H3 HEM OTHOUICHUEM IOPSAJIKA,
T.e. napa (X, <), Ha3bIBACTCA YNOPAGOUEHHBLM MHOHCECTIBOM.

IIpumep 1. B kayecrBe X BO3bMEM MHOXKECTBO JCHCTBUTENIbHBIX YH-
cen R. Ornowenne R: (z,y) € R & = < y obiaagaer ciieayouMu CBOI-
CTBaMU:

z<y, Y<z=>2T<z (TPAH3UTHUBHOCTD);
<z (pedileKCUBHOCTB);
z<y, y<r=>z=yY (AQHTUCHMMETPHUYHOCTB).

Takum 06pa3oM, TPAaH3UTUBHOCTDL, pedJIEKCMBHOCTD H AHTHCHMMETDHY-
HOCTb — CTAHJAPTHBIE CBOMXCTBA YHCJIOBbIX HEPABEHCTB K OTHOUIEHUE T X Y
€CTh OTHOIIEHHUE MOPSLIKA.

IIpumep 2. [lycrp X — npousBosbHOEe MHOXKECTBO. Ha MHOXKecTBe
P(X) zapagum ornowenue R: (A.B) € R & A C B. O4eBuguniM obpa-
30M MPOBEPSIOTCS CJIEAYIOUINE COOTHOIICHHSA:

ACB. BCcC=ACC;
ACA
ACB, BCA=A=B8B.

3uauuT, orHomenue A C B 3agaetr Ha muoxectse P(X) orHomwenne no-
PAOKA M FOBOPAT, YTO MHOXKecTBO P(X) ylnopsinoueHo no BKIIOYEHHIO.

IMycts (X, <) — ynopsmoyensoe Mmuoxecrso. Iloamuoxkecrso A C X
Ha3bIBALTCA AUMETNO YNoPAJoUEeHHbIM, €CTTA [IJIs JTIOOBIX IBYX 3JIEMEHTOB
1 ¥ T9 U3 A BbIIONHEHO JIubo x1 < Ig, bo Ty < .

Anement M € X (m € X) Ha3bIBAETCA HAUBOALWUM (HAUMEHDULUM),
eciu z < M (m < ) ans moboro x € X.

OnemenT a € X Ha3BIBAETCH MAKCUMAALHOM  ( MUHUMAALHBIM), €CIIH
U3 T0r0, 4To @ < = (* < a), cjeayer, 4T0 T = a.

OueBUAHO, YTO HAUOOIBIIKIA SJIEMEHT, €CJIU OH CYIECTBYET, €AUHCTBEH-
HBIH M ABMIsETCH MakCHMasbHbiM. OIHAKO 4acTo GbIBAET, YT0 HaubO b
3JIEMEHT B yMOPSALOYEHHOM MHOXKECTBE HE CYILECTBYET, & MAKCHMAbHbIE
3JIEMEHTBI CYUIECTBYIOT U HX MOKET OBITH MHOTO.

Yunpaxuenue 1 Ilycrb 3meMeHTaM yHOpAZOHUEHHOIO MHO-
xecTBa X ABJIAIOTCSA 3aMKHYThIE KDYTH Ha IUIOCKOCTH, NPHHANJIEKALIIE
PUKCHPOBAHHOMY 3aMKHYTOMY KBAJPATY, & OTHOLIEHKE [TOPAIKA 3313eTCA
OTHOUIEHHEM BKJIIOUeHHus. [Ioka3aTh, YTO B 3TOM YIODSIOYEHHOM MHOMKE-
CTBE HET HAMOONbIIEro 3JIeMEHTA, HO CYLIEeCTBYeT 6ECKOHEUHO MHOTO MakK-
CHMAJIbHBIX 3j1eMeHTOB. HaliTu BCce MaKCHMANBLHBIE J1EMEHTDIL.



MHuorue MaTeMaTnueckue 0ObEKTHI BBOAATCSA KaK MaKCHUMaJbHbIE WJIH
MHHHMAaJIbHbIE 3JIEMEHTbI HEKOTOPbIX YIIOPSAA0UEHHbIX MHOXECTB.H DA 3a-
a4 CBOOUTCA K JOKA3aTENbCTBY CYIIECTBOBAHMS MAKCUMAJIbHBIX 3JIEMEH-
ToB. Hampumep, 6a3uCOM BEKTOPHOIO MPOCTPAHCTBA HA3BIBAETCA MAKCH-
MaJIbHaA JIMHEHHO He3aBUCHMAasl CUCTEMA 3JIEMEHTOB, IIPUYEeM MaKCHMAlb-
HOCTb NOHHMAETCH B CMbICJE€ OTHOLUIEHHsI BKJIIOYEHHUS] HA MHOXKECTBE JIH-
HEHHO HE3aBUCHMBIX CUCTEM 3JIEMEHTOB.

O[HO U3 OOCTATOYHBIX YCIOBHI CyLIECTBOBaHHMS MAKCHUMAaJIbHOIO 3Je-
MEHTa CONEPXKUTCA B NpUBEAEHHON Hike JemMme llopHa.

IToaMHOkeCcTBO A yIOpsA0YEHHOTO MHOXKECTBa, X Ha3bIBAeTCA 02PaHU-
YEHHBIM CEEPTY, ECITH CYIIECTBYET JIEMEHT g € X Takoi, 4To Anda moboro
T € A BLINOJHEHO T < Zo. Takoif aneMeHT Ty Ha3bLIBAETCs MaAHCOPAHMOT
MHOXecTBa A.

Jlemma IMopua. Ecau 6 ynopadouenrnom mmoocecmee (X, <) ecaxoe
AUHETHO YNOPACOUEHHOE TOOMHOICECTNEO 02DaHUEHO ceepLy, mo 8 X cy-
wecmeyem Toms oot 00UH MAKCUMAADHBT IAEMENT.

ITa eMMa [0Ka3bIBAETCS HA OCHOBAHMH AKCHOMBI BbIOODA.

3. OyHKOuN HIH OTOOpa’KeHus

Ilycts X u Y — muoxecrBa. Bysem ropopurtsh, 4To Ha MHOXKecTBe X
3anaHa gynryus (omobpascenue) f CO 3HAUEHUSIMH B MHOXKECTBE Y, eCiin
KaXXIOMY 3JIeMeHTY & € X MOCTaBJjieH B COOTBETCTBHE OOUH U TOJIBKO OLHH
anemenT f(x) €Y.

I'pagurom Gry orobparkenus f: X — Y Ha3pIBaeTCA NMOIMHOMXKECTBO B
X x Y Buna Gry = {(z. f(z))] = € X}.

I'paduk bynkuun Gry ecTb OTHOUIEHME MeXIy MHOXeCTBaMu X u Y,
H, CJ1e0BATeNbHO, DYHKIMIO MOXKHO PACCMATPUBATH KAK YaCTHBIH Ciydaii
oTtHOweHUsi. VI3 3roro cneayer, B 4aCTHOCTH, YTO BXOAALIEE B ONpEJeIeHNHe
GyHKUMK BbhIpaXkeHue “TIoCTaBJIEH B COOTBETCTBHE’ He COMEPIXKUT HOBOFO
HEONpeAessseMOro MOHSATHS, & CBOIAUTCA K 33JaHNI0 NOAMHOXKecTBa B X XY,
YIOBJIETBOPSIOLIErO HEKOTODBIM YCJIOBUAM.

Yupaxuenue 2. Chopmynuposars HEOOXOAUMBIE U IJOCTATOYHBIE
ycioBuA Ha orHowmenue A C X X Y, npu BLINOJHEHHH KOTOPBIX OHO SiB-
nsiercs rpaduKoM HEKOTOPOH (hyHKIMHY.

Orobpaxenue f: X — Y Ha3bIBa€TCS UHBEKMUBHLIM, €CTH H3 TOTO,
uyto f(z1) = f(z2), cnenyer =1 = 2.

Orobpaxkenue f: X — Y Ha3blBaeTCad ClOPGEXKMUBHBIM, ECITH JLJIA JIO-
Goro y € Y cymectsyer x € X rakoii, uro f(z) =y.
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OTobpaxenne f: X — Y Ha3blBaeTca OuexmueHbsim, €CIU OHO HHBEK-
THBHO ¥ CIODbEKTUBHO.

Ecau 3apanb gsa orobpaxkerus f: X — Y, g: Y — Z, o ux xomno-
3uyued Ha3LIBaeTCH 0TOOpaXkenue g o f: X — Z Taxoe, uto (go f)(z) =
= g(f(z)).

Orobpaxkenue f: X — Y UHbeKTHBHO (CIOPBHEKTUBHO) TOTHA M TOJIbKO
Torm;a, Korjga cymecrsyer otobpaxenue g: ¥ — X (h: Y — X) rakoe, uto
gof=1Ix (foh=1Iy). 3necs Ix,Iy — TOXKJeCTBeHHbIE OTOOpAKEHUA B
X u Y coorsercreenno. Orobpazkenune g (h) Ha3bIBAIOT seebim (NpassbLm)
obpamnvm 1uist f. Ecau f GrekTuBHO, TO g = h ¥ €ro Ha3bIBAIOT 06pamHbim
oro6paskenueM ans f u obozmagator f 1.

Ynpaxunenue 3.J/loka3ars, yTo: 1) KoMno3uuus GHEKTHBHBIX OTOO-
paXkeHu# ABJIAETCS OMEeKTUBHBIM OTOOpaskeHneM; 2) orobparkenue, obpar-
HOe 17151 GHeKTUBHOIO OTOGPAaYKEHH s, TAKKE OUEKTUBHO.

Ynpaxuenue 4. Ilycrs orobpaxkenune f: X — X HHBbEKTHBHO, a
orobpaxkenne g : X — X ciopbekTHBHO. Moxer nn ObiTh GMEKTHBHBIM
otobpaxkerne f o g? Orobpakenue go f7

Onpenesenue 3. /Ia MHOKecTBa X H Y HA3BIBAIOTCA PABHOMOULHDL-
MU, €CJTH CYIIeCTByeT bGuexkTuBHOE oTobpaskenue f: X — Y. ['oeopar, uro
MOULHOCTL MHOXKECTBA X CTNP020 MeHbUe MOIIHOCTH MHOXECTBA Y, ec-
JIM Ovii Hie PABHOMOUIHbBI, HO X DPABHOMOIIHO HEKOTOPOMY MOAMHOMKECTBY

MHOZKECTBa 3

Ynpaxuenmce 5. Jloka3aTb, 4TO OTHOLIEHHE PABHOMOIIHOCTH Ha
MHOXKecTBe P(X) a2 iercst OTHOIIEHHEM SKBUBAJICHTHOCTH.

Onpenenenue 4. MuoxecrBo X Ha3LIBAETCH CUEMMHLIM, €CITH OHO
PaBHOMOIIHO MHOXKEeCTBY IN HATypPaibHBIX YHCEL.

Onpegenenne 5. MHOXeCcTBO X HA3bIBAETCA MHONCECTIEOM MOULHO-
CTU KOWTNUNYYMA, €CTTM OHO PABHOMOIHO oTpe3ky [0,1].

Nudopmanuio 0 MOIIHOCTH KOHKPETHBIX MHOXKECTB YacTO YAaeTcs I110-
JIYYUTh C IIOMOIIBIO CIENYIOMINX yTBEPXKAECHHH.

1. O6beauHeHre CUETHOIO MHOYKECTBA CYETHBIX MHOXKECTB fABJIAETCH
CUETHBIM MHOXXECTBOM.

2. IIpousBeseHe KOHEYHOTO YHCAA CYETHBIX MHOXKECTB CYeTHO.

3. [IpousseneHue CYETHOTO MHOYKECTBA, CUETHBIX MHOXKECTB HECUETHO H
SIBJISIETCS] MHOYKECTBOM MOLIHOCTH KOHTHHYYMa.

4. IIpousBeneHne CYETHOIO MHOXKECTBA KOHEYHBIX MHOZKECTB, KaKJIO0€
U3 KOTODBIX COAEPIKHUT XOTH Obl JBe pa3/M4Hble TOYKH, ABJSAECTCA MHO-
JKECTBOM MOIIHOCTH KOHTHHYYMa.
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5. Eciiu X ectb HemycToe MHOYKECTBO, TO MHO2KecTBO P(X') umeer moru-
HOCTb, boablmyto MomHoCTH MHOXecTBa X (Teopema KaHTtopa — Bepn-
uITeitHa).

3 aMeEeUYaHHe. C IIOMOIIBIO MOCJeJHero yTBEPXIECHHA JIeTKO 3aME€THTb, 4TO
MNOHUMAHUE MHO>KECTBa KakK HpOH3BOJ'le0ﬁ COBOKYMHOCTH IIPUBOAHT K NPOTUBOPEYHAM.
Opauo M3 Takux nporusopeuuii (napasoxc KanTopa) BO3HHMKAeT ClelsylomuM o6pasoM.
Ilycts M eCTb COBOKYNHOCTBb BCEX MHOMXeCTB. Torga, coryacHO Teopeme Kanrtopa —
Bepuiuretina, cosokynsocts P (M) g0/2kHa MMeTb MOIIHOCTD, 60BIIYI0 MOWHOCTH M.
Onnako, NOCKONILKY M ecTb COBOKYMHOCTH BCex MHOXKecTB, P(M) sBaserca yacTbio M
M He MOXEeT WMeTh MOLIHOCTb, 6onbmyto MomuocTH M. Ytobbl u3bexxaTh TaKUX Npo-
TuBOpeunit, MHOXKeCTBaM# B DoJiee CTPOroM BapHMaHTE TEOPHMH MHOXXECTB HA3bIBAIOT He
NPOU3BONbHBIE COBOKYMNHOCTH, 4 COBOKYIIHOCTH, YAOBJNETBODAOLINE OONOJHATE/bHBIM
VCJIOBHAM. B YaCTHOCTH, B KadeCTBe 3JICMEHTOB MHOXKECTBa pa.apemae"rcst paccMaTpH-
BaTh HE NPOU3BOJIbHBIE O6BEKTHI, a JIMIIbL 00BEKTHl M3 HEKOTOPOH 3apanee 3adHKCHPO-
BaHHOH coBoKynmHocTu. Takue Gosiee 06LME COBOKYIHOCTH HA3LIBAIOT KAGCCAMU. 3a-
METHM, 4TO COBOKYIIHOCTDL BCEX rpynn, COBOKYIMHOCTE: BCEX BEKTODHBIX IIPOCTPAHCTB,
COBOKYNHOCTB BCEX TONOJOrHYECKHX NPOCTPAHCTB HE SABJAKTCA MHOXECTBaMH, HO fAB-
JIAI0TCA KJlaCCaMHM B yKa3aHHOM CMBICIIE.

Ilpumepsr

1. Muoxectsa N, Z, Q cuerHslI.

2. MHOXeCTBO MHOIOYJICHOB C PAIMOHAJLHBIMA KO3M(HUIIHEHTAMY CYeT-
HO.

3. Kax oe u3z muoxkects [a, b], R, C, P(N) zecuerHo, uMeeT MOIIHOCTD
KOHTHHYYMa M, CJIEJOBATEJIbHO, 3T MHOXXECTBA PABHOMOILHEI.

4. Muoxectso P([a,b]) Bcex MOIMHOXKECTB OTPE3Ka HMEET MOIIHOCTb,
BOJIbIIYI0 MOLTHOCTY KOHTHHYYMA.

IIycte X — HenmycTOe MHOXKECTBO. Tomoaozued Ha MHOXKecTBe X Ha-
3bIBAETCS MHOMKECTBO T TOAMHOXKeCTB MHOxecta X (7 C P(X)), ymo-
BJIETBOPSIOIEE CIEIYIOUIUM YCIOBUAM (AKCHOMaM TOINOJIOTHH):

1) moboe obbenuHEHNE 3EMEHTOR 3 T NPHHAJJIEKUT T:

Uyer=>JUs €T
o3

2) mepeceyenne MIOOBIX JBYX MHOXKECTB U3 T HIPUHANJIEXKUT T;

N Xer, e

DJIeMEHTB] U3 T HA3bIBAIOT OMKPHIMbLMU MHOXKECTBAMH B TOIIOJIOTHH T,
a UX JONOJIHEHUS —3aMKHYMbLMU MHOXKECTBAMH. TON0AOZUNECKUM NPO-
CIMPAHCTEOM HA3BIBAETCH MHOXKECTBO X C 33JaHHOI Ha HeM TONOJIOTHeH,
T.e. napa (X, 7).

Omxpumoti OKPecmHocmb0 TOYKH T B TONOJIOFMYECKOM IPOCTPaHCTBe
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(X,7) Ha3biBaeTcs J1060€ OTKPbITOE MHOMKECTBO, COEprKalllee TOUYKY I.
Oxpecmnocmbio TOUKU T Ha3bIBAETCS I0O0E MHOXKECTBO, COAepIKallee OT-
KDBITYIO OKDECTHOCTDL 3TOH TOYKHU.

Muoxecrso B(x) okpecTHOCTE TOYKM I Ha3bIBaeTcsl Oa3ol oxpecm-
Hocmeld TOYKU T, €CAM B KAXKIONH OKPECTHOCTH TOYKH T COAEPIKUTCA HEKO-
TOpas OKPECTHOCTL u3 B{x).

B ecrecTBeHHOi TOMOJNOTMM Ha BeHIECTBEHHOM mpsiMoii R MHOMecCTBO
U aBnsieTcsa OTKPBITBIM, €CJIM KaXKJasi TOYKa BXOAUT B U BMecTe C HeKo-
TOPLIM COAEPKAIUMM €€ HHTepBAJIoM. Karkioe OTKpBITOE MHOXECTBO Ha

oCc

npaAMOil MOXKeT GbITh npefcTasiaeHo B une U = ] |ak. bi[, T. e. ssBaserca

k=1
KOHEYHBIM HJIM CHETHBIM OObe/MHEHNEM HEellePECEKaOLIMXCsl MHTEPBAJIOB,
BKJIIOYasA GeCKOHEUHble MHTePBaNbl (NonynpsaMbe) | — oo,a] u |a, +oc|.

§ 2. KOJIBLIA U ITOJIYKOJIBIIA MHO>KECTB

Ilycts X — npousBonbHOe HenmycToe MHOXKecTBO. Mbl Hyzem paccMat-
pPHBATh CHCTEMbI ITOOMHOYKECTB MHOXeCTBA X, T. €. IOAMHOXECTBA U3
P(X), 3aMKHYTbIE OTHOCHTENBHO HEKOTODBIX TEOPETHKO-MHOXKECTBEHHBIX
onepanuii. Hanpumep, Tonomorus Ha X ecTb CHCTeMa HMOJMHOXKECTB, 3a-
MKHYTas OTHOCHTEJbHO ONepauyn obbesuHeHns Ji0boro mogcemeicrsa u
Onepalyu KOHEYHOrO MepecedeHHsi. B Teopum Mepbl NPELCTABIAT WH-
Tepec CHCTeMbI MOIMHOMKECTB, 3AMKHYThle OTHOCHTEJILHO APYroro Habopa
oInepaumit.

Onpenenenne 1. ITycts X — nenycroe muoxecrtso. Hemycroe cemeit-
cteo K C P(X) noaMHOXeCTB MHOXKeCTBa X HA3BIBAETCH KOABYOM,
€CJIH OHO 3aMKHYTO OTHOCHTEJIBHO ONepauuii IepecedeHus 1 CHMMeTpHye-
CKO¥ pasHOCTH, T.e. U3 BhInosiHeHus: ycnosuit A € K, B € K cneayet, 4to
AnBe K, AABeK.

[Tockonbky MHOkecTBO X 06bIYHO 3adHKCHPOBAHO, €ro YA0OHO HA3BI-
BaTb IPOCTPAHCTBOM, & €ro IOAMHOXKECTBA — MHOXECTBAMH M3 AAHHOTO
MPOCTPAHCTBA.

Younpaxuenus. [IpoBeputsh cupaBesIHBOCTD CaenyOMNAX HOPMYJI:

1) A\B=AnN(AAB);

2) AUB=(ANB)A(AAB);

3) (X\AA(X\B)=AAB;

4) AN(BAC)=(ANB)A(ANC).

U3 bopmyn 1), 2) monyvaem crenyromee
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Ipepnoxenue 1. Ecau K — xoavyo muoocecms, mo 04s 21066
A, B € K swnoaneno A\ Be K, AUB € K.

Ecnu onepanuio /A Ha3bIBATH CJOKEHHEM, & OEPALIUIO N — YMHOMKEHHU-
€M, TO KOJIbLIO B CMBICJIE ONpeeseHus 1 sBIsgeTcsd KOMMYTATHBHBIM KOJIb-
LIOM B TOM CMBICJ/I€, KAKOM IIOHATHE KOJIbIa Omnpefessierca B anrebpe. B
YACTHOCTH, B KOJILIE MHOXKECTB BBIIOJHEHbI AKCHOMBI ACCOIMATUBHOCTH U
AuCTpUbyTHBHOCTH:

AA(BAC) = (AAB)AC;

(ANB)NC=ANBNC);
(AABYNC = (ANC)A(BNC).

Ecau camo MHOkecTBO X ABJIAETCS OOHUM M3 3J1eMeHTOB Koabla K, X
sBNseTca enuHuned B konbue A : X NA = A ans moboro A. 9toT cnyuaii
BbLAENSAETCA 0C000.

Onpenenenue 2. Koabo K MoAMHOXKECTB MHOXKeCTBa X Ha3bIBAETCSH
anzebpot, ecin X sBasercs snemeHroMm K.

Takum obpasom, ecin K — agarebpa, To 44 Jjioboro A € K cienyer,
40 X \ A € K, T.e. anre6pa 3aMKHYTa TaKK€ OTHOCHTE/BHO ONEPALMU
nepexona K JOMOJTHEHHAM.

AHajoruyHas CTPYKTypa BO3HHUKAET, eciy B Koiblle K ecTp HanbGoJb-
1ee MHOXeCTBO Y, T. €. Takoe, uto A C Y mas moboro A € K. Torma
3JieMeHT Y ABJAfAeTCA €IMHUIEH B JAHHOM KOJIbUEe. MBI HE BBLIEJSIEM 3TOT
ciygail 0co60, TaK KakK TaKOe KOJIBIO ABISeTCs ajirebpoil moAgMHOMKECTB
MHOXECTBA Y B CMbICJIe NPEAbIIYIIEro ONpeAeIeHuns.

Oupenenenne 3. Konbiio K Ha3bIBAETCHA 0-KOALYOM, CIIH OObEAHHE-
HMe CYETHOTO 4MCaa MHOXkecTB U3 K npunamnexur K, t.e. ecnu A € K,

to |J A € K.
k=1

Konbio K nasbiBaeTcs 6-K04bYoM, €CJTH HEpecedeHre CUETHOTO YHCIa

oC
mHOecTs u3 K npunaanexur K, T.e. ecnu Ax € K, 10 () A; € K.
k=1

Koublio, sBastoiIeecs 0AHOBPEMEHHO aireGpoli H 0-KONBIOM, Ha3bIBa-
ercs o-aazebpod.

Ynpaxxmuesnue 5 Ilokazars, 4TO 0-KOJBIO SBIAETCA TaK2KE
d-KOJIbLIOM, & 06PAaTHOE HEBEPHO.
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IIpumepsr.

1. K = P(X) ectb kousibLO, anrebpa u o-anzebpa.
2. K = {0, X} — xoabuo u anrebpa.

3. X =R, K cocTOUT U3 BCEX KOHEYHBIX MHOXKECTB U MYCTOrO MHOXKe-
crBa; K — KOJBLO, HO He ajrebpa.

4. X = R, K cocTrouT u3 BCex OFpaHHYEHHbIX MHOXECTB M IyCTOrO
MHOXKeCTBa; K — KOJIbLO, HO He ajrebpa.

5. X = R, K COCTOMT M3 BCEX KOHEYHBIX U CUYETHBIX TMOIMHOYKECTB B
R; K — konbuo, HO He anrebpa.

6. Tomonorusi Ha R, T. . COBOKYITHOCTh OTKPBITbIX MHOXkKeCTB Ha R, He
ABJAETCA KOJBLUOM (Pa3HOCTDb ABYX OTKDBITBIX MHOKECTB MOXKeT He
OBITH OTKPBITHIM MHOXKECTBOM).

7. P(X) siBnAsieTcsi 0-KOJIBLOM U J~KOJIBLIOM.

8. Konpio u3 npumepa 3 He ABIAETCS 0-KOJIBIOM, HO ABJISAETCS
0-KOJIBLIOM.

9. Koup1io u3 npuMepa 4 He ABJIs€TCHA 0-KOJbLOM, HO ABJISAETCA
6-KOJIbUOM.

10. Koabno u3 npumepa 5 ABISETCH U 0-KOJIBLOM, U d-KONbIOM.

Teopema 1. s awbozo Habopa nodmuoscecme S C P(X) cywe-
CTNEYET HAUMEHDUIEE U3 6CET KoAeY, codepocauyus S, xomopoe bydem obo-
anawams K(S). Koavuo K(S) na3vieaemea xoabyom, noposcdennvim S.

3amMeuanue. HaumeHburee 31eCh IOHUMAETCS B TOM CMBICJIE, YTO BCSIKOE APYTae
KOJbLO, cogepxainee S, conepxut Takxe u K(S).
> Iyers ¥ = {K| S C K} — MHOXECTBO BCeX KOJiel, CONEPKAIIMX

S. Tak xax Bcerna P(X) € &, o £ # 0. Ilonmoxum K(S) = () K.
Kex

IIposepum, uro K(S) — xonbuo. Ecmn A € K(S)u B € K(S), 0 A€ K,
B € K pgna moboro K € ¥. Tak xkak K — xonbuo, to ANB € K n
AAB € K nnsa seex K € £, u, 3nauut, ANB € K(S)u AAB € K(S). Ilo
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nocrpoenuio K (S) C K ana nobeix K € 3, 1.e. K(S) — mecTBUTENBHO
HaMMEeHbUIEE KOJIbLO, comepkaliee S. <

Ynpaxuenne 6. [lokasars, 9ro ana modoro cemeiictea S C P(X)
CYILECTBYET HAaMMEHbIIEe 0-KOJIbUO (4-KOJblO, anrebpa, o-anrebpa), co-
Oepxaiuee S.

dBHOe nocrpoenne koabua K (S) mo cemeitcTBY S MOXKET OKa3aThCd
JOBOJIBHO CIOXKHOM 3amadeii. [losromy Bbiaessiror HaGOPBI [TOAMHOMXKECTB
S. ans koTopeix Kosibua K (S) onuceiatorcs naubosee mpocTo.
Onpenenenue 4. Henycras cucrema nogmuoxects S C P(X) nasol-
BAaETCH TNOAYKOALYOM, €CIIU 1JiA JII0OBIX A, B € S BBINONHEHO:
1) AnBeS;
2) cymecrByer KoHeunbli Habop A; € S, i = 1,...,n, Takoi, 4ro
n
A\ B =1]] 4.
i=1
IIpumepsL
1. CoBOKYNHOCTb IPOMEXXKYTKOB BUAA [a, b Ha npsimoit R obpasyer no-
JIYKOJIBLIO, HO HE KOJIBLO.
2. X = R2 CoBOKymHOCTB IpAMOYTONBHUKOB BHIA [a41, bl[x
X [az, ba| 0Bpasyer nosyKoabLO MHOXKECTB. JIeCTBUTENBLHO, PA3HOCTD ABYX
TaKHX MPAMOYTOJHLHHKOB pa36uMBaercs Ha KoHeuHoe 4ucio (He Gosee ue-
TBIPEX) NPSAMOYTOJBHUKOB TAKOIO YK€ BHIA.
3. CoBOKYIHOCTh MapaJUIeenunenos Buaa [ay, by [X [ag, ba[x ... X[an, by
B npocTpascTee R™ 0bpa3yeT nmomyKoIbIo.

n
Jlemma 1. IIyemo S — noaykoavyo. Eeau B = || By v Bg € S,
k=1

r
AES, moA\B: HA«L', zdeAZES

=1
> JlokasaTenbCTBO NpOBOAMM wuHAykKuueid mo n. Ilpu n = 1 yr1-

BEPK/IeHUEe CIPAaBE/JIMBO, TAK KAK COBIANALT C AKCHOMOM 2) NOJIyKOJIbIA.
(-1 m

MycTh yTBep:Kaenue sepro npu n = [ — 1, Torma A\ [] B; = ]_11 A;.
Jj=

i=1
-1 m m
Orciona (A\ 1 B,-) \ By = [](4;\B) = II Il 4k, te Az € 8. <
i=1 j=1 =1k
Teopema 2. ITycmvs S — noayxoavyo, mozda K(S) — munumasvroe
K0AbYO, codeprcawiee S, COCTNOUT U3 MHONCECTNE, ABAANWUUTICA KOHEU-
HOLMU  0OBEOUHEHUAMYU HENEPECEKAOWUTCA MHodcecms u3 S, m.e.

K(S) = Ko(S), 2de Ko(S) = {A] A= 1] A, Ax € S}.
k=1
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> Ilo onpenmenenuio Ko(S) umeem Ko(S) C K(S). Jdna goxkasarens-
crBa pasencTtBa K (S) = Ko(S) mocrarouno mokazartk, 410 Ko(S) camo
n m

asngerca kombuoMm. [Iycte A = [] A; € Ko(S), B = [] B; € Ko(S).
i=1 j=1

uzi
Torga, cornacHo jemme, noaydaem A; \ B = [] Aik, rae mHOXecTBa Aj
k=1

upunaginexar S. Orcioza A\ B = ]1_[ ]_i A € Ko(S). Janee noayuaem
i=1 k=1

AUB=(A\B)]IB =]] 14 11B; € Ko(S). lockonbky AAB =

= (A\B)U(B\ 4), To AAB € Ko(S). Tak kak ANB = (AUB)\(AAB),

10 AN B € K((5). <

Ilpumepsl

1. llycts S — MONMyKOJbLO, TNOPOXKAEHHOE NOJyHHTepBalIaMH [a,b| Ha
R. Toraa xoasno K (S) cocTouT U3 MHOXKECTB, SBASIOMWIHUXCA KOHEHBIMH
00be IHHEeHHSIMH TIONIAPHO HENEePeCeKarOIINXCs N0y MHTEPBAJIOB.

2. Mlycts S — monykosbLIO, MOPOXKIEHHOE MOJYHHTepBataMu [a, ],
NpUHAAJIEKAILEMHE N0JMyuHTepBany [a,b[. Koabuo K(S) cocront u3 MHO-
YKECTB, ABJISIOUIUXCS KOHEUHBIMU 00beIMHEHUSIMU HEMEPeCeKAIOIUXCS HH-
TepBasioB u3 S, npudeM K(S) — anrebpa.

MunumanbHaa o-aarefpa, comepxamiasi JaHHBIM Habop S mOAMHO-
JKECTB, He JOMyCKAeT TAKOro MPOCTOro omucanus. Hanpumep, Bo3bMeM B
kadecTBe S TonoJsoruto Ha R, T.e. COBOKYNHOCTb OTKDBITBIX MHOXECTB.
ITopoxneHHas TomoJsiorueil o-ajirebpa Ha3bIBAeTCs bopeaesckol arzebpot
Ha NPAMOT, . ee 3JIeMEHTh — H0PEeAEGCRUMYU MHONCECTREAMU.

Jpyrumn cioBamu, 60pesieBCKOE MHOYKECTBO MOXKHO ONPEIENUTh Kak
MHOXKECTBO, KOTOPOE MOXKeT ObITb IMOJIy4eHO K3 OTKDBITHIX C IIOMOIIBIO
CYeTHOrO HMCJa ONepaluii nepecedenus 1 obbeguHenusi. OmQHAKO Crocob,
KOTODBIM MOXeT OBITh IIOCTPOEHO BOPEIeBCKOE MHOMXKECTBO U3 OTKPBITHIX
MHOXKECTB, MOXKET ObITh BECbMa, CJOXKHBIM M, B 3aBUCMMOCTH OT CIOCO0a
NOCTPOEHHs, CYLIECTBYIOT GODENIeBCKHE MHOMXECTBA KAYECTBEHHO PAa3HBIX
THIIOB.

B 6openeBckyio ajrebpy no ONpeneseHnI0 BXOJAT MHOXECTBA, KOTO-
pbleé MOrYyT ObITh NPEACTABJIEHbI B BUJE CYETHOrO MepecedyeHus OTKpPbi-
ThIX MHOXKECTB. Takue MHOXKECTBA HA3LIBAIOTCS MHONCECTNEAMU MUNG
Gs. O603HAYMM HUX COBOKYNHOCTL 4epe3 (Gy. MuoxkecTBa, KOTOpbIE MO-
r'yT ObITh HMpeACTaBJIeHbl KaK CYeTHhIE OObeanHeHusl MHOXKecTB THIa G,
HA3BIBAIOTCA MHodcecmeamy muna Gss, UX COBOKYIHOCTh 0BO3HAYHUM
yepes (. AHAJOTHYHO ONMpENEeNsoTcs MHOXecTBa THNA Gsos, Gsss0 U
T. . 4, COOTBETCTBEHHO, KJacchl MHOXecTB (3, G4, . .. . OKa3pIBaercs, 4To
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KayKObIi cne,:(y}omnﬁ KJjlaCC IIMpe NpenbLAyIlero U 4TO KJjacC MHOXKECTB
oG

ch = U G" HEe HcYepnbiBaeT BCEX 60pEJleBCKPIX MHO>KEeCTB.
n=1
Ananornunas a-am“e6pa TMOAMHOXKECTB OlIpenenaAeTCca B IIPOU3BOJIbPHOM

TONOJIOTHYECKOM IMPOCTPAHCTBE.

Ounpenenenue 5. IIycrs (X, 7) — Tomosiornyeckoe npocrpancrso. Ho-
peaeeckotll aazebpoli Ha X Ha3bIBaeTCs o-aiarebpa, NOPOXKIEHHAs TOIO-
Jorueli 7. DjeMenTsl GOPeNeBCKON anrebpbl HA3LIBAIOTCH 6HOpesescKumy
MHOHCECTNEAMU.

§ 3. HEOBXOAVMOCTD ITEPECMOTPA IIOHATHUA
WHTET'PAJIA. OBUIIEE ITOHATUE MEPHI

OcHosHolt uenbio B raasax I u Il aBasercs u3noxeHue Teopur MephbI U
TEOPHU MHTErpaJa B cMbicie JleGera. ITH NOCTPOEHUA HE CBSI3aHbI GOp-
MaJIbHO ¢ 0bmuMu TeopemaMu QyHKIHOHAILHOIO aHAJIN3a, HO OHU eCcTe-
CTBEHHO MOPHMBIKAIOT K (PYHKLUMOHANTBHOMY aHanu3y, Tak Kak Haubosee
BaXkKHbIe NMPUMepbl GAHAXOBBIX [IPOCTPAHCTE, BCTPEYAIOIINECa B IIPUJIOXKe-
HUAX K AuddepeHuaabHbiM ¥ K HHTErPajbHbIM yYpaBHEHUAM, CTPOSATCS
Ha OCHOBe MHTerpana JlebGera. BBeneHue HOBOro OmpefesieHusi HHTErpaJa
ObLIIO BLISBAHO PSAOOM KOHKPETHBIX 38434, B KOTOPbIX KJ1acC DyHKuMi, MH-
TerpupyeMbix no PumaHy, OKa3aics CJIMILKOM Y3KHM, Jub0 onpelelieHne
unTerpaja PuMana He umeer cmbicna. IIpuseneM npuMeEpHl TaKUX 3aJad.

1. ®opmyna Heiotona — Jleiibuuna, Ha3biBaeMasi OObIYHO OCHOBHOIM
dopmynoit guddepeHIHATEHOIO U UHTErPAJIbHOrO HCHUCIEHMS,

b
/ f'(z) dz = £(b) - f(a)

[IOKA3bIBAETCSl B KypPCEe MATEMATHYECKOrO aHajm3a JJis (yHKLHi, y KO-
TODBLIX MPOM3BOAHbIE HenpepbiBHBEI. OIHAKO CYLIECTBYIOT HENPEPBLIBHBIE
GyHKUMK, ¥ KOTOPHIX NPOM3BOAHbIE Pa3pPbIBHBI U Jaxke HEHHTerpHpye-
mbI 1o Pumany. Torna npasas gacts ¢hopmyist Heorona — Jleitbuuna He
olnpejeiieHa u 3Ta popMysa He uMeer cMmuicaa. [TosToMy 3ana4a onncanus
fojee MWUPOKOro Kiacca MYHKUMHA, /1 KOTOPBIX clpasennuBa dhopmysa
Herorona — Jleitbuuua, npuBoauT K HeOOXOAMMOCTH ONIPENeTUTh MHTErpal
Ana Gosiee MIMPOKOro Kaacca PyHKIMA.
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2. OHOft U3 KJIACCHYECKHUX 3aJa4 MaTeMaTH4YECKOrO aHalM3a ABJIAeT-

cs npepacTapiaeHue GYHKUMH B BHAE CyMMbl TPUTOHOMETPUYECKOro Dsjia,
oC

Hanpumep B Buze f(z) = Y axcoskz. Eciu pan cxomurcs paBHOMEDHO,

k=1
T0 f — HempepbiBHAA PYHKIUA M JETKO NPOBEPUTH, UTO

27
1
ay = ;/f(a:) - cos kzx dz.
0

OaHako, eciu CXOIUMOCTb PSla HEe ABJSETCH DaBHOMepHOH, dyHkuus f
MOXKET 0Ka3aTbCs HenHTerpupyemoi no Pumany, u misa Toro 4robsr dop-
Myna 415 K03 (GUUUEHTOB UMEJIa CMbBICJ, HYXHO ONpPeNe/IATh UHTErpal
ans 60Jee LIMPOKOro Kiacca HyHKIMA.

3. TeopeMbl 0 IPEJENBHOM MIEPEXOIE [0/ 3HAKOM HHTErDaJIa yTBEPXKIa-
10T CIIPABEJIMBOCTD PDABEHCTB BUAA

b

b
lim ‘/fn(.’c)dx = /(JLIIQO fn(z))dz. (1)

n—oC
a
Ecnu mocnenosarensuocth uHTErpupyeMbix no Pumany dyuxkuuit f,, cxo-
AuTcs ToYedHo K dyHkuuu f, To Jaxke B cayuae, xorda ¢pyHkuus f orpa-
HUYEHA, OHA MOXKET OKa3aThCsa HewHTerpupyeMmo# mo Pumany, u B Takoi
CUTYyaLuH pPaBeHCTBO (1) He MOXKeT BBINOJIHATBLCH, TAK KaK NpaBas 4acTb
He onpezenena. IlosTomy mis nonydeHus Hanbosiee OBIIUX TEOPEM O mpe-
Je/bHOM NePexo/Ie XKeJaTe1bHO HMETh TaKOe OIPEJeeHHe UHTerpaa, npu
KOTOPOM Takas (QYHKIUs HHTEIPHPYEMA.

4. Iycrs f: X — R — ¢yHxuus, onpeaeieHHAs HAa MHoxecTee X.
Hurerpan Pumana or dyukuuu f onpeneseH Toabko Ans MHOXecTB X,
ABAAIOLIMXCA noaMHOXkecTBaMu B R™. B Teopuu BeposaTHoCTEH, MaTema-
TUYeCKO# (DH3UKe M HEKOTODBLIX APYIHX pasfiesiaxX MaTeMaTHKH BO3HUKa-
eT HeoBX0AUMOCTh HHTErpupoBarb (PYHKIHH, 33JaHHbIE HA MHOXKECTBaX
6ostee CIOXKHOM NMPUPOABI M JarKe HA MHOXKECTBAX B OECKOHEYHOMEDHBIX
npocTpaHcTBaxX. Bo3HMKaeT BOMPOC: Kakas AOMOJIHUTEIbHAA CTPYKTYpa
JI0JI2KHa ObITH 33/iaHa Ha [IPOU3BOJILHOM MHOXKeCTBe X, YTOBbI MOXKHO Obl-
JIo onpenenuTs uHTerpat no X7 Peuienue sTo# 3a1ayu TakKe MPUBOIUT
K [1ePEeOCMBICJIEHHIO MTOHSITHA MHTErpaJia.

b
Ecnu f(z) > 0 — HenpepoiBHas ¢yHKuus 3 orpeske [a.b], To [ f(z) dz

a
paBeH, KaK H3BECTHO, IJIOLIAAX (DHIypbl, 3aKTIOUYEHHON MeXK 1y rpachuKoM
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¢dyukuuu u oceio z. Ho ansa paza dbyuxuuii, HanpuMep ons  @PyHryuu
Lupuzae:

D(z) = 1, x — pauMOHAaJIBHO,

0, 2 — uppanuOHAJIbHO;

durypa, nexaiiasa nmox rpacdhukoM QYHKUMH, HE UMEET IJIONIAIH, T. €. e
njouaas He ompesenea. IlosTroMy 3amaya onpeneseHus] MOHATHS HMHTe-
rpana ansa Gosee MWMPOKOTO Kjacca (pyHKUMI TeCHO CBi3aHa C 3amadeit
onpeesienus as 6oJee IUMPOKOTo KJIACCa MHOMKECTB YMCJIOBOH XapaKTe-
PUCTHKH MX MaCCHBHOCTH, 000OIIAI0INEH NMOHATHE MAOWAIN. AHAIOrH4HO
BO3HUKAET 33Ja4a PACIIUPEeHMs KJIAcCa MHOXKECTB, IJi KOTOPBIX Olpeje-
JIEHBI YHCJIOBbIE XapaKTePHUCTHKH, 0600IIAIomHe TIOHATHE AJIMHLI 1 06be-
Ma. Takylo YHUCJIOBYI0 XapaKTePHCTHKY MHOXKECTBA Ha3bIBAIOT €r0 Mepoi.

Hamum obuiee onpeaenenue noHatusa mepbl. Ilycrs X — MHOXKeCTBO,
S C P(X) — HexkoTopoe NOMyKOJbLO ero noaMuoxecrs. Hamomuum, 4To
3neMedTaMu S ABJIAOTCA noaMuHokecTsa u3 X. 3anmucy A € S o3Hauaer,
4TO A ecTb MOAMHOMXECTBO MHOXKecTBa X, BxoIsllee B cemeiicteo S. 3a-
muck B C S o3Hauaer, 4T0 B — HEKOTOPHIH HabOp NOAMHOXKECTB U3 X,
BXOIAILMX B ceMeiicTBo S.

Onpeneneune 1. ByneM ropopuTs, 4TO Ha MOAYKOIbLE S 3a1aHa Me-
pa U, ecan Jiobomy asemeHTy A € S MOCTaBiIeHO B COOTBETCTBHE Belle-
ctBeHHOe 4ncio ((A) Takum 06pa3oM, UTO BBITIOJHEHB! CIeAyIOUIMe aKCH-
OMBI:

n
1) ecnn A= [] Ak, A AL €S, TO
k=1

u(A) = Z u{Ax) (amaUTUBHOCTD);

2) u(A) > 0 (MONOXKNTENBLHOCTD).

Takum 06pa3om, Mepa eCTb YUCIOBasA (PYyHKUHNA MHOXKECTBA, T. €. [4 €CTh
orobpaxkenue u3 S B R.

3amevanue 1. Mepa He apnsiercs orobpaxkenneM u3 X B R.

3ameuanue 2. Tpebosaune, 4yrobbt S GbIIO0 MONYKONBLILOM, CBS3aHO C TEM, YTO
B NMPOM3BOJIBHOM Ha6ope S MHOXeCTB MOXKET OKa3aTbCA, 9YTO HH OAHO MHOXKECTBO HU3 S
HeNb3s MPEeACTaBHTb B BHAE O0ObeaHHEHHs HenepeceKalolUXcsi MHOXKeCTB u3 S (Hanpu-
Mep, ecnu S ecTb MHOXkecTBO oTpe3koB Ha R). Torma akcmoma 1) onpenenenus Meps
BBINTOJTHEHA ANiA 11000 DYHKUMH MHOXKECTBA U 9TO ONpeJesieHne He BblaendeT pyHKunit
MHOX>KeCTBa, oGna,u,axou.mx KakHMH-1160 AONOJIHUTENBbHBIMHA CBOJICTBaMH.

Cpenu CBOIICTB MepBbI OTMETUM B HEPBYIO OYepeab CBOHCTBO MOHOTOH-
HOCTH.
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Ilpensnoxenue 1. [lycmo S — noayxossyo MHOHCECTNS U L — MEDPG
na S. Tozda ecau A€ S. B€ S uACB, mo u(l) < u(B) (monomon-
HOCTL MEDDL).

o> CoriacHo onpejeneHuio Noaykoabla {(onpeaeneHue 4 § 2), cyure-

n

CTBYIOT 3iieMeHTHl A1, Ag, ..., A, € S Takue, yro B\ A = [] Ak. Toraa
k=1

B=AL1( [T A) n u(B) = wA) + 3 w(Ai) > w(A). <
k=1 k=1

IIpumepsr

1. PaccMOTpHM TOJIYKOJILIO MHOXKECTB S, COCTOSINEE M3 TNONYHUHTEp-
BaJjoB Ha npamoil R (cm. npumep 1 § 2). EcTecTBeHHOM XapaXTepHCTHKOM
BEJIMYMHBI [I0J1yUHTEPBaJa siBisiercs ero anusa i([a, b]) = b—a. Akcuombr
1), 2) u3 ompenesieHus Mepbl BbIPAXKAIOT U3BECTHbIE CBOHCTBA JJ/THHBI.

2. ITycth mosykonbuo S COCTOUT U3 KOHEUHBIX IOAMHOMKECTB HEKOTOPO-

ro muHOXecTBa X. Ilomoxum u(4) = 3. 1, T.e. u(A) — xonmuecTBo ToueK
r€EA
B MHOXKecTBe A € S. Akcuombl 1) 1 2) BBINOJHSAIOTCS OYEBUIHBIM 00DA30M.

3. IlycTp S — MONIYKOJIBIO, COCTOSAILEE U3 IOJYOTKDPBIThIX NPAMOYTOJb-
HUKOB Ha IIockocTi R? €O cTopoHaM, mapaslieIbHbIMH OCSIM KOOPAWHAT
(cm. npumep 2 § 2). Toraa momaap p(A) npsaMoyroapHuka A yAOBIETBO-
pfeT akCHUOMaM OmpeJiesieHud 1, T.e. ABaAeTCA MepOoH.

4. ITyctb S — NOJIYKOJBLO, COCTOAIEE U3 MPAMOYTOABHBIX NOJIYOTKPbI-
THIX TIApaJIeenunenos B npocrpancrse R3 co croponamu, napannensas-
Mu ocsaiM koopauHat (cM. mpumep 3 § 2). Torna obbvem mapassenenunesa
TaKXKe YAOBJIETBODSET aKcuoMaM 1) U 2), T.e. ABJIseTCs MEPOH.

5. Ilycts S — monykonslo u3 TpuMepa 4 u nycTbh B npocTpanctse R3
pacupeeseH0 HeKOTOPOe BeiecTBO. Toraa A/ KaxXaoro napalsijiesenure-
fa A € S nosoxum 4ucio u{A) paBHBIM Macce BEILECTBA, HAXOASLIETOCS
B napaJsenenuneae A. CBoicTBO aiAHTUBHOCTH 1) BBEINONHSETCA U BbIPa-
JKaeT 3aKOH COXPAHEeHHA KOJIMYeCTBA BEIECTBa. AKCHOMA 2) BBITONHSAETCA.

6. Ilycts S — monykosblio M3 nmpumepa 4 M TNYCTh B [IPOCTPAHCTBE
pacipesesiesbl 3jieKTpuueckue 3apaapl. Torga gia kaxgoro A € S no-
noxuM p(A) paBHbIM KOJMYECTBY JIEKTPHYECTBA B mapajuienenunene A.
Axcnoma 1) onpenesnienusi 1 BbIIONHASTCH U BbIPA)KAET 3aKOH COXPAHEHMUs!
KOJIMYECTBA, dJieKTpudecTBa. OIHAKO 3apsil MOXKET ObITh OTPHULATEIbHbBIM,
M TOTJA AKCHOMa 2) He BBIIOJIHSIeTCH.

21



7. Mlycrb S — nonykonaplo u3 npumepa 1. Bo3bMeM mpou3BONLHYIO
dbyukumo F: R — R u nonoxum p[a.b) = F(b) — F(a). 3amernm, 4To
ecnu B3ATb F(t) = t. To monyuum npumep 1, T.e. AJHHY IPOMEXYTKA.

Akcuoma 1) onpenenenns 1 Bumonusierca. Jeicteurenbro, eci [a, b[=
n

= [] [ak-1, e[, rme ap = a, an, = b, TO
k=1

Y wllak-1,a)) = (F(ar) = F(ar-1))=F(an) — F(ao)=p([a,b]).
k=1 k=1

151 BBINOIHEHUS aKCHOMBI 2) He0OX0AMMO U JJOCTATOYHO, YTOOBI BbIIOJIHA-
qgock F'(b)—F(a) 2 0. ecntu b 2 a, T. e. uTobn dyuxuus F 6b11a monomon-
Ho 603pacmarwuwet. PyHKIMM C YKA3aHHBIM CBOHCTBOM MHOIIA HA3bLIBAIOT
HeyOBIBAIOLIMMH, & BO3PACTAIOLIMMY HA3bIBAIOT (PYHKLUMHU, JJIA KOTOPLIX
13 Toro, 410 a < b, caenyer, yto F(a) < F(b). ®yHKuuM ¢ MOCIEOHUM
CBONCTBOM OymeM Ha3bIBaTb CMPO20 MOHOMOHHO 803pacmarouumy. Ta-
KUM 06pa3oM, Jir0bass MOHOTOHHO BO3pacratouiad (pyHKius F nopoxaaer
HEKOTOPVIO Mepy ur Ha mnojaykodabue S. Takyro dyukiuio F Ha3biBawT
npoudeodawet Pynxyuel wiu dynxyueld pacnpedesenus MEPHL [iF.
3ameuanue 3. BepHo u obparnoe yreepxxaenune. [lo 3afanuoit Mepe m Ha nosy-
KOsbLe S U3 NMOJYHHTEPBAJIOB NOCTPOUM BO3PACTAOLLYIO (DYHKIHIO
m([0,¢t]), t>0;
F(t)= {0, t=0;
-m([t,0]), t<0.
TO[‘.Ila dJyHKLlHﬂ F nopoXxXgaeT UCXOUHYIO MEDY M. CooTtsercTBHe MEXAYy MepaMHu M
GYHKLHAMH, UX NOPOKIAOLMMH, He B3aMMHO OJHO3HAUHOE. Ecny paccMOTpeTh TOIBKO
Takde MOHOTOHHO Bo3pacraroume GbyHkuuu, ans koropeix F(0) = 0, To cooTBercTBHE

MeXJy MepaMH H MYHKUMAMH CTAHOBUTCH B3aUMHO OJHO3HAYHBIM.

B nanbhediiem Hac OyAyT HHTEpPeCOBATb B OCHOBHOM MEPHI, Y0-
BJeTBOpAOUIME Gosee CUJILHOMY, YEM AJAMTHBHOCTH, YCIOBHIO. MMeHHO
M3 Hero BbITEKAIOT HOBblE CBOHCTBA MHTerpaJa JlebGera, KOTOPLIMH He 06-
nanaer uHTerpan Pumana.

Onpenenenne 2. Mepa p: S — R Ha3biBaeTca cuemro-addumuerol

o
(o-addumuenoti), ecnu u3 toro, uro A = [] Ak, A, A € S, cnenyer, 4ro
k=1

ocC
u(A) = kZ p(Ag).
=1
Teopema 1. Jauna seasemes o-addumuenot mMepoli Ha NOAYKOALUE
S, cocmoswem u3 nosyunmep6anos suda [a.by.

22



> Hy»xHo goxa3aTh, 4T0 ecsiu nosyuntepsan A = [a, b[ npeacrasneH B
2 oC
euge A = [] Ak, tme A = [ag, bi[, 70 pu(A) = 3 u(Ag), T.e.
k=1

k=1
b—a= ZH(Ak) =Z(bk—ak)- (2)
k=1 k=1

n
Tak xak [] Ax C [a.b] gna moboro n, To B cuny npenoxenus 1 umeeM
k=1
n
> w(Ax) € b — a. CaegoBatensHo, psa, croswumi B npaBoil yactu (2),
=1
[e.o]
cxomurea 1 Y p(Ag) <b-—a.
k=1

o9
Hoxaxem obparHoe HepaBeHCTBO: » . u(Aj) = b — a. Bo3bmeM npous-
k=1
BOJIbHOE YHCJIO € >0 U N0 KaXKAOMY U3 TMOJYUHTEPBAJIOB [ak, bi[ mocTponm
CoIepKaluMil ero OTKpPBLITbi HHTepBas By =]ak—e/2k+1,bk[. BuecTo 110-
JIyuHTEpBaa [a, b] Bo3bMeM comeprkaluiicst B HeM oTpe3ok B = [a,b—e/2].
oc oc
Torna B C A C |J Ax € |J Bk. T.e. 0Tpe30K B NOKPHIT CHCTEMOH OT-
k=1 k=1
KpbIThIX uHTEpBaNOB Bj. CornacHo semme Bopessi 0 MOKPBITHH, U3 3TOTO
MOKPBITHA MOXHO BbIAEIHTb KOHEYHOE MOANOKPLITHE, T. €. CYIECTBYET Ta-

7n
koe n, uto B C |J Bi. Torpa amuHa oTpeska He MPEBOCXOAHT CYMMBI

k=1
JJIMH TIOKPBIBAIOIMX HHTEPBAJIOB, T. €.

n n
€ €
b—‘z'—a E (bk k_W)gi (b — ak) +

k=1 k=1

MI")

HJanee monydaem

n

b——agZ(bk—ak)+ Z(bk—ak)+e

k=1 k=1

oC
Beuay npoussosbrHocTH £ uMeeM b —a < ). (b — ax). Tem cambim
k=1

TeopeMa JoKa3aHa. <
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IIpumeps He o-aZOUTHBHBIX MED.
1. Ha nonyxkonmeie S, cocTosmeM u3 NoJyuHTEpBaJNoB Ha R, 3amaanm
Mepy m ¢ noMoupio ¢pyrkuun F(t) = signt (cm. npumep 7). Torna

RPN (=

n=1

HO

e Som([ - L ) <o

n=1

CBOi1CTBO 0-aAIUTUBHOCTH HE BBLIMOJIHACTCA.

2. Iyete X = QN [0, 1] — paunoHanbHbI#A NOAyHHTEPBaJ, S — HOMY-
KOJIBIIO, COCTOsAIIee U3 MHOXKecTB Buna A = QN[a,b[, A C X. Onpenenum
u(A) = b — a. HerpynHo Buuers, 4ro u — mepa. Ecnu 651 p 6b11a o-
anauTHBHOM, TO Mbl uMmenu Obl p({ry}) = 0 mnsa moboi touku ry € X

(cM. § 5). Ho, ¢ gpyroit croporet, X = [] {rx} u u(X) = 1. B cuny
rr€X

o-agmutuBHOCTH MbL uMenu 6b1 1 = u(X) = Y. p{{re}) = 0. Takum
rL€X

obpa3oM, y He ABJSAETCA o-aIAUTHBHON Mepoil.
MoO>xHO IIpHBECTH HOPSIMOE JOKAa3aTEIbCTBO, He MCIIOJIb3YIOIIEe Pe3yilb-
taToB § 5. 3aHyMepyeM TOYKH u3 X B [IOC/I€A0BATENLHOCTD (T ) M TTOJIOXKHM

k-1
By = [rr, e + /29N X, Ay = (Bk \ U Bj). MuoxecTba Ay mpeacras-
j=1

nsiorest B Buge Ag =[] ; Ayj, rae Agj — HeKOTOpble HOMyMHTepBaJbL IIpu
atom Y pu(Akj) < €/2%. Vimeem
J

X=|JBe=]] 4 =] A4
k=1 k=1 k=1 j

Tak Kax i > u(Agj) € i st =€, a u(X) = 1, cBOHCTBO 0-2aLAUTUBHOCTH
He BbIHOJkI;éHi). b=l

Onpenenenue 3. Mepa p Ha konbue K Ha3bIBaeTcs Henpepwisnot,
ecyi AJis Jr060i MOHOTOHHO Bo3pacTaomell (A, C Agy1) HOCIEI0BATENb-
HOCTH MHOXKecTB Ax € K Ttakoii, uto A = G A, € K, cupasBenjiuBo
pasenctBo u(A) = leII;O u(Ag). =
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TeopeMma 2. Mepa p na xoavue K aeasemca o-addumusnol moada u
MoAbKO Toz2da, K02da OHE HETPEPHIEHA.

<
> Ilycrs mepa p g-apgutusna u A = |J A € K. roe A € K rakne,

k=
yro Ay C Ak+1. Torpa A = A; H(Az \ Al) H(A;; \ Az) H ... H

PA) = (A1) + D (A \ Ag-1) = lim p(An).
k=2

oC
O6parHo, nyctb Mepa p HempepbiBHa U nyctb A = []| By. B € K. Tlo-
k=1

aoxum A, = ]_I By. Torpa A, € K, A, C A1, A = U H B CUILy

n=1
CBOMCTBa Henpepbwﬂocm

u(A) = lim p(Aq) = lim Zp Bl = 3" (B

k=1

3amevanue 4. C nOMOIWBIO Nepexola K AOMNOJHEHHIO JIEFKO IPOBEPUTH, YTO CBOH-
CTBO HEOPEepPLIBHOCTU Mephbl L SKBuBa.JIEHTHO cleayoomeMy: AJasi JMIOBIX  MHOMXECTB

A. A € K Takux, 4T0 Ay D Ay u A= ﬂ Ak, BbinosgeHo p(A) = hm u(Ag).
k+1

Onpepenenne 4. Mepa u, 3anaHHast Ha IONYKOJIblIe K . Ha3hIBaeTCst
npPodoasrcenuem mepse M, 33JAHHOH Ha MOJyKonble S, ecun

1) SCK,

2) u(A) = m(A) nas mobeix A € S.

[Iponomxenue Meprl ¢ moJaykossua S Ha koabuo K (S) crpoutes o4veHb
IPOCTO, TAKOE MPOAOXKEHHE OMHUCAHO B CJEAYIONeH TeopeMe.

Teopema 3. Ilycmo m — mepa Ha noayxosvye S C P(X) u K(S) -
MUHUMABALHOE KOAbYO, noposicdennoe S. Tozda na K(S) cywecmeyem u
PUMoM eJUHCTNBEHHAA MEPL [, ABAAIOULACH NPOTOAINCEHUEM MEDDL M.
u ama mepa 3adaemea gopmysol u(A) = Z m(Ag). Ecau o-addumuena

k=1
UCTOOHAA MEPQ MM, MO NOCTMPOERHAA MEPA U TMAKIHCE o-addumusna.

> Enuncrsensocrs. Ilo teopeme 2 § 2 moboe mMHOMecrBo A € K(S)
n(A)

npeacrasnserca B Bune A = [][ Ak, tne Ay € S. Ecau Ha K (S) ectb
k=1

n
MPOAOJIKEHHE fi MepbL M., TO u(A) = Z p(Ag) = Z . T.€. Mepa m

OIHO3HA4YHO OIIpelendaeT Mepy U.
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15 J0Ka3aTeNbCTBa CYIIeCTBOBAHHA IPOBEpUM, 4TO opmyna pu(A) =
n(A) n(A)

= Y. m(Ag). rme Ax € S, A = ]| A, aeificTBuTensHO 3a4aeT NPOROI-
k=1 k=1
KEHHEe MEepbl m.

ITokaxcem cHauama, uTo eciu A = U B;, B; € S, T Z m(Ayg)

j=1 k=1
i
- X

), T.e. u(A) =e 3aBucur or crniocoba pa3buenus. IlycTs

m(
Cij AA N B;. Tak kak S — nomykoasuo, 7o Cy; € S. Toraa

P n 14
A,\.=HC,¢J-, Bj:Hijy Zm CkJ
j=1 k=1 Jj=1

n n Y4 14
m(B;) = 3_m(Ciy), ZmAk 22 m(Cii) =) mi(B))
k=1 j=1

k=1 j=1

HOHO)KPITQJII)HOCTB Mepbl U OYeBHIHa. HpOBepHM ee aJIuTHUBHOCTD.

1.3 n(Ar)
[ycte A = [] A, vme Ax € K(S). Torna Ay = ][] Bki.rae By € Su
k=1

i=1
n(Ay)

w(Ax) = . m(B). Orciona 6ymem nmersb

i=1

n 'Il AL) n ’n(AL)

A= H H By, p(A Z Z Bm‘)=Zu(Ak)-
k=1

k=1 i=1 k=1 i=1

Jdokaxkem o-anauruHocTh Mepsl u. Ilycts A € K(S) u B,, € K(S),
n(A) n(By)
ud= ]__[B Torpa A = ]__[ Aj, Aj € S,u By = J] Bpi. Bni €6
n=1 Jj= i=1
Monokum Crij = Aj N By € S. Orciona A; = A;NA = [] [[Cnyj
n=1 i

M By = AN By = [[Crij. B cuny 0-anauTHBHOCTH MEDBI M MMeEM
J

m(A;) Z Zm (Crij); m(Bns) Zm (Cnij). Orcroma nomyuaem

n=1

=Y mA) =33 3 m(Cuy),

i n=1 1
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(Bn) =D > m(Crsj)-
i g

CrenpoBarenbHO, Z w(Bn) = Z ZZm(CmJ = u(4). «

n=1

3amaBaTh Mepbl [IPOIIE HA MOJIYKOJIBIAX, & AJIf AaJbHEeHIINX [T0CTPOoe-
HUil yroOHee UMeThb MepY, 33JaHHYIO Ha Koiblie. B cuy Teopemsl 3 Kazx-
AYI0 MEpY, 33JaHHYI0 Ha MOJYKOJbLE S, MOXKHO CYHTATb ABTOMATHYECKHU
NpoAo/KeHHOH Ha Kosbno K (S).

OcHoBHasa 337a4a, pelieHne KOTopoit HGyner npHBeNeHO B ClleaylonleM
naparpade, 3aKII0YaETCA B TOM, YTOOBI YKa3aTh Crocob MOCTPOEHUs MpOo-
JIOJDKEHUS] Mephl ¢ KOJIblla Ha CYIIeCTBEeHHO 0oJsiee WHPOKOoe Koybuo. Takoe
[POJOJ/I2KEHHE CTPOMTCA JJisl 0-aJUTUBHLIX Mep. IlosaTomy paccmorpum
CHaJasa CBOUCTBA TaKHUX Mep.

Teopema 4. ITycme K € P(X) — x0avyo mHodcecms u [i ~ mMePa HA
KuAd A, eK, k=1,2.... Toeda

o0 oc
1) ecau [] Ay C A, mo 5 p(Ax) < p(A):
k=1 k=1

x
2) ecau mepa p asasemea o-addumuerolt u A C |J Ag, mo
k=1

oC
w(A) < > u(Ax) (ceoticmaso cybaddumuenocmu mepol).

k=1
> 1. Eciu B C A, BAGKTO/J,(A)—/.L( +uA\B> w(B).
[TosToMy U3 BKJIIOYEHHSA H Ar C A cnenyet, 4TO Z u(Ax) < p(4).

k=1 k=1

3uauur, pan, Z w(Ag) cxomutcest u Z (A < u(A). OrMmeruM, 9TO NpU
k=1 k=1
JloKa3aTebCTBe 1) UCIOMb30BAHA TOMBLKO a,H.,Z[,HTHBHOCTb MepBbI f.

2. Beenem muOXecTBa B, = (AN A,)\ U A, € K. Toraa B,, C A, u

A= H B,,. Otciona pu(A) = Z u(B,

n=1 n=1

||M8

20 o
Ecmu u3 Toro, uto A C |J Ak, cuenyer, uro u{A) < Y. u(Ax), T.e.
k=1 b=1
BbIIOJHEHO CBOMCTBO 2) TeopeMbl 4, TO Mepa L Ha3bIBaeTcst cybaddumus-
HOt.
Caepcrsue. Mepa asaaemea o-addumuerotli mozda u moavko mozoa,
K020a ona cybaddumuena.
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> CyBaaIuTUBHOCTb Mephbl CjIeye€T M3 O-3JJAHTUBHOCTH COIJIACHO
yrBepxaeuuio 2) reopemsl 4. Ilyern tenepsr A = ][ Ax. Hepasenctso
k

3 1(Ax) € u(A) cornacno 1) cnpasenuBo Ans J060H Mepsl, a CBOHCTBO
k

cy6aJJUTHBHOCTH YTBEPXKIAET CIIPABEIJIMBOCTb ODPATHOrO HEpaBEHCTBA
u(A) < X p(Ay). <
k

JlokazaHHas TEOpEMA II0ICKA3BIBAET, KAK MOXKHO BBIJIETUTb KJIaCC MHO-
JKECTB, He MPUHAJIEXKAIINX HCXOOHOMY KOJIBLLY, MepY KOTOPbIX €CTECTBEH-
HO CYHUTATb paBHOI‘;l HYJII0, T. €. IOCTPOUTh HEKOTOPOE NPOAOI2KEHUE HUCXOI -
Hoit Mepbl. Ho Takoe mpogosikeHue erle He 061a32€T JOCTATOYHO XOPOLIH-
MM CBOHcTBamH.

Onpeaenenue 5. [Tycts K € P(X) — KOJbLO TOAMHOXKECTB MHOXKE-
cTBa X u mycTb p — Mepa Ha 3ToMm Koubue. MHoxectso A C X (He Tpe-
6yerca, uyToObl A mpuHAANEXKaN0 Koably K) HA3bIBAETCA MHONHCECTIBOM
MEPBL HYAb, €CTH AJis J11o6oro € > 0 CyIecTByeT KOHEUHBIH MJIM CYeTHBIi
nabop Ay € K tako#i, uro A C |JAr n > p(4k) <e.

k k

OTMmeTHM, 4TO CBOMCTBO MHOXEeCTBA A OBITH MHOXKECTBOM Mephl HYJb
He coenajaer co csoicrBoM p{A) = 0. Ecim A € K, 10 M3 TOro, uro
u(A) = 0, cnenyer, uTo A SBISAETCS MHOXKECTBOM MEDbI HyJIb, HO JJIsl IPO-
H3BOJIbHBIX Mep oOpaTHoe HeBepHO. B ciiyyae ¢-aJJIUTHUBHON Mepbl MHO-
ecTBO A € K sBAsSCTCA B CUILY TEOPEMbI 4 MHOXKECTBOM MEDLI HYJIb TOrAA
M TONBKO TOrga, Koraa p(A) = 0.

IIpumepsr

3. [Tycts Mepa p 3aJaHa KaK AJIMHA HA NOJIYKOJbUE, COCTOSIIEM W3
nosyunrepsaaos Ha npsmoil R. Torma moboe omHOTOYEUHOE MHOXKECTBO
Ha R umeer Mepy HyJb.

JI1060€e cueTHOe MHOMKECTBO TaKKe fIB/ISETCH MHOXXECTBOM MEphl HYJIb.
HetictBurensno, nmycte A = {x;} — IPOU3BOJIbHOE CUETHOE MHOXKECTBO.
Cucrema nonyuntepsanos { Ay = [z, Tk + 27 %€)} obpasyer cuerHoe mo-
KpbiTHe MHOXecTBa A u nipu s3Tom Y p(Ak) < €.

4. Tlycts o — mepa n3 npumepa 2. Torna m060#f pallMOHANIBHBII
HUHTEPBAJ SIBJAETCA MHOXECTBOM MEpbl HYJb, XOTS €ro UCXOAHAsA Mepa
HeHyNeBass. DTOT NPUMEP MOKA3bIBAET, YTO JJIsI MEp, He ABJISIOMIHXCS
0 -aJJUTUBHBIMH, OTIPEJEJCHNE MHOXKECTBA MEPHI HyJlb HEECTECTBEHHO.



§ 4. IPOOOJI2KEHUE MEPHI 110 JIEBEI'Y

IIycrs K C P(X) — anrebpa MuoxecTs u Ha K 3a31aHa 0-a)iHTHBHAA
mepa m. Dmementhbl u3 K OyaeM Ha3bIBATL IAEMEHTMGDHOLMU MHOMNCE-
cmeamu. Halna 3anaua — onpenesuTs Mepy AJisi MHOXKECTB, HEe BXOISAIINX
B K, T.e. DOCTPOUTD MPOIOJIKEHHUE [ MEPHI 1M Ha 60Jiee WHUPOKOE KOJbLIO
K,.

CyliecTByeT MHOrO MPOJOJIXKEHHH JJIs MCXONHOM Mepbl, CpeaH 3THUX
MIPOAOJIYKEH M UHTEPECHO 0OHAPYKUTh NPONOJIXKEHHE ¢ HaubOoJIee XOpOIIIH-
MH CBOiicTBaMH. B kadecTBe Takux CBOMCTE MepbI [, ONpEEeHHOH Ha
Kosble K, MOXKHO yKa3aTb CIeayloliye:

1) K, siBasiercst o-anrebpoit;

2) Mepa p SIBASETCS 0-3JIUTHBHOI;

3) Mepa p ABJIAETCA TOAKOU; ITO O3HAYAET, YTO U3 TOro, uTo (A) = 0,
caeanyer, uto moboe nogmHokectBo B C A mpunaanexur K, (u Toraa B
CHJLy CBOICTBAa MOHOTOHHOCTH M€pBI BbinosiHeHO 4(B) = 0);

4) Mepa {1 OIHO3HAYHO OMPE/ENseTCs HCXOIHOU Mepoil m.

Kak Byzer noxa3saHO HMXKE, CYyIIECTBYeT, U IIPUTOM TOJILKO OIHO, Mpo-
MOJDKEHHE HCXOAHOI Mephl, obnanatomee ceoifctBamu 1) — 4). KoHCTpyK-
[Ms1 TAKOTO NPOJOJIKeHUd bblna npeanoxeda Anpu Jleberom B 1902 rony.
Bblnu u3BECTHBI ApyTHe cnocobbl 10CTPOEHNS ITPOJO/IKEHNIHA, HO HOCTPOEH-
Hbl€ TIPOJOJKEHHUA He 00180314 BCEMH MEPEYMCIEHHBIMU BbIIIE XOPOILUMHU
cBoiicTBamu. jia cpaBHeHus B HajibHeleM ¢ KOHCTpyKiueii Jlebera pac-
CMOTDHM CHayaJia Apyrue crocodbl MPOIOIIKEHNUS.

IIpomomxenne mepel no 2Kopaany

Onpeaenenne 1. [Tycrs m — mepa va koabue K C P(X). Buewned
Mmepoti 2Kopdana MHOKecTBa A C X Ha3bIBaeTCs YMCIO

s*(A) = inf {m(B) ACB, Be K}.

Buympennel mepoti 2Kopdana mmooicecmsea A C X Ha3pIBaeTCs 4UCIIO
s«(A) = sup {m(B)l BCABe K}.

Ecmn s*(A) = s.(A), TO MHOXKeCTBO A HA3BIBAETCS UIMEPUMbBIM TLO
Xopdany u ero mepot Xopdana HazpiBaeTcs: 4ucio s(A) = s*(A4).

Il pu M e p. Eciin B KadecTBe K pacCMOTpeTh KOJIbLO, MOPOXKIEHHOE
MHOTOYTOJIBHHKAMH Ha IJIOCKOCTH, U B KA4€CTBE HCXOIHONR MEphl PaccMOT-
peTh IJIOWIaAb MHOTOYTOJbHHMKA, TO Ompejaenedue mepbl XKopaana mpe-
BPAIllAeTCsl B M3BECTHOE ONpPeAeNeHHe ILIOMAnd (UryPhbl HA MJIOCKOCTH.
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Taxum obpa3om, onpegeneHne Mepbl 2KopJaaHa sIBIAETCS HENOCPEICTBEH-
HBIM 0000IIEHNEM ONPEIe/IeHU TJIOINAIH.

MuoxkectBo K usmepumbix no 2KopaaHy MHOXECTB SIBAETCH KOJIb-
LIOM, § ABJIAETCA NOJIHON O-aAAUTHUBHOII Mepoil Ha 3TOM KoJble. OmHako
K ; He sBasiercs 0-KOJIBLIOM M NMO3ITOMY IpoAoJKeHue no 2KopaaHy He pe-
1IaeT MOCTaBJIEHHOH 3aJad4u.

Y opaxhetune. [loctpours nmociienoBarenbHoCTb A, KBagpupye-
MbIX MHOXKECTB Ha IJIOCKOCTH (T.€. MHOXECTB, [/ KOTOPBIX OIpeaesieHa
MJIOLIAb) TaKyI0, YTO MHOXKeCTBO A = NA,, He ABJIAETCS KBaAPUPYEMBIM
MHO?KeCTBOM.

MN3BecTHa TakKe KOHCTPYKUMSA, MO3BOJSAIONIAS ONPENETUTb IPOJOJIXKe-
HHe Mepbl HA HAUMEHbLUIYVIO 0-aJrebpy, MOPOXKAEHHYIO HCXOIHOH arebpoii.
HampumMep, B ciiyyae oTpe3Ka Takas HAHMEHbIIas anredpa COCTOHT U3 BCEX
6GopeJIeBCKUX MHOXKECTB U Mepa ONpeJesieHa Ha BCeX OOPeJIEBCKUX MHOXKe-
crBax. Takoe npoaoskeHne Mephl Ha3bIBAETCA IPOAOJIXKeHeM 110 Bopestio.
Ho npwu 3710# KOHCTPYKIMKM MOCTPOEHHAS MEpa He SBJISeTCHA TOJIHOI.

TepeiineM Tenepb K PACCMOTPEHHIO KOHCTPYKUMH NPOOJOANCEHUSA MEDD
no Jlebeay. PaccMoTpuM cHavasa ciy4ail, KOrja HCXOLHas Mepa 3aJaHa
Ha anrebpe.

Onpenesnenne 2. [Tycts m — o-agAuTUBHAS Mepa, ONpedesieHHast Ha
anrebpe K C P(X). Buewnetd mepoti muoorceemea A C X (nOposkaeHHOR
Mepoil M) Ha3LIBAETCH YUCJIO

u*(A):inf{Zm(Aj)[ACUAJ-,AjGK} (1)
J

(mosicHUM, 4TO HUIKHSAS TPaHb B (1) BEITUC/IHETCA [T0 MHOXKECTBY BCEX CUET-
HBIX UJIH KOHEYHBIX [OKPLITHH MHOXKECTBA A 3j1eMeHTAPHBIMHM MHOXKECTBA-
MH).

Brewmneti mepot, 1nOpOXKIEHHONH MepOil 17, HA3bIBAETCsl QYHKUMA MHO-
JKECTBa, onpedenennas dpopmynoit (1) ans scex A C X.

[Mokaskem, 4TO BHEIUHSA MEpa, Kak (YHKUMA MHOXECTBA, SIBJIAETCS
NPOJOIKEHUEM MEPbI M, T.€. A1 3JeMEHTADHBIX MHOXKECTB BBUIOJIHEHO
p*(A) = m(A). deiicrurensHo, ecin A € K. A C |J 4;,rae Aj € K, o mo

J

Teopeme 4 § 3 B cuily 0-aJIMTUBHOCTH & noJy4yaeM, uro m(A) < " m(A4;)
J
* ~
u, 3HaunT, m(A) < p*(A), npuuem TOYHAA HUKHSA TPaHb JOCTHTAeTCs Ha

MOKPBITHH, COCTOSINEM M3 OZHOTO MHOXeCTBa A.
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Bonee Toro, eciu Mepa He ABIAETCA 0-3IIMTHBHON, TO HARIETCA MHO-
#xectBo A € K Takoe, 4TO

o oc
A= H Ag. A € K,u npu 3TOM Zm(Ak) < m(A),
k=1 k=1

OTKYJa CJIeIyeT, YTO AJIs1 JaHHOTO MHOxecTsa p*(A) < m(A).

Taxum 06pa3oM, KOHCTPYKLIUA BHEIIHEH Mepbl €CTeCTBEHHA TOIbKO /1A
0-aJAUTHBHBIX Mep, TaK KaK TOJIbKO JJIsi HUX IpaBas 4acTh hopmy:ast (1)
COBIIaIaeT ¢ MCXOAHOM Mepoit Ha K.

Brewruas Mepa, BOOOIIE FOBOPsI, He ABNSETCS MepOi, TaK KaK OHa MO-
XKeT He 00,1aJaTh CBOICTBOM aaAuTUBHOCTH. CUIeAyOIMM [HAIOM IOCTPO-
eHHsA J1e6eroBCKOro MPOAOJIPKEHHS MEPBI SABISETCS CYKEeHUe KJAacca MHO-
XKeCTB, Ha, KOTOPBHIX PACCMAaTPUBAETCS BHEILUHAS Mepa.

Onpenesieane 3. MHoxkectBo A C X Ha3bIBAETCA UIMEPUMBLM NO
ebezy OTHOCUTENBHO Mepbl T, €CJIH Jisl HETO BBIIOIHAETCS PABEHCTBO

pr(A) + p"(X\ 4) = m(X).

CoBOKynHOCTb H3MepuMbIX 10 Jlebery muHoxkecTB 0603uaunM L(K.m).

Mepa Jlebeza p onpefensierca KaK Cy>keHHE BHEIUHeH Mepbl Ha COBO-
kynuocts L(K,m): u(A) = u*(A) ana A € L(K,m).

TakuM 06pa3oMm, Mbl ONpPEIENHIIA HEKOTOPOE CEMEHCTBO MHOKECTB
L(K, m), 1 Ha 3TOM ceMeliCTBe ONpeNeNuId YuCI0BY0 PyHKUMIO L — MepY
Jlebera.

Yrobbl NpuIaTh ONpenesaeHuo Mepsl Jlebera BiI, aHAJIOTHYHBIN Onpe-
Jenenno Mepol 2KopaaHa, ansi MHOKecTBa A C X omnpenenuM eHympen-

HI0I0 MEPY:
px(A) = m(X) — p* (X \ A).

3ameTuM, 4TO B ciiyuae Mepbl 2KopaaHna uMeeTcs aHAJIOTHYHAS CBA3b MEXK-
[y BHYTPeHHell 1 BHeIIHel MepoH.

C nomo1pio 3TOro NOHATHSA OIpeneieHle 3 MOXXHO NepenucaTh B He-
CKOJIbKO MHOM BHJE.

Onpenesnenue 3'. Muoxecrso A nasbiBaeTca uamepumvim no Jebe-
2y, ecn pa{A) = p*(A), T.e. €ro BHEIUHss MEPa, COBNAJAET C BHYTPEHHEH.

3ameTHM, YTO NOHATHE UIMEPUMOTO 110 JIeGery MHOXXECTBA 3aBUCUT OT
UCXOJAHOH Meprl .

ITosTanuo u3yyas cBOKCTBA BHEINHEH Mepbl, U3MEPHUMbIX MHOXKECTB U
Mepel Jlebera, mokaxkeMm, 4To TakuM 06pa3oM HEHCTBHUTEBHO IIOCTPOEHA
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Mepa, 06/1a,JA01aA NePeYHCIeHHBIME BbIIIIE YETHIPbMS XOPOIWIHUMHU CBOMH-
CTBaMH.

Teopema 1 (o cybagaurusHocTH BHeiuHelf mepbl). FEeau A C |J Ak
k
(obsedunenue — cuemnoe uau xoneuwnoe), mo p*(A) < Z w*(Ax).

> Ecniu A — snemenrtapuble mHOXectBa (Ar € K), TO HEPaBEHCTBO
CpaBeJIMBO M0 OnpelefieHuio BHemHe# Mepbl. IlycTs Temeps Ap —
npousBombHble MHOXKecTBa. Torga p*(Ax) = inf 5 m(By;). Boss-
AkCLiJ By
MeM £ > 0 1 BbIOEpeM TakOe MOKPBITHE MHOMKECTBA Ay 3JI€MEHTaPHBIMH
MHOXKecTBaMu By, 4T0

< Zm(Bm) < p(Ax) +27%.

Tak kak | J Ay C |J Bki, nonyyaem A C |J By, rae By — s7eMeHTapHbIE
k ki ki
MHOXecTBa. Torma

o

p(A) <Y m(Br) < Y ut(Ak) +e
k. k=1

oC
Beugy npousBosnbroctu € > 0 nonyqaem u*(A4) < Z *(Ag). <

Caencreue 1. JJas awbozo muooicecmsa A C X cnpasedauso Hepa-
sencmeo p.(A) < u*(A).

> U3 eruiouennsa X C AJJ(X\A) umeem p*(X) =m(X) < p*(4)+
+ p* (X \ A). Orciona p.(A) = m(X) — p*(X \ 4) < p*(4). <

Cnencreue 2. /Jas awobwxr A u B vz X cnpasedaugo Hepasencmso
|u*(A) — p*(B)] < w*(AAB).

o> Ouesuano Braw4deHue A C BU(AAB). Cornacso Teopeme 1
u*(A) < u*(B) +u*(AAB), T.e. u*(A) — u*(B) < u*(AAB). Ilomenss A
n B mecramu, mony4aem p*(B) — p*(4) < uw*(AAB). «

Caeacreue 3. [asa mobwz mruoxcecms A, B u C usz X cnpasediuso
HEPABEHCTNEO

4*(AAB) < p*(AAC) + u*(CAB). (2)

o> U3 Bkatovyenus AAB C (AAC) U (CAB), npuMenas teopemy 1,
nosyyaem tpebyemMoe HEpaBeHCTBO. <
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3amMeuanue. Ecan uucno p(A, B) = p*(AAB) cuuTaTb PacCTOSHHEM MEXIY
MHOXECTBOM A M MHOXeCTBOM B, TO HepaBeHCTBO (2) MMeeT BHJ HEPaBEHCTBA Tpe-
YrPOJIbHHKA AN PACCTOSHHS B METPHYECKMX MPOCTPAHCTBAX U Mbl ero Oyaem Ha3biBaTh
HEPABEHCTNBOM TPEYZOALHUKA.

IIpumepoM U3MEPUMOro MHOXKECTBA. SIBJISIETCA MHOKECTBO Mepbl HYJIb.
Je#icTButensHo, coryiacHo onpeaenexuto 4 § 3, MHOXKecTBO A Ha3biBaerca
MHOXKECTBOM MEpBI HYJb, €ciu A5 moboro € > 0 cyIIecTByeT Takoe ero

NOKPBITHE 3JIeMEHTAPHBIMA MHOXKecTBaMu A C |J Ax, uto Y. m(4) < e.
k [
Ecnu conocTaBuTh 3TO ONpeleieHHe C OMpedeseHUEeM BHeITHEeH Mepbl, TO

MOJIydaeM, YTO OHO 3KBUBaeHTHO yrBepxienuio p*(A) = 0. Cornacho
cneacreuo 1, pa(A4) < p*(4) = 0, otxyna u.(A) = p*(A) = 0, re.
MHOKeCTBO A Mepbl HyJib M3Mepumo u u(A) = 0.
TeopeMma 2 (kpuTepHI H3MEPUMOCTH MHOXecTBa). Caedyrowue ceol-
CTNBA IKBUBAAEHTIHYL:
1) mmoorcecmeo A usmepumo no Jlebezy;
2) dan ar06020 £ > 0 cywecmeyem siemenmaphoe muosxcecmso B ma-
Koe, wmo u*(AAB) < e.
> Jocrarousocts. Ilycrs A C X u spimosnaeHo cBoitcTso 2). ITokaxem,
yro p*(A) + p*(X \ A) = m{X). Tak kak MHOKecTBO B 31eMeHTapHOe,
10 p*(B) + pu*(X \ B) = m(X). Ilo cnencreuio 2 TeopeMbl 1 umeem asa
HEPaBEeHCTBA!
p*(B) —e < p*(A) < p*(B) +e,
p (X\B)—e <p™(X\A) <p™(X\B)+e.
CKi1a1bIBas UX MOYJIEHHO, MOJTYYaeM
m(X) -2 < p"(A)+ u" (X \4) < m(X) + 2.

Bsuny npoussosibHocTH € nomydaeM p*(A) + p*(X \ A) = m(X).
Heobxoaumocts. Ilycts A — u3MepumMoe MHOXKECTBO, T. €.

#(A) + 5 (X \ A) = m(X). 3)

ITo onpeaenenuro BHemseit Mepsl gya moboro € > 0 cylecTByeT no-
KPbITHE MHOXKECTBa A JJIEeMEHTAPHBIMH MHOX>KE€CTBaMH Bk TaKoOe, 4YTO

(4)

Wl m

WA <Y m(Bi) < pt(A) +
k
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Hocne;_ulee HEPaBEHCTBO, B YaCTHOCTH, O3HA4YaET, YTO CXOJIUTCA YUCJIOBOIL

oc
paz Z ). Boibepem Takoil Homep N, 4TO Z m(By) < €/3. Io-
N
Ka)KeM, 4TO 4i1a MHOXecTBa B = |J B} BBIIOIHEHO CBOMCTBO 2), T. €.

k=1
u*(AAB) < €. Tlockonbky AAB = (A\ B)U(B\ A), TO OueHUM BHEIUHuE
mepbl MHOXkeCTB A\ B u B\ A.
oC

o

Tak kak AC |J Bk. 10 A\BC |J Bk, cilenoBarelbHo,
k=1 k=N+1
WANB) S 3 miBy) < 3. (5)
k=N+1

3ameryuM, YTO NpH MOCTPOEHHH MHOXeCTBA B  mosyyeHun ouesky (5)
M3MEPUMOCTb MHOXECTBA A He UCIO/Ib30BAJIACH.
Ouenka gas p* (B \ A) nonyyaercs HECKONBLKO CIIOXKHEE, IPU ee BbIBO-
e MCTIO/b3yeTcst U3MepUMOCTb MHOXecTBa A. ITo onpenenenunto BHemHedH
MepsI uisi MHOXKecTBa X \ A cyluecTByeT Takoe cemMeHCTBO 3JIeMEHTapHbIX
mHoxecTB (C;), uro (X \ A) c YC; u
1

(6)

DOI“‘A

> om(Ci) < ut(X\ A) +

HNwmeem

s\A=Bx\acs(Ua)=U(BNGS)
U 10 OIIpeJeIeHUI0 BHEILHEH Mephl 2 1

pr(B\ A) < Z (Bﬂc) - Zm(c,-) - Zm(cz- \B). (7)
3amernm, yto X = (ITc) Bi) U ( LiJ(Ci \ B); u, cne,nosa';eano,

m(X) < m(Bx) +y_m(Ci\ B). (8)
k i

IMonyyaem Jajiee uenovky COOTHOIUEHHMH, ucnonb3yd (4), (6) u oueBuI-
Hoe Hepaserctso m(C; \ B) < m(C;):

Zm(Bk +Zm(C’ \B) < Zm(Bk +Zm
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gm,*(A)+u*(X\A)+%E:m(xn%e. (9)

3aMeTuM, YTO MMEHHO MOCHEeJHee DABEHCTBO CNENYeT M3 H3MEPUMOCTH
suoxectsa A. U3 (9) nonyvyaem HEpaBeHCTBO

Zijm(ci) —Xijm(ci\B) <z

KOTOpOE, B cuity (7), Aaet uckomyto onenky p*(B\A) < 2¢/3 nna suewneit
smepel. Takum obpasom, u*(AAB) <e.

CaencrBue 4. Mnuosicecmeo A usamepumo, ecau 0as awbozo € > 0
CYWECTNEYEM UIMEPUMOE MHodceceo B maxoe, wmo p*(AAB) <e.

> Jlnsa MuoxkecTBa B Haiigem ajeMeHTapHOE MHOXKECTBO B Takoe, 4To
u*(B1AB) <e. Torma B CHly HEpaBeHCTBA TPEYroJbHUKA (2) mmeeMm
p(AABy) £ wr(AAB)+u*(BAB;) € 2¢ u, cormacHO Teopeme 2, A —
H3MEPUMOE MHOXECTBO. <

Teopema 3. Hamepumovie mMuoaHcecmen 00pa3yrom ar2ebpy MHONCECTNE.

> IIycts A3, As — u3MepuMble MHOXKeCTBa. Hy»KHO A0Ka3aTh, YTO MHO-
xectBa A; U Az, Ay NAa, X\ Ay, A1 A Ay uamepumsl. Bozbmem € > 0 u
BbIOEpEM 3JIeMEHTapHbIE MHOXKeCTBa By u Bp tak, uro pu(4;AB;) < e,
i=1,2 Ilycts A= A; UAs u B = B; UDB». Tak kak

(A1 U AQ)A(BI U Bz) C (AlABl) U (AQABQ),

10 W (AAB) < p*(A1AB1) + u*(A2ABs) < 26, T. €., COTJIACHO TeOpeMe 2,
MHOXeCTBO A u3Mepumo.

3aMeTHM, YTO ONPEJeSIEHHE U3MEPIMOCTH CHMMETPHYHO OTHOCUTEIBHO
Au X\ A, T e no onpenenenuio, eciu A usmepumo, 7o 1 X \ A usmepnmo.
Iosromy mHOxecTBa A; NA; = X \[(X\ A1) U (X\4z)], 41\ 42 =
=AiN(X\A) u AjAAs = (A \ A2) U (A2 \ A;) uaMepumbl. <

Ilokasxem Tenepb, 4To Mepa Jlebera obyamsaeT CBOMCTBOM aAdUTHBHO-
CTH, T.€. IENCTBUTENBHO ABJIAETCA MEpPOH.

T
Teopema 4. Ecau A = [] A;, 20e muoocecmea A; usmepumv, mo
i=1
n
u(A) = 3 p(ds).
i=1

> Jloka3aTenbCTBO AOCTATOYHO npoeectu ad n = 2. CorsiacHo Teope-

n n
me 1, Beimonasiercs HepaseHcTBO u(A) = p*(A) € Yo u*(Ai) = X u(4;).
i i
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IMoxaskeM, 4TO AJ1 K3MEPMMBIX MHOXECTB CIIPaBeAJHBO- 00paTHOe Hepa-
BeHCTBO. Bhibepem nnsa € > 0 snemeHTapHble MHOXecTBa B; m B; Tak,
uro u*(A1AB;) < g,i = 1,2. Ecin A = A1 [[ A2, B = By U Bs, To,
Kak yxe ormedanoch B Teopeme 3, AAB C (A1 AB1) U (A2AB3) u, 3Ha-
qut, p*(AAB) < 2. Ho p(B) = p(Bi) + u(B2) — p(B1 N By). Tak
Kak By N By C (A1 ABy) U (A2AB3), o u{B; N By) £ 26 u mosToMy
w(B) = p(B1) + p(Bz2) — 4e = u(A;) + u(Az2) — 6e. B cuny npoussonpHO-
cru € > 0 nosyuaem p(A) > p(Ar) +p(A2), oTkyaa ciefyer yTBep:KAeHue
Teopembl. <
CaencrtBue 5. Mepa Jlebeza asanemea o-addumusrod.
x
> IMycts A= ][] Ax.rme A n Ay — n3mepumere muoxecrsa. Cornac-
k=1
oxc
no teopeme 1, umeem p(A) < > p(Ax). ITockoneky yxe Joka3aHo, 4TO
k=1
mepa JlebGera agauTuBHa, npuMeHHMa Teopema 4 § 3 w nosmyvaem obparHoe

oC
nepasenctso u{A) = > u(Ay). CregosarensHo,
k=1

u(A) = 3 u(de). <

k=1

Teopema 5. ObsedureHue CHEMHOZ0 YUCAE USMEPUMBIT MHOHCECTIE
U3MEPUMO.

o
> Ilyers A = |J A;, rae A; namepnmsr. Ilpeacrasum A B Buge o6b-
)
: [~)
elMHeHus Hemepecekaomuxcs muoxkects A = [ Ay, rme A} = 4, 4} =
k=1

Jj-1 n
=A;\U 4,7=2,3,... . Taxxak || 4] C A, To, cornacro Teopeme 4,
i=1 i=1

7 o0
umeem Y. u(A;) < p*(A). 3Bnaunr, pan >, pu(A]) cxomures (pag u3 no-
i=1 i=1

JIOXKHUTEJIbHbIX 4JIEHOB, YaCTH4YHbIE CYMMbI OrpDaHHY€HbI CBery). Bosbmem

o
£ > 0 u naitnem Homep N Ttakoi, uto ». p({A}) < €. Torga MHOKECTBO
k=N+1

N oC

C = ]_[1 A uamepumo. Tak kak AAC = ) L}J Al u p*(AAC) <e, T0B
i= e=N+1

cuny caeacTeus 4 reopeMbl 2 MHOXecTBO A m3MepHMO. <

Caencreue 6. Hamepumvie mHoocecmea ob6pasyrom o-arzebpy.
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Tak Kak [7151 MHOXXeCTBA MepbI HYJL JII0D0€ MMOIMHOYKECTBO SIBASETCS
TaK>Ke MHOXECTBOM Mepbl Hy/b, TO MONy4aeM, 4TO JieberoBckoe mponos-
JKEHUe SIBJISIeTCS NOJTHON Mepoil.

O6beuHsa JOKA3AHHBIE YTBEPXKIACHHUS, TOJIYIAEM OCHOBHYI Meopemy
0 npodoasiceruu mepb, no Jlebezy.

Teopema 6. Ecau uczodnas mepa m o -a00umueHa, mo MHONICECTEO
L(K.m) usmepumwiz no Jebezy mmuoocecme obpasyem o-anzebpy mHo-
oceems, a mepa Jlebeza A8AREMCA NPOJOAICEHUEM MEDBL M. HA O -ar2ebDYy
L(K,m) u asasemca o-a0dumuenoli noanot mepot.

Mper mocTpounn NeGeroBckoe IPOROJIXKEHHEe Mephl [t B cjydae ajreb-
PBI, T. €. IPH YCJOBUH, YTO BCE MPOCTPAHCTBO X NPUHAANEKUT UCXOTHOMY
kombiy K, T.e. korma p(X) < +o00. Yke B ciydae KONbLia, MOPOMIEH-
HOro noJyuHTepsajiamMu Ha R, ¥ JUIMHBI B KadecTBe Mepbl 3TO YC/IOBHE
He BbINOJHeHO. HO KOHCTPYKIMIO TPOAOIKEHHIS MEDbI MOXKHO J0CTATOYHO
[IPOCTO yCOBEPIIEHCTBOBATh TAK, YTO NPOJOJIXKEHHE MOXKHO CTPOXTHL U He3
TpebOBaHUsI, YTO MCXOMHOE KOJbIO fBJjsercs anredpoit. Haubosnee npocro
BBITJIAJAT TaKasi KOHCTPYKLMUS B CJIydae, KOTJa UCXOAHAS Mepa obJanaeT
CBOMCTBOM, C(hOPMYJIHPOBAHHBIM B CIAEAYIOLIEM OpPEIeSIEHHH.

Onpenenenue 4. Mepa i, 3agaHHaa Ha konbue K C P(X), HaswiBa-

oC
eTcst o-KoMewHol, eCI CylecTByeT cdeTHoe paszbuenme X = [] Xy, rae
k=1
Xk € K n u(Xy) < +oc.
IIpuMepsr.
1. JunHa Kak Mepa Ha KOJIbLE, MOPOXKAEHHOM NoslynHTepBatamMu B R,

+oc
ABJISIETCA 0-KOHeYHOH Mepoit, Tak kak R = |J [k, k+1[.
k=—o00
2. Mepa, onpe/iejieHHasT Ha KOHEYHBIX ITIOAMHOXKeCTBax U3 R, Kak uncio
3;IEMEHTOB 3TOr0 MOAMHOXKECTBA, HE SBJISETCH 0-KOHeYHOH, Tak Kak R
HECYETHO U €ro HeJb3A NPEACTABUTH KAK CUETHOe 00beJuHEeHuEe KOHEYHbIX

MHOXKECTB.

Ecan Mepa m ABJISIE€TCA 0-KOHEUHOM, TO /1 KaXKI0T0 U3 MHOXKeCTB X i
cTpouTCs 1e6eroBcKoe NPOAOKEeHHEe MEDPbI M.

Omnpepenenue 5. Muoxecreo A C X Ha3pIBAETCA UIMEPUMBLM, €CITH
114 soboro k muoxectBo A N Xy usmepumo B Xy.
Ob6o3nauus Ar = AN X, noay4yaeM, 4TO MHOxecTBO A u3Mepumo
oC
TOTJA ¥ TOABKO TOTZA, KOT/a OHO npeacTtapasercs B Bute A = [[ Ag. rae
k=1
Ar — uamMepumoe MHOXKeCTBO B X.
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[2')
Hns wamepumoro muHoxkectsa A = [ Ar, Ax € Xi, mepa Jlebera

k=1
C€CTECTBEHHO ONpe/IesisieTca KakK CyMMa psia:
¢
H(A) = Y u(Ar).
k=1

Ecnu psan cxomutcsd, TO A Ha3BIBAETCH U3MEPUMDbLM MHOHCECTIIBOM KOHEY-
1Ot MeDPDL, ECTN DAL PACXOAUTCH, TO MHOMKECTBO A HA3bIBAETCA U3MEDU-
MBM  MHOOCECTIEOM Oeckonennol mepw, (3anucbiBaercst p(A) = +00).

HeTtpyaHo noka3arhb, 4TO NPONO/KEHHAA Mepa (1 U KJacC H3MEPHUMBIX
MHOXXECTB He 3aBUCAT OT cnocoba pa3bueHus MHOecTBa X.

OcHoBHas Teopema (Teopema 6) CripaBeIuBa A5 IOCTPOEHHOTO TAKUM
00pa30M MPOJOKEHHUS B CJIy4Yae O-KOHEYHBIX Mep.

3ameruM, 4TO B CIy4ae o-KOHEYHOH MepLl T IMOCTPOEHHOE BBIILE IIPO-
JIOJIXKEHHE He [IOJIHOCThIO COOTBETCTBYET onpenesenuto 1 § 3, Tak Kak Takas
Mepa PHHHUMAET, KPOMe BELLECTBEHHBIX 3Ha4YeHnH, 3HaveHne +oc. Takymo
GbyHRUMIO MHOXECTB OyleM B JajbHellIeM Tak>ke Ha3bIBaTh Mepoii. IIpu
3TOM BBITIOJIHEHO CBOMCTBO aJAHTUBHOCTH MEPbI, €CIIH UCIOIb30BATh 00bLIU-
Hble “apudMeTuieckue” omepauuy HaJ CUMBOJIOM +0C.

§ 5. MEPA JIEBETA HA MPSIMON

Onucannbiit B § 4 ¢roco6 npogoKeHns: Mepbl bl BIIEPBbIE IPEIJIOKEH
JlebGeroM I MpOAOJIXKEeHWsl [UIMHbL Kak (DyHKIIMU MHOMXECTBA C MpOMe-
KYTKOB Ha 60.7196 I.IalOKIfIﬁ KJ1aCC MHOXKECTB. PaCCMOTpPlM 9TOT Ha.I/IGO.TIee
BaXXHbIil IpuMep noApobHee.

IIycts S — nosyKombLo, COCTOALIECE U3 TOAYHHTEPBAJIOB [a, ([, nexa-
wux Ha nonyusrepsane I = [0, 1] (upumep 2 § 2), u nyctb mepa m’ ectb
m'([e, B]) = B—a — anuna noayunrepsaa. Anrebpa nogmHoxects K, no-
pOXKIeHHas noJaykosabuoM S (npumep 2 § 2), cocTout, COrIacHO Teopeme 2
§ 2, M3 MHOXECTB, ABJAIOINUXCA KOHEYHBIMU 00beJMHEHUAME HellepeceKa-
IOLUXCS TI0JIyUHTEPBAJIOB:

n(A)

K ={4| 4= ] les Bl les, il 0,11}
i=1

n(A)

IMponosmxenue mepbl m' Ha K 3anaerca dopmynoit m(A) = > (B; — ay).
i=1
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IloBTOpPHM AT NAHHOTO CJIy4ast KOHCTPYKUHMIO MPOLOJIXKEHUSA MEPbI IO
Jlebery.
g Ipon3BONbHOro MHOXKecTBa A C I ONpejesiMM BHEMIHIOI MEPY

pr(A) = inf{z:(ﬁ,- —m)AcC U[ai,ﬂi[ }.

Takum obpa3om, 4T06BL BLIYHCAUTH BHEINHYIO MEPY MHOXeECTBa A 10 ompe-
JEJIEHUIO, HYXXHO PACCMOTPETH BCE MMOKPBITHS MHOXKECTBA N0y MHTEPBAIa-
MH, I718 Ka>KJ0r0 MOKPBITHS BBIUUCIAUTH CYMMY JJIMH NOJIYHHTEPBAJIOB U3
NOKDBITHA ¥ 3aTEM HAWTH TOYHYIO HMXKHIOK TDaHb TAKHX CYyMM.

Muoxecrso A C I = [0, 1] nasbiBaerca n3mepnmbim 10 Jlebery, ecan
pr(A) +p(I\A4) =1

B cuay Teopem 1 u 3 § 3 Mmepa m siBjisieTCA 0-aAAUTHBHOM U, IPUMEHSS
Teopemy 6 § 4, nonyuaewm, yto usMepumsbie 1o Jlebery MHOXKecTBa 00pa3yoT
o-ajirebpy.

Mepoit Jlebera n3meprMOro MHOXKECTBA HA3bIBAETCSI €r'0 BHEIIHAA Me-
pa. Taxum o6pasoM, mepoti Jebeza 1 1a ompeske Ha3b1BAETCS JIEOETOBCKOE
NPOJOJIXKEHHE [/ THHBL.

IIlpumepn usmepumoix no Jlebery MHOXeCTB.

1. lMonyunrtepeans! [, 3].

2. MHOXECTBO, COCTOSIIEE U3 OJHOH TOYKH, NPEACTABJSETCA B BUAE
{a} = ﬁ la, @ + 1/k[, mostomy p({a}) = 0.

3. (’;:El!THbIe mHOXecTBa: ecd A = {og,a2,...,qn....}. TO p(4) =
= ic:l p({an}) = 0. B 4acTHOCTH, MHOXKECTBO PALMOHANBHBIX HCEJ U3~

n=
MEpHMO M UMEET Mepy HYyJMb.

4. Otpesku: [a, 8] = [a, BlU{B}. w([x,B]) =8 —«.

5. Murepsansl: |a, = [a. S[\{a}, wu(la.8]) =3 - a.

6. OTKpBITbIe MHOMKECTBA (SIBIAIOTCA KOHEYHBIMH WJIM CUETHBIMU OOb-
€IHHeHHUAMH OTKPBbITHIX HHTEPBAJIOB).

7. 3aMKHYTble MHOXeCTBa A (JOTOIHEHNST OTKPBITHIX ); IJI51 3aMKHY TO-
ro vHoxecrBa umeeM u{A) =1-— pu(I'\ A).

8. CuerHbIe TiepeceYeHusl OTKPBITBIX MHOXKECTB (MHOXecTBa Tuna Gy ).

9. BopeneBckre MHOXECTBA — MHOXECTBA, IIOJyYeHHbIE H3 OTKDPBITHIX
H 3aMKHYTBIX MHOKECTB C [TOMOILBIO CUETHOrO IMCJIA OMepalyii obbeau-
HEHHSI U MePeCcedYeHU .
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10. Kanmoposo mnosicecneo. Ha mepsblit B3rnsag MOMKET IOKa3aThCH,
YTO KJIACC MHOXECTB MEpbl HYJb CBOOUTCA TOJBKO K CYETHBIM MHOXKe-
crBaM. [IpuBeaem mpuMep HECYETHOTO MHOXKECTBA MEDBI HYJb.

[ocrpoum nogmuoxectso K C [0,1] cremyromuym o6pa3om.

Pasnesum orpezok [0, 1] Ha Tpu paBHbIe YaCTH U BBLIOPOCHM CpeaHM
untepsan G =|1/3,2/3[. HMonyuum MHOXKecTBO F}, COCTOALIEe H3 ABYX
OTPE3KOB, Mepa KOTOPOro paBHa 2/3.

Kaxapiit u3 ocrasmuxcs orpeskos [0,1/3] u [2/3,1] muoxectBa Fi
[eJIAM Ha TPHM PaBHbIE YACTH M U3 KaXKIOro BHIGPACHIBAEM CPEIHHI WHTEp-
BaJI, T. . BhGpackiBaem MHOXKecTBO Go =]1/9,2/9(U12/3+1/9,2/3+2/9].
[onyuaem muoxectso Fy = F} \ G2, Mepa koToporo ecTs (2/3)2.

Janee aas nocTpoenus mMuoxectsa Fy, Kaxpiit u3 27! oTpeskos, co-
CTaBAKIIMX MHOMECTBO Fj,_, JejuM Ha Tp¥ paBHBIE YaCTH U CPEAHMH
MHTEPBaJ, UMEWILMH AnuHy 37", BoiOpackiBaeMm. BruibpoienHoe MHOMce-

cTO 0bo3nauum yepe3 G,,. [lonaraem F,, = F,,_1 \ G, . npu 3tom umeeMm
u(F) = (2/3)".
oC
Muoxecrso K = () F,, HasbiBaeTca wMmnodscecmeom Kanmopa. Ito
n=1

3aMKHYTOE MHOXKECTBO, TaK KaK MHOXeCTBa ) 3aMKHyTbI, a nepecedeHne
3aMKHYTBLIX MHOXECTB 3aMKHYTO. B CHJly HEIpepBIBHOCTH MEphI MMEeM
w(K) = lim p(F,,) = 0.

OrmeruMm cpa3y, uro K # (). Hanpumep, KoHLBI BLIOPOLIEHHBIX UHTED-
BaJIOB, T.€. TOUKM Buga 1/3, 2/3, 1/9,..., He MOrYT OKa3aTbCA BHYTDH
OCTaBIINXCA OTPE3KOB U He 6yAyT BLIOPOLIEHbL HY Ha KAKOM Lare.

Haubonee BaXKHbIM C TOYKM 3DEHHs TEOPUH Mepbl SIBJIETCS TO, UTO
MHOKeCTBO K HECYeTHO W MMeeT MOIUHOCTb KOHTHHYYMa. DTO MOMKHO
nokasaTb crnenyouum obpazoM. Kaxaoe uucio z € [0, 1] MoxHO npencra-
BUTH B BUJe TPOUYHON Ipobu

x=%+%+m+%+m,
rae 4ucjia ap MOryT npuHuMmarh 3Hadenus 0, 1 u 2. C noMoupo Takoro
[IpeacTaBJIEeHUA JIETKO OMUCAaTh T€ 4YHucCJja, KOTOpbIE O3 AT B KaHTOpO-
BO MHOXecTBO. YHcna T, yI0BJETBODPAIOIINE HepaBeHCTBY 1/3 < x < 2/3,
BLIOPOUIEHHBIE Ha [IEPBOM LUare MOCTPOEHUS KAHTOPOBA MHOXKECTBA, Xa-
PaKTepU3YIOTCA TeM, YTO B MX TPOMYHOM pa3jioxKeHHd a; = 1. 3aMeruwm,
yTo uucao 1/3, npuHaaiexkainee K, B pasjioKeHMH KOTOpOro a; = 1,
az = az = ... = 0, MOXHO 3aIHUCATb B BUIE TPOUYHON NpobGH APyruM
crocobom: 1/3 = 0/34-2/3242/3%+. .. 6e3 ucnonb3opanus uudpst 1. Axa-
JIOTMYHO Ha BTOPOM miare 6bIaM BHIGPOINEHb] T€ YKUCHA, Y KOTOPBIX @g = 1.

40



JleBble KOHUBI BbIOpOIIEHHBIX UHTEpBaIOB 1/9 u 2/3 + 1/9 B pasioxe-
HUM CONEPXKAT eUHUILY, HO MOryT ObITh 3amucalbl 6e3 ee HCIONbL30OBAHUA:
1/9=0/340/32+2/33+2/3%+...;2/3+1/9 = 2/3+0/3%42/334+2/3%+. . ..

TakuMm obpa3oM, uucia, NpuHaaaexkaiue I, XapakTepusylTcs TeM,
YTO OHH MOTYT ObITb 3aIUCaHbl B Bujae TpOPI‘-lHOﬁ ,E[pO6H TaK, 4T0ObI B
[IOCJIeIOBATENLHOCTH a,0a32, ... 3HAKOB TPOMYHOrO pa3joKeHus 4gucio 1
He BCTPEYaJoCh.

B pesynbraTe mpemblIyIiyX pacCy»KIEHHiH YCTAHOBJIEHO B3aUMHO Of-
HO3HAYHOE COOTBETCTBUE MEXKIY TOYKAMM U3 KaHTOpPOBA MHOXecTBa, K u
BCEMH INOcaenoBaTenbHOCTAMU U3 uudp 0 u 2. Ho MHOXKeCTBO Takux Mo-
CJ1€IOBATEJIbHOCTEN HAXOJUTCH BO B3AUMHO OJHO3HAYHOM COOTBETCTBHU C
MHOXKECTBOM ﬂOC.TIe,‘J,OBa.TeJIbHOCTEﬁ U3 Hyneﬁ U eJHHHII. A BCAKYIO NocJie-
JOBATENBHOCTb M3 HyJeHd U eAMHHI MOXKHO DACCMATPUBATh KAK 34IKCh
HEKOTOPOTO AeACTBHTENbHOTO uucia * € [0,1] B BUae ABOMYHOMK ApoBu.
Takum o6pasoM, monydaem orobpaxkerue Muoxkecrea K Ha (0. 1]. Orciona
BbITEKaeT, “ITO K umeer MOIIIHOCTb KOHTHUHYYMa.

KaHTOpOBO MHO>X€CTBO HHTEPECHO U C TOYKH 3PEHUA TOIIOJIOI'MH, TaK
Kak 006jy1agaeT panoM ocobnix ceoiicTe. HanmpuMep, 310 3aMKHyTOEe MHOXKe-
CTBO He UMeeT M30/MPOBAHHBIX TOYEK U HE MMEET BHYTDEHHHUX TOYEK.

11. Eci MHOKECTBO ABJIAETCA OTKDBITHIM U BCIOLY MJIOTHBIM HA OTpPE3-
K€, TO C HEKOTOPOif TOUKY 3PeHUsI OHO MAaJIO OTJIMYACTCS OT BCErO OTPE3KA.
OaHako ero Mepa MOXET CUJILHO OTIHYATHCS OT Mephb! oTpe3kKa. [IpuBeaem
cooteercTByowuit npumep. Ilycts a;,aq,... — 3aHyMepoBaHHas mocie-

J10BaTeNbHOCTh PALMOHAIbHBIX 4ncen Ha orpe3ke [0.1]. 3aganum uucio
oC

= > 0 u nonoxum A = ( Ulai —&/2"* . a; + £/2") N[0, 1]. Torna 4 —

i=1
oC

OTKPBITOE, BCIOAY MIOTHOe MHOXKECTBO U u(A) < Y €/2" = . Uurepecno
i=1

OTMETHTb, 4TO MHO)KecTBo B = [0,1] \ A nurae we muoruo ma [0. 1], uo

u(B) > 1 —&. 9TO MHOXKECTBO YCTPOEHO MMOJOOHO KAHTOPOBY MHOXKECTBY,

HO UMeEET NOJIOXKUTEIbHYIO MEpY.

IlokaxkeM, 4TO JI000E U3MEPUMOE MHOXKECTBO IMOJIy4aeTcs u3 Hopeses-
CKOr'O ¥ HEKOTOPBIX MHOXXECTB MepbI HyJ/Ib, & UMEHHO, CIIPABEAJIUBO ClIeAy-
I0IlIEE Y TBEPXK ICHHE.

Teopema 1. Jas 4106020 u3mepumozo mHodcecmsa A cywecmeyem
bopesescroe muosicecmeo B muna Gs maxoe, wmo A C B upu(B\A) = 0.

> BosbMmeM mocseaoBaTebHOCTh £, — 0. s Kaxa0ro n 1o omnpe-
JeIEHNIO BHEIUHEH Mephl CYIIECTBYET MHOXECTBO A,,. ABJAIOIIEECH CYer-
HBIM MJIM KOHEYHBIM 00beIMHEeHHEeM IOJYHHTEPBAJOB, Takoe, 4yto A C A,
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u p(A) € p{A,) < p(A) + €,. 3amennB KakAblil nosynuHTEpBaJ Honee
[IMPOKNAM HHTEPBAJIOM, JJIMHA KOTOPOrO MaJl0 OTJMYAETCS OT JJIUHBI CO-
OTBETCTBYIOLIETO [IOJIyMHTEPBAJIA, MOJYUYHM NOCIEA0BATEbHOCTD OTKPHI-

oC
ThIX MHOXeCTB B, ¢ aHajgoruyneiM csoitctBom. Torma B = () B, #B-
1

asiercst 6opesieBckuM MuoxkecTtBoMm tuna Gg. Ilo mocrpoennio A C B u
B\ A) < u(Bn\ A) < &, — 0 u, 3naunr, u(B\A) =0. <

Jdoka3anHas TeopeMma MOKa3blBAET, YTO U3MEPUMbIE MHOYKECTBA B yKa-
3aHHOM B TeopeMe cMbicie 6au3Ku K GopesieBckuM. OHAKO COBIAEHHUS
HET U CYUWECMBYIOM UIMEPUMBLE MHONCECTNEA, He AsiAwueca bopenes-
cxumu. JdeficTBurensHo, nycTh K — KaHTOPOBO MHOXKeCTBO. Tak Kak 3TO
MHOXKECTBO Mepbl HyJb, TO JH060€ MOIAMHOMXKECTBO KAHTOPOBA MHOXECTBA
u3MepuMo. Tak KaK KAHTOPOBO MHOXKECTBO UMEET MOLIHOCTh KOHTHHYYMA,
TO MHOXXECTBO BCEX €ro IMOAMHOXECTB MMeeT MOLIHOCTh, GOJbINYI0 MOUIHO-
CTH KOHTUHYYMa. 3Ha,‘-lP[T, MHOYKECTBO BCEX M3MEPHMBbIX MHO>XeCTB TaK»Xe
HMEET MOILHOCTb. OOJIBIIVIO MOIIHOCTH KOHTHHYYMa, 8 IMEHHO, MOLIHOCTh
MHO>XECTB4 BCeX NMOAMHOXKECTB O0TpE3Ka. HO U3 TOro, 4To KaxKaoe 60pe-
JIEBCKOE MHOKECTBO CTPOUTCA UCXOAS M3 CUETHOIO YMC/1a OTKPBLITHIX MHO-
XKeCTB, MOXHO NOJYYUTL, 4TO MHOXECTBO 60pe.TIeBCKHX MHO>KeCTB HUMe-
€T MOLIHOCTBb KOHTHUHY yMa. TaKPIM 06pa‘30M, 1{3MepKMle MHO>KECTB CyuIe-
CcTBEHHO boJbile, 4yeM GOpeIeBCKUX.

IlpuMep HEN3IMEPUMOTO MHOXKeCTBa. [lokakeM, 4TO, HECMOT-
P HA TO, YTO COBOKYNHOCTH W3MEPUMBIX MHOXKECTB MMEeT TY XK€ MOII-
HOCTh, YTO ¥ MHOXECTBO BCEeX HOAMHOKECTB OTPe3Ka, CyIUECTBYIOT MHO-
JKeCTBa, He SABJISIOMIMECH U3MEPHMBIMH.

Ha nonyunarepsane [0,1[ 3agamnmM OTHOLIEHHE 3SKBMBAJIEHTHOCTH:
I ~ Y, ecIn T — Yy — paluuoHambHoe yucao. Ilosmyunrepsan [0, 1] pasbu-
BAETCA HA HENEPECEKAIOINMECs] KJAACChl 3KBUBAJIEHTHBIX MeXIy coboll To-
yek. Boibepem H3 KazKAOTO KJIacCa M0 OJHOH TOYKE M COCTABAM M3 HHUX
muoxecrso M C [0, 1[. Ilokaxem, uro muoxxectso M Heusmepumo. Ipes-
MOJIOXKMM MPOTHUBHOE, T. €. YTO MHOXecTBO M usmepumo. Ilycts 7 — 3a-
HYMEPOBaHHOE B IIOCJeJ0BATEIbHOCTh MHOMECTBO PALOHAIbHBIX TOYEK
nonynnrepsayia [—1,1[. Iycts M + 7 = {z + r¢| T € M}. DT MHOXKe-
CTBa [IONApHO He nepecekarorcs. ViMeeMm BKIOYeHHsS

[0,1[cC ﬁ(M’-}-rk) C [-1,2].
k=1
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B cuny o-agmutuBHOCTH Mepsbl Jlebera nonyyaem
o o}

1<) w(M+74) <3,
1

3amerum, uro p(M + 1) = p(M). Hostomy ecau p(M) = 0, To nosy-
x<

yaeM [POTHBOpeYNe B JIeBOH wactu HepaBeHcTBa 1 < Y u(M + 1) = 0.
1

Ecau p(M) > 0, To nomyyaem NIpOTHBOPeYME B IPABON YaCTH HEPABEHCTBA
oC

too =3 (M +ri) £ 3.
1

3HaunT, MHOXKECTBO M He ABIAETCS W3MEepUMbIM No Jlebery.

3amMevyanue 1. [Ipu nocTpoeHHH HEM3MEPUMOr0 MHOXKECTBA M3 KaX(IOTO KJac-
Ca KBHBAJIEHTHOCTHM Mb! BLIODAJH N0 OJHOM TOYKE M M3 HHX COCTABUIIM MHOXKECTBO
M. YTBepxxaeHue O TOM, YTO TaKOH BLIGOD MOXKHO NTPOM3BECTH, BHITEKAET K3 AKCHOMBI
Bbibopa. PaKTHYECKM Mbl TOJIYYHIM TONbKO yYTBEPXK)IEHME O CYLIECTBOBAHMM HEU3Me-
PHMOTO MHOXECTBA. B AABHOM BuJe TaKOe MHOXECTBO HE CTPOMTCS.
3amMevyanue 2. [Ipu onpesenenun Mephbl CHavasa GblJI0 BBEJEGHO CBOWCTBO aja -
TUBHOCTH, 3aTeM 6ojiee CUJIbHOE CBOMCTBO 0-aJJHTHUBHOCTH. MOXKHO BbLIEJHTb KJIACC
Mep, obnajaroumx eme 6oee CUIBHLIM CBOMCTBOM: AJs Jit0o60oro (Heo6A3aTesqbHO CueT-
Horo) obbeaunenns A = [[ A, crnpasegnupo pasenctso p(A) = 5 p(Aq). MNokaxewm,
o3 [e3

4yTo Mepa Jlebera Ha TpsAMOit TakKUM CBOMCTBOM He obnanaer. Hanpumep, mi1s MHOXKeCTRA
A=1{0,1] umeem A= [] {z} n X p(A) =0, B T0 Bpems Kak j(A) = 1.
TEA T€EA

B obuieM cnyudae B Teopuu Mepbl HauboJiee BaXXHOEe 3HAYEHNE MMeeT MWMEHHO CBOM-
CTBO 0-aJJMTUBHOCTH, & yKa3aHHOE Bbllle Oojee CHJIbHOE CBOHCTBO (HecyeTHOH aaau-
THBHOCTH) fIBJISIETCS] HEECTECTBEHHBIM TPeOGOBaHHEM M BBINOJHACTCA TONBKO JJIA O4€Hb
CrenuasibHLIX KJIACCOB Mep.

ITepeitneM K pacCMOTPEHHIO M3MEDPHUMBIX MHOXKECTB Ha BCell npsaAMoi.

MuoxectBo A C R usmepumo, ecan a71s oboro nosmyunrepsana [k, k+ 1]
muoxectso A N [k, k + 1[ u3amepumo 1o Jlebery Ha [k, k + 1[.

ITpumepthl.

oC
1. Muoxectso A = [] [k. k+1/2¥ — uamepumoe MHOXKeCTBO KOHEHOM
k=1

oC

mepbl # u(A) = Y. 27F = 1. 3amerum, 4TO 9TO MHOKECTBO HEOIDAHMIEH-
k=1

HOE, T.€. MHOXXECTBO KOHEYHOI Mepbl MOXKeT ObITb HEOrpaHUYEeHHbIM Ha

NpAMOH.
oo}
2. Muoxectso B = | [k, k+ 1/k[ — usmeprMoe MHOXKeCTBO GeCKOHEY-

k=1
HOI1 MepBhl.
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[Iycts S — nonykosabno, o6pasoBaHHOe MpAMOyrolbHUKaMu B R2, u
Mepa B S 3aJaHa Kak IUIOUIaJb NPAMOYTOJbLHHKA. JleberoBckoe mpomon-
JKEHHe [y 3TOil Mephl Ha3blBaeTca mMepoil Jlebera Ha IMI0CKOCTH.

Ananornyno onpegensiercs mepa Jlebera B npoctpanctee R™.

B kayecTBe HCXOHOH MePB! Ha MOJYKOMIbIE, 06Pa30BAHHOM MHapaJLie-
nenunegamu Buga II = {z € R™: ap < zp < by, k= 1,...,n}, paccmar-
puBaercs n-mepHslit o6bem: m(Il) = (by — a1)...(bn — a,). JlebGeroBckoe
OPOJOJIPKEeHNE 3TOH Mepbl Ha3biBaeTcs Mepoii Jlebera B R™.

Mepa Jlebera i, B R™ (B uacthoctH, B R) 0b61aaaer creayouym cBoii-
CTBOM MHBADHAHTHOCTH: ecinu A; — MHOXKECTBO, IIOJIyYeHHOe n3 A cCIBUroM
npocrpancrsa R™, 10 p,, (A1) = un(A). Ocobas ponb 3T0it MepbI 3aK04a-
ercs B TOM, yTo Jiobas Apyras Mmepa B R, uHBapuaHTHAsA OTHOCUTENBHO
CIBUIOB, OTJIMYAETCA OT Mepbl Jlebera nOCTOAHHBIM MHOXKHUTEJIEM.

§ 6. MEPHI JIEBETA — CTUJITBECA

Ha nonykosbie S M3 NOIyMHTEPBANIOB CYyUIECTBYET, KpOME JJIHHEL, Ie-
Jibiit pag apyrux mep (cM. npumep 7 § 3). Tak kak eberoBckoe NpomoIKe-
HHME CONEPKATEIbHO TOJIBKO AJIA 0-3JJATUBHBIX MED, BBISCHHM, KAKHE U3
3TUX Mep o-aaauTuBHbl. HamoMuuM, yTo mio6as Mepa m Ha NOJYKOJbIE
S HOpOXKAeHa HEKOTOpOil MOHOTOHHO Bo3pacramowei dyukumest F(t) no
dopmyne m([a,b]) = F(b) — F(a).

Oupenenenue 1. Yucnosasa GyHkuus F(t) Ha3pIBaeTCA HENpepueHot
caesa 6 mouke tp, ecim Ajs mwoboro € > 0 cymecrByer 6 > 0 Takoe,
aro u3 tg — d < t < tg cimenyer HepaeeHCTBO |F(t) — F(to)| < €, uin,
4YTO 3KBHBAJIEHTHO, 15 Ji060ii Moc/ie10BaTeNIbHOCTH t, — to, TAKOH, YTO
tn < to, BommogHeno F(t,) — F(to)-

Teopema 1. Jas mozo, wmobu mepa m 6viaa o-addumuenot, HeobTo-
dumo u docmamouno, wmobn npoudeodawan Pynxuus F(t) ovaa nenpe-
POBHA CAEBa 8 KadcdolT mouKe.

> Heobxoaumocts. [lycth m — o-aaautusHas mepa. Bosbmewm mocaeno-
BATEJIbHOCTD by, — b, by < bpyy < b. Iycrs Ay = [a,by]. Torma A, C Anta

.9
¥ [a,b[= | A,. Ilo Teopeme 2 § 3 umeem F(b) — F(a) = m([a,b]) =
n=1
= lim m([a,by[) = lim F(b,)—F(a). Takum o6pasom, F'(b) = lim F(b,)
n—9oCc n—oCc n—0Q
Ans 060# MOHOTOHHO BO3pacTawllel nociaenoBaresbHocTH b, — b. Ot-
CI0Ja CrieiyeT HenpepbiBHOCTL MyHKUMK F' cieBa.
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Hocrarounocts. Illyers A = [a,b], Ay = [ak, bi[, A = ]oj Aj. Tpebyer-
k=1

cs1 goka3sarh, uro F(b) — F(a) = i (F(br) — Fl(ag)).

k=1
oC
Tak xak, cornacuo teopeme 4 § 3, 3. u(Ax) € F(b) — F(a). To gocta-
k=1

TOYHO [OKAa3aTh 06paTHOe HepaBeHCTEO.

BosbmeMm € > 0 U 10 KaXkIOMy W3 [OJyMHTEPBAJIOB [ak. bk[ mocTpoum
Ccofiep2Kallyii ero OTKPBITHHL uHTepBal By = [a},, bi[, Tae a), BeIOpaHO TakK,
urober F(ar) — F(a}) < €/2%+1. D10 MoKHO caenars B CHITY HENpephIBHO-
cri caeBa GyHkuun F' B Touke ax. BmecTo nosmyuxrepsaia [a. b[ Bo3bMem

/ A I3
cogepxamuuiics B HeM 0Tpe30K B = [a, '] Tako#, uro F(b) — F(b') < e/2.
Torna B C AC U Ay C U By, T.e. oTpe30K B IOKpBLIT CUCTEMOM HH-

k=1 k=1
tepBanoB By. CorsacHo jeMMe Bopeitsi, y TaKOro nokpuITUsi CyIECTBYET
n

KOHEYHOE IOJIIOKPBITHE, T.€. JJis HEKOTOporo 7 BuinoaxseHo B C |J By.
k=1
Tak kax mpupamenue ¢pyHKIMH F Ha OTpe3Ke He MPEBOCXOAUT CYMMbI

[IpHUpAILIEHHi Ha COOTBETCTBYIOLIUX WHTEPBAJIAX, KMEEM

F(¥) - Fla) < S (F(be) - F(a}) <
k=1

n n

<3 [F(bk) ~ Fag) + Qm] < SIF(be) - Fla)] + -

k=1 k=1
Jasiee nomy4yaem

F(b) = F(a) < F(¥) = Fla) + = < Y [F(bi) = Flan)] +e.
k=1

Beuny mpoussosmbHOoCcTM € > 0, mepexons K npedesy npu € — 0, umeeM

F(b)~ F(a) = 3. (F(bx) — F(ag)). <

JleGeroBckoe MpoJOMKEHHe Mephl, TIOPOXK/IEHHOH HenpephIBHOM ClleBa
dyukupeit F, HasbiBaeTcss Mmepod Jlebeza — Cmuamuveca u 06braHo 060-
3HavaeTca pp. Jas KaxKaod Takoil Mephl KJacC M3MePHUMBIX MHOXECTB
6yaer, BooGiie roBOpsi, CBOK. 3amMeTuM, 4TO BCe GOpe/IeBCKHE MHOXECTBA
ABSIAIOTCA M3MEpPUMbIMU M0 J1060i U3 paccMaTpuBaeMbix Mep. B uactHo-
CTH, U3MEPUMbIMH ABJISIOTCS BCE MHOXKECTBA, npuBeaenuble B § 5 (cayyait
F(t)=1).
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B obwem cnydae k/JacC MHOXXECTB Mepbl HYJIb TOXKE 3aBHUCHT OT Dac-
cMaTpuBaeMoii Mephl. IlycThb, Hanpumep, dbyuknus F' uMeer pa3puiB B TOY-
ke to u HenpepbiBHA cieBa. Tak xak {to} = () [to,to + 1/k[, momyuaem,

k

qTO
ulto) = lim Flto+k/1) = F(to) = Flto +0) = Flto) # 0,

T. €. TOYKa MOXKEeT HMEeTb HEHYJIEBYIO Mepy. B ciyvae HenpepbIBHOU byHK-
uuu F 0JHOTOYeYHbIE MHOXKECTBA UMEIOT HYJIEBYIO MEpY, HO KJacC MHO-
JKECTB Mepbl HyJb MOXKET HE COBIAAATH C KJIACCOM MHOKECTB Mephl HyJb
no mepe Jlebera. IT0 OyAET NOKA3AHO HUKE C MOMOIIBIO IPUMEPA.

Onpegnenenne 2. Ilycrs 11 — Mepa, 3aJaHHasa Ha g-ajarebpe ¥, noa-
MHOXKECTE MHOXecTBa X, a v — Mepa, 3ajlaHHas Ha o-aarebpe X, co-
Aepxauieit L,,. ByneM roBoputs, 4To Mepa v abCOAOMHO HENpPEPHIEHA
OTNHOCUTEADHO MEDPDL 4, ECIIA U3 TOTO, YTO A — MHOXKECTBO f-Mephl HYJb,
cneayer, 4TO A €CTb MHOKECTBO V-MepbI Hylb, T.€. ecan u(A) = 0, To
v(A) =0.

Kaxk BuaHo u3 onpejenesus, MHOMXECTBA U3 ¥, He BXOAALIKE B £, He
UTPAIOT POJMH B PACCMATPUBAEMOM CBOMCTBE U CYLIECTBEHHO TOJIBKO, YTO
obe Mepbl onpenesens! A5 JJIEMEHTOB aJarebpnl 2 ,.

BrisicuuM, Koraa mepa Jlebera — Ctunrtbeca, nopoxkaeHHas GyHKIHeR
F, abcosoTHO HenmpepbiBHA OTHOCUTENbHO Mepbl Jlebera.

Onpegesieane 3. QOynkouio F: [0,1] — R 6ynem Ha3biBaTh abco-
AOMHO HENPEPHEHOT, ecd Ans Jwoboro € > 0 cymecrsyer § > 0 Taxoe,
4TO AJis 0000 KOHEYHOrO Habopa HemepeceKalolMxCcs MOy UHTePBAJIOB

7

[ai. Z[C [0,1], i = 1,...,n, Takoro, yto Y (B; — @;) < 6, BbIMOIHAETCA
=1

7n
HepaBeHcTBO ) |F(8;) — F(oy)| <e.
i=1
Jlemma 1. [Tycmo i u v — dee o-addumuensie mepol, 3adanHvte HA
00HOT u MoT sice o -anzebpe muozicecms. Mepa v abcoarommuo HenpepvieHa
OTMHOCUTMEABHO MEPDL |1 Mo2da U MoabKo mozda, ko2da dan ar0bo20 € > 0
cywecmeyem & > 0 maxoe, wmo ecau p(A) < 6, mo v(A) < €.

> Jocraroynocts. Ilycts u{A) = 0. 3agagum npoussonbuoe € > 0 u
suibepem cooTBercTBylomee emy § > 0. ITockoabky p(A) < 6, mo mpen-
nosnoxenuio nemmbl V(A) < e. Orcroga v(A) = 0 BBUAY MPOU3BOJIBLHOCTH
e>0.
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Heobxoanmocrs. IlpeanonoxumM, 4YTO yTBEPXK/IEHUE JIEMMbl HE BbITIOI-
usnerca. Torma cymecrsyer € > 0 Takoe, 4TO mjist 0y = 2k CYLIECTBY-
eT U3MepHMOe MHOXeCTBO Ay, A8 KOTOporo Boirmonneno u(Ay) < 27% u

oc
v(Ag) 2 e. Onst muoxects U, = |J Ax nmeem
k=n+1
oC
wUn) € > ulAr) < Z 27k =27,
k=n+1 k=n+1

V(Un) Z V(An+l) ZE

oG
Iycre U = () U,. U3 Brmouennit U, D U,41 B CHILy HENPepPBLIBHOCTH
n=1
mep pu v nonywaeMm g(U) = lim w(U,) =0, v(U) = lim v(U,) > ¢
n—oc n—00
T. €. MEPA V He ABJIAeTCs aOCOIIOTHO HEMPEPBLIBHOM OTHOCUTENLHO Mephl U,
YTO IPOTHUBOPEYHUT YCIOBHIO. <

Teopema 2. [Tycms na 0-arzebpe 6openescrux muooicecms na [0, 1] sa-
dara mepa v, nopodxcdennas pyrxyueld F. Mepa v abcomomno nenpepviena
omnocumeavno mepvt Jebeza [ mozda u moavko mozda, Koz2da GyHKYUA
F abcoarommo nenpepwviera.

> HeobxoaumocTs. IIycTh Mepa 1 aBCOJIIOTHO HENPEPBIBHA OTHOCUTE b-
HO Mepbl i s moboro € > 0, cornacHo semme, cymecrsyer 6 > (0 Takoe,

n
yto ecim p(A) < d, To v(A) < e. Bo3bmem muoxectBo A = [] [0y, G5].

j=1
n

n
Ecan Zl(ﬁj —a;) = u{A) < 4. To Zl(F(ﬁj) — F(aj)) = v(A) < €. 1e.
i= Jj=
¢yvukuus F' abcoaroTHO HENpephIBHA.
ocrarounocts. Ilycts dyakmus F abcomoTHO HenpepbiBHA H IYCTh
u{A) = 0. Bosbmem npoussosibHOe umciao € > (0 u 1o Hemy BbibepeMm
4 > 0 u3 onpeaenenus abcosoTHOM HenpepbiBHOCTH dyuKMu F. ITo onpe-
JEJIEHUI0 MHOXKECTBa MEDPBI HYJb CYIIECTBYET CYETHASI CUCTEMa, IIOJIyUH-
TepBaJIoB [aj, 3;[ Takas, uro A C Ulaj, B[ n >.(B; — ;) < §/2. Toraa
AC B =Ula; —270+2§, 3;[. MroxectBo B OTKPBITO® H, C1€A0BATENbHO,
MOXKeT ObITh npencmBneﬁo KaK 00beIuHEHre HeNepECeKarLUIMXCa UHTED-

BasioB B = ]_[ lak, bx[. Torna
n

S bk —ax) <u(B) <D (B —ay)+ Y 2706 <.

k=1 Jj=1 Jj=1
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n
U3 Buibopa § noayuaeM, yto Y (F(by) — F(ak)) < €, 0OTKyza cienyer, 4to
k=1

v(A) < v(B) = Y (F(bg) — F(ax)) < €. B cuny npoussosnbHocTH € > 0
k=1

noay4aeMm v(A) = 0. <

OueBuaHO, YTO AOCOMIOTHO HenpepbiBHad (PYHKIUSA HENPEepbIBHA H Ja-
K€ PaBHOMEPHO HenpepbIBHA (,U,OCTB.TO‘-[HO B3sTb OOUH MHTEPBaJI B Olipejae-
Jienun abcontoTHO HenpepsiBHOM dyHkuuK). IIpuBeneM npumep HenpepbiB-
HOM HA OTpEe3Ke M, CJEeJOBATEIbHO, PABHOMEPHO HENPEpBLIBHON (DyHKINH,
He sBJIsiIOLElicsa abCOIIOTHO HENpephLIBHOM.

Oyukuua KarnTopa.

Oyukumo (t) Ha orpeske I = [0,1] onpenenum cieayioumm obpa-
30M. HOJ'[O)KHM, 9TO Ha KaXXJO0M UHTEpBaJe, JONOJTHUTEJIbHOM K KaAHTODPO-
BY MHOXKECTBY, OHA NIOCTOAHHA W NPUHUMAET 3HadeHus ¢(t) = (2k—1)/2",
ecin t € I* rae I,’f — k-it cneBa uHTEpBAJ, BLIOPOILIEHHBIH DU TOCTPOEHUH
KaHTOPOBA MHOXKECTBA HA 7-[uare.

Takum cnocobom dyHkuus (t) onpenensiercs Ha I\ K 1 Ha 9TOM MHO-
JKecTBe HelpepbIBHA ¥ MOHOTOHHA. MHOXecTBO I \ A OTKDBITO M IJIOTHO
B I. Ilycrts tg € K. Toraa

sup{ep(t) : t <tg,t € INK} =if{p(t): ¢t >to,t € I\ K}.

ITosromy, nonaras ¢(tp) paBHbIM ITOMY OOLIEMY 3HAYEHHUIO, IOTYYAEM
HenpepbIBHYI0 GYHKIHNIO (1) HA BCEM OTDE3KE.

YopaxHenue B npumepe 10 § 5 66110 mocTpoeHo orobpare-
Hue MuoxkectBa Kantopa Ha orpe3ok. [Tokazars, uro ¢dyuxknua Kanropa
©(t) Ana ToOYeK KaHTOPOBA MHOXECTBA COBIAJAET C 3TUM OTOOpaXkeHueM
1 MOKeT ObITh 3aJaHa caenyrommum obpasom. Ilyctb

<. 2a
=23—:, rae ar = 0 uam 1,
k
ecTb pasJsioxkenue yuciaa t € K B tpouunyio gpobs. Torga
ocC
k

TlokaxkeM, 94T0 nocTpoeHHas HPVHKLUUA He ABJsteTcs abCOJIOTHO Hellpe-
PbIBHOH.

»l»
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MruoxectBo F},, IOJIyYeHHOE Ha N-M [1are IOCTPOEHUs KAHTOPOBA MHO-
JKECTBA, COCTOUT u3 2™ OTPE3KOB [ak, fk|, Ok — ax = 37™. IloaToMy ans
21’7

€ > 0 npu gocTaTo4Ho 601b1wOM 1 BeinoHAeTCA ¥ (O —ag) = 2/3" < ¢,
k=1

n

HO nipu 3toM Y, |(Bk) — (k)| = 1, 4T0 HPOTUBOPEUHUT OnpeneneHuto ab-
k=

COJIIOTHOI Henp:epbmﬂoc'm dbyHkunM @.

13 Teopemsl 2 cieayet, 4To Mepa I, TOpPOXKAeHHaA dyHKuuel Kanropa
¢, He fIBJISIeTCs] abCOMIOTHO HEIPEPBIBHOM OTHOCHTENbLHO Mephl Jlebera .
DTO MOXXHO MOKA3aTh U C NOMOIILIO NpuUMepa. JeHCTBUTENbHO, A8 KaH-
TopoBa mHoxkectsa K Boimosneno v(K) = 1, v([0,1]\ K) = 0, B To Bpems,
kak u(K) =0, ([0, 1]\ K) = 1. OTmeueHHOe CBOACTBO 03HAYAET, YTO 3J€Ch
abCoJIOTHASL HEIIPEPBIBHOCTH MEPhI I OTHOCHTEIbHO MEphI [ HAPYIIEHA B
MaKCHMalbHOM crenend. Takoil ciy4all BblAeNsIeTCH U AJI NPOM3BOJILHBIX
nap Mep ¢ NOMOUIBI) CJAEAYIONIErQ MOHSITHS.

Onpegesieaune 4. Mepsr [11 4 fg HA MHOXKeCTBe X Ha3bIBAIOTCA 63a-
UMHO CUHZYAADHBLMY, €CITH CyLIeCTBYeT Takoe pa3buenme X = X; |J Xo
Ha U3MEepUMbIe MOAMHOXeCTBa, yTo p1(X2) =0 m p2{X1) =0.

Kaxk nokasano Bbllie, Mepa v, 3aJaHHas ¢ noMoumbio dbyukiuu Kanropa
@(t), siBaseTCS B3aUMHO CHHIYJIADHO ¢ Mepoii JleGera.

4 3ak. 2937



['JIABA 11
NHTEI'PAJI JIEBET'A

§ 7. UIBMEPUMBIE OYHKINHN

IIycte X — MHOXKeCTBO, ¥ — HeKoTOpas o-airebpa MOAMHOMXXECTB MHO-
xectBa X M Ha X 3ajJaHa o-aJOMTuUBHasA nonHasd Mepa p. Ilapa (X,X)
Ha3bIBAETCS U3MEPUMDbBLM TPOCTIPAHCTNGOM, MHOXKECTBA U3 % HA3bIBAIOTCA
H3MEPUMBIMH MHOXECTBaMM, a Tpoiika (X, X, 1) Ha3bIBaeTCH Npocmpan-
cmeom ¢ mepod. B nanpuelimem 6yaeM MIpeanosaraTh, 9YTo 3a1aH0 HEKOTO-
POe IIPOCTPAHCTBO ¢ MEPOii ¥ BCe PACCMOTPEHUS BEAYTCS B ITOM NIPOCTPAH-
crBe {(ecaM He OrOoBOpeHO mpoTuBHOE). Pe3dynbrare! rnasst I dopmanbuo B
obIIuX TeopeMax Jajiee He MCIOJb3YIOTCH, OHY NOKa3bIBAIOT TOJBKO, YTO
TaKHe MPOCTPAHCTBA C MEPOR CYLIECTBYIOT.

Ounpegenenne 1. Pyuxkuus f: X — R #asbBaerca usmepumoti, ecn
aa noboro ducia ¢ € R muoxkecrso X, = {z| f(z) < ¢} usmepnmo.

JpyruMu cioBaMu, CBOACTBO u3MepuMocTH DYHKLMK f O3HAYAeT, 4TO
npoobpas 6ol noaynpsiMoil BUAa (—0oC. ¢) ABIAETCS U3MEPHUMbIM MHO-
JKECTBOM.

3ameruM, 4To el byHKUMA [ M3MepuMa, TO ABJISETCH U3MEPHMbIM
muOXxecTBo {z| f(z) € ¢}, Tak Kak

oo

{z] f(z) < c} = ({z| f(z) < c+1/k}.

k=1

Ynpaxuesnue 1l Jdoxkazars, uro dyHkuus f u3mepuma Toria
U TOJILKO TOTJa, KOT,Aa nmpoobpa3s iroboro 60peeBCKOro MHOKECTBa U3Me-
pHM.

Knacc namepumpix dyHKUMI OMpeesieTcss TONbKO CTPYKTYPOH U3Me-
PUMOTO IPOCTPaHCTBa (Ha OZHOM U TOH e anreOpe MHOXKECTB MOTYT ObIThH
3a/]aHbl Pa3HbIE MEPbL, HO CBOHCTBO U3MEPUMOCTH OYHKIUHUH 3aBUCUT TOMb-
KO OT paccMaTpuBaeMoit ajirebper). CBOMCTBO H3MEPUMOCTH O3HAYAET CO-
[J1aCOBAHHOCTEb (DYHKUMH CO CTPYKTYPOH H3MEPUMOro rpocTpancTBa. Kak
6yIer noka3aHo HuXKe, QYHKIMHU, I/ KOTOPbIX CYIIECTBYET MHTErpas Jle-
6era, NOMXKHLI ObITh W3MepuMbIMH. [l03TOMY paccMOTpHM CHadanla CBOH-
CTBa U3MepUMBbIX (DyHKLHMI.
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IIpumepsL

1. Ha R c¢ mepoit Jlebera stobas HenpepbiBHAdA byHKUMS H3MEPHMA.
Heticrurensao, maoxectso A. = {z| f(z) < ¢} ana HenpepbiBHOH yHK-
MU OTKPBLITO (KaK mpoofpa3 OTKPBITOrO) U, 3HAYUT, H3MEPUMO.

2. @yukunsa Jupuxie

D) = 1. 2 - palmoHaNbLHO,

0, 2 — ¥ppalUOHAJIBHO,

usmepuma. Jdeiicteuresnsio, Ac = Rnpuc>1, A, =R\Qumpu0<ecg1
u A = ) npu ¢ < 0. TOT NpUMED MOKA3BIBAET, YTO PAa3PbIBHbIE DYHKIHU
MOTYT ObITb H3MEDPHUMBIMH.

3. IlycTh x4 — XapakTepucTuyeckas ¢pyHKIMS HEKOTOPOTO MHOXKECTBA,
A U3 U3MEPUMOro NPOCTPAHCTBA, T- €. Xa(x) = l,ecimn z € A, u xa(z) = 0,
ecmn z € A OyHKUMA X4 H3MEPUMA, €CJIH U3MEpHMO MHOXKECTBO A, u
HEU3MEepHMa, eCIM HeU3MEpPHMO MHOXeCTBO A.

Cpean cBoiicTB M3MePUMbIX (PYHKIUNA OTMETHM B IEPBYID OYepelb
3aMKHYTOCTb MHOXKECTBA M3MEPUMbIX (DYHKIMI OTHOCUTENLHO ONMepalun
NpeIeNnbHOr0 Nepexoaa.

Eausoro yHnBepcaabHOrO NOHSTHA MpeEea A MOCJIeI0BaTCIbHOCTH
GYHKUMH He CylecTBYyeT. B pa3HbIX 33jauvax OPUXOAMTCA HUCIOJb30BaTh
pa3/MuyHble NOHSTHUA MPEIesa, T.e. Pa3JMvHble THIbI cXoauMocTu. B Bo-
npocaXx, CBA3aHHBIX C HHTETPUPOBAaHUEM, B NEPBYI0 Ouepenb pacCMaTpH-
BAIOTCS CIEAYIOUINE YEThIPE TUMA CXOTUMOCTH.

1. Toueuwnaa cxodumocmsn. IlocnegoparenvHocth byHKUWMA f,. 331aH-
HbIX Ha MHOXKecTBe X, cxonurces K (pyukuuu f TodedHo, ecau fr(z) — f(x)
a1a Jqoboro x € X, T. e. ana moboro x € X u awoboro £ > () cymectsyer
HOMED 7 ; TaKOH, 4TO MpU 7 > 7., Bbinonnero |fn(z) — f(x)] < ¢.

2. Pasnomepnaa crodumocms. IMocnenoBarensHocTh byukuuit fn, 3a-
JaHHBIX Ha MHOMKecTBe X, cxoguTcs K f paBHOMEDHO Ha MHOXKecTBe X,
ecau gjst oboro € > 0 CyecTByeT HOMED 7. TaKOM, YTO IPU N > N
BoINOJIHEHO | fp(z) — f(x)] < € ana mobbix T € X.

3. Czodumocmv noumu ecrody. Ilocnenosarensuocts dyukuuit f,, 3a-
JAHHBIX Ha, [IPOCTPAHCTBE C MEPOil, CXOAMTCA K GyHKUMU f IOYTH BCIOAY,
ecnu frp(z) — f(z) moutw asisa Bcex € X, T. e. CyLIeCTBYeT TaKOe MHOXKe-
ctBO X Mepbl HyJIb, 4TO f,,(x) — f(x) ans Beex z € X \ Xo. Cxozumocts

I1.B.
noyTy By obo3naudaercsa f, — f.
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4. Crodumocmsv no mepe. Ilocaea0BaTeNbHOCTh U3MEPUMbIX DYHKUHIH
fn, 330aHHBIX H3 NPOCTPAHCTBE C Mepo, cxoguTcHd K (byHKuud f 1o
Mepe L, ecan st to6oro ¢ > 0 BeinonneHo p({z: |fu(z)—f(z)]| >c}) — 0
npu n — oc. Takaa cxoaumocTh obo3uauaercs fy L I

OueBUAHO, YTO M3 PABHOMEPHON CXOAMMOCTH CJIeJyeT TOYEYHAsl CXO-
JUMOCTD, 3 U3 TOYEYHON — CXOZUMOCTH MOYTH BCIOAY, HO 06paTHOE yTBEp-
JK/IeHWE HEeBEpHO, T. €. 3TO Pa3JIMuHble THIbI cxoguMocTH. HanmoMuuM mpo-
CcTedui npuMep, NOKa3bIBAKOLINKI 3TO OTaHYHKE.

TMocnexoBaTenbHoCcTh fy(t) = t" Ha oTpeske [0, 1] cxoauTea k dyHKIMK
f(t) = 0 nourn Bcioay (33 UCKJIIOYEHHEM TOYKM t = 1). HO He CXOAUTCA
TOYeyHO. ITa e TMOC/eJ0BATeNbHOCTh TOYeYHO CXOAUTCA K DYyHKIMU

0, t<1,

t) =
9(t) 1 t=1,

HO HEe CXOAMUTCA PaBHOMEDHO.

TeopeMma 1. Ecau nocaedosamesvHocmy usmepumus gynxuul f,, czo-
dumces moneuno k¥ pynxyuu f, mo f uamepuma.

> Hyxuo aokasaTb, yto MHOecTBO A, = {z: f(z) < ¢} u3mepumo.
ZloKakeM paBeHCTBO

AC:UU ﬂ {x| fm(:c)<c—%}. (1)

k n m>n

Pasencrso (1) noxkasbiBaer, 4T0 A, MOXKHO MOJYYNTh U3 MHOXKECTB Ay =
= {z] fim(z) < c—1/k} c noMOLpBI0 CYETHBIX NEpecedeHnit U OObeIUHEeHHI.
MuoxkecTBa Ay, ; U3MEPUMBI B CHLY U3MepuMocTy byHKuui f,, ¥, 3Ha4MT,
MHOXeCTBO A, H3MEPHUMO.

Ilycts z € A, T.€. f(z) < c. Toraa "{i_I.nOO fm(z) = f(z) < ¢ u, 3Ha4uT,
[ HOMepoB k Takux, uto 1/k < ¢— f(z), T.e. f(x) < ¢—1/k, cymecrByer
HOMEp 7 TaKoi, YTO AJisA JOOBIX M > n BbInonusercs fn,(z) < ¢—1/k. o
3HAYUT, YTO CYIUECTBYIOT YHCJIA Kk M T TAKHe, UTo T € Apk M1a moboro

m>n,re.z€e€UJU [ Amk.

k n m>n
O6paTHO€ pacCcyKIeHHue TaK»Ke BEPHO: NOCJeJHee BKAYEeHUE O3HAYa-

€T, YTO CyIECTBYET YMCIIO k Takoe, YTO JJiA JOCTATOYHO GOJBIIUX 771 BbE-
nossiercst fo,(x) < ¢ — 1/k. Torga f(z) = lim fin(z) <ec <
m-—QC

Caencrsue 1. Ecau nocaedogamenvnocms uamepumur gynwxuud fp
czodumea nowmu ecrody x gynsuyuu f. mo f usmepuma.
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> Ilycts fn, — f Toueuno Ha muOxectBe Xg € X u p(X \ Xo) = 0.
Torna

{z| f(z) <} = [{z] f(z) < c} N Xo]U[{z] f(z) < c} N (X \ Xo)].

Ileproe U3 3THX MHOXECTB U3MEPHMO IO TeopeMe 1, a BTOpOe ecTb moj-
MHOXKECTBO Mephbl Hy/lb U, 3HAYUT, TOXKE U3MepUMo. <

Caencreue 2. Ecau nociedogamesbHocmd UMEPUMBLT GUHKuud fp
czodumcea pasnomepro ¥ f, mo f uamepuma.

Caeacteue 3. Cyuecmsyrom paspuienve Ha [0, 1] dynxyuu, xomopue
He mo2ym 6bmb npedesom noumu 8crody crodauelica nocaedosamensvHo-
cu HenpepuenuT PyHKUUU.

B xauecTse Taxoit PyHKIUM MOXKHO B3ATh JIOOYIO HeM3MeprmMyto PyHk-
LHIO.

Onpenenenue 2. Oyukuuu f u g 6ynem Ha3bIBATh IKBUBAACHMHBLMY
(oboznauaem f ~ g), ecmu p({z| f(z) # g(x)}) = 0. T.e. ecitui 3111 byHKUUH
COBII3JaI0T NIOYTHU BCHOAY.

Ecnu dbynxuua f mamepuma, to ¥ mw0bad 3KBUBATEHTHAA el PyHK-
IMA g TOXKE H3MEPHMa, TAK KaK CHMMETDUYECKAas Pa3HOCTL MHOMKECTB
{z|f(z) < c} u {z|g(x) < ¢} ecTb MHOXKECTBO MEPBI HyJIb U, CIENOBATENb-
HO, OHH OJHOBDEMEHHO n3MepuMbl. CBOHCTBO CXOAMMOCTH IOYTH BCIOAY H
CXOJIMMOCTH [10 MEpE TaK>kKe COXPaHseTcs, ecyan dyHkuun fn 1 f 3aMeHuTD
Ha 9KBUBAJEHTHBIE. ITO O3HAYAET, YTO YKA3aHHbBIE CBONCTBA ONPeAesIsIOT-
€ KJIACCOM 3KBUBAJIEHTHOCTH, & HE KOHKPETHBIMY MPeACTABUTEIAME ITOrO
K.1acca.

3ameruM, 4TO CBOMACTBA, CBSI3aHHBIE C MHTErPUPYEMOCTHIO, KOTOPbIE
6yayT paccMOTpeHbl HUXKe, TAKXKe ONPEeIesIAIOTCH KJIACCOM IKBHUBAJIEHT-
HOCTH, KOTOPOMY NIPUHAJIEXKHUT paccvarpuBaeMas pyHkuus. Bonee Toro,
onpeeJeHus u3MEPUMOCTH (DYHKIHH, SKBHBATEHTHOCTH QYHKIMHA, CX0qH-
MOCTH TI0YTH BCIOLY M CXOUMMOCTH IIO MEPe UMEIOT CMBICI, €CJIH DACCMAT-
prBaemble GYHKIHMH ONpeeseHsl No4yTH Beoay. Ilosromy Bce 3T onpene-
JeHHs MOXXHO MOHMMaTh jisi GoJiee MUPOKOTO Kjacca dyHKuuit — dyHK-
uMi, OnpeaeNeHHbIX MoYTH Bewoay. OJHAKO 3TO PA3/NHYME HE [IPUHIUIH-
aTbHO — eCid MYHKUHUS He ONpEeNesieHa HA HEKOTOPOM MHOXKECTBE MEpbI
HY.Ib, TO €€ MOYKHO JOONpPENEIUTh Ha 3TOM MHOXECTBE ITPOM3BOJIBHBIM 00-
pa3oM ¥ BO3HMKAET B3aMMHO OJHO3HAUHOE COOTBETCTBUE MEXKAY KJIACCAMHU
3KBHBAJIEHTHOCTH B OAHOM W B ADYI'OM CMBICJIE.

IIpumep 4. Ilycrs dysxuusa f HempepbIBHA U NOYTH BCrogy Ha [0, 1]
HMeeT npou3Boany1o g. Kak uszecTHo, DyHKUMA g MOXKeET ObITh Pa3pbiB-
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Ho#i. Ho, Tak xak mouru Bciomy g(x) = Ji_'rrgcn[f(:c) — f(z = 1/n)], o,
COIJIACHO CIEACTBUIO 1, g — u3MepuMasi QYHKIUA.

3ameuanue. Eciu pyHkuuu f ¥ g SKBHBAJEHTHBI U I0CAEA0BATENBHOCTL fr, MO-
YTH BCIOAY CXOOUTCA K f, TO 3Ta MOC/AEA0BATENbHOCTb IIOYTH BCIOAY CXOOUTCS TaKXKe H
kK dyHkuun g. OTcloga cnefyer, B Y4aCTHOCTH, 4TO y CXOAAILIEHCS NMOYTH BCIOAY MOCHe-

A0BaTeNIbHOCTHY MMeEeTCA MHOIO pa3JjiIM4yHbIX NpeneoB.

IMocrpoenue unterpana Pumana ocHOBbiBaeTca Ha NPUOIMMKEHHH HUC-
XOIHOH (bYHKIMH KyCOYHO TIOCTOSIHHBIMU QyHKUmMsAMH. B Teopun unTerpa-
Jia Jlebera aHAJNOTUYHYIO POJIb UTPAIOT NMPOCThIE DYHKIMHU.

Onpegenenne 3. Oyukuusa f: X — R nazwiBaercs npocmot, eciu
OHa U3MEPHMA M NIPMHHMAEeT KOHEYHOe MM CHEeTHOe MHOXKECTBO 3HAYEHHUH.

Teopema 2. Qyuxyus [ asasemca npocmot moeada ¥ MoAbKo Mmoeda,
xoeda X = || Ak, 2de mnoocecmea Ay usmepumu u f(x) npunumaeem
k

HEKOMOPOE NOCTMOAHHOE 3HGYEHUE V), HA MHOdCecmae Ay.

& Iycrts f — npocras dysxums, {yx} — MHOXeCTBO ee 3Ha4YeHHH u

nycts Ax = {z| f(z) = yi}. Torna

Ar = {z] f(z) <y} \ {z] flz) <wyx}
3HauuT, Ay M3MEpUMO ¥ noaydaem npeicrasienne X = [[ Ax.
k
O6patHo, nycts umeem npeacrasienue X = || Ag. Toraa
k
Ac={z| f(z) <c} = U Ar-<
yr<c

IMpumep 5. Oyukuua Jupuxsie — npocras GyHKIUSA.

Teopema 3. Jaa arwboti usmepumoti pynkuuu f cyuwecmeyem paeHo-
MEPHO CTOOAWAACA K Hell NoCAed08aMeAbHOCTID NPOCTNHT GYHKYUU,

> VYKakeM SIBHO OJHY W3 TaKMX IOCJeJ0BaTeNbHOCTel. I1on0XKuM
ful@) =m/n,ecinm/n £ f(z) < (m+1)/n,m=0,%1,%£2,... . Muoxe-
cTBO Apyn, Ha KOTOPOM (DYHKUNA NPUHEMAET [OCTOAHHOE 3HAYeHHe m/n,
namepumo. Ilo mocrpoenuto |f,(z) — f(z)| € 1/n — 0, T.e. nocienosa-
TEJbHOCTh f, CXOOUTCA K f paBHOMEPHO.

Ynpaxueunue 2. [Tokazars, yTo mist J000# u3mMepuMoit dbyHKuuY
f cyumecTByer MOHOTOHHO BO3PACTaOUIas ITOCIEIOBATENLHOCTb MPOCTHIX
dbyHKIHUA, paBHOMEPHO cXoaAmanca K f.

Ynunpaxueunue 3.Ilokasars, 4To gia /11000t HEOTPULATETHLHON 13-
MepuMoi dyHKuu# f CymecTByeT MOHOTOHHO BO3PacTaoUIas I10C/IeI0Ba-
TeJIbHOCTh NPOCThIX MYHKUMM, KaXAasd U3 KOTOPBIX IIPHHUMAET KOHEYHOe
YHCO 3HAYEHHH, TOYEYHO CXOOAmasca K f.
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Teopema 4. Mnooicecmao npocmux GyrnKuul 3aMEHYMO OTMHOCUMENAD-
HO anzebpauveckus onepayul, m. e. ecau f u g — npocmue GywKYUY, MO
dynxuyuu f+g, f—g, f-9, f/g. ede g # 0 noumu ectody, maxowce Aeasromea
npocmuiMy PYNKUUAMUY.

> Myere X = ]__[Ak o f(z) = yp 1 x € Apg, a Takxke X = ]_[B H
g(’L‘)—ZZ,ZUIﬂTEB Toraa X = I_[AkﬁB) u aada x € Ar N B; umeeM

(f+9)(x) = yp+2zi, (f—9)(T) = yo— zl (f-g) (@) = yrzs, (f/9)(x) = yr/ 2.
B cuny Teopemsl 2 BCe OCTPOEHHBIE QYHKIMY SBJIAIOTCHA MPOCTHIMU. <

CaencrBue 4. Mnoosicecmeo ecez uamepumus Gyrxuyul 3aMrxHymo
OMHOCUMEABHO AAZECPAULECKUT ONEPAUUTL.

> Ilycts f u g — usmepumble pyHkuuu. B cuny Teopemer 3 BbiGe-
peM NocaenoBaTeNbHOCTH f, ¥ ¢y, MPOCTbIX (DYHKIMA, KOTOPBIE CXOAATCA
paBHOMepHO K f u g coorBercrBenno. Torna f, — f, g, — g TouedHo.
Otciona cnenyer, uro fn £ gn — fxg, fo 90— -9 fo/on — f/9.
A fu = A+ f (A — 4HCH0) TOYEYHO U OITOMY B CHIIY TeopeMbl 1 dpyHKuUMH
f£xg9.f-9.f/9. A f namepumnr. <

Kax MbI y3Ke OTMEUasM BbILIE, U3 TOUEYHOH CXOAUMOCTH (CXOAMMOCTH
NOYTH BCIOAY ) He CIeyeT paBHOMePHas ¢X0auMocTs. Crefyomas reopema
MOKA3bIBAET, YTO IJI8 U3MEPUMbIX (DYHKLMH CXOUMMOCTDb TIOYTU BCIOAY BCE
JK€ B HEKOTOPOM CMbICJIe DJIH3Ka K PABHOMEDHO#H.

Teopema 5 (. @. Eropos). ITycms X — mnooicecmeo xonewnot Mepo
U N0CAEJ0BAMEALHOCTNL UIMEDPUMNT PyHxuul f, cTodumca nowmu ecio-
dy na X x gynxyuu f. Tozda das awbozo 6 > 0 cywecmeyem usmepumoe
snooicecmeo Xs C X maxoe, wmo (X \ Xs5) < 6 u na X5 nocaedosa-
meavrocme fr, cxodumea x f pasromepHo.

> Ilycts fu(z) — f(z) Toueyno Ha nmoamuoxkectBe Xo C X. s
aw0boi Toukn r € Xg m 1060ro HATYPaJIbHOrO M CYWECTBYET HOMEp T
Takoii, uro HepaseHcTBO |fi(z) — f(z)] < 1/m BrImOnHseTcs AnA BCex
k> n. Iycts X* = {z € Xo| |fi(z) — f(z)] < l/m mns i > n}. Torga

OpeabIAyllee YTBePKACHUE 03HAYAET, 4To Xg = U X' Tak kak X" C
n=1

C X' C ... n MHOXecTBa X, W3MEpHMBI B CHIIy u3mepumoct f; u f,

10, 1o Teopeme 2 § 3, lim p(X™) = u(Xo) n, 3vaqur, u(Xo \ XJ') — 0.
n—oo

Jas xkaxxnoro m BeibepeM HoMmep n(m) Takoi, uro pu(Xo\ X, :me)) < d/2m.
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Toraa fns MHoXecTBa X5 = [ X ) HMeeM Xo\ Xs = U(Xo \X::fm))’
m

n(m
m

o

H(Xo\ Xo) = Y w(Xo\ X)) < D 8/27 = 4.
m=1

m=1
ITo ycnosuio p(X \ Xp) = 0 u, 3uauwnr,
p(X\ Xs) < p(X\ Xo) + u(Xo \ Xs) <6

ITokakem, 4YTO Ha NMOCTPOEHHOM MHOXKECTBE X IOC/IEeI0BATETLHOCTD
fn cxomurcs pasuomepuo K f. Tlo £ > 0 Boibepem HOMep m > 1/e. Toraa
ana k > n(m) nonyuaem X5 C X,’I’Em), T.e. ans £ € Xs BBINOIHSIETCA
HepaBeHCTBO | fr(z) — f(z)] < 1/m < e. <

3ameuanue. Ecau muoxectBo X ecTb MHOXECTBO GeCKOHEYHOI Mepbl, TO yTBEp-

K aeHue TeopeMbl Eroposa He BbIIOJIHSIETCS.

Cneacreue 5. Ecau nocaedosamenvnocms usmepumnz gyrxuut fr
crodumca k¥ [ noumu ecrody Ha muodicecmee KoHewHol mepol, mo f, czo-
dumca % f no mepe.

> Bossmem ¢ > 0. ITo teopeme EropoBa cyiiecTByeT Takoe MHOXKe-
crBo X, uro u(X \ Xc¢) < £ u Ha X, 1OCJIEI0BATENBLHOCT CXOIUTCS
paBHOMepHO. B cusny pasHOMepHOH cxomumocTu st Jiroboro ¢ > 0 cy-
LIECTBYET HOMEp T TAKOH, YTO MpuU N > M. AdA T € X, BbINOJHe-
HO HepaBeHcTBO |fn(x) — f(z)| < c. IlooToMy mJisi TaKMX M BBINOJIHEHO
{z:|fn(z) — f(z)| > c} C X\ X u, 3na4nT,

plz: | fu(z) — f(2)] > c} <e. <

§ 8. UHTEI'PAJI JIEBETA. 5
OINPEAEJIEHUE U1 9JIEMEHTAPHLBLIE CBOMCTBA

IIycrs X — npOCTpPaHCTBO C KOHEYHOH o-aJAHTHBHOMN IMOJHON Mepoii
. PaccMoTpuM cHavasa KOHCTPYKUMIO MHTerpadsa Jlebera ais 4acTHOro
CJIy4yasi OTPaHMYEHHbIX U3MepuMbix ¢yHKuuid. Takoe paccMoTpeHue Mmo3-
.BOJISIET HAIJISITHO CPABHUTH KOHCTPYKLUHIO HHTErpaJa, Jlebera ¢ KOHCTPYK-
uueidlt unTerpana Pumana. O6wee onpenenenne unrerpana Jlebera 6yner
JaHO HUKe HEe3aBHCUMO.
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Ecnin A — uaMepuMoe MHOXKECTBO U

1, z€A,

xa@ =3y ,ga

— €ero xapakTepucTuyeckas dbyHkuus, To uHTerpan Jlebera ot xapaxrepu-
cTUYEeCKON (DYHKIMH ONMpenesisieTcsd PAaBEHCTBOM

/ xa(z) dp = p(4).
X

ITO onpeneneHne COryIacyeTcs, HapHuMep, C TeM, UTO uHTerpas Puma-
Ha XapaKTepUCTUYeCKol DYHKUMM MHTEpBaJa COBNAAAET C JJIUHON 3TOrO
UHTEpPBAaJa, T.€. C ero Mepou.

HJaubiie uHTErpast 0yAeM onpeneasaTbh TakuM 00pa3oM, 4TOOBI BBIMOJI-
HAJIUCb CBONCTBA JIMHEHHOCTH U HEPEPbIBHOCTH:

1) nuHEeRHOCTS:

/(af+69)d:r=a)[fdx+ﬁx/gd3::

2) HENPepBIBHOCTb: eciu fp, CXomuTcs K f PABHOMEDHO, TO

[ fadz — [ fdz.
X

X

Jis BLIMOJIHEHHMS CBOMCTBA JIMHEMHOCTH HOJIaraeM, 4to ecau f(z) =

n
= Y YkXAu» T.€. f — npocras GyHKUUs, IPHHUMAIOIIAs KOHEYHOe YHCII0
k=1
3Ha4YeHui, TO

[ @ =3 wtan. W
X k=1

OtmeruM, uro u3 (1) HEMeAJIEHHO BLITEKAET HEPABEHCTBO
‘ / f(-r)du' < sup |£(2)] w(X). @
zeX
X
JleiicTBUTENIBHO,

l/f(w)du‘ =‘Zyk#(Ak')| <sup |ysl D u(Ar) = sup fyk| w(X).
¥ k=1 k=1 1<k<n
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Jlemma 1. IIycmo nocaedosamenvrocms frn, npocmux dynxyud, xasrc-
005 U3 KOMOPHIT NPUHUMAET KOHEYHOE HUCAO 3Ha4eHUll, Pa8HOMEPHO CTO-
oumca x f. Toeda cywecmeyem hm f fu(z) dp u smom npedea ne 3a6u-

cum om ewv.bopa nocaedoeame/umocmu fn.
o> [IpoBepuM, 4TO YKCAOBas NOCIEIOBATENBHOCTD I, = f fndu aBas-

eTCs NocseaoBaTenbHocThio Koy, JdeiicTBuTenbHO, B CUily (2) uMeeM

|In - m] < sug |fn(17) - fm('r)| U(X) — 0 npu n — oc.
z€.

3HayuT, nocaeaosareabHocTh I, cxoaurea. Ecam g, — npyraa aHanoruy-
Hasl MOCJIeAOBATEILHOCTb, PABHOMEPHO cXoasmasncs K f, 1o

‘/(fn —~ 9n) d#‘ < sgg | fn(z) = gn(z)| (X) — 0 npr n — oo,
X

T. €. IPees He 3aBUCUT OT BbIOOpA MOC/IeA0BATEIILHOCTH fr. <

Ecau usmepumas ¢pyHknusa f orpaHuyeHa, TO MOCTPOEHHAd B TeopeMe 3
§ 7 nocyiegoBaTENLHOCTD f,, NPOCTbIX DYHKIMII, DABHOMEDHO CXOAAMIASACH
K f, cocTouT u3 (PYHKUMIH, TPUHUMAIOIMX KOHEYHOE YHCJIO 3Hadenuit. B
nemMMe 1 J0Ka3aHo, YTO CyILECTBYeT Mpeaesl MHTErPAJoB OT GyHKuui fn
¥ 9TOT NpeJen He 3aBUCHT OT BbIOOpa mocaenoBarenbHoctd f,. [Tosromy
KOPPEKTHO CJIEAYIOLIee OIIpeiesieHHe.

Omnpenenenne 1. Humezpanom Jlebeza OrpaHuYeHHON W3MeDPUMOM
dbyukuuu f Ha MHOKecTBe X ¢ KOHEYHOM Mepoil [ HA3BIBAETCS YHUCJIO

[t im [ fu@ s
X X

rae f, — IPOM3BOJIbHASA [TOCAEA0BATEIbHOCTD MPOCTHIX QYHKUMIMA, TPUHHA-
MAIOLIMX KOHEYHOE YMCJIO 3HAYEHUH, PABHOMEDHO CXOAALAsACS K f.

CyuiectBoBanue unrerpaja Jlebera mjis moboil orpaHu4eHHON H3Me-
pUMOii (DYHKLUMH CleLyeT U3 NPeIbIAYLIMX PACCYXKICHMA. 3aMETUM, YTO
B 3THX PACCYX/IEHUSX WCIOJb30BAJOCH TOJAbKO CBOHCTBO aAJWTHBHOCTH
Mepbl M He HCIO0J1b30BajlaCh O-aJAUTUBHOCTH. Ilo3TOMYy omnpenenexne 1
KOPPEKTHO [Jisl KOHeYHO aaauTuBHbiXx Mep. Ilocaeayrompe onpeaeneHus
U CBOMCTBA CYILIECTBEHHO UCIOJb3YIOT 0-aJAUTUBHOCTb.

Tak Kax npejes He 3aBUCHT OT BbIOOpPA [10CJIE0BATENLHOCTH, 3aPUKCH-
Py€eM NOC/IEIOBATEIBHOCTb MPOCTHIX GYHKUMHA fr,, PABHOMEPHO CXOIALLYIO-

58



¢ K f, a UMEHHO, PACCMOTPMM MOCJEI0BATENHLHOCTh DYHKUMIA f,,, OCTPO-
eHHyI0 B Teopeme 3 § 7, onpenenernyio caenyomum obpasom: fr, (z) = k/n
opu k/n < f(z) < (k+ 1)/n.

Ha muoxectBe Aky = {x] k/n < f(z) < (k + 1)/n} byukuus f, npu-
HHUMaeT 3HaveHne yx = k/n, YMCJI0 TAKUX 3HAYeHUil KOHeuHO. Mcmonb3ys
onpene/ieHne HHTerpasa oT GyHKIUHU f,,, TONydaeM HOBOE 3KBHBAJICHTHOE
onpeje/ieHue MHTEerpaja OT OrPpAaHUYEeHHON U3MepUMOi DYHKUUH.

Onpeaenenne 2. Humezpaavhotl cymmold Jebeza S, ans pyHKumu
f 6yaem Ha3BIBATH CYMMY BHIA

o= Eufe] E<pmy < B2,

Hrnmeepanom Jlebeza Ha3bIBAGTCA MPENIES UHTETPAJIBHBIX CYMM
def .
/f(:c) dp = lim S,,.
n—oo
X

Tak kax S, f fn(z) dp, 3T0 OImpeneneHue SKBUBAJIEHTHO ONpenelre-

HuiO 1, npudeM CyU.[eCTBOBaHHe npejesa yxe J0Ka3aHo.

®opMyna 118 UHTErpalbHbIX CyMM Jlebera nmo3BosifeT Onucarh OTJIH-
qMe B OINpegeNeHuM uHTerpaia Pumana u wnrerpana Jlebera. B oboux
onpegeienusx (B ciyuae f(x) > 0) B 0CHOBe JIE2KUT WHTYHUTHMBHOE Npeil-
craByieHre 06 UHTerpaje Kak miomaiyu (Mepe) UTYpPbI, Jexallel Mexay
rpacdukom dbyukuuy f u ocbio z. s noacdera mioluaad (Mepbl) 3Ta
¢urypa pasbupaercst Ha HoJiee IPOCTHIE YACTH, A1l KOTOPBIX BbIUCHIBA-
eTcs npubauxenHoe 3Hadvenue wowanyu (Mepst). [Ipu cocraBiesun unTe-
rpasibHbIX CymMM PumaHa 0Tpe3ok [a,b] pa3buBaercsa HA 4acTH TOYKAMU
I < T2 < ...< In, B KaXia0i yacTu BbiOUpaercs To4YKa £, U COCTABMIACT-

CA CyMMa
n—1

> FlE) (@rer — ).
1

ITpu 3T0# KOHCTPYKLHUK B KAYECTBE NPHOJIMMKEHHOI'O 3HAYEHUS TJIOIIA-
JIM KPUBOJIMHENRHOM Tpaneuyy, OrpaHuYeHHON OCbI0 &, rpaduKoM byHKIHH
f ¥ BEPTUKA/bHLIMU OTPE3KAMHU, MPOXOASIUMH YEPe3 TOYKH T U Tg4q.
6eperca uucno f(&k)(Trk+1 — xx). Takoe mpubimkeHHe ONpaBAAHO JMIIb
B CJIy4ae, KOra 3Ha4eHns (DYHKIMN Ha BCeM OTPE3Ke [Tk, Ti+1) OIM3KY K
3"a4eHuio f(£y), 4TO BBIIOIHEHO, ecyu (byHKUUs f HenpephIBHA.
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IIpu cocTaBnenuu uHTErpanbHLIX cyMM Jlebera BLIAENAIOTCA MHOXE-
crBa, Ak, 1 Ha MHOXKeCTBe Ay, GyHKuusa [ npubiukaercss MOCTOSHHOM
k/n. TlorpemrHocTs Npu 3TOM He IPEBOCXOAUT 1/n asis mobol GyHKIME H,
CJIeIOBATEMbLHO, TAKOE NMPHUOJIHMIKEHHE TOUHEE.

Takum 06pa3oM, pa3/nire B ABYX ONpPENEIeHUAX 3aKII09aeTCH B TOM,
YTO MpPHU COCTABIEHHH WHTErpPajJbHBIX CyMM PumaHa pa3bueHue OTpe3Ka
IPOU3BOAMTCS MO NPU3HAKY GAM30CTH TOYEK HA OCH T, & IPU COCTABJIEHUH
HMHTErpaJibHBIX cyMM Jlebera — mo mpu3Haky Onu3octy 3Ha4YeHU BYHK-
uay. OJHO M3 MPEMMYIIECTB BTOPOro ONPEJENeHHs HaM Y’Ke U3BECTHO —
mobas U3MepHMas OrpaHuyenHas BYHKIUA HHTerpupyema 1o Jlebery.

Cymmuposanue mo Pumany u Jlebery aHasornyHO moacyeTy CyMMBI
MOHET Pa3HOr0 JOCTOHHCTBA ABYMH cnocobamu. “PuMan” cuuraer MOHETHI
B TOM MOP$JKe, B KOTOPOM OHH eMy nonagawnorcs (1+2+3+10+5+ 20+
+243+3+...). “Jleber” ke cHauaIa NOACYMTHIBAET KOJHYECTBO MOHET
IOCTOMHCTBOM B lKom., 3aTeM 2, 3 U T. 4., & 3aTeM ONpPeleseT CyMMy.
OnbITHBIH KacCHp BCEraa cuutaer cymmy “no Jlebery”.

AHanoruuno onpegeinserca uarerpad Jlebera B obuiem caydae, Korma
dbyuxuusa Moxer 6uITL HeorpaHuueHHONH. O JHAKO HEOrPDAHUYEHHAS H3Me-
puMas (GYHKLIHA MOXKET OKA3AThCsl HEHHTErpupyeMoit. 3aMeTuM, YTo onpe-
Jejenve 1 B JasibHERIINX PACCYKIAEHHUSX HE HCIOJIL3YETCH, OHO SABJISAETCS
YaCTHBLIM ciiydyaeM Bosee obiuero onpeneseHust 4 ¥ IPHUBEAEHO TOJIBKO N5
MOSICHEHUA ECTECTBEHHOCTH KOHCTPYKIMHM M CPaBHEHUsI C KOHCTDyKOHMel
nHTerpana Pumana.

Oupeaenenue 3. [Ipocrast pyskuus f, IpUHUMAIOLIAs 3HAYEHUS Yk
Ha MHOkecTBax Ak, kK = 1,2,..., HA3LIBAETCA UHME2PUPYEMOT, ECIH DAL,
a2C
> yk u(Ag) cxomures abeontorHo. Ecau npocrast dynknus f unTerpupy-

k=1
ema, TO CyMMa 9TOrO psiJa Ha3biBaeTcs uhmezpasom Jebeza byuxiuun f,

T. €.

[ @ di = v ). (3)
k

X

TpeboBanue abBCONIOTHOM CXOOMUMOCTH pAja (3) BO3HUKAET U3 Clle-
aywomux coobparkeHuil. Tak Kak HET eCTeCTBEHHON HyMepaluy MHOXXECTB
Ag. TO IpH M3MEHEHVH HyMepauuH I[POUCXOAHT NEPECTAHOBKA UJIEHOB
paga (3) 1, ecnu Her abCOMIOTHON CXOMUMOCTH, CYMMa PAAa MOXKeT H3Me-
HUTbCH. Tak Kax MHTErpaJ He JOJKEH 3aBHUCEeThb OT CIydYailHO BhIOpaHHOIM
HyMepaluH MHOXKecTB A, TO B onpenenenuu Tpebyercs, 4Tobbl psaz (3)
CXOOUJICA abCOJIIOTHO.

60



3aMeTyM, 4TO HepPaBeHCTBO (2) W OCHOBaHHAs HA HeM JeMMa 1 cnpa-
BEIJIMBBL [JIf HHTErpupyeMbIX mpocThix yHkumit. [losTtomy koppekTHO
CJIEAYI0LIEe ONPEIENIeHAE, aHAJIOIMYHOE ONpeiesienuo 1.

Onpepenenune 4. U3vepumas dpyHknus f (Ha IpOCTPaAHCTBE C KOHEY-
HO# Mepoii) Ha3bIBAETCS uHmMezpupyemoti (Cymmupyemorti), eciu CyIecTsy-
€T PABHOMEPHO CXOAALIASACS K f IOCIeN0BaTeNbHOCTD f;, NPOCTHIX HHTEe-
rpupyeMbix Gysakuuil. Humeapasom Jlebeza bysHKuuMU f 10 MHOXKECTBY
X c mepoii i Ha3wIBaeTcs npenesn uHrerpados Jlebera or dyukumit f, :

[ 1@ i [ fu@)du
X X

MHoxkecTBo Bcex (GYHKUMA, HHTErpUPYEMBIX HA MHOKecTBE X 10 Mepe U,
oboznauaercs L(X, p).

PaccMoTpuM cHavasa OCHOBHBIE SJIEMEHTAPHbIE CBOMCTBA MHTEIPANA
Jlebera.
1. Ins u3MepuMoro MHOXKecTBa A

A/ 1du = u(4) =_\/ xa(2) dp.

2. Ecu f u g — uHTerpupyeMmble dyHKuuy, T0 byHKuusa f + g uHTe-
rpupyeMa H ClpaBelJIHMBO PAaBEHCTBO

Jur@ + @)= / o) du + / oe) du.
X X X

ITpoBepum cHauasa cBoicTBO 2 miist npoctbix ¢yukuumit. ycrs f(z) =

=y, apu T € Ag, X = I_[Ak, g(x) =z upuz € B;, X = ]_[B Toraa
f(z)+g(x)—yk+zlnpnreAkﬂB uX = HAkﬂB)OTC}Oﬂa

oIy 4aeM

[t@du+ [ o du =3 uenan) + ¥ B
X k i

X

_ gyk;lL(AkmBi) + Zi:zi%:p.(AkﬂBi) -
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=Y Y+ w4V B:) = [1U@) +9(0)] do
i k X

IycTs Teneps f 1 g — NPOM3BOJILHBIE HHTErPUPYeMble QYHKINY B IYCTh fp
U gn — PABHOMEPHO CXOASAIUHECsS K f U g COOTBETCTBEHHO ITOCJIe0OBATEb-
HOCTH TIPOCTBIX HHTerpupyembix ¢pyuxuuit. [Tocrenosarensuocts f,, + gn
paBHOMEpPHO cxomutcs K f + g, 3uauuT, f 4 g uarerpupyema. Ilepexons k
HpeJelly B DABEHCTBE

[tudu+ [andi= [t ga e

X X X

moJiyuaeM CBOHCTBO 2.
3. Ilyctb f — unrerpupyemad pyukuusa, A € R. Torna dyuxuus A- f(x)
WHTETPUPYeMa U CIIPaBEIIUBO PABEHCTBO

!A-f(m)dﬂﬂ!f(z)du.

Jnst npocThix GYHKIMA 3TO yTBEPK AEHHE H DABEHCTBO OUeBUAHBL. JI1a
IOPOU3BOJILHLIX MHTErPHPYEMBIX (GYHKIMH OHO YCTAHABJIMBAETCS Iepexo-
JOM K Tpeaeiy.

4. Ecan byHkuus orpaHuyeHa M H3MepHMa, TO OHa HHTerpHpyeMa
{cneacTBue gemMmbl 1).

5. Eciu f — unTerpupyemasi ¢yHKLMSA, OPPAHUYEHHAS CBEPXY NOCTO-
aHHol ¢, T. e. f(z) < ¢, To [ f(z)dp < c- p(X).

X

Iycts fp(z) = k/nupuk/n < f(z) < (k+1)/n. Torga nocnenosarens-
HOCTh NpocTbix (pyHKuuit f,, pasuoMepno cxomutcak f u fr(z) € f(z) < ¢
B HepaBeHcTBe 4151 MPOCTLIX QYHKIMH

/ (o) du < sup (&) 1(X) < cu(X)
X e

[epexouM K NpeAesy MpH 1 — OC U HOonydaeM TpebyeMoe HepaBeHCTBO.
OTMETHM YaCTHBIE CJIy4aH CBOHCTBA 5.
5a. Ecau f uarerpupyema u f(z) > 0. To [ f(z)du > 0.
X

56. Eciin f; u fo — unTErpHpyeMbie (byﬂkunn 1 fi(z) < fa(z), TO

[r@du< [ f@adu
X X
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YTBepxkaeHne cnenyer u3 HepaBeHCTBA fa(x) — fi(z) = 0 u cBoiicTsa 5.
6. Eciu gyukuus f mamepuma u |f(z)| < ¢(z), vae yHkuunsa ¢ uHTe-
rpupyemMa, To f UHTErpHPYEMa.
IIpoeepum cuauana cpoiicrteo 6 gnsa mpocrteix dyukumii. Ilycrs f n
 — npocteie dbyHxkuun. [Iycrs umeercs pasbuenne X = || Ay Taxoe, uto
k

f(z) =y, pr(T) = 2, eciu x € Ag. IIpu 3TOM BBIMOIHAETCS HEPABEHCTBO
lyk| € zx. Torma, cocraBnss paabl, HOIY4YaeM

[ @i = uena) < 3 luel ) <€ 3 ).
% k k k

Pan nns dyuxkuuu f maxkopupyercs abCOMIOTHO CXOASIUMMCS PAIOM H,
3HA4MT, caM abcooTHO cxomuTcs. Temeph cBoOiCTBO 6 ycTamaBIMBaeTCs
NPEAEILHBIM MEPEXOAOM.

OTMeTHM YacTHBIC CJIy49aM CBOHCTBA 6.

6a. Ecim f1(z) < f(2) € falx), rme f1 v fo — unrerpupyembie GyHK-
uuy u f — u3mepuMas byHkuMs, To f HHTErpupyeMa.

YTBepxkaeHue mosnydaercsa u3 HepaeeHcTsa | f(z)| < |f1(x)] + |fo(2)f.

66. Eciu f — unrerpupyemas dbyHkiys, a ¢ — OrpaHudeHHas (BbIIOJ-
HEHO HepaBeHCTBO |g(2)] < ¢) n3mepumas dbyHKuus, 10 f-g UHTErpUPyeMa,

npmeM|Af,f( - g(x) dp| < e 1@ da.

HeiicrButensHo, u3 HepaBeHCTBa —c- f(z)] € f(x)g(z) < ¢ |f(x)]
10 CBOMCTBY 6a mosyuaeM, 4TO npou3BeleHue f - g MHTErPUPYEMO, ¥ IO
cBoiicTBY 56 — TpebyeMoe HEPABEHCTBO.

HanmMenpias u3 DOCTOSIHHBIX ¢, U151 KOTOPbIX BBINOJIHEHO HEPABEHCTBO
(lg(z)] < ¢), ectn sup |g(x)|. [losToMy HEpaBeHCTBO AJisi MHTErpasIoOB U3
cBoficTBa 66 MOXKHO 3aIMCATh B BHIE

| [ 56@)- o) | < suplota) [ 1r@ia
X X

Ecnu f — unrerpupyemas Ha X QyHKIMA, TO 471 1106010 H3MEPHUMOTO
noamuoxecrsa A C X uHTerpasn nmo A onpejejieH paBeHCTBOM

/ f(2)du = / xa(@) (@) dy.
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Ecnu A w B — uamepumble MHOXKecTBa U ANB =0, T0 X4 + XB = XAUB-
Ilostomy, ucnone3ysa csoiictea 2 u 6, mosy4yaem, 4To

[ f@rdu= /f dﬂ+/f(w

AUB

9T0 CBOHCTBO HasbIBaeTCH addumueHocmblo MHTerpana Jlebera oTHOCH-
TEJIbHO MHOXXECTB.

7. Ecmu f(z) — muTterpupyemas ¢yHkmus, To |f(z)| Tak:ke uHTErpH-
pyema.

Jnsa opocTeix GYHKIMI 3TO CBOKCTBO BBIIONHAETCS 110 OINPEAENCHUIO
(TpeboBanune aBGCONIOTHOM CXOAMMOCTH PsAa), AJsl NPOM3BOJILHBIX HHTE-
rpupyemMbrx pyHKIME MpOBepsieTcs € MOMOIIbIO NPEaebHOIO Mepexoia,
IPUYEM CIIPABELIMBO HEPABEHCTBO

[ [ 1@ dﬂ‘ < 1@ du
X X

8. Ecumm p(A4) =0, To [ f(z)du = 0 ana moboit dynkuun f (Ha MHO-
A

JKECTBE Mephl Hy/b M100ad GyHKIMS H3MEPHUMA).

Jns npoctbix GYHKUME 3TO CBOMCTBO OYEBHIHO, & JJIsl IPOU3BOJIbHBIX
MOJIYyYaeTCs NPeesbHBIM [MePexXoaoM.

U3 3Toro cBoiCTBa BHITEKAET CELYIOUIEe YTBEPXKIEHHe.

8a. Ecin f(z) = 0 mouru Bciony Ha X, TO ff z)dy = 0. [eiicTu-

TeJIbHO, IIyCTh A — MHOXECTBO Mepbl HYJb, BHE KOTOpOl"O f(z) =0, rorza

/f:r)d,u /f du+/0du 0.

X X\A
B wacrrocTn, ecnu f(x) = g(z) mouru Bcoay, To [ f(z)du = [ g(z)dpy.
X X

[Mocnensee cBOUCTBO MO3BOJISAET YCHJIUThL HEKOTODbBIE MPEAbIAYLINE YT~
BEPXKJEHHA. B ycioBusix MOXXHO NOTPE6OBATH BLIMOTHEHUS HEPABEHCTB I10-
YTH BCIOLY M IIPH 3TOM BbLIBOJBI COXPAHSIIOTCS U JaXKe MOTYT ObITb yCHIIe-
ubl. Tak, yTBepkaeHue 66 crnpaBemnBo, eciu (yHKUNA f u3MepuMa #
NOYTH BCIOJY OFpaHMYeHa, T. €. JJisl HEKOTOPOro ¢ HepaBeHCTBO |g(z)] € ¢
BBIMOJTHAETCA IOYTH BCroAy. [Ipu 3TOM HepaBeHCTBO A1 HHTErPaJIOB Bbl-
TIOJIHSETCs], M B3ATh HAUMEHbIIYIO U3 TAKMX KOHCTaHT. TakuM obpasom
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BO3HUKAET HOBAS XapPAaKTEPUCTUKA U3MepUMOM (DYHKIHUH HA NPOCTPAHCTBE
C MepOo#, Ha3bIBaeMasl CYWECTBEHHBIM CYNDEMYMOM:

ess sup f:=inf{c|p({z|f(z) > c}) =0} =inf{c|f(z) <cmn. B}

MHO0xKeCcTBO M3MEPUMBIX OTPAHMYEHHBIX MOYTH BCIOAY Ha X byHKUMi
obospauaercs Loo(X, 1).

9. Eciu [ |f(z)|dp =0, T0 f(z) = 0 mouru BCioay.
X

Jloxa3aTesbCTBO 3TOr0 CBOMCTBA OMUPAETCS HA HepaBeHCTBO Yebblie-
Ba, KOTOpPOE KUCIOJBb3YyeTCd ¥ B APYT'UX BOIIPDOCaX.

Jlemma 2. Hycmb f — unmezpupyeman pynxyua, f(r) 20, ¢>0, u
nyemv Ae = {z| f(z) = c}. Tozda cnpasedauso Hepasercmeo Yebrmesa:

B(AL) / f(z)d

> U3 cBoiicTB 2 1 5 MosiyyaeM UENOYKy HEPaBEHCTB:

/ f(z)du = / f@du+ [ f@)d / F() du > cu(Ae).

X\ A,

Paznenus HepaBeHCTBO Ha ¢, MOJy4aeM HepaBeHCTBO UebblmeBa. <

IokazaTenbcTBO CBOMWCTBA 9.
> O6osnauum A, = {z| |f(z)| > ¢}. Torma

Ao = {z| |f(z)| > 0} = | Ay/n-
n=1

HyxHo mokasars, uro u(Ag) = 0. Ilo nepasencrsy YebbimeBa moydaem

1
w(Ayn) € = [ If(@)ldu = 0.
/

3uaunrt, u(Ag) < i w(Aim) =0. 2

< 3ak. 2937 65



§ 9. IIPEJEJIbHBIN TIEPEXON
IO SBHAKOM HMHTEI'PAJIA

BOl'IpOC O BO3MO>XHOCTH IIPDeNeJIbHOrO nepexona 1noj 3HaKOM HHTEerpa-
J1a OJ1A IIOCJ1eJ0BATENbHOCTH MHTEIDHDYEMBIX d)yHKU,I/Iﬁ fn €CTb BOIIPOC O
CTIpaBeJIMBOCTHU DaBEHCTBA

lim / fu@)du= [ Jim (o) du 1)
X

1n—00

¥ BKJOYaeT B cebst BOIPOC O CYIIECTBOBAaHWUH IpeJena B JIEBOH 4acTH,
BOIIPOC O CYIIECTBOBAHMM MHTErPaJa B IPABOd YaCTH PABEHCTBA, BOIPOC O
TOM, B KAKOM CMBICJI€ IOHUMAETCS [1PEeeJl IOCJIeJOBATENbHOCTH DYHKIMIA,
U BONIPOC O B3aMMOCBSI3M CYINECTBOBAHUA ABYX yKA3aHHBIX TPENEJOB.

st unrerpana Pumana BO3MOXKHOCTD [IPEIESIBHOrO I€PEXOAA AOKA3bI-
BaeTcst 06bIYHO AJ1 PaBHOMEPHO CXOAALIMXCS nocaeaoBarenbaocteil. On-
HaKO, KaK y»Ke 0TMevalloch B § 2, gaxke B ciydyae, KOTIa NOCJ]ELOBATEN b
HOCTB fy, Ha OTPE3Ke TOYEUHO CXOAMTCH K OrPaHMYeHHOH dyHKumMM f, 312
DYHKLMSI MOKET OKa3aThCsA HEMHTErpupyeMoi no PumaHy u npenenpHbiit
IEPEXO/l B TAKOM CJiyuae ByJeT HeBO3MOMKEH.

Bo3MoxxHOCTb mepexofia K Ipedeny Ioj 3HAKoM uHTerpana Jlebera B
CJly4ae PABHOMEDHO CXOASILEHCS MOCIeI0BATENbHOCTH QYHKUUN ClienyeT
M3 3JIEMEHTAPHBIX CBOMCTB uHTerpana Jlebera. JdeiicTBuTenbHO, NyCTh NO-
CJ1e0BATENILHOCTb MHTErPUpYeMbIX DyHKUUi f, PABHOMEDHO CXOAMTCSH K
dbyukuun f. Torma ans moboro € > 0 cylecTByeT ng Takoe, YTO MPH
n > np BbmoaneHo |f,(r) — f(z)] € €. Orciona BbITeKaeT HepaBEHCTBO
|f(z)| € € + fu,(z), u u3 cBOiicTBA 6 MOMy4aeM HHTErpUPYeMOCTb (DYHK-
uuu f(x). Ilepexons K mpeneny B HEpaBeHCTBE

/ Fnl(@) = F(@) dp < sup | fule) — F(2)] (X,
X

ﬂOJ'[y‘{aeM HCKOMOe paBeHCTBO
/ f(@)d = lim / e
J

Ecan nocnenoBarenbHOCTL f,, TOYEYHO (MM IIOYTH BCIOAY) CXOIAUTCS
K ¢yskuun f., To B 0oblieM ciayudae MEpexoiuTb K Mpesesy [0J 3HAKOM
MHTErpaa Heab3sl.
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IIpumenpl. Ilycrs

2n, 1/(2n) <z <1/n,
0. JJIs1 OCTaJIbHBIX I.

falz) =

Torza fn — 0 ToueuHo, HO [ fu(z)dp =1+ 0.
[0.,1]
IIpH TOYEHHON! CXOAUMOCTH MOXKET TaKXKe OKa3aThCs, UTO Npe/esibHas
dyHKUMS He WHTEerpHpyema.
Il puwmep 2. IIycts

1/z, =>1/n,
falz) =
0, z < 1/n.

Torma fn(z) — 1/x Toveuno Ha |0,1[, HO mpenenvHas dbyHkuus 1/z He
HHTErpUpyeMa.

20
Dpuwmep3d Hyers X = [[Ar n f(z) = > ykxa,. T.e. f — mpo-
k k=1

n
u3BosbHaA npoctasa (pyHkuus. IlocnenoBaTenbHOCTE fr(T) = 3. YpXA,
k=1

MIPOCTHIX MHTErpHpyeMbiX byHKIHi ToYeyHo cxoautca K f(z). Ho f un-
TerpupyemMa JMUIb [OPM JOMNOJHUTENBHOM YCJIOBHH, 4YTO psin ). |yk|u(Ak)
k

cxoautes. I1py BBIMOMHEHHH 3TOrO YC/I0BUsA ([0 ONPELECHHIO)
/ f@)dy = lim / fula) du.
n—oo
X X

Ecan psaz Y ykp(Ax) cxomgures ycaoeHo, To lim [ f, dp cymectBy-
k R0 X

eT, HO mpejenbHas PyHKUusi He uHTerpupyema. IIpu 3ToMm 3a cuer uame-
HeHMS HyMepalyh MHOXKECTB MOKHO [I0CTPOUTb AHAJIOIMUYHYIO [IOC/IE10Ba~
TeJIBHOCTb, CXOISAILYIOCS K TOit ke dyHKumn f, 1uist kotopod lim [ fn du
n—oc
X

6yzer paBeH POU3BOJIBHOMY YMCIY.

T NpUMEPDI NOKa3bIBAIOT, 4TO B 06111eM CJiydae MIPHU TOUEYHOH CXOOH-
MOCTH HET OmpeaefieHHOH CBA3M MEXKIy JIeBOi M MpaBoil 9acThio B BHIPA-
skennw (1) (u nx cymecreoBanuem). Ilosromy Teopems! o cnpaBesaMBOCTH
1IpeneabHOr0 Mepexola IMoj, 3HAKOM HHTErpalia COAEp»KaT OBLIYHO HEKOo-
TOpBbIE OONOJHUTEJIbHbIE yCIOBUusA Ha I10CJI€O0BATENIBbHOCTD, 60J'Iee Cﬂaﬁble,
uyeM TpeboBaHKE PABHOMEDHOH CXOOUMMOCTH, HO BOJiee CHNIbHBIE, YEM CXO-
AWUMOCTB IMOYTH BCHOOY.
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Ob6ocHoBaHHe BO3MOXHOCTH NMPEAENbHOIO [IEPEX0Aa ONHPAETCH HA CBOMH-
CTBO abcoaromnoti HenpepuieHocmu unmezpaaa Jlebeza.

Teopema 1 (aGconoTHas HENPEPBIBHOCTL UHTErpasa Jlebera). ITycmo
f — uwmeepupyeman dynxuyus. Tozde dar mwobozo € > 0 cywecmsyem

4 > 0 maxoe, wmo ecau u(A) < 4, mo 'ff(:c) dﬂ.| <E.
A

. Ilycrs cHavyana f — upocras dyskuus, f(x) = yx, ecnu ¢ € Ay, n
X =1]] A. Toraa
k

[ @ydi =Y o),
X k=1

NpUYeM psAL CXOZHUTCA abCOJIOTHO. Bm6epeM Homep N Tak, 4TO

2C
> lukl p(Ar) < e/2. Tlycts B = ]_[ Aru ¢c= max |yl =
k=N+1 k=N+1 1SkSN

= I}?{:%( |f(z)|. Bo3bmem 6 < £/2¢ u mycts pu(A) < 4. Torma

I/f dﬂ‘ /If(IIdu+ / |7 ()] dpe < g +ud<e.

ANB (X\B)nA

Iycrs Tenepy f — npoussonbuas wHTerpupyemas ¢dbyHkuua. Buibepem
IPOCTYIO MHTErpupyeMylo (GYHKIHIO g TaKylo, YTO BBINOJIHEHO HepaBeH-
ctBo |f(z) — g(z)| € €/2u(X). Onsa npocroit dbyHkuuu g (N0 JoKa3aHHO-
My) MoxeM Bbi6patb 6 > 0 Tak, 4YTODBI BBIIOJHSIOCH HEPABEHCTBO

‘fg(z) d,u' < &/2, ecm Tonmbko u(A) < 6. Toraa
A

'A/f(z)du' <A/|g(:c)|dﬂ+A/|f(I) — (@) du <

< (e/2u(X))p(A) +e/2 <eq
CaeacrBue (o-aaauruBHOCTb HHTErpana Jjlebera). [Iyems f — unme-
oC
zpupyeman pynxyua u A = ]_[ Ag, 2de Ay — uamepumbie MHOHCECTBA.

=1
Toz0a

/szu /f@ﬂm

npuvem pad cxodumca abCoAOMHO.
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> Onsa dyuxkuuu f no € > 0 Boibepem § > 0 Tak, 4ro ecnu u(A) < 6,

2C
TO lff(:r) d,ul < €. Boibepem Homep N TakuM, uTober Y. u(Ag) < 6.
A k=N+1
Torna nns n > N BLITONHAETCS PABEHCTBO

‘A/f(a:)dﬂ—kz:lf(z)dulz‘ / f(m)d“’<f~

ﬁAk

k=N+1
[TpuMmeHss AOKA3aHHOE YTBEDXKIEHME K HMHTerpupyemoit byskuuu |f{(x)l,
noJiy4aeM CXOA¥MOCTb MayKOPHUPYIOLIEro Psiia M, CJIeIOBATeNnbHO, abco-
JIOTHYH CXOAMMOCTH PAacCMaTpPHBAEMOro paja. <
Bepro u o6paTHOE yTBepXKIeHHe.
>C
Teopema 2. Ecau A= ]| Ag, f unmezpupyema na A u pad
k=1

S [1s@lda @)

chk

crxodumea, mo pynkyus f unmeapupyema Ha A u

/f au=3 [ 7la)d

kA;_

> CHaqa.na npeanonaomkuM, 4ro f — npocras byskuua. ycrs X =
]_[ =y;, ecan = € B;. llonoxus Ag; = Ap N B;, umeem

J17@ldn = 3 i)
Ar i

U3 cxopumocTu pssa (2) BbITEKAET, YTO CXORSITCA PAALI
z Z |yl p(Ai) = Z lyi|lu(Bi N A).
ki i

CXOJJ,I/IMOCT]) MOCJIEJHEro psna O3Ha4YaeT, YTO CyIlEeCTBYET UHTErpadJl

[ @rdu =3 ntBin a).
A 1
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B ob6mwem cayuae npubnuxkaeM byHknuw f npoctoit byHKIHeR g Tax,
4TO
|f(z) - g(z)| <e.

Torna

/ 9(@) di < / 1F(@)] dyx + en(Ax).
Ay Ap

Tax kax psazg ) u(Ar) = u(A) cxopures, To n3 cxoaumoctu psja (2)
%

BbLITEKAET CXOOUMOCTE pAna

S [ls@lda,

kA,

T. €. IO TOJIBKO YTO JOKA3aHHOMY, MHTErPUPYEMOCTb Ha A mpocToit yHK-
uu g. Ho Torpa ucxonnas dbyHkuus f Toxke uurerpupyema na A. Teopema
JI0Ka3aHa. <

3amevanne 1. [Ipu pukcnpoBanHoii uETerpupyemoii Gynkuun f orobparkenue
A — $(A) :=/ fz) dz
A

eCThb (PYHKIHA MHOXKECTBA, ONpPeLeNIeHHas HA anredpe U3MepuMbIX MHOXKeCTB. Jlokasan-
HOE B CJIeACTBUH TeopeMbl 1 CBOMCTBO €CThb CBOHCTBO O-aAZUTHBHOCTH 3TOH (PyHKIHH
MHOZK€eCTBa, a CBOMCTBO abCONIOTHON HenmpepelBHOCTH HHTerpaJya Jlebera cosmajgaer co
CBOMCTBOM, XapakTepu3ylolmM abCoMIOTHO HENPEPHIBHbIE Mephl B jieMMe u3 § 6.

Teopema 3 (0 Ma>kOpupOBaHHO# cxoguMocTH, Jleber). ITyemv nocae-
dosameabhocmb UIMEPUMBT Pyrkyul fr, nowmu ecrody cxodumca x Gynk-
yuu f u nycmo cywecmeyem maKas UNMEPUPYeMas GYHKYUA ©, Ymo
[fn(2)] < p(z) nowmu ecrody. Tozda npedesvnas Pynxuus f unmezpupy-
ema u

> Ilo ceoiictBy 6 § 8 us Hepasenctsa |fn(z)| < @(x) cnegyet, uro f,
HHTErPUPYEMBI, a U3 TeopeMn! 1 § 7 nosnydaem, uto dbyHkuus f namMepuma.
Tak Kak BbIOJMHEHO HepaBeHCTBO |f(z)| € ¢(z), To f — uATErpEHPyeMas
byHKIHS.
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Hy>xHo nokasaTs, 4To nj1d J1060ro € > 0 cylecTByeT TaKOH HOMED e,
YTO JJIs BCEX 74 > T, BBIIOJHEHO

[i@adu- [ s du‘ <e
X X

[To ceoitcTBy abCoMIOTHONM HenpepbIBHOCTH Bbibepem § > 0 Tak, 4TOGbI
BBIIOJIHSAJIOCH HepaBeHcTBO [ p(z)du < £/3, ecim p(A) < 6. Torna Bb-
A

nonHANTCA Takxke HepaseHcTBa [ |fn(z)|du <e/3 m [|f(z)|du <e/3.
A A

Bocnonbayemcs: Teopemoii Eroposa: mo § > 0 Haiinem MHoxectBo X5 C X
Takoe, uTo u(X \ Xs) < é u Ha X5 nOoCIEen0BATENbHOCTD f;, CXOIHUTCA PaB-
HOMepHO. BribepeM HOMeEp 7. Tak, 4TOOBI A7isi 7 > T BBIITOJHAIOCH

£
Sup Ifn(z) - f(z)] < 3500

Torna ajns n > n. umeeMm

/f(:c du [fmdul /|f () dut

+ [ @l [ 1@l < e + 5+ § <e <

X\ X5 X\X;

Teopema 4 (B.JleBu). Ilycme fi(z) € f2(z) € ... — monomon-
HO B03DPUCTNAIOWAA NOCAEI0GATNEALHOCTD UNMEZPUPYEMHT PYHKUUT U
nycmv  cywecmeyem nocmoannas C  maxai, wmo [ fo(z)dp < C

X

daa n = 1,2,.... Tozda nowmu ecrody cywecmeyem xonewHul npedea
lim f,(z) = f(z), dynryus f unmezpupyema u
n—oo

[ 1@ du= i [ fute)a
X X

> 3aMeTHM, YTO MOCIEAOBATENILHOCTE pn () = fn(z) — fi(x) yoosie-
TBOpPSIET BCEM YCJIOBHSIM T€OPEMbI U COCTOMT U3 HEOTPHUATENbHbIX DYHK-
nuit. ITosToMy IOKa3aTENBCTBO TEOPEMBI AOCTATOYHO [IPOBECTH AJA CILy-
yasa fn(z) = 0. 3adukcupyem touky x. YncioBas mocseroBaTeIbHOCTD
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filz) € fa(z) < ... BO3pacraer u, 3HAYUMT, UMeeT KOHedHbIH win Gec-
koHeuHbld npenen. Ilokarkem, 4To ajis moutu Bcex T npeaen fnp(x) mpu
n — 00 KOHeueH. BBeaeM MHOXKeCTBO

Q={z|zec X. lim fu(r) =+oc}.

Hokaxem, uto p(}) = 0. Bosbmem mpouzsosnbHoe uucno r > 0. Ecau
z € ), to cyumecrayer Homep n(x) Taxoil, yro f,(x) > r. Ecaiu BeBecTu
mHokectBa {1, = {z| fn(z) > r}, To npempLoyuias dpasa O3HAYAET, YTO

QclU.

n
Tak kak f,, > 0, To npuMeHruMO HepaBeHCTBO eObllieBa, B CHIY
kotoporo u{fl,) < C/r. IlockonbKy nocjien0BaTesIbHOCT fr, MOHOTOHHO
Bo3pacraer, To 1 C Qy C ... u, 3HAYUT,

u(Q) < hm w(Qyn) < C/r.

BBuny toro, uro r npousBossHO, u(2) = 0.

Tenepr mokakeM ¢ momolnbio Teopembl Jlebera, uyrto dyuxkuua f uu-
TerpupyemMa M BO3MOXKEH MPEIENbHbI MEPEXOH MO 3HAKOM HHTErpata.
Iycrs p{z) = k, ecniu © € A, roe Ap = {z] £ — 1 < f(z) < k}. Torua
falz) € f(z) < Lp(x) H HY>XHO TOJIbKO JOKa3aTh, 4YTO (DYHKIIHS (0 HHTErDH-

pyeMa, T.e. psax Z k u(Ag) cxogurcsa. [dns 3TOro JOCTATOYHO HOKA3aTh,
k=

4YTO 4YaCTHYHbIE CyMMbI

> kutde) = [ p(o)dn
k=1

B

m

rae B, = ] Ak.orpanuuens! B cookynsoctu. Ha mMHOKecTBe B, nMeeM
k=1

fn(z) < m, nostomy Ha B,, npuMenuma teopema Jlebera u

/f Ydu = hm /fn(l dp <

B

Ho no nocrpoenuio ¢(x) < f(x) + 1, oTKyna nosyuaem

[e@wans [@+nas<Cru.<

B B,

~1
[}



CaencrBue 1. Ilyemv ¢, (x) — nocaedogamenvrocms Heompuya-

oC
MeAPHUT UNMEZPUPYemuT PyHKuut u nycmo wucao8ot pad Y [ ¢n(z) du
T X

oC
cxodumca. Tozda mowmu ecwdy crodumes pad Y on(T) u
1

X/ (imz)) du = i:: X/ onlz) di

JdokazaTenbCcTBO mnojaydaerca npumeHeHuem Tteopemsl B. JleBu
n

K TIOC/IENOBATENbHOCTH YaCTHUHBIX CYMM Y, @i (Z).
1

3aMeTHM, 4TO yTBEPXKIeHHEe TeopeMsbl 2 § 9 ABJsercs npocThiM Cel-
crueM TeopeMbl B. JleBu u Teopems! Jlebera.

oC
CaencrBue 2. Ifyemov X = L[Ak u nycmv f — maxes usmMepuMas

PYHKYUA, 4NO URMEZPAADL f |f (.r)l dp cywecmeyrom upady. [ |f(x)|du
k A

cxodumcen. Tozda f uumeepupyma U

/f iu=y > [ @ (3)
Ag

If(x)l’ HAS Ak;
0, T & Ay,
cneacrsus 1 dyuxuus | f| vHTErpUpyeMa, a 3HAUUT, UHTETPUPYeMa QyHK-
1us f ¥ BBIIOJIHAETCA PaBEHCTBO (3). <

> Ilyerb pr(z) = rorga |f(z)| = Zgok(r B cuny

Teopema 5 (nemma ®ary). Fcau nocaedosamesvrocms Heompuya-
MeadvHuT unmezpupyemur Pynxyuld f, crodumcs nowmu ectody & f u

cywecmeyem nocmoannas K maxaz, wmo [ fu(z)dp < K (uwmeezpanw
X
f fu(x) dp ozpanuvens 6 cosoxynnocmu nocmoannod K), mo gynrkyua f

uumezpupyema u [ flz)du< K
X

> Ilo nocienoBaTebHOCTH fr, MOCTPOUM HOBYIO MOCJIEI0BATEIbHOCTD
on(z) = ]:I;f fr(x). @yuxums ¢, (x) uamepuma. JelcTBUTENBHO, AAS JIO-
P

Goit nocroannoi C muoxkecteo Ao = {z| ¢n(z) < C} mnpeacraBasercs B
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Buae Ac = |J {2] fu(x) < C} u, 3Haunt, Ac U3MEPHUMO Kak 00beANHEHHe
k>2n

CYETHOTO YHMCJa U3MEPUMBIX MHOXKeCTB. IlocneoBaTenbHOCTD ¢y, (L) MO-

HOTOHHO BO3pacTtaer, @n(z) — f(z) n vn(x) € fn(z). lpumensia Teopemy

B.JleBu, nony4aem yrBepxkaeHue teopeMsl Paty. <

3ameuanne 2. Eciu nocnefoBaTenbHOCTD [y, YAOBIETBOPSAET YCIOBHAM TEOPEMbI
PaTty, TO HeNb3A YyTBEPMAATH, YTO

[1@du= tim [ fa@du.
X X

IlycTh, Hanpumep,
2n, 1/2n<z<1/n,
f”(m)={ /2n <z < 1/n,
0 JJ1 OCTaJIbHBIX .

Toraa Toueuno fn(z) — f(z) =0, [ fa(z)dp =1, Ho
[0.1]

0= / f(a)du# lim / fole) dis = 1.

[0,1] [0.1]

Onpeaenenue 1. [0OBOPAT, YTO NOCIEIOBATENBHOCTL (byHKUME f,
cxodumcs 6 cpednem K GYHKUMM [, ecyiu

[ 10 = @)l dis = 0 — x.
X

KaK NOKa3bIBAIOT MNPpHUBEIEHHbIE BbIIIIE npumepbl, U3 CXOOUMOCTH II0-
YTH BCIOAY HE CJIEAyeT CXOAMMOCTb B cpeaneM. M3 Teopem o mpemenbHOM
11epexoze ciaeayer, YTO M3 CXOAMMOCTH MOYTH BCIOAY IIOCIeI0BATENIbHOCTU
dbyukuuit  f, x f IpU HEKOTOPHIX JOIMOJHHATEILHBIX YCJIOBUAX BbITEKaeT
CXOAMMOCTb B cpenHeM. IlokaxkeMm, 4To oOpaTHOE yTBEPXKAEHHE He BCErAa
BEPHO, T. €. CXOAAIIAACH B CDEIHEM I10CJIE0BATEIbHOCTD QYHKIUH MOKET
He OBITh TTOYTH BCIOJLY CXOASAIIEHCs.

IIpuwmep. Hycts nocnesoBaTensrocTs fr,(z) dbyHkumit Ha oTpeske [0, 1]
NOCTPOEHA CIEAYIOMMM 06pa3om: 330a0uM YHKLIHA

1, (k=1)/m<gz<k/m;k=1,....mym=12,...,

Pmk(x) =
0 Aamns ocTanbHBIX T,

W 3aHyMepyeM HX chenymouum obpasoM: fi = 11, fo = o, f3 = o2,
f4 = 31, f5 = @32, fﬁ = ©33, f7 = P41 Tor,ua HH B OJHO# TOYKe
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N0CJIeIOBATEIBHOCTL fp, () He HMeeT mpesena, HO f [fu(z)|dp — 0, T.e.
I0CJIeIOBATEIbHOCTE CXOOUTCSI B CPEHEM K HYJIIO.

Caencrsue 2 TeopeMbl 4 TOJCKA3bIBAET, KAK €CTECTBEHHO 3aTHCATD ONpe-
AesieHne uHTerpasia Jlebera B ciydae g-KOHEYHOH MepBI.

Onpepenenne 2. Ilycts X — MHOXECTBO C O-KOHEYHO Mepoit fi.
oC

X =[] X, rae u{Xg) < +oo. U3amepumasn byHKuua f Ha3plBaeTCH UHME-
1

oC

epupyemoti na X, ecmu cxopurest pan Y [ |f(z)| du. Hnwmezpaaom Jlebeza
T X,

uHTerpupyeMoil GpyHKunM f HA3bLIBAETCH YHCIO

/f )du = Z/f

k= 1\‘\

Jlerko mpoBepuUTb. YTO ONpEeAesIeHHbIH TakuM 0OPa3oM WHTErpas He
3aBUCUT OT crrocoba pa3buenus X Ha MHOXECTBA KOHEYHOM MEpbl M 4YTO
st byHKUMi, HHTErpupyeMbIXx Ha MHOXKecTBe X C O-KOHEYHOI Mepoi.
CIOpaBeaJIuBbI TEOPEMBL 1 — 5 0 MpPeaebHOM Nepexose.

JIoKa3aHHBIE TeOPeMbl NO3BOJIAIOT TOYYUTh KPUTEPHA HUHTErPUPYEMO-
CTH, KOTOprﬁ HHOrJa 6epeTca B Ka4eCTBe OIIpeAeJICHNA HHTEerpaJsia -7.[8691‘&.

Teopema 6. ITycme f(z) = 0 — usmepumas PYHKUUA HG MHOOKCE-
cmee X ¢ o-addumuenoti mepoti u. Iycmv M — mmooicecmeo npocmus
Pynryuil g, KaCIaR U3 KOMOPHT NPUHUMAET, KOHEYHOE YUCA0 IHAYEHUT
u ydossaemeopaem nepasencmey g(x) < f(x). Pynxyus f unmezpupye-
Ma mozda U Moavko mozda, Kozda cyuecmeyem nocmosnnas C maxaeA,
%Mo f g(z) dp < C dasr awbot dynxyuu g € M, npu smom

/f(m) du =S}\14p/g($) du. (4)
X X

> O6osnaunm Cp = sup [ g(z) du. s HeOTpULATENLHON H3MePUMOiL
M x

GYHKIUHM CYIIECTBYET MMOCIEeA0BATENBHOCTD (f, TPOCTbIX MYHKUMH, MPUHHI-
MAIOIIUX KOHEYHOE YMCJIO 3HAYEHUH, KOTOPasi MOHOTOHHO BO3DACTaeT ¥ Mo-
YTH BCIOLY CXOAUTCA K f (ynp 38 7). Ecnu f — unterpupyemas dyHKUus,
To 1o Teopeme Jlebera f gn(z)dp — [ f(xr) dy u, 3aa4wur, f flz)dp = Co.
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Tax kak HepaBeHctso [ g(z)du < [ f(z)du nns g € M ouesuaHo (cBoi-
X X
cTBO 5 mHTerpasa JleGera), nonyqaem (4).
Ecnn cymecrsyer C' U3 ycioBUsl TEOpPEMBI, TO K HOCNIEA0BATEIbHOCTH
gn npuMeHuMa TeopeMma B.JleBn, dbyukuus f uHTErpupyema u mo J0Ka-
3aHHOMY BBIIOJIHEHO (4). <

JlokazaHHAas TeOpeMa IOKA3LIBAET, YTO AJisi HEOTPHLATEIbHBIX H3Me-
puMmbix yHKI uaTerpan JleGera moxer 6bITh OmpeaeseH o dopMmysie
(4). IlpousBonbrasa byukuus [ npeacraensiercs B Buae f = fy — f_, toe
fe(x) =1/2[|f(2)| £ f(z)], fr = 0. IosTomy uHTerpas ot f Moxer BbITh
Ollpe/ie/ieH PaBeHCTBOM

X/ f(2)du = )[ fo(z) dis - ! f(@) du

Ilo pokasauHOMy ompefeneHue uHTerpasa Jlebera ¢ NOMOIIBIO PABEHCTBA
(4) ’xBuBanenTHO onpeneneHuio 4 § 8, Takoe onpegesieHNe UCIOIb3YETCS
B psijie KHUT ¥ y4eOHUKOB.

§ 10. CPABHEHUE NHTET'PAJIA JIEBET'A
C NHTET'PAJIOM PUMAHA

B § 8 6b111 orMedeHsl pa3sndus B ONpefesIeHUsAX UHTerpaJja Pumana
u uHTerpana Jlebera, npuBoAsAIIHEe K PA3IUUUIO KJIacCOB DYHKIMH, HHTe-
rpupyemMbix no Pumany u mo Jlebery. Paccmorpum nogpobuee B3auMOOTHO-
UIeHUA MEXIy STUMHM Kjaaccami. IIpexe Bcero 3aMeTHM, 4TO A Hempe-
poieHbIX GYHKUMII HAa OTpe3Ke COBIaJeHMe uHTerpana Pumana u unTe-
rpana Jlebera moutu o4eBUAHO. JeACTBUTENbHO, KOHCTPYKUMS HHTErpaJa,
Pumana 3KBUBAJIEHTHA TOMY, YTO JJ1s1 (DYHKLMHA CTPOUTCH HEKOTOPAas all-
NPOKCHMHUPYIOIAs [TOCJEA0BATENbHOCTh KYCOUYHO IOCTOAHHBIX (hyHKUHH, 1
HWHTErpaJjioM HA3LIBAETCs IIPEIE] WHTErPAoB OT (DYHKIMM M3 3TOH mociie-
nosatenbHoCTH. Ho B ciiydae HenpephIBHBIX (QYHKIMIT Takas IOCIEI0BA-
TEJIbHOCTb CXOJUTCS PABHOMEPHO K MCXOAHOH (hYHKUVHU M IIPeJeN yKa3aH-
HBIX MHTEIPajiOB €CTh IO ONpeaejeHHIo nHTerpat Jlebera. OqHako cpeau
HHTErpupyembix mo PuMany ¢byHKumit eCTh pa3pbiBHBIE QDYHKIUH, U [JIs
rakux QyHKUMH COBHAJEHNE ABYX PDACCMATPUBAEMBIX HHTErpaJsoB Tpebyer
6osee 1€TAJBHOrO JOKA3ATEILCTBA.
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Teopema 1 (Jleber). FEcau daa dpynxyuu f, 3adarmoﬁ na ompesxe [a. b].

cywecmayem cobcmeennvill unmezpas Pumana f f(x)dz, mo one unme-
a

epupyema no Jlebeey u ee uwmezpan Jlebeza [ f(x)dp pasen unme-
[a.,b]

2pany Pumana.

> IlocTpoum BepxHIOW ¥ HHXKHIOW cyMMbl Japby s unTerpana Pu-
mana. OTpe3ok uHTErpHpoBanus [a.b] pa3buBaem Ha 2" yacTeil TOUKAMU
zr=a+k(b—a)/2", 0< k2™

Ilycts

My, = sup  f(z), mpe= inf  f(a). (1)

Tr_1€T<T) Tp_1$T<Tk

Torza Bepxuss cymma Jap6y S, u HikHaa cymma JTapby S,, onpenens-
I0TCSA PAaBEHCTBaMH

on

on
ZMnk _S__n = Zmnkb_z_n_a
k=1

ITocTpoum dbyHRUUK ?n = Mpi u f_n(x) = Mpk, €CTH Tp_1 < T < Tg.
910 npocThie PYHKUHMA U

= /Tndu, S, = /le#-

[a.b] [a.b]

C pocroM n oTpe3ok, 0o KotopoMy Boruucisercs inf B (1), yMensmaer-
cst o, cnenoBaTensHo, inf yseanuubaercsa. IlosToMy mocnenoBaTesnHOCTD

£, () MOHOTOHHO BO3pacTaer, T.e. Ll(z) </, +1(:c). Ananornyno noce-
[OBATENBHOCTD f,(Z) MOHOTOHHO ybbIBaer, T. €. f,(z) > f,.,(z). Tak Kax

iﬂ(w) < f(z) n f,(z) = f(z), To cymecTByOT npeaesl
lm £ ()= f(@) < (), lim Fol@) = (o) > fa).

Tax kak |f_(z)| < sup|f(z)|, |f..(x)| < sup|f(z)], To mo Teopeme JleGera o

npejenbHOM nepexoze f(x) u f(x) — unrerpupyemsbie no Jlebery dbyHkuuu
u

/f:c)dp— lim /fn Ydu = hnchn,

[a.b] [a b)
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f(z)dp = lim /in(m)dpz lim S,,.

CorsacHO M3BECTHOMY U3 MATEMATH4YECKOT0 aHAJIN3a KPUTEPUIO, DYHK-
nus f uHTerpupyeMa no PumaHy Torma u TOJBKO TOrAa, KOrAa

lim §,, = lim S, =1
n—oc TnN—0Q

1o obuiee 3Hayenue npeaesios I u ects unrerpai Pumana. [Tosromy

/ Flx) - f(@)du=0

[a.b]

¥, 3HAYHT, f(z) = f(z) nourn scrony. Tax xak f(z) < f(z) < f(2), To
f(z) = f(z) mourm Bciony, byukuus f(z) unTerpupyema mo JleGery u
[ f@)du=1 <
la.b]
3amevanune 1. Cpegn dyHKUEH, 418 KOTOPLIX CYLIECTBYET HECOGCTBEHHBIH WH-
Terpaj Pumana, ecth dpyukuuu, HeuHrerpupyemsle no Jlebery. 1o pyHKLHH, AN KO-
b

b
Topbix HecoBcTennblt unrerpan [ f(z)dz cymectsyer, a [ |f(z)|dr pacxomurca. B

a a

KayecTBe NpuMepa MoxkHo B3sTn f(z) = (1/z)sin(l/z) Ha [0, 1].

31eCb HY’KHO OTMETHTB, YTO IMOHSTHE HECOGCTBEHHOIO MHTErPaJa He CBA3aHO Hemo-
CPeACTBEHHO C ONpeJeseHHeM MHTerpasa PuMaHa M MMeeT CMBICK MPH HCIONL30BAHHH
uHTerpasna Jlebera. I1pu aTom knacc pyHKIUN, HHTErPUPYEMBIX B HECOOCTBEHHOM CMBIC-
ne no Jlebery, oka3niBaeTcst WMpe Kiaacca GpyHKUHH, HHTErPUPYEMBbIX B HECOOCTBEHHOM
cMeicae o Pamany. Ognako neco6cTBeHHbIH MHTEerpas no Jlebery (xak u mo Pumany)
He objajlaeT BCeMM XOPOMIMMH CBOMcTBaMH MHTerpaJya JleGera u OOMKEH H3Y4aThCs

OTAENbHO.

Teopema 2. Ozpanuvennas gynrkyua f unmezpupyema no Pumaeny na
ompe3xe [a, b] mozda u moavko mozda, x020a OHA TOWMU 6C100Y HENPEPHLE-
HA, M. €. MHONHCECTNEO TMOUCK PA3PHIGA UMEET MEPY HYAb.

> Ilycts f unrerpupyema no Pumany. Kaxk mokasaHo B gokazareib-

cree Teopembl 1, f(z) = F(x) nourn Bciopy. 3amumeM noxpobuee, YTO
anauur f(rg) = F(x0). Bosbmem € > 0. CymecTyer HOMep n(€) Taxoii,

4TO | iﬂ(a:o)— fu(zo)] < €. IlycTb o NPUHALTIEIKUT HEKOTOPOMY HHTEPBAITY
|a, B, nonyuennomy npu pasbuenuu orpeska [a,b] Ha 2™ yacteii. Torga

sup f(z)— inf f(z)<e
z€]a,B( z€laB(
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u, 3uaquT, | f(z) — f(zo)| < € ana z €], G, 1. e. bynxuus f HenpepbisHa B
Touke Tg. Taxum 06pa3oM, 10Ka3aHa HEMPEPBLIBHOCTh pyHKUUH f BO BCEX
TOYKaX, KpOMe Tex To4eK, rae f(r) # f(x), n Touexk Buga x = k/2", r.e.
BCIOAY, KPOME MHOECTBa MEPbI HYJb.

ITporoas paccyxJieHua B OOpAaTHOM HODPsAKe, MOJAYYaeM, YTO ecau f
HeNpepsIBHA IOYTH BCIOAy, TO f(2) = f(x) noutn Bcromy. Toraa nll_l)l;c Sp =

=/ fdu= J fdu= lim S, uno KPATEPUIO UHTETPUPYEMOCTH bYHKLHUA
X X - n—oo

f unterpupyema mo Pumany. <

3ameuanue 2. CreyeT OTAMYATD ABA YCIOBHA: a) PYHKLHMS OYTH BCH/LY Henpe-
puiBHA; 6) DYHKIMA NOYTH BCIOAY COBMNAaJaeT C nenpepbiBHOU. Tak, dpyukmusa Jupuxne
NOYTH BCIOAY COBNAJaeT C HenmpepbulBHON dyHkuueil f(xr) = 0, HO OHa pa3pbIBHaA BO BCEX
TOYKaX M He HHTerpupyeMa no Pumany. @yHKuUs sign x no4TH Brody (kpome Touxy 0)
HelpepbIBHA, HO HE CYLUCCTBYET HENpepbIBHON (DYHKUMH, NOYTH BCIOAY COBNAAALIEH C
dyHKUHEH sign .

B nanpueitmem mepy Jlebera na npsimoit 1 B8 R” 6ynem obo3Ha4yars dr

b
u unrerpan Jlebera — [ f(z)dz, uro ecrecTBeHHO B Custy Teopems! 1.
a

@yukuusa dupuxae He mHTerpupyema no Pumany, HO Moxer OblTh
H3MEHEHa Ha MHOXECTBE Mephl HYJb TaK, YTO U3MeHeHHas (PYHKIHA OKa-
)Kercsi uHTerpupyemoit mo Pumany. IlokaskeM Ha npumepax, 4To cpeau
uHTerpupyembix no Jlebery ¢pyHKIMH ecTb DPYHKIMM, ¥ KOTOPBIX HEHHTE-
rpupyeMocts o Pumany mmeer 6osiee CUNBbHBIN XapaKTep B CJIELYIOIEM
cMpicie: Jiobas SKBUBAJIEHTHAs eif GyHKIMS HeuHTerpupyeMa no Pumany,
T.e. pu JtoboM u3MeHenun GpyHKuuK f HA MHOXKECTBE MEPHI Hyjb M3Me-
HeHHas (PYHKIHA OCTaeTcs He UHTErpupyemoii no Pumany.

pumepsL.

1. Ha orpeske [0,1] mocTpouM MHOXECTBO, yCTPOEHHOE HAJIOTUUHO
mHOecTBy Kantopa, Ho umeromee Mepy 1/2. st sToro us orpeska [0, 1]
CHayaJa BLIGPOCHM UHTEPBaJ AJUHBL 1/2-1/3, pacnosioxKeHHbIH B cepeayHe
OTpe3Ka. 3aTeM H3 KaXKIO0r0 OCTABIIEroCs OTpe3Ka BbibpachiBaeM HHTED-
Ban gyuubl 1/2 - 1/9, pacnosoxenssiit B cepequre, u T.4. CymMma aiuH
BLIOPOIIEHHBIX UHTEPBAOB pasHa 1/2(1/3+2/9+...) = 1/2. OcraBweecs
MHOXKeCTBO K| eCTh KaHTOPOBO MHOXKECTBO Mepbl 1/2.

ITonoxum f(z) = 0 Ha K|, a Ha KAXKIOM M3 BbIOPOIIEHHBIX HHTEPBAJIOB
|a, B[ onpenennm dyHkumo f dbopmynoi

o) =1- 52— o - 228}




Dyukuusi f orpaHMyeHa, U3MEPUMA M, 3HAYUT, HHTerpupyema 1o Jle-
Gery. Ho Bo Bcex Toukax MHOXeCTBa, K| OHA pa3pbiBHA. JleiCcTBHTENbHO,
ecmu g € Ky, To B 0601 OKPECTHOCTH TOYKH Zg €CTh TOYKA Iy, ABJIAIO-
[IasCA CePeUHON cMexkHoro unrepsana. Torma f(xzo) =0, f(z;) =1, o1-
KyJa cieayert, 4To byHKIUs f pa3sphiBHA B TOUKe To. Tak Kak u(Kj) = 1/2,
dyukuusa f He mHTErpHpyeMa no Pumany B cuny TeopeMmsl 2. Jlerko mpo-
BEPUTbH, YTO JH00as QYHKIUSA, IKBUBAJIEHTHAA [IOCTPOEHHOM, TAK)KE UMEET
Pa3phIBLI BO BCEX TOYKaX MHOXKeCTBa K U, cilei0BaTenbHO, HEHHTETPUDY-
eMa no Pumany.

2. lIycrs

—1opu |z| €1 n(z) =0 npu |z| > 1.

1
plz) = N

+oc
®yukuua o uurerpupyema Ha R m [ p(z)dz = 2. Sanymepyem B
—oc
MOCIEA0BATENLHOCTD (Tk) BCe PALMOHAJIbHBIE YNC/Ia U PACCMOTPUM PAL

oc

Z 51,; o(r — 1)

1

Ilo ciencruio 1 Teopemsr B.JleBH 3TOT psAa NOYTH BCIOAY CXOAUTCH, €ro
cymMma f sBasiercs uHTerpupyemoil dyuxnueit u

+0c
/ f(z)dz = 2.

Mocrpoennas GyHKuus [ ABASETCA B ONPENESEHHOM CMBIC/IE PEKODIHOH
O CBOeiX CJIOXKHOCTH: OHA Pa3pbIBHA B KAX IO Touke M, 6osee Toro, cyie-
CTBEHHO HEOTPAHHYEHA B OKPECTHOCTH KaykKIo# TOYKH (T.e. He MpHHa/Ie-
®)uT Lyla,b] oas noboro orpeska [a,b]). JdeitcTBuTENBHO, IOKAXKEM, YTO
118 Kaxkaoro uHTepsana (a,b) muoxecrso {z : f(z) > C, a < & < b}
HMeeT MOJIOKHUTENbHYIO Mepy. B 3a1aHHOM uHTEpBaJe eCTb XOTs Obl OJHA
TOYKa ;. Toraa yka3aHHOE MHOYKECTBO COJEPXKUT OKPECTHOCTD TOYKHU Tk, B
Kotopoii 2~ Fp(x — 7)) > C, a mobas OKPeCTHOCTb HMEET MOJIOKUTENbHYIO
mepy. Ho dbyHkuna f uHTerpupyeMa no Jlebery, u Mbl Jajke BbIMHMCJIHIH
UHTerpaJt oT »Toi HOYHKIHH.



§ 11. 3APSI/IE]

Ham y>xe BcTpevasuch aiJUTHBHBIE U O -3JIUTHBHbIE (DYHKIMH MHO-
JKECTB, KOTOphle He 06/131310T CBOMCTBOM MOJIOMHUTEJIBHOCTH. JTO, Ha-
npuMep, JeKTpudecKuii 3apsan (nmpumep 6 § 3) wiau unrerpan Jlebera un-
terpupyemoit dynxuun: ®(A) = [ f(z) du, s KOTOPOro T-aIUTHBHOCTD

A
ObL1a AO0Ka3aHa B ciaencrauu teopembl 1§ 9.

Onpegenenne 1. IIyecre X — npou3BosibHOE MHOXKECTBO, S — O-
KOJb1O ero moamuoxects. Orobpakenne : S — R uasbiBaercsa 3apadom
WA 3Haxonepemennoti mepol, eCIIM OHO 0-3JAUTHBHO, T. €. K3 PA3JIOXKEHUS

oc oc
A= ][] Ak, Ax.A € S, cnenyer, uto ®(A) = ) P(Ax).
k=1 k=1

3ameuvanue. U3 onpenenenus 1 cnegyer, 4TO nocaegHUN pAA CXOTUTCA abCOIOT-
HO, TaK KaK €ro CyMMa HE 3aBHUCHT OT crocoba HyMepauuu MHOXECTB Ag.

IIpumeps

1. IIycre X — mpoCTpPaHCTBO C Mepoil (4, S — 0-KOJbLO H3MEPUMbBIX
nogMHoxecTB u3 X, f — dyHkuus, unrerpupyemas sHa X. Toraa dysxkuus
MHOKECTBa, 3aJaHHast 4 A € S dopmymnoi

(4) = | flz)dp. 1)
/

SIBJIAETCS 3aPSIOM.

2. ITycts Ha X 3amaHbl ABe MepBI u) U (. PazHocTh AByx Mep $(A) =
= p1(A) — p2(A) saBasgercsa 3apsiaoM.

Mycts ®(A) — 3apsan, 3anannbiit dbopmysoii (1). O6o3rayum X+ =
={z € X| f(z) 20}, X~ ={z € X| f(z) < 0}. llomy4yaem mpeacrasse-
HUe

O(A) =d(ANXH) +P(ANX"). (2)
Tak kak Ha Xt dbyukuua f nomoxurenssa, To (AN XT) > 0 u, 3nauuT,
ui(A) = ®(ANX*) — mepa. Ananoruyno uz(A4) = —®(ANX~) asnser-
cst Mepoit. IlonygyaeM mpencraBieHue 3apaaa B BHJAE Pa3HOCTHU JABYX Mep:
®(A) = p1(A) — p2(4). Tax xak w3 (X~) = pa(X+) = 0, To Mepbt yy u o
B3aMMHO CHHTYJISIDHBL.

TTokaxkeM, 4TO aHAJIOrMYHOE PA3JIOXKEHUE CYUIeCTBYET IJIs JIIoOOro 3a-
paja.

Onpenenenue 2. M3mepumoe mHokectBO A C X Ha3blBaeTCsa no-
AOHCUMEAbHBM (OMPUYAMEILHbLM) OMmHOocCuMesvho 3apada ©, ecnn ana
Jsioboro usmepumoro nogmuoxecrsa B C A, ®(B) =20 (9(B) £ 0).
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JpyruMun ciaoBaMu, MHOXECTBO A SBJISIETCS TOJOXXHUTENbHBIM, €CJIH
Cy>K€HUE 3aps/ia HAa 3TO MHOXKECTBO (T. €. HA CUCTEMY €ro H3MEPUMbIX MOJ-
MHOX€ECTB) ABJAeTCA Mepoii. B npeapiaymem npumepe muoxecrso X+ —
HOJIOXKUTENBHOE, & X ~ — OTPHUUATEIbHOE.

Teopema 1 (teopema Xana o pasnoxeHnuu 3apsaga.) ITyecme & — 3a-
pad, 3adannbil na o-xoavye S nodmmosicecme us X. Tozda cywecmeyem
maxoe noaoscumenvroe nodmmosxcecngo X+t C X u ompuyameavhoe
nodmmoorcecmeo X~ C X, wmo X = X+t[[X~.

Jlemma 1. Feau 3apsad @ 3adan Ha g-xoavye S nodmwosicecms u3 X,
mo das Arwbo20 A€ S
sup |®(B)| < +oc.
BCA

> O603nayum ®(A) = sup |®(B)|. [Ipeanonoxum, 4To 418 HEKOTOPO-
BCA

ro muoxectBa A € S mmeem ®(A) = +oc. [TokaxkeM, uTO CymecTBy-
€T MOHOTOHHAasA MociedoBaTeqbHOCTh A D Ay D Ay D ... Takad, 4TO
|®(A,)| > n. Boibepem By C A tak, uro |®(B;)| > |®(A4)| + 1. Torza
umeeM |B(A\ By)| = |2(4) — O(B1)| = |9(B1)] — |@(A)] > 1. Honoxum

4 By, ecin ®(B;) = 400,
1= =
A\ B1, ecmu ®(B;) < +oc.

Torga ®(A;) = +oc. Janee nocTpoeHne BeaeM MO HHAYKIMH. B MHOXe-
crBe A, _) BbIOMpaeM Takoe H3MEepUMOe TIOAMHOKECTBO By, I8 KOTOPOro
|®(B,)| > |®(A,_1)| + n. u nonaraem

A = B,. ectn ®(Bn) = 400,
" VAp_1 \ Bn. ecmu B(B,) < 4oo.

Torna B cuily 0-aJJUTHBHOCTH 3apAJa CYLIECTBYET KOHEYHBIH ITpeaesn

20
(N An) = lim ®(A,). Ho, ¢ apyroit cropoust, |®(An)| — oo. Momy-
n=1 n—

YeHHOE NMPOTUBOPEYHE AOKA3BIBAET JeMMy. <

Joka3zaTenbCcTBO TeoOpeMbl 1.
> ITokarkem cHauana, uro eciau $(A) < 0, To B A cymecTByeT oTpuIa-
TenbHOe MHOXKeCcTBO Ap. Ecim camo A OTpHiaTenbHO, TO yTBEPIXKIEHHE
oueBugHO. Ecnu e A He OTpuIIATENbHO, TO B A CYLIECTBYIOT MHOMeE-
CTBa C INOJIO?KUTEJIbHBIM 3apsaioM. BbI6I/IpaEM Cpea HUX TaKoe MHOXKe-
cTBO By, uto ®(B;) > SP®(A) — 1/2, rae SO(4) = gua ®(C). Honoxum
c
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Ay = A\ B;. Janee, 10 HHAYKUHE CTPOUM MHOXKECTBO B, C A,_1 Takoe,

yro ®(B,) = S®(A,-1) — 1/2", u nonaraem A4, = A, \ B,. Tak kak
o =)

®(B,) >0, 10 ®(A4g) < ®(An—1) < ®(A) < 0. Ilycts Ag = [ A,. Torma
n=1

D(Ap) = lim ®(A,) < 0. ITokaxewm, yro Ag — orpuuarensuoe. Ilpeamno-

n—oc
JIOXKHM, YTO CyIECTBYET NOAMHOXKecTBO B C Ap rmakoe, uro (B) > 0.
Bribepem HoMep n Tak, yTobel 1/2™ < &(B). Torna

®(BUB,) = ®(B) + ®(B,) > S®(An_1)

(BCAns Bn¢Ana BUBnCAn—1)1

4TO NMpoTUBOpeunT onpenenenuo SO®(A,—1).

Tepefinem k mocrpoenuto MHoxkects X T u X . Ilycts b = inf ®(A4),
re HYDKHSAA PaHb BbIYMCIAETCS (10 BCEM OTPULATENbHBIM I10OJMHOMKeE-
crBaM u3 X. [Iycts A,, — HOCJIETOBATEIBHOCTD OTPULATENbHBIX NOAMHO-

x0
JKeCTB Takasf, yto lim ®(A,) =bmnoycts X~ = |J A,. Muoxecrso X~
n—oc n=1

orpuuaTenbHo U (X ) = b.

[okaskem, uro muoxkectBo Xt = X \ X~ nonoxwurensro. Ecnu B X+
cyuiecTByer A Takoe, 4to ®(A) < 0, TO 110 JOKA3AHHOMY CYIIECTBYET TAKOE
OTpHUATeIbHOE MHOXKeCTBO Ag C A, uto $(Ay) < 0. Torna X~ [] Ao — o1-
pHuATeNLHOE MHOXKECTBO, | 1ipu 3ToM P(X ™ [[ Ag) = (X )+ P(A4g) < b,
YTO IPOTUBOPEYUT ONMpPENCIeHUI0 yncaa b. 3uaynt, X+ — nonoxurensaoe
MHOXeCTBO. <

Caencrsue 1. [as arbozo 3apada ¢ cyuecmeyrom 63auMHo Cun2y-
AAPHBIE MEDBL Ly U (1 marue, o D(A) = ;1 (A) — p2(A4).

> IMomoxkus p1(A) = S(X*T N A) u p(A) = —®(X~ N A), nonyuum
TpebyeMOe pasioxeHue. <

Paccmorpum nogpobhee 3apsabl Ha o-anarebpe, NOPOKIAEHHON MOy UH-
tepBasamu na orpeske [0, 1]. Kaxgomy 3apsny v va aroit o-anrebpe nocra-
BHM B COOTBETCTBHe npou3BoaAuywo dpyrkumio F(t) = v([0.t[), F(0) = 0.
Toraa v([a,d]) = F(b) — F(a), T.e. cBsA3b nponu3soasmei GyHKUHHA C 3a-
PSAIOOM Ta XKe, YTO U B PACCMOTPEHHOM paHee ciydae Mep. OnuieM KJacc
dbynkumit na [0, 1], KOTOpPBIE COOTBETCTBYIOT 3apAAaM.

Omnpegnenenue 3. Oyukuus g: [a.b] — R HasviBaercs gynxyuet ozpa-
Huvennol (Koneunol) 8aPuUAYUL, €CIIH CYIIECTBYET YHCIIO C TAKOE, YTO IS
moboro KoHe4HOro pasbuenHna a < fo < t) < ... < T, € b oTpe3ka
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CHpaBe,D,J'II/IBO Hepa.BeHC'I‘BO
n
> la(te) = glte-1)l < c (3)
k=1

HaumeHbluas u3 MOCTOSHHBIX €, MPHU KOTOPHIX BBIIOJIHEHO HEPAaBEHCTBO
b

(3), masbiBaeTCa Gupuayuel Pynryuu ¢ Ha [a,b] u obo3Havaercs V g UM
a

Var®[g]. Ilo onpeaeneruio

n
b
¥g=wpilmm)‘ﬂmqﬂ
k=1

rJie BepXHsAs rpaHb OepeTcs M0 MHOXECTBY BCEX KOHEUHbIX pa3buennit or-
peska [a, b[.

Yunpaxmuenue l [oxasarh cleAyrollye CBOUCTBA BapHAIUH
GYHKLMH, HEIOCPEACTBEHHO BBITEKAIOUIHE U3 ONpelesIeHns :

b
1. |g(b) - g(a) = Vg.
b b b
2. V(g+f)SVg+ V.

c b c
3.Ecmma<b<e, T Vg=Vg+\gg.
a a
4. Ecnu g — byHKIMA OrpaHUYeHHON Bapuanuy, 10 GyHKuus v(zr) =
I
= V g MOHOTOHHO BO3pacCTaeT.
a
IlpumMepsl
3. Jliobasa MoHOTOHHAA DYHKUMSA g (B TOM YHCJI€ U PA3DPBIBHAS) SIBJIs-
b
ercs byHKnMelt orpamnuedHol sapuamuu u V g = |g(b) — g(a)|.
a

4. HenpepbiBHast QYHKIMSA MOXET UMeTh OeckoHe4HYI0 Bapuanuo. Ha-
npumep, dyukuus f(z) = xcos(l/z) upu z > 0, f(0) = 0, HenpepsIBHA
Ha orpe3ke (0. 1]. Ecau Bbi6paTh Toukn pasbuenud ti = 1/(kw), To

o1t = fle)l > = > L 00
k=1 k=1

H, 3HaYuT, [ He siBIsieTca PYHKIMEH OrpaHHYEHHON BapHALlUU.
5. Ecnu g(t) = g1(t) — g2(t), rme g1 ¥ g2 — MOHOTOHHO BO3DACTAIOLYIE
byuKuMy, T0 g sABIAETCA GyHKIUEH OrpaHMYeHHON BADHALMY H BbIIIOJIHE-

HO HepaBeH CTBO
b
g< Vm+V@ (4)

o <lo

]
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6. JTrobast abcon0THO HenpeprIBHAA (pyHKUUA aBnfeTcda HyHKuueil orpa-
HUYEHHO! Bapuaiyu.
7. Ecnu dyukuus g menpepbiBHO nuddepernyupyema, To

b
o
Vo= [1g@lde
a

B obwem cayuae HepaBeHcTBO (4) B npuMepe 5 cTporoe (MOKHO IOCTa-
BUTb 3HaK <). 3aMEeTHM TaKe, YTO €CJIH h — MPOU3BOJIbHAS MOHOTOHHO
Bospacraromas dyukims, 10 g(z) = [g1(z) + h(z)] — [g2(z) + h(z)], Te.
npeacrasienye GYHKUMA ¢ B BUAE PA3HOCTH MOHOTOHHO BO3DACTAIOLIMX
dyukumit He equucTBeHHO. Clleayoomas 1eMMa IOKA3bIBAET, B HACTHOCTH,
YTO Cpely TAaKHMX IIPEeNCTABJEHHH CYLeCTBYET HAMJIydYllee, IPH KOTOPOM
HepaBeHCTBO (4) npeBpalaeTca B TOYHOE DABEHCTBO.

Jlemma 2. [las w060t dynxuuu g ozpanuuennod sapuayuu na [0, 1]
CYWECTBYION TAKUE MOHOMOHHO 603DACTAOUWUE PYHKUUY g1 U 2. MO
g9(t) = g1(t) — g2(t). u npu smom daa awbwzx a,b, 2de 0 < a < b < 1,
BBLTLONHEHO

b
g=Va+Vg. (5)

R
o

Ecau dynrxyus g HEnpepwena caesa, mo PYHKYUL g1 U gz MONCHO Gbi-
bpamb wenpepuerbmu ciesa. Ecau g abcoarommuo wenpepouena, mo Pynk-
YUU g1 U g2 Maxsce abcostomHuo Henpepvetbt.

t

> Oyaxuus v(t) = })/g MOHOTOHHO Bo3pacTaer. Ilonoxum g;(t) =

= 1/2[v(t) + g(t)], g2(t) = 1/2[v(t) — g(t)]. Torna g(t) = g1(t) — g2(t) m

HY>XHO ITPOBEPUTb MOHOTOHHOCTb MOCTPOEHHbIX GyHKuMit. Ecnu t; < ta,
TO, UCIOJIb3Ysl CBOMCTBO 1 M3 ympakKeHeHud 1, moiydaem

gilt2) - 91(t1) = 1/2 (Vg + [g(ta) — g(t1)]} > 0.

ga(ta) = ga(t:) = 1/2 {V g = [g(t) — 9(t1)]} > 0,

YTO ¥ O3HA4YaeT MOHOTOHHOCTb GyHKumii. Ilpu ¢; = a, to = b u3 upenpl-
JYIIHX COOTHOIIEHHUH MoJydaeM paBeHCTBO (5).

ITokaxxeM, YTO @CJIH ¢ HempepLIBHA cyieBa B Touke b € (0, 1], To dynx-
IS ¥ TaK)Ke HeNpEePBIBHA CJIEBA B JTOM TOYKe. BBuAY MOHOTOHHOCTH
GYHKUMH v [1J1 9TOTO JOCTATOYHO MOKA3aTh, 4TO AJs Jiroboro € > 0 cyure-
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CTByeT TaKas TOYKa T* < b, 4TO BbINOJIHEHO HepaBeHCTBO v(h) —v(z™) < €.

B cuny HenpepuIBHOCTH cieBa dyHkuun g eibepem § > 0 Tak, 4To A
Bcex = € (b — 4, b] BemoaneHo HepasencTBo |g(z) — g(b)| < €/2. Bribepem
pa3buenue 0 = g < 1 < ... < Tp—1 < Tp, = b TaKoe, 4YTO

3" lg(me) — glz-1)] > v(b) — /2 (6)
k=1

U [IpH 3TOM Tn—1 € (b—4,b). Tak xak

n—1

> lo(ei) = glee)] < = v(za), (7)

Bbluntas u3 (6) HepaseHcTBO (7) mosy4aeM Tpebyemoe:
v(b) — v(Tn-1) < [9(b) — g(zn-1)l+€/2 <e.

[Iycts dpyukuus g abcomoTHO HenpepbiBHa. Torna B 0603HAYEHUX U3
onpenenenusi 3 § 6 st mo6bIX pa3bueHnN NOJYMHTEPBATOB [, O;[ BuOa
o =Ti0 < T < ...< ZTim; = J; BBIIOJHEHO HEPABEHCTBO

[ (47
3D lg(ik) — g(@ik-1)] < 6,
i=1 k=1
u3 KOTOpOro l'IOJ'Iy‘Ia.eM, qTO

n m; n

ﬁt n
Y sup Z l9(@ik) = gl@ie-1)l =Y Vg =D [u(B) —v(a)l < 6.9

i=1 (Tin} gy i=1 i=1

Teopema 2. Pynxyua g: [0,1] —» R coomeemcmeyem nexomopomy
sapady v no dopmyae g(t) = v{[0,t]) moeda u moavro moeda, xozda g
€CTND HENPEPHLEHAA caesa PYHKUUA 02panuvennot eapuayuu u g(0) = 0.

> [Iycts byHKIMA g OCTPOEHA 1O HEKOTOpOMY 3apany v. Torma mo
TeopeMe 1 umeeM v = p; — jig, TAE ] W jig — B3AUMHO CHHTYJISADHBIE
mepbl. MepaM g U gp COOTBETCTBYIOT MOHOTOHHBIE, HEIIPEDbIBHBIE CJIEBA
dbyuruun g u go takme, 4ro g1(0) = g2(0) = 0 (reopema 1 § 6). Toraa
g(t) = g1(t) — g2(t) ynoenerBopsier TpebOyeMbIM YCIOBHUAM.

Ecau g - dbyHkums orpaHu4eHHON BADUAIMY, TO B CUIY JeMMbl g{t) =
= g1(t) — g2(t), Tae g1 ¥ go — MOHOTOHHbIE HENPEPHIBHBIE C1€BA (DYHKLUH.
IpuyeM ux MOKHO BIGpPaTh TakK, 4To0bl g1(0) = g2(0) = 0. ITosTomy um
COOTBETCTBYIOT MEDHI U] W o H, CJAEAOBATEILHO, GYHKLUUK § COOTBETCTBY-
eT 3apsi v = gy — f. <
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§ 12. TEOPEMA PAJTIOHA — HUKOJVMA

Ilycts ¥ — o-aarebpa NoAMHOXECTB MHOXKecTBa X ¥ [ — Mepa Ha
Y. Ha Toii xe c-anrebpe MoxxeT OBITH ONpEIEJEHO MHOrO APYI'MX ME€p W
3apaaos. Hekoropnbie u3 Hux (HO He BCe) MOrYT ObITh NIpEACTABAEHBI B BUAE

v(4) = / f() du, (1)
A

rae f — wuHTerpupyemas QyHKIuS.

Onpenesierane 1. 3apsj v HA3BIBAETCA A6CONIOMHO HENPEPBLEHBIM 01T~
Hocumeabvho mepse i, ecoi u3 u(A) = 0 crenyer v(A) = 0.

W3 cBoiicTB mHTEerpana BHIHO, YTO mpasas 4acTb B (1) onpenensier
3apsj, 067aJat0Iuii CBOACTBOM abCOMIOTHOM HENPEPHIBHOCTH, U, 3HAYHT,
CBOMCTBO abCOMIOTHON HEIPEPLIBHOCTYU 3apAia U SIBJISETCS HEOHXOIUMbIM
J/s mpejcTaBjieHus 3apsaaa B Buje (1).

Cy1ecTBy10T Mephl M 3apsiabl, KOTOPbIE HE MOTYT OBITb NpeICTaBIEHbI
B Buge (1). Hanpumep, oycts y — Mepa Jlebera na orpeske [0,1], u

1. ecnu 0 € A,

vol4) = 0, ecimn 0 ¢ A.

Mepa vg He sBisieTcs abCONIIOTHO HENPEDPLIBHOM OTHOCHTENBHO Mephi Jle-
fera: B3as A = {0}, nonysaem u(A) = 0, Ho Vg(A) = 1, 4TO IPOTUBOpPEYHT
aBCONMOTHON HEMpPepbIBHOCTH. 3HAUAT, MEPa Ly He MOXKeT ObIThb MpeacTaB-
JeHa B Buze (1).

OcHoBHas TeopeMa ganHoro maparpada (reopema Paaona -- Huxko-
AMMa) yTBEPXKIAET, YTO CBOMCTBO abCOMIOTHON HENPEPHIBHOCTH SIBJISAETCS
TaK:Ke W JOCTATOYHBIM JJid NpeacTaBieHus 3apsaga B Buzne (1). Teopema
Pagona — HukoauMa Ciy>KUT MOIIHBIM CPEIACTBOM /IS IOTYYEHUs] HETPH-
BUAJILHBIX PE3y/IbTATOB, TAK KaK B Hell YyTBEPXKAAeTCs, YTO U3 JOCTATOYHO
IIPOCTO MPOBEPAEMOrO YCJOBUS aBCOIIOTHON HENPEepPLIBHOCTH CJEAYET Cy-
11IeCTBOBaHNE HEKOTOPOi MHTErPUpYyeMOl dyHKuU. IIpuMeps! Takux Npu-
JT0XeHui 6yIyT NpUBEICHBI HUXKeE.

Jdemma 1. Ilycmov nenysesaa Mepa U abCOAOMHO HENPEPHIBHE OM-
HOCUMeAvHo mepyi (. To20a cywecmeyem [L-usmepumoe mnodicecmeo B u
0 > 0 maxue, wmo u(B) >0 u

v(A) > 6u(A) VAC B. (2)
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> HepaBenctBo (2) 03Ha4aeT, 9T0 MHOXKECTBO B MonoxuresnbHO OTHO-
cutenbHo 3apsga ¢ = v — du. PacemoTpuM mocienoBaTenbHOCTD 3aPsi10B
@, = v — tu Hyers X7 [] X, = X — paznoxenre X Ha NOJIOXKHTEb-
HbIE M OTPHLATENbHbIE MHOXECTBa Asa 3apsia ®,. Jjs nmoaMHOXKecTBa
A C X cnpaBeisHMBO HEPABEHCTBO

V(A) < —p(A). (3)

3|~

Ecmm Ay = ﬂ X, . 10 (3) cpaBemnuBo ¢ m0OObIM n, T.e. v(Ag) =
IToaromy u(X \Ao) > 0. Beuny abcosoTHOM HGI‘IpobIBHOCTH V OTHOCH-
TenibHO 4 umeeM u(X \ Ag) > 0. Tak kak X \ 4p = U X}, o cymectByer

*) > 0. Honaras B = X} u 5 1/ng, nomy4aem

no Takoe, 4T0 (X, o

yTBep>KAEHHE JIeMMbI. <]

Teopema 1 (Pagon — Huxkoaum). Ecau sapad v, onpedesenmvid na
o-aazefpe L UIMEDUMBT MHONCECTNS, GOCONOTMHO HENPEPHIEER OTMHOCU-
MEALHO MEPDL (L, MO CYWECTNBYEM MaKas [-unmezpupyemai gyrryur f,

wmo v(A) = [ f(z) du das awbozo A € L.
A

> CorsacHo cneacTeuio 1 Teopembl 1 § 11, 3apan moxer OBITh mpef-
CTaBJieH B BHJE PA3HOCTH [BYX B3aMMHO CHHTYJISADHBIX MED (i1 U fi2, TIDH-
4yeM, €CJIH 3apsi U abGCOJIOTHO HeNpepbiBeH OTHOCUTENILHO MEDHI fi, TO U
MepBbI (4] H Yz Takxke abCOMOTHO HelmpepbIBHLL OTHOCHTENBHO (. IloaToMmy
[IOKA3aTeNbCTBO JOCTATOYHO IIPOBECTH IJISI MEP.

O6o3nauum yepe3 H crnenymoliinee MHOXECTBO QyHKIUIA:

H= {h;OlheL(X,p). /hd,usu(A)VAEE}.
A

Oycts M = sup [ hdu. Bosemem nocneposarenbrocts h, € H Takyio,
heHX
YTO f hn dp — M. TIocTpouM HOBYIO MOC/IEAOBATENBHOCTD DyHKIMi [, () :

= max{h1 ..... chn(2)}. Torma fr(z) € foii1(z). Ilonoxum
A = {z € A fulz) = hi(z), fal2) # hi(2), i=1,...,k -1},
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n
Torma A= [] Ax u
k=1

/fnd/l' = Z/fndﬂ' < ZV(Ak) =v(A),
A k=1Ak k=1

T.e. fn € H. Ilo Teopeme B.JleBu (cMm. § 9) nociexoBaTenbHocTh fr, CXO-
AUTCS K HEKOTOPOl MHTErpupyemMoit pyukuuu f u

/fd/.z= lim /fndu-——M.
n—oc
X X

Kpowme roro, [ fdu < v(A). Cnenosarensro, f € H. 910 o3Havaer, 49To
A
®(A) = v(A) — [ f du — mepa.
A

Ham ny>xHO moka3ars, 4yTo ®(A) = 0 ana moboro A € . Jaa 3to-
[0 JOCTATOYHO MOKa3ath, yto $(X) = 0. [IpennonoxkumM OpOTUBHOE, T. €.
®(X) > 0. Toraa o nemme 1 Halinyres muoxkecTso B C X u yucino § > 0
takue, 4to ®(A) > du(A) ans moboro A C B u p(B) > 0. Bosbmem
bynxumio ho(z) =6 - xp(x). Torga

/hoduzdu(AﬂB) <®(ANB)=v(ANB) - / fdu=

ANB
VWANB) - [ fdu+ [ fdu<uv(ANB)+uv(A\B)-
[
/fdu—v )—/fdu,
T. €. fh0+f]du (A). Cnenosatenvho, ho + f € H u f[h0+f]dp =

= 5u(B) + M > J\/I YTO NMPOTHUBOPEYUT onpedenenuto uucia M. Takum
obpazoM, (X)) =

B kadecTBe mpUMepOB MPUJIOXKEHHSA JOKa3aHHOM 001eil TeopeMbl Mmo-
KasKeM, KaK 3Ta TeopeMa M03BOJfAET MNOJYYUTh B Haubosbiuedt obuHocTH
TaKue BaXKHEHIINe YTBEPXKIEHHA U3 MATEMATHYECKOrO aHau3a, Kak dhop-
mysa Hprorona — Jleiibuuna u dopmysna 3aMeHbl IepeMEHHBIX B HHTErpa-
ne. Teopema Panona — Huxkomuma OyfeT Takske UCMONIL30BAHA HUMKE MPH
JOKa3aTesbCTBe TeopeMbl 4 § 42.
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IIpunoxenuns reopemnr Pagona — Hukoguma
1. ®opmyna Hpiotona — Jleitbumma

b
f@—ﬂw=/mmw

JOKa3bIBAETCsl OOBIYHO B KypCe MAaTeMATHYECKOTO aHaJu3a MJid Hempe-
pbiBHO audpdepenupyempix dyukuumit. ITa popmyna cupaBessuBa U s
HeKOTOpbiX (PYHKUMA, ¥ KOTODBIX NPOU3BOAHAA pa3psiBHA. Ho cymecTBy-
10T (DYHKIUKH, ¥ KOTOPBIX MOYTH BCIOAY CYIIECTBYET IPOU3BOAHAs!, HO (op-
myna Heiotona — Jleiibuuna se cnpabeyinsa. IIpuMepoM MOXKeT Cl1yKUThb
dbynxkuua Kantopa ¢(t) ( cm. § 6). DT1a byHKuMA HENPEPLIBHA, y HEE TOYTH
BCrOAY (Ha AOMOJHEHHH K KAHTOPOBY MHOXECTBY) CYIIECTBYET IPOH3BOJ-
Has ¢'(t) 1 ¢’'(t) = 0 moutu BCrogy. Oanako

1=wn—wm¢jwmﬁ=u

BosHuKaeT BONpoC: KaK OMHCATH MHOXKECTBO BCeX PYHKLMi, 118 KOTO-
pbix cnpasegnusa dopmyna Heiotona -— Jleitbuuua? TOT BONPOC MOXKHO
pa3buTth Ha Asa. [lepsbiit Bonpoc: 4151 kakux dbynkuuit f cymwecrsyer (Mn-
Terpupyemas no Jlebery) dbyukuus h Takas, 4To qna m060ro orpeska [a, b
CNpaBeasUEO PaBEHCTRO

b

1)~ fla) = [ hiz)dz 2

a

Takywo dyHkuMIo h Ha3bIBAIOT 0006uweHHOU NPOU3BodHOT PynKkyuy f, Tak
KaK B C/Iyyae HeupepblBHO auddepeniupyeMbix dbyHkuuit f Bcerna h = f'.

OTBeT Ha BOMPOC O CYIECTBOBaHMM OGOGIIEHHO! NPOM3BOAHON HOMY-
YAEeTCsl HeMOCPECTBEHHO u3 TeopeMbl Panona — Hukoanma.

Bropoit Bonpoc: Kak CBA3aHO CyIECTBOBaHHe OGODLIEHHOM [TPOU3BOI-
HOI € CyUIeCTBOBaHMEM (MOYTH BCOLY) OObIYHOM mpousBoaHo#? Kak mo-
Ka3biBaeT npumep dyukiuu KaHTopa, U3 CyIIecCTBOBAHHS I[OYTH BCIOLY
OGbIYHOI MPOU3BOAHOMN He CJIEAYET, YTO OHa SABJAETCS 00ODIEeHHON pous3-
BOJHOIA, T. €. 4TO cruparennuBa ¢opmyna Herorona — Jleiitbnuua.

VrBepxkaenue 1. FEcau y Pynxyuu cywecmeyem obobuwennas npo-
U3600HAA, MO NOYMU 6Cody cywecmeyem o0bvuHaA NPOU3GOJHEA U OHU
cosnadarom nowmu 6cody.
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JIj1s JoKa3aTenbCTBa 3TOrO YTBEPXKIEeHUs Tpebyercs psz IMOArOTOBU-
TeNbHbIX GAKTOB U3 Teopun auddeperuuposanns (cM. [31]), Mbl ero 31ecn
HE IIPUBOIMM.

OcHOBHOI# pe3ysabTaT (GOPMYIUPYETCs CJAEAYIONIUM 0Opa30M.

Teopema 2. Popmyaa Hvromonae — Jetibrnuya

b
£(b) - £(a) = / f(z)dz )

cnpasedausa mozda u moavko moada, xozda ynryus f abcoaromuo nenpe-
DOLEHA.

> Heobxoaumocrs. Ilycrs cupasennusa dopmyna (4). B atoit popmy.e
[IPEAMNOJIATaeTCsA, YTO WHTErPA ONpPeIeNieH, T. €. NOYUTH BCIOAY CYIUIECTBY-
eT MPOM3BOHAA M 3Ta, MPOM3BOJHAA ABJISETCS UHTErpupyemoii mo Jlebery
dynkuueit. [losromy npasas yacts (4) 3agaer 3apsaj v, abCOJIFOTHO Hempe-
pBIBHBIH OTHOCHTENLHO Mepbl Jlebera. PaBencTBo (4) o3Havaer, 4TO ITOT
3apsag nopoxzen dyuakuuned f. Ho, mo teopeme 2 § 11, abcomoTHo Henpe-
PBIBHLIH 3apsAn MOPOXKJeH abCcooTHO HernpepbiBHOHN dynkuueii. 3uadur,
dyukuus f abCONOTHO HENpepLIBHA.

Hocraroynocts. Ilycrs ¢dyukuust f abcomoTHo HempepbiBHa. Coriiac-
HO Teopeme 2 § 11 oHa ompesensieT Ha MOJYUHTEPBAiaX 3apsii, a6COMOTHO
HEMpepbIBHbIH OTHOCUTENbHO Mepbl JleGera. IlpumeHsss K aToMy 3apsaiay
teopemy Pagona — Hukoauma, monydaem, 4To CyUIeCTByeT HHTErpUpYe-
Mast dyHkiusa b Takas, 4To

b
f(b) — fla) = / hz) de,

T.e. aBaspmaaca obobuiennoi npouseonHoil pyukuun f. Janee, s cuay
yTBEpAAeHus 1 MOYTH BCIOAY CYUIECTBYeT OObIuHAs NPOU3BOAHasA f' U oHa
MOYTH BCIOJAY COBIAAALT C h. <

3aMeTuM, YTO BO MHOTHX BOIPOCAX CYLIECTBEHHA HMEHHO BO3MOXKHOCTh
OpeACTaBieHus Ipupaluerus Gyskuuy f B Bume uHTerpana (4), T.e. cy-
miecTBoBaHMe OGOOUIEHHON NPOU3BOAHOHN, a TOT (PakKT, 4TO ODODLUICHHAs
IPOU3BOAHAA COBMAAAET C OOBIYHOM, YACTO HE MMEET NPHHUUIHAJIBLHOIO
3HAYEHHS.

Wnoroa ckenTuky BbICKA3bIBAIOT MHEHHE, YTO HHTerpaJ Jlebera ume-
€T TOJIbKO TEOPETUYECKOe 3HAYEHME, 8 HA NPAKTHKE BCE HHTErpaibl CYH-
tatorcs 10 Pumany. OgHakO npu 9TOM MMEETCS B BHAY, YTO MHTErPaJibl
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cuuTatores no dbopmyne Heiorona — Jleitbunua. Ho ata ¢popmyna sepua B
cayyae uHTerpada Jlebera, mpuiem A5 60siee WHUPOKOro KAacca PyHKIMiA,
U T03TOMY C GONBIIHM OCHOBAHHEM MOXKHO YTBEDXAAThb, YTO BCE MHTETPa-
npl cyuTaroTes no Jlebery.

2. CBA3b HHTETPAJIOB IO PA3HBIM MEPaM

Obcyxaaemast 31ech npobseMa cBA3aHa C BOMPOCOM O BO3MOXKHOCTH
BHIPA3HTb WHTErpaJl 110 OJHON Mepe Yepe3 HHTerpaJj mo apyroi mepe. 3a-
Jady MOXXHO IOCTABHUTb Cjenyoonmm obpasom. IlycTs umeercs: aBe Mepbl
L ¥ VU, ONpeJesieHHble HA OJHON U TOM ke o-anrebpe, u mycrb GyHKIUA
f unrerpupyema no mepe v. CrnpammBaercs: MOXHO Jid 0 f MOCTPOUTH

TaKy1 (PYHKIHUIO g, YTO
[ f@v = [ s@pn
A A

As18 11006010 u3amMepuMoro Muokecrsa A7 3aMeTHM, YTO ecsd Takasa dyHK-
IS CYIIECTBYET, TO OHA GAUHCTBEHHA C TOYHOCTBIO /0 3KBHBAJICHTHOCTH.
Ecnu mepa v He siBaisiercst aBCOTIOTHO HEMPEPLIBHON OTHOCUTEILHO MEph
/4, TO OTBET 3aBeAOMO OTPHLATENbHbIA.

Ecnn Mepa v abco0THO HenpepbIBHA OTHOCHTENBLHO MEPHI i, TO DYHK-
uus p, rakas 4to v(A) = [ pdy, HaspBaeTca (mo amanoruu ¢ GopmyOH

A
Herorona — Jleiibuuua) npoussodnoti Padona — Hukoduma mepbl v 1o
Mepe 4 u oGo3Havaerca dv/du.

Teopema 3. IIycms mepa v abCoANOMHO HENPEPBIEHE OTMHOCUNEADHO
mepve 4 u p(z) = dv/du — npouseodnas Padona — Huxoduma. Ecau
dynxyus f unmezpupyema no mepe v, mo pyrxyua g(z) = f(z)p(x) un-
Me2pUPYema no mepe (i u

/ f(z)dv = / F(@)p(z) du. (5)
X X

> Ecnu f — xapakrepucrryeckas QyHKUUS MHOXKECTBa A, TO paBeH-
cteo (5) umeer Bun v(A) = [ p(z)dy 1 BHIOAHSETCS MO ONPEJENEHHIO
A

npoussoguoit Pamona — Huxoauma. CrenoBaTtenbHo, paBeHCTBO (5) BBI-
HOJHAETCA [Jisl JIMHEMHbIX KOMOMHAIMM XapaKTePUCTHYECKHX (DYHKIHH,
T.€. IJis1 IPOCTHIX (DPYHKIMIA, MPUHUMAIOUMX KOHEUHOE YHCJIO 3HAYCHHH.
st 1pou3BosbHBIX MHTErpUpyeMbIx byHKuME f paBeHcTBO (5) HOMLy4HM
[IpeleJIbHBIM TIEPeX0A0M.
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Jli06aa ¢yHKUMA DpeacTaBasieTcs B BHAE PA3HOCTH ABYX HEOTPHIA-
TeabHbIX GyHKuu. [I09TOMy NOKA3aTeNbCTBO AOCTATOYHO MPOBECTH A
HEOTpHIATENbHOM (DYHKIUH.

Ilyere dyukuus f HeorpuuarensbHa. Torga CyumieCTBYeT MOHOTOHHO
BO3PACTAIOLIAsA NOCIEA0BATENBHOCTD TPOCThIX byHKuMi f,(x), Kaxgas u3
KOTODBIX IPHHUMAET KOHEYHOE YUCJIO 3Ha.‘leHPIﬁ, NOYTH BCIOAY CXOOAIIAA-
csa K f(z). IlocnenosarenbuocTs fr(z)p(Z) MOHOTOHHO BO3PACTAET U IOYTH
Beropy cxomurea K f(z)p(z). Tak kak MocjenoBaTEIbHOCTh WHTErPAJIOB
J fn(z)dp cxomures k [ f(zx)dv, x nocnemoBarensroctH fy(z)p(z) npu-
X X

MeHuMa TeopeMa b.JleBH, OTKy#a Hoay4aeM YTBEDPXKIEHHE TeOpeMbl. <

3. 3amena nepeMeHHOH B HHTErpaJe Jlebera

Dopmysa 3aMeHBI NepeMEHHBIX B MHTErpajie CBSA3BIBAET MHTErPAJ OT
dbysxumu f(z) ¢ uaTerpanom ot dysxumu f(g(y)) Ana 3amaHHOro 0TG-
pakenus ¢g. HarmomMmuuM, Hanipumep, yTBEPKAEHHE O BO3MOXKHOCTH 3aMEHbI
MepEMEeHHBIX B ABOHHOM MHTerpaje, JOKa3blBaeMoe 00BIYHO B KyPCe MaTe-
MaTHYeCKOr0 aHAJIHN3a.

IycTs ) HekoTOpas obnacts B R2, D - HekoTopas npyras o61acTh H
MYCTH 3a4aH0 OMEKTUBHOE HellpephIBHO nuddepenuupyemoe 0Tobpaxenue
9:D — Q9(y1,92) = (91(y1,¥2), 92(y1,y2)) TaKoe, uro sKobHan

_ 091092 _ 091092
Oy1 0y2  Oy2 Oy

OTJINYeH OT HYJs BO BCex Toukax obnactu D. Torna ansa nwboit wHTErpU-
pyemoii B obactu ) dyHKUMH f COpaBeJuBO PABEHCTBO:

/ f(21,22)dzydzs = / F(a(wr, v2)p(w1, v2)dyadye, (6)
Q D

roe p = |J|.

Bosunkalor cienyoriue Bonpocsi. HackoapKo CyimecTBeHHo B 3TUX (op-
MyJlaX YCJIOBME HeNpepbiBHOH qud¢pepeHnupyeMoCcTH U yCioBre OMeKTUB-
noctu orobpaskenus ¢g? nsi kakux orobpakenuit MOryT ObITH MOJy4YEHbI
aHasioruyuble popMysbl? Kak BoIMIAIAT WX aHAJIOTH B CJ1y4ae TPOU3BOJIb-
HBIX TIPOCTPAHCTB C MepOii?

PaccmoTpuM 33124y 0 3aMeHe mepeMeHHbIX B obuieM Buge. Ilyers 3a1a-
HbI ABa npocTpaHcTBa ¢ Mepamu (X, Xg, u) u (Y, Xy, v) 1 3a1an0 orobpa-
xenne ¢ : Y — X. Ananorom ¢dopmyns! (6) MOXKHO CUHTATL YTBEPXKAECHHE
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0 CYLIEeCTBOBaHUM TaKOH (yHKUMH p(y), UTO BBIIOJHEHO PABEHCTBO

/fmw=/7@@mww (7)
X Y

B cnyuae, xorna mMepa Ha Y He 3a/aHa, aHanoroM (6) MOXKHO TakKe CU¥-
TaTh yTBEPXKJEHHE, YTO HA Y CyIIeCTBYyeT Takas Mepa U, OIpeJeseHHas
Ha HEKOTOpOi#l o-anrebpe ¥ MHOXKeCTB U3 Y, YTO BBIIOJIHEHO PABEHCTBO

/fmw=/fwwwb (®)
X Y

TakuM 06pa3oM, HyKHO BBISICHUTD, IJIf KAKUX OTODpa)keHui g UMeIoT
mecto dopmyast (7) uam (8) M 4To coboit npencTaBnseT GYHKIUA o UK
Mepa fi1.

Ilpennonoxxum, 4To paBeHCTBO (8) UMeeT MeCTO, 1 [MOJYyYUuM HeobXoau-
MbI€ yC/IOBHsA Ha oTODparkeHue g.

[Ipexxie BCEro OTMETHM, YTO MpaBas 4acThb B (8) HE 3aBHUCHUT OT 3HAa-
yennit dyukuun f xma muoxecrse X \ ¢(Y), a sneBasg 4acTb He 3aBHCHUT
oT 3Ha4eHuH pyHKUMM f HA HEKOTOPOM MHOXKECTBE TOJILKO B TOM CJIy4ae,
KOTJa 3TO MHOXKeCTBO HyseBoii Mepnl. OTobpaxkeHue ¢ OyzeM Ha3bIBATL
nowmu cropsexmuenbim, ecu u(X \ g(Y)) = 0. Takum obpa3om, ycnosue
HOYTH CIOPBEKTUBHOCTU OTOOpaXKeHUs ¢ HEOBXOAMMO JJIs1 BBIIOJIHEHHS Pa-
BeHCTBA (8).

IIycrs f ecTb xapakTepucTuyeckas (DyHKIMS U3MEPHMOIO MHOXKECTBA
A C X.Torna f(g) ecrb xapakrepucTuyeckas GyHKIusa mpoobpasa g~ (A)
¥ [IOJTy4aeM BTOPOe HeOBXOMMMOe YCJIOBHE: eClH BBINOIHEHO (8), TO 1poos-
pa3 g~1(A) sBaserca u;-u3mepumbiM MHOXKecTBOoM U i1 (97 (A)) = u(A).

Teopema 4. [as mozo, wmobs, Ha Y CYwecmeosanrs Mepa 1] Maxas,
ymo pagercmeo (8) evnoaneno das aw0bot u-unmezpupyemots dyrxyuu f,
HeobTodumo u docmamouno, wmobs omobpasicenue g Gvia0 MOYMU CHOPS-
EKTUBHBIM.

> HeobxomumocTh yCIOBHSA YK€ [OKA3aHA.

Hocraroyrocts. [Iycts oToOparkenue g mouTH CIOPBLEKTUBHO. PaccMmoT-
PUM COBOKYTHOCTb %) HoaMHOXecTs B Y Buga (971 (A)), rae A — uamepu-
Moe MHOecTBO B X . M3 Toro, 4ro uamepumMble MHOXKecTBa B X 06pasyror
o-ayrebpy, cleyeT, YTO Xj €CTh o-ajrebpa. 3amaguM Ha 3TOH anrebpe
mepy 1(g71(A)) = u(A). U3 ycnosus moYTH CIOPHEKTHBHOCTH OTOBpake-
HHS ¢ CJlefyeT, YTO ITO ONpeJesieHHe KOPPEKTHO, a U3 o-aJAUTHBHOCTH [
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crenyer c-aIIUTHBHOCTL Mepbl . PaBencTso (8) nyis xapakTepucrude-
cKMX (PYHKUMH BBIMOJHSACTCS MO NOCTPOEHHIO MePHl (1. JJjisi 1pOu3BOJIb-
HbIX MHTErpUPYEMbIX (PYHKUMI DPaBEHCTBO (8) monydvaercs NmpenebHbIM
[epexoJioM aHaJOMMYHO JOKA3aTEeNbCTBY TEOpeMbl 3. <

Yrobul 13 (8) mosnyuurs ¢hopmyny (7), Hy’KHO OT HHTErpajia no Mepe
41 TIepeiiTH K mHTerpany mo mepe v. CornacHo TeopeMe 3 3TO BO3MOXKHO,
eCJI Mepa v ONpee/eHa Ha anrebpe ¥, u Mepa. 11 abCOITHO HenpephIBHA
OTHOCUTEJIbHO Mepbl ¥. B 3TOM ciyuae, coryiacHO TeopeMe 3, IOJyuaem
dopmyay (7), oe p ects npouseogras Pagona — Hukonuma Mepsl yy mo
Mepe V.

YTo6n1 Mepa, I ObLIa oripelesiena Ha anrebpe Y1, Hy>KHO, 4T0ObI 1poob-
pa3 g~ 1(A) moboro A u3 ¥, npunaanexan L,. Orobpaxenne g, yaoBe-
TBODSIIOIIEE ITOMY YCJIOBHIO, Ha3bIBACTCH UIMEPUMbLM.

Yrobbr Mepa p1 6bL1a abCOMOTHO HENPEPHIBHA OTHOCUTENBLHO Mephi V,
HYHO, 4T06BI TPo0bpa3 ¢! (A) moboro MEOXKECTBA MepbI HYAb 13 X 6bL1
MHOXKECTBOM MepbI Hysb B Y. [locnemHee CBOMRCTBO BBIMMIAAMT KaK yC0BUE
abcomoTHOM HenpepwiBHOCTH. QaHAKO B ciay4ae, korga X = R c mepoit
Jlebera, 3TOMYy YCJIOBHIO YAOBJIETBODSIOT MHOTHe Da3pbIBHbIE oTODpaXke-
Hus. Ilostomy 6ynemM Ha3bIBATb 3TO CBOHCTBO mempuueckol abcoarwmnot
HenpepsieHocmsvo, ITobbl u3bexkaTh HEODOCHOBAHHBIX ACCOUHALIMM.

3 mpempiaynux pacCy>XIeHW# mojiydaeMm OOILyHO TEOPEMY O 3aMeHe
IIepeMeHHbIX B uHTerpase Jlebera.

Teopema 5. ITycmv (X, Zz, p) u (Y, Zy,v) ecmsv npocmpancmsa c 3a-
dannvimu mepamu u g 1 Y — X — nexomopoe omobpasicenue. Ecau omob-
DAdicenue g NOYMU COPBEXNUBHO, USMEPUMO U MEMPUNECKYU AOCOANMHO
HENPEPLIEHO, MO OAA 410601 unmezpupyemoti 8 X dynxyuu f cnpasedauea
Popmyaa 3amenn nepemennniz euda (7), 20e Pynxyua p ecmv npouasod-
naa Padona — Huxoduma nocmpoennots eviuie MePb (1) 1O MeEDE V.

YcnoBue GHEKTHBHOCTH M HempepbiBHOM mauddepenunpyemoctu 0T06-
paXkeHud ¢ B KJIAaCCHUECKON ¢dopMyse 3ameHs! mepeMeHHbix (6) siBasierca
JIOCTATOYHBIM YCJIOBHEM, NIPM KOTOPOM BBIMIOJIHEHBI YCIOBUS TEOPEMbI 5
Ha orobpaxkeHue ¢g. 3aMerum, 4T0 hopmyna (6) comepxut Goblue HH-
¢opmManum, YeM TeopeMa 5, — B 9TOH HOpPMYyNe JAHO SIBHOE BLIDAXKEHHE
IJIsl COOTBeTCTBYIOmEH nmpousBoauoi Panona — Hukoauma vepes yacTHbIC
NIPOU3BOHbIE.



§ 13. IPOU3BEJEHWE MEP.
TEOPEMA ©®YBUHN

IycTs 3a0ans! ABa npocTpalcTBa ¢ Mepami: (X, Xg, ux) u (Y, Xy, uy).
B sTom naparpade 6yzer moka3aHo, KaK MOXHO €CTECTBEHHBIM 00pa3oM
3a7aTh Mepy Ha JeKapToBOM npousseneHud X X Y v Kak CBA3aH HHTErpaJl
OT PYHKIKHU Ha 3TOM [POU3BEJEHHUH C MHTErPAJIAMH [0 UCXOMHBIM MEPaM.

CHauasia paccMoTpuM MoaesbHbll npumep. Ilycts Ha npsmoit R 3a-
naHa Mepa JleGera yp, a ma maockoct R? = R x R — mepa Jlebera
ta. TTocMoTpHM, Kak CBS3aHBI MEXKAY c000it 3TH Mepbl. [IPAMOYTrOIbHIK
D = {(z1,22): a € 11 < b, ¢ € 72 < d} ABAsAETCH NEKAPTOBBIM HPOM3-
BeneHweM mHoxecTBa A = [a,b] Ha MHOXecTBO B = [c, d[. Mepa p2(D) —
JIOMaAb MPAMOYTOJbHUKA DD BbIpaXkaercs 4epesd MJIMHbI CTOPOH, T.€. de-
pe3 mepsl u1(A) u p1(B), dopmyaoit

piz(A x B) = p1(A)u1(B).

AnajioruyHoe paBeHCTBO HepeTcs 33 OCHOBY TIDH ONpENeIEHUH IPOHU3BEIe-
HUs Mep B ODIIeM Ciydae.

IIycTb Sx ecTh TakOe MOAKOJIBLO B Xz, YTO JeOEroBCKOe MPOIOJIXKEHNE
¢ Sx mopoxiaer Bcio c-anrebpy L. B xadyecTtBe Sx MOXKHO B3fTH BCIO
anrebpy X, HO B ipuMepax yaobHee paccMOTperh Honee y3k0oe OLKONIbLO,
KOTOpO€ eCTECTBEHHO BbIIEIAETCH B CIy4ae, KOrja pacCMaTpHUBaeMast Mepa
OblLi1a, OIpele/ieHa ¢ IOMOIIbLI0 J1e6eroBcKoro npoxosikenus. Ilycrs Sy —
aHaJOTMYHOe MOAKOJBLO B X,. B mpoussemenmun Z = X X Y Boipenum
CHUCTEMY IIOAMHOXKECTB

Sz ={Ax B|Ae Sx, Be€ Sy},

KOTOpP®BIE ABJIAIOTCA aHAaJIOTaMHd NIPAMOYTOJIbHUKOB Ha IJIOCKOCTH.

IIpennoxenue 1. Cucmema nodmuoscecms Sz ABAAEMCA NOAYKOAD-
YoM.

> Iycts Dy = Ar x By, Dy = As x By. Toraa Dy N Dy = (A1 NAg) X
x (B1 N By) € Sz. Ecim D1 D D3, TO

Dy = Ay x By = [(A1 \ A2) [] 42] x [(B1\ B2) [ [ Ba) =

= (41 \ A2) x (B, \ Ba) [[ Bal) TT (42 x [(B1 \ B) [] Bal) =
= [(A41\ A2) x (B \ B [J((41 \ 42) x BoJ [ |

96



Torna

D1\ Dy = [(A1\ A2) X (B \ B2)] H[(Al \ 42) x By] [ ]

H[Az x (B1\ B2)]. <

Ha nonykonsue Sz 3amaiuM mepy
pz(A x B) = px(A)py (B). 1)

Teopema 1. Fcau ux u iy — 0-000umusnbie MEPBL, MO [Lz AEAAEMCA
o-addumuenoll mepot.
> MuoxxectBy D = A X B noCTaBUM B COOTBETCTBHE (DYHKIMIO

fp(x) = xa(z)uy (B). Torna uz(D) = [ fpdux. Ecm D = kﬁ Dy, rae
X =1

D,Dy € Sz, t0 fp(z) = Zn: fp,.(z). Torna
k=1

pz(D) = /fD ) dpx = Z/ka (z)dux = Z#Z(Dk

k=1%

T.€. [z SIBJIAETCS aJAJUTHBHOM (pyHKIMEN MHOXKECTB.
ycte D, = {y| (z,y) € D} — ceuenne MuoxectBa D = A x B € Sz.

oC oC
Torma fp(z) = py(Dy). Eciu D = [] Dg, Dy € Sz, 10 Dy = [ Dyy. B
k=1 k=1

CHJIy O-aJJUTUBHOCTH MEDLI [y 6yJ1e_M UMEeTb
fo(z) = py (D) = Zuy D) = Z fou (). (2)

K psny (2) upumennma Teopema Jlebera (3aech UCMONb30BaHA U-a I qUTHB-
HOCTb MEPHI jix) U, 3HAYUT,

pz(D) = /fD(I) dux = Z/fDL(l') dux = Z#z (Dk).-

Tem cambIM TeopeMa JOKa3aHa. <
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Omnpepenenue 1. Jleberosckoe Npoao/KeHe MepHl [z, ONpeAesieH-
Hoit Ha Sz dopmynoii (1), HasbIBaeTCA npoussedeHuem MeP (Lx U [y U
obo3navaercs ux ® 1y, a npocTpancreo X X Y ¢ mepoii X ® py — npo-
uzeedenuem npocmpareme (X, ux) n (Y, uy).

AHaNOrHYHO ONpeensaeTcs NPOU3BEAeHHE 0-KOHEUHBIX Mep.

Ecnu ects TpH OpocTpaHCTBA C MEpPaMM i1, L2 H ji3 COOTBETCTBEH-
HO, TO MOXHO ONpPEJeNNUTh TpON3Benenue (1 @ u2) @ i3 ¥ TTPOU3BEICHHE
11 @ (12 ® p3). Jlerko mpoBepsieTcsi, 4TO 9TH NPOU3BEAEHUSA COBIALAIOT
(T. €. BBINOJIHEHO CBONUCTBO ACCOLMATHBHOCTH IPOU3BEOEHHS MED) U, 3Ha-
YUT, ONHO3HAYHO OlpelesIeHO IIPOMU3BeAEHHE 1 & o & ji3.

CBsa3s Mepbl Jlebera Ha mockocTu ¢ Mepoit Jlebera Ha nmpsAMOi MposB-
JISIETCS] TAKXKE B TEOMETPHYECKOM CMbICJIE HHTerpajla — mioa b GUryphI,
Jnexaieil noJ rpaduKoM HEOTPHMUATENbHON (DyHKIMM, PABHA HWHTErPaJIy
otT 27108 dyHkmu. O6061IeHrEe 3TOr0 CBONRCTBA Ha CIyYail IPOM3BOJILHOIO
[IPOH3BEEHHUs Mep NpUBeJeHO B TeopeMe 2. JlokazaTesbCTBO 3TOM Teope-
MbI IPOBOAMTCS C MOMOLIBIO IIPEJENBHOI0 IEPEX01a IO 3HAKOM HHTErpalia
JAJIS MOHOTOHHBIX MOCJenoBaTenbHOCTel. IlosTOMY CHawYana pacCMOTPHM
JIEMMY O IpPEACTABJIEHHN H3MEPHMOIO MHOXXECTBA C IOMOIIbBI0 MOHOTOH-
HBIX MOCJIEI0BATENEHOCTEH MHOMKECTB.

Jdemma 1. Ilycmb Mepa [i NOAYHEHE C NOMOWDI TPOJOANCEHUR TO
Jebezy nexomopoii mepwi, onpedeaenholl na noayxoavye S. Jas awbozo
uamepumozo modcecmea C cywecmeyem muodxcecmeo D maxoe, wmo
CcD, ulC)=uD) u

oC
Dn, DljDzD...,

n=1
oo
Dn= Uan, DnICDnZC---, anEK(S)

> Ilo onpeaenennio u3MEPUMOT0O MHOXKECTBA AJiA JIOGOTO 7 CyEeCTBYeT
MHOXECTBO A, fBJSIOIIEECH CIeTHBIM 00bequHeHneM MHOXkecTB 13 K (S),
taxoe, yto C C A, u

1(An) < p(C) + 1/n. (3)

Tlonoxum D, ﬂ Ag, D= ﬂ D,,. Tornpa C C D, B cuily MOHOTOH-
k=1

HOCTH HOCTPOEHHOI nocnenona'renbﬂocm nmeeMm u(C) = p(D). Muoxe-
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ctBa Dy, npeacrasnseM B Bune D, = |J By, roe B,; € K(S). Ilonoxus
J

k
Dni = | By, nonydaem TpebyeMyio CHCTEMY MHOXeECTB. <
i=1

Teopema 2. [Tyems X uY — npocmpancmea ¢ NoAHMU MEPEMU [LX
Upy, p=px @uy uC C X XY — p-uamepumoe mMHONHCECNEO KOHEUHOU
mepws. Tozda

1) daa nowmu ecer x € X mmnoorcecmeo C, = {y € Y| (z,y) € C}
AGAAETNCA [y u3mepumbim 68 Y u nowmu ectody va X onpedesena gynryus
fe(@) = uy (Co);

2) cnpasedauso paseHcmeo

(1 ® u)(C) = [ folo)dix. (4)
X
> Yreepxkaenus 1) u 2) misa maoxkects C u3 kosnbua K (S) daktuueckn
noxasalbl B Teopeme 1. Eem C = | C,, C; C C2 C ..., C, € K(S5),
n=1

TO TIOCNENOBATENbHOCTL fo,(Z) MOHOTOHHO BO3DACTAET, U TaK Kak
oC

Cr = U Ckz, 10 fo() = klingo foo (@) u [ fo. (%) dux < u(C). Io Teope-
k=1 - X

me B. JleBn

W(E) = Jim u(Ce) = Jim [ fe(@)dux = [ fola) dux.
X X

AHasoruyuHo npoBepsieTcs CIpaBelIMBOCTD yTBEPKAeHuI 1) 1 2) qyis MHO-

oC

xects Buna D = [ D,, rae D1 D Dy D ..., u ana muoxects D,, yrBep-
n=1

Kaenusa 1) u 2) yxe umeror mecto. Takum 06pa3oM, CipaBeLIMBOCTD TEO-

PEMBI YCTAHOBJIEHA AN MHOXKECTB THIIA MHOXKecTBa [ u3 neMMHl 1.

Tenepyr mycts C — W3MEpHMOE MHOXKECTBO MEDBI HYJIb, T. €. TaKOe,
yro (px ® uy)(C) = 0. Torna no nemme Haimerca MHOXxectBo D D C
takoe, 910 {ux ® py)(C) = (ux ® py)(D) = 0 v paa D copasennuBa
teopeMa. Tak kak fp(z) = fe(x) nouru seiogy u Cp C D, TO B cuty
[OJIHOTBI MEPHI Ly Hosy4daeM, 4to fy(Cy) = 0 musa nouru Beex x. Takum
06pa30M, yTBEPKIEHHE TEOPEMBI JOKA3aHO 1A IPOU3BOJbHBIX MHOMXKECTD
C HyneBo# Mephl L = ux @ ly.
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Iostomy, eciu C — NMpOU3BOJIBHOE M3MEPHMOE MHOMKECTBO, TO, BLIOH-
pas D O C, xak B nemme, 6ynem umets, yto fo(z) = fp(z) moyru Bciomy.
Tak Kak gng MHOkecTBa [ Teopema CIpaBejIuBa, TO HOIy4aeM

u(C) = (D) = / fo(@) dux = / o(@) dux. <
X X

CaencrBue. IIycmo f(z) 2 0 — usmepuman va X Pynxyus, px —
mepa na X, p — mepa Jlebeza na npamoi R u C = {(z,t)| 0 < t < f(z)}
ecmb muooicecmso 8 X x R, aeorcawee nod epaguxom dynxyuu f. Toada

(ux ® w)(C) = ] £(z) dux.
X

OCHOBHBIM D€3yJbTATOM SABJAETCS CAEAYIOMIas TeopeMa, 060CHOBBIBA-
I0@asa BO3MOXKHOCTb II€PEMEHbI MOPSAKA UHTErPUPOBAHUS B MIOBTODHOM
MHTErpaje.

Teopema 3. I (®ybunn). [Tycmo f(z,y) — unmezpupyemas fynxyus
Ha npouseedenuu npocmpareme (X, pux) u (Y,uy), 2de mepw px u py
noans, u o-addumusns. Tozda

1) f(z,y) xax dynxyua y npu nowmMu 6CeT T UHMEPUPYEMA TO MeEDE
Ly U cywecmeyem nosmophull unmezpan

/ ( [ f@ ) du ) dux:

X Y

2) f(z,y) xax PyHxyUA T NPU NOYMU 6CET Y UHMEZPUPYEMA TLO MEDE
UX U CYywecmeyem noemopHsili uHmezpan

Y/(X/f(z,y) dux) dpy;

3) cnpaeedauso pasercmeo

[ tenduxeum = [ ( [ 1w duy) dux =

XxY X Y

- / < / f(z,y) dux) dpy. (5)

Y X
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II (Tonenmu). Ecau f(z,y) = 0 u gynxyus f usmepuma na X xY, mo
U3 CYULECMBOBAHUA 00HO20 U3 MOBTMOPHUT uHMezpasos caedyem, wmo f
unmezpupyema (u evnoaneno pasencmso (5)).

> I. Tak kak mo6y0 GyHKIMIO [ MOXKHO IPECTABUTH B BUAE PA3HOCTH
JABYX HEOTPULATENbHBIX (DyHKIMIA, TO JOKA3ATEILCTBO TEOPEMBI JOCTATOY-
HO NMPOBECTH AJisI HEOTPULATeNbHOM dyHKIMU f.

B npoussenenuu (X, ux) % (Y,py) x (R, p1), rae py — mepa Jlebera,
paccmoTpum MHOXecTBO C, nexaiuee nox rpaduxom pyuxuun f(z,y) :

C={lz,4,2) EXxYxR| 0<z< f(z,y)}.
CorsacHo CJIEICTBUIO TEOpEMbI 2 uMeeM
(1x ® py ® w1)(C) = / f(z,9) d(ux ® py). (6)
XxY

IIpencrasum Teneps npouseenenne X x Y x R B Buze X x (Y x R) u cHoBa
npumenuM teopemy 2. Torna

(1x ® uy ® 1)(C) = / (uy ® m)(Ce) dpx ()
X

rae Co = {(y,2)] (2,1, 2) € C} = {(3,2)| 0 < z < f(=,y)}-
ITpu ¢pukcrpoBaHHOM T MHOXKeCTBO Cy JIEXKUT 110/, rPahUKOM PYHKIMH
w(y) = f(z,y). Ilo cnencrBuio Teopemsr 2

1y ® m)(C) = / F(zy) dpy. (8)
Y

U3 (6) — (8) monyyaem

[ rewdux ou) = [ ( / f(m,y)dﬂy)dux- 9)

XxY X Y

Tlockoapky X 1 Y BXOZAT B YCJIOBUSI TEOPEMBI PABHOIPABHO, TO IOJY-
YaeM TOT e pPe3ysbTaT, ToMeHAB MecTaMu X u Y. TeM caMbiM yTBEDXKAE-
Hug 1) — 3) foka3aHBL

II. Jns mokasarenbcrBa yreepxaenus I paccMorpuM nociiegoBaTeb-
Hocts GyHKRuuA fr,(z,y) = min{f(z,y),n}. ITH dyHKIUN U3MEPUMBI Ha
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X XY u orpauuyensl. Ecnu mepol yx v gy KOHEYHbI, TO GyHKUIuYU f, UH-
rerpupyemsbl. [locnenoBarenbrocts fr(z,y) TOYeuHo cxomuresa K f(z,y),
MOHOTOHHO BO3DaCTaeT ¥ HHTErpaJibl OT MYHKIM fn, OrpaHUYeHb B COBO-
KYIHOCTH:

/ Iz, y) d(ux ® py) =/<Y/fn(:c,y)duy)dux <

XxY X

< X/ ( J o) s Y dx = M.

3uaunt, no teopeme B. JleBu ¢yukuusa f uHTerpupyema.

B ciyuae o-KOHEYHBIX MED HHTErpaJ o J00MYy MHOXECTBY KOHEYHOMN
Mepbl OrDaHHUY€H NOBTOPHBIM HHTErPAJIOM H, CIeI0BaTENbHO, byHKuuA f
HHTerpupyema. <

IIpumepsl
1.Iyers X =Y =[-1,1] u

f(:v,y) = (32::_%1 .f(O’O) =0.

1 1
Torma [ f(z,y)dz = [ f(z,y)dy = 0. [Toatomy
1 21

1 1 L .
/(_/lf(x,y)dy) d:cz/(_/lf(:c,y)dz) o,

-1 -1
Ho unterpasn JlebGera Ha X X Y He cymecTByeT, Tak Kak

11

1 2m 1
[ 15> [a [ty &
-1- 0 0 0

1

OTOT HpUMEp NOKA3bIBAET, YTO B CIy4ae 3HAKONEPEMEHHBIX (DPYyHKLMH
M3 CYIIECTBOBAHUSA U AK€ PDABEHCTBA MOBTOPHLIX UHTEIPAJIOB HE CIEJYET,
yro ¢yHruus f wHTErpupyema. bojee CinoKHbIe IPUMEDPHI OKA3BIBAIOT,
4YTO U3 CYIUECTBOBAaHMA M PAaBEHCTBA IMOBTOPHBIX WHTErpaJioB He Clenyetr
Jaxke H3MEPUMOCTb f KaK pyHKuuu Ha X X Y.
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2. Oyers X =Y =[0.1],

1 v
/ﬂz_dy:/g Y ay= 1
(22 +y?2)2 oy \ 2% + y? 14 22
0 0

1 1 2 2 1 ;
Tt -y . dr _m
/(/(x2+y2)2dy)d‘r‘/1+w2 s
0 0

0

Tak kak f(z,y) = —f(y,x), Ipy U3MEHEHUH NOPSJKA BBIMUCIEHHS II0-
BTOPHbBIX MHTErPaJiOB HOJYYaeM Pe3yJbTAT CO 3HAKOM MHUHYC:

1 1 2 2 1 d
¢ -y y T
TV )dy = — __T
/(/(x2+y2)2 1) /1+y2 1
0 0

0

9TOT npuMep MOKA3BIBAET, UTO B CYLIECTBOBAHHS IIOBTOPHBIX MHTETPAJIOB
He CJiefyeT, YTO OHU paBHbI. Pa3zymeercs, B 91oM npumepe byHkuns f He
HHTErpupyema.



['JIABA 111
METPNYECKUE ITPOCTPAHCTBA

§ 14. METPIYECKUE ITPOCTPAHCTBA.
OITPEJIEJIEHMA 1 TIPUMEPDBI

OcHoBHBIM 06bEKTOM U3y4eHHs B (DYHKIMOHAJBHOM aHANN3E ABJIAIOT-
Csl MHOXKECTBa, CHAOKEHHbIe OJHOBPEMEHHO aarebpandecKkoil ¥ TOIOJOrH-
4ecKoit cTpykTypoit. Haubosee mpocTo TONOIOrHA Ha MHOXKECTBE 3a0aeTCs
¢ nomorpio merpuku. Kpome Toro, 3a/jaHue METPUKH IO3BOJIAET PaCCMOT-
PeTh ¢ O0ILIEel TOYKH 3DEHUS PAL APYTHX MOHATHIH, HCIOIb3YEeMbIX B aHAJIN-
3€, HO He UMEKIIHUX CMbICJ/Ia B TPOU3BOJIbHBIX TONOJIOIMYECKUX IIPOCTPAH-
crBax. [JoHATHE METPHYECKOTO IPOCTPAHCTBA y2KE BCTPEYAJIOCh CTyJEHTaM
MaTeMaTHYeCKUX CllelMalbHOCTel B Apyrux y4ebubix Kypcax. [loatomy B
JaHHOH TJ1aBe KPATKO M3JIOXKEHBI OCHOBHbIE (DAKThI TEOPUH METPHYECKUX
[IPOCTPAHCTB, KOTOPLIE B [TOCJEAYOIIUX IVIaBaX UCIOJb3YOTCA IIPH U3yde-
HUMH OCHOBHBIX O0bEKTOB (DyHKIHMOHAJILHOrO ananu3a. [Ipu arom BHuManue
yaessieTcs npuMepaM, TUIHYHBIM A5 (PYyHKIMOHAIBHOrO aHAIN3a.

Omnpegenenne 1. Mempuxot Ha MHOxkecTBe X Ha3bIBaeTCa 0TOOpa-
xenne p : X x X — R, npuHumaloliee HeOTPUIATeNbHbIE 3HAYEHHA U
VJOBJIETBOPSIONIEE CIEAYIONMM TPEM aKCHOMaM (aKCUOMAM MEMPUKY):

1) plz,y) =0 z=y;

2) p(z,y) = p(y, z);

3) p(z,y) < p(z, 2) + p(z,y) (nepasencmeo mpeyeonvruxa).

3uadenue p(T,y) METPUKH p Ha TIape 3JeMeHTOB (Z,y) Ha3bIBaeTCH pac-
CTOAHUEM MEHCOY TOVKEMY T U Y.

Onpegenenne 2. Mempuueckum Npocmparcmeom Ha3bIBAETCS Iapa

(X, p), cme X — MHOXKeCTBO, p — MeTPHKA Ha HEM.

Ecan merpuka Ha MHOXecTBe X 3a(pUKCHPOBAHA, TO METPUYECKOE IIPO-
crpanctBo (X, p) 6ynem obosnadars mpocro X. Otobpaxenune f u3s X B
Y 6ymem unorga obosuaydars f: (X, px) — (Y, py), nogdepkuBas TeM ca-
MBIM, YTO MHOXKECTBa PAaCCMATPUBAIOTCA KaK METPHYECKHE TPOCTPAHCTBA.
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TTockonbKy camMo MHOKeCTBO X Ha3BIBAIOT IPOCTPAHCTBOM, TO €r0 MOJ-
MHOXKECTBa Ha3bIBAIOT MHOXKECTBAMHU B IIPOCTPaHCTBE X.

Ha xaxxnom MuoXecTBe A B METpUYECKOM IPOCTpaHcTse (X, px) ecre-
CTBEHHBIM 00Pa30M ONpefensaeTcs MeTPUKa p4(T.y) = px(z,y); T,y € A.
MHuoxecTBO A ¢ ONpeAesIeHHON Bbillle METPUKOM HA3BIBAETCS TOINPO-
cmparcmeom mempureckozo npocmpamncmea (X, px).

IlpuMepbl METPHYECKHUX NPOCTPAHCTB (THIMYHBIE A1g DYHK-
LUOHAJILHOTO aHAJIA3A).

1. IIpocrpancrso Cla, b] cocTouT U3 YUCIOBLIX DYHKUHUI, 33JaHHBIX U
HeNpepbIBHBIX Ha OTpe3Ke [a,b]. Eciu ¢ u y — nenpepoiBble hyHKuNM, TO
IOJIOIKMM

p(z,y) = Inax, lz(t) — y(t)].

ITpoBepUM BBLIMOJIHEHHE AKCHOM METPUKH. IIpexie BCero OTMETHM, YTO
paccTosiHKe 3aJaHo i obbix dynkuuii u3 Cla, b).
Ecnu p(z,y) = max |z(t) — y(t)] =0, To x(t) = y(t), T.e. akcuoMma 1)
astis

BLINIOJIHEHA. BHIMOMIHEHHE aKCHOMBI 2) O4Y€BHIOHO. ,Ha.nee nMeeM

pla.v) = max [2(0) — y O] < mass (10 - 2(0)] +12(0) — y(0)]) <

< Joax |lz(t) — z(t) + Jax. |2(¢) — y(t)] = p(z, 2) + p(z,y),

T. €. BBIIIOJIHEHO HePaBEHCTBO TPEYTOJbHUKA.

Taxum 06pa3oM, NOTyYaeM METPUYECKOE IIPOCTPAHCTBO, TOYKAME KO-
TOpOTO ABNAIOTCA HENpephIBHbE (MYHKIMH. JTa METPUKA OblLIa BIepBble
BBegeHa I1. JI. YebnimeBoiM 1 ee 0OBIUHO HA3BIBAIOT “ebviuesckoli. B namb-
HeitiieM, KOrga peyb umer o npocrparcree Cla,b], MeTpuka OGBIYHO He
YKa3bIBAETCA, 8 MPEAIOJaraercs, YTO Ha, NMPOCTPAHCTBE 3aJaHa YKa3aH-
Has BBINIE CTAHAAPTHAS MeTPHKa (€C/IM HE OrOBOPEHO NPOTUBHOE). JTO
3aMeYaHKue OTHOCHTCH U K ADYIMM KJIaCCHMYECKMM IPUMepaM MeTPUYECKHX
IIPOCTPAHCTB U3 NPUBEIECHHOrO HHXKE CIIMCKA.

3aMeTHM TaK»Ke, 9TO B 3TOM IIPEMEPE H BO BCEX OCTAMbHBIX PACCMATPH-
BAIOTCA NMApaNeNbHO OBA Clydas — B IEPBOM CIydae DPacCMATPUBAIOTCH
byHKIYE UK TOCHEN0BATENLHOCTH C JSHCTBUTENbHBIME 3HAYCHUAME, BO
BTOPOM — C KOMILJIEKCHbIMY 3HAYEHUAMH.

2. IIpocrpancTso ;. DneMeHTaMu 3TOro MPOCTPAHCTBA, ABJSIOTCS bec-
KOHEYHBIE TIOCJIENOBATEIBbHOCTH 4YHCE (IeHCTBUTEbHBIX WM KOMILIEKC-

oc
HBIX) T = (21,Z2,...) TakKue, 4T0 Y |Tk| < +00.
k=1
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Metpuky 3amazum popMyJioi
o0

plz.y) =) |z — vkl

k=1

rzue ¢y — Mocyel0BaTeNbHOCTb ¥ = (Y1, Yo, - . .). Boinonnenue akcuom 1), 2)
MeTpuku o4eBunHO. [IpoRepum HepaBeHCTBO TpeyronbHuka. [nsa moboro
k umeeMm |z — yi| < |zk — zk| + |2k — y&|- Cymmupys no k, nosyuaem
p(z,y) < p(z, 2) + p(z,9).

3ameuanue l. [TocnenosaTenbHOCTD, 10 ONPEAEIEHHIO, €CTh (PYHKIUS HATYPaJib-
HOro 3JeMeHTa. I109TOMy MOXKHO ynoTpebnsiTh AJisl YjeHa I0CJIeA0BATEIbHOCTH T 060-
3naqenve z(k), ucnonpsyemoe ansa o6o3Havenus 3HadeHuB GYHKIMH, a He T. Takoe
obo3nauHeHne 6osee yROGHO B psiZie BONPOCOB, HANPHMEDP NPH PACCMOTPEHHH I10CHEN0-
BaTeJLHOCTEH 3JIEMEHTOB H3 nIpoCTPaHCTBa nocnegosa.'re.rxbnocreﬁ.

3. IlpocrpancTBo lo,. DIAEMEHTAMH 3TOrO [IPOCTPAHCTBA, ABJIAIOTCS BCE
OECKOHEYHbIE [TOCJIeN0BATENbHOCTH AL CTBUTEbHBIX UM KOMILJIEKCHBIX YH-
cen z = (r1,T2,...), TaKUE, YTO SUp |Tg| < +00, T. €. OrPAHUYEHHDLIE.

k

Metpuky onpeaenum dbopmynoit p(z,y) = sup |zx —yx|. IIpoBepka Bbimon-
k

HUMOCTH aKCHOM MeTDHKM aHAJIOrM4Ha [IPOBEPKe B ipuMepe 1.
4. Ilpoctpancrsa l,, p > 1. DeMeHTaMH IPOCTPAHCTBA ABJIAIOTC Oec-

KOHEYHBIE YKMCJIOBbIE IIOC/IEIOBATENBHOCTH £ = (I1, T2, ...) TAKHUE, YTO DAL,
oC
Y |zk|P cxomutca. Merpuka 3amaercs hopMynoit

k=1
oc 1/p
p(z,y) = (Z |k — ykl”) :
k=1

O4eBUIHO, YTO AKCHOMBI 1) UM 2) BBINOJIHSIIOTCS; BHINOJHEHUE AKCHOMEI 3)
€CTh [OBOJIBHO TOHKHH aHAJUTHYEeCKui hakKT, JOKa3aTeNbCTBO KOTOPOro
Oyzet aAaHo B § 20.

5. IIpocTpaHCTBO S. DIEMEHTAMH POCTPAHCTBA ABIAIOTCA BCe GECKO-
HEe4YHble YUCJIOBbIE MOCJeI0BaTeILHOCTH. MeTpuka 3amaercs GopMynoi

e =yl
plz,y) =
y) sz 1+|l'k—yk|
IIposepum BbimosHenue axcuoM Mmerpuku. Ecmm mmeem p(z,y) = 0, 10

lze — ykl/(1 + |zk — yk|) = 0 mns mo6oro k, OTKyna T = Yi M, 3HAYMT,
z = y. Pasencrso p(z,y) = p(y, x) oueBHIHO.
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J1a moka3aTenbCTBA HEPABEHCTBA TPEYTOJIBHHKA PACCMOTPUM (DYHK-
mmo @(t) = t/(1 +1t). Tak kax npoussomuas ¢’ (t) = 1/(1 + t)? monoTorHO
yObiBaer Ha | — 1, +00[ 1 mooXkuTENbHA, DYHKLMS (0 BBUIYKJIa BBEPX M MO-
HOTOHHO BO3pacTaeT. B wacruocTy, npu 0 € a < b npupamenue QyHKIAN
Ha [a, a + b| He npeBocxomuT npupameHus Ha [0, b], T. €. BBINOIHEHO

pla+b) — pla) < ¢(b),
OTKyZa
©(la +b]) < w(lal) + »(|b]).
IlpencraBias xx — yr B Buge (Tx — 21) + (2k — Yi ), UMeeM

|k —yel |7k — 2 |2k — Y|
T4z —yel 1+ |ze — 26|l 1+ |2k — yal

CymMupys 1o k, I0Iy49aeM HEPABEHCTBO TPEYTOJbHUKA.
6. IIpocrpadrcrso CL[a, b]. SnemMeRTaMu IPOCTPAHCTBA ABIAIOTCA Helpe-
pbiBHBIe (DYHKUUH Ha OTpe3Ke [a, b]. MeTpuky 3amaiuM dbopMyoi

b
olz.y) = / j2(t) — y(8)] dt.

IIpoBepka akCuOM MeTPHKM aHAJIOCHYHA IIPOBEpKe B IpUMepe 2 ¢ 3aMeHO
CYMMBI DAZa HHTErPaJIOM.

7. IIpocrpancteo R™. Cy1iuecTByer MHOIO eCTECTBEHHBIX C Pa3HBIX TO-
YeK 3peHus CIocofOB BBeIEHHs MeTPHKH B mpocrpancTBe R™. Ormerum
OIHYy cepuio Takux crocobos. s sroboro p > 1 331a0uM METPHKY:

n 1/p
ples) = (Ll -unl)
k=1

tme r = (Z1,..-,Zn), ¥y = (Y1,- .-+ Yn)-

Beoinosnenne axcuoM 1), 2) METPHKM OYEBUAHO, HEPABEHCTBO Tpe-
yronbHuKa 6yner qokasano B § 20. Hanbonee 4acTo ucnoms3yercst esxau-
doea mempuxa p2(z,y), MeTpuKa p1(T,y), a TAKKE METPHKA Do, 33aHHAS
OpMYIIOH poo(2,y) = max [zk — Yil.

B ciiyuae npocrpascTsa R Bce 3TH METPHKH CBOAATCSH K OJHO METPHKe
p(z,y) = |z —yl.
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IIpocTpancTBo R™ ¢ €BKINIOBOIT METPUKOI ABJIAETCS ONHOM U3 OCHOB-
HbIX MOJEJiell TP TOCTPOEHUM TEOPUH MEeTPU4YEeCKUX MPOCTPAHCTB. B Teo-
PHH METPHYECKHX IIPOCTPAHCTBA AKCHOMATHU3NPOBAHBI OCHOBHbIE CBOMCTBA,
PacCCTOsIHMS, ¥ 9Ta TEOPHS M3YUYaeT Te CBOMCTBA U NOHATHSI, KOTODBIE MOI'YT
ObITb BBEJEHLI C IIOMOLILI0 PACCTOsHUA. JIerko 3aMeTUTb, 4YTO Taxue Oa-
30Bble MOHATHA MaTEMATHYECKOTO AHAJIN3A, KAK TNPEeJeNl, HENPEPLIBHOCTD,
DABHOMEpHAs HElTPEPLIBHOCTh, NOC/Ien0BaTenbHocTh Komu, MoxHO cdop-
MYJIHPOBATh TaK, YTO OHU HUCMOJB3YIOT JUILb PACCTOSIHIE MEXKIY TOUYKAMU
8 R™ 1, c/le10BaTeIbHO, HMEIOT CMBICJ B IPOM3BOJILHBIX METPHYECKHX [IPO-
crpaHcTBax. B pesynprare mojy4aeM COOTBETCTBYOIIHUE ONPEe/ICHNUs IJIs
ITPOU3BOJILHBIX METPHUYECKUX [IPOCTPAHCTB.

Onpegenenne 3. IlocnenoBarenbHOCTb (X5, ) TOYEK METPHIECKOTO PO-
cTpaHcTBa (X, p) Ha3bIBaeTCA CTO0AWEUCA, ECJIH CYILIECTBYET TaKoi 3Je-
MeutT a € X, yro p(z,,a) — 0 npu n — oo, T.e. gna moboro £ > 0
cymecTByer Takoe n(e), 9To aud n > n(e) BLIIONHEHO p(Zn,a) < €. Tod-
Ka a Ha3blBaeTCca npedeaom nocaedosamenvrocmiy (z,). B atom ciydae

3amuceiBaeM a = lim z, unu x,, — a.
n-—oC

Ilpensnoxxeunme 1. B mempuneckom Npocmpancmee CTOOAUAACA TNO-
cAed08aMEABHOCTID UMEETN TNOALKO 00UN Tpedea.

> Ecmu x,, — a u x, — b, TO N0 HEpaBeHCTBY TPeYroOJAbHUKA Oyaem
umetsb p(a,b) < p(a, ) + p(xn,b) — 0, T.e. p(a,b) =0, u B cuny akcuo-
Mbl 1) meTpuku a = b. <

Omnpegesnenne 4. OroGpaxenne f: (X,px) — (Y, py) HasbiBaerca
HenpepueHsM 8 mowke To € X, ecam pns joboro € > 0 cyuecTBy-
er § = d(e,z9) > 0 Taxoe, 4YTO U3 HepaBeHCTBA px (T, Zp) < J§ caexnyer
py (f(z), f(zo)) < e. Orobpaxenue f Ha3bpIBAETCH HenpepuieHbim Ha X
(na muoxectse A C X), eC/li OHO HENPEPBIBHO B KaxKIOH TOYKe Tg € X
(zo € A).

Onpegenenue 5. Orobpaxenue f: (X,px) — (Y, py) Ha3viBaeTcs
DAGHOMEPHO HENPEPHIEHBLM, €CIH I J1060ro € > 0 CyNecTBYeT YUC/IO
é > 0 Takoe, 4TO M3 HEPaBeHCTBa Px (T1,Z2) < § CleAyeT HEPABEHCTBO
py (f(x1), f(x2)) < € pna n0bbIxX 1,22 € X.

Onpenenenue 6. Ilocnenosarensuocts (T,) € X HaseiBaeTcs no-
caedosameavrocmouio Kowu (Pyndamenmanvnol nocaedosamerbrocmsbio,
crodawetlica 8 cebe nocAedo8AMEALHOCTIOI0) B METPUYECKOM IPOCTPAHCTBE
(X, p). ecmu p(Zy, Tm) — 0 mpu n,m — 0o, T.e. s moboro € > 0 cyrie-
CTByeT HOMep n€) TaKoH, YTO IJid 7, M > 1(€) BLUIOIHAETCSA HEPABEHCTBO
p(irn‘:rm) <eEe.
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Of611iee IOHATHE CXOAAUIEHCS IOCAEJOBATENHHOCTH B METPHYECKOM IIPO-
CTPAHCTBE B KOHKPETHBIX CJIY4asiX MOXKET MMEeTh BEChbMa PA3JIUYHEIH B,
MHOTH€e U3BECTHBIE THIBI CXOAUMOCTH B IPOCTPAHCTBAX (PyHKUMI M [IOC/Ie-
JOBaTeJIbHOCTEH COBIAAAIOT CO CXOMUMOCTBI) 10 KaKOH-HUOYIb> METpHKE.

PaccMOTpPHM KOHKDETHBIM BHJI CXOAMMOCTH IIOCIIEJOBAaTENBHOCTEH B
Pa3IMYHBIX MPOCTPAHCTBAX.

1. IIpocrpancreo Cla, b]. Yeaosue p(zy,zo) — 0 B 3T0M IPOCTPRHCTBE
HMeeT CAeAYIOIMH BUA: AJ1s Jaoboro € > 0 cymecTsyeT HOMED 7i{€) TaKoil,
9TO A7 T > Tu(€) BBIIOIHSAETCS max |zn(t) —zo(t)] < €. DTO €CTH WIUPOKO
ACNIO/Ib3yeMOe B MATEMATHYECKOM AHAIM3e M APYTHX BOMNPOCAX MOHATHE
PABHOMEPHO# CXOAMMOCTH [OC/IEA0BATENLHOCTH (DYHKIIMIA.

2. IlIpocrpancrso Cy[a, b]. Yenoue pr(zn, zo) — 0 uMeeT BUA: AJIA JIXO-
poro € > 0 cymecrByeT HOMEp 7(£) TaKoii, YTO A N = N(€) BBINOJIHACTCA

1

/|$n(t) —zo(t)| dt < e.

a

DTOT THN CXOIMMOCTH HAa3BIBAETCA CTOOUMOCTBIO 8 CpedHem U TAKIKE 4Ya-
CTO BCTPEYAETCA B MATEMATUIECKOM AHAJIN3€E M B TEOPUM UHTETPHUPOBAHUS.
3. IIpocrpanctso s. [lycreb T, — NOC/I€HOBATENBLHOCTD JIEMEHTOB [IPO-
cTpaHcTBa s. KaXkplil 9JIeMEHT T, SBJISETCA IOCIEAOBATENLHOCTBIO YM-
cen z,(k) (3mecp yaobHO 0603Ha4YEHME [TOCNENOBATENBHOCTH Ty = (T (k))
KaK (pyHKIMH HaTypajibHOro aprymenTa k). CXOOUMOCTL B IPOCTPAHCTBE
S MOCJIEIOBATENbHOCTH Iy, K 3JIEMEHTY To O3HAYAET, YTO IJis J1rboro € > 0
CywmecTByeT HOMep 7i(€) TakoM, YTO 4 n 2> 7 (&) BINONHAETCA

ii (k) —zo(R)]
£ 2 1+ Jaa(k) — 2o (k)]
Torma Aaa KaxXJa0ro CjIaraeMoro noJjy4aeM
L _lon(k) —zok)

25 1+ |z (k) — zo(R)]

OTKyJa Cnenyer, 4to |z (k) — zo(k)| — O npu n — oo (mpobs cTpeMutT-
¢ K HyJII0, 3HaMeHaTesb OrpaHudeH) aa# joboro k. Takum obpasom, u3
CXOOVMOCTH B METPHKE MPOCTPAHCTBA S BBHITEKAET NOKOODAMHATHAA CXO-
JHMOCTb MOCHIEJOBATENbHOCTU T, (Yucyio (k) MO aHAJIOTHH CO CIydaem
opocTpancTBa R™ Ha3bIBaIOT k-#i KOODAMHATON 3JIeMeHTa T € S).
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Ceityac nokaxkeMm, YTO U3 IOKOOPANHATHOM CXOAUMOCTH BBITE€KAET CXO-
JMMOCTb B METPHKe MPOCTPAHCTBA S. JlefiCTBUTENBHO, NYCTh MOCTIEI0Ba-
TEIbHOCTD T, CXOZMTCS MOKOOPAMHATHO: |z, (k) — xo(k)| — O mpu n — oo

00
nas moboro k. Bosbmem € > 0 u Buibepem N Tak, uto Y. 1/2% < /2.
k=N-+1
Hans xaxporo k, k= 1,..., N, BoibepeM HOMED 7k TaKOH, 4TO 4N N > N
somonaseTcss o(zn (k) — zo(k)) < €/2, tme o(t) = [t|/(1 +{t]), t € R.
ITycts n(e) = Max 7, TOLAa ANA N > n(€) nonay4yaem
1

(e 70) = 3 o @lan(k) — zo(k)) =
k=1
N 1 00 1
=" e el@n(t) —zo(k) + Y 5 elenlk) - z0(k) <
k=1 k=N+1

?-| =
Il
Mm

m|m

4TO U Tpe603a.noc1) ,n,oxa33:rb.

N m

> €
Z syt
k=N+

Ynpaxuenue 1. IJokasaTs, YTO M3 CXOAMMOCTH B IPOCTPaHCTBe [
BBITEKAET NOKOOPAMHATHAA CXOOUMOCTh, HO HMOKOODIMHATHO CXOMSALUASICS
HI0C/1eJ0BATEIbHOCTL MOXKET HE CXOMHUTBHCS B CMBICJIE METPUKH lp.

HpI/l H3y4YeHUH DA3JIUYHBIX KJIACCOB MPOCTPAHCTB U ApyTUux MaTemMa-
TUYECKNX OOBEKTOB BO3HUKAET €CTECTBEHHOE IOHsTHe u3oMopdusma —
OMEeKTHBHOrO OTOOPAXKEHHST OJHOr0 NMPOCTPAHCTBA B APYroe, KOTOPOe CO-
XpaHseT 33JaHHYI0 CTPYKTypy. B ciyuae TONOJNIOTMYECKUX NMPOCTPAHCTB
1“30M0PDHU3M HA3bIBAETCH 20MeomopPusmom. B ciydae METpHYECKUX IPO-
CTPaHCTB H30MOPMU3M ONPENENSeTcs CICAYOMUM 06pa3oM.

Onpepenenue 7. Otobpaxkenue [ METPHYECKOTO MIPOCTPAHCTBA
(X,px) B MeTpudeckoe NpocTPaHCcTBO (Y,py) HA3BIBAETCA U3OMEMPU-
weckum (udomempuets), ecnu s JOObIX X1, T2 € X BBINOJHEHO Da-
BeHCTBO py (f(x1), f(z2)) = px(x1,x2). CIOPBHEKTUBHOE U30METPUYECKOE
orobpaxenue f: (X,px) — (Y, py) Ha3bIBAETCA U3OMEMPUNECKUM U30-
mopdusmom. Merpuyeckue npocrpanctea (X, px) u (Y, py) HasbiBaloTCH
UOMEMPUNHBMY WA USOMEMPUHECKY U3OMOPHHOIMU, ECTTH MEXKIY HUMU
CYUIECTBYET U30OMETPUYECKH U30MOpPU3M.

B Teopuu METPUYECKUX NPOCTPAHCTB U3y4aIOTCH T€ CBOKCTBA METPHYE-
CKUX NPOCTPAHCTB, KOTOPbIE COXPAHAIOTCA IIPH H30METPHYECKUX U30MOP-
dbusmax. FHage roBopsi, M30METPUYHBIE IPOCTPAHCTBA CYUTAIOTCS OIMHA-
KOBBIMH C TOYKH 3DEHUA TCOPDHUHU METPDHYECKHX NPDOCTPAHCTB.
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IIpumepsr

1. Muoxecteo X = R ¢ merpukoit p(z.y) = #Izl - I—-I-yET HU30MET-
pudHO mHTEepBatay | — 1,1{ ¢ oberynoii merpukoi. M3omerpus 3amaercs

orobpaxenuem f(z) = -

2. IIpocrpancrsa C[0,1] u C[a, b] n3omerpuynsb. 3omerpueit aBiser-
csa1, Hanpumep, orobpaxenue f(z)(t) = z{a(l — t) + bt), melictByiomee 13
Cla,b] B C[0,1]. ITosTOMy B HaJybHejiieM Mbl OyfeM B OCHOBHOM H3y4aTb
npocrpadcreo C[0,1], umes B Buzy, uro npocrpanctso Cla,b] obnanaer
TOYHO TAKMMM 2Ke CBOHCTBaMH.

§ 15. TOIIOJIOTUA METPUYECKUX ITPOCTPAHCTB

PaccMOTpHM TOIOJIOTHIO Ha MHOMXKECTBE X, MOPOXKIEHHYIO METPUKOM.

HamomuuMm, 4T0 monoaozued Ha MHOXKecTBe X Ha3bIBAETCS CEMEHCTBO
T HOJMHOXKECTB MHOXKecTBa X, YAOBIETBOPSIONICE CIEAYIOMIMM aKCHOMAaM:
NemUy€er,toYUsem;2)ecm Uy €, Uz e, o U1 NUz € T

(a3
3) 0 € 7 u X € 7. llogmuOKeCTBa, BXOAALINE B CEMEHCTBO T, HA3BIBAIOT
OMKPLUMBLMY 8 TMOTOA0ZUY T.

Omnpenesnenue 1. Omxpoumom (3aMEHRYMBIM) WAPOM C YEHTNPOM 6
mowke To paduyca ¥ B MeTpPUYECKOM mpocrpascrse (X, p) Ha3bIBaeTCS
MHOKECTBO

B(zg,7) ={z € X| p(x,x0) <1}, (Blzo.7] ={z € X| p(x,z0) < 7}).

B cayuae mpocTpanctBa R? ¢ eBkimnosoit merpukoit map B(zo,T) B
CMBICTIE Onpefiesenusi 1 ecThb OOBIYHBIN OTKPbITHIN (6e3 rpaHu4Hol cde-
pBI) IIap, B cloy4ae mpocTpaHcTBa R? — Kpyr, B Cilydae NPOCTDAHCTBA
R — unrepBan. Muorue ¢pakTbl B TEOPHH METPUYECKUX MPOCTPAHCTB yIa-
eTcs [ONYYMTh 110 aHAJOTMH CO ciydyaeMm mpocrpascrBa R3: cmauana u3
HArJsHBIX MEOMETPUYECKMX COOOparKeHUil JOKa3bIBAETCS YTBEDIKIEHUEe
(MM BBOZMTCA HOBOE MOHATHE) JUIA Ciydas mpocTpaxcrBa R3, a 3arem
4aCTO OKa3bIBAETCA, YTO TO K€ JOKA33TENbCTBO KOPPEKTHO B CJIydae Mpo-
HU3BOJILHBIX METPUYECKUX IPOCTPAHCTB.

OaHako cienyeTr UMeTb B BHAY, YTO JANEKO He BCe CBONCTBA NpO-
crpaucTBa R3 mepenocarcs Ha ciyyait MPOM3BONBHBIX METPHYECKUX MPO-
cTpaHCTB. B YacTHOCTH, mAapbl B IPOM3BOJILHBIX METPUYECKHX TPOCTPAH-
CTBaX He HACTEIYIOT BCe CBOicTBa 06bIgHbIX mapos B R3. Tax, HanpuMep,
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B IPOCTPAHCTBE Ry, COCTOAIIEM M3 HEOTPHIATENBHBIX YMCeN C OBBLIYHOM
MeTpuKoit p(z,y) = |z — y|, umeem B(3,3] =[0,6], B[3,5] = [0,55]. [o-
Jly4aem, YTO B 9TOM NPOCTPAHCTBE CYLIECTBYET AP PaJHyca 5, KOTOPbLA
ABJIAETCA COBCTBEHHBIM NMOAMHOXKECTBOM LIapa pajuyca 3.

Omnpenenenne 2. Muoxectso U C X Ha3bIBaeTCsi OMEDHLIMbLM B
MeTpudeckoM npoctpancrse (X, p), ecau masa moboro g € U cymectByer
yucno T > 0 Takoe, 4YTO CIpaBejuMBO BKOueHue B(zg,r) C U.

IIposepuM, 4TO OIpeneIeHHOE TaKUM 00Pa30M CEMEICTBO T OTKPBITHIX
MHOXKECTB YAOBJIETBOPSET aKCHOMAM TOIOJIOTHH.

1. Ilycrs U, — oTkphIThie MHOXKeCTBA B (X, p) u nycts U = | Uy. Ecin

zg € U, 10 cymecrsyer Uy, Takoe, uto xg € Uy,. 3HauHUT, coytrl.uecmye'r
pazuyc r > 0 Taxoi#, uro B(zo,7) C Uy, C U.

2. IIycrp Uy u Uy — orkpeiteie MHOXKecTBa B (X, p) u U = Uy N Us.
Ecnun xg € Uy NUs, T0o 29 € Uy n g € Uy u, 3HaYUT, CYILECTBYET LIAD
B(zg,71) C Uy u map B(xg,r2) C Us. Torga mas r = min{ry,r2} umeem
B(xg,m) C U, 1.e. U oTkpbITO.

3. IIpoctpancTBo X CONEPXKHUT BCE LIADHI M, 3HAYHUT, YIOBJIETBODSAET
OIpejie/IeHNI0 OTKPBITOrO MHOXKecTBa. IlycToe MHOMecTBO ) Taxxke GyaeM
CYUTATH OTKPBITHIM.

ITocTpoeHHAS! OMMCAHHBIM BhILLE CIIOCOGOM TOOJIOTHA Ha MHOXKeCTBe X
HA3BIBAETCS ecmecmeennol monoaczuel MemPueckozo nNPocmpaHcmen
unn  monoaoeuel, uHoYyuposaHHol mempurol p.

TaxuM 00pa3oM, B METPUYECKOM HPOCTPAHCTBE UMEKT CMBICJ BCE IIO-
HATHS!, KOTOPbIE MOXXHO PACCMATPHBATD B TOMOJOIMYECKUX IPOCTPAHCTBAX.
3ameTuM, 9TO npuBeAeHHbIe B § 14 onpenenenus cxomAmeiics NOCIE0Ba-
TEJILHOCTH ¥ HEMPEePLIBHOIO OTOODarKeHU IKBUBAJIEHTHbI COOTBETCTBYIO-
UM ONpeAejIeHUsIM [Jid TOMNOJOIMYEeCKMX IIPOCTPAHCTB C TOIOJIOTHEH,
UHIYUUPOBAHHON METDUKOH.

Ipepnoxenne 1. Omxpwmsiti wap B(zg,T) AGAAEMCA OMKPHIMBLM
MHOIHCECTIBOM. (.HHHI‘BHCTH‘-IQCK&H OYEBHIHOCTDH HE SIBJIAETCS NOKA3aTEIbCTBOM, TAK
KaK OnpeaeyieHue OTKPLITOro mapa #a onpe,ueneﬁﬂe OTKPBITOI'O MHO2KeCTBa 6BIHPI JaHbI
HE3ABHCHMO. )

> Ecnu 17 € B{zg,r), T0 p(20,21) < 7. Paccmorpum map Bz, 1),
rae vy =7 —p(xo,x1) > 0. Ecin ¢ € B(zy,71), TO, IPUMEHSISI HEDABEHCTBO
TPEyTObHHAKA, NOJIY4aeM

p(z,z0) < pla,z1) + p(x1,%0) <71 + plZ1,T0) =T

Takum obpasom, B(z1,71) C B(zo, 7). <
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Ecmn A — nogMmHOXKeCTBO MHOXKecTBa, X, TO Jjid TOUKH T € X BO3-
MOXKHBI 1B, Ciiydasi: € € Awm z ¢ A. Eciu A — NOAMHOXKECTBO B MeT-
puyeckoM mnpoctpaHcTBe (X, p) (MM B TOMOJIOrMYECKOM NPOCTPAHCTBE),
TO MOXKHO 60J1ee JeTalbHO OMUCATh PACTIONOKEHNE TOYKH I OTHOCHTEIBHO
MHOXecTBa A. Pa3nuunbie BApMAHTHI PACIIONIOXKEHUA TOYKHM OTHOCUTEIbHO
MHOXKECTBA, BLIACIAIOTCS CIAEAyIOUMMHU ONPEACTIEHUIMU.

Touka 9. € X HasbBaeTcsd e6HewHel mouxoti MHOxecTBa A, ecun
cymecTByer paguyc v > 0 Tako#t, uro B(zg,7) N A ={.

Touka xg € X HasbiBaeTCd MO4K0lT NPUKOCHOBEHUA MHOXKECTBA A,
ecau s uoboro r > 0 map B(zp, ) CONEPXKUT TOYKH MHOXKECTBa, A, T.e.
B(zo,r)N A # 0.

Ecau 2o € X — BHemHsAs Touka MHOXKecTBa A, T.e. B(zo,r) N A = 0,
TO BCE TOYKH OTKPBLITOrO mapa B(zg.r) — BHENIHHe I MHOMKeCTBa A
(npenmnoxenue 1). II03TOMy MHOXKECTBO BHEUIHHUX TOYEK SIBJISIETCA OTKPbI-
TBIM.

MHOXeCTBO TOYEK IMPUKOCHOBEHMSI MHOXeCTBa A Ha3blBaeTcs 3aMbi-
Karnuem mHodcecmea A u obo3HadaeTcs A.

Jliobas Touka x € A ABNSETCA TOYKOM IPUKOCHOBEHUS JJIsI MHOXKECTBA
A, re ACA, tak xak z € B(z,r) N A.

ToYKM IPUKOCHOBEHMS MOXKHO TaKK€ PACKJIACCU(PUIMPOBATh, YUUThI-
Basi, HACKOJIbKO BEIIMKO MHOXecTBO Bz, ) N A.

Touka zo € X HasbiBaeTcs enympennel mouxoti MHOXKeCTBa A, eciu
cymecTByeT paguyc r > 0 Takoi, uro mwap B(zo,T) cogepxurcs B A, T.e.
B(zg.T) N A = B(zo,T)-

Touka xg € X Ha3bIBaeTCa zpaxu¥Hol movkoli MHOXKecTBa A, eciiu
Aqs moboro r > 0 wap B(zg, ™) CONCPXUT KaK TOYKM MHOXKeCTBa A, Tax
¥ TOYKH, He OpMHaJexalme A, T.e.

B(zg,7) NA#0, B(zo,7)N(X\A)#D.

Touka zg € X Ha3BIBAETCA U30AUPOGAHHOU MOYKOT MHOXKECTBa A,
ecnu cyuecTByer paguyc r > 0 Takoit, 4ro map B(zg, T) COBEPXUT TONBKO
OZHY TOYKY MHOMXKeCTBa A — caMy TOYKY Zo, T.€. B(zo,r) N A = {xo}.

Touka zg € X Ha3blBaeTcss npedeavHol mowkol MHOXeCTBa A, ecau
Jst ioboro 7 > 0 map B(zg,T) COOEPXUT TOYKKM MHOXKECTBA A, OTIMYHbIE
oT Zg, T. €. B(zo,7) N (A\ {z0}) # 0.

MHoxecTBO A Ha3BIBAETCA 3AMKHYMbLM, €CJIH €ro gonosHeHne X \ A
OTKPBITO.

Hanomuum, uto MHOKecTBO V' C X HaA3LIBAGTCA O0KDPECTHOCTDIO TOY-
KU To B TOMOJIOTMYECKOM IIPOCTPAHCTBE (X, T), eClIH CYIIeCTBYeT OTKPLITOE
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muoxecrso U (U € 7) Takoe, ut0o 9 € U C V. B Tonmonorudyeckux mpo-
CTPAHCTBaX ONPEIEJIEHUs!, AHAJIOIMYHbIE IPUBEJEHHBIM BbIIIE, OTINYAIOT-
c TeM, YTO BMECTO LUAPOB (SIBJISIIOIIMXCH OKPECTHOCTSIMU B TOIOJIOI'HH,
HHIYLMPOBAHHON METPHKOM) PACCMATPUBAIOTCSH OKPECTHOCTH TOYKH.

CBoficTBa 3aMKHYTHIX MHOXKECTB ONUCHIBAIOTCS CJIEAYIOmeH TeOpeMOii.

Teopema 1. ITycmo A — nodmmnoocecmeo 8 MemMpuUeCKom NPoCMpPaH-
cmee (X, p). Tozda caedyrowue ceoticmea IKEUBAAEHTIHGL:

1) donoanenue X\ A ecmv omxpuimoe muoorcecmeo, m. e. A 3aMKEHYMO;

2) AC A, m.e. A codepoicum 8ce c80U MOUKU TPUKOCHOBEHUA,

8) A= A, m.e. cosnadaem co ceoUM 3aMbKAHUEM;

4) u3 mozo, wmo T, € A u nociedosamenavHocmy T, — Tg, CAedyem,
ymo Ty € A.

> 1< 2. Ecmm X \ A — OTKpBITOE MHOXKECTBO, TO AJia Jt000i TOYKH
zo ¢ A cymecrByer map B(zg,r), r > 0, Taxoi, uro B(zo,r) C X\ A, n.e.
B(zo,7) N A = . 310 o3Ha4aeT, uTO To ¢ A. Taxum obpasom, X \ A C
CX\A

Ecnu A C A, to mo6as Touka 2o € X \ A C X \ A sBnsercs suewnei
ans A, T.e. cymecrByet wap B(zg,r), r > 0, Taxoi, uro B(zg,7)NA = 0,
T.e. B(zo,7) C X \ A. DKBHBaJEHTHOCTb HOKA3aHA.

2 < 3. Beuay orMeuenHoro pasee Bkoyenns A C A 3KBUBATIEHTHOCTD
OYEBH/IHA.

3 = 4. Ilycts T, — Zo, Tn € A. Torna mys moboro r > 0 nepeceyenue
B(zo,7) N A # B, Tak kak gns mo6oro r > 0 cymectByer Homep n(r)
TaKo#, uro s n 2 n(r) z, € B(xo,r) U, 3HauuT, T,, € B(x0,7) N A.

4 = 3. Iyctb 20 € A. Tak kaxk B(zo,1/n) N A # 0, To BEGEpEM
Zn € B(zg,1/n) N A. Torza nocnenoBaTeNnbHOCTb Tn, — Tg, Tn € A, U B
cuny 4) 7o € A, T.e. A C A, 4to u Tpe6oOBATIOCH IOKA3aTh. <

MuoxkecTBO, 0bnagaomee cBORCTBOM 4) u3 GOPMYTUPOBKY TEOPEMEL 1,
HA3BIBAETCSA CEKBEHUUAALHO 3aMEHYMbLM. CllelMaNbHbIE CBOMCTBA METPHU-
YECKUX MPOCTPAHCTB MCIOJb30BAIUCE TOJLKO MPH JOKA3ATeNbCTBE TOTO,
YTO U3 CBOHiCTBA 4) CleAyeT CBOMCTBO 3), a BCe OCTAJIbHBIE YTBEDPIKIE-
HUA UMEHT MEeCTO U B IIPOU3BOJIBHBIX TOIIOJIOTHYECKUX NPOCTPAHCTBAX. B
YaCTHOCTH, U3 3aMKHYTOCTH MHOXXECTBA, ClIeIyeT CeKBeHUNAIbHAA 3aMKHY-
ToCTh. [IpuBeneHHbIH HUXKe IpUMep 1 MOKA3bIBAET, YTO B IMPOU3BOJILHBIX
TONOJIOTHYECKHUX IPOCTPAHCTBAX U3 CeKBeHLIYIaJIBHOﬁ 3aMKHYTOCTH MHO-
JKeCTBa He CJIeflyeT ero 3aMKHYTOCTb. '
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IIpumMepsL
1. Ilycrs X := F'[0,1] ectb MHOXeCTBO BCeX (DYHKLHI, ONPEIETEHHBIX
Ha orpeske [0,1]. 3amanum Tonosormo va X. Ilycts

Vivtanitmir(@0) = {x € F| |2(tr) — zo(ty)| < k=1,...,m},

rae ti,t2,...,t;m — IPOU3BONBHBIA KOHEYHEIH Habop TOYek oTpeska [0,1],
r > 0. Muoxecrso U C F[0,1] 6ymeM Ha3bIBaTh OTKPBITHIM, €CIH JJIs
qoboro Tg € U cyuiecTByeT MHOXKECTBO BUAA Vi, ty.... 1. (Z0) TaKOE, YTO
Viy tartmir(Zo) C U. 3ajaHHaA TONOJIOTUS HA3BIBAETCH MONOAO2UET MO-
weuHoti CTO0UMOCTNU, TaK KaK MOC/IeN0BATENBHOCTD QYHKUUH Ty, CXOAUTCH
K Tp B 3TOH TOMOJIOTHM TOTAA ¥ TOJBKO TOLAA, KOTAa 9Ta [OCIEI0OBATENb-
HOCTb CXOAMUTCS TOYEYHO.

IIycts A C FJ0,1] ects MHOXKecTBO Beex m3mepumbix dynkumit. Co-
rmacuo Teopeme 1 § 7 mpenes TOYEYHO CXOHAIIEHCHA MMOCIENOBATENBHO-
CTHM U3MepUMbIX (DYHKUMIA ABJIAETCH M3MEPUMO# (yukumeii. ITo 03HAYA-
€T, YTO MHOXKECTBO HM3MEpMMbIX (yHKumii 06JafaeT CBOMCTBOM CEKBEH-
nuabHOM 3aMKHyTOCTH. OJHAKO AAHHOE MHOXECTBO A He SBJAETCA 3a-
MKHYTHIM B PacCMaTPUBaeMOH TONOJIOTHH. JeACTBUTENBHO, B OKPECTHO-
cta Vi, ta,... tm;r(T0) TIPOM3BOJIBHOM GYHKIUM To CYILECTBYIOT U3MEPUMBIE
dyuxumn (Hampumep, yukuua z : z(tg) = zo(tk), z(t) =0, ecnu x # tg).
IToatomy nwobas pyHKUMS SBJSETCS TOYKOH NPUKOCHOBEHMS MHOXKECTB3,
AuA=F[0,1] #A.

2. B npocrpancree C|[0, 1] HenpepbiBHbIx GYHKIUA paccMOTPUM NOI-
MHOXKecTBO P, cocrosmee u3 pyHKUMH, SBISIOLMXCS MOJHHOMAMH, T.e€.

n
umetommmu BuA p(t) = 3. axt®. Ilo Teopeme Beitepmrpacca moGas Henpe-
k=
PBIBHAA QYHKLIUA MOXKET gbITb DABHOMEPHO NPUOIUIKEHA HOJIMHOMOM, T. €.
eciu ¢ € C[0,1], To mas nwoGoro r > 0 cyluecTByeT HOJMHOM P TaKOH,
uyro |z(t) — p(t)| < 7, r.e. p € B(x,r). Takum o6pasom, mobas yHKIHA
z € C[0,1] aBasieTcs TOYKON NPUKOCHOBEHUS MHOXECTBA [OJMHOMOB, T. €.
P = C[0,1]. [Mocnemmee papeHcTBO ABNAETCS DAKTHYECKH nepedOpMyIu-
poBKo# Teopems! Befiepiirpacca.

3. B mpocTtpaHcTBe R BelecTBEHHBIX YHCEIN ¢ €CTECTBEHHON METPHKOM
po(z,y) = |z — y| paccmoTpuM moamHOXKecTBO Q, COCTOsIIEE M3 PAIMO-
HAILHBIX 4uces. Tak Kak B 1000M MHTEpBaJeE |To — €, To + £[ CylmecTByIOT
paIlMOHAJIbHBIE YHCJIA, TO KaXKJ0e MefCTBUTENLHOE YHMCIIO SBIAETCH TOY-
KOil pUKOCHOBeHHs MHOXKecTBa Q, T.e. Q = R.

Onpepenenne 3. MHoxecTBO A C X Ha3bIBACTCA 6C100Y TAOTNHBILM,
ecnu A = X.
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PaccMmorpensbie B Ipeaplayiux IpuMepax MHOXecTBa P u Q saBadioT-
ca Beloxy mnotHeiMu cooTBercTsenHo B C[0,1] 1 R.

Tenepp paccMOTpUM CBOHCTBO HEIPEPhIBHOCTH.

Teopema 2. Jas omobpasicenua f : (X, px) — (Y, py) mempuneckuz
NPOCTMPAHCINE CAEJYOULUE COOTUCTEq IKEBUBAAEHTTIHBL:

1) f nenpepweno 8 mouxe xp € X;

2) daa a060U NOCAEI0BANEADHOCTRU Ty, CTOOAWEUCA K Lo, NOCAEOO-
sameavrocms f(z,) cxodumes x f(zo).

> 1) = 2). Ilycrs f HempepblBHO B TOUKE To M T, — Tp. Ilo € > 0
BbifepeM umcio ¢ > 0 Tak, YTO W3 HepaBeHCTBa px (T, Tg) < § cremyer
HepaBeHcTBO py (f(x), f(zo)) < €. dua § > 0 naiimem uucino n(d) takoe,
4TO OJ1a n 2> n(d) BbIMOMHEHO px (Ttn, To) < 6. Torma py (f(xn), f(zo)) <€
", 3HaunT, f(z,) — f(zo).

2)= 1). Ilycte mas s060if MOCIEHOBATENLHOCTH T, — o UMEEM
flzn) — f(zo). [Ipennonoxum, uto orobpaxkenve f pPa3pbIBHO B TOUKE
ZTp. ITO 3HAYUT, YTO CYLIECTBYET 4MUCJIO €g > 0 Takoe, 4To s J11060-
ro § > 0 cymectByer Touka s € X, nyis KOTOpo# px(Ts,To) < 4, HO
py (f(zs), f(z0)) > €o. BospMmeM mocnenoBatensHOCTh ¢, — 0 U BoibGepem
Tp, TaK, 4TO P(Tn,To) < On, HO Py (f(Zn), f(20)) > €0 > 0. Torna z, — o,
HO f(z,) He cxomurca K f(Tg), YTO IPOTHBOPEYHUT YCJIOBHIO. <

CanegcrBue. Jaa nenpepuerocmu omobpasicenus f mempurneckut npo-
CMPAHCME 8 Mowke Ty 00CTAMOUHO, %MOobb das 060U nocaedosament-
HOCU T,, — Zo Nocaedogamensnocms f(zn) 6vae crodausedtica.

> IlycTb cymecTByeT mOCAEAOBATENBHOCTD Ly, TAKASH, YTO Iy — Xg, U
npu atoM f(Z,) — y # f(2o). [locTpouM HOBYIO MOCIEAOBATEIBHOCTD T,
TaKyIo, 9T0 Ty, = Tn, Ly, = Zo. Torma xj — Zo, HO f(x,) He cxoauTCH,
TaK KaK f(z5,) — v, f(x5,41) = f(zo) m y # f(x0). <

Oro6pakenue, 0bnanam0mee CBORCTBOM 2) TEOpPEMBI 2, HA3BIBAIOT cCe-
KE8eHUUALLHO Henpepbierbim. CleLyowuii IpUMEDP IOKAa3bIBAET, YTO B IPO-
U3BOJIBHBIX TOMOJIOCMYECKUX NPOCTPAHCTBAX M3 CEKBEHIHAJLHON Hempe-
PBIBHOCTH HE CJIEIyeT HeNpPEPHIBHOCTb.

ITpumep 4. Ilycre Ha mHOxecTBe X = R 3amaHbl ABE TONOJOrUU:
71 = P(X) — AuckperHasi TONOJIOTUSt ¥ TONOJIOTHS T2, B KOTOPDYIO BXOAAT
T€ U TOJBLKO T€ MHOXKECTBA, Y KOTOPBIX HOMOJIHEHUS KOHEUHbI UM CHETHBI,
¥ TIycToe MHOXKecTBO. CXOoAsipecs nocaeI0BaTeNbHOCTH B IPOCTPAHCTBAX
(X.11) u (X,72) olHM M Te Xe — ITO TOC/IEJI0BATEILHOCTH, BCE UJIEHb
KOTODbIX, HAYHHAs ¢ HEKOTOPOro HOMepa, COBMNaAaloT. IlosroMy TOXie-
crBenHoe orobpaxkenue f : (X,7m) — (X.m); f(r) = x. pa3pbiBHO, HO
SIBJISIETCH CEeKBEHLMAbHO HeNPEPLIBHBIM.
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3ameuanune 1. Kpome TOro, 9T0 TONOJOTHS METPHYECKOTO MPOCTPAHCTBA 06.1a-
AaeT AOMOJHUTENbHbIMH XOPOLIHMH CBOHCTBaMH, OTMETHM, YTO IDOBEPKA YCJIOBHi B
OnpejesieHUAX B CJy4ae METPHHeCKHX NPOCTPAHCTB IMpOLLe, YeM AJIA MPOHM3BOSIbHBIX
TOMOJIOTMYECKMX, TAK KaK Takas IpPOBEpKa CBOAMTCH K CDABHEHHIO 4HCeJ, a B TONOJIO-

THYECKHUX NMPOCTPAHCTBAX — K CPABHEHHIO MHOXXECTB.

3ameuanne 2. [Jone3no pa3nuyarh, KAKME U3 PACCMATPUBAEMbIX CBOHCTB HJIH N1O-
HATUN ABNAIOTCA TOMNOJIOTHYECKHMHU, T. €. ONpPenensaioTCsa TOJIbKO TOHOJ’lOl'Heﬁ, U KaKue
ABJIAIOTCA METPUYECKHMH — [JIS BBEACHHA KOTODPbIX HEAOCTATOYHO 3HAHUA TOIIOJIOTHH.
HanpuMep, NOHSITHE CXOI(HU.IEﬁCﬂ nocnenoBaTeNbHOCTH OIpEndesdAeTCHd Yepe3 TOomnoJo-
THK), a AJIs1 BBEAEHNs NMOHATHUA NOCJEO0BaATEIBHOCTH Kowwu Tonosoruu HEOO0CTAaTO4HO.

Jlo cux mop MbI TOJBKO OJMH pPa3, B AOKA3aTEJIbCTBE TEOPEMbBI O €IHH-
CTBEHHOCTH IIPEIE/a, BOCIOIb30BAJIUCL aKCUOMOM 1) METpUKH, KOTOpas
yTBEPKAAET, YTO PaBeHCTBO p(T,y) = 0 SKBUBAJEHTHO PABEHCTBY T = Y.

Ounpegenenue 4. [Joaymempuxot Ha MHOXKecTBe X Ha3bIBAETCS 0T06-
paskenue p : X X X — R, yIOBIeTBOpPAIOLIEE CIEAYIONUM AKCHOMAM:

Hz=y=plz.y) =0;

2) p(z,y) = ply. ). =,y € X;

3) p(z,y) < p(z,2) + p(2.y), z.¥.z € X.

IMoaymempuneckum npocmpancmeom Hasbisaercs napa (X, p), rue X —
MHOXKECTBO, p — MOJyMeTpHKa Ha X.

B onpejieneHuyn nonyMeTPHKM TOAbKO AKCUOMA 1) OTJIMHAETCs OT aKCH-
ombl 1) B onpenesenun MeTpuku. II0CKONBKY aKCHOMa 1) METPHKHN HCTIONb-
30Baslach JHUIIb B JOKA3aTELCTBE NMPeIJIOXKEHUs O € JMHCTBEHHOCTH Npeje-
J1a, B MOJYyMETPUYECKUX IPOCTPAHCTBAX MMEIOT CMBIC/ BCE IPHUBEICHHBIE
BbIIIE OTIPEAENCHHUS U CIIPABE/JINBBI BCE YTBEPXK/ICHHS, KPOME YTBEDXKAe-
HUS O €IMHCTBEHHOCTH Ipeiena.

IIpumep 5. Paccmorpum MHOkecTBo P(X) Beex mogMHOXKeCTB mpo-
crpaHcTBa X € 0-aAQUTHBHON Mepo¥ u, 33JaHHOI Ha anrebpe X 3jieMeH-
TapHbIX MHOXeCTB. [y aByx noamuoxects A u B nonoxum p(A, B) =
= u*(AAB), roe pu* — BHeunss mepa. Crencrsue 3 Teopemst 1 § 4 yTBep-
x)gaet, 4o 4yis p(A, B) BbIIOJHEHBI aKCHMOMBI MOy METPHKH.

Ecnu p(A,B) = 0, To AAB ecTb MHOXKeCTBO Mephbl Hyqb, HO He 0bs-
3arenpHo A = B, T.e. p He sABisieTcss MeTpukoi. Mcnons3ysa BBeOeHHYIO
B § 14 TepMHUHOJIOTUIO, YTBEPXKAEHUE TeopeMbl 2 § 4 MOXKHO nepedpazu-
pOBaTh CIEAYIOIUM 00pa30M: COBOKYNHOCTb H3MepUMBIX 1o Jlebery MHO-
JKECTB €CTh 3aMbIKAHNE MHOXECTBA, 9JIEMEHTaPHBIX MHOKECTB B [TOCTPOEH-
HOM moJiyMeTpudeckoM npocrpanctse (P(X). p).
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§ 16. IIOJIHBIE METPUYECKUE ITPOCTPAHCTBA

JloKa3aTeasCTBA OCHOBHBIX TEOPEM MAaTEMaTHIECKOro aHAJIN3a UCITOJIb-
3yt “kputepuii Komu” — yTBepxKaeHue, 4TO 06ast YUCIOBAS MOCIIEI0-
BaTenbHOCTh Komwu cxomurces. PaccMoTpyuM B3anMOCBSA3b MEXKAY OCIEIO-
BaTensHocTAMK KoM U CXOASALIMMUCH MOC/IEN0BATENBHOCTSIMU B POU3-
BOJIBHBIX METPHYECKHX [IPOCTPAHCTBAX.

O6paTuM BHMMaHWE HA TO, YTO MOHATHIO MOCJeAoBaTenbHocTH Komm
He MOXeT ObITb HpPHMIAH CMBICI B NPOWU3BOJBHOM TOIOJIOTMYECKOM IIPO-
CTPAHCTBE, TaK KaK JJsd BBEJEHHS ITOTO MOHATHS HYXKHO CPABHHMBATb [0
“BeMyunHe” OKPECTHOCTH DAa3NUYHBIX TOYEK, YTO HEBO3MOXKHO B IIPOM3-
BOJILHOM TOHOJIOTHYECKOM IPOCTPAHCTBE.

Teopema 1. B awbom mempuneckom npocmparcmee cLo0AWAACH NO-
c4ed08aMEAbHOCTRG ABAAETCA Nocaedogameabrocmvio Kowu.

> Iycry z, — zo. Torma p(z,, Tm) < p(Tn, o) + p(Zo, Tm) — 0 mpu
n,m — 00, 4YTO H TPeBOBAJIOCh JOKA3aTh. <

O6paTHOe yTBePK AeHUE AJisl TPOU3BOJILHBIX METPUYECKUX IPOCTPAHCTB
HEBEPHO.

ITpumepsrL

1. ycrs X =] — 1,1] ¢ merpuxoii p(z,y) = {x — y|. Ilocnenosarens-
HOCTb T, = n/(n+1) saBigercs nocaeaoBaTeNbHOCTEIO Koy, HO He nmeeT
npenena B X.

2. ITycts Q — MHOXKECTBO PAIMOHAJIBHBIX YHCETl C METPUKOHR p(T, y) =
= |z —y|. [TocnemoBarenvHoCTh T,, = (1+1/n)" ABAAETCA NOCIEAOBATEND-
HoCcTbIo Kolum, HO He cxomuTcs B mpocTpaHcTBe Q.

3. B mpocrpancree Cp[0,1] paccCMOTPHM HOC/IEIOBATENBHOCTb (PYHK-
Luit

0, 0<tg11/2,
T (t) = 1, 1/2+1/n<t <1,
n(t—1/2), 1/2<t<1/2+1/n.
IIpoBepum, 4TO I,, — nocjieaoBarenbHOCTs Komu. JeicTBHTENBHO, €CH
m > n, TO
1 1/2+1/n
1
Ty Tm) = /[:c,,(t) — T, (t)| dt = / |Zn(t) — zm(t)| dt < - 0
0 1/2

Ipu N — 0O.
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DTa NoCc/IeN0BATENbHOCTD CXOAUTCHA K PAa3pPhIBHOM DyHKIMM

Ipeanonoxum, 4T0 T, — Yo 4 Yo € Cr[0,1]. Sanuuem HepaBeHCTBO
AJIsd HHTErpaJiosB.

1 1 1

[1ao®) - wo(tldr < [ 1a0(®) = an(@ldt + [ lan(®) - vo(ol at

0 0 0

1
Ilepexoas K npedeny npu n — oo, noaydaeM [ |zo(t) — yo(t)[dt = 0 n,
0

3HAYUT, Yo(t) MOYTH BClOAY coBmamaer ¢ To(t) (cBoiicreo 9 § 8).

3uauurt, byHKuMs Yo(t) paspbiBHA B Touke ¢ = 1/2 u nocnenosarens-
HOCTb T, He uMeeT npeaena B npocrpanctse Cy [0, 1].

4. Ha R BBegem MeTpuky

T Y
p1(z,y) = I—— - —]
’ 1+z] 1+]y|
IlocnenoBaTeNbHOCTD T, = 7 SBASIETCS OCHENOBaTeJbHOCTbI0 Koim B

3TOI MeTpHKe:

n m
————I—>0 opu  n,m — 00.
1+4n 14m

pr(n,m) = |

Oa1HaKo 3Ta MOCIeA0BATEIbHOCTD HE CXOAUTCS, TaAK KaK s aoboro r € R
umeem lim p(n,z) =1 —-z/(1 + |z|} # 0.

OrmeruM, 4TO B npuMepax 1 ¥ 2 NPOCTPAHCTBO JIErKO “HCHPABUTh’
Tak, 4ToObI mobas mocinegoBaTenbHOCTh Komwm okazanach cxomsuieifcs.
Tak, B npuMepe 1 ecTeCTBEHHO paccMOTpeTh GoJsiee MIMPOKOE NPOCTPAH-
crBo [—1,1], B mpumepe 2 — Gosiee mupokoe npocrpanctso R. Ilonobuoe
“ucnpasnerne”’ mpocrpancrsa Cp [0, 1] npeacrasasier coboit Gonee cnox-
HYIO 3aJa4y, KoTopad Oyzer paccmorpera B § 19. B mpumepe 4 “ucnpa-
BUTb’ NPOCTPAHCTBO MOXXHO CJIEAyIOMUM 0Opa3oM. 3aMeTHM, YTO (hyHK-
mua f(z) = z/(1 + |z|) aBnsierca u3omerpueil MeXIy NPOCTPAHCTBOM
X = (R,p1) u npocrpancrsom X; = (] — 1,1, p) u3 npumepa 1. Tax
KaK 9TH IPOCTPAHCTBA U3OMETPUYHEI, TO “UCIPABIEHHBIM MTPOCTPAHCTBOM
MOKHO CYMTATh npocrpaHcTeo ¥ = [—1,1].
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Onpegenenune 1. Merpuueckoe npocTpatcTso (X, p) Ha3bIBAETCA NOA-
HbLM, €CJIM B HeM Jobas mocaenoBaTesbHocTs Ko cxonures.

Takum obpazom, R, Q,CL[0,1] — HenmonHble OPOCTPAHCTBA, a MPO-
crpancrea Ry, R — monusie.

3amevanune 1. Merpuka u3s npumepa 4 nopoxkjaer Ha R Ty ke TonoJoruo, 4to
u meTtpuka p(z,y) = |z — y|, Tak kak wap {z| p1(r, o) < r} ecTb 0ObIYHBIA HHTEPBAT
{z € Rl; pl@o—71) <z < @lzg+r)}, rae pz) = ﬁ, n moboit ueTepBan |a, b
MOXKET ObITh npeacTaBJIeH B BUAE IIapa B MeTPHUKe p1. Kak mbl y6eﬂﬂ.ﬂﬂcb BLILIE, ITOCJIEe-
JAoBaTeabHOCTH Kol B 9THX OPOCTPAHCTBAX PAa3/HYHLI. JTO O3HAYAET, B 4aCTHOCTH,

YTO NOJIHOTA HE AB/SETCA TOIMOJIOTHYECKHUM CBOHCTBOM.

Teopema 2. [Tpocmpancmeo C[0, 1] A6aaeMCA NOAHIM MEMPULECKUM
NPOCTMPAKCINEOM.

> 91a TeopeMa (haKTUYECKH JOKA3bIBAETCH B KypCe MaTEMaTHIeCKOro
aHaM3a o HaspaHneM “Kputepuit Komu paBHOMEPHON CXOOMMOCTH HO-
caepoBatenbHocTel Gyukumit”’. OaHako BBUAY 0C0O0OH BayKHOCTH NOBTO-
PHUM 3TO JOKa3aTeIbCTBO.

IycTy z,, — nmocaenosarensrocts Komm B npocrpancrse C[0, 1]. o
3HAYUT, YTO A Jaoboro € > 0 cyuecTByeT 4nciao n(€) TAkoe, uYTO AJs
n,m 2 n(e) BbINOJHSETCs] HEPABEHCTBO

max (Tn(l) — zm(t)| <& 1

max [an(8) — 2m(8)] < M

3adukenpyem touky t. Jua n,m > n(e) uMmeeM |z,(t) — zm(t)] < €, T.€.

YHCIIOBAs IOCIE0BATENLHOCTD Tr, (t) ABIAETCSA HOCHEI0BATENbHOCTRIO Ko-

UK Y, B CUJIy NOJIHOTHI npocTpaHcTsa R, cxomurea. Ilycrs lim z,(t) =
n—0C

= zp(t). onyurnn GyukumO To(t), K KOTOPOH NOCIEIOBATENLHOCTD Tr, (1)
cxonurca TodedHo. Ocraercs noKa3aTh, YTO npeaenbHas dyHKuua ro(t)
HenpepbIBHA K 9TO I, — Ig B cMblche mpocrpancTea C|0,1], T.e. pasHo-
MEpHO.
B nepagseHnctse (1) nmepeiineM x npeneny npu m — oc. Ilomydaem, 4ro
ana n 2 n(€) BBITOIHEHO (}2?2(1 |Zn(t) — zo(t)| < €. T.e. moCNEnOBATEIB-
<t

HOCTb T, CXOMMTCH K T paBHOMepHO. [loKaxkeM, 4TO To(t) — HempepbIBHAS
dbyukuus. Hycrs to € [0,1]. IIo € > 0 BoiGepeM n; TakK, YTO BBIIOJIHEHO

Jmax |Tr, (£) — zo(t)] < €/3, u BoiGepem § > 0 Tak, uro u3 [t —to| < &

CNenyeT |y, (to) — Tn, (t)] < €/3. Torma pas t Takux, 4ro [t — to| < 6,
BBITOTHEHO HEPABEHCTBO

[o(t) — To(to)| < |To(t) — Tn, ()| +
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+|2n, (t) = Tn, (to)] + |Tn, (to) — To(to)| < &,
YTO W O3HAYAeT HENpEePBLIBHOCTh MYHKUUHU Ty B TOYKE tg. <
Yupaxnuenne 1. [Joka3ars MonHOTy nMpocTpalcTs [1. . S, Ip.

CBOMCTBO IOIHOTBI MPOCTPaHCTBa R MCMosb3yercss B MOAABISAIOLIEM
GONBIIMHCTBE TEOPEM MATEMaTHYeCKOro aHaJ n3a. Bblaejedne CBOACTBA
MOJIHOTHI TIO3BOMSET J0KA3aTh Psif OOLUIMX TEOpeM, HE UMEIOLIUX MeCTa
B HENOJHBbIX METPUYECKUX MPOCTPAHCTBAX U TeM 00Jiee B NMPOU3BONbHBIX
TOMO0THUeCKUX (€C/u Jake (OPMYJUPOBKA NUMEET CMbICH). PaccMoTpum
HECKOJIBKO TAKHX TEOPEM, YCJIOBHO HA3BaB MX TEOPEMAMHU O TMOJHBIX MET-
PUYECKUX POCTPAHCTBAX.

O6obmenneM NPUHIXNA BIOXKEHHBIX OTPE3KOB, H3BECTHOTO U3 KypCa
MATEMaTHYEeCKOI'O aHAJIU3a, ABJIAETCA CJICNYIOMAa TEOPEMa.

Teopema 3 (DpHHIMD BJIOXKEHHBIX IUAPOB). B noanom mempusectom
npocmpancmee 40684 NOCAEI0BAMEALHOCTY 3AMKHYMBLT, BAOHCEHHBLT
dpyz 6 Opyza wapos, paduycv. KOMOPHL CMPEMAMCA K HYMO, UMEEM 00-
WY TOYKY.

> Iyers 7, — 0w Bz, 7n] D Blzu+t1:Tns1] D - .. — NOCHEIOBATEND-
HOCTb BJIOYKEHHBIX IIApOB. J0KaXKeM, YTO TOYKH I, — LEHTPHI HIAPOB —
obpasyior nocieposarensHocrs Kommn. JdeficTBUTENBHO, Ty € Blty,ry]
upu m > n, T.e. p(Zn,Tm) < 7, — 0 0pu n — oo. Tax Kak OPOCTPAHCTBO
X TNOJIHOE, TO I10C/IeI0BATEILHOCTD T, CXOJUTCS K HEKOTOPOM TOuke T*.
IMpum >n p(x*,z,) < p{x*, Tm) + (T, Tn) < p(a*, 24m) + 7. epexons
K Mpelejy B 9TOM HEPABEHCTBE IPU M — 00, moiy4daeM p(x*.x,) < Iy,
4TO U O3Ha4YaeT z* € Blr,,rn), n=1,2,... <

3amevanue 2. CnpaBennuea u o6paTHAA TeopeMa: €CJI¥ B METPHYECKOM IpO-
crpancree (X, p) mobas NOCHEJOBATENbHOCTb 3aMKHYTBIX, BJIOKEHHBIX APYr B Ipyra
11apos, pPagunyCbl KOTOPbIX CTPEMATCA K HYJIIO, ©UMEeT OﬁU.LY!O TO4YKY, TO 3TO NpPOCTpPaH-

CTBO IIOJIHOE.

TTokaskem Ha NMPUMEPax, YTO BCE yCJOBUA TEOPEMb! 3 CyLIECTBEHHBDI.

Ipuwmep 1. B mpocrpancree Ry muoxectsa B(l/n.1/n] = 10,2/n]
06pa3yIoT MOCIEI0BATENBHOCTb 3AMKHY ThIX, BJIOXKEHHBIX APYT B APYTra LIa-
POB, PaARyChl KOTOPBIX CTPEMATCA K HYMO. DTH MIapbl HE UMEIT obmeil
TOYKH (HAPYIIEHO YCJIOBUE MMOJHOTHL HPOCTPAHCTBA).

B cnydae npocrpancrBa R™ yTBepxkieHue TeopeMbl BLIIOJHEHO U 6e3
yCnaoBHus, 4To T, — 0. OZHAKO AJIA MPOU3BOJILHBIX METPHYECKHX IpO-
CTPAHCTB 3TO YCJOBHE CYILECTBEHHO.

MIpumep 2. [Iycte X — noanpoctpascTeo B l;, 06pA3OBAHHOE CYET-
HbIM HaBOpOM 3JIeMEHTOB BHIA I, = (0,0,...,1/2+1/n,0,...). B srom
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MIPOCTPAHCTBE NPU M # 1 uMeeM p(Ty, Ty,) = 1+ 1/n+ 1/m. Paccmorpum
wapsl By, := Blzp, 14+2/n] = {Zn, Tns1,. ..} OueBunno, uro B, D By,
HO 001I€lt TOUKH 3TH IIapbl HE MMEOT.

3aMeTumM, yTo npoctpadcTBo X nomHoe. HelicTBuTenbHo, ecau y, — Mo-
cnenoBaTenbHocth Komw B X, T0 p(Yn, Ym) < 1 1u1st m,m > ng ¥, TaK Kak
P(Yn:Ym) 2 1 mpu n # m, 10 Yn, = Yp, AXA N 2 N ¥ HOCJIEIOBATEILHOCTD
CXOZUTCS K Yn,-

Cuieayomas TeopeMa ONMUCHIBAET HOBOE, JOCTATOYHO TOHKOE CBOMCTBO
HOJIHBIX METPUYECKHUX MPOCTPAHCTB, KOTOPOE B NOCJEAYIOIIUX [TIaBaX HUC-
HOJIL3YETCs! PH A0KA3aTeNbCTBE OCHOBHBIX TeOpeM (DyHKIMOHAILHOIO aHa~
JI13a. 3aMeTUM, 4TO 3TO CBOMCTBO B CTAHAAPTHBIX KyPCaX MaTeMaTHYecKo-
ro aHAJIM3a He PACCMATPUMBAETCA Jaxe Jjs npocrpascrea R.

Teopema 4 (Bap). [Iycms (X, p) — noanoe mempuyeckoe npocmpaer-
emeo, Uy - nocaedosamesbHoCcms omEpuwmsiT 6100y NAOTMHUT MHONCECTNE.

ocC
Tozda nepecenenue U := (| Uy Asasemcs 6crody naomuvim MHONCECTREOM.
k=1

> 3aMmeTUM, YTO, COIJIACHO ONDPEeAEIEHHIO, MHOXKECTBO BCIOLY ILUIOTHO,
€CJIn ero nepeceyerre ¢ N6bIM OTKPLITHIM I1ApOM HemycTo. Bo3bMeM npo-
M3BOJIbHBIA Wap B(xg, 7o) U mOKaXkeM, 4TO ero mnepecederue ¢ U HemycTo.

Ilepeceuenue mapa B(xg, o) ¢ MHOXecTBOM Uj €cTh HEIYCTOE OTKPHI-
TOE MHOXKeCTBO. II09TOMy CylLecTByeT OTKpbITHIA wap B(xy,r1) Takoi,
uro B(zy,71) C (U1NB(xzg,70)). B orkpbrrom MHOKecTBe B(11,71/2)NU,
BoibepeM mwap B(ra,T2), npuyem GymeM cuuTath, 41O To < 71/4. AHa-
JIOrM4HO B nepecedeHun B(rg,72/2) N Us Beibepem map B(xs,r3), mpu-
yem Bo3bMeM T3 < r2/4 u T.a. Ilonyuaem Bnoxenus Blzg,7x/2] C
C B(zk,7rx) C B[zk—1,7k-1/2]. 1 3HaUMT, 3amMKHyTbIe Wapbl Blzk, 1t /2]
BJIOXKEHbI OPYT B APyra, NpUYeM HX PaguyChbl CTpeMsTcs K Hymo. B cu-
JIy TIPYHLMNA BJIOXKEHHBIX WIAPOB CYLIECTBYET TO4YKa &* € Bz, /2],
k=1,2,.... ITo mocTpoeHMI0 MMEEM BKJIIOYEHHE B[xk, rg/2] C Uk, u

BK/0YeHne Blzg.7k/2] C B(zg,70). IlosTomy z* € ﬂ Ug = U u npn

k=1

atom U N B(xg. o) # 0.<

OKBUBAJIEHTHOE yTBepXKaeHue (Apyryo (popMyaupoBky Teopemb! Ba-
pa) moJrydaem, pacCMaTpUBas JOTOJHEHUs OTKPBIThIX MHOXKeCTB Uy.

Teopema 4’ (Bap). ITyems (X, p) — noanoe mempunecxoe npocmpan-
cmeo u Fr, — maxesa nocaedosamenabnocms 3aMERYMBT MHoxHcecme 6 X,

oC

wmo X = |J Fy. Toeda zoma 6w 00no u3 mmoocecms Fy, codeporcum om-

k=1
KUl wap.
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oC
> Ilpeanmonoxkum mporusHOe, T.e. nycth X = |J Fi u ansa mobo-
k=1
ro k Fj, He COIEP>KHUT OTKPLITOTrO Iapa. ITO 3HAYUT, YTO JONOJHEHUE
Ur = X \ Fi nepecekaercs ¢ J0ObIM OTKDBITHIM LIAPOM, T. €. SIBJAETCA
BCIOAY IJIOTHBIM MHOXKeCTBOM. I1o bopmysnaM DBOHCTBEHHOCTH MOJIydaeM
o
M Ui = @, uro nporusopeanr teopeme 3. <
k=1
Onpegenenne 2. MHOXeCTBO A HA3bIBAETCH Huzde HE MAOMHBIM,
€CJIM €ro 32MbIKAHHWE He COAEPXKUT HHU OJHOrO OTKPLITOrO LIApa.

Crnencteue 2. I[loanoe mempuuveckoe NPOCTNPAHCTIEO HE MOHCEM
bbb NPEdCMasaeto 8 6ude 005eIUHEHUA CHETIHOZ0 HUCAE HU20Ee He NAOT-
HOIL MHOCECTE.

> IIpenmonoxuM NpoOTUBHOE: MYCTh A, — NOCJIeJ0BATENbHOCTL HUTE

oc
He TWIOTHBIX MHOMecTB 1 X = |J A,. Torma mocnenoBaresnsHOCTL A,

n=1
YIOBJIETBOPAET yCJIOBUAM TE€ODEMBI 4 u noJiy4aeM MpoTUBOpedne. <

B kadyecTBe 0mHOTO M3 MPOCTEMIIUX MpUMeHeHui TeopeMbl Bapa noka-
JKeM, KaK IpOCTO M3 3TOH TEOpeMbl BBITEKAET HECYeTHOCTb MHOXecTBa R
AeicTBuTenbHbIX uucen. [peanonoxum, 4yto R cuerHo, T. €.

R= U{.’Ek}, zr € R.
k=1

TTocKOMLKY HY OHO U3 OJHOTOYEYHBIX MHOMKECTB {Tj} He CONEPKUT OT-
KPBITOrO 1apa, HOJIy4YaeM NPOTHBOpeune ¢ TeopeMoil Bapa.

TToHATHE MOIIHOCTH MHOXECTBA M MOHATHE MEpbI IO3BOJAIT BhLAE-
JIUTh CpeAN HeCKOHEUHbIX MHOXKECTB (pa3HbIMH criocobamu) “Masble” MHO-
JKECTBa, KOTOPbIMKM MOXKHO npeHebperarh B psife BOIPOCOB, U “GoJibliune’”.
HampuMep, cueTHBle MHOXECTBa MOXKHO CUHTATb, C TOUKH 3PEHHA MOILL-
HOCTH MHOKECTB, MaJbIMM MHOXKECTBaMH, a HecdeTHbie — Gospummu. C
TOYKH 3PEHHUs TEOPUH MEPbI MAJBIMH CHHUTAIOTCH MHOXKECTBA MephI HyJIb,
a MHOXKECTBa MOJOXKHTENLHOM Mepbl CYMTaroTcs Gonbluumu. Hampumep,
KaHTOPOBO MHOXKECTBO siBIISIETCA OOJIBIIHNM C TOYKH 3PEHHA MOLIHOCTH, HO
SIBJISIETCH MAJIBIM C TOYKM 3PEHUS TEOPUM MEDBI.

CBoiicTBO, pacCMOTPEHHOE B TeopeMe Bapa, no3BosisieT yKa3aTs cnocob
pa3bueHns MHOXKECTB Ha “Oosibiine” ¥ “MaJible” ¢ TOIOJOrMYeCcKON TOUKHU
3pEHHs.

MHOXeCTBO B METPUYECKOM IIPOCTPAHCTBE HA3BIBAETCH MHOHCECTNEOM
nepeoti xamezopuu (no Bapy), eciu OHO sBAseTCs OObLEAUHEHHEM CHET-
HOTO YMCJIa HULJE He MJIOTHbIX MHOXECTB. Takue MHOXKECTBA CYHTAIOTCSH
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MaJjIbIMH C TOMOJIOTMYECKONM TOYKH 3peHus. MHOXKeCTBa, HE SBIAIOLIMECS
MHOKECTBAMHU ME€PBOH KATErOpHH, HA3bIBAIOTCA MHONCECTNBAMY 6MOPOT
Xamezopuu.

Teopema Bapa (cnencreue 2) yTBepXKAAET, YTO TOJHOE METPUYECKOE
NPOCTPAHCTBO SIBASETCS MHOXKECTBOM BTODOIl KaTeropuu, T. €. GOJIbIINM ¢
ITOH TOUKYU 3PEHHS.

ITokaxeMm Ha npuMepe, 4TO pa3bueHye Ha GOMBIIHE U MAaJjble MHOMKE-
CTBa B CMbICJIE KaTeropuii Bspa npuHUMIHaNBHO OTINYAeTCH OT AHAJIOHY-
HOTO pa36MeHHs B CMBICJIE TEOPHU MEPHI.

IMpuwmep 3 Hycrs X = [0.1]. 3anyMepyeM B [I0CIEAOBATENBHOCTD
(g;) BCce panyoHanbHBIE uMCTa oTpe3ka [0,1]. Jasa moboro n € N MHOXe-
CTBO

1 1
An = U1 (4 — g @ + 5} N[0

AIBJISIETCA OTKDPBLITBIM HW  BCHOOY NJAOTHBIM B X, a €ero AOOIO0JIHEHHe
B, = X \ A, ecTb 3aMKHYTOe HHIIE He NJIOTHOE MHOXKecTBo. MHoxe-
creo B = UB,, ABIA€TCA MHOMKECTBOM NEPBOil KaTeropuu (MaJbiM), a ero
JONOJIHEHHE — MHOXECTBO A = NA,, ABIsSeTca MHOXKECTBOM BTOPO# KaTe-
ropuu (6onbmnm). QOLHAKO C TOUKM 3pEHUA TEOPHH MePhI KAPTHHA OPOTH-
BONOJI02KHaA. JIefCTBUTENBHO,

> 1 1
K#(A) < p(4n) < Z onFil = gaoT

=1

orkyaa p(A) =0 u u(B) = 1, T.e. C TOUKH 3PEHHUA TEOPUH MepPhbl MHOMKE-
cTBO A Masoe, a MHOXeCTBO B — Gonbluoe.

§ 17. [IOIIOJITHEHUE METPUYECKUX ITPOCTPAHCTB

B § 16 6b111 IpuBeIeHb! IPUMEPDI, B KOTOPBIX /1Jisi HEMOJHBIX MEeTpUYe-
CKUX NPOCTPAHCTB CTPOMIIUCH COAEPAKAIIIME UX TIOJHbIe IPOCTPaHCTBa. Ta-
KOe [MOCTPOEHHE BO3MOXKHO AJIs JIIOGBIX MeTpUYecKuX npoctpaHcTs. CTpo-
TUI CMBICJ 9TOMY YTBEPXKIEHUIO IPUAAETCH CASAYIOIMUM 00Pa3oM.

Onpenenenune 1. [Tonnoe merpudeckoe npocTpancTso (Y, py) Ha3bI-
BAETCs NONOAHEHUEM MEMPUYECKo20 npocmpancmsa (X, px ), ecnu (X, px)
SIBJIAETCS €rO BCIOAY TUIOTHBIM OMPOCTPAHCTBOM.

Tak Kak M30MeTPUYHble METPUYECKHE NMPOCTPAHCTBA C TOUYKH 3PEHHUs
TEOPUY METPUYECKWX TPOCTPAHCTE CYNTAIOTCS OJWHAKOBBIMU, TO JH06Oe
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MeTPUYECKOe IPOCTPAHCTRO, n3oMerpuuHoe (Y, py ), ToxKe 6yieM Ha3bIBATh
MOTMOJIHEHNEM METPU4EecKoro mpocrpascrea (X, px) U NOHOJHEHUe I1pO-
CTPaHCTBa, H30METPHUYHOro X, OyAeM CYUTATb MOMOJHEHHEM MPOCTPAH-
crBa X. Kak 6ymer noka3ano B § 18, u3 obmux coobpakeHuil creayer,
YTO MONOJHEHHEe MEeTPHYECKOr0 MPOCTPAHCTBA €AMHCTBEHHO C TOYHOCTHIO
10 uzoMopdusMa.

IIpuBenennsle B npeabioylneM mnaparpade NpUMEpHl “UCIpaBieHus?
HEMOJHbIX METPUYECKUX TPOCTPAHCTB €CTh HPUMEPbI NOCTPOEHUS MONOJ-
HEeHui, OTPAKAIOUINEe ClenyonHii obmuil BhakT.

Teopema 1 (0 NONOJIHEHWH METPUYECKOrO MPOCTPAHCTBA). Jaa ato-
6020 MEMPULECKO20 NPOCTNPAHCTBE CYULECTIIBYETN TLOTIOAHEHUE.

JIemmMma 1. Jas 4066z wemviper movex T,Y, z,t 8 MEMPUYECKOM NLPO-
CTPAHCTNBE CNPAEEJAUBO HEPABEHCMEBO LETNHPETY20AbHUKA

lo(x,y) — p(2,t)| < p(x,2) + p(y. t).

> IIpuMeHsiss HEDABEHCTBO TPEYTOJbHUKA, NOJTYIaeM

plz,y) < plz,2) + p(z,9) < plz,2) + p(z.t) + p(t,y)

HIA
p(x,y) — p(z,t) < p(z, 2) + p(y, 1) (1)

Iomensas B (1) mectamu napsl Touek (z,y) u (z,t), mosydaem

—(p(z.y) = p(z,1)) < plz,2) + p(y. 1)

uT0 BMecTe ¢ (1) maer

—(p(x, 2) + p(y. 1)) < plz,y) — p(2.1) < p(z.2) + p(y.t). <

JlokazaTenbCTBO TeopeMbl 1.

> Ecam npoctpancTso X NOJMHOE, TO OHO CaMO fIBJSIETCS CBOUM IIO-
nonxenueM. IIyctb X — HernosHOe MpOCTPAHCTBO, T.€. B X CyILECTBYIOT
nocnenosaTenbHocty Komm, koropele He cxoaarcd B X. Ilyerb Z — MHO-
JKECTBO BCeX HeCXOAALIMXCH moc/ienoBarenpHocTelt Komu. B mHoxectse
Z BBeleM OTHOLIEHNE SKBHBAJIEHTHOCTH: MOCJEIOBATENbHOCTb 2y IKBHU-

BAJICHTHA TOCJIEI0BATENBHOCTH z,,, eci lim p(zn,z,) = 0 (3amucbiBa-
n—oc

eM (z,) ~ (z})). PednexcusrocTs B CUMMETPUYHOCTL O4eBMAHBIL. Ecau
(Zn) ~ (z':z) " (z;) ~ (Z;zl)v TO P(Zn,zg) < p(znyzrlz) + p(Z;,Z;{) — 0, Te.
(2n) ~ (z}}). BBeneHHOE OTHOUIEHHE TPAH3UTHBHO M, 3HAYUT, AEHCTBUTENb-

HO ABJIAETCA OTHOILUEHHEM 3KBHBAJIEHTHOCTH.
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MHuoxecTBo Z pa30buBaeTCss HA HEIEPECEKAMIIUecs KJIAcChl IKBHBA-
JIGHTHBIX MexXIy cobolt mociaemoBatenbHocTedt Kow. MuoxecTBo knac-
COB 3KBUBaJIeHTHOCTH 0003HaunM Z. ®aKTHYECKH HCKOMBIM MHOXECTBOM
asaserca obbegunenne X U Z. Onnako 6osee yno6HO HMETh MHOXECTBO,
COCTOSIIIEE U3 IJIEMEHTOB OJMHAKOBOM MPUPOIbL.

YT06bl H0OHUTBCA ITOTO, KaXKIOMY 3JIeMEeHTY L € X MOCTABUM B CO-
OTBETCTBHUE KJIACC [T] — MHOXKECTBO BCEX [OCJIEA0BATENLHOCTES, KOTOpble
CXOIATCA K T. DTH NOCIEI0BATEIbHOCTH ABJSIOTCS 110CJIEI0BATEIbHOCTSA-
mu Komu u 3KkBUBaJIeHTHBI B ONpeaeNeHHOM Bbliie cMbicie. Iycrs X/ —
MHOXKECTBO TakKuxX Kjaccos. QuesumHo, uTo oTobpaxenue r — [r] ecTb
6uexTuBHOE OTOOpakenue Mexay X u X'. ByseM paccMaTpuBaTrh BMECTO
X muoxectso X' u onpenenum MHOXecTBo Y = X' U Z, cocrosimee u3
37IEMEHTOB OAMHAKOBOM MPUPOIbI.

Beeaem na muOxectBe Y merpuky. Ecaum y = [2,] — knace, conepxa-
LM NOCJEeN0BATeNbHOCTD (In), Y’ = [Z],], TO MoIOXKNM

ply,y') = lim px(Tn,z,,). (2)

IIposepum, 4T0 paBeHCTBO (2) meficTBUTENLHO 33/3eT Ha Y X Y byHk-
LM10, T. . TIpeieJl CYIECTBYET U HE 3aBUCUT OT BbIGOpA IIOCIEA0BATENHHO-
cTei.

Tak kak (z,) u (z,) — mocaexosaresbHOCTH Komm, TO, UCIOMb3ys
HEPABEHCTBO Y€ThIPEXY[ONbHUKA, [OJydaeM

|p\ (:1:11.9 I:l) - pX (x’ms I;u)' g PX (ITN ‘T"l) + pX(I;w I'Im) - 0

DTO O3HAYAET, YTO HMCIOBAadA IOCIENOBATENLHOCTb P(Tn, X)) €CTh MOCIIe-
JoBaTensHocTb Komu u, 3Ha4uT, cymecrsyer lim p(a,, ).
n—noc

Hycts (y;) — Apyroii mpencraBurens Kiaacca y. Toraa

lox (ynyn) — px(Yn, ¥o)| < px (¥, yn) — 0

u, 3Ha4ut, lim px(y%,y,) = lim px(Yn,¥.), T.€. Opeaesn He 3aBHUCHUT OT
n—oc n—oc

TOr0, KAKOif NpeACTABUTENb U3 KJACCA MOC/IeI0BATEILHOCTElH BhIOPaH.

Boimossenre akCHOM METDPHKH JIETKO NpoBepsieTcs. IlycTh, Hanpumep,
7,5 — anementsl u3 Z u py (7, ') = 0. Torma nnsa npeacrasurenedi yn U Y,
kJaccos § u §' umeem (y,) ~ (v,,), otkyaa § = §'. Pasencrso py (§,7) =
= py (7', ) oueBuaHo. IlpesenbHbIM nepexomoM U3 HEPABEHCTBA

ox (Yns 1) < px (Uns Ylt) + ox (Yot Yh)
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NoJiy4aeM HepaBeHCTBO TPEYTONbHHMKA JJIsl Py :

oy (y-¥') <py(w,y") +oy(W'.y).

IMepexonum K IPOBEPKE TOLO, YTO METPUYECKoe MpocTpaHcTso (Y,py)
siBasiercs nonourenneM (X, px). Aaa y = [z]€ X' u v/ =[2'] € X’ oueBna-
HO, uTo py (¥, ¥ )=px(x,z’), T.e. (X’, px) — nognpocrpauctso B (Y, py ).
uzomerpuaroe X. [Iycts y € Y 1 3TOT KJ1acc MOPOXKIeH HEKOTOPOH Nocie-
nosareavrocTsio Komw (z,). Torma py ([zn],y) = "}Lngc ox (T Tm) — 0

npu n — oo. 3HaumT, y € X' (TeopeMa 1 § 15), T.e. noanpocrpancTso X’
BCIOJly TJIOTHO B Y.

IIpoBepuM nomHOTY mpocTpaHncTBa Y. s 9TOro BOCHOIB3yeMCA Clie-
Iymoliei J1eMMoi.

Jlemma 2. ITyemv X — 6crody naomuoe nodnpocmpancmeo 6 Mempu-
weckom npocmpancmee Y. Ecau awbas nocaedosameavnocms Kowu, co-
CAGACHNHAA U3 dnemenmos X, czodumca 8 Y, mo npocmparcmeo Y noa-
Hoe.

> Iycrs y,, — nocaenosareabuocts Komu B Y. [Jns kax10ro y, BO3b-
MEM 3JIEMEHT T, € X Tak, yT0oObl BBIOIHANOCH P(Tn,Yn) < 1/n. Torza
T, — TOXE MOCJIe0BaTeIbHOCTD KoIu

P(irn, Im) < P(l‘m yn) + P(yn, ym) + p(ym, mm) <
< 1/n+ p(Yn,Ym) +1/m — 0

npu 1, m — o<. I1o yci10BuIO OCII€A0BATENbHOCTD T,, HMEET Npefen y € Y
H, 3HAYHT, Y, — Y. ]

IpoaonKuM JOKa3aTeNbCTBO TeopeMbl. B cumy Jiemmbl 2 goctaTod-
HO MPOBEPUTH CXOAMMOCTH MOCIenOBaTeNbHOCTH Komu, cocTaBnennol n3
anementoB npocrpalcrsa X . Ilycts (z,) — Takas m0CIea0BATENBHOCTD U
Z = [z,]. Torza

o(zn,Z) = lim p(zn,zm) — 0 npun — oo.
m—oc
3HauuT, MOCAEA0BATENLHOCTD () cxoauTes B npocTpadcTse Y. Teopema
JIOKa3aHa. <l

3avevanue 1. KOHCTPYKIHA B JOKA3aTEJbCTBE TEOPEMbI AHAJIONMYHA OJHOMY M3
BAPHAHTOB NOCTPOEHUA AeﬁCTBHTe.ﬂbelX yucen (l'[o KOLLU/I). Ecau B KayecTBe HMCXOAHO-
[0 NPOCTPaHCTBAa X B3sATh MHOXKECTBO PAaLMOHAJNLHBIX yucesa Q ¢ MeTpukoii p(z,y) =
= |z ~ y|, TO NOCTpPOEHHOE B TEOpEME MHOXXeCTBO Z €CTb MHOMECTBO HppAaLHOHATb-
HbBIX yucen. Huaye TOBOpA, HPPAaNHOHAJIBbHOE YHCIO0 MOXXHO CYHTAThb KJAacCCOM
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3KBHBAJIEHTHBIX MOCJIe0BaTeNbHOCTEH KomM, COCTOAINX M3 PAUMOHAJNbHBLIX YHCEN H
HE HMEIOIUMX MpeJesia B MHOXKEeCTBE PALMOHANBHBIX 4MCEN. 3alHCh HPPALHOHAJILHOTO
quCaa B BUAe BGeCKOHEeYHO HenepHOoAUYeCkol AecsTHuHOM Apobu npeacrtabiaer coboit
BLIOOD NpeacTaBUTeNsT U3 KJjacca mocjeaoBarenbHocTedt Kommu. Hanpumep, paBeHcTBO
7 = 3,14159259 ... o3HayaeT, YTO YHCJIO 7 €CTb KJACC IoChaegoBaTenbHocTeit Komn,
coJepXalyii mocneI0BaTeIbHOCTb PAUMOHANBHBIX uucen 1 = 3; 2 = 3,1; £3 = 3, 14;
z4 = 3,141;.... 3aMeTUuM BMeCTe C TE€M, YTO NOCTPOEHME AEHCTBUTEJBHBIX YUCEa HEeJIb-
37 PacCMATPUBATh KAaK YAaCTHHIN Ciiydaill TeopeMbl O HOMOJHEHHH MeTPHYECKHX IPo-
CTPAHCTB, TaK KaK CaMO [IOHATHE METPUYECKOro IIPOCTPAHCTBA U JOKA3aTENbLCTBO TEO-
PEMBI YK€ MCIOJIb3YIOT AelfiCTBUTENbHbIE YHCIA.

IT puwmep 3. [loctpoum NONONHEHME METPUUECKOTO MPOCTPAHCTBA
u3 npumepa 4 § 16 ¢ moMOoWIbI0 KOHCTPYKIHK, OMUCAHHOHN B 00IIeM BUe B
Teopeme 0 nonoaxenuu. Ecnu x, — nocnenoBareasHocts Komu B (X, p),

T.e. i
In Tm

1+ |Zn| 1+ |Zm]

TO BO3MOXHBI TObKO TPH CJIy4as, T. €. ocjenoBareasbuocti Kouu Moryt
6brTh Tpex Bumos: 1) |Tn, — | — 0; 2) z, — +o0; 3) 2, — —oc. Io-
caenoBaresbHOCTH Kolu nmepsBoro BHAA CXOIATCH, MOCIEIOBATEILHOCTH
BUAa 2) u 3) He CXOAATCA B PAcCCMaTpUBaeMOM npocrpaHcrse. Ilocieno-
parensHocTr Kourn Buga 2) sKkBuUBasIeHTHBI Mexkay coboii, T.e. 06pasyior
OJMH KJaCC 9KBMBAJIEHTHBIX ITOCAEIOBATENbHOCTEH, KOTOPHIK 0DO3HAYHM
+00: noc/IeNOBATEIBHOCTH BHIA 3) 06Pa3yioT Apyroit Kiacc, KOTOpbIit 060-
3HAYUM CUMBOJIOM —oc. Takum 06pa3oM, MHOXXeCTBO Z B JAHHOM IPUMEpe
COCTOMT U3 IBYX TOYEK +0C M —OC, M NIPOLECC NONOJHEHU IIPOCTPAHCTBA
X cBoauTca K J00ABIEHUIO ABYX TOYeK. [IoCcTpoeHHOE MPOCTPAHCTBO MHO-
r1a Ha3bIBAIOT pacwiupennoll 4ucro8ot npamot.

— 0 npu n,m — oo,

B mpyrux KOHKpeTHBIX IPUMepax IOCTPOEHHe MOIOMHEHHUS C IIOMOIIBLIO
obuieit KOHCTPYKIMM U3 J0KA3aTEeNbCTBA TeOPEeMbl O IOMOJHEHUH NPUBO-
JUT K BecbMa IrpOMO3IKHM OfbeKTaMm (3JleMEeHTaM# MOCTPOEHHOrO IPO-
CTPaHCTBa ABAAITCA KJACChl IKBUBAJEHTHBIX MOcnenoBarensHocTeil Ko-
wu). [ToaToMy OOBIMHO KOHKDETHbIE NOMOJHEHUs CTaPAIOTCs CTPOUTh TakK,
9YTOOBI UX 2JIEMEHTaMH Obliu GoJiee IpocThie 00beKTHI ((byHKINH, TOCIea0-
BaTeNnbHOCTH ¥ T. 1.). Hanpumep, B § 19 6yaer nokasano, 4TO NOMNOJHEHME
npocrpancrsa Cp {0, 1] moxker 6bITh onucaHo 6osiee MPOCTO — KAK MHOKe-
cTBO (byHKIWMIA, UHTErpupyemsix no Jlebery.



§ 18. TEOPEMEI O ITPOOOJI2KEHNN

MHorue 3342491 aHaU3a 3aKJII0YAIOTCS B HAXOXKAeHUU pyHKuui niu
oTobpaskenuii 13 (PUKCUPOBAHHOrO Kiacca (HenpepbIBHBIX, AudrdepeHim-
DPYEMBIX, U3MEPUMBIX H T.[.), 0D/IaJAIOUIMX 33 aHHBIMU JOITIOTHHTETbHbI-
MU cBoiicTBaMH. Pz 3a/la4 TaKOro TUMA PeAyLUpyeTcsa K Cleayomeid 3a-
Jlade O IPOJOJIKEHUH.

IIyete X n' Y — Merpuueckue (Wiy TOMOJOrHYECKHE) IPOCTPAHCTBA,
A C X — nogmuoxectBo # fo: A — Y — 3ananHOe Ha A HenpepbIBHOE
orobpaxxenue. Tpebyercs HaiiTu HenpepbiBHOe oTOOpaxenue f : X — Y
takoe, 9T0 f(x) = fo(2) mna © € A, win HOKa3aTb ero CYIIECTBOBAHHUE.
Orobpaxenne f Ha3blBaeTCa npodosdceruem omobpascenun fo.

Cpa3sy orMerum, 4TO 33/a4a MPOAOJKEHHs He BCErAa UMEET DelleHHe.

Hpumepl.Eom X =R, 4 =R\ {0} u fo(z) = sinl, 10
HE CyIECTByeT HempephiBHOH Ha R dbynkuuu f, coBnagaroweit ¢ fy npu
z # 0 (byukuuio fy Hemb3s LOONMPEENUTh B Hyse TaK, YTOOBI OHA CTala
HENpPEPLIBHOM ).

fcHo TakxKe, 4TO, BOODIIIE rOBOPS, TPOJOJI2KEHHE MOXKET ObITH HE e JUH-
cTBeHHbIM. I103TOMY MpeaCTaBAIOT MHTEPEC TEOPEMBI O CYIIECTBOBAHUU
¥ O eJUHCTBEHHOCTH NpoaoxeHud. Haubosee nmpocToit cirydail, KOTOPBIi
PACCMOTDEH H¥Ke, CBSI3aH € NPOJOIKeHHeM (pyHKUHMK ¢ HEKOTOPOro IOJ-
MHOXKECTBA Ha €r0 3aMbIKaHHE.

Teopema 1. Ilycmv X.Y — mempuneckue npocmparcmea, f v g —
nenpepuenvie omobpascenus usd X 8 Y. Toada muoocecmeo mover

S={ze X| f(z) =g(z)}

3amxnymo 6 X.

> Ilycrs ©, — zg, zn, € S. Toraa f(z,) = g(z,) 4, nepexons k npeze-
ay, nony4aeM f(zo) = g(zo), T.e. zg € S. Ilo Teopeme 1 § 15 MuOXKECTBO
S 3aMKHYTO. <

Caegcrsue 1 (IpuHUMI Npoao/KeHus Toxaects). Ecau f u g — dea
HeNPepueHHT npodossicenus Pynxyuu fo, 3adannoll ne nodmuoscecmee
A, mo f(z) = g(z) na A. B wacmnocmu, ecau A scrody naommo, mo
f(z) = g(z), m. e. npodordicenue ¢ 6clody NAOMHO2O MHOHCECTNBA HA BCE
NPOCNPAHCMBO eFUHCTBERHO (€CAU CYUWECTNBYE).

> Tak kak Ha A BbosHsAeTCA paBeHCTBO f(2) = g(z), TO mo HoKa3aH-
HOMY 3TO PABEHCTBO BBIMOJHAETCH IS BCEX TOYEK INPUKOCHOBEHUS MHO-
xecrBa A, T.e. HA A. <

9 3ak 2937 129



IoaxonsAmuM Ki1accoM OTOOpaXKeHWH, IJjisi KOTOPBIX OYHET HOKA3aHa
TEOPEMa, O CYLIECTBOBAHMHU MPOAOJIKEHHUsI, SABJISAIOTCA PABHOMEPHO HeENpe-
pbIBHBIE OTOOpa)keHus. PaccMOTPUM MpEABAPUTENBLHO HEKOTODBIE CBOI-
CTBa PABHOMEDHO HENpEPHIBHBIX OTOOPaXKeHMil.

Burauajne OTMETHUM, YTO IOHATHE IKBUBAJICHTHOCTH, BBEJEHHOE B IIPEIbl-
AyuieM naparpade mjs mocaemoBarenbHocTeil Koum, MOXXHO paccMOT-
pPeTb MM TPOM3BOJBHBIX IMOCJEIOBaTENbHOCTEH: 6yIeM TOBOPHUTH,
aro  (zn) ~ (), ecnu p(Tn,z,) — 0. 3amMeTuMm, 4TO €Ciu T, — To H
p(zn, 2l) — 0, T0 2!, — T0, TAK KaK p(T),,T0) < p(ah, Tn)+ p(Zn,20) — 0.

JlemMma 1. PaeHomepHo HenpepbieHoe omobpaceniue MempuiecKuT
npocmparcme nepesodum nociedosamenvrocmu Kowu e nocaedosamenn-
nocmu Kowu, a axeusasenmuoie nocaedosamessHocmy — 8 IKGUBGAEHT-
HblE NOCAEJOBATNEALHOCTIY.

> IIycts f : X — Y — paBHOMEpHO HenmpepbIBHOE OTOOparKeHHe MeT-
PHYECKMX OPOCTPAHCTB, T. €. 41 Jtoboro € > 0 cymecrsyer d(e) > 0 Takoe,
4TO M3 HepaBeHCTBa px (T, ') < d cnenyer, uto py (f(z). f(z')) < e. Ecnau
(zn) ~ (z),), TO gas n > n(d) BLINOAHEHO P(Tp,Zh,) < O U, CIENOBATEJNBHO,
p(f(@n), F(&l)) < &, me. (F(za)) ~ (F(,)).

Ecmu (z,) — nocnenosarenbuocts Komwm, To mnsa n,m > n(d) BbI-
OONHEHO P(Tpn,ZTm) < 6 H, 3HauuT, p(f(Z4), f(Tm)) < €, T.e. (f(zn)) —
nocJenosarenbHocTh Kommn. <

NMpumep2.llyets X =Y =Ry u f(z) = 1/x. [HocaenosarensHocTu
T, = 1/nuz!, = 1/n? SKBUBANEHTHBI U ABJIAIOTCA TIOCTEI0BATEIHLHOCTAMU
Komu. Ho mocnenopatenbuocts f(z,) = m He ABJIAETCA MOCJIEJOBATENb-
HocThio Komm u He 3KBUBaNeHTHa nocaegosatensroctu f(z),) = n?. o
ABJIACTCA MPOSBJISIEHUEM TOTO, UTO (HYHKIMUA 1/ He ABASETCS PABHOMEPHO
HEIIPEePLIBHOM. .

Bonee cunbHBIM yCIOBHEM, 4€M PABHOMEDHAS HENPEPLIBHOCTH, ABJIS-
eTcs ycsioBue Jluniuia.

Onpenenenne. [opopsaTt, yto orobpaxkenue f: (X, px) — (Y, py)
ydoeaemeopaem ycaosurw Jlunwuya, eCnu CymEeCTByeT TaKas NOCTOAHHAS
C (xoncmanma Junwuuya), 910 47151 MIOObIX 1, T2 € X BBIIOIHEHO Hepa-
BeHCTBO py (f(x1), f(22)) < Cpx(z1,T2).

OTrobparkenue f, yIOBIETBOPAIOLIEE YCNOBUIO JIMININLIA, IBJISAETCSA PAB-
HOMEDHO HempepbiBHLIM (Onpeenenue Bbinonusiercs mpu 8(e) = ¢/C),
PaBHOMEPHO HerpepbLIBHOE 0TOGparkeHue SBJIseTCs HenpepbiBHbIM. O6par-
HOE HEBEPHO: HenpepbiBHOE OTOOPaX<eHWe MOXKET He ObITh PaBHOMEPHO
HEMpEePLIBHBIM, 4 PABHOMEDPHO HENMpEpbIBHOE — HE YIOBNETBOPATH YCJIO-
BuKO Jlunmuua.
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IIpumepsr.

3. Yucnosas dbyukuua f(z) = r? ma R nenpepniBHa, HO He sBjfeTcs
PaBHOMEDPHO HENPEPLIBHOM.

4. Yucnosas ¢ynkuus g(zr) = /T Ha [0,1] paBHOMEPHO HempepbiBHA,
HO HE YJOBIIETBOPAET yCJIOBKIO Jlunurnua.

Teopema 2. Ilycmv X,Y — mempuueckue npocmparcmea, Y — nos-
noe, AC X, A=X, fo : A=Y — paeromepno nenpeprisroe omob-
paoicenue. Tozda cywecmeyem, u npu Mom eJUHCINBEHHOE, HENPEDPHIBHOE
npodosscenue f omobpasicenusn fo Ha ece X u 3mo npodosdicenue pagHo-
MEPHO HETLPEPBLEHO.

Ecau fy ydosaemeopaem ycaosur Junwuya ¢ xonemawmot C, mo
npodoasicenue [ ydosaemaopaem ycaosurw Jlunwuya ¢ mot sce KOHCTAH-
mot.

> BosbMmeMm mpousBosbHYI0 TO4KY To € X. Torma cywecrsyer nocne-
JOBATEIBHOCTh T, € A Takad, 94To I, — Ig. Tak Kak I, — NOCIEIO-
BaresibHOCTh Koutu, T0 B cuity neMmbl fo(x,) €CTh NOCIIEOBATEIBHOCTh
Komu B Y W, 3HAUUT, CymIECTBYET 3JEMEHT Yo Tako, uto fo(r,) — yo.
Ecnu z], — o, 10 (z,) ~ (z},). ¥ B cuay Toi xKe geMmbl fo(Zn) ~ fo(zh).
3uayut fo(zl,) — Yo, T.€. Yo HE 3aBUCUT OT BbIGOPA [IOCTEAOBATEILHOCTH
Zyp. Honoxum f(zg) = nlLIIgc fo(zn). Ecim x9 € A, To, cornacno reopeme 2

§ 15, fo(zn) — fo(zo) u, sHauuT, f(z0) = fo(zo)-

Iycts zg,z5 € X, ZTn — To, I, — Ty, In € A, z,, € A Tlo
€ > 0 Boibepem § > 0 Takoe, 4TO M3 HepaBeHCTBa p(x,r’) < § cieayer,
gto p(fo(z), fo(z')) < €. Ecnu p(zg, zj) < d, TO 4718 BOCTATOYHO GOMBIIMX
HOMEDOB 71 BBIIIONHEHO p(Zn, L)) < § U, 3HAUWT,

p(fo(zn), folzz)) <e. (1)

Tak xak no mocrpoenuro f(zg) = "li_.ngc folzn), flzp) = nllncl’c fo(zh,), o,
nepexons K npezaeiy B (1), nonydaem p(f(zo), f{zg)) < €. Takum obpazom,
f ABNAETCA PABHOMEDHO HEMPEPHIBHLIM MPOAOJKEHHEM 0TODpaKeuus fo,
IpHYEM CBOMCTBO PABHOMEPHON HENPEPLIBHOCTH BLINOJHEHO C TEMH €
CaMbIMHU 6 M €, 94TO U Ans fo. EAMHCTBEHHOCTDL MPOAOJIKEHUS CICOYET U3
Teopemsl 1.

ITycts orobpaskenue fy ynosierBopsier yciaoBuw Jlummuna. Ilepexo-
ns K npefeny B Hepasercrse p(fo(zn), fo(zh)) < Cp(zn, z)), nonydaem
yenosue Jlunmmua ass orobpaxenus f ¢ Toit xe nocroauuoit C. <
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C noMouipl0 JOKa3aHHBIX TEOPEM IMOJy4aeM, HANPHUMep, CJexyioliee
YTBEpIKAEHHE.

IIpennoxenne 1. /liobvie d60 NONOAHERUR MEMPULECKO20 NPOCTIPAH-
CTNEA USOMETNPUHYL.

> IIyers Y u Y’ — nea nononnenus npocrpancrBa X. Torma X C Y
n X C Y'. ITocrpoum orobGpaxkenue @o(x) = z, onpenenexnoe va X C Y
co 3uavendem B X C Y’ . 910 orobparkeHne, 04eBUJHO, H30OMETPHUIHO U, B
YaCTHOCTH, pAaBHOMEPHO HenpepbiBHO. 110 TeopeMe 2 cylecTByeT npomoJi-
>kenune ¢ : Y — Y’ . Tak kax paBeHcTBo p(z,z') = p(p(z), ¢(z")) BbImOA-
HAETCHA HA IJIOTHOM MHOXKeCTBe X, TO OHO BBINOJIHSIETCH TOXKJIECTBEHHO.
Jna orobpaxkenusa g ! raxke cymecrsyer mpomomkenue g : Y — Y.
Tak kak paseHcTBa g{p(z)) = z, ¢(g9(z)) = T BBHINOJHAOTCA Ha IJIOTHOM
MHOXecTBe X, TO 9TH PABEHCTBA BbIIOJHAIOTC TOXKIECTBEHHO. <

3ameuanue 1. [Ipononkenne HenpepbIBHOIO OTOOPa’KEHMA C 3aMKHYTBIX MHO-
ECTB npeAcTasisaeT coboi Gosee caoxnyio 3agauy. [lycts X = D! — enuununbiii
3aMKHYTeI# KPyT Ha mnockoctH, Y = S! — enunudnas okpyxHoCTb, A C X — Takke
eAUHVYHAA OKDYXXHOCTb, oToBpakenue fo: A — Y onpenmenexo dopmynoit fo(z) =z
(ToxaectBennoe orobpaxenne). Orobpakenue fo -- H30METPHA M, B YACTHOCTH, YAO-
BJIETBOPAET YCIA0BHIO Jlunmuuna. OAHAKO HE CyLEeCTBYeT HeNPEPBIBHOTO MPOAOIIKEHUA
oTobpaxenusn fo Ha Bce X.

W3 10Ka3aHHBIX TEOPEM CJIELYET, YTO cbopmynm suga f(z) = g(z), roe
f u g — HenpephIBHBIE OTOGPaKEHHS, JOCTATOYHO NPOBEPATb HA BCIOLY
TJIOTHBIX MHOXK€CTBaX W DABHOMEPHO HEMPEPBIBHDLIE OTO6pa.)KeHHH AocCTa-
TOYHO 3343aBaTh Ha BCIOAY IJIOTHBIX MHOXKECTBaXx. B cBsA3U ¢ 3TUM Keqa-
TeJbHO UMETH BCIOAY NJIOTHBIE MHOXKECTBA BO3MOXKHO MeHbIIei MOIIIHOCTH,
4yTOObI TaKOe 3aJaHKe WU Nnpopepka Obinu npoule. C 3Tolt TOuKy 3peHus
0cobeHHO yI00HbBI NPOCTPAHCTBA, B KOTODBIX CYIIECTBYIOT CYETHBIE BCIOLY
MJIOTHbIe MHOXecTBa. Takue NPOCTPAHCTBa HAa3bIBAIOTCA cena,paﬁe./zbn'm-
Mmu. B cenapabenbHbIX MPOCTPAHCTBAX HENPEPhIBHBIE 0TOOpaXKEHHs OJLHO-
3HA4YHO OIpPeneNAdATCA CBOUMH 3HAYEHUSAMH B CUETHOM 4YHCJIe TOYEK. Ce-
napabeJibHbIE IPOCTPAHCTBA 061aJ2I0T TaKXKe PAIOM APYTUX CBOHCTB, HE
HMEIOUIUX MeCTa B NIPOU3BOJIbHBIX METPUYECKUX NPOCTPAHCTBAX.

IIpumeptsr

5. IIpocrpancreo R. CtanaapTHOe CYETHOE BCIOAY IJIOTHOE MHOXKECTBO
B R — mMHOXecTBO Q paunOHANBHBIX YHUCEI.

6. IIpoctpancteo C10,1]. C4eTHBIM BCIOAY TIJIOTHBIM MHOXKECTBOM B
3TOM TIPOCTPAHCTBE SIBASETCS MHOXECTBO IIOJIMHOMOB C PALMOHAJIbHBIMH
K03bpuLHeHTaAMY.
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7. IIpoctparcreo ;. CIeTHBIM BCIOAY NJIOTHBIM MHOXKECTBOM SIBIISAETCSH
MHOXECTBO (PMHUTHBIX MOCJEN0BATENLHOCTEN ¢ DalMOHAJIBHLIMU KOOD-
JAMHATAMH, T.€. [0CJIeHoBaTeNsHOCTe BHIA T = (g1,¢2,---:Gn.0....).
roe ¢; € Q.

8. IlpocrparcTBo lo He cemapabensHo. B mpocrpaHnctee [« paccMmoT-
PUM HOAMHOXKECTBO A, 3/IeMEHTAMU KOTOPOTO SABJISIOTCS IIOCJEN0BATE b-
Hocty u3 0 u 1. Takux nociemoBaTesbHOCTEH HECUETHOE MHOXKECTBO. s
JOOBIX T,y € A, T # Y, Poo(T,y) =11, 38aunr, B(z,1/3)NB(y,1/3) = 0.
Ilycrs Tenepb S — BCIOIY MJIOTHOE MHOXECTBO B [o. Torma B xa:kaoMm u3
wapos B(z,1/3), z € A, ZONXKeH COOEPKATHCS dNEMEHT s, € S. Tak kak,
€CilM T # Y, WIapbl He TEPeceKarTcs, TO S; # Sy. Lakum ob6pasoM, B S
HMMEEeTCs] HECUETHOE II0JMHOXKECTBO, 3HAYUT, U CaMO S HECUEeTHO.

§ 19. IPOCTPAHCTBO L,(T, 1)

IIycts (T, X, 1) — NPOCTPAHCTBO € MePOA, T. . T — MHOXKECTBO, X — -
anrebpa U3MepUMbIX MHOXKECTB, [ — [OJIHAA 0-3JJUTUBHAA Mepa, KOHed-
HaA uiaK o-kKoHeuHas. QO6o3Hayum 4epe3 Ly (T, ;1) MHOXKeCTBO BCex ByHK-
umii, unrerpupyembix no Jlebery na T, T.e. HyHKIuIL, IS KOTOPBIX Cy-
mecTsyer wHTerpan Jlebera f z(t) du. Hanbosee 4acTo BCTpevalomuics

T

cnyyait — xorza T = [0,1], a p — mepa JleGera.
Kaxkmoit nape Gyuknmit u3 Ly (7, u) noctaBUM B COOTBETCTBHE YHCIIO
p(z,y) = [lz(t)—y(t)| du. Kak u B npumepe 6 § 14, nposepsieM, uTo p(z.y)
T

yIOBJIeTBOpAET akcuoMaM 2 u 3 merpukH. OOHAKO aKcMoMa 1 He BBINOJ-
Hsercst: ecam p(z,y) = 0, To z(t) = y(¢) mouTu BCIOLY, HO, BOOGLIE FOBOPS,
z # y. Takum obpasom, L; (T, 1) ects monyMeTpuyeckoe MpOCTPAHCTBO.
IMocTpoum HOBOE MeTpudeckoe npocrpanctso. B Ly (T, u) BBeuem oTHOmIE-
HME SKBUBAJIGHTHOCTH: T ~ ¥, ecan z(t) = y(t) mouru Bcrogy. MHOXecTBO
KJ1aCCOB 3KBuBaJeHTHOCTH ob603nauum L;(T. u). Merpuka B L (T, 1) 3a-
Jaetcst popmynoit

o((a], ) = / l2(t) — 5(8)] ds = plz. ).
T

O4eBnaHO, YTO PACCTOAHHE ONPEJETIEHO KOPPEKTHO: 3aMeHa B WHTErpasie
GYHKUMKM T Ha 3KBUBAJIEHTHYIO He MEHfAeT uHTerpasia. Axcuoma 1 mer-
puKH® BbuionHserca no nocrpoeHuro: ecim p([z].[y]) = 0, To = ~ y wu,
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3Hauut, [z] = [y]. JocTpoeHHOE METpUYECKOE NPOCTPAHCTBO 0003HAYAETCS
Ll(T, ,U.)
Teopema 1. IIpocmpancmeo Li(T, u) noanoe.

> Iycrs [2,] — nocnemosarensuocts Koum B Li(T, i), T, — mocie-
JIOBATENLHOCTb NpeacTaBuTesied, Torna p([zn), [zm]) — 0. Buibepem moa-
TOC/IeI0BATeTLHOCTh HOMEPOB Mg — 00 TakK, YTO P([Tn, ], [Tn,,,]) < 1/2F.
PaccmoTpum psanx

Ty (t) + Z(xm (t) - xni—l(t))’ (1)

=2

KOTOpBbIit CTPOUTCA TaK, YTO Tp, ABJIAETCH €ro JaACTUIHOM CyMMOil. IMo-
CTPOUM HOBBIH pAJl, COCTaBJEHHbIN U3 MOIYJIei:

T, (O] + Y [2n, () = Tn_, (B)]. (2)

=2

TTokakeM, 4TO AJis1 HETO BBIIOJIHEHBI Y CJIOBUS CIEACTBHS U3 TeopeMbl B. Jle-
Bu (§ 9). 3amernM, uTO psix (2)COCTOUT U3 HEOTPULATENLHBIX bYHKIMH,
HYYKHO OLIEHUTb MHTErpPaJbl OT YACTHYHBIX CyMM. VMeem

T/ (Izm ()] + ,X:; |z, (£) — xm_l(t)l)dp <

k
1
</Iwm(t)|du+§ 5 € /|xm(t)|dp,+1.
T =2 T

ITo Teopeme B.JleBu psax (2) cxomurcst moyuTH BCIOLY K MHTErpHpyeMOi

dbyukuun ¢(t). [Tockoabky abCOMIOTHO CXOAALMHACST YUCIOBOH Pl CXO-
aatcs, pag (1) TakKe CXOAUWTCS MOYTH BCIOLY K HEKOTOpOit pyHKimu (t).
Tak kak

k
|$nk (t)l S |x7l1 (t)l + Z I‘T'ni (t) - zni—l(t)[ < Qo(t)s
=2

10 mo Teopeme Jlebera (§ 9) dbyukums xz(t) mrrerpupyema. ITockoabky
|Zn, (t) — z(t)] < 2¢(t), TO N0 TOM ke TeopeMe p([zn,],(z]) = [ |Tn, (t) —
T

—z(t)|dp — 0, T. e. IOCIEROBATENBHOCTD Iy, CXOAUTCHA K T B METPHUKe Lj.
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Torna p([za], [z]) < p([za], [zn,]) + p(zn,]; [2]) — O mPE n,ME — o0,
T.e. [z,) — [z]. <

3aMeyanue. Bogenenue B 10Ka3aTeabCTBE Y MOCTEA0BATENLHOCTH Tn(t) NOANO-
Cllefl0BaTeNbHOCTH, CXOAAMEHCa NOYTH BCIOAY, CYIIECTBEHHO, TaK KaK NMOCAeq0BaTe/b-
HOCTb, CXOAAWIAsICA B CMblcjie MeTpuku npocrpancTsa Lq (T, i), MOXET He CXOAUTbCA
HH B OnHOH Touke (Cm. npumep § 9).

AuiemenTsl npocrpancTBa L (T, y1) 06b4HO Ha3bIBAIOT (DYHKUHUAMH, XO-
TS 3TO HETOYHO: IPOCTPAHCTBO COCTOUT U3 KJaccoB GyHKIWMIL 1 obnagaer
He BCeMM CBOMCTBaMM npocTpaHcTsB ¢yukuuii. Hanpumep, ansa anementa
z € Ly(T,p) He onpepesneHo 3HadeHne B TO4YKe t u3 T, Tak KaK T €CTb
KJ1acC PpYHKUMH ¥ 3HAYEHHE B TOYKE 3aBHUCUT OT BbIGOpa TMpeiCTaBHTENS
H3 3TOTO KJIacca.

Ykaxkem B mpocrpaHcrBe Lj(T, ) HEKOTOpbIE BCIOAY MJIOTHBIE MHO-
xectBa. Qnpeesesne BCIOLY MJIOTHOMO MHOXKECTBA MOXKHO nepedhpa3upo-
BaTb CJIEAYIOMKUM 0Opa3oM: MHOXeCTBO M sBNseTCA BCOAY IJIOTHBIM B
npocrpaHcTBe X, ecan Jioboil smemeHT u3 X MOXKeT GbIThb CKOJMb YIOA-
HO TOYHO npubauxKeH snemeHnTaMu u3 M. Takum csolictBoM 061a4210T, B
YaCTHOCTH, caemytouye noamuoxkectsa B L1 (T, u).

1. MHOKeCTBO NpOCTHIX MHTErpupyeMbix dyukiwmit. lurerpupyemas no
JleGery dyukius sBasercs, N0 ONPeIeeHUI0, PeJeOM MOC/IEI0BATe /b-
HOCTH NPOCTHIX (PyHKIMHA.

2. MHO2KeCTBO NPOCTHIX (PYyHKUKH, IPHHUMAIOMIUX KOHEYHOE YUCJIO 3HA-
yenuit. Ilycts £ — mpoctas uHTerpupyemasa byHkuusa u r(t) = yi 1npu

oc
teTy, T= |J Tk, To nocaenoBaTenbocTs HyHKIMIA
k=1

z(t), anmat € Y Tk,
Tp(t) = k=1
0. aatg U Tk
k=1

cxomutest K z(t) B MmeTpuke Ly (T, p).

B cnyuae, xorga T ecTb TOMOJIOrMYeCKOe IMPOCTPAHCTBO, CPEAU MHTE-
rpupyeMbix (GYHKIINA MOTYT OKa3aTbCA HEIIPEPLIBHbIE H BOSHHKAET BOIPOC
0 IUIOTHOCTH MHOXKeCTBa HenpepbiBHbIX dyHKumii 8 Ly (T, p).

Teopema 2. ITycmv T = [0,1], 4 — mepa Jebeza. Mroocecmeo nenpe-
puieHuT Pynryull ecrody naomno e npocmpancmee L1 (T, u), u, caedosa-
meavho, npocmparemeo Ly (T, 1) A6AAEMCA NONOAHEHUEM LPOCTNPAHCTNEA

Cr[0.1].
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> Jns nokasaTenbCTBa JOCTATOYHO I0OKA3aTh, YTO B JIIOOOH OKpecT-
Hoctu moboit dyukumu x u3 Li(T. 1) ecTb nenpepbiBHast QPYHKUUA, T. €.
n06as PYHKUMS T MOXKET ObITh CKOJIb yromuo Touno B merpuke Ly(T, u)
npubJinxkeHna HenpepbiBHOM dyHKuMel. [TocTpouM Takoe npubuKeHue 1o-
atanHo. Kak mokazaHo Boile, YHKIMA T MOXKET ObITh NpubimkeHa npo-
cTo#t dbyHKuelt, IpUHAMAIOIIel KOHEYHOE YHUCJIO 3HaUYeHul, T. e. TUHeHOM
KOMGUHALNeH XapakTepucTuIecKuX (DYHKIMH U3MEPHMBIX MHOXKECTB.

ITo Teopeme 2 § 4 a1a U3MEPUMOr0 MHOXKECTBa A CyIIECTBYET 3JeMEeH-
TapHOe MHOXecTBO B Taxoe, uro pu(AAB) < e. Torna p(xa,xB) < €,
T. €. XapaKTepUuCcTH4ecKasn (PyHKUMS X 4 U3MEPUMOro MHOXKecTBa, A MOXKeT
ObITh TPUOIMIKEHA XapAKTEpUCTH4YeCcKO# dyHKUMeN X p 3/EMEHTAPHOro
MHOXKecTBa B — nuneiiHol KoMOuHauuel xapakTepucTuieckux byHKuui
[OJIYMHTEPBAJIOB. XapakTepucTuieckas (pyHKUMs HOJyHHTEpBAIA [a, b ¢
TOYHOCTBIO € B MeTpHKe npoctpancTBa L1 (T, 1) Moker ObITh NpubiuKeHa
HenpepbIBHOU (yHKIMe, Hanpumep QyHKIueH

0, t<a—e, t>b+e,

) _ ) (t—a+e)/e, a—e<t<a,
Pe(t) = 1, a<t<h,
(b+e—1t)/e, b<t<b+e.

Takum o6pa3om, GyHKIMs £ MOKeT ObITh pUbJINKEeHa HeNPePLIBHOMN By HK-
uueit, T.e. Cp[0,1] = Li(T, p).

Mpocrpancteo Li(T. ) nonuo u conepxur CL[0,1] B kavyecTBe mog-
MPOCTPAHCTBA, T. K. MeTPUKa 3anaHa Toi xe dopmynoit. [To nokazanHOMY
Cr[0.1] = Ly(T, p) u, 3naunt, Li(T, ) ecrb MomosHeHHe MPOCTPAHCTBA,
Cy, [0, 1]. <

CaenctBue 1. Ecau T = [0,1] u p — mepa Jlebeea, mo npocmparcmeo
Li(T, ) cenapabeavro.

> Jliobaa nenpepbiBHAA QYHKIIUS HA OTPE3KE MOXKET OBITH PABHOMED-
HO NpubJIMXKEeHa MHOro4YIeHOM. MHOro4YIeH MOXKHO MpibOIM3UTh MHOIOYJIe-
HOM C DalIOHAJIbHbIMH KO3 DHUEEHTAMH, T. €. MHOXKECTBO MHOTOYJIEHOB
C palMOHAJIbHBIMU K03 bunmenTaMu Beroay maotHo B Ly (T, u). 1o MHO-
»KecTBO cyeTHO, npoctpaucTeo L (T, i) cenapabenbHo. <

B nasnbHeimeM mpoCTPAHCTBO MHTErpUpyeMbix 1o Mepe Jlebera dbyHK-
uuit Ha orpeske [0, 1] 6yaem obosnauars L1[0, 1].

Ykaxem 6osee sBHbIN crioco6 noctpoenusa no dbyukuuu £ € L0, 1]
6aM3KOIl K Hell HempepbiBHOM (QyHKIHHU.
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Onpenenenue 1. Cpednets no Cmexaosy or GyHKIMK T OyJeM HA3bI-
t+h

BaTh GYHKUHMIO T (t) = ﬁ [ z(7)dr, h > 0 (Dpu BBIMHCIEHNE HHTErpaJa
t=h

nosiaraeM, 410 z(7) = 0 BHe cﬁpeaxa [0,1)).
Jlemma 1. ITycme z € L1[0,1]. Tozda
1
w(h) = /|1(t +h)—z(t)]dt - 0 npuh — 0.
0

> Bosbmem ¢ > 0. Cornacio Teopeme 2 CyIIECTBYeT Takas HeNpepbIiB-

Haa yHkumas 7 (t) Ha [0, 1], uro mns pazHocTn x2(t) = x(t) — z1(t) nmeem
1
[ lz2(t)| dt < €/3. HenpepoiBHas dyHKums T1(t) paBHOMEPHO HelpepbIB-
0
Ha, T.e. 1A €1 = €/3 cymecrByer § > 0 Takoe, 4ro, ecam [h| < 4. TO

|z1(t 4+ h) — z1(t)| < €1. Torma mpu |h| < § BHINOIHEHO HEPABEHCTBO

t 1
w(h) g/]xl(t+h)—x1(t)|dt+/lmg(t+h,)|dt+
0 0

1
&€ 3 3
+/|m2(t)|dt<§+§+§—e.<
0

CdopmynuposasHoe B neMMe 1 cBO#HCTBO (bYHKIMU 2 HA3BIBAETCS
HENPEPHIEHOCTNDI0 8 cpedHem. DTO CBONCTBO O3HAUAET, YTO OTOOpAXKEHHE
R >h— z(t + h) € L; HeupepbiBHO.

Teopema 3. Jas awobot dynrwyuu x u3 L1]0.1] cpedrnue no Cmekaosy
Tp ABAAOTNCA HENPEPBIEHBIMU HYHKUUAMYU U

1

/Ia:h(t) —z(t)|dt = 0 npu h — 0.
0
> Oyukuus rp(t) eCTh MHTETPAJI ¢ IEPEMEHHBIM BEPXHUM IIPEJENIOM U,

B cuily Teopembl 1 § 9, saBisieTcss HEMpepHIBHOM (Iake abCONIOTHO HENpe-
poiBHO#M) dyHkumeit. ITokaxewm, uro p(zp, ) — 0 npu h — 0. lmeem

P($=Ih)=/1
0

t+h 1 t+h

z(t) - %h_ /:L‘(T) dr|dt= % /( /|:v(t) —z(7)] dr) dt.

t—h 0 t—h
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ITo Teopeme @y6uun

1 t+h

plz,zn) = %/ / |z(t) — z()| drdt.

0 t—h
O603nauue 7 — t = 3, noxyvaeM

t+h

. 1 ) 1ih . h
ﬁ//lx(f —:L’(Tldet—‘—E// —J:t+s]dtds——z/ (s) ds,
0t 0 —h —h

h
plz,zp) = QL /w(s) ds.

B cuny semmer gna € > 0 cymecrsyer § > 0 Takoe, 4To mpu || < &
Boinonneno w(s) < e. Toraa p(z,zn) < 57 - 2he = e mpu 0 < h < 4.
Teopema gokazana. <

C nomourpio cpeaunx nmo CTeKJIOBY MOXKHO IOJYYUTH OnucaHue 0606-
LUEHHBIX [POM3BOIAHBIX U abCOJIIOTHO HENpPepbIBHBLIX (DYHKIUi, OTIHYHOE
oT omucanua u3 § 12.

Cornacho Teopeve 2 § 12 dbyHkiua & abCOMIOTHO HeNpepbIBHA TOrAA H
TONBKO TOT/JA, KOTA8 OHA MOXKET ObIThb MpeJCTaB/IeHa B BUAE MHTErpasia C
[e€peMeHHbIM BEPXHUM MpeIesioM

i

z(t) = z(0) + /I’(s)ds.

0

Ecnn paccmorpers paszHocrroe otaoutenue (1/h)(z(t+ h) — z(t)), npe-
JIeJIOM KOTOPOTO SABJISIETCH, [10 ONPEEIEHHIO, IPOM3BOAHAA (DYHKINH L, TO
npu h — 0 nonydyaeM, COracHO Teopeme 3, Ipejes B CMbICHE CXOAUMOCTH
B CpeaHeM

z(t +h) — 2(t)
h

T.e. 4TO 0GOBILEHHAs TPOU3BOJHAS €CTb IIPEAL] YKA3aHHBIX PA3HOCTHBIX

OTHOIIEHWH B CMBICJE€ CXOAMMOCTH B CPEJHEM. DTO yTBEPXKIEHHE aHAJIO-

rUYHO yTBEPKAEHUIO 13 § 12, HO OHHU He SIBJISIOTCS CeACTBHEM APYT OpPYTa,

TaK Kak U3 CXOAUMOCTH B CDEJHEM HE CJIEAYeT CXOAMMOCTDb IOYTH BCIOLY
M M3 CXOJMMOCTH MOYTH BCIOAY HE CJENYET CXOAUMOCTb B CDEJHEM.

lim = lim z,(t) = z'(t),
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W3 nosiy4eHoro yTBEpK AEHHST MOXKHO NOJYYUTb APYroil criocob xapax-
Tepu3allil MHOXECTBa aOCO/IIOTHO HempepbiBHbIX GYHKuui. Ha mHOXe-
cree C'|0, 1] nenpepbiBHo nuddepennupyembix dyHkuuil Ha orpeske [0,1]
3a7a1AM METPUKY

1

plz,y) = max |z(t) — y()] + / 12/ (8) — v/ (1) dt. (3)
0

Teopema 4. Ilonoanenuem npocmparcmea C*[0, 1] ¢ yxazannot mem-
puxoli (8) aeasemcsa npocmpancmeo AC[0,1] abcoarommuo nenpepuiermz
Pynxyuli ¢ mempurot, sadarnroli mol dsce dopmyarot (ecau npoussodnyro
6 (3)nonumams xax 060OUWEHHYI0 NPOUIBOTHYIO).

> Ilycrs z € AC|0,1]. Torma 1nocaes0BaTeLHOCTD

t
zn(t) = z(0) + /gn(S)ds.
0

rie gn = T Jns T-€. 9TO QYHKLHSA, CPENHAA [0 CTeknoBy ¢ mapaMmeTpoM
h = 1/n nns dyukuuu 2’, COCTOUT U3 HeNmpepbiBHO au(GHEPeHIMPYeMbIX
dbyuKumi B, COrIacHO JOKA3aHHOMY BbILIE, CXOAMTCH M0 MeTpuke (3) K x,
r.e. C1{0,1] Beromy nnoto B AC[0, 1].

Hokaxewm nonuoty npocrparctsa AC[0,1]. Ilycts (z,) — nocneaosa-
renbHocts Kowm B AC[0,1]. Torma nociexosareabHoCTs (1),) ABAsSETCA
nocienoBarensHocTbio Ko B C[0,1] u cxomurcss paBHOMEPHO K HEKO-
TOpO# HENpepsIBHON (DYHKIMH, & NOCIEA0BATENbHOCTD IPOM3BOAHBIX (),)
ABJIsieTcs nocienoBaTensHocTbio Ko B npoctpancrse Lq[0, 1] u cxoqur-
csl B CpeJHEM K HEKOTOpOH mHTerpupyeMoil ¢pyHkuuu g. ITepexons x mpe-

AeJly B paBeHCTBE
t

za(t) = (0) + /;r;(s)ds,
0

noJIy YaeM
1

2(t) = 2(0) + / o(s)ds,
0

OTKyZa cijenyeT, 4ro GbyHKIUst T abCOMIOTHO HeNpephIBHA U MOC/IEAOBa-
TEIBHOCTb (I,,) CXOAUTCH K T o MeTpuke (3). <
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§ 20. [IPOCTPAHCTBO L,(T, i)

Ilycts T — nmpocTpaHCTBO € MOJHONM 0-aAJUTUBHOM W 0-KOHEYHOH Me-
poit u, kak B § 19. 3agagum uucso 1 < p < oc n o6o3nauum yepe3 L, (T, u)
MHOKECTBO M3MEPHUMBIX (DYHKLMH, ATl KOTOPBIX CYILECTBYET HHTErpaJ
J lz(t)|Pdu. B 3TOM MHOXKECTBe PACCMOTPUM CTAHAAPTHOE OTHOLIEHUE IK-
T

BUBAJIGHTHOCTH: X ~ Y. eciu z(t) = y(¢) mouru Bcrogy. MHOXecTBO Kiac-
COB SKBHBAJIEHTHBIX MexKay coboit dynkuui obo3HayuMm yepes Lp(T, p).
Ha sTom mMHOXKeCTBe 3343UM MeTPUKY OpMYIoH

(le], [y)) = ( [1s- y(tnpdu)w,
T

rae [z] — kJ1acc IKBUBAJIEHTHBIX MEXIY cO60H yHKUMI, CONEPKAUX T
(kaacc GyHKumii, 3kBHBasIeHTHbIX z). OueBnaHo, uto p([z], [y]) He 3aBH-
CHT OT BHIOOpA MPEJCTABUTENA U3 KJacca (2] U 4TO BHINOIHSIOTCH AKCHO-
Mol 1 1 2 merpukn. Ilpexkie yeM NpOBEPUTbL HEPABEHCTBO TPEYTONbHUKA,
JOKaXKeM TPH BCIIOMOTATEIbHBIX HEDABEHCTBA.

1. Hepasenctso IOmra. IIyemv 1 < p < +oc u nyemo ¢ = p/(p— 1)
(4UCA0 q HA3VIEALTNCA CONPAICEHNDIM NOKAZAMELEM K D, OO Onpedeasem-
ca u3 pasencmea 1/p +1/q = 1). Tozda 0as A1066LT HEOMPUULTIEALHUT
YUuUCeA U U v CNpasediuso nepasencmeo FOneaa:

uP 9
-+ —, (1)
p q
npuuem pasencmeo 6 (1) umeem mecmo mozda u Moavko mozda, Ko20a
v=uP"t

> Haitnem (npu duxcuposanaoM v > 0) MakcumyM DyHKLHH

N

uv

’up
pu) = uv — —,
r

onpenenennoit npu v > 0. Tak kak ¢’ (u) = v — uP~}, MaKCUMyM ZOCTHra-
ercsi B e1MHCTBEHHOM Touke u = v/ (P~1) ¥ 3TOT MaKCUMyM ecTb yMCIO

Pt/ P=Dy, [,Ul/(p—l)]p]/p = ﬂ
q

Taxum 06pa3omM, ClIpaBeIIuBO HEPABEHCTBO, 3KBHBasieHTHOE (1):



3amedaHue 1. Buiuncnenus, Bxoasume B J0Ka3aTeNbCTBO HepasBeHcTBa FOHra,
CBA3aHbl C ofmeit KOHCTpykuuel, Hcnonb3yeMoH B psaje APYrux 3anad. @yHkums g,
onpenenesHas GopMynoi

g(v) = mazy[uv — f(u)],

Ha3bIBaeTCH npeobpa3osanuem Jeocandpa dbysxuun f; N0 ONPEeAesICHHI0 g eCThb Hau-
MeHbIas U3 pyHKUMH, ANST KOTOPLIX BbIMOJHEHO HepaBeHCTBO uv < f(u)+ g(v). Takum
o6pa3om, HepaseHcTBo FOHra ecTh yTBEp)KAeHHE, 4TO DyHKumU 1/p uP n 1/q v? sBns-
10TCst npeobpa3oBasusaMy JIekaHApa APYT Apyra.

2. HepasencTso [enbaepa. Hopmoit pynkuun x € Ly(T, 1) 6yaem Ha-

3bIBaTh 9YUCJIO
1/p
lell, = p(0,2) = ( / ja(t) |pd#>

s mobuz gynwyuti © € Lp(T.p) uy € Lo(T, p) uz npoussederue
UHTEZPUPYEMO U CTpasediuso Hepasencmao [eavdepa:

| [0 di < allvl @
T
> Iycts ||zollp = ||yollq = 1. 3adukcupyem ¢t 1 npuMeHNM HEPaBEHCTBO
FOura
zo(t)|P t)|7
p q
IpounTerpupyem HepaBeHCTBO (3) U mOJMyYuM
1 1
zo(t)yo(t)|du < =+ == 1. (4
/ [eo(®(8)]du < 7+ )

Eciu z = 0 winu y = 0, 70 HepaBeHcTBO lenbiepa odesuano. Ecau
x # 0, y # 0, To nocTpoum BenioMoraTenbHble byHKUuK To(t) = z(t)/| x|,
n yo(t) = y(®)/|ylly. umerowme eannuynsie Hopmbl. [loacTaBasa ux s
HepaBeHCTBO (4), moaydyaem

11
Taly Tolls T/ e (B)y(8)] dp < 1

YMHOXKadA mocaenHee HepaBeHCTBO Ha ||z||p[lyllq, monydaem HepaBeHcTBO
Tenbnepa. <
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3ameuanne 2. B ciyuae p = 2 HepaBencTBo l'enbgepa umeer Bupg

| [0 du] < ( [ 1eran)”( [ la(0)du)
T T T

U Ha3biBaeTca wepasencmeom Kowu — Bymaxoecxozo. B 3amanHoil MaTeMaTH4eCKo
JIHTEpPaType 3TO HEPABEHCTBO 4YaCTO HA3bIBAlOT Hepasercmeom Ilsapuya.

3. HepasencrBo MunkoBckoro. Cymma 4106ux pynEyul T u Y ud npo-
cmpancmea Ly (T, ) npunadaesrcum Ly(T, 1), u cnpasedauso nepasencmeo
Munroscrozo: |1z +yllp < llzll, + [yl

> 3ameTuM, uT0 npu (HHUKCHPOBAHHOM ¢ CIIpaBeAJIMBA LIENOYKa Hepa-
BEHCTB

lz(2) + y(®)” < 2max{|z()]. [y($)[}}* <
< 2P max{|z(8)[7, ly(®)IP} < 2°(|z(@)]P + |ly(@)IP),

U3 KOTOpOil cieayer unTerpupyemocts dbyukumu |z(t) + y(¢)|P. Tak kak
llz(t) + y@®)P~)9 = |z(t) + y(t)|P ( Hamomuum, uto q = p/(p — 1)), TO
dyuxkuusa |z(t) + y(t)|P~! npunamnexur L, (T, p). Ilepeiinem k mokasa-
TeJIbCTBY HepaBeHCTBa MHHKOBCKOrO:

/I-’L‘(t) +y(8)|Pdp = /lm(t) +y()llz(t) + y()P " dp <
T T

< [l + voran+ [ 1ol1e0) + ue1P~'au
T T

Wcnons3ys nepaBenctso [enbaepa, nomydaem

1/q
lz(t) + y(@O)Pdu < {lzllp| [ lz(t) +y@)|Pdu ) +
/ (fiaora)

+||y||p</|$(t)+y(t)|pdu>1/q.
T

Pasznenus HepaBeHCTBO Ha MHTErpadl, CTOAIIMIA B IPABOH YacCTH, IOIy4aeM

1-1/q
( JIEC +y(t)l”du> = lle + 9l < lzllo + . <
T
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U3 nepaBencTBa MMHKOBCKOrO I0JIy4aeM HEPaBEHCTBO TPEYTOJbHHUKA,
Z1si MeTpuKH mpoctpatcTsa Ly (T, p):

pz,y) =z —yllp = Iz - 2) + (2 - y)llp <

<llz=zlp+ 2 = yllp = oz, 2) + p(2, 9)-
3uaunt, L,(T, 1) NefiCTBUTEIBHO ABJIAETCA METPUYECKUM [IPOCTPAHCTBOM.

3ameuanue 3. Ecnu B3aTh B KadectBe 7 MHOkecTBO N HaTypasbHLIX YHCEs U 3a-

JaThb MEpY (& TaK, YTO Mepa KaXKA0# Toukn paBHa 1, To dbynkuusa z(l) ectb pakTHUECKH

quciI0Bas nocnegosarensrocts (k) u unrerpan Jlebera [ x(t) du coBnagaer ¢ cymmoti
T

oC
paga Y (k). ITosroMy npocTpaHcTso lp, BBeaeHHOe B npuMepe 4 § 14, aBnseTcs yact-
k=1

HbIM Cay4daeM npoctpaHcTBa Ly(T, 1) ¥ A5 Hero cnpaBelJjiWBbl HepaBeHCTBa [esbie-
pa, MHHKOBCKOrO ¥ HEPaBEHCTBO TPeyroJbHHKa. AHajoruyHo, B3sB T = {1,2,....n},
noslydaeM mpocTpaHcTBo R™ ¢ merpukoit pp(z,y) u3 npuMepa 7 § 14 u BHnoIHeHHe

HEPABEHCTBA TPEYTOJbHUKA AJIS 3TOTO MPOCTPAHCTBA.

Teopema 1. IIpocmpancmeo L,(T, p) noano.

> Bo3pMeM npou3BosIbHYO nocaegosaTeabrocTs Koum (1) B Ly(T. ).
IIycte A C T -— npou3BONbHOE U3MEPUMOE MHOXKECTBO KOHEYHON MEpLI.
Torpa ¢ moMoib0 HepaBeHCTBa, [enbaepa moryyaemM

/ @a(t) = T ()] di <

A

1/p 1/q
< (/I:En(t) —wm(t)l”du> (/1(1#) —0, n,m— oo.
A A

3uauwur, T, ecTb nocaegoparensHocts Komu B Ly (A, i) 4, kKak moka3aHo B
JOKa3aTeabCTBe TeopeMsl 1 § 19, cyimecTByeT NOAMOCIe10BaATEIbHOCTD, KO-

oC
TOpas cxonuTcs noyutu Bcoay B A. Ecnu mepa o-xoseuna, t.e. T = [[ Tk,

k=1
rae u(Tk) < +00, MOXKHO BbIOPATH NOANOCIENOBATENBHOCTD, CXOASILYIOCA
nouTtd Beoay Ha T' kK nekoTopolt dynkuun xg. Ilposepum, uto x,, — I
no Merpuke npocrpadcrsa Ly(T, p). dna € > 0 cyiuectByer Homep n(e)
Takoit, uro aas k,i 2> n(e) BoIMonHAETCA

1/p
( JERC T dﬂ) <e.
T
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Ilepexonsa x npemeny npu ¢ — oc, no Teopeme Pary noJaydaem

( JEXCE fco(t)l”du)l/p <,
T

T.€. p(ZTn,,To) — 0. 3HAUUT, 1 cama NOCJIENOBATEIBHOCTb T, CXOLUTCS B
npoctpancrse Ly(T, u). <

Cnencrsue. IIpocmparcmso l, noanoe.

3ameuanue 4. MHoxecTBa, Anst KOTOPbIX B § 19 ObLJI0 HOKA3aHO, YTO OHH BCIOAY
nnotHsl B L{(T, 1), siBnasoTca Bcoay miaotubiMu B Lyp(T, 1), Jloka3zaTenscTBO ITOrO
dakTa aHAJOrHYHO CiIy4aio p = 1.

Teopema 2 (HenpepblBHOCTb B cpenneM yHkumit u3 Ly[0,1]). Ecau
z € Lpl0,1], mo das awbozo € > 0 cywecmeyem & > 0 maxoe, ¥mo u3
Hepasencmea |s| < & caedyem, wmo

1

(/|:c(t+s) —w(t)]”dt)l/p <e.

0

(Kak u B § 19, cuntaem, 4to Bce GyHKLMYU OPOAOJKEHbL HyaeM BHe [0, 1].)
> Ilycts y — Taxkas HempepbiBHas ¢yHKuudA, yTo [T — yllp < €/4.
®yHkuusA y paBHOMEPHO HenpepbiBaa Ha [0, 1]. [losromy cymectyer § > 0
Takoe, uto ecqu || < 4, To |y(t + s) — y(t)| € €/4 nna Bcex t u t + s,
npunagnexamux [0, 1]. Torga, ecim 0 < s < § < §;, nosmyvaem

; 1/p 1=s 1/p
( / ly(t+s)—y(t)|”dt> < ( / |y<t+s)—y<t)|"dt) n
Q 4]

1/p e
+( / |y(t)l”dt) < Z+6‘/1’M,
l1-s
rae M = max ly(t)]. Ecnu BuiGepem § > 0 Tak, urober §1/PM < £/4,
nonysaeM [ly(t + s) — y(¢)|, < €/2. AHamoruuHo mocrymaeM B CiyHae,
koraa —d < s < 0. Torga gy |s| < d cupaBeaIHBO HEPABEHCTBO

1 1/p
( [1ste+9)-sop dt) — llzlt+ ) — 2], <
0
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t+h
Teopema 3. ITycmo x € Ly[0,1] u za(t) = 5 [ z(r)dr — cpednue
t—h
no Cmexaoey. Tozda xx(t) — nenpepuensie dynxyuv u ||zp — zllp — 0
npu h — 0.
> @Oyuxuusa Tp(t), KAK MHTErpaj ¢ NEPEMEHHBIM BEDXHUM MPeIeioM,
ABJIAETCA HEelpepbIBHOM (1 Naxxe aBCOMIOTHO HenpepsiBHOM). OueHuM pas-

HOCTBb
t+h

o(0) ~ 201 < 5 [ Jott) = a(r)lar =
t—h
h

h 1p
= g7 [ 1600 - ste+ 91t < gony o (([1o) - ste+ )
—h —h
3Havur,

1 h
/lz(t) —zp(t)Pdt = _21—h / / |z(t) — z(t + 3)|” dsdt,
0 -h

U, TIOMEHSAB MOPAJI0K MHTErPUPOBAHUA (4TO BO3MOXKHO 10 Teopeme Dybu-
HH), HOJY4YaeM

1 h 1
/ |2(t) — zn (t)[Pdt < % / / z(t) — z(t + s)|P dtds. (5)
0 -h O

B cuny sempepbiBHOCTH B cpeaeM DysKimuu = 1m0 € > 0 MOXeM HaiTu
1

8 > 0 Takoe, 410 ans |s| < & Bemoansiercss [ |z(t) — z(t + s)|[P dt < P
0

Torma npu 0 < h < § umeem

h
1
lz —znlf < /|:c (t) —zn(t)|Pdt < — o ePds=€eP.
—h
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§ 21. IPMHIIUI C2KUMAIOIIMX OTOBPAXKEHUN

Ilycrs f: X — X — otobparkeHne METPHYeCKOro mpocrpaHcTsa X B
cebs1. Touka * € X HasbiBaeTcsi Henodeuscroll moukol OTOODaXKEeHHA
f, ecnu f(x*) = z*. VlHaue roBopsi, HEMOABUXKHASA TOYKA €CTb PelleHHe
ypaBHeHus £ = f(x). YpaBHeHHUs, KOTOPbIE MOCYT OBITH 3AIMCAHBI B TAKOM
BH/I€, BO3HMKAIOT B PA3/MUYHBIX IPHJIOMKEHUSIX, BOIIPOC O CYILECTBOBAHMH
U O NOCTPOEHWM HEMOABMAKHOI TOYKHM e€CTb OJMH U3 BaXKHEHIIUX — 3TO
BOIPOC O CYLIECTBOBAHMM M IIOCTPOEHMH DEUIEHWH yDPaBHEHUH.

OnxuM u3 ofImKUX METONOB MMOCTPOEHMS DELIeHNl ypaBHEHHI yKa3aH-
HOTO CMEeuMajbHOrO BHAA ABAserca Mmeroi urtepaumit. OH 3akniovaercs B
caenymoieM. Bepercs HekoTopas Touka zg € X (HaYajabHOE HJIH Hylle-
Boe MpuOJIKEeHNe) U 10 Helt CTPOUTCA MOCJIEA0BATENbHOCTD [0 NPABUILY:
z1 = f(zo), 2 = f(z1),..., Tn = f(zn-1). Ecau nocienosarensHocTs Ly,
CXOMUTCH K HEKOTOpOM To4YKe * u oToOpaxkenue f HENpPEPLIBHO, TO, Mepe-
XO[s K Mpelesly B PABEHCTBE I, = f(Zn—1), momydaem, urto z* = f(z*),
T.€. £° eCTb HemoaBM>KHas TOYKa. B 3TOM ciy4vae TOYKHM T, Ha3bIBAIOT
NOCALJ08ATMEALHBLMY NPUOAUINCEHUAMY K DELIEHNIO L.

OnHaxo B 06IIEM cllydae MoC/eI0BATeLHOCTD Ty, MOXKET He ObITh CXO-
ASAIIEHCA U ee TOBEJEHHe MOXKeT ObITh O4YeHb CIOXHbIM. Hanpumep, mo-
JKeT OKa3aThCsl, 4YTO MHOMECTBO TOYEK TAKOM MOCIEI0BATEILHOCTH BCIOLY
mioTHO B X.

IIpocThie 4oCTaTOYHBIE YCIOBHS CXOOUMOCTH MMOCTPOEHHOMN O0CAeI0Ba-
TEILHOCTH M CYUIECTBOBAHUS HENOABUXKHON TOYKM CHOPMYJTUPOBAHBI B
NPUHYUNE CHCUMAIOWUT 0Mobpaccenudl.

Omnpegenenne 1. Orobpaxenue f: (X,px) — (X, px) HasbiBaeTcs
COHCUMAOULUM, €CITA CylecTByeT KoHcTaHTa 0 € a < 1 Takas, 4TO AJiA
J00BIX X1, Ty € X BBINOJHEHO

p(f(z1), f(z2)) < ap(z1, z2). 1)

Jpyrumu cioBaMu, CKEMAIOUIEe 0TOOpaXKeHe eCTh 0ToOpaKeHue, ya0-
BJIeTBOpsIOLIEe yCIoBUIO Jlunmuna ¢ koucranToit a < 1. Hanomuum, yro
TaKoe 0TOOpaXkeHHe PaBHOMEPHO HENPEPLIBHO.

Teopema 1 (mpunumn c>xumaromux otobpakenuit, Banax). B noanom
MEMPURECKOM NPOCTNPAHCTNEE CIHCUMAIOWEE OMOODAdCENUE UMEET HETO-
J8UINCHYI MOYKY U NPUMOM TMOALKO 00nY. [lrs 2106020 HAYGALHO20 TPU-
BAUNCEHUA To NOCAEI08ANEALHDLE NPUBAUNCEHUA CLOOAMCA K HENOOGUIHC-
HOU TovKe.
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> EAMHCTBEHHOCTb HEMOABUKHOM TOUKHY JOKA3bIBAETCS HE3ABHUCHMO OT
HOJHOTHI ipocTpancTBa. Eciu a = f(a), b= f(b). a # b, To

pla,b) = p(f(a), f(b)) < apla,b) < p(a,b).

IMony4yaem mpoTuBOpEUUE.

BosbMmem npou3BosibHYIO TOYKY o € X M MOCTPOMM IOCJEJOBATEb-
Hble npubmkenus 1 = f(2o), z2 = f(z1),...,2n = f(zn-1),... [loka-
JKEM, YTO NOCTPOEHHAS MMOCIEA0BATENBHOCTD Ly, €CTh NOC/IEI0BATENbHOCTD
Kown. QuennM cHavajia paccTOsIHHEe MEXAY COCETHUMH 4YIeHaMH IOCJe-
mosatenbHOCTH:  p(Tk, Th41) =  p(f(Tr-1), f(zk)) < ap(Tr-1.7) =
= ap(f(zr_2), f(zk-1)) < ... < a*p(x0, z1). [IpuMenss HepaBeHCTBO Tpe-
YyrOJIbHHKA, TIoNydyaeM (cdurast m > n)

P(Tns Tm) < P(Tn, Tns1) + A(Trt1, Tng2) + ...

oot (@1, Tm) < (@™ + o™+ L+ 0™ (20, 71),

OTKYyIa
a’ﬂ
l—-a

p(zo, f(zo)) — 0. (2)

Tak kak npocrpaHcTBo X IOJHOE, TO NOCHELOBATENbHOCTD Ty, CXOAMTCS
K Hekoropomy 3nementy z* € X. [lepexonsa B paBeHCTBE Ty, = f(Tn_1) K
npezeny (4To 06OCHOBAHO BBUAY HempepbIBHOCTH f), nony4aeMm Tpebyemoe
paseHcTBo T* = f(z*). <

HZn, Tm) €

Caepncreue. Jaa nocaedosamesvunr npubauscenut T, = f(x,-1)
UMEETN MECTNO OUEHKA TLOZPEUSHOCTRY

n

“—p(e0, f(x0)). (3)

plen,a™) < 5
> B HepasenctBe (2) mepeiisem x mpeneny npu m — OC M NOJyYHM
HepaBeHCTBO (3). <

Taxum o6pa3oM, JOKa3aHHAs TeopeMa, KpOMe yTBEDPKIEHHSA O Cylie-
CTBOBAaHMM DEIUEHHsI, AAeT MPOCTOH cnocob MOCTPOeHMs MPHOIHIKEHHOIO
pellleHus ypaBHeHus Buga z = f(x).

Ouenka (3) NO3BONAET TAKIKE OUECHUTH KOJIMYECTBO MOC/EA0BATE/IbHBIX
npubIMKEHNit, Hy KHOe 1JI5 TOCTUXKEHUS TPeOyeMOi TOYHOCTH: 4TOObI A5
Zp, BBIMOJHSAIOCh HEPABEHCTBO p(Zn,L*) € €, HOCTATOYHO B3ATh

1 e(1-a)

—1 )
n> Ina n p{zo, 1)
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B3sB B KauecTBe HaYaJbHOTO NPUOIMIKEHUS TOYKY Tp—_1, U3 OLEHKH
(3) nonmyuaem
P(Tn-1,Tn). (4)

plen,a*) < T

Mocnenusas oueHka (4) 9acTO OKa3bIBAETCS TOYHEE OLEHKH (3), HO addek-
THBHO HCIIO/Ib30BAaTh €6 MOXKHO TOJIBKO IIOCHe TOCTPOEeHUs T IpHOIIMKe-
unil. Takye OLEHKY Ha3bIBAIOT AMOCTEPUOPHLIMH B OTJIMYHE OT AmpuoOp-
HBIX OLEHOK Buaa (3), KOTOpble MOrYT ObITH 3(PPEKTUBHO MOJYHEHBI JO
MOCTPOEHHUS [IOCIIEJOBATENbHBIX IPUOIHIKEHHIA.

YkarkeM HeCKOJIbKO CJIy4aeB, KOTJa pelleHue ypapHeHus T = f(z) ¢
HECKUMAIOIINAM OTOOpakeHHeM f MOXHO CBECTH K PACCMOTPEHHMIO C2KMMa-
IOLIUX OTOOpaXKeHuii.

OTobGparkenne f MOKET 0KA3aThCs CKMMAIOILMAM HE Ha BCEM MPOCTPaH-
CTBe, a Ha HEKOTOPOM noanpoctpanctee M C X, T.e. cymecreyer o < 1
Takoe, 4To HepaBeHCTBO p(f(z1), f(z2)) < ap(z1,z2) BhIMONHAETCA ANA
Z1,29 € M. Ecan HepaBeHCTBO BbINOJIHSAETCS Ha MHOxKecTBe Af, TO 0HO
BHIMIOJIHACTCA ¥ Ha ero 3aMbikauun M. ITosTomy muOXectBo M 6ymem
cyuTarbh 3aMKHYTbIM. UTO6BI K MHOXeCTBY M, paccMaTpuBaeMOMY Kak
CaMOCTOATEIbLHOE METDUYECKOe MPOCTPAHCTBO, MOMKHO ObLIO NMPUMEHUTh
teopemy Banaxa, Hy»XHO ewte, 4To0bl BhIOJHANOCH f(M) C M, T.e. M
JOJIKHO ObITh MHBAPHAHTHO OTHOCHTeNHO f. HacTHbllt ciyuait Tako# cu-
Tyauus, KOrga B Kauecrse M Gepercst 3aMKHYTHIH map, PACCMOTPEH B CJle-
aytoueil TeopeMe.

Teopema 2 (JOKaIbHBIA HOPUMHIMN CHKEMAKOMUX O0TOOpakeHwir).
ITIycmbs X — noanoe mempunecxoe NPoCMPaHCME0, HG HEKOTIOPOM UWADE
Blxo,r] omobpasicenue f asasemes cocumarouum ¢ KoHemaumot a < 1
u ennoaneno nepasencmeo p(zo, f(xo)) < (1 — a)r. Tozda 6 wape Blzo, 7]
CYULCTNEYET U NPUNOM TNOABKO 00HG HETOJBUMCHAA MONKG 0mobpasice-
HuA f.

> Illap B(zo, 7] GyzeM paccMaTpUBATH KaK CaMOCTOATENbHOE MeTpDH-
Jeckoe npocTpaHcTBO. Tak Kak MIap 3aMKHYT, TO 9TO IPOCTPAHCTBO NOJ-
Hoe. ITokaxewm, uto f oroGpaxkaer wap B cebsa. Ilycts z € Blzo, 7], T €.
p(x,zo) < r. Torna

p(zo, f(x)) < p(zo, f(z0)) + p(f(Z0), f(2)) €
<(Ql-a)r+aplzg.z) < (l—a)r+ar=r.

3uaunr, f(z) € Blzo,T] 1 kK orobpaxkenuto f B wape Bzg, | npuMeHHMA
Teopema 1. <
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Teopema 3. IIycmv X — noanoe mempureckoe npocmparHcmaeo u omob-

pasicenue f: X — X maxoso, wmo €20 HEKOMOPAA UMEPAYUS, onpedeade-
Ni.y — N-1 1

man pagencmeom f (x) = fF(fV ' (x)), fr = f, asasemca cocumarowum
omobpascenuem. Toeda omobpasicenue f umeem. u nPpumom eduHcmeeH-
HY0 Henodeuxchyo mouky 6 X.

> [lycThb a — HemoaswxHaa Touka oTobpaxenus fV . Toraa f(a) Takxke
AB/IAACTCSA HEOABUIKHON TOUKOI oTobpaxcenus [ :

R f@) = f(fY (@) = fla).

Tak KaKk HENOABMXKHAA TOYKa y oTobpaxkenus fV enmHcTBeHHAd, TO
a = f(a). HemogsuxkHas Touka oTOGpaskeHnsa [ siBJIsieTCs HENOABHXKHOM
Toukoit orobpaxkenus fV u, 3HAYMT, He MOXeT GBITh JBYX Pa3THYHBIX
HEIMOABUXHBIX TOYeK. <

OrmeruM, 4TO B TeopeMe 3 He TpebyeTcs JaxKe HENPEPBIBHOCTL OT06-
paxenus f.

IIpumep 1. Orobpaxkenue, He ABIAIOUIEECS CXKUMAIOILIUM, 3 €T0 HEKO-
TOpaA CTeleHb ABIAETCA CKUMAIOMUM oToOpaxkeHueM: myctb X = R m

f(z) = Az, rae
(12 0
A= ( 10 1/2 )

Ynpaxuenue l. Iloctrpours paspeiBHOe oTobpaxkenue f : R — R
Takoe, 4To oTobpakenue f2(x) = f(f(z)) ABNAETCA CHHKUMAIOMINM.

Ewme onuu cnocob npuMmeHenus reopeMbl Banaxa B cilygae, KOrga oTob-
paxkenue f: (X,p) — (X, p) He ABASETCS CKUMAIOLUIMM, 3aKJI0OYAETCH B
cnenytoueM. lHorga na mHO)kecTBe X MOXKHO 33JaTh APYTYIO METPUKY
p1, TOPOXKAAIOUIYIO TY XKe TOMOJIOTHIO, YTO ¥ UCXOAHAS METPHUKA P, OTHOCH-
TEJILHO KOTOPO#t 0ToOpakeHne f OKa3bIBAETCH CKUMAIOIIMM H IPUMEHHMA
reopema Banaxa. Takoil mpueM HCIONB3YeTCH HUXKE DU AOKA3ATEJBCTBE
Pa3peIMMOCTH UHTErpajJbHOrO ypaBHenus Bonbreppa.

VI3BecTHBI TEOPEMBI O CYIIECTBOBAHUHM HEMOABUIXKHOM TOYKH, OCHOBAH-
HblEe HA JPYTUX uaedax. BosbMem, Hampumep, HempepbiBHOE OTOGpaXeHue
f orpeska [0, 1] B ceba. Toraa f(0) > 0, f(1) < 1. DTu HepaBeHCTBa O3Ha-
4aloT, 4T0 QyHKUMA T — f(Z) uMeeT pasHble 3HAKM HA KOHLAX OTPE3KA.
Torpa no teopeme Komm ara ¢pyHKUHS 06paliaercs B HyJlIb B HEKOTOPOi
TOUKE OTPe3Ka, T.€. CYLIECTBYeT TOYKA a Takas, 4to a = f(a). Takum o6-
Pa30M, HEMOABIKHAA TOYKA CyLlecTByeT 6e3 KaKuX-Jnbo MpeanonoKeHuni
0 C2KMMaeMOoCTH oTobparkeuus f.
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OTO yTBepXKAEHUE SHBISETCS MPOCTEHINNM YaCTHBIM CIy4HaeM Cjexy-
towieil 0biiell HeTpUBUANBHON TEOPEMBI.

Teopema 4 (Boas — Bpaysp). B npocmpancmee R™ nenpepuieroe
omobpasicenue 3AMEHYMO20 Wapa 6 CebA uMeem HeNnodeuNCHyYw MoUKy.
Joka3aTenbCcTBO CM., HampuMep, B [35].

§ 22. UHTETPAJIbHBIE YPABHEHUI.
[IPUMEHEHUE TTPUHIIUITA
CXKVMAIOIINX OTOBPAXKEHUI

1. NuTerpanbHble YPaBHEHUH

Humezparvroimu ypasrenuAmy 0OBIYHO HA3LIBAIOT YPABHEHUSI OTHO-
CUTEJIbHO HEU3BECTHON (DYHKIHH, B KOTOpbIE 9Ta (HYHKUMA BXOAUT IO
3HaKOM MHTerpaJja. Takoe ommcaHue He sIBISIETCS TOYHBIM OIpeJesIeHHeM,
TaK KaK He YKa3aHO, KaKue ellle ONepaluy JOIMYCTHUMBI B 3allUCH ypaBHe-
HUSL.

OrpaHuynMcsl PACCMOTPEHHUEM HHTErDAJIbHBIX YpaBHEHMI BHIA

wnm—/xwwm»wm=mm teT, 1)
T

rae T — HeKOTOpOe NMPOCTPAHCTBO ¢ Mepoil; a(t), y(t) — 3ananusle Ha T
dyukuun; K(t, s, z) — 3agannas Ha T x T x R dyukuus; x(t) — HeusBect-
Has dyHkuusa. Yamme scero B kauecTse 1’ paccMaTpUBALTCH HEKOTOPOE MO~
mHOkecTBO B R™ ¢ mepoii JleGera, nanpumep, oTpe3ok [a, b] C R. Pemenne
T pa3bICKMBAETCs B PA3/MUYHBLIX MPOCTPAHCTBaX (DYHKUHMH, ONpeeeHHBIX
ua 7T, B 3aBucumoctu ot cBoiicts dbynkunit K(t.s,z) u y. B ciayyae, korna
PacCMaTPUBAIOTCS HENMPEPLIBHBIE (DYHKUMH, UHTETPAJT MOXKHO [IOHUMATh B
cmbicsie Pumana. 3aMeTuM, 4TO IMPOCTPAHCTBA BBIOUPAIOTCH TaK, YTOOLI
s GYHKIMA U3 9TOrO NpoCTPaHCTBA MHTErpas B (1) cymecrBoBadt.

Pewenuem unmezpasvrozo ypashenus (1) HasbiBaeTcs PyHKUUA T, IPA
NI0ICTAHOBKE KOTOPOli B ypaBHEHME BBIMOJIHAETCA DPAaBEHCTBO AJIA BCEX
t € T unu nouTu BCex t.

YKakeM HEKOTOpble MpHUMepbl 33434, [IPUBOAAIINE K HCCJIETOBAHUIO
HHTerpafbHbIX YpaBHEeHHH.

1. Paccmorpum 3amavy Kowu ans obbiknoBennoro auddepenuuans-
HOTO ypaBHEHUA:

(U @)
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IlpounTerpupoBaB ypaBHeHue (2) ¢ yUeTOM HAYaJbHOTO YCJIOBHSI Ha, OT-
pe3ke [0, t], momyyaem MATErpanpHOE ypaBHEHHE

t
2(t) = / £(r,2(r)) d + o,
0

KOTOPOMY YAOBJIETBODsieT peuieHue 3aa1a4u Komu (2).

2. PaccMoTpuM caeAyionyo GpU3HUECKYIO 3a1a4y (0 BOCCTAHOBJ/ICHUH
u3o6paxkennii). [IycTb B TpEXMEPHOM MPOCTPAHCTBE C KOOPAMHATAMU T, Y, 2
BIOJb OCH Zz PACIPOCTPAHAETCA MOTOK 4acTul] (HAITpUMED, CBETOBOE H3-
Jly4YeHWe), MHTEHCHBHOCTb KOTOPOrO ecTh (DYHKLHS OT KOODAMHAT Z,Y:
¢ = ¢(x.y). Tpebyerca usmepuTsb 3Ty byHKIMIO. s 3TOTO HA NAOCKO-
cTH (i, y) yCTAaHABIMBAETCS IKPaH, KOTOPBI PEruCTPUPYET TOCTYNAIOIINe
Ha Hero 4acTHUIlbl. ITO MOXKeT ObiTh 0bbruHas ¢poTobyMara, peHTreHOBCK Uit
9KDaH H T. 4. B 3aBUCHMOCTH OT BHJA NOTOKa. M{300pakenue Ha 3KpaHe 1no3-
BOJIsieT BOCCTAHOBUTb MHTEHCUBHOCTb NMOCTYNAIILErO HA HErO TIOTOKA KaK
GYHKLMIO OT T, Y.

OaHaxo Ha MyTH MOTOKA OOBIYHO HMEIOTCA MPENsITCTBHS, HCKAXKAIoIye
otobparkenue. TaKuMH TPENMSATCTBUAMHA MOXKET OBbITh, HAIPUMED, ATMOChE-
pa 3eMyM Npu KOCMHMYECKONH M acTpPOHOMHMUECKOH cbemke. Paccmorpum
CIy4ai, KOrjJa Ha MyTH [OTOKA PACIOJIOXEHO MONYNPO3PAvYHOE TPErsT-
cTBHE, KOTOpOe HPOIMYCKAaeT 1acTb U3JIYYEHHA, & OCTAIBHYIO YaCTh pacce-
uBaeT. B pesynbTaTe Ha 3kpane (PUKCUPYETCS HE HCKOMasi HHTEHCUBHOCTD
¢(z,y), a HeKOTOpAs MHAA BeIUUYMHA Y (L, Y).

Ioncunraem MHTEHCUBHOCTD (T, Y) MOTOKA, MOCTYHAIOUIErO Ha SKPaH
B Touke (z,y). YacTtb ¥ (2, y) MOTOKA, KOTOpas NPOXOLUT Yepe3 IpensiT-
crBue Ge3 paccesiHusi, NPONOPUMOHANILHA @, T.e. ¥ (Z,Y) = uwp(T,y), rae
0 < 1 <1 ectb KO3(p(PUIMEHT NPOITYCKAHUA.

WurencusuocTs ¥2(x, y) MOTOKA YaCTHLI, TOCTYMAOLIErO B TOUKY (I, Y)
U3 JIPYTHX TOYEK IPENSATCTBUA B PE3YJILTATE PACCEeSHMs, HAROEM CleLyio-
mimM obpazoM. Ot anementapHoit momaaku AS = Ax’'Ay/, pacnosoxes-
HO}i B OKpecTHOCTH TOYKH (z’,y’), B OKPECTHOCTD TOYKH (IT,Y) MOCTYMAeT
B pe3yJbTaTe DACCESAHUS HEKOTOPOE KOIM4ecTBO udactuu Ays(z,y). 310
KOJIM4YECTBO [PONOPLMOHAIBbHO maomand Az’ Ay’ 3TOi mIOWAIKd A UH-
TEHCHMBHOCTH TOH 4aCTH MOTOKA, MOCTYIAIWero B Touky (z’,y’), koTopas
paccenBaeTcs, T. €. IPONOPIMOHANBHOE BenmurHe (1 — p)d(x’,y).

Kosddunpent nponopunoHanbHOCTH K 3aBUCHT OT PACHOJIOMKEHMS
rouek (z,y) u (¢',y'). e. K = K(z,y;7'.y’). Ecam cpesa oaxopos-
Hast, TO Ko3ddunuent K 3aBHCHT TOJBbKO OT B3aMMHOTO PAaCIOJIOKEHUA
Touek (x,y) u (z',y’), T e. oT paznocreit z — z’ u y —y'. Hanpumep, ecau
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noToK B Touke (z',y’) paccemBaeTcs PABHOMEPHO BO BCEX HAIDABIICHHUSAX,
3TOT KO3(h(DUIMEHT MPONOPUUOHAJIEH TEJIECHOMY YUY, IO KOTOPHIM BHI-
Ha dsieMeHTapHas wiowaaka AS’ u3 Touku (z,y). YCI0BUS, OTPaXKAIOLIHE
TOT Cba.KT, YTO IMOTOK pacCenBaeTCHd, HO HOBLIX YaCTHULL He BO3HUKAELT, BbI-
paxkatorcs HepaseHcTBoM 0 < K < 1 u HepaBeHCTBOM

/K(z,y,;x’y’)d:cdy <1.
D

Takum o06pa3om, NosyyaeM COOTHOLIEHHE
Avo(z,y) = K(z.y; 'y ) (2’ v ) AT Ay

CyMMupysl 1O BCEM 3Je€MEHTAPHLIM ILIOWAJAKaM K IE€PexX0ois K Hpeaeny
npu Az’, Ay’ — 0, nmeem

Pa(z,y) = (1 —u)/K(r,y;x’y’)sO(r’,y’) dr'dy’,
D

rIle MHTerpupoBanue seaetcs no obnacrtu D B R2. Ionyuaem cooTHomenue

wolz. ) + (1 — ) / K(z,y:2'y )o@ y) de'dy’ = b(z.y),  (3)
D

KOTOpOEe MpeICcTaBiasieT COG0H HMHTErpajibHOe YDABHEHHE OTHOCHUTEIBHO
Heu3BeCTHON byHKUMHU ¢ ¢ 3anauHbiMU hyHkuuamu ¥ u K. Takum obpa-
30M, 3aJ1a4a BOCCTAHOBJIEHHMS HCTHHHOTO U300PaXKEHHUA IO NCKAXKEHHOMY
u306payKeHUIo0 ) SKBHBAJEHTHA PEIIEHNI0 HHTErPAJIbHOTO ypaBHeHus (3).

Ecrecrsenno oxujats, 4ro ueM Gosbine (6imxke K 3HaveHH0 1) ko-
3 ULHEHT IPOMyCKaHus L, TeM MPOLIe BOCCTAHOBUTL MCXOAHOe u306pa-
»kenue. CpoiicTBa ypaBHenus (3) AeifiCTBUTENIBLHO CYLIECTBEHHO 3aBUCAT OT
BeNM4nHbI 4. U3 pusuyeckux coobpazkeruil ACHO, 4TO calydail Hermpo3pad-
HOTO IPenATCTBUs, Koraa i = 0, KayecTBeHHO 60JTee CITOMXKHBI, YeM cy4ait
MOJIYHPO3pavHOro npenarcrsusi, koraa 0 < u < 1. 9ro passnuyue nposis-
JIETCA ¥ B CBOMCTBAX MHTETPAJILHOTO YDABHEHUA. 33,4a4a DEIICHHs UHTe-
rpajbHOTrO ypaBHeHus (3) B cayvae g = 0 eCTb Tak Ha3biBaeMas ‘HEKOp-
pexTHas” 3ama4a. VccnegoBanue Takux 3amad rpebyer 6o/ee CIIOXKHBIX
METOIOB.

Bbluenum HEKOTOpDBIE KJIACChI HHTETPaJbHBIX ypaBHeHuil. MHTerpass-
Hoe ypasHeHue (1) 6yaneM HasbIBATh AuHelHbiM, ecan byukuus K(t, s, z)
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nuHedHa 0o z, T. e. umeer Bul K (¢, s, z) = K(t, s)z. JIuneitnoe unrerpass-
HO€ ypaBHEHHE UMEeeT BUL

alt)z(t) - / K (t, $)z(s) du(s) = y(t). (4)
T

Dynkuus AsyX nepemeHHbiX K (t, s) HA3BIBAETCS ACPOM UHMEZPLALHO-
20 ypaenenus (4). oBopsr, uro unTerpanbHoe ypasHenue (4) ecTb ypashe-
Hue 1-20 poda, ecu a(t) = 0, 1 eCTb HHTETPAJILHOE YpasHerue 2-20 poda,
ecru a(t) = 1. Ilpu npousBonsuoM a(t) ypaBHeHue (4) 06bIYHO HA3LIBAIOT
ypasHenuem 3-20 poda. Takum obpa3oMm, ypaBHeHHe 1-ro poJa uMeeT BUZI

/ K (t, s)z(s) du(s) = (¢),
T

ypaBHEHHE 2-T0 poja —

z(t) — /K(t,s)z(s) du(s) = y(t).
T

IIpu y = 0 ypaBHenue (4) Ha3bIBAOT 00HOpOOHUM, IDU Y # 0 — neod-
Hopodnvim. OTHOPOAHOE MHHEHOe yDpaBHEHHE BCETa HMEET TPUBHAJBLHOE
pewenne x(t) = 0.

Ecmu T = [a,b], rae b < 400, TO BbIAENACTCS KJIACC YPABHEHUH BUAA

a(t)x(t) /K (t.s)x(s) ds + y(t), (5)

BKJIIOYAIOMIMX MHTErPajl ¢ HepeMeHHbIM BeDXHUM IpeaesoM. Takue ypas-
HEHHs HA3BIBAIOT YypasHenusmu Boavmeppa. B ciydae, Koraa nepemeHHast
t eCTb BpeMsl, CHelHaIbHBIA BUI ypasHeHus (5) uMeeT mpocToil ¢usmde-
CKHIl CMBICS: COCTOsfiHMe T(t) HEKOTOPOH CHCTEMbl B MOMEHT BDEMEHHM i
3aBHCHT OT €e COCTOSIHAfA B NPEAbLAYNIME MOMEHTbI BpeMmeHu § < f, HO
He 3aBUCUT OT COCTOsiHus B Oyaymem. Takoi Buj MMEIOT, B 4aCTHOCTH,
HHTErpajbHbe yDABHEHNUs, BOSHUKAIOLIMe NIpU UcClenoBanuu 3a1a4n Ko-
M 11 0ObIKHOBEHHbIX auddepeHimanbibix ypaBuenuit. Murerpansuoe
ypaBHeHue Bosbreppa siBJISIETCS YACTHBIM CJIy4aeM ypaBHeHus Buja (4),
TaK Kak, OIPeeIuB HOBOE SADO

0, §>t,
K(t,s,z), s<t,

Ki(t,s.z) = {
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ypaBHeHHe (5) MOXKHO 3aIHCaTb B BUIE

b
a(t)z(t) = /Kl (t,s,z(s))ds + y(t).

Onnako cneruasibHBI BUJ, ypaBHeHHs BoabTeppa MPUBOAUT K JONOJIHHU-
TENBHBIM CBOMCTBAM 3TOr0 KJIACCa yPaBHEHHUMH.

2. IIpuMeHeHne MPUHUHMIIA CXKUMAIOUIUX OTOOparkeHMH K WH-
TerpajbHbIM YpPaBHEHUAM

U nes npuMeHeHus NPUHIMNA CXKUMAIOIUX 0TOOParkeHH il K MHTerpaJb-
HbIM yPaBHEHUSIM 3aKJII0YAETCA B CieayomeM. PaccMOTpuM HHTErpajibHOe
yPaBHeHHe 2-r0 poaa BUIOA

2(t) = / K (t, 5, 2(s)) du(s) + y(2). (6)
T

CoorserctBue z — [ K(t,s,x(s)) du(s)+y(t) onpeaenser orobpasxenne F'
T

MHOecTBa pyHkuuit Ha T B cebsi. O6pas F(x) dyHukuun r ecrb byHKIUA
OT t, 3aJaHHAasI KaK MHTErpaJl, 3aBUCANIMKA OT napaMmeTpa t, T.e.

(F@)(t) = / K (¢, 5. 2(s)) du(s) + y(t). )
T

Torna ypasrenue (6) 3anucbiBaercs B Buje T = F(x), T. e. HCKOMOe periie-
HHE eCTh HENOABIXKHAs TOYka 0Tobpaskenns F. Jna roro, 4robGbl npume-
HUTb NPUHIKI CKHUMAIOIIUX OTOOPAXKEHMIH, HYKHO:

a) BeI6paTh HEKOTOPOE MOHOE METPHYECKOE [IPOCTPAHCTBO X, COCTOSI-
miee U3 PYHKUMH, 3a0aHHbIX Ha T';

6) naiitu ycnosusi Ha K(t,$,z) U y, IDU BLINOJHEHUM KOTOPbIX dop-
myna (7) onpenensier oro6paxenue F npocrpancrsa X B cebs (unu, ecnu
K(t,s, z) 3amano, spiOparh npocrpancTBo X Tak, urobbi F' oTobparkayo
X B cebs);

B) HAUTH YCJIOBHS, ITPH KOTOPBIX 0TOOpaskeHue F' yI0BIe€TBOPAET yCIO-
BuIO JIMOIIMIA, U HAWTH yCJIOBHS, IPH KOTOPBIX 3TO O0TOOparkeHue ABISA-
eTCA CKUMAIOIIUM B npocTpaHcTae X.

IokaxkeM, KaKMM 00pa3oOM Takas CXeMa peajiu3yeTcs B MPOCTPAHCTBE
Cla, b] HenpepsiBHBbIX dyHKUMIt HA oTpe3ke [a, b].
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Teopema 1. ITycmv T = [a,b] u K(t,s,2) — nenpepusHaa dynxyua
nepemennsiz t, 5, z, Yydoeaemeopaowas yciosur JJunwuya no z, m. e. 044
xKomopoi cyuwecmeyem nocmoannas C maxas, wmo

IK(tv S, 21) - K(t~ S, Z2)l < C|21 - 22|-
Ecau ewnoaneno ycaosue C(b — a) < 1, mo unmezpasvhoe ypaerenue

b
z(t) = /K(t.s,w(s))ds + y(t) (8)
a
UMeeM. U NPUMOoM eJUHCTNEEHHOC. HENPEPHIEHOE Pewerue 0ai 410601 Henpe-
powerot Pynryuu y(t).
> 3aduxcupyem npocrpascrso Cla, b]. 1o npocrpancTso noaxoe. IIpo-
BepHuM, 4yTO hbopMysia
b
(F(x)(t) = /K(t,s,;r(s))ds + y(t)

a

onpenensier orobpaenue npocrpancrsa Cla,b] B cebs. Tak kak mo ycno-
b

Buto y € Cla, b], mocTaTouno nposeputs, uto z(t) = [ K(t,s,z(s)) ds ects
a
HernpepbiBHaA GyHKUMs Ot t. [JeiicTBuTeNbHO, TPH (DUKCHPOBAHHOM HElpe-

phIBHOI YHKUMM T NoAbIHTerpaybHas GyHkuua (t,s) = K(t,s,z(s))
€CTb HempepblBHas (GyHKLMA MEpEeMEHHBIX t M § U 10 TeopeMe 0b6 Henpe-
PBIBHOCTH MHTErpaljla, 3aBUCALIErO OT MapaMeTpa, HEIPEPLIBHA.

IIpoBepuM, uTO OoTOOpaxkenue F ymoBIIeTBOpsieT YCJIOBHUIO Jlumuuna.
Hcnonb3ys ycnosue Jlunumua anst yakuun K, noiaydaem

b
[(F(z1))(t) = (F(z2))(8)] < /lK(t,s,rl(S)) — K(t.s.22(s)) ds <

b
< C/I.’L‘](S) —x2(s)|ds < C(b— a)p(x1, 22).

ITosTomy, obosnauus a = C(b — a), NONy4YuM BBIMOJHEHUE YCIOBUA JlUm-
muna ajas orobpakenus F:

p(F(z1). F(z2)) = max |(F(21))(t) — (F(z2))(#)] < ap(r1,22).

akls
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Taxkum ob6pa3om, ycnosue a = C(b — a) < 1 rapaHtupyer, 4ro 0TOOpA-
xkenne F cxumaromee. Teneps, cormacHo teopeme Banaxa, cymecrsyer, u
IIDUTOM €JMHCTBEHHAs, HENOJBHMKHAA TOodYKa orobpakenus I, T.e. cyme-
CTBYET, Y IPUTOM €IMHCTBEHHOE, HENPEPLIBHOE PellleHne T UHTErPAaJIbHOTO
ypaBHeHus (8). <

YcnoBust TeopeMbl 1 SBJISIIOTCS TOJABKO JOCTATOYHBIMHM YCJIOBUSIMH, B
KOHKDETHBIX CHTYaLHsAX OHH MOTYT ObITb OCJIab/eHbl 1 MOTYT OBITh MOJY-
yeHbl 00/Iee TOYHBIE OLEHKHM KOHCTaHTHI Jlumumua. PaccmorpuMm B Kaue-
CTBE IIpUMEpa Ciy4dail JIUHENRHbIX NHTErpajlbHbIX YPaBHEHUH B IIPOCTPaH-
cTBe HempepbiBHBIX (yEKuMil. Ecau K (t, s, z(s)) = K(t, s)z(s), T.e. ecan
ypaBHeHHe jiHeliHoe, u K (T, s) — nenpepvisuas byHkus, to | K (t, s, 21) —
—K(t,s,22)| max | K (¢,8)| |21 — 22/, T.e. BoImOAHEHO ycrnoBue JInmmuna

¢ mocrosiHHOM L = max | K (t,s)|. Torma 3 mokasaTenbcTBa Teopembl 1
.S

cnenyert, yto oTobpaxkenue F ynoBserBopsier ycloBHIO JIMOImIuna ¢ KOH-
cranToit L(b — a). Bonee TouyHas oueHka naercs cieryomeil Teopemoil.

Teopema 2. ITycmv gynxyus K(t,s), onpedesennas npu t,s € [a,b],
Henpepsiena. Ecau

agtgh

b
o = max /|K(t,s)|ds <1,
a
mo ./LU'HE’(.],'H.OC ’U.H,meapa.ﬂ,bnoe ypaenenue
b
ﬂﬂ=/Kwﬂﬂﬂ®+Mﬂ
a

umeem, u npumom eduncmeennoe, pewenue T € Cla, b daa aoboti Pynx-
yuu y € Cla, b)].

> [ockonbKy maHHOE yPABHEHHE ABJISAETCS YaCTHBIM CJIy4aeM ypaBHe-
HHUil, pACCMOTPEHHBIX B TeOpeMe 1, JOCTATOYHO MPOBEPHTDH, YTO COOTBET-
crByIowee orobpaxenue F yioBneTrBopseT ycaoBuio JInmumna ¢ KOHCTaH-
Toit . JelicTBUTENILHO, NMEEM

b

x/mmem—mm@<

p(F(zx1). F(x2)) < Iax.

a
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< max /IK (t,8)|ds p(z1,22) = a p(x1,22). <

astghd

Yciosue HenpepbiBHOCcTH dyukuun K (t, s) B Teopeme He siBiisfeTcs 1eob-
XOOUMBIM. yTBep)K,LIeHHe, AHaJIOTHIHOE TeopeMe 2, 1Ipu 60Hee cna61>1x ycao-
Busx Ha K conepxurcs B § 37.

Ecnu dyHkuus y He siBisercs HenpepbiBHOHN umu sapo K umeer oco-
6eHHOCTH, TO OTOOpaXkeHHe I He nefiCTByeT B IPOCTPAHCTBE HENPEPBIBHBIX
GYHKUMIH ¥ TPUXOIUTCS PACCMATPUBATL TAKHE WHTErPAJbHbIE YDABHEHUs
B JpYrux mpocrpaHcTBax. JIns mcciaenoBaHus HHTErDAJIbHBIX YpaBHEHU
xopowo npucnocobiens: npocrpancTsa Ly (T, ). Haubosnee npocTo coot-
BETCTBYIOIIME BHIYMCIIEHUS IPOBOAATCS B ciaydae npocTtpaHcTs Lo(T, u).

Teopema 3. Ilycmo (T, u) — npocmpancmeo ¢ o-KonewHol mepotl,
pynxyusr K onpedesenna v usmepuma na T x T u

2 =//|K(t,s)|2du(t) du(s) <1
T T

Tozda sunetinoe unmezpasvHOE YPABHEHUE

x(t) = /K(t:s)x(s) du(s) + y(t)
T

uMmeem, u npumom eduncmeennoe, pewenue T € Lo(T.p) das arwboii
dynxyuu y € Lo(T, p).
o> CorsacHo HepapeHcTBy Komn — ByHsikoBCKOro uMmeem

/ K (t, $)2(s) du(s) / K (2, 9)] |2(s)] du(s) <

<( / K (2, 5) du(s)) /2 ( / 12(s)? du(s)) /2.
T T

Ecnu dbynkuus z(t) = [ K(t, s)z(s) du(s) usmepuma, T0 U3 NOJIy9EHHOTO

HEPABEHCTBA CJIEyeT, o
/ 12(6) 2 dpt) / 12(5) 2 dps).
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OTKyJa, mojarad & = Tj — Tz, IONy4YaeM

p(F(z1), F(22)) < ap(z1,T2),

YTO U TPeHOBAJIOCH.
ITokarkeM, 4yTo byHKUMS z ASHCTBUTENBHO SBJAeTCS u3Mepumoit. s
moboro MHOKecTBa T C T KOHEYHOH MephI MOJyvYaeM

/ / K (8, )] |2(s)| due(s)dut) <
T

To

< / [ / K (¢, )Pdu(s)] > dut) | / () 2 dpu(s)] /2 <
T

To T

< / / |K (2, 9)]du(s)du(t)]/? w(To)"/?] T/ |z(s)[? du(s)]/? < +oo.

To T

Tak kak ¢pyuxuus K (t, s)z(s) usmepuma kak GyHKUMSA IBYX MEPEMEHHBIX,
TO B CHJIy MOCJEIHEro HePaBeHCTBa MpUMeHnMa TeopeMa ToHesnn u 3Ta
dyuxuus uurerpupyema Ha Ty x T'. IloaTromy npumennma reopema @younn
Ha npoussenenun 1p X T U pyHKUHA 2, KAK BHYTPEHHHI UHTErpal B Teo-
peme DyOuHu, u3MEpPHMa Ha JIIOOOM MHOMKECTBe KOHE4HO# Mepbl. Orcioza
CJIEyeT, 4TO 2 siBJAeTCs u3MepuMmoii GyHkuueit Ha T. <

Ycenosus Ha dpyukuuio K B Teopemax 1—3 cogep:kar TpeboBaHUE, ITO-
6Bl BBIMIOJHAJIOCE HEKOTOPOE yCJAOBHE MAaJIOCTH 3TOH (PyHKUMH, TO3TOMY
3TH TEOpPEMBI HA3bIBAIOT TEOPEMAMH O PA3PEIIMMOCTH HHTErPaJIbHbIX yPaB-
HeHMil ¢ docmamouno maavmu Adpemu. Hanpumep, ecin ypasHeHue (3)
U3 IpUMepa 2 3amucaTh B BUIE YDPABHEHUS BTOPOro PoJa, IojIydaeM nepej
unTerpanom MHOXuUTedab (1 — p)/u. Iostomy, ecnu uncno p 6ausko k 1,
AP0 ypaBHEHUS OY4eT JOCTATOYHO MAJIbIM M ypaBHEHHME UMEeT DelleHMe.

Creunanbublii BUA ypaBHeHHsi BoJbTeppa MO3BOMISET MONYYMTh AJIs
3TOrO ypaBHEHHs TEOpeMy CyUIeCTBOBAHWS ¥ eJUHCTBEHHOCTH perueHus 6e3
TpeboBaHUsS MaJiocTH fapa — pyukuuu K (¢, s, z).

Teopema 4. ITycms dpynryus K(t,s,2) nenpepwsna xax Gynxuyua
mpex nepemenusr u ydosaemeopaem ycaosurw Jlunwuya no nepemennol

z:

|K(t,s,21) — K(t,s,22)| < L|z1 — z2].
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Tozda unmeezparvroe ypasrerue Boavmeppa

i

z(t) = /K(t,s,z(s))ds + () (9)

a

umeem eduncmeennoe nenpepsiehoe pewerue T € Cla. b] 0aa 410607 Pymx-
yuu y € Cla, b].
> IlpaBas wacth ypasHenus (9) 3asaer orobpaxkeHwe F' B npocTpaH-
crse Cla, b]:
t

(Fz)(t) = / K(t,s,2(s)) ds + y(2).

a

Bocnonb3yeMcs crnenuaibHbIM BHAOM ypaBHenud (9). OHO uMeer cMmbich
Ha J000M oTpeske [a,t1] C [a,b] (#ans obmero ypaBuenus Buna (6) Takoe
PacCMOTPEHUE HEBO3MOXKHO, UBO [/ BHIYMCIIEHUA MTPABOH YACTH HY’KHO,
4ToGB! T OBIJIO 331aHO HA BCeM OTpe3ke [a, b]). Ecin Buibpatsb ¢ Tax, 4To
L(t; — a) < 1, To Ha oTpeske [a,t;] AMuHbL ¢ — @ = h K ypaBHEHUIO
(9) npuMeHHMBI PACCYXAEHUS TeOpeMbl 1 M Ha ITOM OTPE3KE CYLIECTBYET
enMHCTBEeHHOe pemienue z(t). Paccmorpum nanee oTpesok [ti, tz], rae ty =
= t; + h. YpaBuenue (9) nepenvimem B BUIE

t t1
z(t) = /K(t,s,m(s))ds+y(t)+/K(t,s,w(s))ds. (10)

Tax kak Ha OTpe3Ke [0, 1] yHKUMA T($) OAHO3HAYHO ONPEJETIeHa, OCTE -
HUH HHTErpan MOXKHO CYMTaTh M3BeCTHOM yHkuue# u ypasuenue (10)
[IePENUCHIBAETCS B BUIE

t
2(t) = / K(t,5,2(s)) ds + 1 (2),

ty
rae y1(t) = y(t)+ [ K(t,s.z(s)) ds — m3BecTHas dyHkuus. [loBTopsem Te
a

e PacCy’KIeHus Ha oTpe3ke (ti,t; + h] H II0JIy4aeM pPeELIeHUe HA OTpe3Ke
[t1,t1 + h]. SaTem GepeM crenyommMA OTPE30K U T. 1., NOKA HE MOJIY4YHM
pelieHusi Ha BceM OTpeske [a.b]. <
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§ 23. KOMITAKTHBIE
METPUYECKUE ITPOCTPAHCTBA

[TossiTHe KOMIAKTHOrO NMPOCTPAHCTBA [IOABWIIOCH B pe3yjbrare 0600-
UICHHA CBOMCTB OTPE3Ka, ONMHUCHLIBAEMbBIX KJIACCHYECKMMH JIEMMaMH MaTe-
MATHYECKOr0 aHAJIN3a.

Jlemma Bousnano — Beifepumirpacca. Y 41060t o2panuventot no-
CAL008AMEALHOCTNU BEULLCTNEEHHBLT NUCEA CYULLCTNEYEM CTOOAUAACA NO0-
NOCAE008ATNEABHOCT.

Jlemma Bopens. Y wobozo noxpumus ompesxae “ucaosot npamot
UHNEPEAAAMU CYULCTNBYETM KOHEYHOE LOONoKpuimue.

YKa3zaHHBIE JIeMMbI SIBASIIOTCS OCHOBOM JOKA3aTENIbCTBA PHAAA TEOPeM
M3 MaTeMaTUYECKOro aHaiu3a (TeopeMbl Beliepmirpacca O MakcuMmyMe
HelpepbIBHOK (DYHKUMH Ha OTpe3ke, TeopeMbl KaHTopa 0 paBHOMepHOI
HenpepbiBHOCTH). Ilo3TOMY KIIACC IPOCTPAHCTB MJIM MHOXKeCTB, 00J1a,a10-
LIMX aHaJIOTHYHBEIMM CBOMCTBaMHM, TpebyeT oTaesbHOro usydenns. B vacr-
HOCTH, OJUH U3 OCHOBHBIX BOIIPOCOB 3aKJ/II0Ya€TCA B TOM, 4TOObI BbIAACHUTD,
KaKhe MHOXKECTBA B PaCCMOTPEHHBIX paHee MPOCTPAHCTBAX (byHKUMHA U
NpPOCTPAaHCTBaX [IOCJ'IG,JIOBa.TeJIbHOCTeﬁ 06J1a;[a}0”r TaKWMH CBOHCTBaMH.

Omnpegnenenue 1. Merpuyeckoe npoctpadcTso (X, p) Ha3bIBaeTCs
KOMNAKMHBILM, €CJIH Y 000 Mocie10BaTeILHOCTH TOYEK ITOMO NPOCTPaH-
CTBA CYILECTBYET CXOISIASCS IOAMNOC/E0BATEIbHOCTb.

Jlpyroe cBolicTBO TpocTpaHcTBa X BO3HMKAET Kak 00obiieHne CBORCTBA
n3 jeMMbl Bopesisi 0 MOKPBITUAX.

Onpepenenne 2. Ilycts {Uy}rca — CeMEHCTBO OTKPBITHIX MOAMHO-
JKECTB MeTPUYeCcKOro (Ui Tonojoruieckoro) npocrpancrsa X. CemeiicTBo

{Ux} e 4 HasbiBaerca omxpumum noxpumuem X, ecmn X = |J U,
AEA

Yacts cemeiictBa {Ux}rcBca, KOTOpasi caMa sIBJIAETCS IOKDBITHEM,
HA3BIBAGTCS TNOONOKPHUTIUEM.

CrnpaBeaiuBa crefyouas TeopeMa (ee 10Ka3aTeNnbCTBO OyIeT NaHo B
KOHUe naparpada).

Teopema 1. Jaa mempuueckuT npocmparcme caedyroujue c6olicmea
IKBUBGAAEHITIHDL,

1) y am0bot nocaedosamesbhocmy MOYEK CYUWECTNEYEM CTOOAUWAACA
nodnocaedosamesvbHoCMb;

2) y 406020 OMEPLIMOZ0 NOKPHUNUAL NPOCMPAHCMEE CYWECTNEYET KO-
HEWHOE NOONOKPBIMUE.
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OTMeTuM, 4YTO M/ HPOM3BOJIBHBIX TONOJOIMYECKUX [POCTPAHCTB
cBoiicTBa 1) ¥ 2) HE SKBUBAJIEHTHBI U 3a OIpPEAeIeHNe KOMIAKTHOCTH MPU-
HUMAETCH CBOMCTBO M3 OIpeJleJIeHHs 2, a CBOMCTBO M3 onpeneieHds 1 Ha-
3LIBAETCA CEKBEHUMAJILHOM KOMIIAKTHOCTBIO (CM. NPUIOXKEHHE).

CBOMHCTBO KOMIIAKTHOCTH METPUYECKOr0 NIPOCTPAHCTBA fABJseTCS Hostee
CUJIbHBIM CBONCTBOM, 4€M IIOJIHOTA.

Jlemma 1. Komnaxmnoe mempuyeckoe npocmpaHcmeo noAHO.

> Ilycrs (z,) — nocnenosarenbHOCTh Koy B KOMNAKTHOM IPOCTpPaH-
ctBe (X, p). Y Hee CyIECTBYET CXONAUIAACS NOANOCIEA0BATENLHOCTD Ty, ,
T.e. CyLeCTBYeT Takasd Touka zo € X, 4t0 p(zn,.z0) — 0. Toraa
p(Zn, 7o) € p(Tn, Zn,) + p(Zn,,To) — 0, T.€. Tn — To, 4TO U TPEBOBATOCH
JOKa3aThb. <1

O6paTHoe yTBEpK/IEHME HEBEPHO; HaIlPUMep, npocTpaHcTBo R nmosHo,
HO He KOMHaKTHO.

IIpoBepKy CyIIECTBOBAHHS ¥ IOC/AEIOBATENBHOCTH (I,) cxomsmieics
NOAMOCEeIOBATENLHOCTH MOXKHO IPOBOAMTL B LBa wiara: 1) BelueseHue
noanocnegopaTensrocty Komu; 2) 10Ka3aTeibCTBO CXOAUMOCTH 3TOM TIO-
CJieI0BATENbHOCTH. TaK Kak BTOPOH 1Iar ecTh (PAKTUYECKH [IPOBEPKa MOJI-
HOTBI TPOCTPAHCTBA, TO HaubOoMee CyIIeCTBEHHbIM SBJIACTCH TepPBbIii mar —
BbIAEJIEHHE U3 NPOM3BOJbHON MOCAELOBATENBHOCTY IIOAIOCIE0BATENbHO-
cru Komu. Takoit moaxos NpuBOAUT K ONpEAESeHUI0 elle OJHOrO KJAcca
METPUYECKHUX NPOCTPAHCTB.

Omnpenenenne 3. Merpuueckoe mnpocrpanctso (X, p) Ha3bBaercs
NPEIKOMNAKMHbLM, eCiid Y Jt0D0i nocaesoBaTesbHOCTH B X CYLIECTBYeT
noAnocaeaosaTeabHocTh Ko, '

PesynbraT npeaplaymmx paccy»KaeHuil MOXKHO c(OPMYIHPOBATL CJle-
LYOIUM 00pa3oM.

IIpensnoxenne 1. Mempuueckoe Npocmpancmeo KOMNEKMHO mMo20a
U TOALKO M020a, K020a OHO TPEJKOMNAKMHO U TLOAHO.

Tak kaK KasKI0e MHOXKECTBO B METPUYECKOM IIPOCTPAHCTBE CAMO SBJIS-
eTCA METPUYECKUM IPOCTPAHCTBOM, ONPEAE/IeHUsA KOMIAKTHOCTH M [pe-
KOMIIAKTHOCTH UMEIOT CMBICI IaA MHOKecTB. MuoxkecTtso M C X B Mmer-
PUYECKOM IPOCTPaHCTBE X HA3BIBACTCA KOMNAKMMbLM, €CJIH Y JI000H mo-
CJIeJOBATEILHOCTY TOYEK 3TOrO MHOXKECTBA CyIIECTBYET cXoAsmasics B M
MIOCJIEIOBATEBHOCTD.

OTMeTHM, 4TO B OIpeleNeHHH KOMIAKTHOrO MHOXectsBa M Tpebyer-
csl, 4TOOBI BBIOENEHHAA IOANOCIEIOBATEIbHOCTh CXOAMJIACH K 3JIEMEHTY
n3 MHOXKecTBa M. IlycTs, Hanpumep, M — OrpaHnYeHHBI# HHTEPBAJ HA
yncoBoit npamoit. JIiobas nocienoBaTebHOCTD Yncena uz M orpaHHyeHa,
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no iemme Bonsuano — Beitepritpacca y Hee CyliecTByeT CXOAAIAACH MO/~
nociieJ0BaTesbHOCTh. Ho 3Ta noamnocienoBaTe/lbHOCTD MOKET CXOANTLCH K
TOYKe, He npuHaanexaimeii M, T.e. ve cxogurcs B M. Ilostomy M siBnsi-
€rcsl B 9TOM CJIyyae He KOMIIAKTHBIM, & TOJIbKO MPEAKOMIAKTHBIM MHO-
»xectBoM. M3 nemmbl Bonbuano — Befiepiurpacca BbiTekaeT, 4To n1060€
OTpaHMYEHHOE MHOXKECTBO B R mpeaxoMmakTHO.

Ilousite OrpaHHYEHHOrO0 MHOXKECTBA MOXKHO BBECTH B MPOM3BOJILHOM
METPHUYECKOM MPOCTPAHCTBE.

Onpenenenune 4. Muoxxecreo M B METPUYECKOM MPOCTPAHCTBE Ha-
3BIBAETCA 02PanUueHHbIM, €CITU MHOXKECTBO 4uces p(Ti,x2), TAE T3 U X3
npuHaanexxar M, orpaHu4YeHo.

OveBUIHO, YTO MHOXKECTBO OIPAHUYEHO TOTJA M TOJBKO TOrAa, KOTJa
OHO SIBJISIETCS [OJMHOXKECTBOM HEKOTODOTO ILIAPA.

JIemMa 2. IIpedxomnarmmoe mMHONHCECTNBO 02PAHUYENHO.

> IlpeamosiokuM TPOTHBHOE, T.€. IIYCTh CYILECTBYET IIOCHEN0BATENb-
HOCTb Tp, € M Takas, 4yTo p(T;,Zn) — 0c. Tak KaK cyIecTByeT HoAMOCIe-
JIOBaTeNbHOCTh Kowmwu z,,, TO YMCIOBas MOCJIEI0BATEILHOCTL P(T1,2Zn, )
MMeeT KOHEYHbIH mpejes, HO BMecTe € TeM p(Ii,Tn,) — oc. [lomyuaem
NnpoTUBOpedHe. <

ITokaxxeMm Ha mpuMepe, YTO OrPAHUIEHHOE MHOXKECTBO B [TPOHU3BOJILHOM
METPHYECKOM MPOCTPAHCTBE MOXKET He ObITh NPEIKOMIAKTHBIM.

IIpumep 1. B npocrpancree [; pacCMOTPUM 1Iap Paauyca 1 ¢ LeHTpoM
B Touke £ = 0, T. €. PACCMOTPUM MHOXKECTBO

M= {a:l = (:c1,'x2,...) €ly, Z|zk| < 1}.
k=1

B 3TOM MHOXecTBe BbIGEpEM IOCIEJOBATENBHOCTH JIEMEHTOB €, LOe
en = (0,...,0,1,0,...) (unucno 1 CTOMT B MOCJIEAOBATEILHOCTH €, Ha M€~
cTe ¢ HomepoM n). Toraa p(en,em) = 2 pu n # M U, 3HAYUT, y IOCIE-
AOBATEJIBHOCTH €, HE MOXKeT CyLIeCTBOBATL IIOANOCJeJ0BATEJIbHOCTU enk
TaKoOi, UYTO p(€n,,€n;) — 0.

Y006HbI# [J15 MPUIIOKEHUH KPUTEPHi PEAKOMIAKTHOCTH MHOXKECTBA
naet Teopema Xaycaopda, NIpUBEIEHHAS HUXKeE.

Onpepnenenne 5. Ilycts € > 0 — 3amaHHOe 4ucyio. MHOxecTBO S B
MeTpPHYeCKOM npocTpancTse (X, p) HA3bIBAETCHA £-CEMbI0 JJIST MHOXKECTBA
M C X, ecnu nasa moboit Touku & € M cywectsyer Touka ¢’ € S Taxas,
uro p(z,z') € €.

162



Takum 00pa30oM, MHOXKECTBO S SIBNSIETCH £-CETHIO, €C/IH JII000i1 SeMeHT
u3 M moxeT ObITb C TOYHOCTBIO £ HNpHUOIMXKEH aneMeHToM u3 S. pyras
TPAKTOBKa 3TOTO MOHATHS: WIADHI PAAUyCa € C LEHTPAMH B TOYKAxX u3 S
06pa3yoT NOKpbITHe NpocTpaicTBa X.

Onpepenenne 6. MHoxectso M B MeTpudeckoM IpoctpascTse (X, p)
Ha3bIBAETCA 6MOAHE 0ZPAHUNEHHBIM, eCTH s Joboro € > 0 B X cywe-
CTBYeT KOHEYHas €-CeTb ayia M.

JIpyruME CJI0BaMH, CBOMCTBO BIIOJIHE OTPAHMYEHHOCTH O3HAYAET, YTO
3/IEMEHTBI U3 TAKOTO MHOXKECTBA MOT'YT OBIThH C 33JaHHOI TOYHOCTBIO HpU-
OMMKeHbl 3JIEMEHTaMH M3 HEKOTOPOro KOHEYHOro MHoxecrsa. OTymune
3TOrO ONpEeJIeHUsI OT ONpENeIeHNs OrPAHMYEHHOTO MHOYKECTBA 3aK/II0Ya-
€TCsI B TOM, 4TO ODAHHMYEHHOE MHOXKECTBO MOXKeT ObITb MOKPLITO OJHUM
1I1apOM HEKOTOPOr'O PAIUYCa, & BIIOJIHE OTPAHMUYEHHOE MOXKeT ObITh MOKPbI-
TO KOHEYHBIM YHMCJIOM IIAPOB C NPOU3BOJIbHBIM 334aHHBIM paauycom € > 0.

Teopema 2 (Xaycnopd). Mempuueckoe npocmparcmeo npedkomnaxm-
HO M020a U MOABKO 020, K0200 OHO 6NOAHE 02DAHUNEHO.

> Heobxoaumocts. Ilycts X — mpenkoMmaKTHOE METPHYEecKoe Mpo-
crpancrso. dna npoussosbuoro € > 0 6GymeM CTPOHTH £-ceTb. BosbMeM
TIPOM3BOJIbHYIO TOYKY T1 € X M BblbepeM Tp Tak, 4T0 p(T1,T2) = €, 3aTEM
Z3 TakK, uro p(z1,T3) = €, p(T2,x3) 2 €; aHANOTUYHO BbIOUPAEM T, 41 TaK,
910 p(Tk,Tht+1) = € aaa k = 1,2,...,n. Bo3amoxusl nBa caydas: omu-
CAHHBIH IPOLECC [IOCTPOEHUS TOUEK I, OyIeT NPOAOKATHCA GECKOHEUHO
nub0 OH 0OOPBETCH MOCe KOHEYHOrO YHCla Iiaros.

[TokaxkeM, YTO nepBbId ciyd4ail HeBo3MoxkeH. IIpennonoxkumM, 4To npo-
Hecc MpojoJKaeTca HECKOHEYHO, T. €. MIOCTPOeHa MOCJIE0BATeNbHOCTh TO-
yeK T, € X Takas, 4T0 p(Tn, k) = € npu n # k. Tak Kak IpOCTPAHCTBO
NPEAKOMIIAKTHO, TO Y IOC/AEI0BATENbHOCTH (T,,) CYLMIECTBYET MOANOCTEN0-
BatesnsHocTh Ko (z,,, ). 3Ha4ut, p(zn,,In,) — 0 npu k,7 — oc, HO O
TIOCTPOEHHIO P(Tny, Tn;) = € > 0. Ilonyyaem mpoTuBopevne. 3HAYHT, NPO-
1IeCC MIOCTPOEHUS] OKOHYUTCS TOC/E KOHEUHOTO YUC/IA 7 MIAroB. JTO O3HAa-
YaeT: He CYLIeCTBYET TOYKH Ln41 TAKOH, UTO p(Tk, Tnyi) 2 €, k=1,...,n.
Ho sto cBoiicTBO coBmagaer ¢ TeM, 4To msa Juoboro x € X cyuecTByer
TouKa Tk, 1 < k < n, takas, 4to p(x,zr) < €. IlocnenHee B ToyHOCTH
O3HAYAET, YTO MHOXKECTBO {Z1,...,Zn} 0OPa3yeT £-CeTh.

Jocrarognocts. [lycth npoctpancTBo X BIOJIHE OTpAHUYEHO, (T,) —
NPOH3BOJIbHAS NOCjIeoBaTenbpHoCTh 3 X. [lokaXkeM, 4TO y Hee cyluecTBy-
eT moamnocyienosaTensHocTh Komu. Bo3pMeM nocnenoBaTeIbHOCTD €, — 0.
Jns €1 IOCTPOMM KOHEYHYIO £1-CETh, T. €. IOKPOeM NPOCTPAHCTBO KOHEY-
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HbIM 4YHCJIOM ILApOB pa;myca £1. B OJHWH M3 3THX IIaPOB NnonagaerT 6eCKO-
HedYHas NOANOCeN0BATENIbHOCTL M) mocienoBaTesibHOCTH (T,,). U3 dne-
HOB 3TO# NOATIOC/IEIOBATEIbHOCTH BHIOEPEM Ty, C HAUMEHBIIUM HOMEDOM.
3aTeM MOBTOpsieM NpOLEeAyPY BbIOOPA Npu € = £2. II0CTPOUM KOHEUHYIO £2-
CETb, T. €. NOKPBITHE NpoCTpaHCTBaA X KOHE€YHbIM YHUCJIOM I.Ila,pOB pa,qnyca
€2. B ouH U3 3TUX mapoB nonasaeT 6eCKOHeYHas IOAMOC/Ie0BATENIbHOCT
My w3 M;. Beibepem ng > ny TaK, uro Z,, € M». Ilpogomxasn yka3aH-
HbIii nponecc GECKOHEYHO, NIOCTPOUM NOAINOCIEAOBATENBLHOCTE (Zn, ). Tak
KaK NpH m > k TOYKH Ty, U T, NPHHAIJIEKAT OJHOMY lUapy panuy-
ca €k, HOJIyYaeM, 910 P(Tn,.ZIn,,) < 26 — 0 k,m — o0, T.e. (zq,) —
nocJsegosareabHocth Komm. <

le(l npOBepKe ﬂpeﬂKOMl’IaKTHOCTI/I KOHKPeTHBIX MHOXKECTB 6bIB3.6T y,ILO6-
HO HCIOJIb30BATh

CneacrBue. Muooicecmeo M C X aeasemca npedkomMnaxmusim, ECAY
0aa a106020 € > 0 cywecmeyem NPeFKOMNAKMHAA E-CEMb.

> BosbMmem €1 = €/2 u mycTh S — NpeaKOMNAKTHAs €1-CETh AJIST MHO-
xkecrBa M. Ilo Teopeme Xaycaopda ans S cymecTByer KOHEYHAS £1-CETh
Si. BosemeMm © € M. Cymectsyer Takas Touka z' € S, uro p(z,z’) < e1,
U ana ¢’ cymecrByer Touka x’' € S; Takas , uro p(z’,z”) < £;. Torma
p(z,z") < € n, 3HAUUT, MHOKECTBO S| SABJIAETCS KOHEUHOMH £-CETBHIO IUIs
MHOXecTBa M. <

HokazarenbcTBO TeopeMbl l.
> 2) = 1). IIyers (z,) — noc1ea0BaTeIBHOCTL M MyCTh X,, — 3aMbl-

o0
KaHWe MHOXKECTBA {Ipn,ZTnt1,--.}. I1lokaxeM, yto (| X, # 0. HeiicrBu-
n=1

o oc

TesbHO, npepnoaokum || X, = 0. Torna X = |J U,, rae muOXecTBa
n=1 n=1

Un = X \ X,, oTkpbIThl. BBUAY Npeanosoxenns 2) CymecTByeT Takoi HO-

N N
mep N, uto X = |J U,. Torma [ X, = @, o 3Toro e moxxet 6b1Th, 160
n=1 n=1

N oc
0 # Xny1 C ) Xn. Takum obpasom, cylecTByeT Touka Zg € [ Xn,
n=1 n=1
T.e. To ABJAETCA TOYKOH NPUKOCHOBEHMS KaXKIOH MOCIeIOBATESbHOCTH

{Zn.Zn+1,---}- BospMmem nocaenosarensuocts wapos B(xg, 1/k) u B kax-
JIOM 1ape BbIGepeM BXOASIIILYIO B HETO TOUKY Ty, TaK, YTODbI BBHINOIHAIOCH
Nk > Nk—1. BblAENEHHAsS OCIEX0BATEILHOCTD CXOIUTCA K Zo. Takum obpa-
30M, y JI060# MOC/IeA0BATENbHOCTY TOYEK B3 IIPOCTPAHCTBa X CyNIecTByeT
CXOOAIIAACA ITOANIOCIeA0BATEJIbHOCTD.

1) = 2). Ilyctob Bemmonzeno 1). Torna B cuny Teopemsl Xaycaopda X

164



BIIOJIHE OTpaHU4eHo U noJino. [IpeanonoykumM, 4ro 2) He BBIIOIHAETCH, T. €.
CYILECTBYeT OTKPbITOE NOKpbITUE (U))reL HPOCTPAHCTBA X, HUKAKOE KO-
HEYHOE TOACEMelcTBO KOToporo He nokpbiBaeT X. Tak Kak mpoCTPaHCTBO
X BIOJSHE OrpaHUHEHO, IOCTPOUM €r0 HOKPLITHE KOHEYHbIM YHUCJIOM LIADOB
paauyca 1/2. Torma xoTs 6pt omuu map By = B(z1,1/2) u3 atux mapos
He MOKeT ObITb NOKPBIT KOHe4HbIM nozcemeiictsom u3 {U)}. Ilockonbky
By — TakKe BHOJiHE OrPAHUYEHHOE MHOYKECTBO, MOKPHIBAsl €r0 KOHEUYHBIM
umcoM mwapos paguyca 1/22, naiinem map By = B(x3,1/2%), nepecekaro-
wmiica ¢ By, KOTOPbIil He MOXKET ObITh MOKPBIT KOHEYHBIM MOACEMERCTBOM
u3 {Ux}.

Paccyxknasi nanee aHajgorudsbiM 00pa3oM, IOCTPOMM ITOCJIEJOBATEINb-
HOCTb mapoe B, = B(x,,27"), HA OAMH W3 KOTOPLIX HE MOXET ObITb
HOKPBIT KOHEYHbIM nogcemeiictBoM u3 {Uy} u Takux, 410 mepecedeHus
B,, N Bp4+1 HenycTbl. [IpuMeHsisi HEPABEHCTBO TPEYTOJILHUKA, MOJYYaEM,

m
9T0 P(Tn,Tm) < 2 3. 1/2F — 0, T.e. uenTprl mapos o6pa3yloT mocie-

k=n
noBatenabHocTh Komm. Tak kak npocrpancTeo X 1m0/IHO, MOCIEI0OBATENb-

HOCTb I, CXOOUTCSA K HEKOTOPO#H Touke @ € X. /11 HEKOTOPOro HHAEKCA A
BBINONIHEHO a € Uy, U, TOCKOJIbKY MHOXKecTBO Uy, OTKpBITOE, CYIIECTBYeT
gucyo 7 > 0 Takoe, uro B(a.r) C U,,. Boibepem Homep N Tak, 4TOObI BbI-
nosmuanock pla, zy) < /2 u 2~V < r/2. Toraa By C B(a,r) C Uy,, a 10
[IOCTPOEHHIO MHOMeCTBO By He MOXeT O6bITh NOKPHITO KOHEUHBIM YUCJIOM
muoxecTB Uy . Ilonyuaem nporusopedue. <

§ 24. CBOMICTBA KOMITAKTHBLIX TIPOCTPAHCTB

Teopema 1. O6pa3 KoMNAKMHO20 MHOIHCECTNEA NPU HENPEPHLEHOM OMOD-
DPANCEHUY KOMTLAKTEN.

> Ilycte f : X — Y — HenpepsiBHOe orobpakeHue, A — KOMIAKT-
Hoe MHOXecrBo B X. BosbMmeM nocnenosarenvhocts ¥y, € f(A). Torma
CYLIECTBYeT MOCIENOBATENbHOCTh T, € A Takas, uto y, = f(z,). U3
TIOCJIEIOBATEILHOCTH T, BbIOHPaAeM CXOJAINYIOCs MOANOCIeI0BATEILHOCT
Zn, — To. Torma yn, — f(zo). <

Caencreue 1. 06pa3 KOMNAKMHO20 MHONCECTNEA TPU HENDPEPHLEHOM
0OGPANCEHUY 02PAHUNEH U 3AMEHYM.

CaexncrBue 2. Ilycmov X — Komnaxmuoe mempuvweckoe npocmpaH-
cmeo u f: X — R — nenpepuwenasa uuciosas pynwkyui. Tozda f ozparu-
wena u docmuzaem ceoeld Mownol eeprHeld U MOwHOU HUMNCHEN 2pary.
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> Yucnoboe muoxkecTeo f(X) KOMIAKTHO, C/I€I0OBATEIbHO, OTPAHHU-
YEeHHO U 3aMKHyTO. U3 3amkuyToctu f(X) cienyer, 4TO TOYHAs BepXHss
M TOYHAH HMKHAS CDAHM NPHUHALJIEKAT MHOMKECTBY 3HAUYEHHUI. <

3ameuanue 1. Obpa3 NpeAKOMIAKTHOrO MHOXECTBA [P HENPEPLIBHOM OTOGpa-
JKEHUH MOXKET He ObITh MpenkoMnakTHbIM. Ecnu otobparkeHue f paBHOMepHO Hempe-
PBIBHO, TO 06pa3 NPEAKOMIAKTHOTO MHOXECTBa A fBJISETCHA NpeAKOoMNaxkTHHIM (obpas
KOHe4HO! §-cetu B A — Konednas e-cetb B f(A)).

Teopema 2. Fecau X — KOMNGKMHOE MEMPUNECKOE NPOCTPAHCINGO,
Y — mempuueckoe npocmpancmeo, mo awboe nenpepbigHoe omobpadicenue
f: X =Y pasnomepro nenpepuieHo.

> Ipeanonoxum, 4To f He SABAAETCA PABHOMEPHO HEIPEPLIBHBLIM, T. €.
cyuecrByer €9 > O Takoe, uro gus jgwoboro § > 0 CylecTByiOT
z€ X u 2 € X rakue, uto px(z,2’) <&, py (f(x), f(z')) = 9. Bozbmem
MOC/eI0BATENbHOCTD §,, — 0 M JJs Ka)kaoro n BoibepeM COOTBETCTBYIO-
e I, U T,, T.€. Takue, 4T px(Tn,Zp) < On. py (f(zn), f(27)) 2> €o.
BribepeMm u3 z, CXOASILYIOCH MOANOCICAOBATENBHOCTL Tn, — Tp. lOrja
px(Z0,7;,) < px(To,Tn,) + px (T, Ty,) — 0. Te. z;,, — xo. Taxkum
obpaszoM nosyudaeM, 4to f(zn,) — f(zo), f(zy,) — f(zo) u, 3mauur,
py (f(zn, ), f(z5,)) — 0, uro mpoTMBOpe4HT CBOiCTBAM BLIGPAHHOM MOJ-
nocnenoBaTelIbHOCTH .’lf-uk .

B uactHOM caiyuae, koraa X = [a,b] u Y = R, caeacrsue 2 coBnazna-
eT C KJjaccu4eckKoit teopemoit Beitepmirpacca, a u3 Teopemsl 2 mMoaydaeM
teopemy Kantopa.

BaMeTHM, 4TO ONHMCAHHbIE CBOHCTBA KOMIIAKTHBIX NPOCTPAHCTB ABJIA-
H0TCS XapPaKTePUCTUYECKUMHU — U3 BLINOJHEHUS ITUX CBOMCTB CJIEAyeT, YTO
IIPOCTPAHCTBO KOMIIAKTHO.

Ynpaxuenuel. [Iokasarb, 4TO eciiu METPUYECKOE IPOCTPAHCTBO
X He sIBJsieTCs KOMIIAKTHBLIM, TO CYLIeCTBYeT HeOrpaHHWYeHHAas HepepbLIB-
Has uucnoBas ¢pyHkus Ha X U CYILIECTBYeT OrPAHUYEHHAs HelpepbiBHAL
GyHKIINA, HE JOCTUTaIOas CBOeH TOYHON BepxHell rpaHu.

PaccMOTpHM IPHU3HAKKM KOMIAKTHOCTH M NIPEIKOMIIAKTHOCTH MHOMXKECTB
B KOHKPETHBIX METPUYECKHX IIPDOCTPAHCTBAX.

1. IIpocrpancrso C{0,1].

Ounpegenenne 1. Bynem ropoputs, uro muokecrso M C C[0,1] pas-
HOCTRENEHHO HEMPEPBIEHO, €CTH AJist Jitoboro € > 0 cywecreyer 6 > 0 Takoe,
4TO /18 J0BbIX TOYeK ty,ty € [0, 1], AnA KOTOPBIX |t1 — t2| < §, u mo6oi
dysxuuu z € M Brmmosneno |z(t1) — z(t2)] < €.

Jliobas HenpepbiBHAA (PYHKUMSA HA OTpe3Ke 00/1aJaeT CBONCTBOM paB-
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HOMEDHOH HermpepsIBHOCTH: AJ1s1 Jiroboro € > 0 cymecrByer 6 > 0 Takoe,
qTO 115 JII0OBIX TOYEK ty,ta € [0, 1], 11sl KOTOPBIX |t1 — t2| < §, BBHINOIHEHO
|z(t1) — z(t2)| < €. Yca0BHE PaBHOCTENEHHONH HENPEPLIBHOCTH MHOXKECTBA
M 3aknio4aeTcs B TOM, YTO YKa3aHHOE § MOXKHO BbIODATh OJHO U TO XKe
ans scex GpyHkimit uz M.

IIpumep 1. Koneunslit Habop HenpepbIBHBIX (DYHKIHA DABHOCTENIEHHO
HEIpepbIBEH.

Omnpegnenenne 2. Muoxecrso M C C[0, 1] Ha3biBaeTCs1 pagromepHO
02PAMUNENHBLM, €CIIH CYlecTBYyeT nocrosHHaa C Takas, urto |z(t)| < C
ons Beex £ € M mt € [0,1], Te. eciim MHOXKeCTBO M OrpaHMuYeHO B
MeTpuyeckoM npocrparctse C[0, 1].

Teopema 3 (Apuena — Ackomu). Jas moz20, “mobbl MHOICECTIEO
Pynxyuti M 6 npocmpancmse C|0,1] 6wao npedxomnaxmmsim, HeobTo-
oumo u docmamouHo, wmobvl OHO ObLAO PABHOMEPHO 02DAHUMEHO U DPAEBHO-
CMENeHHo HenPepuLeHo.

> Heobxoammocts. Tak kak M — npeaxomnakrao B C[0, 1], To oHo
orpaxnyeso B C[0,1], r.e. M paBHOMepHo orpanuyeno. IIposepum paBHO-
CTENeHHYI0 HeNMPepLIBHOCTD. 3a1a0uM € > 0 U TOCTPOUM KONEYHYIO 5-CeTh
{z1,...,2n} C M. B cuiy teopembr Kanropa kaxnas u3 byHKuuit x;,
i = 1,....n, paBHOMEPHO HeNmpepbiBHA. Torga AaA Kaxao#é x; BblbepeM
d; Tak, 9robel npu |t; — ta| < &; mas mobbix t1,t2 € [0,1] BEImONHANOCH

|zi(t1) — zi(t2)] < €/3,i = 1,...,n. Boibepem 6 = 121'12 6;. Torna ans
<ign

mobbIX t1,ts € [0, 1] Takux, uro {t; — t2| < 4, u Bcex x € M OGyneM umeThb
HEpPaBEHCTBO

[z(t1) — z(t2)] < lx(t1) — zi(t1)] + |zi(t1) — Ta(22)|+

+zi(t2) — z(t2)| < 2p(z, i) + |zi(t1) — T:(22)]-

Bsuny roro, uto {z1,...,Tn} ABaserca €/3-ceTbio Ans1 M, azs moboro
T € M MoxHO HaiiTh Takolt HOomep %, 4robnl p(z, ;) < £/3. Torna mpu
t1,t2 € [0,1] Takux, 9o |t; — t2| < 4, Oymem umerh |z(t1) — z(t2)| < € ana
Beex T € M.

Jlocrarounocrs. Ilycte M — paBHOMEDHO OTpPaHMYEHHOE M PABHOCTE-
IEHHO HempepbiBHOe ceMelicTBo Gyukuuii u3 C[0,1]. B cuny Teopemsl
Xaycaopda mocTaTovyHO moKa3aTb, 4To M BHOAHEe orpaHmyeHo. IlycTs
lz(t)] £ C nna scex © € M. 3aganum € > 0 u Boibepem § > 0 Tak, 94106bI
|z(t1) — z(t2)| < /5 npu |t; — ta] < & pns Bcex z € M. PazobbeM 0TPe30K
[0,1] Toukamu 0 = t9 < ¢ <...< ¢, = 1 Ha HHTEpBaNbl AJIHMHBI
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MeHblue 6, a orpe3ok [—C,C| — toukamu —C =& < & < ... <& =C
Ha MHTEpBasbl JIHHBL Menblie £/5. Ilycts S — ceMefCTBO HempepbIBHBIX
hyHKUMI, OPUHEMAIOUMX B TOYKAX t) 3HAYEHUS §; U JMUHENHBbIX HA OTDE3-
Kax [tk tk+1]. DTO ceMefCTBO KOHEUHO.

ITokaxem, uto S sBaseTcs e-ceTbio ana muoxkecrsa M. Ilo dynknuu
x € M BbibepeM byHnkuuio y € S TaK, YTOOLI BHIMOJHAJIOCH HEPABEHCTBO
|z(tk) — y(tk)| < €/5. Takas dpyHKUES CyUIECTBYET, TaK KAaK MO ONpeIee-
HMIO MHOXKeCTBa S (DyHKUUM U3 ITOrO MHOXKECTBA NMPUHHMAKT B TOYKAX
ty 3uavenus & u |€; — &_1| < €/5. Ilo BeIOODY § U TOUEK t; MMeeM Hepa-
BeHCTBO |z(tx) — z(tk+1)| < /5 u, 3HAUMUT,

ly(te) — y(tes)] < Jy(te) — z(te)| + |2(te) — T(tisr) |+

+l(terr) — Y(ter1)] < 3e/5.

Tak Kak Ha OTpe3kKe [ty tx+1] byHruuMa y(t) nuneiina, o |y(tr) — y(t)| <
< 3¢/5 pna Beex t € [tg,tky1]. IlycTs Temepb ¢ — mpOM3BOJBLHAA TOYKA
orpe3ka [0,1]. Torza naiinercss k Takoe, 4o t € [tk, tgt1]. Orcrona

lz(t) — y()] < |x(t) — x(te)l + |z(te) — y(te)l+

+ly(te) —y(t) <e/5+€/5+3¢/5 =k,

T.e p(r.y) Le. <

B npuBeeHHOM J0Ka3aTEIbCTBE CrICLH(pHIECKHE CBOUCTBA OTPE3KA UC-
0J1b30BAJIKCH B ABYX MecTax. MOXXHO HEMHOIO M3MEHHTh JOKA3aTeNbCTBO
H NOJYYUTh AHAJIOTWYHOE YTBEPXKAEHHE B IPOCTPAHCTBE HENPEPLIBHbIX
¢byHKUMI Ha IPOU3BOJILHOM KOMIIAKTHOM METPHYECKOM NPOCTPAHCTBE.

ITycts (T, p) — KOMIIaKTHOE MeTpudecKoe npocrpaHcTso, C(T) — MHO-
JKeCTBO HENPEPLIBHBIX YUCIOBBIX (yHkumit Ha T ¢ MeTpukoit po(z,y) =
= Itneaqgckz(t) — y(t)|. Muoxkecrso M C C(T) Ha3bIBaeTCS PAEHOCTNENEHHO

HEMPEPBLEHDBLM, CCITU 11 n10boro € > 0 cywecTByeT § > 0 Takoe, 4TO JJs
aobo#t byskuun z u3 M u mobbix t1,t2 € T u3 HepaseHctsa p(ty,t2) < 6
caenyer, 4to |z(t1) — z(t2)| < €.

Teopema 4. Ecau T — xomnaxmuoe mempuueckoe npocmparcmeo,
mo mnooicecmeo M C C(T) asanemca npedkomnaxmuom mozda u moab-
X0 moada, K02da OMO 0ZPAHUMEHO U PABHOCTNENEHHO HETLPEDBIEHO.

JloKka3aTenLCTBO 3TOM TEOpeMbl TOBTOPSIET OCHOBHBIE MOMEHTHI TpPH-
BEeJIEHHOTO Bblle AOKasaTenbcTsa s caydas I = [0, 1]. Ilepsoe orin-
9Ue 3aKJ/I0YaeTCs B TOM, YTO BMECTO KOHKPETHOro Habopa TO4YeK OTpe3Ka
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{tx. &k =1,..,m} crenyer paccMOTPETh NPOU3BOJLHYIO KOHEYHYIO J-CETh
ans T'. Bropoe oTiinuue CBsI3aHO € IOCTPOeHHeM MHOXecTBa S. Tak Kak Ha
MIPOU3BOJIbHOM [IPOCTPAHCTBE HET MOHATHUSA JTMHEHHON (DYHKUMK, KOHEYHOE
MHOXecTBO S crpourcs u3 (yHKIWH, npuHajgiexawmux M, creayromwmm
obpasom. Insa kaxmoro nabopa nap {(tg,&;,), k£ =1,...,m} Beibepem o-
Hy byHkumo y € M takyiwo, uto |y(te) — & | < €/5, ecnn Takas pyHK-
uus cymecrsyer. [lonyuaem KOHEYHOE MHOXKECTBO S, COCTOSALIEE U3 TAKUX
GyHKLAA Y, ¥ 3TO MHOXKECTBO SIBJIIETCH E-CETHIO.

2. Ilpocrpancreo R™.

Teopema 5. B npocmpancmee R™ mnosicecmeo npedxomnaxmmo mo-
2da u moavko mozda, Ko2da OHO 02PAHUNEHO.

> HeobxoquMoCTb TPUBHAJIbHA, OO BCAKOE BIIOJIHE OIPAHUYEHHOE
MHOKECTBO OTPAHUYEHO.

Hocrarounocts. Ecnu M C R™ orpaHu4eHo, TO ero MOXKHO IOMECTHUTD
BHYTPb HEKOTOPOTO J0CTaTOYHO HonbIoro Kyba. Ecnu Takoit kyd pazburs
Ha KyOuku ¢ pe6poM MeHbllue €, TO BEPIUMHBLI 3THX KyOukoB OyayT obpa-
30BbIBATb KOHEUHYIO /N - £/2-CETb HJIsi MCXOAHOro Kyba M, 3HAYMT, Iyis
J1:060r0 MHOYKECTBa, JIEXKAILIETO B 3TOM Kybe. <

3. Ilpocrpancrso lp.

Teopema 6. Muooicecmeo M C Iy, 1 < p < oc, npedkomnarmuo mozda
U MOABKO M0o20a, K020a SHINOAHENDL YCAOBUA:
OC
1) cywecmeyem wucao C maxoe, wmo Y, |z;|P < C dan arobozo z € M,
i=1
m. e. muosicecmso M ozpanuneno;
2) daa mwobozo € > 0 cywecmayem womep ng(e) maxod, wmo das écex
oC
x u3 M ewnoaneno nepasencmeo Y. |z;|P < gP.
i=ng+1
> Heo6xonumocts. OrpaHndyenHocTs M BLITEKaeT U3 Teopembl Xayc-
mopda (§ 23) u OrpaHMYENHOCTH BIIOJIHE OIPAHUYEHHOIO MHOXKeCTBa. o-
KajkeM HeoOX0JMMOCTh BTOpOro ycnobusi. O6o3HaYMM

Spz = (z1,..,Zn,0,...), Rpz=1(0,...,0,Zn41,Tnt2,-..)-

o
Toroa r = S,z + R,z n ( > |:cl-|”)1/p = p(Rnz,0) = p(x, Spx). Oue-
i=n+1
BH/IHO, 4TO0 R,z — 0 npu n — oc. Kpome Toro, cripaBeajiuBo HEpaBeHCTBO

n 1/p
psna S < (L ko -wl?) <
k=1
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o 1/p
< (Z|$k—yk|p) = p(z,y)
k=1

ans gobeix .y € l,. 3amagum € > 0 u Boibepem €/3-cerb s M:
{z1,....2n} C M. Torpa ans moboro z € M Haiigerca z;, Tako#, 4TO
p(z,2;,) < /3, u 6yneM umers

p(Rnx,0) = p(x, Snx) < p(T, 2iy) + (215, SnT) <

< p(‘r$ z‘io) + p(zi(n S’!lzi()) + p(Snzioa Snnr) =
= p(z, Zi(,) + p(Snzim Sn.'l,) + p(Rnziy,0) <
< 2p(z, 24) + p(Rnziy. 0) < (2/3)e + p(Rnzi,,0).

Tockoneky p(Ry,zi,,0) — 0 mpu n — 0o, TO Haiijercs np Takoe, YTO
p(Rynzi,,0) <€e/3 npun >nouscex i=1,2,...,m. Torna p(R,z.0) <¢
A9 Bcex T € M.

Jocrarourocrs. Ilycrs ycnoBus TeopeMbl BIMoOJHEHbI. JoKaxkem ms
3amaHHOro € > 0 cyulecTBOBaHME KOHe4YHOM e-cetn ana M. Bruibepem ng

TakK, 4TO
oc

1/p
p(Rn()x’O) = ( Z lxklp) < 5/2

k=ng+1

ana seex € M. PaccmorpuM KoHeuHOe MHOecTBO M C lp:

3 C
M1={y=(y1,...,ynO,O,...); y;=kd, b= 75 keZ, |k]<§}
2n,

ITokaxewm, uro M, asasiercs e-cernto g M. Jduas = € M Bbibepem y =
= ([21/6]6...., [zn/6]6.0,...) € My, rae [z] — uenas Hacrs uucna .

Toraa
2k P o0 1/p
RS — P
[Z]o—a| + 3 |:ck.|) <
k=ny+1

()

plz,y) = (Z

k=1

< (nod®)V/P + % =e.

ITo Teopeme Xaycnopda M mpeakoMnakTHO. <

4. IIpocrpanctso L,0,1].
Onpenenenune 3. Muoxectso M C L,,[O, 1], 1 £ p < +oc, Ha3bIBa-
€TCs  PABHOCTNENEHHO HENPePueHLIM 8 cpedHem, ecau Ans Jioboro € > 0
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cyuecrByer 6 > 0 Taxoe, 4To Jnid |s| < § u qaa moboi ¢pyHrunu z € M
BBINOJIHAETCA

L
/|33(t +s) —z(t)|Pdt < e.
0

Teopema 7 (M. Pucc). Muooscecmeo M C Lpy{0.1], 1 < p < 400, A6-
AAETNCA NPEIKOMTIARMHBIM M0200 U MOALKO M020a, K020a OHO 02DAHUMNEHO

U PABHOCTMENEHHO HEMPEDLIBHO 8 cpedue.m, m. €. 6bINOAHENDL YCAOBUA:
1

1) cywecmsyem nocmoannas C maxaes, wmo [ |z(t)[Pdt < CP daa
0

xagwcdozo x € M,
2) das arbozo € > 0 cywecmayem & > 0 maxoe, wmo npu 0 < s < §

1
/|a:(t + 5) — z(¢)|Pdt < €P
0

ons ecex pynryul x cemeticmea M.

> Jocrarounocts. Ilycrs MHOkectBo M C L,[0,1] paBHOCTenEHHO
HENpepbIBHO B cpeaHem u orpanuyeHo B L,[0,1]. Paccmorpum cpeauue
no CreknoBy x(t) anst Bcex T € M. Umeem

) t+h ) t+h 1/q t+h 1/p
= < — Pd <
jentt)] = 55| [ atr)ar < 2}1( / dT) ( [ 1) d7> <
t—h t—h t—h
1 1/p , & i/p 1 1/p
<= P <= - =
< <2h> (/|x(7)| dT) < <2h> Clzp(t + s) — zp(t)]
0
1 t+s+h t+h t+h t+h
- . _ —— _ o~ J <
2h’ /ar('r)dT /x(T)dT 7 /x(v‘—%—s)dr /.L(T)dT <
t+s—h t—h t—h t—h
_ . t+h o N t+h | . 1/19<
\ﬁ/|x(r+s)—z(7)| <3 /[z(‘r+s —z(7)|P dr
t—h t—h

< (%) o < 0/1 lz(r +s) —z(T)|? dT) v



Buauur, |5 (t)] < C(1/2h)Y/? u npu |s| < &|zn(t+s)—zn(t)| < e(1/2h)1/P,
T.e. ceMelcTBO (rp) NpH (PUKCHPOBAHHOM A DAaBHOMEDHO OrPAHHYEHO M
paBHOCTENeHHO HempepbiBHO. Ilo Teopeme Apnena — Ackonu y moboi
[OCIEN0BATEILHOCTH (PYHKUHMI ITOrO CeMEeHCTBA CYIIECTBYET PABHOMEDHO
CXOAIASACH TOIIOCTEA0BATENLHOCTE. JTA MONNOCIE0BATENbHOCTE CXO-
autcst Takxke B Ly[0. 1], T. e. cemeiicTso (z) npeakomnaktHo B L,[0,1]. B
cuny ouenku (5) u3 § 20 nomyuaeM, uto ecam 0 < h < 6, 10 ||z — za||p < €.
STO 3HAUMT, YTO NPEAKOMIIAKTHOE CEMEHCTBO (L) ABISETCH £-CETBIO JJIst
mHOxecrBa M. CorsacHo cieacTBuio TeopeMsl Xaycaopda (§ 23), mHoxe-
cTBo M mpeaxoMIIakTHO.

Heo6xomumocts. Ilycts M — npeakomnakrHoe MHOXecTBO B Ly[0,1].
Bcesikoe IpeKOMIakTHOE MHOXKECTBO OTPAHUYEHO M, CJEJ0BATEbLHO, BBI-
nosnHeHo ycnoeue 1). BosbMem € > 0 ¥ NOCTPOMM KOHEYHYIO €/3-ceTh
{y1:¥2.....yn} oA MaOXecTBa M. Boibepem § > 0 Tak, uTobs 1t |s| < §
Boinonusanock ||y (t + s) — yx(¢)|lp < €/3. Bo3bMem npon3sBonbHyio GHyHK-
nuo € M. Iycts yg, — Takaa GyHKuuA, 910 ||T — Yk, || < /3. Torga,
ecau |s| < 4, To nosyvaem

lz(t + ) — z(@)llp < 12t + ) — yao (E+ 8)lp + llyro (E + 8) — ko (B) |+

+z(t) —yr (W)l < €/3+€/3+€/3 =,
YTO 03HAYAET BBLITOJHEHWE YCJIOBUS 2) Anis MHOXKecTBa M. <

3amMeyanue. AHajOrM4YHas TeopeMa CIpaBeAnuBa B mpocTpaHcTBe Ly, ((2), rae

Q) — orpaunuennas obsacts B R™.



['JIABA IV

HOPMUPOBAHHBIE
BEKTOPHBIE ITPOCTPAHCTBA

§ 25. HOPMVNPOBAHHBIE [TPOCTPAHCTBA

C 3701 rnaBbl Mbl HAYMHAEM HM3y4YE€HHE HTPOCTPAHCTB, OZHOBPEMEHHO
ABJAIOUIMXCA BEKTOPHBIMH M TOMOJOTUHECKUMH, H TEM CaMbIM II€DEXOAUM
K PacCMOTPEHHUIO OJHOTO U3 OCHOBHBIX OObEKTOB (hyHKUHOHAJIBHOTO aHA-
Ju3a.

EcTecTBeHHOCTb TAKOTO PACCMOTPEHUS MOXKHO MPOAEMOHCTPHPOBATH
Ha NpHMEpPe OCHOBHBIX MOHATHI MaTeMaTH4yecKoro aHajiusa. IIpousson-
Has ¢pyukuuu f : R — R B Touke ¢ onpenensiercss Kak [Ipenes BbIpake-
uus 1/h[f(t+ h) — f(t)] npu h — 0. IIpoananusupyem, KaKue CTPYKTypbI
JOJIAKHBL ObITh 3a8aHbl Ha MHOXECTBE X, 4TOObI ONpeje/eHne [IPON3BOL-
HOI uMesio cMbica ais orobpaxkenus f : R — X7 Bo-nepBbiX, JOJIKHO
OBITH ONPEJENEHO [IOHATHE PA3HOCTH 3J1eMEHTOB U3 X U ONpeneseHo yMHO-
JKeHHE Ha YMCJIO — ITH ONepalluy ONnpejiesieHbl B BEKTOPHOM IIPOCTPAHCTBE
¥ eCTECTBEHHO CYHTAThb, 4TO X — BEKTOPHOE [IPOCTPAHCTBO. Bo-BTOpBIX,
JIOJIZKHO ObITh OIpeae/eHo MOHATHE IpeJea, a IPeJesl OnpeaesieH B TOmo-
JIOTUYECKUX TIPOCTPAHCTBAX.

Takum 06pazoM, X HOMKHO ObITh ONHOBPEMEHHO BEKTODHBIM W TOMO-
JIOTUYeCKHM TpocTpaHcTeoM. Kpome Toro, 4Tobbl ompeneneHHas TakKHM
06pa3oM NPOU3BOJHAsA HMeJa OOBIYHBIE CBOACTBA, HAIIPHMED MPOU3BOAHAS
CyMMBbI Obl1/13, pABHA CYyMME MPOU3BOIHBIX, HYKHO, ITOObI CTPYKTyPa. TOIO-
JIOTH4ECKOT0 IPOCTPAHCTBA, OblJIa COrMIaCOBaHA CO CTPYKTYPOil BEKTOPHOTO
TIPOCTPAHCTBA.

TomoJorusi, COrJlIacOBAHHASA CO CTPYKTYPO# BEKTOPHOI'O ITPOCTPAHCTBA,
HamboJiee TIPOCTO ONpeAe/sercs C MoMoIbo HopMbl. Hanomuum cHauvana
OCHOBHbI€ TIOHATHSA TEOPUH BEKTOPHLIX IIPOCTPAHCTB, & 3aT€M PACCMOTPUM
MOHSATHE HOPMBI M HOPMHEPOBAHHOI'O IPOCTPAHCTBA.

l. BexkTOoOpHbE IPDOCTPAHCTBA

Onpenenenne 1. Bexmoprvim (aunetinvm) npocmpancmeom nad no-
saem K HasbiBaeTcs MHOXKeCTBO X, JJIsi KOTOPOIO 33/JlaHbl aBa 0ToOpake-
HUST:

a) X x X 3 (z,y) —» ¢+ y € X (cnoxeune);
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6) K x X 5 (\,z) — Az € X (yMHOXeHUe Ha YUCIIO),
MPUYEM BLINOJHSIOTCS CJEAYOIINE aKCHOMBbI:
X sBnsiercst abeaesot 2pynnoti OTHOCUTEIbHO CJIOKEHUS, T. €.
Yo+ (y+z)=(x+y)+ 2,
Qz+y=y+z,
3) cymwectayer anement 0 € X rtakoit, uro z + 0 = z ana moboro x,
4) ps moboro x € X cyuiecTByer 3JeMeHT —I Tako#, 4to x + (—z) = 0.

Ans mobbix A, € K u z,y € X cupaBeanuBbl pABEHCTBA:

5) Auz) = (An)z,

6) 1.z =z,

) Mz +y) =z + Ay,
8) (A + p)z = Az + pz.

Touykn BeKTOPHOrO NPOCTPAHCTBA HA3LIBAIOTCA 6exmopamy. B mais-
Helilem Oy/leM PAaCCMAaTPUBATh BEKTOPHBIE [IPOCTPAHCTBA TOILKO HaJ, MO-
asmu R u C. JIio6oe BekTopHOE npocTpaHcTBo Haa nojeM C MOKHO pac-
CMaTpPUBATh KaK BEKTOPHOE NMPOCTPAHCTBO HaJ rmoseMm R.

BoAbIKMHCTBO yTBEPXKAEHMH, MOMYYEHHbIX HHKE, CIPABEIJIMBBLI AN
BEKTOPHBIX MpocTpaHcTB Haj nosiem R u Hag monem C, xots nokasaTens-
cTBa GyZeM MpoOBOJUTHL B OCHOBHOM 4714 ciyydas R.

IIpumepusrL

1. IIpocrpancreo R™ ¢ MOKOODAWHATHBIME ONEPALMSAME CJIOKEHHSA U
YMHOXKEHHS Ha 9MCJI0 — BEKTOPHOE NpoCTpaHCTBO Hax moseM R.

2. IIpocrparcreo C™ ¢ MOKOOPAHHATHBIMH ONEPAUMAMH — BEKTOPHOE
npoctpancTso Han noieM C. 3amerum, yro C™ MOXKHO pPaCCMATPUBATDL U
KaK BEeKTOPHOE MPOCTPAaHCTBO Hajd moJjeM R.

3. Ilycrs T — npou3sBosibHOe MHOeCTBO. MHuOxkecTBo F(T') Bcex dbyHK-
LM, onpeneneHHbix Ha T, co 3HavyenusiMu B R siBasieTcss BeKTOPHBIM NPO-
cTpaHcTBOM Haa R ¢ ecTecTBEHHBIMU ONEPAIUSAMU COKEHUS M Yy MHOYKEHHUS
Ha wneno: (z + y)(t) = z(t) + y(t), (Az)(t) = Az(t).

Onpenenenune 2. IlogMHOMxKeCTBO L BEKTOPHOrO NMPOCTPAHCTBA Ha-
3bIBAETCH  6EKMOPHLLM NOINPOCTPAHCMEOM, €CIH OHO 3aMKHYTO OTHOCH-
TeJIbHO ONepauunii CI0XKEeHNs U yMHOMKEHHUs. Ha CKaJAp, T.e. eCu I,y € L,
AeEK, Tox+y€e L. dxel.

BekTOpHOE MOANPOCTPAHCTBO CAMO HABJAETCA BEKTOPHBIM MPOCTPAH-
crBoM. PaccMaTrpuBaemble B AajbHeRIIeM B KadecTBe [IPUMEPOB BEKTOP-
HbI€ IPOCTPAHCTBA OOBIYHO 33/IaHbI KaK MIOIMHOXECTBA NPOCTPAHCTBA BCEX
¢byukuuit Ha KakoM-HUOYab MHOkecTBe. [103TOMY A/l IPOBEPKH aKCHOM
BEKTOPHOTO IIPOCTPAHCTBA JOCTATOYHO [IPOBEPUTH 3aMKHYTOCTb 3TUX MHO-
JKECTB OTHOCHTE/ILHO aiaredpanyecKux Onepaluil.
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IIpumepsL

1. C[0,1] — mpocTpaHCTBO HeNpepbIBHBIX (DYHKUHMIA, 33JaHHBIX Ha OT-
peske [0, 1] co 3nauenuem B R (unu C), — BeXTOpHOE IPOCTPAHCTBO HA
nojeM R (unn C).

2. L,(T, p) — npocTpancTBo pyHKuuil Ha T', USMEpUMbIX ¥ MHTETPHDY-
eMbIX B cTerneHu p co 3HadenueM B R (unu C), — BeKTOpHOE NPOCTPAHCTBO
Hag R (win C).

3. MHO>XeCTBO BCexX NMepuoIu4eCKUX PyHKIMHA (C pa3HBIMM MEpUOJAMHU )
Ha R u co 3nayenuem B R He siBJisiercs BEKTOPHBIM IPOCTPAHCTBOM Ha R,
TaK KakK, HaIlpUMep, CyMMa IBYX NepHoguyeckux pyHkimil sint u sin mt
He fABJIAETCsA MepUOAnYecKoil dyHkuueii.

Onpeneneane 3. MHoxkecTBo B B BekTOpHOM mpocTpancree X Ha-

3bIBAETCA AUHETHO HE3ABUCUMBLM, €CJIM AN Jio0oro KoHeyHoro Habopa
L

x1,T2,. .., Ty IEMEHTOB U3 B paBeHCTBO Y A;2; = 0 BO3MOXKHO TOJIBKO
i=1

mpu A, =0,1=1,2,...,n.

Onpenenenne 4. MuoxkecrBo B C X nasbiBaercs aazebpaureckum
6a3ucom eexmopnozo npocmpancmea X, eciu B nunediHO He3aBUCHMO M
st moboro x € X cyIecTByeT KOHEuHBbIH nabop 1, T2, . .., Tn DJIIEMEHTOB

n
u3 B Takoil, 4to T = Y \T;.
i=1

Mpeanoxenne 1. B awbom sexmoprom npocmparcmee X cyuecmsy-
em anazebpauveckul 6a3uc.

> Paccmorpum MHOxkecTBO M Bcex NUHEWHO HE3aBHUCHUMBIX ITOMHO-
sxects w3 X. Ha M 3ananum oTHOUIEHHE MOpAAKa 00 BkAw4ueHH. [Iyctb
My — nuHefiHO ynopsino4yeHHOe rioaMHOXecTBO B M. Toraa MHokecTBO B

X suna Bp = |J B sBIsfeTCS TakKe JHHEeHHO He3aBHCHMBIM U MaXKOpH-
BeM
pyeT KaxKIbiit asmemenT u3 My, T. e. ABjasieTca Maxkopautoit My. 3naunr, B

YTIOPSA04EHHOM MHOXKecTBe M BbIONHEHbI yciioBus JeMMbl Llopuau B M
CYIEeCTBYeT MaKCUMaJIbHOE JMHEHO HE3aBUCHMOE MHOXKECTBO, KOTOPOE H
siByisterca OGa3ucom B X. <

Onpenenenue 5. IIpocrpancTBo X HA3BIBAETCH  KOHEYHOMEDHbLLM
(n-mephoum), €CiiM B HEM CYIIECTBYeT KoHeuHblli Gasuc (6a3uc u3 n sie-
MEHTOB), U Ha3bIBAETCSI OECKOHEYHOMEDHBLM B NTPOTHBHOM Cayuae. Pas-
MepHOCTB npocrparcrtea X 6yaem obosnadars dim X.

Tunuunsie 1715 byHKIHOHAILHOrO AHAIN3a BEKTOPHbIE IPOCTPAHCTBA,
takue, Hanpumep, kak C[0, 1], Lp[0,1], {,, Geckoneudomeprsr. [Ipumepom
GecKOHEeYHO! JIMHEHHO He3aBUCHUMOM CHCTEMbI BEKTOPOB B IIPOCTPAHCTBAX
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C[0,1] u L,[0, 1] snserca cucrema dbyuxuuit {t*}, £ =0,1,..., a B npo-
crpadcTBax l, — cucrema BeKTOpoB {ex}, k = 1,2,..., rge ex ecTb mo-
CJ1e0BATEIbHOCTb, B KOTOPOM 4YHCJIO 1 CTOMT Ha MecTe ¢ HOMEpoM k, a
OCTa/bHbIE YIEHBI TIOCJAEeI0BATETbHOCTH — HYJIHU.

Onpepenenne 6. Ilycts X1 u Xo — BekTOpHbIe HpOCTpaHCcTBa. Mx
npamoti Cymmoti Ha3bIBAETCH TPOCTPAHCTBEO

X160 Xs = {(I]_,:Ez)l ) € Xy, 19 € Xz}

C MMOKOODJHMHATHLIMU OINEPALUAMHA CJIOXKEHUSA H YMHOXKEHHUA Ha YUCIIO.

Onpenenenne 7. I[Iycts X — BeKTOpHOE npocTpaHcTso, X; u Xo —
ero NoAIpPOCTPAHCTBA. | OBOPAT, YTO MPOCTPAHCTBO X pa3.Aaz2aemcs 8 nps-
MY CYMmY c60uT nodnpocmpancme X; U Xg, eclid KaxKAblil 3JEMEHT
z € X npencraBisercs, U IPUTOM €JAHCTBEHHBIM 00pa3oM, B BUAE CYMMBI
T =121+ 29, rae 1 € X1, 29 € X2. B 3TOM Ciiyuae onpeaeneH ecTecTBeH-
HbIM U30MOpQu3M npocTpancTBa X ¢ mpocTpaHcTBoM X1 & Xo ¥ 0ObIUHO
B Takoi cutyauud mumyT X = X; @ Xs.

[IycTs L — BEKTOPHOE NOANPOCTPAHCTBO BEKTOPHOIO NPOCTpAaHCTBA X.
Beenem B X OTHOLIeHHe 3KBUBAJEHTHOCTH: T ~ Y, ecM T —y € L. Muo-
KecTBO X pachajaercss Ha HEelNepeceKaroiuuecs: KIacChl IKBUBAJIEHTHBIX
Mexay coboi 3meMeHTOB. B MHOXEeCTBE KIIacCOB 9KBUBAJIEHTHOCTH, KOTO-
poe obo3Hauaercss X /L, BBOAATCSA ONEPALMN CIIOXKEHNA H YMHOMKEHUs Ha
aucno: [z] + [y] = [z +y], Alz] = [Az]. Baecs [z] — kaace, cogepkamnit
3JIEMEHT Z.

Ynpaxueunue 1. [IpoBepurh, 4T0 Onepanuu BBeJEHH KOPPEKTHO U
MHOXkecTBO X/ L ynoBieTBOpsieT akCMOMaM BEKTOPHOIO POCTPAHCTBA.

Hocrpoennoe BekropHoe npocrpancrso X/L na3viBaerca daxmop-
npocmparcmeom npocrpancTsa X no noxnpocrpaucTsy L.

Ipumep 7. IIpocrpanctso Ly(T,p). Iycrs Ly(T, 1) — MHOXKECTBO
U3MEPUMMBIX (PYHKIMH, p-€ CTEIeHU KOTOPHIX CyMMHPyeMmbl. B HeM ¢yHk-
UMM, IOYTH BCIOAY PaBHbIE HY/MIO, 00pa3yloT BeKTOPHOE HOAINPOCTPAHCTBO
N. ®axrop-npocrpancTso L,(T, u)/N ects npoctpanctso Ly(T, ).

Onpegenenne 8. Ilyctb A — NOAMHOXKECTBO BEKTOPHOTO NPOCTPAaH-
crea X. HanMeHbluee BEKTOPHOE MOANPOCTPAHCTBO B X, comepxaiiee A,
HA3LIBAETCSl GEKMOPHBLM NPOCTRPAHCTILEOM, NOPOHCIEHHHLM MHOIHCECNBOM
A, u obozuavaerca L(A), r.e. L(A) D A, n ecnmu X; — BEKTODHOe IOA-
npocTpaHcTBo B X Takoe, 4to X1 D A, T0o X; D L(A).

OueBunHo, yro L(A) ecTh mepecevuenye BCeX BEKTOPHbBIX NOANIPOCTPAHCTB
B X, comepxamux A.
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Yunpaxuenue 2. Ilokasars, uro L(A) ecTb MHOXKECTBO BCEX KOHEY-
HBIX JIMHEHHBIX KOMOHHAIMN 9J1EMeHTOB u3 A.

2.HopMupoBaHHBEe IDOCTPDAHCTBA
Iepeitaem Temeps K PacCMOTPEHMIO HOHATHS HOPMbI B OCHOBHOTO I10-
HATHUSA — HOPMHUPOBAHHOI'O IIPOCTPAaHCTBA.

Onpenenenune 9. Hopmol Ha BEKTOPHOM OpOCTpaHcTBe X Ha3biBa-
erca orobpaxenue u3 X B R (X 3 2 — ||z|| € R), yaosiersopsiowee
CELYIOUIMM AKCHOMAM:

L lz] 20, llz| = 0=z =0;

2. ||Azll = A - ll=ll;

3. Jlz +yll < |llz| + |ly|| (sepaBercTBO TPEYrOALHHKA).

HopmupoeanHs.m BEKTOPHBIM MIPOCTPAHCTBOM HA3bIBAETCS BEKTOPHOE
HPOCTPAHCTBO € 33J]AHHON HA HEM HODPMOH.

Kak BuaHO 43 omIpeneneHus, HOpMa sBJIAETCsS eCTeCTBEHHbIM 06001Le-
HUEM IIOHSITHUS AJHHbI BEKTODA.

B HopMupoBanHoM mpocTtpancTBe dopmyna p(x,y) = ||z — y|| onpege-
JseT MeTpukKy. JeldcTBUTENbHO:

1) eciim p(z,y) =0, re. [z —y|| =0, T0 T = y;

2) p(z.y) = |lz -yl = |y — =l = p(y,z);

3) plz,y) =llz—yl =l(z-2)+ -yl <

< llz =zl + 1z = yll = p(=, 2) + p(2,9).

Beenennas no dopmyne p(z,y) = ||z — y|| merpuka obaazaer npymsa
JIOTIOJIHATENIbHBIMYM CBOHCTBAMU:

4) p(z,y) = p(z + 2,y + z) — HHBAPUAHTHOCTb OTHOCHUTEJBLHO CIBUTa;

5) p(Az, Ay) = |Alp(z,y) — nonoxurenbHas OJHOPOTHOCTD.

Yunpaxuenue 3. [Iposepurs, 4ro mobas MeTpHKa Ha BEKTOPHOM
IpOCTPaHCTBe, 00/aa10Was cBoicTBaMK 4) U 5), MOPOXKIeHA HEKOTOPO#H
HOPMOIA.

IIpumepwr.
8. C[0,1] — HOpMHUPOBAHHOE IIPOCTPAHCTBO C HOPMOMH
= Bl.
Izl = max |=(2)]

9. L,(T, ) — HOPMUPOBaHHOE IPOCTPAHCTBO C HOPMOH

1/p
Trllp = ( |lz(2)[ du) . p= 1l
/
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10. !, — HOpMHPOBAaHHOE IIPOCTPAHCTBO ¢ HOPMOMH

oc 1/p
fell = (L) . 221
k=1

Merpukn, 3agaHHbie B 3THX mpocrpadcrBax (cM. § 14), obaanaior CBO-
cTBaMy 1), 2) 1 NOPOXKAAIOTCS yKa3aHHBIMH HOPMaMH.

11. B Bexroprom npoctpadcTtse s (cM. § 14) merpnka obnagaer cBOi-
cTBOM 1), HO He 06Ja0a€T CBOMCTBOM 2) M, 3HAYUT, HE NMOPOKAAETCA HOD-
Moi1.

12. Mlycts C*°[0,1] — BeKTOpHOE MPOCTPAaHCTBO GeckoHeuHo Audipe-
peHnupyeMbix dbynxuuii va [0,1]. Merpuka, 3axanHas dopmyoit

max |z (t) -y (¢)|

oc
1 o<t
p(l'.y) = Z ok (k) %) s
2 1+ max |z (t) — y B (2)]

TaK)Ke He 067131aeT CBOMCTBOM 2) U MO3TOMY He MOPOXKIAETCH HUKAKOM
HOPMOH.

TlockonbKy BegKas HOPMa 3a1aeT METPHKY, TO B HODMUPOBAHHOM IIPO-
CTPAHCTBE MMEIOT CMBICJI BCE NMOHATHUSA, BBEJIEHHbIE JIJIS1 METPUYECKUX IPO-
CTPaHCTB, B YACTHOCTH TOMOJIOTHS, IPE/IE], HEPEPbIBHOCTD, IIOJIHOTA.

Anrebpanyeckue onepauny ABIAOTCA 0ToOparkeHusiMu X X X B X #
K x X B X. [Io3TOMY €CTECTBEHHO BBIAICHUTb BOMPOC 06 X HENPEPLIBHOCTHU
OTHOCHUTEJIFHO 33J]JaHHOM HOPMBI.

Teopema 1. B HopmupoganHom npocmparcmee onepayuly CAOHCEHUA
U YMHOHCEHUA HA YUCAO HENPEPHLEHDL.

> Ilyerb x,, — Zo, Yn — Yo B X 1 Ay — Ao B K. Toraa

l£n + yn — (zo + o)l < |z — zoll + [lyn — woll — O,

T.€. ITn + Yn — Zo + Yo.
AHaJioruyHo

”/\nzn - /\OxOH = ”)\nzn — AnZo + AnTo — /\0-'30” <

< |Anllzn — zol| + |An — Ao| lzoll = 0, n — oo,

T.€. ApZTn — AgZp. <
Ha nokazaunbie B TeopeMe 1 cBoiicTBa MOXKHO HOCMOTpeTb C OoJiee
obwiell ToYKM 3peHus.

178



Onpepenenne 10. Tonosozuneckum 8EKMOPHBIM NPOCTNPAHCINEOM HA-
3bIBaeTCA MHOX>KECTBO, Ha KOTOpOM

1) 3aaHa CTPYKTYPa BEKTOPHOIO MPOCTPAHCTBA,

2) 3aJ1aHa TOMOJIOTHS;

3) cTpyKTypa TONOJOrMYECKOrO MPOCTPAHCTBA COIJIACOBAHA CO CTPYK-
TYpOHl BEKTOPHOrO MPOCTPAHCTBA. T.€. ONepalUs CIOXKEHUs W Onepalus
YMHOXEHHUA HA YUCIO HENPEPHIBHBI B 33, JAHHOH TOIOJIOTHH.

Takum obpaszoM, Teopema 1 yTBEPKJAET, YTO HOPMHPOBAHHOE IPOCTPAH-~
CTBO ABJISETCS TOMOJOTHYECKHM BEKTOPHBIM MPOCTPAHCTBOM.

3aMeTuM, YTO BCTPEYAIOTCS BEKTOPHbIE MPOCTPAHCTBA M JIOCTATOYHO
€CTeCTBeHHbIE METPMKH Ha HUX TAKHE, YTO TOMOJOTHYECKAA CTPYKTYpa He
COIJIACOBAHA CO CTPYKTYPOH BEKTOPHOI'O NPOCTPAHCTBA.

Mpumep 13. B npocrpancree F(R) Bcex ¢dbyukumit Ha npsmoit R
3ananuM Merpuky p(z,y) = min{sup |z(t) — y(¢)|,1}. Cxomumocts B 3a-
teR

JaHHOI METPUKE ecTh PaBHOMepHas cxoaumoctb Ha R. Onepauus croxe-
Hus DYHKIMI HENpPEPbIBHA B 33 JaHHON TOIOJIOrUH, HO OTepalius YMHOMXKe-
HHA Ha YUCJI0 Pa3pbIBHA. ﬂeﬁCTBI/ITeJIbHO, YHCJI0Bad NIOC/Ien0BaTeJbHOCTD
1/n — 0 B R, HO nocnenosaresnsHOCTh npou3sseenuit (1/n)t He cxogurcs
B F(R), ubo p(t/n,0) = min{sup |t/n|, 1} = 1.

teR

OtMeruM, uTo oTobpaskeuue capura X 3 T — ¢ + g € X B HOPMHpO-
BAHHOM MPOCTpPaHCTBe X M30METPHUHO, YAOBIETBOPSAET yCaA0BUIO JIumum-
Ua C KOHCTaHTOH 1 M, B YaCTHOCTH, PABHOMEPHO HEIPEPbIBHO.

§ 26. BAHAXOBBI [TIPOCTPAHCTBA

Ornpegnenenne 1. BanaTosvm NPOCMPAHCMEOM HASHIBACTCS I10JHOE
HOPMHPOBAHHOE BEKTOPHOE MTPOCTPAHCTBO.

IIpumeps DaHaXOBBIX IPOCTPAHCTB.
1. IIpocrpancrso C[0, 1] ¢ nopmoii ||zf = mnax lz(t)].

2. Ilpocrpaucreo C(T') HenpepbIBHLIX (DYHKUMHA HA KOMITAKTHOM MeT-
puueckoM npocrpadcrse T ¢ HopwMoii ||z|| = max |z(2)].

3. R™ ¢ moboit U3 CaeHyOIUX HOPM:
n 1/p
ol = ( > il ) 1< p <00 ol = mpxial
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3 1/p
4. L(T, 1) ¢ Hopwoi ||z|, = <f |z(t)[P d,u) L 1<p< oo
T
Lo (T, 1) c HopMoOii ||z|| = ess supp|z(t)[.
20 1/p
5. lp ¢ HopMoit ||z|| = ( > Im(k)lp) , 1<p<oo;
k=1

loc ¢ HOpMOoIt ||z|| = sup |z(k)|.
k

m
6. C™|0. 1] ¢ mopmoit ||z|l = ®) (1))
[0.1] ¢ ropmoit ||z Eoorgtagl 2™ ()]
HO.TIHOTa 3THUX l'[pOCTpa.HCTB y)l(e HpOBepflJ'Ia,Cb.

YKkakeM 0JHO CBOUCTBO, XapakTepusyiomiee 6aHaxoBbl IPOCTPAHCTBA B
KJIaCCe HOPMUPOBAHHDIX.
B HOpMVIpOBaHHOM npocrpancTee X umeer CMBICJT OOBIYHOE TIOHSATHE

CyMMBI psiaa z zr, roe T € X. Pan Z T HA3bIBAGTCH CLOOAULUMCA,
k=1 k=1

€CJIM MOCJIeN0BATENIBHOCTD YACTUYHBIX CyMM S, = Z IT) CXOAMTCA. Dne-
k=1

oC
ment S = lim S, HasbBaercs cymwmoti pada n oGo3Havaerca S = Y. Tg.
n—oc
k=1
3ameruM, YTO B BEKTOPHOM MPOCTPAHCTBE ONpeJeJieHHe CYMMBI DSl HE
VIMEeT CMBICJA, TaK KaK 3TO ONpPENeNieHHe HCIIONb3YeT, KPOMe ONepanyu
CJIOXKEHHs!, OTIEPALIUIO TIEPEXOSA K NPEJEy, T.e. TONOJIOrHIO Ha X .
oC oC
BumecTe ¢ paaoM Y. Tx MOXeM PacCMOTPETb YMCJOBOH psax Y. ||zkll,

k=1 k=1
COCTaB/EHHbIM U3 HODM 371eMeHTOB. Eciu DA, COCTABIEHHBIH U3 HODM,
oG

CXOZUTCSI, TO UCXOAHBIN PSIL Y, Tk HA3BIBAIOT GOCOMOMHO CTOOAUUMCA.
k=1
s 9MCIOBBIX PSIOB B MaTeMaTHYECKOM aHAJIM3€e JOKA3bIBAETCS, UTO
oc oC
M3 CXOAMMOCTH psifa y . |ak| cnemyer cxonumocTs psga ). ak, T.e. abco-

JIIOTHO CXOOSILIMICS YHMCJIOBO# PsAM CXOOUTC.

Creaytouias TeopemMa IOKa3bIBAET, YTO AHAJIOTHYHOE CBOHCTBO SKBUBA-
JIEHTHO TOJTHOTE HOPMMPOBAHHOIO MPOCTPAHCTBA.

Teopema 1. Hopmupogarroe npocmpancmeo AAREMCA 6GHATOSBIM
mozda u moavko moada, Ko20a 6 Hem KaxHcOwli abcoaromuo crodaujutica
pad cxodumca.

> Heobxomumocts. Ilycts X — 6aHax030 NPOCTPAHCTBO U MYCTb PsAL

oC
3" |lakll cxogurcsa. Paccmorpum psia Z ax. IIpoBepum, 9TO YaCTHYHBIE
k=1 k=1
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7
cyMMBl 3TOrO pAga S, = . ax 00pasylor nociefoBaTenbHOCTH Kommn.
k=1
JeiicTBUTENLHO, €CH M > 7, TO

m m
”Sm - Sn” = Z ag|| € Z ”aL” —0, n,m— oo
k=n+1 k=n+1

oC
Tak xak npocrpancTBo X MOJIHO, TO pax Y. ar cxozurca. Kpome toro,
k=1

o o

BBITOJIHAETCA HEPABEHCTBO “ > akH < Y |lak|l, xoTopoe siBnsercs 0606-
k= k=1

I{eHWeM HEPABEHCTBA TPEYTOJbHUKA IAA HOPM.

Hocraroynocts. IlycTs B HOpMHPOBaHHOM npocTpancTBe X mioboit ab-
COMIOTHO CXOAALIMMCS pAf CXOmZHUTCs. Bo3bMeMm MpOM3BOJIBHYIO [TOC/1E10Ba~
TesabHOCTh Kowu y, B X. Bribepem noamnocie1oBaTeNbHOCTDb Iy, TaK, YTO

2C
Zn4sy — Tnell < 1/2%. Toraa ans pana Tn, + Y. (Tn, — Tn,_,) PAd, €O
k=2

CTaBJIE€HHbIH U3 HOPM, CXOAWTCH M, 3HAYUT, CXOOUTCS MCXOAHBIA pad. Ho
JJIsl 3TOrO psAAa YACTUYHAS CYMMa €CTb I, U, TAKUM 00pa30M, BblIejeH-
Has MOANOC/IEA0BATENbHOCTD Ty, CXOOMTCs. ECau y IMociaen0BaTeNbHOCTH
Komy cxoaures moanoc/e10BaTesbHOCTh, TO CXOAMTCA W CaMa II0Cae40Ba-
TEJIbHOCTh. <

HanoMmuuM, 4TO nonoanenuem mempuueckozo npocmparcmea Xo
Ha3bIBAETCs MIOJIHOE MeTpHYecKoe IMpocTpancTBO X Takoe, uto Xg C X u
Xo = X. B onpezneneHun nonoaHeHHs A/ HOPMUPOBAHHBIX TPOCTPAHCTE
JOTIONHUTENBHO Tpebyercsi, 4ToObl X OBLIO BEKTOPHBIM IPOCTPAHCTBOM, 3
X — ero BeKTOPHBIM NOANPOCTPAHCTBOM.

Ecnu X — Hemonnoe HOpMUPOBAaHHOE IPOCTPAHCTEO, TO 10 Teopeme 1
§ 17 a5 Hero, KaK METPHYECKOrO NPOCTPAHCTBA, CYLIECTBYET [IONOJHEHHE
X. Onnako X enie "e 6yger 6aHaXOBbIM NMPOCTPAHCTBOM, TaK KAaK MOIOJ-
HeHue (110 KOHCTPYKLHMH TEOPEMBL O TONIOJHEHUHU) SIBJISIETC METPUYECKUM,
HO He BEKTOPHBIM NPOCTPAHCTBOM. Ero jierko mpeBpaTHTh B BEKTOPHOE,
3aJaB omepaluu ciaenyomuM obpasom: nycTts .y € X. Bo3pmem nocre-
JOBaTeNbHOCTH T, € Xg, Tn — T. U Yy, € Xo, Yo — ¥y. Honoxum mo
OnpeneseHuI0

r+y= lim (zp+yn), Az = lim Az,.
n—oc n—onc

KoppeKTHOCTb BBEJEHUs ONepaluii U BBIMOJHEHHs] AKCHOM HOPMHPO-

BAHHOTO TNPOCTPAHCTBA MOXKHO NMUGO MPOBEPUTHL HEMOCPEACTBEHHO, A160
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BOCIIOJIb30BATHCS TEOPEMAMHK O NMPOJOJKeHUH u3 § 18, B KOTODBIX Takas
KOHCTPYKUHSA NPUMEHANach paHee. TakuM 006pa3oM, CipaBejiuBa,

Teopema 2. Jas 4106020 nopmuposannozo npocmparemea Xo cywe-
cmeyem banaToso npocmparcmeo X, AGAA0UEECH IOTIOAHEHUEM X, NPU-
wem Xg ABAAETNCA BEKTNOPHBIM TOINPOCTNPAHCTEOM 68 X.

IIpumepsL

7. Ilpocrpancto L,[0.1] sBasiercss nmpu 1 < p < o0 monoJjHeHueM

C10, 1] no Hopme
j 1/p
fall = ( [ ietop ar)
0

8. B BekTopHOM mpocrpadcTBe C1 [0,1], cocTosimieM U3 HENpPEpPBLIBHO
muddepennupyembrx dbyHkumit Ha otpeske [0.1], 3ananuM HopMy
1 1

lzlli = [ l=(®)|dt + [ | (t)]dt.
[

OTHOCHTEJIBHO 3TOil HOPMBI NPOCTPAHCTBO HemosHo. IlokaXxkeM, 4TO ero
IIONOIHEHHE MOXKHO eCTECTBEHHO PeajM30BaTh KaK HEKOTOPOe BEKTOPHOE
nodnpocTpancTeo B Ly [0, 1].

Mycts z, € C'[0, 1] — nocnenosaTensrocTs Komm 0THOCHTENBHO HOP-
b |- ||}. Tax xax || z||} = |||l +||z'||1, TO T, ABNAETCA NOCTEAOBAaTEMLHO-
ctbio Komn B Ly [0, 1] n npoussoansle ), Takxke 06pa3yrOT MOC/IEI0BATENb-
woctb Ko B Ly [0, 1]. Tak kak L [0, 1] mosro, TO cymecTsyoT pyHKuuH

L L

Zo,yo € L1]0,1] rakue, uto x, = 0, T, = Yo.
Onpenenenne 2. @ynxuus yo € Lq[0, 1] HasbiBaeTca cuavhotl 0606-
wennot npouseodnoti byHkuuu xo € L;[0,1], ecnu cymecrByer nocneno-

BATEJILHOCTD Zn, € C1([0,1] Takas, uto z, L zg, Th, Ly yo. O606meHHyI0
npou3BOHy0 Oynem 0603HAYATH, KAK U OOBIYHYIO0, YEPe3 Zj.

MuoxectBo ¢yukuuii, uMeromux 06OOIIEHHYIO IMPOU3BOJHYIO, 060-
anauum uyepes W10, 1]. ro sexTopHoe npocrpanctso. Hopmy BBEnem mo
dopmyae ||z||l} = ||zl + ||7’|l1, rae *’ — 060BIeHHAA TPOU3BOAHAS.

Muoxecrso C!0.1] sxoaur 8 W} [0, 1] u ABasterca B HeM BCIOAY MIIOT-
HbIM BEKTODHBIM MOJIIPOCTPAHCTBOM. 110 HOCTpOeHHUO Jrobas nocaes0Ba-
tenbHocTb Koum, cocroswas us anementos C'[0, 1], cxoaures 8 W10, 1.
B cuny siemmbr 2 § 17 mpocrpancrso Wi [0, 1] nonmo u, cienosarensHo, ss-
Aserca nomonuenueMm mnoanpocrpanctsa C'[0,1] (¢ paccmarpuBaemoit
HODPMO}i).
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Wccneayem, kakue bynknuu npuHamiexat Wi(0,1]. Iycrs dynxuus
z HenpepbiBHO JuddepenHunpyema. s npousBoabHOM ToukH s € [0, 1] u3
dopmynsr Heotona — Jleiibuuna nonayyaeM HEpaBEHCTBO

t 1

——/J;’(T)d‘r <|x(t)|+/|z'(r)|dr

] 0

|lz(s)] = |2(t)

U, UHTErPHUPYA N0 t, — HEPABEHCTBO

1

|z(s)] /Ix(t)|dt+/|r (m)| dr. (1)

0

Iycts z¢ € W}[0,1]. Bosbmem nocnenoBaTensHoOCTs T, € C10.1] Ta-
Ky10, 9TO ||Zo — Tn||} € 1/2" — 0. Ilpumenss uwepasercTso (1), noay4aem

0<axl

max |z, (s) —xm(s )|</|.’cn(t)—xm(t)|dt+/|w;(7’)—-;'c;"(r)|dr,
0 0

OTKyda CJIeAyeT, 4TO NOCJIeJ0BATENbHOCTD Ty, CXOAUTCA PaBHOMEDHO. Ile-
pexoada K npenesy npu n — OC B PABEHCTBE

¢
Tn(t) — z,(0) = /x;(r) dr,
0

nony'-laeM PaBEHCTBO
t
2o(t) — 70(0) = / 2 (r) dr,
0

OTKyJa CleAyeT, 4TO To — abCcoroTHO HempepbiBHa (cM. § 12) u ana Hee
cyiuecTByer 0000LIEHHAS IPOU3BOLHAS B CMbICJIE Onpenesesus u3s § 12.
Bepuo u o6paTtHoe yrBepxkaenue. Ilycts rop — npousBosibHas abcostoT-
HO HenpepbiBHaa GyHkuusa. Torga B cuny Teopemsl Pamona — Hukoauma
cyuecTByeT 0606LIeHHAs NPOM3BOHasA — Takast dyHkuusa y € L0, 1], uto

t
z(t) = [y(r)dr+z(0). Jaa GyHKIMHE y CYILECTBYET [0CIEA0BATENLHOCTD
0
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Yn € C[0,1] Takas, uto y, — y B L1[0,1]. Torna ama nocnenoBaTenbHo-
¢

cta o (t) = [ yn(7) d7 + z(0) BeIMOAHSAETCS YCIOBHE X0y — Zo, T), — Y(t),
0

T. e. 00OBIIEHHAA TPOU3BOAHAS DYHKUUN To SIBJIAETCA CHIILHOM 000611eH-
Hoit npoussoamoit. Takum obpaszom, nonoanenue npocrparcrea C1 [0, 1] mo
nopme ||z)|} = |iz|l1 + ||2’||; MoxeT GbITb peanu3OBAHO KaK MHOMKECTBO
abcosmoTHO HenpepbiBHBIX Ha [0, 1] dysxumit.

AnajoruyHbeiM 06pa30M ONpEAENAeTcs LEJbli KJaCcC MPOCTPAHCTB,
Ha3blBaeMbIx npocmpancmeamu Cobosesa.

Ilycrs ) — orpanuyennas obnacts B R™. Ha BexTOpHOM mpocTpaHcTBe
C™(), cocTosiutem u3 pyHKIWM, UMEIOIIMX HENPepLIBHbIE HA () YACTHBIE
NPOU3BOIHLIE 10 TIOPAAKA 771 BKJIYHUTEILHO, 33Ja0MM HOPMY

ap=( )dt)l/p

a1+...+a, €m

[Tonosnrenue npocrpancrsa C™({)) mo 3TO# HOpMe HAa3BIBAETCA TPO-
emparcmeom Cobosesa n obosuadaercs WP (). Paccyxgasa Kak v B cliy-
vae npoctpanctea Wi [0, 1], moxno WP (§)) peann3oBaTbh Kak MHOXKECTBO
dbynkumit u3 L,y(), umeromux 06o6ieHHble IPOM3BOJHbIE U3 IIPOCTPaH-
crBa Ly()) mo mopsaxa m BKIIOUUTENBHO. 3aMETHM, UTO, B OTJIMYME OT
PACcCMOTPEHHOro Bbime ciydas npocrpaxctsa W[0,1], npu n > 1 bynk-
uuy, umepne 06061IeHEbIe TTPOU3BOAHbIE, MOTYT OBITH Pa3pbIBHBIMHU.

801 +...+an T
oo

Mpumeps.
9. Iyctb Q ectb ky6 B R3, 7 = (11,70, 73) € Q, t = (t1,t2,83) € Qu
nycts ¢(t) = 1/||t — 7||, tae ||t — 7|| — eBkaKIOBA HOpMA.

Dyuxuus ¢(t) pa3peiBHa B Touke 7. IIokaxkeM, 4To OHa uMeeT 0H00IIIEH-
Hbl€ TIPOM3BOJHEIE 110 BCEM MEPEMEHHBIM, KOTOPbIE IOYTH BCIOAY COBIaa-
0T C O6bI‘{HbIMYI NMPOXU3BOOHbBIMHU. HyCTb Xn — TaKas I10oCJeJ0BaTENIbHOCTD
HenpepbiBHO guddepenuupyembrx dyuxmuit Ha R, uro xn(£) = 1/€, ecau
€1 > 1/m u [x, ()] < 1/€2, manpuwep,

(1 & > 1/n,
X:z(f) - {_n3/2§2 + (3/2)n [ﬂ < l/n

Torma ¢n(t) = xa(llt = 7|]) — @(t) 8 Li(Q) u Oy, /0ty — Op/0t

B L1(f2) B cuny teopembl JleGera 0 Ma>KOpMpPOBAHHOW CXOTUMOCTH, T.e.
byuKuusa @ uMeeT 06OBIIEHHYIO IPOU3BOIHYIO.
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10. IIyers Q =)0, 1{x]0, 1[x]0, 1[C R3 u {rx} — cyeTHOe BCioay nnoTHOE
MHOXKecTBO B () (Hanpumep, {7k} — MHOXeCTBO TOYEK C PalMOHATHLHBIMA
KoopauHaTamu). Paccmorpum psin

[t =7l

k=1

ot pas abecomorHo cxozurcsa B Ly (£2). Bosee Toro, cornacHo Teopeme
B.JleBu, 3TOT psiji CXOHUTCS NOYTH BCHOAY B (! K HEKOTOPOH HUHTErpHpYy-
emoit pyukuun f. Kak mokazaHo B npumepe 1, KaXkaoe cjaraemoe HMeer
06001menHy0 nMpou3BouHylo. Tak Kak psf, COCTABJEHHbIH W3 [IPOM3BOA-
HBIX, TaKyke abcomoTHO cxomutest B L1(Q2), o f wumeer 0606uienHyl0

IIPOU3BOAHY IO
AN o WAy
Btm =t 2% Ot Nt — ]|/

Oxnako dyukuus f paspblBHA B KaXXA0H Touke MHOXKecTBa {1

BekTopHOe NOANPOCTPAHCTBO HOPMHUPOBAHHOTO NPOCTPAHCTBA CAMO
ABJsAETC HOpMUpOBanHbIM. Ho BekTOpHOE moANpoCcTpaHCcTBO HAHAX0BA IIPO-
CTPAHCTBa MOXXET He GbITb 3aMKHYTHIM ¥ TOTJa HE ABJISAETCs NONHbIM. Ha-
npuMep, BeKTOpHOe nognpocrpascreo P(0,1) 8 C[0, 1], cocrosiiuee u3 MuO-
ro4seHoB, He 3amkuyTo B C[0, 1].

Onpegeneune 3. IToonpocmparcmeom banazosa npocmparncmea X
Ha3bIBAETCA 3aMKHYTO€ BEKTOPHOE NOANIPOCTPaHCTBO B X.

IIpumep 11. MHoxkecTBO (yHKUMT

Co[0,1] = {z| z € C[0,1], =(0) = (1) =0}

SIBJISIETCs] TOANPOCTPAaHCTBOM GanaxoBa npocrpancrsa C[0, 1].

3amerum, yTo, ecnd L — BekTOpHOE NMOANPOCTPAHCTBO HOPMUPOBAH-
Horo mpocrpaHcTBa X u L # X, 70 L He CONEp>XUT BHYTPEHHUX TOYEK.
HeitcTBuTensHo, nyctb g € L u 1 ¢ L, Torna Touku BUAA ¥y, = ZLg+I1/n
NONajaloT B JIIOOYI0 OKPECTHOCTh TOYKHM Zg. HO Yn, € L. 3Hayur, xo He
sIBJIAETCsl BHYTPEHHEH TO4YKOH mass L. B yacTHOCTHM, BEKTODHOE MOANpPO-
CTPAHCTBO, OTJIUYHOE OT BCETO MPOCTPAHCTBA, HE MOXXET OLITh OTKDBITHIM
MHOKECTBOM.

Eciu X — HOpMHUpOBaHHOE NMPOCTPAHCTBO U L — ero 3aMKHYTOe BEK-
TOPHOE MOAIPOCTPAHCTBO, TO Ha hakTop-npocTpancTse X /L 3anaerca HOp-
ma |[[z]ll = inf [|z + ]|
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Youpaxuenuel [Iposeputs, 90 qnisi onpeneneHsoi somie ||[z]||
Ha (baKTOP-NPOCTPAHCTBE JeHCTBATENBLHO BINONHEHBl AKCHOMDbI HOPMBI.

Ynopaxueunue 2. Jokazars, 4T0 ecau NpocTpaHcTBo X 6aHaxoBo,
TO (paKTOP-NPOCTPAHCTBO CO BBEIAEHHOH HOPMOH 6aHAXOBO.

Mpamoti cymmoti nopmupogarnws npocmparncme X, 1 Xo Ha3LIBAETCS
BEKTOpHOe IpoCcTpancTBo X1 & Xo ¢ HopMott ||z|| = |jz1]] + ||z2]|, roe z =
=I;+ 1z, I € X1,29 € Xo.

IIycte X — HOPMHpPOBAaHHOE NMPOCTPAHCTBO U X1 — ero 3aMKHYTOe
BEKTOPHOE NOANPOCTPAHCTBO. 3aMKHYTOE BEKTOPHOE IIOATIPOCTPAHCTBO X
Ha3blBaeTcA donoarenuem K X;, eCIM NPOCTPAHCTBO X pa3faraercs B
IpAMYI0 CyMMy noAupocTpaHcTB X; U Xo, T.e. moboil snement v € X
NpPEACTABNAETCS, U IPUTOM €IHHCTBEHHBIM 00pa3oM, B BUIE T = Z1 + Z2,
rae T1 € X1, g € Xo.

HeckonbKo HEOKu JaHHbIM [TPH TIEPBOM 3HAKOMCTBE ABJIAETCH TOT (PaKT,
UTO He AJst J000ro MoAnpoCTPAHCTBA B HAHAXOBOM MPOCTPAHCTBE CYyIIe-
crByer gonoanenue. Hanpumep, B IpoCcTpaHCTBe o NOANPOCTPAHCTBO Cg,
COCTOsIILIEE U3 MOCJIENOBATENBLHOCTEH, CTPEMSILINXCS K HYJII0, HE UMeeT [10-
noJinennsi. JJoKa3aTeibCTBO 3TOrO yTBEPXKIAEHHUS] JOBOJIbHO CJIOXKHO, U MbI
€ro He NPUBOAUM.

Basucom Illaydepa B 6anaxoBoM npocTpaHcTBe X Ha3bIBAaeTCHA IOCIe-
JAOBaTEIbHOCTDb 3JIEMEHTOB €1, €3, . .. U3 X TakKas, 4To 1000 BekTop & € X

oc
pa3iaraercs, ¥ MPUTOM €IHHCTBEHHbIM 06pasom, B paa . Creg, CX0as-
k=1

n
> Crex — z” — 0, u 1py 3TOM K03hPULUEHTL pas-

HIMIACA [0 HOPME: l
JIOXKEHUS HETIPepPbIBHO 3aBUCAT OT Z.

Ecau 8 6anaxosom npocrpancTBe X cyuiecrsyer 6a3suc llaynepa, o
3TO NPOCTPAHCTBO cenapabesbHO, TAK KaK KOHEYHBIE JIMHeHHble KOMOHHA-
uun Y Crep ¢ paluoHabHEIMU KosghdulmeHTamMu 06pa3yioT CHeTHOe BCIO-
Ay MIOTHOe MHOXecTBO. [Ipumepom 6aznca laynepa cinyKuT nosiHas op-
TOHOPMHPOBaHHASA CUCTEMA B rMIbLOEPTOBOM mpocTpaHcTBe. B mpocrpab-
crBax L,[0,1], C[0,1] u MHOrEX apyrux nocrpoensl 6a3uckr Illaynepa.

Paccmorpum, Hanpumep, npocrpatcrso C[0, 1], Taxue “xopomue” cuc-
TeMmbl (PYHKUMH, KaK CTeIleHHasd 1,t,t2,t3, ... WM TPUTOHOMETpHUYECKaA
1, sin 2wkt, cos2nkt, k = 1,2,..., He saBnsaorca 6asucamu B C[0, 1], Tak
Kak He Jiobas HenpepbiBHAS (GYHKLHUSA Pa3Jaraercd B CTENIEHHON pAl U He
ans aoboit HenpepbiBHOM (pyHKUMH pag Pypbe CXOANTCS PABHOMEDHO.

Onnako 6asucei B npocrpancree C|0,1) cymwecrsyior. Oaun u3 Ta-
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Kux 6a3ucos, noctpoenstii FO. [llaynepom, umeer cneayromuit sun. Ilycts
e_1(t) = 1, ep(t) = t. dna 3anucu octanbHeix ¢pyHkuuil 6a3uca Gosee
ya0bHa IBOWHAsA HyMepaluus: HHAeKcoM 1 = 1.2,..., u unaekcom k, npu-
HUMAOMmUM 3Hadesns 1,...,27 1,

1-2Mt—(2k—1)/2", (2k—2)/2" <t < (2k)/2™,
enk(t) =
0, INs OCTAJbHbIX t.

IIpu pasnoxkeHHH MO 3TOMY 0a3uCy YACTUYHBIE CyMMb! PSIA SIBJISAIOT-
Csl €CTeCTBEHHBbIMU ANTPOKCUMAUUAMU (YHKLUUM T KYCOUHO-JTMHEHHBIMU
HenpepLIBHLIME QYHKUMAMU: Ha IpoMexyTke Buga [k/2", (k+1)/2"] rpa-
¢uk byukuuu npubsauxaerca cexkyueil. Pasnoxenue senpepbiBHOR GYHK-
LMK B psl 10 3TOMY 6a3uCy UMEeT BUL

oc 2" -1

z(t) = C_re—1(t) + Coeo(t) + Y D Cnkenil(t),

n=1 k=0
roe C_y = z(0),Co = z(1) — z(0),
Cur = x((2k — 1)/2™) — 1/2[z(2k/2™) — z((2k — 2)/2™)].

N3BectHas npobisema Ha3uca, nocrasienHas C. Banaxom, 3akoyaiach
B TOM, YTOOBI BBIAICHUTH, cyulecTByeT iy 6a3uc lllayaepa B IpOU3BOILHOM
cenapabenbuoM H6aHaxoBoM npocrpancTse. Tosbko B 1972 rony Gbw1 Buep-
Bble [IOCTPOEH MpUMEpP cenapabesabHOro 6aHax0Ba NPOCTPAHCTBA, B KOTO-
pom Her 6azuca (II. Yudo).

§ 27. JIUHENHBIE OIIEPATOPHI
B HOPMIPOBAHHBIX TTPOCTPAHCTBAX

Cpenu oro6parkeHnit HOpMUPOBAHHBIX IPOCTPAHCTB B IIEPBYI0 OYEPEIb
BBLAEJIAIOTCS JJUHeHHbIe 0TOOpaKeHUsT — 0TOOpaXkeHusA, KOTOPbIE COXPAHSI-
0T CTPYKTYPY BEKTOPHOIO NMPOCTPAHCTEA.

Onpegnenenne 1. [Iycts X u Y — BeKTOpHBIE IPOCTPAHCTBA HA,1 OJ-
HuM U TeM xe nosieM K. Orobpaxenue A: X — Y HasbBaeTca AuHeiiHbIM
0mobpascenuem UK AUHETHM OTEPATNOPOM, ECIIU

1. A(z +y) = Az + Ay, z,y € X (aAOuTHBHOCTD);

2. A(Ax) = Mz, z € X, A € K (omHOPOAHOCTD).
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Omnpepnenenne 2. Jluneiinoiit onepatop A: X — Y, rne X u Y — HOp-
MUPOBAaHHbIE IPOCTPAHCTBA, HA3bIBAETCHA 02DAHUYEHHbIM, ECITH CyILIECTBY-
eT noctosiHHaa C Takas, 4TO AJst BceX T € X BBINOJHAETCA HEPABEHCTE80

02PAHUMERHOCTIY
[Az]ly < Cllzllx.

na x = 0 3TO HEpaBeHCTBO BCEra BbIMNOJHAETCs], IOITOMY NPHU €ro
NpOBEpPKEe W WCCJIeIOBaHUM OyIeM CuuTaTh, 4To T # 0. B manpheiimmem
uHOrga OyaeM OMyCKaTh YKa3aHUE HA TO, B KAKOM NPOCTPAHCTBE BBIYUCIIA-
€TCs1 HOpMA,, TAK KakK 3TO 0OBIYHO MOHSATHO M3 KOHTEKCTA M HOPMa 3JeMEeH-
Ta, BCEr1a BBIYKCJIAETCH B TOM POCTPAHCTBE, KOTOPOMY JAHHBIHA 3j1€eMEHT
TIPUHAJIEXKHUT.

Mpumep 1. Ilycts A: R"™ — R™ — juueitnbiii onepatop. B R" 3a0a-
AuM HOpMY [|T)|oc = max |zg|. IIycTh €1, e2.. ..., — CTAHZAPTHBIN Ha3muc

3 n
BR", =Y xer, zx € R, Toraa Az = ) zyAeg. Ouenum HOpMY
k=1 k=1

n n n
14zl < D llzeder]| < maxfar| Y [l Aex]l = ) | Aex] ]|
k=1 k=1 k=1

Taxum obpazom, J1060i JuHeiiHb onepaTop 13 R™ B R™ orpannuyes.
Kak OymeT moxa3saHO HUXKE, JHHEHHbIE ONEPATOPHl B 6ECKOHEYHOMEPHBIX
HOPMHPOBAHHBIX TPOCTPAHCTBAX MOTyYT ObITh HeorpaHu4ieHHbIMU. OIHAKO
1 B GECKOHEYHOMEPHBIX HOPMHDOBAHHBIX MPOCTPAHCTBAX JIMHEHHBIE Ofe-
paTopbl 00/131a10T JONOJHUTELHEIMUA CBOKCTBAMH 110 CPABHEHUIO € NPO-
HM3BOJIbHBIMHM OTOOpAaXKeHUSIMU.

Jns npoussoabuoro orobpaxenus f: X — Y HOpMUDOBaHHBIX WM
METPUYECKUX TPOCTPAHCTB CJELyIONIAe CBORCTBA PA3JIMIHBL U KaXK10€ [0-
CJIEAYIOIEE BJIEYET Mpelblayliee:

1) f HenpepnIBHO B TOYKE Ig:

2) f HempepbIBHO B KaxKJ0# TOYKE I;

3) f paBHOMEpPHO HEMPEPbIBHO;

4) f vIOBNeTBOPsET yCJIOBUIO JIMIIIUIA.

3aMeTnM, YTO Ajis JIUHeHHOrO OEepaTOPa B HOPMUPOBAHHBIX [IPOCTPAH-
CTBaX HEPABEHCTBO OrPAHMYEHHOCTH eCTh (PaKTHUECKH NpYras 3alHCh yCJI0-
Bust JIunumna.

Teopema 1. [Iyecmv X v Y — nopmuposannvie npocmpancmea,
A X — Y — aunetnwii onepamop. Caedyrowue ceolicinea onepamopa
IKGUBAAEHIIHBL:
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1) A nenpepween 8 mouxe 0;

2) A nenpepuieen 6 w060t mouxe;

3) A paeromepho Henpepvisen;

4) A ozpanunen.

> Tak Kak ummiukanuu 4) = 3) = 2) = 1) cnpaseayusbL 41 1106010
oTobpaXkeHus, TO A/ JOKA3aTeJbCTBA TEOPEMBI JOCTATOYHO NPOBEPUTD,
yro u3 1) cnemyer 4). Ilycrs onepaTop A HempephiBer B Touke 0. Toraa
ona € = 1 cymecrsyer § > 0 Takoe, uTo U3 HepaBeHcTBa ||z|| < & cneayer
|Az|| < 1. Bosbmem npousBosibHOE 2, T # 0, u nocrpoum ' = (§/)|z|)z.
Tak kak ||z/|| < 4. To nmeem ||Az'|| € 1, T.e. (6/||z)||Az| < 1. orkyma
lAz]| € (1/6)||z]|. Taxum obpazom, HepaBEHCTBO OrPAHHYEHHOCTH BBINOJI-
HEHO C TOCTOAHHOM 1/4. <

Buinenserca 4acTHbIN ciy4yal JIMHEHHBIX ONepaTopoB, KOrJa B Kade-
CTBE TpOCTpaHCcTBa Y Gepercs nose K.

Onpenenenne 3. JTunetinoim GyrxyuoHaI0M HA BEKTOPHOM IIPOCTPAH-
crBe Haj noaeMm K HasbiBaeTcsa nuHeitHoe otobpaxkenue f : X — K.

OTMeTuM, YTO KaK YaCTHBIH CJIydail NOHSTHS OTPAHUYEHHOrO Omepa-
TOpa BO3HHMKAET NIOHATUE OrPAaHUYEHHOrO JIMHEAHOrO (hyHKUMOHAJIA.

HepasencTBO orpaHW4eHHOCTH AJs OnepaTopa A 3anuiuem B BUIe

T
A—|I<C

unu, 0603HaunB Tg = /||z||, mony4yaem
|Azo|l € C, rame|jzol| = 1.

TakuM 06pa3oM, koxcraHTa C B HEDABEHCTBE OrPAHWYEHHOCTH €CThb, 110
onpejeneHnIo, BepxHss rpaHb muoxecrsa uncen {||Az|}, rae ||z = 1.
CywecTByer HayMeHbI1asl U3 BEPXHUX TPaHelt, 3TO, MO ONpeaeNeHuIo, TOY-
Hasi BEPXHAS paHb — SUp {“ATI] : ||#]l = 1}. dta xoncranra sBaAsercs
BasKHOM XapakTepUCTUKOI OrpaHUYEHHOI'O0 JUHEWHOIO OlepaTopa.

Onpepnenenne 4. Hopmol ozparuvenHno20 aurnelinozo onepamopa A
HA3bI[BAETCS YUCIIO

[[All = sup [|Az| = sup. Il Az}j.

llzll=1 <l <

T. €. HOUMEHbIIIAA U3 NMOCTOSHHBIX C, NIpH KOTODBIX CIIPpAaBENJUBO HEPABEH-
CTBO OrpaHUYEHHOCTH.
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JJis1 BbIMUCIIEHHS HOPMBI KOHKPETHOTO ONepaTopa HyKHO HaiiTH Tod-
HY0 BEPXHIOI Ipalb 4KC/I0Boi dyHKIuK ||Az| Ha exuHMYHOM MIape pac-
CMaTPUBAMOT0 HOPMHpPOBaHHOro mpocrpadHcrBa. Ormerum, uro OblBaloT
CJlyYaM, KOTAa 3Ta TOYHAS BEPXHHAS IPaHb JOCTHUIraeTrcs, T.€. KOTJa HHC-
Jopasa dyHxkuua ||Az| uMeer MakcUMyM Ha eNMHUYHOM lIape, U Clyuau,
KOr1a MAaKCHMYM He cywiecTByer. B obuiem ciydae BBIMHCIEHNE HOPMEI sB-
JISETCH TPYIHOH 3a/1a4€eii U HOPMa, He BBIYUCIISAETCS SIBHO JaXke s JnHell-
HBIX OIEPATOPOB B [IPOM3BOJIbHbIX KOHEYHOMEPHBIX MIPOCTPaHCTBaX. Bme-
CTe C TEM MMeeTCsl P/ MPUMEPOB, KOIa yAaeTcs HAiTH SBHO HOPMY OIe-
paropa B 6eCKOHEYHOMEDPHOM NIPOCTPAHCTBE UJIM IOy YUTh OLEHKY HOPMBI.
HeckonbKo Takux mpuMepOB PacCMOTPEHO HUIKE.

Orobpaxkerue A MOXET 0Ka3aThbCA 3aJaHHBIM HE HA BCEM IMPOCTPaH-
crBe X, a Ha HEKOTODOM BEKTOpHOM mnoanpocrpancrse D(A) — obnactu
onpegesienus oneparopa A. B sToMm ciyuae onpelenenue JuHEHHOrO onepa-
TOpPa U OfpeJesieHne OrPAHUYEHHOrO JIMHEHHOIO ONepaTopa TaK»Ke UMEIOT
CMBICII.

Ecnu aeficTBue onepaTopa 3aaeTcs ¢ NOMOLIbI0 (popMyJIsl, TO 0OBIYHO
BO3HUKAeT eCTeCTBeHHas obsacTh onpeaesnenusi. Hanpumep, paccmorpum
onepatop B npocrpanctae C|0.1], 3agaunHbii popmyoit

1 1
Azx(t) = ?x(t), 0<tg1; Az(0) = 211'% E:c(t).

EcrecrBennas obnacts onpenenenus D(A) 3Toro oneparopa COCTOUT U3
GyHKuMi, 415 KOTOPBIX CyUIECTBYeT yKa3aHHBIN npenert.

Ecau nuneiinblii onepaTop 3aJaH Ha BCIOAY IJIOTHOM BEKTOPHOM IOJ-
NpOCTpaHCTBE mpocrpaHcTBa X, JeicTByer B 6aHAXOBO MPOCTPAHCTBO Y
¥ OrpaHH4EeH, TO 1O Teopeme O mpozosxenuu (§ 18) cymecrByer eaus-
CTBEHHOE ero NpoAoKeHne Ha Bce X. NPUYEM MPONOJIKEHHME ABASETCH
JIMHEHHLIM OrPaHUYEHHbIM ONEPATOPOM C TOM 2Ke HOPMOH.

Cpenu JTuHEHbIX ONepPaTOPOB BbIAEISETCA elle OJUH KJIACC, B KOTOPbIi
MOCYT MONAaJaTh ¥ HEOTPAHHYEHHbIE ONEPATOPhI.

Onpepenenne 5. I[lyctb X u Y — HOpMHMpOBaHHBIE TPOCTpPaHCTBA.
Jluueiinpiii omepaTop A, oToOpa)katommuil BEKTOPHOE IOANPOCTPAHCTBO
D(A) C X B Y, Ha3bIBaeTC 3aMKHYMbLM, €CJIH M3 TOLO, YTO I, — o,
z, € D(A), u Az, — yg, cneayer, uto zo € D(A) u yo = Azg.

TpeboBanue 3aMKHYTOCTH ONEPATOPA IKBUBAJIEHTHO TOMY, YTO €TO IPa-
buk Grd .= {(z,y) e XY |y = Az, z € D(A) } saBasercs 3aMKHYThIM
MHOXeCTBOM B X X Y.
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CBOHCTBO 3aMKHYTOCTH OIEpPATOPA MOXXHO PAacCMATPUBATBH KaK HEKO-
Topoe ociabseHne CBOACTBa HenpepbIBHOCTU. B oboux ciyyasx B OCHOBY
onpeneneHns NoJJ0XKeHa BO3MOXKHOCTh MPEAEIbHOTO IIEPexXoa o/l 3HAKOM
ONEPATOPa, T. €. BBIMOJHEHVE PABEHCTBA

A(lim z,,) = lim Az,,.

B ciy4ae HenmpepbIBHOCTH onepatopa A u3 CyIeCTBOBAHHUS HPEIEA B Jie-
BOIt YaCTH CleLyeT CyLIeCTBOBAHUE TIPEJENa B NPABOH YaCTH U UX PaBeH-
cTBO. B caiydae 3aMKHYTOCTH omepaTopa A JaHHOe PaBeHCTBO BBIMOJHS-
eTCsl, eCJIM CYILECTBYIOT 06a npejena.

3amMeuaHwuel. Bronomorun HCNOJIb3YeTCA MOHATHE 3aMKHY TOro o*roﬁpamer-mx.
310 OTOGPaX(EHHe, IIpHM KOTOPOM 06p3.3 3aMKHYTOI'0O MHOXKECTBa sIBJIACTCHA 3aMKHYTBIM.
BaMKHyTLIﬁ onepaTop B CMbICNE [PDHBEOEHHOr'O Bbille€ ONpeae/ieHHA MOXKeT He B6bITh
3aMKHYThIM 0T06pa)l(eHHeM B YKa3aHHOM CMbiCJe.

[IpaMephr.

1. Eciu A — orpaHuYeHHbI onepaTop, T0 A 3aMKHYT TOrJa U TOJIb-
KO TOrJa, KOrja 3aMKHYTO BEKTODHOE MOANPOCTPAHCTBO, HA KOTOPOM OH
onpe/esieH.

2. Iyets X = Y = C[0,1]. D(A) = C[0.1] u A ects onmeparop
auddepenuuposanus: Az(t) = z’/(t). CsoiicTBO nuHEHHOCTH omepaTopa
nuddepeHUMPOBaHUs XOPOIIO U3BECTHO. JJaHHbIN OlepaTop HeOrpaHNveH.
JeitcTBUTENBHO, AJ1s1 OCNEI0BATENbHOCTH Ty () =sinnt umeeM ||z, || <1,

|— max |n cosnt|=n un, 3Ha4uT,

[ = e, !

OzHaKO U3BECTHAs! H3 MATEMAaTHYeCKOTO aHasu3a TeopeMa O andde-
PEHUUPOBAHHY PABHOMEPHO CXOASLIEHCS N0CIeI0BATENLHOCTH yTBEPXK,1a~
€T, YTO ECJY [OCJeA0BATEeNbHOCTh Iy COCTOMT M3 auddepeHnupyembix
hyHKLMI, PaBHOMEPHO CXOAWTCA K YHKUMH T H NOC/IENOBATENLHOCTb
HNPOM3BOAHBIX Z, DABHOMEPHO CXOOWTCA K (YHKUMM Y, TO GYHKUMA I
HenpepbIBHO Mud)depennupyemMa u T’ = y. ITO yTBEpKAEHHE B TOYHOCTH
O3HA4aerT, 4TO onepaTop augdepeHnupoBaHust A 3aMKHYT.

IIpuBeneHHbI MPUMEpP NOKA3BIBAET, YTO B OECKOHEYHOMEPHBIX IpPO-
CTpPaHCTBaX CYINECTBYIOT HEOTPAHHYEHHBIE JIMHEIHbIE ONepaTopb! M YTO
3aMKHYTBIH# ONEpaTop MOXET ObITh HEOrPAHWYEHHBIM.

|=+oo.

PaccMoTpuM NpUMephl THIMUHBIX ONEPATOPOB B IIPOCTPAHCTBAX (yHK-
Ui,
1. UaTerpanbsHble onepaTopbl
B npocrpancrse Cla,b] ¢ nopmoit ||z|| = ;B?icblx(m PacCMOTPHUM MH-
K

TerpaJjbHbl€ OII€PaTOPhbI BUIA
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b
Az(t) = /K(t, s)xz(s) ds. (1)

3ameuanne. 3anuce Az(t) caefyeT NMOHMMATh TOJIBKO CJEAYIOUMM 0Opa3oM: K
YHKUMM T OPUMEHEH ONepaTop A M BhIYUCJSETCs 3HavyeHue HOBOH (yHKuuu Az B TOU-
Ke t, YTO COOTBETCTBYET paccTaHOBKe CKOGOK 10 npaBuiy (Az)(t). BapuanT npoureHus
Alz(t)] He umeer cMbIcaa, nbo z(t) — uyucno, a OMepaTOp NpHUMEHsIeTCH K (DYHKIHM M
ero obpa3 MOMET 3aBHCETb HE TOJILKO OT 3Ha4eHHS T B TOYKe t, HO M OT 3HA4YeHMil B
JAPYIUX TOUKaX.

Teopema 2. Ecau dynxyua K(t,s) nenpepwiena, mo dopmyaa (1)
onpedeasem aunetintili ozparuserholi onepamop 6 npocmpancmee Cla, b,
npuvem

b
Al = ds.
Al ;g;gb/IK(t,s)l s
a

> Jdnsa moboit HenpepbiBHOH dyHkuuu x 06pa3 Az(t) ecTb Henpeprs-
Has ¢yHKuus oT ¢ (KAK HHTErpasl, 3aBHCAMIMIA OT MapaMeTpa ¢ HelpephiB-
HOH moasIHTErpaidbHoil dyukuueit). [IposepuM nuHeliHOCTb Oneparopa A:

b b
Az, +22)(t) = / K(t,8)[z1(5) + z2(s)] ds = / K(t, s)z1(s) ds+

b
+/K(t, 8)Ta(s)ds = Az (t) + Aza(t),

T.e. A(z1 + z2) = Az; + Axp. AHATOHYHO NMPOBEPSAETCS OMHOPOJHOCTD.
IIpoBepuM OrpaHHYEHHOCTH omepaTopa A:

b

/K(t, s)x(s) ds

a

<

||Az|| = max |Az(t)] = max
agtgh agt<h

< ( X = x|,
<€ mas, la(s)] = Cllal,

roe

b
C = max /|K(t, s)| ds.
ast<h
a
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3ameTuM, 4TO AN JAHHOTO ONEpaTopa B Teopeme 2 § 22 y»ke NOKa3bl-
BaJioCh BBITOJHEeHHE yCJIOBHS JIUMINLA, T.e. (HaKTHYECKH HEPABEHCTBO
OrpaHMYEHHOCTH ObLIO JOKA3aHO paHee.

ITokaxeM, 4TO HaligenHas moctosiHHas C B HEPABEHCTBE OrPaHMYEH-
HOCTH HalMEHbIIasA, T. €. ABJAeTCa HOpMOil onepaTopa. s 3Toro HyXHo,
COrJIACHO ONpPeAETeHUI0 TOYHON BEPXHEil TPaHH, Uil MPOM3BOJLHOrO € > 0
ykazarb Qynxkuuio z € Cla,b] Takyio, u4ro ||zl = 1 u {|Az|| > C —«.
Tlo Teopeme Beitepmitpacca cymectsyer Touka tp € [a.b] Takad, 4TO

b
C = [|K(to. s)| ds. Ecau B3s11b 20(s) = sign K (o, s). TO nomyaum

b

b
/K(to,s):co(s) ds = /lK(tg,s)lds =C.

a

Ecnu K(to,s) He meHsier 3Haxa, TO Zo(S) — HempepbIBHa# GYHKUUA U
|Azo| = C, T.e. C — naumenbluas KoHcTanTta. Eciu xo(s) — pa3pbs-
Haa QyHKUMs, TO, BOOOIle TOBOPS, MOXET He CYINEeCTBOBaTh (YHKIMU
z € Cla,b] Takoit, uro ||Az| = C. |lz|| = 1 (ToyHas BepxHsi1 rpaHb
He JOCTHUIAeTCH).

Iycts z4(s) — cpeznme no CreknoBy ¢yuxuuu zo(s) (§ 19). Torga
lzrllclas < 1u

S
Al > lim

b b
/K(to,s)mh_(s) ds| = /|K(to,s)|ds= C. <

B cnenyromeii Teopeme yciaoBue HenpepbiBHOCcTY byHkumu K (t, s) 3ame-
HeHO boJiee c1abbIM yCIIOBUEM.

Teopema 3. IIycmov ¢ynsyus K(t,s) 3adana odas ecer (t,s) u3
[a,b] % [a,b], usmepuma xax Pywxuyus nepemenrnol s npu xasxcdom t u
YJ0BAENBOPAET YCAOBUAM:

b
1) [|K(t,s)|ds cywecmeyem dan awbozo t;
a

b
2) [|K(t, s)— K(t1,s)|ds — 0 nput — t; dan awbozo t; € [a,b].
a
Tozda urnmezparvrvit onepamop A eudae (1) ozpanuyen 6 npocmpan-

b
cmee Cla,b] u ||A| = ané?%cbaf |K (t,s)| ds.
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o> Ilpexxae Bcero 3amerum, 4rto uHTerpad B (1) 6ymeMm mOHHMATH B
cMbicae Jlebera. 3nauenne Az(t) onpeneneHo auss Jjio6oro t, Tak Kak MH-
terpaJ B (1) cywectByer. [IpoBepum, 4To AJist Jitob0it HENpPEPLIBHOM (byHK-
wiu T o6pa3 Az ectb HenpepblBHAaA (YHKIMS B MPOU3BOJLHON TOUYKE ti.
Bosbmem £ > 0 m no HEMY B CHily ycJoBus 2) Teopembl Haiizaem & > 0
TaKoe, 4To eciu [t; —t| < 4, To

b
/ K (t,5) — K(t1,8)|ds <
a
Torza ans takux t u t; cpaBenIuBO HepaBeHCTBO

b
|Az(t) — Az(t1)| = I/[K(t, s) — K(t1, 8)]z(s) ds| €

b
< [ 1K) - K(tr,9)]ds ol <l

U3 KOTOPOTrO CJeayeT HenpepbiBHOCTh dyukuun Azx. OTMeTM Takke, YTO
byHKUNnA

b
olt) = / K (t,9)] ds

HenpepbiBHA, TaK Kak, ecnu |t; — t| < 6, To

l9(t) = g(t)] = | / K (8, 5)] — |K (b1, 8)] ds] <

b
</|K(t,s)—K(t1,s)|ds<s

TIpoBepuM orpaHnyeHHOCTL OnepaTopa, A:

Az = Jmax

/K(t s)x(s)ds| <

< max g(®) llz|l.
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IIposepka TOro, 4To HaiideHHas KOHCTAHTA B HEDPABEHCTBE OrPaHUYEH-
HOCTH HauMEHbIIas, AHAJOTUYHA JOKA3aTeJbCTBY B TeopeMe 2. <

BaxubIM npuMepoM HHTErPAJbLHBIX ONIEPATOPOB SIBJISIOTCA ONEPATOPHI
€O cJ1a00MONAPHBIM SIDOM.

Onpenenenne 6. Snpo K(t,s), t, s € [a,b], Ha3bIBAETCA TMOAADHBIM,
€CJIM OHO MOXKeT ObITb 3ANHCAHO B BUIE

K(t,s) = Ko(t,s)/|t — s|”,

rne Ko(t,s) — nenpepsiBHas (C/1e10BATEIBHO, OrPAHUYEHHAsT) (DYHKUIMS.
Anpo uasbiBaeTcs caabonoaaprovim, ecan 0 < vy < 1.

Takue sigpa 4acTO BO3HHUKAIOT DY UCCIeI0BaAHUHU Ird hepeHIInaTbHBIX
ypaBHeHUA. B (QU3MYECKUX TPHIOKEHUAX CIENHAIbHBIA BUI MOJIAPHOTO
A/Ipa BO3HHMKAET KaK OTPAXKEHHe TOrO, YTO, COMVIACHO PANy (bUIMYECKUX
3aKOHOB, CHJIa B3aUMOJEHCTBUSA 4acTHI OOpaTHO MPOTOPHUAOHAIbLHA HEKO-
TOpOH CTENEeH! PACCTOAHUS MEXKAY JaCTULAMH.

IMonsiproe Aanpo uMeer paspbib (0c06EHHOCTS) Ha auaroHanu t = s. Ilo-
Ka)keM, YTO MHTErpaJIbHLIM OMepaTop CO CJIabONONAPHBLIM SApOM YAOBIe-
TBOPSET YCJIOBHAM TEOPEMBI 3 U, CJIEIOBATENbHO, ABJISETCS OrPAHUYEHHBIM
OIIEpaTOPOM B NIPOCTPAHCTBE HENPEPLIBHBIX (OYHKIMIA:

3aMeruM, 4TO PYHKIUS

g(t) = /|t—5| "ds— 7[(t—a)1_7+(b—t)1 ]

HEIpepbIBHA M OrpaHn4yeHa B cujy yciaosBusa v < 1. Hepes sty dynkuumio
OLIEHWBAIOTCA UHTETPAJIbl, BXOAAUINE B ycaoBus Teopems! 3. Ilycts

C = max |Ko(t,s)|.

a<s<h
I/ImeeMb
1) [ |Kg(t, s)||t —5|77ds < Cg(t);
a
b
2) f “Ko(t,s)|t — 5|77 — Ko(t1,8)[t1 — s|'~ 7” ds < I) + I,

b
- L= / |Ko(t, s) — Kolts, )| |t — 5|7 ds <

a
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< mai(blKo(t-S) — Ko(t1.8)|g(t) = 0. ¢ -t

a8

b
1 1
I =/IKO(t1's)|||t—s|‘Y T —s|‘7)ds<
a

b
1 1
< C/' - 'ds.
t—s|” |t1—s|?
a

Hocne,a}mﬂ HMHTEerpaJsl BbIYUC/IAETCA ABHO, U U3 sABHOIO BHA3 3TO0 UHTE-
rpajia BHAHO, YTO OH CTPEMHTCA K HyJO npu t — t;. DTO yTBep:KIeHHe
MOXKHO TaKKe MOJYYHTh U3 001ux coobpaskennit: pakTUIecKu 310 yTBEp-
JKJEHHE O HenpepbIBHOCTH B cpenHeM (yHKumu [s — £1]|77, a, coriacHo
aemme 1 § 19, mobas bysknus u3 npoctpancrsa Li[a, b| HenpepbiBHa B
cpesHeM.

PaccmorpuMm  Temeph MHTErpajibHblE OMEPATOPH! B MIPOCTPAHCTBE

Lo(T, p).
Teopema 4. [Tyemo (T, u) — npocmpancmeo ¢ mepotd, K(t,s) — us-
mepuman pyuxyua va T x T u cywecmeyem unmezpan

/ |K (. )2 dusdus = M? < +oc.
TxT

Hymezparvrni onepamop A ¢ adpom K(t, s) euda

As(t) = [ Kt 5)a(s) du (2)
T

onpedeaen na npocmpancmee Lo(T, p), ozpanusen u ||A]| < M.

> 9To yrBepKaeHue PaKTUIECKH yIKe JOKA3AHO [IPU JOKA3ATENbCTBE
teopembl 3 u3 § 22. IToBTopuM 31eCh TOABKO BBIBOJ, HEDABEHCTBA Orpa-
HU4YeHHOCTH. B cuny nepasencrsa Komu — Bynsxosckoro uuterpan (2)
cyuiecTByer Auis o4ty Beex ¢. Ilycts y(t) = Az(t). Torna

WO < / K ()P dus / 12(5)[2 e
T T

Wuterpupys no t, nonysaem

/ ly(8)[? dpe < M? / 1262 dps.
T T
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T.€. y € Lo(T. u) v BbInonHeHo TpebyeMoe HEPaBEHCTBO OTPAHNYEHHOCTH
|Az|| < M||z|| ¢ mocrosituoit M. <

Jns mHTErpanbHBIX onepaTopos B npoctpadcTBe Lo(T. u) HalineHnHoe
yucao M paeT TONbKO OLIEHKY HOPMBI M COBNaJaeT C HOPMOH JIMIIL B
HEKOTODPBIX BbIPOXKAEHHBIX CJIYYastX.

2. OnepaTopbl yMHOXKe€HUH Ha (DyHKIMIO

Ilycts a € C[0. 1}, paccmorpum B npoctparcrse C[0, 1] onepaTtop yMHo-
xenust Ax(t) = a(t)x(t).

Teopema 5. Onepamop A ymHooiCEHUA HA HENPEPBLEHYI PYHKUUIO
ABAAETCA AUHEUHBIM 02ZDAHUNERHBIM Onepamopom 6 npocmpancmee C|0, 1]
u ||Al = max |a(t)

0<t<1

&> Tak Kak Ipou3BeIeHHe HEMPEePLIBHBIX (DyHKIMIL ABISETCS HelpephblB-
HOlt (yHKuneli, onepaTop A sefictByet B npocrpasctse C|0, 1]. IIpoBepum
JINHEHOCTh W OrPAaHHYEHHOCTD ONepaTopa A:

A(z1 + 22)(t) = a(t)[z1(t) + z2(t)] = Az1(t) + Aza(2);
A(Az)(t) = a(t)[Az(t)] = AAz(2);

Azl|l= t t)]=m
| Azl = max [a(t)z(t)| < max la(®)] max [<(t)| = max [a(t)] ];
dna z(t) = 1 nonyuaem ||Az|| = Juax |a(t)|, T e. mosy4yeHHad OUEHKA

\\

nawnysmas w || 4]l = max lo(®)] = llalicp,y- <

Iycts @ — usmepumasn GyHknud; paccMorpuM B npocrpanctse L, (T, p)
oneparop ymuoxenus Ax(t) = a(t)z(t).

Teopema 6. Onepamop A ymnodsicenus na PYHKUUIO @ ABAALTNCA AU-
Hetinbm 02parusertsm onepamopom 8 Ly(T, u) moada u moavko moada,
xozda a € Loo(T, ) u npu smom || Al = ess supla(t)] = ||aloo-

> IIycts a € Lo (T, 1) IIpoBepum TMHERHOCTD U OrPAHUYEHHOCTD OIe-
patopa A:

Az + 72)(t) = a(®)[1(t) + 22(t)] = Azy (t) + Aza(t);
A1) = a(t)rz(t)] = Mz (2):

1/p
Az = ( [ |a(t)x(t>|ﬂ) < ess supla(t)| ( [ Iw(t)l”)

IMokaskeM, 9TO HaliJleHHAS KOHCTAHTA B HEPABEHCTBE OrPAHHYEHHOCTH
naumensmas. Ilo ompenenennio uucna C = ess supla(t)] mas nwo6oro

1/p

197



£ > 0 muoxectso M, = {t € T| |a(t)] > C — €} umeeT HenyneByw Mepy.
Bazanum byukmmo ue(t) = [u(M.)] /P, ecmu t € M. u u.(t) = 0, ecnu
t ¢ M.. Toraa |luc|| = 1 u ||Aue|| > C — ¢, otkyna ||A|| = C. 3amerunm,
YTO eciau MHOXeCTBO M. uMmeer GECKOHEYHYIO Mepy, TO MOXKHO BbIOpaTh
€ro MOAMHOMKECTBO KOHEYHOI! MOJIOXKUTENLHOM MePbl H pacCMOTPETh aHa-
JIOPMYHYI0 (PYHKIMIO.

Ectn a ¢ Lo (T. p), To Muoxkectso M = {t € T : |a(t)| > ¢} umeer
HOJIOKUTENbHYI0 Mepy nipy JitoboM ¢ > 0. Torga nns GyHKUMHE u, onpene-
nenHol papencrBamu: u(t) = [u(M)]"1/P, ecnu t € M, u u(t) = 0, ecau
t ¢ M, nosy4aem ouenky || Aul| > c||u|, u3 koropoit cieayer, 4To oneparop
HeorpaHH4yeH. <

3. OnepaTopsl 3aMeHbl IepeMeHHOM (OACTAHOBKH)
IIycts f — HenpepoiBHOe oToGpaxkenue orpeska [0, 1] B cebs. Paccmor-
pum orobpaxenune Ty npocrpancrsa C[0,1] B cebs, 3anannoe dhopmynoh

Tyz(t) = z(f(1)). (3)

Teopema 7. Onepamop Ty ABAREMCA AUHETHBLM 02PAHUNEHHBIM OTIE-
pamopom 6 npocmpancmee C[0,1] u ||Ty|| = 1.
> IIpoBepuM AUHEHHOCTb:

Ty(z1 + z2)(t) = (z1 + 22)(f(D)) =

= z1(f(t)) + 22(f(1)) = Trz1(2) + Tra(2);
Tr(Az)(t) = (M) (F(B)) = Az(f(2)) = ATyz(¢).

Tenepb JOKa2KEM OrpaHUYEHHOCTDb:
T = = = =
| Ty max [z(f(E))] = [t = f(?)]

= max |z(7} € max |{z(7)| = ||z||.
amex [2(7)] < g fe(r)] = <
Takum 06pa30M, HEPABEHCTBO OrPAHWYEHHOCTH BBIINOIHEHO C MOCTOAHHOI
C = 1, npuuem ans z(t) = 1 umeem To4HOe paBeHcTBO. ClleIOBaTENbHO,
ITfll = 1. <

B npoctpancrBax Ly[0, 1] nenpepbiBHOCTD OTOOpaXKeHus f He rapaHTH-
PYET OrpaHMYEHHOCTh OMEPATOPa 3aMEHBI NePeMEHHOH W HempepbIBHOCTD
orobpakenus [ He ABIASETCS HEOOXOIUMOH JJisi OCDAHWYEHHOCTU TAKOTO
omepaTopa.
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PaccmoTpum s npuMepa onepatop T'f, 3a1aHHblH TOH e popmyIoi
Tyz(t) = z(f(t)), B mpocTpancTse Ly[0, 1] B 04HOM CrelHabHOM Clly4ae.

Teopema 8. ITycmb f ecmv nenpepvieno duddepenyupyemoe unser-
muenoe omobpadicerue ompeska [0,1] e ceba. Onepamop Ty a6anemcs au-
HeliHbLM 02ZDaHUNEHHbBIM Onepamopom 6 npocmpancmee Ly(0,1] moeda u
moavko mozda, xozda f'(t) # 0, u npu amom || Ty|| = max |f'(t)| /7.

> CBOIICTBO JIMHEHHOCTH MPOBEPEHO B TeopeMme 7 (3TO CBONCTBO He
3aBUCHT OT PACCMATPHBAEMOrO IPOCTPAHCTBA DYHKUMIA).

Iycts f'(t) # 0. ITokazkeM, YTO OnepaTop AEHCTBYET B NPOCTPAHCTBE
L,[0,1], 1. e. u3 Toro, uro T € Lp(0,1].cnenyer, uro Tyx € L,[0,1]. Ilycts
g : [f(0). f(1)] — [0,1] — oBpaTHOe Kk f orobparxenue. Fmeem

1 £

/ (NPt = [ = £0, t= 9] = [ ler)Pg/(rsar
0 £(0)

Tak kak ¢'(7) = 1/f'(t), sra GyHKuus orpaHuveHa B CUIY YCIOBHS TeOpe-
MBI ¥ MOC/IeIHUA MHTErpas cymecTByeT. [loCKOIbKY STOT MHTErpaj UMeeT
TOT K€ BUJ, 9TO U PACCMOTPEHHBIA B JOKa3aTeNbCTBE TeopeMbl 6 (mpu
a(T) = ¢'(7)1/?), To u3 paccyxJenuii Teopempl 6 MOJYYaEM HEPABEHCTBO
OTrpAHMYEHHOCTH

£
1Ty ()l = (/ |2(7)IPg’ (r)dr)'/? < max|g'(7)|'/7 ||z,
fO

M 4TO Haiinennas xoucranta C = max|g’(7)|Y/P = max|f'(t)|"'/P nan-
MeHbLIas.

Ecnu dyuxuus ¢’ HeorpanuyeHa, TO, UCNOJb3Ys PACCYXKIECHUS] U3 MO~
cllefiHell yacTH JOKa3aTeNbCTBa TeopeMbl 6, monydaeM, 4To onepatop 1y
Heorpanu4ex. <

3aMeTuM, 9TO BO BCEX PACCMOTPEHHBIX IPUMEPAX YCJIOBHE OrPaHUYeH-
HOCTY ONEPATOPA COBNAJAET C YCJIOBHEM, 4TO €CTECTBEHHAs 06/1aCTh Onpe-
JIEJICHUA OIIepaTOpa COBMAJAET CO BCEM NPOCTPAHCTBOM. DTO HE ABJISIETCSA
obieit 3akoHoMepHocThi0. Hanpumep, and oneparopa, 3aJaHHOrO B NMpo-
crpanctse C[0,1] dbopmymnoit

t

Az(t) = z(0) + /;E'(s)ds,

0
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ecrecTBeHHas 00/1acThb ONpeleIeHUs COCTOUT U3 aOCONOTHO HelPEPbIBHLIX
byukuumit 1 He coBnaaaeT co Bcem npocrpaxcrsoM. Ho sToT oneparop orpa-
HHYeH, TaK Kak Ar = r 11 £ € D(A). Ero npono/keHreM N0 HeNpepbiB-
HOCTH HA BCE€ IIPOCTPAHCTBO SBJIAETCH TOXKIECTBEHHBIH onepatop Iz = z.

§ 28. KPUTEPUI1 KOHEYHOMEPHOCTHU

HOPMNMPOBAHHOI'O ITPOCTPAHCTBA.
9KBUBAJIEHTHBIE HOPMHEI

Onpenenenne 1. JIse nopmel || - ||; u || - |2 Ha BexTOPHOM nMpOCTpaH-
crBe X HA3BIBAIOTCH IKBUBANCHTHIMY, €CJAH CYIECTBYIOT TaKHe Ho-
JIOXKUTEJIbHBIE TTOCTOAIHHbIE €] U Co, YTO AJsA J106oro ¢ € X crnpabemuBbI
HEpaBEeHCTBa

allzl < llzllz < e2flzl- 1

Bbw,eneﬂne JKBUBAJIEHTHLEIX HOPDM BbI3BAHO TE€M, YTO IKBUBAJICHTHLIC
HODMBI [TOPOJAIOT OJMHAKOBBIE TONOJIOTHH, OJHUHAKOBbIE CXOAAIMECH 10~
CJIe1OBATEILHOCTH, OJHHAKOBbIE [TOC/Ie0BaTeIbHOCTH KoIu, 01uHaKoBbIe
KJaCChl OTPaHUYEHHBIX OINIEPAaTOPOB, OOWMHAKOBBIC OTPAHUYEHHBIE MHOZKe-
CTBa, 3aMKHYTble MHOXKECTBA, KOMIIAKTHBIE H MPEIKOMNAKTHBIE MHOXKe-
ctBa. BMecTe ¢ TeM MOXKeT 0Ka3aThCs, YTO NOCJIE BBEIEHUS IKBUBAJIEHTHOI!
HOPMBI NOABJAKTCA JOIIOJIHATEbHBIE XOPOIIHe CBOMCTBA WJIM BBIYNCICHUS
npoBoaATcs boJiee npocTo.

Ynpaxnenue 1. JlokasaTb, 4To HOpMa ||z, = Jnax |z(t)ePt| Ha
npocrpancrse C[0, 1] sxBuBanenTHa HopMme ||z| = max |z(t)].
0<<1

Ynpaxuenue 2. JJoka3arh, 4TO Npu DOCTATOYHO OOJIBIIOM P HHTE-
rpaJibHblit onepaTop BosibTeppa ¢ HENpephIBHBIM 51ADOM

t

Az(t) = /K(t, s)x(s)ds

0

ABJIAETCH CXKUMAIOLIUM OTOOPasKeHHEM OTHOCHTEJILHO HOPMBI || z||, U3 yrpax-
HeHus 1.

IMpumep. B npocrpancree R™ Bce HOpMBI ||z||, U3 mpumepa 3 § 26
3KBHUBAJIEHTHBI MEXAY CODOIA.
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AefiCTBUTENBHO,

n l/p n /v
”I“”Z(Z'“'p) (Zlml”) el alloe <licllp
k=1

Takum 06pasom, nobas u3 HOPM ||z||p 9KBUBaNEHTHA || ]| oc 1, 3HAYMT, ||T]|p
#u ||z|lp, sKBUBAIEHTHBI.
Cropasenueo 6osiee CUIBHOE Yy TBEPKICHHE:

Teopema 1. B npocmparcmee R"™ arbvie dee nopmbvl 3x6u6aAeHMMHbL.
> Ilycrs (e, ..., en) — KaHOHuuecKuil H6a3uc B R™ . Kaxapiit ssemenT
7n
T NPEICTABISAETCS B BUAE T = Y L€y, TAe Tk € R IIycrs na R™ 3apgana
k=1
HeKOoTOpas HopMma ||z||. JokarkeMm, 4To 3Ta HOpMa IKBHUBAJEHTHA HOpME
lzlloc = max |-

ZeicTBUTENBHO,
) = szek < leel sl < maxlmz el = exlz]
k—
13 sroit ouenxn momy4daem Hepaserctso |(||z]l — [|l2'|))] < [z — /|| <

< cif|lz — 2'||oc, ¥3 KOTOPOTO BRHITEKAET, 4TO ||Z||, KaK yHkuus Ha R™ c
HOpMOIt |||, HETPephIBHA.

HenpepoiBHas ¢yskuua f(zr) = ||z} Ha KOMIAKTHOM MHOXeECTBe
{z| ||zllaec = 1} mocTuraer mMuHHMYyMa, KOTOpPbI# oGo3HaunmM d. Tak kak
d = f(xo) = ||zol, rae ||zol] = 1, T0 d > 0. Taxum obpazom f(z) 2d >0
[l T TAaK®X, 4TO ||x]|ec = 1. Torna ans npoussonbHOro T # 0 BO3bMEM
T’ = z/||z]|oc. Tak xak [|2'||c = 1, T0 umeem ||2']| = d. ||z|| = d||z] s,
T. €. CIPaBeAJINBO HEPABEHCTBO [|z]|oc < 1/d|z]. <

HPE)K,ILG 49eM [1epexXoouThb K CJIe€ICTBUAM TeOpeMBbI 1, BBeJEeM HOBBIC I10-
HATHA.

Omnpenenenne 2. Ilycts X u Y — HopMupOBaHHbIE MPOCTPAaHCTBA.
Juneitnprit 6uekTupHbIi oneparop f: X — Y taxoi, uto f u f~! — orpa-
HMYeHbl, Ha3bIBaeTCA u3omoppuamonm. [Ba npocrpancrsa X u Y Ha3bia-
I0TCA  U3OMOPPHBIMY, €C/IH CyuIecTByeT u3oMopdusm f: X — Y.

N3omopdu3M HOPMUPOBAHHBIX TPOCTPAHCTB, COXPAHAIOWIUI HOPMY, T. €.
JUIA KOTOPOro JonosHuTensHo BomonseHo || f(z)||ly = |zllx, HasviBaer-
CH USOMEMPUNECKUM USOMOPHUIMOM , & COOTBETCTBYIOLIME IPOCTPAHCTBA,
Ha3bIBAIOTCA U3OMEMPUNECKYU USOMODPHBMU.
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Ecau nmpocrpanctBa X u Y uzoMmerpuyecku M30MOD(DHBI, TO BCe uX
CBOWCTBA KaK HOPMHPOBAHHBIX [IPOCTPAHCTB MOJHOCTHIO COBNAAAIOT. Eciun
OPOCTPAHCTBA U30MOPMHBI, TO OHU OIUHAKOBLI KAK TONOQJIOTHYECKHE BEK-
TOPHBIE [IPOCTPAHCTBA, OHH OJHOBPEMEHHO 00JaJa10T CBOMCTBOM IIOJHOTBI
M T.[., HO HEKOTOPBIE CBOHCTB2 MOTYT Pa3fUYaThCH.

Ilo onpenenennio nuHelHbl OHEKTUBHBIA onepaTop [ sBJISETCS H30-
MOPGHU3MOM TOTZA M TOJILKO TOT4a, KOTa CYLIECTBYIOT IOBE KOHCTAHTbI
c1 > 0 ucy > 0 rakue, uro || f(2)|ly < co|lz|lx mnsa Bcex £ € X n
I *Wlx < eillylly ans seex y € Y. Ilocnennee HEPaBEHCTBO IKBU-
BAJIEHTHO HepaBeHCTBY ||z||x < c1||f(z)|ly mns Beex z € X. Takum obpa-
30M, JIuHeHOe 61eKTUBHOE OTOOpasKeHHe SIBJIeTC H30MOPGU3IMOM TOTIA,
H TONBKO TOT/a, KOTJa CYLIECTBYIOT KOHCTaHTHL ¢; > 0 u ¢o > 0 Taxwue,
4TOo

%Ilf(w)lly < lally < allf@ly. @)

Conocraeus nepasencTBa (1) u (2), BuauM, 4To JuHelHOe OUEKTUBHOE
orobpaxkenue f ectb u30MOpduU3M HpocTpaHcTB X WY TOrHa H TONBKO
Toraa, korga Hopwmsl ||z]lx v ||z|l1 := || f(z)||y Ha X sxBHBaseHTHBL

Ilepefinem k cnencrBusiM Teopemsr 1.

CaencrBue 1. Bce KoHeNHOMEDHBLE HOPMUDPOBGHHBLE NPOCTPAHCINEA
00UuHAK060T PABMEDHOCTIIU UIOMOPHHbL MedHCIY c06OT.

> Iycts X — n-meproe npocrpancteo Hag R ¢ Hopmoit {|z]| x v nycrTs
e1,...,en — 06azuc B X. JocrarouyHo noKa3arh, YTO IPOCTPaHCTBO X H30-
mopdHo mpocrpatctBy R™ ¢ kakoit-HuOy (b U3 CTAHJAADTHBIX HOPM, HAIIPH-
Mep ||x||oe. JIuHeitnbrt oneparop J: R™ — X, onpeaenennsiii dhopmymoit

n

Jr =Y zrer, rae x = (x1,Za,...,Tn) € R, siBAA€TCA GUeKkTHBHBIM. [To-
k=1
stomy ||Jz||x, kak dyukuus va R”, asasiercsa Hopmoil. U3 sxsusasent-

HOCTH 3TOH HOPMBI C HOPMOIt ||Z||oc CileAyeTr HempepbIBHOCTH OmepaTopa. J
u omeparopa J 1. «

CaenctBue 2. roboe xoneuHomepHoe HOPMUDPOBAHHOE NPOCTNPAHCTNEO
NOAHO.

> Ilycts X — n-MepHOE HOPMHPOBAHHOE NMPOCTPAHCTBO. B cuny cien-
cTBus 1 nmpocrparcrso X m3omopdHO npocrpancTBy R™, KoTOpOE MoJHO.
CanenosaresbHo, X NOJHO. <

Caeacreue 3. KouennomepHoe nodnpocmpaHcmeo HOPMUPOSAHHOZ0
NPOCTMPAHCTEN 3AGMEHYNO.

JoKa3aTenbCTBO BHITEKAET U3 CJIeAcTBUA 2 1 061ero (pakTa, 470 HOJ-
HOE TIOAMPOCTPAHCTBO METPHYECKOr0 POCTPAHCTBA 3aMKHYTO.
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Anajioruysble yTBEpXK/EHUS CIPABEIJIMBbI A1 KOHEYHOMEPHBIX MpO-
crpancTs Hag noaem C.

B kaudecTBe mpuMepa NMPHUJIOKEHHH JOKA3aHHBIX YTBEPXKAEHHI HOy-
YUM OTBET Ha OJMH €CTeCTBEHHO BO3HMKawuwii Bonpoc. Ha BexTopHOM
mpocTpaHcTBe P, cocTosmieM W3 MHOTCOYMEHOB OJHOM NMEpEMEHHOH t, Cy-
IECTBYET MHOIO PA3JIM4YHBIX HOPM. [Ij151 BCeX NpHMEPOB TAKUX HODM, pac-
CMOTPEHHbIX BbILle, IPOCTPAHCTBO P OKa3blBaJOCh HENOAHBbIM. Crpamu-
BAETCsI: MOXKHO JIX 33JaTh HOpMY HAa P Tak, 4ToObl NOCTPOEHHOE HOPMHPO-
BaHHOE TIPOCTPAHCTBO OKa3aJi0Ch MOMHBIM? OTPUUATENBHBIA OTBET MOXKET
ObITH MOJMYyYeH U3 CJEAYIOUIEro ODLIIEero yTBep K IeHus.

Teopema 2. B beckoneunomepnom 6aHaATO80M NPOCMPAIHCBE HE MO-
JICEM CYULLCTNB08AM CueMHO20 aszebpaudeckozo basuca.

> [Ipeanonoxkum, 4T0 B 6€CKOHEYHOMEPHOM HaHAXOBOM NMPOCTPAHCTBE

X cyliecTByeT CueTHbI anrebpanyeckuii 6a3uc (ey), T. e. KaxK/blil 371eMeHT
n(x)
NpeACTABIAETCA B BMAE KOHEYHOM CYMMBL T = Y, Tker. PaccMoTpuM no-

k=1
CJI€40BaTE/IbHOCTE KOHEYHOMEPHBIX NOANPOCTPAHCTB
n
Ln= { 3 Avexl Ak € R}.
k=1

oc

I[lo onpenenenuio anrebpaudeckoro 6asuca X = |J L,, npuuem B cHLy
n=1

cnencTeus 2 NoANPOCTpaHcTBa L, 3aMKHYTbI. TOra no ciaeacTBHio Teope-

MbI Bapa xoTs 6bI 0ZHO U3 HOANPOCTPAHCTE L,, NUMEeT BHYTPEHHIOK TOYKY.
Ho mbl yxe ormedanu (§ 26), 94T0 BEKTOPHOE OANPOCTPAHCTBO, OTIUYHOE
OT BCEro mpOCTPAHCTBA, He UMeeT BHYTpeHHuX Touek. [losyyaem mporu-
Bopeune. <

IIpocTpaHCTBO MHOTOYJIEHOB 110 CAMOMY ONPEIEIEHUI0 HMEET CYETHBIN
6a3uC U, COINIACHO JOKA3aHHON TeopeMe, He MOXKET OBITh MOJHbIM OTHOCH-
TEJIbHO KaKOM-HUOYIb HOPMBL.

IIpexxae yem mepeiTH K PACCMOTPEHUIO KPUTEPHS KOHEYHOMEDPHOCTH
HOPMHMPOBAHHOIO NPOCTDPAHCTBA, HOKAXXeM JeMMYy, MMEIOILYID CaMOCTOsA-
TeJbHOE 3HAYEHHE.

JIlemma (o noutn nepnesaukynspe). ITycms X — nopmuposartoe npo-
cmparemeo, L — e20 3amruymoe 8exmoproe noonpocmparcmeo, omauy-
noe om ecezo X. Tozda dan amwbozo € > 0 cywecmeyem mouka u € X \ L
maxas, vmo ||ul| =1 u |lu—I|| =2 1—¢e das awbozo ! € L.
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> OGosuauum p(u,L) = llél{: llu = I|. TIycrs up € X, uo ¢ L. Torza

p(up, L) = d > 0. HeitcteutensHo, eciu d = 0, TO CyniecTByer nocC/eno-
BaTeJBHOCTH [, € L Taxad, 4to |up — ln)] — 0, T.e. I — up. B cuy
3aMkHyTOCTM L mosy4yaeM up € L, 4To mpoTuBopeduT BBIOOPY ug. B 06-
LWIEM CJYYae MOXKET OKa3aTbCs, YTO HE CYIIECTBYeT Takoil Touku [ € L,
JJI KOTOPO# BBINOJIHEHO ||ug — || = d. T.e. B KOTOpPOH TOYHAS HMXKHAA
rpaHb B ompezenenuu p(ug, L) gocruraercs.

BosbmeM €7 > 0 Takoe, 4yto d + €, = d/(1 — €), u BoOepem lg € L
Tak, 4To0s! BIMOMHANOCE d < |lug — lof| S d+¢; = d/ (1 — £). Honoxum
u = (up — lo)/}|uo — lo]|. Torma ||ul| = 1 u ana moboro | € L umeem

weth = |y -1l -

1
= m“m) — {lo + l“'uo - lo”}”

Tak kak lp+!]|uo—lo|| € L. T0 mo onpegenenuio d nonyyaem HEPABEHCTBO

1
lu— Ul = ———|uo — [lo + Ulluo — loll}]| >
o — lol|

llw

d d
> >d: =l-e.4«
= “’U.(J—l()” l—c¢

JleMMa BMeeT reOMeTPHYECKYHD HHTEPIPETALMIO, IOACHAIONYIO €€ Ha-
3panme. B cayuae, xorma X = R? — mnockocTs ¢ eBKIHI0BON HOPMOI
| -ll2 # L — npsiMas, MpOXOAAIIAA Yepe3 HAYAT0 KOOPIMHAT, CYIIECTBY-
eT BEKTOp ug Takol, 4To |[upfl = 1 u |jup — {|| > 1. D10 nepnenaukynsap
eJIMHUYHOR AJMHBI K npaAMoil L. B npou3sBoibHBIX HOPMHPOBAHHBIX MIPO-
CTPAHCTBAX 3JIEMEHTA C TAKUMM CBOHCTBaMM (“MEpHeHANKYJApA”) MOXKeT
HE CYUIECTBOBATh, HO €CTh 3JIEMEHT C OMIM3KUM CBOMCTBOM: ||ug—I|| 2 1—¢
(moYTH MepneHANKYAp).

ITonsiTie KOHEUHOMEPHOCTH WM GECKOHEYHOMEPHOCTH BEKTOPHOL'O IIPO-
CTPaHCTBa ecTh aarebpandeckoe noHsTHe. IToKaskeM, YTO B HOPMUDOBAH-
HbIX MPOCTPAHCTBAX 3T ajrebpaudecKue CBONCTBA TECHO CBHA3aHEL C TO-
MOJIOTUYECKHAM CBOMCTBOM — CBOMCTBOM IPEIKOMIIAKTHOCTH.

Teopema 3 (KpuTepuii KOHEYHOMEPHOCTH HOPMHUPOBAHHOI'O IPOCTPAH-
ctBa, @.Pucc). Hopmuposanroe npocmpanHcmeo KOHEYHOMEDHO M020a U
mMoAvKko Mo2da, K020a 8 Hem eduNUTHbIL Wap NPEeFKOMNAKMEH.
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> JloctaTogHocTs. JlokaxkeM, YTO B OECKOHEYHOMEPHOM HOPMHPOBAH-
HoM npocrpaHcTBe X eQuHUYHbIA wap B He fABIseTCH NPeIKOMIIAKTHBIM
MHOXKecTBOM. Bo3pMeM mpon3BoJisHy0 ToUKy z1 € X, ||z1]| = 1. IlocTpo-
uM onHoMepHoe noamnpocrpancto Ly = {Az1| A € K}. dnsa e = 1/2 no
JIeMMe O HOYTH NePlIeHANKYApe CylecTByer Todka T2 € X \ Ly, |Jzz] = 1,
Takasi, 4To ||z2 — z|| > 1 — 1/2 = 1/2 nna moboro = € L;. Ilocrponm
ZABYMepHOe pocTPaHcTBO Lo = {A121 + Aaza] A1. Ae € K}. d10 TOXKE 32~
MKHYTOe IIOANPOCTPAHCTBO ¥ MO TOif Ke jeMMe a8 ¢ = 1/2 cymectsyer
touka r3 € X \ Lo, ||z3]| = 1, rakas, uro ||r3 — z|| = 1/2 naa awoboro
z € Lo. B wactHocTy, |23 — 22|l 2 1/2, |jlzs — z1| 2 1/2.

Ilpomomxas gajee 3TOT NMPOLeECC, HA 7-M LIare CTPOMM NOANPOCTPaH-
CTBO L,,, NIOPOXIEHHOE TOYKAMH L1, T2, ..., Ln, K TOUKY ITnt] TAKYIO, YTO
|lznt1]l = 1. Tak kak npocTpancTBo GeckoHeuHomepHo, 10 L, # X u
Ipolecc npoaosKaeTca 6eckoneyno. Ilonyyaem nocienoBarenbHOCTD (T, )
TOYEK eIMHHYHOro mapa B Takyiwo, uto ||z, — Zn| > 1/2 npu n # m.
I3 Takoii noc/ie10BATEbHOCTH HEJIb3sl BBLAEJIUTD MOANOCIEI0BATENbHOCTD
Kotuu, n, 3uaunTt, wap B He ABIAETCA NPeIKOMIAKTHBIM MHOXXECTBOM.

Heob6xoamumocts. Ilycts X — n-MepHOE HOpMHUPOBAHHOE IIPOCTPAHCTBO
¢ HopMoi#t || - || x. CornacHo ciencrsuio 1 Teopemst 1, X usomoppuo R
HopMo# || - {|2. IIpu nsoMopduamMe HOPMHUPOBAHHBIX IPOCTPAHCTB Or'DAHH-
4YEHHbIE MHOXKECTBa TIEPEXONAT B OUPAHUYEHHEIE, MPEIKOMIIAKTHBIE — B
npeakomnakTubie. [lockonsky B R"™ MHOXECTBO IIPEAKOMIAKTHO TOLAA U
TOJIBKO TOLJa, KOTJa OHO OUPAHHYEHO, TAKOE K€ YTBEPKICHHE CIpaBel-
JIUBO B IIPOM3BOJIbHOM KOHEYHOMEDPHOM IPOCTPAHCTBE. B 4acTHOCTH, map
SIBJIAETCA OrPAHHYCHHBIM MHOYKECTBOM H, CJIEIOBATEIbHO, OH [IPEIKOMIAK-
TeH. AHaJIOrUYHOE DACCYKIeHHUE CIIPABEIJIUBO B CJIydae IPOCTPAHCTE Hax
moneMm C.

§ 29. TJIBBEPTOBBI ITPOCTPAHCTBA

IIpn BBEmEHMU MOHATHA METDPHYECKOrO NPOCTPAHCTBA AKCUOMATH3H-
PYIOTCS CBOMCTBA DACCTOAHMA MEXIy TOYKAMH, MPHU BBEACHUH MOHATHS
HODMBI AKCHOMATHU3MPYIOTCA CBOHCTBA JAMHbL BeKTopa. Ho npu ulydenunn
KOHEYHOMEePHBIX €BKJIHJO0BBIX POCTPAHCTB BMECTE C AJIMHOM BEKTOPA M-
POKO HCIOJIL3YeTCA MOHATHE YIVIa MeXAy BekTopamu. IIpm 3ToM BMeECTO
33JaHUA JBYX OOBEKTOB — JJIMHBI BEKTOPA U yIJIa MEXAY BEKTOPAMM —
yaobHee 331aBaTh CKaJIsipHOE TPOU3BEJEHHE, UePE3 KOTOPOE BLIPAXKAETCS U
IJIMHA BEKTODPA, U YToJ MeXAy BekTopamu. HamomMuuM, 94T0 KOCHHYC yria
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Q@ MeXJIy BEKTOPAMH T M § B KOHEYHOMEDHOM BeILECTBEHHOM €BKJIMIO-
BOM MPOCTPAHCTBE OMPEAESAETCA € NIOMOIIBIO CKAJIAPHOIO MPOM3BEAEHHUS
no dopmyie

(z,y)

CoSQ = ———"x .
Izl [yl

EcrecTBeHHO paccMOTpeTh GECKOHEYHOMEDHBIE IPOCTPAHCTBA. C aHAJIO-
CHYHOM CTPYKTYPO#.

Onpegenenne 1. ByneMm roBoputh, YTO Ha BEKTOPHOM [IPOCTPAHCTBE
X (nmazm monem K) 3amaHO ckaasaproe npoussederue, eClIM KaxxAo# mape
3J1eMeHTOB T,y € X NOCTaBIeHO B COOTBETCTBUe 4ucio (z,y) € K Tak,
YTO BBINOJHEHBI CIEAYIOLIKME AKCHOMBIL:

1) (21 + 22,9) = (71,9) + (z2,9), (Az,y) = Ma.y) (mmHeitHOCTH MO
NepBoii nepemMeHHoi );

2) (z,y) = (y,x) (3pMHUTOBOCTb);

3) (z.z) >0, nmpuuem u3 (z,z) = 0 cneayer, yro = = 0.

B cayyae BekTOpHOro mpocTpaHcTBa Hal mojeM R axcuoma 2) mmeer
Bux (z,y) = (y,z).

M3 1) u 2) nonyyaem CBOACTBO aHTHIMHEHHOCTH NO BTOPOH IepeMeH-
HOM:

(z, A1 + A2yz) = Ar(z, ¥1) + A2(T, ¥2)-

Ilpumepthr.
1. B npocrpancree C" cTaHmapTHOE CKAJISIpDHOE HPOU3BENEHHE MMEeT
BHU[

n
(‘Tv y) = Z zk:’jka
k=1

rae = (Z1,---,ZTn)y, ¥ = (Y1,---,Yn)
2. B npocrpancree R™ cranjapTHOe CKaJsApHOe NPOU3BEJEHHE HMeeT
BH[

n
(‘T"1 y) = Z TrYk-
k=1

JIioboe ckansipHOe pon3BeaeHue B npocTpaHcTee R™ umeer Bug

n
(@,9) = Y amTiyi.

k.i=1

rae {ak;} — MONOXKHUTENBHO ONpeae/ieHHasi MATPHLA.
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3. B npocTpaHncTBe 2 330304M CKAJISIPHOE IIPOM3BeIeHUE (POPMYIOit

(@.y) =D Tk 1)

k=1

U3 nepasencrsa | T x| < (Jzk|?+|yx|?)/2 monyuaem, yto pag (1) cxoautca
abcomoTHo. BoinosiHeHne akCHOM CKaJISIPHOTO MPOU3BEIEHUSA OYEBHIHO.
4. B npocrpanctse L2[0,1] 3aga0uM cKansapHoe npou3seeHue hopMy-

JIOH

1
(2,) = / 2(t)y(E) dt. @)
0

CyiecTsoBanue mHTerpajia nokasano B § 20. BoinonHeHne akcuoM cka-
JIAPHOTO NPOU3BEIEHHUs] BBITEKAET U3 CBONCTB MHTErpaJia.

5. ®opmyna (2) 3aKaeT CKaJApPHOE MPOU3BEIEHUE Hi, BEKTOPHOM IIPO-
crpascree C[0, 1].

Omnpenenenue 2. BeKTopHOE MPOCTPAHCTBO €O CKAJNAPHBIM NPOH3BE-
IEHVEM HA3bIBACTCA nNpedeuibvbepmosuim NPOCTPaHCTBOM. KonedHOMep-
HOe BelleCTBeHHOe MpPeAruIb0epTOBO NMPOCTPAHCTBO HA3bIBAIOT €6KAUG0-
8biM , & KOHEYHOMEPHOE KOMILJIEKCHOE NPeAruIs6epTOBO IPOCTPAHCTBO Ha-
3bIBAIOT YHUMAPHOIM.

Hopmoti snemenma x 6 npedzuavbepmosom npocmparcmee (IOPOXK-
[EHHOH CKaJIsipHbIM IIPOM3BEIEHHEM) HA3bIBAETCs YUC/IO, 3a4anHoe (dop-
myaoii [z} = (z,2)"/2.

Jlemma 1. B npedzuavbepmosom NpocmpaHCmEe cnpaeediuso Hepa-
sencmeo Kowu — Bynaxosckozo

(@ w)l < il lyll- (3)

> Ecau z = 0, mubo y = 0, To HepaBeHCTBO 04eBuAHO. [Ipenmonoxum,
910 y # 0, ¥ TOCTPOMM 3J1eMeHT z € X Tak, 4Tobbl z = Ay u (z—z,y) = 0,
T.e. {z — Ay,y) = 0. Jua sroro Bozemem A = (z,y)/(y. y). Honyuum

0<(z—Ay,z— My) = (- Ay, 2) — Mz — Ay,y) =

= (& - My.2) = 2 = Ay, 2) = llz)? — (2. 9) /Iyl

orkyaa |(z,y)| < ||z [lyll- <
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Ipeanoxenne 1. Pynxyus r — ||z|| = (z.2)/® na npedeuavbep-
moeom npocmpancmee (Hopmasvho yoice HA3BAHHAR HOPMOT) ABAAETNCA
Hopmotli 8 embicae onpedeaenus 9 § 25.

> [TpoBepuM BLINOJIHEHHE AKCMOM HOPMBI:

1) (x,2)'/2 > 0. Ecn (z,x2)'/%2 =0, 10 = 0;

2) (,\x,,\gf)lﬂ A N2z 2) 2 = | zl);

iz +yl? = (z +y,z+y) = (z.2) + (z.y) + (.2) + (y.2) = [|z]|* +
+2Re (z,y) + [lyl2 < [l + 20|z} Iyl + ]2 = (2] + [y])? (szech Re z
— MeACTBUTEJIbHAA YacCTh YHCna z). <

TaxuMm 06pa3oM, Npearuas6epTOBO NPOCTPAHCTBO SBJIAETCA YACTHBIM
Cliy4aeM HOPMHMPOBAHHOIO NMPOCTPAHCTBA U JJIsi HErO CIPABEJJIMBBI BCE
TEOpEeMbl, JOKAa3aHHblE JJis HOPMHDOBAHHBIX MPOCTPAHCTB.

IIpeasoxxenue 2. B npedzuab6epmosom npocmpaHcmee cnpasediueo
MONCOECTNBO NAPAMMEAOZPAMMA

iz + y? + llz =y = 2(ll=]1* + lyll*)

U NOAAPUIAUUOHHOE mosicdecmeo

1 . . . .
(@9) = 7(llz + 9l =l = ylI® + illz + iyl = illo - ]?).
> ,ZIOKEBaTeﬂbCTBO NPOBOAMM HENOCpeICTBEHHBIM BBIYHCJ/ICHHUEM.

le+yl?+lz-yl>=@+y.z+y) +(z—y.z-y) =
=(r, )+ (y.2) + (z,9) + (y,9) +
+ (z.2) - (y.2) = (z,9) + (y,9) =
= 2(]|z)1* + llylI*)

Ananornyso,

[z +ylI* = |z — yl|* = 4Re(z,y),
llz + iyl|® - |z — iy||® = 4Im(z, y),

OTKyZJa CjiefyeT MOJIIPU3alMOHHOE TOXIECTBO. <

Cneacteue. Cxaasproe npoussedenue 00HOIHANHO ONPEIEARETNCA NO-
pooicdernoll um HopMmotU.

ToxAeCTBO MapaJsulesiorpaMMa SIBJISIETCH XapPAKTEPUCTHYECKHM CBO-
CTBOM HOPMbI, IIOPOXKIEHHOM CKAJIADHBIM IIPOU3BENEHUEM.
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IIpennoxenne 3. Ecau HOpMA 8 HOPMUPOSAHHOM npocmpancmee X
y0084emB0OPAEM MOAHCIECTEY TAPAMEADZDAMMA, THO HOPMYAQ
_1(y.. 2 24 SN2 g 112
(,9) = H(lle + 9112 = o = yl2 +dllz + i) = illz - iy])?)
onpedeasem na X CKaaapHoe npouldeéedenue, NoposHCcoaULee UCTOOHYI0 HOD-
my no gopmyae |z|| = (z,z)1/2.

ITo npelsioxKeHue Mbl He OyJeM HCIOIb30BaTh U HE MPUBOAUM €ro 10-
ka3arenbcrsa. HecMoTpst Ha Kaxxyluyocs 1pocToTy GopMyIUPOBKY, YTBED-
XjeHue He oueBuaHO. Hanpumep, Hy>KHO [IPOBEPUTD JTMHEHHOCTD YKa3aH-
HOrO BhIpaXkeHus o . Ho B npaBoil 4acTu BCe Claraemble He ABIAIOTCA
JIMHEHHBIMH ¥ TIPOBEPKA JHHEHHOCTH sIBAsieTCs Hanbosee NeUKATHOH 4va-
CTbIO JIOKA3ATENbCTBA.

Omnpenenenue 3. Bek1opHOE NPOCTPAHCTBO CO CKAMSPHBIM TPOHU3Be-
JeHueM, MOJHOe OTHOCHTENbHO HOPMBI (Z,T)'/?, HasbiBaerca zuavbep-
MO6bIM TIPOCTPAHCTBOM.

Ins 0603HadeHus TMABE6EPTOBBIX NPOCTPAHCTE OOBIYHO UCHOJB3YETCs
6ykBa H — nepBas 6yksa damunun Hilbert.

IIpocrpancrsa R™, C", la, L3[0,1] siBnsaoTCca ruisbepToBbIMEA PO~
CTPaHCTBaMH.

IIpocrpanctso C[0,1] noAHO M Ha HEM MOXKHO 33JaTh CKAJSAPHOE

i

npoussenenue (z,y) = [z(t)y(t)dt. Onnako 910 He runLGepTOBO MPO-
0

CTPAHCTBO — B ONpejesieHnH ruisbeproBa npocTpancTBa Tpebyercsa mos-
HOT3, OTHOCHUTEJIbHO HOPMBI, [TOPOXKACHHON CKATADPHBIM [IPOU3BEACHUEM, B
JAHHOM CJIy4ae 3TO HOpMa

1
lall = ( [l ae)”
0

U cBoiicTBa mosHOTHL Her. IlonHora mpocrpanctBa C[0,1] oTHOCHTENbHO
HopMbI max |z(t)] k 06Ccy>K12eMOMY BOMPOCY OTHOMIEHHS HE MMEET. U Mbi
YIOMHMHAEM 371eCh 3TO CBOMCTBO iJ1sl TOTO, 4TODBI IPeNOCTepedb YUTATENA
OT 4aCTO BCTPEYalolIeiicd OMmUOKH.

Teopema 1. ZJas 4106020 npedzuabbepmosa Npocmparcmed CYwecmey-
em NonoAHeNUE, ABAAOULECH 2UALOEPTNOBHM NPOCTIPAHCTIEOM.

> Ilycts Hy — npearunnbepTroBo MPOCTPAHCTBO. i Hero cyue-
cTByeT nonosnuenwe H Kak HOPMHPOBAHHOIO NpOCTPaHcTBa. [lockonbKy

14 3ak. 2937 209



CKaJIApHOe Npou3BeleHne B cuily HepasencTBa Komm — ByHskoBckoro
ecTb HenpepbiBHAas dhyHKUMA U Hy morHo B H, TO CKansipHOE Mpou3Be-
AeHue npojospkaercs Ha sce H x H mo menpepsiBroctd (cM. § 18). py-
CHMHU CJIOBaMHu, eciu .y € H, To Haiiayrca (z,,).(y.) € Hp Takue, 4T0

z = lim z,, y= lim y,. Toraa (z.y) := lm (z,,yn). <
n—o2Cc n—oc 71— 0OC

§ 30. OPTOI'OHAJIBHOCTD.
TEOPEMA O ITPOEKIINU

Ilycte H — npearmis6epToBO IPOCTPAHCTEO.

Onpenenenne 1. IBa BekTOpa x,y € H Ha3LIBAIOTCH 0pmMO20HAADL-
Howmy, ecin (z,y) = 0. OTHOwWeHKe opTOroHaaLHOCTH 0bO3HAYaerca TLy.

Omnpenenenne 2. Bektop z € H Ha3bIBaeTCA  OPMOZOHAALHBLM K
muoocecrney M C H (obosuavaerca zl M), ecnu (x, z) = 0 gns mo6oro
2z € M. MHO>XecTBO BEKTOPOB, OPTOrOHAJIbHBIX MHOXKeCTBY M, Ha3bIBAETCA
ero 0pMozoHaAbHbIM donoanenuem u obo3nayaerca ML,

JlemMma 1. Opmozonaavhoe JONOAHEHUE K A1000MY MHONHCECTNEY ABAA-
eMmCA 3CMEHYMBLM BEKTOPHBLM Tlodnpocmpancmeom e H.
> Hna moboro z € H 0603HayuM yepe3 L, ero opToOroHalbHOE JOMIOJI-
HeHue
Ly = {y € H| (z,y) = 0}.

Ecnu y1,y2 € Ly, T0 (2, A\1y1 + A2y2) = 0, T.e. L; — BEKTOpHOE NOLOPO-
crpancteo. Ecii y, € Ly u y, — Yy, TO, NEPEX0Asi K NpeJesly B PABEHCTBE

(z,yn) = 0, nonyuaem (z,y) =0, T.e. y € L,. Tak kak M+ = (] Lz, 10
TeM

M ects nepeceuenye 3aMKHYThIX BEKTOPHAIX MOANPOCTPAHCTB U NIOITOMY
CaMO $IBJAETCS 3aMKHYTBHIM BEKTOPHBIM TOANPOCTPAHCTBOM. <]

Onpepnenenne 3. Cucrema (T. €. IPOM3BOJILHOE MHOMKECTBO) BEKTOPOB
(bs) Ha3bIBaeTCs OpMO2OMAALHOU, €CJIM JIOOBIE ABa PA3JIMYHBLIX BEKTOPA
U3 3TOro Habopa OPTOrOHAJLHEI.

Onpenesnenue 4. CucteMa BEKTOPOB (€;) Ha3bIBAETCH O0PTMOHOPMUDO-
8anrodl, eCJIH OHA OPTOrOHAJIbHA M HOPMA KaXXJOro U3 BEKTOPOB CUCTEMBI
ecthb 1, T. €. ecmn
_s. {0 i#d
(Ei,ej) = 04 .= . .

1, i1=3.

[ToHsaTHE OPTOrOHAJILHOCTH BEKTOPOB JIEKHUT B OCHOBE ONHON U3 JpEeB-

HellIuX TeopeM.
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Teopema 1 (abcrpaxktHas Teopema Iludaropa). ITycme x1,...,Tn —
T

opmozonaavhutli Habop eexmopoe ua H u x = Y rg. Tozda
k=1

)2 = Z [EA

> HeHOCpeACTBeHHbIM BbLIMUCJ/ICHHEM NMOJYyYaeM

Izl = (z.z) = (ka,z.rk) = Z (zk,T5) =

k=1 k=1

n n
= (kzk) = ) 2kl <
k=1 k=1

C nonATHEM OPTOrOHAJILHOCTH CBA33HO TAKIKE [OHITHE NPOEKIIUHN BEK-
TOpa Ha MOAIPOCTPAHCTBO.

Onpenenenune 5. [lycts L — BEKTOpPHOEe NMOANPOCTPAHCTBO B IPeJ-
runbbeproBoM npoctpancTee H. IIpoexyued BeKTOopa T Ha L Ha3bIBaercs
BekTOp ¥ € L Takoii, uro (x — y)L L.

B ornnune 0T KOHEYHOMEPHOIO Cl1y4as B 6eCKOHEUHOMEPHOM NPOCTPaH-
CTBE CO CKAJAPHBLIM MPOU3BEIEHMEM MOXKET He CYIUEeCTBOBATH NMPOEKLUU
BEKTOPAa Ha BEKTOPHOE HNOANPOCTPAHCTEO.

Hanpumep, B npocrpanctse H = L3[0, 1] maoxectso P[0, 1] dynkumit,
SBJISIIOIIMUXCA MHOTOY/IEHAMH, SABJIAETCS BEKTODHBIM MOAIPOCTPAHCTBOM.
Bossmem ¢yuxumio z(t) = ef. [okaxkem, 4TO HE CYLIECTBYET MPOEKLAY
3TOi (byHKUMHM Ha BeKTOpHoe noampocrpanctso P[0,1]. IIpennosoxum,
YTO TaKas MPOEKUMs €CTh. JAPYrMMH CJIOBAMM, NYCTb CYILIECTBYET MHOTO-
4JjieH y(t) Takoif, 4TO Pa3HOCTb I —Y OPTOrOHAJIbHA JTI0OOMY MHOLOYJEHY.

7n
Torna, nonoxus T,(t) = 5. tk/k!, umeem (z — y,z, — y) = 0. Ilepexons
k=0
K Ipefielly B NOC/JeIHEM paBeHcTBe, nodyyaeM ||z — y||2 = 0, T.e. = y.
Tax xak e’ He sIBIA€TCA MHOTOYJIEHOM, TO TAKOE PABEHCTBO HEBO3MOXKHO.
3HAYUT, TAKOrO0 MHOTOYWIEHA Y(t) He CyUIeCTBYET.

Jononuurenbable TpeOOBaHKs MOJHOTHI NpocTpancTBa H u 3aMkHyTO-

cTH noanpocTpatcTBa L obecneunBarOT CyuIeCTBOBAHUE MTPOEKIIUH.

B cayuae niockoctn R? yTBep/enue U3 3jeMEeHTapHOM reOMETPUM O
TOM, 4YTO NEPHEHJHMKYJIAP KOpPOUe HAKJIOHHOI, ONMHUCHIBAET OJHO M3 BaXK-
HeMIIMX CBOMCTB NpoeKuuH. AHAJOTHMYHOE CBOMCTBO NOJydaeM B obuiem
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Clyyae: eCnM y mpoekuus anementa T Ha L, 1o |lxr — y|| < ||z — 1| ona
mioboro | € L, T.e. mpoeknusa y sBiaserca Ompkaiime#l Kk £ TOuKoi nox-
npoctpancTBa L. Texuudecku mpole q0Ka3aTh CHadasa CyIIeCTBOBAHHE
ONMIKAMINIero 3JIEMEHTA, a TIOTOM NPOBEPHTD, YTO OH SIBJAETCS HPOCKIHEN.
Jlemma 2. IIycms H — 2uavbepmoso npocmparcmeo, L C H — ezo
3amrHYymoe sexmophoe nodnpocmparncmeo. Tozda das mobozo x € H cy-
wecmeayem 8 L bauscatiwuti ¥ T saemenwm y € L, m. e. maxod, wmo

—yll =i <z - )
lz =yl llg{llx U<zl viel

> Iyers d = ligllw— Il. Ecom z € Lytod = 0n z = y. Ecin

z ¢ L, r0d >0 (ubo L 3amruyro B H). Ilo onpenenennio TOYHONU HUXK-
Hell TPaHyu CYIEeCTBYeT MMHHMH3UDYIOLIAsS NOCIENOBATENbHOCTD Yy € L,
T.€. TaKas NOCJIeA0BATENbHOCTD, 9TO ||z — yn|| — d. Ilokakewm, uto mo-
CJIEOBATENBHOCTD Yy, CXOLUTCA K MCKOMOH TOYKe. VICmonb3yst paBeHCTBO
[apajIe/IorpaMMa, HOIydaeM

0 < [lyn — ym”2 = (- ym) — (z = yn)”2 =

= —[l(z = ym) + (z = ya)|I* + 2llz = g |* + 2l|z — ym|® =

¥ +Ym “2
-

Tax xax (Yn + Ym)/2 € L, umeeM ||z — (yn + Ym)/2|| = d u, 3n24uT,

= 2z = yall? + 202 - ym|* - 4]0

0 < lyn = ymll® < 2llz — yall® + 2ljz — ym | — 4d° —

— 2d% + 2d% — 4d? = 0.

Takum o6pazoM, y, — mnocienoBaTenbHocTs Komu B mpocrpancrse H,
IPOCTPAHCTBO MOJIHO H, CJIEIOBATETHHO, OHA CXOAUTCHA K HEKOTOPOil TOUKe
y € H. Torma ||z —y|| = lim [z —-yn||=d <

n—=>oCc

Teopema 2 (o npoekuun). ITycms H — 2uavbepmoso npocmpancmeo,
L — ez0 3amxnymoe sexmoproe nodnpocmpancmeo. Jas awbozo x € H
cyujecmayem, u Npumom eduHcmeerHad, e20 nNpoexyua Ha L.

> Ilycte £ € H. Ecnu z € L, 70 y = T sBJIsIETCS1 €ro NPOeKIueii.
IIycrs « ¢ L. CoracHo Jjiemme 2, cymecTByer GmmKaimuuit Bextop y € L
TaKoi, 410 ||z — y|| = llleli ||z — | := d. TIpoBepum, 4TO BEKTOp Y ABIAETCA

npoekuyeit. BosbMeM npou3BObHBIA 3sieMeHT | € L M nmokaxkeMm, 4YTO
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(z — y,1) = 0. Ilo nocrpoesuio 3nemMenTa y umeeM Ans mwoboro t € R u
moboro | € L |z — (y + t)]|?> = ||z — y||?> = d?. O6osnauus = — y = z,
HOJIYYHM

lz—y—th||? = ||z — t||* = d* — 2tRe(z,1) + t*||I||> > d°.

3nauuT, a1 t € R cnpasenuso nepasencrso t2||1]|? — 2tRe(z,1) = 0, uro
HEBO3MOXHO, ecid Re(z,l) # 0. AHajlorHgyHOEe paccyKaeHue ¢ 3aMeHOd ¢
Ha it IPUBOOUT K TOMY, 4TO HMCIO (z,l) MMeeT HyJNeBYI0O MHUMYK) YACTb.
TakumM obpasom, (z.1) =0.

JloKarkeM eQMHCTBEHHOCTh mpoekuuu. IlycTs y; — Apyras mpoexius,
Ter=y+zuz=y +z,rmey.y1 €L, z.z1 € L. Tormay —y; =
=z —z € L*. Tockoabky y — 31 € L, T0 (y — v1,¥ — v1) = 0, oTkyza
y=y1- <

3amMeTum, 4T0 M3 €AUHCTBEHHOCTH MPOEKUHHU BLITEKAET €MHCTBEHHOCTh
6mmxaiiiero ajieMeHTa.

Caencreue 1. ITyemv» L — 3amxnymoe nodnpocmpancmeo 2uabbep-
mosa npocmpancmea H, L+ — ez0 opmozonaavroe donoanenue. Tozda H
pasagzaemca 8 npamyro cymmy H = L & LL, m. e. mobot sexmop = € H
NPeJCmaBAREMCSA, U NPUMOM eJUHCEERNIM 00pa30oM, 8 6ude T = Yy + z,
edey € L, z € L*. B nacmuocmu, 6 2uabbepmosom npocmpancmee A1060e
3AMEHYMOE TOONPOCTIPAHCTIEO uMeem, JONoAHERUE.

B cuny TeopeMbl O NPOEKIMH KAXKAOMY & € H CTapUTCH B COOTBETCTBUE
OJHO3HAMHO ONpee/ieHHas ero npoekuus y € L. Bo3uukaer orobpaskenue
Pr: H>z — y € L, KOTOpoe Ha3bIBAETCS OPMOZOHAABHOLM NPOEKTNOPOM
Ha HOINPOCTPAHCTBO L.

OTMeTHM HEKOTOPBIE CBOMCTBA MpoeKTopa. Py .

Caencteue 2. 1) Pp — aunelnwl ozpanusenmnll onepamop u
1Pl =1, ecau L # {0}

2) PLx=xnpux € L v Pz =0 npu z €Lt

3) P? = Py;

4) (Ppx.z) =(x,Prz). .z € H.

> CBoiicTBO 1) HENOCDPEACTBEHHO C/IEAYET U3 ONPEIe/ICHHs TPOEKIIUH.
Tockoneky ¢ = Pra+ (xr— Prx) u PraL(x— Ppx), no Teopeme ITudaropa,
| PLe||? + || — Prz||* = ||z||*. Otcroma || Prz|| < ||z]|, T.e. P, — orpanu-
yennblit oneparop u ||Pr|| € 1. Ec ke x € L, 2 # 0, o ||Prz|| = ||| u,
3HAYUT, TIOCTOSHHYIO 1 HEJIb3A YMEHbIUUTS, T.e. HopMa || PL|| = 1. n nony-
qaem cBoicTBO 1). CBOHCTBO 2) HENOCPEACTBEHHO CJIENYET U3 ONPEACTCHUSA
MpPOEKIIMH, CBOUCTBO 3) BBITEKAET U3 CBOMCTBA 2).
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Ocrasnocs noka3atsb cBoiicTBo 4). Jdns nobsix x, z € H cupaBeqmuse
passoxenus T = Prz +x,, z = Prz + 21, rae 1, 21 € L+, Torna umeem

(PL.'I,‘._Z) = (PLCL‘,PLZ + Z1) = (PLJ,', PLZ);

(z,Prz) = (PLx + 1. Prz) = (Prz, Prz),

OTKyZa moyiydaeM Tpebyemoe paBeHCTBO 4). <

Caencteue 3. /laa 4106020 3aMKHYMO20 8EKMOPHOZ0 NOONPOCTPAH-
cmea L zuavbepmosa npocmpancmea H cywecmeyem opmozonaavrwil
NPOEKMOP HA IMO NOINPOCTPERCME0, M. e. onepamop, obiadarousut ceot-
cmeamu 1) — 4).

3ameuanune. B nmpousBonbHOM GaHAXOBOM NPOCTPAHCTBE YTBEpPXKJEHHE O Cylle-
CTBOBaHUH U eAMHCTBEHHOCTH bin>Kaiiimero K  sjmeMeHTa M3 3aMKHYTOTO NOANPOCTPAH-
CTBa, aHAJIOTHYHOE JOKA3aHHOH BhIIIE jlemMme 2, Booblie roBops, He CIPaBelJuBO, T.e.
[JIsi TOYKHM NPOCTPAHCTBA MOXET CyUIECTBOBATbH MHOrO O/IMXKa¥IIUX JIEMEHTOB B 3a-
MKHYTOM MOANPOCTPAHCTBE, 3 MOXeT WX BooOwWEe He oKasaThcs. IlpuBegeM cooTBeT-

CTBYHKOILIHE TPpUMEDHI.

IHpumepsl.

1. Bosemem npocrpanctso R? ¢ nopmoit ||z]| = max{|z1],|z2|} u BBI-
Gepem nomnpocrpaucteo L = {(y1,0)} u Touky a = (1,1). Torna umeem
la —y|| = max{[l —y1],1} = 1 u ;gi la — y|| = 1. MuokecTBO TOUEK, AJIsT

KoTopeIx ||z — y|| = 1, ectb oTpe3ok Buma {y = (t,0)] — 1<t <1} C L.
2. B mpocrparcrse Cla.b] Bo3bMeM TOuKy To(t) = 1 1 momupocrpan-
crBo L = {z| z(0) = 0}. Torma lrelfL lzo — y|l = 1 u cymecrByeT mMHOro
y

dbyukunit y € L takux, uto ||xo — y|| = 1. D10 BCe byskuuu y € L, nas
KOTOPBIX BBINOMHEHO HepabencTBo 0 < y(t) < 2.
3. [Iycte X = ¢p — NpOCTPAHCTBO CXOAALIUXCS K HYJIIO TIOCJIEI0BATENb-
HOCTe#l ¢ HopMoit ||| = sup |zx| ¥ nycTb L — 3aMKHYTOe MOAIPOCTPAHCTBO
k

BHAA

L= {:c| T € cp: f(z) = ixﬂ"k = 0}.
k=1

TTokaxxem, uro ajs noboro x € L He cymectByer y € L Takoro, 4to
plz,y) = p(z,L). llyctb = € L u nycTb y €CTb NPOU3BOJILHBIH 3J1eMEHT U3
L. TTokaxkeMm, uTto B L cywecTByer aieMenT, boJiee OUM3KHiT K Z, T. €. TaKoi
g€ L uto [z —g|| < |z -yl = 1n,?x|xk — yk| := d. Be3 orpannuenus

OBLIHOCTH MOXKEM CUHTATb, 4To f(Z) > 0.
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BoCnonb30BABIIMCH TEM, YTO Ty — Yk — 0, BbIOEpEM HOMED 71 TAKHUM,
9ITO |Tm — Ym| < d/2. Ilyers €,, = (0,0....,0,1,0,...) € ¢g ecrtb mOCTE-
NOBATENbHOCTb, B KOTOPOH umncao 1 cTtouT Ha mecTe ¢ HOmMepom m. Pac-

CMOTPHUM 3JieMeHT z = T — Yy + (d/2)en,. Torgma ||z|| = d u npu arom
f(z) = f(z) + 2™~ 'd > f(z). [locTpoum Tenephb TpebyeMblil 371€MEHT
G {®),
f(z)
TonyuaeMm, 4To § nMpuHAMIEKUT L U IpH 3TOM
o _ f2)
o =7l = F=d < d,
f(z)

9TO ¥ TpeHOBaNOCH.

§ 31. PA3JIO?KEHIUE
[10 OPTOHOPMHUPOBAHHBIM CIICTEMAM

Ecnu (ex), kK = 1,...,n, ectb Habop JHHEHHO HE3aBHCHUMBLIX JJI€MeH-
TOB B M-MEPHOM IPOCTPAHCTBE, TO JI000H 3JEeMEHT NPEACTABJSAETCS B BU-
JIe CYMMbL T = Y Crek. J/iA HAXOXKAEHUs KOIDDHULHUEHTOB DA3JIOKEHHs]
HYZKHO PELUUTh CUCTeMY U3 1 JMHEeMHbIX anrebpanuecKux ypaBHEHHH, YTO
ABJIAETCH JOCTATOYHO CJIOXKHOM BBIMMCIMTEIbHOU 3aJavell mpu OOJbIIMX
n. Eciu xe cucrema (e;), k = 1,...,n, OPTOHOPMHUDPOBAHHASH, TO HMe-
€M O4YeHb TPOCTYI0 (hopMysay A/ BBIMMCIEHUSA KO3(hHUIMEHTOB pazso-
KEeHUs: ¢ = (T, ex). AHAIOTMYHYIO KaDTHHY UMeeM B GeCKOHEeYHOMEPHOM
IPOCTPAHCTBE — OPTOHOPMHPOBAHHBIE CHCTEMBI Hanbosiee yao0HbI 415 [o-
CTPOEHHUA PA3JIOKEHUM.

3anada, KOTOPYO MbI PACCMOTPUM B 3TOM naparpade, 3aKJI04aeTcs B
TOM, 4TOBbI BBISICHUTb, KO[Ja 3JEMEHT T B I'MIbOGEPTOBOM MpPOCTDAHCTBE

¢

H MOXHO NPEeJCTABUTL B BUAE CYMMBbI PAIA T = ) Ckek B CIydae, KOraa

k=1
(ex) — cuerHas opToHOpMHUpPOBaHHadA cucTeMa B H. [Ipenmosoxum, uro
oc
T = Z cLey. (1)
k=1

YMHOXHB cKaJIsapHO pageHcTeo (1) Ha e, nosy4yaem

oC
(z,en) = ) ckler.en) = cn.

k=1
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Omnpepenenue 1. Yucao ¢, = (z.e,) Ha3bIBaeTCd KxosPduyuenmon

¢
Qypve JIEMEHTA T 1O OPTOHOPMHPOBAHHON cucTeMe (e,). Pan 3 chen
Ha3bIBaeTCs1 padom Pypve sneMeHTa T. e
TaxuM 06pasoM, eciu 11l T BO3MOXKHO [TPeACTaBIeHre B Bue psaia, (1),
10 370 psig Dypre snementa x. B wactaocrn, ecim Y cpex = 0, T0 ¢ = 0,
T. €. BEKTOPHI €; U3 OPTOHOPMHUPOBAHHON CHCTEMbI JIMHEHHO He3aBHUCHMBbI.
Pan ®ypbe 6bl1 ornpemenex ¢GhopMabHO, MOITOMY Tpebyercs BbIsC-
HUTb, CXOOWTCA N pax Pypbe, wemy paBHa cyMma paga Pypbe u npu
KaKUX YCJIOBHAX CyMMa psga Pypbe O/ 3JIEMEHTa T COBIANAeT C .

Teopema 1. [Iycmv (ex) — OPMOHOPMUDOBAHHAA CUCTREMA 8 2UAb-
bepmosom npocmpancmee H, = — npouszsoavhuti sremenm, ¢, = (T, ex).
Tozda:

>0
1)uucaosoti pad Y. |ck|? cxodumcea, npunem cnpasedaiueo nHepasencmso

k=1
Becceas

o0
> lekl® < lzll?;
k=1

2) daa 40600 “UCA080T NOCAEOOBAMEAPHOCTNY Q) MAKOT, %Mo pPad

oc o0
Y |ak|? czodumes, pad 3. arex czodumca e H. B wacmmnocmu, daa ato-

k=1 k=1
ocC

6020 aaemenma T cxodumes pad Dypve Y. crek;
k=1
3) cymma pada DPypve ecmv NPOEKUUA IAEMENTA T HE NOONPOCTMPAH-
cmso L, nopoocdenroe cucmemots (e );
4) anemenm x € H pasen cymme ceoezo pada Pypve mozda u moavko
moada, Kozda cnpasediuso pasencmeo Iapcesars — Cmexaosa:

oc

2 2
D lewl® = li=)*.
k=1

mn
> 1). Paccmorpum wactanyto cymmy psaga Pypwe Sp, = Y cxey. Ilpo-
k=1
BEPHM, YTO PAa3HOCTh T — S, OpPTOroHajgbHa €4, j = 1,...,n. [eiicTeu-
TENbLHO,

(x — Sn.ej) = (z,€5) — ch(ek,ej) =c;j—¢; =0.
k=1
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3HauNT, B PA3JIOKEHNH JJIEMEHTA T B CYMMY

n
= cxer+(z—Sn)
k=1

BCe caaraembie opToroHanbabl. [Io Teopeme ITugparopa

Izl =" lexl® + lz — Sali?, (2)

k=1
w oc
orciona ¥ |ek|? < ||| Buaunr, pag Y pe, lck|? cxomurcs, npuyem copa-
k=1
oc
Be/IMBO HepaseHCTBO Beccenta S |ck]? < ||z)|2.
k=1
2). TlokaxkeM, YTO TIOCNEAOBATENLHOCTb YACTHYHBIX CYMM psja
n

Sn = Y apey ABNSETCA NOCNENOBaTENbHOCTHI0 Komn. s n > m umeem
k=1

n 2 n
”Sn— m”2=” Z akekH = Z ]ak|2—>0, n,m — oC.

k=m+1 k=m+1

oc
Tak xax npocTpaHcTeO H nOmHO, TO PAA, Y aker CXOIUTCHA K HEKOTOPOMY
k=1
3JIEMEHTy S, npnqu S NpUHAIJIEKUT MOANPOCTPAHCTBY L.

3). Iycts S = Z Crek, TOTaa

(=S, e;)=(z.e;)~(S.e5)=c;— > _crler.e;)=c;—c;=0.
k=1

T.€. BEKTODP T — S OPTOTOHAJIEH MOANPOCTPAHCTBY L, MOPOXAEHHOMY CH-
cremoii (eg).
4). Hepexo;m K Ipefiesly IpH N — 00 B paBeHCTBe (2), momy4aem

llz||? = kzl lex|? + ||z — S||?, oTkyna Bummo, uto paseucrso [lapcesans —

Crexnopa ||z|? = Z |ck|? sxBuBanenTHO TOMY, uTO ||[T — S| = 0, T.e€.
k=1

paBeHCTBY T = S. <

217



Caencrue. Ompesox pada Pypve obaadaem 3KCMpemarbHbLm C80T-
n
cmeom: ||z — Y crex|| = lin{ |l —1||, 2de L — nodnpocmparcmeo, noposic-
1 €
dewnoe e1,...,€n.

7
> Tak Kak 0Tpe3ok pana Pypoe Y cxey ABNAETCA NPOEKLMEN HA MOA-
1

npocTpaHcTBO L, To OH 06/1agaeT 3THM 3KCTPEMANbHBIM CBOMCTBOM (CM.
semmy 2 § 30). <

OcHOBHO BONMPOC 3aKJII0YAETCsl B TOM, 4TOObI BBISCHHTb, KOLAA JJIs
JaHHOM cucTeMbl 000 asiemeHT W3 H sBnsierca CyMmoi#l CBOEro psaja
Dypbe, T. €. KOTIA JaHHAA CUCTEMa, SBJIAETCS 6a3UCOM.

Bbraesum HEKOTOpbIE CBOMCTBA OPTOHOPMHPOBAHHBIX CHCTEM.

Omnpenenenue 2. OpTOHOPMUPOBAHHAA CUCTEMA (€ ) HA3LIBAGTCH MOK-
cumaabhol, ecid U3 Toro, uro (z.er) = 0 ans moboro k, cieumyer, uro
z=0.

W3 onpenenenus cpa3y BbIT€KaeT, YTO K MaKCHMaJlbHOH cucreme (er)
HEJIb3s [IPUCOEIMHUTDL IJIEMEHT Tak, YTOObI OH& OCTAJaCh OPTOHOPMHPO-
BAHHOI. DTO 03HAYAET, YTO TAKAs CUCTEMA SBJIAETCS MAKCAMAIbHBIM dJIe-
MEHTOM B MHOXKECTBE BCEX OPTOHOPMHPOBAHHLIX CUCTEM, KaK yIOpsiI04eH-
HOM MO BKJIIOYEHUIO MHOXECTBE.

Onpenenenne 3. CucreMa BeKTOPOB (€;) HA3BIBAETCA TNOAHOU, ECJIN
MHOXXECTBO KOHEYHbBIX JIMHEHHBIX KOMOMHALUN 3/IEMEHTOB CUCTEMBI BCIOLY
nioTHO B H (apyruMu ciioBaMu, eciy 3aMKHYTOE BEKTOPHOE MOATIPOCTPAH-
cTBO L, MOpOXKAEHHOE CHCTeMOl, coBnagaer ¢ H).

Teopema 2. Cauedyroujue c80lcmea OPMOHOPMUPOBAHHOU CUCTEMDL
(er) 8 suavbepmosom npocmpancmee H sxeusasernmmo:

1) cucmema asasemca bazucom;

2) cucmema (er) — MAKCUMAALHAR;

3)dan mobozo x € H ewnoaneno pasencmeo Ilapcesarsn — Cmex-

oC
|zl = 3 lexl*
k=1

4) cucmema noAHaR.
> 1) = 2). Yeuosue (z.ex) = 0 o3HayaeT, YTO BCe KOdDPHULIUEHTHI
oC

a06a:

Dypse snementa r Hyneeble. Torna z = Y cxer = 0.

k=1
fore)
2) = 1). DeMeHT y = T — Y Ckej IO TeopeMe 1 OpTOroHaJleH BCEM
k=1
00
ek, 3HaunT, y =0, T.e. £ = Y cpeg.
k=1

218



1) & 3) cneayer u3 yrBepxkaeHus 4) Teopemb! 1.
1) < 4) cnenyer u3 yrsepkAeHust 3) Teopemsl 1. <

3ameuyanue 1. OnpegencHue monHoOi cucremb! (OnpenesieHHe 3) HMeET CMBICI
LIS CUCTEM, He ABJIAIOIIUXCA OPTOHOPMHPOBAHHBIMHU, U [Jlsl CUCTEM B HOPMHPOBAHHBIX
npocrpancTsax. OTMETUM, 4TO, B OTJIMYHE OT CTY4as OPTOHOPMUPOBAHHBIX CUCTEM, s
NPOM3BOJIbHBIX JIMHEHHO HE3aBHCHMbIX CHCTEM M3 IOJIHOTbI HE CJAEAYeT, YTO CHCTeMa
sapnserca 6asucom Illayaepa.

Hanpumep, cucrema dbyukumii 1,t,t2,... B npocrpancree L2[0, 1] suneiino nesapu-
cuMma u noasa. Ho oHa He siBisieTcst 6a3ucoM B 3TOM mpocTpaHcrse. JelicTBUTeNbHO,
ecan pyHKUUA T PA3/araeTcs B Psig MO 3TOi cucTeme, TO OYHKUHUSA T aHATHTHYECKas.
Ho B npocrpanctse L2[0,1] ecTb byHKUMH, HE SBIAIOMHKECH AHATUTHYECKHMH,

W3 uerbipex CBOHCTB OPTOHODMUPOBAHHBIX CHCTEM, PACCMOTPEHHbLIX B
TeopeMme 2, AN KOHKPETHBIX CUCTEM Yalle BCero yadaeTcd NpOBEPpUTbL HMEH-
HO CBOHCTBO MOJIHOTHI.

3ameuanue 2. [lockoabKy yKa3aHible B TeOpeMe 2 CBOWCTBA OPTHOHOPMHPOBAH-
HOit CHCTeMBbl 3KBHBAJIEHTHBI, HHOTAA MCIONIb3yeTCs Apyras TepMuHojorusi. B wactHo-
CTH, B HEKOTOPBLIX KHMraxX CBOHCTBO MAaKCHMAaJIbHOCTH HA3bIBAKOT CBOHCTBOM MOJIHOTHI.

B eBK/1110BOM [IPOCTPAHCTBE CYLIECTBOBAHNE OPTOHOPMHPOBAHHOrO Ha-
3HCa JOKa3bIBAELTCA C IIOMOIIBLIO NMPOLECCA OPTOHOPMAaIN3aLlUN IPOU3BOJb-
Horo Oa3uca. B cny4dae 69CKOH€“IHOM€prIX NIPOCTPAaHCTB BO3MOX>XHBI aHa-
JIOTHYHBIE [TIOCTPOECHHUA.

Teopema 3. Jas mozo, wmobw 8 2uavbepmosom npocmparncmee H
CYULECTNB06AAA NOAHAA CHEMMHAR OPTLOHOPMUPOSAHHAA CUCTIEME, HEODTO-
dumo u docmamouno, wmobv. npocmpancmso H 6oao cenapabesvhvim u
becKkoHeyHOMEDHBIM.

> Heobxoaumocts. Ilycrs (e;) — mosiHasi OpTOHOPMHPOBAHHASA CHCTe-
Ma B runbbeproBoM npocrpancree H. Ilpoctpancrso H GeCKOHEYHOMEDHO,
Tak Kak (er) — GeckOHeuyHAsl JIMHEMHO He3aBUCHMAast cucrema. /lns mpo-
BEpKHU cenapabesibHOCTH HOKAXKeM, ITO MHOKECTOB KOHEYHbIX CYyMM BHIA

n

{ 3 qrex: gk € Q} SIBJIAETCA CYETHBIM M BCIOZY NJIOTHBIM MHO>KECTBOM.
k=1

JleiicTBHTE/IbHO, MHOXKECTBO KOHEYHbIX HabOpOB (¢1,...,gn) PALUOHAJL-

HbLIX 4YHCeJd CYE€THO U 06'be;mnenne 0 N CHETHOro 4ucjia CHYETHbLIX MHO-

’ecTB cyeTHO. Bo3bMeM € > 0 n MOKaXKeM, YTO B £-OKPECTHOCTH ITPOHU3-
n

BOJIbHOH TOYKM T UMEIOTCS TOUKH BHAA Y grek. 110 ONpPEeeIeHUI0 TOIHO-
1
ThI CUCTEMBI (e ) It € > 0 cylecTByeT KOHEYHad JIMHEHHAsA KOMOHHaus

N N
5" crex Takas, 4TO ||:l: -y ckek” < £/2. Jaliee MOXKHO Il KaXKIOI0 M3
k=1 k=1
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qMcell ¢ BbIOpaTh PALMOHANILHOE YHCIHIO Tk TaK, 4TOOBI |1 — ck] < /2.
Torna

N N
T S Y S
k=1 k=1

N
+H Z(Tk - Ck)ekH <e/2+ N-€/2N =¢.
k=1

Hocraroynocrs. [Iycrs H cenapabenbHo u 6eckoreusomepHo. Bozpmem
B H cyeTHOe BCIOAY NJIOTHOE MHOXKECTBO (2,,)5% ;. Bribepem noamocnenosa-
TEJILHOCTD Ui, Y2, .., NOJYYEHHYIO U3 NOCJIEAOBATENBHOCTH 2, BbIOpach-
BaHMEM 3JIEMEHTOB, KOTODHIE JIMHEHHO 3aBUCAT OT npeasiayumx. Ilocrpo-
€HHas cucTeMa (Yx) JMHEHHO He3aBUCHMA, OeckoHeyHa M nonHa B H, Tak
KaK BCIOAY MJIOTHOE MHOKECTBO (Zn) COCTOMT M3 JIMHEHHBbIX KOMOMHALuMil
3JIEMEHTOB Y.

Onuwem tenepb npouyecc opmozonasudayuu I'pamma — Ilmudma:
yKaXKeM, KaK [0 IOJIHOH JIMHEHHO He3aBHCHMON cucreme (yk) MOCTPOUTH
[OJIHYI0 OPTOHOPMHUPOBAHHYI0 CUCTEMY.

Tonoxum e; = y1/||y1]|. 3arem BoiGepeM €5 B Bude €5 = Y2 — aey, Tae
MOCTOAHHYIO @ HaliaeM u3 ycnoBus (e5,e1) = 0. Orcioaa (yz — aer,e1) =0
ua=(y,e) Hanee e; = e,/|ebl| IIpomomxas mocTpoeHye mo MHIYK-

n—1
LMK, TI0JIAraeM e, = Yn — kz Ckek, e ¢k = (Yn.€x) U e, = el /]lenll-
Ioctpoennas cucrema opTOHépMHpOBaHa no mocrpoenuoo. Tak Kak
n—1
Yn = enlielll + D cker, TO nuHeiiHble KOMOMHAILMK 3J1eMEHTOB M3 (ey)
=1
o6pasyor BC]O,U,ykrI.TIOTHOG MHO€CTBO. 3HA4YHUT, MOANPOCTPAHCTBO, IIOPOXK-
zenHoe (e, ), coBnajaer co BceM H u no teopeme 2 (e,) — momHas opro-
HOPMHPOBaHHAs CUCTEMA. <
W3 jnoxa3aHHON TeopeMbl MOMy4aeM CIeAyrumi (yHIaMeHTaIbHbIH

pe3yJIbTaT.

Teopema 4. Bee cenapabeanvrnie beckonenHomeprbie 2uaibbepmosst npo-
CIPAMCINGE USOMEMPUNECKY U3OMOPPHHBL Mencdy cobol.

> JIocTaTo4HOo MOKa3aTh, YTO NPOU3BOJIbLHOE HECKOHEYHOMEPHOE Cemna-
pabenbHOe THILOEPTOBO MPOCTPAHCTBO H M30MOpPGHO MPOCTPAHCTBY
lo. Buibepem B npocrpancree H 6a3uc (ex). Kaxnomy snementry =z € H
[OCTABUM B COOTBETCTBHE MOCJIEN0BATENbHOCT uncesn & = (o) — koad-
duumentos Oypbe snemenra 1o 6a3ucy (ex). B cuimy reopembr 1 umeem
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OC
Y 12%[* < +oc. T e. nocnenosarenvhocTs & € lp. Takum o6pa3om, mo-
1

crpoeHo orobpaxenue J: H — Iy, Jr = £. OueBugno, yro J nuneitno.
Papencreo [lapcesans — Creki0Ba B yKa3aHHBIX 0003HAUEHHUAX UMEET BU
[[Jz|| = ||z||, T. e. onepaTop J nzomerpuveckuii. 113 yrBeprkaenus 2) reope-
MbI 1 osyyaeM ClopbekTuBHOCTS J. Taknm obpazowm, oneparop J aBasercs
M30MeTPUIECKUM H30oMOpdu3Mom Mexay H u ly . <

IIpumep. Ipocrpancreo L]0, 1] nsomopduo npocrpanctsy l2, Tax
Kak OHM oba HGeckoHeyHOMepHH U cenapabenbHbl. [10 KOHCTPYKLME MpO-
CTPAHCTBO lg ABJISIETCH HEMOCPEICTBEHHBIM 0600ILEHHEM KOHEIHOMEDPHOTO
€BKJIMJOBA MPOCTPAHCTBA ¥ B HEM II0 aHAJIOTMH C KOHEYHOMEDHBIM CIy4a-
€M MOXXHO C(HOPMYJIMPOBATh U JOKa3aTh Psj, CBOMCTB.

B cuny usomopdu3ma Taxue ke CBONCTBA UMEIOTCH M Y MPOCTPAHCTBA
L,[0,1]. Taxum o6pasoM, npoctpaHcTBO GyHKuUmA Lo[0, 1] MoxkHO pac-
CMAaTpHUBATb KakK 6eCKOHe“IHOMepHOG EBKJIMJA0BO IIPOCTPAHCTBO U HUCIOJb-
30BaTh IIPU €r0 U3YUYEHUM [eOMeTPHYECKHE NPEACTaBIIeHHA U reoMeTpuye-
CKYI0 MHTYHLHUIO.

B kauecTBe BTOPOTO CJI€ACTBUS U3 TEOPEMBI 4 MOXKHO MOy YHTh HOBOE
JI0Ka3aTeJILCTBO TEOPEMbl O NMPOEKIUH JJIf cenapabesbHbIX MPOCTPAHCTB.
s sroro B noxnpocTtpascrse L cenapabenbHoro npocrpancrsa H BbI-
GepeM opTOHOpMMpOBaHHy10 cucteMy (er). Toraa, cornacHo Teopeme 1,
cymma psga Oypbe 3j1eMeHTa T eCTh IPOEKUUsT I Ha HOANPOCTPaHCTBO L.
OrMmeTuM, 4T0 B JOKA3aTeJbCTBAaX TeopeM 1 — 3 TeopeMa O MPOEKLUM He
HCIIOJIb30BAJIACD.

§ 32. I[IOJIHBIE OPTOHOPMNPOBAHHBIE CUCTEMBEI
B KOHKPETHBIX [TPOCTPAHCTBAX

1. B npocrpaHncTBe l3 paccMOTpUM CHUCTEMY 3JIEMEHTOB € BUAA
ex = (0,...,0,1,0,...), Kk = 1,2.... . O4eBUIHO, YTO CHCTEMA OPTOHOP-
muposaHHasda. [IpoBepuM ee makcumanbHOCTh. [lycTh © = (21, 22....) € I3
n (z,er) = 0. Tak kak (z,ex) = 2k, noxy4ae™, 4o * = 0. ITo mpocTeii-
Y IPUMEP [OJIHOHA OPTOHOPMHPOBAHHOM CUCTEMBI B GECKOHEYHOMEPHOM
rUIb6GEPTOBOM MIPOCTPAHCTBE.

2. B npocrpanctse La[—1, 1] K1accu4ecKuM NpuMepOM OPTOHOPMHUPO-
BAHHOH CHCTEMBbI ABJIAETCS TPUTOHOMETPUYECKAs CHCTEMA

1 . .
—=, cos7t, sinmt, cos2mt, sin2wt.... .

V2
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OpTOHOPMUPOBaHHOCTb CUCTEMBI [IPOBEPSETCS HEMOCPEACTBEHHBIM BbIYHC-
nenneM. Hanpuwmep,

1
/Sin krtsinnmtdt =
21
1 / 0, k
=3 /[cos(k — n)7wt — cos(k + n)mt] dt = 1: . i Z’

-1

IIpoBepyuM MOMHOTY 3TON CHCTEMBI, T.€. IMOKAXKEM, YTO MOANPOCTPAH-
c¢tBO0 L, NOpPOXKIEHHOE TPUrOHOMETPHUYECKOH CHUCTEMOH, COBIAJAeT CO
Bcem npoctpaHcTBoM Lg[—1,1]. Bocnomb3yemcs Teopemoii Beitepuirpac-
ca 0 TOM, YTO J0YI0 HEOPEepLIBHYIO MEPHOAMYECKYI0 (DYyHKLHIO MOXXHO
PaBHOMEPHO NPUOIM3UTh TPUTOHOMETPUIECKMM MHOT'OYJIEHOM, T. €. JINHe-
Ho#t koMOuHauueil GyHkuuii U3 paccMarpupaemoil cucrembl. Ilo Teope-
Mme Beitepurpacca HempepbiBHbIE (DYHKLMM, YAOBIETBOPSIOUIKE YCIOBHIO
u(—1) = u(1), npunaamexkar 3amkHyTOMY moanpocrpascrsy L. Ho Takue
HenpepbiBHbIe GYHKIMHE 06Pa3yIoT BCIOAY NJIOTHOE MHOXKECTBO B La[—1,1],
oTKyza cuexyer, 4o L = Ly[—1,1].

Koadduiuents: npu pasnoxerun byHKINM T 10 cucteme 1/ V2, cos t,
sint, cos27t,... 0603HA4AIOTCA COOTBETCTBEHHO ag,a1,b1,a9,... . [Ipu-
MeHss TeopeMy 2 § 31, nosydaem, uTo mobast dyHkuus us Lo[—1, 1] pas-
JIaraeTcA B KJIACCUYECKHUT TpuroHoMeTpudeckuii psag @ypbe, KOTOPBIH CX0-
[UTCS 1O HOpMe mpocTpascTa Lo[—1,1]:

ao

V2

z(t) = + aycoswt + by sinwt + aycos 2wt + by sin 2wt + ...,

rue

Q
S
I
Le—
8
N
&

1
On = /z(t) cosnrmtdt, b, =

~1

z(t) sinnntdt,n =1,2,... .

Le—

Takum o06pa3oM, BOMPOC 0 CXOAMMOCTH psana Pypbe o HOPME Hpo-
crpaHctBa Lg[—1,1] pemaercss goctatodno ssiemeHTapHo. B kiaccude-
ckoit teopun psnoB Pypbe OCHOBHBIE BONPOCH! CBSA3aHBI C BBISICHEHUEM
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YCJIOBHI HA (PyHKUHIO, IPH KOTOPBIX psia Pypbe CXOUUTCA B APYTHUX CMbIC-
JlaX, HaIPHMEDP CXOAUTCS TOYEYHO WM PABHOMEPHO.

3. B npoctpanctee L3[0, 1] paccmoTpum cuctemy dynkmuii {27k},
k =0,£1,42,... . Boruucsisia nonapHbie CKaJIsipHble IPOU3BEAEHUS, MO~
Jy4aeM
1
/eiZﬂkt ei2mnt Jp — 0, k#mn,
1, k=mn,

0

YTO O3HAYAET OPTOHOPMHUPOBAHHOCTD 3T0i cuctembl dyHkuuit. Tak kak no
¢opmynam Diinepa
ei27rkt + e—i?n‘kt e'i21rkt _ e-—i?wkt
cos2rkt = — | sin27rkt= ——M—— |
2 2i

TO JHUHENHble KOMOMHAIMY GYHKLKA PACCMATPUBAEMON CHCTEMbBI COAEP-
JKAT CHHYCbI M KOCHHYCBI M OHH 06pasywr Bciogy maorHoe B Li[0, 1] muO-
JKECTBO. 3HAUYUT, PACCMATPUBAEMAsS OPTOHOPMHUPOBAHHAS CHUCTEMA [OJHA
u mobas Gpynkuus z € Lo[0, 1] pa3naraercs B psaa

+oc
(E(t)‘—" Z Ckeﬂﬂ'kt, (1)
k=—oc

1
roe ¢, = [ z(t) e~127kt dt npudeM psif CXOOMTCS MO HOPME NPOCTPAHCTBA

0
L5[0,1]. Pag (1) Ha3biBaeTca mpuzoromempuieckum padom Pypve 6 xom-
naexcHot gopme.
Eciiu BBeCTH KOMILIEKCHYIO IEPEMEHHYIO z = ™" 10 (hbYHKUHUS &, KaK
byHKIMA NepeMeHHOH z, IPUHAAJIEXUT pocTpancTsy Lo(S!) Ha enunmu-
Hoit okpyxuoctu S1. IIpn stom pan (1) 3anuceiBaeTcss B BHIe

2wt

u 1o opMe COBNAAAET C PACCMATPUBAEMBIM B T€OpHH PYHKLKH KOMIIEKC-
HOM mepeMmeHHON psazoM JlopaHa. 9TO 3aMedaHHe NO3BOJAET YCTAHOBUTH
HHTEpECHbIE CBS3Y TeOpHH PAA0B Pyphbe ¢ TeopHeil aHATHTHIECKHX PYHK-
uuii. Hanpumep, psan EZ:B cxz® cxomures npu |z| < 1 K HexoTOpO# aHa-
satnyeckoit bynkumn ¢t (z), pan Z,;l_oc cxz® cxomurea mpu |z| > 1 K
aHauTHYeCKON yuxuuu ¢~ (z). Bosmuxaer npencrasnenue yHKUKH
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u3 npocrpancrsa La(S!) B Buse Pa3sHOCTH rPaHAYHBIX 3HAYEHHH aHAIH-
Tuyeckux byHKumi: w(z) = ¢ (z) + ¢~ (2).

4. Cucrema GyHKImit l,t,tz, ... JUHEHHO HEe3aBUCHUMA, HO HE OPTOro-
HasbHa B La[—1,1]. Ucnosb3ys npouece OpTOHOPMANU3aLHy, ONHCAHHbIH
B TeOopeMe 3, oJiyvyaeM OPTOHOPMHPOBAHHYIO MOCJIEA0OBATENILHOCTS MHOIO-
ienos Py(t), Pi(t).... . Dta cucrema mosHas, TaK Kak [TOPOXIECHHOE €10
3aMKHYTOe NOAIPOCTPAHCTBO CoBmamaer ¢ Ly[—1,1].

JeiicTBuTenbHo, HenpepbiBHble GyHKUME 00pa3yioT B IPOCTPAHCTBE
L,[0,1] Beiony miotHoe MHOMecTBO. CorsacHo Teopeme Beitepmrpacca,
no6as HenpepbiBHas byHKUMA HA oTpe3ke [—1, 1] Moxer 6bITh paBHOMED-
HO MpHONM’KEHA MHOTOYJIEHOM, & JI000H MHOrO4JIEH fABJIAETCA JIMHEHHOMH
KOMOMHAUKEH IOCTPOEHHBIX MHOrO4IEHOB P, (t).

Hast mHorounenoB Py, (t) MoxHO nony4uuts (opmyny Poapuro

v2n+1 d”
P'n,(t) - Tl|2"\/_ dtn

SDTH MHOTOYJIEHBI IMIIb IOCTOSHHBIMU MHOXKUTENISMH OTIMIAIOTCA OT MHO-
rouJieHoB JlexaHapa, MMEeOLIUX BU,
n
1 4, n
—_— (t*—=1)™
nl2n dgn

B npwiokeHusx dalne UCosb3yoTcs MHoro4ensl Jlexkanapa. Takum o06-
pasoM, mobas byukuus ¢ € Lo[—1,1] pasnaraercsa B paj

)= aLi(d),
k=0

—(#-1)", n=012....

L,(t) =

rae
1

2k+1
Ccr = + /:L' ) L (t) dt,

-1

M P cxoautesa no Hopme La[—1,1].

Ecin pacemorpers npocrpanctso Laz([—1,1], 1) ¢ apyroit konewHOM
Mepoii, TO B pe3ysbTaTe OPTOrOHAJU3ALMH II0CJIeI0BATEIbHOCTH CTENeH-
HbIX bYHKUMII TOJYYUM ADPYTYIO TOC/IEA0BATENEHOCTE MHOTO4JIEHOB, OPTO-
FOHAJIBHBIX OTHOCUTEJIBHO COOTBETCTBYIOIErO CKAJIAPHOrO IPOU3BEAEHNUS.
Bruibupasa mMepy cnenpasibHbiM 06pa30M, TAKUM cocoO0OM MOXKHO IOCTPO-
UTb Pa3/IMYHbIE THNbI APYTHX T. H. “KJIACCHYECKUX OPTOrOHAIBHBIX MHOIO-
4JIeHOB”.
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5. B npocTpancTBax ¢pyHKIME ABYX [I€pPEMEHHBIX TIOJHBIE OPTOHOPMHU-
POBaHHbBIE CUCTEMBI MOYKHO CTPOUTH C IIOMOMIBIO CJIEAYIOLICIO YTBEPXKIe-
HHS.

Teopema 1. ITyemv (X, px) u (Y,uy) — npocmpancmea ¢ mepamu,
P — TOAHAR OPTROHOPMUPOBANHAA nocaedosamenvHocms 8 Lo( X, ux) u
Pp — NOAHAS OPTMOHOPMUPOBAHHKAA nocaedogamesvrocmd 6 La(Y, uy ). Ha
npousaedenuu Z = X XY paccmompum Mmepy iz = px X gy U coomeem-
cmesyrowee npocmparemeo Lo(Z, nz). Tozda pynxuuu euda enk(z.y) =
= en(@)r(y), k,n=1,2,..., 06pa3yom noaxY0 0PMOHOPMUPOSAHHYIO
cucmemy 6 Lo(Z, pz).

> IIpoBepuM OPTOHOPMUPOBAHHOCTD CHCTEMBI {€nk}:

/ enk(@:9) Emi(@,7) duiz = / (@) Pma(@) i

4 X

1. n=m, k=1,

X /'ﬁbk(y) 1/’!(:’-/) d/J'Y = OnmOn = {
7 0, n#m um k # L.

[IpoBeprM MaKCUMAJIbHOCTb CUCTeMBI {enk }. Ilycts f € Lo|Z, uz) u dbyHk-
s f OpTOrOHANbHA BCEM €nk, T. €. s mobbix n u k

[t e@vt duz= [ ( [#@.vionta) dux )3 duy =0.
A Y X

Tax Kak cucrema 1x nonHa B Lo(Y, uy), To nony4yaem npu ¢ukcupo-
BaHHOM 7, 9TO dbyHkuua fr(y) = f F(x,9)n(z) dux = 0 noutn ana Beex

y. [Tockoabky cucrema ¢y, NoHA B Lo(X, ux), NOYTH OJis BCEX T UMEEM
f(z,y) = 0. Hostomy [ |f(2,y)|?dux = 0 nouru 417 BCeX y U NO Teopeme

X

Z/|f(xsy)|2d#2=!()[lf(x,y)IQduX)d,uy =0.

3uaquT, f = 0 u cucreMa {enr} MakcuMasbHa. <

Dy6unu

15 3ak. 2937



['VIABA V
JINMHEMHBIE OIIEPATOPEI

§ 33. [IPOCTPAHCTBA JIMHEMHBIX
OrPAHNYEHHBIX OITIEPATOPOB

Ilycte X u Y — HOpMHpOBaHHBIE IPOCTPAHCTBA. PaccMOTpUM MHOXKe-
ctBo LB(X.Y'), cocTosiee u3 Bcex JUHEMHBIX OrPAHUYEHHBIX ONIEPATOPOB,
aeiicrByomux u3 X B Y.

Ecim A,B € LB(X,Y), 10 cymmoti A + B oneparopos A n B na-
3BIBAETCA OIEPaTop, aAekicTByromwmit no gopmyne (A + B)(z) = Az + Bz.
Ipoussedenuem oneparopa A Ha 4uCiI0 A Ha3blBaeTCs oneparTop AA, neii-
crByomuii o opmyne (AA)(x) = AAzx.

HanoMunm, 4To A/ OrpaHMYeHHOTO JIMHEHHOrO ONepaTopa HOPMa
|All = sup ||Az| 6b1a BBeAena ¢hOPMAIBLHO H BONPOC O TOM, YTO OHA SIB-

llzll=

JISIETCST HOPMOM B CMBICJIE€ ONPENEJIEHNS HOPMbl HA BEKTOPHOM NPOCTPAaH-
cTBe, He 0OCYy XK aJICs.

Teopema 1. Muooicecrneo LB(X,Y) ¢ sgedennvimu onepayuimu cio-
HCEHUA, YMHONCEHUA HA YUCAO U HOPMOT Onepamopa 00pa3yem HOPMUpO-
6AHHOE GEKMOPHOE TPOCTNPAHCMEO.

Ipocmpancmeo LB(X,Y) noano, ecau noano npocmparcmeo Y.

> To, 4TO BBeAEHHBIE ONIEPALUY HE BBIBOIAAT U3 MHOXKECTBA JINHEHHbIX
oTobpakeHuii, spngerca obwuM dakTom. JdeiicTBUTENBHO,

(A+ B)(z1 + 22) = A(z1 + x2) + B(z1 + 22) =
— Az1 + Azo + Bxi + Bzs = (A+ B)(z1) + (A + B)(z2)

U, 3Hauut, A + B — aaauTusHetl oneparop. Ananoruuso (AA)(ux) =
= MiA(z) = pl(AMA) (@),
IIpoeepum, utro A + B — orpaHuyeHHbIi omeparop. eicTBUTeNbHO,

(A + B)(x)| = Az + Bz| < [|[Az]| + || Bz|| <

< [zl + 1B =l = (LAl + 1Bl llll-

CnenosaTenbho, onepatop A+ B orpanuden u ||A+ B|| < ||Al| +||B]l, r.e.
JIJ11 HOPMBI OTIEPATOPA CIPABEJJIHBO HEPABEHCTBO TPEYrOJbHUKA.
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Hyneso# onepatop (0z = 0) ABAsieTCst HYNEBBIM 3JIEMEHTOM B BEKTODHOM
npocrpauctse LB(X,Y). IlpoBepum ocTadbHble aKCHOMbBL HOPMBI.
Ecau || A]| = 0. To [|Az|| < 0 |lz]|, T.e. [[Az]| = 0 u, 3nauut, A = 0;

IAA] = e [Az|| = sup [A[-[|Az]| = [A] - [|A]].
ol

ll=1 |z||=1

Takum obpasom, LB(X,Y) — HOpMUDOBAaHHOE IPOCTPAHCTEO.

IIycrs Y — GanaxoBo mpocTpaHCcTBO. JloKaxeM, 4TO J1:00as MOCjeno-
BatesbHOocTs Komm A, B npocrpauctse LB(X,Y) cxoaurca. Bossmem
z € X ¥ pacCMOTpPUM IOC/IeA0BATeIbHOCTE 00pa3oB y, = Apx. Tak kax

lyn — vmll = [(An — Am)z|| < [|An — Am]l |lz]| — 0, TO yn — nocue-
mosaTenbHocTs Komu B mpocrpaHcTBe Y M, 3HAYHT, CYyUIECTBYeT mpeded
lim y, = y. Onpenenum oneparop A, nonoxu Ar = y = lim A,zr.
n-—oC n—2oC

IIpoBepuM, 4TO MOCTPOEHHBII ONEPATOP JIMHEHHBIH H OrpaHUYEHHBIH H 4TO
|4, — Al — 0.

U3 pasencrBa A, (Az1 + Agx2) = M Anx) + A Anz2, mepexols K mnpe-
aeny, noaydaeM A(Ax; + A2xza) = A Az + A Axs, T.e. A — nuneiinbIi
oneparop. Tak Kak nocieaoBarejbHOCTh KoM BCerma orpaHuyeHa, TO
CYLUeCTBYeT mocTosiHHaA ¢ > 0 Takas, 4to ||An|| < c. Ilosromy, nepexons
K npezeny B HepaseHctse ||A,z| < c|z||, nonywaem ||Az| < c||zf, T.e.
A — orpanguenHblil oneparop. Bo3sMeM £ > 0 u HaiineM Do HEMY T Tak,
4T06bI IPH T, M > Mg BBIIOJHAJIOCH HEpaBeHCTBO || A, — Ap| < e. Torna
|Anz—Amz| < ellz]. Ilepexoas B 3TOM paBEHCTBE K NpPeJesy IPH M — 00,
nonyqaem ||Anz — Az|| < €llz||, . e. ana n = no umeem ||A, — Al < €. <

ToBopsT, YTO MOCIEAOBATENBHOCTL OneparopoB A, € LB(X,Y) cxo-
dumca x onepamopy A € LB(X,Y) no nopme, ecnu ||4,, — Al — 0.

Ectu A: X - Y u B:Y — Z — nuHelinble onepaTopsl, TO UX TPOU3-
eedenuem HA3BIBALTCHA MX KOMIIO3HLIUA KaK OTOOpakeHUil, T. €. OnepaTop
BA, onpenenennsiii pasedctsom (BA)(z) = B(Az). 910 npousseieHue
apjsercs oneparopoM u3 X B Z. Ecimm Z = X, 10 onpeneneHo U npousse-
JieHHue OmepaTopoB B 06paTHOM nopsake AB.

Teopema 2. IIycmv A € LB(X,Y), B € LB(Y,Z), 20e X,Y,Z —
HOpMUPOBatbe npocmpancmea. Onepamop BA asazemca ozparurnentbim
aunetinom onepamopom us X 6 Z u ||BA| < ||B|l [|A]l-

Onepayus YMHONCEHUA OTLEPATNOPOS HETLPEPHLEHE OTNHOCUMEALHO HOD-
Mbt, M. €. ecau A, — A u B,, — B no nopme, mo B, A, — BA no nopme.

> JIuneiiHoCcTh Npou3BeAeHuUs JIMHENHbIX 0TOOpaXKeHHi OYeBUIHA.
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Ansa x € X nony4daem
(BA)(z)ll = [| B(Az)|| < |BI| [l Az|| < | BIl | All llzt,

T.€. ;Ui onepaTopa BA BBINONHEHO HEPABEHCTBO OIPAHMYEHHOCTH C MO-
crosaHoit || Bl| || All. 3nauut, ||BA|| < || B]} ||All-
OueHnM HOpMY Pa3HOCTH

“BnA'n - BA” = “Bn(An - A) + (Bn - B)A” <

< |Bnll [|1An — All + || B, — Bl || All-

Tak kax |4, — A|| = 0 u ||B, — B|| — 0 u nocinegosarensHocTs || B, |
orpauuyeHa, nonyyaem |[Bp A, — BA|| — 0. <

PaccMoTpuM HECKONBLKO TIPHMEPOB CXOAAIIMXCS [TOCIEA0BATEIbHOCTEH
OIEPATOPOB.

IIpumepsr

1. Ilycrs nocaenoBarensHOCTh byukimit Ky (£, $), OlpeaeneHHbIX 1 He-
npepeIBHBIX Ha KBaaparte [0, 1] x [0, 1], paBrOMepHO CxomuTesA K DyHKUMK
K(t,s). Toraa nocnenosaTenbHOCTh MHTETpANLHBIX oneparopos B C[0, 1]

1
Anpz(t) = /Kn(t,s)x(s) ds
0

10 HOpMe CXOIUTCA K UHTErpaJibHOMY OIEepPaTopy

1
Azx(t) = /K(t,s):c(s) ds.
0

HeiicTBUTENBHO, PA3HOCTh A) — A €CTh MHTErpaJIbHbIH ONepaTop C SApOM
K,(t,s) — K(t,s). Ilo reopeme 2 § 27

1A, — A] < max |Kn(t, s) — K(t,s)| — 0.
'8

2. Nycrs K(t,s) € Lo(I X I), 1.e. uamMepuMas byHKLUSA TaKas, 4TO
11
J[|K(t,s)|*dtds < +oo. Bribepem B npocTpancrse Ls[0,1] 6asnc e;(t).
00

Torpa, cornacho 1. 5 § 32, byukuun e;;(t, s) = e;(t)e;(s) obpasyior 6azuc
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B npocrpancree Lo(f x I). Paznoxum ¢yskumio K(¢,s) B pag no SToH

cucremMme:
26

K(t, s) = Z cijei(t)e;(t).

ij=1

Hycts K, (t.8) =Y ; j=1 Cijei(t)e;(t). Tloxaxem, 9T0 nOCI€I0BATEILHOCTD
HHTErpaJbHbIX OIEePATOPOB

Anz(t /Kn(t s)x

B nmpocrpadcTBe Lo(J) CXOOUTCsA O HOPME K MHTETPajIbHOMY ONepaTopy

1
Az(t) = /K(t.s)x(s) ds.
0

Kaxk u B npumepe 1, oneparop A, — A ABIf€TCS MHTETPANBbHBIM OLEPATO-
pom ¢ aapom K,(t,s) — K(t,s). Cornacuo reopeme 4 § 27 umeem

1 1/2
||An—A||<( / Kot 5) K(t,s>|2dtds) K=Kl Ly
00

HO, TakK KaK K, — yactuunble cyMMbl psga Pypee ana dyukuun K, no
teopeme 2 § 31 umeenm || K, — K|| — 0, u, 31auur, |4, —A|| — 0. 3ameTum,
4TO 34€eChb oneparops! K, ABJIAIOTCA ONEPAaTOPaMH KOHEUHOTO PaHra, T.e.
MHOXECTBO HX 3HAYeHMII — KOHEYHOMEPHOe MPOCTPAHCTEO.

3. IIycty omepatopst A, B C[0,1] nmeror Bug A, x(t) = an(t)z(t), roe
an(t) — HempepbIBHAsA (QPYHKUMS, ¥ MYCTh MMOCTEIOBATENBHOCTL (OYHKIIMH
a,,(t) paBaomepHo Ha [0.1] cxomurcsa Kk dyHkuuu a(t). Torga nocnezora-
TebHOCTD ONepaTopoB A,z(t) = a,(t)z(t) cxonnTCA NO HOPME K ONEPATO-
py Az(t) = a(t)z(t). HeiicrBurensHo,

14n — All = max lan(t) - a(t)] = 0, n — oo,

AnanorudHoe yTBEpXKAeHHe CIpaBeaanBo B npoctpaHcTee Ly[0,1). 3a-
METHM, YTO €CJIU NOCAEA0BATENbHOCTb (DYHKLUI @, OTPAHMYEHA U CXOAUT-
€A K @ TIOYTH BCIOLY, TO B CHJIy TeopeMbl Jlebera o mpeaenbHOM Nepexone
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umeem A,z — Az B cMmbicse cxogumocty B Lo[0, 1]. Oanaxo, eciu nocne-
JIOBaTENbLHOCTD G, HE CXOAWTCH PaBHOMEPHO, To |4, — Al /4 0.

4. Mycrs dynkuus K(t,s) onpenenena qia 0 < t € 1,0 s< 1n
UMeeT BUI
Ko(t. S)

[t —s|7’
rae 0 < v < 1, a dyexuusa Ky(t, s) senpepbisua, 1. e. K(t,s) — cnabomo-
JIIPHOE AAPO.

TlokaxeM, uyro B npoctpauncree C[0, 1] nHTerpasbHblil oneparop A co
cnabononapubiM sapom K (t, s) ABIAETCS MpPeJesoM MOCJeI0BATENIbHOCTH
MHTErpaJibHbIX OnepaTopoB A, ¢ HenpepblBHLIMY siapamu. djs sToro no-
CTPOUM HelpepbiBHBIE DYyHKIMH

K(t.s)=

K(t,s), ecnu|t — 8| 2 1/n,
K,(t,s) =

nYKy(t,s), ecmn|t—s| < 1/n,

N nycts A, — uHTerpasbHbiii onepatop ¢ aupoM Kn(t,s). I3 Teopemsr 3
§ 27 umeem

I 4n — All = max / |Kon(t, s) — K(t,s)| ds.

Dynkius Ko(t,s) HenpephlBHA HA KOMIIAKTHOM MHOXECTBe M, CJea0Ba-
TeJIbHO, OrpaHUYeHa HeKOTOpOoii nocrosaHHoi C.
OueHuM uHTErpas

1 i!+l

/|Kn(t, s) — K(t,5)| ds = / IK"(t ) vk, 5)'d3 <

0 t——

t+d t+1

2C siN1-Y  2C 1
8 = (2 L=
(/ |t—s|7+n /ds>—1—'y(n) M

t—+ t-1

Tak kak v < 1, moka3atenb 1 — <y IOMOKUTENbHBIN U MOJIYIaEM, ITO

|An — Al < C1/n'™ -0 mpu n — oo

230



§ 34. CUJIbHAA CXOOIMMOCTbD
[NTOCJIEAOBATEJIBHOCTHU OIIEPATOPOB.
TEOPEMA BAHAXA - IIITEMHTAY3A

B npocTpancTBe JUHEHHBIX OrPaHUYEHHBIX ONEPATOPOB, KPOME CXOAM-
MOCTH [0 HOpME, CYLIECTBYIOT APYTME eCTeCTBEHHBIE TUMBI CXOAUMOCTH.
Hanpumep, npu n0Ka3aTebCTBE NOJHOTLI NPOCTPAHCTBA ONEPATOPOB B
Teopeme 1 u3 § 33 Gbuia cHaYaIa NPOBEpPEHa CXOAHMOCTh MOCJIEA0BATEN b
HOCTH OTIEPATOPOB He MO HOPME, & B HEKOTOPOM JIPYT'OM CMBICJIE — CHJIbHAA
CXOMMMOCTb B CMBIC/IE CJIEAYIOLIEro ONPEeeIeH .

Omnpepenenne 1. Ilycrs X # Y — HOpMHUpPOBaHHbBIE IIPOCTPAHCTBA.
IMocnenoBaTenbHOCTD JIMHEAHBIX ONIEPATOPOB A, CTodumcs % onepamopy
A cuavno, ecn ass moboro ¥ € X mocsieaoBaTenbHOCTh A, CXOAUTCA
K Az no HopMe npocrpancrsa Y. 1. e. ||A,x — Az|| — 0.

Jlemma 1. Ecau nocaedosameavnocms A, € L(X,Y) czodumca no
Hopme x onepamopy A, mo A, cxodumca ¥ A cuavmo.

> Bosemem z € X. Torma ||Apz — Az|| < ||An — All||lz]| — 0 npn
n— 00. <

O6paTHOE yTBEPXKACHHE HEBEPHO, H JaCTO eCTECTBEHHO BO3HMKAIOT II0-
CJ1€10BATEIbHOCTH ONEPATOPOB, KOTOPbIE CXOASTCS CHILHO, HO HE CXOASTCS
10 HOpMe.

IIpumepsL
1. Ilycte H — ruib6epToBO IIPOCTPAHCTBO, (€r) — OPTOHOPMHPOBAH-

HbIil 6a3uc B H. JIwob6oit ssnemenT = € H npencraBisierca B BHIe paja
ocC "

®ypve £ = Y ckek. Hoctpoum omeparop P,: P,z = Y cpex. dTor
onepaTop nok:elopeme 1 § 31 sBiseTCs NPOEKTOPOM HA HO,LII,CI'T]II)OCTpa-HCTBO
L, , nopoxaeHHoe 3jeMeHTaMu (€1, ...,e,). PaBeHcTBo = = ic: Creg 10
ompeiesieHUIo O3Havaer, uto Pp,x — I, T.€. nocnenosa'renbuoc"ﬁ: }mepaTo-

POB CHJILHO CXOAMTCH K eAMHUYHOMY onepatopy. Omeparop I — P, ectb
IPOEKTOP Ha MOANpOCTpaHcTBO L u moatomy ||[I — Py|| = 1. r.e. P, no
HOPME HE CXOAMTCHA K eJWHMYHOMY onepartopy. AHAJOrH4HblE IPUMEpBI
MOKHO NOCTPOMTb B JPYTHX IMPOCTPAHCTBAX.

2. B npocrparctee Ly(R), 1 < p < oo, paccCMOTPHM MOC/e0BATEIb-
HOCTb onepatopoB Ax, z(t) = z(t + hi). Ilokaxewm, uro, ecnu hy — h, TO
NOCJIEAOBATENBLHOCTL Apy, CHIBHO CXOOUTCH K Ap, HO HE CXOAUTCS [10 HOD-
me. JeitcrButenbHo, aua moboro x € Ly(R), asanorudno reopeme 2 § 20
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0 PaBHOMEDHOI HeNpepLIBHOCTY B CpeaHeM, Aas € > 0 cymectsyeT > 0
TaKOe, YTO

+oc 1/p
(/Ix(t+h)—:c(t+hk)|”dt> <e, ecmu |h—hg| <.

9TO N 03HAYAET CHJIbHYIO CXOAUMOCTH IOCITIEN0BATENBHOCTH Ay, .
Ouennm ||An, — Ap|| apn kg # h. Iycts [hy — k| = d > 0. Bo3bmem
bYHKUHIO
-7, 0<t<d,

2) =9 0 t<Ounpn t>d

Torga ||zollp =11

+oc

1/p
(A, —Ah)l‘o“Lp = ( /|:Eo(t + hi)—zo(t + h)|P dt) =2l/r>1,

—ocC

3uaunr, ||An, — Ar| He cxonutes k 0 mpu hy — h.

B onpenenenuu npejena cuiIbHO CXOAANIEHCH [TOCIEA0BATEIBLHOCTH OIle-
paTopos He Tpebyercsa, 4TOObI NPeIebHbIA OmepaTop ObLT IHHEHHbIM Orpa-
uuyeHHbIM. Eciu A,, — A cuneHoO u A,, TuHeiHbIe, TO, HEPEXOI K Ipeaerry
B paBeHCTBaX A, (z1 + x2) = Apxy + Anza, An(Az) = A, zx, y6exxna-
emcs, yTo oneparop A auneiHbli. OAHAKO B HENOJHBIX NPOCTPAHCTBAX
onepaTop A MOXKeT He ObITb OrPaHHYEHHBIM.

HNmeercs aHanoruss MeXAy ABYMsi TUIAMH CXOJUMOCTH B [POCTPAH-
crBax QyHKLMA — pAaBHOMEPHOH H TOYEYHON — M JABYMS THIIAMH CXOTUMO-
CTH B NPOCTPAHCTBE JIMHEHHBIX OUPAHMYEHHbIX OIIEPATOPOB — PaBHOMED-
HOI u cunbHON. OTMETHM, YTO Hpedes TOYEHHO CXOAAIEHCH MOC/Ien0oBa-
TeJIbHOCTH HENpPEePLIBHLIX (PYHKLMHA MOXKeT He ObITh HelpepbIBHOH (hyHK-
uyeit. AHAJIOTMYHO Ipees CHIbHO CXOAAUIeHCS 10CaeA0BaTEILHOCTH OrPa-
HUYEHHbIX (HEMDEePbIBHbIX) JHHEHHBIX ONEPATOPOB MOXKET He ObITh Helpe-
PBIBHBIM.

IIpumep 3. Ha BekToprom npocrpancrse C[0.1] 3amamzum HOpMY
z| = Jnax |z(¢)]- Oneparop muddepenunposanus A := d/dt paccmor-
<t<

pum kak oneparop u3 C1 [0, 1] B C[0. 1]. toT oneparop HeorpaHudeH (npu-
mep 2 § 27). Ilycrs pasHocTHBIA onepatop A, 3azaH dopmyoi
z(t) —z(t — 1/n)

Ana(t) = 1/n
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Torzaa ana awboro z € C0, 1] nocnenosarensHocTs A, & pABHOMEPHO CXO-
aaTes K Az, T.e. A, — A cunpHo. TakuM 06pa3oM, MOCJ/IEI0BATE/ILHOCTD
OI'DAaHUYE€HHbIX JIMHEHAHbIX OIlIEpATOPOB CUJIBHO CXOOHUTCA K HeOrpaHUYEH-
HoMy onepaTopy A. OIHaKO eCji MPOCTPAHCTBO, HA KOTOPOM OMPEIEICHbI
OonepaTops.l, rOJHO, TO TIOCTPONUTH AHAJIOTHIHbBIH OPUMED HEBO3MOXKHO. STO
YTBEPKIEHNE SIBJISIETCS ONHUM U3 CJIEICTBUM cieayiowmeil ¢yHIaMeHTalb-
HOI TeOpeMBbl.

Teopema 1 (upuHumn paBHOMepHOH orpaHuuenHocty; Banax —
Il reinrays). ycems X — 6anazoso npocmpancmeo, Y — HOPMUposa-
HOE NPOCTPAHCME0 U nycmd M — MHONHCECTNEO 02PAHUNEHHBLT AUHETHBLE
onepamopos M C LB(X,Y) maxoe, ¥mo das awbozo v € X cywecmeyem
nocmoannas C(z) > 0 maxas, wmo ||Az| < C(z) dan awbozo A € M.
Tozda M — ozparunennoe MHONCECTNBO, M. €. CYULLCTNBYEM NOCTOAHHAA
C maxas, wmo ||Al| < C dan awboz0 A € M.

> Tak kak ||A| = sup ||Az|, To ycnosue ||Al| < C 3kBuBanenTHO

Nzl=

tomy, uto ||Az|| < C npu ||z|| < 1. Takum o6pa3om, Hy*HO J0OKa3aTh,
9ro MHOXKECTBO uucen {||Az|: ||z]| < 1; A € M} orpanuyeHo, T.e. HOPMbI
||Az|| orpaHuMYeHB! B COBOKYIHOCTY HA E€IMHUYHOM LIApe. 34METUM, YTO
ecinu HOpMHI ||Az|| orpanmdennt mocrosHHOM C Ha KakoMm-HUOGYAb wape
Blzg,r], r > 0, 10 ||Az|| orpanuyensl Ha exuHUYHOM wwape. JefcTBuTEND-
Ho, ecnu ||z|| € 1, To z = (2 — zo)/7, TOE z = rx + 29 € B[rg,7]. Torna
Azl < (1/7) (Il 42l| + | Azoll) < (1/7)(C + C(a0)).
PaccMoTpum MHOXKeCTBA

Xy ={zx € X:|Az| £n ana moboro A € M }.

W3 HenmpepbIBHOCTH ONepaTopoB A mojiydaeM, 4To 3TH MHOXKECTBA 3aMKHY-
Tbl. [1o yCJOBHIO TEODEMBI KaXK bt T IPUHAIJIEKUT HEKOTOPOMY MHOXKe-
crBy X,,. 910 3HauuT, uTo X = US,; X,,. Tak kak npocrpaHcTBo X mosHO,
npuMeHuma TeopeMa Bapa, U3 KoTopoil nonydaeMm, 4TO XOTs OBl OOHO K3
MHOXeCTB X, cozepxut wap B[zg,r|. Torma ans Beex z u3 sToro wa-
pa u Bcex A € M nns J3HHOTO n BBINOJHEHO HepapeHCTBO [|Az| < n.
Kak noka3aHo B HagaJge A0Ka3aTeJNbCTBA, U3 3TOro CjaelyeT YyTBepKAeHue
TeopeMbl. <

B3ameyanue 1. |Az| MoxeM paccmaTpHBaTh Kak (PYHKIHMIO ABYX NMEPEMEHHbIX A
(Ae M)uz (||z]] £1). B reopeme gana OrpaHu4eHHOCTH 3TOH QPYHKIUH N0 KaXKI0H U3
nepeMeHHBIX NpH HUKCHPOBAHHON BTOPOH nepeMeHHOi (npu dHKCHPOBAHHOM A HMeeM
||Az| < ||A||l mo onpexnesenuio OrpaHUYEHHOCTH ONIEPATOPA, NPH (DUKCHPOBAHHOM T — 110
YCJIOBHIO TCOPEMbBI) U yTBEPKAALTCS OTPAHHYEHHOCTb 3TOH (DYHKUMY [0 COBOKYITHOCTH
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nepemennbix. Ilpumep dyskuum f(z,y) = zy/(z+y), onpegenennoit npuz > 0, y > 0,
MOKa3blBdeT, YHTO IJId NMPOU3BOJIBHBIX dJyHKHMﬁ TakKOe yTBEepPXK/JeHHUe He HUMeeT MeCTa.

Bameuanue 2. Muoxecrso M C LB(X,Y) Ha3bIBA€TCH 02PAHUMEHHBIM 8 CMBLC-
A€ CuAbHOT MON0AOZUL, €CJH MJIA Kaxaoro ¢ € X cymecTsyeT noctosuHasa C(z) Takas,
uyto ||Az|] £ C(z) ana nwboro A € M. B Tako#l TepMmuHONOTHM Teopema Banaxa —
Ilreiinray3a yTBep»XAaeT, YTO OrPARHUYEHHOCThL B CHUJILHOM TONONOrMH SKBMBAJIEHTHA
OI'PaHUYEHHOCTH II0 HOpMe.

CaencrBue 1. Ilycmv X — banazoso npocmpancmeo, Y — Hopmu-
posannoe. Ecau nocaedosamenvnocms A, € LB(X.Y) cuavro cxodumes
% onepamopy A, mo

1) nocaedosamesvrocms A, 02PaHUYEHE NO HOPME;

2) onepamop A ozpanunen.

o> IIpoBepum, 9T0 MHOXKECTBO (A, ) YAOBIETBOPSIET YCIOBUSM TEOPEMBI
Banaxa -~ Ulreiinraysa. JefictBurenbHo, (A, x) -- CXOAALIAACS [10C1€I0BA-
TEeJILHOCTb W, 3HauMT, ||A,z|| < C(z). Tlo Teopeme Banaxa — Llrefinraysa
nmeeM || A, || € C. Torpa cnpasessmeo nepasenctso ||Apz| < Cllz|. lepe-
XOHsl K IIpejiesty, TIoJIy4aeM HepaBeHCTBO OTPAHHYEHHOCTH AJIST OIIEPATOPA
A«

Ounpeanenenune 2. [locnenosarensrocts (A,) € L(X,Y) Ha3bBaeTCH
nocaedosamenvrocmovio Kowu 6 cmvicae cuabhol cTooumMocmu, eciy mno-
CJIeIOBATENBHOCTL AnX sBIAAETCA TOCaeaoBarenbHocTbio Koum B Y mist
Jwboro € X.

CunencrBue 2. Ecau X u Y — fanazoswn npocmpancmea, mo npo-
cmpancmeo LB(X.Y) noano 6 cmuicae cuabhol cTodumocmu.

o> Ilycts (A,) — nociemosaresbHOCTL Ko B ¢MBIC/Ie CHIBHOM CXO-
aumocty. Tak Kak npocTpaHcTBo Y nojHoe, T0 A, — y ¥ Mbl IOJIydaeM
onepaTop A: x — y. TOT ONEpPATOp JIMHEHHbIH U 10 CIeACTBUIO 1 orpa-
Hu4eHHsli. I[lo nocrpoenuo A, — A cuibHO. <

§ 35. OBPATHBIE OITEPATOPHI

MHorue 331auu, BCTpeyatowpecs B Teopun AudgepeHnanbHbIX ypaB-
HeHUii, MHTerPAJbHbIX YPABHEHUN W APYTUX NPHJIOKEHHAX, MOTYT OBITBH
3alHCaHbl B BUIe ypaBHEHU

Axr =y, (1)

rge £ — Heu3BeCTHas (PYHKUHMSA W3 HEKOTOPOro mpocTpancrsa X, y —
u3BecTHaA (byHKUMsA U3 HEKOTOPOro mpocTpaHcTsa Y, A — 3aJaHHBIHA JH-
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HellHbIil onepaTop U3 npocrpaHcTBa X B mpocrpanctso Y. [Ipu uccaeno-
BaHWH ypaBHeHuit Buna (1) Heo6XOAMMO MO BO3ZMOXKHOCTH JaTh OTBETLI HA
CJIelyIOUIME BONPOCHL: CYLIECTBYET JIM peileHue ypaBHeHns (1) amasa npo-
usBosbHOro y? EaunHcTBeHHO Jin 3TO pemreHue? Ecnu He eqUHCTBEHHO, TO
CKOJILKO peineHuii cymecreyer? Ecnu ne mna moboro y cymecrByeT pe-
lIeHHe, TO KaKue yCJIOBUS HYXKHO HAJNOXKWUTbL HA Y [AJIA CyILeCTBOBAHHS
pewrenus? Kak naiitu  Touno uiau npubanakeHHo?

PaccMoTpuM, ¢ kaxuMu CBOHCTBaAMHU omepaTopa A CBA3aHBI MEPEYHC-
JIeHHbIe CBOicTBa ypaBHeHus (1).

Omnpepenenne 1. IIyctb A: X — Y. Oueparop B: Y — X wua3sbiBa-
ercs npaeum obpamuum K oneparopy A, ecnu AB = Iy. Ouneparop B
Ha3bIBAETCA Ae6bim obpamuumm K onepatopy A, ecnu BA = Iy. Onepa-
Top B nasviBaerca obpammvim K A (ob6o3nagaerca A™1), ecnu AB = Iy,
BA = Iy, T.e. ABiseTCs ONHOBPEMEHHO MPABBLIM OOPATHBIM M JIEBBIM 00-
PaTHBIM.

3aMeTuM, YTO B OUPEZEIeHUN HE BbLIBUTAeTCS TPeGOBAHYE JIMHEHHOCTH
WJIM OrPaHUYEeHHOCTH onepaTopa B.

Muoxecrso ker A = {z| z € X, Ax = 0} nasbiBaerca adpom onepamo-
pa A, maoxectso I'mA = {y| Iz € X,y = Az} — obpasom onepamopa.

O6paTyM BHUMAaHHE HA TO, YTO B CHJLY CJIOKUBLUMXCS TPAAUUME TEPMUH
“g1pO MHTErPAILHOTO ONEPaTOPa’ MOXKeT UMEeTb JBa Pa3HBIX CMbICJIA: AAPO
B CMBICJIE [IPEIbIAYLIETO ONPENENeHuA U KaK PYHKLHUsA ABYX IE€PEMEHHbIX
K(t, s). O6bI4HO 3TO He MPHBOJUT K HEIOPA3yMEHHSIM.

Jdemma 1. Jlasa aunetinozo onepamopa A caedyrowue ymeepacoenu
IKBUBLACHITHDL:

1) pewenue ypasnerua Ax =y eduncmeenno das awbozo y € ImA;

2) ker A = {0};

3) daa onepamopa A cyuecmeyem sesull 0b6pamHubili onepamop.

> 2) = 1). Eciu Az =y u Axg =y, T.e. 1 ¥ X9 — [IBA peuleHusl, TO
A(x; —z9) =0wu 1 = 79.

1) = 2). Jocrarouno nonoxuth y = 0.

1) = 3). Jaay € ImA cywecrByer u ZHHCTBEHHO PELLEHHUE yDaBHEHUS
Az = y. ITocrpoum onepaTop B, koTopslit y € I'm A CTaBUT B COOTBETCTBUE
pemenue z. JI715 0CTaJIbHBIX Y OnepaTop B MOXKHO ONpeseuTh DPOU3BO/Ib-
HbiM o6pasom. Torma ecau y = Az, To no nocrpoenunto By = BAr = z,
T.e. BA = Ix. [loctpoeHnHblit oneparop B sBiasercs auHeiHbIM Ha [mA.

3) = 1). Ecaiu cywectByer sieBblit 06paTHbLil oneparop B k oneparopy
Anecmu Azy =y, Azs =y, 10 Ty = By, 19 = By, T.e. 11 = I3. <
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Jlemma 2. Caedyroujue ymeepicoenus K6 UBAAECHITVHDL

1) pewenue ypasnenus Az =y cywecmeyem dar aobozo y € Y;

2) ImA=Y;

3) dan onepamopa A cywecmeyem npasuili obpammuli onepamop B.

> JKBHUBAJEHTHOCTL 1) < 2) cieayeT W3 OIPEJE/IEHUs MHOXKECTBA
ImA.

1) = 3). Jna kaxporo y € Y Bbibepes OOHO M3 PEIIEHNHA T YpaBHEeHus
Az = y. Tem cambiM onpegeneno otobpaxenue B: Y — X, By = z. Ilo
HOCTPOEHHIO, ecin By = x, T0 © — pelueHHe ypaBHEHus, T.e. Az = y uiu
ABy = y, .e. AB = Iy. 3aMeTuM, YTO TOCTPOEHHBIH ONEPATOD MOXKET
OKa3aThLCA HEJIMHEHHbIM.

3) = 1). Ecnu cymectByer npapsliii o6paTHbIi onepaTop B K oneparopy
A, 10 ana moboro y € Y Touka r = By sBIAETCS pEIeHNEM YpaBHEeHUus
Az =y, Tak kKak Az = A(By) =y. <

IIpumep. Ilycte A — oneparop auddbepeHIUpPOBaHUs, PACCMATPH-
Baemblii Kak oneparop u3 C1[0, 1] 8 C[0, 1]. YacTo roBopaT, 4T0 06paTHOI
K onepaiuu IuddepeHIHPOBaHNA SBJIAETCA ONEPallid MHTEIPHPOBAHUA

t

B : By(t) = [y(r)dr.
0
BuruucnnM npousBeneHus:

t

ABy(t) = 5 [wndr =y,
0

¢
BAz(t) = /2—: dr = z(t) — z(0) # z(t).
0

3unaunt, AB = I, BA # I. TaxuM 06pa3om, TOUHEE TOBOPUTD, YTO ONEpa-
TOP MHTErpUPOBaHUSA SABJSETCs NIPaBbIiM ODPATHBIM K onepaTopy audde-
PEHLUUPOBAHHUA, HO He SBJSETCH JIEBbIM OOPATHBIM.

3amMevanue 1. CymecrBoBanne JHMHEHHBEIX OrPAHHYEHHBIX OOPATHBIX CBA33HO C
6onee TOHKMMH CBoOicTBamu. JNsA CyIIeCTBOBAaHUS JIMHEHHOTO OTPAHMYEHHOTO JIEBOTO
obpaTHOro k oneparopy A Heobxonumo, 4Tobnl 06pa3 ImA 61 AOMONHAEMBIM 323MKHY-
TBHIM BEKTOPHBIM [OANPOCTPAHCTBOM B Y, 4715 CYIeCTBOBAHHKS JIMHEHHOTO OrPaHHYEeHHO-
ro mpaBoro o6paTHOr0 HeobxoAMMO, 4TO6H MOANPOCTPAHCTBO ker A UMeno AONONHEHMe
B npocTpaHcTee X.

YnpaxueHne. [Joka3aTb, 4TO eCu AJs JMHEHHOTO ONEPATOPa
cyuiecTtsyer O6paTHbII71, TO OH TAaK>Xe SBJIAETCH JUHEHHbIM O1IepaToOpPOM.
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B npakTudecknx 3a7auax QYHKIM Y [HOJIYy4aercs B Pe3yibTare H3Me-
PEeHMI U, CIeIOBATENbHO, C HEKOTOPOH MOTPEeLIHOCTHIO, T. €. IPAKTHUECKH
BMECTO TOYHOTO PeIlleHusl & ypaBHeHUsA AT = y HaXOAuM pellieHue I npH-
6nuxxennoro ypaBueuusi AZ = §. Moxer oka3aTbcs, 4TO, HECMOTpPS Ha
TO, 4TO § OJM3KO K ¥, PelleHWe I CHUIbHO OTIMYAETCA OT . PelueHus
NpUBIMXKEHHOTO YPABHEHNS HMEIOT TPAKTHYECKHH CMBICH TOJLKO TOTAA,
KOraa A Gau3KUX NPABBIX YaCTeR Y COOTBETCTBYIOMINE DEIICHUsT DIU3KH,
HMHAYE FOBOPS, PELIeHHs JIOJKHBI HENPEPBIBHO 3aBUCETh OT [IPaBoil YacTH
ypasHenus. Tak xak £ = A~ !y, & = A~!§, To TpeGoBanue HenpephIBHOI
3aBHCHMOCTH DEIeHUs OT NMPaBoil YaCTH ABIAAETCA (haKTUIeCKH TpeGoBa-
HHeM HeNpepbLIBHOCTH oreparopa A~ L.

Cawm oneparop A Takke 06BIYHO H3BECTEH C HEKOTOPOIi MOrPEIIHOCTHIO,
U aHAJIOTUYHO BO3HMKAET BOIIPOC O HENpPEPbIBHOH 3aBUCHMOCTH pelleHHi
ypasuenus suaa (1) or oneparopa A.

VYpaBHenue Az = y Ha3bIBAETCA KOPPEKMHO PA3PEULUMbBLM, ECIH

1) pemtenne cymecTByeT A4 a1060it mpapoit qacrTy;

2) peureHue €JUHCTBEHHO;

3) peuleHHe HENpPEPHIBHO 3aBUCUT OT NpPaBOH YaCTH.

U3 npenpioymux paccyOeHH# ciedyeT, 4YTO KOPPEKTHas pPa3peruu-
MOCTb ypaBHeHUsi AT = Yy SKBHBAJICHTHA CYINECTBOBAHHMIO OUPAHUYEHHOrO
obpaTroro oneparopa A~!, a BOmpoc 0 HempepBIBHOI 3aBHCHMOCTH pelLie-
HHUA OT onepaTopa A ecTb BONPOC O HENPepPbIBHOCTH (HETHHEHRHOro) 0To6-
paxenusi: A — A~!. 3ameTuM, YTO CBOHCTBO KOPPEKTHON Pa3pelInMOoCTH
CYHIECTBEHHO 3aBUCHUT OT PACCMATPHUBAEMBIX NMPOCTPAHCTB M HOPM Ha, HUX.

OmnepaTop A Ha3bIBAETCA 06PAMUMBILM, ECITA 17151 HETO CyIIECTBYET JIH-
HeHbIA orpaHuyveHHbI# 0OpaTHbIl oniepaTop. IIpuBeseM HECKONbKO Teo-
peM, KOTopble Jal0T yCI0BHA 0OPATHMOCTH OTNEepaTopa.

Teopema 1. Ilycmv X — banazoso npocmparcmeo, Y — nopmupo-
gannoe npocmpancmeo. Ozpanunennutd auretinsl onepamop A: X — Y
ob6pamum mozda u MoAvKko mozada, xKozda:

1) TmA =Y (06pas naomen 6 Y);

2) cywecmeyem nocmoarnas C > 0 maxas, 4mo 65noiHeR0 HEPABEN-
cmeo ||Az|| = Cllz||.

> HeobxoaumocTe ycioBmit odeBuzaHa. Jnsi obparumoro omnepartopa
ImA = Y u ycnosue 1) Bumonueno. Ecmu obosuwaunts z = A~ ly, To
yCIOBHE 2) COBNAJAET C yCIOBUEM OrPAHHYEHHOCTH 00PATHOrO ONepPaTOpa.

Hocratounocts. U3 ycnosus 2) nosiydaem, yro ecnu Az = 0. 10z = 0,
T.e. ker A = {0}.
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IIposepuM, 4TO B AeHCTBHUTENbHOCTH 06pa3 fmA 3aMKHYT U COBNaAaer
cY Hycre y € Y u nyers ¥y, — 4, yn € IMA, . €. y,, = Az,,. [Tokaxewm,
4yto iy € ImA. Vcnosnb3ys HepaBeHCTBO 2), mosyyaeM

1 1
20 = 2m| < Fl1AZn — Azl = Fllgn = ymll — 0.

3uauur, (z,,) — nocnegosareqsHocTs Komu B X, H B CHIy MOTHOTHI IPO-

crpaHcTBa X OHA CXOOMTCA K HekoropoMmy asemenry z € X. Torma Beu-

Ay HempepbiBHOoCcTM A wmeem y = lim Az, = A(lim z,) = Az, Te.
n—00 n—oc

y € ImA. Takum o6pasoM, B curry nemM 1 u 2 cymecrsyer obpaThblit A~ L.
[TpoBepuM, uTO OH orpaHu4ven. eiiCcTBUTENLHO, B CHJy HEPABEHCTBA 2)
nmeem [|A™ 1yl < (1/C)|A(A™ Y|l = (1/O)yll. <

OTMmeTuM, 4TO B yCIOBUAX TEOPEMbl HeT TPeDOBAHMS IOJHOTHL IPO-
crpancTBa Y. [es0 B TOM, 4TO NpH BBITOJIHEHHH YCJIOBHN TEOPEMBI Olle-
patop A 3amaer uzomopdusMm Mexay npocrpancreamu X u Y u mosiHOTA
IPOCTPAHCTBA Y BBITEKAET U3 YCJIOBHI TEOPEMBI.

3ameuanne 2. HeCMOTPA Ha BHELIHIOW CJIOXKHOCTb yCnosuil 1) u 2), B paje 3a1a4
MX TPOBEpKa JIerko OCyIecTBAseTcs. s mpoBepkH yciosus 1) ne Tpebyercss HMeThb
nostHoe onucaHue 06pa3a, a JOCTATOWYHO [10Ka3aTh, YTO 06pa3 COOep>KHUT BCIOAY MJIOTHOE
MHOXecTBo. Hanpumep, eciiv ypaBHeHue pacCMarpHBaeTCs B NpocTpaHCTBe DyHKOuiT
Ha OTpe3Ke, TO YaCTO AJIS [IPABLIX 4acTeil ypaBHEHHUs Y, ABJISIOLIMXCA MHOTOYJIEHAMH,
peledne CTpOUTCA B ABHOM BHIE.

HepaBeHcTBO U3 yci0BuA 2) B HEKOTOPBIX 33Ja4aX, HMEOLUX MU3NYECKHH CMBICT,
yYAaeTCa NMOJIyYUTh KaK CleaCTBHE 3aKOHA COXPpaHEHMS 3HEpTruu. B cBaA3M Cc 3THM Takue
HEPAaBE€HCTBA MHOrJa Ha3bIBAKT JIHEPRENUYECKUMU.

Teopema 2 (06 o6parumocTn oneparopa, GAU3KOro K eAMHAYHOMY ).
Ilyemv» X — 6anazoeo npocmparcmeo, A € LB(X) u ||A]} < 1. Tozda
onepamop T = I — A obpamum u

1
1- |41

> B cayuae, ecnn A ecth umcno u |A| < 1, To wncno (1 — A)7!
ABJISIETCA CyMMOi GecKkoHeuHO# yObIBaloIeil reOMeTpU4eCcKOii MpOrpeccHu
(1-A)'=1+A+A%+....

INokaskeM, YTO aHAJIOTMYHOE PRBEHCTBO UMEETCH U B cliydae, korga A
€CTb ONepPaTop.

Paccmorpum B npoctpanctse LB(X ) nuHeHbIX OrpaHUIEHHBIX Ollepa-
TOPOB PsL,

1T <

T+A+ A%+, (2)
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Joka)keM, YTO 3TOT psf CXOAUTCS aBCOMIOTHO M ero cyMma S ecTb
oneparop, obparubiit k T. PaccMOoTpuM psAa U3 HOPM

L+ A+ |42 +... . (3)

Cornacro Teopeme 2 § 33 umeem || A*| < ||A||¥. ostomy ans psga (3)
nosydaeMm cxoaAwuiica B cuny yciosus || Al < 1 makopupyrowmii psg

1
L+ A+ 42+ = ——.
Al A =TT
Tax xax mpocrpascTso LB(X) nosno, To no teopeme 1 § 26 psig (2) cxo-
mures k S € LB(X) n ||S]| < (1— || A])~". Hyers Sy = [+ A+.. .+ A" —
gactuyHaa cymma paja (2). Torma B cusy HenpepbIBHOCTH yMHOMEHUs
S(I—-A)= lim S,(I—A)= lim (I - A"*1) = I. Ananoruusno
n—oCc n—0C

I-A)S=lim(I-A"tH=14g

n—oo

W3 aoka3aTenbCTBA TEOPEMBI MOJIYYaeM elle OJHY MONE3HYIO OLEHKY

1Al

T— AT )

= (I-A)7 <
Teopema 2 SBJIAETCA HEKOTOPBLIM YCHJIEHHEM TIPUHLHUIA CKHMAKIIUX
0TOOpakeHuit /151 TMHEHHBIX ONEpaTOPOB B GAHAXOBBIX NMPOCTPAHCTBAX.
Peinenue ypaBueuusi £ — Az = y npu HHKCUPOBAHHOM Y €CTh HEMNOABHK-
Has ToukKa orobpaxkenus f(z) := Ax + y. Orobpaxenue f sABJISETCA CKU-
MalolMM TOTAA M TOJBKO Torga, korza |JA|| < 1. Ecam B3sare HyneBoe
npubauxkenue g = 0, TO moc/ieqOBaTEIbHbIE NPUOMMMKEHUST UMEIOT BUI
Zn=(I+A+...+ A"y = S,y. VI3 npunmuna CKUMaomux 0To0paskeHni
cilemyer, YTo OJist JiobOoro y nocjefoBaTeIbHOCTb XLy CXOAUTCA K TOYHOMY
pemenuto z. [ocneasHee cBOMCTBO 03HAYAET TOJBKO CHJIBHYIO CXOAUMOCTD
[OCJIEJOBATENbHOCTH OIEPaTOPOB Sy, a TeopeMa 2 COAEPXKHT boJsiee Cuib-
HOE YTBEPXKIEHHE O TOM, 9TO 3T HOCJIEI0BATEILHOCTE CXOAUTCA [I0 HOPME.
Eute 6oee cUIbHOE yTBEPHKAEHHE MOYXKHO MOy YUTh, €CJIM BMECTO yCJ/I10-
Bus ||A]| < 1 3amucath ycioBHE CXOOMMOCTH YHCJIOBOrO psiaa (3) no mpu-
snaky Komm: Tim(||A™|)Y™ < 1.

Yucio lim(||A™||)*/™ nasbBaeTcs cnexmpaavnsm paduycom onepamo-
pa A u obo3sayaercs 7(A).
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N3 onpenenennss Buauo, uro Bcerga r(A) < ||A||. U3 npegsiayumx
paccyx/IeHuil mosiyyaem

CaeacrBue. [Tycmv X — banazoso npocmpancmeo u A € LB(X).
Ecau r(A) < 1. mo onepamop T = I — A obpamum.

TToscuuM nmpoucxoxaeHue TepMUHA “ClIeKTPaIbHbIA paauyc’.
B koHeYHOMEPHOM CJly4ae MHOTHE CBOMCTBA JIMHEHHOTO OIepaTopa, 3a-
 JAHHOTO MATPHIEH A, ONMUCHIBAIOTCS C MOMOIIBIO XaPAKTEPUCTHYECKUX YH-
ceJl — KODHell XapaKTepucTudecKoro muorounesa P(A) = det(A — A1),
roe [ — eguHuyYHas Marpuila. B 6eckOHEUHOMEPHOM Cily4Yae HEeT NOHATHUSA
ONpEeAENUTeNs MATPHLUBL U ONpenesieHHe XapaKTEePUCTHUECKOro YHCJIa He
MIEPEHOCUTCS Ha CIIyYail onepaTopoB B GeCKOHEYHOMEPHBIX IPOCTPAHCTBAX.
OaHaKo MOXKHO 3aIMCATh B APYCHX TEPMHHAX CBONCTBO, IKBUBAJIEHTHOE
ucxogHomy omnpeaeseruo. Hanpumep, qucio A ABiserca xapakTepucTHYe-
CKMM 4HMCIoM MaTpuubl A, ecnn marpuua A — Al Heobparuma. CeoiicTBO
06paTUMOCTH HMMeeT CMbBICJ [/ ONEepaTOPOB B OECKOHEYHOMEDPHBIX IpPO-

crpaicTBax. Ha 3TOM MyTw BO3HHUKAIOT CJAEAYIOLIME MOHATHA.
Omnpeznenenue 2. Ilycts A: X — X — orpanuyeHHsbll Oneparop B
6anaxoBoMm npocrpancrse X Hag nosem C. Yucno A € C HasbBaeTcH
peayaaproll mowkol oneparopa, ecniu omeparop Al — A obparum, T. e.
(M — A)~! cymecTByer u SBIAETCS OrPAHUYEHHBIM OTEPATOPOM, ONpEie-
JleHHbIM Ha BceM X. MHOXeCTBO perynspHbIx To4ek obosnadaercs p{A) u
HA3BIBAETCA PE30ALEENITIHBIM MHONHCECTE0M OlepaTopa A.

Omnpegenenue 3. KoMmiekcHoe 4ucno A, He ABJISIONIEECS Derymap-
HbIM, HA3LIBAETCS CMEXMPAALHOU MOYKOT I CIEKTPAJIbHBIM 3HaYeHHEM
oneparopa. MHOXKeCTBO CeKTpaJbHEIX TO4YeK o(A) onepaTopa A Ha3biBa-
eTcss cnexmpom oneparopa A. Takum obpasoM, o(A4) = C\ p(A).

IIpumenuM TeopeMy 2 K HCCIIELOBAHHIO CIIEKTPa omeparopa B HaHaxo-
BoM mpocrpadcree. Tak kak Al — A = A(I — 1/A\A), u3 reopems! 2 nosty-
4aeM, YTO ITOT OmepaTop o0pPaTHM MPH BBINOJHEHHH ycioBus |A| > || A].
3HAYHUT, CIEKTPAJIbHBIE 3HAYEHHA MOTYT JIEXKATb TOJBKO B KPyre paauyca
||A]l ¢ uerrpoM B TOuke 0 HA KOMIUIEKCHON IIOCKOCTH. AHAJIOTMYHO U3
ceacTBUs noiyydaem 6Gosee TouHyo MHGOPMAIMIO O CHEKTPAIbHBIX 3HAa-
YeHHUSIX — CHEKTPAJIbHBIE 3HAYEHHA MOLYT JIeXKATh TOJILKO B Kpyre paju-
yca r(A). Ilpn aTroMm MOXHO MOKa3aThb, 4To 4ucao T(A) ectb paauyc Hau-
MEHbILEro KPyra ¢ UEHTPOM B HyJe, COAEPKALLErO CIeKTpP Oneparopa. 9To
CBOMCTBO NOSICHSET Ha3BaHWe “CHeKTpabHbIM paauyc’. Bonee moapobuo
noHsTHe cnekTpa Oyaer paccMoTpeHo B § 45.
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Teopema 3 (06 obparumocTH oneparopa, 6auskoro K obparu-
Momy). ITyemoe X u 'Y — 6anazosvt npocmpancmed u nycms ONEpamop
A € LB(X,Y) umeem ozpanuiennnti obpamuwniti. Ecau onepamop B ydo-
saemeopaem ycaosur |A— B| < 1/|A7L||, mo onepamop B umeem ozpa-
HU%EHHDBLT 06pammbi.

> PaccmoTpuM npoussenenue

A'B=AYA-(A-B)=I-AYA-B).

Tak xak ||[A~}(A - B)|| < |A7!||||A - B|| < 1 no ycnosumo, To A5 ome-
paropa I — A"'(A — B) cymecTByeT OrpaHW4eHHbl# OOGPATHLIH B CHIY
TeopeMbl 2. YMHOXas HA 9TOT O6paTHBIH, OJy4YaeM PABEHCTBO

{(I-AYA-B) A }B=1,

KOTODOE 03HAYaeT, YTO ONEPATOp, CTOAUM B DUIyPHBIX CKODKaX, SIBJIA-
eTCa OrPaHMYEHHBIM JIEBbIM OOPATHBIM K Omepatopy B.
Ananoruyno, paccmorpes BA™! = I — (A — B)A™!, nony4aem

B{ATI[I - (A-B)A™|7} =1,

T. €. oriepaTop B uMeeT orpaHuYeHHbIN IpaBblil 00paTHbIi. Toraa Jessblit u
mpaBbIif 0OpaTHBIE COBMAJAAIOT U Yy omnepaTtopa B cymecTByeT orpanudeH-
HbIA obpaTHbIH. <

CaenctBue 1. Muoocecmeo obpamumnz onepamopos 6 LB(X,Y) ecmo
OMKPHITNOE MHOHCECTNEO.

> B reopeme 3 yTBepxkiaercs, 4yTo y obparumoro omneparopa A cy-
IeCTBYeT Liesas OKpecTHOCTb (wap pazmyca 1/||A71||). cocrosmas us o6-
paTUMBIX omepaTopoB. II03TOMY yTBEp)KAeHWME CHeAyeT U3 ONpeleqeHUs
OTKPBITOIO MHOYKECTBA B METPHYECKOM [IPOCTPAHCTBE. <

Cunepcrue 2. I[lpu swnoanenuu ycaoeul meopemvt 04f pazHoCmU
06PAMHYT ONEPATNOPOE CNPLEEOAUBE OUEHKA
|A-B|- A7) (5)
1-|A-B|- A~

IB7 - A7 <

> W3 uepasencrBa (4) nonygaem

IA— B -[|A~1]|
1—||A-Bjl- A=l

I7-[I - (A-B)A7'| 7Y <

16 3ak. 2937 241



YTO IO3BOJISIET OLIEHUTb HOPMY PA3HOCTU ODPATHBIX ONEPATOPOB:
IB™ — AT = AT H{I - [I - (A-B)AT' |7}l <

< A —Bj- A7)
S 1- A= B - AT

CaneactBue 3. I[fycms X u'Y — 6anazoen npocmpancmea. Omobpa-
orcenue nepexoda x obpammnomy onepamopy: A — A1, onpedenennoe na
omxpumom muoscecmee 8 LB(X,Y), cocmoawem u3 obpamummnz onepa-
mopos, Henpepueno. B wacmuocmu, ecau nocaedosamenvrocms onepamo-
pos A, € LB(X,Y) crodumca no wHopme K 06PaMuUMOMY ONEPAMOpY
A € LB(X,Y), mo ece onepamopv. Ay, HANUHAA C HEKOTNOPO20 HOMEDA,
obpamumvt u At — A1 no nopme.

> HenpepbIBHOCTh yKa3aHHOIO OTOOpaskeHUsl HEMOCPEICTBEHHO CIIeAy-
er u3 oueHku (5). B wactHOCTH, A01s mOC/IEnOBATENBHOCTH A, NOIy4aeM

o A AATY
A 1 _ A 1 < ” n
14, IS T A=A

<

- 0.«

Paccmorpum oauu cityyai, Koraa uccieaoBaHHe 00paTUMOCTH Oepa-
TOpa ¥ MOCTPOEHHe 06PATHOTO MOXKeT OBITH IPOBeAEHO Hosee SIBHO.

Teopema 4. Ilycmv H — 2uavbepmoso npocmparncmso, A € LB(H)
u nycmv ¢ H cywecmsyem opmonopmuposanmsill 6asuc (ex) maxol, wmo
anemenmu. 6a3UcCe ABAAIOMCA COOCTNEEHHBLMU GEKMOPAMU OTepamopa A,
m. e. Aer = Aieg, 2de A\ — mexomopme wucaa (cobemeennvie 3Have-
nua onepamopa A). Onepamop A obpamum mozda u Mmoavko mozda, Ko-
2da evinoaneno nepasencmeo |Ag| = d npu nexomopom d > 0. Ilpu amom
A=Y < d~! u obpamnnii onepamop sadaemca gopmyrot

oo 1
A ly = E —b
Yy 2 " k€k,

20e b, = (y,ex) — xoadpuuuenmo. Pypove asemenma y.

> Heobxozumocrs. Ecin oneparop A o6patum, To (Teopema 1) £oyKHO
BBIIOJIHATBCA HepaBeHCTBO ||Az| > d||z|| npu HekoTopom d > 0. Iloncras-
Jifsl B 3TO HEPABEHCTBO T = ek, NoydaeM |Ag| = d > 0.

Hocraroynocrs. Eciu cymecrsyer 6a3uc u3 cOOCTBEHHBIX BEKTOPOB,
TO ypaBHeHHE AT = Yy MOXHO pemath cieayiomuMm obpaszoM. Tak kax
moboii snemenT w3 H pasnaraercs B psag @ypoee, HyneM HcKaTh pelile-
HHe B BUIE DJa T = Y Ckek C HEONPEJETEHHbIMH KO3(bQHIHUEHTAMH.
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TIpumensia oneparop A, momydaem Az = Y Agcier. Pasnoxkum y B pan:
y = )_ byex. IpupaBHuBast Ko3(pULUEHTLL DK €k, NOTyYaeM Apci = by,
otkyza ¢ = 1/A;bk. Takum cnocobom nosydaem POpMaIbHOE BbIPAKEHHE
JJ1S1 PEIIeHNs] Y PABHEHMS WJIH, YTO TO XKe, POpMYI1y, 3aJal0Lly 0 00paTHbIA
onepaTop:

z=A"ly= Z _bkel., (6)

Ota dopmMyina JeCTBUTENBHO 33JaeT PellleHHe yPaBHEHUA, eCJIH TI0CTPO-
€HHBIN pSJ CXOAUTCH.
Tak Kak B CHJIy yCJAOBHIT TEODEMbl HMeeM

Sl < > el < oo

k=1 k

To paz (6) cxoaurcs Ayst oboro y, dopmyna (6) 3amaer obpaTHbIL Ome-
paTop u npu 3toMm ||A7L[ < d7l. <

B ofmem ciydae BONPOC O CYLIECTBOBAHUM JJisi JLAHHOTO OIEpaTopa
fa3nca U3 COBCTBEHHBIX BEKTOPOB MOCTATOYHO CNOXHbIA. Hekoropble pe-
3yJIbTATHI B 3TOM HAIPABJIEHHUH MOJy4eHb! B § 52. Bmecre ¢ Tem mjs Heko-
TOPBIX KOHKPETHBIX KJIACCOB ONEPATOPOB Takue H6a3UChl MOTYT ObITh BHITH-
CaHbl ABHO ¥ COOTBETCTBYIOIIME YPaBHeHUs petratorcs 3¢ dextusno. Oauu
KJ1aCC MHTErPAJIbHBIX YDAaBHEHUI, KOTOPbIE HCCIeAYIOTCA ¢ MOMOIIbBIO Ta-
KOro MojxoJa, paccMoTpeH B § 37.

§ 36. TEOPEMA O BAMKHYTOM I'PA®UKE

Teopembl, pACCMOTPEHHbIE B 3TOM I1aparpade, OTHOCATCS K yTBEPXKIe-
HUsIM 00 ABTOMATHYECKON HENPEPBIBHOCTU. B 3TUX yTBEp)KIEHHAX U3 CO-
BOKYIIHOCTH AJredpamvyecKUX U TONOJIOTMYECKHX CBOMCTB ClelyeT CBOi-
CTBO HENpPepbIBHOCTH, T.€. HOBOE TOIOJIOTHYECKOE CBOMCTBO. DTH Teope-
MBI HAIJIEAHO JEMOHCTDHPYIOT ILJIOJOTBOPHOCTbH METOJI0B (bYHKIMOHAIb-
HOTO aHanu3a, 0A3UPYIOIUXCA HAa PACCMOTPEHUM COIVIACOBAHHBIX ajred-
PaMYecKoi M TOMOJOrMYecKoil cTPYKTyp. Bmecre ¢ Teopemoit Banaxa —
IMIreitnray3a u Teopemoit Xana — Banaxa, kotopas OyzerT paccMoTpeHa
B § 41, 3TM TeopeMbl COCTABJSIT T. H. IPUHUMIB! (OCHOBHBIE TEOPEMBI)
JIMHEHOro byHKIMOHAIBHOTO aHAJIM32.
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Hanpumep, Mbl MOAYEPKUBAJIH, YTO 3AMKHYTbIH JIMHEHHBIN ONEPATOD
MoykeT ObITh HEOTDaHHYEHHBIM, T. €. pa3pbiBHbIM. IlepBas u3 paccmorpen-
HBIX TEOpEM IIOKa3bIBAET, YTO U3 yCIOBUs 3aMKHYTOCTH OIEPaTOpa K IOJI-
HOTBI PaCCMaTPHBAEMbIX NPOCTPAHCTB ABTOMATUYECKH MOXKET CIeJ0BaTh
HENpPEepbIBHOCTb ONepaTopa. ITO JaJeKO HE OUEBHAHOE YTBEPKICHUE.

B pokasaresnncTBe Teopemb! 6yAyT HMCHOJB30BAHBI CIIENYyHOILHE MOHHA-
Tuss. Pasnocmuio deyx muoocecme M u N 8 8exmopHom npocmparcmae
HA3bIBAETCH MHOXKECTBO

M-N={z-y|lreM, y € N}.

3aMerum, UTO TaKOe IOHATHE PA3HOCTH HE COBIAJAET C PA3HOCTHIO MHO-
’KECTB B CMbIC/Ie Teopuu MHOXkecTs: M — N # M\ N.

ITpoussedenuem muoocecmea M Ha wucao A HA3BIBAETCS MHOMKECTBO

AM = {)z:z € M}.

Jlemma 1. Jas wapa Blzy, 7| 8 HOpMUPOSAHHOM NPOCTIPAHCTNEE UMe-
em mecmo pagencmso Blzg,r] — Blzg,r| = B[0,27].

> Ilyere z 1m0 y € Blzo, ], Torma ||z — yl| <[z — zol + [ly — zo]] < 2r,
OTKYJa crenyer BKiodenue Blzg,r] — Blzo,r] C B[0, 2r].

IIycte ||z|| € 2r. Toraa 3neMeHT z MOXKHO IPEICTaBUTh B BHIE Pa3HO-
cru: z = (zo + 2/2) — (z9g — z/2), rme (zo £ z/2) € Blzp,r], uTo 03HaIaeT
skaouenne B(0,2r] C Blzg,r] — Blzo,7]. <

Teopema 1 (0 3amkHyTOM rpaduke). [Tycms X uY — Ganazosw npo-
cmparcmea. Ecau aunetnud onepamop A: X — Y onpedesen ma scem
npocmparcmee X U 3aMEHYM, MO OH 02PAHUNEN.

> IMycTs
M ={zxe X :|Az| <k}

OrpaHu4eHHOCTh Oneparopa A 3KBHMBaJIEHTH2 TOMY, YTO MHOXeCTBO Mj
COIEPXHUT HEKOTOPBIi 1Iap ¢ UeHTPoM B TouKe (. 910 U 6yneM JOKa3bIBATh.
Tak kak omeparop A ompezenen Ha BceM X, Aasi Ji000T0 T MMeeM
T € My opu k > |Az||. Sto o3nadaer, yro X = U | M} u mosABiseTcs
BO3MOXKHOCTb UCNOJIb30BaTh TeopeMmy Bspa. Ho Mbl He MoxkeM moKka yTBep-
¥KIATh, YTO MHOXKeCTBa M} 3aMKHYTEHI, KaK TpebyeTcs: B 3TOi TeopeMme.

Ilosromy paccMoTpum Gosee IIMpOKHE MHOXKeCTBa My — 3aMbIKaHHs
MHOXxecTB M. [na HuUX TakKe BBIIONHeHO ycyosue UPS, My = X n,
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TaK KaK NpOCTPAaHCTBO X [OJIHOE, IIDUMEHHMa. TeopeMa Bapa. COFJ'IaCHO
3TOi1 TEOpeMe XOTsl Obl OIHO U3 MHOXKECTB Mk. COZIep>KHUT HEKOTOPBI# 1I1ap.
3aMeTHM, YTO MHOXKECTBA, MMOJIy4YalOTC APYT M3 APyra ¢ MOMOLIBI0 pac-
TSXXKEHUA U CXKATUA (yMHO}KeHPIH BCEeX 3JIEMEHTOB Ha HEKOTOpoOe (bI/IK-
CHDOBaHHOe ‘IHCJ‘IO). H03TOMy €CJIH OJHO M3 TaKUX MHOXKECTB COOEPKHUT
1ap, To J00e Ipyroe TaK»XKe COJEPXKUT 11ap, MOJTYyYeHHbI pacTsiKeHHeM.
3Ha‘H/IT, 683 OrpPaHUYeHHA 06LLLHOCTI/I MO>KeM CHYHTaTh, YTO IJ1d HEKOTOPOI'O
C € N cywecreyer wap B [;1;0, 1] paauyca 1 , npuHaTeKaluii MHOXKECTBY
Mc:
PaccMoTrpeB pasHOCTH U HCHOAL3YA JIeMMY 1, 1OJy4aeM BKJIIOHYEHUA

B[0,1] = 1/2BJ0,2] = 1/2{Blxo.1] — Blzo,1]} C 1/2(Mc — M¢) C M.

D10 BKMOYEHHE O3Ha4aeT, 4T0 B wape B0, 1] cymectsyer BCioay miaot-
HOe [TOIMHOXeCcTBO D = B[O, 1] N M, 15 TOYEK z KOTOPOrO BbINQJHEHO
nepasencrso | Az|| < C.

B cuiy cBo#icTBa OJHOPOAHOCTH HOPMbI MOJy4aeM, 4TO Opu 7 > 0 ajist
TOYEK z M3 MHOXKecTBa 1D BbINOJIHEHO HepaBeHCTBO ||Az|| € rC u 3to
MHOXECTBO BCIOAY IJIOTHO B miape B[0,7].

ITokaxkeM Tenepb, 4TO AN Beex Touek wapa B0, 1] Bpinondeno Hepa-
BencTso {|Az| < C.

IIycts £ — npoussoabHeli snement u3 B0, 1]. Toroa nns € > 0 cymwe-
CTBYyeT 3JIeMeHT 2o € D Takoil, uto ||z — 20| < € u |4z € C. Tak xak
Pa3HOCTb T — zp IPUHAJJIEXKUT APy paguyca €, B €D cyiuecTByer Takoi
3JIEMEHT 21, 4TO ||z — 29 — 21| < €/2. IIpomosmxkas nporece, ocse n Uaros
MOJIy4YaeM TaKOM 3JIEMEHT z, € 27 "¢D, 4T0

lz—z0— 21 — ... — zo|| <€27™

IocsieHee HEPABEHCTBO O3HAYALT, UTO PAA Y Z) CXOAUTCS 110 HOPME K 3J1e-
menty z. Pacemorpum pag Y, Azg. YTBepkzeHue z, € 27 "D o3Hauaer,
YTO BBITOJHEHO HepaBeHCTBO ||Azk|| < Ce27F u, 3mauut, pan Y Az cxo-
nuTcs abcontoTHo. Tak Kak IO yCJIOBHIO IPOCTPAHCTBO Y MOJIHOE, NpUMe-
HEMa TeopeMa O CXOAMMOCTH aBCOMIIOTHO CXOASAIIEroCst psaa i psas y o Az
CXOIUTCS K HEKOTOPOMY 3JieMeHTy y € Y, mpudem |ly|| < C(1 +¢).

O6paruM BHMUMaHUE HA TO, 4TO OPEAbIAYLIHE PACCYXKIEHUS UCIOJb30-
BaJIM TOJILKO TO, YTO ONMEPATOP ONpeJeseH Ha BCeM mpocrpaHcTee. Tenepb
BOCIIOJIb3yeMCsl 3aMKHYTOCTbI0 oneparopa A. Tak kak

n n
sz—exu AZ g — Y,
o 0
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M3 3aMKHyTOCTH oneparopa A mojyuaem, 4to y = Az U, 3HA4MT, A1A
mwoboro x € B[0,1] spinonneno uepaseHcrso ||Az| = ||y|| < C(1+¢). B
CWIy IpPOU3BOJLHOCTH £ nojyvaem |[Az| < C. <

B kayecTBe mpuIOXKeHHs JOKA3aHHOrO yTBEPXK/IeHHA NOJYYUM OJHY H3
HanboJjiee U3BECTHBIX TeopeM (PYyHKIMOHAILHOrO AHAIN3a — TeopeMy ba-
Haxa 06 obpaTHOM omeparope. PaccmaTpuBaeMblit BOIPOC CBA3aH CO CJie-
ayoumM. Ecmu f : R — R — 6uektuBHoe oToOpaXkeHue, TO, COIJIACHO
HU3BECTHOH TeopeMe U3 MATEMATHYEeCKOro aHAJIH3a, U3 HempepbiBHOCTH f
CllelyeT HenpepbIBHOCTL 00paTHoro orobpaxenud. QaHako 1o He 0bmasn
3aKOHOMEPHOCTh, & CKOp€e HCKJIIOYEHHE: B Ciy4ae l'IpOI/IBBO.TIbeIX TOII0-
JIOTHYECKUX MPOCTPAHCTB U3 HEIPEPBHIBHOCTH MCXOMHOrO OTOOpayKeHUs He
CJlefyeT HeNpPepBIBHOCTh 06paTHOro orobpaxkeuus. Teopema Banaxa onu-
CbIBAET ellle OAUH TaKOM MCKJIIOYUTEbHBIH Cirydai.

Teopema 2 (reopema Banaxa o6 ofparnom onepartope). ITycmoe X
u 'Y — 6anazoewn npocmpancmea u A: X — Y — aunelinwd 6uexmus-
nouti ozpanunennil onepamop. Tozda obpammwiii onepamop A~! aeasemca
02PAHUNEHHBLM.

> Jlwobo#t orpaHuyeHHblH OIEpATOD, 33 aHHbIH Ha BCEM HODMHPOBAH-
HOM [IPOCTPAHCTBE, 3aMKHYT, T. €. ero rpapuK sBIAETCA 3aMKHYTBHIM MHO-
x)ecteoM B cymme X @ Y. Tak kak rpadux obpaTHOro oneparopa OTJIH-
4aeTcs oT rpadguKa HCXOJHOrO ONIEPATOPa TOJMBKO cnocoboM 3amuck (eciu
napa (z,y) npuHa nexut rpabuky oneparopa A, To napa (y,T) OpHHAI-
JieXkuT rpaduky obpaTHoro oneparopa), T0 rpacdhuk 06paTHOro oIepaTopa
3aMKHYT 4 1O TeopeMe 1 omeparop At orpaHu4eH. <

3ameTumM, YTO U3 TeOpeMbl 06 ODPATHOM OIEepaTOpe JIErKO IOJIYYUTh
TEOpeMy O 3aMKHYTOM rpapUKe U 3TH TEOPEMbI B TAKOM CMbIC/IE SKBUBA-
JNeHTHBL. [I03TOMY OOHM M Te€ e Pe3yJbTaThl MOXHO MOJYdYaTh C [IOMO-
LI J1I0607 U3 3TUX TeopeM. B KOHKDeTHBIX IPUIIOXKEHUSIX MCIIONb3YeTCA
0OBbIYHO Ta U3 ITUX TEOPEM, KOTOpas CPOPMYNHPOBaHa B TEPMUHAX, boJee
COrJi1aCOBaHHBIX C JaHHLIMH paCCManI/IBaeMOI"‘I 3ada4yu.

PaccMOTpHUM HECKOJILKO CJIEACTBUH JOKA3aHHBIX TEOPEM.

Craencrue 1. ITyems na sexmoprom npocmparcmee X 3adanv dge
nopmoi ||-||1 u || |2, u npocmparcmeo X noarno omuocumenvno xaocdot us
nopm. Ecau ||z|l1 € Cllz||2 dan scez x € X, mo amu Hopmovt IK8UBAAEHT-
noi, M. €. cywecmsyem nocmoannas Cy > 0 maxanr, wmo ||z|2 < Cilz|:
oas scex T € X.

> O6o3uayum yepe3 X, (k = 1,2) 6anaxoso npocrpancrso X ¢ HOpMOH
|| - ||x- HepaBencrro ||z||1 € C||z|l2 03Ha4daeT, 4TO TOXKAECTBEHHBII Omepa-
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TOp, AeiicTBytolunii o dopmyie Jr = T, paccCMaTpPUBAaEMbIi Kak Oeparop
u3 Xy B X, orpanuden. Ilo teopeme 2 omeparop J !': X; — X, tax-
»Ke OrpaHutveH, T. €. CylecTByer nocrosnHas Cl, IpH KOTOPOI BbITOJHEHO
HepaBeHCTBO ||z]|2 < Cillzlj1. <

YTBepxaeHue CleacTBHA 1 MOXHO YCHJIMTh. B J0KasaTenbcTBe cied-
cTBusi HepaseHcTBo ||z||1 € C||z||2 TpebyeTcs ms nOMy4YeHUs OrpaHu4eH-
HOCTM oneparopa J, a s Aa bHeHUMX PACCYKIEHUN AOCTATOYHO HMETD
TOJBKO 3aMKHYTOCTh 3TOCO OIEePaTopa. 3aMKHYTOCTh Omeparopa J MOXHO
HOJIyYUTh U3 HEKOTOPOTO HOBOT'O OTHOILEHUS] MEXK Ay HODMaMK — CBOACTBA
COLJIACOBAHHOCTH HOPM.

Onpegenenne 1. Hopma ||z]|2 ra BEKTODHOM HPOCTPaHCTBE HA3LIBA-
erca coaaacoeannoli ¢ HOpMOIH ||x||1, ecim u3 Toro, 4to ||znllhi — O m
[OCJIe10BATEILHOCTL Ty, ABJSETCS MOCJeI0BaTebHOCThI0 Komu oTHOCH-
TEJIbHO BTOPOH HOPMBI, CJEAYET, 9TO ||Zn]2 — O.

U3 3TOro 3aMevanus BbITEKAET CIEAYIOIee CeICTBUE.

Cnencrbue 2. ITycmv na éexmoprom npocmparcmee X 3adanve dee
nopamwt || - |1 u || - |2, u npocmpancmeo X noano ommocumenvro xaxcdoti
u3 nopm. Ecau odna us mopm coznacoeana co 6mopot, mo MU HOPMbL
IKBUBAAEHNDL.

IMycTs 6aHAXOBO NPOCTPAHCTBO X PA3JIOKEHO B NPAMYH0 CyMMY CBOHX
3aMKHYTBIX BEKTOPHBIX MOANPOCTPAHCTB Y U Z, T.€. KaXK/blil 3JIEMEHT T
IPEACTABIAETCS B BUJAE T = Y + 2. DTO pas/oKeHHNe ONpeessieT IIPOEKTOD
B X Ha noampocrpaHcTeo Y 1o dopmyne Py = y.

Craencreue 3. [Ipoexmop Py A6afiemca 02panHUNEeHHbIM ONEPATOPOM.

> B cumy TeopeMbl 0 3aMKHYTOM Trpaduke ZOCTATOYHO IPOBEPUTD 3a-
MKHyTOCTb onepartopa Py. Ilycts z, — z, Pyz, — y.B cuny 3amkuy-
Toctn Y umeeM y € Y. Tak kak x,, — Pyz, =2, € Zuzy, > 2=Z— Y, B
CWJIy 3aMKHYTOCTH MOIANPOCTPAHCTBA Z NOJYy4YaeM, YTO z € Z W, 3HAYMT,
Pyx = y. 910 1 o3nHavaer, 4To onepaTop Py 3aMKHYT. <

JokazaHHOE CJIeACTBHE MO3BOJIACT IOy YHTh aBTOMATHYECKYIO Hempe-
PHIBHOCTH KO3(PHULMEHTOB Pa3jioXKeHNs no Oa3ucy.

Teopema 3. Ecau cucmema 8exmopos (€) A6AAEMCA ba3ucom 8 bara-
zogom npocmparcmee X (Kaocduli sremenm z u3 X paszaceaemca eduu-
cmeennmm 06pazom 6 pad T = Y | cxer), mo Koadduyuenmov. pasaooce-
HUA Ck = Ck(T) HenpepyueHo 3a8uUCAm OM T.

> 3acdukcupyem Homep m. Ilycts X, ecTh omHOMEPHOE HOANIPOCTPAH-
cTBO B X, MOPOXKIEHHOE 3JIEMEHTOM €, & X™ — (6eckonedHoMepHOe)
3aMKHYTO€ BEKTOPHOE TOAMPOCTPAHCTBO, NOPOXKIEHHOE OCTAJbHBIMH 3JIe-
meHTamu 6asuca. Torna ajs m060ro r UMEeM T = Cmém + kstm Ck€k-
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3TO 03HAYAET, YTO MPOCTPAHCTBO X pAa3JIOKEHO B MNPAMYK CyMMy
X = X,, @ X™. IlpuMeHuMo cjaeacTBue 3 TeopeMbl 2. U OTODparkeHue
P, :x — cm(z)e, HenpepbiBHO.

C nomouipio Teopembl BaHnaxa 06 06parHOM ONEpaTope MOXKHO IOJiY-
YUTHL APYroe JOKAa3aTelbCTBO TeopeMmbl Banaxa — Illreituraysa. 3to g0-
Ka3aTenbCTBO MHTEPECHO TEM, YTO B HEM HCIOJIb3YeTCsl NpHEM BBEICHUSA
HOBOH HOPMbI, HONE3HEII B PAfe APYTUX BOMPOCOB.

Teopema 4 (Banax — Illteiinrays). ITycmv X — banazoso npocmpan-
cmeo, Y — nopmuposannoe npocmpancmeo u A, € LB(X,Y) — aunei-
nbie ozpanuvennsie onepamopu. Ecau sup ||Agz|y < 400 daa xaeorcdozo

z

x € X, mo sup ||Ag] < +o0.
k

> Ha 6anaxoBoM mpocTpancTse X 3aJaJuM €lle OIHY HODMY

lzlly = 2]l + sup | Axzly-

Ouesunno, uro ||z|| < ||z|;. IlokaskeM, 4TO B HOBON HOPME MPOCTPAHCTBO
X nonno. HeiicTBuTesbHo, nyctb (x,) — nociaenoBaTensHocts Komu B
Hopme || - ||1, T e. ansa m0boro ¢ > 0 HalifeTcsa HOMep mg TAaKOH, 4TO IpU
n,m 2 Mo

Tn — zmllx + 51;1cp |Akzn — Akzm|ly < €. (1)

Orcrona crenyet, 4to (x,) — mocienosarensHocTsh Ko B X B ucxonuoi

Hopme. Tak kax X MOJHO, TO CyIECTBYET I TakoH, 410 ||z, — z||x — 0

npu n — oc. ITockoneky Bee Ay HenpepsBHBL, TO || Agzy, — Agz| — 0 npu

n — oc ansa moboro k. Yerpemasa m x oc B HepaseHcTse (1), mosydaem

|z, — z||x + sup ||Axzn — Agz|ly < € mpu n = np. 310 03HAUAET, UTO
k

|zn — z|l1 — 0 npu n — co. Takum obpasom, X nmomHo B Hopme || - ||;. B
CWJIy CeJCTBHsl TU HOPMBI SKBHBAJIEHTHDI, T. €. CYLIECTBYET OCTOSHHAS
C raxas, uro |zl + sup || Azl = llzll < Cll2]]. Orxyma [|Axz] < Clie]

s nwboro ¢ € X, Te. Al < C. «



§ 37. [IPNJIO2KEHN ¢
K MHTETPAJIBHBIM YPABHEHUAM

B stoM naparpade pacCMOTPEHO HECKOJIBKO NMPHJIOKEHHH 0OIuX Teo-
PeM K MHTerpajbHBIM yPaBHEHHIM.

Haweit uenbio siBasieTcs u3ydeHue (B pa3iuyHbIX IPOCTPAHCTBAaX My HK-
uil) HHTETPAJIbHBIX YDaBHEHMH BUIA

1
/K (t,s)z(s)ds = y(t) (1)
0
¥ CBSI32HHBIX ¢ HUMU MHTErDAJIbHBIX ONEPATOPOB, AEHCTBYMNX 10 (op-

MyJIe .
= / K(t, s)z(s)ds.
0

Ortpe3ok [0,1] B3AT A5 ONpeeseHHOCTH, aHAJIOTHYHbIE Pe3Y/IbTaThl UMe-
0T MECTO AJIs ApYrux noaMuokecTs B R™ u Apyrux npocTpaHCTB ¢ Mepoii.

Obmas cxema uccyiegoBaHus cienyiomas. CHaYana pacCMOTpPEHbl MH-
TerpaJibHble ypaBHEHMs C BBIDOXKAeHHbIMU siapamu. Iloka3aHo, 4To Takoe
yPaBHEHHE CBOAWTCA K (KOHEYHOH) CHUCTeMe JIMHEHHBbIX anrebpamyecKux
ypaBHEHHl U MOXeT ObITb 110APODHO MCCIeI0BaHO. 3aTEM PaCCMOTPEHBI
T.H. yPABHEHUsS C JOCTATOYHO MAJbIMHU SIAPAMH, K HCCIEIOBAHUIO KOTO-
PbIX NIPHMEHMMBI Teopembl 06 obparHbIX omeparopax. Jajee mokas3aHo,
YTO IPU JOCTATOYHO ECTECTBEHHLIX YCAOBUAX $IPO UHTErPAJILHOTO Onepa-
TOPa MOXKET ObITh MPE/CTABIEHO KAK CYMMA BBIPOXKIEHHOI'O H IOCTATOYHO
MAaJIOro sigpa, 4TO NMO3BOJISET [IOIy4UTh HEKOTODhIE ODIINe YTBEp K IeHU
0 pa3peluuMOCTH MHTErpaJbHbIX YPaBHEHHI.

OrpaHrveHHblil JTHHEHHbIN ONepaTOp HA3bIBAETCA ONEPAMOPOM KOHEY-
HO20 paH2a, eciad ero obpa3 SBJIAETCS KOHEYHOMEDPHBIM MOANPOCTPAaH-
CTBOM.

Ounpegaenenue 1. Anpo K (t, s) HHTErpasbHOTO yPABHEHMS HA3LIBAELT-
CA  evpodCclenHbiM, €CIU OHO MOXKET ObITh MPEACTABIIEHO B BUJE

K(t.s) =) ak(t)br(s). )
k=1

J s MHTEerpasbHOTO onepaTopa A yca0BHe BBIPOKIEHHOCTH S1pa O3HA-
YaeT, YTO 3TO ONEepaTOp KOHEUHOrO PAHra, TAK KaK ero 3Ha4eHUsSIMH MOLYT
n
GbITh TONBKO DYHKUMK BUAA ) _; Crkak(t).
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TloxkaxxeM cHavana, KaK pelleHHe WHTErPaJbHOrO ypasHeHus (1) ¢ BbI-
POXKIEHHBIM SAPOM CBOLHUTCS K DEIIEHUIO CHCTEMBI JIMHEMHBbIX anrebpau-
YyecKux ypaBHeHuil. Byazem cuurarts, 9To B paBencTBe (2) dbyHKunm ak(t),
k =1,...,n, suHeiHo He3apucUMbl u GyHkuuu bi(s), k = 1,...,n, Tak-
7K€ JIMHEHHO HEe3AaBUCHMbI. JTO HE OFPAHUYMBAET ODIIHOCTHU, TAK KaK eCJIM
byukuun ak(t) nnu by (s) AMHEHHO 3aBUCKMBL, TO, BbIpa’Kad 4acTb U3 HUX
yepes ocrajbHble, nonydaem ans K (¢, s) Bolpaxenne Buga (2) ¢ MEHBIIAM
YHCJIOM CJAraeMbIX, COAEPIKAIIEe TOIbKO JIMHETHO He3aBUCUMBbIe (DYHKLIHH.

INoacrasus siapo B Buge (2) B ypaBHeHue (1), nojydaem

1

o) = Y- ault) [ bu(s)as)ds + (o) (3)
k=1

0

Ecnu ypasuenune (1) umeer peuienue, 10 u3 (3) BHIHO, YTO 3TO perleHHe
HMeeT CleLanbHbIi BUA

z(t) =) crak(t) + y(t), (4)
k=1

TI€ ¢, — HEKOTOPbIe mocTosHubie. [ToaToMy pewenne ypasHenus (1) 6ynem
uckaTh B BHAE (4) ¢ HeompenejieHHbIME KO3dduunentamu cg. Iloacrasus
(4) B neBy10 yacTh paBeHCTBa (3), MOJIy4aeM PABEHCTBO

1

S cvan(®) +y(®) = - aalt) [ bulshals)ds + u(t),
k=1 k=1

0

KOTOPO€ B CWJly JIMHEHHOH He3aBHUCHMOCTH (YHKUMH ak(t) SKBUBAJIEHTHO

cucreMe
1

Cp = /bk(s):c(s) ds, k=1,...,n. (5)
0

Honcrasus B (5) dyHkuuio r B Buge (4), NOJyYaeM CHCTEMY JIHHERHBIX
a.nrera.I/I‘-IECKHx ypaBHeHHﬁ OTHOCHTEJIBHO HEN3BECTHDLIX Cj

n
ck:dejcj—l-yk, k=1,....n, (6)

j=1
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rae dij ¥ Y, — U3BECTHBIE BEJIMYHHBL:

1
drj = /bk(s)aj(s) ds, k,j=1,...,n, (7)
0
1
Yp = /bk(s)y(s)ds, k=1,...,n. (8)
0

Cucrema (6) S5KBUBaJIEHTHHA ypaBHeHUIO (1) B CleAyIOmEM CMBIC/IE: eCIu
ypaBHenne (1) umeer pelerue, TO OHO NpecTaBisercs B Buae (4) u ko3d-
buLHenTsI ¢, yIOBAETBOPAIT cucTeMe (6); ecam ko3 pUUMEHTHI ¢y, . . ., Cp
YAOBJIETBOPAIOT cucTeMme (6), To byHKuUA &, nonyyeHHas no dopmyae (4),
ABJIAETCA pelueHueM ypasuerus (1).

Mpi He Hanarann Ha dyukuun ag(t) U bg(s) ycnaosuil u He 3aduKcu-
POBaJIM MPOCTPAHCTBO (DYHKIHIA, B KOTOPOM peluaeM ypasHenue (1), Tax
KaK paCCy»XJeHUsI OJUHAKOBBL [JIsl BCEX IPOCTPAHCTE (DYHKUMH TakKux,
kak C[0,1], L,[0,1], C'[0,1] u T n. Bce npuBeaeHHbIE BHIIE PAcCyze-
HUS CTIPaBeAJIUBDI, eCIH (DYHKIMU ak () MIPUHAAJIEKAT PACCMATPUBAEMOMY
NPOCTPAHCTBY (hyHKuMit, 8 GYHKUMHA by ($) TAKOBBI, YTO UHTErpaJiLl B (8)
CYIIECTBYIOT AJ1s1 J060it (hYHKIMKM Y U3 PACCMATPUBAEMOTO IPOCTPAHCTEA.

Kak u3BecTHO, HEOOXOAMMBIM M JAOCTATOYHBIM YCJIOBHEM Pa3peliuMo-
CTH CHCTEMBI JIMHEHHBbIX ajreOpanyecKuXx ypasHeHui npu Jjiodoil mpasoi
YaCTH ABJIAETCA HEBBIPOXKIECHHOCTD (OTJIMYHE OT HYJIs ONPEIe/IATeNsT) MAT-
puust cuctembl. Onpegenntens A cuctembl (6) umeeT Bug,

dii—1 di2 din
A= doa1 dap—1 day,
dnl dn2 dnn -1

B03MOXHBI JBa KAYECTBEHHO PA3JIMYHBIX CIIy4asl.

I. Eciu A # 0, To cuctema (6), a ciengosaresnbHo, U ypashenue (1)
UMEIOT U IIPHTOM eIUHCTBEHHOE. pellleHue MpH J000i npaBoil YacTH.

II. Ecniu A = 0, To cucrema (6) paspemmMa He I/ BCEX MPaBHIX Ya-
CTell, a ONHOPOLHAA CHCTEMA, COOTBETCTBYIOmMAasn (6), uMeeT n — r JUHEHHO
HE3aBUCUMBDIX PeLleHuil, [1€ 1" €CTh PAaHr MaTpuubl cuctemsbl. Ilpu sToM st
Pa3peHIEMOCTH CUCTeMBI (6) HYXHO, 4ToOB! NpaBaa 9acThb yAOBJIETBODA/IA
T — T YCJIOBUSIM COBMECTHOCTH CHUCTEMBI.
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IMokaxxem, yTO HHTErpaibHOe ypaBHeHUE (1) C BBIPOXKIEHHBIM SAPOM
06J1a1aeT TOYHO TAKUMM CBoiicTBaMu. s 3TOro UCnoib3yeM yCJIOBUE JIH-
HeifHO He3aBHCHMOCTH yHKUMH by(s). VI3 sroro ycnosus ciemyer, 4To
BEKTOPHI i = (Y1 -.,Yn), L€ Yj OUpeaenensl no dopmyse (8), npoberaor
T-MEpHOE IPOCTPAHCTBO, €CJH (DYHKIMM Y TpOoBEeraiT BCE IPOCTPAHCTBO
dyHkumit, T.e. orobpaxkeHue y — Y ABIAETCI CIOPBEKTUBHBIM OTOOpa-
JKeHMeM Ha n-MepHoe mpoctpaHcTBo. CrenoBaTenbHo, ecin cucrema (6)
pa3pelinMa He [ BCeX MPAaBbIX YacTeil, TO ypaBHenue (1) Takxke paspe-
LIMMO He A/ BeeX OYHKUMH y I KaXKA0e yCJOBHE Pa3pElIMMOCTH HA Npa-
BYIO 4aCTh CHCTeMBI (6) MOpOXK/JaeT YCJIOBME Pa3pellMMOCTH Ha ITPaBYIO
vacTb ypasHenus (1). Ilpu srom ogHOpOHAs CHCTEMA. COOTBETCTBYOIIAS
(6), u oaHOpPOAHOE ypaBHEeHHe, cooTBeTCTBYyOMEe (1), NMEIOT oAMHAKOBOE
KOHEYHO€ YHUCIIO N — T JIMHEeHHO He3aBHCUMBbIX DelleHUH.

Takas cuTyauud THIIAYHA [AJ1s1 H0j1ee IMHPOKOro Knacca ypaBHenuit. B
6oJiee 0biLeM BHE COOTBETCTBYOLIHE PE3YABTATHL OYAYT MOJIYYEHBI B [VIaBE
VII.

BTopoit kiacc uHTErpasibHBIX ypaBHEHHI, KOTOPBIH TakKe JIerKO MOoJ-
JaeTCsl MCCNeNO0BAaHUIO0, — 9TO T. H. HHTErPaJIbHbIe YPABHEHHUS C JOCTATOYHO
MAaJIbIMU SAPaMH.

Anpo K(t,s) 6yneM Ha3bIBATL JOCTNAMOYHO MEAbLM B BHIODAHHOM Ga-
HAXOBOM IIPOCTPAHCTBE (PYHKUMIA, eCau JJIs MHTETPAIBHOIO ONEPaTOpa.

1
Ax(t) = /K(t,s)z(s) ds (9)
0

BbINOJIHEHO ychioBue || Al < 1. Takue ypaBHeHus y»Ke pacCMaTpUBAJINCH B
§ 21, Ho ceifuac Mbl PACCMATPUBAEM HX C APYTOi TOYKH 3PEHHS — C TOYKU
3pEHHs TEOPUU JIMHENHBIX ONePaTOPOB.

TTo Teopeme 2 § 35 u3 ycnosus ||A| < 1 cienyer, uro oneparop [ — A
MMeeT OrPAHMYEHHDBIH OOPATHBIN, YTO IKBHBAJEHTHO OJHO3HAYHOM pa3pe-
muMocTH ypaBuenus (1) ans jroboi npasoi wactu. Kak nokazano B § 27,
IUIsl MHTErpaJbHOro oneparopa A sHopma B npocrpasctse C[0, 1] Bblpaxka-
ercsi dopmynoit

1

14l = max / K (2, 9)| ds.

na
<t<1
0
ITosTomy monyyaem cienyrollee yTBEPKAEHUE.

252



Teopema 1. IIycmo dpynxyua K (t, s) onpedesena u nenpepvena npu
1

0<ts<1l Ecau (}E?gclflK(t, s)|ds < 1, mo unmeepaavroe ypasrenue
X0

(1) 8 npocmpancmee C[0,1] umeem, u npumom edurncmeennoe, pelieHue
das 106011 npasoti wacmu.

PaccmorpuM umHTerpaibHbli omeparop (9) B mpocrpancrse Lo[0, 1].
Kax mokazauo B § 27, ecnm K (¢,s) € L([0,1] x [0, 1]), To Anst mnTerpann-
Horo onepatopa A B npocrpascTse Lg[0, 1] nMeer MecTo oueHka

11

1/2
1Al < ( / |K(t,s>|2dsdt)

00
IIpnMensa npeaslayLIMe PACCY KIEHUS B C1yHae IpocTpaHcTsa Lo[0, 1],
MoJiy4yaeM CJIeJyH0lee yTBepXKAEHHUE.

Teopema 2. [Iyemo dynxyua K(t,s) usmepuma u

11

//]K(t=5)|2dsdt = M? < 1.

00

Tozda unmezpasvroe ypasnenue (1) 8 npocmpancmee Lo[0,1] umeem, u
NPUMOM €OUNHCTNBEHHOE, PeweNue Jaa 410601 npasol wacmu.

B obuem caygae, korma sapo K(t,s) He sBAsercss JOCTATOYHO Ma-
JIBIM H HE AABJIAETCS BbIPOXKJEHHBIM, MHTETDAJIBHOE yPABHEHHE MOXKET ObITh

HccenoBaHo cneaywomum obpasom. Ilyers, nanpumep, K(t,s) uamepuma
11

u cymecrsyer unrerpan [[|K(t,s)|? dsdt. IlycTb ex(t) —TpousBOIbHBIA
00

noJHas OPTOHOpMHUpOBaHHasi cucrteMa B Lo[0,1]. Torma dynkuusa K(t, s)
o0

pasnaraercs B ABOHHON pax K(t,s) = ) ckjex(t)e;(s), Koropsiii cxo-
k=1
n
aures B Lp([0,1] x [0.1]). Tlycts K (t,8) = > cijex(t)e;(s). Ecim A, —
k=1

MHTErpajibHbIl onepaTop ¢ sapoM Kn(t.s), 1o ||A — Ayl < |1K — Kyl L,-
Beibepem ng Tak, 4TOOBI BEINOMHANOCH || An, — Al| < 1. Ypasueuue (1) B
npoctpanctse L]0, 1] 3anumemM B OnepaTopHOM BHJE

([ = (A= Ang) = Anplz = 9. (10)
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ITo Teopeme 2 § 35 a5t oneparopa I —(A— A, ) CyIIecTByeT OrpaHUYeHHLIH
obpaTHblil, KoTopseiii o6o3HaunM B. Torpa ypaenenue (1) 3KBUBAJEHTHO
YPABHEHUIO

(I - BA,,)r = By. (11)

Ho ypasuenue (11) ecTb mHTErpaibHOE YDABHEHHE C BbIDOXKAEHHBIM sJ-
POM, TaxK Kak

n

1
BA,,z(t) = Z ij[Bek](t)/ej(S)(E(S)dS.
0

k,j=1

CaenosaTenbHo, ypapHenne (1) ¢ npoussosbHbIM aapom K (t, s) ceoauTcst
K YPABHEHHIO C BHIPOXIEHHBIM fAPOM U 00671aJaeT OCHOBHBIMH CBOHCTBa~
MM Takux ypasHeHHH. TakuMm o6pa3oM, OMy4aeM, HAPHMED, CJIeAYIOLIee
yTBEpXKIEHUe.

Teopema 3. ITycmv K (t,s) € La([0,1] x [0,1]). Humezparvnoe ypas-
nenue (1) e npocmpancmee L0, 1] paspewumo dan awoboli npasot wacmu
mozda u MoavKo Mozda, k0206 00HOPOJHOE YPABHEHUE UMEETN TOADKO HY-
aegoe peuwenue. O0HOPOOHOE YPABHEHUE UMEET 8CE20a KOHENHOE YUCAO AU-
HeliHo HEe3aB8UCUMBLT PEWEHUY.

3amMeTHM, 4TO cBefeHue ypaBHeHus (1) K YPaBHEHUIO C BBIPOXK AECHHBIM
anpoM (11) moxer 6bITh HCHIONB30BAHO HE TONBKO JJIS HCCIEAOBAHUS, HO
U 171 NpubJIMKEHHOro pelleHusi ypaBHeHus (1).

PaccMoTpuMm 0MH K1aCC HHTErpaJibHBIX YDPaBHEHHI, 118 KOTOPOrO pe-
3yJbTAThl MOXXHO KOHKDETU3MPOBATb, HUCIOJbL3Yysl MOAXOH, ONMUCAHHBIE B
teopeme 4 § 35. [Tycts B npoctpanctee L]0, 1] 335280 UHTErpaibHOE ypaB-
HeHHe BUJa

1
() / K(t - 8)2(s)ds = y(t). (12)
0

ITO T. H. ypaBHEHMe C PA3HOCTHLIM AApoM — B obiem ciaydae sapo K (t, s)
€CTb [IPOU3BOJILHAA (DYHKIMA ABYX IEPEMEHHBIX, B PACCMATPUBAEMOM CJIY-
yae 370 (YHKUUSA, 3ABUCHIIAS TOJbKO OT PA3HOCTH t — S.

Teopema 4. [Tycmy K(-) ecmv udmepuman gynxuyus (0010l nepemen-
Hoti), nepuoduneckan ¢ nepuodom 1 u unmezpupyemasn Ha ompesxe [0,1].
Iyemo A\ = fol K(s)exp(—i27ks)ds ecmv xoapduyuenmu Dypve dynn-
yuu K no opmonopmuposannoti cucmeme er(t) = exp(i2nkt), k € Z.
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s unmeepaanhozo ypasuenus (12) 603mooicHb TONBKO dea caedy-
OUWUL CAYUAR:

L. Ak #1 0an awbozo k € Z. B amom cayvae dasn arwbozo y € L2]0,1]
ypasnenue (12) umeem eduncmeenroe pewenue u IMO pewserue 3adaemea
padom Dypve

o

z(t) = Z 1 _l/\k brezp(ikt), (13)

k=—oc

ade by, = fo s)exp(—i2wkt)ds — xoappuyuenmo. Pypve Pynryuu y.

1L Paeencmeo A = 1 8unoaneno 0aa KoHewHo20 MucAa 3navenut k:
ki,ko,....ky. B amom caynae 0as cyus,ecmsosanus peuienui Heobrodumo
u docmamowno, wmobs. Pynxuus y ydosaemeopasa m ycaosuim by, = 0.
j = 1,2,...,m; pewerue onpedeseHo ¢ MOHOCINGIO 00 T TPOUIBONLHBIT
nocmoanunz Cp,Ca, ..., Cp, u 3adaemcs padom

z(t) = /\Z T /\ brexp(ikt) + Z}C sexp(ik;t). (14)
kF#L J

> IlposepuM, uro dyukuus ex(t) = exp(i2wkt) spasiercss cobCTBEHHOM
¢yHKIMeH 118 MHTErPATBHOTO OIEPATOPa

1
Az(t) == /I((t — 8)z(s)ds
0

COOTBETCTBYIOIEH cOOCTBEHHOMY 3HAYEHMIO A . JeficTBHTENbHO,

1
(Aeg)(t) = /K(t — s)exp(i2wks)ds = / K(7r)expli2nk(t — 7)dT =
0

t—1

t
/K T)exp(—i2nkT)drexp(i2nkt) =

t=1

1

= /K(s)exp(—i?wks)ds -er(t) = Arer(t).

IostoMy k HHTerpajbHOMY ypaBHeHHIO (12) MpUMEHMMbI PACCYK/EHHUs,
H3JI0XKEHHBIE B JOKa3aTenbCTBe TeopeMmbl 4 § 35. [lias HEonmpeaesieHHbIX
k03 duLnenToB ¢, nosnydaem cucreMy (1 — Ag)ek = by.
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Ecnu dyuxkuus K npunamnexur L»[0,1], To Ay — 0 opu |k| — oo &,
3HAYHT, MOCTEeAOBATENLHOCTh KO3(hduumneHTOB ®yphe MPHHAIIEKHUT 3a-
MKHYTOMY ITIOAIPOCTPAHCTBY Cp NMPOCTPAHCTBA lo. [TOKaxkeM, uto Ay — 0
npn |k| — oo u B cay4ae, koraa yukuus K npuHaanexuT Gosee mWKpo-
komy npocrpanctsy L1 (0, 1]. Jeiicteurenbuo, ais koadbunuentos Pypoe
O4YeBHJIHA OLIEHKA

1 1
M (K| = [ K(s)ezp(—i2nks)ds| < [ |y(s)lds = || K]}
/ /

Hns pyukmuu K u3 Ly cyuecTByer nocjaenoBarelbHOCTh K, orpa-
HUYEHHBIX (B YACTHOCTH, NPUHAJIEKALIMX TPOCTPAHCTBY Lo) dbyHKumi,
cxofsuasaca no yopme npocrpadcrsa L) K ¢dyukuun K. Torma, mo moka-
3aHHOMY,

sup |Ag(K) — Ae(KR)| € |K — Kr|l1 — 0 mpu n — oo.
k

DTO 03HAYAET, YTO MOCIEIOBATENLHOCTb Ak (K, ) IpU n — 00 CXOAUTCA B
OPOCTPAHCTBE o K 37ieMeHTY Ak (K). Bnauut, Ag(K) npuHa e ut mpo-
CTPaHCTBY Cg, YTO U TpeDOBAJIOCH.

W3 Toro, uro A — 0, cieayet, 4TO Y MHOXKECTBA YHCEJT Aj CYIIECTBYET
TOJILKO OJHAa TpeneibHaa Touka — To4yka 0. [Tostomy umcno 1 asnserca
nubo BHelHel, 60 U30IMPOBAHHON TOYKON 3TOTO MHOXKECTBA.

Ecnn BeIONHEHO ycyioBHe A # 1, To yucio 1 He NpUHAAJIEKUT MHO-
XKECTBY YHCEJ Ay U SBJISETCS BHEIIHEH TOYKOi 3TOro MHOXKECTBA, TO eCTh
CYLIECTBYET NONOXKHUTeNbHOE d Takoe, uto |Ag — 1| > d. Toraa BbIMOJIHEHB!
yeaosusi Teopembl 4 § 35 u dopmyaia (13) ecTs yacTHBIH Ciy4ail HOpPMyIIBL
(6) n3 § 35.

IlycTs cywecTByoT A; Takue, 4T0 A = 1. B cuny cxomumocru mocie-
JIOBATEJILHOCTH Ak K HYJIIO PABEHCTBO Ay = 1 MOXKET BLINOJIHATBCSA TOJBKO
JJ1si KOHe4HOro uncia HoMmepos {ki, ... ki }. B sTom caydae yucno 1 asas-
eTCsl U30JIAPOBAHHOM TOYKOM MHOMKECTBE, TOYEK MTOCJIEA0BATEILHOCTH. JTO
o3Hayaer, 4To cyuectsyeT d > 0 Takoe, 4to |Ay — 1| 2 d maa k # k;.
Hna nomepos k; nomyyaem 0-ck; = b, orkyaa bg; = 0, a koapbunuenTst
ck; = Cj — npou3sBosibHbL. [1/11 OCTaIbHBIX HOMEPOB MOJIy4aeM, KaK B Iep-
BOM ciiydae, ¢k = bx/(1 — Ax) u aas z nonyuyaem dopmyiay (14), npadem
pAn cxonuTcs. <
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§ 38. IPEOBPA3BOBAHUE ®YPLE
OYHKIUN U3 NTPOCTPAHCTBA L, (R)

B xoHue npeapiayuiero naparpada 6bUI0 NOKA3aHO, KaK ¢ [OMOIIIBIO
pasnoxkeHus B psan Oypbe MOXKHO MCCIEIOBATbh M PELIATh MHTErPAJIbHBIE
ypaBHEHUs C DA3HOCTHBIMY SiIpAaMH B IpOCTPaHCTBe Lo Ha orpeske. Huxe
OyZeT pacCMOTPEH KJIacC YPAaBHEHMH C Pa3HOCTHBIMH SApaMM Ha MIPAMOMH,
KOTOpbIE aHAJIOTHYHbIM 06pa3oM pewratoTes B npocrpancrse Lo (R) ¢ momo-
upio npeobpazosanns Pypoe. IlpenpapurenbHO HAM HYXKHO ONPEIENUTH
npeobpasosanua Pypwe B npocrpancree Ly(R). Ilpeobpasosanue Dypobe
SIBJISIETCST HETIPEPBIBHLIM AHAJIOrOM pa3ioxKeHus ¢hyukuuit B pag Pypoe no
cucreme byskuuit exp(ikt), oo obiagaer psaOM 3aMetaTeNbHbIX CBOHCTB
U HCMOJIb3YETCH NPHM PELIeHMH MHOTUX 3334 M3 PasHbIX pa3/esioB MaTe-
MATHKH.

HauneMm ¢ paccmorpenus npeobpasosanusg Oypbe B IPOCTPAHCTBE UH-
terpupyembix 110 Jlebery dyuxkumit Li(R).

ITpeobpasosanuem Pypve dynkuun f, 3ananHo# Ha npamo# R. HasbI-
Baercsa ¢yukius f, onpeaeneHHas Hopmyaoi

+oc
fe) = / F(z)e= ¢ da. (1)

Teopema 1. Ecau ¢ymuxyua f € L(R), mo ee npeobpasosarue Pypove
onpedeaero, YyooGAEMEOPAEM HEPLBEHCTBY

IO < Il Lo my (2)

U Asasemca venpepvienol Pynryueld na R, npuuem l llim f &) =0.
§[—o0

> Tak kak |f(x)e~**¢| = |f(z)|, To u3 cpoiicts unrerpana Jlebera no-
Jydaem

+oc
1Fe)l < / ()] de.

T.e. HepaBeHCTBO (2). 3uauuT, npeobpasosanue DPypre F': f — f MOYXKeM
paccMaTpuBarb Kak orobpaxkeHue m3 npocrpancrsa Li(R) B mpocrpan-
CTBO OrpaHHYeHHbIX (DYHKIMH, U, COTJIACHO HepaBeHCTBY (2), 3T0 orobpa-
XKeHue orpanuyeHo. JIuHeHOCTL OTOGpaskeHna F' oyeBuHA.
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IIycts ¢(z) — xapakrepucruveckas dbyHkuusa orpeska [a,b]. Toraa

e—ibE _ g—iag

—— ®

b
Pl = [eixtdn =

sta GYHKUMA HenpepbiBHA HA R u lIlim P(€) = 0. AHamoruyHoO IOKa-
§|—o0

3aTenbCTBY TeopeMbl 2 § 19 nosy4yaeM, YTO JHHeliHbie KOMOMHALUK Xa-
paKTepucTHYeCKuX (GYHKIME OTpe3KOB mIoTHBI B npocrpaHcrBe L;(R),
ux 06pasel SBIAKTCA JUHEHAHBIMA KOMOMHauamu dyakumit suga (3) u,
CJIeJ0BATEJbHO, HENIPDEPBLIBHBIMHU (1)}’HKI.[I)IHMI/I1 CTpeMAIIMMUCA K HYJIK Ha
6eCKOHEYHOCTH.

IIycte Temepb f — mpoussosibHas ¢yHkuus u3 Li(R). Toraa cyue-
CTBYET NOCJIeI0BATENbHOCTb f,, CTyNeHYaTbiX PYHKUUH (T.e. NHHEHHBIX
KOMOMHANIMA XapaKTepUCTHYECKUX YHKIUMHA OTPE3KOB) TaKasl, 4YTO
I fn = fllL,r) — 0. Torna B cuny HepaBeHcTBa, (2) IIOCTEJ0BATENILHOCTD fr

P2BHOMEDHO CXOAUTCS K (hYHKIHIH f H, 3HAYHUT, QYHKUUS f, kak npenen
PABHOMEPHO CXOAAIILHCS MOC/EI0BATEBHOCTH HENPEPbiBHBIX (DYHKUHEH,
sBJigeTcs pyHKIMel HenpPepbIBHOM.
CeoiicTBo IEIIim fn(f ) = 0 TakxKe COXpaHseTCs IpH PABHOMEPHOIT CXO-
—00

Jumoctd. B camom nene, BospbMem € > 0, BbiGepeM HOMep ng TaK, 4TOObI
BBINONHAIOCH |fn, (&) — f(€)| < €/2, u yucno M Tak, uro npu £ > M 6y-
Zer | fno(€)] < €/2. Torna masa 3nadvennii £ takux, yro |{| > M, noayqaem

1F ()] < 1 fno ()] + [ o (&) — F(E)] <. <

3amedanue. He nobas dyHkiuusa, HenpephiBHas Ha R u crpeMsimascsa k Hymnwo
Ha GeckOHe4HOCTH, sBJseTcs npeobpasoanueM Dypbe dynxkuuu u3 Li(R). MoxHo,
Hampumep, MOKa3aThb, YTO PYHKIUA

(ne)™',  €£>e
9(8) = e7l§, 0<¢<e,
He sBiseTcs npeobpasoBanueM Pypve dyukuun u3 Li(R), XoTs OHa HempepbiBHA U
|§llim g(€) =0.
—00

3aMeTHM TakkKe, 4TO HYHKUHUSA f (&) mMoxeTr GpITb HeuHTErpupyemo# (HampuMmep,
dbynkuna @¢(§) u3 dopmyast (3)). B obueM ciayuae HeM3BeCTHBI ABHBIE HEOGXOOUMEIE
M JOCTaTOYHbIE YCJIOBHA TOrO, KOraa HekoTopasa PyHKUHA fABjIAeTcs npeobpasoBanueM
Dypbe bynkuun u3 npocrpascrsa Li(R). .

Bosuukaer 3agada: kak no obpasy f(£) HaliTu ucxomsywoo QyHKIMO
f(z)? Iockonbky ans snementoB f u3 mpocrpanctBa Li(R) 3Hauenune B
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TOYKe, BOODIIE TOBOPS, HE ONPEIENIEHO, TO eCTECTBEHHO OXKMIATh, YTO 3Ha-
yenune f(r) B TOUKe T MOXKHO HANTH JHUIIb A DYHKUNI, YIOBIETBOPSIO-
[IUX JOTOJHHATEILHBIM YCJIOBHAM.

Onpenenenne 1. Toopar, uto byukus f ydosaemeopaem 8 mouke
xo yeaosurw Junu, ecan GyHKUMA

oty = T2+ 1) = f(z0)
t
HHTErpUpyeMa B HEKOTOPO# OKpecTHOCTH TO4KM ¢ = (.
Ycnosuto /luuu ynoBneTBopsier, HaIpUMeD, aOCOJNIOTHO HEMpEpPhbIBHAS
byHKIMS, HMEIILAsd OrPAHMYEHHYIO NPOH3BOAHYI0 B OKPECTHOCTH TOYKH
zo. Heticreurensro, ecnu |f'(z)| € M, to

xo+t

o) =[5 [ £

T

<M

U, 3HAYUT, ycraoBue JHHU BbIIOIHEHO.

Teopema 2. Ecau gynxyun f € L1(R) u e nexomopot mouxe z yodo-
saemsopaem ycaosuro Junu, mo 6 3moti moike cnpasediuso pasercmeo

+m0
f@ =5 [ Foetde, (@)

nputem UNWMezpan 8 (4) eCb UHMEZPAA 6 CMOLCAE 2A08HO20 3HAYEHUR.
> Paccmorpum fbyHKumo

N +o
fr(z) f e df = F(y)el=¥% dyde.
271' 27r
—N —oc
Tak Kak CyulecTByeT MOBTODHBIM HHTerpaJ

N +oc

[ [ rwndvee,

—N —oc

T0 no Teopeme PyOHHM MOXKEM H3MEHHTb NOPAIOK MHTETPHPOBAHUA H,

y‘{HTbIBa.ﬂ, TO
N
/ ite-0) gg = pMN(Z — )
r—-Yy
N
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nosydaem s fy(z) ciaesyiouiee BbIpaXKeHHe:
1 +oc N 1 +o0 . N( )
Y o =9 Jedy = = im_ﬂd
@) =5 [ s [ ey = - [ r= ey
-0 -N -G
Cpenas 3aMeHY NEPEMEHHOM t = T — Yy, HOJIy4aeM

+o0 )
fn@ =1 [ 1T e

N3 kypca maTemaTuyeckoro aHajmusa u3BecTHo, uto npu N > 0 copasen-
JINBO PABEHCTBO
oc
sin Nt T
dt = P (5)
t 2
0
pUYeM HECOOCTBEHHBIH MHTErpaJl CXOQUTCs YCJIOBHO H paBHOMEPHO no N

npu N 2 1, xoTs nofAbIHTerpaibHaa GYHKINS He MHTerpupyema no Jlebe-
ry. lIpencrasnssa f(z) B Buue

17 saN
-2 [ 1™ e
T t

+oc

fN(-’E)—f(:[) :% /[f(T-I-t w)]SInNt

oJTyyaeM

HOK&)KGM, qTo HOCJIG}IHHﬁ HHTErpaJ CTPEMHUTCA K HYJIIO IIDUA N — OC.
Bosbmem £ > 0 v B cusly paBHOMEPHO#H CXOOMMOCTH HHTErpasa (5) Beibepem

qyucno A > 0 Tak, 4TO
1 sin Nt €
— / ! ; dt‘ < =

T 3
[t|>A

Torna pasHOCTL MpenCTABHMA B BUIE

(@) — £(@)] [ /f“t) FEt) = f@ G nvpary

[tI<A
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41 / 1@+) o Near+ L) /S‘“Ntdt]‘
T t T . t
[t}>A |t|>A

Tipn |t] > 1 umeem < 1. Tlosromy, BEIOpaB HOCTATOYHO GOJILIIHM

sin Nt '

9uCa0 A, NONYYHM, YTO

/ fla+ smNtdtl<s

3
|t|>A
Ilo ycmopuro Juuu pyHKuMA

flz+1) - f(x)

o(t) = :

MHTErpupyema, u 1o Teopeme 1 monydaem, 4To

T4 4 —1.Nt
Nlim /cp(t) sin Ntdt = / ——dt — 0.
—-A —A

3HauuTt, cymecTByeT unciao Ng rakoe, 4to npu N > Ny BBIIOJIHEHO

% / wsinNtdt‘ < %

lti<A

Torma upu N > Ny 6ynem umets |fo(z) — f(z)| < €. D10 03HAUaeT, uyTO

flz) = Jim — / f(e)e= d.

N—oc 2

STOT npenen u Ha3bIBALTCA HHTEFP&HOM B CMBICJIE IVIABHOI'O 3Ha4YeHHs.
Teopema mokazana. <

CyulecTBytoT HenpepbIBHBIE (DYHKIUMH, 115l KOTOPBIX yciaoBue JuHu He
BbInOMHeHo (Hanpumep, byHkmusa f(z) = (In|z|)~2 menpeprisra B TOuKe
z = 0, HO He YJOBJIETBOPsIET yCa0BUIO JuHn). YCI0BHS TEOPEMbI SIBIAIOTCH
JIOCTATOYHBIMU H TIOSTOMY M3 TOTO, 9TO yCjIOBME JIHHH HE BBIIIOJHEHO, He
cJIefyet, BOoOIIe TOBOPS, YTO HE BLINIOJHEHO YTBEPXKICHHE TEOPEMBbI.
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Paccmorpum croiicTea npeobpasoBanus Oypoe, Hanbosiee BaXKHBIE TPU
HCCJIeIOBAHUU PA3MMYHBIX KJIACCOB YPaBHEHHH.

1. Ecau pynryua f unmezpupyema u abcoaromno Henpepwera, a ee
obobuwennan npoussodnaa f' unmezpupyema, mo f'(€) = i f(€).

> Kak nokasano B § 12, nua dysxknuu f cnpaBemmusa dopmyna Hero-
ToHa — JlelibHuna

T
fla) = 10+ [ Fio)ce
0

IMosTomy cyuiecTByeT mpezen

xR

lin_f(z) = £0)+ [ £/t)a
T—++o0c

0

n lir}rlx f(z) =0, tak Kax ¢yHKIwa f uHTErpupyeMa. AHANIOTHYHO IOy~

gaem lim f(z) =0.

Torna UHTErpHPOBAHMEM O YACTAM MOJYHAEM

+oc +oc
/ f(@)e " dz = [flz)e )| + ie / fl@)e " dz = igf(¢). <

2. Ecau f € Li(R) u zf(z) € Li(R), mo dynxyus f(£) nenpepuisno
dudpepenyupyema u

d
Faf@)(€) = -7 7€)
> Paccmorpum mpupaiieHue
; _f +e —i(+h)s _ ,—ifx
f(§+h})1 f(§)=/f(:v)e : € dr=
+00 .
- / fFa)emit #d:g. (6)
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Tak xak |e"*"® — 1| < |zh|, noapETerpansuas dynkuus B (6) Maxopu-
pyercs unrerpupyemoii dyukuueit |z f(x)| u, 3HauuT, 0o reopeme Jlebera
MOXKHO nepeiiTu K npeaeny npu h — 0. Ilonygaem

+oc

d%,f({) =—1 / zf(z)e " dz. <

—00

3. Ceepmxoti byHKImi f U g Ha3bIBaeTCA PYHKIMA f* g, ONpeaeaeHHas
dopmynoit

(f*xg)(z /fl— )9(y) d

Teopema 3. Ecau gynryuu f u© g npunadaescam L, (R), mo uzx ceepm-
xa f * g onpedesens nowmu acrody, npunadaesicum Li(R) u emnoaneno
nepasencmso ||f * gl < ||f|l - lgll- Ipu npeobpasosanuu Dypve ceepmra
neperooum 8 06biwHoe npouséedenue PynKuUl, T. €. m =f. g.

> PaccmoTpuM moBTOpHLBLN MHTErpas

+oc +00 +o00 +oc
/ / 1@ — )l g(w)] dady = / / (@ — )] d |g(y)] dy =

- / 1Fhlo(@)] dy = 11 aceo 9l oy < +oo.

—0oC

IIo Teopeme @yOuHHM CyllecTByeT ABOIHON HHTErpas U CyIIeCTBYeT IO-
BTOPHBII MHTErpaJ, MOJy4YeHHbIN [MepeMeHOl NOpANKa UHTErPUPOBAHUS:

+oc +oc

/ ff(m—y)g(y)dy

-0 —oc

dz < +oc.

Cy1ecTBOBaHHE 9TOrO MHTErPAJia O3HAYAET, YTO CBEPTKA, f * g ONpeIeseHa
HOYTH BCIOAY U ABNfAETCA HHTerpupyeMmoit dyukumeir. Torna

+00 +oc 400
F=a)) = / (f * g)(@)e~i% dz = / / f(z - y)g(y) dy e~ dz =
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+00 +

- / o(y)e=% dy / flz — y)e~ Ve d(z —y) = f() - §(6). <

—0oc

4. Iyems f € Ly(R), h€R. g() = fla+h) u o(z) = " f().
Tozda §(£) = €M f(£), $(€) = h(€ —h).

+oc +o0
> g(€)= / flz+h)e™ ™ dz=e"t / f(z + h)e~HethE gy = ethé f(g),

+00 +oo
p(6)= [ f@)ere = do= [ fla)e =6 do = e —h). <

ITony YeHHbIE CBOMCTBA TIOKA3BIBAIOT, YTO TAKHUE BAXKHbIE B IIPUIIOKEHU-
SIX ¥ Pa3Hble Ha BUJ| ONEPATOPHI, KaK onepaTop auddepeHnupoBaHus, one-
paTop CBEPTKU ¥ ONEpaTOp CABUra, omnpenensembiit popmyaoit T (f(z) =
f(x 4+ h), nocne npeobpazosannsa @ypbe MepexondT B ONEPATOPHI IIPO-
CTOH CTPYKTYDbI: B ONEPATOPBI YMHOXEHUS Ha COOTBETCTBYIOIHE (hyHK-
un. EcrecTBeHHO 02XMaaTh, 4TO npeobpa3oBanne @ypbe okaxKeTcs noJjes-
HbIM IIPH UCCIEN0BAHUH yPaBHEHUI, COAEPKAlUX YKa3aHHbIE ONepaTophl.
Ogsaxo npocrTpadcTBo MYHKUMHN, ABAsonMXCs npeobpasosanuamu Pypbe
dyuxumit u3 L1(R), He uMeeT IpoCTOro ONnuUcaHusi U CBOHCTBA OIepaTopa
YMHOX€eHUA Ha (PYHKLHUIO B 3TOM NPOCTPAHCTBE OKA3bIBAIOCA JOCTATOYHO
cnoxubiMu. Kak 6yneT mokazaHO HHMXKe, TAKMX TPYAHOCTell HET B Coydae
npoctpatcTsa La(R).

§ 39. [IPEOBPABOBAHUE Q®YPLE
B IIPOCTPAHCTBE L,(R)

Eciau dynkuus f npuraanexur npocrpanctey L2(R), To unrerpan B
dopmyne (1) § 38, samaromeil npeobpasosanue Pypbe, MOXKET 0KA3ATHCS
pacxoasiumes. [1oaToMy, 4To6sl onpeaennTs npeobpasosanne Pypbe gns
dyukumit u3 Lo(R), HyxHO npugaTh UHTErPany HECKOJIbKO MHON CMBICIL.
C omepaTOpHO#t TOYKH 3DEHHs CHTyalus 3mech cienyioumad. Hemocpen-
crBeHHo mo copmyne (1) § 38 npeobpasoBanune ®Pypre ompenenexo Ha
BCIOAY IJIOTHOM BEKTOpPHOM mognpocrpanctse B Lo(R) u asnserca tam
OrpaHUYEHHbIM OnepaTopoM. I1o3TOMy CyIIeCTBYET ero mpoJoJKeHue Ha
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BCE IIPOCTPAHCTBO, SBJIAIOLIEECH OTPDAHUYEHHBIM OIIEPATOPOM. ITO pO-
JIOJIXKEHHEe U ABJSeTCs, II0 ONpeAeseHnio, npeobpa3osanueM Pypoe B po-
crpanctBe La(R). OcHOBO# 1151 3TO KOHCTPYKIMM SIBJISIETCH CIEAYIOLIEE
YTBEPXKICHHE.

Teopema 1. Ecau pynxyua f deasicdn nenpepviero dubdepenyupyema
u f, f', f" npunadaescam L;(R), mo cnpasedaueo pasencmeo Iapcesanra

+oc +oc
[ 1s@p = [ 1P e ()

> CornacHo ceoiictBy 1 npeobpasoBanus ®ypve B Li(R), dyukius
£2f(€) sBnserca npeobpasoBanuem Oypve dynxuun f”(x) u no Teopeme 1
§ 38 orparuyena mexoropoit nocrosunoit M. Torma |f(€)| < M/€2, otky-
Ja caemsyer, 4ro ¢yHuus f uHTerpupyema. ®yHKuusi f ynoBiaeTBopsieT
ycaosuo JIunu, na Hee crnpaBemyinBa popMyaa oOpaTHOroO npeobpa3oBa-
uusi Oypee, v Tak Kak yHKuus f MHTErpupyema, HHTerpasa B (opMyne
(4) § 38 MOkHO paccMaTpUBaTh KaK OOBIYHBIA HECOOCTBEHHbIH UHTErpaJ,
a He MHTErpan B CMbIC/IE [NIABHOrO 3HAYEHMS.

Tak kax ¢pyHKuUs [ OrpaHMYeHA W HHTErPUPyeMa, TO MPOU3BEACHUE
f(x) f(z) aBnsierca unrerpupyemoit pyHKUMER U noNyHaeM

+20 +oc +oc
[ t@i@d= [ f@ 5 [ Fee dedo -

+oc +oc +oc
=5 [TO [ 1wetaois— o [ Fe foyde

WzMmeHeHre nOPSAIKa MHTETPUPOBAHUS JOMYCTHMO B CHJy Teopembl Oy6u-
HHM, TaK Kak byukuus f(z)f(£) uarerpupyema. <

®yuxuuu f, yIOBAETBOPSAIOIINE YCIOBHIO TEODEMBI 1, 00Pa3yIoT BCIOLY
motHoe MHOkecTBO B Lo(R). Onepatop F npeo6pasoBanust @ypbe, onpe-
JeJIEHHBIA Ha 3THX DYHKUMUSX, ABJISETCS OrPaHUYEeHHbIM B HOpMe Lao(R),
u, 6omee Toro, paseuctso [lapceBaiis o3Ha4yaeT, 4ToO

1
IF (N Lamy = \/_2_7r”f”L’(R)'

ITo HEnpepBIBHOCTH 3TOT ONEPATOP MOXKET ObITh IMPOJOJIKEH Ha BCe IpPO-
crpancTBo Lo(R) 10 onepaTopa, KOTOpbI OyaeM 0603Ha4aTh TOH ke BYK-
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Boii F. IIpu sToM B cuity Teopemsl 0 npomoJkeruu (§ 18) pasencrso Ilap-
ceBauis (1) GyneT BBINOMHATLCH AJIA NPOJOPKEHHOr0 ONEPATOPa, U, B 4aCT-
HocTH, Bee obpasel F(f) npunannexar Ly(R). OfparHoe npeobpasoBanue
Dypbe Takxke 1POAOJIKaeTcs Ha Bce npocrpadctBo Lo (R), u 310 npomoi-
JKeHHe sBgeTcss 06paTHbIM K npeobpa3oBaHuio F' B CHJTy TEOPEMBI O MPO-
JOJI2KE€HUH.

IIpononxenue npeobpasoranust Pypbe N0 HENPEPHIBHOCTH B TAHHOM
cnyyae MoxkeT ObiTb onucaHo Gosiee aBHO cienyiomum obpasom. Ilycrs
f € Ly(R). Torma dbyukuus

fn(iv) = { f(.’L‘), |Il <n,

0, |z}|>n

sABnsercs unTerpupyemoit u || fr, — fllL, — 0 mpu n — oco. s pyuxuun f,
cymectByeT 06bI9HOe mpeobpasoBanune Pypoe, KOTOPOE COBIALAET C Ipe-
oBpa3oBanueM, ONpeNeJeHHbIM KaK TPOJOJI’KEeHHe N0 HempepblBHOCTH. B
cuity paserctBa [lapceBana nonyudaem

. ~ 1
“fn - fm”LQ(R) = E”f” - fm”Lz(R) — 0, m,n — oo,

T. €. IOC/Ie JOBATENLHOCTD fy, SABJSAETCS nocJieloBaTenbHOCTHI0 Koy B po-
crpactBe Lo(R). B cuny monHOTHI 3TOro mpOCTPAaHCTBA f, CXOAMTCA K
HeKOTOpoi#t pyHKUMH f, KOTODAs 10 OIPeJENEHHIO ABISETCS IPeobpasoBa-
uuem ®ypoe byuxuuu f. Takum obpasom, s f u3 La(R) monyyaem

npuyeM mpejes NOHUMaeTcs B cMbicae cxoaumocty B Lo(R). Takum obpa-
30M, JIOKA3aHO CJIEAYIOLIEE YTBEPXKICHHUE.

TeopeMa 2. Onpedeaennoe eviwe npeodbpasosarue Dypve F' Guexmue-
HO U Henpepweno omobpasicaem npocmpancmeo Lo(R) na Lo(R).

Mpe1 obpalany BHUMaHKUE Ha TO, YTO TPYAHO OTBETUTH HA BOMPOC: SIBJIS-
eTcst Jin 3aJauHan GyHKuus g npeobpasosannem Pypbe HEKOTOPOIL (hyHK-
uun f u3 npocrpancrea Li(R)? Teopema 2 noka3snlBaeT, YTO B CJIydae
npoctpancTBa La(R) uMeercs npocToit OTBET HA aHAJIOTMYHBIA BOIPOC.
IMosTomy npumenenne npeobpasosanusa Oypee B npoctpanctse Lo (R) oka-
3bIBAETCS O4YeHb 3(PDEKTHBHLIM B MHOTUX NPMIOKeHUsX. OTMETUM TaKxKe,
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yt0 npeobpazosanue Pypwe B nmpocrpancTse Lo (R) obiagaer croiicTBamu,
aHaJOrMYHBIMU CBOMCTBAM, ONMMCAHHBIM B NpeAbIAylIeM naparpade.

PaccMoTpum B KayecTse npuMepa NPUI0KEHUH MHTEFPAIbHbBIE Y DaBHE-
HMSI C PA3HOCTHbIMM snpaMu Ha npsamoii. Ilyers K(x) -- uHTerpupyemas
¢yukuus. Paccmorpum ypaBHeHue B

+00
41/Kw-m¢w@=wmx @)

rie ¢ — Heu3BecTHas (pyHKIHUA, ¥ — U3BeCTHAA QYHKUUS, 4 — YUCIO.
Ypasuenue (2) paccmorpum B npocrpascrse La(R), T.e. Gynem cum-
TaTh, 9T0 @ € Lo(R) n ¥ € Ly(R).
Teopema 3. Ilycmv K € L (R)NLa(R). Jas mozo, wmobw ypasHerue
(2) umeno, u npumom eduncmeennoe, pewenue p € La(R) daa awbot
Pynxuyuu Y € La2(R), neobrodumo u docmamonno, wmobs, 8uNOAHALUCD

Yycao8us )
a#0, a+ K()#0VE€R. (3)

> Ilpumenum npeobpasopanne Oypbe k ypasueuumio (2). Uurerpan B
ypPaBHeHMH TpeAcTaBisier coboii ceepTky byukuun K ¢ dyHkuueit ¢. Boc-
HOJIb30BABIIUCH TEM, YTO NPH npecOpasosanuu Pypne cBepTKa NEPEXOLUT
B NPOU3BEIEHUE, [OIyYaeM YDABHEHHE

[a + K(€)] - p(&) = $(¢€) (4)

B npocrpancTee La(R). @ynkuus K (&) sBasieTcs HenpepbIBHOK (byHKIH-
eli u hm K(€) = 0. OnepaTop yMHOMKEHUS Ha HEMPEPHIBHYIO (YHKIIMIO

€100

a+ K(¢) obparum B L2(R) Torna u TONbKO TOTAR, KOrAa a + K@) #0

u 'éllim [@a + K(€)] = a # 0. 3uaunt, ycinosus (3) ABIAOTCA HEOOXOIHU-
—00

MBIMM U JOCTATOYHBIMM I/ OFHO3IIAYHOM 1 O€3yCI0BHOM pa3pemunmMoCTy
ypaBHeHus (4), a ciefoBaTeNbHO, U ypaBHeHud (2). <



I'JTABA VI

COIIPA2KEHHBIE ITPOCTPAHCTBA
N COIIPA2KEHHBIE OIIEPATOPBL

§ 40. IMHENHBIE
OI'PAHMYEHHHBE ®YHKIIMOHAJIBI

Onpenenenme 1. Jlunelinvm @GYHKYUOHGAOM HA BEKTOPHOM IIpPO-
crpaHncTBe X Haj noneMm K Haswiaercs otobpakenue f: X — K, yaoBne-
TBOPSAIOIIEE YCIOBUIM

flmi+z2) = flz) + flz2),  FA2) = Af(z)

agist obbix T, 22 € X, A € K.

Conocraiss onpenenesue 1 ¢ onpejenenusimu § 27, BUOUM, 4TO JIH-
HEeMHbI (YHKUUOHAT SBNAETCH YACTHBIM CJIYy4aeM JIMHEMHOTO OIepaTo-
pa, & UMEHHO OnepaTopoM, orobpaxawiuuM X B ONHOMEPHOE IPOCTPAH-
ctBo Y = K. B uwactHocTH, 47151 JIMHENHBIX (DYHKIMOHAJIOB UMEIOT CMBICI
nousaTHs, Beeaennnie B § 33. [IpuBeneM HEKOTOPBIE U3 ITUX MOHATHI NPH-
MEHMTENILHO K PACCMATPHBAEMOMY CJIyYalo.

1. JTunelinblit hyHKLUMOHAT HA HODMUPOBAHHOM NPOCTPAHCTBE X HA3bI-
BaeTCst 02PaHUNEHHBM, eCIH cylecTByeT nocrosiHHas C > 0 takas, 4TO
cnipaBenuBo HepaBencTso |f(x)| < C||z||. Kak u ansa nuneiinbix oneparo-
POB, OTPAHMYEHHOCTb JIMHEHHOTO (DYHKIIMOHATIA 3KBHBAJIEHTHA €ro Herpe-
DBIBHOCTH.

2. Hopmoti ozpanurentozo aunelinozo Gynxyuotaie f Ha3bIBAETCA HAU-
MeHbIadg U3 KOHCTAaHT C, IpU KOTOPBIX CNPABE/JIMBO HEPABEHCTBO Orpa-

Hu4eHHoctH, T.€. || f]| = inf C = sup |f(z)|.
(lz]l<1

Onpepnenenune 2. [Ipocrpancrso LB(X, K') IMHEAHBIX OrPAHHYEHHBIX
dyHKIMOHANOB Ha X HA3BIBAETCS CONPANHCEHHDBLM K NPOCTPAHCTBY X U
obo3nagaerca X'.

Tak Kak npoctpalcTBo K MOMHO (MBI paCCMaTPUBAEM TOJIBKO ABA CIIY-
yag: K =R u K = C), conpspKeHHOe POCTPAHCTBO ABJIAETCS, COINIACHO
Teopeme 1 § 33, ONHBIM HOPMUPOBAHHBIM [IPOCTPAHCTBOM.
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Iipumepsl
1. ITycte X — KOHEYHOMEPHOE HOPMHUPOBAHHOE MPOCTPAHCTBO C Ha3u-
CoM €1,€3,...,6e,. Torma o000l snemMenT u3 X INpPEACTaBJSAETC B BHAE
n

T =Y. Tkeg, Tk € R. ITockonbky B X BCe HOPMBI 3KBMBAJIEHTHBI, 6y1eM
k=1

n 1/2
CYHTATh, 4TO ||: (Z |xk|2) . Ecin f — nuneitnbiit dyHxumo-
k=1

n

HaJ Ha X, 10 f(I) = é:l z flex) = kgl zr€k, toe & = f(ex). Honaras

n
& = Y &ex, umeem f(z) = (z,€). I3 nepasencrsa Komn — Byssakos-

ckoro noxy4daem ouesky |f(z)] = |(z,€)] < ||€]| |z]]. xoTopas nokaszbiBaer,
YTO B KOHEYHOMEDHOM HOPMUDPOBAHHOM TPOCTPAHCTBE JIFOOOH - JIMHENHbIN
dyukmonan f orpanuven.

2. HyCTb X = C[0,1]). ®yukunonan f #Ha X onpenenum bopMynoit

flz) = f x(t) dt. JInHe#HOCTb M OrPaHHYEHHOCTb [ CIENYIOT U3 CBOMCTB

0
HUHTEerpaJia:

1 1
/)\:cl + pxa(t)] dt = )\/:vl(t dt+u/x2(t)
0 0

1
= <1 = .
| [atera] <1 gua bt = ol
0

3. Ilycte a — unTerpupyemas mo Jlebery dynkuus Ha [0, 1]. Ha =HOp-
mupoBanHoM npoctpadcrse C[0,1] onpezenum ¢yHkumoHan bOpMyoil

1
f(z) = [a(t)z(t)dt, roe unrerpas noummaercs B cmbicae JleGera. JIu-
0
HEeWHOCTb 3TOro pyHkuuonana ouesuaua. Ilonyyennoe B n. 66 § 8 nepa-
1

BeHCTBO |f(z)| < nax |(t)| [ a(t)] dt ecTb HepaBeHCTBO OrpaHHUEHHOCTH
<l 4]

1
nas byukupoHasa f, w3 Hero caenyer, uro || f|| < [a(t)|dt. Y3 storo
0

[PUMEDA BUAYM, YTO I/ U3ydYEHUs JMHEHHBIX OPPAHMYEHHBIX QyHKIHO-
Hanos Ha npocTtparcrse C[0, 1] Takxke HeoGxonum uHTErpan JleGera.
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4. Ha mpocrpancree C[0,1] MoryT 6biTh (DYHKUMOHAIbL X APYTUX BH-
Jos. Onpenenum nuueitnbtit dpyukumuonan § dopmymnoi §(x) = z(0). Tax
Kak |d0(x)] = |z(0)] < max, |x(t)], TO dyukumoHan ¢ orpaHuyeH

n 8] = 1. Onsako He cymecrsyer dyukuuu a € Li[—1,1] tako#, uro
1

8(z) = [ a(t)z(t)dt ans seex z € C[—1,1]. [eficTBATENLHO, TPEANIONO-
-1
XXMM HPOTHBHOE U BhIGEDEM MOCJ/IeI0BATETHHOCT

‘Tn(t) = { 0, ’t| > 1/7’2.,

1—nlt], [t <1/n.

Torna z,, € C[-1,1] u ,(0) = 1 mas Bcex n. loncrasnss z, B Gopmyry,

MOJTy 4aeM
1

1=1z,(0)=dz,) = /a(t)mn(t) dt. (1)

21
Tax kak a(t)zn(t) — 0 moutu seiony u |a(t)z, ()| < |a(t)|, To no Teopeme

JleGera B paBencrBe (1) MOXKHO mepefiTH K Npejery, OTKyja GyneM uMeTh
1
1= lim §(z,) = lim [ a(t)z,(t)dt = 0. [lonyuunn nporusopedne.
n—00 n—o0 7

5. Iycte X = L,(T,pu) u g € Ly(T,p), rme 1/p + 1/qg = 1. Ha npo-
crpaHcTee Ly(T, i) onpegenum pyHKUMOHAT HOPMYJIOiH

f(z) = / 2(t)g(t) dp. (2)

Uurerpan (2) cyuiecryer (cM. § 20) u cipaBeinBo HEpaBeHCTBO Lebaepa

Lf(@)] < l|gllqllzllps (3)

KOTOpOe SIBJISIETCS HEPABEHCTBOM OrDAaHUYEHHOCTH AiA GyHKUMOHAana f;
w3 (3) noaysaem, wro | < lglly

6. [Tlycte H — rusib6epToOBO MPOCTPAHCTBO U U € H — mpOH3BOJILHBIM
snemenT H. @yuxuuonan Ha H onpenenum dbopmynoit f(z) = (z,u). Ju-
HEHHOCTE 3TOro (byHKUMOHANA CELYeT U3 AKCHOM CKAMSIPHOTO TPOU3BEAe-
HUs, a HepaBeHCTBO Komn — Byuskosckoro |(z,u)| < ||z| ||u|| aBaserca
HEPABEHCTBOM OTDAHMYEHHOCTH Ajs yukmuonana f. IIpy £ = u umeem
paserctBo f(u) = (u,u) = ||lu| ||u)|, nosTomMy nmocroauuas ||u|| ects Hawy-
MeHbLIasl, IPH KOTOPOH CIPaBEIJIMBO TAKOE HEPABEHCTEBO, T.e. || f|| = ||u|l.
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Cremyromas TeopeMa YTBeDIK/AAET, YTO CIPABEJIUBO M OOPATHOE.

Teopema 1 (®. Pucc). Jas arwbozo ozpanunennozo pynxyuonasa f na
a2uavbepmosom npocmparncmee H cywecmeyem eduncmeenmnsiti ssemenm
u € H maxoti, wmo f(z) = (z,u) v npu amom || f]| = |lul|.

> Eauncreennocrs. Iycts f(z) = (z,u1) u f(x) = (x,u2). Torma
(z,u1 — u2) = 0 ana moboro z € H. llonoxue z = u; — U2, UMEEM
”’U.l - U2”2 = O, T.€. U] = U2.

Cymecrsosanne. Ilyctb N = kerf = {z| z € H, f(z) = 0}. 910
BEKTOpHOE moanpocTpalcTBo B H. OHO 3aMKHYTO B CHJIy HENPEPHIBHOCTH
f.-Ecu N = H. 10 f(z) = 0 = (2,0). Ilycte N # H. Torma, cornac-
HO TeopeMme o mpoekuuu (cMm. § 30), cymecrsyer aseMent ug LN, ug # 0.
Bo3bMeMm mpousBOSIbHBIN 31€MEHT T € H U noCTPOMM €ero MPOeKUHIo Ha
noanpocrpancTeo N. Ilonyuaem asnemenT

f(@)
Flug) "

Ty =I—
HeiicTBUTENBHO, NOCKOJBKY

f(z) = £@) - L fug) = 0, o 21 € N,

f(uo)
U TIDY 5TOM BEKTOP T — T3 = Aug oprorosajied N. Toraa u3 yciosus
T
(z1,u0) =0, T.e. paBeHCTBa (T,Up) — /(z) [luol|* = 0.
f(uo)

nonyyaem f(z) = (z,u), tae u = f(uo)||uoll~2uo.

Pasenctso || f|| = ||u|| 6110 HOKa3aHO B MpuMepe 6. <

Jloka3aHHasa TeopeMa YTBEDPXKIAET, UTO MEXKIY 3JIeMEHTaMM ruiibbep-
TOBa, IpocTpaHcTBa H M ero compsikenHoro H' cymniecTByer OueKTUBHOE
coorsercreue H 3 u — f,, € H', tne fu(z) = (z,u). OdyeBngno, 9ro 310
oTobpaxkenue obnagaeT CBOHCTBAMY Uy + Uz — fu, + fuss fau = Afu (Ta-
KHe 0TOOpaKeHNs HA3bIBAIOTCA GHMUAUHETHbMY) U, TaK KakK ||u|| = || fu.
OHO H30METPUYHO.

3HadeHus JUHeHHbIX DYHKIUOHANOB B R" sABASIOTCH KOOpDAMHATAMH
TOYKH & B HEKOTODOMH cucreme koopauHaT. C 3TOM TOYKM 3DEHUA MOXK-
HO PacCMaTpPUBATh U JHMHEHHble OrpaHndeHHble (PYHKIMOHAL B HOPMHUPO-
BaHHOM IIPOCTPAHCTBE, T. €. 3HA4EHUs JIMHENHbIX OrPAHUYEHHBIX (PyHKIIH-
OHAJIOB B TOYKE I CYUTATH KOOPAMHATAMH 3TOH TOYKH U BMECTO TOYKM T
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paccMaTpUBaTh ee “kKoopauHaThl’ — Habop uucen f(z). [lostomy ucnosab-
30BaHHe COMPsKeHHOro X’ K 6eCKOHEYHOMEPHOMY HOPMHPOBAHHOMY IPO-
CTPAHCTBY X MOXHO CYMTATh AHAJIOTOM BBEJEHUSI KOODAMHAT B KOHEUHO-
MepHOM MPOCTPAHCTBE.

Jyisi mosicHeHMs POJM JIMHEHHBIX (PYHKIMOHAJIOB PACCMOTDPHUM CJEHy-
oy 3ana4dy. [Iycrb B HOpMHPOBAHHOM NPOCTPAHCTBE Y HMMeEETCs MoA-
npoctpaucTeo L. JInsa 3amaHHOil TOYKH Yo € Y Tpebyercs ONpene/uTb,
OPUHAJIEXKHUT 3Ta TOUKA NOANPOCTpaHCcTBY L uiu HeT. K Takwmm 3ama4yam
OTHOCHTCS, HAIIpUMEp, BOIIPOC O PA3PeIIMMOCTH ypaBHeHHs Ar = y, rae
A € LB(X,Y). B arom ciydae L ecThb MHOXKECTBO 3Ha4eHHil onepaTopa
A u ycnoBue yg € L ecTb ycnoBHE CYIIECTBOBAHHUS DEINICHHS PACCMATPH-
BaeMOro ypaBHEHMS IIPH KOHKDETHOU mpapoil actu yo. Takum obpasom,
3a/1a4a 32KJ/II0YAeTCH B 3alUCH yCJIOBuUA Yo € L B Buae, bosiee ynobHOM miisi
ABHOH IIPOBEPKU.

B cayuae KOHEYHOMEPHOr'O IPOCTPAHCTBA, HapUMep npocrpancTsa R2
¥ OIHOMEPHOTO IOIPOCTPAHCTBA L, T. €. NpAMO#, Takas 3aa4a Perraercs
B AHAIUTHUYECKON r€OMETDPHUH CJAEAYIOUMM 00pa3oM.

Hnst npamoit L crpourcs ypaBHEHHE, MMEIOIIEe BUJ CUCTEMBI DABEHCTB
filz) =0, fa2(x) =0, vae fi1 u fo — nuHeiinbie PyHKUMY, T. €. JUHEHHbIE
¢dyukuuonansl. Torga npoBepuTh, IPUHAIIEKAT JIU JAHHAS TOYKA Ips-
MO, O4YeHb NPOCTO: TOYKA Yo IPHHAAJIEKUT OpsiMoit L Torza U TOJIBKO
torna, kormd fx(yo) =0, k=1,2.

Tal(oe 3ajaHue reoMeTpUuvecKux O6’beKTOB ABJIAETCA OCHOBHBIM IIpHUE-
MOM aHaJNUTHYECKOH T€OMETPHUH, MO3BOJAKIINM CBOAUTE reOMETPpHYIECKUEC
3a03a4YU K BBIYMCJIEHUSM C d)yHKIJ,I/IHMI/I, 3aJal0MMMH JaHHBbIE TeOMEeTpHUde-
CKHEe 0OBEKThI.

Ecuu 661 yna710ch aHAJIOTMYHO AJ1s LOANPOCTPAHCTBA B 6ECKOHEYHOMED-
HOM HODMHMPOBAHHOM TPOCTPAHCTBE IIOCTPOUTH YPaBHEHHE, T.e. CUCTEMY
paBencTB Buga fo(z) = 0, rme {fo} — Hekoropoe (Moxer 6bITh, Gecko-
HEYHOE) MHOXKEeCTBO JIMHEHHBIX (DYHKIMOHAIOB, TO MBI MMeJH Obl PeleHne
33,5244, DOJIHOCTHIO AHAJIOTUYHOE KOHEYHOMEPHOMY CIy4alo: Yo € L Torna
U TOJIBKO TOrNa, KOraa fo(yo) = 0 ans mwoboro a.

Takum 06pa3oM, pe3yabTaThl, CBA3aHHLIE C UCIOJb30BAHNEM (DYHKIIH-
OHAJIOB, MOXKHO PACCMATPHUBATh KAK NEPEHECEHHEe MEeTO/I0B aHaTUTHIECKON
reOMeTpHH Ha ciydail 6eckoHeYHOMepHbIX npocTpancTB. CaMo Ha3BaHUE
“byHKIMOHANBHBIA aHaIn3” NOAYEPKHUBAET POJb STOMO METOAa B JAHHOMN
MaTeMaTHYEeCKOM JUCHMILIMHE — 3TO AHAJNM3 C MOMOLBI0 (DYyHKIHOHANOB.

Bwmecte ¢ Tem A0CTAaTOYHO €CTECTBEHHO pacCMaTpPUBaTb TOJIBKO Orpa-

272



HUYe€HHBIE, T. €. HEIIDEDLIBHBIC, JUHEHHble beHKLLI/IOHa./'IbI, TaK KaK IIPDU BbI-
YHUCJIEHUAX C Pa3pbIBHbBIMU beHKL[HOHaJIaMH BO3HUKAKT JOIIOJHUTEJIbHbIE
CJIOZKHOCTH.

§ 41. TEOPEMA XAHA — BAHAXA

Jna obocHOBaHMA MPABOMEPHOCTH TOYKK 3PEHMS, U3JI0XKEHHOH B KOH-
ne § 40, Hy>KHO IIPEXK/Je BCEro MOKa3aThb, YTO JMHEHHBIX OrPAHMYEHHBIX
byHKUMOHAJIOB HA HOPMUPOBAHHOM IPOCTPAHCTBE TOCTATOUYHO MHOrO. Jo-
CTaTOYHO MHOTO MO>KHO IIOHMMATH B TOM CMBICJI€, YTO [0 3HAYEHHAM BCEX
JINHERHBIX OTpaHUYeHHBIX (pYHKIMOHAIOB Ha X To4yka r € X onpenens-
eTcsi OMHO3HAYHO.

Crporuii cMbIC] 3TOMY TNOHATHIO NPUIAETCH C [MOMOLIb CJIEAYIOLIErO
onpe/iesleHus.

Oupenenenue 1. ITycts X — mHO)ecTBO, (fo) — cemeitcTBo 0T06pa-
xenuit f,: X — R. [oBopsrt, 4o 310 ceMeiicTBo oTobpakenuit paadeasem
mouxu npocmparcmea X, ecnu A 110008 napbt r; # o To4eK u3 X Cy-
mecrByeT pynkmus f € (fq) Takas, yro f(z1) # f(z2).

TakuMm 006pa3soM, HYXKHO BbISICHUTb, PA3JEJAT JU OrpaHUYEHHBIE
JInHeHHble pyHKIMOHAb! TOYKY HOPMHPOBAHHOIO MPOCTPAHCTBA, T. €. JI0-
CTATOYHO JIM MHOTO TAaKUX (PyHKIMOHAIOB.

Onpepenenue 2. I[Iycts L C X — BEKTOPHOE IOAMPOCTPAHCTBO HOP-
MHPOBAHHOIO NPOCTPaHCcTBa X W MYyCTb Ha L 3amaH JMHEHHBIR OrpaHH-
yeHHbIH QyHkumonan fy. Ilpodosscenuem pyukuuoHana fo Ha3biBaeTcs
JUHENHbIN orpaHndeHHbId dyukuuonan f na X rakoi, uro f(z) = fo(x)
anssx € L.

3agaua 0 TOM, HOCTATOYHO JH MHOTO Ha HODMHMDOBAHHOM MPOCTpAaH-
CTBE JIMHEHHBbIX OFPAHUYEHHBIX (DYHKIMOHAJIOB, CBOIUTCH K 33Ja4e O Cy-
LIECTBOBAHUH NTPOAOJIKEHUST JIMHEHHOrO (byHKIMOHANA C MOAIPOCTPAHCTBA
Ha BCe POCTPAHCTBO cyefyoumM obpa3om. JIna nape Todek 11 # 12 € X
pasgensoumii ux QyHKUMOHAT CTPOUTCA CAeAyIOMmMM 00pa3oM: Ha OJHO-
mepHOM noanpocrpanctee L = {t(x; — x2)| t € K} 3anamum bynkuuonan
fo[t(xz1 — z2)] = t. Ecnu cyiiecTByeT ero npofoJixKeHue f, TO OHO pa3ens-
€T TOYKH I] U Tp. leopema Xana — BaHaxa yTBep»K/JaeT CyUIeCTBOBaHUE
TAKOTO MPOAOKEHUSA U NAET PEIlIeHHE [TOCTABJIEHHbIX 3a4a4. DTa TeOpeEMa,
KaK YK€ OTMEYAJIOCh, OTHOCUTCS K YHMC/IY TPEX MPUHIMIIOB (DYHKIMOHAb-
HOIO aHAJIU3a.
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OtMernmM, 4TO ecau f — mpojoJKeHue fo, TO

Iflil= sup [f(@)> sup [f(z)]=]fol,
lzlI<1. zeX lzll<1. z€L

T.€. IpH MPOAOJKEHHH HOPMAa He MOXKeT yMeHbIIMThCH. [Ipelcrasasior
MHTEPEC TaKUe MPOAOJIKEHMs, TIPY KOTOPbIX HOPMA He yBEJIH4UBAETCA.

B cay4ae rusib6epToBa NPOCTPAHCTBA 334344 O CYLIECTBOBAHHMH IIPO-
JOOJIKEHUSl peluaercsi ¢ MOMOIbIo TeopeMbl Prcca 06 obiiem Bujae JuHer-
HOTO OrPaHMYEHHOro (PyHKIMOHATA.

1. Eciu 77 # x2, 170 ana dyukumonana f(r) = (z,z1 — T2) uMeeM
f(z1) = f(x2) = ||lz1 — 22]|* # 0, T. €. NuHelHBIE OrPaHKYEHHbIE DYHKIHO-
HaNbI Pa3JeNA0T TOUKM mpocTpaHcTea H.

2. Iycre L € H — noxmupocrpancteo B H u fy — dbyHkiumosan Ha
L. Cornacuo teopeme Pucca fo(z) = (z.wo), roe ug € L. Torma ¢op-
Mmyna f(z) = (x,u) onpenenser JIMHEHHbIH OrPaHNYEHHbIH DYHKINOHAI

Ha H, ssnsiomuiics npogomkennem fo, npuueM || f|| = || foll. JIxoboe apy-
roe mpojo/Kenne umeer Bua f(r) = (x,ug + h), tne h € L. IIpu stom
IFI? = lluol|® + ||A]|%. Hostomy || f|| = || foll Torma u Tonbko Torma, Koraa

h = 0. Taxum obpa3om, B ciydae ruibb6epTOBa NPOCTPAHCTBA CYILIECTBYET,
W TIPUTOM TOJIBKO OJIHO, TIPOJOJ/IXKEeHHE JIMHEHHOTO (byHKLMOHATA € COXpa~
HEHHUEM HOPMBI.

B caydyae nmoAmpocTpaHCTBa MIPOM3BOJILHOrO 6aHAXOBA MPOCTPAHCTBA
JI0Ka3aTeIhCTBO CYIIECTBOBAHUSA IPOAo/KeHus QyHKIoHaNa Tpebdyet 6o-
Jlee CJIOXKHBIX PacCCyKIeHHUi.

Onpenenenne 3. Ilycte X — BekTOpHOE NpocTpancTBO. Jloaynopmol
Ha X Ha3sbiBaeTcs oTobpaxkenue p : X — R, ymoBnerBopsoliee yCIOBUIM

1) p(z) > 0:

2) p(Az) = |[Ap(x);

3) p(z +y) = p(z) + p(y)-

CpaBHUBas 3TO ONpeIeNIeHUe C ONIPeIeIEHHeM HOPMbI, BUUM, YTO HOD-
Ma OTJIMYAETCs OT MOJYHOPMBI OJHUM JONOJHUTEIbHBIM CBOMCTBOM: €C/IN
|lz]l =0, To £ = 0. B page 3aaa4 npeACTaBAsET UHTEpPEC BLINOJHEHNE IJIs
dynkunonana HepaseHCTBa nomuuHenHoctd Buza |f(z)| < p(z), rme p —
HEKOTOpas NOJyHOPMa, aHAJIOTHYHOTO HEPABEHCTBY orpaHuyeHHoctu. Ilo-
3TOMY OCHOBHYIO Teopemy (Teopemy Xana — Banaxa) nokaxxkem B GoJee
obuieit PopMYITHPOBKE, IOCKOIBKY A0KA3ATENLCTBO HE UCTIOIb3YET JOIOJ-
HUTELHOTO CBOMCTBA HOPMBL. B 4aCTHOM CJIy4ae HOPMBI [IOJIy YHM TeOpeMy
Xana — baHaxa 4j11 HODMUPOBAHHBIX NTPOCTPAHCTB.
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Teopema 1 (Xana — Banaxa, neiicTBurensuslii cnyqait). [Tyems X —
eexmoproe npocmparemeo wad R, p — noaynwopma na X, Lo C X —
gexmopHoe nodnpocmparcmao u wa Lo 3edan auneldnnld dynxyuonaa fo,
y006.4eme0pAUWUT YCA08UI0

|fo(x)| < p(z). Vz € Lo.

Tozda cywecmeyem npodoasicenue — aunelinnt Pynrkyuonas F: X — R
maxotl, wmo F(z) = fo(z) dra x € Ly v |F(x)| < p(z) dan eécex z € X.

> Tak kak u3 nepaseHctBa F'(z) < p(z) cneayer |F(z)| < p(z) (ecnn
F(z) <0, o |F(z)| = F(—z) < p(z)), fokaxeM CyLIeCTBOBAHIE IPOILOJI-
JKeHHs, yIoBJierBopamwolero ycaosuwo F(z) < p(z).

I. Myctb 71 € Lo. MuoxectBo L) = {Az1+1z| 2 € Lo, A € R} sABNsercs
BEKTOPHBIM IIOAIPOCTPAHCTBOM B X, comepkaium L.

Bynem crpouts nponoskenue fi dpysknuonana fo va L;. B cuny nn-
He#HOCTH JOJKHO BhimoNHATheA fi (Azy + ) = Afi(z1) + fo(z). Tak kax
fo(z) u A 3amansl, ana onpejesenus fi NOCTATOYHO 33JaTb TOJBKO HHC-
a0 fi(x1) := ¢. Hy:xHo nonobpats ¢ Tak, 4TOObI BBIIOIHANOCH YCIOBHE
fildz1 +2) < p(Az1 + ), T. e

Ac+ folz) < p(Az1 +2) Vz €L, A€R. (1)
IIpu A > 0 HepaBenctro (1) nepenuiueM B BUzE
¢ < p(x/A+z1) — fo(z/A), (2)
anpu A < 0 — B BUIE
—p(—a/A—z1) + fol—2/N) <c. 3)

ITokaxxem, 4To Hailmercs mocrosiHHas ¢ € R, yooBieTBOPAOIIAA YCJIO0-
BuaM (2) u (3). D10 He sByIsieTCs] OYEBUAHBIM (PAKTOM, TAK KAaK YCJIOBHS
(2) 3aa10T OrpaHUYEeHHUs HA 3HAYEHUs C CBEPXY, a ycJoBus (3) — orpanu-
YeHHS CHHU3Y, 8 TaKHe OrPAHUYEeHHs] MOTYT NPOTUBOPEYUTD APYT JAPYTY.

Iycts y',y"” — npousBosbHble aneMenTs U3 Lg. Torma

Jo@)+ foly") = foly'+¥") <py'+¥") <p(y' — 1) +p(y" +21)

nnu
=Py’ — 1) + fo(v') < p(y" + 21) — fo (). (4)
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PaCCMOTpHM craeayronue BeJINYuHbI:

d = sup [-p(y' —z1) + fol¥)), "= sup [p(y" +x1) — fo(y")].
y'€Lg y""€Ly

U3 (4) BeiTekaer, uto ¢ < ¢’. Beibpas ¢ Tax, 4TO6bl BBHIIOJHSIOCH
¢ € ¢ € ¢”, nonyyaem, 4ro ¢ yaoBieTBopsier ycaosuaMm (2) u (3), T.e.
dbyukumonan fi, onpenenensstii ua Ly dopmynoit fi (Az1+x) = Ae+ fo(z),
YIOBJIETBOPSsIET yCJI0BUIO nondunenus fi(Az; + ) < p(Az; + x).

II. Temepb MOXKHO B3SITh 3JIEMEHT Ty, He MpuHaAJexauwit L, mo-
CTPONTH MOIIPOCTPAHCTBO Lo, mopoxneHHoe L) ¥ 3, aHAJIOTHYHO IIPO-
JOMKATL f1 Ha Lo M majee npoJoJiKaTh TaKol nporecc GeCKOHEUHOe YHC-
mo maros. Hy»XHO 1mOKa3aTh, 4TO TaKUM 00pa3oM B KOHIE KOHLOB OyzeT
MMOCTPOEHO IPOJOJIIKeHHe (DYHKIIMOHAIA Ha BCE TIPOCTPAHCTBO. DTO He Ode-
BH/IHO, TAK KaK MOXeT MOTpebOBaTbCHA HEeCcYeTHOE HHUCJIO TaKHX LIAroB.
[MosToMy mnia DOKA3aTENLCTBA CYLUIECTBOBAHUS NTPOJOJIKEHNA HA BCE IIPO-
CTPAHCTBO HCIMOJIb3YIOTCA APYTHE PACCY XK IECHHUS.

Paccmorpum mHOX)ecTBo M BCex mpomoskenuit pyskimonana fo. yao-
BJIETBOPSIOIIMX HEDABEHCTBY TOAYMHEHHOCTH NONYHOPMe p. [Ipononxenne
fa dynkunoHana fo 3anaercs napoit (Lq, fo), COCTOAIIEH U3 TOATPOCTPAH-
crBa Ly v pyHkunoHana f,, OnpeneseHHOro Ha HeM. B MHOxxecTBe M BBe-
IIeM OTHOIIEeHHe NOPsaKa: 6yaeM roBoputh, 4T0 (La, fo) < (Lg, fa), ecnn
Lo, C Lg u fo(z) = fs(z) Ha Lo. Eciim B M cymiecTByeT MaxcuMasibHbIH
snemeHT (LF, F), To Lr = X, T. €. 3TO NpoJo/KeHe Ha BCE NPOCTPAHCTBO
X. Heitcturensho, ecm Ly # X, To dynkuuonan F, cornacHo mnepsoii
4aCTH TEOPEMbI, MOXKET ObITh NPOJOJIKEH U, 3HA4HT, (Lp, F') He sBaserca
MaKCUMALHBIM NPOIOJI2KEHUEM.

s qoka3aTesnbCTBa CYIUECTBOBAHUSA MAKCHMAJIBHOIO 3JIEMEHTA IIPO-
BEpUM BbINOJHeHHMe ycaoBuit gemmel LlopHa ast paccmarpuBaemMoro yo-
PANOYEHHOrO MHOXKeCTBA. Eciu B MHOXKecTBe M BCex MpooJKeHUi B3ATh
JINHEHHO YIOPsif0YeHHOe TOAMHOXKECTBO (L4, fa)ac 4, TO, PACCMOTPEB NOI-

npocrparcteo L = |J L, u dysrkuuonan f(z) = fo(z) ana z € L,
a€A
HOJy4aeM, 4To 3jeMeHT (L, f) orpann4nsaeT cBepxy 9TO JIMHEHHO ynops-

[IOYEHHOE [OIMHOXECTBO. 3HAYUT, COrjiacHo JieMMe 1lopHa, B MHOXXeCTBe
BCEX MPOJOJIKEHMH CYIIECTBYeT MAKCHMATbHBIN ajemenT (L, F). <

3ameuanuel BjokasarenbcTse TeOpeMbl He NCIIONBL30BAJIOCh YCIOBHE HEOT-
PHUATEIBHOCTH NOJIYHOPMBI, IO3TOMY aHAJOTH4HOE yTBEPXK/AEHHE CIIpaBeanBo B 6osee
ob1ueit cuTyanuu, KOrAa BMECTO [TOJyHOPMBI PACCMATPHBaeTC DYHKIHUA, YAOBIETBOPS-
10as aHANOTMYHBIM YCI0BUAM 6e3 TpeGOBaHMA HEOTPHUATENbHOCTH.
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Teopema 2 (Xana — Banaxa, komiuiekcHbiil cay4ait). ITycmo X —
eexmopnoe npocmparcmeo wad C, p — noayropma wa X, L — eexmopnoe
nodnpocmparcmeo u wa L 3adan aunetinsd gynxyuonaa f, ydosaemeopa-
wwul Yycaosuo

f@) <plz) VzelL.
Toz0a cywecmeyemn aunetdnunil @ynryuonas F: X — C maxod, umo
F(z) = f(x) dan scex z € L u |F(x)| < p(xv) daa ecez z € X.

> OTMeTHM, YTO €CJIM B KOMILJIEKCHOM BEKTODHOM IIPOCTPAHCTBE OI'Pa-
HUYUTBCA YMHOXEHHEM JIMUIb Ha JeHCTBUTENbHBIE YHCAA, TO ITO IIPO-
CTPaHCTBO MOXKHO PacCMaTPUBATh KaK BEIIECTBEHHOE BEKTOPHOE NPOCTPaH-
crBo. 3ammem f(z) = g(z) + ih(z), roe g(z) 1 h(x) — neifcTBUTEND-
Has ¥ MHUMasd 4dacTu f(z) coorBercrBeHHo. Torma g m h — BeluecTBeH-
Hble JuHedHble pynkuuonansl Ha L. Tak kak a1 xaxjgoro x € L umeem
g(iz) + th(iz) = f(iz) = if(z) = i[g(z) + ih(z)] = —h(x) + ig(x), TO
h(z) = —g(iz) n f(z) = g(z)—ig(iz). Tak kax |g(z)| < |f(z)| < p(z), To N0
TeopeMe 1 CyIiecTByeT NPOLOKEeHHE ¢ 10 AefCTBUTENLHOrO (DyHKUMOHATIA
G: X — R, ynosnersopstouero yeaosuio G(z) € p(x) npu x € X. Cre-
nmosarenbvho, —G(z) = G(—z) < p(—z) = p(x) u nosromy |G(z)| < p(a).
OnpenenuM Temepsb QyHKLHAOHAT

F(z) = G(z) - iG(iz).

DTO KOMILIEKCHBIA aJAUTHBHbIN (pyHKUMOHAN, oupeaeaeHublil Ha X, ONHO-
POIHBIH OTHOCUTEJILHO YMHOMKEHHsI Ha JedCTBUTENbHbIE uncia (nbo G —
JIeHCTBUTEIbHBI NUHEHRbIH (yHkumonan). Yrobel aokasaTb, uto F —
KOMIUIEKCHBIH  JIMHEHHBIH (DYHKUMOHAJ, [JOCTATOYHO MOKa3aTb, YTO
F(iz) = iF(z) ana Bcex € X. JleficTBUTENBHO,

F(iz) = G(iz) — iG(—z) = iG(z) + G(iz) = i{[G(x) — iG(ix)] = iF(z).
Oyukumnonan F sinsercs npogoskenueM f, Tak kak G sIBASI€TCS NPOIOJI-
xenueM g. OcTanocs nokasarsk HepaseHCTBO |F(2)] € p(x). Samuwem F(r)
B Buge F(z) = [F(z)|e*, ¢ = arg F(z). Torna |F(r)] = F(e~*z) > 0.
Boipaxxenue F(e 1) apasgerca AeMCTBUTENBEBIM ¥ HEOTPUIATEIBHBIM,
MO3TOMY

|F(z)] = F(e™*2) = |G(e™**2)| < p(e™*z) = |e™**|p(z) = p(x). <

Kak cnencreue qoKa3aHHBIX BBIIIE TEOPEM IOYYaeM TeopeMy XaHa —
Banaxa jjis HODMHPOBAHHBIX IIPOCTPAHCTB.
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Teopema 3. Tycms X — HOPMUPOGAHHOE TPOCTPAHCMBO (RGO NoAEM
R uau C), L — ez0 eexmoproe nodnpocmpancmeo. Tozda das arwbozo
ozpanuNenn020 aunetinozo gynxyuonasa f: L — C cywecmeyem onpede-
AeknbLld Ha 8cem npocmparcmee X o0zpanuvennbil AuHelinbl yHKyuonar
F maxot, wmo F aeasemca npodossicenuem f u || F|l = || f].

> VYcaosue orpanuuensoctu |f(z)| < || f] ||z]l ects wacrueiit ciydait
ycaoBus 2) Teopemst 2, Tak Kak p(z) = || f| |z|| ecrs monynopma. Corsacso
reopeme Xana — Banaxa cymecrByer npogoiixkenue F' Ha Bce X Takoe, 4TO
[F(z)| < | fIl |z||- 3na4uz, ||F|| < ||f||- Tak kak npu nponoskeHud HopMa
He MOXeT yMEHBIINTbCA, TO noyydaeM || F| = ||fl]. <

CaeacrBue 1. [Tyems 19 # 0 — mouka HOPMUPOBAHKO20 NPOCTNPAH-
cmea X. Tozda cywecmeyem aunelinui ozpanuvennviti Gynryuonas f Ha
X maxotl, wmo f(zo) = |lzoll u ||f]| =1.

> Iycte L = {tzg| t € R} — ogHOMepHOE MOAIPOCTPAHCTBO, NO-
pOxIeHHOe BeKTOpoM zy. Omnpenenum Ha L ¢yuxuuonan mo dopmye
foltze) = tlzol|. Toraa fo(xo) = izoll , Tax xax |fo(tzo)| = I lzoll =
= 1-||tzo]|, To || fo]| = 1. Cornacuo Teopeme 3 dbyHKUMOHAN fo NPOAOIKA-
€TCsl Ha BCE MPOCTPAHCTBO C COXPaHEHHEM HOPMBL. <

Caencreue 2. Jlunednbie ozpanuvenmsie GyHKYUOHAAb, pa3deaarom
TOYKY HOPMUPOBAHHO20 TPOCMpancmen X, m. e. ecAu Ty # Ta, MO cywe-
cmeyem dynxyuonan f € X' maxod, wmo f(z1) # f(z2).

> CornacHo cieacTeuio 1 Ay £g = 1 — T2 CYIECTBYET (DYHKIIMOHAI
f raxofi, wto f(zo) = |[zo|| # 0. orma f(z1) — f(z2) = f(z0) # 0. <

CuaepncrBue 3. Ilycmv L — eexmoproe noonpocmpancmeo HoOpMupo-
sanmo20 npocmparemea X u rp € X — enewnana mouke das L. Toada
cywecmeyem gynrxyuonas f € X' maxot, wmo f(z) =0 daaz € L u
f(zo) #0.

> Ilycts Ly — BEKTOPHOE IOANPOCTPAHCTBO, IOPOXKIEHHOE L U T, T. €.
Ly={y|ly=tzo+z,z € L,t € R}. Honoxum fo(y) = t. Torma fo(z) =0
mnst x € L u fo(zo) = 1 # 0. ITokaxkem, 4ro GyHKUMOHA fo OCDAHUYEH.
st aTOr0 BOCIONB3yeMCs YCJIOBHEM, YTO Ig — BHEIIHss TO4YKa s L,
T.e. cymecrByer r > 0 Takoe, yto map {z: ||z — xo|| < r} He comepxur
To4ek u3 L. 3Hauurt, ans mo6oil Touku r € L BBINOJIHEHO HEPAaBEHCTBO
|z = zo|| 2 r > 0. Torza umeem

1yl = llz + tzoll = ¢ || — z/t — ol > I¢|r.

Iocnennee HepaBeHCTBO CIIPAaBENJIUBO NMOTOMY, 9T0 —z/t € L. Pazmenus
Ha T 3TO HEPABEHCTBO (Tak Kak r > 0), moiay4aem |fo(y)| = |t| < (1/7)|vll,
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T.e. yHkuuonan orpaHuded. [lo reopeme Xana — Banaxa ero MoxHO
HPOIOJIKUTh Ha BCE NPOCTPAHCTBO X. <
3ameuanue 2. Ecin L — 3aMKHYTOE BEKTOPHOE ITOANPOCTPAHCTBO B X, TO yCJo-

BHE, 4TO Tp ABNAETCA BHemHeil TouxoH, IkBMBaNeHTHO ycopuw To & L.

Onpeanenenue 4. IlocaenoBaTenbHOCTh NMUHEHHBIX OrPAHUYEHHBIX

dyukuuonanos fi, fo,... Ha npocTpaucTBe X HA3bIBAETCS OUOPTNO20-
HaAbHOU K MOCIeN0BATEIbHOCTY I1, s, ... € X, ecln
fi(z;) = 63

IMMpumep. Ecnu (e4)f — 6a3nc Ilaynepa B 6aHax0OBOM NPOCTPAHCTBE
X, To k03 PUILMEHTHE ¢ = Ck(T) PA3/IOKEHUS FJIEMEHTA T B DAL MO AAH-
HOMYy Ga3ucy SBJISIOTCH OFPaHHUYEeHHBIMH JIMHEHHBIMYE QYHKIMOHATIAMU HA
X u 06pa3yoT 6GHOPTOTOHANLHYIO TIOCJEI0BATENBHOCTD K MOCAEI0BATENb-

HocTH (eg).
Caencreue 4. Jasa a060l Konewnot nocaedosamesdbhocmny AuHeU-
HO HE3ABUCUMDBLT INEMEHTNOB T1,T3,. .., Ty 68 HOPMUPOBAHHOM NPOCTNDEH-

cmee cywecmeyem OuUoPMOzOHAAbHAR TOCAE008AMEADHOCTIID 02PAHUYEH-

HOT PYHKYUOHAN08.
n
> Ha momnpocrpancrse L = { > ck:ck] cr € R} dyHkmonan f; 3a-
k=1
nagum dopmynott fi(x) = ¢, 1=1,2,...,n. Io reopeme Xana — Banaxa
ISl HODMUPOBAHHBIX IIPOCTPAHCTB KaxKAbll (DyHKUHMOHAN f; MOXKHO IpO-
JIOJIZKUTb Ha, BCe MPOCTPAHCTBO X. <

Caepncrsue 5. [lycms 1, I3, ... — 6eCKOHENHAA NOCAE008AMEALBHOCTD
TOYERX HOPMUPOBAHHOZ0 NPOCMParcmea X U mouKa T, He NPUHAOAEHCUM
3aMKHYmMOMY Nodnpocmparemsy L., nopoosicdenrnomy 6cemu 0Cmasbrbmu
anemenmamu nocaedosamenvrocmu. Tozda cywecmeyem nocaedosamens-
Hoemo f1, fa,... € X', 6uopmozonaivues & ucrodnot.

> 3aduxcupyem Homep n. Ilycts L,, — NOATPOCTPAHCTBO, MOPOXK AEH-
Hoe xp nipu k # n. Touka x, no ycnosuwo He npunagyexurt L,. Cornac-
HO cnencTBuio 4, cymecrsyer dyHKIMOHAN fn, Takoil, yTo fn(L,) = 0 n
falzn)=1. <

Bame'-lan ue 3. B cnydae cenapaﬁenbaom HOPMHPOBaHHOT'O NpPOCTPAaHCTBa Teo-
pema XaHna — Banaxa (Teopema 3) MOXkeT ObITb mosiyueHa 6e3 NCIOB30BaHUA TEOPEMbL

LopHxa.

> Ilyctb y1,y2,... — CUETHOE BCIOAY [JIOTHOE MHOMKECTBO B X, COCTOSILEE U3 JH-
HeMHO HE3aBUCHMBIX BEKTOPOB. Bce anemeHTh! Yy, He NpnHaanexkawue L, 3anymepyem
B MOCJI€JOBATENIbHOCTb ZL1,T2,... llycTs L, — NOANPOCTPAHCTBO, NOpPOXJAeHHOe L u
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3JIEMEHTAMHU I1,...,Tn. COrmacHo neppoit yacTu Teopembl XaHa — Baraxa dyrkuuo-
HaJ f NoCieAOBaTENLHO MPOAOJKAEM C COXpaHeHHeM HOpPMEI Ha L1, Lo, ... . [Toay4aem
=

dyukuuonan, onpeaenennslit Ha |(J Ln, — BClOZy MIOTHOM BEKTOPHOM MOAMPOCTDPAaH-

cree B X. [lo Teopeme o nponon)l(g;piu (cM. § 18) dyHKUHOHAT MOXKHO MPOAOXKUTEL Ha
BCE MPOCTPAHCTBO C COXPAHEHHEM HOPMBI. <

HOycte M C X'. Muoxectso M+ = {z| f(z) = 0 Vf € M} uassiBaer-
Cs1 TI0 AHAJIOTHH CO CITYYaeM I'MiIbOEepPTOBA NPOCTPAHCTBA, OPMOZOHAALHLM
donoanenuem Kk M. [Ins mHoxkectBa N C X aHaJOTMYHO BBOJUTCS OPTO-
ronaieHoe qonoinenue N+ = {f| f € X', f(z) =0Vz € N}.

Kaxk y»xe ormeyanocs B § 26, 3aMKHYTO€ BEKTOPHOE IIOANIPOCTPAHCTBO B
HOPMHUPOB3HHOM IIPOCTPAHCTBE MOXKET He HUMeTh JONOJIHEHHA. B kadecTse
npuMepa MpUMeHeHUs TeopeMbl XaHa — BaHaxa nmokakeM, 4TO KOHEYHO-
MEDHOE HPOCTPAHCTBO BCET/A UMEET IOTIOJHEHHE.

Teopema 4 (0 AOMONHEHUSX).

1. Ecau L — n- meproe nodnpocmpancmeo barnazrosa npocmparcmsa X,
mo daa L cywecmeyem 3amxHymoe donoarenue, Komopoe moocem boims
300010 C NOMOWDLIO Tt AUHETHO HE3AEUCUMBLL PYHKYUOHAL08.

2. Ecau M — samxnymoe nodnpocmpaHcmso 8 6aHATO80M NPOCTPAH-
cmee X, 3adannoe KoHewHbM HAOOPOM U3 1L AUHETHO He3ABUCUMNT PYyrK-

yuonaaos, m.e. M = {z| fi(z) =0.i =1,...,n}, mo dra M cywecmeyem
JdonoAReHUE PA3MEPHOCTIU N.
> 1. B npocrpanctee L Beibupaem 6a3uc e, ....e,. Ilo cnencreuio 4

TeopeMbl XaHa — BaHaxa CyIIecTBYIOT Takue JHHEHble OrDaHHYEHHbIe
dbyukumonannt f;, i =1,...,n, 4To

filex) = bik.

Torzna mHoxkectBo M = {z| fi(z) =0, i = 1,...,n} ABnAeTCcA 3aMKHYTbHIM
JononHenueM K moampocrpadcTtsy L. HefictButenbho, M — 3aMKHYTOe
BeKTopﬂoe MOANPOCTPAHCTBO U HmeeM pa3joxKeHue T = x; + 3. TOe I =

= Z filx)e; € L. 29 =z — Z fi(z)e; € M. JokaxkeM enHHCTBEHHOCTD
i= =1

n
pasnoxenus. Ecnu 0 = 2y + 22, tne 1 € L, 72 € M, 10 23 = Y ci6;.

Torga cx = fr(z2),. k=1,....n, T.e. x1 = 0, z2 = 0. Taxum obpasom,
X = L& M u yrBepxkaeHue 1 1OKa3aHO.
2. llycrs f1,..., frn — HAOOD JMHEHHO HE3ABUCUMBIX (DYHKIMOHAJIOB.

IMokaxkeM, yro otobpaxkenue ®: X — R"™, onpenenennoe gpopMynoi

o(z) = (f1(2), .., fal2)),
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ciopbekTuBHO. Ecau npeanonoxum, yto Im @ # R"™, To cymecrByer Bek-

n
Top & = (@1,...,an) € R a # 0, Takoit, uto Y «;fi(x) = 0 gas moboro
z, T.e. GyHKUMOHANBL f; JIMHEHHO 3aBUCUMBI. i'[olnyqaeM IPOTHUBOpEYHE C
YCJIOBHEM.

B cuny ciopbextuBHOocTH @ cyumiecTByioT Takue ej,....e, € X, 4ro

fi(ex) = 0;x. Kak moka3aHo B mepBoif 4aCTH TEOPEMbl, N-MEPHOE IIOANIPO-
n
cTpaHcTBO L = { > ckek| cr € R} ABJIAETCA OOMOJHeHUeM K M. <
k=1

PaccMoTpuM 04HO U3 reOMETPUYECKUX MPHAOXKEHUH TeopeMbl XaHa —
Banaxa. MuO>xecTBO L B HOpMHPOBAHHOM NPOCTPAHCTBE HA3LIBAGTCH 2U-
NEPNAOCKOCTN®I0, €CIIU CYLIECTBYeT JHHeHHbIH OrpDaHUYeHHBIH QyHKUNO-
Han f W nmocrosiHHas ¢ Takue, uto L = {z € X : f(x) = c}. Hanpumep,
B ciry4ae npoctpaHcTsa R3 rumepnmockocTs ecTb o6br4HAs MIOCKOCTh. B
Cily4ae BeleCTBEHHOrO MPOCTPAHCTBa X I'MNEPIUIOCKOCTh Pa3bHBAET 11po-
CTpaHCTBO Ha ABa noaynpocrpadcra: X T := {z € X : f(z) > ¢}, X~ :=
= {z € X : f(z) € ¢}. T'unepnnockocts L HazbiBaeTca onophotll 2unep-
naockocmvlo K MHOXKecTBY M B Touke xg € M, ecnu 29 € Lu M C X .

B Taxoii reoMeTpuyUECKOil TEPMUHOIOIMH CJeACTBUE 1 IpeBpaliaercs B
Clenyloliee yTBePKAeHNe O CyIIECTBOBAHUU OIOPHON TUIIEPITIOCKOCTH K
uapy.

CaeacrBue 6. ITycmov X — sewecmeennoe HopMupoeaHtoe npocmpat-
cmeo, M — edunuunnil wap 6 X, S — edunuunaa chepa. Jaa awbol
mowku To € S cywecmeyem OnopHAA 2UNEPNAOCKOCTL K WaPY 6 Imotl
mouxe.

&> CornacHo cyieAcTBHIO 1 CylIecTByeT OrpaHUYEHHbI TUHEHHbIH (DYHK-
nuoHan f Takoi, uto f(zo) = 1 4 || f|] = 1. Dror dyuKumOHAN onpenenseT
uckomyo runepmiockocts L = {z : f(x) = 1}. JeiicTBuTensHo, U3 ycio-
Bus ||f|| = 1 monyuaem, uro ais Tovek mapa ebimosHeno f(x) < |af € 1.
ITocneaHee HEPABEHCTBO O3HAYAET, YTO BEChb LIAP JIEXKHUT B IIOJIYyTIPOCTPAH-
ctee X . <

Awnanoru4so u3 reopeMbl XaHa — BaHaxa MOXHO MOJIy4YUTh yTBEPXKIE-
HH€ O CyIIECTBOBAHKH ONOPHO# MMIIEPIIJIOCKOCTH K BBINYKJIOMY MHOXECTBY
B 6aHAXOBOM IIPOCTPAHCTBE.



§ 42. OBILNI BUI JJUHENHBIX

OI'PAHNYEHHBIX @YHKIVOHAJIOB
B KOHKPETHBIX [TPOCTPAHCTBAX

Insa psaga 6aHAXOBBIX MPOCTPAHCTB COMPSIXKEHHOE NPOCTPAHCTBO MO-
»KeT ObITh OMmMCaHO ABHO. Takoe OnMCaHue JaeTCsi ¢ IOMOUILI TeopeM 06
ob1ieM BIIE JIMHEHHOr0 orpaHuyeHHOro dyHKIoHama. Hanomuum asa pe-
3y/IbTAaTa B 9TOM HAIIDABJIEHHH, NOJNy4YeHHbIX B § 40.

1. IIpocrpancreo R™. JIwoboit orpaﬂuqeﬂﬂbm JINHEHHBIA (DYHKIUOHAJ

f Ha npoctpanctee R™ umeer sun f(x) = Z TkYk, TOE Y1,-- -, Yn — 38-

AaHHble nocTosHHbIe. [lomyyaeM, 4To npOCTpch'rBo (R™)’ u3omopcduo R™
KaK BeKTOpHOe mpoctpadcTBo. OnHako HOpMa Ha R™ Kak conpskeHHOM
IPOCTPAHCTBE B 00IIeM CIy4yae He COBNAJAET ¢ UCXOLHO HOPMOM.

2. I'mapbeproso npoctpancrso. CornacHo Teopeme Pucca, Joboit -
HeliHblil OrpaHWYeHHbIN (DYyHKIHOHAJ eIUHCTBEHHBIM 00pa30M NpencTas-
asercs B sune f(z) = (z,u), npudem || f|| = ||u|.

PaccMoTpuM Tenepb HEKOTODBIE APYTrue KiacCcuyeckue 6aHaXOBbI IIPO-
CTPaHCTBA.

3. IlpocrpatcTBo co. PaccMOTpPUM MOCIEIOBATEIBHOCTD 3JIEMEHTOB U3

co Buga ex = (0,...,0,1,0,...), k = 1,2,.... ITa DOCIE€IOBATEIBHOCTh

siBaserca 6a3ucom — moboil 3eMEHT I € cp MpeaCTaB/aseTcs B BHIE
o

T = ) Tkek, TOe Pl CXOOUTCS 0 HOpMe Cqo. JleficTBUTeNbHO, HMeeM
k=1
n

Ha: - > ekl = max |zk| — 0 mpu n — oo. Ilycre f — MpOM3BONBHBIA

Cy >n

k=1
JIMHEHHbINA OrpaHuyYeHHbIN Ha ¢y dynkuuoHan. Torma

flz) = f(zl'kek) = zfler) =Y ziyn
k=1 k=1 k=1

Takum 06pa3som, pyHKUMOHAN [ 3a4a€TCsl [OCJIEIOBATEIbHOCTBIO HHCel
y = (yk). [okaxem, 9To y € ;. PaCCMOTpHM MOC/IEI0BATENLHOCTD dJIe-
MeHTOB 13 ¢y Buza (™ = (signyi,...,signy,,0,...). Torma

S luel = £ < A1 1) = 161
k=1
2C oc
Buauut, pag Y. |yk| cxomutea u Y |yk| < ||l
k=1 k=1
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ITokaxkeM, uTo A a1060# nocienoBaTe bHOCTH Y = (Yk) € 11 dopmyna
oC
f(z) = Y zryx onpenensier JuHEHHbH OrpaHUYeHHbIH (DYHKLHMOHAJ HA

k=1
cg. JeiicTBUTENbHO, UMEEM

oCc oC
< (X lywl) max [l = Y Iyl e
k=1 k=1

Orciopa crexyer, 4To (byHKuI/IOHaJI f onpemenen (psl CXOOUTCSA) U Orpa-
uudeH, npudeM | f[| < Z |yk|. JIuseitnocTs oyeBunna. Iomyuenusrii pe-
k=1

3yabTaT COPMYJTUPYEM B BHUIE TEOPEMBI.
Teopema 1. IIpocmparncmeo (Co) usomempuvecku u3omophuo npo-
cmpanemsy 1. Smom uszomoppuam 3adaemcs dopmysot

h3y=(u) = f € (co), tme f(z Zxkyk

4. pocrpancreo l;. Kak u B ciyvae npocTpaHCTBa Cg, MONYYAEM, YTO
oc

moboft ameMeHT T € [} MpeaCTABASIETCS B BUIE T = Y. Ikeg (Tak Kak
k=1
n o0
H:r -3 :rkek” = Y. |zx] — 0 npu n — oc), orpaHnyeHHbI JHHEl-
k=1 1 k=n+1

ublit pynknuonan f — B Bune f(z) = Z TkYk, TOE Yk = flex). [lonoxum

T = ex. Torma |yk| = |flex)] < = ||fll, ™e. nmocrenoparesn-
HOCTb ¥ = (yi) orpaaudena uuciaom | f || Takum 06pa3som, OrpaHUYEHHbId
JNUHeMHbI QYHKIMOHAI f OIpene/sercs OrPaHUYEHHON YKMCJIOBOM mociie-
JIOBATEJbHOCTBIO ¥ = (Yk).
ITokaxkeM, 4TO BepHO U 06paTHOe, T. €. J100asi OrpaHUYeHHAss YUCI0BaAs
oC
T0CJICA0BATENBHOCTD (Yk) 1o dopmyne f(z) = > zxyx OUpedenser orpa-
k=1
HUYEHHBIH JMHEeHHbI (DyHKUMOHAN Ha npocTtpaHcTse I). JdelicTBUTENbHO,

£ (@)] < sup lys Zlmkl—sumykl (ET

k=1
OTKyJAa cienyer, 4yro GyHKUMOHaJ orpanwdeH, npudem || f|| < sup|yx|
k

YuuTbiBas, 4TO BbIlIE ObLIO NOMYyUYeHO OOPATHOE HEPABEHCTBO, MOJY4aeM
Il = sup |yk| = ||ylloc- Takum oGpa3om, HoKa3aHa CJAeAYIOLIAs TEOPEMA.
k
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Teopema 2. ITpocmpancmeo (l1)’ usomempuuecku uzomopdHuo npo-
cmpancmey L. Imom uzomopdusm sadaemca popmyaot

lw3y= () = fe (), wme flz Zxkyk

5. IIpocrpaHcTBO lp.

Teopema 3. IIpocmpancmao (I,) npu 1l < p < +oc usomempuiecku
usomopduo npocmpancmey ly, 2de 1/p+ 1/qg = 1. Smom usomopgpusm
3adaemca popmyroi

ly3y=(w)— felp), tne flz Zmyk
> Ilycte y = (yx) € lg. Cormnacxo HepasencrBy Tlembzepa |f(z)| =
= | & o] < el lylle, e bymamonan  orpasrsen | £ < Iyl
oC
JIoboit snemenT x € [, npencrasnsfeTca B BUAE T = > Trex, Tak

k=1

n oC 1/p

KaK Hx -3 xkekH = ( > lzk|”) — 0 npu n — oo. Torzma moboii
k=1 '4 k=n+1 d

orpaHM4eHHbIH GyHKIMOHA f Ha IPOCTPAHCTBE [, IPeICTaBIsAeTCs B BUIE

flz) = i xr fleg) = i T Yk. Toaoxkum

=1 k=
2™ = (|Jy1|7  signyy, ly2| 7 signye, ... ) € L.

Torna

n 1/p n 1/p
Il = (Sl @) = (Shlt)
k=1 k=1

z™) Zj el 1FE™)) < NIz

OTtcioga nony4aem
n n 1/p
Sttt < 11 (3 el
k=1 k=1
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n

n 1/p
W, PAa3leNuB Ha ( > |yk|‘7) , TIOJLY 9uM ( >
k=1 k=1

1/q
wl?) " < If]). Buasur,

oC
pan ) |ykl? exomures u [lyllg < [If]]- <
k=1

3ameuanne. Orpannyenue p < +00 B TeOpeMe CYHIECTBEHHO, TAK KaK NPOCTpaH-
cTBO (loc )’ YCTDOEHO 3HAUUTENBLHO CJIOXKHEE M HE JOMYCKAeT MPOCTOr0 SBHOTO OMUCAHUS.

2C
B uacTHOCTH, He Bce DYHKUHOHANL! HA oo NpeACTABNAOTCA B BUAE f(Z) = Y Tpyk-

Paccy»xaenust, aHaJIOTHYHBIE JOKA3aTeJILCTBAM NPEeAbIAYIUX YTBEpKIeHUH, B pacCcMarT-
pHMBAEMOM CJlyuae He KOPPeKTHbl, TaK KakK CHCTeMa {ej} He sBiserca 6a3ncom B Npo-

cTpaHcTBe loc.

6. IIpoctpanctBo Lp(T. ), 1 < p < +oc.

Teopema 4 (®. Pucc). ITyecme T — npocmparcmeo ¢ noanot o-KoHeu-
noti mepoti. IIpocmpancmeo (Ly(T, 1)) npu 1l < p < 400 usomempurecku
usomopgro npocmpanemey Lq(T. 1), 2de 1/p+1/q = 1. Hsomoppuam sa-
daemcesa Gopmyaots

Ly(T\w) 3 u f € (Ly(T ) ede f(2) = [ 2(O)ult)di.
T

> Cornacuo sepaBencrsy l'enbaepa, ecmu u € Lo(T, p) u x € Lp(T), p),
o zu € L1(T,u) n If:c(t)u(t) d,u’ < ||ullqllzllp. Bnaunt, dyunkumonan
T

f 3agan maa moboro x € L,(T,u), nvneen, orpanuden u ||f|l < |lullq.
TlosToMy AN JOKA3aTENLCTBA TEOPEMbL JOCTATOYHO JOKA3ATh, YTO 110601
OrpaHUYEHHBIH JIMHEHHbIH QyHKIMOHAN f MpeiCTaBidercsd B YKa3aHHOM
BUIE U ClpaBelnuBO HepaBeHCTBO |ully < || fl.

CuauaJga paccmorpum caydait pu(7') < +oo. IlycTs f — orpaHudeHHbIH
nuHefinbli GysKruponan Ha Ly(T, p). Jnsa m060ro uaMepuMoro MHOXeCTsa
A ero xapaxrepuctudeckas GpYHKUNA X 4 npunagnexut L,(T, u), u, 3ua-
9uT, onpeenieHo 3navenue f(x4). [lonyuaem orobpaxenne v: A — f(xa4).
IMokaxeM, 4To V¥ ecTb 3apsal, Ha aurebpe H3MEPHUMBIX MHOMKECTB (B CMbIC-
sie onpeaenenus 1 § 11), 1. e. obiazaer cBONCTBOM o-aJanTUBHOCTH. Ecin

oc oC
A= ]] Ak, 0 x4 = 3 Xa,. npudeM psag cxogurca B Ly(T. ). B cumy

k=1 k=1
JIMHERHOCTH M HENpPEepLIBHOCTH f [OJIyYaeM

)= (X xa ) = X Flea) = 3 vl
k=1 k=1 k=1

285



Ecmu pu(A) = 0, To x4 ecTs Hynepoit anement npocrpancrsa Ly(T, u) u
v(A) = 0. 310 3Ha4UT, 4TO 3apsAs v abCONIOTHO HENPEPLIBEH OTHOCUTE b~
Ho Mepsl u. ITo Teopeme Pagona — Hukomuma (§ 12) cymecrByer Takas
dbynxuus u € Li(T, ), uto v(A) = fu(t du.

ITokasxeM, 9o u € Ly(T, 1) 1 ‘{TO

f(z) = / 2(t)u(t) dp. (1)

T

IIpencrasnenne (1) cripaBegnuBo OJisl XapaKTepPUCTUIeCKUX (DYHKIMM, TaK
Kak

Flxa) = v(A) = / w(t) dy = / altyult) du.
A T

B cuity smneitHoctu npencrasyenue (1) copaBeiiuBo JJisl TMHEHHBIX KOM-

6uHaumii XapakTepuCcTUYecKUX (hyHKUMH, T.e. IIs NpocThiXx OYyHKUME

KOHEYHBIM YHUCJIOM 3HaueHui. s orpaHuyeHHON! U3MepUMOil DYHKIHN T

OCTPOUM IMOCJIEA0BATENbHOCTD Ty, IPOCTHIX GYHKIUI C KOHEUHBIM YUCIIOM

3Ha‘leHHl’I, PaBHOMEPHO CXOOAILYIOCA K T. l'[epexo,zm K nnpegeny B IIpe/icTaB-

nernu f(z,) = [ zn(t)u(t)dy, uro somyctumo B cuiry Teopemsl JleGera,
T

noJsiy4aem npencraeienue (1) ans orpaHuYeHHBIX YHKLHI.
Ilycte Teneps

un(t) = {]u(t)|, ecau |u(t)| < n,

0, ecau |u(t)] > n.

DyHKUMA Tp(t) = Uy, (£)771 sign u(f{) — orpanudenHas, u3mMepumad,
y

el = ( T/ Iun(t)l‘q‘l)”du>l/p - ( T/ |un(t)10dn)l/p.

B cuny npeacrasnenus (1) momydaem

flzyp) = /un(t Usignu(t)u(t) du = /|un(t |7 dpa.

Tak xak |f(2)| < ||fllllzlly, nmonydaem

<
[ e <1 ( [ unterran)”
T

T
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1/ 1/
Paszpenus Ha (f|un(t)|" d,u) p uMeeM (f|un(t)|"d,u) ! < |If|l- Tocne-
T T

J0BaTEIbHOCTD |y, (t)|¢ cxomuTes Toueuno K |u(t)|? u cnpaBennBa OLEHKA
lunllz, < |Ifll. Tlo Teopeme ®@ary (§ 9) monyuaem, uro |u(t)|? — unrerpu-

pyemas pyHKUUA U
1/q
([rtrras)  <isn.
T

T.e. u € Lo(T,p) m |lullg < |If]l-

OrpannyeHHbli JUHEHHbIH (hYyHKIMOHAT [ COBMAAAET C OTPAHHYEHHBIM
nuHeiiHbiM dyHKUMOHanoM [ z(t)u(t) dy Ha IIIOTHOM MHOMXKECTBE OrpaHH-
T

yenHbix ynxuuii. [To TeopeMe 0 MpoaO/KeHUH 3TH (DYHKIMOHABI COBIA-
nJatoT Ha BceM Ly (T, p), T.e. cnpaBe,:mnBo npexacrasienne (1).
ycTs Mepa o-koHeuHa, T.e. T = ]_[ Ty, rae u(Ty) < +o00. Pacemor-
k=1
pum cyxenme ¢yskunoHana f Ha npoctpancTBo L,(Tk.p). cocrosuiee
u3 dbyHkuuil, obpawalimuxcsi B Hyab BHe MHOXectBa ). Ilo mokasan-

HOM YacTH TeopeMmbl nosyyaeM npenctasienue f(z) = [ z(t)uk(t) du, rae
T
Uk € Lg(Tk, pt). AHAJIOTHYHO NOKA3aTENbCTBY B IPUMEPE & [jIsl IPOCTPAH-

20
crBa (l,) nonyuaem, uro pag . [ |ux|9dyu cxomurcs, Te. u € Lo(T, p).
k=1T}

oC
Ecmm z = Y xk, tae zx € Lyp(Tk, 1), TO
k=1

f2) =3 [ttt du = / e{t)u(t) dus. <

k=17,

7. IIpocrpanctso L1 (T, p).
Teopema 5. IIpocmpancmeo (L1(T, pn)) aunetino usomempuyno npo-
emparemey Loo (T, 1). Imom uzomopgusm 3adaemea dopmyroti

wTop)3u = fe(Ly(Top), tze f(z) = / 2(t)ult) dy.
T

,H 0KAa3aTeJbCTBO TOH T€opeMbl B OCHOBHOM aHAJIOTUYHO JOKa3a-
TeJIbCTBY TEOpeMEI 4.
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8. IIpocrpancrso C(0, 1).

Teopema 6 (®.Pucc). Jas 4106020 ozpanunenozo aunetinozo Gynx-
yuonaaa f na npocmpancmee C|0,1] cywecmeyem dynxyus g ozpanuren-
Holl 6aPUAYUUY MAKAA, WO PYHKUUOHAA [ NPEICTNABAAETNCA C NOMOUDLIO
unmeezpara Pumana — Cmuamveca:

1
flz) = | z(t)dg(t), ()
/

npuven || f|| = Vary[g].
> Iyets f — orpanuyennsiit nuHelinslll dyunkuuonan va C[0, 1]. Ecau
1

B uHrerpan [ z(t)dg(t) noacraButh yHKLUIO
0

S 0, mpu t>E€,

1
to [ z(t) dg(t) = g(&) — 9(0), T.e. Mo 3HaYeHUsIM MHTErpasa Ha (yHKIHU-
0

ax ze(t) byuxuus g(t) moxker ObiTh 3amucana sBHO. Ho dynkuus z¢(t)
pa3pbiBHA M 3HadeHwe GyHKIMOHaNa [ Ha Hell He ompeneneno. IlosTomy
MOCTYIaeM CleAYIIUM 06pa3oM.

[Iycts B[0,1] ecTb mPOCTPAHCTBO BCEX OrPAHHYEHHBIX (QYHKUMH Ha
[0,1] ¢ nopmoit ||z|| = sup |z(t)]. Mpocrpancteo C[0,1] siBasiercsa moa-
npocrpancTeom B(0,1]. CornacHo Teopeme Xana — Banaxa, ¢pyHKIMOHAN
f MOxeT 6bITb MPOJOJAKEH Ha BCE NMPOCTPAHCTBO C COXPAHEHUEM HOPMBbI.
[Iycts F' — takoe npousomkenue. Torna onpenenero suadenne F(zg). Ilo-
KaxxeM, 4yTo byukuus g(§) = F(xg) — uckomasn. BosbmeMm npoussonbHOe
pas3buenue orpeska {0,1]: 0=ty <t; <...<tp, < 1wu cocTaBUM CyMMY

D lgltn) — glte-1)l = D exlg(ts) — glte-1)),
k=1 k=1

rae €4 = sign [g(tx) — g(tk—1)]. Torna

D lgte) — glte-1)l = D ex[Flaw,) — Flze, )] =
k=1 k=1
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rae
v(t) = Y enle, (1) — e, (1)]-
k=1

Tak Kak B nocnefneil Cymme B KaXXJJ0i TOYKE ¢ JIMIIb OHO CIaraeMoe Mo-
KeT GBbITh OTJIMYHBIM OT HYJIsSI M KAXKIOE CJIaraeMoe yIOBJIETBOPSIET YCJO-
BUIO |ek(Ty, — Tt,_,)| < 1, momyyaem ||v| = 1. Bnauut, byuxuns g umeer
orpanudennyro sapuamuio u Varg(g] < | f||-

Tlokaxkem, 4To crpasenuBo npeacrasiedue (2). Jns byuknuit xe pa-

BeHCTBO f(z¢) = [ z¢(t) dg(t) cnpasennuBo no mocrpoenuio. Ilo iuHeiHO-
0

CTH DaBEHCTBO PAaCHPOCTPAHAETCS Ha KYCOYHO-IIOCTOSIHHbIE M HEITPEPbIB-
Hble cripaBa pyHKUHM — NuHeliHble KoMOuHanuy Gysknuit re. Ecnu v, —
TIOCJIEAOBATENBHOCTh KYCOYHO-IIOCTOSIHHBIX HENPEPBLIBHBIX CIPaBa GyHK-
K, pABHOMEPHO CXOASAIIAAC K HenpeprBHoﬁ byHKIMN T, TO, IEpexoas

K mpefeny B npexacrasienud f(y,) = f yn(t) dg(t), monyvyaem npeacras-
Jenue (2) gna r € C[O, 1]. OueHHM PIHTel"pa.ﬂbHle CyMMY HHTErpaja

Pumana — Ctuntbeca f z(t) dg(t):

Jmax |z(t)] Z l9(tk) = g(ti-1)| < Varg (g} |1z

> az(te)g(te) — g(tr)]| <
k=1

Tepexoss K mpefeny, noydaem nepasencrso | f(x)| < Varj|g] ||z, orkyna
Ifll < Varplg]. <

ITony4yennoe B TeopeMe 6 COOTBETCTBHE HE SIBJISETCS B3AMMHO OILHO-
snaunbiM. Tax, ecnu g (t) = g(t) + const, To unTerpan B (2) He U3MEHUTCSL.
He pausier Ha uMHTErpasl Ajs HENPEPLIBHON (GyHKIHHN T TaKXKe H3MEHeHHe
GYHKUMM g B CYETHOM dYMCIe TO4eK. Tak KakK (byHKUHS OrpaHHIEHHOM
BapHalMK MOXET MMeTb He 60jiee CYeTHOTO HHCJIA TOYEK Da3phIBd, TO,
M3MEHUB 3HaYeHUs QYyHKLMA B STUX TOYKAX, MOXKHO CLEJIATb ¢ HEIPEPLIB-
Ho# cueBa. IlosToMy ecrecTBeHHO paccmoTpersh npoctpanctso V[0.1] —
NPOCTPAHCTBO (bYHKIMI OrPAHHYEHHON BapHAIUH, HEIPEPLIBHBIX CJIEBA U
vaosnersopsoumx ycaosuio g(0) = 0 ¢ Hopmoit ||g|| = Vary[g].
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Teopema 7. [Ipocmparcmeo (C[0, 1)) usomempunecku usomopgdro npo-
cmpancmey V[0, 1]. Hsomoppusm yemanasausaemea Gopmyaoti

1
VD39 f€ (ORI, ede f@) = [adg0. )
0

> Ecnn g — dynKuus orpannyeHHoi Bapuanuy, To GyHKunosan f(z) =

1
= [x(t)dg(t) onpenenen ma C[0,1], npudem || f|| < Varg[g]. Ilokaxem,
0

4TO eciM g HempepbIBHA cJeBa, To || f|| = Varg[g]. s € > 0 mocrpouy
n

TaKoe pasbuenue orpeska [0,1], uto 3 |g(tx) — g(tk—1)] > Varg[g] — €.
k=1

ITocTpouMm mocnenoBaTenbHOCTL HENpEPLIBHbLIX (DYHKUMH I, TAaKUX, 4TO
|zn(t)] € 1 1 zp(t) — zo(t) Vt, rae zo(t) = sign(g(ty) — g(tk—1)] ana
tx—1 < t < tx. HenpepoiBHo#t cieBa d)) ukuuu g(t) coo'rBechmyeT o-aaam-

THBHBIH 3apsaa v Ha (0, 1], mosTomy f:cn(t) dg(t) = f:cn(t ) dv. Tlo Teopeme

Jlebera Bo3MoxKeH npenem,m:m nepexog 1on, BHB,KOM HHTEerpaJa

1

1
Jim [ onlt)do(®) = [ ooty =
0

0

Z sign [g(te) — g(tr-1)] v([tes1, t) = Y lo(tk) — glte—1)].
k=1 k=1

TosTomy npu gocTaTouno Gobmom n umeeM |f(z,)| > Varg[g] — € u, Tak
KaK | Z,|| < 1, nonyuaem || f|| > Varj|g]. 3uauur, | f|| = Varg|g], u mbI mo-
Ka3ajH, 4o orobpaxkenue u3 V[0, 1] B (C]0, 1])’, onpeaenensoe popmysoit
(3), u30METPUYHO H, B YACTHOCTH, HHBEKTUBHO. CIOPBEKTHBHOCTL 3TOrO
oTobpajkeHus1 yCTaHOBJEHA B TeopeMe 6. 3HaunT, 0TOOpa’keHue, onpene-
JeHHoe (3), siBjasieTcss U30MOpPHU3IMOM. <

O606wennem TeopeMbt 7 HA Caydail IPOU3BOJILHBIX KOMIAKTHBIX IIPO-
CTPAHCTB fIBJSAETCA CIEAYIOIIas TeopeMa.

IIyctb T — KOMOakTHOE MeTPHYECKOe MPOCTPAHCTBO M YV — 3apsl,
onpeneneHHbl Ha anrebpe 6openeBckux mMuHoxkecTB B 1. Torma dopmyna

f(z) = /T 2(t)dv(z) 4)
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3aJaeT OrpaHMyeHHbIf JuHeHbIH (yHKUMoHaT Ha npocrpadcree C(T)
HenpepbBHbIX dyHKiMA Ha T

Teopema 8 (Panon). Jas 4106020 KoMNAKMHO20 MEMPUNECKO20 NPO-
cmpanemea T dopmyaa (4) yemanasausaem buexmueroe coomeememeue
meoicdy conpaoicennmm npocmpancmeom (C(T)) u npocmpancmeom 6o-
peaesckur 3apados va T .

§ 43. COITPA>KEHHBIE OITIEPATOPBI

B caydae KOHEYHOMEPHOIO MPOCTPAHCTBA JUHEHHLIN OMeparop 3ajJa-
ercst maTpuneil. B kypce snneitnoit anrebpbl moKa3biBaeTcs, YTO CBOHCTBA
MATpPUIBI TECHO CBA3aHbI CO CBONCTBAMM TPAHCIIOHUPOBAHHON MATPHLBIL.
B 6eckoHeYHOMEDHBIX HPOCTPAHCTBAX AHAJOIUYHYIO POJb MTPAET COMpPs-
JKEHHbIH OMepaTop, KOTOPbIH ONpene/sercs CleAyIOIHM o6pa3oMm.

Ilycte X u Y — bGanaxossl npocrpanctBa, A : X — Y — orpanu-
yeHHbIfI nUHeHHbI onepaTrop. BoseMmem dynkumonan f € Y/ u no memy
nocrpoum HoBbi dynkumonan g(z) = f(Az). IIposepum, 4ro g — auneii-
HbIl orpaHn4eHHbld GyHKIMOHaT Ha X. PaBencTBa

9(x1 + z2) = f(A(z1 + 22)) = f(Az1) + f(Az2) = g(21) + 9(22),
9(Az) = f(A(Az)) = Af(Az) = Ag(z)

BBITEKAIOT U3 JMHeiHocTu (yukuumonana f u oneparopa A. U3 Hepasen-

CTBa
lg(@)| = If (Az)| < IIfIl I1Az]] < [IF1ILAT]

[OJIy4aeM, YTO g — OTPDAHUYEHHbIH JMHEHHBIH (DYHKIMOHAT K YTO

lgll < TIAIFIfI- 1)

Taxkum 06pa3oM, BO3HUKAET oTOOpakeHne
A:Y's foge X'

Onpenenenne 1. Conpancentvim oNepemopom K THHEHHOMY OrPaHUYEH-
Homy omeparopy A : X — Y uaseiBaerca oneparop A’, aeiicTByomuit no
’ _ ’ ’
dopmyne A’ f(z) = f(Az) u3 npocrpancrsa Y’ B npoctpanctso X'
3ameuanue 1. B Boipaskenun A’ f(z) u3 aByx BO3MOXKHBLIX BAPHAHTOB PACIOJIO-
senus ckobok (A’ f)(z) u A’(f(zx)) Bropoii He umeet cmeicaa (f(z) — yucso u oneparop
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A’ HENb3A NPUMEHUTD K YMCJY), T09TOMY BohipaxkeHue A’ f(x) UHTaeTCs 1o nepBoMy Ba-
puanTy (oneparop A’ npumensiercsi K pyHKUMOHaNy f K BbIYHCIAETCS 3HAYeHHe HOBOrO
dyHKUMOHANIA B TOYKE I).

HOKa)KeM, 4YTO ONepalusa CONPAXKEHHA HE BbIBOOUT U3 KJacCa OrpaHu-
YEeHHBIX JINHEHHBIX ONEepaTOpPOB.

Teopema 1. Onepamop A’, conpascennnli K AuneliHOMY 02DAHUYEH-
HOMY ONEPamopy A, ABAAEMCA AUHETNBIM 02DAHUYEHHBIM OTEPATNOPOM,
npuvem [|A'l| = || Al

> IIposepuM nuneitHOCTbL OnepaTopa A’:

A(fi + fo)(@)=(f1 + f2)(A2) = f1(Az) + f2(Az) = A fi(2) + A fa(2),
A (Af)(@) = Af(Ax) = AA'f ().

Ionyuennoe Boiue nepasencTso (1)

4 f1 = llgl < IAILIfN

ApnAeTCA GaKTHYeCKU HEPABEHCTBOM OrPaHHYEHHOCTH AJis onepaTopa A’,
T.e. oneparop A’ orpanuden u ||A’|| < ||A]l. [TokaxeM, 4yTo cnpaBesIUBO
obparHoe Hepasencteo ||A| < ||A’|]. Bo3bmeM npOW3BOJIBHBIN 37€MEHT
z € X n nycrs y = Az. CornacHo cieacTBuio 2 TeopeMbl XaHa — Banaxa
(§ 41), cymecrsyer Takoilt dynkumonan f € Y/, uro ||f(| =1 u f(y) = |yl
Torpa f(Az) = ||Az|

Azl = |f(Az)| = [A"f(@)] < [AN A =l = 1A ] (-

Taxum o6pasom, a1 jawboro z € X seimonneno || Az|| < ||A'|| |z, otkyaa
nony4aem |[All < || 4’| a, svaunr, |A]| = ||A]]. <

Iocrpous asia Kaska0ro oneparopa A ero conpsixensstii A’, Mbl onpe-
nemuny otobpaskenue, aeiicrsyrwowee u3 LB(X,Y) B LB(Y', X'), xoropoe
onepaTopy A CTaBUT B COOTBETCTBME ero conpsixenunii A’. 910 orobpa-
JKEHUe Ha3bIBalT omobpasicenuem conpascenus. OTMETHM CieAyrolye
CBOMCTBA COMPSIMKEHUST:

1) (A+ By =A"+ B/,

2) (M) = AA’ (yumelHOCTD);

3) ||A'| = ||A|| (u30oMerpuuHOCTH);

4) (AB) = B'A!

> 3ameruM, YTO B NpaBO# 4acTM cOMHOXKuTenu Oepyrcs B obpar-
Hom mopsazake. Umeem (AB) f(z) = f(ABz), A'f(z) = f(Az) = g(z),
B'A' f(z) = g(Bz) = f(ABz), t.e. (AB)' = B'A’ «;
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5)Ecmu X =Y, 10 (Ix) = Ix

6) Ecau oneparop A umeer orpanyesHbrit o6parubiii A1, To A’ Takxke
obpatum u (A')~! = (A7),

> Tax kak AA™! =T u A7'A = I, To, cornacuo ceoiicrsam 4) u 5),
6ynem umerb (A7) A’ = T'u A/(A~1) = I, 1.e. oneparop (A~ ') apnserca
obpaTHbIM K oneparopy A’. <

3aMevanue 2. [Ipn nocTpOEHUN U UCCIELOBAHUY CONPSIMKEHHBIX ONEPATOPOB BCTPE-
4aeTcA TpU TUNa JTHHEﬁHOCTH, KOTOpbLIE ciieayeT pa3jntaTh: JIMHEHHOCTD dJyHKLLl’IOHB.na
A’ f, nuneitnocTs oneparopa A’ u nuHE#HOCTL OTOBpaXkenua conpsxenus A — A’. Ha-
npumep, paBenctso A’ f(z1 + x2) = A’ f(z1) + A’ f(x2) o3HaYaET AAANTHBHOCTD YHK-
nnonana A’ f, Ho ne onepatopa A’.

IlpuBeneM HECKOJIBKO 33134, IIPY DPEIIEHUH KOTOPBIX €CTECTBEHHO BO3-
HUKAIOT CONPSYKEHHbIE OMEPATOPSI.

IIycts A: X — Y — orpaHuveHHbI HHeHbI] onepaTop, X u Y — 6a-
HAXOBbI IIPOCTPAHCTBa. TpeGyercs BLISICHUTD, UMEET JIM ypaBHenune Ax = y
pellenne ans 3agaHHoro y € Y. MHade roeops, Hy»KHO onucaTb obpas
Im A = {y| y = Az, z € X} onepatopa A.

Teopema 2. IIyem» X wu Y — O6anazosw, npocmpancmea u
A: X =Y — ozpanunennviti aunetinsi onepamop. Jamvikarue Im A obpa-
3G 0NEPAMOPa A €CTND MHOHCECTNBO BEKTMOPOS Y, YYOOBAECTNEOPAIOWUT YCAO-
eurw: f(y) =0 das amwobozo f €Y' maxozo, wmo A’ f = 0.

> Mycrs L = () kerf = (ker A’)L — MHOXecTBO BeXTOPOB y, yI0-

A’ f=0
BJETBOPAIOIINX ycmfsmo teopeMel. Kak mepeceyeHue 3aMKHYTBIX BEKTOP-
HBIX NOAMPOCTPAHCTB, L €CTh 3aMKHYTOE IOANPOCTPAHCTEO.

Iycts A'f = 0 uy = Az. Torma f(y) = f(Az) = A'f(z) = 0. Dro
3uaunT, uro Im A C L. Tak kak L 3aMKHYTO, TO ImAcCL.

IIpeAnoNOXUM TeNeph, YTO CYMECTBYeT Yo € L Takoit, 4To Yo ¢ Im A.
Torama, corsacHo cieacreuro 3 teopembl XaHa — Banaxa (cm. § 41), cy-
mecTByer Takoit ¢gpyHxkuuonan fo, 4to fo(yo) # 0 u fo(y) = 0 mna Bcex
y € Im A. Torna A’fo(x) = fo(Az) = 0 u ycnosue yo € L o3Hauaer, uto
fo(yo) = 0. IlonyyenHoe nporusopedne o3uauaet, 4ro ImA = L. g

Caencrue 1. Jaa mozo, wmobu. ypasnenue AT = Yy umeso pewe-
Hue dan dannozo y € Y, neobzodumo, a ecau o6pas Im A 3amxnym, mo u
docmamoywno, wmobw f(y) = 0 das arwbozo pynkuyuonare f, ydosaemeo-
DANWE20 00HOPOTHOMY CONpANCENHOMY Ypasnenuto A’ f = (.

CuepncrBue 2. Jas mozo, wmobu ypasnenue Az = y 6140 paspeuwiumo
0aa mwbozo y € Y, neobzodumo, wmobu ypasnenue A’ f = 0 umeno moavxo
HYAEB0€ PeleHUE.
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> Eciau Im A =Y, To, cornacho Teopeme 2, s Jixoboro y u f € ker A’/
BoimonreHo f(y) =0, Te f=0. <

Caencrsue 3. Vpasnenue A'f = 0 umeemn eduncmeenmoe pewenue
mozda u moavko mozda, xoeda Im A =Y.

Teopema 3. Onepamop A : X — Y umeem ozpanuyennoili 06pamnoiii
A1 Y — X mozda u moavko mozda, xo2da cyuecmeyem NocMOAHHAA
C > 0 maxaea, wmo cnpasediuss. HepaseHcmsa

Izl < CllAz|, =€ X, (2)
Ifl<ClAflL, feY' (3)

> Heobxomumocts. HepaBeHCTBa OrpaHUYEHHOCTH [JI1sT ONEPATOPOB
A1 u (A)7? coBnanaioT ¢ HepaBencTBaMu (2) u (3).

Jlocratournocts. U3 (3) noayuaem, uto ker A’ = {0}. Torma no cren-
creuio 3 Im A = Y. [Ipumensa reneps Teopemy 1 § 35 06 obparTHbIx ome-
paTopax, MoJIydaeM CyIIECTBOBAHME OrPaHHYEHHOro onepatopa A~!. <

3amevanue 3. Ecin npocTpaHcTBO X KOHEYHOMEPHO, TO €IUHCTBEHHOCTH DeIlc-
HHS yPaBHEHHs AT = Y 3KBMBAJIEHTHA CyLIECTBOBAHWIO DelleHMsA [is mo6oit npasoit
yacTi. B GecKOHeYHOMEPHOM MPOCTPAHCTBE Pa3peullMMOCTh YpaBHeHMs AT = y aus
mo60f npaBoM YAaCTH He CBA3aHA C €JUHCTBEHHOCTbIO pewreHusi. Hampumep, mycTb
A — onepaTop OAHOCTOPOHHErO CABHIa BJEBO B NPOCTPaHcTBe [z, 3ajaHHbIi dopMynoi
A(z1,T2,...) = (z2,23,...). Torna Im A =13, o ker A # 0.

HekoTopsie BuAbI OnepaTopoB A, AJisi KOTOPLIX CBOHCTBO €IMHCTBEHHOCTH PELIeHUA
3KBHBAJIEHTHO CyLIECTBOBAHMIO peirenusi, 6yAyT paccMoTpensl B rimase VIIL

§ 44. TIPUMEPHI COITPA>KEHHBIX OIIEPATOPOB

®opmyna A'f(z) = f(Ax) 3anaer sBHO nelicTBHE CONPSIKEHHOTO OIe-
paropa Ha dyHKUHOHANAX, IOITOMY HOCTPOEHHE COIPSIXKEHHOTO OMEPaTo-
pa cBoauTca K noacradoske A B popmyny A’ f(z) = f(Az). Ha npaktuke
B TE€X CJy4asX, KOTJa W3BECTHbI TeopeMbl 06 0bmem Buje dhyHKIHOHANIA,
BMECTO NPOCTPAHCTBA (DYHKLHOHAJIOB PACCMATPUBAIOT H30MOpdHOE eMy
zapyroe, 6osee yao6HOe 45 BIYUCIIEeHU npocTpaHcTBo. Ilycrs dynknno-
uan f € Y’/ npencrasnasiercst 4epe3 3JieMEHT U IPOCTPAHCTBA Y. 3HadeHHne
dynkuuonana f(zr) 6ynem obosnadaTh

flz) = (u, 7). (1)
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Torna f(Ax) = (u,Az). Obo3nauum vyepes A’y € X; syeMeHT, coOTBeET-
crBytommii dpyuxmmonany A'f € X’. Torna paseucteo A'f(z) = f(Azx)
3anMiueTcs B BH/E

(A'u,z) = {u, Az). (2)

TaxuM 06pa3oM, CONPHIAKEHHBIH onepaTop A’ MOXHO ONpeAeHTb KaK Ore-
parop A’: Y7 — X1, yrosnersopsiomnuit paBeHCTBY (2).

C 6osiee GpopMaNbLHOM TOYKM 3PEHUS] CUTYaUMs ONUCHIBAETCS CJIeayI0-
et cxemoit. B Teopemax 06 obmeM Buae JUHEHHOro (QyHKIMOHANA MbI
umeem uzomopdmusMm J : X' — Z CONpsAyKEHHOTO NMPOCTPAHCTBA C HEKO-
TopbiM GanaxoBbiM npoctpancTsoM Z. Torma compsikenHblt onepaTop B
cMbicne onpenenenus (2) ects omeparop JA'J ™!, rme A’ ecTb conmpsixen-
HBi OIepaTop B CMbICJ/IE [I€PBOHAYAJILHOTO ONPEIe/ICHHS.

Hamnpuwmep, B cayuae npocrpascrsa Ly (T, 1) BMecTo mpocTpascTBa Or-
PAHMYEHHbIX JIMHENHBIX DYHKUMOHAIOB PACCMATPUBaEM U30MOpdHOE eMy
npocrpanctso L (T, u), roe 1/p + 1/q = 1. Tloguepkuem, 4To B COnpsi-
JKEHHOTO OTlepaTopa B yKA3aHHOM CMbIC/IE 3aBHCHUT OT crnocoba peanusa-
LUV COTpSKEHHOTO mpocTpancTsa. Hampumep, msomopdusm J~! Mmexay
Ly(T,p) u (Lp(T, p))" moxkHO 331aTh POpMYJIOit

LT 3w~ (@) = [atuda)dt
T
rae g(t) ectb Npou3BOILHAA (PUKCHPOBAHHAS U3MePUMast (DYHKIMS TaKasl,

410 |g(t)| = 1. Ilpu TakoM mpeicTaBiIeHHH COIPSDKEHHBIR oneparop byaer
HAMETh HECKOJILKO MHOM BU, YEM B PACCMOTDEHHBIX HH)KE IPUMepax.

IIpumepsr
1. IIycts X = C™, Y = C™ u nuneitnblit onepatop A 3amaercs Mmarpu-
et pa3MepHOCTH 7T X M C 31eMeHTaMu (a;;) 0OpIHON hOPMYI0H yMHOXKe-
n
HYst MaTpuibl 1 BekTopa: (Az); = Y ay;z;. IIpocTpancTso, conpsixkeHHOe

i=1
k C™, peanusyeTcs: Kak npocTpanHcTBo C™ ¢ IOMOIIBIO COOTBETCTBUS

C"3¢ & f(z)= Zl‘ifi = (&, 2).
i=1

osTomy u3 dopmyssr (2) nmonygaem

m n

A'f(z) = f(Az) =D aya;& = (€ Ax).

i=1 j=1
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ITocTpoennblit HOBBHA (DYHKIUOHAJ MPEICTABHAM B BUIE

m

(A'g.a) =) (ZGIJ@)“’J = Zrm
i=1 i=

rae
n

n= Y g (3)
i=1

Takum ob6pazoM, GyHKIIHOHAN, COOTBETCTBYIOIIMIA BEKTOPY £, Heperies
OA JeHCTBHEM CONPSIXKEHHOIO OmepaTopa B (DYHKIMOHAJN, COOTBETCTBY-
omuit BeKTopy 7. B 9TOM cMmbIicie GyaeM rOBOPHUTb, YTO COMpPS>KEHHbIH
orepaTop oTobpa>kaeT BEeKTOp £ B BEKTOP 7], T. €. CONPSKEHHbIH OnepaTop
zefictByer no ¢popmyne (3), u3 KOTOPOH BUAMM, YTO NEHCTBHE ONEpPaTOpa
3ajJaerca Marpuueit (a;;), TPAHCIIOHHPOBAHHOM K MaTpule (o).

OO6bI4HO B KypCe MUHEHAHON ajireOpbl KPUTEPUH COBMECTHOCTH CHCTEMbI
JIMHEMHBbIX aJjrebpaniecKuXx ypaBHeHuM hOpMYyaUpyeTcs B CJeAyOIEeM BH-
Je: CUCTeMa MMEET PelleHHe TOrJa U TOABKO TOrAa, KOT/a PAHI pacllipeH-
HOM MaTpHLpbl paBeH paHry MaTpuusl cuctembl. ChopmynupyeM Kpurepuit
COBMECTHOCTH B JIDYIrOM BUJIE.

IMpumenuMm K JaHHOMY ciay4aio Teopemy 2 § 43. Tak kak B KOHeu-
HOMEPHOM TPOCTPAHCTBE JI000e BEKTOPDHOE MOANPOCTPAHCTBO 3aMKHYTO
(reopema 1 § 28), u3 ciencreust 1 § 43 mosyyaeM clieayroIIylo TeopeMmy,
JAIOLLYI0 YCJIOBUA Pa3pEIIMMOCTH (KPUTEPHUH COBMECTHOCTH) CHCTEMBI JIH-
HeHMHbIX alrebpanyeckKux ypaBHEHHH.

Teopema 1. [as mozo, 4mobs. cucmema AUHEUHRNT GA2e0PAUNECKUT
ypaeHenul

j :aijx.‘izy’i’ i=1....,n,

uMeAq peuiehue 0ad dannozo éexmopa Yy = (Y1,. .., Yn), HEO6TO0UMO U Jo-
n

CAMOYHO, YMOBbL EBNOAHALOCS PAEEHCTEO ¥ Yit; = 0 das 406020 eex-
i=1

mopa u = (Uy,...,Uy) U3 6a3uca 6 nPocmpancmae pewenut 00HopPodHot

MPAHCNOHUPOBAHHOT CUCTNEMDL

n
Zaijuizo, j=1l.....m.
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CdopmynupoBannblit Bbille KpuTepull yacto Gonee ynobeH njs mpu-
Me€HeHUus1 — IIPOBePpKa COBMECTHOCTHU CBOOUTCHA K BblYHMCJ/IEHUIO 3HaYeHH
KOHEYHOro 4YUC/a JUHEHHDLIX (PYHKIHOHAJOB Ha BEKTOpPE Y.

2. PaccmorpuM B npocTpaHcTBe Ly[0. 1] uHTErpaibHblil OnepaTop

Az(t) = [ K(t, s)z(s)ds,

o

rae K (t,s) — orpanuyenHas uamepumasa dbyukuus. [loctpoum onepatop,
conpspkeHHsI K oneparopy A. Jlioboit dynkuuonan f € (L,[0,1])" npea-

CTaBJideTCsa B BUOE
1

flx)= /m(t)u(t) dt,

0

rae u € Lq[0.1] (cMm. § 42). Bozpmem dyukmumio u € Lg[0, 1] u nocMoTpum,
Kak geiicTByer oneparop A’ Ha COOTBeTCTBYIOUIHIL ¢l PYyHKUMOHA:

(A'u,z) = (u, Az) = /1 (/IK(t,s)a:(s)ds)u(t) dt.
0 0

TlepecTaBias NOPAJOK HMHTErPUPOBAHUS B MOCJE/HEM UHTerpafe (4To
3aKOHHO B cujly TeopeMbl @yOunu), nony4um

1

1 1
(Alu,z) = O/x(s)[b/K(t, s)u(t)dt] ds = 0/3:(.9)1)(3) ds,

1
rae v(s) = [ K(t.s)u(t) dt. 3nauut, conpsxenHsrii oneparop A’ nepeso-
0

AuT GHYHKIMOHAJ, COOTBETCTBYIOMUN QYHKIUH U, B PYHKUMOHAJ, COOT-
BETCTBYIOUMI (DYHKIMH v. 3aMUCAB JeHCTBYE CONPSIXKEHHOTO ONEPATOPa B
CTaHIAPTHLIX 0003HaYeHUsX (IIOMEHAB MECTAMU [IEPEMEHHBIE § U t), IoMy-
4YaeM, YTO COMpPSXKEHHBLIA omneparop aeiicTByer mo dopmyiie



Takum 06pa3oM, OnepaTop, CONMPSAXKEHHBIA K MHTErPAJbHOMY ONEpPaTopy
¢ anpom K (t,s), sABJAsAETCS MHTErPAbHBIM ONepaTopoM ¢ sapom K (s,t).
Takoe sApo Ha3bIBaeTCA MPaHcnonuposanusm K aapy K(t.s). Anaso-
CHYHBI pe3ynbraT cupasenyiuB B npocrpancrsax Lp(T, p) ana nekoro-
PBIX KJIACCOB HEOIDAHMYEHHBIX S7ep. 3aMETHM, YTO JAJisi IPOU3BOJILHOTO
Heorpanup4eHHoro axpa K(t,s) MOKeT 0OKa3aTbCHA, YTO MEHATb [OPSLOK
MHTEIDUPOBAHUs B NPEABIAYINEM BLIYMCJIECHMM HENb3s1 U B TAKOM CIy4ae
CONPs>KEBHBII OIIepaToOp UMeeT LpYroit BUJI.

Kaxk u3BectHO, nHTErpanbpHoe ypapaenue Ppearoapma

1
2(t) — / K(t, 8)z(s) ds = y(t) (4)
[}

MOKET He UMETh PellleHust A HeKoTopwiX 4(t). IloayuuM ycaoeus paspe-
LIMMOCTH 9TOr0 YPaBHEHMs, ONMPAsiCh Ha Teopemy 2 § 43.

Teopema 2. s moz0, wmobv. ypaeuenue (4) umero pewenue
1

z € Lp[0.1] daa dannozo y € Lp(0,1] neobzodumo, wmobw [ y(t)u(t)dt =0
0

das a0boti pynkyuu u € Lg0, 1], ydosaemeopatoweti 0dnopodnomy conpsa-
HCEHHOMY YPABHEHUNO

1

u(t) — /K(s, t)u(s)ds = 0.

0

3amMeuasn e [JoKasaTe/gbCTBO TOrO, YTO NOJYYEHHOE BBILIE YCJIOBHE pa3pe-
IIMMOCTH SIBJASETCA AJ1 PACCMATPHBAEMOro KJacca yPaBHEHHH JOCTATOUHBIM, TpebyeT
HoJiee TOHKHX paccykiaeHuil u 6yzer nposeaeHo B § 50.

IIpousnniocTpupyeM, YTO Aa€T TeOpeMa 2 Ha TIpUMepe yPaBHEHHs
1
z(t) — /4t233;(s) ds=1t-a. (5)
0

3anuiem OJHOPOJHOE CONPAXXKEHHOe YDaBHEHHUE

1

u(t) — /452tu(s) ds = 0. (6)

0]
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9To ypaBHeuue C BbIPOXKIAeHHbIM fapoM. Ero pemenue 6yiem nckaTh B
suge u(t) = ct. [loacraBiasiem u B JIEBYIO 4acTh ypasHeHHus (6), nosyyaeMm

1
ct — f 4s%tcsds = 0, T.e. gna moboro ¢ GyHKUYSA ct ABIAETCA PELICHHU-
0
eM ypasheHus (6). 113 Teopembl 2 mosydaeMm, YTO YCAOBHE Pa3PEIIMMOCTH
1
ypasHenus (5) umeer Bug [(t —a)ct dt = 0. Beraucnsas uurerpad, nony4a-
0

em ¢(1/3—a/2) = 0, oTKyaa BUAMM, YTO NIPH @ = 2/3 yC/I0BHE BBIMOIHEHO,
a pu a # 2/3 ycnoBue He BHINOJIHEHO U ypaBHeHue (5) pelieHns He uMeeT.

3. Pacemorpum onepatop To: Lp[0,1] — Ly[0,1], 1 < p < +oo, Buga
Tox(t) = z(a(t)), roe a: [0,1] — [0,1] — HenpepsiBHO auddepeHuupye-
moe obparumoe oTobpaykenue orpeska [0,1] B cebs, a’(t) # 0. Ilocrpoum
conpsi>keHHbld onepaTop T

1
(u, Taz) = / u(t)z(a(t)) dt = [T = alt), t = B(r), dt = B'(7)dr| =
0

1

1
= /U(ﬁ(T))z(T)ﬁ'(T) dr = /ﬂ'(r)u(ﬂ(r))z(r) dr = (Thu, z).
0 0

[Tonyuaem, yTo conpsikeHusi oneparop T, neiicTByer B Lg[0, 1] mo ¢op-
myne Tlhu(t) = B'(t)u(B(t)), roe 8 = o~ L.

§ 45. CIIEKTP OIIEPATOPA

TousaTue cnekTpa oneparopa 6bw10 yxe sBemeHo. Ceffuac Mbl HMeeM
JOCTATOYHO MPEABAPUTENbHBIX CBEAeHMH, YTOObl TOKa3aTh yTBEPXKIEHHE
0 HemycToTe cneKTpa. B KOHeYHOMEPHOM CIIyuae CIeKTp OnepaTopa COBMa-
JaeT ¢ MHOXECTBOM KOpHel XapaKTepUCTHYECKOrO MHOTOYJIeHa COOTBeT-
CTBYIOILEH MaTPUUBI U CYIIECTBOBAHUE CIIEKTPAIbHBIX 3HAYEHHU ABJsETCA
CJIeICTBMEM TEOPEMBI O CyIIECTBOBAHUM KODPHS MHOTOYJIEHA — OCHOBHOI
Teopembl ajirebpol. [IosToMy cymecTeoBaHMe CIIEKTPAJbHBIX 3HA4YEHHN Y
M060ro MTMHeHHOro OrpaHH4YEeHHOrO ONePaTopa B NPOU3BOJBLHOM OeCKOHeY-
HOMEPHOM OaHAaXOBOM MPOCTPAHCTBE HE SBJAETCA NMPOCTHIM (DAKTOM, €ro
JOKa3aTebCTBO JOJKHO OMUPATLCA HA YTBEPXKAeHUs, 6ojiee CUIIbHbIE, YEM
OocHOBHas1 Teopema anrebpbl. TakuMu yTBepXKIEHUAMH OKa3bIBAIOTCA TEO-
pema JIMyBULIS M3 TEOPHUU AHAJUTHYECKHX (hYHKUMA U Teopema XaHa —
Banaxa.
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HanoMmuuM HEOGXOAHMBIE ONIPEAENEeHN.

Onpenenenue 1. Ilycts A : X — X — orpaHuyYeHHBIH JTHHEHHBIH
oneparop B 6anaxoBom mpocrpanctBe X Han nonem C. Touka A € C
Ha3bIBAGTCS PeE2YAAPHOU MOuKOU omepaTopa, eciu oneparop (A — A4)~!
CYLWECTBYET U SIBJISETCS OTPAHUYEHHBIM OIEepATOPOM, ONPEIEJEHHBIM Ha
Bcem X. MHOzKeCTBO pery/sipHbIx Touek obo3Hauvaercs p(A) u Ha3bIBaeTcsa
DE30ADEEHTMHBM MHOIHCECTREBOM OTIEPATOPA A.

Onpegenenne 2. KomnnexkcHoe 4ucio A, He SIBASIONIEECH DEryJsip-
HBIM, HA3bIBAETCH CTEKMPAibHbM. MHOKECTBO ClIEKTPAIbHBIX TOYEK o (A)
oneparopa A HasbiBaerca cnexmpom oneparopa A. Takum obpa3om, no
onpenenennio, o(A) = C\ p(4).

Onpenenennas Ha p(A) byskuua (A — A)~! nasbiBaerca pesoaveen-
mot oneparopa A u oboznavaerca R(A; A). Dro pyHKuMsa KoMIIeKcHoit
epeMeHHON ), 3HaYEeHUAMH KOTOPOH ABJIAIOTCA OrpAHMYEHHBIE JIUHeTHble
OnepaTophbl.

Teopema 1. Pesoaveenmnoe mmoocecmso p(A) onepamopa A omxpoi-
mo. Pesoaveenma R(\: A) ssasemcsa aHaaumuueckoli onepamopro3Had-
not Ppynryued 6 p(A). m. e. ama Pynkyus 8 Hexomopol okpecmHocTIU
Kaotcdoti mouxu Ay € p(A) pasaazaemca 8 pad no cmenenam A — Ao ¢
onepamoprumy Koaddhuyuenmamu.

> IMycts A\ — dukcuposannas Touka B p(A). Torna cywecrsyer omne-
patop (Aol — A)~! := B. TlokaxeM, 4TO KOMIJIEKCHOE 9HCIO A, A/l KO-
TOPOro BBINOJHEHO HEPABEHCTBO |A\g — A| < || B||, npunannexxur p(A). dro
U 03Ha4aeT, uTo MHOXecTBO p(A) oTkpeiTo. B camom zene,

AL — A = (Mol — A)I - uB], (1)
rae p = Ag — A. B cuny ycnoBus Ha u K onepaTopy, CTOALIEMY B KBaApaT-

HOit ckobke, npumeHuMa, TeopemMa 3 § 35, 3TOT oneparop o6paTUM U ero
o6paTHbI MpeaCTaBIseTCA B BUIE CyMMBI psga. IlosTomy

R(X; A) = [i pEB*|(NoI — A)7! =
k=0

= i(/\o — \)kBk+L, (2)
k=0

PaBencrBo (2) mokasbiBaer, 4ro ¢dyHkuus R(A; A) B OKPeCTHOCTH TOYKH
Ao € p(A) pasnaraercs B CTENEHHON DAL, C ONEPATOPHBIMU KO3 PHUIIHEH-
TamMu. <
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Teopema 2. Cnexmp ozpanuvennozo onepamopa A ecms Henycmoe
xomnaxmhoe mnooicecmso 8 C, npunadaescawee xpyey |A| < || A

> IMTokaxkem, uro o(A) C {A € C: [A] < |A|]}. Ecnu |A] > ||4], o
omnepatop (Al — A) = M\(I — A/A) obparum (cMm. Teopemy 2 § 35) u

(I - _> Z AR+

(A — A)~

>

B ugacTHOCTH, HMEEM OLEHKY

- Ak _ 1 1 __ 1
AL LT (LANZIAL A= A

IR(A; Al < (3)

npu [A] > |[A].

Tax Kax pe30sbBeHTHOE MHOXKeCTBO p(A) OTKpBITO, 0(A) — 3aMKHYTOE
OrpaHU4eHHOE MHOKECTBO B C, T. €. KOMIIAKTHOE MHOYKECTBO.

TTokaxeM, uro o(A) # 0. Ilpeanonoxum nporusroe. Toraa p(A) = C
CnenoBarenbHo, cornacuo teopeme 1, R(A:a) ectb uenas QpyHKUuA, T.e.
dyHKuUs, onpeesieHHas u aHagutudyeckas Ha Bcem C. B cuny nemnpe-
DBIBHOCTH OHa orpanuvena Ha mMHoxkectBe D = {A € C : |\ < 2||4]|}.
CornlacHO HepaBeHCTBY (3), OHa orpaHudyeHa BHe MHOKecTBa D. 3Hauwur,
3Ta (DYHKIMA OrDAHUYEHA Ha BCeH KOMIUIEKCHOM myockocTu. IlpuyeM u3
(3) cneayer, uro ||R(A; A)|| — 0 mpu |A\| — oc. Takum obpaszom, ans mro-
6oro r € X u kaxgoro f € X' qysxkuus (X)) = f(R(); A)zr) ectsb uenas
(KOMIJIEKCHO3HAYHAA) AHATUTHYECKAs (DYHKIMs, OrDaHUYeHHAs U CTpe-
Msmascsa K Hy/ao Ha Geckoneunoctd. Ilo reopeme JluyBusns momydaem,
uto p(A) = 0 mus Bcex z € X u Beex f € X'. U3 cnencrBus 1 Teopembl
Xana — Banaxa (cM. § 41) Boitekaer, uto R(A: A) = 0 gns moboro A € C,
YTO NPOTMBOPEYNUT oGparuMocTu oneparopa R(A; A). <

3amMedanue 1. AHajmoruyssiM 06pa3oM MOXKHO BBECTH MOHATHE CIEKTpPA Onepa-
TOpa B Cjly4yae MpPOCTPAaHCTB Ha[J IOJieM BEMIECTBEHHBIX YNUCEJI. O,E[HG.KO B 3TOM CJy4ae
CIIEKTP MOX>XKEeT OKa3aTbCA IIyCTbIM.

CdopmyanpyeM 31ech Tak:Ke TEOPEMY O CHEKTPE COMPAKEHHOTO Ore-
paropa, J0Ka3aTeNbCTBO KOTOPOil OyIeT NpOBENeHO B CAEAYIOLUEM Mapa-
rpade, Tak Kak OHO TpeOyeT HEeKOTOPBIX MMOArOTOBUTENbHBIX (PaKTOB.

Teopema 3. Cnexmp conpsasicennozo onepamopa A': X' — X' coena-
daem co cnexmpom onepamopa A : X — X. Kpome moezo, R(\; A') =
= R(A\; A) daa wucea A € p(A) = p(A).
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Krnaccugpukauus To4ek crnexrpa

B cuny reopembr Banaxa o6 o6paTHoM onepaTope CyIieCTBOBaHUE Orpa-
HHYEHHOrO OOpATHOro K orepatopy Al — A 3SKBUBAJEHTHO TOMY, YTO
Im(A — A) = X u ker(A] — A) = 0. Yucno )\ sABAAeTCA TOUKOH CNEKTpa
oneparopa A, ecnu HapyweHo xots 6kl ofHO U3 ycaoBuii. B 3aBucumoctu
OT TOr0, KaKOe U3 ITHX YCJIOBHI HAPYILEHO, MOXKHO MPOBECTH KIacChudH-
KAIMIO0 TOYEK CMEeKTPA.

1. Hucno A Ha3bIBaeTCsl cobCMBEeHHbLM 3HAYEHUEM ONIepaTopa A, ecin
ker(Al—A) # 0, 1. e. cywecrsyet x # 0 Takoit, yro Ax = Az. Takoit BekTop
Z Ha3bIBAETCH COOCMBEHHBIM BEXTNOPOM OIIepaTOpa A, COOTBETCTBYIOIINM
cOBCTBEHHOMY 3Ha4eHUI0 A. MHOXecTBO cOOCTBEHHBIX 3Ha4eHHI Ha3blBa-
€TCS  TMONEUHBIM CTLEKMPOM.

2. Yucso A HA3BIBAETCS MOUKOU HENPEPbhleH020 CNEKMpPa OnepaTopa A,
ecan ker(A] — A) =0, Im(A] — A) # X, Im(A] - A)=X.

3. Huco )\ HasbIBaeTCs MO%KOU 0CTNAMONHO20 Cexkmpa oepaTopa A,
ecan ker(A\] — A) =0 u Im{A\] — A) # X.

3amevanne 2. Corsmacho caenctBuio 3 Teopemsl 2 § 43 ycsmoBue Im()\I——A) #* X
3KBHUBAJIEHTHO TOMY, 4YTO YHCJIO A aBJaAeTca cOBCTBEHHBLIM 3HAaUEHUEM CONPAXXXeHHOI'0
oneparopa.

TakuM 06pa30oM, BCS KOMILIEKCHASA MJIOCKOCTh Da30MBaeTCs HA 4eThbl-
pe TONAapHO HeNepeceKaloUIUXCsl MHOYXKECTBA: Pe30JIbBEHTHOe MHOXKECTBO,
TOYE€YHBIH, HEIPEPBIBHBIA ¥ OCTATOUYHBIN creKTp. IIpMHUUNHAIbHBIM OTIH-
yneM 6ECKOHEYHOMEPHOTO CJIy4Yasi 0T KOHEYHOMEPHOIO SIBJISIETCS TO, YTO B
KOHEYHOMEDHOM CJIy4Yae BCE CIEeKTPAJbHbIE 3HAYEHUS ABJAIOTCA COOCTBEH-
HbIMH 3HadeHusaMmu. IlokakeM Ha mpuMepax, 4TO B 6ECKOHEYHOMEDPHOM
clydae MOSIBISIIOTCA Ka4eCTBEHHO HOBLIE BO3MOXKHOCTH — HeENPEePbIBHBIN
Y OCTATOYHBIA CMEeKTPbI MOTYT ObITH HEITYCTBHIMHU.

ITpumMeps

1. Ilycts X = C™ u A: X — X — nuHeliHblfl oneparop, 3aJaHHBIH
marpuueit M. Oneparop Al — A obpaTuM TOrAa U TOJbKO TOTJAA, KOIAA
HeBBIpOKAeHa MaTpuna AFE — M, t.e. p(A) = det (AE — M) # 0. Takum
00pa3oM, crexTp onepaTopa A coCTOMT U3 KOpHell XapaKTePHUCTHYECKOrO
mHorounena p(A). Kazkapiii u3 sTux KOpHei AB/AeTCA COOCTBEHHBIM 3HaYe-
HUEM onepaTopa A, ¥, 3HAYUT, BECh CIIEKTD OMEPaTOpa B KOHEYHOMEDPHOM
NpPOCTPAHCTBE — TOYEYHBIH, 3 HENPEPHIBHBIA 1 OCTATOYHBIH CHEKTPHI IIy-
CTHI.

2. llyers X = C[0,1], Az(t) = tz(t). YpaBuenue Az = Az B pac-
CMaTpUBaeMoM ciydae umeer Bua tz(t) = Az(t).Orcioma (t — A\)z(t) =0 n
z(t) = 0. 3nauut, y oneparopa A HeT cCOOCTBEHHBIX 3HAYEHHMH U TOYEUHBILH
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cnektp myct. Eciin A ¢ [0. 1], o bynkuus 1/(\ —t) nvenpepsisaa Ha [0, 1] u
71 yioboit dynkuun y € C|0, 1] dyukuns z(t) = y(t)/(A —t) HenpeprBHA
U ABNAeTca peileHueM ypasHenust (A — A)x = y. 3HauuT, BCe TOYKH .
nexkaique BHe oTpe3ka (0, 1], ABAAIOTCA peryaspHBIMU OJ1 oneparopa A.

Iycts Tenepb A — Touka orpeska [0, 1]. Ecan y(t) = (A — t)x(t), roe
z € C[0,1], To y(A) = 0. Ons yo(t) = 1 nonyyaem |y — ol = 1. D10
3Ha4uT, 9TO 06pa3 oneparopa Al — A, cocrosiuuil u3 Takux QyHKIMH Y.
HMeeT BHeHIHHe TOYKH M, CJIEJ0BATENBHO, He ABJIAETCS BCIOJY [UIOTHBIM B
C[0, 1]. 3nauur, BCe TOuKH OTpe3Ka [0, 1] ABNAIOTCS TOYKAMH OCTATOYHOIO
CHeKTpa.

3. Ilycte X = Lp[0,1], 1 <p < +oo, u Az(t) = tz(t). Kak u B npu-
Mepe 2, 10JIy4aeM, 4TO y oneparopa A HeT COBCTBEHHbBIX 3HAUCHMIL U €C/IN
A & [0,1], To X sBAsieTcst perysipHbIM 3HaueHHeM. Eciu npu HekoTopom
y ypasuenue (A — A)r = y umeer pemenue, 1o z(t) = y(t)/(A — t). Ilpu
yo(t) = 1 nonyuaem, yto z(t) = 1/(A—t) 1 He IPUHAIEIKUT TIPOCTPAHCTBY
L,[0,1] mpu 0 < A < 1. Bxaunt, dyHKUUA Yo He npuHaatexur Im(A] — A)
npu 0 € A € 1 ¥ BeCb OTPE30K COCTOHT U3 CMEKTPAJIbHBIX 3HAYEHHH.

IMokaxkem, 4To 06pa3 Im(A]—A) Bcioay nioren B npocrpascTse Ly[0. 1].
Ecnu gynxkumsa y(t) = 0 B okpectHocTs Touku A € [0,1], To OHa ABJsAET-
cs obpasoM dyuknuu z(t) = y(t)/(A — t), npunamiexameir L,[0,1]. s
dbyukumn y € L,y[0,1] nocrpoum nocsenoBarenbHocTh DYHKIMI caenyo-
mero suna: Yn(t) = y(t), ecmn [t—A| = 1/n,u ¥, (t) = 0, ecnu |[t—A| < 1/n.
Toraa ||y—yn|| — 0 npun — oc B cuny abCoNOTHON HENPEPLIBHOCTH HHTE-
rpana Jlebera. @yuakuuu y, npuHamiexar obpasy Im(Al — A), u, 3Ha4uT,
Im(AI — A) = L,[0,1]. Taxum 06pa3om, Bce To4ukM oTpe3ka [0, 1] sBisioTcst
TOYKAMH HeNpepbIBHOTO CIEKTDA.

4. IIyere X =1, 1 < p € oo, u onepatop A 3anan dopmyioit
Azx = (z2,z3,...) (oneparop capura). Tak kak ||A|| = 1, cnexTp oneparopa
A nexur B kpyre pamuyca 1. Ecm Az = Az, 0 = = (11. Azy, A%xy, .. ).
Ilpu |A| < 1 nocTpoeHHas NOCTEAOBATENLHOCTD IPUHAIJIEKHT NPOCTPAH-
ctBy lp npu Beex p. IIpn |A| = 1 mocTpoenHas 10C/I€0BATEILHOCTD [IPH-
HAAJIEXKAT Lo, HO He npuHanaexut I, npu p < oc. Taxum obpazom, npu
p = oo cnekTp omeparopa A ectb emumuuuHblil kpyr D = {}A| |A| € 1},
OpUYeM BCe TOYKHU CIEKTDA ABJIAIOTCH COOCTBEHHbIMH 3HaueHusMU. [Ipu
p < 0O BCE BHYTPEHHME TOYKH Kpyra D ecTb coBCTBeHHbIE 3HAUEHHS Olie-
patopa A. B cusly 3aMKHYTOCTH CHEKTDA CIEKTPOM ONEPATOpa SBJIAETCA
BeCh QMHUYHBLA Kpyr D.
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[MokaxkeMm, 4yTo npu p < OC BCE TOYKM OKPYXKHOCTH |A| = 1 siBastroTCs
TOYKAMH HEMNPEPLIBHOTO CIEKTPA, T.€. MOKAXKeM, 4TO IpH TaKHX A obpa3
Im(AI — A) Bcrogy nutoren B l,. Corsacuo cneactsuio 3 Teopems! 2 § 43,
IJIA1 3TOrO JOCTATOYHO MOKa3aTh, 4To ker(Al — A’) = 0. Jaa omeparopa
A conpsixennsiiit A’ neiicrsyer B npocTpascTse g, roe 1/p+1/¢ =1 upn
l1<p<ocuqg=oonpup =1, u umeer sua A'u = (0,uy,us,...).
Ecnun A’y = Au 1A HEKOTODPO#H NOC/Ie0BATENBHOCTH U = (Ui, U2, . -.), TO
0 = Aug, uy = Aug,... H, cinenosarensHo, u = 0. 3Hauut, ker(A] —A’) =0,
1 npu 1 < p < 400 OKPYRKHOCTb |A] = 1 COCTOMT M3 TOYEK HENPEPHIBHOIO
CIeKTpA.

§ 46. CJIABAS CXOIMMOCTD.
PE®JIEKCUBHOCTb

C MoMOIIBIO OTPAHUYEHHDBIX JUHEHHBIX (DYHKIMOHAJIOB B HODMHPOBaH-
HOM TPOCTPAHCTBE BBOIMTCHA HOBBIM THI CXOASIIIUXCS MOCIENOBATENLHO-
cTeii.

Onpenenenne 1. IlocnenoBaTeNbHOCTD Ty TOYEK BaHaXOBA IPOCTPAH-
ctBa X caabo cxodumca K Touke rg € X (obo3nadaercs T, — Ig), €Ciiu
ana moboro f € X’ semonneno f(z,) — f(zo).

OueBuHO, YTO €CH MOCIEA0BATENLHOCTD Ty, CXOAMTCS K Zo IO HODME,
To oHa cxomuTes cnabo. defictBurenvno, |f(z,) — f(zo)| = |f(zn —Z0)| <
< Ifll 1z = 2oll — O.

TMokakeM Ha MpUMepax, 4TO cjabo CXOOAINAACH MOCe10BATEIbHOCTD
MOXKET He CXOAMTHCSA M0 HOpMe.

IIpumepsr
1. B mpocrpascTse ¢y nocnemosarenbuocts e, = (0,...,0,1,0,...) mo
HOpME He CXONHUTCH, TaK Kak ||e; — e;|| = 1 npu @ # j. [lokaxkeM, 4To OHa

cxoaurcs caabo. JdeitcTeurensuo, mo6oit dyuxunonan f € (cg)’ npeacras-

oC oC
nserca B Buae f(x) = Y. zplk. toe ». |kl < +oc. Torma f(ex) = & — 0.
k=1 k+1
2. B mpocrpancree [ nocieposarennbuocts e = (0,...,0,1,0,...)
He CXOJMUTCA MO HOpMe M He cxoauTcs cnabo. na dyHKuMOHANOE BHIA,
paccMoTpeHHoro B mpumepe 1, nonyyaem f(ex) — 0, mostomy ciabeim
npeaeaoM Moxket 6uITh TOJILKO To4uka 0. PaccmorpuM Ha l) orpaHHYeHHBI]

oC
nuHednbit gynkunonan f(x) = Y. zx. Torma f(ex) = 1 # 0. 3nauur,
k=1

paccMaTpuBaeMad IIOCJIeA0BATENIbHOCTE HE CXOOUTCA ciabo.
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Hcnonp3obanue caaboil CXOAUMOCTH MO3BOJIAET MOJYYUTh DAL YTBEP-
XJIeHu#i npu Oosiee cnabbix npexanosoxenuax. Hampumep, npu uccneno-
BaHUH ypaBHeHnﬁ 4acTO yJaeTcsda NMOCTPOUTHL MOCJIEA0BATE/NBHOCTD, C.TI&60
CXOIAILYIOCS K PEIIeHHIO, B TO BpeMs KaK NOCTPOUTh T0CIe10BATE/IbHOCT,
CXOOAULYIOCA K PENICHWUIO IO HOPME, 3HAYUTEJIBHO CJIO2KHEe.

Ecnu 3HadeHns (pyHKIMOHAJIOB HA 3JIEMEHTE T TPAKTOBAaTh KaK ‘KO-
OpAMHATH’ TOYKH Z, TO ¢JIabyI0 CXOAMMOCTH MOXCHO PacCMAaTPHBATL KAK
aHAJIOT MOKOOPIUHATHON CXOJHMMOCTH B IIPOCTPAHCTBAX IIOCENOBATENbHO-
cTel.

ITycts X — 6aHaxoBO NPOCTPaHCTBO, X' — €ro conpsikenHoe. 3aduk-
cupyeM ToukKy - € X u BenuuuHy f(r) OyoeM paccMaTpuBaTh Kak (YHK-
uoHas ot nepemennoii f. Ilonydaem dyukumonan g.(f) = f(z), onpexne-
neHHplit Ha npoctpanctee X'. U3 coorHoumenuit

gz(f1 + f2) = g2(f1) + g=(f2). gz(Af) = Aga(f).
l9=(F) = [f (=l < 1] 1=

BUJHO, YTO DYHKIHMOHAJ g, JIMHEEH U OTPAHUYEH, T.€. g, € (X'), npuyem
llgzll € |lz||. Cornacho ciencrBuro 1 Teopembr Xana — Banaxa (§ 41),
cymecTByeT byHKIMOHAT fo Takol, uto fo(x) = ||z|| u || fol| = 1. TTosTomy

HQIH:HSUP (@) 2 folz) = |z]|.

3uauur, ||g:|| = ||z||. B pe3ynbraTe mony4aem T. H. KAHOHHYECKOE BIIOXKE-
uue J mpocrpanctea X B X" — usomerpudeckoe orobpaxenne J: X —
(X') := X", xoropoe kaxa0My x € X CTAaBUT B COOTBETCTBUE PYHKIHO-
HaJl g, U3 IPOCTPAHCTBA, CONPSKEHHOTo K X', T. . BTOPOro CONPAXKEHHOTO
[IPOCTPAHCTBA.

IIpu takoMm Bioxkenun ciaboi cxomumoctu B X COOTBETCTBYET IIOTO-
yeyHas cxomumocTh B MHOXecTBe J(X), cocrosiuem u3 ynkumii (byHk-
uMoHaJIoB) Ha X'.

Kak Gyaer moka3ano Huxe, Bo3MoxeH cnydail J(X) = X" u cayqait
J(X) # X". Tlo TakoMy CBOHCTBY GaHAXOBBI POCTPAHCTBA AENATCA Ha,
JIBa KJ1acca.

Omnpenenenne 2. BanaxoBo npocrpancTBO X Ha3bIBaeTcs pegaek-
cusnom, ectu J(X) = X",

Tlockonbky J — nMHBEKTHBHOE OTODDAaXKEHHE, TO B Ciay4dae pedieKcuB-
Horo npocrpaHcTBa X orobpaxkeHue J siBisiercs Ouekumeidi Mexay X u
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X". lloaromy cBOHCTBO PedbIEKCUBHOCTH MOXKHO repedpa3upoBaTh cie-
OYIOUIAM 06pa3oM.

IIpocmpancmeo X pedaexcusro mozda u moavko mozda, kozda cnpa-
eedausa caedyrowas meopema 06 obwem sude AUHETHO20 0ZPAHUYEHHO20
PYHKUUOHAAG HE CONPANCEHHOM TPOCTNPAHCTNEE. OAA 4106020 02DAHUMEH-
HO20 Aunetinozo Pynryuonasa ® na npocmpancmee X’ cywecmseyem mou-
xa g € X maxas, wmo ® npedcmasasemcsa e sude D(f) = f(zo).

IIpumepslL

3. Ilycts X = L,[0,1], 1 < p < +o00, Torna, cornacHo teopeme Pucca,
(Lp[0,1))" = Lg[0.1] m ((Lp[0,1])")" = L,[0,1], npusem mocremmmit u3o-
mMopdu3M, NOCTPOEHHBIN € NOMOIILI0 TeopeMbl Pucca, coBnazaer ¢ orob-
paskeHHeM J, OCTPOeHHbIM Bblie. Takum 06pa3om, mpocTpancTBo Ly[0, 1]
npu 1 < p < +oc¢ aBasercs pedIeKCHBHBIM.

4. IIycth Cg — MPOCTPAHCTBO HOCNENOBATENbHOCTEH T = (Xy) TAKHUX,
4to xf — 0 ¢ HOpMOit |z|| = m’?xlwk|. Kak mokazano B § 42, (co)’ & [;

u (1) = lo, npudem orobpaxenue J: ¢g — ly ABIAETCA €CTECTBEHHBIM
BJIOXKEHHEM, HO Cy # lo. SHAYUUT, IPOCTPAHCTBO Cy HepedIEKCUBHO.

5. Conpsikentoe npocrpancTso K C[0, 1] ecTs npocrpancTBo byHKIMI
OrPAHHYEHHON BAPUALIUH, 10JIy HEIPEPBIBHBIX CJIEBa U Takux, 4yto g(0) = 0.

Mo>xHO 1oKa3aTh, YTO OnpeaeseHHbld Ha mpocrpancrse (C[0,1]) nuwneit-
1/2

Hblil orpaHndennbli ¢ynkumonan suga P(g) = [ dg(t) = g(1/2) re mo-
0
1

ket GbITb npeactasnen B Buge P(g) = [ z(t) dg(t) ¢ HempepriBHO# yHK-

0
uueil x. 3uaunT, npocrpanctso C|0, 1] Taxike He AB/sAeTCA PedIEKCUBHBIM.

B cnydae pedpiekcuBHbIX GaHAXOBBIX NMPOCTPAHCTB CIIPABEAJINB DAL
TEOpEeM, KOTOPbIE /151 TIPOH3BOJIbHbBIX 6a4HAXOBBIX IPOCTPAHCTE MOTYT OKa-
3aTbCs HeBepHbIMHU. YacTo JOKA3aTeIbCTBA B C1ydae pedJIeKCUBHbBIX MPO-
ctpancTB ynpomanTces. ChopMynupyeM HECKOIbKO PE3YbTATATOB TAKOTO
THIA.

IIycts X — peduekcusHoe HGaHaxoso npocrpanctso U A € LB(X).
Torzma, OTOXAECTBJIsAA MPOCTPAHCTBO X ¢ MPOCTPAHCTBOM X C IIOMO-
IO KAHOHMYeCKoro orobpaxkenus J, monydaem, uro (A') = A. Hei-
CTBUTENBHO, M1a dyHkuuoHana ® € X" naiigerca Touka zo € X Takas,
gyro O(f) = f(zo) mnaBeex f € X' n

A0, (f) = ®(A'f) = A'f(z0) = f(Az0) = Paa,(f)-

TMocneausas 3amuch o3Ha4aeT, uTo A” nepeBoauT (QyHKIMOHAM, COOTBET-
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CTBYIOIUMIH TOUKE Lo, B (PYHKIMOHAJ, COOTBETCTBYIOIMT Toyke Axg, T.e.
A" peiictByer Tak xe, Kak A. B 3ToM cMbIce MOXHO cuuTaTh, 4To A” = A
Orcrona nony4yaeM, HapuMep, 4T0 B TeopeMe 2 § 43 u ee clieaCTBUAX MOXK-
HO MoMeHATHh Mectamu oneparopsl A u A'. Tlonyuaem creayoouiee yTBep-
K JeHUe.

Teopema 1. ITycmoe X — peaexcusnoe 6aHAT060 NPOCTAPAHCMEO U
A€ LB(X,X). ToedaIm A’ cosnadaem c (ker A)L — mnoorcecmeaom dymnx-
yuonaesoe [ maxuz, wno f(z) =0, ecoiu Az =0

OrMmeruM, 4TO B HepedIeKCHBHBIX 6AHAXOBbLIX NMPOCTPAHCTBAX TAKOEe
YTBEDXAEHHE HEBEPHO.

Ipumep 6. IMycrs X = L1[0.1] u oneparop A: L;[0,1] — L]0, 1]

¢

3agal ¢opmynoit Az(t) = [ z(s)ds. Torna ker A = {0} u, cnenosarenn-
0

Ho, (ker A)t = L{[0.1] = Lo[0,1]. Boruucaum neitctayrommit B Lo [0, 1]
ConpsiKeHHbiii oneparop A':

s

t 1 1
(g, Ax) = /a: (8)g(t) dsdt =/x(s /g )dtds = (A'g, z),
0 0

T.e. A'g( fg

d)yHKupm, anHazmex(aume obpa3y Im A’, ynoBIAeTBOPAIOT YCIOBHIO
Jlunmuia u obpaimanTcs B Hydb B TOYKE § = 1. DTO MHOXECTBO HE fAB-
JfeTCa BCIOAY TJIOTHBIM B LQO[O, 1], TaK KaK, HanpUMep, B OKPECTHOCTH
dbyuruun fo(s) = 1 Her byHKUM yKa3aHHOTO BUa. MOXKHO 10Ka3aTh, 4TO
3aMblKaHie 06pa3a JAHHOrO ONEpPaTopa COCTOMT H3 HENpPepLIBHBIX (DyHK-
1mit, o6pamamumMxcs B Hy/lb B TOYKE 1, ¥ 3TO 3aMbIKaHUE CyILECTBEHHO
MeHbIIe BCero mpocrpatcTBa Lo [0, 1].

TIpusensem 31ech K0Ka3aTENBLCTBO TeopeMbl 3 U3 § 45 0 cnekTpe conps-
>KEHHOrO OIlepaTopa, TaK KaK 3TO AOKA3aTeJlbCTBO UCIOJb3YET KaHOHHYE-
ckoe Baoxenne J : X — X”. HamoMuum hopMyaupoBKy.

Teopema. Cnexmp conpascennozo onepamopa A': X' — X' coena-
daem co cnexmpom ucroduozo onepamopa A : X — X. Kpome mozo,
R(M\ A') = R(M; A) daa wucea X € p(A) = p(A').

> Ecnu onepatop AI — A obpatum, T0, cornacHo ceoticrBy 6 § 43 , 06-
patum onepatop Al — A’. Dro o3navaer, uto p(A) C p(A') u o(A’) C o(A).
B cayuae pedsiekcHBHOro mpocTpaHcTBa 06paTHOE BKJIOYEHHE SABJIACTCA
crencrBueM gokasanuoro: p(A’) C p(A”) = p(A).
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B cayuae HepedsekcuBroro mpocrpanctea X TpebyroTcs AOMOIHU-
TesbHbIE paccyxaeHus. [lycrs oneparop A'—AI obparum. Toraa, cornacto
TeopeMme 3 § 43, BLIIOIHEHB! HEPABEHCTBA

I = AVl = ClIfI Vf e X,
(AL — A")gll = Cligll Vg€ X"

IloncraBnss B nocseHee HEPaBEHCTBO (QYHKIMOHANBI BUAA ¢ = JzI, mo-
Jydaem

I = A")ga|l = |(AT — A)zl| 2 Cllgall = llzl| Vz € X.

M3 nosy4eHHbIX HEPABEHCTB, COTIACHO Teopeme 3 § 43, ciemyer obparn-
mocTb oneparopa Al — A u Brimouenue p(A’) C p(A). <

ConpsnxeHHOe NPOCTPAHCTBO ABIAETC 0AHAXOBBIM IIPOCTPAHCTBOM H
B HEM MMEET CMbICJI NOHATHE CJIa00# CXOAMMOCTH. A HUMEHHO, MOCHEN0BA-
TesibHOCTD fp, € X' cxomutca cnabo K fo, ecnu g(fn) — g{fo) nns moboro
anemenTa g u3 X"'. Ho B psife 3aa4 Gosiee ecTecTBEHHA APYrasi CXOAUMOCTD
B npocTpancTse X', COBIaamias ¢ TOYeYHOH CXOAUMOCThIO (DYHKIMOHA-
J10B, KaK yHkumit Ha X.

Ounpegesnienne 3. Ilocnenosarensrocts f, € X' crodumea x-caabo K
fo. ecamu fn(z) — fo(z) mas moboro z € X.

B cnyyae pedanexcusnoro npocrpasctsa dyukuuonan g € X' npen-
crasisiercss B Bune g(f) = f(zx), rne z € X n cnabasd cXOMUMOCTb COBIA-
naer co *-caaboil cxoauMocTsio. B cayuae HepedeKCHBHBIX IPOCTPAHCTB
3TH BHAbI CXOAMMOCTH Pa3/IMYHbI; U3 1200 CXOOUMMOCTH CIIeyeT *-cyiabast
CXOAMMOCTD, HO 06paTHOE HEBEpHO.

IT puwMep 7. PaccMorpuMm Ha IPOCTPaHCTBE C MOCHELOBATEILHOCTh
dynknuonanos fr(zr) = zk, = € cp. Torma nnsa moboro = € cp ume-
eMm fr(z) — 0, T.e. 3Ta MOCIEAOBATENHLHOCTb CXOAMTCS *-ClIab0o K HyJIIO.
Ho cnaboit cxogumoctr K Hymo HeT. ConpsizkeHHOe MpPOCTPaHCTBO (Cp)’
n3oMop¢HO npocTpaHcTBy i, npu 3ToM u3oMopdusMe OYHKIUOHANY fi
COOTBETCTBYeT NOCAeA0BaTenbHOCTL e = (0,...,0,1,0,...) € ;. Ho sta
NOC/IEJOBATENBHOCTh, KAK TIOKA3aHO B IpuMepe 2, He cxomutcsa ciabo K
toyxe 0. eiicrBurenbHo, paccMoTpuM Ha Iy pynxumonan ®(u) = ) u;.
Torna umeem ®(fi) = ®(ex) =1 4 0.

BBenenHoit *-c1aboit CXOMUMOCTH COOTBETCTBYET *-Cjiabas TONOJIOrUs
Ha COIIPSI’KEHHOM [POCTPAHCTBE, B KOTOPOH 6a3a oKpecTHOCTeH (hyHKIHO-
Hata fo 33J2eTCA MHOXECTBaAMH BUI3,

V(foixi,n@n, 7)={f €X' : |flax) — folze)| <7 }.
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rae r > 0, x1,..., L, — NPOU3BOJBbHbI# KOHEYHbIA HAOOP 3IJEMEHTOR M3
X. ®aKTUYECKH 3TO TOIMOJIOTHs MOTOYEYHON CXOJAUMOCTH B IPOCTPAHCTBE
dyuknuit Ha X. OQHO U3 3aMevaTeSbHbIX CBORCTB 3T0il Tomnonoruu cgop-
MYJIMPOBAHO B CJIEyOUIeH Teopeme.

Teopema 2 ( Banmax — Anaorny). 3amxnymod waep 6 npocmpan-
CMEe, CONPANCEHHOM K HOPMUDOBAHHOMY, ABAACTMICA KOMNAKTNHOM MHO-
2HCECTNBOM 8 *-CAGOOT MOTNO0A02UY.

> Ilycts K — equuuyHblil OTPE30K B ClIy4ae BEIECTBEHHOrO IPOCTPaH-
CTBa WM eAUHUYHBIM KPYI B CJIy4Yae KOMILJIEKCHOIO MPOCTPaHCTBa. Pac-
CMOTPHM NPOU3BEIEHHE £ = Hwe x 4z, TAe Bee Z, = K. Ilo Teopeme Tuxo-
HOBa (CM. IPUJIOXKEHHUE, § 7) 3TO MpOU3BEAECHUE KOMIIAKTHO B THXOHOBCKOH
Tonosorun. Ilo onpenenenuio npou3Be1eHUs IPOCTPAHCTBO Z €CTh MHOMKeE-
CTBO 4KCJIOBbIX (hyHKUuMM Ha X co 3HadyeHusmu B K. Ho equnuynblil map
B CONPSXKEHHOM IPOCTPAHCTBE TAKIKe COCTOUT U3 TakuxX (byukuuil. [losro-
My [ap SABJIAETCS NOAMHOXKECTBOM B Z. ITO MOAMHOXKECTBO 3aMKHYTO H,
CJ1eI0BATEJIbHO, KOMIAKTHO B TOMOJIOTMY [POU3BENCHUA. /115 OKOHYaHUSI
JI0Ka3aTeNbCTBA OCTAJIOCh 3aMETUTh, YTO #-ciabasi TONOJIOTUSI Ha ape
COBMAAaeT C TOIOJIOrHe Mpou3BeIeHust. <



I'TABA VII

YPABHEHN{]
C KOMITAKTHBIMU OITEPATOPAMUA

§ 47. KOMITAKTHBIE OITEPATOPLI
1 X CBOMCTBA

Kak y»xe ObLIO OTMEUYEHO, OMEpaTOpPbl B KOHEYHOMEDHOM NPOCTDPAH-
cTBe 065130A10T PSIAOM CBOMCTB, KOTODbIE HE EPEHOCATCH HA HPOU3BOJb-
Hbleé OrPAHUYEHHbIE ONEPATOpbl B 6ECKOHEYHOMEPHbIX NMPOCTPAHCTBAX.
Hanpumep, yreepxaenue, uto, ecin Ker A = {0}, To Im A = X, cupa-
BEIUBO 1151 mHelHoro oneparopa A : X — X B c1y4yae KOHEYHOMEDHOTO
npocTpatcTBa X U MOKeT ObITh HEBEDHBIM B GECKOHEYHOMEDPHOM CJTydae.
B sTom u nocnenyromux naparpadax 6yaeT u3ydeH Kaacc onepaTopos, ob-
JIAJAIOMIEX HEKOTOPLIMU CBOMCTBaMM ONEPATOPOB B KOHEYHOMEPHBIX IPO-
crpancTBax. Ocobbrit MHTEpEC K ITOMY KJIACCy ONMEPATOPOB CBA3AH TaKKe
C TeM, YTO B HEro BXOAAT MHOTHME MHTErPaJbHBIE OMEPATOPHI, i ITO ITO3BO-
JIAET MOJY4YUTh HoJiee JeTabHyH0 HHGOPMALMIO O HHTErPajIbHBIX yPaBHe-
HUSX.

Onpegenenne 1. [Iycts X v Y — 6anaxosel npocrpancrsa. Jluneii-
Hbild oneparop A : X — Y HasbiBaeTca xomnexmhoim (WM 6NOAHE HETPe-
DPH6HBIM), €CI OH JI060e OrpaHHYeHHOE MHOXECTBO U3 X I1epeBOJUT B
MHOKECTBO, [TPEIKOMIIAKTHOE B Y.

Hanomunm, 4To onepatop A ABAseTCsA OrpaHMYEHHBIM (HEIPEPbIBHBIM ),
€CJIM OH OTPAHMYEHHOE MHOXXECTBO NEPEBOAMT B orpaHuyeHHoe. Otiudue
K.1ACCA KOMIMAKTHBIX OMNepaTOPOB OT MPOU3BOJILHBIX OFPAHMYEHHBIX OIe-
PATOPOB OCHOBAHO HA TOM, YTO OTPAHWYEHHBIE MHOXKECTBA, B HECKOHEYHO-
MEDHbIX IPOCTPAHCTBAX MOIYT He OBITh MPEAKOMIIAKTHBIMH.

IIpumMeper

1. Ecan npocrpancTBa X u Y KOHeYHOMEDHBI, TO JI060M JTHMHENHHBIH
ONepaTop OrpaHUueH, 3HAYUT, OH IEDPEBOIUT OTPAHMYEHHOE MHOXKECTBO
B OIrpaHH‘I€eHHOE, HO B KOIH€YHOMEDHOM IIPOCTPAHCTBE moboe OrpaHUY€eH-
HOe MHOKECTBO NpeAKOMIaKTHO. TakuM 06pa3oM, B KOHEYHOMEPHBIX IPO-
CTpaHCTBax Bce JIMHEHHbIE onepaTopbl KOMIAKTHBI.
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2. Ilycte X u Y — mpou3Bo/ibHbIE HOPMUPOBAHHbIE MpocTpaHcTBa. Ha-
NMOMHKM, 9TO JUHERHBINH orpaHuyeHHblii oneparop A : X — Y HasbiBaerca
ONEePamoPoMm KoHewH020 paH2a, eclii ero obpas Im A ABAgETCA KOHEHHO-
MEDPHBIM POCTPAHCTBOM.

ITokaxkeMm, 4TO OMEpPATOPbI KOHEYHOTO PAHTA ABIAIOTCS KOMIIAKTHBIMH.
Ecnu muoxectso M C X orpanudenHoe, To MHOKecTBO A(M) C Y orpa-
HUYEHO U B CUJTY KOHedHOMepHOCTH I A MuoKecTBO A(M ) npeakomMnakT-
HO. B wacTtHOCTH, ecii Y KOHeUHOMEpHO, TO N1060# OrpaHUYeHHbIH auHeH-
HBIH OTNEpPAaTOp KOMIAKTEH. 3aMeTUM, 4TO 0e3 yCJOBHS OrDAHHYEHHOCTH
oneparopa K3 TOro, 4ro 06pa3 onepaTopa SIBIAETCA KOHEYHOMEPHBIM MMOJ-
[OPOCTPAHCTBOM, HE CJIEJYET, UTO OMNEPATOP SBJIAETCA KOMIAKTHBIM.

3. UxTerpansHbiil 0nepaTop ¢ BHIPOXKAEHHBIM AIDOM.

B npocrpancrse C[0,1] paccMOTpUM HHTerpajbHBIA ONEpaTop C BbI-
POXXIEHHBIM $iJPOM, T. €. ONEPATOp BUIA

1
Azx(t) = /K(t,s)z(s) ds,
)

tne K(t,s) = Y. ar(t)be(s), rne ax(t),bi(s) — HenpepbiBHBIE DYHKUMA.
k=1

Torna )
Az(t) =) ak(t) / br(s)z(s) ds = Y _ cran(t),
k=1 4 k=1

T. e. 06pa3 I'm A npUHAIIEKAT KOHEIHOMEPHOMY MPOCTPAHCTBY L, mOpOXK-
Jennomy dbyHkiuamu ag(t). Kak mokazaHo Bblle, HHTerPaJbHBIA OTEpa-
TOp A ABJISETCA OTPAHUYEHHBIM, CJIEIOBATENIbHO, 3TO ONEPATOP KOHEYHOrO
PaHra ¥ OH KOMIIaKTeH.

4. dns HyneBoro oneparopa 06pa3oM siBJisieTCs OOHA TOYKA, 3HAYUT, OH
KOMII2KTeH.

5. ToxxpecrBenHsril oneparop I B KOHEYHOMEPHBIX POCTPAHCTBAX SB-
nsaercs koMnakTHbIM (cM. mpumep 1). Ecim npocrpancteo X Geckonedu-
HOMEPHO, TO €JWHHWYHbIH MLap B HeM, corjacHo teopeme Pucca (§ 28),
He npeakomnakred. Oneparop I nepeBogut wap B cebsl, T.e. OrpaHUYEH-
HO€ MHO>KE€CTBO B MHOXXECTBO, He ABJIAIOLIeECHd IIPEIKOMIIAKTHbIM, 3HAYHNT,
B J11060M 6ECKOHEYHOMEDPHOM NPOCTPAHCTBE | HE HBJAETCH KOMITAKTHLIM
OnepaTopoM. AHAJIOrMYHO HE SIBJISIETCH KOMIIAKTHBIM JII060H o6paTuMbli
ornepaTop B 6ECKOHEYHOMEDPHOM MPOCTPAHCTBE.
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6. Oneparop Baoxenus J : C1[0,1] — C[0, 1] neiicteyer no dopmyne
Jx = x. [Tokaxem, yro .J — KoMnakTHbi oneparop. [Iycte M — orpanu-
yennoe MHoxectso B C1[0,1], T.e. ||z|; < C. IlokaxeM, 4TO MHOXECTBO
M npenkomnaxtro B C[0,1]. Cornacto Teopeme Apuena — Ackonu (cM.
§ 24), Hy»KHO NPOBEPUTH, YTO MHOXKECTBO M DaBHOMEPHO OTPAHHHYEHO U
PABHOCTEIIEHHO HENPEPBIBHO.

dna x € M n3 ycnosus ||z||; € C nonyuaem

<
2ax, |z(t)] < C, (1)
/
< A
Jnax l='(t)] < C. (2)

Hepasencrso (1) 03Ha4aeT paBHOMEPHYIO OTPAHUYEHHOCTb MHOXKeCTBA M.
U3 nepaBencrBa (2) U OUEHKH

lz(t1) — z(t2)| < |2/ (€)| |t — ta| < Clt1 — ta]

nosiygaem, uto npu § < €/C nya mobbix & € M u m06bIx |t; — to] < &
umeeM [z(t1) — z(t2)| < €, 4TO O3HAYAET PABHOCTENEHHYIO HEIPEPBIBHOCTD
muoxkecrsa M B C|0, 1]. Takum 06pa3oM, MHOXKeCTBO M NPeAKOMIIAKTHO
B C[0,1] u onepaTop J KOMIaKTeH.

7. Onepatop yMHOXeHUsI Ha ¢yHKumio a B npocrpancreax C[0,1] u
L,[0,1) He sBNsA€TCA KOMIAKTBIM, 33 HCKIIOYeHHeM ciydas a = 0.

PaccMoTtpum cHavana caydvail mpocrpancrsa Ly[0,1]. Ecin a # 0, To
CyuiecTByeT Takoe yucao d > 0, 4o |a(t)| > d Ha HEKOTOPOM H3MEPHMOM
muoxectse Ty C [0, 1] nonoxutensHoit mepsl. Toraa Ha 6ecKOHEYHOMEDHOM
noanpoctpanctse L,(Ty) C L0, 1], cocTosiuem u3 GbyHKIui, PaBHbIX Hy-
JIt0 BHe MHoKecTBa, Ty, onepaTop A umeer orpanuyeHHblit 06paTHblii. Kak
Oyner nokasaHo Hike (cM. 3ameuanue 6 § 48), 3T0 HEBO3MOXKHO, ecau A
KOMIIAKTEH.

TpebyeMoe CBOACTBO MOXKHO MOIYYUTh M HEMOCPEJCTBEHHO TI0 ONpee-
JIeHH10. Lj1s1 3TOrO CJIeyeT MOCTPOUTH TAKYI0 OrPaHUYEHHYIO [TOCNEN0Ba~
tenbHOCThb Uy ¥3 Lp(Tp), uto ||A(ug —un)|| = C > 0.

Paccvorpum  cayuait npocrpanctea  C[0,1]. ITycts a € C[0.1] u
a(to) # 0. IlocnenoBarenbuocts yukuuit sin n(t — tp) orpasuyena, ee ob-
pa3 NpH YMHOXKEHMU Ha 33JaHHy0 QyHKuuwo a(t) ecTb MHOXKECTBO DyHK-
nuii Buna a(t)sinn(t — tp), KOTOpOE He sBjsETCH PABHOCTENEHHO Helpe-
DBIBHBIM U, 3HAYUT, HE ABJAETCS MPEIKOMIIAKTHBIM.

MHOXeCTBO KOMIAKTHBIX ONIEPATOPOB, AEHCTBYIOIIHNX 13 HaHAX0Ba MMPO-
crpauctea. X B 6aHAX0BO NpPOCTPAHCTBO Y, obosnaunM K (X,Y).

312



CBoitcTBa KOMIAKTHBIX OMEPATOPOB

1. Fcau A u B — xomnaxmuwvie onepamops, mo onepamop A + B
KOMNAKMEN.

> IIycrs M — orpaHudeHHOe MHOXKecCTBO. B obpase (A + B)(M) Bo3b-
MEM I10CJIeN0BATENBHOCTD Yy = (A + B)a,. B cuny kxomnakTHoCTH Onepa-
TOpa A U3 NOCNEI0BATENBHOCTH AT, MOXHO BbLIEIMTb CXOAAILYIOCA MOJI-
NOCJIeT0BATEIBHOCTS AZy,, , & U3 MOANOCIEI0BATENBHOCTH BT, B cuiy
KOMINaKTHOCTH B — cxoasuyiocs noanocienosare bHocts Bz, . Iloaro-
cnenopaTenbHocTh (A+ B)Ty, CXOAUTCH, 3HAYUT, MHOXKECTBO (A+B)(]\/I )
[NPEJKOMIIAKTHO U OMEPATOp A + B xommakTen. <

2. ITyecmoy X, X;.Y, Y7 — banazosw. npocmpancmea. Ecau A — xom-
nakmuwnil onepamop u3 X ¢ Y, B € LB(Y,Y1) u C € LB(X;,X), mo
onepamopo. BA u AC womnaxmmot.

> Ecmu M — orpanuyenHoe mHOXecTtBO B X, To A(M) mnpeakom-
IAKTHO, U, TAK KaK PAaBHOMEDHO HENPEpBIBHOE OTOODAKEHHE NEPEBOINUT
[IPEIKOMITAKTHOE MHOXKECTBO B PeIKOMIaKkTHoe (cM. § 24), TO MHOXKECTBO
B(A(M)) npenxoMnakTHO B Y.

Ecim M — orpanuyensoe MEOXecTBO B X7, To C(M) — orpanuyeHntoe
MHOXKecTBO B X, M, mockoiabKy oneparop A kommnaxren, A(C(M)) ectnb
NPEIKOMIIAKTHOE MHOXECTBO.

B gacrtHOCTH, O1IEPATOP YMHOXKEHHUSE Ha YHCJIO A OTPAHUYEH, U, 3HAYMT,
AA — KoMmnakTHbIH onepaTop. <

3. Teopema 1. Ecau nocaedogamessHOCTD KOMNAKMHLE OTEPAmopos
A, € K(X,Y) cxodumes no nopme x onepamopy A € LB(X.Y), mo A —
KOMNAKMHOT Onepamop.

o> Ilycrs M — orpannyensoe MHOXxecTBO B X H ||z|| < C mna x € M.
151 oKa3aTesibCTBa MPEeaKOMIAKTHOCTU MHOXKecTBa A(M ) Bocnosib3yem-
ca reopemoit Xaycuopda (cM. § 23) u Lnst npousBoLHOro £ > () paceMoT-
PHM KOHEUHYIO £-CeTh 17151 MHO>kecTBa A(M ). BeiGepeM HOMep np Tak, 4TO-
6b! BBINOIHANOCE ||Ap, — A|| € €/2C. Tak kak MHOX)ecTBO A, (M) npea-
KOMIAKTHO, [jifl HEr0 CyLIECTBYeT KOHeuHas £/2-cetb S = (s5.....: Som )-
Ilokasxkem, uto S sBaaercs s-cerbio giaa A(M). Ilycrs y € A(M). T.e
y = Az, z € M. CywectByet s; Takoe, 4to ||s; — Ay, x| < £/2. Torna

iy = sill < lly = Anozll + [[Angx — si]| <
S |JA= Al Izl +€/2 € (€/2C)C +¢/2 =,

4YTO U TPeHOBAJIOCh OOKA3aTh. <
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4. Teopema 2 (}0. Ulaynep). Onepamop xomnaxmen mozda u mosvKo
mozda, K020a CONPAANCEHHBIT ONEPATNOP KOMTLAKINEN.

> Ecmm A € K(X,Y), rorna A’ € L(Y’'. X'). Ilycre M — orpanuyes-
Hoe MHOXKecTBO B Y/ u ||f|| € c ana f € M. Torga naa g = A’ f umeem

gl = sup. l9(z)| = sup |f(Az)| =
llzll<1 lzl<1

= sup |f(y)|= sup [f(y)] = [flc), (3)
yeA(S) yEA(S)

roe S — eaunmysbli wap B X, T = A(S). Muoxecrso A(S) mpeakom-
naxtHo, a A(S) komnakTHO B Y.

DyHKIMOHAJLY ¢ NOCTABMM B COOTBETCTBHE CyKeHWe dbyHKUHOHAJ f
Ha MHOKeCTBO 1, T.e. sjemeHT npocrpadcrsa C(T') HenpepbIBHbIX (YHK-
mmit Ha 7. Popmyna (3) NOKa3bIBAET, YTO ITO COOTBETCTBUE M3OMETPUYHO.
TosTomy mocTaTouHo A0Ka3aTh npeakoMnakTHoCcTh B C(T') mHoxecTBa M
¢yHKIMOHANOB f, IJsi Y4ero NpPOBEPHM BBLINOJHEHHWE YCJIOBHIL Teopems! 3
§ 24. [deiictBurenbuo, ans y € T umeem

@< Iyl < cllAll izl < el All:

T. €. MHOXXeCTBO M DaBHOMEDHO OrpaHIYeHo.

Ecau npu £ > 0 BoibepeM § = /¢, TO U3 HepaBeHCTBA ||y1 — y2f < d
caeayet, 9o | f(y1) — f(y2)| < || fll ly1 — v2ll € ¢-g/c =€, T.e. MHOXKECTBO
M papHocrenento HenpepsisHOo B C(T).

okaxkem Tenepb, 4TO U3 KoMnakTHocTH A’ cliefiyeT KOMOAKTHOCTH A.
Ilo nokaszannomy u3 komnaktHocTu A’ cienyer komnaktHocTh A”. Ecnm
npoctpancTeo X pediexcusno, T0 A = A" u yTBep:kAeHne J0Ka3aHO.
B cayuae uepedsekcHBHOro npocrpancrea oneparop A’ ompenesien Ha
npocrpancTtee X', conepxaimem X, mpudem ero neiictsue Ha X COBIaJaeT
¢ aeiicteuem A. Ilostomy w3 xommaxtHOocTH A” CleiyeT KOMIIAKTHOCTh
oneparopa A. <

W3 ceoitcte 1 u 3 caeayet, uro MEOXKecTBO K (X,Y) KOMIIAKTHBIX Ore-
DATOPOB SBJSETCH 3aMKHYThIM BEKTOPHBIM [IOANIPOCTPAHCTBOM B [IPOCTPaH-
crBe LB(X,Y) nuHeliHbIX OrpaHuveHHbIX onepaTopos. B cayyae X = Y
B npocTtpanctee LB(X) ompenesneHa TakyKe ONepanus YMHOXEHHUS U ITO
NPOCTPAHCTBO ABAfeTcs anrebpoii. CeoiicTBa 1 — 3 03HAYAIOT, YTO MHOXE-
crBo K (X)) saBnserca 3aMKHYTbIM umeaynoM B anrebpe oneparopos LB(X).

U3 npumepa 2 u cBoiicTBa 3 cieayer, YTO Npees NOC/IeI0BATEIbHOCTH
0TIepaTOPOB KOHEUHOIO PAHIra ABJISETCS KOMITAKTHBIM OHEepPATOPOM.
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Jnis ruab6epTOBbIX MPOCTPAHCTB H 0AHAXOBBIX MPOCTPAHCTE CO CYET-
HbiM 6a3ucoM BepHO 0OpaTHOoE: J1I0b0it KOMIAKTHBIN onepaTop A siBjstercs
IIpeJesioM CXOAAIIENCs 0 HOPMe MOC/IeI0BATEIbHOCTH ONEPATOPOB KOHEY-
HOro paura. Tpebyemas ocjaen0BaTebHOCTb OlIEPATOPOB KOHEYHOTO PaH-
ra MoxeT 6bITh TocTpoena mo dopmyiae A, = P, AP, , rae P, — 1ipoekTop
Ha nepsble N 6a3ucHBIX BeKTopoB. OaHaKo 3T0 He 001t hakT: cyuecTBy-
10T cenapabenbable 6aHaXOBbI IPOCTPAHCTBA, B KOTOPHIX €CTbh KOMIIAKTHbIE
ONEepaTOpbl, He FABJAIONMECS TPeJeSaMH MOCIeI0BATENBHOCTEH OnepaTo-
POB KOHEYHOI'O PAHra.

§ 48. KOMITAKTHOCTb
WHTETPAJIBHBIX OITEPATOPOB

B »T1om naparpade mosmyuensr OCTATOUHbIE YCIOBHA HA (DYHKLMIO
K(t, s), mpu KOTOpBIX HHTErpaJbHbii oneparop ¢ aapom K (¢, s) aBasgercs
KOMITAKTHBIM B COOTBETCTBYIOIIEM MPOCTPAHCTBE.

Teopewma 1. I[Iycmwv Q0 — ozpanusennan obaacmo 8 R™ u nycmoy Pymx-
yua K (t,s), onpedesennan na @ x Q, ydosaemesopaem credyrouum ycio-
BUAM:

1) cywecmsyem nocmoannasr C maxar, wmo

/]K(t,s)lds <C VteQ;
Q

2) dar arbozo € > 0 cywecmeyem § > 0 maxoe, 4Mo U3 HEPABEHCTNEA
[t — to| < & caedyem [|K(t1,5) — K(t2,s)ds <e.
Q

Tozda unmezpaivuuti onepamop, deticmeyrowul no dopmyae

Ax(t) = | K(t,s)z(s)ds.
/

xomnaxmen ¢ C(Q).
> AHaJIOrHYHO JIOKa3aTe/IbCTBY TEOPEeMbl 3 § 27 nmpoBepsieM, 4TO Olle-
parop A meiictByer u3 C(§2) B C(Q)) u orpanunyen. BoabMeM orpanuyenHoe

muoxecrso M B C(§2), T e. mycts ||z o) < C1 anaz € M. Toraa mHOXe-

creo A(M) orpanundero B C(§2). Jaa qoka3aTenbCTBa IPEIKOMIAKTHOCTH
mHoxkectBa A(M) mocTaTo4HO MOKA3aTh B CHily TeopeMbl 3 § 24, 4TO OHO
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PaBHOCTENEHHO HENPePHIBHO. [IpoBEpUM PABHOCTENEHHYIO HENMPEPLIBHOCTD
A(M). Ana e/C; > 0 BosbMeM d > 0 u3 ycaosus 2) teopems! 1. Torza
€CIH |t1 - tzl < 6Cy, 1O

|Az(t1) — Az(ty)| = l/[K(tl,s) — K (ta, s)]z(s) ds| <
Q

€
<G /lK(tl,s) — K(tg,s)|ds < CIC— =£.<q
1
Q
CanenctBue 1. Ecau K (¢, s) - HENPEPLIEHAA PYHKYUA deyt nepemen-
HOLT 6 0ZPAHUYNEHHOU 3aMENYMOT o6chmu£2 C R™, mo unmezpasvrbiti
onepamop ¢ adpom K (t, s) xomnaxmen e C(§2).
> IIpoBepum BbITOJIHEHHE YCIOBHI 1) U 2) Teopemsl 1. Yeaosue 1) cie-
nyeT u3 orpaHuyennoctu byukumu K (t, s). B cuny paBHOMepHOi Hemnpe-
poiBHocTH ynkuuu K(t, s) ansa awoboro € > 0 cywecrsyer 6 > 0 Takoe,
uTO 18 M06BIX t1,ts € £ U YAOBIETBOPAIOIIMX YCJIOBHIO [t — ta| < & BBI-
nonneno |K(t1,s) — K(tz2,s)| < e/u(Q). Toraa [ |K(t1,s) — K(t2,s)] <¢
Q
U YCJI0BHE 2) BBIIOJIHEHO. <
Teopema 2. IIycmo (1,2, u) — npocmpancmeo ¢ Konwewnol uau
o-xonewnol mepot, Pynxyus I € Lo(T x T}, m. e. ona uamepuma u

/ |K(t, 5)12 du(s)du(t) = M? < +oc.
TT

Tozda unmezpaavuniti onepamop A ¢ adpom K(t,s) xomnaxmen 6 npo-
cmpancmee Lo(T, 12).

> CoryiacHo npumepy 2 § 33 uHTErpasbHBblil OnepaTop A ABjsSercs npe-
[eJI0M (B CMBICJE CXOOMMOCTH TI0 HOPME) WHTErpPajbHBIX ONepaTopoB A,
KoHeyHoro panra. CnenoBaresibHO, A KOMIOAKTeH. <

CaeactBue 1. Ecau Q! — ozpanunennas obracms 6 R™ u adpo K (t, s)
nenpepmeno na QO X Q, mo unmezpasvrnuii onepamop ¢ adpom K(t,s) xom-
naxmen 6 La(Q).

WnTerpasnbHeiit oneparop, sapo K (£, ) KOTOPOro yIOBIETBODSeT yCJI0-
BHIO TeOpeMbl 2, HasbiBaeTCd onepamopom uavbepma — Llmudma. 3a-
METHM, YTO YCJIOBHE TEOPEMbI SBAAETCA AOCTATOYHBIM JJisi KOMIIAKTHOCTH,
HO He ABJISeTCA HEOOXOAUMBIM — CYHIECTBYIOT KOMIAKTHbIE HHTELPAIITITIE
OIIEpaTOpbl, He sBJAIomuecs oneparopamu ['unbbepra — MM
meuanue 4 B § 50).
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IIpuBeseM 0auH W3 Pe3yNBTATOB LJI MPOCTPAHCTE Ly,

Teopema 3. ITycmob §) — ozpanuvennas obaacmsd 6 R™ u nycmo adpo
K(t,s) nenpepwiero 6 Q x Q. Tozda unmezparvusiii onepamop A ¢ adpom
K(t,s) asasemea xomnaxmuoum onepamopom 6 L,(Q) npu 1l < p < +oc.

> Ilycts M — orpannyensoe MHOXKecTBO B L, (). Ilokaxem, 4To MHO-
xecTB0 A(M) npegkomnakTHO B Ly (£2).

IIycrs C) = sup |[K(t,s)| u ||z|[z, < C2 ana z € M. Torna

t.s

1/q
|Az(t)| = l/ (t,s)z(s)d (/]K(t s)|? de) lzllz, <

< Ci{u()Y? = Cs,

|A:c(t1)—A;r(t2)|</|K(t1,s)—K(t2, ) |2(s)| ds <
Q

<sup [K(tr,s) = K (t2, 8) |/ Q)2 L,

B cuny paBHoMepHo# HenpepbiBHOcTH byHkuun K (¢, 8) nqns e, > 0 cy-
mecrByer § > 0 Takoe, yTo mpu [t} — t3| < J BBINOJIHAETCA HEPaBeH-
ctBo |K (t1,8) — K (t2, s)| < €1. Tlonoxum €, = e[u(Q)]~1/9. Torna nmeem
|Az(t1) — Az(t2)] < €. D710 O3HaAuUaeT, uTo MHOXecTBO A(M) npunaire-
xut C(Q) u npeaxomnaktho B HeMm. Toraa y moboit noc/esoBaTenbHOCTH
(Azyp), zn, € M, cyiiecTBYeT paBHOMEPHO CXOAALLAACSH [IOLNOCIEI0BATE b
HOCTb, 3 U3 PABHOMEPHON CXOAMMOCTH CIeAyeT cxoaumocTsb B L,(€2). Cie-
nosatenbro, A(M) npexkomnakrio B L, (). <

Samevanue 1. [lna Apyrux Kj1accoB aaep KOMIAKTHOCTb B Ly () uHTerpanbubIX
OnepaTopPoB MOXKHO NPOBEPHTL C MOMOIILIO KPHTEPUS NMPEJKOMIAKTHOCTH MHOXECTBA
B Lp(2) (cM. § 24) nin ¢ mOMOIIBIO anNpOKCHMAIMH ONepaTOPaMM KOHEYHOTO PaHra.

3amevanue 2. [Io xoay A0Ka3aTeNbCTBa TEOPEMbl 3 JOKA3aHO CIeLYHILEE CBOU-
crBo: ecan sapo K (t, s) nenpepeisno B (2 x 2 u pynkuus € Ly(Q), rae Q@ — orpanu-
gennan obnacts B R™, To Az(t) = [ K(t,s)x(s) ds aBnsercs HenpepbiBHOH dyHKLueI.

Q

b
Teopema 4. Humezpasvnnd onepamop Az(t)= [ K(t,s)z(s)ds co caa-

a
Gonoaspuom adpom K (t,s) xomnaxmen e npocmpancmee Cla, b].
> B npumepe 4 § 33 mocTpoeHa mocIeIOBATENBHOCTh HENPEPLIBHBIX
Jyuxumiit K, (t.s) Takas, 4TO HHTErPajibHbIE Omeparopbl A, ¢ sapamu
I, (t, ) cxomares no HopMe K oneparopy A. Onepatopsl A, KOMIAKTHLI B
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CUJY CJIeACTBUSA TEOPEMBI 1 1, 3HAYNT, onepaTop A KOMIIAKTEH, KaK Npeaes
[I0CJIEI0BATEJILHOCTH KOMIIAKTHBIX OIEPATOPOB. <

3ameuyanue 3. B cnyuyae npocrpancte R™ sapo mHTerpasnbHOrO oneparopa
K(t,s) Ha3biBaeTCA cAa6ONOAADHbLM, €CIIM OHO MOXKET GBITh MpeACTabLeHO B BUZE

Ko(t, s)

K(t,s) =
(t,s) TR

t (1)

n 1/2
rnea<mn, |t—s|= ( 3tk — sk|2) — paccTosHMe MexAy To4Kamu t H s B R™,
k=1

Ko(t,s) — HenpepbiBHas YHKUMS. AHAJIOIMYHO TeopeMe 4 moiy4aem, 4To ecan §I —
orpaHHu4enHas obnactb B R™, TOo uHTErpasbHblif OnepaTop co cnabonoapHEIM AAPOM
komnakTen B npoctpanctee C(Q).

Teopema 5. I[Tycmv ) — ozpanuuennasn obaacms 8 R™ u nycmov adpo
K(t,s) npedcmaeasemcs e eude (1), 20e o < n/2 u Ko(t,s) — ozpanu-
yenHnas uamepumas Pynxyua. Tozda unwmezpasvrull onepamop ¢ Adpom
K(t,s) asanemca onepamopom Iuavbepma — LImudma u, caedosamens-
HO, Komnaxmen 6 npocmpancmee La(Q).

o> IIposepum, 4TO

/ |K(t,s)|? dsdt < +o0,
Qo

OTKY/a, COTJIaCHO TeopeMe 2, ClieyeT KOMIAKTHOCTb ONEPATOPa.
Iycrs |Ko(t,s)| < Cy u |t — 8| < R ans mobeix t u s u3 Q). Torna

/lK(t,s)|2ds < Cf/lt — 5|72 ds <
Q Q

,
< C? / |s|~2* ds = Ciw, / ri1-2a g 2)
IsISR 0

rae wy, — MJI0EAIb eTnHUYHOU cdepnl B npocTpancTee R™. B cuny ycno-
BUs a < n/2 nociaefuuii nHTErpaa B (2) CyWEeCTBYeT U CpaBeJIMBO Hepa-
BEHCTBO

/ K(t,8)? ds < Ca, 3)
Q
M3 KOTOPOrO MOCJieé MHTETPHPOBAHUsA 110 ¢ noay4daem (1). <
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3ameuanue 4. CnabononsapHoe aApo npu o < 1/2 yAOBIETBOPAET yCaoBHIO (3),
6osiee CUNLHOMY, YeM HeoOXOAUMO AJIs KOMITAKTHOCTH orepaTopa A. 9To ycnoeue 6yaer
HCIO/1b30BaHO Aasiee B TeopeMme I'mnnbepra — Imugra (§ 52).

IIpuMepBbl HHTErPAJIbHLIX OIEPATOPOB, KOTOPLIE HE SBIAIOTCA KOM-
MaKTHbIMH.

1. Ilycre K € L;(R) u oneparop A geiictsyer B L2(R) mo dpopmyne

+0
Az(t) = / K(t — s)z(s)ds.

TTocne npeobpazosanus @ypbe oneparop A nepeiiger B onepaTop A YMHO-
xennst Ha GyHKuo K (£), KOTODBI HE ABNAETCH KOMIAKTHBIM, EC/IH
K #0 (cM. mpumep 7 § 47).

2. NHTerpanbublii onepaTop

Az(t) = /t
0

B npocrpancree C|[0,1] orpanuyeH, HO He sIBISETCA KOMMNAKTHbIM. Ilefi-
CTBUTENHHO, 06pa3 orpanuyennoro Muoxkecrsa M = {cos(nt),n =1.2,...}
ectb MuOXecTBO M; = {—1/(nt)sin(nt)}, He ABIAKIIEECT PABHOCTENEHHO
HEeNPEPHIBHbIM.

x(s)ds

| =

3ameuanue 5. Yoaosue @ < m B 3aMEYaHHH 3 TeopeMbl 4 CyMIECTBEHHO: €CJH
a =nu Ko(t, t) # 0, To nuTerpanbHeit oneparop ¢ agpom K(t,s) He aBnaeTca Jaxe

orpauuyeHHbIM B npocrpanctse C(0).

3ameuanue 6. Ecin komnakTHbl#t onepatop A : X — X HMeeT OrpaHHYeHHbIH

obpaTtHeiit A™1, To ToxaecTsennblit oneparop I = AA~! no ceoiicry 2 § 47 asnser-

€l KOMIAKTHBIM, H, 3HAYHUT, IPOCTPAHCTBO X KOHeYHOMePHO. [I03TOMy AMst ypaBHeHHH

Az = y ¢ KOMOaKTHbIM onepatopoM A B 6eCKOHEYHOMEPHBIX NPOCTPAHCTBAaX BCErAa

HEeBEepHA TeopeMa CyIECTBOBAHUA W €JUHCTBEHHOCTH pelleHHsA. DTO OTHOCUTCH, B HacT-

HOCTH, K HHTETDalbHHIM ypaBHeHHAM nepBoro poga [ K(t,s)xz(s)ds = y(t) B ciyuae,
T

ecnu K (t, s) obecnednBaeT KOMIAKTHOCTb oneparopa A. 3aMeTHM, 4TO ¢hU3NUeCKHe CO-
obpakeHus, NPABOASALIME K YKAa3aHHOMY KayeCTBEHHOMY OTJIMYMIO HHTErPAbHbBIX yPaB-
Hennit 1-ro u 2-r0 poaa, cogepxkarca B § 22. 3agaya 0 pa3pelnMOCTH ypaBHeHH#H 1-ro
pO/Jia OTHOCUTCS K YMCJIY TaK Ha3bIBA€MbIX HEKODPEKTHBIX 3a[ady, [ PeLIeHHs KOTO-

pbix pa3paborana TeopHs, BHIXOAAILAA 33 PAMKH HACTOAIlE KHHIH.
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§ 49. TEOPUSA PUCCA — LIAY/IEPA

YPABHEHUI C KOMIIAKTHBIMU OIIEPATOPAMU.
OPEAI'OJIBMOBBI OIIEPATOPDBI

Ilpu  uccnesoBaHMM  HMHTErPAJbHBIX  ypaBHeHHH  2-ro poja
3. OpearonbM OOMYYUI Psifl TEOPEM, 3aBEAOMO HE MMEIOILUX MEeCTa sl
npou3BOJIbHBIX ypasHeHuil. B nanpheiimmem ®. Pucc u 0. llaynep noka-
3aJld, 4TO 0COOBIe CBONCTBA 3TOrO KJACCA YPABHEHHI BBITEKAIOT M3 KOM-
NAKTHOCTH UHTErPAJIbHBIX ONEPATOPOB, M IIOCTPOUIIH ODLILY 10 TEOPHIO yPaB-
HEHMH C KOMIAKTHLIMU OMEPaTOPaMu.

IMycts X — Ganaxoso npocrpancTso, I : X — X — KOMIAKTHBIA JK-
Heiinblil onepatop. OCHOBHBIM OGLEKTOM MCCIEJ0BAHNS SBJSETCST ypaBHe-
HHE BUIA

z—Kr=y. (1)

Bwmecre ¢ (1) paccMarpuBaeTcss OBHOPOAHOE ypaBHeHHe
r—Kz=20 (2)

1 JBa ypaBHEHUA B CONPAXKEHHOM NPOCTpaHCcTBe X' : COMPAYKEHHOE ypaB-
HEHHE H OJHOPOJHOE CONPSKEHHOe ypaBHEHHe

f-K'f=yg, (3)
f-K'f=o. (4)

Hanomuum, uro gepes ker (I — K) obo3nadaeM MpOCTPAHCTBO pelle-
uuii ypasaenus (2), I'm (I — K) — MHOXKeCTBO Y, Jjls1 KOTOPbIX ypaBHeHHUe
(1) umeer pewenune. Creayomue TEOPEMbl YCTAHABIUBAIOT CBA3H MEXIY
cBoficrBaMu ypasaeHuil (1) — (4).

Teopema 1. Ecau K — xomnaxmuwd onepamop 8 6aHaTosom npo-
cmpancmee, mo noonpocmparcmea ker (I — K) u ker (I — K') xoneuno-
mepunt, a nodnpocmpancmea Im (I — K) uIm (I — K') samxuymo.

> Ha moanpocrpancrse ker (I — ) umeem Kz = z, T.e. oneparop K
OeficTByeT Kak Tox/JecTBeHHbIH. Ho ToxKIecTBeHHbIN oneparop ABIAETCA
KOMIIAKTHBLIM TOJILKO B C/ydae KOHEYHOMEDHOrO POCTPAHCTBA. 3HAYMT,
ker (I — K) KOHEUHOMEDHO.

Tax kak K' — KOMNAKTHBIN ONEPATOpP, TO NPUBEAECHHOE BBIIIE PACCY XK-
neHue otHocures u K ker (I — K').

O6o3nauum L = ker (I — K). Cornacuo teopeme 4 § 41, cymecrsyer
pasnoxenue B npamyio cymmy X = L @ M. O6o3uauum yepe3 B cyxxeHue
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oneparopa A = [ — K va M. Eciiu Bz = 0, o z € M N L n, 3uauur,
= 0. Takum oBpasom, ker B = {0}, .e. B — MHBEKTHUBHBIA OLEPATOD;
no nocrpoenuio Im B = [m A. 3xaunT, cymecTByeT OOpATHBIN ONEpaToOp
B~!: Im A — M. IlokaxeM, 4To omeparop B~! orpannuen.
Ipennmonoxum nporupHoe. Torga cylecTByeT NOCIEA0BATENBHOCTD
Zn € M takas, 910 ||Az,|| — O u ||z, || = 1. Tak kak nocienoBaTeabHOCTD
(z,,) orpanmuena, To (K T,) — NPEJKOMNAKTHOE MHOXECTBO, W, 3HAYMT,
CyLIeCTBYeT noamnocaenoBarenssocts (K, ), koropas cxomurcsi B M K
Touyke zo. Ho torna z,, = Az, + Kz, — zo € M. B cuny Henpepbis-
HoctH A umeem Az, — Azg, u Tak Kak Az, — 0 IO MOCTPOEHHUIO, TO
Azg = 0. 3uauut, g € LN M, T.e. zp = 0. Ho Tak Kax ||z,,| = 1, nme-
em ||zg]| = 1 u noayyaem nporusopeune. Takum obpasom, onepatop B~}
OrpaHu4eH, T. €. CIPABe/InBa OlIeHKA

2] <cl|Bzll Vre M. (5)

U3 onenku (5) monydaem 3amrHyTOCTh 0bpasa Im A. Ilycts y, = Az, —
IIOCJIENOBATENBHOCTL 3J1eMeHTOB u3 ImA u  y, — vyo. Ilokaxkem, 4TO
yo € Im A. U3 nepasenctsa (5) nonydnM ||zn — Tm|| < cl|Azn, — Azw| =
= c||lyn — ym| — 0. n,m — oc, T.e. (z,) — nocaenosaressHOCTL KO-
mu. Tak kak mpocTpaHCTBO X TOJHOE, MOCJEA0BATENBHOCTD Ty CXOIUT-
€ K HEKOTOPOMY 3JIEMEHTY Zg. Torma, mepexois K Tpeiesy, NoaydaeMm
yo = Amg, T-e. yo € ImA. Tak xax K' — KOMIAKTHBIA OMEPaTop, TO
NpeAbLIyIee paccyKAeHue Cupaseanuso s oneparopa I — K. «

Caencreue 1. Ypasuenue (1) paspewumo das dannozo y € X mozda
U moAavko mozda, xozda f(y) = 0 das arwbozo Pynryuonaaa f, ydosaemeo-
parowezo ypasrenuto (4).

J0Ka3aTenbCTBO BbITEKAET M3 YTBEPXKAEHUA O 3aMKHYTOCTU 06-
pa3a Im A u TeopeMsr 2 § 43.

Onpenenenne 1. IIycre X u Y — 6anaxossl npocrpaHcTsa. Onepa-
Top A€ LB(X.,Y) Ha3dbBaercss ¢Ppedzosvmosbim, ecnn

1) dim ker A < +oc;

2) dim ker A’ < +o0;

3) obpas Im A 3aMKHYT.

Takum obpa3oM, Teopema 1 yTBepykaaer, uto oneparop A = [ — K,
rae K — xommakTHbI! oneparop B 6aHAXOBOM NPOCTPAHCTBE, SIBJISETCS
G pearosEMOBLIM.

BaskHoli xapakTepucTHKOil PpearossMoBa onepaTopa A sBJAAETCS ero

unoexc
ind A = dimker A — dimker A’.

21 3ak. 2937 321



O6paTuM BHMMaHHe Ha TO, YTO PY MAJIOM M3MEHEHUM OIepaTopa Be-
suuudbl dimker A u dimker A’ Moryr cunbHO u3Menutbcsa. Ocobbri
HMHTEPeC K HHAEKCY (pelrobMOBa ONEPATOPa CBS3aH C TEM, UTO UHJEKC
He MeHseTCs NPH MaJibIX BO3MYILEHHSX omeparopa (cM. Teopemy 3), T.e.
SIBJISIETCA TOMOJIOTMYECKUM MHBADHAHTOM. DTO MO3BOJISIET IPUMEHATb TO-
NOJIOPMYECKHE METO/bl JJ1s1 BIYHC/IEHUSA UHIEKCA.

B cnyuae koHeyHoMepHbIX npocrpaHcTB X u Y umeem dim ker A =
=dim X —r, dim ker A’ =dimY —r, roe r — padr MaTpuipl, 3aaai0mei
oneparop A. Torga ind A = dim X — dim Y. B wacTtHocTH, ecnu onepa-
Top A JelicTByeT B KOHeYHOMepHOM npocTpaHcTe X, To ind A = 0. Ecsin
dpearonabmos oneparop A AeiicTByeT B 6eCKOHEYHOMEPHOM IIPOCTPAHCTBE
X, TO ero MHIAEKC MOXKET ObITh HEHYJIEBbIM.

IIpumep. dna oneparopa jesoro casura V :ly — lo, nmeficTByro-
wero no dbopmyne V(zr) = (x2,z3,...), umeem kerV = {(z1,0,...)} u
dim kerV = 1. Ho ImV = I3 u, no cnencreuo 3 teopemsr 2 § 43, nmeeM
ker V' = {0}. Bnaunr, ind V = 1.

Teopema 2. Ecau K — xomnaxmuwil onepamop 8 banarosom npo-
cmparncmee X, mo ind (I — K) =0.

OTa Teopema OymeT HojydeHa HMXKe Kak IPOCTOE CJIeICTBHe oOmei
Teopembl 3 00 yCTONIMBOCTH MHIEKCA.

PaccMoTpuM cHauajla HEKOTOpbIE CBOHCTBA (HDpearosbMOBBIX Ollepa-
TOPOB, KOTOPbIE OYAyT UCMOJb30OBAHBI B JOKA3ATENLCTBE TEOPEMBI 3.

1. Ecau onepamop A pedzoavmos, a onepamop B umeem ozparunen-
Hotli obpamunt, mo onepamop BA u onepamop AB ¢pedzonvmosn. U

indA =ind BA =ind AB.

B cuny obpatumocty onepatopa B (u ero compsaxennoro B') ume-
eM ker BA = KerA, ker(BA) = B’(ker A’), dimker(BA)' = dimker 4’,
npu 3ToM noanpoctpancTso Im(BA) = B(Im A) 3aMKHyTO. AHAJIOTHMYHO
paccMarpuBaercs oneparop AB.

1 monyyeHus Apyrux CBONCTB KCTOJIb3yeM IIPEICTABIEHHE OIepaTo-
pa B BiJE ONEPATOPHOI MATPHLBL.

IIycTs 6anaxoesl mpocTpancTBa X ¥ Y pasioxeHb! B NIPAMbIE CYMMBI
CBOMX 3aMKHYTBIX noanpocrpadcTs: X = X1 & XouY = Y1 9 Ye, v nycts
P: X —- X;, Q;:Y —Y,, i=12, — coorBercTByIOmue NPOEKTOPHI
(cM. mpumep 3 § 36). OrpanuyuerHOMy JinHeRHOMY onepatopy A : X — Y
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MOXKHO II0CTaBMTb B COOTBETCTBHE OIIEPATOPHYIO MATpHLLY

A An
A1 Axp )’
roe Ay € L(X,,Y;), Ay = Q:A, 4,7 =1,2. Ilpu atom oneparop A neii-

cTByeT Ha napy (z1,xz2), roe 3 € Xy, T2 € X2, Kak o6bIUHOE YMHOKEHHE
MaTpHIBL HAa BEKTOP:

Az, 22) = (An1z1 + Ajaza, Ao1z1 + Agexg)

U [IPOU3BEACHHUIO ONIEPATOPOB COOTBETCTBYET IPOU3BEACHUE MATPHII, ONIpe-
JEJICHHOE IO TOMY K€ NpaBujly, 9TO U OJA YHCJIOBBIX MaTpHL.
2. IIycmos onepamop A 3adaemca ¢ NOMOWD0 UAZOHAALHOT MATNPULDL

A 0
0 A /-

Onepamop A @pedzoavmos mozda u MoabKo mozda, kozda Bpedz0abMo6bL
onepamopv. A1 u Aags.
JeiicTBUTENBHO,

ker A = ker Ay @ ker Ao, ker A’ = ker A}, @ ker Aj,,

ImA=ImA;; & Im Ass,

OTKy/a CleayeT yrsepxaeHue u paseHcTBo ind A = ind Aj; + ind Ags.

3. Ilycts omepatop A: X — Y opearoaemos. Ilycts X; = ker A4,
a Xy — ponosnenue K X, KOTOPOE CYLIECTBYET B CHly TeopeMbl 4 § 41.
HoanpoctpancTso Im A 3amMkryTO ¥ 0 Teopeme 2 § 43 Im A = (ker A’)+.
Tak kak sapo ker A’ KOHeYHOMEPHO, MOAMPOCTPAHCTBO Yo = Im A Moxker
ObITH 33/TAHO C MOMOIIHI0 KOHEYHOI'O YHCJIA JIMHEHHO HE3aBUCUMbIX (DYHK-
[HOHAJIOB, TO 110 TeopemMe 4 § 41 cyluecTByeT KOHEYHOMEPHOE JOMOJIHeHHE
Y7 ans npocrpadersa Y u dim Y7 = ker A'.

Ipu yxazanrom pasaoscenuu npocmparcmea X = X1 & Xo u npo-
cmpancmea Y = Y] @ Yo dpedzoavmos onepamop A 3adaemca mampuuyedi

0 0
0 Ay )’

npuwem onepamop Aso obpamum u ind A = dim X; — dim Y;.
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4. ITycmd npu mom 94Cce Pa3A0HCERUL NPOCTNPAHCME, YO U 8 N. T, HeKo-
moputi ozpanunennuili onepamop C: X — Y sanucweaemcs 6 gude

_{(Cuh O
¢= ( 0 Cx ) '
2de Cyy — obpamumniii onepamop. Toada C — ¢pedzoavmos onepamop u
indC =ind Cy; +ind Cep = ind C1; = dim X; — dim Y7 = ind A.

5. Jlemma 1. Ecau npu mexomopom pasroxcenuy npocmpancme X u
Y onepamop B 3adan onepamopnoti mampuyed

By Biz

By By /7
2de onepamop Byy obpamum, mo on moocem Gwimov npedcmassen 8 8u-
de npouseedenun B = T1CT,, 2de onepamop C 3adaemca duazonarbHot

mampuyed suda
011 0
0 By )’

a onepamopwu. 1y u To obpamumot.
> 3aMeruM, 4TO JIH0O0H oneparop, 3aAaHHBIM TPEYyroJibHONW MaTpuue

BUla
(I Dy,
D‘(o I )

obpatuM. YMHOXKas oneparop B Ha Mpou3BOJbHBIN onepaTop D ykasaH-
HOro BHAA, UMeeM

Bi1+ D12B21 Bia+ D13Bas
DB = .
( By Ba )

YT06BI 3TO NMpOU3BeNeHHEe ObLIO HUKHE-TPEYrOJbHON MaTpHIel, HYXHO
BbIOpaTh D2 Tak, 4Tobbl BRIMOAHAIOCH Bia+ D12 Bss = 0. 9T0 BO3MOXKHO:
B cuny obparumoctu Bos monoxum Dis = —Blng_Ql.

AHanoruyHo, yMHOXKAA HUXKHE-TPEyroJibHylo Marpuny DB Ha o6paTu-
MY TPEYTOJbHYIO MaTpPHILY

I 0
M = _ ,
( —-By' By I )

NOJ1y4YaeM AWaroHabHy0 Marpuly C ykasannoro suga. [pu Ty = D™l u
T, = M~! nonysaem tpebyemoe npejacTaBieHue. <l
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Teopema 3 (06 ycroiftumBoctu uuiexca). FEcau A — @pedeoavmos
onepamop, mo cyujecmsyem wucao 6 > 0 maxoe, wmo a0bol onepamop B,
ydosaemeoparowut ycaoeuw ||A — Bl < &, dpedzoavmos uind A = ind B.

> Iycts 10 ¢bpearonpMoBy onepaTopy A MOCTPOEHO Pa3jioKeHHe Ipo-
crpatcts X W Y, onmcanHoe Bblllie B 1.3, IpM KOTOPOM oneparopy A co-

OTBeTCTByeT MaTpHIa
0 O
0 Ay /J°

raoe Agy — obpaTumebril onepartop. IIpu ToM ke pa3soxeHun DPOCTPAHCTB
omeparopy B COOTBETCTByeT MaTpuua

< Bii Bz )

By B )

Ecnu ||Azo — Baa|| < 1/]|AZH|| = €, 10, cornacuo Teopeme 3 § 35, oneparop
Bys obparum. Tax xax || Az — Baoll < Q2(A — B)|l < [[Qall |4 - Bl
nosygaeM, 4ro ecau d = £/[|Q2|, To u3 ycnosus ||A — B|| < & caenyer
obparumocTs oneparopa Bay. CornacHo jiemMme 1, maTpunua B npeacrasiisi-
erca B BUae npousseiennst B = T1CTs. CormacHo csoiictBy 4, matpuua C

3ajaeT PpearoabMOB ONeparop, COrIACHO CBOMicTBY 1. oneparop B dpen-
roabMoB 1 ind B =indC =ind A. <

Joka3aTeabCTBO TeOpeMBbl 2.

> PaccMmorpum cemeiictso omeparopoB A; = I —tK, 0 < t € 1.
ITo Teopeme 1 Bce aTn oneparopn! dbpearonsMossl. CoriacHo Teopeme 3,
dynkuus @(t) = ind(I — tK) menpepeBra. Ho »(0) = indI = 0. Ecau
@(1) = ind(I — K) # 0, To dysxuua (t) J0MKHA IPUHMMATh BCE [IPOMe-
JKyTo4Hble 3HadeHusd Mexay ©(0) u (1), 4TO HEBO3MOXKHO, TaK Kak ¢(t)
IPUHUMALT TOJIBLKO LeJbie 3HadeHus1. 3HauuT, p(t) = 0. uro u TpeGoBanoch
JI0Ka3aTb. <

Caneacreue 1. Ypasuenua (2) u (4) umerom odunaxogoe wucao Au-
HeTHO He3a8UCUMBT peuteHu.

3710 apyras ¢HOPMYJUPOBKA YTBEPKAEHHA O TOM, 4T0 ind A = 0.

Caencreue 2. Ypasnenue (1) pazpewsumo oaa aw060l npasot wacmu
mozda u Moabko mozda, Ko20a 00HOPOOHOE ypasHenue (2) umeem moabko
HYAEB0€E peweHUE.

> Ilycrs ypabHeHue (2) uMeeT TOJBKO HyjeBOe pelenue. Ilo cien-
crBuio 1 ypaBuenue (4) uMeer TOJBKO HyneBoe pemieHue. Toraa ycioBue
Pa3pemyMOCT U3 CJIeACTBUS TeOopeMbl 1 BBITOJIHEHO ajist Jioboro y € X,
T.e. ypaBHenue (1) paspemumo ajs mo60ro y.
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Ecnn ypasHenme (1) paspewmmo ajs jwboro y € X, To, COrnacHo
cneacreuto 3 teopemel 2 (§ 43), ker A’ = {0}. Torzna no Teopeme 2 nMeem
ker A = {0}. «

3ameuanue. U3crescTsusa 2 noayvaeM, B 4aCTHOCTH, HH(MOPMALHIO O CIIEKTPE
KOMITAaKTHOTO onepaTopa K — Kax/i0e HEeHyJIeBOe CIIeKTPaJIbHOE 3HayeHHe KOMITAKTHOTrO
oneparopa K siBnserca cobCcTBeHHBIM 3HadeHueM. JeilcTBuTensHO, umeeM A — K =
= AT — A71K). Ecm ker(I — A~1K) = 0, 70, no caeacreuwo 2, Im(l — A\"1K) = X,
onepatop Al — K obparum u A He ABJIAETCSA COEKTPAJIbHLIM 3HAYEHUEM.

CaencrBue 3. Conpasicennoe ypasHerue (3) paspewumo das danrnozo
g € X' moada u moavko mozda, xo2da g{x) = 0 das awbozo , asaarouse-
20¢A pewenuem 00HoPooH020 Yypasrenus (2).

> Ypasuenuwe f — K'f = g ecTb ypaBHeHHME C KOMIIAKTHLIM OMepa-
TOPOM, UM MO3TOMY NPHMEHMMBl TeopeMbl 1 u 2. YcioBHe pasperuMoCcTH
ypasueuna (3) ectb ®(g) = 0 mns moboro & € X, ymosnersopsrome-
ro ypasaennio ¢ — K”’® = 0. Ecim X — pediekcupHoe 6aHaxoBo mpo-
CTPAHCTBO, TO 3TO YpPaBHEHME COBMALaeT (C TOYHOCTHIO 4O KAHOHMYECKOTrO
usomopduama J: X — X") ¢ ypasHenuem (2).

Ecnu npocrpanctso X HepednekcusHo, To ypasuenne & — K'® =0
paccMaTpuBaercsa B nmpocrpanctBe X Gosee mupokom, yem X. Boobrue
roBops, B 60Ji€e IMMPOKOM IIPOCTPAHCTBE yPABHEHUE MOXKET UMeTh OOJIbIIe
pemennit. Ho B nanuom ciydae 310 He Tak. CormiacHo Teopeme 2, uMeeM

dim ker(! — K) = dim ker(I — K’) = dim ker(I — K").

IMockoussky ker(] — K) C ker(/ — K”), T0 u3 coBnasieHus pasMepHOCTEH
umeeM ker(I — K) = ker({ — K"). <

Pe3ynbraTsl, moay4eHHbIE B TeopeMax 1 U 2, JIErKO PACIIPOCTPAHUTD Ha
HECKOJIBKO GoJiee MIMPOKUI KJIACC YPABHEHHH H MOJIYyYMTh OBIINI Pe3yib-
TAT B 9TOM HAIDABJIEHWH.

Teopema 4 (C.M.Hukonbckuit). ITyemv X u Y — 6anazoew npo-
cmparcmaa. Onepamop A € LB(X.Y) sasadaemca ¢pedeorvmosvim one-
DPATNOPOM € HYAEBBIM UHOEKCOM T0206 U MOoAbKO moada, K020a OH umeem,
sud A = Ay + K, 2de Ay € LB(X.Y) — obpamumwiii onepamop, K —
Komnaxmuwili onepamop.

> Hocrarounocts. Ecin A = A; + K, 1o onepatop A MoxeM IIpeJ-
craButh B Bugne A = A (I — AI—IK). Oneparop Al"lK — KOMIIAKTHBIH,
onepatop I — AT'K — dpearomsmos u ind(I — AT'K) = 0. Kak yxe
OTMEYaJIoCh, IPY YMHOMXKEHHH (PpearossMoBa omepaTopa Ha o6paTuMbIil
HOJIy4aeTcss PpearoJbMOB OIEPATOp C TEM K€ WHAEKCOM. 3Hayur, A —
dpenronnmos oneparop u ind A = 0.
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Heobxogumocts. [Iycts X = X1 Xou Y = Y] & Y5 ecth pazioxenus
OPOCTPAHCTB, IPH KOTOPbIX (PpPearoasMoB onepaTop A 3ajaerca Marpuuei

0 0
0 Ay )’
npudeM oneparop Az obparum. Tak kKak ycnosue ind A = 0 o3Hauaer, uTo

dim X; = dim Y3, cymecrByer obpaTtumsrii oneparop R : X; — Y;. Toraa
A=A, + K, rae onepaTop

R 0
4= (5 4

obGparuM, ero obpaTHbIil ecTh

Rt 0
-1 _
Al‘(o Aﬁ)’

R O
K=(0 0)

ABJIAETCs ONIePaTOPOM KOHEYHOro paHra. <

a orepaTop

§ 50. THTET'PAJILHBIE
YPABHEHN S OPEATOJIBMA

IMycts Q — obaacrs B R™. B npocrpancree Lo(§2) paccMoTpumM uHTE-
[PaJIbHOE YPaBHEHUE 2-I0 poxa

z(t) — /K(t, s)z(s)ds = y(t). (1)

Q
Hpeanonoxum, uro [f |K(t.s)|?dtds < +oc. Torna uHTerpaibHbli
be'y)

oneparop K ¢ aapom K (t,s) siBjsieTcss KOMIAKTHBIM B K ypasHeHuio (1)
lipuMeHuMbI Teopembl 1 u 2 § 49 u ux cnencTBuA. DTH TEOPEMbl AJISI UH-
TerpaJbHbIX YPaBHEHUH 4acTo POPMYSIUPYIOT B TEDMUHAX DAa3PEIINMOCTH
ypaBHenuii, 6e3 ucnosib30BaHus OneparopHoil repmuHonoruu. Uarerpans-
Hbie YPABHEHU#A, B KOTOPBIX HHTErPAJIbHEI! 0IepaTop fABIAETCA KOMMAKT-
HbIM, OOBIYHO HA3BLIBAIOT UHMEZPAALHUMU YpasHeHUuAMY Dpedzosbma.
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HanomHuM, 4TO COnpsixkeHHBIM K IPOCTPAHCTBY Lo{(Q)) aBnaerca Lo(S2).
Jlnsa maHHOrO CiIyd4as COOTBETCTBYMOIIMe ypaBHeHuio (1) omHOpogHOoe, CO-
[PSIXKEHHOE U CONPSKEHHOE ONHOPOAHOE YPABHEHUS UMEIOT BHUI:

z(t) — | K(t,s)z(s)ds =0; (2)
/
u(t) - [ K(s,0uls)ds = g(0) (3)
Q
u(t) — | K(s,t)u(s)ds =0. (4)
/

Jiis 1aHHOTO CllyyYasr MOXHO TaKyKe KOHKDETU3MPOBATh BHJ YCIOBHiH
Pa3peluMOCTH, TaK KakK (DYHKLUMOHAJ, COOTBETCTBYIOMUA QYHKIMH U —
peluennio ypaBHenus (4), 3agaerca Ghopmynoi

flz) = /:r(t)u(t) dt.

Q

Teopema 1 (anbrepuarusa Ppearosbma Liisi MHTEMPAIbHLIX yDaBHe-
uuit). [ycmo adpo K (t,s) usmepumo, Kok GYHKYUA 08YT NEDEMEHNBLT, U

ydosaemeopaem yeaosuro [ [|K(t,s)|? dtds < +oc. Tozda dan ypasnenut
QaQ
(1) — (4) 6 npocmparcmee La()) 603modichb. TOJIBKO 084 cAedynuuT

CAYNAR:

I. Odnopodnuie ypasrenus (2) u (4) umerom moavko Hyaesve pewerua,
ypasnenus (1) u (3) paspewsumsv, dad 410601 NPagol wacmu.

II. Vpasuenue (2) umeem Koneunoe “UCAO N AUHETHO HE3CLEUCUMBLT
pewenull Ty, Ta,. ... Tn; ypasnenue (4) umeem makowce n auredHo He3a-
BUCUMDLT PEWEHUT Ul, U, . . ., Uy Ypashenue (1) paspewumo das dannoti
dynryuu y € Lo(Q) mozda u moavko moada, xK02da 6wnosHeHo n yeaosull
PA3PEUWUMOCTIU:

/y(t)uk(t)dt=0, k=1,2,...,n. (5)
Q
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ITpu ewnoanenuu ycaosut (5) obwee pewenue ypasuenua (1) umeem
7

6ud T =g+ Y. kT, 2de Ty — wacmHoe pewerue ypasrerus (2), cp —

k=1
NPou38oAbHBIC TLOCTNOAHKRDBLIE.

O6paTuM BHUMAHHE Ha TO, YTO B (DOPMYJIMPOBKE TEOPEMBI OCHOBHAS
uHGOPMAIIMs COOEPKHUTCS B CJOBE “TONBKO’ — ANA APYIHX THIIOB ypaB-
HeHUii MOryT GbITb KaK YKa3aHHbIE B TEOPEME, TaK U ADYTHe CUTYalluH.

Anvprepuatusa @pearonbma (Teopema 1) cnipaBeiuBa JJist HHTErPAJIb-
HbIX ypaBHeHuil Buga (1) B npocrpanctse Lo(Q, 1) B ciyuae, korza (£2, 1)
€CTb IPOM3BOJIbHOE MMPOCTPAHCTBO C MEpOil.

AHaJIorM4HOe YTBEpPXKIEHHE CIOPAaBEIIMBO U B CAy4ae NPOCTPAHCTBA
L,(£) ¢ TeM U3MeHeHHeM, 4TO pellleHHe COMPSXXEHHOT0 OAHOPOAHOTO yPaB-
HEeHHs HYX>XHO HUCKAaTh B 9TOM CJiydae B NpocTpaHctBe Lo({)) u Ha smpo
HMHTErPaJIbHOrO OepaTOpPa HYXKHO HAJOXUTh yCJIOBHSs, 0DeCleduBarolIne
KOMIIAKTHOCTb OIIEPATOPA.

Tenepb mepeiifieM K H3Y4YeHHI0 UHTErpajbHbIX ypasHeHuii (1) B mpo-
crpancree C[0,1].

B 3ToMm cnydae conmpsrKeHHLIH OnepaTop JAefCTBYeT B CONPAXKEHHOM
npocrpadcree (C[0,1]). Ho mnpocrpancreo (C[0.1])’ ects mnpocTpan-
cTBO GYHKIMH OrPaHHYEHHON BAPHALUM MJIM TPOCTPAHCTBO 3aPSAJ0B, M
OHO MeHee ya06HO Ansa BbluucieHHH. OKa3bIBAETCH, YTO B PSALE CJIy4aeB
uccnenosanue ypasrenus (1) B mpocrpasctse C[0, 1] MOXHO mpoBeCTH C
HOMOLIBIO (POPMATILHO CONPSIXKEHHOTrO Y PABHEHHS

1
/Kst)u s)ds=0
0

B ToM ke npocrpancree C[0,1].

Teopema 2. Ecau adpo K (t, s) nenpepwero, mo das ypesuenua (1) 6
npocmpancmee C[0,1] cnpesediusa arvmepramusa Ppedzorvma, m.e.
ymeeporcienue meopemnt 1 (¢ 3amernoti npocmparncmea Lo(Q2) na C[0,1]).

> O6paTiM BHUMAHUE HA TO, UTO CHOPMYJIMPOBAHHOE YTBEPXKICHHUE He
ABNACTCA JACTHBIM CJlydaeM OOLIEeil Teopembl, Tak Kak B obiueli Teopeme
HCIIONBb3YeTCs CONPSPKEHHOE MPOCTPAHCTBO. JONOTHUTENLHOMY HCCIeN0-
BaHUIO MOJIEXKAT B IIEPBYIO 04ePelb yCIOBUA Pa3PEUIHMOCTH.

Paccmorpum ypasaenue (1) B mpocrpancree Ls[0, 1]. Torga nnst vero
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CripaBeaJiMBa aJIbTE€pPHATHBA (DpegronbMa. 3Ha‘-[I/IT, eclnn

1
/y(t)uk(t) dt=0, k=1.2,...,n,
0

IA€ U — MaKCHMAaJbHbIH JIMHEIHO He3aBHCUMBI HAOOD pelneHut ypaBHe-
HUA

1
u(t) — /K(t, s)u(s)ds =0
0

B ipoctpanctBe Ls[0,1], To ypasmenme (1) umeer pemenne z € Ly[0, 1].
IMoxaxem, uro ecnn y € C|[0, 1], tou z € C[0. 1], T. e. cnpaBeanusa TeopeMa
cyiecTBOBaHusA peinenus B npocrpancrse C[0, 1). Umeem

1
z(t) = /K(t,s):c(s)ds + y(¢t).
0

Bocnoab3yemcst Tem, 4T0 B3 ycioBus, 4to T € Lo[0, 1], crenyer, 4To HH-
1

terpan [ K(t,s) x(s)ds ectv nenpepeiBHas ¢ynxums or t. Ioatomy
0

z € C[0,1]. U3 aTux xe co0OpakeHu# Moy 4aeM, 9TO €CJIH PeLIeHUs YPaB-
HeHu#t (2) u (4) npunagnexkat npocrpaucTsy Ly[0, 1], To oHH npuHamexat
C[0, 1]. 3uauur, pewas ypasuenus (2), (4) B L2[0, 1] u B C[0, 1], nonyuaem
OO¥H U TOT >ke HaGop pelleHuil, ¥ BCe yTBEPKIEHHS TEOPEMbl AJIS yDaB-
Hennit (1) — (4) cnpaBemnussl B C[0,1]. <

3amMevyanue l. AHATOrHYHBIH PE3yLTAT UMEET MECTO B Cyuae, ecu sapo K (&, s)
umeert Bug K(t,s) = Ko(t, s)/|t—s|%, rae Ko(t, s) — uenpepsiBuaa GyHkuusa u o < 1/2.
Jnst noka3aTensCTBa LOCTATOYHO NPOBEPHTH JIMIIb CBOKCTBO, KOTODBIM MBI BOCIIOJIb-

1
30BajIICh B Ciy4ae HEIpEepHBHOrO sgpa: eca € L(0,1}, To [ K(t,s)z(s)ds ects
0
HempepbIBHAsA QYHKIHA OT ¢ Ha [0, 1].
3ameuanne 2. B reopeme 2 [OnOIHUTENbHBIE YCAOBUS HA HAPO, 60J€e CHIIbHBIE,

4YeM YCJIOBUS, HY>KHble AJI KOMIOAKTHOCTH, CYLIECTBEHHbI IJIsl COPABELIHBOCTH Teope-
mbl B C[0,1]. Hanpumep, ypaBHenne

1
z(t) = ;/ ts~1/2z(s) ds + y(t)
0
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eCTb HHTerpaJlbHOE ypaBHEHHME C KOMIMAKTHBLIM ONEpaTopoM (C OmepaTopoM KOHEe4HO-
ro padra). Pemas 3TO ypaBHEHHe KaK YDaBHEHHE C BbIPOXKIEHHbIM AAPOM, N0OJydaeMm

ycioBue pa3peluuMOCTH:
1

/y(t)t-1/2 dt = 0.

0
Ecnn ke pemaTh ogHOpoaHOe pOpMaJIbHO conpsikeHHoe ypasHenue B C[0, 1] unn gaxe B
L3[0, 1], nonyyaem TONbKO HyseBoe peweHue. Takum 06pa3oM, s SJAHHOrO ypaBHEHHS
B C[0, 1] yrBepxaeHHe TeOpeMbl 2 He BBIIOJHEHO.

3amedanue 3. B HEKOTODBIX MPHIOMEHHSIX PACCMATPUBAIOT B NPOCTPAHCTEE
C[0,1] T.H. nazpysicerHble UHMEZDAALHYBIE YDAGHENUA BUAA

1
n
2O+ Y st + [ Kt 9)als)ds = u(o), t € 0,1]
k=1 0
31ecs GOPMANIBHO CONPS?KEHHLIH OMEPATOP y2Ke HE UMEET CMBICHIA U AJIS HCCJIeJ0BaHMs

YPaBHEHHS NPUXOJUTCA CTPOUTH (Ha,CTOﬂl.L[PIﬁ) CO['I])}I)KBHHblﬁ onepatop.

Ypasrernust tuna ceeprku. Ecnu sapo K(t, s) He yaoBaerBopsieT ycJjo-
BHSIM TEOPEMbI 1, TO MOXET OKa3aTbCsl, YTO ajibTepHaTuBa Ppenronbma
He crnpasenyiuBa. IlosToMy Ajis TaKHX fAOep BO3HUKAET 33/Ja4a [oJyde-
HHS JONOJIHUTENLHBIX YCJIOBHN, PrADAHTHPYIOIMX BBINOJHEHHE AJIbTEPHA-
tuBbl Ppenrospma. PaccMOTpUM ¢ 3TO# TOYKM 3PeHHs T.H. ypaBHEHHUS
THIA CBEPTKM B mpocrpaHcTee Lo(R).

Iycts sanpo K(t,s), onpemenennoe Ha R x R, gjonyckaer mpeacrasie-
HUe BHIA

K (t.s) = Ky(t,s) + Ka(¢, s),

roe Ky (t,8) = ¢(t — s), npudeM ¢ € L1(R), a uHTErpaJIbHBIA ONEpaTop ¢
aapom K»(t, s) komnakren B npocrpancTee La(R).
Nurerpanpuoe ypasuenue ¢ snpoM K (t,s), T.e. ypaBHeHUE BUIA

+00 +oc
az(t) + / w(t — s)x(s)ds + / Ky(t,s)z(s) ds = y(t), (6)

OyleM Ha3bIBaTL YpasHenuem mung ceepmxu. VIHTErpanbHblit oneparop
A ¢ agpom Ko(t,s) ABNseTCA KOMIIAKTHBIM ONEPATOPOM, & HHTErPaiib-
HbIit onepatop A; ¢ aapoM ¢(t — §) He ABAAETCA KOMMAKTHBIM. ITosTomy
nnsi ypaBaenus (6) anprepHarnBa ®penrosibMa CupaBenidBa He BCErIa.
Oxka3bIBaeTcs1, MOXXHO YKa3aTh NPOCTHIE YCIOBUS HA (DYHKUUIO £, IPA BbI-
MOJTHEHHK KOTOPbIX CIpPaBelInBa ajbrepHaTuBa Openronbma.
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Teopema 3. Ecaua# 0 ua+ @(§) #0 dar € € R, 2de ¢ — npeobpa-
30eanue Dypve Pynxyuu @, mo onepamop A = al + Ay + Ay gpedeorvaos
v ind A= 0.

> CorsacHo TeopeMe 2 § 39 npy BHIIOJIHEHHH YCJIOBUH HacTOAMIEH Teo-
pembl onepatop al + A; obparum 4 npuMeHUMa TeopeMa 4 § 49, cornacuo
KOTOpOit oneparop A dpearoabMos. <

MOXHO MOKa3aTh, 4TO CHOPMYJIUPOBAHHBLIE B TEOpPEMe 3 YCJIOBHA Ha
GYHKIMIO ¢ SABJISIIOTCS HE TOJBKO JOCTATOYHBIMH, HO U HEOOXODMMBIMH
IS TOTO, 4yTOOBI Ay ypaBHeHus (6) Oblia cnpaBeasinBa ajlbTEpHATHBA
®pearonsma.

IIpumennm ZOKa3aHHYIO TEOPEMY K KOHKDETHOMY KJIacCy yPaBHEHHI B
npocrpascrse Ly(R) — UHTErpajibHbIM ypaBHEHHSM BHIA

aal) +3_ / ak (BB (t - $)bi(s)a(s) ds = y(t), ™

rue ag(t), bi(t) — HempepbiBHBIE DYHKIMN TaKHe, YTO CyILECTBYIOT Npeze-
JIBI tlim ak(t) = ag(oc) u tlim bi(t) = br(o0), a dynkuun O npunagTexaT
—0C [ —OC
npocrpancrsy L1 (R), k=1,2,...,m.
Teopema 4. Ecau evnoanens ycaosus a #0 u

m

a+2ak )bi(00)®r(€) #£0 dun € € R,

mo onepamop A, onpedeaennntl nesol wacmuio ypasruenus (7), Ppedzoas-
M08, ind A = 0 u, 3nawum, dasn ypaeuenua (7) cnpasedausa asvmepra-
muea DPpedzoavma.

Jlemma 1. FEcau a(t) — nenpepuenas qa R dynxyus maxas, wmo
tlim a(t) =0, u K € L1(R). mo unmezpasvhoie onepamops.
—oc

+o00 +c
Ax(t) = /a(t)K(t—s)x(s)ds. Bz(t) = /K(t—s)a(s)a:(s) ds

xomnaxmuo, 8 Lo(R).
> Ilyctb

an(t) = {a(t)’ |t| S n

0, [|t>mn
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u M, — oneparop ymuoxeHus Ha yukuuio a. Torna | M,, — M| =
= sup |a,(t) — a(t)| = sup |a(t)] — 0.
t

lt|>n
IycTs

Ko(7) K(7), ecm|r|<nulK(T)|<n,
T) =
" 0, B OCTAJIbHBIX CAYYadaX,

K,, — nnrerpanbusblit oneparop ¢ sapoM K, (t —s) 1 K — uHTErpaiabHblii

+oc
oneparop ¢ aapom K (t—s). Torna | K, — K| < [ |Kn(7)—K(7)|dr — 0.
—2C
Oneparopst M, K, u K, M,, xomnakthel no reopeme 2 § 48 (M, K, u
K, M,, — uHTerpaibHble ONepaTophl, pPa KOTOPbIX OrDAHMYEHBI H 06-
pallaoTed B Hyab npH [t| > 2n, |s| > 2n). Tak kak A = lim M, K, u
n—00
B = lim K,M,
n—0oc
3ameuanue 4. Uurerpanbuolif onepaTop A, paCCMOTPEHHBIH B JleMMe, JaeT HaM

TO OHH KOMIIAKTHBI. <]

n?

pHUMeP KOMITAKTHOIO MHTErPajibHOrO ONepaTopa, He SIBJIAIOLIErOCS ONepaTOpoM I'mib-
6epra — IlIMuara.

> Joka3aTenncTBo TeopeMbl 4. YpaBuenue (7) MOkKeM 3alu-
caThb B BUIE

+oc +oc
azx(t) + / ot — s)z(s)ds + / No(t, s)x(s) ds = y(t),

m

rae ¢(t) = k; a(00)br(00) P (t). mpuvenm v € L1(R),

Na(t,s) = Y {[ak(t) — ar(00)] @k (t — s)br(s)+
k=1

+ag(00)Pk(t — 5)[br(s) — bi(00)]}.

Cormacho gemme 1, oneparop ¢ agpoM N kommakTeH. IIpuMeHsis Teope-
My 3, MOJIy4aeM yTBepXKaeHue TeopeMsbl 4. <



§ 51. COIIPA>KEHHBIE 1 CAMOCOITPA>KEHHBIE
OIIEPATOPHI B TJIbBBEPTOBOM ITPOCTPAHCTBE

Cornacuo teopeme Pucca (§ 40), Kakaplit OrpaHMYEHHBIN JMHENRHbIA
dyukumonan f Ha runbbepTOBOM mpocTpaHcTBe H 3amaercd B BHIE CKa-
JApHOrO mpousseneHus f(x) = (z.u), T.e. CyLIECTBYeT N30METPHYHOE
orobpaxkenue Mexxay H u H’, 4TO T03BOJISAET PEAU30BATh CONPSXKEHHbIH
onepaTop KaK OnepaTop B TOM e npocrpatctse H. OaHaKo B ci1y4ae KoM-
IiekcHoro npocrpakcrsa H coorsercreue f — u mexay H' w H antu-
auneiino. I1o3ToMy CBONCTBA CONPSI?XKEHHOT0 OIepPaTopa, MOy YeHHOr0 PU
Takoil peajiu3aliiy, HECKOJIbKO OTJIMYAIOTCS OT CBOMCTB OOBIYHOIO COMpSI-
JKeHHoro oneparopa A’. Beiencrsue 3TOro, KakK IPABHIIO, COMPAXKEHHBIH
onepaTop B ruJibOEPTOBOM IIPOCTPAHCTBE ONPeesAloT He3aBHUCHMO.

Onpenenenne 1. Ilycte Hy; u Hy — runs6epTOBBI IIPOCTPAHCTBA
CO CKAJIAPHBIMH NPOM3BEAEHMSAMH (-,-)1 U (-, )2 cooTBercTBeHHO. Conps-
JIceHHuLM onepamopom K onepatopy A : Hy — H; Ha3bpIBaeTcsl oneparop
A*: Hy, — H, Tako#i, uro ansa nwbuix © € Hy, y € Hs sbmosnsercs
PABEHCTBO

(Az,y)2 = (z,A"Y)1.

Urnoraa onepaTtop A* Ha3bLIBAIOT IPMUMOBO CONPANCEHHBIM, YTOBBI OT-
JIMYUTB €r0 OT COMPSMXKEHHOTo onepartopa A'.

sl 3pMHUTOBO COMPSKEHHOro onepaTopa A* clpaBeiIuBEL BCE TEOpe-
MBI, 10Ka3aHHble Aas oneparopa A’ (cM. § 43). OTamdue uMeeTcss TOJIBKO
B cBOMCTBe onepauun conpskenus: (AA)* = AA* Bmecto (AA) = AA'.

Tak kak runpGEpPTOBO MPOCTPAHCTBO PeIIEKCHBHO, B CJIy4ae rmiibbep-
TOBBIX IIPOCTPAHCTB Bcerma A** = A.

To 06cTOATENBLCTBO, YTO CONMPAXKEHHBIN ONEPATOP B CIy4Yae THILbepTO-
Ba MPOCTPAHCTBA AEHCTBYET B TOM 2Ke IPOCTPAHCTBE, I03BOJISET BbIIRIUTD
ZJOTIOJIHUTENbHbIC CBOWCTBA M YKa3aTh ClElMAJIbHbIE KJIACCHL ONIePATOPOB.

OnunM u3 cymecTBeHHbIX (PAKTOB TEOpUH ONEPATOPOB B rMILOEPTOBOM
[IPOCTPAHCTBE fABJIACTCSH BbIITOJHEHUE TOXKIECTBA

I AAll = || A}

A5 OrPaHUYEHHbIX JTUHEHHBIX ONepPaTOPOB.
Jro TOXKJECTBO BbITEKAET U3 YK€ U3BECTHOI'O HEDABEHCTBA

1A All < A ILAll = 1Al
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U HEDABEHCTBA
| Az]|* = (Az, Az) = (z, A* Az) < || A Al||z||?,

u3 KoToporo caexyer, uto ||A]|2 < ||A*All.

Onpepnesnenne 2. Jlunefiuni¥i orpannyveHssiéi oneparop A: H — H
Ha3bIBAETCA CAMOCONDANCEHHBM, eciit A = A*,| T. e. COpPaBeLINBO TOXI€-
ctBO (Az,y) = (x, Ay). JIuHeiHbI! OrpaHUyYeHHbIA onepaTop A Ha3bIBAET-
ca ynumaprvim, eciu A* = A1, Jluneiinbi#t orpanuyenHbli oneparop A
HA3BIBAETCA HOPMAALHHM, eCTH AA* = A* A,

3aMeTuM, 4TO B Ciydyae GaHaXOBbIX MPOCTPAHCTB ONEpPaTop A M ero
COIPSIZKEHHBIH NeHCTBYIOT B DA3HBIX MPOCTPAHCTBAX M CBOMCTBA, BXOASIINE
B ONpEJIEJICHHE 2 ¥ B [I0JyYeHHOE BBIILE TOXKAECTBO, HE MMEIOT CMbICJIA.

IIpumepsL

1. B npocrpanctee C" €O CTaHAAPTHLIM CKAJSIPHBIM TPOH3BEAEHAEM
paccmoTpum oneparop A : C™ — C™, Ilycrb oneparop A 3a1aH MaTpuued
(ai;). Iloctponm Kk HeMy compsKeHHBIH omepaTop A*. Mmeem

n n n n
(Az,y) =D > aiyzifi= ) @) ¥ =
=1 =l

i=1 j=1

n n
= szz aijy; = (z, A™y).
=1 j=1

Takum obpasom, oneparopy A* coorBeTcTByeT MarpHua (dj;) — IPMH-
TOBO COmpsiKeHHasi K Marpuue (a;;). Onepatop A camoconpskeH, ecau
aij = Gji, T.€. MATPUIA (@;;) IPMUTOBO CUMMETPHYHasA. MaTpuipl, cooT-
BETCTBYIOIIME YHUTAPHBIM OLIEDATOPAM, ECTb H3BECTHBIE U3 KyPCa ajire0phl
YHUTAPHBIE MATPUIBL.

2. B mpoctpauctee Lo(7T, i) €O CKaJISIPHBIM TPOM3BEAEHUEM

(2,9) = / 2(t)7(0) du

T
paccMoTpuM uHTerpasbHbril oneparop Az(t) = [ K(t,s)z(s) dus, rae aapo

T
K € Ly(T x T). Torna

(Az,y) /(/B(t s)z (s)du) (t)duf—,/a:(s/l (t, s)y(t) dus dus =

T T

335



- / £(t) / (5, 0y(s) dus dps = (2, A7),
T T

ITonyyaeM, 4TO CONPAXKEHHBIH OMEPATOP
Ay(t) = [ RG0u() du
T

€CTb MHTErpaJibHbIN omeparop ¢ aapoM K (s,t). MurerpansHeit oneparop
ABJISIETCST CAMOCONPsKeHHBIM, ecin K (t,s) = K(s,t).

3. B npocrpanctse L2[0, 1] paccmoTpum onepaTop yMHOMXKEHUs Ha DYHK-
uuwo a, T.e. Az(t) = a(t)z(t). Torna

1 1
(Az.y) = / a(t)z(t)y (D) dt = / 2(a(y(t) dt = (z, A"y).
0 0

3naunt, A*y(t) = a(t)y(t). Eciu a(t) — BemecrBenHO3HAYHASA byHKIHUS,
10 a(t) = a(t) u oneparop A camoconpssken. Ecnu |a(t)| = 1 nouru Beroay,
to 1/a(t) = a(t) u oneparop A yuurapusii. Tak kak a(t)a(t) = a(t)a(t),
10 M060# Omeparop yMHOXeHUA Ha GDYHKLMIO HOPMaJbHBIH.

13 kypca anrebpbl U3BeCTHBI 0COObIE CBOMCTBA 3DMHUTOBO CHMMETPHY-
HBIX MaTpHI. /0Ka3bIBAJIOCh, HAIPUMED, YTO KaXKJas SPMUTOBO CUMMeT-
pUYHAA MATPHUIE MOXKeT ObITh MpUBeIeHa K JUATOHAJILHOMY BUAY C IIOMO-
IbI0 YHUTAPHOTO Mpeobpa30BaHMs HIIH YTO HOPMA TaKOi MaTDHUIIbI COBMa~
JaeT ¢ HaubOoJIbIIUM U3 MOAYyNel cobeTBeHHbIx 3HadeH M. V3BecTHbI TakKe
CBSI3U 3PMUTOBO CUMMETPHYHBIX MATPHI C KBAAPATHYHLIMU (HOPMAMHU.

O6cyauM, Kak MOKeT BBITJISIAETh aHAJIOT YTBEDPXKAEHUs O NPHBEAEHHU
MaTpULB! K AHAMOHATBHOMY BHAY B CJIyYae CAaMOCOIPSIXKEHHBIX OIIepaTOPOB
8 GECKOHEYHOMEPHOM I'i1LOEPTOBOM MPOCTPAHCTBE.

Yka3zaHHOE yTBEpKAEHHE MOXHO C(OPMYJHPOBATH TakK, YTODBI OHO
MMENOo CMbIC] B DECKOHEYHOMEPHOM IPOCTPAHCTBE: ecan A — camoconps-
>KeHHbIH oneparop B mpocrpaHctee H = C”, To B 3TOM IPOCTpPaHCTBE
CyIIECTBYeT OPTOHOPMHUPOBAHHBIH 6A3UC, COCTOAIMIY U3 COOCTBEHHBIX BEK-
TOpOB oneparopa A.

IMousiTue Ga3uca, T. €. MOJHOW OPTOHOPMHPOBAHHOH CHCTEMbI, IMeeTCs
JIJIsl TUAIBOEPTOBBIX MPOCTPAHCTB, U [IOITOMY BO3HMKAET BOIIPOC, BEPHO JIX
aHAJIOrMYHOE YTBEpXKJEHHE I ONeparopoB B OECKOHEYHOMEDHOM TUJIb-
6epTOBOM TPOCTPAHCTBE.
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HamoMHMM, YTO OJ1s TPOU3BOJIbHBIX ONEPATOPOB Ja’Ke B KOHEYHOMEp-
HOM NPOCTPAHCTBE YTBEPXKJEHHUe O cyllecTBoBaHuM 6a3uca u3 cobCTBeH-
HBIX BEKTOPOB (Iaxke He OPTOHOPMHDPOBAHHOIO) He umeeT MecTa. Hanpu-
Mep, onepaTop, 3aJaHHbIi MaTpHLER

Al
(53)
B mpocTpancTee C2, uMmeeT TONMBKO cobeTBEHHBIE BeKTOPHI Buaa (0, 7)), u3
KOTODBIX Hejb3s mocTpouth 6asuc B C2. Ilostomy ycioBue camocomnps-
JKeHHOCTH MAaTPHIBI CYIIECTBEHHO.

[oxaxxeMm Ha NpUMeEpe, YTO AJIs TPON3BOJIBHBIX CAMOCOIIPS?KEHHBIX OIIe-
paTopoB B GECKOHEYHOMEPHOM CJIy4Yae yTBEPXK/EHHUE O CYIIeCTBOBAaHUM Oa-
31ca U3 COOCTBEHHBIX BEKTOPOB HE BBINOJIHEHO.

B npoctpancrse L3[0,1] paccMOTPHM CaMOCONpPsXKEHHbIH OIEPATOp —
onepaTop yMHOMKEHHS Ha HE3aBHCHMYIO IepeMeHHYI0 Buna: Ax(t) = tz(t).
Kax 65110 noxasano B § 45, oneparop A He UMeeT HU OZHOro COBCTBEHHOIO
BEeKTOpa U TeM Gosee He cyuiecTByeT 6a3uca u3 COOCTBEHHBIX BEKTODOB.

O6bLIMHO pacCMaTPUBAIOTCA 1Ba BAPHAHTa 0DOOIIEHHSA TEOPEMBI O [IPH-
BEJECHAH MAaTPHLBI K AUArOHAJILHOMY BHJY TEOpPEeMbl Ha CIydai GeckoHeu-
HOMEPHOTO TTPOCTPAHCTBA.

1. Beigesienue 6osiee y3KOro KJIacca ONepaTopoB, LJifl KOTOPBIX TEOPeMa
CIIpaBeJJiMBa B MPUBENEHHON (HOPMYJTHUPOBKE.

2. Usmenenuie popMynupoBku TakuMm obpa3oM, 4ToOb! Teopema ObLia
BEPHA AJIs1 MPOU3BOJILHOTO CAMOCOIPAXKEHHOrO ONepaTopa.

B § 52 6yaer moka3zaHo, 4TO y JH0O0r0 KOMIIAKTHOI'O CAMOCOIIPAXKEHHOTO
OIEePaTOpPa B rMJibOEPTOBOM NTPOCTPAHCTBE cylnecTByeT 6a3uc u3 cobcTBen-
HBIX BEKTOPOB, T.€. OyzeT mosiyyeH nepBoiii BapuanT 0b6obmenus. Bropoit
BapuaHT 0606LIEHNS Ha3bIBAETCS CIIEKTPAJILHON TEOPeMOoi 151 CaMOCOIIPsi-
>keHHBIX onepaTtopos. OH npuBeeH B Koule § 52 6e3 J0Ka3aTeNbCTBa.

B 3akniodyenne gaHHOro maparpada pacCMOTPHM HEKOTOPbIE CBOMCTBA
NPOM3BOJILHBIX CAMOCOIPSXKEHHBIX oneparopos. B wactuocru, Gyaer nomy-
4yeHo obobuieHue Ha GeCKOHETHOMEPHBIH CJIy4all YyTBEPXK/IEHUS O TOM, UTO
HOPMa, CAaMOCOTIPSIXKEHHOM MATPHULbI COBIIAAAET C HAUOONBIINM U3 MOAYJIeH
cOOCTBEHHBIX 3HAYEHUIA.

B ciyqae npocrpanctsa C™ mpusejeHIE SPMUTOBO CHMMETPHUYHON MaT-
punpt {a;;} K JlHaFOHa.HbHOMy Bnﬂy 3KBHBAJICHTHO MPUBEJEHHUI0 KBaApa-

TuaHOM dopwmbr (Az,x) = Z Z 4 T;T; K CYMMe KB3J]paToB.
i=14=1
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ITo ananoruu xeadpamuunol dopmot oneparopa A B rujasbepToBoM
npocTpaHcTBe OylneM Ha3biBaTb uucaoByi yHKIMIO @(z) = (Az,T) Ha
npocrpatctse H. C onepatopomM A MOXXHO CBA3ATH TAKXKe DYHKIMIO ABYX
nepemennbix (Ar,y) — O6uauneiinyro gopmy oneparopa A. ITa byHKUMSA
JNVHEHHa MO IEepeMeHHOM T M, eciu A — CaMOCONpPS>KEHHbIH omepaTop,
AHTHCHUMMETPHYHA!

(Az,y) = (z, Ay) = (Ay, z).

T. €. 061203€T YACTHIO CBOMCTB CKaJISPHOrO Mpoussenenus. [losTomy s
Hee BbIIIOJTHEHbI HEKOTOPHIE TOXKIECTBA, AHAJIOTHYHBIE TOXK IeCTBaM U3 Ipes-
Jnoxenuda 2 § 29:

(Az+y),z+y) + (Alz —y), ¢ —y) = 2(4z,2) + 2(Ay,y), (1)

(A(z +y).z +y) — (A(z — ),z — y) = 4Re (Az,y). (2)

Jlemma 1. IMycmv A — camoconpasicennvii onepamop 68 2usvbepmo-
aom npocmpancmee H. Tozda

1) xeadpamuunas opma (Ax,T) NPUHUMAET MOALKO BEUECMEEHHDLE
3HAYEHUA, CODCNBEHNBIE 3HANERUA Onepamopa A eeusecmeenHol,

2) cobcmeennvie eexmopu. onepamopa A, coomeemcmeywwue pas-
AUYHBIM COBCTRBEHHM SHAYEHUAM, OPTNOZOHAALHDL;

3) dan awbozo nodnpocmpancmea L C H, uneapuanmmozo omuocu-
meavno A, e2o0 opmozonaavroe donosnenue Lt umsapuanmmo ommocu-
meavHo A.

> 1. IlepBoe yTBepKaeHHe BbiTekaeT u3 pasedcrBa (Ax,z) = (Az, ).
Mycrs Az = Az, ||z|| = 1, roraa A = (Az, ) — BElIECTBEHHOE YHCIIO.

2. Ecin Az = Az u Ay = py, 10 (x, Ay) = p(x,y), (Az.y) = Mz,y).
OTKyAa mocje BbluuTanusa nosnydaeMm (A — p){x,y) = 0. Ecom A # p, To
(z,y) =0.

3. Mlycts y € L*. Ina moboro x € L umeem Az € L. Tlostomy
(z, Ay) = (Az,y) = 0, uto u osnauaer Ay € L1, 1.e. moampocTpaHCcTBO
L+ uHBapMaHTHO OTHOCHTEJBHO OnepaTopa A. <

Teopema 1. I[Tycmv A — camoconpastcenHsill onepamop 8 2uavbepmo-
eom npocmpancmee H. Tozda

1) b |(Az, z)| = [|All;

==

2) cywecmeyem cnexmpaavhoe InaueHue X onepamopa A maxoe, wmo
|Al = 1I4]].
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> 1. O6osmauum N4 = sup |(Az,z)| = sup|(Az.z)|/|z||?, Toraa
=1 z#£0

|(Az, )| < Nallz|®. (3)

I3 nepapencrsa |(Az,z)| < ||Az| ||z] < [|4] lz]|* creayer mepasencrsO
N4 < ||All ana noboro orpanuyeHHOro oneparopa. Vcnomb3ys 10X 1ecTBO
(2), nepasencrBo (3), a 3aTCM TOXKIECTBO NAPAJIIENOrPAMMA, [IOJIYYaeM

Re(Az,y) = z[(Az +y).z+y) - (Alz - y),z - )| <

|

1 1
< 7Nalllz +yll* + llz - yll*) = aNA(”:L.Hz +lyl1?).

Tonoxue y = ||z[|Az/|| Az||, 6yzem umers ||z|| |Az| < Na(llzl|*+[lyl|*)/2
wiu ||Az|] < Nallz|. orkyaa ||Al| € Na. YuuTeiBasi, 9T0 HEDABEHCTBO B
06paTHYIO CTOPOHY CIPaBEJIMBO JJIs JIO6Or0 ONepaTopa, MoJdydaeM pa-
BEHCTBO.

2. Tlo gOKAa3aHHOR YACTH TEOPEMbl CYLIECTBYET MOCJIEI0BATE/ILHOCTD
3/IeMEeHTOB T, € H Takas, uro ||z,]| = 1 u (Az,,z,) — A, rme A = ||4]
wi A = — ||A||. Toraa

A=Az, ||2 =(Arp—ATp, Azy, — ATn) = (Azy, Azn) —2X(AT,,. T,) +

+ ATy, T0) KA =2MAZp, 2,) + X2 =20\ = (ATp, T,)) = 0.

TIpeanonoxxum, uro onepatop A— Al umeer orpaHu4eHHbIIt 0OpaTHBI Ome-
parop. Toraa cnpasennuBo Hepasedctso ||z|| < ¢||[(A— A)z|l, ¢ > 0. IIpn
MMOCTAHOBKE B 3TO HEPABEHCTBO MOCJIEHOBATENILHOCTH I, MOJYyYaeM Mpo-
THBOpEYMe, 3HAUUT, onepaTop A — Al He UMeeT OrpaHUYeHHOro 06PaTHOrO
U A eCTb CHeKTpAaJbHOE 3HAYEHUE 4151 onepaTtopa A. <

3amedanue 1. Beegennoe B mokasarenncTBe Teopemsl uuci0 N4 Ha3LIBaeTCsA

wucaoasm paduycom oneparopa A. BenomHuB onpejenenHe CIEKTPaJIbHOIO pajuyca
r(A) oneparopa A (§ 35), MO>KHO CHOPMYIUPOBATL TEOPEMY 2 CleAyIOMMM 06pa3om:

ecnu A — caMoconpsKeHHbIH onepatop, To 7(A) = N4 = ||A|.
OTmMmeTuM, 4To pasencTBo T(A) = ||A|| ans camoconpsizkeHHOro OmepaTopa MOXKET
6LITh NOTY4YeHO U3 JOKa3aHHOTO Bhie ToxzecTsa ||A*A| = ||A|2. deticTurensHo,

. ok k . 2ok o=k
ecmn A* = A, o || A% = [JA|1%, |AZ" || = lAIIP7, r(A) = im[[A%]*77 = [|A]l.
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§ 52. CIIEKTPAJIBHOE PA3JIO>KEHUE

KOMITAKTHOI'O CAMOCOIIPA?KEHHOI'O
OIIEPATOPA

Ipexae yem mnepeiiTn K GOPMYIHPOBKE H JOKA3aTEJILCTBY OCHOBHO-
ro yTBEPXKIEHUs JaHHOrO naparpada, paCCMOTPUM HEKOTODHIE CBOMCTBA
cobcTBeHHbIX 3Ha4YeHuiT 1 cobcTBenHbIx dyHKImit. [Ipexcne Bcero 3amerum,
YTO HEeHyJieBoe cOOCTBeHHOe 3HaYeHHe A KOMIAKTHOTO CaMOCOIMPSA2KEHHOTO
OnepaTopa MMeeT KOHEYHYIO KPATHOCTbD, T. €. YHCJIO JIMHEHHO HE3aBUCHMBIX
coBCTBEHHBIX BEKTOPOB, OTBEYAIOLIKMX COOCTBEHHOMY 3HAUEHHIO A, KOHEYHO
(cm. § 49).

Jlemma 1. ITyemv A: H — H — xomnaxmuuill camoCONPAHCEHHbLU
onepamop 6 2uavbepmosom npocmparcmee H. aa arwboeo d > 0 wucao
DPABAUNHBT COOCTEEHHBT 3HAUeHUT, YOOBAEMEOPAIOULUT Yeaosu |A| = d,
KOHEUHO.

o> Npeanosoxum mporusHoe. [lycTs ey, es,... — GeCKOHEYHAA HOPMH-
POBaHHas MOCJIENOBATENbHOCTb, COCTOSIIAA U3 COOCTBEHHBIX BEKTOPOB C
COOCTBEHHBIMU 3HAYEHUSIMHA Ak, TOe |Ax| 2 d > 0. Torna MHOXXECTBO Bex-
TOpOB Ae = Areg, Kak 00pa3 OrpaHUYEHHOr0 MHOXKECTBA, HOJXKHO ObITh
npenxkomnakTHo. Ho mo nemme 1 § 51 cobcTBeHHBIE BEKTODHI, COOTBET-
CTBYIOIIUE PA3JUYHBIM COOCTBEHHBIM 3HAYEHUsIM, OPTOrOoHaJbHbI. [103TO-
My ||Aex — Aen|| = || Awer — Anenll = \/)\ﬁk + A2 > dv/2. Dro o3uauaer, 4TO
M3 NOC/IEJOBATENbHOCTH Aey HEIb3A BBLAEIUTH NOIAIOCIEIOBATEILHOCTD
Kouu. <

Cnencreue 1. Henyaeevie cobcmeenmnbie 3HAYEHUA CAMOCOTPANCEH-
HO20 KOMNAKINHOZO ONEPAMOPG MO2YM Obimb 3GHYMEPOSAHbL C YHemoMm
KDATHOCTIY 6 NOCAEJ0GATEALHOCTND A1, Az, ... Max, ¥mo |Ag| = |Agt1|
u Ax — 0 npu k — oo.

PaccMoTpuM Teneph OCHOBHYIO TEOpEMY O IPUBEICHHM K JHATOHANb-
HOMY BHAY CaMOCOIDSXKEHHOTO KOMITAKTHOIO OIepaTopa B IMJIbOEPTOBOM
MPOCTPAHCTBE.

Teopema 1 (Funvbept). ITycmo A — camoconpastcennvili Komnaxm-
Hull onepamop 6 cenapabeavhom 2uavbepmosom npocmpancmee H. Tozda
6 H cywecmeyem noanas opmoHopmMupo8aHHas Cucmema, COCTROAWAA U3
COOCEEHNBIT 8EKMOPO8 onepamopa A.

> JIns KaxkA0ro HeHyNIeBOro COGCTBEHHOrO 3HAYEHU A B IPOCTPAHCTBE
Ker (A — \I)) Boibepem oproronansHslii 6a3uc. [Iycrs L — nognpocrpas-
ctBo B H, nopoxaennoe obbenuueHneM Bcex BbiOpaHHbIX 6a3ucos. Toraa

340



L uHBapWaHTHO OTHOCHTENbHO A, U, 3HA4YMT, LT TakKe MHBADMAHTHO OT-
socutesvuo A. Ilycrs B = A| L’ L+ — L+ — cyxenne oneparopa A Ha,
IOAIIPOCTPaHCTBO LL. TOI‘,ELB. B sBasercs CaMOCOIIPAXXXKEeHHbIM KOMITAKT-
HBIM OHNEPaTOPOM.

ITokaxkem, yto B = 0. Cornacuo Teopeme 2 § 51, CyIuecTByeT CIex-
TpaabHOEe 3HadYeHWe y omeparopa B Takoe, uro |u| = ||BJ. pennoso-
xum, 4to ||B|| # 0, .e. u # 0. Torma mo Teopeme 2 § 49 omepatop
B — uI ¢penronsmos u ind(B — pl) = 0. Ecin ker(B — pl) = {0},
to Im(B — puI) = Lt n, 3nauur, B — ul umeer orpaHuyeHHbIH o6pat-
HbIHi OIIepaTop. CJIe,I[OBa.Te.TIbHO, M HE ABJAETCA CIEKTDAJBbHBIM 3HaYEHHEM .
3uaunt, ker(B — ul) # {0}, T.e. 1 ecTh COBCTBEHHOE 3HAYEHHE ONEPATOPA
A ¢ cobeTeennbim BekTopom 3 LY. Ho mo mocrpoenuio Bce cobcTBEHHbIE
BEKTOPbBI C HEHY/I€BbIMHA COOCTBEHHBbIMY 3HAYEHUSAMU NpUH3AJIeXKAT L. Io-
JlydaeM IpoTuBopedne. 3Hauut, ||B|| = 0 u Bce BekTOpHI U3 L+ asnswrca
COOCTBEHHBIME BEKTOPAMH OnepaTopa A ¢ coGCTBEeHHBIM 3HAYeHHEM A = 0.

Boibepem B Lt 6a3uc 1, 06bequHAs €ro ¢ IOCTPOEHHbIM paHee 6a3iu-
com B L, mosy4yaeM 6asuc B mpocrpaHcTe H, cocToaumit u3 coBCTBEHHBIX
BEKTOpOB onepaTropa A. <

3ameuanue 1. CenapabenbHocTh mpocrpancTsa H HCIOJB30OBAHA TONBLKO AJis
nocTpoenus cyerHoro 6asuca B L. TI0o9TOMY /s IPOM3BOMbHBIX TMJIbGEPTOBBIX IIPO-
CTPAHCTB aHAJIOTMYHAA TeopeMa (pOpPMYNUPYeTCs CJAeAYIOINM 0Bpa3oM.

Teopema 2. Ecau A — caMOCONPANCEHHDBIT KOMNAKMHBLT ONEPATNOD
8 2uavbepmosom npocmparcmee H, mo cyujecmeyem uneapuanmmoe nod-
npoemparncmeo L C H maxoe, wmo 8 L ecmb cuemnnll 6a3uc, cocmoauyutl
u3 cobCMEEHHBIT 8EKMOPO8 onepamopa A ¢ HeHysesbMU COBCTNGEHHbLMU
BHAUEHUAMY, 0 HA OPTMO20HAAbHOM donoanenuu L onepamop A nysesot.

3amevanue 2. Ecin ans oneparopa A B rusisbeproBom npocrpascree H cy-
LIeCTBYeT NOJIHAA OPTOHOPMHUPOBAHHAsi CHCTEMA € TaKas, uro Aep = Apey, npuuem
Ak BewecTBeHHbl M A\ — O mpu kK — 00, T0 A — CaMOCONPS>KEHHbIH KOMIIAKTHbIH
onepaTop.

HeiicrBuTenbHo, 0003Ha4yad yepe3 An oneparop, AefcTeyromuii 10 dhopMyne

n
Anz = M (z,ek) ex,
1
moayyaeM, YTo An — ONepaTop KOHEYHOTO DAHra H, CJIeJ0BaTeNbHO, KOMNaKTeH. Tak

Kak ||An — A|| = sup |Ax] — 0, To A xomnaxkrten. Takum 06pa3oM, ONHUCAHHBIE B TEO-
k>n
peme CBOMCTBA ABJIAIOTCA XAPAKTEPUCTHYECKUMHU 7151 KOMIAKTHBIX CAMOCOTPSKEHHBIX

ONepaToOpOB.
3ameuanne 3. Ecau oneparop A geiicTyer B runbbepTOBOM NpoCTpaHcTBEe H,
TO B mpou3BOJMbHOM 6asuce oH moxer OniTb 3aaaH GeckoHeuHol marpuuei (a;;), ero
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oC
KBaAPATHYHAA POPMA MMEET BUL ) G;;%;T;, TAe L; — KOOPAMHATEI BEKTOPA T B yKa-
7,j=1

3aHHOM Oa3muce. Takum obpa3om, KBagparn4uHas (POPMa OIlepaTopa SIBJIAETCA KBaapa-
THYHO#! opMmoii GeCKOHEYHOTO Yuc/Ia NepeMeHHbIX Z;. Eciu nepefitu k HoBOMY Gasucy
{ex}. cocTosuemy u3 cobcTBeHHBIX BEKTOPOB OmepaTopa A ¢ COGCTBEHHBIMH 3HAUEHHsI-

.

MU Ak. TO KBaApaTH4Has cdopma npumer sua (Az,z) = Y. Agjck|?, rae c¢x = (T, ex) —
k=1

HOBbIE KOODAMHATHI BEKTOpa x. Takum ob6pasom, uz teopemnl [usnbbepra mnosyvaem,

YTO KBaAPaTH4YHasd HOPMa KOMIIAKTHOTO CAMOCOMIPSYKEHHOrO ONEepPAaTOpPa MPUBOAUTCA K
CYMMe KBaJPaTOB.

IlpuBenem npyryio bOPMYyIHPOBKY 3TO TeOPeMbl, KOTOpas MOACHSET
ee Ha3BaHHUe, — TEOPeMa O CIEKTPATbHOM DA3JI0XKEHHU.

IIpocreitiumu onepaTopaMy B TIbOEPTOBOM IIPOCTPAHCTEE SABJISIOTCA
OPTOrOHAJIbHbIC IPOEKTOPbL. ITO ONEPATOPLI, YAOBIETBOPSAIOIIHE YCIOBHIO
P? = P, P* = P. O6o3Ha4um 4epe3 P} onepaTop OpTOrOHAJLHOIO TpO-
eKTUPOBAaHKA Ha NOANPOCTPAHCTBO, TOPOXKIEHHOE COOCTBEHHBIM BEKTOPOM
€k, COOTBETCTBYIOUIUM COOCTBEHHOMY 3HAYEHHUIO \k. DTOT ONEPATOp 3a1a-
erca dopmynoit Pyx = (z,ex)ek.

INpoekTopn! Py U Pp Ha3bIBAIOTCS OPMO20HAALHBIMU APYT K ADYTY,
ecu PLP, = PPy = 0, T.e. eciin OPTOrOHAJbHBI OANPOCTPAHCTBA, Ha
KOTOpBIE OHM MPOEKTUPYIOT. Teopemy I'nibbepra MOXxHO chOPMYILPOBATH
B CJIEAYIOLIEM BUJIE.

Teopema 3. Onepamop A 6 2uabbepmogom NPOCMPAHCMEE ABAAECMCA
CAMOCONPANCEHHBM KOMNAKMHOM ONEPATROPOM 0204 U TMOABKO moezda,
xozda cyusecmayem nocaedosamesbHOCTG TOTGPHO OPTMOZOHAALHBLEL 00HO-
oC

MePHT npoexkmopos Py maxas, wmo A = Y APy, 2de Ay ER, A — 0
k=1

u pad cTodUMCA NO HOPME.

Paccmorpum Teopemy 1 ¢ ewne 0JiHO# TOYKM 3penust. s KOMIAKTHOrO
caMOCOnpsixKeHHOro omneparopa A cymecrnyer {e;} — OpPTOHOPMHPOBaH-
Hblit 6a3uc B npocrpancrBe H, cOCTOALIMI U3 COBCTBEHHBIX BEKTOPOB OIle-
paropa A. Ilosromy orobpaxenwe U : H — lp, U(x) = (c1,¢2,...), L€
¢ = (z, er) — xoadpunpenrsr Pypue snemenTa T, ABISETCH HIOMETPUIE-
CKHM H30MODP(MH3MOM rHILOEPTOBBIX MPOCTpaHCTB ( Teopema 3 § 31) u npu
3TOM H30MOp(du3Me oneparop A IMepexoiuT B JUArCHAbHLIA OnepaTop —
ONEepaTOp YMHOMKEHMs HA MOC/I€A0BATEIBHOCT, (Ag) B MPOCTPAHCTBE o.

ITpocrpaHcTBo lg siBAsieTCa YACTHBIM CiydaeM npocrpadctsa Lo(T, u),
korga T' = N u Mepa u Kaxa0# Touku ects 1. JTrobas nocaeaoBaTenbHOCTD
€CTb, 110 OlIPeIEICHNI0, (DYHKIIUS HATYPAJIbHOrO apryMEHTa, T. €. (PyHKUus

342



Ha muoxectBe N. Takas popMyaupoBKa noacka3niBaeT, 4To 0bobuieHne
TEOpPEMBbI O NMPUBEIEHMH K AHACOHAJIbHOMY BHIY MOXKET BbINJIAAETh KaK
yTBEpKIeHUe O Mogobun oliepaTopa A onepaTopy yMHOKeHHs1 HAa (dyHK-
uuio. Takoe yTBepaKaeHue NelCTBUTENbHO HMEET MeCTO.

Teopema 4 (0 CHEKTPaNbHOM DA3N0KEHHH CAMOCOIMDSYKEHHOrO Ole-
paropa). Ecau A — ozpanuuerHsill CAMOCONDANCEHHDIT ONEPATNOP 8 2UAL-
bepmosom npocmpancmee H, mo cywecmeyem npocmparcmeo ¢ mepot
(T, 1) u usomempunecxut usomoppusm U : H — Lo(T, i), npu xomopom
onepamop A nepexodum 6 onepamop YMHONCEHUA HA HEKOMOPYH Geuje-
CMEEHNYI0 02DaruNenny0 Pyrryuro A(t).

Msl npuBOAUM 37eCh 3Ty Teopemy 6e3 nokazarenbcrBa. [Ipumepom Ta-
KOro u3oMopdu3Ma B C/Iy4Yae HHTErpaJibHbIX ONEPATOPOB CBEPTKH, pac-
CMOTpPeHHBIX B § 39, aBnserca npeodbpaszoBanue Pypre: omepaTtop cBepT-
Ku mocje npeobpasosanusi Pypbe nepexoguT B ONEPATOP YMHOXKEHUS Ha
byHKIMIO.
B cayyae koMnakTHOro CaMOCONMPSAXKEHHOTO OMEPATOPa U3 TeopeMbl 3
UMeeM JIOTIOHUTENbHYI0 HHQPOPMAIMIO: IPOCTPAHCTBO 1 CYEeTHO, 3aHyMe-
POBaB ero TOYKH HATyDPaJIbHbIMM YHCJIAMH, [IOJIydaeM, 4T0 GYHKUnA A(t)
SBJISIETCS. B 9TOM CJIydYae TOCJIEA0BATEIbHOCTHIO Aj; COOCTBEHHBLIX 3HaYe-
1302078
Nycts (ex) — 6a3uc B npocrpancTse H, cocrosmuit U3 cOGCTBEHHBIX
BEKTOPOB OmepaTopa A ¢ cobcTBeHHbIMA 3HavYeHnAMU Ag. Ucnonb3ys pa-
2C

BEHCTBO & = Y Iyep — padnoxenue r € H B psa Pypbe 1o 910# cucTeMe,
k=1

NOJTy4aeM, yTo AeiicTere oneparopa A 3a1aeTcsl 04eHb IpocToii popmynoi

oc
Az = Z AkTrer.
k=1

Sra dopmyiia NO3BOIIET OCYLIECTBIIATL PA3IHYHbIE BHIYHCJIEHNA C 1aH-
HbIM onepaTopoM. Hanpumep, ectecTBeHHO orpedesnTh (GYyHKUUIO OT OIe-
paropa no ¢opmye

f(A ;- Z )\k akek

Omneparop f(A) onpeaenen mas dbyHKUMR f, 3aTaHHBIX H OMDAHUYEHHBIX
Ha MHOECTBe COBCTBEHHBIX 3HadeHu { A} , T. e. Ha cnexTpe oneparopa A.
Hanpumep, eciin A — peryssipHoe 3HaueHHe AJia oneparopa A, 1o GpyHKuns
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f(z) = (z = A)~! onpenenena u orpaHudeHa Ha crekTpe. IToH byHKUMH
COOTBETCTBYET DE30JIbBEHTa OIl€paTopa

(A—AD)” i

®opmyna (1) no3Bosser IJisi PEryJsipHOrO 3HAYEHHS A ABHO BBINUCATH
pewuenue ypaBueHuss Ar — Az = y:

Z )\ykeka

xkek. (1)

rae Y = (y, ex) — xosdbunmentsr Pypoe aaeMeHTa y.
IIpumep Takux BbIYMCIEHHH ObL1 paccMOTpeH B TeopeMe 4 § 35.

HHrerpansHble ypaBHEHHSA ¢ CHMMETDHYHBIMH SODAMH

OCHOBHbIM OpuMEpPOM OIIEPATOPOB, OJid KOTODBIX BbINIOJIHEHbBI YCJIOBUA
NPpEAbIAYLHINX TEOPEM, ABJATCA HHTErpaJibHbIE OIIEPAaTOPhI C CAMMETDHY-
HbIMH siapamu. B npocrpancrse Lo (T, 41) pacCMOTPUM HHTErPaJbHbIA One-
paTtop

Az(t) = [ K(t, s)z(s) dys,
/

SIAPO KOTOPOT'O YAOBIETBOPSET YCAOBHSIM

1) [[IK(t,5)|? dusdps < +00;

TT

2) K(t,s) = K(s,1).

U3 ycnosusa 1) nosydaem, 4To omeparop A KOMIIAKTEH, H3 YCJIOBHS
2) umeeM, 9To onepatop A camoconpsixkeH. Ilo Teopeme 'nabbepra B npo-
crpanctse Lo(T, 1) cyluecTByeT noJiHasi OpTOHOPMUPOBAHHAN CUCTEMA, ey (1),
cocTosimas u3 cobcrseHHbIX QyHKImit oneparopa A. Paznoxenue 1o 3Toi

CHCTeME MO3BOJIAECT NOJTHOCTHIO HCCIeA0BATh U PEUINTh UHTErPaJIbHOE ypPaB-
HEeHHe

- / K (t. s)z(s) dus = y(t). @)
T

Byaeum uckaTh pelueHue ypaBHeHHd (2) B BHIE DAL

z(t) =) are(t)
k=1
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Ioacrasnss B ypaBHeHue (2) ¥ npupasHuBas k03¢ bulueHTs 1pu ex(t) B
JIeBOU W NpaBOil 4aCTAX, NOJY4IaEM

Tk — AT = Yky, Yk = (Y, €k) = /y(t)ek( Yduy, k=1,2,....
T

Pemas nony4eHnHble ypaBHEHHMS OTHOCHUTENBHO I, NoOJydaem Oosee ne-
TaNbHY0, YeM B ajbTepHaTnBe ®penrosbma, MHGOPMALMIO O HHTErPAIIb-
HOM ypaBHeHu# (2).

IIpu coeaannux npednososHceHusT omuocumenvto gynkyuu K (t, s) daa
ypasrenua (2) 803modicHb TOIBKO 0daa cayxas:

L X #1, k=1,2,... Tozda x = yi/(1 — Ax) u daa awbozoy € H
cywecmeyem peweHue ypagnenus (2)

o
- Z 1

(Ilepeviti caywati anvmepramues, Ppedeoavma.)
I \p =1 daa k = ky,...,k,. Tozda 0aa cyuecmeosaHua peulenus
HeobTodumo u docmamoiHo, ¥mobvl 6LINOAHALUCD YCAOBUSA

yk=/y(t)ek(t)dut=o, k=ki,. . kn. (3)
T

ITpu ewnoanenuu yeaoeud (3) ece pewenua ypashenus (2) umerom eud

x(t)=211 yrek(t +chek

ktks

ede ¢k, — npouseosvHbie nocmoarnsie. (Bmopol cayval asvmepramues
Ppedzonvma.)

Ipu peweHun ypaBHeHus 2-r0 poga £ — Az = y HeT HeOBXOZUMOCTH
CTPOHUTB pa3ioxkeHue GpyHKUME T, TAK KaK T = Y+ Az, rae y — 3aJaHHbIH
3JIEMEHT, U 3HAYUT, ZOCTATOYHO MOJIYYNTb Pa3JIOKEHUE JIeMEHTa AT :

2C

Ak
Az = kg 1 _k/\k Yker(t). (4)
=1

Tax kak Arx — 0 npu k& — 00, CKOPOCTH CXOJUMOCTH B pasyoxkenuu (4)
ans Ax Gonbire, 4yeM B Pa3JIOKEHHH JJis T, YTO CYLIECTBEHHO IPH Npak-
THYECKHUX BBIYUCJICHUAX.
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Pan (4) 6onee ymobeH Takxke TeM, YTO MPH HEKOTOPLIX IOMOJHUTEIb-
HBIX OTPAHHYEHHUAX HA AAPO OH CXOJUTCS PABHOMEDHO B OTJIMYME OT Psi-
Ja JJ1s i, TAe MMeeT MeCcTO Julib cxoaumocts B Lo(T, i). Kpome toro,
B (4) caraemble, COOTBETCTBYIOUINE HYJIEBBIM COOCTBEHHbIM 3HAYEHUSIM,
obpamatorcs B 0, U 418 NOCTPOeHHUs psAga (4) JOCTATOYHO MMEThH TOJIBKO
cobcrBeHHble (DYHKIMHE, COOTBETCTBYIOIINE HEHYICBBIM COOCTBEHHbIM 3Ha-
YEHHUAM.

Teopema 5 (Tunnbepr — IImunr). Hyemo u(T) < oo. adpo K(t,s)
onpedeaeno na T x T, usmepumo, cummempuyno (K(t,s) = K(s,t)) u
cyusecmeyem nocmoanuas C maxas, wmo

[ 1K) duts) < C. (5)
T

Eecau pynwyua [ npunadaexcum obpasy ummezpaavhozo onepamopa A ¢
adpom K(t,s), m.e. npedcmasasemcs 6 eude

£(t) = / K(t s)h(s)du(s). h € La(T, ),
T

mo ee pad Pypve no cobecmeennvim GyHryuam onepamope A cxodumcea x
f pasnomepro u abcomommno.

> Ormerum, uto [ [|K(t,s)|? du(t)du(s) < 400, A — KOMDaKTHBbI
TT
camoconpsiKenHblit onepatop B La(T, 11) U CyIIECTBYeT TIOMHAA OPTOHOD-

MHPOBaHHAs CUCTEMA, coc'ro;lmaﬂ 13 CO6CTBeHHbIX dbyukuuii ex(t) onepa-

topa A. Torna h(t Z hrer(t), rae Z |hi|? < 4oc. Toraa umeem
k=1

x

F(t) = 3 hgArer(t). IposepuM, 4TO [/ PsAAa, COCTABJIEHHONO U3 MOJY-
k=1

neit, BblnoJiHseTcs Kpureprit Koy paBHOMEPHOH CX0AMMOCTH, T. €.

supz |hAger ()] — 0, n,m — oo.
t k=n
W3 nepasenctsa Komn — BynsikoBckoro umeem

<Z[h,k/\kek(t ) ZV‘U Z|/\kek

k=n k=n k=n
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m
Iepsblit comuoKuTeAb Y |hg|? CXOAUTCA K HYJIIO MPH N, T — 00, KaK
k=n
OTPE30K CXOAALIErocsa psiaa. s J0Ka3areibCTBa TEOpeMbl JOCTATOMHO
[OKa3aTh, YTO BTOPOU COMHOXHTEJIb OFPAHHYEH. 3aMHLIGM B SIBHOM BUIE

ycaoBue Aep = Apey:

/K(t,s)ek(s) du(s) = Ager(t). (6)
T

U3 ycaosus (5) noayvaem, 4ro npu dukcHpoBanHoM t gyHkumst I (L. s),
Kax YHKUNA NepeMeHHol s, npuHamiexut La(T. 1); pasenctso (6) 03Ha-

4aeT, B YACTHOCTH, 4YTO YHCIO Agek(t) ectb Koadpduuuent Pypbe 31O
"

¢dyuxuuy. Ilo nepasenctBy Beccens Y |Arer(t)]? < C. <
k=n
3ameuanue 4. Kak 6p110 nokasano B § 48, ycnosue [ |K(t.s)|2 ds < C puinosnneno
Q

B orpannyenHoii obnactu  C R™ ans cnabononspuoro sapa npu « < n/2.

IIpumepsrL

1. [Ipu nokasarenbcrBe TeopeMbl 4 § 37 ObLIO IPOBEPEHO, YTO OPTO-
HopMHpOBaHHbIH Oasuc {exp(i2wkt)} B mpocrpancrse Lo|0, 1] cocrour u3
COGCTBEHHBIX (PYHKIMI MHTErpaJLHOrO ONEpPaTopa

1
Az(t) = / K(t — s)z(s) ds,
0

1
a cobcrsennble 3nadenns A\, = [ K (7) exp(—i27k7) dr sBasitorcs kosddu-
0

nuentamMu Pypre byukuuu I(7). YeioBue caMOCOIPS2KEHHOCTH OlIeparo-
pa K (1) = K(—7) obecneuuBaer BeIeCTBEHHOCTb COOCTBCHHBIX 3HAMEHHU .

2. B npocrpancTse L3[0, 1] paccMOTpUM HIITErPaIbHLIfi OMEPATOP C H1-
pom K (t,s) = min{t, s}. 3anuiuem ypaBHeHue Ax = Az A/s HAXOXK HEHHSI
cobcTBeHHbIX PYHKLUMM, UCTIOAb3Ys ABHLIH BUJ sApa:

t 1

/sm(s) ds + /t:z:(s)ds = Az(t). (7)

0 t

JleBas yacTb ypasrenus (7) ecTb HenpepbiBHAA (yHKUMS A5 J10608 QyHK-
uuu = € Ly[0,1]. [Ipu A # 0 nonydaem orcioja, 4To U (yHKUUSA T Henpe-
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peiBHa. Ho npu HenpepbiBHOM (hyHKUuM z J1€Bas 4aCThb SBJIAETCS HEIpe-
puiBHO auddepenuupyemoit pyHknmeit, a 3HauuT, 1 £ HenpepbIBHO audde-
peruupyema. [poauddepenunporas no ¢ ypasuenue (7), HOIy4aem ypas-
HeHue

1
tz(t) + /x(s) ds — tz(t) = Az'(t),
t

U3 KOTOPOT'O aHAJIOTUYHO BHAHO, 4TO (pyHKIMs T’ (t) HEnpepbiBHO qudde-
pernupyema. [Ipoguddepenuupopan nocnenHee ypaBHeHHE, MOy YaeM

—x(t) = Az (%)

3uauut, cobcTBeHHasa QyHKUMSA, COOTBETCTBYIOMAA COOCTBEHHOMY 3Hawve-
HHUIO A, SIBJISI€TCS pPelleHHeM OGLIKHOBEHHOro auddepeHunanbHoro ypas-
HEHUsI C MOCTOSHHBIME KO3 duuneHTaMu

Az’ () + z(t) = 0. (8)

Jns ypasuenns (8) MOXHO Halith obmee peumenue. Hanpumep, npu
A > 0 obiee pemerue ypaBHeHus (8) ecThb

t t
z(t) = ¢1 cos —= + cp sin —. 9
VA

2\

Ho 1e Bcsakoe penienue ypaBHeHus (8) siBJASETCS PElIEHHEM UHTErpasib-
Horo ypasHenus (7). Moxuo noacrasutk (9) B (7) u HaiiTu Te A, npu
KOTODPbLIX (7) HMeeT HeHyJIEeBbIE PELUeHHS.

Bonee ynoben apyroi cnocob. Tonoxum t = 0 B ypasHenunu (7) ut = 1

1

B ypaBHeHun [ z(s)ds = Az’(t). Ilomydaem, kpoMe ypaBHenus (8), Kpae-
t

Bbl€ yCJIOBHA, KOTODBIM AOJI2KHbI YIOBJETBODATHL CO6CTBeHHbIe (byHKuI/H/IZ
z(0) = 0, z'(1) = 0. Iokaxkem, yro ecnu GyHkuua z(t) yIOBAETBOPAET
yDaBHEeHHIO (8) ¥ KPaeBbIM yCJIOBHSIM

z(0) =0, (10)

(1) =0, (11)

TO I SIBJIAETCH PEIICHUEM WHTErpajibHOro ypasHenus (7). JdefcTBUTeNbHO,
npouHTerpuposas (8) or t 10 1 u wucnone3dys (11), nosyyuM ypasHeHHE
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1
J z(s)ds = Xz'(t). Ilpounrerpuposas ero or 0 o t u ucnonssys (10),
t

[OJIy MM UCXOZHOE ypasHeHue (7).

3uauur, ypasuenue (7) 5 HAXOXKIEHHUsS COOCTBEHHbLIX (DYHKIMIA IKBU-
BAJIEHTHO Kpaeoii 3axaue (8), (10), (11) mns auddepeHnyanbsHOro ypas-
HeHHs, M HaIlla 3a/a4a CBOAMTCH K TaK HasbiBaeMoii sadaue IIImypma —
Jluysusns: HaliTM 3HaYeHUs apaMeTpa A, IPH KOTODHIX KpaeBas 3aJaya
(8), (10), (11) umeer HeHyJIEBbIE PELIEHHS.

Tak Kak u3BecTHO Oblee pelrenue ypaBHeHHsS (8), MOXKEM B sIBHOM
BHJIE BBINKUCATH pelenye Kpaesoi 3a1a4u. Ilpu A = 0 nojyuyaem x = 0, u
3HA4YHT, A = 0 He eCTb COBCTBEHHOE 3HAYEHHE.

IIpu A > 0, noncrasassa obuiee peirenne (9) B kpaessble ycnosus (10),
(11), momygaem

z(0)=c; =0, 2'(1) = ——cos

VA f 0

Ecmu cos(1/vA) # 0, T0 ¢ = 0, z = 0 u T He aABIserca cOOCTBEH-
HOM pyHKImed. 3Ha9nT, cCOGCTBeHHBIE DYHKIMHA CYIECTBYIOT TOJIBKO, ECIIH
cos(1/v/A) = 0. Orcroga 1/VA = n/2 + krr, k =0,1,2,..., 1 nony4aem
[0CJIEI0BATEIbHOCTE COBCTBEHHBIX 3HAYECHHI
Ak = ! k=0,1,2
k= (7/2+km)2” & T

IIpu A = A;, coberBensas GyHKIWMS e, UMeeT BULI ek (t) = cosin(w/2+km)t,
rie NOCTOSIHHASA C; NPOM3BOJIbHA. BhiOupaeM ee U3 YCJIOBHIT HOPMHPOBKHU
TaK, 4TobnI ||ek|| = 1, Ang 9ero nosaraem

1
-1/2
cy = / t(r/2+ k) dt) = V2.
0

Ilpu A < 0, ucnosnb3ys obiee pewenue (8), ybexxnaemcs, 4To 334344
(8), (10), (11) uMeeT TONBKO HyJIEBbIE PELICHUS.

Urak, unrerpanbHbiii oneparop A ¢ sapom K (t,s) = min(¢, s) B mpo-
crpancTe L0, 1] uMeeT MoHy 0 OPTOHOPMHUPOBAHHYIO CHCTEMY COBCTBEH-
HbIX byHKuHi ex(t) = /2 sin(7/2 + k7)t ¢ cOBCTBEHHBIME 3HAYCHHUAMH
A = (m/2 + km)~2, roe k = 0,1,2,.... MBI moay4mmu, B 4aCTHOCTH,
€Ille OAWH NPUMeP MOJIHOA OPTOHOPMHMPOBAHHOM CHCTEMBI B MIPOCTPAHCTBE
L,[0,1].
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YcraHoBAGHHAA B NpUMepe 2 CBA3b HHTErPajbHOrO ONEpaTOpa C 3a-
Aaveit ltypma — JIuyBuiA ABAseTCA NMposiBieHHeM obuieil 3aKoHOMep-
HOCTH. Ajsi wupoKoro Kiacca JuddepeHurnabHbIX ypaBHEHHI 3a1atia
[Irypma — JjlnyBusmina

(p(z)u'(2)) — g(z)u(z) = Au(z), 0 <z <1,

aou(0) — bou'(0) = 0; ayu(l) — hu/(1) =0,

rae
p(x) >0, g(z) >0,

aOZOa GIZOybOZOa blzor 0.0+(l]>0, b0+b1>05

9KBHBAJIEHTHA 33J3a4e 0 cOOCTBEHHbIX DYHKUUAX HEKOTOPOro KOMIIAKTHO-
ro CaMOCOINPSXKEHHOr0 MHTErpajibHoro oneparopa. s nocTpoennsi cob-
CTBEHHBIX PYHKIMI, KAK B pACCMOTPEHHOM HpHMEpE, HCNOIb3yeTCA 3343~
ya Itypma — JluyBunns, a u3 Teopembl 2 cjleyer, 4TO 3TU COOCTBEHHbIE
dyHkMn 06pasytoT 6a3uc.

dToT PAKT ABJIAETCS OCHOBHBIM MOMEHTOM TpH OOOCHOBAHWU METO/a,
Oypbe (MeTona pa3sesieHus NEPEMEHHBIX) PEIeHUsl KPAeBbIX 3aJa4 AJisl
yDaBHEHHII MaTeMaTH4ecKoH (PUIMKH.



I'JTABA VIII
OBOBIIEHHBIE &YHKIINN

ITousTre 0606MEHHBIX PYHKLIMI BO3HUKIIO B CBA3M C PAAOM 33144 Ma-
TeMaTHKN U (PH3NKH, KOTJAa OObIUHbIX (PYHKIMH OKa3a/I0Ch HEA0CTATOUYHO
A onucaHus nabimonaemerx sienennit. Harpumep, pacupenesnenue macc B
IPOCTPAHCTBE YA00HO 334aBaTh C HOMOLILIO DYHKIMH — IUIOTHOCTU Pac-
npenencHusi. ECan ecTh TOUKHM, MMEIOIINe HEHYJIEBYIO MAcCy, TO He Cylie-
cTByeT 06bIYHON (hyHKIMM, KOTOPAs SBJISAIACH Obl ILIOTHOCTBIO Pacnpe,ie-
senusi. Cpeay APYTHUX OCJIOXKHEHNH, 3aCTABUBLIMX CPECMOTPETL MOHATHUE
byHKUAM, OTMETHUM CJIeAyIoNee: A1 Pa3pbIBHONH (OyHKIMU HET O0ObIYHOM
GYHKIMU, KOTOpasi MOrJa Obl UFPaTh POJIb IIPOU3BOAHON; NOCIELOBATE b
HOCTb, TIONy4YeHHAs TOYIeHHbIM auddepeHpoBaHieM cxoasmeics no-
CJ1€J0BATEILHOCTH, MOXKET HE UMETh TIPEIeJIA; AJ151 TAKHX N10J1€3HbIX (PYHK-
UM, KAK MHOTOY/IEHB!, HET DyHKUMH, KOTOpbIE SIBJISIMCE Obl UX 1peobpa-
3oBaHusamMu Qypoe.

O6masn 3axada 3akaO4aeTcs, TakuM 06pa3oM, B IIOCTPOEHHUM IIPO-
cTpaHcTB, 60Jiee MIMPOKUX, eM [IPOCTPAHCTBA OOBIYHBIX YHKIHI, B KO-
TOPBIX ONPE/IEIEHbI ECTECTBEHHbIE ONEPALIUH.

OpuuM M3 BApMAHTOB PeELIEHHMS YKA3aHHOH 33JaYH SIBJIAETCS BBE/e-
HHe OOOOLIeHHbIX QyHKUMA. 3aMETHM, YTO MOHHTHE 0DOGINEHHON (DYHK-
UMM OBLIO BRI3BAHO HE CTpeMJIeHHeM K 0DO0DIIeHHsiM, & KOHKPETHBIMY 3a-
HagaMu. Briepebie 00001IeHHbIE 331241 HAYAIH UCNOIb30BATLCS B (pU3UKe
I1. Aupaxom. OcHOBBI MaTeMaTHyeckoil Teopun 0006LIEHHBIX DYHKINH ObI-
au 3anoxenn! C.JI. Cobosesbim u JI. [lIBapuem. Koucrpykius obobien-
HBIX (DYHKLMHA ¥ OeHCTBUI HAJ HUMH €CTECTBEHHO YKJaAbIBaeTCs B 0bLue
KOHLENUHH PyHKIHOHAIBHOTO aHAIM3A.

Wazeto eBenenns 0600IEHHBIX QYHKUME OPOUIIIOCTPUPYEM Ha Cledy-
roiieM nipumepe. Eciu Ha muoxecrse C*°[0, 1] 3a4aTh TOMONOrUIO € MOMO-
w10 HOpMBI B3 Lo[0, 1], TO conpsazkennoe npocTpaHcTBo GyaeT n3oMopdhHO
L»[0,1]. Ecau BBecTu Gostee cunbHyIo Tomonoruio Ha C[0, 1], To MHOXKe-
CTBO HeNnpepbIBHBIX JUHEeHHBIX DYHKIMOHAJIOB CTAHET WIMPE U OHO OymeT
paciuupenieM npoctpancrsa dysxuuii Lo[0,1]. Ecau Tononoruio 3azars,
KpOME TOro, TakuM 00pa3oM, 4yTobbl onepatop auddepenupoBanus 6bL1
HenpepbIBHBIM, TO CONPsDKEHHBIH K oneparopy AuddepeHuupoBaHus Oy-
[eT 4eHCTBOBATH B 3TOM PACLUIMPEHHOM IPOCTPAHCTBE H UrPATh POJb Iud-
¢depeHUNPOBaHUA.
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Taxum obpa3oM, AJisT NOCTPOEHHUS TPOCTPAHCTB 00001LIEHHBIX PYHKIMIH
CJIeJlyeT MOCTPOUTH TAKOE NIPOCTPAHCTBO GECKOHEYHO Aud depeHIpyeMbIX
byHKUMIA, 4TOOBI B HEM TOMOJIOTUSA OBLIA JOCTATOYHO CUIBHOM, YTOOBI Olle-
parop nud dpepenuypoBanysi ObL1 HENMPEPBIBEH U 3aTEM B Ka4eCTBE HCKOMO-
r0 MPOCTPAHCTBA 0BOOIIEHHBIX (PYHKUHI PACCMOTPETH €r0 COMPSKEHHOe.
CyuiecTByeT MHOrO TaKUX POCTPAHCTB M, COOTBETCTBEHHO, MHOI'O Pa3/Iuy-
HbIX TIPOCTPaHCTB 0600meHHbIx hyHKuui. Haubosee yacto ucnonb3yrores
npocrpanctea IlIsapua D'(R) u §'(R), onucannble Huxe. Bee atu npo-
CTPaHCTBa He ABJIAIOTCS HOPMUPOBAHHBIME IPOCTPAHCTBAMH, HO ABJIAIOTCA
TOMOJIOTHYeCKUMH BEKTOPHBIMH POCTPAHCTBAaMHU.

IToaTomy cHavana paccMOTpHUM ODOLIME CBOMCTBA TOIOJOIMYECKHX BEK-
TODPHBIX [POCTPAHCTB, U3 KOTOPbIX B YACTHOM CJydae CIeAyIOT 3aMmeua-
TeNbHbIe CBOMCTBA 000OIIEHHBIX (DYHKIIHIH.

§ 53. TOITIOJIOTUYECKHUE
BEKTOPHBIE ITPOCTPAHCTBA

Onpegnenenune 1. Tonoaozuueckum 6eKMOPHLIM TPOCTRDAHCTIEOM
(T.B.1.) Ha3bIBAETCH MHOXKECTBO X, KOTOpOE

1) aBnsercs BekTopHBIM NpocTpancTBOM (Had nonem R wnn C);

2) ABJSAETCs TOMNOJIOTHYECKUM IPOCTPAHCTBOM;

3) CTPYKTYpbl TONOJIOTHYECKOTO ¥ BEKTOPHOTO MPOCTPAHCTB COTJIACO-
BAHbI, T. €. ONEPalH CJOXKEHUS ¥ YyMHOXKEHUsI Ha YUCJI0 HENpPEPBIBHBI B
3aJ]aHHOI TOMOJIOTHH.

3amMeTuM, YTO YCJIOBHE 3) CYIIECTBEHHO, TaK KaK BCTPEYAIOTCA eCcTe-
CTBEHHbIE Ha MEPBLIH B3MVIAA TOMOJOTLKHY, HE COIIACOBAHHBIE C BEKTOPHOM
CTPYKTYpOil (cM. npumep 13 uz § 25).

[IpuMepoM T.B.N. SAABAAETCA HOPMHUPOBAHHOE IPOCTPAHCTBO, TaK Kak
(cM. § 25) B HOpMHPOBAHHOM IIPOCTPAHCTBE ONEPALMY CIOKEHUS U YMHO-
KEHUsT Ha YHCI0 HenpepbiBubl. Qco6eHHOCTh HOPMUPOBAHHBIX TPOCTPAHCTB
3AKJI04AeTCs B TOM, 4TO B HUX TOMOJIOIHs 33aJ3eTCs ¢ MOMOLIbIO OLHOM
HopMbl. OfHAKO HAM y»Ke BCTPEYANUCh Da3jIM4YHble THUIBI CXOAUMOCTH H
CBA3AHHBIE C HUMHU TONOJIOTHH B BEKTOPHBIX IIPOCTPAHCTBAX, COTJIACOBAH-
Hble C BeKTOPHOM CTPYKTYypO#i, KOTOpbIE He MOTYT ObITh 33JaHbI C IOMO-
11610 OHOM HOPMBI. TaKOBbI, HAPUMEP, TOYEYHAS CXOMUMOCTh MOCIEA0Ba~
TeJbHOCTH GYHKUMH, CHIbHAA CXOAMMOCTD MOCIEA0BATEILHOCTH ONEPATO-
pOB, crnabas CXOOMMOCTh B HODMHPOBAHHOM IIpocTpaHncTse u ap. Co3manue
Teopun 060011eHHbIX (YHKIHA TaKKe CTUMYJINPOBAJIO PA3BUTHE TEOPUHU
TOMNOJIOrMYECKUX BEKTOPHBIX IPOCTPAHCTB.
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Ha pasnuusbie KNacchl T.B.II. IEPEHOCATCS PsAJ NMOHATHH U TeOpeM U3
TEOPMM HOPMUPOBAHHBIX NPOCTPAHCTB. PacCMOTpPUM 37eCh JIUIIL HEKOTO-
pble BOIIPOCHI, CBA3AHHBIE C CONPAXKEHHBIMH IPOCTPAHCTBAMHU K CONPHXKEH-
HbIMH OMEPATOPaMH, KOTOPbIe GyayT HCIOIL30BAHBI B 3TOM TJIaBe MPH MO-
crpoennn 06061eHEbIX pyHKLUMit. Bosee moapo6HO T.B.1i. ByoyT paccMoT-
petbl B raBe 1X.

Onpeneneune 2. ConpasnceHHuM NPOCPAHCMEOM K m.8.n. X Ha-
3bIBAETCA NPOCTPAHCTBO X,' cocTosinee U3 BCEX JHMHEHHBIX HEeMPePbIBHbIX
GbyHKIHMOHANIOB Ha TpocTpascTBe X.

B conpsixxeHHOM IpOCTPAHCTBE MOXKHO BBECTHU CJ1a0YI0 CXOMHMOCTb: IO-
BOPSAT, 9TO MOCJEI0BATENLHOCTD fr, € X' cxodumcea caabo x f € X', ecnn
fo(2) — f(z) nns mwoboro z € X.

KaK H B Cjry4yae HOpMPIpOBa.HHbIX HpOCTpa.HCTB, AJis1 HEeIIPDEPbIBHOCTH
JIMHEHHOro oneparopa (Mix GYHKUMOHANA) B T.B.I. JOCTATOYHO, YTOOLI OH
6bLT HenpepbiBeH B OAHOM TOYKe (Hanpumep, B Touke 0).

Ecau A — nuueitnsiii HenpepbIBHBIN omepaTop B T.B.M. X, TO TOYHO
TaK»Xe, KAK 1 B cnyqae HOpMHpOBaHHOI‘O NNpOCTPaHCTBa, BBOANTCA ITIOHATHE
COIPAKEHHOT'O OIepaTopa.

3uauenve ¢pynkuuonana f € X' Ha touke z Gyaem obozHauarts (f, x).

Onpenenenue 3. Conpaoicernvim ONEPAMOPOM It HENPEPBIBHOIO
nuHeiHoro omeparopa A : X — X massiBaerca oneparop A': X' — X',
nedcrByrowmii no ¢opmyne A’ f(x) = f(Az) wnu, 910 TO Ke, yIAOBIETBO-
psiroumit yenosuw (A’ f,z) = (f, Az).

Teopema 1. Jas a0b6020 nenpepwienozo auretinozo onepamopa A 6
npocmpancmee X conpasicenuvid onepamop A A64AeMCA HENPEPLLEHBIM
6 cmbicae caaboli CTOOUMOCTIYU AUHETHBM OTLEPETNOPOM.

> Oyuxkuuonan g(z) = (f o A)(x), KaK KOMIIO3UIMSA HENPEPHIBHBIX
oTOOpaXkeHHil, eCTh HEMpPEpLIBHOE OTOGpaXkeHHe, T.€. g €CTh IJIEMEHT U3
X' (TeM caMBIM MpOBEpEHA KOPPEKTHOCTH OMpeiesieHus oneparopa A’).

Ecmn f, — f caabo, o A'fu(x) = fo(Az) — f(Az) = A'f(x), T.e.
oneparop A’ mnepesoauT C1a60 CXOAAILYIOCH NOCAEAOBATEILHOCTD M3 X'
B ¢J1a60 CXOOALYIOCS NMOC/IEA0BATENbHOCTb M3 X', <

Kak MbI y>ke OTMeYaJd, HCIOJb30BaHUE COIPSXKEHHOT'O IPOCTPAHCTBA,
HauboJjIee MoJIe3HO B TOM CJIydae, KOTIa COMPSKEHHOE NPOCTpaHcTBO X'
JOCTATOYHO OBIIMPHO, T.e. QyHKUHOHAIH U3 X' pa3jendoT TOYKH TpOo-
crparcTtea X. OKa3bIBaeTCs1, OJHAKO, YTO AJs MPOU3BOJIBHBIX T.B.II. 3JIe-
MEHTb! CONPSKEHHOrO MPOCTPAHCTBA MOTYT He Pa3feTh TOUYKU X.
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Ipumep. B Bexropaom npocrpancrse K C[0, 1] KycouHo-Henpepbis-
HbIX pyHKuMii Ha oTpe3Ke [0, 1] 3a4a0UM TONOJIOTHIO € MOMOIILI0 METPUKY

1
p(x.y) = [/|z(t) — y(t)| dt. ra Tononorus cornacosana ¢ BEKTOPHOI
0

crpykrypoil. IlokaskeM, 4TO ecinit f — HeNpPepbIBHLIN JTUHEHRHbIR HYHKIH-
OHAJ HA ITOM IPOCTPaHCTBe, TO f = 0, T.e. conpsaAKeHHOEe NPOCTPAHCTBO
TPHUBHAJIBHO.

JelicTBUTENBHO, IPEANONOKKM, YTO CYIIECTBYeT DYHKUMS Tp Takad,
4yto f(29) = @ > 0. I3 HenpeppiBHOCTH f B Touke 0 CiexyeT, YTO Cylie-
creyet § > 0 Takoe, uro eciu p(x,0) < 6, To f(z) < a. Ecim xo mpencra-
BUTb B BIIE To = 1/n(y1 + ... 4+ yn), T0 f(T0) = 1/n[f(y1) + ... + fyn)]
u xots 661 ans onsoro k umeem f(yi) = a. Bosbmem

nxo(t), ecmm®=l <tk

yk(t) — n n
0 JJIs1 OCTAJIbHBIX t.
Toraa BBINOJHSIETCS PABEHCTBO Ig(t) = %[yl B +...+yn(t)] u
k/n
1
pun0) = [ V@l < = [sup Taolo)]
VvV oge<t

(k—1)/n

Ecnu B3sTH N TakuM, 94T0

5 2
> (el

TO p(yk,0) < § u mns Bcex k momxkHO BeIMOAHATHCA f(yk) < o Ilonyuaem
nporuBopeune. 3Haunr, f(x) = 0 gas m06oro .

JlokanbHO BBIMYKJIbI€ TOIOJOTHYEeCKE€ BeKTOPHBIE IIPOCTPaH-
cTBa. Bblaensercs Kiacc TOMOMOTMYECKUX BEKTODPHBIX MPOCTPAHCTB, 06-
JI3IAI0MHX PSIOM JOMOJHUTEIbHBIX CBONCTB, B YACTHOCTH IJIsl KOTODPBIX
HelpepbIBHBIE JIMHE HbIE (DYHKIMOHAJIbI PA3JENAI0T TOYKH HCXOLHOTO [TPO-
CTPAHCTBA.

Jlemma 1. Oxpecrnrocmu mouxu 0 m.e.n. X odnosHauro onpedeadrom
MONOAO2UN ITMO20 NLPOCTNPEHCTMEA.

> dns aoboro h € X orobpaxenue Tpx =  + h ABISIETCA HEIPEDHIB-
HbIM (B CHIIy aKCHOMBI 3 U3 Onpejesenus 1 T.B.1.), 06paTHoe oTobpakeHue
T'_h TakiKe HENPepPbLIBHO, 3HA4YUT, 1), — romeomopdusm. [Ipu atom romeo-
mopdusme Touka 0 nepexoauT B TOUKY A M OKPECTHOCTH TOYKM 0 B3amMHO
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OJIHO3HAYHO MEPEXOAAT B OKPECTHOCTH TOYKH h. 3HAYUT, IO OKPECTHOCTH
TOYKH 0 MOXKHO IIOCTPOUTb BCE OKPECTHOCTH NPOM3BOJIbLHON TOUKH h € X
H TeM CaMbIM OJHO3HAYHO 33JaTh TONOJOruio B X. <

Onpepenenne 4. Muoxecreo M B BeKTODHOM mpocTpaHcTBe X Ha-
3bIBAETCS  BHNYKABM, €CIH Ind MoObIX T,y € M Touku tr + (1 — t)y
npuHagiexaTr M aona scex t Takux, yro 0 <t < 1.

Onpegesnenune 5. Tononoruueckoe BeKTOpHOE NPOCTPAaHCTBO (X, T)
HA3bIBAETCA AO0KAALHO BBINYKABIM, €CJIIM B HEM CYILUIECTBYeET 6a3a OKpPECTHO-
CTeli HyJIsi, COCTOSIIAS U3 BBILYKJIBLIX MHOXKECTB. TOMOJOrus T Ha3bIBACTCA
B 3TOM CJly4ae JA0KGABHO 6bNYKAOL.

ITycth Ha BEKTOpHOM mpocTpaHcTBe X 33J3aHO CeMEHCTBO MOIYyHODPM
(pi)ier (I — npousBosibHOe cemeiicTBo WHIekcoB). Tomonoruw B X 3a-
JAlT C MOMOLUbI0 CUCTEMbI TIOIYHOPM cieayroiuM obpasom. Jns npous-
BOJIBHOT'O KOHEYHOrO HAbopa MOMyHOPM Pi,, . . ., Py, M uucaa r > 0 3ananum
MHOKECTBO

Vigoiinr ={z€X|pi, <rm k=1,....n}.

Muoxecrsa Vi, ... i, - 00pa3ynor 6a3y OKpecTHOCTeil HyJsA HEKOTOPOii TO-
IOJIOTHM, & MHOXKECTBA Tg + V;, .. 4, — 023y OKpecTHOCTeH TOUKH .
Muoxxkectno U C X Ha3bIBaeTCs OMEDbIMBIM, €CJIH JJI8 J1060H TOUKU
zp € U cywecrByer Takoe MHOXKecTBO V5, . i » = V,uro g + V C U.
TIpoBepuM, 9TO 3TO AeHCTBUTENBHO Tomnosaorus. Muoxecrsa § u X or-
kpoithl. Ilycts U;, © € I. — cemelicTBO OTKPBITBIX MHOXeCTB. Paccmor-
pum muokectso v = |J U;. Ecan 29 € U, 10 9 € Uj, AnA HEKOTOPOTO
i€l
0. Tak kak Uy, OTKpr’EFO, TO HalAeTCA MHOXKeCTBO Vi, .. . .q,.r TAKOE, YTO
2o + Vaq.....an+ C Uiy C U. CnegoBarennHo, MHOXecTBO U OTKPBITO.
TTokaxem, uro U; NUz — oTKpbITOe MHOXKecTBO. Ecnu xg € Uy NUs, TO
o € Uy n zg € Uy. Torna naitayrca muoxxectsa Vo .. anr U VB .. B
Takue, 4T0 o + Va,...anr C UL ¥ 20 + V3, 8.7 C U2 Boibepem
r = min(ry, T2) ¥ PACCMOTPAM OKDECTHOCTb HYJISA BUAA Vi, . an.By....B .1
Torna Vcn ..... nBraeeisBm.r © Val....,an.rl H Va; ..... anBro.fBm.r C V,Bl ..... B T2+
CrnegosaTenbHO,

o + Vay...oan,B1... Bm.r C U1 N U2,

T.e. U3 N Uz oTkpsITO.
IIpennoxkenmne 1. Tonoaozusa na eexmoprom npocmpancmee X, 3a-
JaAHHAA € TIOMOWDIO CUCTNEMDBL TVOAYHOPM, AOKAALHO EBNYKAQ.
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> [lokazkeM, YTO MHOXeCTBA Vi, ... a,.,r» OOpa3ymlue 623y OKPECTHOC-
Tell HyJA, ABIAITCA BBIMYKIbIMU MHOXKecTBaMu. Ilycrb 2,y € Vo, . an.r-
Torma, ecmn 0 <t < 1ui=1,...,n, notydaem

Pa;(tz + (1 = £)y) < tpay(2) + (1 = )pa,(y) S tr+ (1 —t)r =1,

38aunT, tz + (1 - 8)y € Vay....qmr- <

CrpaBennuBo U OGPATHOE YyTBEPKACHHUE.

IIpenioxkenune 2. Ha aokaavho ewnykiom m.e.n. (X,T) cywecmey-
em maKas cucmema noaynopm (P;)icy, MO MoOnNoaceus T cosnadaem c
MONoAO2UET, NOCTNPOEHHOU ONUCAHHBM BblWe CNOCobom To Imol cucme-
Me NoayHOpM (cm. caedcmsue 4 meopemus 3 § 57.)

IIpennoxenue 3. I[Tycms 6 m.e.n. X monoaozua T 3adana cucmemoti
noayHopm (pi)icr © nycmo das awbozo © € X, = # 0, cywecmsyem
NOAYHOPMA Diy MaKas, 4mo py(z) # 0. Tozda menpepuinvie aunelnbie
Pyrryuonaas pazdessrom mouxy npocmpancmsea X.

> Ilycts 21 # z9. Torma zp := x1 — z2 # 0. CymecTsyer Takas no-
JIYHOPMA p;, Ha X M3 4MC/Ia 33Jal0KX TOIOJIOTHIO, YT0 p;,(zg) # 0. Ha
ogHOMepHOM moxnpoctpaHcre L = {tzo| t € R} C X 3azamum nuHeiiHbIH
dyukunonan fy dopmynoit fo(tzo) = tpi,(ro). Torma va L BeimosneHo
HepaBeHcTBO |fo(z)| < pi,(z). Ilo Teopeme Xana — Banaxa (cm. § 41)
Anst GyHKIMOHANA fj CYILECTBYET HpOJOJIKEHUEe f Ha BCE IPOCTPAHCTBO
X Takoe, uto |f(z)| € pi,(x).

IMokaxewm, uyto pyuxumonan f nenpepsisen B Touke 0. JefACTBHTENBHO,
1y okpectHocTn Vo Hyns B R Buaa V =] — g,¢[, € > 0, npoobpas
F~HV) comepxut MHOMecTBO Vi ¢, T.€. ABIAETCA OKPECTHOCTbIO HYJIA B
(X, 7). B cuny nuueitnoctu f U3 HempepbIBHOCTH ero B Todke 0 cjexyer
HEIpepbIBHOCTD B J11000ii Touke, u 3Ha4uT, f € X'. Ilo mocrpoeHuio umeem
fla1) = fz2) = f(zo) # 0. <

3aMeuaHnue. YCIOBHE Ha CHCTEMY TOJYHOPM B mpeajoxenuu 3 (ana ¢ # 0 cy-
LWEeCTBYET NOJYHOPMa p Takas, 4To p(z) # 0) SKBUBAJEHTHO TPEGOBAHUIO OTAEIHMMOCTH
Tonosorun T. JlokasaTensCTBO CM. B § 57 (mpeanokenne 2).

I[Ipumepsl

1. B mpocrpancree C(R) nenpepeiBubix ¢ynknuit Ha R cuernas cu-
CTeMa IOJIYHOPM

pr(z) = max |z(t)], k€N,
[tI<n
337aeT JIOKAJIbHO BBIIYKJYI TOIOJIOTHIO, B KOTOPOH CXOLSTCA Te HOCJe-
JIOBATEIbHOCTH, KOTOPbIE PABHOMEPHO CXOASATCA Ha KOMIAKTHBIX TIOJAMHO-
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oc

xectBax u3 R. Hanpuwmep, pan 5. t*/k! cxomurca B 3TOM mpocTpaHCTBe
k=0

K €' (DABHOMEDHO M B CDEHEM DSl HE CXOJUTCA).

2. B npocrpanctse F[0, 1] Bcex pyunkuumit Ha orpeske [0, 1] cucrema no-
aysopm pi(z) = |z(t)], t € [0, 1], 3302eT TOKANBHO BBINYKJIYIO TONOJIOTHIO,
CXOIMMOCTb B KOTODO# COBHAJAET C TOYEYHOM CXOAMMOCTBIO TOCJEI0BA-
TeAbHOCTH pyHKUMIL.

3. B npocrpancree LB(X,Y) nuHeiHbIX OrPAHMYEHHBIX OIEPATOPOB,
rae X,Y - 6aHaxoBbl IPOCTPAHCTBA, CUCTEMa ITOJNYHOPM Py (A) = || Az||y .
A€ LB(X,Y), z € X, 3agaer CUIbHYO TONOJOIMIO, CXOOUMOCTh B KOTO-
PoOif ecTb CHUIbHASA CXOAMMOCTDb ONEPATOPOB.

4. B HOpMMpPOBAaHHOM mpOCTpaHcTBe X cHUCTeMa MOJNYyHOPM Df(r) =
= |f(z)|, f € X', 3amaer cnabyio TONOJOTHIO, CXOAUMOCTb B KOTOPOI1 eCTh
cinabasg cxoaumocTh B X.

5. B mpoctpanctBe X', CONPAKEHHOM K TONOJIOTHYECKOMY BEKTOPHOMY
npoctpasctsy X (B 9YACTHOCTH, HOPMHDOBAHHOMY HPOCTPAHCTBY X ),
cucrema moayHopM pg(f) = |f(z)], = € X, 3amaer *-c1abyio TOMOJIOrHIO,
CXOIMMOCTH B KOTOpOi#i ecTh *-caabas cxoquMocTs B X '.

6. B mpocrpauncree C*°[0, 1], cocrosamemM u3 Geckoreuno auddepeHun-
pyembix dbynkuuit Ha orpeske [0, 1], 3a7a01M JIOKAJIBLHO BBIIYKJYIO TOIO-

JIOPHIO CHCTeMOf TIOJyHOPM pi(T) = Jax |z(*) (t)|. TocnenosaTensHOCTL
<t

Ty, CXOAMTCA K T B 3TOH TONOJOTHH, €CJIM OHA CXOIUTCH PABHOMEDHO BMe-
CTe CO BCEeMH CBOMMH [IPOM3BOAHBIMHU. DTa TONOJIOrHsI MOXET ObITh 331aHA
C TIOMOIIBI0 METPUKH (CM. TeopeMy 4 § 57), HO He MOXKeT ObITH 337aHA C
TIOMOIIBIO HOPMBL.

§ 54. TIPOCTPAHCTBA OCHOBHBIX
1 OBOBUIEHHBIX ®YHKIIUN

IIpocrpancrBo D(R) ocHobHbix dbynkumii. Yepes D(R) Gyzem
0603HaYATh MHOXKeCTBO QYHKUMIA, onpeneieHHbix Ha R, 6eckoneuno audy-
epentMpyeMbIX ¥ GUHUMMHBLE, T. €. Takux, 4to o(x) = 0, ecan |z| > ¢
(rme c 3aBucut oT ). Pynkuuu u3 npocrpancrea D(R) 6yaem Ha3biBaThH
ocrnoeHumu. Muoxkectso D(R) sBnsieTcss BEeKTODHBIM ITPOCTPAHCTBOM C
€CTECTBEHHBIMH OIepalAMY CJI0XKEeHUA B YMHOXEHHS Ha YHCJIO.

Onpeaenenne 1. Hocumesem dynxyuu  (0603HaUaeTCs supp p)
Ha3BIBAETCH HAUMEHbIIee 3AMKHYTOE MHOYKECTBO, BHe KOTOporo ¢(z) = 0,

T.e. supp ¢ = {z € R| p(z) # 0}.
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IHcmonb3ys 3T0 MoOHATHE, MOXKHO CKa3aTb, 4TO PHHUTHAA PyHKUMS —
970 (PYHKIUSA C KOMIIAKTHLIM HOCHUTEJIEM.

B mpocrpancree D(R) 3amaaum cx0a¥MOCTS.

Onpegnenenue 2. ITocaenoBarenbHOCTS @, € D(R) Ha3biBaeTcs: czo-
dauetica k ¢ B D(R), ecn

1) cywectByer Takoil komnakt K C R, yro suppy, C K ana Bcex n;

2) ana apboro k = 0,1,... mocrenoBaTebLHOCTD cpsll” ) NIPOM3BOIHBIX
nopAKa k PaBHOMEPHO CXOIUTCA MPH 1 — 00 K ptk),

Omnpeneneune 3. Jluneituniit oneparop A (pyukumonan f) B mpo-
crpanctBe D(R) Oyaem HaspiBaTh HeNpepsieHbim, €CIU [UIsl JIIOOOH 10-
cnenoBaTesibHOCTH @, — 0 B D(R) Boimonuserca Ay, — 0 B D(R)

(flgn) — 0B C).

B npocrpaucrse D(R) oneparop auddepeHINPOBaHUA ONpeaeseH
HENpepbIBEH, ONEPATOpP YMHOXKeHHA Ha GeckoHeuHO anddepenuupyeMyo
hYHKIHUIO TaKxKe ONMPENesieH U HEeNpPePhIBEH.

3amevanue. Mpl 3aga1n B npocrpaHcTBe D(R) ¢xoguMocTs ¥ HenpepbIBHOCTb
onpeaesnau depe3 cxoauMocTh. B mpocrparcrse D(R) MOKHO 3a4aTh TAKYO JIOKaJb-
HO BBINYKJIYIO TONOJOTHIO, YTO CXOAMMOCTb B 3TOil TOMOJIOTMH COBNAAAeT C 33aHHOH
cxoaumocTbio B D(R) (cM. § 61). [Ipu 310M HenpephlBHBIE OMEPATOPbl €CTh HMEGHHO Te,
KOTOPbi€ CXOAALLYIOCH TOC/EA0BATEIbHOCT NePeBOAsT B cxoaswytocs (cM. rasy [X).
Takum obpaszom, D(R) ecTs 10KAIBHO BHIIYKJOE NPOCTPAHCTBO M K HEMY NPHMEHHMbI

yTBEpXAEHUA, CIPABEAJINBbBIE AJIA JIOKAJIbHO BBINYKJbIX NDOCTPAHCTB.

Ipexkge yeMm mepefiTH K AaJbHEAIUAM MOCTPOEHHUSIM, MOKAXKEM, YTO
OCHOBHBIE (DYHKIMH CYLIECTBYIOT M MX JOCTATOYHO MHOIO. 3aMeTHM, YTO
dyuxunn u3 D(R) 061a7a10T OYEHb CIEUATLHBIMY CBOMCTBAMMU: OHU AB-
naTca GeckoHeuHo AuddepeHuupyeMbiMHY, HO HE aHAJIATHYECKHMH (M3
aHannTHYHOCTH QYHKUMH ¢ U ycaosus w(z) = 0 npu |z| > C cpasy cineny-
et, uto w(z) = 0). [Tosromy cywecTBOBaHue Takux PYHKUUN HE OUEBUIHO.
[Tokaxkem, 4TO CyLIECTBYET HOCTATOYHO MHOTO OCHOBHBIX (DYHKUMH.

Knaccuyeckum npumepoM ¢pyHkuuu u3 npocrpauctsa D(R) saBaserca
“manoyka’ :

Chexp<— m%g), |z| < h,
0, |z| > h,

wh(z) =
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rie nocroAanny1o Ch BbIOHPAIOT TaK, YTOObI BBIMOJIHSJIOCH

/wh(m) ds=1.

R

DyHKIUA Wy, MTO3BOMAET NOCTPOUTb MHOTO JADYTHUX MPUMEPOB PyHKIMHA U3
D(R): ee capury, pacTsokeHusi, npousseaeHns Ha ¢yukuuu u3 C(R),
JuHelHbIe KOMOMHAIMK IIOCTPOEHHBIX GHYHKUKH, Ipeae/bl IOC/Ie0BATEb-
HOCTEe#H U T. 1.

Onpenenenune 4. Jlokaarvho unmezpupyemots pynryued 6yaeM Ha3bl-
BaTbh QYHKUMIO g, 33JaHHYI0 T0YTH BCOAY Ha R, n3MepuMylo U wHTerpu-
PYEMYIO Ha KaXKIOM OIDAHMYEHHOM 3aMKHYTOM MHOxectBe n3 R.

Kak u npu nocrpoennu npocrpancrsa L;(R). nokanbHo uHTErpupye-
Mble PYHKIHY OTOXKIECTBJIAEM, €CIH OHH COBIAJAIOT MTOYUTH BCIOAY.

TTokaxxeM, uto ocHoBHbIx (pyHKum# u3 D(R) mocTaTouHo MHOTO B clie-
AYIOIIEM CMBICJIE.

Jlemma ([T106ya — Peitmon). Jaa ar0boll nenyaegoti AOKGABHO uHMe-
epupyemot Pynkyuu g cywecmeyem pymnryua p € D(R) maxan, wmno

/ g(2)p(x) dz # 0.

R

> Ilo okaabHO HHTErpUpyeMol GpyHKkuMu g nocTpouM s 0 < A < 1

dbyHKUMIO
z+h

gn(z) = | g(ywn(z —y)dy.
/

I
Dyukums gp 6eckoneydo auddepeduupyema B cuiy 6eckoneunoit nugde-
b
pernupyemocty “wanoukn” wp (). Ilokaxem, aro [ |g(z) — gn(x)|dzr — 0

npu h — 0 gis aoboro orpeska [a, b].
Bosbmeum £ > 0 u BeibepeM HenpepbiBHO JuddepeHupyeMyo hyHKIUIO
v(z) Ha [a — 1,b+ 1] TaK, 4T06bI BBHIIOIHAIOCH
b+-1
€
lg(2) —v(z)lds < 3.

a—1
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Takas pyHKIUA CYIIECTBYET, COrMacHO cieactauto 1 reopemsr 2 § 19. Hua
GYHKIZH ¥ TIOCTPOMM AHAJIOMMYHO YCPEIHEHHYI0 (pYHKUHUIO vp. Toraa

b b z+h z+h
/ lv(z) — vh (&)] dz = / o(z) / wn(z - y) dy — / o(y)wn(z — y) dy| do<
a a z—h z—h

b z+h

< / / (v(z) — v(y) wn(z — y) dyde <
a z—h
z+h

< ' . — = ! —a).
< e V@G- a) / (e~ y)dy=_max | I/(@)|h(b— o)

z—h

Brifepem ¢ > 0 Tak, urobul npu 0 < h < § BBINONHANOCH

b
/|v(z) —up(z)|dz < €/3.

IIpuMenss HepaBeHCTBO TPEYTOJbHUKA B npocTpaHcTse L [a, b], monydaem

b

b b
/ 19(2) — gn(2)| dz < / l9(2) - v(z)] de + / lo(z) — va ()] dat

a

b b
+ / [ou(a) — gn(x)] do < S+ / o () — gn(a)] de.

Jna ycpennenHoit GYHKIMH IOAYYaeM

b b z+h
/ lon(@)| dz < / / 19()lwon ( — ) dydz <

a r—h

b+h y+ b+1

h
< /hlg(y) /wh(w—y)dwdy< [Ig(y)dy-
a—h Yy a—

Zh
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Otkyna
b b+1

/ o () — ga(a)| dz < / (@) — (@)l d < .
a—1

a

Takum o6pasoM, ||g — gnllL,(a.e] — O npu A — 0.
[IycTb Teneps JMOKaAJIBHO MHTErpupyeMas (yHKUMS ¢ TAKOBA, YTO ML
n060it dyukuu ¢ € D(R) Beimonseso

400

/ g(z)p(z) dz = 0.

—0C

Tak kak GyHkuus wp(r — y), kak ¢pyskuusa y, npuaagnexur D(R) npu
moboMm x, ycpeaHenHad Gyskuusa gn(z) = 0 u B CHily HOKa3aHHOH CXOAW-
MOCTH K g TOoJIy4yaeM, uto ¢ = () HOodYTH BCIoLy. <

Onpezaenenune 5. Qbobwennoti pynrxyuets (Ha BelIECTBEHHOI NPAMOIL)
Ha3bIBAETCS HENIPEPbIBHBLI JUHERHbIH dyHKIKHoHAT HA npocTpancTee D(R),
T.e. aneMenT npocrpancrea D'(R).

O6061weHHble (YHKUMM HA3BIBAIOT TAaKXE pPACnpedeseruimu, Iod-
YEepKUBasA CBA3b C (PUSUIECKUMH MTPHIIOKEHASMHU.

Pacummdpyem onpenenenne 5: obobniennas dpynkuus f — 310 orobpa-
xerne n3 D(R) B C rtakoe, 410

1) f(hp1 + pp2) = A (1) + pf(p2);

2) ecnu @, — 0 B D(R), 10 f(10n) — 0.

Il p u M e p. JlokanbHO MHTErpUpyeMoit QYHKLUMH ¢ NOCTABHUM B COOT-
BercTBie yHKUMoHaT Fy no dbopmyne

(Fyr0) = / 9(@)p(z) de. 1)

R

Ilposepum, uro Fy — obobmennas ¢pynkuus. OrmeTnM CHavasa, YTO HH-
terpan B (1) cymecrByer ansa moboi yukuuu ¢ € D(R), Tak Kak uH-
TErpUpPOBAaHUE BBUAY (DUHUTHOCTH [POM3BONUTCS 110 KOHEYHOMY OTDE3KY.
Juneitnocts F,; ouesnnna. Ecmu o, — 0 8 D(R), TO

M

(Fyripn) = / 9()pn () da,

-M
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rJe noctosnHas M He 3asucuT oT n. Torna
M

(Foeadl < _ax lea@l [ lo@)lde -0
—M

IpH I — OC, YTO M O3HAYAET HENPEPLIBHOCTL (byHKuUNOHaN Fy.
Hampumep, noctosiHHO# ¢yuKuun g(z) = 1 cOOTBETCTBYET DYHKIMOHA

(L) = [p(z)dz.
R

Takum 06pa3oM, JTOKAJIbHO MHTETPUPYEMO# (DYHKLMK ¢ IIOCTaBJIEHA B
coorsercrane obobuienHas Gynkuus Fy, npudem eciu g # g;. TO, COLIac-
Ho nemme Jio6ya — Peiimona, Fy # F, . DTo 3HAYHT, YTO MHOMKECTBO JIO-
KaJIbHO HHTErpupyeMbIX MYHKINH HHBEKTHBHO 0TOOparkaerca (T. e. BKJa-
AbIBAETCs) B MHOXKECTBO 0606mmennbix pyukuuit D'(R).

Onpenenenne 6. O6obwmennas ¢pynkuua I nHazvisaercs pezyaapHod,
ec/iu CyIIeCTBYeT JIOKaJbHO HHTerpupyeMas GyHKuua f Takas, 94To

(F.¢) = [ f(2)pla) da.
R

Ocranbublie 06001meHHbIe DyHKUMHE HA3BIBAIOTCSA CuHayaapHoimu. VmeH-
HO CHHTYJIsSIpHBIe 060011eHHbie PYHKIMA SBJIAIOTCSI TEMU 3JIEMEHTAMU IIPO-
cTpaHcTBa 00001IeHHbIX (bYHKIUH, KOTOPBIX HEe XBaTaeT IIPY DEleHHUH pA-
Ja 3324 B MPOCTPAHCTBAX OOBLIUHBLIX (DyHKUMIL.

Haubosee uacTto BeTpevamoUlascs CHHTYNspHasi obobiueHnas ¢yHK-
UM eCTh TaK HasblBaemas o-pynkums Jdupaka, onpejeneHHast poOpMyJIoi
(0. ) = ©(0). IIpeanosiokuM, YTO CyIIECTBYET JIOKAJIbHO UHTErPUDYyeMasn
dbyHKLIU U, 051 KOTOPOH

(0) = / w(@)p(x) de. (2)
R

Bosbmem nocnenoBarenbHocTh @p () = wi(nx). Toraa ¢,(0) =c# 0, a
corsiacHo teopeme Jlebera,

/u(a:)cpn(a;) dx — 0.

R

IMonyu4aem nporuBopeune. 3HauuT, npencraBieHue (2) HEBO3MOMKHO U
O-pyHKIMsI eCTb CUHTY/IsipHAsA 00001enHas pyHKIuUS.

362



[IpuBeaem elne HECKOJILKO IPUMEDPOB CHHIYJIAPHBIX 0060611eHHbBIX QYHK-
117078
(fi, o) = ¢'(0),
(f.0) = [ |22 (@) da.
R

(6(x — o), p) = p(xo) — casunyTas J-QPyHKUUs, COCPEAOTOYEHHAS B
TOYKE Ig.

Cxoaumocts B npocrpauctse D’'(R) BBoauTcs creayroumm o6pasoM.

Onpegenenne 7. IlocaenosarenbHocTs f, OOOOIIEHHLIX (yHKIHI
crodumes B8 D' (R) k 0606wenHol Gyukuuu f, ecnu Ays a1000# 0CHOBHOM
dbysknu ¢ € D(R) nocnegosarensHocTs fr, () cxomures k f(p).

3aaHHasg TAaKUM 00pa3soM CXOAMMOCTb SIBAAETCA Caa00M CXOaMMOCTbIO
B COIPSIXKEHHOM MPOCTPAHCTBE.

Beeaenne 06061eHHEbIX PYyHKLUMH KaK (DYHKLMOHAJIOB Ha IPOCTPAHCTBE
OCHOBHBIX (DYHKIHIi AIBISHETCH HE TOJLKO YIAYHLIM MATEMATHYECKHM TPHU-
eMOM, HO uMmeeT u ¢u3nyeckuii cmbica. [lycTh, Hanpumep, cyuwecTByer
GYHKUHUA p, OMUCHIBAIOWIAS [IJIOTHOCTh paclpeieieHus Beiuectsa. Hu onun
dusnyeckuii npubop He u3MepsAeT 3HadeHNe 3TOH (PYHKIUU B TOYKE, & U3-
MepsieT HEKOTOPYI0 YCPEJHEeHHYH BEJIMUINHY, KOTOPasl, KAK [PABUJIO, BbIPa-
xaercs bopmynoit [ p(r)p(z) dz, rae ¢ — T. H. npobHas uin “npubopHas”
dyuKuHA, KoTopasi Xapakrtepusyer npubop. Takum oOpa3oM, BENUHMHHBI,
uMeroye GU3NIECKHN CMbICH, ABJAITCA 3HAYEHUAMH (YHKIUMOHAIA, CO-
OTBETCTBYIOIIErO (PYyHKIUY p, a He 3HadenuamM Qyukimn p(x). Ecau rakoit
GYHKIHKU p HET, TO pACIpEIe/IeHHE BEIIECTBA BCE PABHO 33,12€T (PyHKIHO-
HAJI Ha MHOYKECTBE MPOOHLIX DYHKIMH, T. €. (paKkTHYECKH 33,1aeT 0bobeH-
Hy10 byHKIHIO.

§ 55. JEVICTBUSI C OBOBILIEHHBIMU ®YHKIIUAMU

Jugppepenunpopanne. Ilycrb v — uenpepbisHO quddepeaumpyemas
dyukuus. IIpocaennm cBA3b Mexay GYHKIMOHANIOM, COOTBETCTBYIOUIMM
GYHKUMH U, T. €.

<mm=/wmmwm, 1)
R

u GHYHKIMOHAJIOM, COOTBETCTBYIOIIUM €€ NPOU3BOIHON u'

W) = [ @lele) de (2)

R

363



IIpounrterpupyem mo yactsam (2):

[v@et@)dz = u@)o@)| 72 - [ oy (@) de =

R R

=/mmv¢u»m 3)
R

(BHEMHTErpaNbHbIe YJIeHbl 0DpaIAIoTCs B Hy/b BBHAY (DHUHATHOCTH ).
IMonyuaem, yro ana nwboit pyukunu ¢ € D(R) BeINONHEHO PABEHCTBO

(W', 0) = (u, =¢'). (4)

PaBencrBo (4) 6epercsa B KayeCcTBe ONpEAEIEH sl TPOU3BONHON 1JIs1 IPOU3-
BOJIbHOM 00001weHHOM dyHKIMA.

Onpenenenune 1. [Ipouseodnoti obobuernol gynxyuy f Ha3piBaeTcs
o6obiiennasa dbyakuua D f, 3agannas ¢popmyoi

(Df,go)=(f,—D<p). (5)

CpaBuuBas ¢dopmyny (5) ¢ onpemejeHHeM CONPSIKEHHOIO OIEpaTOpa
(§ 53), Buaum, uro onepartop AucdepeHnupoBanusi D B mpocTpaHCTBE
D'(R) ompenensercs Kak OnepaTop, CONPsKeHHbIA K oneparopy —D B
npocrpancree D(R). Ilockonbky omepatop D nempepsiser B D(R), 1o,
cornacuo Teopeme 1 § 53, oneparop D’ meiicrByer us D'(R) 8 D'(R) u
HenpepbiBeH B TONOJIOrMK CiIaboil cxoauMocTd. DTO MpOCTOe 3aMevaHue
NPHUBOAUT K HEOXKHMIAHHBIM DE3Y/NbTaTaM.

IIpeanoxenue 1. Jliobas obobwennas Pynxuus beckornewno dudde-
peHYUPYEMA.

IIpeanoxenue 2. Crodawyroca 6 D' (R) nocaedosamenvrocmo (u pad)
MONHCHO TIOUAEHHO JuPPePenyupoeams cKoOALKO Yy2odHo pas.

B yacTHOCTH, Pa3pbIBHAs JIOKAJIbHO HHTErpHpyeMas (YHKLHS HMeeT
IPOM3BOAHYIO, KOTOPAas sABJAETCA (CUHTYIApPHOIM) 0606iuenHol byHKuyed.

IIpumepsr.

1. Ecnu u — obbluHas HenpepbleHO qudpdepeHuupyeMas GyHKIus, TO
TIPOM3BOJAHAA COOTBETCTBYIOWIEH eif 06001enHoi GyHKUuN ecTh 0600IeH-
Hasi QYHKIMS, COOTBETCTBYIOLUAs OOBIYHON MPOU3BOJHOMN, T. €. NPOU3BOJ-
Hasi B CMbICHe 0000meHHbIX (PyHKUMI COBMAAAET C OOLIYHOM MPOU3BOIHOM
(3TO CBOMCTBO B3ATO B OCHOBY OIpeAE/IeHUs MPOU3BOAHOM 0bobieHHoi
dYHKUMH).
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2. IIpomuddepenuupyemM pa3pbIBHYIO OOBIMHYIO (DYHKLMIO

1, 230,
f(z) =< " z20
0, =<0,

B cMbIcje 06001IeHHbIX (OYHKIIMIA.
PaccmorpunM 6 kak 060611eHHY 10 (DYHKLKIO, T. €. 331aiUM COOTBETCTBY-
o et yHKupoHAI:
+oc

(0,0) = [ 6(z)p(z)dz = [ o(z)dz.
[

Torna
+o0

(D8.0) = 6.~ = = [ ¢'@)da = 2(0) = (6.).
0

3ua4uT, npouseoaHaf or OObIYHOM GyHKuEM 6 B cMbICae 0000IIEHHBIX
dyukuii ects d-pyHKUUA — CHHTYAAPHAsT 06001eHHaA DyHKIHA.

3ameyanue 1. IlpuBenennsii npuMep NOKa3bIBAET, YTO €C/1d O0OLIYHAA DYHKUMA U
auddepeHuEpyeMa IOYTH BCIOAY, TO ee IIPOU3BOLHAsS B CMBICTe 0D006ImEeHHBIX by HKUMM
MOXKET He COBNaJaTb C OOBIYHOM NMPOU3BOAHOMN.

3. Ilycts u(z) — Kycouno HempepbiBHO auddepenimpyemas GyHKuus
M IyCTb Ty — ee TOYKM pa3pbiBa. [Ipomucddepennupyem GyHKUMIO U B
cMbIciie 00061IeHHbIX yHKIHME. IIycTh TOUKH pa3phiBa T 3aHYMEPOBAHBI
TakK, 4TO Ty < Tkl M g — OOBIYHAA NPOU3BOAHASA (DYHKLHHM U, OHpEne-
JegHasa upu z # T. O6o3HauuM depe3 gp CKA4YOK (DYHKUHU B TOUKE Tg:
ox = u(zg + 0) — u{zg — 0), roe u(zy £0) = 2_{2{1iou(x). Pacemorpum u

Kak 0000uIeHHy 10 (hYHKIHUIO

() = / w(z)p(z) de.

R
Torna
+o0
D) = (. ~¢) = = [ ula)e/(z)do =
N—1 Tk$1 N-1
=3 [ @@ ds = 3 [ule + O)p(e) = ulokss — Oplain)] +
k=0 k=0

Tk
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N—1 Th+1 +oc

+§:/mem_zwmu + [ glarotw o =

k=0 k=1 —oc

= <§:0'k5a:ka‘ﬂ> = (g,¢).
k=1

TakuM o6pa3oM, AJIs NPOU3BOAHON B cMbicye 0606weHHbIX (DYHKIMA Mo~
Jyqaem

N
Du = Z ok0z, + g,
k=1
rae g — ofpluHas IPOM3BOIHAA (PDYHKIHH U.
4. @yukuus In || ToKaATBHO YHTErpupyeMa U MOUTH BCOny auddepeH-
uupyema. Ho ee npousBogHas 1/x He SBJSETCH JOKAJIbHO MHTErPUDYEMON

u dopmyna
1 [e@)
o= [E2d

R

He CTaBWT el B COOTBeTCTBUE (DYHKUMOHAJ, TaK KaK MHTerpaJl PacxomuTcH,
eciu »(0) # 0. Bor9ucauM Opou3BOAHYIO OT In |z B cMbIcie 0600IIEHHBIX

byHKIMii:
(el ) = [ Inlalo(e) dz
R

(Dln|z|,¢) = —/111|:L‘|50'(:r) dx

R

Ipeo6pasyem nonydeHHbl# GyHKUHOHAN K Gosee yaobHomy BHay. 3ame-
TMM, YTO MHTErPUPOBAHUE MO YACTAM B [OCJIELHEM HUHTerpaje Helpume-
HMMO, TaK Kak In |r| — pa3pbiBHad pyHKIHA. PaccMOTpUM paBEeHCTBO

+oc —€1

- /lnlxhp’(x) dr = — lim [ /ln |z|’ (z) dx + /ln:ccp (z) dx] =
) —+0.e0—+0
—0oC -—00

—€1 +o00
= lim [ln(+61)cp(—51) + / @ dz + Ineap(es) + / #(z) dw].

€1 —+0.69—+0 T
—oc &2
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B nocneanelt cymMMe HE OJHO U3 CJIaraeMblX HE UMeeT npejena npu €1 — 0.
€92 — 0. Ho ecsiu nomoxurs €1 = €2 = €. 1O lin%)[ln ep(—e) —Ineyp(e)] = 0.
e

—/lnla;|<,o’(a;) dx = !in%) / (’D—E:‘ldz,

R lz|>e

[TosTomy

IIpHYeM Npeaes B IPaBoi YaCTy CYIIeCTBYET. DTOT NPEAes HAZLIBAETCA UH-
MEe2Parom 6 CMbCAE 24861020 3Havenud. TakuMm 006pa3oM, MbI IOCTABUIN B
coorBercTBue QyHKIUH 1/x (He sBAAIOIIEHCS JJOKANBHO HHTErPUPYEMOii)

b yHKIMOHAT
A ()
<P;,<p>._v.p./ - dz
R

M MOKAa3aJld, YT0 OH SBJISETCA NPOU3BoAHOM oT I |z|.
5. Paccmorpum ¢dyukunio f(x) = 7/2 — /2 npu 0 € © < 27 u npoaoi-
JKEeHHY10 ¢ mepuogoM 27 Ha Bcio ock R. Ona pasnaraercst B pag @ypbe

+o00

fl@)y==i ]

k=—occ.k#0

ezkat ,

o

opudeM psl CXoguTcs B cMbicae npocrpadcTtBa D'(R). IIpoanddepenun-
PyeM pdz IOYJIeHHO H, KaK B IpuMepe 3, npoauddeperuupyeM byHKUMIO
f- Hony4uaem

, +o0 1'
Df('];) :Zelkmz Z {5(.1,—2:1(17(')—5
k#0 k=—o00

MpbI HalILIM TAKHM CIIOCOOOM CYyMMY Pl e goTopbIH 3aBETOMO Pac-
p

k%0
XOOUTCsL BO BCEX MPOCTPAHCTBax OObIvHbIX ByHKuUM (cymMma psja sBjIs-
eTCsl CUHTYJIApHOH 00061enHol dbyHKIueil).

ITokaxxem Tenepn, 4TO, HECMOTPS Ha CYUIECTBEHHOE PACUIMPEHNE KJ1acca,
dyHKIUMI, IPOU3BOIHAS B CMbIC/IE 0600IIEHHBIX (DYHKIUMH COXPAHHIIA OJHO
W3 BaXKHEMIINX CBOMCTB 0OBIYHOI MPOM3BOAHOMN.

Teopema 1. Ecau u € D'(R) u Du = 0, mo u = const.

> Ilo onpeaesenuro

(Du,p) = (u.—¢') = 0.
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M 3HAYMT, QYHKUMOHA U ONpELeJieH U PaBeH HYM0 Ha Tex dyHKuuax ¢

u3 D(R), koropsie siBas0Tcs npousBoanbiMu dyrakunu u3 D(R). Dyuk-

LKA 1) ABASETCS NPOM3BOAHON GeckoneuHo JuddepeHunpyemoit byHKuun
T

o(z) = [ ¥(r)dr. Yrobbr ¢(r) 6bna dbuHUTHA, HEOBXOOMMO M AOCTA-

+o0c
TO4HO, 4Tobbl [ (7)d7T = 0. BosbMem dyHkumo @o(z) € D(R) Takyo,

—0oc

+o0
uto [ @o(z)dz = 1. Torga ana moboit byukuuu ¢ € D(R) nomyuaem

—00
pa3sokKeHue
+o0o
o) = 90l@) [ olz)dz+ ¥(a),
—oo
rae Y{z) = o(x) — f ¢(z) dr — npoussoanas dyukuuu u3 D(R).
3uauur,

(u, ) = uapo)/ z)dz + (u, ).

O6o3nauus (u,wp) = ¢, NOAyYaeM

+oc

we)=c [ p@)ds= (o)

- 00

T.e. u=2¢ <

3ameuanne 2. B knacce 06b14HBIX pyHKURH, AuddbepEeHIHDYEMBIX TIOYTH BCIOAY,
AHAJIOTHYHOE CBOHCTBO He mMeer MecTa. Hanmpumep, dyHkuna § nmeeT npou3BOAHYIO,
MOYTH BCIOAY PaBHYIO HyJO, HO 6 3 const .

Bounee Toro, nycts dyukuus g(z) =0 gnst £ < 0, g(z) =1 ana ¢ > 1 u cosnajaer
Ha [0,1] ¢ dynkuneit Kanropa (§ 6). Pynkuusa g Henpepnibaa, g'(z) = 0 noytu BCIOAY,
HO g(z) # const . IIpoussoguas Dg, BbIYMCIEHHAs B CMBICJIE ONPeAesaeHHs 1, oTnu4dHa

OT HYJI H ABJIAETCHA CHHIYNsipHON 000061enHol dyHKIME.
YMHOXeHHEe Ha 6ecKOHEYHO AHPGEPEHUHDYEMYIO (QYHKIIHIO
Onpegenenne 2. IIpoussedenuem Gecxoneuno dupdepenyupyemots

Ppynrxuyuu a Ha 0bobwennyro gynxyuro [ HasbiBaerca 0boOeHHas PYHK-
uuaA af, onpenenexsHas paseHCTBOM (af, ) = (f, ap).
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Kak BuIHO M3 ompeneneHus, ONepaTrop YMHOXKeHHA Ha (DYHKLUMIO a4 B
D'(R) ecTb 0nepaTop, CONPKEHHBIA K OIEPaTOpy YMHOMKEHHUS Ha (DyHK-
muo a B D(R). Orcroga cienyer, 410 npon3BeneHue Ha GecKoHeYHOo aud-
depennupyeMyo (pyHKLUKIO Onpeaeneno qis aoboit 06obuenHol hyHKINN
U ollepauusi yMHOXKeHus sBjsercs HenpepbisHoil B D'(R).

Ecin f — obprunas GpyHKUHUS, TO PABEHCTBO

f a@) /@@ de = [ f@lalz)o()] ds
R

R

MOKA3BIBAET, YTO [JIl PErYJASpHBIX 0000IIeHHbIX GYHKUMI Npou3BeneHue
Ha GeckoHeyHO auddepeHnupyeMyto (bYHKIMIO COBNAAAET C OOBIYHBIM.
IIpumepsr

1 (z PL o) = (Piazp) = v.p. f (zp(z))d r{ z)dz, T.e€.

a:P% =1;

2. (z6,) = (6, zp) = zp(x)|,_, = 0, T.€. 26 = 0;

3. {a(x)d, ) = (6, a(z)p) = a(0)p(0) = (a(0)d. p), T.e. a(z)d = a(0)d.

IMTpu pacuupenun MHOXecTBa Gynkuuii 10 D'(R) e coxpaunsorcs Bce
cBOMCTBa 0ObIuHbIX pyHkuMil. Hanpumep, BBeLeHHAS OnMepanust yMHOXKe-
HHS He ABJIAETCH aCCOIMATHBHON, TaK KAK

0= (;LJ)P £ (52)P —é(xP ) =4

He onpeneneno Tax>ke 3Havedne 06061eHHON GYHKUMK B TOUKe (3HA-
4YEHHE B TOYKE HE ONPEeJeIeHo 1 /151 31eMeHTOB 13 npoctpancTsa L;[0, 1).
Ho cpasuuTb 3HaYeHus AByX 0DOOIIEHHBbIX (DYHKIHN HA OTKPBITOM MHO-
JKECTBE MOXKHO CJIeAYIOLIUM 00pa3oM.

Onpepenenue 3. ByneMm rooputs, uro obobuennan gynrxuyua f pas-
M@ WY HA OTKpbITOM MHOXecTBe G C R, ecsim pns mo6oit oCHOBHOM
dbyHuKuu ¢ TaKoii, uro supp ¢ C G, BbinonxeHo (f, ) = 0.

Bynem rosoputs, yto f = g Ha G, ecoin f — g = 0 na G.

Omnpepenenne 4. Hocumenem obobuwernot gynxyuu f (0bo3nayaercs
supp f) Ha3bIBaeTCA HaWMeEHblee 3aMKHYTOE MHOXECTBO, BHE KOTOPOTO
f=0.

Hanpumep, nna obobwennoit byukumuu § umeem § = 0 Ha R\ {0}.
CrneposartesbHo, supp § = {0}.
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CBeprka 06061eHHbIX yHKIHIT
Hanmomuum, uro ceepmxoli oObluHbIX (hyHKUHA f M ¢ Ha3bIBaeTCHA
byukuus f * g, onpenensemaa dbopmyoi

frg)z /f&)gr— (6)

Omnepauus cBepTKH ONpenesieHa He AJis JII00bIx OObIYHBIX (DYHKIMIA, TaK
Kak uHTerpai B (6) MOXET 0Ka3aThbCsl PACXOAAIIAMCH. 3aMETUM, 4TO €eC-
Jau ogHa u3 byHKUMA f WM g ABjdercs (GUHUTHON, a BTOPas JOKAJIBLHO
HUHTErpUpyemoii, To uHTerpas (6) cylwecTByeT 1 CBEPTKa OIpPEeNe/eHa.

IIpexxne yem maTh onpenesieHue CBEPTKH 0O0OIIEHHBIX (DYHKIHH, MPO-
cieauM CBs3b PYHKUMOHANA, COOTBeTCTBYomero dbyukuuu f * g ¢ GpyHk-
I[MOHAJIaMU, COOTBETCTBYIOIIUMH f U g:

(r+9) [ [ 1(@9a - &) deota) da =

- / F(€)aw)ely + &) dedy = gy, (fer 0y +€)).

B ofo3nauennuu fe HIKHUI UHIEKC { TOKA3bIBAET, YTO GyHKIMOHAT f NpH-
MeHsieTcst K p(y+€), Kak K dyHknun ot &, a y CIyKUT napamerpom. Ecin
f — dbunnrtHas bynkuns, To dyukuus Y(y) = (fe, ¢(y + §)) npunamme-
xutr D(R). HeiicrBurenso, ecnu f(z) = 0 npu [z| > ¢1, ¢(z) = 0 npn
|z| > ¢2, TO pm y > ¢1 + ¢2 nomy4aem, yro Y(y) =0, T.e. ¥ — dunnuTHaAA
dyukuus. Ilepexons K npeneiy B paBeHCTBE

w(y+Ay)—w(y)_<f w(y+Ay+£)—w(y+£)>
Ay e Ay ’

YTO BO3MOKHO, TaK KaK B IPaBOil 4acTH OpeJeN CyLUEeCcTBYET, MOJIY4YaeM,
uTo 9 — mudpdepenunpyemas dysxums u ¢ (y) = (fe, ¢’ (y + £)). IosTo-
psist mocyiesiHee paccyxenue, momydaeM, uto Y¥) (y) = (fe,o®) (y + €)),
T.e. ¥ € D(R). TakuM obpa3om, ecnu f — 0b6obuenHas GbyHKIUsS C KOM-
NAKTHBIM HOCHTEJIEM, TO MMEET CMBICT BhIDAXKeHHeE (Jr, {fy, o(z +))).
Onpeaenenne 5. [Iycrs f u g — 0606menssie dyHKumy, f UMeeT KOM-
nakTHbI HOcuTesb. Ceepmkoti f * g Ha3bIBaeTCcs 000OIIeHHAs (hYHKIHS,
onpesenenHas paBeHCTBOM (f * g,¢) = (gz., (fy, o(z +¥))).
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IIpumepsL
1. BeruncnumM ceeptky f*d ana f € D'(R):

(f*8.90) = (fo, 6y, p(@ + 1)) = (fa, 0(x)) = (f1 ).

3uaunt, f*d = f u 6-PyHKUMA UTDAET POJIb €IUHUIbL [IDH CBEPTKE.
2 (F 8, 0) = (far (8 0(x +1))) = (far —¢/(2)) = (£, ). Tlomynaem,
yro f * 8 = f', T.e. cBepTKa ¢ §’ ecTb omepauusa auddepeHIUpPOBaAHNA.
AHaNOrM4YHO MOJIy4aeM, YTO

D anf® =Y ard®,

T. €. Pe3y/bTaT npuMeHeHus AuddepeHnnaabHoro ONepaTopa ¢ MOCTOSH-
HbIMU KO3({duupenTamMu K 0606uieHHON pyHKInu f COBNagaeT co CBEPT-
Koit f ¢ yuHelHOM KoMOHMHALMeNH TPOU3BOIHBIX 0-hYHKIHU.

§ 56. IPOCTPAHCTBO OBOBIIEHHLIX ©®VHKIINNI
MEIJIEHHOT'O POCTA. [IPEOBPASOBAHHNE ®YPLE

Onpenenuts npeobpazosanue Pyphe B mpocrpancree D'(R) Tem xe
cnocobom, 4To ¥ auddhepeHUUpOBaHne, KaK COIIPS’KEHHbIH 0nepaTop, MbI
HEe MOXKeM, [IOTOMY YTO onepaTop npeobpasosanus Pypbe He mepeBoInT
npocrpanctso D(R) B cebs. [lostomy ana onpelienenus npeobpasoBanus
Dypbe HyKHBI AONONMHATENbHBIE MOCTpoeHus. OObIYHO NOCTYNAT Cleny-
omuM obpasom. CTpoAT apyroe NpOCTPAHCTBO OCHOBHBIX (DYHKIUM Tak,
yT06b! MpeobpasoBanue @ypne nepesoauso ero B cebs. Torpa mpeobpaszo-
BaHue Pypbe MOXKHO ONpEIENUTh KaK CONPs’KEHHbII ornepaTop K 00LIYHO-
My npeobpaszoBanni Dypse.

Omnpeanenenne 1. OtHecem Kk npocmparncmey S(R) OCHOBHBIX (YHK-
uuit Bce 6eckoneuno audepenimupyemsie pyukuan @ Ha R, ybbisatomue
IpU T — OC BMECTE CO CBOMMH MPOU3BOAHLIMH ObIcTpee Jit06oil CreneHu
1/z, T.e. Takue, 4TO Thllgcxjg(k’(m) =0. £k=0,1,2,... .

Tomosoruio B S(R) 3amanum HabopoM T0IyHOPM

Pr.j(p) = Sggl(H 1z[) ® (z)], k,j=0,1.2,... .

TocneaosarenpbrocTs @, — 0 B mpoctpancree S(R), ecu qnst mobbix
k, 7 mocaenosarensrocts (1 4 |z])7 %) (z) crpemuTcs x mymro mpu n — oo
PaBHOMEPHO IIO .
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B mpocrpanctee $(R) onpenenena u HenmpepbIBHA onepaius gudde-
DEHLHPOBAHMUSI.

Omnpepenenue 2. Obobwennoti yrryuets mediennoz0 pocmae Ha3LIBA-
eTCsl HempepBIBHbLA MUHERHbIA (yHKkunonan Ha npocrpancrse S(R).

Takum o6pa3oM, IPOCTPAHCTBO 0000LIIEHHBIX DyHKIUH MEAJIEHHOrO PO-
cTa ectb mpoctpanctso 8'(R), conpsikennoe x npocrpanctey S(R).

Jwbas ¢punurnan 6eckoneuno guddepennupyeman GyHkuus (1. e. dJe-
meHT D(R)) ecTs asiement $(R). 1 U3 ¢X0AUMOCTH NOCIEAOBATENBHOCTH Pr,
B D(R) cnenyer ee cxonumocts B S(R). Ecan f — nenpepriBHbI nHeRHBII
dyuxuonan Ha $(R), To ero cyxenue Ha D(R) siBsieTcsa HENPEPLIBHLIM
suneitnbiM yuakunonanom Ha D(R). Takum o6pa3oM, moayvaeM BJIOXKe-
uue npocrpaHcrsa 8'(R) B D/(R), T e. 0606uieHHble DYHKUMH MeIEHHO-
ro pocra obpasyior dacth npocrpanctsa D'(R) obobmwenubix dbyHkumit.
Ecnu f(x) — obbrunas yHKUMs, pacTylias MeaJieHHee CTeleHH I, T.e.
TaKasi, YTO CYIIECTBYIOT KOHCTaHTBI m u C, 4TO | f ()| £ C(1 + {z))™, TO
cooTBercTByWOIM efi bynkumonan (f, g) = f f(x)p(x) dz ects 0606LIEH-

Has GyHKUMA MeajieHHoro pocra. HanpoTus, Cl)yHKLlHOHaJI, COOTBETCTBYIO-
uipii 6pICTpo pacTymueil GyHKIMH, HanpuMep e*, He ABIsgeTCa 0600eHHO
dyHKLHe# MeJJIeHHOro poCTa.

OcobBeiit unTepec Kk npocrpaicrsy S{R) o6yciosien cienymoueil Teope-
MOM.

Teopema 1. Ilpeobpasosanue Pypve omobpasicaem nPOCMPAHCEO
8(R) na ceba buexmueHo U HENPEPHLEHO.

> Ilycts

F(o)(€) = p(6) = / e (z) da (1)
R

ectb npeobpa3oBanne Pypoe byukuun ¢ € 8. Tak kak GyHKUNA @ yObI-
BaeT Ha GeckoHedHocTH GbicTpee /060l cremenu 1/z, unterpan B (1) cy-
IIECTBYET U €r0 MOXKHO Aud bepeHIpoBaTh N0 napaMerpy £ arboe 4ucio
pa3:

#0() = [(-inpl)e do = Fl(-ia) ).
R

3uauuT, ¢ — GeckoHeuHo muddepeHnupyeMas orpaHnyeHHas GyHKIUA.
Tak kak

F(Dig)(¢) = / e~ (1) dz = (i€) Fli)(€)
R
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€CTh OrpaHUYeHHas (PYHKLUMsA 715 J1I000ro j, nojay4daeM, uro F(yp) npunaa-
gexut S(R).

O6patnoe npeobpasoBanve Pypbe 331aeTCs1 HOPMYJIOH TAKOIO Ke BUIA
u toxke orobpaxaer $(R) B S(R). Orcrona monyyaem, uto npeobpa3oBanue
dypre GuekTuBHO OTOOpaxkaer npocrpanctso S(R) Ha cebs.

IIposepum HempepsiBHOCTHL npeobpasosBakust Pypwe. Ilycts ¢, — 0 B
8(R), T.e. sup|D*p,(z)z?| — 0 naa nwobbix k, j. Torma

T

I8 DI F(0,)(6)| = |€F F[(—iz)? 0,)(€)| = |F[D¥(~iz) on)(€)| =

= [ = DH{(-io)pu(a) do <
R

< sup {1+ o) DH(iaY (o] [ 12
R

14 z2

— 0,

T. e. mocaeoBarenbHocTs Fpn) — 0 B §(R). <
CpasBuuM dyHKUMOHAN, COOTBeTCTBYIOMMI dyukuuu f € L (R):

(fre) = | f(z)p(z)dz,
/

U (YHKUHUOHAJ, COOTBETCTBYIOIIUi ee npeobpa3zoBanuio Pypre f :
o= [ e = [( [1@ea)uoe @
R R R

U3meHuB nOpsAI0K MHTETPUPOBAHHS B (2), 4TO AOMYCTHMO B CUJIY T€OPEMBbI
®y6unn, nonydaem

(foo) = [ f(z) [ w(&)e ¢ dedz = (f,%).
]

ITony4enHoe paBeHCTBO GEpeTCs B KAUECTBE onpeiesienns npeobpa3osa-
A Pypbe 0606WEeHEbIX DYHKIMIA.

Onpegenenne 3. [peobpazosaruem Pypve obobuwenmnoli dymnxyuu f
MeIJIEHHOrO POCTa Ha3biBaeTca o06obuiennaa ¢yuxips F(f) memnennoro
pocTa, onpeneneHHas HopMyion

(F(f)p) = {f, F(p)):
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U3 onpepenenust BuaHO, 4TO omneparop F npeobpa3oBanusi @ypne B
8’'(R) ecTb onepaTop, conpsiXKeHHblit K oneparopy F npeobpasosanus Oy-
poe B S(R).

N3 reopems! 1 HacTOsiero naparpadga u Teopembt § 53 monydaem:

1) npeobpasoBanue Pypre cyuiecTByer A ar060i 06001meHHoM GHYHK-
uun 13 8'(R);

2) npeobpasoBanue ®ypre OuekTuBHO OTOGpakaer §'(R) na §'(R);

3) npeo6pasoBanue Pypoe HenpeprisHo B §'(R.).

IIpusenem npumepnl mpeobpasoBannit ®ypre CUHTYAAPHBIX 000OLEH-
HbIX (DYHKIM 1 HEHHTErPUPYEMBIX ODBIYHBIX (DYHKUMIA.

IIpumMmepsl.
1. (F(6), > (6 F(¢) = [ ol@) e Jela)de = (1.4,
T.e. F(§) =

2. (F( 5') > = (8'. F(p)) = (6. -DF(p)) = —(0. F[(—iz)¢]) =
= [izp(z) dz = (iz, cp) T.e. F(§') = ix;
R
3.

(F(1),9) = (L, F(y)) ff e~ p(z) dzdf = 2mp(0) = (274, ),
T.e. F(1) = 2794;

4. (Flal, o) = (2, F(9)) = (1,aF(0)) = (L, —iF(p')) = —i(F(1), ') =
= —27i{6, ') = (2wid’, ), T.e. Flzx] = 2mid’;

5. (F(e"h),¢) = (M, F(p)) = (1, F(p)(z)) = (L. F(p)(x + h)) =
= (F(1).p(@+h)) = (2nd, 0z +h)) = (2n8(z+h).@), e Fle’h) =
= 2xé(x + h).

IIpeobpazosanue @ypbe 0600LIEHHBIX (PYyHKIMHA COXPAHSIET MHOTHE CBOM-
cTBa 0ObIYHOrO Ipeobpa3oBanuss ®ypbe. DTO NO3BOMAET, B YACTHOCTH,
UCCIeOBaTh MIMPOKMHA KJIACC YDaBHEHHH, COOEPXKAIUUX CBEPTKH C
06061ueHHBIMY (DYHKIUSAME H, B YHACTHOCTH, AudhepeHIHaAIbHBIX YPaBHe-

HUI.
m

IT pume p. O6bikHOBEHHOE AU bepeHInATLHOE yDABHEHHE Y apu® =
k=0

= g B npocrpauctse 8'(R) MOXHO 3amucaTh B BUiE CBePTKH f *u =g,

m
rae f = Y. (=1)*ad'®). TIpumensa npeobpasosanue Dypbe, mosydaem

fa=§ Ecmm f(€)#0mmaé e R, 10 &= [1/f] §



[JIABA IX

JIOKAJIBHO BBIITYKJIBIE
TOIIOJIOTUYECKUE BEKTOPHBIE
ITPOCTPAHCTBA

B »rofi rnaBe u3/10keHB! OCHOBHBIE (DAKTHI OOIIEH TEOPHH JOKAJIBHO
BBIMYKJIBIX TOMOJOTMYECKUX BEKTOPHBIX HPOCTPAHCTB. B Hedl ucronb3y-
erca Gosplie, yeM B NPeNBIAYIIMX [JIaBaX, CBeleHUH U3 Tonosjorud. Lis
yaobcTBa yuTaTeNnell Takyue CBeJeHUs NPUBEIEHBI B IPUIIOMKEHUH.

§ 57. IIOJIYHOPMHI
1 JIOKAJIBHO BHIITYKJIBIE TOITOJIOI'IN

OnpefeneHus TOMOJOTHYECKOTO BEKTOPHOTO IPOCTPAHCTBA U TIOJIYHOP-
MbI Obuin yke gambl B § 53 u § 41. Paccmorpum nogpobHee €Bsi3b 3TUX
[TIOHATUH.

[MogmuoxkecTtBo A BekTOpHOro mpocrpaHcTsa X Haj nogeM K HasbiBa-
ercsl  GHNYKABIM, €Cid AT + uy € A, KakoBsl Ob1 HY Oblmu .,y € A u
M€K, 220, n20u A+pu=1. OHO HA3BLIBAETCA YPAEHOGEUEHHDLM,
eca AT € A, kakosbl 661 HU 6blm 2 € A, A € K u |A| < 1. Muoxkecrso A
HA3BIBAETCS ABCOAIOTMHO 8HINYKAbIM, ECJH OHO OJHOBPEMEHHO BBINMYKJIO U
YDaBHOBEIUEHO. DTO PABHOCUJILHO CJAEAYIOLEMY TpeOOBaHUIO: AT + uy € A
ais mobeix x,y € A u A\ p € K takux, uro |A| + |p| € 1.

MHOXKeCTBO BCEX KOHEYHBIX JMHEMHBIX KOMOUHAIME Buza Y A;z;, Tae
i
A2 0, YN =1, z; €A, aBisAeTCA BHILYKIbIM MHOXKECTBOM, COJEPKa-
i

wuM A, 1 Ha3bIBAETCS 6uNYkA0l 06020uKoti MHOKecTBa A. OHO ABAsieTCs
NepeceyYeHneM BCEX BBIMYKJIbIX IOAMHOXKeCTB n3 X, comep:kainux A, u tem
CaAMBIM HAMMEHbIIIMM TAKHUM MOIMHOMXKECTBOM.

AHanoruvHo HauMeHbliee AOCOIIOTHO BBINYKJIOE (Y PAaBHOBENIEHHOE ) MHO-
JKECTBO, comepaxamiee A, HA3bIBAETCA abcoaromHo ewnykaot (ypasHose-
wennoli) 060a0uxoti muoxkectsa A. OHO COCTOUT U3 3JEMEHTOB BUAR Y A T;

(Az). B koTOpPRIX 3 (M| < luma; €A (A1, z€A).

ToBopsT, 9YTO NOAMHOXKECTEO A BEKTOPHOTO MPOCTpaHcTBa X noasowa-
em MHOXecTBO B, ecau cywecTByeT Takoe o > 0, yto B C AA ans Bcex
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A Al 2 e Ioanowerowum mHodcecmeom Ha3bIBAETCH MHOXKECTBO A,
KOTOpO€ TMOIJIOLAET KaXK Iyl TOYKy u3 X.

Koneuynan BewtecrBenHas ¢yHkuus p : X — R Ha BekTOpHOM IpO-
cTrpaHcTBe X HA3bIBAETCA NOAYHOPMOU, €CIIH OHA YIOBJIETBODAET CJENY-
IOIUM yCJOBUAM:

Py) p(z) > 0:

P2) p(Az) = |Alp(z);

P3) p(z +y) <p(z) +p(y)
asiBeex T,y € X u A € K.

HAcno, uto p(0) = 0, HO MOoxkeT 6bITh, uTO p(z) = 0 U 4 z # 0, T.e.,
Boobie rosops, p~!(0) — sexTopHoe moanpocTpanctso B X. [lomyHopma
P, 4sisi kotopoit u3 p(x) = 0 cnenyer z = 0, ABAAETCA HOPMOUL.

B BexTOpHOM mpocTpancTBe X HMEETCS CJELYIOLIee COOTBETCTBHUE
MeX Iy MOJYHOPMAMH # aGCOJIIOTHO BBIMYKJIBIMU MOTJIOLIAIOMUAME MHOMe-
CTBaMHU.

Teopema 1. I ITycmv p — noaynopma wa X. Toada mnosicecmea
By(0,a) = {r € X| p(z) < a} u Bp[0,a] = {z € X| p(z) < a}. Has3viea-
EMBLE NOAYUWLAPAMU, ABCONOMHO BHNYKABE U NO2A0UWGINOULE 0 4106020
a>0.

II. Kaowcdomy abCOMOMHO BBNYKAOMY TLOAOULGHOUEMY MHOHCECTNEY
A C X coomsemcmeyem nNOAYHOPMA DA, HA3DEAEMAA PYHKUUOHAAOM
Mumnxoecxozo muoocecmea A, onpedesennas Popmyaot

pa(z) = inf{\ > 0] z € AA}
u obaadarowan mem ceolcmeom, 4mo
B,,(0.1) C AC B,,[0.1].

> Yreepxkaeuue I cienyer u3 ycnosuit Pa, P3 u koHeuHoCTH P.

II. U3 Toro, yro A — mOraomIAKOLEe MHOMXECTBO, CIeAyeT, YTO p4(x)
KOHEYHO A1 Kaskaoro r € X. Bemomanenune P; u Pg oueBngno. YTobbl
JI0Ka3aTh BHOOJIHEHHe yciaoBusi Pz, BosbMeM = € MA, y € pd, X > 0,
w>0.Tormaz+y € AAd+puAd=(A+p)Aunosromy pa(z+y) < A+ pu.
CnenoBatensHo, pa(z + y) < pa(z) + paly). <

HanoMuuM, uTo BekTOpHOE npocTpakcTeo X Han noseM K ¢ 3aaaHHOM
Ha HEM TOMNOJIOTHEH T Ha3bIBAETCH TMONOAORUNECKUM BEKTNOPHBIM TPO-
CMPAHCTNEOM, €CITH ONEPALUH CIOMXKEHUS W YMHOMXEHHsS Ha YUCIO Hempe-
PBIBHBI B 3aJaHHOM TOMOJIOTMH.
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IIpeanoxkenue 1. Samvikarue 8unyxa020 (ypasHosewenrozo, abco-
AIOMHO BUNYKAOZ0) MHONCECTNEA 8 T.6.T. BUNYKAO (YpasrogeweHo, abco-
A0MHO BBINYKAO).

> Joxa3aTenbCTBO NpOBEAEM [/ BBINYKJIOTO MHOKeCTBA A 13 T.B.IL. X.

IMycts z,y € A. Torma cyuiecTByIOT HAIPaBIEHHOCTH (Tx)xeA: (Ur)reA.
Tx,Y) TaKue, 9T0 T = lifl\n Ty, Y= li/I\Il yx (Teopema 1 § 5 mpunoxenus).

TTockoneky axy + Py € A ana mobbix a 20, 320, a+8=1u X —
T.B.IL., TO az) +fyx — az+PBy € A. OcranbHble c1yyan pacCMaTPUBAIOTCS
AHAJIOTHYHO. <

Kax nokazano B nemme 1 § 53, Tonosiorus T.8.11. X OQHO3HAYHO ONpee-
JIeTCs 3aJaHHeM OKPECTHOCTel HyJs U, CIe0BATENbHO, 33/1aH1eM Da3uca
okpectHocTedt Hyns. Jns qucna A # 0 U3 HenpepbIBHOCTUH OTOOpPaXKeHUs
¢(z) = Az u HempepniBHOCTH OB6paTHOrO OToGpaxkenus ¢~ !(z) = (1/\)z
nosyyaeM, 4ro MHOxkecTBo U u Muoxectso AU = {\z| z € U} onnospe-
MEHHO SABJISIFOTCH OKPECTHOCTSAMHY HYJIA.

Teopema 2. B m.e.n. X cywecmeyem 6a3uc B oxpecmnocmet nyan
maxot, ¥mo:

B1) xaowcdoe mnooicecmeo V € B ypasrosewennoe u No2A0Ua0wWee;

Bs) ecau V € B, mo AV € B das awbozo A # 0;

B3) das xascdozo U € B cywecmeyem oxpecmuocmvy V € B maxas,
ymoV +V CU,;

B4) das wmobuz U,V € B cywecmsyem oxpecmuocmos W € B maxaax,
ymo W CVNnU.

> Bj. Tak kax orobpaxenne K x X 3 (A\,z) — Az € X HenpepbiBHO B
touke (0,0), o aas moboit okpectHocTr U Hynst B X cywectByer § > 0 u
W — okpectHOCTb HyJsa B X Takme, uro Ax € U pnaseex [A| <du
Beex £ € W. O6ozuaunm V = {Az| A € K, |\ < 6,2z € W}. V — ypaBHoBe-
LIeHHOe MHOXKeCTBO, npudem dW C V C U. Tak kak 6WW — okpecTHOCTb
HYJIsi, TO U V — OKDECTHOCTb HYJIA.

Ilycts 3amano a € X. [lockonbky otobpakenne K 5 A — da € X
HerpepblBHO B Touke A = 0, To ana yr060it okpectHoctu Hynst U cyiue-
crByer § > 0 Takoe, uro Aa € U mpu |A| € §. Cnenosarensho, a € ulU npu
|| = 671, D10 o3HAUAET, YTO KAXKA2SA OKPECTHOCTD HY/S B T.B.Il. ABJIAETCA
HOIJIOIIAKUNM MHOXKECTBOM.

Takum 06pa3oM, B Kaxkaoli okpecTHOCTU Hynst U COmepKUTCS YpaBHO-
BellleHHAas TOrIOAIAs OKPECTHOCTb V, U 3Ha4UT, MHOXKECTBO B ypas-
HOBELIEHHbIX MOIVIOMWIAIOMIUX OKPECTHOCTEN Hy/Isi 0Opa3yeT Ga3uc OKpecT-
nocreii. Ceoitcto Bo cieayer u3 caestaHHOTO nepen TeopeMoit 3aMedaHusA.
Orobpaxenne X x X 3 (x,y) — z + y € X HenpepsiBHO B Touke (0, 0).
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Mosromy mna at06oi#t okpecTHOCTH Hydst U CymecTBYIOT OKDECTHOCTH HYJst
Vi € BuV; € B takue, uro Vi + V5 C U. Beibepem V' = Vi NVs 1 nonyyunm
cBoiicto Bj3. CpoiicTBo Bo BhimosnneHo st ;1106010 6a3uca OKpecTHOCTel
TOYKH. i paccMarpuBaeMoro 6a3mca MOKHO moaoxute W = U NV,
TaK Kak lepecevyeHye ypaBHOBEIIEHHbIX MOTJIOMAKIIMX OKPECTHOCTEH eCTh
YPaBHOBEIICHHAS OIIONA0UIAA OKPECTHOCTh. <1

3ameuanue. Caolictea Bz u By Buinonsens: jnsa nwoboro 6a3uca oKpecTHOCTEMR
Hyn1s B T.B.M.

Takum 00Opa3oM, B KaXkJIOM T.B.I. MMeeTCsi 6a3uC M3 yPaBHOBELIEHHbIX
okpectHocTeil. B Haubonee BaXXHbIX U yIIOTPEOUTENBHBIX T.B.IT. CYIIECTBY-
eT TaKxKe 0a31C U3 BBINYKJbIX OKPECTHOCTeil HyJA. Takue MpOCTPAHCTBA
HA3bIBAIOTCA A0KGALHO BHLINYKABLMU NPOCTRPAHCTNEAMY (J1.B.1L.)

Culenyiomas TeopeMa XapakTepu3yeT TOMOJOTHUIO JIOKAJIbHO BBITYKJIOTO
OPOCTPAHCTBA.

Teopema 3. B a.6.n. X cywecmeyem 6a3uc B oxpecmuocmetll nyaa,
obaadarouwuti caedyrouumy ceolicmeamu:

C1) =xaorcdoe V € B abcoarommno swnyrioe U noz2iowawuee;

Co) ecmuV eB moAVeB. A#£0;

C3) daa xasicdozo U € B cywecmeyem oxpecrmuocms V € B maxas,
wmoV+V CU,;

C4) daa awbuz U,V € B cywecmsyem oxpecmuocmos W € B maxaa,
vmo W C VNnU.

Ecau e eexmoprom npocmpancmee X 3adano menycmoe cemeticmeo B
nodmmoosicecns us X, obaadarowee ceoticmeamu C; — Cyq, mo 6 X cywe-
cmeyem, u NPUMoM eJUHCMEEHHAR, MONOA02UA, 8 Komopold X AsaiemcA
4.6.1m. ¢ bazucom oxpecmuocmetls Hyas B.

> Ecnin W — BbimykJiasi OKpecTHOCTH Hyasf, TO ais Jjwoboro § > 0
mHO)kecTBO V = {Az| A € K, |A| £ 4, x € W} ecTb abCOMIOTHO BBIIYK-
J1asi OKPECTHOCTDb HyJsi. [I09TOMy aHAIOTHYHO JOKA3aTe/IbCTBY TEOPEMbI 2
nojy4aeM, 4To abCoJIIOTHO BLINYK.IbIE OKpecTHOCTH 0Opa3dyloT 6as3uc, ob-
napaiomuii ceoiicreamu C; — Cy.

ycte cemeiictBo B obmanaer ceoiicramu C; — C4. OBo3nanM ue-
pe3 V MHOXECTBO BCEX MOAMHOXECTB M3 X, COmepXKamux Kakoe-HHOyab
MHOXKecTBO u3 B, u mpumeM V(z) = V+ z nas kaxa0ro € X 3a MHOXKe-
CTBO OKpecTHocTe# Touku x. U3 cBoiicte C; — Cy mosyuaeM BbINOJIHEHHE
aKCHOM OKDECTHOCTeil U3 npejioxkenus 3 § 1 npumoxxenus.

Ocraercs 1pOBEPUTH, YTO ONPEAEJCHHAA TaKUM 00Pa30M TONOJIOTHS CO-
IJ1acyeTcst €O CTPYKTYPOH BEKTOpHOro mpoctpancTBa. CHadasia moKaxeM,
YTO ONepanus CIOXKEeHHs HeNpepbIBHA B 000 Touke (a,b) m3 X x X.
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HeiictBurenbro, eciu U € B, 1o a1a mobbix x € %U +a, yE€ %U +b
BbInonHeHo £+ y € U + b+ a. Ins noka3aTenbCTBa HEIPEPLIBHOCTH YMHO-
>KeHus B Touke (z,a) u3 X x K mocraroqHo ana U € B HaiiTH Takue 1) u
8, uro Az — aa € U, kak Tombko (A — al < nu z € §U + a. Cymecrsyer
Takoe p > 0, yro a € plU; BoibepeM 7 Tak, 4TOOBI BBINOJIHAIMCH HEPABEH-
ctBa 0 < 21 < p~ !, n 3areMm 4 > 0 Tax, 4TO6b! BBHIIOJNHSAINCL HEPABEHCTBA
0< 2§ < (laj]+n)~1. Torna Az — da = Az —a) + (A —a)a € (Ja| +n)oU +
+ulU CcU. <

Caepnctue 1. [Tyems V — npousdsoavroe cemeticmeo abeoanmmo 6oi-
NYKABT NO2A0UWAOWUT MHONCECTNE 8eKMOpHo20 npocmpancmea X. Tozda
8 X cywecmeyem caabetwas u3 monoso2ull, C024aC08CHHBLT C GA2ebpa-
uneckol cmpyxkmypol, 8 Komopwr xadcdoe mruooicecmeo uz V asaiem-
cA oxpecmuocmb Hyas. B amol monoaceuu X — A0KAAbHO 6uINYK.AOE
NPOCMPAHCMEO ¢ ba3ucom okpecmuocmeds HYyas, 00PA308AHHBLMU MHOICE-

n
cmeamu euda A (| Vi, 2de A >0, V; € V.
i=1

Hcnonb3ys npeanoxenue 1, monydaem

Caencteue 2. B a.e.n. cywecmeyem b6a3uc 3aMKHYMBLT OKPECTIHOCH
meti nyas co ceoticmeamu C; — Cy.

[TockonbKy TeopeMmoii 1 yCTAHOB/IEHO COOTBETCTBHE MEXKAY abCOIOTHO
BBIIIYKJILIMH MOCTOMAIOIMMUME MHOXKECTBAMU M TTOJIyHOPMaMMU, TO U3 CJej-
cTBUa 1 momyvaem

Cuneacreue 3. ITycms na sexmoprom npocmpancmee X 3adarno cemed-
cmeo noaynopm {p;}icr. Toeda 8 X cywecmayem caabediwas ua monoio-
2uil, 8 XOMOPHLIT 6ce P; HenpepbvieHst. B amoti monorozuu X — aoxaavho
8UNYKAOE TPOCPAHCTNEO ¢ ba3ucom oxpecmuocmel, 00pa306aHHLLMU G-
COMNOMHO GUNYKABMY TLO2AOUEHOUUMY MHOHCECTNEAMU 6Uda

=B, (0,e)N...N By, (0.€).

> JJocTaTouHO 3aMerTHTh, 4To moJymap B,(0, <) aBisgerca oKpecTHOCTBIO
TOrJa M TONBKO TOTAa, Korda noaynopma p : X — R HenpepbibHa. <

Tononoruto, ONUCAHHYIO B CJEACTBHH 3, HA3bIBAIOT TOIOJIOTHUEH, OIpe-
ZlensieMoil CeMeHCTBOM TIONYHOPM {Pi }ier-

Canenctsue 4. Jaa 4106020 A0KaADHO 80NYKA020 npocmpancmed (X, T)
cywecmeyem cemelicmso noaynopm {p; }ic maKoe, wmo monoaozus, onpe-
deasemasn cemeticmeom noiynopm {p;}icr, cosnadeem c 7.

> ITycts B — 6a3uc oKpecTHOCTEH HY/A, COCTOSILMI U3 BCeX abCOMIOTHO
BBIIYKAbIX oKkpecTHOCTel. Toraa cemeitcTBo monyHopm {pv }ves, roepy —
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dyHsKuMoHa MUHKOBCKOrO [JIi MHOXKECTBa V, OnpeesisieT TOMOJIOTHIO,
COBNAJAIOIIYIO C MCXOOHOH TonoJioruet 7. <

TakuMm 06pa30M, BCAKaAs JIOKAJBLHO BBIMYKJAsS TOMOJIOTHS ONpeNessier-
Cs1 MHOXXKECTBOM HeIpepbIBHBIX MOJYHODM, U OOPATHO, BCAKOE MHOXKECTBO
TOJIYHOPM OINpEJEJisieT JIOKAJIbHO BBINMYKJAYIO TOIMOJIOTHIO, B KOTOPOi 3TH
MOJIYHOPMbI HEMPEPhIBHEI.

IIpennoxenue 2. Tonoao02ua, ONpedesiemas MHOHCECTIEOM TLOAYHODM
{pi}ic1, omdeauma moada u moavko mozda, xoeda u3 mozo, wmo p;(xr) =0
Vi € I. caedyem, wmo x = 0.

> Heobxoaumocrs. Eciu X oraenumo u x # 0, TO CyIIECTBYET OKPECT-
Hoctb Hynst U takas, uyro z ¢ U. Io onpenenennio 6a3uca okpecTHOCTE!
3TO 3HAYWT, YTO CYILECTBYIOT € > 0 M KOHeuHOe MOAMHO)KecTBO I =

{i1,....in} Takue, uro MHOXKecTBO [ Bp,(0,6) C U. Taxum obpasom,
i€F

HaliIeTCs HEeKOTOpas MosyHopMa p;, ¢ € F, takas, 4ro = ¢ By, (0,¢€), T.e.

pi(z) = €.

Hocrarognocts. Ilyers x # y. Caenosarensho, £ — y # 0 u mosto-
My CyLIeCTByeT MNOJYyHOpPMa p; Takad, 410 p;(z —y) = o > 0. Torna
By, (z,/2) N By, (y.2/2) = 0. <

Teopema 4. Jloxaavro ewnykaoe npocmparcmeo (X, 7) mempusyemo
moada u MoAvKo Mo2da, k0206 €20 MONOAO2US 0MOCAUME U MOHCEM ObiMb
3000HA CUEMHDLM YUCAOM TLOAYHODM.

> Heobxoanmocts. Ecnu npocrpancTso (X, T) MeTpusyeMmo, TO CyLie-
CTByeT CueTHblH 6a3uc okpecTHOCTeH Hyss. Boibupas BHyTPH Kaxk[0ii u3
OKPEeCTHOCTH 3TOro 6a3uca abCOMIOTHO BLITYKJIYI0 OKPECTHOCTh, OJyYa-
eMm 6a3uC U3 CUETHOrO YHMCIa aGCOMIOTHO BBINYKJIBIX OKPECTHOCTEH HYJIs
{Vi}22,. Torma dyHkumoHans MunkoBckoro {py; }$2; obpasyior Tpebye-
MYIO CHCTEeMY TOJIyHODM.

Hocraroynocts. Ilycrs {pi}§2, — cucreMa moayHOPM, ONpeIeroast
Tonosioruio 7. ITosoxxum

ooy =3 L Py

=2 1+ pe(z — )

Ananoruyso npumepy 5 § 14 nonyuaem, 4to p(z,Yy) YIOBIETBOPSAET aKCHO-
MaM METPHKH, ¥ HY>KHO JIMINb [IPOBEPUTH, YTO TONOJIOTHSA, OIpeJensaeMast
METPUKOH p(Z,y), COBIaAAeT ¢ MCXOAHOH TOMOJIOTHEH, T. €. YTO MWIapPhbl

B(0,e) = {z € X| p(0,2) < e}

obpa3yor 6a3uc okpecrHocTeit Hyns B X.
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CornacHo cieacrsuio 3 Teopemsl 3, 6a3uc B X COCTOHUT U3 MHOXKECTB
BUIA
Vsipiy vepin = Bpiy (0,6) N ...N0 Bp, (0,9).

TMokaxeM, yro nnis 3amaHHbIx 1 1 § > 0 cymecrsyer € > 0 Takoe, 4TO
B(0,€) C Vs.p,,....py, - ITO O3HAYAET, YTO TONOJIOrHs, HOPOXKAEHHAA METPU-
KOIf, CUJIbHEe TOIOJIOTHH, IOPOXKAEHHONH CUCTEMOMH MOJIyHOPM.

s

Beibepem € < 27" 535 Torama npu x € B(0,€) nmeem

1 pe(z) 1 4 1 4
g <e< < % )
2k 1+ pr(z) m§+1 28541

W3 nocnennero HepaBEHCTBa B CHJIY MOHOTOHHOCTH (yHKumm t/(1 + t)
nosny4aem, uro pg(z) <4, k=1,...,n,T.e. T € Vsp, ... pn

IMokakeM Tenepb, Y4TO TOMOJIOTHSA, TOPOXKAEHHAS CUCTEMOM NOJIYHODM,
CHJIbHEE TOMOJIOTHH, IOPOXKAEHHOH MeTpukoi. s sToro no € > 0 Hajtnem
8 > 0 u n takne, 9t0 Vsp, . p. C B(0,€). Bo3pmem § < €/2 u BriGepem
4HCJIO T Tak, 4TOObI BBHINOJIHAJIOCh HepaBeHCTBO 1/2™ < /2. Torma npu
z € Vsip,....,p, EIMEEM

)
p(0,z) < P

TTM:
?rl*“
+
]
82—
N
o
]
2
+
)
A
)
A

MeTpusyeMoe NOJHOE JOKAJIBHO BBINYKJIO€ MPOCTPAHCTBO Ha3bIBAeTCH
npocmpancmeom Ppewe. CBOICTBA ITOrO KIACCA TONOIOTMIECKIX BEKTOP-
HBIX IPOCTPAHCTB Hanbosee 6u3KH K cBOMCTBAM 62HAXOBBIX IPOCTPAHCTB.

§ 58. IMHEVHBIE HEITPEPLIBHBIE OIIEPATOPHI
1 OYHKIIMOHAJIBI. OTPAHUYEHHBIE MHOXKECTBA

IIycrs X u Y — n0KanbHO BBIIYKJIbIE IPOCTPAHCTBA € TONOJIOTHAMH,
onpeAejeHHbIMH CHCTeMaMH HoayHopM P u ) coorsercTBeHHo. Bymem
cuuTarh 6€3 orpaHuYeHHs ODIIHOCTH, YTO IJ1s NI0OOr0 KOHeYHOro Habopa
P1s- - -, Pn NOJYHOPM U3 P mosyHopMa p(r) = max pi(r) Takke NpUHAI-

RN

qexut cucreme P. U3 atoro ceolictBa BeITEKaeT, uro nonywmapst By(0,7)
obpa3ytoT 6a3uc okpecTHOCTEH HYNA, a He mpeabas3uc, Kak B 0b1ieM cirydae.
Ananoruysoe cBoCTBO Oyi€M CUHTATH BBINOJHEHHBIM Y BTOPOil CHCTEMBbI
[IOJIYHOPM — CHCTEMBI (.
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ITockonbKy OKPECTHOCTH TOYKH B JI.B.IT. ABASIIOTCS CABHTAMH OKPECTHO-
cTefl HyJs, TO BCsKOe JiMHeltHOoe oToOpaxkenue T: X — Y HenpepblBHO
TOCa M TOJLKO TOL/A, KOTJ4 OHO HEIPEPBHIBHO B HYJIE.

Jluneiiuble oTOOparkeHHMsT HA3BIBAIOT OOBIYHO onepamopamu. MHoXKe-
CTBO JIMHEHHBIX HENPEPLIBHLIX OnepaTopos u3 X B Y obosnaynm L(X,Y).
Muoxecteo X' = L(X, K) nuuefinpix GbyHKIUOHAIOB Ha X Ha3bIBaeTCA
TNPOCMPAHCTNEOM, CONPANCEHHBIM K X.

TeopeMma 1. Junetinoe omobpasxcenue T: X — Y nenpepwuero mozda u
MOALKO 0208, K020a 0AA KaHCIOT NoAyHOPMYL § € @ cyuecmeyom noasy-
Hopma p € P u xonemanma C > 0 maxue, ¥mo cnpasediuso Hepasencmeo

q(Tz) < Cp(z), ze€X. (1)

> Jocrarounocts. Jisi oxpectsoctu U = By(0,r) Touku 0 B YV naii-
ZAeM TNOJYHOPMY P, LIl KOTOPO#l BBIIOJIHEHO HepaBeHCTBO (1), ¥ nocrpoum
okpecrrocts V = B(0,7/C) touku 0 B X. Torma T(V) C U, 4to u o3Ha-
YaeT HENPEPBIBHOCTh oneparopa 1.

Heobxonumocts. Ecnu T nenpepnsiBHO B Touke £ = 0, TO I BCAKOM
noJIyHOPMBL ¢ € @ u aoboro € > 0 HadiayTcsa noayHopMa p € Pu d > 0
TaKkue, 910 U3 coorromwenus p(r) < ¢ ciaenyer ¢(Tzx) <e. Hycrp z € X —
[IPOM3BOJIbHAS TOUKa. BoibepeM Takoe A, uyto Ap(z) < 4. Torma p(Az) < ¢
n nosromy q(T(Az)) < e. Cnenosarensho, ¢(Tz) < €/A. Ecin p(z) = 0,
TO A MOXXeM BbLIOpaTh CKOJIb yrogHo bosbimuM u Toraa ¢(Tx) = 0; ecnu xe
p(z) # 0, To BozbMeM A = §/p(z). Torma ¢(Tz) < (¢/8)p(z) u B MoGoM
ciyvae (1) Buinonusercs. <

CunencrBue 1. Ilycmo X — a.6.n., f : X — R — aunetinsidi gynxyuo-
naa, P — cucmema noaynopm, onpedessrousasn monoaoeuto wa X. Oynx-
yuonas f nenpepovisen mozda u MoAvKO mozada, K020a CYULLCTNEYIOM. NOAY-
nopma p € P u xoncmanuma C > 0 maxue, wmo

lf(z)| < Cp(z), zeX. (2)

Bonpoc o cymecrBoBaHHM JTHHEHHBIX QYHKIMOHAJOB, YI0BAETBOPSIOMUX
HepaBencrBaM Buja (2), 6b1 pacemorper B § 41. U3 reopembr Xana —
Banaxa (§ 41) cneayer, 4To Takue ¢hyHKUMOHAJIBI CYILIECTBYIOT U YTO Henpe-
PbIBHBIE JiuHelHbIe PYHKIMOHAIBI PA3JE/ISIIOT TOUKM OTAETUMOrO JIOKAb-
HO BBIMYKJIOrO NpocTpancTBa. HanoMHuM, 4TO MJIs MIPOU3BOJBHOIO TOIMO-
JIOCMYECKOr0 BEKTOPHOIO MPOCTPAHCTBA MOXKET Oxa3aTbes, urto X' = {0}
(cm. § 53).

MuoxectBo B B j1.B.I. X Ha3bIBAGTCH 02PaAHUMENHbLM, €CIH OHO IMO-
[JIOMIAeTCA KaXXJI0H OKPECTHOCTBHIO HYMS, MJIH, UYTO TO K€ CaMoe, Kaxaas

382



NOJAYHOPMA p M3 CHCTEMbI HOJYHODM, ONMPEAEJISIIOIMX TONOJOTHI0 Ha X.
orpaHuYeHa Ha B.

Bynem o6osuadates uepe3 B(X) COBOKYNHOCTB BCEX 3aMKHYTBIX abco-
JIIOTHO BbIOYKJBIX OrpaHuydeHHbix Muoxkects u3 X. Torma aas sroboro
orpaHuyeHHoro MHoxectBa A u3 X cymecTByeT MHOXecTBO B € B(X)
takoe, uro A C B. Bcesikas nogcucrema Bg cucrembr B(X), obaanaro-
A TAKUM CBOMCTBOM, OyZeT HA3bIBATLCA PYHIGMEHMAALHOU CUCTEMOT
02PANUNEHNBLT MHONCECTNE WIIH 6A3UCOM 02DAHUNERNBLT MHOXICECME HA X .
HenocpeacTBenHO U3 ONpPEAEeHUs BHITEKAET

IIpengoxxenne 1. 1. Koneunoe MHOIHCECTIBO 02PAHUNEHO.

2. amvikanue, 6bnyKAGE 00040%KG, AOCOMOMHO 6BINYKALA 06040%KG
02PAHUNEHHO20 MHONCECTNEA 02DAHUNEHDL.

3. JIho60e NOOMMHONCECTNEO 02PANUEHH020 MHOKCECTNEa A U MHOodCe-
cmeo AA ozpanuvenoL.

4. Obsedunenue KOHEUHO20 HUCAG 02DOHUNEHHBLT MHOIICECTIE ABARETMCA
02PUHUMEHDLM MHOHCECTLBOM.

5. Ilpu nenpepvierom AuHeliHoM 0Mobpadceruy 06pa3 02Ppanu“4eHH020
MHOHCECTBA 02PAHUMEN.

IIpengioxenue 2. Jas mozo, wmobv, muoscecneo B 6 #.6.n. X 6via0
02PanUNENHbLM, He0OT0dUMO U dOCTNAMONHO, ¥Mobt Jaf KwdHcdol nocae-
dosameavhocmu (T,,) C B u xaowcdoti wuca080l nocaedogamesbHocmu Ay, ,
CTRPEMAULETICA K HYAID, UMEND MECTILO AnTy — 0.

> Heobxonumocts. [lycts (x,) u (A;,) — N0CI€00BATENBHOCTH YKA3aH-
HOrO BHAA M V — MpOM3BOJbHAA aOCOJIIOTHO BBITYKJIASi OKPECTHOCTh
nyns B X. Cymecreyer A > 0 Takoe, uto B C AV. B uacthocrn, x, € AV,
n = 1,2,... . Ecu n HacTOJIbKO BEJMKO, YTO BBIIOJHEHO HEPABEHCTBO
|[An] < 1/A, 10 Az, € ApAV C V, Te. Apa, — 0.

Hocrarounocts. Ecnu Mu0XecTBO B HEOrpaHHYEHHO, TO CYLIECTBYET
OKDECTHOCTb Hyas V, KOTOpas He morjowgaer B, T.e. npu o6oM n MHO-
xectso B\ nV  # (. Buibepem z, € B\ nV. Toraa, ¢ ouuoil cTopoHsL,
(zn) € B, a ¢ gpyroit — (1/n) x, ¢ V. 4T0 0POTUBOPEUNT yCIOBUIO. <]

[TonsiTie OrpaHUYeHHOTO MHOXKECTBA MO3BOJIAET OXAPAKTEPU30BATh HOP-
MHDYeMbI€ [IPOCTPAHCTBA, T. €. TAKME JI.B.II., TONOJOrUS B KOTOPBIX MOMKET
6BITH 3alaHAa C IIOMOINBIO OJHOH HOPMBL.

Teopema 2 (A. H. Koamoropos). Omdesumoe A0KaGALHO GHNYKAOE
TPOCTMPARCTEO HOPMUDYEMO Mo2da U Mmoavko moada, Kozda 6 Hem ecmb
TOMA 00HG 02ZPAHUNEHHAA OKPECTIHOCTL HYAR.

> HeobxoJHMOCTb OYeBHIHA, TAK KaK IHHWUHBIN 11ap B HODMHUPOBAH-
HOM IPOCTDAHCTBE SBJIAETCH OTPAHHYEHHOM OKPECTHOCTHLIO HYJISL.
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Hocrarournocts. [lycte U — orpannyeHHas OKpecTHOCTb Hyns. Bes orpa-
HUYeHUS OOIIHOCTH MOXKHO CYMTaTh, 4TO MHOXKecTBO U abGCOMIOTHO BbI-
nykJio. Torga asisi MpoOM3BOJIBHON OKpECTHOCTH Hyas V cymecrsyer A > 0
takoe, uto U C AV u, cremosarensHo, (1/A) U C V. Takum obpasom, MHO-

XKeCTBa {(1 /myU } obpasyoT 6a3uc okpecTHocTel. Tax Kak IpOCTPAHCTBO

OTHENUMO, TO Py SABJISAETCA HOPMOH, ONpeNesouel TONONoTHI. <
JIoKanbHO BBIMYKJIOE IPOCTPAHCTBO HA3BIBAETCH HOPHOAORUNECKUM, €C-

JI1 B HeM KasKJoe afCOJIOTHO BBITYKJIO€ MHOXKECTBO, NOIVIOILIAOIee Bce

OTpaHUYEHHbIE MHOMKECTBA, SIBJISIETCSH OKPECTHOCTHIO HYJISl.

Teopema 3. Mempu3syemoe 4.8.1. ABAAEMCA BOPHOAOZUNECKUM TPO-

CTPAHCTNEOM.
> Ecan X merpusyemo, TO CyLIeCTByeT CYETHbIH 6a3HC OKpecTHOCTE!H
vyns (V) takoit, yro Vi D Vo D .... IIyctb A — aBCOMIOTHO BBIMYK-

JI0& MHOXKECTBO, KOTOPOE TIOTJIOIIAET BCE OrPaHMYEHHbIe MHOXKECTBA. [Ipu
HEKOTOPOM N MBI IOJI)KHBI UMETb BKJlO4YeHue V,, C nA. B nporuBHOM Ciiy-
4ae CyIeCTBOBAJH 6bl T, € V;, Takue, 410 T, ¢ nA. Tak Kak z, — cxozas-
WAsCA K HYJIO I0CIEI0BATENbHOCTD, TO OHA, OTPAHMYEHA U, CJ1eJ0BATEb-
HO, TIOTJIOWAETCS A, 4TO SABJSETCA MPOTHBOPEeYHeM. 3HAYUT, A CONEPKUT
(1/n) Vi, n ABNsi€TCA OKPECTHOCTHIO HYJIA. <

Jluneitnoe orobpaxkenue T: X — Y onmoro n.B.. X B fipyroe Y Ha3bl-
BalOT 02PpaHUYEHHBLM, ECJTH OHO OrDAHHYE€HHOE MHOXKECTBO U3 X IIepeBoOauT
B OrpaHUYE€HHOEe MHOX>XECTBO B Y

W3 Teopembl 1 BHAHO, YTO Ka)kI0e HEIPEPLIBHOE JIMHEHOE 0TOGpaxe-
Hue orpanudeno. OgHaKo B 001IEM CiIy4vae OrpaHUUeHHbIE ONepaTopbl MO-
ryT 6bITh pa3phIBHbIME. BOpHOJIOrMYecKHe NPOCTPAHCTBA XaPAKTEPU3YI0T-
CA T€M, YTO B HUX INOHATHUS HENPEPbBIBHOTO U OrPAHUYEHHOTO 0TO6pa.)K€HI/IH
COBIIAAIOT.

Teopema 4. JJasa mozo, wmobv 4.6.1n. X 6b6.10 boproao2unecKum, 1eob-
Todumo u docmamouho, wmobv, Kadcdoe auneliHoe ozpanuvennoe omobpa-
orcenue T: X — Y 6 awboe a.6.n. Y 6o140 HenpepuLerbim.

> Heobxogumocts. Ilyers X — GopHONOrHUeCcKoe IpOCTPAHCTBO, 1 —
orpanuyensoe otobpaxkenue 3 X B Y, V — abcomoTHO BhINyKad
OKPECTHOCTb HYJA B Y u B — orpanndyenHoe MHoxectBo B X. Torma V
nornomaer T(B) u, crenosarensno, 7~ (V) mornomaer B, a mosTomy
T-}(V) — okpecTtroctb Hyast B X. 3Ha4ut, T HENpepHIBHO.

Jocratoynocts. Ha nOKanbHO BLIMYKIOM NPOCTPAHCTBE X 3a0a/JHUM HO-
BYIO TOITOJIOTHIO, [IPUCOEIUHSIA K Ha3UCy OKPECTHOCTel Hyssa Bce abCOSIIOT-
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HO BBINYKJIbI€ MHOKECTBa, MOTJOLIAIIME KaXJA0e OrpaHuveHHoe (B uC-
XOZHOH TONOJIOrMM) MHOXKECTBO. IlojyueHHOe MpOCTPaHCTBO 0G03HAYMM
Xp. OueBnaHO, YTO OHO ABAAETCH OOPHONOIUYECKHM JI.B.II. 1 HMEET Te
2Ke OrpaHuyYeHHbIe MHOXKeCTBa, uTo U X. [loaToMy ToXxIecTBeHHOE OTOD-
paxenue [: X — X, orpaHuyeHO H, II0 YCJIOBHIO, HEIPEPBIBHO. 3HAYHT,
TOMosIorusA npocrpascrea X maxkopupyer romosioruio Xp. C apyroii cropo-
HbI, Tononorus X cuiibHee Tononorun X 1o nocrpoenno. CneaoBareabHO,
OHM COBMAaJaioT. 3HaUMT, X ABJASAETCA ODOPHOJOrMYECKUM NPOCTPAHCTBOM,
410 K TpeboBaIOCh. <

Ha 6opHonoruyeckue IpOCTPAHCTBA IIEPEHOCHTCA Pl IPYTHX CBOHCTB
HOPMHPOBAHHBIX IPOCTPAHCTB.

Teopema 5. [Tycmev X — Goproaozueckoe, a Y — npousgoivroe 4.8.1.
unyemv T: X — Y — aunetinoe omobpascenue. Tozda caedyrouyue ymeep-
HCOEHUA IKGUBLACHITIHDL!

a) T menpepuigHo,

6) T ozpanuneno;

8) u3 x, — 06 X caedyem, wvmo Tz, - 06Y.

> DKBMBAJIEHTHOCTb a) <> 6) ycraHOoBJeHa TeopeMmoil 4. mmiukauus
a) = B) oueBuaHa. JJokaxeM, 4To u3 B) ciaeayer 6). Ilycts B — npons-
BOJIbHOE OrpaHuYeHHoe MuoxecTBO B X. Eciu Tz, € T(B), o ansa moboi
HOCIEeA0BATENbHOCTA A € K, A — 0, B cusy npensoxenus 2 A\,z, — 0.
Torna ATz, = T{(Apx,) — 0. Ilo npennoxenuto 2 T(B) orpaHuyeHo B
Y. «

Ha npocrpanctee L(X,Y) umeerca HECKONBKO €CTECTBEHHbIX TOMOJIO-
ruit. Oun 3a8ar0TCa cneayomuM obpasoM. Ilyets A — cOBOKymHOCTB Orpa-
HMYEHHBIX MHOXKECTB B JI.B.I. X, YAOBJETBOPAIOWIAA CASAYIOIAM YCIAOBU-
AM:

1A) ecru Ae Au Be A, ro3C € A rakoe, uto AU B C C,|

2A) ecsm A€ A, 10 MAe A VA eEK,

3A) |J A nopoxpgaer X.
AEA
IlycTh TONOMOrHS HA JI.B.II. Y NOPOXZAETCA CHCTEMOi mojyHopM {p;}.

Ha Muoxectse L{X,Y) ompesenum JIOKaJbHO BBIMTYKJYH TOIOJOTHIO C
[IOMOIIBIO [TOJIYHOPM
pai(T) = suppi(Tz),
TEA
rae p; € {pi}, A € A. Drta Tononorus HaswiBaercs A-monoroeuels UK
monoaczueti PasHoMePHOTi CTOOUMOCTU HA OTPAHNYEHHBIX MHOXKECTBAX U3
A, a maoxecrso L(X,Y) ¢ sroii ronosnorueit o6oznadaercsa L4 (X,Y).
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HaubGonee BaKHBIMM /15 IDUIIOKEHUH SIBJISIIOTCS CJIELYIOMIMAE TPU TO-
MOJIOTHH.

1. A — ceMelicTBO KOHEYHBIX HOAMHOXKECTB (T. €. MHOMECTB, COCTOSALINX
13 KOHEYHOrO 4mcJja 3aeMeHTOB). CooTBeTCTBy0MAA A-TONONOrHA HAa3bI-
BAETCs Monoaozueli moyvewrolt WM npocmoti CLo0UMOCTU.

2. A — ceMelCTBO KOMIAKTHBIX TIOJIMHOXKECTB U3 X ; COOTBETCTBYIOLIAS
A-TOMONIOrNsT HA3BIBALTCH TMONOACZUET KOMNAKMHOU CTOOUMOCTIAU.

3. A — ceMeiCTBO BCeX OrpaHUYEHHbIX IIOJMHOXKECTB B .X ; COOTBETCTBY-~
o1as A-TONOJIOrMs Ha3bIBAETCH MONOA0UET PABHOMEPHOT CTOOUMOCTNU.

U3 onpeneneHnst OrpaHHYEHHOTO MHOYKECTBA BUIHO, UTO YeM CHJIIbHee
TOMOJIOTHSI HA JI.B.IT., TEM MEHbIIle B HEM OrPaHU4YeHHbIX MHOxecTB. Ipy-
MM CJIOBAMH, €CJIM HA OJHOM BEKTOPHOM MPOCTPAHCTBE 33JaHO HECKOJIb-
KO JIOKAJIbHO BBINMYKJBIX TOMOJIOTH, TO MHQXKECTBO, OrpaHudeHHoe B 00-
Jiee CHJIbHO# TomoJioruu, orpaHudeHo u B bonee ciaaboit. Tak, Hanpumep,
MHOKecTBO 3 L(X,Y'), orpaHnyeHHOe B TONOJIOTMH PABHOMEPHOH CXOAM-
MOCTY, OFPAHM4YEHO B TOHOJIOTMM KOMIIAKTHOH CXOIHMMOCTH U B TOIOJIO-
MM TOYeYHOH cxomuMmocTH. IIpencraBiser HHTEpeC BISICHUTD, IPH KaKUX
yCaoBusiX Ha npocrpancTBa X u Y orpaHudenHble muHOkecTBa B L(X,Y)
B 3THX Tpex A-rononorusx 6yayT copnaaaTh.

Muoxectso H C L(X,Y) Ha3bIBaeTCs pPaBHOCTMENEHHO HENPEPHLEHBLM,
ecnu AJa Kakao0i okpectHocTH Hynss V B Y cyiuecTByeT OKDECTHOCTh HYJIA
U B X rtakas, yro T(U) C V nna scex T € H.

IMpumep. Ecin X n Y — HOpMUpOBaHHbIE IIPOCTPAHCTBA, TO MHOXKe-
ctBo H C L(X.Y) paBHOCTENEHHO HeNPEPbIBHO TOTIA M TOJLKO TOTAA,
KOTJa OHO OTPAHWYEHO 10 HOpMe.

O4eBuHO, 9TO PABHOCTENIEHHO HenmpepbiBHOE MHOXKecTBO H C L(X,Y)
orpanuyeHo B oboii A-tonosoruu. JeficTBUTEIbHO, PABHOCTENEHHAN He-
npepbiBHOCTh H 03HaYaeT, 4To [Jis J1I000# HOJYHOPMBI P Ha Y CYLIECTBYIOT
takue nosyHopMa qua X u C > 0, yro p(Tz) < Cq(z) Vz € X, VT € H.
IMockosbKy moboe A € A orpannveno B X, 10 g(z) < M4 nnsascexx € A
W, CJIeI0BATENbHO,

supp(Tz) < CM4 VT € H,
z€EA

T. e. mobasa noayHopMa u3 L4(X,Y) orpanuuena Ha H.

Bowxot B J1.B.II. HA3BIBAIOT 3AMKHYTOE abCOIIOTHO BBINYKJIOE TOTMIOLLA-
Iolee MHOXECTBO. JIOKaJIbHO BBIMYKJIOE NPOCTPAHCTBO HA3bIBAETCH 6o-
NEeUHBIM, ECJIH B HEM KaXkaasi 60YKa ABIAETCA OKPECTHOCTBLIO HYJIs.
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Teopema 6. [loanoe mempuayemoe a.6.n. (m.e. npocmpancmeo Ppe-
we) 6owenno.
oC
o> Iycte D — 6ouxa B X. Torna X = |J nD. Ilo reopeme Bapa cyiue-

n=1
CTBYET 7g TaKO€, YTO 3aMKHYTO€ MHO>KECTBO noD COOEPXXKHUT BHYTPEHHIOKO

touky. CrenoBaresbHo, D MMeeT BHYTDEHHIOW TOuKy & € D. Tak kak D
abCOMIOTHO BLIMYKNO, T0 —x € D u touka 0 = (1/2) z + (1/2) (—z) npu-
HaJ1e:kuT D BMmecTe ¢ HEKOTOPOH OKPECTHOCTBIO, T.e. [) — OKpPEeCcTHOCTD
Hyas. <

Carenymoiuasa TeopeMa siBJseTcsi 0606IIEHNEM Ha CiIy4ail JIOKajbHO BbI-
MyKJIBIX NpOCTPaHcTB Teopembl Banaxa — [lreitnraysa.

Teopema 7. Ecau X — bouweunoe, a Y — npousgoavroe 4.6.m., Mo
Kaotcdoe movewno ozpanuvennoe mmoscecmeo H C L(X,Y) pusnocme-
NeHHO HENPePuLeHO.

> IIycts V — npousBosibHasA 3aMKHYTast aBCOJIIOTHO BhIMYKJasi OKPECT-

HOCTb Hyss B Y u nonoxxum U = () T~Y(V). Muoxecrso U 3aMKHYTO
TeH
abconroTHO BeIyKJ0. [IpoBepunm, uro U — noryomwatomee. Tak Kak MHO-

xectBo H(z) = {Tz| T € H} orpaumdeno B Y, 10 cymectsyer A > 0
Takoe, yta H(zr) C AV, re. Tz € AV nmaa Bcex T € H. D10 o3Havaer,

yro z € A [ T7Y(V) = AU. Takum obpasom, U — OKDeCTHOCTb HyJIs B
TeEH
X. Ho nmockonbky T(U) C V mnsa scex T € H, To, no onpeaeiennto, H

DPaBHOCTEIIEHHO HENPEPBIBHO, <

CuaencrBue 2. ITycmo X — boveunoe, Y — npousgoavtoe a.6.n. Ecau
nocaedosamenvrocme onepamopos (1,) € L(X,Y) cxodumes e xasncdoii
mouxe, mo onepamop Tx 1= nlingo Thx — Aunelinbili Henpepwuienbtl onepa-
mop uz X 6Y.

> JluneitHocTs oTobpakenus 1' oueBugHa. Tak Kak MHOXKecTBO H To-
4YeK MOCJIEN0BATENbHOCTH 1;, €CTh TOYEYHO OrPAHHYEHHOE MHOXKECTBO, TO
o npenslaymieii Teopeme H paBHOCTENEHHO HenpepbiBHO. CiienoBaTeNb-
HO, JJIS1 KaXKJ0# 3aMKHyTOM OKpecTHOCTH Hynss V C Y cyuiecTByeT Takas
okpectHocTb HyJs U B X, uto T,,U C V. Ilepexonsa k npeneny npu n — oc
B coorHowenuu T,z € V, roe © € U, u yuurTsiBasg 3aMKHYTOCTb V., Mo-
ayvaeM Tz € V, x € U, T.e. TU C V, oTKyza cilenyer HenpepbIBHOCTb
orobpaxenus: T. <



§ 59. COITPA>KEHHOE ITPOCTPAHCTBO
1 CBA3AHHBIE C HVIM TOITIOJIOT'MN

IIycrs X — ornenumoe n.e.1., X' = L(X, K) — ero coupsaxenHoe. To-
9e4Hylo Tonojornio Ha X' HaseBalOT caaboli u obosHavawt o(X'; X), a
npocrpanctso X' ¢ o(X'; X) Tononorueit o6oznauator X . IIpoctpancTBo
X' ¢ Tononorueit KOMNAKTHON cxoxuMoct obo3navaoT X(. Tonosoruio
paBHOMEpOil OrpaHW4eHHOH cXOAMMOCTH B X' Ha3plBAIOT CUAbHOU TOINO-
norueit u obosnavaror B(X’; X), a npocrpancreo X' ¢ aroii Tonosoruei
obosnaqaroT Xj. UTo6bI 331aBaTh OKpecTHOCTH B X', y106HO NOIb30BATH-
Cs1 MOHSITHEM “TIOJISIPbI MHOXKECTBA .

Ioasapoti mnoscecmea A C X nasbiBaroT MHOKecTBO A° C X' Taxoe,

4TO
A°={d' e X'| |(z,2/)| <1 VzeA}

U3 ceoitcrs A; — Aj § 58 nonydaem, uro cucrema {A°| A € A} 3anmaer
B X'’ 6a3uc OKpeCTHOCTeH HyJis TOMOJIOrMY DABHOMEDHON CXOJAMMOCTH Ha
OrpaHMYeHHbIX MOAMHOXKeCTBax u3 A.

Anasnoruuno, ecnu umeercsi maoxkectBo A’ C X', To ero noaapot Ha-
3bIBAETCA MHOXKECTBO

A'={zeX||(z,a)| <1 Va'eA}.

C noMoIIpIO CONPAXEHHOrO MPOCTPaHCTBa X' ONpenenuM ele OfHy TOMO-
Joruio Ha X, KOTOpas 3a/1aeTcst NoJyHOPMaMHU

p(z) = sup |{z,z})|-
1<ign
3necs £ € X, ' € X', a oipamenwue (z,z;) obo3HavaeT 3HaAYEHHE PYHK-
LIMOHAJa T) Ha JJ1eMeHTe .
Taxyo Tonosmoruio Ha X Ha3blBalOT caaboli B 0603HadaroT o(X; X').
Bexkropunoe npoctpancrso X ¢ tonmonorueit o(X; X’) obosnavaor X, .

IIpennoxenune 1. I[Tyemv X — omdeaumoe 4.8.1. ¢ monoaozued T.
Tozda: a) monoaoceus o(X; X') caabee monorozuu T; 6) npocmparcmeo X,
omdeaumo; 8) (Xy)' = X'; 2) oepanunentvie MHONCECTNBA 8 TROTIOAOZUAT
T uo(X; X') odnu u me orce.

IIpeanoxenne 2. ITycms X — omdeaumoe a.6.n. Tozeda noaspa aro-
6020 mrosicecmea A C X ABAAECTCA GOCOMOTMHO BLINYKABIM 3AMEHYTBLM
MHOKHCECTNEOM 6 CAaboti monosoeuu o(X'; X).
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o> Jluneiinbiil dysxkumonan fp(z') = (z,z') HenpepbiBeH B TONOJO-
rud o(X’; X) npu mobom ¢ukcupoBannom z € X. ITosToMy MHOXeCTBO

{z}° = f71[-1,1] cnabo samxuyro B X’. Cnenosarennno, A° = (] {z}°
TEA
3aMKHYTO B Tonosoruu o(X'; X). A6cosoTHas BbIIyKJIOCTh A° npoBepsi-

€TCA HeIoCcpeacTBeHHo. <

Teopema 1. ITycmv X — omdeaumoe a.6.n., U — abcorromno sunyx-
Aa8 okpecmuocmo Hyaa 8 X. Tozda noasapa U° xomnaxmmua 6 monosozuu
a(X'; X).

> Ilycts py — dyukupmonan MunkoBckoro muoxectsa U. na npowus-
BOJILHOrO (PHKCMPOBAHHOTO T € X pacCMOTPUM Ha KOMILJIEKCHOM TIIOCKO-

ctu C mapnt S; = {z € C| |z| € py(z)} u ux npoussenenns S = [[ S,
z€X
¢ Tononorueii TuxonoBa. MHoxkecTBO S B 3TOHI TONOJOIMHU KOMIIAKTHO

(cMm. Teopemy 4 § 7 npunokenus).

Hoxaxem, uro U° C S. B camom gene, nycts ' € U° u x € X. Torna
Juist moboro € > 0 umeeM z € [py(z) +€]U. Tloatomy = = [py(z) + €la, rae
a € U. CnenoBaTennHo,

|2'(z)|= (2, 2")|=Klpu (z) + €la, &) | =[pu () + €]|{a. 2") | <pu (z) + €.

re. z'(x) € S; mus moGoro z € X. D10 gaer TpebyeMoe BKIIOUYEHHE
' €8S

Hanpasnernocrs (zy) € U° cxonures k &' B Tonosorun o(X'; X) Toms-
KO B TOM caydae, ecq i () — z'(z) ans kaxaoro ¢ € X. Onxako aroi
JKe CXOOMMOCTBIO ompeaeiaercs tonoaorus 4 B S. Ilostomy Tomomorus S
u ronoJsiorus o(X’; X) copnanator Ha U°.

CornacHo NpeiIoKeHHI0 2 MHOXEeCTBO U® 3aMKHYTO B TONOJOTHH
o(X'; X), 3nauur, U° 3aMKHYTO B S ¥ MO3TOMY KOMIAKTHO. <l

Cnencreue 1 (teopema Banaxa — Anaorny). Edunuunwii wap e Hop-
Muposannom npocmpancmee X', conpascennom x HopmuposaHmomy X,
KOMNAKMEH 8 CAGGOTE MON0A02UY, TAK KAK ACAAECTMCA NOAAPOT eOUHUNHO-
20 wapa 6 X.

Teopema 2 (0 6unoaspe). Bunoaapa °(A°) muoocecmea A C X cos-
nadaem ¢ 3aMEHYMOU a6COAOMMHO BLNYKAOU 06040%KOT MHOCECTRER A.

&> JlocraTouHO nPOBEPUTE, 4TO A = °(A°), ecaim A 3aMKHYTO U abCOTIOT-
HO BbINyKI0. OueBunno, uro A C Y A°). IIpeanonoxum, uro A # Y A°).
Torna cywecrsyer xg € %(A°) \ A. Ilo cneacTBuio u3 Teopembl Xana —
Banaxa nafizercsa ssement z; € X' taxoi, uro |(z,z4)| S Ll z € A
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u (xg,z') > 1. D10 o3Haxaer, 40 x5 € A° u zg ¢ Y(A°). IIpoTusopeune
IOKa3bIBaeT TeopeMy. <

st J1.B.11. CTPOMTCS! KAHOHUYECKOe 0TOOPAaYKeHHe BO BTOPOE COMPSKEH-
HOE MNPOCTPAHCTBO, AHAJIOIMYHO CJIyYal0 HOPMHPOBAHHBIX IPOCTPAHCTB,
paccMorpeHHOMY B § 46.

Teopema 3. ITycmv X — Goueuroe Npocmpancmeo, mozda KaHoHUYe-
croe omobpadicenue J: X — (Xj); Asasemca aunelinvim 20meomopdius-
mom X na J(X).

> Paccmorpum B’ — orpanuyennoe muoxecrso B Xjg. Torma B’ =
= {z" € (X5)5 sgg [{(z,z")| € 1} — 3aMKHyTas abCONIOTHO BLINMYKJIASA

x

OKpecTHOCTb Hyisi B (X }3)}. [TosTomy MuOXkecTBO B'° N X = °B’ aBisiercs
abcomoTHo BbuiyKAbIM U norsowammM. Ho °B’ 3amkuyTo B caaboit To-
nonornu o(X; X'), a cinemoBaTenbHo, u B ucxoguoi. [ostomy B'° N X —
6ouka, a 3HAYHT, OKpecTHOCTDb Hy1a B X. Cemeiictso { B'°} obpasyer 6azuc
oKpecTtHOCTei HysA B (X [’,)’ﬁ (xorna B’ npoberaeT orpaHnyeHHbIe MHOMKe-
crea B Xj). Citenipt 3Tux OkpecTHOCTel HA X, T. €. uX nepeceyenus ¢ X, aB-
asoTca okpecrHocTamu Hyasa B X. Ilostomy orobpaxcenne J: X — (Xj3)j5
HerpepbIBHO.

Ilycts Tenepp U — npousBoJibHAs 3aMKHyTas abCOIOTHO BBIIYKJIASA
okpectHocTs Hyns B X. Torma no npempiayieit Teopeme U = °(U°). Io-
stomy J(U) = J(X) N (U®°)°. C apyroit cropousl, U® — orpaHn4eHHOe
muoxecrso B Xj. Torna (U°)° — oxpecrrocTs Hyast B (Xp)j5. Ilostomy
obpa3 J(U) okpecrrocTy Hyns B X mpencTasisier coboOi cJies OKPECTHO-
cru nyna u3 (Xj)j Ha noanpocrpanctso J(X). <

JIOKa/IbHO BBILYKJIOE MPOCTPAHCTBO X HA3BIBAIOT NOAYPEPAEKCUSHBLM,
eciu KaHOHH4ecKoe oTobpaxkenue J: X — (Xj)j CIOPBEKTHBHO, HJIH CO-
kpamienHo, ecimu X = (Xp)5, T.e. X u (Xj)j; COBNaJaoT KaK BEKTOPHbIE
MPOCTPAHCTBA. JI.B.I. X HA3bIBAIOT pepaercusHbiM, €CIH KAHOHHYECKOR
orobpaxenne J: X — (X;)j; ABNA€TCA TONONOTHYECKHM H30MOPDUIMOM,
HJIH, COKpalueHHo, X u (X {’3)}, ONMHAKOBBI, KAK JIOKAJLHO BBIMYKJBIE HPO-
CTPaHCTBa.

W3 Teopembl 3 u onpenenennii cnesyer

IIpeanoxenune 3. oaypepaexcusrnoe Gouewnoe npocmpancmeo pedaex-
CUBHO.

Oxa3bIBaeTCst, 9T0 3TO yTBepxKaeHue obpaTumo. IIpexkae yeMm noKa3bl-
BaTh 3TOT (PAKT, MIPUBEAEM KPUTEPHil IONypedIeKCUBHOCTH JI.B.1I.

Teopema 4. Jlas mozo, wmobss 4.68.n. X 6ba0 NOAYPePACKCUSHDIM,
HeobToduMO U JOCTAMONHO, “MOBb 6CAKOE 3AMKHYMOE 02PAHUMEH-
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Hoe mHoocecmeo 6 X 6via0 KOMNAKMHO 8 cAaboti Mmonoav2uy 3mozo npo-
cmparcmea.

> Heobxogumocts. [lycte B C X — 3aMKHYTOE OTPaHMYEHHOE MHOXKe-
cTBO 1 S — abCOMIOTHO BBINYKJIast 3AMKHYTas 000/1049Ka B H I0ITOMY TOXKe
orpanudenHoe B X MHOxecTBO. [Io Teopeme 2 S = %(S°). Tak kak S orpa-
HuveHo B X, To S° — okpecrnocts Hys1a B Xj. Torna no Teopeme 1 (5°)°
KOMIIAKTHA B C/1a60# TOMOMOTHH TPOCTPaHCTBa, (X ;3)’ . YuurslBas noJype-
¢IeKCMBHOCTD MPOCTPAaHCTBA X, 3aKJI0YaeM, YTO MHOXxecTBo S = %(S5°)
KOMIAKTHO B ¢J1ab0ii TOIONOrMY nmpocTpancTsa X.

Jocrarognocts. Ilycts z” € (Xj)j. U3 nenpepwisnoctn z”/ ma Xj
Clesyer, 4TO CyLIECTBYET 3aMKHYTOE aOCOJIOTHO BBITYKJIOE MHOXECTBO
B C X rakoe, uro |(z/,2")| € 1 ansa Bcex ' € B’, r.e. " € (B°)°. Tax
KaK 10 YCJOBHI0 TeopeMbl B KoOMIakTHO B ci1aboii Tononoruu o(X; X'),
T0 oHO ciabo 3aMKHyTO. Ilockonbky B C (B°)°, TO mjsa ZOKa3aTelb-
cTBa paBeHcrsa B°° = B, a TeM caMbIM U T€OPEMBbI, JIOCTATOYHO YCTAHO-
BUTb, 4TO Z'/ — TOYKA MPUKOCHOBEHUS MHOKecTBa B B crmaboit Tonosorun
a({(X3)'; X). Boibepenm n To4ex zi....,T, € X' u paccmorpum orobpase-
e ¢: Xy 3z — @(z) = {(z,2}),...,{z,z,)} € C™. Jlerko BUAETH, YTO
@ JIMHEHHO ¥ HenpepbiBHO. I109TOMY MHOXKeCTBO ¢( B) abCOMIOTHO BHILYKJIO
u xommnakTHo. Ecin anement {((z},z"),..., () .2"”)) € C" He npunagse-
xkutT p(B), To no caencrsuio Teopembl Xana — Banaxa Haiizercsa To4ka
(c1,...,cn) € C™ Taxas, 4TO

> bl

i

<1 wu Zci(w;,x”) > 1.

i

sup
teB

Ho 310 o3Havaer, uto Y ¢;x; € B® m 2" ¢ B°°. 4
@

Teopema 5. [las mozo, wmobws 4.8.11. X 06640 pedaescusrvim, HE0HLO-
dumo u docamonro, wmobv. oHO 6b.A0 NosypedaeKcuBHBIM U BOYELHBIM.

&> JocraToyHocTb C(pOPMYNUPOBAHHBIX YCIIOBHi yxKe yCTaHOBJeHA. [o-
KasKeM HeoOXoauMocTh OOUeYHOCTH.

Ilycts V' — HekoTOpas 60uka npoctpancTBa X. [TokakeM, 4ro oHa 1o-
ryouiaer aboe orpanuuerHoe MHOXKecTBO B C X. Ilycts K — 3aMKHYyTast
abcooTHO BhINyKAas obonoyka MHOxkecTBa B. Ilo Teopeme 4 MHOXECTBO

oc
K xommnakTHO B cnaboit tonosorust X. Ilonoxkum ¥ = |J nK n obo3ua-
n=1
unM 4epe3 p(z) yukuuonan Muukosckoro maoxecrsa K. I[lockoabky K
orpanndeHo, o p(z) — Hopma B Y. Tak kak 3amac OrpaHUYEHHBIX
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MHOKECTB B Y MEHbIlie, YeM B TONOJIOTUH, UHIYIMPOBAHHOH B YV u3 X,
TO HOPMHUPOBAHHAS TOIOJOrMS B Y CHJbHee, 4eM OTHOCHTEJbHAas TOIO-
Jgorug Y, kax moamuoxectBa X. Muoxkecteo V 3aMkHyTO B X, cnegoBa-
TenbHO, V NY 3aMkayTo B Y B HOpMUpOBaHHOH Tomosoruu. [IoCcKOIbKY
€IHHWYHBIM 1IaPOM B Y SIBASETCH MHOXKECTBO K, KOTOpOoe KOMIIaKTHO, TO
no Teopeme Pucca Y KOHEYHOMEDHO M, CJI€J0BATENBHO, IIOJHO. 3HAYMT,
Y — 6oveyHoe npocTpaHCTBO, a V NY — 60udka B HeM. OTCIOma 3aKJIO-
yaeM, a0 V N'Y normomaer K D B. CnegoearenbHo, V mormomaer B.
Tlostomy ass Hekoroporo o > 0 umeem B° D aV°. Ilockonsky B° aB-
JIIETCA OKPECTHOCTBIO Hyusist B X [’3, 70 V° — OrpaHHYeHHOE MHOXKECTBO B
Xp. Tlo Teopeme o 6unonspe V = °(V°). Tlo ycnosusm teopembr X pe-
daekcusno, mosromy (V°) = (V°)°. Caenoparensho, V = V°°. Takum
o6pasoM, 6ouka V ecTb okpecTHOCTb Hynst B (Xj)3 = X. CnenosatesbHo,
X — 60o4eyHOE TPOCTPAHCTBO. <

OTaenuMoe JI.B.Ml. HA3LIBAIOT MOMMEAEBCKUM, €CIH OHO OouedHOEe U
KasK/10€ 3aMKHYTOe OTPAHMYEHHOE MHOMKECTBO B HEM KOMIIAKTHO.

U3 onpenenenus u Teopembl 4 BbITEKAET, YTO MOHTEJIEBCKOE IPOCTPAH-
CTBO pehJIEKCUBHO.

N3 teopembr Pucca (§ 28) ciiemyer, YTO HOpMHPOBAHHOE IPOCTPAHCTBO
ABJISETCS MOHTENIEBCKUM TOTAA M TOJILKO TOTJA, KOT1a OHO KOHEYHOMEDHO.
CymecTsyloT 6ecKOHEYHOMEPHbIE MOHTEEBCKHE TPOCTPancTBa (cm. § 61).

Comnpsxennble orobpakenus. [Iycts X u Y — ornenumsie 1.8.11.,
X" u Y’ — ux conpsuxenunie mpoctpanctsa u I': X — Y — nuneiinoe
HernpepbiBHOE 0TOOpaskeHue. Jluneitnoe orobparkenne T7: X' — Y’ takoe,
uro (T'z,y’) = (x,T'y') nnsa Bcex z € X, y' €Y', naspiBaror conpasicen-
Hbm omobpasicenuem K T

IIpennoxkenne 4. [Iycmo T: X — Y — auneiinoe menpepwienoe
omobpasicenue, moeda T wnenpepmero, kax omobpasxcerue u3 X 6 Y co
caabomu monoaceuamu o(X; X') uo(Y;Y') coomeememeenno.

> Ilycts V = {y| sup [(y,y:)| < 1} — oxpecrnocTs Hyns B Y B

L%

<ign

Tononorud o(Y;Y’). Toraa

U= {zeX| sup |(z,Ty;)| <1}

1<i<n

apisercs o(X; X')-okpecrHocTsio, ais kotopoit T{U) C V. Cnenosaress-
Ho, T HemnpepbIBHO npH caabeix Tomonoruax B X u Y. <

Ob6parHoe yTBep:KieHNHe He uMeeT Mecrta. Hampumep, mycrs X — Gana-
XOBO MIPOCTPAHCTBO U Y — BEKTOPHOE NMpOCTPaHcTBO X co csaboif Tomo-
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gorueit. OQUeBUAHO, YTO TOXKIOECTBEHHOE OTobpaxkenue [: Y — X cmabo
HENpPEPBLIBHO, OJHAKO PAa3PbIBHO B MCXONHBIX TOMOJIOTHAX.

IIpensoxxenne 5. Ecau aunetinoe omobpasicenue T: X — Y wenpe-
preno, mo T(B)° = T'"1(B°) daa xasicdozo B C X.

> Kaxjoe H3 9THX MHOXKECTB €CTb MHOXECTBO Bcex Tex y' € Y, ans
koropeix [{Tz,y"Y| = |(z,T'y’")| < 1 upu xaxaom z € B. <

Ipennoxenune 6. [ycmv X, Y — omdesumne a.6.n., X'\ Y' — ux
conpaosicennnie, T: X — Y — nenpepueroe aunelinoe omobpasicenue u
nyemv A — cemelicmeo 02panuMeRnnT nodmuosxcecms u3 X, noxpwiea-
rowee X. Ecau X' nadeaerno monosozuetli paeHomeproti codumocmu Ha
muooceemear us A, a Y — monoaoeued pasnomepnot czodumocmu Ha
mroorcecmeax u3 T(A), mo omobpascenue T': Y' — X' nenpepoisho.

> Jlnst Besikoro A € A umeem T(A)° = T'"1(A°), a mostomy orobpa-
kenyne T’ HeNpepbIBHO. <

Caencreue 2. EcauT: X — Y nenpepweno, moT': Y’ — X' nenpe-
DHLEHO NPU CAGBUT U CULLHWE Mmonosoeusaz 6 X' u Y’ coomeemcmeenno.

§ 60. IIOJIHOTA. UHAYKTVBHBIE [TPE/IEJIBI

Onpepgenenune. HanpasnesHocts ())xea B JI.B.II. X Ha3bIBAETCHA MHa-
npasaennocmoio Kowu, ecnu nng kaxaoit okpectHoctu Hyns U C X cy-
LIECTBYET JeMEHT Ag € A Takoif, 4To Assi BCEX A, [t > Ag BBINOJIHEHO
zy—z, €U

Ka}K,ZIa,H CXOOAIAsACA HANIPaBJIEHHOCTD ABJIAETCA HaIlIpaBJ€HHOCTBIO KO-
IIT{, HO HANpaBJeHHOCTb KoK MOXKeT He CXOAUTHCs. JIOKAMbHO BBIYKJIO0E
IPOCTPaHCTBO X HA3BIBAETCH NOAHbIM, €CTH B HeM J00as HalpaBJeH-
HocTh Ko cxoaurcs.

Jl1st KaXK10ro JI0KAIbHO BBIIYKJIOTO IPOCTPAHCTBA X CYIIECTBYET ONpe-
JeJIEHHOE OJHO3HAYHO C TOYHOCTBIO IO U30MOPdU3Ma IOJIHOE JL.B.IL. X , CO-
JAepxkalee X Kak IJIOTHOE MOAIPOCTPAHCTBO. ITO MpocTpaHcTBO X Bynem
Ha3bIBATh NONOAHEHUEM IPOCTPAHCTBA X.

Hanpasnennocts Ha3biBaeTca ozpanuuenmol, €CIM MHOXKECTBO BCEX
371eMeHTOB (Z))rea OorpannyeHo 3 X. JIOKaJbHO BBINYKJIOE TPOCTPAHCTBO
X, B KOTOPOM CXOOHWTCS BCSKasi OrpPaHWYEeHHAsl HAIPAaBIeHHOCTH Koluu,
Ha3bIBAIOT XG6a3uNOAHbM. JIDYTUMH CJI0BAMMU, JI.B.II. X KBA3HUIIOJHO, €CIIH
BCAKOE OTPAHUYEHHOEe MOAMHOXKECTBO B X MOMHO.

Kaxxnoe n.8.n. X obnagaer kBasunomnonHesueMm X, T.e. KBA3UIOTIHbIM
J.B.IL., cofepKamuM X Kak IJIOTHOE MOANPOCTPAHCTBO.

393



JIOKaNbHO BLITTYKJIOE MPOCTPAHCTBO X HA3bIBAIOT CEKEEHUUAALHO NOA-
MM, €CIIM Kaxaasi nocjaenosarenbhocts Komwn B X uMmeer npeaen. lo-
CKONbKY BCAKas NocaegopaTesbHocTh Komn B a.B.n. X orpanuyeHa, TO
KBa3HUITIOJIHOE l'lpOCTpaHCTBO CEKBEHLUNaJbHO IIOJIHO.

Teopema 1. Jas 40Kaabn0 6wnykaozo npocmparncmea X caedyrousue
ycaoeus sxeusasenmuni: a) X noaypedaercueno; 6) X, x6a3unoano.

> a)= 6). Ilycts B — cnabo3aMKHyTOe C1ab00rpaHuYEeHHOEe MHOXKe-
ctBo B X. Ciie10BaTeIbHO, OHO 3aMKHYTO ¥ OTDAaHHYEHO B X, 8 TIOCKOJIBKY
X nonypediiekcuBHO, ToO B — c1ab0 KOMIIAKTHO, & ITOITOMY U €J1a60 TOJIHO

BX. <
Cnencrsue 1. [oaypepaercusroe npocmpancmeo K6a3unoaxo.

Crnencreue 2. Beaxoe noaypeaexcueroe HOpMUPOBAHHOE NPOCTRPAH-
CME0 ABAACTNCA PEPAEKCUBHBM OAHATOBBLM NPOCTRPAHCTNEOM.

> U3 cneacrsus 1 BeiTekaeT, 4To nosypedieKCUBHOE HOPMUDOBAHHOE
IPOCTPAHCTBO SIBJISETCsl OAHAXOBBIM U MOTOMY HOYEUHBIM. <

TeopeMma 2. Ecau X — 6oueunoe a.8.n., mo X' Keasunoano das ecaxot
A-mononozuu, 2de A — cemeticmeo 02parUNERHBT MHOHCECTE, NOKDBLEA-
rowee X.

> IlycTs () — orpannyennas nanpasjesnocts Komu s X, . Toraa o
cxoauTesa K x' paBHOMepHO Ha Kaxaom A € A. Cnemosarensho, ' — u-
HelHbI GyHKUMOHA, orpaHrYeHHbIi Ha KaxxaoM A € A. Ilockonbky X —
GoueyHOE MPOCTPAHCTBO, & (T ) — OrpaHu4YeHHOe MHOXKECTBO, TO (T ) pas-
HOCTEMEHHO HenpepblBHO 110 Teopeme 7 § 58. CienoBaresnbHO, CYyIIECTBYET
okpecrHocts U Hyns B X Ttakas, 4ro |(z.z))| < 1 ana scex x € U. Ilepe-
XOZSI K Mpeesy B 9TOM HepaBeHCTBe, MoJyuuM, 410 |(z,2’)| < 1 mna Becex
x € U, r.e. 2’ — HenpepbIBHBIA (YHKUHOHAN U T — T’ paBHOMEpHO Ha
kaxagom A€ A. «

Teopema 3. Ecau X — Goproaoeuieckoe a.8.1., mo X noaxo.

> Tycrs (z)) — wanpasnennocts Komu B Xj. Toraa 4Js Kaxaoro
2 € X 4ucIoBasl HaIpaBJIeHHOCTH Th(Z) cxomuTca K T'(T) PaBHOMEPHO
Ha KasKJOM orpanuyensoM muoxkectse B u3 X. Orciopga &/ — siuHelubiit
dyuxumonan Ha X. orpaHMYEHHBIH HA KAXKIOM OTPAHHYEHHOM MHOXKECTBE
u3 X. Ilockonsky X 6opuonornino, 10 =’ € Xp n ), — 7' B Xj. <

NuaykTuBHBIE nOpefesbl JIOKAJIbHO BBIIMYKJIBIX IIPOCTPAHCTB.
[Tycts X — BekTOpHOE POCcTPaHCTBO U (X)) eA — CEMEHCTBO BEKTODHBIX

noanpocrpancts n3 X Takux, uro X = |J X,. IIpenmonoxum, 4o Bce
AEA
X — JI0KajIbHO BBIIYKJIBIE [IPOCTPAHCTBA, IIPHYEM JJIS JIOObLIX A1 B Az
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BBLIIONIHSETCSA Caelyrouee yciaosue: ecan Xy, C X,,, To Tonomorus B Xy,
CHJIbHEe, YeM TOMOJIOTUS, MHAYLUUpOBaHHad B Xy, U3 X),, T. €. oToOpaXke-
Hue BiaoxeHus: X), — X, HEIpepHIBHO.

Ha BexkTopHOM npocTpaHcree X 33JaA1MM JOKAJIbHO BBILYKJIYIO MONO-
A02ut0 uHOYKMUBHo20 npedesa. HazoBeM OKPECTHOCTAMHU HYJISI T€ H TOJIBKO
Te abCOJIIOTHO BBITYKJIbIE MHOXKecTBa U m3 X, [j1 KOTOPBIX NepeceyeHust
U N X, co Bcemu X, npeacTaBisiiorT coboit okpecTHOCTH HyJist B X). J1o-
KaJIbHO BBIMYKJIOC [MPOCTPAHCTBO X C OIPEIESEHHOH BbILIE TOMOJIOrHMei
Ha3bIBAIOT UHIYKMueHbM Tipedesom J1.B.1. Xy 1 0603HAYAIOT }\iél/l\ ind Xy.

PyHmaMeHTaJIbHASA CUCTEMA OKpecTHOCTell Hynsa B X 3aiaeTcs cieay-
ompM crocobom. Boibepem u3 KaXxaoro npocrpasHcrsa X HEKOTOPYHO
abCOIIOTHO BBIIYKJIYI0 OKpecTHOCTh Uy Hysst B 3TOM npocrpancree. Toraa

BbIyKJIasA obonouka obbenunenus V = |J Uy, T.e. MHOXKeCTBO
AEA

n{z) n(x)

U:{IEX':E:Zaiyis v €V, o >0, Zai:O},
i=1

=1

ABNAETCH aOCOMIOTHO BbIIYKJBIM U MOIVIOIAIOLINM, [IPH 3TOM [1€PECeYeHH s
U N X, opencrapasioT coboit abCOMOTHO BLINYKJBIE OKPECTHOCTH HYJIs
B X) ans ncex X). CoBoKynmHOCTb Bcex Takux Muoxkect U, korga Uy
npoberaer Ga3uc OKpecTHOCTel Hyns B X, obpasyer 6a31uC OKPECTHOCTEH
HYJIS HHAYKTHBHOTrO npeneia X = /l\léI[l\ ind X .

Uccnenopanue pOU3BOJIBHBIX HHAYKTUBHBIX NPEAEIOB 3aTDYIHUTEb-
HO, KaK IPABWJIO, IO TOH NMpPUYMHE, YTO TPYJHO JAThb OMUCAHHE OrDAHM-
YeHHBbIX MHOXXECTB B HHAOAYKTHUBHbIX IIpeesiax. B CBA3H C 3TUM BBIACJIAIOT
WHAYKTHUBHbIE IIPEOCJIbI X, B KOTOPBIX MHOXKECTBO B OI'PAaHHY€HO TOJIBKO
B TOM CJIy4yae, eclii OHO COIECPIKUTCA H OrpaHudeHo B ogHoM u3 X ). Takue
IIpeJesbl Ha3bIBaAOT pE2YAAPHHIMU UHIAYKTHUBHBIMU IIpeJelaMu. Han6o-
Jlee 4aCTo UCTOIL3YIOTCS Clely ol#e ABa CIyYas, KOrIa npeen aBadeTcs
peryiasapHbIM. [IprBeneM COOTBETCTBYIOIINE YTBEPKACHHA 0e3 N0Ka3aTe/b-
crea (cM., nanpumep, [20]).

Teopema 4. . ITycmo 3edana nocaedosamervrocms a.8.n. X, u X =

= lim ind X,, — uz undykmuenwni npedea. Ecau undyxmusnuiii npedea
n—0o0

cmpozut, m. e. X, C Xpi1, U monoaoeus, uHOYyUPosaHnas u3 Xny1 Ha
X, coenadaem ¢ monosozuets X,, mo 3mom npedes pezysipen.
2. Ilyemv X,, — banazxosv. npocmparcmea u 8aoxcenus X, C Xny

xomnaxmus. Toeda undyxmuenud npedea X = lim ind X,, pezyaapen.
n—oc
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Cneayomas TeopeMa, MOKa3bIBAEeT, YTO TOIMOJOTHS UHIYKTUBHOLO IIpe-
ZeJla HACJIeLyeT MHOTHE CBOMCTBA TIOPOXKJAIOIIMX TOMOJIOTHE.

Teopema 5. ITycmv (Xa)ren — cemelicmso 0moeAuMBIT A.6.T. U
X = }‘iélk ind X\ — uz pezyaapnniii undyxmuennti npedea. Toeda

1) X omdesumo;

2) X boueuno, ecau X Goueunn;

3) X 6oproaoeunno, ecau Xy 6opHosozumbl;

4) X xeasunoano, ecau Xy K6a3UNOANDL;

5) X pedaexcusro, ecau X pepaexcueni;

6) X monmeanescroe, ecau Xy monmenescrue.

> 1. ITycte 29 # 0, o € X, CONEPXKUTCHA B KaXKIOH OKPECTHOCTH HY-
ast mpocTpaHcTBa X, TOrAA U NpAMast {QTo}a>0 CONEPAKHUTCA B KAMKIOM
OKDECTHOCTH HyJsl mpocTpaHcTBa X, T.e. OHa orpaHudeHa. B cumy pery-
JISPHOCTH MpeJena OHA OTPAaHMYEHA B HEKOTOPOM X, YTO HEBO3MOXKHO
BBHIY OTHENUMOCTH X .

2. IIycts V — 60ouka B X. Cnenosarensho, Vy, = VN X, — 6ouka B X
M [03TOMY OKPECTHOCTb Hyss B X). 3Ha4ut, V SBAAETCE OKPECTHOCTBIO
Hyas B X.

3. Tllycts W — abCOMOTHO BHIMYKJIOE MHOXKECTBO B X, IOIJIOINaOIIee
BCe orpanuueHHble MHOXecTBa u3 X. Torga W), = W N X, — abcosorHo
BBIIIYKJIO€ MHOKECTBO, IOTJIOLAIONIEE BCE OTPAHUYEHHBIE MHOXKECTBA B X ),
U, CJIeZOBATENbHO, OKpecTHOCTh Hyns B X ). Ilosromy W — okpecTHOCTB
Hyns B X.

4. BoiTekaeT U3 onpenesieHUsl KBA3WNOJHOTHL M YCJIOBUS DErYISPHOCTH
HUHIYKTUBHOTO OPEaesa.

5. Caeayer u3 peryjspHOCTH MHAYKTHBHOTO Mpeleia, CBOMCTBA 2) u
TeopeMs! 4 § 59.

6. BoiTekaer u3 cBOiCTBaA 2) 1 perynsapHOCTH mpejena X. <

MHorue 1.B.I., HCIIOJb3yEMbIE B TPUJIOKEHUAX, CTPOATCA KaK MHAYK-
THBHbIE Opeesbl 0ojiee MPOCTHIX MPOCTPAHCTB — HOPMMPOBAHHBIX HJIH
KOHe4YHOMepHbIX. Jloka3aHHas TeopeMa [M03BOJISeT OMMCAThH CBOMCTBA Ta-
KHUX JI.B.I.



§ 61. TOKAJIBHO BHIITYKJIBIE [IPOCTPAHCTBA
®YHKIMOHAJIBHOT'O AHAJIN3A

IIpuBeseM COUCOK CBONCTB HEKOTOPBIX KOHKPETHBIX TOMOJIOTHYECKHX
BEeKTOPHLIX MPOCTPAHCTB, Hanbosiee 4aCTO BCTpeUAOUIMXCA B (DYHKIUO-
HAJIbHOM aHaJu3e.

1. IIpocrpancrso C(R).

Muoxectso C(R) Bcex HelpephIBHBIX BELIECTBEHHBIX (HJIM KOMILIEKC-
Hbix) dyHKunit Ha R gBngeTcs JOKAJIbHO BBINYKJIBIM IIPOCTPAHCTBOM B
TOIIOJIOI'HH, OIIpeJieIseMOl IoJyHOpPMaMU

pa(@) = sup ().
—ngtLn
9T0 oraenumoe, Merpusyemoe (Teopema 4 § 57), monHoe J.B.M., T.e. MPO-
crpancteo Opewme. CiaenoBarenblo, oHO 60YedHO U GOPHONOrMYHO (TEO-
pembl 3 1 6 § 58). OHo He HOpMupyeMmoO. IIpenrnosioxKuM, 4TO CyIIecTByeT
HOpMa, ONpEeeNsoNnas Ty e Tononoruo. Torna eaunuyanbiii wap U co-
nepxut okpecTHocTh V = {z| pn(z) < €} ¢ HekoTOpBEIM 12 11 € > 0, HOITOMY
u3 p,(z) = 0 cnexnyer, uro Az € U ans VA, u, 3Haunr, ¢ = 0. Ognako ans
KaskKJIOro 7 CyIeCTBYeT HeHyJieBasi HenpepbiBHaA (yHKIHA x, obpaiaio-
IAACA B HYJb HA [—n,n|, Takas 410 p,(zr) = 0. IlomyvaeM npoTHBOpEYHE.

2. IIpocrpancrso K(R).

K(R) — MHO>KECTBO BCEX HEIIPEPBIBHbIX BEILECTBEHHbBIX (UM KOMILIEKC-
HbIx) GYHKUMI C KOMIAKTHbIM HOcUTeseM B R. DTO MHOXKeCTBO MOXKHO
HAJENMTh PA3JIMYHBIMM TOIOJIOTHAMM: HOPMHMPOBAHHOM TOMOJIOrueil pas-
HOMEDHOH CXOQUMOCTH

|zl = sup |z(t)]
teR
WJIM METPU3yeMO# TOMOJIOrHedl KOMIAKTHOHN CXOQUMOCTH

pn(z) = sup |z(#)].

—ngtgn

Oanako B obeux atux ronosorusax npocrpancreo K(R) nemosno.

“EcrecrBennas’” Tonosorus Ha X (R) onpenensiercs cienyowum obpa-
30M: [is Kaxaoro koMnakra A, = [—n,n| o6oznauum yepes K,(R) Bex-
roprHoe nmoampocrpanctso B K(R), cocTosee u3 Tex GpyHKUMI, HOCHTEND

397



KOTOpBIX comepxurca B [—n, n|. Ha npocrpancrse K, (R) 3amanum sopmy

llz|ln = sup |z(t)|. IIpocTpancTBo K, (R} ¢ Takolt HOpMO# cTaHOBUTCH
—ngtgn

6anaxoBbim nmpocrpadcTeoM. Ecnu k < n, o K¢ (R)) C K,(R) u Tono-

sorus, uaayuuposannas Ha Ki(R) u3 K, (R), coBmazaer ¢ Tononoruei

K, (R). I[Tockoabky

10 Ha K(R) 330a00M JIOKAJIBHO BBINYKJIYIO TOIOJOCHIO CTPOrOro MHIYK-
TuBHOrO npeaena npocrpaucts K, (R).

Taxum obpasom, npocrpancreo K(R) — ormennmoe kpazunonHoe (Ha
caMoM JieJie MoJIHoe) HemeTpusyemoe (6a3ic OKPeCTHOCTeH HyJIs, KaK BUJ-
HO U3 TONOJOTHX MHAYKTHBHOIO [penena, HecuereH) 6oyeqnoe u G0pHOMIO-
T'HYECKOE IPOCTPAHCTBO.

IIpocrpanctso K'(R), conpsikennoe k K(R), siBasgercst HonHbIM OTAE-
JIIMBIM JIOKQJIHO BBINYKJIBIM IIPOCTPAHCTBOM, COBIAAAIONIMM C IPOCTPAH-
ctBoMm Mep Panona.

3. IIpocrparcrso E(R).
IIpocrpancreo £(R) cocrout u3s Beex HeckoHeuHo nuddepeHInpyeMbIx

dbyuxuumit Ha R. B Tononoruu KOMIIaKTHOM CXOAUMOCTH BCEX IPOM3BO/IHBIX,
OlpeensaemMoil ceMeliCTBOM NOJYHOPM

Pma(z) = sup |2 () m=0,1,...; n=12,...,

—-ngtLn

E(R) — monHoe MeTpU3yeMmoe JL.B.II., T. €. npocTpaHcTso @perre.

ITokaxxewm, uro £(R) — mMouTenesckoe mpocrpatctso. Ilycrs B — orpa-
HudenHoe MuOxkectBo u3 E(R). Torza mpoussozsbie (m + 1)-ro nopsaxa
DaBHOMEPHO OIDAHMYEHBI Ha KaxKI0M HHTepBade [—n, n) us R; u3 reopemnr
0 KOHEYHbIX IPUPALIEHUSX CJIE/YeT, YTO CyKEeHHUs! Ha [—n, 1] IPOU3BOMHBIX
m-ro nopsaxka ¢hyHkuyit u3 B obpasyior s kaxknoro m > 0 paBHOCTe-
[IEHHO HENPEPLIBHOE MHOXKECTBO; TeopeMa Apuesna — ACKONM HOKA3bIBaeT
TOrJa, 4TO 3TO MHOXECTBO IPEAKOMIIAKTHO B TOIOJIOTHM DABHOMEPHOMH
CXOAUMOCTH Ha [—n,n] YHKUMH U MX OPOM3BOAHBIX IO IOPSAAKA < M.
ITockonbky m npouseosibHOE, TO B nmpeakomnakTHO B E(R), a mockonbKy
E(R) momHo, TO B OTHOCUTENBHO KOMIAKTHO.

IIpocrpanctso &'(R), HaneIeHHOE CUILHON TONOOTHEH, SIBISETCS MO
HbIM pedJIEKCUBHBIM TPOCTPAHCTBOM, OHO COBIAJAET C HPOCTPAHCTBOM
060b1eHHbIX GYHKIME (pacnpeiesieHn) ¢ KOMIAKTHLIMA HOCHUTEJISMH.
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4. IIpoctpanctso S(R).

Ipocrpancreo S(R) (cM. § 56) cOCTOMT ¥3 Beex BELIECTBEHHBIX (KM
KOMILIEKCHBIX) Geckoneuno auddepenuupyemprx dyukumit Ha R, obnaza-
JOIIMX TeM CBOMCTBOM, 4TO, KaKOBHI 6bI HM ObLIM Lenble unciaa m 2 0 v
n >0, |[t|"z™)(t) - 0 npu t — oo (6bicTpo ybuiBatomme dyukuuu). [pu
BBE/JICHUH TOIMOJIOTHH, ONPeaeaaeMOll MOJLyHOPMAMHU

Pmn(x) = sup{(1 + It|n)a"(m)(t)|a
teR

8(R) cranosurca npoctpaHcrBoMm Pperrte. ITa TONOJOTHA CUIbHEE TOIO-
JIOTHY KOMIAKTHOH CXOAMMOCTH BCEX MPOM3BOAHBIX, UHYLIHUPOBAHHON M3
E(R). IIpocrpancreo S(R) ABaAETCA MOHTEIEBCKUM, ITO BLITEKAET U3 TEO-
pembr Aprena — Ackoun.

5. IIpocrpancrso D(R).

ITpocrpancrso D(R) cocrout u3 Beex GeckoneqHo aucdepeHumupyemMbix
byuxuumit Ha R ¢ komnaxkTabIME HocuTesamu B R (cm. § 54). Tononorus Ha
D(R) eogurcs caenyomum obpazom. O6osnaunm depes D, (R) BekTop-
Hoe noanpocrpancTso npocrpancrsa D(R), obpasosantoe Bcemu dyHKIH-
AMH, HOCHTEIM KOTOPbIX COAEPKATCA B [—7. 7], M HAAENEHHOE TOMOJIOTHei,
onpeneJsiIMOi OJYHOPMaMH

Pmn(z) = sup [a{™(2)].

—-ngtgn

B aroit rononoruu D,, (R) siBsiercst npoctpancrsoM @periie, npuiem To1io-
jorus, uaayuuposantag w3 Dy, 11 (R) na D, (R), coBnagaer ¢ Tonosorueit
u3 D, (R).

Temu Ke pacCy>KIeHHsIMHU, YTO U Aas mpocrpanctsa £(R), ycranasnu-
Baercs, yro D, (R) — monTenesckoe npocrpancrso ®pemte. IIockoabKy

oc
D(R) = | D.(R).

n=1
to Ha D(R) 3alaeM TOMOJIOrHI0 CTPOroTO MHAYKTUBHOIO NIpeesia MOHTe-
nesckux mpoctparcTs @peme Dy, (R). Takum obpasom, D(R) — ornesnn-
MOe KBa3HuIIOJHOe (Ha CaMOM JeJie TIOJHOE) HEMETPU3YEMOE MOHTEIEBCKOE
Boueunoe 1 GOPHOIOrMUECKOE TPOCTPAHCTBO. CX0AMMOCTh OC/IEe10BATE b-
HOCTH B 9TOM IPOCTPAHCTBE COBIIAIAET CO CXOANMOCTHIO, BBEAEHHOM B § 54.
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Ero compsixentnoe npocrpancrso D’'(R), HazeneHHOe CHIbHOH TomO-
JIOTHeH, SIBJISETCHA NOJHBIM MOHTEIEBCKMM NPOCTPAHCTBOM M Ha3bIBAETCS
npocmpancmeom obobuennns dynruul (pacnpedesenud).

Jsi pacCMOTPEHHBLIX MPOCTPAHCTB MMEEM BKJIIOYEHHS BMECTE C TOIO-
aorusmu D(R) C §(R) c E(R) u D'(R) D &(R) D &'(R).

IMpocrpancrsa ocHosbix pyukumit D(R), S(R), £(R) u npocrpancTea
06061ennbix pyukumit D'(R), §'(R), &'(R) Ha3blBaIOT npocmpaHcmeamy
JI. Illsapuya. AHATOrMYHO ONIPEAEIAIOTCS IPOCTPAHCTBA 0000IEeHHBIX by HK-
uuii B R™ u B obmactu n3 R".

6. IIpoctpancteo H(D).

Mycre D — obmacts koMiiekcHoit miiockoctu C ¢ rpanuueit 0D. IIpo-
crpancteo H(D) cocrout u3 Bcex ¢pyHKUMi, ONPEAEIeHHBIX U TONOMOpd-
upix Ha D. [IpocTpaHCTBO HaAESeTCs TOMOJIOTHell KOMIAKTHON CXOLIMO-
CTH, KOTOpas 33JaeTCs CYeTHbIM HaBOPOM MONYHOPM

pn(z) = sup |z(¢)],
teBn
rae B, = {t € D: |t| < n, p(t,0D) > 1/n}, p(t,80D) — paccrosnue ot
TOYKH t O TPAHHIBL OONACTH.

CrenoBatensto, H(D) merpusyemo. IIpocrpancreo H(D) sBnserca non-
npocrpalcTBoMm npoctpaucrsa E(D), no teopeme Bettepmrpacca gisa ro-
nomopdubix GyHKIUA oHO 3aMkHYTO B E(D) 4 nosromy mosHo. M3 atux
’Ke coobparkenuit cienyer, 4TO OHO MOHTEJIEBCKOE.

7. IIpocrpaucrso F(S).

Ilycts S — mpousBobHOE MHOXKECTBO. BekTopHoe mpocTpanctso F(5)
BCEX BElIECTBEHHBIX (M/IM KOMIUIEKCHBIX) (byHKLMH Ha S MOXKHO cuenaTh
JIOKAJIBHO BBLIYKJIbIM MPOCTPAHCTBOM, HAAEINB €r0 TONOJIOrHeH TOYeHHOH
CXOIMMOCTH, ONpeAensaemMoil noayHopMamu pi(x) = |z(t)| ansa kaxzoro
teS.

8. BaHaXx0BO IPOCTPAHCTBO SABJISIETCA JIOKAJNBHO BBITYKJIBIM TOIIOJIOIH-
YeCKHUM BEKTOPHBIM npocTpaHcTBoM. OHO MeTpr3yeMoe, GOPHOJIOrHYEeCKOe
u 6oueynoe. Kak BHAHO M3 mpenpiyllero, OCHOBHbIE T€OPEMbl (HYHKIKO-
HAJbLHOrO aHAAN3a 0 6aHAXOBbIX IIPOCTPAHCTBAX 6A3UPYIOTCH HA ITHX CBOM-
crBax: Teopema Banaxa — Iltefinray3a cneayer u3 G0ue4yHOCTH, TEOPEMa
Xana — Banaxa — U3 CBOIfCTBa JIOKAJILHOI BLIYKIOCTH, 3 JOKA3aTeIbCTBO
TEOpeMbl O 3aMKHYTOM rpacdHKe UCIOIb3yeT CBOICTBO METPH3YEeMOCTH.

HopumrupoBaHHOE IDOCTPAHCTBO ABJAETCS JIOKAJIbHO BHITYKJIBIM, METDH-
3yeMbIM ¥ GOPHOJIOTMYECKHM, HO MOXKET He ObITh G0YedHbIM.



ITIPNJIOXKEHUNE
TOIIOJIOTUNYECKUE ITPOCTPAHCTBA

§ 1. OTKPBITHIE MHO>KECTBA. OKPECTHOCTU

Omnpenenenne 1. Tonoaozuel Ha mMHOXKeCTBe X HA3bIBAETCA MHOMKE-
crto 7 C P(X) nonMHOXKecTB MHOXKecTBa X, 0bsaJaloliee CiefyomuMH
ceolicrBamu: 1) obbenuuenue a060ro ceMeicTBa MHOMXKECTB U3 T MPUHA/-
JIEXKHT T; 2) nepecedeHue BCIKOrO KOHEYHOrO CeMeHCTBa TOOMHOMKECTB H3
7 npunagnexut 7; 3) 0, X € 7.

MHoXXecTBa M3 7 HA3BIBAIOT OMKPWMbMU, 8 X C 33JaHHOH HA HeM
TOIOJIOTHEH HA3bIBAETCH TNOMOA02UMECKUM TLPOCTPAHCMEOM.

IIpumepsl

1. Ha npou3BoJIbHOM HEmycTOM MHOXeCTBe X OMpeiesiuM TOMOJIOHIO
7 = {0, X}, nassiBaeMyio anmuduckpemnot Tomonorueii. OTKPBITHIME
MHOYXECTBAMM 3TOM TOIOJIOTMH SABJAIOTCS IyCTOe MHOXECTBO u Bce X.

2. Ha npou3BOJILHOM HEImyCTOM MHOXeCTBe X OmpeIeiVM TOIOJOIHIO
7 = P(X), Ha3biBaeMyo duckpemnodt. OTKPLITHIM MHOXECTBOM B 3TOIf
TOMOJIOTHH SIBJISIETCS KAXKI0€ [MOJMHOXKECTBO MHOXKeCcTBa X.

3. Ha muOoxecTBe R (J1eHCTBUTENBHBIX YHCEN) ONPEAENHM TOIOJIOIHIO,
IIPUHSB 33 OTKPbIThIE MHOMKECTBA BCEBO3MOMKHbIE O0bEIMHEHAS OTKPBITHIX
uHTepBayoB. Akcuoma 1) onpenenenusi 1 BHITONHAETCS OYEBHAHBIM 00pa-
30M, a A [POBEPKH aKCHOMbI 2) JOCTATOYHO 3aMETHTb, YTO HEIyCTOe
nepece4yeHHe ABYX OTKPbIThIX MHTEDBAJIOB CHOBA SIBJISIETCS OTKDBITHIM MH-
TepBaJsioM. Takaa Tonosnorusa Ha R Ha3biBaerca ecmecmeennot, 1 R ¢
€CTECTBEHHOH TOMOJIOTHEei Ha3bIBAETCHd YUCA060U NPAMOT.

Ha kaxxnom muoxectse X, comepxkaiueMm 0oJjiee OOHOM TOUKH, MOXET
ObITh 331aHO HECKOJIBKO TOIIOJIOIUiA.

Onpenenenne 2. Tonmosorusa 7, Ha X caabee Tonosoruu 79 Ha X MK
Te cuavuee 71 ( maoicopupyem), ecniu 7; C To. JBe TOMONIOTHH, ONHA U3
KOTOPBIX Ma)XOPUPYET APYIYIO, HA3bIBAIOTCA CPABHUMbBIMU.

Takum o6pa3om, Tomosiorus 7, caabee TOMOJOTHH To, €CJIH KaXKI0e OT-
KPBITOE MHOXXECTBO B TOIOJIOTMH 77 OTKPBITO B TOIOJIOTMM To. Jpyrumu
CJIOBAMH, 3amac OTKPBLITBIX MHOXKeCTB B OoJiee ciaboit Tomonoruu 6egnee,
4yeM B 6oJiee CHIIbLHOIL.
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Ilpumepsl

1. EcrecrBennas tomoJsioruda B R CcuibHEe aHTHOMCKPETHOH u cuabee
JOHCKPETHOH.

2. ycts X = {a.b} — aByxToueuHoe MHoxecTBo. Onpenenum Ha X
e tomonoruu: 7, = {0, {a}, X} u 7o = {0,{b}, X}. T TomONOrHH HE
CpPaBHUMBI.

Onpenenenne 3. Oxpecmuocmyvio nodmrnozxcecmea A B TOMOIOrHYE-
CKOM NPOCTpaHCTBe X Ha3bIBAETCs BCAKOE MHOMXKECTBO, KOTOPOE COTEPIKHUT
HEKOTOPOE OTKPBITOE MHOXKECTBO, coaeprkaiuee A. Oxpecmrocmbvio mowku
z € X Ha3bIBaeTCs OKPECTHOCTb MHOXKecTBa {I}.

IIpuMepsl

1. ITycte X — aHTUAMCKDETHOE TOIOJIOTHYECKOE NPOCTPAHCTBO. Torxa
€IHMHCTBEHHON OKPECTHOCTbIO KaxAoH ToUYkMu T € X sapisgerca X.

2. Ilycte X — AMCKpETHOE TOIMONIOTHYECKOe IPOCTPAHCTBO. Kaxkaoe
NOIMHOMXKEeCTBO M3 X, colepxkallee TOYKY T € X, sIBJIAETCS OKPECTHOCTHIO
3ITOH TOYKH.

3. Ecin X = R ¢ ecTecTBeHHo#t TOmoIOrue#, TO OKPECTHOCTHIO TOYKH
T € R aBaserca mo60e MHOXKECTBO, COAEPIKAllee KAKOH-HUOY b OTKPHIThII
MHTEPBAJ, KOTOPOMY IPHHAIJIEXKHUT TOUYKA I.

Ilpeanoxenne 1. Muosicecmeo A 8 monoaozuveckom npocmparcmee
OMEPHIMO M020a U MOABKO M020a, k0200 OHO ABAAEMCA OKPECTNHOCTIILIO
Kaotcdoti ceoell movKuy.

> HeobxoauMocTh O4YeBHIHA.

Zocraroynocrs. Ilycts A ABIsSETCS OKPECTHOCTBHIO KaXK IO CBOE#i TOU-
kM, U — oObeguHeHne BCeX OTKPBITHIX moamHoxkecTB u3 A. Torma U —
orkpbiToe MHOXKecTBO B X u U C A. Ilycts £ € A — npousBosibHAA TOUYKA.
Tak xak A — OKPeCTHOCTb &, TO T NPHUHAAJIEXKUT HEKOTOPOMY OTKPBITO-
My mogMHOXecTBy u3 A u, ciaemoarenbHo, r € U, e. A C U. Takum
obpazom, A=U. Q

O603na4uum uepe3 V(I) MHOMXKECTBO BCEX OKPECTHOCTEH TOUKH I.

Ilpennoxxenue 2. Mnoocecmea us V() obaadarom caedyrouumu
ceolicmeamu:

HemVCX, UeVx)uUCV, mV e V()

2) nepeceuenue KOHewH020 “ucaa muodcecme u3 V(x) npunadaescum
V(z);

3) anemenm T npunadaencumn kaxcdomy muoocecmey u3 V(x);

4) daa xasxcdozo V € V(z) cywecmayem muoocecmeo W € V(z) ma-
xoe, wmo V € V(y) das arbozo y € W.
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> CpoiicTa 1) — 3) ABAAIOTCS HEIOCPENCTBEHHBIME CJIEACTBUAMHE OIPE-
zenenus 3 u akcuoMsl 2) onpegenenus 1. JJiusa nokasaTenbcTBa cBOiCTBa 4)
JIOCTATOYHO Ha OCHOBAHMH Npennoxkenus 1 B kayectse W B3aTH No6oe or-
KPBITOE MHOXKECTBO, COZieprKaillee T ¥ coleprkaieecs B V.

DTH YeTbipe CBOMCTBA MHOXKECTBA V (T) ABJAIOTCH XapaKTEPUCTHYECKH-
MH B CIIEAYIOLIEM CMBICIIE.

Ipennoxxenne 3. Ecau xasicdomy saemenmy x muooicecmsa X no-
cmaeaeno 8 coomeememeue muoocecmeao V(x) nodmnoosrcecms u3 X, daa
K0Mopo20 cnpasedauent ceoticmea 1) — ) npedaoocenus 2, mo na X cy-
WECTNBYEM, U NPUMOM OURCTNBEHNAR, TMONOA02UR, 04k Komopol V(T) as-
AAEMCA MHONCECTIBOM OKDECTNHOCTNEU MOYKY .

> EnuucrBeHHOCTH TpeOYyeMOil TOMOJIOTHY CJIELyeT U3 MPENJIOXKEHns 1,
U060 MHOXKECTBOM BCEX OTKPBITBIX MHOJKECTB B 3TO TOIOJIOTHH SIBJIAETCA
MHOECTBO T BCeX noaMHoxecTB A u3 X taknx, uto A € V(z) mns moboro
Tz €A

U3 cBoiicTB 1) M 2) HENOCPEACTBEHHO CJIEJyeT, YTO T — TOMOJIOTHs Ha,
X. Ocraercd NpoBepUTh, YTO MHOMXKECTBO OKPECTHOCTEH TOYKHM T B ITOMH
TOIOJIOTHY COBMaJaer ¢ V().

IMycts V' — OKpecTHOCTb TOYKH & B TOIOJIOTHH T; CIEAOBATENbLHO, Cy-
wecrByer A C V rtakoe, yro x € A, A € V(y) nns xaxgoro y € A u
V D A. Tlo cBoiicrBy 1) npeasioxkenus 2 umeem V € V().

O6parno, nycts V € V(z). Honoxum U = {y € X|V € V(y)}. Oue-
BuUaHO, 4yT0 £ € U; eciiu y € U, 0 V € V(y) u no csoiicrey 3) npeano-
wenus 2 umeeMm y € V. Takum obpazom, U C V. Ilokaxem, yto U € 71,
r.e. U € V(y) pasa scex y € U. Ecnn y € U, To, cornacHo coicTBy 4),
cywecresyer W € V{(y) rakoe, yro V € V(z) gua Bcex z € W. Tak kak
V € V(z) o3nauaer z € U, To W C U, u, cnegoBarensto, 1o ceoictsy 1)
UeV(y). <«

Taxum 06pa3oM, TOMOIOTHIO Ha X MOXKHO OIIpEIEJINTD 3aJaHHEM OKPECT-
HOCTel KaXXIoil TOYKH.

Oupenenenue 4. Pyndamenmanvroli cucmemol (6azucom, 6asoti) oxpe-
cmuocmeti TOYKM T B TOMOJIOTHYECKOM MPOCTPaHCTBe X HAa3bIBAIOT MHO-
KecTBO B oKkpecTHOCTElM TOUKM X TAKOe, YTO B KaXK10# OKPECTHOCTU TOYKH
T CONEPXHUTCA MHOXKECTBO u3 B.

ITpumepuwr

1. MHO»®KeCTBO OTKPBITBIX OKPECTHOCTER TOUKH T 0bpasyer pyHIaMeH-
TaJNbHYI0 CUCTEMY OKPECTHOCTEHl TOYKH I B IPOM3BOJILHOM TOIOJIOTHYE-
CKOM HPOCTPaHCTBE.

2. B quCKpeTHOM TOMOJIOrMYECKOM IPOCTPAHCTBe MHOXKecTBO {{z}},
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COCTOsIIIEe U3 OJHON OKPECTHOCTH, 00pa3yeT GpyHIAMEHTAIbHYIO CHCTEMY
OKDeCTHOCTe! TOYKH I.

3. MHOXeCTBO OTKpBITBIX MHTEPBAJIOB |T — 1/n,z + 1/n| Ha mpamoi
R saBasieTcst pyHIAMEHTANBHON CHCTEMOR OKPECTHOCTEH TOYKM T B ecTe-
CTBEHHOH TOIOJIOTHH.

Onpepenenue 5. MuoxectBo B OTKDBITBIX MHOXECTB U3 X Ha3biBa-
ercst 6a30l MONOAO2UY TONOJOTHYECKOro NpocTpaHcTBa X, ecjid Jioboe
OTKDBITOE MHOXeCTBO B X siByisieTcsl 06beiuHEeHUEeM MHOXeCTB u3 B.

IIpumepsL

1. MHOECTBO BCEX OMHOTOYEYHBIX MHOXKECTB sBJisieTcs 0230l QUCKpeT-
HOIf TOITOJIOTHH.

2. MHOXeCTBO OrpaHMYEHHBIX OTKPBITHIX HHTEPBAJIOB — 0a3a TOIOJIO-
MM YHUCJIOBOH IIPAMOI.

Onpenenenue 6. I[lpedbazoti monosozuu Ha X HA3BIBAETCS BCAKOE
MHOXXECTBO Y. OTKDBIThIX MHOXECTB u3 X Takoe, 4TO CeMeHCTBO BCEBO3-
MOXKHBIX KOHEYHBIX IepecedeHHil 3JIEeMeHTOB 13 L obpasyer 0a3y TOMOJIO-
THYECKOro mpocTpancTsa X.

Teopema 1. ITpoussoavroe nHenycmoe cemelicmso . muoxcecme us X
obpasyem npedbasy nexomopotl monosozul Ha X.

OHPE,IIGJIEHHG 7. SGM?CHym'bLMU MHOJHCECTBAMU B TOIIOJIOTHYECKOM
npoctpaHcTse X HA3BIBAIOT JIOMIOJHEHUS OTKPBITHIX MHOKECTB.

IIpumeps.

1. Muoxecrsa @ u X 3aMKkHYTHI B J11060M TOMOJOTMYECKOM POCTPAH-
cree X.

2. B AMCKPETHOM TONOJIOTHYECKOM MPOCTPAHCTBE BCAKOE IOIMHOMKECTBO
3aMKHYTO.

3. 3aMKHyTBI WHTEPBaJ Ha YMCJIOBOH MPAMOH — 3aMKHYTOE MHOMe-
CTBO.

Onpepenenne 8. Touka T TONOMOTHYECKOro IPOCTPAHCTBA X HA3bI-
BaeTcsa eHympeHHel mowkold MHOXecTBA A, eciii A — OKPEeCTHOCTb T.
MHO0KecTBO BHYTPEHHHX TOYEK MHOXECTBA A Ha3bIBAETCA GHYMpPEHHO-

CMbI0 MHOXCECBG W 0D03HAYALTCS ;1 .

Takum o6pa3oMm, Touka T € X SBAsieTCA BHYTDEHHEH TOYKOH MHOXe-
cTBa A, eciu CyuiecTByeT OTKpbIToe MHOXKecTBO U Takoe, uro £ € U C A,
moatoMy A ecth 06beHHEeHNEe BCEX OTKPBITBIX MHOMKECTB, COIEPKAIIMXCS

o
B A. 3uauut, A — HauboJbIIEE OTKPHITOE MHOXKECTBO, COIEprKalleecs B

] o
A. Cnenoparenbho, u3 coornomenuss A C B cneayer ACB . Hcnons3ys
NOHATHE BHYTPEHHOCTH, NpEJ0KeHHe 1 MOXHO chOPMYIMPOBATE ClELy-
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omuM 06pa3oM: MHOXKECTBO A B TONOJIOTHYECKOM NPOCTPAHCTBE OTKPBITO

o
TOrJa M TOJLKO TOrma, Korma A =4 .
IIpeagsioxenne 4. Jas awobur deyr muoocecme A u B 8 monosozu-
weckom npocmparcmee X cnpasediugo pPageHrcmeo

o
N

ANB=ANB. (1)

<]
N

DTaKKaK,SlCA, éCB,To;,lﬂéCAﬂanlﬂécAﬂB,1/160210%
OTKPBITO.

O6parno, u3 ANB C A, ANB C B cnegyer ANBCA, ANBCBn
o]

N ] [}
ANBCANB.

Onpeznenenne 9. Touka TONOIOrM4¥ECKOro NPOCTPAaHCTBA X HA3bIBa-
eTca moukoli NPUKOCHOBEHUA MHOXKecTBa A, ecnu Kaskaas OKPEeCTHOCTb
TOYKH T COHEPXKHUT TOYKH M3 A. MHOXECTBO TOYEK NPUKOCHOBEHHS MHO-
KECTBa A HA3BIBAETCA 3GMBIKAHUEM MHOXECTBA M 0603HauaeTcs A.

Ipennoxenue 5. Jas 4106020 nodmmoscecmea A C X monoaozuye-
ckozo mpocmparcmea X u ez2o donoanenua Cx A = X \ A cnpasedauent
pasencmea

A 0o
CxA =CxA, Cx A= CxA (2)
> JlokaxkeM mepBoe U3 3THX PaBeHCTB. BTopoe BhITEKaeT M3 HEpPBOro
epexo oM K JOMOJTHEHUSM.

Hycts z € CA, 370 03HauaeT, YTO CYIIECTBYeT OKPECTHOCTb V TOYKH T

Py
takasi, uro VN A #0, T.e. V C Cx A. Cnenosarensuo, r €CA .

Orcroga cienyer, 4To 3aMbIKaHue A — 3TO HAMMEHbIIIee 3aMKHY TOe MHO-
JKeCTBO, copepxaee A. B gacrHocty, us Bkimouenus A C B creayert, uro
ACB.«

IIpennoxenue 6. Muoocecmeo A 6 MoNoa02u“eCcKOM NPOCTPAHCINGE
3aMENYTO Mo2da U Moavko mozda, xozda A = A.

JIOKa3aTebCTBO HEIOCPeACTBEHHO BLITEKAET W3 npennoxeHnii 1 u 4.

Ilpennoxenue 7. Jas awbvz deyxr muoocecme A u B uz monoaoau-
wecKo20 npocmpancmea X cnpasedauso paseHcmeo

AUB=4UB. (3)
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Joka3aTenbcTBo BoiTekaeT U3 paBeHcTs (1) 4 (2) mepexomoM K AOmOJ-
HEHHUsAM.

Onpepenaenne 10. Touyka T Tomonoruyeckoro mpocrpancrsa X Ha-
3BIBACTCH  2panuynotl MouKxol MHOXKECTEa A, eClld OHA ABJSETCH TOYKOM
NPUKOCHOBEHHs KaK MHOXecTBa A, Tak W MHOXectBa CA. MHOXecTBO
DAHHYHBIX TOYEK MHOXKECTBA A HA3BIBAETCS 2PaNUUET MHOXCECTEa W
oboznauaercs: OA.

I'panuna Kaxxa0ro MHOXKECTBA 3aMKHYTA, TaK Kak 0A = ANCA.

Onpenenenne 11. [0BOpAT, YTO MHOXKECTBO A nMAOMHO B TONOJIO-
rigeckoM npocrpascrse X, ecid A = X. Tomosyiornyeckoe NpoCTPaHCTBO
Ha3bIBAETCA cenapabesbHbim, €CIH B HEeM CYIIECTBYeT He Hosee yem cuer-
HOE IIOTHOE MHOXKECTBO.

IIpumepsr

1. BuyTpenHocTh OTpe3Ka [a,b] Ha YMCIOBON NpAMOIl €CTh WHTEPBAJ
la, b[. BuyTperHOCTb 1106010 OZHOTOYETHOTO MHOXKECTBA, HA IUCIIOBON Ips-
MOIi €CTb IyCTOE MHOXKECTEO.

2. MuoxecTBo QQ panyoOHaJbHBIX YHCEN ILJIOTHO Ha mpamoil. Cienosa-
TenbHo, R — cenapabenbrOe TOMOIOTHYECKOe MPOCTPAaHCTBO U 0Q = R.

3. B auckperHoMm npocTpaHcTBe X HE CyHIECTBYET MJIOTHBIX MHOXKECTB,
OTJIUYHBIX OT X.

4. B aHTMAXCKDPETHOM IPOCTPAHCTBE X BCAKOE HEMYCTOE MHOXKECTBO
nnotHo B X. CrienoBaTebHO, KaX10€ aHTHAUCKPETHOE IPOCTPAHCTBO Ce-
napabenbHoO.

§ 2. HEIIPEPEIBHBIE OTOBPAXKEHU A

Ounpenenenue 1. Otobpaxenue f: X — Y, rne X nu Y — rononore-
YeCKHe MPOCTPAHCTBA, HA3BIBAIOT HENPEPBIBHUIM 8 modke Lo € X, ecnu
ans moboi oxpecrroctn U toukm f(zg) Haiinercs okpecTHOCTh V' Touku
zg B X Taka#, uro z € V Bneuer f(z) € U.

ITockonbky ycnosue f(z) € U mnsa Bcex z € V paBHOCHIBHO YCJOBHUIO
f(V) C U, a takxe ycnosuto V C f~1(U), To ¢ yuerom croiictsa 1) npea-
soxeHus 2 § 1 onpenesnenye 1 5KBUBAJIGHTHO CIEAYIOMIEMY OMPEIEIEHHIO.

Ounpepnenenue 1'. Orobpaxenne f: X — Y nuenpepweno 6 mouxe
T € X, ecnu npoobpaz f~1(U) xaxmuoit oxpectocru U B Y Touku f(xo)
ABJIAETCS OKPECTHOCTLIO TOYKH I B X.

Onpepenenne 2. Oro6paxenue f: X — Y, rne X, Y — rononoruye-
CKHe NPOCTPAHCTBA, HA3BIBAIOT HENDPEPBLEHbIM, ECIIHM OHO HENPEPLIBHO B
KaxXIoi Touke u3 X.

406



Onpenenenne 3. Orobpaxkenue f: X — Y HazbiBaeTca 2omeomop-
Pu3mom, eciii OHO BUEKTHUBHO, HENDPEPHIBHO U 00paTHOE K HEMY OTOOpa-
xenne f~!: Y — X HenmpepbIBHO.

IlpuMepsl

1. ToxxaecTBeHHOE O0TOGpa’keHHE TONOJOrHIECKOrO POCTpaHcTBa X Ha,
cebs1i HeIIPEPBIBHO.

2. [TocTosinHOE OTOGPaXKeHHEe OAHOTO TOIMOJOTHYECKOIO NPOCTPAHCTBA
B OIpyroe HeNpepPbLIBHO.

3. Besikoe 0T0GpakeHne AUCKPETHOrO [IPOCTPAHCTBA B TONOJIOTHYECKOE
NPOCTPAHCTBO HELIPEPHIBHO.

Teopema 1. IIycmo f — omobpasicerue Monosdzuteck020 NPOCMpPpaH-
cmea X @ monoaozuueckoe npocmpancmeo Y. Tozda caedyrousue céoticmsa
IKGUBAAEHTVHDL:

a) f uenpepuerno na X;

6) f(A) C f(A) daa arwbozo A C X;

8) MPOOHPA3 BCAKOZ0 3AMKHYMOZ0 MHONCECTEA U3 Y — 3aMKHYMOE
MHOCECTNE0 8 X ;

2) npoobpas 8caAK020 OMKEPLIMOZO MHOJHCECTEA U3 Y — OMKPHIMOE MHO-
orcecmeo ¢ X.

> a) = 6). [lycts £ € A u nycTs U — NpOM3BOIbHAA OKDECTHOCTD
B Y rtouxku f(z); mockombky f~!(U) — okpectHoCTh TOukKH T B X, TO
F~HU)N A # D u mosromy cymecreyer y € f~}(U)N A. Orcrona creayer,
uyro f{y) € UN f(A4), r.e. UN f(A) # @, cnenosarensro, f(z) € f(A).

6) = B). llycts F' C Y — 3amkHyT0e MHOXKecTBO u F = f~1(F'); mo
npenioxenuo f(F) C f(F) C F',orkyna F C f~Y(F') = F C F, t.e.
F =F, uto o3navaer 3aMkHyTOoCTb F' (mpeayoxenue 7 § 1 npuioxenus).

B) = r). Cenyer u3 pasencrsa Cf~1(A') = f~1(CA").

r) = a). IIycts £ € X u U — npousBosibHAA OKPECTHOCTb TOYKH f(T);
cnepoBarensHo, f(x) € A’ C U, rme A’ — OTKpbITas OKPECTHOCTH TOYKH
f(z). Torna z € f~YA') c f~Y(U), u, nockomeky f~1(A’) oTkpniTO,
f~Y(U) — oxpecrrocTb TOUKH T. <

CaencrBue 1. I[Iycmo f: X Y v g: Y — Z — nenpepwense omob-
padcenus, moada Komnozuyus go f: X — Z uenpepuiena.

Caepnctsue 2. Jasa mozo, wmobu OuexmueHoe nHenpepueroe omobpa-
orcenue f: X — Y 6via0 2omeomopdpuamom, neobrodumo u docmamonno,
ymobb, 06pa3 omxpbrmMo20 mHoxcecmea 8 X 6wa omxpum 8 Y.

Caeacrue 3. Jas moezo, wmobo, monoaozus 7, 0viaa cuivhee mo-
noaozuu 7o Ha X, HeobTodumo u docmamovwno, 4mobs modcdecmeenmoe
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omobpascenue I: X1 — Xo 6v140 nenpepwuisrvim, 2de X; — MHOIICECTNE0
X, nadesennoe mononozueli 7; (1 =1,2).

B> 9TO CeICTBUE HEMENJIEHHO BBLITEKAET U3 TeopeMbl 1 r). <

3ameuanue 1. [Ipu HenpepbiBHOM oToOpakeuuun X B Y o6pa3 oTkpsiTOoro (3a-
MKHYTOr0) MHOXeCTBa B X He 00s13aTeNbHO OTKPBIT (3aMKHYT) B Y. Hanpumep, 0106-
paxenue f: R 3>z — 1/(1 4+ 2)? € R nenpeprisno, #Ho f(R) =|0, 1], T. e. 06pa3 oTKpEI-
TOTO ¥ OJHOBPEMEHHO 3AMKHYTOINO MHOXECTBA HE SIBJAETCS] OTKPLITHIM M He SBJISETCS
3aMKHYTBIM.

3ameuanue 2. HenpepoiBrasa 6uekuus f: X — Y TOmOJOrH4eCcKux mpPOCTPAHCTB
B obuieM ciyvae He sBasercd romeomopdmusmom. Hanpumep, nmycts X — MHOXECTBO
AeHCTBATENbHBIX YHCEN C AUCKPETHOM Tonosorueif, Y — AefCTBUTENbHBIE YACTIA C eCTe~
cTBeHHO# Tomosorueit 1 f: X — Y — ToxgecrBenHoe orobparkeHue.

3ameuwanne 3. HempepsiBHoe oToGpaxenne f: X — Y ocraercs HempepbIBHBIM,
ecau Tonosioruio Ha X yCHIMTb, a Ha Y ocnabuts. Eciu obe Tomonormu, na X u Ha
Y, ocnabuTh MM yCHINTH OZHOBPEMEHHO, TO HEMPEPLIBHOCTbH OTOOpaXkeHust [ MOXKeET

HapyLIHTbCA.

§ 3. TIOAIIPOCTPAHCTBA.
PAKTOP-ITPOCTPAHCTBA

IIycts X — TOmnOJIOrHYecKoe NPOCTPAHCTBO U Y — ero MOAMHOXKECTBO.
B sTom ciyyae MOXHO ONpPeneNNTh HEKOTOPYIO TOIOJIOTHIO Ha MHOXKECTBE
Y, KoTOpyI0 Ha3bIBAIOT UHOYYUPOBAHHOY TONOJIOTUEH.

Onpenenenue 1. Tononorue#t, undyyuposannot uz X na Y, nasbiBa-
€TCs TOMOJIOTHSA, OTKPBITBIMK MHOXKECTBAMU KOTOPOH CIIy»KaT IIepeceyeHus
OTKPBITBIX MHOKECTB U3 X C MHOXKeCTBOM Y (CJiebl OTKPBITBIX MHOXKECTB
u3 X). MuoxkecTBo Y, HaIeleHHOE TOI TONOJIOTHEl, HA3bIBAETCS N00ONDO-
CTPaHCcmMeom IPOCTPAHCTBA X.

Jlerko BHETH, YTO 9TO OUpeJeseHie KOPPEKTHO, T.€. HHIYIHPOBAHHAS
TOIIOJIOTHA YAOBJIETBOPSET aKCHOMAM TONOJIOIMH.

IIpuwmep. Tononorns peficreurensHoi npamoit R unaynupyer na Mao-
JKeCTBe Z IeJIbIX 4MCesl JHCKDETHYIO TOMOJIOIHIO, HOO CJIeIOM OTKDBITOrO
uHTepBata (n — 1/2,n + 1/2[ na Z siBnserca MuoXxecTBO {n}.

Bo Bcex Bonpocax, roe purypHpyoT NOAMHOXKECTBA H TOYKH K3 Y, Ha-
JI0 OTJIMYATh MX CBOMCTBA KaK NOIMHOKECTB M TOYEK IIPOCTPAHCTBA X
OT MX CBOHCTB KaK MOIMHOMeCTB K Touek u3 Y. Hanmpumep, MHOXeCTBO,
OTKDBITOE B Y, He 0053aTeJIbHO OTKPBITO B X.
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NuayuupoBaHHble TOMOJIOTHH MPaH3UMUeHst, T.€. ecin Z C Y C X,
TO MOLIIPOCTPAHCTBO Z NPOCTPAHCTBA X COBNAJAaeT C IOANPOCTPAHCTBOM
Z TPOCTPAHCTBA, Y. DTO NPsAMO CJIEAYeT U3 Olpe/leNeHus.

IIycts X — ToOmoJOruyeckoe NpOCTPaHCTBO, R — OTHOLIEHHE SKBUBA-
aeatrocTH Ha X, Y = X/R — dakrop-MHOXKecTBO ¥ ¢ : X — Y —
KaHOHHYECKOe oTobpakenune. OnpegenuM Ha Y TOMOJIOIMIO, OTKPBHITHIME
MHOXeCTBaMM KOTOpOi# BynyT Takue moaMmuoxecTBa B C Y, y KoTOpBIX
npoobpasbl ¢ !(B) orkpeitel B X. T noamHOXKecTBa 3 Y 06pasyior
TOMOJIOTKIO. JTa, TOMOJIOTHS HA3bIBAETCH (PaKmop-monoaozued TOIOIOMHA
npocTpaHcTBa X MO OTHOHIEHUIO K.

PaKTOP-TONONOTHS €CTh CHIbHeMas U3 Tomosoruit ua X/R, upu Ko-
TOPbIX KAHOHMYECKOE OTOOParkeHHe ¢ HEIIPEPLIBHO.

Onpepenenue 2. [Iycrb R — OTHOIIEHNE 3KBUBAJIEHTHOCTH B TOIOJIO-
rudeckom npocrpalcTse X. Paxmop-npocmparcmeom X no R HasbBaoT
daxkTop-muoxkecTBo X/ R, Hazenennoe ¢hakTop-TONOJNOrHeH.

§ 4. MPON3BEAEHUE TOIIOJIOTMYECKHNX
[TPOCTPAHCTB

Iyers (X;)ier — CEMEUCTBO TOMOJIOTMYECKHX NPOCTPAHCTB U IIyCTh

X = [] X; — nmexaptogo mpousseneHue MHoxecTs X;. Ha mMHOxecTBe X
i€l
OIIpe,H,gJ'IHQTCH TONOJIOTHSA, HA3bIBaeMasd nNpou3sedeHueM MOnoA0UT N
monoaozueti Turonoea, cienyomuM obpasom. Hamomuanm, 9to npoussede-
nuem X = [| X; Ha3bIBAETCH MHOKECTBO, COCTOAIIEE H3 CEMEHACTB IeMeH-
iel

TOB (T;)ics Takux, uro xr; € X; Vi € I. Orobpaxkenue pr;: X — X; Taxoe,
uto pri(T) = T;, HA3BIBACTCS NPOEKMUPOSAHUEM HA 1-# COMHOXKUTEJD, &
3jeMeHT x; — i-ii mpoexyuel snementa T = (x;);e7. CeMeiicTBO BCEeBO3-
MOXKHBIX [TOZIMHOKECTB BUAA PT; ! (Uy), roe U; — OTKpBITble MHOXKECTBA U3
X;, obpasyer npenbasy romnonornu Tuxonosa. Ilo camomy ompegenennto
3Ta TOMNOJIOTHs — caMada cjiabas Cpefay Tonoyaoruit Ha X, Ipu KOTOPBIX BCe
[IPOEKTHPOBAHMA HENPepPbIBHbL. Bady 3To# Tonosioruu 06pa3yer ceMeicTBO
BCEBO3MOMKHBIX KOHEYHBIX II€PECeYeHH 3JIEeMEHTOB YKA3aHHOM npendassl.

ITpouseoibHbA snement U sroit 6a3st umeer sun U = () pr; }(U;), roe

i€k
K — xoneuynoe MHOXKeCTBO. Eciin I — KOHe4YHOE MHOXKECTBO, TO IOCTPOEHHE
TOIOJIOTHH NTPOU3BENEHHUS 110 TONOJOTUAM COMHOXKUTeNeH X,; ynpouaercs:
MHOXeCTBa Buaa || A;, roe A; — IPOM3BOJILHOE OTKPBITOE MHOXKECTBO M3

i€l
X; ans kaxporo ¢ € I, obpasytor 6a3y Tonosoruu B [] X;.
i€l

409



IIpumep. Tonoaorus npocrpancrsa R™ umeer cBouM 06asmcoM MHO-
JKeCTBO BCEBO3MOXKHBIX IIPOU3BENEHUH 7 OTKPBHITHIX UHTEPBAoB U3 R.

Teopema 1. ITyemv f — omobpasicenue mMonoA0ZUNECK020 NPOCTNDAH-
cmeaY 8 monoaoeuneckoe npocmpancmeo X = [[ X;. Jas moeo, wmobu

i€l

omobpasicenue f 6610 HENPEPHIBHDBIM, HEOOTOJUMO U JOCTRATNOYHO, YMOobBbL
650 HenpepueHoll Kacdas Komnozuyua pr;o f, i€ 1.

> Ecnu f HenpepbIBHO, TO HENMpEPbIBHA M KOMIIO3UIUS pr; © f JJ1A KaXK-
moro ¢ € I, Tak KaK NMPOEKLUH Pr; HempPepPhLIBHbL.

ITycts orobpaxkenusi pr; o f HernpepbiBHbL npu Bcex ¢ € I. Torma nua
orkpsrroro Muoxecrsa U us X; muoxectso (priof) " H(U) = f~Y(pr;}(U))
oTkpbITO B Y. OTCloma cieayer, 4To nNpoobpa3 OTHOCUTENLHO f KaxKA0ro

anemenTa npeabassl uz || X; orkperr B Y. Cienosarensho, oTobpaxkenue
i€l
[ HempepriBHO. <

§ 5. CXOIAIMMECA HATIPABJIEHHOCTH

yl'lOpH,H.O‘{eHHOG MHO>KECTBO A Ha3bIBA€TCA HANDPABAEHHBIM, €CIIH OJIA
JMIOOBIX JBYX JIEMEHTOB A1, A2 € A cyuiecTByer 3jeMeHT A3 TaKOH, 4TO
A1 < A3z, A2 < Az. Hanpumep, muoxectsa N, R ¢ ecrecTBeHHBIM OTHOIIE-
HHEM NOPAIOKa ABJIAKTCA HallpaBJIEHHBIMH.

Onpeaenenne 1. Ilycte X — mpou3BoibHOE MHOXKECTBO. Hanpasaen-
Hocmw1o B X HA3BIBAKOT 0TOOPaXKeHue HaNpaBJIeHHOro MHOXKectBa A B X.
Hanpasnennocts 0603Ha92€eTCsA (T))reA-

IIpumepsr.

1. Kaxxnaa nocienoBaTebHOCTh €CTh HATIPABIEHHOCTb.

2. Beakas (yHKIUA AeHCTBUTENbHOM NEPEMEHHOH fABJSETCS HAIPaB-
JIEHHOCTBIO.

3. Ilycts P(X) — MHOXKeCTBO BCEX MOIMHOXKECTB IIPOM3BOJILHOIO MHO-
xecrBa X, HaIpaBJieHHOe 10 BKiIwYeHuto. JIna xaxzgoro V € P(X) Bor-
nenuM (no akcuome BoiGopa) snement Ty € V. Ioiy4uM HANpPaBIEHHOCTH
(Tv)vep(x)-

Onpepenenne 2. [Iycts X — Tomosiorudeckoe npocTpaHcTsBo. I'oso-
PSIT, 4TO HANPABJIEHHOCTH (I))ren cTrodumca x mouke Tz € X, ecu ajia
KaJKJO# OKPECTHOCTH V, TOYKH I cyr.ueCTByeT 3J1eMeHT Ag € A Takoii, uTo
A 2 Ag Baeuer ) € V.

Bynem 3T0 3amucsiBaTh CiaeyromuM obpa3oM: T = lifr\n ).
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IIpaumepsL

1. Ilycts B(xg) — 6a3uc okpecTHOCTEH TOUKY To. JJis Kaxxa0# okpect-
Hoctu V' € B(zo) Boibepem v € V. Toraa HanpaB/IeHHOCTS (Zv)yeB(zo)>
rae B(zo) HanpasiesHo no 06paTHOMY BKIIIOYEHMIO, CXOAUTCA K Zg.

2. Ilycrs X — Tomosormyeckoe mpocrpaHcreo, M C X — mommpo-
crpancTBo. Ilycre (x))aca — HanpabnerHocts B M u m € M. Torma
(ZA)aen €XOOUTCA K M B M TONBKO B TOM Cllydae, eCli (L)) eA CXOAUTCA
kmB X.

3. Ilycth (2x)aen = (T, Y) — HAIPABIEHHOCTH B TOMOJOTMYECKOM IIPO-
crpauctBe Z = X X Y u 2z = (x,y) € Z. Hanpasnennoctsb (2))rca CXO-
JATCA K Zz TOTAA U TOJIBKO TOLHA, KOLZA (Zx)acA CXOOUTCA K Z, & (Ya)rcA
CXOIUTCA K Y.

Teopema 1. [Tycmb A — nodmHo2CECMB0 MONOAO2UNECKO20 NPOCTIPAH-
cmea X. [Jasa moz20, wmobw T € A, neobzodumo u docmamowno, wmobw
CYWECTNB0BAAL HANPABACHHOCTND 8 A, CTO0AUGACA K .

> Ilycrs z = li/{ll ay, ay € A. Torna Kaxkaaa OKpeCTHOCTb HYJIS TOYKH

z nepecekaercs ¢ A, T.e. z € A.

O6parHo, nycTs £ € A u nyctb B(x) — 6a31UC OKPECTHOCTel TOYKH I,
HAanpaBJeHHLIH OTHomenueM obpartHoro Biitodenus (V) < V, o3nauaer
Vo € V). dna kaxgoro V € B(x) soibepem ay € AN V. Torna nanpas-
JIEHHOCTb (@y )y ¢B(z) CXOMUTCA K T. <

3ameyanue 1. B NpOU3BOJBHOM TONIOJOTMYECKOM MPOCTPAHCTBE, B OTJHMYHE OT
METPHYECKOr0, MOXKeT CYLUECTBOBATh TaKas TOYKa Zg € A, 4TO HeT HH OZHOM OCIENO-
BATeNbHOCTU Zn € A, cxopswmeiicsa K zo. Ecau y Touku xo cyuectByer cyeTHBIH Ga3nc

OerCTHOCTeﬁ, TO TaKas MOC/1eA0BATEJbHOCTH 0053aTeIbHO CyieCTBYeT.

Teopema 2. Ilycms X, Y — mononozuveckue npocmpancmea, o —
mouxa uz3 X, u f: X = Y — omobpascenue. Jas moeao, wmobv, omobpa-
orcenue f ObLao Henpepuiero 6 mouke xg € X, neobrodumo u docmamonro,
wmobvi 0as 10601 Hanpasaennocmu (Ty)aep, CTOOAWEUCA K Tg, HANPAS-
aennocms (f(zr))ren czoduaace x mowke f(xo).

> Ilycth f HeNpEPLIBHO B TOYKE Zg M MYCThb (Tx)reca — HAIpPABJICH-
HOCTb, cxoAgAmIaAcs K To. Ilyers V() — NIpOM3BOIbHAS OKPECTHOCTD TOY-
ki f(zo). Beuny nenpepoiBHOCTH f cywecTByeT Uz, — OKpPECTHOCTH TOY-
Ku ro 1aKas, uto f(Uz,) C Vi(zy). Ana Uz, cymectByer Ao € A Taxas,
910 A 2 Ao Bieder Ty € U,,. CienoBarenbro, s BCeX A 2 Ao UMeeM
F(z2) € Vi(go), T-€. f(T0) = lijr\n Fzy).
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Ilpennonoxum Teneps, YTo oToOpakeHne [ He sIBJIAETCA HEeNpePhIBHBIM
B TOYKE Zo. [loKa)keM, 4YTO MOXKHO HANTH HAIPABIIEHHOCTD (T))AcA, CXOMAS-
IYIOCA K Zg, AJA KOTopoit f(zy) He cxoautesa K f(xg). 3amuieM yciaoBue
pa3phIBHOCTY f clieAyomuM o0pa3oM: CylIECTBYET OKPECTHOCTh V TOUKH
f(zo) Takag , uro masa Jwoboii oxpectnoctu U € B(xzo) f(U) ¢ V, rme
B(xg) — 6a3uc okpecrHocreit Toukd xo. OrHowenue f(U) ¢ V oznava-
erT, 4To cymecTByeT Touka u € U rtakas, uro f(u) ¢ V. Takum o6pasom,
s xaxaoro U € B(zg) Boibepem z, € U Tak, uro f(z,) ¢ V. locrpoe-
Ha, HAIIPDABJIEHHOCTD (T, ), 3aHyMepoBaHHas 3nemeHTamu U € B(zg). Ona
0 TOCTPOHMIO CXOOUTCA K Tg. Tak Kak f(z,) € V, To HanpaBieHHOCTb
(f(zy)) ue cxomures x f(zo0). <

3amedanue 2. Ecim X u Y — rTomonoruyeckue npocrpanctea u f: X — Y —
0TOOpaXKeHHEe, TO MOXKET OKAa3aThCH, YTO AMadA 1060 NOCIeI0BATENbHOCTH Ty, CXOASA-
meitca kK o B X, nocaesoBaTenvHOCTs f(Zn) cxomutcs k f(zo), HO oTobpakenue f
Pa3pbIBHO B TOYKE Zo. IIpuMep Takoro orobpakeHusi NMpusBeneH B 3aMevanuu 2 § 15.
B npocrpancTse (X, 72) u3 3TOro npumepa nobas Touka T € X ABJAETCS NpeleibHON
TOYKOH MHOMecTBa A, COCTOSILIEr0 W3 UPPALMOHAJIBLHBIX HHCeN, HO eCiu g ¢ A, To
He CYLIeCTBYeT NOCJIeJOBAaTENbHOCTU T, € A, cxomsmefica kK zg. ITO 3aMeyaHHe BMe-
cTe C Teopemamu 1 ¥ 2 MOAICHAET, NOYEMY B CJIy4Yae NPOH3BOJBHBIX TOIOJOTHYECKHX
[POCTPAHCTB BMECTO NOCJIEAOBATEJbHOCTEH HeOBXOAMMO paccMaTpuBaTh Gosee obee
NOHATHE Ha.l'lpa.BJIeHHOCTﬂ-

Onpenesienue 3. [0BOPAT, 4TO HANPABJIEHHOCTH (Tx)rep B X wacmo
scmpevaemca ¢ muogicecmeom A C X, ecoru 41 KaxKa0ro p € A Halinercs
ajieMeHT A € A Takoii, 4To A > pu u z € A.

Touka I TONOJIOTHYECKOTrO IPOCTPAHCTBA X HA3BLIBAETCH 7pedeavnol
MOKOU HAIIPABJIEHHOCTH (Z ) )eA, €CAH 9T HAPABJIEHHOCTD 4aCTO BCTPE-
YaeTCs € KaXKI0H OKPECTHOCTHIO TOYKU Z.

Onpegesienue 4. HanpasnewHocTs (Y, )uenm Ha3bIBaeTcad  nodha-
NPABAEHHOCTIbI) HANPABAEHHOCTH (T))) € A, €C/IH CyLIecTByeT QyHKUus
@ : M — A Takas, 4TO Yy, = Ty(yu); U IIA KAXKIOTO Ao € A Halinerca ate-
MeHT pg € M Tako#, 4TO ecym 4 > o, TO (i) > Ag.

Teopema 3. Touxa r monoaozuveckozo npocmpancmea X AGAREMCA
npedeabHoli MouKol HaANPABACHHOCTIU M0204 U MOABKO M020a, K020a HeKOo-
MOPaA TOOHANPABAEHHOCTID 3A0AHHOTE HATPABAEHHOCTIU CTOOUMCA K T.



§ 6. OTAEJIMMBIE [TPOCTPAHCTBA

Omnpeaenenne 1. Tononornyeckoe npocTpaHcTBO X Ha3bIBAIOT OMmdeau-
MbiM HIH Taycdopdoebim, eCIH LA TIOObIX IBYX Pa3IUYHBIX TOYEK U3 X
CYWECTBYIOT HelepeceKaronuecss OKPECTHOCTH.

IIpumepsL

1. Besikoe nuCKpeTHOE MPOCTPAHCTBO OTAETHMO.

2. Yucnopasi nmpaMasa R ormenuma: ecnu z,y € R u = # y, To aas
€ < |z —y|/2 oxpectHocTH |* — €, + €[ u Jy — €,y + €[ TOUEK T U Y He
TIEPeceKaroTCs.

3. AHTHUAMCKpPETHOE TOIIOJOrHYecKoe NMpOCTPAHCTBO, COCTodInee GoJiee
YeM U3 OJHO# TOYUKHU, HE OTIEIHUMO.

Teopema 1. Tonoaozuueckoe npocmpancmeo X omdeaumo mozda u
MOALKO Mo20a, k0200 KaHCOGA CTOOAULAACA HANDABAEHHOCTIID UMEETN TNOAL-
K0 odun npedea.

> Ilycte X otTaenmmo u p,22 — NPeAesbl HANPABIEHHOCTH () )acA
u I1 # zo. Toraa cymwectByoT V; — OKpeCTHOCTb TOYKH T, U Vo — OKpecT-
HOCTb TOYKH T3 Takue, 4to V) NV, = ). Tak Kak HampaBJeHHOCTb (Z))
cxomures K x; (i = 1,2), To cywecrByor A; € A Takue, uTo T) € V; mas
Bcex A > A; (i = 1,2). IlockONbKY MHOKECTBO A HANIPABJIEHO, TO Cylle-
cTByeT Ag € A Takoe, 4TO A\g > A1, Ag > Ag. CnegoBarennHo, mpu A > Ag
umeeM Ty € Vi N V;, uro nporusopeunut V) NV, = 0. 3uayuT, 1 = 7.

IIpennonoxum Tenepb, uto X He oTaenumMo. Torja HaWAyTCA TOYKH
T1 # T2 Takue, 4TO M0Gas OKPECTHOCTb TOYKH I IMEPECEKAET JH0OYI0
OKPECTHOCTb TOUKH Zo. O603HauuM 4Yepe3 V(2;) MHOXKECTBO BCEX OKDECT-
HOCTel ToukHu Z; (1 = 1,2), HanmpaBIeHHOE OTHOCUTEILHO OOPATHOTO BKJIIO-
4yenus. Ha nekaprosom mpoussenenun V(zp) X V(zr2) 3aaanum nopsigok
npoussenenus, cuutas, 4to Vi X Vo < V! x Vj, ecu V/ C V1 u Vj C Va.
HAcuo, uto V(z1) x V{(x2) Ons kaxnoro sanementa Vi x Vo € V(1) x V(z2)
umeem ViNVa # 0. Boibepem Sy, xv, € ViNVa. Eciu Vi x Vo > V) x VY, o
Svixv, € ViNVa C V{ x V. CnenosaTensHo, HAIPaBIEHHOCTH S CXOIUTCS
K TOYKaM T U Ta. <

Teopema 2. ITycmv f u g — HenpeposHbie 0OMOOPANCEHUA TNOTOAOU-
wecKkoz0 npocmpaHcmead X 8 omdeaumoe Monos02UNECKOe NPOCNDPAHCTIEO
Y. Toeda mnoocecmeo mex x € X, daa xomopuz f(zr) = g(x), 3amxuymo
6 npocmparcmee X.

> O6osnauum A = {z € X| f(z) = g(z)}. HoxaxeM, uto CxA or-
kpoito B X. Ilycrs z¢ € Cx A, cnemosarennHo, f(zo) # g(zo). Bsuny
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OTAeNMMOCTH Y CYIIECTBYIOT MHOXeCTBA Vj(g,) — OKDECTHOCTb TOYKH
f(zo) u Vy(z,) — okpecTHOCTB TOUKH g(Zo) Takme, 910 Vi(z0y N Vy(zg) = 0.
Muoxectea Uy = f~1(Vi(z0)): Uz = 971 (Vy(zy)) SBISAIOTCS OKPECTHOCTS-
MU TOYKH Tg, H60 f u g mempepsiBubl. Caenosarensuo, U = Uy NU; —
okpecTHOCTh TOUKH To U f(U) C Vy(zg), 9(U) C Vy(zo). Mbl momyunim,
yro U C Cx A. 3uauut, MmHOKecTBO Cx A ABIAETCA OKPECTHOCTHIO KasKI0M
cBoeit Touky, T.e. Cx A OTKpBITO. <

Cnencrsue 1 (NpuHUMn DPOLO/KEHUS TOXAECTBA). [Tyemo f u g —
HENPEPLLEHDBIE OTNOGPAHCEHUA TONOA0ZUNECK020 Tpocmpancmea X 6 om-
deaumoe monoaoeuneckoe npocmparcmeo Y. Ecau f(z) = g(z) 6o ecex
MOYKAT HEXOMOPo20 6¢100y naomnozo 6 X mwuozcecmea, mo f = g.

Ilpennoxenne 1. Ecau das 410600 naps pa3suHul Mmovex T,y mMo-
noA0ZUMECK020 Npocmparcmea X CYWECmEYem makKoe €20 Henpepbenoe
omobpasicenue f 6 omdeaumoe npocmparcmeo Y, wmo f(z) # f(y), mo X
omdeaumo.

> [Mycts V u W — nenepecekarommuecs: okpectHocTH T04eK f(x) u f(y).
Torma f~1(V), f~!(W) — menepecexaomuecst OKPeCTHOCTH TOYEK T H ¥,
YTO JOKA3bIBAeT HPEAJiokKeHue. <l

CaepncrBue 2. Bcaxoe nodnpocmpanemseo A omdeaumozo monoaozu-
wecko0z0 npocmparcmea X omoesumo.

& HJoCTaTouHO NPUMEHHTH IpPeAJIOKeHHe 1 K KaHOHHYECKOMY BJIOXKE-
HUIO J4 : A—> X. Q

CaepncrBue 3. Beaxaa monoaozus, Maicopupyrowas 0meoesumyro mo-
T0A02UI0, 0TNIEAUMA.

Caencrue 4. Ilpoussedenue a106020 cemeliemea omoeAUMBE MONO-
AOZUNECKUT TIPOCMPAHCING 0MOLAUMO.

> IIyers X = [] X; — Tomosoruyeckoe Ipou3BeieHHe OTAEIUMBIX IPO-
i€l
crpaucts X;. Ecom z,y € X u x # y, To cywecrByeT ig € I Takoe, 4TO
DTiy T # DTy, Y, U M3 IIpeaJioxKeHud 1 crexyer, 4to X oTAeaumo. <

§ 7. KOMIIAKTHLIE ITPOCTPAHCTBA

Onpenenenue 1. OTaenuMoe TONOJIOrHYECKOE IPOCTPAHCTBO X Ha3bI-
BAaeTCH KOMNAKMHHM, €CITH Y BCAKOTO OTKPBITOTO IIOKPBITHS IIPOCTPAH-
cTBa X CyHIeCTBYeT KOHEYHOE OTKPBITOE IIOATIOKPLITHE.

ITpumep. Beakoe oTaenumMoe IpOCTPAHCTBO, COCTOALIEE H3 KOHEUHOTO
9HCJIa TOYeK, KOMIAKTHO.
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npejaeaeane 2. CeMeiicTs i }ie I TOAMHOXKECTB MHOXeCTBa X Ha-
Oup 2. Ceme o {A;}ier nonMuO X
3bIBAETCA UEHMPUPOBAHKBIM, €CIIH TIePECceyeHNe NI000ro KOHEYHOro Habo-
pPa MHOXKECTB U3 3TOr0 CEMEHCTBa HEeIyCTo.

IIpennoxkenune 1. Omdeaumoe monoasozuveckoe npocmparcmeo X
ABAALTNCA KOMNAKTIHOM M020a U MOAbKO Tozda, XKozda kadcdoe yenmpu-
posarmoe cemeticmeo 3aMEHYMHE Nodmuovicecme u3 X umeem nenycmoe
nepeceuexue.

> Heobxomumocts. Ilycts mpocrpadcrBo X komnaxktho. IIpenmosno-
JKHM, YTO CYIIEeCTBYET IIEHTPHPOBAHHAs CUCTEMa 3aMKHYTBHIX MHOXECTB

{A;}ier Takas, uro [ A; = 0. Torna gononnenuns U; = X \ A; obpasyior
i€l
OoTKpbITOE NOoKphiTHe X. B cpmy KOMMAKTHOCTH X cymeCTByeT KOHeYHBIH

Habop 41, ..., %, TAKOMH, 4TO U U, = X. Torna ﬂ A =X\ U Us, = 0.

HonyqaeM IIPOTHBOPEYHNE C OﬂpeﬂeﬂeHKEM I_leHTpHpOBa,HHOPI CPICTEMbI.

Hocrarounocts. Ilycts {U;}ic; — OTKPBITOE NOKDPBITHE NIPOCTPAHCTEA
X. IlpeanosioXuM, 4TO y ITOrO MOKPHITHSI HET KOHEYHbIX IIOANOKPBITHIL.
Torna cucrema muoxectB A; = X \ U; sBnsercsa uenrpupoBannoil. Ilo
yeaosuio NA; # @, u, 3aaaut, UU; # X. Ilonyyaem mporusopedne. <1

Teopema 1. J[aa moz0, wmobs. monoaozuieckoe npocmpancmeo X Goi-
A0 KOMMAKMHLIM, Heo0Todumo u docmamowno, umobs, Kaxcdas Hanpas-
AEHHOCTIL 8 X uMena npedeabhyto MoyuKy.

o> IIycte X — KOMOAKTHOE NPOCTPAHCTBO U (I} ) eA — HAIPABIEHHOCTD
B X. Jna xaxporo A € A obosnaumm Ay = {z,: u > A} u paccmor-

puM cemeiicTBo MHOXKecTB (Ay)aea. HeTpynso BuAeTs, 4TO N 4, # 0.
JleficTBUTE/ILHO, B IPOTHBHOM CJIy4ae, Tak Kak X KOMl’IaKTI;\(iAHaH.IJIOCb
6b1 KOHewyHOe MHOMecTBO K C A Takoe, utro [\ Ay = 0. U Tem Gonee
MK
M Ax = 0. Ho3aTo neso3moxHO, ubo ecnu K = ?/\1, .+ s An}, TO HalimeTCA
K
:\\i € A Takoit, uto Ag > A;, i =1,...,n. Caegosarensuo, Ay, C [ Ax.
AEK

Takum o6pasom, cymecrsyer z € (| Ax. Touxa z sBaAETCA NpeIEIbHON
AEA
TOYKOW HANPABJEHHOCTH {T))rcA, OO B IDOTHBHOM CIIy4Yae y T Haiimer-

¢s1 OKpecTHOCTb U, ¢ KOTOpPO#l HAIPaBJIEHHOCTh (I))aca HE BCTpPEYAETCH
4acTo. 3HAYUT, AJIst HEKOTOporo u € A m3 A > u cuenyer zx ¢ U, Te.
UnNA, =0. 9o o3navaer, uto z € 4,

O6paTHO, MyCTh KaX/Jas HANPABJIEHHOCTb MMEET NPEAEIbHYI0 TOUKY B
X u nycts U — NpOM3BOJILHOE CEMEHCTBO 3aMKHYTBIX MHOXECTB TAKOE,
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YTO repecevyeHue obGOro KOHEYHOr0 MHOKECTBA 3JIEMEHTOB TOrO cemeii-
cTBa HenycTo (ueHTpupoBanHOe ceMeiicTBo). Onpenenum V Kak ceMeiCcTBO
BCEBO3MOXHbBIX KOHEUYHBIX TEpecedeHril 3yemeHTOB W3 U, HampasjeHHoe
no 06paTHOMY BKJIIOYEHHIO. fICHO, YTO mepecevyeHre KOHEYHOrO MHOMKE-
cTBa 31eMeHToB U3 V Henycto. Beibupas zy € V pns kaxporo V € V|
[OJIyYHM HAIIPaBJIEHHOCTh (Ty )yey. Bemu W > V, o zw € W C V.
IMosTomy nanmpasieHHOCTb (Ty )y ey C HEKOTOPOIO MOMEHTA HAXOMUTCH B
3aMKHYTOM MHOecTBe V, a moTomy u ee mpenenbHas Touka T € V. Takum
obpasoM, £ € [V, e. [ V#0D u, cnegosarensro, (| V#§. <
vev vev veu

Onpepenenne 3. [TonMHOXECTBO A OTAEIMMOrO TOMOJOTHYECKOrO IPO-
cTpaHcTBa X HA3bIBAETCH KOMNAKTMHbM, €CTH A KOMIAKTHO KaK MOAINPO-
CTPAHCTBO C MHAYLUPOBAHHOH TOIMOJIOTHCH.

Jpyrumu ciosaMu, Aas1 TOrO 4TO6bLI MOAMHOMXKECTBO A OTHEIUMOrO TO-
MMOJIOTHYECKOT'0 NPOCTPaHCTBA X ObIIO KOMIAKTHBIM, HEOOXOOUMO U [0~
CTATOYHO, yTOObI U3 KAXKJIOr0 €ro MOKDLITHS MHOXECTBAMH, OTKPBITHIMU
B X, MOXKHO OBLIO BBIIEIUTb KOHEUHOE IIOANOKPBITHE.

IIpennoxxenue 2. B xomnaxmuom npocmparcmee X 6cAKoe 3aMKHY-
Moe MHOMHCECME0 A KomnaxmHo.

D> JIOCTaTOYHO BOCNONAB30BATLCA NIPEAJIOKEHHEM 1, YYUTHIBAS, YTO ECIH
A 3aMKHYTO B X, TO BCSKOE€ MHOXECTBO, 3aMKHYTOe B A, 3aMKHYTO B
npocrpascTee X. <

Ilpengioxxenne 3. B omdeaumom monosozuneckom npocmparcmee X
BCAKOE KOMTAKTIHOE MHOMHCECTNEO A 3aMEHYMO.

& Ilycts * — npou3ssonbHasa Touka u3 Cx A. B cuny orgenmumoctn X
[T KasKI0M TOYKH @ € A HalAeTCs OTKPbITas OKPeCTHOCTh UJ, Takasi, 4To
z ¢ U,. Takne okpecTHOCTH 06pa3yloT MOKpbITHe MHOXecTBa A. B cuy
KOMIIAKTHOCTH A cyuiecTByer KoHeuHoe cemeiictso Up, Uy, ..., U, Takux
okpecrHocreif, nokpeisatomee A. Ilpu stom z ¢ U;, i = 0,1,...,n. Ilo-

n T
noxum V = |JU;. Torna A C Vuzx ¢V = |J U, crenosarensuo,
i=0 i=0
r € CxV C CxA — okpecTHocTh TOUKM . Takum o6pa3oM, AOKA3aHO,
uro Cx A OTKPBITO, T.e. A 3aMKHyTO. <

Teopema 2. s mozo, wmobv muoscecmeo A C R 6wa0 Komnaxm-
HBM, HEOOL0OUMO U AOCTRAMOYUHO, YMOObL OHO 6BAO 3AMEHYMO U 02PAHU-
YeHo.

&> [Iycrs A KOMIaKTHO, TOT/@ OHO 3AMKHYTO, COTJIACHO TIPEJIOKEHUIO 3,
M OFPAHHYEHO, UOO €ro MOXKHO MOKPBITH KOHEYHBLIM YHCJIOM OTKPBLITHIX
WHTEpBAJIOB JJIHHBI 1.
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O6paTHO, ecin MHOXeCTBO A 3aMKHYTO M OIDaHMYEHO, TO OHO COAEp-
JKUTCA B HEKOTOPOM 3aMKHyToM mHTepBane A C [a.b]. I nockonbky [a, b]
KOMIIAKTeH, TO A KOMIAKTHO BBUY NPELJIOKeHUs 2. <

Ilpennoxenne 4. FEcau f — nenpepsenoe omobpasicenue Komnaxm-
HO20 MON0AOZUYECKO20 Tpocmpancmea X 6 omdeaumoe npocmpancmeo Y,
mo f{X) xomnaxmmno.

o> ITockonbky Y otgenumo, to f(X) rakxke ormenumo. Ilycth 3amano
nokpeitie (By)aca MHOXKecTBa f(X) OTKPBITBIMM MHOXECTBaMH B) u3
Y. Torma (f~1(Bx))rea — OTKpbITOE MOKpBITHE MHOXKecTBa X. IlocKomb-
Ky X KOMIIAKTHO, TO CYIIECTByeT KOHE4YHOe MHOXecTBOo K C A Takoe,
yro cemeiicto (f~1(B)))ack TMOKpbIBaeT X, CJELOBATENbHO, CEMEHCTBO
(Bx)aex noxpsiaer f(X). <

Teopema 3 (Beitepwrrpacce). IIycms X — xomnaxmroe monosozure-
cxoe npocmparemeo u f: X — R — nenpepwuisroe omobpascenue. Tozda
f(X) oepanuveno u cywecmsyrom 6 X mouxu a u b maxue, wmo

fla) = inf f(z), f(b) = sup f(x).

z€X z€X

> [lepBas 4acTh TEOpEMbI CIeayeT U3 Npeioxkenns 4 u reopemsr 2. Bro-
pas 4acTb cneayer u3 Toro, 9to f(X) 3aMKHyTO M no3TOMY TOukH inf f(x)
u sup f(z), ABASIOLIMECS TOYKAMH IPUKOCHOBeHUs MHOXecTBa f(X). npu-
nagiexar f(X). <

Teopema 4 (A. H. Tuxonos). [Ipoussedenue npouseorvrozo cemeti-
CMBaG KOMNAKTMHHT TONOA02UNECKUT NPOCTPAHCTIG KOMNAKMHO.

& Ilycrb 3amaH0 ceMeiicTBO { X }ie7 KOMIAKTHBIX TOMOJIOTHYECKUX L1PO-
CTPAHCTB M yCcTb X — €ro TONOJIOruyeckoe npon3seaenue. CoryiacHo npes-
JIOXKEHHIO 1, MOCTATOYHO MOKA3aTh, YTO AJs JI0O0H LEHTPUPOBAHHON CH-

cTeMbl X nepecevenue (| A HemycTo.
Aex
PaccMoTpuM MHOKECTBO S BCeX LIEHTPHAPOBAHHBIX CUCTEM MOAMHOXKECTB

B X, comepKamux X. DTO0 MHOXKECTBO yNOPsIOYEHO IO BKJO4YeHuto. ITo-
KajkeM, YTO AJIs1 Hero BBLINOJIHEHO ycJjioBHe jiemMMbl LlopHa. [elicTBureiinb-
HO, €CIH Yo, « € J, — JIMHEHHO yIOpSA04YeHHBIR HADOD 3JIEMEHTOB H3

S, 10 |J ¥4 — UEHTPUPOBAaHHAA CHCTEMA, COAEPXKAlIas X, KOTOpasd Ma-
a€J
JKOpPHUDPYET Bce L. Cornacuo jsemme llopHa, CylIeCTBYeT MaKCHMaJbHAs

HEHTPUPOBAHHAS CHCTEMA Y.ay, COMEPIKAINAS 3.

MaxkcHUMaIbHOCTD Yiayx O3HAUAET, UTO €CJIH K Ymax A0DABHUTL MHOXKE-
CTBO, HE NPHHAMIEKAIIEE Lnmax, TO I[OJyUYEHHAs CcucreMa He Oyaer
UEHTPUPOBAHHON; €CI¥ I8 MaKCUMAJbHON CHCTEMBI ¥,y MI€PECeYEHUE
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N A #0, ro Tem Gonee nepecedenne || A MeHbILEro cemeiicTBa MHO-

A€Zmax AeT
2KEeCTB HeIyCTO.

Tak kak no6aB/ieHHe K IIEHTPUPOBAHHON CHCTEMe KOHEYHBIX Iepecede-
HU#M He HApPYINAeT CBONMCTBA LEHTPUPOBAHHOCTH, U3 MAKCUMAJIBLHOCTH CH-
CTEMBI OJIyYaeM CJIEAYIOUHe CBOHCTBA: a) JI000e KOHEYHOE MepeceueHue
MHOMECTB U3 Yimax MPHHAMIEHKHT Lmax; 0) €CIM MHOXKECTBO A nmepecekaet
KaXk70€ MHOXKECTBO U3 %ipax, TO A € X.

Ilpn xaxmom ¢uxcuposarnom i € I cucrema {pr;(A4)}acy mpoek-
1Mt MHOXeCTB A U3 cuctembl X Ha X; HeHTpUpOBaHa. Tak Kak 3aMbIKa-
HHUS 9TUX MHOXKECTB 00pa3yioT TaKXKe LEHTPUPOBAHHYIO CHCTEMY, B CHILY
KOMITAKTHOCTH NIPOCTPAHCTBA X;, CYUIECTBYET TOYKA I;, IPUHAAIEXKAIIAA
BCeM 3THM 3aMBIKaHHAM, T.e. ABJIAKOIIAACA TOYKOI IMIPpUMKOCHOBEHUA IOJId
Bcex MHOXecTB pr;(A). Ilonyyensoe cemeiicTBO To4YeK {Z;}ic; ecTb 3ie-
MEHT I INpOCTPaHCTBa X.

Mokaxem, yro z € () A, T.e. ABNAETCA TOYKOH NPUKOCHOBEHUS
Aezl'ﬂa.’(
KA’k I0ro MHOXKeCTBa, A u3 Yax. Ecau U; — OKpecTHOCTh TOYKM T; B X,

to U; Npr;{A) menycro nns moboro A € Ynax. [lepexons k npoobpasam,
IOJIy4YaeM, 4TO HepecedeHue pr; YU)NA# 0 gnsa moboro A € Epax. B
CHJTy CBOHCTBA 6) MHOXKECTBO pr; Y(U;) npunaanexut Loax. Ho coBokymn-
HOCTb TaKMX KOHEYHbIX IlepecedeHuit obpadyer 6a3uc OKpecTHOCTeH TOUKM
z = {z;} B Tomonoruu npoussBenenusa. Takum 00pa3sOM, KaXKAas OKPECT-
HOCTb TOYKH I NPUHAAJEKHT CUCTEME Yoy ¥ B CUJy UEHTPHUPOBAHHOCTH
9TOI CHCTEMBI UMEET HEMYCTOE MepecedeHre ¢ KaXKIbIM MHOXKECTBOM 3TOM
CHCTEMbI. DTO II0 ONIPEeJICHUIO O3HAYAET, 4TO T ABJISIETCS TOUKOA [IPUKOC-

HOBEHMs IJI KaXKI0T0 MHOXKECTBA, A U3 Lax, T.€. T € [] A. Bnauwr,
Aezmax
nepeceyYeHre HemycTo. <
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