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IIPE[ACJ/IOBUE PEIAKTOPA

Haim BHparomerocs coserckoro airebpadmcra Agex-
caaapa lemmammesmwa Hypowma mmpoxo msBectHo mate-
MarukEaM Bcero mmpa. Ero mororpadum «Teopms rpymmy
u «Jlexum mo obmelt anreGpe» *), nepeBeleHHE® HA MHO-
THe ABLIKM, CTANH HACTONBHEMH KHHIaMP Ka)KIOT0 al-
rebpamcra.

B 1969 rony A. I'. Kypow Hawaa unTaTh Ha MeXaHMUKO-
MaTeMaTHYecKoM (axyabTeTe MOCKOBCKOrO yHEHBepcuTeTa
cnenmadbHuid Kype «O6masn anreGpa». Ileas sToro kypea
COCTONMA B TOM, 4TOOM 0GOCHOBAHHO IPeJIOKHTH OJWH
U3 BO3MOMKHBIX myTel JadbHelilrero pasBUTHA obmelt aji-
Te6pni — 3amONHeHHe MMEIOIEroCA PasphiBa MEKIY Kiac-
CHUCCIUMHU pasfelaMH (TeOPHUA rpPYHH, TEOPHS KOJIen H
Ap.) B HOBEIMH (TeOPHsS YHHBEDCANbHBIX anrebp, Teopis
Kareropmit). Tsenas Gosxesuo mpepsana d9TeHHe Kypca
3a,10.106 K0 ero oxoHuanud. OpHako aBTOp HamHCAX GOJb-
mre, Yev 1poYel, M HaOHCAaHHBH Marepmax 6HJI m3gau B
1970 ropy porsupmuTHBIM cmocoGom B MIY *%).

B uactosmiedl xmHure N0 CymecTBY MOBTOPAETCHA 5TO
uz[aHue ¢ He3HAYUTeNBHOH pegaxkunoHHON npasroi. Ilo-
Gaprena aumbs GuGIHOTPagIA, MOCBAMEHIAA TAKHM aji-
rebpaudeckuM o06pasoBaumAM, KOTOPHe YIIOMHHAIOTCH B
RHUTe, HO KOTODHle TOKA He NPUHATO HA3HBATH KIACCH-
YeCKuMH  (Hampumep, TOJYrPyAb, KOXBUOMKS, IOYTH-
KOIBbIA, MOJYKONbIA, MYJIbTIIONEPATOPHEE TPYONH MU
kobia B oAp.). Cuoucox pabor, orHocammxcs ® 1953—
1970 1r., GBI cocTaBieH aBTOPOM W HOMONMEH MHOIO pa-
Gortavu 1971 —1972 rr. Bubanorpadma momemeHa B Kou-
00 LUMTH, 10 pacOpefejieHa Io maparpadan.

*) AAT.Kypom Teopus rpynm, 1-e usx., M.— JI., 1944,
2-0 usy., M., 1953; 3-e man., M., 1967. A.T. Ky p o m, Jlerunn
110 001[[011 am‘eﬁ pe, 1-e usp. ,M 1962 2-e m3n., M., 5")73.

**) AAT.Kypom, Oﬁman anrera (Jxemmn 1969—70
yaefroro ropa), M., MI‘Y 1970.



4 NPEANCIOBHE PEJAHKTOPA

Huura maomcana Tak Jerko H IPO3PAvHO, €UTO €8
MOJKeT uUHTATh BCAKMIL, BIajcoomuil OOHYHEM YHHBEpPCH-
TETCKAM KypcoM BhIcIIeli aire6prr.

Ilo gyxy sra KHuTa 09eHb GIHM3KA YIOOMAHYTHM «JIek-
uEAM o ofmeir anreGpe», HO He OHHMPAETCA Ha HUX I
HMeeT ¢ HEMHI BechbMa Hefouawmioe mepecedenme. B 6ymy-
HieM aBTOp coGmpaiyica OOBEAMHUTHL MaTepHal 3THX ABYX
KHUT B OIHY HOBYIO KHHMI'Y. OTUM ITAHaM He CYRIeHO OHI-
X0 ocymectBuTheH — Adercapap [enmanmesws Hypom
cronuascss 18 masa 1971 roua.

Anpenn 1973 r, T. M. Bapanosuu



BBEJIEHUE

Honsaenme u Gyproe pasBurtme obmeit amreGps, po-
J0JKAIOMEECss, HENPepHBHO HapacTas, VY_e OKOJO0
UATASECATH JeT, NPeJCTaBIAeT coG0K OJHY H3 CaMbiX
APKHX CTPAHHAN MaTOMaTHKM JBaJIATOTO BeKa. shemas
IiaTh HEKOTOPOC IpeAicTaBieHEEe O TOM, YT0 Takoe G-
maa anrefpa W Kakme IIeaHn npecieiyeT HaCTOMINIL
Lypc, HaYHeM ¢ BEchbMa CXEMATHYIOTO HCTOPUICCKOIO
o63opa.

Ha mpormmeumu cronernit anrefpa 6ema Haykoil o6
VpasueHHAX. B feBATHAAUATOM BeRe HOHANM, YTO BMECTO
ypaBnenwi (m cmcTeM YpaBHOHIH) MOKHO TOBOPHTH 00
UX JIeBHIX YaCTAX, T. €. 0 (VHKIUAX CHCHHANBHOILO BHAA
(z o cucreMax Takmx QyHRIU), a 5TO HPHBEIO K TOMY,
4T0 aarefpa cTala CYMTATHCA UACTBIO MAaTeMATHIECKOIO
aHalusza, 9acThio Teopunm QyHKIui. Nake He B odYenn
yAalennble 0T Hac BpeMeHa MOKHO OBIJIO BCTPETATH B He-
KOTOPBIX KHHFAX c¢lIoBa «airefpa wam asnrefpamdeckuit
ananuay. ONHOBPeMEHHO, OJHAKO, B HEApPax TOrJaIlHei
aircOpsl M B CBS3W ¢ €€ TOTPeOHOCTAMH BOBHHKAIH HO-
KOTOpPLIe HOBEHIe TCODUH, B MATeMATHYCCKMHA aHAJIH3 HU-
Kax He YRIajnBaBmmeca. VMeHHo, B cnasm ¢ Teopuei
Tanya BosHMKIa TeopusA TPymm, MeAJEeHHO pPa3BHBAIO-
masgesa B JeBATHAALATOM BeKe B BUJE T€OPHH KOHEYHBIX
ITpynn poojicTaHoBok. Bo BTopoll monoBsmHe JieBATHAANA-
TOTO BeKa cTajlla pa3pabarbiBATHCA HPUMBIKABIIAS K TEO-
PHUII 9HCeX TeoPHUA Iojel, a HMEHHO — TEOPUs ToJeH ai-
rebpangecKnx uuced. B s1o ke BpeMa B cBA3M ¢ IOAD-
JeuneM KBATePHHOHOB HAYMHAIOT U3YYaThCH PA3JUIHBIO
TUNCPKROMILIEKCHEe YHCIOBEIE CHCTEMH, T. €., HAa COBpe-
MEHHOM H3HKe, KOHeYHOMEDHHEe JHHelHbe ajreGps, upn-
geM ¢ HeKOMMYTATHBHLIM, a HHOTJAa H HeacCONUaTHBHHIM
YMEOMEHIIOM,

Bamunm aravos 6m1 mepexof oT AeBATHAAHATOTO K
ABaanaroMy Bexy. Mmeumo B 5T0 BpeMa 6nIO IIOHATO,
970 UPA H3YYeHHN NEPedHcIeHHBX BHIIe MATeMaTIuYeCKHX
00heKIGR HA CAMCM Jelle M3ydJaloTCsi CBOCTBA 3afaHHBIX
B HMX aarebpamdeckux ouepamuil @ 4TO JTH 0OTLEKTH cle-
AyeT OIpelelaTb AaKCHOMATHUECKH, VKasniBag ICXOJHEIS
CBOHCTBA oONeparuili ¥ MrHOPHPYA NPHPOLY 5JiEeMCHTOE,
Haji KOTOPHIMH oOIepalul NpouspofATcsa. Mummu ciaosa-
M, HOABWJIOCE moudrtue msoMopdusma. B pesyusrare B



6 BBEJIEHIIE

LCPBEE ABa AECATHJETHA HAUICTO BEKA TCOPHA KOHEUEWX
rpynn paspmsajgach y:ke war alcrpantHam Teopus, GLL1o
TOMOReHO Ha9ado o6meidl Teopmu GeCKOHEYHHX TPy,
TEOPHH II0JIeH, & TAaK/Ke TeOPHH KOMMYTATHBHO-aCCOIa-
THBORX KOJeIl.

Jdro 6mIa mOKA mpejpicTOPIs 06mell aiTe6pH. fe ic-
TOPWS HAYMHACTCA B JBaJUIATHIE FOJBI, KOUJa BUepLiie 6.
J0 NONATO, UTO MMEHIO I3yUeline ajreGnaudecKuy one-
paumi, T. ¢, U3yUeHHe TAKIX 00Pa3OBammii, KaK TPYHOH,
10JA, KOABNA, JuHeiiRbe anre6pnl, ABIAeTcH HCTHHEOIN
sajaueii anrebprl. B otu rofst B mewrpe BEHEMaHHSA §nlIa
TEOPHUA KONEI, KaK acCONUATHBHO-KOMMYTATHBHHX, TaK H
110061IX aCCONMMATHBHEIX; B HEPBOM CIydae Pa3BHTIE JI10
OT TEOPHM HMCATOB KOJeI[ NEelNHX ajrefpamdecKux Vhce:,
BO BTOPOM — OT TEODHH KOHOUHOMEDHHIX JNMHEOHHHX al-
re6p. Teopus Geckomewnblx rpynm cTajia paspabaTeHBaTh-
€A KAk TeOpHMHA TPYHI C OnepaTopaMM, B YacTHOCTH, ale-
JeBLIX TPYOI ¢ OMepaTopamu, T. 6. MOLYIeH, KaK CTaln
TOBOPDHUTH IO35Ke.

Hoasnenne B 1930 u 1931 rr. gByxToMuoit «CoBpenen-
Hoit anre6psr» Bau-mep-Bapgenma mnorasano immpokmn
KDyraM MaTeMaTHKOB, 4To axrebpa, ofHa H3 CTapeimix
ReTEeH MaTeMaTHKHM, PajiiKalblo MepecTPONIach, 4T0 OHA
CTaJla HAYKOH TeoPeTHRO-MHOJKECTBEHHOH, aKCHOMAaTH-
viecko#f. Jra HOBasg HayKa JI0JTO TaK M HA3HBAJAch ¢COB-
pemennoit anrebpoi», xora HeypobeTBa BTOTO0 HAa3BAHNA
BLIABUNUCE JIOBOJNBHO CKOPO, M ceHYac ¢ MoeH Jerkoi
PYKYM yrBepAMIOCh Ha3BaHme «o0miasa ainrebpay. Peayias-
TATBl OTOH NEePeCTPOHKH MOJKHO HasBaTh B3PHEBOM; 3TO
OTHOCHTCA U K PAa3BUTHIO caMoOH aire6psl, u K BILANNIO
€e Ha BCIO MaTeMaTHKy. Lcam madars ¢ IOCJIENHEro, To
MOJRIIO OTMETHTh XOTA OH BINAHWe o0mei# anreGpnl Ba
PpasBUTHE TOHOJOIMH, B JaCTHOCTH, €€ POJb B CO3JZaHIN
ajirebpandeckoil TOmOIOTHM; MHOTOCTOPOHHEE BIMANNE HA
pasputie (QYHKOUOHANBHOTO aHAJM32; HOIVIOMEHHE TIpo-
CKTUBHOM TI'eOMETDPHH; OUPejelA0NMYI0 POIAb TIPH BO3DOIL-
JeHHH ajrefpandyecKoil TeOMETPHH; CTUMYJNHMPOBAHHE HO-
ABNEHUA PALA HOBHIX DPas/ieoB MaTeMaTHYeCKOM JIOTMKI,
a4 Taxyne MHOIOe Apyroe.

PasButue camoii obmeill aire6pH M0 MCKIIYHTEILHO
6ypuo. Bee mepeunciennsie Bhille BeTBH aAre6pH mpoo-



BBEIEHAR i

Mg TIy60KO W BCECTOPOHHC pazpabaTHBAThCH H BMeCTe
C ieM BOBHEKAJM HOBHE HAaMpAaBIEHWs, HOBHE o0JacTH.
B tpajamarex rogax nosBmiach TOmOJNOrHYecKaA anrebpa u
HaYaaCh AKTHBHAA [eATeIhNOCTE B TEOPHH CTPYRTYP,
T. e. 00JIaCTH, MCTOKW KOTOPOH MOMHO HaWtH B paboTax,
OTHOCANMXCA eme K HAJaJV Haiero Beka. B copokrosmix
rojax pasBHiIach TEOPUA HEACCOMMATHBHHMX KOJeIl i 6ecKo-
HeYHOMEePHEX HeacCOUMATHBHEIX JIHeiiHmX anrebp, Teopns
OONyrpynd, HCTOKH KOTOPOH MOJKHO WaiiTu ewe B ABaj-
HaTelX TojiaX, TEeOPHA YHOPAHOYEHHHIX aireGpamyecKmx
o6pa3oBanuil, EAYmMAs OT OTHOCAMHUXCH K Haualy BeKa
HCCIIefOBAHMYE To ocHOBaHMAM reomerpun. B marumgecs-
THIX TOfAX yTBepAMJIach B KadecTBe CaMOCTOATEIBHOMN
006JacTH TeOpUA KBASUTPYNN W HAYAJNOCH GYPHOE Pa3BHTHE
TeOPUN KaTeropmit.

JTH Ke TOAH ABWANCH TOJAMH HA9aja CHCTEMaTHde-
CROTO H3YYeHNA YHHBEPCANBHHX QJrebp, XOTH OCIHOBH HX
TEOPUH OBIJIM 3aJI0JKEHH enle B TPHANATHE TOAH, & B
MaTeMaTH4eCKo# JIOTHKE OHHM WOABUINCH a6 MHOTO
paunme. Ilomatne ymmBepcanbmoil anreGper [JOJATO BH-
361BAN0 Y MaTeMaTHKOB HAaCTOPOSKEHHOCTH — Kasalioch,
9T0 LOHATHE MHOKeCTBa, B KOTOPOM 3afaHa HPOM3BOJNB-
Ha# cucTeMa NPOH3BOJBHHIX ajirefpandecRax OIEpaHid,
IPOL3BOJBHBIM 06pa3oM MeyRiy cofol CBA3AHHMNX, CIAIL-
EOM IIMPOKO M MO3TOMY CIHIIKOM O0efHO CORepsKaiueM
Asist Toro, uTobb crarhk ofpenToM Tayboro# Teopum. Pac-
BHTHE TEOPHUH 33 TOCHe[HHE JBa [AeCATHIETHS IIOKa3aso
HeocHoBaTeIbHOCTh 3THX omacermit, Teopua yHuBepcannh-
HMX airefp cefidac He TOXBKO 0GBEIUHAET TO HEMHOTOO
ofmee, ¢ Yero HAMMHAIOTCS paziuduble KOHKPETHEE Pas-
mensl o0meit anreGpe, HO U Hamia co6CTBEHHYIO IPobIie-
MATHRY U CJHOKEIACh KaR CAMOCTOSITEIbHAS BeTBb anred-
per. Hpu aToM ee HOABIGHUE HWKAK He OTMeilseT 6oice
KOHK[eTHHIX PasfelnoB obmedl aare6pm, Tar ke Kark Io-
HABJICHIIC TEOPHE KOJel[ He OTMeHWIO TeopHH Nneijeld, a
noABJIeHyue TEOPUU NOJYIPYII He JAKBUIAPOBANO TEOPHH
Tpyamit.

3ameuy, 4ro CyiecTByeT Goiee obmmee IOHATHE, YeM
NOHATHE YHUBEPCANBROH ajre0pH, a MMEHHO — HOHATHO
mogenu. Teopus ropenelt Taxwke pasBHUBAeTCH, HE THKBM-
AEDYA TEODHMH YHHEBepPCATBHUIX aare6p. MaremaTunu moxa



8 BBEIEHUE

He MOTOBOPHIHCH, OTHOCHTCA JH OHA R ajrefpe mim ke
MaTEeMATHYeCKON JIOTHKe.

Teopust YHHBEPCAJBHBIX anredp yske OKasHBaeT H,
HYKHO OJKHMAATh, B OnmKaiinme pmecarmiaetus Oyjuer ora-
SHBaTh BCe BO3pacTalolliee BIHAHAE Ha pa3BUTHe Beel
obmeit anreGpr. Boofime, cefivac yYeHmme Beex Ciernalb-
nocreil 3aHMMANITCA IPOTHO3AMY HA KOHEIN HAIlero BeKa,
nogBaAA0TCA faske kHUTH 0 Hayke B 2000 roxy. Ionmraem-
cs1 ¥ MBI ¢OPMYIMPOBATH HEKOTOPHE HPOTHO3H Pa3BHTHSA
ofmeit anre6pH B GIMmaimIve NeCATHICTHS.

Tpyano omnmarh, 94To Te¢ RKIACCHICCKHUE PAa3HENHy, KO-
TOpPHEe Pa3pabaTHBAIOTCA YiKe HECKONBKO NECATHICTHH, TaK
n OygyT oCTaBaThCSA OCHOBHBKIM HMCTOYHHKOM HOBHIX Heit
oImeMaTeMaTHYECKOTO 3HaTeHNA. Bosee peposrao (W mpm-
3HAKH HTOT0 Yike HabII0a101Ce), 9T0 OHM, IPOJOIIRASL MPH-
BIIEKaTh MHOTHX MccCllefoBarteseit, OygyT mepexoauTh B
sTan 3aBepmenns. ['aBubie uHTEpecH OyoyT KOUOEHT-
pHpOBaThCc B HHX Ha peMeHAH NABHO TIOCTABIEGHHEIX
npobieM, a 3TO BCerja 03HAWaeT HcUYePIaHme oOIacTH,
XOTsI pelaTh OTKPHITHE NMPo6ieMb HeoGXOAMMO, KOHEYHO,
rcerga. Bumecte ¢ TeM ¢ DO3WIME TEOPHH YHHBEPCANBHBIX
aare0p OKABHIBAGTCH, UTO Te HOHATHMA, KOTOPHE HCTOPH-
YeCKH OKa3aldnch NEePBHMU O00BEeKTaMH WU3YYeHMA U II0-
HTOMY CTQJIH HOCUTENsAMU Hamboliee pa3zpaboTaHUHX Teo-
puil ¥ dYaime BCEro MCHOJIB3YIOTCHA COCONSIMH,— Heaared-
paHcTaM TPYAHO OPIMEHATH Te anrefpaudeckue Teopui,
KOTOPHIE aNrefpancTaM ele He COBNANE, — JOTHIECKH 3Ty
CBOI0 TIEPBOOYEPENHOCTh, U3GPAHHOCTD YiKe YTPaunnalor.

C npyroit cropoubl, Me:RAY Teopueil YHHBEPCALHBIX
anrefp W KIacCHUECKWMIl pasieliaMu obmel axreSpe cy-
HiectByer Goabmoe HeobpaGorammoe mpocTpamciso. Me-
¢TeJIOBAHNA HATANWCH JUIOb B HEMHOTHX MecTaX, H30JH-
pOBaHHBIG, ITHOT/A CIYyUYaliisie, XOTA CPeIH 3THX MecT ecth
Taklie, pa3paboTKa KOTOPHIX 6e3yCH0BHO Heetxoiuiia.
ily:knH0 osRkmpmaTH, 4TO MMEHHO B DTO «HHUCITHOEY TPOCTPALi-
¢TBO Oy/MyT HEPeABUTaTbCA B OMmskaiiliuze necATAICTHSA
OCHOBHbIE HHTepechl o0meil aJjre6pur.

B coorBeTcTBUE ¢ OGHIMMH TEHAECHINAMH COBPEMEIHON
naykn (HaupuMep, (HZHKH) HOBMHE OCLEKTH HIYYCHH,
HOELIC TeopHun OYAyT HOABIATHCH 3HECH 1Ié ¢ TePephBAaMI
B jccaTivierus, a Bce wame u uame. OeralloBuTh 9TOT
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Hponecc HEBO3MOMKHO, NHTATHCA 3HTO HEJIarTh — Hepa-
aymEo. MoskHO awmib HanmpaBiaATh sToT mpomece. HMmenno
B TaKOll aKCHOMaTHUecKOl Hayke, Kak ofmas anare6pa,
He HY;KHO GOJBIIOro yMa HJA TOr0, 9TOGH CO3MaBaTh HO-
BHEe OOBeKTH uaydenms. Tpypuee mx oupasiate. us
9TOT0 MaJ0 yKa3aTh NPHMEpPH, AasKe BAjyKHBIE, BBOTHMEX
nouaTuil, IlomATHe rpynmOH ONpABAHBAETCA HE TeM, UTO
¢yMeCcTBYIOT CUMMETPHYECKHME PPYONH Ha IPOM3BONEBHEIX
MHOKECTBaX, a TeM, YTO0 CHMMETPUICCKIMU FPYIIIAMH M HX
NOATPYHOIAMA ¢ TOTHOCTBIO 10 H30MOPPH3MA HCIEPITEIBAIOT-
ca Bce rpynukl. IloHsTue accommaTMBHOTO KOJBIA GIIPaB-
JEBAETCA He TeM, UTO CYHIECTBYIOT KOJbIA JMHEHHEX mpe-
o0pa30Banmit, a AU TEM, YTO KOJBIAMHU BHIOMOPPHIMOB
abelleBHIX TPYNN W HX MOAKOJBIAMH HMCYEPIHBAIOTCH Bee
aCCOMATHBHEI® KOJbIA. BO03MOKHB M Jpyrue cruoceobh
OnpaBjaHnA BBOMAMMEIX HOBHX NOHATHH, O OHH JOJRHEI
OHTL CTOJD ke yOemuTeNbHEIMHA.

B mameM Kypce MBI XOTIM JaTh, OMUPAACH 1a OCHOBHI
TEODHH YHWBEPCAJILHHX aaredp, o0630p OCHOBHBIX THIOB
anre6p, Kak RIACCHYECKHX, T. €. M3yYaeMHIX Yike J{aBHO,
TaK H OMHJAONIAX ele [eTalbHOTO W3YyYeHHsA, HO YiKe
BHOJIHE XOPOII0 OHpaBJaHHEIX. Myl He nETaeMcsa Hil B Of-
HOM ¢JydYae HM3Jararh TEOPUI0 COOTBETCTBYIONIEI0 Kiaaceca
anre6p W OrpaHEYMBAEMCH, HOMEMO Pe3yJibraroB, HeoO-
XOAMMBIX I OUPaBAaHUA BHGOpa OTOTO0 KIacca Kak
00BEeKTa CAMOCTOSTENBHOTO W3YYEHIIA, NWIUEL pPe3y.IhTa-
TaMM, MO3BOJAIOMIMMHE PACCMATPHBATh HTOT RJIACC KaK
MHorooopasue axrebp. ItmM ompeneisercss U croeolbpas-
HHI Xaparkrep Kypca, Pasiible Pasfiedhl KOTOPOTO MeKAy
€06010 TOYTH 1ie CBA3AIHL.

B 1962 r. Boumia u3 meuartm Moa nuwmra «Jlermmu mo
obmieii axnrebpe», T03:He HOSBILINCH €€ MEePeBOAbL Ha &anr-
Fuiicrmii, neMenrui, QpaHnyscKiii, MOTbCKHI, WeUICKIH,
SIMOTICKIHA 1 Rutafickail asmru., Hacroammit kype He
OIIPAETCS HA DTY KOHTY 1 HMEeT C HEelo CPABIHTEIBII0 HOM-
HOTO TePeKPHITHE, XoTA LJACHHO K Hell BechMa OJM30K.
Hapewoces, 910 B GyAymeM s CMOTY OOBEIMHHTH Marepual
ATOW KHUTH W JTOTO Kypca B OANY HOBYIO KINLY.

R comanennio, arenne xypca 65110 mpepBaHo 3am0aro
0 ero oxoHYanmg. X OTd Hamucano OO0 OONbBHie, YeM A
vemel IpoYecTb, OMIIAKO IEKOTOphle maparpadsl Tak H
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0CTaluCh HeHaNWCaHuKMu. B 9aciHOCTH, B RYDPC JOJ/KHDL
6unY BOHTH CBeleHHA O CBOGOIHLIX aiarefpax MHOroos-
pasuit, Teopema Bupkroda o mroroo6pasusx, sompoc o0
SKBUBAIEHTHOCTH MmorooGpasuit m T. . Hexroropme na
9THX BONPOCOB VKO WBJIO0KEHHE, BOPOYEM, B MMEIOIHXCH
HA DPYCCKOM MASHKe KHUTAX IO TEOPHE YHHEBEPCaJibHBIX
anredp *).

*) OOmEpHHi CHECOK MMelom@XcA Kumr u ob630pos _mo ob-
me# anrebpe Mo;xHO HafiTH Bo BropoM wapmammm keurm A, T. Hypo-
ma «Jlexnum 1o ofmmeit anreGper.— Ilpun. ped.
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Haunem ¢ monATHA aare0paudeckol Onepamum. n-apHas
onepayus ¢ B MHOJKecTBe G, n>1, comocrasiger B ¢ fA-
K 0 i1 yOOPAJOIEHHON CICTEME M3 i DIEMEHTOB Gy, dy, . . .
e, 0, &G OTHOBHAYO OTPENENeHHE | DJIeMeHT
Gy . . . A,0 & G. Wwupmu crosamu, 310 n060e  oTO-
Opasxenne n-# flekaproBoii cremenm G" B G. B cayuse
n =1 510 6yner nwboe upeobpasobanme Muo;kectsa G
(oTobpaskenue G B cebn).

O-apnas onepayus Qurcupyer B Muo;recTBe G HEKOTO-
PBHl OIpeJeNIeHEHA BIICMCHT.

Xora y Hac GyAyT BCTpevaTbCd TaKyKe ONOPALMH Fac-
THYHLIE, WIM MHOTO3HaYHLie, Miu (GecromeumoMecTHhIe ¥),
ofifiaKo OHM OYAYT MTPATh INIb ciay:keGEyI0 poan. Ilpen-
MeTOM HM3ydeHusA Oymer HOHATHE ONEPANEA B YKa3aHEOM
Bumte cMucae. Toumee, upenverom mayuemmsa OYnyT YHu-
eepcaavhbie adeebpul (Wim ascefpw), T. €. MHOKECTBA, B
KOTOPRIX 3aflaHa HeKOTOpas cHCTeMa omepanmit Q, xKoHew-
Hasg mau Geckomeuvasd, MmuojkecTso cHMBONOB onepanni
£}, #O7 KOTOPHX YKasaHH UX apHOCTH, O6yHeM HashBaTh
cuz;amypoil paccMatTpuBaeMpix axrebp. lus sammem Toro,
Y10 oHepamua o € Q n-apHa, 6yJeT NCNONB30BATLCA CHAE-
BOI 0 & Q.

Ilpumepsr anreGp XOpONIO M3BECTHH — ' P Y I I M,
KOIbIa Moy au OIuarko NOHATHE YHABEPCANLHOH
aare0pH HeW30e/KHO KaiKeTCA NOKAa CIHMNIKOM HIMPOKHM.
Mp sadHeM TOSTOMY € PaCCrHMOTPEHHA MHOTOYHCISHHHIX
IPUMEPOB, LIPHTOM BEChMa €CTeCTBEHHBIX, jKeiasd IOKa-
3aTh, 9T0 HHEKAKHe [OMONHUTEJIbHBIC OTPAHMYEHHMA NPH
ONpejiclicHUE NOHATHA YHHBEPCAIBHOH ajreGpsl crepx
TeX, KOTOPHe CHedaHb IPHU OnpeflejieHud HOHATHA ouepa-
1uA, ne OHan Ou oupaBfaunbiMH. OTHOBPEMEHHO M XO-
THM NOKA3aTh, YTO Te THUOHL ajire6p, KOTOPHe HCTOPHYCCKH
CTaJIN MePBHMY 00BEeRTAME H3YIeHUA U ABJIAKTCA HOITOMY
HocHTedAMA Hambojee pas3paboraHHEIX TEOpPHH, JOrude-
CKH, B paMKaX Bcelf coBpeMeHHOMH oO0mpeit anrebphi, yie
YTepAdH CBOH XaparTep MCKINUHTEILHOCTH, HNEPBOGYe-
PEIHOCTH.

*) T. e. cooTBeTCTBEHHO OTOOpaKeAHNA HOAMHOMKECTB G" B G,
0TOOPAIKEHHA MHOMeCTBA G™ B MHOMKECTBO TIOAMHOKECTR G # oro-
6paxernsa G* B @, yie n — NPOU3BONBHOE KAPAUHANBPHOE UUCIO,—-
Hpus. ped.
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Mu me 6yzeM J0RasHBaTh 00 YHHBEPCAIBHHX aiareod-
pax Kaxkux-Ambo o6mEX TeopeM [0 TexX mOp, HmOKa ecTte-
CTBEIHOCTL HTOTO IIOHATHS HE CTaHeT yﬁenmenbﬂou
Bsejem, ogmako, y:ke Temeph HECKOJBKO TOHATHH MiA
COKpaIIeHHUs pedum.

Eecun mana anrebpa G curHaTypsl , TO IOIMHOKECTBO
A C G umaspiBaeTcs noda.azebpoii, ecld OHO 3aMKHYTO OT-
HOCHTENLHO Beex omepammii ms Q. Mupimm ciaosamu, AnA
no6oro ® & Q,, > 1, m TO6KHX 4, 4y, . .., 0, E A
TOKHO OBITH

Gly .. Gne & 4.

C jpyroil CTOPOMEI, 2JIeMENTH, OTMe4aeMpie B G BeeMH
HYJAbapHHMA oXepanuAMn U3 Q (ecim Takue CyIIecTBYIOT),
JOJLRHEL cofepskaThes B 4. L

Hiepecenenue aoboli cucmemtt nodaazedp a./zee6pbz G
ecal  oHO He nycmo, 6ydem nodaszebpoll smoil as-
eefpul.

Heicreutensno, ecam B G B3ATa cHCTeMa IOZAATeHp
A;, i< 1, ¢ menycreim mepecevenweM D 1 ecam o & Qp,
n>1, ad, d,, ... d, — nobue anemenTsr m3 D, TO
onement d; d, . . .d,0 COEEDIKUICH B KaKAOH W3 MOAAN-
re6p A4;, a moatomy comepsxurcsa 8 D, C gpyroi croponn,
B RayRpoi m3 mopanrebp 4 ;, a mosromy u B I, conepmarca
H HJIEMENTH, OTMeYaeMbie B (G BCEMHU HYJIBAaDHBIMHA OI¢-
parjusMu u3 Q.

Orciona ciaenyer, qro ecam M — HemycToe ILOJMHO-
swecTBo agire6pw G, To B G cymecTByeT MUHMMAaJAbHadg
cpean momaarefp, COEEPIKAMUX LENIWKOM MHOKecTBO M,
a MMEHHO Hepeceyenme BCOX TAaRUX mONaareOp; ofHoM us
HUX ABjigercd caMma ainreOpa G. dra momaare6pa obosua-
yaerca wepes {M} m masmBaercsa mopanrebpoii, noposc-
dennoii muorectsoM M. Ecan {M} = G, o M nassBaercs
cucmemoti oopasywwyuzs s G.

OtmermM, 9TO0 mepecedeHume LOmanre6p MOKeT OBITH
nycTsiM (ecliM, KOHEYHO, CUrHATYpa alreGpsl He COREPIKUT
HyJIhapuHHX omepauumit). Tax, B moxyrpynme Bcex IeJiniX
YUCEN IO CIOKEHAI0 MOUOAYIPYILE CTPOT'O IOJNOKITeNb-
HBIX 1 CTPOTO OTPHUATEILHBIX THCEN HMeT IycToe mepe-
ceyere, OTMeTHM TaKsKe, UTO €CIM pPAacCCMaTPHBAIOTCH
KOJIbIA ¢ efmuuueii # HYJIbapHAs omepalud, oTMeuawlias
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8QUHANY, BRIIYEHA B CHTHATYDPY, To momanreGpavu Bynyr
JUML WONKONBIA, COJAeD:Kaliie eJUHHUIY KOJbia.

Ecia G w G' — anre6psl oguol m ToH ke CHUTHATYPH
Q (masoBeM WX O00HOMURHEMU), TO OTOGpasKeHHe
¢: G— G’ nassiBaeTCH 20MOMOPPHUIMOM, €CTH A MI0GOro
0 E @, n>1, naobex q;, a, . . ., 4, & G 6yaer

(@10, . . .020)9 = (a:19)(a,9) . . . (a,9)0, (1)

a ara awboro o &= Q, saeMent 0, oTMedaemHi »Tok
ouepanueil B G, mepexomgur B vienment 0,’, sTMevaemuii e
B G,

0,90 = 0. (2)

O6pas axre6pm G mpm romomopdusme ¢ G—»G',
T. €. COBOKYLIHOCTH 06pa3oB Bcex niemenToB m3 G, 6ypeh
noganrebpoit 8 G'. [JleficturennHo, ecam a; = 4,9,
;=6 a=s6,i=1,2,...,0 10 Q,, T0 a10;. .,

G0 = (@9) (@0) - . . (@00 = (0, - - 6,0)9.
dnement 0y, @ & Q,, TaKKe HpHHANIE;RAT IO Ompeje-
JeHuI0 roMoMopmaMa K o0pasy airebpu G.

TomomopdmaM ¢ HasHBAETCA MOHOMOPPUIMOM, ecIH
OH ABJAETCA B3aHMHO OJHOBHATHHIM oTo6paskenueM G B G,
T. €. BIIO;KeHUeM, U snumopPusmom, eciu oH oTobpasxaer
G na G'. OroGpaskenue G va G, ABAAIOMEeCH OHOBPeMeH-
HO MOHOMOD(YHWBMOM M SHAMODPH3MOM, HA3KIBAETCH UF0-
aopdusmom; eclIm Taroe OTOBpaKeHNe CYIIECTBYET, TO
G n G usomopguul, G =~ G’. 3HaveHne NOHATHA HIOMOD-
¢dmara B ToM, 9TO JiBe M3oMOD dubie anreGpH ¢ TOUKH 3pe-
HUS CBOMCTB 3aflaHHHIX B HHX aarefpamuecKHX oiepauuii
UEPA3INYAMBI, T. €. MOTYT paccMaTpuUBaTLCA Kak JBa
SKBEeMIIAPA OFHOL B TOH :Ke aireGpeI.

Tomomopduanm anre6psr G B cebs (cayuait ' = &) na-
3EBaeTca andomopdusmon, maomopdusm G Ha cebg —
asmosopgusmon. llpmMepom mociaemuero ABIACTCS TOM-
JectBenHoe otobpaskenme G Ha cebs,

Hycrs 3ajana npouseonbuas curnarypa Q. CymiecyBy-
107 JIH aIreGphHl 9TOM CHIIaTypH? Beerna cymecTByIOT Of-
HODIEMEHTHHE aJNreGPh, TAK KAaK BO BCAKOM ONHODIEMEHT-
HOM MHOJRECTBE MO:KHO OHpPeJeNnuTh, UWPHTOM efHICTBEH-
HEIM  cHocoGoM, Bce omepamumm u3 Q. Cymecrayior,
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BOpOYEM, M aure0psl CHIHATYPH €2, HMEIOH{e CKOJIb
yrogro Goasmywo dMomHocth. Iloxaskem 5To, mocrpons ast-
reGpsl, B HEKOTOPOM CMBICHEe CaMbie CBOGOIHEIE CPeJH BCEX
anTefp CHrHATYDH §Q; TOYHHINA CMEICI DTOIO BRICKABHIBAHAA
BCKOpPE BHACHATCA.

BospiyeM npou3BOJbHOE MHOEECTBO X, O KOTOPOM
JHIIb OPeANOJIOIKAM, UTO OI0 HE IEePeceKaeTcs ¢ MHOKe-
cTRoM cuMBoaoB omepanwit Q. C gpyroit CTOpOHE, Kam-
[0if HyJAbapHOU omepamun o € Q comocrasum cumMBo O,
MpIYeM BCE HTH CHMBOJIB DA3JIHYHH U He ABIAKTCA dJie-
meutamu Mmuokects X m Q. OupejenuM NOHATHE 4064
(Toanee, Q-crosa) map andasurom X. VIMeHHO, DiteMeHTH
a3 X u saemeHTH 04, w0 & Q;, cUUTAIOTCA CIOBAMM, a 3a-
TeM UIA d1060T0 o &= Q,, n > 1, B M06HX CI0B Wy, Wy,..-
..., W, BHpa)KeUue W W, ... W, TaKkKe Oymer cuu-
TATBCA CIOBOM.

Muosrectno Beex Q-cunos mag aidaBuroM X CIeRyOmuM
o6Gpas3oM mpespamiaerca B anrebpy curmatyps . Ecnu
® & Q,, n>1, 10 pe3yarraToM UPHMEHEHNA ITOH oIre-
panuE K CJOBAM Wy, Wy, . . ., W, CIATAEM CIOBO W W, . . .
.0, 00, €CIIH JKe ) &= €y, TO DTA HYJbAapHAsH omeparud Pu-
cupyer ciopo U,. llonydenunas ajiredpa HashBaeIcs aa-
2e0poti Q-ca06 Had aagasumon X. Muoswecrso X eldyiRut
I 9Todl anredpni cmcreMoi 0dpasyiomux.

OueBapgHO, 4ro axreOpnr Q-c7moB wajg PaBHOMOIIIBIMM
anaBuETaMH H30MODPEHHEL.

AnreGpei Q-cioB cs0600HbL B Kiacce Beex anrefp cur-
HATYPH Q B CAeAVIOWEM CMbICIE: ecarce omobpajcerue @,
mHodcecmea obpasyiowyuxr X & zwobyo aseedpy G cuzna-
myps.  Q MO¥CHO npodoaxncumsv, NPUMOM EOUHCTEEHHBLM
obpason, 8o zomomopgusma ¢ aazebpw Q-caose F (X) 8
asee6py G. B camom perne, o6passl 2JeMeHTOB, OTMedeH-
HHX HYJbAPHHMHE OODepalHAME, OMPEeHeJATCA OJHO3HAT-
HO B coorBeTcTBHA ¢ (2). Ecam ¢ &= Q,, n > 1, u obpasu
OpH OTOOPasKEHHU ¢ CIOB Wy, W,, . . ., W, Y:Ke oupene-
JieHsl, TO 00PaBoOM CIOBA Wiy . . Wym CYATAEM DIEMEHT
(w1 9)(w,9) . .. (Wy9)o &= G B [OAHOM COOTBETCTBHH G
(1). EaudcTBeHHOCTh HOCTPOCHHOr0 HaMH ToMOMODHII3Ma
negyeT M3 eIWHCTBEHHOCTH BalMCH BCAROTO CJ0BA de-

pes oaeMenTH ajdgasmra X W CHMBOJH HYJNLAPUBIX oOme-
pauuii,
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OTelona menepnenno cuaegyer, daro ecau aseebpa G
cueramypu. Q nopoxcdaemcea muoxecmeon M, G = {W},
mo eearull saemenm u3 G romsa 6vy 00HUM cnocobom 3aiti-
cugaemes 6 6ude Q-ca06a om (KOREUROL CUCHIEMBL) ACMEHIMGE
us M.

Huace Beex anrebp pamnoli cursarypm § aApIsercs
CTBITKOM INWPOKNM U amopdiisiM obpasosanmeM, IIparga,
CYINECTBYeT IHeKOoTopas NHTepaTypa, NOCBAMeHHAsA TPYO-
HomgaM, T. . MHOSKECTBAM C OJ{HOM NPON3BOALHON OmBap-
noll omepanmeii. Tpymmo yrasath. ommano, Kakoi-muGo
BOHpOC, KOTOPHH O OB creNn@UIECKHM HMEHHO JIA
9TOro ciayYad, H Mb Oy/ileM cMOTPETh Ha CIOBO «TPYIHO /L)
JMIIb KaKk Ha HPOCTOH TepMHH, a He KAR Ha HOHATHE,
KOTOpoOe JMOJKHO OBIO O ¢TaTh NPEIMETOM CaMOCTOS-
TeNbHOro Waydenms. OTMeTns 3jech ke, 9T0 KIAcC BCeXx
anrebp ¢ nyc 1 o i curHarypoi (ouepanuu OTCYTCTBYICE)
€CTh HPOCTO RJIACC BCEX MHOKECTB.

O6HYPO HPUXOQUTCA PaccMaTpHBATH KIACCH OJHOTHII-
HEX 8Jre6p, YIOBIETBOPAIOMIY HEKOTOPEHM FOMOJIATEIb-
HEIM yeaoBuAM. Yame Bcero aTo eNaeTCA CHEIYIOIHIM
o0paszom. @uxcnpyeM HeKoTopmi aidaBuT, HaIpHMep
CTAHAAPTHHE aTQaBHT Xy, Ly -« Ly« « -
3JIeMEeHTH KOTOPOTO Ha30BeM HeM 3B e ¢ T H Kl M H. Ecian
w, w — gBa A06HX Q-croBa Hajg BTHM alPaBHTOM, TO
(OPMANBHOE PABEHCTBO

w=w'

HazoBeM Q-moscdecmseom. Ilycts A — nwbaa cucrema
Q-TO/KAECTB, KOHeUHas Wi Oeckomeumas. Hiacc mBeex
anrefp CUTHATYPH ), B KOTOPHX BHIIOJHAKNTCA BCE TOK-
gectBa W3 A (T. e. Kaykmoe TO;RIECTBO U3 A mocie HO-
CTAHOBKH B Her0o BMECTO HEM3BECTHHIX IIOOHX DIECMEHTOB
aHHOH anreGpEH HpeBpamiaeTcs B PABENCTBO, CHpAaBe NN~
BOE B 9T0i anrebpe), He ABISETCH OYCTHIM — K HEMY 3aBe-
JIOMO TIPHHAJIEKAT BCe ONHOMIEMEHTHHIC ajre6punl cHrua-
TYPH Q. ITOT KIACC HABBIBACTCA MH02006pasuem aurebp
CATHATYpH Q, ompejelsieMuM TomaecrBamMu A, u 6yper
3amHcHBaTECA depes (Q, A).

OrmernM, 9To KiIace Bcex anre6p curmaTypm  6yner
MHOTOOOpasueM, onpefelsAeMHM NIYCTOH CHCTOMOR TO:K-
AecTB (WM TOsKTecTBOM ¢ = x). C APyro#l CTOPOHH, KIace
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OFHODIeMeHTHHX aire6p »ToH CHTHATYPH TaKyKe ABAA-
eTCA MHOr006pasueM; 310 abcosOmHo 6bipoJCIeHHoe MHO20~
o6pasye OUPOTeIATCA TOKACCTBOM T = U,

JloBOMBHO CKOPO MH RO/UKHH Oy/ieM BOCIOAB30BATHCH
CHeAYIOMUM BaMeUaHmeM: 6cakas nodaazebpa aazebpbl
mHozoo6pasus (Q, A) cama npunadaexrcum k smomy MmHO-
2006pasuto. B caMoM feie, BCAKOE TOMJECTBO m3 A, BH-
moJNHAsACH BO Beeit anreGpe, Oyaer cupaBe/iiilBO, B 4acT-
HOCTH, W IJIA 2IeMeHTOB U3 3afaHHON Hojanrebps.

OTMeTEM TaKsKe, UTO eécarull snumopdruii obpas as-
2e6pel mHozoob6pasus (Q, A) cam npunadaexcum v amony
MHozo06pasut. B camMoM mene, mycTh 3ajaH SHEMOPPH3M
¢: GG, rne G —u3 mHOroOGpasusa (Q, A), m mycrs
w, = w, — ToEAecTB0 W3 A. Ecam B ero sammch BXOMAT
HOMBBOCTIEE &y, ..., L, K eCIH 1y « « oy — TOBHIE
saeMenTH M3 G, me o6g3aTelIbHO DAa3IWYHEE, TO CYIIecT-

ByloT Takme a; =G, i =1,...,n, aro a;¢ = a,- Tor-

Aa [wj (a17 cem @)l = w; (@15« « o @), j = 1,2, a
TaK Kak

Wy (Agy o o vy Qp) = Wy (Agy « o oy Gp),
TO M

’

wy (g, « . .y @) = Wy (Ag, «  «y Qn),

910 M TpeboBalloch KOKasaTh. B wacrTHOCTH, a.zebpa, uso-
MopgHas anzebpe GanHo2o MH02000paATUS, CAMA NPUHAlae-
HCUM E sMOMY MH02006paA3UN; WHHIMH CJIOBAMH, BCIKO®
mHOroo6pasme sABIAeTcI aGCTPaRTHHM KJIac
comM axarebnp.



§ 2. TPYINBI

}i3BecTHO, UTO 2pYnna eCTh MHOKECTBO G OHMM acco-
OUATHBHLM OEHADHEM YMHOJKEHHEM, MPUUYCM JeBOe H IIpa-
BO@ [IeJI6HHA BCEr/ja BHIOOAHUMLI B ogHo3HauHb. O0o03Ha-
9UM pellieHwe ypaBHeHHA az = b depes b \ a, a pelmeHue
ypasnenus fa = b —uepes b, a. Mosxuo cuyrarn, 4to 270
elle jBe OWHADHEIE OLEpANAM, ONPEJENCHHBE B TpyIHe.
YMHOiCHEe M 9TH [Be HOBHe OIEPAIld HOJIMHEHH TOMXK-
JecTBan:

(Ia) (2y)z = = (yz),
() z@y N2 =y ) (y 2z =y,
(Ie) zy\Nex=y, (Ic)yz/z=y.

Hocaennne aBa TOXAECTBA Kak pa3 BHPA/KAOT OJHO3HAT-
HOCTh OOpaTHEIX omepanmil, TaK Kak €CIH, HAIpUMep,
ac = b, 10 wo (Ic)

bNa=a\ a=c

Hixace Bcex rpynnm oxrazajics MHOrooGpasueM OTHOCH-
TeJIbHO TPeX SMHAPHBIX ouepanwmit ab, b\ a, b, a. UssecTrO,
0JHAaK0, 9TO NOHATHE T'PYIHLH MORHO ONpPEeNIATh TAKKC
npu moMomy GMHADHOrO YMHOREHHs, YHAPHOH omepamui
mepexojia K IpaBoMy o6paTHOMY JIeMeHTY @~ M HYJIbap-
HOM omepaumm, (QUKCHpyome#l mpaByo exusmiy 1, mpi-
9eM CHOBA JIONYYaeM MHOTooOpasHe, TAK KaK yKasaHHbhe
omepanuu NOTIMHAIOTCA TOKIEGCTBAM

(1a) (zy)z = z (y2),

(IIs) ax™ =1,

(Ile) 21 = =z.

PaBHOCHIBHOCTS STHX [BYX OIpeleJeHHA Tpymmel 06-
memasecria. HamomMauMm smmb, uro upu mepexode or mep-

BOro OnpefielieHNuA KO BTOPOMY YMHOKEHHE COXPaHAETCH
U IPDUHUMAETCA, 4TO

t=aN a at=1\_a
Ilpm 510M UPHUXONUTCA HOKA3BIBATE, YTO AU LIOOHX a u b

b\ b=a\_aq,
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— NHIIb B DTOM cnyuae i 6yIer HyabapHO# onepaiueii.
B CaMOM JieJe, HCIOJAb3yA, INOMHMO aCCOLMAaTABHOCTIU VM-
HoKennsA, nocaemoBatenpuo akemomsr (Ib'), (Ib), (1B') u
(Ic), monyaaest

bNb=[b/a)el \Nb =1b, aaa\ o) \ b=
=lb(a\ @)l \b=a\ a

lpopepra arcumont (1) wmporoamr temepsr Gez z2arpysi-
EeIi.

Ilpn mepexome or BTOpOTO oOnRpefeNeuusi K NEPBOMY
COXPAHAETCH YMHO;KeNNe i NpuHNMaercs, 4To

bNae=a b,/ a=ba.

Hposepra arcuom (1) mpoxomir Ges sarpyaHeHmii mocie
TOr0, KaK OyJer JIOKaszauo, Yro s BeeX a

1.a =a, ata=1.

JlelicTBUTENbHO, HCHOAL3YH. IOMHMO ACCOMHATIIBHOCTI
YMHOKEHAA, B MePBOM CJIYIae TOCHENOBATENBHO AKCHOMI
(IIc), (IIb), (IIb), (IIc), (I1b), (Ilb), (IIc), a Bo miO-
pom — (Il¢), (Ilc), (IIb), (Ilc), (IIb), momyuzaenm

tca=1a1=1a-ar(@)Yt=11(aV) =
=l(a ' =aa i {a)t=0a1=a,
atla=qatal=araar ()t =
=at At (@)t =at (@) — 1.

AMul BUUM, YTO OGHII M TOT jKe KIace aaredpamiucchiix
o0heKTOB MOKeT 3a/aBaThCA Kak MHOroo0pasume YHUBC}-
CANBbHEX anrefp MHOTUME PasHHIME cnocoGamMm., 3TO npi-
BOJAT K TOHATHI BKBMBAJIEHTHOCTH MHOTOO0Gpasuii.

IoraTtue rpynns MoykeT GHITH ONpefiell eHO M MHOTHMHU
apyrEMu  cmocobamu. HMurepecno 10, 910 ero  MosLuio
OnpeieNinTh, B YACTHOCTH, DPH HOMOIIM BCEro OfHoit GHHap-
HOIl omepaiuy, BODOYEM, HEACCOMATHBHOM, IPHUEM OKa-
8HIBAETCH, YTO KJACC FPYNI ABISETCH HOKOTOPHM MHOTO-
ofpasmeM TpynmouzioB. B sroM onpepesieHun MCIONBL3Y-
eTcA yi:Ke BCTpeYaBHIAfKCSH Hax opepauus b, a. OGosiaunn
ee gepes ¢, T. e.

baw = ba .
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Ornepanun, NcooIb3yeMED BO BTOPOM U3 YKA3AHHLX  BLLHIO
OmpefenieHN# IPYNISI, 3anMCHBAIOTCA 4Yepe3 OIepanuio
® cHeayIOmMM 00pas3oM (HCHONb3yeTcs 6ecCKO0OTHAA 3a-
nmuckh, T. ¢. CIMBOJ o BCerla HNpUMEHAETCA K ABYyM HOpex-
HIeCTBYIOIAM DJeMeHnTaM TI'PYIIIH):

1 = aaw, a™ = aawan, ab = abbnboo.

To:kpectsa, ompegelAwIue TPYHNY, TOJYIHM, HEPEHHM-
cap momKHBIM ofpasom TompectBa (II). Bmpouem, ram
morazain X urmasH u B. Il e i m a v (Publ. Math. 2
(1952), 245—221), paccmarpuBaeyoe MHOTOOGpa3HE MOYK-
HO 3aaTh OJHHM eJUHCTBEIHLIM TOMRAECTBOM, a HMEHIO

XXXVYBZOTITOIODO = Y.

JlioBonbiTHo, 910 KJacC TPYUIl He ABIACTCA MHOT000-
pasueM Toxyrpynm (T. e. acCOIMMATHBHEIX TIPYHIOHMIOB).
OryersM, 4ro Kiaace afedeBpix TPyOO Taiike Oymer
MHOT0OUpasueM — JocTatoune ® Habopy rompecrs (I)
(mam {11)) mobaBuTh TOKIACCTBO RKOMMYTATHBHOCTH YMHO-
HeNus
LY — Y.

Iror KIace 6yHer MHOr0oGpasienM ¥ OTHOCHTEIBHO YRazail-
HOHi BHUe omepamun bav == ba~, mpmueMm 510 MHOTOO -
pasue Tar:ke MoskerT OLITH 307a00 OXNHM €RHCiBEHH .21
TORACCTBOM, a HMMEHHO

TYI BYF DD = 3.
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B 1mByx nepsnix ompejieiieHUAX IPYINH M3 TIPEHY-
mero unaparpada ydaciByer OUHADHOE ACCOIUATHBHOO
yMuoerne. MHoKecTBO ¢ OJHOH OwHapHOH accommaTHB-
Hoi omepamumeil Ha3HBAETCA noAyspynnoli. IT0 He MPOCTO
TEPMHH, BBEJEHHHHE [if COKPAIeHHA peIH,— HKIACC
WOJYIPYIN, SBIAOIMANACA, OTYEBHAHO, MHOrooGpasmeM,
y/Ke CTal HOCHTeNeM Ooraroii Teopuw, a IPHUMEHEHHA
HOJTYIPYHH B MaTeMaTHKe M CME;KHHIX HayKax Bce YMHO-
HATOTCA.

Hymnmo ckasars, 4To ¥ JOTHYECKUE ONpaBIAHAA A
TNOHATHA DOAYTPYNUH KaK TpegMeTa CaMOCTOATeJILHOrO
HM3Y4eHHA MOI'YT OHThH NPHBEIEHH CTOJdb 3Ke yOeinTelb-
HBe, KaR # Jjia nonarusa rpyoos. [loxaskem sro. Ilpas-
Ja, 9To Oymer cKopee OTHOCHTHCA K noayezpynnam ¢
eJuHuYyeli, KOTOPHE COCTABIAIT MHOrooGpasme aiaredp ¢
CHATHATYDOH, cocrodmeil w3 OWHAPHOIO YMHOMKEHHWA M
HYJAbAPHOHX omepamum, OTMedaloimeir siement 1, mpuuem
VMHOHEHUE aCCOMMATHBHO W, KPOMe TOI'0, BHIIONHAIOTCA
TOKAECTBA

zl=1-2=uz 1

Bupouex, a6y noayepynny G dobasacruem o0Ho20 edun-
cmeenno20 aaemenma t moscro eaoscums 6 noayepynny c edu-
nuyeii. Tlpu sronm ymMuHOMKeHHNe, 3aKannoe B (7, cOXpalngeTc,
a mpowmsBefneilne, XOTA OB OJWH W3 COMHO;RHTeaell KoTo-
poro ectb 1, ompemexsercsa B coorserctBum ¢ (1). Acco-
BUATHBHOCTH TaK ONPEJCNCHHOI0 YMIOKeHAA HpoBepaeTes
6e3 BaTpyZuennHi.

Hax mamectno, npeobpasosaruem MHoecTBa Al 11a3H-
Baercs Ja0Goe OTOGPAKKEHME HTOTO MHOIKECTBA B cebd
(1. e. Ha HeKoTOpoe MOAMIOKecTBO). B wactHocTH, ROD-
cmanoeroti  MuoskectBa M masmBaercs n060e  B3auM-
HO OJHO3HAYHOE OTOOpajKEeHHE OTOT0 MHOMKECTRA Ha
cebs.

C mpyroit cropousl, ecau japs Mmuosiectsa M, N, P u
orobpaskerua ¢: M — N u ¢p: N — P, 10 nocrenoba-
TeJIbHOE BHUIOJXHEHHE THX 0To0pasxeHuit jmaer oroGpaske-
e ¢p: M — P, nHasmBaeMoe HX npoussedenuexn. TaxuM
obpasoM, maa Bcex a &= M

a (gy) = (ap)).
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Cmo  YmHONCEHUE OMOGPAKNCEHUL aACCOYUAMUBHO: €CIH
Jaysl orobpaxkenna

¢: M- N, ¢: N—> P, y: P - Q,
TO

(e9)r = ¢ (Px)s

Tax Kax A jdoboro a & M

al(e)y] = lalep)ly, = lag) $lx = (a@)py) =
= alo(py))

Yunoenve orofpaskennii He sABjIfgeTcs, MOHATHO, ai-
rebpangeckofi omepaunmesr B cmuciae § 1. Oma 6ymer, of-
HaKo, TaKoBOH B clyuae mpeoGpasoBaHWE OHOTO MHOMKe-
crea. Ilpm sroM MHOKecTRO BCeX mpeoGpa3oBanmil aEHOIO
MiIoskecTBa M OKassBaeTCs MONYIPYNIO; 5TO cUMMEmPU-
uecKaa noayepynrna Ha MHokectse M,

Crmmerpudeckas monyrpynma ma M oKaswBaerca
noxyrpynnoii ¢ egunnieii. Poxr equuuns urpaer moacde-
CMEEHHAA NOJCMAH06KA &y,

agy = a pas scex a &= M.

Boapme Toro, mas miobmx orofpaskenmit ¢: M — N u
Y: L — M Gyper, oueBupso,

EMP = @, \PSM = 'll?,

T. €. TOMASCTBEHHAA LONCTAHOBKA &y MIPAET pPOIb efu-
HUOB IO OTHOIIEHUID K YMHOKEHHIO IIOOHIX oToGpaske-
uni#, eciy, IOHATHO, COOTBETCTBYIONIEe IIPOM3BE/CHUS
MMeeT CMEICI,

TlopcramoBru wmuoskecrsa M BHASNAITCA B CHMMET-
pmueckoil mosyrpynme Ha M kar Taxkuwe ee DIEMEHTH @,
AJA KOTOPHX CYMeEeCTBYIOT 0GpaTHBIE B3NEMEHTH ¢~ 1, yHaoB-
NeTBOPAIOMNE YCIOBHAM

Pt = @7 = ey,

O6pamuoe npeobpazosanue ¢~ camo GyAeT HOXCTAHOBKOI,
HmepeBoasmeR AIa BCAKOTe g €= M DIIeMEHT aQ B 3JIeMEHT
a. Tax rax mpomspeneniie HOJACTAHOBOK CaMo Gyaer moj-
CTAlIOBKOI M DTO YMHO:REHHe acCOLIaTHBLO, TO MH
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TMOJYYaeM, Yr0 MHOKECTBO BCEX NONCTAHOBOK [aiiHoro
Muoectsa [ OygmeT TpynmoH; 9TO CUMMEMPUECKAR
epynna Ha MHOKecTBe M.

Mm BumuM, 4TO cmMMerpuuecKas rpynma Ha M Bhije-
JAsgeress B CHMMETpHUecKOH moayrpynme Ha M Kax ceLep-
JKamiasgcA B Hell OJHOBHAYHO OIpefeleHHAaA MaKCHMaldb-
Has TPyNIa ¢ TeM jKe YMHOReHHEM M TOW ke emnaunei.

CymecrBoBanme CHMMOTPHYECKMX IPYOI M CHMME[pH-
9eCcKIIX IOJXYIPYyDI B paBHOE Mepe oupaBipBaer BHEOD
TPYOO ¥ NOJYIpPyIn B Kauectse OOGBHOKTOB HM3YYCHES.
Hpaspa, ana rpynn masecTHa caepywimaa Teopema Hom:

Teopema 1. Beakaa spynna G usomopgpro exaadei-
6QEMCA 6 CUMMEMPUNECKYI ePYRRY Ha MHoxcecmee G.

Ilapaniennias TeopeMma cupaBe[iuBa, OHAKO, W 1A
OONYrpynm:

Teopewma 1. Beakas noayepynna c edunuyeir G
usoMopPHO eraadvisaemces & CUMMEMPUUECKYID RoAyepynny
na mrodxcecmee G.

H3 uccnemneli TeopeMil HEMONJIEHHO CIELYeT, BBMIY
€KA32HHOTO BHIIE, YT0 BeAradA Hmoayrpynuma G msomopdso
BE.IafBIBAETCA B HEKOTOPYIO CHMMETPHIECKYI0 IOJYIpyH-
ny, XoTd B obmeM cirydae mochaeausas Gepercda Ha HEKO10-
poMm GonemieMm, weMm G, MHOKeCTBe.

Noraskem, aro Teopennt 1 w 1’ ABIAIOTCA HEmocpenrcT-
PEHHEIMH CHELCTBHAME JBYX [JPYILHX TEOpeM, IpefcTaB-
AIOMIX U caMocToATeNbunil mwurepec. OTMETHM ciepRra,
YTO npoussedenue 20MOMOPPHUIMOE YHUCEPCALLHBL Q126D
{B CMBICTE YMHOKEHHUST 0TOGPaKHOHAT) camno 6ydem comomep-
dusnon. [efAcTBHTONBIO, €CIH NAHE ONHOTANHEE aJrefpLl
G, G', G'' ¢ cucremoit omepammii Q H TOMOMOPQRHIIMEI
o: GG, $: G —>G', 10 aAna mwboro o & Q,,
n>1, n a06HX 9IeMEHTOB day,d,, . . ., 4, = G Gyner

(d1az . -an(l))(qy‘p) = [(alaz e no )(PN) -
= [(al(P)(%(P) o (ang)oly =

= l(a;0)1l(a,p)p] . . . anpyplo =
= la,(gp)llay(gp)] . . . [a, (g h)o.

G apyroit cropoun, ecin oHEpanEA ¢ & )y OTMETaeT B
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anrebpax G, G', G’ cooreerctRenno saementr: O, O,

00, TO

Ou($) = (0u0)$ = Oup = 0.

Orciona ciefyer, 4T0 MHOKECTBO BCEX DHIOMOPOHHIMOB
mammnoyt auredHper G cocraBiAeT MOGUOSIYTPYHOY B CHM-
MeTpH4ecKOH HOJYyTpymie una MHOKecTBe G, mPUTOM CO-
TePAIATIYIO eIUHUIY 9T0W HOAYPPYNIH,— TOMKIECTBeHHad
MOJCTATIOBKA ABJAETCH, 0YCBUAINO, Ja/Ke aBTOMOPQIIMOM.
Honyueunan nDoayrpynmna ¢ cfunvieil Ha3HBACTCH HOAY-
epynnoli (6cex) sndomopgusmos airebpu G.

Adsnornuno BCAKHH asToMopdusm anrebpm G aABiaA-
eiCy HOACTaHOBKOH B mMHOkecTBe (. IIpomsnenenme [Byx
aBToMOPQHU3MOB 9TON alreGpsl Gy/ieT M MOACTAHOBKOH, K
SHAOMOPPI3MOM, a HmO3TOMY caMO OVACT aBTOMOP{UBMOM.
O6parnaa mopcTamoBRa ™! mgna aBToMOopdmamMa ¢ cama
Gyner aBTOMODQHIMOM: ecaM o & ., > 1, ma,, a,, . . .

. ., @, & G, T0 cymecTByT Takue by, by, ..., b, =G,
aro a; = b;p, i =1, 2, ..., n, a nostomy

(as05 2 000)67" = U019) (0:9) . .. (br@o g™t =
= (L’)lb2 .. .Z),,(.))((p(p"l) = blbg . b,l(;) =
= (a9 @) . . (@9 o -

Lermw s @ & Qp otmexaer © G sacment Oy, 1o 13 0,9 =
= 0, caeayer 0,9 ! = 0,. Takum obpasom, Bce abro-
sopduomsl KaEHON aireGpm G coCTaBIAIOT HOATPYIIY B
cunMerpuueckoil rpynme na MuosrectBe G 210 epynna
(scex) nsmomopdiusmos anrefpn G. Odebmamo, uTO dTa
Tpydia BRIEENISICTCA B MOJIYTPYIIIE BeeX sypoMopdusMon
atrebpor (F Kak cojiepykalliasic B Hedl OAHOBHAYHO OMpe-
Redenrasg MaKCHMalbHAaA TpyOOa ¢ TeM iKe YMHO:KeHHCM
¥ 70l whe epumunes. Momkno ckaszath TaksKe, 4To rpyumna
aBTOMOD®IHBMOB ecTh Ipyunma Bcex OOPATHMBEIX DJIEMEHTOB
TONYIPYINN  SHACMOPYU3MOB.

CrpasepiimBm cleqyiomie TEOPEMBI, W3 KOTOPHIX TEo-
pemit 1 1 1’ wemepnenno chegyior:

Teopenra 2. Bearkaa epynna G usomopgia epynne
ecex acmoMOpPuUIM0O8 HEKOMOPOT YHUGEPCAAVHOL aacedpu,
onpedesennoti na mruoxncecmee G.
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Teopema 2'. Bearas noayspynna ¢ edunuyedr G
usomopgra noayepynne ecex sHIomop@dusmos Herkomopol
YHUsepcaavHoli aazebpwl, onpedesennoli Ha muoxaecmee G.

OxaspiBaeTcsi, 4TO TeopeMa 2 caMa CHefyer H3 Teo-
pemer 2’. IlpoBemeM cmepBa HEKOTODHE BCIOMOTaTeNmbHbIE
PacCMOTpEeHMsI.

Ilycrs samano smumopdmoe (B wacTHOCTH, M30MOpPHIHOE)
orobpaskeEne @ HOAYrpymusl G ¢ enumHANEH e¢ ma mHOIy-
rpyony G'. Torpa o6pas e equunus 6yner emununeii s G,
Ecan snement a obparam B G, To o6pas a ¢ ero oGpar-
HOTO dNeMeHTa 4! 6ymer B G’ ob6paTHHM [JIf BIGMEHTA
ap, T. e. (@)™t = a~¢. Orcioma caenyer, 40 ROAYZPYR-
ra, usomopgras epynne, cama 6ydem epynnot.

B camom ferse, ecim b’ — OpOMBBONBHEIA 3JEMEHT M3
G', To cymecrtByer Takoil aiement b = G, uro by = U'.
Torma

b’ (eq) = (bo)(eq) = (be)p = by = b
1 amanormanao (e@)b’ = b’. C gpyroii cropouw,

(ap)(@~tp) = (aa™ M) = ep

¥ anajorudno (@~ '@)(ag) = ep.

Ilycrb Temeps Teopema 2’ yse morasaHa M IyCTh AaHQ
npousBoxbHasg rpynna G. fIBusAsch, B 9acTHOCTH, HOJNY-
Tpynmnoii ¢ exunuteit, G 6yuer nzomMopdua MOAYLPyINe Beex
OUOMOPPE3IMOB IIEKOTOPOH anre6psl, ompejeienHod Ha
MIoskecTBe (. Jra TOCHENHAA NOAyrpymma Gyuer, cie-
HoBaTeNbHO, Tpyumoit. OTcofa BHITEKAET, YTO BCE B0~
MOPPIBMEL paccMaTpHBaeMOH anrefpni o0paTHMBI, T. €.
SIBIIAIOTCS HA CAMOM Jlele ee aBToMOpPPU3MAaMU, UT0 AOKa-
3LIBaeT TEopeMy 2.

Ocraercss orasars Teopemy 2'. Eexnn gama moayrpyn-
na G ¢ enmiuIe e, TO IA BCAKOTO & & G BO3BMEM B MIIO-
sKecTBe G yH a P H ¥ 10 OHEPANAID (), ABIAIOITYIOCA B
noxyrpynne G JeBHM YMHOMKEIIMEM Ha DIEMeHT 4,

x®, = ax miag Bee X z &= G.

MioskecTBO G €O BceMH oHepamumaAMi ¢ ,., 4 & G, Gygmer
anre6poii, koropywo o6oswmaunm depes (. IIpanoe ymmo-
sheHHe ¢, B Hoayrpynue G na siement b, xg, = xb mia

Bcex x & G, 6ymer smponopdusmor agredpr G, Tak Kak
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g a0bHx z, a &= G

(20)pp = (ax)b = a(zb) = (TQp)w 4
Iipu atoM ecam b=+ ¢, T0 ¢, == @, TAK Kak

eq, = eb = b, eq, = ec = c.

JunoMopduaMaME @, b < G, HCILPNLIBAIOTCSH BCE JHIOMOD-
¢uaMel anredpnl (7, TAaK KaK eCHI  — OPOUBBOJDHHIH ee
snjoMopdusM m ep = ¢, TO NIA Bcex z &= G

e = (ze)p = (ew)® = ((Ploy = xc = ¢,

T. €. @ = (. MB TOTYYWSIN B3aMMUO OJHO3HAYHOE COOT-
BETCTBHE MeRAYy BCeMH supoMmopdmaMamm axrebpsl G m
BCceMNM BJIeMeHTaMH moXxyrpynus (, Xoropoe 6ymer Ha
caMoM JesIe I30MOPQH3MOM COOTBOTCTBYIONHEX HOMYIpYMm,
TaKk Kak AuA scex x, b, c = G

@y, = 2(be) = (xb)e = (29p)9, = = (PyP.),

T. 0, @ = PP Ipm dTOM, KaK M AOMKHO OWMTH, egu-
nume monyrpynuit G COOTBETCTBYET TO)KNECTBENHLIH aB-

ToMopduaM anre6pnl G, Tak Kar Jada Bcex x = G
20, = 1€ = Z.

Teopema 2’ porasapa.
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Paccnorpum Temeps ofiH Riace anrebp, HPoOMeRyTOU-
HEIH Me:gy IjaccaMHn Tpynm ¥ TONYIPYON, a HMEeHHO
KIacC BHBEPCHHX moayrpymu. DBmefem cmepBa BCIOMG-
rarenvpHsie moHATHA. IHMemuo, HazoBeix HORyrpyungy
peeyaapHoli, ecim A BCAKOTO ee DJIeMeHTa 4 CYIect-
ByeT X 0T A 6K O MH TAaKoH dIeMeUT xr, 4T

ara = a. (1)

Hazosem, pmagee, saeMenTsl ¢ B b moayrpynouet G o6-
pamuumu Apyr Apyry, ecun

aba = a, bab = b.

OrasmBaeTca, 9TO PELYAAPHYI NOAY2PYNNY MONCHO Onpe-
deaumv Kax NOAYePYnny, 6 KOMOPOL 6CAKWIL daemenm ob-
aqdaem oOpAMHBIM IAEMEHIMOM, He 06A3AMEALHO eduncm-
genupim. IleficTBUTONBHO, €CAHM ax@ = @, TO IOJGIHEA
b = zax. Torpma

aba = (axa)za = aza = a,
bab = z (axa)raz = x (aza)r = zar = b,

7. e. b simagerca ob6paTHRIM RIA 4.

B cxyuae rpynm smeMenrsi, o6paTHble IPYT APYIV B
VRa3aHHOM IOXYTPYNIOBOM cMbiecne, GyAyT B TOUHOCHIL
o0paTHEIMH B OOBIYHOM (TPYIIIOBOM) CMbICIE, HPHIEM
peARHI 2uaemedHT o0iajaer efHHCTBEHIIHIM O0PAaTILIM.

HMoayrpynma Has3wBaeTCsl UHEEPCHOU, €CIH BeAnui
e¢ nJIeMeHT ¢ odnamaer OOPATHBIM 9JJIEMEHTOM, TIPH1o't
engucTECHENM, 0003HaUNM eT0 uepes a” ', Tax uro

aa~la = a, alaa™! = a L.

3amerus, d9T0 TpeGoBaHMe eJUIICTBEHHOCTH 06paTioro
3/JeMeHTa B HTOM cliydae, B OT/IWIHe OT CAydasg Ipymm, ie-
00X0AMMO CIIEIMAJIbHO HAKAANBBATH.

Hnace MABEPCHMX TONYTPYHO COJEP:KUT B cebe R.iacc
BceX I'PymOo M, KaK Mbl CKOpO y3HaeM, MUPC HMOCIeRuero.

Nonarae MEBepCcHO# MOJYLPYNINBL JOMyckaer H HIhie
onpenenenua. Hanomumy, aro siement a Hexoropoil mo-
sAyrpynns (Mid rpyNOONAa) HABLIBAETCA UOCMILOMENMOM,
ecnn a? = g, OtrMernM, 970 peryaspHas] DOIyrpyina nei-
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peMenno obJazaeT TACMIOTSRTAME: eCHM BHIONEMCCH
pasencrso (1), To sxesent ar 6ymer HACMIOOTENTON, Tak
KoK

(ax)® = (aza)z = ax.

OxasmBaercd, 9T0 UHEEPCHBE ROAYePYRNBL — MO MAKUL
pecyaaprile noayepyYnRny, 6 Komopwa awbule 0sa udemne-
IMERMA REPECINAHOEOUHYL.

B camoM mese, mycrb gana unsepenad HOAyrpynma .
Hceno, wro oma peryaapua.

HoraseMm cHa%ala, YTO B UHBEDPCHOH WOJYIpyIime
Hpon3Be/ieHNe HIeMHOTEHTOB Takme GY/IeT WIeMIOTeHTOM.
Hyers ¢ u b — gBa ngemmorenta, a? = a, b = b. Hoo-
SKMM

s = (ab) 1, t = sa.
Torna

(ab)t(ab) = absa’b = (ab)s(ab) = ab,
Hab)t = sabsa = s(ab)sa = sa = ¢,

Hostomy, BBUAY eAMHCTBENHOCTH o6paTHOTO 3IeMEHTA,
t = (ab)”l, 1. e. sa = s. Anazormuno, nojaras t = bs,
nonyuam bs = s. Orcrona

s? = (sa)(bs) = s(ab)s = s,

T. €. 3JeMeHT § uaeMmmorented. OIHAKO HAEMIOTCHTHIH
DEMEHT CIYIKHT AAA camoro cebs o6paTHEM, eQWHCTBCH-
HEIM BBAJY MHBEDCHOCTH IIOJYTPYINEL, a MOITOMY § = ab,
MpemnorenTrocTs siementa ab poxasana. Mpemmorenten
caefoBaTeNbio, u dyement ba. Memonssysa a1o, moiydaem.

(ab)(ba)(ab) = ab®a*b = (ab)? = ab,
(ba)(ab)(ba) = ba*b’e = (ba)® = ba.

JraM foxazauo, uro ba = (ab)”l. Opmaxo suement ab,
OyAyYll HIEeMIIOTeHTOM, COBIIAJZAET CO CBOMM OGPAaTHLIM,
OTRYAa ab = ba, 410 M Tpe6oBagoCh NOKA3ATH.

Ilycrs Temepr G—peryiaspuas Noayrpynma ¢ mHepe-
CTAHOBOYHLIMHN HIEMIOTeHTaMl, a — Ja1000# dIeMeHT u3
G, b 1 ¢ — ofGparHwe sdemenTt Ang a. Torfa sneMeNTH
ab, ac, ba, ca OGyAyT HAEMIDOTEHTAMH U, CJeIOBATeIbNo,



28 § 4. HHBEPCHBIE IIOJIVIPVYIIIBL

MesIy coGoro mepecranosounnt. Orciofa
b = bab = blac)(ab) = (bab)(ac) = bac,
¢ = cac = (ca){ba)e = (ba)(cac) = bac,
T. 8. b = ¢. Teopema foxazana.
Raace uneepcuvx noayepynn ssisemes Ha camox Oeae

MHOz00OpAsUEM omHocumesvho onepayui ab u a~l, romo-
poe sadaemces moxrdecmearnu

(xy)z =

Hlorasxces menepe, wmo uUHeepcHas noayzpynna ydosaem-
eopaem moxcéecmeam

1. (@)1 = 2.
2. (xy)™t =y~ a7t
3. xxlyyt = yylaaml

a(yz), xa 7tz =1z, ataal=a".

fAcuo, uro MEBepCHAA MOXYTPYIIa PeryjsapHA U Y/OB-
netsopacr akcumomam 1 m 3 (mociepgumee MoTOMY, UTO Die-
MeHTH aa~! m bb™! DHeMIOTEHTHW M, CJeIOBATENLHO,
HePeCTaHOBOUHB)., BHIIONHACTCH U TOMECTBO 2, KaK IOKA-
3HEBAIOT CIHERYIONMe PaBEHCTBA, B KOTOPHX CHOBA MCHOMIb-
3yeTcA NCPecTaHOBOYHOCTH WEeMIIOTeHTOB:

(ab)(b~ta~ V) (ab) = a(bb ) (a *a)b = (aa*a)(bb~1b) = ab,
(b7 Ya Y(ab)(b~ta™Y) = b Ha ta)(bbV)at =
= (b7'0b V) (a Yaa™Y) = b lat.

HaoGopor, kax mokasan b. M. IIl a it 1 (c6. «Teopna
moJayrpynn m ee nmpuioskenusy, Caparos, nnm. 1 (19605),
286—324), peeyasapHras noayzpynna G, e romopol 048 06-
PAMHBLE d4eMeHM08 GulnOAHII0omcs paseHemea 1, 2, 3, un-
sepcra. Uns awboro a = G Gynmer, BBHAY aKCHOM peTy-
NApHOW moayrpymmel, 2 m 1,

al= (eata)™ = aWa V) 'a ! = ataa™.

T. e. DIEMEHTH a M a~ ! p[eHc1BHICABHO OBpathpi [pyT

ADYYY.
Haxee, BBuny 3,

a~Y(a~Y)taa~t = aa~ta"Ya 1)L,
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T. ¢., BREAY 1,
alaaa~t = ag~Ya 1a.

Ecau Temeps @ — HAeMIOTeHT, 42 = @, TO, ACHOJbIYA
YKA3aHHBE DAaBEHCTBA W 2, MOAYIUM

al = qalaa™! = ataaa! = aa"'a la = a (a0)la =
= qa~la = a.
Orciona
ar™! = qa = a.

Ecnu b — awo6oii npyroi agemnorenr, To 6yaer bb~t = b,
a MoaTOMy #3 3 CIeXyeT HepecTaHOBOIHOCTH HASMIOTEH-
TOB @ B b, 9T0 M J0KasHBaeT MHBEPCHOCTHb Hamieill moay-
TFPYIIE,

IloxaskeM Temepb, WTO NMOHATHAC WHEEPCHOH HMOJXYTPyN-
IIEL Ha CAMOM JieJie MMeeT LPABO GHTH IPeIMeTOM CaMoCTOsM-
TeAbHOT0 m3ydvenmsa. HazoBeMm uacmuumolli nodcmanoskoi
MEO;ecTBa M mio0oe B3auMHO OJHO3HAYHOE OTOOPAsKEHHNE
Buga @: A - B, rme A u B — HeKOTOPHE MOMHOKECTRA
3 M. K uncay 49acTHUHEIX IIOJCTAHOBOK OTHOCATCA,
B 9aCTHOCTH, BCe IOJCTAHOBKH MuOkectBa M, BCe DOA-
CTAHOBKHA JI000TO €r0 LOAMHOMKECTBa, a TaK:Ke NIyCTaA
MOJICTAHOBKA  (TOIKAECTBENHAS  HOACTAIIOBKE HTYCTOTO
TOJIMHOIKECTBa), KOTOPY0 oGosmauuM uepes 0. ‘

Eemy ¢4 —>B, ¢:C—D — e gacTuuHHX
IOACTAaHOBKM MHOKecTBa M, TO MX mpousBefenue ¢y oi-
pepensierca Tar. Ecam uepecedwenwe B [y C mycro, 71O
moaaraem ¢y = 0. Ecam wme B | C — Hemycroe, TO
oGosuauuM depes A’ ero mpoodpas mpu @, gepes D’ —
ero o6paz mpm . Torma q¢: A" — D', mpudem nia

awoboro o’ & A’
a’ (¢P) = (a’ohp.
flcso, uwro 3710 Gymer wacTmuHad mHomcTaHOBKa. llycras

nopcrauneBka O urpaer IS DTOTO YMHOMKOHHA PONhL HY-
agd, T. e. WIS X000 9ACTHYHON HOACTAHOBRI

@0 =10-¢ =0.

Haa Besaxoit wacTmuHo#l mopcramonkum ¢! A — B cy-
HeCTBYeT, O0YeBHHO, 00paTHAS TACTHUHAsT NOJCTANOBKA
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o 1: B— A, npuuem
P9t = e, ¢7lp = &g,

rie €4, HampuMep, ecTh TOR/ECTBEHHAA IMOJCTaHOBKA TO/-
muoskecra A. Mnenwo, ecnm ag = b, a <= A4, 10 bg™* = a.
Henmonbaysa ofparnyio 4acTu9ayio MOACTAaHOBRY, Mbl MOT-
7 651, HampuMep, Bmecto A’ waimcars Bume (B C)e7.

IloxamenM, 4TO0 YMHOMeHIIE YACTHIHHX TOHCTAHOBOR
accommarupuo. Ilycrs mamnt ¢: A — A', ¢ B—B’,
x: C—C' m myers (g¢)y: D — D', ¢Mpy): E—E'.
Jlerwo mpomepuTh, UTO

D = [(A" Byp N Cllop) ™,
E=14"0B Ny g

IonasxeM, ato D = E. Ecim a = D, 10 a(epp) =C, a
rak xax sasegomo a(gyp) &= B, 1o a(gpp) &= B'NC,
OTKY A ap = (B'NCy L BMmecte ¢ 0YeBHOHHIM
ag = A’ a10 noxasmBaer, uto D < E. O6parnoe BRIIO-
weHue HpoBepPAETCS anmamornumo. Ha monydvennom
nogaHoKecTse orobpazkenus (Q)y u ¢ (Ppy) mehicTBY:OT
0JNIIaKOBO, TakK Kak ofa CBOXATCA HA IOCIEN0BATENHII0ES
npliMenenne oTobpaykenuit @, P I Y.

MMoxyuennas wonyrpymnma peryiapHa, Tak Kak
Mol wacTHuHON mopctamoBru ¢ A — B Oyner

JA

1
~

GO = 40 = .

J1a moAyTpyHmA Jaske nnamepcHa. JleficTBUTeN:bIO, ee
OACMIOTEHTAMH CJIYKAT TOKIECTBENHEEe IOJCTAHOBKH &4
s Beex noxMuokecTB 4 M W, Kak IerkKo MPOBEPHTH,
tosipKo omm. [leiicTBETenbHO, ecim ¢: A — B n ¢ = ¢,
TO, IO OMPEJIeTeHNI0 YMHOKeRHA,

(BNAdyp™ =4, (BN4)y = B.
IosroMy, BBUAY B3amMHOMW OJHOSHAYHOCTH ¢,
A =BNA =B,

T. e. @ ABISAETCA TMOJCTAaHOBROA Ha A, DPHTOM TORIECT-
BOHHOUW, TaK Kak APYrHX HIEMUOTCHTOB CHMMe!pHIECKas
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rpyana ze cojepirur. Opmano pia mwbmx A, B Y
€48p = E4nBp = E€RE.

Jra MHBEPCHAM IOJYIPYIRa HajhiBaeTCd CHMMETPHUECKOH
wIBepcHol moxyrpymmoi ma mvmoskecrBe M. Oma me 6y-
AeT TPynmod, TaKk RaK MYJNBTHINIMKATUBHAA TpPYHNa e
MO;eT MMeTh HiVJf, PaBHO Kak H HOTOMY, 9T0 TpylIa
06aa1aeT €NMHCYBEHHLIM IJIEMIIO FEHTOM.

CopasejuinBa cienyiomes reopema B. B, Bar-
nepa—Ilpectouna (JTAH CCCP 84 (1952), 1419—
1122, J. Lond. Math. Soc. 29 (1954), 411—419), mapax-
aenpuasx Teopemam 1 m 1’ n3 § 3:

Beakas uwneepcuas noayepyrnna G usomop@ino erag-
oueacmen ¢ CUMMEMPUNECKYI0 UHEEPCHYIO noayepynny RHa
MHoxcecmee G.

OrmeTy cmepsa, 4To AIfl BCAROro ¢ & G Gyuer

Ga = Ga'a, (2)

rpe Ga 03HaUaeT MEOMKECTBO BCEX IIIEMEHTOB BHja 4,
z &= G. Umenno, sncuo, uro

Ga~la = (Ga')a = Ga,
110, ¢ APYToil CTOPOHH,
Ga = Gaa™a = (Ga)a™'a = Ga™'a.
flooTony mis Beex e = G
Ga™t = Gaa™. (3)

ComocrasmM, yamThiBag (2), KoMy dlIeMeHTy ¢ & G
or¢6pamenne @, Ga=' — Ga, ompesenAeMoe TeM, 4TO
auaa searoro x & Ga™' Gyper

@, = za < Ga. (4)
Ioatomy @g-it Ga — Ga™, mpuuem

YPgr = ya=*

nas Beex y & Ga. Onmaxoe, ecim 2= Ga™t, T. e. 2 = 2’07},
TO
2 (@@, ) = 2'aaa™ = et =z
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Y aEA’OTHYHO 01a ¥y < Ga 6Gymer
Y (o1 90) = Y.

Or100pa/KeHlA (P, ¥ (g1 OKABAIUCH OOpATHBEIMU [(PVT
Opyry #, CIefoBaTeNbHO, B3aUMHO OJHO3HAUHEIMH 0TOH-
PaKeHAAMHE, T, €. YACTHYHHIMA MOJCTAHOBKAMH, IPHUCH

Pot = (Pa—l- )
Oyers @, = ¢, Orcloma, B wacimocrd,
Gat = Gb1, (6)

1. e. a”laa™! = a” ' = Gb™L, a mOYTOMY, CHOBA BBUAY ] -
BeHcTBA OTOOpaskeHUil @, W @y,

a~la = a~b, )
Beuny (3) pasencrso (6) Moo nepemncath B BUTE

Gaa™ = Gbb™1, (8)
npuaeM ga~t ®m bb! ABAAIOTCA, KAK MBl 3Ha€M, IICMILO-
renTaMu. Beugy (8)

aa~' = xbb™1,
OTHY /AR

aag bt = bbb = bbb - pa Y
AHANOTHUHO
bblaq™t = bb71.

Tark kar, oIHAKO, UAEMOOTEHTH B (G HOPECTATOBOWIL, TO
M3 STUX PABOHCTB CleayeT

aa™! = bbb~ )
Hcnonpsya (7) u (9), monyuaeu
a = aa"a = aa b = bl"h = b.

Taxum ofpazom, orobpashensie a — ¢, ABIALL(A
B3aUMHO OJHO3HAYHLIM BJOYReHHEeM G B CHMMETPHUECKYIO
mpBepcHy0 moayrpyuny ua G. [lorames msomopduocis
sroro eiosxeHus. Olobpasenne ¢, ONMpeeTeHO, KAk Hhl
auaeM, na MEOMKecTRe G (0b)™l, upomsmejonne @ ;. BBI-
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1y (8), — Ha muomxecre (Ga [} Gb~Y)a~!. Omnako, BBugy
(2), nmpumensgeMoro aBasani, u (3),

Ga N Gb™t = Ga™'a ) GbL™ = Ga 'abb™ = Gabb™!,

1aK  Kay, BBUJY NEPeCTAHOBOYHOCTH HIEMIIOTEHTOR,
Gbb~a'a = Gatabb™ < Gaa(,Gbb™1, ecim ske DIEMEHT
& TesRHT B DTOM II€PECeTeHUH, TO

x = za~'a = abb™! = za~*abb™ & Ga labb™l.
lovromy, snupy (3),
(Ga } Gb Vet = Gabb~ta' = G(ab)(aby™' = Glab) L.

Taxmn ob6pasoM, 0TOOPaKEHUA @, A @Q,(;, OUpeIeIeHb
Ha ONHOM M TOM ’KC TIOJMHOJKCCTBE, & TaK Rak 2 (ab) =
= (za)b, TO NOKAZAHO, UTO Q,p = Q,Qp. ITO BMECTE C
(5) noxasniBaeT TeopeMy.

Mossro Geriio 651 ONPEAeIUTh YACTHUNLIE aBTOMOPQIIM
vumnpepcasbnoil anre6pe Kaxk msoMopduce otobpa.enue
om0 ce momanreGpst Ha Apyryo. Jlerxo Bumers, 9io mpo-
N3Bejlelie YacTHIHHX AaBTOMOPQIBMOB KaK YacTHUHBIX
TOJICTAaHOBOK ¢aMo 6ygeT YacTHIHBIM  aBTOMODP(UBMOM
1 9TO YaCTHIIbie aBTOMOPYUAMEL TanHol axrebpnl cocran-
AAI0T MUBEPCHYIO IOAYTpYHNny ¢ enmmuneil u myuem. llo
JHAJOTHHA ¢ TeopeMavu 2 m 2' mu3 § 3 MOKnO OBIO OR
TMOCTABHUTh CIEAYIOIHA BOOPOC: BCAKAA JII HHEBEpPCHAA
moayrpynna G ¢ ejuHunei ¥ myaeMm mzoMopdHa mmBepe-
HOH HOJYTPyNOe BCeX YaCTHYHRIX aBTOMOPPHBMOB HEKO-
TOpoil YHIBEpPCANBHOM anreGpsi, ONpENeNeHHOM Ha MHO-
mectse G? O.W. JlomanoB moxasaln, OJHAKO, 4TO
oto ne tak (IsB, Bmcmmx yueGm. 3aB., Marematuxa 8
(1971), 52-—58).
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Ioayrpynna G HasuBaeTeA noayepynnol ¢ UHBOAIOYULETE
eciy B Heil 3ajada, MOMHMO YMHO;KEHHHA, €Ile yHApHAaA
omepanuaA @ !, MpHYeM BHIIOJHAIOTCA CHOAYIOmHEe TOHe-
¢TBa (DOMEMO aCCONUATHBHOCTH YMHOKEHHA):

(et =gz () =yt

Honyrpynos ¢ DHBOJIOIHEH COCTABIAIT, CiIef0BaTENb-
po, MHOrooGpasme, cojep:kamee B ceGe MmorooGpasme
BCEX WHBOPCHHX NIOAYTPYIIL.

B moxyrpynme ¢ upBoionueil G clrepyomaM 06pasoM
onpejeIuM TepHapHylo omepanmio labcli

[abc] = ab™lec.

AcconuaTHBHOCTD YMHOJKEHHAR W ONpefelieHHe WHBONIO-
nuR JaIoT

ab-led~te = (ab~lc)dle = a (dc~'b)~te = ab Y (cd 'e),
T. e. MIA omepanmu [abc] BHHOMHAITCA TOMKAECTBA
Hzyzluvl = [zluzylvl = lzylzuvll; 1

o0paiaeM BHHMadue Ha TO, UTO B CpejHell 9acTH Kpai-
HHe MHOKATEJIN BHYTpeUHeHd CKOOKH OKasalHCh mepe-
crapIeHEHMH. Axrefpa ¢ ONHOU TepHapHOH omepamnmei,
yjrosaersopaiomeit ToxkpecraM (1), masmBaerca noay-
2pydoti.

CioBa «moayrpyga, onpedessemas [aHHOH HOayTrpyn-
[oii ¢ MHBONIONAEH) MMEIOT IMOBATHHIA CMBICI.

Ecam G 6yner muBepcHOll MOXYrpymuoi, To onepauusd
labcl, oupenmenenmmasa Brimie, OyAeT Y/AOBIETBOPATh, MHO-
MuMo ToaaecTs (1), Tamie TOMITECTRAM

lzzz] = z, (2)

Hayylzzl = Uazzlyyl, lzzylyz) = llyyzlazl; (3)
noCJAefHAE BHTEKAOT HM3 AKCHOME 3 DpeAmecTBYOMETO
naparpada, [jis HEepPBOTO B3 TOKAECTB (3) mepenucaHHOM

nan ofpaTHbix siemeHToB. Axnre6pa ¢ OfHOM TepHapHOH
onepanmeit, ynosiaersopanmeit Toxaecrsam (1), (2) n (3),



§. 5. IMOJIYIPYbBI 5

Ha3biBaeTca 0000uennoli 2pydoii. BHITH MOKeT, TepMuaH
«AHBEPCHAA WoaAyrpyaa» Obul 6l Gojiee OMpaBHAMABIM,

Haxonen, eciam G Gypger rpynmoit (4ro Tarme ABJIA-
eTcd HONXYTPYUHOH ¢ MHBOMOUNEH OTHOCHTONBHO YMHO:e-
HHUA ¥ B3ATAA 06paTHOro sieMeHTta), To omepamust label
Gyner yHOBIeTBOPATH, MoMuMo TOkAecTs (1), Tarme vou-
mecTBaM

lzyy] = =, lyyz] = z, @

3 notophix Toykpectsa (2) u (3) HeMeQIeHHO CIeRYIUT.
AnreGpa ¢ opmoli TepHapHO# omepanmedi, YHOBJISTBOPSHI-
me#t To:xfectBam (1) m (4), masmBaercs epydoti.

Hns ompexesennux HaMu anre6p JOKRaKEM CIEHAYIOHLV
TeopeMy Bapa-Baruepa (Bapom ona norasana
pns rpyg, B. B. Barmepom pia ofofmenmmx rpyn u
moayrpys; cm. Yu. sam. Caparosck. ya-ta 70 (1961), 25—
39). Hazosem agement e moayrpymst G 6uynumapnvin, ec-
am oang mobHx a &= G

[aee]l = leea) = a.

Tosxgectsa (4) MOKA3HIBAIOT, 910 B IPy/e BCAKHI 37IeMEHT
ouynurapeds. OTMeTHM TaKKe, 4T0 €CHAU MOXYTpyIOa ¢ UH-
BoJionmeR ofxanaeT eguHUIeH, TO B COOTBETCTRYIOWIEH
HONyrpyse sTa eqdHUOa OyaeT OTHAM W3 OGAVHUTAPHHIX
37€MeHTOB.

Ecau G — noayepyda (uaw obobwyennas zpyda), obaa-
dawuyas OUYHUMADHBIMU IMEMEHMAMU, UAU e zpyda, u
ecau e — awboil Guynumapuvil osemenm usz @, mo one-
payui, onpedesnemvle PABEHCMEAMU

ab = laebl, a=' = leael,

npeepaiyaiom muHoxcecmeo G 6 noAyzpynny c¢ UHBOAOYUEH
(coomecmemeenno, 8 UMHBEDCHY0 ROAYepYRNY Usu 6 2pyn-
ny), 0.5 Komopot e cayrcum edunuyeli, npuiem onpedease-
mas e noayepyda (coomeemcmeenio, 0600w enHas epyda
uau epyda) cosnadaem ¢ ucxodHoll.

HeficrBuTenpno, sJeMeHT e CHYRUT eAWHANCH UIA
yMuosReHHA ab, Tak Kak, BBHAY e€ro GHYHWTAPHOCTH,

ae = laeel = a, ea = [eeal = a.
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Hamee, acconmaTHBHOCTh yMIoskenna ab ciepyer u3 (1)
(ab)e = [laeblec] = laelbec]l = a(bc).
Ms (1) m 6myHnTapHOCTH BJIEMEHTA € CIeAyer TaKiKe
(a=1)~t = leleaele) = lleealee} = a,
b~ = [lebeleleae]] = [llebeleelae] = [lebelae] =
= e laeblel = (ab)™?,

T. . HaMH TOJydeHa WOTYIpynma ¢ prBononmeit. Ecan
we G — oboOmenuas TPyHa, To, TaK Kax

ab~! = [aelebell = [laeelbel = label, o)
HONYIaeM

aata = [laaeleal = laalecal]l = laaal = a

pBuAy (2), a rarsne a*ea™ = o', Havm monywena, ciefioBa-
TelhHO, wHBepcHas uonyrpynma. Haxomen, ecanm G —
rpyna, 1o, mo (5) u (4),

aa~t = laael = e,

7. €. MaVH TOJyuYeHa TpPyNIa, TaK KaK yike J[0Ka3aHo,
gyro e sBiasierca efmmuneid. Ilocmexnee yTBepipeHne TeO~
PeMEl TPOBEPSIETCA CeLyIomuM 06PasoM Ha 0CHOBaHHH (O):

ab~le = {labelec] = lableec]] = label.

Teopena noxasana.

Jdrta TeopeMa TOKa3bHBaer, YT0 BBEJSHME DOHATHA IPY-
Bl KaK CaMOCTOATENBIOTo 0G'beKTa N3ydennsa 6mio ound-
KOH, TaR KaK 5TO BCEro JHINb elle ofuH cmocol ompeeie-
HuA IOHATHS TPYONEH, Ha STOT Pa3 HPH MOMOIMM OABOM
TepHapHO# W ORHOM HyNbapHOE omepamum (TMOCIHENHAS
¢uECHpYeT MPOMSBONBHEI DIIEMENT), cHocol, HKBUBAIEHT-
NE# paccMOTpeRHLIM B § 2. 3ameruM, WT0 TPyLibl, KOTO-
pHie TONYYAlOTCA DTHM IyTeM U3 JaHHON TPyam, Gyayr,
Kak MOKHO TOKasaTh, msomopdueimu. Mmenmo, mycrs B
rpyie G B3ATH BIEMEHTH € ¥ e’ 1 ONPeeNeHs YMHOKEHAA

a b = [aebl, acb = [ae'bl. (6).
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Torpa, pBupy (4) u (1),
acb = laleee’'1b] = [lae’eleb] = [ae'e]- b.

Hoxasewm, uro mpeoGpasoBanue ¢ wuozectsa @, ompe-
HEJNAeAMoe PABEHCTROM

ac == lae'el, a = G,
Gyner nmopcranoskoil, JleiicrBirrensno, npeobpasosauue T,
av == laee'], a = G,
6Vae1 MIA HETO o6paTHLIM, Tak Kak
a{o1) = (ao)yr = llae'elee’] = lae’leec’]l = lae'e’l — a,
a(to) = (at)o = [laee’le’e] = laele’e’e]] = laee}l  a.

JTM [OKA3aHo, ITO TPYHNISl ¢ omeparusyu (6) Gymayr nso-
rounbiMy (cM. § 6) wu, mo BTOpON Teopeme Anbepra (cwm.
rouert § 6), uzoMopdhuMHy.

Uro e nacaercda HoHATIH 0600miernoll TPyaAN U mo-
AYTPYAH, TO TIONOJKEHIC Nnoe — ceiiuac Gyner morasao,
UTO CYIECTBYIOT OGOGHIEHHBIe TPYIH, HE COHEDKAMmHO
puynurapusix  dieMenToB. MoyrHo 6o 6H  fjorasarn,
BIpOYeM, dTO BCAKYIO mOJAyrpyay (Bcaxyio obobmeniyio
rPYRY) MOKHO H30MOPPHO BIOMHTL B MOAYrpyny (cooi-
BeTCTBONIHO, B 0006IMenuyo Tpyay), o0Iafaomyo Ouynu-
JapHHME 3JeMEHTAME M OIpPeJeNsAeMylo, CIeJ0BaTellbHo,
HEKOTOPOM WONYTrpynnoi ¢ WHBONIoNueHl (HeKOTOpO# wu-
BePCHON MONYIPYIIO).

Hpumep o6o6mennodt rpyan 6ez 6mn-
YOAUTAPHUHMX DICEMEHTOB MOKHO IOCTPOUTH
caeviomum o6pasoM. BosbMem MHOkecTBO M, HOCTpOHM
HA HEM CHMMETPHYECKYI HUBEPCHYI0 HOJAYrpynmy o me-
peiizeM 1 ompepesnsieMoii e oGofmenuoi rpyje; obosma-
gyM nocaegaio uepes G. BospMem, panee, B M mopamuo-
mectsa A m B m obosmaumm yepes G’ MHOKECTBO Beex
9eX HaCTHUHHIX MHOACTAHOBOK B M (1. e. Tex jieMenToR
us G), KoTopHe 0TOGPaKa0T (B3AMMHO OJHO3HAUHO) HEKO-
TOPOe TOAMHOKECTBO M3 4 Ha HEKOTOPOe MOAMHOMECTBO
u3 B. 910 MHOECTBO 3aMKHYTO, OYeBHJHO, OTHOCHTENb-
wo tepuaproi omepamuu [yl = @y~1y, T. e. ABAACTCA
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nopanrebpoit o6o0mennoii rpyis G H, CIeRoBaTeAbHO,
caMo 6yger o6obmennoit tpypoi. Ilyers e: 44— B, — ee
Guyunrapuni snemenr. Torna aas moboi wacrmauoi mos-
cragoBkn ¢ = G, 1.e. ¢: A'>B', A’ S 4, B' T B,
poxKHO OHTH eelgp = @. OTcoma cienyer, BBAAY OIpe-
HeNeHUsT YMHOKGHNA IaCTUYHHX HONCTAHOBOR, 4to A’
C. A4,, OTKy[Ha, TaK KaK, B YACTHOCTH, HOAMHO:xecTBo A’
MOTI0 GHITH JTIOOBIM OT/EABLIBLIM dJIeMEHTOM u3 A, BHTe-
kaer A, = A. Taxum obpason, ecInm moaMHOMecTEa 4 1
B 6ynyr sw6pansl Tak, 910 MOmMHOCTE 4 c¢Tpore Gosibiue
momuocTy B, TO coorBercrBylomas o000mEeHHAs rpyaa
G' me Gyuper conep:kaTh OMYHHWTADHBIX DIIEMEHTOR.
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Mu HpHUmIAA K DOHATHIO NMOJYTPYNUH, 3aMeTHB, UT0 B
HeROTOPHX HM3 OUpeselieniii TPYNNE yIacTByeT OnBapHas
acconmaTuBHag ounepanusa. llepsoe ompegeneHme IpYIHIAL
u3 § 2 mocie ypandenwsi W3 Hero TpeGOBaHUA acCOMMATHE-
HOCTH YMHOREHHA OPHBOIUT K APYTLOMY BayKHOMY HOHA-
THI0, TAKike CTABIIEMY B IIOCJe[Hee BPeMA IPeIMETOM CO-
nep::aTedAbHOR Teopuu. Vimemmo, Ipynmomp, B KOTOPOM
IS JIO0HIX DJIeMeITOB @, b OJ{HO3HRUYHO Pa3pelIHMLL ypas-
HEHUsA

ax = b, ya=0>,

nassiBaeTca keasuzpynnot. Hax u B § 2, MoKHO yTBEpII-
HaTh. 9T0 KBASATPYUIE COCTABIAIOT MHOTOOOpasme OTHO-
CATeNBHO TPeX OmHapHEX omepaumit ab, b\ a, b /a,
onpesiesieMoe TOKIECTBAMHA

zy\Nx)=y, Y/ x)x=y,
Y\ z =Y, yz S x =y.

s oupemenenus KBasurpynubl HEAL3A BHBECTH Cy-
mecrooBanHe B neil emwHunn. Heasarpynma, obiaagaro-
mad efUHAICH, HaskBaeTcs synot. JIynms Tawske cocras-
aAwT MHOroobpaswe, CHTHATYpa KOTOPOTO COCTOHT M3
Tpex OWHADHHIX W OJHOH HYJbapHOH omepanuu,

Henpsa paccamteiBaTs HAa TO, 9UTO HJAA OIPaBJAHAS
BufOpa KBasUIPYNUH B KadeCTBe OOBEKTA CAMOCTOATENb-
HOTO H3yUeHHA MOKHO GyneT HCHOJNB30BAThH KakaMm-NubGo
cuocoGoM mpeobpasosamnst niam orobpakenma. [lasg aroi
HedH XOpomIo CJY;KaT, OJHAKO, TaK Ha3sBaeMble CETH.
Ilo ‘o6pasumy reoMeTPHYECKON CETH, COCTOAINEH W3 BCEX
TOUeK ILIOCKOCTH I TpPeX CceMefcTB HpAMHBIX — BCE HPA-
MBle, mapajlieibHsie oCH abcuuce, OCH OpJHHAT H eme Of-
HOli UDAMOI,— BBEAEM cllefyomee momaTne. PaceMoTpmm
CHCTCMY H3 UeThIpeX HemyCTHX HONapHO HeHepPeceKaromux-
ca muokects P, L', L%, L3 omeMeHTH HepPBOr0 MHOKE-
CTBA HA30BeM MMOUKAMU, OCTAJILHLIX MOOMKECTB ~— RDAMbL-
MU, NpHYeM HyMEepPAaIMio MHO:eCTB (wid, Kak MBI OymeMm
rOBOPIUTH, CeMeHCTB) LPAMBIX CUHTaeM (HKCHPOBAHHOM.
Iipumer, 9ro ToYKEH W HpAMEE MOTYT HaXOJHTBCSI B O1-
HOWCHUN UHYUOeHmHocmy, BHDAYKaeMOM CIOBAMI «TOUKA
JAe;KHT A HPAMOi», «IpAMaf HPOXOJUT Uepes TOUKY»
aT. R
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Hazosem a1y cuereMy cemvio, €CIm BHIOONHAIOTCA CAe-
ayiomue TpeOoBamusa;

a) gyepes KA/RAYIO TOYKY NMPOXONHT ONHA M TOILKO Of-
a mpAMas KasRIOTO M3 TPeX CeMeircTs;

6) nBe mpaAMEle, NPHHANJIEKAINE K PasAEIHLIM ceMeli-
€TBAM, TEPECeKANTCH B OXHOM M TOJBKO ofHOll Touxe.

dameTnM, uTO BBHAY a) UPAMHE OJHOTO ceMeilicTBa He
MOTYT NEPEeCceKaThCSs. JaMeTUM TaKike, 4YTO CeMCHCTBA
11, L%, L3 paBHOMOMHH — MHl HOJXYIAM B3aHMHO OJHO3-
naunoe coorsercTBme Mme;xmy L' m L%, ecim ¢mrcmpyem
nexoTopyo mpamyio [ mz L% m comocTaBMM HPYr Apyry
Te mpaMble u3 L' m L2, KoTophe mepecexamTcs B ToUKe,
nexamei ma 8.

Ecan G — Muomecrso, PaBHOMOIHOE ¢ Ka)XKAHM H3
Li, i =1,2,3, To upaMEe KaKIOTO M3 BTHX TpeX ce-
MEeHCTB MOJKHO CHAGRUTh HAASKCAMHA, TPOGEr a0 IAMH MHOKe-
¢80 G. PUKCEpPOBAB HTH MHAEKCANEHA, NPATOM COBEDINEH-
HO NPOMSBONBHEIE, MH CJIEAYIONAM 06pasoM ompejersen
Ha G omepammio YMHOMeHHA! ab = ¢, eclm uYepes TOUKY
nepecedseHns upaMux I; & L' m I & L* npoxomgmt nps-
Maa b & L3 OTHOCHTENBHO 3TOMH onepanun G OGyner
KRaSWTPYONO#: eIAHCTBEHHHIM pemeRneéM ypaBHeHHA
axr = b, nanpumep, GyAeT MHAEKC TOW eAMHCTBEHHON mps-
Moit cemeifcTBa L2, KOTOpas MPOXOAMT Tepes TOUKY mepe-
CeUeHHA UpPAMBIX Iy m IS, DTa KBasmrpymma HaSsBaeTcs
Koopdunamuoll Keasuspynnoli MCXONHOH CETH.

Bearas wkeasuepynna G seasemca xoopdumammoli kéa-
augpynnoii Hexomopoii cemu. Ilocrpomm sry cers. Ee
TOUYKAMH CUATaeM YIOPANOYEHHE® mapsl (a, b) sixeMeHTOB
ns G, npameivm i-ro cemeiicTa, i = 1,2, 3,— camponus L,
ana Beex a & G. Touxa (a, b) cumrTaercA WHIWMIEHTHOMR
npamoit I; mepBoro cemeiicTea, mpAMOH I BTOPOTO W mpsA-
moii I3 Tpernero. CiegoraTenbno, TpeGoBamme a) BHOOJI-
nsercd. Bumonnsercs m tpeGosanme 6): upamsie lg u 2
nepeceralorcsl B Touke (@, b), mpamme I m I3 — B TOuKe
(¢, ¢\ a), upameie It u 2 — 8 Toure (¢ / b, b). Oue-
BUOHO, UTO WUPH YKABaHHOH WHAEKCANUE NPAMHEX HOCT-
POEHBOH CeTH KOODAMHATHON KBasUTPYNNON CAYIKNT Kak
pas xpasurpynna G.
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JameTmM, WT0 MPUMEHEHUH KBAUIPYMI, B TacTHOCTH,
B TEOPHH aarebpamvyecKuX KPHUBHIX, CBA3aHH 00mYHo ¢
VKA3AHHBIM IIpejicTaBjelneM KBasUTPYIIHl B KavuecTpe
KOODJIMHATHONW KBasurpymnsl nHexkoropoidl cern. Hworpa,
Brpodem, Gepercs monsTie, HBOWCTBEIHOE K CETH (mps-
MBple Ha3niBaloTCs TOYKAMI, & TOYKM — NPAMBIMHE).

Hooppunartmas Kpasurpyllia ceTl 3aBHCHT, OUGRHAHO,
0T BHOpANHLIX MHAEKCAIHN ITPAMHX KakJoro ceMeiicrsa.
Lenn i wmraekcanmn OyayT naMeredsl (4T0 PaBIOCHIBHO
TWPUMETCHNI0 K HUM HEeKOTOPHX HOACTAHOBOK MHOKeeTBA
(), To ma TOM ke MuHOecTBe G GyJeT ompejenena mopas
KBA3UIPYUNa, B o0meM ciaydae ¢ HepBOHAYAIbHON e n3o0-
Mopduas, Itd KBasUrpynos OyAyT, ONHAKO, U30TOMIIHIMA
B COOTBETCTBHU CO CIEAYOIuM OOIIPM OHpeneIenue.

IBa rpynmoupa, ¢ omepanuamMu a-b ¥ acb, onpenenen-
HEe HAa OXHOM H TOM ;Re MHO:RecTBe G, HA3HIBAIOTCH UIO-
MOnHMMU, €COH CYMECTBYIOT Takue HOACTAHOBKN O, 0 U T
Muo;kecTBa (, uTo And nobux a, b= G

ach = {(ap-bo)T.

Jlerxo npoBepsercss, YTo OTHOIMEHUE 13omonuu 6yuer mia
OumapHLIX omepamuii Ha MHOKeCTBe G OTHOTHEHHEM DKBM-
BaJNEHTHOCTH.

Mzomopdusm mBYX OUHAPHHIX omepanuil, 3afanHuIX
1a OJHOM M TOM 7K€ MHOKeCTBe, ABJIACTCA JAaCTIBIM CIydaeM
H30TOHNE, a HMeHHO OpH 0 = ¢ = 1~'. C apyroi cropo-
HE, M30TOIMA IAa3bIBAETCHA 24@6H0l (COOTBETCTBEHHO IOBO-
PAT O 24A6HOM UBOMONE), eCHU T ABNALTCA TORACCTBeNHOM
TONCTAHOBKOM, T. €.

ach = ap-bo.

Bearuii usomon epynnouda usomopgern Heromopomy
e20 zaasHomy usomony. JleHcTBUTENBHO, ecInm Ha MAOKRe-
crBe G 3ajaHel TPYONOWJE ¢ omepanuamm a-b u acb,
upuyeM a o b = (ap-bo)r, 10 omepamud

axXb = atp-bro

ompesenser nHa G TIaBHBI H30TOI HEPBOT0 TPYHOHOHAAs
H30MOPQHEIE BTOPOMY, TaK Kax

(av™* X btV = [(av)tp+ (b )tolt = (ap-bo)t = acb.
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Hee woopdunamusle keasuzpynnet o0wol U moik e ce-
mu, onpedeaerivie Ha 00Hom u mom dce muoxnecmee G, Ha
camom Oeae usomonwbl, JleiicTeuTeNbHO, 00603HATUM OIe-
pAamHIo B lIePBOil KBasurpynmme depes aob, T. e.ach =¢
osmavaer, 4T0 IpAMEe ly, l; m I5 mepeceralorcs B ORuoii
Touke. MemgeM Teneph WANEKCAIHH DPAMBIX KAsKI0T0
cemelficTBa, MOABEpPraA HX HOJCTAHOBKaM P, ¢ um 7. Te-
neph 9Td jKe TPH mpaMele GyAyT ob6osHauensl Yepes Lo»
lys, I, mpmuem Ka;KAMH u3 3JEMEHTOB ap, bg, cv mpo-
Geraer BCe MHO:KECTBO (, a MODTOMY BO BTOPOH RBasurpyn-
ne (¢ omepauueid a-b) 6yper

ap-bo = cr,
ap-bo = (ab)t.

Tax nak MOACTANIOBRKA O, G, T OBJIH NPOH3BOJILHLIMH,
10 SICHO, 4TO 6c¢ KOOPOUNAMMbE Kea3uzpynnbl OanHol cemu
cocmasaAfiom, ¢ MOYHOCMbI0 00 U30MOPPUIMA, NOAHBILE
KAQCC U30MONHBIL Keasuzpynn, ONPeJeicHHuls Ha MHONCE-
cmse G. OTcofa cpasy ciaemyer, 9TO 6CAKul zpynnoud,
usomonunil xeasuzpynne, cam 6ydem weasuzpynnoti. Hc-
HOABE3YA CeTH, JETKO KOKa3aTh Taike cIefyIOIylo T e 0-
pemy Aabepta (Trans. Amer. Math. Soc. 54
(1943), 507—519):

Beskaa keasuspynna usomonua HeKOMOpPOL ayne.

B canom peie, 3ajianHas KBasurpynna G CIYIKHT Ko-
opAMHATHON KBasurpynmoi mis cerm (P, L', L?, L3). Or-
MCTHM Temeph B (G HEKOTODHIA 3JIEMEHT € W CleRyIoIEM
06pa30M M3MEHHM NHAGKCANUI0 NPAMEIX: HHAeKCALHIo
cemeiictea L3 ocraBmM 0e3 m3MEHEHUA, & HEKOTODPYIO

npamMyio cemeitctBa L' ofozmaumm uepes l., mocie wero
npamyo cemeilictBa L? oGosmaumMm uepes I}, ecam oma
NPOXOJNT Uepes TOUKY HepecedeHnns NPAMHX [y m [} (a1um
onpesieaseTca, B UYACTHOCTH, mpaMas lo), u, Hanromei,
npAMyl cemelictBa L' ofosHaumm uepes B, ecum oma
NpOXOXAT depe3 TOUKY mepecevenms mpamux I m .

Ipm oToM, Kak JNerko OpoBepUTh, HHAGKC mpamoii I; no
uzmenurcsa. HoopammaTeas kBasmrpynona, COOTBETCTRYIO-



§ 6. HBASUTPYRIE 1 JIVIILI 43

Mag 3ToH HOBOJ HHAEKCANAHM, AMEET, OYCBHANO, JJIOMERT
€ cpoeil egmHMNEH, T. e. 6ypmer nymoi.

Wsorommrie Jaymer MOryT He OGHTb N30MOPOHEIMA.
CnpaBepniapa, ogmako, BTOopasd TeopeMa Ax
6epra:

Ecau ayna (8 wacmuocmu, epynna) w30MORHE HEKOMo-
poli zpynite, mo oMU U3OMOPEPHYL.

JTa TeopeMa BEITEKaeT, BIpOUYeM. U3 clelylomel T e o-
pemMs Bbpara— Xproo3a (Trans. Amer. Math.
Soc. 60 (1946), 245—354; J. London Math. Soec.
32 (1957), 510—511):

Ecau epynnoud ¢ edunuyeli usomonen noayzpynne, mo
OHU U3OMODPHBL, M. e. 06a A6AAI0OMCA ROAYepYRRAMU ¢ e0u-
Huyet.

JeficTRUTENLHO, YCTh HA MHOKecTBe G 3aflaHbl TPyN-
IOWJ ¢ YMHOKeHHeM a-b ¥ equHHUeH e W moJyrpynma ¢
YMHOKeHueM aob, Ipuder OHH M3GTOUDHSH, T. e.

a<b = (ap-bo)t,

THe p, 0, T — mofgcranosku B G. Tar Kax pgus J06mx a,
b, c=G
(asb)oc = ac(bec),

TO
[(ap- bo)tp-colr = lap-(bp-co)rolr,
OTKYJa
(ap-bo)tp-co = ap-(bp-co)vo. 1)
Honaraa 3nech ap = ¢0 = ¢, TOJNyYaeM A Beex b &= G
bo1p = bpvo. (2)

Iozaras, aaxee, B (1) ap = e u nenonn3ya (2), nogyvaem
bpto-co = (bp-co)to
uau, saMenan bp Ha ¢ u co Ha b,

at6-b = (a-byto 3)

sl Beex a, b & G. Amamoruuso, monarasa B (1) co =
B BcHoaksya (2), moixydaem

(ap- bo)tp = ap-botp
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nIM, 3aMeHAA ap Ha ¢ u bo Ha b,
(a:b)y1p = a-brp )

naa Bcex a, b e G. Harouen, mociegoBaTelsHO HCHOMb-
aya (3), (4) u (2), mosyuaem, 910 s MOGHX @, b & G

(aob)otp = (ap- bo)totp = (apro-bo)tp = apto-botp =
= agtp- botp,

T, €, HOACTAHOBKA OTQ OKa3LBaercsa Id30MOp(I)PIBMOM MO

Ay BafRHEHHMH TpyHmommoM n uomyrpynmmoil. Teopema
foxasaHa.
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Muoroofpasue aynm HacToAbKO IMMpe MHOT00Gpasus
rpyun, 910 6BI0 6n HeDPaBHILHEIM CMOTPETDh Ha JYIbl
Kar, TaKk CRa3aTh, Ha «Heaccoi@aTHRHBIe rpynmsry. B ca-
MOM feie, XoTA Jdyma obxafaer egunumedr 1 m, Gymyun
KBaBNUIPYOmoi, [N BCAKOTO 3JIEMEHTA @ COACPKMT Die-
MEHTH

at=1\auta=1_ a,

OAHARO OTH «06DATHHE DIIEMEHTH) BOBCE He MIPAIOT B AyNe
poib o6paTHHX DJIEeMEHTOB TpPynub. BgemeMm mosTomy
crefyomumit 6ojiee y3kmil Kirace JayH.

Jlyna G masmiBaeTcs aynol ¢ 06pamumocmvio, eC:In NI
mobux a, b &= G

(ba)a™ = b, lalad) = b. (1)

IloncraBuas Bo Bropoe w3 pasencts (1) smecto b nie-
MeHT a~1, morygaem ~la = a~!, T. e. 6caruli saemenm Aynw
¢ obpamumocmvio o0baadaem O00HOZHAYHO ONPEDCACHNBIM
deycmoponrum oGpamubly saemenmom a~l:

aa™t = g~ lg = 1.

Panencrea (1) npunumaoT Temeps Buj

(ba)a™ = a~Yab) = b. (2)
fAcuo, w10 (a7 = g, orxyjna
b\ a=a b, a=ba? (3)

JleiictBuTentHo, BBULY (2) 6yder, Hanmpumep,
a(a™'b) = (a™)"* (a~1b) = b.
Ha ocuosanum (3) moxaskem, w10
{aby™ = bat. (4)

B camom prene, ecam ab = ¢, 10 b = a~'c, oTRyna ! =
= be~! u, paromen, ¢t = bt gL,

YraeM eme HeROTOpHie cBodictBa ayun ¢ obparmmo-
¢TI0, Heobxomumeie s jganemeimero. Ilyers G — ra-
Kasg Nyma W NycTh 3ajlaH ee IVIABHBIH H30TON ¢ ONepanuen

a°b = ap-bo, )]
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TaK;Ke ABAAIOmMuiica nymo#; nyers 1, — eguHnNnA MOCTEN-
weit, Torfa, mofcraBinasa B (D) sMmecto b smement 1, mo-
AygaeM

a = ap-149,
oTKYAa. BBHAY (2),
ap = a-(iOO')_l.
Auasoruano,
bo = (140)7*-b.
Honosu

(10) =u, (1)t =2

3arerny, uTo B A1060# KBasUrpynne G yMEOREHHE C 1 P a-
B a BCEX ee HJIeMEeNTOB HA HeKOTOPHIH dJIeMEHT U Ompeje-
ngeT MOJCTAHOBKY MHO:ecTBa (7, KoTopylo MBI 06o3ia-
quM "epes r,. Amazoruduno uepes [, 0603HAYEM TOACTA-
HOBKY, NOJAYTalOMYOcd OT YMHOMKEHHS € JX € Ba Bcex
5JCeMEHTOB KBABHTPYINH Ha 3JAeMEHT v. DBOo3Bpamasch K
nyne ¢ obpatuMocThio (7, MBI MIONYYAEM, 4T0 OHepamua ()
H10GOTO ee IJaBIOTO HM30T0Ma, ABIAIOIETOcs JIYHOH, MoO-
et Gr1h 3amucana B BHJE

ach = ar,-bl, (6)

{curMBOT TOACTAHOBKYW, KaK OOLYHO, M5 3aUUCHIBACM
cupasa).

Orsernm, ¢ Apyro#t cropousl, ¥To WA Jynw ¢ obpa-

TAMOCTBIO G €e TAaBHLI M30TON ¢ omepanuei (6) mpu mio-

OoHX u, v & G Oyger nyunoir. B camom pgene, enuuumuein
fyner cay:kETEH saement v uTl, Tak Kak mas Beex a.= G

vt o a = (vluYr,-ab, = [ Yul-(va) =
= v ! (va) = q,

U aHaJOrHYHO C [APYTOH CTOPOHH.

Bepnemca ma MrmyTy X paccmorTpenuio u3oTonHI TPy
ponjios (cm. § 6). B rom wactmoMm caywae, worga ofe mzo-
TOOHLIC ONepalyy coBUANAT, acb = ab, 1. e.

ab = (ap- bo)x, (7)

TOBODAT 00 aemomonuu pacCMaTPHBAGMOTO TPYNIOEAA.
OGoszuaum depes A mOACTanOBRY, of6paTHYO T, T. €.
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A = 172, Torma asrorommio (7) MosKHO HePeUHCATH B BERe
ap-bo = (ab)k.

3amumem ee cumBonom (p, 8, A). B wacrroctn, ecan © —
aBToMopguaM rpynmonsa, 10 (¢, ¢, ¢) 6ynser aproTonmei,
n obparHo.

Ecam (p, 0, A) u (p’, o', A') — npe aBToTOmmE rpym-
monfia G, TO HMX Hpou3BejeHHE

(p, 0, ) (', 0', M) = (pp’, o0’, AD)
TawKe 6yfieT aRTOTONHWel, TAK KAK A MOOHX a, b = G
app’-boc’ = (ap-bo)A' = (ab)AA'.

ITO YMHOKeHHE aBTOTOLMIl ACCONMATHBHO, TaK KAK €RO-
MATCA K YMHOMEHWIO TONCTAHOBOK, EAMHHOEH CHY;RHT
TOIKIECTBeHHAA aBTOTONMA (€, €, &), Tie € — TOMKIECTBEN-
Hag TWOJCTAaHOBKa, a obparHoit Axa asrorommm (p, o, L)
Gyper asroromms (p~!, o=, A~'). JleiicrBHTenbHO, 310
Oyzer aBroromms, Tak Kaxk

(ab)h~t = [(ap~")p- (b Y)aIA"1 = (ap~1-bo 1)AA-t =
= qp~1.bo"1,

Homayuennan rpynma aBroronumii rpynmouaa CONEpIKAT B
KagYecTBe HOATPYOIH ero rpynmy aBTOMOPQH3MOB.

BroBb BosBpamasch K AymaM ¢ 06paTHMOCTHIO, OT-
METHM, 49T0 B HHX oTobpaskenme a — a~! 6ypmer mojcra-
HOBKOH; o6o3nmaduM ee uwepes

a = a1,

Jdewma. Eeau (p, 6, o) — agmomonus synw ¢ 06-
pamuxocmoio G, mo (A, o, p) u (1, A, ¢) makauce Gydym
ee asmomonuamu. O6pammuo, cyuecmecsanue awboli ua
IMUT HOBHLT A8MOMONULL 6AEUEM EYIYECNE08aHUEe UCLOOHOT
o8momonuu.

HeficrBurensuo, misa mobux a, b = G BuHDoIHAeTCA
paseuctBo ap-bo == (ab)h. Ilogcrasisas ciona ab BMecTo
a ¥ b~! BMecTo b, morydgaem

(ab)p-ba = al,
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OTRY/a
(ab)p = ah-(bio)™* = ak-ba,

7. 0. (A, 101, p), MEHCTBUTENBHO, — ABTOTONHA. AHANO-
FHYHO, NOMCTABIAA B TO ke paBeHcTBo ab BMecto b m a™t
BMECTO g, oJydaeM

ap-(ab)s = bi,
OTKY A
(ab)o = (ap)™*-bA = aipt-bA,

T. e. u (101, Ay 0) Gymer asrorommeii. llocneamee yrBepsx-
feHme AeMME CJIeyeT M3 TOTO, UTO IPHMEHEHHE yie Ho-
Ka3aHHOIO K aBroromuu (A, LGL, ), HAUPHUMEDP, CHOBA Aaer
aproronno (P, 0, A), Tak Kak \? = &,

Ha camoM pnene OCHOBHBIM OOTBEKTOM H3YUeHHA ABIA-
10TCA He AYOH ¢ o6paTEMocThio, a 6ojee y3xmii Kiace My-
¢dagrospix aym. Mmenno, Jyma HassiBaetTcs mydanzosod,
€Ciln BCe JYNH, eii M30TONHHE, SIBIATCA JYHaMh ¢ 05-
paraMocThio. MydaHroBEl NYyOB TaK:Ke COCTABIAIOT MHO-
rooGpasue BBmAy ciaenyiomedi Teopemu Mydganr
(Math. Ann., 110 (1935), 416—430):

Jyna G mozda v moavko mozda myganeosa, roeda 6 uei
6UNOAHACICA MOdNHCFecT80

(zy) (zz) = [x (y2)lz. ©)

., Morkasateabcrtno. Ilomowum cumepBa, UTO

G — nyna co cpoiictsoM ofparmmoctu. Mu 3maem, 9rto
BCAKME ee W30TON W3oMopdeH T'IaBHOMY HM30TOOY B 9T0
BO BCEX JyHAX, ABIAKNIAXCA ITABHEIMH W30TONAME Ty-
usl G, omepanmuu sajaiorcs mo mpasuay (6) npu Heroro-
PHX U H ¥, KOTOpHe MOTYT OHTL NPOH3BOJBHBIMI Dlie-
menTamu #3 G. Ilycts G, — opuH ®3 H>THX TJIaBHHX #30-
TOHOOB, & OHEPAnHMA B HEM 6CTh

acb = ar, bl,.

Buimonunsoctp B Gy nepsoro u3 toxaects (1) pabnocuin-
A CYMECTBOBAHMAIO TAKOH HOACTAHOBEN Ly, 9YT0 JAA JI0-
6oix a, b= G

(aeb)obry = a,
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9T0 PaBHOCHIBHO PaBOHCTBY
(aob)ry biol, = a,
PaBHOCHJIBLHOMY, B CBOK 0YePEXH, PABOHCTBY
(acb)r, = a-byylpr. 9)

SaMmernyM, 9To B Hamed Jyne G o0paTtHOil NA mOACTAHOB-
K T, CIYIKAT IOACTAHOBKA Fy-1, T. O, Iyt == I'y—, TAK KAaK
(aw)u™' = a; amamormuso [;' = l. Tax kar suaement
ar;' mpoGeraeT BMecTe ¢ DJEMEHTOM @ BCe MHOMKeCTBO G

B 0TO Ke) BepHO A anementos bl,' um b, 1o pasenctro (J)
PABHOCHJIBHO PaBEHCTBY

(arit o bIMr, = ary bl vl
1. e., nonarada l'vgl = T, — paBeHcTBY
(ab)ry = ary*-br;

HHLIMH CJIOBAMY, OHO pPaBHOCHJIBHO CYIIECTBOBAHHIO B
ayie G aproronmu (ry, T, ry). llocaenuee, mo Jemme, pas-
HOCIIBHO CYIECTBOBAHMIO aBTOTONMH (Ur;'t, ry, T), Pab-
woi (I, ry, T), TAK Kak BBHJY s3aMedaBusa Boime u (4),
i BCeX a = G

aryty = (a7 ") = ua = al,.

Ha camom fene, ofmaro, T == [,r,, Tak Kak #iIfA jiofero
a=G
at = (a-1)v = al, Ar, = (aly))u =al,r,.

Haxoren, cymectsopaume astorommm (l,, 1y, [,r,) ©Ho
ONPE/ICICHHI0 O3HAdYaerT, UT0 AAA AO6HX a, b &= G

aly - bry, = (ab)l,ry,
T. €.
(ua)(bu) = lu(ab)lu.

D10 03HAUAET, TAK KAaK 3JIIEMEHT ¥ MOT GHTH IPOH3BOIBHEM
.pieMenToM M3 (, WTo BHIIOJIHEHHE BO BCEX AyHaX, H30-
tonnux ayne G, mepsoro us Tosraects (1), cocraBiasommx
ompejeNenne JYNE ¢ 0GPaTHMOCTHIO, BJedeT BHIOJHEHIe
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B G ToacpecrBa (8). TarAM ke IEyTeM MOKA3HBAeTCs, 970 U
BHIIONHEeRHe BTOPoro |3 TosxaecTs (1) Bo Becex aymax, m3o-
TomHmX Jyne (7, BIeYeT BHIOJHeHUWe B G TOTO K TOK-
jecrBa (8); upw TPOBEJEHME AOKA3aTeNLCTBA HY;KHO JHIID
B HOJKHOM MECTe 3aMEHHTH DIEMEHTH & W b COOTBETCTBeH-
no na al)! u bry', a MpH OPAMEHEHWH JEMMEl WCI0JB30-
parp ee [pyroe YTBEpP:KOEHHE.

OcrtaeTca [OKa3aTh, 9TO0 BCAKAA Jynma (¢ TORAECTBOM
(8) 6ymer aymoii ¢ o6patumocteio. Ha (8) mpm y = 1 pas
Beex z, z &= G caenyer z (z2) = (zz)z. IloaToMy, moa-
crasuag B (8) Bmecto x, ¥, 2z saeMenTH 4”3, b, a (r7e a,
b — npousponbREe 3neMenTH W3 G m aa”! = 1), mexy-
qaemM

a b = [aYba)la™! = a~{(ba)a~!],

orryfa b = (ba)a?, v.e. B G BHUOIHAeTCA LEpBOe U3
rosrpeers (1). C mpyroii cropoms, moncrasiss B (8) Bme-
€TO Z, Y, z BNeMeHTH ~la, a, b (rue ~la-a = 1), Honydvaem

bta) = o @)(a),

orryra b = ~'a (ab), r.e. B G BHIONHAETCS U BTOpCe
n3s tosxpects (1). Teopema norasana.

3avernM, uto TosmaecTBo (8) MokHO OmMio OH 3ame-
HHTE B TOH TeopeMe HEKOTOPHMHE APYIHMY TO:KIECTBAMH,
PaBHOCHILBHIMI My B Kiacce JYI, HaunpuMmep, TOMAECT-
BOM

lxy)zly = zly(zy)l.

OTMeTHM, 9TO B CRIY Apyroit teopemst Myganr my-
$anroBy Iymy MOKHO ONpeAeldNTh KaK Takyl aAyny, Tro
BO BCAKOM JIyHe, eif A30TOMHO0H, HOANYyHA, HOPOKNCHHAA I~
GrMu gByMA 5JeMEHTaMH, acCONHATHBHA, T, €. ABJIAETCA
rpynuoi.
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Iousatue cetu, BBeneHioe B § 6, 6HIO MONCKABAHO
HpHMePOM CeTH, COCTABIEHHOH W3 BCeX TOYEK U Tpex ce-
MEHCTB OPAMBIX Ha INIOCKOCTH — IPAMEIe, Ilapajiienbine
ocu ¥, OCH Y ® ellle ogHON npaMo#r. CToab ke ecrecTsei-
HO, OAHAKO, DPACCMOTPEHHE B TPEXMEPHOM MPOCTPAHCTBES
MIT0KeCTBa BCEX TOYEK U YeThIpeX CeMeHCTB ILIOCKOCTeH —
HapaJiJIelbHBX TPEM KOOPHMIATHLIM IIOCKOCTAM M emfe
ogHOH miaocrocTH. llepexox K A-MEPHOMY eBEIHIOBY
HPOCTPAHCTBY OYEBMAEH. JTHM TOACKA3HIBACTCA CIAGHYIO-
Hiee ompejeIernue.

Cucreiya HENYCTHX TOMAapHO INCHEPECeKAIOMHXCA MHO-
mect P, LY, L2 ., ., L™ (pAeMEeHTHE HepBOro MHO/KECTBA
HaBLIBAIOTCH JNOURAMU, 8 OCTATBHLIX — 2UNEPNAOCKOCMAMU)
U33BIBAGTCH N-MEPIOW Cemblo, ecan MeAy TOUKaMH M IM-
HepHJIOCKOCTAME 3aJaH0  OTHOIMIeHIE  HHLE/IEHTHOCTH,
YAOBJIETBOPAIOMSS CIeAYIOMAM TpehoBammsaM:

a) yepes KamAylo TOURY HPONOAHMT OgHA M TOILKO
ojHa THOEPIIOCROCTh Kasknoro m3 n - 1 ceveiicrs;

6) » rmmepuiocKOCTeHd, MPUIAAIERANIIN K PA3ITWUHBIAL
ceMeHicTBAM, LEPECERAlTCA B OHOM H TONBLO OJHOM
TOUKE,

Taxum obpasom, ceru, paccMorpermiie B § 6, B cniy
JTOTO ompejedenua OyAyT HBYMEPHHIMH CETAMH.

3amermM, UTO cemeficrpa runepmiockocteir LY, L2, . . .
.« L™l DaBHOMOUIHEL — MBl IOJYYHM B3RHMHO OJHO3MAY-
Hoe cooTBeTcTBHE Meskny L' m L?, ecam ¢uxcupyem rumep-
mnockoeTm I' &= LY, i = 3, ..., n 4+ 1, ¥ THUEPIIGCROCTH
I' = L' comocraBmM rumepmiockocrs {2 = L%, upoxous-
mMyI0 4dYepes TOYKY HepeceveHHsA THmepmiockocreit I,
B, ..., My

lyers G — mmuomectso, pasromommoe ¢ L', i =1,
2, .., n+ 1. Henonpayes ero [JIA HMHAeRCAlUH THMOEp-
NIOCKOCTed HTHX ceMeHcIB, Hocjie Yero ompemeiuym B G

caenyIomuM o6pa3oM n-apuyio onepammio: a dy . « « Ap® =
== b, ecAH depe3 TOUKY HEPECEUeHHMH TIHHepPITOCKOCTeR
L, L i=1,2,... ,n, 0poXo T THICPIIOCKOCTS by~ €=
& L™, Jlns arofi onepannu na kasknom mamecr 1,2, . . .n
CymiecTBYyeT ONHO3HAYHO OonpefedenHas obparTHad omepa-
OUA: TaK, penieAweM ypaBHeHUA xa, .. .a,® = b Gynmer
HHJEKC TOH efuHCTBeHHOM rMEePUIOCKOCTI ceMencTra [,
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KOTOpasi IPOXOAHT Yepe3 TOURY MePecedeiins I'UnepriIoc-
o 32 3 n n+1
roereit lo,, Loy . o oy loy b

Anre6pa ¢ ojno#l n-apHOR omnepanmei, OJHO3HATHO
06paTHMOH Ha KaiKJ0M MecTe, Ha3HBACTCH N-Keasuepynnot.
Tak raK, Kak & B § 6, MO/RHO IOKA3aTh, UTO BCAKAA N-KBa-
3UTPYINA CIYRUT KOOPAMHATHOHR n-KBASHIPyHNMoil IHEKO-
TOPOH 7-MEpHOIl CeTH, TO N-KBABHTPYULLL OKA3HIBAIOTCA
CTOND ke ecTECTReHHEM O0BEKTOM HM3ydeHHA, KaK U KBa-
SUTPYOIE (T. e. 2-KBasHIPYLNH), M HX H3ydYenne YiKe
HAYaJoCh, SICHO, UTO N-KBaSUI'PYIDH NPH (QHKCUPOBAH-
HOM 1 COCTaBIAIOT MHOTooGpaszue.

Mgnoro pampmie #Havagoch H3Yy4eHHe JaCTHOI'O CIydas
n-KBAasHIPyum, o6o0maromiero Ha h-apHBA ciaydail 1mo-
HATHe rpynusl. VMeHHo, n-KBa3WTpyNila HASHBAETCA 1-
2pynnoti, eciu B Heil BHOONHAKTCA CleAyoOIMe T O K-
JecTBAa acCOMATATHBHOCTH:

(212 - o - Z,0)Tn4y o o« Topog © =
= Ty o o Ly (TraZisg o o TpnO)Tiinsy - -+ Fana®, (1)
i=1,2,...,n—1

Kax o6puno, us (1) ciaegyer, 9To B R-TPYOINE MOKHO
CJIHO3HAYHKM 00pPa30M TOBODHTH O TIDOM3BEJeHHH [ die-
MEHTOB @y, @y, . - ., Ay, B3ATHIX B YKa3aHHOM MOpAMKe, He
3a60TACH O TOM, K&K PACCTABJIEHH CKOOKM, €ClIH, KOHEYHO,
5TO TPOU3BENEHHE BOOOIIE MMEeT CMEICT, T. €. ecau i IpH
pexentn Ha n — 1 maer ocraror 1,

k=1 (mod n— 1).

VciaopuMesT 3alMCHBATE DTO MPOUBBEIEHHAE WPOCTO B BH/E
a,a, . . .a; (0e3 cuMBOia ®). YcNOBHMCA TAK:KE B Ciydae,
KOTJa B TAKOM NPOMBBEJEGHHU TMe-TO CTOAT PAKOM m Dje-
MEHTOB, PAaBHLIX OIHOMY ® TOMY K€ 3IeMEHTY ¢, IHCarh
BMEETO 9THX SJICMEHTOB CHMBOA @

Teopusa n-rpynn upu r > 3 CYyMECTBEHHO OTANIALTCHA OT
Teopum rpynn (1. e. 2-Tpynm), TAK KAK IPH n > 3 HeT
aifaziora eAWHHAIH. DByleM cuY@TaTh NO3TOMY, dYTO Na R
HAJOKEHO YKazaHHOe ycjxoBue n > 3.

1
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Oyers pama n-rpymma G. Ecam a & G, 10 pemenne
Ypasuenusa

a"lz = q

0003Ha9aeTCA Yepe3 @ M HA3LIBAETCA DIEMEHTOM, KOCHLM
mas onenenta a. OxaswmiBaercs, 9ro mus Beex i, 1 < i< n,

a’lg avit = q (2)

(cunraem, wro @° 03HAUAET OTCYTCTBHE BTOTO MHOJRHTENA).
HleficTeurensro, us a"'d = a caenyer

at = (a"a)a™? = @™t (ai"lga™ ¥)atl,

a WoOTOMY paBeHCTBO (2) BHTEKaeT N3 eJUHCTBEHHOCTH
obpatHoii omepammm mHa (n—i-1)-M MecTe.

Boasme Toro, pua awbex a, b & G nMenT MecTo pa-
senerea (i =0, 1,. .,n— 2)

baida"-1-* = b, (3)
alaa™ -2 = b. (4)
Joramen mepsoe u3 nnx. Moskno momo6partn 1axme are-

MOTTHL €5, Cyy ooy Cpg. 9TO b =¢1¢y o . .Chaa. Nonromy,

BBELY (2),
N-0-2 o i+l M2 —
=010 v« Gy (@1FGaTTTE ) =

= CIC.Z . e Cn__la == b-

baida

Bropoe paBemCTBO l0Ka3LIBAEGTCH AHAJOTIIYHO.

Mo:ruo 65710 651 mokasath (cM, 'meli X TeBUXT &
I’ 1 a 3 e x, Coll. Math. 17 (1967), 209—219), uro n-rpyn-
oy OpH n > 3 MOSKHO OHDEJelATh KaK MHOJKECTBO C Off-
HO# n-apuod omepanmueit, ymoBIeTBOPSIOMmEH TORIECTBAM
acconuarpsroctn (1), 1 eme oxmoll ynapuoil onepamueit &,
JUIA KOTOPOH BLIMOJHAIOTCA CASAYIOM{HE TOACCTRA, ABIAIO-
Wuecsa YACTHHIMEU CAydaAMH Toxkpects (3) m (4):

yr" i =y, yr'"irx =y,
"%y =y, xTa" %y =y,

Ilyets pmasa rpymoma I' ¢ yMHOkeHHeM aob.
Feanu n >3, 10 caenyommm o6pasoM oOnperenmM Ha
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MHO;kecTBE I’ n-apHYI0 OHEPANHEI0 a:d, . . Gy!
@8y . . Gy = @3-050. . . of,.

flcho, uro Bce Tpebopamma, BXOASNMAe B ONpefelieHHe
n-rpynnsl, sumonssaiorca. Hasosem monydemmylo n-rpyn-
ny onpedeasemoti rpynmoi T'.

Noxaskem, uto n-2pynna G, n > 3, moeda u MOAbLKO
mozda onpedeasemcs epynnod, ecau oxa obaadaem xroms
68 o0Hum saemermon t, YOoeaemeopRIOWUM YCA0BUAM

a) 7T =1,

6) 04 WOBUL @y,0y,. « ., An_y & G U 106020 §, 1 <7<
Kn—1, taa, . .y = ;.. Q1054 . . Gpq.

B camom pexe, ecin n-rpynna G ompefeinsiercA TpyI-
noit I, To poap snemenrta f wrpaer epgunmma rpynom I,
XOTHL MOTYT CYIIECTBOBATH M JPYTHE JIEMEHTH, 00Iala-
mue cBoiicTBamu a) 1 6). O6patHo, nycts n-rpynmoa G o6-
nagaer 3MeMEHTOM ¢ ¢ HY;RHHMH cBolicTBamy. Caegylonuu
ofpasom onpenenuM Ha G OGnHApHYI omepamuMIo: A BCEX
a, b= G

aob = at™th,

JT0 yMHO;eH¥Ee acCOIUAaTHBHO BBHAY aCCONUATHBHOCTH
omepalyy B n-Tpynme:

(a-b) o ¢ = (at™2b)t™-2c = at"? (bt™2c) = ac(boc).
Posy ejpununm Wrpaer sjedenTt {: Bpugy a) m (3) Gyger
ast = at*f = a. (9)

Haxoneu, ofpaTasiM [iad DiIeMeHTa a OyHeT pemepue
ypapHenusa af*%r = f, CymecTBYIOHmee B pr-rpynne G.
Hamu mocrpoena Ha MHOKecTBe G TPyNHa ¢ YMHOJKEHNeM
a o b. Oupemensemoil €0 n-TPYONOH CIYKAT MCXOXHAA
n-rpyuna G. B camom pene, nenoansys 6) B OpuMenAA ne-
CKOJIBKO a3 PaBEHCTBO a,l"! == a, (cM. (J)), morydaem:

’

A3000°. . 0@, == 11" 20" 2y . . . @ny i, =
= Oy . . . @ DD = qia, .. Lay.

Teopema mokasaHa.
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Met BuguMm, 4910 Kiace BCeX R-TPYHI, OUpPeAeTIAeMBIX
TPynnaMyu, OpH QWKCHPOBAHHOM R, R > O, ORa3HIBAETCH
MHOTOOOpasneM, B CHTHATYPY KOTOPOTO BXOAAT oHepalan
n-ITPYNUB ¥ eme offa HyIpapuas onepalwa. JTo MHOIO-
o0pasne OKa3KBaeTCA DKBHBAJEHTHHIM MHOTO06DasHAM,
YKa3aHHBM B § 2, T. e. Myl moxyumiu eme ojny dopmy
OIIpeReSeHUA TPYHIHL,

Honartme n-rpynusl Jonyckaer ciaefyoinee pasymiroe
oupasparme. HMmenno, Mo;kuH0 OBIO OB TOKa3aTh, 9T0
BCAKaA n-ITpynnma mn3oMopduo BRIajbBaeTcd B A-TPYINY,
ompejie/IAeMyI0 IPpynnoii. J1o BHTEKAGT M3 T €0 P e M H
ITocra(Trans. Amer. Math. Soc. 48 (1940), 208—350),
YTBED;RAAIOME , 9T0 BCEe A-TPYNIb MO/KHO HOJIYYINTH W3
Tpyun npH HOMOIDWM Cclefylomeil KoucrTpykiuu. Bepeics
rpymna G, obiapaiomas HOPMalbHBIM HeiuTeiem A, WH-
JeKC KOTOpPOTO KOHeYeH H jgeanrt umesio n — 1, a darrop-
rpynua G/A — nukanueckas. Toraa eMmeskHEbI Kaace Ag,
AsRALIMUcA 00pasyoIMUM 3JeMEHTOM dToH  ¢aKIop-
rpynosl, obianaer, BBUAY 2"! & A4, Tem CBOHCTBOM, 970
npouaBefeHnie JO6HX 7 ero 0JeMeHTOB CONep:KHTCA B
camoM aToM Kinacce. Huace 4, okasmBaercs, ciegoBartelib-
HO, N-TPYNOOH, a HWMEHHO, R-TIOATPYHNOE R-TPYHHH, OM-
pejpensdemol rpynmoir G.

Hpyrag ¢opma storo oumcamms n-rpynu — B pabo-
tax X oc¢cy (Publ. Math. 10 (1963), 87—92) n JI. M.
I'nycuxuna (Matem. ¢6. 68 (1965), 444—472).

IlpuBeseMm npumMep 3-TpynImb, He O P eJe-
iAaemMo#l RakRo#d-numGo rpynmoi Umenno, ger-
KO IpoBepsAercs, YTO ClieAyiomas aiare6pa ¢ OmHOH Tep-
Haproil onepanueit 6yjger 3-rpymunoii (Ha caMoM Jeje 3Hech
OPHMEIACTCA KOHCTPYKIHs, Yrkasanuasa B Teopeme Ilocra,
K ¢ly4al, Korga (G — maKIudecKas TPyIOa YerBepToro
mopsafka, a 4 — ee MOArpYNIA BTOPOro HOPAAKa): ajreod-
pa COCTOHMT M3 [BYX 3JIeMEHTOB a W b, a TepHapHaA omepa-
HHsAg KOMMYTATHBHA (T. €. NPOU3BEEHUE X,Z,T; He 3aBHU-
CHAT OT HOPALKA COMHOKHTCNEH) U 3aJ36TCA paBeHeTBAMHU

a® = b, a*b = a, ab® = b, b = a.
d1a 3-rpynma me GymeT OUpeAelfThCA TPYNNOH B CHIAY

AOKA3AaHHOM BHIIE XapaKTepPUsaluu TaKUX 3-TPYNH, Tak
Rak @ = b, b = a.



§ 9. ACCOIIMATHBHBIE KOJIBIA

Hacrasio BpeMA BCHOMHHOTH, 4T0 B Kypce BHCIIeH al-
reGpH HApAAy ¢ TMOHATHEM TPYHOLI 3HAYUTENLHOE MECTO
3anUMAaIoT HOHATHA ACCONHMATHBHOIO KOJbBIA H MORYIs.
HagmeMm ¢ mepsoro m3 HuX. Haoomumy, uro accoyuamus-
Hoe KO04bY0 MO;KHO ODPEeelHTh KaK MEO/KECTBO, ABJIAI0ONIee-
ca aGeneBoil TPYNIOOM HO CIOKEHMI0 M TOJYTPYNNoi Mo
yMBo;kenn1o (OHM HA3HIBAIOTCA COOTBOTCTBEHHO a/IIHINB-
HOil TPyNnoit ¥ MYJIBTAIIMKATHBHONR MOJYTrPYynIoil KOTb-
na), TpWYeM HSTH ONEPANUH CBA3AHH 3 aKOHMaMH
ANCTPUOYTABHOCTH

z(y + 2z) = ay + 23,
(x + y)z = xz -+ yz.

AccONTAaTHBHEIE KOJBIIA COCTABIAOT, CJICAOBATENBHO,
mMBoTo00pasue.

Jw6as abeaesa epynna G moxcem cayscumsv addumue-
Holl 2pYnnoli HEKOmopo2o GCcCOYUAMUEHOZ0 KOABYQ — JI0C-
TaTOYHO B3ATH Ha G HYJeBOe yMHOKeHHE, T. €. HOIOKHTH
ab = 0 nna Bcex a, b = G, rae 0 — Ayxab aAMATABHOM
rpymas. C jpyroii cTOpOHE, He BCAKaA NWOTY-
FPynma CAYHMHUTMYIBTHOINKATABHOM
DONYyrpyunmoif HeKOTOpPOro acCOIHa
THMBHOIO KOJILa, [lelficTBHTeIbHO, H3BECTHO, UTO
BO BCAHROM KoJbIe R pmas mwoboro ero dieMeHTa @ BRIOJ-
HSAIOTCA PaBEHCTBA

a0 =0.a =0, 4}

7. €. MYJIBTHINIMKATHBHAS TOIYrPyHHa acCOLHaTHBHOIO
KONBIIA BCEINA fABJIAETCA Noay2pynnoil ¢ Hysem (Ayib 1O-
ayrpynms ompepexsiercsa pasencrsamm (1)).

Besras noayepynna G usomopgro eraadvieaemcs 6
MYABMURAUKAMUGHYI0 NOAYeDYRNY HEKOMOopo2o accoyud-
MueH020 KOALYA.

IlpegnonoxuM cmepBa, 4ro G y:Ke ABIAGTCA IOATO-
JAyrpymmoi MyJBTAIIAKATHBHON HOJYrpynms Koxbna R.
Torma mOLKONBIO, IOPOKIeHHOe MHOKeCTBOM () oynmer
COCTOATH M3 TeX 9JIEMEHTOB Koxblla R, KoTophie xoTa Onl
ONHNM CHIOCOGOM 3aMMCHBAIOTCA B BHIAE CYMMB

N ke, 2)

=G
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rfie ¢ npoferaeT Bce dIEMEHTH U3 G, a KoopPuUNeHTH AB-
nAI0TCA HeJHMH YHCIaMH, OpHIeM He Golee K o-
HEYHOro YHCIa HTHX KodDPPumuen-
TOB OTAMIYHO OT HYJIA; 3T0 YCIOBHE Ia KOdP-
QUINEHTH OTMEUEHO IOTPHXOM Y 3Mana cyMMul. flcro, gTo
aleMedT b & G pomycraer sammcs Bupa (2), a mMMenso,
¢cky=1m k, =0 gaa Bcex a == b. B coorserctrunm co
CBOMCTBAMHE OTIEpAHON B KOMBLE 3JIEMEHTH 3TOIC BHJA
COCTABJIANT NOAKOJBNO, TAaK Kar

Nkt Dla= N b+ 1) a 3)
a=G ei={¢] a=G
0= N 0.q, (4)
=G
- ( Zlkaa) == 2’('— k)a, ()
ecEG ae=G
N ka Db = N me, (6)
i=e b=G =G

THe m, ABAAEICH CYMMOH BCeX OTAMYHHIX OT HYJA HpPO-
napefeRnit k,l, nns raxux a m b, uro ab = c¢. flcno, wro
npaBhie 9acTu paBeHcTB (3) — (6) mmeror Bug (2) ¢ Komew-
HHIM YHCIOM HEHYJIeBHX Kodddummentos. B wacrmocrTh,
pasenctBo (6) osmauaer, 94T0 KOHEUHBIE CYMME, CTOSMUe
MIIO;KHTEIAME B JI6BOH YacTH 5TOr0 PABEHCTBA, MEPEMHO-
JKaloTCA IMOWIEHHO, SaTEM NPUMEHAITCA PABEHCTHA BHAA

kot b = (i ly)(ab),

NPOW3BENIeHNA ab 3aMeHAIOTCA PaBHHIMH UM 3JIEMEHTAMHA
¢ DoXyrpynns G ¥, HAKOHEN, BHIOJHSNETCH TPUBeIeHNe
nono6HNX wieHob. llonydenuoe WOARONBIO TOPOKAAETCS,
OYEBUAHO, MHOKECTROM (.

IIyers temeps G — mpowmsBoibHas modyrpynua. Pac-
CMOTPHM MIIOJKECTBO BCEBOBMOJKHEIX (OPMAJIBHEIX CYMM
Bupa (2) ¥ oXpemeN MM B 5TOM MHOMKCCTBE ONEPATEM B CO-
OTBeTCTBHA ¢ paBeHcTBamu (3) — (6). Met mosyuam acco-
UMATHBHOE KONBI0. B camoM fele, 1o CIHOKEHHMIO 5TO
O6yner abexeBa rpymnma, Kark 6es BCAKEX 3aTpyXHeHUH
cuenyer u3 (3) — (5). Ilpomepra accommarmeHOCTH VM-
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HOMKCHHA W 3aKOHOB AHECTPUOYTHBHOCTH YK€ HECROJIBKO
IPOMO3AKA, HO HE TPeACTABIAeT HHKAKMX NPHIHNHIAATE-
HLIX TPYAHOCTeH, u Ml ee omycKaeM. OTMOTHM, 9TO YMHO-
;ienpe B cooteerctBHE ¢ (6) caom Buma (2), mmewmux
JNUH, OOUH HEHYIeBOH KO3GQHIMEeHT, IPUTOM paBHLIK
e[UHALE, CBORHTCA K YMHOKEHHIO 3XEMEHTOB HOXYTPYIULL
G. dTum ompenenseTCA W3OMOpPHOe BIOKEHHE 3ajaHNON
noayrpynus G B MyJBTHINTMKATHBEYI0 HOJYIPYHNY IO-
CTPOSHHOTO HAMH KOJBIA. JT0 camoe cBobojHoe M3 BO3-
MO/RMBIX BJOKEHWH Halllell NOAYyrpyOOmel B TOM CMBLICIe,
9TO0 BCAKHWE DJIEMEHT KOJbIa 3aUHCHIBaeTCs dYepes aue-
MeHTHl HONyrpynnst B Buae (2) omHO3HAUHO.

IlocTpoennoe HWaMH KOJBIO HABHBAGTCA YEAOHUCAEH-
HWM RoAYZpYRROEHM Koabyom noayrpyunmsl G, a eciau
G — TPyNma, TO YeAOUUCACHHHM 2DYNNOsHM KOALYOM ITOU
TPYITIAL,

Ecxn mMyapTunmxaTHBHAS NOJAYIPyHONa acCoLUaTHB-
noro rolbna R ob6iamaer egmuuued (cm. § 3), 1o R Hasw-
BAGTCA KOabloM ¢ elunuyer. AccomuaTUBHBE KOJILIR
¢ ejNuEUIEHd COCTABIAIOT, OYEBHAHO, MHOTooOpasue.

Besaxroe accoyuamusnoe roavyo R usomopdno eraadel-
EACMCA 6 ACCOYUAMUEHOE KOAbYO ¢ eduHuyel.

Hpenmonosxam coepsa, 4Yro Koasmo R yixe cojep-
YRATCH B accommarmpuoM koabne R ¢ egunumneii e. Torga
nofgKONBNO, mHopo;rAernoe B R MmuomectBoM R { e,
6YHAeT COCTOSATh W3 TeX JJeMEeHTOB, KOTOPHE XOTA Ol
o/(uuM CcIHOCOGOM 3aHUCHIBAOTCA B BHAE

a -+ ke, (M
rage a = R, k — uenoe umcao; oGo3HAa9HMM BRIpOKENHE
(7) cumsomom (a, k). Wz cpoficTs omepamuiél B Koible

ciaenyer:
(@, k) +(b, ) =(a+ b, k1 0), (8)
0= (0, 0), (9)
—(a, &) = (—a, —k), (10)
(a, k) (b, ) = (ab + la - kb, kI). (1)

Ilycre  temeps R — Hpon3BOABHOE ACCOLUMATHBIOC
KOIDL0. PaccMOTPUM MHOMCCTBO BCEBO3MORHBX AP BUAA
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(a, k), rne a & R, k — muesnoe 4ncao, W OHPefeSiAM B HeM
onepaEl B COOTBETCTBEH ¢ pasemcTBamm (8) — (11).
Mu momysuM acconmaTMBHOE KOIBIO — OYGBHMIHO, UTO
aTo Oymer afeseBa rpymma IO CJIO;KEHHIO, a TPOBEPKA
aACCONHATHBHOCTH YMIOKEHHA W BaKOHOB JUCTPHOYTHB-
HOCTH XOTA W I'DOMO3JIKA, HO He MPEJCTABIAET HAKAKUX
OPUHIMNHAIBHKX TpyAHocTel. Enuumneil aToro Koxbna
cry;eat mapa (0, 1), rax memepienno ciegyer us (11).
Haxouen, uws (8) u (11) cueayer

(@, 0) + (&, 0) = (¢ + b, 0),
(a, 0) (b, 0) = (ab, 0),

T. e. nape Bufa {(a, 0) cocraRAsIOT B DOCTPOGHIIOM HaMu
KOJBHE WOAKONGIC, W3oMopdHoe mexognoMy xoanny R.
Mu noayumam camoe cBoGOmHmOe BiIO:KeHMe Koabia A
B KOJUBHO € SIMHULEH B TOM CMHICI€, 9T0 3aIlUChH 3IE€MEHTOB
xoawvia B B Bume (7) — sBugy (8) — (11) 6yner

(a7 k) = (a9 0) ’l" k (01 1)

— OKRA3HIBAeTCA OAHO3IHATHOM.

AcconmaTUBHO-KOMMYTATHBHBE KOIbIa (yMHOReHUe
He TOJBKO acCOMUATHRHO, HO W KOMMYTATHBHO) Oniin
OOCKA34aHK, MOHATHO, KOJBIAMH WCEHd, KOJABIAMH MHO-
roanenos u Kojbunamm ¢ynrnmit. [loxaskeM, wem ompas-
AsBaercs Goaphiofl WHTepec X UPOMBBOJILHHIM accoIma-
THBHHIM KOJBI{aM.

Paccmorpmm romomopdmuaMel HexkoTopo# rpymme G,
32UACAHHON MYJIBTHIIMKATABHO, B aGeneBy rpyuny G,
3aNACAHAYI0 agmuTuBHO. ECaum ¢ m P — OBa TAKHX TOMO-
MopdmaMa, To oToGpasKeHme ¢ -} 1, ompepeaseMoe pa-
BEHCTBOM

a(p +9) = ap + ap, a6, (12)

rawsre Oyger romomopdmsiiom &G B G'. [efictBHrenbyo,
BBOAY KOMMYTATHBHOCTH CIoKenus B G moxydaeM pis
aobux a,b & G

(@d)(¢ + ¥) = (ab)g + (ablp =
= ag + by + ap + by = (ag + ap) 4 (bg + by) =
=a(p -+ + b(e 4 V).
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flcao, uro 9TO CIOKEHEE TOMOMOPPMU3MOB KOMMYTATHBHO
7 acconuaTuBHO. PoiIb HYJIA UTpaeT HYaesoli 2oMmomopPHusm,
oTobpaskalomuit elo rpynny G B myns rpymmost G'. G npy-
roii CcropoHs, mis o6oro romomoppusma ¢: G — G’
oro0pasKenHne —¢, OUPeAedaeMoe PaBeHCTBOM

a ('_(P) = —ap, a< Gv
Gymer roMoMOpQH3MOM, TaK Rak A1 Hwbex a. bes G

(ab)(—¢) = —(ab)p = —(ag -+ by) =
= (—ay) -+ (=bg) = a (—¢) + b (—¢)

S1oT ToMOMODPPIEM OyAeT RPOMUEONOAOHHUM I ¢,
TAaK Kak JUIA a4 &

alep 4+ (—@) = ap +- a (—¢) = a9 — ag = 0,

1. . ¢ 4 (—¢) paBHO HYTeBOMY TOMOMODHU3MY.

Taxum obpason, zomomoppusms awboii epynne G
(erko mpoBepHTH, YTO B Kauecrse G 8leCb MOKIO Gul10
G B3STL He Tpynmiy, a Jdiofyo ainre6py, OmHOTHIHYIO
¢ Tpynmoit) ¢ abeaesy epynny G' cocmasasem no CAOMEHUNW
abeaesy epynny. B uacrtuoctn, sHmoMopdHaME afesneBoii
rpynme G COCTABIAT WO CIOKEHUIO, ONIPe/elsieMoMy pa-
sercTBoM (12), aGexey rpyumy. Bmecte ¢ TeM, B coot-
BOTCTBHUH € § 3 OHH COCTABJISIT HONYIPYONY ¢ eJUHHIEH
00 VMIOJREHNIO B CMLICIE YMHOJKEHHS TpeoOpasoBarimii.

IToxaskeM, 9To DTH ONEPAIHUH CBSISAHLI 3AROHAMHN JIHC-
tpubytusrocTH. Mmenmo, ana maoGoro « € G u aw06mY
suRoMopdu3MOB @, Y H Y

alq (p + V1 = (@) 4 %) = (ap) Y + (a@)x =
= a(qyp) + aloy) = alep - ¢x),

al@ + ) ol = latp + Pl o = (ap + ax)e =
= (ap) + (ax)e = alpe) + a(xe) = a (o + 19).
Ilna pasbuefimero OTMETHM, UTO B J[OKA3aTeNbCTBE Iep-
BOTO BaKoOHA AHCTPHOYTHBHOCTH HE HCIOJB30BAJIOCH 10,
yro mpeobpasoBauusn ¢, P, ¥, ABIAANTCA HHEoOMOpPPHaMamMH,
TarnM obpasom, sHEOMOpdusMEl aberesoi rpynmit G
COCTARIAIOT OTHOCHTEJBHO OHepallil CJIOKeHHA M YMHO-
meraR oua0MopdU3MOB ACCONMATHBHOE KOILLO € eJHHH=
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neii. OHo HasniBaeTca koabyoM sHdomopdusmos abedeBoi
rpynun  G.

Bearoe accoyuamushoe koavyo usomop@hno exaadnsaemen
6 koavyo IHdomopygusmos Hexomopoll abesegoli apynnut.

Tak Kak BcAKOe AcCCONMHATABHOE KOJBIO M30MOoPPHO
BKJIAJLIBAGTCA B AcCONMATHBHOE KOJBIO ¢ eIHHUTEH, TO
MBl OyJeM N0OKassBarh CIHENYIOIYI0 TEOPEMY:

Beaxroe accoyuamuenoe woavyo R ¢ edunuyerr 1 uao-
MODPHO eraadmsaemcs 6 Koavyo oHIoMop@duamos ceoel
addumueHolii epynnel.

B camoMm pgene, comoctaBEM BeAKOMY a & R mpeoGpa-
30BaHme, IIePCBOJANEe BCAKUE siaeMent z & R B djeMent

xa. ITo 9HAOMOPPHAEM amMTHBHOH TPYNOH Koabna R,
TaK Kak

(z + y) a = za + ya.

C.YMMe 1 NPOU3BEJEHHIO dJeMEeHTOB u3 R COOTBETCTBYIOT
CyMMa ¥ HpOu3BeIeHUE COOTBETCTBYIOIIUX BHIIOMOI)(I)]/I:i-
MOB, KaK IIOKAa3LIBAIOT paBeHCTBA

z(a - b) = za - 2b, z (ab) = (za) b.

Haxonen, pasiamansiM 2JeMeHTaM u3 [ coOoTBeTCTBYIOT
pasiamuHbIe DHAOMOPOU3MEL, TaK Kak W3 4 == b ciexyer
1.a==1-5.

B reopuy accoHmaTUBHBIX KoJell, HLIHE BeChMa HNIAPOKO
paspaloTannoil, GOMBIOYIO POJNEL MIPAIOT CAEAYIOMIE KIac-
cHl KOJIell, He SBJIAIOIHECHd, BOPOUEM, MHOTOONPa3mAMU:
KoJAbIA Ge3 jexurened myas u teaa. Mmenwmo, woabio R
11a3bIBAETCA Koabyom Oes Oeaumeaeli HYas, eclIn ero die-
MEHTH, OTIHIHBIE 0T HYJNHA, COCTABIAAOT NOAHONYTPYIIY
MYJBTATLIMKATHRHON MOAYIPYOLIGL KOABIA, HHBIMHU CJO-
BaMH, eCJH IPoW3BeJeHHe JI06BX ABYX DICMEHTOB u3 K,
OTIHYHEIX OT HY/JAA, caMo OTJAHYHO 0T Hyna. [cam ke
YKazaHHASg NOAHOJYIPYyHNa OTIAYHBIX OT IYJA DIEMEHTOB
ABJNAETCA 10 VMHOMKOHMIO [a:ke TPYHNoHd, TO KOJABIO
11A3BIBAGTCH MELOM, A4 B AaCCOMUATHBHO-KOMMYTATHBHOM
cayyae — RoOIeM.

flecro, UWTo BCAKOe MOJKOJIBIO Koabra 0e3 feamntereil
HYJNA, B 9acCTHOCTH, TejJa, caMo OyAerT KoIBIoM 0e3 Heln-
reiet Hyasa. BosHUMKaeT ecTecTBEHHBH BOIPOC, BCAKOS
JM AcCONMATHBHOE KOJBIO 0e3 JenuTeNeli HYIA MOKHO
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BIORATH B TEI0? OTOT BOHPOC OKA3AJCH TECHO CBA3AHHBIM
¢ BOIIPOCOM 00 YCIOBUAX, IPH KOTOPHIX MOTYIPYHNA MOGKET
fn1Th BHOKeHa B Tpynmy. VI3 cBOECTB Ipynmbl HeMeJIeHNO
cleayeT, 9T0 eCAM monyrpynna G ABjgeTcsa MOATONYLPYI-
moft Tpynust, T0 G GY[ET NO4Y2PYNNOL € CORPAUjEHUAMU,
7. . aug M0bLX a, b, ¢ & G us ac = be, a TaxiKe U3 ca =
= ¢b cuegyer a = b. [loxyrpynma HemyJeBHX dIeMEHTOB
BCAKOTO AaCCOIMATHBHOIO KOIBIA 0Oe3 menmreneil HYHIA
GyneT WOJYIPYNHOH ¢ COKDAmEHHAMH: €CHAH B KOJbIE
Ges mesureneir myag ac = bc m ¢ == 0, 10 (@ — b) ¢ = 0,
otkyga a — b =0, 1. e. a =

Moskuo moraszath, YTO BCA KA d KOMBMYTa-
THBHAA HNOAYrpyHnIma €C COKpPaAamMeARAAMH
mzomopduo BRIAJAXBBAaETCH B abe-
NeBYy TPymuy, a BCAKOE 2acCCONHATHR-
HO-KOMMYTaTHBHOe RKOIbOO Ges Je-
auTened myaa (1. e. o6XTacTh [enoCT-
wocTH) H3O0MOpPOPHO BKIajgbBaeTCHa
r texo. C ppyroi crtopomm, A. W. Maarnmes
(Math. Ann. 113 (1937)) mocrpomn mpmMep accounatus-
HoTO (HO He KOMMYTATHBHOTO) KoJbma 6e3 memmTenei
HyJifg, KOTOpO® He BKIAALIBAGTCA B Telio, HpHIEM HONY-
rpynna HEeHYIeBHX JJIeMeHTOR DTOTO KOAbIA (ABJIAMIA-
sicA, KAK MBL 3HAeM, IOJYrpynmoii ¢ COKpameHAAMM)
e BRIaNBBaercs B rpymmy. B caMoe mocsiefHee Bpems
eCKOIBKO aBTOPOB, B dactHoct#, Jl. AL BoxryrTs
(HAH CCCP 165 (1965), 555—558), mocrpomnu mpuMepsl
ACCONMATABHEIX Kojien 6e3 jejimresiedl Hyds, KOTOpHIE ¢
BRJIAMHIBAIOTCA B TeJO, XOTH DOXYIPYIIH HX HeHYJAeBLIX
BICMOHTOB BRJIAJLIBAIOTCA B TPyOmy.
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Xora rpefoBamme acCOBMATHBHOCTH  YMHOKEHHA
B KOIBIE OKaSHIBAETCH BEChMa ECTECTBEHHHIM, KaK TOALKO
9T0 GHII0 MOKA34HO, OJHAKO OYEHEL YacTO OHO HE BHAM-
uaercsa. Ilo srofl nmpuumnae kosbyom nA3LBAOT  celwac
HEacCONMaTHBHOE (T. e. He 00A3aTelbHO ACCONHATHBEOE)
KOoapmo. Jro axrebpa, ABIAOMagcA afenesoit rpymuoi
0 CHO/KEHHI0 M TDYNHOHAOM II0 YMHOJKEHHIO, NPHIEM
8TH ONepanub CBA3aHH B3aKOHAMHA [AACTPHGYTHBHOCTR.
CaoBa «addumusHas epynna kOAbYA» U (MYALIMURIULEAMUG-
Wul 2pynnoud keabLYAEY MAMEOT DOHATHHM CMEICIH.

OzmernM, 4T0 nuA (HeaceoEaTHBHEIX) KOJEI cOXpa-
HATCA (¢ HX AOKa3aTeNbCTBAMU) MHOFRE HpOCTeHDIFe
CBOMCTBAR AaCCONHMATHBHMEIX KOJIeH, B YacTHOCTH, 3aKOHH
RHACTPROYTHBHOCTA IUIA PasHOCTH,

alb—c)=ab—ac, (b—c)a=ba— ca,
MYABTHOIAKATHBHOS CBOMCTBO NYyIdA,
a-0 =0-a =0,
OP3BAJO 3HAKOB OPH YMHOHEHHH,
(—a) b =a(—b) = —ab, (—a)—b) = ab.

JocaoBHO Tak e, Kak B OpeAsAymmeM maparpade, Aoxa-
3EIBACTCHA, ITO 6Carull epynnoud G usomopdre sexradueaemes
6  MYLMUNAUKGMUSHUT 2DYRnoud HeKomopozo koabya
(a mMeHHO, CTPOHUTCA YEAOUUCAEHHOE 2DYNRNOUOHOE KOALYO
rpynmonaa G), a TaKKe 4GTO 6CAKOE KOAbYO UOMOPEHHO
eKAA0NEaEMEs 6 KoAbYO ¢ eOuHuyel.

IlopaTme xoabma Ge3 pelmTeNell Hyjid HEPEHOCHTCA
HA HEaccoNHaTHMBHHE cayda#t 6e3 BCAKWX BaTPyIHERHI.
UTo ke KacaeTCH NOHATHA TeNia, TO HPH €ro NePeHeCeHuu
HA HEACCOMMATHBHHIN CAyYalli BOSHHKAKT PAa3TUIHHE BO3-
MOKHOCTH, IpHYeM IOKA HeT YCTAHOBUBIUEHCA TEePMHHO-
aormH. Mul GynmeM TOBODHTH O Koablye ¢ OeAeHUEHM, eCAH
ana nobmx a 1 b, rae a == 0, ypasHeuns

ax = b, ya=2>=

o0r1agaloT B KOIbIE pemeHHAMH, He 06A3aTelbHO OfHO-
3HAYHO ONpeJelfeHHHMH. HONBIO ¢ [eNeHHEeM MOKeT
ofanaTh, CIEOBATeNBHO, HEHMTENAMH NHYId.
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KoupIo, B KOTOPOM YKasanuble YPABHEHNA 001aJaior:
ONHO3HATHKIME PEIICHHUsIMH, Ha30BeM keasumesom. Ilemv-
Telxeil HYJIA KBASHTEJIO COMEP:KATbh HC MOKCT M IOITOMY
ero OTJIWTHEIE OT HYJsd 9JI6MEHTH COCTaBIAIOT N[O YMHO-
MOHMIO Ipymmomy, faske kpasurpynny. Haromen, Tepmun
meso menecoofpasHo HPEMEHATh K KOABUY, MYJIBTHILIA-
KATHBHHE TPynmons HEHYJIeBHX DJIEMEHTOB KOTOPOTO
ABNAGTCA JYNOH WM, OHTH MOKET, Aake MyQpaHroBoi
JyOoi.

Mo3KHO JIOKRA3aTh, 94T0 BCAKOE (HeacCcomMuar
THBHOE) KONXbhIO 63 NeNlHTENEN HYIA
pruananuBaercns B kpasureao (B.Heii-
Mmam, Proc. London. Math. Soc, 1 (1951), 241-—256).
OTMOTHM TaKs ke, YT0 BCAKHM FPYyHOmoOH] C CO -
kpamenuamu (Cp. § 99 BraIagmBaeTCH
B kBasurTpynny (cm., nanpmmep, 11. Ko m, Ynn-
pepcanpHasa axnre6pa, VII, 4).

TlokaskeM HeKOTODHIE CIVUAW IOABJIENNA HEACCONHA-
TaBEEX Kojern. Ilyers R — mpomaBOABHOE accon{aTHB-
goe Kojabho. CoxXpaHuM ero aggWTHBHYIO Tpynmy, a oime-
panuio yMEO:KeHusi ab 3aMenuM onepayueld KomMymi-
posanus

aob = ab — ba. {nH

910 HOBOe yMHOKEHHE JIHCTPUOYTHBHO OTHOCHTEILHO
CJHOMEHN; Tar, HaIpuMep,

ac(b4-¢) = a(b-+c)— (b+c)a=ab+ ac—ba— ca=
== (ab — ba) -}- (ac — ca) = acb + a-c.

O6o3naunM monyduennoe kodbno wepes RO, Ecan
koAbo R GHIO M KOMMYTaTHBHEIM, To R Gymer mpoctu
KOJBUOM ¢ HYJIeBHM yMHOKeHHeM. B ofmem ke ciydae
OHO MOKXOT OKa3aThCA HeacCoNuaTHBHHM. B HeM BHIOIHA-
0TCA, OIAKO0, CICHKYIONUe TORIECTBA, M3 KOTOPHIX BTOPOE
HaspBaerTca moxcdecmeon Hrobu:

2

z 0, (2)
(zy) z + (yz) @ + (z2) y = 0. 3)
Iporepum Tl TO:KIXECTBA:

i

aca = aa — aa = O;
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(aob)ec + (boc)ea - (coa)ob = (ab — ba) ¢ —
— ¢ (ab — ba) + (bc — ¢b) a — a (bc — cb) -
+ (ca — ac) b — b (ca — ac) = 0.

Hoareno, ypomaerBopsmomee tosmmectsam (2) m (3),
HashiBaeTcs aueshim. Tarum obpasom, ecakomy accoyua-
musnomy roavyy R coomeemcmeyem aueso wroavyo R
¢ moti sice adOUMUBHOLL 2pYNNOLL U ¢ YMHONCEHUEM, Onpe-
deanenvim pasencmeom (1), Hax moxasan Jlaszap
(C. r. Paris 234 (1952)), nusa Besikoro nuesa Koxbma [
MOJKHO YyKasaTh TaKoe acCOlMATHBHOe Kouabmo R, uro L
H30MOPQHO BRAAJBIBACTCA B JTHEBO KOJIBLO RO,

Hns panpHefmero oTMeTmM, 9TO IIMeBO KOJBIO, CO-
OTBETCTBYIOMEE B YKA3aHHOM CMEICHE KOJBIY SHIOMOP-
dmanos abeseBoit Tpymne G, ME 6YEeM Has3bIBATDh AUEEHM
Koavyom sHOomopgusmose sT0H abeneBoil rpynme.

YRakeM ellle OiMH CJAy9ail MOABIEHHA JHEBHX KOJIEI.
Ecnm R — mpoussosbHOe (HEe 00f3aTelIbHO ACCOHMMATHB-
HOe) KoJbLo, To Jugfeperyuposarnuen Koabna R wHassl-
BaeTCA BCAKoe mpeobGpasosanme O mmoskecrsa R, sasua-
0meecs SHAOMOPPUIMOM A[NWTHBHON rpynmn koasua R,
T. e.

(a4 b)Y =ad 4+ 5, a, b= R,
H YAOBIETROPAKINEE YCIOBHIO
(ab)d = (ab)b + a(bb), a,be= R.

ITpamepom amdpdepeHnupoBanua N060r0 KoALa R cay-
MUT HYJEROH 9HAOMODPPH3M €ro aNJUTHBHON I'DYNILS.

Huggepenyupoearus npoussoavhozo koavya R cocmas-
ASIOM AUCEO KOALYO, @ UMEHHO NOJKOALYO AUESA KOAbYWL
sHOomopusmos addumusnoii epynnst kKoavya R.

B camom pgene, eciu §; m 8, — maddepennuponanus
Koana R, To smpomopdmsM aummTmBHOK Tpymmm O, -
-i- 8, Tare Oymer muddepeHrmpoBaHmeM, TaK KaK 1A
awwbwx a, b= R
(ab)(®; -+ 8,) = (ab); + (ab)d, =
= (a8,)b + a(bdy) -+ (aby)b + a(bd,) =
= (ab; + aby)b -+ a(bd, - b6,) -

=la (6, + 8,)1 b - a [b (8, 82)1.
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Hynepoit smpgomopdmaM, Kak y:Ke OTMEYEHO BhiIie, fAB-
gaercs puddepennupoBannen. JupomopdmsM —O, mpo-
THBOLONOKEEH muddepernupopanuio 6, cam Gyner nud-
$epeHIIMPOBAHAEM, TaK Kak mid a, b & R
(ab)(—8) = —I(ab)8] = —[(ad) b 4 a (bd)] =

= [a(—8)1b + a [b(—0)].

Haxonenm, amero mponsBefenme
‘31°62 = 61‘32 - 6251

nnddepennmposanmit 6, m 8, camo Gymer mmddepenun-
poBaHHeM, Tak Kark mig a, b= R
(ab)(8,08,) = (ab)(8,8, — 8,6,) =
= [(ab) 6,1 8, — [(ab)d,} 6, =
= [(aby)b + a(b,)18, — [(ad,)b + a(b,)18, =
= [(ad,;)b18; + 1a(b8,)18, — 1(ad,)b18; — la (b8,)18,=
= [(ab,)5,16 + (ad)(bd;) + (ab,)(Bd,) - a [(b61)8,] —
— [(ad,)8,16 — (ad,)(bd,) — (ad,)(bd;) — al(bd,)8,]1—=
= [a(6,°8,)] b -+ alb (§,8,)].

3aMeTaM, UTO COBOKYNHOCTH ARQdepeHIHPOBAHMA KONIb-
1a R OOfKOAEIOM (aCCOMMATABHOIO) KOJIBI{A BHIOMOPPH3-
MOB €ro afiiMTHBHOM Tpyunsl B obmeM ciydae He Oyjer.

HMpyrofi riacc HeacCOMMATHBHHX KOJEN MBI IOJYUHM
cAeyIONMM AHANOTHYHBIM IyTeM, B mpousBoJBHOM ac-
COLHATHBHOM KoJbIle R coxpaumM agfUTHBHYI0 Ipynny,

a OIepPaNHI0 YMHOKEHHA 3aMENHM onepayueli cumiempu-
posarus

a-b = ab 4 ba. (4)

9710 HOBOE YMHOMKEHWE J[HCTPHOYTHBHO OTHOCHTEILHO
CIOKEHAA; HampuMmep,

a-(b+-cy=uab-+ )+ (bt ca=ab+ a - ba-+
+ ca = (ab -+ ba) 4- (ac *- ca) = a-b + a-c.

(O6o3HaunM HOXy4YeHEHOe Koabmo depes R, Ilonasken,
YT0 B HEeM BHTONHAIOTCA CJIEAYIOIEEe TOM{eCTBA!

Ty =y, (5)
Hz-z)-yl 2z = (z-2) (y-2). (6)
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B cavowm mene, pua mobux a,b = R
a-b=ab -+ ba = ba + ab = b-a,
l(a-a)-bl-a = l(aa -+ aa) b -+ blaa -+ aa)l a +
+ a l(aa 4 aa)b -+ blaa + aa)l =
= aqaba - aaba -- baaa -+ bana -+ aaab - aaab -+
-+ abaa -+ abaa = (aa -+ aa)(ba + ab) +-
-+ (ba -+ ab) (aa -+ aa) = (a-a)-(b-a).

Honwsna, ypoBaersopsomue ToxpectsaM (D) u (6),
Ha3HBAWTCA Uopldanosuimu. B o6mem cnydae oHM Heac-
COTMATHBHEI, XOTA K WX YUHCAY HPHHAIIEKAT, OTEBHIHO,
BCe aCCONHATHBHO-KOMMYTATHBHLIE Kolpla. Mer moayanns,
qATO 6CAKOMY AccOyUamuUeHOMY koabyy R coomsemcmeyem
tiopdanoso koavyo R ¢ moi sce addumuenoil epynnotl u
¢ ymHoxcenuem, onpedessemum pasencmeon (4). Ormerum,
BIIPOYEM, UTO He BCAKOe HOPHAHOBO KONBIO H30MOpPHio
BRJAfHBAETCA B Koabmo R gasa raroro-imbo acconma-
THBHOTO Koabia R.

MnuorooGpasust sueBBIX M #OPAAHOBRIX KOJeIH CTajlu
yike HaApAAy ¢ MHOroobpasueM acCOIMATHBHEIX KOJEH
HOCHTeNAMH GOTaTHX ¥ aKTUBHO paspabarbiBaeMblX Teo-
puii. Mayuwarorca m MHOTHe ApyTHe KIacCH HeACCOIHa-
TUBHHIX KOJEN, B YaCTHOCTH, KOMMYMAMusHbE KOAbUA,
VI0BIACTBOPAONINEG TOKAECTBY (D), W aRMUKOMMYMamue-
HBe koabya, YOOBIAeTBOpHARMue TosmaectBy (2). Hasna-
H¥C HOoCHeNHHX OOBACHAeTCA TeM, 4T0 B JNIO0OM KOIBIL
R u3 rospecrBa (2) BHTEKaeT TOMIECTBO

Ty = —ya. (7
Heitictsurensno, ecan a,b e R, 1o, BBUAY (2),
a® = b* = (a 4 b)* — 0,
OTRYia
0:=(a- b)? = a4 ab -+ ba - b2 = ab + ba.

O6paTHo, eciii ajiuTHBHAA Tpynma Koabma R He cofep-
JHT 37eMEeHTOB BTOpOrO mopsagxa, To us (7) cmenpyer (2),
Tak Kag s xawboro a & R 6yger euny (7) a® = —a?,
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7. e. 2a2 = 0, oTKy/a, BBUAY CACIAHHOTO HPEIII0J0KenNs,
a? = 0.

Boapmoit wHTepec HpPeICTAaBIANT HEKOTOPHIe KJiacChH
KoJell, ABAAIMUXCA 0000MEeHNAMU aCCONUATHBHLIX KOJeH,.
Tak Kak B TOKAECTBE ACCONHATHBHOCTH YYacTBYOT TpH
HOHM3BECTHEIX, TO BCAKOE KOJBIO, B KOTOPOM accollHaTHB-
HMH BCe DOJKOIBI[Aa, MOPOKIEHHBIE TpPeMA DICMEHTaxH,
camo Gymer accommatuBHEM. Iloaromy ecrtectpenno Bos-
HIIKAeT NOHATHE QAbMEPHAMUSH020 K0AbYQ, T. €. ROJbHA,
B KOTOPOM aCCOMMATHBHEI IOJKOJLIA, HOPOFKIEHIILIe
no0nMu AByMa osuaemenTtamMu. CymecTByer Te o P ¢ i a
Apruna, 1O KOTOPOH KOJBIO TOTAA ¥ TOIBKO TOTIA
AanbTEPHATHBHO, KOTAAa B HEM BHIIOJHAIOTCA TORIECTBA

(xx)y = z(zy), (yx)z = y(zz).

ATBTCPHATHBHEIE KOJBIA COCTABIAIT, CHeI0BATENbHO,
MHOroo0pasne; »T0 MOMKHO OHIo OB yeMOTPETh, BIPOYEM,
M K3 HCXOJHOTO OIpefeleHns.

Eme Gollee IMHPOK KIace Kodey C GCCOYUAMUSHBMU
CMeneHam, T. €. KoJel, B KOTOPHIX ACCOIMATHBHBEI BCe
NOSKONIBIA, WHOPOKIEHHKE OJHUM dJeMeHToM. DBecbMa
MAPOK TaKiKe KIACC 24ACIMUMHLIX KoJell, yHOBJIeTBOPS-
JOMHUX TOKAECTBY

(xy)z = x(yz).

K »1OoMy RiIaccy Kojdell OpuHAIJIE;Rar, OYEBHIHO, BCe
aJbTepHaTABHHE (B YaCTHOCTH, acCONMATHBHEIE) KOJNbLA.
K nmemy mpumajjie;zar u Bce KOMMYTaTUBHEIE (B YACTHOCTH,
HOpHaHOBH) KONBIIA, TAaK Kak B 3TOM clydae

(ab)a = a(ad) = a(ba),

a TakKe BCe AHTHKOMMYTATWBHBIE (B YaCTHOCTH, JTHEBHI)
KOJBIla, TAK Kak B 9TOM ciayuwae, neuay (7),

(ab)a = —a(ab) = —a(—ba) = a(ba).

ITouaTtne KoJbna, KaK U TOHATHE TPYIIIL, MO;keT OHTH
OIIPEieJIEHO MHOTIMY DKBUBRJIGHTHHME CIOCOGAMIT; HHEIME
CJIOBAMH, CYIHECTRYGT MHOTO PA3IHYHEIX MurOrooOpasmit
ajxre6p, SPKBHUBAJICHTHHX MHOT00Opasiio Beex roiern. Tak,
B HPOH3BOILHOM KOJBIE PACCMOTPUM RPUCOCIUHEHHOE
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YMHONCEHUE, OUDEAeNAeMoe PABEHCTBOM
axb = a 4+ b — ab. 8
Tax xax orciona
ab = a4+ b — axb, 9

TO HOHATHE KONbIa MOKeT OLITH ONPEAESeHo IPH IHOMOLIM
OOBIIHOTO CJOKEHHS U UPUCOCIUHEHHOTO YMHOKEHESA.
SarOHH ZUCTPHOYTHBHOCTH OPHHEMAIOT Temeph HEmpH-
BHYHLIA BHJ, a WMEHHO

(@ 4+ b)sc = axc 4+ bxe — ¢, (10)
cx(a 4~ b) = cxa - cxb — c.

ITporepum xoTs Gu nepswii W3 BHX:

(a4 brc=a+brc—{adbc=a+ b
+ec—ac—bc=1(a -+ ¢c—ac) +~{(b-+ ¢ — be) — ¢ =
= axc 4+ bxc — c.

Ob6parno, n3 3arkonos mucrpubyrtuerocta (10) mas npm-
£cOeNHEeHHOTO YMHOKeHUs cefivac ke ciepyior, BeELy (9),
3aKOHE AUCTPHGYTHBHOCTH [JIfAi OGHYHOTO YMHOMEHWH.

Hyap koxsna mrpaer Ajig mpHCOCAMHEHHOLO YMHO:KE-
HUA POJb eAHHHIN, Tak Kak, mo (8),

ax0 =a -+ 0—a-0=a

u araaorugno Oxa = a.

Accoyuamuensle KoALYA UMEIOM ACCOYUAMUBHOC NI~
coeOuHernoe YMHOAUCEHUE.

JlefictBuTensno, ecau wonnio R accommaTuBHO, TO

(asbysc = (a + b — ab) + ¢ — (a + b — ab) ¢ =
=a-+ b4 ¢c—ab— ac— bec - abe =
=g 4 (b-+c—be)— a1 ¢~ be) = ax(bsc),

Hsyuenne xoser| ¢ nemoip3oBanneM IPHCOSAHHENHOTO
VMIO/RCHIIA OTKPBIBAT HOBbIE BO3MOKHOCTH [AA Pasni-
TuA eopun. Tak, accolmaTnBhObie KOJbLA, ABIAIONICCH
TPpVINoOi 10 HPHCOSTMHEHHOMY YMHOKeHUIO, — eIHHVied
9108 rpyunel Oyner, Waw MLl 3naeM, HyAb KOoAbia, —



70 § 10, HEACCOIIMATHBHBIE KOJIBLIA

AHAJIOTHYHBL TEllaM, HO YiKe COCTABIAIOT MHOT0oOpasue.
d10 Koabya, paduraaviuie 6 cmvlcae Jlucerobeona; oln
UIpaloT B TEOPHM ACCOIMATHBHEIX KOJEI[ 0YeHb GObUIYI0
POib.

Honbmam 6e3 penmtesieli HyJds aHajoOTHYHBEL RoAypa-
JukaivHble KOAbYE, T. €. aCCONWATHBHBIE KOJBNA, IO IPH-
COeJIHHEHHOMY YMHOKEHHIO SBISAOHIMECA IOJYrpyHIoi
¢ coxpameruaMa (cM. § 9). Beaxoe momkoxpmo paguraninh-
110T0 KONBIAa WONYPAIMKATLHO, IOSTOMY BO3HMKAaeT BO-
TIPOC 0 BOBMOYKHOCTH BJIOJKEHHS HOXYPaJHKAIBHOLO KOJIb-
na B papukansHoe. OrasmBaercs (cM. B. A, Aupgpy -
naxuesny, Mss. AH CCCP, cep. marem. 12 (1947)
129—178), uro momoskemue 3gech B TOYHOCTH TaKoe JKe,
Kak B BOIIPOCE O BIOKEHHH AacCOHMATHBHEIX KoJel 6e3
neanrenei wyiaa B rena {cM. § 9). Howarua pagukanbHOTO
M OOTYPAAMKAJbHOTO KOJbIA MOTYT OHTH IEepPEeHeCEeHb!
¥ 114 HeacCONWATHBHEIA ciyvaill, Ho, Kak mokasax O. H.
JlomMaHOB, B 9TOM caydae TeopeMa, AHAJNOTHUHAA OTMe-
YeHHO# BEHINIe B HacroameM maparpade teopeme B. Heit-
MaHa, yiKe He IMeeT MecTa.

OrvernyM eme oua cmocol oupeleleHdsA KOJbBIA.
HNmenwo (cm. 10. M. Cop x mwm, VYcumexu mareM. Hayx
12 : 4 (1957)), oTO0 MORHO cpelaTh UPH DOMOHIM ONHOM
TepHapHoO# onepanun. PaccMorpuM B IPOM3BONBHOM KOMb-
ne R omepamumo

abcw = ac — be + a — b. (11

Jlerko npoBepuTh, YT0 TEpe3 HTY OMEPAIMI0 MOJKHO 3amu-

€ATH BCe oOIlepanyum, BXOAAmue B OOHYAYI0O CHrHATYDY
KOJbila:

aabo = 0, 0a0® = —a, ablw = a — b,
2060000 = a - b, a0bwaln = ab.

ToxpecTBa, 3afalomue KOJbI0 Kax aire6py ¢ omeparpieii
(11), monyd4aoTca HepeNHCHBAHUEM TO)KIECTB, BXOIAMUX
B 00BHIYHOE OIpefielieHNe KOJbIla, HO MOKHO HOKA3aTh, WTO
KOJbBI0 MO;KeT OHTE TaK/ke 3aaHO0 OTHOCHTEIBHO 3TOM
onepallH OJHAM E[HHCTBEHHHIM TOJECTBOM.



§ 11. 'PYIIIbI C OIIEPATOPAMHI. MOAYJN

CymecTByeT, HOMHMO HepeYHCHCHNLX BEILIe, MHOTO
APYruX THOOB YHHBEPCAIBHLIX ajre6p, s KOTOPHIX
MO#HO OBuTo OB HpUBECTH CTOID ke VOeIuTeIbHLe apry-
MCHTH, ONpaBAbIBAWINUE WX BBefenwe u ksydenume. Mur
BOLIHYECHB OTPAHAIATHCA KPATKUM IepedHeM HeKOTOPBIX
H3 HOX — [JaJIeKo He BCeX, He COTPOBOKAAA BTOT HepeyeHb
0 HEKOTOPOr'0 BPEMEeHH CKOJIBKO-HUGYHL PIyGOKHME TEO-
pemaM#, XOTHA Cpejji »THX THHoB aarebp GyayT u Tanue,
KOTOphIe yiKke ceflyac mpHHAAIERAT K BaKHEHIINM 06BbeK-
TaM mH3ydeHmA B obmei#l aurebpe (mampmmep, MOJYJH,
auuelinsie anreGpH M CTPYRTYPH), & TaKmKe Takme, KOTO-
pole JOMKHE OYIYT BaHATH HNEHTPAJbLHOE TIOJNOKeHNe
B auxrebpe B 06o3pAMOM Oyaymem.

Eme ma sape pasBurua o0mell Teopmm TPYOI CTAJH
H3yYaTh ePYRNLL ¢ onepamopamit, T. e. TPYONs, B KOTOPHIX
3afiala HOKOTODAas cHCTeMa X YHAPHHX omepanui, Jmc-
1puUOYTUBHKIX OTHOCHTEIBHO TPYNHOOBOr0 YMHOIEHHUA.
Wupimi cioBamu, rpynmna G HashBaeTcA X-0nepamopHoi,
3 BIAEMEHTH W3 5 — onepamopamy Kis G, eclm I Jo-
6pix a,b=Gu o= X

(ab)r = ao.-ba. 1

Besiruli anemeutr o €= 2 Je#icTByer, CIEJOBATOJIbHO, KAk
sagoMopdusM rpyunst G. npmieM pPasiAMIHbIe SieMEeHTLhI
u3 X MOTYT NeficTBOBATEL B (7 KAK OJWH W TOT jKe SH[OMOD-
Guan.

Bece rpynmm ¢ faumoii cmeremoli omepartopor X €o-
CTABIAIT, OYeBHIHO, MHOTo00pa3ie YHHUBEPCAJBHBIX
anre6p: CHTHATYPAa COCTOMT M3 TPYIIIOBHX omepanmit H
Y, a cmCTeMa TOK[IECTB — W3 COOTBETCTBYIOIIUX IPYHUO-
BHIX TOMEECTE M Tokmect Buga (1) ana Bcex o & 2.
3arernM, 9T0 TOfaATefpH 2 -0mEPATOPHO# TPynmsl Ha-
3MBANOTCA  N-Jonycmumsimyu nrodzpynnamu, a TIOMOMOD-
du3Mpl  Z-omepaToOpHHX rpyum (¢ (EHKCHpOBaHHOW, IO~
HATHO, CHCTEMOH omepaTopos X) — 2-onepamopHumu 20-
MoMOpHUIMAMU.

IlonsaTre rpynnsl ¢ OHepaTopaMH HOJCKAa3aHO CJI6AY-
omuMa mpumepamu. Bedkas rpymma G 6yper -omepa-
TOPHOIT OTHOCHTEJIBHO HI060H CHCTeMbl Z CBOHX JHAOMOD-
$usmon. OT 3TOTO HACTHOTO CIydYasd TMOHATHAE NPOH3BONL-
HOH OIEpATOPHO# TPyHOB OTIMYAeTCA JHINL TeM, YTO
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B ofMmeM cjyiae, Kak yiKe OTMEUIeHO BHIIIE, Da3InYHEIe
onepaTopH MOLYT NeHCTBOBATH KAK OfMH M TOT K& BHJIO-
mop¢uam rpynnel. Ecim B KadecTBe 2 MEI BO3bMEM MHO-
;RECTBO BCEX BHAOMOpPYH3MOB rpyams G, 10 Z-pouycTi-
Mue DOATPYIOH HA3HBAKTCA B TEOPHH TPYHII 6ROAHE
raparmepucmudeckumy. Eciu X Gyger MHORECTBOM BCeX
aBTOMOP(QE3MOB rpymmnsl G, T0 2-HOMYyCTHMEE TIOJIPYILIbE
Ha3HBaOTCA Taparmepucmuieckumu. Ecan ske B KadecTBe
2 paccMorperb MHOMKECTBO BCEX BHYTPeHHHX aBTOMOp-
¢usmMoB rpyomsl G, T. e. TpaHc)OPMUpPOBAHUI TpyH-
nsl G TPOH3BONBHEIME €€ »ieMeHTaMu (ecim QmKCH-
poBano a & G, To mupeobpasomanume z — a” 'za, z <= G,
ABJAETCA, oOYeBHAHO, aBTOMOpdm3aMoM rpynun (), TO
S -monycTHMBl HOPMAJIBHEI® JEJATEJIH TI'PYHOE G M TONb-
KO OHH.

C nmpyroit CTOPONHI, ecin B NPOW3BOJBHOM Kojblle R
QuUKCHDOBAH JJIEMEHT a, TO IpaBoe YMHOJKeHHWe Ha a,
T. e. mpeoGpasoBauue z — za, z & R, 6ymer suAOMOD-
¢u3MOM aZAUTHBHONA TPYHNUH KOJABIA K, Kak BHTEKaeT
N3 3aKkoma guctpubyruBHOCTH. Kcam B3ATh B R BCEBO3-
MOJKHEIe TpaBHe YMHOREHHS, TO MOMKHO CUHTATh ajjiu-
THBHYIO FPYINY KOJbIa /2 OIepaTopHOM IPyNmoi ¢ caMuM
MHOKeCcTBOM H B KauccTBe cmeTemsl omepatopos. [lomy-
cTEMBIMA 6YAyT Ipu STOM HOpaBhe Mieads Koasma R,
T. €. NOATPYOIB afJMTHBHOM TPYOIH, Bhijlep/RABaroMue
YMHOKeHHE cmpaBa Ha 1060 saemenT xoxbma. M 1o-
NYUHIN UpAMEp OIepaToOpHOl TPYIIH, B KOTOPOM pas-
JMIHEIE OmePATOPH MOI'YT NeHCTBOBATH Kak OAUMH M TOT
e puAoMopdm3M rpynnbl. Bags B Konsme R JeBnie yM-
JIOKEHAA, MBl IIOMXOAWM K €Ile OJHON BO3MORHOCTH PAac-
CMaTpUBATh AfNNTHBHYI Tpymmny Kolbma Kak [-omepa-
TOPHYIO; MONYCTHMEIMEM HOATrPYHIAME OyXYT IpH JTOM
JeBBle Wheanmbl Kojbla. Hakowem, o0wpemuuAs dTH [iBE
CHCTEMH OTePATOPOB, ML HpHAEM K TAKOU cicTeme omepa-
TOPOB HJiA AfOUTHBION Tpymmel Kojdbma K, 4970 A0OYCTH-
MHIMH ToarpynnaMd OyAyT HBYCTOPOHHWE HJEAdhl HTOFO
KOJBLA W TONABKO OHH.

OrMeTuM, 4TO TeOpPHUA Tpyni 6e3 oneparopoB ABIALTCH
Y3CTBI0 TEOPUW OMEePATOPHEIX I'PYII — AOCTATORHO B3ATH
CHCTEMY OIepaTopoB WyCcTol Wiy sKe coctogmelt H3 ojHoOro
TOKJ\CTBEHHOTO aBTOMOpduaMa.
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Wsyuenme rpynm ¢ npoussoiabHOl cucTeMoil omeparo-
POB PABHOCHJABHO M3YUeHUIO ZDYNR ¢ noAy2pynnroi onepa-
mopoe: cHCTEMAa OMepaTopoB apisercs wmoayrpynmoit Il
OTHOCHTeNBHO yMHo;kenusa off, npmaeem mus moboro sie-
MEHTa @ PaccMATPUBAEMON IPYIIH W JNOGHX OMEeparopos
a, f &= Il noaKHO BHHOXHATECA PABEHCTRO

a(ep) = (ax)f. (2)

B camom jgexe, myeTh faHa rpynma G ¢ IPOM3BOJIBHOM
cucremoit omeparopoB 2. Ilocrpomm moayrpymmy I,
JJeMeHTAMA KOTOPOH CJy;KaT BCEBO3MOKHEIE CIOBA BHJA
040y . . Oy, THE Oy, Qg - . ., Oy & 2, > 1, a ymMHO-
JieHHe CJOB OmpefelseTcs PaBeHCTBOM

(g% - - - 0)(BiPe - - - By = o1gs - . BBy . - B (B)

aCCONMATHBHOCTE BTOT0 YMHOMKeHHA oueBHgHa. OTMeTmM,
yro Il ects cBOGOmHAM MOAYIPYHIa C MHOKECTBOM X
croGonmsx obpasyomux (cp. § 1). ComocTaBusaa Kammomy
CIOBY Q0 . - Ay & I sHZOMOpdmaM rpynunl G, ABIA-
IOU[AACA TPoU3BefieHHeM JHIOMODPQH3MOB, COOTBETCTBY-
IOIMEX OHMEePaTOPaM Oy, Uy, + . ., Oy € 2, MBI IPEBpamaeM
G v l-omepatopmyi rpynmy. II ciyxmr pas G paxe
HOJNYIPYIHO# 0HepaTopoB, TAK KAk COPaBeIMBOCTEL Tpe-
Gopanusa (2) BeTrekaer n3 (3) 0 acconuaTHBHOCTH YMHOJe-
nus supoMopdmamos. flcmo Takike, 4WTO Z-IOMYCTHMbIE
noArpymns octatoresa u II-gomyctivpiyi, a E-oneparopybie
romomopdusmu Gyxyr m ll-omeparopmmmu.

Vcaoene (2) moxasBBaeT, 4T0, COMOCTABISAA KaiRAOMY
97IeMeHTY IOJYIpynmbl omepaTopoB II coorsercTBymommil
emy supmoMopduaM rpynnsl G, ME TOZyYaeM roMoMopdHoe
orobpaskenne moxyrpymmel I1 B moxyrpynmy sHpoMopgus-
MoB rpynmn G.

K nmoayrpynme omeparopoB Il Beerga mosiizo mpuco-
CIMOHTD CHUHUINY €, NeHCTBYIOI[YI0 KaK TOIECTBEHHBIN
aBTOMOp(M3M ocHOBHOI rpymnns G; ycuosue (2) ue Gyfer
npu 5ToM HapymeHo. [cam momyrpynma omeparopor,
obnapnatomaa eguHuiel, JeficTByer Ha rpymie G rax, 49ro
eIIHUINA HBIAETCA TOMECTBEHHHIM ONepatopoM, To Oy-
IeM TOBOPUTH, 9TO OHA HEHCTBYeT YHUIMAPHO.



T4 § 411, TPYIULL C OIEPATOPAMIL. MOIVJIH

YacTHHEM CcIydaeM D9TOTO ABISAETCA NOBATHE epynns
¢ epynnoii onepamopog. Kcam nama rpynma G ¢ yHMTapHO
neficTylonedl rpynnoi oneparopos I', To Beakmil sreMenT
n3 T peficTByer Kak aBroMopdusm rpynus G, T. e. Ipynna
I' romomopduo orobpaskeHa B TPYHIY aBTOMOD(H3IMOB
rpynmst G, WiIW, Kak TOBOPAT, npedcmasiena aproMopdus-
mamu rpynnst G. Msygenmio mpejicraBieHHH Tpynm aBTo-
mopgusmamm nocsamena kaura B. W, Ilnorkuna «I'pynns
asToMopdusMoB anrebpanveckux cucrem», M., «Hayray,
1966.

Teopuio rpynn ¢ rpynmnoil omepaTopoB MOKHO Ppac-
CcMATPHBATH BIPOYEM, KaK Yacth TeOpum rpynn Ges ome-
patopos. Mmenno, rpynma H Ha3BIBaeTCA ROLYNDAMHLM
npouseedenuen cpoumx uwoxrpyun A w B, mpuwem B pon-
HO OHTH HOPMAJbHBIM JexumreneM B I, ecam BcAKAH
anement h & H ofHO3HAYHO 3anmUCHIBaeTcH B BUjie i = ab,
a= A, b= B. Tpauchopvuposanus siementama u3 A
HHAYOEPYIOT B B aBroMopdHESME, HPOH3BEJeHUIO IEMEeH-
T0B H3 A COOTBETCTBYeT HpOWM3BEJEHKE COOTBOTCTBYIOMIIX
aproMopdu3MOB, a modroMy B Gyjer rpyHmoi ¢ Tpynmoi
omepaTopoB 4.

O6paTHO, ecau gaHa Tpynuoa G ¢ TPyUmo# omepaTopos
I'' m ectm @ 6ymer COOTBETCTBYIOIEHM TOMOMODQH3MOM
rpynost I' B rpynny aBToMopguamoB rpynme G, 1o MHO-
mecteo H map smaa aa, o = I, ¢ & G, upespamaerca
B IPYIOY, €CAM YMHOKEeHHME Iap OHPefeuTh 1o MPABH.IY

oa — pb = (@B)(a®),

rie a® = a(fg) (r. e. obpas nremenTa a4 mpH omepaTope
P nxm, aTo To e camoe, npu aBroMopduase P, cOOTBET-
creylomem omepartopy P). Jlerko mpoBepsercs accorua-
TABHOCTH DTOT0 YMHOKEHUsS; PONb eUHHUIE HIpaer mapa
ge, I7ie € W € — COOTBETCTBRHHO eMHHMIH rpynn I n G
o0paTHRIM IS BEMEHTA Old CHYIKHUT dIeMeHT o ! (a~1)*™.
Tar ke mpocTo HpoBepseTCH, YTO IIEMEHTH BHAA Oe,
a =T, cocraasior B H woarpynny I, msomopdmyio
I, a sneMenTH BRHA €4, 4 G,— HOPMAJLHBI HENUTENb
G’', nzomopdumi G, ¥ 910 Tpyuma H Gyder ux moayups-
MBIM JIPOM3BEeHHEeM, a aBTOMODPPHZM, WHIYIHPOBAHHBIH
B G’ TpancdopmaposanueM snemenroMm oe &= [V, coorBer-



§ 11. TPYINIBEI C ODREPATOPAMH. MOAVYJIR ki)

cTeyer upg umzoMmopduame Memgy G m G’ aBroMopdhusMy
a@ rpymny G.

BupoueM, mnepexox oOT HOXYOPAMHX MNPOUSBEXEHH
TPYON K TPYHIAM ¢ PPYImol omepaTopos (a Taxme K mpes-
CTABIGHWAM TPyOn apToMopdusMaMd APYTHX Ipyum) oT-
KpPHUI JAA PASBHTHA T€ODPHU TAKHE BOBMOKHOCTH, KOTOPHE
6e3 sroro me Moriau 0w BO3HMERYTH. OrMeTmM XoTa O,
9T0 KJIacC BCeX OMEPaTOPHHX rpynn ¢ (UKCApPOBaHHOM
rpynuo# omepatopos I' ABIAeTcA MHOTOOOpAsEeM: K TOMK-
AeCcTBAM, ONpefieNalomuM MEOroofpasse rpynu ¢ cucremol
onmepatopos I', HYKHO H06ABHTH BCEBO3MOKHEE TOHAECTBA
BHJA

(za)p = v,

ecim B rpynne I' pas saementoB a, B, y BHIOIHAeTCA
paBeHcTBo aff = y. 9T0 jKe yrBep:;kIeHHe CHPAaBEJIHBO,
HOOHATHO, W [JA Kjiacca IPynn ¢ GUKCHPOBAHHOA HOHY-
TPynHofi omepaTopos.

Bepuemcs K Ipou3BOJbLHOHM CHCTeMe OIepaTopoB, 110
OrpaHHYMMCSH Teleph DacCMOTpenmeM aleleBEHX Ipyni.
VMzyuenue afeneBoit rpymmel ¢ HIPOM3BOJNBHOM cHCTEMOM
ONEPATOPOB PABHOCHIBLHO M3YUGHUIO STOH TPYNOH Kak
ONePATOPHOX ¢ A&CCONMATHBHHIM KOIBIOM ONEPAaTOPOB.
Ilpm sroMm, eciu G — abenepa rpymma, 3ammcaHHas aj-
NUTHBHO, a R — acconmaTmeHOe KOIbi[0, T0 G Has3bBaeTCA
abeaeeoti epynnoli ¢ Koavyom onepamopos R wan (npasvim)
Modyaem nad koavyom R, wnm e, wopoue, R-modyaenm,
ectn G ssaserca R-omepatopHo#l rpynmoi, T. e. AJA
a06Ex a, b= G n o & R umeer mecto pasemcro (1),
3amHCHIBaeMoe Temephr B BHJE

(a + ba = aax + ba, (4)

n ecl|, Kpome Toro, nasa aobwx a = G u o, f & R ru-
NOJHATCA PaBeHCTBa

a(e 4 B) = aa + aB, (9)
a(af) = (a)f, (6)
U3 KOTOPHX IociejHee coBmagaer ¢ (2).

Kak moxasmBaeT ompejelienye Konbila dHAOMOPOHIMOR
aGeneBoil TPYNNH, ¢caKan adeacea zpynna 6ydem modyaem
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Ha® aobum nodroavyom ceoezo koibvya Indomopduanos.
C nmpyroft croposm, ecan 3agan R-monyas G, To, BBHJY
(5) u (6), srEm 3agaH romoMopdmaM Koibia R B KOXBILO
ouIOMOpPHE3MOB amiuTUBHON rpynmst G. OtMerHM Takike,
uT0, paccMaTpUBag BHIle ANIHTUBEYI0 TPynuy KOJBIA
R xax R-omepaTopHYI0, HCIOIB3YS HPaBHEe YMHOKEHHA,
Mbl Ha caMOM jAelle B CIyYae accoiuaTHBHOTO KOJbIA £
TpeBpaTHAN DTy Ipynimy B [-MOAYXb, TaK Kak CIpPaBeji-
aneocTh yeaosmit (5) m (6) BHTekaer 3fech M3 CBOMCTB
QCCOIHATHBHOTO KOJBIA.

Fean wonbmo R obmagaer epuHunes €, To R-Moayns
(G Ha3LIBACTCH JHUMAPHBM B TOM cjlydae, eClIM € HAeiict-
ByeT B (G Kak TO/KIECTBeNHHI omepaTop,

ae = a, a < G, (7)

7. e. ecau rpymna G yMeeT MYJLTHOAHKATHBHYIO IOJY-
rpynmy Koabila R ynurapHOi#l mOTyrpynnoil onepaTopos.
Nsyuenne aeneBux I'PYIH ¢ NPOHU3BOIBHONR CHCTEMOI
onepaTopoB PABHOCHILHO H3YYEHMI0 YHHTAPHHX MOAY-
aeit. B caMoM gene, ecad fana abenesa rpymnna G ¢ cucre-
MOl OIepPaTOPOB X, TO OMHCAHHEIM BHIINE cHOCOGOM MO3KHO
nepeiite K moxyrpymue omeparopos I1. O6osnaium wepes
R uedouncierHoe MOJYTPYNIOBOe KOJABIO mOAYrpynnn Il
(em. § 9) m gana mobore a & G u awGoro oleMenta

o= 2 k.0, peER,

aezll
(cp. § 9) momosmmm

ap = Z ks (a0).

eIl

Bes sarpynmenmii uposepsercda, d4ro rpyama G mpespa-
maeTcsa 9THM B R-monyns. BioskuMm, Hakosen, Koapuo R
B KONBIO ¢ egmuumieii R cmocoGoM, veazasHmM B § 9,
u paa ao6oro a & G uw awboro omementa (0, k) = R
(ep. § 9) momomum

a(p, k) = ap 4+ ka.

I'pynua G mpespamaercd DTEM B YHHTApUb R-MOAVIb,
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fipuYeM ee Z-M0myCTHMHE NOATPYINH oOcTaloTes m -
nonycTEMBIME, T. e. GymyT moaMopyramm R-mopyns G,
a Z-omepaTopEse roMoMopdusmm Oygyr m R-omepa-
TOPHBIMH.

Ha ocmoBanmm takux ke coofpasxennii, Kaxue wc-
TOJb30BAIHACH BHINE B CAyYae MOJXYTPYINS HIN TPYIIIH
ONepaTopoB, YycTaHaBAMBaeTcd, Yro ece R-modyasu nad
purcuposanhum  Koavyorm R (a marice ece ynHumapmwle
R-modysu mnad wosvyom R ¢ edunuyeil) cocmasasiom
MHo02000pasue.

OrmerunM, 910 ¢écsaras abeaesa epynna G seasemes
ynumapHuunm Mmodyaem Had KOAbYOM Yeablr uucetl,— eCan
k — mo6oe mesoe 4mcia0, TO ero meficTBHE KaK omepartopa
COCTOMT B TOM, YTO BCAKHH dJeMeHT ¢ &= G Nepexojur
B cBoe k-KpartHoe ka.

Yaarapase MOZYAW HAJ accONMATHBHLIM (He ofAsa-
TeJBHO KOMMYTATHBHBIM) TeJoM K HashBawoTcH (npaguiau)
seKmopHulMY npocmparcmeamu Hag K; ecim K — moue,
TO H0DaBIATH «IPAaBHMH) HOHATHO, HET HEOGXOMHMOCTHM.
Muoroo6pasue BERTOPHBIX NpPOCTPAHCTB Haj 7Teiaom K
ABIAGTCA ONHHMM W3 HEMHOTWX HPHMEPOR MHOrooGpazwmit,
BCe aire0pH KOTOPHX MOTLYT GBITH HOJHOCTHIO OIMCAHBI.
Hmenno, Bcaxoe BerTopHOe mpocrpamctso Hajx K obxa-
Jaer 6asamu, T. €. MaKCHMAQJIbHBIMH JTHHEHHO He3aBHCH-
MEIMH [OIMHOKECTBAMY, IpHYeM BCe e€ro 0a3h HMEIoT
OJIHY H Ty Ke MOIIHOCTH; OHA HA3BIBAETCA PA3MEPHOCHLLIO
mpocrparcrBa. C ApYrod CTOPOHSHI, A BCAKON MOIMHOCTH
m, KOoHeYHo# wim Geckonednod, Haj TeloM K cymecrByer
BEKTOPHOE TpocTPameTBo pasmepmoctn w. Haxomen, nsa
BERTOPHHEIX mpocTpaHcTBa Haj teaoM K wmaomopdunt torja
¥ TOJIBKO TOT/Ia, KOTHA OHH MMEIOT OJHY M TY ke pas-
MEPHOCTE.



§ 12, IPEJACTABJEHNA YHUBEPCAJIibHBIX
AJITEBP B TIOJAYTPYHITIAX

Mpeppigymuit maparpad fal HaM HpuMepw aarefp
¢ GeCcKOHEYHBIM MHOKeCTBOM omnepanuil. Lme paublie Mbl
BCTpEUAJAUCh € ONEPAL{MSMH NPOWSBOJILHOM apHOCTH.
Mo:rno cumTaTh, TakKHEM 06pa3oM, YTO IOHATHE YHHBep-
cajbHOil aare6pH Y:Ee JIOCTATOYHO XOPOIIO OIPAaBHAHO
BO Bcell Toif 06mMHOCTH, B Kakol oHO Gbiiio BBejieno B § 1.
Cymecreyer, OIHAKO, BO3MOKHOCTH CAeIaTh BTO ONpPAas-
naHne eme Oojee yOeAMTeabHBIM, MOKa3aB, UYTO HAa CAaMOM
Aelle BCe VHHBEpPCANLHBE aJre0phl MOTYT OHITh IEKOTOPHIM
€CTeCTBEHHHM CIHOCcO6OM TMOJAYYeHH HPH HOMOIH HOJY-
rpyviid.

llyers mama moxnyrpynma . 3adurcupyem B Hei drie-
MEHT ¢, BO3BMEM HaTypallbHOe YHCIO 72 M PACCMOTPHM CHOBO

Ty .. . Tya. ()

Jlwboit cucreme smauenmit by, . . ., b, & II HeussecTHHIX
Ty .., Z caoBo (1) comocraBisier oHO3HAWHO OLpefie-
aenunii ajxemedt by ... bya moxyrpynus I1, 1. e. cupe-
neasier B II n-apnyio omepanmo. Honeuno, n-apusle npo-
N3BOJHBE OUEPAIE MOMHO 3ajaTh B nonyrpyame [i
M MHOTHMH JAPYTHMH CHOOCO0AME, "HO MBI OTPanHYUMCHA
cofiuac onepamEAMH, OIpelesgeMBIMu croBani Buja (1),
T. €. 3aJlaHHeM YHCJIA R I DIEMEHTA a.

Lcin pama mpomsBodbiag curnarypa €2, To comnocra-
BIM RUKAOMY © < Q,, » > 1, Herorops#l biement d,
noayrpyuns Il (o1u smemeursi He 00s3anubl GBITH PasIHY-
HAUL 7S PasNuIHHEX ©) u 3afgajuM Ha [l omepamitio
W OPI IOMOIMU CJI0BA &, . .. &,Q,. ILCIH., CBEPX TOTO,
wieMEHTH 4, O0yayr saduncmposansr B II u jism peex
© = Ly, 10 wWa mHOokectze Il Gymer 3ajana asaredpa
CHTHATYPH £, KOTOPYI0 Ha30BeM CREyUdAbHOll RPOU3E0U-
KOl aneebpoti cuenamypul Q@ na noayepynne 11, Ira anres-
pa omnpefieAgeTcs, KOHEIHO, BHBGOPOM DIEMCHTOB (o,
o e Q

Mu cxameMm, gwro amre6pa G curnatrypn Q of;1azaet
CREYUAADHBIM MOURBLM  npedcmasienuesm B IONyrpynne
11, ecirm oma mzoMOpPPHO BRIANHBAETCA B HEKOTOPYIO CHe-
HHAILHYI0 OPOH3BOAHYI0 aaredpy curaatypst Q ma 57O
posyrpyvone.  Jloxa:keM  CHeRymomyo TeopeMy
Koma—Peb6aune (II. Koun, Yuusepcasinnaa at-



§ 12. DPENCTABINERNA YHHUBEPCAJIBHBIX AJIIEBP 79

re6pa, M., «Mup», 1968; 10. K. Pe 6 a n e, Cu6. Martem.
. 7 (1966), 878-—885).

Bcearas aazebpa G npouseosvholi cusnamypn Q obaa-
daem cREYUALLHELM MOUHBIM RPEICMasiIeHUEM 68 HEeKOmOoPp oLl
noayepynne 11,

NHowxasarenscrtno. MexoMas monyrpymma II
6ymer cuMMeTpPHIECKOM moAyrpynmoid (r. e. moayrpynmo#
Beex mpeoOpasoBamuil) Ha clefykomeM MHoKecTBe M:
ero JIeMEHTAaMH CIYKAT BCEBO3MOKHEIE TaKUe HeIycThle
YOOPANOYEHHEE KOHEUHBIe CTPOKE (g, . . .y Ug), ¥TO
BegKoe u;, i = 1, ..., s, ABIAeTCH AIH HEKOTOPHIM 2le-
MeHTOM H3 G, WIH 3Ke HOKOTODPHIM CHMBOJIOM ® ¢ £} mo-
JNOKATENLHOM apHOCTH, NpUYeM eClIH U; = 0 & Q,,
n>4, mennm n+ 1<{j<{s, TO SIEMEHTH Ujp , . . .
.+« Uj-y ROIUKHEL He Bce OHTH dnemenTamMm H3 G.

ComoCTABAM KaKIOMY O Q sIeMenT o, moayrpyuns I1,
T. e. mpeoBGpasoBanume Muo;ectBa M. Mmenno, ecnm o
nyiapapHo m ormeuaer B aarebpe G saement O,, To ANA
awboro suementa (U, . . .U = M moromaM

(ula [ ',us)ow = (111, .. -7us70w); (2)

€TpOKa, cToAmas cupaBa, CHOBa Gyner sneMenToM u3 M.
Eean e o & Q,, n > 1, To noraraem

(u17 . 'aus)gc\) = (ulv Cee s lW), (3)

eCIW CIpaBa CTOMT dIeMenT u3 M; ecim sie 8TO He TaK,
T. €. CJHH § >> N U BCE DIEMEHTH Uy .1, . « «, Us JEKAT
B G, a mooToMy B (G CYIECTBYET BJICMEHT Ugniy . « »
.« .Ug®, TO JIOJATAEM

(Ugy « « o U)06 = (Ugy o« o UspsUs_ps1 « « U0).  (4)

Venonbaysa sIAeMEHTH G, © & §), B KadecTBe 3jie-
MEHTOB @,, MH, KaK YKa3aHO BHIIe, IOCTPOHM Ha I0J1Y-
rpynne Il cmemmanbuylo IpoM3BORHYI0 anrebpy curaa-
ryper Q. TlokaskeM, 4ro B Hee M30MOP(HO BRIRAHBACTCA
uexopmas aare6pa G. ComocTaBdM BCAKOMY BJIEMEHTY
a € G cregyomuit anemMent ¢, moxyrpymmst II (r. e.
npeobpasoBanne MHO;KecTBa M):

(ug,. . - 1us)(Pa = (ula- . 7us’a); )
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CTPOKa, CTOsAMas COpaBa, OyAeT, OYEBHIHO, 3JIEMEHTOM
muoskectBa M. Ecam a,b=G um a==b, T0 @, F @,
TaK Kak, HampEMeD, BBHEAY (5)

(a)q)'a = (a,a), (a)cp,, = (a7b)'

[TonyuenHoe B3aMMHO OXHO3HAYHO® oTOGpakenne G
g I spssiercs msomopdueiM. B camom fele, ecin @ & £,
To, wo (3) m (2),

Pop, = Ow-
Eean ne 0o = Q,, n> 1, 7o, sBuny (5) u (4),
Pa,. . ca, = Qg+ -« - (Panom-

Teopema Hona — PeGanme noxasama. dTa TeopeMa He
[aeT BO3MOKHOCTH, IIOHATHO, CBOTUTE Bee MpobiieMsl 00 mei
aare6pm K Teopuu moayrpymm. OHa IOKasbiBaeT, OXHAKO,
910 BCE TO, UTO MH HM3y4aeM B obmeil aare6pe, B KOHEIHOM
cdeTe Cofiep;RHTCA B HOAyrpymmax. B mmrie pabor
0. K. Pe6anre (Cub. marem. k. 7 (1966), 878—885;
10 (1969), 945—949) yxasaum XapakTepH3amuH Tex
anre6p, KOTOpHe 0GIafganT TOYHHIM IPe[ACTaBICHHAEM
B KOMMYTATHBHHX NOJYIPyHHaX, B HOJYrpymmax ¢ Co-
KpalleHHAMA, a TaKwke B NOJYTpynmax € HEKOTOPHIMH
APYIEME CBOKCTBaMH. ’



§ 13. YHUBEPCAJIBHBIE AJITEBPHI
C ONEPATOPAMU. JUOPEPEHOUAJBULIE
KOJBIA. JIUHEVHBIE AJITEBPHI.
MYJbTUOIIEPATOPHLIE T'PYIIIIbI, KOJbLA
1 JINHENHBIE AJITEBPHI

Cnenumasibubpie NPOU3BOAHBE IreOpH CHUFHATYPH &
Ha IOAYIPYHNax, KOTOPHME MH IONb30BATHCH B Ipefbi-
nymen maparpade, GEIN CBABAHH ¢ (HKCHPOBAHUEM B II0-
JTYTPYRIE DJIEMEHTOB d,, ©® & Q. VHEMEA clOBaMH, Mbi
paccMaTpuBalll IONYTPYONY ¢ HOMOJHUTENLHOH CcHCTe-
MOl HyJbapHHX oONepamuii, MOIIHOCTH KOTOPOH paBHA
MowmEOCTH MHO:KecTBa Q. MHoOrma paccMaTpHBAIOTCH
W JpyTHe THUNH ajire6p ¢ MONOJHHUTEIBHOH CHCTeMOM
HyAbapHHX omepanuit. TaxoBo, Hampumep, MHOTOOGPasUe
Kollell ¢ e[mEmieil, comepskameecst B MHAOT000pasnu
BCeX KOJIell ¢ OfHOH [OmOJHMTeNBHOH HYJIbapHOH ole-
panueii.

Croasp e 9acTo BCTPEIAOTCA ANTreOPH ¢ JOWOJIHHMTeNb-
Holl cmereMoll yHapumX omepanuii. Taxk, NoEATHe TPYyNIE
¢ omepaTopaMm HeMe[JieHHO ofobmaercs [0 HOHATHAA
anrebps mHOroobpasus (Q, A) ¢ cmcremo#t omeparo-
poB X: RakOB# omepatop o €= X MOJKeH JedcTBOBATH B
anre6pe G sToro MHOrooGpasma KaK HEKOTODHIH JIHAO-
Mopdmam oTHOcHTenbHO omepanmit Q. Harx m B § 11, or
TpPOW3BOJBHON CHCTEMH ONePaTopoB X B HToM ofmem
cllydae TaK/Ke MORHO HepeliTm K NHoaAyrpynme ouepa-
TOPOB.

B uwactaOocTH, ecam paccMaTpuBaeTcs Koasye R ¢ cu-
cmemoli onepamopoe X, To fisa JMOGHX a,b & R u o &
&= X oOymer

(a + b = aa -+ be, 1)

(ab)o = ao - bo. (2)

YacTo paccMaTpHBAIOT, OFHAKO, KOJIBIA ¢ TaKO# Ho-
TONHATEALHOR CHCTeMOlt YHAPHHIX ONEpanui, 4ro aTH
omepanmun AeRCTBYIOT KAK 9HAOMOPQOU3MHI aJIUTHBHOK
TPYNOH KONbla, T. ¢. BhIoamAercs yexosue (1), HO cBA3L
¢ YMHOKeHHeM B Koiblle, BhpaKaeMan yciaosmeMm (2),
3aMeHsIeTCA HEKOTODPHM ADPYTEM yciosueM. Tax, momsartme
nnpdepennuposanpma kodsnma (cM. § 10) mopckassiBacr
cleaylolnee OMpeJeleHne:
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Hoxpuo R uasnBaercs xoavyoM ¢ cucmemoil dugepen-
yuaavhulr onepamopos A (una dugepenyuaivhoim Koab-
yom), ecim A CIy:KUT cucTeMof omepaTopoB A almu-
THUBHOH TPYNUH Koabma R W eciam Mg a06HX a, b &= R
u 6 & A Bmmoausercs ycioBme

(ab) 6 = (ad)b + a(bb). 3)

Hasxpoe 8 = A peiicrByer B R, ciefioBaTelIbHO, Kak ero
mugdepenmupoBanne. Tak kax AudpdepeHIAPOBAHNA KONb-
1na R cocraBagior, Kak MH 3HaeM, JHEBO KOJbLo — 060-
3HAYMM ero 4epe3z Ag,— TO 0T DPOM3BOJIBHOM CHETEMBI
JuddepeHINATBHEIX ONEPATOPOB MOKHO NEpeiTH K JHeBy
xounny nudpdepernmadbHbX onepatopoB. Ilpm stom oxa-
3HIBAETCA, YTO TEOPHS KOJEI[ ¢ HPOMBBOJNBHOH CHCTEMOMH
muddpepeHIIATBHEIX omepaTopoB (uam nu ddepew-
nanxprHaA anrebpa, Kak OPUHHATO FOBOPUTH)
PABHOCHIBHA HM3YYEHWIO OOBEKTOB, COCTOMIIHX U3 KPO-
H3BOJBHOI'O Kodbila R, aueBa Kolboa A m roMoMopduaMa
¢: A— Ap. Uuwmmu caosamu, nommmo Ttompects (1)
{¢ 3amenoit @ Ha O) ¥ (3) GYAYT BHOOJHATHLCA CHCLYIOHINE
TORAECTBa: A n06ex ¢ &= R u §,,0, = A

a(®, + 6,) = abd, -+ ad,,
a (8,°8,) = (ab,)8, — (ad,)d,,

Tiie Yepes o 0603HAaYEHO YMHOKeHNe B JIHEBOM KOIble A,
a wepez ad, 8 & A, oGosnauen obpas amementa ¢ & R
npu juddepeniiuposanun 8¢ = Ag.

YraskeM, HaKOHeI[, eije ONMH BechMa 9JacT0 BCTpeda-
IOMANCA THI KOJIeT ¢ JONOJIHHUTEeNAbHON CHCTEMOHR YHAPHHX
onepanuili, NOJACKA3KBAaeMbili CBA3BLI0 YMHOKEHUA B KONb-
IaxX MaTPUL M KOJBIAX QYHKUUE ¢ YMHOREHHEOM MaTPHIb!
uru Qysrouu Ha uwmcao. MmenHo, paccMOTpEM mpou3-
BOJIBHOE KOJBIO R ¢ Takodl JOIOJHHTEILHOH CHCTeMOHR
YHapHHX omepamui X, UYTO BCAKOE O &= X [eHcTByer
B R rar sH7IOMOpPMSM aJAUTHBHOIN TpYNIH, Hepecrano-
BOYHBII B KOIbIle BCeX 3SHAOMOP(YH3MOB »3T0# TIPyHAb
€O BceMU NPAaBHMHM W J€BHIMH YMHOKeHHAMH Koibiia R;
MHLIMH CJIOBaMH, NoMEMO ycxoBusa (1) Brmodnsercs
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TaK/me chaeiyoee yeaosme: mia Jobwrx a,b & R
(ab)a = (ac)b = a{ba). (4)

Te ondomopdusmet addumuenoli epynnut koavya R,
romopsie ydosaemsopaiom ycaosuio (4), cocmasasiom nod-
roavio Kp 6 (accoyuamusnon) woavye scex sndomopdusmos
amoti e2pynnwl.

IleitcTBATENBIIO, ecau HHOMOPPUIMEL ¢ U ¢ 00ITaZAOT
crolictrom (4), TOo, mampumep, Andg mo6HX a, b= R

(ab)(q = ) = (ab)p £ (ab)}p = (ag)bt(ay) b =
= (aq =+ ay)b = la(p £ )15,

(ab)(qg) = l(ab)ol P = l(ag)bly = [(appplb =
= la(qp)1b.

Beupy ROKazamHoro OT UPOWBBOIBHON CHCTEMBI X
MOJKHO Ha OCHOBAHMM TeX ke coobpaskenuil, 9To H BHILIe,
mepeiiTi K accoNMaTHBHOMY KOiubHy K, DJIeMeHTsl KOTO-
poro [eHCTBYOT B KOJXBIE R B COOTBETCTBHM ¢ YCIOBHAMH
(1) m {4), mpuuem saman romomopdusm ¢: K — Kg, 7. e.
BpIoanA0TeA Tarke yeaosua () n (6) nz § 11. Tarxmm
ofpasoM, afIuTHBHAS TpyNIa Koiabila H OKA3LIBAeTCH
K-nopyanem. Eean woawiio A obnapaer efmnuneii &, To
eCTECTBCHHO IPEANOIOKRHTH, 4TOo HoaydeHuniit K-MOAYID
YHUTAPCH, T. e. BHIOJHAeTCA Tar:ke ycaosme (7) us § 11.

Ecanm pmamnr mpomsBodibioe KoJibio R m accomumaTHs-
Hoe LKonnho K ¢ epmmmmeii, mpmueM agf{UTHBHAS LPYIIa
ronuia R saBxmercs yuurapueim K-MopyldeM ¥ BHHON-
aaetTca yeaosue (4), TO Koabro R HasWBaeTCA 4UHEUHOU
aseeGpoi Hax KoJbioM K.

Roxmyrarnenoerh Ko.apita K MH He HpemoJaraem.
Mo:ko moKasarte, OTHAKO, UYTO ecaH Koabilo R He comep-
WRUT AHHYAAMOPOE, T. €. TARAX HEHVIAEBHX 3IeMeHTOB
b, uto jusg Bcex ¥ &= R

br = rbh =0,

To ¢aeficTyiomee» Koabuo K HempeMeHHO OygeT KOMMY-
raruBHEM. [lo aT0ll mpmumue. a Tawk:ke W B cuAy APYIHX
cooGpasKenmMid, ¢ OMHUM H3 KOTOPHIX MHEl BCTDPETHMCH B
caenyomen mnaparpade, 1erecoobpasino OrpaHHIHTHCA
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PACCMOTPEHHEM JIHHEHHHX ajirebp JIHIML HAX acCOMMATAB-
HO-KOMMYTATUBHBIME KOJbIIAMH € CHMHHIEIA.

OcoGennEo0 Ba)kKHOE MECTO 3aHWMaeT B obmei aarebpe
Teopud AumpelHEIXx anreOp Hax moasmu. OHa pasRABRaeTcA
COBEPIIEHHO NapajyieibHo o0meii Teopuum kojdeny Ges
BOMOJHATEAbHKX YHAPHHX ONepaiuil, upudeM JacTo WjeT
MHOFO Jalblie HoCJe[Held, TaK KaK BEKTOPHHE HPOCTPAH-
C¢TBA HAJ HOIAMH VCTPOEHH MHOTO ILIpoiNe, 4YeM MPOH3-
BoNbHEIe abeeBH TPYLIIH.

Ceifuac Gynyr yKazaHH HEKOTODPHIE THIH YHHBepPCalb-
HHX aarebp, o0o0mamue Te WJIH NHEE 03 PACCMOTPEOHHBIX
paHee «HKJacCHYECKHX» THHNOB anre6p. I o6obmenus
6ynyT OoOHYHO MIATH BechMa [AJEKO B CTOPOHY IIPOH3-
BOJBHHX YHHUBEPCAJBHEIX ajre6p, M HODTOMY STH THHE
ajare6p ecTecTBEHHO BBOAUTH JHIIL Teleph, KOTHa obmee
IMOHATHO YHUBEPCAJBHON anre0pHl MOKHO CYHTATH BHOJHE
ONpABJAHHHM, 3aMeTHM, 4rolH He OroBapHBAThL 3TOTO
KaXRIEIA pas, Yro BCO pacCMaTPUBAGMEIE HAMH KJIACCH
aare6p OyZyT MHOT00OOpasuaMu.

Haunem ¢ monATEA, 06BeTHHEAIOMEr0 HOHATHAA FPYHOE
(IIpETOM ¢ MPOUBBOJBHOM CUCTEMOH YHAPHHX OIEPATOPOB)
# xoabma. Ilyers mama rpynma G. Jra rpynna He obsizaHa
OBITH KOMMYTATUBHOH, HO HaMm Oyaer yao0HO MCHOIH30BATH
M Hee aNIUTHBHYIO 3a0KChH; B YaCTHOCTH, HYIeBO# aie-
MeHT 3ToM Tpynmel Oyder, Kak o0n4mo, 0003HAYATHCH
cumBosom (., T'pynma G naswsiBaercst 2pynnoti ¢ cucmemoi
Myavmuonepamopos Q wuau, Kopode, Q-2pyrnoil, ecanl
B G mOMUMO TPYHNIOBHIX OHEpALMA 3aJaHa ele HeRoTopas
cucTeMa omepamuii Q MONTOMKHETEXBHHX ap-
HoOcCTe i, TpRYEM 5TH ONEPALHN CBA3AHE C TDYHIOBHIMUI
OTePALHAME CACHYIOIAM YCIOBHEM: IS BCAKOTO M €

0...00=0, (5)

FAEe CJieBa HYJNBL ¢TOWT h pas. I'pynny G mazoseM addumue-
Hoti epynnoi Q-epynnu G.

Ecan mopanre6py Q-rpynnbl Kak yHUBepPCaJbHOM aj-
re6ppl MBL OydzeM HaswBarh Q-nodepynnoil, To ycIoBHe
(5) MoskHO OHIO OH 3aMEHNTH CIOBAMM: HYJh Q-TpyIIs
G sABagerca ee Q-IOATPYUION.

Ilonarne Q-rpynnmsl mpeBpamaeTcs HPH IIYCTOH cHCTE-
Me MyJbTHoneparopor B moHATHe TIpynnsl. Besaxas
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Z-omepaTopHag TpyUla uMeeT X cucTeMoil (yHAapHBIX)
MYJLTHONEPATOPOB, TAK KaK I BCAKOTO O & X PaBeH-
ctBo 0-o = 0 meMepmienno BeiTexaer u3 ycaosusa (1)
§ 11, uepenucamuoro apgnmrusuo. Hawromern, mpomsBob-
HOe KOJIBI0 MABJIAETCA WACTHBIM CIYYaeM Q-rpymmer —
cHCTeMa MYJAbTHONEPATOPOB € COCTOMT B DTOM Ciydae
¥3 OJHOT0 GHHAPHOTO YMHOMEHUA; CIPABEAIUBOCTH B JIIO-
Gom wonbume pasexctBa 0.0 = O BoiTeKaeT H3 3aKOHOB
AUCTPUOYTHBHOCTH.

Konmeuro, ¢BA3b MERAY MYJIbTHOIEPATOPAMH W TPYH-
DOBHIMY OIEPAlWAMH, 33jaBaeMaf yciaoBmeM (D), IpesBul-
gafino craba. Oraszanocsk, omHAKO, 9T0 Bce HapaiielbHO
PA3BUBAIOINUECS DA3HE]IH TeOpMM IPYOH C OmepPATOPaMM
u Teopud Kojyer (Mx, BIOPOYeM, He OYeHb MHOTO) MOTYT
OHTh WINOYKEHH CPasy Aisa NOOHX MYJIbTHONePAaTOPHEX
rpymt (X umrrmuc, Proc. London Math. Soc. 6
(1956); pycckmit meperox B c6. «Maremarurar 3, Ne 4
(1959)).

Cienyer oTMeTHTL, 9TO W TPYIOBL C OIEpPaTOpaMM, H
KOJIbI[a MPHHAJIEKAT HA CAMOM JieJie K UucilLy Oucmpubl-
muenbir Q-rpyunn. Mmenno, ycropue (D) 3aMeHACTCA Cie-
AYyIOmMPM MHOTO 60jiee CHJIBHHIM YCJHOBHEM AUCTPHOYTHB-
HOCTH KayK[oil omepanuum us Q Ha KaKIOM MecTe: eciu

0= Q,, 0 miai=1 ..., n
a,...8.1(b+c¢)a. .. .aq,0=
=d; ... QGgblisy . . . Qe F Ay ... Q1 - - - Qpe. (6)
Orcrona ciepyeT, Kak OOHYHO, ¥TO @y ... d,® = 0,
ecyiy XOTA OH OIHH U3 DIeMEHTOB dy, . . ., ¢, PABEH HYIIO;

yiKe BTO CBOHMCTBO CaMO MHOTO CHJIbHee ycloBua (9).
CroeraeM eme OfmH IHar B CTOPOHY TEOPHH KoJem, a
HMEHHO, BHIEINM Takue [ACTPHOYTHBHBIE (Q-Ipynmsl,
aAguTHBHEE I'PYNOE KOTOPHX a 6 e 1 e B H, a BCe MYJb-
THOmepaTOpH W3 Q He Menee 4eM O M H a P HH. ITO
o6pazoBanue HA3HIBAGTCA MYALIMUOREPAMOPHYM -KOoAL-
yom. TlapaielbHO BBOJUTCA HOHATHE MYavmuonepamop-
HoU auneinol Q-arze6pvt mam moimeM P; mMeHHo, B Ka-
yecTBe AaAJUTHBHOH Tpymnnt GepeTcss BEKTOPHOE IIPO-
CTPAHCTBO Haj wmomeM P, a MyJbTHOUEPATOPH u3 Q

N
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YIOBAETBOPAIGT HE TOJIHKO YCIOBHIO AUCTPUOYTHBHOCTH
(6), HO u ycaoBuo: ecaEm © & Q,, a &P, ro pan
i=1,...,n

a ... a3 (0a;) Gy ... G0
=afa ... Qi-y Qilisy - - - am).

Mosno yTBep:KAaTh yske, YTO UMEHHO B 3TOH 06IIHOCTH
cAeyeT paccMaTpPMBAaTh BOLPOCHL, OTHOCAIMHEECA K 11po-
M3BOJBHHEM HEACCOLUATHBHEIM KOJHIAM W HEaCcCONUaTHB-
HEM JuneinnM anare6pas (em. ofsop A.I'. Hypoma,
VYenexm mareM. Hayk 24 : 1 (1969)).
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IepefifeM Temephb K HEKOTOPHM [PYTHM KIaccaMm
anre6p. o000MAOMUM HA DTOT PA3 MOHMATHE ACCOIHATHR-
HOro Koibua. 910 MoHgTHe ObuI0 ompaBfano B § 9 mpm
HOMOINT Kolel, 3HAoMOP(U3MOB afeleBHX TPy, KOTO-
peie BOSHWKJIH BBHAY TOrO, 9T0 TOMOMOPPHUBMHI JI0GOM
rpymust (Ha caMmoM ede mayke NI06OH aAre6pHL, OMHO-
THOHOH ¢ Tpymnmoi) B afelneBy TIPymOy COCTABIAIOT
mo CJ0;keHHI0 ToMoMopduamoB abexeBy rpymoy. Ouw-
meM anreOpsl HPOMBBONGLHON CHTHATYPH, ofjafaiomnue
CROMCTBOM, AaHAJOTHYHBLIM 3TOMY CBOHWCTBY abeaeBHix
rpyau.

Ilyerp mama anreGpa A curmatypmr Q. Craskem, 910
romMomMopduamMsl airebps G aTOM sKe CHTHATYpH B aunrebpy
A cymMEDPYyeMEI, eciu

a) m1a awboro v = Q,, » > 1, 1 nW6HX TOMOMOp-
fusrsor @, ..., @,: G-—> A orobpazenne @ ... P,
OTIPEfieTIAEMOE PABEHCTBOM

g(Pr. . Qo) = (g0 ... (gea)w, g =G, (1)

caM0 SBIAAETCA TOMOMOP(UIMOM;

0) maa nwboro o &= Q, npasem 0, — orMewaeMHA
5TOM omepanueil ojeMeHT airebpsr A, o0ToGpaskeHIe
. G — A, ompejenseMoe PaBCHCTBOM

ABAACTCST TOMOMOPHUIMOM,

ActteSpa A curaatypnl Q HasnBaercs abeaesoli (B pas-
JOUYHBIX YaCTHHX CIAydYaAax YOOTpeGaAioTcs MHEOTHE ApY-
THe TMa3BaHHUA), 6CJIII FOMOMOP(PUBMBI B Hee Ji000H anredpu
3TOH ke CHTHATYPH CYMMHPYEMB.

Aueebpa A cuenamypw S mozda u moavro moeda abe-
aesa, ko20a

a) oaa awbux 0 = Q,, 0 = Q,, n, s>1, ¢ 4 en-
Roamraemes mosxcdecmeo

(Typ++ T 0) o T . .. Tp0) O =

= (e g ) (T ... Z0) @, (3)

ede (v 1<i<s, 1< j<n) — mampuya us wueus-
GeCMHBIT;
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6) ace © = Q, ommeuaiom 6 A odun w mom e dae-
MeNm U oMOm daeMenm seasemcs Q-nodarcebpoi ¢ A.

HoxasaTteabcTBo. Iyeth o & Q,, o & Q

n, $>> 1, TycTh JaHB TOMOMOPYU3MBL ¢y, . . ., ¢ aATeOpH
G curmaryps QB A u mycers by, . . ., b, &= G. Hoao:xum
big; = ay, 1<<i<s, 1 i< n (4)

Marpuna (;;) sBEsgeTcA Ha caMOM Jiejle HpPOM3BOJBHOM
MaTpulell HaEHHX PasMepoB M3 dlIeMeHTOB anrebpel 4 —
BBHJY 3aMeuanms, cienaumoros § 1, mocrarouHo 61110 GBI
B3ATL B KauectBe G aare6py Q-c1oB naj aiddaBrroM
by, ..., b, a B KauecTse ¢, TOMOMOPPH3M 3TO0M anrebpsi,
pepeBoAAMuUil yKasauusi axdaBuT B j-ii cToabel XaHHOK
martpuns. Hemonwsaysa (4), (1) m romomopgrocTs orodpa-
MeHHA  @;, ToNyYaem:

(@11 - @120) -« .. (@« . . G5 OO =
= [(0;¢y) - . . (0i@p)0) . . . [(bgy) . . . (by@r)0)o" =
= [b, (p; - . . 9,0 . .. 1o, ... Qr0)l0";
(@31 - -+ @) . oo (@ -+ L A0 Y0 =
= [(bypy) . . . (bl . . . [(bypn) . . . (bpr)o le =
= By . .. b0 .. L(By . . . bo))palo =
= (b ... b0NPy - .. Pyw).

ITH paBEeHCTBA HOKA3HIBAIOT, UWTO CIPABEIIHBOCTL B A4
Beex ToxecTB Buia (3) paBHOCHJIBHA TOMY, 9TO BCAKOE
orofpajkenne BHAR ¢ . . . P,0, 7 > 1, Bemer ceba Kak
TOMOMOP(HM3M 10 OTHOWIEHHIO KO BCeM HEHYJIbaPHEIM olle-
pamusaM o' & Q.

C npyroit cTopoHbl, M3 TOMOMODP(HOCTH OTOGpakeHHA
G u3 (D), © & Q,, caegyer, B JaCTHOCTIH, ITO JIA F06OT0
® & Q, odieMenT, oTMeYaeMEIi drToit omepauwed B G,
JIOJGKeH IepexXomuTh npu ¢, B duemeHt Oy & A, T. e.,
BBHAY (2), BCe » & (), [EHWCTBHTEIHHO oOTMe¥aldT B A
OJMII B TOT 3¢ DJIeMeHT; ofo3mad¥nM ero npocto depea 0.
U3 oroit ke roMomopduocTH 0TOGPaKEHAA @u, & &= 2,
clejiyer, 4Yro uIa 6ol omepammn o & Q,, 7 >1,
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n agobux a, ... a, &G 6yner

(@ . .. 0,0") Qo = (190) . . . (@rQe) ©,

T.e. 0...00" = 0. O6patao, m3 cupaBeIHBOC I YCIO-
BuAg 6) TeOpeMH CJeflyeT roMOMODPPHOCTh BCAKOTO OTG-
6paskennn ¢, o & Q,. Orcooga xe caemnyer, Haxo-
Hell, W TOMOMOpPHOCTH BCAKOr0 O0TOOpaskeHHA BuJA
Py .. 9n0, O Qy, R >>1, OTHOCHUTENBHO HYJIBAPHHIX
omepamuii: eciam omepanmA ¢’ € €, oTMedaeT B airefpe
G saement O, To, mo (1),

0o {11 -+ - 0100) = (Owgpy) - . . Ougp)o =
=0...00 —0.
Teopema joxaszama.

daMeTuM, UYTO MBI NOAYYMIN GHl B TOYHOCTH DTOT ke
Kiaace anrebp, ecau Ovl B ompemenenun aberenoil axreGpht
TpeGOBAJN CYMMMPYEMOCTH TOMOMOPPHIMOB B anredpy
A JTHIb S TAKUX ajdrebp curnatypm 2, KoTophle IIpu-
HAJJeKaT K HEKOTOPOMY 3aJlaHHOMY MHOT006pasuio, co-
nepsxamemy 4. B orom caydae my:rno 6nuio 6ol TOIBKO
WCHONAb30BATE B IOKA3ATENBCTBE TeopeMbl He anrebpy
Q-c10B, a COOTBETCTBYIOINYIO CEOGOMNAYIO ajredpy »TOro
MHOr000pa3n.

Ecan aare6pa A curmarypu Q afesiesa, To ompefeie-
anA (1) n (2) npespaiaioT MROKECTBO BEEX TOMOMOPPH3-
MoB B A moboit anrebpst G curwevypmt Q B anrebpy
oTOi ke curHaiypst,— (1) samaer Bce omepammu TON0-
JRHTeJBHBIX apHOCTeil, a roMoMopduaMm ¢, u3 (2) orme-
yaercaA HYJAbapHOH omepaiumedl w; 3T0 a.s2e0pa 20MoMOpD-
usmoe G B A. U3 ompejesenug onepamuii Haj TOMOMOP-
dusMaM neMeJIHIT0 CIeAyeT, UTo & aizebpe 20Mmopopdus-
Mmoe a1060l areebpul G 6 abeaesy aacebpy A evnRoOAHAIOMER
ece mosclecmea, ewnoanswwuecs ¢ A; B YaCTHOCTH, 5T
anrebpa cama Oymer aGesesoil.

M3 crazanmoro ciepyer, 4To oHAOMOPPHaMEL abeTeBoii
anre6prt A cCHTHATYPH Q COCTABIAIOT MO YKA3aHHBIM Ofie-
pauuAM abexeBy axnrebpy aroif sxe curmarypei. C apyroii
CTOPOHLI, OHHM COCTABIAIOT MOJYTLPYNOY 10 YMHOMEHUIO
(B cumurce yMuoseHns otofpaskenni, oM. § 3). Imo yano-
acenUe cea3aH0 ¢ onepayuamu U3 Qaaronamiy ducmpubyniuo-
nocmit. Vnenno, ecnum o & Q,, n > 1, 1o paa moboro
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ac=A u mobux HAOMOPDUIMOB ¢y,. . .,(,,p OyIer,
Beuay (1),

af(gy . . . 9,0)] = (@P)(@, . . . p0) =
= lap)g,d . . . Hap)p,lo = lalpey)] . . . lalpp,)lo =
= al(ppy) . . . (ea)ol,

al(ey . . . @ o0p] = lale, . . . g o) =
= [(agy) . . . (apy)olp = [ap )Pl . . . [(ag,)ple =
=la(eP)] . . . la(p.P)lo = al(ey) . . . (pup)ol,

Y@y - .. 0r0) = () . . . (Yoo, 6
(@1 -+« 900 = () - . . (PaP)o. (6)

C ppyroit cropous!, ecim Mb 0603HAYAM Temeph depes
o HyIeBoli sumoMopduam anrefpsr 4 (1. e. sHEOMOpPHUIM
u3 (2), orobpaskaromuit A B wynb 0 nroit aGeneBoit anred-
pwi), To AiA nwboro a &= A4 wm moboro suaomopdusMa P
Oyder

a(hpgy) = (ap)g, = 0,
a(pep) = (a@y)y = 0 = 0,

PPy = Pgs (7)
P = Qg (8)

Mol upmmim E CIeIYOUEMY MHOTO0HPasmio anrebp:
u10 abesessl anredpol curnaiyvpu Q (¢ myaem 0, ecam B £2
HNMEIOTCA HyJbapHBe OMepanuil) U B T0 JKe BpeMsA HOAY-
Ppymisl 1m0 GHHAPHOMY YMHOMEHHI0, OpHIeM BLIIOMHSA-
01CA 3aKOHH JUCTPUOYTUBHOCTH H, B YACTHOCTH, HYJIL
abesieBoil ajreOpw Wrpaetr polb HYAd [AIA YMHOMCHHA.
B cootBercTBHU ¢ TepMUHOIOTHEH, KoTopad Gy/ier BBejelNa
B crefyioliieM maparpade, TONYYeHHBIe aATe6PHI MOAHO
Ha3LBaTh OJucmpubymuenvlnu koavyoudamu wHad abee-
soiMU  aazeGpamu.

Paccmorpum meroTopsie mnpumepsl. B muozoodpasuu
epynn abesestimu aszebpami 6yoym 6 mounocmu abenesh
epynnu. [e#ictBuTenbHO. TO:FectBo (3) B rpymme A
ciydas, KOT[a M @, W 0 ABIAATCA YMHO/KeHHEM, UMeeT
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[Fel
-

BHJ
(Z12%12)(X500) = (£11%21) (219755), (9

OTKYJIa X15%y; == Z91¥pq, T. €. YMHOKEHHE KOMMYTaTHBHO.
Ecan ;xe oana us onepanuit ®, o ABiserca YMHOKEHHCM,
a Apyrad — HepexofoM K obpaTHoMy biementy, To (3)
NPUHEMAET BHI

(Z12) 71 == 35;1‘”;1,

uT0 B abeleBo#l Trpymnme IeHCTBUTENBHO BHIIOIHAETCH.
Haxonen, equauna rpynne Ha caMoM jiejie ABISETCS TOJI-
rpynnoii. JucTpubyTuBHLe KOABLIOUAL COBIAZAIOT B BTOM
cjiydae ¢ acCOIMATHBHBIMU KOJBITAMH.

Haa moayrpynn ¢ efuumueit abelXeBocTh TaKsKe COB-
nafiaeT ¢ KOMMYTaTHBHOCTBIO, KaK IMOKA3LIBAeT TOKIECTBO
(9) mpu z,; = x), = 1. B muozo06pasuu ecex nosyzpynn
cywecmeyiom, O0HAR0, HEKOMMYMAMUSHbE, HO abeseswl
nosyepynne. TakoBa, HampuMep, BCAKAA NOIYIpymnna
¢ YMHOMKeHueM ab = q.

Koavyo 6ydem abeaessim mozda u moavko mozda, kozda
OHO € HYaegblm YMHOJCEHUEM, T. €. B HEM BEHIIOJIHAETCH
ToKAecTBO xy = (). [leficTBuTenbHO, TORmECTBO (3) mAA
caydad, KOIZa O — CIOJKeHHe, a ' — yMHOReHHe, Ipu-
HUMaeT BH]

(711 + )@y + Tgp) = 2%y + T12%29,

OTKY/Jla OPU Ty, = 0 momyuaeM z,,7, = 0. Hoxsma ¢ ny-
JIeBHIM YMHOKEHHEM HTPAIoT B TEOPUM KOJeI Ha CaMOM e
Ty K€ pOJb, KaKaA B o6miell TeOpHH FPpYyOO HPHHAIE/RUT
afeleBRIM Tpynmam.

PaccmoTpmm, HakoHel, yHETapHHe MOXYJIH Haj ac-
COIMATHBHHIM KodbnoM K ¢ enumuneii. Bee tpebomanus,
Cojiep;Ramldecd B UPHBEJCHHON BHINIE XapaKTepH3AMUH
abemeBHIX airefp, BLITOKAIOT B 2TOM cjydae W3 oIpefe-
JeHHA MOAYJA, KpoMme oguoro. Muemmo, ecim o, f =K,
TO TOKECTBO (3) mpWHMMaeT MiA ciaydad o == ¢, o’ =

BUJL
(zo)p = (2B)et,

z(af) = z(Pa). (10)

T. €.
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EcrecTBeHHO OTPAHHIATHRCA IOITOMY IPH PACCMOTPEHHN
Monyaeii, sBaAlOOuXxcA abeleBEMEm anrebpaMm, IpocTo
MOAYAAMH HAJL KOMMYTATHBHO-aCCOI{HATHBHBIM  KOJb-
wom K.

ITpu omom ozpanuuenuu na K ducmpubymusnsie koib-
youdu Had yrumapuolmy K-modysamu — amo 6 mounocmuy
accoyuamugnsle auHnelinbie aszebput Had roavyom K. Jleit-
CTBUTEIHHO, JUCTPUGYTHBHOCTH YMHOKEHMSI HA IEPBOM
® Ha BTOpOoM Mecte (ycaoBust (5) um (6)) oTHOcHTembBIO
yHapHO#l omepamuu o &= K, B3ATOM B KAa9eCTBE ®, U €CTh
Kar pas ycaosume (4) ms § 13.
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B srom maparpade Gymer BBeflen elne OBmH THI a;irebp,
Gosiee mmpoxmii, 9eM PAaCCMOTPEHHBIN BHIIE KIace MHC-
TPUGYTUBHBIX KONBI[OMIOB HaJ abeTeBHIMU anaredpamu,
1O He MeHee ecTeCTBeNHHIH. A6eseBH aareGpsl MOABIINCH
y Hac DOTOMY, YTO MBI XOTEJIH 0GeCIeYNTh CYMMUPYEMOCTH
roMoMopQr3MOB IPOM3BOJIBHON anredps cargarypsi Q
B paEHyi0 aarefpy. 9T1a moTpeGHOCTH OoTHAfaeT, OTHAKO,
CCNM MBI GYIHeM paceMaTpuBath He TOMOMOPEM3MEL, a 1po-
H3BOJIBHEIE OTOOPaKeHHAA.

Wsenno, myers mana anrebpa A curnatype Q. Pac-
CMOTPHM MHOKECTBO BCEBO3MO;KHLIX oOToOpa:renuil (me
TOJBKO ToMOMODPu3MoB!) anre6psr G curaaTyps QB ax-
re6py A. Onpepensis pias Jdwboro o &= Q,, n > 1, n
A1066IX  OTOOpAIKeHHIA @1, . . ., 9, G—>A orobpakenue
¢ - .. 9,0 pasemctBoM (1) m3 § 14, a mis awboro o &
‘&= Q, orobGpaskenue @, paseHcTBOM (2) M3 § 14, bt npe-
BpAalaeM MI0KECTBO Beex orobpamennit G B A B aarefpy
curnatyps Q. M3 onpenenennsa onepanuii Hax oTobpaske-
HUAMH cefi9ac jKe cjeiyer, 4to B 9Toi asreGpe orobpa-
ket G B A BBHUIOJNTAIOTCA BCe TOMKAECTBA, CHPABEIMUBLIE
B A, 7. e. »ra ajirebpa NpURAAIEKAT K MEOrooHpas3uio
(Q, A), eciu B Hem cofep:ruTCa ajirebpa 4.

B aacrooct, Bce mpeofpasoBamus anredpu A MHO-
roo6pasus (Q, A) COCTABIANT MO YKAZAHHHIM OTIePAT(HAM
aqrebpy aroro sme Mmoroofpasma — anre6py npeobpa-
sopanwuii ajirebpul A. C apyrofl cTOpOHEL, OHH COCTARIAIOT
NONYrPyIily M0 YMHOKeHHI0 HPeobpazoBaHuil — cHMMer-
pudeckylo moayrpyuny ma muocectse 4. Ilpm pronm yamo-
eHNe mpeolOpaszoBayuii CBA3aHO ¢ omepamusmMm U3
3aROHAMH JUCTPpUOYTABHOCTH HA BTOPOM MecTe: 1A JII0-
Goro o= Q,, n>1, um mobex npeobpazoBanmi
'q” P oo P

Y@y - - - o) = (hPy) - o - (Pn)w; 6]
anga a1060ro o & Q, u Aw6ore npeobpa3zoBaHug P
'qJ(Pm = Q- (2)

JleiicTBurensno, opa BuBoge gopmyra (5) u (7) 3 § 14
(8 orimume or dopmya (6) m (8)) Ml Ha camoM neide He
WCIGAB30BANM TOTO, YTO paccMaTpuBaeMiie upeobpaso-
BaHUA ABJIAKTCA HHHoMoPU3MarI.
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Ilo:ygennoe ofGpasoBandme Ha3LIBAGTES CUMMEMPUie-
cxum  (Q, A)-koavyoudom wa anrebpe A B COOTBETCTBHU
€O CIAeAVIONMM OOUIMM OTpefe;leHned:

Anre6pa G, curHatypa KOTOPOH COCTOMT W3 (2 u emie
OfHOTO OUHAPHOTO YMHOKEHIS, HA3BBAGTCA KOAbYOUJOM
nad anreebpolr mmozoobpasus (Q, A) mam (Q. A)-Korvyo-
udom, ecnu &, paccmMarpmBaemas Kax ajrefpa CHTHaTypb
Q, costepsuurca B MuorooGpasmu (Q, A), a M0 YMHOKEHHIO
G ABnNsieTcsA TONYIPYUIOM, M €clIW YMHOMKEHHS CBA3AHO
¢ omepanuAME W3 ( 3akoHaMd AUCTPUOYTHBHOCTH HA BTO-
pom Mmecrte. Omepanum mz Q HassiBaloTCA a0GuUMUEHBIMU
onepayuamu Kojabhouaa G, a G kak anrebpa CHTHATYPHI
Q — addumuernoir ascebpoli woxbUoHAa. EcIM 3aKOHbL
rECTpAOYTABHOCTH IS YMHOKEHHA OTHOCWTENBHO OIepa-
nuit w3 Q BHIOOTHAITCA M Ha mepsom mecte (cp. (6) u
(8) ma § 14), To KonbIoNA HasHBaeTCA JUCMPUCYMUSHBM.

Moraskenm caegyiomyio Teopemy . B.Xnomna
(Tp. Mock. matem. o-Ba 14 (1965), 3—47), xopomo onpas-
AWBAMINYI0 MOHATHE KONBIOHA:

Bearuii (Q, A)-koavyoud G usomopdro eraadvisaemes
6 cummempuueckuir (Q, A)-koavyoud S mHa Hexomopol
aacebpe H mruozoobpasus (Q, A). B rawecmee aaze6pbl H
MOJCHO 63amo, Hanpumep, aa2e6py npeobpasoganuii ad-
dumuenoil aazebpw G* roavyouda G.

Nowxasartemncrno. Ilyers H subpano Tak,
KaK VRasamo B (OPMYIHPOBKE TeOpeMH. Y cIoBuMcs 0bo-
3UAaUATh YMHOKeHHe B Koanmomgax G m S CHMBOTOM °
I TOTO, UTOOK HE CMEWiMBATH €T0 ¢ IPIMeHeHWeM Ipe-
oGpazoBaHuid,

Cpemu mpeoGpasosanuii anrebpsr G* (r. e. MHOKeCTBaA
G) WMeTCA cIejiyionne HMOCTOAHIbe MpeobpasoBaHuA Cq.
g G wis Besworo x e G

zcg = 8. (3)

MuoskectBo € BceX TOCTOAHHBIX HPeoOPa3oBaHM ABIA-
erca moganreGpoit anreGpsr M. JeficTBuTeabHo, AIHA BCA-

koro o Q,, n>1, u BeAREX 2,44, ...,0, =G
6yner, suxy (1) ua § 14 u (3),
Thy . e = Ay« o o G® = (TC4,) - - (z¢;,) @ ==

x(c . ¢, ),
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OTKYA

Cartp0 = Cay v+ + Cq, O (4)
C mpyroéi cropomus, eciu omepamma o & Q, oTMeuaer
B & axement O, To AXA oTMewdaeMoro e B H axemeirta
¢, 6ymer, sBuay (2) us § 14, x¢, = 0 ngna Bcex r = G,

OTKYZa, BBEAY (3),
P = Co,- (5)
ComocraBUM KaskmoMy odieMenty a & G 3ieMeur
S, & S, onpenmenseMbiii Kax npeofpaszoBanume MHO)KeCTBA

H, caegyomum o6pasom:
ccim he=C, h = ¢4 TO

hSa - cgca; (6)

eciu ke h&& C, 10
hs, = ¢, (7
Eean a, be=G u a == b, 70 s, == 4. Jeirctearensno,
B DTOM CJy4dae Haiigercs mpeobpasoranme h MHOMecTBa G,

He wmpAHajue;kamee K C (Hampumep, NepecTaHOBKa a
u b), u, wo (7),

hs, = ¢q, hsp, = ¢y,

HO €4 == Cpe

Monyuernoe Biuoskenne G B S ABaAsercs MonoMopdus-
MoOM KoJabiounos. Umenno, eciim 0 & Q,, n > 1, 1o muna
A00HX @y, .., 0, =G

S0 = Sap o+« Sg, O

B camom peme, ecnm h = ¢g, To, mpumenas (6), (1), (4),
cuosa (6), a sarem (1) uz § 14, momywaem:

hsax...anw = ch(a,...anw) =
= Cgeay + + + Cgoa O = (hsg) « o - (hsan) o =
= h(sq . .. 5,,0).

Eean e h &£ C, 1o, npumensas (7), (4), caosa (7), a satem
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(1) ns § 14, rawme moxydvaem:

oo, 0 0= C = Cg, .. . Cq O =
0110 ay... 0,0 ay a,

= (hSa,) - . . (hSa ) © = h(Sa, - . Sa, ®):

Iagee, ecim omepamusa © & Q, orMedaer B G diaement
0w, TO 5o, OyMEeT DIEMEHTOM, OTMETEHHEIM sTOH omeparieit

B 8. B camom feme. eciu A = ¢4, 10, upnmenas (6) u (2),
HOJydaeM

hsou) = Cgop,, = o4y
ecam sue h &£ C, 1o, no (7), cHOBa
hso, = ¢q,.

Teneps ocraercs cociarbes ma (D), a sarem Ha (2) ms § 14.
Haxonen, gng mobwx a, b= G

Sgop = 84 © Sp»

B camom pgeme, ecam h = cg, TO, mcmonnsya (6), ac-
CONMATHBHOCTh YMHOKeHHHS B KOJbIoHAe, cHOBa (6) n
onpejenenHe yMHOMKeHWA NpeoOpaseBaHHMil, HOJIYyYaes:

hSpp = Cgoast = (hsg) sp = h (84 © Sp)-
Ecan swe h & C, 70, BBEAY (7) B (6), cHOBa

BSah = Cap = (BSg) Sy = B (54 0 §p).

Teopema [oOKa3aHa.

Eme B TpmAaTHX TofaX HAaYaloch H3Y4YeHHE KOIbHu-
MA0B HaJ Ipyumamu, T. e. noumu-kosey. N3 toro, 9ro 6m.10
CKa3aH0 BHIIe, MOMKHO celiaTh 3aKITeHHe, 94T0 HOHATHE
IOUTA-KOJBIA ABIACTCH CTOIB 3KE eCTECTBEHHEIM 00heKTOM
ABYYCHAA, Kak B MHOTO 0oliee Y3KOe NOHITHE AaCCOUHNATHR-
HOTO KOJDLHA. JTO ke COPaBefdnBO W A ABYX IpoMe-
JKYTOUHHX CJy9aeB — JJfA JHCTPEOYTHBHBIX MOYTH-KO.1eLL
(nuCTpHOYTABHOCTH BHIOJHAETCH Ha O0OHMX Mectax, IO
aATNTABHASA Tpymma MmokeT OwTh HeabeneBoir) m st
MOYTH-ROJEN ¢ a0esieBoil aJIATHBHON IPYMION (XOTsH Auc-
TpuOYTUBHOCTD Ha HEPBOM MECTe MOKET HE BBITIOTHATHCH).
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JlanHo H3YUANTCA H ROAYKOABYQ, T. €. ROJILIOHIL HAL
modyrpyonaMa. PaccMarpmsaiucs W Heoroabya, T. 6.
RONDLUONAE HAJ JAYIaMH, & TAKKe KOJLUOHAb HAX -
Tpynoavg ¥ 7. . BecbMa muTepecHs W JaBHO U3VYATOTCA
ROJLNOMBI HAJ KOJABHAMY; JIA HUX KOHKYDPHDVIOT He-
CROMBRO 1IA3BaHHi, B TOM YHCIAe MEHZepOshl aazel poi.
SHadeime MX OCHOBAHO H& TOM, UTO CHAMMETDIYHAA Med-
reposa airebpa Ha Kounbie A — 5T0 IIPOCTO COBOKYIHOCTH
BCIO/ly ONpemeNeHHLX QYHKIME OJHOTO HePeMEeHHOTO M3

B R. paccMarpuBaeMas KakK KOJBIO OTHOCHTENBIO
ouepauuil crosKenusas U yMmMuomenwsn QyuKmui (8 cmwmicac
CIOReTNA 11 YMHOKREHNs 3HAYeHNA PYHKUMHE IPU KAKIOM
SHaveuln mepemeunoro, cp. (1) us § 14) u B ro ke Bpema
Kan MOAYIPYOIA OTHOCHTENHHO CYNEPHOZUIUN (YHKIHH:

(Feg)(x) = g(f(x)-

Ho cymwecTsy o™i ke ciloBa IPUMENHMb, HOHATHO, H &
CAVUA0 CHMMETPHUYECROTO KOJBIoLa Ha aareGpe Jwboro
mioroofpasua  (Q, A).

B autepartype yixke mosBmianch pasindnsie 0606menin
KosibioumoB. Tar, paccMaTpHBAIOTCA HEACCOYUAMUBHHIE
{Q,A) - Koavbyouds, — N0 YMHOSKEHHMIO JHIAL TPYTHOMA
(8 "acTHOCTH, KBASATPYINa), a 1e IOAYIrpyrna.

VacematpuBawrea u  n-aphiie  (Q,A) -koavyoudu.
B wacrmocrm, cmMMeTpHuUecKIe R-apHBE KONBLLOMAM,
n > 2, BOSHHKAWT TAK A, KAK HOABIINCH BBITIC CHM-
MeTpuUecKue GUHADPHLE KONBIOMAH — HYMRHO TOIBLKO pac-
cMaTpuBarh Ha jgaHmoi aareGpe ¢ynxpmm or n — 1
nepeMelrHOTO, a He oT ojyuoro nepemennoro. [Toka mpe-
MMYMEeCTBOHHO H3YUaTUCh 7N-apHBE KOJBIOWAS HAK KOJb-
TaMi; 7av1ald0ch U3YYeHNe UX H HAJ| MYJIbTHONEPATOPHEMHI
ITPyTIaMa.
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BpenmeM, HAKOHEI[, ele OJuH KJIacC YHHBEPCaThHHIX
anre6p, saHEMaomui B obmeil anrebpe BechMa BaMeTHOE
mecto. HamoMEMM, 49TO MHOeCTBO S HA3HBAETCA uac-
muuro ynopadouenHuM, eciu Ha S 3alaHo OWHApHOE OT-
HOIIEHHME <, T. €. JIA HEKOTOPHX YHOPAAOYEHHEIX Hap
a, b & S noaomeno a < b, HpEyeM 310 OTHOINEHHE XOI-
JKHO OBiTh peIeKCWBHEIM, TPAH3UTUBHHIM H AHTHCHUMMET-
pUYHEIM, T. €. JUsA Bcex a4, b, c & S

a < a,

ecim a < bmb<Ce, 10 @<, -

ecam a < bub<a 100 =0
HanmonmmM Taxse, 9To OTHOIIEHUE > 00pAaTHO OTHOIICHMI
<, 7. e. b>a Torma M TONLKO TOTAA, Korja a <_ .

YacTHuEO YHOPAMOYEHHOES MHOKECTBO S HazH©naer-
caA cmpyrmypoli (ymorpebisercss TaKKe TEPMHH (penler-
Ka»), ecid OHO Y/JOBIETBOPAET CJIELYIOMUM JABYM YyCI0-
BHAM.

I,. Nas Beakoir maps sieMentoB a, b § n S cy-
MeCTBYeT Tawroit sieMeHT ¢ = a (| b, nepeceuenue odiue-
MeHTOB a u b, 9T0 ¢ < @, ¢ < b, mpHdeM eclIE HEKOTOPH
aemenT ¢ Tar:ke obaanaer cBodcrBamm ¢ < a, ¢/ < b,
o ¢’ < c.

I,. Jlna Bcaxof map omementoB a, be S B S cy-
mecTByeT Takoi omement d = a |J b, obwedunenue ale-
MenToB @ 1 b, uwto d > a, d > b, IpHUeM €CIH HEKOTOPHIH
oxement d' Tarkxke obiamaer coiicrBamMim d' > a, d' > b,
0 d’ > d.

Ws sToro ompepenenms caejgyer, UT0 W IepeceicHHe
a (| b, m o6bvequuenue a |J b sreMeHTOB @ H b ompejeiensl
B cTpyKType S 0HO3HAYHO. BeaKaA CTPYKTYpa ABIgETCA,
clIeoBaTeIbHO, YHEBepcalbuoil anrebpoir ¢ apymsa Oum-
papawME omepammama {y m |J. Mcxommaa wacrmaHas
YHOPANOYEHHOCTh B CTPYKType S MokeT OHTHL 3amaHa
Ipu TOMOmHM 11060 U3 9THX onepanmii. iMeHno, 04eBR/HO,
9TO JIS BIEMEeHTOB @, b & S Toria m TOAbKO TOrAA @ < b,
rorfa a | b = a (a Tamswe korma a \y b = b).

Cmpyrxmyps kax aa2e6pwt ¢ GUHADHHLMU ONEPAYULMU
N\ u | cocmagasiom Mmuozoobpasue, aadasaemoe moxcdecm-
eamu

L, zNz=22 U z = x;

IL.zNy=yN=x zy=y U=z

I



§ 16, CTPYKTYPHI 9y

114-$0(ny)~w, zU Ny ==

B camoM pexe, BHHOdHeHHEe B CTPYKType S TOHIeCTB
II; u II, ouemmano. llposepum Il,, xora 6m jgus mepe-
ceuenus. Jus mobnx a, b, ¢ = S Gynmer, BBuAy Iy,

fanNbdNeCanbg
(anNbNean b<b,
(anNbdne<e
OTKy[a, CHOBa mo I,
(aNbd)Nedbe,
a0 dNe<anN (BN o)
Amnanorud=o
afN®dnag<@nbNe
a mooromy mmeer Mecro Ifj.

ITposepum Temeps x0T O mepBoe u3 To:KgecTs Il
Beany I,

aflayd)<a
Ho a << a W, 1o I,, a<Cal) b, orxyza, mo I,
a<<afl(aU b)
orcrioga ciaeayer Il
Mycts Temeps S — aarebpa ¢ omepamuamu (1, {J,

yaosiersopaiomumu  TorecTsaM 1, — 1l Hona;KeM
910 AAA ¢, b & § paseHcTBa

afNlb=a alJb=">b 1)

ONHOBPEMEHHO BHIUONHAOTCA UNH HE BHIIOJIHATCA. Heir-
ctemTeNbHO, ecan a (} b = a, 1o, WO 1L, n 11,

ayb=(@nbuyb=5b
ecau xe a |J b = b, 1o, mo I,

aNb=a (@l b =a
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FEecnu pasenctsa (1) misa 31eMeHTOB @ B b HMEIOT MeCTO,
TO WONO:EM a < b. ITHM B MHO;KeCTBO S BBejeHa 4dac-
THUHa# yunopApoueruocts. lleitcrBuTensHo, a < a BBARY
1I,. Danee, ecima <. bnb<lc,1.e.a b=a,b N c=
= b, To, B cuny ll,,

afe=@anNdNec=anNBNc)=a b-=a,

T. €. a << cHammen,ec.nna<bnb a,T.e.a b=
= a, b N a = b, 10, BBUAY II,, @ = b.
Ilorasrem, wro BmHoAHserca ychosme I,. M3

@end)Na=anN@nNd=(@NaNb=anb

caeayer a N b <l a. Anazormano a (| b<< b. Ecam e
B S B3AT NpPOM3BOJABHEIA 3JJIEMEHT ¢’, YAOBJIETBOPAIOMMIA
yeaoBuaMm ¢’ <la, ¢/ << b, T.e. ' Na=¢, ¢
=¢', 10

CNENB =@ NaNb=cnb=d

otkyma ¢’ <L a [} b. Onement a [\ b ABIsercH, CIEHO-
BaTeJbHO, TepeceveHueM dJIEMEHTOB ¢ U b B CMEICKE YCIHO-
pusA I,. AHalormvyemM o6pa3oM JIOKaswBaeTcs, 49TO die-
mMeHT @ |J' b 6yner o0pequHeHHEM DIIEMEHTOB @ W b B CMuI-
cie yexosusa I,.

Hodempyrmypoti ¢cTpykTyps S HasmBaerca HOJAJTE-
G6pa S kak anreGpm curnaryps (), U). 3amermm, uro
HOAMHORECTBO I CTPYKTYpH S MOKET OKa3aThCA CTPYK-
TYpPOH OTHOCHMTENBIO TOH YaCTHUYHON YIIOPATOUECHHOCTH,
KOTOpasd MHAYOHPYETCA B HEM YaCTHYHON YIOpPAXOYSHHO-
€ThI0 CTPYKTYDPH S, He ABIAACH MOACTPYKTYPOH CTPYK-
Typel S, — mepecedenus (min 00beIMHENHA) DIEMEHTOB
uz I B crpyrrype I MOTYT 0TAUYATHCA OT HX nepecevennii
(o6veanuenuii) B crpyxrype S.

IpnMepoM CTPYKTYPHL CIHYIRAT BCAKOE AUHELHO Yno-
padouennoe mHosxcecmeo (WIN yenv): IIA TIOOHX DIEMEHTOB
a, b mmeer Mecto mau a <L b, waAM ke a > b.

MnosxectBo HaTypaldbHBIX uuCen O6ygeT CTPYRTYpOit
¢ OTHOIIEHMEM JeJWMOCTH B KadeCTBe OTHOIICHHA HaCTHU-
noro mopsaara. Ponp mepecedenns urpaer 3gech HanGolan-
mui o6mui geauTeNs ABYX UHCeNd, a obbejunenueM Gyner
X HauMelibillee oGIHee KpaTHoe.
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HomnoskecTBa 1000T0 MHOKCCTBA COCTABIANT CTPYK-
TYPY OTIOCUTENHHO YACTHIHOM YIOPAZOYOUHOCTH IO Teo-
POTURO-MAOKeCTREHIOMY BRIoodenumo. [us mac ocoben-
110 BAKHO, TG MOKHO TOBOPHTE O cmpysrmype nodaszedp
wr060il yauBepcanbioi anrepdst. G. IT0 GyNeT MHOMECTBO
Beex moxanrebp anrebpst G, eciu B G 16T TakuX mojanredp
A, B, uepeccuenme KOTOPHX TyCTO, B TPOTHBIOM KO
cayyac YKasaHHOe MHOYReCTBO IHOHOJIACTCH HYCTHIM 10/~
MuoskecTBoM. YacTuuHAaA YHOPALOUELHOCTh IoAaire6p
Geperca 1O TEOPETHKO-MEO/KECTREHIIOMY  BRIIOHEHUIO.
Ilepecevesime A [} B ysyx nogaire6p ecTb MX TEOPETHRO-
MHO KeCTBEHHOE Tepecedeine, a poab obbegunenna 4 ) B
nenoausger mogaxrebpa {4, B}, moposjenuas Te0peTUKO-
MHOReCTBeHHKM 00 bequnennen mogauredop 4, B (e. § 1).

Eeay G — rpynna, 10 AnsA J00LHX e 10pMalbHhIX Aenu-
veneit A, B moarpymnnt 4 () B u {4, B} cann Oyayr,
KAL U3BECTHO, HOPMAALULIMIT AeJIHTeNsAMII B G, npuieMm
{1, B} = AB, 1. e. BeARu# auement u3 {4, B} mower
OBITh YHTH OB OJHHEM CHOCOOOM BaIUICAH B BHAE IPOUIBE-
gerust ab, a = A, b & B. Hopmaabusie jenareny mpo-
M3BOJLHOI TPYHOH  COCTABIAT, CHeA0BATENbHO, MOJ-
CTPYKTYPY B CTPYKType BceX IOAIPYINI ATOH FPYHIEL

Crpykrypa S uaspBaerca dedexundoeotr (Mam mody-
ASAPHOY), ecad IiA JIO0HX &, b, ¢ & S, yAoBIeTBOPIOINX
yCA0BUI0 @ > b, BBIIOIHAETCH PABEHCTBO

e Ue=0bUlne). (2)

Cmpyrmypa HOPMALGHBL —Oeaumencti npoussonbHol
epynnol  agasemes  Oedexundoeoli.

JleiicTBuTenbHO, IycTh B Tpynue G Aanb HOPMaJbHbIE
nennrenun A, B u C, npuuenm A D B. Hymno goxasars,
uvo

AN BC=B4(nC0). 3

Tak rak B & A u B & BC, 10 B copep:muicsa B JeBoi
wacti pasescrsa (3). Taum ke comepmuren u 4 () C, taK
kax C & BC. Orcropa cnemyer, uTo BeA IpaBasg 4dacTh
pasencrsa (3) copepsxurcs B ero mepoit wacr:m. G xpyroi
CTOPOHHI, M1060H dIeMeHT, COfep;KAIUMACA B HOPMAAbHOM
neamrene A [} BC, #BIAGTCA DIEMEHTOM a &= A, jo-
IyCKAIOmuM 3amuchk @ == be, rae b & B, c = C. Orcopa



102 § 16. CTPYKTYPHI

e="bblac= A, tak ®ak BT 4, 1. e. c=(4 N 0),
OTHY/1a

a=bee B(ANC).

ITHM [OKa3aHo, UTO eBas 4acTh paBeHcTBA (3) cofiepiRuTCA
B CBOI0 oOYepe[b B ero WPABOH YacCTH.

Jlerxo mokasath, W0 CTPYKTypa BceX NOATPYHI He-
KOMMYTAaTUBHOUE Tpyunusl B obmeM caydae me Oymer nefie-
KHUITOBOK.

Hedexurndoest cmpyrmypvl cocmagisiom MHOo2000pasue
citpyrkmyp: cmpykmypa S moada w moavko mozda dede-
KUHO08Q, €CAU 6 HEel 6BNOAHACMCA MOoNCIecmeo

sNIznUsl=ENy U ENa2. (4)

HelicrBurenpao, ecam CTpyKTypa S OeferunzoRa,
1o (4) caenyer us (2), Tak Kark ¢ > a [} b. O6parno, ecan
B CTPYKTYpe S BHIOJHSAETCH TORIecTBO {4), To Aif a > b
BHIOJHAETCA paBeHCTRO (2), TaK Kak B 9TOM ecjydae
a ) b=b.

Eme Oosee ys3xuMm sABIgeTcs MuHOTOOOpDasme ducmpu-
6YMueHHZ CTPYKTYP, T. €. CTPYKTYP, B KOTODHX BEHIHOJI~
HHETCA TOMKIECTBO

zN@Ua=ENyUkna2. (9)

B camom gene, Beaxas AucrpubyTuBHAA CTPYRTYpa SBIA-
eTcd AeleKHHI0BOM, TaK Kak Jiifg TaKMX BIEMEHTOB @, b,
¢ CTPYXTYDH, 9T0 a > b, r.e.a(1b = b, u3(5) caenyer (2).
C npyro#t cTOpoHBI, CTPYKTypa HOATPYNN IPAMOH CYMMHI
ABYX OMKJHYECKHX I'PYLOD BTOPOrO MOPAAKA JAe/leKHITOBa,
HO He JucTpudyTmBEHA.

Haa cmpyrmyp (B oTimad@e OT KoJjem, HaIpHMep)
moscdecmeo (D) pasnocusbio deolicmeeRHoMnY emy moicdecmey

zU @Nz=@@yyN(Ua. (6)

He#craurenpno, mpuMmeras (5), a rawxe II, — II,, mo-
aygaeM:

ay@Gne=y@naoly®ne=

=alllenaoay@neol=aylleaygdNe=
=leydyNalUllaud)Ned=(ydN(yo.
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JipoiicTBEHHNEe pACCMOTPEHHA MO3BOAAIT BHBecTH (D)
us (6).

Jlerko moXasaTh, UTO0 CTPYKTYpa NOMMHOMKECTB II0-
foro MHOMeCTBa HJuCTPUOYTHBHA,— TPOBEPKA B HTOM
cayuae Tosknectsa (0) (unm (6)) He mpeAcTaBIAET HEKAKHX
sarpynnenni. Cymecreyer Teopema CroyHa, mo
KOTOpPO#t BCAKaA AUCTPEGYTHBHAA CTPYKTYpa H30MOpPHHO
BRIAJLBACTCA B CTPYKTYPY IOAMHOKECTB HEKOTOPOro
muoskectBa (Trans. Amer. Math. Soc. 40 (1936),
37—111).

Epusuneii mexoTopoil ¢TpyKryps S HAa3HBAeTCA Ta-
Ko# paemenr 1, wr0 iz aboro o & S BHIOJIHASTCA
nepasegctBo a << 1. Hyumem crpyrrypst S masmBaercA
raxoit snement 0, 49ro mias maioboro a & S Gyger a > 0.
Fcnu crpykrypa obmamaer epunnpei (miam Hysaem), TO
DTOT DIAEMEHT OUpPeHeJeH OJHO3HAYHO.

Ecnm crpyxrypa S obiaajaer eimuuned u HyjeM, T0
ajdeMeHT b & S HaspBaercs JonosreHueMm K IIIEMEHTY
a= S8, ecan

aNb=0, ayb=1

B ofmeM cliyuae 3JIeMEHT MOKeT HUMeTh MHOTO PasJIHIHBIX
NOMOJHEHWH, ONHAKO B Oucmpubymueroii cmpyrmype
¢ edunuyeli u Hysem écaxuli aiemenm Moxcem obaadamb
He Goavuie wem oOHUM JonoaHenuem, TAK KAK eCAd CTPYK-
typa S nucTpubyTHBHA, TO B Heil AIA J0GHX 31eMEHTOB
a, b, ¢ n3

afNc=bNe alc=byc

caenyer a = b. JleficTBuTeIbHO,

a=apy@No=al (®N=@@UBN(@yc=
=@UbN®yYe=>dby(eNe=

=b| (bNc)=2b.

O6o3nadgM ROMOXHeHHAE K 3JIeMEHTY @ JACTPEOYTHBHON

CTPYKTYPH ¢ efimHENeil ¥ Hyem uepes d. OgeBupHbl Miilt
JerRo IPOBEPAIOTCA CHeNYIOHEe DaBeHCTBA:

1=0,0=1,a=a aNb=ayUb ab=2anb
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Tiposepmm Xor1sA OB MOCTeJHEe M3 HMXI

@UdN@nd =1leN@nd)uiEn@ndl=0y0=0,
(@Ub)U@nd = [aUd) UalNieub)Ubl =101 =1.

HMucrpubyrusHass CTPYKTypa ¢ eIuHHIed m myJaeM,
B KOTOPOH Ka:KIBIH DIEMEHT obiajaer NONOJHEHWEM, Ha-
amBaeTcA 6yaesoli cmpykmypoli (uam 6y.aesoil aazebpoii).
Crpyxrypa Beex ToAMHOMRECTB Ji06oro Muoyrectea M
ABJNSAEGTCA Ha caMoOM Jeie OyleBOil: POJb eMHALH Mrpact
caMo MHOKeCTBO M, poih HYJA — HyCTOE IOJMHOSLECTBO,
JIOTMONHEHNEeM K TMOAMHOKECTBY A CIYKAT TeOPeTHKO-
muosecrsennoe jomoxuenue M \ A. JlokasareiabcTBo
chopMyanpoBaunoii Boime TeopeMn (Croyma mosBodser
yTBeQKIATH, UTO BCAKaa OyneBa CTPyKTypa m3oMopdHO
BRIAgHBaeTcH (kak anrebpa curmarypu (1, U, —, 1, 0))
B 6yIeBY CTPYKTYPY HOAMHOKECTB HEKOTOPOTO MHOMKECTBA.

C nmpyroii cropous, MAOroo6pasne GyJIeBHIX CTPYKTYP
OKa3HBAETCA JKBWBAJEHTHBIM OZHOMY  CHEIHAJBHOMY
MHEOT000pasuio Konern. VIMeHHO, acCOmATHBHOE KOJbLO
R ¢ eguunuein 1 nasoiBaeTcA GyaesbiM KOALYOM, CCIN BCE
€r0 DIEMEHTH MACMOOTEHTHH, T. €. HIs Bcex a &= R

a® = a. (N

Bcearoe 6yaeso koavyo R xommymamueno u ydoeremao-
psem  moxcdecmey

22 = 0. )]
JeitcTenrennuo, i mobux a, b & R n3 (7) cneayer

a-+b=(a- b?=a®+ ab+ ba -+ b =
= a -} ab + ba 4 b,

o1KYAa
ab + ba = 0. (9
Henarag anecs b = a u yIwreiBas (7), ME noxydaem (8),
T. €. z = -z, a HodToMy (9) MOKHO Iepenmmcath B BHJE
ab — ba = 0,

7. e. ab = ba.
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Bearyo 6yieBy cTpyKTypy MORHO IpeBpatHTh B 6Hy-
JAeBO KOMBIO, €CIAHd HOJORUTH

a+b=@NBU@NDL, ab=anb  (10)

C nmpyroii cropons, BeAaroe GylneBO KOJABIO MOKHO Ipe-
BpaTuTh B OyJeBY CTPYKTYDPY, €CIH TOJOKHTDH

ayb=a+b+ab, af{lb=ab (11)

dtm mepexopw obparust Apyr Apyry. Ilpm mux nyasr =
eNUHMIA CTPYKTYPH COBIANal0T COOTBETCTBEHHO ¢ HY&eM
W eImuWUell Konbla, —a = a BBUAY (8), 4 Ha OCHOBAHUE
nepsoro u3 pasencte (10)

i=a-+ 1

Joka3aTenbecTBO BCeX HSTHX YTBePKACHEH TPOXOXUT
OpH NOMOIY KAHATENBHOH, HO He CIOKHOM IIPOBEPKH.
Crour ydYecTb NIPE ITOM, UTO OIpejesieHHe CIO;KeHHS U3
(10) moxkmo sammcarh, mcmoabaya (6), Taxxe B BHAe

a+b=1(Ubn@ubd.

OrmeTnM, uro omepanusa a |J b us (11) coBmapmaer, BBUAY
(8), ¢ mpucoesMHEHEKM YMHOKEHHEM B PacCMaTPHBaeMOM
rkoapme (cm. § 10).



§ 17. IIOJHBIE CTPYRTYPhHI. COOTBETCTBUA
YHUBEPCAJBHBIX AJITEBP

Mnorme m3 CTPYKTYp, B TOM dUucle CTPYKTIypa HOA-
MHO/KeCTB JI000r0 MHOJKECTBA H CTPYKTypa mopmaxredbp
A1060H YHEBEPCATBHOMA ajreGpH, 001aat0T TeM CBOMCTBOM,
9ro mepecevenns W 06BeUHEHHS onpefeNieHH B HAX HO
TOABKO [JIA ABYX M IODTOMY, B CHJY acCOIMATHBHOCTH,
A n060r0 KOHEYHOTO YHCNIa RJIEMEHTOB, HO B IJIA BCEX
6eCKOHEUHBIX IOIMHOKECTE. ITO UPUBOLAT K CleAylomeMy
MOHATHIO.

YacTuuno ymnopARoYeHIIOe MHOKECTBO S HABHBAETCH
ROAHOT cmpykmypoli, ecin RAA J1060ro HEMyCTOro MO~
mAoRecTBa 4 C § B S CYmecTBYIOT 3JIeMEHTH ¢ H
€O CJenyomuMu cBolicTBamm:

I,. Jlas Bcex a & A BHOONHAETCA HEPABEHCTRO ¢ < 4,
OpUYeM eClI HEKOTOPHIH dIIeMeHT ¢’ Taw;Ke YAOBIETBOpAET
yeaoguio ¢’ <l a mas Beex ae= A, 10 ¢ L.

I;. Hua Becex ae& A  BuOOAHAEGTCA  HEPaBEHCTBO
d >> a, UmpuYeM eCIH HEKOTODPHH ajeMeHT d’ TaKKe
YAOBIeTBOpSET ycaoBulo d' > a nus Bcex a & 4, 10
d >d.

OnmosHaguo ompeneseHHEe DIeMeHTH ¢ W d Ha3hBa-
I0TCA COOTBETCTBEHHO nepeceuerueMm W 06beduHerueMm sie-
MEHTOB MONMHOMKeCTBa 4. 3aUNCHBAIOTCA OHH CIEYIOMEMA
obpasom: ¢ = (A (mmu ¢ = () a, aam ¢ = () a4, €CAN

asSA acl
@y, o & I, mpoberaeT Bce 5IMEMEHTHI HMOAMHOKeCTBA A);
aHajormumo ana d.

flero, uro mosmmas cTpyTypa GymeT m ImPOCTO CTPYK-
Typoii,

Becromeunas mosHas cTpyKTypa He SBIAETCA, OJHA-
KO, YHUBepCAJbHOH anreGpoit B TOM CMECIE, KaK 3To
6o1to onpenesieno B § 1. Tem ne Menee, 570 TOHATHE HTpaeT
JdAA HAC BayKHYIO CIY/KeOHYI0 POJIb M MH CHeraeM O HeMm
HECKOJBKO 3aMe4aHuii,

Beskas noamas cmpyrmypa S obaadaem edunuyei
U Hysem — 3T0 OYXYT COOTBETCTBEHHO  3jeMeHtTh |) S
u NS,

Ecau wacmuuno ynopadouennoe muonxcecmeo S obaadaem
edunuyeli 1 u 6 Hem cywecmeyiom nepeceuerus 8aa Ai0-
6ua nenyemuix nodmuozxcecme, mo S 6ydem noaHOU cmpyk-
mypoti.
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Hy:xuo mokasars nmmib, 9To BEAKOE HEHYCTOE NOA-
MmHO:kecTBO 4 C § obnasaer o6beguHEeHHEM.

O6GosnaunM wepes B MHOKECTBO BCeX TAKHX BIECMEHTOB
be= S, aro b > a gusa Beex a & A. Muomecrso B — ne-
nyecroe, Tak Kak 1 & B, a nedroMy CYHeECTBYeT 3IEMeNT
d = [\ B.

Hoxa:xem, gro d = [JA.

B camom gmeme, ecam a <= A, To a < b yaa Beex
be B, a nosromy a<Zd.

Capyroii crTopoHH, ecinm 3ieMeHT s & S TakoB, 41O
$ > a pna seex a = A, 10 s & B, a mosromy d < s.

Hrneuno orclofa  BETeKaer, 4YTO CMPYKMYPa 6cex
nodanzebp awboli aacebpwt G asasemes hoAHOU,— oODe-
JAMHeHHeM JaHHOM cHeTeMm mopanarebp A, o<1,
ABXAETCA mojairefpa, TOPOKIEHHAS TEOPETHKO-MFC-
JKGCTBEHALIM O00BefEHCHEEM MNoiMuoMkecTs A, a1
(cm. § 1),

Eciu pgaunl uacTwdHO YOOPAJOYCHHBIE MHOKecTBa S
u S, T0 B3aMMHO OJHO3HAYHOE 0TOOpaKeHNe (¢ MHOKeCTBA
S ma MHO;KecTBO S’ HABHIBAGTEA UOMODPUIMOM, €CIIA 1A
abrx a, b= S yeaosra a<lb m ap < bp parHo-
CHABLHH.

Ecau @: S — 8" — usomopusm noanvlr cmpyrmyp
S u 8' rar wacmuuro ynopadoueHnuxr MHoNcECE, MO J4a
awboeo Henycmozo nodmuomecmsea A S

( N a)(P = ) (a(P),
a=A a=A
(U ayo= U (ap).

A=A a=A

JHoxrasxeM Xora OH nepBoe H3 3THX YTBEDKICHHI.
Eeam ¢ = Na, ¢’ = 0 (ap), Tows ¢ <L a, a < A, cie-
aecA ac A

ayer ¢ << ag, a mosToMy ¢ < c¢’.

C ppyro# cropons, ¢’ < a9, ¢ & A, otryna ¢’ <L a;
moatoMy ¢'@ '<l ¢, oTRyma ¢’ < c@. ITEM [OKa3aHo,
qr0 ¢ = ¢'.

ITm paccMOTpeHHA OPHMEHMMH H K CIy4ail0 CTPYKTYP,
ne o0g3aTelbHO MOJAHHX. ME moiydaeM, 9T0 H30MoODPREIM
CTPYKTYP KaK YaCTHYHO YHOPANCUCHHEX MHOMKeCTB Gyrer
ux msoMop@usmoM M Kak aareép cmrmaryps (1, U)-
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O6paTHO® OYEBWAHO, TaK Kak a << b paBHOCHTBAO
alb=a.

dieMeHT a TONHOA CTPYRTYPH S HARLIBAGTCA HOM-
naEmubM, €ciIu BO BCAKOM moIMHOKecTBe B T S, mis
roroporo a <X (U B), HalifiercA Takoe KOHEUToe HOJMHO-
secTB0 B <X B, wro a << (Y B).

B noanoii cmpyrmype nodaszebp npouseosvholi aszebpu
EOMRARMHbMU IAEMEHTIAMIL ACAKIOMCE KOHEUHOROPONCIeH-
nue nodaszebpu (m. e. nodascebpul, obaadawiyue KoHeunol
cucmenoti o06pasylowuUr) U MOALEO OHU.

B camom mene, myers B axrebpe G cirnaryphl Q Basara
KOHSUHOIODOKIGHNAsE 1ojanredpa

A= {a, ..., a

A IyCTh OHA COAEPIKUTCA B ofReimHenmu mojatredp B,
o,

A (B, a1}

BuiGupacsm A Kamaoro H3 9TEMEHTOB dy, . . . , €, Oy
N3 ero samuceil B Bujae {2-cioBa OT (KOHEUHOHM CHC1CMBI)
9JIEMCHTOB, IPUHANJIEIKAMAX K HEeKOTOPHIM H3 liojairedp
B,, ae=1 (cp. § 1). B pesynprare Buifensercs Taroi

KoReuHHit Habop momanrebp B,, ..., By, o4,
..., 0,1, 9T0 dYepes oleMenTh HTUX TOJAIredp
33OMCHIBACTCA KaLIB H3 alMeMenToB ap, ..., @,. a
D03TOMY

AC {Bay -, By}

C npyrott cropowm, ecau mopanrebpa C aareGpm G wme
pMeeT KOHEIHOH cuereMbl o0pasyomyx, T0 0OHA COBHAZAC
¢ oGpeammenueM momanre6p {c}, roe anemenr ¢ apoGeraer
el mopanrebpy C, Ho ofmenmuenue J000TO KOMETHOTO
umabopa stux momanrefp crporo mensbize (.

Ilonnaa crpykrypa S Ha3HBAeTCHA KOMNAKMHONOPOIN-
Oerioli, eCAH BCAKHA ee JREMEHT ABIAeTcA oibe-
JUHeRHKEM KOMIAKTHHEIX dJeMeHTOB. JIerko BHAETH, Wio
noanas cmpykmypa nodaszebp ecaxoli aazebpu. Oydem
romnaxkmuonoposxcOennoii. NeiictBarenbHo, BCAKAA MOJ-
anrefpa sBagerca o0beiMHEHHEM NOJaire6p ¢ OHHUM
o6pasyIOm KM, HOPOIKIEHALIX BCEMH ee DIeMeHTAMN.
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Cymecrsyer 7Teopema Bupkroda-®puuxa,
IO KOTOPOH BCAKaA KOMIAKTHONOPOKIEHHAA NOJIHAA
CTPYKTYPa U30MOPPHA TOTHOH CTPYKTYpe BCOX monanreGp
nexoropoif aurebps (Trans. Amer. Math. Soc. 64 (1948),
299-—-316).

Co Besko#d anreGpoil ecrecTBEHHHIM 06DABOM CBABHL-
BaeICA ele OXHA MOJHAA CTPYKTypa, MHOTO Gojiee mmpo-
Kas, 9eM ¢TPYKTYpa monanredp. Ona 6yaer BBejlerta B clie-
RymoomeM naparpade, a cefitac yKaKeM OJHY YacTo MCIONb-
3YeMYyI0 KOHCTPYKIHIO.

Ilycrs gavo cemeiicteo axrebp G;, i & I, oguoit u Tolt
sKe CHTHATypH £, MHO:KecTBO HHAeKcoB I Moswer GLITH KaK
KOHEUHHIM, TaK B OeCKOHEUHHM. PaccMOTpHM MHOKECTBO
G, bIeMEHTaMW KOTOPOTO ABIAITCA BCEBOIMOIKHEIE CHCOTE-
MH a = (a;]|a; & G;, i) srementoB, B3ATHX IO
OJIHOMY B KayK[o# u3 anredp G,. Muo;xecrso G MO;RHO mpe-
BPATATE B alkreOpy curHatyps £, mojaras, 4To olepaumMu
ns Q BHnmonuAwTCH B G DOKOMIIOHGHTHO: €CHd ¢ & O,
n>1 u B G B34TH 5IeMeHTH

alk) = (a(ik)), k= 1, 2’ SRIETIR (3
TO
a'a” ... aV e = (aa; . .. a"e);

eCIN iKe @ £ £y, TO 3T OmMepanuA oTMeuaeT B G 2JeMeHT
e
0 = (0),

rae 0f — pieMeHT, OTMewaeMbiil omepanmei ® B aiareb-
pe Gi'

Anrebpa G HasBBaeTCA O€rapmosulM RPOUIEEOCHILCH
(nin MONHBIM UPAMBIM NPOM3BeNCHMEM, WIM NOJHON THpsa-
MOl cymMmoii) aare6p Gy, [ & I, m 3amucHBaeTcs B BH/E

G = HGl
=
MIIH, eCJIY MHORECTBO J KOHEeuno M COCTORT K3 HATYPATBHEIX
gucex 1, 2, ..., n,— B BUje
G=G, X Gy xX...XG,.

W3 onpenenennsa onepainuit B G HeMeJIeHHO CIEAYET, 4T0
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ecian Bee aure6psi G;, { & [, npunajieskar ogHOMY U TOMY
sre MEorooGpasuio (€, A), TO ¥ MX [ieKapTOBO MpO [3BC-
[eHHE COXEeP;KHUTCA B 3TOM MHOT000pPa3uu.

Cefigac MBI OTPAHHIHMCH PACCMOTpEHHEM JeKapTOBHIX
npomspefeHnii map airedp. Ecan pams anrebpst G m H
cUTHATYPH , TO B HX JAexaproBoM npoussefenmu G X H
BO3bMeM TNPOM3BONbHYI0 mofanrefpy; Ham ymoGHo ofo-
3HaYaTh ee GYKBOH p. Jra MojaireGpa COCTOMT M3 HEKO-
Topex map Bupa (a,d), e = G, b= H, npuuem ecim
(a, )= p, 10 Oygem nmcats Takike apb. Ha p »Momno
cMOTpeTh Kak Ha OHHapHOe OTHONIEHHE MEKIY MHO:Le-
crBamu G m H, npmuem H3 onpefeneHns NOJasredpu u
ompeJielieHAsT OePanyil B leKapTOROM HpPOU3BEeHHH CJIe-
nyer, 4ro mojaireépa B G X H — ato Te u TOJIBKO 1€
GuHEapume oTHomenms p Me:kgy G w I, koropeie yHoBJje-
TBOPAIOT CHACAYIOUHHM YCAOBHAM:

1) ecrn 0 = Q,, n>1, u a;pb;, a; =G, b, = H,
i=1, ..., nr TO

(ay . ..a,0)p (b ... bLyo)

2) ecam ® & Q, u orvedaer B G u /I cootperciBentio
onementsr 05 u 0, 70 05 p O,

[lomanreGpr anredpst G X H, 1. e. OMEApHBE OT-
gomenna Me;xpy G m H, o6namatomue cBoiicrBamu 1)
m 2), HaswBaTCa coomeemcmeusny Mexny G m H. Ilas
3amUCH TOTO, UTO P €CTh COOTBerTcTBHE MEAY G m H, Mu
6yaeM HCHOJb30BaTh cuMBON GpH.

IlpuMepaMu COOTBETCTBHH  CIYKAT  BCEBO3MOKIILIC
rosomopduamu G B H wam naske 9acTHYHBE FOMOMOpPHI3-
M#, T. e, TOMOMOPPU3MH mofaiare6p anreGpsl G B anrebpy
I, ectm G’ & G u ¢: G — H — romMomopdusm, Tto0,
nostarag ¢’ = b’ puaa’ & G’ n UCOONB3YA CHMBOJ ¢ s
SQIIACH COOTBETCTBYIOMEro OWHAPHOTO OTHOIICHHSH, T. .
a‘pb’, MB moayunM, 4ro ycuosus 1) m 2) DI @ BMecTo
0 CAeRYIOT W3 ompefelennsa romomopdusma.

Ha npponssonbame ke coorBercTBHA Mewmay G m H
MOJKIO CMOTPOTH KaK a «MHOTO3HAYHBIC JaCTHYHEIE TOMO-
voppuamery G B H.

CooTeetcrBua Mmewpy anrebpamum G um H, saBuassace
BCeBOBMOKERMHN Togaarebpamnm anre6pst G X I, cocras-
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JAI0T HOJHYIO CTPYKTYpPY. VIMenHo B ¢MuICae 5T0 noanod
cmpyrkmype. coomsememsull mMe:xny G w H Gypmer monm-
MaThcd Jalblle YacTHIHAA YHOPALOYCHHOCTH COOTBET-
CTBUL.

Tarum o6Gpa3oM, p<I ¢ pana cooTeercTBmil GpH,
GoH osnagaer, 4To s Mobnx a & G, b= H us apb
cienyer acbh.

C apyroit cTOpOHH, NYCTh AAaHH ONHOTUIHEE airebpni
G, H u K cumraarypu  u coorsercrsua GoH m HoK.
OupeneauM ciaepywomuM o6pazoM OHHAPHOE OTHOLIEHME
oo Merpy G u K: a(po)e, a & G, ¢ = K, T0TAa U TOABKO
TOrfa, KOTJa CYIEecTBYeT XOoTd OH OJMH TAKOM JJIeMeHT
be H, wro apb u boc nnm, ropoue, apbac.

9mo npoussedenue 0c coomeememeuii GpH u HoK
camo seasemes coomsememeuenm mexcdy G v K. B camom
Jene, eciu ® & Q,, n > 1, ua;(po)e;, a; =G, ¢; = K

i=1, ..., n, to cymecrByor Takme b; = H, uro
a;pboe;, t =1, ..., n Iostomy mo 1) m3 onpenexenuns
COOTEETCTBUA

(@ ...a8,0)p(by...0,0)0(c,...co),

OTKya, DO ONDeJelieHHI0 IPOMBBEICHMA COOTBETCTBIHI,
(@ . . .a,0) (0p0) (¢ . . . Co0).

C gpyro# ctoponst, pag o & Q, 6yaer, BBugy 2), 0¢p0 60k,
OTKY /& 0 (ps) 0k,

Crnegyer DOMHHMTh, KOHEYHO, YTO IPOU3BENEHHE COOT-
BETCTBHH ONPENeNCHO HE BCEI/la; HMEHHO, OHO HE OIpeje-
neno paa coorsercrBuit GpH n H'sK, ecim H == H'.

Yunoncenue coomeemcmeuii accoyuamusro. Ieskornu-
TeALHO, eciam faHn coorsercieus GpH, HoK, KtL, rto
misn a = G, d = L yrsepxnenue al(po)tld pasmocmasn-
HO CYIIeCTBOBaHMIO Takoro ¢ € K, wro alpo)crd, 1[0
PaBHOCHILHEO CyMeCTBOBaHWI0 Takoro be H, wto
apbsctd. llociegHee swe PABHOCHIBHO  YIBEDA/ACHMIO
apb(ot)d, T. e. yreepsnenmio alp(ot)ld, 4ro m Tpebo-
RAJIOCH [IOKA3aTh.

OTMeTHM, YTO NPOH3BEJEHHE COOTBeTCTBEEA B TIpH-
MeHOHME K romMoMopd@aMaM mpeBpamaeTcd, OIEBHMHO,
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B OpOm3BeeHue rOMOMOPHHEMOB B CMBICIE Ppesyiantata
Wx [OCHIeN0BaTeNbHOTO BHmoauesus (cm. § 3).

VMuoKeHIe COOTRETCTENH CBA3AHO € HMX TACTHYIOH
1 LOPAJOYEHHOCTHIO CIEAYIOMUM ofpasoM: ecau Jawsl co-
omeememsus GpH, Gp'H, npuvem p < p’, mo 0as 410081
coomeememeuti HoK, LiG 6ydem

po < p'o, T TP (U

IloxasreM x0T OH IepBoe yTRCPIRACHIE.

Eemu a(po)e, a = G, ¢ = K, 10 cymecrByer Takoe
I = H, 4ro apboe, 1. e., BBULY 0 << p', ap'boec, OTKYr
coepgver a{p’o)e.

Jlna Beskoro coorsercrBua Goll cymectsyer umeep-
cioe coomeememeue Hp™'G; mvenno, bp~la, tae a & G,
b = H, rorga u ToabKo Torja, worma apb. Vs ompenc-
qenvs coorBercTBEA (yeaoBus 1) i 2)) HeMmeienno ciaenyer,
wyro p~! pelicreuresibno OyHer COOTBETCTBHEM I ITO Bhi-
NONHAIOTCA CJIeyIOIIHe CBOHCTRA:

(™1 = p; (2)
ecal npoumaenermo po cymecn*ByeT, TO
(po)y™* = o7 (3)
NAKOHEeN,
(Net= Nots (4)
el H=3)

a moaToMy H3 p << O caegyer < o7h

Vcemonpsya yMHOMKEHHE COOTBETCTBHM, WX WaCTHIHYIO
VHOPAMOYCHHOCT, 1 MHBEPCHOE COOTBETCTBHE, & TaKiLe
VAUTHBAA, 9T0 TOMACCTBEHHEI aBToMOpP(H3M &; anredpnt
G sapuasercs coorBetcTBHOM (G ¢ caMuM c000I0, MOKHO
OMHCATL HEKOTOPhIe CUELMAJbHBIE BHB COOTBETCTBH.
OrMeTnM cuepsa, 4dYro ecCiIH JAHO J@KAPTOBO IPOM3BE-

HeHne
G = [IGiv
I=31
TO, CONOCTABIAA RakrjgoMy oaementy (a;, =) =6
DIeMeHT a; & Gy, Mul moaydaeM suumopdusm it G — Gy
o6pas Bearoit momanre6pm A & G mpm wm; Gyger
nofaarebpoit B (;, masniBaemoii mpoerumeit 4 B G;.
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B cornacmm ¢ stuM pus moGoro coorsercrus Gpll
npockouA mojanredpm p & G X H B G nassBaercs
nepeot. npoekyuell coomeememeus P; aHAJIOTUYHO OLPEHE-
AHETCA 6mopas nNpoeKyus.

bea TpyAa mpoBepdIoTCA CclegYION[Me YTBEPHKEHNA:

Ilepsas (emopas) npoexyus coomgememeus GoH mozda
u moavko moeda cosnadaem ¢ G (H), rozda pp~ > eg
(woeda oY > eg).

Coomeemcmeue GpH mozda u moavko mozda 6ydem
yacmuuilm  zomomopgusmon, ecau p~p <l ey; 2omomop-
pusnomn,— ecau pp~ > gg u p7lp << e ; monomopgduamom, —
ecau pp~t = gg u PPt < ey; snumopdusmon,— ecay pp~l >
>eg u plp = ey; usomopgusmom,— ecau pp~l = e; u
pp = e
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[pamennm crasaHHOe BHIle K caywaio H = G, . e.
paccMOTpUM cooTBeTcTBHA GpG aarefpm G ¢ camoil coboit
(1. e., KOpode, coomsemcmeus aszebpu. G). OHEm cocran-
JISAIOT, KAK MBI 8HAaeM, HOJNHYI0 CTPYKTYPY, IPATOM KOMITaKT-
HOIIOPOKIEHHYI0, TaK KaK OJT0 CTPYKTYpa BCeX Ioj-
aarebp JexaproBa Ksanpata G X G. lssectna rte o-
pema Meranpgepa (Mss. AH CCCP, cepus
marem. 29 (1965), 1273—1282), no xoropoit BeAKas KoM-
NAKTHOIOPOKAGHHRA WOJHAA  CIPYKTypa H3oMopdia
CTPYRTYpPe BCeX COOTBETCTBMII HEKOTOpo# aareGpur; sra
TeopeMa 0600maer, 0YEBHHO, OTMEYGHHYI0 B HPE/IIECT-
BylomeM maparpage Teopemy Buprroga — Opmura.

C mpyroii CTOpPOHH, MPOW3BEJEHUE COOTBETCTBHI BIiJa
GpG Beersa ompesiesIeHo U IOITOMY COOTBETCTBHS airelphi
G COCTAaBAAIOT WOXYIPYNNY N0 YMHOKEHHIO; 9Ta 1N04Y-
zpynna coomeemcmeuti oblafaer enmHHICH & = g;. Ha-
KOHEIl, B MHO}KeCTBe COOTBETCTBHH anre6ps G CyINecTBYeT
RIBOJIONAA, & UMEHHO HePexo] K WHBEPCHOMY COOTBETCT-
Buio Pt

CoBoxynmHOCTh CcOOTBeTCTBHIl anrepGr G, paccMaTpi-
BaeMHIX C¢ HX YHOPAAOIEHHOCTHIO, YMHO;KEHHEM M Tiepe-
XOJI0M K MHBEPCHOMY COOTBETCTBIIO, — CBABH MEMKAY DTHMHA
OTHOWICHAAMH M OUEPaNUuAMH YKa3aHbl B IPeJIIecTEY-
lomeM maparpade,— Has0BeM c6A3k0li coomeemcmeuli an-
redopu G,

Ceasra cooTBeTCTBHH cofep;KHT B cebe Mmorce us
TOrQ, YT0 HPHXOANTCA HCHOJb30BATh MHPH H3YICHNH
anre6pet G. Tak, empykmypa nodasezebp ascebpw G uso-
Mopgra nodcmpyrmype cmpyrmypw ee coomeemcmeut,
CoCmosyel U3 écer makux coomeememeuti p, wmo p << e.
Mnenno, rakmMu coorsercTBHAME 6GYAyT TOMIECTBEHHbE
ABTOMOP(U3MH BCEBOMOJKHHIX HofjanreGp amreGper G
M TOXbLRO OHM — IOCIefHee HOTOMY, 9TO JIIS COOTBETCTBHA
£, YAOBIETBODAIOMEro YCIOBHIO P <l &, ofe mpoexium
COBRANAIOT, T. €. ABJAIOTCA ORHOH B TOH iKe MONANre6poii.
C xmpyroii cropomm, 2HZOMOpPPEIMET aarebpst G — 3710
TaKme ee COOTBETCTBHA P, 9T0 PPt > &, plp <L ¢, a 7ak
KaKk IpOW3BENeHHe TOMOMOP(PU3MOB COBIAJTAET, KAaK Mbl
8HaeM, ¢ HX HpPOM3BeJeHHeM KaK COOTBETCTBHH, TO NoAy-
Zpynna andomopgusmos aseebpu G 6ydem nodnoayzpyn-
noit noayspynnw ee coomeememeudl.
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[lpn mayuenum anre6p OYeHH BAKHYIO POABL HIpPaet
emie ONMH TWO cooTBeTcTBMi. MMEHHO, COOTBETCTBHE Tt
anre6psl G Ha3HIBAGTCA KOHepYeryuei, eciu, Kak OuHap-
HOE OTHONICHHEe, OHO ABJIACTCH OTHOIICHHEM DKBUBAJCHT-
HOCTH, T. €. pedeKCHBHO, CHMMETPHIHO M TPAHIHTHBIIO,
BHLIME CIOBAMH, €CIH OHO V/OBJETBOPSET CIAeXYIOHIIM
YCHAOBHAM:

n>e nwt=agn, an << . hH

Jlia wourpyenumuu mn Gymer paske
T = m, (2)

Ta® Rak U3 7 > & ciaenyer, no (1) ms § 17, nn > n.

Ecau 6 ascebpe G zadanw kowepyenyuu s;, i< I,
mo Uz nepeceieHue 8 CmpYrmype coomeememeuti camno 6ydem
KoHepyenyueil.

B camom pede, mokaskes cOpaBeiuBOCTD YCIOBHHM H
ma  wourpyeunmu 7t = () %;. CupasepiauBocth HepBOro

it

H3 OTUX YCIOBHH 0YeBH/HA, BTOPOE clie/[yeT ua paBencTsa (4)
npepmecTRyomero uaparpaga. llyers, naronern, sieMeHTH
a, ¢ & G raxoswl, ato a(nm)e. Torpa cymecrByeT Takoi
saement b & G, aro anb u bne, a modromy aag Beex { &= [
oynmer am;b, bre. Orcrooma alm;r;)e, 7. e., Tak RaK HISA
7, BHOoONHAETCA Nociegnee w3 ycxosuit (1), To am;e,
ie= 1, a mooroMy asc.

C opyroi ¢cropoHE, 00 befUHEeHNE KOHTPpY-
eHOUA B CTPYKTYpe COOTBEeTCTBHA HE
ofbnAa3ano OBMTH KOHIpPYeHIHeH, Kak DOKa-
3KBaeT clefyiommit’ TpusmanbELE mpuMmep. Pacemorpmm
MHOKecTBO M, B KOTOPOM 3alaHa TO/KIECTBeHHAA yHAPHAA
omepaius

0 = x OAf Beex x &= M.

Bearasi OKBHBAZE@HTHOCTL B Mpo;kectBe M Oyner KoH-
rpyenuueil nonydennou anrebpsr. BosbmeMm jiBe KOHIDY-
eHUuU BTOH airelpHl 5; W N,. BBUAY TORACCTBEHHOCTH
omepaumu ©® X 00beJHHENHe B CTPYKType COOTBETCTBMIA
COBIAaeT ¢ HX TeOPETHKO-MHOKECTBeHHEM 00ThefuHeHIeM
Kak momMmuoskects MuOkectBa M X M. Ilocnepnee ne
ob6a3an0, ofjnaKko, OMTH KOHIPYyeHIHeH, Tak KaK MOKeT He
VAOBIETBOPATH YCIOBHIO TPAHBHTHUBHOCTH: €CHN HJIEMEHTH



116 § 18. KOHTPYEHIIUA

a, b, c & M raxoBwsl, 9o an;b, br,c, HO @ W ¢ Jemar
B PasHBIX KJIacCax Kak Ho Ji;, TaK M IO iy, — 3Ta CHTYAIUsA
MoskeT OHTH peannmsoBaHa, ecam M COHED:RUT He MeHee
Tpex 3JeMeHTOB,— TO & M ¢ He HaXOJATCHA B OTHOWECHHH
iy U my, X018 @ (my U my) b, b (my Y my) e

MuoskecTBO BCeX KOHIDYeHIMiI TPOMBBOJNBHON aJ-
re6pe G 9aCTHIHO YHOPAMOYEHO KAK NOIMHOKECTBO
CTPYKTYPHl COOTBETCTBHH, CONED/KHT eIWHHIYY 9TOH IOJ-
HOIl CTPYKTYPpHI, T. e. cooTBercTue G X G, H, HaKoHeI,
3aMKHYTO OTHOCHTENThHO mepeceueHmit. Omo camo Gyner,
CleJIOBATENBHO, IOJHOK CTPYKTypoil. Ira cmpyrmypa
KOHepyeHyuti aarebpr G He o6sa3ama GHTL, KaK MBI 3HaeM,
MOJCTPYKTYPOH CTIPYKTYPH COOTBETCTBHIA.

Jlerko mokasarhb, WI0 CTPYKTYypa KOHTPYEHIMH BCAKOM
anre6pe  ABIsETCH KOMUAKTHOmODO:AeHHOH. OTMeTum
TeopeMy I'penepa—IliMmupgra, mo xoropoit
BCAKAS KOMIAKTHONOPO;KAEGHHAA WOJHAA CTPYKTypa HU30-
mMopgma CTPYKType KOHTDYEHUOME HEKOTOpoi axre6pr
(Acta Sci. Math. (Szeged) 24 (1963), 34—59).

Komrpyennum gawnoit anre6psr He Bcerga cOCTaBISIOT
LOJLOJIYTPYyNny TOJXYTPYNHH €€ COOTBeTCTBHH, TaK Kak
npousbesienne ByX KOHTPYEHIHMH MoskeT He OLITH KOH-
rpyennueit. JJokaskeM cleyiomyo TeopeMmy:

Hpoussedenue mym, deyx komepyeHyuii n, u m, aize6pbi
G moeda u moavko moeda 6ydem woMzpyeHyuel, ecau KOH-
ZpyeHyuL Ty U T, NEPECTIAHOBOMHbL, M. €. MyTy, = Jiyll,.

HeficTBuTenbio, ecam 1,7, ABIAETCA KOHTPYeHIHMei,
T0, MCTONB3YA CBoMcTBa KoHrpyenmuit (1), a raxsxe (3)
N3 MpejUIecTBYIOWMeTo mnaparpada, moayuaem:

— -1,_-1 __
T3ty = (M) = My my = .
O6paTHO, ecim 7, = 7,7, TO COOTBETCTBHE 7,7, 061a-

AaeT BceMH cBoiicTBaMm (1), BXomAmMME B ONpejciIeHMEe
konrpyesnuun. Mmenno, seuny (1) us § 17,

T3y > M€ > FE = ¢
nanee, peuay (3) ns § 17,

~1 -1, -1 __ — N
(7)™ = my " = myn, = Ty Tas
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nakonen, cuosa BBumy (1) ns § 17,
(0 m) (04 7) = (70,30,)(70y7,) << 04715,

Jins HeRoTOpHIX KJaccoB aiarebp, B TOM dmclIe ANSA
rpyoil, Kojem W BooOIe MyNbTHONEPATOPHBIX Tpyum,
MOsKeT OBITh JIOKa3aHa TePecTaHOBOYHOCTH BCeX HX KOH-
rpyennnit. CTPYKTYpH KOHrpyeHnmit anrebp, obaaparn-
HI¥X OTHM CBOMCTBOM, ABIAITCA JeleKHHTOBHMH. Moikno
NoKAnaTh Jaske HECKOJBKO 6oibine.

Honwas cTPYKTYypa Ha3mBaeTcs enoane Oedexundoeoll,
ecau Ui AO0LIX ee BIEMEHTOB a;, b;, | & [, yaoBaerso-
pawmmiy YCIOBHIO a; > b; npm i == j, HMeeT MecTo pa-
BEHCTBO

(Na) N (U b)= U (@ N &) 3)
=14 [1=34 il

Braraa snoane Oedexundosa cmpyrmypa S seasemcs
dederuMdocoil.

B camom pexne, uyers B S B3ATH djeMeutsl a, b, c,
npuuesm a > b, Ilomoskam

a,=a, a,=alj ¢, by =¢c, b, =0b.

Torjia a, >> b, 0 HPEJNONOHEHNIO B a, > b, To ompepe-
menn©o omepanuu obnemuuenua. [looromMy HoMKIO But-
MOJNNATECA paBeHCTBO (3), T. e.

(ay N a) N (b U by) = (a; N by) U (a; ) by)
uau

afeyd=(@nayllayoqn bl

a Taw Kak ¢ > b. To Mp DoayuaeM paseucrso (2) ns § 106,
HeaesunloBOCTD CTPYRTYPH S JOKasaHa.

Copapepyinea creayomasg reopeMa [suurepa
(Proc. Neder. Ac. 20 (1958), 70-—76): Ecau B aarebpe G
ROUTPYCHININ II€PECTANOBOTNS], TO CTPYRTYpPa KOHTpYel-
nuil proit anTe0psl BIOJHE JleReKIINIOBA.

JEavenue KOHPPYEHNuil AN TEOPHH YHHBepCaNLubiX
aareGp oupeensercs, KaK H3BECTHO, CHeAYIOH{IM.

Ecan o — roHrpyernmusa anreOpsl G curaarypms €2,
TO B MuoskecTBe (/1T HeliepeceRaloOMUXCA KIAacCOB, HA KO-
Topsie paséusaercs G RONTPYeHHued 7, GCTECTBOTIILM
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ob6pasoM ompefiensaiorca Bee onepamun us Q. Ioayuennasn
parmop-aszebpa G/n OoKa3kHBaeTCA SHEMOPPHEM 06pasoM
ajarebpsl G mpm ecTecTBeHEOM 3mmMopdm3aMe, COlOCTABIA-
WIEM KaKIoMy dJIeMeHTY M3 G TOT KiIace KOHIPYeHI[HH
5, K KOTOpOMY 9TOT 3JeMeHT npumamiaexuar. O6parho,
sbo# smmMopduaM ¢: G — G’ ounpemensier B anrefpe
(G KOHIDYEHIMIO 5, KJIACCAMH KOTOPOH CJIY:KAT HOJAbE
upoobpass 3aeMeHTOB ajrebpw G', mpEmueM CymecTByer
Takoii maomopdmam P axrebpet G’ ma Qaxrop-auarebpy
G/n, uwro mpoumsBeleHUE (P COBHANAET C €CTECTBEHHBIM
snnMopduaron G ma G .
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