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YK 517.1

Kunra npencraBnaser cobofi coBpeMeHHHI KypcC
MaTeCMaTHYECKOTO aHa/Ju3a, HalnuCaHHBIH H3BECTHBIM
aMepUKaHCKHM yueHHM. [To cTHII0 B collepxaHuio oHa
OT/IHYaeTcsd OT UMeWHXCHs TpaJHIlIOHHBIX KYpCOB.
MomuMo o6GHYHO BKJIOYaeMOI'o MaTepHala, KHHra
COREPXUT OCHOBH TEOPHH METPHYECKHX NPOCTPAHCTB,
TEOPHIO HHTerpHpoBaHHs IuddepeHuHanbHHX (oM
HA MOBEePXHOCTAX, TEODUIO UHTErpasia H T. I.

B kcHue KaXzo# rnaBbl NPHBOAATCA YIAUHO
nogo6panube ynpaxHenus (o6muM wucaom okono 200).
CpellH HHX eCTb KaK MpPOCTble IPUMEpHl, HAJIOCTPHPYIO-
U[Me TeopHI0, TAK H TPYAHBHIE 33Kayll, CYLECTBEHHO
IOTIOJIHAIOIIHE OCHOBHOH TEKCT KHUTH.

Kuura Y. PyzuHa MoXer CHAYXHTB yyeGHuIM
noco6ueM ANA CTYAEHTCB MaTeMaTHYeCKHX H dHalue-
CKuX (AaKyAbTETOB YHUBEDCHTETOB, MeJAroTHUecKHX
WHCTHTYTOB ¥ HEKOTOpHX BTy30B. Ona 6yner noJesia
acnupanHTaM H npenonaBaTe:mM 3THX yqeﬁumx 3aBe-
AGHHH, a TaKKe HUHXKelepaM, XKelaloUIHM pacUIHPHTh
CBOM 3HaHHS MO MaTeMaTHUeCKOMY aHalusy.

Pedaxkyus rumepamypol no mMamemamuyecKum HayKam
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OT MNEPEBOJYHKA

KHHra u3BecTHOro aMepHKaHCKOro MareMaTHka Y. PynuHa obnaja-
€T PALAOM [JOCTOMHCTB, BHIIENSIONHX €e CPeAH PYKOBOACTB MO MareMaTH-
yecKOMY aHanuzy. Ee oTyinuaer nmpexje BCero cUCTeMaTHUYECKOE HCIOMb-
30BaHHe 0OUIHX TOYEK 3PeHHS 1 aOCTPAKTHRIX MAEH YIKe NPH H3JI0KEHHN
0CHOB AUdpepeHHalbHOrO H HHTErpajbHOro HCMHCIeHust. Tak, HanpH-
Mep, NPOCTEHIUHM MOHATUAM TEOPUHW MpEeAesiOB aBTOP MpeAfochliaet
onpefeseHHe MeTPHYECKOro MPOCTPaHCTBa.

Oco6GenHo MHTEPECHOH M YAAYHOH HaM MpeicTaBiadercst rJjasa 9,
NocBsillleHHasi HHTErpaabHOMY H H(depeHIHaILHOMY HCUHCIEHHIO GVHK-
UHH MHOTHX fepeMeHHLIX. 3/leCh 2BTOPY YAaJOCh PELIHTb s METOAH-
yecKHX Mpo6JeM, C KOTOPhIMII MPHXOAHTCH CTAJIKHBATBCA KaMAOMY, KTO
npenofaeT aHalW3 HA MaTeMaTHYECKHX (haKyJabTerax YHHBEPCHTETOB.

B 310# rnaBe NpHBOAMTCS OYEHb KOPOTKOE M H3SIIHOE A0KA3aTeNb-
CTBO TEOPEMBI O JIOKAJbHOH 06pPaTHMOCTH TJIaAKHX OTOOpaXKeHHH eBKJIH-
JAOBHIX MPOCTPAHCTB, A0KA3aTENbCTBO T€OpeMbl O HeFBHON (PYHKIUH, KO-
TOpasi CONMpOBOXK/JAeTCsl HHTEPECIHIBIMH TeOMETPHUeCKHMH MPHJIOKeHHs -
MH. 3areMm NPpHUBOJAHTCA OCTPOYMHO€ N0OKa3aTeJbCTBO TeOpeMbl O 3aMeHe
fiepeMeHHbIX B KPaTHOM uHTerpasie. OHo OCHOBAHO HA JIOKaJbHOM MpeR-
CTaBJEHHH TJagKoro oTOGpa)KeHHUs ¢ HEeHyJeBhM SIKOGHAaHOM B BHAE
CyNneprno3uiiid HECKOJAbKHX OTOOPaXKEeHWH, OCTaBAAOMNX HEH3MEH HbIMH
BCE€ KOOPAMHAThI, KpoMme OfHOil. B 5Toi e rsiase H3/10xKeHO HCUKHC/eHHE
auddpepennyanbiblx hopm H hopMyaa CTokca (B ee coBpeMEHHOM BHJE).

CTuab KHHIH BMOJIHE COOTBETCTBYET €€ Ha3BAHHIO: [VABHOE BHUMAHHE
y AeJsieTcst HMeHHO OCHOBaM, a He jerajsiM. Hekoropele BaxHble CBelE-
HHUA (TakHe, ckamem, Kak Teopema QPy6HHM, TEOPHS HeCOGCTBEHHbIX HH-
Ter pajloB H HHTErPaJjoB, 3aBHCAIMX OT mapameTpa) JH6o BOBCE He CO00-
warmTest, Jub0 COCTABJAAKT COAEp:KaHHE yrparKHEeHHUH.

Kuura Hanmucasa ouenb cKaro. YTBep:/ACHHA, HMeHYeMbie B Tpa-
NBIOHOHHBIX Kypcax TeopeMaMH H cHabxKaeMble He OuYeHD KODOTKHMH
JOKa3aTeNbcTBaMH, YIIOMHHAKTCS 3JeCh NOPOH BCKO/Ih3b, KaK HEYTO
caMo co6oi#t paszymerolieecs, HJIH JaXKe He YIIOMUHAIOTCS BOBCe (HO He-
$IBHO MCMOJB3YIOTCAA). B jaokasateabcTBax, Bcerja akkypatHbix H Ges-
yMPEYHLIX MO CYILECTBY, MOPO# BCTPEUATCA BOJLHOCTH PEYH.



£ Om nepesgoduuxa

Bce 37O JIONKHO CJIYKHTL H3BECTHBIM [1PE0C TeNEKeH e JaA T -
ReHTd, BRerspie NPUCTYNAIOHIEro K Hayuenitio ananuza. BB ro xe spevs
COCIMIAANCT, HCKYIIEHHRIH B anajtuse, GyACT CpaBeaiBo PACCMATPH-
BATb UCCOCHHOCTH KHHIU, MEDEMICTCHLbIE B Opelnliynlen ad3ale. Kdk
2e JOCTOMHCTBAL CKATOCTh HAAOKEH Hsl UABABHT €r0 OT HOBTOPCHHA CTAH -
AZPTHLIX PACCYKACHUH, KOTOPBIMH Git 14BHO OBJAIE, 2 HCKOTOPLIC BO.Th-
HOCTH  peud apusTHO DAZHOOOPAZAT T b,

Knitra V. Pywitia 6yiert ciyRuth N0Ae3HLIM 110coGHeM L8 BCeX, KTo
H3yuaeT MareMaTHYCCKMH AHAJU3 HJIH Iperojgaer ero.

B. Xasun

cenmatpns 1975 1,



IMPEAHCJIOBHE

3Ta KHHra 3a1yMaHa KAK PYKOBOJICTBO 10 KYpPCY aHA/H3a, KOTOPLI
OOBLIYHO NPOXOAAT CTYJAEHTH B KOHIE HepBOTO 3Tana oOYyUeHHS WIH
B nepBbId roj BTOPOro Tama !).

QcuHoBHOe passadyue Me#Jy HACTOSWHM H INepBbiM (BbILICAIHM
10 sler Ha3al) H3)aHHEM COCTOMT B TOM, 4TO Teuepb ropasio Gonee
11oApoBHO U3N0XKeHa TeoDPHA QYHKUMH MHOIMX mnepeMeHHbIX.

IT0 H3MeHeHHe ClleJIlaHO B OTBET HAa MHOTOYHC/EHHBIE MOMKeaaldst
upTatesel. [naBa 9 Tenmepp HauuHAeTCA C PACCMOTPLHKSA HEKOTOPBIX
OCHOBHBIX TIOHATUH, OTHOCALIMXCA K BEKTOPHLIM [POCTPAHCTBAM;
3aTeM ONpENeAITCA [IPOH3BOJHBIE OTOOPAXKEHHH Kax JAdHHelHble OTo-
Opaxelds; Aatee GOPMYJHPYRTCA U JOKa3biBaloTcsd (6€3 HCNOJAb30-
Baus olipellesnTesell) TeopeMa o6 o6paTHO YHKIMH U HEKOTOPBIE ee
BaKHeHlIHe CeICTBHS; YCTAHABMUBAIOTCA CBOHCTBA AuddepeHLUUaNbHbIX
dopM (B cBSI3H ¢ 0TOOpaXKeHUSAMH [IPOCTPAHCTBA); IN1aBa 33KAHUNBAETCSH
LOBOJIBHO OOIMM BapHaHTOM TeopeMbl CTOKCA -— A-MepiHbLIM AHAJOTOM
OCHOBHOH TeopeMbl HHTErpajbHOTO HMCUMCJIEHUS.

B cBA3U C 3THM MBI BKJIOYMJIH Tenepb B riaBel 2 u 4 Goapule cee-
leHHH 06 eBKJANIOBLIX IIPOCTPAHCTBAX H O METPHUYECKUX MPOCTPAHCTBAX,
dyeM panbme. OnHako 5Ta JOMONHUTeNbHas OOIIHOCTD He Bbl3bIBAeT
NONOJHUTEAbHEIX TpyAHocTeH. Teopemnl, H3j0XeHHBE 3lech B 3TOM
0BOil MNOCT2aHOBKe, He TPYAHee, UeM COOTBETCTBYIOIHE TEOPEMBl Iia
NpsAAMO# WJIH HA IVIOCKOCTH.

OctajibHble I'JIaBpl OCTaBJeHbl Ge3 3HAUHTEJNbHHIX M3MEHeHHil, HO
MHOTOE [ePelHcaH0 3aHOBO M HEKOTOPble JleTajn (KdK HajleeTcsl aBTop)
yJYUILIeHH,

IlepBas yacTh ryaeel 1, B KOTOpOH ¢ NOMOLBIO CeUeHHH B MHOMKECTBE
PAIMOHANbHBIX YHCEeN NOCTPOEHH BeieCTBEHHbE YMcaa, MOXKeT OuiTh
NpH NEepBOM YTEHWH ONYIIeHa; ecliH NOCTYNHTbh Tak, To MJs JioTHYe-
CKOTO 060CHOBaHHUSA OCTAJBHOH YaCTH KHHTH MOMXHO NPHHSTH 38 NOCTY-

1) Paannune wmexAy CTYAeHTAaMH nepBoro srana ofyvenns (undergraduate
students) u crynenTamu Broporo zrana (graduate students) s yaupepenterax CIIIA
COOTBETCTBYET IIPHMEPHO PA3JHYHIO MEXAY HAWHMH CTYJeHTaMH MJAJIINX KYyPCOB

M CTYJEHTaMU CTapluHX KYPCOB, yXe H36DaBIIMMH Kadeipy M HMEKUIMMH Hayd-
Horo pykoBoAMTens.— ITpum. ped.



8 IIpeducaosue

Jnat reopeMy [enexunpa. I'nasbl ¢ nepBoil 1o CeAbMYIO CleAYeT H3Y-
yaTh B TOM MOPHAJKe, B KAKOM OHH HalHCAHBl, TOT4Aa KaK TPH TOCJAelHHe
rJappl MOYTH He 3aBUCAT APYr OT Jipyra.

Yucne 3anas Bo3pocao, Tenepb HX okodo 200. Hexotopnie H3 HHX
e TpebyIOT NOYTH HHUYEro, KpPOMe HeNoCPeACTBeHHOTO MpPHMEHCHHS
Pe3yJIbTaToB, MOJYYCHHBIX B TEKCTe; APYTHE paccuyTaHbl Ha H300pera-
TEJbHOCTb JYYIIHX CTYJeHTOB. BoJbUIHHCTBO TPYAHLIX 3aAau citabkeHo
YKA3AHHAMH.

Yoamep Pydun



FJIABA l

CHCTEMbI BELHIECTBEHHbDIX
H KOMIJIEKCHBIX YHUCEN

BpeneHue

Hsyyenre OCHOBHLIX NMOHSTHHA adaau3a (TakuX, KaK CXOAUMOCTbD,
HeNPePLIBHOCTL,  Ju(GhepeHUHPOBAHNE U HMHTEerpHPOBaHHe) JOJKHO-
OCHOBBIBATBCS] HA TOYHO ONPefeJeHHOM MOHATHH uHcia. Mbl, opHako,
He OypzeM BcTynath B OOCYK/leHHe AKCHOM, KOTOPHIM MOAYHHSAETCH
apupMeTHKa HeJBIX uHcesa, a OGyleM HCXOAHTH H3 CHCTEMH paliuo-
HaJIbHBIX YHCEJ.

Mbl mpennonaraeM, yTO 4HTaTedb 3HAKOM ¢ apudMeTHKOH palyo-
HaJbHBIX uyucea (T. €. UHCeJ BHJIA n/m, rje n U m—ledse, m==0),
# TOJILKO HANMOMHHM OCHOBHBIE CBoOWCTBa 3THX uncea. Cymma, pas-
HOCTh, NPOM3BEJIEHHE H YaCTHOe JIIOObIX IBYX pallOHaJ/bHBIX YHCEeN—
PALMOHAJNBLHOR YHCJO {JIe/eHHe Ha HYJb HCKJI0HaeTCs); BBINONHAIOTCS
33aKOHBI KOMMYTaTHBHOCTH

P-+4=q+p. p4=qp,
332KOHblI a4CCOLHATHBHOCTH
(pHA-q)F+r=p--(qg+r), (P9 r=plgr)
Ii 3aKOH ﬂHCTpHﬁyTHBHOCTH
(p+ @) =pr+-qr;

orIpenelieNo OTHOUIeHHe <, 3afialoliee TOPSAOK B MHOMKECTBE PalHo-
nanbHeX uuces. OTHowenue <7 ofiajaeT TeM CBOACTBOM, YTO [1s
Jm(n)lx paUMOHAJIbHBIX uHcesr U g Jwmbo p=:g, mbo p<<q, JHOO
g <_p; OHO TPaH3HUTHBHO, T. €. €CJH p<.§ H q<Cr, To p<<r. Kpome
.urc, p+qg>0 u pg=>0, ec;im p>0 n ¢=>0.

XOpoo H3BeCTHO, YTO CACTEMAa PalHOHAJIBHBIX uyHcead obJaajaer
MHOTHMH BejocTaTKaMi. HanpuMep, He cyllecTByeT paHOHAJBbHOTO
Yicaa p, TAKOro, 4To p?=2 (MBI 3TC BCKOpe jAOKaxeM). DTo Heqact
11c00X0AHMHM BBEeJEHHC TAX Ha3blBAeMblX <HPPAIIHOHAJIbHBIX YHCET»,
KOTOphle YacTO 3amUceBAIOTCH B BHAe OeCKONEUHLIX JEeCATHYHBIX
pas/IoXeHAl, [IPUYEM COOTBETCTBYIOUIHE KOHEUHble AecATHUHEE AP0y
CYUTAIOTCA WX NpuOIHKeHHaMH. Tax, MocjaeoBaTeqLHOCTE

I; 1,4; 1,41; 1,414; 1,4142; ...
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«CTpEMUTCH K l»f‘Z». Ho npo tex nmop, noka Ml He onpefedantit uppa-
LUHOHAJBHOE HHCIO V2, OCTaeTCs OTKPHLITHIM BOIPOC: K UMy MKe
BCE-TAKH CTPEMUTCH 3TA HOCJIEJLOBATEALHOCTL?

lnasnas weabp 3TOH rJaasbl ¥ COCTOHT B TOM, 4TOORL jHaTh deob-
XOIHMOe oflpeje/eHHe.

1.1. TIpumep. CHauana noKakeM, 4TO HUKAKCE DALHCHATILHOE
UHCJIO p He YNOBJIETBOPSIET YPARHEHIIK)

M P2

HelcTBUTEeAbHO, TIPEANONOXHM, YTO 3TO He Tak. Torla cylge-
CTBYeT YHOBNeTBOPsONlee ypaBuenuo (1) uMeao p==m/n, rue m, n—
uesible, npyueM XoTs Obl OAII0 H3 HUX HEYEeTHO.

[Monctasasis B ypamnenne (1), uosayuaem

(2) m?=2n2,

T0 MOKa3bIBALT, YTO M? — YETHOE YHCI0. 31AYUT, M YETHO (ecad OLl m
ObLTO HeueTHbiM, TO M m? GbLIO bl HEYETHLIM) H, CleoBaTelsHO, m?
neantca va 4. [lostomy mpaBast wacth paBeHcTBa (2) aemdrca Ha 4,
TaK 4TO n? 4eTHO, OTKYAA CJEeLyeT, UTO U A YEeTHO.

Takum of6pa20M, NpefnoNoXkelde o TOM, YTO BBLINOJHEHO pasell-
ctBo (1), 3acTaBideT HAac 3aKJIOYHTL, YTO o6a yucaa m, n-—4veTHble,
BOILIDEKH HalemMy BHIGOPY m u A. 3HauuT, paBeHCTBO (1) HEBO3MOXHO
NpH PAauUOHAJILHOM p.

Uccnenyem rteneps noppotuee 3Ty curyauuio. Ilycts A—wmHo-
JKECTBO BCeX NONOMUTENLHEIX PauUOHAALUBIX p, TakuX, uro p?<C2,
H TYyCTb MHOXKeCTBO B cOCTOUT M3 BCeX IMOJOKHTENbHBIX palo-
HaJbHLIX p, TagkMX, 4to p?>2. Mu nokaxem, uTo A 1e COAEpPKHT
Hau6OJBIIEro 4uCIa, a B He copepxHT IauMelbILero.

Tounee, Mbl JoKaxKeM, 4TO JJs J00oro p H3 A MOMKHO HaiTH
paLHOHaNbHOe uHCaI0 ¢ U3 A, Takoe, 4TO0 p<< ¢, H AJds Jwboro p
H3 B Mbl MoKeM HalTH panMoHaJbHOE YHCA0 ¢ U3 B, TaKoe, 4To § < p.

ITyers p npunapaexnt A. Torpa p? << 2. BoiGepem paliponadibHoe A,
TaKoe, YTO

O<h<l u h<2=2
2p+1"
IMonoxum g=p +h. Torna g>p u
P=prt @pthh<pit @pr DA<p it (@—pt) =2,

TaK 4TO ¢ HaXoauTcsi B A. DTHM JlOKa3aHa repBasl 4acTb NaLIero
YTBeDKJIEHHS. "

[IpepnonoxuM Tenmepp, uto p npuuajinexur B. Torma p?>2.
Ionoxum
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Torna 0 <g<<p 4
— 22 c c
G =p*—(p*—2)+ <£— > pr—(pP—2) =2,
TAK YTO ¢ IipUHALJIexHT B.

1.2. 3ameuvanue. Uea, npHBENeHHOIO BbILIE DACCYXKACHHS—
110Ka3aTh, YTO B CHCTCME palUONaJfbLHEIX HHCe] HMeIOTCH HeKOTOphe
npofietsi, 1ecMOTPA Ha TO UYTO Mex[Ay JICOLIMH KBYMST palHOHalb-
HBIMH YHC.1AMH HAXOJHUTCH TpeTbe (6o p < (p--q)/2<Cq, ecnu p << q].
Cefiuac M»l onmuuieM npeptoxenHeld [leJeKHHIOM Ipoliece, KOTOPbIH
103BOISET 2aNOMHUTL 3TH Opobeinl H NPUBOJHT HAC K BEINECTREH-
neM uecdaM. UTtobbl 1le yBesqnyuBaTth OOBEMA KIHIMH, MBI He Be3fe
Oy;eM MPOBOAMTH pacCyXAeHHs Bo Bcex JeTatsx. I[lonHoe uanoxe-
Hue, HAYMHAIOWEeCH C JleJbIX UMCes, MOXKHO HalTH B Kuure Jlanpay
«(CHOBLI aHaau3a», Te pedb UIET TOJbKO 00 3TCH 4MC/IOBOH CHCTEME.

1.3. O6o03uHauenusa EciH A—MHOXKECTBO (3/€MEHTAMH KOTO-
poro MoryT ObiTh 4HCJaa HJIH JwW00ble Jpyrue oOBeKTH), TO ZaluCh
X € A o3nagaer, 4TO X NPHHAAJAEKUT (UIH ABAsSeTCH 3jeMeHToM) A.
Ecmd x ne gsasiercs aaemeHToM A, Mbl 6yaeM mucate x ¢ A.

MHOXKECTBO, HE COJepKalllee H¥ OAHOrO 3JeMeHTa, Mbl Oynem
1i13bIBATh MYCTHLIM MHOXECTBOM. ECJH MHOXECTBO COLEpHKUT X0Ts Obl
O/lHE 3JIeMEHT, TO OHO HA3bIBAETCS HEMYCThIM.

JlenekMHA0Bb CeYeHH s

1.4, Onpepgenenne. MHOXKeCTBO « palHOHAJbHBIX UHCe]

HA3bIBACTCH CeHEHUEM, eClIy
(I) @ conep:kuT XOTa OBl OJIHO PAallHOHAJbHOE YHCJI0, HO He BCHA-
Koe pallHoHafbHOE uHCJO;

(I) a1 p€a m ¢g<<p (§g—palfioHaabHOE YHCJIO) HMeeM g€

(II1) B a HeT HauboAbUIErO YHCHA.

B sToMm pasfene Mbl 6yseM ynoTpe6aarhL OYKBHI p, g, I, ... TOJBKO
718 0003HaueHHs PAllHOHANBHBEIX yHCed; cedeHus OyAYyT o603HAYaTLCSH
G6ykBamM# a, §, v, ... (3a HCK/IOUeHHeM cJyuasi, O KOTOPOM TOBO-
puTCsl B onpejieserud 1.7).

1.5. Teopema. Ecau p€o u gda, mo p<<q.

HoxasareabctBo. Ecan p€a u g<p, t0 ua (II) caenyer,
Y10 gE£a.

[IpimmMas Bo BHIMAHHE 3Ty TeopeMy, 3JEMEeHTEl MHOMKEeCTBA o
mior/la Ha3blBalOT HHXHHAMH YHUC/IaMH CeYeHHMS ¢, a pallUOHaJbHblE
UHCIia, He MPHHAJJIEeKALIHe o, Ha3blBalOT BEPXHUMH YHCJIAMH CEYEHHS a.
[Tpumep 1.1 moxasetBaer, 4YTO He BCeria cymeCTByeT HaHUMelbliee
nepxHee Huca0. ONHAKO /18 HEKOTOPHIX CeueHWi HauMeHblIee BepX-
HCC YHCJIO JIeHCTBHTENBHO CylllecTByeT.
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1.6. Teopewma. ilycmb r— payuonaneroe ducao . [lycme muoxce-
CHBO @ COCMOUM U3 6CeX DALUOHAAbHbIX 4ucen p, Makux, 4mo p<r.
Toe0a a—ceverue, a r——HauMeHbUiee 6ePXHEE HUCAO CEHEHUS (.

JoxasateabrcTBO. $cHo, 4TO @ YAOBIETBOpPAET YCJIOBUAM
(Iy u (I1) onpenenenus 1.4. Uro kacaercs (III), To Hymuo ML
3aMeTHTb, YTO s JI0O0TO pE€a MBI HUMEEM

p<’1?2h5<r,

nosTomy (p+r)/2 €a.
Hanee, r¢a. TlockonbKy HEpaBeHCTBO p<< r BJeYeT 3a COBOH
BKJIOUEHHe pE€a, TO r— HauMeHblllee BEPXHEE YHCJO CEUYEeHHS .

1.7. Onpenenenue, Cevende, MOCTpPOeHHOEe B Teopeme 1.6,
Ha3bIBAGTCH PAUUOHAALHbIM CereHueM. F.ClH Mbl 3aXOTHM NMOJYEPKHYTL,
YTO ¢ €CTh pallliOHaJlbHOe CeueHe, CBSI3aHHOE C YHCJOM 7 yKa3aHHKM
ofpasoM, To GyaeM OHCATL @ =r*,

1.8. Onpepenenne. Ilycin a, p—cevennd. Mol Oygem nucats
a==0, ecIH H3 COOTHOWEHUS p€a cJleflyeT cooTHoleune pE€p,
a3 gEP cneayer g€a, T. e. eCHH 3TH JBa MHOXKECTBA TOXK[e-
CTBEHHO COBNAjaloT. B mpoTuBHOM caydae Mbl OyjfeMm fHcaTh @ == f.

3ameuaHuye, DTo onpefereHHe Ha NEPBbUT B3MVIAJ KaIKETCH
H3MHAM. Ho paBeHCTBO He Bcerja onpefessieTcl KakK TCXKAECTHO.
Hanpumep, ecin p=a/b u ¢ = c¢/d — paunonanbusle yucaa (a, b, ¢, d—
Hesaple), TO p==¢ MO ONpeJe/]eHHI0 03HayaeT, yTo ad = bc, no He 00s-
3aTeIBHO @==¢ H b=d.

BBejeM Tellepb OTHOIIEHHE IOPAJKA B MHOMECTBE CEYCHHIl.

1.9. Onpepenenne. Ilyctb o H P—cevenuss. My numem
a<f (wm P>a), ecsd HMeeiCs palLHOHAJbLHOE YHCJI0 p, Takoe,

yto pEP u pga.
a <P osnavaer, uto a=f nm a<Zf.
a>> P o3uauaet, 9yto P<La,

Ecmi o > 0% 10 MBI OyJE€M TOBOPHTb, YTO CEUEHHE O MMOJOKHTLNbLHO,
ecyid @ > 0*—mMbl GyoeM TOBOPUTH, YTO OHO HEOTpHLATENbHO. AHa-
JOrHYHBIM 00pasoM, eciil a<Z (0%, TO a OTpHUATeNbHO; OHO HE[oJo-
WUTENbHO, ecaH o<l 0%, _

Mbi, Kouleuno, 6yieM MpPOACMIKATE MO/IL30BATLCA CHMBOJIOM <
VIS palHGHAaJbHBIX 4HMCes, TakK 4TO 3TOT CHMBOJI (BpeMeHHO) Oynrer
Hectd JIBoAHYIO Harpysky. OjHako U3 KOHTeKCTa Bcerja Oyner sicHo,
KAaKOH CMBICJ CJelyeT €My NDHIHCATD.

1.10. Teopema. [lycme a, p—cewenus. Toeda aubo a=§.
aubo a<<P, aubo p< a.
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HoxkxaszateabcTBo. Onpenenenns 1.8 u 1.9 sicho nokaswiBaloT,
410 ey a==f, TO HH OJHO H3 JABYX ADYTHX OTHOUWIEHHH He BHINOJ-
Heno. Yrtobbl MoKasaTh, 4To oTHoWeHHA a <P u P < o HckmOUAOT
Jpyr JApyra, NPeINoNoXAM, 4TO 06a STH OTHOMIEHMSI HMEIOT MecTo.
[lockonbky a <Cf, HMeeTcs palnHOHAJbHOE YHCIO p, Takoe, 4TO

pER, pio.
[TockodbKy P <@, HMeeTCs pauHOHANbLHOE HHUCIO ¢, TaKOe, HTO
g€a, q¢p.

Ilo Teopeme 1.5 u3 toro, uro p€EP u g¢pP, caepyer, 4to g<<p.
Tar xak HepaBencTBa p<lg H < p HE MOTYT OJHOBPEMEHHO BbINOJ-
HATBLCA JJIs1 PalUOHAJbHLIX UHCEJ, Mbl NPHUJH K  [IPOTHBOPEYHIO.

Ho cux nop MBl J0Ka3aJd, UTO H3 TPeX OTHOLIEHWH MOXKET BBINOJ-
HATbCS camoe Ooapwiee ofHo. [Ipennosoxkum Temepb, uTO o == f.
Torga mBa >TH MHOMKeECTBa He COBHNAJAKOT TOXKIECTBEHHO; 3TO 3Ha-
YuT, YTO JHMOO @ COJepKHT paudoHadbHOe p, He comepxaineecs B P,
H B 3TOM Cillyuae P<Ca, JAHO60 P COmepPKHT pauMOHajJbHOe ¢, He CO-
JepxKalieecd B a, H B 3TOM clydae a<Zf.

1.11. Teopema, [Tycmsa, P, y—cedsenua. Ecau a <P uf <y,
mo a<.y.

HoxasatenbcrtBo. [lockoabky a<ZP, cymecrByeT panuo-
HaJbHOE p, TaKoe, 4TQ

pep, pdo.
Ilockonbky P <<y, cywmiecTByer panuoHaJbHOE ¢, Takoe, 4TO
q E Yv q é ﬁ‘

Tenepr 3ameTHM, uTo u3 cooTHouleHu#i p€P H g4 P crenyer, uro
p < g; moclelHee BMecTe€ C COOTHOMIeHHeM p ¢ o BjaeueT 3a colol
g ¢ a. Taknv obGpasom,
gey, qéa

JTO 3HAYUT, UTO O < Y.

Ilocnenuue nBe TeopeMbl MOKa3LIBAKOT, YTO OTHOUIEHUE << MExKAY
ceyenuami (onpefenenne 1.9) peficTBUTENbHO 00MajiaeT TeM# CBOM-
CTBaMH, KOTOpPHE OGBLIUHO CBASBIBAKOT € MOOHSITHEM HEPABEHCTBA.

Tenepb Mbl NepexOAHUM K MOCTPOEHHIO apHPMETHKH B MHOXeCTBe
CCYeHHH.

1.12. Teopewma. [lycms a, p—cewenua. Ilycme yv— muoxce-
CMEO 6CEX PAUUOHAABHBIX Yuces T, maKux, umo r=p-+q, 20e p€a,
q€P. Toeda y—-ceuerue,

JlokaszaTenbcTBO. Mbl MoKaxeM, 4TO Yy YIOBJETBODPSIET TPEM
yeI0BUAM ompelenenus 1.4.
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(1) flcno, uto y nenycro. Ilyets sda, t4P, s v ¢ —panonant-
Hele gucaa. Torma s t>>p--g npu Beex pE€a, ¢ER, TaK uro
S--t¢y. 3HAYHT, Y COHEPKHT He BCe paUHOHAJbHbE YHCJA.

(I1) Ilyers r€y, s<<r, s— panHoHanbHOe yucao0. Torka r-—=p +q
IpH  UEKOTOPEIX p€a, ¢g€p. Bmbepem pauuoHaisnoe ! Tak, uTo
s=t-+q. Torga {<p, 3uauHT, {€d. NOITOMY SE€ Y.

(1) Tlpeanoaoxum, yto r€y. Torga r=p--q NOpE neKoTOPEIX
pEa, g€P. Cy[I_LG‘CTByeT panueHaJLHOe S>>, Takoge, uyTO s€ .
3uaunt, S+ g€y U S--gI>r, TaK UTO r HE SBAAETCH HAHGOIBLGIM
PaLMOHaiblbIM UHCAOM B .

1.13. Onpeneaenne. CeyeHne vy, NOCTPOGHHOE B Teopenme
1.12. obo3nauaercs uepe3 a-| f ¥ HaswiBaeTcs CymMmoll o k PB.
(3ameuanue, cpenannoe Iiocde oupejesenss 1.9, oTHocuTes Takxe
H K cHMBOMY -.)
-

1.14. Tecopema. [lycmo a, B, y— ceuernun. Toedu
(@) a+Pp=P+o
(B) (a+PB)+y=a- (B-i-Y), mak «mo cKOGKU MOMHO ontyckame,

He 0nacasct 08YCMbIC.IEHHOCTUL;
(c) a+0%-—a.

HoxasateqabcTBo. [aa noctpoenuss o+ P UYKHO B3sith
MHOMKECTBO BCEX pailHOHA/JIbHLIX yucesd Buaa p-1 g (p€a, gER). Das
nocrpoeunst P--a BMECTO p--g lLiyKHO OpaTh ¢+ p. B cuay sakoua
KOMMYTATHBHOCTI /15 CIOXEeHHS PAlMOHAIbHbBIX yHeed, a -~ B u - a—
TOXJIECTBCHHBLIE Ceueildsy, H CBOHCTBO (a) AoKaszaso.

AHasoruunbM  00pa3oM  33KOH  acCOLHATHBHOCTH IS CIOMKEHHS
PalMOHAJIBHEEIX YHCeT BjedeT 3a coOOH paBeucTBO ().

Yrobb  jokaszate (¢), beGepem rca--0*. Torma r=p-tgq
IPH HEKOTOPHIX péa, g€0* (r. e. g<<0). 3nauur, p - g<p, TaKk
UTO p +-¢g€a H réa.

Tenepy nycTs r€«. BeiGcpeM paunuonaibHOe YHCJAO S>>r, TakKoe,
ure s€a. ITonoxuM g=r—s. Tormga q<<0, ¢q€0* u r=s g, Tax
uto r € a-}-0*.

Takum obpasoM, ceuenuss a -+ 0* H @ coBmajawor.

1.15. Teopewma. [Tycme o-—cewenue, u nycme 3a0ano payuo-
raavtoe ducao r>0. Toada cyujecmeytom payUoHaIbrHbie p, G, MaKue,
ymo pé€a, q§d, q He ABAALMCH HAUMEHLUIUM U3 BEPXHUX HUCe.l
CeqeHUs o U G—p=

HokazarTeabcTBo. DBpibepeM panuoHadbhHoe 4UYHCIO S€a.
Has n=0, 1, 2, ... nomoxun s,=s-+nr. Torga HMeeTcs eIHH-
CTBEHIIOE leNoe M, TAKoe, YT0 S, €0 H Spm+ § a.
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Ecmn s,;;; HE ecTh HalMeHblllee H3 BEPXHHUX YHCeJ CeyeHUs a,
T0 BLIOEPEM P =-Sm, ¢ =Sm+¢-
Ecoan §p,.1 — HanMeHblICe M3 BEPXHUX YHCE/ CeueHHst o, TO BO3bMeM

1.16. Teopema. [Tycme a—cewenue. Tuveda cyujecmeyem 00HO
u moabro 0OHC ceserue P, makve, wmo o+ p=0%

JoxaszateanbcrBo. CHayass Mbl JOKAaxKeM eJHHCTBEHHOCTD.
Ecan o + By == a+-p. = 0%, 1o TeopeMa 1.14 nokaswisaer, 4To

P == 0" 4P = (a4 Py) +-Po = (@ -+ Pp) -+ By = 0"+ Py == Py

Has JoKa3aTenbCTBA CYLIECTBOBaHMS OOO3HAUMM 4Yepe3 [ MHo-
KCECTBO BCeX PayUOHaNbHEIX p, TaKHX, YTO —p ABISETCS BePXHUM
9HCAOM CedeHHs o, HO He HAHUMeHBIIHM H3 BepX:iHX uHcel. Mol
AOJAKHBl 1POBEPHTh, UTO 3TO MHOXeCTBO [ yAOBJACTBOPAST TpeM
ycioBHaAM onpejeaenns 1.4, Boimoanenne ycnosus (I) oueBHAHO.

() Ecaw pePp u g<<p (¢g—paunonaasioe), T0 --pda
W -~ ¢>>--p, TaK YTO —@§ eCTb BEPXHEE YUCJIO CeYeHHT &, HO
He HauMmenellee. 3HaudT, g Ep.

(Ill) Ecomu p€P, To —p ecTb BepxHee YHCJO CeYeHHs o, HO
e HaUMEHbiIee, TaK YTO HMEETCH PpalLHOHAJbHOC YHCAQ ¢, TaKoe,
uto ~~g<Z —p 0 —q§a. Ioaoxum

-
;. P+g

2

Torna —q<C—r<{-—p, TAK HTO -—r €CTb BEPXHEE YHCNO CEUEHHH «q,
1i0 jle HaHMeHblUlee. 3HAYMT, Mbl HAILTH PalMOHAJBLHOE r > p, TaKoe,
uro r ¢ f.

[loxkasas, yTo P-—ceuenue, Mpl JOJIKHBI Teleph I[POBEPHThH, 4YTO
a -+ =0%

[Ipeano.ioxuM, uto p€a-+f. Torma p=¢g-+r Npu HEXOTOPHIX
g€a, ref. 3uauur, —rda, —r>gq, ¢+r<<0, u pe0*.

Ipepnnonoxnum, uto p€0*. Torma p<<0. Ilo Teopeme 1.15
HMCIOTCA  pauMOHaJbHLIE 4ucaa g€a, r¢a (IpHieM r He sBAAeTCH
NaMMCHBLIUM 113 BEPXHUX 4HCE] CEeUYeHHs @), TaKue, 4T0 r—(g= —p.
[MTockoasky --r €B, Mbl HMeeM

p=q—r=q+(—r€a-+tp.

JoxasaTessCTBO 3aKOHUYEHO.

1.17. Onpepnenenune. Ceuenne, nmoctpoenuoe B Teopeme 1.16,
obo3HayaeTcd —a.

1.18. Teopema. [asa mobux cedenud «, P, vy, makux, umo
p<<v, umeem a+p<<a-tvy. B aacmnocmu (nosaecas P-==0%), mw
‘meem a—+y>0% ecau a>0", y>0*%
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HoxazarteasbcTe o. Cornacko onpegenenwaMm 1.9 u 1.13,
a+pf<a-+y., Eca

atP=a+ty,
p=0"4+B=(—a)+(@+P)=(—a)+(at+y)=0*+y=1y

no teopeme 1.14,

TO

1.19. Teopema. Hycme o, P—cewenun. Tozda cyuwecmsyem
00HO U MOAbKO 08RO cedeHue y, makoe, 4mo o+ vy==f,

HokaszaTtenbcrBo. EfHHCTBEHHOCTH cJefyeT H3 TOro, YTO
HepaBeHCTBO Yy = Y, BJeYeT 3a CoGOH HEeDABeHCTBO O Yy = 0-+ vy,
(reopema 1.18).

[Tonoxum y =P+ (—a). Ilo teopeme 1.14 MBI HMMeeM TorAa

@y =a4[p+(—a) =at{(—a)+pi=
=[a-+(—a)] +§=0"+p—p.

1.20. Onpepgenenne. Ceuenne y, nocrpoeriioe B Teopeme 1.19,
obosHayaeTcsi vepes f—a, T. e. Mpl mumeM f—a BMecTo f+ (— a).

1.21. 3ameuanue. Ham coscem He norpebyercss B 3TOH KHHre
teopust rpynn. OgHAKO YHTATeJM, 3HAKOMBEIE C TOHSTHEM T DY,
MOITH 2aMeTHTh, 4ro teopembl 1.12, 1.14 u 1.16 o3HadawoT, uTO
MHOXeCTBO Ce4eHUfl eCcTh KOMMYTATHBHAS TIpyNNa OTHOCHTENBHO
CJI0XKeHH#, BBeleHHoro onpepedenueM 1.13. Ceffuac Mul onpepenum
YMHOXKEHHe U TIOKaxeM, UTO MHOXEeCTBO cedeHHH obpasyeT noJe.

OcTaHoBUBIIHCH NOZPOGHO HA CJIOXKEHHHM H BHUMTAHUM, MBI COBCEM
KpaTko U 0e3 10oKasareJbCTBa PacCMOTPUM YMHOXEHHe H JIeJieHue.
Hoxasarenbcrtsa teopeM, KOTOpble Mbl jlajee cPOpMyJHpyeM, COBep-
LIEHHO aHaJOTHUYHH [O0Ka3aTeJbCTBaM TeopeM O CJIOXKEeHHH H BblYH-
TaHHH, 32 HCKJKYeHHEM TOIO, UYTO HHOIAA HEOGXOAUMO PACCMOTPETh
HECKO/IbKO CJIyyaeB B 3aBHCHMOCTH OT 3Haka COMHOMKHTeJeH.

v 1.22. Teopema. [llycme a, Pp—maxue cedenus, umo a > 0%,
P> 0% Iycme y cocmoum u3 ecex OMPUUAMEAbHBIX DAYUOHAALHBLX
yucea U 6CEX DaYUOHAAbHbLIX T, maxkux, wmo r=pq, ede pEa, gEP,
p>0, §>>0. Tozda y— cedenue.

1.23. Onpenesnenne. CeueHue, IIOCTPOEHHOE B Teopeme 1,22,
o6o3Hauaerca yepe3 aff M Haselpaerca npousecederuem cedeHHH a u f.

1.24. Onpepgenenne. KakaoMy CeueHHIO ¢ CONOCTABHM ceve-
HHe | a |, Ha3biBaeMOoe abCoA0MHOL 8eauyuHOl O U OlIpeleJIsieMOe ClelyIo-
UM 0o0pasoMm:

|a|—[ «, ecaud a > 0%,

—a, ecau a << 0%,
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flcno, 4T0 |@|>0* npu Bcex @ M jal=0* Torga H TONBKO TOTJa,
roraa a==0%
Tenepb Mbl MOXEM AOLIOJHHTDH OllpefieieHHe YMHOMKEHHS.

1.25. Onpepneaenne. Ilycts a, p—ceuenusa. Ilonoxum, mno
olpefieJIeHHIO,
((—(e|[B), ecam a<<0*, p>0%
aﬁ:i — (el [B]) ecan az 0% B< 0%,
la||B], econ o< 0%, B< O

3aMeTHM, 4TO Npoussejenue a||f| yxe 6wio onpefenerne B 1.23,
TaK Kak |a|> 0% |B|> 0%

1.26. Teopewa. [ra arobbix cetenuld o, P, y umeem
(@) ap=7fa,

(0)  (af)y=-a(Bv),

© aP+y)=acptay,

(d)  a0*=0*,

(&) af=0% moasxo moeda, koeda a=0* uau P=0%
(7} al*=a,

(g) ecau a<<P u y>0*

, mo ay << By.

1.27. Teopema. Eciu a=£0% mo 08 woboco ceurnin P
cyliecmayem 00Ho 1 mM04bK0 00HO ceweHue v {(Komopoe Mol Sycem
ofosHavame yepe3 Pla), maxoe, 4mo ay==f.

B sak/oueHHe 3TCro pasjesia NpHBEIeM TPH TEOopeMbl, Kacalo-
7Ie0s paHolaIbHbBIX CeueHui.

L.28. Teopewma. Jdaa amobsoix payuoHaIsHIX HUCET P & § UMECM
(wy p*iq*=(p -9,
(" p7g*={(pg)*,
(¢) p*<<g™ moeda u moavko moeda, Ko2da p<Zgq.
JokasartenbctBo. Ecau rEp*-+g*, 10 r=s-+1, roe s<<p,
{<q, TaK uTo r< p-q. 3uaunt, r€(p-+q)*.
Femr re{p--¢)*, to r<<p-+g. Noaoxum
h—=p- et g
Zv‘pﬁ‘q——r1~"‘l"_Tv ~*q"—2 .

Torna s€p*, t€g* u r=s-f, Tak urto r € p*--¢*. IDTHM J0KaszaHo
cuofierse (@), JlorasatenbctBO cBoficTBa (b) aHAJTOTHUHO.
e p<Zg, 10 p€g*, 1o pégp*, tax uto p*<<g*.
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Ecan p*<Cg¢* TO uMMeeTcs panMOHaNbLHOE YHCAO r, TaKoe, UTO
réqg*, ré¢p*. 3naunr,

A

p<r<lq,

i

Tak 4T0 p<q.

1.28. Teopema. Ecau a, f—-cedchuns u o<, mo cuuecm-
eyem PAYUOKQAABHOE cedcHue r*, makoe, umo o < r* <.

HokasateabcTro. Eean a<(f, TO CyumlecTBYeT pamHoHasib-
HOe 4YHCJIO p, Takoe, uto pEf, pda. BuiGepem r > p Tak, uto r € f.
[lockonvky 7 €P u r§r*, MB BHAUM, uTO r* <.

[Tockoabky p€r* u pd o, Mbl BHINM, UTO o <Ir*.

i.36. Teopewma. [Jas awboco cedenun o umeest pEa moeda
1 moasko moeda, Koeda p* << a.

HoxaszareascrBo. [Qas mo0oro pandoHaJNLHOTO p HMeeM
p4 p*. 3naunt, p*<a, ecan p€a. O6patHO, ecaH p* < @, TO Cylue-
CTBYET palHioHalrpnoe ¢, rakoe, ut0o ¢€a U ¢4 p*. Takum obpazom,
g2 Py nocAefiHee HePaBeHCTBO BMecTe C (€@ BaedeT 32 coGof
BRJIIOYEIiHE pEd.

BCHJ;L’CTBQH”HC HHCRA

1losBefeM HTOTH Cha3aHHOMY B IIpeiblymieM pasiene. Mol pac-
CMOTRENH HEKOTOPHIC MHOXKECTBA pallMOHAJBEBIX 4YHCCT, KOTOPBlE MBI
HG3BANH CeueHHAMH. DBUIM ompejenensl OTHOUIeHHe NOpSAKa H  J(Be
OlePALNH, Ha3BAHHBIC CJOXKEHHEM M YMHOMEHHEM, M Mbl JIOKa3a/H,
UTO MOJYUHBUIaSICA apHOMETHKA CCYCHWA NMOAUMHSETCS TEM KEe 3aKO-
HdM, UTO H apmpmemxa panyoilanbBEbiX  MUHTCJL. SRS CJOBAaMH,
MHOAECTBCG BCeX cedehnil 6LLI0 IPe3padlello B YNOPSAOUCHIOE 10Te.

Ocofoe BuHManHe OLIIO YICJICHO CHEHHANLHOMY KJacCy cevenufl,
12K HA43LIBAEMBIM  «PAIUIOHAALHEIM CENCHHSM», H Mbi OOHAPYMHITIL,
UTG 1ifY 3aMEHe PANMOHAJDLIbIX HCEJ 7 COOTBeTCTBYIOWIMMH ceve-
HESMIL r*® CYMMbl, OPOHM3BeXCHHSI M IOPRIOK cOXpaHsiiorcst (reo-
pesa 1.28). DrtoT e GakT MOKHO BBEIDAa3HTL, CKasaB, 4TO yoops-
LOUC:iIti0e [oJe BCeX PALMOHANEILIX UHCEN UB0MOPPHO YNOpsAouen-
HOMY 110710 BCeX PallHOHANLHBIX CeyeHwfi; 3TO NO3BOJAET HaM OTo-
JICCTBUTb PALMOHANbLIIOE CcedeHde r* ¢ PAUKOHAJABHBIM YHCJOM .
Paaymeeres, r®*—3TO He TO Xe CaMoe, UTo r, MO CBOHCTBA, ¢ KOTO-
pLIME MBI MMeeM JeJo (apuMeTHKa H MOPAJ0K), OAMHAKOBBI B 3THX
LRYX TOJRX.

Tenepb ompejie MM, 4To Mbl GyIeM NOHEMATL 10], BellCCTBEHHLIM
YHCJIOM.

1.31. Onpegencuue. B ransrehinem ceellys Oy1yT Ha3bIBATLCH
8eLeCmBeHRoIMY  qucaamu. Paunonasnbubie cedenns OYAYT OTOKIecTt-
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BJASTBHCA C PAUHOHAABHLIMK UHCHaMu {4 OVIAYT HasbBaThLCA  paIlio-
HaJbUBIMYE yrcnamip). Broe ppyrue cedends OYAYT HaSLBATBCSE Uppl-
LUOHQABHbIMI 4L AAMU.

TaxuM 05(pa3oM, MHOMKECTEO BCEX PAUNONAJLIIBIX 4YHCEN OKasbl-
BAETCH TI0IMICHECTEOM CHCTEMBI Belllec TBeHHBIX unced. Teopema 1.29
MOKA3LIBAET, YTG WOXKAY JIOOLIMH JIBYMS REUIECTBEHHBIMH YHCJAMH
AMeeTCst palpnHaibHOR uwicao, a Teopema 1.30 noxasbiBaeT, uTo
KaMA0e BEHIECTREHHOC UHC/IO ¢ CCTh MNIOMXCCTBO BCeX  pallEOHAIR-
HpIX UHCEN P, TAKHY, 4TO p<G.

B caepyiomeil TeopeMe BHICKA3an0 YPe3BLIYANNO BAKHOE CBOHCTBO
CHCTEME! BCILIEC TREHHBIX Ylice..

1.32. Teopewma (epexuuny. [liyems A u B—makue mromce-
(IMBA BEULCCMBEHHLX HUCCA, 4MO

(a) kamcdoe seryecmoernoe uucao npuradaesum usm A, usu B;

(b) nukaxoe gewjecmeenroe wucao e npuwadaemum u A, u B,

(¢) Hu A, vu B re nycmes

(d) ecau aCA u PpCEB, mo u<f.

TocOa cywiecrsyent 00HC (U MOALKO O0HO) BCILECHIBEHHOE HUCAO ¥,
1nakoe, ume o<y npu eécex aCA u y<L& npu eccx BCB.

[Ipexxae uem mncpexofuTh K 0KasaTelLCTBY, chOpMyanpyem
TaKoe caejCTBHE.

CrnencrBue. B spednosooceruax rieopemer 1.32 aubo A codep-
weum Hauboasiee ducao, audo B codepocum naumenvluce €ucao.

HeftctBurenstio, ccan yEA, 10 y-—Hauboiswee wucao 8 A; eciu
+ €8, To y—rnavsenbnee B B; B cuiay (a), 0AHA H3 3THX BO3MON-
OCTCH  JOIXKHA  OCYUECTBHTBLCF, TOTAa Kak, B cuay (b), oun
e MOTYT OCYILECTBHThCH 00e.

YIMEHHO CyIIECTBOBAHHE V (€MICTBEHHOCTD TpHBHAJILHA) COCTaB-
ASeT COAepWaHHe 370k BaHOH TeopeMu. Ono 110Ka3LiBaeT, YTO
npafedlbl, KOTOPble Mbl OSHAPYHMMHAY E CHCTEMEe DAIMORAMBHEIX UYHCCH
fnp. ¢ mpumeponm 1.1), Teneps 3auonuens. 1>odace Toro, ecau 6bl MEI
NOUBITAANHCE TTOBTOPUTL TOT IPOILCCE, KOTOPHIA NPHBEA HAC OT palH-
OLATHHBIX URCET K BEUIECTBENNLIM, M Nayald CTPOHTL CeueHHs (KaK
roonpepeacHny 1.4}, saemMentTaMH KoTopbix GbUid 6Ll BOULEC fBCHITbIE
HMCJIZ. TO FAXKJAO0e Ceyerue HMeA0 Obl HaHMelblise BepxHee YHCJO,
H Mbi CMOIJIM OBL Cpazsy e OTOX/ECTBUTb KAKAOC CCUEHHe ¢ Hau-
MUHDLIMM H3 €rc BCPXHHX 4HCed, Ie I.0JVYHB HM4el0 1:0BOro.

o sTo# npuumie TeopeMy 1.32 MHOTJA HS3BIBAIOT TEOPEMOH NOJ-
MOTH AJF BeWECTBEHHLIX 4HCed,

HoxasareancTBo Teopemu 1.32. JJonycTum. 94T0 HMEWTCS
Jfie 9HCHA Yy H Yy, JJSL KOTOPBEIX BBIIOJHEIO 32KMIOUEHKe TeCpeMbl,
LCTh ¥y < ¥z Bpibepem y; Tak, 4TO yy<Cy3<Cy. (37C BO3MOMKHO
uo rteopeme 1.29). Torma M3 nepaBcHCTRA ya<C Y, CHEAVET, 4TO
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vs€A, B To BpeMsi KaK HepaBeHCTBO y; < Yz MaeT y;€B. dro upo-
THBOpe4HT ycjoBui (b). Takum obpasoM, cyiecTByer He GoJee dgeM
OZHO YHCJIO y C TpeOyeMbIMH CBOHUCTBaMH.

IlycTh y-—MHOXKECTBO BCeX pPalHOHANBLHBIX 4YHCeX p, TaKHX, YTo
p€a npu HexoropoM a€A. Mpl JOMKHBEI NPOBEPUTH, UTO y YIOBJIET-
BOpsSeT YCJOBUSIM onpefenenus 1.4,

(I) Ilockoauky A Henycrto, y Taxme Hemycto. Ecom BEB u g¢ B,
T0 g4 o npu Jwobom w €& A (6o a < f); 3naunurt, g4 vy.

(1) Ecomu pCy u g<<p, To pCa npu HeKoTOpoM o€ A; 3HaumT,
G&a, Mo3TOMYy GEY.

(1II) Econ p€y, 1O p¢a npu HekoropoM a € A; 3HauuT, Cylie-
CTBYeT ¢ > p, Takoe, 470 § € a; cAefoBaTeqablio, g y.

TaxkuM 06pa3oM, y— BELICCTBEHIOe YHCIO.

Sleno, uto a<Cy npu Bcex a€ A, Ecau 6p mpr Hekotopom P € B
OKasaloch, 4To P<y, TO Hauwiochb Obl palHOBalbHOE YHCI0 p,
Takoe, 4T0 pEy H pdP; no ecm pE€y, 1o p€a NP HEKOTOPOM
a ¢ A, a orcwia caeayer, 4to [ <l a, Bompexu yc/aoBHIO (d). Takum
o6pasoM, y< P npn Bcex fl€B, M 10KA3aTEJIRCTBO 3aKOHUCHO.

Teneph MBI OTKaMeMcsi OT HEKOTOPHIX coryaniendil of ofosnaye-
HHsIX, JeHCTBOBAEBIIMX JO CHX 1op. DykBw p, g, 7, ... 6o’abuie
He OyAYyT mpeJHA3HAYaTLCSt TOJLKO JNA PalHOHAALHBIX YHCed, U 6yK-
BaMH @, P, y, ... TOXKe MOXKHC OyAeT NOJL30BATLCS [JJISi  PasHbIX
1eneH.

1.33. Onpepenenne. IlyeTs E-— HEKOTOPOC MHOMKeECTBO Beile-
CTBEHHBIX yHces. EcC/H cylllecTBYeT 4MCJIO Y, TaKO€, UTO x <y NpH
BceX x €[5, TO Mpl O6yieM TOBOPHTL, 4TO MHOXKeCTBO E oepanuuero
ceepxy, a uucjao y OyiaeM uasbiBaTh éepxHell 2paruyed MHoxecTBa E.

Hikune rpanuubl onpepesnioTcs aHalorHunniM  ofpasom. Ecan
MHOXKeCTBO [E OrpasducHO CBCPXY M CHH3Y, TO OHO Ha3bBaeTcs
Or'paHHYCHHDbIM.

1.34. Oupeneaenne. llycte E orpanuyeno ceepxy. Ilpegno-
JIOXHM, 4TO y objajaeT CJEAYIOUIUMH CBOHCTRAMH:

(a) y aBnsercst BepxHell rpanuuell MHoxectBa E;

(b) ecou x<Cy, TO X He HABJsIETCS1 BepxHeH rpaHHued MHOXe-
crBa E.

Torma y HaspiBaetcsl epxHed epauwio (TOYHOH BepXHeH TrpaH-
ueil) MHoxKecrBa E (kak caexyeT us (b), cyinecTByer He Gonee ueM
OJIHO TaKoe 4uciI0 y). Mul OyneM ynorpeGJaaTh COKpalleHHoe 060-
3HauelHde SUp JJF BepXHedl rpani.

Huxusas rpamwp (inf) moboro wmuoxecTsa E, orpagH4eHIoro
CHH3Y, ONpeleJsieTcsi TakuM e obpasowm.

1.35. Tlpumepunl. (a) Ilycte muoxectBo E COCTOMT H3 Beex
unpcen l/n, rme n=1, 2, 3.... Torga mHoxectBo E orpaHuueso,
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ero BepxHasd rpaHb paBHa 1, a ero HuxHsAd rpanb paBHa 0. 3ame-
THM, UTO B 3TOM CJAyuae BCDXHsS I'pPaHb IPHHALMEKHT MHOXKeCTBY,
a HHXKHAS Tpalib— HEe TPHHALIeIKUT.

B ofmem cayuae Bepxisisg TpaHb (WJIM HHXKHAA TpaHb) MOXKET
NpHHAAJIEKATb, a MOXKET H He MPHHAICKATh MHOXKECTBY.

(b) Ilycte E cocTOMT ¥3 BCeX HeOoTpHIlaTebHbIX uHceda. Torpa E
OTpPAHHYEHO CHH3Y, HO He OrpaHHUCHO CBEpPXY, M €ro HHXKHSAS I'Palb
pasua 0.

1.36. Teopewma. [Tycme E—wuenycmoe MHOMCECIBO 8eulecmaet-
HoLx wucen, oeparnudenroe ceepxy. Toeda sup E cyuiecmesyem.

HdoxkasarteasnctBo. Ilycts A-—MHOXKECTBO BelleCTBEHHBIX
Yyuces, OIpejeseHHoe CAeAYIUHM o6pa3oM: d€A B TOM M TOJBKO
B TOM CJy4ae, KOra cyiecTByet uncsao x € E, Takoe, uto ¢ << x. [lycth B
COCTOMT 13 BCeX BeIlleCTBEHHBIX 4YHCEJ, He [pHHaajexawux A.

$lcio, uto nmkaxkoll syemeHT MuoxecTsa A He siBJseTcs BepXHeH
rpasuuell MHoxecTBa £, a KawJibiid 3JeMEeHT MHOKecTBa B siBasercs
BepxHel Trpanuieid MHOXkecTBa F. Yrtolbl fOKazaTe CyllecTBOBAlIHE
BepXHeil rpaild, [OCTATOYHO [O3ITOMY JOKA3aTh, 4TO B CoAepXHT
HauMeNniliee qHCIO,

[IposepuM Tenepn, uto A u B yAOBAETBOPSIOT IIPEANOJCKEHHAM
TeopeMsl 1.32.

Ouepupno, uto cBoiictBa (@) 4 (D) Bunmogauentl. Ilockonbry E
HElyCTo, CYU[ecTBYST HEKOTOPHIE 3.eMeHT X € F H Kaxaoe 4UeaI0
a < x npunagaexnt A. Tak Kak £ orpanudeilo CBepxXy, CyIUeCTBYeT
HHCIO Y, TaKoe, 4To X<y npu Bcex x€ L, 3Haunt, y€B u Boinon-
reno cyoitctBo (). Ecan o € 4, 1o cyuectByer s.1eMeHT x € E, Tako#,
urto a < x. Ecan PE B, 1o x<If. Takum obpasoM, a < p Opa Bcex
u€A, peB, u Buiosneno (d).

Hrax, B cuay caepctBus uz rteopemur 1.32, gaubo A cojepxut
vanGossiuee yucso, auGo B cozpepxur nanMeninuiee, Mbl gokaxem,
UTO MEepBas BO3IMOIKIICCTbL HE MOXKET OCYILEeCTBHThCS.

Ulyers a€ A. Torpa cymecisyer uucao x € £, Takoe, uto o < x.
BuGepem o’ Ttak, uto o<l < x. [lockonbky o' <<x, To a €A,
TaK 4TO o He ectb naudoJsbluee 4pcio B A,

D10 3aBepruaeT JOKA3aTeshLCTBO.

3 KauecTBe NMPHJIGIKENHsl BBILIEH3JONKEHIIOr0 MBI TPHBEIEM JOKa-
3ATCTLCT30 CYILECTBOBAL KOPHEH MN-il CTETNEeHH U3 TOI0XKUTEJbLHBIX
BCLIeCTBEHHBIX YHCed. TeMm caMpiM OyJleT [0KasaHo, KaK MOXKHO
11PeO10J1eTE TPYAHOCTH, OTMEUYEHHLIC BO BLEeNCHHH (HPPALHOHAILHOCTE

I 2).
1.37. Teopewma. /g scakoeo seiyecmeentoeo x>0 1 6cakKeeo

yeaoeo n>0 cywecmeyem 00HO u MOALKO 00HO Gewecnidennoe y >>0,
maxoe, 4mo y" == x. .
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310 4MCJI0 3AMHCHIBAIOT TaK: Y/ X Mam xi/m,

Hlokaszatenbctno. Eanucreeniiocts cieiyer u3 TOro, 4ro
HepaBeHCTBO O < gy < yp BJeYeT 3a co0o#l HepaBeHCTBO YT < yP.

[Tycts E —MHOoxecTBO, cocxonmee {3 BCEX NOJTOKUTLJILHHIX Belle-
CTBEHHLIX f, TAKUX, 410 ™ <

Ecan t»x/(l -+ x), TO O f<1 anaunrt, Mt < x, rak yro E
HefyCcTo.

[Moaoxum {,= 1+ x. Torza u3 Hepasenctna f > {, caelyer, 470
0 p 9 y

t" >t >x, nostomy t¢ £ 1 #, siBI1eTCs] BepXHeH rpanugeilt MHOXKe-
ctpa E.

Ilycts y—Bepxusis rpanp Muowectsa E  (KOTopast CyuiecTByeT
ne tecpeme 1.36).

Honycrum, uro y* << x. Bmbepem h TtakuM, uto O< h <l w

Fr _l/”
he XY
T (T r—yn

T N noy . PR ™ .
iorga, ofosnauvas yepes m ) Ko2aupuupeuT upd 2™ B pasnomkeHHH
6unoma (1 2)", noayqum

RN RN G VTR G PR G VA

<y"+h[(?>yﬂ—l+\2>y +<n>]
YR =y <Y R (™) =

Taknum 06pazoM, y-+71€ L. DT0 1IPOTHBOPRYHT TOMY, 4TO Y — BepX-
HAT IpaHdiLA MUHOXKecTsa /.
Honycium, uto y” > x. Bulepem kb takum, uro 0k <1, k<yn

1’ - !J”" X
v (L4 yyn—yn
Torpa npu ¢ > y—Fk noayuum

9

=y Tk r» II>J” 1 ”g\yﬂ—zk—%'“—(—nn(\Z\)kn—l}?}

/
Ve

-~ Y Y0 n_ // n 71‘-— N.A,/ﬂ R T A RO Il\ no_
"o (y—FR) =y 1 lkll\ Y RE-— .o -k 1,<n k"=

- P VAR ﬂ—14_/"1 neg _L(n‘ ']::
>y k[ﬂx\i)y .\\2>y TR \n)

=Y =kl -y >yt () =
“arus 00pasoM, y— & aBasdcertes Bepxdell rpaHxileit mHoxectsa F,

4 3TC IPOTHBOPCUUT TOMY, TO § — HAXMMEHbIIAA K3 BCPXIUX [PaHHL
MieKecrna E.
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CaiepoBatesibHO, Y™ == X.

1.38. HecsituuHeie Apofu. B 3akmouenne 3TOTO pasjena
YKAXKEM Ha COOTHOUICHHE MexKAy DBEelUeCTBeHHBIMM YUCAAMH o JAecCHd-
THYIHBLIMA J1pOGsMY.

{lyctb x>0 -—BemectacHHoe wuncgo. llycTh #p— HanGosibliee
1e710€ 9HCJ0, TaKoe, 4TO no‘ii x. Ecau ng, ny, ..., Ax—y yKe BblﬁpaHbl,
TG IYCTh Ny — HauOoJiblIee 1eJd0e YHCAo, TAKoe, 4To

ny
Mo+ Fooe <<k
10
IlycTs E —MHOXKeCTBO uices

(L),) no_}_f?i_,“_.“_{“ﬂ (k .‘:O’ 1, 2, a-.)-
10 ick

Torxa x— pepxnAa rpadb MHoxkecTsa £. JlecATHUHOE DasfoKeuue
GiIc/ia X MMeeT BHA

(4 Mgy ifaMs o v s

Odpatuo, pas mo6oft Geckonednoil jecAtuunoit apobu (4) Muo-
:xkeerBo E upcen BHza (3) orpaauyeno cBepxy!l), u (4) Aoasercd
ACCSITHYHBIM padsioXkKeHHeM Bepxiell FpaHH 3TOr0 MHOMCCTBA 2).

Mbl He o6cyxkpaaes moapoGHO JiecATHUHBIE 1POOH, TaK KAK HUKOAA
2 OyNeM UMl N0Jb30BaThLCS.

CACIIMPEHHAA CHCTEMA BelUECTBeHHBIX yHceda

1.38. Onpepnesenne. Pacmupenuas cucveMa BeleCTBeHHLIX
1HOS COCTOMT H3 CHCTCMBL BEUIECTBeHHBIX 4HHCe]d, K KOTOPOH Ipd-
COCHOHUIEHD! JBa CHMBOJMA —co U -} 00, TPUYEM BHINOJIHAIOTCSI Cle-
LYiuniHe CBOHCTBA:

(a) €eCJHI X — BeUHCCTBEHHOE HUCJO, TO — o0 < X< -'*-‘ 0,
ke x
x_i‘ :+(D, X — 0 .=z — OO, —_F&)'——::&::O;

(0) ecin x>0, 10

X+( 1 00):= 4 oo, X (— o)== — c0;

5y HeoOxoxaMo oTtmeruts, 4to A <9 (k==1, 2, 3, ...).—Tpum. nepes.

2} D1o yTBepAKIeHHe aBTOPA CJje1yeT YTOUHHTh. JLeCATHUHBIM DPaziloXKeHHEM
i3 X Ha3BaHa NMOCAeAoBATENLHOCTL yHced (3Y, NOJYUeHHAR ¢ TWOMOULILIC «IIpH-
N CKCHUH M0 HeQoomamKys, MPHIeM KAXKAM KCHeNHAs Apofsb, COOTBETCTBYIOULAS
MO LCTOBATOABHICTH  Mgufly .+ .. Ny, JACT HAHJIYUDIEC (IPHOSHKSHHE K X CJeBa ¢
toioetsic 1o 1077, Ho s TakoM ciyvae HeBepHO, uUto APobb fig,Myily ... My ...,
i ay=0, ap=9 (k=1, 2,...) spasercs ACCATHUHLIM pPAIOKERheM JJd
0 ST TAKNM LeCATHSHEM PasIoKenes cayxuT 1pode 1,600... .—ipus. nepes.
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(¢) ecmi x<<0, TO
X (+ow)=—o0, x:(—)= 4 co.

Ecni  HeoOXOZHMO TNOAYEPKHYTHL passipude MexX[]Y CHMBOJAMH
— 0o, -}-00, C OfIIOR CTOPOHBI, H BEUIECTBEHHEIMH YHCJAaMH, C ApY-
roff, To noOcJejJHHe Ha3LIBAIOT KOHEUYHBIMH ).

1.40. Onpepenenne. Ilycrs F — MHOMXKECTBO, 3/1€MEHTH KOTO-
poro npuHaa/exart pacmupeﬂnoﬂ CHCTeME BeilleCTBeHHBIX uncen. Ecaun
I ve orpannueHo cBepxy (T. e. ecyd AJs Ji060ro BelIeCTBEHIIOTO Y
CylllecTBYeT 3JeMeHT x € £, Takolf, 4To y <C Xx), TO BEPXHsSs rpaHb
Mmioxectsa F no onpeiefeHiio paBHa -+ co.

AuanorgueniM 006pa3oM HMIKHAA TpaHb MuoXectsa [, He orpa-
HHYEHHOI0 CHH3Y, MO ONpefejeHHi0 paBHA — co.

Hraxk, B pacmupeniofi cucTeMe BeUIECTBEHHBIX YHCE] KaXpoe

MHOKEeCTBO HMeeT inf u sup. DT0 K €CThb IVlaBHad NnpUYyHa BBeJieHHS
CHMBOJIOB -—— 00 H -1- €O,

KoMmnaexcHpie yucha

1.41. Onpegenenne. KoMniekcHoim wiCA0M HA3LIBAETCS mapa
BeulecTBeHHMX udced a, b (B TakoM nopsaxe). O603HAYUM ITO KOM-
NJCKCHOe YHCJ0 yepes (a, b).

B stoM paszmese 6ykeamn x, y, 2 6yayT c603HauyaThCs KOMILIEKC-

ubie 4ucia, OyKcamu a, b, ¢, ... -—BClLIECTBEHHBIE YHCJA; MBl 6yleM
(BpemeHHO) mucath

u=(1, 0); n={(0, 0).

1.42, Qupepeneunune. Ilyers x={(a, b), y={c, d). Torpa
X=y TOTJa ¥ TOJbKO TOTAa, Korja a==c¢ 4 O=d. Uape x, y cono-
CTaRUM JBa KOMIVIEKCHBIX YHC/3, o0o3nadaeMblX 4epes x-+y, Xy H
ONpE/IeJIEHHBIX CAeAYIOUMM 06pasoM:

x-y=(atc, b+d),
xy={ac—bd, adH-bc).

1) Takoif cnoco6 pacliipeHHs MHOMECTBA BCEX BEIIeCTBEHHBIX UHCES He corta=
CyeTcst ¢ TeOopHeil CeYeHMit, NPH MOMOUIH KOTOPOH TOJBLKG UTO MOMNOJHAJIOChL MHO-
KeCTRO BCeX PalUOHAAbHLIX udced. [leficToHTeIbHO, LeBTpalibHoe MECTO B Teopuu
IleexnHia 3auuMaeT JOKa3aTelbCTBO CYitecneoeaiud MHOMXKecTBa (MPPALHOHE b~
HblX uHCes), 3JieMeHThl KOTOPOrO CBSi3albl Jpyr € JAPYrOM H € pallYOHAaNhHBIMU
YHC/JaMH MHOTOUHCNEHHHIMH COOTHOLIEHUSIMH (3 He IIPOCTO BBefeHHE HOBLIX CHM-
BCAOB, Y/OBJIETBOPAIOMMX OnpejenentnM akcHomay), C 3Tolt TOUKM 3peHHa pac-
[IIPCHHE MHCXKeCTsa BCeX BelleCTBeHHBIX WHCesa MOKHO Oblio OB «IIOCTPOUTHY,
PacCMOTPEB elfe ABa CedeHdsn: ANA OepBoro H3 eux (06C3HAYaeMOro — oo) HHXK-
HUM KJACCOM CAYEKHT NMyCTOE MHOXECTBO, a AJIf BTOpoi0 (0603HANAEMOro - C0)-—
MIGHECTBO BCEX palHOHAJBHBIX uncest. PasyMHO OrnpelenuB CMHCJ CHMBCAOB
¥+ oo, x+(+4 o0}, orHowreHuit <, > H 1. .. MOXHO OBJIO Gl Joku3ams cBolcTba
{a), (b), (¢).—lipum. nepes.
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1.43. Teopema. [Haa onepayuld caoxeHus u YyMmHONCeHUS, 88e-
Oerinoix 6 onpedeserun 1.42, 8bINOAHAMCA 3AKVHbL KOMMYMAMUE-
HOCMU, QCCOYUAmMUBHOCIY U QUCmpPubymueHOCIU.

Hoxazareasctpo. Ilyets x =(a, b), y={(c, d), z={e, [).
@ x+y=(@+c b+dy=(c+a, d+b)=y+x
(b (x+y)t+z=(a-+c, b+d)-+(e, i=(atc+te b+d+[)=
=(a, b)-+{(cte dt+-[)=x+(y-+2)
(¢) xy=(ac—bd, ad + bc) = (ca—db, da--cb)=(c, d) (a, b) =yx;
(d) (xy)z=(ac—bd, ad +bc) (e, |) =
= (ace-—bde —adf — bef, acf— bdf -+ ade + bee) =
= (a, b)(ce—df, cf +de)=x(yz);
(e) (x+y)z=(a-t+c, b+td)(e, [)=
= (ae-t-ce—bf —df, af +cf -+ be--de)=
= (ae—bf, af + be)--(ce—df, cf+de)=xz-}-yz.
1.44, Teopema. [Jaa 106020 KOMAAEKCHO20 X UMeerm X +Nn =X,
Xn.=n, xu=x.

JlokasareascTBO. D10 cjenyer HEMCCPEACTRBEHHO H3 Crpe-
nenenns 1.42.

1.45. Teopema. Ecmu x+ty=x-+42, mo y-=-=z.

JokaszateanctBo. Ecmm ys42z, 10, KAK OKA3LBAIOT oONpe-
Jenenne 1.42 u 1eopema 1.18, x+pys=x+ 2.

1.46. Teopewva. [ar 206020 KOMRAEKCHO20 4HucaQ X Clyujecm-
syem O0OHO U MOABKO OOHO KOMRAEKCHOE HUCAO If, TaKoe, dUYTO
- =N,

Mbl 0603HaUUM 2TO UHCJIO y Yepe3 —x.

HNokasartessctB0. EAUHCTBEHHOCTD cleayeT U3 Teopemst 1.45.,
“1700Bl I0Ka33Th CYLIECTBCBaHHE, XONYCTHM, 4TO x=(a, b), H mnoso-
MM ——x = (—a, —b).

1.47. Teopewma. Ecau nucame x—y emecmo x--(—y), mo

(@) x—x=n,

() (=) y=x(—g)= = (x5) = (— ) (xu),

N 4O HE BO3HUKHEM HUKAKOU HeACHOCmU, eciu mbi Oydem ece

sl BOIPASKCEHILS Banucoeams 6 sude -— Xy.
A 0Ka3aTeNnsCTRA TPHBHANLHEL.

1.48. Onpepnenenne. llycts x==(a, b). Mb Oynem HasnBaToH
cOroomuold  eeaununol uwHena x uncto |x|=7V1a®*+b* (Mb pac-
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cMaTpHBaeM TOJBKO HEOTpPHLIATeNbHOE 3HaYeHHe KBaJpPaTHOIO KOpHf,
KOTOpOE olpefiesisieTcs eJUHCTBEHHBIM 00pasoM no Tteopeme 1.37).
3aMeTuM, 4T0o a6COMIOTHAST BedMYHHA KOMILVIEKCHOrO 4HCJa—- He-
oTpuuaTtelibHOe BeleCTBEHHOe YUCO.
1.49, Teopema. [las mo0biX KOMNAGKCHOLX HuCeA X, Y UMEEM
(@) |x| >0, ecau x=£n, u |n|=0
0) |xy|=1lx|]yl
Hokasarteasncrtso. CgolictBo (a) TpusMaibio. Yrto Kacaercs
(b), 10 nycte x=(a, b), y=(c, d). Torna lxyl~~[(ac——bd ad—+
+ b() 12 — (12(,‘2 _‘L» b2a2 + a‘)d‘z + b2CZ — (a‘a _|< b2) (CZ I_d;) |x12|y|2
3HayyT,
i — T xlfyl2=
|xy|=VIxPlyl=]xlly|.
Hokasats mnociefiHee pPaBeHCTBO MLl PEAQCCTABJASEM  UATATEJIO
(yopaxkueHue 4).
1.50. TeopeMa. Ecau xy=n, mo aubo x=n, aubo y=n.
HoxaszareanbctBo. Ecom xy=n, 1o no teopeme 1.45
lx|lyl=|xy|=|nl=0.

[lockosmbky |x| # |y| BellleCTBEHHDBI, OTCIOAa clejyer, uto JHbo
|x|==0, qm6o |y|==0, 1. e. mbo x=n, mmbo y=n.
1.51. Teopema. Ecau x40 u xy=xz, mo y=
JlokazareancTBO. [Meem

X(y—2y=Xxy—xZ==n,
ITo teopeme 1.50 y—z=n, 1. e. y=2.

1.52. Teopewma. [aia 106020 KOMNAEKCHO2D X == 1N Cyuiecmaient
COHO U MOABKO OOHO KOMAAGKCHOE 4ucao y (Komopoe mbi Gydem 3ani-
cosamy 8 sude u/x), maxoe, wmo xy==_U.

HokaszareascrBo. EquncTeennocths cieayer us teopembr 1.51.

Tlyers x =(a, b). Ilonoxum
_ a —b
Y=\ Fiprr a2 ipi )
Terga
—b
—(a, b)(\ g -71-2—?5,):(1, 0) = i,
1.53. Teopema. Fciau xs£=n, mo 043 206020 KOMNAEKCHGO Y

cyrjecmelient 00HO & MOALKO 00HO KOMRAEKCHOE 2 (Komopoe #b: Hydem
sanuceieams 8 eude2 Yy/x), MaxKoe, wmo xz ==y.
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HoxaszateabctBo., [lonoxum 2= (u/x).y. Toraa

xZ—x—y u-y=y.

HMrax, Mbl [okasand, 4YTO KOMIJIEKCHbIE HHCJAA CO CJAOKEHHEM
H YMHOXKeHHEM, BBEJeHHbIMH B onpepeiendy 1.42, nogunHAWTCSA BCeM
OOLIUHLIM 3aKOHAM apHPMETHKH.

1.54. Teopewma. [Jan aobeix seujecmeennbix wucea a u b umees
(@) (@, 0)+ (b, O)=(a+0b, 0),
(b) (a, 0) (b, 0)={(ab, 0),

(c)( ——————— > (b 0\,emub=/=0

(@) (@ 0)|=|al.

B (d) cumBOA |a| HYXHO NOHHMATb B CMbicie onpeaesenus 1.24.

Lloka3aTenscTBO TPHUBHAJIBHO.

Teopema 1.54 nokasbiBaer, ITO KOMIJIeKCHble uncaa Bupa (a, 0)
cOaJalT TeMy Xe apuPMETHYCCKHMH CBOHCTBAMH, UYTO H BEUIECTBEH-
ithle 4Hcaa 4.

Mbr MOXKeM 1o3TOMY OTOXKJAeCTBUTH (@, 0) ¢ @; 370 OTOXKjIecTBje-
{1{e NPEeBpaillaeT MHOMKECTBO BCEX BEUIECTBEHHBIX UHCE] B [OAMHO-
JKECTBO CMCTEMBbl KOMIJIEKCHBIX YHCeJI.

B uactHocTH, Mbl Gyjaem Ternepn rucarb 0 BmecTo n M 1 BMeCTO u.

Yurtatesnb, BEPOATHC, 3aMETHJ, YTO MBI TMOCTPOMJM apUdMETHKY
KOMILTIEKCHBIX 4YHCE1, He BBOAS TAMHCTBEHHOro cumBoga «)/ — I,
lenieps MBI XOTHM INOKa3atb, 4T0 obo3HaueHue (a, b) pPaBHOCHIBHO
(n).lee TIPHBBLIYLOMY a - bi.

1.55. Onpenenedune. i=(0, 1).

1.56. Teopema, 2= —1.

Joxasarteavctso. i2=(0, D)0, 1)=(—1, 0)= —1.
£.57. Teopema. FEecw «a u b—seujecinaennbie uwucia, mo
(0, by==a + bi.

fL()z(aE!'l"‘eJIbCTBO. a+bi=(a, O)4(, 0)(0, 1)=(a, 0)+
((\‘ /»»:({l b)

i.58. Teopema. Ecau x u y— KkomnaekcHbe qucad, mo
lx+y <|x|+1yl

MoxazarteascTBo, Ecvit x4+ y=0, 10 10Ka3bBatb HeEYero.
)llr”dva tist, 4T0 X+ i ==0, U NONOXKKM
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Yuuoxaa Ha x-+y, Mbl 3axkjgiodaeM 1o Teopeme 1.49(H), uro
|Al=1. Kpome Toro, Ax-}Ay— BemectBeHHoe uncjo. Ecian Ax =
=(a, b) u Ay= (c, ), TO, KaK NOKa3blBaeT onpepaesenne 1.48,

lal<idel= x|, [el<IMyl=]yl,

31AYHT,
Ix+y|=hx-thy=atc<lal+c|<] x|+ 1yl

{.59. Onpenenenne. EciH a ® b—BeileCTBCHHBIE UYHCAA

¥ z=a-}-bi, TO KOMILIEKCHOE WHCJIO 2 = a— bi HalbIBaeTCsl conpa-
HCCHHBIM C Z.

1.60. Teopema. Lcau x, y—Kxomn.iekcubie wucaa, mo

(@ zty=x+ty,

(0) xy=xy,
(¢) xx=|x (snauum, uucio XX BOLYECIBEHHO U Heompuya-
MeAbHO),

(d) x4+ x —sewecmsenrnoe wucao,
(e) ecau x asewecmeenno, Mo x==x.
JlokasatenbeTBa THX yTBEPHKAEHHIH TPHBHAMLHEL

1.61. O6o3nauenue. Ecmm xy, ..., X, —KOMIVIEKCHBIE YHCJA,
TC Mbl OyJeM nHcaTh

X1—§—Xz'+ L ‘l‘xn:_
3=\
Mul 33KOHYHM 5TOT pasfes BAKHLIM [CPABEHCTBOM, H3BECTHBEIM
no1 HaseaHueM HepasenctBa llleapua.

1.62. Tecopewma. Ecau ay, ...,aq u by, ..., b, — Komniexcroe
queaq, mo
| J

HAoxasateabctpo. [loaosum A== 2 la;2,, B=2 b2
C:Z’ajbj (BO Bcex CyMMax B J0OKa3areabcTBe j rmnpoberaetT MHOXKe-
ctBO Yicea 1, ...,n). Comt B=0, 10 b= ...=10b,=0, u 3axiio-
yeHue TpuBuaseHo. Honyctum nostomy, ute B> 0. ITo Teopeme 1.60
HMCEM

3

s

n
i Y 2
< 2 iai® 2 bR

a,b] ' |
J

-

_!L

i=1

T

3| Ba;—Cb, =S (Ba,— Cb;) (Ba,— CF) -
:BZZIQ‘iZ—-BC—ZCLJEJWBCEQJJJ!’
+1C 1Y | b;2=BA—B|CE=B(AB—|C P).
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Mu! BHJHM, uTO
B(AB—|C[®) >0,

Tak KaK BCe craraeMble B nepBoil cymme HeorpunaresbHsl. Orcioga
cnenyer, uro AB—|C[*> 0, nockonsky B >0. Ho 310 n ecrb Tpe-
OyeMoe HepaBeHCTBO.

EBKA®10Bb} npocTpaHCTBa

1.63. Onpegenenus. [aa KOKAOTO NONOKHTENLHOTO LEJI0TO £
0603HauuM uepe3 R* MHOXKECTBO BCeX YMOPAAOUEHHBIX IOCJ]E/OBa-
TeJbHOCTEH H3 £ BeuleCTBEHHLIX 4YHCe

X== (X4, Xgy + o9 Xn);

YHCJA Xy, ..., Xp HA3bIBAIOTCS KOOPAWHATAMH 3JeMeHTa X. JeMeHTb
MHOMKecTBa R* HasbiBAalOTCA TOYKaMM, HJM BEKTOpaMH, OCOGEHHO NpPH
k> 1. Mu Oyaem of0o3Hauars Bektopbl OykBamMH, HaGpaHHBIMH KHD-

HbIM wpupToM. Eean y=(yy, ..., Yyp) B o — BelleCTBEHHOE YHUCJIO,
TO TIOJIOXKHM

X—[—y:(xi‘{‘yu . --7xk'*‘yk)’
AX = (@Xqy o 0oy BXR),

7ak 4TO0 X-4-YER* n ox€RF., TeM caMhiM ONpeaesieRO CJOMKEHHE
BCKTOPOR, 4 TakKXe YMHOXCHHE BEKTOpa Ha BCUECTBCHHOC YHCIO
(cxadsip). ITH JABe ONMEpAIHH NONYHHSIOTCH 3aKOHAM KOMMYTATHB-
1OCTH, aCCOUHATHBHOCTH H AUCTPHUGYTHBHOCTH (IOKa3aTelbCTBO TPH-
BHAJMLHO, TAK KAK AHAJOTHUHBIM 33KOHAM MOAUYHHSIOTCS BEILeCTBEH-
HLle ukcaa) | npespamanTt R* ¢ gexmoproe npocmpancmeo Had noaem
cewecmeennblx wuces, HyJleBol ajeMenT npoctpanctsa RF (uuorpa
HA3BIBAGMBIH HAMAA0M, WA HYyAiesbiM 6eKmMOpOM)--3T0 Touka 0, Bce
KOOPAMHATHL KoTopofi paBHbL 0.

Mol onmpeliefiuM ellle TAK HA3LIBAEMOE CKAAAPHOZ (wAu BHYMpeH-
Hee) npou3eedenue BEKTODOB X U Y:

k

Xy =2 Xy,

A TAKIKE HOPMY BEKTOpa X:
h 1/9
|x|:(x.x)1/a_—;(2x%) .
1

Omnpenenennas TakuM 00pa3oM CTPYKTypa (BEKTOPHOE NMPOCTPAHCTBO
R O CKaJsADHBIM MPOH3BEEHHEM H HOPMOH) HasbIBaeTcsl eBKJHJ0-
BLIM K-MEDHBIM TPOCTPAHCTBOM.
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1.64. Teopema. flyems x, vy, z€R" u a— sewjecmeenoe 4ucao.
Toz0a

(@) |x| > 0;

(b) ]x\:O mocda u moavko mozda, keeda x =0

(c) |ax|=|a | X];

(d) [x-y[<[x]|y];

(€) |x+yl<ix[+]y;

(N [x—z|< x—ylt+ y—zl

HoxkazatenscTBo. YTBepXuAewus (a), (b)) u (¢) ocueBunun,

a (d) cheayer penocpefCTBEHHO H3 HEPABCHCTBA Lllsapud. B cuay (d),
HMeeM

Xy E=(X4+y) X4y =x-x+2Xy 4y y<
<IxPF420x{ly 4y 2= (x{4+ ]y,

yt0 noKasmBaer (e). Hakouen, (f) cneayer us (e), eciid 3aMeHMTH X
HA X—Yy, Y HA Yy —Z.

1.65. 3aMeuanus. Teopema 1.64 (@), (b) u {f) nos3sosur nam
(cM. ra. 2) paccmatpusaTh R* kak MeTpHueckoe MpocTpancTBO.

ITpoctpancTBo R! (MHOMXECTBO BCEX BEMECTBElHBIX YHCCT) OGEUHO
Ha3bIBaloT MNPSAMOH, WK BemecTBennol npsmoi. Amnanoruyusing obGpa-
30M, R? HazLIBAIOT [MJOCKOCTbIO (cp. onpefetenis 1.41 u 1.63).

B 3tHx ABYX CIydasx HOpMaA— 3TO a0CO/IOTHAS BEJMUMHA COOTBETICT-
Byloulerc BellCCTBCHHOTO HJAH KOMIVIEKCHOTIO 4YHMCAA.

YnpaxHeuus

1. Tlhyets r—pammonansinoe uncine (r==90), a x-—uppauyonans-
Hoe. JlokasaTb, 4TO YHCAA r-+ X M rx UPPABKOHAbHBL

2. JlokaszaTh, 4TO MexAy JIOOBIMH JIBYMS BEUIECTBCHIBIMI YRCIAME
COJCPIKHTCA HPpalHOHaJbHOE YHUCIO.

3. Jloxasatb, 4TO e CYMECTBYeT paUHGHAJIBHOIO 4YHCAA, KBAJ-
par KOToporo papeH 12.

4, Tlyetb x>0, y>0 u n— noJoxkHTeNALHCE 1lesoe uricno, Jluka-
3aThb, UYTO

VT =V
(cp ¢ Teopevoint 1.37).

. Econ x>>0, a r— pannonanbHoe YHCNO (r =:n/m), TC NUAOAHM

x" ="V x"
JNlokasaTs, uto x"==(} x )"

6. JloxasaTb, 4T0 ecdH x > |, 10 xP < x¥ npn MOOBIX PAUKOHE L=
HBIX p, ¢. TaKHUx, 4YTO p < g,
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7. Onpememuts x¥ and x>>1 H BelWleCTBeHHOTO Y, MHCIONbL3YH
yrnpaxiende 6 1 meToR Teopembl 1.37, H JOKazaTh, 4TO

(a) x¥<<x*, ecan 1 <<x, y<<z;

(b) x¥<<2¥ ecu | <<x <<z, y=>0;

(c) XY = x¥x°,

8. Kak HyXHO H3MeHHTL ynpaxkderuss 6 u 7, ecmn 0 x L 1?

9. Ilyers 6> 1, x> 0. [loKasaTh, 4TO CYIHCCTBYET OAHO H TOJbKO
OJIli0 BellleCTBEIHOe YHCJO y, Takoe, uTo x = bY. DTO 4HcI0 y Hasbl-
BaeTCs NROTapHGMOM X TIPH OCHOBaHHH b.

10. B Kakux NyHKTax Haliero M3JOXKeliHs TeOpHH BellleCTBEHHBIX
4ycesl BOSHHEAHM OBl TPYAHOCTH, ecqd Oul 6bl10 onyinese ychosue 11
oripefienenns: 1.4?

1i. Ecan 24, ..., 2, — KOMIUICKCHBIE 4YHCJQ, TO

1zt 2t bz <zt 2+ Azl
12. Ecim x M y— KOMOJEKCHble uHCna, TO
lxl—lyli<|e—yl. .

13. Teopema 1.36 6pia BwBeseHa M3 TeopeMol 1.32. Ha cavom
ACNiC 3TH TEOpeMbl paBHOCHALHBL. UTOGB yGefuThLCS B 3TOM, AOKA-
#BTe TeopeMy 1.32, He moJB3YsiCb CEUEHHSIMH B MHOMECTBE pallko-
KaNbHREIX YUCEJl, & MCHOAb3ys Kak nmoctyaat rteopemy 1.36 u o6biu-
e apH(MeTHYeCKHe CBOHCTBA BeleCTBEHHBIX HHCEJ.

14, Ilycte z— TaKoe KoMIJIeKCHCE YMCaIC, uTo | 2|=1, T. e. 2z=1.
Urypeants | V42241 —z 2

15. Tlpr kakux ycaoBusix B HepaBeicTse [llpapua umeer mecTo
PEBELCTROP

16. Tlpeanonoxum, uto B> 3, X, YER®, | x—yl=d>0ur>0.
Jekasate, 410

(@) echu 2r >d, TO cyiiecTByeT GecKOHeuHoe MHOMKECTBO TOYeK
7 ¢ R", Tak4x, 4to

|z—x[=lz—y|=r;

(h) ecant 2r==d, TO CymecTBYeT B TOUHOCTH OJHa Takas TOUKaA Z;

¢} ecny 2r << d, TC He CYLECTBYeT TakUX Z.

Kax nyXHO M3MCHHTH 3TH YTBepKJIEHHs, ecyH k=2, k=17

17. HoxasaTb, 4TO

X4y P+ ix—yP=2{xP4+2]y}

ecan X R, y € R*. McTonkoBath 3T0 TreoMETPHYECKH, KaK HEKOTOpOe
YIBePRJIEHNe 0 TapasiesorpaMmax.

18. Jlokasatb, uto ecan k>2 n XERM T0 cymectByer BexTOp
y ¢ R*. Taroil, uto y==0, vo x-y=0. BepHo a1 310 upH k=17

19, Tlyers a€R*, bER® Hailitu ¢€R* u r>0, Takue, uyT0
|x--a|==2{x-—b| Torna 4 TOJALKO TOTAA, KOrja |X—c|=r.

(Pemenne: 3c=4b—a, 3r=2|b—a.)
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AJIEMEHTLI TEOPUH MHO)XECTB

KoneuHble, cueTHble U HecHeTHble MHOKECTBA
Msl HauHeM 3TOT paszjes C Onpele]CHHA NOHATHA (QyHKLMM.

2.1. Onpeneaenune. PaccmorpuM nsa muoxectBa A B, sae-
MEIITaMH KOTOPbIX MOI'YT ObITh MMioChle OOBEKTLI, H MPeIIoN0KuM, 4TO
KQXKAOMY 3/eMelTy X MHOXKecTBA A HEKOTOPBIM CiocoBOM IOCTaBleH
B COOTRRTCTBHE 3JIeMEHT MHOKeCTBa B, KOTopbIl MBI 0603HauMM uepes
f (x). Torpa j naswidaercst gyrryuer: w3 A B B (M omoGpasicenuem
muoxecTsa A B B).

MuoxectBo A naswBaetcs obaacmbr onpedesenust Qynkiupy f
(vl GyaeM TOBOPHTh TakiKe, 4To [ ompefedena Ha A), a 3JeMentbl
[ (x) HasbiBaioTCH sHauenuamu f. MuoXectBo Beex 3susueHHd GyHK-
IuH [ BaselBaeTcs ec 004QCMo0 3RAYENU.

2.2, Onpenenernne. Mol OyieM TOBODHTL, 4TO MHOXKeCTBO A
ecTh nodmHoscecmeo MHoxecTsa 8, u nucate Ac B (um B> A),
ecin KarKAblH 3JeMeHT MHOXKeCTBa A ABJIAeTCS 3JEMEHTOM MHOXKECT-
Ba B. Ecau, kpome T0TO, B B nMeeTcs 3JeMEHT, We NpHHANJIexanii
A, 10 .1 HaspIBaeTcs coOCKIBEHHbIM TIOIMUOKECTBOM MIOMXKecTBa B.

B yacTHOCTH, MYyCTOE MHOMKECTEO F CAYKHT NOAMIOMKECTBOM JIOG0ro
MuOXKeCTRa, U A < A, KakoBo Obl nH ObAC MHOXKeCTBO /1.

Ecmu A B uw B A, to Mu 6ynem nucats A=28,

2.3. 3amcuanve. To OBCTOSATENBCTBO, UYTO NYCTOE MiOMKECTBO
ABJASETCS TOAMUIOKECTBOM JI00Oro MHOMKECTBa, CBA341i0 C OLHOH JIOTH-
YeCKOH TOHKOCTBLIO, YaCTO BbI3LIBAIOIEH TPYAHOCTH Y HAUHHAICUIIX,

13 ompenenenus 2.2 sicCHO, YTO eC/M MHOXKeCTBG A He eCTb TOA-
MHOKECTBO MHOXKeCTBa B, TO IOMKHO ObiTh BepHLIM CJeayiouiee
VTBEPKACHHE: «CYULECTBYET 2JleMeHT X, Tako#, 4to x€A u x ¢ B».
Ho ecniu A mycTo, TO He CyUIeCTBYyeT TaKOro ¥, uto x € A, H BhiCKa-
3aHM0E TOJbKO 4TO YTBEPK/JEHHE JIOMNKHO.

[lopoGurie paccykaeuHst NPUMEHHMbl BCerAd, KOIJa MBl XCTHM
IIPOBEPHTH, YTO MYCTCEe MHOMKECTBO YZOBJETBODSET HEKOTOPHIM yCAo-
BHSAM.

2.4, Onpepeaeune. Ilyctb A 1 B-—jBa MHOXKecTBa, I NyCTbL
f—orobpaxenne A 8 B. Ecau E < A, 10 f(E) onpegenstercsl Kak
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MHOXKECTBO BCeX 3JeMeHTOB [ (x) M x€E. Mo GyaeM Ha3blBath
f(E) obpasom vaoxectsa E npu orobpaxennu f. B stHx o6o3na-
yeHusax f(A)—2T10 MHOxecTtBO 3Havenufi f. Hcuo, uro f(A)c< B.
Ecin f(A)=B, to Mb 6yneM roBopuTh, ute f orobpaxaeT A xa B.
(3ameTHM, YTO B COOTBETCTEMH C 3THM CJOBOyNoOTpeOJeHHEM Ha O3Ha-
yaeT O0o0JIbilee, 4eM 8.)

Ecmi Ec B, 10 f1(E) 0603HauaeT MHOMKECTBO BceX x € A, Takux,
uto f(x)€ E. Mut Gynem HasbiBate [1(E) npoobpasom Muoxecrsa F
npu orobpaxenud f. Ecam y€B, 10 [ (y)—3T0 MHOMKECTBO BCEX
x€A, Takux, 4to f(x)=y. Eciu npu xakaom y€B MHOKeCTBO
f(y) coctout He Gosee ueM M3 OAHOrO 3j7eMeHTa A, TO [ Ha3biBaer-
Csl 63auMHO O0OHO3HauHbIM OTOOpaxKeHHeM A B B. 10 MOXKHO BHIpa-
3UTb cJefyomuM o6pasoM: otobpaxkeHue f MHoxkectBa A B B B3aumHO
ONIHO3HA4YHO, ecdH [(x)) = f(x;) KakIBH pa3, KOTAA X, =& Xy,
xiéA, X2EA.

(3anmuch x4 == X, 03Ha4aeT, UTO X; M X,— pPasiHuHble SJeMEHTHI;
B TIPOTHBHOM CJ/Iy4a€ MBI THIUEM X; = X,.)

2.5. Onpenenenue. Ecau cyllecTByeT B3aUMHO OJHO3HAuHOE
oto6pakeHHe MHOXecTBa A Ha MHOXKecTBO B, TO Mbl GyleM TOBOPHTS,
410 MeX1y A U B MoXeT GbITb yCTAHOBJEHO B3aHMHO OJIHO3HAuHOE
coomegemcmaue, HIM 4T0 A ¥ B ¥MEIOT OlHO M TO Ke KapOuHaasHoe
4ucao, WIH, Kopoue, uto A M B SKkBuBaJeHTHH, W OyJeM mucaThb

A~ B. DTo OoTHOWIEHHe, OYEBRAHO, 06JajaeT CJAeAYIOMHMH CBOH-
CTBaMHU:

peghaexcusrocme: A ~ A;
cummempuunocms: ecniu A~ B, to B ~ A;
mpar3zumugiocme: eciki A~ B u B~C, 1o A~C.

Besikoe oTHOWIeHHe, ofaajamloliee 3THMH TpeMsi CBOHCTBaMH, Ha3bl-
BAETCsl OMHOWEHUEM IKEUBANCHIMHOCITU.

2.6. Onpenenenue. Ilyctb n—mo6oe MOMOKUTENbHOE HIEJO€
yHeao; J,—MHOXKecTBO, 3JeMeHTaMH KOTOPOFO CJymaT Helble Yhcia
1, ..., n; J—MHOXKeCTBO, COCTOslllee H3 BCEX  MOJOKHTEIbHBIX
neslx uuces; A—gofoe MHOXecTBO. Mbi OyAeM roBOPHTb, 4TO

(@) A Koneuro, ecnit A~ J, NpH HEKOTOPOM n (HNYCTOE MHOXe-
CTBO TaKiKe CUMTAeTCS KOHEUHBIM);

(b) A beckoHeuro, ecin A He sBJseTCs] KOHEUHBLIM;

(¢} A cuemno, ecu A~ J;

(d) A mecuemro, ecid A He KOHEUHO W HE CYETHO;

(e) A He Gosee wem cuemuo, ecii A WIH KOHEUHO, HJM CHETHO.

Eciu A 1 B—KoHeyHple MHOXKeCTBa, TO 04eBHAHO, 410 A ~ B Toraa
W TOJALKO TOrja, Xorja A u B copaepkaT ORHO M TO XKe YHUCJAO dJle-
MenToB. OnHAaKo 415 GecKOHEUHBIX MHOMKECTB CMBIC] CJOB «COAepaT
OAHO ¥ TO K€ YHMCJO 3JEMEHTOB» CTAHOBHTCS OYeHb TYMaHHbIM.
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Ou NposACHsIeTC C I[IOMOHIBIO IOHSITHSI B3AUMHO OJHO3HAYHOTO COOT-
BETCTBH1.

2.7. lIpuwmep. [lycts A—MHOXKeCTBO BCEX UeNBIX yHcea. Toraa
A-—cuetHoe MHOXKecTBO. JlefiCTBHTENbHO, PAacCMOTPHM Chedyloliee
pacHonoxkenue MHOxkectB A u J

A:0, 1, —1, 2, —2, 3,—3, ...,
J:1,2, 3,4, 5,6, 7, ....

B 3ToM npuMepe MLl MOXKEM Jaxe yKasaThb B SIBHOM BHAe Qopmyay
AJs1 otoOpaxenust [ muoxectsa J B A, yCTaHAB:MBAIOWIErO B3aUMHO
0JHO3HAYHOE CCOTBETCTBliE MEXIY 3THMH MHOXKeCTBAMHU:

g n N
[ 5 (n uemno),

— fl,_f)_»- (7 HeweTHo).

2.8. BaMeuanue. KoHeuHoe MHOMXKeCTBO He MOXeT ObiTh 5KBH-
BAJIEHTHO CBOEMY COOCTBEHHOMY NOAMHOXKecTBY. OnHako Ans Gecko-
HEUHLIX MHOXKECTB 3TO BO3MOXHO, KaK [OKa3sblBaeT InpuMep 2.7,
B KOTOPoM J—COOCTBEHHOE NOAMHOXKECTBO MHOXecTBa A.

B pelicTBHTENBHOCTH MBI MOT/H OBl 3aMeHUTh omnpejefenue 2.6
(b) caenyroweit Gopmyanpoekoil: A GeCKOHEUHO, eciiv A SKBHBANEHTHO
OJAHOMY H3 CBOHX COOCTBEHHBIX MOAMHOKECTB.

2.9.Onpegeneune. [locaedosamerbiocmsto Mbl Gy 1€M HA3bLIBATD
byukuuo f, onpeieneHHyio Ha MHOXecTBe J BceX NOJOKHTENbHBIX
nednx uicen. Ecam f(n)==x, npu a¢J, TO NPHHsITO 0003HAYATH
[I0CJIeJOBATENBHOCT [ CHMBOJIOM {X,} HJIM IHCATbL Xy, X5, X3, «.. .
3uaueHnsa ¢GyHKIMH f, T. €. 3JeMEHTH X,, HA3LIBAIOTCA UYAHaAMU
nocjeoBaTe1bHOCTH. Ecin A-—HeKoTopoe MHOXKECTBO H eClH X, € A
npud Bcex n€J, 1o {x,} HaswBaeTcs nocsedosamesbHocmo0 B A, WK
nocaed08amMebHOCIbIO AeMERMO8 MHOXcecmea A.

3aMeTHM, UTO YIeHbl Xy, X5, X3, - . . TOCJAEAOBATEJILHOCTH He 06513a1ikl
ObITH PAa3JIHYHEIMH.

BBuAYy TOro 4TO BCAIKOE CUETHOE MHOXKECTBO CJIYKHT MHOXKECTBOM
3HaYeHuH# HEeKOTOPOH B3aUMHO OJHO3HAUHOH (YHKNUH, OUpEAe/elIHOH
Ha J, MBI MOXKEM pacCMaTpHBaTh BCAKOE CUETHOE MHOXKECTBO Kak
MHOMXECTBO 3HauYeHHH HEeKOTOPOH I10CJIel0BATEJILHOCTH C PA3JIHYHEIMHA
ynenamu. [lonyckasi HEKOTOPYIO BOJBLHOCTb PeUH, TOBOPSAT, UTO 3je-
MEHTH MI060T0 CUETHOTO MHOMKECTBA MOMKHO «PACHOJIOXKHTL B TIOC/Te-
JOBaTEJILHOCTb.

Huorna yzao0HO 3aMeHHTR B 3TOM OmpefeleHHH J MHOXECTBOM
ACEX HEOTPHIATENbHHIX HEJBX uHces, T. e. HaunHaThb ¢ 0, a He ¢ 1.
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2.10. Teopema. Bcakoce Oeckoreuroe NOOMHONECMBO CHEMHO20
MHoOoTecmea A cuemdo.

HdokasarteancTtBo. [lpeanosoxum, uto E < A u E GeckoreuHo.
PacrnonoxnM sJeMenTsl ¥ MHOXKecTBa A B NOCACHOBATENLHOCTD {X,}
¢ paznHuHbLIMH useHamu. [locTponM nocnenoBatedbHOCTL {nx} CaeRYIO-
mwuM obpasom.

Ilyets ny — HauMeHsbluee [1€70€ TMOJOMHTEJbHOE YHCJIO, TAKOE,
uTo Xn, € E. Ecau ng, ..., fpy (=2, 3, 4, ...) yxe BoOpansl,
TO 1YCTh Ny - HAaWMeHbiliee [enoe uucsio, Oosbiiee Hx.q ¥ Taxoe,
HTO Xn, CE.

Honaran f(k)=x.,, (k=1, 2, 3, ...), MBl nONy4uM B3aHMUO
OJIHO3HAauy1i0e COOTBeTCTBUE MexAay E u J.

DTa TeopeMa liOKasbiBaeT, 4TO, rpy6o TOBOPS, CUETHbIE MHOMe-
CTBa MPEACTABJISIOT «HAHMEHLINYIO» OECKOHEUHCCTh: HUKAXOe HeCyer-
HOC MHOMXKECTBO HE MOMKET ObiTh MOAMHOMXKECTBOM CHETHOTO.

2.11. Onpegenenue. Ilycte A u Q—MHOXKeCTBa; npeanOsoO-
UM, 9TO KX iOMY 3JeMeHTY o MHOXKecTBa A COIOCTaBJEHO HEKOTopoe
NOIMHOXKeCTBO MHOXKecTBa §, KoTopoe Mbl 0003HauuUM uepe3 E,.

MRoxecTBO, 37€MeHTAMH KOTOPOTO CJyXaT MHOXecTBa E,, Oyner
obo3Hauatecs uepes {E,}. BMecto TOro utobL FOBOPHTL 0 MIOXKECTBE
MHOXKECTB, Mpl HHOTJga OyjAeM roBOpHTL O Habope MHOXKECTB HJH
O ceMeHCTBE MHOXKeCTB!).

OO vedunenue ceMedcTBa MUOKeCTB (£} onpenensieTcsi KAK MHOXe-
crBO S, Takoe, uTo X €S TOrja M TO/LKO TOrja, Korja x €[, Xots
Opl npu ofHoM o€ A. Mul GyfeM nosbszoBaThcd 0003HAueHHEM

<1) S: UEG.'
acA
Ecan A cocTouT M3 neabix uucesa 1, ..., 7, TO OOBYHO DHIIYT
(2) S= LLE,,,
HIH
(3) S=FEUEU...UEx

FEemn A —MHOXECTBO BCEX NOJOKHTENLHBIX UeAbIX uHCeJ, TO 0Oblu-
noe obo3navedHe TaKoOBO:

4) S= U En.

1) Ha camoM [Jesie «MHOXECTBO MHOMECTB» —3TO IOHATHE, [0 CYILECTBY
OTIIGINOE OT NOHATHS «CeMeHCTB MHOXECTB», KOTOpoe 3jeck onpegenero. Cemefi-
CTHO MHOMXECTB €CTh omobpasienue MHO¥eCTsa A B MHOMECTBO BCEX NOAMHOMKECTS
muckectsa 2. Moxer okasatecs, uto E,, = E, npn a' = a”, o', a” € Q. —llpun,
Hnepes.
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CumBOJ oo B (4) yKaselBaeT ToJbKO, 4TO Oepercs oObeiHHeRHe
cyemrnoe0 ceMeHcTBa MHOXecTB. Ero He cJjeiyeT CMeluHBaTh C CHMBO-
JaMH - o, -—oo, BBEAeHHHIMU B omnpefesenudn 1.39.

Ilepeceuernue ceMelicTBa MHOXKeCT1B {E,} ompenensercs Kak MHOXe-
ctBo P, Taxoe, uTo X€ P TOrfa M TOJLKO TOrja, Korpa x€E, mpu
Bcex a € A. My GydeM moab3oBaThest 0003HaueHHEeM

) P= (| Fa,
acA

HJH

©) P= | En=EiNEaN ... N En

H/H

(7) P= 0\ Enm.

Kak A5t obbepunenuii. Ecnu MHOXecTBo A () B He mycrto, TO Mbl Oy1eM
TOBOPUTH, uTo A M B nepecekaromcs, B NPOTUBHOM CJ/ly4yae —4TO OHH
He nepecexaromcs.

2.12. Tlpumepsrl. (a) Jonyctum, uto £, coctonT U3 uncen 1, 2, 3,
a E,—u3 uucen 2, 3, 4. Torpa E, | E, cocrour us uucen 1, 2, 3,4
8 TO BpeMs Kak [y (| EFy—u3 uncen 2, 3.

(b) Ilycte A—MHOXKeCTBO BCeX BelleCTBEHHLIX UHCEN X, TAKHX, YUTO
0<x<<1. Ona moboro x€ A nycth E,—MHOXECTBO BCEX BELIECT-
BEHHBIX uHCeN y, Takux, uto 0 <y <<x. Torpa

(i) Exc E, torga ¥ ToabKO Torga, Korjpa 0 <x <<z << 1;

(i) Y Ex=Ey

x€EA

(iii) N Ex mycro.
XEA

YrBepxaenus (i) u (ii) oueBugunl. Urobul qokasath (iii), 3amertum,

4to npH JoboM y >0 umeeM y ¢ E,, ect x < y. 3Hauut, y4§ N E,.
xcA

2.13. 3ameyaHnusa MHorue cBoiicTBa oGheUHEHHH H Nepeceye-
HUE COBepileHHO aHaJOTHYHBI CBOHCTBAM CYMM M NPOU3BeJIEHHH.
B AefcTBUTENLHOCTH CJOBA «CyMMa» U «IIPOH3BeEHHEe» HHOTAA yroTpel-
JAIOT B TOM CMHICAE H BMeCTO |J M {] nmumyr ) H

3aKkOHbl KOMMYTaTHBHOCTH M acCONHATHBHOCTH TPHBHAJbHO BHIIOJ-
HSAIOTCA

(8) AUB=BUA; ANB=BnA:
9) (AUB)UC=AUBUC); (ANBINC=AN(BNC).

DTUM ompaBJaHO OTCYTCTBHe CKOOOK B (3) M (6). 3akoH AHCTpU-
OYyTHBHOCTH TaK3Ke BHIIOIHSETCS:

(10) ANBUO=ANBUMANC).
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Urobbl fokasaTh 370, 0603HAYMM JIEBYIO M [IPABYIO YaCTH paBeH-
ctea (10) coorBercTBeHHO uepe3 E u F.

HonyctuM, uro x€ E. Torna x€A u x€BYC, 1. e. x€B um
Xx€C (umu u 10 W gpyroe). 3Hauut, xCANB um x€ANC, Ttak
yto x€ F. Takum obpazom, E  F.

[Tpeanonoxum Tenepb, 4to x € F. Torpa xCANB uwm xc ANC.
Takum obpasoM, x€A u x€BJC. 3uauutr, x€c AN(BYC), Tak uro
F < E Caenosatensno, E=F.

[Tepeuncium eule HECKOJABKO JIETKO MpOBepsieMbIX COOTHOUIEHHH:

(11) Ac AU B,
(12) ANBc A.

Ecmu & oGo3HavaeT nycToe MHOMKECTBO, TO

(13) AUg =4, ANg=gd.
Ecmm A< B, 10
(14) AUB=B, ANB=A.
2.14. Teopewma. llyemo {E.}, n=1, 2, 3, ..., —nocsedosa-

MENBHOCIL CUEMHBLX MHOMECINE, NONOIHUM

(15) S = (61[:‘,‘.

n=

Tozda muoxcecmso S cuemHo.

HdoxasateancTBo. Pacnonoxum xaxaoe MHOxecTBo FE,
B [0OCJAeA0BATeNbHOCTL {Xna}, =1, 2, 3, ..., ¥ paccMOTpHM Gecko-
HeyHYIO TabJaHIy

¥

i s T T

16 X33 Taa PN
( b) }ﬂ/zj: Ta3 Zas PR

B KOTOPOH 3JeMeHTHl MHOXecTBa [, o06pasyoT n-i0 CTpoKy. ITa
Ta0AMIa COJAEPKHT BCE IJIEMEHTbI MHOXKeCTBa S. ITH 3JEMEHTH
MOMHO DPacroJIOKUTh B MO0C/AeZOBaTeNbHOCTh TaK, KAK YKasblBaloT
CTPeNKHU:

I3 . . . - .
(17) X115 Xat, Xgo5 X310 Kooy X437 Xagy K3z, Xozs Xggs «vv
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Fcan kaxuwe-uuOyawp JBa MiloxecTBa E, HMelOT obluHe 3/JeMCHTHI,
T0 oHM nosiBATCst B (17) Gojlee ueM oaun pas. 3HAUUT, CYHECTBYyeT
DOAMHOKECTBO 7 MHOMKECTBA BCeX MONOKHUTENLHBIX [eJbiX 4YHCes,
takoe, uto S~ T, OTKYJa CefiyeT, 4TO MHOXKeCTBO S He Gojee yeM
cuetHo (reopema 2.10). ITockoapry E; <« S u E; Geckoueudo, 0 0 S
0eCKOHEUHO, U T03TOMY CUETHO.

CnepncrtrBue. Jonycmum, wmo A wHe Goee wem cHemuo W 4mo
npu Kamcoom o CA muowmecmso B, we Gosee yem cuemuo. Iloaoxwum
T = | B,.
oA

Toeda muomcecmeo T ne Oosee wem cuemHo.

IefictBuTenbno, T 3KBHUBAJEHTHO HEKOTOPOMY IIOAMHOXKECTBY
MHOXecTBa (15).

2.15. Teopewma. [ycmo A—cuemnoz MHOXCECMBO, U RYCHLL
B, — mroocecmso écex Habopos (ay, ..., a,) U3 n 4ieHos, 20e ax€ A
(B=1, ..., n) u ssemenmol a, ..., a, HE 0GAAMENOHO DAZAUUHOL.
Toz0a mruoxcecmeo B, ciemno.

JokasateabctBo. To, 4TO MHOKeCTBO By CUeTHO, — OUEBHIHO.

HonyctaMm, uto MHOMecTBO B,_; cuetHo (n=2, 3, 4, ...). die-
MeHTEl B, #Mel01 Buj
(18) (b, a) (b€Buy, acA).

ITpn kampom ¢uKCHpOBaHHOM b MHOXKeCTBO BCex map (b, a) 5KBHBA-
JIEHTHO MHOXeCTBY A u, 3HauuT, cyeTHo. Takum o6pasom, B, —obne-
JHHEHHe CHEeTHOrO MHOMeCTBa cueTHbIX MHOKectB. [lo Teopeme 2.14
B. cuerHo.

YTBepKAeHHEe TEOPeMbl JOKA3aHO 1I0 HWHJYKIMH.

CnepctBue. Muodecmeo 6cex payuOHQAbHBIX HUCEA CHEMHO.

Hoxasarenbctno. I[lpumesmim Teopemy 2.15, B3sip n=2
H 3aMeTHB, YTO KaxKJAOe palMOHAJbHOEe YHCJO r MMeeT BHA b/a, rie d
H b—ueasle uHcna. MuomectBo nap (g, b), a Mo3TOMy H MHOMECTBO
apobeft b/a, cuerHo.

Ha camom pene paxe MHOMXKeCTBO Bcex avireOpaHuecKHX dHce
CUeTHO (CM. yIpaxkHeHHe b).

Crepymioman TeopeMa IOKAa3blBaeT, OJHAKO, YTO He BCe 6eCKOHed-
Hble MHOMKeCTBA CYETHBE,

2.16. Teopewma. [Tycms A—muoxncecmso ecex nocaedosamenn-
Hocmetl, aaemermot komopolx — yudpeot 0 1 1. Muoxcecmeo A necuemno.

AneMmertamu A cayxar mnocjeioBarenbHoctd Buja 1, 0, 0, 1, 0,
I, 1, 1,....

HdorkasateancTBo. Ilycts E-—cueTHoe NOAMHOXKECTBO MHOXe-
¢TBa A, u nycte E COCTOMT H3 moCnejoBatennHocTed Sy, Sp, Sz« .« -
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[TocTpoum mnociaegoBatenbHOCTL S CleAyomuM obpasoM. Ecau | n-a
uudpa B s, pasna 1 (coorBerctBenHo 0), To nyctb n-a widgpa B s paBna 0
(coorBercTBenno 1). Torja nocaesoBaTeIbHOCTL § OTJAHYACTCH OT KarK-
JOTO 3JleMeHTa MHOKecTBa L XO0Ts OBl OjfHHM uJeHoM, 3Hauur, s§ E.
Ho oueBugno, uto s€ A, Tak 410 E—COGCTBCHHOE NOAMHOXKECTBO
MHOMKecTBa A.

Mbl noxaszajM, YTO Kamk/joe CUeTHOe IOAMHOXKECTBO MHOXKecTBa A
sBJsieTca cobeTBeHHbIM nogMuoxecTBoM. ChefosatesbHO, A HecyeTHO
(110TOMY 4TO B NPOTHBHOM cyyyae A 6blio 66l ¢cBOMM COGCTBEHHBIM
NOAMHOXKECTBOM, YTO HEBO3MOMKHO).

Hneo npuBefeHHOro JokasaTenbCTBa BhepBhle BbIcKazan Kanrtop.
Takolt MeTOl A0Ka3aTeNbCTBa HA3LIBAKOT KAHTOPOBCKHM JHATOHAJBHBIM
[IPOIECCOM, MMOTOMY YTO €CJH NOCJeNOBaTeJbHOCTH Sy, Ss, ... Pacro-
JOXHUTb B BHAe Tabaunbel Tuna (16), TO NPH MOCTPOEHHH HOBOH NOCI]e-
A0BaTeNbHOCTH OYAYT YUUTHIBATHCA 3JEMEHTH AHArOHAaJIH.

YuTtatenu, 3HaKOMble ¢ JABOHYHBLIM [PELCTABJIEHHEM BEILECTBEHHBIX
YHCeJ, KOTja 3a OCHOBaHHe BMecto uHcaa 10 Geperca umeno 2,
3aMeTAT, 4TO U3 TeopeMbl 2.16 c/eayeT, YTO MHOMKECTBO BCEX Belle-
CTBEHHBIX YHCeN HecueTHO. Bropoe A0Ka3aTeaLCTBO 3TOr0 (akTa MHl
LajiuM B TeopeMe 2.43.

MeTtpuyeckne npocrpaHcTBa

2.17. Onpepnenenne. 'oBOpPSIT, 4TO MHOMKECTBO X, 3JEMEHTHI
KOTOPOTO Mbl OyjeM Ha3bBaTh /MOYKAMU, €CThb Mempu4ecKoe npo-
cmparncmeo, ecan moObIM ABYM TOYKAM p H ¢ MHOXKecTBa X COOT-

BeTCTBYeT BellecTBeHHoe 4Hucao d(p, g), Ha3biBaeMoe paccmosAHuem
OT p RO ¢, TaKoe, 4YTO

(@) d(p, 9)>0, eciu p=g; d(p, p)==0;
(b) d(p, 9)=4d(q, p)
(¢) d(p, g)<<d(p, r)-+d(r, gq) npn mobom r ¢ X.

2.18. Tpumepn. CaMbIMM BaMKHBIMH TpPHMepaMH MeTpPHUECKHX
IpOCTPAHCTB € Halllell TOUKH 3pEHHsl CJOYMKAT €s8KJAWAOBH NPOCTPaH-
ctBa RF, ocobenno R! (BemiecTpeHHas mpsiMasi) ¥ R? (KoMIlJeKCHast
MJIOCKOCTL); paccTosinie B R onpefensietcsi Tak:

(19) d(X, Y)_“*‘Ex——)’l (X, )’ERk)
ITo Teopeme 1.64 merpuxa (19) yaoBJCTBOpsieT yCJOBHSIM oOnpejgeJe-
nus 2.17.

Bam#o 3aMeTuTh, UTO KAXKAOE MOJMHOMECTBO Y METPUUECKOro
npoctpaidctBa X B CBOW oOuepeib ABJSETCA METPUUECKHM HPOCTpaH-
CTBOM C TOH e caMofl ¢yHKIHeH paccTrosiHus. B camom gene, sicHo,
4TO €CJH yCJaO0BHA (a) — (c) onpeneneHusi 2.17 BHINOJHERB! AJs p, g,
re X, TO OHM BHITNOJIHEHB W AJs P, ¢, r, JeXKaWHX B Y.
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Taxum ofpa3oM, Kamioce MOAMHOMKECTBO eBKJH/IOBa I[POCTpaH-
CTBa — MeTPpHYECKO€e MpPOCTpaHcTBO. JIpYyruMH NpHMepaMH CJIyXKaT Mpo-

crpanctBa € (K) u L2 (u) paccMartpHBaeMble COOTBETCTBEHHO B I, 7
u 10,

2.19. Onpepnenenuve. Tlon usmepsasom (a,b) Mot Oynem
NOHUMAaTh MHOMKECTBO BCeX BelleCTBEHHBIX 4YHCeJ X, TaKHX, 4TO
a<<x<<b.

Ioxn ceemenmom [a, b] Mut OyJeM NMOHUMATh MHOMKECTBO BCeX Bellle-
CTBEHHBIX YHCeJ X, TakHX, 4To a< x < b.

Hnoraa Mp OyjeM BCTpedaThes ¢ NOJAYHHTEpBAJaMHy |a, b) u (a, b];
MepBBIA COCTOMT H3 BCeX X, TakHX, 4To a<{x < b, BTOpOH—n3
BCeX X, TaKHX, 4TO @ << x< b.

Ecau a; << b; npu i=1, ..., k, TO MHOXECTBO BCEX TOUEK X-=
= (Xy, .., X3) B R", KRoOpAHHATE KOTOPHIX yAOBJETBOPSIOT Hepa-
BeHCTBAM a; < X; <b; (1 <<i< k), BasbiBaetcst k-mepHol Kiemxoil.
Takum o0pa3oM, OJHOMCpDHasl KJIETKa—3TO CerMeHT, AByMeplHas
KJeTKa — NPSIMOYIOALHAK H T. A.

Econ x€R* u r>0, 10 omkpumeui (aan samkrymet) wap B
C ILEHTPOM B X PafiHyCOM r eCThb N0 ONPEIENEeHHIO MHOKECTBO BCeX

y € R", Takux, uto |y —x|<r).

Haszosem MuoxecTBO E < R* gotiyxasim, ecid npy mobsix X € E,

YEE n 0<<A <l

Ax (1 —M)y€E.

Hanpumep, " waper goinykaot, n6o ecau |y —x|<<r, 'z—x|<<r
HO0<A<Cl, 10

Ay (=2 z—x| = (y—x) - (1 =Rz —x) <Aly—x|+
(0 —A)z—x|<Ar-+(1—A)r=

To xe JOKa3aTeJdabCTBO IIPUMEHHMO H K VSHMKHYTbIM rapam. Jlerko
BHJI€Th TakKKe, HTO k—MeprIe KJETKH BbLITYKJbL.

2.20. Onpenenenne. Ilycrb X — MeTpHyecKoe NPOCTPAHCTBO.
Bee ynoMuHaemble HMXKe TOYKH M MHOMKECTBa C/eJyeT CUMTaTb 5Je-
MellTaMHd U IIOJMHOMKECTBaMH MNpocTpaHcTBa X.

(@) Oxpecmrocmelo TOUKH p Ha3blBaeTcst MHOXKecTBO N (p), coctos-
Liee M3 BCeX TOYeK g, TakHX, uto d(p, g) < r. Hidcao r HaspiBaercs
paduycom oxpectHoctd N, (p).

{b) Toura p naswiBaeTcs npedenvrol mouko!d MHoKecTBa E, ecsu
KaOas OKPECTHOCTb TOUKH p COHCPXKHT TOUKY ¢ == p, Takylo, 4rTo
geE.

(c) Ecoiw p€E 1 p He sABAsleTCA NPeJLHOR TOUKOH MIioKe-
ctBa E, To p HasblBaeTCA u304upOSAKAHOL moukoil MHOKecTBa E.
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(d) MuoxecrBo E B3amkuymo, ecid Kaxias NpejejbHasi TOUKa
MHOXKecTBa E siBsleTCcst TOMKOA MHoxKecTBa E.

(e) Touka p Ha3bBaeTCa @HympenHell TOUKOH MHOWKecTBa E, ecau
OHa ¥MMeeT OKpecTHocTb N, Takyiw, uto N < E.

(f) Muosxecrso E omkpbimo, ecq Kaxkjasd TOuka MHOXectsa E
ABJISIETCA €ro BHYTpeHHEH TOUKOH.

(g) Honoanenuem wuOXKecTBa E (oBo3nauaercss cumBosiom E€)
Ha3blBAETCS MHOXeCTBO BceX Toyek p€ X, Takux, uto p4 E.

(h) MuagxectBo E cogepuictro, eCIM OHO 3aMKHYTO W €CJiH
Ka)Jas TOuKa MHOXeCTBa E dBJIfeTCS ero NpefesbHOH TOUKOIL.

(i) MHoxecTBOo E 0epanuvero, ecam CYLIECTBYIOT BeMeCTBEHHOe
ucao M u touxa g€ X, takue, uto d(p, ) <<M npu Bcex p€E.

(/) Muoxectso E ecrody naomuo B X, eCau Kaxaas Touka MHO-
xKectBa X siBasieTcs JHGO npelesnbHoll ToyKoll MHoxecrBa E, auGo
NPUHAAJEMHUT MHOXKeCTBY E (60 H TO, W Apyroe).

OTMeTuM, YTO OKpeCcTHOCTSAMH B R' CJyXKaT HHTEpPRAJL, B TC
BpeMsl KaK OKPECTHOCTH B R?-—3TO BHYTPCHHOCTH OKPYXKHOCTEH.

2.21. Teopema. Bcakaa okpecmHocmb S6AAEMCA  OMKPbIMbIM
MHONCECMBOM,

HoxkaszartensvcTBo. Paccmorpunm  oxpectHocts £ =N, (p);
nycTh ¢-—Kakas-HHGYAb To4ka MHOxecTBa E. Toraa cyuectsyer
I10JI0XKHTEJIbHOE BemecTBeHHOe UHCJIO A, Takoe, 4TO

d(p, g)=r—nh.
Ins Bcex Touek s, Takux, uto d (g, s)< h, MBI HMeeM

d(p, s)<d(p, §)+d(q, s)<<r—h+h<r,
1ak uto S€ E. Taxum ofpa3oM, g—BHYTpeHHAA TOUKa MHOXKecTBa E.

2.22. Teopema. Ecau p-—--npedessras mouka muoxcecmsa E,
mo awban 0KpecmHOCHy MO4KU P codeprcum GECKOHEYHO MHO20 MOYeK
muoocecmea E.

HdokasateancrBo. [lpeanosoxuM, uro CyHleCTBYeT OKpeCT-
HocTs N TOUKM p, CoOJepralllasi TOJbKO KOHEYHOE YHCJIO TOUeK
muokectsa E. Tlyers ¢y, ..., ga—Te TOUKH MHOXectBa N E,
KoTopble He copnanawT c p. [losnoxim

r= min d(p, gm)
i<mgn
(tak Mil cGosnayaeM HauMeubluee w3 yncea d{p, q), ..., d(p, g,).
$IcHO, YTO MUHUMYM KOHEUHOTO MHOXKeCTBA TIOJOMKHTEIbULIX YyHCcea —
OJI0MKHUTENbHOE YHCso, Tak uto r > 0.

OkpectHocts N, (p) He cOJepXKHUT HH O1HOM TOUKM g MHOXecTBa E,
TAKOM, 4TO § =& p, NOSTOMY p He ABJAAETCH INPEREJILHOH TOUKOH MHO-
kecetBa E. DTo mpoTHBOpEYHC M J0KasbleaeT Teopemy.
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CneacrBue. Koneunoe MHONCECMBO mouek He umeem npedensb-
HbLX MOoYeK.

2.23. Tlpume pul. PaccMoTpuM ciepyioiie nogMHOMecCTBa 11po-
cTpaHcTBa R
(a) MHOXeCTBO BCeX KOMIIEKCHBIX 2, TdKHX, YTO

2] <<l
(b) MHOXKeCTBO BCeX KOMIJEKCHBIX 2, TaKHX, 4TO |Z |

<1
(c) HEKOTOpoe KOHEYHOe MHOMXEeCTBG;
(d) MHOXeCTBO BCeX LIEeJBIX YHCce,;
(e) MHOXecTBO, cocTosiuiee H3 uHcea 1/n (n=1,2,3, ...).

OtMetuM, YTO mocjefHee MHOXKeCTBO E HMeeT Ipefie/blIyl0 TOUKY
(a uMeHHo 2==0), HO HHKakasi TOYKa MHoxecTBa E He siBIdeTcs ero
npenedbHO TOuKOM. Mbl XOTHM NOAYEPKHYTb Pa3HHIY MEXKAYy CBOMH-
CTBAMH MHOXECTBAa HMeTb Ipefie/bHYI0 TOYKY M COAEPXKATb Npeleb-
HYIO TOYKY.

(f) MHoxXecTBO BCeX KOMITEKCHBIX uuces (T. e. R2);

(g) wutepBaa (a, b).

OrmeruM, uro muoxectsa (d), (e), (g) MOXHO PacCMaTpUBATH
¥ KaK NOAMHOMNKeCTBa IpocTpaHcTBa Rl

Hekoropbie CBONCTBa 3THX MHOMXECTB IMePEUHCJICHbl B CJeAyioLieii
Tabanue:

3aMKHYTO OTKpuTO CoBeplLiIeBHO OrpaBuyeBo
(a) Her Ja Her Ja
(b)) Ha Het Jla Ha
(¢) Ha Her Her Ha
(d) Ha Het Her Her
(¢) Her Her Her Hda
() Ha Ha Ha Her
(g) Her Her Ha

B ctpoke (g) Mui He 3anonHuan BTOpoll KJjeTkd. llpuuuna sTOro
B TOM, UTO WHTEpBaN (a, b) He ecTb OTKPHITOE MHOMXKECTBO, €CJH
paccMaTpuBaTh €ro Kak MOAMHOXECTBO HpocTpaHcTBa R?, Ho oH
BJISIeTCs] OTKPHITHIM [IOJIMHOMKECTBOM IpocTpaHcTBa R?.

2.24. Teopema. [Tycme {E,}—(koneunoe uau bGeckoneuroe)
cemelicmso muomecme E,. Toz0a

(20) (U Eg)* = A E;.

HokazarteasctBo. Ilycte A W B—wmHOXecTBa, Croduwye
COOTBETCTBEHHO cJieBa W crnpaBa B pasenctse (20). Ecm x€A, 10
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x§¢ U Eq, 3vaunt, x4 E, 1pH Bcex a, NO3TOMY x¢€ Eg npu Bcex u,
a

tak uto x € Eq. Takum o6pasoM, A — B.
O6patuo, ecn x€B, 10 x€ Eq npu Becex «, 3Hauut, x4§ E, upn
Beex a, nostoMy x § | E,, 1ak uto x € ({J E;)°. Takum o6pasom, B < A.
a a

CaepoBaresbuo, A= B.

2.25. Teopema. Mnoocecmeo E omkpeimo moeda u moavko
mozda, Koeda eeo 0ONOAHEHUE 3AMKHYMO.

Hoxasateascrtpo. CHavana npeanosoxum, uyro £° 3aMKHyTO.
BriGepem x€ E. Torna x€¢ E° u x He siBAstleTcsl Npefesbllol TOYKOH
MHOxecTBa E°. 3BauyuT, CymecTByeT OKPeCTHOCTh N TOoYKH X, Takas,
aro muoxecteo E°(IN nycrto, 1. e. N< E. Takum ofpa3oM, x-—
BHYTpeHIIsia TOYKa MHOXKecTBa E, u E OTKPBLITO.

Tenepw npennogoxuM, uto E otxkpeito. [lycTh Xx-—npegenbHas
Touka MHOxecTBa E°. Toraa xamJasi OKPeCTHOCTb TOUKH X COAEPKHT
HEKOTOPYIO TOYKY MHOXecTBa E°, Tak 4TO x He sIBJASeTCS BHYTpPeH-
Hell Touxkol mHoxectpa E. Ilockonbky E OTKpHITO, 3TO 3HA4YHT, UTO
x € E°. CrnepnoBaresibHo, E° 3aMKHYTO.

CanepncrBue. Mrowecméo F samxnymo moeda u moabko moeda,
Koeda e2o donoarerue OMKpbIMO,

2.26. Teopewma. (a) Han amoboeo cemelicmea {Gg} omxpbimblx
Mroocecms MHovcecmeo | G, omrpoino.

o
(b) das moboeo cemeticmea {Fn} 3amMKHYMbIX MHOXCECME MHOMCe-
cmso [} Fo 3amxuymo.

a
(¢) Aan aoboco kxoweunozo cemelicméa Gy, ..., Gy OMKpbIMbLX

n
MHooecma muoscecmeo [ G; omkpeimo.

i=1

(d)y dan awoboeo xoneuroeo cemedcmsa Fiy, ..., F, 3amxHymolx

n
MHOMceCcme MHOxcecmeo {J F; samknymo.

1=

Hdoxasateabctpo. [otoxum G= |JG,. Ecou x€G, To x€G,
a
NpH HEKOTOpPoM a. Tak Kak X—BHYTPEHHAS TOUYKa MHOXeCTBA Gy,
TO X— BHYTpeHHsisi Toyka MHOxKectBa G, WG  OTKpbLITO. ¥ TBepxie-
HHe (@) JOKasaHo.
[To TeopeMe 2.24 umeeM

(21) (QFG)‘:: Lj (Fa),
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a no TeopeMe 2.25 MHOxecTBa Fq OTKPBITHL. 3IIAYHT, M3 (a) Cleayer,
4YTO MHOXKeCTBO (21) OTKpHITO, TaK 4TO MHOXeCTBO (] Fg 3aMKHYTO.
a

n
Tenepb nonoxuMm H = ) G;. Has moboro x€H cymecTyer
i=1 ’
okpecTHOCTh N; TOUKH X paauyca ri, Takas, ytoN; < G; (i =1, ..., n).
[Tosoxum

=min{ry, ..., 'n)

M 1ycTb N—OKpecTHOCTb TOYKH x paauyca r. Torgja N < G; npu
i==1,...,n TaK uto N < H, U MHOXeCTBO H OTKDHITO.
[lepexons K xonojaHeHHAM, Mbl BeleegeM (d) M3 {(c):

(F-

J

(0 Ff=
i=1 i

12

2,27. Ilpumep. B yrBepxienusx (c¢) ¥ (d) npeabiayiiei TeopeMsl
KOHEUHOCTb CeMCHCTB cyllecTBeHHa. [eficTButensio, nycrs G,—

1 1
HHTepPBa <_7{ , "n_} (n=1,23,...). Torna G,——oTKpriToe M0oA-
’ o
muoxectso npamoil R Iloaoxum G= ] G,. Torza G cocToMT u3
n=1
eIHHCTBEHHOH TOYKH (a HmeHHO, x=() M [03TOMy He sBAAETCA
OTKPHITBIM MOAMHOMXECTBOM H3 R
Takum ob6paszoM, nepeceueHHe GeCKOHEYHOTO CeMeHCTBA OTKDBITHIX
MHOXeCTB He 00513aHO OblTh OTKPHITHIM. [l0j0GHBLIM OOpa3oM, o0be-
JIHHEeHHEe OeCKOHEYHOrO CeMelicTBa 3aMKHYTBHIX MHOXECTB He 00sI3aHO
6bITb 3aMKHYTBIM.

2.28. Teopewma. Hycmo E—3amxnymoe MHONCECNBO BLLLECITIBEH-
HbIX uucen, oepawudernoe ceepxy. HHycmv y=supE. Toeda y€E.
CpaBHHuTe 3TO yTBepxkJeHue ¢ npumepamu 1.35,

Hoxasateanbctso. Honycrum, uto y¢ E. [las kaxnporo h >0
cymecTByeT Touka x € E, Takas, uro y—h<x<{y, TaK Kak HHaue
y—Hh Opblio 6bl Bepxuedl rpanunelt MHoxectBa E. TaxkuMm obpaso,
KaxJias OKPCCTHOCTb TOYKH Y COMAEPIKHT HEKOTOPYIO TOUKY X MHO-
xKecTBa E, npuueM x <y, Tak Kak y§ E. CaefosaTenbHo, y—upe-
JebHas TO4YKa MHOXecTBa £E, He mnpuHajiexamass E, Ttak uTo
MHOKeCTBO E He 3aMkHYTo. Ho 3TO NpOTHBODEYHT YCIOBHIO TEOPCMLL.

2.29. 3ameuanue. [HonycruMm, uto EcCY X, rge X-
METpHuecKoe NpocTpancTBO. To, uyro E ——OTKpPLITOE I10JMHOMKECTBO
npocTpancTsa X, O3HAyaeT, UTO C KaxJoHd Toukok pECE cessano
NOJIOKHUTEIBHOE YHCIO 7, AJSA KOTOpOro u3 ycaosuit d(p, q)<<r, g€ X
caeyer BiarodeHne g€ E. Ho mbr yxe sametusn (m. 2.18), uto Y —
TOXe MeTPHUeCKOe NPOCTPAHCTBO, TaK YTO Halle onpelleleHHe C TaKHM
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’)Ke YCIeXOM MOXHO OTHeCTH K Y. JIis nomHoft TouHOCTH Mbl GyleM
TOBUPHTb, UYTO MHOMXKeCTBO E omkpeimo omuocumeapro Y, ecin Kax-
Joit Touke p€E otBewaer uncao r>0, Takoe, uto g€ E, ecau
d(p, q)<<r u g€Y. Tipumep 2.23 (g) noKaseiBaeT, YTO MHOXKECTBO
MOXKeT ObITb OTKPBITBIM OTHOCHTENBHO Y, He OYyAYYH OTKPHITHIM
NOAMHOXeCTBOM TNpocTpaHcTBa X. OfHAKO MeXAy STHMH NOHSTHAMH
HMeeTCsl NMpoCTOe COOTHOIUEHHE, KOTOPOe Mbl Cefiuac yCTaHOBHM,

2.30. Teopema. ITycms Y < X. [Hodmuoxcecmeo E  mrooce-
cmea Y omxpoimo omuocumensro Y moeda u moavko moeda, Kozda
E=Y G 02a nexomopozo omxpuimozo nodmroncecmea G npocmpar-
cmea X.

HoxasateabcTBo. HonyctuM, uto E OTKpPHITO OTHOCHTENBHO
Y. IIns kaxporo p€ E HaitfieTcsl NMOJOKHTENbHOE UYHCJO fp, TaKOE,
YTO U3 ycaouit d(p, q)<<rp, €Y crepyer, uto g€ E. Tlycts V,—
MHOXKeCTBO BceX ¢€ X, Takux, uto d(p, q) << rp; NOJOXKUM

G= U V,
pEE
Torpa mo Teopemam 2.21 u 2.26 G—oOTKpBITOE MNOAMHOMKECTBO Ipo-
crpaHcTBa X.

Tockosbky p €V, npu Beex p€ E, sacHo, uto E < GNY. Cornacho
HaileMy BbiGopy okpecTHocTH Vo, umeeM VY < E npun xaxuom
p€E, tak uto G1Y < E. TakuMm o6pasom, E=G1Y, u nojosnua
TEOpeMbl JI0Ka3aHa.

O6partHo, ecin MHOXkecTBo G oTKpuiTo B X ¥ E=G1Y, TO Kax-
aast Touka p€ E umeer okpectHocTb V, <= G. Torna V(1Y < E, Tak
UTO MHOXKeCTBO E OTKPEITO OTHOCHTEJBHO Y. .

KoMnakTHble MHOXeCTBa

2.31. Onpepaenenne. Omkpoimoim nOKpbimuem MHOXecTBa E
B MeTpuuecKoM npoctpanctBe X Mbl GyleM HasbiBaTh ceMeHcTBO {Gg)
OTKPHITHIX TOAMHOXECTB NpocTpancTBa X, Taxoe, uto E < | Gq.

a

2.32. Onpenenenve. llogMHOMKecTBO K METpUUeCKOro MmpocT-
paHcTBa X HA3bIBAETCSl KOMNAKMHLIM, €CIH KaXJ0e OTKDHITOe NOKPHI-
THe MHOKecTBa K COAEpIKHT KOHe4HOe NOATIOKDBITHE.

ToBopsi Tounee, Tpe6oBaHHe COCTOMT B ToM, uTO ecin {Gg}—
OTKPHITOE NOKpHITHe MHOXKecTBa K, TO HMeeTcst KOHEUHOE YHCJIO
HHJEKCOB Uy, ..., Uy, TAKHX, UTO

KCG(I.)_U-"UGU-TI'

IlonsTne KomMnakTHOCTH uMeeT GoJblloe 3HAueHHe B AaHAJH3€, OCO-
GeHHO B CBSI3H C HENpPEPHIBHOCTBHIO (ra. 4).
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$lcno, uTo Kaxkpaoe KOHCYHOEC MHOMXKeCTBO KomiakTHo. CyiecTtso-
BaHUe LIMPOKOTO KJacca OECKOHeUHBIX KOMIaKTHbIX MHOXKeCTB B R"
GyleT cJefoBaTh W3 TeopeMnl 2.41.

Mbl samertunu patee (B n. 2.29), uto ecin EY < X, 1O M™MiIO-
XKecTBO E MoeT OblTh OTKPBITEHIM OTHOCHTENRHO Y, He Gyayud OT-
KpPLITHIM OTHoCcHTeNbHO X. CpoilcTBO MuOMXecTBa E OBITb OTKPHITHIM
3aBUCHMT, TakuM 0Gpa3oM, OT NPOCTPAHCTBA, B KOTOPOE OHO MOrPYIKEHO.
To ke BepiO H B OTHONIEHHH CBOHCTBA MHOMKCCTBA OLITL 3aMKHYTHIM.

Oznako, Kaxk Mbl YBHJHM, KOMIAKTHOCTb — 0oJjee yaobHoe MO~
tHe. UtoOwl cdopMmyaHpoBaTh cAefyIOIYI0 TeopeMy, Mbl Gyzem
TOBODHTHL BPEMEHHO, YTO MHOXKeCTBO K KOMMAKTiO OTHOCHTEILHO X,
eCc/ BBHINONHEeHb! TpeOCBaHHs onpelefendst 2.32.

2.33. Teopema. fonycmum, umo K =Y < X. Mnoxcecrnge K
KomMnakmuo omuocuinessno X 8 moOM U MOAbKO 8 MOM caydae, Koeda
OHO KOMNAKMHO OMHOCUMEAbHo Y .

B cuay sTofft TeopeMBl Mbl CMOXEM BO MIIGTHX CHTYalUHsSX pac-
CMaTPHBaTh KOMIIAKTHBIE MHOXECTBA KaK METPHYECKHe I[pOCTpancTBa
camu no cebe, He ofpalas HUKAKOTO BHHMAalNs Ha oOBeM/iCilee
NPOCTPAHCTBO. B 4acTHOCTH, XOT$ NMOYTH GCCCMBICIIEHHO I'OBOPHTL 00
OmMKpoumesiX TPOCTPAHCTBAX HWIH O 3aMKHYMbLX TIPOCTPANCTBAX (KaXloe
MeTpHUECKOe MNPOCTPAHCTBO X CJAYXKHUT OTKDBITBIM [OIMHOMKECTBOM
caMoro cefsi M 3aMKHYTHIM TIOJAMHOXKECTBOM caMmoro ceGs), umeer
CMBIC F'OBOPHTB 0 KOMRQAKMHLLX MCTPHUECKHX NPOCTPAHCTBAX.

HoxazatenbcrtBo. [lpeanosoxum, 4To MHOXKeCTBO K KOM-
NaKTHO OTHOCHTeNbHO X; nycTb {V,}— ceMellCTBO MHOXKECTB, OTKPHI-
THIX OTHOCHTeNbHO Y, Takoe, uto K < V4. Ilo Teopeme 2.30 npu

a
Ka)K/JOM @ CYIIeCTBYeT MHOxKecTBO G, OTKpHTOe OTHOCHTeNbHO X,
Takoe, UTe Vg =Y (] Gy; nockonek,; K KOMOAKTHO OTHOCHTEIbIIO X,
MBI HMeeM

(22) K<=GgU...UGa,

Np¥ HEKOTOPOM BHLIGOPE KOHEUHOTO YHC/AA WHAGKCOB O4, ..., Op.
Tak kak K <Y, 10 n3 (22) caepyer, uto

(23) KcVa ... UV,

Tem caMbiM JOKasaHo, 4TO MHOXKeCTBC K KOMIAKTHO OTHOCHTEIbHO Y.
OGpatHo, ponycTHM, 4T0 K KOMNaKTHO OTHOCHTeqbHo Y. Ilycts
{G,)} — ceMelCTBO OTKPBHITHIX NOAMHOXECTB npocTpancTsa X, nNOKpHI-
palomee K. Tlosomum V=Y 1G,. Toraa Bkaouenne (23) Oyner
BBITIOJIHEHO TIPH HEKOTOPOM BHIOOPE Gy, ..., On; TaK Kak V, < Uy,
To (22) caenyetr us (23).
JloKkasaTenbcTBO 3aKOlueHOo.
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2.34. Teopema. Komnaxmubie noOMHOMCECMBA  MEMPUKECKUX
nPOCMPaHcme 3aMKHYMbL.

HokazartenbctBo. Ilycrsb K-—KOMNakTHO® IOIMHOXECTBO
METPHYECKOI0 npocTpaHcTBa X. Mpl gokaKeM, 4TO JONOJTHEHHE MHO-
xecTBa K eCThb OTKpPBITOE NOAMHOMKECTBO fpocTpaHcTBa X.

[pennonoxum, uto p€ X, p¢ K. Ecau g€ K, To nyems Vyu Wy —
OKPECTHOCTH COOTBETCTBEHHO TO4eK p H ¢ Ppajryca, MeHblIero

1
-»-QAd(p, g) [eM. onpenenenune 2.20 (a)].

Beugy Toro urto K -—KOMNakTHO, HafifieTcsl KOHeuHbIH Habop
TOYEK Gy, .- -, Gn, OPHHANJEKAWMX MHONKecTBY K. Takux, uTo

KcWg,U...UW, =W.

Ecan V :l/q1 N...NVq, T0 V-—O0KpecTHOCTs TOYKM p, He fepece-

kaomasca ¢ W. 3pauut, V< K° Tak 4TO p—BHYTpeHHAS TOUKa
muoxkectBa K°. Teopema nokasaHa.

2.35. Teopema. 3amkHymote NOOMHONCECIEE KOMNAKMHOLX MHO-
HCECHIB KOMNAKIMHGL.

HdokaszateabcrtBo. Honyctum, duto F < K <= X, MHOXeCTBO
F samguyto (ortHocutenpHo X), a K —xkommaktho. Ilycts {Ve}—
OTKPBLITOE NOKpbITHE MHOMecTBa F. ECJW NpHCOEIHHHTH MHOMKECTBO
F° k {Vq}, TO MBI NOAYYMM OTKpBLITOE NMOKpbiTHE £ MHOMecTBa K.
[lockonpky K KOMIakTHO, cyuiecTByeT KounewHoe noncemeiictBo O
ceMeficTBa {2, noKpeiBatoee muHomecTBO K, a cJaejoBaTesbHO, H F.
Ecnan mHoxecTBo F° BxoauT B (D, ToO MBI MOXeM yAaluTb ero us @
M TOJYYHTb OTKpbITOoe NOKpuITHe MHOMXKecTBa F. Takum obpasom, Mbl
[TOKa3asd, 49TO KOHeuHoe MNOAMNOKpLITHE NOKpbITUs {V,} nokpeiBaet F.

CnepcrtBue. Ecau F 3amxnymo, a K rxomnakmuo, mo FNK
KOMRAKMHO.

HoxkaszateasctBo. Teopempr 2.26 (b) v 2.34 nokassBawr,
uTo MHOXecTBO F[1K 3aMkHyTo, a Tak Kak FK < K, 1O 1o Teo-
peMe 2.35 MHOxKecTBO F []K KOMNAKTHO.

2.36. Fcau {Ky}— cemelicmeo KOMNAKMHOLX NOOMHONECME Mempu-
wecko2o npocmparncmea X, makoe, 4mo nepeceteque 06020 KOHEHHO20
nodceseticmea cemelicmea {K,} nenycmo, mo u [\ Ko Henycmo.

a

HokaszaTtenncTBO. 3adukcHpyeM MHOXKeCTBO K, U3 ceMeHCTBa
{Ke} u nosoxmMm Gg = Kg. [lpeanonoxum, 4to B K, HeT Takoi
TOUKH, KOTOpasl mpHHaAJjexasna Obl BceM MHoxXecTBam K,. Torpaa
MHOXecTBA G, 0OpasyloT OTKpLITOE [IOKpPBITHE MHOXecTBa Kj; Tak
Kak K, KOMINAKTHO, HalJeTCsl KOHeUHLI HaGop HHIEKCOB Qj, ..., Un,
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TakoH, 4TO K1CGa1U UGan. Ho 3710 0o3HayaeT, YTO MHOMKECTBO
KiNKq, N -.. NKa,

nycTo. MBI MOJYYMIM NPOTHBODEUHE C YCJIOBHSIMH TEOPEMBI.

CnepcrtBue. Ecau {K,}— nociedosameorocme Henycmorx Kom-
nakmuelx mHoxcecmg, maxas, umo K, > K,y (n=1,2,3...), mo

fee)
u muomcecmeo (\ K, Henycmo.

n=1

2.37. Teopema. Ecau E — becroneurnoe noQMHOoNCECB0 KOMNAK T
Ho20 muoncecmea K, mo E umeem npedesvuyio mouKy, npuxadiesca-
wyro K.

JdoxazateabcTBo. Ecam Ol HHKaKas Touka MHoXecTBa K
He Opiia npeflefibHOA TOUKOH MHOMecTBa £, TO Ka)nas Touka §€K
WMena Obl CKpecTHOCTL Vg, cofiepxkamyio He 06ojee OfHOH TOYKH
MHOXecTBa £ (a MMeHHO TOuKy ¢, ecau g€ E). YcHo, UTO HHKaKOe
KOHeyHoe nojceMeiicTso cemeiictBa {V,} He MoXeT NOKDHITB MHO-

wecTBO E; To ke BepHo M ans K, rtak kak E < K. Ho 3to npoth-
BOPEUHT KOMIIAKTHOCTR MHOXecTBa K.

2.38. Teopema. Ecau {[,}—nocaedosamersrocme cezmeHmos
6 R, makasn, umo I, Dl (n=1, 2, 3,...), mo MHONcECME0
oo

N I, HenycrTo.
n=1

HoxasateannctBo. Ecau I, == {a,, b,], T0 nycts E ecTb MHO-
HKECTBO BceX @,. Torjaa MHCKecTBO E HeMmycTO M OrpaHHYEHO CBEPXY

(uucnoM by). Ilycts x=sup E. Ecau m u n— nojoxuTesbHble LeNble
uuc/aa, TO

n L Amin < byin < b,

Tak 4T0 X< b, npu KamaoM m. ITocKOJIbKY OYEBHIHO, UTO ap < X,
TO MBI BHAHM, 4TO XEl, npu m=1, 2, 3, ....

2,39, TeopeMma. [Tycmp k— noaoxcumeavroe yeaoe yucao. Ecau
{I,} — nocaedosamenvrocmy  k-mepuoix  kaemox, ‘maxas, 4mo I, Dl
o0

(n=1, 2, 3, ...), mo mromecmeo [\ I, nenycmo.

n={
HdoxkaszateabcrtBo. Ilycts [, COCTOMT H3 BceX TOUEK
X=(Xy, ..., Xz), TaKHX, UTO

an,j<xj<bn,j (<j<k; n=1, 2, 3, ...),

¥ nyCTh [n,;=1[an, s b, ;1. Tlpu xaxaom j nocnenosatensHocts {15, ;}
YAOBJIETBOPAET MPEANOJIOKEHHAM TeopeMbl 2.38. 3HAuHUT, CyECTBYIOT
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BenlecTBennbie yucna xj (1< j<k), Takue, uto
o ; 2
an’j:\\x'j\<bn,]‘ (1‘<]<k, n=l, 2, 3, ...).

[Monaras x* = (7, ..., x%), ™Mb BHAWM, yTO X*Cl, mpun-=1,2,3,....
Teopema noxasaua.

2.40. Teopewma. Jlobas k-mepraa kiemka Komnakmwa,

doxasarenpctio. I[lyers I ecth k-MepHasn KieTKa, COCTOSI-
[asg W3 BCEX TOYEK X==(X;, ..., X), TaKHX, 4TO a;<Cx;< b;
(1 <j< k). TTonoxum
h
EENAN 211/2
5—{414(()5*‘ a)?t.

Torna 'x —y|< 8, ccmm x€l, yel.

JonyctuM, UYTO BONpPeK YTBEPXJEHHIO TeOPeMbl CYIUECTBVET
OoTKpbIToe TokpeiTHe {(Gg} MHOXKecTBa J, He cojepiKaiiee KOHEUHOTo
nojnoxpbitisi MHoxecTsa [, [loaomkuMm ¢;={(a;--b;)/2. Cermentn
laj, ¢;1 u [¢; b;] onpegensior rtorga 2" k-mepHbix KJeToK Q,
oGbenleHre KOTopelx ecth /. XoTs 6l OAHO M3 3TUX MHOMXKeCTB @
(oCo3naunM ero [;) He MOXKeT OBbITb TOKPHTO HHKAGKUM KOHCUHBIM
nojaceMeficTBoM ceMelcTBa {Gg} (B IPOTUBHOM cC.ayuae Tak Oblsia 6bi
noxpbITa Besi Ketka J). Temepn Mbl pazo6beM [, W NPORCIKAM 5TOT
nporiecc. Mpf noayunM nocaeposateibioctb {/,}, ofaajawmyo cie-
AVIOIMUAMH CBOHCTBAMH:

(W Iol,oholyo ...

() I,, He IMOKpLIBAeTCH HUKAKMM KOHCUHLIM NOJCoMeficTBOM
cemeiicta {Gg}:

{c) ecot XCEI, u yel,, 10 |x—y L2786,

Hz (a) u Teopembl 2.39 caepyeT, UTO CymecTByeT TOYKA X*, mpi-
wajiexamas BceM MHOxecTBaM [,. IlpH nekotopoM a umeeM x* € G,.
TMockoabky Gg OTKpBITO, cymecTByeT r >0, Takoe, u70 M3 Hepa-
BeHeTBa |y-—X¥|<{r cnepyeT BKJIoueHHe .yCG,. Ecan n crtoop
BEJUKO, UTO 278 < r (Takoe n cyuecTsyeT, H60 unaue 2" 8/r nns
BCEX NOJNOMKHTEALHBIX LeJBIX 7, YTO HEBO3MOMHO), TO H3 (C) cneaver,
yte /, <= Gy, a 3TO NMPOTHBOPEUHT yTBepPHACHHIO (b).

Jl0KA3aT2/bCTBO 3aKOHYCHO.

Yipepxlenne 00 SKBHBAJCHTHOCTH CBOKCTB (@) H (b) B caeayio-
el TeopeMe H3BCCTHO NOA HasBaHHeM TeopeMil [eiiile — Bope.

2.41. Teopema. Ecau mrowecmso E uz R ob6aadaem odnum
u3z mpex caedywouiux cgocms, mo ono obaadaem u Jeyms Opyeumu:

(a) E ocepanudeno u 3aMKHymo;
(b) E romnaxmro;
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(¢c) Kamdoe Heckoredroe nOOMHONCECTIB0 MHONcecmea £ unem npe-
deavHyw mouky, npunadaencawyo E.

Hokasarteabctro. Ecmm (@) uinoasneHo, to F [, rae [—
HekoTOpas k-mepHas KJeTka, u (b) ciaepyeT u3 TeopeM 2.40 u 2.35.
Teopema 2.37 mnokasuacT, uto (b) Bjeuer 3a coGoii (¢). Octaercs
Jl0Ka3aTb, 4TO U3 (¢) caenpyet (a).

Ecau MuOxecTBO L He OrpaHHYeHO, TO OHO COJEPKHT TOUKH X,
TaKue, 4YTto

|Xa|>n  (n=1, 2, 3,...).

MuoxkectBo S, coctosiiiee H3 3THX TOUYCK X,. GeCKOHEUHO W, oye-
BM/[HO, He WMeeT IpeleJibHbIX Touek B R® u Tem Gosee B F.
Taxum ofpasom, W3 (¢) caepyeT, YTO MHOXeCTBO L OrpaHnueHo.
Ecan E He 3aMKHYTO, TO MMeeTcs TOuKa X, € R*, siBasomascs
npefencHOM TGUKOM MHoxecTBa £, Ho iie mpuHagnexamas £. [lpu
n==1, 2, 3, ... HMCIOTCA TOUKH X, CE, Takhe, uT0 | X, — Xo| < 1/m.
[Tycts S—MUHMKECTBO 3THX TOUEK X,. Toria S-— 6ecKollewHoe Mno-
© JKecTBO (B NMPOTHBLOM CJAYYae | X,— X¢| HMeno Obl NOCTOSIHHOE TOJ0-
KHTEJbHOE 3HaueHue I8 OeCKONEYHOTO MHOXeCTBa HOMEpPOB 1),
Xo— TpejielbHasi Touka MHoXKecTsa S u B R® Her JpYIHX Mpejenb-
HBIX TOUCK MHoxkecTBa S. [leficTBHTE bHO, eciK yE€R®, y=%= Xy, TO

| ~. ot ‘ i | ! - 1 .
X =Y Z %=y~ X=X |Z [ Xo—YI—7 > 5 [Xo—Y]

AN BCeX n, 34 HCKJIUCHHEM HEKOTOPOro KOHeUHoro MIIOXKeCTBa;
5TO TOKa3blBaeT, 410 y He HABJAeTCH MPeIeNbHGH TOUKOH MHOKe-
ctBa S (1eopema 2.22).

Takum obpasoM, S He HMeeT lpefe’bHbIX ToueK B L; 3HauuT,
MHOXECTBO £ 3aMKHYTO, €CJIH BHINOJHEHO (¢).

Crnepyer OTMeTHTL B CBsI3H ¢ 3TOH TeopeMmol, uto (b) H (c) 2kBH-
BaJeNTHBl B JIOO0OM METPHYECKOM MpPOCTPAHCTBe (ynpaskHeHue 13),
0 uto u3 (@) B ofbmeM cayuae He caeayior (b) u (c). Hampuwmep,
3TO TaK B NpocTpaHcTee £2, KoTopoe obcyxaaercst B 1. 10. Opuu
npuMep JaeTCsl TakkKe B YHpakHeHHH 9.

2.42. Teopewma (Bediepwitpace). Bcakoe veparuuenroe Geckoren-
Hoe nodmHoxcecmeo npocmparcmea R* umeem npedeavryio mouky 6 R".

OokaszateanncTBo. Byaiyun orpanuueHHbBIM, MEOXECTBO, O KOTO-
pOM HIET peub, CONEPHKHUTCS B HEKOTOpOH k-Mepuoi kjerke [ < R*.
[To Teopeme 2.40 mHOXKecTBO [ KOMNAKTHO, MO3TCMY, COLVIACHO TEO-
peme 2.37, MuoxectBo E wMeeT B / npelesbHYIO TOUKY.
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Conepmem%me MHOKECTRE

2.43. Tcopewna. [lycme P — rnenycmoe cOGEPUIEHHOE HHONECMEN
8 R*. Tceda P necuemio.

JdoxasareasvctBo. llockoanky maoxectBo £ HMeeT npejedn-
HElE TOYKHM, ©0HO J0/KHO Ot OeckoneuwsiM. Jloriyetem, yto P
CueTno, ¥ 0005LANHM TOUKM MHOMKECTBA [/ uepe3 Xy, Xy, Xz ... .

M moctpoum mocseaoateabHocts okpectHocteli (Vo) crenyio-
uwM o6pasou,

Itycts V, —karas-uubyab OKpecTHocTb TOWKH Xy, Eciu V, coctout
M3 Beex y € R* TaKkHX, UTO |y —X,'<Ir, TC COOTBETCTBYICWIES 3AMK-
HYymas okpecmuocme Vi eCTb 110 ONPeFeJICHIIO MIINKECTBO BCex y € RY,
TakKx, uTo |y —x|<r. (Kax u B Teopeme 2.21, serko noxasarts,
YTO JCHOJNHEeHHe MHOXKECTBa Vi OTKDBI1O. 3HAYHT, 3aMKHYTLIC CKpC:
CTHOCTH 3AMKHYTEL)

HouycruMm, uro okpectitocTh V, MOCTPOEHA TakK, “TO MHOXKECTTRO
V.3 P nenycro. ITockONBKY KéXjas Touka MHOXKectBz P ecTh npe-
JdenpHas TOYKA 3TOF0 MEOMKECTBZ, CYIECTBYET OKPECTHOCTH Vi,
Takasi, 410 (i) Vye Vi, (i) %, 4V, (i) muowecrBo V, o[} P
nerycro. B cuay (iif), Viey YAOBJICTBOPICT UPEANUJIOKEHHIO UEAYK-
LM, H IOCTPOEHHE MOMKeT OBiTh liPCAGIKEHO.

lMonowxnm K,=V,| P. Dyjy4s orpaiHuYeHHbIM H 3aMKHYTHIM,
MuoxecTso V, komnaktHo. I ojina Touxka MHOXKecTBa P He JeXuT

[ed]

B I Kn, Tak Kak X, § Ky+y. Orciona ciepyeT, 470 MHOMKECTBO
n={

[¢a]

ﬂiKn nycto, tak kak K, P. Ho pegs Kakioe Muokectso K,

n—
penycto B cuay (ifi) ¥ K, D Kuyy B cuay (i). 310 npoTHBOpedHT
cnejicTBUIO U3 TeopeMnt 2.36.

Crencreue. Kaxdoi cecmennt la, b] (a<<b) necwemen. Mno-
MECIMBO BCEX GEULECTNBEHHBIX HILCCA HECUEMHO.

2.44. KantopoBo MmHoxecTso. [lpumep, K MOCTPOTHHIO KOTOPOTO
MLl MepexoAum, N[OKasplBaer, 4T0 B R! CYWECTBYIOT COBePIIEHHbE
MHOMCCTBA, He colepkaliie HHKAKOTO WHTepBand.

Ilycte E, ectb cerMent [0, 1]. ¥Ynpasum u3 Hero ultepnaid

12 Erof o
%+ 3 ) B mycTs E;—0ObenHeHHe CerMeHTOB
1- 2
[o5]s 51
YiaaauM cpefHHe TPEeTH 3TUX CETMEHTOB, H NycTb E,-—ofbpesu-
HEHHE CCrMEHTOB

[03) [3:3). [$.31. [$.1).
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Ilponoskas TakdM 00pa3om, Mbi TOJYYHM HOCTE€A0BATEbIIOCTh KOM-
NAKTHBIX MHOXeCTB E,, TakHx. 9TO

(@) E, D E;,DEsD ...

(b) E, ecTb o6bepuHerue 2" CerMeHTOB, AJHHA KaKJOTO M3 KOTO-
pblX paBHa 37"

x>
MuoxectBo P = (] E, uHasbiBaercs MHOxKecTBon Kantopa. Muo-
n=1
AecTBO P, 0ueBHAHO, KOMNakTHO, H TeopeMa 2.36 nokasuiBaeT, uTO
P Hemycro.
Hukakoil uHTepeasn BHpa
(8R4l k-2

(24) \—_gmh" TTEme ’

rie B U m-—nonoxUTebHble LeAble YHCI4, He uUMeeT oOH[HX TouYeK
¢ P. 3Hauut, F He CORCPXKHUT HHKAKOrO HHTEPBaJa, HO0 Kaxabii
uHTepBan (a, P) comepxut HHTepBan BHia (24), ecau

Yro6L nokasaTb, uTo P coBepuieH:v, AOCTATOUHO NOKA3aTh, YTO
P ue cojepXHT H30JMPOBaHUBIX Touek. Ilyeth x€P n nyers S—
kagoil-uubyae HHTepBaJ, copepxaumi x. IlycTn [, — cerment muo-
xectBa E,, colepkauidii x. Bribepem gocraTtouno 6oJsblIoe 7, Takoe,
uto [, <= S. TlycTb x,—T0T KOHeu cerMeHTa [, ZAJS KOTOPOro
xn"?—‘/—x-

M3 noctpoeHuss MHOXKecTB3 P cieAyeT, uto X, €P. 3gauut, %
ecTL npefiedbHas ToYKa Muoxecrsa P, 1 MuoxecTtBo P cosepluenHno.

OgHo H3 CcaMBIX HITCPCCHBIX CBOHCTB MHOXKecCTBa IKaHTopa
COCTOHT B TOM, 4TO OHO JOCTaBAsieT HAM TNpPUMep HeCueTHOTO MHO-
AECTBA Mephl Hysb (onATHe Mephl Oyner ofcyxiaaTbes B r1. 10),

CBsi3Hible MHOXKeCTBa

2.45. Onpenenenuc. Muoxkecrzo E B METPHUECKOM [POCTpPaH-
ctBe X HA3BLIBAETCS] CBA3HLLM, €CJIU HE CYUIECTBYET ABYX OTKpBITHIX
mHoxecTs A ® B npoctpauctea X, TakMX, uTo nepecedendne Af) B
nycro, nepeceuennss ANE n B E ne nycethl v E <= AYB.

D10 onpejenedHe NOX0XKe Ha OnpeiesieNHe  KOMIAKTHOCTIL.
MOCKOJIBKY Ha CaMoM feJle OHO HE 3aBHCHT OT OOBeMJTIOIIETO HPOCTPUH -
ctBa X, T. €. NPH 3aMeHe CJIOBA «CBSI3HOE» CJOBAMII «CBSI3HOE OTHO-
cutenbE0 X» B mpeAbaymieM abaalle BLUIIOTHARTCH CieyioLee yTBEPxK-
nenue: E ceaswo omruocumeavro X 6 mom u mo.abko 8 mom cayuae,
koeda E ces3no ommocumeavro E.

TakuM 06pa3oM, HMeeT CMbIC] TOBOPATL O CBR3HBIX NPOCTpaH-
cTBaX (CpP. C 3aMevYaHMsMH, CJeAVIOMMMH 3a (OpPMYJHDPOBKOH Teo-
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pembl 2.33): mpOCTPAHCTBO CBSI3HO, €CJH OHO He sBJAseTcSl 06bexH-
HeHHeM JBYX HeNYCTbIX HeNepeceKarouluXcsl OTKPBITBIX MHOMKECTB.

Ileppas uacTp yTBepXenusi, HabpaHHOr'O Bblllie KypCHBOM, NIOYTH
TpUBua/bHA: ecjd E He sBAsSETCs CBA3HbIM OTHOCHTENBHO X, TO
cyuecTBYOT MHOXecTBa A u B, cOnapatomme CBOHCTBAMH, YKa3aH-
HBIMH B onpejeeHud, U paccMoTpenne Muoxects ANE u BN E
noxasniBaet, yto E He CBsi3HO OTHOCHTe bHO E (cp. ¢ Teopemoit 2.30).
OOpaTHoe BLITEKAET H3 CAELYIOUErO Pe3yJhTaTa.

2.46. Teopewma. [Tycmy X — mempuueckoe npocmparcmeo, E — X
u E=GUH, ede G u H— nenepecexaioujuecn Henycmole MHoxcecmsa,
omxpbtmete omuocumeavrio E. Toeda cyujecmsyrom Henepeceratouiuecs
omipbimeie MHoxcecmea A u B e X, makue, umo G=ANE, H=B(NE.

HokazaTenbcro. Kaknoit touke p € G COOTBETCTBYET UHCIO
8,>>0, Takoe, 4t0 U3 cooruowenuit gL E, d(p, g)<< 8, caenyer
BKJtoyeHHe ¢C(, TaK KakK MHOXeCTBO (¢ OTKPBITO OTHOCHTeNbHO E.
AnpanoruunpiM 06pa3oM, KaXAOH Touke ¢C/H COOTBETCTBYeT YHLJIO
8,>0, Takoe, uTo u3 coorHowenunit p€E, d(p, q)<<O, ciaeayer
BKJOueHHe p € H. 3vauut, ecmu pcG, g€H, To 06a 3TU HepaBeH-
CTBA He BLHINO.JIHSAIOTCS, TaK 4TO

(25) d(p, g)> 5 (8,7 8y).

Ilpu p€G, q€H nycrs V, obo3HauaeT MHOMKECTBO BceX X€X,
TakuxX, uto 2d(p, x)<<8p,, u nycts W, —wMmHOXKecTBO BCeXx x€X,
Takux. uto 2d(q, x)<< 04 Ecan Hekotopoe muomectBo V), HMeer
ofiyo Touky x ¢ HekotopsiM W, TO

d(p, <d(p, x)+d(g, x) < (6, +8,),

4TO IPOTHBOPCAHT HepaBeHCTBY (25).
Takum of6pasom, Kawmjoe V, He mnepecekaercss HH ¢ ogHuM W,
H €CJH MBI TOJOKHM
A: U va B= U qu
pEG

geH

TO MbI NIOJYUUM MHOXKeCTBa C TpeGyeMbIMH CBOHCTBAMH.

2,47, Teopema. [loomromecmso E eewjecmeennoll npamoi R
c8A3H0 mo2da u moavko moeda, koeda E o6aadaem caedyougum ceol-
cmeom: ecau x€E, ycE u x<<z<<y, mouy zCE.

HoxasateasctBo. [lonycTuM, uYTo 3TO YCJIOBHE HE BHINOJ-
HAETCS AN HEeKOTOPLIX 4Hced X, y, 2, T. e. XCE, ycE, x<z<y,
Ho z2¢ E£. Ecin A ecTh MHOXECTBO BCeX O <2, a B— MHOXKeCTBO
Bcex P>z, To onpexeneHue 2.45 mnokaswipaeT, uto E He CBSI3HO.
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YUrofut jokasaTh o6GpartHoe, jmomyctem, yTo E ne cssano. Toria
CYLECTBYIOT TOUKH X€E, y€E, x<Iy, u OTKPHTLIE HenepeceKaio-
muecst MHcxKecTea A u B B RY, Takue, uto x€A, ycBu EcC AYB.
Ilycts

i S=ANIx, yl
H z==supS.

Beuay Toro urto y€B u B orTkpeiTo, HMmeeM z<Zy. Taxum ofpa-
30M, ecitH z€A, TO u3 Toro, uto A OTKpLITO, ClelyeT, UTe &
He sBJIAETCA BepXHeH rpanuuefl MHoxecTtBa S. 3naunt, z ¢ A.

Beuay toro uto x€ A u A OTKpLITO, HMeeM Xx < z. TakuM obpa-
30M, ecnd z€B, To M3 ToOro, YTo B O1KpHTO, CjaeAyer, 4TO 2
He fBJAETCs] BepXHeH rpansilo MHOKecTBa S. 3Hauut, z 4 B.

Ho rak kak Ecc AUB, 10 z¢ E, B A0Ka3aTEIbCTBO 3aKOHYEHO.

Caejncrsue. Muowecmso E 6 R ceasno moeda t moAsKO
moeda, Koz0a E—o00uo uz credyouux muoicecms (20e a u b—setye-
cmeenHbe qucaa, a<b):

(—co, b}, (—c2, b, (a, ), [a, =), (— oo, ®), (a, D), [a, b), (a, b],[a, b].

K KakoMy K3 3TMX THNOB NUPHHAJJICKHT MHOKeCTBO E, 3aBHCHT
OT TOrO, KOHGUHH HaH HeT inf £ W supE ¥ npHuajgickaT JH OHH
MHOXeCTBY E.

CTosb Ke mpoCTOH XapaKTePHCTHKH CBSI3HBIX MHOXKECTB Ha ILJI0C-
KOCTH, HanpuMep, He CyLIecTBYeT.

YaopakHeHH s

1. TlocTpouTs oOrpaHHueHHOe MHOXMECTBO BellleCTBEHHBLIX uHcel,
HMelOlliee POBHO TPH NpeJie/LHEE TOYKH.

2. llocTpoHTo KOMIAKTHOE MHOMKECTBO BelleCTBEHHHIX uHces,
MHOXKECTBO NpeACALHBIX TOYeK KOTOPOro CUeTHO.

3. Tlycte E'—MHOXeECTBO BceX NpeAenbHLIX TOYeK HEKOTOPOTo
muoxectsa E. Jlokasarb, uto E’ 3aMKHyTO.

4. Mycte E=EUE’, rae E’ onpeneneno poite. UtoGwl mody-
uuth E, Mol pofGaBiaseM K E Bce npefiesibHele TOUkKH FE; E Haswl-
BaeTcs 3ambikanuem MHOXKecTBa E. Jlokasats, uto E Bcerga 3aMKHYTO

i1 uto Ec F, eeiu ECF u F 3aMkuyTO.
5. Kopun moforo ypasHeHHs

QX" x4 bap - a, =0,

TAC gy ..., (,—LlEJbi€ YHCJA, HA3BIBAIOTCHA aJreOpanyecKHMH YHC-
gaMd.  JlokasaTb, 4TO MHOMECTBO Bcex ajre0paHuecKux u4Hced
CHETHO.
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¥rasanue. TIpn Kax10M M0JI0KHTENBHOM 1edoM N cyiiecTByer
TOJbKO KOHEUHOe YHCJO TaKHX YPaBHEHHH, uTo

n-|ayl a4 ... la.|=N.

6. JMatp npuMep OTKpblTOro HOKpHiTHst uHTepBada (0,1), Koro-
poe He COREPXHT KOHEUHOro MOAMNOKPHITHS.

7. Tlokazats, uto Teopema 2.36 H ec CJACACTBHEC CTAHOBATCS
HeBepHbIMH (B R!, HalpuMep), eCju CJIOBO «KOMIAKTHOE» 3aMEHHTH
CJI0BOM «3aMKHYTOe» WJIH «OTPAHUUEHHOE).

8. bruiBaloT g GeckoHeuHble MeTpHuYecKHe IpPOCTPaliCTBa, He
uMeioine GECKOHCUHBIX KOMITAKTHBIX NOJMHOMCCTB?

9. Ilycts X — npocTpancTso Beex panuoHanbHbIX yuced, d (p, §) =
=|p-—q| B E--MHOXeCTBO BCeX DAUHOHAJbLHBIX p, TAaKHX, 4YTO
2 << p*<C 3. Tlokasatb, uto E 3aMKHYTO H OrPaHMUY€HO, HO HE KOM-
NIAKTHO.

10. MeTpHueckoe IPOCTPAHCTBO 1a3blBAETCS cenapabeavioim, €Cu
OHO COJIEDPKHT CUeTHOE BCIOAY IJIOTHOE NoAMIIoXKecTBo. ]loxasars,
aro R* cenapaGenbHo.

YKkasanue. PaccMOTpeTs MHOXKeCTBO ToueK, BCe KOOPAHHATHI
KOTOPBLIX DAaliHOHA/bHHL.

11. CewmefictBo {V,} OTKPHITHIX I110IMHOXKECTB InpocTpaHcTBa X
HasblBaetcs Oasod mpocTpaHcTBa X, ecJH BEPHO CJenyouiee: AJs
Kaxkaoro x€X M KaXAOr0 OTKPHITOrO MHoxecTBa (G, TakKoro, 4to
x€G, umeeM x €V, < G npu HeKOTOPOM ¢. M HBIMM CjI0BaMH, KaxK[joe
OTKpbITOE MHOMKeCTBO B X ecTh oObejudHEHHe HeKOTOpOro Thojce-
Mejictea cemeiictBa {V,}.

Hokasatb, uto Kaxjoe cenapabelbHoe MeTpPHUeCKoe MPOCTPAaHCTBO
nMeer c4emuyr 6asy.

Vkazanue. Bo3bMHTe BCE OKPECTHOCTH C PALHOHAaJbHBLIM PaiHyCcOM
H C [eHTPaMH B HEKOTOPOM CUeTHOM BCIOAY TIJIOTHOM MOAMHOXNecTBe
npocTpaHcTBa X.

12. Tlycrb X — MeTpuueckoe MPOCTPAaHCTBO, B KOTOPOM KaXjaoe
GeckoHeuHoe MOJMHOXKECTBO HMeeT NpefedbHYI0 Touky. JloKasaTb,
g10 X cenapabebHoO.

Yrasanue. 3adurcupyiite 6>0 u Bubepure x,;€X. Brfpas
Xy ..., X;€X, HaliA¥Te, ecJH 3TO BO3MOXKHO, X;.,€X, Taxoe, 4TO
d{x;, x;.) 8 ans i=1, ..., j. TlokaxuTe, 4To 3TOT NpoKEecC
JLOJIXKEH 3aKOHUHTLCS N0CJ1e KOHEYHOr0 UHC/Ia HIaroB H 4TO moatoMy X
MOXHO TMOKpPbITb KOHEUHBIM UHMCJOM OKpecTHOcTeH paauyca o.
Bospmure 0=1/n (n==1,2,3, ...) B paccMOTpUTE UEHTIPH COOT-
BETCTBYIOHIHX OKpecTHOCTeH.

13. Ilycte X —mMeTpuueckoe NpPOCTPAHCTBO, B KOTCPOM KaxJoe
GeckOHeuHoe MOAMHOMECTBO HMeeT MNpefesbHyIo TOUKy. JloKasarh,
4910 X KOMIAKTHO.
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Vrasanue. CorgacHo yupaxuenuaMm 11 u 12, X umeer cuernywo
Gasy. CnenoBaTtesbHO, KaxJloe CTKPbITOE NOKPHITHe NpocTpancTBa X
coftepskuT c4emuoe noanokpeithe {G.}, n=1, 2. 3, .... Ecau
HHKAKoe KOHCUHOe mojcemeHcTBo ceMelcTBa {G,) He mnokpoipaer X,
TO jonoanenwe F, Muoxectsa G, ... |JU, HenycTO IpH Ka}JIOM n.
HOo nepeceuenue [ [,—nycro. IlycTs [E-—MHOXKeECTBO, cojepikKaniee
no Touke H3 Kaxjaoro F,. PaccMorpurte npezesqsHyI0 TOUKY MHO-
x)ecTBa £ W nosiyuuTe NPOTHBOpeuHe.

14. [okasarb, 4TO KawxA0e 3aMKHYTOe MHOMXKECTBO B cenapa-
6e/1LHOM MeTPHUYECKOM NPOCTPaHCTBE €CTh OObeHHEeHHe COBEPLIEHHOro
MHOMXeCTBA (MOxeT OBbITb, NYCTOrO) H HEKOTOPOro He 0onee uewm
cueTHOro MHoxkecTBa. (Caedcmaue: Kaxkaoe cueTHOe 3aMKHYTOE MHO-
®ecTBo B R" uMMeeT u30MpOBaHHblE TOUKH.)

15. Jloka3aTb, 4TO KaxJoe OTKPHTOe MHOMXKecTBo B KR! ecTb
obbegHHenne He 0oJee UeM CUETHOrO ceMeliCTBa TNONAapHO Henepece-
KAaIOMHXCs HHTePBaNoB.

¥xazanue. Bocnoabsyiitech ynpaxgenuem 10.

16. Chneays nokasaTesibCcTBY TeopeMbl 2.43, NOJAY4UTh TakoH
pesyabTart:

oo
Ecin R*= |J F,, rne xaxmgoe F,—3aMKuyToe IOAMHOKeCTBO
1

npoctpancTBa R, To XoTss 66l omHO F, HMeET HENyCTyl0 BHYT-
PEeHHOCTb.
IFreuearenmnoe ymeepycdenue. Ecau G,—TNJI0THOE OTKPHITOE
x

NOAMHOXECTBO npocTtpancrea R* npu n-=1, 2, 3, ..., 10 N G,
n=1

HelycTo (Ha caMoM jfiese OHO BCiofly mioTHo B RY). (3To uacTbiit

cayua#t TeopeMbi Dspa; cM. ofimunii cayua#i B ynpaxsenud 17, ra. 3.)
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YUCJIO0BBIE
MOCJIEAOBATEJIbHOCTH U PA/ibl

Kak yxaspiBaeT na3pande, B 3TOHA r/JaBe MBl OyAeM HMeTb jelo
rJaBibIM 06pa3oM ¢ NOCICAOBATENLHOCTAMH H PANAMH KOMIIEKCHBIX
ypces 1. OpHako ocHOBHble (GAKTEl, CBSI3aHHBIE CO CXOJAHMOCTLIO,
CTOJIb K€ JIeTKO O0OBsICHHTL u B OoJee obmedl cutyanuu. Ilepshe
Tpu pasgena OylyT MOITOMY HOCBSLICHBI MOCAEA0BATEALHOCTSM
B eBKJIWIOBHIX fIPOCTPAHCTBAX WM Ja:Ke B MeTPHYCCKHX MpoCT-
paHCTBax.

Cxofsiuinecs mocJeioBaTeabHOCTH

3.1. Oupeneernne. IlocaeroBatenbHoCcTb {p,} B METPHUECKOM
npocTpaHcTBe X HasblBaeTCsi cxodAwyetics, €ClH CYLUIeCTBYeT TOUKa
p€X, ob6naparmoimias cjaeiyiowuM CcBOHCTBOM: a8 Kaxjoro € >0
CyulecTBYeT Lesoe uucio N, Takoc, 4yTo npu 7 3= N uMeeM d (p,, p) << e
(3aecy d o6osHauaer pacctosiHge B X).

B atoM cayuae mpt OyjaeM rOBOPHTH TaKikKe, YTO MOCHEA0BaTe/b-
HOCTb {pn} CXOLMTCS K p HJM YTO p—Ipeles MNOCHELCBATENbHOCTH
{pn} lcm. TeopeMmy 3.2 (b)], u OynmeM mucaTh p,—>p WM

lim p,=p.
n—>owe

Ecin nocaenosatennnocts {p,} e CXOAMTCH, TO TOBOPAT, YTO
OoHa pacxodumcs.

Ilole3HO OTMETHTL, UTO Haille olpeAedeHHe «CXOAsilefcs nocie-
JOBaTeJIbHOCTH» 3aBHCUT HE TOJILKO OT {p,}, HO u oT X; Hanpumep.
nocJiefosatepHocTs {1/n} cxoaurca B R'(k 0), HOo He cxouuTcs
B MHOXKECTBE BCeX IIOJ0/KHTENbHBIX BEIIeCTBEHHBIX UHcea [Koriaa
d(x, y)=|x—yil. B Tex cayuasx, Koraa BO3MOXKHA NYyTaHUUA, MbI
GvieM GoJlee TOYUHBIMH H OyJeM IOBOPHTL OTYETJIHBO «CXOAHTCS B X»
BMECTO «CXOJHTCSI»,

HanoMuuM, 4TO MHOXKECTBO BCEeX TOYeK p, (n=1,2,3, ...) eCTb
MHOOCECME0 3Ha4enull nociefoBaTe]bHocTH {p,.}. MHoXecTBO 3Haue-
HHH noc/eloBaTebHOCTH MOXKeT ObITh KOHEUHBIM HIH OeCKOHEUHELIM.
[TocoefoBaTeIbHOCTL  HA3bIBAETCS  02PAHUMEHHOLU, €CTM MHOMKECTBO
ee 3HaueHHH OrpaHHueHo.
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[as  npuMepa paccMOTpHM  CHeAVIOLIME  T10CJe]0BATe1bHOCTH
KOMILIEKCHBIX unced (mpu 3ToM X == R?%).
(@) Ecomn sp=1/n, To lim s, --(0; MHOXecTBO 3HaueHud 6Gecko-

n—>o0
HeuHo, M MOCNEAOBATENbHOCTL OrpaHHYeHa.

(b) Ecar s,=n?, To nociefoBaTeJbHOCTb {S,} He oOrpanHuena,
PacXOLMTCSl, 8 MHOMKECTBO ee 3HaueHHH OGeCKOHEeuHo.

(¢) Ecmn sp,=1-+|(—1)*/n], To noccieroBaTeibHOCTL {$,} cxO-
JHTCS K 1, orpaHHueHa, a MHOXKECTBO ee 3HaueHHHA OeCKOHEYHO.

(d) Ecam s,==i{", TO mnocaepoBareiprHocTh {s,} pacxomutcs,
OTpaHHYeHa, & MHOMECTBO ee 3HaueHHH KOHeuHo.

() Ecmt sp,=1 (n=1,2,3, ...), T0 {8z} cxoautcs K i, orpa-
HUUeHa, a MHOXeCTBO €& 3HAaueHHH KOHEeYHO.

CdhopmympyeM Tenepb HEKOTOpble Ba)KHblE CBOHCTBA CXO;SIULHXCH
110C/Ie0BaTeAbHOCTEH B METPHUECKHX NMPOCTPAHCTBAX.

3.2. Teopema. [lycms {p,}— nocaedosameasrocms € sempu-
yeckom npocmparcmee X.

(@) {pn} cxodumcsa x p € X moeda u moavko moeda, woeda Kaxdus
OKPECMAHOCL MOYKU. P cofepacum 8C€ HAeHbI NOCACJOBAIMNEALHOCTU
{pn}, 30 uckaouenuem KomeuHo20 Ux 4ucaq.

(b) Ecau peX, p"€X u {p,} cxodumca kK pu & p', mo p=p’.

(¢) Ecau {pn} cxodumcs, mo {p,} oeparuuena.

(d) Ecau Ec X u ecau p— npedeavnana mouka mHoscecmsa E|
mo cyujecmeyem nocaedosamespHocms {pn} aaemenmos mucxcecmea E,
makas, 4mo p= lim p,.

n—roo

HokasateascrBo. (a) [onycTuM, 4YTo p,—>p, H 0OYCTb
V-—okpectHocTe Toukd p. Has Hekotoporo &>>0 u3 ycJI0BHE
d(p, q)<<e, g€X, cnenyer, uto g€V. IToMy & COOTBeTCTBYyeT N,
TAaKoe, YTO H3 HepaBeHcTBa 1> N ciefyer, uto d (pn, p) <<e. Takum
o6pa3oM, HepaBeHcTBO n>»> N BJeuer 3a co00f BKMOueHuwe p,€V.

O6paTHO, AOMYCTHM, UTO KaXKJasi OKPeCTHOCTb TOYKH P COAEPKHT
BCe TOUKH pp, KPOMe KOHEUHOro HX uucsa. 3ubHKCHDyeM &> 0,
H nycts V-—-MmHOXecTBO Bcex ¢€X, Tarux, urto d(p. ¢)<e.
[To npeanogoxenuio, cymecTsyer N (COOTBETCTBYIOILEE 3TOH OKPeCT-
Hocty V), rtakoe, uto p,€V, e n>N. Takum ofipasom,
d(pn, p) <<e, ecan n> N; 3¥auuT, p,—> p.

(b) Iyctb 3amano uucno & > 0. CyuecTByioT neable uucia N, N’
TaKHe, YTO

n> N pneuer 3a coboii d(py, p)<—g—,

n> N’ Bieuer 3a coboil d(p,, p’)<—;~.
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3rauut, ecau n»max (N, N’), to

d(p, p)<d(p, ps)+d(pn p') <e.

ITockoapKy uHea0 & 6LIT0 NPOH3BOJBHBIM, MBI 3aKJIOUaeM OTCIOlA,
uro d(p, p')=:0

(¢) Honycrum, uto p,—>p. Torga cymecTtByer nenoe N, Takoe,
uyTo npu 12 >> N umeeMm d(pn, p)<<1. Ionoxum

r=max{l, d(py p) ..., d(px, P)}

Torpa d(pn, p)<rnpu n==1, 2, 3,

(d)y Hnsa xaxporo nono;{\m(nbuoro ueroro M CyUeCTBYeT TOYKA
pn € £, Takas, uto d(p,, p)<<1l/n. Has paunoro € >0 Bubepem N
Taxk, 4To Ns>1. Ecu n> N, 10 d(pn, p)<Ce. 3Hauut, pn-—>p.

J1oXa34aTeqbCTBO 3aKOHUEHO.

Iaa necnenoBaTeJbHOCTeH B R® ME  MOXeM H3y4yaTh COOTHOLIe-
HilST MeXJAY CXOIHMOCTBIO, C OJHOM CTOPOHBI, H anrefpanuyecKuMH
onepatwsaMi, ¢ apyroit. CrHauasa Mbl paCCMOTDHM NOCJAENOBATENLHOCTH
KOMIIEKCHBIX YHCEI.

3.3. Teopema. [donycmum, umo {s,}, {t,}— komnaexcrole nocae-
dogarmeaprocmu w lim s,=s, lim t,=={. Toeda

n->ox n-->o

(@) lim (s, - t,)=s-+¢;

(b) lim ¢sp==c¢s, lim (c-+8,)=c-+s 0aa aoboeo 4ucia c;

(c) 111;?1 Spln = st; o
(d) hm ] %, ecau moasko s, 70 (n=1, 2, 3,...) us==0.

IlokazaTteabcTBO. (@) lns naunoro & >0 cyillecTBYIOT Lie/ble
Ni, N,, Takue, 4TO

npu n > N, nneeM |sn——sl<§

npu n > N, nmeeM ltn—t[< &

Ecin N =max (N, N,), To npu n> N noayunm
i(sn“{' tn)_(s+t)|'<\\5n—5|+]tn““'ti<3~

Tem cambiM (@) faokasano. JloxkasareanCTBO yTBepsjienus (b) Tpu-
BHAJIBHO.
(¢) Bocnosnb3yemcsi TOXKIECTBOM

(1) Sptn— St = (Sp—5) (fp— 1) + 5 (tp—1t) -+t (S —S).
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st nandoro € >0 cymecTByoT ueasie Ny, N, Takue, uTo
npu n>> Ny uMeeM |s,—s| <<} e,
npu 1> N, umeeM |4, —t| < e .
Ecau mbi Bozbaiem N ==max (Ny, N,), To npu n>> N noayunMm
I(Sn_‘s) (tn_‘t) | <&,
OTKYAa
lim (s,—s$)(f,—1£)=0

n—=>oG

[TpunienuB Tteneps (a) u (b) ¥ Toxgectsy (1), Mbl 3axjOUacM. UTO
lim (spf, —st)=-0

n—ro

(d) BriGpaB m Tak, 4TO |S,—S| <<+ |s| pH 713> M, MBI BMIUM,
uTO

“sn,>—;—!sT (n > m).

Haa  pawuoro e >0 - cywectByeT uenoe N =1, Takoe, 4TO TpPH
n> N umveem

) 1

iSn—s <l [s|%.

Orcoga npu n>» N HO.quaEM
11 !

sns )< |s\2|sn S|<8.

3.4. Teopena. (a) Hdonycmum, umo x, €ER* {(n=1, 2,3,...) u

Xn = (Qq, ns o+ oy Oa,n)-

Ilocaedocamensrocmes  {x,} cxodumea K X= (0, ..., Q) mocoa
U moabro moeda, Ko2da
(2) lima]-,n:: a; (1<]<k).
n—»co

(b) Honycmum, umo {X,}, {yn}— nocaedosameisrocmu ¢ R,
{B.} — nocaedoeamensrocms seujecmeennblx wuces u Xn,—>X, Yp—>Y,

lim (Xa+yn)=x-4+y, limx, y,=x-y, lim BaX,=px.

1i—>Co N~ 0

JokasateabcTBO. Ecan X, —> X, TO paBeHCTBO (2) BHIIONHS-
eTcs B CHJy HePaBeHCTB

@), n— 0| <[ Xn—X],
BBITEKAIOIMX HeMOCPe/ICTBEHHO H3 ompejieieHHs HopMbl B R¥.
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O6paTno, ecuiy (2) BHINOJHEHO, TO KaxaoMy & >0 COOTBETCTBYET
gegoe N, TaKoe, 4TO NIPH N> N nMeeM

|y, p—0yl << o (1S R).

3

3Hauut, upd n > N noaydaem

k Yi/2
ot [ o]
7-

OTKYJ2 X,-——> X. Tem cameiM (@) JOKa3aHO.
Yrepxjetue (b) caenyer u3 (a) H Teopemul 3.3.

IoanocaepoBaTeabHOCTH

3.5. Onpenenenne [lycTh 3azaHa 110C/e0BATENbHOCT {P,}.
PaceMoTpum nocnefoBaTeNbHOCTh {fx} MOJOXKHTENIBHBIX IeJMBIX YHCe,
TaKylo, H4TO ;< Hy<IN3<C .... Torxa noc/ejloBaTelbHOCTh {pni}
HasblBaeTCst  nodnocaedosamenbHOCHIb0  TIOCAe0BATENLHOCTH  {P,}.
Ecin pocaeR0BaTeIbHOCTD {pPn,} CXOEHTCH, TO ee Npejel HasbiBaeTCs
qacmudsbim npedesom TOCTeLOBATENbHOCTH {p,).

$lcro, 4TO nocAenOBaTENBHOCTb {Pp} CXOAMTCHA K P TOTJA H TONLKO
TOrjla, KOrjia BesKas ee MOANOCAe0BaTeNbHOCTh CXOJHTCA K p. Mol
[PeNCCTaBJIsieM YHTATENI0 NMPOBECTH HEeTANbHOE J0KAa34TedbCTBO.

3.6. Teopewma. Beakan oepanudennas nociedosameavtocms 8 R*
codepoictim cxo0auyyioca nodnocaedo8ane abHoCb.

HokasareabcTBo. Ilyeth E—MHOXKECTBO 3Hadeluil Orpaiu-
YEHIOH NOCAe0BaTeNbHOCTH {X,} B R". Ecim E KoHeuHo, TO cylie-
CTBYIOT 10 KpafiucH Mepe OZHAa TOYKa X MHOxKecTBa E M mocaeno-
BATEJABLHOCTD {1;} (M) < ny<ng<C...), TaxkHe, 4To

Xng = Xp, = ... ==X.

Iloayueruast TakuM 06pasoM HOANOCIE10BATENBLHOCTL, OUeBHIHO, CXO-
JAHTCH.

Econ MHOKCCTBO E Geckoneyno, TO OHO MMeeT npeue.nbﬂyro
TOUKy X €R" (Teopema 2.42). BuifepeM 1, Tak, 4TO |Xp, —X|<<1.
Beibpas ny, ..., ;4. MBI NOJAY4YHM, TO TeopeMe 2.22, 4yTO CyIECTBYET
enoe n; > My, TaKOE, HYTO [Xn, —x|<C1/i. IloctpoenHas Ttakum
0o0pasoM MOANOC/e0BATEIBHOCTD CXOAHTCS K X,

3.7. Teopewma. Yacmuunste npedeavr nocaedosamerswocmu {p,)

8 Mempuyeckom npocmpancmee X obpasyom daM;cHymoe MHOMCe-
cmso 8 X.
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HorkazarteabcTtro. Ilycth E-—MHOXECTBO 3HAYEHAN [0CIe10-
BaTeALHOCTH {p,}, 8 E*— MHOXecTBO BCeX YACTHUHBLIX MpPeleaos 3TO#
nocaegoBaTedbHOCTA. JIONYCTHM, 4TO ¢-—TIpejelblas TOUKa MRO-
wectBa E*. YTo6bl rnokaszaTb, 4T0 g€ E*, AOCTaTOYRO, N0 Teo-
peme 3.2 (d), mokasatb, YTO ¢ —mpejeibHas Toyka muoxectsa K.

[Tycrs 3apgano ameno &3>0, Ilockodbky §--TpeACGAEHAas TOYKA
MHOXectBa E*, umeercs touka p ¢ E*, Takad, uro

0<d(p, )<+ -

Tak rak p €E*, TO 1pH HEKOTOPOM p, HieeM

d(p, pn)<<d(p, q).
3HauuT, p,¥=q H

0<Zd(pr, Q<d (P, p)+d(p, g)<e.

[Tockoabky p, € L, orci08a CJCLYeT, YTO ¢-— NPEAEInHAS TOYKE MHO-
#ecTBa E, W L0Ka3aTeJdbCTBO 32KOHYEHO.

lMocnenorarenbHoct Kowu

3.8. Onpejeacune. [locnenoBaTesbroCTh {Pr} B MOTPHUCCKON
npocTpancTBe X WasLlBaeTes nocaedosameavrnocmsro  Koww (pyrda-
MEHMALbHOL  NOCACO0BAMEABHOCTIbIO, NOCACO0BAME. bHACTIbIC, ~ CX005-
wedcn 8 cebe), ecad pas aoboro & >0 cymeciByer neaoe N, Takoe,
UTO 4 (Pn, Pm)<<e OpH =N U m> N.

[Ipu paccMoTpeHEH noc/iefopaTelbHOCTe KolH, & Takxke B 1py-
THX CHTYalHSX, KOTOPble BO3HHKHYT [O3AHEEe, OKAMCTCS NOJE3HLIM
2renyiollee TeOMeTDHUECKOe MOHSTHE.

3.9. Onperencuue. [lycte E—nNoAMHOXKECTBO MCTPHUECKOTO
npoctpanctea X, H NyCTb S-—MHOXeCTBO BCEX BELIECTBEHHLIX YHCEJ!
Buna d(p, gy, tie p€E u g€ E. Juamempom muoxectBa FE Hasw-
BaeTCs 4ucao sup S. D1o ducao obosHavaercs diam E.

Ecan {p,}— nocaenopatenibHocTs B X, a Epn COCTOHT H3 TOueK

PN+ PNitr P2, +-» TO H3 IBYX IOCTEJHHX ONpeje]eHvil sCHO, 4YTO
{pn} — nocaedosamensrocme Koww mozda u moasko mozda, koeda
lim diam Ep =0.
N-oo

3.10. Teopema. (a) Ecau E ecmoe samuxanue muosecrnea E
6 mempuieckom npocmparcmee X, me

diam E = diam E.
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(b) Ecaun {K,}—nocaedosarneisHocms KOMNAKMHbIX — MHOMECME

8 X, munas, umo K, DK, (n==1, 2, 3,...), u ecau
lim diam K, =0,
N-+c0

<0
mo [ K, cocmoum poeno u3 00KHOU mouku.
!

IloxkasarteabcTBo. (a) fcno, uyrto
diam E </ diam E,
TaK Kak E - E.

Batukcupyem uucio € >0 H BLIGepeM peE, geE. Tlo onpene-
JeHHI0 MHOMecTBa £, B E cojepxarcs Toukd p’, ¢', Takwe, yTO
d(p, p')<<e, d(q, ¢') < e. 3nauur,

d(p, ¢<d(p, p)-+d(p’, ¢)+d(q. 9 <
<2e4-d(p, ¢)< 2+ diam E.
CrnepoBaTenLHo,

diam E < 2¢ - diam E,
M TaK KaK & NPOH3BOJbHO, YTBepkKjAeHHe (a) AOKa3aHO.
(b) TToaoxkum K = Oﬁ K. Ilo teopeme 2.36, K Hemycto. Ecomu K

n==|
copepRAT Godee ognoi ToukH, To diam K >0. Ho npu kaxiom n
mMbl umeeM K, > K, tak urto diam K, > diam K. 210 npoTHBOpeynT
npejnodaoxenuo, yro diam K, — 0.

3.11. Teopewma. (@) Bcakaa cxodawasca nociedosamesbHOCmb
6 mempuueckom npocmparcmee X AGASEMCA  HOCAE)08AMEABHOCMbBIO
Kowu.

(b) Beskas nocaedosameavtocms Kowu 6 R* cxodumcs.

3aMeuande. Pasuuna Mexay onpelelleHHeM CXOAAIIEHCA 10OCIe-
LOBaTesIbHOCTH H ONpejesieHHeM [oceoBaTe/lbHOCTH KouwH cocToHT
B TOM, YTO B HepBoe onpejejeHue B SIBHOM BHJe BXOZUT MNpejed,
B TO BpeMs Kak BO BTOpOe oOnpeflejieHHe OH He BXOZHT. TakuM ofpa-
30M, TeopeMma 3.11 (b) nosBogsier HaM pemHTb, CXOAMTCS HJIH HeT
AaHHAfg [O0CJe0BaTENbHOCTb, Jae ecqH Mbl He 3HaeM [pejeJa,
K KOTOPOMY OHa MOMeT CXOJUTHLCS.

To (comepxkameecst B TeopeMe 3.11) yTBepxkieHHe, 4TO mOCJAeO-
BaTeJNLHOCTL B R™ CXOAHMTCSl TOTAA M TOJBKO TOTJa, KOTLAa OHA fIBJs-
eTcs nocsefoBaTeJbHOCTHIO Komy, O6BIUHO HA3HIBAIOT Kpumepuem
cxodumocmu  Kowu.
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JJoxazatenscrso. (qa) Ecm iimpn:p u e>0, T0o cylecr-

ByeT nesoe N, Taxoe, 4T0 d (pn. p)<s/2 npu n > N. 3vauuT, ecau
n:Num: V TO

d(pn, pm)<d(pny p)+d(p, Pm) <&,

rak wto {p,}— nociaegoBate bHOCTs Komm.

(b) HonyetnM, uTO {X,}—IOCAEAOBATEIBHOCTE KOIIH B R" Tlycrp
E v — MHOKECTBO, COCTOfLIEE M3 TOUEK Xy, Xwy,1, Xn.9 --.,» H OYCThH
E xy—s3sameianne Muoxectea Ey. Ilo onpenerneruno 3.9 u no reopeme
3.10 (@) nbl HyeeMm

3) lim diam E_V == 0.

N—co

B uactiiocTd, muoxecTra Ey orpannucnbsl. Kpome Toro, oHu 3aMKHYy-
TH. (DTO cleayer M3 ynpakHenusa 4, ri. 2. Bor Koporkoe J0Ka3sa-
TeiancTBO: ecd ¥4 Fy, T0 XdEy, 4 X He 4BIAETCH TpeLesblof
TOUKOH MiloxKecTBa Ey; MOITOMY HEKOTOPas OKPecTHOCTh V' Touru X
ne nepecexaercs ¢ Ey. Huwaxkas touxa oxkpecriiocTd V. He npuHaj-

JexuT Ly, TaK KaK MHOMXKECTBO V' OTKPBITO; C.J1€40BaTesbHo, AONod-

nenue MHomecTBa Ey OTKPHITO.) 3Haulit, Xaxloe MHOWKECTBO E
koMpakTHo (Teopema  2.41). Kpome Toro, EyxD> Ex,, TaK uro
Ey > Ex,. Tlo teopeme 3.10 (b) cymecTByeT eamncTBeHHAs TOWKa
X € R*, mpuHaz/exammasi Kamja0My MHOXeCTBY £y.

ITycts 3axano yucno €>>0. B cuay (3) mieercs neqoe Ny, Takoe,
gto diam Epx<<Ce, ecau N > N, Iockoabky X € Ey, 3T0 3HEYHT, 4TO

npH BceX Y € Ex, & mO3TOMY I NPH BCex ¥ € Ey. MHbMu
¢.10BaMK, ecad 13> Ng, TO | X,—X|<Ce. Ho 310 03navaer B To4HOCTH,
4TO X, — X, H JA0Ka3aTeJbCTBO 3aKOHYEHO.

3.12. Onpefenenne. MeTpuueckoe nmpocTpanctso X, B KOTO-
pOM Kamjgas NMoc/el0oBATeALHOCTL KOIM CXOAWTCHA, HA3bIBAETes 110.0-
nowm. [ostomy Teopemy 3.11 (b) mowxuo cdopmyanposats Tak: R*—
noanoe memputeckoe npocmpancmeo. lITpEMepoM HemoaHoro MeTpu-
UeCKOro TMpOCTPaiCTBA CJAVKHT [POCTPAHCTBO BCeX  PallOHATHHAIX
unices ¢ pacetosimeM d(x, y) =lx—y'.

Teopema 3.2 (¢) u npumep (d) u3 n. 3.1 nNokasLBaloT, 4TO CXO-
Ismuecs Noc/ae0BaTeLHOCTH OrpaHHYEHb!, HO OrpaHHYeHHEBIC [Ioc1e-
AoBaTesbHOCTH B R He o6s3aTenbro cxopsatcs. OpHAKO HMeeTcs
CIHH BaXublfl C¢Jaydafl, KOTr4a CXOANMOCTb DaBHOCHJbHA OlpPAaHHUYEH-
nocTd., Tax OGCTOMT €0 € MOUOTOHHBIMH MOCIe0BATENLHOCTAMH

B RL
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3.13. Onpenenenne. [TocrenoBarespHoCTs {S,} BelleCTBEHHBIX
qycesl HasnlBaeTCs

(a) monomorHo 6o3pacmawuell, ecid S, <y (n=1, 2, 3, ...);

(b) monomonno ybogaroujelt, eclld S, > 5,4 (=1, 2, 3, ...).

Ksace MOHOTOHHBIX TOCHTENOBAaTeILHOCTEH COCTOHUT M3 BO3PACTalo-
mux ¥ yOeBAIOMMX MOCJeN0BATEIbHOCTEH., '

3.14. Teopema. Monomornaa nocaedosamessrocmo {s.} Cxo0-
dumcs 6 mom U MOALKO 8 MOM CAy4ae, K020Q OHA OepaHu4eda.

JokasarteabcTBoO. JonmyctuM, ut0 8, < Sn,y (B JAPYFrOM cCay-
yae J0Ka’aTeJbCTBO aHaloTuuHo). [lycTs E —MHOXKECTBO 3HaueHu#
NOCJ/e10BaTeNIbHOCTH {S,}. Ec/n mocneoBaresibHOCTS {s,} Orpauudesa,
TO OYCTh S— BepxHsas rpaub MHOXectBa E. Torzna

S, <Ls (n=1,2, 3,...).

s moboro &>0 cymecrByer uejoe N, Takoe, 4T0 S—g <<
< sy<8, TaK Kak HWHaue S—e¢& ObWI0 OBl BepxXHell TrpaHuilefl MHO-
wectBa E. [TockOJIbKY mocsiefloBaTeJbHOCTL {Sp,} BO3pacraeT, TO MpH
n>N HmeeM

s—e<< <8,

OTKyJa caefyet, 4To {s,} cxomurcst (X s).
O6patHoe ciaenyer n3 teopembl 3.2 (c).

BepxHHil M HHXHHA npepeanl

3.15. Onpenenenue. Ilyets {s,} —nocaenoBatenbHOCTb Bellle-
CTBEHHBLIX 4HCeJ, o6afaiomas cJlefyoluM CBOACTBOM: A JIKOGOro
BellecTBeHHOr0 M cyuiecTByeT ueoe N, Takoe, 4yto npd n>N Mu
uMeeM S, > M. TorAa Mbl numeu

S, —> + oo.

AnanoruynpiM 06pasoM, eciu AJs J060ro BeliecTBeHHOrO uYdcaa M
cymecTByeT neqoe N, Takoe, YTO MpPH n>N Mo nMeeM S, <M, TO
Mbl [HIIEM

S =—>»— 0.

CrefyeT OTMETHTb, YTO Mbl Tene)> HCMOJb3yeM CHMBOJ —> (B3e-
JeHHbI1 B ompefiesiendd 3.1) A8 HeKOTOPHX THIIOB PacXOAAUHXCS
fnocJenoBaTesbHOCTEH, Tak e KaK H JUIA CXONALMXcH TMOC/e])Ba-
TeJbHOCTefl, HO YTO ONpefeieHHs CX)NHMOCTH M mpejesa, XaHdole
B 1. 3.1, HHKOMM 06pa3oM HE MeHSTIoTCH.

3.16. Onpenenenmne. Ilycts {s,} —moc/aenoBarTesbHOCTb Beplie-
cTBeHHbIX unced. Ilycts E—MHOXKecTBO uuces X (B paciudped i0#
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CHCTEMe BellleCTBeHHBbIX YHCeJ), TAKHX, YTO Sn, —> X JJs1 HEKOTOPOH
NOANOC/]IeA0BATENLHOCTH {th}' Ato MHOXKeCTBO E  COHEPKHT BCE
yacTHYHBIE IIpefeJsl, onpejeliexHble B M. 3.5, H, BO3MOXKHO, YHCJA
-t-c0, —oo.
BenomunM Tenepb ornpefenedus 1.34 u 1.40 u nonoxkum

s*=sup £,

s,=inf E.
Yucaa s* s, Ha3bLIBAIOTCS 8epxHUM ¥ HUMCHUM TNpejeNaMH [ocCefo-
BaTeJLHOCTH {S,}; MBl HCNOJb3yeM 0603HAYeHHS

lim s, =s*  lims,=s,.
n—.0 n——»ao

3.17. Teopewma. [Tycme {s,} — nocaedosamenvrocmo eeujecmsen-
Hotx wucer. Iycmos E u s* umeiom mom e CMbicA, 4mo u 8 onpe-
deaeruu 3.16. Toeda s* obaadaem caedyrowumu ceodicmeamu:

(@) s*€E;

(b) ecau x>s*, mo cyuecmeyem yeaoe N, maroe, umo npu n>> N
umeem S, <"x. bosee moeo, s*—eduncmsennoe wucao, 06aaddarouiee
csoticmeamu (a) u (b).

KoneyHo, aHajsoruyspiii pesysbTaT Beped AJs S,.

HokaszarearcTBO. Ecan s*= - co, To MHOXKecCTBO £ He orpa-
HAYEHO CBepXy; 3HAuWT, MOCJel0BaTeIbHOCTb {S,} He OrpannHyeHa
CBEPXY H CYHLeCTBYeT NOANOC/IeJOBATeNbHOCTE {Sn,}, TaKas, dTo
Sy, —> -+ oo,

Ecian s* —BemecTBeHHOe YUCJAO, TO MHOXKecTBo £ orpanrueHo
CBePXy H CyINecTByeT [0 KpaiiHell Mepe OX¥H YacTHUHBIA Npejed,
nosToMy (a) ciaefyer us teopeM 3.7 u 2.28.

Ecim §*= — oo, T0 E CORepXUT TOIBKO ONUH 3JeMEeHT, 2 UMEHHO
-—-00, H He CYIIECTBYeT HH OJHOTO 4YACTHYHOTQ Inpejena. 3Ha4uT,
ans apboro semectsendoro M HepaBeHCTBO S, >>M MOXKeT BHIIOJ-
HATLCSA JIHIIbL [JIA KOHEYHOTO MHOMKeCTBa 3HaueHH# 7, TaK UTO
Sy —>— 0.

TeM caMuM (@) ycTaHOBJIEHO BO BceX cCJayuasx.

Urto6wl gokazats (b), AONYCTHM, YTO CYIECTBYeT UUCAO X > S*,
Taxoe, YTO S, > X JJs GeCKOHeUHOrO MHOXecTBa 3HayeHHi n. B atoMm
cnydyae CymecTBYeT YHCIO y € E, Takoe, YTO y > x >>s* a 3To 1po-
THBOPEYHT ONpejleJeHHI0 S*.

Takum oGpa3soM, s* yjposjeTBopsieT ycJosusaM (a) u (b).

st fokasaTesbCTBA eMHCTBEHHOCTH AONYCTHM, YTO CYLIECTBYIOT
IBa YuCJa p M ¢, YROBJeTBopsiioluxe ycJoBHSIM (a) H (b), u gony-
CTHM, 4TO p<Cq. Bolbepem x TaxkuM, uTo p<<x<Cq. [lpun n>N
UMeeM S, <X, TaK Kak p yjaoBaeTBopser ycJjosdio (b). Ho torma ¢
He MOMKeT YROBJETBOPSATHL YCJOBHIO ().

k
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3.18. ITpumepsl (a) Ilycts {s,} —nocaeloBaTesaslOCTb, CO1€ep-
Xalnasi BCe palHOHaAbHBIE uYMCIa. Torja Kaxaoe BellecTBEeHHOe
YHCJIO SIBJASETCS YaCTHYHEIM I[pefesioM H

lim s, = 4+ o0, lim s, = — co.
nron e
(b) Hycre s, =(—1)*|1 4+ (1/n)]. Torpa
lims,=1, lims,=—1.
n—oo n—om
(c) Mas mocnenoBaTeNbHOCTH {S,} BCLUECTBEHHLIX uHcesn lim s, =s

n—oxo
TOTZAa H TOJBKO TOrja, Korja
lim s, = lim s, =s.
n—oo n-»oo

MBI 32KOHYHM 3TOT pasfes OJHOH I[0/e3HOH TeopeMOH, A0Kasa-
TeJALCTBO KOTOPOH COBCEM TPHB®ALHO.

3.19. Teopema. Ecau s,<t, npu n>=N, ede N guxcupo-
8aHO, MO

lim s, < lim 45,

n—>o0 n—»oo

lim s, < lim ¢,.
n—oo n—+x0

Hekoropue cnenHranbibie NOCACAOBATENBHOCTH

Tenepb Mbl BbIYHCAHM Mpejiesibl HEKOTOPbIX YacTO BCTPEYAOIUXCS
nocaenoBartesibHocTedl. Bee gokasartesiberBa OyAyT OCHOBaHbI Ha cClle-
AyloleM 3aMeuyaHHH: ecJH 0<x, <5, MpH n>N, rie N — rexoropoe
(PHKCHPOBAHHOE YHCJO0, H ecau §, —> 0, 10 x, —0.

3.20. Teopema. (a) Ecau p=>0, mo lim L

D

0Y).

. n,—
(b) Ecau p>0, mo lim}/p =1.
Nn—=>00
Yo
(c) lim y'n =1.
n—00
(d) Ecau p=>0 u a—eeujecmaentoe qucaro, mo
lim - = 0.
n->c0 (l +p)n
(e) Ecau jx|<<1, mo limx"=0.
n—>oo
1) Cmbica cHMBos1a nP He Obl1 JO CHX MOp ONpeleseH, TO e OTHOCHTCH

u K n® 8 nynkte (d); yKka3aHds Ha cllOCOG6 ONpefeseHus CTeleHH C JIOOLM Belle-
CTBEHHBIM NOKa3aTesneM colepxkartcs B ynpaxHeuun 7 K ra. 1. — [Tpum. nepes.
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HoxkasarteabcTBO. (@) BosbMem n > (1/e)!/7.

(b) Eciu p>1, T0 nosoxum x,,:rf/f)——l. Torpa x, >0 u, co-
TJIaCHO TeopeMe O OGHHOME,

I+ ne, <(1 4+x2)"=p,
TaK 4TO

—1
. 0 < xp < p‘rf“ .
3naunt, x,—0. Ecim p=1, 10 (b) TpuBHaibHO; eciiu 0 << p<1,
TO pe3y/bTaT NOJIYYAETCS NEPeXOAOM K OOPATHEIM YHCJTIAM.

"o
(c) Monoxum x, =) 'n —1. Torga x,>0 H, coriacHO Teopeme
o OuHOMe,

—1
ne= (1) >0

3 HayguT,

t<m<) s (1>2).
(d) Tycts k—Takoe uesoe umcao, 4to k> a, k> 0. [as n> 2k

UMeeM
—1 —h41 h ph
(1+p)">< >p =) b b D g P
3uauur,
K
O<( o) <~2—p§’~n“"‘ (n>2k).

[Tockoabky a—£k << 0, umeeMm n®—* —0 B cuay (a).
(e) Bozemem a=0 B (d).

Paant

B octanpHOii yacTH 3TOH TJIaBbl BCe pPAaccMaTpHBaeMble TOCJENO-
BaTeJbHOCTH H pAAbl OYIYT KOMILIEKCHO3HAYHBIMH, €CJI SBHO He Oro-
BopeHO NpoTHBHOe. B yrpaxknenun 15 mpennaraercs paCHpOCTpaH}{Tb
HEKOTOpble H3 CJeAyIOIMX HUKe TeopeM Ha psiibl C ujeHamu u3 R".

3.21. Onpegenenne. [lycTe 3a7aHa NoOCTefOBATENBHOCTL {ay}.
Mebt Gyaem ofo3nauath CyMMy ap—+-Qp.+ ...+ ag (p<g) uepe3
q

Z a,. [locnepoBatenbHocTH {@,} MBI CONOCTaBHM IOC/eJOBATENb-
n=p

HOCTb {Sp}, TOe
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CHumBoJ

Ay t+ay+az+ ...,
HJH, Kopoue,

(4) an,

n

/8

I
2

Mbl OyleM HashBaTb OecKoreuHbim padom WM npocTo psadom. Hucaa s,
HA3LIBAIOTCA dacmubimu cymmamu 3toro psga. Eeam nocraenosatess-
HOCTb {S,} CXOAMTCSA K S, TO Mbl GyJeM FOBOPHTB, YTO PSAL Cxodumcs,
u GyleM nucaTh

Uncjio 5 Ha3biBaeTcsl CYMMOEl 3TOTO P#ijfa, HO HEOOXOLMMO SICHO [OHH-
MaTh, YTO S SBJAAETCH NpPEO0eAOM nOCAEQ0BAMEAbHOCMU CYMM, A He
MOJIy4aeTCsl MPOCTHIM CJIOXKEHHEM.
Ec/m nocaenosatenibHOCTL {S,} pacXOAMTCH, TO TOBOPAT, YTO DsX
PacxoauTCs. .
Hnorga aasa ypoberBa ofosHaueHnii Mbl OYAeM paccMaTpHBaTh
psAsl BHAA

() .

n=0

/13

]

Uacto Mu GyzeM BMecTo (4) wid (5) nucath MpocTo ) ap.

$lcHO, UTO KaXKAYI0 TeopeMy O HOCJeAOBATEJBHOCTAX MOXKHO cdop-
MyJupOBaTh Ha sA3blKe pAAOB (mosarasl @y ==5; H Qp==S,—Sp_y NPH
n>1), n o6parHo. Ho TeM He MeHee HONE3HO pa3yiMYaTh 3TH [0-
HSITHS.

Kputepuii Ko (teopemy 3.11) MoxHO chopmyampoBaTb B cne-
LyiomeM BHJe.

3.22. Teopema. Pad D) a, cxodumca mozda u moavko mozda,
Koeda daa mobozo e >0 cywecmsyem yeaoe N, maroe, umo

m

(6)

ecau m>»n>N.

B uwactHOCTH, IPH m =n HepapeHcTBO (6) npempamaetcs B Hepa-
BEHCTBO

e,

la,|<e (n> N).

Unrimu CJOBaMH, CllpaBeiJuBa cjlelyroujast Teopema.
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3.23. Teopema. Ecau pad 2 a, cxodumcs, mo lim a,=0.
n-ro0

Opnako ycaosue @, — 0 He [0OCTATOUHO JJi1f TOTO, YTOOBI ofec-
NeYHTb CXOAUMOCTbL pAAad Zan. Hanpumep, paz
[$e)
w1
< n
n=1{
pacXOAHTCH; 32 A0KA3aTeJNbCTBOM Mbl OTCHLIAEM K TeopeMe 3.28.

Teopema 3.14 0 MOHOTOHHBIX TNOCJeAOBATEABHOCTSIX TaKkKe HMeeT
OYEBHIHbLIA aHAJIOr AJs PALOB.

3.24. Teopema. Pad neompuyameivuoix') 4asenos cxodumcs
moada u moasko moeda, Ko20a eco wacmuvle cymmbl 06pasywm ozpa-
HUYEHHYIO NOCAe008AMENbHOCTb.

Tereps ™Mbl OGpaTHMCHt K TPHU3HAKY CXOXUMOCTH ApPYrofl NpHpo-
Abl—K TaK Ha3bIBAEMOMY <«IIPH3HAKY CpPaBHEHHS».

3.25. Teopema. (a) Ecau |a,|<c, npu n> Ny, 20e No— Hexo-
mopoe uxcuposannoe yeaoe, u ecaw pad D ¢, cxodumcs, mo u pAad
>\ a, cxodumes.

(b) Ecau ap>d, >0 npu n> Ny u ecau pad D\ d, pacxodumes,
mo u pad D a, pacxoaumwz.

3aMeTuM, 4TO npusHak (b) NPHMEHHM TOJBKO K PsAaM C HeOTpH-
UaTeNbHBIMH YJICHAMH 4.

Hoxkasateabctso. CoraacHo Kpurepuio Koum, ans aanzoro
e >0 cymecrtByer N > Ny, Takoe, uto npu m>n> N umeeM

m

Z Cp < E.

k=n
3nauur,
m m m
| Zakl<k21ahl D <,
= =n =n

4 (a) JoKasaHo.

HManee, (b) ciepyeT u3 (a), TAK KaK ecli PAX D) dn CXORHMTCS,
TO H psl Zd,, LOKEeH CXOAUTbeA (3ameruM, uto (b) chaefyeT Takixke
13 TeopeMmel 3.24).

JTOT NpPH3HAK CpaBHEHHs] O4YeHb MoJe3eH; YTOObI YCIENHO MpH-
MEHSITb €ero, Mhbl JOMKHBI OCBOHTHCH C HEKOTOPsIM HaGOpoM pSIoB
C HeOTPHUIATEJbHLIMH UJIEHAMH, 3aBeJOMO CXOJALIHXCH HJH pacxo-
RAIUXC.

1) BolpameHd{e «HEOTPHLATEJNBHBIH» BCEr1a OTHOCHTCA K 6eujecmeeHHbIM
ydcaam,
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Psaapl ¢ HEOTPHUATEJLHBIMH YJIEHAMH

ITpocTefiliuM M3 BCeX TaKUX pAAOB, NO-BUAHMOMY, $IBJISIETCS Teo-
MeTpHYECKasi 1IporpeccHs.

3.26. Teopema. Ecau O0<Cx <1,

Q
Sl
n=0

Ecau x>1, mo samom pad pacxodumcs.
JdokasateabctBo. Eciam xz41,

n
S 1___xn+1

l—x

YerpeMasia n K oo, MB NMOJYYHM Tpebyembili pesyabrar. Ilpu
x =1 noayvaerca pan

I+1+14...
KOTOpHIfl, OYEBUIHO, PacXoJHTCH.

Bo MHOruX cayyasiX, BCTpeUaloIUXCA B [IPUJAOKEHHSX, YJeHbl PAAd
MOHOTOHHO YObIBalOT. llosTOMy caenyiomas TeopemMa Kowu npen-
cTaBjaseT ocobmil uHHTepec. llopasHrennHast ocoGeHHOCTH yTBepxkie-
HHSI TeOpeMbl COCTOMT B TOM, YTO JIOBOJIbHO «pejKas» MOANOC/elO-
BaTeAbHOCTL MOCJejoBaTte/ibHoctH {a@,} onpefienseT CXOZUMOCTL WJIH
PacXolMOCTb pAifa ), dn.

3. 27 Teopewma. Honycmum, umo a;>a,>a;> ... >» 0. Toeda
pso 2 Qn CX00UMCS 8 MOM U MOALKO 8 mMOM CAyuae, Koeda Cxo-
n==1
dumcs pad
(7) Z 2ka 0 = a, + 2a; -+ 4a, + 8as +

R==0

NoxkasaTteasctBo. ITo Teopeme 3.24 JocTaTOUHO YCTaHOBHUTH
OTPAHHYEHHOCTb YacTHEIX CyMM. IlycTs

Sp=ay-+ay-F...-+ay,
th=ay+2a+ ... 2%,
Ipu n << 2* umeem
Sn<a;F (@ ras)+ ...+ (@r+ .. Happa_ )<
<a, +2a,-t- ... +2ha2k =1,
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TaK 4TO
(8) Sp Lty
C zpyro#t cTopoHml, npu n > 2"

Sn> a1+ 8yt (@5t a) oo (@porg + o e >

>%(11+a2+2a4+ PN +2h-1a2h=-é—tk’
TaK 4TO
(9) 2Sn>th.

B cuny (8) u (9), nocnenosaresibHOCTH {s,} u {fx} Ham obe orpa-
HHYeHbl, UM o6e He orpaHMYeHBl. Jl0Ka3aTenbCTBO 32KOHYEHO.

3.28, Teopema. Pad 271% cxofumces, ecau p>1, u pacxo-
dumesa, ecau p<L 1.

HoxasateabcTtBo. Ecamnm p<0, To pacxoAuMocTs cJeayeT
u3 TeopeMbl 3.23. Ecaum p >0, To npuMenuMa teopema 3.27, M Mbl
NPHXOJNM K PALY

[ee] [oe)
2 9k 1 Z 9kh1-p>_
2kP
k=0 h=0
Ho 2¢4"™ <] forga m TOJBKO Torja, korza 1—p << 0, n Teopema
BHITEKAeT U3 COMNOCTAaBJEHHS C TeOMeTpHYecKoil nporpeccHell (caelyet
N0J0XKHTb X =217 B Teopeme 3.26).

B KauecTBe elle OJHOrO NPHJOXKeHMsd TeopeMbl 3.27 6yAeT AoKa-

3aHa CJeRYIOILAs TeopeMma.

3.29. Teopema. Fcau p>1, mo pad

>3]

1
(10) 2 n (log ny?

n=2

cxcdumcsa;, ecau p<1, mo samom pad pacxodumcs.

3aseuanne. CumBon logn o6o3nayaer Jnorapupm uucia n
110 OCHGBANUI e (cp. ympaxHenne 9, ra. 1); uucno e Gyper BCKope
ortpeleteno (cM. onpetenende 3.30). Mbl HauyHuaeM pajg ¢ n=2,
Tak kKaKk log 1=0.

JdokazartenscTBo. U3 MonHOoTOHHOCTH — JlorapudMHYecKOR
tyukuun (kotopast Gosee noapoGHo GyLeT pacCcMaTpHUBaThCsl B I 8)
creayeT, yto {log n} — Bo3pacTampmas nocJae10BaTebHOCTb, 3HAYHUT,

HOCJIB}IOBaTEJIbHOCTb{ y6blBaeT, U Mbl MOXKeM TIDHMEHHTEH

nlogn
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teopeMmy 3.27 k pagy (10); 310 npuBomHT K DALY

O ok 1 -~ 1
an - 225 1ogok 2 FToET (logz)pkz e
=1

u teopema 3.29 cnenyer us TeopeMnl 3.28.
D1y npouelypy, OYeBHAHO, MOXHO Npojo/xkuTh. Hanpumep, psz

[ea]

1
(12) 2 nlogn log log n

n=3
pacxoJAHTCA, TOrJa KakK pAR

[ee)

S 1

(13) zJ nlog n (log log n)?
n=3

CXORHTCH.

MoxHO 3aMeTHTb, uTO uJeHH psga (12) oueHb MaJj0 OTJIHYAKOTCS
or uneHoB psaja (13). Opnaxko ofuMH Psij CXOJMTCH, & APyrof pac-
xoputcst. Ilpomonxkas mpouece, KOTOPhIl NpHBesn HAaC OT TeopeMbl 3.28
K Tteopeme 3.29, a 3atem k (12) n (13), MBI moayuMM napel CXoms-
IUXCS M pPacXONsMXCA pSAJOB, WJeHbl KOTOPHIX OT/JHYAKOTCS HaKe
Menblle, 4YeM uJjens pagoB (12) H (13). MoxkHo 6bl10 Gbl npeano-
JIOKHTBb, YTO MMeeTcs HeKOe INpefeJibHOe MOJIOXKEHHe, «TpaHHia», IO
OJIHY CTOPDOHY KOTOpOH JexXaT BCe cxojsinydecs, a N0 APYyryi—Bce
pacxopsiyecs DsAAbl, NO KpalHeHd Mepe [OKa pedb HAET O psjax
C MOHOTOHHO YOBIBAIOLIHUMH 4Y/1eHaMu. KoHeuHO, 9TO NOHATHE «TpaHHIb»
cocem HesicHoe. OAHaKO Mbl XOTHM OTMETHTh CJejylolee: Kak Obl
MBI HH YTOUHHMIAM 3TO NOHATHe, TaKoe NpeAnooXKeHHe OKaXeTcs
HeBepHbIM. YmpaxueHus 11 (b) u 12 (b) MOryT CaAyXRuTb HAIIO-
CTPaLHAMH.

Mb He XOoTHM BpaBaThCsl TNy6Ke B NOLOGHBIE BONPOCH TEOPHU
CXOZMMOCTH H OTCbLiaeM uutatens K rJase IX, B ocobernoctu § 41,
Kaury Kuonmal) (oM. nutepartypy).

Yucao e

w)

3.30. Onpenenenue. e= ) !

e
‘n,_.

3pecb nl=1-2.3...n, eczsu n»1, n 0l =1.

1) CM. takke . M. duxtTeHroabl, Kypc addpdepeHunHalbHOrO ¥ HHTE-
rpajsbHoOTO HeuncaeHus, 7. 11, M.—Jl., 1948, n. 365. —{Ipuns. nepee.
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3TOT psl CXOAUTCS, TaK Kak

1 1
Sl It rgst T e <
<l+l+%+§l§+"‘+z_74<3’

03TOMY onpejiesiede HMeeT cMuic/. Ha caMoM fene ykasanHuif psif
CXOAUTCH OUeHb OHICTPO, H 3TO MO3BOJIAET HAM BBIYHCAHTL € ¢ 00Jb-
10K TOYHOCTBIO.

HTepecHO OTMETHTB, 4TO € MO/KHO OHpeJe/UTh TaKXKe MPH NOMOLLH
JApYroro IpefesbHOFO [epexoja; JA0KasaTeJbCTBO CJAYXKHT XOpoulel
WIIOCTpanyell TOro, Kak cJejlyeT ONepupoBath C IpejesaMH.

3.31. Teopema. lim l—}—%)n:e.

n-»0

HoxkasateabctBo. llycts

i 1 1 n
.9,15:2 k—!, tn:-<1+;>.
k=0

Tlo TeopeMe o GuuOMe
t,‘:1+1+§‘~!—<1—‘;>+3%(1—%> (1—.%>+...

...+7‘f<1—}—1><1—%> (1-";‘).

3HauuT, t,< Sy, TAK UTO

(14) lim t,<e

n—»o

no teopeme 3.19. Hanee, eciin n>>m, 10

t, > 1+1+2‘—!<1-—%>+...+%<1—‘;> (1-”‘;‘).

YerpeMuM n K oo, ocTaBisisl m QukcupoBaHHpM. Ilosyunm
1

m!

lim > 14 1y o

n—»Co

TaK 410
Sm < him t,.
n—-"0
yCTpeMJIﬂﬂ m K ©o, MbHl OKOHYaTeJbHO IIOJYy4aeM
(15 e< lim t,.

n—reo
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. 1
CKOpOCTb, C KOTOPOH CXOAMTCS psif Z —i» MOXHO OLEHHTb TaK:

! ?
ecay s, ofo3HauaeT TO ¥Ke, YTO M BHille, TO

1

1 1
eSS =y T Ty T <

1 1 1 1
< (n4 1) {1 +n+1 +(n+1)2+"'}= nln
TaK 4TO

(16) 0 << e sy ——

nln °

Takum obpa3oM, CyMMa sy NpuOIHKAET UMCAO e ¢ OWHOKOH,
menbwied 1077, HepaBenctso (16) npeacraBaseT H  TeOpeTHUECKHMi

HirepeC, TaK KaK OHO MNO3BOJISIET OveHb JIETKO A0Ka3aTb Hppanvo-
HauﬂbHOCg‘b yHcsa e.

3.32. Teopewma. Hucao e uppayuonaisto.

JokaszaTteabcrso. MonycteM, uTo e paunoHadsHo. Torpa
e =plqg, The p, §— NOJOXHTEJbHbE LeJble uyncia. B cuiy (16),

(17) 0<g! (e—sq)<—(1]-.

CornacHo mnpelnofoxeHu, ¢q!e—uedoe unciao. UYucao gql({e—sg)
TaKxke 1eJioe, NOCKOAbKY '

q!sq=q!<1+ 1+%+...+31]—).

Tak kak ¢>1, n3 (17) ciepyeT cyumecTBOBaHHe HEJOTO YHCIA,
3akjoueHHoro Mexay O u 1. Takum oGpasoM, Mbl JOOHJAMCH NpO-
THBOPEUHSL.

JpyrHe mpH3HAKK CXOAHMOCTH

3.33. Teopema (npusHak Komm). ITycme 3adan pad Dyan.
Moaowun a=Tim }/ [an|. Tozda

n=» oo
(a) ecau a << 1, mo pad X a, cxodumcs;
(b) ecau a>1, mo pad 2\ a, pacxodumcs;
(€) cywecmayrom Kak cxodawuecs, mMak u pPacxodauuecs padol,
dan komopbix a =1,
NokaszatTeabcTtBo. Ecm a<Cl, To MOXHO BHOpaTh f TakK,

yro a<<P<<1, a uesoe uucao N-—Tak, uTO Vlan|<ﬂ npu n> N
[mo Teopeme 3.17 (b)]. Muaue rosops, npu n> N umeeM

lan [ <<P™.
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Pax D) p" cxomutes, Tak kak O<CP<<1. CxomuMocTs paja D an
cnenyeT Tenepb K3 NPU3HAKA CPaBHEHHMA.

Ecin a>>1, T0, chHoBa no rteopeme 3.17, cymecTsyer HocCneno-
BaTeJILHOCTb {n,}, Takas, 4TO

‘nh
|/| an, | —> a.

3HauuT, |a,|>1 AJa OecKoHeYHOro MHOXKeCTBA 3HayeHWH n, Tak

uTo ycJoBHe a,—> 0, HeobXoauMmoe I/ CXONHMOCTH PSfa ) d,, He
BHINIOJHEHO (Teopema 3.23).
Urobbl fOKa3aThb (C), paCCMOTPHM PpSAbI

1 1
PIE-RED

Oaa kaxkzoro u3 stux psgos a=1 [no teopeme 3.20 (¢)], HO nepBHIH
PACXORUTCS, a BTOPOH CXOZMTCS.

3.34. Teopewma (npusnak [danambepa). Pad D) a,
(@) cxodumcs, ecau lim |22 | < 1;

n—-o (3

a
(b) pacxodumcs, ecau |-*

A > 1 npu nzny, ede ny— Hexomopoe
n

PuKCcUpOBAHHOE 4UCAO;
(¢) cywecmeyrom kax cxodawuecs, mak u pacxodaujuecs padet,
048 KOmopbLx
lim |8+t
n-oo
HdokasateancTBo. Ecau yc/ioBde (@) BHIIOJHEHO, TO MOMHO
HahtH B <1 ¥ wesnoe uucyao N, TakHe, 4TO

<1< lim
n I

<P

Qn
an

npu n» N. B uactHocTH,
laye | <Blawl,
|aN+z|<5|aN+1|<52|aN|a
|an+p| <<P¥|ay|.
SDT0 3HAYHT, UTO
|an!<,aN|5—N’ﬂn

npH n>> N; TakuM o6pasoM (a) cjenyeT u3 IIpH3HAKa CpPaBHeHHH, Tak
KaK pajg Z[’)" CXOAHTCH.
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EciB |ansy|>|0n| NP n2>ny, TO JETKO BHJETb, YTO YCJOBHe
a, —> 0 He BBIIOJHEHO, OTKYZAa ¥ cJeiyeT (b).

Yrobul 10Ka3aTh (), Mbl CHOBA PacCMOTPHM Psbl
S LI NI
n' & op2t
[ KaXx[oro U3 HUX MBI HMeeM

a
lim 2 =1,
noso 9n

HO TNepBBIfl PACXOAUTCS, 4 BTOPOH CXOAUTCH.

3.35. I p HMe p bl {(a) paCCMOTpHM pAL
.1
+ +22+32+23+33+24 —T—*—"-v

N a
lim =2 = lim ( )
n—oo R—>c0

. I 1
lim V a, = lim —,
pargmy ‘n—»oo—l/ V3

e 1‘1/~ l' iy 1 1
im y ap, = lim —_—
nooo | 2n 1/2
a
Tim Sn+t 11m< >
n—o00 n—+o0
IIpnanak Kowm ykaswipaer Ha CXOAUMOCTbL; NpPH3HAK

He 103BOJISET CHeJaThb HHKAKHX 3aK/JoyeHuil.
(b) To xe camoe BepHO B OTHOUIEHHH psija

AJIs KOTOpOTO

IanamGepa

1 1 1 1 1 1 1
gtltstsrptetostat
rae

a 1 a
lim Z“ =3, Tim 2rtt 2,
n

no» nsoco 9n

HO
lim 1;/1 Un = 1
n—»co 2

3.36. 3ameuaunusn. [Ipusnak [anamGepa, Kak ipaBujo, Jerye
NPHMEHATh, YeM npusrak Kolid, Tak Kak OOLIMHO Jerte BLIYHCJIATD
4acTHbe, yeM KopHH n-fi crenenn. Opsako npusHag Ko cuibHee
B CJedyiollleM CMbicge: Korja npussnak /lanambepa ykasbiBaeT Ha cXO-
AHUMOCTE, TO ¥ npusHak Kowm TOxke yKa3plBaeT Ha CXOAMMOCTB;
ecyd ke npusHak Koum He nosBonsteT clenath HUKAKHX 3aKkjioue-
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HuH, TO u npusHak [lanamGepa Toxe HE TO3BOJIAET CJeNaTh HHKAKHX
3akJ/oueHHt. D10 caenyer U3 TeopeMbl 3.37 M HJIIOCTPHPYETCs NpH-
BeJeHHBIMH BhIIlIE TIPEMepaMu.

Hu opumn H3 5THX JBYX IIPH3HAKOB He fB/SIeTCH 0COOEHHO TOHKHM
B OTHOIIEHHH pacxXofuMocTH. B 06oHX pacXofiHMOCTb BHIBOJIHTCS
H3 TOro, 4TO dn, HE CTPEMUTCH K HYJIO [PU 71 —> 0O.

3.37. Teopema. [aa aoboi nocaedosamervrocmu {c,} noaoxu-
MEABHBLX HUCeN UMeeM

. Cra . n, —
lim —’61—1 < lim v cp,
n

n-—>oo n—-om
~—-n ¢

lim ¢p < lim =24,
n—->x mn—>00 Cn

JdoxasarteabcTBO. MhbI AOKdxXeM BTOpO€ HEPABEHCTBO, IOKa-
3aT€AbCTBO TIEPBOrO COBEPIIEHHO AHAJIOTHYHO. [Monoxum

= [jm =L

n-»co CTL

Ecan o= 4 oo, To D0oKa3wBaTb Heuero. FEcJM ¢ KOHEYHO, TO Bbife-
peM B> a. Cymwectsyer uenoe N, Tarkoe, 4TO

Cnt1
o, SB
n

npu n> N. B dactuocru, aas qawoboro p >0
crirn SPeyse (R=0,1, ..., p—1).
[TepeMHOKasi 3TH HepaBEHCTBA, MHI lO/iyuaeMm

Cnvip < PPey,

HJTH

<conp VBT (n=N).
3nauur,

Vo< Vet ™
TaK 4TO
(18) Iim Ve, <

n-—>o0

no teopeme 3.20 (b). Ilockoibky HepaBencTBO (18) BepHO IipH J0GOM

B> a, umeeM
—
lim ¢, <a

Nn—0
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CreneHHble PAIH

3.38. Onpenenenne. IlycTs 3afana Moc/efoBaTENBHOCTh KOM-~
IJIEKCHBIX uncell {cn}. Psax

Sk

(19) cn2"

n==0

it

HasbiBaercst cmenentoim padom. Uncna ¢, HA3BIBAIOTCS Koapduyuen-
maemy 3TOTO paja; 3ech 2— KOMIUIEKCHOE YHCJO.

Boobie rosopsi, 3TOT Psii CXOAWTCS WM PacXOMWTCA B 33aBHCH-
MOCTH OT BbifOopa uMcJa 2. TouHee, ¢ KaXKAbIM CTeleHHHIM PSIOM
CBSI3aH KPyr, TaK HasblBaeMbld KpYr CXOJAMMOCTH, TaKOH, 4TO pSIX
(19) cxonurcsi, ecaH z JEKHUT BHYTPH 3TOTO Kpyra, H pacxojHrcd,
eCJIH Z HAXORUTCA BHe Kpyra (4tobbl OXBATHTb BCE CJy4aH, Mbl JOMKHbBI
paccMaTpHBaTh NJOCKOCTh KaK BHYTPEHHOCTb OKPYHHOCTH GecKOHeu-
HOTO pajHyca, a TOYKY —KaK OKPYXHOCTb HYJEBOTO pajuyca).
[ToBefleHne psifa HA OKPYMHOCTH KPyra CXOAMMOCTH MOXeT OhiThb
ropas3fio 6Gosee padHooOpasHBIM, H €ro HeJb3sl TaK NPOCTO OMHCATh.

3.39. Teopema. ITycmo 3adan cmenennod pad Y| cnz™. [looxum
a=Tim {/Teal, R=—~
n—>00

(ecaw a=0, mo R= +oo; ecau o= + o, mo R=0). Toezda pad
D cn2"™ cxodumcs, ecau |z|<<R, u pacxodumcs, ecau |z| > R.

HokasateabcTBo. IToJ0OKUM @n = C,2" ¥ NPHMEHHM NpPH3HAK
- Kotu. HMmeem

lim V'an|"‘|Z|-11m ;/-|0n|=u )

n-—>co n—+»oo R

3ameuanue. Udcao R Ha3bBaeTCs PajuycoM CXOZUMOCTH psifia
2 cn2™.

3.40. IlpumMepHhl. (a) Jins paga D) n"z" umeem R=0.

(b) Ans psiga 2 HMeeM R = oo (B 3TOM cJyuae Rpolle
NPUMEHHTb NpPH3HAK Jlanaméepa, ueM npusnak Kouu).

(¢) Mas paga 2, 2" umeem R=1. Ecau [z|=1, To pan pacxo-
LAMTCHA, TAK Kak 2" He cTpeMurtcs K O npuw n-—> co.

n
(d) Ona psapa 2 ZT uMeeM R = 1. DTOT psaJ CXOHHUTCS BO BCeX

TOUKAaX OKPYXHOCTH KDyra cXoAuMOCTH, KpoMe z=1. 3rto Oyaer
JIOKa3aHO B TeopeMe 3.44.
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Zn
(e) Han psna 2 7 HMeeM R=1. 3ror psg cxomurca BO BCex
TOYKax Opr)KHOCTH Kpyra CXOJMMOCTH COIJIACHO NPH3HAKy CpaBHe-
HMS, TaK KakK

l
‘—F’ ecan [z|=1.

CymmupoBaHnHe mno 4HacTam

3.41. Teopema. [Iycmo Oanol Ose nocaedosamervrocmu {a,},
{bs}. IToaroocum

A, Z ar npu n>0; A_;=0Q.

Tozoa, ecau 0 p<Lq, m

q _
(20) Zp anby, = nzp An (bn— b)) + Agbg— Ap-1b,.
JokasateabcTtBo. MMeeM
q g—1
2) Qnbp = L(A A ba= 3 Aba— S Anbaen,
n=p n=p n=p—1

M rocjeflHee BbIpaXKeHHe CIIpaBa, OYeBMAHO, DPABHO MpPaBOH YacTH
paseHcTBa (20).

®opmyna (20), Ttak HaspiBaemas QopMmyJa CYMMHPOBaHHS
MO 4acTAM, NMOJe3HAa NpPH MCCAEOBAHHH PAJOB BHAA 2 Anbn, B OCO-
6eHHOCTH, €CJaH MocJeA0BaTeJNbHOCTh {bn} MoOHOTOHHA. Cefiyac Mal
JaJHM ee TIPUOMKeHH.

3.42. Teopewma, Honycmum, 4mo

(@) wacmnoie cymmor A, psda D a, 06pasyrom 0zpAHUYEHHYH
noc.aedosameAbHOCING,

(b) bo=>by=by >

(¢) lim b, =0.

Tozda pad D, apb, cxodumcs,
IlokaszateabcTBo. Beifepem M tak, uro |A,|<M npu

Bcex n. HOas pgaudoro & >0 cyiecTsyer lesoe yucao N, Taxkoe, 4TO
bn < (e/2M). Tlpu N<p<q HMeeM

q
| 2 anba| = 2 An (bp—bpay) + Agbg— Ap-1bp| <

n=p

<M| Z (bn—bpag) + bg+ bp| = 2Mb, < 2Mby < &.

n=p



Abcoaromuan cxodumocms 81

CxopuMocTb ciefiyeT Tenepb M3 kputepusi Kow. 3ameTum, yto mep-
BOe HepaBeHCTBO B HalMCaHHOH Bbillle LENOYKe OCHOBZHO, KOHEuHO,
Ha TOM, 4TO b, —bp4 > 0.

3.43. Teopema. Honycmum, 4mo

(@ lal>|al=|al> ...

(0) cam-1 >0, om0 (m=1,2,3...);

(¢) limc¢,=0.

n—>oco

Tozda pad P\ cp CXOIUTCA.

Pan, Qs KOTOPOrO BLINOJHEHO ycJjoBHe (), Ha3bIBAETCH «3HAKO-
epeMeHHBLIM  pPSAOM»; chopMyJaHpoBaHHAaA TeopeMa Obla H3BeCTHA
JlefiGuuny.

JdoxkasarteabctBo. [lpuMmenum Teopemy 3.42, mNOJOXKHUB
ap=(— 1)*?, by=|cp|
‘R 1 n ni-

3.44. Teopema. Honycmum, umo paduyc cxodumocmu psada
Zan" pasen 1 u co>c;>C> ..., lime,=0. Toeda psad chz"

n—->oo
cxodumca 6 Kasidoli mouke okpymcrocmu |z|=1, 3a uckarouenuem,
803MOXCHO, mcuku 2=1.

IokasateabcTBo. [lonoxaMm a,=z" b,=c,. Toraa suioJ-
HeHHl ycJoBus TeopeMbl 3.42, Tak Kak

[—zntl

i B 7= |

ecan |z|=1, z#1.

2

S i—z]

A6coaoTHAs CXOAMMOCTb

TOBOPAIT, UTO PAA Q) @p CX00UMCA QGCOAOMHO, €CJH CXOAHTCH
AL | @nl-

3.45. Teopema. Ecau psod Y an cxodumes abcorwmKo, mo ox
cxodumcs.

JokasaTeJdbCTBO. YTBepKJeHUe cJelyeT M3 HepaBeHCTBa

m

m
| D an/< D lanl
h=n

k=n
u u3 kputepnus Komn.

3.46. 3aMeuanuda. Jas pAgOB C NOJONKHATENbHLIMH UJeHaMH
a6COMOTHAS CXOAMMOCTb — 3TO TO YK€ ¢aMoe, 4TO CXORHMOCTb.
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Ecln psif ) @n CXORMTCH, @ PAA 2| @, | PacXoJuTcsi, TO FOBOPAT,
yTo PAA D, a, cxoiurtcs HeaGcomoTno. Hanpumep, psj
S (=n"
n
cxonures HeabcomoTHO (TeopeMa 3.43).
[Ipu3sHax cpaBHeHHS, TaK e Kak ¥ npusnaku [daaambepa u Komwu,
Ha caMoM JeJe €CTh HpU3HaK abCcoIIOTHOM CXO0AHMOCTH, H NIO3TOMY
He MOXET LaTh HHUKaKoil uHbpopManuu o HeabCOJIIOTHO CXOASLIHXCS
panax. Jljs pa6oTsl ¢ NOCAEHUMH MHOTJA MOMKHO IOJb30BaThCs
CyMMHPOBaHHEM IO 4acTAM. B 4aCTHOCTH, CTeNEHHOH DAJ CXOZHUTCS
a0cONIOTHO BHYTPH KPyra CXOAUMOCTH.
Mbl yBHAUM, 4YTC € a0COJIIOTHO CXOJSILHMMHUCS DANLAMH MOXKHO
ofpaliaThCsl COBEpIIEHHO TaK JKe, KaK C KOHEeYHBIMH CYMMaMH.
My MOXeM nepeMHOXKAaTb HX IOYJIeHHO H NepecTaBJSTh cJaraeMele,

He MeHAs cyMMbl. HO a7 neaGconoTHO CXOASIIMUXCH DSIJIOB 3TO ykKe
HEBEpPHO, W Hpu JeHdCTBUAX C HHMH HYXXHa OOJbILAsi OCTOPOMKHOCTD.

CaoXeHHe M YMHOXKEHWe PSLOB
3.47. Teopema. Ecau Da,=A u Db,=B, mo

D (an—+bn)=A+B u X ca,=cA npu mobom c.
JdoxaszarteasctBoO. IlycTh

A= an, Bp= 2 ba
h==0 k=0

Torpa

A +B,= kg) (ar 1 bs).
fdcHo, yTO

lim (As+ Bn) = A+ B,
TAK KaK o

limA,=A, limB,=8.
n—>ao n—+x0
JoKa3aTenbCTBO BTOPOTO YTBEPKJEHUSA Jaxe Mpolie.
Takum o6pasoM, ABa CXOLSAMUXCH PALA MOKHO CJIOXHTh MOUYJEHHO,
H TOJYy4eHHBIH psAL OYAeT CXONUTLCH K CYMME CYMM 3THX ABYX PsIOB.
ITonoxeHnne ycAOKHAETCS NPH pPAacCCMOTPEHHH IPOM3BEJEHUS JBYX
panoB. CHavajsa Mbl JOJKHBI ONpELE]UTL NPOH3BefeHHe. DTO MOXHO
cJlesath pasHbIMH cnocofaMH; Mbl OyleM paccMaTpHBaTh TaK Hasbl-
BaeMoe mnpou3asefenue Koum.
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3.48. Oupenenenune. Ilycth 3afaubl pagsl 2 a, M ) by
Tlonoxunm

n

Cr,:Eakbnv'k (f’l'——_—o, 1127 "‘)

k=0

H Ha30BeM Dl EL,L NPOH3BeJleHHeM JABYX JaHHBIX PAIOB.
Ato chpeniesieHHe MOXKHO OOGBSCHHTD CJICAV}OHLHM ofpasoMm. Ecas,

B3AB JBa CTelHEeHHNBX pdaga Zanz H /_bnz Mbl [E€PEMHOXHM
ux HOAOGHO TOMY, KaK 37O JeJiaeTcd B CJydae MHOTOUWICHOB, H IIpH-
BeLieM HOﬂO6HHe YJICHbl, TO Mbl IIOJIYUHM

E—}oanz Z bpe" = (aotaz+ a2+ ... ) (bt bz 0224 .. ) =

= gy + (aohy + asbp) 2+ (Agbe +a1by +apby) 22 4- . . . =
=Co-t+ 12+ Ca® 4 ...
{lonaras z=1, Mp NPHXOAUM K NAHHOMY BRILIE ONPC/eJEHHIO.
3.49. lIpumep. Ecaun

n n n
Av= D an, Bo= 2 bn, Co= D &
k=0 K=0 K=0

w A,— A, B,— B, TO coBceM He dcno, OGyleT JM TOCJe 0BATENn-
#Hocte {Cp} cxomutbes K AB, Tak Kak HeBepHO, uT0 C,== A,B.,.
3aBucumocts {C,} ot {A,} u {B,} oueHb cj0XKHa (CM. JOKa3aTeNLCTEO
TeopeMer 3.50). Cefluac Mbl NOKaMeM, UTO NPOM3BELEHHE JBYX CXO-
ASUWUXCS PAKOB MOMKET Ha CaMoM JieJle PACXORMTLCHA.

Psaa

R N N
D L VR 7 Bl TR

cxonurcst (Teopema 3.43). CocraBuB TnpoU3BElEHHE 3TOTO pAna
¢ caMuM cofo#H, MBI NOJIYYHM

5 em1 () (s )
-(vit vt vt o

TaK 4ToO

n 1
e A
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Tak kak

b= (341 (30 (541

TO Mbl HMeeM

n
V2 2+
‘Cn|>h%0 hFT S Ttz

TaK 9TO ycJaoBMe C, —> 0, HeOo6XonuMOe AJi CXOAMMOCTH psiia 2, cn,
He BBIIIOJIHEHO.

B cBasu co caenyroiiedl TeopeMoll, npuHaifexaiuneil Meprtency,
3aMeTHM, 4TO MBI pacCMaTpHBajH B 3TOM TIpuMepe MPOHU3BejleHHe
LBYX HeabCOMIOTHO CXOASIIMXCS PALOB.

3.50. Teopema. Honycmum, umo

o0
(@) pad D) ap cxodumcs abeoaommo,
n=0

(b) 2 a, = A,
n=0

(c) 2 b, =B,
n=_0

n

= 2 akbn_k (n:O, 1, 2, )

(d)
Toezda

k)
B
!

3
(=]

OTO 3HAYUT, YTO MPOM3BeJeHHe [ABYX CXOASIHHXCA PAAOB CXO-
IMTCSl ¥ CyMMa paBHa [IpDOM3BeJleHHI0 CYMM, €CJH XOTs OBl OfuH
H3 3THX JIByX PAJLOB CXOAHTCA alcCoJIOTHO,

HokasaTeabcTso. [Tomoxum

= 2 ay, Bp= 2 by, Ch= 2 Ch, ﬁn:Bn—'B-
B R=0 r=0 R=0
Torna
Cr = agby+ (agbs +asbo) +- « + « +(abn - a1bp g+ . . . 4+ anby) =
= aOBn + aiBn—i + .. + anBo -
:ao(B+Bn)+a1 (B"!“Bn-i)+ R +an(B+BO)=
=A,B+ aan -+ aiBn-—i Toeee anBO-
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TTosoxum

Yn = abn +afay 4+ -+ nfo.

My xoTuM 1nokasatw, uto C,—> AB. JJccTaTouHO NMOKa3aTb, UTO

(21) lim y, =0,
Tak Kak An,B—> AB. TlonoxuM
a= D, |ap.
n=0

[MMenno 3pech Mbi ucnogsayeM ycnosue (a).] IlycTs 3agano &> 0.
B cuay (c), p.—> 0. 3uauur, Moxuo Bubpath N Tak, uto |Pa|<e
npu n>N, 1 B 3TOM cayuae

[vn [ <|Bon+ - - - + Bnan-n |+ | Brst@aon-1 4 - - - +Brao| <
<|Boar+ - . +PBnGn-n|+ea.

OcraBasisi N HKCHDOBaHHBLIM U YCTpeMJsis n K oo, Mbl IOJyUUM
lim |y | < ea,
n-—»co

Tak Kak ap—> 0 1upH k— oo. Ortciona u ciefyer (21), Tak Kak e
TIPOH3BOJILHO.

MoxHo 3amare [pyroit Bompec: ofsizaTelbHO JH CymMMa psAaa
Dl cn, B TOM Cayuae, KOTAa OH CXofuTcsi, papia AB? AGens nokasan,
UTO OTBET Ha 3TOT BOMNPOC— YTBEPAHTENbLHbIH.

3.51. Teopema. Ecau pade D a,, 2 b, Dcn cxodames
coomsemcmaenno Kk A, B, C u ¢,=a,—+ ...+ amby mo C=AB.

3llecb He [eJaeTCs HHKAaKUX MPEAnoJomxendHi 06 abComoTHOA
CXOAMMOCTH. MBI fagHM TNpoCTOe J0Ka3aTeabCTBO (OCHOBAHHOE HA
HeNnpephLIBHOCTH CTEeNEHHBIX PANOB) mocjie TeopeMbl 8.2.

[lepecTaHoBKH psiion

3.52. Onpenesenne. Ilycts {k,}, n=1, 2, 3, ..., — nocne-
JOBaTeJIbHOCTD, B KOTOPOH Kamnoe NOJOXKHTEeJbHOE Lelloe YHCa0 BCTpe-
4aeTcsl OAHH M TOJLKO OfiuH pa3 (T. e. {k,}—B3aMMHO OJ[HO3HAUHOE
orobpaxenne MHoxectsa J Ha J, cM. onpegenenve 2.4). I[losnoxum

an=0ax, (n=1, 2, 3, ...);

MBI 6yJeM roBOPHTb, UTO pAA Za; sBJIsIeTCS] TepecTaHOBKOH psja
ay,. *
Ecm {s,}, {sn} — n0c/IeA0BaTeIbHOCTH YAaCTHBIX CYyMM PSOB ) dn,
>\ @y, TO Jierko BHJeThb, YTO, BOOGUIE TOBOPSA, 5TH ABE TOCJE/0BA-
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TeJIbHOCTH COCTaBJieHhl H3 COBEPIIEHHO pPasHbIX 4Yuces. Mbl, TakuMm
00pa3oM, NpPHUXOAMM K 3ajaye: BHIAICHHTb, IIPH KAaKHX YCJIOBHAX
BCE NepecTalOBKH CXOASILErocs pfAaa CXOASTCA H COBNAAAIOT JH HX
CyMMBI MeXJy coGof.

3.53. Onpegenenue T[OBOPAT, uTO PAA D @, CXORHTCS
6e3yc0610, ecNiM KaxKjas ero mepeCTaHOBKa CXOAUTCA (K TOH XKe
cymme). (Cp. ¢ rteopemoit 3.57.)

3.54. ITpumep. PaccMoTpuM cxopsiuigics psij,

1 1 1 1 1
(22) 1_—§'+‘3‘_——4—+§_'6_+u-.
H OJHY H3 €ro InepecTaHOBOK
1 1 1 1 1 1 1 1
(23) l+g—stgs+z—gtgta—5+ -

B KOTOpPOM 3a JABYMS IOJIOMKHTEJIbHBIMM UJIeHaMH Bcerja cJjefnyer
oTpHuaTenbuni. Ecin s—cyMmma paga (22), to
1 1 5
, s<l—g+3z=%"
Tak kax

1 1 1
st w=>0

npd k>1, TO Mbl BHAHM, 4TO S;<S;<CSy< ..., TA€ Sn €CThb n-f
yacrHasl cyMMa psifa (23). 3naumr,

T, , 5
lim sp > 5, = 5
n—rco
Tak 4To pAA (23) HaBepHAKAa He CXOIHTCA K S [MBbI TpelloCTaB/sieM
YHTATeNI0 IPOBepKY TOro, uTo psap (23) TeM He MeHee CXoauTcs].

3TOT NpHMep HVIOCTPHPYET CJedyIOLlyi0 TeopeMy, MNpHHapJexa-
myio Pumany.

3.55. Teopema. ITycmob ) a,— Heabcoaomno cxodaujuiica pad
eewjecmeennolx yucea, u nycme o < Pp—0sa Oannbix wucaa (8 pac-
wuupennotl cucmeme gewjecmasennolx wucen). Tozda cyujecmayem nepe-

CMAHOBKA D\ @y C HACTHOLML CYMMAMLL Sn, MAKAS, 4O

(24) lims,=q, lims,=§.

n-+oo n-—»o0

HokasateabcTBo. Ilycts

_lan|+an
=5,

Pn =l (n—1,2,3, ..,
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Torna pn~—4¢n=0an, po+Gn=1_an |1 Pn > 0, gn > 0. Psinor 2 Pry 2 dn
o0a LOMKHBEI PaCXOAUTHCH.

Jefictitenpno, ecay Onl 002 3TH PsAfa CXOAWANCH, TO W PAj
\J \J
Z(pn+qn)=2 |an’
CXOJHACA Obl, BONpeKH mpeAnoJoKeHuo. CXOAMMOCTh pAaa an

H PaCXONHMOCTb PANa 2, Pn (n1 HaoGopot) BJeuer 3a co6oH pacxo-

LHUMOCTL psdAJa ap, 4YTO CHOBa TNPOTHBOPEUYHUT INpEeNIOJOXKEHHIO,
TaK Kak

S 54
Zan:z (Pn—Qn)=ZPn—Z qn-
n={ n={ Nex{ n={

O6o3nauuM Ttenepsr 4epes P,, P;, P; ... HeoTpuuaTelbHblE YJeHH
pAna 2, a, B TOM IOpsiiKe, B KAKOM OHM BCTPEYaloTCsi, ¥ NyCTb
Qi Q2 Qi ...—a6CoNMOTHHE BeJHYMHH OTPHUATEJLHBIX UJEHOB
psila ) @, TakXe B UX eCTECTBEHHOM MOpSAKe.

Psasl ) P,, 2 Q, OTJHYAOTCA OT DAAOB 2 Py O qn TOABKO
HYJEBBIMH 4JeHaMH U TO3TOMY PacXORATCH.

Mul mocrpouM Takde noclefoBaTeNbHOCTH {m,}, {k,}, 4TO psAA

(25) P1+---+Pm1_‘Q1""---'—Qk1+Pm1+i+---

e +Pm2—Qh1+1—— [P —Qk2+ e ey
OUEBHAHO, SIBJISIOUMACS NEPECTAHOBKON Pifd 2| d,, YAOBJETBOPSIET
ycnoBuio (24).

BoiGepem nocJjefoBaTelbHOCTH BemecTBeHHbIX uucen {an}, {B.}
TaK, 4T0 U —> @, Pr =B, on <Bn.
Ilycets my, k) —HauMeHblive M3 TaKUX UEALIX 4uces, YTO

Pt 4Py > Pos

P4 oo Py —Q—... _"Qh1<ai;
NyCThb My, Rp— HAUMEHbIIHE M3 TaKHX UEJAHIX UYHCEJ, YTO
Pyt o d Poy—Qu— . . —Qug - Prugi -+« - 4 Py > P,
P1+ L +Pm1"‘“Q1'— .. —Qh1+Pm1+1+ LIS +Pm2'_
—Qr 1 — . —Quy << 0z,

H T. I. Mbl MOXeM NpOAO/KHTb 5TOT BHOOP, TaK Kak pAisl ) P,
H 2 Q. pacxoasTcs.
Eciu uepes x,, Yy, OOO3HAuUThL YacTHHE CYMMbl psaa (25),
NoCJeANHe YJeHbB KOTOPBIX Pm , —Qa,, TO
Ixn'_‘ﬁn|<Pmﬁy |yn_an|\<th-

Mbl BHAMM, YTO X, —P, Y—>@, TaK Kak P,—0 u Q,—0
IIpH n— co.
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Hakonew, $5cHO, YTO HHKAaKoe 4YHCJIO, MeHbllee YeM ¢ HJH
6osbiiee yem P, He MOXKeT OBbITb HAaCTHYHHM MpELENIOM MNOCJAEAOBaA-
TeJIbHOCTH YaCTHBIX CyMM psga (25).

3.56. Teopema. Pad Q) a, cxodumca 6e3yci06Ho mozda 1 mosbKo
moeda, Koeba Or cxo0umca abcoaoniHo.
JokaszaTenbcTBo. JIONMYCTHM, Y4TO PAA D) @, CXOAMTCS abeo-

aotHo. TlycTh D) ap—ero mepecTaHoBka, o6/1ajaiomasi 4YaCTHEMH
CyMMaMH Sn. Il pansoro e >0 cymecTByeT neJsoe uucao N, Takoe,
4TO MpH M>n>> N HMeeM

m

(26) D al<e.
f=n
BuiGepeM Tenmepb p Tak, uToObl BCe UeJble uucaa 1, 2, ..., N
COlepPKANHCh B MHOXKeCTBe Ry, Ry, ..., Bp (MBI HcnoJbdyeM 0603Ha-
ueHdsi u3 omnpepenenus 3.52). Torpa npu n>p uucna ai, ..., ay

B Pa3HOCTH S, — S, YHHUYTOKAIOTCSH, TaK UYTO |S,— Sn|<e B cuay (26).
3HauHT, MOCJEe/lOBATEJNbHOCTb {Sp} CXOAHTCH K TOMY XKe mpejeay,
uto H {S,}. ‘

Tenepb AOMYCTHM, YTO PSA 2,4, CXOAHTCS HeabcoaoTho. Ecan
Gn=12Xn~+ilYn, TAE Xn H Y, BEmMeECTBeHHH, TO |an|<|Xn|+|Yn
TTOCKOMbKY PSR D) |@n| PacXofuTcst, TO PAacXONMTCS OJHH H3 PSIOB
S l%al, 2 |yn| Takum 06pa3oM, OZMH H3 pSAOB D, X, HWIH D, Yn
cxoputcsl HeabcomoTHo. CoraacHo Teopeme 3.55, HMeeTcsl Takas
TepeCTaHOBKA, uTo JMH60 Pfi D) Xp, JMOO PAA D) Yy PACXOAMTCH, TaKk
41O U pAj Za; pacxopuTcs.

3uauuT, pAL ) a4, He SIBJASAETCH GE3YCJOBHO CXOASLIHMCS.

Creayomasi TeopeMa 10Ka3blBaeT, 4TO B onpefeieHun 3.53,

He MeHSif ero COJepiKaHus, MOXKHO ONYCTHTb ¢pasdy, 3aKJIOUEHHYIO
B CKOOKH.

3.57. Teopewma. Ecau sce nepecmanoeku prda ) a, cxodsmcs,
Mo OHW ¢x00Amca K O0HOL u moil sce cymme.

JokasartenbctBo., Jlubo psa Za,, CXOAHTCS abCoJIOTHO,
M B 3TOM cJayyae Ea,, cxoauTcs 6e3ycioBHO no TeopeMe 3.56, aHO0

a, He cxoxutcs abCoOMIOTHO, # B 3TOM Clyyae 1o TeopeMe 3.55

CYLIeCTBYeT pacXOAsmasiCs NepecTaHOBKa.
YnpaxHenus

1. JokasaTb, uTO M3 CXOQHMOCTH IOC/E]0BaTeNbHOCTH {S,} cJe-
LyeT CXOAMMOCTb TocJiejaoBaTesibHOCTH {|s,|}. Bepuo sm obpatHoe?
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2. Buuucauts lim () nt + n—n).

n-»co

3. Mycts s;,=}2 u
s=V2+Vs% (1=1,2,3, ...).

HokasaTb, 4TO NOC/JEROBAaTeNLHACTb {S,} CXOMHTCS H HTO S, << 2
npu n=1, 2, 3, ....

4, Ha#itu Bepxuulii M HHKHHH mpejesinl N0CJaE0BAaTeNbHOCTH {Sp},
onpejeJieHHOH CJjefyIOIUM 06pa3oM:

; Som-1 1
$1=0; Som= ';’, Somat = 5 + Som-

5. Jlas moObiX JBYX BelleCTBEHHLIX MOCJeA0OBaTeNbHOCTER {a,},
{b,} umeem

lim (a, 4 b) < lim @y, + 1im b,

6. Hccaenosath noBepenne (CXOAUMOCTh HWJIM PACXOJHMOCThL Psija)
> @, ecan

(@ an=Vn+1—Vn;
(b) an=l/_’ﬂ‘71';v_";

(©) an=(Vn—1)"
(d) a,.=qu_7l JJisl KOMILIEKCHHIX 3HaueHHH 2.

7. JlokasaTb, 4TO U3 CXOZMMOCTH psifia Z a, CJelyeT CXOAUMOCTh
psna
3 Van
n 9
ecJiH a, > 0.

8. Ecau psa D) a, cxoauTcs # eciu {b,} — MOHOTOHHas U OTpaHH~
YeHHAs MOC/AE[0BATENLHOCTb, TO H PAX ) Gnbn CXORHTCS.

9. HafiTn pajuyc cXOAMMOCTH KaXKJAOro H3 CJEAYIOIHX CTeNeHHbIX
psJ0B:

(a) D) n%2™ () %T—z";
© DG @) S

10. HdonmycTuM, u4TO KOSOHUUMEHTH CTENeHHOTO pAia 2 ap2"—
liesible YHCJa, CPeJH KOTOPBIX 0eCKOHEYHO MHOrO OTJIHYHBIX OT HyJs
Hokasarb, 4TO pagMyc CXOLMMOCTH He NpeBHIIaeT eJHHHIb.
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11. Jomyctum, 4TO psp > a, pacxoautes, a,>0, u mycTh
Sp,=ay+ ... a,. Jokasats, 4TO

(a) pan 2 I_T_"an PacXoAUTCH;

(b) pan 2% PacXOAHTCS;
n

(c) pan D) On o xopuTCs.

A
a Y a
YTO MOKHO CKadaTb O psifax D\ Tnar > e
12. Homycrtum, 4TO pan Zan cxonurest, a, >0, U NOJOXHUM
fe )
fn= 2 Gm-
m=n

Jokasate, uTO

(@) psim D\ i:i pacxojuTCsi;
n

(b) pan Zﬂ‘_— cxoaMres.
V’n
13. okasats, urto npoussenende Koumm AByx abcoalOTHO CXOAf-
IHXCH PAJOB CXORHUTCS abCOMIOTHO.
14. Ilyctp {s,}—kakas-nHOyAb NOCJEA0BATENBHOCTb. PaccMOTpUM
cpennue apudmMernueckue
tn=51+"'+s".

n

Jokasatb, 4TO H3 CXOAUMOCTH S, —> S CJelyeT CXOAHUMOCTh f, —> S.
JokasaTb, YTO CYyLIeCTBYIOT pacXOAslHecs MOC/1e]0BATENBHOCTH {Sy}
KOTODBIM COOTBETCTBYIOT CXOJSfIIMECs NOC/eL0BaTeIbHOCTH {fp}.

15. Onpepenenve 3.21 MOXKHO pacHpoCTpaHdUTh Ha TOT cJaydaH,
KOIJa a, TPHHAJJIeXKaT HEKOTOPOMY (UKCHPOBAHHOMY IPOCTPaHCTBY
R". AGcomioTHas CXOAUMOCTb OHpeleJseTcsl KaK CXOAHMOCTb psija
M la,|. ITokasars, uTo Teopemsl 3.22, 3.23, 3.25, 3.33, 3.34, 3.42,
3.45, 3.47, 3.56 u 3.57 ocTaioTcsi BepHHIMH B 3TOM Oosee ofLieM
ciydae (JoKasaTeqbCTBa TPeOYIOT JHLIbL HE3HAUUTEJbHBIX H3MEHeHHH).

16. Hoxasatb caepyiounit anagor teopeMsl 3.10 (b): ecau {E,}—
yOLIBaOUIAsA NOCJE0BAaTENbHOCTh 3aMKHYTHIX MHOMKECTB B T0AHOM
MeTpHYecKOM mpocTpaHcTBe X H ecau

lim diam E, =0,

n—oo
[ee)
TO MHOXecTBO (] E, COCTOMT POBHO U3 OAHOH TOUKH.
n={
17. Ilycre X -—nonHoe Metrpuueckoe mnpoctpaHctBo, & {G,}—
NOCJ/Iel0BATENBHOCTh BCIOJy NJIOTHHIX OTKPBITHIX IIOJAMHOXKECTB IpO-
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crpanctea X. [lokasath Teopemy Dspa, cocTosuiyio B TOM, 4TO

oo
MHOecTBO [] G, HenmycTo. (B HeficTBHTEJILHOCTH OHO MJIOTHO B X.)
n=1{

¥xaszanue. HafiTy cTarupamomyiocs mocjel0BaTeJbHOCTh 3aMKHY-
TbIX OKpecTHOCTeH E,, Takux, uto E, < G,, ¥ npuMeHUTH yIpaxXKHe-
nue 16.

18. Tlyets {p,} # {g=} —nocaeROBaTEIbHOCTb KOIIH B METPHYECKOM
npocrpanctee X. IloKasaTb, 4TO mnocen0BaTesbHOCTh {d (Dr, §n)}
CXOAHUTCS.

¥Yxasanue. Hna mobuix m, n umeeM d(pn, ¢n)<d(pn, Pm)+
+d (Pms Gm) -+ d (Gm, Gn), CAESAOBATEILHO, PA3HOCTh

l d (pm qn)—d (pm1 qm) l

Mana, ecnd m, N BeNHKH.

19. Tlyetb X — MeTpuueckoe NpOCTPaHCTBO.

(a) HaszoBem gse mocaeposatenbuoctd Komwn {p.}, {qn} B X sKxeu=-
BANCHMHbIMU, €CTH

lim d (pn, gn) =0.

JoKasate, 4TO 3THM OmpejefeHO OTHOLIeHHe SKBHBAJEHTHOCTH!).

(b) Ilyctp X*— MHOXKeCTBO BCeX NOJYYEHHHIX TaKUM 06pa3om
KnaccoB skBuBanenTHocTH?). Ecan P X*, Qe X*, {pn}€P, {g.}€Q,
TO IHOJIOXKHM, IO ONpejeseHHIo,

A (P’ Q) = }lﬁd (pm qn)'

B cuny ynpaxuenus 18, stor npegmea cyumectsyer. Iloxkasars,
yto yucao A (P, Q) ne namenurcs, ecau {p,} H {g,} 3aMEHHTb 3KBHU-
BaJIEHTHEIMH TOC/IeJI0BaTeJbHOCTIMH, H 4TO TeM caMbiM A — paccTosi-
HHe Ha X*.

() HoxkasaTh, UTO NOJYuEHHOE METpHUUYECKOe mNpocTpaHcTBO X*
TIOJTHO.

(d) Kaxpomy p€ X comocraBuM mocneposaresbHocTs Kouwu, Bce
4/eHbl KOTOpPOH paBHbl p; mycTh Pp,—TOT 371eMeHT MHOXKecTBa X*¥,
KOTODHIH COJEPKHT 3TY mocjaenoBaTeNbHOCTh. JloKasaTh, uTO

A(Pp, Pg)=d(p, q)

1) D10 osuayaer, uyro 1) Beskas nochefoBaTeabHocTs Kolim skBHBaJleHTHa
camofi ceGe; 2) H3 3KBHBAJIEHTHOCTH Naphl noclegoBarensyoctedl {pn}, {qn} cnenyer
9KBHBAJIEHTHOCTb Nap {¢n}, {pnp}: 3) M3 arBUBaseHTHOCTH map {pPn}, {gn} H {¢n},
{rp} cienyer sKBHBaJeHTHOCTL mapel mnocaejoBatesnsHocTell {pn}, irn}. —IIpum.
nepes.

2) KnaccoM 3KBUBAJICHTHOCTH Ha3HBAeTCs MHOKECTBO BCeX NoCJefoBaTeJbHO-
ctelt KowM, 3KBHBAJIEHTHHIX KakOR-HUOYAL OZHOH noCJef0BaTesbHOCTH. —I[Ipum.
nepes.
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npn Bcex p, g€ X. HuwMu crnoBami, oroOpamenue ¢, 3ajauHoe
paBeHCTBOM @ (p) = Pp, ecTb u3oMeTpusi (T. e. OTOOpaKeHHe, COXpa-
HsllOINee paccTosiHus) nmpoctpaHeTBa X B X*.

(e) Hokasats, uto @ (X) Bciony niotHo B X* H uto ¢ (X)=X*,
ecad X TOJHO.

B cHaay (d) moxHO 0oTOXAecTBHTL X ¢ ¢ (X) #, TakuMm obpasoM,
CYHTaTh, YTO X NOrpyKeHo B MOJHOE MeTpHYecKOoe NMpOCTpPaHCTBO X*.
Mur 6yaem nasbiBaTh X* nonoasenuesm mpocTpaHcTBa X.

20. TTlyctp X —mnpocTpaHCTBO panHOHAJbHBIX UYHCEA € MeTpUKOMN
d(x,y)=|x—y|. Yto caAyKMT MONOJHEHHEM 3TOrO NPOCTPAHCTBAP
(Cp. ¢ ynpaxueHueMm 19.)



FTJTABA 4

HENPEPBIBHOCTb

TTousiThe QyHKIMY ¥ CBsA3AHHAS ¢ HUM TEPMHHOJOTHUS OLLIH BBELEHb!
B ompefenenusx 2.1 u 2.4. Xora B mocJepymluux riaBax Mol OyaeMm
B OCHOBHOM HHTEPeCOBATLCS BeUleCTBEHHBIMH H KOMIJIEKCHbIMH QYHK-
uuaMH (T. e. OYHKUUSMH, 3HayeHUS KOTOPLIX-— BellleCTBEHHbIE HJH
KOMILJIEKCHBIe UYHCJa), Mbl OyleM paccMaTpHBATh TaK¥e BEKTOpHO-
3HauHple QYHKIHH (T. €. QyHKUHH CO 3HAyeHusMH B R*) u QyHKiuuu
€O 3HAaYEHHSMH B J10OOM MeTpHUecKOM NpocTpaHcTse. TeopeMul, KOTO-
pele MbB OyZeM J0KasbiBaThb B 3TOH OOLIEeH OOCTaHOBKe, HHYYThb
He craau Obl 6ojee JerkuMH, ecay Obl Mbl OrpaHUYHJIHCH, HANIPHMEp,
BelleCTBeHHbIMH (DYHKIMAMH; Hao6OpPOT, Ha caMOM JeJje KapTHHa
YOPOCTHTCA M TPOSCHUTCS, €CcJNd Mbl OTOPDOCHM H3JIMUIHHe NpejloJo-
HEHHA H OyjgeM (opMyadpoBaTh M JOKa3bIBaTh TeopeMbl B Pa3yMHOM
OOIIHOCTH.

Hamu dynknuu OyayT ompejejeHbl B MeTPHUECKHX MpPOCTpaH-
cTBax, BbICOp KOTOpbIX OyJaeT Haa/iexalluM o0pa3oM YTOUHAThCH
B Pa3JHuYHBIX TpHMepax.

Mpenen GpyHkuun

4.1. Onpepeaenne. Ilyctb X U Y —MeTpuyeckue mpocTpaH-
crBa. Ilyere E <= X, | orobpaxaer E B Y, a p—upenenabHas Touka
mHOXecTBa E. Mbl OyneM mucats «f(x)— ¢ npH x —> p», HJIH
(1) lim f (x) =g,

x—+p
ecqid CYILeCTBYeT TOUKa ¢ €Y, obnajatonuiasi caeAylONUM CBOHCTBOM:
1as aoboro € >0 cymecrsyer 8 >0, Takoe, yTO

@) dy (f(x), 9)<<e
Aas moOblx ToueK x € E, nis KoTopbix
3 - 0 <dx(x, p)<<é.

CumBonsl dx M dy OTHOCSAITCS K paCCTOSIHHSIM COOTBETCTBEHHO
B mpoctpaHcTBax X u Y.

Ecmu X n (unu) Y 3aMensiioTcs BelleCTBeHHOH MPAMOMH, KOMIJeKC-
HOMl MUJIOCKOCTbIO HJM KAaKUM-HUOYAb €BKJHJOBHLIM NPOCTpaHCTBOM R*,
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TO paccTosiHus dx, dy, KOHEeYHO, 3aMeHSOTCS aO0COJIOTHLIMH BeJTHYH-
HAMH HJIH COOTBETCTBYIOIUHMMH HOopMaMmu (cM. 1. 2.18).

CaenyeT OoTMETHTb, 4TO p ¢ X, HO Touka p He o0si3aHa MpHIAL-
JIC3KaTb MHOXeCTBY E B mnpeiblayllleM ompejencHud. boaee Toro,
Jaxe ecaH p€ E, 10 BnoJlie BO3MOXHO, uto [ (p) =~ lim f(x).

Xx—p
JTOMY ONpPCAENEHHIO MOXHO MPHAATh APYIyIo (OPMY, BHICKasaB
ero B TEPMHHAX TOCJCHOBATEABHOCTE.

4.2. Teopema. Hycme X, Y, E, [ u p—me sce, umo u 8 onpe-
Oeaeruu 4.1. Toeda

4) lim f (x) =

X>p

8 ImMoM U MoN6KO 8 moOM cay4qae, Koeda

) Tim f (pr) = g
048 a0botl nocaedosamenvocmid {pn}, MaKod, 4mo
(6) pn=p, limp,=p, pCE npu ecex n.

HoxaszarteabcTBo. [onycTuM, 4TO BHINOJHEHO PaBeHCTBO (4).
Bri6epeM kakyo-HHOyb NOCJEA0BATENBHOCTD {P;,}, YIOBIAETBOPAIOLLY IO
yeaosHo (6). Ilyets ¢ >>0. Torma cymectsyer 6>0, Takoe, uTO
dy (f(x), §) <<e, ecan x€E u 0<dx(p, x) < 6. Kpome 710TO, CYyIIe-
crByeT N, Takoe, 4To npd n>> N uMeem 0 <Cdx (pn, p)<<98. Takum
obpasom, npu n>N umeeM dy (f (pn), §) << &, OTKyjaa caenyer, 4YTO
BBINOJHEHO PaBEHCTBO (D).

O6paTtHo, ponyctem, uto (4) ueBepuo. Torjga cyulecTByer 4HHCJIO
£>0, Takoe, uto nas Kaxjgoro 6 >0 Hafijerca Touka X € E (3aBH-
camtag or §), ans xoropoit dy (f(x), g)>¢€, o 0<<dx(x, p)<<S§.
Bribupas 8,=1/n (n=1,2, 3, ...), Mbl HallgeM NOCJEAOBATEJILHOCTD,
VAOBAETBOPSIOILYIO YCJIOBHIO (6), ANA KOTOpOH paBeHCTBO (D) He BbI-
MOJIHAETCS.

Canencreue. FEcau | umeem npedea 6 mouke p, mo 3mom
npedea eGuncmeeHNbI.
J10 caenyer u3 teopeM 3.2 (b) m 4.2.

4.3. Onpenenenue. [lycts Ha E omnpejeselnsl IBE KOMNJIEKC-
uble yskuud [ 1 g. CumBonom [-I- g ofo3navaercss QyHKUM:A, CONO-
CTABJSIONIANA KaXJod TOuke x MHOXecTBa £ uHciao f(x)+ g(x).
[Togo6HbBIM 06pa3oM MBI ONpefesaHM Pa3HOCTb [—g, NpOH3BejeHHe fg
M orHolieHue f[/g nByx OQyHKIHH, HMes B BHJAY, 4TO OTHOLIEHHe
ompejiesieHO JIHIUB B TeX ToukaX x € E, B kotopux g(x)==0. Ecam
[ comocTaBasieT KaXXAoH TOuKe x MHOXKeCTBa £ OIHO H TO e YHCJIO C,
TO [ HasblBaeTcsl MOCTOSTHHOH ¢yHKOMeH, HAH IpPOCTO MOCTOSAHHOH,
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¥ mbl OyzeM mucath B 3TOM cJayuae f=c. Eciu f u g—BellecTBeH-

Hble QYHKIHH H ecJd [ (x) > g(x) npu KaxioM X€ E, TO Mbl MHOL/A
JJIsl KpaTkoctd OyjneM nucaTh [> g.

Ananoruuno, ecau T u g orobpaxatror E B R", T0o MH OlpejeJnm
f+guf-g pasencrsamu (- g)(x) =F(x)+g (¥), (-g) (x)=F(x)-g(x),
M ecau A— BemectBennoe uucyo, 1o (Af) (x) = Af(x).

4.4. Teopema. Ilycme X — mempuueckoe RnpocmMpParcmso,
E c X, p—npedearsnan mouka MHoxcecrnsa L, [ u g— Komniexcrovle
¢pynxyuu Ha E u

limf(x)=A, limg(x)=28.
x-p x—p

Toeda
(@ 1im (7 4 g) ()= A+ B;
(b) lim (fg) (x) = AB;
(c) lim (f/g) (x)=A/B, ecau B==0.

HdoxaszareabcTBO. DTH yTBepXKIEHUs, B CUNY Teopemsl 4.3,
fieMe/lJIeHHO CJIeIyOT U3 aHaJOTHUHBIX CBOMCTB IOCJIEN0BaTEAbHOCTEH
(Teopema 3.3).

3ameuanue. Ecau f u g oro6paxator E B R* TO (a) octaetcs
BepHbIM, a (b) NmpuHUMaeT BHUJ,

(b") lim(f-g)(x)=A-B
x-+p
(ep. c Teopemoi 3.4).

HenpepbiBHble quHxliuu

4.5. Onpefneaenne. Ilycte X u Y —mMerpuueckue mnpocTpan-
crBa, Ec X, p€E u [ orobpaxaer E B Y. Torma ¢yuxuus f
Ha3LIBAETCsl HENpepouisHot 8 mouke p, ecay Ajs Jodoro € >0 cyme-
creyer § > 0, Takoe, 4TO

dy (f (%), F(p)<e

Ias Bcex Touek x € E, ans xotopwix dy(x, p) < 8.

Ecau [ nenpepblBHa B KaxJ0H TOUKe MHoxecTBa E, To [ Hasbl-
BaeTcs Henpepowgroti Ha E

HOast Toro uTo6bl ObITh HelpepoiBHHIM B TOUKE p, OTOOpParKeHue
JOJXHO ObITh ompefleleHo B 3roil Touke. (Cp. 3T0 ¢ 3aMeuanuew,
CJIElYIOIMHM 3a onpefesieHHeM 4.1.)

Ecan p-—wusonupoBaHHas TOyKa MHOXecTBa E, TO u3 Haurerg
onpeflesieHus cJelyeT, 4TO Kaxjaa GyHkuus f, onpefeneHsas Ha E,
HenpepelBHa B TOUKe p. JedcTBHTenbHO, KaKOBO Obl HH Obuio & >0,
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MOXKHO yKasatb 8>>0, Takoe, uYTO €JMHCTBEHHOH TOuKod x€E,
1Js1 KoTopo# dx (x, p) << 6, okaxeTca x=p; Torja

dy (f (%), [(p)=0<e.

4.6, Teopema. B cumyayuu, onucannol e onpedesenuu 4.5,
npednoaoscum, umo p— npedessnas mouka muoocecmsa E. Dynkyus f
HenpepuisHa 8 mouke p moz20a u moasko moeda, kozda lim [ (x) = f(p).

x—p

JloKa3aTteabCTBO. DTO CTAHOBHUTCH SICHBIM, €CJIH CPaBHHTh
onpesencHus 4.1 u 4.5.

Tenepy mnepefineM K caoxHeM ¢QyHKunaM. Kpatkas ¢opmy.nn-
pOBKa cJelyilollell TeOpeMbl TakoBa: HeNpepbiBHAsA (HYHKLIHSA OT Hemlpe-
PLIBHOH QYHKUHH HelpepbiBHA.

4.7. Teopema. Hycms X,Y, Z— Mempuueckue npocmpancmea,
Ec X, [ omobpaxaem mnoomecmgo E 6 Y, g omobpasaem mHo-
scecmeo snadenud [, a umenno f(E), 8 Z u h—omobpasernue mHo-
amecmea E 8 Z, onpedenernoe pasencmeom

h(x)=g(f(x) (x€E).
Ecau [ Henpepoigro 6 mouke pEE, a g nenpepoigHo 6 mouke f (p),
mo h HenpepoieHO 8 mouKke p.

HoxasaresbcTBo. Ilycte £€>0. ITockonbky g HemnpepbiBHO
B Touke f(p), cymecTByeT 1 >0, Takoe, 4TO

dz (g (y), g(f(p) <e, ecau dy(y, [(p))<m u y€f(E).
INockoawky f HenpephiBHO B TOuKe p, cyutectByeT O > 0, Takoe, 4TO
dy (f(x), [(p))<<m, ecan dx(x, p)<<8 u x€E.

CnenoBaTebHO,
dz(h(x), h(p)=dz(g([(x)), g(f (M) <e,
ecan dx (x, p)<<8 u x€ E. TakumM o0pa3om, & HenpepLIBHO B TOYKE p,

4.8. Teopema. Omobpaocenue [ mempuyeckozo npocmparicmea X
8 mempuueckoe npocmparcmeo Y Henpepbigno Ha X moeda u moabko
mozda, koeda mromecmeo fL(V) omkpemo 6 X 041 kaxcdoeo omkpet-
mozo muoncecmsaa V uz Y.

(MpooGpasbl 6butd ompefesenst B M. 2.4.) ITo oueHb MOJE3HOE
CBOHCTBO, XapaKTepH3YyIOilee HerpephBHOCTD.

HoxasarteanctBo. [HomyctuM, urto [ wuenpepsidyo Ha X
nycTh V —OTKpbiToe MHOXecCTBO B Y. Mbl J0/KHBI NOKasaTb, YTO
Kaxjaas Touka MHoxectBa [~1(V) sBaseTcss ero BHyTpeHHefl TOYKOH.
Hrak, nyets p€X u f{p)€V. TlockonasKy V OTKPHITO, CyuecTByeT
e >0, takoe, uto y£V, ecau dy (f (p), y) <<€, a Tak Kak [ Hempe-
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PHIBHO B TOUKE p, To cymectByeT 8§ >0, Takoe, uto dy (f(x), [ (p))<Te,
ecad dx(x, p) << 8. Takum o6pasom, x£f1(V), kak Toasko dy (x, p) <7 8.

O6patHo, gonyctuM, urto MHOXectBOo [ (V) orkpuito B X,
KakoBo 66l HH Obl10 OTKphITOe MHOoxMecTBO V B Y. 3adurcupyem
peEX u £>0, u nycte V-—MBoKecTBO Beex L€YY, Takux, uTO
dy(y, [(p))<<e.Torna V oTkpeiTo, a noatoMy u [~1(V) OTKPBITO; 3HAYHT,
cymectByetr 6>0, Takoe, yto x €[ (V), Kak Toapko dg(p, x) << 0.
Ho econ x€f1(V), 10 f(x)€V, Tak uro dy (f (x), f(p)) <<e.

JloKka3aTesbCTBO 3aKOHUYEHO.

O6paTtuMcsa tenepb K KOMILICKCHO3HAYHBIM ¥ BEKTOPHO3HAYHBIM
yRKUHAM H K QyHKOusM, onpeiedeHHBIM Ha TOIMHOXECTBAx
npoctpanctea RF,

4.9. Teopema. [lyeme [ u g-—Komniaexcuole Henpepovisusie
QyHryuu Ha mempuueckom npocmparcmee X. Tozda [f-+g. fg u flg
HenpepoblgHbt Ha X.

B nocneineM ciyuyae MBI HOJXKHBI, KOHEYHO, TpeArnoiarath, 4TO
g(x)==0 npu Bcex x€X.

JdokxaszateabctBo. B cayyae M30AHPOBAHHOM TOYKH AOKA3BI-
BaTb Heuero. B ciyuae npenesnbHOM TOUYKM YTBEpXKAEHHE CJlEIYET
u3.reopeM 4.4 u 4.6.

4.10. Teopewma. (a) llycmo [, ..., fr—sewecmsennoe Pynkyuu
Ha mempudeckom npocmparcmse X, u nycmey f—omobpascenue npo-
cmparcmea X 6 R%, onpedeaenroe pasencmeom

(7) tx)=(fi(x), ..., fal®))  (x€X).

Omo6paxcenue { rHenpepbigho moecda u moavko moeda, Koeda
Kaocoan us Gpynkyuil fi, ..., fr Henpepowsna.

(b) Ecau T u g—Henpepoisrbie omoGpasiceHus npocmpancmsa X
¢ R*, mo t-4-g u t-g nenpepoienos na X.

QyukuuM fy, ..., fr HA3BIBAIOTCH KOMAoOHeHmamu oToOpamenus f.
OrveruM, uro T+ g—orobpaxenne B R*, torma kak f-g— seuje-
cmecHHas (yukyus Ha X.

HoxasaTeanbcTBoO. YTBepKAEHHE 4aCTH (a) CJaelyeT U3 Hepa-
BEHCTB

)
F@—T@)I<ITE—T@) = X fi(x)—F@ P
npy j==1, ..., k. Hacts (b) caenyer us (a) u Teopemb 4.9.
4.11. TTpumeps. Ecau x,, ..., Xy —KOOPIAHHATHI TOUKH X € R",

TO (QYHKUHU @;, ONpeeseHHble pPaBEeHCTBaMH

(8) e(x)=x  (XERM),
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HenpepuiBHL Ha R", Tak KaK HepaBeHCTBO
| @i (x) — @i (Y) | <[ x—Y]|

NoKa3biBaeT, YTO B oONpejelieHdd 4.3 MOXKHO IOJOXHTL & =e¢.
QOyHKUHH §; HIOTJA HA3bIBAIOTCH KOOPOURAMHLIMU  (PYHKYUAMU.

TToBropHoe npumeHeHHe TeopeMbi 4.9 IOKa3blBaeT, UTO KaXIblil
OAlIoUJIeH

(9) AP L AT,

TAe Ny ..., hp— HEOTPHLUATEJbHbIE LeJble YHCJA, HelPephiBeH B R®,
To ke BepHO B OTHOWEHHH OyHKUMH, oTiHYalomuxes ot (9)
IOCTOAHHLIM MHOXHTEJEM, TaK KaK [10CTOSIHHEIE, OYEBULHO, HElpe-

poiBHbl.  CieoBaTenbHO, KaXIblli MHorowied P, 3ajaHHbIi paBeH-
CTBOM

kR
(10) P(x)=2cn, ... XL X (x €RY),
HeMnpepoiBeH Ha R". 3nect KO3(PbHIIHEHTEL Cny ... n, —KOMIIIEKCHbIE
uyHcaa, Hy, ..., My —HEOTPHIATEAbHbIE LEJbIE YHCJIA, 4 CyMMa Cojiep-
JKHT KOHEUHOE YHCJIO CJIaraeMbIX.
Hanee, BcAkas panHoHaJbHast QYyHKIHSA OT Xy, ..., Xz, T. €.

Kax/0e OTHOIIeHHe JBYX MHOrousieHoB Buia (10), HempepbiBHa Ha R"
BCIONY, IJle 3HaMeHaTeJb OTJIM4eH OT HYJif.
M3 HepaBeHCTBa TPeYrOJIbHHKA JETKO MOJYydYaeM, 4TO

(1) Hxl—lylI<lx—y|  (x,yER").

3Hauut, oro0pa)keHHe, CTaBdulee B COOTBETCTBHE KaXAOMy X
BeJHUHHY |X|, fBJAAETCH HeNpepbIBHOH BeliecTBeHHOH ¢yHKIHeH
Ha R".

Ecan f— nenpepoiBHOe 0To0parKeRHe METPHYECKOro npocTpanctBa X
B ImpocTpaHcTBO R* H ecau ¢ onpejeseHo Ha X paBeHCTBOM

@ (py=|1(p)|, TO u3 TeopeMbl 4.7 cienyer, uTO ¢ — HempepbiBHas
BelecTBennasi Gynkuus Ha X.

4.12. 3ameuaHHe. Mbl onpefejsuny NOHATHE HENPEPHIBHOCTH
nag GyHKun#, 3alaHHBIX Ha nodsxoscecmee E MeTPHYeCcKOro MNpo-
ctpauctBa X. Onnako jonojxeHde MpoxectBa E B X He urpaer
HHKaKOH pOJIH B 3TOM ONpejie/ieHHH, B OTJIHYHE OT ONpeleseHHs
npefedoB PpyHKUHHA. TeM caMbM MBI MOXKeM T'OBOPHTH O HeINpepHIBHbIX
OTOOpaxkeHHsIX OJHOrO MEeTPHUeCKOrO MPOCTPAaHCTBA B jpyroe (a He ob
OTOGPaXKeHHAX NOAMHOKECTB). DTO ympoimaer GOPMYJHPOBKH H JI0Ka-
3aTEJbCTBA HEKOTOPLIX TeopeM. Mbi yiKe BOCIOJIb30BAJHCh 3THM
B Teopemax 4.8—4.10 ¥ GyjgeM moCTynarte Tak 3Ke B pasliefiax,
MOCBSIEHHBIX KOMIIAKTHOCTH M CBSI3HOCTH.
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HenpepbiBHOCTh ¥ KOMOAKTHOCTD

4.13. Onpcienenue. Orobpaxenne T Muoxkectsa E B npo-
cTpancTBe R HASHLIBAETCS 02pAHUYEHHbIM, €CIH CYLIeCTBYeT Belne-
crBenHoe yueao M, rtakoe, urto | (x)|<<M nas Bcex xcE.

4.14. Teopema. Ilycme [-—HenpepvisHoe omobpagcerue KoM~
NAKMHO20 MEMPUULCKOZ0 NPOCMPAHLINEa X 8 MempusecKoe npocmpar-
cmeo Y. Toeda muosecmeo [ (X) womnakmro.

HoxrxazarensbctBo. Ilyets {V,}—OTKpLITOE MOKpHITHE MHO-
®,ectBa f(X). llockossky f HempepriBHO, Teopema 4.8 NOKassiBaeT,
yto Bce MHOXKectBa [ (V) ortkpeite. Tak kKak X KOMIaKTHO,

AMeeTCsl KOHeuHBH Habop UHJIEKCOB ay, ..., O, TAKOH, 4TO

(12) X (Va)U ... U Va,)

Tockoasky [ (f(E))=E npu kaxaom E VY, u3 (12) cne;iyeT, 41O
(13) FXycVaU...UVe .

JloKa3aTeJbCTBO 3aKOHUYCHO.

3ameuanue. Mpl Bocnoab3oBasich cooruoienneM f(f*(E)) =L,
kKoTopoe BepHo npH E VY. Fcau E c X, To MOXKHO yTBEPKIAaTh
aumb, yto [ (f(E)) > E; paBenctha MOMeT U He GHITh.

BrBesieM Tenepn HeKOTOpble caefCTBUs H3 TeopeMbl 4.14.

4.15. Teopema. Ecau T—Henpepvisnoe omobpasicenue Kom-
naKmroz0 mempuyeckoeo npocmparcmsa X 6 npocmpatcmeo R, mo
muoxcecmeo (X)) samxuymo u oepanuueno. Taxkum oGpasom, omo-
Opaxcenue ¥ ocpanuyero.

Ato chenyer u3 teopeMbl 2.41. DToT pesysbTaT OCOGEHHO BaxKeH
TOrja, Korja [— BelllecTBeliliasi QyHKUHA.

4.16. Teopema. [Tycme [— Henpepoianan sewjecmeentas Qynk-
Yusi HQ KOMNAKMHOM Merapuueckom npocmpaMcmse X u

(14) M= sup f(p), m= inf [(p).
PEX PEX

Toeda cywecmeyom mouku p, qcX, makue, amo f(p)=M
u f(q)=m.

OGo3nauennss B (14) umeror caeaywoouiuii cMbica: M —Bepxuss
rpaHb MHOXKECTBa BCeX uices f (p), Korja p npoGeraetr X, a m-— HHXK-
HfSl TPaHb 3TOTO YHCJOBOTO MHOMKECTBA.

YTBepxACHHE TeopeMsi MOXHO cGhOPMYJNHpOBaTH H TaK: cyiye-
cmsyrom mouku p u q 8 X, maxue, wmo [(q)<f(x)<f(p) 041 erex
xeX, 7. e. QyHKuMs [ JOcTHraeT CBOEro MakCHMyMa (B TO4Ke p)
¥ MHHHMyMa (B TOuKe @).
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HokasateanctBo. [lo Teopeme 4.15 f(X)—orpanuuentoe
¥ 3aMKHYTOe MHOXECTBO BEUleCTBEHHBIX uHuces; 3uauuT, f(X) comep-
JKMT CBOIO BEPXHIOI H HUXKHIOIO TpaHH (Teopema 2.28).

4.17. Teopema. llycme [—Henpepoigrnoe 83aumMHO 00HOIHAY-
Hoe Omobpasterue KOMNAKMHO20 Mempuueckoeo npocmpaucmea X
Ha mempuyeckoe npocmpancmeo Y. Toz0a o6pamroe omoGpaxcerue [,
onpedeienHoe Ha Y pABCHCINEOM

[ (F(x) = (x€X),
ecmb Henpepwigroe omobpasicenue mruoxcecmea Y Ha X.

HokaszaTtenbcTBo. Ilpumeusis Ttecopemy 4.8 x f! BMecto f,
MBI BHJHUM, YTO AOCTATOYHO AOKas3aTh, UTO f(V)—oOTKpHTOE MHOXe-
cTBO B Y Jas Kaxjaoro oTkpuiToro B X MHOXkecTBa V. 3adukcu-
pyeM Takoe MHOXecTBO V.

Hononuenne V¢ mMpoxkectBa V 3aMgnyto B X M, CJ€10BaTeNbHO,
KomnakTHO (teopema 2.35); aunauut, f(V°)—KoMNakTHoe MNOIMHOXKe-
¢TBO MHOXecTBa Y (reopema 4.14); 10O3TOMY OHO 3aMKIYTO B Y
(teopema 2.34). Tlockombky f BzauMHO OJ1i03HauyHO OTOGpaxaer X
na Y, muoxectBo f(V) coBnajaer ¢ jonodHeuueM MHoxKecTBa f (V).
3uauut, f (V) oTKpHITO.

4,18. Oupenenenne. Ilycts f— oTOOpaxedue METPUYECKOTO
npocTpancTsa X B MeTpHUecKoe HpocTpaHCTBO Y. Mel 6ynem roeo-
pHTh, 4TO oToOpaxKeHue [ pasHOMEPHO HenpepbieHo Ha X, ecau
aasa Kaxjgoro € >0 cywectsyer 8 >0, Takoe, 4yTO

(15) dy (F(p), [ (9)) <e

A7 BceX p U g u3 X, Ansg KotopuX dy (p, ¢) << 6.

TTocMOTpHM, YeM COTJHYAIOTCS NMOHATHA HEHPCPHIBHOCTH M PaBHO-
MepHOM HerlpepbiBHOCTH. Bo-TiepBblX, paBHOMepHasi HenpephiBHOCTb
ecTh CBOHCTBO (YHKIMH 11a MHOMECTBE, TOTJA KaK HCIPEepLIBHOCTD
MoXKeT ObITb OnpejeIcHa B OJAHOH TOUKe. BeccMBICICHHO crpalu-
BaTh, SBASETC JH JaHHast (YHKUHA PaBHOMEPHO HeNpepLIBHOM
B HEKOTOpPOH Touke. DBo-Brophix, ecau [ HenpepeiBH2 Ha X, TO
A KaxLoro £>>0 M Ansa KaxJoll TOYKH p MHOXKecTBAa X MOXKHO
HaiTH uHcao 8 >0, oGaajarwiiee CBOACTBOM, VKa3aHHBLIM B ONpeJe-
nerny 4.5. 3to & szapucut o1 € u om p. Ecou Ke f paBHOMepIO
nenpepbisHa Ha X, TO A14 Kaxaoro &€ >0 MoxHO HaitTh 00HO YHCIO
"8>>0, KoTopoe TOAUTCS AJs 6c2X TOYEeK p MHOXecTBa X.

QucBHAHO, Kax{1as PaBHOMCPHO HenpepbiBHasi (DyHKIIMS Henpe-
ppiBHA. B cayuae KOMDAKTHBIX MIOXKeCTB 3TH JBa [MOHATHS, Kak
NOKa3bIBaeT CJELYIomasl TeopeMa, PaBHOCH/IbIBL

4.19. Teopema. [Tycms [— Henpepbigroe omobpadceHue KOM-
NAKMHO20 Mempuueckozo npocmpancmsa X 8 mempudeckoe npocmpa-
cieo Y. Toeda [ pasnomepro Henpepoiaho Ha X.
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HokasareasctBo. [lycte € >0. Ilockoneky f HenpepeiBHO,
KaxJo# Touke p £ X MOXKHO CONOCTaBHTB MCJIOKHUTENBHOR YHCIO @ (p),
TaKoe, 4To

(16)  ecm g€X, dx(p, ) <9 (p), 10 dx (f(p), [(9)<+-
[Tycte J (p)-—MHONKECTBO Beex g€ X, /I8 KOTOPBIX
1
(17) dx (p, 9) <5 9(p).

[Tockoneky p€J(p), cemeiictBo Bcex wMuoxkectB J(p) obpa3yer
OTKDHITOE INIOKPHITHE MPOCTPaHCTBA X, a NOCKONBKY NPOCTPAHCTBO X

KOMIIAKTHO, B HEM HaﬁILETCH KOHeYHOe MHOKECTBO TOUEK pi, «eoy Pry
TaKkoe, 4To
(18) X<JpoU-..UJ(pn).
Tlovioxum
1 .
(19) §=-5min(e(p1), ..., @ (pa)l.

Torpga 8 > 0. (MMeHHO 3pech cyluecTBEHHA KOHEYHOCTb MOKPHI-
THA, YNOMKHAEMOTO B ONpEJe/eHHH KOMIIAKTHOCTH. MHHHMYM Koued-
HOFO YHCJA TNOJNONKHTEAbHBIX YHCEN MOJOXKHTENEH, TOrAA KaK HHMKHSIS
rpaibk GECKOHEUHOIo MHOMKECTBA NOJICKHTENbHLIX YHCEJ BIIOJHE MOXKET
0Ka3aThCA PaBHOH HYJIO.)

[lyete Temepp ¢ W p-—Toukum MHOxectBa X, TaKHe, 4TO
dx (p, q)<< 6. CornacHo (18), cywectsyer uenoe m, 1 <m<n, TaKkoe,
uto pEJ (pm). 3Haumr,

1
(20) dx (p, pm) <-5 ¢ (Pm)
H, KPOME€ TOro,

P 1
dx (9, pu) <dx (P, q)+dx (D, Pm) < 8-+ ¢ (pm) <@ (Pm)-

Hakoneu, n3 (16) cneayer, uro Torja

dy (F(p)y F@)<dy (F(P) [(Pm))+dy (F(q), [(Pm)) <e.

Jloxa3atennCTBO 3aKOHUEHO.

Hpyroe poxasarennbcTBO HaMeueHo B ynpawuenuu 19.

Tenepp Mbl DepefiieM XK HOKa3aTebCTBY TOrO, YTO KOMIIAKTHOCTH
CYlIeCTBEHHA B JIPEANOJONEHHAX TeopeM 4.14, 4.15, 4.16 u 4.19.

4.20. Teopewma. llycme E — nexomnakmroe muoxcecmso 6 R1.
Toeda

(a) cywecmeyem HeoepaHudennas QyHkyus, Henpepvisnas Ha E;

(b) cywjecmeyem oepanunennan (ynkyus, HenpepoieHas Ha E,
He UMerouias mMakcumyma.
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(¢} Ecau, kpome moeo, mrosxcecmeo E ozpanudeno, mo cyujecmsyem
HenpepoisHan Ha E ynxyua, He AAAOWAACA DPABHOMEDHO Henpe-
PoisHoL.

"HokaszarteabcTBo. Jonyctdm cHadasna, yto E orpaHuyexo,
T4K UTO CYHLIECTBYeT NpejesbHast ToOYKa Xp MHOKECTBA E, "e copepxa-
masicss B E.

PaccmorpuM dyHknuo

(21) fR=yty  (x€B).

Ora ¢yukuMsa HenpepeiBHa Ha E (TeopeMa 4.9), Ho, OYeBHZHO,
He orpaHunyeHa. Y6eaumcs B Ton, uTo QyHKUHMS (21) He sBasercs
paBuoMepro uenpepoiBHo#. Ilyerh e >0 u §>0 npoussosbHbL.
BriGepem Touky x € E, Takylo, 4rto
OJH3KHM K Xo, Mbl MOXeM cjenaThk pasHocTh |f({)—f (x)| Goabiue e,
xota |t—x|<C8. IlockoabKky 3To BepHo npH Jwogom & >0, ¢yHK-
nusl [ He fIBJIieTCA paBIIOMEPHO HeNpepHBHOA Ha E.

Oyukuua g, 3a7aHHas paBEHCTBOM

(22) EW=1ragr  WEE),

HenpepriBHa Ha E W orpanuuena, Tax kKak 0 << g(x) << 1. Scuo, uyto
sup g (x) =1,
xE€E

tTorga Kak g (x)<<l npu Bcex x€ E. Takum ofpa3oM, g He uMeeT
Maxkcumyma Ha E.

HoxkasaB TeopeMy A/t OrpaHHYeHHEIX MHOXECTB E, npeinosnoxum,
uto E He orpannyeno. Torza ceoiicTBo (@) BrimojHseTcs AJs HYHK-
nuu f(x)=x, a ceoiictBo (b)—Anaa QyHKIHH

2
(23) h()=11m  (K€E),
TaK KdK

sup h(x) =1

xcE

B h(x)<<1 npu Beex x€E.

YTBepxKIeHue (c) HeBepHO, e€CJH He upeinojaraTb, 4YTO MHOXKe-
ctso £ orpanudero. IeficTBuTeNbHO, NycTh E — MHOXECTBO Bcex
nenslx yuced. Torna qio6as Gyukuus, 3ajaHsas Ha E, paBHOMepHO
HenpepbiBHa Ha E. UTo6b y6eauTbecss B 3TOM, HYXKHO BCEro JIMIIb
B3aTh 8 <C 1 B onpegenennn 4.18.

B sakJjioyenue 3TOro pasgesia Mbl IIOKaXXeM, UYTO KOMIAKTHOCTD
CylIeCcTBEHHA Takxe H B Teopeme 4.17.

4.21. TTpumep. Ilyete X —mnoayuutepsan [0, 21m) BelyecTBeH RO
ocu M nyctb f—otobpaxkenne muoxecrBa X Ha OKpyXKHOCTh Y,
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COCTOALLYIO U3 BCE€X TOYEK, YJaJCHHBIX OT HayaJjia Ha pacCTOosiHHE 1,
3aJJaHHOE DABEHCTBOM

(24) f(f)=(cost, sint) (0t << 2m).

HenpepeiBHOCTh TpHrOHOMETpPHYECKHX (YHKIMH (KOCHHYCa W CH-
Hyca), TaK e Kak M HX NEepHOJAHYHOCTh, OYAYT YCTAHOBJICHEl B Ia1a-
Be 8. [lpunumas 5TH QaxkThl Ge3 JAOKA3aTENLCTBA, JIETKO BHETh, YTO
f— HenpepriBHOE B3aHMHO OJiHO3HAYHOe OTOOpameHue MHOXKecTBa X
Ha Y.

Onnaxo ofpaTHoe oToGpaxKeHue (KOTOpoe CYMIECTBYeT, Tak Kak
f B3auMHO ofHO3HAYHO oToGpaxKaet X #a Y) He HENpEpHIBHO B TOU-
ke (1,0)=71(0). Koneuno, B sToM npuMmepe X He KoMnakrtHo. (JI1060-
OBITHO, 4TO T~ He HeNpepsiBHO, HECMOTPS HAa TO, 4YTO Y KOMMAakTHO!)

HenpepblBHOCTL M CBSI3HOCTH

4.22, Teopema. Ecau [—mnenpepbigroe omobpasicenue c8A3H020
mempuyeckoeo npocmparcmea X 6 mempudeckoe npocmpascmeo Y,
mo MmHoxcecrneo [ (X) cesasno.

HoxasatenscTBo. Ecam f(X) HecBA3HO, TO CyIIECTBYIOT
OTKpHITHIE Hemepecekatoumecs myoxectsa V u W B Y, o6a nepe-
cekaomuecss ¢ f(X) u takue, uro f(X)=W|V. Tlockoaexy f
HenpepelBHO, muHoxectBa [ (V) u {1 (W) orkpeitel B X; OHH, Oue-
BHJIHO, HENYCTHl H HE lepeceKkalorTcs, a HX OObeAHHEHHe paBHO X.
Ho sto 3nauut, 4ro X HECB3HO, BONPEKH MNPEANOJI0KEHHIO,

4.23. Teopewma. Ilycms [-—HenpepolgHan 6euiecmseHHas (yHk-
yua Ha ceamenme [a, b). Ecau f(a) <<f(b) u ecau ¢— makoe 4ucao,
umo f(a)y<<c<<f(b), mo cyuecmsyem mouxa x€ (a, b), maxas, umo
f(x)=c.

AHAJOTHYHOE YTBEpXK/JeHHE CIpaBeAJHBO, pasyMeeTcsi, H TOrAa,
koraa f(a)>f (D). I'pybo roBopsi, 3Ta TeopeMa O3HayaeT, YTO Helpe-
pHiBHAs BellecTBeHHast QYHKUHSA lIpUHUMaeT 1ia CermMeHTe BCe MPo-
MEXKYTOYHEIe 3HAYEHHS.

Hoxasareascrtso. [lo teopeme 2.47 cerment [a, D] cBaA3seH.
3uauut, no teopeme 4.22, f([a, b])—cBA3HOE NOAMHOXKECTBO IIpPO-
cTpaHcTBa RY, ¥ ocraercsi elle pa3 cocJaThcs Ha TeopeMmy 2.47,
uy100bl Halle yTBEpXK/JAeHHe OBLIO J0KA3AHO.

4.24. 3ameuanue. Ha mepBuift B3rJisii MOXeT IOKa3aThCs, YTO
BepHA Teopema, ofpaTHas K Teopeme 4.23. Mnaue roBopst, MOXHO
HoAyMark, YTO €CJH JJs JIOObIX ABYX TOYEK X; < X, H AJag JHoGoro
upcaa ¢, Jexauero Mexay f(xq) u f(xy), HalineTca Touka x € (X, X),
Takasi, 410 f(x)=¢, 10 QyHKUMS [ JAOJKHA ObITh HeNpepLIBHOII.
Opnnako npumep 4.27 (d) nokasrBaeT, yTo 3TO HE TaK.
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PaspeiBnl pyHKIHHA

Ecan x—rtouka u3 obsacTu onpefesnieHuss GyHKuMU f, B KOTOpOW
sTa GOYHKIUS He ABJAETCH HeNpephiBHOH, TO Mbl OyieM T'OBOPHTb,
uto f paspeisHa B x UMM 4TO [ umeem paspoie B x. Ecau QyHK-
ous [ onpejenena Ha WHTepPBaJe HJAH Ha CerMeHTe, TO yj00HO Bbile-
JIMTb pa3phbiBbl ABYX THNOB. llpexje ueM NpoH3BeCTH 3Ty Kjaacchdu-
KalHIO0, MDI JOJIKHEl ONPEICNHTL NPABOCMOPONHUE W 2e60CMOPOHHILL
npenen GYHKUHMH f B TOUKe X, KOTODEIE Mbl 0603HaUUM COOTBETCTBEHHO

wepes f(x-+) u [ (x—).

4.25. Onpepnenenue. Ilycts Pyukuusa f onpesnesena Ha unTep-
BaJe (a, b). PaccmoTpuMm Mo0yi0o TOYKY X, TaKyilo, 4T0 a<x <<b.
Mu 6ynem mucathb

f (x +)= q,

ecan f(th)—>q npu n—>co LI BceX nocaejoBatenbHocTel {fn},

cojfiep:Kailuxcss B uHrepBase (x, b), Takux, 4ro f, — x. Urolu noay-

YATL OIlpefesieHue npejlena f(x—) (B cayvae a<<x<b), wmul orpa-
HHYHMCH TOCJIe I0BaTeTBHOCTAMY {{,}, cojep:KaluuMucs B (4, Xx).

Slcno, uto B /oGOl Touke HHTepBana (a, b) npemen lim{(f)
iox

CYLLeCTBYET TOTA M TOJMLKO TOrja, Korja

fled)=F(x—)=lim ] ().

4,26, Onpenenenne. [lycts hynkuus f onpeneneHa Ha UHTEp-
Bane (a, b). Ecau [ pa3prBHa B touke x W ecaH f(x-+) u f(x—)
CYLECTBYIOT, TO TOBOPAT, 4TO [ HMeeT B TOUKE X paspulB Nepe020
poda, wiad npocmoil pa3pos. B NpoTHBHOM cJaiyuae pa3pblB Has3biBaeTcst
paspeIBOM 6mopo2o poda.

Bo3amoxHEl  ngBe pa3sHOBHAHOCTH TpPOCTHX  pa3phBOB:  Ju6o
f(x4-)s=F(x—) (B aTOM cayuae 3HayeHHe f(x) HeCyLIECTBEHHO),

6o f(x+)=f(x—)=f (x).
4.27. llpumepn. (a) INosoxum

1 (x paunoHaJBHO),

ﬂw=[

0 (x uppaunoHa/JLHO).

Torpa f umeer paspelBBi BTOpPOro poja BO BceX TodKax X, Tak
Kak uu f(x-4-), va f(x—) He CyHECTBY©OT.
() Tloaoxum

F) = [x E paLHOHAJIBHO),

X UPPAMOHAJIEHO).
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Toraa [ HenpepeiBHa B Touke x=0 W HMeeT paspLBH BTOPOTO
poja BO BceX OCTaJbHBIX TOYKaX.
(¢) Tonoxum
{ x+2 (—3<x<—2),
F(x)=y —x—2 (—2<Lx<C0),
x4+2 (0<x<]).

Torga f umeer mpocTol pasphlB B Touke x=0 u HenpeprBHa BO
BCEX OCTaJIbHBIX TOUKaX HHTepBaja (—3,1).
(d) Tonoxum

[ sin lx (x 5= 0),

F(x)=
L 0o (x=0).

IMockoseky Hu f(O-+), Hu f(0—) He cymecTByloT, QyHKUMA f
HMeeT paspeiB BTOporo poja B Touke x=0. Mul eme He jpokasan,
YTO Sin x—HenpepbiBHaa QyHKnud. Eciau cuuTath 3TO yTBepKAeHHe
BEPHBIM, TO M3 TeopeMbl 4.7 cjeiyeT, uro [ HenpepelBHA B KaxKJOH
Toyke x == 0.

MonotonHble dyHKIHA

Tenepr Mbl H3y4uM (DYHKIIHH, KOTOpPHle HHUTJle He YOBIBAlOT (WM
HHTJe He BO3pacTaloT) Ha JAHHOM HHTepBaJe.

4.28. Onpepenenue. Ilycts f—BeuwecTBeHHana ¢yukuus Ha
unTtepBase (a, b). I'osopar, uro f monomonno so3pacmaem Ha (a, b),
ecqu Npr a<<x<<y<<b wmeem f[(x)<f(y). Obpawas nocneayee
HEPABEHCTBO, MBI TIOJYYHM ONpeJeJIeHHE MOHOMOHHO ybbisarouyel
pynxuuu. Knace MOHOTOHHBIX (YHKUHH COCTOMT M3 yOHIBAIOWIMX M U3
BO3pacTalomux GYyHKIHI,

4.29. Teopewma. Ilycmo [ monomonHO 803pacmaem Ha uHmep-
sase (a, b). Tocda f(x+) u f(x—) cywecmsyrom 6 xaxdoi mouke
x€{a, b). Tounee,

@) swp [)=[ ()< W< (k)= Ini FO).

Kpome moeo, ecau a<<x<<y<<b, mo
(26) fx+)<f(g—).

AHaJjiorHuHBle pe3y/bTaTbl, OYeBHAHO, BepHBl H [AJS MOHOTOHHO
yOmBaomux PyHxuui.

HJoxkaszatennctBo. [lo npeAnofoxenuio, MHOMXKECTBO YHCEN
j(f), rhe a<T{<x, OrpaHHYEHO CBepXy 4HCJOM f(X) H TNOTOMY
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HMeeT BEpXHIOK rpaHb, KOTOPYI0 MH ofo3HauuM uyepe3 A. OyeBHAHO,
yto A< (x). MBI pomxHH nokasath, uto A=f(x—).

Ilycte 3apano € > 0. W3 onpemeneunss uucna A craegyer, 4Tto
cymecTtByer yhcao 0> 0, Takoe, 4to a<<x—8<<x H

(27) A—e<<f(x—8)< A
TlockosbKy f MOHOTOHHA, UMeeM
(28) fx—8<Lf) <A (x— 6 <<t <<x).

KomOunupys vepasenctBa (27) u (28), MBI nmosydaem
[f)y—A|<<e (x—08 <<t << x).

3uayur, f(x—)=A4.
Bropas uacte HepapencrBa (25) 10Ka3niBaeTcs TOYHO TaKUM e
cnocoboM.

Hanee, ecnu a<<x<<y<<b, to u3 (25) caepyer, uto
(29) f(x+)= inf f()= inf f(t).
x<lt<h xt<y

TlocnefHee paBeHCTBO NOJYYHTCS, €CJH NpHMeHHTH (25) K (a, ¥)
BMecTO (@, b).

Ilono6HeiM ke obpaszoM
(30) fly—)= Sup f(t)= sup f(t

xlt<y

Cpasunenne pasencts (29) u (30) naer Hepasenctso (26).

CaepncrtBue. MOHOMOHHAA (yHKyUs He umeem pA3PbLEOE 6MO-
poeo poda.

13 sTOro cnencTBusa BEITEKAeT, YTO MOHOTOHHAS (PYHKUHSA MOXeET
WMeTb PA3PbIBEI TOJHKO B KOHEYHOM MJIM CYETHOM MHOMKECTBE TOYEK.
BwmecTo TOro yrobni cociathcd Ha ofImyid TEOpeMy, AOKa3aTeJbCTBO
KOTOpOil HaMe4eHo B yrpa:kKHeHMH 4, Mbl JajuM 37]ech [pOCTOoe
AOKa3aTeJbCTBO, NPUMEHHMMOE K MOHOTOHHBIM (DYHKIHSM.

4.30. Teopewma. lycme ¢Qyukyus [ monomonna Ha urmepsaie
(a, b). Toeba muoocecmeo mouex unmepsaaa (a, b), & komopeix |
paspuiBHa, He 00.1ee weM CyemHo.

JokasateanctBo. JonyctuM Js OnpejfeseHHOCTH, 4YTO |
BO3pacTaeT, H NycTb E-—MHOXKECTBO TOYeK, B KOTOPHX [ paspHBHA.
Kaxnoli Touke x€ E CONOCTaBUM palHOHAJBHOE YHCIO 7 (X),

Takoe, 4TO
flax—)<<r()<f(x+).

51cHo, uTO r(xi)#r(xz) €CJIH Xy %= Xy, TaK KaK INpH X; <Xy MH
HMeeM f (x;+) < f(x
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Takum 06p830M, YCTAHOBJIEHO B3aUMHO O/JHO3HAYHOE COOTBETCTBUE
MCXAY MHOXeCTBOM E ¥ noaMHOXeCTBOM MHOXKECTBAa BCeX paunHo-
HaJlbHBIX YuceJ. D10 noc/jelHee MHOXECTBO, KaK Mbl 3Hae€M, CYETHO.

4.31. 3ameuanue. HyXHO OTMETHTb, YTO TOUKH paspbiBa
MOHOTOHHOR (PYHKUHH He 006A3aHHl OLITh H3OJUPOBaHHBIMH. B camom
Jeje, JaJas J000ro cu4eTHoro noamHoxectBa E uHTepBana (a, b),
KOTOpOoe MOMXKeT OBITh Jaxe BCIOAY IJIOTHBEIM, MOXHO IOCTPOHThH
¢byukumio f, MOHOTOHHYIO Ha (@, b), MMCIOIYI0 pa3phlB B KaXXACH
TOuKe MHOXecTBa E W HeNpepblBHYI0 BO BCEX OCTAJBHBIX TOYKaX
uurepeana (a, b).

Utobnl 0Ka3aTh 3TO, PacMoONOXKHM TOYKH MuoxecTBa E B nocine-
AoBarensHocTh {x,}, n=1,2,3, .... Ilyers {c,}—nociaenobarennb-
HOCTb TOJOMMTEJbHBIX UYHCEJ, TakKasd, YTO pAA 2 Cp CXOAHTCA.
Tlonoxum
(31) fr)= 2 & (@a<<x<b).

xp<x

s BuluucJCHUSL 9TOH CYMMBI HYXHO CJIOXUTb BCE C,, HHIEKCHI
KOTOpbIX TAKOBHl, 4TO X, <x. Ecjau c/Jesa oT x HeT TOUEK X, TO
CyMMa NyCTa H, CJejlys OObIYHOMY COIJIALLEHHIO, MbI CYHTAeM ee
paBhoil nyno. ITockonbky pan (31) cxopurca abconOTHO, NOPSAOK,
B KOTOPOM BBIIMCHIBAIOTCSI €0 YJIeHBl, He CYIIeCTBeH,

Mb! npepocTaBasieM 4YHTATENIO IIPOBEPKY CJAENYIOLHX CBOHCTB
GYHKUHH f:

(a) | mMoHOTOHHO BO3pacTaeT Ha (a, b);

(b) | paspbiBHa B KaxKJoH Touke MHoxecTBa E; jeHCTBHTeNBHO,

fn4)—F(tn—)=1cu;

(c) f HenpepblBHAa BO BCeX OCTAJBHBIX TOYKAX HHTepBaJta (a, b).

Bousiee Toro, HeTpyAHO BHAETh, 4TO f(x—)==f(x) BO Bcex TOuKax
untepsana (a, b). Ecan Qysxuus f yaoBreTBOpsieT 3TOMY YCJOBHIO,
TO MBl OyjeM IOBOpUTb, UYTO OHa HelpepelBHA cjeBa. Ecau 6o B (31)
CYMMHpOBaHHe IIPOM3BOJUJOCL IO BCEM HHAEKCAM 1, JAAA KOTODBIX
Xp< X, TO Mbi uMeau Oul f(x-+)=f(x) BoO Bcex TOuKaxX uHTepBaJja
{(a, b), 1. e. [ Oblna Obl HenpepblBHOH crpasa.

@DyHKLUHUU TAKOrO THIA MOXHO CTPOMTBH W JPYIMM METOAOM; INpH-
Mep 4YHTaTeJb HailleT B yhpaxIlleduu S ria. 6.

beckoHeuHsle mpefensl H npegedist B GECKOHEUHOCTH

Yrolbl HMeTh BO3MOXKHOCTb JAEHCTBOBATH B PACLIMPEHHOl CHCTeMe
BEIleCTBEHHBIX YHCEJ, MBI paciiMpuM paMku onpejenenus 4.1, chop-
MYJIMPOBaB €ro B T€PMHHAaX OKpEeCTHOCTEH.

Jns so6oro BeULeCTBEHHOrO YHCJAA X MBI YKe ONpele/IuIN OKPecT-
HOCTL x Kax Jo0ofi uutepsad Buaa (x— 6, x -+ ).
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4.32, Onpeagenenue. [lpyn n06OM BelleCTBEHHOM ¢ MHOMKECTBO
BCEX BelleCTBEHHbIX YHCeJ X, TAKHX, YTO X > C, HA3bIBAeTCS OKpecT-
HOCTbIO TOYKH -+ co W o6o3Hawaercsi (¢, - oo). AHAJOTHYHO, MHO-
JKeCTBO (— oo, €) HA3HIBAeTCS OKPECTHOCTHID TOUKH — O.

4.33. Onpenenenue. Ilycrs BemecTBeHHast PyHKUHUs [ onpe-
jenena Ha MHoXecTBe £. Mu OyieM ropopuTh, 4To

f6)—=A nupu t—x,

rae A H x mpHHAjJJeXaT PACIIMPEHHOH CHCTeMe BellleCTBEHHBIX YHCel,
ecan aast nwboil okpectHoctd U Touku A cymecteyet oKkpectHOCTh V
TOUKH x, Takasd, 4To MHOXecTBo V (1 E Henycro u [(f)€U npu Beex
tEVNE, t=£x.

Hecnoxuoe paccyxjeHue wokasbBaeT, 4TO 3TO oOmpejesienye
coBnajgaer c onpejenexsneM 4.1, korga A # X BelleCTBEHHBL

Ananor TteopeMsl 4.4 cnpaBeJJIMB MU B _TOM CJyyae, U B €ro
JloKa3aTe/IbcTBe He NOSiBJAfeTCS HU4ero HoBoro. Mol cdhopMymupyem
€ro pajH NOJHOTEL

4.34. Teopema. flyeme | u g onpedeaenor na E. [lonycmum,

4mo
f(h—A, g{)— B nput—x.

Toeda

(@) ecau [(t)— A", mo A'= A4,

(b) (f+g)(t)—A+B,

(c) (fg) (1) — AB,

(d) (f/g)(t) — A/B,
ecau npasoe wacmu 8 (b), (c) u (d) umerom cmoica.

HanoMmruMm, uto o — o, 0-00, /oo, A/0 He ompejetsuch
(cM. ompezesenne 1.39).

YnpaxHeHns

1. Joxasatb, 4To QyHKUUs [, 3ajaHHas PaBEHCTBOM
( xsinL x =%=0),
lf (x) :< * ( )

L 0o (x=0),

HenpepoiBua npu x = 0, Hapucopats rpaduk 3710l GyHKUMH.

2. Tlyctp [x] ofo3nayaeT HauboJsbluee K3 HeJbIX UHCEJ, HE Ipe-
BOCXOASIUHX 4HCJA X, T. €. |x]— Takoe LeJOe HHCJIO, 4TO X -— 1 <
< [x]<x; nycTh (x)=x—[x] obozHayaeT ApOOHYI YacTb YHCJA X.
Kakue paspuiBbl UMeOT QyHKUHH [x] H (x)?
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3. Ilycte f— BelecTBeHHAsA paBHOMEPHO HenpeponlBHAA (YHKIHUSA
Ha orpaHduuenHoM MmHoxectse E B R!. JlokasaTs, uTo [ orpanuuena
Ha E.

4, Ilycrs f—BemecTBennan dyHkuus, 3a4anHHas Ha (a, b). [loka-
3aTb, YTO MHOXECTBO TOYEK, B KOTOPHIX [ HMEET INpOCTOH pa3pHB,
He 0oJice yeM CYETHO.

Ykasanue. [lyets £ — MHOMKecTBO, Ha KOTOpoM f(x —) < f (x4 ).
Kaxnoil Touke x MHOXxecTBa £ comnoctaBHM TPOHKy (p, g, r) panuo-
HaJbHBIX UHCeJl, TAKHX, YTO

@ flx—)<p<f(x+)
(b) mpu a<Cg<Tt<x uMeeM f({)<<p,
(¢) npu x <<t < r<< b nMeeM f ()= p.

MHoXecTBO BeeX Takux Tpoek He GoJiee uem cycetHo. [lokasarb,
4TO Ka)XJoH Takoil Tpofike oTBeuaeT He 0oJiee OJHOH TOUKH MHOXKe-
ctBa E. TlogobubiM o0pasoM cJjejyeT AeHCTBOBAThL U B cjydae [pYrux
THMOB NPOCTOTO pa3pblBa.

5. Kaxpjoe pauuoHajbHOE YHCJAO X MOXKHO 3anucaTb B BHje
x=m/n, rae >0, m ¥ 7 —B3aUMHO npoOCTble uesable uucaa. Ecuu
x=0, To Mbl nonaraem n=1. PaccmorpuM ¢yHKuuw0 f, 3apandylo
Ha R! paBeHCTBOM

0 (X uppalHOHANBLHO),

f(x)f-i ,_11 (x:%

Hoxasatb, 4To [ HenpepeIBHA B Ka)X7OH HPPAUHOHAJMBLHOH TOUKE
H HMEeT NPOCTOH pa3phlB B KaXJOH palMOHaJbHOH TOUYKe.

6. Ilyctb [-—BelllecTBeHHasi HenpepbiBHas (YHKuuA, 3ananHas
Ha 3aMKHYTOM MHOXectBe £ < R, JlokasaTk, 4TO CyLlecTByeT Hemnpe-
puiBHasi BeinecTBeHHas ¢yuxuus g na R, rakas, uto f[(x)=g(x)
npu Beex x € E (rakafg (yHKUUS HA3BIBAETCS HEeMpepoisHbiM npodo.ace-
Huem GyHKUHH [ ¢ muoxectBa E na RY), Tlokasath, uTo pesyabrat
nepectaet 6LITL BEPHBIM, €CJH ONYCTHTD NMpPEJOJIOKEHHE 3aMKHYTOCTH,
PacnpocTpanuts pesynbTar Ha BEKTOPHO3HAYHLIE (HDYHKIHH.

Vrasaruue. T'padux OQyHKUHH g — NPAMOJUHEHHbIH OTPE30K Ha;
KaX/bIM H3 HMHTEPBAJIOB, COCTABJISAIONMX JONOJIEHHe MIloxecTsa K
(cp. ¢ ynpaxHenuem 15, ri. 2). Pesyabrar ocTaercd BepHBIM, ecJH
Rl 3amenuts JOOBIM METPHYECKHM NPOCTPAHCTBOM, HO JIOKA3aTedbCTBO
VXKe 1€ Tak NpocTo.

7. Ecnu ¢yHkuusg [ onpenenena na E, To rpaduxom f Hasbiaercs
MHoxecTBo nap (x, f(x)), rne x€ E. B uactHocTH, ecaH E — MHO-
JKECTBO BelLeCTBEHHBIX uHces, a (QyHKius [ BelllecTBenna, TO rpadu-
KOM [ CJIYKHT HEKOTOPOE NOJAMHOXECTBO IJIOCKOCTH,

Honyctum, uto E xomnakrtHo. [lokasaTh, 4To | HenpepoBHA Ha E
B TOM H TOJBKO B TOM cJydae, Korja ee rpadik KOMOAKTeH.
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8. Ecmu E — X, a f—dyukuns, 3anaunag uwa X, 10 cyscexuenm |
#a E naspiBaeTcs dyHKuMA g, onpeje/ienHas Ha MHOXKecTBe £ U Takas,
uro g(p)=Ff(p) ipu p€ E. 3aganum B R?* dyuknuu [ u g paseH-
creamu: f (0, 0)=g(0, 0)=0,

J0 g =X 03+ g, g%, p) = xgHe 4 o)
npu (x, y)==(0, 0). Hokasats, uyrto f orpanuucia Ha R2?, d4to g
He orpanuuena B moboli cxpectHocTH ToukH (0, 0) u uto | pazpusha
B touke (0, 0); Tem nue McHee CyXKeHHMS KaxJo# H3 ¢yHKuul [ u g
Ha Jo0yio npaMyio B K* HenpephIBHbI!

9. Ilycts [—HenpepelBHOE OTOOGpPAKCHHE METDPHUECKOTO [POCTpa-
ctBa X B MeTpuueckoe npoctpanctBo Y. [lycts E --—-3amkHyTOE nOA-
MHOXeCTBO MpocTpaHctBa Y. J[lokasath, u4To MHOXKecTBO [71(E)
3aMKHyTO B X.

10. IlycTe [—HenpepeiBHAas BellleCTBeHHAst (YHKUHS HA MeTpHue-
ckom mnpoctpancTBe X. Ilycts Z(f) (nyse-mruoxcecmeo dynkuuu f)
ecTb MHOXecTBO Bcex p€X, B Kortopblx f(p)=0. IokasaTth, u4To
MHOXecTBO Z (f) 3aMKHYTO.

11. Ecnu E —Henycroe NOAMHOXKCCTBO METPHYECKOrO NPOCTPAH-
cTBa X, TO ONpeAeJHM pAaCCTOIHHE OT TOYKH X € X 10 MHOxecTBa E
PaBeHCTBOM

ee (x) = inf d (x, y).
yeEE

(a) Hoxkasatb, 4T0 Qg(x)=:0 Torja M TONBLKO TOFja, KOrja X
NPUHAJAJIEXKHUT 3aMblKaHHI0 MHOXecTBa E.

(b) IlokasaTh, UTO Qp— PAaBHOMEPHO HelpepeiBHast GyHKuus Ha X.

Vraszanue. Mbl uMeeM Qg (x2) <d (X2, )<< d (%2, x1) +d (x4, Y),
TaK 4TO

Qr (X2) < d (Xo, X1) -+ Qg (X4).

12. Tlyets K 1 F —Henepccekaminuecss NOAMHOXKECTBA MeTpHYe-
ckoro npoctpanctea X, npudeM K KomnakTtHo, £ 3aMkHyTO. [oKasatsb,
yro cymectsyet udcao § >0, rakoe, uro d(p, ¢)> 9, ecan peEK,
qgeF.

Yrkaszarue. DyHKIHA Qp — NOJM0KHUTEIbHAS HeNpepbiBHAA (DyHKIHUS
Ha K.

Ilokazath, 4YTO 3TO VTBEpXKJEHHE MOXET OKas3aThbCHl HCBEPHBIM,
€CJIH HHM OJHO M3 JIBYX HENepeceKalomHUXCA 3aMKHYTHIX MHOXECTB
HE KOMIIAKTHO.

13. Tlycte A ¥ B—uenycrole HelepecekalolHecs 3aMKHYTBIE
MHOXECTBA B MeTpHueckoM npoctpanctBe X. llosoxum

— Q) ¢
HD)= o mresm  (PEX)

Ilokasats, 4TO [ —HenpepniBHAA (QyHKUHS Ha X, MHOXECTBO 3Ha-
yeHuil KoTopol conepxurced B cermenre [0, 11; uto f(p) =0 B TOUKax
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MHOXKecTBa A H TOJNBKO B HuX; uto f(p)=1 B Toukax MHOXecTBa B
H TOJBKO B HMX. TeM caMbIM yCTAHOBJIEHO YTBEpXKIEHHe, oOpaTHOe
K TeopeMe ynpaxHeHus 10: Kaxjoe 3aMKHyTOe MHOXKecTBo A X
ABJAAETCA HYJIb-MHOXECTBOM [IJI1 HEKOTOpOH BelleCTBEHHOH Hempe-
peiBHOH yskumu [ Ha X. [lonaras

ver([o5) w=r(GD).

nokasath, uto V u W orkpritel, He nepecekaiotes u AcV, B W.
(Taknm ob6pa3oM, KaxXAce M3 JBYX HeNepeceKalollHXcd 3aMKHYTbIX
MHOXECTB B METDHYECKOM NDOCTPAHCTBE MOXKeT ObITb HAKPBITO OTKPHI-
IbiM MHOXECTBOM TaK, 4YTO H 5TH OTKDBITEIE MHOXeCTBa He nepe-
cexalTca. 2T0 CBOHCTBO METPHYECKHX MNpPOCTPAHCTB HA3bIBAIOT HOpP-
MAALHOCITIBIO.)

14. Hasoeem otobpaxkenne npocTpanctea X B NPOCTPAHCTBO Y
omkpotmom, ecan f(V) oTkpuito B Y, KakoBo 6Bl HH OBUIO OTKpBITOE
mHoxectBo V B X

Iloka3aTb, YTO Kax/J0e HenpepblBHOE OTKPHITOE oToOpa)keHHe R!
B R! MOHOTOHHO.

15. Tlycte [ W g— HenpepbiBHbIe OTOOpa)KCHHAA METPHYECKOTO
npocTpaHcTBa X B METPHUYECKOe INPOCTPAHCTBO Y, H NyCTb E — BCiOAY
njaotHoe noamHoxectBo u3 X. Hokasate, uyto f(E) naorso B f(X).
Hoka3atb, yto ecau f(p)=g(p) npu Bcex p€L, to [(p)=g(p)
npH Bcex p€X. (MHmiMH cloBaMi, HenpepbiBHOE OTOOpaXKeHHe ompe-
JlesifeTcsl CBOMMH 3HAUeHHAMH HA BCIOJY IJIOTHOM TNOAMHOXecCTBe cBoeH
0651aCTH onpejeJaeHus.)

16. Tlokasath, 4TO onpejeseHHe pABHOMEPHOH HeNpPePBIBHOCTH
MOXHO CJEAYIOMHM 06pa3oM cdopMyaupoBaTh, HCIOJAL3YS TOHATHE
AHMaMeTpa MHOXecTBa: jJf kaxjoro € >0 cymectsyer 8 >>0, rakoe,
yro diam f (E) << & pas moboro E < X, pas koroporo diam E << 6.

17. Ilycte E —nJOTHO® TNOAMHOMXECTBO METPHYECKOTO NPOCTPaH-
crBa X, H NycTb f-— paBHOMEDHO HEIpepblBHAS Geujecmeennan QyHK-
uus, 3afasHag Ha E. JlokasaTe, 4yTO [ WMeeT HenpepeiBHOE NPOAOJI-
XKerue ¢ £ Ba X (00 NOBOAY TepMHHOJOTHH CM. YNpaxHeHHe 6).
(EnnscTBeHHOCTD caenyeT M3 ynpaxHends 15.)

¥Yrasanue. J1asa KaXIol ToOUKH p€ X M KaxAOro NOJOXKHTENBHOTO
ueJoro n nyctb Vi, (p) — MHOx)ecTBO Beex g€ E, takux, uro d (p, ¢) <<
<< 1/n. Bocnosb3oBaTthes ynpakHeHueM 16 pJ1sl fokasaTesbcTBa TOrO,
yTo nepeceueHune 3aMbikanuit MuoxectB [(Vi(p)), [(Va(p)), ...
COCTOHT H3 eJHHCTBEHHOH TOUKH npocTpaHctsa R}, KOTOPyio Mbi 060-
3nauuM depes g(p). Hokasartsb, uto PyHKUHA g, ONpeje/IeHHAS TakUM
obpazoM Ha X, M ecTb TpefyeMoe NpojoJKeHHe (YHKIHK f.

MoxHo JM mpocTpaHCcTBO 3HaueHHH R! 3aMeHHTDb 31€Ch NPOCTpPaH-
cTBOM R"? JI06bIM KOMNAKTHBIM METPHUECKHM NIPOCTPAHCTBOM? JIH0GHIM
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NoaHbIM MeTPHYECKHM MpocTpaHcTBOM? JII0OBIM METDHYECKHM Tpo-
CTPaHCTBOM?

18. BemecrtBenHas pyukuus [, 3ajaHHas Ha (a, b). HaswpBaercs
8bINYK AOU, ecdin

fha+ (=R y) <A (x)-+ (1 —2) [ (1)

npu JoOKX a << x << b, a<?y<b, 0 <A <1. Jokasars, yro Kaxjas
BRINYKJast GyHKiuA HenpepsiBHA. JokaszaTh, YTO KaxKjas BO3pacTalo-
masi BLINYKJaas (YHKHHS OT BBIIYKJOH QYHIKIUH BbilyKJa (HanpHuMep,
ecJM [ BHOYKNI4, TO € TOXKe BBINYKJA).

19. Tlposectn nonpoCHO chepyOWKA BApPHAHT Ji0KA3aTe/IbCTBA
Teopembl 4.19: ecan [ 11e paBHOMepHO HenpepbiBHA, TO AJS HEKOTO-
poro & >0 cymecTByIOT jBe nocsaelroBaTenbHocTd {pn}, {¢.} B X,
TaKkue, 4to dx (pn, gn)—> 0, Ho dy (f (pn), f (¢n)) >e. Bocnonsaoratsca
TeopeMoi 2.37, 4ToObl MONYYHTH NPOTHBOpEUHE.



TJABA 5

AHOOEPEHIIHPOBAHHE

B arolt raabe (3a HCKJIOYEHHEM TOCJAeAHEro pasjena) Mbl Oynem
3aHUMATHCH TOJILKO geujecmeenHoimy  (PYHKUHUSAMH, ONpeJeJieHHEIMH
HAa CerMeNTax HJM HHTepBaJax. JTO BHI3BAHO HE TIPOCTO Coobpaxe-
HUSIMH yJI00CTB4 — NPH [IepeX0/ie OT BEleCTBEHHbIX K BEeKTOPHO3HAay-
HLIM ¢YHKUHSM BO3HHKAIOT 3HauUTes]bHhle TpyjHocTH. Huddepen-

UHpOBaHHE PYHKUMHA, ompegesneHHbix B R®, Oyjer paccMaTpuBaThes
B rsaase 9.

Mpown3soaHas BemiecTBeHHON hYHKUHH
5.1. Onpenenenne. [lycts f— BemecTBennas Gyikuus, onpe-

Jdenennas Ha [a, b]. B3sAB npoussoannoe uncdo x€[a, b}, coctasum
OTHOIICHHE

(1) o()=TOZLO(ctcp, 1o x)
1 TIIOJOXHM
(2) ' (0 =limg (1),

CCJIH 3TOT Mnpejes CyIUecTBYeT, B COOTBETCTBHH C ompejedexuesm 4.1.

Takum obpasoM, ¢ dyHkuvelt [ cBasana cdyskuus f’, obaacts
ONpejcJIeHHsT KOTOPOH — MHOKECTBO BCEX TOUEK X, B KOTOPLIX Cylie-
creyer npejeda (2); dyHkuMa [ vasbiBaeTcsl npou3sodnol GyHKIuM f.

Ecnu npoussofnas [’ onpejiesieHa B TOYKe X, TO MEl GY/ie€M roBo-
puTh, 4To yHKuna [ Jugpepernyupyema B Touke x. Ecnam ' ompe-
JleJeHa B KaxJIOH Touke HeKOToporo MHoxkectBa E < [a, b|, To MHI
6yJseM roBoputhb, YTo f nuddepennupyema Ha E.

B ¢opmyae (2) MoxHO GpaTh NpaBOCTOPOHHHUE HJIH JIEBOCTOPOHHUH
npejxes; 3TO NPUBOIHT K ONpEJENEHUI0 IpPaBOCTOPOHHEH M JIEBOCTO-
poHHell npoussojHoi. B dacTHocTH, B KOHUAX CerMeHTa a H b mnpo-
H3BOJHAas (ecad OHA CYILIECTBYeT) BCerja #ABJASeTCS COOTBETCTBEHHO
NpPaBOCTOPOHHEH M JIeBOCTOpoHHeH. Mul, ojiHaKo, ue 6YjeM mojpoGHO
paccMaTpUBaTh TakHe HpPOU3BOJHEE.

Ecmu [ onpemenena Ha nHTepBaste (4, b) M ecyn a<<x<<b,
1o f'(x) onpepensierca paBeHcTBaMH (1) ¥ (2), xak Beiwe. Ho [’ (a)
u f’'(b) B 3TOM cJaydae He oOnpeje/eHHl.
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5.2. Teopewma. [lycmo ¢ynxkyus [ onpedesena Ha ceemenme
la, bl. Ecau [ Jugpgpepenyupyema 8 mouxke x € la, b}, mo ona nenpe-
poieHa 8 smotl mouxe.

HoxkasateabcTBo. [lo TteopemMe 4.4 nmpu f-—>x MBl HMeeM
f(t)—f(x):f—(%j_:i(—x)-(t—x)ef’(x)-0=.0.

TeopeMa, ofpaTHass K TOABKO YTO JOKa3aHHOH, HeBepHa. Jlerko
NOCTPOMThL HeNpephBHble QVHKUMM, He IMddepeHuupyeMble B H30JH-
pPOBaHHLIX TOYMKaX. B ri. 7 Mbl MO3HAKOMHMCS JlaXe ¢ TaKoi (yHK-
nuell, Kotopast, Oyny4yH HenpephiBHOH Ha Bceil npsiMolt, He nHdpepen-
IHpyeMa HH B OJHOH TouKe!

5.3. Teopewma. ITycmy | u g onpedesenvi na {a, b} u Ougpe-
pernyupyemst 8 mouke x¢€la, bl. Toeda -+ g, fg u f/lg Oupdeperyu-
pyemolr 8 mouke X u

(@) (F+g) (x)=F (x)+& (x);

(b) (@) (x)=F" (%) g (x) +T (x) g (x);

© (L) (-0l =g Wit

&% (x)
B yTBepxaenuH (¢) MH, pasyMeeTcs, npejnoJdaraeMm, yto g(x)==0.

HdokasaTtenncTBO. YTBepKjaeHUe (a) caefyeT U3 TeopeMsl 4.4.
Ilycto h=fg. Toraa

h(t)—h(x)=F()[g () —g )+ g [FO)—T (%)
Ecan M pa3jenuM 35To paBeHCTBO HA [—x W 3aMeTHM, 4TO

f()—f(x) npu t—x (Teopema 5.2), to noayumm (b). Haxonen,
nycte h=f/g. Toraa

h()—h(x) f@)—F®
t—x g(t)g(x) [g(x) t—x —f(x) 'ﬂTx_—] ’

Yerpemasis ¢ K x w npuMensis Teopemsl 4.4 u 5.2, Mul noay-
yaeM (c).

5.4. [IpuMmeps. llpouspopHas KaXIOH MNOCTOSTHHOH (YHKUUH
paBHa, oueBHJHO, HyMO. Ecam f onpezpenena PaBeHCTBOM f(x)=x,
to f'(x)==1. IToBTOpHOE NpUMEHEHHE yTBep)KD,EHHH (b) u (c) nocnen-
Hell TeopeMmul ToOKasbiBaeT, 4TO QyHKuHMa x" auddepeHuupyeMa @ 4TO
ee TIPOM3BOAHAs paBHa nx™ !, kakoBo Obl HH OLUIO 1enoe n (ecau
n<<0, TO MB JO/MXHH OFPaHHYHTLCS TOYKaMH X == (). Takum obpa-
3oM, J0GoH MHorownen guddepenuupyem. To xKe BepHo B OTHOLIe-
HUH JI000H paunoHaJBHOR QYHKUUH, €C/IH MCKIIOUUTH TOUKH, B KOTO-
pHX ofpamiaeTcss B Hy/b ee 3HaMeHaTeJb.
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Caenyiomas Teopema AaeT NpaBHJO AHbbePEeHITHPOBAHNS CJOKHOH
¢byuxkuuu. Donee o6muit ee BapuaHT BCTPETHTCS HaM B I, 9.

5.5. Teopewma. ITycme [ wHenpepusna Ha [a, bl, [’ (x) cyuwe-
cmeyem 8 Hekomopot mouke x € [a, bl, g onpedeaena Ha ceemernme I,
codeprcaijem MHONCeCcmeo 3Hauenuli Gpynkyuu f, u g Jugpgeperyu-
pyema e mouke f(x). Ecau

h()=g(@) (a<st<h),
mo h Ougpgeperyupyema 8 nmouke x u
3) B (x)=g" (F (DT (x).
NokaszarteabcTBO. Ilycth y=/f(x). Tlo onpepenenuio mnpo-
H3BOJHOH HMeeM
(4) f(@)—F(x)=(—x)[[" (x)-+u (@),
6) g)—g ) =(s—y) g (y+v )
rae t€la, b], s€l uw u(®)—>0 npu t-——>x, v(s)— 0 npu s—y.
[lycts s=J(t). Vcnonbsys chauana (5), a 3ateM (4), noayuum
h()—h(x)=g(F®)—g( )=

=[f()—T(x)]-1g" (y)+v(s))=

=(t—x)-[[" (x) -+ u(®))-1g" (9) + v (s)],
UM, ecad [ =4 X,
(6) FOZRE _ g (g) -+ o ()11 () - u (1),

P

YeTpeMass { K x, MBl BUJUM, 49TO, B CHJY HenpepniBHOCTH (PyHK-
nuu f, s— y, nostoMy mnpasas 4acTb paseHcTBa (6) cTpemurcs
K g () [ (x), otkyna u crepyer (3).

5.6. llpumepsn. (a) Ilycts dbyHKuMA [ onpeneneHa paBeHCTBOM

il
@) nn={*““x (70
0 (x=0).

Bynem cuutaTh JHOKa3aHHHIM, 4TO Ipou3BoAHAast (YHKUIMH sinx
paBHa cos ¥ (Mbl 6yjeM paccMaTpuBaTb TPUIOHOMETpHYecKHe (YHK-
uud B ra. 8). Torga MBl MoXeM NpHMEHATH TeopeMmsl 5.3 u 5.5,
e x50, 4 NOMy4HTh

N 1
(8) f'(x)=sin 08 (x=£0).

B Touke x-=0 3TH TeopeMB! y}Xe He NpPUMEHHMBl, TaK Kak Apobb
1/x Tam He onpejeneHa, 4 Mbl COLLIEMCS HeNOCPeJCTBEHHO Ha olpe-



116 2. 5. Jupgpepenyuposarue

JeneHre: npH t==0
f)—1 () in

P —gin — .
{0 i
IIpa {— 0 310 OTHOLICHHE He CTPEMHTCH HH K KaKOMy npeaeny,
tak yto [’ (0) He cyluecTByer.

(b) Tlycte dynxiua [ onpejeneHa paBeHCTBAMH

[x2sint  (xs£0),

(9) f(o)=4
L o (x=0).
Kax u BbILIE, MBI NOJyYaeM
(10) F(x)=2xsint —cos+  (x=0).

[Ipn x=0 Mbl BCIOMHHM oOmpejescHHe il IOJYyYHM
‘-ut)—:-(’;(—m-‘z‘tsin—;—’git\ (t = 0);
nosarast { — 0, Mbl BHIHM, 4TO
(11) f' (0)==0.

Taxum ofpasoM, dyuxius [ auddepeHuHpyeMa BO BCEX TOUKAX X,
Ho [’ #e sBJseTcA HENpepblBHOH (ynxuuel, Tak Kak cos(l/x) B (10)
HE CTPeMHTCSI HH K KakoMmy mpejeay npH x — 0.

TeopemMbl 0 cpefHeM 3HAYEHUH

57. Onpegeanenne. [lycTs f —Bewecrsennas Qynkuus, onpe-
nesieHHas Ha MEeTpPHYeCKOM npoctpaHctse X. DyjneM ropopuTtb, 4to f
HMeeT A9KAALHoll Marcumym B Touke p€ X, ecan cywectsyet 6 >0,
takoe, uto f(q)<f(p) npu Bcex ¢€X, Takux, uro d(p, g) < 6.

JlokasbHbIE MHHHMYMbl OHPeNEAsIOTCS CXOLHBIM 006pasoM.

Hama crepyiomas TeopeMa JIeXXHT B OCHOBE MHOTHX NPUMEHEHHH
puddepeHHpoBaHns.

5.8. Teopewma. [Tycme yakyusn f onpedesena na ceemenme
la, b); ecaw [ umeem aokanoHbl makcumym 6 mouxke x€(a, b)
u ecau cywecmsyem f'(x), mo f'(x)==0.

AnasioruqHoe yTBEDMJAEHHE, OTHOCHIlEECA K JOKaJbHOMY MHHH-
MyMy, KOHEYHO, TOXEe BepHO.

HokasatenbCTBO. BrifepeM 8 B COOTBETCTBHH C oOmpeese-
HHeM 5.7, Tak uTo

a<<x—8<x<x+8<b.
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Ecmt x—8<t<x, 1O
FO—F) -
=
Yerpemnsist £ K x, MB BHAuM, 4TO [’ (x)> 0.
Ecin x <t <x--86, TO ’
f(t)'—f(x) <O’

i—x
OTKyAa caepyet, uro [’ (x)<0. 3nauut, f (x)=0.

5.9. Teopema. Ecau [ u g — Henpepvierbie 6elyecnsennbie
pynkyuu Ha ceemenme [a, b], OJuddepenyupyemvie Ha unmepsaise
(a, b), mo cywecmeyem mouka x € (a, b), 6 xomopoi

[7 (D) —F(a) g’ (x) =g (b)—g (@] [ (x).

3ametuMm, 4TO 3iech He tpebyerca pauddepeHUHPyeMOCTs B TOY-
Kax a u b.

HoxaszateasnctBo. [loaoxum
R =[O —F@lgt)—lgb)—g@if() (a<i<h).
®yuxuusa 4 uenpepsibua na [a, b], aupdepenuupyema Ha (a, b) u
(12) h(a)==[(b) g(a)—[(a) g (b) =h (b).

a9 0Ka3aTesLCTEA TeopeMbl Mbl O/DKHEL IPOBEPUTE, 4TO A’ (x) =0
NpH HEKOTOPOM X € (a, b).

Ecan A nocrosnea, To A’ (x)=0 npu aw6om x€(a, b). Ecm
h({)>h(a) npu HexkoropoM !E(a, b), TO MycTh X—-Ta TOYKa Cer-
MenTa [a, bl, B KOTOpPOIt 4 A0CTUraeT CBOEro Makcumyma (teopema 4.16).
B ciay (12), x€(a, b), n rteopema 5.8 nokaswisaer, uto h'(x)=0.
Ecim h () <Ch(a) npu uekortopoMm f€(a, b), TO MOXHO NDHMEHHTb
Takoe ke paccyxjenue, BHOpaB B KayecTBe X Ty TOYKY CermMeHTa
la, b], B KOTOpo# A JOCTHIraeT CBOEro MHHHMyMa.

3Ty TeopeMy 4acTO Has3wiBalOT of6o0LlenHOH TeopeMol O cpejpHeM
3HA4eHHH; CAeNVIOMHA ee YaCTHhil cJaydall Has3eBalOT TeOpPeMOH
O cpeJHeM 3HaueHHH.

5.10. Teopewma. Ecau [— seuwjecmeennan HenpepsléHas Qynx-
yus Ha [a, bl, dugppepenyupyeman na (a, b), mo cywecmsyem mov-
ka x € (a, b), 6 komopoii

F(O)—F(@=(b—a)[ (x).
HoxasatenwctBo. [lomoxuM g (x)=x B TeopeMme 5.9.

5.11. Teopema. Hycemo pyuxyua f dugpgpepenyupyema ¢ unmep-
sase (a, b).
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(a) Ecau ' (x)>>0 npu ecex x€(a, b), mo f monomonro eospa-
cmaem.

(b) Ecau ' (x)=0 npu scex x€(a, b), mo [ nocmosnna.

(¢) Ecau ' (x)<0 npu scex x€(a, b), mo | monomornno yboisaem.

HokaszateabcTBo. To, 4To Bce 3TH 3aKJMIOYEHHs! CIpaBel-
JIMBbI, MOXHO YCMOTPETL H3 PaBEHCTBA

[ () —T (x1) = (xa—x41) [ (%),

BEPHOTO 1Jis JI06OH Naphl yuces X, X, JeXalx B (a, b) Nnpu xeko-
MopoM x, PACIONOKEHHOM MEXAY Xy H Xj.

Henpepblnﬂocrb NPOH3IBOAHLIX

Mu yxe Buzeau [npumep 5.6 (b)], yTo PyHKuua f MoxKeT HMeThb
NpoOH3BOAHYIO f’, KOTOpasi CYIECTBYeT BO BCeX TOYKax, HO pa3pblBHA
B HeKoTopbX Toukax. Opnako He Kaxzaasa QYyHKIHA MoxeT OHITh
npousBopHoii., B uYacTHocTH, IPOH3BOAHLIE, KOTOpble CYLIECTBYIOT
B KaXJlo#i TOUKE HEKOTOPOro CerMeHTa, TaK e Kak H OYHKIHH,
HelpephiBHLIE Ha cerMedTe, OG/IafaloT CJeJyRMHM BaXXHBIM CBOH-
CTBOM: OHH IIpUHHUMAIOT TIPOMEXYTOYHHIE 3HadeHHsa (cp. ¢ Teope-
moii 4.23). Tounas ¢opMyJHpPOBKa TAaKOBA.

5.12, Teopema. [Tycmo [—eewecmeennan ¢yukyus, Oougpde-
peryupyemas Ha la, bl, u nycme [’ (a)<<h<<f (b). Toeda cyuwe-
cmeyem mouka x¢€(a, b), makas, umo [’ (x)=A.

Iono6ubll pe3yIbTaT BepeH, KOHEYHO, H Torja, koraa [’ (a)y>f' (b).

JdokasateabcTBo. [lonoxum c=%(a+b). Ecmn a<t<c,

To nyctb a(f)=a, p({)=2{—a. Ecom c<t<b, To nycts a(f)=
=2{—b, p(t)=0b. Torna a<<a(t)<<P()<b B unreprane (a,b).

ITosoxum ; ;
_F@ @) —F@®)
g0="pt—a®

Torna g senpepoidHa wHa (a, b), g(t)—f'(a) npn t-—a, g(t)—
—>f'(b) npu t—b u mnostomy Hu3 TeopeMn 4.23') caenyer, uTo
g(ty)=A npu HekoropoM ¢,€(a, b). 3adukcupyem t,. Ilo Teope-
Me 5.10 cymecTByer TOUKa x, Takaf, 4T0 @ (f) <<x <<PB(fo) u [’ (x)=
=g (tp). 3uaunT, [’ (x)=A.

Canepncteue. Ecau [ Oudgpepenyupyema Ha la, b}, mo [ ne
umeem npocmolx paspoigog Ha |a, bl.
Onuako f’ BrnoaHe MOmKeT HMeThb Pas3pHiBRl BTOpPOro poja.

(a<<t<b).

1) B Teopeme 4.23 peus umetT o QGyHKUMH, HelpepuBHOf Ha cezmenme [a, b}.
3mech uMeeTcss B BHAY, uT0 (QYHKUHIO g MOXHO [JOOMpeleNHTh B TOUKAaX 4 H b,
nonarast g (a)=F"(a), g (b)=f" (b), Tak uTO g CTaHeT HenpepuHsHO# M B TOU-
Kax a, b no teopeme 4.6, —/Ipum. nepes.
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[Tpasuao Jlonutaas

Chelywomas TeopeMa 4acTo GhIBaeT IOJe3HOH IIpH BHUHMCJICHUH
IIpeleJIoB.

5.13. Teopewma. llyems | u g 3eu{ecmeeﬂﬂbt U HenpepoLerbl
6 unmepsare (a, ) u g’ (x)=0 npu ecex x€(a, b), ede —wLa<
< b +oo. Hycme

(13) A 2((3——>A npu x—a.
Ecau

(14) f(x)—>0 u g(x)—0 npu x—a,

uru ecau

(15) g(x)—+o npu x—a,

mo

(16) é%;-»/l npu x—a.

AnajgoruuHoe yTBepXKJeHHe, KOHEUHO, BepHO M TOrza, Korja
x— b nm gorga B (15) g(x)— — oo. 3BameruM, 4TO CeH4ac MH
HCNOJB3YeM MOHATHE npefesia B PACIINPEHHOM CMEIC/Ie B COOTBETCTBHH
¢ onpejeneHuem 4.33.

HokasaTeancTro. CHauaja npeinooXuM, 4To —oo <L A<
< - co. BriGepem BeuecTBenHoe 4KCa0 ¢, Takoe, uto A < ¢, a 3aTeM
BEIGEpeM r Tak, 4YTOGH BHINOMHANOCE HepaBeHCTBO A < r < ge

Corsacno (13), cywmectByer Touka c€(a, b), Takas, 4To NpH a <
<< X < C ¥MeeM

Frx)

17) Far) <r.

Ecm a<<x<<y<{c¢, TO, Kak TNoOKasbiBaeT TeopeMa 5.9, cyule-
CTBYeT TO4YKa f €(x, y), Takas, 4TO

f—iw_ ')

(1% =g~ g |

HonyctuM, uto BhINoNHeHO ycnaoBue (14). Ycrpewmssis B (18) x
K 4, Mbl BHAUM, UYTO

<r.

f @
(19) g ST<q  (@<y<o.

Tenepb ponyctiMm, 4TO BolnosHeHO ycJoBue (15). Cuuras y B dop-
myse (18) ¢UKCHpOBaHHHIM, Mbl MOXKEM BHIOpaTh TaKyl0 TOUKY
¢ €(a, y),uto g(x)>g(y)n g(x)>>0, ecom a<x < ¢;. YMHOKasA (18)
Ha g (x)— g (y))/g (x), Mzl noxyunn

F ey
(20) c <R Ry @<x<a)
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Ecin B (20) yeTpeMuTh X K @, TO, Kak nokasbiaet (15), MOXHO
HalTH TOYKY ¢, €(a, ¢;), TAKYIO, 4TO

f (0
(21) T <9 a<x<a)

Hraxk, nepasenctsa (19) u (21) noxasbiBaior, 4To Aas Jw60ro g,
NOAYMHEHHOTO eJUHCTBEHHOMY ycqoBuio A <7 g, HafijeTca Touka
¢» €(a, b), takas, uto f(x)/g(x)<q, ecan a << x < c,.

Touno TakuM xe cnocoGoM B TOM caydae, kKorga — oo << 4K
<l -+ o0, a p BubpaHo Tak, 410 p <7 A, MEl HalleM TOuKy cj € (a, b),
TaKy1o, 4TO

(22) p< LV (acx<cy).

g(x)

M3 3Tux ABYX VTBepMICHHUH CjelyeT cooTHomeHue (16),

ﬂponsBongle BoICUIMX ITOpAJKOB

5.14. Onpegenenue. Ecm [ umeer npoussoguyio [ Ha
HEKOTOPOM CerMeHTe H ecau @yHKuHst f° B cBowo ouepenb Audde-
peHIUpyeMa, TO NPOM3BOAHYIO (yHKUHM [’ Mbl Oyjgem 0003HAYATH
uepes f” B BaswBaThb BTOpOH mnpousponnoil dyukuuu f. ITpojonxkas
TaKuM 00pas0od, MLI NOoAyYHM QYHKIUH

A AT
K4aXAas H3 KOTOPLIX CJAYXHUT MpPON3BOAHON A8 NpeliecTBYOME.
Oynxuus ™ naseiBaetcs  f-fl TPOMSBONIOH, WM NPOH3BOAHON
nopajika n (QyHKIHH f.
Hasi Toro utober {™ (x) CYLIECTBOBAJA B TOYKE X, MPOH3BOAHAA

FT (£) mommua cylmecTBOBaTh B OKPECTHOCTH TOYKH X (HJH B OJHO-
CTOPOHHEH OKPECTHOCTH, €CJH X ABJSETCS KOHIOM CerMeHra, Ha
KOTOpOM omnpejeseda GyHkuua [) ¥ gomxHa OmTb Auddeperimpye-
MOH B TOuke x. [Ipu s31OM 7™ nomxua OhTb AuddeperHpyeMoi
B TOH OKpECTHOCTH TOUKH X, B KOTOPOH CYLIECTBYET f("'”.

Teopema Teiinopa

5.15. Teopema. Honycmum, umo [—eeujecmeennaa ¢yHryus
na fa, b], n—noioscumensroe yesoe wucao, f7Y wenpepoisna na

la, bl, fU7(t) cywecmsyem 8 moboii mouke t€(a, b). Hycmo o, p—
pasauurele modku ceemenma [a, b). IHoaoocum

n—i
(23) Pity="3 1@ ¢ ay.
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Toeda cywecmeyem mouka x, sesawas mexc0y o u P, maxkas, umo

(24) @)= P@)+ Lo §—ay,

Ilpu n=1 3T0 yTBepkIelHe NpPEBPAlIAETCA B TEOPEMy O CPELHEM
3uadeHnd. B ofimeM cJaydac Teopema [0Ka3blBaeT, uTo QyHKUMIO f
MOKHO NpHOMM3HTE MHOrOUYJIEHOM cTeneHH n—1; paBeHcTBO (24)
NO3BOJIAET ONEHUTh MOTPEUIHOCThL, €CJAM H3BeCTHA BEPXHSS TpaHuLa
BeJIHUHHBL | [ (x)].

Hoxasateascerso. Ilyete M -—uncio, onpenensieMoe pabeH-
CTBOM

(25) [B)=PB)+MEPB-—a),
H NYCTh
(26) g)—~fH)—Pl)—M@E—w)" (a<l<b)

Mmn gomkitn nokasate, uro a'M =] (x) npu HEKOTOpOM X,
aexaweM Mexay o u B. Cormacuo (23) u (26),

(27) g (t) =[Py~ M (a<<t<D).

3HauuT, AOKA3ATENLCTBO GyACT 32KOHUEHO, €CJH Mbl NPOBEPHM,
uyto g™ (x)==0 npH HEKOTOpPOM X, JekameM MeXiy o H f.
[Tockonbky P(h)(a) r_-f(h’(a) npu &£=:0, ..., n—1, MB uMeeM

(28) g(@) =g (@=... =gV (a)=0.

Yucno M 6wmao BrIGpanc tak, uto g(P)-==0; mostomy, corjacHo
TEOPEME O CpenHeM, g (x;)==0 1mpuH HCKOTOpOM X;, JeXKaIeM MKy
o 1 B. Tak kax g’ (a)==0, T0 NogoOHLIM e 06Pa3OM MBI 3aKJIOUAEM,
uto g"(xp)==0 [pPH HEKOTOPOM Xj, JI€KAIMEM MEKAY ¢ H Xy. Tocae
A 11aroB Mbl NPHAEM K BbIBOAY, 4TO g™ (x,)= 0 npH HEKOTOPOM X,
JeKaAEM MEXLY ¢ H X,-y, T. €. MeX1y o u .

HnddepenypoBanie BeKTOPHO3ZHAUHBIX YHKUM

5.16. 3ameuanusa. Onpenenenne 5.1 Ge3 BCAKHX H3MEHEHHIE
NPUMEHHMO K KOMIJIEKCHBIM (YHKIHAM f, OlpeleseHHBIM Ha [a, b].
Ilpu sToM Teopemsbl 5.2 m 5.3 OCTalOTCST BEpHBIMH, TaK K€ KaK W HX
IoKasatelbecTBa. ECu f; u [,— BelecTBeHHas U MHUMAs 4acTH QYHK-
una [, 1. e. ecan f(t)=[f,({)-if2(t) npu a<ti<b, rme [y (¢) u [ ()
BEUIECTBEHHH, TO, OYEBHJHO,

(29) [ (x) = FL(x)+if, (x),

npuueM f auddepeHurpyemMa B TOUKe X TOrIa H TOJbKO TOTAA, KOrja
obe dynxkuuu f; 1t f, ouddepenuupyemsl B 3TOHl TOUKe.
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[Mepexops K oOmHM BEeKTOPHO3HAYHHIM (YHKUHSM, T. €. K (PYHK-
wisim f, orobGpamxalomum [a, b] B HeKoTOpoe NpocTpaHcTBO R", Mbi
BCE elle MOMXEM MPHMeHHTHL onpejenenne 5 1 musa mocrpoenust f'(x).
Teneprs ¢ (f) B dopmyne (1) npu KaxAOM ¢ sBaseTCcs TOYKOH NpOCT-
pauctBa R", a mpenesn B (2) BHIYHCJSIETCSI B CMBICJE CXOAUMOCTH MO
HOpMe 3TOro mpoctpaHcTBa. MHbMH cjoBamu, | (x)—3T10 Ta Touka
npocTpancTsa R* (ecii oHa cyumiecTByet), AJTs KOTOpOi

(30) tim [ TOZT ()| =0,
f-x X

u f'—cnoBa Qyukuust co 3naueHnsmu B R".

Ecmn fy, ..., fy—KoMmnonentn ¢ynkuun f, onpejejeHHHe B Teo-
peme 4.10, TO
(31) V=(fp . o i)
u ¢ysxuus f auddepenuupyema B TOUKE X TOTJAAa U TOJBKO TOTia,
Korja Kaxjaass u3 bysKuuii fy, ..., fp puddepenunpyeMa B TOUKe X.

TeopeMa 5.2 ocTaercsl BepHOH H B 3TOM CJIyuae; TO K€ OTHOCHTCS
H K TeopeMe 5.3 (a) u (b), ecqu fg 3aMeHHTH CKa/sIpHBIM NPOH3Be-
ndenueM f-g (cM. onpegenienue 4.3).

OjHako, Korja MH ofbpaimiaeMcsi K TeopeMe O CpeAHEM 3HAUCHHH
¥ K npaBuay Jlonurtans, nonoxenue MeHsietcsi. Crenylomue jg8a npu-
Mepa HOKA43HBAIOT, YTO 004 3TH pe3yJbTaTa HEBEepHHl YXe A/ KOM-
IVIEKCHO3HAUHBIX (PYHKUHH.

5.17. TIpnmep. TloaoxuM AJS BEHIECTBEHHOTO X
(32) f(x)=e"* =cosx-isinx.

(TTocnennee BbIpaKeHHE MOXHO paccMaTpPHBaTb KaK  ONpejeJeHne
KOMIJIEKCHOH TNoKa3aTesabHOH GyHKUHH e*¥. 3t dyHkumu Gyayr
noapo6Ho paccmorpent B ri. 8.) Torpa

(33) [(2m1)—f(0)=1—1=0,
HO
(34) f' (x)=ie**,

1aK 4to |f’ (X)|=1 nNpH Bcex BelECTBEHHBIX X.
Taxum o6pasoM, B 3TOM cayyae Teopema 5.10 yxe HeBepHa.

5.18. IIpumep. Ha unrepsane (0,1) sapanum dysxunu f, g,
nonaras f(x)=xn

(35) g (x)=x -} x%¥/*2,
ITockonbky |e''|=1 npu Bcex BemecTBEeHHbIX f, Mbl BHAHM, YTO
(36) lim £ 1,

x>0 g(x) -
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Hanee,
(37) g (,\)—l-r{Qx— }e‘/x" O<x<1),
TdaK 4TO
(38) g (%) > ‘Qx———|—1 2L
3yauur,
. ol 1 x
©9 o = rE <o
H II03TOMY

' o f

(40) lim L8 0.

Conocrasasiga (40) ¢ (36), MBl BHEMM, YTO IpaBHjo Jlonutansa
B 3TOM cJydae He pelicTByer. OTMeTUM ele, uto g’ (x) %= 0 Ha HHTep-
Basae {0,1), B cuay (38).

OjHaKO HMeeTCs BCe-TAKH OJHO CJEJCTBHE TEOPEMBbl O CPEAHEM
3HAYeHHH, KOTOpOe B TIPHJICXKEHHMAX I[IOYTH TaK e MOJe3HO, KaK
teopeMa 5.10, M KOTOpoe oOCTaeTCsl BepHBIM AJS BEKTOPHO3HAYHBIX
dbyuxuuii: 3 Tteopemel 5.10 caepyer, 4TO

(41) [T ()= (a)[<(b—a) sup |["(x)}

Ilpexkpe ueM YyCTAHOBHTb BEKTODHbIH aHaJor HepaBeHcTBA (41),
MBbl TIDHBEJIEM TeOpeMy, MOKa3hbiBAIOILYI0, YTO TPH BBLUHCJICHHH NpO-
H3BOJHOH MOXHO I10J1b30BaTbCS OTHOLUEHHSIMH, OTJIHYHBIMH OT TeX,
KoTopule GurypupoBasas B onpeieedun 5.1. He orpannumsasch cay-
yaeM k=1, paccMoTpuM oOWH{A cuydail.

5.19. Teopema. Mycme a<Cx<Cb, pynxyus ¥ omobpaxcaem
{a, b] & npocmpancmeo R*, u nycme ¥ dughpeperyupyema ¢ mouxe x.

ITycme a<an<x<Bn<b npu n=1, 2, 3,..., u nycme ap— X,
Br.— x. Toeda
(42) lim 55’ L) _ i ().

HokasateabctBo. Ilonoxum A,=(B,—x)/(B.—ua,). Torza
0 << An <1, u BexkTOp

(43) F@n)—f(an) g (x)

ﬁn—an

NpH KaXkJOM 71 paBeH BEKTOPY

(a4) 2 { 18I g} p(1—pg) {HOZI0 ()}

Up—x
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Ilo onpepenennto 5.1, ofa BblpaxenHs B ckoOkax crpemstes K 0,
M TaK Kak MNoc/IefloBaTeJbHOCTH {A,} H {1 —A,} orpaHHYeHBl, TO BEKTGD
(44), a c HUM H (43) cTpeMHTCS K HYJK TNpH n—> oo. PaBeHCTBO
(42) poxasano.

5.20. Tecopema. [lycme T—wnenpepogroe omobpascerue cecmet-
ma |a, b] & npocmparcmeo R*, duppeperyupyemoe 6 unmepsase (a, b).
Tozda cywecmeyem mouka x C(a, b), makas, wmo

(45) 1£(6)—F (@) | < (b—a) [ ¥ (x)].
HoxasarteancTBo. Ilodowum 3L=h—a, M=|F(b)—[(a)|n

(46) g(s)=Ff(s4-L)—1(s) (a<s<<a+2L).

[MockoabKY

I(b)—t(a)=g(a)-+g(a--L)+g(a+2L),

Mbl BHAHMM, YTO
(47) Mg+ gla-+L)|+igla+2L)l.

Ecan 6wl oxaszamnock, uto g(s)| << M/3 npu Bcex s€{a, a+-2L),
TO W3 HenpepLBHOCTH OToOpasKeHHs g cJjenosasto Obl, uto |g(a)|<
<M/3, |gla+2L)|<M/3, u, 3uauxt, npasBas uacTh HepaBeHCTBA
(47) Obl1a Obl MeHbure M.

Caeposatensto, |g(s,)i>M/3 npu nexotopoMm s;€(a, a-2L).

[Tonarast f;==$;+L, Mbl Hax0guM, UTO @<_§ <t < b, t —8=
=(b—a)/3 n

- M
(48) () —F(sp) =%
IMoBTopHM 3TO noctpoewue, B3AE [sy, 4] BMecTO [a, b]. [lponomkan

TakuM o00pa3oM, Mul HaHjeM JABe nocJejosBaTeasHocTd {S,}, {fn},
Taxkue, 4TO

(49) th—8n=3"(b—a),

KaxJplfi cerMeHT I, =[$,, ;] comepXKuTcd BHYTPH cerMenta [,.; u
(50) ‘ f(tn)_f (Sn) l P 3"M.

PaspeauB (50) na (49), Mbl noJy4dum

(51) \f(t?,z_—_:n(sn)! > If(bgzz(a)l (n=1,23,...)

13 TeopeMbl .19 Mbl 3ak/ouaeM, 4YTO (45) BBIMOJHEHO JAJIS TOYKH X,
npuHajJJiIeKalleidl BceM cerMeHTam [Ip1l).

1) Bor apyroe, sraunTesbHO Gojlee KOPOTKOe AOKA34TeThCTBO Teopemul 5.20.
PaccmoTtpum unciosyo ¢dyHKuM @, 3ajauayl Ha {a, b] paBeHcTBOM: @ (f)==
=(f(b)—1f(a))-i(f). K 5Tol ¢YyHKUHH MOXKHO NpPHMEHUTL TEOPEMY © CpelHeM
3navennn: @ (b)—o (@) =9’ (x)-(b—a), rie x—HeKoTOpasn TOUKA HHTepBana (a, b).
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YnpaxHeHHU s

1. Ilyete f(x)=|x|® Bwmumcauts f'(x), f°(x) npu Bcex Belle-
CTBEHHBIX X M ToKasaTbh, uTo [® (0) ue cywmeetByer.
2. IlycTs f onpejeseHa NpH BCeX BEINECTBEHHEIX X, H NMYCTb

FE)—F) < (x—y)?

NpH BceX BEleCTBEeHHBIX X H y. Jloka3aTb, 4TO f HOCTOSIHHA.
3. Ilycre f ompeneseHa B OKPECTHOCTH TOYKH X, M NYyCThb cylie-
creyet f”(x). Iloxasats, ytO

fx+B) -+ f (x—h)—2] (x)
h2

lim
h—0

=" (%).

[TokazaTs Ha mpuMepe, 4TO STOT TNpeles] MOXKET CYUIECTBOBATh
u Toraa, koraa f’(x) He CymECTBYeT.

4. Ilyctn
C
Cot 3+ .+ - 0,
2 n- 1
vxe Cy, ..., C,— BellecTBeHHbIe NOCTOSHHBIE. JlOKa3aTh, UTO yYpaBHEHHE

Co+Cix+4 ... +Cpx™14+Cx"=0

uMeeT XoTsi Obl OJuH BellecTBEHHBbI! KopeHb Mexay O u 1.

5. Ilyctb f ompenmenena u nuddeperuupyeMa 1pH KakjaoMm x >0
v [ (x)—0 mpu x— 4 co. TIlosoxum g (x)=f(x+1)—F(x).
Hoxkasate, 4to g(x)-—>0 npu x — - co.

6. Ilycte

(a) f HenpepwiBHa npu x >0,

(&) ' (x) cywectByer npu Beex x >0,

(¢} f(0)=0

(d) [’ MOHOTOHHO BO3pacTaerT.

TToJstoxuM
f) (x)
g)=12- (x>0

llOKaFEaTb, 4TO g MOHOTOHHO BO3pacTtaeT.

Teneps ocTaeTcsl 3aMeTHTh, 4TO q>(b)—q>(a)—-|f(b)—-f(a)\2 a @ (x)==(f (b)—
—fi(a))-f' (x) (cM. 0 aTomy T0BORY npefnociefHHA a6sau n. 5.16), u mosromy
| f(6)—f (a) 2= (f (b)) —1 (a))-f' (x)-(b—a). Tlpumenss K mpaBoOft uacTH 3TOrO
paBeHCTBAa HepaBeHcTBO [IIBapua, mosyumm

[T —i@ L@~ ]| ()] (b—a).

Teopema rokasaHa.—I[Ipum. nepes.
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7. Tyereb [ (x), g’ (x) cymectBylor, g’ (x)5£0 u f(x)=g(x)=0.
Hoxkasath, 4TO

F@®) '
}LT gt g

(OTO BepHO M M8 KOMILIEKCHBIX (QYHKIMIA.)

8. Ilyerb f'(x)>0 npu Bcex x€(a, b). dokasatb, yto [ crporo
BO3pactaer B MHTepBane (a, b). Ilycte g— dynknus, obpatuas Kk f.
HoxasaTb, uTo g auddepenuupyema ¥ uTo

' 1
g =5 (@<x<b)
9. Ilycte [ nmubdepenuupyema B uHTepBate (a, b), a<<x<b,

x<<o,<<P, npu n=1, 2, 3,... u a,— x, P,—> x. Ilokasats, yro
OTHOLIEHHS
f(ﬁn)_ (an)
ﬁn‘—‘an

He 00513aTeJbHO CXOAATCH K [’ (x) npH n—> co, HO YTO OHH JeHCT-
BUTEJIbHO CXOAATCS K ['(x), ecaH MH JAONOJHHTENbHO mnoTpebyeM,
4To0bl mocsepoBaTelbHOCTL {(B, — Xx)/(Br—a,)} Oba orpaunyenHof.

10. Ilyete f n g—xKowmmngekcHble auddepenuupyemele QyHKUHH
na (0, 1), f(x)—0, g(x)—0, ff(x)— A, g (x)— B npu x—0,
rie A u B—xKoMmnneKkcHble uyHcaa, B#O. Jloka3aTtb, yTO

f{x) __
lim S =5 -

(Cp. ¢ npumepom 5.18.)
Yrasanue:

fx [ F® x R
co = Ul de A g

[IpuMenuts Teopemy 5.13 K BelEeCTBEHHOH M MHHMOH YacTsM
apobeit f(x)/x u g(x)/x.

11. CoopMyaupoBaTh M JAOKa3aTb HEPABEHCTBO, KOTOpoe CJefyeT
U3 TeopeMbl [eisopa H ocCTaeTcsi BePHBIM JJ8 BeKTOPHO3HAYHBIX
by HKLHIA.

12. Ilycts E-—3amKkHyTOe noAMHOXKecTBO npsamoil R'. B ynpax-
neHud 13 ra. 4 ObwIo 1IOKa3aHO, UTO CYIECTBYET BelleCTBEHHAS
HenpepbiBHast QyHKUMA B R!, HYJb-MHOMXKECTBO KOTOpPOH COBIAJaer
¢ E. MoxkHO Ju AAf KaxXAOro 3aMKHYTOTO MHOxecTBa FE naiiTH
Takylo auddepenunpyemyo Ha R' ¢ysxumio f, A4 Kotopoi E cay-
XKHT HYyJb-MHOXKecTBOM? CymecTsyeT JH N pa3 puddepenuupyemas
yHKUHA ¢ TakuM cBoficTBoM? PyHKuHMs, KOTOpas HMeeT NPOH3BOJ-
HbEle BceX MOpsiiKoB Ha R1?
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13. Ilycts g— BeinecTBennass GyHkuuss Ha R, uMeomas orpa-
HHYEHHYIO TPOH3BOAHYIO (cKaxeM, |g |<M). 3aduxcupyem &>0
1 THoJMoXKHM f(x)=x-} &g (x). [oxka3aTb, uTO [ B3aUMHO OJHO3HAYHA,
eCJaM 4YHCJI0 € JOCTAaTOUHO Majo. (MOXHO OnpesesHTb MHOMKECTBO
JIOIYCTUMBIX &, 3aBHesmee Juilk oT M.)

14. Ilyers [—pBaxan auddepeHuunpyeMass BellecTBEHHasi (yHK-
unus Ha (0, o), u nycto My, M;, M,—BepxHue rpaHuubl COOTBETCT-
BenHo ¢yukuui | f|, [f'], |f”| Ha (0 oo) Hoxa3zate, uto M2 < 4MMs,.

Ykaszanue. 13 teopemnl Tefiiopa caenyer, uto

F ()= [F (x -+ 20) —F (0)] + KF" (B),

Tak 4to |f' | << AMy+ My/h npu mobom h > 0.

MOXHO JH 3TOT pe3y. bTAT PaclpPOCTPAHMTL HA BEKTOPHO3HAUHBIE
dyHknuu?

15. Tycts f pBawael auddepeHuupyema Ha (0, o), f” orpanu-
yeHa Ha (0, o) u f(x) —0 npu x — oo. Hokasarb, uto [ (x)—0
npu X —> co.

Ykaszanue. TTpuMeunTs ynpaxHeHne 14 Ha (a, o).

[Toxasath, 4TO 3TO yTBEpWKJAeHHE CTAHOBHTCS HEBEPHBIM, €CJH
OIIYCTHTDb NpEeAlNoJ/IokKeHUe o f.

16. Ilyets | mudbepenuupyema Ha [a, b], f(a)=0u cywmecrayer
BeulecTBeHHoe uucsao A, Takoe, 4TO |f (x)|<A|f(x)| Ha [a, b].
ITokasate, uto f(x)=0 nupu Bcex x€|[a, b].

Ykasanue. 3abuxcupyeM xo€ [a, b, u nyctb My=sup|f(x)|,
My=sup|f (1) |
Ha cermente [a, x,]. Hdas mwoboro x € [a, X
F )| < Mi(xg—a) < A(xg—a) M,.
3naunut, My=0, ecain A(xp—a)<<1, 1. e. f=0 Ha [a, x0]. Tlpo-
JOJKHTDL 3TO pacCyIeHHe,

17. Tlyctb ¢ — BemecTBeHHast (YHKUHS, ONpEeLeseHHAass B IIpsi-
MOYroJibHHKe R Ha IJOCKOCTH, 3aJaHHOM HeEpaBeHCTBaMH a<<x< b,
a<{y<p. Pewernues 3afaun ¢ HAYaJbHBIMH YCJIOBHSAMH

:(P(x’ Yh y(a):c (a<0<ﬁ)
HasuiBaeTca audpepennupyemas Ha la, b] ¢ysxums f, Taxas, 4TO

f(a)=c u
Fi)=ek, f(x) (@<xgb).

Jokazatb, uTO 3Ta 3amaya uMeeT He GoJiee OQHOrO peLUeHHsl, €CJH
cylllecTByeT uucao A, Takoe, 4ToO

| (x, y2)—@ (%, 1) | <AlY2—yi |
o mobbix (x, y) €R, (x, y2) ER.
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¥rkaszanue. TlpuMennTs ynpakuende 16 K DasHOCTH JBYX pelue-
nui. 3ameTHM, YTO 3Ta TeopeMa €AHHCTBCHHOCTH HENpPHMEHHMa
K 3ajjaye C Haua/JbHBIMH YCJIOBHIMH

y =y y(0)=0,

KoTopast uMeeT 1Ba pewenus: f[(x)=0 u f(x)=x%4. HUudeworca au
Lpyrue peureHus?

18. CdhopmyaupoBaTs M J0Ka3aTb aHAJOTHUHYIO TEODEMY e€JUHCT-
BCHHOCTH JJisl cHcTembl JuddepeHuunanbiblX YpasHeHHH BHIA

Yi= @5 (X, Y - s Yn)y Yj(a)=c; (J=1,...,k).
33;\16THM, 4yTo STy CHCTGMy MOXKHO 3anucaTth B BHIEC
Y=¢(,y), Yy=c

rne y={(yi, ..., Yr) npoberaet k-yepuyino KIETKY, @ —O0ToOpakeHde
HekoTopoi (k- 1)-MepHoil KneTkH B €BKJHLOBO MnpocTpanHcTso R,
fipHyeM KOMIIOHEHTAMH @ cJay:xKaT QYHKUUH @, ..., Pr, @ C— BEKTOP
(¢yy - .., c1). Bocnoab3oBaThes ynpaxnesueMm 16 148 BEKTOPHO3HAY-
HBIX QYHKUHH.

19. PaccMorperb uacTHBHD cayuail ynpamHenus 18, nepeiins
X cHeTeMme

Yi=y. (G=1,...,k—=1)
k
’ N Al .
k=10 — 2 &5 () s,
j==
rae f, g, ..., gn— HenpepLiBHble BeilecTseHHble Gyukuud Ha [a, b,
il OJYYHThL TEOPEMY €THHCTBEHHOCTH /ST pelnieHHi YpaBHeHUS
@) g g (1) Y g (0 g =F (),
VAOBJIETBOPSIOMIMX HayaJdbHbIM YCJOBUAM
y@ay=c, y(@a=cy..., y*bY(a)=cs

20. Tlyers f' menpepwmsna ma [a, 0] uw e>0. Jlokasats, uro
cyuiecTByeT uncdo 8 >0, Takoe, 4TO

{—x

[ t - X ’ "

‘ A0 ’r—(Q—f (x)=<e,

ectn 0 < [t —x!|<<8, a<x<b, a<<t<<b. (IT0 3HAUAT, HHBIMU CJO-
BaMH, 4TO [ pasHomepro dugpgepenyupyema Ha [a, by, ecmdfunenpe-
peiBHA Ha [a, b].) BepHO JiM 3TO /1A BeKTOPHO3HAYHBIX GyHKUHI?



'JTABA 6

WHTEFPAJ1 PHMAHA — CTWJIBTBECA

OcioBliLIM B 3TOl rJjiape sIBISETCS OlpejcsieHHe HiTerpasa Pu-
MaHa. SIRHLIM 00pa3oM HCHOAb3VIOLIEeC YNOPSAJ0YeHEGCTh UHCIOBOH
npsAMoi. B cOOTBETCTBHH € 3THM Mbl HAayHHAeM C H3YUEHUs HHTerpH-
poBalts BEelECTBEHHO3HAYHLIX QyIKIHH Ha cerMenTax. B mocneayio-
wx paztenax Gyjer w3faoxeHo obobmiclHue Ha caydall KOMIJIEKCHO-
3HAUHBIX H BEKTOPHO3HAUHBIX (YyNKIRKH, 3aJaHHBIX Ha CErMeHre,
HMurerpipoBaHie 1o MHOXeECTBaM, OTJHYHLIM OT CEI'MEHTOR, paccMar-
pupactcst B . 9 u 10.

OnpereneHHe W CYLIECTBCBAHHE HHTETPaJa

6.1. Onpenenenne. llyers [a, b —3ajganusii cerment. Pas-
dueunem P cerMenTta [@, b] Mbi HasbiBAaGM KOHEYHOS MITOMKECTBO
TOYEK Xy, Xy ..., Xpn, TAC

a=xp <X LX< e L Xy K X — .

Mri 6ygeM nrcaThb

Ax;=x;—x;y (i=1,...,n).

[lycTr Tenepb f—orpaHHuyeHHas BeHleCTBeHHas (YHKUHA, onpe-
peaennas na {a, b]. Kaxpony pasfuenso P cermenta [a, 0] coot-
BETCTBYIOT YHCJA

Mi==sup f(x) (riqa<x<xy),
mp=inf f(x) (i <x <),
n

U, = 2 MAx;,

i=1

H, HaKOHEIL,

(1) { fde=inf U (P, ).
() \ 7dx=sup L (P, ],
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rje BepXHsifl H HHXHAA rpaHd OepyTcst no BceM pasbuenusaM P cer-
MenTa [a, b]. JleBeie uacTH paBeHcTB (1) M (2) HasbBawTCA COOT-
BETCTBEHHO BEpPXHHUM H HHXKHHM HHTerpajJaMH Pumana ¢yuxuun f
no cermenty f(a, b].

Ecsii BepxHHit HHTerpaJ paBeH HHKHEMY, TO Mbl 6YAEM rOBOPHTb,
yro ¢yskuua f unrterpupyema no Pumany Ha cerMeute [a, b]
¥ nucatb f€.% (HHBIMM CJOBaMH, .4 0003HayaeT MHOMECTBO BCEX
$byHKuui, HETErpUPYEMBIX Mo PuMaHy), a ofliee 3HayeHUE BeJMUHH
(1) u (2) 6ynem obo3nayath

3) { rax,
HJAH . ¢
(4) g f (%) dx.

Oro—wuHTerpan PuMana ot d¢ysKuuM [ no cermesry [a, b].
[Tockoapky [ orpanuueHa, CyILECTBYIOT ABa uucJga m u M, Taxkue,
4To

m<fE)SM (a<x<b).
3uauur, npH Jwbom pa3buennu P
m(b—a)<L(P, )<U (P, H<M(b—a),

Tak yro uucaa L(P, f) u U(P, f) obpa3yor orpaHHYEeHHOe MHOMXKe-
CTBO. DTO NOKA3bIBAET, UTO 6EPXHULl U HUNCHUL uHmezpaasl. onpede-
AeHbt 0asi aoboll oepanuuennoti ynxkyuu f. Bonpoc o6 ux cosna-
JEeHHH M, 3HAYUT, BONpoc 06 HHTErpHUpPyeMOCTH (QYHKUHH f OKasbl-
BaeTcsl GoJee TOHKHM. BMecTO TOro yToOBI HCCJEA0BaTh €0 OTJeJIbHO
1051 HHTerpajga Pumana, Mol cefiyac paccMOTpuM Gojiee  0OIMyIO
CHTYaUHIO.

6.2. Onpegeaenue. IlycTh ©—MOHOTOHHO BO3pacTaloUas
byHKuHA Ha [a, b] (mockoaeky a(a) u «(b) xoHeunbl, QyHKUHS «
orpaHuueHa Ha [a, b]). Ecau P —xaxoe-HuGyap pa3bueHHE cerMeHTa
[a, b], TO NOJOKHM

Aa; =a(x;) —a{x;_y).

SlcHo, uto Aa; > 0. Hdas Jmoboii BeulecTBeHHOH dyHKuuH f, OrpaHs-
ueHHoOH Ha [a, ], MoJOKUM

U@, f, o@:é1 M;Aa;,

L(P, f, a)={§i m;Aq;,
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rge M; H m; HMelOT TOT XK€ CMbICA, YTO H B ONpeJeeHHH 6.1.
[MoaoxHM, N0 ONpejeseHHIo,

(5) S fda=infU (P, f, a),
(6) { Fda=supL(P, [, @),

rfe BepXHfil H HHXKHssS TPaHH GepyTcs CHOBA MO BCeM pa3OHEHHSM.
Ecau JeBble yacTd papencTB (5) H (6) paBHB Mexay co60H, TO UX
obiiec 3HayeHue ofo3Hauaercsl yepes

b
(7) \ fda
UJU HHOrja uepes

(8) S f(x) da(x).

Oro—wuurterpan Pumana — CTaapTbeca (MJAH  NPOCTO  HHTErpaJ
CruabTtheca) oT GYHKIUH f OTHOCHTE/IBHO GYHKIHHA ¢ 110 CEIMEHTY [a, b].

Ecau wuurerpan (7) cywectsyer, T. e. ecan (5) u (6) pasuul
Mexjy coGoli, To Mbl 6yJeM TOBODHTb, UYTO [ HHTErpHpyeMa OTHO-
CHTeJBHO o B cmbicgae Pumana, u nmcats f€ .7 (a).

[Tonarast o (x)=x, MH NPHXOJAHUM K BBIBOAY, YTO HHTErpan PH-
Mana— 3TO yacTublil cayuafd unterpada Pumana — Ctunbtheca. [log-
yepkileM, OAlIAaKO, uTo B ofweM cjyuae QyHKuus o He obs3aua 6LTh
JlaxKe HellpepbIBHOH.

Heekoabko cJoB 1O noBojy OOo3HauyeHHH. Mbl npefnounTtaem
o6osuauenne (7) obo3HaueHmo (8), Tak kKak Qurypupyiomas B (8)
6ykBa x HHuero He Jo6aBJasieT X copepxanuio 3avucu (7). Coeep-
IIEHHO HECYIIeCTBeHIo, Kakyilo OykBYy Mbl ynotpelisieM ansi 0603Ha-
UCHUMS! TAK HA3BIBAEMOH «NepeMeHHO# WHTerpupoBaHusiy. Tak, Hanpu-
Mmep, (8)—3To TO Ke camoe, 4TO

b

{ F) daty).

a

HurerpaJ 3aBucHT OT f, @, @ H b, HO He OT nepeMeHHO#l HHTer-
pUpPOBAHHS, KOTOPYIO BNOJHE MOXKHO OIYCTHTb.

Posib nepeMeHHOR MHTATDHPOBAHHS CCBEPUICHHO aHAJIOTHYHA DOJIH
HILeKCA CYMMHDOB2HHS: JBa CHM30Ja

n n
E Ciy 2 Cr
f=1 h=1

03HauyalwT OJHO H TO K&, a UMEHHO CYyMMy ¢;-FcCa+ ...+ Cp.
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Pasymeercs, He MpoH30HAer HHYEro CTPAMIHOrO, €CJIH mepeMeHHas
HHTErpUpoBaHus OyJeT HaIMCcaHa, a B HEKOTOPHIX CJyYasix jaxke
yAoOHO €e MHCAThb.

Tenmepb Mbl HCCJEAYEM BOIPOC O CYIIECTBOBAHHH WHTerpaJa (7).

He noBropsia 3TOr0 KaxALiH pas, Mbl OyJeM CUYHTAaThL (YHKUHIO [
BEWIECTBEHHON M OrpaHHueHHOfl, a QYHKIHIO «— MOHOTOHHO BO3pac-
talouiefl Ha [a, O], M ecid HCK/IOYeHA BO3MOMKHOCTb HeJ0pazyme-

b

pui, Mpl GyJeM NHCaTh K BMECTO S
a
6.3. Onpenenenune. Mot GyieM roBopurh, uto pasbueHune P*
ABJISIETCS  U3MeabueHuem pa3buenns P, ecan P* o P (1. e. ecad Kax-
Jaf Touka pa3bueHHs P CIHYXHT Take TOUYKOH pa3buenust P*).
B cayuae, Korja 3ajaHut iBa pa3buenuss Py u P,, mbi OyjeM FroBoO-
puTh, uTO P* ecrh HX oflllee M3MeJbyeHHe, ccan P* =P {J P,.

6.4. Teopema. Ecau P*—usmeavvenue pasbuenus P, mo

©) L(P, |, wy<L(P* f, 0)
[22
(10) U, |, ag<ULP, f, a).

IlokasarteabcTBo. Urobm aoKasarb HepaBeHcTBo (9), Aomyc-
THM CcHayala, 4yTo P* COMepXHT pOBHO HAa OAHY TOUKY O6oJablue,
yeM P. OGo3HauuM 3Ty HOBYIO TOYKY uepe3 x* H JONYCTHM, uYTO
Xy <<x*<Zx; THe X;4 A x;— jBe TNOCJeNOBaTeJbHble TOUYKH pas-
Guennss P. Tlonomum

w
w

=inf f(x) (i <x<xY),

=inf f(x) (F<x<Lxy).

fcHo, 410 Wy > m; K Wy> My, TAE, KaK H NPEXIE,
my=inf [ (x) (X <x<xy).

e

3uauur,
L(P* |, a)—L(P, [, a)=w, [a(x*)—a(x.)]+
+wg[a (x;) —a (x*)] —my [a () —a (%)) =
= (wy — m;) [a (x*) — & (x;_9)] - (W —m;) [a (%) — a (£*)] > 0.
Ecau P* comepxur Ha k Touek Gojblre, yeM P, TO Mbl NOBTOPHM

TOJBKO UTO IIpOBejeHHOe paccyXacHuHe k pa3 u noayuum (9). Hoka-
3aTesnbCTBO HepaBeHcTBa (10) aHasmoruuHo.

6.5. Teopewma. S fda<< S fda.

HokasarteabcTBo. IlyeTh P*—obiiee u3MenbueHHe OBYX
pasbuenuit Py u P,. Ilo teopeme 6.4

LPPy |, )<LP, |, )<U(P*, |, a)SU(Py, [, ).
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3uauur,
(11) L(Py, f, a)SU Py [, @)

Cuntast P, QUKCHPOBAaHHBIM M BBIYUHCJISAS BEPXHIOK TpaHb O BCeM
P,, monyuaem us (11)

(12) { faa<up,, £, ).

Buiyncssist HHXKHIOKW TpaHb 1o BceM P, B (12), mosnyuaeM yTsepxjie-
HHE TEOpEMHl.

6.6. TeopeMma. f€.%(a) Ha [a, b] moeda u moavko moeda,
koeda daa moboeo & =>0 cywecmsyem pazbuenue P, maxoe, 4mo

(13) UP, f, o)—L(P, f, a)<e.

HokasartenabctBo. [Ipu /106om P umeeM

LP, [, o)< S fda<\ fda<U(P, [, a).
[Toatomy n3 (13) caeayer, yro

O<Sfda—gfda<s.

3uaunT, ecau npu JoboM e >>0 HepaBencTBy (13) yjpoBaeTBOpsieT
HeKkoTopoe pasbuenne P, TO

Sfdazgfda,

1. e. [ €A (a). o
[onyctum Teriepb, 4to f€.%(a) u 3anano uuciao e >>0. Torza
cymecTByloT pastuenust Py u P,, Takue, 4TO

(14) UPy fr @)~ fda<,
(15) Sfda——L(Pl,f, @) <

Briepem B kayecise P oOuwiee uamespuenue pasGuennit Py u Po.
Torga, xak noxasblBaer TeopeMa 6.4 BMecTe € HepaBeHCTBaMH
(14) u (15),

U(P, f, a) < U (Py, f, a) << S fda+%<L(P1, [ya)le< L(P,f,u)te;

A1t Takoro pasbuerusi P BbiloJHseTcst HepaseHcTBo (13).

Teopema 6.6 1O3BOJMT HAM J0OKa3aTb HHTErPHPYEMOCTb ABYX
BaXKublX KJaccoB ¢yHkuuii. Ho cuayasa BBegeMm elle 0AHO onpe-
JleJIeHHe,
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6.7. Onpegenenne. Jasa aoboro pazbueHHss P MOJOKHM
B (P) =max Ax; (IKi<n)
H HasoBeM p (P) duamempom pa3buennsi P.

6.8. Teopema. Ecau ¢yuxyus [ wuenpepwena na [a, b], mo
f€ZR (0) na [a, b]. Boaee mozo, kaxmdomy e>0 omsewaem makoe
6>0, umo

n b
(16) | D f)da—§ fda|<e
i=1 a R

04a m06020 pasbuenusn P = {x,, xy, ..., Xn} ceemenma [a, b], ydossem-
sopatougezo ycaoseuto n(P)<<d, u npu wmobom ebibope mouex t;
6 ceamenme [x;-q, Xi].

HNoxasateabctBoOo. [lyeth 8ajaHo uMcao £>0, U nycTb
71> 0 TaroBo, uTO

[a(d)—a(a)]n<e.

ITockoabky f paBHOMEepHO HenpepbiBHAa Ha [a, b] (teopema 4.19),
cymecTByeT Takoe § >0, yro

(17) 1P —FB) <,

ecan |x—i¢|<<8 u x€la, b], t€la, b].
Buibepem P Tak, uto p(P)<< 6. Torpa us HepasenctBa (17) cae-
ayeT, 4To
Mi—mig‘n (i=l,...,n).
3HauHr,

UP, )= LP [, )= 3 (M= m) Aas<

<n 2 As=nfa(b)—a (@) <e.

Hrak, no reopeme 6.6, f€.%Z (a).
HepasenctBo (16) TakXe JAoKasaHo, Tak Kak of0a uHcjaa

S ft)Ag; n S fda nexar mexay U (P, f, o) u L(P, f, a).
i=1

6.9. Teopema. Ecau [ monomonna na (a,b], a o nenpepvisra
Ha [a, b], mo fE€R (v) (mbr no-npesxcremy npednoaazaem, pasymeemes,
4MO O MOHOMOHHQ).

HokasateanbctBo. Ilycts 3agano > 0. [das moboro noao-
¥KHTeJbHOTO 1 BbibepeM pasbHeHue P Tak, 4TO

Aa; = a (b)—a (a)

- (i=1, ..., n).
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3TO BO3MOXHO, TaK Kak (YHKIHUs « HenpephiBHa (Teopema 4.23).
IlpexnosoxkuM Temepb, 4TO [ MOHOTOHHO BO3pactaeT (B JpYyrom
caydae J0KasaTe JbCTBO aHaJOTH4HO). Torpa

Ml:f(xi), mi—_—-‘f(xi_i) (izl, cey n),

TaK 4YTO

UP, @) —L(P, f, a) = 2OTD Sy ) — o)) =

i=1
=402 15 (b)— (@) <,

ec/ n jocraroyHo Beauko. I1o teopeme 6.6 f€.% (a).
Tenepb MBI OKa)keM HEKOTOpble 3SJeMEHTapHbie caoncma HHTE-
rpaiga CTuibrbeca.

6.10. Teopewma. (a) Ecau f, € B (a) u f.€ R (a) Ha [a, b]. mo
fi+F€R(a), cf €7 (a), Kakoea 6bt nu Gsiaa KOHCMAHmMA ¢, U
b

IS) (f1+[2) da= li [1da - S f2da,

a bl a /b‘ a
3 cfda=c 3 fda.
(b) Ecau [y (x)<[2(x) na [a, b], rﬁo
b b
S frda< X fada.

(¢) Ecau fe AR (a) Ha [a, b] u ecau a<<c<<b, mo fER(a) Ha
la, c] u Ha [c, b] u
b

fda = g fda.

a

[

{ rda+

Oy O

(d) Ecau [€ZZ(a) Ha la, b] u ecau |f(x)| <M na [a, b], mo
b .

} & fda|<M[a(b)—a(a)].

(e) Ecau fE€ T2 (0y) u [€F (as), mo f€A (a4 + aa)

u
2l

S fd (ay+ az) =

a

L
\ fda,+ S fdag;

Qe
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ecau [C.A(a) u c-—noaoscumesroe qucac, mo f€ .7 (ca) u
b b

S fd (ca)y=c¢ S fda.

a a

HDoxkasarteabctBo. Ecanm f=f;+f,, a P—kakoe-unbynn
pasCuenue cermesra [a, b], To

(18)  L(P, [1, @)+ L(P, far )<L(P, [, ) <U (P, f, a) <
<U(P, i a)+U(P, f2, @).

Ecnu fi €% (0) U fo € % (a), T0 mobomy uncay &>>0 orBedaior
TaKue paiéneﬂnﬂ P; (j=1,2), uto
U (P, fis @) —L(Pj, f;, a) <.

OTO HEPABEHCTBO COXpaHuTCH, ecau Py i P, 3aMeHUTb uX OOUHM
u3measuenuem P. Torga u3 (18) caepyer, uro

U(P7 fv G)—L(P, fv (l)<2€,

a 3To 3Ha4uT, 4TO0 [E€.% ().

Hns sToro ke pasbucuust P uMeeM

U, fi, a)< | irdate  (G=1,2);
TakuM obpasoM, H3 (18) cueayet, uto
\ fda<U (P, f, @) < { fidat{ foda - 2e.

3BH/Y TPOM3BOJBHOCTH & MBI NPHXOJIHM K HEPAaBEHCTBY
(19) { Tda< S fy da - S fo du.

Ecsn samenuth f; u fo B (19) dyuxuusima —f; 1 — fs, 10 Hepa.
BEHCTBO H3MeHHTCsT Ha oOpaTHoe (u00, KaK JIeFKO IIPOBEPHTh.

S (—/) du= \ fda); TeM cambiM Joxa3aHo Tpefyemoe paBelcTBO.

JlokaszaTeneTBa OCTAJBHBIX yTBepxlesuii Teopembl 6.10 cosep-
HIeHHO aHajorgunsl. B yacTH (€) Bce mel0 B TOM, UTO, Nepexois

K H3MeCJAbUYCHHAM [MIpH HpHGJUrI}KGHHH HHTECrpaJa Sfd(l, MLI MOZKEeM
OrPaHHYHUTHCA JHUIb pa36HeHHHMH CoAepXKAUlHMH TOUKY C.

6.11. Teopewma. [Tycmo [€ R (a) Ha [a, b], m<f<<M, ¢ Henpe-
posna Aa (m, M| u i (x)=¢ ([ (x)) na la, b]. ToaOa hE 7 (a) Ha |a, b).

Hdokasateanbct1BO. BrfepeMm e>>0. Beuay Toro urto ¢
DABHOMEpHO HenpepniBHa Ha [, M|, cyuectByer 6 >> 0, Takoe, 4to
0<ewn |@o(s)—o(f) <e, ecn |s—1t |8 u s, L€[m, M].
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[Mockoneky f€.% (a), cyumectsyer pasdbueHue P =:{xy, X;, ..., Xz}
cerMedra [a, 0], Takoe, UTO

(20) UP,f,a)-—L({P, [, a)y< 8

ITyets M; u m; uMewoT TOT Xe CMBICJ, YTO H B onpegeseHuu 6.1,
H nycth M, m}— anasnoryunble BeJHUHHB A5 dyHruud 4. Pa3zolpeM
ypesaa 1, ..., n Ha gBa Kuacca: (€4, ecau M, — m; << 8; (€ B, econ
Mi —m; > 6.

Has i€ A, B cuiy Buifopa §, oxkasmmaercs, uro Mi—mf<e.

Has i€ B uveem MP—mi < 2K, rpe K=sup|o ()|, m<i<M.
Coraacro (20), umeem

(1) 6 EA0-5< }_](Mi—mi)/»\ai<62,
i€B ien

TaK uTo ) Aq; << 8. CiejoBaTesnbHo,
ieB

U(P, h, @)~ L(F, h, a)= 3 (Mi—m) Aa; + 3} (M} —m?) Aa, <
€A el

Lelab)-—-a(a)+42Ké<e[a (b) - a(a)--2K].
Tenepe u3 teopeMur 6.6 caeayert, 4To A€ .2 (1), TaK KaK YHCJIO €
T POH3BOJIBLHO.

3aMeuanue. 2ra TeopeMa [OJCKA3BIBaeT TaKCH Borpoc:
Kaxkne e GyuKnuM HHTerpupyemel mo Pumany? Orteer paertcs
B TeopeMe 10.33(b).

6.12. Teopema. Ecau f€ R (u) u g€ H(a) Ha [a, b], mo
(a) fg€R(a);

b
fdal< \|fida.

a

2 -

0) [HeA@) u |

JokazartearctBo. [Ilomaras ¢ (f)==i{* W TNpHMERsAA K @

teopemy 6.11, Mel BuauM, uto f2€. 72 (a), ecaun [ € R (a). Toxaectso
dfg=(F+grP—(F—gr

2aBepliaeT 10KA3aTeNbCTBO YTBePXKIeHHs (a).
[lonaran @ () =1{t; 0 npuMensas teopemy 6.11, MbI TOUHO TaK XKe
ybemxaemcst B ToM, uto ! i€ A (o). Boibepem ¢c= 11 Tak, uro

c { fda>0.

Torjaa | S]‘du%zc r\‘ fda= S cfda < S Iflda, 1ak kak cf<|[!.
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Huterpan kak npeiea cymm

Ho cux nop Mbl ONpegeJsNH  HHTErpajd TpPH [OMOIIH CYMM
U@, f,a), L(P,f,a). Ognako uucia M;, m;, NOSABJASIOIHECS B 3THX
CyMMax, He o0s3aTelbHO CJAYXKAT 3HAYEHHAMH &yHKknud [ (oHu
JEACTBHTENBHO OKa3bIBAIOTCS 3HAYeHHsAMH GYHKUMH [, ecau [ Hempe-

poiBHa). Cefidac Mbl MOKa)eM, 4TO HHTErpalj S fda MOXHO paccMma-

TPHBATb KaK Tpejes MNOC/eJ0BaTeNbLHOCTH CYMM, B KOTOphIX M; H m;
3aMeHeHbl 3HaueHusiMH ¢yHkunmun f. Kax u Bble, @ MOHOTOHHO
BO3pacTaeT, a [ OorpaHdueHa H BelleCcTBeHHa Ha [a, b].

6.13. Onpemenenune., Ilycts P —kakoe-HuGyap pasOuenue

cermenrta [a, b]. BuifepeM TOukHM f#y, ..., f, TaK, 4T0 X; <t < x;
(=1, ...,n), u paccCMOTPHM CYyMMY
(22) S(P, foa)= 2 [ (1)) Aa,.
i=1
TlonokuM, no onpege/ieHHo,
(23) lim S(P, f,a)=A4,
n(p)—>0

ecsH aas Jqoboro € > 0 cymectsyer 8 > 0, takoe, uto npu u (P)<C 8
HMeeM

(24) ISP, f,a)—A|<e.

OrmeTnm, uto obosnauenne S (P, f, @) Ha caMOM JeJie HEMNoJlo,
TaK KaK cyMMa (22) 3aBHCHT ellle H OT BbHIOOpa ToYe f;, YIOBJETBO-
PAIMHEX YCAOBHID X; 1< f; < x;. Ho 3T0 He MOMET IpHBECTH HH
K KakOMy HeJOpasyMEHHIO, ecJH Mbl GyJAeM [IOMHHTb, YTO COOTHO-
LIeHHe (23) o3HauaeT CrpaBelJHBOCTL HepaBeHCTBa (24) npu BcAkoM P
H BCAKOM JONYCTHMOM BBHIOOpE TOUEK f;, ecyd ToJabKo p (P)<C 8.

6.14. Teopema. (a) Ecau limS(P, f, @) npu p(P)—0
cywecmeyem, mo €% (a) u

(25) lim S(P, f, @)=

n(P)—0 .

fda.

Qo

(b) Ecau (i) [ wuenpepoigna uau ecauw (ii) f€ R (a) u a Henpe-
puisna Ha la, b], mo estnoausemcs coomuouienue (25).

YrpaxxHeHHe 4 nokaxer, uTo TpeGoBaHHE HeNPEPLIBHOCTH B yTBep-
xIeHHH (b) He MoxeT ObITb ONYILEHO.

HoxazarteabcTBo. HomycTuMm cHauana, YTO npejea B JeBOH
yacTH paBeHcTBa (25) cymiecrsyer d pased A. I[lycTs 3ajano uuciao
e > 0.
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CywectByer 6> 0, Takoe, uto npu p(P)<< 8 umeem
(26) A—g <SP [, 0)<A++.

BriGepem Takoe P. Ecau Mbl 3acTaBHM TOUKH !; OpOGEratb CErMEHTHI
[X;_4, X;] U BO3bMEM BEpPXHIOIO H HHXHIOIO rpaHu yucead S (P, f, a),
NOJyYEHHbIX TaKUM 00pa3oM, TO, INpHHHMas BO BHuMaHHe (26), Mbl
NpHIeM K HepaBeHCTBY

A—%<L(P’ fa)<<U (P, f a)<A+_g_

ITlo teopeme 6.6 f€.%(a); 3TO 3aBepluaeT JOKa3aTeaLCTBO YTBED-
KaeHus (a), Tak Kak

LP,f,a)< S fda<U (P, f, a).

Uacte (i) yrBepxaenus (b) coaepxurcs B Teopeme 6.8.
Yrto6el JOKa3aTh vactb (ii), momyctum, 4to f€.Z (a), PyHKUMS «
HenpepriBHa H & > 0. CymecTByer pasbuenue P*, Takoe, uTo

(27) UPfo< | fda+5.
Ionoxum
M=sup|f(v)] (a<x<b).

ITockoabKY (PYHKIHSI & pABHOMEDHO HENpepbiBHa Ha [a, b|, cymecT-
ByeT §, > 0, obnajaomee ciaeayoiium cBoficTBoM: ecan P — aioboe
pa3buenne cermenta la, b], Takoe, uro p(P) <8y, 10 Aa; <<e/4Mn
NpH BCEX i, TAe n— YHCJIO0 cerMeHToB pasbuerus P*. Ilycre P — mioboe
pa3buenne, taxoe, uyro p (P)<6,. Paccmorpum cymmy U (P, f, o).
Bkaax B 3Ty cyMMy Tex CErMeHTOB pa3bueHust P, BHYTPH KOTOpBIX
COJIEPXHUTCSl TOYKa pa3lueHHst P*, HE IpeBHILAET BEJHUHHb!

(n—1)eM _ e
(n— l)miax Aa;M << i <7

B coenunenuu c¢ (27) ato paet

(28) UP, o< {fdotg

npu Bcex P, ans KoTophix W (P)<<é,.
Touno TakuM e crocoOOM Mbl MOXKEM NOKa3aTb, YTO CYIIeCTBYET
ynceao §, >0, takoe, uTo

(29) L, f, 0> fda—7

npu Bcex P, mast kotopbix p (P)<< 8,
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BuiGupast 8:=min (64, §;), Mbl BHauM, uTo HepaBenctna (28) u (29)
BBIIIOJIHSIIOTCS NP KamkjgoM P, TakoM, uto W (P) <C6.
[TocKoJabKY, OUeBHAHO,

LP,[,a) <SP, [, a)<U(P, [, a),
u3 (28) u (29) caexyer, 41O
S fwz  Fda-q 5,
S(P, [, &)> \ fda—1,
a4 M3 3THX JBYX TOCJEIHHMX HEepPaBCHCTB BHAHO, UTO
%S(P,f, a)—gfdul}(._a

npa Bcex P, Takux, 4to p(P)<Z8.
HokazaTenbCTBO 3aKOHUEHO.

Hurerpuposanue n auddepenuupoBanne

B 3ToM pazjesnie Mbl Bee ellle GyaeM 3aHHMAThLCH BelleCTBEHHLIMH
GyHKuMsIMA. Mbl TOKaikeM, 4TO HHTerpHpoBaHHe 1 JH(depenLupo-
BAHHE HABJMIOTCA B HEKOTOPOM CMBICJE€ B3aHMHO OOPaTHBIMH oOllepa-
LU STMH.

6.15. Teopema. llycmo [ € R na (a, b). Hia a <x < b noaowmun
F(x)= \ f(t)dt.

To eda pynxiyua F uenpepoisna na [a, b]t); 6o.tee moeo, ecau pyHk-
us [ nenpepbisna 8 mouxe x,€|a, b], mo ¢ynxyua F 0u¢¢epem<u—

pJe,wa 8 mouKe xp U
F' (x0) = f (x0)-

HoxasateabctBo. ®OyHKnusg [ orpaHWuyeHa, Tak Kak [ €.74.
Honyetum, uto | [ (1) <M, ecan a <t b, Tlpn a < x << y<b umeem
Y

F(y)—F ()] ﬂ (1)dt| <My —x

e — [42

e
1) dyukung F He onpejesexa B Touke a, MO CHABOMY 3 f () dt ue npunu-

o
ChIBAIOCE HHKAKOTO cMbicsia (B n. 2,19 npu onpejenentil ceryenta Kak OJHOMep-
HOH KJieTKH CerMenTnl BHAA [a, a] Oblai HCKJwueHs! M3 paccMoTpends). Ilas toro
4ToObl BCe VTBEepPHJEHHS TeopeMnl Oblidl BepHbIMH, CJICGAYET CYHTaTh, UTO
F(a)=0.— Hpun. nepes.
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no teopeMe 6.10 (¢) u (d). Mbl BMIMM, YTO AJa fganHOro &> 0
|[F(y)—F(x)]<e,

eCaH ToNBKO | y— x| << e/M. DtUM JoOKasaHa HenpepuiBHOCTb (M Bo-

Jlee TOrO, PaBHOMEpHAS HenpepblBHOCTb) dyHKuuu F.

Ilonycnm Teneps, 4To (QYHKUHA [ HenpephiBHA B TOYKE Xo. Has
3ajannoro € >0 suibepem & >0 Tak, uto

[F () —T (xo0) | <,
ecan | —xo| <6 u a{i<b. Torga npu
Xo—O0<<s<Cxo<E<<xo+6 U a<g s<t<b

Mbl 110 Teopeme 6.10 (d) umeen
t

§[f<u>—f<xoldu1<e

| FO—F() L1
e
CneposatenvHo, F' (xg)=f (x,).

6.16. Teopema. Ecau [CR na (a, b] u cywecmsyem OJugpe-
peryupyeman Ppynkyua F ua [a, b], makas, umo F' =f, mo

b
{rxde=F@e)—F).

A1y TeopeMmy OOBYHO HA3LIBAIOT OCHOBHOL MeopeMoill UMmezpaib-
H020 ucuticaeHua. Ee NOCTOAHHO TPHMEHSIIOT MPU BLIYHCJIEHHH HHTe-
TpAJIOB,

Hoxaszatensncrso. daa gautoro pa3buenus P cermenTa [a, b]
BeibepeM f; (i =1, ..., n) TaK, uT0 X; (<6;<<Xx; H

F(x) = F (xi) = (i —xi.4) [ (1)
Dto BO3MOXHO mo Teopeme 5.10. Torma

4t

F(0)—=F (@)= 3 [F (x1)— F (xse0)l = 3 [ (t2) Axi,
izt

i=1

i

b
a NOCNHeJHA CyMMa CTPEMHTCH K S f(x)dx, korga Tn(P) — 0, no
a

TeopeMe 6.14 (rpe a(x)=x).

6.17. Teopema., Ecau f€ A u o' € R nala, b}, mo fER(a)u
b

Sfda: § f(x)a (x)dx

a
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DT1a TeopeMa oOnMCHBaeT ORHY H3 CHTyauufl, KOTJa HHTerpai
Cruabtbeca cBoputcs K HHTerpaty Pumana.

JlokasaTeabcTBO. 3aMeTuM cHaua/la, 4TO no teopeMe 6.12
fa’ € A. Ilycts e>0. Buibepem M tax, uro |f|<M. Ilockomabky
fja' €% n o' €%, us Teopempl 6.14 (b) caenyeT, 4TO CYLIECTBYIOT
6;,>0 u 8, >0, Takue, uTo

(30) | S ie @y an— ol <e,
ecad W(P)<<é, M xjo <<y, U
] 2 a’ (t) Ax;— S a’

ecau W(P)< 8y U iy < < Xy
Ecnu s; — apyras Touka, Takasi, 4To Xj_q < S; < X;, TO Mbl HMeeM

(31) e’ (t) —a’ (s:) | Axi << 2e,

Korja p(P)<C 8y v xio <6<y X <8 < X5

BuiGepem tenepp P rtak, uto w(P)<<§=min(6;, 8), u nycts
t; €[xi—y, x;]. Tlo Teopeme 5.10 cymecTBYIOT TOUYKHM S; € [Xi-q, Xi],
Takue, 4t0 Aa; =0’ (s;)Ax;. Torpa

(32) D[ (t)Acy =3 [ (t:) a’ (t;) Axi D) [ (i) (e’ (1) — a” (11)] Ax;.

Coraacuo (30) u (31), neBasi wactb paBencTBa (32) oTaHuaeTcs

<&,

oT S fa’ Mmenblle, yueM Ha (2M +1)e. D10 03Hauaer, 4TO
b

lim S(P, f, a):S F(x) o (%) dx;
w(P)—»0 4

IIpHHHMAasi BO BHUMaHHe TeopeMy 6.14 (@), Mbl npuxoiuM x Tpebye-
MOMY 3aKJIOYeHHIO.

HuTterpupoBaHne BeKTOPHO3HAYHbIX (YHKLHI

6.18. Onpenenenue. I[lyctv f,, ..., fr— BelllecTBeHHbIE
dyukuun Ha [a, b], u nycts T=(f;, ..., fx)—coorBercTByMWOIIEO
orobpaxenune cermenta [a, b] B npoctpanctso R'. Tlycts dyuknus
@ MOHOTOHHO Bo3pacTaeT Ha [a, b]. Mn OyjieM TrOBOpHTbL, UTO
fc#(a), eciu [;€R(a) npu j=1, ..., k. B 3ToM ciayuae Mhl,
N0 onpefefieHHIo, noJaraem

b

§fda:<gf1da, ey § fkda>.

a a a
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HubiMu cnioBamu, S fdo— 310 ToOuka mpoctpancTsa R*, j-s1 Koop-

JAMHATa KOTOpO# paBHa S fida.

flcno, uto yTBepxeHHsA (a), (c), (e) TeopeMsl 6.10 BepHBI H jAJad
3THX BeKTOPHO3HAUHBIX HHTErPasoB; HYXKHO NPOCTO TIPUMEHHTDH Mpex-
HHe pe3yJbTaThl K Ka¥joll KoopjuHate. To e BepHO B OTHOLUEHHH
TeopeM 6.15—6.17. Hdas unmoctpaunu cGopMyaHpyeM aHaJor Teo-
pemsl 6.16.

6.19. Teopema. Ecau ¥ u F omobpaxarom ceemenm [a, b]
é npocmpatcmso R, 1€ R na la, b] 1 F'=1, mo
b
Sf(t)dt:F(b)—F(a).

Onuaxo auajor teopeMnl 6.12 (b) cBA3aH ¢ HEKOTOPLIMH HOBBIMH
MOMEHTaMH, MO KpaiiHell Mepe B JokasaTelbCTBe.

6.20. Teopema. [Iycmv t omobpascaem [a, b] 6 npocmpas-
cmee R*. Ecau f€ % (0) 049 Kakoi-nubydb MOHOMOHHO 603pacmalo-
wed Ha la, b] ¢pyukyuu a, mo |T|€ R (a) u

b b
(33) gfda'gglflda.
HokasarteasbctBo. Ecaw fy, ..., fx—KoMnoHenTs otoGpa-
xenus f, To
(34) [f|=(f+...+F)"

[To teopeme 6.11 xaxjas u3 GyHkuuil [} npHHALEKHT MHOKE-
cTBY % (), cjaefoBaTe/lbHO, 3TOMY MHOXKECTBY IpPUHAfJEXHT U HX
cymma. [lockonbky x* — HenpepoiBHast yHxuus or x, teopema 4.17
NOKasblBaeT, YTO KBAJPATHBI KopeHb— QYHKUHS, HeENpepHiBHAS Ha
cermente {0, M] npd KaxkzZoM BemectBeHHoM M. Ecau Mbl elle pas
npuMeHHM TeopeMy 6.11, 1o yBHINM, uTO |T|€.Z (1),

Urobsl> gokasare (33), NOMORHUM y=(Yy, ..., Yr), THhE Y;=
=S fida. Torpa y:S fda u

yE=D =Dy S fjda:S (2 yjfj>da.

B cuny Hepasenctsa 1lBapua,

(35) 2 yifit)<

yli@ | (a<i<b);
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3HaunT, U3 TeopeMu 6.10 (b) caepyer, urto
(36) lyp<lyl{ifida

Ecnpy y =0, to HepasenctBo (33) TpHRHaanio. Ecau y =40, To,
pasnenus (36) Ha |y|, Mbl moavuum (33).

PYHKUMH OTpaHHUYEHHOM BapUaLlHH

Jdo cux nmop Mpl 33aHAMAJJHCh HHTErPUPOBAHHEM OTHOCHTEJRIIO
MOHOTOHHBIX GbyuKuui a. B camom gene, uepasenctso Ag; » 0 urpaso
OCHOBHYIO pOJIb BC BCEX J0OKasaTe/hcTBaX, cBfAsaHHmx ¢ L(P, [, a)
u U (P, f, a). PamMxu TeopHu HHTErpHpPOBaHHA, pPa3BUTOH B Mpelbi-
AVIIHX pasfjesiaX, MOXKHO DaclIIPHTh Oc3 3HAUWTEJbHBIX TPyAHOCTEH,
€CJTH 3aMeHHTb KJAacC MOHOTOHHBIX (yuKuuil KJaaccoM dYHKUMH orpa-
nuueHHol BapuaunH. Yrtolnl usbexaTb TNOBTOpPeHMH, Mbl Cpa3dy ke
olipefesIUM 3TOT KJacC AJi BEKTOPHO3HAUHbLIX (PYHKUHH.

6.21. Onpeaenenne. Ilycts T—ortobpaxenne cermenia [a, D)
B npoctparctBo R*. Ecimn P ={x, ..., x,} —pasbueHue. cerMeHTa
la, D], TO NOJOKUM

Afi =f (x,-) —1i (xi—l)
H

(37) V(g b)=sup 3} Ak,

t==1

rAe BepxHsisi 1paHn GepeTcs no BceM pasfueHusiM cerMeHTa [a, .

HasoBem uucao V (I; a, b) noanoid sapuayued otobpaxenns f na
cerMente [a, b]. Ecau M3 KoHTekcTa SICHO, O KaKOM CEerMeHTe et
peunb, TO Mbl OyieM cokpamento nucath V (f).

Ecau V (I, @, b)<Z-+ oo, 1O roBopat, uto | — pyuryus oeparu-
weHHOU sapuayuu Ha [a, b).

Mruorue cBoficTBa BEeKTOPHO3HAaUHBIX QYHKUMHA OrpaHHYeHHOHR Bapua-
LIHH MOXKHO NMOJYYUTb CBEJIEHHEM K CJIY4ar BellecTBeilHbIx dyHKIUIL.

6.22. Teopewma. [lyeme T=(f, ..., [1) omobpascaem ceemenm
[a, D] & npocmpancmeo R*. Toeda ¥ — pynxyua oepanuuennol sapua-
uu Ha la, b} 8 mom u moAbKO 6 MOM cayuae, KO20Q Kancoas us
pyuryuil f; umeem ozpanutennyio eapuayur Ha la, b}, Qaal < j<k
umeeM

k
V(Ina<VmH) <DV

<~

r=1i
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Hoxasateabcrno. [as moboro pasbuenus {xo ..., Xp}
cerMenTta [a, b] umeem
R
Fala) =i (=) 1<) ¥ () —T(xing) [ < Z [fr —fr{xicy) |-
r=1{
Eciiu MB DpOCYMMHPYEM 3TH HepaBeHCTBAa no (=1, ..., n, a

3aTeM nepeﬁmem K BepxXHhM TpadHsiM, TO Mbl NOJAYHYHM YTBEPXKACHWE
TEOpEMBLIL.

6.23. [Tpumepu. (a) Ecau f—mMonoToHHAs GyHKUHA Ha [a, b],
T0 [— QVHKIHA OTp4HHUCHHOIH Bapuauuu Ha [a, b], u V (f)==|f(b)—
—~f(a) 1.

{¢) Ecan ' cylmectByer u orpaHuuena Ha fa, b], to I —dyukuus
orpaidnueHnoil BapHaudu. lleficTButesbho, ecan |17 (x)|< M, To mo
Teopeme 5.20

D110 = (1) 1< 0 M (i) = M (6—0)

ans JuobGoro pasbuenns cermesra [a, D).
(¢) Pyuxuus f MoxeTr OHITH HEnpepelBHOH, He Oyjyud (QyHKIHEH
orpaHUueHHOH BapHauMH. PaccMoTpuM (yHKUMIO

[ xsint  (0<x<2),
flo=t "
[ 0 (x = 0).

Buifepem pasbueHHe, cocrosiiee H3 TOUEK

2 2 2 2

{ — Lz —— —_

O 3y gazsr -5 T &
‘CooTBeTcTByIOmAsn cymMMa, urypepyiomas B (37), paBHa B 9TOM
cayuae

4 _i ( 2 2N 2 4% N,
2+ : "'+(2n—3+2n—1)+

1
+‘3n_ +3 Rk

a 370 YHCJA0 MOXKeT ObITh CACJdHO CKOJIL YIrOoJHO 60JILILIUM s5a cyer
. . 4 1
RLIGOpA JI0CTATOYHO 6OJLIIOro 7, 460 Psij 2} — pacXojHTCH.

(d) $lcno, uto KaxKjias fpyHKu}m OTPAHHYEHHOW BapUalUH oOrpa-
uuuena, Tak kak | E(x)-—T(a)!<<V (1) npn Bcex x€(a, b].

Mr1 yBuauM (TeopeMa 6.‘)7) YTO CYULECTBYET TECHAf CBA3b MEXKIY
(PVHKUMAMH OTPaHHYeHHOH BapHAHH U MOHOTOHHBIMH (YHKUHAMH.
CyMMa M/ [POH3BENEHHE [BYX MOHOTOHHLIX (YHKHHH He o006sa3a-
TeabHo MotoTouunl. Hanpemep, x u x* wmowortonuwm wa [0, 1],
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(PyHKIHA X —x® He MOHOTOHHA; (PyHKUMA x¥ MOHOTOHHA Ha [—1, 1],
a ¢yuxiua x?—Her. OAHAKO KJaacc QyHKHHH orpaHHuYeHHOH BapHa-
OMH 3aMKHYT OTHOCHTEJLHO ONepallHil CJIOMKelus W YMHOXKEHHS.

6.24. Teopema. Eecau [ u g—romnaexcrsie hynkyuu oeparu-
yeHoU sapuauuu Ha [a, D], mo [+ g u fg—dynryuu oepanuyennod
sapuayuu Ha [a, 0].

(YTBCpKIeHHe, Kacaloleecss CYMMDLI -+ g. BepHO H IS BEKTOp-
HO3HAYHHIX (PYHKIHH; AOKA3aTeJbLCTBO HE Melsiercs.)

Ookaszateascreo, Husi moboro pasbueHust cermeuta [a, b)
HMeeM

SUAfi A < DA+ D Ag | <V (H+V (g).

3uauur, V(f+ g) <V (f)-1-V (g), u uepnas l]aCTb TeopeMsbl JIoKa3aHa.
Tenepb BoiGepeM A # B Tak, uto | f (x)| < 4, | g(x)| < BHala, b].
Ecomu A==fg, 10
Ahi =] (x:) Agi+ g (xi-) Afs,

103 TOMY
2 AR <A Agi |+ B2 Af [ <AV(@)+ BV()).
3naunt, V(fg)<LAV(g)+ BV([). Tem caMuim foKasaHa BTOpas 4acTh.

Caenpmctnue. Ecau | u g MorHomorHo svspacmaom Ha [a, b,
mo f—g ecmy GuHryUA cepanuderrol eapuayuin Ha (a, bl.
OGparnoe yTBepKACHHE TOKE Bepno (oM. Teopemy 6.27).

6.25. Onpegeaenne. Ilycte T otobpaxkaer cermext la, b]
8 npocrpaHcreo K, W nycts §—@QyuKnus orpaHHUEHHOH BapHALUIM.
[MTonoskum

(38) v (x)==V (& a, x) (a<<xLh).
HasoneM vy ¢yuxyued noaoti sapueyuu  dyuxuua f; vy, ouepun-
HG, MOHOTOHHO Bospactaer Ha fa, b] u vp(a)=-0

6.26. Teopema. [Tycmo §—dynryus oepaHu'thou sapuauuu,
omobpasaruasn ceemenin {a, bl & npocmparcmeo R*.
(a) Ecw a<xLy<b, mo

(29) Vi a, )=V a, x)4+-V(F; x g).

(b) Ecau yusyus T nenpepwisna wa {a, b, mo u ¢pyuxyus vt
moxce Henpeposra Ha [a, O].

HdokasatesnbcTBo., EciM x=a WaM y=-X, TO paBeHCTBO (39)
TpUBHaJbHO, Tax kKak V(f; x, x)==0. HonycTtum, Y10 a<<x<Zy
u 3af1aHo uucao € > 0. Cymectsyer pasbuenue {x;} cermenra [a, Y],
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Taxkoe, 4YTo

n

(40) ve () —e< DY | T (o) — T (ximy) [<or ().

i=1{

Ecsau Touka x He HaXxomuTCs Cpeiid TOYEK X;, TO Mbi 100aBHM
ee K Habopy {x;} ¥ nomyunM Takum o0pa3oM HoBoe pasbueHue P,
s KoToporo HepabeHCTBO (40) Bee ellle BBINOJHAETCSH.

[IpaBasi wacTb HepaBencTBa (39) oOKasbiBaeTcsl BepxHEH TpaHbIO
MHOXecCTBa BceX cyMM, (urypupylomux B (40). 3nauur,

u(y)—e<u(x)+VE x y<o @)

NOCKOJIEKY & IIPOM3BOJBHO, paBekcTBo (39) nmoxasanwo.
Tenepe nounyctu™m, uro ¢yHkuus ¥ HenpepriBHa, a <y<b n

(41) V(s x, y)>0

npH HeKoTopoM ¢uKcupoBanHoM 8> 0 u npu xaxjoM x € [a, y). (d1o
NpUBEAET K npotHBopeurio.) Baas B (41) x=a, Mbl yBHAUM, 4YTO
cymecTsyeT pasbueHue {x;} cermeHTta |e, y|, Takoe, uTO

(42) ) —F (i) | >0

i=1

3aMeTHM, 4TO X, =y, X,4<Cy. BBuay roro urto f Henpeprisua,
CYLIECTBYeT TOUKA @y, TaKasi, YTO X,y <@y <y M Bemuuunst | f(y)—
B (xp)} 1 |F(a)—T(x,4)| OTNHUAIOTCA CKOJB YrOJHO MAso;
B 44CTHOCTH, (42) BBITOJNHAETCS, €C/IH 3aMEHHTDb § TAKHM YHCJIOM Q.

MipiMu CIOBaMH, Mbl OKA3a/M, YTO CYUIECTBYET d, <y, TaKoOe,
uto V(f; a, a,)> 4.

ITpoyomxuM 370T mnpouecc, B3siB @; BMECTO @, U T. 1. Mbl nony-
UM JJIs Kaxjaoro N uHcha

A=qy<<a,<ay<...<<ay<<Y,

takue, uto V (f; aioy, @) >8 (1<i< N).

Ho otciona B cuny (39) cnenyer, uto vs(y) > N8 npu JoboM N,
YTO HEBO3IMOXKHO.

1o NpPOTHBOPEYHE NOKA3LIBAET, YTO

limV (f; x, y)=0;

XYy

B cuy (39) orciona BbiTekaeT, uTo (GYHKUMS Uf HenpephlBHA cJieBa

Ha (a, b]. TeM xe cnocofOM JOKa3b/BAa@TCT HENMPEPLIBHOCTH CIPAaBA
Ha [a, b).

3ameuanue. Cnpasenaupa ofpaTHasi TeopeMa; (OPMYJIHPOBKY
MOXKHO HafiTH B ynpaxHeHuu 6.
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6.27. Teopema. Ecau [—seujecmeendass Gynryua oeparuteH-
Kot eapuayuu Ha [, b], mo cywjecmoyrom MOLOMOHHO 603PACMA-
wue Ha |a, b pyusyuu p u g, makue, wmo pla)==q(a)=0 u

(43) [ (x)-—f(a)=p(x)—qg(x),
(a<xb)
(44) Uy () = p (x) + ¢ (x).
Mpr GyjeM HasniBaTh f H ¢ COOTBCTCTREHNO (YHKUKHAMH HO0A0-
HCUMEALHOH W ompuyanicasriod sapuauun GyHkuuy f; paBesctso (43)

MoKa3biBaeT, 4TO (QYyHKIHA [ npeicTanuMa B BUJAE PA3HOCTH BYX
MOHOTOHHBIX YHKUHH.

HoxasaTteanctro. OnpernenyM p H ¢ paBCHCTBAMA

(15) 2p=uybf--[ (@) 2g=v—[+](a).
Aeno, uro p(a)=g(a)==0 # suimoaH710TCS paBeHcTBa (43) u (44).
Eciu

a<x<yLb,
To (39) noxasniBaeT, 4TO

20 —2p(x)=V (f; x, v) + [ () —[ (x)],

(46 , ) s
(16) 29 () —2q(x) =V (5 x, Y) — 1 (N—F (0]

Beupy Toro uro | f(y)-—f(x)I<V{(f; x, ), u3 (46) cneayer, uto
ofe GYHKUHH p H §— BO3pACTalOLlie,

Caepcrnue 1. Ecau f, xpome moco, Henpepsiana Ha g, b],
mo niem xce CBOLCIMEoM 00audaom pou g.
1o BLITeKaeT U3 Teopenmbl 0.26 (b) u pasercrts (45).

Caencreue 2. Ecau [— hynryus oepaniliuenHod saplayuyl Ha
ia, bl, mo f(x-+) cywecmeyen npu a<l x<b, f{x—) cyiqecmsyem
apu scex o << x <L b u mueucecrico movex pu3psia Hynryul | ne Gosee
qeM CHEMHO.

D10 caedyeT HEMocPEACIBEHHO U3 Teopemnl 6.22, pasaoxennd (43)
U anaJOTHYHLIY GAKTOB, OTHOCSIIHXCH K MOUOTOHHBIM (DYHKLHSIV {Teo-
pemul 4.29 u 4.30).

[Ipeactapaenye BeuleCTserHOi PYHKUNHE OrPaHHURHHOH BapHaluy
B BHAE Pa3uHOCTH BYX MOHOTOHMHBLX (yHKLAT, KoHe4yno, ue emd:-
CTBEHHO; B CAMOM Jlene, npubasids OfHY H TY HC BO3DACTAILYO
(GYHKUMIO K D H G, MU HOJIY‘{H\I LBe Bo3pacTalouue QyHKIMHE py ¥ G,
takue, uto [{(x)—f(a) = Py (x)— g (x). Opnaxko pasznoxenne (43)
ob1ajaeT HEKOTOPLIM CBOHCTBOM MHHHMAMLHOCTH, BBIAGTSHOILHM €ro
cpeil BCeX [1POYHX DPasJOKCHUA Takoro poia (cM. ympaxnenue 10).
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HdaanHefiine Teopemb! 00 WHTETPHPOBAHUH

6.28. Qupenencuue. lenepb Mbl 06PAaTAMCH K HHTET PHPOBAHHKD
OTHGCHTEIbHO J0GeH (QYHKUMH OrpaHHYCHHOH BapHailMH, a He TOABKO
OTHOCHTEJBbRO MOHOTOLHOK (ynxiin. Ecan o— BewecTBenHas Qynk-
UKA OrpaHHYeHKOll BapHaluMH Ba [, O] 1 ecad a == f—y, rie fuy—
BospacTaoliire (MYHKUHH, TO eCTeCTBENIIoE OnpelelieHHe TaKoBO!

(47) {raa= { pdp--{ fay,

€C/IE TOBKO 00a MATerpasa cnpasa CyHiecTBYIOT B TOM CMBICHe,
B KaxkOM OHH ObIIH ONPeAEJCHBl PAHEE.

Ecay a==p,—vy,—~-Apyroe pasloikeHHe (yHKUHU G B PasHOCThb
Bo3pacTarounx ¢yakiui, 10 P-i-y;=p; 4y, H 0O3TOMY [cM. Teo-
pemy 6.10 (e)

(48) {rap+( Favi={7ap+ fav.

Ortciopa cnefyer, 4TO HHTRIPaf ifda, onpejesenHsii B (47),

He 33BHCHT OT BLIGOpa pasaodeHHs OyHKUHH @, ecau moAvko f npu-
HajJiexnt MuowkeetBaM A (B), 2 (), A2 (y) u R (yy)-

[TosToMy B Ja1euCHiuleM B 3TOil raase MLl GyJneM paccMaTpHBAaTh
JHUIb JBa cJydas, KOIjJa BCe HHTCpPeCcyloWlHe Hac HHTerpadsl aBTo-
MaTHYECKH CYHIECTBYIOT:

(a) dyrKuus f HempepbiBia, (QPYHKLHS & — OT pAHUUYEHIION BapHALIMH;

{b) yurnuH f W «—orpalnycHHOll BapHalUH M G NenpepbiBHA.

B cayqae (@) Mm comwiemcs Ha Teopemy 6.8. B cayuae (0) ycao-
BUMCH NPSACTARAATL G B BHAC PAasHOCTH TONGKO HeNpEPbISHOLX MOHO-
TOHHHX QYHKIME [9T0 MOKIO CAc1aTh, COMJIECHO CaeficTBHIO 1 H3
TecpeMbl 6.27]; paznaras f B pasiiocTb MOHOTOHHBIX (hyHKiufi, Mbl
couuieMcst Ha TeopeMmy 6.9.

3amemur, Kpome moeo, 4mo 8 oboux cayuasx meopema 6.14
NPUNEHUMA 8 NOAHOM 0OBEME.

Teneps Mbt Moran 6bl, KOHEWIO, pACUPOCTPAHHTD 3TO ONpejeneHue
Ha BeKTopHo3iauynsle QyHKuuH §. Opnako 0o.ee HHTEPECHBIM Npel-
crasasieTcsl pyroe ofoGilenye, KOTOpoe NPHMEHSETCS B TEOpHH aHa-
JIMTHUECKHX QYHKIHA. DT0o cOoOUICHEE NMOAYYHTCS, ecH obe GyHKIUH
f H @ CUMTATH KOMIUICKCHO3HAUHHLIMH.

Ecnu f=fy-Lify, a=a i, rtae [y, fo, ¢y, Go-— BEHIECTBEHHbIE
bynknauu Ha (@, bl, n ¢CJIU BLINMOJHACTCA YCJIoBHE (u) KiH (b), To MBI
100 KHM

(19) (fda: S f1 dal_g [2 duz"l—l.{ [rdus i S f2day.

J
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YeTwlpe unTerpasia, CTOSUHE B NPaBoil 4aCTH 3TOTO PABCHCTBA,
OblH onpegencHsl B (47).

OG6biunbie cBoiicTBa ajJUTHBHOCTH [Teopembl 6.10 (a), (c), {e)]
B 5TOH CHTy2IMH JErKO INPOBePATCS. PaccMoTpuM Temepbh aHalor
Teopembl 6.12 (b)) [em. Takxke Teopenmy 6.20] 8 KOMIEKCHBIX «.

6.29. Teopema. ITycmv | u o—komniekcroe Gyrkyuu Ha
la, b], ydosiemsopsioujue ycaosuam (a) ww (b) onpedeserus 6.28.
Hycme v—pynryusn noanoti sapuanuu gyusyuu o na |a, b]. Tozda

(50) ]§fda;<§vfxdv.

CaegcrteHe.

b
. g fda ‘\<V(u) sup | f(x)].
b a<x<b
HoxaszateabcTBo. Ecau sunoanedo (a), 1o dyHkuus |f|
HenpepoiBHa. EciM  BbimonHeHo (), 7O HenpepniBHA (YHKIHA U
(Teopema 6.26), a Tak kax [—QYHKIHA OrpaHHYENHON BapHaluM,
To TakoBa M (yuxuus |f|. 3naunt, BTOpo# HuTerpan B (50) cymie-
cTByeT B OOOMX CaydasiX.
Jlns mo6oro pasduenust P =={xq, X, ..., X} cerMenta [a, b] Hmeem

(51) X F) A | <D F )] A<D | ()| Avs,

ecn X <t;<xy npu l<i<n. llpu p(P)— 0 nepmasa cymma
B (bl) cTpemuTCcs K S fda, a nocnenuss — k g | f1dv no Teopeme 6.14.

3 [y

Tem cambiM HepaseHcTBo (H0) nokasano.

6.30. Teopema. ycmo [ u a—«KomnackcHvle yHkuuu oepa-
Hudennotl sapuayuu Ha |a, bl, a ¢yukyua f, Kpome moeo, Henpe-
poteta. Toz0a

b b
(52). Sfda:f(b)a(b)—f(a)a(a)— { adf.

3ameyaunue. Ilo ananorny ¢ npueMoM CyMMHPOBaHHS 1O YACTSM
paBeHCcTBO (H2) HA3LIBAIOT (POpMYyAOL uHMe2pUPOBAHUA N0 4ACTLAM.

HacTo okasbiBaeTcsi yUOOHBIM pacCMaTpHBATH S adf BmecTo S fda.
HoxaszatTeabcTBo. BuGepeM Kakoe-HHOYAb pasbuenne P =

={Xg, X4, ..., Xn} CeTMeHTa |a, b]. Bmbepem {4, ..., f, Tak, uTo
X << x;, TNONOXKHM fo=a, I, =05, H NycTh Q—pasbHeHue
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{tos t1, « .., tnyy} cermenTa [a, b]. Torxa, cyMMHpPYS [0 4aCTHAM, MOAY-
YUM

S (P, [, @)= 2 f(t:)la (%) —a (xi-4)] =

n-1

=f(b)a(d)—f(a)a(@— D} aley)f t)—F (ti-)l=

i=t

=f(b)a(b)—f(a)a(@)—S(Q, a, [),
TaK KaK fjg <%y <t Ecmn p(P)—0, 10 u p(Q)—0, u Teo-
pema 6.14 mokaswBaer, uto S(P, |, a)— S fda, S(Q,a, f)——>g adf.
Orcropa caeayer paseHCTBO (52).

amevanue. Ecnu dyHxuusi f HenpepoiBHA, a a— (YHKIUA
OrpaHHYeHHOH BapHauuK, TO (52) MOKHO HCIIOJIL30BaTh AJsi onpede-

AeHUsL HHTEr paia S adf naxe B TOM cayuae, Korjia f He ecTb GYHKUHA

OTPaHFYeHHOM BapHauuH. STO TNPUBOAMT elle K ORHOMY OGOGLIEHHIO
CTWIbTbECOBCKOro Ipouecca HHTEeTPHPOBAHHA, KOTOPOE MBI, OHAKO,
He OyJieM B JajbHEHLIEM pacCMaTpPHBATD.

B caeayromux aByx Teopemax Mbl JIOMKHBI OyJeM OTPaHHUHTHLCS
sewjecmeennbimy  (PYHKIUAMH —TaK Xe, KaK H B CJydae TeopeM
0 cpejlHEM B TeopHH AH(depeHIHPOBaHKS.

6.31. Teopema. (ITepBas Teopema o cpefilneM 3HaueHuu.) Ecau f
HENPePbiBHA U BEULECTIBEHNHA, A O MOHOMIOHHO 03pacmaem Ha |a, b],
mo cyuecmeyem moska x, makas, amo a<x<b u

b
(63) | fda=F(x)la(b)—a (@)l

HokaszaTteabcTtBo. [logoxum

M=supf(t), m=inff(t) (a<t<b).
Torpa
b
mia®)—a @< | [da<Mla(b)—a(@).

3HauuT, CYULeCTBYyeT 4M¢iO A, Takoe, uto m<A<< M u

b

X fda=A[a(b)—a(a).

a
B cuny teopem 4.16 1 4.23 cymectByeT Touka X, NpHHAIeNRANIAs
cerMedTy [a, b], A KoTopo# f(x)=A, OTKyAa H cleiyeT (53)
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aMeuanue., Moxer cayuuThes, YTO TOYKY X Hesh3sd BHIODATH
TaK, 4TO a<Z x < b. Hanpumep, ec.n

L 0 (v==q),
“("):l I (a<x<b),

a [ HempepuiBHa, TO

b

| Fda=F(@)=1@u(b)—a@).

6.32. Teopewva. (Bropas teopeMa o cpeaHeM snaucHun.) 1 ycme
PyHKUUS [ MOHOMOHMA, @ o — QYHKIUA O02PAHUMEHHOU sapuayuu,
seujecmeennaa u Henpepoisiaa Ha [a, b|. Toz2da cywecmeyem maxas
mouxa x €fa, D), umo

b
\ Fdu=F(@)la(x)-~a@l+] ()« b)—a ).
lloxaaaTe.anTBo CornacHo teopesam 6.30 u 6 .31,
b

S fdu=F(b)a(b)—~f@a (@) — 5 @ df =
[ (B)a(b) (@) e (@) —a(¥) [ (b)—F (a)]

npu HekotopoM X € [a, bj.

6.33. Teopema. (Samena nepeMennoii.) Hlyeme fu @ HenpepolBl bl
Ha la, bl, ¢ cmpoeo aospacrnaem Ha (a, b], a y— QyHKuua, obparmHa s
Kk . Toeda

b @(b)
(54) {roode={ Fap)dv ).
a ¢(a)
[Popmanbio (54) monayuaeTcs, ecaH HOJOKUTD Y = @ (X), X = (y).]
HdoxazartenbctBo. Has moGoro pasducHust P

a-\x0\<x1\ xz\ ..... \,\,n 1<xn::b
HoaoKUM 4y = @ (a3) (£=- y M) H paccMoTpuM  pasbuenne @Q:
Qa) =t <<y < oo Ko K =@ (D).

TMoaaras g (y)-- (¢ (), 1oayyaem

(55) >‘ F (o) (X5 —Xiy) = 211 g (U 1% (1) — ¥ (-1
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B cuay paBunoMmepho#t nenpepelgiocTH QyHKUHM ¢ HA @, 0] (Teo-
peva 4.19), ecmm p(P)—0, 1o p(Q)— 0. Tarum 06pazom, eci1n
w(F)— 0, To ofe yactH paseHeTBa (53) CTPCMSITCA K COOTBCTCTBYIO-
UM 4acTAM papBeHcTBa (O4), NOCKOALKY (QYHKUHS g HeipepbiBHA.
HokazatenbcTBO 3axoHue!lo.

CnpamJisieMsIe KpugBbie

B 3ax:roueHue 3TOH IaBul Mbl PACCMOTPHM OXIO HHTEPECHOe reo-
MeTPHYECKUe TPHIOKERHe 11eKOTOPOH 4acTu NIPeAUIECTBYIOUleH TCOPHH.
Cnyuait k=2 (1. e. cnyuafl MJIOCKHX KDHBLIX) OCOGCHHC BameH LipH
H3Y9EHIIH aHAJMTHYCCKAX QYHKIUA KOMIIVICKCHOH NepeMeHHOo.

6.34. Onpejnenenne. HenpepnBHoe oToOpamenue y cerMeHTa
[a, b] B npoctpascTBO R"* HazwBaeTcs Kpusod B R*. Ecan otobpaxe-
HHEe Y B3aUMHO 0ZHO3H&YHO, TO y laswiBaeTcst Oyeod. Ecau vy (a) =
=y (b}, HO v (fy) %=y (£2) ana mobOi RPYroil Naphl pasiHUHBIX TOYEK
fy, t», IPHHAAJEKAINUX ceiMeHTY [a, ], TO y ua3biBaeTcs npocmod
3amkHymotl Kpueoti.

Creayer 3aMeTUTb, UTO KPHBASA ONPEACSETCH KAK 0mo0pancenue,
a He KaK MHOXKceTBO ToueK. KoHeuno, ¢ xaxpol Kpusoit B R* ¢BsizaHo
HEKOTOPOE MHOXKECTBO TOUCK B R, a MMEHHO MHOXKECTBO 3HAueHuil
OTODpaXKeHUsA vy, OAHAKC JJ/8 pasHbX KPHEBIX 3TO MHOXKECTBO MOMKeT
0Ka3aThCsl OJHHAM H TeM XKe.

Mrpl 6yjem HasbBaTh KPHBYIO Yy CHPAMAAEMOL, ecld y-— HyHKIUA
OTpaHH4YeHHON BapHauuM; Jauxol KPUBOH y Mbl OyleM HasbiBaTb
ureso V(y; a, b).

Y1066 060CHOBATL 3TO ONpejeleHne, HalloMHuM, 410 V (v; @, b)—
3T0 BePXHsisl paHb> MUOXKeCTBa BCeX CYMM BHAA

n
5

{(56) 2y (x)—y (o) (@=xo<lx << .. < Xy=b).

i=

s

B stoit cymme i-e characioc paBHO paccTosHu (B RY) Meny
ToYKaMH Yy (xi-q) M y(X;), a cama CyMMa paBHa JJude Jomauof
C BEDIMHHAMH B TOYKAX Y (%), Vv (x), ..., y(x,), PACIONOKCHIKIX
8 VKasaHHOM nopsiaxe. Koria anaMerp pasOHenHs CTpeMITcs K 11yJio,
9Tii JOMaNLie NPHOIIKAKTCH K MIIOMECTBY 31auyeHuH oToOpaMenus y.
Pasymeercs, MBl 3fiech Hudero He O0oxasbléaes, a JHMUIL IHTAEMCH
OOBIACHITH PA3YMHOCTL TaKOro ONpeAeneHHs LIHHBL.

B nexoTOpwx cayvasix JJIMHA KDHBOH BBIPAXKAETCS HHTErpadoM
Pumana. Mpt jokaxeM 370 I8 HenpepbigHo Ougbdeperiupye morx
KPHUBLIX, T. €. AJs KPUBBLIX Yy, IIPOM3BOJHASA Yy  KOTOPbIX HelpepbiBHA.
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6.35. Teopema. Ecau @yuxyusn v Henpepwsra na |a, bl, moy
cnpaAMasena, a ee 0AUHQ pagHa

b
Vv ol
a
HokasaTenbcTBO. Mbl JO/KHB JOKA3aTh, 4TO g Y [=V(y)

Ecau xg, ..., X,} — pa3GueHue cermeHTa [a, b], TO, K4K MOKA3HBAIOT
TeopeMmul 6.19 u 6.20,

S v —y = 3| § v < S v (1) |dt =
= 1v®]at,
TaK 4TO ’
van< (v

[Tyere £>0. Beuay Ttoro uto dyHKUMst y PpaBHOMEPHO Hempe-
puiBHa Ha [a, b], cymecTByer § >0, takoe, uto [y (s)—y’ (f)|<e,
ecau |s—1t|<C8. Ilyers {xy, ..., xn} — pa3Guenue cermeHra |a, b],
Juamerp KoToporo Menbiie 8. Ecau x; (<< xy, TO

¥ () [Ty () |+,
TaK uTO

x;

*
Vv oldt—eds <)y () 1 Ax=| § v (0+v () —v (11| <

x.

i-1 X1
|
<[ § voa|+ S ¥ () — (O1dt| <y (x) = ¥ (8- | + oA
X1 iy
CyMMHApYSl 3TH HepaBeHcTBAa 1o i=1, ..., 1, MBl NOJYyYHM

b n
V1v@1d<d (v () —y(ua)| +2e(b—a)<

<V (y; a, b)+2e(b—a).

BBujy NpPOM3BOABHOCTH € OTCIOAA CJELYET, YTO Sw’\<V(y),
H J10K434TeJLCTBO 3aKOHUEHO.
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YnpaxdHenus

1. Tlycts dyHrnust o Bo3pactaeT Ha [a, b], a<Cxy<b, o Henpe-
pbiBHA B TOUKE Xo, f(X%o)=1 H [(x)=0, ecan x == xo. Iloxasatp, uro
fe€F2{(a) n & fda=0.

b
2. Ilyets {>>0, uenpepoiBHA Ha [a, b u gf(x)dx:O. Hoxka-

3aTh, 4To f({x)=0 npH Bcex x€[a, b] (cp. ¢ y;pan{HeHHeM 1).

3. OnpenesuM Tpu ¢yuxkunn By, P, P3 coeayrommm o6pasom:
Bi(x)=0, ecim x<<0, Bj(x)=1, ecmn x>0 npu j=1, 2, 3;
B1(0)=0, P (0)==1, [33(0)::—;—. [lycts [ —orpannuennas ¢yHKnus
Ha [—1, 1].

(@) Hoxasatb, uto fE€.Z(P,) TOraa H TONBKO TOIJld, KOTAa
f(O+)Y=7(0), nu uro B 3TOM Cayuae

{ 7dp,~1().

(b) ChopMymHpoBaTh ¥ JOKa3aTh aHAJOTHUHBLIH pesyabraT Aas fo.

(c) Hokasath, uto f€.%(f3) TOoraa W TOJBKO TOTAa, Korja f
HenpepelBHa B TouKe 0

(d) Ilyets f nenpepoiBHa B Touke 0. [lokasatb, yTo
{ 7ap,= rap, = § faps—7 ).

4, Ucnoab3yss o6o3Hauelus ynpaxkHenus J3, JokasaTb, UTO
Py € Z (By), HecMoTpst Ha TO uTto limS(P, By, Bs) mpu u(P)—0
e cyulecTByerT.

5. Ilyets  {x,} — moc/1e0BATEIbHOCTL  Pa3J/IMUHBIX TOUEK HHTEp-

Baga (0, 1), ¥ nyctb cn >0, D) c,<<+ oo. [losokum

o0

a(x)= ; CaPy (X — %),

rae QyHkLHs B, OnpejesieHa Tak ke, Kak B ynpaxnenuu 3. [lycrp f
wenpepbizHa Ha (0, 1). JlokasaTb, 4TO

i o

S fda=" eaf (xa).

0 i
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N
Yrasanue. Tlonoxum a, (x) = Z cnPy (X — Xx3), dp=0a—a,. CoraacHo

yi1pa:KHEeHH o 3, S fdo, = Zc,,f (xa). Kpome Toro, | \fdcm_a'i V (a),

rae M=sup|f(t)|

6. Ilycrs [ oroOpaxkaeT cerment [a, b] B npocrpanctso R*, npu-
ueM f-—d@yuKuua orpaHuueHuoll Bapuauui. [oxasatb, 4T0 (HyHKUUA
v, HeupepblBla B TOuKe X€[a, b] TOrAa M TOMLKO TOrAa, Korjia
dyHKuHs [ HenpepuiRHA B 3TOH TOUKe.

7. Ilyets f(x)=0 npu Bcex uppanMoHaMbHBIX X, f(x)=1 npn
BCEX pauHOHAJbHBIX Xx. Jlokasath, uto f& .72 wa |a, b] npu Jo6HX
a, b, Takux, uro a<Zb.

\8/ ITokazatn, uto

rof w

xd ([x]—x)=

O O

rae [x] —HauboJpliee H3 UeshIX YHCeT, He MNFCBOCXOAfUIHX X (CM.
onpenecHue B ynpaKHeHHH 2 TJ. 4).

§. BLuMCAUTL QYUKIHH [IOJOXKKTEIbHOH, OTPULLATEALHOI H HOJHOI
BapHaluuH ynKiui

(@ f(o)=3x2—2x% (—2<x<2),
b)) f)=[xl—x (0<x<2).

10. TlycTh f—BemecTsennas (yHKIHA OrpaBHYCHIION BapHAUHK
Ha fa, b], p 1 ¢— QYHKIHHA NMOJIOKHUTENRHOH H OTPHNATENBLO BapHa-
uuv  GyHKUMH [, py W gy -~Bo3pacTamolliie QYHKUUH Ha [a, b] u
f=p—q Torpa V(p)<V(p) u V(g)<<V (q,), rue V obosuauaer
noJiyio Bapuanuio ua [a, bl.

11. Tlycte g€ .2 Ha [a, b]. Tlosoxkum

n gt(f)=max(g (), 0), g ({)=: —min(g(t). 0). Joxasarp, uto [ —
(OYHKIHSA OrpaHHYeHHOH BapHalluk Ha {a, b] u uto ee PyHKIMH Bapua-
UM 3a71210TCH PaBEeHCTBAMH

x x

lgld,  pw={gwd, qw={g®ar

a a

v(x) =

SR
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12, TlyeTs [ —dyukuus orpaiHycHHONl BAPHALMM HA CETMEnTe
[0, 2n] u f(2n)==f(0). [loxkasaTb, YTO KamJHUl H3 HHTETPAJIOB
2
§ F(x)cosnxdx,
0

F(x)sinnxdx

ro
S 9

ne npepocxonuT V (f)/n mo abcomoTHolt BenHuuue,

Yrasanue. [lpoBepurs, 4ToO
27 21 2n
nS F (x) cos nx dx — S F(x)d (sinnx) = \ sin nedf (x).
0 0 o
13. IlyeTn y4, Y20 y3—KpHBHE B KOMIJIEKCHOH IJICCKOCTH, Olpe-
aencurule Ha {0, 2m) paBencTBaMH

Y1 (f) - (3“, Y2 (t) — 6‘2“, Vs (f) == e2mit sin{i/t)

[TokazaTs, 4TO 3TH TpH KPHBbIE HMEIOT OAHO H TO K€ MHOXKECTBO
3HAUEHHH, UTO y; H Yo COPAMJAsSieMsl, 4TO LJAHHA KpUBOH y; paBua 2,
AJMHA KDHBOH y2 DaBHa 4m, a KpuBas y; He CHpsAMJseMa.

14. Tlyctb y, —Kpusaa B R", sanaunas Ha [a, b]; nycTs ¢-—
HCIPEPEHIBHOE B3aMMHO OJl03HauHoe orTobpa)keHue cerMeHTa |[c, d|
Ha cermeut [a, 0], Taxoe, uto @ (¢)=a. lTonoxuM, no onpeicaenHo,
Y2 (s) = v, (@ (8)). JoKaszats, uTo Jiyra y, — IpOCTasi 3aMKEyTas CIpsiM-
JsieMasl KDHUBafl TOTAa M TOJNLKO TOTJAa, KOrJa TO Ke CAMOe BepPHO
B OTHOMCHHH Y. [okasaTb, 4TO Yy H 7Yy HMEWT OAHY H Ty Xe
JLJHHY.

15. Tlycre o Bo3pacraer Ha [a, b], f U g — KOMIOJMEKCHBIE (QyHK-
uaH, npudeM [€.77(n), g€ .2(a) Ha [a, b]. [loka3aTb HEpPaBCHCTRO
[1lpapua

12 19 , o
Niedal < jpda-{1gnda

Vrasanue. CoeJoraTi noKasatesabctsy TeupeMel 1.62. Buisecth
AHQJOTHUHBI  pe3ysnLTaT, npeanotaras TOJLKO, 4TO o — (PYHKIHS
GrpAaHHYEHHOH BapHalMH.

16. Ecmu [ ¢ % na |a, b) ana nwboro b >>a ¥ GHKCHPOBAHHOIO a,
TO [OJOXKHM

a0 b
S f(x)dx—=lim K fx)dx.
b-r>o ¢

/Y DTOT HPEAeN CyLIeCTBRYeT; B ITOM CJAyyae MEI OV:IeM TOBOPHTh,
4TO HHTErpad CXOMHTCSI.
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JloKasaTh TaK HasbBaeMB «HHTETPAJbHBIA MPU3HAKY CXOAHMOCTH
psipos:  ecan f(x)>0 wuw [ MoHoTOHHO yOmBaer npu x>1, To

f(x)dx

g

CXOJUTCS B TOM H TOJLKO B TOM CJyyae, KOTAa CXOMHTCH Psijt
(s3]
2
> [ (n).
n=1

17. Tycrb dyHkunu f u g HenpepelBHH Ha [a, b] u a--dyHk-
I1Hsl OrpaHHYeHHOH BapHauuu Ha [a, b]. Tlonoxum

px)=\fda (a<x<)).

R0

JlokasaTe, uTO

gdp=\ gf do.

R K
QAo

18. Ecam y—cnpamasieMast KpuBas B KOMILJIEKCHOH [JIOCKOCTH,
3ajianHas Ha [0, 1], 1 ecan [-— KoMIJIeKCHas HernpepuisHaf QYHKIHS,
3aJlaHHas Ha MHOXKECTBE 3HAYEHUH KPHBOH y, TO TNOJ0KHUM, HO OMpe-
JleIeHH10,

i

{ F@yaz={ Fov@)avo-
0

Y

Iyers v (0) =4, y(1)=+ B. dokasare, yro

(n1){ "de= B A (n=0,1,2,3,...).

3

Y

Y&azanue. Pacemorpers ciyua#i A=0. Ilpu #=0 pesyabrar
TpUBHaJieH. JIONyCTHM, 4TO OH Bepell Npd HeKoTopoM f. [loJioxum
f=vy" g=¢v, a=y wu onpejeauM P, Kak B ynpaxHenuun 17.
[lo npejpnoJOMKCHHIO HHYKLHH,

(n4-1) B (%) =Ty ()"
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[lpuMeHuTs ynpaxHeHnde 17 W TNPOHMHTErpUPOBATL MO YaCTAM.
19. Tlonoxxum
x-+1
Fry=\ sin(@)dt.

(a) Hokasati, uto |f(x)|<<2/x npu x> 0.

Yrazarue. Tlonoxuts {2==u W BOCMNOJb30BAaTbCA BTOPOH Teope-
MOH O cpearieM 3HAYeHHH.

(b) Haittu Bepxmuil u HIKHUE npefeast QyHKuuu xf (x) npw
X —> CO.



FJTABA 7

HOCJENOBATEALHOCTH
U PAAbI &YHKUUNA

B stoll riapse Mpt yAeJAHM OCHOBHOE BHMMAHME KOMINIEKCHO3HAY-
HBIM (M TeM CaMblM BellecTBelo3HaudbiM) GYHKUHAM, XOTS MHOrHe
TeOpeMb! H JloKazaTenncTsa 6e3 TpyJaa TNepeHOCATCA Ha caydafl Bek-
TOPHORHAUHBIX QYHKUHA H Aawe orobpakeHnil B obuiye MeTpHuyecKHe
npoctpancTBa. Mul npennoydrtaem orpad€dudThess  GoJiee  IpOCTHIM
kJaaccoM QYHKIMA 775 TOro, utobbl CKOHIIEHTPHPCGBATh BHMMAHHE Ha
HauGo.1eC BAKHEIX BOIIPOCAX, BO3HHKAIOUMX IPI H3MEHEHHH NOpsjKa
Tnpe/esbHBIX 11epeX0]0B.

Beoaunie 3aMeyaHus

7.1. Oupegenenne. Ilyers {f.}, a=1,2,3, ..., —nocae-
JIOBATCabHOCTL (Dyuxuui, onupeneseHHLIX HA MHOXecTBe £, U IIYCTb
HOCJe0BATENLHOCTh uHces {f, (x)} cXoaurcss npu Kaxaow ¢ L.
Torpa Mol MomeM onpefeduTb PyHkido f, nosaras
(D flo)=limfn(x)  (x€E).

N-»r

B noaobubix ciaydyasx Mpl OyaeM roBOpHTH, 4TO IOCJI€A0BATRJALHOCTD
{f=} cxoaurcs Ha MHOXKecTBe E W uto f-—npedea, unu npedesonas
dynryus, nocaesosateasuoctd {f.}. Hnoraa mn GyneM ToBOpHTH,
YTO MOCJAE10BATENRHOCTb {fn} CXOmHTCst K DYHKUHHM [ rnomouedro
Ha MHOXecTBe E, ecan Brnogneno ycacsue (1). Anasornuuno, ecau
pai ) fa (X) cxomnTess mpn mofoM x € E, To Mul [loJaraeM, no onpe-
JleJIeNHIO,

o

(2) Fx)= 2 faly)  (x€F),

n=1

npuueM BYHKUMA [ Ha3bBaeTca cymmot psina 2, fn.

'naBHAA H3 BO3HEKAIOWHX B CBA3H C STHMH OTIpeJleIeHHAMH
npofieM TAKOBA: BHISCHHTHL, COXPAURIOTCH AU BaxHeHLIHe CBOHCTBA
(PyHKUMH NpH BHINOJHEHUH NpelenabHLX onepauuil (1) m (2). Hampu-
Mcp. ecaH QYHKOMH [, HenpepulBHb, uad AnddepeHIHpyeMb!, HIH
HITErpHPYEMbl, TO BEPHO JIH TO KE caMOe B OTHOLIECHHH IIpPene/bHoil
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dyHkuuu? KaKoBbl COOTHOUIEHHS MEXKAY, CKawxeM, [n, H [’ HJIH
MEX Y HHTEerpaJaMH ot f, u or f?
HenpepoiBHOCTb dyHKuMH [ B TOYKe X O3HA"aer, UTo

lim f (£) = (x).

3HauUT, COPOCHTb, OYIeT JH Npefel NMoc/MeNoBaTENLHOCTH Helpe-
pbIBHBIX (YHKUHH HenpepbiBHOH GyHKIHeH, 3T0 BCe pPaBHO, YTO
CIPOCHTb, BEPHO JIH PaBEHCTBO

lim lim f, (f) = lim lim f, (%),
(3) t>x nosoo n—+w to>x
T. €. BAXEeH JH NOPAJOK, B KOTOPOM OCYUIECTBJAIOTCS MpefefbHhIC
nepexofnl. B /MeBoll yacTH paBeHCTBa (3) Mbl cHayaja ycTpeMmJseM
n K oo, 3ateM ! K x; B NpaBod YacTd —cHadama f{—>x, a 3aTeM
n— co.

Mpbl nokaxeMm cefiyac Ha TpHMeEpax, uro, BooOlle roBops, JBa
npenebibIX Nepexoja HeMb3s NepecTaBHTb 6e3 TOro, 4rTobbl 3TO
He TOBJHSAMO HA Pe3y/bTaT. 3aTeM Mbl LOKaxKeM, UTO INPH HEKOTO-
pblX YCJIOBHAX TNOpPAJOK, B KOTODOM BLIMOJHSIIOTCS ONepauuH npe-
JeJbHOTO MNepexoja, He HMeeT 3HAueHHs.

Haw nepswit ¥ npocreffiuuii npuMep cBsI3aH ¢ «JBOHHOHA mocie-
J0BATENBHOCTLIOY.

7.2. Illpumep. Oaa m=1,2,3,..., n=1, 2,3, ... nojroxum
m

Sm,,,,:—vm_*_n .

Torpa npH KaxIoM (QHKCHPOBAHHOM N

lim sy, =1,
m—0

TaK 4TO

(4) lim lira s, .= 1.

n—o0 M—>oo

C pyroft CTOPOHBI, NpPH KaxaoM (HKCHPOBAHHOM /M

lim $p n=0,
n—+o0

TaK 4To

(5) lim limsy, ,=0.

M=o N>+
7.3. Ilpumep. Ilycts

fa (x):(T%; (x BemectBedHo, n=0,1, 2, ...).
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H IYCTh

(6) f(x)= 2 fn(x)= 2 1+x2)" .

n=0

Tak kak f,(0)=0, 10 H f(O)—O. Psm (6) mpexcraBisieT CyMMmy
reoMeTpHUeCcKOH Nporpeccd, H npH x==0 31a cymma pasHa 1| -4-x2.
3Hauur,

0 (x=0),

(7 f(x):[ 1422 (x=£0),
TaK 4YTO CXOASIUMUACA pAf, COCTaB/JeHHbI H3 HenpepblBHbIX GYHKUHMH,
MOMKET HMeThb Da3pbIBHYIO CyMMY.
7.4. Tlpumep. Ilppu m=1, 2, 3, ... noJoXKHM
fm (x) = lim(cos m! nx)?".
n-—>»oo

Ecau mlx—uenoe uucsio, 10 [ (x)=1. 1A Bcex ocTafbHBIX 3Ha-
HeHHH x uMeeM [n, (x)=0. Tenepb noJsoxum

J (6) = lim fi ).

Ecau x—uppanuoHasbHOe YHCHO, TO fm (X) =0 npu Bcex m, 3HAUMT,
f(x)=0. Ecau x—pauuoHaibHOe YHCJO, CKaXKeM, X = p/q, TO NpHd
m>> q npousBejieHHe m! x —1es0e 4Yucj0, Tak 4Yto f(x)=1. 3HauuT,

I 0 (x uppaunoHasbHO),

. . ! 2n
(8) lim lim (cos m! sx) 1 (x pauuoHa/bHO).

m—o0 N0

Taxum o06pasoMm, Mbl -NIOJYYHJH BCIOJY Pa3pbiBHYIO MpeJesibHYIO

dyHKu#o0, KOoTOpas He UHTerpHpyema no Pumany (ynpaxHenuae 7,
ri1. 6).

7.5. ITpumep. Ilycrs

9 fn(x)= Si{]/;_'x (x BemectBeHHO, n=1,2, 3, ...)
H

F () =lim f, (x) =0

Torpa f'(x)=0, uo
fn(x) =1V ncos nx,
tak 4to {fn} He cxomurcs K f’. Hampumep,

Fal0)=V—+ oo

npy n— co, toraa kak [’ (0)=
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7.6. Ilpumep. Ilycts
(10) fa(xy=r2x(1—x%)" (0<x<]1, n= 1,2 3, ...)

Ecnn 0<<x< 1, 10
lim f,(x)=20

no teopeme 3.20 (d). Beupy Toro uto f,(0)=-0 npu BcskoM n,
(1) lim fp, (x)=0 0Ll

n—~»0o
[1poctoe BLIUHC/IEHHE MOKA3bIBACT, YTO
1
K x(1--x3)"dx =
0
Takum obpasoM, HecMmotpa Ha (11),
1
n2
S fn(x)dx—-=2n—+~2—> o)
0

1
2n+2

npH n—> co.
Ecan B (10) samenuts kosad¢uunent n® sa n, 1o (11) Bce eme
BbINOJIHSIETCS, HO TENepb
i
lim S fo(x)dx= llm

A0

0

1
2n—|—2 —

TOrjaa Kak
1

Q[]im fu ()] dx =0
0

n—>a0

Takum ofpasom, npefies vHTerpaJa He o6s13aH COBNajaTh C HHTe-
rpajoM oT npejeja Raxe TOrja, Korga ofa 3TH Npedela KOHEUHH.

Tlocne 3THX 7npHMepoB, TNOKasbiBaloiux, uto 6Ge33aboTHas nepe-
CTAHOBKA NOPsAKA Npefe/bHBIX NepexojoB MOXKeT NPHBECTH K OUIHOKe,
Mbl OfpejesdM HOBBIH BHJ CXOIUMOCTH, O©oJee CHJBHBIA, YeM
MoTOUeUHas] CXOAMMOCTb, ONHCAHHAA B onpejeseHHH 7.1. DTOT HOBHH
BHJ| CXOJHUMOCTH TNO3BOJHMT HaM MpPUHTH K NOJOXKHTEJbHBIM pe3y/b-
TatTam.

PapHoMepHas CXOAMMOCThL

7.7. Onpeagenenune. Mp 6yaeM roBopHThb, UTO NOC/IEN0BATENb-
wocth dynkumit {fr}, n=1, 2, 3, ..., cXozuTCA pasHoMepHO KA MHO-
xectse E K dyHKuMH f, ecau aast moGoro e >0 cyliecTByeT lenoe
uyncao N, Takoe, 4to NpH n> N nMeeM
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(12) [fn(x)—f(x)]|<e
0an scex x€ E.

SlcHo, 4TO KamjAasi paBHOMEPHO CXOASIASCA 110CJ/€L0EATEABHOCTD
CXOJUTCH M NOTOUeyHO. PasHHUa MeXAy 3THMH ABYMS NOHATHAMH
3akJouaerca B cjefyooueM. Ecau nociegoBaTteabHOCTh {f,} cxomuTes
notoyeuHo Ha E, To cywectByeT GyHKUMS f, Takad, 4To AJs J0Oro
>0 u gia awoboro x€ E cymectByer uesoe udcao N, 3aBucsaiiee
oT & # om x, Takoe, uto (12) Bunogiusierca npu 71> N; ecld xe
{fs} cxomurca paBHomepHO Ha E, TO MOXHO TNpU XaxjoMm &>0
HallTH 00no uenoe uucao N, Kotopoe Gy[eT roiuThes npu écex x € E.

Msbr 6yneM roBopdThb, 4TO pAA D (X) cxoZUTCH paBHOMEPHO
Ha MHOXecTsBe FE, ecad IOC/]efOBaTeNbHOCTh {S,} YACTHBIX CyMM,
olpesieJIeHHbIX PaBeHCTBOM

5a (%) == Zf<x

paBHOMEPHO CXOAMTCH Ha MHOXKectBe E.
Caenywowiasi TeopeMa npepctapaseTr coboit kKputepuil Kou pasho-
MEpHOH CXOJ/IUMOCTH.

7.8. Teopewma. Hocaedosamervrnocms pywryut {f,}, onpedeaen-
Hoix Ha E, cxodumcsi passomepro na E moeda u moasko moeda,
Koeda 0an aoboveo €>0 cywecmsyem yeace N. makoe, umo npu
m>N, n>N, xCE umeenm
(13) Ifn(x)_fm(x) o=

HoxkasartenbcTso. [donyctuM, uto {f,} cxoaiuTcsa paBHOMEpHO

Ha E, u nycrs [—oppenennHass ¢yuxkuus. Torga CYmeCcTBYET Ienoe
ugcsao N, Takoe, uto H3 n> N, x€ E creiyeT HepaBeHCTBO

£

[fa@)—F) <5
TaK 4To
!fn( '_fm(’c ‘ fn.(x "f(xH Hf(x "fm, ,&) <&,
ecim >N, m»N, x€E.
O6patHo, nycTb Bhoansercs ycaoshe Komn. Tlo Teopeme 3.11

nocjefoBaTeNILHOCTh {f, (X)} cXoauTcs npH KaXkIOM X K fpepeny,
KOTOpBIl Mbl OC03HauuM uepes [ (x). Mpi Jo/KHbLI JoKasaTb, 49TO

CXOQMMOCThL PABHOMEpHA.
Tlycrb 3agano uucao & >0. Bubepem N Tak, 4to6e! BHINOJHS-

aock (13). 3adurcupyem n U yctpemum m K oo B (13). Beupy toro
4t0 fm (x)—> f (x) npw m—> co, noaydaem
(14) o () — [ (x) [<e

npu Jio6om n> N u mobom x € E. JlokazaTe/sCTBO 3aKOHYEHO.
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HMHorpa nosesen cjefyoiiuil KpHTepHi.
7.9. Teopema. Ilycmeo
Hm fo(x)=f(x)  (x€E).

N~ co

M, = sup | ()= (0) |-
xgE

IToromcum

Toeda [, — [ pasHomepHo Ha E & mom u moavko 8 mom caydae,
koeda M, —>0 npu n—> co.

Mbl He npuBOAMM mNOAPOOHOrO [OKa3aTeJbCTBa, TaK Kak 3TO
yTBEpKA€HHE HENOCPeCTBEHHO CJelyeT H3 onpepcfends 7.7.

Beftepiutpaccy nprHaf/eKHT OueHb YNOOHLH NpPH3HAK paBHOMeEp-
HOH CXOZMMOCTH PSijIOB.

7.10. Teopema. [Tycme {[,} — nocaedosamevrocme ¢ynkyui,
onpedeaernblx Ha Muoxcecmee E, u nycme

[ fn(x) | <M, (xeE, n=1,23, ...).

Toeda pad ). cxodumcs pasromepro na E, ecau pad 2 M,
cxodumest.

3ameruM, uTO 0GpaTHOE He yTBEpWKJaeTcs (M B NeHCTBHUTENLHOCTH
HEBEDHO).

JokaszateabcTBo. Ecau pax X M, cxoauTcs, TO IpH Jo6oM

e >0
m Tll

lEf < I Mi<e  (x€E),

i==n
€CJIM TOJIbKO /M W A JOCTaTOYHO BeJIMKH. PaBHOMepHasi CXOQHMOCTb
BLITeKaeT Telepb M3 Teopemnl 7.8,

PaBHOMepHAas CXOAHMOCTb H HEMPepbIBHOCTb

7.11. Teopema. [lycme [o—>[ pasHomepno nHa ncoOMHONce-
cmee E nexomopozo mempuueckoco npocmparcmea. Ilycme x — npe-
deabran mouka muoxcecmea E, u nycme

(15) lim f, (£) = A, (n=1,2,3, ...).
1
Toeda nocaedosamevrocme {A,} cxodumesa u
(16) lim f (¢) == lim Ag.
tax n—>x

MHHMH CJIOBaAMH, B JaHHOM cnyqae
(17) lim Hm fa () == lim lim fa (7).

1-x n—oo n—~+oo tsx
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HoxasarteasctBo. Ilyers e>0. B cuany paBHoMepHO# cxo0-
AUMOCTH TNocjenoBaTenbHOCTH {fn}, cyuiecTByeT Takoe N, uTO
3 n>N, m>» N, t€ E cneiyer HepaBeHCTBO

(18) | Fa (8) —[m (1) | <&
[Tonaras B (18) {— x, nonyuaem
'An'_‘Am|\<3

npe n> N, m>N, tak uto [A,}—nocneposartenbsocts Koum,
u noroMmy cxoautcsi. OGo3HaunM ee npegen uepes A.
Haunee,

9 FO—-AIKIFO—Fa @[ +[fa(t)—An|+]An—A
BriGepem cHauana n Tak, 41O
(20) FO—Fa (D) <5

nph BceX fE€E (3T0 BO3MOXIO B CHJY DAaBHOMEPHOH CXOXHMOCTH)
U 4TO

e
(1) | An—Al< 2.

3aTeM sl 3TOro 1 Mbl 11016€peM TaKylo OKPeCTHOCTb V TOUKH X,
yro M3 €V, f=%£x caenyer

(22) [ (t)—An| <= .
[ToactaBasa wepaBencTsa (20), (21) u (22) B (19), Mbl nOAyYUM
[f()—Al<e

aas Bcex t€V, t5=x. Ho 310 paBHOCHILHO paBenctBy (16).

7.12. Teopema. Ecau {fn}—nocaedoeamerstocme dyrryudl,
Henpepolenbix Ha muoxcecmse E, u ecau [, — [ pasHomepro na E,
mo u ¢ynkyus [ Henpepviena nHa muoscecmge E.

DTOT oueHb BAaXKHBIA pe3yJbTaT cpady cJjelyeT H3 TeopeMbl 7.11!

OGpatoe HeBepHO, T. €. TOCJAEA0BATEJNbHOCTb HENpPEPLIBHBIX
¢$yHKIHA MOMXKeT HepPABHOMEPHO CXOLUTHCH K HelpepHBHOU (YHKIMH.
CooTBeTcTBYWIIHH NpuMep HaeT NocJenosateabHocTs (10) u3 m. 7.6
(318 TOrO uToObl YOEXHTHCH B TOM, UTO 3T IOCJEA0BATENbIIOCThb
CXOJIHTCS] HEPABHOMEpHO, ROCTATOUHO INpHMEeHHTb Teopemy 7.9). Tem
He MeHee B HEKOTOPBIX CJIy4yasix MOXHO YyTBepXKIaTb 0oOpaTHoe.
B uacTHoCcTH, HMeeT MeCTO CJIelYIOlas Teopema.

7.13. Teopema. Ilycmv muomecmseo E xomnaxkmwuo. Ilycmo
{fr} — nocaedosamesvnocme  ynkyud, Henpeposrvix ua E, cxoda-
wasca K Henpepovignod Gyukyuu [ ra E. Ecau [n (%) > foe (x) npu
n=1, 2, 3, ... u npu aobom x€E, mo f,— [ paenomepro na E.
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HokxasatenbctrBo. Ilonoxum gn(x)=Fa(x)—f(x). Toraa
gn —HenpepeiBHasA GYHKUMA, g,—>0 W gn > Gnyy. Mbl JOMKEH
JloKa3aTh, 410 g,—> (0 paBHOMepHO Ha E.

Ilycre e>0. Ilpu JioGom x€ E cymecTByer Lesoe HUCTO fg,
TaKoe, 4TO

0< gn ()< .

B cuiy HenpepbiBHOCTH (YHKUHH g, H MOHOTOHHOCTH MOCJeRO-
BaTeJBHOCTH {gn} CyllecTByeT OTKpbITOe MHOXectBo J(x), comep-
JKalllee TOUKY X U TaKoe, 4TO
(23) 0< gn () <e,
ecqH tEJ(x) M n > n,.

TTockonbky E —KOMMAKTHOE MHOXECTBO, CYLLECTBYET KOHEUHOe

MHOXKECTBO TOUEK X4, ..., X, TAKHUX, 4TO
(24) EclJx)U...UJd (xm)
Ionaras
N =max (Nx;, fxy, - - +» Nxm)s
Ha ocHosanuH (23) u (24) MH 3akJio4aeM, 4YTO
0<gn ()<t

np4 Becex t€EE, ecid n>»> N. TeM caMblM J0OKa3aHO, UTO CXOAMMOCTb
paBHOMepHa.

OTMETI/IM, 4TO KOMMNAKTHOCTH 3JeCh CYLeCTBCHHA. Hanpmvlep,
€CJIH

(25) )= O<x<l,n=1,23...),

TO fn(x)— 0 monorouno Ha (0, 1), HO CXOZHMMOCTb HepaBHOMEpHA.

Pannomepnaﬂ CXOAHMOCTb H HHTETPHPOBAHHE

7.14. Teopema. Ilycms o — moHomouro 8o3pacmatwowias na [a, b)

dyrryus. Ilycme fn€ R (a) na [a, b] npu n=1, 2, 3, ..., u nycmo
fn—> [ pasnomgpro na [a, b). Toeda [¢€ % (a) Ha la, b] u

b b
(26) S fda= lim S fn da.

(CywmecrBoBanne mnpepmena B (26) 3apaHee He MNpeamnosaraercs.)

HJoka3zartenbcTBo. [loctaTouHO aoKa3aTh T€OpeMy IJIs Belle-
cTBeHHBIX f,. [lycTep 3apano € > 0. Bei6epem 1 >0 Tak, urto

1) nla@)—e @<
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CyuiccTByeT Takoe uejoe #, uTo
(28) ) —=Ff@|<n  (@<x<<h),

TAK KaK CXOJMMOCTh paBHOMepHA.

3agukcupyem n u BoiGepeMm pa3buenue P cermenta [a, b] Tak,

4TOOBl HMETh
(29) U(P, fr, @) —L(P, [n, @) <5 -

I10 BO3MOKHO Mo Teopeme 6.6.
Hockonbry f({x) < [n(x) =1, u3 (27) nanee BuITEKaeT, 4TO

(30) UP, [, a)<U P, fr )%,

a TaK Kak f(x)>[n(x)—m, 10

(31) L(P,f,a)>L(P,fn a)—" .
KomGuuupysa (29), (30) u (31), moayuaem

(32) UP, f,a)—L@P, f, a)<e,

OTKyjpa cjeayer, uto f€.42 (a) Ha [a, b] (no teopeme 6.6).

Hast pokasateanctsa paBeHctBa {206) BhiGecpeM Takoe N,

H3 n> N caepyer
@ —f@)|<e  (a<x<b)
Torpa npu nz=N
b b

)(fda-—gfndm m (f — )

<ela(b)—a(a)l.

b

[Tockonbky & >0 MpoH3BOJNBLHO, OTCIO4A BhiTeKaeT (26).
CneancrBue. Ecau [, €. 7 (a) na [a, b] u ecau

W= (e<x<o),

nputen pad cxodumes pasHomepro ra la, b, mo

l: o b
— 3 n .
(Sl fda }:1 S fnda

HMubivE C/IOBaMH, pAA MOZKHO HHTETPUPOBATL [TOYJAE€HHO.

410
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Hpﬂ H3y4YeHHH HOCJIeI[OBaTeJIbHOCTeﬁ HHTCrpaJaoB BHAA
b

degn (n=1,2,3 ...)

[23

roe dyaxkuus [ HenpepeiBHa, a (YHKUMH gn—OTPaHHYEHHOH BapHua-
KK HA [a@, ], o6HapyXKHBAETCs!, UTO PAaBHOMepHAas CXOAHMOCTb Toc/ae-
AoBaTeqabliocTH {gn} K £— ycJaoBHe, elLle HeILOCTAaTOUHO CHAbHOE,
4To0bl 00eclIeYHTL PABEHCTBO

b

lim S fdg, == § fdg.

n— 0
a

7.15. [Ipumep. Ilycts

(33) gn (x) = i‘ll‘]’if (0<x<2m,n=1,2,3,...)
n

H

(34) [)= 3 —gcosm’s  (0<x<2m).
m=1

Ilo Teopeme 7.10 pax B (34) cxomuTcs paBHOMEpPHO, TaK 4TO
¢yuxuus [ HenpepniBHa ua [0, 2r]. Kpome toro, g,—>0 pasuo-
mepno ua [0, 2], Tenepb aamerum, 4TO

2n 27 2n
< fdg, = g fgndx=1Vn g f (x) cos nx dx.
0 0 0

TTonoxum 1 == pS, rae p— nogoxureavlioe neace. Psapx (34), nouaenno
YMHOXKEHHBI Ha €OS AX, TaKKe CXOJHTCS pPaBIOMEPHO, H Mbl MOXEM
[POHHTErpUpOBaTh ero nodeHHo. I'lockoieky

2n

\ cosnx-cosmxdx ==0,

0

KaKoBbl Obl HH OLITH pasanutiele NOJOKHTCAbHLIE UHCAA M, 1, UMEeM
2x 2n

Vr \ f(x)cos nxdx == p? K —;—.5 cos? pbrdx = pm,

-,

TAaK 4TO MpH h == pb
2n

S fdg, ==y n.

0
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2n

Takum ofpa3som, uncJia 3 fdgn 1 WIOT HeorpaHMYEHHYIO MOCe-

0
JOBATECJBEHOCTD, XOTSI gn_>0 paBHOMEPHO.

Tenepy Mul cdopMmysupyeM HMeIOILHIACH 31eChb INOJOKHTEJbHBIH
pesyabTat.

7.16. Teopema. Ilycme {g,} —nocaedosameavrocme pyuxyuii
ozpanudennold eapuayuu wa [a, b], npuuem g,(a)=0, u nycms g—
maKkas @YHKYUAK, 4mo

(35) limV(g—gn)=0

n-+»co

u g(@a)=0. Tocda 0Oaa mobod Ppynxyuu [, nenpepeigrod wa la, b),
umeem

b b
(36) lim S fdg, = S fdg.

n~-w
a a

Kpome moeo, g,—> g pasromepno na [a, b].
3nech V, kak 0GbMHO, 0603HAYaeT MNOJHYIO BapHalMio Ha [a, b].
HoxaszaTtenbcTBo. BeiencrBue HepaBeHCTBa

V(g)<V(gn)+V(g—gn)

(treopemMa 6.24) g-— dyHKUMS OrpaHMueHHOH BapHanuH Ha la, b],
TaKk uTo Bce HHTerpanel B (36) cymectByior. Ilyere |f(x)|<<M
Ha [a, b]. Torua

b b

\Sfdg—ifdgn =\S fd(g—gn) | <MV (g—gn),

a a a

H (36) caenyer u3 (35).
KpoMe Toro, g,—> g paBHOMEpHO, Taxk Kak

lg(X)—gn(0)|<V(g—gn) (a<xgb).

3aMeTHM, 4TO NpeJNOJOKEHHe g, (a)=g (a)=0 caesaHo TOJBKO
pagn yno6erBa. llpu6aBHB TOCTOSIHHBIE ¢p K (YHKUHAM gn, MBI He
H3MEHHM WHTEeTpaJoOB, a CXOJHMOCTh MOCHenoBaresbHOCTH {g, (x)}
AJIA oJIHOTO 3HaueHUNA x € [a, b], Kax Jierko moka3aThb, BJe4eT 3a coboil
PaBHOMEDHVIO CXONUMOCTD.

3a JApYrHMH OTHOCAIUMMHCS CIOA pe3yNbTATAMH MBI OTCHLaeM
K ynpaXHeuuam 9 u 10.
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PaBnoMepHasi CXOAMMOCTh M AH(PhepeHnHpOBaHHE

Mol yxe BumenH B npumepe 7.5, YTO H3 PaBHOMEPHOH CXOAHMOCTH
nocaeoBaTeNbHOCTH {f,} He clefyer fae MOTOYEUHOH CXOLMUMOCTH
nocnefosarebnocT {fn}. Takum ob6pa3oM, HykHBI Coflee CHJIbHBIE
MPEeANOJIOKEHHs, YTOObl 3aKJI0YHTb, YTO fo—> f' 1pu f,—>f.

7.17. Teopewma. lTycmo {f.}— nocaedosamervrocmev duchepern-
yupyemotx ynkynd ua [a, b], makas, 4mo nocaedosarmebHOCHb
{fn (x0)} cxo0umcsa npu uexomopom xo€|a, b]. Ecau nocaedosamens-
nocmo {fn} cxodumcs pasromepiho Ha {a, b}, mo u nocaedosamenv-
#ocme {fp} cxodumcs pasromepno na [a, b k Hexomopoid ¢yuxyuu f,
npusem

@7 ") =limfa(x)  (a<x<D).

n—-co

HoxasarteabcTBo. Ilycth &€>0. BpiGepem takoe N, uto
U3 n> N, m>N crepyer

(38) | Fa (X0) — Fim (X0) | <
H
(39) a ()= () <g5=z (@<I<b).

Ecam Mbl npumenum Teopemy 5.20 0 cpefHeM 3HAUYeHHH K QYHKLUHH
fa—fm. TO, Kak noxasbiBaer (39), Mbl noJyuHm

|x—t|e e

(40) | () =T () —Fa )+ (DS 5=y S 7

npu JoObX x H f 43 [a, b] aaa n» N, m> N. U3 HepaBenctsa
| Fn () — fmn () | < i (X) — fon (%) — i (X0) 4 Fon (X0) | | f (%0) — fan (o) |
crenyer, B cuny (38) u (40), uro
[fo () —[m(x)|<e (@a<x<D, n>N, m>N),
a noromy {f,} cxomutca paBHoMepHO Ha {a, D]. Ilycts
[ =limf(x) (@<x<b).
3adurcipyeM TOUKY x cermeHTa [a, b] W moJoxum

(41) @n (l)= f_’i—(t_)t___—'z‘(_") . o) =f_(t)t:I,(ﬁ

—x

npu a<<t<bh, t==x. Torpa

(42) Hm'g, () = fa(x) (n=1, 2, 3. ...)
{=x
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[lepBoe nepasencteo B (40) moxkasbipaeT, 4TO
“Pn(’)-me(tH<2(Te__7) (n>N, m>1\/),

nostoMy {¢,} cxogutcst paBHOMepHO npH [=%=x. llockosasky ({f.}
cxoAutes X f, To, B cuay (41),

(43) lim @, ()= (1)

PaBHOMEPHO Ha MHOMKCCTBe BCeX f, TAKHX, u4To @< (< b, {5 x.
IlpumMensis K nocneposate/ibHOCTH {f,} TeopeMmy 7.11, aakaoyaem
Ha ocHoBahuu (42) u (43), uto

lim @ (f) == lim f, (x),

1~rx n—coo
a 370, B CHJy onpejeieHust GyHKuud ¢ (¢£), u ecrb (37).

3ameuaHnue. EcaM JONOJHHTEJNBHO NPEAMNONOMHTL, YTO QYHK-
LUHH [, HEUpephiBHB, TO MOXKHO MOJYYHUTb TOpasfo Gonaee KOopoTKoe
AOKA3aTeJqbCTBO paBeHcTBa (37), omnuparolieecss Ha Teopemy 7.14
H Ha OCHOBHYK TeopeMy HHTerpalbHOr0 HCYHCJEHHs.

7.18. Teopema. Cywecmsyem geuiecmeennas HenpepoisHAs
HA GewecmeedHol npamoll QyHKyus, Komopas Hucoe He Judipepen-
yupyema.

HJoxkaszateawreTso. [logoxum
X (0 < x< 1),
(44) (p(x)::[Q__x 0<x<2)
1 [oorpefcanM ¢ (x) AJasi BCeX OCTaJhHLIX BELIECTBEHHBIX X, MoJaras
¢ (x+2)= g (x).
Torpa ¢yukuusa ¢ nenpepuiBna Ha R ITycrtb

) f- X (3w

TMockombky 0L <1, 10, KaK mokasbisaeT Teopema 7.10, psn (45)
CXOAHTCs paBHOMepHO Ha RY, tak uro GyuKuus f HenmpepbiBHa Ha R!
no teopeme 7.12.

3aduxcupyeM Tenepb BelECTBEHHOE KGO X M [OJMOKHTCILHOE
neqoe m. CyliecTByeT 1llesoe k, TaKoe, UTO

(46) k<A™ x<<k+ 1.
[Monoxum

(47) U = 4R, P = 47 (R A1)



Pasrocmenenno nenpepuiubie cemeiicmea Gyukiyul 173

M paccMoTpuM HHcaa 4"Bn, ¥ 4"w,. Ecim n>m, 10 UX passocTh—
YeTHOe 11eJ10€; €CJId N=m, TO OHH lieJble, & UX Pa3HOCTb paBHa |;
€CJIH < m, TO MEMAY HUMH He JIeXHT HH OJAHO 1e/10€ YHCJIO.
3nauvnr,

(48) | ¢ (4"Bm)-—¢ (4"0m) |~[
Coraacho (45) u (48),

0, ecird n>>m,

4" ecaim n<m.

 (Br)— f (0} ”yk 1) 10 (47Bm) — ¢ (470));

n=0

CJ1e,10BaTeJLHO,

| 3\" n-n 1 3nm

1 f(ﬁm) f(“m) < > <”4—> 4 >§ (71—> y

.0 ~
HJITH
‘ m;/T m [ -

2 fpsiten | L

Teopema 5.19 u HepaseHcTBO (49) mnokaswBaoT, 410 QYHKIHS f
He nuddepeHUHpYEMA B TOUKE X, TAK KaK Uy << X< Py H Ppr— 0y —0
fIpH M —> co.

PaBtiocTeneHHO HenpepbiBHblE cemeHcTBa (yHKUHUH

B teopeme 3.6 Mbl BHAeJH, UTO KaxK/Jas OrpaHHUYEHHAsl IOCJEI0-
BATEAbHOCTh KOMIUIEKCHBIX YHCEJ COLEPKHT CXOMSIULYIOCS TOAMO-
CJIe0BATENBHOCTL. BO3HHKAeT BONPOC: BEPHO JIH UTO-MHGO mogobHOoe
751 nocaenoatedsHocTell dyHkuHA? UroGul yTOYHHTB 3TOT BOIpOC,
Mbl OHpegessM B4 BH[a OrPAHHYEHHOCTH.

7.19. Onpenenenmne. Ilycrs {f,} —nociaenoBarensHocts QyHK-
1MH, onpenesepHbIX Ha MHOxecTpe E.

Mbr 6y;eM TOBOPHTH, 4YTO MOC/AEJOBATENLHOCTb {/”,4} HOMOYCYHO
oepanutena va E, ecan nocnepopartessHocTs {f, (X)) orpaHHyeHa npH
KaxjaoMm X €L, T. e. ec/H CYIECTBYeT KOHCUHO3HAYHAS (PYHKUHA ¢,
onpepescHuasi a E H Takasi, 470

a0 <<q(x) (x€E, n=1,2,3, ...).

Mbi TOBOpHM, 4TO mOCJAEAOBaTeNLHOCTL {f,} pasHomepno oepanu-
yena Ha MHOXKecTBe £, ecqn cyliectByer uHcao M, Takoe, 4To

Ha()|<<M  (x€E, n=1,2,3, ...).

Ecau nociegosaTenstocTh {f,} NOTOYEUHO OrpaHHYEHA HA MHOXKe-
ctee E, a E,—cueTHoe NOAMHOKECTBO MHOXKecCTBa E, TO Bceria
MOXKHO HafiTH TIOAMocae10BaTedbHOCTh {f,,k}, TaKyi, 4TO NOCJe10Ba-
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TeNbHOCTE {fn, (X)} OyZeT CXOAHTBCS MPH KaXAOM x € E,. 3to MOXHO

CHeslaThb C NOMOIIbIO JHATOHAJBHOT O Npolecca, KOTOPHA HCnosb3yeTcs
HHIKE TIPH J0Ka3aTeJsIbCTBe TeopeMsl 7.23.

Opnako paxke B TOM cJayuae, Korja {f,}— paBHOMepHO OrpaHH-
4YeHHAs TNOCNEAOBATEBHOCTh HeNPepLIBHLIX OYHKIUA HA KOMNAKTHOM
muoxecTBe E, He 00si3aTeNbHO CyUECTBYeT NOANOC/EN0BATE/bHOCTD,
cxozsuwasacs norodeuHo Ha E. B npHBOgMMOM HHXKe npuMepe 6blJIo Obl
3aTPyAHHTEJBHO [0Ka3aTb 3TO C TNOMOLLbIO CPEACTB, KOTOPHIMH
MBI pacfiojlaraeM B HACTOSILLHH MOMEHT, HO JOKa3aTeJIbCTBO OKa3bl-
BaeTcs COBCeM MNPOCTBIM, eCJId cOcjaThes Ha TeopeMy u3 ru. 10.

7.20. ITpumep. Tlycte
fa(x) =sinnx 0<x<2n, n=1, 2, 3, ...).

JlonycTuM, 4TO CyLIeCTBYET CTPOTO BO3pacTalollas nocjefoBaTelb-
HOCTb {4}, TaKas, 4TO MNOCJEJOBATENbHOCTb {SinfxXx} CXONUTCA NpH
KaxjaoM x €10, 2n). B stoMm cnyyae Mbl NOJYYHM

lim (sin npx— sin ay4x) =0 0 < x < 2n);
h—oo

3HAUMT,

(50) lim (sin ngx—sin npx)? =0 (0 < x < 2m).
A=

[lo teopeme JleGera o6 HHTErpHpOBAaHHM OrPAHHYEHHO CXOAALIMXCA
nocjiefosarenpHocTell (teopema 10.32), u3z (50) cnegosasno Obl, yTO
21t

(51) lim S (Sin fyx— Sin fpe,x)? dx =0.

h—c0

OpnHako npocToe BBIUHCJEHHE HAeT
2n
S (sin npx—sin np4x)2 dx =2,
0

YTO TMPOTHBOpeuuT pasBeHcTBy (51).

Jpyrofi Bompoc TAakKOB: BCSKAas JH CXOASILASCH MNOCJel0BaTefib-
HOCTh COJEPIKHT PABHOMEPHO CXOISALLYIOCH MONANOCJEeNoBATENLHOCTE?
Chepyowuil Haml fnpuMep MoOKasbiBaeT, 4TO 3TO He oOs3aTesILHO
HMeeT MeCTO ja)Ke B TOM cJay4ae, KOrja nocseioBaTeNbHOCTL (Herpe-
PBIBHBIX (YHKUMI) onpeje/ieHa HA KOMIIAKTHOM MHOXKeCTBe H paBHO-
MepHO orpaHHuena Ha HeM. (IIpuMep 7.6 nokaseBaeT, 4TO MOCJEHO-
BATENbHOCTb OrpPaHHYEHHBIX QYHKUMHA MoOXeT ObiThb cxoAseics,
He OyAy4M DAaBHOMEPHO OrpaHMYEHHOH; HO COBEPLIEHHO OYeBHIHO, YTO
paBHOMEpHAas CXOAUMOCTb MOCJEAOBATENBHOCTH OrpaHUYeHHbIX (GYyHK-
uuit Bjeder 3a cof0il HX pPaBHOMEPHYIO OTpasHYE€HHOCTb.)
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7.21. ITpumep. Ilycrp
2
fn(x):m——(—?—w (O<X\<l, n=l, 2, 3, ...).

Torpa |fn(x)|<1, Tak uro nocaenoBatenbHOCTb {fn} paBHOMEpHO
orpanuuena Ha [0, 1]. Kpome Toro,

limfo()=0  (0<x<1),

n—»o

HO

(D=1 =123 ..,

TAK 4TO HUKaKas MOANOC/eJOBaTEIbHOCTb He CXOZUTCH DPABHOMEPHO
ma [0, 1].

B 3Toii cBsI3M HaM MOHAAOOMTCSl NOHATHE PaBHOCTENEHHOH Hempe-
peiBHOCTH. OHO JaHO B CJeAyloUleM OnpejeneHHH.

7.22. Onpenenenne. Cemeiicteo &F oyHkuuil f, onpegesen-
HBIX Ha nogMHoxecTBe E MerpHueckoro nmpoctpaHctBa X, HasbiBaercs
pasrocmenernto Henpepoieroim Ha E, ecou pas goboro e >0 cyme-
creyet 6 >0, rakoe, uto | f{x)—f(y)|<<e, xorna d(x, y)<6 xcE,
yeE, a fesF. 3)1er d ob6osHauaeT paccrosinue B X.

$lcHo, uto Kaxaas QyHKuMs, BXOAAIlAA B COCTAB PaBHOCTEMNEHHO
HelpephIBHOTO ceMelCTBAa, PaBHOMEPHO HenpephiBHA.

[Tocneposarenshocte {fn} B npumepe 7.21 He sBJseTcsl paBHO-
CTEeTeHHO HeTpephiBHOM.

PaBHocTeneHHast HENPepHIBHOCTD M paBHOMEpHas CXOLHUMOCTH
HEMNpPEPBIBHBIX (YHKUMHA TECHO CBA3aHBI APYr C APYroM.

7.23. Teopema. [Tycmov K — Komnaxkmroe MHOsCECTEBO.
(a) Ecau {fn}— pasHomepro cxodawasca nocae00eamesbHOCb

Gyuryui, Henpepowsroix Ha K, mo {[,} pasnocmenento Henpepowra
Ha

(0) Ecau {fr} nomoteuno oepanudena u pasHocmenexro HenpepuieHa

na K, mo {[,} codepocum pasromepno cxodauyroca nodnociredosa-
meapHochiy U PABHOMEPHO OepaHuvdeHra Ha K

Hoxasateabctso. Ilycte €>0, H nycth BHIIONHEHB Mpe-
nonoxenusa (a). Torga cyuwectBytor nenoe N u 6 >0, Takue, uto

(52) ) —fn(® <%  (x€K, n>N)

H

(53) FO—fiw<3 (<IN d(x y) <)
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B (53) MBl BOCHOJIB30BanHuch TeM AKTOM, 4YTO HeNpepblBHbE
(DYHKUHMH pABHOMEDHO HENpepblBHB! HA KOMMNAKTHBIX MHOMXECTBaX.
Ecmu xcK, yeK, d(x,y)<<d n n>N, 10

Vin () = Fa () [ <V () — T () 1+ Fv (0 — T (9) |4 T (9) — Fn () 1< e

[locneinee HepaBeHcTBO W HepaBeHCcTBO (53) NOKA3bIBAWOT, 4TO
yTBePKAeHUE (@) BHIOJHSIETCS.

Hokaxem tenepsr yTBepxkienue (b). He orpanuumsas oGuiHoCTH,
Mbl MOJKEM IPeJIIOJNOKHTb, YTO KOMOAKT K cofepXHT GecKoHeuHoe
YUCJIO TOYEK.

Crauana seiGepeM B K cueTHoe noamHoxectBo FE, takoe, uro E
n1oteo B K (1. e. Takoe, utro K COBmajaer ¢ 3aMBLIKAHUEM MHO-
x)ecerpa E).

Urtobbl yGenuThCsd B CYLIECTBOBAHHH TakKoro MHOXecTBa E, MoxHO
paccyxjath chaepyomuM obpasom. Ilycets J(x, r)— MHOXeCTBO Bcex
ToueK y € K, nast Kotophix d (x, y) < r. Y13 koMnakTHocTH MHOXKecTBa K
cJe1yeT, 4TO NPH KaxjaoM r>>0 YyKe KOHeUHOe YHCJIO M3 HHX,
ckameM, J(x,r), ..., J(xm, r) noxpwmawor K. Ilonaras r-=1,
1/2, 1/3, ..., Mul nonyyaeMm cuetHywo 06a3y mpoctpaHctBa K. (Onpe-
jdenenne 6Gasn cm. B ynpaxuennn 11 K rta. 2.) Ecau Buibparthb
MO TOUKe M3 KaxKjOro MHOXKECTBA 3TOH cueTHOH 6as3bl, TO MOJIYyUeHHOE
TakHM 00pa3oM CUCTHOE MHOMKECTBO OKamKeTcs IJIOTHhIM B K.

Iycre {x;}, i:=1, 2, 3, ..., —Toukn muoxectea E, pacnojo-
JKEHHBIC B MOCJeTOBATEJNBbHOCTD.

Beuay Toro urto nmocaenosareabHocTs {f, (%)} orpanudena,
CyULeCTBYeT IIOJIIOCAEL0BATEALHOCTh, KOTOPYIO MLI 0003HayMM depes
{[1,»}, Takas, 4TO NOC.ICIOBATEIbHOCTL {f; n(X;)} cXoaMTCH TpH
k->cc.

PaccMoTpum Tenephb nocJdenoBaTelbHOCTH Sy, So, S;, ..., KOTOpHIE
MOMKHO pacllofoKHTb B TAOJIHIY

Sl:fi,h Fror Frae Tioar + -
Sotfoy, foe 2,30 [
S:ﬁf:;,u f3,21 3,30 [

[lveTh oHH 00.a4a10T CJAe1YIOIHMH CBOHCTBAMU!

() S, —(GeckodeuHas]) MOANOC/JCLOBATEIBHOCTL [10C1€10BATEAD-
HocTH S, , nmpu n-— 2, 3, 4,

(B) {fn,n(x,)} cxonuTcst NpH &k — co (OrpalUYEHHOCTH I0C.I€10BA-
TeJBHOCTH {f,} MO3BoJfIeT BHIOPaTh S, C TaKHM CBOHCTBOM);

(Y) MOpSiOK, B KOTOPOM BLUTHCHIBAIOTCH MYHKUHUH, OJUH H TOT XKe
BO BCeX MOCJe/0BaTEeNBHOCTSAX, T. €. eCJH oJHa u3 dyHKuu#d mnpes-
LIECTBYET JApyroi B Sy, TO ONH TaK JKe paclojioxkeHbl BO BCEX S,
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[0 TEX 1op, NOKa ojlla H3 STUX (PYHKLHU He BbluepKHBaeTCs. [akKuM
ofpa3oM, TepelBHrasicb H3 KaKoH-HUOYAb CTPOKH TabJulel B Cle-
AYIOLLYIO CTDOKY BHH3, (YHKIHMH MOI'YT [eDeMECTHTBCS BJIEBO, HO
HHKOTJa He NepeMellaloTCsi BIpaBo.

Tenepb MBI CIYCTHMCS TIO jJHaroHaau Hauled TaGJauIel, T. e
PACCMOTPHM TIOCJCOBATENLHOCTh

{54) St Toe fase fapn- -

CorgacHo (y) noc1e 0BaTe bHOCTH S (32 HCK/TI0UEHKEM, BOZMOIKHO,
mepBblXx  f—1 UJIEHOB) — NOANOC]IE AOBATEJLHOCTh  [1OCJAEA0BATEb-
Hoctd S, npu n—=1, 2,3, ... . 3uauur, u3 (p) caeryer, uto nocie-
LOBATEALHOCTD {fn, n{(X;)} CXOauTCA OpPH n—> co NpH KaxaoM x;€E.

Ilycte £ >0. Bsu1y Toro uto mocgepoBatessrocTs {f,} paBHO-
CTENCHHO  HempephiBHa. cymectsyer umeao O0>>0. Takoe, uTO
us d(x, y)<< 8 caegyer, uio

o) =Ty <5 (n=1,2,3,...).
[Tycrs J(x, 8) nmeer Tor *e cMBICJ, 4TO B Hava/le JOKA3aTe/bCTBA,

CyutecTByeT KoOHCUHLIi HaGop TOUYeK Xy, ..., Xp MHOXKecTBa E,
TAaKOU, 4TO

K d(x, 8)U ... UJ (xp, 8),

tak xak E maotno B K, a K xomnakrtao. Bribepem N rtak, 4T00H
HMCTh
o . & .
/’ [n,n ('Vi)’_ fm, m (xi) << 3 (l =1, ..., D)
ecan n =N, m>N.
Torja npu mwoBom x €K cymectByer TouKa x; TaKasl, u4TO
1<<i<<p u xCJ(x; 0); nostomy u3 n> N, m>N cieiyer, urto

; in,n (x)*]tm,m (X) I g! fn, n(x)"'fn,n (xi) ! _!' { fn, n ("‘v‘i)—“,fm, m (xi) ‘%'
- ‘p im, m (xi)~ fm., m (X) ' < ’ZT - i‘ + %:t €.

Takum o0pa3oM, INOCIeA0BATEABHOCTb {fn, n} CXOIMTCH DaBHO-
MepHO Ha K.

UTode 10Ka3aTh PAaBHOMEDPHYIO OrPaHHUEHHOCTh IOCJE10BATEdL-
noctd {f,} Ha MHOXKecTBe K, NMOJOAHUM

(55) p(x)=sup!f,(x)] (n=1,2,3,...).

3ajgaB &>>0, Bbibepem &>>0 takum, uTOOH U3 HEDPABEHCTBA
d(x, y)<<d caenosano

L () —fr ()i <<e (n=1,2,3,...).
3acduxcupyeM ase Touku x U y. V3 mepamenctBa
Hn U <<Ifn(x)| ¢
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cJefyer, uto

(56) ey <o(x)te,
a U3 HEpPaBeHCTBA

[fn(X)| << Fa(9) |5,
YTO

(57) p(x) <o) +e.

B cuny (56) u (57),
o) —e)|<se,

ecau TOMbLKO d(x, y) << 8, Tak uto ¢ — QyHKuUUsA, HelpephlBHAA Ha K.
@DyHKUMA ¢ OrpaHHyeHa, Tak KakK K -— KOMIAKTHOe MHOXeCTBO.
Teopema poxasana.

Teopema Crosa — BeliepmiTpacca

7.24. Teopema. Ecau f—renpepusrnan Komn.iekcnas yrkyus
Ha |a, b], mo cywecmsyem maxkas nocAe006AMENbHOCHLL MHO20HAL-
Ho8 P, umo

tim P, (x) = f (x)

n—+x

pasromepro Ha la, b]. Ecau ¢ynxyusn [ eeujecmsenna, mo u muoeo-
yaenvt Pp moocto svibpame 8ewjecmeeHHOIMU.

Mmenno B Taxkofi ¢opMe sTa Teopema Obl1a nepBOHAYaJbHO
otkpeiTa Beftepmrpaccom.

HokasateabctBo. He orpansuuBas o0muoctd, Mbl MOXKEM
CuuTaTh, Ut0 [a, b] = [0, 1]. Byaem cuuratb Takxke, uto f (0) = f(1)=0.
JelicTBHTENbHO, €C/IH TeopeMa AOKa3aHa /A 3TOTO cJjayuast, TO pac-
CMOTPHUM

g =F)—FO)—x{f(H)—F(0)  O<x<).

3nece g(0)=g(l)=0, u ecau g npeiactaBuma B BHge Mpejena
pPaBHOMEPHO CXOAflleHcsl MOCJeNOBATEJAbHOCTH  MHOTOY/JIEHOB, TO
TaxkoBa H f, Tak Kak [— g-—MHoroused. byjiem cuurtath, 4to [ (x) =0

sue cermenta ([0, 1]. Torpa dyukuusa { pasHOMEepHO HenpephiBHA
Ha BCell BelleCTBEHHOH NPSMOIM.
TlonoxHuM

(58) Qn(x)=cn (1 —x*" (n=1,2,3,...),
rae ¢, BHOpausl Tak, uTo
1

(59) S Qu(x)dx=1 (n=1,2,3,...).

-1
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HaMm Hy:KHLI HEKOTOpSIC CBCAEHHS O NOPSLKe BeJTHYHHB ¢n. Baupy
TOr0 4TO

H 1 1/V-;1
\ O yrdre2 5 (—erde=2 | (—x)dez
iyl 0 0
vyn 4 1
- —_p2 e~ T
2 §) (1—nx?)dx T -

u3 (59) caenyer, 4ro
(60) cn <2V n.

Hepaserctso (1 — x%)" 2> 1 —nx®, KOTOPHIM Mbl BOCIIOJIL30BaJHCh
Billle, Jerko nposepsiercsl. JIasl 5TOro Hy»XHO paccMoTpeTh (yHKIHIO

(1—x2)"*—14-na?
KOTOpast paBHa HYJIO NPH X-=0 U HMeeT NOJOKHTENbHY NPOH3BOA-

nyio B (0,1).
[Ipu no6om 6 >0 us (60) caenyer, uto

(61) Q) <V n(1—=8)" (8<]xi<),
TaK 4T0 Qp—> 0 paBHOMepHO B cermenTe 0<C|x|< L.
[Tonoxum Tenepb
{
(62) Pox)=-\ [ HQutydl  (0<x<l1),

1

Hawmu npeanosiokenns o QyHKUHMM [ [0OKAa3BIBAIOT (€ MOMOIULbIO
NpOCTOH 3aMeHbl NepeMetHo), uTo

1—x 1
Pa(v)= { [t 0)Quitydt= f())Quit—x)dt,
—x 0

a NocJAeHHH uHTerpas, OYeBHAHO, eCThb MHorounen no x. Taxum
obpasoM, {P,}—moc.1el0BaTeqbHOCTL MHOTOUJIEHGB, NpPHYEM BeHie-
CTBEHHA#, ecau BemectBenna o¢yHkuHa f. 3agas e >0, BhGepeM
6> 0 rak, yTobhl U3 |y — x| < 6 caegosayo

) —F i<
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IHyets M =sup|f(x)|. Henoaszya (59), (61) u rtor daxr, drto
Qn (%) >0, Mbl BuIHM, uTO 11pir O < x <
1

1Pa(0) = F @)1=\ IF (e - D= [ Qa0 dt <
1

1

<= [0 Quityde <

—1
—b o 1
<M\ Qundi g | Qunydi+2M | Q () di<

1 ) 3}
<AM Y n(1—8)" - o <e

IpH BCeX jocTaTodHo Gosbumux 7. Teopema jokasana.

TToyuutennto HabpocaTh rpaduxy ¢yHKUMH @, AJ5 HECKOJBKHX
snayenufl n. OTMETHM elle, YTO paBHOMEpHAs HENPEPLIBHOCTL DYHK-
nuy f OLl1a HAM HyXHA AJs J0KAa3aTeJbCTBA DABHOMEDHOH CXOmH-
MOCTH nocaenoBaTeqbHocTH { Py},

[lpu pokaszateawctse tcopembl 7.30 mam He noTpedyeTcss Teo-
pema 7.24 B nmosioM ofbeMe., a norpefyercss TOJILKO OJAHH €€ 4acT-
HBIA caydall, KOTOphIH Mbl cHopMyaHpyeM B BHIAE cCaeACTBHA.

7.25. Cuacncrnue. Jaa awdoco ceemernina | —a, a)l cyue
cmayem nocaedosameasHOCme GeUjCCmEeH Ly MHo20uAeH08 P, makas,
umo P, (0)=0 u

Hm P, (x)=1x]

n—>o0

pasromepro Ha [ —a, al.

Hdoxaszateanctso. [lo Teopeme 7.24 cyuiectByeT rocseno-
BaTeNbHOCTL {P;} BelleCTBeRILIX MHOTOYJIEHOB, CXOASMUIAsACH K | x|
paBnoMepiio ua |[-—a, a]. B wacrhoctn, P;(0)—0 nopu n-->co.
MuoroyJetisl

Pp(x)=Pr(x)—PL(0) (n=1,2,3,...)

06/1alai0T HYKHBIMH CBOHCTBAMH.
Tenmepb Mbl BBHJCJIHM Te CBOHCTBA MUOTOU/IEHOB, HAa KOTOPHIX
ocHoBaHa TeopeMa Befiepmrpacca.

7.26. Onpcpnenenne. COBOKYNHOCTL ' KOMIVIEKCHBIX (YyHK-
UHi, ompeleselHbIX Ha MHOXecTBe E, HaswbiBaeTcsl a.qeebpoii, ecaw
(iy f4-gecd, (i) fgeH, u (iii) /€ npu veex fesH, gcH#
H BCEX KOMIUIEKCHHIX MOCTOsIHHLIX ¢. MUbIMU cioBamu, MHOXKecTBO H
3aMKHYTO OTHOCHMTE/BHO  CJIOXKEHHS, YMHOXEHHS H  YMHOXKEHHS
Ha CKaJaphl.
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Mpr OyaeM paccMaTpuBaTh Takke ajreGpbl BeulecTBeNHHIX (YyHK-
uuit; B 3ToM cayuac B (iii) pewb HAET, KOHEYHO, 06 YMIOXKeHHU
JMIObL HA BELIECTBEHHBIE C.

MuoxeetBo # dyukumyii, obaagaiomiee TeM CBOHCTBOM, uto [ € &,
ecomt [, €H (n=1,2,3,...) n f,— [ pasHomepno na E, Hasbl-
BACTCSl PABHOMEPHO 3AMKHYMUIM.

[Iycte % — MuoKecTBO BceX QyHKUUI, KOTOpHE CJYyxXKaT mnpele-
JasMH PABHOMCPHO CXOAMIHXCA Ha MuomecTBe £ noc/eaoBarebho-
CcTell 37eMeHTOB MioxkecTBa F. Toraa % Ha3LIBAeTCS PUGHOMEDHBIM
3aMulKaHUem MIIokecTBa .

Harnpusep, MH0XKeCTBO BCCX MHOTOWICHOB — alredpa, M Teopemy
Beiiepmitpacca MoXNo ¢OpMyIupoOBAaTh TaK: MHOMKECTBO BCeX (YHK-
UMH, HenpepLIBULIX Ha [a, D], €CTh PaBHOMEPHOe 3aMBIKANHe MHOKe-
CTBa BCeX MHOrOYJeHoB Ha [a, bj.

7.27. Teopewna. [Tycnie % — pasromeproe 3amuikanuc a.1ee6 pol §F
cocmosiueli U3 oepanudennux  Qyukqui. Toeda F — paeromepro
sankHymas anreedpa.

Hoxasareabcto. Ecm f€EH u g€ %, TO CYWECTBYIOT
PABHOMEPHO cXOfflnnecst locegopaTe sHoctd {f,}, {gn}, Taxue, 4yTo
fn—>1y gn—>g 1 [nC€H, g, €HF. lTloan3ysch TeM, 4TO Mbl HMeeM
JEJ0 ¢ OrpauiHueHitbivg QYHKIIUAMHE, JIETKO 110KA3aTh, YTO

fntgn—>F-+g [nn—>1g cfa—cf,
rae ¢-—J1o6asl JI0CTOSIHHAS, TPHUYEM CXOJAMMOCTL DABHOMEpHA BO BCeX
TPeX CTyYasix.
Suauur, [ - g€ ®, fg€P u cf€H, 1ak uT0o K — anrebpa.
Ilyete {f,}~ paBloMCPHO CXOAnJIafACH NUCJIEAOBATCJILHOCTh 3JeMeH-
T0B aarefpol #. CynmecTByOT ¢yHKuUN g, € H, Takde, uto

;fn (-’t)k"gn (X) : < —,ll— .

Ecau [,--»] paBnocMepno, TO $iCHO, 4TO ¥ g, >/ paBliOMepllo, TaK
4ro [ €% 1 5 paBHOMEPUHO 3aMKIYTO.

7.28. Omnpepneaernne. Ilyern H—wmHoxecTBO  dyuRiui,
onpejedcuubix Ha mHoxectpe E. Torga rosopar, uro S paadeisem
nioyKi MIOKecTBa FE, ecad ATl KaXAOH napbl pazJdyHBIX TOUEK
Xy, X € E wmaiiiercd dyuxknusa €57, 1axaa, uto [{x,) == f (xy).

Ecou ana wamjaod toukit x € E majiicerea yuxknus g € &, Taxas,
uto g (x)-0, To ME OyacM TOBODUTL, 4TO anreGpa A we ucuedaem
HU 6 0OHoll mouxe xuodcecmea E.

Adgrefpa Beex MHOrOWICHOB OT OJHON IICPCMCHIOH, OYeBHiHO,
obaanaeT 3THMH cBoiictdaMu hia R. Ilpumepom aareGpri, ve pasge-
JASIONeH  TOYEK, CJYKHT MHOMKECTBO BCEX YETHBIX MHOIOYJICHOB,
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paccMaTpuBaeMbiX, cKaxeM, Ha [—1, 1], Tak Kak f(—x)=/[(x)
Al KaXno# uyetHOH PyHKUMH f.
Cnenyiontasi TeopemMa WITIOCTPHPYET 3TU MOHATHS.

7.29. Teopema. [lycme S —ancebpa ¢ynxyuld Ha mHOsMCe-
cmee E, H paszdessem mouku U He ucke3aem HU 68 00HOU mMmo4Ke
muomcecmea E. Ilycmy x,, Xo— padauynoie mouku muosxcecmsa E
U g, Co— NOCMORHHbE  (BelieCmeerHble, ecAll ¥ — 8eujecneennas
arcebpa). Toeda s+ coBepycum pyurxyuio f, maxywo, 4mo

[(x))=¢1  [(x0)=ca.

HoxasarteabcTBo. Hamu npeanosoxenns noKkasblBaor, uyto &
COLEPKHT PYHKUMH g M A, TaKkHe, uTO g(x1)=~=g(xz) H h(x)=~0.
Ionoxum

u=g-Ah,

TJe A — HOoCTOsIHHAs, BhiGpanHast cleayomuM o6pasoM: ecn g (x) %0,
10 A==0; ecou g(x))=0, 10 g(x2) 50, u cymectByer uncno A==0,
Takoe, 4TO

MA (x1) —h (x2)] 5= g (x2).

Torna w €8 W vHam BHIOOD A I[OK23bIBaeT, YTO U {Xy) =% U (Xy)
" u(x,)s=0. Ecan

a =u?(x;) —u(x1) u (x2),
To 0 0; ecau

fr=a7 [u® —u (x2) u],

10 [L€H, fi(x)=1, [1(x2)=0.

IopoGuuiM xe ofpa3oM Mbl IPOBEPHM, YTO CyLleCTBYeT (QYHKIUHS
fa €, Takas, ut0 fo(x,)=0, f2(xe)=1. Toraa dyskuus [=cf;+
+ Cof; 06Nagaer HYXHBIMU CBOHCTBaMNH.

Tenepy mbt JokaxeMm Teopeny CroHa, o0600manmyo Teopemy
Beliepuirpacca.

7.30. Teopewma. Jlycmoe $t—ascebpa sewecmeenrvlx Henpe-
poleHblx  pynkyull Ha Komnakmuom mroscecmee K. Ecau H pasde-
anem moyku mHoxcecmea K u He ucuezaem HU 8 00HOU mouKe MHO-
scecmea K, mo puasrnomeproe 3ambikanue B aascebpor St codepicum
ace (pynxyuu, Henpepuistole Ha K.

Mbr pasoObenm j10Ka3aTelbCTBO Ha 4eThIPe INAara.

TepBbiit war. Ecau f€#, mo |f|€PB.

HoxasateancTBO. Ilycts
(63) a=sup'f(x)|  (x€K),
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H [YyCTh 3ajaHO uHcao ¢ > 0. CoraacHo ciefCTBHIO 7.25, CyIIECTBYOT

BELCCTBEHHbIE YHCTA Cy, ..., Cp, TaKHe, 49TO
n
. X : .
(64) | Zeyi—lyll<e (—a<y<a).
i—=1

n
Dyuruus g:}jcifi BXOJAHT B COCTaB MHoxecTBa %, TaK Kak
1

98 — aarebpa. Cornacno (63) u (64), MBI HMMeeM
lg)—1f()il<e  (x€K).

ITockoneky adrebpa % paBHOMEPHO 3aMKHYTa, TO OTCIOfa CJle-
ayet, 4to || € %.
Bropo#t war. Ecau [€® u g€F, mo max(f,g)€R u

min(f, g)€#.
I'lpn stom h =max (f, g) osnauaer, 4TO

, ﬂ[fm, ccnn f(x) > g (%),
(x) = g(x), ecnn [(x)<<g(x);
min (f, g) onpefensieTcst aHaJOTHYHO.

HokaszateabctBo. Hawe yrsepkaenue cjelyeT M3 JOKa-
3aHHOIO Ha NEPBOM Luare H U3 TOXJIECTB

max (f, g) =" 5 ¢+ I5EL,
min (f, g)=-fi2é’—L§J

PasymeeTcsi, 3TOT pe3yJbTaT MOXKHO 1O HHAYKLIHH paclipocTpa-
#iHTh Ha J1000e KOHeuHOe MHOXeCTBO QYHKUHMIH: eCJH fy, ..., fn€F,
10 Max(fy, ...y fo)€ER n min(fy, ..., fn)ER.

Tpetnit war. [ycms 3adanvt eewjecmeennas Qyukyus f, uenpe-
poisrnas Ha K, mouke x€K u £>0. Toeda ratlemcs ¢ynxyus
8x€F, makaa, umo g, (x)=/[(x) u

(65) g=()>f()—e  (1€K).

Hoxasarteanctso. llockonisky # < # u H# yloBieTBopser
ycsioBUSM Teopemul 7.29, To W % YIOBJCTBOPAET 3THM YCJIOBHSIM.
3nauuT, Ast mo6oro y € K MoxkHO Haiitd GyHKuuIO by € &, Takyo, 4t0

(66) hy (2) = F(x),  hy(y)=TF(y)-

B cuny wenpepmBHOCTH yHKuMM Ky, CyllecTByeT OTKpHITOE
MHOXKECTBO Jy, cofepxKalliee TOUKY Yy H Takoe, 4TO

(67) hy(O>f()—e  (t€J,).
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Beuay Ttoro uto K — KOMIAakKT, HMEeTCs KOHEeYHOe MHOXKEeCTBO
TOYEK Yy, ...y Ypn, TAKHX, UTO

{68) KCJLUU"'UJUn'
IToao:xum
gx—=max (hy, ..., /1yn).

CorJacHO yCTaHOBIeHHOMY Ha BTOPOM Inare, g.€ %, a H3 COOTHO-

e (66) — (68) caepyer, uTO g, 0OJ3JAET M OCTAJBLHBIMH HYXK-
HBIMH CBOHCTBAMH.

Uetseptuiil twar. [lycme 3adaubt eewjecmsennan Qynxyus |,
nenpepoisnad na K, u e >0. Cywecmeyem pynryua he€ &, maras, umo

(69) (h(x)—F)[<e  (x€K).
ITO yTBepJeHHEe DABHOCHJIBLHO YTBEPMHKIEHHIO TeopeMsl, TaK Kak %

paBHOMEpDHO 34MKHYTA.

HoxaszateabctBo. PaccMorpuM $yHKUMH g, TNOCTPOCHHBIC
Ha TpethbeM ware aas Kaxpgoro x€K. B cuny HempepmBHOCTH
GYHKIAH gy, CYLICCTBYET OTKpPHITOE MHOXKecTBO V., conepxkalnee x
U TaKoe, 4To

(70) g=(t)<<f()+e  (teVy).

Beuay roro uto K KOMNAKTHO, CyHIECTBYeT KOHEYHOE MHOMKECTBO
TOUEK X4y ..., Xm. TAKHX, UTO

(71) KcVal...UVs .

[Tonoxum h=min(gx,, ..., g= ). Kak Obwio ycranosieno Ha BTO-
pom ware, h€ %, u u3 (65) ciaeayer, 4T0

(72) h()>f{t)—e  (tEK).
C apyroit croposbr, H3 (70) u (71) caenver, uto
(73) h(ty<<f(t)-+e  (tcK).

H3 (72) u (73) Boitekaer (69).

Teopema 7.30 He BepHa JAJs1 DPOH3BOALHBIX  KOMIICKCHBIX
anre6p. KonTpnpumep pman B ynpamxuendn 21. Onxmako yrBepxie-
HH€ TEOPeMbl OCTaeTCs BEPHbIM JaXKe W /s KOMIUIEKCHBIX ajredp,
ewId Ha $H HaJOWMHTb elie OJHO YCJOBHE, a HMEHHO ecaH norpedo-
BaTb, 4TOObl H Onjla camoconpasceHHoi. IJTo o03HayaeT, Y10 Jsi
a1000ft GyHKOMR [ €H KOMIJIEKCHO-CONpSKeHHas ¢ Hell QyHKuus |
TCXhe MNpUHAfNeXKT $; (VHKUHE [ onpeneadercs paBEHCTBOM

fx)=]x).
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7.31. Teopema. [lycme $-—camoconpancennan aazebpa Kommnaex-
CHBLX HCNPEDbIGHBIX (YHKUUL HA KOMRAKMHOM MHoocecmse K. [Tycmy SF
pasdeasem mouku muoxcecmsa K u He ucuesacm Hu 8 OQHOU IMOHKC
muoocecmoa K. Toeda pasnomeproe 3amsikanue K aascedbpor S
codepocuimn ece KOMRACKCHLIE HCNpepbisHbie HA K (PUHKULU.

HoxazateanctBo. [lyets Hp-— MHOXKECTBEO BCeX Bellec TBEH-
pix Qynkipii Ba K, npuuamgexaumux aarefpe #. Ecom fesH
I f==u--iv, rie u, v— BeulecToeHHel, TO 2u=f-4f, a Tak Kak
H — camocornpsixkenHas aiarebpa, 1o u € Fp Ecau xy =% xy, To cyme-
ctByeT [ €S, 1akas, 410 f(x;)=1, f(xp)=0; sHauur, O=u(x,) 5~
£ u (x;) =1, oTKvJa cieAyer, 4To Hp pasnesseT TOYKH MHOXKecTBa K.
Ecin x €K, 10 g(x)%0 npH HekoTopoM gE€H U HMeeTcsl KOM-
NJeKCHOe YHCJI0 A, Takoe, 410 Ag(x)>>0; ecmu [=Arg, [=u--iv,
TO oTcwia cJeiyer, 4to u(x)>>0; 3Hauur, Hxr He HCUE3ACT
HII B OAHOH TOUKe MHOXKecTBa K.

TaxknM o€pazoM, Hg YAOBIeTBOpAeT YciAOBUAM TeopeMbl 7.30.
CrnepoBate/ibHO, Kamaasl BelllecTBenuast uenpepoiBHas Ha K yHK-
LUt NPHHAJJICIKUT PABHOMEPHOMY 3aMBIKAHUIO ajrebpel Hp, T. e.
npuHajtexuT #. Ecad [ — koMmiiexkcHas pernpepbiBHas Ha K yHK-
wst, f=u-t+iv, T0 uCF, vCH, 3uauuT, u [ € F. [oxasaTelncTBo
3aKOHYEHO.

7.32. 3ameuanuqa Ilycrs 6 (K) ofo3nauaeT MHOMXKeCTBO BCeX
BCUICCTBEHHBIX HEIPEepLBHBIX (YHKUMH HA KOMHNAKTHOM IIPOCTpaH-
cree K. Onpegesan Hopmy dyaxuuil f€ 8 (K) paseHcTBOM

(74) 1 1[= sup { [ (x)].
xEK

Tlo Teopeme 4.15 | fil<Zoo npu kaxaom fE€%(K). Ouesuaso,
uto |If{j=0 Toamko Torga, Koraa f(x)=-0 mpn Bcex xcK, T. e.
[=0, u HeTpyJHO MPOBEPUTH, YTO

TRgl<ifii-Hilgl (F g€ (K)).

3HauuT, ec/d onpelesMTh pacCTOSIHHE MeXAV [ H g Kak | f—g i,
TO akcHoMa 2.17 1715 paccTosHHS BbLIOIOJHSAETCS.

Henodap3ya 37y METPHKY, Mbl MOXEM ONpene]dTh Telepb OTKPHI-
TelC MHOMKECTBA, 3aMKHYTLIE MHOXECTBA, Npejle/lbHble TOYKH, CXO015-
myecd [OCae10BaTeNbHOCTH H T. A. B € (K). Paccrosnde B € (K)
onpejiefieno Tak, 4T0 NOCJejoBaTeqbHOCTh {f,} cxomurca K [ Toraa
U Toabko Torja, xoraa {f,} cxomutcs k [ paBroMepHO Ha K;
{fa} —nocnegosarenpHocTs Komwm B € (K) TOraa H TOILKO TOrAA.
Koraa {f.} cxozurca pasHoMepHo Ha K. 3HAYUT, U3 TeopeMbl 7.12
caeayer, uto € (K)—noaxoe MeTpIdeCKOe NPOCTPaHCTRO.

SamkHymole TOIMIIONKeCTBA TpocTpancTsa 6 (K)—3TO B TOUHOCTH
Te CaMble MHOXKeCTBA, KOTOpbie B onpejescHuu 7.26 ObuiM  Ha3BaHBI
[JQBHOMEPHO 3AMKHYMbIMU.
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Besikoe KoMInakTHoe noaMHOxecTBO B %6 (K)—3T0 paBHOMEpHO
Orpali4yeHHOe pPaBHOCTENIEHHO HENpephlBHOE MHOXKECTBO (Y KUMM.
O6patHo, 3aMblKaHHe KaXKJOTO PaBHOMEPHO OrpaHHYEHHOrO paBHOCTE-
MeHHO HenpepblBHOrO MHOMKecTBa yHKUHA H3 6 (K) ecTh KoMmakTHOE
TNOAMHOXKECTBO mpocTpaHcTBa B (K). IDTo yTBepXKASHHE, NO Cylle-
CTBY, — llepedOpMy.JHPOBKa TeopeMsl 7.23.

Teopema 7.30 (teopema Crona— Bellepiutpacca) MoxeT OHiTh
nepedOpMyJIHpOBaHa Tak: ecau & — nodaszebpa ¢ 6 (K), pazdessouiasn
mouku mHoocecmea K u ne ucuesarouyas Hu 6 00HOU mouke mHO-
acecnea K, mo ancebpa & naomua 6 npocmpaticmee 6 (K).

Bce 3TH 3aMeuaHHsi MPDHMEHHMBl TaKXe H K [POCTPAHCTBY BCEX
KOMNnAeKcHblx (DYHKUMH, HenpephlBHBIX HAa K; HO TOJBKO K YCJOBHAM
teopeme! (Ctona —Belepmtpacca Hyxuo J00aBHTL CaMOCORPSIKeH-
HOCTb.

YnpaXHeHHS

1. Jloxasath, 4TO BCSIKasg PAaBHOMEPHO CXOAALIASCS TNOCJIE0BA-
TEJBHOCTh OrpaHHuYeHHEIX (YHKIHKI paBHOMEPHO OrpaHHYeHa.

2. Ilycre nocnenosatedbROCTH {f,} u {gn} CXOAsITCSI paBHOMEPHO
Ha E. Jlokazats, uTo nocaejgoBatenbHocTh {f,-+ g.) CcXozuTCA
paBsoMepro Ha E. Ilycts, kpome Ttoro, {f,} m {g.} —nmocnenoBa-
TeJIbHOCTH OrpaHu4eHHbIX &yHKuui. [loKasaTb, 4TO TrocjefoBaTellb-
HOCTh {fngn} CXOIMTCS paBHOMepHO Ha E.

3. Iloctponts mocnenoBatensHOCTH {fn}, {gn}, KOTOpBIC CXOAATCSH
paBuomepHo Ha E, Ho {f,g.} He cxopurcs paBHoMepuo Ha E (pasy-
meetcsl, {fngn} cxomutcs na E).

4. PaccmotpuM psin

on

Fo=2

n=1

HpH KAKHX 3HaYeHHsIX X 3TOT psiJ CXOAHUTCs abcomoro? Ha kakux
CerMeHTax OH CXOAHTCs paBHOMepHO? Ha kakux cermeHtax o nepe-

craet ObITh paBHOMepHO cxoxasiunamcs? HenpeprisBHa s dyukuusa f
B TeX TOUKaX, B KOTOPBIX psif cxoputcs? OrpaHudeHa Ju f?

5. Ilycre
NGB

. 7 1 1
Fn (x) =1 sz;;‘ m\<x\<,—l> )

L 0 <%<x> .

[Toxasath, uro nocsefoBaTelbHOCTh {f,} CXOnUTCST K HempepbiBHOM
dbYHKUHH, HO HEPABHOMEPHO. BOCHONB30BATLCS PSAOM ' fr LISl LOKA-

_
1-Fn2x °
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3aTeJbCTBa TOTO, YTO aGCOJIIOTHASL CXOJMMOCTb (JaXKe €cJH OHa
UMeeT MeCTO NpH BCeX x) He BJeuerT 3a co6oH paBHOMepHOH cXO-
JHMOCTH.

6. [oxasartb, uto psij

[ee)

2
S (=

n=1

CXOJIHTCS PaBHOMEPHO HAa KaxJ0M OrpaHH4eHHOM CcerMeHte, HO
He CXOAMTCs aGCOJIOTHO HU TNPH ORHOM 3HAYeHHH X.
7. TlonoxuMm

x
fn(x):m,

rie n=1, 2, 3, ..., x—BellecTBeHHoe 4YHcJJ0. [lokasaTtb, uTo
[OC/elOBaTeNILHOCTL {fr} CXOfHTCA PaBHOMepHO K GyHKUMM [ M dyTO
PaBeHCTBO

I ()= lim fo ()

BepHO, ecau x =40, U HeBepHO, ecau x=0.
8. Ilyctp

0 (x<0),
1 (x>0).

[Tycts {x,} — nocsief0BaTeIbHOCTL MONAPHO pa3/iMYHbIX TOYEK HHTEp-
Bania (a, b), W nycte pan X |c¢,| cxomures. Jlokasate, uTo psa

fes)

F)= D e (x—x2)  (a<<x<b)

n=1

I (x)=

CXOIHTCSl pABHOMEPHO, 4TO GOYHKUHSs [ llenpepblBHA TIPH JIIOGOM X =& X,
H uTO [— QYHKUMA OTpaHHYeHHOH BapHalluH.

9. Ilycrs {gn} —nocieoBaTebHOCTb GYHKUHI OrpaHHieHHOH BapHa-
LUK Ha ceTMeHTe [a, b], obsazaiomas c/aefyomHM CBOACTBOM: JJIsl JI10-
6oro £ >0 cymecTByet Takoe 4ucso N, yto U3 HepaBeHCTB 1> N, m> N
caenyer HepaBeHCTBO V (g, — gm)<<&. [oKaszaTth, 4T0 CyllecTByeT
OYHKIMA g, HMewolias OrpaHHYEHHYIO BapHauuIi0 Ha [a, b] U Takas,
uto V(gn—g)—0 npu n — co.

10. I'lycte ¢yHknus f HenmpepelBHa Ha [a, b], W nyctb {gn}—
[10C/Iel0BaTeAbHOCTb, AJst KOTOPOH

(a) V(gn)<M (n=1,2,3, ...),
(6) limg,(x)=g(x) (a<<x<b).
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Iloka3atb, 4TO

b
Jdgn—{ [ de.

Qe 3o

lim
n

—>x)

3ameTHM, 4UTO IpeLroJIoKeHHe 3jech cJalee NpeanoJoXKeHu
TeopeMbl 7.16.

Vxaszanue. Cuawana nokasars, uro V(g)<<M. Hanee, pia

JmoGoro pasduennst Pra=xy<{x < ... < %y, =0b UMeeM
; T |
N rde— 1 fdal <DV | [ v—fordg )+
a 73 : i:ilxi_

1

+ SV T () ] & (%)~ g (K11) — gn (50) -+ gn (x12) -
i=1

13 f e —r@idg).

TlepBast M 7TpeThbst CyMMBl MOTYT ObITb CJeJlaHbl CKOJib YTOAHO
MaJibiMd 3a cyeT BniGopa W (P) u HenpepelBHOCTH dyurnuu f. Puxcu-
pys P, moayuaem, 4TO BTOpasl CyMMa CTPEMHTCSI K HYJIIO NpPH f— 0.

11. Ecnu dyrxuua [ venpepuieua na [0, }] u ecan

1
\'f(x)x"dx:o (n=0,1,2 ...),

<

0 f(x)=0 na [0, I].

¥kaszanue. HuTerpan oT npousBeeHHs (QYHKUHAM [ Ha J1060H
MHOCOY/eH paBeH Hy/0. BocnosszoBaTtbesl Teopemoil BelepmTpacca
1 A

¥ [10K43aTh, 4TO SF (x)dx ==0.
0
12. Ecau, Hanpumep, f(x)ix—%» Hg(x)=x—x% T0
1!
(75) 3 F)lg()"de=0 (n=0,1,2, ...).
]
HDas kakux dyuxkuuit g w3 ycaosus (75) caepyer, utc f(x)=0
npu Beex x€[0, 1], ecan 3apanee 3ajjaHo, 4TO [— lieNpepLIiBHA?

13. Ilyers {f,}, {gn}— nocaenosateqabHocTH (YHKuUHME, onpeje-
JeHubiXx Ha E, #

(@) €acTHbie CYMMbl pAia . [, PaBHOMEPHO OrpaHHYEHbI;



YnpawmneHnus 189

(b) g. —0 pasHomepHO Ha E;

(€) gi(X)> ga(X) > gs(x)> ... npu Jwbom x€E.
Toraa pan > f2g8n CXONHTCS paBHOMepHO Ha E.
Ykaszanue. CpaBHHTL ¢ TeopeMoi 3.42.

14. Ilyets {j,} — paBHOMepHO OrpaHMYEHHAsi MOCACAOBATCIBHOCTD
GyuKuMd, unterpupyeMeix no Pumany Ha [a, b]. Tlonoxum

Fo(x)=\ f.(t)dt (a<ix<h).

et ——%

Jloxa3aTb, 4TO CyLleCTBYeT NOANOC/IENOBATENLHOCTb Fy ) PaBHOMEPHO
cxoasuasicss Ha |a, b]-

15. Ilyers {f,} —nocaejoBaTeJbHOCTL HelpepuiBHEIX (yHKIMHE,
CX0Asasicsi PABHOMEPHO Ha MHOMKecTBe £ K ¢yukuuH f. JlokazaTb,
4TO

lim fn (xn) - f (x)

n—»00

A5t KaXAOW MNOocJIeoBaTe/JbHOCTH Touek X, €FE, Tagodl. 4To
X, > X, r1e x€ E. BepHo au obpatnoe?

16. Ilycrs (x) obo3nauaer Apo6HYIO YAaCTh BEIECTBEHHOrO YHCJAA X
(cM. ompejesneHHe B yrpaxXHenHd 2 K ra. 4). Pacemorpum yvukiHio

Loe]
f(x)=>) %;2 (X-— BeIeCTBEHHOE UHCI0).
n=1{

Ha#ith Bce TOYKM paspbiBa GYHKUHM [ M NOKa3aTb, 4TO MHOMKECTBO
TAKHX TOYEK CUeTHO H BCIOAY MJIOTHO. Ilokaszath, uto (TeéM He MeHee)
¢yHkims [ uHTerpupyeMa mo Pumany Ha KaXK/JoM Ol PaHHUYEHIOM
CerMenTe.

17. Ilyctb  {fn} — nocnepoBaTenbHOCT  DYHKIMH, MOHOTOHHLIX
Ha [a, b], u nyctb {f,} moTOUEUHO cXoaHTC K GYHKUHM [, HEmpe-
puBHOH Ha [a, b]. loka3aTh, YTO CXOQMMOCTh paBHOMepHa Ha [a, bl.

18. I'lycte {f,} — paBHOCTENEHHO HenpepLIBHAs N10CAEA0BATEALHOCTD
dyuxkunii Ha xKoMnakTHoM MuoxectBe K, u mycts {f,} cxoautcs
notouedHo Ha K. J{oka3atb, YTO NOCAENOBAaTeNbHOCTL {f,} CXOAMTCS
paBHomepHo Ha K.

19. lokasate yTBepxkZenus o© G (K), chopmyanpoBaHiibe
B 1. 7.32.

20. Onpegeantb HOHSTHA paBHOMEPHOH CXOXMMOCTH M DPaBHO-
CTeMeHHOH HEeMPepbIBHOCTH IJIA1 oToOpaxeuuit B mofoe MeTpHYecKoe
npoctpauctBo. [lokasath, uto Teopempt 7.9 u 7.12 BepHbl 1Js
0TOOpaXKeHHH B J1000e MeTpHuYeckoe INPOCTPAHCTBO, UYTO TeOpeMbl
7.8 u 7.11 BepHn JJs oToOpaxkeHuii B 11060e [OJ1I0e MeTPHYECKOoe
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npocTpaHcTBo W 4to Teopembl 7.10, 7.14, 7.17 n 7.23 Bepun Anas
BeKTOPHO3HAYHBIX OYHKOME, T. e. AJAd oToOpaxeHHii B JioGoe R".

21. Ilyctsb K-—eauHHuHasi OKPYXKHOCTb HA KOMIIJIEKCHOM ILIO-
ckocTd (T. e. MHOXKECTBO BCeX z, TaKHX, 4T0 |z|=1), U nycTb
H — anrcbpa Bcex QYHKUHH Buaa

N
f(el®) = 20 cnei™ (0 BeulecTBEHHO).
n=

Torpa 5 pasjensieT TOUKH MHOXKecTBa K H He HCYe3aeT HH B OJHOH
TOUKE MHOXecTBa K, HO TeM He MeHee CYLeCTBYIOT HelpepbIBHbIE
Ha K @yHKUHH, He cojepxauiuecs B pPaBHOMEPHOM 3aMblKaHHH
anrebpul H.

Ykasanue. Ins moboit dyHkunn feH
23
Rf(eie)einedeso, n=1,2, ...,
0

H 3TO OCTaeTCsi BepPHBIM JJIf1 KaxJoH f, npuHaljexamell 3aMbIKaRHIO
ajre6pol .

22. Ilycrb @ — HernpephlBHAsl orpaHHYeHHasi BeliecTBeHHast QyHK-
1us1, omnpefeneHHas B roJioce, BblAesisieMold HepaBeHcTBaMH 0<x <1,
— oo < y < co. JloKasaTb, 4TO 3aja4a C Havya/bHbIMH JaHHLIMH

y=g¢(x4), y0)=c

UMeeT peulexye. [3aMeTHM, YTO YCJOBHS 3TOH TEOpEMbl CYyLIeCTBOBa-
HHSI MEHee OTrpaHHuYHTe/ibHbI, 4eM YCJOBHS COOTBETCTBYIOIMIEH TeopeMbl
€JMHCTBEHHOCTH (CM. ynpaxkHenue 17 ru. 5).]

¥Yraszanue. 3aduxkcupyem n. llonoxkum x;,=i/n, i=0, ..., n.
Ilycrs f, —neupepuBias dyukuusa Ha |0, 1], Taxasn, uro [, (0)=c,
[n() =@ (xi, fa(x1)), ecom xp <<t <Txiy,

H [OJOMXHUM

An(D)=Fa()— @ [2 (D),
33 MCKJIOUEeHHeM ToueK x;, rae A,(#)=0. Torna

x

fa(=c 4 Lot fu )+ Aa (@)1 .

[1}

Bocnions3soBathes Teopemoil 7.23 [IJsi IOKa3aTesibCTBa paBHOMEPHOH
Ha [0, 1] cxoauMOCTH HEKOTOpO#l TNOANOC/e0oBaTebHOCTH INOCJAEH0-
BaTeJdbHOCTH {f»} K OYHKUNH f, y10BJeTBOpsiOmEeN HHTeTpaJbHOMY
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yPaBHEHHIO
fo=c+ (o fe)d  (O0<x<l),
0

Jra byukuus f H ecTb pelureHue JaHHOH 3ajauu.
23. JlokasaTb aHaJIOTHUHYIO TeopeMy CyLIeCTBOBaHHs AJif 3aladd
C HAYaJIbHbLIMH JaHHbIMH

=0y, y0)=c,

rae Tenepb ¢ €RF, y € R", a ¢ —uenpepblBHOE OrpaHHYeHHOE OTOGpA-
KEeHME 4actd mnpocTpaHcTBa R*Fl) BoigessieMoit ycsosusimu 0<Cx <1,
y €R", B npoctpanctBo R*. (CpaBHHTb ¢ ynpaxuenHeM 18 ri. 5.)

¥kazarue. Bocnonb3oBaTbcsl  «(BEKTOPHO3HAYHLIM®  BapHAHTOM
Teopemsl 7.23.



TJABA 8

JAJBHEWINUE CBEJEHUS U3 TEOPHH PSJ10B

Crenenunle pajbl

B 3ToM pasjene MBI HM3y4HM HEKOTOpble cBOHCTBAa (YHKUHE,
NpeiCTaBHMbIX B BHJIE CYMMBl CTCUEHHOTO Psifa, T. €. Gyukiui
BH/A

(1 F0—= 3 e’
n.=()

Hau, Gosee obuio,

2) fn= 3 en(x—ay

Takue PyHKUPH HA3BLIBAIOTCS AHATHTHUCCKHMI.

Mel orpaHHYHMCst BelllecTBeulbiMU 31a4cHdsivil x. [loaToMy BMecTO
KPYroB CXOJIMMOCTH {cM. TeopeMmy 3.39) Mbl OyjieM HMeTh A€J0
€ IPOMECKYTKAMH CXOJHMOCTH.

Ecan psp (1) cxoautest npd Bcex x n3 uiriepsasa (— R, R) ads
Hexotoporo R >0 (R MOXeT paBusiTbCsl -+ o), TO MBI OyJeM roBO-
puTs, uTo PyHKUMA [ pasjaraercs B CTeICHHOH PAJ B OKPCCTHOCTH
TouKkd x=0. AHasoruuno, ccad psg (2) cxoaurtes npH [x—a|<<R,
TO TOBOPAT, 4YTO [ pastaraetcs B CTeleHHOH P B OKPeCTHOCTH
TOUKH X==@. Jng ygoberea mbl udacto OyjaeM  noaaraTb a =0,
HE OrpaHHYuBasi OOILHOCTH.

8.1. Teopewma. [Iycme psad

(3) 2 G

n=-10
cxodumea npu | x! <R < co, u nycme

Va3

(4) F= 2 cx  (x]<R).
Toeda pad (3) cxodutca pasHomepro Ha ompeske [ — R--e, R —¢],

Kakogo Obl Hu Obiao  noacocumeavroe ducio &< R. Pynrkyua f
Henpepovisna Ha (—R, R) u

5) =3 et (x| <R)

n—
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HdokasateabcTtBo. Ilycts 0<<e<<R. Ecan [x|<<R—¢, TO
y \
| enx™ | < (R—2)",
a Tak Kak paj

2 n(R—e)"

cXOopuTCA abCOMIOTHO (Ka)X ALl cTenmeHHo# psif mo npu3Haky Ko
CXOMHTCST &OCOJMNIOTHO BHYTPH CBOErO MpPOMERKYTKA CXOAHMOCTH), TO
13 TeopeMbi 7.10 cuaexyer paBHoMepHas CXOJHUMOCTL psifa (3) Ha
otpeske [—R-+&, R—e].

no—
Bergy Toro Wto y n-—>1 npu n-— oo, uMeeM

lim Vi el =1m Vical,
n—>0 n—>c0
Tak uto pAast (4) H (5) uMeoT 0oOWHA HHTEPBaJ CXOIHMOCTH,

[TocKoJIbKY (D) — cTeneHHOH psil, TO OH CXOJAHTCS PaBHOMEPHO
B [—R €&, R—e¢] 1py KaxIAOM MOJOKHTENLHOM &< R H, CJeloBa-
TeJLHO, TPHMEHHMa teopeMa 7.17 (B ¢OpMyJHpOBKE TeopeMbl mocJe-
J0OBAaTEJILHOCTH MOMHO 3aMeHHTb pagamH). TakuMm obpasoM, (5)
BHINOJHAETCS, et | x| <R —e.

Ho mas aoboro x, Takoro, 4to | x| << R, MOXKHO HaliTH Takoe
yueao £>0, yt0 |x{<<R—e. 3uauut, (5) BLINOJHSETCSH, €CJH
fx|<<R.

HenpepbiBHocTh  dyHKuMH [ caejyeT u3  cyuwecTBoBauus |’
(Teopema 5.2).

CnexctBHe. Ecau swnoaHenvt ycaosus meopemor 8.1, no |
umeent npoussodusie scex nopadkos 6 (— R, R), nputen

(6) ) = D n(n—1) .. (n—k--1)cox™ .
n=kh

B uacmrocmu,

(7) FO0)=klen  (E=0,1,2, ...).

(3nech [ obGospauaer f, a f“7 k-0 npoM3BOAHY GyHKUMM [
npu k=1, 2, 3, ....)

Hdoxasateascrtso. Paseucrso (6) noayuutcs, ecam Mol
[1oc/Je ioBaTe bHo npumeHuM Teopemy 8.1 K f, 3ateM K [', K [" ¥ T. &.
[Moaaras B (6) x =0, Mbl noaydnm (7).

dopmysa (7) ouenb uHTepecHa. OHa NOKasbiBaeT, C OJHOM CTOPOHHI,
4TO KO3DHUIUEHTH CTEIEHHOTO pa3JioxKeHust GYHKIHNHK [ onpefensiorcs
3HayeHUssiMH [ H ee MPOM3BOJAHbLIX B OJIHOA-eJINHCTBEHHOH TOUKe.
C apyrofl CTODOHH, ecqH HaHbi KO3GMGdUIHEeHTH, TO 3HAYEHHS [POW3-

BOAHBIX DYHKIHH [ B HEHTpe HHTepBaja CXOAMMOCTH YCMaTpHBAIOTCS
HEeMoCcpeACTBEHHO H3 CTEeleHHOro psija.
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3ameTuM, OJHAaKO, 4TO ec/iH Aaxe QyHKUHs [ HMeeT NMPOU3BOAHLIE
BCEX MOPsAKOB, TO PAf 2 Cax™, KO3DQHUHEHTHI KOTOPOTO BbIUHCJIEHDI
no dopmyJe (7), He 06a3aH CXOAUTHCS K f(X) HU 1npU KakoMm x 7= 0.
B nocaexneM caydae f He MoxeT ObITb pasjioXeHa B CTEHNEHHOH
psin B OoxkpecTHOCTH Toukd X = 0. [leficTBuTeabHO, ec/ii Obl BBINOJ-

HAJIOCh PaBEHCTBO [ (x)= D @nx™, TO MBI UMeJH Gbi
nla, = f™ (0);

3HAYUT, @,=C,. llpuMep Takoll cutyauMn OyAeT JAaH B yIpax-
HeHHH 1.

Ecan psi (3) cXOAWTCs B KOHUE IPOMEXYTKa CXOJMMOCTH,
cKaxeM, B Touke x=R (u, pasymeercsi, R <), 10 ¢yHKuHs f
HemnpepbiBHa He TOJMbKO B HHTepBaste (—R, R), HO H B TouKe x =R,
D70 BbiTeKaeT M3 caepywmefi Teopemnl AGeast (AJs TPOCTOTH Mbl
nojiaraeM R=1).

8.2. Teopema. [Tycmb pad 2, c, cxodumcsa. [Tonoxcum

f(x):ZOcnx" (—1<<x<l).

Toeda .
(8) lT} f(x) =n§0 Cn.
NokasartenbctBo. [lyeth $5=Co+ ... +¢Cn, 5 =0. Toraa
nﬁo CpX™ = ngo (Sn—Sp-1} X" = (1 — x) 7:201 SpX™ + Smx™.

[lyers |x]|<<1 B m— oo. Tak Xax s, OrpaHHueHb B COBOKYIHOCTH,
TO Mbl 10J1y4aeM

(9) F)=(1—2x) 3 spe".

IpeanosoxuM, 4to s = lim s,. Ilycte € > 0. BuiGepem N, Taxoe,

n—->uo

yto U3 n >N caenyer
ls—sn|<%.
Torpa, BBHLY TOrO 410 -
(1—x)12].0x":1 (x]<<),

Mbl TiosiyuaeM M3 (9)

F)—sl=|(1=0 Y (s.—9)x"
n=0

N
<U—0) ) Isa—s| 2+ 5 <e,

n=0
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eciH x>1—06, rge 8§ —umoboe JocTaToOuHO MaJioe HOJOKHTEJNbHOE
uhcgo. Ortciona caenyer (8).

B kauecTBe npusoxeHus JoKaxeMm TeopeMy 3.51, KoTOpast COCTOHT
B caenyiomeM. Ecau pader D\ an, X b, X cn cxodamca coomsem-
cmeenno kK A, B, C u ecau co=asb,+ ...+ azby, mo C= AB.
[Tosomum

= 2 anx", g(x)= 2 bux™,  h(x)= 2 Cnx™
n=_0 n=0 n=0

npu 0<{x<<1. Ecan x<C1, TO 3TH psaAAbl cxonsitcsi abCOJIOTHO,
H TM03TOMY HX MOXKHO NepPeMHOXHTb B COOTBETCTBHH C OIpEJe/IeHHEM
3.48; BLINOJHHB YMHOXeHHE, Mbl YBHIHM, 4TO

(10) f(x)-g)=h{x) (O<x<<I).
[To Teopeme 8.2
(11) f(x)— A, gx)—B, h(x)—C

npu x—> 1. M3 pasencts (10) u (11) caexyer, uto AB=C.
Hanee Ham mnonajnobutcs cjenymman TeopeMa 06 H3MeHEHUM
nopsilka CYMMHPOBaHHSL JBOHHOH MOCJe/0BaTebHOCTH.

8.3. Teopema Ilycmy  Oana Oeolinas nocneaoeame/zbuocmb
{ai]'}v i:lv 2v 37 . ]—l 2 3 ., nycms

(12) Ylayl=b (i=1,2,3....)

=1

u pad X b; cxodumca. Toada
(13) ' 2 D=2 2 a,
=1 j=1 j=1i=1

HoxasatenabcTBO. Mbl MOrJH 6Bl YyCTaHOBHTL paBeHCTBO (13)
HeNOCPeICTBeHHO, NONOGHO TOMY Kaxk 3TO Oblio Ccledano B Teope-
me 3.56 (x0Tt B JaHHOM cJly4ae 3TO HECKOJbKO OoJiee CJIOXKHO).-
Onnako chaepyomuii MeTOA NpeicTaBisfercss Oojiee  HHTEPECHBIM.

Ilycts E —cueTHOE MHOXKECTBO, COCTOsIEEe H3 MONAapHO pPa3JiHg-

HBIX TOUYEK Xy, Xy, X3, ..., H IYCTb Xp—> Xp IPH n—> co. [lonoxkuM
(14) f:(xo):Zlai,- (i=1.2,3,...),
. =
n
(15) ft(xn)zzla,'j (i,ﬂzl,2, 3, ),
1=

(16) g(x):gl fi (%) (x € E).
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Teneps, conocrasass (14) u (15) ¢ ycaosuem (12), mul BHaMM,
4TO Kamaas M3 OQYHkUHH f; HenpepolBHA B Touke X,. [locKogabky
[fi(x)|<bi mpu x€ E, pax (16) cxoaurcs paBHomepHo Ha E, Tak
uyTo QYHKUHSA ¢ uenpephLiBHA B TOYKe x, {Teopema 7.11). CaepnoBa-
TeNbHO,

3 ay =3 i) = g (xa) = lim g () =

i=1 j —1 i=1 n->00

.= 1im 2, fi(xn) = lim Z Z a;j ==

n—+wovi=1 N 0 i=={

oy

= lim ZI ZJ aij “'Z 2 Qij-

0o j=1 i==1

8.4. Teopema. [lycme pad
D™
n=0

cxodumea npu |x <<R u [(x)—cymma amoco pada e uHmepsa.ie
(—R.R). Ecau—R <Ca<<R, mo yukyuro [ momno pasioxcume
8 cmenennotd pad e OKpecmrocmu mowKu X =a, cxodauulica npu
|x—a‘1<R—|a1, u

(17) foy=3 "D gy (x—al<R—|a)
n=0

Jta Teopema sBiseTcs 0000meHHeM TeopeMbl 5.17; oHa H3BecTHa
TakxXKe Kak Teopema TelJopa.

Jdoxasateabctpo. Humeem

f()= callx—a)+a)"=

n=0
[0 n
_ S‘ S‘ n\ n—mn gy
=22 (n)8 (x—a)" =
n=>0 m=0

== i [ i (;:) cna"“"“] (x—a)™.
m=0 n=m

OTO M eCcTb HYXKHOE HaM pa3/oKEeHHE B OKPECTHOCTH TOHKH
x=a. Y71006Bl YOEEUTbCS B €ro CMpPAaBeMJHBOCTH, MBI JOJXKHBL 000-
CHOBaTb H3MEHEHWe TOpsiiKa cymmHpoBaHusi. Teopema 8.3 noxasbl-
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BAeT, 4TO OHO BO3MOKHO, ecJi PAJ

(18) E‘, §, !cn (;) an "™ (x — a)"™

n=0m=19_

cxonutea. Ho (18), oueBHpHO, npHBOZHTCA K BHAY
(19) 2 el x—altial)n,
n—

a pan (19) cxoputcs, ecan jx—al-4-|a|<<R.

Haxkoneu, dopmyaa (17) anast kosdbduuuentoB creayer us (7).
Hyxno samerntb, 4to pag (17) B JAeHCTBHTENLHOCTH MOXKET CXO-
JUTbCA B UHTepBaye, 6ojee HMIHPOKOM, 4eM HHTepBaJ, OrpejlessieMbid
HEPAaBEHCTBOM | X —a|<< R—'a].

Ecav 1Ba creneHHBIX psiia cXoasitcs B uuTepBate (—R, R)
K OIHOH H TOH Xe (PYHKIHH, TO OHH TOXKIECTBEHHHl, T. €. UX K03d-
(bHUMenTH C OJHHAKOBLIMH HOMepaMH paBHbl. MHTepecHo, 4To TO XKe
BEPHO U B 6oJjee cJabblXx NpennonoXKennsax.

8.5. Teopema. [Tyecmo pader X a,x™ u 2 box™ cxodsmes
8 unmepgase S =(— R, R). [Tycmp E -— mHoucecmeo ecex mouek X¢€S,
8 Komopolx

(20) Dl apx™ = D) bux™.
n=0

n=_

Ecau E umeem npedeabrywr mouky & S, mo a,=b, npu n=0, 1,
2, ... . 3uawum, (20) ewinoansemcsa u npu eécex x¢€S.

HokazateasctBo. llyets ¢,=a,—b, i

[#0)
(21) fx)= 2 cnx™  (x€8).

n=0
Torpa f(x)=0 na E. _

[Tycth A - MHOXKeCTBO Bcex NpefesibHBIX ToueK MHOXKecTBa F,

cofepxamuxcss B S, a B-—-MHOXKeCTBO Bcex NpOYHX TodeK H3 S.
H3 onpenenenns npefesbuoll TOUKH SCHO, UTO MHOMXKECTBO B OTKpHITO.
HonyctuM, uTo HaM yAaioch J0Kas3aTh, 4YT0 H A  OTKpHITO.
[lo ycaosuio A nenycto. Kpome toro, S=AJB, ANB=g n S
csisHo (teopema 2.47). M3 onpepesienns 2.45 ciepyeT, 4TO B TaKOM
caydae B po/kHO OeiThb nycteiM H, 3Haunr, A=S. H3 toro, urto
dbyskunsa [ uenpepniBHa Ha S, caepyer A E. Takum o6pasom,
E=8, a (7) nokasmBaer, yto ¢, =0 npn n=0,1,2, ..., uro
H cocTaBaseT TpeGyeMoe 3aKJtoueHHe.
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Taxum ofpaszoM, Ham Hy®HO [0Ka3aTh, uto A oTKpbiTO. EcuH
Xy €A, TO Teopema 8.4 mokasbiBaeT, YTO

(22) f(x)= 2 do(x — %" (Jx— x| <R—]|%l).
Mu yrBepxnaem, uto d,=0 npu pcex n. Ilpeamonaras npoTHs-

HOe, 0003HaUHM Yepe3 R HauMelblliee H3 HEOTPHIATEJbHBIX HeJbiX
gucesJ M, Takux, uto d,=%0. Torga

(23) f (%) = (x —xo)* g (x) (lx—xo! <<R—[x%01)s
rae
(29) g(x)= mio dpim (X — Xo)™.

[Tockonbky QyrKuHs g HempepblBHA B TOUKe Xp H
g (xg) =dn=0,

To0 cymecTByeT §>0, Takoe, uro g(x)7*%0, ecan |x—xp|<T8.
Ha (23) cnenyer, uto f(x)£0, ecan 0 <<|x — x| << 6. Ho 3710 mpo-
THBOPEUHT TOMY, YTO X, —IpejespHast Toyka MHOXKectBa E.

Taxum obpasom, d, =0 npu Bcex n, Tak uto f(x)=0 npn Bcex x,
AJs. KOTOpHIX BhoJiHAercst (22), T. e. B OKPECTHOCTH TOYKH Xo. 310
noKaspiBaeT, 4T0 A OTKPHITO, H JOKa3aTesbCTBO 3aKOHUYEHO.

Moka3aTeasHan u aorapudpmMuyeckas yHKUHH

[TosoxkuM, 1o onpeseneHnuio,

fee)

(25) E@)=23 Z.

n!
n=0

Ilpnanak Hanambepa mnokKasblBaeT, 4TO 3ITOT PSAJ CXOQHTCA NDH
KaXKJOM KOMILIeKCHOM 2. Ilpumensis teopemy 3.50 06 yMHOXEHHH
a6COJIIOTHO CXOJAMXCA PsiIOB, MOJydaeM

L a kgn—k
E@E@=> 2, > = Z Z =
n=0 m=0 n=0 R=0
o (z4w)n
ZMZ(QZW": Ozn!w '
k=0 n=

OTKYZ4 BbITEKaeT BamHasi TeopeMa CJOKEHHs
(26) E(z4w)=E(2)E(w) (2, w KOMIJIEKCHHE).
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OnHo H3 ee cJeJCTBUH TaKOBO:
27 E@E(—2)=E(z—2)=E(0)=1 (z xomnyiekcHoe),

Jto nokasbiBaet, yto E (2) 5= 0 npu Bcex 2. CoraacHo (25), E (x) >0,
ecyin x >0; (27) nokasmBaer, uto E (x) >0 npH Bcex BemectBeH-
Heix x. B cuay (25), E(x)—>-+ oo npu x— -+ oo, a (27) noxasbol-
BaeT, 4tr0 E(x)—0 npn x-—>-—oco BAOJb BeLIECTBEHHOH OCH.
B cuny (25), n3 0<<x<<y cneayer, uro E (x)<< E(y); us (27)
caenyer E(—y)<<E (—x); 3uaunt, dyukuus E cTporo Bo3pacTaer
Ha BCEH BeleCTBEHHOH OCH.
Teopema criokeHHsI MOKa3blBaeT TaKXKe, 4TO

(28) lim ZErH—E@) E(9)lim EO=L_ gy,
h—0

nocnejHee paBeHCTBO CJefyeT NpsiMo H3 (25).

TloBropas (26), nonydaem
(29) E@4...+2)=E(2)...E(2,).

ITonoxuM 3pech 2y = ... =2, =1. [Tockoabky E (1)=e, rae e—
4MCJI0, BBejAeHHOEe B onpeneneHdd 3.30, TO MBI noJydaem
(30) E(n)y=e" (n=1,2,3,...).

Eciu p=n/m, rpe n, m-—noJo¥HTesNbHble liesible 4HCJAR, TO
(31) [E (™ =E (mp)=E (n)=e",
TaK 4TO
(32) E(p)y=e" (p >0, p paunoHaJ bHO).

M3 (27) cnmepyer, uto E(—p)=e™P, rie p— NOJOKHTENbHOE
¥ paudoHaibHoe. Taxkkum o6pasom, (32) BeimosHAeTCS IIpd  Bcex
palHOHaJNBHbIX p.

B ynpamuenun 7 Kk rai. 1 MBI OPelJIONHIH Takoe oONpejeseHune:

(33) x¥ =sup xP,
rje BepxHssi TpaHb GepeTcsi N0 BCeM DPAlHOHAJLHBIM p, TaKHM 4YTO

p<<y ans moboro BelnecTBeHHoro y u x>>1. Eciau Mbl Takum
06pa3oM OmpeJiesinM 1pH Jio6oM BeniecTBEHHOM X

(34) e* = supe? (p << x, p pauHOHA/DBHO),

TO H3 HeNpepblBHOCTH H MOHOTOHHOCTH GYyHKuMHM E, a Takxke H3
paBeHcTBa (32) nojyuurcs

(35) E(x)=¢"

MPH BCeX BelleCTBeHHbIX x. PaBenctBo (35) oOBsCHsSET, NOYeMy
¢dyHRuHIo E HA3bIBAIOT TIOKa3aTesIbHOM.
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Ha camom Jesne BMecto (34) BHOAHE MOXKHO BOCHOJIL30BATLCS
paBenctBoM (35) jaad ompenesesus e~; paBeHCTBO (35)— ropasgo
Gonee ynobHasi oTHpaBHAasi TOYUKa JJs MCCJE0BaHHsi CBONCTB (yHK-
nun e*. Ceffluac Mbl YBHAHM, uTo H (33) MOXKHO 3aMeuuTb GoJee
yAo0HbIM onperenenueM (cm. (43)).

Bepremest K o6bluHOoMy 00o03Haueduto e* BMecTo E () H NOLBITO-
EHM TO, 470 ObLIO JIOKA3aHO 10 CHX MOp.

8.6. Teopema. [Iycmv e onpedersemca Ha R pasexcmsanu
(35) u (25). Tozda

(a) pynxyua e* wuenpepvisna u Oudpeperyupyema 8 awobod
8eLeCnBeHHOl mouKe:;

(b) (¢ =e;

(c) e*—cmpoeo eo3pacmarowyan pynxkyus u e > 0;
(d) e =e"e¥;

(e) e*—>+4 o0 npu x-->-}-o0, e*—0 npu x — — co;
() lim x™e =0 npu mobom n.

X-¥»--00
Mul yke j0Kkasand Bce yTBepxkAeHHA oT (@) ao (e); (25) noka-
3LIBAET, YTO

. xn+l
¢ WA
npu x>0, TaK 410

(DY

X

xne—x< ,
oTKyjaa u cuaenyet (f). YTBep:xkjenue (f) o3HauaeT, 4To €* CTpeMHTCA
K -l-oo mpu x—> - oo «OnicTpeey, ueM J100ast cTenelb X.

Oyukuaa E, 0yayuu cTporo Bospactaioulell H AHbdepenuHpyeMon
Ha R!, uMeer obpatuyio ¢GyHKuUHIO L, KOTOpas TOXKE CTPOro BoO3pa-
craer H AuddepcHunpyema H obaacTb olIpejlesieRHsT KOTOPOH COoBMa-
paetr ¢ E(RY), T. e. ¢ MHOXKeCcTBOM BcCeX TOJOXHTEABILIX 4HCEJ,
Oyukinsa L onpeaensietcss M3 paBeHCTBA

(36) E(Ly)=y (¢>0)

HJHX H3 PaBCHCTBA

(57) L(E(x))=x  (x— BeIleCTBEHHO).
Huddepenuupysa (37), noayuaem (cp. ¢ Teopemol 9.5)
L' (E(x))-E(x)=1.
3anmuceiBas y-- L (x), HMeeM

(38) L=, >0
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[loaaras B (37) x:=0, Mer BupuMm, uyro L (I)==0. 3uauur, uz (38)
caenyer

(39) L= {2,

Ouenb yacTo paBeHCTBO (39) NPHHUMAIOT 32 OTIPABHYK TOUKY B TEOPHH
JorapudMa M nokasateasniiofl ¢yskuud. [lonaras u = E (x), v=E (y),
noayuaeMm Hz (26)

L(ur)=L(E (x)-E () =L(E (x 1)) =x+y,
TaK 4TO
(40) L{uv)-—=L(u)+ L(v) (u>>0, v>0).

IT0 1okaswiBaer, 4yto L o00Jazaer HM3BECTHHIM CBOHCTBOM, KOTO-
poe Jnenaer JgorapudMol CPeNCTBOM, HOJI€3HBIM JUJISI  BBIYUCJIEHMUI.
O6uiunoe o6osuayenne aas L (x), Koneddo, log x.

Yro kacaercs nosejenuss Qyvkuun log x npm x—> --co U Ipy
x—>0, 10 Teopema 8.6 (¢) MOKasLIBaeT, 4YTO

log x — -+ co mpn x —> -+ oo,
log x — — oo mpn x —> 0.

Jlerko BHZETb, YTO
(41) x" == E (nL{x)),
ecad x>0, a n—uenoe. IlogobubiM ke 006pa3oM, eciyd #Ml— MOJ0-
KHTEABHOR 1EJ0€e, TO .
1 N
2 tm g (g
(42) X E\m](x)),
TaK Kak KamJas u3 uacrtell paBerctsa (42) nocJje Bo3BeAcHHS B M-10
CTeNeHb NIPEbpallaeTcss B COOTBCTCTBYIOUIYIO 4acTb paBcHceTBa (37).
O6bepuusist (41) 1 (42), noayuaem

(4'5) x¢=F (uL (x)) .- pulogx

IpH JI00OM palHOHA/IBHOM «.

Onpejenum teneph x% NpH JEOGONM BeUIECTBEHHOM « H JI0GOM
x>0 pasenctBom (43). HempepbBHOCTE H MOIOTOUHOCTL PyNKUMH
£ u L 1okaspBalOT, 4TC 3TO ONpcaeselde NPHBOIUT K TOMY XKe
pe3ysabTaTy, 4TO NpelJOXKeHHOe panee. YTBepkIeHus, chopMmyJaupo-
BAllHbIC B ymnpaxueHusix ¢ 4-ro no 7-e ra. | —TpHBUHANbHBE Cillef-
CTBHsl paBeHCTBa (43).

[poanddepennuposas (43), mnosayyaeM, no Teopeme 5.5,

(44) (x%)" = E (aL (x))- - = ax"1.

3aMeTHM, 4TO paHblle MBI HCNOAB30BaJH (44) TOMBKO A5 LEAbLIX
3Hauenuil @, a B 3ToM cJayuae (44) Jsierko cJe;iyeT u3 teopemol 5.3 (b).
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JoxkasaTb paBeHcTBO (44), HCXOJR HENOCPENCTBEHHO H3 Olpe]eJeHUs
Npou3BOJHOH, eciu x¢ onpefiesieHo, Kak B (33), BecbMa 3aTpynHU-
TEJIBHO.

Xopowo u3ectHas ¢opMysia HHTErpHPOBaHUA JJA X% claefyer

u3 (44), ecan as=—1, u u3 (38), ecoiu a= —1. MB XOTHM AOKa-
3aTh elle ONHO CBOHCTBO (YHKUMH log x, a HMEHHO
(45) lim x~%Jogx=0

x—+-400

npu kKaxjoM a>0. Huaue roeops, logx— -+ oo npu x—> 4o
«MejiJIeHHeey, yeM JiobGasg NOJOXKHTEbHAA CTENEeHb X.
HehicTBUTENbHO, ecqd 0 <<e <<a@, a x> 1, TO

X X
x~%log x = x—¢ S ridt < x—@ S £ dt =
1 1
e 1 x!—-(l

=y X

oTKyaa M crueayer (45). Mbi Morau Obl TakMe BOCMOJB30BATHCA
Teopemofit 8.6 (f) ana BhiBOma paBeHcTBa (45).

TpurosiomeTpruyeckne GYHKIHH

[Tonoxnm, no onpezesenuio,
(16) C(x)=1 [E(ix)+ E(—ix)], S (x) = [E (ix) — E (—ix)l.

Mnbi nokaxeMm, uto C(x) u S(x) coBnajawT ¢ QYHKUHAMH COSX
H sinx, onpepie/jeHHe KOTOPbIX OOGbLIY4HO OCHOBBIBAETCS HA TE€OMETPH-

yecknx paccmotpenusx. Cornacmo (25), E (2) == E (2). 3nauut, Kak
nokasniBaeT (46), C(x) u S(x) BewleCTBEHHbLI NPH BENIECTBEHHBIX X.
Kpome Toro,

(47 E (ix) = C (x) + iS (x).

Takum of6pasom, C(x) u S(x) paBHH COOTBETCTBEHHO MHHMOH
# BellecTBeHHON vacTH 4Hcaa E (ix), ecau x BemectsenHo. Coruac-
Ho (27),

| E(ix)|>=E (ix) E (ix) = E (ix) E (—ix) =1,
TaK 4TO
(48) |E (ix)|=1 (x BewleCTBEHHO).
Ha (46) moxHo ycmotpets, uto C(0)=1, S(0)=0, a (28)
1I0Ka3biBaeT, UTO
(49) C'(x)=—S(x), S (x)=C(x).
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Mbl yTBepKHaeM, YTO CYIUECTBYIOT IOJIOKHTENbHEIE YHCJIA X,
TakHe, 410 C (x) =0. JeficTBHTesNnHO, NyCTh 3TO He TaK. M3 Toro,
uto C (0)=1, cnepyer toraa, uro C(x) >0 npu Bcex x > 0; 3nauut,
S’ (x) > 0, coraacuo (49), u, 3#aunT, PyHKUHSA S CTPOro BO3PACTAET,
a Tak Kak S(0)=0, 10 S(x)>0 npu x>0. 3nauur, ecan
0<x<<y, 10

(50) SWu—x<{soda=cm—cw=<e

ITocnesnee wuepaBenctBo caenyer” u3 (48) u (47). Ho (50)
He MOXeT BBHITOJHATBECH npu GodbliHX y, Tak Kak S(x) >0, u mn
fIOJIYYHJIH TIPOTHBOPEYHE.

ITyctb xo— HaHUMeHbLlee M3 MOJONKUTENLHBIX YHCENT X, TAKHX, YTO
C(x)=0. Ono cymecTByeT, TaK KaK MHOXeCTBO HYJIeH HellpephiB-

Hol ¢yHkuuu 3amrsayTto, a C(0)=:0. Onpenenum uucjio 7 paseH-
CTBOM

(51) 7= 2xo.
Torpa C(nt/2)=0 u, kak nokaswBaer (48), S(m/2)==x1. Ho

tak Kak C(x)>0 B (0, n/2), To S pospactaer B (0, =/2); 3nauuT,
S (7t/2) = 1. Takum obpasom,

(3)-

H TEOpEMa CJOXKEHHsI MOKas3biBaeT, 4To

(52) E(mi)= —1, E(2ni)=1,
3HAUHT,
(53) E(z+42ni)=E (2) (2 — KOMILTEKCHO®).

8.7. Teopema. (a) Pynkyus E nepuoduuna ¢ nepuodom 2mi.

(b) pynkyuu C u S nepuoduunsl ¢ nepuodom 2.

(¢) Ecau 0<Ct<<2m, mo E (it) 1.

(d) Ecau z— komnaekcHoe wucao, a |z|=1, mo cywecmeyem
eduncmeennoe wucao t € [0, 2n), maxoe, wmo E (if) ==z.

lokasaTenbcTBO. YTBepxaeHue (a) caenyer H3 (53),
a yrBepxjenue (b) ciexgyer H3 (a) u (46).

Ilyets 0 <<t <<m/2, a E(it)=x-14iy, A€ X H y BEUIECTBEHHDL
CpnenanHoe HaMH paHee INOKasbiBaeT, YTO 0<x<l, O<y<l.
3aMeTHM, YTO

E (4it) = (x + iy)* = x¢ — 6x22 + y* + dixy (x* — y?).
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Ecau E (4it) BewecTBenHo, To X*— y# = (}, a Tak Kak, coraacHo (48),
x2-+y?=1, 10 xZ:ygz—;—, 3Haunt, E (4it)== —1. Tem cambim (c)
JIOKa3aHo.

Ecan 0t <<ty << 20, TO

E (U [E (it )TV =E (ity— ity) # 1,

coraacyo (c). TeMm caMbiM A0K23aHO YTBEPXKAEHHE O € AUHCTBEHHOCTH,
cojepiaieecst B (d).

Hyers zy=x+ iy, xi-+yi=1, x>0, y;>0. Ha [0, n/2]
¢yvekuna C y6uiBaer ot 1 mo 0; 3maunt. C(¢;) =x, NpU HEKOTOPOM
ty wa (0, n/2]. U3 Toro, uto C®*-+8*:=1, a S=>0 ua [0, n/2|,
caeayet, 410 zy=- £ (ify).

Flakoneu, ronyctuM, uto z-= x-+ iy, (z|=1. Ilonoxum z; = — iz,
ecin x<<0, y > 0. Tlonoxum z;=-—2z, ecan x<0, y<0.
Tonoxum z; =iz, ecan x >0, y << 0. Toraa z; yaosnersopsier npea-
NOJIOMEHHSIM Mpeasayilero absaua, a Tak Kak = E (ni/2), 10 MBI
BUAHM, 4TO Zz=: E (i ({; 4+ ;2)) van E (i (f, -+ n)) nan E (i (£, 4 3m/2)),
B 3aBHCHMOCTH OT TOI'0, KAKOH M3 Tpex CcJydYacB paccMaTpHBaeTcsl.
TeM caMbiM AOKa3zauo yrtep:xiaende (d), a ¢ HHUM BCSI TeopeMa.

M3 (d) u (48) caegyer, uTo KpuBas y, ONPEHEICHHASI PABEHCTBOM

(54) y{t) - E(it) (0t 2n),

—11pOCTast 3aMKHYTas KpHBAaA, MHOMKECTBO 3nayetunil KoTopoil —
elUNHYIIas OKPYXKIOCTb Ha MJMOCKOCTH. [JHlla KpHBOH Mo Teopeme
6.35 paBua

27

Vv (0)1dt =2s,
0

TaKk Kak vy’ (f)=:iE (it). Takoro pesysabraTta, KOHe4YHO, H CJEeAOBaJIO
OXKHJATH /715t OKPY2KHOCTH pajuyca l; oll MoKasbiBaeT, uyTo 7, olpe-
aenentoe B (51), uMeeT OObIYHBIN reOMETPHUECKHHA CMBICJ.

TakuM xe TouHo o6pas’oM Mbl YBHMM 4TO NPH Bo3pacTtatiuu !
of 0 mo f, TOuKa vy (f) ONHCBHIBAET AyTYy, JeXKaluyio Ha OKPYKHOCTH
H HMEIoWYIO AJHHY {o. [PPaccMOTpeHHe TpeyrosbHHKA ¢ BepLIHIIAMH

21=0, 2z3=y(t), 2z3=C(l)

nokaseiBaer, 4ro C(f) 1 S (f) HAa camoM JeJ/ie COBMajalT ¢ cost
W sin{, ecau 3TH nocjejHuHe onpeaeseHsl OOGLIYHBIM crnocofoM Kak
OTHOILIEHHS CTOPOIl IIPSIMOYIOJBLHOTO TPEYTOJdbHHKA.

CrnepyeT mojuepKHYTh, YTO MLl BLIBEJH OCHOBHEIC CBOHCTBA TpH-
roHoMeTpHueckux GyHKuWi 43 (46) u (25), He NpHBJIEKAsi TEOMETPH-
4yeCKOro TIOHSITHA yrIJa.
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A.nreﬁpauqecxaﬂ 3aMKHYTOCTh NOJAS KOMIUIEKCHBIX 4HYHCEJ

Tenmeps Mbl B COCTOSIHHH JaTh NPOCTOE JOKa3aTeJbCTBO TOTO
$hakTa, 4TO IOJe KOMIJIEKCHBIX YHcea anrefpaHuyecku 3aMKHYTO,
T. €. 4YTO KaXJsH OTJIMMHBIE OT NMOCTOSIHHOH MHOTIOUW/JIEH C KOMILIeKC-
HbBIMH KO3Q@MHILHEHTAMH HMEET KOMILJIEKCHBIH KOpEeHb.

8.8. Teopewma. MTycme  ay, ..., Gy — KOMnaeKkcHble  4ucaa,
n

n>1, aq,50, P(z)= Z arz". To20a cywecmsyem makoe Komnaexc-
0
HOe ucao z, umo P(2)=0.

HdoxkasatensctBo. He orpanuuuBasi oSUIHOCTH, AOMYCTHM,
uTo a, = 1. Tloaoxum

(55) p=inf| P (2)| (2 — KOMMJIEKCHOE).
Ecanm |2|=R, 1O

(56) [P (2) |2 R*[1 —|apy | R — ... —{as| R

[Tpapasi 4acTh HepapeHCTBa (D0) CTpeMHTCH K co, Korjga R —»> co,
3HAuUT, CYLeCTBYeT Takoe R, uTo [P (2)|>u, ecau |z|>R,.
Beuay toro uto ¢yuKuus |P| HenpepnlBHa Ha B3aMKHYTOM Kpyre
C LEHTPOM B HyJe pajauyca R, Mbl 3ak/l0uaeM Ha OCHOBAaHHH Teo-
pemol 4.16, uto | P (25) |=p NpH HEKOTOPOM 2.

Mur yTBepxaaeMm, uto p=0.

Ecau 310 He Tak, TO mNoOJOXKUM Q(z)ﬂ—:ﬁ(fj—_-zﬁ’2 Torpa Q—

’ ‘ ' ) P(zg)

MHorouJet, OTMuHbLIE or nocrositboll, Q(0)=1 u |Q(z)|>1 npu

Bcex z. CyulecTByeT HaHMeHbLIee IeJioe H3 BceX uuced &, | <<k <n,
TAKHX. UTO
(57) Q(2)==1-4bpz" 4 ...+ b2", by+0.

O603HaUUM 3TO YHCJO Yepe3 k.
ITo Teopeme 8.7 (d) cywecTByeT BeuecTBeHHOe 6, Takoe, uTO

(58) eikoﬁbko = — I‘ bho “

Torpa |Q(re’®) | <1 —rho{{bpy| —r|bpgrt|— ... —rnFolb,i}, ecan

r>0. Tlpu goctaTouHo MAJNOM r BblpaxKeHHE B CKOOKAX MOJIONH-

Tenblio, 3uaudT, |Q (rei®)| <1, W MBI MPUWH K IPOTHBOPEUHIO.
Takum obpasom, u=0, 1. e. P(z,)=0.
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Psagni Pypobe

8.9. Onpegenenune. TpucoHomempuiecKkum MHOL04ACHOM HA3bl-
BaeTCsl KOHeYHasi cyMMa BHJA

N
59) f(x)=ay+ Z (an cos nx--b,sinnx) (x BeulecTBEHHO),
n=1

rae ag, ..., @y, by, ..., by —KOMIUIEKCHBIE 4KCJId. Y UHTHIBASI TOMX-
aectsa (46), dynkuuio (59) MOXHO 3amucaTe B BHIE

(60) f(x)= D cpeins (x BellecTBEeHHO),

KOTOPBIA JJIs1 MHOrHX ueJed Gojee yaoGeH. SIcHO, uTo KaKwii
TPHIOHOMETPUUECKHUIT MHOrOUYJIEH — NepHoHuecKas QYHKUHKSA C IepHo-
JoM 2.

Ecau n——oquHoe OT HyJs uesoe Yucio, TO einr NpPOU3BOJI-
Has dyHkuuu e'™/in, koTopas Toxe umeer nepuox 2m. Ilostomy

(61) o Sei""dx:

-n

[I, ecan n=0,
0, ectt n=+41, 42,

YMmuoxum (60) na e*™*, rae m—uenoe YHCAO; HHTETPHUPYS 3TO
NpPOU3BEJEeHHEe, MOJYYHM Ha OcHOBaHHH (61)
1 3T
(62) Com == e S f(x) e™= dx
—n
npu |m|<N. Ecit {m|>N, To unterpan B (62) pasen HYJIO.
3 pasenctB (60) u (62) BHAHO, UTO TPHrOHOMETPHUECKHH MHOrO-
wieH [, 3ajaHHblii paBeHcTBOM (60), oKa3sbiBaeTcsl BellleCTBEHHbLIM

B TOM H TOJLKO B TOM cCJjyuae, KOTJa C_,=¢C, npu n=0, ..., N.
B cootBetctBHH c (60) Mbl onpeaessieM MpUSOHOMEmMPUYECKULE
pRJ Kak psaj BHAA

(63) D caet™e (X BeleCTBEHHO);

N-1 wacTHas cymma psiza (63) no onpefejieHHI0 paBHAa [PaBoO#
yacTH paseHcTBa (60).

Ecau f— dyukuusi, uHTerpupyeMass Ha [—m, ;], TO 4HCJIA Cm,
3ajaHHble paBeHCTBOM (62) AJa BceX HeJBIX YHCEJ m, Has3blBAKOTCH
kosppuyuenmanu Pypose dyukuuu f, a psg (63), cocrapieHHb npy
MOMOWHK 3THX Ko3ddHuHeHTOB, — padom Pypse ¢ynkuuu f. Tenepsb
BO3HHKAET eCTECTBEHHHI BOMNpoc: CXOAHTCH JH psild DPypbe PyHK-
uvd [ K f, win, Gotee obmo, onpegensercs JaH yHKuHs [ cBOHM
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pagom ®ypve. Mnaue rosopsi, ecu Mbl 3naeM KosdduuueHnTsl Pypbe
GYHKUMH, TO MOXEM JH Mbl HalTH 3Ty QYHKUHIO, W €CJH MOXEM,
TO Kak?

M3yuenne TaKMX psJ0B M, B HAaCTHOCTH, npobJjeMa npeicTabie-
HHUA 3aJaHHOH (QYHKUHMH TPHTOHOMETPUUECKHUM psiAOM, HMEET CBOUM
HCTOUHHKOM TakHe pasjeJibl QU3HKH, KaK TeopHsl KosebaHH#l H TeopHs
pacnpocTpaHeHuss Tensa (kuHra @ypbe «AHaJHTHYECKAA TEOPUSA
TenjoTh» Gblia onybmukopauna B 1822 r.). Muorouuciennse Tpyaube
H TOHKHE npo6JeMbl, BO3HHKIIHE TNPH 3TOM H3YYEHHH, BbI3BaJjid
OCHOBATeJbHbIH MEpecMOTpP H IepecTpoiKy BCeH TeOpPHH QYHKIMA
BELIECTBEHHOH nepeMeHHoll. MHorue BblfalomKecst HMEHZ, U CpejiH
HuX uMeHa Pumana, Kanrtopa u JleGera, TecHo cBa3aHbl C 3To#
006JacTbi0, O KOTOPOH BHOJHE MOKHO CKas3aTb, UTO B HAUH JHH
OHA BMeCTe €O BCeMH ee 0COOLIeHHSIMH W OTBETBJEHHSIMH 3aHUMaeT
[IeHTpaJbHOe MOJIOXKEHHE B AHAJH3E.

Mpbl orpaHHYsMCA HEKOTOPBLIMH OCHOBHBLIMH TEOpPEMaMH, JIJf jJOKa-
3aTeJbCTBA KOTOPLIX JOCTATOUHBI METOAbl, Pa3BHTbIE B NpPEAIIECT-
BylOIMX raasax. [Js Gosee OCHOBATENbHOrO HCCJIEIOBAHHS €CTECT-
BEeHHbIM ¥ HeOOXOJHMBIM CPeJICTBOM CJYXKHUT HHTerpan Jlebera.

Cragana Mbl H3y4HM GoJiee ofliue CHCTEMbl GYHKIME, o6Jagato-
ImHe CBOACTBOM, aHaJOTHYHBIM (61).

8.10. Onpegenenne. Ilyems {@,} (n=1, 2, 3, ...)—nocne-
NOBATEJILHOCTL KOMMOJEKCHbIX (YHKUMEA Ha [a, b], Takad, uTo
b .
(64) S(p,, () pn (N dx=0  (ns=m).

a

Torpa {g,} HasbiBaeTCa opmoeorarbhod cucmemoll pyrkyuld Ha |a, b|.
Ecau, kpome Toro,
b

(65) {l@n (0 de=1
a
MpH BCeX n, TO CHCTeMa {9,} HA3LIBAETCS OPMOHOPMALLHOL.
1
Hanpumep, dynkumuu (2n) 2¢'™ 06pa3yioT OpTOHOPMAIBLHYIO CHCTE-
My Ha [—m, ). Takosbl :Ke H BemlecTBeHHble (YHKIHH
1 Cos x sin x cos 2x sin2x
V?‘J{ A VJ—T, A VJT[ ' '[/3—: ] -VFL 9 e o e »
Ecau {@,} —opronopmanbuas cucrema Ha [a, b] u ecan
b

(66) o= S FOeBdl  (n=1,23, ...),

a
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TO Mbl OyjeM HasbiBaTb 4HCJIO C, n-M KodpduuuerntoM Dypoe dyHK-
UMM [ OTHOCHTEJIBHO cucTeMsl {@,}. Mbl 6yrem nucats

(67) f(x) ~ 2%% (x)

u OyAeM HaselBaTb 3TOT psj paioM Pypbe dyHxuud [ (OTHOCHTEIL-
HO cHeTeMbl {gn}).

3aMmeTuM, u4To, ynorpebass B (67) CHMBOA ~, MLl HHUEro
He TpeAnoaraeM O CXOAHMOCTH Pfja; 3TOT CHMBOJ O3HA4aeT TOJIbKO,
uTO KO3(QOHUHEHTH 327210TC paBeHCTBAMH (66).

Creayioulne TeopeMEl TOKAa3bIBAIOT, YTO YacTHble CYMMBl psifa
Oypbe pyuxkuun f obaaJalOT HEKOTOPBIM CBOACTBOM MHHHMAJILHOCTH.
Mu OyaeM TipeAnosarath 37eCh, KaK H Ha MPOTsKEHHH BCEH OCTaJb-
HOM 4acTd rJaBel, 410 fC.%, X0TH 3TO YCJAOBHE MOXeT O6blTh
ocJab.1eHo.

8.11. Teopema. Hycmo cucmema {p,} opmoropmasprd Ha
{a, bl. Hycme

n

(68) Sn (%) = };1 CmPm (X)
ecmb n-a uwacmuasn cymma pada Pypee dyukyuu f, u nycme
(69) fn (x) == 2 Von@m (%)
m=.1
Toeda
: :
(70) \fesapax< (if—tatrdr,

U paseHCmeo Umeem Mecmo mo2da i moaske moeda, Kozda
(71) Ym=Cn (m=1,...,n).

HMuaue roeopsi, cpeau Bcex HVHKIMA f, PYHKUUSA S, 1aeT HAMTY4-

[ee cpejtexBagpatuuHoe nprbau:KeHue K GYyHKUOMH [

HNoxasaTteabctBo. [lvers g o6o3riayaerT HHTErpas IO cer-
menty [a, b}, 2 —cymmy or 1 ao n. Toraa
{ o= F Y V= 3 ¥
o onpejenaeHuio {cm},

\‘ 'fn‘m: S tn—n:zix EYmcmei}k(ﬁk:Z }Ymng

¢ o
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TaK KaK CHCTeMa {¢,)} OPTOHOPMAJbHA, M NO3TOMY
Id a : _ oo
Vip—tor= =t Tt {1t
3 o [y o
= \ i f iz_" 2 Cm?m.— 2 Em'\’m. -+ E Ym&m =
g — D lem 24D lym e %

110CJI€1HEE BLiPAXKEIHE JOCTHIaéT MUHMMyMa TOTJd H TOJbKO TOTHA,
KOT A2 Yo == Crae
Ecau B 3TOH BHIKJIAJKe CYHTATb Yp == Crn, TO MBI ITOJIYUHUM

(72) w2\ f(x)2dx,

o)
a

i

TaK Kak 3 (=t P20

8.12. Teopewma. Ecau {q,}-—opmoropmarsbraa cucmema Ha
[a, b] u ecau

[eb]

f(") ~ 2 Cnn (x)v

n=—=1
mo
(73) e ts 3 %) 12d.
n=1 @
B uactnuocmu,
(74) lim ¢, = 0.
N~—» 20O

Hoxasarteanrctno., [onaras B (72) n—> oo, MB HOJy4YaeM
HepaBeHCTRBO (73) — TaK HasbiBaeMoe «HepaBeHCTBO becceas.

Aast TpurosoMerpuueckoro psga dypwe, T. e. aas psiga (63),
k03QUIHeHTH KoTOporo onpejensiorea u3 (62), HepasencTno (73)
NIPUHHMAET BH]

o z
P 1 5
(75) E lﬁz‘zgg;g f () Pdx
N=—m —

DnocaeacTBun Mbl yBHIMM, 4TO Ha caMoM jedae B (75) umeer
MeCTO PaBeHCTBO.

[lpy u3yuyeHUN TPHIOHOMETPHUUYECKUX DPsi;1oB Pypbe Mbl BCTPeTHMCH
¢ ABYMSI TPHTOHOMETPHUYECKHMM MHOIOYJIeHAMH:

(76) Dn (x) == Z ei‘m" Kn (X) == ”*l | S‘ m (x)
—n 0
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IlepBblft M3 HHX Ha3bBaloT sapoM JlHpuxJe, a BTOPOH — sipoM
Deitepa.

8.13. Teopema. Ilpu n=0, 1, 2, ... umeen
sin(n4+1/2) x
(77) D, (x)’—*m‘ ,
1 l—cos(n41)x
(78) Kn (x)—T-}—T I —cos x ’
l T l n
- (79) o § D, (x) dx:»,ﬁ S Kn(x)dx=1.
Ix T lia
Kpome moeo, Ky (x) >0 u
P 2 _
(80) Ko ()< riizems  (O<d<[xl<m).

HoxkasarteasctBo. Cornacuo (76),
(81) (6 —1) D, (x) = et (n+D)x _ p—inx,

Yrtobpel noayuuTbh (77), yMHOXHM oOe 4acTH paseHcTBa (81)
Ha e~ /2, Tloacraasst (81) B onpeaesenue sapa K, nonyuaem

(1 1) Ko (9 (€5 — 1) (5 1) = (eb— 1) 3] (el omsn =i

m=0
=2 gt x__ p=i(nit)x
otkyaa caepyet (78). 3naunt, K,>»0 u Boinognsetrcs (80); (79)
cJaellyeT HeNoCpeaCTBEHHO H3 (76).

Haunnas ¢ atoro Mecta Mbl 6ygeM HMeTb [eJO TOJBKO C TPHIO-
HoMmeTpuuecKolt cuctemoil. [lpeanonoxum, wro $yukuus f, nepso-
HadajbHO onpefestenHas Ha [—m, m], npoxc/mxeHa Ha R! kak 2m-
nepHojHuecKas GQYHKIHA ).

Koadppuuuents: @ypoe $yHxuum f 3ajaorcst paBeHcTBoM (62);
3HAYUT, 7~ YacTHas CyMMa s, ee psita Pypobe paBHa

n n 7
N S a1 ¢ . . .
$a (X) =5, (f; x) = Z Cp€ i == Z o & [ (t) e—imt dfgimx =
—n —n -7
1 ¢ §
o Vooim (x—t)
o | F(D) Demendr,
- —n
1) Takoe mnpojaoMmKeHHe ﬁeBoa,vxoxmo, ecnuNf(——n) == f(m), oaHako QyHK-

LLH 5T ?, Takas, YTO 7(x):f X (xE(—m, 1) u f(—m) :? (1)=0, yxe moxer
GHITh [IPOJO.1KEHA € MEPHOAOM 21T Ha BCIO OCb, a ee Koahduuientsl Pypoe, Kak Jerko
BW/ETh, PaBHBI COOTBETCTRYIOULUM Ko3pdutinenram dyukuuu f.-—Ipus. nepes.
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HuniMi ciiosamy,

T

82) s (i D=5 | FODax—0di=5= { [r—nDu(tydr.

-

BenegcTBue nepHOAHYHOCTH BCEX YYACTBYIOUIHX B 3TOM PaBeHCTBE
¢pyHKunfA GeapasinyHo, MO KakKOMYy HHTepBasly Mbl OyjAeM HHTErpH-
poBaTh, Jullb OBl ero jAnuHa Oblia pasHa 2n. Vimenno mnostomy
W paBHBl HHTErpansl B (82).

8.14. Teopema. Leau f€F na [—m, n]lu 0<<d<<m, mo

—08 3

(83) lim (S +S>f(x-—t)Dn(t)dt=0.
s}

n-»00
-

OGBIYHO 3TO DPAaBEHCTBO HA3HBZIOT TEOPeMOH O JIOKaJH3AIHH.
Ono mnokasbiBaeT, UYTO MOBEeJEHHE TOCJEA0BATeIbHOCTH {s, ()},
HOCKOJIbKY peub HjeT O CXOJHMOCTH, 3aBHCHT TOJLKO OT 3HaueHHi
dyHKuMH [, NPHAHMAEMbIX B HEKOTODOH (IIPOH3BOJBLHO MaJoil) OKpe-
CTHOCTH TOYKH x. Takum ofpa3oM, ABa psifta Dyphe MOryT BeCcTH
cc6 OAMHAKOBO B OAHOM HHTepBaje, a B HEKOTODOM APYTOM HHTep-
saJle BeCTH cebsl COBEpIIEHHO NO-pasHoMy. Mbl crasnkuBaeMcst 37ech
¢ 3ame4aTesIbHBIM KOHTPAacTOM MeXay psiiaMH Pyphe M CTeneHHbIMH
pagamu (teopema 8.5).

IlokaszaTenancTBO. 3abukcupyem x, u nycts g(f)=0 npu
|1i<C9, _—
X— v
(84) e =gngmy  O<Iti<m. -
Coraacno (77), \

‘ )f‘(x"—t)Dn(t)dt:’S[ g (1) sin (n—k%)tdt_—.

7N

[ ]
+

T 2

|
A
o

7

k41
= S g (i) cos —;—sin nt dt 4 S g (t) sin —;—cos nt dt.
~ -1
O6a nocneEMX HHTErpasia CTPeMHATCH K HYJIO NPH fL—>00 COr-
aacHe (74), Tak Kak GyHkuuH g (f)cos(f/2) wu g(t)sin(t/2) wnrer-
pupyemu. Otciofa u caenyer (83).
Takum 00pa3oMm, H3yueHHE CXOJUMOCTE NOCJIECBATEIbHOCTH
{sn (f; x)} cBOAMTCSt K H3y4YeHHIO HHTETpaJa
3
1
(85) 5 | Flx—0 Da(t)at

et}
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NpH CKOJbL YyrogHo MasoM 0 > 0. M3BecTHBI HECKONBKO JOCTATOUHBIX
YCJIOBUH CXOAHMOCTH psiia Pyphe; AoKasaTesbCTBa JABYX U3 HHX HaMe-
yernnl B ynpaxdenusx 9 u 17. Henpssa, oueBugHo, oxujath, 4TO
psn dypve J000d GyHKuHH OyAeT CXOAUTHCS K 3HAUEHHIO 3TOH
GyHKuuH B J000H Touke. JIeHCTBHTE/ILHO, ec]H 3lavyeHHs [ABYX
(DYHKIHA OT/JMYAOTCH TOJALKO B KOHEYHOM MHOMECTBe TOUeK, TO
HHTEerpasbl, onpefessoniie ux Koshbuuuentel Pypbe, 6YAYT onu-
HAKOBBIMH, H, 3HAYHUT, Takue GYHKUHH HUMCKOT OfHH H TOT XKe psif
Oypoe.

3necs UMeroTcs TpyaHele npobaeMbl. He u3BecTHO Aaxe, BepHo
HJIH HET CAeAylolilee HeBUIHO 3Byuallee YTBepPXKIAEHHE: «IJs Jo6oH
HenpepulBHOH (YNUKOHMH [ CylecTByeT To4Ka x, B KoTopoii psg Pypse
byHkiuu [ cxoauTcsty. M3BeCTHO, uTO CYLIECTBYIOT HelpepbiBHbIE
dyukuHy, psig Pypbe KOTOpsIX PACXOAMTCH HA [IECUCTHOM MHOMKECTBE
touek. OJHAKO NOJOMKEHHC BeChbMa YJydyulaeTcsi NMPU pPacCMOTDEHHU
BMECTO HYaCTHBIX CYMM S, (X) HX CpeJHUX apHU(pMETHUECKHX
(86) O (1) — S B 0

n--1

Caenywinasi TeopeMa npHHanne:xuT Peiiepy.

8.15. Teopema. Ecau [ Henpepvigra (u, KoHeHHO, nepuoduuHa
¢ nepuodom 2m) u ecau {0,}—nocaedoeameavrnocmo cpedHux apug-
Memudeckux dwacmuux cysm pada Lypoe gynxyun f, mo

Hm o, (x) = f (x)
n-»20
pastomepro Ha R

3aMeTHM TI0 3TOMy MOBOAY, 4TO U3 Teopembl Crtona — Beiep-
rTpacca CJaAeiyeT CYLIeCTBOBallHe HEKOmopoil MNocJe10BaTelLHOCTH
TPHFOHOMETPHYECKHX MHOIOUJICHOB, PaBIOMEpIIO CXOASIEeHACs K .
JleficTBUTENBLHO, OTOKAECTBJAS TOUKH X U X {- 27T, MBI MOXeM CUHU-
TaTb, YTO NEPHORHUYECKHE (YUKIHYU OnpefesieHb! Ha ¢ AHHHUHON OKpYIK-
nocty K. TpurouomerpHueckde MHOrouseHbl, T. €. hyHKUHH BHAA (60).
o6pasyior anare6py dyuxuuii na K, yA0oBATBOPAIOLIYIO MpeAIOa0Ke-
HHAM TeopeMbl 7.31.

JokaszateanctBo. Cornacio (86), (82) u (76), umeem

i

(87) 0n (1) = g2 \ Flr—1) Kn(t)dt,

-1

H nortomy u3 (79) camenpyer, uTto

(88) On ()= [ (1) =5 \ [ (=) = F (0] K (1)
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[Tycts aano & > 0. BuiGepem M tak, uro |f (x)|<<M npHu Bcex x.
BBuay Ttoro 4rt0 GyHKIWMS [ PaBHOMCPHO HelpepbiBHA, Mbl MOKeM
BoIOpaTte 0 >0 Tak, uro H3 |x—y|<Cd crenyer

(89) =)<

Cornacno (80), Mbr Moenm 3artem Bubpath N Tak, 4ToObi H3
n>Nu 8Lt < n caenosaio

(90) Ka (<5 -
M3 (89) creayer, uto
o] 4
@) (ife—o—rwiKeo a <y { Kiodi=ae

25 -7
IIpH BceX n, Tak Kak K, (f) >0, a uz (90) noayuaem

-0 i

(92) (Vo hire—n—rwiK. o<
[’]

[

-

T
gy K 2M dt = me,

K4K roabko n >» N. Hakonew, komMGuunpya (88), (91) u (92), nonyuaem
(93) o (1) — ) [ <e

NPU BceX X U Bcex n> N. JlOKa3aTedbCTBO 3aKONUEHO.

3aMeTuM, YTO ecJiH Obl MBLI IOIBITAJMCL [40Ka3aTh TO e CcaMoe
A1 8, (x) BMeCTO 0, (x), T. e. ecau Obl Mbl saMenuiau K, (f) Anpom
12, (1), TO MBI CTOJKHYJUCh Obl C HHTErpajgoM

(94) Lo

D, (1)dt.

g

L1

ROTOPLI CTPEMHTCH K oo lIpH n—> co, (Yrpaxdenuwe 12.)
Ilvenuo 3THM cBolicTBOM siep D, BuisBaubl TPYAHOCTH, BCTpe-
YAWLHecd B TEOPHH CXOJUMOCTH psijioB Pypbe.

Canencreue 1. Ecau dee nenpepowsroie 2m-nepuoduteckue pyrx-
yuw [ ou g umewm oduw u mom e pad dypee, mo f(x)=g(x)
npu ecex Xx.

JlelicTBUTENILHO, ecan g, (X) — cpejliee apHpMeTHUECKOe AJs 3TOTO
psjaa Pypee, 10 0, (x) —>f(x), Op {X)— g (x) NPU KaXKIOM X.
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Cunexancrsue 2. Ecau ¢ynkyus [ nenpepoigna u ecau
nt
{ Feeimedx—0
-
npu awbom yeiom n, mo f(x)=0 npu ecex x.
DTo BHITEKaeT M3 CjeiAcTBHA 1, eclH nojdokuTh Tam g=0.

8.16. Teopewma. [Tycmo pyukyuu [ u g Henpeposrol (4 nepuo-
Ouunol ¢ nepuodom 2m) u

(95) @)~ 2 e, g ()~ 2 yae™
Ecau s, ecrmo n-a uacmnaﬂrcymma pada Pypve Pynkyuu [, mo
T
(96) lim S |f—snPdx =0,
n—+oc —n
+o0 1 (4
(97) D eatn=5 | Flx) g dx,
—0 -1
4 14
| 1
(98) S iealr=gz \ 1F(x)pdx.
—o0 -7

DTO yTBepXKjEHHE H3BECTHO Kak TeopeMma [lapcesads.

IHokasateabcTBo. [lyers 3agmavo uMcao e>0. Teopema
dejiepa nokasbiBaet, 4To cyuiecTByeT N, Taxoe, uTo | f(x) — 0, (x) |<< &
npH BcexX x M npu Bcex n> N. ITo teopeme 8.11

t t
g \f—5n \2dx\<g | f—o0, dx <C 2me?,
1

P 1 —_

ecan n >N, u TeM cambiM fokazaHo (96). daJee,

14
_1_8
2n

11

T

() F @ dr = N enghe { g (9 =

-7

(99)

H HepaBeHCTBO HJBapua MmoKasniBa€T, 4YTO

a00) | § fz— (sl <S1r—safigi< {{ 17— {1er} ™
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[Tpoussenenne B QUIYpPHHIX CKOOKax CTPEMHTCS K HYJIO [pH
n-— oo, corgacHo (99). CpapuuBas (99) u (100), noayuaem (97).
Haxoneu, (98) —3to uvactumit cayuvait (f = g) pasenctsa (97).

Yca0BHe HEnpepblBHOCTH B 3TOH TeopeMe MOXKeT ObiTb 3HauH-
TenbHO ocaabieHo. OKouyaTesabHbll Bapuaut Teopemnl 8.16 Oyger
naH B ra. 10.

YnpaxsHenusa

1. Tlyers
eti (x0),

f(x):[ 0 (x=0).

HoxazaTtb, uTo [ HMeeT mpou3BOAHLIE BceX IMONSLKOB B TOYKE
x=0uuro fMO0)=0 mpu n=1, 2, 3, ....
2. JlokasaTh cJiefylouiHe npejesibHble COOTHOLUEHHSA:
b1

x—0

(b) lim BUED .y,

x—+0

(¢) lim (1 +x)"*=e;

x—0

. XN\
(d) lim 1—1—;) =ex,

n—>w

3. Ilyers f(x)f(y)=F(x-+y) npu Bcex BemecTBEHHHIX X H Y
(@) Ilpennonarast, uto [ auddepeHuHpyeMa H OTJIHYHA OT ToXje-
CTBEHHOr0 HYyJIsI, A0Ka3aTb, 4TO

f(x)=e=,
rae ¢— HEeKOTOpoe 4HCJIO.
(b) HokasaTtb To xe caMoe, Ipegnonaras, 4ro f TOMbKO HenpephiBHAa.
1
4. Tlyers 0 <<x << 5 - Hoxasatb, uTo

5. JlokasaTb, yto NpH BemecTBeHHoM x ¥ n=0, 1, 2, ..
|sinnx | << n|sinx|.
3aMeTHM, 4TO 3TO HEPABEHCTBO MOXKET ObITh HEBEpHLIM Ui JAPYTHX
3naueHdd n. Hanpumep,
1

! 1
I . o A .
Istn >2|smn\.
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6. Ilycth a;;—uHCJIO, CTosimiee B (- CTpOKe H j-M CToulie
Tab/H1Lbl

—1 0 0 0...
- -1 0 0.
+ 5 I 0.
P -

TaxK 4To
(0 (<)
az,-zi —~1 (=
2+ (i >>1).
Ilokasatb, urto

Q AN N
2 aij = 2) P au=
i j j

7. Jokasath, 4TO

}.l Z .‘ alj'r
i j it
ecan a;; >0 npu Beex [ u j. (Caywali -t-co == + o0 He HUCKJOUAETCs,)
8. BuBectH TeopeMy Befiepuirpacca o paBHOMEPHOM NpUOIHAKEHHH
MHOTOUYJTeHaMH H3 Teopemsl Peliepa (pacCMOTpPETH pasJsoKeHHe TPUTOo-
HOMeTpHUECKOr0 MHOTOYJeHa B CTEIeHHOH psijn).
9. Byzem roeoputb, 4Yto [ yAOBACTBOpsieT ycjoBHiO Jlunimua
B TOUKe X, eCJH cymectByoT udcaa M u 8 >0, takue, uto

) —F ) <Miy—x]

npu |y —x{<<9.
Ioxasars, uto psil Pyppe QyHKIHH [ cXoauTcst K f(x) B TOuke x,
ecau [ ynoBJeTBopsieT ycaoBvio JIMNUIMUA B TOH TOHYKE.

Yrasanue. Oyukuun [f (x — t)— [ (x)] D, (f) paBHOMEpPHO Or paHH-
ueHbl B WHTepBajde {—0,

10. Ecau ¢yrkuus f auddepennupyema 8 TOUKe X, TO OHA YJ10-
BIeTBOpsieT ycJaoBHio Jlumumna B 3To# Touke. 3HAuuT, AHbBdepeHiH-
PyeMoCTh BreyeT 3a coboff cXOAMMOCTH paja Pypoe.

n
JoBateabHocTs {r,} cxoautcs. (Ee mnpexen, wacto o6o3HauaeMsii
6yKBoii y, HasblBaeTca 3HnepoBoli MoctostHHol, y=0,5772 ... .)

1
[lycetb rp =14 g — logn. JlokasaTb, 4TO uOCHAE-
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12. Myete

Ln::

s

WS D, (1) 1dl  (n=1, 2, 3, ...).

1

Jlokazats, uto cyuiectByeT unciao C >0, Takoe, uto
L,>Clogn (n=1, 2, 3, ...),

WJIH, TO4YHEe, YTO IIOCJIEeNOBATCJLHOCTD
4 |
{ Ly—g logn |
orpaHHYyeHa.

13. Ecn | f (x) | < anHBcexx Touic,,(x)\ M npu Bcex x ¥ n.
14. Tlyets |(nc,|<<M npu n=1, 2, BN

Sn = Co+ Cyd- v o Cny
g, = SUtS TS
n-1
JlokasaTb, 4TO
| 8y —0n | <M.

¢ 2¢c ne
Vxasanue: s, — op = 112 2{: T Anen
15. Tlycte f—dyuxuus orpaHuueHnoit BapHauuu Ha [—m, =l

JokazaTb, 4TO €CJH S, €CTb 71-f yacTHas cymMma Pypbe pyHKuuu [,
TO TOCJIE0BAaTeNbHOCTE {S, (x¥)} PaBHOMEPHO OrpaHHYeHa.

Ykazaunue. Bocnonn3oBaTtbhesd ABYMs TIPEABIAYLIHME PE3YIbTaTaMH
M ynpaxHenueM 12 x ra. 6.
16. [loka3aTb, YTO cyllecTBYET MocTosinHas M, Taxas, 4To

’ i i‘l’l‘f (<M

¥rasanue. TIpuMeHUTD pedyabTaT ynpaxkHeHust 15 k papy Pypoe
(byHKUHH

Ft)—[ n—¢t upu L€ (0, n),
o= —n—t npu t¢(—m,0).

17. Ilycts f—dyHKuH¥s oOrpaHdueHHofl BapHayud 1a [—, @l
JloKasaTb, UTO €CJH IPH HEKOTOpPOM X

— g U (e )+ (= )1,

To pajg Pypbe PyHKUHH [ CXOAHTCA B TOuke ¥ K S. (JTa Teopema
npuHaanexut [upuxie.)



218 2. 8. [asvneluwine ceedenus u3 meopuu pagos

¥YKaszanue. JlonycTHM, He oOrpaHHuyHMBast OOLIHOCTH, 4TO S=0,
x=0 u f—ueTHas (2714 HedeTHOH f NoI0KNM S, (f; 0)=0 u [ (0) =
Toraa [ menpepoBia B HyJe. BoiGepem 8 >0 rtak, 4ToGwl Nosnas
Bapuauusa ¢ynkuun f Ha [0, 6] Obia MasNa, NPOMHTErPHpPYEM MO
YACTAM H NPHMEHHM ynpaxHende 16, dToOB y6eIHTHCS B MaJOCTH
HuTerpaJa

&
\f (t) Dy (t) dt
0

NpH BCEX N, a 3aTeM BOCNOJb3yEMCs TEOPEMOH O JIOKAJW3alHH.

18. HdokasaTb JokanbpHblil BapHauT Teopembt Peilepa: ecau f€ .7
U ecau GyHKuHS [ HenpepbiBHA B TOYKE Xxg, TO On (f; xo) —> f (x)
MpH 1 —> o.

19. Iyets @, =ni"—1, a b,=logn/n. Haiitu

lim 2»

20. Ilycty f-—c¢yukuust, HenpepbiBHast Ha R, [(x+2n)=7Ff(x)
H a/n—nppauHOHaanoe uucso. Jlokasatb, uyTO
t

lim —Z f(x+na)-——-—g f(f)dt

Nowo 1 g

bn

IIpH BCEX X.

Vkazanue. CHavana AoKa3aTb 3TO Aas [ (x) = eihx,
21. ChopMynnpoBaTh H JAOKa3aTbh TEOPEMy O DPaBHOMEDHOM IIpH-
61KeHHH HenpephlBHOH (yHKUHH HHTErpaJaMH BHIa

\ T =m0 dt,

KoTOopasi cojepxana O Teopemn Beftepmtpacca (7.24) n @Peitepa
(8.15) Kak wacTHble CJyyaH.
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®YHKIHH HECKOJIbKUX NEPEMEHHbBIX

JluHeiinvle npeoGpa3oBaHus

9Ty TJaBy MBI HAuHeM C pPacCCMOTPEHHSI MHOMKECTB BEKTOPOB
B €BKAHJ0BOM NpocTpaHcTtBe R™. Masaraembie 3pech anreOpaHueckHe
(akThl 6e3 H3MCHEHHA INEpPeHOCATCS Ha KOHEYHOMEpHHIE BEKTOpHBIE
1pOCTpaHCcTBa Haj JIIOGHIM noseM ckaasapoB. OQHAKO 105 HAIHX Lenel
MBI BIOJIHE MOXEM OCTaBaTbCs B NPHBBIYHBIX paMKaxX €BKJKAOBbIX
NPOCTPAHCTB

9.1. Onpeaenenusn (a) MuoxectBo X < R™ HasbiBaercs
8eKMOPHLIM  npocmparcmeos, ecad X-+-y€X u cx€X, xakoBol Obl
HH ObH X E€X, Y€X H uHcao c.

(b) Ectw Xy, ..., Xp€R™, a ¢y, ..., Cx—UHCTQ, TO BEKTOp
CiXs-+ ... 4 CxXp HasblBaeTcs aunelwoi KombuHayued BEKTOPOB
Xiy ooy X EcH S R™ u eciH E — MHOXKECTBO BceX JHHEHHBIX

KOMOHHaNUA 3JeMeHTOB S, To Mbl 6yjneM TOBOpHTh, uTO £ Hamsanymo
Ha S W uto E —oboaouka S.

3ameTnM, 4YTO Kaxjgas oO0OJOYKA eCcTh BEKTOPHOE MPOCTPAHCTBO.

() MuoxectBo, cocTosillee H3 BEKTOPOB Xg, ..., Xp (AJIs1 TAaKOro
MHOXeCTBa Mbt OyjleM HCroJdb30BaTh ofo3HaueHHe {Xi, ..., Xz}),
Ha3bIBAETCS] HE3QBUCUMBIM, €CJIH U3 COOTHOLIEHHS (X -+ ... 4 CpXp =0
clepyeT, uto €y =...=C,=0. B npoTuBHOM cJiyyae 3T0 MHOKECTBO
HA3bIBACTCS 3ABUCUMbBLM.

OTMeTHM, UTO He3aBHCHMOE MHOXECTBO He MOXKeT COJepxaTh
HYJIEBOrO BEKTOpa.

(d) Ecan BekTOpHOE mpocTpaHCTBO X COJEPIKHT HE3aBHCHMOE MHO-
KECTBO, cocTosilllee H3 r BEKTOPOB, HO HE COJEP:KHUT HHKAKOTO He3a-
BHCHMOTO MHOXECTBA H3 r-} 1 BEKTOpOB, TO TOBOpAT, 4To X HMeeT
pasmeprocms r u numyT dimX =r.

MuoxectBo, coctosiiee W3 onHOTO 3nemeHta 0,— BeKTOpHOE fipo-
CTpPaHCTBO; pa3sMEPHOCTh €ro PaBHA HYJIIO.

(e) HesaBucumoe noamuoxecTBo npoctpaHcTBa X, 06oJIo4Ka KOTO-
poro paBHa X, HaspiBaercs 6a3ucom mnpocTpaHcTBa X.

3ameTum, uto ecam B={x,, ..., x,}—06a3uc npocrpanctea X, To
Kax bl 2/eMeHT X € X JonycKaeT ejHHCTBEHHOE MpEeJACTaBJIeHHEe BHJA

x=2cjxj. Takoe npejcTaBJeHHe CYLIECTBYeT, TaK Kak ‘X HaTSHYTO
Ha B, H eIHHCTBeHHO, TaK KakK MHOXKecTBo B uesapucumo. Hucna
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iy ++ .. C, HA3LIBAKTCA KOOpJumramamu BeKTOpa X MO OTHOLIEHHIO
K Gasucy B.

HauGonee wu3BecTHHIM npamepoM 6asHca CJOYKHT  MHOXKECTBO
{ey, ..., €,}, TJIe €, —BCKTOp NpocTpaHcTBa R™, j-f KOOpJIHHATA KOTO-
poro paBHa 1, a mpoyde KoopauHaThl paBHbl HyMw. Ecim x¢R™,
X==(X4, .+., Xn)y TO X = DX x;¢;, Mbl OygeMm HasblBaTh MHOMKECTBO
{ei, ..., e,} cmandapmrom Oaszucom npocmparcmea R”.

9.2. Teopema. [lycmo r— noaoxcumeasvroe yeaoe wuc.1o. Ecau
8eKMmMopHoe npocmpancmeo X HAMAHYMO HQA MRONCECMBO, COCMOALee
u3 r gekmopos, mo dim X <r.

HokaszateancTBo. Ecai 3T0 HeBepHO, TO CYUIeCTBYeT
BEKTOpHOE T[pocTpaHcTBO X, COJepiKallee He3aBUCHMOE MHOMKECTBO
Q=:{yy, ..., ¥r+1} H HATAHYTOE HA MIOXKECTBO S,, cocTosiliee H3
r BEKTOpOB.

[Tycty 0<li<Zr, W [ONYCTHM, YTO NOCTPOEHO MHOXECTBO Sj,
060I0UKON KOTOPOro CJYXKHT MNPOCTPAHCTBO X M KOTOpOe COCTOUT
U3 BEeKTOpOB y; ¢ 1< j<{{ ¥ U3 HcKoToporo Hadopa r-—i BEKTOPOB
MHOXeCTBa S;, cKameM X, ..., X,—;. (HMuemME cjoBamu, S; noay-
yaeTcsl M3 MHOKeCTBa S, 3aMeHON [ M3 ero 3JeMEHTOB IeMEeHTAMH
MHoKecTBa (@ ©e3 uameHenust obonouxku.) Ilockosbky X HaTtsnyTO
Ha S;, TO Vi OPHHALJEXHUT 0060J0YKE MHOXKECTBA S;, 3HAUHT, Cylie-
CTBYIOT UHCA2 Q4 ..., Gy, D1, «.., broi, TA€ Qi =1, TAKHE, 4TO

i+l r—i
%1 ajyj+h}_='1 buxy = 0.

Ecan Ot Bce by, Oblau paBHB! HYyJI0, TO, B CHJYy H€3aBHCHMOCTH
MHOXecTBa @, H BCC a; Goud 6bl HyasMu. Ho ;= 1. CregoBaTens-
HO, HEKOTOpBIl BeKTOp Xp € S; ecTb JaHMHeHHasi KOMOHHAUUS ADYIHX
37eMeHTOB MHoKecTBa T == S; ) {yir}. YAamum 310T BeKTOp Xp M3 T
H 0003HayuM oCTaBllieecss MHOMXKeCTBo 4depe3 S;.,. Torga oGoJouka
MHOKecTB S;y W T; paBua X, Tak uto S;;; 00aajlaeT TeMH XKe
CBOMCTBAMH, 4TO M S; (TOMBKO [ IIyAHO 3aMeHHTL Ha i 1).

Hauunags ¢ S;, ™Mbl mocTpouM TakuM  00pasoM  MHOXecTBa
Sy, ..., S,. locaejnee U3 HUX COCTOHT H3 Yy, ..., Yy, M Haure
NOCTPOEHHE TIOKa3blBaeT, 4To ero obo/ouka pasHa X. Ho MuHoxecTso Q
11€3aBUCHMO, 3HAYUT, V.., He NPHHALAEKHT 000J04YKe MHONKecTBa S,.
JTO NPOTHBOPEUUE ;I0KA3bIBAET TEOPEMY.

Cuenctbue. dimR"=n.

HokaszateawcTtBo. IlpocTpaHcTBo R"™ HATAIYTO HA MHOXKE-
ctBO {ey, ..., e,}. [lo3TOMy, KaKk NOKasbBaeT TeopeMa,

dim R™ < n.
Ho muoxectBo {ey, ..., e,} —He3aBucumoe, u mnoromy dimR">>n.
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9.3. Teopema. IlIyecmp X—aekmoproe  nPOCMPAHCMEO
u dim X =n.

(a) IIpocmpancmeo X wnamsanymo ra muoxcecmso E, cocmosauyee
U3 n eKMOpPos, 8 MOM U MOALKO 8 MOM CAytae, Koeoa muoxecmso E
HE3a8UCUMD.

(b) X umeem 6Hasuc, u Kaxcdelll 6a3uc cocmoum u3 n 6CKMOPOs.

(¢) Ecau 1 <r<n u {yy, ..., Yr} ~— HE3a8UCUMOE MHONCeCB0 8 X,
mo X umeem Oaszuc, 6 cocmag KOMOPo2o 6x00am 6ce 6eKmopesl

ylv ey yl"

HoxkasarteasctBo. Ilyetb E={xy ..., Xp}. MnoxecTtBo
{X{, ..., X,, ¥} 3aBucuMo npu g06oM yC€X, tak kak dimX-=n.
Ecau E He3aBHCHMO, TO y IpHHALJIEKHT 0060/04Ke MHOXKecTBa K
syauut, X Hatduyto Ha E. O6parHo, eciam MHOXKecTBO E 3aBHCHMO,
TO OJHH M3 €ro 3/eMeHTOB MOXHO VyJaJuTb, He MeHsis 0BO0JIOUKH.
3nauut, X He Moxer OBITb 06GOJIOUKOH MHoxkecTBa E no teopeme 9.2.
Tem cambiM (a) [JOKa3aHo.

IMpoctparcTBo X cOJEPKHT HE3aBHCHMOE MHOMXECTBO, COCTOSsIlee
H3 n BEKTOpoB, Tak Kak dim X =n, a coryacHo (@), Kaxi0e Takoe
MHOMxECTBO ofpa3yer 6asuc mnpocTpaHcTBa X; Temepb (£) BEITEKaeT
3 9.1 (d) u 9.2

Utobwl foKkazath (€), JONYCTHM, 4YTO {X, ..., X,}— Gasuc upo-
crparcrea X. IlpocrpaHcTBo X HaTAHYTO Ha MHOMKECTBO

S:{YH -"-1 )’n xh ey Xn})

NpyueM MHOXKECTBO S 3aBHCHMO, TdK KaK OHO COAepXHT OoJbime,
ueM fi BeKTOpOB. Paccyx/eHHe, HCNOJBL30OBAHHOE NPH J0KA3ATEJALCTBE
TeopeMmbl 9.2, 110Ka3bBAeT, YTO OJIHH M3 BEKTOPOB X; paBeH JHHeHHOH
KOMOMHAHI OCTAJABHBIX 3JEMEHTOB MHOXKecTBa S. YpaauB 3707
BEKTOp X; H3 S, MBI TMOJYYHM MHOMKECTBO, 00O0JIOUKA KOTOPOro BCe
cime cosnazaer ¢ X. Iloetopsin 3TOT npouecc r pa3, Mbl [OJYYHM
Oasuc npoctpaHetsa X, cojepxauiuii sextopel {yy, ..., y,} coridc-
1o (a).

9.4, Onpegenenne. Orobpaxenne A BEKTOPHOrO HPOCTpall
ctBa X B BEKTOpHOe MpPOCTPAHCTBO Y HA3BIBACTCS] AUHCLHBIM NHpe
olpasoeariiem, eciu

A(x4-Xg) = Axy + AXxy, A (cx) == cAx,

KawoBbl Obl 1M OBIH X, X;, Xo€X H 4HCJO ¢. 3aMeTHM, 4YTO 4acTo

numyTt Ax BMecto A (X), ecau A—JiHHelirnoe npeobpa3oBaHHe.
3aMeTuM ere, uto ecau A — JsuHeitHoe npeobpasoBanue, o A0 = 0.

Jlunefiuple npeoBpasosanus npoctpaHcTBa X B X 4acTo HA3LIBAIOT
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Aunednoimu onepamopanu Ha X 1), Ecan A — nuxefiHblf oneparop Ha X,
KoTopeit (i) B3aMMHO OJHO3HAueH; (ii) oTo6paXkaeT MPOCTPAHCTBO X
Ha X, HasbBalOT obpamumeim. B 3TOM caydae Ha X MOXKHO onpe-
deautb oneparop A, nomowus A'(AX)= X npu Bcex x ¢ X. Ouenun-
HO, 4TO B 3ToM cayuae A(Ax)=x npu Bcex x€ X u A7 — nuneit-
HLI onepaTop.

BaxKHoe CBOHCTBO JIMHEHHDLIX ONepaTopoB Ha KOHEYHOMEDHBIX BEKTOP~-
HBIX NPOCTPAHCTBAX COCTOHT B TOM, 4YTO KaxJjoe H3 ycJosui (i) u (ii)
BJedeT 3a coboil Jpyroe.

9.5. Teopema. Junelinoui onepamop A HG KoHeuHOMepHOM
sexmoprom npocmparcmee X 83auUMHO O0HO3HAYEH 8 MOM U MOALKO
8 mom cayuace, Koeda mHoxcecmeo e2o 3rawerull cosnadaem co cem X,

HDoxasareasctBo. Ilyets {x, ..., Xp}—0a3uc mnpocrpan-
ctBa X. U3 croficts snunefinocTy onepatopa A ciaenyeT, 4YTO €ro MHO-
xKecTBO 3Hauenui R (A) HaTanyTo Ha MHOXKecTBO Q = {AX, ..., Ax,).

W3 teopempl 9.3 (a) Mbl 3akjtouaeMm, ut0 R(A)=X TOrga H TOJBKO
TOrAa, Korga ( —HesaBHCHMOe MHOXKECTBO. Mbl JOJIKHBI TIOKa3arb,
YTO 3TO TIPOHCXOJHT TOT/A H TOJbKO TOTAA, Korja oneparop A B3aHMHO
O/lHO31aueH.

HonyctuM, uto onepatop A B3auMHO 0JHO3HAUEH H UTO 2 ciAix; = 0.
Torga A(D)cix;)=0, 3naunr, » ¢;x;=0, 3pauut, ¢, = ...=c, -0,
H Mbi 3aKJIOU3EM, UTO MOOXKECTBO @ HE3aBHCHMO.

[Iycth, 00paTHO, Q@ HE3aBHCHMO U A(E cz-xi) = 0. Torna 2 c;Ax; =0,
3HAYHT, C;= .., =0, =0, B Mbl sakaouaeM: Ax=-0 Toabko Toraa,
xorga x=0. Ecan temepp Ax=Ay, 10 A(x—y)=Ax—Ay=0,
TaKk yt0 X—Yy=-0, n noromy A B3auMHO OJHO3HAUYEH.

9.6. Onpegencuue. (a). Ilycre L(X, Y)-—MHOXKECTBO Beex
JuHefinbiX oToOpaxelin# BEKTOpHOTO MNpocTpaHcTtBa X B BeKTOpHOE
npoctpanctso Y. Bmecro L (X, X) Mol 6yaeM nucatb npocto L (X).
Ecan Ay, A,€L(X,Y) u ecau ¢, c;—uucaa, TO ONpCAeSuM 0Tobpa-
xKeHue ;A -+ A, paBeHCTBOM

(C1A1+02A2)XIC1A1X“+“ C2A2X (XEX)
fcuo, uto Torpa ¢ A+ oA €L (X, Y).

(b) Ecim X, Y, Z—Bextopeble npoctpanctBa, AEL(X,Y)
u BEL(Y, Z), To ML onpefenuM npoussederue BA paseHcTBOM

(BA)x=B(Ax) (xeX).
Torga BACL (X, 2).

1) Crosnp e 4yacTo 3TOT TEePMHH YNOTPEGJSIOT NMPHMEHHTCJALHO K JIMHEHHBIM
npeo6pA30BAHHSAM NpocTpaHcTda X B OTJHYHOE OT HEro NpocTpaucTso Y.-— [1pum.
nepes.



Junednue npeobpasosanui 223

3ameTuM, uto, BooGuwe rosopsi, BA==AB pnaxe B TOM cJayuae,
Korga X =Y =~Z2. ‘

(c) Hopmodi || All onmepatropa A€L(R", R™) Ha3plBaeTCsl BepXHsf
rpaHb MHOMKecTBa BceX uHces |AX|, rge Xx npoeraer MHOXECTBO
BCEX BCKTOPOB NpOCTpaHCcTBa R™, Takux, uto |X|<1.

OTMeTHM, YTO HEPaBEHCTBO

| Ax <A x|
Beinosisiercsl npu Bcex X €R™ Kpome Toro, eciau A TakoBo, 4To
Ax!<M| x| mpu Bcex XER", 10 [|A|l <A

9.7. Teopema. (a) Ecau ACL(R" R™), mo ||A||<<ec u A—
PABHOMEPHO Henpepbisroe omobpanxcerue npocmparcmsa R™ e npo-
cmparcmso R™.

(b) Ecau A, BEL(R™, R™), a c—uucao, mo

LA-+BI<{ AL+ B, [[cAl=[c] Al

Ecau paccmosnue memcdy A u B onpedeaums xax §!AmB!{, mo
L(R" R"“) cmaxosumca MempuyecKuM NpPOCIMPAHCIIBOM.

(¢) Ecaw A¢L(R", R™") u BEL(R™ R" mo

1BA| <! B[] Al

Hoxkasareabcrtro. (a) Ilycte {ey ..., e,}—cTaHuapTHbli
Gasuc B R", W mycThb Xx= ) ci€;, |X|<1, tak uro |c;|<1 npu
i=1,...,n Toraa

Ax | =] D cde < D] eil| Ae| < D Aeyl,
TAK YTO
. n
A< 3 e < oo,

i=

—

Mbl BuinM, uto oOToGpaxenue A paBHOMEpPHO HeNpepbiBHO, Tak
KaKk |Ax— Ayl < [JA]|x —y/|, ecau X, y€ER™
HepaseiictBo B (b) caenyer U3 T0ro, 4TO

(A} B)x!=|Ax+Bx|<|Ax |+ |Bx|<(| A |+ Bl |x};
BTOpast 4acTb YTBepxKjenus (D) mpoBepsieTcst TeM xe cniocoboM. Ecau

A, B, CeL(R", R™),

TO BLINOJIHSICTCSI HEDABEHCTBO TPEYTOJIbHHKA
[A—Cl={(A—B)+(B—C)|<I|A—Bli4 [ B—C|,

H JIErKO NpoBepHTb, 4To || A—B|| obiajaer oCTaJbHBIME CBONCTBAMU
paccrosinuga (onpeneaenue 2.17).
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Hakosen, (¢) caeayer u3 sHepaselctna
HBA) x!={B(Ax) | <!B || ' Ax|<<[|BllIIA]lx"

(L H
Hmesi B npocrpadctee L (R", R™) METPUKY, Mbi MOXKEM HCpPEeHECTH
HA 3TO IIPOCTPAHCTBO TAKHE LIOHSTHS, KaK ICHPEPLIBHOCTD, OTKPLITOE

MHOKCCTBO H T. 1. Hama caejyiouass TeopeMa HCHOJb3yer 3TH
HOHSITHSA.

9.8. Teopema. Hycme Q— mromecmao acex 00 pamusoix AUHe-
Holx onepamopos Ha R™.
(a) Ecou ACQ. A < l/a, BEL(R") u |B—Ajj=p<Ca, mo
BcQ.

(0 Q—omkpeunoe nodmroxcectnso npocmpancmea L(R"), w omo-
bpaxerue A--> A1 nenpepvisrno na Q. (OHo, OUEBHIHO, B3aUMHO
0110311410 oToOpamaeT MuoxKecTBo Q Ia cebs i ABAsieTesd o0paTHLIM
K camomy cebe.)

HJoxasareasvctso. M3z roro uro x| - |AMAx! <ot Ax! mpu
BCceX X € R", cjelyeT, yro
(a—P) 1 x  <|Ax | — B x| < Axj— | (B—A) x| <| Bx|

npu Bcex X € R Iro noKasbBaeT, 4yTo onepaTop B B3aMMIO OAHO-
snavei, 3nadur, BECQ uo teopeme 9.5, Ho sto Bepso npu muobom B,
Aas kotoporo | B— Al <Za; nosToMy MHOMKeCTBO €2 OTKPBITO.

3aMelisis B TWPHBCACHHOM BBlIle HepaBeHCTBe X BekrtopoM Bly,
IO TYYHM

(a--p) By < BByl ly|,
Tak uto I' B < (a—pP) L. Toxjectro

|
1At =B1A-B)A!
1 teopeMa 9.7 (¢) HOKaspBalor TEHEpPh, YT

(B ATV B A-B oo B

T a —(u—rﬁj ’

M TeM caMbIM JIOKa3aluo YTBepKJAelue O HEeIIPCPLIBHOCTH, TaK Kak
p—>0 npn B— A

9.9. Marpuns. Ilyers {xy, ..., X} 8 {yy, - .., Yn}—Casucn
BEKTOPHBIX NpocTpatctB X u Y coorsercrieiino. Torna moboMy npe-
obpazoranu ACL (X, Y) COOTBETCTBYIOT 4UCAA @;; TAKHE, UYTO

m

(1) Ax;— Ea,-jy, (1 <j<n).
i1
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Y 106HO NpeAcTaBAdaTh cefe 3TH YHCJa PACMOOKEHHBIMU B [IPIMO-
yrobHylo TabJuuy H3 m cTPOK H # cTONOGIOB, Ha3biBAEMYIO MaTpHLeii:

gy Qg2 ... Qyp

Qoy Aoy ... Qop
[Ap=| % .

Qmy Ama .- AQmn

3ameTuM, 4YTO KOODJMHAThl a;; BeKTopa Ax; (10 OTHOWICHHIO
K Gasucy {yy, ..., Ym}) Haxogsitcsi B j-M croabue Mmartpuus [A].
Hcnonb3yst 3Ty TEPMHHOMOTHIO, MOXKHO CKa3aTh, YTO MHOXECTBO 3Haue-
HUil npeo6pa3oBaHHs A HATAHYTO Ha 8eKkmopoi-cmoabuybt MaTpHuE [A].
Ecau X= D ¢X;, TO, B CHAy JHHeiHOCTH npeo6pasoBanus A
U pasenctsa (1), moayuyaem
m

2 Ax = 2(§ @) yi

i=1 j
. )
Taxum ofpasoM, i-f KoOpJAHHaTa BEKTOpa AX paBHa Zaijc,-.
i

3amerum, uto B (1) cymMMHpOBaHHEe NPOH3BOAUTCS MO NEPBOMY HH/IEKCY
3JIeMeHTa @,;;, TOrAa Kak, BBLIYHCJAS KOODJIHHATH, Mbi CYMMHpyeM
10 BTOPOMY HHJIEKCY.

[lycte Temeph, naHa Marpdua M3 m CTPOK H n CTOJOLOB € Belle-
CTREHHLIMH 3JEMEeHTaMH d;;. Ecau orobpakenue A onpejesnTb paBeH-
ctBoM (2), 1o sicHO, uto ACL (X, Y) 1 uro [A]—HCcX0xHasi MaTpuua.
Taxum o6pa3oM, HMEeTCs B3aHMHO OJHO3HAYHOE COOTBETCTBUE MEXAY
muoxkectBoM L (X, Y) H MHOXKeCTBOM- BCeX BeIECTBEHHBIX MAaTpHIL
3 m cTpoK H n croabuos. loguepkHeMm, oxHaxko, uto [A] 3aBHCHT
He ToabKO oT A, HO U 0T Bbibopa GazucoB B X uB Y. O1HO H TO XKe
npeobpasosanne A TNOpOXKJAAeT pPa3JHYHLIE MaTpHIbi, €CJTH MEHSTb
6azuchl, H o6paTHO. MBI He CTaHEM pa3BHBATh 3TY MbIC/Ib, TaK KaK
MBI 06bIYHO OyIeM HMeThb jeJo ¢ (pHKCHpoBaHHBIMEU Ga3ucaMu. (Hexoto-
puie 3aMedaHHd 10 ITOMY NGBOTY MOxHO HaiThH B 1. 9.26.)

Ecnn Z — TpeTbe BEKTOpHOE NPOGCTPAHCTBO C 6A3HCOM {Zy, ..., Zp},
eca A 3ajaHo pasexcTeoM (1) n ecan

= 2 byizy, (BA)X; = 2 ChjZn,
E Y

TO
AcL(X,Y), BeL(Y,Z), BAcL(X.2),

H TaK Kak

B (Ax;) =B (Z ainz) - Z a;;By; —
— Z dij Z brizy, = Z (Z bhlal]) Zy,
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TO H3 HE3aBHCHMOCTH MHCKecTBa {Zy, ..., Zp} CJAeAyeT, 4TO
(3) =D buay;  (1<k<p, 1<j<n).
1

D10 nokasbiBacT, KaK HaHTH MaTtpuuy [BA] u3 p cTpok H n ctonb-
uoB, 3Has MaTpuuel {B| u [A]. Ecad Mbl onpenesnum npousBejeHKe
[B][A] kaxk [BA], To papeHcTtBo (3) onuchBaeT OObLIUHOE MPABUJIO
MepeMIIoKeHIsT MaTpHIL.

Hakoneun, ponyctuM, 410 {Xy4, ..., X5} # {y4, ..., Y} — CTAHAAPT-
Hple 6asucel npocTpaHets R™ ¥ R™ 1 uto A 3aJaHo paBeHCTBOM (2).
HepaBencrso llBapua nokaspiBaer, yto

Ax =2 (D ane) < D (X ay X cd)= D ak | x 2.
i 7 1 7 J 1,7
Taxum obpasom,
(4) 1Al<{3at)"
1,7

[pumensisi (4) x B—A Bmecto A, tae A, BEL(R™ R"), Mul
BHIHM, YTO €CJH 3JEeMEeHTbl MAaTpHLBl &;; — HelpepulBHble (QyHKUMH
HEKOTOPOr'o NapaMeTpa, TO TO 2Ke BepHo B oThowenud A. Tounee,
ecaH S — METPHYCCKOe IPOCTPAHCTBO, Qyy, ..., (mp— BELIECTBEHHLIE
(YHKILHH, HenpepbBHble HA S, W ecsin NpH JboM p €S A, — JuHei-
Hoe npeobpa3oBaHHe npocTpaHcTBa R™ B mpoctpaucTtBo R™, MaTpuua
KOTOpPOTO COCTABJICHA H3 3JIEMEHTOB a,; (p), TO oTobpaxeHHe p— Ay —
HenpepLIBHOE 0ToOpakeH e pocTpancTBa S B poctpancTBo L (R™, R™).

Angpepenunpoanne

9.10. Onpegeaenne. Ilycts E—oTKpbiTOe MHOXKecTBO B R",
f — oro6paxenne MHOKecTBa E B mpoctpanctBo R™ u x€E.

Ecnu cylwectByer auHeHHoe npeobpasoBanne A npoctpadctsa R™
B npoctpaHctso R™, Takoe, 4TO

. [ f(x+h)—f(x)—Ah|
©) o W =

0,

To ToBOpAT, uTo f AubGdepeHurHpyeMo B TouKe X, H MHLIYT
(6) I (x)=A.

Ecau orobGpaxense T guddeperunpyemo B KaKIol Touke X E€E,
TO roBopaT, uto § Jueperyupyemo na mnoxcecmse L.

Creaympouine KOMMEIITADHH NDHBOASITCS JJISi PasdbsCHelldss H MOTH-
BHPOBKH 3TOrO ONpEJeNeHHS.

(a) B (5), KoHeuno, umeeTcs B BHAY, yto hE€R™, a motomy ecau
Hopma |h! gocratoyno mana, To Xx-4-h€E, tak kak E —oTkpblToe
MHOxKecTBo. Takum ofpaszoM, f{x--h) mmeer cmmca, f(x-+-h)eR™,
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i rak kKak A€ L (R™, R™), to AhcR™. Taxum o6pasom,
f(x+h)y—f(x)—AhcR™.
Hopma, durypupytomast B yacaurene japoéu (5), —3T0 HoOpMa mpo-
crpaHceTBa R™, a B 3HaMeHatene — R™-HopMma Bekropa h.
(b) B ciyuae n=1 noBoe onpejesieHHe NPOH3BOJIHOH CBOJHTCH

R rpexHeMy (cy. onpexpesedne 5.1 m m. 5.16). Ilpoussoguas 17 (x)

oupejesassach KaK BeKTOp yER™ (ecqH TOJBKO OH CYIIECTBYET),
JJIs1 KOTOpora

(7) lim {_i(_"_t’%:i(.’i?_ — y} =0.

h—0

Ho BcskoMy Bektopy Y€ R™ MOXHO (B3aHMHO OJHO3HA4HO) COMO-
cTaBHTh JHHeHHoe npeoGpasoBanue Ty npoctpadctsa R B R™ no dop-
myne Tyh=hy. 3amernm, uro kamdoe T €L (R', R™) uMeeT BuJ
T._Ty IpH HEKOTOpPOM Yy (HYXKHO npocTo B3sith y==T1). Il1pn stom
[y l=[Tyl.

(cy Ilycre | u E—1e xe, uto B onpexenenud 9.10, u nycrts f
nuddepenunpyeMo Ha E. Ilpn xawigomM ¢HKcHpoBaHHOM XCE
f’(x)_A ecTb JHHeHHoe npeobpasoBaHHe npocTpaHcTtBa R™ B R™,

(hYHKUHSA, CONOCTaB/ISIIOAA KaxAOMy Bektopy h€R™ Bektop
f’fx)h AhcR™ C napyro#t cropoHbi, NOCKoJbKy oro0paxenne f
nuddepeHuEpyeMO B KaXJ0H TouKe MHOXKecTBa E, TO Kaxjoli TOuKe
3TOr0 MHOXKectBa coorBercTByeT omeparop " (x)=A. Tem camemm
nuddepennnpyemoe orobpaxenue f Huaynupyer oroOpaxenue (dpyHk-
unw) I Ha E co 3Hauennamu B L(R", R™).

(d) CoorHowenne (5) MOXKHO NHEPENHCaTbh B BHJE

(8) f(x+h)==1(x) -t (x)h+r(h),
rie ocratok r(h) Man B TOM CMblcje, 4TO

i L
© i, O

MoxXHO HCTOJIKOBaTh (8) Tak: npu (PUKCHPOBAHHOM X U MaJioM h
PasHOCTh

f(x-+h) —1(x)

npubukendHo pasua i’ (x)h, T. e. paBHa 3HaueHHIO JipHEHHON QyHK-
uuu B Touke h.

HocTtaToyHo B3rJsiHyTh Ha paBeHCTBO (8), 4T0GBl yGegHThCSH
B HENpPEPLIBHOCTH oroOpaxkeHus I B JOGoH TouKe, B KOTOPOH OHO
nuddepeHUHPYEMO.

(e) TlpousBoguyto, onpesenerayo B (5) uau B (8), HacTo Hasmbl-
BalOT n04HOU npou3sodroti oTobpamenus § B Touxke X, HaH dugge-
peryuasom otobpaxenus T B Touke x.
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Tenepb Mbl PELIMM BONPOC O eJAHHCTBEHHOCTH, KOTOPLIH, BO3MOKHO,
yKe BO3HHK Yy YHTATeJf.

9.11. Teopema. flyems E u T—me one, umo 6 onpedesenuu
9.10, x€E u (5) swnoansemes ¢ A=A, u ¢ A=A, e
A;eL(R", R™) (i=1, 2). Toeda A;=A,.

HoxkasartenbctBo. Ecan B=A;—A,, 10 HepaBeHCTBO
| Bhi< T (x+h)—F(x) —Ah[+{T(x-+h)—T(x)—A:h]|

nokasviBaeT, 4ro |Bh|//h|—0 npu h— 0. Orciona ciaenyet, uTo
npH ¢uKcupeBaHHoM h == 0

(10) i‘jg;*‘}&_»o npw ¢ —> 0.

Beuay toro uro B aunefiHo, JeBas uwactb B (l0) He 3aBHCHT
ot . ITosromy Bh==0 npu Bcex h€R"™ Teopema joKa3ana.

ITpaBuso auddepeHLHpOBaHHs CAOKHON QYHKLHH (CM. TeopeMy 5.5)
JIETKO pacnpocTpaHgeTcss Ha JanHyilo curtyauumio. KM dopmyiuposka,
¥ JI0Ka3aTeJIbCTBO COBEpPLIEHHO TaKHe Ke, KaK B OJIHOMEpDHOM CJyuae.

9.12, Teopema. llyems E -—omxpeimoe MHOMecmso 8 npocm-
pascmee R™, T—omobpancerue muowecmsa E 8 npocmpancmso R™,
dugpeperiyupyemoe ¢ mouke X € E, g—omobpaxcenue Hekomopozo
omKpeimozo Muoscecmea, codepoicaweco §(E), 8 npocmparcmso R,
npusem g Oduppepernyupyemo 6 mouxe i(x,). Toeda omobpaxcenue F
muoncecmsa E e npocmparncmeo R*, onpedeaerroe pasexcmeom

F (x) =g (1(x)),
Juppepenyupyeno 6 mouxke Xo, U
(1) F’ (x0) = g (F(x0)) - " (x).

B mpaBoii yacti paBenctBa (11) CTOMT TpoH3BELEHHE ABYX JIHHE-
1bIX npeoGpasoBaHuil, onpejeieHdoe B pasjene 9.6.

HokasarteabctBo. Ilyers yo=1(xg), A=1 (%), B=g" (yo),
H nycTh ‘
u (x) =T (x) — T (X0) — A (x — x),

v(y) =g (y)—g(Yo) —B(y—V),
r (x)=F(x) —F (Xq) — BA (x — Xx,).
Mu! J0JXKHH J0Ka3aTh, uTo F' (%x;)— BA, 1. e. urt0

(12) BLACI ~—0  opu x— X,

[ X—Xg |
N3 onpeneaennit otobpaxenuss F v octatka r HMeeMm
r(x) =g (T(x)) —g(yo) — B(T (%) —¥yo) -+ B (T (x) —F(xo) — A (x — X)),
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TaK 410
(13) r (x) = v (f(x)) -+ Bu (x).

Ecau ¢>0, to u3 onpenenenust npeoGpazosanuilt 4 u B craeayer,
yro cyitectsywor >0 u 6 >0, Takue, utO

v I<e|y—vyol,
ecq 'y—yo| <M, H
T —T(x)l<<n,  Ju(x)|<e|x—xXo|
TPpH | X — X, | << 6. 3naunT,
(14) v (x)|<elT(x)—F(xo)|=¢e]u(x)+A(x—Xxg) | <

< et X—Xo, -el[A[[|Xx—Xo|
H
(15) Bu(x) [ < B u(0) < B x—x],
CCaH | X —Xp | << 6.
Teneps (12) cneayer u3 (13), (14) u (15).

9.13. HYactHbe npousBopuble. [Tycts I orofpakaer oTkphl-
TOC MHOXecTBO E < R™ B mnpocTpaHcTBO R™ H HMEET KOMIIOHEHTHI
fio ooy [m, onpenenensole B teopeme 4.10. Ilycte {eq, ..., e,}—
CTaHfapTHHIE Hasuc npoctpanctBa R™. Onpejenum Ha MuoxkecTBe E
¢dyukuuu D;f; paBeHcTBaMH

(16) D,f: (x) = lim .f_i(L‘dc_tf?_:id’i ,
t—0

©CJIH, KOHEeYHO, 3ToT Mpeles cyiiecTByer. 3anuceBasg [;(X) B BHAE
fi(xq, ..., %n), MbI BIWIHM, 4TO D,f; ecTb npoH3BoaHas (YHKUHH [;
N0 x; T0pH (PUKCHPOBAHHOM 3HAUEHHH OCTAJAbHBbIX NepeMeHHBX. [To-
3TOMY 4YacTO HCIOJb3YeTcs1 o603HauYeHHe
df;

a7 a
sMecto Djf;.

Ecnu orobGpaxenne T guddepeHunpyeMo B TOUKe X, TO Onpeje-
nende npouaBogHoit f'(x) nokasbiBaer, 4YTto

(18) fim TELEMZE® g p,
t-+0

Ilepexoas K KooOpJjHHATAM BEKTOpOB, cTtosumHXx B (18), ¢ h=e;,
Mbl BHAHM, 4TO ecau § Ougpepenyupyemo & mouke x, mo ace uacm-
Hote npoussodnsie (D;f;) (xX) cywecmsyiom.

O6paTHoe, BooOMUIE TIOBOPSI, HEBEPHO Ja)e B TOM cJydyae, Korja
YACTHBIE MPOH3BOJHLIC CYUIECTBYIOT BO BCeX TOYKaxX MHoxecTBa £
(ynpaxnenne 9);, ecsam, OJHAKO, 4YacTHBIE TNPOH3BOLHLIE K TOMY Xe
HeTIpepbIBHLL, TO ofpatHoe BepHO (cM. Teopemy 9.16).
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OtsmeTuM, uto ' (x)e;— 3710 j-it ctonben MaTpuum [f’(x)]. Takim
obpasom, (D;f;) (x) HaxoimTes B i-i CTpOKe H [-M CTOJIOLE MATpHILb]
I (x)].

9.14. ITpumep. llyerp f— nudpdepenunpyemoe orobpaxenue
uHTepRada (a, b) < R! B oTkpuitoe Muoxectso [ < R™, nycts g—
Auddepenunpyenast BeulecTseHHasd (YHKUMS, onpejeneHHas B E
(1. e. g— auddepenuupyemoe orobpaskerne Mmuoxectna E B 1po-
crpaicTes RY). Tlosoxum h(t)=g{I(t)) npu a<<t<<b. Coraacuo
npasHay AudxpepeHUHpOBaHHA CJOKHOH (DYHKIIHH,

=g a)t (¢) (a<<t<b).
flcHo, uto A’ (f) —.nuefiHblii omeparop Ha R, Tak kak I'(f)¢€
€EL(RY R™) u g'(1(1))€L(R", RY). Ecnu paccmarpusats A’ (f) kak
BEUIECTBEHHOE YHCJIO, TO ONepaTtop, O KOTOPOM HJIeT pedb, —-3TO
onepaTop yMHOXeHHS Ha h' (f); cp. ¢ 9.10 (b).

ITo ornowenuio X crangaprioMy Oasucy nmpocrpanctsa R™ [17 (f)]—
3TO MaTpulua H3 n cTpoK H 1 ctonbna («ogHOCTONOU0BAs MAaTPHIAY),
B [-ii cTpoke Kotopo#i crout fi(f), rae [, ..., [n— KOMIOHEHTHI
oTtoOpaxennud f, v npu KaxaoMm x€ £ [g' (x)]—mMarpuna u3 1 cTpoku
H 1 cTOJIOIOB («OJHOCTPOUHAS MATPHLAY), B [-M CTOJAOLE KOTOPOH CTOHT
(D;g) (x). 3maunr, [A’(f)] —MaTpuua M3 OJHOH CTPOKH M OJIHOTO
CTON0UA, €JHHCTBEHHHIM 3JIEMEHTOM KOTOPOH CJIYKHT BellCCTBElNoe
YUCJI0

(D)= 2 (Dig) (1) i (.

Hanncanhoe paseHcTBO — 4acTo BCTpedaromuics ciaydai npasuia jaud-
(epeHIHpOBAHUS CIOKHOH (DYHKIIHH.

9.15. Onpegenenune. updepenunupyemoe orobpaxenne I or-
KpeITOro MHOXecTBa E < R™ B mpocTtpanctBo R™ HasuBaercs xenpe-
pbiaro outpdeperyupyemorn Ha E, eciu 17— HenpepriBHOe oTOOpaM. -
HHe MuoxkectBa E B mpoctpancteo L (R™, R™).

[osopsi 60/ee OTYETJNHBO, B ITOM omnpefeneHun Tpedyercs, 4ToOh!
ang mwoboro xCE u moboro &>>0 cymectBopaio uucao 6 >0,
Takoe, uto |[I'(y)—1'(x)||<<e, ecou yCE u |y—x]|-Z8.

Ecax 3To BHIoaHsercs, TO Mbl OyzgeM TOBOpHTH, uto T siBJsieTcH
%’ -otobpamenneMm Ha £ uau yto [C G’ (E).

9.16. Teopewma. [Tycmo T omobpaxcaem omkpbimoe MHONCECMBO
Ec R™ 8 npocmpancmeo R™. Toeda T€€ (E) 8 mom u moasko
8 mom caydae, koeda dacmubie npousso0nble D;f;  cyugecmsyon
u Henpepbiérbt Ha E npu 1<<i<m, 1< j<n.

HdokasareanbcTBO. Eciin f€€’ (E), TO HepaBeucTBo
1 (y)e;—1 (x) ;[ <I[ T (y) =T (x) |
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B coyetasHu ¢ {(16) u (18) noxasmBaeT, 4TO Kaxjaf yacTHas IPOU3-
poaran D;f; — HenpepuiBuast ¢ynknus na E.

Last poxasartenbcTBa 06paTHOrO LOCTATOYHO DPaAcCMOTPETb CJayvail
m=1 (nouemy?). 3aduxcupyem x¢ £ u ¢ >0. Buny rtoro uro mso-
#ectBo E OTKpBITO, CYIECTBYeT OTKPBITBHIA mIap S ¢ LEHTPOM B TOY-
K€ X H pajgHycoM r, HeJHKOM npHHajgiexamuii E. M3 wenpepois-

noctu GyHkumil D;f caegyer, 4ro r MOXKHO BbIOpaThb CTOJMb MaJLIM,
4TOObl UMEThb

(19) [ (Dsf) (Y)—(Djf)(X)i<‘% (YES, 1<j<n).

Ilycts h—_—Zhjej, th|<<r, nyctb vo=0 H vi=~he 4 ... he,
upun 1 <k n. Torpa

(20) f(x4-h) —f(x)= 2 [F (x+vy) —F (X4 V)l

Beuay Ttoro 4to |vi|<<r npu 1<{k<n, a MHOXEeCTBO S BBINYK/IO,
OTpeskH ¢ KoHmamu Xx-+v;,; u x-+v; Jexkar B S. Ilo-
CKOJIbKY V;=V;_ --h;e;, 10 no Teopeme 5.10 o cpeaneM 3HA4YCHHH
j-e cnaraeMoe B (20) paBno

(21) hi (Dsf) (X <V -+ 05k e5)

npu HexoropoM 0;€(0,1), n noromy oHo B cuay (19) oraxuaercs
ot h; (D;f) (x) menee, uem na |hjle/n. Coraacso (20), otciona cie-
JAYET, UTO

T =T 00— 3 b (D3f) (9| < 2 [y fe<| e

I10 03Hauaet, 4To yusuHs [ gupdepeHuHpyeMa B TOYKE X H 4TO
[ (x)—nm{eﬁHaﬂ ¢yHKIHs, KOTOpas CTaBHT B COOTBETCTBHE YHCJO
> h; (D;f) (x) BexTopy h= > hje;. Matpuua [f’ (x)] cocTout U3 CTPOKH
(Dif) (x) o (Drf) (x), a Tak xax byuxnun Dyf, . .., D,f HenpepsBHBL
na E, TO, KaK II0Ka3biBaeT 3aKJYHTeJbHOE 3ameyande mn, 9.9,

fe€’ (E).

Teopema 06 o6parTHON YyHKILHH

OTta TeopeMa yTBepKpaeT, rpy6o roBopst, YTO HeENpepLiBHO Jud-
tepennupyemoe orobpaxene f ob6paTHMO B OKpecTHOCTH JIHOGOH
TOYKH X, B KOTOpoii o6paTuMO JuHeliHOe npeobpasoBanue I’ (x).

9.17. Teopema. [lyeme T ecrmv €'-omobpascerue omxpovimozo
mroocecmea E < R™ e npocmpancmeo R™, nycme omobpascernue 1’ (a)
obpamumo npu nexomopom aCE, u nycme b=1%(a). Toeda
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(a) cywecmsytom omkpoimsie muoncecrnsa U u 'V 8 npocmpurcmee
R™, makue, umo acU, bV, T sgaumno odHosrauno na U ui(U)=V;

(b) ecau g—omobpascernue, obpamuoe x § [oro cywecmsyem
coeaacro (a)], s3adannoe 8 V paserncmeom

gf(x)=x (xeV),
mo g€ (V).

3anucoiBast paBeHCTBO Y — f(X) ¢ NOMOMBIO KOMIOHEHT, Mbl NpU-
XOMUM K CJe[yiollell HHTepnpeTallt 3aK/IOUEHHsS TeOpeMbl: PaBeHCcTBA

y,-::fi(xi,...,xn) (1‘\<l<n)

OflpeAeJIsIoT B3aHMHO O/IHO3HAUHOE COOTBETCTBHE MEXKAY JOCTaTOYHO
MaJIbIMH OKPEeCTHOCTSIMH TOYeK a M b; mpH 310M X, .. ., X, ABJASAIOTCS
HernpepelBHO IHQ(pepeHIHPYyeMbIME QYHKIHAMHE OT Yy, «. ., Yn-

HNoxaszateabctso. Ilycrs ' (a)--A. BeiGepem & Tax, utoGol
4h 1A =- 1. Bouay toro uto €€’ (E), cyuiecTBYeT Taxoit OTKpbI-
Tolif wiap ¢/ ¢ LeHTpoM B TOYKe 4, 4TO
(22) 11 (x) —Al<<2h  (xel).

HonyeruM, uto x €U u x-4-hel/. Tonoxum
F{)=1(x-+th)—tAh (0.

Beaeacrsue Boinykaoctd muoxecrsBa U, x--theU npu 0 << 1,
n U3 (22) caexnyet, 4to

F'(1)|= T (x+th)h—Ah|<2\|h|< | Ah].
Uoc.ne}mee HEPABEHCTBO BbLIMOJHACTCHA 1I0TOMY, 4TO

2 h |20 A7 A < 2A[[ A | Ah| = | Ah |,

B CH.1y BbIGOpa uyHcaa A. M3 teopembl 5.20 caepyer Tenepb, 4TO
\ 1 .
\F(1)—F(0) | <5 14hj,

HJIn

(23) f(x h)—f(x)—Ah|< 5| Ah |

Orcrofia ciaegyer, 4rto
(24) H(x - h)—T(x)|> 51 Ah!> 24 |h].
Tlopuepkuem, uTo HepaBencTBa (23) u (24) BBINOJHSIIOTCH, €C/AH TOJb-

Ko XxCU u x--hel/. B uactuocts, H3 (24) caepyer, uto omo6pa-
acenue T esuumno o0Ho3Hauno Ha U.
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3adukcupyeM Xo €U M paccMOTPHM OTKPHITbIA map S ¢ LeHTpoM
B TOuKe X, paauyca r >0, 3ambkauue xotoporo S jexur B U. Mu
JokaxeM, uto f(S) cogepKHT OTKPHTBLIH HIap C HEHTPOM B TOuKe
F(xo) paauyca Ar.

Yro6ul c1e1aTh 370, 3ahHKCHPYEM Takol BEKTop y, UTo |y — T (X,) | <<
<Z Ar, H TIOJOXKHM

¢x)-ly—f(x)! (x€S).

Ecnu | x—x,|=r, TO, Kak nokasvisaet (24),

2hr < | T(x)— F (o) 1< @ (X) * @ (Xo) < ¢ () 4 Ir.
Taxmi obpasoM,
(25) ¢ (X)) << Ar<<g(x) (IX—Xq|=7)

Beuiy TOro uto ¢ —senpepbBias ¢ynkumsi, a S-— KOMDaKTHoe
MHOKECTBO, CYLIeCTBYeT X*€ S, TaKoH, 4To ¢ (X*)< ¢ (X) DnpH Bcex
x €S. Coraacno (23), x*€S.

Monoxum w=y—f(x*). Ilockoapky A ofpaTuMm, CyluecTByeT

BekTop h€R™, takoil, uto Ah—=w. Bmbepem uncino £ € (0, 1), croab
MaJjioe, uyto x* - th€S. Torna

(26) T (x*)—y-+ Ath] (1 —1)|w],
H, Kak noxkaseBaer (23),
(27) (1) — £ (x*) — Ath | < - [ tw].

[Tockosbky @ (x* - fh) — HopMa CyMMbl BEKTOPOB, (QUIYPUPYIOLIHX
B JIEBBIX 4YacTsX paBedcTtBa (26) u HepaBeHcTBa (27), M TaK Kak
w|=¢(x*), TO

(28) w(*‘fh\(l 5 )6,

Taxum obpasom, ¢ (x*)==0, 1. e. T(x*)=-y?).

TeM caMblM [0Ka3aHo. YTO KaxJaas Touka MHoxecTsa f(U) mmeer
OKpecTHOCcTh, cojlepxamytocs B [ (U). Tloatomy f(U)— oTKpoitoe
noamuoxectso mnpoctpanctBa R®. [lomaras V =1(U), M Bujum,
YTO YTBePXKJCHHE (a) TeopeMbl LOKAa3aHO.

Yrobbl foxasats (b), BuibepeMm yEV, y -+ k€V u nosnoxum X == g (y),

h=g(y--k)—g(y)

1y Jry wTacth AURABATCILCTBA MOMKIO  CILe  LIOMIOIO  CORPATHTL.  [leiicTsn-
TOALHO, QYURIH (p (x)-- | y—F(x) % gocrdraer MMIIMYMa B TOMKE X*, UpHHAj-
aeskanieft S. TlovroMmy uacTusie uponssogubie GyRKOML ¢ (X) B 0¥oil Touke obpa-
LialoTeH B liynab, Orcioga caenyer, uro B{y—1fi(x*)--0, rme B¢ L (R, R,
[B| —martpiing, TpadeuoliupoBatuast K [f7 (X*)] o 1netoMy ofparHMas. Juaunt,
y =1 (x*). = pum. nepes.
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Cornacno Tteopeme 9.8 (a), HepaBeHcTBY (22) u Hawemy BHGOpPY
yncoa A, onepatop ' (x) uMeer oOpatHbifi, KOTOpbIE MBI GGO3IIAUHM
yepes B. Ilpumensas B x paeeHcTBy

k=1f(x--h)—i(x)=1 (x)h+-r(h),
rae r(h),//hi—0 npu h—0, mMbl noayumm Bk =h- Br(h), uwiu
(29) g(y+k)—g(y)=Bk—B(r (h)).

Coraacho (24), 2h|h|</kl. Takum o6pasom, h—0 npu k—>0

(4TO OJHOBDEMEHHO JOKa3blBaeT HENPEePhIBHOCTL CTOOpaXeHHS g
B TOYKE Yy) H

(30) ._|,§,(_ka < J%ﬂ l%%)—‘ —0 npu k—0.

CpaBueune (30) u (29) nokasniBaer, uto g jauddepeHnEpyeMO
B Toyke y M 4T0 g’ (y)=B. MHbMH cioBamH,

(31) gy={FEy* ev.

Kpome Toro, g-—HenpepbiBHOe oToOpamenue MHoxecTBa V na U,
i’ —nenpepoiBHOe oTOOpaxKenue MHoxecTsa U B MHOXKecTBO § BCex
obpaTuMbIX 3eMeHTOB MHOXecTBa L (R™), a nepexoj, K 0OpaTHOMY —
HeNpepLIBHOE OTOOpaXKeHHe MHOXKecTBa 2 Ha MHOXKECTRO  [fo Teo-
me 9.8 (D)]. Hcnosb3ys sTu $axTsl M paBeHCTBO (31), MBI NMosyyaeMm,
uto g€ G (V).

Teopema nokasaua.

Caejymolliee yTBepXKJieHHe BLITEKAeT HENOCPEICTBEHIO H3 TeOpeMbl
[uacts (a@)]:

CaegcrBue. Ecau { ecme €'-omobpaxceniie OmMEpoLmo20 MHO-
acecmsa E < R™ @ npocmpancmeo R™ u ecau onepamop ¥ (x) o6pamum
npu awbom XEE, mo T1(W)—omkpounoe nodmroxcecmso npocmpa-
cmsa R™, kaxkoeo vl wu Gerao omkpeunoce moxcecmso W < E.

WuemMu caosamu, | — omipsimoe omob pascernue MuoxecTsa £ B npo-
CTpPaHCTBO R™,

[IpexnosoxeHust, cjenandble B 3TOM CJAEJCTBHH, of0ecne4yHBaloT
A9 KaAOH Touku X € E cylmecTBOBanie TaKOH OKPECTHOCTH, Ha KOTO-
po#i otoOpaxenne [ B3auMHO Ojno3HauHo. MoOXKHO cKasaTb, u4To f
A0KGA6HO B3aUMHO ojlHo3HauHo. Opnaxo f ne o6s13aHO NMpH 3TOM GBITh
B3aHMHO OJiHO3HauHbM Ha Bcem MuoxectBe E. llpmmep npusenen
B yrpaxuenun 12.

Teopema o HesiBHOH (PYHKUUH

Ecmn x=(xy, ..., %,)ER™ ¥ y=(4y1, ..., Ym) ER™, TO depes
(x, y) Mpl OyneMm ofo3HayaTs TOUKY (HJIH BEKTOp)

(Xu ey Xny Yty oo oy YUm) € R,
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B srom pasjene neppbli 3.1eMeHT B (X, Y) HJIH B T0A00HOM CHMBOJE
Bcerja 6yner o6o3HayaTbh BEKTOp NpocTpaHcTBa R™, a BTOPOA — BEKTOp
npocTpaHcrBa R™,

IMyers A€ L(R™™, R™), u OycTb

(32) A (h, 0)==0 sxBupanedTHo h=0.

3avertum, uTo no Teopeme 9.5 oroGpaxenue h— A (h, 0) ectb
JHHeHHoe B3auUMHO onuozHadHoe otoOpaskenue R™ na cebs. Haaee,
1upH Besikom k€ R™ u be R™ ypasuenue A (X, k) = b nMeeT ejuHCcTBEH-
Hoe peuteHue. [eficTBHTeqbHO, CyllecTByeT Takoe X, uto A(x, 0)==
«=b—A(0,k), 1. e. A(x,k)=b, a ecan A(x k)=A4 (x4, k),
To A(X X9, 0)=0 #, B cuay (32), x;=X,.

B uyactHocTH, ecau A ydos.remeopaem ycaosuio (32), mo ypasHerue

(33) A(x, y)=0

umeem npu kamdom y¢cR"™ 00n0 w moavko 00HO peuienue x ¢ R".

Teopema o HesBHON (DyHKIIUH YTBEPKAGET, YTO MOJOCHOE 3aKJioUe-
HHE CIPapFe),IHBO M B OTHOLLCHHH HEKOTOPbIX (He obs3aTesbHO JHHe-
HLIX) HenpepuisHo auddepeduupyembix oTtobpaxxkennil. Ilpex ;e uem
copnyspoBats ee, 3amMeTHM, 4To ecan [A]—wmarpuua (M3 1 CTpPoK
1 n--m cronduoB) orobpaxeHus A N0 OTHOWIEHHIO K CTaHAAPTIIBIM
OasucaM, To (32) o3HauaeT B TOYHOCTH, UTO 8eKMOpbL, CMOAULUE
8 nepeutx n cmoabyax mampuysl [A], auxeino neszaBucumul. [lodib-
3ysICh 3THM KPHUTEpPHEM, MOXHO IIPOBEpSITb, BblNodHsIeTcs Ju (32),

9.18. Teopema. [ycms T ecmv € -omobpaxceriie OMKpbIMO20
muoxcecmea E < R™™ ¢ npocmparcmeo R™. [lonycmum,umo (a, b) € E,
f(a,b)==0, A=V (a,b) u A ydosaemeopsem ycaosuio (32). Toeda
cyecmsyrom okpecmuocme W mouxke b (W< R™) u edurcmeennas
¢ynkyua g€ E (W) co snavenusamu ¢ R™, maxue, uymo g(b)=a u

(34) fg(yhy)=0 (yeW).

Qyuxuus g onpenesieHa HeIBHO paBeHCTBOM (34), oTcroja H Has-
BanHe Teopembl. Ee M0xHO chopMyaHpOBATh B TEDMHHAX, OTHOCHAIIKUXCA
K CHCTeMe f YpaBHeHHH C f1-{-m HEH3BeCTHBHIMH:

Fi(Xe ooy Xny Yty oo vy Ym) =0,

(35) :
frlxe, ooy Xny Y1y oo vy Ym) =0,
Hawe npeanosnoxkedne o6 A Tenepb 03Hayaer, 4r0 KBajpaTHas
MaTpHa K3 1 CTPOK ¥ 1 CcTOJOUOB, Takasd, UYTO Ha [lepeceyeHHH ee
{-H CTPOKH M j-ro’ cToa6Uua CTOHT %’Zif(a, b), uMeeT Ie3aBHCHMBIE
ctoafurbl. Ecin 270 BuiosaHAeTcs eca X =4, y=D yJ10B1eTBOPSAIOT
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ypaBHeHHIO (35), To (3D) MOXKHO pa3peiunTh OTHOCHTEIBHO Xy, . .., Xp
IIPH Kam/J0M y, A0CTAaTOdHO OJu3KoM K b,

HokazareascrBo. Ilycts F—oTobpaxkenue, cTassiee B coOT-
BETCTBHe TOUKe (X, ¥)€ E 10uKy (z, w) € R™™, onpeaesneHHyo paBeH-
CTBOM
(36) z=f(x,y)., w-y.

Toraa Fe €' (E). INockoaeky f(a, b)=0, 1o

fa b bik =A( k) :r(h k),
rje r-—ocTatok, y4acTBywouui B onpegeaenuuu f'. Ha rtoro uro
F(a i-h,b-; ky—F{(a, b)y=(f ((a -+ h), b+ k), k),

caeiyer, urto F'(a, b)-— auneiHoit omepatop na R™™, korTopbill
BekTopy (h, k) crasut B cootBercTBHe Bewtop (A (h, k), k). Ecau npu
TaKOM oro0pakeHHd of0pa3 Kaxkoro-Hubyiab BeKTOpa paBeH HY.IIO,
10 A(b, k) =01 k=0, a notomy A(h, ) =0 u u3 (32) caeiyer,
yto h—: 0. D70 3Kauut, yro onepatop F’(a.b) B3anMmno opno3znauen
U, cjejloBatesuLHo, obpatuM (Teopema 9.5).

[Tostomy K F npumennma teopeMa o6 obpatHoil $ynKuuH: cylle-
CTBYIOT OTKpuIThle MHOxkecTBa U u V B R™™, cojepxaume (a, b)
u (0, b) u Taxkue, uto F B3auMuo ojHo3HauHo otoBpaxkaetr U na V;
corjacHo (36), otobpaxenue, obpatHoe K F, HMeeT Bi]

(37) X ¢z, w), y=w ((z,w)eV),
rae ¢ €6 (V). Husimu crosamy,
(38) flp(z, w), w)=1z ((z, w)eV).

Ecau Mul teileps ofo3Hauum uepe3 W Takylo OKpECTHOCTb TOUKH b,
uro (0, w)EV npu weW, u nonoxum g(y)=¢(0,y) npu yeW,
TO npd z-=0 B (38) mbl noayuum (34).

flcHo, uto g (b)-=a, Tax xak ¢ (0, b)=a. ExuncrBednocts PyHK-
LMH g CJejyeT H3 Toro, yio ortobpamxenHe F B3auMHO 0;103HAYHO:
€CJIH (X, y)EUv (X*v Y)€U7 a f(X7 y):f(x*, y)v TO F(X, y) ::F(X*’ y)r
a notomy X*-=x.

Teopema o padre

HazoBem paneom nunefiHoro npeofpa3oBaHHst Pa3MepPHOCTDb €rQ MHO-
}ecTBa 3HaueHuit. Ciefylomasl TeopeMa CJYKHT TOATOTOBHTE/bHOH
K Teopeme 9.20.

9.19. Teopema. Tlycms p, g, r—Heompuyamesbrble cavie
yucaa, X u 'Y — eexmopnoie npocmpancmsa, dimX-=r- p, dimY ==
. r-t g, A— aunelinoe npeobpasosanue npocmparcmsaa X 8 npocmpar -
cmeo Y pauea r. Toeda cyujecmsyiom seKkmoproie npocmparcmsa Xy,



Teopema o parze 237

X,, codepmauiuecs ¢ X, u npocmpancmea Yy, Y, colepacauyuecs
¢ Y, makue, umo

(@) kamcoout x € X eduncmeennoim 00pazom npedcmasum 6 eude
X=Xy Xg, 20e X, € X, X3€ Xy,

(b) kamoetl yeY eduncmeenrolm 00pasom npedcmasum 8 8ude
Yy =Y14Yys 20e yi€Yy, Y€ Yy

(c) Axy=0 npu xasdom Xg € Xo;

(d) cyxcenue npeobpasosanus A Ha X;— 83aUMHO 00HO3HAUHOE
omob pascenue npocmparncmea X, Ha npocmparcmso Yy;

() dim X =dimY ==r.

HoxkazateasctBo. [lo teopeme 9.3 (c) npocTpaHcTBO Y HMeeT

Basuc {vy, ..., V,uy}, TaKoi, uto {v;, ..., V,|—0a3uc MHOXKeCTBa
3HaueHuH Y, npeo6pasosauns A. Ilycte Y, —o6osouka MHOMXKecCTBa
{Viits - ooy Vipg). (3amernM, uyto ecan g =10, To ¥, cocTOUT H3 0OJHOTO

JIHIIL HyJeBOro BekTopa. Hekoropele yTBep»KieHHSA, BBICKA3AHHbIE
B XO/e 3TOr0 J0Ka3areabcTBa H B Teopeme 9.2(0), XOMKHBLI OBITH HCTOJ-
KOBaHbl aHAJOlHYHO, €CJH OAHO Had fosee H3 YuCed p, ¢, r PaBHbI
HyJaio. Mul npejocranaseM 4YHTATe 0 NMOANPABHTL 3TH YTBEPXKAEHHHA
M HCTOJKOBATL HX.)

BrifepeM BEKTODBI Uy, ..., U, € X, Takue, uto Au; —=v; (1< j<r).
Torna {uy, ..., u,} — HeE3aBUCHMOE MHOXE€CTBO; HaTsHeM Ha Hero npo-
ctpaHeTBo X;. [1ycts X, — MHOXKecTBO Bcex X € X, Takux, yto Ax = 0.

Slcno, 4To yTBepx1eHus oT (b) no (e) Bunoausitores. Ecau x € X,

r

T0 AX :Zc,-v‘,-, rie ¢, ..., C¢,— Hexkoropble uucaa. [loaoxum
1
.

7 ~
X, ::}_cjuj, Xo=-X—X,. Torga xy€X,, Ax, = Ax; 3Hauur, AX,=0,
1

WM Xo € Xo. Coraacho (¢) u (d), X, u X, AMeI0T TONbKO 01U 0011
BeKTOp — Hy.1€BoH. [losToMy IipejcTaBieHHe X = X, -:- Xy €IANHCTBEHHO,
H (a) J0oKa3aHo.

Caenymowmas teopeMa ene pas HJLIIIOCTPHpPyeT OOIIME TNpHHUMUIT,
COCTOSAIHA B TOM, 4TO HenpepbiBHO Andbepennupyemoe otobpaxkenne F
BOJH3H TOUKH X BejeT ceOf NpUMepHO TAK XKe, KaK JHHCHHOe npe-
oGpasopanue F’ (x).

9.20. Teopewma. IMyems X =R, Y-~ R F ecmv E'-omo-
Opaocerue omKkpbimoeo  MHoxcecméa FE < X 6 npocmparcmeo Y
i F'(x)—.wunetinoe npeobpasosanue pawea r npu awbom XE€E.

Sagurcupyem mouxy ac E, nosomcum A--F'(a), svibepem X, X,
Yy, Yo, kux & meopeme 9.19, u onpedeaum F{ u F, paserncmsom

(39) F(x) =F; (x) 4 F2(x) (x€ L),
2de Fi(x)eYy, Fa(x)€Y,.
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Toeda cywecmsyem omxpeimoe mroxnecmso U e npocmparncmee X,
marxoe, umo acU, Uc E u

(a) Fy(U)—omrpoimoe mruosicecrneo 8 Yy;

(b) 0aa moboeo yEF, (U) cyuwjecmsyem posuo 00un y,€Y o, maxod,
4mo

yi-+y:€F (U).

[Ceometpuueckuii cMmblca  yTBepxkiaeHuss (b) rakoB: F(U)—370
«r-MepHasi TIOBEePXHOCTb» B Y, IMpHUEM «HAJ» KaxKI0H TOYKOH MHO-
xkectsa F; (U) nexur poBHO oflla TOYKa 3TOH MOBEPXHOCTH. Mbl
COBETYeM UYHTaTe IO HabpocaTh 4YepTexk JJIsi CJIyyaeB, KOrja 4Hcaa p,
g. r TPHHUMAIOT OfHO M3 3Hauenui 0, 1, 2.

HdoxaszateabctBo. Ilycts T - cy:xenue otobpaxenus A na X;.
Coraacuo 9.19 (d), T — squnenhHoe B3aUMHO OJ(HO3HAYHOE Npeobpa3oBa-
HHe npoctpaHcTBa X; Ha Y, a obpaTtHoe npeoCpasoBanve T oTO-
6paxaer Y, na X,. Ilycts P — auHeliHbiil onepatop Ha X, onpejesieH-
HbIfl Tak: PX=X;, €CIH X=X;-}X;, X;€X;, X:€ X, (Taxoro poja
onepatop Ha3BIBAKOT MPOEKMOPOM), U NYCTb

(40) f(x)==T7"F; (x)+Px (xE€E).
Corsacso mpapuay auddepeHIEPOBaHUs CJAOKHOH GYHKIHH,
(41) ' i’ (a) =T'F, (a) + P.

Tipu (=1, 2 MHOXecTBO 3HaucHHN oTOOpaxkeHuss F; copepxurcs
B Y;. Ilockosbky Y;— 3aMKHyTOE NOANPOCTPAHCTBO MPOCTPAHCTBa Y,
To U3 (18) sicho uto Fi(a)hé€Y; npu Bcex hée X. Coraacso (39),
A=F;(a)+F,(a); a Tak Kak MHOXKECTBO 3HaueHHH oToOparkenus A
copnajgaer ¢ Y,, 1o, no teopeme 9.19 (b), A=F;(a), u 9.19 (¢)
nokasbiBaet, uto Ah= Ah,, ecsim h=h;4-hy, h, € X,, hy € X,. Taxum
oBpasoM,

i (a) h=T"14h-- Ph=T"'Ah, -+ hy=h, + h;=h.

310 3nauurt, uto I’ (a) — ToxecTBeHHOEe oTOOpaxkeHue Ha X. [oatomy
U3 teopeMbl 06 06paTHON PYHKIHH CJELYeT, YTO CYHIECTBYIOT OTKDBITHIE
muoxectsa U u V B X, taxkue, uto aclU, Uc E u f—B3aumio
0H03HauHoe otobpaxente MuoxectBa U Ha V. Donee toro (3amenss,
ecau norpebyercss, U u V HajJekamuMH MHOMKECTBAMH), MOMKHO
106HTECs, 4TOGEl V' 6bl10 BbINYKJbIM. ITycTh g-—oTOOpamenne MHO-
xecrsa V ua U, obpatHoe k f. Hosoxum

(42) @ (z) =F (g (2)) (zeV).
U3 toro, uto AP =0, caepyet, uto Af= AT7F,=F,, Tax uto
F, (¢ (2)) = Af (¢ (2)) = Az = Az,.
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Takum o0pasom,
(43) ®(2)=Az,+¢(z) (z€V),

rie @(z)€Ys z2=2,1 25 2,€ Xy, 23€X,.

Coryiacvo (42) u (43), F; (U)—53T10 MHOxecTBO Bcex Touek Az,
rie z€V. Ilockoapky V OTKprTO, a Y, -—MHO¥KECTBO 3Ha4eHHH OTO-
Opaxenus A, TO yTBep:KjieHHe (a) TeopeMsl JOKa3aHO.

Urobel mokasatk (b), noctaTouno nposeputb, uto ©(z) 3aBucHT
TOJNBKO OT Zj.

3adukcupyem z€V. Coraacuo (42) u (43),]

(44) O (2)=F (g(2))g' (2)=A+-¢' (2).

Beugy toro uro g’ (z)— oOpaTuMbll suHefinwl onepatop Ha X,
a F’' (g (z))—otobpa:xeHHe pasra r, MHOXKeCTBO 3HaueHHH R oToOpaxe-
ausi @' (z) — BEKTOPHOE MPOCTPAHCTBO pasMepHocTH r. [lyete Q—
npoekTop npocTpaHcTBa Y Ha npoctpascTeo Y. lockonbky MHOXKecCTBO
3HaueHU# oToOpaxkeHuss @’ (z) cojepxuTca B Y,, TO (44) nokasbiBaer,
uto A=Q®’ (z). Taxum obpa3oMm, Q oToGpaxaer NpPOCTpaHCTBO R
Ha Yy, a Tak KaK pa3MepHOCTb OOOHX 3THX MpPOCTPAHCTB paBHa r,
To @ B3auMHO ojiHO3HauyHO Ha R. Takum ofpasom,

(45) u3 Ah=0 caeayet, yto @' (z) h=0.
Ecnu teniepp z€V, z+h €V, h€X,, To mosnoxum
(46) A (1) =D (z +1thy) O<tL).

Mockonbky V BRINYKJO, 3TO ONpejie/ieHHe HMeeT CMBICA, a TakK
kak Ah,=0, 0 u3 (45) u (46) caexgyer, 4TO

(47) A @)= (z+th)h,=0 (0<t<]).

Takum o6pasom, A (1)=A (0), Tak uto @ (z+hy)=D(z) u (b)
yCTaHOBJIEHO.

Teopema 0 Da3JOXCHHH

[Mycrp f—orobpaxenue oTKpbiToro MHoxkecTBa E — R™ B npo-
cTpancTBo R™, M NycTh cyLeCcTBYET Takoe peJoe j, 4to e;- f (X)==e;-x
npu Bcex i=j, x€E. Takum oOpasom, X u f(x) HMeOT paBHBIE
{~e KOOpAMHATHl INpH [==j, T. €. oToOpaxenHe [ MOXeT H3MEHATH
TOJIbKO j-10 KOOpAMHATY. Mbl OyleM HaswlBaTb TakHe OTOODaKeHHS
1LPOCHIbIMUL.

9.21. Teopewma. [lycme § ecme €'-omoGpancerue omkpvimoeo
muoxcecmea E < R™ 6 npocmpancmeo R", OCE, 1 (0)=0,a 1" (0)—
o6pamumoe npeobpasosarue. Toeda cyecmsyem makas oKkpecmHocme
Hyasi 6 R™. 8 Komopoid umeem mecmo rpedcmasieHue

F(x) = gn (Bn (gn—1 (- - . (g1 (ByX))).
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30ece kancdoe gr— npocmoe €' -omob paxcerive Hekomopol oxpecm-
nocmu mouku 0, g, (0)==0, a xawncdoe Bj— auretinoe omobpaxcenie
#a R", npuuem aubo moocOecmeenroe, aubo Menswoulee mecmamu
KaKkyw-rubyos o0HYy napy Kvopduram.

HDoxasateabctBo. [Tonoxum f==1,, unyers 1 <m < n. Ipu-
MeM cJaeAyollee HHAYKTHBHOE NpejllooXKeHHe (OUEBHIHO, CIpaBejl-
JuBoe npH m=1): i, orobpaxkaer oKpecTHOCTb Toukx 0 NpocTpaH-
crBa R"™ B npocrpauctso R", f,,—oTobpaxenune Kaacca @', npeobpa-
soBanue A,, =1I;, (0) o6patumo u

(48) erbn(x)=€-x  (1<i<<m).

Honoxum a;;=e;-Ane;. M3 (48) caepyer, uto «;;=0, ecau
i<<m Hu j>m. Ecau 6B, KpoMe TOro, NpPH BCEX j > M BBIIOJIHAJIOCH
PaBEHCTRO ;= 0, TO M3 NpejcTaBieHusi A,e;== ) a;e; CIeJ0BaIo

i

Obl, 4TO 71 ‘-m-—1 HE3aBHCHMBIX BCKTOPOB A€, ..., A€, NIpHHAL-
JaexaT 000/I0UKe 11— m BEKTOPOB €p.y, ..., €,, BOIPeKH TeopeMe 9.2,
Taxkum 0o6pa3zoM, CyLeCTByeT Takoe f, UTO M<{j<{n U dp; =0,
Onpegenum onepatopst P,,, B,.€L(R") paBencrBamu: Pp.e; = e;,
ecaun {s=m, Ppe,=0; B,e, ¢e;, B.e;=e,, B,e -e 111 Bcex
npoukx . ITosoxuM

(49) g (X) =Ppx+ {em P (Bmx)} €e

Tor 1a g, oueBnA0, npoctoe oToGpakenue. [lockoasky (1,,B8,,) (0)=
= AnLB,., TO

(50) g;n (0) h = th o {em : Am,Bmh} (= (h E Rn).

Ecan gy, (0)h=0, To, xak nokxaamsaer (50), P,,h =0, Tax uyro
h==%e,,. Ho, xpome toro, e,-A,B,h-0, 1. e. Aa, ;=0 no omnpe-
geaeanto By, Tlockoasky ay,; =0, Mbl BuiuM, yro A =0, 3HauHur,
h - 0.

Tem camblM JloKa3aHO, 4yTO g, (U) -B3aUMHO O0AHO3HAYHOE OTO-
6paxenne. Ctano ObiTh, OHO O0GpaTHMO, H U3 TeopeMnl 00 006paTHOM
OT0OpaKeHHH CJle1yeT, YTO g, B3aUMHO OJHO3HAYHO B HEKOTOPOH
okpecriioctd U, toukn 0 1 ut0 g5, (Up) = Vi — OTKpEITOR MIOKECTBO
B R". Tlonoxum

(51) fm 1 (y) - fm. (Bmg;% (y)) (y E Vm,)-
Ecan yEViu, Yy =gn(X), XEU,, T0, Kak NoKasbipaeT (19),
(62) e y=¢e, i, (B,Xx), e, y=2¢€:- X (I < my).

Tenepb 13 (48) u oupeaerenuss B,, cileiyer, uTo

€T (y)=e-Bux=e; x=e;y,
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ecau [ << m; u3 (D2), Kpome TOrG, CJAGAYET, UTO
Em - me ()/) =€m- i:m (Bm.x) =€n-" y

Caenosarednto. Iy VAOBACTBOpPSET MNpealoNoHKeHHId HIILYKILHY
c m-+1 BMECTG M, U MOCTPOCHHE MOXKHO [pOj0LKHTL. [lepenucer-
pasg (1) B BiLIE

(53) fm (X) == fmﬂ (gm (Bmx))

npu m==1, ..., n H 3aMeuas, 4YTO f,41 — TOK)ICCTBEHHOE OTOOpamxe-
UHe, Mbl M0Jy4acM

By (x) =15 (g, (Bix)) = T, (g2 (Bogy (BiX)) = . . .,

YTO U COCTABISACT HYKHOE 3aK.JIHDYCHHE.

Onpepeaurtenu
9.22, Omnpepeaeune. Ecam (j,. ..., fa)— YIOPHIOTEHHLI

II'rl()Op Heapix 4yuceda, To IIOJOXKHM

(54) $( - i == 1] sgntia—ja),

n>q
rge sgnx =1, eco x>0, sgnx== —1, ecnu x <0, sgnx=:0, ecan
x==0. Torga s(jy, ..., jo)=1, —1 uau 0 ¥ MeHsgeT 3vaK, ec]H
Kaxkue-HuOYAb /B4 113 YHCEJ [ MCHAIOTCS MECTaMM.

Tyery [A}—watpupa ganefinoroe onepatopa A Ha K" 110 oTlome-
HHIO K CcTaHaapTHoMy Oasucy {ey, ..., €,}; HA IepeceueHuy i-ii CTpoKH
H. j-ro croabua marpunsl |A] ctour uncao a (i, j). Onpedesumenens
MaTpHLbE [A] HaszbIBAETCS YHCIO

(55) det [A]== D15 (jay .oy Ju)a(l, j)a(2, js) ... a(n, j.).

Cymmupopainie B (D5) UDOH3BOAUTCS 10 BCEM  YiOPSiIOYeHULIM

1abopaM uedblXx yucea (fy, ..., fn), TAKHM, 4TO 1<, <la.
Bexrtops!, KoTopble CJayKaT croalnaMy MaTpuil |A|, TAaKGBLL:
n
= 3 . s
(56) X;= 2 ali, leg (1< j<In).
i=1

Yaoone npexcrasaarh cebe  del [A] kak  Pyuxumio  croatnos
matpuitel [A]. Ecau Mpl sanpmem

det (x4, « ..y %) =det [A],
10 Tenepb det— BemtecTpeunass QyHKuHA, OUpejseJeHHad Ha MHOMKe-

CTBE BCeX YHOPSANAOUeHHKIX HaGOpOB, COCTOSIUHUX M3 N BEKTOPOB
npocTpancTba R™.
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9.23. Teopewma. (a) Ecau [—mosdecmeennoui onepamop
#a R™, mo
det[I]=det (ey, ..., &) =1.
(b) det—aunerinas pynkyus no raxcdomy us cmoabyos X;, ecau
ocmaavrble (HUKCUPOBarbL.
(¢) Ecau [A]y noayuaemcs u3 [A] nepecmanogroil dsyx cmoabuos,
mo det [A}, = — det [A].
(d) Ecau mampuya [A] umeermn 0sa pasreix cmoabya, mo det [A]=0.
HDoxasarteabcrBo. Ecomm A=][, 10 a(i, i)=1, a(i, j)=0
OpH =~ j. 3uauurt,
det[I}=s(,2,...,n)=1,
u (@) nokasano. Corsacuo (54), s(ji, ..., j.) =0, ecnu Kakue-HHOY b
aBa u3 uMcesq j paBubl. Kawxjoe un3 n! ocTaslbHBEIX TpPOH3BeaeHH,
yuacTBywUwHX B (55), CONEPKHUT POBHO IO OJHOMY MIICIKHTEIO H3
Kaxjgoro croafna. TeMm caMeiM JokaszaHo (b). YTBepikiende (c)

HeMeJJICHHO CcJleflyeT M3 TOro, uto S(fi, ..., jo) MeHsieT 3HaK, ecau
Kakue-HUGYIb JABa M3 4Hcesa j paBHbl, a (d) ciaeayer H3 (c).

9.24. Teopewma.- [lycms [A] u [Bl—mampuysi onepamopos,
derdicmeyrowux 6 R™. Tozda det([B][A]) = det[B]-det [A].

HOoxkazateancrBe. Ecin Xq, ..., X,— cToabusl MaTpHist [{A4],
TO MOJICKHM

(57) Ap(Xtr +« -, Xn) = Ap [A] = det ([B] [A]).

Cronbusl matpunsl [B][A] —3Te BexkTopsl Bx, ..., Bx,.
TakxnM obpasew,
(58) Ag(Xqy «- oy Xp) =det (Bxy, ..., Bx,).

Corusacuo (58) u Teopeme 9.23, ¢yuruus Ap Takxe ofnaajgaer
cBofictBamMu (9.23) (b), (¢), (d). Cornacuo (b) u (56),

AplAl=Ap(Da(i, 1)en Xa o vy Xa)= 20 (i, 1) Ap (€1 Xey oo, Xn).

i
HOBTOpﬂﬂ 3TY HpOU.eﬂypy C Xoy « ..y Xp, MBI IIOJIYyUaEM
(59) AB [A]:za(ih l)a(iZ’ 2) L a(inv n) AB (eilv “ .0y ein,)v

rie CyMMHpCBaHHE pacnpoCTpaHsieTCss Ha BCe YNOpSALOYeHHBIE HaGOophI
({y .-, in) ¢ 1i, < n. Cornacue (c) u (d),

(60) Ag (i, ooy €in) =1 (i1 .., in)Ap(ey, ..., &),
rae t=1, 0 unu —1,- a TaK Kaxk [B] [I]=[B], To u3 (57) crenyer, urc
(61) Ag(eq, ..., e,)=det[B].
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[Toacrasnss (61) u (60) B (59), MBI nosyuaem

det GBITAD = 1D a (i, 1) ... ¢ (in, n)E{iy, .., in)} det B,
KaKoBbl Ob! nu Onuta Marpuiel [A] 1t [B]. Tlonaras B =1, Mbl BHAHM,
uYT0 CyMMA B (HUyDHBIX ckKoGKax pasua det[A]. Teopema nokazawa.

9.25. Teopewma. Jlunednoui onepamop A na R" oGpamum moz2da
U moavko moeda, koeda det[A]=40.

HoxaszatennctBo. Ecan A obpatiM, TO, Kak [oKasbiBaeT
teopema 9.24,
det [A] det [A7'] = det [AA Y =det [I] =1,
tak 410 det[A] =0 ,
Ecau A se ofpaTtum, TO CToaOUB! X, ..., X, MaTpuun [A] 3asn-

CHMBI (Teopema 9.8) H, CJELOBATENBHO, UMeeicss crToulel,, CKamKeM,
Xp, TaKo#, 4TO

(62) xp-b 2 ex; =0,
iFh

rjae c¢;— nekoropele yucaa. Cormacuo 9.23 (b) # (d), croaben X,
MOXKHO 3aMEHHTL CTONIOLOM X -+ €;X;, HE MEHAA ONPCUEJIHTENS, €CH
j== k. OTciopa caepyer, 4To CTOJGEI, Xy, COXpaHfs 3HAUYEHHe oIpe-
JeJHTeIs, MOXKHO 3aMeHHThL CTOMOLOM, CTOSIUUM ciaeBa B (62), T. e.
ctonbuoMm vyned. Ho martpuua, umetomast 0 ofHHM H3 CBOHX CTOJG-
IOB, HMeeT HyJeBoil ompelesutensn. Ilostomy det[A]=0

9.26. 3amevanune. Ilycte {e;, ..., e} u{u,, ..., u,} —06asuchl
B8 R". Kaxknomy JnHeiiHOMY onepaTopy B R"™ OTBEUAlOT MATPHUH
{A] u [A]y ¢ 37eMeHTaMH @;; B @;; B COOTBETCTBHH C DABEHCTBAMH

e;=Dlae, Au;j= Da;u;.
i . i
Econ u;= Be;= ), bije;, To BekTop Au; pasen BEKTOpY
D ax;Bey = Eh] ary 2, bine; = Z (% bintts;) i,
3 i
4 TAKXKE BEKTOPY
ABe_;: A ; bkjeh = 2 (Z aihbhj) ¢;
Taxum o6pasoM, ) bidy; = by @inbrj, unu
(63) [B] [Aly = [A][B].

Ifockonbky omepatop B obparum, To det[B]==0. KomGiunpya
(63) ¢ Teopemoit 9.24, nonyuaem

(64) det [A]y = det [A].
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[osToMy onpejeauTeab MaTpHilbl JHHEHHOTO OrlepaTopa HE 3aBHCHT
oT 6a3uca, KoTopwiii OLLT HCMOJb30BaH VA HOCTPOSHHSA MAaTPHILBL.
Takum obpasom, umeem cmoica eosopumy o0 onpedeaurmese AuwHel-
HO20 ONepamopa, He umes Npu smom & udy Huxkakoeo Oa3uca.

9.27. dAxoGuanel. Ilycts | otoOpamxaeT OTKpbITOE MHOXKECTBO
E < R" B npoctpauctBo R™. Ecam { quddepenunpyemo B Touke x € E,
TO OMNpeAeUTEe/L JHlciiHoro onepaTopa 1’ (X) HaswiBaerca AK0OUAROM
otobpamenusa I B Touke x. fAkoOuan orobpaxenus f B Touke x obo-
3nayaeTcs cHMBOsioM Jy (X), Tak 4ro

(65) Je(x) = det  (x).
Mu Gynem ucnosbzoBath st Jy (X) Takke oboznayeHue
(66) 9(‘!/11 AL Un)

()(xviv ey xn) i

CCHH (Yo « vy Yn) =T (xg, o0y xy).
Hcnoabsyst noustie sikoGHaua, GCHOBHOE yCJOBHE TeopeMul 00 06-

paTHOH (YHKUHH MOXKHO 3anucaTh tax: Jp(a)s%~=0 (cp. ¢ Teope-
Mol 9.25). Ecan TeopeMmy o© wuesBHOII (DyHKuHEH choOpMYyJHpPOBATH
B TepMHHAX QYHKUHE (35), To ycnoBHe 3TOH TeopeMbl CBOJHTCH
K HepaBeHCTBY

Q.gtvﬂqe 0.

()(xh sery xlé) ’

Hurterpuposanne

9.28. Onpeneacuuc. Hazopem k-KIeTkoi (i k-MepHoil Kaet-
Koi) MuokecTBo [*® < R*, coctosiiiee 13 Touek X = (¥, ..., Xp),
IS KOTOPLIX

(67) a; << x3 <L by (i==1, ..., k).

[ycrs f— HenpephbisHas BelnectBenHast ¢ynxuus Ha [*. Tlonoxum
fe=Ff, n nycts

by,
fkn.i = fk—i (x[. Ve ey X;;_i) = S fh ()C,, o vy Xty x;‘) d,’(‘,h.

a
3

M3 pasuomepHoit nenpepuisHocTH QynkuuH fr ua I* caemyer, uto
fr_i—HenpepuiBHas ¢yHKIWAsS Ha MHOKecTBe [*71, T, e. (B — 1)-Kaerke
B npoctpaHctre R"7I, onpenensieMoil 11epBbIMH k-—1 HepaBeHCTBAMU
3 (67). Tloatomy mbl MOXKeM NpOAOMKHTL npoliecc. B peayuanrare
AN Kawaoro j, 1<{j<{k, MBI 1IOJy4YHM ilelpepLiBiyIO (DYHKIIHIO f;
Ha Kietke I’ (CC R’, npuyeM [;_; €CTb HHTEI'PaJ OT f; OTHOCHTERLHO X
no cerMenty |a;, b;]. Hakoneyu, npouHTerpuposas f;, Mbl HOJy4UM
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wuca0 fo, KOTOPOE HasbiBacTCH Uxmeepaaom Qyukyuu f no k-xaemce I*
i 3alMChiBaeTCst B BUJE

(68) Sf(x)dx win | f.

Ik I'h
Ha nepsril Barasj 310 onpejefenHe HHTErpaJja 3aBHCHT OT IOPSJKa,
B KOTOPOM IIPOM3BOASITCSl &k OJHOKpPATHHIX uHTerpupoBauuil. OnHako
3TO TOJbKO KaMKyllascsl 3aBUCHMOCTb. YrToObl JI0K23aTh 3TO, BBEIEM
BpeMeHHO ofosnavenne L (f) mas udrerpana (68) u L' {J) — aas unre-
rpaga, BO3HHUKAIIICTO B pPe3yabTaTe k HHTETPHPOBAUNM, MPOH3BEIEH-
HBIX B KaKOM-JIMOO MHOM TOpSLKe.

9.29. Teopema. Kakosa 6o nu Oviaa gyuxyus [CE(I*),
umeem L(f)==L"(f).

HokasartenwbcrTBo. Ecau A (X)=hy(xy) ... Ay (x), rlhe
h; €€ (lay, b1y, 10
b

k i
Ly =] ( hi (x;) dxy= L' (h).

e

i== R
1 ;g

Ecan $ — MHOKCCTBO BCCX KOHEYHBIX CyMM TakuX (pyHKuud h,
10 L(g)=1L"(g) npu Bcex g € . Kpome Toro, # — aarcbpa Gpynxuni
na muoxecrse [, K Koropol upuMenuma Teopema Crtona — Beitep-

Iurpaccea.
3

[Moaomum V=]] (bi—a;). Ecan [ €6 (I"), a e >0, To cymecrByeT
L
(x€T7).

byusuua g € . takas, uro ||[f—gll<<e/V, rae |if =max|[f (x}]
Torna |L(f—g)'<<e, |L'(f—g) '<Te, B Tak KaK

L)L ()=L(—g)+L(g—1I)

o |L(f)— L (f). <<2¢. Tem caMpiM Teopema JiokaszaHa.
C 9THM NVHKTOM CBA31HO ynpawHenue 19.

9.30. Onpexeancune. Hocumerem (BCULCCTBCIHOR HJIH  KOM-
NACKCHOH) yuknuy [, onpencacuiioin Ha RF, HaszpBaercs 3aMbIKaHHe
MUOKCCTBA BeeX Todek X € R, B KoTopuix [ (x) =% 0. Ecan f— nenpe-
puiBHas QYHKUHST ¢ KOMDAKTIBIM nHocdTeqaey, a [*— kaxas-uuOynb
k-KJIeTKa, cOJLCPXKAULIA HOCHTCIL (OVHKLME [, TO NOJOKHM

?
-\ 1
h,h Irh

Tak onpegeaennwll HiiTer pas, 04eBAIHO, HE 3aBHCHT OT BbiGOpa 1%,
auuib Oul KaeTka [* cojepKagaa nocHTesNL QYHKHHH f.
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MoxeT nokasartsesl 3aMaHYMBBIM PACIIPOCTPAHHTL 5TOC OfNpeaesen’e
HHTerpaja mno npectpaHcTBY R* Ha dYHKUMH, KOTOphie CJOYKAT 1pe-
AeJaMH (B HEKOTOPOM CMEICJe) HENpephiBHHIX (PYHKHHA C KOMIAKT-
HbIMH HOCHTelsIMH. Mbl He XOTHM o0Cy»XjaaTh YCJOBHs, NPH KOTOPHIX
5TO MOXKHO CJieJlaTh; 3TOT BONPOC YMECTHO pElaTh C [IOMOIIBI0 HHTe-
rpana JleGera. Mbl JIMIUL ONMIIEM OJMH OYEHb TPOCTOH TpuUMeEp,
KOTOphKId OyjeT HCMOJB30BaH TPH joKazaTeJbcTBe TeopeMbl CToKca.

9.31. IIpumep. Ilycts QF ecTb k-cHMIIEKC, COCTOAILMA H3 BCeX

TO49eK X =(xy, ..., Xy) ApocTpaHcTBa R*, Taxmx, uto Xx;+ ...+ x5 <1
H x>0 npu i=1, ...,k Eciu k=3, Hanpumep, 1O QF—>3TO

Tetpasap ¢ Bepudnamu 0, e, e, e;. Ecau [€ % (QF), To NPoAC/TIKIAM
GyHKUMIO [ 10 (YHKIMH, ONpejeNeHHON Ha efMHUYHOM KyGe [*,
nesarasi f(x) =0 Bre Q.

Ecan noayuennasi B pe3y/pTate NpCoAC/IKeHHst (YHKIHA OKaxkeTcs
HenpepelBHCA, TO €CTECTBEHHO IIOJCKHTH

(69) Vi=tn

Qk Ik

npyYeM HHTErpaj CripaBa B 3Toll gopMyJse onpefefsercs B COCTBET-
cTBHM ¢ m. 9.28. :

Onnako B ofweM cJyyae npojosKeHHasi pyHKuus OyneT pasphiB-
ol Ha I*, M mam cnenyer onpedeaums mnpabylo dactb B (69).
Mui cefiyac noxameM, Kak 5TC MOMKHO cjedaTb. KoHeuHO, MBI MOXeM
JAeHCTBOBATL TaK e, Kak B 1. 9.28, W B 3ToM chayuyae BecOXOJHMO
YCTAHOBHTb, 4YTO HHTErpajs He 3aBHCHT OT I[opsAjgKa, B KOTOPOM
BLINIOJIHAIOTCA 2 OJAHOKPATHHIX HHTerpupoBarHi. [lpuBoIHMOEe HHXKE
paccyXJeHHe 3a0JE0 COAEDMHT JOoKasaTeJbCTBC H 5ToTo (akra.

[lonoxuM y = (xy, ..., Xp—y), X=(y, xx). Oupenesnum QyHKuHIO
g:g(x)=F(x) npn x€Q*, g(x)=F(x/f), ecan x,-F ... Fxp=1>1,
H TIOJIOXKHM

AMy)=max (0, | —x;— ... —xpy) (y €IFY).
JleficTBYs B COOTBETCTBHH C onpejesenHem 9.28, mojyuum
1 A(y)
(70) e )= f(v, sdn={ gy, x)dx
0 0

Mockoanky gEe€BG (M), a A€B(I*?), 1o n3 (70) cuaeayer, uTO
fr-q € € (I*1). BraunT, nocseaywuMe HHTErPHPOBaHHs HE COCTABAAIOT
npobyeMel.

Ecm 0<<e<<1, To nonoxum ¢(f)=1 npu t<<l—e, @(f)=
= (1—t)/e na cermedte [l—e, 1], ¢ ({)=0 npu {>1, u nycTb

F(X)=0 (g4 ... +xp) f(x) (x €1%).
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Torpa | Fay (Y)—fr-1 (¥) | <& || f|l npr Bcex y¢€[*?, tak uto
(71) |\ F=p | <elly.

1k

OTMeTHM, uTO HepaBedcTBC (71) crpaBeisJIHBO BHE 3aBHCHMCCTH
OT nopsiiKa, B KOTCPOM [POH3BOJAATCH R 0JHOKpaTHBIX HHTeTpHpOBa-

Huil; BEUay Toro uto F € € (I"), ua unTerpane g F He ckasmiBaetcs
HHKakoe H3MeHeHHe 3Toro Topsaka; {71) nokaseBaer, 4To TO Ke
BEPHO H B OTHOLIEHHH g f.

Hama cjeaywu@as TeopeMa IOoKasblBaeT, Kak lIEﬁCTByeT Ha HHTe-
Fpan 3aMeHa MNepeMEHHDLIX. ﬂ-ﬂﬂ [IPOCTOThHI MLI OrpaHHYHMMCH Helpe-
PBIBHEIMH (byHKIlHﬂMPI C KOMITAKTHBIM HOCHTEJ/IEM.

9.32. Teopema. [Tycme T — 83aumno 00ro3HaUHOE G -0mobpadce-
Hue omxpumozo mroxwcecmsa E < R* @ npocmpancmso R, makoe,
umo Jr(x) == 0 npu scex x € E. Ecau f—mnenpepoienan gpynxyus na R*
C KOMNAKMHOIM Hocumeaem, codeprxcawumca ¢ T (E), mo

(72) { Fwrdy={ £ 0)1J2 (0 dx.

..

Rr? R

Hanomnum, uto Jy—sikebuan otofpaxenus T. Tak kak Jy(x) =40,
To no reopeMe oG oOpaTHOH (GyHKUHH oToGpaxkenne 7! HenmpepeIBHO
Ha MuoxecTBe T (FE), H TeM caMLIM TOJMHTerpaibHas QYHKUHSA
B mnpasoil yacTu paBenctsa (72) HMeeT KOMNAKTHBIA HOCHTENb, COAEp-
>kalyficas B E (Teopema 4.14).

ITosicaum nosBaenue abcoatomuol seaunutiol AKobHana Jp (x) B (72).
[Tycts k=1.IIpeanoncxkum, uto T—B3anNMHO ofHO3HauHOe B'-oTOGpa-
xenue npoctpanctsa R na R. Toraa Jp(x) =T'(x). Eciu T so3pacma-
em, Te, coraacHo tecpeMaM 6.33 n6.17, kakesa Ol HH GrlJIa HENMpPepHIB-
Hasg GYHKIHA [ ¢ KOMIIAKTHBLIM HOCHTEJIEM,

(73) {Fody={ 1@ @)1 (s

R R1

(3necv moxuo ofofiTHch M Teopemod 6.16, tak kak dyHrRuUMA T’
nenpepoiBia.) Ho ecou T ybuipaer, To 7' (x) << 0, n ecau GyHKuus f
NONCKHTENbHA Ha BHYTPEHHOCTH CBOErOo HOCHTeJst, TO NpaBas 4acTh
paserctBa (73) oTpHUATenbHA, a Jiepas NoJoxHTesdbHa. Beproe
paBeHCTBO Nosyyutcs, ecau T’ 3amenuts B (73) na |T'

3aMeTHM, uYTO MHTErpasibl, KOTOpble MEl cefiuac paccMaTpHBaeM, —
5TO HMHTerpassl OT (YHKIHMH MO MOAMHOXKECTBaM NpocTpanctBa RF,
H C 3TUMH MOJMHOXKECTBAMH MBIl HE CBfI3bIBAeM HHKAKOH OpdeHTaiH{
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Ta. 8. Pynxyuu nHeckosskux nepesenusly

Wi HallpaBJeHud. Mp1 Bcranem wa APYrvio TOUYKY 3pEHHA, Korja

GyZeM 3aHMMATHC HMHTErpMpoBaHHEM AupdepeHnHaIsHBIX  GopM
N0 HOBEPXHOCTAM.

HoxasateanctBo. M3 Tomwke uTc clelaHHLIX  3aMeyanuil
caeayet, yro (72) cnpaBepsuso, eciu T — mpocToe € -oToOpaKenmne
(em. Teopemy 9.21), a Teopema 9.29 nokasmiBaer, uto (72) BepHO
¥ B TOM cJayuae, Korga T —auHeliHoe mnpeoGpasosantie, MeHswillee
MECTAMH ABC KOOPIMHATHL.

Ec.i Teopema Bepra ang orobpaxkenuii P, Q u ecan S (x) =P (Q (x)),

{T@dz=§ 1) ry) dy=
= (1P @ e @ () 11g (0] dx =
~ L 1S )| Js (0 1ax,

rax Kax

Ip(Q (X)) Jo (x) =det P" (Q(x)) det Q" (x) =
=det P' (Q (x)) Q' (x) =det S’ (x) = Jg (x),

COraacHe TeopeMe 00 YMHOKeHHH onpededdreded ¥ npaBuay And-
thepeHuHpoBannsa caoXHoH ynknuu. TaxuMm obpason, TeopeMa Bepla
a aasa S.

Kaxknad Touka a€ k' umeer okpectHocTs U, B xotopoft

T (x)=T(a)-\- gu (Bign-1 (. . . g1 (B, (x —a)))),

rae g;, Bi reixc, uro B teopenme 9.21. Iloaaras V =T ({), nonyuaen,
uto (72) cHpaBel/uBO, ecaH Hocutedb OyHKunH f cozepxurcs B V.
Uraxk:

Kasncoan mouxa muomcecmsa T (E) umeem oxpecmruocme V, maxywo,
ymo (72) cnpasediuco 04a a6od HenpepbisHol QyHkyul | ¢ Hocume-
aen, codeprcanjuscs e V.

Teneps nycts f—nenpepoisgasg @yitkiiMg ¢ KOMNAKTHBIM HOCHTE-
aem K, copepxamumest 8 T (£). Kamaaa Touka y € K CIyXKHUT LEHTPOM
HEKOTOPOTO  OTKPBITOrO  11apa V(y) paamyca r(y). TaKoro, urto (72)
BHIOJHAETCT ISt KaXKAOH HelpepblBHON (YHKLUH € HOCHTEJEM,
gexkawum B V (y). [lockoabky mMHOXKCCTBO K KOMOAKTHO, CYIECTBYIOT
TOUKH Yy, ..., ¥p, HpHHaLIeKamue K H Takue, uT0o OOBEjAHHENHE

|
OTKPHITHIX 11apoB W; ¢ LEeHTPOM B y; M PALHYCA -1 (y:) nokpuiBaeT K.

Myers B: (1<<ip)— (pyHKuxm nenpepeiBHag Ha R, ¢ HocHTe-
aem 8V (yi), Taxaﬂ, uto P; (y)==1 na W’i. Tlosowuat a; =f; u

l”—ﬁi) (IF“B ﬁ]‘l p]‘



=]
e
<<

Humeepupoeare

ecan 2« f<p. Jlerko npoeeputh, uTO
Uy == L= (1 =PB) (T—Bo) ... (1 —Pp).

B kampol touke muomectBa K o6pamiactes B Hysb X0Td Gl OJHH

o \
H3 COMHORMTENEll MOC/IeHero MPoM3BeAe s, Tak 4To 2 oy (y) =1,
cca y € K. Hocurtean HenpepniBuolt dyuxuur o;f nexut 8 V (y;),

Tak 470 (72) BHNOMHSETCS NpH KaxjoM o;f. Va3 pasencTsa f:Eajf
cJjenyet, uto (72) cnpaBeiJuBo u s f.

9.33. Onpepnenenue. llycty [—BemecrsenHan (QYyHKIHA,
OnpeleJieHHAsT HA OTKPHITOM MHOXecTBe E < R", ¢ 9acTHHIMH IPOH3-
BoAuBIME Dyf, ..., Duf (em. m. 9.13). Ecar ¢yuxunu D;f camu gnd-
{pepeHIUPYEMBI, TO 4aCnHble NPOUSSUONOIE 8TOPO20 NOPAOKA PyHRYUY |
onpeze/IfTC PaBeHCcTBOM

Dyf=DD;f (i, j=1, ..., n).

Ecau sce 3tu ¢yHknun D;;f HempepelBHEl HA £, TO rOBOpSIT, YTO
f—dyukuya raacca € na E wan uto [ €€ (L),

ToBopsit, uto orToGpamenune f MuOmcecTBa F B mpoctpancteo RF
upuHan/exur kjaaccy €” Ha E, ecnnm Kamjasl ero KOMIIOHeHTa TIpH-
HAVIEKHT KJaaccy 6.

M5 npocToThl (M He yMaJdss o6uHOCTH) MBl cOPMYyJIHPYEM HaLIy
CACAYIOMVIO Teopemy A1 PYyHKUHHA ABYX NepeMeHubiX.

9.34. Teopema. Lcau Dpf u Dyf nenpepegnsr na omepoimos
mruonceemse E < R, mo Diof == Dyf 6 E.

HoxasateanctBo. Jdonycrus, uto Diof (x) > Deyf (x) B Kakoii-
H10VAb TOuKe X MuoxkecTsa E. M3 npeanonoxenHoll HeNnpepuHBHOCTH
caAejyeT, uTO TOrja CyIIecTByeT MNpAMOYTOJLHHK R, cojepxka-
muiica B E, onpeaessicMblii  HepaBeHCTBaMH a<<x<{b, a<ly<p
1w raxofl, uto (Dyof) (%, y) > (Duf) (x, y) npu Bcex (x, y) € R. 3nauur,

(74) \ Duf = { L.
K It
Ho
; g0
\ Do =\ dy \ Dy (Dif) (5, ) dx =
R a a
8
=\ 1D (b0, )= (D)) (@, y)1 dy =
= [0 B)—F (@, B—F (b @)+ (a, @)
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10 OCHCBHOH TeopeMe HHTerpaJbHOrC HCYMCJCHHs, a no teopeme 9.29

TOT € pe3yJbTaT NOJYYHTCA H  1ad gDzjf, YTO {IPOTHBOPEUUT

R
HepaBeHCTBY (74).

Audidepeinnansheie opmol

B sTom pasgzesne GyjneT yacTH4HO paspaloTaH ammnapar, HeOGXOiH-
MbIH a7 Teopemsl CTokca.

Ilo cHx mop Mbl paccMaTpUBanHt NPoU3BOAHBIE PYHKUHA HECKOIBKUX
NEepPeMEeHHBIX TOJbKO ANs (PYHKuHH, oONpelesyeHHBIX HA OTKPBHITBIX
MHOKECTBaX. IJTO GBLIO BBI3BAHO CCOOpaKeHHsIMH YA06CTBA M MO3BO-
MU0 HaM u3bexaTb TPYAHOCTEH, KOTOPbIE MOr'YT BCTPETHTbCA IpH
paccMOTpeHHH rpaHHuHbiX TodeK. OQHAKO Teneph HaM GyIeT yjao0HO
paccmaTpuBath au(pepeHuHpyeMble (PYHKUHH HA KOMNAQKMHOLIX MHO-
®ecTeax. [losToMy MBI npAMeM cJaepyioinee corsaimenue. Tosops,
uto f ectp @’-crobpaxenre (WaH G"-oTobparkeHHe) KOMIAKTHOIO
muoxectBa D C” R* B npectpasgctso R™, Mbl OyjeM HMeTb B BHAY,
YTO cyulecTByeT 6'-otobpaxenne (man G'-orobpakenue) g HEKOTO-
poro oTkpeiToro muoxectsa W < R* B npocrpaictBo R”, Takoe, uto
DcW u g(x)=1(x) npn Bcex x¢D.

9.35. Onpenenenune. Ilycte E-—o0TKpBITOE MHOXKECTBO B R%,
%’ -oto6pakenne (D HEKOTOPOro KOMIAKTHOTO MHoxectBa D < R*
B MHO2xKecTBO E Mbl GyJleM 1iasblBaTL R-N06epXHOCMbIO 6 mHoMcecmeae E.

MuoxecTBe D HasblBaeTCst MHONCECMBOM NAPAMEMPOS TOBEPX-
HoctH . Toukn MHoxecTBa D Mol Oyjgem ofo3Hauath yepes U, Tax
arte u = (Uy, ..., Us).

Mpl 6ymeM uMeTL €0 TOJNBLKO ¢ TNpocTeHluell cuTyaumed, Korja
D—um k-xnetxka, win k-cimnaexkc QF, omicannbii B npumepe 9.31.
IIprunna storo B ToM, 4TO HaM NpPeACTOHT HMHTETpHpOBaTh mo D,
2 MBI e[le He PasBHJH TEOPHH HHTErpHpOBaHHs N0 GoJjiee CJOXKHBIM
MoAMHOXKecTBaM npoctpancTBa RF. Mbl yBHAHM, YTO 5TO OrpaHHye-
HHe. HajoKeHHoe Ha D (Mbl 6yneMm erc B janbHeHlleM, He OrOBapH-
Basi, [peanoJaraTh BLHIIOJHEHHBIM) He BJIeYeT CYIECTBEHHOH NOTepH
OOHIHOCTH B Teopud auddepeHiHaibabix GopM.

Cpasunenne c¢ cnpepejiesdeM 6.34 mnokaseiBaet, uto l-nesepx-
HOCTb —3TC He 4TO HHOe, Kak HenpephBHO aHpdepeHLHpyemas
KpHBasi.

9.36. Onpenesenune. Ilycte E—OTKpBITOE MHOMECTBO B PO~
ctpancrBe R™ Jugpepenyuarsnod ¢opmoi nopsdka k>1, onpe-
Oeaennod ¢ E (Wi, Kpatko, k-¢popmoii ¢ E) HasbBaeTcs dyHKIUUA ©
Ha MHOXECTBE k-TIOBEPXHOCTCH, CHMBOJIMYECKH 3alMChIBaEMasl B BH/JIE

(75) o=Nai . ., (0dx N\ ... N\ dxg,
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(MBAeKCH iy, ..., [ HE3aBHCHMO INPOGErarwT MHOMKECTBO 1, ..., n)
H comocTapjsiomas Kakio# k-nosepxuoctH @ B MHoxecTBe E yHciI0

@ (D) = Rm B COOTBETCTBHM C TIPABHJIOM
o©
(X v oeer ;)

1 ‘l.1 lh

(76) {o={ D ai,..i, @) 5pt——7 = du,
@ D
rae D—wmHAoKecTBo napaMeTpeB NOBepPXHOCTH D.
OysKrUMH @i,...1, TPEANOIAraioTCs BEUECTBEHHBIMI H HEMpephB-

uovu 3 E. Ecan @y, ..., ¢n — KOMIOHEHTH oToOpaxkenus @, To sAKo-
6uan B (76) —3T0 siKoOHaH OTOOpaXKEHHs
(g« ooy tn) —> (s, (1), - .., @i, (1))

3ameTHM, uTO npaBas uyacTb paBeHCTBA (76) —HMHTErpajs No MHO-
xectBy D, omucannbiii B nm. 9.28 (nam 9.31), u 4ro (76) — onpede-

AeHUe CHMBOJA g @.

)
TeBopsiT, uTo k-popMa o NPUHALJIEKHT KJjaccy €' uan €, ecu
$ynkuuH @iy, .5, B (75) TUPHHALMEKHT Knaccy € um 6.
0-gopMoit HAa3LIBAIOT (YHKIMIO, HENPePLIBHYIO Ha MHOXKecTBe £
Dopmbl
(77) dxi, N ... N\dxi,
HasbiBalOT 6asucHemu k-popMamu. HTo6Ll ynpocTHTh 0603HAUEHHUS,
MBl 4acTe OygeM ynoTpeGJsTh CcHMBOJ B* TOJABKO ais GasHCHEIX
k-popm. Kaxpas k-GopMma okasbiBaeTCsi Torpa CyMMoH k-gopm [p*,
rae f ects O-popma.
B kauecTRe npocToro npuMepa paccMoTpuM l-noBepxHocTb v B R?
(T. e. KpuByio knacca €') ¢ MHoxecTBem napametpes [0, 1]. Ecau
® = xXyd Xy + X, dxs, TC

1
(o= {v@vio+v v @1d = v, 1) v ()= v (©) v (0).
1% 0
Ecan y—3aMxkHyTas KpHBas, TO g o=0.

Y
9.37. DneMenTapHbe cBoficTBa k-popMm. [lycts 0, 0, @,
cyTs k-popmpt B E. Mpl 6yjgeM nHcaTh o, = ®; Torga H TOJBKO
Torja, Korga oy (P)=w,(P), KakoBa 6u HH Obl1a k-noBepxHocTb D
B MHOKecTBe £; B uacTHocTH, o =0 osHauaer, uro @ (®)=0 aus
BceX k-moBepxHocTed @ B MuoxecTBe E. Ecim ¢— BemecTBeHHOE
4HCJIO, TO C® ecThb k-popMa, onpelesieHHAs DaBeHCTBOM

(co=co

[§3] e}
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B uyacrtHocTH, — @ ompejeJssieTcs Tak, 4TO
(78) | (o =1
@ @
H 0 = w; 4 wy; 03HAUAET, UTO
fed
S W= K oy + \ Wy

48] @ <D

Jas Bcex k-nopepxHocTel @ B MHoXecTBe E.

Corsacae (78) u (76), u3 TOro, 4TC OnpejeNHTe]L MeHseT 3Hak
NpH [EepecTaHOBKE [BYX ero CcTosabloB, CAENYeT, YTO BHIIOJIHSIETCH
AHMUKOMMYMAMUEHbIL 3AKOH

(79) dx; /\ dx_;:—"(dxi /\ dxi) (l-,]———l, ...,ﬂ).
[Hoanarast B (79) =7, noayuaem
(80) de; Ndx; =0 (i=1, ..., n).
CnejloBaTenbilo, Kaxnas k-bopma oT n nepeMeHHbIX — HyJeBad,

ecnau k> n.

9.38. YmMuoxenune. Ilyets @ ects k-hopma (75), a A ecTb
m-opma

1 =Ny , . .
(81) =20 5, () dxs N Lo N dx
B £, rae ji, ..., j;m HE3aBHCHMO NpoleraioT MHOXKECTBO Ie/bIX YHCel

or | po n. [Tpoussedenue 3tux opM, oGo3HataeMoe CHMBOIOM @ /\ A,
eCTh, NC ONipejenenn, (k4 m)-dopma

(82) (l)/\ ;»ZECZfi_._ih(X) bji..,,-m(x)dxii/\
s Ndxs, Adxgg N\ Ndxg
B cymme (82) HHAEKCH fy, ..., {ay f1s «- .y jm HIMEHSIOTCS HC3a-

BHCHMO oT 1 jJ0 n.

OupejesenHoe TAK YMHOXeHHe, OUeBHAHO, ACCOLHATUBHO H AHCTPY-
Gy THBHO NC CTHCUIEHHUIO K CJI0MKEHHIO, ONpejcJetinoMy B pasiene 9.37.
3aMeTHM, UTO panee BBeJelHoe ofo3HaueHue

d)Ci1 /\ e /\ dxih

COrjiacyeTcf ¢ HalHM TeNepellHHM oflpeleseHdHeM  YMHOMXEHHs.

9.39. Iugpdepenunpopanue. Mb onpejgennM tenepp ole-
patop nudpepernuupoBanust d, KOTOpPbI KaxJoh k-opme KJacca 6’
B MHOXecTBe E craBHT B coorBerTcTBHe (k -+ 1)-dopmy B E.
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0-popma kKiacca €” B E-—3T0 npocro BemeciBenHas (yHKIUHA
f €€ (E), n MH rionaraem, 1Q onpe,menenmo,

(83) df = 3 (Dif) (x) dxe

nM~

Feaw = [p*, rae ﬁk"6aSHCHaH k-dopma, To ee npoussodrou do
waspBaetcs (& --1)-popma

(84) do = (df) \ B*

rje df —T1o ke, uro B (83), a npousBejeclHe IOHUMAETCA B CMBLICJAE
n. 9.38. Oneparop d pacrnpocTpansieTcss na CyMMul wieiop [R* (7. e.
Ha Bce R-PopMbl ®) TO ANJMTHBHOCTH.

Hacte ¢opMy dw Ha3BIBAOT eHewrer HPOU3B00HON DOPMBL @,
a4 @ /\ A HaspIBAOT BHewHuM npoussederuem HopM w u A, B coor-
BETCTBHH ¢ 3THM (opMasbHOe HCYHCJEHHe, I10CTPOSHHEM KOTOPOro

Ml ceflyac 3aldMaeMcfl, HAa3BIBAIOT GHEWHUM Oupeperyuaryrbin
ucuucAeHUeM.

9.40. Tecopema. (a) Ecau o u A cyme k- u m ¢opmer (coom-
semcmeenio) raacca €' 6 E, mo
(85) d(o A\ 1) =(do) A\ A4 (—1D"e A dr

(b) Ecau o—dopma xaacca €" 8 E. mo d*e =0 g E. 3pecs d*w
obosntavaet, pasymveercsi, dopmy d (dw).

Hoxasarteavcreo. Has pokasatensCTBa paperictBa  (85)
JIOCTATOYNO paccMOTpeTb dYacTHhell caysafl o= ff*, A= gp™, r1e
[, g€€ (E), a p*, Pp" — Gasucuwte dopmel. Teraa

o A h==[gB" N\ B,
TaK 4To
(86) d(o A 2)=d(fg) NB" A B™
Coraacro (83),
(87) d(fg)=gdf-+[dg.
CooTOlIeEHe aHTKKOMMYTATHBHOCTH (79) NOKaselBaeT, UTO
(88) (dg) \B*=(—1)"B" N\ dg.

Coraacnio (88), noacrasasis (87) B (86), moayuaem (85). Ecau |
ectb 0O-dopma kaacca €7, To

de:d(j (Dyf) (x) dx;) = S‘da) 1) Ads;~

J==

= X (Dyf) (x) dx; A\ dx;.
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Beuny toro uto Di;f=D;f wu dx;\dx;= —dx;\dx;, Mbl BHIHM,
yto d2f =0. Ecam o= [B", T0O dm:(df)/\[ﬂ" a tTak kak d(f*)=0,
To u3 (85) caenyert, 4TC d o = ()\B* =

9.41. Onpeﬂeneﬂne. ITycte E—OTKprToe MHO¥KeCTBO B [po-
crparctBe R®, T ecThb ©6’'-oroOpaxenne Muoxectsa £ Ha OTKpbITOE
MIOKECTBO VCR'“, a o ects k-popma B V:

mz?—lai,...ih Y)dyi N\ - .. \Ndyi,

Torna T npeobpasyer ¢opmy o B k-popMmy er B E, 3amannywo
chaenyouuM obpasoM:

op= 2\ i, X)) dti A ... Ndtiy,
rae fty, ..., tmeOMHOHeHTm omépameum T; IpyruMH cCJIOBaMu,
ecau (Yyy «-v» Yu)=T (X), TO y;=1;(X) U B COOTBETCTBUH C (83]

n

dt; = Z (D;t;) (x) dx;.

]:-

Hawa chegyiomas TeopeMa MOKa3bBaeT, YTC ONEPALHH CJIOKEHHS,
yMHOXKeHHa H JuddepeHuuponanus $opM onpejeseHbl TaK, YTO OHH
HHBAPHAHTHBl OTHOCHTEJBHC 3aMEHBI IepeMeHHbIX.

9.42. Teopema. [lycmv E u T—rme owe, umo 6 onpedeae-
Huu 9.41. Ilycme © u A cyme k- u m-popmor (coomsemcmaenro) 8 V.
Toeda .

(a) (w4 Ap=wpr+ Ay, ecan k=m;

(b) (@AM =wr\hr;

(¢) d(wr)=(do)r,

ecau w—kKaacca B, a T —xaacca €.

HokazaTenbcTBo. (a) H (b) BLITEKAOT HENOCPEACTBEHHO
u3 onpenenennii. Ecan [ ects O-opma kaacca € B V, 70

fr(x)=F(T(x)), df=2(Dif)(y)dy.

W3 npasuna auddepennrpoanns cregyer, uTo

d (fr) = ; (Difr) (x)dx; = ]Z ; (Dif) (T (%)) (D;t:) (x) dx; =
= 2 (Dif) (T (x)) dt,.

Taxknm obpazom,
d(fr) = (df)r.
Honyctam Teneps, ato =", rre B*=dyi A ... \dy,. Torﬂa
(B")r=dt: A\ ... \dti, m u3 Teopemer 9.40 cuenyer, 4TO d((ﬁ’*)T) =
(3TO eIHHCTBEHHOE MECTO, Tje Mbl HCIIOJIb3yeM MPETIONOKEHHE O TOM,
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yto T € €"). Tlockoapky
or = fr (B*)r,

To (85) u (b) moKasLBAIOT Tenepb, YTO

d (or) =d (F) AB") e = (d)r AB")r = (A AB")r =
= (do)y.

Tem cambiM JokaszaHe H (C).
Tenepb MBI nepexofuM K /PYroMy Bax<HOMY CBOHCTBY npeoépaao-
BaHHH JHddepeHnHanbHbiX GopM.

9.43. Tecopema. Ilycme T ecrnv €'-omobpascerue omMKpuimoezo
mromcecnea E — R™ & omkpuimoe mroocecmeo V- R™, S ecrmo
6’-omobpascerie mroxcecmea Vo8 omxpeimoe muoxcecrneo W < R,
a w ssagemca k-gpopmod ¢ W, max umo wg ecrmv k-gpopma e V,
u obe opmo (ws)r u wgr cyme k-gpopmet @ E, 20e ST onpedeasiernca
pasercmgom (ST) (x) =S (T (x)).

Toeda
(89) ((l)s)T = Wgr.

HoxazatenbctBo. Ecan @ B A—dopmer B W, T0, Kak TioKa-
3biBaeT Tecpema 9.42,

(@ AX)s)r = (s A ds)r = (0s)r A (As)r

(@ A M)st= 0z \ Asr-

Takum obpasoM, ecan (89) BbimoJiHseTCA AJS @ H Aa4 A, Te (89)
BoimosHsieTest d gast o A A, [lockonbky kaxayio ¢opMy MoxkKHO
noctpoutb H3 O-bopm u 1-(popM ¢ nomompio onepamuil cJoKeHHs
H YMHOMXKEHHs H NOCKOJBKY (89) BHINOMHAETCHA TPUBHAMBLHBIM 06pascm
nns O-gopM, TO jocTaTodHo JAoKasaTh (89) B ToM cayvae, korja
w=dz,, g=1, ..., p. (Mbl ob6czHavaeM ToukH MHOmecTB E, V, W
yepe3 X, y, Z COOTBETCTBEHHO.)

[lycte ¢y, ..., {m—KOMNOHeHTH OTOOpaxenusa T, Sy, ..., Sp—
KOMNOHEHTH oTobGpaxkeHns S, a ry, ..., fp— KOMINOHEHTH 0TOGpaKe-
uus ST. Ecan o =dzy, 1O

ws=dsq= 21 (Djsq) dy;,
Tak 4To 110 TipaBuay AuddeperirpoBanns (cM. npumep 9.14)
(ws)r =25 (Djsq) (T (x)) dt; =
= 2 (Dssa) (T (%) 2 (Dst)) (%) dxi =

=2 (Dirg) (x) dx; =dry = ws.
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9.44, Tcopema. Hycmo ® ecmy k-ghopmu 6 omxpoinosm MHO-
ocecmee E < R", ® ecme k-nosepxnocme 6 E ¢ mroxecmsom napa-

mempos D= R*, a A ecme k-nosepxuocme 6 R* ¢ mnoncecmeon
napamempos D, onpedesennasn mak: A(u)=u(u€D). Toeda

Il

\ M= Y O

vl

D A

HokasateascrTno. Hawv jocTaToyno paccMOTPETb TOJLKO
cay4ai

; B N
w=a(x)dx /\... \dxi,
Eciu @i, «.., @p——KOMIOHEUTH oTOOpaXKeHHs @, TO
wg =a (D (u) dei N ... Ndgs,.
Teopema Oyner jokasara, €CJAH Mbl YCTalIOBHUM, YTO

(90) dei Ao Adgy, =J (W) dug A\ .. N\dug,
rue
-3(xii, R ka)
T = i

nocKosibky H3 (90) caenyer, uyrto

o= o) wdu=

<D D
— K a ( () ] (@) diy ;... Adu = | o,
A A

Iycrs [A]—wmatprua w3 £ cTpok ¥ k ¢T0a0HOB ¢ 371eMeHTaMi

@ (p, 9)=(Dypi ) () (p, g=1, ..., k).
Torna

TaK 4To
dei N\ ... /\d(p,-k=2 a(l, ) ...alk, gr)dug N ... Ndug,.

B nocaepHct cymMme ¢y, ..., §p H3MENSIOTCS HC3aBHCHMO OT 1
1o k. Vi3 3axona asTMkoMMyTaTtHBHOCTH (79) caeryer, uto
dug /\ ... Nditg, =5(qy, ... guydugA ... ANduy,

rAe 5-—7T0 Ke, 910 B onpeaenachun 9.22. [Ipmveusss »1o onpeje.e-
HHe, Mbl BHAHM, 4TO

dei, N\ - .. Ndey, =det[Alduy /\ ... Adu,
a Tak Kak J(u)=det[A], To (90) noxaszano.
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KOM6HHHPYH ABe InocJieHHE TEOpEMbI, NOJy4YaeM 3aKJHUYUTe b=
HBbIH pe3ysnbTaT 2TOro pasjieda.

9.45. Teopema. Ilyemo T ecmp B’-omobpascenue OmKpuimozo
muoscecmea E  R™ ¢ omkpoimoe muoxecneo V< R™, @ ecms
k-nosepxrnocme ¢ E, a o ecms k-¢gpopma e V. Toeda

g W= S 7.
TO ;3
JNokaszateabcTso. [lycts D — MHOXKECTBC apaMeTpPoB MoBepx-

HoctH @ (M Tem cameiv mnosepxHoctH T®). Onpepenum A, Kak
B TeopeMe 9.44. Ilpumenss 3Ty TeopeMy K or H ®, nonyuaem

. S Or = S (@r)o.
@ A
[IpumMensia sToT pesyibTaT K © H Kk T®, noayuaem

‘ W= S OT®.
T a
Heo (or)p =wreo no Teopeme 9.43. Teopema pokasaHa.

Cumniekchl H e

9.46. Onpenenenuns. Ilpn k=1, 2, 3, ... MH olpejrenseM
cmandapmubili cumniexc Q xak MuexkectBo Beex u € R* Buga

R k
u= > a;¢;, (a;>0 npn i=1, ...,ku}]aigl),
i=t 1

rae {e;, ..., €,}—cTanuapTHuil GasHc mpecTpaHcTBa R
Ecma po, pr» -.-, Po—TOUKH mpocTpanctBa R" U A-—juneiinoe
oTo6pakende mpoctpaHcTBa R B mpocTpanctso R, ompenesemoe

pasexcTBamu Ae; =p;—p, (i=1, ..., k), TO opuermuposanroim npa-
MOAUHELHOIM R-CUMNAEKCOM

(91) 0 =[Pos P1r -~y Prl

HA3KIBAeTCsl A-TIOBEPXHOCTL B R™ ¢ MHOXKeCTBOM mapamerpos Q,
3ajaHHasl PaBeHCTBOM

(92) o(u)=po+Au (uEQH).

3ametum, uto 0 (0) =py, O(e;)=p; npu i=1, ..., k.

Mul HasLIBaeM CHMILIEKC O OpUEHMIPOBAHHbIM, YTOGH NIOJYEPKHY Th,
YTO NOPSJOK BEpPIUUH Pg, ..., Pp CICAyeT YYUTHIBATH. Eciad

G=[Pigs «-+s Pir);
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rae {iy, i, ..., ix}—nepecranoBka muoxkectsa {0, 1, ..., k}, To
MBI OyieM mHcaTh

G=5(ig, i1y ++vy ix)0,

rae s-—dyHKiHs, onpenejendass B n. 9.22. Takum ofpasoM, 0= *+ o
B 3aBHCHMOCTH OT TOre, Kakce H3 JBYX paBeHCTB § =1 WJH s= —1
Boinmoausiercs. Crporo roeopsa, cuutad (91) n (92) onpepenennem
CHMIJIEKCAa O, MBI HMeeM IIpaBo NIHcaTh O =0 TOJBKO B TOM CJyuae,
korga ig=0, ..., ix==Fk, Xota OB S(iy, ..., {x) ¥ paBHsACCH I,
TaK 4Te, CTpOre TroBopsi, 3JeCb Mbl HMeeM JeJl0 HE C PaBEHCTBOM,
a C oTHoluleHyeM 3KBHBaJeHTHOCTH. OpHAKO A/ HALMX HeneH Takoe
o0603Hayedye OlpaBJafHe, KakK NOKaspiBaeT TeopeMa 9.47.

Ecimn 0=¢0 (MBI clelyeM TOJLKO YTO NPHHSTOMY COTJIALIEHHI))
U eciH €=1, TO TOBOPAT, YTO 0 H O HMEKT O00UHAKO8YO OpueHma-
yuto; eciu €= —1, TO TOBOPSAT, YTO O H G HMEIOT NPOMUEON0.100(~
Hole opuermayuu. 3aMeTHM, UYTO MHl He OIpelesiseM, YTO Takoe
«OpHeHTauuA cuMiiiekcays. To, YTO Mbl ONpefeHJIH—3TC OTHOLLIeHHe
MeXjly napami CHMIIJIEKCOB, HMEIOMX OZHO U TO XK€ MHOXKeCTBC
BepILHH, T. €. CBOHCTBO JBYX TaKHX CHMILIEKCOB MMeTb OJHHAKOBYIO

OpHEHTALHIO.
Hdo cux mnop Mbl mnpexpnosarand, 4to k> 1. Opuenmuposarroim

0-cumn.iexkcosm HA3LIBAETCSl TOYUKA, KOTOPOH NPUIHCAH HEKOTOPHIH 3HAK.
Mul nuieM o= +poy HIH 0= —p,. Ectn 0=¢py (= £ 1) u econ |
ectb O-dopma (T. e. BemecTBeHHas OQYHKIHS), TO Mbpl IloJaraem,
N0 cnpejenesnio,

\ F=ef (o).

o}

9.47. Teopema. Ecau 0—O0pueHmuposQrHsiti npamMoauHelinwi
k-cumnaekc 6 omkpetmom muoocecmse E < R™ u ecau o=¢eo, mo

(93) Sm: Sm

o o}

Oan atoboi k-gpopmor 6 E.

NokasatedasncTtBo. Ecau k=0, 1o (93) caenyer u3 npeppl-
ayinerc onpepenenusi, Mrak, GypeMm cyHTaTh, 4TO K> 1 H 4TO 0O—
cummiexc (91).

[Iycte 1 <<j<k, U NycTh C© mOJy4YaeTCfi H3 ¢ NepecTaHOBKOH
BepUIMH P, ¥ p;. Toraa e=—1 H

o(u)=p;+Bu (ueQY,
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rae B—nuneiinoe otoGpaxende npoctpanctsa R* B POCTPAHCTBO R™,
onpefneJieHHOe paBeHcTBaMH Be;=p,—p;, Be;=p;—p;, €clu [+ j.
OGosnavas Ae;=x; (1<i<k), rne A sagano paBenctBamH (92),
Mbl BHAHM, YTo CTOa0ubl MaTpuus! [B] (1. e. BekTopnl Be;) TaKoBbl

X{i—Xjy vvey Xjoy— Xj—=Xjy Xjp1—Xjy o0 ey Xp—Xj0

Ecan BeiuecTh H3 Kaxjaoro cronabua j-fi croabel, TO HH OAHH
U3 onpefennteneid B (76) He H3MEHHTCS, H Mbl TOJYYHM CTONGIBI
Xp, +ovy Xjots —Xj, Xjs1, --., Xz OHH OTJIHYAIOTCA OT COOTBET-
CTBYKWIIHX CcTOJ6UOB Matpuiel [A] TosbKO 3HakoMm j-ro croabua.
3HauyHT, B 3TCM caydae (93) Aoka3aHo.

[Iyctb Temepr 0<Ci<Cj<k, 0 NycTh 0 mNosyyaeTcs U3 O Iepe-
CTAaHOBKOH BepliHH p; W p;. Toraa o(u)=pg-+ Cu, rze [C] umeer
Te ke cTonbusl, 4to u [A], 32 uckJaOYeHHeM (-TO W j-ro, KCTopbie
nepectaBjenbl. OTclOfla cHOBa C/elyeT, YTo BhioJHseTes (93), Tak
Kak e= — .

[Tostomy (93) BoinosHseTca B B ofmeM ciayuae, TaK Kak Kamjas
nepectanoBka MHoxectBa {0, 1, ..., k} paBHa cynepiro3nuuu nepe-
CT2HOBOK, C KOTODPBIMH MBI Y3Ke HMEJH JeJo,

9.48. Onpenenenune. Ipamosunednod k-yensto I' B OTKpHITOM
MHOXKecTBe E — R™ HaSbIBaeTCH ceMeHCTBO, COCTOSIIIEE H3 KOHEY-

HOIC YHCJI2 OPHEHTHPOBAHHLIX k-CHMIJIEKCOB Oy, ..., O; B E (1e o6s-
3aTeJIbHO pa3JIMYHLIX).

Ecin I'—Takas nenn» u ecsqin ® ectb k-dopma B E, Te, no omnpe-
JeJIeHHIO, TIoJIaraem

o0 [o=3 fo

i=1

Mui moxeM paccmartpuBath k-noBepxHocTh @ B E KaK (pyHKIMIO,
oNpeJie/IEHHYI0 Ha MHOXKecTBe BCeX k-¢opM o B £, comocrtaBisio-

1yt Kaxjol dopMe ® 4HCIO Sw. BemecTBeHHBle (BYHKIIHH MOXKHO

D
CKJajAbiBaTh (cM. onpelejieHne 4.3), nostomy (94) mnoxpckasoiBaeT
cjenymoiee o603HAYEHHE:

(95) I'=0,4...1 0.

Hanpumep, ecan 0= —o, u I' =0,-}- 0y, TC g o =0 npH Bcex .
r

B sTom caydae moxHo 3anmucath ['=0.
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[lpn k=1, 2, 3, ... epanuyed OPHEHTHPOBAHHOI'C I PAMOJIHHEH-

HOTO k-cHMniiekca ©={py, P, ..., Px] Ha3blBaeTCs NpsaMosHHeiiHas
(k—1)-uenp

B
(96) do = 20(—1)’ [Pos =+« Pimts Pittr «« - Pal-

J=

Hanpumep, ecan o=|[po, py, P2, TO

0o ={py, P2 —I[Po» P2 + [Posr Pi] = [P0, P11 4Py P2 + [P2y Pole

dto coBnajaetT ¢ OOBIYHLIM OMpeJeJleHHeM OPHEHTHPOBAKHOH TIpa-
HHUB TPEyroJbHHKA.

3ametum, uto ecau 1< j<k, To cuMmmiekc o;=[pg, ..., Pj-y,
Pjt1s - - +» Prl, GUrypupylounii B (96), umMeer QF"! CBOMM MHOMKECTBOM
TapaMeTpos, M 4YTC OH ONpejessieTcs TakK:
(97) oi(u)=po--Bu  (ueQ*?),

rie B— auneiinoe oroGpaxenne u3 R~ B R", onpefensemoe papeH-
CTBaMH

Be; = pi —po,
ey 1<i<<j—1, Be;j=pis1—py, ecam j<i<k—1. Cummaexkc
Oy =[P1, P2y - -+ Pzl

KOTOpBIA TOXKe yuacTByeT B (96), 3aiaeTcsi Kak oToOpaxeHune
Oo (u) =Py +Buv
rie Be;=p;jyy—p 0py 1 <<i<h—1.

9.49. Onpegenenue. Ilycte T ecth 6-0TOOpaKeHHE OTKPHI-
Toro MHOX)ecTBa E < R™ B oTKpelToe MHOXKecTBO V < R™, He o6s3a-
TeJHHO B3aUMHO OAHO3HauHoe, ECJH O — OpHEHTHPOBAHHLIA MpsMO-
JHHelHbIl k-cumniekc B E, To cnoxHoe orobpaxenne @ =T (o)
ectb k-mosepxHocTh B V ¢ muoxecTBoM napamerpoB Q. Mul 6ynzem
HasuBaTh D opuenmuposantovim k-cumniexcom Kaacca 6.

Koneunoe cemefictBo ¥ copuentHpoBadubX k-cuMmisekcoB @, .
..., O, Kaacca €” B V nasnbiBaerca k-yensio xkaacca 6" e V; ecam
o ectb R-gopma B V, To, mo ompejesenHo, nosnaraem

T

(98) Sm=2§m

v i=1 D;

M HCIOJIb3yeM CcooTBeTcTBywIlee o6o3nayenne ¥ = 2 ®;. Ecau
I' = D} 0, — npsamonuneiinas uens # ®;=T (0;), To Mb OyJieM MNHCaTh
¥Y=7T(1), nnu-

T (E Ui) = ZT(Uz‘)-
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I'panuya O® opuentupoBanHoro k-cummiekca @ = T (¢) — 3To,
no onpegeneHuio, (k—1)-uenn

oD = T (d0).

OueBnaso, yto 0@ npHHaiNeXUT KJaccy €', ecan @ npHHAAJIEKUT
3TOMY KJaccy.
Haxkouen, wMul onpegensieM rpanuny O0Y wHekotopoit k-uenu

¥ = D ®; kak (k— 1)-uenn

Teopema Crokca

®dopMynnpyst 3Ty TeopeMy, Mbl OyjeM MOJb30BaTbCHd TEPMHHOJO-
rHeil ¥ obo3HadeHHsIMH M3 1. 9.49.

9.50. Teopema. Ecau ¥ ecrmv k-yens xaacca 6" 6 omxpwimom
muomcecmee V< R™ u ecau w ecmv (B— 1)-ghopma xaacca € e 'V,
mo

(100) § do={ o.
W ow
(B cayuae k=m=2 3Ty TeopeMy HasbBalOT TeopeMoil ['puna.

B cayuyae k=m=1 3Ta TeopeMa—He 4TO HHOE, KaK OCHOBHAs Teo-
peMa HHTErpajbHOTO HCYHCJIEHHS.)

JokasareabcTnBo. JocTarouHo HoKaszaTb, YTO

(101) § do= § ®

i1} ow

AJsl KaXKIOro OpHeHTHPOBaHHOro k-cummvekca @ knacca €” B V,
Tak Kak ecaH jokazano (101), a W= X @;, 10 n3 (99) chenyer,
uto (100) TOXKe BHIMOJHSETCH.

3abukcupyeM takoe @, ¥ NyCTb 0 — OPHEHTHPOBAHHLIN NPSIMOJIH-
Helidplil k-cuMivieke B RF:

(102) o=[0,e, ..., el

ITOT CHMIIJIEKC O —IIPOCTO TOMJECTBEHHOe oToOpaxenue Ha QF;
B ob6osHauenusnx (92) sgech po=0, A=1.

Beugy toro yro @ —xknacca " B V, cyumecTByeT OTKpHITOE MHO-
®ectBo E < R®, cogepxamee Q*, u 6"-oto06paxenne T MHOXKeCTBa
E BV, 1akoe, ytro @ =T (o). JleBas vacTb pameHctBa (101) paBHa

| do={ (do)r={ d ),

T(a) ¢ c



262 Ta. 9. Pynxyuu HecKoAbKUX NEPeMeHHOX

corjgacio TeopemaM 9.45 um 9.42 (¢). Eme pas npumenss 9.45,
Mbl BHJIHM, YTO 1paByl0 4YacTb pasencTBa (101) MoXHO 3anucaTh
B CJeAYIOIEM BHJIE:

o= | o={or

HT(0)) T(00) o0
Tarkum 06p330M, AOCTAaTOYHO J0Ka3aTb, 4YTO

(103) S dh= {2
o do
JUist criepansioro cumnsekca (102) u npousposnHolt (kB — 1)-gopmbl
Knacca 6’ B E.
I'pannna cumniekca (102) pasua

k
[eiv seey eh]"{_ 2 (—_ 1)J (Oy e €y €y o vty ek)v
i=1
cornacHo (96). [lepeapuueM siement 0 B j-M cJiaraeMoM 3TOi CyMMbI
TaK, uToObl OH O0KAa3a/Cs MeXJV ej;_, H €;;. DTO MOXKHO CJeJaTh
¢ nomompio j—1 Tpaucnosunnit. 3Hauur,

k
(104) 00 =To— ) Tjy
=1
rae To—|[ey, ..., €] M T; nojdyuaeTcs H3 T, 3ameHoil e; Ha O,
i=1

, k.
Ecmn k=1, T0 u3 onpesmenennss opueHTHpoBaHHOro 0-cumiliekca
BoiTekaeT, uto B (103) yTBepxiaercs Bcero JHIIb Clelylollee:

1
\ 1w du=F1)—1©
0

I1s ao6od HenpepwiBHO anddepennmpyemoit dyukuun [ Ha [0, 1];
3TO yTBePXJEHHE CMPaBe;IHBO, COrJIACHO OCHOBHOH Teopeme HMHTE-
IpaJbHOrO HCUHCJEHHS.

Ecnu £>1, to fgocratouno pokasats (103) mas

(105) A=a(x)dx, A\ ... ANdxy,
rae a€ %’ (E), rak kak (104) noxkaseiBaer, 410 TG XKe camoe OyaeT

TOTJla CIpaBeJIHBO H st 000k dopmsr aP™~1, a mobas (k— 1)-popma
paBHa cymme GopM Bupa affi.

MHoxecTBOM NapaMeTpoB [/l CHMILIEKCOB Tg, ..., Thp CJAYXKHUT
cumniexe Q"1 Ecam u=(uy, ..., ) EQ¥ L, a x=(xy, ..., Xp)=
=Ty (u), TO

(106) xy=1l—uy— ... —Upy, Xxj=U;y AN 2<i k.
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Ecan x =1, (u), 10

(107) =0, x;=u;y aua 2<Li<k.
Ecan x=:7;(u) 1 2<j <k, 10 x;=0. Crenosareabno, sKoGuas
O (xg, ..., xp)
0 (uy, y URp-1)
paBed 1 sl Ty H Ty H PaBeH HyJIO A1d Tp, ..., Tp. 1aKHM oGpasom,

Sx:o (G=2, ..., k).
Ty

Orcrona 6yaer cnenoats (103) mocse Toro, Kak Mbl MOKaXeM, 4TO

(108) dh=\A—\ A.
cgr TSOH TSI
Jlepas yacTte pasenctBa (108) pasna
(109) S(Dia)(x)dx,
Qh

tTak Kak di=(Dja)(x)dx, Ndx;/\ ... \dxy, a ©— ToXJAecTBEHHOEe
otobpaxenue Ha Q".

Briuncnss k-kpatHbii uurterpas (109) wHTerpHpoBandeM IO Xy,
nonyyaem

[a (o (u)) — a (7, (u)] du,

Qk—l

coraacHo (106) n (107), 4yro B CBOW oOuepejib PABHO MPABOH YaCTH
paBercraa (108). Tenmeps jJoKa3aTesNbCTBO 3aKOHYEHO.

YnpaxHueHus

1. Hokasare, uto Kamjgomy A€ L(R™, R!) coorBeTcTByeT e€aHH-
CTBEHHasl TOukKa y £ R", taxast, uto Ax =x-y. Jlokasats, uto |4 | =
=1yl

¥xasanue. Tlpn HexoTopelx ycsoBusix HepaseHcTBo IIBapna npe-
BpAIACTCA B PABEHCTBO.

2. Hokasatb, uto QyHKuHa [ HenpepelBHA B TO4YKe X, €CJIH
Dyf. ..., D,f orpaHHYeHbl B HEKOTOPOH OKPECTHOCTH 3TOH TOYKH.

Yrasanue. JlefCTBOBAaTb TAaK Ke, KaK NPH JOKA3aTeJbCTBE TeO-
pemel 9.16.

3. Ilycte f—BewectBennas auddepenupyemas PyHKoHS Ha OT-
KDBITOM MHOKecTBe E C— R™, W nycth [ ¥MeeT JIOKaNbHblA MaKCH-
MyM B Todke X € E. Ilokasats, uyto [’ (x)=0.
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4. Myers (Dyf)(x)=0 npu Bcex X H3 BHIYKJIOIO OTKPHITOrO
MHOoXecTtBa £ <& R™. [lokasath, 4To f (X) 3aBHCHT TOJABKO OT Xy, . . ., Xn.
IlTokasaTb, 9TC BBIIYKJOCTH MHOXecTBa E MOXHO 3aMeHuTb Gofee
caabblM YCJOBHEM, HO 4YTO KakKOe-TO YCJOBHE Bce-Taku Tpebyercs.
Haupumep, ecin n=2, a wMuoXectBo E umeer (GHOPMY MOAKOBEI,
TO YTBEPXKJEHHE MOXKET M He OblTb BepHbIM.

0. Ilyets f — BemecTBennas auddeperuupyemas GyHKIHS HA CBA3-
HOM OTKDHTOM MHOXecTBe E < R™, u nycts f'(x)=0 npm Bcex
x ¢ E. JokazaTts, yto [ nocrosgHua Ha E.

6. Bouucauts f'(x), ecan f(x)=|x[* npu x£R"

7. Tycrs f(0,0)=0 u

) 2__ 2
F(x, y):xyi—z‘#, ecan (x, y) = (0, 0).
Hoxazatb, 4to

(@) |, Dyf, D,f nenpepuiBubl Ha R?;

(0) Dyof, Dyf cyuwectByloT B Kaxaol Touke npoctpaHcTtea R?
B HenpepsBHBI BCOAY, KpoMe Toukm (0, 0);

(¢) (Dizf) (0, 0)=1, (Dzyf) (0, 0)= —

8. M3 cyulecTBoBausa (M Jaxe M3 HENPepbIBHOCTH) NPOH3BO/I-
HOll Dy»f we crenyer cyuecrBoBanue npousponnoii D,f. Hanpuwmep,
nycts f(x, y)=g(x), TAe g-—Hurje He AuddepeHIHpyeMas q)ym(-
ous. Torna D,f ue cymectsyer, Ho Dof =0, tak uyt0 D)\f =

9. IMoaoxum f (0, 0) = 0 H

f(x, ) :"xl—;ﬁ . ecan (x, y) == (0, 0).

Torna ¢ynkuus f nenpepbisHa B R2. a ee cyxeHHe Ha JMo6YI0 npd-
Myio aubdepeHunpyemo. bosee Toro, mokaxute 4to ecin y-—Jjwobas
auddepeHunpyeMas kpupasd B R2, 1o dynkuua f(y) auddepennu-
pyeMa. ITO 3HAUMT, YTO ecan y— AuddepennupyemMoe orobpaxerue
cermenTa [0, 1] B mpoctpancTBo R? u ecan g (f) =f(y (f)), T0 PyHEK-
uus g nmp(pepeﬂuupyema Ha {0, 1]. Ilokaxure, 4t0 ecan Y€€,
T0 M f(V)€C

Hokasatno, qTo, HECMOTpPHA Ha 370, GyHkuud [ ue auddepennupyema
B Touke (0, 0).

10. [lokasaTh, 4TO HemnpephuIBIOCTL IPOM3BOIHOH [’ CcyluecTBeHHA
B TeopeMme 00 oOpaTHOM (yHKIHH, Jaxe B TOM cJjyvae, Korja f==1.
Ecmn [(t)=t4-2sin(1/f) npu ¢t=£0, f(0)=0, 1o [ (0)==0, [
orpaHuuyena Ha (—1, 1), HO f He B3aUMHO OJHO3Ha4YHa HH B KaKoH
oKkpectHOCTH TOukH O.

11. Tlyetn [ — BemecteenHas  jguddepeHunpyemas  QyHKuus
Ha OTKphITOM MHOXecTBe E < R"™. Hasosem epaduenmom dyuxunu f
B Touke X € E Bextop (Vf)(x)€ R", Takoi, 4T0

h-(V)) (x) =" (x) h
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npn Bcex h€ R™ (cp. c ympaxHeHneM 1). Ecau u € R™— e juHHYHBH]
BEKTOP (T. e. ecau |u|==1), TO nmpegen

(Duf) (x) = lim 5 [ (x-+ ) —  (x)]

Ha30BeM Npou3s00HOU PYHKLUL [ 8 HANPABAEHUY 8eKMOPA U 8 MOHKE X.
IlokasaTtsb, uto

(Duf) (x) =u- (V) (x)
M 4TO, cTano ObiTh, AJs JHoBoro X € E cyllecTByeT BEKTOP U, TaKoOii,
YTO

| (Duf) (x) [= (V) () | = F" (x)

Ecau (Vf) (x) =0, To Takod BEKTOp W~ eJHHCTBEHHBIM.
12. Ilycty f—oto6paxenne, Kotopoe Touke (x, y)€ R® craBuT
B COOTBETCTBME TOYKY (4, v) € R?, rae

=¢*cosy, vU=¢e"siny.

KakoBo MuoxecTBo 3Hauenuit oroGpaxenus ? Ilokasats, urto
AKOOMaH 3TOro oToOpaxeHHs OTJMYEH OT HYJs BO BCeX TOYKaX Ipo-
cTpaictBa R2 Takum ofpasoM, Kaxjad TOYKa INpocTpaHctBa R*
06/11aJiaeT OKpEeCTHOCTBbIO, Ha KOTOpPOH oToGpaxkenne T B3aHMHO OJHO-
3HayHo. TeM He MmeHee f He siBJIIeTCS B3aHMHO OJIHO3HAuHbIM Ha R2.

KakoBbl 06pasui NpsMBX, NapauieNbHBIX  KOODJHHATHBIM - OCSIM,
npu oro6paxeHun f?

13. Hcenenosats aHalorHudsiM o6pasoM oToGpakeHHe

u=x*—1? v=2y.
14. M3 cucremul ypaBHeHui
3x+y—z+ut=0,
x—y-+-224+u=0,
2x -2y —3z+2u=0
MOXKHO X, y, 4 BHIPA3sHTh 4epes 2; X, 2, U 4Yepe3 y; Y, Z, u 4epes x;
HO HeJb3sl BRIPA3HThb X, Y, Z uyepes u.
15. B Teopeme o HesiBHOH (YHKIHH MOJOXKHTL =m =1 K HCTOJI-

KOBaTh 3Ty TeopeMy rpadHuecKu.

16. Ilonoxum f==(f, fo), The

x2—y? xy
fs(x, y):'x“zj_—zs felx, ) =—="—5 (%, 4) (0, 0)).
Y

Bolupenuts paur npeoOpasopannsi § (x, y) B HalHTH MHOXeCTBO
snaveHuli orobpaxenus f.

17. Tlepecrtaragouue npeobpa3doBanus B; AeHCTBHTEIBHO HYKHLI
B Teopeme 9.21. UroOnl yOeAHTHCS B 3TOM, IOKaKHTe, YTO 0TOOpa-
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x)eHue (x, y)—> (y, x) npocTpaHctBa R? Ha R? Heab3s pasNoXHTb
B MPOH3BEJEHHE JBYX NMPOCTHIX MpeoOpa3oBaHHH HM B KakKoiH OKpecT-
HOCTH Havasa. HaliTh apyrue npuMepsl 3TOrO SIBIEHHS.
18. Ilycts f—10 3Ke, uyto B Teopeme 9.21. [Tonoxkum A =1 (0),
i (x) =A" (x). Torpa f;(0)= 1. Ilokasatb, uto
Fy (%) = gn (g1 (+ - - (g1 (X))

B HEKOTODOR OKPecTHOCTH HyJsi, TAe gy, ..., gn—TpocThie oTobpa-
xeuus. Takum ofpasoM, MBIl noayyaeM JpYTyl TeOpeMy O pasio-

KEeHHH:
f(x) = Agn (gn-1 (- - - (g1 (X)))-
19. Tlycts ¢; — dbyHknusi, HenpepbiBHasg Ha R (i=1,2,3,...)
C HOCHTeJeM B uHTepBaje (27° 217Y), Takasm, uTO S @; = 1. ITonoxum

Flx,y)= igﬁ [9: (x) — Pirs ()] 91 (9)-

Torpa [ uMMeeT KOMNAKTHBI HOCHTeNb, HENpepHBHA BCIOAY, KpoMe
touku (0, 0), u

degf(x,y)dx:O, HO deSf(x,y)dyzl.

3aMeTbTe, UTO [ He OrpaHHuyeHa B Kax/JOH OKPECTHOCTH TOUYK
(0, 0).

i

20. Ilycers F(x)= S f(x, y)dy. PaccmaTpuBas pasHOCTHbIE OTHO-
-1
LWEeHHS H MepeXoAd K npejenay, HaliTH yc/lI0BHs, NPH KOTOPBIX
1

F ()= { O 9y,

—1

T. €. YCJIOBHS,, KOTOPHIE MO3BOASAIT «1HbdepeHHPOBATL MOJ 3HAKOM
MHTErpanar.

Bot xourpnpumep: npu x>0 nosoxum

( Y, ecan 0<_y<1/§, )
f(x, )= 2V x—y, ecu Vix<y<2Vx,
[ 0, B NpoYyux cayuasx

H TNONOXKHM [ (—x, —y)= —[ (x, y). Torna dynkuust f HempepniBHa
Ha R?,
(D)) (0, y) =0

, 1
MpH BCeX y, HO F(x)=x, ecan [x{<T.
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2]1. Ilyete ® 1 A CyTb k- # m-hopMuel cooTBeTcTBeHHO. KakoBa
cBA3b MeXAy o AL H AAw?

22. Jloxa3aTb, 4TO Kax/asfd k-hopMa ® B OTKPLITOM MHOMKECTBe
E — R"™ moxeT ObiTh TPHBEACHA K CrHAROApPMHOMY SUOY

0= > ai,. .., (X)dxs A .. Ndxi

B llg<ls s iy

[ToxasaTi, 410 ecin w-=0, T. e. ecH szo IJs1 Bcex k-nosepx-
<
Hocted @ B E, 10 Bce KO3(h(dHIHEHTH B 3TOH CTaHAAPTHOH 3amHCH
pasHbl Hymo. llokasaTh, uto mostoMy Kaxjas dopMma o eduHcmseH-
Hbim 00pa3om NPUBOJUTCS K CTAHJAPTHOMY BHJY.
23. Ilokasars, uto (72) MOMHO 3amucaTh B BHJE

{1way=§i@ondm ... Ado,

ecan T(X)=(yy, ..., yr) 1 ecan Jp(x)>0.
24. Ha#itu ycnoBusi, IpH KOTOPHLIX BepHa ¢opmy.ia

{fo= (@ Ao+ {1 Ado,

oD @ @

H TOK&a3aTh, YTO ee YAaCTHLIM CJayyaeM siBjasgeTca dopMyda HHTerpH-
POBAHHUSL 11O YaCTAM.

25. [lycts o ects k-cumniaexkc (k> 2). llokasarts, uto 0% =0,
MCXO/sl HEMOCPEe/ICTBEHHO H3 ONpejieieHdss IpaHH4HOro oneparopa 0.
MubiMu cnoBamu, «rpaHuna rpauuubl» paBHa HyJo. OTmeTuM, 4TO
3TO yTBepwJeHHe corsacyercd ¢ TeopeMoit Crokca:

g © = % do= \ d?%w = 0.

020 oD [

26. Tlycts @ ecTh k-NOBEPXHOCTH C MHOMECTBOM napameTpoB QF,
nyctb O*== O (Q,) —MHOKecTBO 3HaueHnil orobpamxenus @; ecan
Pp= 2)D; ecTh k-enb, TO NOJOXHM, MO onpeienesHio, *= |J Of.

[lycts

X 4
(D(x):ﬁf(xﬁ—...ﬁ—xh) (x€Qr)-

Iokasath, uto (D-— OpHEHTHPOBAHHBIH CHMIJEKC Kaacca 6" B R*
u yto * 3ano/iHsieT YacTh 3aMKHYTOTO €jHHHYHOro Iuapa B* mpo-
crpancrtea R". (Ilokasatens 4 oGecneunmBaer AuddepeHIHPYeMOCTh
B HadaJje KOOpJAHMHAT.)

[NoxaszaTh, uto cyulecTsyer k-uems P kjaacca €” B R", rakas,
yro Y*=B"*, u takas, uyro (O¢)*—enuHuunas cdepa Sh1 1, el
MHOXKECTBO BCeX i € R*, Takux, uTo |x|==1.
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DTOT NpUMep mNOKasbiBaeT, uro ¥'-o6pa3 npsMOJIMHEHHOH menH
BIIOJIHE MOXKeT ObITb «KPYIJIbiM», TaK uTo Teopema 9.50 npnMeHnMa
K pa3Hoo0pa3HbIM MHOXKECTBaM.

27. TlonoxuTs k=3 B ynpaxkHeHuH 26 U BOCNOJL3OBATHCH TEO-
pemoii Ctokca Assi BbIUMCJICHHS HHTErpaJa

(xdy Ndzt+ydz A\ dx-+zdx A\ dy).

ow

Briuncsute npu k=2 uHTErpa’sl K xdy—ydx u S xdy-+ydx.
dw ow

28. Iyctb o= D a;(x)dx; ectb 1-popMa kaacca %’ Ha OTKpH-
ToM MHOkecTBe E < R"™ Hasosem dopMy © 3amkuymot, ecqn
do =0. Hasoem dopmy o mounod B E, ecnn cyuectyer O-¢popma
[ B E, Takas, uto o =df.

(a) Hoxrasath, uTo ® 3aMKHyTa TOrja U TOJbBKO TOTJa, KOTjAa
Dia;=Dja; npu 1 <Zi<{n, 1<j<n.

(b) Hokasath, 410 ecJau » TOYHA, TO ® 3aMKHyTa.

(c) Tlycts Muoxecrso E BbIMykJO, a ¢opMa @ 3aMkHyTa. JloKa-
3aTh, 4TO ® TouHa B E.

Yxasanue. 3aduxcupyem po € E, nonoxum f(p)= S » npu pEE,
rAe uHTerpasa GepeTcsl O OPHEHTHPOBAHHOMY HNPSIMOJIMHEHHOMY CHM-
naexkcy |[po, pl. Ilpumenuts Tteopemy CTOKca K NpsSIMOIHHEHHBIM:
2-cumnnexkcam B E. Tlokasatb, yTo

g
FW—1 )= ;=) \ as((1 =) x+ty) dt,
0
ecan x€E, yeE, u uro df =w.

Takum oGpasom, yTBepxjeHue, obpaTHoe K (b), BepHO, €CJH MHO-
}KecTo E BHIYKJO.

(d) Ilycts T — B3auMIO OfiHO3HAYHOE ©”-0TOOpaXKEHHC BLINYKJOTO

OTKpbITOro MHOXKecTBa E Ha oTkpblToe MHOxecTBO V. [lokasarth,
YTO KaxKAad 3aMkHyTas l-dopma o B V Touna B V.

Yxasanue. Bocnonb3oBathesl onpegenennem 9.41. Cormacho (¢)r
wp=df B £ wu cywectsyer O-dopma g B V, 1akas, uro f= gy
Torpa wr=d(gr)=(dg)r, TaK 410 0 =dg.

(e) Hoxaszats, uto ecau V —10 XKe, yto B (d), eciu y—3aMKHY-
tasg €’-kpusast B V, a o —3amkayrtad l-gpopma B V, 1O

gmza

Y
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(f) Tlokasath, uto yTtBepxieHus (d) u (e) CTAaHOBATCA HeBep-
HbIMH, ecJH V —nmpoctpancTtBo R?, M3 KOTOPOrO YAaNEHO Hadaso
KOODJHHAT, U eCJH
ydx—xdy

X2y T

29. Ilycte @ ectb 2-moBepxHOCTH B R? ¢ MHOKECTBOM MNapaMeT-
poB D. nyers D(u, v)==(x, y, 2). HazoseM Hopmaisto K mHOBepX-
HoctH @ B Touke (i, U) BEKTOP

9 ! d ’ J ,
N, o) =50 lg et G et g iy o

=

Yem obbsicusieTcss sta TepMuHosorus? Ecnu [ — QyHKuMsA, HelpepbiBs
naa nHa @* (cM. ynpaxHeHHe 26), TO NOJOKHUM

\ = {1 @@ o) INw v)dudo.

O D
Ecnn f=1, To 3T0T HuTErpas HasbBawT n.4oujadeto noBepxuocta .
[lokasaTh, 4TO ompejesieHHe IJIOLIA/H JIA€T eCTEeCTBEHHbIE Pe3yJ/ibTaThl

B TOM cJiay4yae, korga O — juneiinoe ortoOpaxenue, korja P ompe-
JlesisieTcsl paBeHCTBAMH

x=-cosysinv, y=sinusiny, z=cosv (O<Cu2n, 0L )
30. Mlycte  F=(Fy, Fa, F3) ects ©'-oTOGpaeHHe OTKPHLITOrO
mHokectBa £ < R* B npocrpaucTso R® (8 du3MKe Takoe ortobpaxe-

HHe Ha3bIBAIOT BEKTOPHBIM moseM). Jugepeenyus u 8uxpo (pomop)
noast F onpepensiiorcss paBeHCTBaMH

V-F=DF+ DyFs+ D;F5,
V X F = (DyF5s— DsF,) ey + (D3Fy — DiF;) ea+ (D Fp — DoFy) €.
C nonem F cpsisaHnl jBe AHddepeHnHanbHbe GOpPMLL:

o=Fidc+ Fydy+ F;dz, _

h=F,dy \ dz-+F,dz \ dx+Fzdx A dy.
(2) Hokrazats, uto V-(VX F)=0, ecsiu FEE".
(b) Hoxasatb, yto VX F=0, eciu F=Vf npu nekoropoit f € 6.
(c) Ioxrasatb yTtBepxkjenHe, obpatHoe k (b): ecam V —To xe,

yro B ynpaxkHenuu 28 (d), v eciu VXF=0 BV, 10 F=V] npu
nekoTopoit [ knacca 6" B V.

Yxasanue: F=V[ osnayaer, uto w=df; cBa3ate do c V XF.
(d) Tlycts ¥ ectp 3-uenp kJaAacca 6” B MuoxectBe E, mycth
O =0¥. Tlpumensas k A Tteopemy CTOKca, MNOJYYHTb «TeOpeMy
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0 auBepreHuun» aycca:

{vP={Fmn,

Pk Ok

rpe n=N/|N| B o6o3HaueHnsix ynpaxHenus 29.
(e) Hycts @ ecTb 2-uenn kaacca 8" B MHOXKecTBe E, H NycTh
I'=0®d. IlpuMenss Kk o teopemy Crtokca, noJyudtsh Qopmy.ay

S V'XF:S F-t,

D% I*

rie F.t —«kacarensnas cocrasnsowas noast F sronb I's. (Mel mpejo-
CTaBJsieM YHTATeNI0 BBLISICHHTH TOYHBIA CMBICJ 3TOH nocseHell ¢ppaser.)
31. Ilyers F=fVg, rne f u g kmacca 6" B OTKpPBITOM MHO-

xectBe E < R3. Tlpumenss pesyabtaT ynpaxsenus 30 (d), noayunts
TOXKJECTBO

{ oh- e+ §
e '
rpe Vig=V-(Vg), d0g/on=(Vg)-n, a ®=0V.

(@) YUro paeT 370 TOXK/IECTBO B TOM cJyvae, korja f=1, a g—
rapmonnueckas gyukuus (r. e. Vig=0)?

(b) Ilyctes g rapmonuuyna B E u g =0 Ha D*. Ilonaras B nocsen-
HEM TOXJecTBe f-==¢, nokasath, yto g==0 Ha Y¥*.

o d
frrg={ 13,
* O*



TJIABA 10

TEOPHS JIEBETA

lleab 3TOA rJsaBbl — H3JIOXKHTh OCHOBHBIC TOHATHS JieGeroBoH
TEOPHH Mepbl H HMHTerpaja H B JOBOJLHO OOLIEM BHJE J[0Ka3aTh
HEKOTOPBIE BasKHEHIMe TeOpeMsbi, HE 3aTeMHss OCHOBHBIX HJeH MHO-
JKECTBOM CPaBHHTEJIbHO TPHBHAJbHLIX jeTasned. [losTomy B HeEKOTO-
PhIX cJydasx JoKaszaTeJbCTBa MWL HaMeyaloTcs, a HeKotopble Gogee
JlerkHe npejJioxenus opmyaHpylorcs Oe3 jpokasaresbctBa. OpHako
YUTATEJI0, OBJAJEeBIIEMY TEXHHKOH, TNPHMeHSABLIEHCS B NpeAbLAyLIHX
rJaBax, HeTpyaHo OyJeT BOCCTAHOBHTh NPONMYLIEHHbIE 3Tanbl pac-
CYyXJeHHH.

Teopuio uurterpana Jlefera MOXHO H3J1araTb HECKOJbKHMH pa3JjiHu-
HbIMH cnocobamu. M3 uux spece Gyner ofcyxaaThes JIHWDL OJHH.
Uro kacaeTcss APYTHX BO3SMOXHBIX cnocofOB, TO 33 HHMH Mbl OTCHI-

JlaeM YHTaTess K CIeluanpHbIM KypcaMm [0 TEOpHH HHTerpaJa, rnepe-
yycJeHHbIM B Subanorpadu.

GyHKUHH MHOXKECTBA

[lycte A 1 B—kakue-uubyap MHoxectBa. Cumsosiom A - B Mbi
OyneM 0003HauaTbh MHOMXKeCTBO BCeX 3JIEMEHTOB X, TaKHX, 41O X€ A,
x ¢ B. O6osnayeune A— B npuMmeHnserca He ToJbKO TOrjAa, KOrja
B = A. Tlycroe muoxectBo 6yner 0603HAYaTHCA CHMBOJIOM ¢, H M
GyJzeM TOBOpPHTbL, 4TO MHoxecTBa A H B He nepecekawTtcs, ecjd

AN B=g.

10.1. Onpenenenne. Muoxectso %, cocToslllee H3 MHO-

JKECTB, Ha3blBaeTCsl KO4blUOM, ecln H3 Toro, uto A€ % u BE .7,
caenyeT, uTo

(1) AUBER, A—BER.

Beuay toro yro A{)B=A—(A— B), BepHo Ttakxke, uto A} B€ %,
€CJH A — KOJblIO.

Koablo % HasbiBaeTCsl G-KOAbUOM, eCJIi

(2) ‘GlAn 4,

n=
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KaKoBbl Gbl HH Gblid MHOXecTBa A, € Z (n=1, 2, 3, ...). [lockoarky
(s o] ©
N Av=A;— U (A;—A4n),
n—=1{ n=1{

TO Mbl HMeeM TaKkKe

o0
ﬂ ATLE-%y
n=1

ecii % eCcTb G-KOJbliO.

10.2. Onpenenenne. Mbl GyaeMm roBopHTb, YTO ¢ — QYHKIHS
MHOXECTBa, ONpejeNieHHas Ha J, ecqH ¢ KaXKAOMY MHOXKECTBY
AEZR conocraBasier uuciao ¢ (A), TNpHHAAJEKAIlee PaCLIHPEHHOH
CHUCTeMe BelIeCTBEHHBLIX yuces. PyHKUHA ¢ HasbBaercsl addumugnoli,
ecad us toro, uto AN B= ¢, A€AR, BE R, caeayer

(3) ¢(AUB) =9 (4)+o(B),

H @ Ha3blBAeTCs CYeTHO-aAJMTHBHOH, ecJH H3 Toro, 4rto A;4;=
= ((5]), An€R (n=1,2,3,...), clenyer

o) (U 4= 3 o).

Mur Bcerna G6yfieM npeanosiaraTh, 4To He Gojiee 4eM OJIHO H3 yHceJl
4o H —oo [NPUHAJJIEKHT MHOMKECTBY 3HA4eHHH OQYHKUHH @;
ecan Ool 370 OBLIO HE TaK, TO NMpaBas 4yacTb paBeHCcTBa (3) Moraa 6bl
He HMeTb cMmbicja. Kpome TOro, Mbl HCKJIOYHM H3 pacCMOTpeHHA
$YHKIHH MHOXeCTBa, €JMHCTBEHHbIM 3HAUeHHeM KOTOPBHIX CJYIKHT
+ o WIH — 0. '

MHTepecHO OTMeTHTb, UTO JIeBasl 4aCTh paBeHCTBa (4) He 3aBHCHT
OT NOpAJIKa, B KOTOPOM paclojloKeHbl MHOXKecTBa A,. 3HauuTt, HU3
TeOpeMbl O MepecTaHOBKax psja CJefyeT, UTO psAj B TMpaBoH 4YacTH
paBeHcTBa (4) cXOfHTCs ab6CO/MIOTHO, ec/d BOOOIIe CXOLHTCSH; eClH Xe
OH PAacXOIHTCHA, TO €ro 4YacTHbIE CYMMBl cTpeMmMstcs K -+oo HJH
K — co.

Ecan dyHKnus ¢ aiAHTHBHA, TO, KaK Jerko BHAeTb, oHAa obJa-
Jaer caelylOIHMH CBOHCTBAaMH:

(5) ¢ (2)=0,

(6) A U...UA)=0(A)+ ... +0(4),
ecn A\ Aj= & npu i =4 J;

(7) ¢ (AU ) + 9 (41N A2) = ¢ (4;) + 9 (A2)-

Ecan ¢ (A) >0 mpu Bcex A u Ay < A,, 1O
(8) 9 (A) < (A).
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HWmes B BHJAY 3TO HepaBeHCTBO, HeOTpHIATeJbHble QPYHKIIHH MHO-
XKEeCcTBa YacTO Ha3bIBalOT MOHOTOHHHIMH. Hakowen,

9) ¢(A—B)=9¢(A)—¢(B),
eciH B Au |9o(B)|<< .
10.3. Teopema. [Hycme ¢— ciemHo-ad0umMUBHaA QYHKLUIL MHO-

aecmea, onpedeseHnan Ha koavye K. lTyemsv AL, €ER (n=1, 2, 3,
AicdhcAdsc ..., AR u

«sa )y

Tozda npu a—>
9 (An) — @ (A).
Hoxkasateabctpo. llyects Ay=B; u
B,=A,—An_, (n=2,3,...).

Torna BiNB;j=g npu i), Av=B,J...UB. u A= |JB,.
3nauur,

? (An) :1—; ¢ (B)

v = 2 0 (B).

Moctpoenne mepn JleGera

10.4. Onpepene nne. Ilyctb RP o6o3HayaeT p-MepHOe €BKJH-
JI0BO mpocTpaHcTBO. lIpamoycoabrukom B RP Mbl Ha3biBaeM MHO-
KECTBO BCeX TOYeK X = (X, ..., Xp), TaKHX, 4TO

(10) a; << (i=1,...,p),

UJH Ke MHOXECTBO TOYek, onpejesasemoe HepaBeHcTBami (10),
B KOTOPbIX HeKoTopble {(HJIH Bce) 3HAKH < 3aMeHeHol Ha <. Boa-
MOXHOCTb PaBeHCTBA @; = b; IPH KaKOM-HHOY b 3HAYEHHH [ HE HCKJIO-
yaeTcsi; B YAaCTHOCTH, MyCTOe MHOXKECTBO—-TOXKe IPSAMOYTOJBLHHK 1).
Ecnn A —oGbeannenne KOHEYHOTO YHCJAA INIPAMOYTOJBHHMKOB, TO
TOBOPSIT, 4TO A-—31eMeHMUpHOe MHOXMCECMEBO.
Ilyetb |-—npsiMOYTOJIbHHK; TOJIOXKHM, IO OIPCAEJeHHIo,

m(l)= {[:11 (bi—ay),

1) OnHaKo BO3MOXKHOCTL HEPaBEHCTBa a; > b; C/ellyeT HCKJIOUUTH 3apaHee,

TAK KaK B MPOTMBHOM CJyd4ae 4yHcho m (&) (cM. HHKe) He OyJleT onpelesieHo OfHO-
suauuo.— [Ipum. nepes.
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BHe 3aBHCHMOCTH OT TOrO, BKJIOYaeTCsd HJH HeT 3HAaK PaBeHCTBA
B HepaBeHcTBa (10).

Eciu A=I1J... )], 4 3TH OpAMOYroNLHUKH MOMApPHO He mnepe-
CeKaloTcsl, TO Mbl noJaraem

(11) m(A)=m(l)+...+m(l).

O6Go3Hauum GykBOH &€ MHOXKECTBO BCeX 3JEeMEHTAPHLIX TOJMHO-
XKecTB npocrpancrsa RP.
Teneps caeflyer y6eAHTHCS B TOM, UTO

(12) € —XoJb1l0o, HO He O-KOJblO.

(13) Ecan A€E&, to A npeactaBuMo B BuAe OOBbCAHHEHHs Henepe-
CeKaOUUXCA TIPSIMOYTOJBHUKOB.

(14) Ecoim A€E, 10 m(A) AelcTBUTEJIbHO OMNpefesieHO paBeHCTBOM
(11). D10 3HauuT, YTO, HCXOAS H3 JABYX pa3JIMYHBIX MPEACTaB-
JeHufl MHOMecTBa A B BHje oO6belnHeHHS HenepeceKaloW#xcs
NpPSIMOYTOJIBHHKOB, MbI TMOJYYHM OJHO H TO Ke 3HayeHue m (A4).

(15) Dyukuus m ajiuTHBHA Ha &.

3aMmetuM, yTo ecaun p=1, 2, 3, TO M—3TO COOTBETCTBEHHO
JJIMHA, TJIOHIaAL H OOheM.

10.5. Onpeneneunne. Heorpruuarensuas ajgautHBHAs QYyHKUHA
MHOXECTBa ¢, ONpejesieHHass Ha &, Ha3BIBAeTCH peayAapHoil, €cH
BepHO cJepyloilee: Anasi Jioboro A€ € u awboro uncaa & >0 cyure-
cTBYIOT MHOXecTBa F € &, G€ &, Takue, uto F 3aMkHyTo, (G OTKPHTO,
FcAcGn

(16) ?(G) —e<o (A) <@ (F)+e.

10.6. [Tpumepnl. (a) Pyukyua MHONecmBa m  pezyrspHa.
Ecau A—npsamoyronsuuk, to TpeGoBaHue omnpeaesenus 10.5 sbinos-
HsieTcsl TpPHBHaJAbHBIM ofpasoM. O6ummit cayuait caepyer us (13).

(b) IMonoxkum RP=:R!, H NycTb G—MOHOTOHHO BO3pacTaollas
¢dynkuuda, onpenenennas Ha R'. Ilonoxum

n(la, b)=a(d+)—a(@—),

k(la, b)) =a(b—)—ala—),

p((a, b)) =a(b+4)—a(a+),

u(@, b))=a(—)—a(@+).
3nech [a, b)—MHOKECTBO BCeX 4HCEeJ X, TaKHX, 4TO a<{Xx < b,
H T. A. 3TH MHOMXECTBa CJeAyeT pasjiHuaTh H3-32 BO3MOMHBIX pa3s-
pbiEoB QYHKUMH a. Eciu p onpegenuTsh Ha >SJeMEHTapHBIX MHOXe-

cTBax, Kak B (11), To QyHKUHA W oKa3bBaeTcs perynaspHoii Ha &.
JlokaszaTenbcTBO TOYHO Takoe Xe, Kak B (a).
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Haima caepywoulas ueabp COCTOAT B JA0Ka3aTeabCTBE TOrO, 4TO
Kaxjaas (pyHKUHA MHOXKeCTBA, peryJisaphas Ha &, Moxer 6bITb npo-
OJXKeHd JI0 CUETHO-aJIMTHBHON (PYHKIMH MHOMKeCTBa, onpenenenﬂou
Ha C-KOJblle, cojepiKalleM &.

10.7. Onpepenenne. llycTs Qynkuua p aiAuTHBHA, pery-
Jsiplia, HeOoTpHilaTeJbHa M KoHeura Ha &. PaccMoTpuM cueTHble
IIOKPBITHST KaKoro-HUOyaAb MHOXKeCTBA E < R OTKPBLITBIMH 3J1eMeHTap-
HbIMH MHOXecTBaMH A,:

Ec U A,
n={
ITosoxuM, no onpeieneHuo,
(17) u* (E) = inf 21 1 (An),

rje HHXKHSIS Tpadb GepeTcs NO BCeM CYETHBIM MOKPHITHSIM MHOXe-
ctBa E  OTKpBITBIMU  3JIEMEHTapubiMH  MHOXKeCTBaMH. Uucso p* (E)
HazLiBaeTcsl GHewHerl mepoli MiHoXecTBa E, CoOTseTCTByWILEH (YHK-
UHH .

fcno, uto p*(E) >0 npu Bcex £ H uTo

(18) w*(Ey) <p* (Ey),
ecau E, < E,.

10.8. Teopema. (a) Haa aoboco ACE umeem p*(A)=u(A).
(6) Ecau E=1) En, mo
n=1{

(19) w* (E)< 2! w*(En).

OtMeTnM, uTO (@) o3HayaeT, 4To (YHKUMA WU* — OPoJOJIKEHHE
GYHKLEH 1 C KOJblla & Ha MHOXECTBO 6Cex NOJMHOMXECTB NPOCTpaH-
¢rpa RP. CBoitcTBO (19) HasbiBaeTcst noayadoumuenocmsio.

NoxkaszaTteabctBo. [lyctb ACE u e >0.

Vs peryaspnocTH Mepnl p ciaeiyer, 4TO MuoxecTBo A copep-
KHTCS B 1IEKOTOPOM OTKDBITOM 3JIeMEHTapHOM MHOXecTBe G, TakKoM,

uto p (G) < p (A) + e. TTockonpky p* (4) < p (G) H NMOCKOBKY YHCJIO &
1)POKH3BOJILHO, TO

(20) u* (A) <u(4).

1To ompejiesieHnIo W* CyLIeCTBYeT Takas NOCJAENOBATENbHOCTL {Ay)
OTKPBITBIX 3.1eMeHTapHbIX MHOXECTB, OObeJHHEeHHe KOTGPHIX COpep-
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KHT MHOXecTBo A, 4TO

ngl p(An) <p*(A)+e.

PeryssipHocTs QyHKUHMH p NOKa3biBaeT, 4TO MHOMKecTBO A cojep-
KMT 3JIEMEHTapHOe 3aMKHyToe MHoxecTBo F, Takoe, yTto p(F)>
> u(A)—e, a Tak Kak MHOXKecTBo F KOMNAKTHO, TO

Fc Ai U...uU AN

npu HekoTopoM N. 3Hauur,

N
p(A)<n(F)+e<p (AU .. UAN)+e<§u(An>+e<u'(A)+2e.

ConocTaBasist 3T0 HepaBeHCTBO ¢ HepaBeHCTBoM (20), mosyyaeM yTeep-
Kienue (a).

Ilycte temeps E= (JE,, u nycts p*(E,)<C-+ oo OpH Bcex f.
annoMmy umcany &>0 orsewaloT nokpwmitus {Anx}, k=1,2,3, ...,
MHOXeCTB E, OTKPBITHIMH 3JIEMEHTAPHLIMH MHOKECTBAMH, Takue, YTo

(21) 2 1 (Anp) <U*(En) +27"
Torpa

WHE)S 2 2 (Au) < Z w* (En) +e,

otkyga cieayer (19). Ecmm xe p*(E,)= -+ oo nOpu HEKOTOpOM n,
To HepaBeHcTBO (19), pasymeercsi, TpuBHAJILHO.

10.9. Onpepnenenune. dns moGux mMuoxects A < R?, B RP
HOJIOXKHM

(22) S(A, B)=(A—B)U(B—A4),
(23) d (A, B)=p*(S(4, B)).
Byaem nucats A, —> A, ecnn

limd (A, A,)=0.

Eciy cymectByeT Takast noc/iefoBaTelbHOCTb {An} 37eMeHTapHbIX
MHOXKecTB, 4T0 A,— A, To Mbl 6yJeM rOBOPHTb, 4TO MHOXecTBO A
KOHEYHO W-U3BMEPUMO, H 6leEM nucatb A€ Mp (1). Ecan MHOXKecTBO A
paBHO OOBeJHHEHHIO CYETHOI'O CeMeHCTBA KOHEYHO -M3MEPHMEIX MHO-
JKecTB, TO Mbl OyJeM roBOpHTb, 4To A p-uszmepumo, u OyjgeM nucarthb
AeTk (u).

MuoxectBo S(A, B)—3T0 Tak HaspBaeMasi <«CUMMETpPHYECKAst
pasuocTb» MHOXecTB A-n B. Mol ysujiuM, uto d (A, B) ob6napaer
OCHOBHBIMH CBOHCTBAMH PacCTOSIHHSL.
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Cnenyiomasi Teopema NO3BOJHT HaM MOJMYYHTb HYXHOE pacmpo-
cTpaHeHue (QYHKIHH [.

10.10. Teopema. Mwnoscecmeo 9N () ssAsemCA G-KOALLOM,
a pynkyusn p* cuemno-adoumusna Ha M (p).

[Ipexkze ueM 06GpaTHTbCS K JOKa3aTeJbCTBY 3TOH TeOpeMhl, MBI
H3YYHM HeKOTopble cBoiicTBa MHOxkecTBa S (A4, B) u uucna d (A, B).
Hmeem:

(24) S(4, By=S(B, 4), S(A, A)=g,
(25) S(4, By=S(4, C)US(C, B),
S(A U4 BiUBy) ]
(26) S(AiN Ay BiBy) (<= S(Ai, B)US(Az By).

S(Ay— Ay, B,—By) J
Y1Bepxkzueuune (24) oveBHnHo, a (25) clenyeT U3 TOTO, YTO
(A—B)c=(A—-C)U(C—B), (B—A)=(C—A)U(B—C).
[lepBas u3 dopmya (26) cregyeT M3 TOro, uTO
(41U Az) — (B U By) = (A1 — By) U (A — By).

Haxkoneu, ofosnauas uepes E° pomosiHeHHe MHomecTBa £, nojydaem
S(AiNAs BiNBy)=S(AUA; BIUB)=S(4;, B)US(4;, B)=
=S8 (A4y, B)US (42, By,

1 mocnefHss u3 gopmys (26) MONYYMTCS, eCsiH 3aMETHTb, YTO
A —A,= AN AL

Cornacuo (23), (19) u (18), u3 31X cBoiicTB MHOXecTBa S (4, B)
creflyeT, 4To

27) d(A, By=d(B, A), d(A, A)=0,

(28) d(A, By<d(A, C)+d(C, B),
d(AUAy BiUB) )

(29) d(ANAn BiNBy) | <d(A B)-+d(Ay, By).

d(A,— Ay, B,—B,) )

CootHotuennsa (27) u (28) mokaswiBatoT, uto d (A, B) yAoBaeTBo-
psieT TpefoBaHHAM onpejeieHus 2.17, 3a HCKJIOUeHHeM TOro, 4TO
3 d(A, B)=0 ne caenyer A= B. Hanpumep, ecim p=m, MHOXe-
ctBo A cueTiio, a B mycro, TO

d(A, B)=m*(4)=0.
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HTo6bi yGeiuThCst B 3TOM, MOKPOEM n-10 TOUKY MHOMKecTBa A
NPSIMOYTOILHRKOM [,, TAKHM, YTO

m(l,) < 2.

Ho econ b1 Gynem cuurate gBa muoxectBa A H B skBuBaleHT-
HBIMH IIPH YCJIOBHU

d (A, B)=0,

TO BCe MNOAMHOXKECTBa INpocTpaHcTBa RP pasobploTCca Ha  KAACChl
5KBHBANeHTHOCTH, M d (A, B) npeBpaumaeT MHOXECTBO BCEX 3THX
KJIACCOB SKBHBAJEHTHOCTH B MeTpHuecKoe npocTpacTso. Toraa My (1)
OKa3biBaeTcs 3aMblKaHHeM MHoXKecTBa & 1).

DTa uHTepnpeTalyst HeCymleCTBEHHA AJsl J0KasaTesbCTBa, HO OHa
00BACHACT HJEIC, JeXAULYI0 B €ro OCHOBe.

Ham norpebyetcst euwte ogso cBoiictso uncna d (A4, B), a umenno

(30) |u* (A)—p*(B)|<d (A, B),
ecqn no Kpaitnell Mepe ojiHo M3 umces p* (4), p* (B) koneuno. [le#ct-

BHTeJbHO, nycTh O p*(B)<p*(A). Torma, Kak NoKasnlBaeT Hepa-
BEHCTBO (28),

d(A, @)<d(A, B)-+-d(B, &),
W (A)<d (A4, B)+p*(B).
Ho Tax kak p*(B) xoHeuHo, TO
w*(A) —p* (B)<d (4, B).

HokasaTeancTBo TeopeMn 10.10. Ilyers A€Mp (),
BEMp(1). Bubepem nocsepoBatensHoctd {An}, {B.} Tax, uTobH
A, €& B,cg A,— A, B,— B. Toraa (29) u (30} nokaselBaroT, 4TO

T. €.

(31) AUB,—AUB,
(32) A.NB,— AN B,
(33) A,—B,—A—B,
(34) W (A,) — p* (A),

u p*(A) <<+ oo, 1ak Kak d(A,, A)—0. Cornacro (31) u (33),
Me (W) — koo, Coraacuo (7),

B (An) A 1 (Ba) =1 (4, U Ba) 4+ 1 (An 1 B)-
[Monarast n—> oo, noayyaem H3 (34) u Teopemsl 10.8 (a)

w* (A) +u* (B)=p* (AU B) +p* (AN B).

1) Tounee Gputo 6b 34eCh TOBOPHTE He 0 My (k) B &, a O MHOKECTBAX BCexX
KJNACCOB SKBHBANEHTHOCTH, COMepKamux snementol MHOKecTs Mp(n) u €. —
Ilpum. nepes.
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Ecin ARNB=¢, 10 p* (A B)=0. CnegosarenbHo, ¢pyHKkuus p*
aguTuBHa Ha Mp (n).

[Tycte Teneps A€M (n). Torma A moxHO NpeICTaBUTH B BHJE
oObeJHHeHHsl CUETHOrO MHOXECTBA HerepeceKaroujuxcs MHOMKECTB U3
Mr(n). HefictBuTtensno, ecan A= |JA,, rie A, €My (u), To moJo-
&M A=A n

A= (4 U . .. UAD) — (AU .. U4dnoy) (n=2,3,4, ...).
Toraa

(35) A= 1) Ax

—TpebGyemoe npexcrabaende. Corsacuo (19),

(36) (A< 2 p* (4n)-
n={

C nmpyro#i cropousl, A D AU ... U A, H, B CHIY aJAHTHBHOCTH
dbyukuun p* Ha My (n), nosyuaem

(37) w (A2 n* (A U - .- Udn)=p* (A -+ ...+ u* (4n)-
Mz (36) u (37) crepyer, uro

(38) B ()= 2 1 ().

_ Honyctnm, uTo uucno p* (A) kouneuno. [osoxuy B,==A;...UA4n.
Ioraa, Kak uokaswisaer (38),

d(4, By=u*( U A)= 3 w(4)—0
i==n--1 i=nt1

pH n—> oo. 3Haunt B,-—>A, a Tak Kak B, € Mr(u), TO JNerko
punetb, uto A€ Mr (n).

TakuM oGpasom, Mbl nokaszana, uto A€ Mp(n), ecan 4 €M (n)
upn*(A4) <<+ oo.

Tenmepnp yxke sicHo, uTro GyHKLHMA W* cyeTHO-aAAuTHBHA Ha IR (n).
leficTBuTENBLHO, €CH

A= UAIH

riae {A,}— nocnejoBaTebHOCTb HEMEPeCeKaromuXcs MHOXKECTB, IIPH-
nagrexammx M (n), TO, KaK Mbl 1noKasanH, (38) BrmoJHseTcs,
cein u*(A,)<C-+oo NpH BCEX M, & B NPOTHBHOM CJivyae paBeH-
¢rpo (38) TpuBHAAbLHO.

Haxkonew, Mbl JoJiKHBl 110Ka3aTb, uyto IR (L) — 370 o-Koawio. Eciu
A, M), n=1,2,3, ..., 10 gcHo, uto ] A, € M (n) (Teopema 2.14).

n o\
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[ycte AEM (0), BEM (1) un
A= fj Am B= olj B,,

n=1{ n

rae An, B, €My (n). Toraa toxaectso
An n B ZiL_J‘ (An ﬂ B,)

nokasoiBaetT, uto A4, 1 B€ M (1), a Tak Kax

w* (AN B) < p* (An) <+ oo,
10 A, NBEMp(n). 3nauur, A,—BEMr), u A—BeM (), TaK
Kak A—B= Gi(An—B).

n=

Teneps Mbt 3amennm p*(A) Ha p(A4), ectm Ac M (p). Takum
o6pasoM, (QYHKLUHS p, omnpeje/ieHHas [epBOHAYaNbHO TOJbKO Ha &,
NPOJO/KEHA JO CYETHO-aJAAMTHBHOH (DYHKIHHM MHOXKECTBA Ha G-KOJbIIE
M (n). ITa npoio/KeHHast (QYHKLUHS MHOXKECTBA HA3BIBAETCS Mepou.
B TomM uactHOM ciyyae, korja w=m (Ha &), oHa Ha3sbiBaeTcs Jsebe-
rosoil Mepoil B IlpocTpaHcTBe RY.

10.11. 3amevanusda. (a) Ecamu muokectBO A OTKpHITO, TO
A€M (n). HelcTBuTeNbHO, KaXKJOe OTKpbITOE MHOXECTBO B RP paBHO
O0BEAHHEHHIO CYETHOrO CceMeHCTBA OTKPBLITHIX  IIPSIMOYTOJBHHKOB.
Yrobel B 3TOM yGeIHThCS, [OCTATOUHO NOCTPOHTH CcuyeTHYIO 6a3sy,
3JieMEHTaMH KOTOPOH CJy3KaT OTKPBIThE MPAMOYTOJILHHKH.

(6) Ecim Ae M (n) u >0, TO cymecTylor MHOXecTBa F u G,
Takue, 4T0

FcAcqG,
F 3amxHyTO, G OTKpHITO H
(39) p@—Ay<<e, wA@A-—F)<e.

Ileppoe HepaBeHCTBO BLINOJHAETCS MOTOMY, YTO BHEWIHAS Mepa
Oblna onpefeneHa € TOMOULLIO TOKPBITHH OMKpbUmbMU  3aeMEHTap-
HbIMH MHOXecTBaMH. BTopoe HepaBeHCTBO MOJYUHTCH, €CJH IepedTH
K JONOJHEHUAM.

(¢) Mot roeopum, uto E — Ooperesckoe muosecmso, eciu E MoxeT
ObITh MOJIYYEHO C IOMOLIBIO CYETHOTO MHOMKECTBA onepanuf, HCXOAA
U3 OTKPHITHIX MHOXECTB, TPHYEM Kaxpaas onepauus—3T0 JHOO B3S-
THe ofbeluHeHHs, JHUO0 B3ATHE MepeceyeHHs, JHOO HePEexXOoi K AONOJ-
HeHuo. MuoxecTso % Bcex OOpesieBCKHX TOAMHOXECTB NPOCTpaH-
cTBa R” ofpa3dyeT 0-KoJiblO; B JAEHCTBHTEJBHOCTH 3TO HaHMEHblee
H3 0-KoJell, CoiepKalyX Bce OTKPbIThble MHOXecTBa. CorsacHo 3ame-
sanno (a), E€M (n), ecomn E€ F.
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(d) Ecin A€M (pn), To cymecTByioT GopeneBcKHe MHOXKecTBa F
u G, Takne, ut0 Fc AcG u

(40) R(G—A)=p(A—F)=0.

910 caepyer u3 (b), ecam B3ATL &= 1/n M NONOKHTL N—> 0oO.

Hockoabky A=F|J(A—F), Mbl BumuM, uTo Kaxkzoe A€M (n)
npeacTasaser cobod obbeiuHeHHe OOpeNEBCKOTO MHOMXKECTBA H MHO-
XeCTBa HYJeBOH Mepbl.

BopeneBckre MHOMKecTBa W-H3MEDHMBbI NPH KaxkaoM p. Ho MHo-
XecTBa Mephl HyJb (T. e. MHoxecTBa E, nas koTopeix p*(E)=0)
MOFYT OBITh Pa3iv4HBLIMH [/ Pa3JHYHHX M.

(e) Kakoea 5b HH Obl1a (YyHKUHS |, MHOXECTBA MepHl HYJb
06pa3yloT 0-KOJblIO.

(f) B cayuae Mepbl JleGera BcAKOe CYETHOE MHOXKECTBO MMeeT
Mepy Hyab. Ho c¢yillecTBYIOT M HecueTHble (M JaKe COBepLUEHHbIE)
MHOMKeCTBa Mephbl HyJab. IIpHMepOM MOXKeT cJyXKHTh MHO:KecTBO Kan-
TOpa: HCIONb3Ys ofo3HaueHust U3 1. 2.44, Jlerko noxasaTb, 4TO

2N\n
m(En):<’3—> , (n=1,2,3,...),
a TaK Kak P = E,, 10 P E, npu mobom n, 1aK uto m(P)=0.

10.12. Onpepnenenne. Ilycts X — MHOXKECTBO, He 06513aTE/IbHO
SABJASAOLIEECS TOJMHOMECTBOM €BKJHAOBA MPOCTPAHCTBA WM BooGiie
KaKoro-HHOYAb METPUUECKOTO MpPOCTPaHCTBAa; X HA3bIBAETCHA npo-
CMPANCIEOM ¢ Mepol, eci CYIeCTBYeT 0-KoJbUO IMN MOAMHOXKECTR
MHOMKecTBa X (3JieMEHTBI MHOMXeCTBa M Ha3bIBAIOTCS H3MEPHMBIMH MHO-
JKeCTBAMH) H HEOTPHIATEJbHAA CUYETHO-2[JHTHBHAA (PYHKUHST MHOMXKE-
cTBa U (Ha3biBaeMasl MepoL), OnpejesieHHas Ha

Ecin, kpoMe Toro, X €M, To X HA3bLIBACTCH U3IMEPUMBIM NPO-
CM PAHCMBOM.

Hanpumep, Mbl MOXeM B3dTh B KadectBe X NpOcTpaHcTBO RY,
B KauecTBe M — MHOMKECTBO BCeX H3MEPHMBIX IIOJMHOMXECTB NPOCTPaH-
ctBa R, a B KauectBe |L— Mepy JleGera.

Mau B kauectBe X MOXHO B3ATb MHOMKECTBO BCEX IIOJIOXHTENb-
HBIX 1EJBIX 4MCeJ, B KauecTBe IR — MHOXXECTBO BCeX MOJAMHOMXECTR
MHOMKecTBa X, a B KauecTBe p (E)— uucso 371eMeHTOB MHOMecTBa E.

[pyro# npumep paeT TEODHS BePOATHOCTeH, B KOTODPOH COGBITHSA
MOXKHO pacCMaTPHBAThL KaK MHOXeCTBa, @ BEPOATHOCTb HACTYIIEHHA
COOLITHA — 3TO AAIHTHBHAs (MW CUETHO-aJJAHTHBHaA) QYHKIHS MHO-
KecTBa.

B caenyromux pasgenax Mol Beerja OyaeM UMeTh Jelo ¢ M3Me-
pUMbIMM npocTpaHcTBaMH. ChenyeT NOAYEPKHYTb, YTO TEOpPHS HHTe-
rpaja, K KOTOpOH MBI BCKOpe mnepedjieM, HH B KaKOM OTHOLUEHHH
He craja 6Bl 1mpolle, ecJH 6bl Mbl TIOXKEDPTBOBAMH TOH CTeNeHbIo
OOLIHOCTH, KOTOpO# Mbl cefuac AOCTHIJIH, H OPPAHHUHJIHCH, CKaxKeM,
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Mepoii JleGera Ha npoMexyTKe BellecTBeHHO#H npsimol. Ha camom
JleJle  OCHOBHBIE UepThl TEOPHH € ropasfo OosblleHd SICHOCTBIO NpPOSB-
JSI0TCA HMEHHO B oO0meH CHTyaluHH, KOrja XOpowoO BMAMO, YTO BCE
3aBHCHT TOABKO OT CYETHOH ajJHTHBHOCTH Mephl L, ONpejeaeHsHol
Ha HEKOTOPOM O-KOJblIE.

Ham 6yner ynobuHo BBecTH o603HaueHHe

(41) {x1P}

JIJIs1 MHOXECTBAa BCeX 3JEMEHTOB X, 06Jajlaiiux cBoicTsoM P.

Uamepumble dyHKLUH

10.13. Onpeneaenne. IlyeTs [—dyuxuus, onpepelcHtas Ha
H3MEPHMOM TpocTpaHcTBe X €O 3HAYEHHSMH B pACUIHPEHHOH cHCTeMe
BeleCTBEHHBIX uucea. DyuKuHsi [ 1a3blBaeTCa uamepuMmori, eclu MHO-
HKEeCTBO

(42) x|/ (x)>a}
H3MEPHMO TIPH Ka)IOM BEIIECTBEHHOM d.

10.14. ITpumep. Ecan X=R", a M =M (p) —B COOTBETCTBUH
¢ onpenenereM 10.9, —To Kaxzaa HenpepoiBHas dyuxkuus [ uame-
pHMa, TaK Kak B 3TOM CJaydae MHOMXeCTBO (42) OTKpBHITO.

10.15. Teopema. Caedywoujue ycio8uUs 3KBUBAACHINIHDL:

(13) {x!f(x) >a} usmepumo npu Kaxdom eewjecimeeHHOM Q.
(44) {x|f(x) >a} usmepumo npu KamooOM BeLieCINEEHHOM Q.
(45) {x|f(x)<Ta} usmepumo npu Kaxoom GelieCmEEHHOM (.
(46) {x|f(x)<a} usmepumo npu KamOom 6eujecneéerHom a.

HJoxkasateanctso. OrHomenus

lfwzay= 0 {xf=>a—73 1},
(011 (x) <@y =X—{x| [ (v) > a},
(fm<ay= 0 {xim<ati},
n=1
(0 F ) >a) =X —{x|] () <a)
nocaenoBaTeibHO TNOKaselsalT, uyTo w3 (43) caeayer (44), n3 (44)
caeayetr (45), u3 (45) crneayer (46), a u3 (46) caegyer (43).

3HAYAT, KaXA0e H3 3THX YCJAOBHH MOXHO HCIO/JIbL30BAaTh BMECTO
(42) aJs onpejpeseHHd W3MEPHMOCTH.

10.16. Teopema. Ecau | uamepuma, mo usmepuma u |f!.
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HNokasaTeldbCTEBO!
{x[|F ()| <a}={x!] (x) <a}N{x|f (x) > —a}.
10.17. Teopema. HHycme {f,} — nocaedosamevrocms usmepu-
mox ynkyuil. Hpu x€X noaowum
gx)=supfa(x) (n=1,2,3,...),
h(x) = lim f, (x).

n-3+20

Toeda yukyuu g u h usmepumo.
KoneuHo, TO e BEPHO M B OTHOLUEHHH HMXHCH rpaHu H HHXKHEro

npejgena,
IlokasaTeasbCcTBO.
rg)=a)= U {¥|jn(x)>a}
B (%) = 0] gm (%), T g (¥) =SUp fn (%) (n>m),

Cnepcreud. (a) Ecau | u gusmepume:r, mo max (f, g) u min(/, g)
ugmepumsl. Ecau
(47) fr=max(f,0), [ = —min(f,0),

mo, 6 wacmwocmi, [ ou [T usmepumer
(b) Hpedea cxodaweiica nociedosamesvHOCHL USMEPUMOIX DYHK-

yuli — usmepuman QyHKyuAa.

10.18. Teopewma. [lycms | u g-—usmepumse KoHeuHvie delye-
cmeeHnble ysKyun, onpedeieHHole HO mHomecmee X, nycme yHK-
uus F eewecmeenna u nenpepvigna Ha R, u nycmo

h(x)=F(f(x), g(x)) (¢€X).

Toeda ¢yukyus h usmepuma.
B wacmnocmu, ¢yakyuu f-g u fg usmepumor

HoxkasateabctBo. Ilycrs G,={(u, v)|F (u, v)>a}.
Torpa G,— OTKpLITOE NOAMHOMKECTBO NpocTpaHcTBa R H

[¢d]
Ga: U ]nv
n=1
riae {/,} —nocneaoBaTenbHOCTb OTKPBITLIX NPAMOYTOJbHHKOB:

In::{(u, U)ian<u<bn’ Cn<v<dn}-
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[TocKONMBKY MHOXECTBO
{x]an <[ (x) <bn}={x|](x) >an} N {x|[(x) < bn}
H3MEDHMO, TO MHOMXECTBO

(x| (F(x), g())€ Ly ={x]an<F(x) <ba}N{x|cn < g (x) <dn)
H3MEPHMO. 3HAuHT, TO K€ BEPHO H B OTHOLICHHH MHOXECTBA

(518 () >a) = {x (7 (), g () €Ga) =
= U {x[(F (0. g ()€ ln).

ITonBonsi HTOrH, Mbl MOXMEM CKa3aTb, 4TO BCe OGLIYHblE ONEPaIHH
aHaJH3a, BKJI0Uas ONepalMHd, CBA3aHHble ¢ NpPeJeNbHbIM MepeXofioM,
6ynyuH NpHMEHEHHbIMH K H3MEepHMHIM (YHKNHAM, TNPHBOAAT CHOBA
K H3MepUMbiM (YHKIHAM; HHBIMH CJOBaMH, BCe (GYHKUHH, C KOTO-
pPbiIMH OGBIYHO BCTPEUAIOTCS, H3MEPHMBI.

To, uT0 3Ta dhOpMy.IHPOBKA TeM He MeHee JOBOJbHO rpyda, BHHO,
OJIHAKO, H3 CJeIyIIero 3aMeuaHHda: ecan h(x)=f[(g(x)), rne
dyHkuMa [ u3MepuMa, a ¢ HenpephlBHZ, TO (YHKuHS h He o6s3a-
TeJILHO H3MepHuMa.

Yuratenb, BO3MOMHO, 3aMeTHJ, YTO B HamleM OOCYXKAE€HHH H3Mme-
puMbIX QYHKUMH HHT/Ae He yNoMHHaJjach mepa. B camoM nese, KJacc
$YHKUMH, H3MepuMblX Ha X, 3aBHCHT TOJbKO OT oO-KoJablla IR
(o6o3nayennst Te xe, yto B n. 10.12). Hanpumep, MoXHO TOBOPHTH
0 QyHKUHAX, u3MepuMbix mo bBopemo Ha RP, T. e. o dyHKUHSX [,
AJIS1 KOTOPBIX MHOXeCTBO

{x|[(x)>a}

Bcerja OopeneBcKoe, He YIIOMHHas NPH 3TOM HHKAKOH KOHKDETHOH
Mephl.

MMpoctbie yHKUHU

10.19. Onpenenenune. IlycTe s— BewecTBeHHas QyHKLWSA,
onpejeneHHass Ha MHOxecTse X. Ecau MHOXecCTBO 3HaueHHH ¢yHK-
UMY S KOHE4YHO, TO Mbl OyjeM TOBOPUTb, UTO S— nPocmas QyHKyUA.

[Tycts £ X, n nycts

1 By,
(48) Kn(y—| b D)

0 (x45L).
Ky HasniBaercs xapaxmepucmuueckod pynkyued MHOXecTBa E.

ITycTb MHOXECTBO 3HaueHHH (QYHKUMM § COCTOHT M3 Da3JHUHBLIX
UHCeA Cyy ...y Cp. [lycTh

Ei={x|s(x)=c¢;} (=1, ..., n).
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Torpa

n
(49) s= 2 oK, ,

1=
T. €. Kakpaasg npoctasd ¢yHKHHS TpPeAcTaBAdeT co00H KOHEYHY1o
JIMHEHHYI0 KOMOHHAUHUI0 XapakTepUcTHYecKHX OGYHKUMA. $IcHO, 4TO §
A3MepHMa TOTAAa H TOJbLKO TOrja, Koraa MHoxecTtBa Ey, ..., E,
H3MEPHMBI,

Oxa3ssblBaercst, JIOOYI0 (YHKUHIO MOXHO NPUOMH3HTD IPOCTHIMH

(YHKIHAMH,

10.20. Teopewma. llycme f[— seiyecmeennasn pynxyus, onpede-
nennaa na muoscecmee X. Toeda cyuiecmayem nocaedosamenbrocmod
{sn} npocmbix ¢ynxyuil, markas, umo S,(x)—f(x) npu n—>co dan
ecakoeo x€X. Ecau ¢pynkyus f usmepuma, mo MmoxcHo ewibpams
nocaedoeamenvrocme {sp,} max, 4mobei ece QyHKYUU S, Mmoxce Owau
usmepumst. Ecau [ >0, mo nocaedosamesvnocme {s,} MoxcHo cuumameo
MOHOMOKKO 803pacmarouied.

JoxkasaTeascTBo. Ecd >0, TO MOJOXHM

En={x| 5 <I®<zr} Fa={xlf(0>n}

apu n=1, 2, 3, ..., i=1, 2, ... n2", Ilycts
n2M
—1
(50) Sp = 2 lTKEni+nKFn'

i={

B ofuem ciayuae 3amumeM f=f*—f" 4 NPUMeHHM mNpeAbIAYILYIO
KOHCTPYKIHIC K ffu f~.

3aMeTuM, 4TO NOCJIe0BATENLHOCTD {5, }, 3aAaHHas paBeHCTBOM (50),
CXOMHTCs K [ paBHOMEpHO, eciu [ OrpaHHYeHa.

HuterpupoBanue

Mbl onpelielnM HHTErpHpOBaHHE HA H3MEPHMOM rpocTpaHcTBe X
C O-KoablloM I H3MepHMBIX MHOXeCTB M ¢ Mepod pu. Uutatens,
KeJAoUHN HMeTh Tepei riaasaMH 06osee KOHKDETHYH CHTYALHIO,
MOXET NpeAcTaBaaTh cebe X KaK NPAMOYTOJbHHK HJAM Kak Belle-
CTBEHHYIO TpsIMYyl0, a p— Kak Mepy JleGera.

10.21. Onpenenenne. JonyctuM, uto yHKIMA

n

(51) s(x) = 21 cKe,(x)  (x€X, c;>0)

i=
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usMepuMa, U nycts E € M. Tloaoxum

n

(52) Ip(s)= 2 e (ENEy).
Ecan ¢ynkuusa [ u3Mepuma W HeOTpMUATENbHA, TO MbI ONpPE/1eIHM
(53) \ Fdp==sup 1. (s),

E

rZie BepxHasl TpaHb OepeTcsl MO BCEM INPOCTBIM (YHKUHAM, TAKHM,
gto O0<s< .

JleBasi vacTb paBencTBa (53) HasbiBaeTcs unmeepasom JlebGeea
GyrKkyun f omuocumenvro mepst W no muoxcecrmsy E. 3aMetnm, yTO
HHTErpasa MoxeT OblTb PaBHBIM -!- co.

Jlerko npoeeputh, 4TO

(54) { sdu=1:()
Aast mo6oli HeoTpHUATeabHOH NPOCTOH H3MepHMOH (PYHKIHH S.

10.22. Onpeaeaenne. Ilycth dynkuus f wusmepuma. Pac-
CMOTPHM [1Ba HHTErpana
(55) \ fdp, \ fdu.

E

i
rae f* u [~ onpepenens, kKak B (47).

Ecan xots 6bl oauH U3 HHTerpaJsoB (5D) KOHeueH, TO MBI Moja-
raeM, IO ONpEJEJIEHHIO,

(56) {fan="{ran—\ fan.
E

el 4

A

Ecan o6a unrterpana (55) KOHeuHbl, TO ¥ pasHocTh (H6) KoHedHa,
H Mbl TOBOPUM, 4TO (YHKLUSI [ uxmeepupyema (AAH cymmupyena)
Ha MHOXecTBe [ B cMhbicie Jlefera mno OTHOLUIEHHID K Mepe WU; Mbl
numeM f€ £ (p) Ha mHOXecTBe L. Ecnu p=m, To o6buHOe 0003Ha-
yeHHe TakoBO: f€ £ Ha MHOXecTBe E.

DTa TEPMHHOJIOTHSA MOXET BbI3BAaTh HEOOJBLIYIO NYTAHHLY: €CJH
(56) paBHO -+ oo MAH — co, TO MHTErpa/ (HyHKUHUH f o MHOXecTBY E
oripeiesied, XoTs (YHKUHSA [ H He HHTerpupyeMa B TOJbKO 4YTO
pa3bsCHENHOM CMBICJe CJoBa; [ HHTerpHpyeMa No MHOXecTBY E
TONBKO TOTja, KOTJa ee HHTErpaJ MO 3TOMY MHOXeCTBY KOHeueH.

10.23. 3ameuanud. Ciepylomue CBOHCTBA OUEBHJHbL:
(a) Ecnu f naMepuMa v orpaHuueHa Ha MHOxecTBe £ u p(E) < -+ oo,
To fEL (W) Ha E.
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(b) Ecmu f uamepnma, npuueM a<f(x)<b npu x€E, a p(E)<<
<+ oo, 1O

ap (E) < fdu<bu (E).

E

(¢) Ecu f nu gef(uw) Ha E u ecanm f(x)<g(x) npu Beex
xcE, 10

{ Fan< { gan.

(d) Ecom fe X (u) va E, 1o ¢f€ £ (n) Ha E, KakoBo Gbl HH OBIIO
KOHEYHOe YHCJIO ¢, H

Scfdp:c S fdu.
E E

(¢) Ecom nw(E)==0, a f—mu3smepuma, TO
S fdu=0.

E
(f) Ecom f€L(n) va E, Acm u Ac L, 10 €L (1) Ba A.

10.24. Teopema. (a) [Tycmv | usmepuma u Heompuyameabra
Ha mnoxecmee X. Jaa AECIN noaoxrcum

(57) (A= \ fdn.

A
Toeda ¢pynkyusa ¢ cuemno-adoumusna xHa IN.
(b) To ae eepro, ecau fE€ L () Ha X.

Hoxazateasctso. $cHo, uto (b) caepyer uz (a), ecau Mol
3anumeM [ = f*—f" u npuMenum (a) x f* u [
Utobu jnokasath (@), Mbl JO/DKHBI NOKa3aTh, YTO

(58) 9 (A= 2 ¢ (),

et Ap€M (n-1,2,3, ...), ANA; =@ npn i%ju A= U A
i

Ecaun f—xapamepncmqecxaﬂ (pyHKILHﬂ, TO CUyeTHasd aAJHTHBHOCTDH
(DYHKUHH ¢ — TO Xe caMoe, YTO CueTHasd ANJHTHBHOCTH (PYHKIHH W,
TaK KakK ,

{ Kedp=p(an E)

A
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Ecsn f—npocras dyHkuus, To [ uMeeT BHA (51) M yTBepxjaeHHe
TEOpeMBl TaKKe BHIMOJHAETCH.

B o6meM cayuae mas KamAoH npocToil H3MepuMoil dMYHKIMH S,
takol, yto 0<s<f, umeem

ITosromy, cornmacHo (53),

(59) PA)< 2 ¢ (4.

[os]

S sdp< ) @ (4n).
A

i ={

3aMeTuM Teneps, 4T0 eciH @ (Ap)= -+ co TpH KakoM-HHOYAb 1,
T0 (58) TpuBHaibHO, Tak KakK ¢ (A)> ¢(A4,). Ilostomy mnycTs
¢ (Ap) <<+ oo 1ipu BCEX 1.

Ina 3apanHoro & >0 BoifepeM H3MepHMYI0 (YHKUMIO S Tak,
uto 0<s<fu

(60) (sau>(rau—e, (san>(ran—e.
Ay Ay A A2
ScHo, 4yTO
oA UA)> | san={sdpt {sduze) + o) —2e,
A1 Aq Ay Az
TaK 4TO

@ (AU A) > ¢ (Ay) + @ (Ag).
CnepoBaTesIbHO, TIPH KaxX/IOM 7

(61) P(AU... UA) >0 (A)+ ...+ o (4n).
IMockoneky A> Al ... U An, 1O H3 (61) cmepyer, uto
(62) ¢ ()= 2 @A),

u (58) Boitexaer u3 (59) u (62).

Cnenctsue. Ecau AEM, B A, n(A—B)=0 u ¢yuxyua f
uzmepuma, mo

N g}

fdy = r\' fdu.

[Tockonbky A= B\ (A— B), 310 caepyeT H3 3amedanus 10.23 (e).

10.25. 3ameuauu4a. [IpuBeseHHOe Boillle CJeJCTBUE TTOKa3bIBaET,
YTO MHOXECTBAMH Mepbl HYJAb ITIPH HHTeTPUPOBAHHH MOXHO Ipe-
Hebpeusb.
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Ecan MuoxecTBO

{xIf(x)*=g()}NE

HMeeT Mepy HYJab, TO Mbl OyneMm nHcath f~ g Ba E. Torma f~f;
3 [~ g cnenyer, uro g~f, u H3 f~g, g~h cregyer, uTo
f~h. D10 3HAuMT, YTO OTHOLIEHHE ~ €CTb OTHOUIEHHE DKBHBA-
JIEHTHOCTH.

Ecau f~ g na E, TO Mbl, OYEBHIHO, HMeeM JIJs Jo00ro HaMe-
puMoro nogMHoxectBa A MHOxecTBa E

\ fdn={ gdu

A A

pH YCJOBHH, YTO 3TH HHTETpaJ/ibl CYMECTBYT!).

Ecau cBofictBo P BhIMONHAETCS 14 KaXAoro xCE—A u ecau
p(A)=0, 10 0OHYHO TOBOPAT, YTO P BLIMOJHSETCS MJjs TIOYTH BCEX
X€E umu uro P BomoagsieTcs nouTH BCOAY Ha E. (Cmblca sToro
«TIOYTH BCIOAY» 3aBHCHT, pa3yMeeTcs, OT TOH KOHKDETHOH Mephl,
KOTOPYI0 MBI paccMaTpHBaeM. B JuTepaType, eclH He OroBOPEHO
NPOTHBHOe, OOBLIYHO HMEWOT B BHAY Mepy JleGera.)

Ecau f€ £ (u) na E, To scHO, UTO 3HayeHHe [ (X¥) KOHEUHO MNOYTH
Bcioay Ha L. [losToMy B GOJBIIMHCTBE CJYy4aeB MBI MOMeM, He
yMassis OOMHOCTH, € CaMOr0 HauaJjJa MNpeAnoJdaraTb, 4To (YHKIIMH,
¢ KOTOPHIMH MBI HME€eM JIeJIO, TIPHHHMAIOT TOJBKO KOHeuihle 3HaueHHs!.

10.26. Teopema. Ecau fEL (W) Ha E, mou |fle £ (n) va E u
\ ran | <10 1dn,

E E

(63)

HokasateabctBo. 3anumeM E=AYB, rage f(x)>0 na A
u f(x)<<0 na B. Ilo reopeme 10.24

{itan={ifidut\1fidn={ rrdut { Fdp <o,
E A B A B
tak uro | f|€ L (u). Tlockoneky f<|flu —f<

(ran<{iran,  —{ran<{ir1an,
E E E E
oTKyjaa u caenyer (63).

[TockobKY M3 HHTerpupyeMocTH (YHKUHU [ clelyeT HHTErpH-
pyeMocTb ¢(yHKuuu |f|, TO wuHTerpan JleGera 4acto Ha3bBAOT
a6comoTHO cxoasamuMcd. KoHeuHO, MOXKHO ONpeJie/IMTh H HeaGCOMOTHO

i fl, MBI BHAHM, uTO

1) Bonee Toro, ecjH CyIeCTByeT OJHH H3 3THX HHTErpa/oB, TO CYLIECTBYeT
u Apyro#t. —IIpum. nepes.
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CXOASIIMECS HHTerpasel, H NpH H3YYeHHH HEKOTOphIX INpobJaeM 3TO
Jaxe cymectsenHo. Ho y 3THX HHTerpasoB OTCYTCTBYIOT Hau(ojee
noJje3Hsle CBOCTBA HuTerpasaa Jlefera, H OHHM HrpalOT B aHaJH3e
HECKOJIGKO MeHee BaXHYIO poJlb.

10.27. Teopema. [Iycme ¢ynkyua [ usmepuma wa E, || < g
u geL (W na E. Toeda fEEL () na E.

Horkasateasctno. HMmeem f*<lg n f~<lg.

10.28. Teopema JleGera o MOHOTOHHONH CXopgu-
mMoctul). [Iycme E€WM. [T ycme {fn} — maxas nocAedo6arme bHOCb
uamepumbix Qyrkyuil, wmo

(64) O0<H()< ()< (x€E).
ITycme gynxyua | onpedesena paseHcmeom
(65) o fg=limf(x)  (x€E).
Toeda
(66) \fadu—{fdn  (n>oo).
E E

Hoxaszarteascrso. Coraacuo (64), cyuwecreyer Takoe d, 4To

67) - \ Fndu—>a
E

IpH 7 -> oo, a TaK Kax Kfngxl‘

(68) a<< S fdy.

BriGepeM ¢ Tak, utofn 0<Zc <1, B nycTb S-—Ipoctast H3MepH-
Mas ¢yHruus, Takad, uro 0<{s<f. Honox(m\a

En={x|fn(x)>cs(x)} (n=1,2,3,...).
Coraacuo (64), Eyc Esc E;c< ..., a B cuay (65)

X2

(69) E= ) En
n=1
[Ipu mobom n
(70) S fndu> S fndp>c§ sdp.
E En én

1) Ora Teopema 06bIuHO HasuiBaerca TeopeMoii b, Jlesn.—[Tpum. nepes.
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YerpemuMm B (70) n kK oo. IlockonbKy HHTerpai— cueTHO-ajJH-
THBHas (yHKIHS MHOXKecTBa (Teopema 10.24), To, KakK nokasbiBaeT

(69), MoxHO npHMeHHTh Teopemy 10.3 K mnoc/enHeMy UHTerpany
B (70), U MBI MOJYyYHM

(71) a>c K sdp.
E
Yerpemasst ¢ K eJHHHLE, MBI BHIHM, 4TO
a> S sdy,
E
a u3 (53) caeayer, 4TO
(72) a> g fdy.

E
Teopema chaenyet tenepp u3 (67), (68) u (72).

10.29. Teopema. [Iycms [=f(-+f, ede [, ¢L(n) na E
(i=1, 2). Toeda f€ZL (n) Ha E u

(73) { rdn=1{ fidut{ fadp.
E E E

HoxasaTteascTbo. Cnavama jponyctuM, uto f, >0, [,>
Ecau f; u f;—npocthie dyskuun, TO (73) TPHBHAJNbHO cnenyeT
n3 (52) u (54). B obuwem cayuae BoifepeM MOHOTOHHO BO3pacTalOLHEe
110CJ1€/10BATENbHOCTH {Sp}, {Sn} HEOTPHLATEJbHLIX H3MEPHMbIX NPOCTHIX

dyHKUHMH, CXOAAIMHKXCA K f,, fa. Teopema 10.20 nokassiBaeT, uto 370
B03MOXKHO. [TONOXKUM S, = $;, -}~ Shh.

Torpa
S spdp = K Sndp+ B sndy,
o E

u (73) noayuutcd, €CHH Mbl YyCTPEMHM # K o H MPHMEHHM Teope-
My 10.28.

Tenepv ponycthM, uto f, >0, f,<<0. ITonoxum
A={x|f(x)>0}, B={x|f(x)<<0}.
Torpa ¢yukunn f, fy ¥ — f, HeoTpHUaTeabHB! Ha A. 3Hauwr,

@ {ndi=(faps (= ydp= fan— radp.
A A A

A A

Auanoruudo ¢yHkumn— f, f; ¥ —f, HeoTpuuatenbus Ha B, TaK

{ (—raan={ fidut§ (—pap,
B B

B

4yTo
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HJIH
(75) { Foan= 1\ fdu—1{ foau,
B B B

u (73) Burekaer u3 (74) u (75).

B o6meM cayuae MHOXKecTBO E MOXHO pa3iDXHTb Ha YeThipe
MHOKecTBa E;, Ha KaXJIOM H3 KOTOpHIX f[;(x) u fz(x) coxpausior
3Hak. M3 pokasauHoro caeayer, uto

{rap={ fudut §rzde =1, 2,3, ),

E, E; E;

u (73) nonyuaercsl, ecqy MBI NPOCYMMHDYEM 3TH DaBeHCTBA.
Teopemy 10.28 moxuo craepywomum obpa3oM nepedopMyJIMPOBATh
B TePMHHaX Psi10B QYHKIHH.

10.30. Teopema. Ilycms EEIM. Ecau {f.} — nocredosameain-
HOCMb HEOMPULAMEAbHLIX USMEPUMLLY YHKLULL U

(76) f(x)= Z fa(¥)  (x€E),

mo

Sfdll”—“i andu-
E

n=1 E

HNokaszarteasbctBo. YacrtHble cymMmsl paga (76) obpasywor
MOHOTOHHO BO3DacTaiOLyI0 NOCJeJOBaTEe]bHOCTD.

10.31. Teopema Party. [lyems E¢M. Ecau {f,}— nocae-
006aMeAbHOCHL HEOMPLUUAMEAbHBIX UIMEPUMbIX (PYHKYUL U

fx)=limf,(x)  (x€E),

‘n—voo

mo
a7 S fap<lim { fady.

E ‘n-»oo E

B (77) Moxer uMeTb MecTO CTporoe HepaBeHCTBO. IIpumep ykasau
B yNpaXKHEHHH 5.

JokasateasctBo. Ilonoxum
gn(x)=1inff;(x) (i>n)
npy n=1, 2, 3, ... u xcE.
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Torpa dyukums g, u3MepuMa Ha MHoxecTse E u

(78) 0<gi(¥)<ga )<,
(79) ) &n (%) < fn (%),
(80) gn(x)—>f(x)  (n—> o).
Coraacro (78), (80) u teopeme 10.28,
(81) { gndn-->{ fau,
E E

Tak uto (77) caexyer u3 (79) u (81).

10.32. Teopema JleGera 06 orpaHuvyeHHON CXOJH-
MocTH. [lycme E€IM. [lycme {fn} —makaa nocaedosamensrocmo
usmepumelx QyrKyul, 4mo

(82) fn(¥)—=f(x)  (x€E)
npu n—>co. Ecau cywecmsyem dynkyua g, maxkas, 4mo
(83) () [<gx) (n=1,2,3,...,x€L),
u get(uy va E, mo
(84) lim { fodp={ fdp.
"k E

HepaBenctBo (83) o3nauaer, uro QyHKIUMA g OrpaHHYHBaeT NOCJe-
joBateabtocts {f,}; 3THM oOBsicHsieTcsl HasBauHe TeopeMol. B cuay
n. 10.25, yTBep»jenHe TeopeMbl OCTaercs BepHbM, ecm (82)
BBINIOJIHAETCS [IOYTH BCIOAY Ha E.

JokasaTeabcTBO. 3aMeTHM CHauaJsia, 4To M3 Teopembl 10.27
caenyet, uto €L (n) B fEZL (n) na E.
Teopema daty nokasniBaer, yTo

( (f+g)dp < lim S (fa+g) dp.

TaK Kak f,-+ g>>0; HHaye rosops,

(85) ( fdp < lim § fodp.
E

'n.—»oo E
AHaNOrHYHO, NOCKONBKY g-—fn > 0, TO

K (g— ) dp<lim g (g—fndp,

F n-»wo p
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TaK YTO

E N—~»co

—{ fau<tim [ = {fuan],
a 3TO 3HayuT, UTO :

(86) S fdu>Tim K Fudp.
E Kbl
CywecTtBoBayue npegena B (84) U paBelcTno (84) Telepb CJ/€/1yIOT
u3 (85) u (86).

Caepcrteue. Ecau p(E)<I-+ oo, nocaedosameastocms {fn}
pasHomepro oepanuvena Ha E u [, (x)— [ (x) npu ecex xCE, mo
gotnoansemca (84).

CpaBHeHHe ¢ wHTerpaacM Pumana

Hama ciepyroomas TeopeMa T1OKasblBaeT, YTO KaMJas HyHKLHS,
HHTerpupyemast 110 PHMany Ha HEKOTOpOM cermeHTe, MHTErpHpyeMa
Ha 5TOM cerMente H 1o Jlebery, H uyTO QYHKIHH, HHTErPHpPYeEMEE
rno PuMaHy, TNOAYHHAIOTCS JOBOJLHO OrPAHHUMTEJLHBIM  YCJOBHSM
nenpepsiBHOCTH. Teopus Jlebera mosBoJiieT MHTETpPHPOBAThL (PYHKUHH
ropasfo Oojee mHpoKOro kJjaacca. OnHako camoe 3HAUHTENLHOE
ee MpPEHMYIIECTBO COCTOMT, BEpOATHO, B Toii cBoboje, ¢ KOTOpOf
B uHTerpanax JleGera oxasbiBaeTcsi BO3MOMHBIM IPOM3BOAHTL Olepa-
LMH TIpeJeNIbHOTO Tepexofa; ¢ 5TOH TOYKH 3peHyiss TeopeMbl O CXOMH-
MOCTH COCTABJSIIOT CYThb J1e0eroBCKOi TeopHH.

OpHa W3 TpyAHOCTeH, BCTpeyalomuxcsl B TeopHH Pumana, 3akiaio-
yaeTcs B TOM, YTO Npejes NOCJaeloBATENLHOCTH (YHKUHH, HHTEr pHpYe-
MbIX N0 PHMaHy (MM Jaxe HelipepblBHHIX), MOXeT YyXe He OBIThb
UHTErPHpYeMBIM 10 Pumany. B rteopuu JleGera 3Ta TpyAHOCTL MOYTH
HCKJ/IIOYaeTcs, Tak Kak TMpejes TOCJeJOBATENbHOCTH H3MEePHMEIX
QYHKUHE CHOBA H3MepuMaa (YHKLHA.

[Tycte mpocTpancTBOoM X € Mepoll CJAYKHT CerMeHT [a, b] Beiie-
CTBEHHON NpsMOfl ¢ p=m (Mepa JleGera), a M — MHOXKECTBO BCeX
NOJAMHOXECTB CerMeHTa X, H3MepHMBIX 10 JlebGery. Bmecro

Sfdm

X

ang uHTerpana JleGera ¢yukumn [ no cermeuty [a, b] npuHATO
ynotpe6JisiTh TPHBBIUHOE 0003HaueHHe

§ fdx.
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Yro6el OTJAMYMTL JeberoB MHTerpas oT uuTerpa.aa Pumana, mbl 6yaeM
3TOT MOCJEAHHH O003HAUATH TaK:

b
Y S fdx.

10.33. Teopema. (a) Ecau [fER Ha |[a, b), mo [EXL Ha

la, b] u
b :

(87) \ fdx=2R \ fdx.

(b) Hycme ynxyua | vepanusena na (a, b). Toeda f € R na |a, b]
mozoa u moasko moeda, koc0a pyskyua | Henpepoiena noumu 8cody
Ha [a, b].

HdokaszatensctBo. Ilyers dynkuua f orpannuena. Ilycrs
{Pr} —Takaa mnocJeloBaTeNLHOCTL pa3bueHHi cerMenta [a, b], uTo
Priy— u3menbuenye pasbuenust Py u w(Py)—>0 npu k—> oo (B 3TOM
JAOKa3aTeNbCTBe W 0003HA4yaeT He Mepy, d JuaMeTp pasOHenns).
Ecau P, — pas6uenne

A=Xg< X4 <.a. < Xp==b,
TO nonoXuM Uy (@) =Ly (a)=f(a) u
Ur(x)=M;, La(x)=m; (xiy<<x<x; L=1,...,1)
(o603Hayenust Te xe, uto ¥ 8 1. 6.1). Torpa

f

b
(88) UPu =\ Undx, L(Pu f)= thdx.

SR~ g

IMTockonbky Pp.;— H3Mesbuenne pa3buenuss Py, To

B9 Uix)z2U:(X)>...2f(x) 2> ... > Ly(x) > Ly (x) (a<<x D).
IMonoxum

(90) U@)=limUy(x), Lx)=IlimLy(x) (@< x L),

h-rco k-

Teneps pomyctum, uto f€.%. Beupy toro uro p (Pp) —0,

b
1) U (P, f)_>.99§fdx, L(Pr, )= & \ fdx.

[
a

[SE i~

D10 mnocsaexHee COOTHOMIEHHe He O6bI0 gBHO CcOPMYJIHPOBAHO
B IJ. 6 B BHJe TeOpeMbl, HO ero, KOHEYHO, JIerKO BbIBECTH H3 JOKa-
3aTesnbcTBa Teopemul 6.14 [eM. dopmyasl (28) u (29)]. Corsacno (89)
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u (90),
b b b b
(92) S Uydx —> S Udx, S Lpdx— S Ldx,
Tax uto u3 (88), (91) u (92) caepyer, uto
b b b
(93) Sde:S =R \ fdx.

Iockousky L(x) <[ (x}<<U (x) Ha [a, b], TO mepBoe H3 paBeHCTB
(93) nokasmBaeT, yTo

(94) L(x)=F(x)=U(x)

rmouTtr Bcloay Ha [a, b} (yupaxuerne 1). [Tockoasky L u U u3mepums,
TO 3TO BEPHO H B oTHomeunH f. 3Hauut, fE€L, u (87) caenyer
u3 (93) u (94).

Teriepp JOMycTHM, YTO X He NPHHANJNEKHT HHKAKOMY M3 pa3zbue-
HUH Py (OTMeTHM, YTC MHOMECTBO BCEX TOYEK, BXOJSALEX B COCTaB.
KaKoro-unbynp pasbuennsi Py, CUETHO H TIOTOMY HMeET Mepy HYJb)
CoBCeM JICTKO T0KazaTh, 9T0 TOT/a (DYHKIMsS [ HelpephiBHAa B TOYKE X
B TOM W TOJbKO B TOM caydae, Korga U (v) =L (x).

Takum ob6pasom, ecan f€.% ua [a, b], To, Kak nokassiBaer (94),
$hyHKIHS [ HenpepLBIQ TOYTH BCKOJY Ha [a, b]. O6partHo, ecau
[ HempepriBHA TouTH Bcloay Ha [a, b], 1o (94) BbinOsiHeHo. 3uauut,
BLIIOJIHEIIO TIEPBGe K3 PaBeHCTB (Y3), H, Kax nokasmiBaioT (92) u (88),
I8 Beakoro & >0 MoxHO HafiTH Taxkoe &, 4TO

U(Pha i)—‘L(Ph, f)<61

clleloBaTebio, 1o Teopeme 6.6, f €. Ha [a, b].

MHorpe COOTHOIIEHHS! MEXAY HHTErpHpOBaHHEM H AH¢epeHUHpo-
BauueMm yiKiHi 1epedocaTcst H B JeberoBekylo TeopHio. Ecan f€ZL
Ha [a, b] H

p
(95) F(x) == S fdt (a<x<b),

@

10 F’(x) = f(x) noutu Bcoay Ha [a, b].

O6patuo, ecan Qyuxkuua F puddepenuypyeMa B KaxJIo# TOuke
cerMenTa [a, b] («outd BCogy» 3aech HegocTaTouHo!) M ecan F/ €L
Ha [a, b], 10

F(x)—F (a) = SF’ ()dt (a<x<b).

Joka3aTeabCTBA MOXHO HaHTH B J1000% K3 JOCTATOYHO TOApPOG-
HBIX KHHI' [0 TEOPHH HMHTerpaJd.
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HnterpupoBanue KomniaekcHmx yHKumit

[ycts f— KoMniekcnossaunas ¢YHKuMsi, ONpeje/elHas Ha Ipo-
cTpaHctBe ¢ MepoH X, f==u-+iv, Tme W W U-—BeuleCTBEHHbI.
Mer GyseM roBopHTb, uTO GVHKIMS [ H3MepHMa, ecJH o6e QyHK-
IHH & H U H3MepHMBbI.

Jlerko mNpOBepHTb, HYTO CYMMbI H TPOH3BEJEHHS KOMIJIEKCHBIX
H3MepHUMbIX (YHKUHH cHOBa M3MepuMbl. K3 teopemnt 10.18 caenyer,
4TO | f|—H3MepHMasi (QyHKuHA, ecJH H3MepPHMa KOMILIeKCHas (PyHK-
uHs f, Tak Kaxk

|F = (o)

HomnyctuM, uto jL— Mepa Ha X, E — H3MepHMoe NOJMHOXecTBo X,
a f-—koMujekcHas QyHKIMs, ompejenentHas na X. Msl 6yieM roso-
pHTB, uTO [E£ £ (p) Ha E, ecau | usMepnMa H

(96) {iT1dn< oo
E
IIpH 3TOM MBI IioJaraem, Mo OIIpEAEJICHHIO,

gfdp,zz S udp - S vdy,

E E E

ecan BemoJHeHo (96). $lcno, uto (96) BRIMOAHSETCA TOTAA H TOJBKG
Torja, Korja uCZ(p) u vEZ(p) ua E, Tmak xak |u|<|fl,
lo|<!Fl [Fl<lu|-+]o].

Teopembt 10.23 (a), (d), (e), (f), 10.24 (b), 10.26, 10.27, 10.29,
10.32 Moryt ObiTh nepeHeceHsl Ha HHTerpaJsbl JleGera OT KoMiJeKc-
HbIX ynkuuii. JlokazaTeancTBa COBCEM 1POCTH, H TONBKO JOKasa-
TesbcTBO TeopeMsl 10.26 npencTaBasieT HeKOTOPBIH HHTepec. Bor ono.

Ecan fe £ (u) na E, 1O CymecTByeT KOMIVIEKCHOE UHCIO ¢,
|c|=1, rakoe, uto

cgfdu>0.
E
[Monoxum g=cf=-u-iv, rpe u u v BemecTBeuHsl. Toraa
| I
|§rdn|=c{ran={ gan={udn<{fidn.
3amMeTHM, 4TO YHCJO Sgdp BEIIECTBeHHO (3TO CJeAYyeT H3 nep-
BbIX JBYX DaBEHCTB).
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OyHKIHH Kaacca L2

B kauectBe npuioxenHs Teopud JleGera Mbl H3/OKHM o6oblleHHe
Teopemsl IlapceBansi (KoTopyio MBI I0Ka3aiM JIMIIb [J9 HEMPEPHIBHAIX
¢yHKUHA B 1. 8) H noKaxeMm TeopeMy Pucca— ®umepa aas opro-
HOPMAaJIbHBLIX CHCTEM QYHKLHHA.

10.34. Onpepnenenue. Ilycts X-— u3mepuMoe TIPOCTPAHCTRO.
Mu OGyjgeM roBOpHTb, 4TO KOMILIeKCHasl (QyHKUMA [ TPHHALNERKHT
Kkaaccy £2?(u) Ha X, ecnn [ usMepuMa H

{17 <+ co.
X

Ecnmn p-—wmepa JleGera, 1o Mnl Oygem nucaTts npocto f€Z2
Ecnu f€ L% (1) (nauunasi ¢ artoro Mecta Mel OyjeM ONYCKaTh CJIOBa
«Ha X»), TO MBI MoJaraeMm, N0 OMNpeNeJeHHIO,

L= { (i FEdn}

H HasbiBaeM uucio || f|| nopmoit dyHruuH f.

10.35. Teopema. [lyems [fe€L*(n) u geL*(). Toeda
fgeZ (n) u

(97) (1iglansifigl.

X

DTo HEepaBEHCTBO, KaK M B cJjy4ae pDAJOB W HHTerpa/oB PuMana,
Ha3biBaeTcsl HepaBeucTeoM llIBapua. Kak M B paccMOTpeHHBIX panee
cIy4asix, OHO BEITEKAET H3 HEpaBelCTBa

o< { (F1+righran=if12+2n { 1gidu+a2ig
X

X

KOTOPOE BHUIOJHSIETCS] TIPH BCSKOM BELIeCTBEHHOM A.
10.36. Teopema. Ecaufc L2 (WyugecL?(u),mof+geL(wu
IF+egli<lfll+lgll
Hoxasarteabctso. Hepasenctso lBapua nokasniBaer, 4TO
1i+ele=S1re+§ re+ (fa+{1ak<
<IFIE+20Fgli+lgiE=d Tl gl

10.37. 3ameuaunne. OnpenesuM paccTOAHHE MEXKAY JABYMs
dyuxuuamu f w g B £*(n), nonaras ero pasHbiM || f—g|l. SlcHo,
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YTO BCe, KPoMe OJHOTO ycJaoBus 1. 2.17, Bunoasdaiorcs. [leso B ToM,
yT0 W3 pasenctBa ||[f—g|/=0 ne caenyer, uro f(x)=g(x) npu
BCEX X, a CJEeIYeT TOJbKO, 4TO f(x)=g(x) TpH NOYTH BCEX X.
Takum o6pa3oM, ecay Mbl OTOXKAECTBHM (YHKUHH, OTJHYAIIHeCH
TONBLKO HAa MHOXECTBe Mephl Hyab, TO £? (1) OKasblBaeTcsi METpH-
YECKHM TNPOCTPAHCTBOM.

PacemoTpum Teneps 2 Ha cerMeHTe BewiecTBEHHOII OCH C MepoW
JleGera.

10.38. Teopema. Henpepuisrote ¢uynkyuu o6pasyrom 6ciody
naommuoe MHoxcecmeo 6 £° na [a, bl.
Toutiee, 3T0 3Ha4HT, uto A4 J000f ¢yuxkuuu f€ L2 uHa [a, 0]
# Jawboro &>>0 cymecTByeT (YHKUMS g, HernpepuiBHas Ha [a, b]
¥ Takas, uTo
b

- { S (F—g)ds} <.

a

f—g!

HdoxaszaTenscTBO. Mbl OyfeM TOBOPHTH, YTO NOCJENOBATE/b-
HOCTh {g,} annpokcumupyeT ¢yHknnw [ B 2% ecan ||f—gn||—0
HpH 71—~ co.

Ilycte A-—3aMkHYyTOe NOJAMHOXeCTBO cerMeHTa [a, 0], a Ka—
XapaxKTepucTHYecKas (yHKUHS 3TOro nojMHOxecTBa. [losoxum

t(x)==inflx—y| (y € A)

1 o
En (x) :»lAjf—Af;tm (n = 1, 2, 3, .. .).
Torpa oyuxuus g, wHenpepmBna Ha [a, b], go(x)=1 nHa A
H gn(x)—0 na B, rae B=|a, bj—A. 3nauur,

gn—Kail= { S g%dx}l"z—»o

B

no teopeme 10.32. MrTax, XapaKTepHCTHUECKYIO (YHKIMIO 3aMKHYTOroO
MHOXECTBA MOMXHO arllpOKCHMHPOBAaTL B £? TOCHEJOBATEILHOCTHIO
HenpephiBHLIX GYHKUKI.

CornactHo (39), To e BepHO H B OTHOHIEHHH XapaxKTepHCTHYe-
cKOlt YHKUMH JOGOr0 H3MepHMOro MHOXeCTBa, H, €Tano OblThb,
B OTHOIIEHHH JI060H MpocToit H3MepHMOH dyHKIUHK.

Eco >0 u fEZL® To nycTh {s,}—Takas MOHOTOHHO BO3pa-
cTapomas TocaAeoBaTe/bHOCTL TIPOCTLIX HEOTPHUATEJbHBIX H3MepH-
MblX PyHKUHH, uTO 8, (x) —> f(x) npH Bcex x. Teopema 10.32 noka-
3biBaet, 4T0 || f—s,||— 0, Tak kax |f—s, P<|f %

Orclopa caenyeT yTBepXKjeHHE TeOpeMbl U B OOLIEM cayuae.
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10.39. Onpenesenue. Mel 6ygeM TOBOPHTB, 4YTO TOCJENO-
BaTeJbHOCTb KOMILIEKCHBIX (YHKUHE {§,} ecTb OopmoNopMarbHas
cHcTeMa (yHKUHMI HAa H3MEDHMOM TpOCTpPaHCTBE X, €CJH

= 0 (ns=m),
S(p"(P"' p'Z[l (n=m).

X

B 4acTHOCTH, NO/KHO BLIMOJHATLCS BRJIOUEHHE ¢p € L2 (u). Ecan
f€L%(n) u ecan

= findn  (0=1,2,3,...),
b4
TO MBI OyjgeM MHCaThb

@x©

f"’ 2 Cnfpm
n==1
Kax B onpejenenud 8.10.

Ananoruuto pacnpocTpaHserca Ha £? (uam jgaxe Ha X) onpe-
JieTIEHHe TpuUroHoMeTpHueckoro paxa Pypee Ha [—m, n]. Teopemst
8.11 u 8.12 (uepaBencTtBo beccens) BepHbl pas Jnoboft f€ L2 (u).
IloKa3aTeJbCTBa [IOCJOBHO Te Xe.

Teneps Mbl MOXKeM J10Ka3aTb TeopeMy Ilapcesans.

10.40. Teopewma. llyctp
(98) f(x) ~ D) cneimx,

20e f€ X% na|—m, n]. [lycme s, ectne n-a yacmuan cymma pada (98)
Toeda

(99) lim || f—sn || =0,
+oo n
(100) N lenlr== {171dx.

HokxaszartenascrtBo. Ilyete £>0. Ilo Teopeme 10.38 cyue-
CTByeT HenpepniBHass QyHKIHA g, Takas, 4TO

If—gll<g-

Jlerko BHpaeTb, 4TO PYHKLHIO g MOXKHO nopobpaTb Tak, 4ToOHl yho-
BJIETBOPSATIOCH ycJoBHe g (n) =g (—a). Torza g MOKHO NPOLOJIKHTE
Ha BCIO NPSMYIO Kak HelpepulBHYI nepHoadueckyio dynxuumio. Ilo
TeopeMe 8.16 cymecTByeT TPHTOHOMETDHUYECKHH MHOTOuJeH T cTeme-
uu N, Takoil, uTo

e
lg—Tl<+5-
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3uauut, no teopeme 8.11 (B cayuae £2) npu n> N umeeM
[sn —FI<IT—F| <,

oTkypa d caexayet (99). Pasencreo (100) momiio BelsecTH u3 (99)
TaK e, KaK 1PH jl0OKa3aTeabcTBe TeopeMhl 8.16

CunencrBue. Ecau f€XL? na [—m, i) u ecau
n
{ Foyemdx=0 (=0, £1, 22, ...,

-7

mo || fi|—=0
TakuM ofpasoM, eciM JARe QYHKOHH HMEIOT OJMHAKOBLIE Psijibl
®ypre, TO OHH COBNAJAIOT IIOYTH BCIOAY.

10.41. Onpenenenne. Ilyers fuf, € L%2(n) (n=1,2,3, ...)
Bynem roBopHTh, YTO NOC/I€A0OBATEILHOCTD {f,} cXoautca K [ B L2 (u),
eca || f,—fl|— 0. byaeM rosoputs, uto {f,}— nocienosaTenbHOCTb
Kown B £*(u), ecin pas gwboro &€ >>0 cymuecTsByer ueioe N,
TaKoe, uto H3 n> N, m> N craenyer uepaseHcrso ||f,—fn [ <e.

10.42. Teopema. Ecau {f,} — nocaedosameasrocms Kowu
6 L), mo cywecmeyem pynkyus fE€ L% (), marxas, wmo {f,}
cxooumen K [ 6 £ (n).

HOpyrumu cioBaMH, £% (1) —I0JHOE MeTPHHECKOE IPOCTPAHCTEO.

HoxasarteabctBo Ilockoasky {f,} — nociesoBaTesbHOCTD
Komx, To MBl MOXeM HaHTH TaKylo CTPOrO BO3PacCTAOILYIO MOCJe]0-
BatenpHOCTh {ny}, k=1, 2,3, ..., ur0

1" 1
Hf“k_fnh+1“<§ (k:1,2, 3, )

BrifepeM dynrnuio g€ ZL%(u). B cuny unepasencrsa Illsapua,

~lgll
jS lg(fnh—fnhﬂ) ! dpsLQTL .
3Hauur,

(101)

“[}/8

S |8 (Fry— iy, ) B < g .

Ilo Teopeme 10.30 Mbl mMOKeM IIOMEHSITb MECTAMH CYMMHpPOBaHHe
u unterpuposanue B (101). CrnepoBarennno,

(102) 8| 2 | Fny (9) = Fny., (0) | <t 00
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noutH sciopy Ha X. [Toatomy

o0

(103) 3 g () = i, (9] <+ o0

uoutu Bcrony Ha X. JleficTBurenntio, ecan 66l pag (103) pacxoxuacs

Ha MHOXKecTBe £ nNOJOMHTEIbHOH Mepbl, TO Mbl MOTVIH Obl BLIGPATh

GYHKUHIO g OTJAHYHO OT HY.Jsl HAa MHOMKECTBE M0J0KHTEIbHOH Mephl,

conepxamemca B E, u npuitth K uporusopeunto ¢ (102).
llockonbKy k-1 yacTHasi cyMma psiga

2 (frth+1 fnh (x)),

CXOJAIerocsi mMouTH BCHOAY HA X copnajaeTr ¢

f"h+1 (x) — [n, (x),
J )= lim i ()

onpeuemer f(x) st moutu Bcex x € X, W HeBAaXHO, KaK Mbl Onpeje-
JuM f(x) B ocTaibHBIX TOYKax MHOKecTsa X.

Tenepp Mbl mokaskem, uto @yHKUHsi [ 00JafiaeT HYXKHBIMH CBOfi-
crBaMu. llyets &>>0. Bosbmem uucao N, yKasaHHoe B onpejese-
Huu 10.41. Ecau n, > N, 10 Teopema CDaTy [I0Ka3blBaer, 4To

1 g < T | fa,—fny | < 2
i
TaxknM opasom, [—fn, € £%(n), a TaK Kak [=(f—fa)+ fa, TO
[ € £%(n). Kpome Toro, BBHAY HpOHsBOJleOCTH yucaa € >0
lim || f— f"h

R0

TO PaBeHCTBO

Hakowuel, W3 HepaBeHCTBa
(104) W =Fa < —=Fny [+ [y — Tl

cjellyeT, 4YTO HocAefoBaTeNbHOCTL {f,} cXomurcss K QyHKUMH f
B £2%(u); NefCTBHTENLHO, BHIOHpAst n W Hy JOCTATOUHO OOJIBLIHMH,
MBI MOXKEM cje/ath oba cjaraeMblX B 0paBoil yacTH HepaBeHcTBa (104)
CKOJIb YTOOHO MAaJIbIMH.,

10.43. Teopema Pucca—®Puwepa. I[Tycme {@,}—opmo-

nopmabnas cucmema na X. [Jonycmum, umo pad 3| c,|* cxodumes,
U NOAOKCUM  Sp=C1Q1-1- ...+ CoPn. To20a cywecmsyem ynkyus
[€ L2 (1), makas, umo {s,} cxodumcs K [ ¢ L% (u), npuuen

[~ 2 Cagn.
n=1{
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JdJokaszareabctBo, Ecnu n>>m, To
i Sn—Sm | =lCmes P4 ool enl?
TaK 4T0 {S,}— nocnenosarenbiocth Kown 8 £2(u). [lo reopeme 10.42
cyuiecTByeT yHKuua f€ L (n), takasi, 4To
lim || f—sa || =0.

Nn-»co

Teneps npu n>k
S fordp—cr = g fega d.u——g Sntpr dih,

X X X
TakK 4TO

| Fondu—ca| <l —sali-ll@ali=1 F—sa].

X
[lonarast n — oo, mosydaem
=\ fondn  (R=1,2,3,..),
X
H JI0Ka3aTeJhCTBO 3aKOHYEHO.

10.44. Onpeneneunne. OpronopMasnbHasi cucTeMa {@,} Ha3H-
BaeTcsl n0AHOL, eClH H3 TOro, uto f€ £ (u) H

Sfcﬁndpzo (n=1,2,3,...)
%

caeayer, uto || f||=0.

M3 1eopemur 10.40 u paBencrsa [lapcesans (100) caexnyer mon-
HOTa TPHrOHOMeTpHuecKoi cHcTeMbl. OOparHo, paBeHcTBo [lapceBans
BRIOJIHAIeTCA A/ JI00OH 1OJHO OPTOHOPMANLHOR CHCTEMBL.

10.45. Teopema. [Tyecms {g,} — noanas opmoHopMAAbHAR
cucmema. Ecau f€L*(n) u ecau

(105) f~ 3 an,

mo

(106) o lirde=3 jar
X n=1{

HNokaszatenbcTBo. K3 nepaBenctBa beccens caenyer, uto
P D\ cn ? cxonutesi. [lomomum

5p,=C{Py -+ . .. + CnGp.
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B cuay teopempr Pucca—®Puurepa cyuectsyer GyHxuusi g € £2 (1),
Takasi, YTO

[9e)

(107) g\" }j! Cn(Pn
n=t
H || @—Sn||-—0. 3naunt, ||s,!!—-|| g!l. [Tockonbky
WsnllP=le P4+ cn 2.
TO
o erann S el
X ne=1{

Tenepy u3 (105), (107) u nosHoTH cucTeMbl {@,} cJaenyer, 4TO
If—gl|=0, tak yro uz (108) cnegyer (106).

KomOuunpyst teopemul 10.43 u 10.45, Mul TPHXOZHM K OYeHb
HHTepeCHOMY BBIBOAY: KamJasd 110JHag OPTOHOpPMAJbHAsi CHCTeMa
NOPOKJAeT B3aHMHO OJHO3HAYHOE COOTBETCTBHE MeKAY (YHKILHSIMH
fEL2(n) (npuueM GYHKLHH, COBNAjAIOLHe MOYTH BCIOAY, OTOXKIe-
CTBJIAIOTCSI) H IIOC/]€J0BATeNBHOCTAMH {C,}, I/ KOTOPbIX CXOJHTCS

pan D) |cs 2. Tlpeactasnenue
f~ 2 CnPn
n=1

1 paBeHcTBO [lapceBassi mMokaseiBaloT, uTO £ 2 () MOXKHO paccMarpu-
BaTb KaK OECKOHEeYHOMEepPHOe €BKJHIOBO [IPOCTPAHCTBO (T2aK Ha3bl-
BaeMoe «THJIbOEPTOBO IPOCTPAHCTBO»), B KOTOPOM TOYKa [ HMeer
KOOPJAMHATHI C,, @ QYHKUHH ¢, CJYKAT KOOPJHHATHBIMH BEKTOPAMH.

YopaxkHeHus

1. llyers f»0 n Sfdp_——u. Hokasatb, uto [(x)=0 moytn
E

Bciofy Ha E.

¥kazauue. Tlycte E, —nOaMHOXKECTBO MHOXeCTBa £, Ha KOTOPOM
f(x)>1/n. TlomoxuMm A= |JE,; p(A)=0 rtorga u ToJBLKO TOrAQ,
korja p (Ep)==0 npu Bcex n.

2. Ecau \ fdp=0 pjsi BCIKOro H3MEPHUMOrO MOJAMHOMKecTBa A

A
mHoxkectBa E, 10 f{x)=0 moutu Bciony va E.

3. Ilyets {fn} — nocaepoBarenbHOCTD H3MePUMBbIX GyHKuui. Jloka-
3aTh, UTO MHOMECTBO TOYeK X, B KOTOpeIXx {f,(x)} cXoamurcsi, usMe-
pHMO.

4. Ecmm fe ¥ (n) va E, a ¢QyHKUHSI g orpaHHuYeHa H M3MepHMa
Ha E, to fg€ £ (p) na E.
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5. Tlonoxum
0 (0<x<1/2),
g(x):{1 (1/2 < x<1),
[ (x) =g (x) O<x<l),
[aner (x) == g (1 —x) O<x<l).

Torna ljﬂfn(x):o (0 2L,

HO n—roo.
i
Sf,,(x)dx:—é—.
0
(cp. ¢ (77)).
6. Ilycte
(L (xl<n),
fn(x):i = (xl<n)
L0 (x][>n).

Toraa f, (x) — O paBHOMepHO Ha R!, Ho

S fode=2 (n=1,2,3,...).

@

(Mbl 1IHIeM \ BMECTO S > Takum 06pa3oM, M3 PAaBHOMEPHOR CX0-
oo 551

AUMOCTH He cJaeayer OI‘paHquHHaﬂ CXOJIHMOCTb B CMDbICJIE Tecpe-
mbl 10.32. Opsako Ha MHOMKeCTBaX KOHEYHON Mepbl PaBHOMCPHO
CXO}].HHH/IQCH nocjae10BaTeJIbHOCTH OFpaHquHHbIX q)yHKuHﬂ CXOo1ATCA
OrpalIHqEHHO.

7. Halitu ycaoBHe, HeoOXoAMMOe H JOCTATOYHOE AJISI TOro, UYTOOLI

[€.% (a) na [a, b]
Ykasanue. Paccnotpers npumep 10.6 (b) u teopemy 10.33.

8. Ecmu f€. %2 na[a, bl uecnu F (x) = S f@)dt, o F {x)=="F(x)

a
NoYTH BCIOAY Ha [a, b].

9. Hdoxasatb, urto dyukuus F, sagannas pasencrsoM (95), nempe-
priBHa Ha [a, b].

10. Ecmu p(X)<<+ o u fELE(W) Ha X, To fEZL (1) va X.
Eciau

p(X) = -+ oo,
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TO 370, BooOwe roBopsi, HeBepHo. Hanpumep, eciau
1
x)= ,
Fe) 14| x]

T0 fEL? Ha RY, Ho f¢ £ na R.
11. Ecom f, g€L (n) Ha X, 1O onpege/uM pacCTosiHHe Mexay f
H g, Tolarasi ero paBHbIM

S |f—gldp.

X

Hokasath, uto £ (1) — NOJHOE METpPHYeCKOe NMPOCTPAHCTBO.
12, JlomycTHM, 4TO

(@ |f(x, »)|<], ecmn 0K <1, 0y,

(b) nmpu durcupoBanHoM x GyHKUMA [ (X, y) HenpepuiBHA MO ¥,
(c) npu ¢uxcupoBasHoM Yy GyHkuna f(x, y) HempepnBHa 1O X.
ITonoxuM

1
gw=\{iwydy ©O<x<).
0

HenpepuiBHa 1 QyHKuMA g?
13. PaccmoTpuM GyHKLUHH

fa(x) =sinnx n=1223,..., —ngxLn)

KaK TOYKH npocTpaHcTBa £2. JloKa3aTb, 4TO MHOMKECTBO 3THX TOYEK
3aMKHYTO M OI'PAaHHYEHO, HO Il KOMNIAKTHO.

14. Jlokasath, 4YTO KOMILIeKCHast (QyHKUHSI [ H3MepuMa Torja
U ToJbKO Torja, Korjga muoxectso f1(V) HaMepuMo, KakoBO Obl HH
6bLI0 OTKPLITOE MJIOCKOe MHOXKecTso V.

15. Ilycts % — KOJBUO 3J€MEHTApHBIX TOJMHOXECTB IPOMEeXYT-
ka (0, 1]. Ecmn 0 <<a<b <1, 1o monoxuMm

¢ (la, b) = (la, b)) = ¢ ((a, b)) =9 ((a, b)) = b —a,

@ ((0, b)) =9 ((0, 1) =1-b,

ecan 0 << b 1. llokasath, 4TO0 3THM ONpejfe]eHa agAMTHBHAsI QYHK-
UHSl MHOXKECTBA Ha %, KOTOpasi He pEryJspHa H He MOXeT OblTh
NpoAoJiKeHa 10 (GYHKIMH, CUETHO-a/IAMTHBHON Ha O-KOJbLe.

16. Tlycth {rnx}— Bo3pacraiomas TNOCHA€A0BATeNLHOCTh IIOJIOXKH-
TeJbHbIX IeabX yucesa, a E — MHOXKeCTBO BCeX ToueKk x € (—m:, m),
B KOTOPbIX CXOAMTCSI TOCJENOBaTeNbHOCTb {sinrngx}. [dokasaTb, uTO
m(E)=0.
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Vkaszanue. Tlpr awbom A < E

S sin npxdx — 0
A

2 S (sinnpx)?dx = K (1 —cos2nyx)dx — m(A) npu k- oo,
A A

17. Hdonyetum, yto E— (—m, ), m(E)>0, 6 > 0. Bocnoasso-
BaTbCsl HepaBeHCTBOM  Dbeccesass AJsi  JOKa3aTeqabCTBd TOFO, 4YTO
uMeeTcsi He 6o/lee ueM KOHEYHOE YHCJO0 TaKHX HeJBIX n, 4To sinnx 3> 6
npH Bcex x€E.

18. Ilyers fE£2(n), g€ £%(n). Hokasats, uTO
— 2 ‘ \
Srgdu[ = {iipan { gl au

TOT/la M TOJbKO TOF/d, KOrja CYUEeCTBYeT TaKoe YHC/IO C, 4TO
g (x)=cf (x) nouru Bciony. (Cp. ¢ Teopemoir 10.35.)
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