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TIPEIMC/IOBUE

[NpennaraeMana KHATa CONEPIKHT NPAKTHUECKHE 3aHATHA IO HHTE-
rpanbHOMY HcCUHCTeHHI0 QyHKUUHE OIHOH He3aBHCHMOH NepeMeHHOl H
HHTEIPHPOBAHMI0 OOLIKHOBEHHHIX AMddepeHIHaNbHbIX ypPaBHEHHH.

Kak u nepBble ABe YacTH, BRULENUIHE PaHee, KHATa PacCUHTaHA,
npexne BCEro, Ha CTYJAEHTOB, OOYYalOIIHXCST Sa0YHO H 110 BeuyepHeH
cucreMe. .

Ouna HamHcaHa B NOJTHOM COOTBETCTBHH C 'HOBOH IpOTrpaMMoii mo
BEICIIEH MaTeMaTHKe I/ BEICIIMX TexXHHYECKHX yyeGHEIX 3aBefeHHH.

Bect MaTepuan KHUTH pasieieH Ha OTAeJdbHbIE NPAKTHUECKHE 3a-
HATHA. B Kaknoe u3 HAX BKJIOUYEHH OCHOBHEIE IOJIOXEHHR TeopHH,
dopMyHl, TeopeMsl, ollpeseNeHHsl U NoApoGHOe pellleHHe TUNMOBBIX 3a-
a4 PA3THYHON ‘CTENMEeHH TPYHIHOCTH C HX TIOJHBIM aHAJH30M, a TaKxe
npennaraioTes 3afayd IR CaMOCTOSITENLHOTO peIleHHs ¢ MeTofHdec-
KAMH YKa3aHHAMH, IPOMEXYTOUHLIME Pe3yJbTaTaMi M oTBeTaMH. MHo-
THe 3aJaydl PemaiTcs Pa3THYHHIMA crocobaMu, u LemecooGpasHOCTb
3THX C1ocoGoB cpaBHHBaeTcd.

Taroe nocrpoeHue KHHTH NPENOCTABASIET CTYNEHTY IIHPOKHE BO3-
MOXHOCTH JJ18 aKTHBHOH caMocTosTeNbHOH paboThl.

CryzeHt, nosb3yomuiics 3TuM nocobHeM, NOMKEH Nepen KakKibiM
HPaKTHUYECKUM 3aHATHEM BBIYYHTh OTHOCAUIHACA K HeMy pasfiesl Teo-
pUH, BHHMATENBLHO, C BHIMOJHEHHEM Bcex nedcTBui Ha OyMare, pa-
306paTh pelleHHbIE 33afauyd H TOJBKO IIOC/TE 3TONO NPUCTYIHTH K pe-
IIEHHIO 3a1ay, NPENJOXKEHHBIX I/ CaMOCTOATENLHOTO peleHus.

Kunra Moxer GbITh nosie3Ha W CTYAeHTaM, oOGYYaiOUIMMCSt B CTa-
LHOHAPHLIX BRICIIHX TeXHHYeCKHX YyyeOHBIX SaBejeHHAX, a TaKXKe
npenonaBartensM, BeoylIHM IPAKTHUECKHE 3aHSATHS.

ABTop npuHOCHT ryGoKylo GarofapHOCTb PelleH3eHTy 3TOH KHH-
T JIOKTOpY dH3HKO-MaTeMaTHuecKnX Hayk mpodeccopy I'. M. Baxe-
HOBY H €€ OTBETCTBEHHOMY DEJAaKTOPY KaHAUIATy (PH3UKO-MAaTeMaTH-
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gecknx Hayk noueHty P. B. CosonOBHHKOBY, HEHHBIE COBETH H 3a-
MedaHHsi KOTOPBIX CIOCOGCTBOBATH SHAYHTENbHOMY YJ/YyULIEHHIO KHUTH.

ABTOp nNpH3HaTeJeH COTPYAHHKaM KadeIphl BhICIIEHl MaTeMaTHKH
X apbLKOBCKOTO HHXEHepHO-cTpouTeabHoro uucruryra B. T. Anekcan-

nposoit, M. M. Kanepckoit, 3. ®. ITackanosoit, B. M. Asetucosoit
u JI. B. OnefiHuK, npoBepHBIUMM OTBETHl K 3ajayaM, a Takxe P. A,
ExoBofi 32 nomolllb B opOpMNEHHH PYKONHCH.



Yacth lll’

Il pakTHYecKue 3aHATHS
N0 HHTErpajbHOMY HCHYHCJECHHIO
H HHTErPHPOBAHHIO
xuddepeHH aAbHBIX YPaBHEHHil

NEPBOE NPAKTHYECKOE 3AHATHUE

Copnepxanue: IlepsooGpasnas GyHKuMS M HeONnpeneleHHHH HHTerpan.
CroficTBa HeonpeleleHHoro HHTerpana. Hemocpenctensoe HHTerpHpoBaHHe.

KPATKHE CBEJEHMS1 U3 TEOPHH

OcuoBHOH 3afauelt JudepeHIHANBHOrO MHCYMC/CHHS SBJIAErcs
ompelenenne Ins 3ajanHoi ¢ynkuuu F(x) ee mpoussonmoni F'(x) =
= f (x) unu ee nuddepennunana F’(x)dx = f (x)dx.

OGparuas 3ajiada, coctosimias B onlpelenenun GyHkuuu F (x) no
ee U3BECTHHIM NPOU3BOJHOH f(x) wiau Ruddepenunany f(x)dx, npen-
crapasier coGofi OCHOBHYIO 3alayy HHTErPanbHOTO HMCYHC/IeHHS,

Onepanuu IuddepeHIHPOBAHHS H HHTETPHPOBAHHST B3aHUMHO 006-
paTHBL. ’

Onpedeaernue. Ilepsoobpasnoii yrxyued (Kopode: mepsooGpas-
HOH) (ynkyuu f(x), onpederennoil na ompesxe la, b, Hasewaemcs
pynkyua F (x), onpederennas na mom bice ompeske u yoosAemeopsso-
Was ycaosuIo

F' (x)=f(x) wm dF (x) =f(x)dx. Ly

[Mpoiecc HaxomJIeHHs nepBooOpasHOl (YHKUMH 115 3alaHHO
(yHKIIME HasHIBAETCH HHTETPHPOBAHHEM.

Ecnu ¢oyuruus F (x) asaserca nepBooGpasHolt Ans ¢GyHKuuH [ (x),
1o ¥ dynkuus F (x) + C, rae C— npousBoNbHAsi MOCTOSHHAS BeJU-
yHHA, TaKke sBasercs nepBoobpasHoit GyHKuuu f(x). Takum obpa-
30oM, ecnu GyHRuUHS f(x) HMeer nepBooGpasHylo, TO OHZ HMeeT HX
u, GecUHC/IEHHOE MHOXeCTBO, MPHYEM BCE OHH OTJIHYAIOTCS ONHA OT
JPYrcil TOMBKO NMOCTOSIHHBIM CJ1araeMbIM.

Onpedenenne. Ilpu onpederenuu pasencms (1,1) evipaxcenue
F (x) + C, 20e C— npoussorbras NOCMOAHHAA 6EAUHUNA, HA3b1846MCS
HeonpedeseHHbim unmeepasom Pynkyun f(x) w obosnauaemes cum-
6020M:

F@ +C={[max | 1,2)

3nech, 3HaK 5. Ha3bIBaeTCsl HHTETpasiioM, f(x) — MoNBIHTErpanbHOH
¢$yHKIHel, a npousBelleHue f (x) dx — MONLIHTETPaNbHLIM BHIDAXKEHHEM,
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 CrTESITRARIARE

Hasmume B aTofl (opMYyJIe IPOH3BONBHON NOCTOSHHON BeMHYMHE C

obbsicHsier, noueMy uHTerpan | f(x) dx HasplBaercs HeolpeleTeHHbIM.
Pasencrso (1,2) naer camplil ofmuit BUA nepBooGpasHofl PyHKIHH.
Bonpoc o ToM, uMeeT JH 3alanHas GyHkuus f(x) nepBooGpas-
HYIO, PEIaeTcsl OCHOBHOH TEOpEeMoH WHTErpajbHOTO HCYMC/IECHHS:
Teopexa. Ecau ¢ynkyua [(x) Henpepwsna & KanOoi mouke
ompesxa [a, b], mo 60 ecex mouxax 9Mo20 ompesKa OHa umeem rep-
6000pa3Kyr0, KOMOPAs HA 3MOM OMPE3Ke MaKie Herpepbiera.

CBOACTBA HEOMPEJAEJEHHOIO HHTEFPAJIA

1. Ecam a - NOCTOAAHHAS BEeNHYHHA, TO

{afax=a ffmax 1,3)

T. €. NOCTOSIHHBI MHOXHTENb MOXKHO BBIHOCHTH 32 3HAK HHTErpana,

2. HUuterpan or anreGpanueckoii CyMMBl KOHEYHOTO uHC/a (pyHK-
nM# paBeH TaKoHl e anre6paMyeckofi CyYMMe HHTErpajioB OF CJa-
raembix ¢hyHKLIHH

Sth®+ R —h@ldr= [ de+ (@ de— [k B dr (1.9
3. d(fwar=Fmdy, 1,5)

T. €, 3HaK IuddepeHuuana d ¥ B8HAK MHTerpasa I, KOrfja nepBhlt

IoMellleH [mepel BTOPHIM, B3aHMHO MOTAMIAIOTCS (WHOINA LOBOPAT
B3aUMHO COKpaWlAlOTCA HJH B3aHMHO YHHYTOXKAIOTCH).

4. ({aF=Fw +cC, (1,6)

T. €. 3Hakd d W [ B3aHMHO NoOramaloTcs TakXKe M TOTAAQ, KOIAa
3HaK HHTErpana CTOMT Iepen 3HAKOM Jutdepenunnana, HO B 5ToM
cnydae K F (¥) HyxHO npubaBHThL NPOH3BOJBHYIO IIOCTOSHHYIO.

$opmyny (1,6) MoxHO mepenHcaTh TaK: fF "x)dx = F(x) + C.
5. [[rmax] =1 | (1, 6a)

OCHOBHASl TABJHHA HUHTEFPAJIOB

Bo Bcex ¢dopMysax nox u TNOHHMAercs MM He3aBHCHMas Iepe-
MEHHas, HJH TNPOU3BoJbLHAsA (yHRuUUA /obofi He3aBUCUMOl Iepe-
MmeHHo#H, Auddepennupyemass B HEKOTOPOM IPOMEXKYTKe.

Kaxnas u3 dopmya arofi Tabnuusl crnpaseliuBa 5 JI0G0OM Ipo-
MeXYyTKe, colepXKallleMcsa B of/acTH onpeleseHHs COOTBETCTBYIOIUEH
NOABIHTErPANLHONA YHKIHH.



Hurerpansi, noMemeHnsle B tabmulle, Ha3BIBAIOTCA TaOMMYHBIMH.

XO dx =C.
2. fdu=u+c
3. Su"du—-— l-}—C(n:;&—l)

(n— HOCTOHHHaﬂ BeJUYHHA).
YacTHBIME CJIyYasiMi 3Toil (GOpPMysBl ABASIOTCS CJEAylollue Jpe:

4. S?f"‘—ﬁ?l L ic
(n — TIoCTOsiHHAs BeMHUMHA; 1 = 1),
5. S%=2va+c.
6. S‘fui‘=1n|u|+c.
7. Sa"du= lga
8. (ewdu=etC.
9. 55inudu=-—-cosu+C.
10. Scosudu=sinu+C.
1. {tgudu=—In|cosuj+C.
12. yctgudu-—lnlsinul—}—C.
13. S —tgu+C
14. S
~y 19 S ;= arctgu + C. -
16. SVI - = arcsinu + C.
J\i7 Tl_u2=L1n |+ C.
du 2 3
8. | =In|u+ Vel +C)

10. jshudu_chu-x-c
20. 5chudu=shu+c

a1,
29,

J
|

a1 =th
du

sh®u

u-C.
cthu 4+ C.

(L7
(1.8)

(1.9)

(1,10)

(1,11)
(1,12)
(1,13

(1,14)
(1,15)
(1,16)
1,17)
(1,18)

(1,19)
(1,20)
(1,21)
(1,22)
(1,23)
(1,24)

(1,25)
(1,26)
(1,27)

(1,28)
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Tabauny ¢opMyJ YATATENb NONKEH BHIYYHTb HaM3yCTbh. 3710 H
crefylompe JBa NPAKTHYECKHE SaHATHS OTBOASITCRA IJIA Herlocpel-
CTBEHHOTO MHTErPHPOBaHHSA, NOJ KOTOPHIM NOHHMAeTcR BHIYHC/IEHHE
HHTErpasioB ¢ TNOMOIMIBI0 TaGMHILl OCHOBHBIX HHTerpajoB. HaBbiku
HHTErPUPOBAHHSA NPHOBPETAIOTCA OMBITOM, 8 NOTOMY DEeKOMEeHIYeTcs
peldTh Kak MOXHo Gosbiue 3alad.

1. Ynmpaxnenus B npumenenuu ¢opmya (1,9) —(1,12)

[Tepennmem dopmyny (1,9) B Buie, Korophlil Gosee yroGen Aas ee
NPaKTHYECKOro NPHMEHEHHS.

Ecnn u ecte $yHKIuA He3aBucuMOH nepeMeHHON X, To du ==
= u'dx, u dopmyaa (1,9) nepenmmercs rtak:

g un+l
Su udx=m +C(n+-1. (1,29)

Cnenyer o6paTHTb BHHMaHHE Ha TNOILIHTErPaJbHYIO (GyHKIHIO
ury'. 3nech n-a crenens GYHKLUMH u yMHOXaerca Ha u’ —wa mpo-
H3BOJIHYIO OCHOBaHUS CTeneHH u., Or1a ¢opMysna BepHa TONAbKO NpH
Hanuuun MHoxutens u’. B npaso# wactm dopmyast dyHRuHS u Ha-
XOMATCR B CTeneHH n -1, T. €, B CTeneHd, Ha EIHHHIY OGoubmed,
yeM noll 3HaKoM HHTerpana, H ut! nenurTca Ha ee NoKasareas cTe-
neun n 4 1. OroBopka 7 % —1 cCyllecTBeHHa, TaK KakK eclH 71 =
=—I, 70 4 1=0, u Torla B npaBoii uacTH GopMy/sbl 3HAMeHa-
Telb paBeH Hymo. Korna n = -1, cienyer nombsoBatses dopMmystoi
(1,12). B cnywae, Koria u— HesaBHCHMasi NepeMeHHas (Hampumep,
x), u' =1 u dopmyna (1,29) nepenuchiBaercs B Buie

x"'H

andx=m+0. (1,30)
[TepBeie ynpaxHeHHA cBAi3aHB HMEHHO C 3TOH QopMyJIoi.

3apaua 1,1, Beluncmts unterpans: 1) | xdx; 2) _S'xadx;
3) Sx’dx; 4) SV}dx; 5) Si/?’dx; 6) S% H CaMOCTOATENBbHO

NpoBepHTh Au(depeHIINPOBAHHEM MOJYYEHHblE PEe3yJ/bTaTHL,
Pewmenne. Ilo ¢opmyne (1,30) maxoaum: '

1) Sxdx="—;+c; 2) Sxadx=§'+c; 3) Sx5dx="_;+c;

3
, 3

4) SV;dx=Sx?dx=’i;-+C=%xVTc+C; 5) S%/?dx=
7

2
=Sx3dx=; Sed o G)S%=2V;+C.



B nsToM mpumepe NpoBepKa Jaer
2

(2rve)=(2)=2. 357 =V
Kak u cnenoBano oxuaaThb, Mbl n6nyqunu NOJLIHTEr PaNbRYI0 GyHKIUHIO.
3anava 1,2. BrogHceaute uHTErpambi: 1) S 7x%dx; 2) 3]4/ X dx;
3) S %dx; 4) Sf;dx; )] Sde, H npoBepHTb AH(bepeHIHPOBAHHEM
NOJyYeHHbIE Pe3yJbTaThl
Pewenne. 1) BolHOCA 3a 3HAaK MHTerpajla NMOCTOSHHBIA MHOXH-
TeNMb 7, MOMyyaeM: S7x°dx =7 S pdx=1T. % + G

-bl\l

4

o 3 ,
D (3VBar=3(xTar=82 +c= /%

o1

—2+41 i
3) S%dx=6Sx-2dx=612+l+.C=—%+C.

3ameuanne. Moxuo 660 cpasy nmpuMenuTs dopmyay (1,10),
NOJNIOXKHB B Helt u =x, du =dx, n=2,

. —nt1
4) S dx-—4gx‘-“dx-—-4 oy |
(cM. 3aMedanue K NpepsUlyllleli 3anauve);

) [Bdx=5(dr=5x+cC
(npumenena dopmyna (1,8), B xoropoit B3aTO U = x).

3apaua 1 3 BhI‘IPIC.HHTb uHTerpans; 1) S(xs 3x® 4 5x —4) dx;
2) X( i — o — | dr. ‘
1/ x YRR

YKa3zanue, Ilpy pelmeHun sTHX npuMepoB cjelyer NPHMEHHTb
dopmyny (1,4), BhipakaioUlyl0 NPAaBHJIO HHTErPHPOBAHHA ajrebpan-
yecKoil cyMmMel, 1 dopmyay (1,30).

Ipu BLIYHCIEHHH HHTErpaja OT CyMMBl HECKOMBKUX QYHKIUMH CyMMyY
NPOH3BO/BHBIX TNOCTOAHHBIX, KOTOPas NPH STOM NoMyyaercs, 3ame-
HmOTCO)IHOH MPOU3BOJIBHOM MOCTOSHHOMA, 0003HaYaeMoii 00bIyHO OykK-
BO#

\ xc x2
OrBerT: I) T—x3+5—2——4x+0;

+C_——ﬂ4+c

3 5
3, ~ 15,
) SVB—t. 5—8Vr—2VR+C.

———.



3amMmeuanue. B aToM npHMepe NPH BLIYHCJAEHHH KaXAOro HH-
Terpa/ia MOXHO CPasy BOCHO/b30BATHCA dopmyaoii (1,10), 3amenuB
B Hell u Ha X.

3anaua 1,4 (A1 CaMOCTOATE/BHOTO pelIeHHs). BBIYHCIMTD HH-
Terpans: 1) SV}dx, 2) Smedx, 3) S(ax“”—l—bx-{—c) dx.

Orser. 1) _Hx]/x—}-C 2)m+nxl/ +C; 3) & 3 + bx? 4
+cx4-C, -

3agaua 1,5 (19 CaMOCTOATENBHOIO pemennﬂ) Breluncaurs HH-

Terpasbi: 1) S(——-——V + sz)dx, 2) S‘(xs i ‘l"xa)

Orser. 1) 15Vx ——xVx+l4Vx“”+C
) —fu+tss—7atC

3
4 352 5 v — 7
3apaua 1,6. Beuucauth nuterpan | = 5 x x? -+ 3Vx x 1+ 6 1.
Vi
Pewenwue. [lns polubc/ienusl HaTerpaja clelyer pasieJHTb MHO-

rowleH, CTOALIMA B YHC/IHTENE, Ha 3HaMeHaTelb. Eciu 810 BhimOA-
HHTb, TO MOAYYHTCA, UTO

e s 1) TR )
11=§(x3—3x3 576 b S)d =28 — 3% 4 5x—

3
—-%x_s' +9xT+C =1/;2(ﬁx4—- % +5V§—-%x+ 9)+C.
3apaua 1,7 (a1 caMoCTOATENbHOIO pelieHns), BeluucaAHTL HH-

3
Terpajsi: 1) j‘(3x2_5)3dx; 2) ‘§1x0+3x5._47x4+5]/xdx'
Ve
Orser. 1)277x3—27x5+7'5x3— 125x 4 C;

9 41‘/— B 7 ) 60— C‘
) x(%+7——-l—7x)+—7-1/x+ .

3apaua 1,8, Kakasa ¢yHKIUA HMeeT NpPOHSBOAHYI 5x% — 7x -4
H [pHHAMaeT sHaueHHe, paBHoe 3, mpH x =17

Pemenue. B sanaue tpeGyerca Haiiti (pyHKUHIO, AN KOTOPOH
U3BECTHA ee NPoH3BOgHasA, T. e, Tpefyercd HalTH mnepBooGpasHyio
¢vHRIHIO A8 QynKnuu S5x% — 7x + 4.

Hs GecuncieHHoro MHoXKecTBa nepaooﬁpasnbxx KOTOpble HMeeT
sta QyHKuuA, clenyer oroGparb Ty, Koropas paBHa 3 mpu x = l.
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Ecan F (x) — kakasi-HuOyAb nepBooGpazHasi (yHKIHA, TO. B CaMOM
ofuieM BuAe oHAa Ha OCHOBaHHH Gopmyanl (1,2) sanmwercs Tak:

F()4+C= S(5x2_7x+4)dx;
F+C=22—1 x“‘+4x

B ycaoBum salauu AaHo, 4To F(l) = 3, JJIf Toro uToObl omnpe-
JeINTb NPOH3BOJbHYIO NOCTosiHHYyW0. Ilonaras B mocsaennemM paBeHCTBe
x=1, a F(l) =3, nonyyaem

3+C_—-——+4
orciofa C = -5 . Torzma F(x)——— x“‘——;-x“‘+4x, a HCKoMas

dyHkuHa F (x) = —-x“‘-—-—x“‘_}.z} +

TaxuM o6pasoM, MH HalLIH (pym{umo F(x), nponsaom{aﬂ KOTO-
poit paBHa 5x* — 7x -4, u xpome toro F(l) =3,

3agaua 1,9 (Ans caMOCTOSATENLHOTO pememm) Kakas ¢ynkuus
HMeeT npgnsaoﬂnylo 3x% - 2x + 1 H npuHuMaer 3HauyeHHe, paBHoe 2,
npu x=0? -

Orser. Hckomaa pyukuua F(x) =224 24 x4 2 (C=2).

3anaua 1,10 (a1s camocrosiTenbHoro pemtenns). Kakafd Qynxums
HMeeT NpOH3BOAHYI0 5—9x--4x%, eciu H3BeCTHO, YTo pH x =2 23Ta
¢ynknua pasna 507

OrBer. Mckomas Qynkuns F (x) = 5x — —x2 +3 L +5 2
3apaua 1,11 (419 c€aMoOCTOSITENBHOTO pememm) BbI‘IHcJIPITb “HH-

Terpasl; ,
. — -
p (Vg o (Ex2V A48,
Vx Vi
Yxasauue. B nepeomM HHTerpaje UMCAHTENb CHayana BO3BECTH

B Ky6, NOJyYCHHbI MHOMOWIEH pasAe]HTb Ha )/ x H. DocJe 3TOro
NpoHHTErpHpoBaTh. BO BTOPOM HHTerpaje B YHC/IHTENe NEPEMHOXHTDb
3

MHOrOUJIeHE!, NPOM3BECHHE pasAeNHTb Ha ¥ 42 , nocje Yero BHINOJ-
HHTb HHTErpHPOBaHHE.

OTBeT. l)2]/x+3x+2xl/x+ +C

le/_—}- x3]/x5 +601/ x4 12Vx5+C
3anaqa 1,12. Bolupcauts meTErpanst: 1) f (x* 4 5)7 2x dx;
2 (@528 @ +100dn 3) (VAT 2xdx;
4) S(sz + 7 xdx; 5) SVx” +8x“‘dx, 6) S Va—xxdx.



Pemenue. Bce sTH npumephl pelnalorcs C NOMOMIBbIO (GOPMYJIBI
{1,29). [Ipexnae yeM MpHMEHATb €€, HaAO BHIACHHTb: 1) Kakyio u3
(yHKUHH, CTOAWAX [OA HHTErpajoM, CiedyeT NPHHATD DaBHOH 4 H
2) ecThb JIH MOA HMHTErPajJoOM MHOXHTeNb, PaBHBIH u'.

1) B nepBoM mpuMepe caenyer B3iTb 4 = x®-f- 5. Muoxurens 2x
ABJIAETCA NPOM3BOAHOH (yHKUHH 4, Tak Kak (x? 4 B)' = 2x. Iloaromy
Ha ocnoBauuu (1,29) npu n =7 umeem

, ‘S—\(x2+5)7,gfdx=(_x_2.-'8__5)_s.+c_..

u? u

Ecuu Gul nopbluTerpajibHas (QyHKIMs HE colepKajla MHOXHTENb 2X,
TO npHMeHHuTb (Gopmyay (1,29) Gblno Oul Heb3s. B sToM ciyuae cie-
ZoBaJio Gbl BHUYHCJHTb N0 (opmyae HoioToHa (x® + 5)? n uurerpupo-
BaTh HOJNYYEHHYIO CyMMY (QyHKHHH.

2) Ilpumep BrOpof pemaercs aHasoruuHo. Cunras, uro u = 3x3 -
+ 5x* — 8, u 3amedas, yTo MHOXHTeIb 9x% -- 10x ecTb npoH3BoOAHAan
byukuuu u, a n =23, no dopmyae (1,29) Haxonum

X (32 + 52 —8)° . (922 + 10 dy = BLEI=8 4

ud u’

3pech ONMATb-TaKH OTMETHM, YTO HajHuHe MHOxHTeds 9x2 - 10y,
KOTODBIH Ha NEPBHIY B3MVIAA OCAOXKHAN NOABIHTErPAJIbHYIO (PYHKLHIO,
Ha caMoM JeJe o6JIErYHJO HHTErpHpOBaHHE, TaK KaK €CJaH Obl MHO-
xutenb  9x% 4 10x oTcyTersoBad, To JAJs  BBIUHCIEHHs HHTErpaia
ciaepoBajio 66 Bo3BecTH 3x% --5x*—8 B Ky6, uT0 NOTPEGOBaNO Obl
3HauHTETbHO OOJNBIUMX BHIKJIAIOK.

3) dror npuMep Takke JErKO peluaercs, TaK KakK MOJBIHTErpaib-
Haf OyHKuA HMmeer BHA u'u'. HelicrBHTenbHo, mojnaras u = x* -6,

1
MBI 3aMeyaeM, YTO MHOXKHTEIb 2X paBeH u', n = 5 @ NoToMy

1
VEF 6. 2xdx= | (+6)7 . 2xde=EF0" Lo
—T @ z+!
3 ‘
2 2 P
~EE9 =l +OVEFE+C

2
Ecnn 66l moppinTerpaibHas (yHKLIHS HE COREpPXKaja MHOXKHTENIDb

2x, TO BBHINIC/IEHHe HHTerpaina SVx“” + 6dx norpeGoBajo Obl 3HAYH-

TeIbHO Gosbluedl pa6oTsl. Eule pa3 HanoMHHAeM YHTATelIio, 4To Gop-
myna (1,29' npuMennMa TOBKO TOrMA, KOTAa MOABIHTErpajibHAask (PyHK-
WA MMeeT BHA u"u’ HJH MOxkeT GbiTb mpeoGpasoBaHa K STOMY BHAY.
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4) B sroM mpumepe NOALIHTErpasibHas ¢yukuus paBaa (2x2 - 7)3x.
Ecau npunsts, uto w = 2x%--7, 170 4’ = 4x. MHOXHTeNb 4X OTCYyT-
CTBYeT MOJ 3HAKOM HMHTErpala, a NOTOMy NONLIHTErpaibHas byHKIHA
He HMeeT Buia u"u'.

K TakoMy BuAy Mbl JIerKo NpHAEM, €C/H SalHIlieM [OAbIHTerpab-

i
Hyl0 QyHKIMIO B BUEE  (2x* -+ 7)%4x, T. e. eCIH YMHOXHM H pas-
JeauM HoIbIHTerpaipHylo (GYHKIHIO HA 4, OTYEro ee 3HAYEHHE He
1 .
usmenntcsl, [Ip HHTErpUPOBaHMM MOCTOSHHBIA MHOMXHTeIb - BBIHE-

CeM 3a 3HaK HHTerpana W npuMeHaM dopmyay (1,29). HMmeem
§(2x=+ 7)3xdx—-—j‘(2x’+7)3 dxdy = L&D L oo
N, st

ud u'

=5 @2+ D+ C.

B arom mpuMmepe mMoABIHTErpaibHast GyHKIMA He uMesna BHA uu’,
HO YMHOXeHHeM Ha INOCTOSIHHYIO BeJHYHHY JIerKo GblIa K HeMy IpH-
BelleHa.

5) l'Iomaxmerpaanaﬂ byHKLIHS B 3ToM npHMepe Moxer ObliTh 3a-

nHcaHa tak: (x* - 8) 3,x“‘. Ecnn npunsats « =x*4-8, 1o u' =34
Y Hac ke BMECTO MHOXHTENS 3x® eCTb MHOXHTENb X3,
YMHOXHM Ha 3 moAblnTerpaibhyio ¢pyHKumio. UrToOGhl OHA He H3-

1
MEHH/Ia CBOETO 3HAYEHHS,. PasfelHM ee Ha 3 M HoayunM =z (x* 4

— : 1
+8)33x%. Ilpu uHTErpHpOBaHHH MHOXHTEJb - BHIHECEM 3a 3HaK

3
HHTErpana, a IOJA HHTErpajoM OKaXeTcsl BHpaKeHHe BHla u"u'
(n = l) [Ipuvensia dopmyay (1,29), nonyuaem
1 1
El _—(x‘+8)3

3
V& F80de = 5 (x=+8) . 38
7 3+

+C=

u3
_(®+8 Vx’+8+ C.
a) B arom npHmepe ONSITH-TaKH npuaerca npeobpas3oparb HOABIH-
TerpajbHylo QyHKIHIO TaK, YToObl OHa IpHobpena BHR u”u'. Ilpen-
1

CTaBHM €¢ B BHle (@* —x*)?x. Ecau npuHATb, 4TO u = a® — 2,
To u' = —2x. 3HauuT, 4YTOGLl MOA 3HAKOM HHTerpana Obll MHOXH-
Telb —2x, TOABIHTErpajdbHyl0 (PYHKUHIO HAl0 YMLOXKHTL Ha —2.

13



BoInojiHAA 5TO yMHOXEHHE H Jelsl ONTHOBPEMEHHO Ha —2, mojyyaem:
1 1
— 1 = .
@—x)2x=—5@— x*) 2 (—2x). Tlpy HHTErpHPOBAHHHM MHOXKH-

1
TeJb — - BHIHECEM 32 3HAK HHTErpaia, TOrAA NOX HHTErpasoM OKa-
xKerca Bblpaxkenue BuAa u"u’ n dopmyna (1,29) moxer GuTb npume-

HeHa. 3amnucH pacnonoxarca Tak:
3
2

v ? 1 2
Va*—xx. dx = —% (@ — 2. (—2x) dx = ——-%(a _Sx ) +C=

ut T

u2

= — %(a“‘—x“‘) Va“‘ —x*4 C-
3apava 1,13 (Ans camocTosATeNbHOrO peiieHHs). BoluHcaHTh Hme-
rpans: 1) S (5x+ 4)'dx; 2) S(9+ 7o) xdx; 3) | (8ax +9b) T
X (6ax+ 276x% dx; 4) |V I 8z @x+ 2) dx;

5) SV);‘-i: = 6) SVI-——xdx.

1
Ykasann s:. B mnarom nm&pane: V7x~:— ==(7+ B) Tl=
=30+ 7.3
u oo
- L 1
B wecrom nmerpane' Vi=x=(1—x7=— (1—=x7 . (—I).
T &

Orser. 1) 25(5;5-}-4)”—{-0 2)84(9—{-7;52)“—{-0
3) 7(Sax“‘+9bx2)3 +C 9 6(4x“‘+8x)l/4x2+8x+0
5) -§V7+x3+C 6) ———(l—x) Vl—x+C.

3apaua 1,14. BolyHCIHTL HHTErpanbl: sm%ccosxdx,
2) S cos®xsindxdx; 3) S o i"g)g, n Salr(-::—g: v 5) S:?;xx »

6) S te? xsec? xdx; 7) S V cos? x sin x dx.

Pemenwue. 1) I'Ionmmerpanbuaﬂ GyHKuMa uMeer BHL u"u’.
HeficrBaTensHo, ecln u = sinx, 10 4’ = cosx, n = 3. I[TosTomy, npH-
MeHsas q)opMyny (1,29), umeem

sindx - cosxdx =

ul PUE

sm X

+C.
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2) B arom JipHMepe TMOABHTErpasibHas tbymﬂmﬂ cos® 4xsin4x ne
HMeer BHA u™u’, TaK Kak eclIH u = cos4dx, T0 u' = —4sin4x (n = b).
3Hauur, HeoCTaeT MHOXMTENS —4. YMHoXas H jAels Ha —4 H BH-

1
HOCl -— - 32 SHAK HHTErpaia, MOJNyuYHM:

cos® dxsindxdx = — -}T\ cos® 4x . (—4 sindx) dx =
ud w
8
= —%c—o‘%‘f +C= —%cos“lx-{-c.

3) Ilpencrapum TIOALIHTErpaNbHYIO PyHkunio B Bufe (4x® 4 9)—4x?.
Bosbmem u = 4x% 49, Torna u’ = 12x% (n = —4), UroOGbl NOABIHTE"
rpanbHasi (pyHKLHS npuoGpeNa BHA u™u', €e HALO YMHOXHTb Ha 12.
YMHOXHB H paSJ.IeJIHB noJyueHHoe Bblpa)KeHHe Ha 12, BblHEceM MHO-

1
KHTeIb 5 33 3HAK uuterpana. TorAa noayyum

° 12
adx 1 _ 1 (4x3 4 9)—4H!
§(4-v*+9)4'ﬁg(w'13fdx'ﬁ —+7 tC=
u-—-4 Y
——i_ 1 .
——36(4x3+9)3+ :

4) TlpencrasuM mnoAblHTErpanbHyio GyHKHHIO B BHue arctg®x X
X1 _: 5. [lonoxns u = arctgx, noayuuM u’ = sy T3 H TOLbiHTE-

rpancHag GyHkuus Oyfer uMeTb BHA u™u’ (n=3). [losromy Ges
JONONHUTENbHBIX Npeo6pa3oBaHHA MOXKEM NPUMEHHTH q)opMley (1,29),

HamleM
arc:tg‘l x

Sarctg"'x- 1+x2dx +C.

5) 3anumem TOJILIHTEr PAJIbHYIO tbyﬂxumo B BHAe sin—3xcosx.
Bosbmem u = sinx, Torla ' =cosx. B TakoM ciyuyae 6e3 BCAKHX
npeobpasoBanHil NOALIHTErpaibHan (QYHKIHS HMeeT BHA u%u’, a no-
TOMY Ha OCHOBaHHH (opMyJbl (1 29) HOJNyYaeM

1 1

—5 — —_—— 1
sin 5x cosxdx = Z4+C T TC
_ u’

6) I'Ionome yro u = tgx, Torla u' = sec’ x ¥ NORBIHTErpa/ibHaf
Gyuxuua umeer BUR u"u’ (n=2), HHKAaKHX JONOJHHTEIbHBIX MpE-
oOpasoBaHuil AesaTh HE Tpeéyercﬂ. Ha ocnosannn (1,29) cpasy mo-.
nyvyaem

3x
tgix.sectxdx = g

et R e
’

+ C.
u? u

2
7) TpencrasuM noAblHTErpanbHyl0 (QYHKUHIO B BHAE €OS° xsin x.

BosbMeM u =cosx, Torfa u' = —sinx, n= 37 UTto6bl NONYYHTH

N
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NOA 3HAKOM HHTErpaja BHpaKEHHe BHIA u"u’, HO He H3MEHHTDb BEJH-
YHHY TOABIHTEIPAJbHON (YHKLHH, YMHOXKHM H pasfielHM ee Ha —1.
[To ¢opmyse (1,29) noayuaem

5
2 -

3 2 3
S'V cos? xsinxdx = — \ cos3x. (—sinx)dx=—c-°—z—x+0=

ol s 5
. ! 3

3
= — %cos xY cos? x 4 C.

Pemnm eme onny ananormynyio safauy.
3apava 1,15. Buluuciauth HHTErpajbi: I)S%’-‘dx;

arc sm x . x .
2) sV dx; 3) lel’l‘ 4) dex,

) S‘Vsmx dx; 6) S smxcosx

Y 3—sinx

Pewewnne. 1) [Ipencrapum IT B Bufe (lmx) - % . [onaras u =

1
= Inx, nonyunm u’ = —. IloxbiHTerpajbHas (QyHKUHA ]—r-'—’-‘ npHoGpe-

Taer BuA um' (n = 1),  rorza ‘gﬁdx— lnx.+dr="2%1C.
= =
u
farcsxnx L
2 (arcsin x) 2 ——.
) ]/ ) Y1—x
Cunrast, uro u = arcsinx, HveeM u'= N , 4 MoTOMy IO
. V1i—x?
dopmyde (1,29)
3
arcsin x4 L (arcsinz) 2.
T— %2 dx = (arcsmx)"’ 2dx=——§—+c=
— x el
2
2 . _
= < arcsin x Varcsm x -+ C.
3) BuipaxeHue 11 = (lnx)—*.— o Ec.rm NOJIOKATb 4 = Inx, TO
u = %, H nolelHTerpanbHas ¢yHkuua (lnx)—*. % npuoGperer Bun
usy' (n=—4), a noromy no ¢opmyse (1,29
de  __ 1 (In x) ~3 U
yxln“x 5‘(111)6 'de—' +C=— 3Tn’—x+c
u—?t 7
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4) HOILbIHTeraJleYIO ¢yHKIHIO MoXHO unpeobpasoBatrh Tak:
X

Vl-}—xz

= 2x. Ec.rm —;— BLIHECTH 32 3HAK HHTerpana, TO NOALIHTErpPaibHas

byuknus npumer BuA utu’' u dopmyny (1,29) npuMeHHTH MOXKHO:
1

(l + x2)~ 22x [Tonoxum, uro u =14 x%, Toraa u’

d 1 -~ ? T
S#’"%:?S““” ooxdx =L UED Lo yTEA+C.

~L u P
u 2
[pu pemenun sToro npHMepa MOXHO ObLIO Cpasy BOCHOJB30BAThCR
¢dopmynoni (1,11), nepemnucar noOAbIHTerpaibHy0 ()YHKUHIO B BHIE
du u'dx
Ve Ve
Torzaa
'd
‘]‘/_" 2V u+C. 1,31)
3amernTe, YTO YHCJAHTENb ApoGH MOA 3HAKOM HHTerpana papeH
NPOH3BOAHOH (YHKUMH, CTosllleli B 3HaMeHaTeJe NOJ KBalPaTHLEIM
KOpHeM. Ecnu noNoXHTb 4 = 1 4 x?, uncaurens ApobGu nepenucaTh

i
B Bldlle X —— -2x H BHIHECTH —2-33 3HaK HHTErpaaa, TO OKaXerci,

4To qacnmenb Apobu paBeH NPOM3BOAHOH (PYHKUHMH, CToslledl B 3Ha-
MeHaTesle Nof KBalpaTHbIM KopHeM Ha ocHoBansn ¢opmynsr (1,31)

1 . 2 = 2
SV'I:?—' SVH—de_ 2VTI+2+C=V1Ffx+C.

5) ToabiuTerpanbHyo (QyHKOHIO NEpenHiieM TaK: sinx____
V5 cosx
—sinx
= =~ —————, Tenepp 4ncAHTENb APOOU papeH NPOHIBORHON PyHK-
¥V 5-+cos x

nHM, crosinell NoAd KopHeM B 3HameHarene. Ilostomy Ha OCHOBAHHH
¢dopmyant (1,31) nmeem

sinx —sin x ——————
—-:——____——dx=—s——=___——-d = —2 5 COS)C"I-C.
SVS—}—cos.v V5 +cosx V5
6) [Npunnman u = 3 — sin? x, noayyaem, uto 4’ = — 2sinxcosx.
sin xcos x
[lepenucbiBaeM NOALIHTErpanbHyl0 (QYHKUIHIO B BHAE Vi =
~ -— S1N* X
1 —2sinxcosx

=3 Vi Tenepb MelI MoxkeM npHMeHHTb (opmyay (1,31),

TaKk KaK YHCJMTEIb BTOPOH ApoOH fABASeTCS NpPOH3BoAHOH (yHKUMH,
CTOfAIllleH B 3HaMeHaTeJe MoA KBaJApaTHHIM KOpHEM:

sin x cos x 1 (—2sinxcosx 1 ——————
SInXCOSX Gy = — -\ LN = — = 2V 3 —sintx -
S]/3—sin2x 2 JV3—sintx 2

C=—})3—sintx+4C.

TS \x

5CHEMEHT
HAYU! Lo "MTEPATYFHI
Lo Aottt e i g =




Huke mnpeanaraioTci A1l CaMOCTOATENbHOIO DpeElleHHs JecaThb
npuMepoB Ha npumenesne gopmya (1,29) u (1,31).
3agsaua 1,16 (W15 CaMOCTOATENbHOIO pelleHHs). DBulYHCAHTL HH-

3
Terpansl: 1) Sg:’::‘x x; 2) SV1:x x; 3) S x3dx , )Sarcsm * i

Vl—x"'
y/ arcigx sec? x sin 2x S 2xdx |
S)S TF A2 dx; 6) Vigx dx; 7) V7= cosix cozx 8 VT— 3’
9) Sslﬁxchxdx, 10) Scose& *dx
Vetgx

Orser. 1) -——%cosec“x—}-c, 2) %—lnxl/m—l-c;
‘3) —%V.ith—}- C; 9 -é—arcsin"x—}-C;
5) % arctg x f/@c—}-c; 6) 2Vtgx +C;
7y 2V7—cos’x+C; 8) ——1/1-3x2+c

9) 5 sh*x +C; 10) —2) ctgx +C.

Yro6bl 3aKOHYHTb 3T0 NpaKTHUECKoe 3aHATHE, HAaM OCTaercs Bl
TICAHATD YNPAXKHEHHS - HA NpPHMEHEeHHe Q)OpMlebI (1,12). Iloaaras,
4TO 4 €CThb (YHKIHs He3aBHCHMOH NepeMeHHoOH x: u = u(x), adu=

= u'dx, sty (QopMyly MOXHO mNepemucatb B Bule, Goiaee yAoGHOM
ANl MPHMEHeHHs:

Sz—'dx= Inlu+C. (1,32)

u'.
Crnenyer oGparuTh BHHMaHHE Ha TMOABIHTETPaNbHYI0 QPYHKUHIO -

gHCAHTEIb APOOH fIBAfIETC TPOH3BOAHOH ee 3HaMmeHaTeNs, a NEpBo-
ofpasHaf (yHKuHs paBHa HaTypalbHOMY JorapHpMy abcosoTHOH
BEJIMYHHB 3HameHaTens, Ecau u =x, 170 u' =1, n dopmyna (1,32)
BanHIlerca Tak:

& mlx 4C. (1,33)

3apaua 1, 17. BbiuncanTts HHTerpaJIbl 1)

Ji¥a
2)5 2+5 dx; 3) Slj—mc:sx ' S
D [
Jer

x; lenx;

x . -
8) Sl-}—_xdx’ 9 S5+e" dx; 10)

4+3x3
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Pewewnmne. 1)Iloasinterpannuas q)ynxunﬂ——_;_— — Apobb, 9HCAH-
Telh KOTOpOH ABJSETCA NPOH3BOAHOH 3HameHareas (x 4 a). Hpobb
HMeer BPII[—-, a noroMy Ha ocHoBamuu ¢opMyJanl (1,32) wmHTerpan

paBeH HaTypalbHOMy JiorapubMy a6COMIOTHOM BeJHYHHbl 3HAMEHa-
TeNs

S 2 =Inlx+al+C.
2) Y B srom npumepe noabiHTerpaibHag GyHKUHA — ApoGb, YHCIH-

TeJib KOTOPOH eCcTb NpOH3BOAHAs 3HaMmeHareld: u = x® 45, u' = 2x,
ul
Apo6b HMeeT BHA T dopmyna (1,32) Moxer OHTbL npHMEHeHa:

2

Sx2+5 dx = In (x* + 5) +- C.

3nech x? + 5 He cieflyer mHcaTh NMOA 3HAKOM aGCOJIIOTHOH BEJIH-
uuHBl, TaK KakK x2 - 5> 0 npu a1060M AEHCTBHTENLHOM 3HAYEHHH X.

si

3) Croamyio noa sHakoM HHTerpana ApoGb i _'_“cxs
o6pasoBarh Tak, 4TOGBl €e YHCJHTEIb CTal paBHLIM NPOH3BOAHORH
3HaMeHaTeJ.

MOXHO Mpe-

o sin x —sin x
HefictBETENBEO, T coss = m Ecan u=1-+4cosx, To
u' = —sinx, Apo6b HMeer BHH. —, ¢opmyaa (1,32) npumeHuma u

sin x —sin x
S1+cos‘x' dx=_Smdx=—-—lnll +cosx| 4 C.

4) Ipo6s -T’i—x-z=-——12- . l—f—_?—x— Ecnn u=1—4% tou'=—2x,
H YHCJHTENb BTOpOH 2poby paBeH NPOH3BOAHOH 3HaMeHaTend. JTa
ApoGb HMeeT BPIll —. Tlostomy mo ¢opmyne (1,32)

—2
S—l—_—)_c_Tzdx=——;-S xdx—————ln|l—--x”|+C

’

5) Uto6ul mpeoGpasoBarb APobb E:l——)c K BHAY Z—, nepenuieM ee

prpng ~— - Ecuu sHameHaTeap ApoGH a —x =4, To 4’ =

= — 1, umcauTenp ApoGHM paBeH MPOH3BOJHOH 3HaMeHaTe/ls, H N0
(bopMyJIe (1,32) noayuaem

ax (=1
a—x Sa-——x

TakK:

Inja—x]| 4 C.:

19



R] -

6) IlepenuiueM NOALIHTErpaibHYIO0 Gy HKUHIO B BHIE T ARITTE
1

Ecnu B3ATH 4 = lnx, T0 4’ = ~» H UGHCAHTETH ApoGu paBeH NIPOH3-

soaHol ee 3HaMeHarens. Iloatomy na ocHoBanuu (1,32) umeem

*lnx
7) INonwHTerpanbHyio QyHKIHIO MOXHO NpeofpasoBaTh Tak, '-IT05bI
ee ypcauTeab OBII paBeH NPOH3BOLHON 3HAMeHATeNn:

192
T 94438 ,
ApobGb HMeeT BH[ Z—, u no dopmyne (1,32) nomydaem -

x? 1 1
S4——+3x3dx S4+3xsdx—- ln|4+3xsl+C

1
dx =‘S‘-x—dx= In|Inx| <4 C.

138 + 3
[TpunumaeMm, uro u =4 4 3x3, Torna u’ = 9x% Bropas

x
8) pobs {37 — PaunonalbHas, HEMPaBH/bHAsA: CTENeEHb ee dHC-
JUTENs paBHa cTemeHH 3HaMmeHarensd. C NOMOWIBIO JAe/NEHHS MOXKHO

#3 3TOH APOGH BHILEAHTb LEAYI0 YacTb. Jleﬁcmme.nbﬂo, €cIH  pas-

Jdenuth x Ha x -1, To noaydurcs 1——_?—1 Takum o6pasom,

jx—_%dx=S(l—;i——l)dx= de— Sm dx=x—Injx+1]+C

{npumenenst ¢dopmyant (1,8) u (1,32), npu BHYHC/IEHUH BTOPOrO HH-
“Terpajia yuTeHo, 4TO YHC/JAHMTENb APoOu | paBeH MpoH3BOAHOH 3HaMe-
Hareas JApoGu).

9) Ecim u=5+4-¢*, 10 u' =e* Jlpo6p HMeeT BHI Z—, H 1o
¢opmyae (1,32) nonfqaem

€ X
5_}_exdx_111(5«}—(3)4—0

{TaK KaK NPH MOOOM 3HAYEHHH X HMeeT MECTO HepaBeHCTBO: D -
-+ e* >0, To sHIpaxenue 5 - e* be He NOCTaBHMH TNOoA 3HaK abco-
JIIOTHOH BeJHYHHBI).
x3
.Gonblue cTeneHH 3HaMenaTeas. Urolel BbUAEAUTH LEJAyIO 4acTh, pas-

— HenpasH/JbHafA, TaK KaK CTeneHb YHCAUTENHA

xs
Reaum x* Ha X 42 H NOAyYHM m::x*——2x+4—m,\a no-
“TOMY
Sx+2dx_S(x3_2x+4—_ﬁ)dx_sta!x_zgxdx+
+4de-3§x+2_’§-—x2+4x—81n|x+2|+c.



B stoM nmpumepe BMecTo AeneHus x® Ha x - 2 MoxHO Gblio mpea-
CTaBuTh ApoOb B TAKOM BHAE:

¥ x4 8—8 x#4+8 8 (x4 HE—2x+44) 8
x+2  x+2  x+2  x4+2 x+2 T xF2

=x2—2x 44—

+2

AHa/orHYHO B BOCHMOM MpHMEpe Apobb ;

—_
[+ x°
3anaua 1, 18 (A1 CaMOCTOSTENBHOTO pelleHHs). BBRIYHCAHTL HH-
xdx

TerpaJbl: 1) §a+bx 2) Sm; 3) Sﬁm;
4) S cos‘xtgx : 5) sz%sx dz; 6) gff—:—;d;;;?‘“m'
7 Sx(l—-ln 5 8 Sb‘ci)x:‘ix+a2d Mﬁ"ﬁf
10)3’%%@; 1) S tg xdx; 12) S ctg xdx.
OTBgT. 1) iln]a—i—bxl—i—C(x#—%);

x+1—1 =1
+x i+x —

2) — 2b2 Inja?—6%*| + C; 3) In|arctgx|+C;
4) Inltgx|+C; 5)— = In]5 + 7 cos x| + C;
6) ]n|arcsinx|+C(x#0); 7 ——lnll-—-lan— 1nC=1n|—C—ln—x,-

8)— 1n|b’Cos“‘x+a2|+C 9) 4+ + +x+1n|x—l|+C

10) 5x—zln|2x+,3|+c 11) ——1n|cosx|+C
12) In|sinx| 4 C.

BTOPOE NPAKTHYECKOE 3AHSITHE

Conepxauue: MurerpaposanHe moxKasaTeJbHOR H TPHTOHOMETPHUECKHX
¢dbynxuui.

Ha 3ToM npakTHYecKoM 3aHATHH Mbl NPOBElEM YyNpaKHEHHs B He-
NOCPEACTBEHHOM HHTerpupoBanuu mno ¢opmyaam (1,13)—(1,20).

1. WHrerpuposanue mnokazateibHoll (yHkuuH (yHpaKHEHHS B
npumenernn dopmya (1,13) u (1,14).
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[Tpunanum 3tuM dopMynaM BHA, KOTOPEIA Gosee ynobeH Aas mpH-
MEHCHHs HX Ha MPaKTHKe: CUHTas u (yHKIHMed He3AaBHCHMOH mNepe-
MeHHOH x: 4 = u(x), 3anuweM, 4T0 du = u'dx, a noroMy GOPMyJE!
(1,13) u (1,14) nepenuwyrtca B BHAE:

Sa”u’dx:ln—a +C @>0 a+l); 2,1)

S e“u'dx = e 4 C. 2,2)

3pech crenyer o6paTHTh BHUMAaHHE HAa TO, 4TO MOABIHTErpafibHas
¢yHKIuA B 3THX doOpMynax COLEPXKHT MHOMCHTENDb u', aBAAIOWHKACA
NPOU3BOAHOH GYHKUHH 4, CTOAIEH B MoKasarene creneHu. Bes storo
MHOXHTeNs GopMyssl (2,1) u (2 2) He BepHHl. Eciu x— HesaBHcHMas
nepemenHas, T. e. u=Xx, 70 u' =1, dopmyas (2,1) u (2,2) nepe-
nMWyTCs Tak:

e

Sa"dx——+C(a>0 a+1); ) 2,3
[erdr=er 1 c. @24
3agava 2,1. Boiymcnuts unTerpansl 1) 53" dx; 2) S (V2) dx;

3) [ 4—dx; 4 [erdx; 5) (2% ax; 6) (esran.
Pewenne. 1) Iror npumep He Tpe6yer noschenuit. OH pemaercs
HernocpeldcTBeHHHIM npuMeHeHueM ¢opmynnt (2,3). Ilonards B Hel

a =3, nonyuaeMm Sf?:"dx:]—i%—kc.

2) TouHo Tak ke noaaras B (2,3) a = }/2, noayuaem, uro

p oy 2 (V2)*
fvvra=r o=  1c

3) Jror HHTErpa; He MoxeT GHITh BHMHCAEeH No Qopmyne (2,3),
TaK KaK B ToKasareje CTeNeHH CTOMT He X, a — X. [lostoMy oGpa-
THMcA K Qopmysae (2,1). Ilepenumem noAbHTerpaibHyl0 GYHKIHIO
B Bufe 4—* = —4—*.(—1). Takce npeoGpasoBaHue HaM NMOHALOGHIOCH
ANs TOro, 4ToGhl BBECTH MHOXHTENb —l, KOTOpHIi AIBASIETCA NPOH3-
BOAHOH OT NMOKasaTens CTENEHH — X.' Tenepb y:Ke NOAbIHTerpanbHas
(YHKUMA COAEPXKHUT NPOU3BOAHYIO OT IOKasaTens CTeNeHH, U MbI
nonyyaeM npu aq =4, nonaaras, 4T0 U == — X:

i}

famrdr = |4 — 1)dx=—5~4-” - l)dx;—'%ﬁ-c.

u’

4) 3amuweM, 4T0 €~F = — &% (-— DHu npﬁmeHﬂM (popMyny 2, 2)
[Tonaras B Helt u = — x, uMeeM
S e~*dx = —Se—x- (—Ddx=—e*+4C.
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5) Ilpu pemenun storo npumepa dopmyna (2,1) He MoxeT GbITH
NpUMeHeHa, TaK KaK MOABIHTerpaibHas OQyHKUUA He COAEPKHT MHO-
Kuteas ', ABAAOMWEroCs NPOU3BOLHOH OT NOKa3aTeNs CTENEHH U =
= 3x. Ho Tak kak u’ =3, BBelleM TaKofi MHOXHTE&JIb, YMHOXKHB
H pasllenuB noibiHTerpanspHyio ¢ynkunio Ha 3. Torna moxHO Gyner

npUMeHUTb opmyny (2,1): 2% = % . 23x. 3. Iloaromy

, L oy 1 (s | 2%
Szaxdx=53.23 -3dx-—3-S23 Bdr= 5 £54+C.

2u ra
[Toctynas Tak Xe, KaK B DpeRbAylleM NpHMEpe, NOJy4YaeM NoO
tdopmyae (2,2) :
Se*”‘dx = S—;— e5%5dx =é e . 5dx = -ée"”‘ 4 C.
ul

el

3apava 2,2. Boiyncauts unTerpans 1) Sakxdx; 2) Sek"dx'

3) S 5V -V—_—.-dx, 4) Se“’”smxdx, 5) S7"'xdx 6) S e xdx;

7 S?.‘g *sec? xdx, 8) S ~ et (3x* 4- 1) dx; 9) S — dx;

10) S(ex + e=*)? dx.
Pewenne. 1) [Ipu BHUHCIEHHH 3TOr0 HHTErpana cjaelyer HMETb
B BHAY, 4TO R — J1060e neﬂcmme.nbﬂoe 4HCII0. I'Io;lbm'rerpanbﬂan

¢dyHKIEA a** He colepxkHT MHoXuTens u'. Ecin u =kx, To u' =k.
YTo6H BBECTH STOT MHOXHTE/Nb, NMEPenHiieM NoALHTerpaibHyI0 QyHK-

LHIO TaK: a** = E—ak"/e ITostomy

¢ 1 akx

fatedrm L{am. idx_ =y
ol

2) IlpumeHuM paccyxAeHus, MpHBEJeHHEE B npem:mymem npu-
Mepe: ek* =-;a- ek*k, a notomy

N

Se""dx=—;—Sek”-kdx=—lle—_ek"+C. /

e
P

10T pesyabrar TO/IE3HO 3aTOMHHT. 3Has ero, cpasy Honyyaeu,
9To, Hanpumep, S e dx = —e3 4+ C; Se“’dx = 2e 2 +C (311ecb k=

=——-3), U T A



- 1
3) 3nmech mnokasarenb cremend u=Vx, u' = R IToxbinTe-
) X

rpaibHas Q)yHKHHH BMECTO 3TOI'0 MHOXKHTE/IA COAEPXKHUT MHOXKHUTEND

L
VE

1 1’42 %
YuHoXas U AeNd HAa 3, NONAydHM 5 —V—x =2.5V~*, V_,ano-
tTomy no ¢opmyne (2,1) npu a=>5
Vi, L Tl gy 9.3V
S5 S=di=2 5?11 V-dx--? = +C.
4) B npumepe u = cosx; u' = —sinx. 34auuT, HEZOCTAET MHOXKH-

tens —1. IToAbiHTErpanbHylo GYHKIHIO IPEACTaBUM B BHAE €°°5 * sin x =
= — %S ¥ (—sin x), nosTomy no ¢opmyne (2,2)

. Se°°“sinxdx=——5e°°s”(—sinx)dx=—e°°”+C.
gt S . .
et u

5) 3necy u = x?; u' =2x.
[NonbinTerpanbHan ke QyHKUUA CONEPHKHUT MHOXKHUTENb X. ¥YMHO-

1
XKad U Jens ee Ha 2, 3anuiiem, 9TO 7x’x=—2—-7"’-2x, aS7x’xdx=

=_;S7xz 2xdx—————7+C
6) B7 3TOM npumepe ¢yHKuUA 4 = x3, ee npouw3BonHaa u’ = 3x2,
[NonsiuTerpanbyasn ke QyHKLHSA CONEPKHUT MHOXHTENDL xP. YMHOXKAad
W Jensl ee Ha TPH, NONYdHM e®x? = :;—ex'3x2. Mo dopmyne (2,2)
HaXoAHM
Se"'x’dx= ;—SE"_' . §f’dx= 3ie"’+ C.

7) Sror npumep pemaercs 6e3 NPeABApHTENbHBIX NpeoGpasoBaHuH,
TaK KaK MHOXHTENb sec® X — mpou3BoJHasg oT (QyHKuuH u = tgx—
BXOAMT B NoABHTerpanbuylo ¢pynkuuio. Ilo dopmyne (2,1) npu a = 2
noJaydaem

thx
52‘“ . sec?ydx = s+ C.
o ral
8) lonaras 3pech u = — (x® 4+ x4 3), umeem u' = — (x4 1).

Bmecto 3Toro MHOXHTeNs! NOABLIHTErpajbHasg QyHKUHA COLEPKHT MEHO-
xATeIb 3x% 4 1. UTOGH mony4ursh TPeGyeMblil MHOXKHTENDb &', IOAbIH-
TerpanbHylo (yHKUHIO NPEICTAaBHM B BHie e~ W'+x+d) (3::2 +1)=
= — e~ +¥+)H [— 3x24- 1)) u Ha OCHOBaHUH (2,2) nonydum

S et (B2 4 1) dy = — S et [— (34 4 1)l dx =

ut

= — g—(&*+x+1) -+ C.
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9) 3necy dyukuua u = 17 ee npouspoiuaf u’ = —-x]—, Nonwiu-
K nepenumeM B BHIE e’l‘_-—-— e% -1
TerpaabHylo QyHKUHIO Tep hi( 2= | H
no dopmyae (2,2) HaineM

ll 1 1 ' !
Se‘-x—,dx=—Se: (——?\’dx=-—e"—|—6.

10) (e* + e—*)? = e2* 4 2 - e—2*, YuurnBas peleHne BTOPOro NpH-
Mepa, mosydaeM

S(e" 4 e—*dx = S €* +24e¥)dx= Se'”‘dx-{—Sde-{-
+S e—2dx = %e”‘ —l—2x-—-—é—e"2"+C.

3apaua 2,3 (A CaMOCTOATENBLHOTO PpeleHHus).

Beigncauth unrerpansi: 1) S( s —e—ks)ds; 2) S

rcsin x

3) S esin % cos xdx; 4) S @+ 2)% *dx; 5) S gerk6tE35 (42 - 4 x4 1)dx;

arctg 2x

6) S(a =5 4 7) S‘(e"y—l—e-“y)"d% S)S i

9) [ eboin® 2¢ sin dxdix.

Oteer. 1) -lla—(eks + e=ks) 4- C; 2) exrcsinz 4 C; _3_)_esinx +C;
1

4 3¢ 19 Ex - 1
4) —et +—-e‘7 1- 144e 2% .32 % 4- C; 5)m.gx'+6x’+3x+c;

1 [(i)x_(%)x]-—Qx-[-C; 7) ;z(eaay_e-aay)+%‘eay_

6) Ina—Inbl\ b
— e—ay) + ) earctg 2x + C 9) es+sml 2x + C.

2. HuterpupoBatne TPHroHOMETPHYECKHX QYHKUMA (ynpaxkHEHHS
B npuMenenuu ¢opmyn (1,15)—(1,20).

[onarasi, uro GyHKUMA u, BXoAAWAA B 3TH GOPMYJH, ecTh PyHK-
LA He3aBHCHMOH nepemeHHoﬁ X: u=u(x); 1 3aMeHs s Juddepentinan
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stoit dyrkuuu du no dopmyne du =u’dx, dopmyan (1,15 —(1,20)
MOXHO Nepenucarb B BHAe, Oosee yAOOGHOM AJS MPAKTHKH:

Ssinu- u' dx = —cosu-4C; 2,5)

Scosu- u' dx = sinu 4 C; (2,6)
gtgu-u’dx='—1n|cdsu|+c; 2,79

? e Sctgu-u'dx=1n[sinu[—}—€; 2,8
Scosz dx =1tgu -} C; 2,9

i Ssm2 dx-—ctgu—}—C | (2,10)

Crenyer o6paTHTh BHHMaHHe Ha TO, YTO MHOXHTENb 4', BXOAAIIMI
B MOABIHTErpajibHylo ¢GyHKIHIO BO BCEX 3THX OpMyJax, eCTb NPOH3-
BoAHasa OT To¥ QYHKUHH #, KOTOPAsA HAaXOAMTCA MOJ 3HAKOM TPUTOHO-
MeTpH4eckoil QyHKIHH. EclM u — HE3aBHCHMas nepemeHHas, u = x,
T0 ' =1, u 3TH QOpMyJEl NEPENnUIyTCHd TaK:

Ssinxdx: —cosx 4 C; 2,10 Sctgxdx= In|sinx|+ C; 2,14)
‘ i ) .
gcos xdx=sinx 4+ C; (2,12) Sc_osde =tgx4C; (2,15)

[tgxds=—Injcosx| +C: @, 13)8 dx= —ctgx+C. (2.16)

sin® x

3anauva 2,4. Bouucaute unrerpans; 1) S‘sinmx‘dx; 2) Scosnxdx;
3) (tgkxde: 4 [ctgixdy; 5) S L 4

o 9% 0 ) s

Bo Bcex npumepax GykBbl m, n, p, g, K W | — BEIHYHHH THo-
CTOSHHBIE, He PaBHHE HYJIO. '

Pewenne. 1) ®opmyny (2,5) MOXXHO MPUMEHHTL B TOM Clyuae,
€c/H MOABIHTErpaibHass GYHKHUSA UMEeT MHOXKUTENb u’, ABNSAIOWHACA
NPOM3BOAHOH OT QYHKUHH, CTOAIeH NOJ 3HAKOM CHHyca.

B nawem cnyuae ¢&yHRuuMs u =mx, a ee fnpousBogHas u’ = m.
MuoxuTesNb M B MOABIHTErpaibHOM QYHKUMH He COoAepKHTCA. YMHO-
KHM H pasfeJHUM NOJBIHTErpanbHyl0 QyHKUMIO HA m, T. €. NpeicTa-

BHM €€ B BHIe Simmx = R—sin mx.m; TOTAa, BHHOCA TOCTOSHHBI}

1
MHOXHTEJb — 34 3HaK HHTerpana, no gopmyse (2,5) monyunm

. e, 1
Ssmmxdx=—”—1 smmx-mdx=—”7cosmx+C.

——

u u’”
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2) MoBTopAs Te ke paccykAeHHs, 4TO W NPH peIleHHH IepPBOro
fipuMepa, Noay4uM no Gopmyie (2,6)

I .
Scosnxdx=%$cosnx- ndx = H—smnx«}-C.

u u’

Ha ocHOBaHMH 3THX Pe3yJbTaToB Jierko BHYHC/ISIOTCA, HalpHMep,

TaKHe HHTErpanm: S sin2xdx = — % cos 2x 4 C; S sin—;- dx =
1 x _ X, e LY.

= — C0S = L +C= —3cos§-+C (:mecr; u=%; u -—3-),
3

ScosV@cdx= -]71—2_sinl/27+0; Scos4xdx=%—sin4x+c;
X g in X X, 1

Scos—ﬁzdx—-msmmﬁ-C (311er u= <5 u "‘Tn)'

3) 3pecy u =kx; u' =k. logpiurerpansHas QyHKUuA He COLep-
HUT MHOXHTeNSA k. Urtobsl MoxHO Obuio NpHMeHuTb Gopmyay (2,7),
npeo0pasyeM NOABIHTETPANbHOE BHIPAXKEHHE TaK, 4ToOLI OHO CoZep-
a0 MHOXHTEJIb k; YMHOXHM H pasjie/liM ero Ha k£ U NpeACTaBHM

B BHle tgkx=—;¢-tgkx-k. Tenepp Ha ocHoBanun (2,7) nomyyaem

Stgkxdx= Fl Stgkx- Ia’.dx=—kl Injcoskx|+ C.

vy

4) IlosTopsia paccyIeHus, NpoBeleHHble B NpelbIAylleM NpHMepe,
nonyuaem no gopmyne (2,8)

Sctglxdx=-}—S ctglx-dx=-lTln|sinlx|+C.

Hcnonbsys pesynpTaTH, MOJNyYeHHBIE IPH PEILIEHUH 3TOTO U MpeXLl-
RylIEro NpHMepa, Jerko BHIYUCIHM TaKHe HHTerpaibl:

S tg 2xd. =——-1§ In|cos 2x| 4 C; S tg% dx=—51n \cos%l—}—c;
Sctg3xdx=-13-1n|sin3x|+0; Sctg%dx=a1n\sin%l+c;
Setg%dx=71n\sin;|+c.

5) Tlo dopmyne (2,9) nonyusaem

1 1
Smdx=;S Osszpdx —tgpx+C

u
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(monpiHTErpanbHylo GYHKIUIO M YMHOXKUIH M Dasiefluii Ha p,
a TOCTOSIHHBIA MHOXHTENb — BBIHEC/H 33 3HAK MHTErpana), NosTomy,

d.
HANPHMEP, S&’—S;E‘ tg3x+c j‘cosz— —Gtg N +Cfcosz X
6 V3

5 X
=V3_fgl7§_:|-c.

6) Ha ocnosasuu ¢opmyasi (2,10), mosropsas paccyxpexus, npo-
BelleHHbie NPH pelleHHH NPelbIyUiX NPHMEPOB, MOMyYaeM

S;in:—qxdx= %Sﬁi—qﬁgx= —Lctggr+C
—~u’

. “ .
(TTOZBIHTET PANIbHYIO cpyﬂxumo Ml yMHOXHJH M pAasfleluIH Ha gq,
A NMOCTOSIHHBIH MHOXHTENb 7 BBIHEC/IH 33 3HAaK HHTerpana). Ilomy-
YeHHHI}i pe3yJbTar HOSBOJIHET JErKO BBIYHC/IUTb, HanpUMep, Taxue
HHTErpassl: S ——dx = —3 ctg 5x 4 C; dxx = _4Ctg7 +C;

in2—
sin 1

sin? 5x

dx

= —bectgZ +C.
I b
s1n27 ‘
3apaua 2,5 (ILJIH CaMOCTOATENBHOTO petleHUd). BelUCAHTL HHTe-

Tpaiel 1) S cosx )Sl—}-cosx
Ykasauus. 1) l—cosx_251n’—- 2) 14 cosx=2cost %

OrBerT. 1) —ctg —2— +C; 2) tg—2— + C.
3ajgaua 2,6 (118 caMocTOATENbLHOrO pememm)

P

Botuncnute  MHTerpans: 1) Ssin (*?) xdx; j‘cosl/_

. 1
3) Stg(?x—?))dx; 4) Ssm(l,nx) 5 4% 5) S cosz(ax—}-b);

6) {cos ey erax; 7) {cos(in) Lax 9 i_)uj" 2 9 [
COs X
10) Ssm2

— sin
Ykasanud. BBocbMoM npumepe: L d

1+sinx = (14 sin x)(1 —sin x) =

_l—=sinx 1 sin x
cosx  cos’x  costx
1 sin? x 4~ cos?x 1 1
B nesatoM npumepe: - = — =
A ° p P sin? x cos®x sin* x cos®x cos?x + sin?x
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OTBeT
1) —-——cosx’«}-C 2) 2sin Vx+C; 3) ~—-1n|cos(2x—3)|+C'

4) —cosInjx|+C; 9) Etg(ax«}-b) + C; 6) sin(er) + C;
7) sinln|x|4+C; 8) tgx—secx+-C;  9) tgx—cigx4-C;
10) —cosecx+C. &«
3amava 2,7 (a8 CaMOCTOSTENBHOrO pellieHHs). BuiuucAUTL uHTe-
rpaJsi:

D) {sin@e+5 a5 2 g( g 9 [ Bag g {ler gy

132 sin 2
x cos x) "
2% . 2
5) S Lk 6) SS—-—;‘S;; d; 7) S“::;‘ dx; \8) S C::sfx

9) Scos (ax + b) dx; 10) S ctgxdx; 1) S sin :f:os X

12) S ctg = dx

yxas aHUuA. B celpMoM npuMepe: Cos 2x cos? x — sin? x, nocae
JeneHus Ha sin® x 3aMeHuTb ctg?x =cosec®x —1. B BocbMoM mpu-
Mepe: mocie feseHHs Ha cos? x saMeHuTh tg?x =sec’x—1. B npu-
mepe 10 3ameHutb ciglx = cosec®x—1. B mnpumepe 11 uncnuresns
U 3HaMeHarenb APoGH pasnenuTh Ha cos?x. IloxwlHTerpanbHas ¢QyHk-

q M sec? x
unsl OPHMeT BHA = .

OrBer. 5
1) ———;-cos(2x+5)C; 2) —tg—i——l—C; 3) — Injcos(Inx)| 4+ C;

4) %tgx«}-c; 5) 2 In|sinx] 4 C; 6) —2In|cosx| 4 C;
7 —ctgx—2x+C;‘ 8 2x—tgx+C; 9 %sin(ax«}-b).{.c;
10) —ctgx—2x +C; 11) Injtgx] +C; 12) —1n|sinl|+c

3anaua 2,8 (ana NOBTOPeHHs Marepuana NepBoro NMPaKTHIECKOTo
3aHATHsA). BbiuMcauTh HHTerpanbi: 1) SVthcsec“ 2x dx (BocnoJsib3o-
Batbea gopMysof (1,29)); 2) S7+3 5
a0l (1,32)); 3) S SBOX Jx (popuyna (1,29); 4) S (ax? 4 b)" x dx
(n# — 1) (bopuyaa (1,29); 8){ 2 gopuyna 1,29)); s)S

(bopmyna (1, 32)); 7) S::f: dx (n+—2) (sin2x = 2sinxcosx,

dx (socmonb3oBarbcst  QopMy-

dx
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COKpATHTb Apobb ¥ BoCTIONb30BaTbCA hopmyaoii (1,29)); 3)j‘

;V7+ln2x dx
ayionr (1,31); 9 e ;
(BOCIIONIb30BATHCA dopayioi  (1,31)) ) S(1+4x2) Ve

sin 2x N sin x cos x
10) S VW dx; 11) Sacosﬂx % Sinzxdx (Bocnonb3opaThCa Gop-

beos x — csinx xdx 3xdx
MyJIOH (1 32)) 12) SVa-{— bsmx-{—ccosxdx’ 13 S 14)S '

—_’ oy ol
15) SVS 44 %; \16) s dx’ 17) 5a+bx’ \18) len‘
19) S’arctgx-{—xd 20)‘S' 3x dx

1+ x* V7"
Yxkasanue. B npumepe 16 pasaenntb e3* Ha e* - 2, noayyures
— 2er ‘4e . ,
&t .
Oreer. , -
1) 2 tgory/Tg2x+G; 9 + In|74+3¢] +C;
l n .
)——cgzax-i—C 4)m(ax2+b) +l
1
5) — g 4 C: 6) < In (¢ 4 5) 4 C;
2 e —————
——— C'. . 8 7 2 .
N —yars 0 ) V7 +1n%x +C;
9) V5 F arctg 2% + C; 10) V& F Bsitt x + C;
1) 77— 2(b ln (acos?x + bsin%x) + C; 12) 2 a+ b sinx-+-ccos x -C;
13) —+ lnr(az-—xz) +C; 14) 210 (4 4759 +C;
15) ng TR +C 16) 4 e%— 2ex + 4 In(e* +2) +C;
17) 4 Infa - bx| 4+ C; 18) 3%,—)5+c-

19) 5 | (arctg?x4- In (1 + x2)1+ C; 20) — = A Vg op ) 722+ C.
TPETbE NPAKTUYECKOE 3AHSTHE

Conepxaune: [TponomKense yNpaKHeHHH B HeNOCPeACTBEHHOM HHTErDH-
poBaHH#H.

1. ¥YnpaxHeunss B npumenenuun dopmya (1,21) u (1,22)

OrH dopMysel nepenHuieMm B Buie, Gonee yAOGHOM VISl IPAKTHKH.
HMonaras, kak H padble, yro ¢yHKUHA u, BXoifAllas B 3TH dop-
MyJHl, €CTb (QYHKUHMS HEe3aBHCHMOH IEPEMEHHOH x: u = u (X) 3aMeHHM
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ee nuddepenuuan du no dopmyne du = u’ dx n nepemumen st dop-
MyJIBl TaK:
o

Smdx == arctg u-+GC; ‘ (3,1)

S 7—1“—_72 dx = arcsinu J- C. 3,2

Cnenyer o6paTuTh BHAMaHHe Ha TO, 4TO B 9THX dopMynax uucmu-
Teip ApoGH ' €cTb MPOM3BOAHAs nepeod cmeneny GyHKUMM U, KOTo-
pas B (3,1) HaxomuTcs B Kpajpare B 3HaMeHarere, a B (3,2) —B
sHaMeHaresle TOJl KBaApaTHHIM KODHEM.

[pexie ueM HauyaTb yIPaKHEHHA, BHIBEAEM Gosee oblLIHe dopmy-
abt ueM (3,1) ¥ (3,2), a UMEHHO: BBIYHCIHM HHTEr DAL

(agmar v (yazaa @3

B mepsoM HHTerpaje npeoGpasyeM HOABIHTErPalbHYIO (GYHKIIHIO
TaK, YTOOBl MOXHO OBUIO IpUMEHHTH Gopmyny (3,1):

L e ey
T a(i48) e[+ (5)] e+ ()] [+

Yncanrens H sHa-
MeHareJNb apobu

YMHOXeH Ha — °

uy .
Tenepp uuciaHTENb ApOOH (-&-) €CTb IPOH3BOIHAR OT HepBoii cTe-

nedn (QYHKIHH (%)2, KoTopasi HaXoAHTCA B 3HaMeHaTene, W dop-
myny (3,1) MOXKHO NMPUMEHHTS.

IostoMmy, BHHOCA 3a 3HAK HHTErpaja MOCTOAHHBIi MHOXHTEND —‘l;,
nonydaem

1 .
e - __a_ﬂdx=—a-arctg% 4-C.
1+(2)
Hraxk,
4 1
S Foadr=arctg 2 4 C. 3,9)
Ecndi u=1x, To 4’ =1, u 312 dopmysa samuuercs TaK:
dx 1
S Py Ay arctg% - C. g3,5)
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IMonpinrerpanbuyo GyHKUKIO BTOporo uuTerpana (3,3) npeoGpasyem
TaK, 4Tobbl MOXKHO 6bIJ'lO BOCNONb30BaTeCsl Gopmydioft (3,2).

VAR Vool Vel

’ Hs-nox xopasn

BBIHECTH MHO-
XKHTEeJb a

- u\’
Tenepb uncauTENbL 1pOGH ( ;) ecTh IPOH3BOJHAA OT IEpBOfi Cre-

u\2 . .
neHH GyHKUHH (;) , KOTOpas HaXoMHTCH IOX KOPHEM B 3HaMEHareJIe.
Ha ocHoBanun dopmyas (3,2)

wy
SV&Ti—uﬁ dx = S"]‘/-—(l'a:)@‘)zdx = arcsin = 4 C.
a

Urak,

S-Va—z'-l:'; dx}= arcsin% -+ C. (3,6)
Ecom u=x, To u =1, u 3s1a dopMyna sanuuiercss Tak:
dx .
S_V-a—zx:;—a =arcsm4:- -+ C. (3,7)
3agaya 3,1. BrruucjauTb HHTErpanibl:
dx _ dx | _ dx
D 1= (o l={pfe 9 1= {sFm:

3dx
4 I=S11+9=' 5) I’Smﬂ'

Pemen u e. 1) 311ecs =T a=V7, no tbopmyne (3,5) nole-
qaeM [ = V._ arctg — V— +4-C. '

2) B stom mpumepe a’ 10; a = )/10, no dopmyne (3,5) mony-
1
qaem | = 7T arctg —— Vlo + C.

3) B snamenarene npoGu maxonurtcs He x?, a 5x%, Ilostomy dop-
Myna (3,5) mempuronHa. 3pech HOMKHA GbiTh npuMeHeHa (dopmyna
(3,4). Ilns sToro HalO B UHCIHTENE HMETDH nponssollﬂyxo byHKuHY 4,

XBalpaT KoTopoii u? = 52, u =}/ bx. Ilpoussonnas u' = J/'5.
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Dopmyay (3,4) MOXKHO NPUMEHHTb B TOM Cydae, €C/IH YHCIHTENb
noaninTerpansHofi yHkumu Gyrer pased u'. Mul sTOrO AOCTHIHEM,

YMHOKHB ero Ha /5, a urofbi He W3MEHWJach BEIHUHHA MOJBIHTE-
rpanbHoli  GyHKuMH, pasnenuM ee Ha V5 u mpelcrauM B BuIe
1 1 V5
81 5x2 ]/5 8+(V5x)2.

Yuuteigas, uro a@*= 8, a = 21/2 no dopmyie (3,4) moaygaem

— __1__ VE V5x .
= VES T dx V5 V2 arctg + C=
1 V10 le
=W arctg + C.

4) 3ror PHMEp HHUEM HE OTJIHYAeTCA OT MPEABIAYLIEro. 3nech
u? = 9x%; u=3x; u' = 3. Urobu MOXHO 6BIO TPHMEHHTH QOpMyny
(3,4), Hazo o6pa3oBaTh B GHCJAHTENE u'. YMHOXHM TNOABIHTErPATLHYIO
dbyHKIHIO Ha 3, a urofH He HBMSHPIJIaCb ee Bemmpma pasjenum ee

1
11+9x2+?11+(3x)2' ol
(3.4) Moxuo npuMenuts c yueroM, uro a?®=11; a=V'1l; I=
=1 3 dx = ! arct 3% +C

ST E ™ Ty Tty T

u
5) Dror mpumep pemuM 6e3 moApo6HBIX OOBACHeHH#: a? = 6;

w=132%u=V13x% a®=6; a=V6; u' =V 13.

Tonpinrerpanbuylo GYHKUHMIO 3allHIIEM B BHIE

3 3 Vi3
6F 13" Y13 6+ (Y B3sr)2”

3 Vi3 V13x
= ——dx = —Laret C.
V13 ) 6+ (V13x)2 V15 V6 8% V6 +
3anaua 3,2 (a9 camMOCTOATENBHOTO pellleHHs). BBYHCIHTDL uHTe-

dx Tdx
rpams: 1) S5+16x2’ 2) 512+7va 3) S14+15x2; 4) §15+19x"

Ha 3 H NpEICTaBHM B Buie

Tenepe dopmyny

9dx
9) Ss T oL -
Otger.
1 4x . 1 V7x . 1
1) ZV-TarCtg—_V.‘_‘—’-C, 2)——2V,§_arctg ——————QV,§+C, 3)——V,m arctgyﬁx—l—c
7 gV— Viix
4) V28 arctg Vi +C; 5) V = —arctg Ve +C.
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3
3apaua 3,3. Buiuncautb nHrerpadb 1) I = Sﬁ__—a-!:{_de; 2) I =
(3x + 2 dx 9 +5 )
=257 3 I=-S,z+9dt g

Pemwenne. 1) IMoguTerpaipuyio GyHKIHIO 3alimieM B BHIE
x+3 4 .
B2 B2 T 22

KaXIylo H3 9THX JApoGeii MPOMHTEIPUPYEM H HHTErpaj NpeACTaBHM
B BHIE CYMMEl [IBYX WHTErpasoB:

_* _dx 1 2 3 =
[ = x2+2dx+3sx2+2 = 21r1(x + 2) +ﬁarctg .V'-§- +C.

YMBoXas YHCAHTENb HA 2, [Tpumenuts Hop-
NoAyYHM B HEM npeHssol- My.ny (3
HYIO sHaMeHaress

2) MNoxviuTerpaibHylo GyHKUHIO NpPEACTaBHM KaK CyMMy IBYX
Ipobeii:

3x+2 s 2
5x2+7 5x24-7 ' Bx24-7°

Kaxnyio us stux ApoGeli Mbl ymeeM HHTerpuposarb. Murerpan
MPEICTABHM KaK CyMMY ABYX HHTErpajoB (IIOCTOSIHHBIE MHOMKHTENH
BbIHECEHBl 32 3HAK HHTerpana):

I = 35'5’!2 7 dx -+ 2 Ssxz 7 -—1011’1 (5)6 + 7) +

3neck B UHCIHTEI®

Tpumennte  (3,4) npu.
HOJIYuHTEs: NPOH3-

U = (Vg;)z; u=V5x

rottin smwenaren,| | W= V§ia= V7
YMROXHTb Ra 10
+ e arctgl 4 C, 2in 522
VEy T arc gV~ +4-C. Oxouuarensno I = =In (5x% - 7) 4-
+ = V~ arctg st +C.
3) 3tor npmwep cnenyer pempm, €aMOCTOSITRNBHO.
OrBeT. sln(812+9)+61/2 2V2t+c

3anaua 3,4 (113 CaMOCTOSTEIBLHOTO pemeunﬂ). BbiugcauTh uHTEr-
7x 43 3x 48 dax
panbi: 1) jmxz_*_”dx- 2) Smdx- 3) ZFxpE M 1pose-
PUTH BBIYHC/IEHHs, NpoBeleHHble B npuMepax 1 m 2, no dopmyae,
OOJIYYEHHOH NpH pelueHHH npumepa 3.
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10
Orser. 1) 201n(10x2+11)+ymardg1;//1—; +C;

9) ln (122 4 23) + Vs_garctg %_Z‘x 1 C;
3) barctg + C;

3apaua 3,56. BHUHCIHTL MHTErpanbl: l)g X dx; 1 2) I= gxdx'

5 Fsin®x Tx¥
eFdx | _ dx . _ sec? x ]
3) I= '8‘4_-{_—8_4;’ ) I = Sx__———(s-{—lnzx)" 5) I = SW dx;
dx
6) I= Sl+cos2x'

Pemenune. 1) Ecan u? =sinx, 1o u = sinxy 1’ = cosx; a® =5,
a=V'5, a notomy cpasy 6e3 HONOJIHHTEAbHLIX MPEO6GPa3oBAHHI NO-
nyuaem no ¢opmynae (3,4)

1 sinx
I = _arctg =1 C.
V5 Vs
2) BospMeM u? = x*, Torna u =x%, a u’ = 2x.

Uro6sl MOMYUHTH B UHC/IHTENE 2X, YMHOXHM €ro Ha 2, a 4rolH
BETHUHHA IOIBLIHTEr DANbHON ‘DYHKUHH He H3MEHH/IACh, Das3leNuM ee

a2 H 3aNHWeM B BHIe = — =L 2% __.
H M A€ 73 T o7 o

1 x2
= g7+(x2)2dx 77 arctg—f?: +C.
TTpumensieM q)op-[

myay (3,4)

3) Ilpumem u? = e**; u=e?:. Torna u' = 2¢2*. Qopmyny (3,4)
MOXKHO TPHMEHHTb, €CJIH B UHCJHTENe Haxoautcd ¢yHKuua o' —
npousBofiHas (GyHKUHH @. UTOGE 5TOrO HOCTHIHYTb, YMHOXKHM H Das-
JeMuM HOABIHTErpalbRyio ¢yHKUMIO HA 2, TOra OHa 3aMHILIETCA TaK:

e2x 1 292" . . _1-5' 282.\: 1

1 e?x
T 2 iyEmy T Ty e+ C=
I ad=4;, g=2 I

1 e
= —arc’tg—2 +C.
4) Monaraem, uro u? =In?x= (Inx)% u =Inx; o' =—lx-
Eciu MBI NIpeICTABHM NOABIHTErDanbHYK (YHKIHIO B BHAE
1

1 x ’
116 T In%) =3 ¥ (ln XF’A TO 3aME€THM, UTO B UHCJIHTEJIE HMeerCa u, a

noromy dopmyy (3,4) mpumennth MoxHo (a® = 5; a = }/5):
1

x Inx ‘
= md = V-—:arcth + C.
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5) 3nech u? = tg?x; u = tgx; u’ = sec? x, nosToMy Ge3 AononHH-
TeJbHEIX NMpeo6pakoBaHKi MO ydaeM (a2 =9; a=3):

2
’ | = ‘Sv—g_—:ec(———tg";)g—dx = arctg lgx +C.
6) BblumciieHHe 3TOro HHTErpala CBSI3AHO C HEKOTOPHIMH TPYI-
HOCTAIMH. '
3nech HaZo Aorajatbcsd, YTO HHTErpal MoxKeT ObiTh NPHBENEH K
Bufy (3,4), e€CIH duucauT€Nb M 3HAMeHareln Jpo6u YMHOXKHTb
Ha sec®x. Buimomnas sro, monyunm

1 . sec:, sec?r __sec™x
I4+cos?x secBr+1  tglx+141 tgx++2°
Ecan Tenephb monoxuthb u? = tgiy; u = tgx; u’ = sec®x, popmyny (3,4)
MOXKHO TNPHMEHHTb, TaK KaK YHCJAHTEJNb CONEPXKHT NPOH3BOXHYIO
¢ynxunn u. Toraa

- sec?y 1 tgx
I S e 12 s dx = V__arctg V5 + C.

3anaua 3,6 (119 CaAMOCTOATENBHOTO pELIEHHS).

BriuncAuTE UHTErpasibt;

dx
) {&r a7

: " - 1
y kasanue. [Ipencraents x =() x)? B3ate u =V x u' =5
X
_cos xdx . . ,
2) \Frosmice YKasaume o =Db%sin’y; u=bsinx u' =

= b cosx. YMHOXHTb H PaseHTh MOALIHTEr PAJIBHYIO q)yﬂxumo Ha b.
3) Sm YKasanue: uMCAMTElb M 3HAMEHaTelb APOGH

ymMHOKHTE Ha sec’x. IlombiHTerpanbhHas ¢yHKuus TnpHMET BHA
sec?x

TE x5 (yureHo, uto secix = tgix -+ 1).
0 .
4) S‘m Y Ka3aHue: uuCHUTENb U 3HAMEHATeNb YMHOXKHTD

Ha cosec® x. B sHameHaTene 3amenuth cosec?x = ctgix 4 1.

A -
Crser. I) Jrzarcl V§f +C; 2 515 arctg'\/% sinx) +C;

g x V Betgr

3) arctg( )+C 4) — ——arctg -8 )—i— C.

Vs V ( Ve

Tenepn BbINOIHEM ynpamﬂeﬂnﬂ cBA3aHHHE C ¢opmyiamu (3, 6)
u (3, 7).

Hanommm elle pa3 NOCTPOEHHE 3THX tbopmyn qHCauTeNs ApobH
€CThb TNpOH3BOAHAS OT MePBOH CTeMeHH TOH (GYHKUHH, KOTOpas B
KBajpaTe CTOHT MOJ KOPHEM B 3HaMeHaTelle. :

-
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3anava 3,7. Bemumcauts umterpans: 1) [ = S_ﬂx__;
. V5=«
¢ dx . _ dx . - dx
2) I_SVIO—-XZ’ 3 [—_V3—'-2x2’ I SV?—&\*'

Pewenmne. 1) 3nech cpasy MOKHO NpuMEHHTH dopmyny (3, 7),
nonaras, uro a® =5; a = /5. ITonyuaem [ = arcsin—— + C.

V5

2) 3nech Takke dopmyna (3,7) mokeT ObTb NpPHMEHeHAa Cpasy:

=10; a=V10,al = arcsinl—/";ro +C.

3) pumenuts dopmyay (3, 7) 3mech Henb3f, Tak Kak u? paBHO
He x?, KaK B JByX MNpeAblAymHX mnpumepax, a 2x2. Iloatomy Hazgo
npuMeRHTs dopmyty (3, 6), monaras u? = 2x* = (J/ 2%)% u =V 2x.
Uncautenb LpobH NOABIHTErpanbHOfi (QYHKIHH JOMKEH GHTh paBen
u' = V2. Ho 1aKk Kak }/2 B HHMC/HTeJE HE CONEPXKHTCA, TO MBI YM-
HOXKUM UHCJHTeNb Ha }/ 2, a uToOHl BhiparkeHHE He H3MEHHJO CBOEit

BelMuMHb, # pasiequM ero Ha V2. TlogwluterpanbHas (yHKUHA
mepemnuuercs B BHJIE

1 1 Ve 1 . )
——— = — s e 4 I = -——Arcst = C.
V3zTad V2 ]/3_(;/2;)2 V2 nV 3x+

4) 3pech u? = 8x% u?= 2V 2x)?% u=2V2x; u =2V 2. Haa
TOoro 4TcObl MOXKHO 6bIJ'lO npHMeHHTb opmyny (3, 6), Hazo, YTOGH
yucuTeNb ApobHu B 3Tof hopMyJse 6blT paBeH MPOH3BOAHOH GYHKUNH U,

T. . 2/ 2. YMHOMKHM W pasleNHM TONBIHTErPaNbHYIO (QYHKUHIO Ha
370 YHCJO H TOJNYYUM
1 1 Ve
V?—sz 2V2_ V’]_ (2V2_x)2
Tenmepp yxe ¢opmyny (3, 6) Moxkno npuMerHTb. [TocTosnHbI]
MHOXKHTEIb —— BBIHECEM 33 3HaK HHTerpaja, HoJyyHM

2y2

1 2V ox
2V5§V’7T§mdx_m2VgaTCSIn_V7 - C.
=7 a= V7T u=2V%]|

3apana 3,8. (a4 camoc'romenbﬂoro peleHu).

Boraucaure HETErpanbi: 1) S ; -—d—__L.-_—;
V80— 11x V36 — 49x°
3) S dx

Vo= 72
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Orser. 1) Vl_arcsmVV.. +C 2 %arcsin-g-x—}«(];

3) l—/-_—arcsm]]/f_ +C.
3anaua 3,9. BeluncauTb umHTErpanmbl:
cos x sect x
= ) 1= dx;
1 SV7 3sm2 SVll-—stgﬂ *

dx dx
3 1 5(1 - x% ¥V 6 — Barctgix ) 1 5',\:]/15 — 71n%

l_S]/l—de

Pewenue. 1) 3necy dbymkuua u?=3sin’x, u =) 3sinx, ee
npouspofsas u’ =V 3cos x.

Jins Toro YToOBI YHCAUTENb APoOH B MOABIHTErPaJbHON PYHKIUHH
GLlT paBeH u’, YMHOXHM ero Ha V'8, a uTo0H Zpo6b He H3MeHHJIa
cBoeli BeHUHHHL, €€ HAIO H pasnenuTb Ha V3. IlpencraBum moguH-

erpalbHyI0 GYHKIHIO B BHEE —rme® . — _L _VBeosx

erp y y V7=3sinx V3 V7—=3sin’x

Tenepb YHCIHTENL BTOPOH APOCH COAEPXKHT IPOH3BOAHYIO (DYyHKUMH

u =) 3sinx, u dopmyaa (3,6) MOxKeT GHTb mpHMeEHEHa
= —l-—_ Ve dx = —arcsin Y 3sinx + C.
V3 V? —_ (VS sin x)2 V3 V7

|a2=7; a=VT u=V3sinx |

2) Dror mpuUMep peUlaeTcs TaK K€, KaK H NPeXbLIyIHiA:
u? =5tgy; u=V"51tgx; u’ =V 5secx.

Yucaurean nonblmerpanbﬂoﬁ GbyHKUHH HANO YMHOXHTL Ha 143

uytobe OB cTran paBen u'. Jlens o;mospemeﬂuo Ha V' 5, naa Toro

yToGr HE H3MEHHTb BEIMUMHY MOIBIHTErpalibHOH (QyHKUHH mpeobpa-
syeM e€ K BHIY .

seclx V 5sec? x
Vil—stgx V5 Vil— Voten?®
[Tpumenaa tenepr dopmyay (3,6), momyunm
1 V Bsec? x V5 tgx
—_—— dx = _arcsm = C.
7 V11 — (V 5tgx) V5 Vi *
]a =11; a=VTI; u=V_tgx'
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3) Tlpeacrasum nofLIHTErpaNbHYIO' QYHKIUIO B BUIE
: 1
1 _ 1 4 x?
1+ V6—barcte®x V6 _ (VBarctg £
3pech u? = Harctg? x; u= )/ Farctgx;u’ =T]:-ix2‘
Jlns Toro uToObl YHCJAHTENb MONBIHTErpPalbHON (DYHKIMH CTal paBen
. -

u', ero Halo JOMHOXHTb Ha }/5. Ecnu 3To CllenaTh H OJIHOBPEMEHHO

pasgeinTh Ha }/ 5, TO MOABIHTErpajibHas GYHKLUHA HE H3MEHHT CBOETO
3HAUEHHA M 3aIHLIETCA TakK:
V5 -

1 1 TF
A+OV6—sactgx V5 V6— (V5 arctg o
Tenepr ua ocHoBauuu (3,6)

_.!/idx —~
. 2
=L\t — L arcsin K—s—aifig—x +C.
Vs V6—(V5 arctg x)2 Vs Ve
[ S
u
1
4) TMepenumeM MOABIHTErpanbHyl0 QYHKUHIO B BHIE —r——e——.
) Hep panbiyio ¢y " VT

TMonaraem u?=71n%x, Torna u=V7lnx, ' =V7. —i UToO6kt

NOMY4UTh B YHCAHTeNe 1, YMHOXHM ero Ha )7, oNHOBpEMeHHO pa3-
JenuM Ha /7 M NOIBIHTErpanbHYIO tbyﬂxumo npelICTaBnM B BHlE

o Y7 ¢

W —7ix Viyis— V7inne
Tenepy no dopmyne (3,6) maxonum

V73
, 3 1 . 7 ,
l = 1—.: ———___——f_—dx = ——— arcsin V—&) - C.
Vis — 3/ 7in 0t V7 Vis
| a?=15; a=V15: u=V7Tlnx [
5) YMHOXHEM H paslleimm Ha |-—Xx UYHCJAMTeJb H 3HAMEHATENb.
ApobH, cToAlIeH Mo KOPHEM B INOABIHTErPANTbHON (QYHKLHH, H NOMYYHM

l—x I—x0—x T—x32 1—x
l+x V1+x)(l—x) l/l—x‘ Vl—x2

(V{I=%*=1—x, Tak Kax npenmonaraercs, uro — 1 < x <I).
T _ xax —

enepb ] S’.V'l_xz S'V-l_xg SVI‘-XZ
=arcsinx + V' 1— 22 -~ C. \ TlpuMensiem

dopmyany (1,31)

~
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3anaua 3,10 (219 CaMOCTOSITEBHOTO PelleHHs).
—3 9 — 3x
Bulunc/auTs HHTErpafsl | g‘——i——————dx; 2 Y—————— dx (cm.
P ) V7T =2 ) JV 6 =522 (
yKasaf‘me K IpelbliyeMy npnmepy)

sin x o2 Xt
; 4 —————— N 5 —_— s
3 5‘]/8 — 5 cos®x ) §V5 2% d%; 9) 5V4 — 11x® X
sin 2x sh x
5 SVS—Ssm'“‘ 7 ng— lSch‘x

¥Ykasauus B nepsom npumepe:
3

- V7i=2

Kaxnas us stux Apobeifl MoXeT OBITBH JIEFKO NPOHHTErPHPOBAHA:
nepsasi — no ¢opmyase (1,31), Bropas —mnc ¢opmyse (3,6).

B mecrom npumepe: u?= 3sin‘x; u =}/ 3sin’x; u’ =1/3sin2x

OrBer: 1)—-%1/-7—-2,\7 --V_arcsmV“ + G

2) Vg_arcsmyrix
' 3) ——Vgarcsm]/s;ofx +C; 4) V_arcsm]q/:a_ejx + G

5) l}l_larcsm]/l +C; 6) Vf;arcsm]/‘;’jlﬂ 2L C
7) ']71=5' grcsin V 15¢ch .

5x—3 __ 5x

Vieoe Viwoe

—-]/5——_——575—}—0;

2. YnpaxHeHus B npuMmeHenuu ¢opmya (1,23) u (1,24)

Kak u pamsme, mnpeoGpasyem 3TH (GopMyJsl K BHAY, KOTODHIM
Gonee ynolGeH AjiA MX IpHMeHEHHS B npakrtuke. IlomyuuMm ¢opmyny
(1,23) B Gonee obmem Bule. Ecan ¢yHkuua u ects GyHRuHA He3a-
BHCHMO# TlepeMeHHOH x: u = u (x), To du = u'dx. Torna emecro ¢op-
myasl (1,23) nonyunm

y dx=—1n,‘+”+c (3,8)
l 1 L

l—u

a ¢opmyay (1,24) npeodpasyéM K BHRY
Sﬁ—%—;—-;;dx =In\u~+Vu +a?|+C. 3,9

OTMeTHM nocTpoeHHe 3THX (OpMyJ: YHC/AHTENb HOlIbIHTeraJIbHOﬂ
(YHKUHH €CTb NpOM3BOJHAA (YHKUHMH u, KBaApaT KOTOPOH HAaXo-
Aptca B (3,8) B 3HameHaTe.ne, as (3 9)-—13 3HaMeHAaTese IIOA KBaX-
paTHbIM KOpHEM,
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O606uienue ¢opmyanl (1,23) cocTodT B TOM, UYTO 3HAMeHATeIb
Apobu | — u? 3ameHeH Ha a* — u®

’ l ul
a._u‘dx—— -T—H—de=? ———T,—dx=
a® (l-—;) l—(‘a)
2 1 _‘i'
1 s de= L (a) -1
a

== —1-1_-‘[[‘4— l—“‘T ,dX =3 | u
o' ()] ~(s) z
Teneps MoXHO upuMeEHTh Qopmyay (1,23),
TaK KaK YHCJHTeNb COAEDIKHT NPOH3BOIHYIO

$YHKIHMH, KBaJPAaT KOTOPOH HaXoAHMTCH B 3Ha-
MeHaTeJse

u' 1 atu
Saz-—uz =2q'1

Tak Kak mol 3HAaKOM Jorapudma CTOMT abCOMIOTHAs BETHUHHA
a u
ApoGu |aiul, TO, He H3MeHAs BEJIHYHHbI

H OKOHYATEJDBHO

(3,10)

STOro BBIpaXXeHusd, €ro

u a
MOXKHO 3anucaTb H B TaKOM BHJE: \uia , H Torra copmyaa (3,10)
Nepenuiercs B BHIE

u' 1
Sa———z’__ uzdx =7, In

u
YKaxeMm Takke GopMyay IJ8 BBIYHCAEHHS HHTErpana Sm dx:

el+c @1

S._a‘x——S dx—-—2—aln "+a -|_C_
u+tal- 1 u—a
=gln i—a tC=g |t +C
Hrak, oKOHYATENIbHO
u 1 —_
Sde=2—aln Z—_}_Z +C. 3,12)

Tenepb NPUCTYNHM K yNparKHEHUAM.
3anaua 3,11. Buiuucants unrerpamss: 1) [, = S—dxx—g; 2) Iy=

dx | = dx | . dx . —
== 3 b= 9 L={ "= 9 &=
(4
-SV19x2—14'
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Pe meHue. 1) 3necy u? =%, u=x, u' =1, Uncauresb colep-
WHT 4’ — IPCH3BOARYI (GyHKUMH u, 3HauuT, dopMyna (3,10) moxer
6BITb PHMeHEHA. YuuThiBas, uTo a? =5, a = /b, noayuaewm

1 5
11 = — 11’1 V_+ a
2’5 V5—x
2) Ilpu pemeHHH 3TOro NpHMepa CJELYeT YYecTb, 4TO u® = 9x?;
=3x u' =3.
UncauTenb NOALIHTEIPaTbHOH (GYHKUHH He COLePHHT u’. YMHO-
XKHM H PaslesnM NMOAbIHTErpalbHyio (GYHKUHIO Ha 3 H 3amHiueM, 4TO

I, = _IS 3(3x) dx, u=3x. Tenepr? npHMeHHM ¢opmyay (3,10) u,

+ C.

yunTsiBas, uro a® =7, a =17, naiizem

| V743 . V 743x
li=3- 2V7 In V7 — 3x +C= 6V7 In V7 — 3¢ +C

. 3) DToT mpHMep OTJIHYAeTCS OT MPEIBILYIIEro TeM, YTO 3lech Ha

IIepBOM MeCTe CTOMT B 3HAMEHAaTele€ He KBaApar MOCTOAHHOH BeJH-

YHHBI, a KBaApaT QyHkuMH u. ITostomMy pnosnxua OvITbL NpuMeHeHa

dopmysra (3,12): u? = 5x%, u=}/5x. Ee MOXHO mpHMEHHTb B ToM

clyyae, €ClTH YHCAHTENb GyIeT CoAepXKarh MHOXHTeNb 1’ = /5. Sror

MHOXHTE/Ib IIOJIYYHM, YMHOXKHB IIONBIHTErpaibHyio (GyHKuu Ha) b

U CNHOBpEMEHHO, YToGbl He H3MEHHJIach ee BeJHUHHA, pasjielHB Ha

V'5. enas sto u PHMeHAS dopmyny (3,12) ¢ yuerom, ‘ITO at=T,
a =7, naiinem

RN VN 72 P U Vor—VT| ~_
Ié_VSS(VS"x)qux_V? 2]/71 Vox+V7 rC=
o Vex—V7 /
- ||+
4) 3ror npuMep pelaercst cpasy mo dopmyre (3, N:u=x a

MHOXHUTENb 4’ = | B WHC/IHTENTe eCTb.

[osTomy 14_1n|x+1/x2+17|+c

5) 3nech u?= 19x% u= 19, u' =V19.
Hos HpHMeHEHHﬁ _opmy.ibi (3 9), Halo 4TOOB B YHC/IHTENE GBLI
MuOxHTenb u' =}/ 19.

YMHOXKHM H pasienuM ]}Ionumerpanbﬂyro byHRUHMIO Ha V_

1 19

V19 19S (V 1T =14
uto u’ =)/19, naiem

1 —_ -
[;= ﬁlanle—l—Vlez—-Ml-i-C-

Torra 7;= dx. Tlo ¢opmyane (3,9), qubusaﬁ
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3anaua 3,12 (s caMocromeanoro pelleHus).

BrlypcauTs HHTErpasbl: 8_3,“, 2) S“_bxa, 3) Sm"z"%
X . 5 de .

4 SV‘M‘ 1’ ) ]//-}—Sx2 V?x‘ xE—12
QT+ V3x )
Orser. 1) 41/6’1“' WLVl
Tlpumenena gopmyaa (3,10):
=V 3% a=8;
a=2]/§-
1 VIi+Veéx V’l’éx—]f’l'" C
2 2]/661 Vil— Ve EASR) 2]/70 Yiox+V7 T
S .

Iphmenena gopmysa (3,12):
u=V 10k ' =V I0; a= V7.

) 3102+ VEE—TI| +C; 5)
l INpumenena ¢opmyana (3,9) ‘
)—1n11/7x+1/7x2_12|+c

Banaqa 3,13 (ana CaMOCTOS{TeJIbHOI‘O pelleHus).

Bruncants uHTErpansl: 1) i 2) Hdx
a‘x‘ 02 ' 12 — 3x8° V 10+ 7x2
dx

O ravstTe e

9 <. 7 L EJ2 .
l7;—“1“/5)5 + V745 +C;

OrBer. 1) 2—{‘2

ax—¢ V34 2y3 .
ax + ¢ +C; 2 —1 IV‘33 2l/31+c’

3) V —In|VTx +VI0F 72| +C; 4) WIHIVBarctgx—l—
+ V5 F 3arctg® x| + C.

ITpoBenenusle ynpaxHeHHA NO3BOJAAIOT MNPELJOXKHTL A CaMo-
CTOATE/LHOrO PEleHH s 3a/laYH Ha [IPHMEHEHHE dopmya (1,25) — (1,28).
IMepennmeM stu ¢gopMysbi B BuAe, KOTOphlii Gosee ynoGeH JAas HX
IpaKTHYecKoro npuMeHenusa. [losaras B HuUX, 9TO u = u (x), du =
= u'dx, noayuum Bwmecto ¢opmy. (1, ?5)——(1 28) COOTBETCTBEHHO:

§shu-wde=chu+C (3,13)
fchu. wdx=shu+C; (3,14)
Sh2udx-—thu+c (3,15)
f o h2udx — —cthu +C. ' (3,16)
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3apaua 3,14 (119 caMOCTOATEJBHOTO penieHHs).

BuiuucIuTh nﬁ’rerpaJIbI 5. sh2xdx; 2) S Ch dx; 3)5‘ 10x +
sh Vx
V—

6) S ForTT D | shtxchrds 8 { cthrds 9 [ thrds,
10) 5‘ xthx?dx,

4 7) sh (B2 - Tx 4 9) dy; 4 [ en@r+nd 5

Orser. 1) .12—ch2x—|-C; 2)3sh§—{-C; 3) ch (522 4 7x +9) + C;
4) gsh@ +T)+C; 5 2chy7+C 6 — cth(3x2+5)+c;
7) —sh5x+C 8) In|shx]--C; 9) In|chx| - C; lO) In|ch x?| + C.

OTHM 3aKaHUHBAIOTCA ynpaxHeHus, CBA3aHHbie C HENOCPEACTBeH-
HBIM TIPHUMEHEHHEM TabJUUBLl OCHOBHBIX HHTErpaJlos.

" YETBEPTOE IMPAKTHYECKOE 3AHSITHE

Copepmxanne: 3aMeHa INePEMEHHOA B HeonpefeNleHHOM HHTerpaje (Meroj
nojcraHosKH). MHTerpupoBanue Ho 4acTsM,

OCHOBHbBIE CBEJEHHS1 U3 TEOPHH

Merox noapcranoeku. (/iBa mpasuua)

Ecan unrerpan / =§f (¥)dx He Moxer OBLITb BHIYHC/JEH HeNo-
CPeJCTBEHHO 110 OCHOBHBIM ¢GopMyJaaM (1,7) — (1,28), To BBelenHeM
HOBOH HEe3aBHCHMOH IepeMeHHOH BO MHOTHX cJydaax yAaercs mpe-
00pasoBaTh MOABIHTErpaJbHOEe BupaxKeHue f (x) dx. [1pu sTOM HHTErpan
IPHBOAMTCA K TaG/HYHOMY HJH K TAaKOMY, NDHEM BLIYHCJIEHHS KO-
TOPOrO yke H3BEcTeH. 3aMeHa NepeMeHHOH HHTEerpPHPOBAHMH H COCTAB -
JISleT CyIIeCTBO METOAA, Ha3blBAEMOro METONOM INOACTAHOBKH. Y KaXeM
ABa NpPAaBUJa MOACTAHOBKH.

1) HesaBncuMyio nepemeHHyl0 3aMeHSIOT 1O Q)opmyne

x=¢(2), 4.1)

rae ¢ (2) — nuddepennupyemasn @yﬁxunﬁ
[locne sroro onpepensiior dx = ¢’ (2) dz, a umTerpan Sf(x dx
NPHBOMST K BHAY [ = yf[@ ()19 (z) dz. Uenv mnoacranoBku Oyner
AOCTHTHYTa, €C/JIH OKaxKercs, YTO BBIYHC/IeHHe 3TONO HHTErpana Ipouie,

YeM ucxopHoro. B pesysprare nHTErpHPOBAHHS MOMYYHTCA GyHKUHA
HE3aBHCHMOH nepeMeHHOR 2. UToOOB BOSBPATHTbCA K IEPEMEHHOH ¥,
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Hato M3 ypaBHenusi (4,1) ompelenuTb 2 Yepe3 X M HOACTABHTH ITO
3HaYeHHe BMECTO Z B HaHJeHHYIO (QyHKUHIO.

O6wero mpasuJia, KOTOpOe YKasbiBajo Obl, KaKk BEIOpaTb QYHKIHIO
¢ (z) B (4,1), He cymecTByer. ¥YMeHHe BbHIOpaTh 3Ty QYHKIHIO JOCTH-
raercsi onblToM. OIHAKO AJs MHOTHX THIOB HHTErpanoB NOJCTaHOBKA
(4,1) usBecTHa W Hamu OyJeT B COOTBETCTBYIOLIMX MecTax yKasaHa.
OG6patHM BHHMaHHe 4HTaTeJs Ha TO, 4TO, HOMB3YACh TOACTAHOBKOH
(4,1), Hano HAWTH MHOXHTeJb dX.

3aMeTHM TakKxke, 4to QyHKuMa ¢ (2) H (4,1) nomkHA HMeTh obpart-
Hy10. D10 HeOGXOAHMO LIS TOTO, 4TOGHl H3 NOACTAHOBKH (4,1) MoxHO
OLITIO ONPENEIHTH 2 KaK (QYHKIHIO X.

2) Ilonarator, uto

¢ (1) =2 - (42

Ora NoICTaHOBKA OTJIHYaeTcsi OT Tpelbfylteli TeM, 4To B (4,1)
cama HesaBHCHMasd IepeMeHHasl x 3aMEHAJach HOBOH QyHKuUMER o (2),
a sliech HE HezaBHCHMasi IlepeMeHHas x, a ce QyHkuuaA P (x) 3aMe-
HsfleTcs HOBOW TepeMeHHo# 2. M3 ypaBHenus (4,2) Haxondr dx. B pesyib-
Tare 3TOH MOACTAHOBKH MOABIHTErpaibHas GYHKUUSA 3aMeHUTCA Apyroi

[ (x) dx = o (2) dz.
TNoacranoBka (4,2) ZOCTHIHET IeNH, €C/H BHIYHC/JIEHHE HHTerpaJja

I = .S“” (2) dz Moxer ObITh BHIIONHEHO Hpolle, 4eM ucxonHoro. Ilocae
HHTErPUPOBAHHA MOMYYHTCA (YHKUHMA mepeMenoh z. Jas Toro
4TOGBI BOSBPATHTLCH K IEPEMEHHOM X, HAJO NOACTABHTb B IOJNYUYeH-
Hyo dynkuuo u3 (4,2) ¢ (x) BMeCTO 2.

M snecp ymenue BhiGpaTh (GyHKIHIO ¢ (X) TaK, 4TOGHI BHIYHC/IEHHE
HHTETpata yIpoCTHIOCh, AOCTHraeTcs OOJBIUHM YHCIOM YIPaKHEHHH.
Jua ompeneneHus KJacca HHTErpajoB pesecool0pasHiie MOACTAHOBKH
BuAa (4,2) 6yAyT yKasaHHL.

YIpaXHEHHs 3TOr0 NPAKTHYECKOrO 3aHATHA He HMeIOT NEJBIo
yKasaTh NMOACTAHOBKH VISl BHIYMCJIEHHS ONpeLeNeHHOro KJacca HHTe-
rpajoB, a IpeiHasHayeHb! TOJbKO A/ IPHOGPETEHHS HABBIKOB B MPH-
MeHeHHH YKasaHHBIX ABYX IIpaBuJl HMOACTAHOBKH.

YnpaxHenus: B MpUMEeHEeHHH MEPBOro npasn.na NOACTAHOBKH
3anaua 4,1. BelyucauTs uuterpan /= S xng =, [IpH  [IOMOIILH
a
IIOACTAHOBKH X = —.

¢
Pemenne. 31ech NpuMeHseTca mpaswio mnepsoe. Iloacranoska

umeer BuA (4,1). Cpasy Haxomum, 4To dX = -—%dt 1 npeobpasyeM

NOABIHTErPaIbHYIO PYHKIHIO
1 1 _r

Wii—a aq/a o Pl A

¢ 2
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Nozromy

e’ e 1 dt b,
[=‘§m(—--t—2dt)= —ES]/I———ﬁ—: ——-'a—aI'CSH'lZ(—f—C.

o ' o . a
YroGbl mepedTH K MepeMeHHoH X, HaAO M3 IOACTAHOBKH X == 7

BEIpAsHTDb [ Yepes x:f = 2—, H Torza
1
= —l—arcsm ~4C= —arccos— -+ C.

MbI 3Iler 3aMEeHHJH —arcsm—- Ha arccos-— He IIOTOMy, UYTO OHH

paBHBI MexZy COGOfi, a Ha OCHOBAaHHH CJeLyIOLMX COO0paxKeHHH:
H3 TPHTOHOMETPHH nsaecmo 4TO v

T .
arcsin a -+ arcos « = 5, — —arcsin a = arccos a. 4,3)
Cuntag, urto C= — 3 = +Cy HOMyYHM
iarcsin—‘i +C= 1z L oaresin & 4+ Cy =
a x ) a x 1=

1 /= . a 1 a
=— (5 — arcsin 7) + C; = — arccos — -+ C,
a C, mbl cHOBa ofo3nauuM uyepe3 C, or6pocuB y C; HHIEKC.
1. =
Otser Gbl1 mpeoGpa3oBaH MyTeM BHIEJIEHHS CIATAEMOr0  — - — M3

2
npou3BOIbHOM mocroanxoi. Cenyer uMerb B BHAY, YTO 32 CYET TOXK-

JAECTBEHHOTIO HPEOGPaSOBaHHﬁ OTBE€TA, a4 TAaKX€ B CBA3H C BO3MOIK-
HOCTbIO IIpeACTaBHUTDL HpOHSBOJIbHle NMOCTOAHHYIO HHTErpHPOBAHUA B
PasHbIX BHAAX OTBETHI HPH BBIYUCIEHHH HEONPEAC/IEHHDLIX HHTErpasioB
MOryT nOJy4aTeCd pasjHYHbIE.

3ameuanne. CrenyeT uMerb B BHAY, YTO MOXHO OBLIO Cpa3y
l dt - 1
HamHCaTh! — — \ —===——==— arccos? - C, Tak Kak (arccos) =
‘ Vi=# a
| .
Vi—¢£"
d
3apava 4,2. Boiuncaute unrerpan / = ——2X— npu moMomu
V 2ax — x*
noacTaHoBKH x == a (1 —¢). '

Pemenue. 3nech onare-Takd MNpHMeHsieTcs MPaBHJIO HepBOe.
IloncranoBka umeer Bun (4,1

Haxonum, uto dx = — a)énoncrasﬂﬁﬁ non Kopenb x = a (1 —¢),

HMeeM ‘
V2x—x2=V2% a(l—fy—a (1l —§2=
=Va(l—r)=la|V1-2
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U TOrnAa

l[elvT—22 1a| ey =~‘[ arccost + C =
= t arccost 4 C. -

Bepxuuit 3Hak Hano B3AThL npu a >0, a HwXHUA —npu a <0, Tak

{
)

S —adt _at

KaK |a|=a, ecti a>0, 4 |a|=—a, ecin a <0,
Uto6el BO3BPATHTBCA K CTapoOil lNepeMeHHOH, Hal0 BBIPA3HTL !
a—Xx
yepes x. M3 x = a(l —#) crepyer, uto £ = -—%=———a———, a mo-

a—x

tomy / = = arccos +C.
Bblunc/MM 21Ba HHTErpana, KoTopbie Ham 4acto GynyT BCTpedaThbest

B nanbHeiimem: 1) |sin?udu u 2) Ecosz udu.

0 Bttt
. 1 —cos 2u
Vi3 TpHrOHOMETpHH W3BECTHO, 4TO Sin?u = ——p——, cos’u =
1 -} cos 2u
= ~t§——— I05TOMY

1) Xsinzudu=sl—-'—%’£‘idu =—;—$(1—cos2u)du=

=—i—(u-—-——sm2u)+c- (u—-smucosu)—f-c,

2)5Ic052udu= S—l—-’i'—(?——s—?fdu=—;—g(l 4+ cos 2u) du =

(u +3 —sin 2u) L (u+ sinu cosu) 4 C.
BrimuimeM A1si CCBUIOK TOJ yqem{ble pe3yJibTaThl:
S sin? udu = —é— (u —sinucosu) + C; _ “4,4)

S cos? udu = —‘Zl—(u +sinucosu) 4+ C. -(4,5)

3agaya 4,3. C noMouwibio NOACTAHOBKH X == @sinf (TaK HasnBae-
Masi TPUrOHOMETpHYecKas MOACTAHOBKA) BBIYHMCAUTL HHTErpaJibl:

x2
11=Sl/a2_xzﬁx; [z= dex.
Pewmenue. 1) M3 nopcranoBku
X = asint 4,6)
cienyer, uto-dx=acostdt;, V @ — 2=V a* —a®sin’f =
=V & (1 —sin*f) = V a®cos?t=acost, a nommy
I, = Sacost(acostdt) = a25cos2tdl = a2 (t - sinfcos?) +C
lanMeHHTb dopmyny [
(4.9)
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Uro6hl BO3BPaTHTLCS K IlepeMeHHOH X, Hafo u3 (4,6) ompenemuts
. . . X . X T 9
t sinf, cosi: sint= = { = arcsin = cost =} 1 —sin®t =

Vl__’ﬁ= Va—# 11=a2—é—(arcsin—- rVe—g _x>+C

as a
OKoHYaTeNbHO
——-]/az__xz-l- arcs1n—-|—C 4,7
2) Hs (4,6) cienyer, uto B [, noabHTErpaibHas QyHKUHSA
2 2qin2 ——
1/——:—2 = aasclons tt (Bpilie GBIIO BHIYHC/IAEHO, YTO V @*= x% = acos 1),
ac— X
a MoTOMY
" a’sin?t N g 1 .
ly=\ =7 acostdt =a® | sin®tdt = a® 5 (¢ —sinZcos ) + C.

TIpuMeHHTH
dopuyny (4,4) I
BosBpaTumcs Tenepb K IepeMeHHOH X.
IloacraBaasa 3HaueHus f, sinf H cosf, HaHAeHHbIE HPH BbIYHC/IE-
Huu /,, TOJYyYHM

rVaE_—x

2
[y= —2—<arcsm-———&-—————) + C,
WM
Iy = arcsm —-’-2‘—]/a2——- £+ C.
3apaua 4,4 (19 CaMOCTOATEIBHOIO PEIICHHS). :

Ilpn moMoIH MOACTAHOBKH X = sin{ BBIYHCAUTL [ = S V:—;—j dx.

Oreer. / =arcsiny+ Y T—= +C.
3apada 4,5 (n14 CaMOCTOSATEJNBHOrO pelleHus).

dx
Buiuncants unTerpan [ = j m} IIpH TIOMOLIY TOACTAHOBKH
x = clgt.
YkasaHmue. dx=—.—l§— L
sin® ¢ sinm ¢

I=—{ 2 tgtic=tn(tgl) +Cc=InctgttC
sint l’lg2+ =in gg) "*“C"— ncgz‘l" »
Ho :
¢ ¢
] 1+ cos £

— _ _ 1 .
gg=—F ==~ o T s
sin—3 2sm-2—cos7

smt =Y+, clegt=rx



3HAUMT, ,
I=Inix+V 1+x)4C.
3agaua 4,6 (A1 CaMOCTOATE/NBHOrO peleHHS),

dx
Brlyucauth uaTerpaisl: 1) I, = \ —————— (MoAcTaHOBKA X = 2%);
p ) 1 (5x+ 7) V'x ( pil )
dx 1
N ly=\ ———— (no CTaHOBKa x=——).
) 12 Sx]/az—x"‘ " z

2 5x 1 VYV aiE =& ‘
OTeer. I)T/—é—garctgl/—i’f-l—c; 2)f-51n9—'f——;——i~+C.
Ykasauue Bo BTOpoM mpHMepe 5ocie MOACTAHOBKH
d d . 1 I EREEETY
=~ S Vazz“z— 1 _..gV(az)i__ 1 = -——-a—ln(az-l— Ve — ) +C

3apaua 4,7 (A1A CaMOCTOATEJNBHOrO DelleHnd).

X
e? dx

BLIYHCAHTL HHTErpasn ‘g —17—;——— C IIOMOIIBI0 MOACTAHOBKH X =
' et —1 .
=21In 2.
2dz
Vkaszanne, ef=e2lnz =glnz? — 22, gy 2F,

¥4
OTBer. 2In(e?+'Vex—1)+C.

YnpaxHeHus B MPHMEHEHHM BTOPOro MPaBWJA NMOACTAHOBKH.

d .

3anaua 4,8. Hurerpan I = — BRUHCJIHTD NIOACTaHOBKOH
2V =gt )

Vi —ad=z. . 4,8)

PewmeHue I1or MHTerpal ObLI yxke BBIMHC/IEH HaMH B 3ajade

4,1. YkaszaHHas HOBas nojcTaHoBKa HMeeT BUJ (4,2): ¢ (x) = 2. Tloapin-
TerpajbHOe BbIPaXKeHHe 7]7%":? LOJIXKHO GBITh BEIPAXKeHO Uepes HOBYIO
nepemennyio z. M3 (4,8) crenyer, uto

2 —a?=2% x*=a?+2% 2xdx=2zdz, xdx=zdz.
Hens o6e yacTH 3TOro paBeHCTBAa Ha X® H 3aMeHsis B. IPABOH YacTH
paBeHcTBa x* Ha a? -+ 22, MOJYUHM

de __ 2dz | dx __zdz  dz
> @t Gy @+Hz a2

Teneps
' ' dz 1 2
/ =5m =—a-arctg7; +C.
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Flepexoaum K nepemem{on X ¢ momombio (4,8) monyunM OKOHYa-
TEeNbHO '

STOT OTBET OTJHUAETCA OT MOJyueHHoro B 3ajaue 4,1, Onnaxo
3TO TOMBKO Kaxylleecsl pasiuuve, (DaxkTHUECKH XK€ OTBeThl TOXKJe-

|
a

I = —‘11— arctg ———

a
LTBEHHBI! JIETKO IIOKA&3aThb, UTO arccos—x—= arctg . 31[er MBI

elie pas ofpalliaeM BHHMaHHEe YUTaTeNsl Ha BOSMOXHOCTb DA3JIHYHMLIX
OTBeTOB NpPU BHYUCJACHUM ONHOTO M TOro XK€ MHTerpaJa,
3apgaua 4,9 (1519 CaMOCTOSTENIBHOTO pelleHus).

dx
Vx+2+4+3

Pemenune U3z noacranoBku V x + 2 =¢ crepyer, utox + 2 =
= % x=12—2; dx = 2{ df, a NOTOMY- NOALIHTETPAJBHOE BLHIPAXKEHHE

dx. _ 2tdt
Vi¥fe+rs (+3°

_ (otat _  (t+3—3 . 3 ).
’—§t+a—25 T3 d‘“QS(l““tJrs)d"

= [t—3In( 4 3)} +C.
loacrapass ciofa ¢t = V' x -+ 2, OKOHUATENLHO NOJYYHM

I=2(Vx+2—3In|Vx+2+3]]1+C.

3apava 4,10 (aas caMocrome.anoro pelIeHus).
. Boiuncaute unterpan I = S T V_ nopcranoBroi 1 + 1 x =o.
Ykasanue, Vx=v—1; x=@—1% de=2@w—1)du
1=2 5 =1,
U
Orser. [=2[1+V x—In|l+V xi+C=24+20x—

—In|l V) +C=2( x-—1n|1+1/x|)+cl,mecl_2+0°
3apaua 4,11. Bomuciaute ueTerpan [/ —5 Ve

Va@—2=t@a—x). (4,9)
Pemenue. OrorT uMHTerpan Ham YXKe Xopoilo H3BecTed: [/ =

. p
arcsin — + C. Mni npepnoxug¥ 3TOT NpPHMep AAS YIPaxKHEHUS,

Briuvcaute unterpan I = S NOACTAHOBKOH V¥ + 2 = £,

HpPI HOMOH.IH

[OACTaHOBKH

a Takxe JJf Toro, 4rofbl N0OKA3aTh ellle Pas3, YTO BHIUMC/IEHME UHTer-
pana MoXeT NPHUBOJHTH K Pa3JHUHEIM Mo (OpMe OTBeTaM, B 3aBHCH-
MOCTH OT TOTO, Kakoil Meroj NpHUMeHEH np¥ ero BeUMcIeHud. K3
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yKa3aHHOH MNOJICTAHOBKM IIOyYaeM a? — x? = {2 (a— x)?. Cokpaillasn
Tenepb Ha @ — X, HMeeM a + X = 2 (a — x), orcioia
-1 dat d¢ ' 2at
= P e el _— ———e * 2o ¢ —
X=QFrTs dx (t”+l)2’Va X AT

I =2arctg'l/%—_"t—§+c.

a4x

a~—Xx

. X T
Tak kak arcsin 7{'+ - = 2 arctg V , TO C/IelyeT CUHTATh,

4TO NOJNYYEeHHEIH OTBET TOJBKOC ‘q)opmoﬁ OTJIHYaeTCst OT YKe H3BeCT-
HOTO, YKa3aHHOTO BHILIE,

3anavua 4, 12. Briuncaure uurerpani | = S cos xdx

W (noacTaHoBKaA.
sin x = 2). . ‘
Orser. / =arcsin(;m_ﬁi> + C.
3anaua 4, 13 (118 CaMOCTOATENLHOIC peLIeHHUs).

d
Bhiyucauts unterpan I = T—FZxETnTx— (moncranoBka cig x = u).

Ykazaunue. —cosec?xdx =du; cosec?x=1-u? sin?x=
TlopeinTerpanbyoe BEIpaXKEHHE

=
Tl A4ur

TR e m———

OrBer. / =--—V—l2=l arcctg(Vgctgx) + C.

3agaua 4, 14 (118 CaMOCTOATELHOIO pelleHHs).
dx

2 1) L=\
Beruueante unterpasei: 1) 7, 14 cos?x

(noncranopka tg x = 2);

d
Nl = SEIETEfc_EsTx (moncraHoBKa tgx = 2);

dx
3) [y = ———————— ([I0[CTaHO =
) 1 SsinxV4sin2x—9coszx( A BKa clgx =2).
1 1

Ssinix (1 — cos? x)*’

Y xasauua. BoBTopoM npuMepe: C—O‘i—f} =

R N ¢ - 2
1422 sinfx ™ 2 _—7,_*__?—*_1'
- IMonpinTerpanbuoe BuIpAXKEHUE

cos® x =

dx (1 | 2
sin*xcostx (?_}__2—2— + l)dz.
dx dx

B Tperrem npumepe: —_——— = e ==
P pHMep sinx ¥V 4sin®x — Gcos®x  sin*x )V 4—Qctgix

4z
Y1409z
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Orser, 1) [, = V_arctgtgx—}—c
2) 12=tgx--2ctgx-—-3-ctg3x+C;

3) I, = arccos(;3 étgx) +C.
HHTEFPHPOBAHHE Mo YACTSIM
OT0T MeTOX, Tak K€ KaK M METOX MNOJCTAHOBKH, KOTOPHI MBI
“TONIBKO YTO pa3sobpajy, MPHHAJIEKUT K YHCAY OCHOBHHIX MeETOJIOB

HHTErpHpOBaHUA,
(DopMy.na UHTCTpHUpPOBaHHSA IIO0 YaCTAM 3aNUCHIBACTCA TakK:

‘ fudv=uv—§vdu. 4, 10)
- Ilpumenenue 3Toll ¢opMyJHl npexnosiaraer, 4YTo B NpaBoil YacTH
JHTErpan jvdu MOKeT OhiTh BBIYMCJEH Jerye, yeM HCXOAHH UH-
TerpaJ.

3anaya 4, 15. BrluncauTh HHTErpaJibl: l)' I,= f xerdx; 2) I,=

=§xsinxdx; 3) 13=§1nxdx; 4) 14=§arctgxdx; 9) Is=

= farcsin xdx.

Pemenue. [lis BHUNCIEHNS BceX NPEIJIOKEHHHIX HHTErpaJjioB
npumenuM ¢opmyny (4, 10) unTerpupoBanus no uacrsm. Ilpu ucnoip-
30BaHUM 3ToH (opMyJiBl HajJo Mpexjae BCero YCTaHOBHTb, Kakag
GYHKIMS NPUHUMAETCS pAaBHOH & U uTo OTHocUTCH K dv. 3aTeM IO
YCTAHOBJIGHHOMY BHIDaXKEHUIO & Halo auddepeHUMpOBaHHEM HANTH
du, a mo u3BecTHoMy dv OnpeleNuTb WHTErPHPOBaHHeM (YHKIHMIO U,
Takiy o6pasom, 18 npuMeHenusi ¢opmy.nl (4, 10) norpeGyercs Bbi-
NOJHUTE OfHO nuddepeHuupoBanue i onpeleneHuss du ¥ OJHO
MHTerpHpoBalive s omnpefenenus v. CirenyeT noMHUTBb, YTO B COCTaB
dv no/mxeH ofsfi3aTelbHO BXOAUTh IHddepeHIa] He3aBHCUMOH mnepe-
MEeHHO}#.

. INocyie 3THX oOmMX YyKa3aHHH NPUCTYNUM K BBIUHCJEHMIO Npej-
JIOXKEHHBIX UHTErpajios:

) I,= g‘xe"dx—xex—j‘e"dx—-xe"—-e"—}—c—e"(x——l)—}—C

u du u v udu
Uu=x du=dx
dv=e"dx | v=¢*

3ameuanue. [Ipy BHUHCIEHHH 3TOrO HHTerpaja Helenecoob-
pasHo OpaTb u =e¢*; dv= xdx, TaK Kak B 5TOM cJyd4ae ObLiO GHI

du =e*dx; v = —x;— Ilpumenss dopmyny (4, 10), Mt noayumin Owl
I, = Sxexdx = gfe" — Si;— e* dx,
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CoBepileHHO OYEBHJHO, 4TO MHTErpal B NpaBofl YacTy C/IOXKHee HCXOA-
poro. M3 aToro upTaresib AoJKE€H CAENATh BLIBOA, UTO BBRIGOP i U dv
He MoXeT OHTb npou3Bo/ibHbIM. OH onpellensercs TpeGoBaHUEM, 4TGB!
HHTETPa, K KOTOPOMY TNpPHBOAHT (popMy.na (4,10), 6r11 nrpollie 3a4aH-
HOTO.

9) I, = xsmxdx_—-xcosx+ cosxdx = -—xcosx + sinx -+ C.
[— N
uy v du
u=x du =dx

dv=sinxdx U = ~—COS X

3nech TakkKe HalO HMeTb B BHAy, 4YTO eCJHH B3ATb U = Sinx;
dv = xdx, To MH 0pHAeM K uHTerpany Go/jee CJIOXKHOMY, 4eM JaH-
an?I

3_Slnxdx——x1nx—— x‘—?=xlnx—de= xlnx—

u=Inx | du=2*
x
du=dx v=2x
—x+4+C=x(Inx—1)+C.
4) Sarctgxdx—-xarctgx— Tf}"zdx_
uv
u=arctgx du=_d_x—
I+ x2
dv=dx u=x

=xarctgx-—-iln(l 4+ x3) +C.

arcsm X dx = xarcsinx — |\ ———dx =
—,—— ]/l — x?

. d dx
u = arcsin x U ==
YV i—x

dv=dx u=x

= xarcsinx + V' 1— 2

3apgaua 4,16 (L1s CaMOCTOSITEIBHOTO pelLieHHs).
BblupcuTh HHTErpHPOBAHUEM (10 4YacTsM HHTErpassl:

NI, = yxcosxdx: 2) 12=5‘x3 n xdx;
xarcsinx ;. lnx
3 I, = (A 4 1, = S——-dx
Bﬁ;asaﬂue. B Tperbem mnpumepe B3suTh u = arcsinx; dv =
= _x_x_
Viex
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Orser. 1) I, =usinx+cosx+C; 2) 12_—_"”“"_’_‘f+c;

4 16
3 I, = —V1—xtarcsinx+x-+C; 4) I,= _lﬂ‘;ﬁ_% +C.
3anaua 4,17. BbluucauTbh unTerpaiel: 1) 7, = j‘c’;s_‘,f’;,

2x

8) 14=S'-“—“i‘le:gx—’;"i"; 5) Iy = Se"ln € + 1) dx.

2) 12=5‘]205:”xdx; 3) 13=Ssinxfncosxdx;

Pemenue. 1) 11=5v x dx =xtgx— |\ tgxdx=xtgx -

cos? x
uv v du

u=x du=dx ITpamenuts Gop-
do = dx v=1tgx myay (1,17)
cos? x
+ In|cosx| 4 C.
2) I,= Slzosslfxxdx= fgx. Insinx — Stgxctgxdx =
u=Insin x | du =ctg x dx
dv = dx v=1tgx
cos®x

=tgx- lnsinx—j‘dx= tgxInsinx—x 4 C.

3) I;= j‘sinx- In cos xdx = — cos x I cos x —
u=Incosx | du = —tgxdx
dv =sin xdx U= —COoSX

—S(—-—cosx) (—tgxdx) = —cosxlncosx — Ssinxdx =

du

= —conlncosx+cosx+C;——cosx(l —lnjcosx|) 4 C.

4) I,= Sl—’lilif:t——i")dx= arctgx « lnarctg x —
dx

1 1
_Sarctgxm- mdx=arctgxlnarctgx— Sm=

1 1
u = Inarctg x du=m'mdx
= _dax =
v-—m v = arctg x

== arctg x . Inarctg x — arctg x = arctg x (Inarctgx — 1) - C.
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5) 15=Se"ln(e"+l)dx=exln(ex+l)—§ex o dr =
uw=1In{+1) ==exe+1dx
dv=exdx U=ex
In (& + 1 e 1 d
=eln(e* -+ ),—-—S 71 x = e*ln(e¥ + )—-S( e"+l) X =

=elnEe+1)—e Flner4+1)+C=(*+1)In(e+1)—e +C.

3apaua 4,18 (441 caMOCTOSTe/NILHOIG DeLIEHHUS).
Brryncnuth unTerpanel: 1) I, = j‘ cos x - Insinxdx;

2 I,= Slr;;(;sxx de, 3) I, = Sseczx- Intgxdx; 4) Slf.—t—g—’fdx;

sin®x
5) j'xe""dx.
Orser 1) sinx(Insinx—1)+4+C;-2) —x—ctgxlncosx 4 C;
3) tgx(Intgx—1) +C; 4) —ctgx—ctgxlntigx - C;
5) %e’”‘(x—;ll—)—}—C.
- Hurerpaasl, AJA BLIYMCJAEHHS KOTOPBIX

HHTErpupoBaHue Mo 4acrsam
NpHMEHAEeTCA HECKOJbKO pas3s

3anaua 4,19. BBlUHCIHTL HHTerpan Sl(ln x)? dx.
P e w e v e, MurerpupoBanue no yacTaM NPHMEHHM ABaXKIbL:

j‘(lnx)zdx=x(lnx)2-—2$lnxdx=x(lnx)2-—2(x1r1x——5‘dx) =

- 1
u=Inx|du= -;dx

dv=dx

1
u=(nx)*|du=2Inx—dx

dv=dx v=2yx

U=X

=x(Inx2—2xInx+2x4+C=xInx(lnx—2) 4 2x + C.
3apaua 4,20 (JIJIﬂ CaMOCTOATEIbHOIG PelLIeHHst).

" Boluncnuthb j‘lfx (In x)2 dx.
- 1
Vkasanue. u= (Inx)?% dv=1) xdx; du =2 2" dx;
\ ,
U= %x Vx.
WuTerpupoBanne 1o 4acTAM M 31€Ch NPHAETCSH NPHMEHHTDH ABAMKIHL.
3
OrBer. %xl/xl(lnx)z-— i;— lnx—}—%—} +C.

3anaua 4,21. BelupcjauTbh WHTErpan 5 (arcsin x)? dx.
Orser. x(arcsinx)® 42} 1 —x?arcsinx — 2x + C.




YnpakHeHHs, B KOTOPHIX ABYKPaTHO€ HWHTErpHPOBaHHE
no ¥acTaM NPHBOAUT K MCXOLHOMY HHTerpaJy

3apaua 4,22. Buuucaurs uHTErpan I = Se“x cos bxdx.

Pemenue. B aroM mpumepe AByKpaTHOE NpPHMEHEHUE WHTETpHU-
pOBaHHA IO YACTAM NpHBEAET K HUCXOLHOMY HHTETpany

= j‘e""cosbxdx:, %e""sinbx—-%‘ge""sinbxdx=

u = e duy = ge*dx Bropuuno npumensem nuTe-
| rpupoBanHe N0 HacTaM:
dv = cos bx dx v=sin bx
u=e** [du = ae®*dx
i 1
) dv=sinbxdx |v= —7 cos bx

1 . aQ 1 a
= e¥sinbx — 0 [—Fe""cosbx + —b—j‘e‘“ cos bxdx].
_ Tarum obpasoM, JAByKparHOe (puUMeHEHHe (OpMYJIbI HHTErpHpO-
BAHYA 110 YacTAM NPHUBEIO HAC K HCXOJHOMY MHHTErpajly, KOTOpBI#
HAMH BBIYHC/ISI€TCH.

PackpoeM ckoOkH B NpaBoil 4acTu:

I = %e“"smbx-i— e“"cosbx——Se“"cosbxdx.

DT0 BLIYHCJSEMBIR HH-
Terpai, KoTophlfi Ml
o6o3mauunn Gykeoit [

Takum o6paszom,
2
I = —e""smbx+ 2e""cosbx—b—zl
Mel mosiyyuJid ypaBHEHHE C HEU3BECTHOH BeJHuHHOH /.
[lepeHoca TocsenHee c/laraeMoe B JeBYyI0  YacTb ypaBHeHH ,
Hafinem

\
a® 1 . a
1 -{-7’—21 = Feax(smbx,-i— -5-cosbx .
Bolnecem B JieBoif yactu aroro ypaBHeHHs I 3a CKOOKY:

] a? - b?

.. a
=73 ¢ (51nbx+7cosbx).

Orciona caefyer, 4TO MCKOMBIH HHTErpast paBeH

I = z_%_bz(bsmbx-i-acosbx)-{-c 4,11

AHaJIOI‘H'iHle 3ajlauy IipejaraeM s CaMOCTOSATEAbHOIO peIeHusd,
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3apaua 4,23 ‘218 caMOCTOATENBLHOTO peELIeHHs).
Broiuncnuts unterpan / = Se‘”‘ sinbx dx.

Orser. 1=52—:_—b-2(asinbx--bcosbx) +C. (4,12)

3apava 4,24 (mis CaMOCTOSITENBHOTO pelneHus).
[Tpumenuts Qopmyset (4,11) v (4,12) K BBHIUHC/IEHHIO HHTETPAJIOB:

sin_f. —Q—cos_’i

2
3 —
Ve
2sin 2x — 3 cos 2x,
13¢%% ’

1, = Se”‘ cos 3xdx; 2) I, —_—SE%Q—" de; 3) I, =

2x
OTBer. 1) 1z (2c083x + 3sindx) +C; 2)

X
sin > —5cos X

6 2 7 ’
3) 3 3 +C'

Ve
3apaua 4,25 (@718 CaMOCTOATETHHOIO pelleHUs).
Haf#itu uHrerpans:: 1) 7, = fsm(lnx) deu2) I,= Scos (In x)dx.
Ykasanue. [IpaMenenne ABaxAbl K KaKAOMy HHTerpany gop-
MyJIbl MHTeTPHPOBAHMS MO 4acTAM (PUBOZUT K HCXONXHOMY HHTErpajy.
Hanpumep,
= xsin (lnx) — 5. cos (In x) dx = xsin (In x) — [x cos (Inx) 4-

CHoBa npumeHHTH
HHTET PHPOBaHHe
N0 YacTaM

+ | sin (1n %) dx).
| Mcxonnnili materpan |
OrBer. [, = ——[sm(lnx) —cos(lnx)} 4 C; I,= [sin(ln x) -
+ cos (Inx)] + C.
NATOE MPAKTHYECKOE 3AHSATHE

Conepxanue [lpocreitiune npo6u. Pasnoxenue paunmonanbHofi Jpobu Ha
npocrefinide.

KPATKHE CBEJEHHS H3 TEOPHH

Mpocreitiine ppoGu. Ilpocrefimnmy (MHAYe aIeMEHTAPHBIMU) Apo-
6sMu HasblBawoTcs Apobu BHpa:

A A
) 7= 2 el (n >0 u nemoe);
Ax+B |, Ax -+ B
3) PNt 1) Eapr (n >0 u uenoe),
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rne A, B, a, p M ¢— JIeficTBUTeNbHBIE YHCIA, a Tpexunen x* -
-+ px 4 g WMEET ' KOMIVIEKCHBIE KODHH, T. €. HE DacK/ajbiBaeTcs HA
NeHCTBUTENbHEIE MHOXKHUTENH NMEPBOH CTeneH .
PannonanbHbie Apodu. Jlpobsb ’
5 ' (5,1)
. Q(x)
HAa3bLIBACTCH PAYUOHAAbHOU, eCNH €€ YHCAHTeb H 3HaMmeHaTelb —
MHoOrowJieHbl (Upeamonaraercs, 4To Ko3hgHIHEHTE MHOTOWIEHOB AeH-
CTBUTEJBLHBIE YHCTA).
Hpobe (5,1) HasbiBaeTcst npaguabroii, e€clnu CTENEHb MHOTOYJIEHa
P (x), Haxolslierocsi B YHCJAHTEe, MEHbIIE, YeM CTeneHb MHOrO-
uynena Q (x), HaXoAfUlerocs B 3HAMeHaTese.
Ecny ke CTeneHb YHCIAUTENss paBHA CTENleHU 3HAMeHaTens HiIY
6osnblie ee, TO PaIIPIOHaJIBZHaﬂs Apo6b (D,1) HaswIBaeTcst HenpasuabKot.
x4 5x—3
Mpumepst. 1) dpobe gy e
TeNsi MeHble CTelge:x_n 3HaMeHarels).
x x2—9 %6 —~3x2 4 x—8
2) lpoGu 2% 4 3x2 — x - 7 1 x4+ x4+ 3
fepsBol CcTemeHb UYHCAUTENs paBHA CTelleHH 3HaMEHaTe/s, a BO BTO-
poil crenenb YMCAHTensi Gonblie cTefleHd 3HAMeHaTeNf.
s nenpaBunbHO panuoHaqbHOR APOOH BCErAa MOMKHO BBUIETUTH
IeNyl0 4acTb (MHOrouneH). 3TO JAOCTUTAETCS JEIE€HHEM HHCIHTENs
Ha 3HaMeHareNb 110 OpaBuay AeICHUS MHOTOUIEHOB.

— 2
Hanpumep, nenpasuibHas ApoGb x4t — 3x2 4 5x 4 4

— [IpaBHJbHasE (CTENMEHb YHCTH-

— HE{IpaBUJIbHBIE. B

MoOXeT OBIThb

x2—8x+5
npeAcTaBleHa TaK: o
¥t —3x2 - b5x -4 $—8x45
x4 — 83 L By? x? -} 8x + 56

8x® —8x® - 5x -4
T 8x% —64x2 - 40x
56x2 — 35x - 4
56x% — 448x -+ 280
413x — 276

U, TakuM ofpasoM,

=32t 5r 44, . . 413x — 276
x?—8x+5 —=X +8x+56+x2——8x+5 :
lenmas uacth [NpaBuapuas

| (MuOrOUMIeR) npo6b

Beaxkas wnenpasunenas payuonarsras 0pobe moxcem Gums nped-
CMaBAEHA 8 BUOE cyYMMbL MHOZ0MNEHA U NPABUAbHOL Apobu.

Ilostomy wunterpupoBanue paumoHanbHOH Apobu (5,1) Beerxa Mo-
me’rﬁﬁmb NPHUBEJEHO K WHTETPUPOBAHMIO MHOrOYJIeHa M [PaBUILHOH
npo H!
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Kopuu mHorousena. Eciu npu x = x; MHOTOUJIEH
Q (x) = apx" + aix"! + aex""* 4 ... - @n1X +an (5,2)
obpaiiaercss B HyJb, T. €. Q (x) =0, To unHCJIO X, HasbIBaeTCs Kop-
HeM MHOTOuJIeHa.

PasJoxeHue mMHOrouneHa Ha MHoxureau. 1. Ecnu uncna xy, xo,
X3 ..., Xn SBJSIOTCS KODHSMHM MHOrouJeHa (5,2), TO 3TOT MHOrOuJIeH
MoXKeT OBIThb pas/ioKeH Ha MHOXHTENIM 00 QopmyJe

Q(x)=ao(x—x1) (x—x2) (X —x3) ... (Xx— Xn). (5,3)

2. MuorouwieH cTefleHH # He MoXeT uMeThb Gosbllue, ueM n pas-
JHUUHBIX KOpHeH.

3. KopeHb MHOrou/leHa X; Has3biBaeTcsi NPOCTHIM, €ClH B Pasfo-
wxenue (D5,3) MHOXHTENh X-—X; BXOAMT OAuH pas. Ecau xe 3Tor
MHOXKHTeab B (opmyay (5,3) BXOAUT a, pas, TO KOPE€Hb X; HA3LIBAeTCH
KOpHEM KpaTHOCTH a, MHorouneHa (5,2).

Eciu KopeHb ¥; MMeeT KPaTHOCTb &, KOPEHb X, — KPaTHOCTb @,
a KOpeHb X,— KPaTHOCTb a,, To ¢opmysay (5,3) MOXHO 3aMeHUTH
TaKoH:

Q (%) = @y (x — x)™ (x — X)™ ... (x —Xp)*?, (54
npaueM oy 4o+ ... Fap,=n.

4. Ecnn xosddunueHTHl MHoroujeHa (5,2) - IeliCTBUTE/ILHElE
uhc/aa, 4 €ro KOopHeM SBJASETCH KOMIIEKCHOe YHCJIOo a -+ bi, To ero
KopHeM OyJeT TaKXe H KOMILIEKCHOE UHCIO a-— bi, compskeHHoe
¢ a - bi.

Ecin B dopmyse (5,3) nepeMHOXHTb MHONKHTENH X — (a -+ bi)
U x — (@— bi), COOTBETCTBYIOUHE 3TUM KOPHSIM, TO MOJYUHTCH KBaj-
paTHyHbI MHOXWTeNb BUAA ¥® 4 px +gq, TAe p U g — NeficTBHTENb-
Hble yycaa.

B cnyuae, korga a -+ bi — upocToii KopeHb MHorouseHa (5,2),
TO H a4 — bi — TaKkXKe NpOCTOH. KOPEHb TOr0 MHOrOY/IEHaA.

Ecin Xe a -+ bi — KopeHb KpaTHOCTH k& MHOrounesa (5,2), To
W KOpeHb a— bf MMeeT Takylo e KpaTHocTb. B 3ToM ciydae mape
3THX KOMILJIEKCHBIX CONpSIKEHHBIX KopHefl B (5,3) GyleT COOTBETCTBO-
BaTb MHOXUTeNb (x% - px - g)%. _ :

Ecnu mHorounen (5,2) HMeeT He TONBKO JEHCTBUTENbHBIE, HO
M KOMILIEKCHblEe KopHH, TO BMecTo dopmyJel (5,4) nmeer mecto ¢op-
MyJia '

Q (X) = ag (x —x)™ (x —xa) ... (& + pyx+g)* (x* +
+pox ga)fr oo (2 -F pux 4 @), (5,5)
npuyeM

o oy vo0 2R+ 2k +... 42k =n.

KBajpaTHyHEe MHOXKUTENH, BXOASIMe B 3Ty dopmysy, He uMeloT
JNeHCTBUTENLHBIX KODHei U Ha MHOXKUTENH [1epBOd cTeneHy ¢ NeHcTBH-
TeJEHHMH Ko3pduuueHTaMH He pasnararworcs, .

\ . ’
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Teopema (0 pasnoxeHHH pallHOHAJbHOH ApoGH Ha MpOCTeHllHe).
IMyctb g—g—; — , IpaBHJbHAsA, HECOKPATHMAs pallHOHaJbHas Apo6b, a ee
sHaMeHaTesb 10C/Ie PA3foXeHHA Ha MHOMKHTENIH HMEET BHI

Q (%) @ (x —x7)™ (X —x3)%s «. . (X% + pyx + @)% (2 + pox +
+ g ... (x4 g,
rie Xx,, Xy ... — JdeffCTBHTeJbHBIE YHC/IA, a KBaJpaTHYHble MHOXKH-

TEJH He HMeIOT HeACTBHTeNBHBIX KOpHeH.
P(x
Toraa npo6b @% MoxKeT OBITh Ipe]CTaBjeHa B BHIe CYMMBI [Ipo-
crefiuux JpoGeH. B 2Toli cyMMe KaxkJoMy MHOXKHTENIO BHIA (X — X;)?
B 3HaMeHaTeje, rie x, — Ji00of H3 HeHCTBHTENBLHBIX KopHeHd, a p —

ero KpaTHOCTb, COOTBETCTBYET BhIpaxkeHHE BHIA
A , Ay A, A
1 P p—1 qp—2 LEREE £, (5.6)
(x—xy) (x —x1) (x— xy) X —x
a KaxkIoMy MHOXHTeMo (x|~ px --g)” 3HaMeHaTeNs -— BEIpAXKEHHE
BHJa ,

Bix+ C, Box 4 Cq Bgx 4+ C, + B.x+4C,
(+px 49  (E4prtg " (4 pr g Ztprtdq
(5,7)

rae Ay, As, ..., A, By, By, ..., B, Cy, Cy .., C; — nelicTBU-
TeJbHble YHCJA, MOAJEXKAllHe onpeleneHHIo.

Tenepb MBI Ha HeCKOJABKHX mpHMepax YKaKeM JBa HauGoiee pac-
NPOCTPaHEHHBIX cloco0a onpeneleHHs KodbhDHIMEHTOB, CTOSAMIMX
B YHCJHTENsX TeX NpOCTEHIIHX ApoGefl, HAa KOTOpLIe pasJjaraercs AaH-
Hasl pauHoHaNbHAs APo6h. JTO cnocob Heonpele/eHHbX Ko3hpHIHeH-
TOB H croco® 3aJaHHSl YacTHHIX 3HAYEHHI.

3agauya 5,1. Pasjoxurs Ha npocrefitmie JApo6H palHOHANBHYIO
6 x4 2x—14
AP G =2 (- 3 x4 ° :

Pemenue. TlpumMenum croco6 HeonpeneseHHbIX KOa(hHIHEHTOB.
O6wmuit BHA pa3joxeHHs OyleT TaKHM:

x24-2x—4 _ A A, _4__ A
F=Dx—23 @+ (Ex—9I “x-ll +p-2 +§'+; +x—44 :

YMHOXKHUM o6e 4YacTH 3TOro paBeHcTBA Ha 3HAMEHATeNb JIEBOH
YacTH:

A 2x—d = A, (x—2) (x+3) (x—4) + Ay(x— 1) (x -+ 3) (x —4) -+
FA =1 (=2 (x—4) + A, (x— 1) (x—2) (x +3). (5.8)
JleBasi yactp paBeHcTBa JoMKHa OBITh TOXK/JECTBEHHO paBHA mpa-
Bo#, T. €. paseHctBo (5,8) NOMKHO BBUIOJHATBCA IpH JIOGOM 3Haue-
HHH Xx. JTo 6yleT HMeTb MeCTO TOJBKO B ToM cjyuae, Koraa Ko3d-
(QHUIHEHTHl NPH OJHHAKOBBIX CTeNEHsX X B OOEHX yacTAX paBeHCTBa
GyayT Mex1y co6ol0 pPaBHEL
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B npasoii uactu (5,8) mpousBelleM yMHOXEHHE IBYYJEHOB H TO-
JYYHM
224 2% —4 = A,(x* — 3x® — 10x + 24) + Ap(x® — 28 — 1lx + 12)+
+ Ay (%3 —Tx* -+ 14x — 8) + A, (x* — Tx 4 6).
OTo paBEHCTBO MOXKHO IEpenHCath HHAYE, PACTIONOKHB MHOrOWIeH
B mpasofl YacTH IO YOBIBAIOIIUM CTeleHAM X:
B4 2x—4 = (A + Ay +A; +A) 8 +(— 34, -—2%12—-—7143)x2
+ (— 10A; — 114, + 144, —TA,)) x + (244, + 12A — 84, 4+ 64)).
CpapnuBas xoa(b(bHuHeHTbl NpH ONHHAKOBHIX CTENEHAX X B JIEBOH

H NPaBoH yacTsiX IOCJHENHEro PaBEHCTBA, NOJyyaeM CHCTEMY UeThIpex
ypaBHeHHH NepBOH CTeneHH C YETHIPbMS HEH3BECTHBIMH:

x3 A1+ A, + A3+A4=0

e 34, — 24,— TAy=1

X — 104, — 114, + 144, — T4, =2

P A, 4 124, — 84, + 64, = —4
(cBoGoRHBIA ’

YJI€H)
PemnB a1y crcremy, noJayuuM:
1. 10

h=—gp A=—5i A= Ad=g-

Teneps onpenenum uucaa A,, A, As;, u A, BTOPEIM crOCOGOM —
cnoco6oM 3aJaHHS YAaCTHBIX 3HaueHHi.

Tak kak paBeHcTBO (5,8) — TOX/IeCTBO, TO OHO COXpAaHSETCS! NPH
Jio60oM sHAYeHHH x. DyldeM JaBaTb X Taxkue 3HauyeHHs], 4ToObl B Ipa-
BOfl YacTH BCe YJeHbl, KpOMe OIHOro, obpaimantuch B HyJAb. TakHMH
«BBITOXHBIMH» SHAUEHHSIMU SIBJSIOTCS, OYEBHIHO, KOpPHH 3HaMeHaTes,
T. €, 3HayeHuss x=1;, x=2; x=—3; x=4.

ITpu x= 1 B mpapoft yactu (5,8) Bce c/araeMnie, KpOMe nepBoro,
o6parsrtcsi B Hyab, JeBas yacTh paseHcTBa X2 - 2x—4 npu x =1
6ylder paBHa — 1, H MBI NOJYYHM :

. 1

—1=A4,01—-20+3)(1—4); —1=124; A, = — 15"

Ilpu x= 2 unesas yacts paBua 4, a B npaso#i yacru (5,8) Bce
cjaraemble, KpoMe BTOporo, GYAyT PaBHBE HY.JIIO:

I 2
4=A4,2—-1)24+3)(2—194); 4=-—104, A2=——5-.
Ilpn x = -—3 B npasoéi uyactu (5,8) Bce ciaraembie, KpoMme Tpe-

ThEro, paBHBl HyJIO:

— 1= Ay (—3— 1) (—3—9) (—3—4); — | = — 1404, A, = 5.

Tlpu x=4 B npaso#t yactu (5,8) Bce cnaraeMble, KpoMe ueTsep-
TOro, obparsircst B HyJb, H Mbl OyleM HMeTb:

N=A,—(EA—)(@+3); 0=424; A,=-
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3ameTuM, YTo KaKHM OBl cnocoGoM HH BBRIMHCJIAJIHCH HEH3BECTHHIE
Koa(HIUeHTH, Mbl BCErna MONYYHM ISl HHX ONHH H Te Xe 3Haue-
HUS, TaK KaK PasNoXeHHe pallHoHaIbHOH 1poOu HA npocTediiHe MOXKeT
GBITh OCYLIECTBIEHO EIHHCTBEHHHIM obpasom.

Urak, sananHas Apobb

x4 2x—4 . 1 5
G—DE—2x+dx—24 =~ 12(x—1) - 5(x—2 +
1 10
+ 140 (x + 3) + 20(x—49) "

YkaxkeM, uTOo crnoco6 3ajaHHsl YacTHBIX 3HAYEHHH Xx AJs ompele-
JIeHHSI HEH3BECTHHX Ko3ddHUHeHTOB ocoOeHHO yA0GeH B TOM clyuae,
Korja 3HaMeHarenb HApoOH COAEPKHT TONBKO ACHCTBHTENBHBIE MHO-
JKHTEH TIEPBOM CTENEHH, CPeNH KOTOPHIX HET paBHHIX. ,

B ppyrux cayuasx cmnoco6 3alaHHsl YaCTHBIX 3HauyeHHH TaKxe
JlaeT COKpalleHHe BHYHCIeHHH, TaK KakK I03BoJsier H3bexarh pelue-
HHS! CHCTeMBbl YpDaBHEHHH C YHCJIOM ypaBHEHHH, paBHBIM YHCAY HEH3-
BECTHBIX. _

Onnako MBI DEKOMEHJyeM ydameMycss OBJajeTh 3THMH JBYMS
crnocobaMH.

3anaua 5,2 (111 caMOCTOATEJNLHOrO DeIleHHS).

x342
—=DEx—=Hx—3 (x4 1)
sJieMeHTapHble. PellleHHe mpoBecTn ABYMs crnocoGaMH.

3 10 29 1
Ix—1) 3x—9 + 8(x—3) 2U@xF1°

3apaua 5,3 (11 CaMOCTOATENBHOrO pelleHHs). -

PasiioxuTh Ha npocrefilune gpoGH cleqyiollHe palHOHAJbHbIE
JApobH (NpHMEHHTH JBa crocoba):

1) 211x——4 .

x24-2x—8 ;
Y KasaHH¢ 3HAMeHarTelb Pa3loXKHTh Ha MHOMKHTENH.
2x%4-41x — 91 3y — 24x? —41x 420

Pannonaneuyio apobb PasJoXKuThL Ha

OT1BerT.

9) ; 3) .
—1 3 (x — 4)? 1 D(x—3)(x—2)?
4) 4 5x2)-(—x2-fl')—x -)[—( 26 . 5) (x+ll)x({[—_l_40) * . ) )
“hH(x—9(x—3)? T (x — ’
(x Sx“2 -(if 23x )—in28 ) t—=8e+2

) ETEFaE—9" . .
Otser. 1) x-—2+x+4; 2) x—l_x-|—3+x——4;
g 7 9 19 67 .
x4+ ' 10(x42) lO(x——3)~|;6(x—2)"3

4 x-—1+x-2"’x-4-3; O so—=w —TrTy

1 2
6) x+2__x-[—3+x——4'
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3agaua 5,4 (Anf CaMOCTOSATE/ILHOTO pEILEHHS).

IpencrauTh B BHAE CyMMbl MHOrOuWJ€Ha M TNpOCTEHNHX ApoGei
palHOHaNbHEE JPOOH:
x4 — x8 — 9x% — 10x — 14,

3x3 — 10x2 — llx + 21,
1) ¥ —5x+ 4 P 2) x2 —2x —8 ’ :
gy 3028 + 90xt 4 165x" 4 34Le? 4- 271x 4 30
) x3 4 3x% - 2x :

Y Kasanue, Buaeaurb Ueiyio 4acTb, CONJIAcHO OOBACHEHHIO Ha
crp. 60; 3HamMenarenn PasNONKHTHL HAa MHOXKHTEJH.

: 1 3 .
OrsBer. 1) 3x+5—}—_—i+m,1

1
2y X +x+1 tirm T =
15 5 6
3anaua 5,5. PasnoxuTb Ha mnpocrefiiliue Apo6H palHOHAIBHYIO
*® — 6x% 4 Ox 4 7 ,
Apobb mm

Pemenue. Pasnaras Apo6b Ha mpocTeilline, moayyaeM COTJIacHO

dopmyie (5,6): ‘ ‘

x3—6x2+9x+ 7 Al Az A3 A4

x—2P(x—5) = (x—2p +(x-—2)2 tisstisE

YMuoxHMM 06e yacTH 3TOTO pAaBEHCTBA HA 3HAMEHAaTeNb JeBoh

YacTH:
B—=62+ 9+ T7T=A,(x—5)+ A (x—2)(x—5) +
+ A5 (x—2)* (x — 5) + 4, (x — 2)°. (5,9

Jlis onpenenieHust HeHsBecTHHIX Kospduumentos A,, A, A, u A,
IIPUMEHHM BTOPOH crocol — Cnocol 3allaHdsl YacTHBIX 3HAYEHHH B cove-
TaHHH CO COCOGOM HeompeneneHHHX Koadpduumentros. Hanomuuaem,
YTO HANMCAHHOE DABEHCTBO SIBJISIETCS TOXKNECTBOM: OHO OCTAeTCs Bep-
HHIM T1pH JI060M 3HaueHHH X. [lpuHHMas x =5 H x = 2, Mb cMOXKEM
NpOCTO onpenennTs. Asa koabbuuuenta. Ilpu x =5 nmeem B sesoit
yacty 27, toraa 27 = A,(5—2)% 27 =2TA,; A,=1.

Ilpun x = 2 nonyyaem B J1eBoii Yactu 9.

9=4,Q2—5); 9=—34; A, =-3.

Tenepb cpaBHHM Koab(HUHEHTH npH x® B JIEBOH H mpaBol yacTH
toxkaectea (5,9). B 7eBo#t uwactm kospduument npu x* pasen |,
a B NpaBo#, €CJHH BHIUIOJIHHTH B HEH BO3BeJEHHE B CTENEHb H YMHO-
xkenue, Kodpbuunent npu x® pasen A, + A,. Taxum o6pasom, A,
+ A, =1. Ho 1ark kak A, =1 10 A;=0.

CpapHuM Tenepb CBOGOJHBIE UJIeHH B JIeBOH M mpaBoii wactn (5,9).
B npaeoii wacrn cBoGoAHbIi uen paBen —b5A, - 104, — 204,—84,,
a B JeBoif 7, T. €. MMeeT MECTO YypaBHEHHE

—54, + 104, — 204, — 84, == 7.
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TMoacraBasisi HalilleHHBle: 3HaueHHs A, A, u A, TIONYYHM 1151
onpeseenis Ay ypaBHeHHe
15 104, —~8=7; 10A;=0; Ay=0.
Hrak, maHHass J1po6b
— 62+ 9x 47 3
x—28 (x—5)  (x—2)p + i =5
Onpenenenne A; 1 A; MOXHO OBLIO MPOBECTH cNocOGOM 3amaHHs
yacTHbiX 3Haduenu#i. Hanpumep, npu x =1 u x = 0 nonyuaem cucremy
y paBHEHHH:

11 = —4A, +44,—44; — A,
7= —b5A4, 4 104, — 204, — 8A4}
Tloacras/isasl Hafinennsie sHauenuss A, = —3, A, =1, nonyuaem:
11 =12 144, —44,—1 4A2—4A3=0}

7=154+104,—204,— 8 A, —24, =0/"
Orciona caenyer, uto A, = A3 = 0.
3anaya 5,6 (411 CaMOCTOATENBLHOIO PElIeHHS).
Pasnoxute Ha npocTeiiune NpoOu:
1 x4 4-5x% — 10x% — 8x - 5, 5 —69x% — 12x% - 475x - 646,
) —e—wera o ) T Groe—y
9 5 6x 49 | 6) 3x® 4 13x 4 11,
) G=o G P CESVITE
- x+ 14 %% —2x% —3x 4- 4
3) }—_—4)17 %) ) e —
—8x47
Y em e
Ykasanus. B uerseprom npumepe x?—3x— 10 pasnoxurs
Ha MHO}KHTeJIH, B Ce}.IbMOM npumepe IpeICTaBHTb 1po6b B BHIE

x3+ ~|-15—2)2‘~|-Jc——2

-

42 27 23

Orser. 1) 5(x——-2)3+ Br—0 T BE—9 T BEIH
2 9 1
T x 3y 2) I(x — 3)2+2(x+1)2’
3 2
3) (x —4) (x—4)2+x-—4 x-—2’
8 30 97 30
4 — 49(;;-—5)24'343(::-—5)""49(::4-2)2 M+ 9
5 60 |
) (x+2)2°‘x+2+ x—3)2"x—3’
3 .
6) x-[—l)2+x+1 x4 2

1 3 »
7 F +E—2(x——2)2+4(x—2)'
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3anaua 5,7. Ipobs F}FT pasNoXKuTh Ha TPOCTeHuue.

- Pewenune. Pasnoxum suamenaresas x* -+ 1 'Ha MuOoXHTENH: X34 1=
= (x + 1) (®® —x -+ 1). Kpagparuunbii MHOXHTENs Xx?— x4 1 pefi-
CTBHTEJBHBIX KODHEH He HMeeT, a IOTOMYy Ha OCHoBaHWM GopMya
(5,6) u (5,7) uMeeT MeCTO pasiokeHHe

1 —_— A] + le + Cl
B +1 41 BE—x+1
¥YMuoxkas obe uacTH paBeHCTBa Ha x® - 1, mosyuaem
l=A4,E—x+1)+Bx+C)x4+1).
Ilns onpefeneHus HeussecTHhX A; B, u C; BoCmoJb3yeMcss croco6oM
HeonpeneJeHHBX KodpPHuHenToB. BHINONHAA yMHOMXKEHHe, HMeeM
1=(A+B) 2+ (—A,+Ci+B)x+ 4, +C. °
ATo paBeHCTBO SIBAAETCS TOXKIECTBOM M MOXKET COXpaHSTHCA TOJBKO

Torna, Korja KosO(HIHEHTH NpH OJHHAKOBHIX CTeNeHAX X B JEBOW
M 1paBOl YaCTAX paBeHCTBa PaBHH Mexny CcoOoi:

x| A +B, =0 (1

x|—A+C, +B, =0 )

® A, +C =1 6]
S:gﬁl?#;ﬂ)

CknajgpiBasi nmepBoe ypapHeHHe € TPeThMM H BHIUHTAA H3 MOJY-
YeHHOTO ypaBHEHHsI BTOpOe, MNOJydyaeM

1

34,=1, A, =-.
Torga us ypaenenns (1) B, = ——:15-, a u3 ypapHenus (3) C,= —é—
¥ OKOHUATeJBHO
1 1 x—2

PF1 3@+ d(E—x+1)
3apaua 5,8. {poGb

[ Das/OXHTh Ha npocrehmue,

Peweumne. 3namenatenp apobu ! —x*=(1—x)(1 +x) (1 +
-+ x%). TlostroMy AaHHasi [po6b MOXKeT OHTh INpencTaBJeHa B BHIE
x2 _ Al Ag A3x+A4
1 —xt l—x+ l-l—x+ 1 4x2
[Tocne ymuoxennss ofenx uyacreli papeHcrBa Ha | — X' mosyunm
TOXKIECTBO '

#=A 0+ 00+ + A (1= 01+ 2) + (A x4+ A) (1 —2).
(5,10)
Ilns onpenenenuss Heu3peCTHHIX Ko3bduumenros A,, A,, A; v A,
NpHMEHHM CHayaja Crnoco6 3ajaHHsi yacTHBIX 3HaueHuil. Ilpnm x =1

{
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nosiyyaeMm B JeBofi yacTH 1, a B NIpaBoil BCe C/araeMble, KpoMe Iep-
poro, o0paTATCA B HyJb, a IepBoe CjlaraeMoe CTaHeT DaBHBIM 44,,

1 .
A, mafifeM 3 ToJyYeHHoro ypasHeHus: 1 =44,, 4, = 7 pu x=
— —1 moJdyuaeM B JieBoff uactH paseHcTBa 1, a B mpaBoit 44,

1
urtorna 1 =44, a A4, =7 '

Tenepb cpaBHuM KoadduuueHTH npH x* B JeBOH M npaBoll YacTH
papenctBa (9,10). B sreByio uactb sTOro pasencrsa x* He BXOJHT.
A10 o3navaer, yro Koahduuuent npu x® pasen 0, a B npaBoil uacTy
koadduunenT npu x® pasen A; — A, — A;. Takum o6pasom,

0 = Al —— A2 —— A3. '

YuureiBas, uto A, ¥ A, yXe onpejeneHH, HMeeM

1 1

a orciona crexyer, uro A. =0,
Ham ocranocy ompepennts Ay,. :
Hanum x 3HaueHue 0. B JseBoit wactu nosyunM 0, a B mnpaBoi
A+ Ay + Ay u Torpa
0=A4,+4,+ 4,
1 1 1
TaK.KaK A1=Az=z, TO 0—-—_-T+T+A4, orciofa A, =

Urak, npenioxeHnHass npo6b
2 | + 1 . 1 .
T—x2 d(1—x ' 40 Fx 20 &5
3anava 5,9 (ns17  caMocTOSITeJILHOTO pelleHust). PassioXkuTh Ha
npocreiimue apo6u:

1) _______l______ 2) x4 2 .
. (@4 bx) (1 + %’ F=DE+DE—=2) 41
1
. 3) x4+ 1
Yrkasanue ¥+ 1=x'4+ 2241 — 28 =(x® 4- 1) — 22* =
=@+ Vou+1)(2—V2%k+1). '

Ipobs npeacTaBuTh B BHJE

1 __ Ax4B Cx+4+D
FET o Va1 e—Voxrgl
Otser 1) G i F @ ET
2)”4(x3_1)+'4(x1+1)+5(x2—2)"‘10)2;-}2-1);
3)A=2%—2; B=%; C=—2V_1_3; D=%- .
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‘Banaua 5, 10 (ana ‘camocmmenworo pememm).'

12 35— 17
P AT 4T PA30KuTb

Pamyonanphsie ApoGu: 1) 2 e +l
Ha npocTefimHe.

Ykasanue, X+ 24+ 4x+4=220x+D+4x+1)=(x+
+ 1) (2 + 9.

1{ 2 X4 1 2 2% 4 1

Orser. I) §(x+2+ x+l) 2) x+l+x3+4

Banaqa 5, 11 (nna CaMO(;ToﬂTeJIbHOI‘O pelnenus). Pas.nox(mb Ha
npocteiiue po6u: 1) AT AT 2) l-—lx“

VY xazaHue. 1) 3uaMenaresb pPasNOKHTh Ha MHOXHTENH, IIJm
aToro pelnTh GHKBagparHoe ypasHenue x* +- x* — 2 =0, Ero kopuu
=1 xp=—1 2, =V% 0 5, =—V%%, a nommy x4 K2 —
— 2 = (x—1) (x+ 1) (x—V'2) (x +V'2i). Tlepemuoxas MHOXHTe-
JIH, COOTBETCTBYIOUHE MHUMBIM KOPHAM (x—-Vﬁ) (x 4 Vﬁ), monty-

YHM OKOHYaTeJbHO
2= (x— D (x4 1) x4+ 2), .
D 1—#=01—-H1+=01—-x1+x+
+ A1+ 01—x+ 20
Orser: I) ‘El‘,‘xi I ‘"cls' x-:—l + %2.11.::2‘;
2) %‘; 1 —:-x + ti l-l—- x + 6 (x2x++x2-[— 1) + 6 (xzx—_xz-{— 1) °

IECTOE TNMPAKTHUYECKOE 3AHSITUE

Copepxanue: VHTerpHpoBaHHe MpoOCTeHIUHX PANHOHANBHHX npoGefi.

VnrerpupoBasne paunHoHaNbHOH IPOOH Qg 3 NPHBOIHTCS K HHTe-

TPHPOBaHMIO mpocTefinX Apobefl Buaa: :
A . A . Ax+B
) 53 2) P (n >0 u uenoe); 3) pemar sk

4 "Ax4- B
(** 4 px 4 q)"

(n>0 u uenoe).

1. S .,—qa =qx=A1n|x—a|+C. (6,1)

x

3anaua 6, 1. HafiTh wuHTerpasb:

)] S";l.i‘_x—g'; 2) Ss%f—,;; 3) 5.2;%—1
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Pewenne. 1) Tlo dopmyne (6,1) Sx—‘_z_’f-g = In|x—3] +C;

€ a —1d .
2 s == s —sl+C

1 2d 1
3 (gt =12~ Limjax—1y+c.

Uncnurens pasen
npousBogHoi
3navenaTens

3amaua 6,2 (1 caMOCTOATENLHOrO pelIeHHUs).
Hafitu uurerpanes: 1) S;_d_—xlﬁ-; 2) S'w_i%;‘ 3) SI%E;
g
4)5 =~ ) 4x__
O'rne'r 1y ln[x-ISH-C;
2 — In|15—3%[+C; 3 —+ In|4—Tx|+C;

)_% In|3—8x|+C; 5) < n]4x—9]+C.

Adx —Ay = —_—n)y—n-+1
2. s(x "=A‘Y(x a) dx-—_n_*_l (x—a) +C.

Oxonqarenbno:

Adx A 1
y(x..a)F — TG+ C 6,2)
3azaua 6,3. BoMHCIHTE HHTErpasb:

dx dx -
1) 1=S—(x__2)s 3 2) 1=j'(x+—3)5;

3) ’—S(zx-—l)ﬂv )1“8‘(4 EEE

Pemenwue. [lnf BuUHCNEHHS NEPBHIX IBYX HMHTErpasjoB Hero-
CpelCTBeHHO mpHMeHsercs dopmyna (6,2):

1 .

. 1
D n=5171=— 4(x+3)4+0
3) qTOﬁbI MOXHO OBIO NpHMeHHTH dopmyay (6,2), uucaHTETDH
APOOH e (2x I crosmel nojl HHTErpajoM, ROMKeH OHTb paseH Mpo-

H3BOIHOH OT OCHOBaHHA CTeNeHH 3HaMeHarens. IlpeoGpasyeM apoGb
K BHIy

11 2
Cx—=1F " 2 (x=1)*
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U TOrNa

1 p) 1 1 1 -
I = ?S(2x—l)‘dx='§'<—_§—(2x-—l)3) +C=

11
="‘6‘(2);—1)3+C'

4) DroT HHTErpaj BHUHCJASETCS, KaK H Npebifyuns {

[=— 15(4——33@3""'—%( e Rl

1 1
=sa—apTC

Ax+4 B
s ity

JIns BHUHUCHEHHS TOTO HHTErpaja NOCTYNamoT Tak:

a) B uHcaHTeNIe Jpo0H, CTOsIeH TI0J HHTErpanoM, 3amHuchiBaeTcs
TNpOH3BOAHAs 3HaMeHareas, T. €. (2x -+ p). ToxmecTBeHHBIMH TIpe-
06pasoBaHHAMH M3 2x - p TMONYYaloT 3ajaHHbI uncauTens Ax 4 B.

Jlns sToro cienyer 2x -+ p yMHOXHTH Ha %— H K NONyueHHOMY

A
uponssenenmo.npwaamb B — 7”. OuesnnHo, 4TO

@x+p)% +B—22 =Ax+ B.

Ax 4 B
¥EApx+q

A
@i+ p)5 +B—2L
x4 prtq

6) HpéodpaaoBaHHaﬂ Ipo6b HMEET BHJ

| o
H MoXer OHTb MpejicTaBIeHa Kak CymMMa nBYX apoGefi:

p—Ar
A 2x4p 2

2x2+px+q+x2+px+q :

Tleprass npo6b wuHTerpHpyercs MPOCTO: B YHCIAHTENE HAXONHTCSH
NpOH3BOAHAS. 3HAMEHAaTe/Isl — HHTerPUPOBaHHE NPHBOIHT K HaTypa/b-
HoMy Jiorapudmy MoOAyJst 3HameHaTelst. [l HHTEr pHpOBaHHS BTO-
poil npobu B 3HaMeHaTeje BHIIEASIOT NOJHHI KBaApar:

% +px'+c/=(x +g—)2 +o—5,
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Hurerpan or BTOpoii JApoOM NPHBOAMTCA K TaGNHUHOMY MHTer-
paty: (1,23), ecin 49— p® <0, n k Tabnuunomy murerpany (1,21),
ecau 4g — p? > 0. ‘

3ameuanue. Ecin B sHameHarele ApoGH BMeCTO KBajipaTHu-
Horo TpexwieHa x®-- px--g HaxXomMTC TpexuleH ax®- bx-c
(@ # 0), To xo3pdHUHEHT a clelyeT BEHIHECTH 33 CKOOKY M TeM ca-
MBIM CBECTH STOT clyda#l K NpegsaymeMmy. N

B sagauax 6,4 u 6,5 daHpl npHMepE BHIYUC/AEHHS HHTETpaJoB
sToro THOA, '

3apaua 6, 4. Hailty uATErpanmn:

dx . _ dx . — dx .
1) 11=Sm’ 2)12—S*,ﬁr;+—1’ 8) Iy —fm'

dx . g b dx . _ dx

4 I, = Sx2—9x+25’ 51, _Sx2—7x+l4’ 6) 1, = sz—x—'l—lll *

Pemenne. B 3TOM mIpakTHYecKOM S3aHSTHH HaM YacToO IpH-
nercsi noab3oBathes .gopmydoit (3,4). HamomuuMm, ut0 OHa HMeer
Takoif BHJ: .

! I
S—u—z,u?l—f-dx =- arctg—;£ -+ C.
1) BoinesiuM NOJHBIR KBaJpaT B SHaMeHaresde JpoOu:
XA+ M=+ 22—4414=(x+2)?2+10.
[Mpumennm Gopmyay (3,4)

_ dx 1 x-42 \
I, = CESIEES AT arctgm 4 C.

Uu=x42;u" =1

42 = 10; a=yT10

2) BhigensieM NHOJMHBI KBajparT B 3HameHartene JpoGH:
2 | = 1 2___1_ 1= 1\, 3 .
x+)f+—x+2 g Fli=\x+5)+75;

1
dx | S x+—§

12= 1

(x+"2‘)2+% 2 3
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3) Beutenum nosHbli KBaApar B 3HameHaTene ApPoGH:

e pacom (42— +0= (s 25

.= dx _ 1 i x—I——g— C=
=\ 3¢ BoyRaBym o=
+3f+7 BB R

®opmyay (3,4) moxHo
| npuMmenuTh: 4 = x 4 —5-;

15,

u =1 a?-:-_z-,

2 243
Vﬁarctg Vi +C.

4) B 3namenarene BbIAeNsieM TOJHBIA KBajApar:

#—0x 4B =(xr—g|—F+B=(x—5) +35

2 4 9
@opmyny (3,4) MOXHO
NDHMEHUTh: U ==X — _2_;

19
'=l; 2=_._
u a )

=2
dx . 1 2 ,
e
2 - 2

2 . 9% —9
= —— arctg ——— C.
V19 g V19 +
5) BuifieuM NonHBIA KBaipaT B 3HaMeHaTeje:

X2 —Tx - 14 =(x—--g—)z——%?+ 14 =(x—-—:’z—)2+—;’-;

7
N
== arctg 2’;/__7 +C
1y 1 1 55,
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3agaua 6,5 (1151 CaMOCTOATENHLHOIO peleHHs).

Haiity uuTerpansi:
dx

dx 3 »
D) Sx2+x+5' 2) Sx2+2x+6’ 3) Sx2+6x+19'

dx
4) Sx2+5x+l2’ ) Sx2—7x+20

2 2 +1 )
Orser. 1 actg V1o +GC;
x4+ 1
2)V—zarctg V'5—+C 3) V__arctg VE+C
2x+5 2x 7
4) V_arctg V5 +C 5) V__arctg VT +C.

3anaua 6,6. Haitu uuTerpansr:
dx . . dx .
l) 11=SSx2+7x+—l_f’ 2) 12_S4x2+x+5’

dx
8) Iy = Ssx2—8x+9'

Pemenne. Jra 33afaua OTIHYaeTCA OT NPeABAYIHX TeM, YTO
KoadpduumeHT NpH x® B 3HaMeHarele He paseH elunuue. [lna Toro
yro0bl CBeCTH 9TOT CJydail K NpelpiAyileMmy, GydeM sToT Koadduim-
€HT BHIHOCHTb 32 CKOOKy (CM. 3ameyaHue Ha CTp. 72).

i) 5x2+7x+11=5(x2+%x+15—1)=5[(x+r76)2_
ol 4

x+—
dx 1 1
11= - TN 171 -'_—-‘—5‘—_' rctg _+C—'
17 171
Ssl(”m) ww| Rl

10 100
_ 10x 4- 7
—Vmarctg Vin +C.
2) 4x2~—l—x+5=4(x2+%x+%);4[(x+—:s-)2—§l;+-g-}=

off 43}

12:\8‘ sz =T 1—-‘31'Ctgx+:+c=
dees)+a] "B R




3) 3x’*’—-8x+9=3(x“‘——%x +3)=3[(x—%)’_l§+31=

=3l(xf§-) +3)

4
. X -
dx 1 3
13-S 75 = 5 = arctg —= +C
4v 1 Vit Y1
le=sf+s] RS
1 3x—4
_V—T_larctg VT +C.

Banaya 6,7 (W19 CaMOCTOSITE/NIBHOIO peleHH ).
Hairn murerpann:

dx .
nSW+%xm’mSW—&+F

3) Smii_.*_'ﬁ’ 4) 56x2-|-7x+15;
5)55;2“:%?7‘
Orser. 1) 1—,—1—-3 tngxl—l'g—I-C;
2) Vﬁi arclg l‘;;g +C;
3) Vmarctg l;‘;%l—I-C;
2 g12x—|—7

4 yall Vi
5) V—S_S_arctg —_V-'S;B— +C.

+C;

Tenepb BHNOJHHM YNDPAXKHEHHS B HHTErPHPOBAHMH Apobell BHAA

Ax4-B
*4px4q
3apaya 6,8. Haiftru wurerpanor:

_ 3x 44 . _ 2% — 3 -
I, = Sx—————2+7x+l4dx, 2) Iz_Sx—-——2+x+5d
7x—8"

Pemenne. Ha crp. 71 naHo ykasaHue, Kak BBIYUCISTB STH
HHTerpannl. PekomeHAyercs ellle pa3 O3HAKOMMTBCH C HHM.
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1) Mpeobpasyem Apobb xz—j’-i%-—li’ CTOSIULYI0 TMOJ HHTErpajoM:

BhenuM B ducauTene W3 3x 4 4 MPOM3BOAHYIO 3HAMEHATe/s, PABHYIO
2x+7 HO 4TOOB BE&JIMYUHA YMCHUTENs] TPU 2TOM He M3MEHHJIACH:

3x+4—(2x+7)2+4 -—=(2 +7)——-—
Tloaromy - )
' 3 13 ‘
/- (2x+7)7—7d~__3 w47
15 ) Ernyrid YT ) Ar T
[Ipeo6pasoBLiBaeM B PasHOCTH Yucauteab aBasercsa
ABYX HHTErpajios, NpHYEM Bo MPOU3BOXHOH 3HAMeHa-
BTOPOM HHTErpajie B 3HaMeHa- tens. [lpamenuma ¢op-
TeJle BBINEJISAEM MOJHBIN myaa (1,32)
KBazpar )
13 ) dx 3 2
-3 ACERET =71n(x +7x+14)._-
(x + —2—) — 7+ 14
7

13 1 *+7
-5 ]—/—?arctg—fj——l-C.
2

OtrBer. I, = —g—ln(x2+7x+14)—l/l—.%arctg2—x7'-f-7_-z +C.~

3ameuanne. [Ton snakoMm norapudpMa Tpexunen x* -4 7x 414
He B2AT no aGCoJIOTHOM BeMUYHHE, TaK KAK KODHU €ro KOMILIEKCHBI,
Kod(duiueHT Npu x? MONOXKHUTeeH, a NOTOMYy NPH Jio6OM 3Hayes:
HUH X 9TOT TpeXuyleH HoJIoKUTeNeH.

310 saMeyapue CJelyeT uMeTb B Buly H B nanbﬂeumeM

2) M3 uucautens apo6u 2x—3 BHJEIUM INPOUSBOAHYIO SHaMe-
Hare/1si, paBHyl0 2x -4 1, u nonyuum 2x — 3 = (2x 4 1) —4. [Mosromy

12=Sw;‘1dx=5—gfﬂ——dx—

x4+ x45 x24-x45
[lpeacraBagem kak pas- B uncaurene npous-
HOCTh IBYX HHTErpaJjioB, BOgHAT 3HAMEHare-
a BO BTOPOM HHTerpane as. [IpumenuTs op-
B 3HAMeHaTeJle Bhije- myay (1,32)

| nslem  nmoHBIA _ KBagpar

- x+_
dx ’
—14 = In**4 x5 —4 _arctg +C_.
TR : 9 19
+z)-7+° Vz Vz

= In(x? +x+5)—-ﬁarctg 2;/"]"91 +C.
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3) Ilocrynaem Tak xe. M3 uncaurens npobu 7x—8 BHIenseMm
[IPOH3BOAHYIO 3HaMeHaTelf, PaBHyl 2x -+ b:

7x—8 (2x+5)——-8—-— @x +57)
=__ 2 __ 51 2£+5
I ln(x +5x 4 17) V_garctg V5 4 C.

3apaua 6,9 (nas CaMOCTOHTeJIbHOI‘O pewrennsi). Hafitu uwurerpansi:
o 3x—11» —
1) S—-—————" U ax 9 sz 47 v 3) S e

¥ 8x 418 I 1ix 42 9% F 23
4) Sﬁ%gdx; 5) Sﬁﬁd
Orser. 1) = ln(x2+8x+l8)—V:arctg V_ +C;
9) 5 In(x* 4 11x+ 42) + Vﬁarctg 2"‘;"_“ +C
3) — 1n(x2—9x+23)+v_arctg2’;;l'g+C
4) 5 ln(x2+x+9)—{-V__arctg 2’;/';'51 +C;
5) —ln(x2+3x+8)—i/=arctg 2’;/:33—{-6.

4. Unrerpan suia S——‘i’iﬂ -,

4+ px+49)
3HAMeHATe/s1 KOMIVIEKCHBI, CBOAHTCA K BBIYHCJEHHIO ABYX HHTErpa-
7oB. STO JOCTHraeTcsl TaK: B UHC/HTe]e SallHChIBAeTCs IPOMSBOAHAs
OCHOBaHHMsl CTelleHH SHameHaTessl, T. €. IPOH3BOAHAA OT: x% + px-f-gq,
¥ TaK Xe, Kak 6blio ykasawo B 1. 3, (crp. 71), sTa npoussopHas
HpeO6p330BbIBaeTCH B BhIpaXKeHUE Ax+B CTosllilee B YHCAUTENE.
HApo6e

rie n>1 4 uenoe, @  KOpHH

A p_4p
Ax 4B @+p) 5 +B—5 _A_2x4p
Frprt " P tprt o 2 (@ 4px 4 g
A ___ U
+(B 2)(x2+px+q)"' ©.3)

Wwurerpan nepeoit Apotu BHIYHCJISIETCS TIO tdopmynre (1,29).
Bropas Apobs

1 N n .

T (P N

Ecnu o6o3uaunth

g—F =0, x+5=p (6.4)
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2
(0603HaUUTD q—%— yepes % MBI HMeeM mpaBo, TaK KaK MO NpeqHo-

JIO)ll(eI;lgHO KOpHH TpexwleHa x® 4 px -4 g — KOMIUIEKCHE, a IIOTOMY
‘(4 —-’14- -— BETHYHHA NOJNOXKHUTE/bHAS ), TGO

I I . I _ I
(Epr+ 9" @24 BO+A" B+
¥ TakuM o0pasoM uHTErpUpoBaHue BTOpPoH JApo6H B HpPaBod YacTH
(6,3) cBoAuTCcs K MHTErpHPOBAHUIO APOOH ————

1
a+2"

1
In, = S(Wdz (6,5)
BHIGUCAsieTCS Mo (opMy.ie

Wnrerpan

1 2n— 3
Ln =3 (n—1) (t + zz)n.—l + 2n Loy, \6,6)

rie

I

It S T
(#HZexc y GykBel / paBeH MOKA3aTeio cTelleHH Bhipaxenus 1 - 2z%),
BriBoa ¢opmyast (6,6) MoxHO HafiTy, HanpuMep, B yue6Huke H. C. [Tuc-
kyHoBa «/luddepenuuansioe U MHTErpajJbHOe HCYHCICHHS».

@opmyna (6,6) naseiBaercs pexyppeHTHOH, uAH GopMyJoft mpuse-
Aenysa. OHA MO3Bo/sieT BHIYMCJeHHE uHTerpana /, CBeCTH K BhIUMCJe-
HHIO uHTerpana /,—; C MEHBIUUM HA eNHHHIY HHREKCOM.

YnpakneHns, CBA3aHHBE ¢ [PHMEHEHNEM
pexyppenTHoli ¢opmyant (6,6)

3anaua 6,10, BbiuycIUTL HMHTErpashl:

dz | - dx g dx
b L= ot 9 L= [ 9 1= ate

(3navok npu / paBeH MOKA3ATENIO CTEleHH BbIPAXKEHHS, CTOSLIEro
B 3HameHareJe).

Pewemnne. 1) Ilpumenum nocaenosarenvuo Qopmyay (6,6).
Hoxcrasass 8 (6,6) n =3, moaygum:

: 1 z 2. 3—-3
I 2(3—1)(1+22)3—l+2 3—-2

1 =

Iy

4 (l + 22)2 +
76



Tenepp npumenuM (6,6) K sbluncienuto I, (nonoxum 8 (6,6) n=2)
Torna
i 1 2.2-3 1

Z ]

IS”Tu+z2)‘+ (2(2—1)(1+z‘)+2 2— 21)'_"4'(14-22)2""
3 (1 I 2

+7 (21+24+2 1) T(1+22)2+§“1+zz+11.

Ho I, =

+ = arctgz 4 C, a mosToMy OKOHUYATENbHO

d 1 3 3 ;
S a -|-zz'~’)3 =7a .|_zz2)2 + 53 _:22 + g arctgz 4 C. (6,9
2) 3mech Takke NoOCIAeNoBATENbHO mnpuMeHseMm dopMyay (6,6)
HauuHad ¢ n = 4:
1 2. 4—3
la= 2(4—1>(1+x2)4-l+ /s

14=§m+-6—13- 6,8

Ho I, namu Gbulo HaftleHo B MpelbilylleM INpuMepe, TOJNBKO TaMm
BMeCTO x crosina 6yksa z. 3amensss B (6,7) 2z Ha x u moacrasafs
B (6,8), noxyuum

Iy=

1
I 6(l+x2)3+6l4(1+x2)2+81+ 2+ arctgx]-{-c

OkoHuYaTeJbHO
1 5 5 5
li=%3 ixz)a +a0 J:xzy + %1 ix? + parctgx + C. (6,9

3) ®opmyay (6,6) MOXHO IDUMEHUTb, eclli B 3HAMeHaTeqe Gyner

BbIpakenne Buda (1 4-x%)" Y HaC ke B CcTeleHb n = 5 BO3BOAUTCSA

e 14-x?, a 44 42 Tlonaras x =2z, noayunMm dx = 2dz; x? = 422,
a@d4+2)P=3¢+ 422)5 [4 (1 42515 = 1024 (1 4-2%°.

[Nostromy uCKOMBI mHTErpan

] = dx 2dz 1 dz _l_I
—S(4+x2)5_51024(1+22)5_m5(1+22)5—512
Urak, 1 _5121 u, npumenss ¢opmyay (6,6) npu n =3,
I ‘ 2.5-3
1—m[2(5—-1)(1+zﬂ)‘+2 5= I]
1 (1 7
T. e I = —-{—

513 8(1'+z?)4+'§ .

[loncrasasis ciofa Hafilennoe B mpelplayimeM npuMepe 4 (TOIbKO
B (6,9) Hamo x 3aMeHUThb 6yKBoﬂ 2), noayuaeM

I
I _512[8 (1+22)4+ 8 (6 (1+z2)8+24 (1+z2)2+

4 Eﬁ-’z’? + E arctg z)] -+ C.
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Packprisas cxo6xn, GyZleM uMeThb _
’ i1 2
L I= 512[8(l-|-22)4+48(1+z‘)3+192 (l-|—22)-+
-+ @_l"i' 7 4 m?rctg Z] + C.

BOSBpaTHMCH K cTapoit mepeMeHHOH x. MW monmaranu, 4to x = 22,

Orciofia 2 = 5 nOﬂCTaBJIﬁH B MOC/JelHee pPaBeHCTBO 2 = z , mony-
uuM oxoma'renbﬂo
] = _x 7
T34 .|- x%)8 + 768 @+ x93 + 12288 (4 4- x3)2 +

3
+ 32768 I + 7 T 55536

3ajgaqa 6,11 (,unﬂ~caMOCTo;rreJleoro peLeHu ),
Briupcauth uHTErpanbl (yKasaHus QaHBl Ha crp. 77 u 78).

arctg > + C.

dx . _ dx .
b 1= (et 9 1= {ernee

3% 45 9% — 1
3) I_S(x2+2x+5)2’ 4 1_5‘(4x2+3x—|—5)3d

6x -1 6x.4-1
OtBer. 1) 83(3)62_‘_’“*_7)-4-8:”/83arctg Ve +C.
N Sx 41 1 : 15
2) =3 [2(5xﬂ+2x+4)?+76(5x2+2x+4)J+
85 5x 41 . ;
F sy Y T O
—5 I
3) ;(7’1-’2;;_?3')-!‘ arctg""’ + G
4 14x - 23 21 8x43
) T 142(x 3x -5 50414 3x 45
336 fg 8x + 3 ‘
5041 Vﬂarc V7 +C

CE/IbMOE NMPAKTHYECKOE 3AHSTHE

Conepxauue Hrterpuposanne pallHORaNbHBIX ApoGeifi.

Ha msiToM mpakTHYeCKOM 3aHSTHH yYaluuicsi Ha GOJbIMOM YHCJIe
YIpaXHEHHH O3HAKOMHJIC CO CIOCO0aMM PasjoxeHHS PallHOHAJILHON
ApofH Ha mpoCTedliue, a Ha LIECTOM SaHATHH OH NMPUOOPEN] HaBhIKA
HHTErPHPOBAHHS MpPOCTElIINX PAaUMOHAJIbHHX ApoGei.

TToaToMy MHTErpHpOBaHHe PALOHANBHBIX Apobeil He J0/KHO BHI3H-
Barb TpylAHocTed. OrpaHHYMMCS TO/NBKO HECKOJIBKHMU HOZPOOHO paso-
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6paHHBIMH NpHMEpaMH, a OCTAJbHEle npennomnM IJIsi CaMOCTOSITeNb-
HOTO peleHus.

Mgl paccMoTpuM Takue 9eTHpe caydas:

1. Kopuy shnameHarensi — TONbKO neﬁcmmenbﬂbxe gucna, Cpenu
KOTODHIX HeT paBHBIX.

2. KopHu 3nameHatensi — ToJNbKO nenc'ereJImee uncaIa, Ho Cpenu
HHX €CTh PaBHBlE (3HaMeHaTelb uMeeT AeCTBUTeNbHbe KPaTHEIE KOPHH).

3. 3uamenarenb Jpobu, KpoMe JIeHCTBUTETbHBIX KOpHeH, uMeeT
U KOMILJIEKCHbIE KODHH, HO CPeld HUX HET DaBHBIX.

4. 3uameHnatenb JApoOU Hapsdy C [eHCTBUTENbHLIME HMeEeT H
KPaTHble KOMIIIEKCHEIE KODHH.

Hepewili cayuaii. ,

3anava 7,1. Boluucaurs [ = (,;f_;—'g_)"(f;—t_%d

Pewenne. IIpencde uem npucmynums K UHmezpuposanuto pa-
Yuoraabroil Opobu, caedyem ybeGumvcs 6 mom, umo Opobe — npa-
BUAbHAA U Hecokpamumaa. B HameM ciyuae apoGb, CTosast IOJ
HHTErpajioM, — HellPaBUILHASA, TAK KaK CTeleHb ee YHCIUTENS (TPeThs)
BHIILIE CTeNeHH 3HAMeHarels (BTOpOH). '

[NostoMy npexsie BCero HCKIIO4aeM LENYK YacThb.

Hns sroro jenuM gucqurens x® -+ x-2 HA sHameHaTelb
(x—3)(x—4) =x2—Tx+12: :

x3+x+g R—Tx+ 12
TERS L THTF 12x 38x—82
TR —11x +2 *+T+ w oy
T ETx? 4-49x T 84 ,
38x — 82 ‘
Ilostomy sy 82 r sy 8
X — 1 (" x — 82
I =5(x—{-—7—[—-a—_—-§)—(;-__——4))dx= —2-x2+7x+3m~5dx.
38x — A B :

82
Hpobe ¢ 3 & —4) =;—3ti=s
yMHO}Kaﬂ ofe 4acTH STOro paseHCTBa Ha (x — 3) (x — 4), monyvyaem
Bx—82=A(x—14) 4 Bx—23).
3nec KoabduuMEeHTH Npolle BCEro ONnpeleuTh CIoco6oM 3ajaHHs
9aCTHBIX 3HadeHuil: A = —32; B = 70.

38x — 82 1
ﬂp06b m= x_3+ 4,al=7x2+7x+

+ S (—- =t x%) dx = & + 7x— 32 In [x—3|-+701n lx—4+C.
¥+ x5 dx.

, *E+IH =2

Pemtieane. [lpo6p, crofilas noid HHTETpajoM,— npaBnanaa.

Pa3znaraem ee na mpocrefiume: 3

x4 x45 .
x(x+3)(x—2)_?+x+3-+x-2'.

3anaya 7,2. Bruucautb I =‘S‘
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YMHOXasn JIEBYIO H NPaByl0 4acTh STOro papeHCTBA HA 3SHaMeHa-
Teb JICBOH 4YaCTH HMEeM
i

X4 x4+5=A4Ax+3)(x—2) + Bx(x—2) + Cx(x + 3).
W 3necy npu onpenenennn Kosgpduuuentos A, B u C Haubosee
GLICTPO K LieJIH BefieT Croco6 3ajaHHs YacTHHIX 3HAYEHHMH.

(Boob1ue, eCH KOPHH 3HAMEHATENsi — UHCIa TOJAbKO AEHCTBHTENb-
Hble ¥ pasHule, 5TOT cnoco6 sBAsETCA HanbGonee 1en1ecoofpasHbIM).

- 5. p Il 11
A=——-6—’ B_I_S’ C-—--'(')
“S(_““+15x+3+10x )d = —§ Inlx + g5 In] x+3] +

+8mnjx—2|+Cm mE=R VETIYEZE
Vs
3angaua 7,3 (ans CaMOCTOATENBLHOTO pelleHHs).

dx . xdx
Berquennts 1) S(a+bx)(c+ a2 S(a+bx) (c+dx)*

1 b 1 r
Orser. 1) vy In :id;I+C; 2) a'd_-——bc['; In|a 4 bx|—

— % Inj¢ -+ dx|

3apa4a 7,4 (11 CaMOCTOATENbHOIO PEILEHHS).
BRIYHCIHTD umerpa.n

F—ar
OtTser. o J‘—al—[-c ;

3agaua 7,5. BmeCJIHTb. .
1) .1 = xz—_z—"—idx; 2) I = S—x—iﬁ—s—dx;

Tx 4+ 12 x8 — 9x% 4 20x
(22 —=Tx 48 , __(2xt—x345
3) I = Smdx, 4) 1 —Swdx.

Pemenue. 1 Pasnaraem npexpne Bcero shHaMeHarTenb Ha MHO-
xurean: x*—7x + 12 = (x — 3) (x —4). Odpo6b

2x +3 2x+3 A B a4 9 R—11

®—=Tc+ 12 (x—3)(x—4)"x—3+ 4’A" 9 B=11;

) ‘ 1_1n("“2)9+c.

2) 3naMenartenb IpoGH pasjaraeM Ha MHOXHTEJH:
18— 9x2 - 20x == x (x* — 9x + 20) = x (x —4) (x —5).
Hpobs

24243 A B C
P 20x % gy e gy 2
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Hans onpenenenus kosbduuuentoB A4, B u C ¢ neanio ynpaxne-
HH{l TPHMEHHTE Clioco6 3allaHMA YaCTHBIX 3HAYeHHH H CIOCO0 Heompe-
JeneHHbX Kosddunuenros. OKaxercs, 4TO

27 . _g
A“zo B=—%: C=%;

= 20 In|x|— —1n|x——4|+ 1n|x——5|+C

2R (x— 57 =5 i,
x—4p Y =0

3) 3namenarenb Apo6H pasjlaraeM Ha MHOXHTEJH: NPHPaBHHBaeM
3HaMeHareJlb HYJI0 H HAaXOAHM €ro KOpHH:

wi [ = 1n

=102 4+9=0; x,=1; x,=—1; x3=23;, x,=—3, nosromy
x“-—10x2+9—(x—1)(x+1)(x——3)(x+3) a ﬂpoﬁb
22— Tx 8 .
— 10249 _x—-l+x+l+x—3+x+3'>
3, 17 S 4T,
A='—‘-l'é, 3—16’ C—‘48v D-"_481

48 /1IN (v — 25
- x4+ 1P (x—3p
I'=1n (x + 1) x — 1)¥(x.4 3)¥7 + C.
4) 3pech Mbl Ipexie Bcero obpaillaeM BHHMaHHE Ha TO, YTO Apolb,
crosllas NoA HHTErpajoM, — HellpaBHIbHasA. MckimouaeM nemyio yacrb:
_ 1822 — 9x - 5
r= (e +m)d
18x* —9x -5 4
x(x—3)(x+3) +'x—3+x+3'
Onpeflensifn Kospduuuentsl JoObM H3 yKAa3aHHBIX Ccroco6oB, IO
JYUHM:
5.
9 ?
I=x2-—x———ln|xl+ lnl 3|+ ln|x+3|+C
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[ =x2—x1In(x—3) (x + 31 ‘_":ﬂ)_"‘:ci” +C.

3agava 7,6 (1A CaMOCTOSATENLHOTO pememm).
BLIUHCAUTE HHTErpanbl:

1y Sx‘—st—llx”+4x+ l5dx:

x5 —bBx2—x -5

2x2 - 41x — 91 . ' dx .
2) S =D+ I x—9) dx; 3) S 5T’

dz
4) st+722+2z—40'

8t



Y xasannda. B nepsoM TIPHMEpE N0C/1€ HCKIIIOUEHHS LEJOH YacTH

nojTyunTca  Apobb ;xj'sx T"5 + SHaMeHaTelb [OCJe Pas/iOKeHHs
‘ero Ha MHOKHTENH paBe.H (x + D(x—1)(x —5). IpoGn xs—_%j;—i-;-_rs =
= x+1+x— 1 +x—5;
3, 5
A = ':-3" M B = - z‘ » (': = —-
B uerBepTOM npmvlepe ONHH KOpEeHb 3HameHaTeJm 21 =2,
Orser. 1) (X+2) +—— Injx+ 1|-——-— Injx—1] + 1 Inlx_5|+C
qp =D (x—4)" =1 x4 1)
2)-In D +C; 3) ln GFDE= » + C;
1, 45 @—=2
Y —rg— +C

Bmopou cayqaii. KopHH 3HaMeHaTessi — TONbBKO lleHCTBHTeJIbeIe
4qycia, HO CPEIH HHX eCTb KpaTHHE.

3anaqa 7,7. Bpiuuciuts

9x% - 5x — 8
I'=)o=Trero® .

Pemenue. 3ananHas ApoOb — NpaBUJIbHAA H HECOKPATHMAs.
(Ha 310 npexne Bcero- cjelyerT oGpaTHTb BHHMaHHE).

Ipencrasum Apoﬁb B BHAE

2x2 - 5x — 8

(x—D3(x + 2 (x— 1) +(x— 1)? +x— i +(x+2)2+x+ 5 (1)

Onpenenenne A, B, C D, E uposenem criocoBoM HeoTpesie/IeH-
_HBIX xoacpcpnuuemos H CHOCOGOM 33IaHHA YACTHELX 3HaYeHHH, KoTo-
pHie 1eaecoo0pasHo KOMGHHHPOBATh.

YMHOXas . 06e YacTH HANHCAHHOTO paBEHCTBA Ha SHaMeHaTeNb
J1eBofl YacTH, MOJNYYHM

2x2 455 —8=A (x+ 2+ B(x— 1) (x + 2)? L Cr— 1)+ 2 +
+D(x—1)® +E(x—1) (x +2).
HanomuﬂaeM, YTO HanucagHoe Bupameﬂne ABJAACTCH TOXIXECTBOM,

.a II0TOMY PaBEHCTBO JOJMHO COXPAHATbCA INPH JoGoM 3HAYCHHM X.
[lpu x = — 2 noayuaem

2(—2)? +5(—2) —8 =D (—2 — 1)3,
oTCiOfa onpefensieM Kodpduuuent D:

. 10
—10=—2ID; D =g.

[Mpu x =1 .
20115 1—8=A(1+2% —1=94; A=—t.
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Ham ocraioch onpenenuts eumie TpH Kosdhunuenra: B, C u E,

Tenepn 6y11eM CPaBHHBATL KO3p(DHIHEHTH NPH OAMHAKOBHIX CTe-
NeHsiX X B JeBOH H npaBoﬁ YacTH paBeHCTBA.

Kostpuunent npu x* B neBofi wacTH paBeH,Hymo (x* B JeBoi
yactH orcyTerByer), a B mpasoli C - E. [lostomy C+ E=0.

CBoGoaHBIf u/leH B JeBoH yacTH paBeH — 8, a B npaBoli 4A —
—4B +4+4C—D —2E. Ha ocHoBaHHH STOTO TOJYYaeM BTOpOE ypaB-
Henne: 44 —4B +4C—D —2E =—8, B goropom A H D yxe

H3BECTHEI, a NOITOMY 2B —2C + E = Q—Z

Mu cpaB}mBaJm HMEHHO CBOGOAHBE UJ/IEHDb!, TOTOMY YTO 3T0 MOXHO
cAenaTb, HE BBHINOJHAA YMHOXEHHsi M BO3BEJEHHSA B. CTENEHb B Ipa-
BO# yacTH paBeHCTBa.

st Toro, ytofbl MOJYYHTh TPEThE YpPAaBHEHHE JJIsi ONpeNeseHHs
B, C u E, cnoBa Bo3BpaTuMcsi K cnoco0y 3ajaHHs YaCTHBIX 3Hade-
Huit. [IpH x =2 nonyyum
84+ 10—8 =164 + 168 + 16C 4 D -+ 4E.

. 1 10
< C yuerom, ur0 A =——, a D = 910 ypaBHEHHE MPUMET BUL

4B+4C+E=—

Takum o6pasoMm, I1s onpezle.neﬂna B, CuE umeeM CHCTEMY
YypaBHeHHH

C+E=0
2B —2C +E =51 |;
4B+4C+E-.-—
13, o 13
B=3p C=—g: E=3.
Takum ob6pasom,
1, o 29 ~_ 13, o 10, o 13
A=—99 —57’ C“"'—ﬁ, D“‘ﬁs E"‘ﬁ-

OueHp MNOJE3HO CHeaThb NPOBEPKY HAHACHHBLIX 3HAYeHHH Ko3(}-
¢unuentoB. [ins sToro AajMM X NPOHM3BOJBHOE 3HAaueHHe, HalipHMep,
x=—3, nonyth paBeHCTBO

—5=A—4B +4 16C — 64D + 64E,
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[lpu HailiieHHBIX 3HAYeHHAX KOXPPHIMEHTOB OHO BHINOJTHAETCH.
Orciofla MBI 3aKJi04aeM, 4To KoaphuIUeHTEl olIpefeNeHbl BEPHO.

1 29 13 10
2x?4+5x— 8 _ -9 27 —27 27
SU—UHx+mﬂx"JI&—IP+W—4F+x—1+M+ﬂV+

13
27 11t 29 1 3 10

+x+2]d T 92— 2Tx—1__ 27 In|x—1]— 27x—}—2+
26x? |- 5x — 34 x+2

+271n|"+2|+0 18(x—1)2(x+2)+z7 _1|+C'

-3apava 7,8 (ans CaMoOCTOSTENBLHOTO pelleHHS).

4 3 . 10 2__ 8
BHIYHCAHTL HHTErpa Sx +(fx__ ok (: - 3): T8 4x cnocobamu, Ko-

Topble OBIM NPHUMEHEHB B IpelnlAylled 3afaue.
23 I 42 27
T BGFI DE=2F Bur—2 T5 In]x —2] —

2
T ln|x+3| +C.
3apgaua 7,9 (Ans CaMOCTOSITENbHOTO pelleHus).

4 x—1
sa—p

—5xt - x —2 16 x b
OTtser. m+ln]/(x_2)+0

3apaua 7,10 (z1s caMoCTOSATENbHOTO pelIeHHs).
x2—8x 47 d

(* —3x — 10y -

Ykaszanune x*—3x—10= (x—5) (x 4-2).

8 1 27 1 x—5

OTser. &5 Hrrs +343 x—|—2‘ +C.

T pemuti caymali. 3HaMenatelb APOOH, KpoMme JefiCTBHTENbHEIX
KOpHell, HMeeT H KOMILJIEKCHbe, HO CPelH KOMIIEKCHEIX KOPHEH HeT
pasHbIX.

OrBer.

Brunciuts PIHTeI‘paJlS

Briuncautbs HHTErpan / =

#50 T 45
x3—x2}-5x—5 :
Pemenne. Pas.nome 3HaMeHaTe/Ib Ha MHOXKHTENH:

B—x2 4 —5=x2(x—1) 45— 1) = (x—1) (x4 5).

Hpobb, croflas mop HHTErPa/loM, — HellpaBHbHAS. [Tosromy,
IpexJe YeM pasfarathb ee Ha NpoCTeHUIHe, HCK/IOYHM LENYI0 49acThb.
Okaxkercs, yTo OHa paBHa

3apaua 7,11. Beiuuciaute unterpan I =

6x2 4 25x — 35
b — o5 4
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6x% |- 25x —
Tenepp zpoGb m— = Pas/oXXHM Ha IpOCTeIHe, Yaurw-

Bas, YTO 3HaMeHaTelb JPOOH paBeH (x— 1) (¥ 4-5), monyuum
6x?4-26x—356 A Bx4-C
x—LH@x*+5 — x—1 + x4-5"
YMHoXKaA o6e YaCTH 3TOro paBeHCTBa Ha 3HaMeHarelb J1€BOM
YaCTH, HOJYYHM
6x% 4 25x — 35 =A (x* 4-5) 4 (Bx + C) (x —1).
ITpumeHuM cHauana croco6 3ajaHHs YaCTHBIX 3HauyeHHH. BosbMem
x=1:
6-15425.1—35=A(1245; —4=64; A=—2.
Tenepb cpaBHHM K03pdULHUEHTH NpH OJUHAKOBEIX CTEOEHAX X.

B JleBoil yacTH paBeHcTBa Ko3(p¢uuHeRT npH x? paseH 6, a B mpa-
Boit A 4 B.
[Mosromy A + B =6, a Tak Kak A_—-;, B_2_0-
CpoGonublll 9ieH B JieBOH 4YacTH paBeHcma —35, a B npaBoi
54 — C. Tlosromy 54 —C = — 35; C——

Hrak, npobb
20 9%
6 42%x—35 2 1 | 3*FF
G=DGF5)  ~ 3x—=1T" F#x5 °

YuureiBasi 310, a Takke BoipaxkeHne (A), nonywaem

. 20 95
: F*+73
1=‘S‘[x+6+(— 1+ x2+5 )]dx:

=£+6x—31nlx——l|+—

x“—|—5d + x2+5

n 2+ 5
2 -+ 6x + nG—=yr + l/garctg VE +C.
3agaua 7,12 (W15 CaMOCTOAITENILHOTO peLIeHHS). .

dx
Briuncanrp T—#"

- ¥kasaume. 1 —x*=(1—x) (1 +x) (1 + »2). Jpobb 3anuumercs
B BHjE

1 B
11— xt 1—x+l+x+l+x2'

Orser. lnl/:iﬁ + 5—3rctgx+ C.
3apnaua 7,13. BuuHcaHTB

xdx
143 °
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Pemenune. Tak kak 14+ x°=(+4-x)(1 —x+x?), a KopHH
TpexuleHa 1 — x4 x? KOMIJEKCHB, TO ApOObL 3anHuleTcss B BHAE
x A Bx+4C
I+ 3 1+x+1—x+x2'

1 1
OrBer. —--G—Inl(_tixz—}-l/_ rtg V_ +C

3anava 7,14 (151 CaMOCTOATEBHOrO peeHyus).

Buiuucauthb -l—fl__x—ﬂ.

Ykasanue. 1 —x=(1—x)(1+x4 ).
1 Vidxta 1 2x 4 1

OTrBerT. E'IH_"]——T+V§‘arCtg V5

x3 d
+x4+2)(x*—2x-}3) x.
YKkasaHnue. YuUTHBasi, YTO KOPHH KaXJOro H3 TPeXWIEHOB,

HaXxojAlUHXCA B 3HaMeHare1€, — KOMII/IEKCHEI, HO}IbIHTeI‘paJIbHy}O 11])061:
3anuuieM g BHIE

3anava 7,15. Boluncuts [ = S 7

x3 Ax+B Cx4D |
(x2+x+2)(x2—2x+3) = Frsri T FE—r3’
17, o 2
A“é‘z’B"u’ C=g5iD=—3%.
OrBerT. ln;/(x2+x+2)5(x2—2x+3)17 ?A?arctgzy;l..

g - x—1
—"“— arctg —— C.
| evF +
3apava 7,16. (11s CaMOCTOSATENbHOTO pememm)
dx
BbI‘!PICJIHTb (——_*_—l)-rxz'—_"_‘T)'

OrBerT. ; arctgx— 5 arctg +C.
Yemeepmouti cayuaii. 3HaMeHa’l‘eJIb ApobH HMmeer pefiCTBHTENLHbLIC

¥ KpaTHbie KOMIIEKCHbIe KOPHH.
1 .
. H - dx.
3agava 7,17. BriuHciHTb S("" R dx
Ykasauue. 3HaMeHaTenb APOGH MMeeT KParHble KOMIJIEKCHbE

kopHu. Ectn (2 4-4)2=0, 10 X, =20, x,=—2i; %, =20; x,=
= — 2. JIpo6b

. B , Cx+D , Ex4+F.
(x— 1R (x4 4)2 (x—l)2+x—l+(x2+4)2+x2+4’

L, p_ 4. A 18 o 3l o 44
A=z B=—1ziC= D=—1g E=1;
3
F= g5
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244 7 Tixt-41x 4 88 7

2 X
I — wwE =D a4 — w ete 5 +C.

125

3agaua 7,18. (4718 CAMOCTOSTEJLHOrO pPelleHHs). BHIYHCTHTH MH-
Terp abi: B

OTrBeT.

—12 ,
Q) S (x2—6x o TS 2) S (3+2x2)3 dx.

13x — 159
OrsBer. 1) 8—{;2_-;%4:_13) -+ lGar tg 2 —r-C

1 3(9 4 8x%
2)T6[1n(3+2x2)+3%£_—7§5))7J+C.

Vkaszanue, [Ipu BRUHCIEHHH BTOpOro HHTErpasa MOXKHO Hale.
JKaTh OOBIYHOTOG NYTH, €CJAH BBECTH NOACTaHOBKY 3 - 2x? =2z. Toraa

' N r z—3 2 — 3)2
xdx xxdx _5' (z—3Pdz 1 z2_62+9d _
Groor = JGBFom ) TP By am BT

=Tl?3§(';_-_“’-+ )dz-——[lnz—}— —29—2-2}-[—0_—:

1 6 o
- 'ra[ In@+2%%) + 3055 —s (3+2x2)“’] +C

Orciofla JIETKO noJdyuaercss # NPEAbIAYLIIHH OTBer.
3aMeuaHnne, Cne;iye'r BooOlIe HMETh B BHAY, YTO HHTETPaJbl

x2m (—l
T — el NONOXKHTENbHOE YHCIO, Jer
BHJA @¥ bx2)ndx’ Ae.m — uenoe HCJI0, JIETKO
BHLIYMC/ASIOTCS C OMOUIBIO TIOACTAHOBKH @ -+ bx® ='z. 3ra noxcraHoBka

(z—aym

zn

1
NPUBOAHT K HHTErpany mg dz, a BLIUHCIEHHE €TO CBO-

JUTCA K BBIYHCJEHHIO UHTETPAJOB OT OJHOUWIEHOB,
3agaua 7,19 (a1 CaMOCTOSTENbLHOrO peleHdst). Briuncauts

x7
1= {
Ykasauue. IloacraHoBga 5 - 4x® = z;

_Y (2_5)3 dz.

i 1375 - 2700x2 - 1440x4
OrseT. ——-2—l]n(5+4x2)+ '2(5_:4;;3 x]—i—C.

I'= 512
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BOCbMOE MPAKTHYECKOE 3AHAITHE

Conepxanue: HHrerpupoBanue BHIpakKeHHH, COLePIKalllHX TPHIOHOMETPH-
YeckHe QYHKIHH.

1. HHTETPAJIbI BUJA

‘Y sinkx cos lx dx; j‘ coskxcoslxdx; 5 sinkx sin Ixdx;

rae £ H | — neficTBHTEIbHbIE UYHCJA.

Hs TPATOHOMETPHH H3BECTHO, UYTO IIpOou3BeeHy s TPUTOHOMETpPH-
YeCKHX (PYHKLHH, HAaXOASLMXCA NOA 3HAKAMH ITHX HHTEIDAJIOB, npe-
06pasyioTcsi B CYMMb 110 CJelyioluM (hopMmyam;

sinkxcoslx = - [sin (k— I) x + sin (k + 1) x]; 8.1)
coskxcoslx = —é— [cos(k —1I) x +cos (& + 1) x]; 8,2
sinkxsinlx = 5 [cos (k —I) x — cos (k + 1) xl. (8.3)

3ameHHB B PACCMATPHBAEMBIX HHTETPaJaX NOABIHTErpaibHEe (hyHK-
IHY TIO 3THM (JOpMYJIaM, JIETKO BHINOJIHHM HHTETPHPOBAHHE.

Crienyer Takxe HMeTb B BHAY YXKe H3BECTHHE HaM (OpPMYJH,
KOTOPHIMH 4aCTO NPHAETCS NOJAb30BaTbesA. JlAsi ynoGcTBa MbI 3amHs
IIEM HX 3J€eCh; :

‘ S sinnxdx = — 711— cos nx + C; ©(8.9)
S cosnxdx = _’11_ sinnx 4+ C; (8,5)
S e =tgx +C; (8,6)
Sﬁf‘z—x =—ctgx+C; (8,7)

G 8,9

dx x
S sinx lnltg?
dx x T
S cosx ln'tg(_f +T)
3apava 8,1. BHIUHC/IHTL HHTErpafbl:

)1, = j sin6xcos 7xdx; ‘2) I, =jcos 3xcos 9x dx;

+C. (8,9)

3 I,= jlsin 2x sin bx dx.



Pewenne. 1) 3amenss npoussenenne sinbxcos7x mo dop-
myae (8,1), nonyuyum

I, = % S[sin (—\ x) + sin 13x}dx = %S (—sinx 4 sin 13x) dx =

=%(cosx—-%§cos 13x)+C.

2) 3amenuM cos 3x cos9x cyMMOH KOCHHYCOB no dopMyie (8,2),
Haiaem

1
I, = 3S [cos (—6x) 4- cos 12x} dx = % S(cos 6x 4 cos 12x) dx =
| cos (—6x) = cos bx | | Hpumenuts Gopuyay (8,5) |

=%(-é-sin6x+%2sin 12x )-}-C.

3) 3amensisn npoussenenne sin2xsinSx no dQopmyne (8,3), no-
JIYYUM

I, =—;S [cos (—3x) — cos Tx] dx = % ( -13- sin 3x — -;—sin 7x) 4-C.
3agaua 8,2 (148 CaMOCTOATENLHOTO DPelIeHus).
Haiity uuterpans: 1) S cos 3xcos xdx; 2) S sin 5x sin -;— dx;
.3 X
3) S sin o x cos 7 dx.
Orser. 1) %(%sinh +7:-sin4x> 4G

1{ 2 . tlx 2. % i
2)3(—ﬁ51n—-2—+-9‘51n—2")+c,

3) ——é— ( 2cos-"2— +cosx) +C.
3apava 8,3. Hatitu [ = S sin 2x cos bx sin 9x dx.
Pemenne.
sin 2x cos bxsin9x = _12_ {sin (—3x) - sin 7x] sin 9x =
= %(—sinstin 9x 4 sin7xsin 9x) =%[—% (cos 6x — cos 12x) 4
+ % (cos 2%—cos 16x)]; — _l_(sin 12x  sin6x n sin2x  sin lﬁx) LC.

4\ 12 6 2 16
3apava 8,4 (ana caMocrositenbHoro pewenus). Hafiru:

1) j‘ sinxcos2xcos3xdx; 2) j‘ oS x ¢os 2x cos 5x dx.

cos2x  cos4x  cosbx

st — 2 6

2) sin2x | sin4x | sin6x , sin8x

8+16+24+32+C'

Orser. 1) —




II. HHTEFPAJIBI BHJA -
’ Ssin""x cos” x dx. » (8,10)

(Bo BCceM JaspHeHINeM m — NOKa3aresp CTeneHH CHHYCA, 71— MOKa-
3aresb CTENEHH KOCHHYCa). - .

MuTerpajsl 3TOr0 BUIA BHIYHCHSIOTCS OCOGEHHO HPOCTO B UeThpex
ciayuasix: 1) m — HEYeTHOE NOJIOKHUTEIbLHOE YUCHO; 2) 71— HOJIOXKH-
TeJpHOE HEYeTHOE UyuCHo; 3) m - n = — 2k — yeTHOe OTpHIATEIbHOE
uycno; 4) m 4 n=~0 (B yeTBEPTOM c/yyae NPeANONArdercs, Yro m
H'n— Hensle YHCHA). ‘

Iepsoui cayqadi. Tlokasatenb cTemeHd CuHYCa m— HEUETHOE 110JI0-
XKHTelbHOe uucao: m=2k-- 1. B sToM ciyyae DopbiHTErpanbHoe
BhIpaxkeuue MpeoOpasoBelBaeM TaK: H3 sinm™x = sin-+lx, Boinensem
NEPBYI0 CTENEHb CHHYCa H TOJY4aeM

sin?*+1x = sin2 x sinx = (sin® x)*sinx = (1 — cos? x)*sin x,

a mofuHHTErpansHoe BhIDaKeHUe
sin™ x cos® x dx = (1 — cos? x)% cos” x sin x dx.
Teneps HpUMEHUM NOACTAHOBKY .
cosx =2, 8,11
Torna —sin xdx = dz;
(1 = cos®x)* cos” x sinx dx = — (1 — 22)* 27 g2,
H BONPOC CBENeTC K MHTETPUPOBAHHMIO CYMMBl CTeHEHHHX (yHKuHi,

Bmopoti cayuaii. Tlorasarens cTelieHH KocHHYCa 1 — HedeTHoe Ho-

JIOXKHTENBHOE YHCJIO: .
n=2k+1.
- U3 cos™ x =cos?*t!x Brille/isieM NepBYI0 CTeNeHb KOCHHYca H HO-
JyyaeM
cos?+! x = cos?* x cos x = (cos? x)* cos x = (1 — sin? x)* cos x.
[oapiHTerpanbHoe XKe BHIPAXKEHHE 3aMHUILETCS TaK:
sin™ x cos® xdx = sin™ x (1 — sin® x)* cos x dx.
[IpuMeHUM HOACTAHOBKY
sinx=z2,° (8,12
cos xdx = dz, NOIPIHTErpaNbHOE BLIDAXKEHHe TPUMET BHI
2™ (1 —2%* de,

H BONPOC ONATL-TAKU CBENETCs1 K HHTErPHPOBAHHIO CYMMbI CTEHeH-
HHIX (QyHKUMA,
~ Hrak, sblunciienne unterpana (8,10) npy ykasadHbIX SHaueHHAX
M U A CBOIWTCS K MHTETPHPOBAHHMIO CTeNEHHHIX (yHKIMI.
Ipuctynum kK peienuio 3ajay.
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3anaya 8,5. BBMHCANTE HHTerpaim:
h L= Ssm"xdx, 2 I,= Scosls xdx'

3) I, = S sin? xdx; 4) I4 = S cos® xdx.
Pewenne. 1) 3anuwem, uro sin®x = sin®xsin X=
= (1 — cos? x) sinx. Toraa
I, = S(l —cos? x) sinxdx. ' (8,13)
TIpumensia noacraHoBky (8,11) cos x = z, monyuum

I, =— S(l-z2)dz=-z+5§-'+c.

Bosppamasch K €Tapof nmepeMEHHOH NOJYYUM OKOHUATENBHO
. COS X
+C.

CO6CTBEHHO TOBOPS, JJifi BRUHCIEHHS HHTerpana (8, 13) Hukaxoir
[I0JICTAHOBKH He 'rpe6yefrc51 TaK Kak tbopmy.na (1,29)

ly= —cosx

Su"u dx = n*_!_l-l—C
no3Bo/sieT cpasy Hanucars orBer. M3 (8,13) crenyer,uro
I, = S sinx dx — SCOszxsinx dx = —cosx -+
s ,
+ Scos2 (—sinx) dx = —cos x + os - 4C. ¢
ut u

STo sameuaHue OTHOCHTCS H K cnenyroumM NpHMepaM 3TOro0 HO-
mepa. OIHAKO MBI BCe Xe JIJis ynpaxkHenuit OyleM npuberaTs K mol-
CTaHOBKaM.

2) B noxasiHTErpaNbHON (pyﬂxuuu cos® X BHIIEJIUM TI€PBYIO CTENEHb
KocuHyca, Torla

cos® x == cos* x cos x = (cos2 x)2 cos x = (1 —sin? x)% cos x =
= (1 — 2 sin® x - sin* x) cos ¥,

AN

= S(l — 2sin% x - sin* x) cos x dx.
[Tpumensa noﬂc'raﬂoaxy (8,12): sinx = z; cosx dx- dz, HOJIy‘mM

I = S(l——?zz-l—z‘)dz——z—— +Z+c

Bosspamasce K crapofi nmepeMeHHof, T. €. sameHsis z Ha- sinx, nc-
JyYHM OKOHYATEIHHO ' ,
: 2sin3x , sin®x
3 -+ -+-C.
U 3mech, KOHeUHO, MOXKHO OhiI0 oOGofiTuch G€3 MOACTAaHOBKH,
a Becm HHTETDHPOBAHHE HENOCPEACTBEHHO MPH TOMOIULH OpMy Bl

(1,2

1‘2 = sinx
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3) U3 sin’x BEZeNsIEM NEPBYIO CTelleHh CHHYCA M NOJTYyYHM
sin? x = sin® x sin & = (sin? x)®sin x = (1 — cos® x)® sin x;

= g(l —cos? x)3sin xdx.
TNoncranoeka (8, 11) cosx =2z; —sinxdx = dz
= —S(l —28)3dz = —$(1 —322 432 —2%dz =

1
== —(z-—z’ +—5-25——7~ z") -+ C.
- BosBpalmasick K CTapofi nepeMeHHOH, T. €. 3aMeHAS z Ha cOsX,
NONyYUM OKOHUATEIbHO
3 1
Iy=— (cosx-—-cos"x + 5 cos® x —= cos"x) +C.
4) Pemenne npopeleM 6e3 MOAPOOHBIX OOBACHEHHIT:
cos® x = cos® x cos ¥ = (cos®x)*cos x = (1 — sin® x)*cos x;
I,= S(l — sin? x)* cos xdx =S(l — 284z =

ToncranoBka;
sinx=12; cosxdx=dy

= S(l —47% - 624 —42% - 28)dz = z — —%—z’ -+ —2-25—
4

1 . 4 . 6 .

P S B — & ains D inby __
=2 +gz +C=sinx 7 sinx - sin®x
——;—sin"x -+ -é—sin’x-{- C.
3apaua 8,6. Haiitu unrerpanu: 1) 7, = ssin‘xcossxdx;

2) I,= $c052 xsintxdst; 3) I, = jsin‘xcos’ xdx.
Pewenne. OTH INpHMEPH peIIAOTCA TaK XKe, KAaK U NPHMEPH
npefbinymeli 3a1aud. Y (YHKUMM, KOTOpas MOX HMHTETDANoM HaXo-

IUTCS B HedeTHOH CTEMeHU, BbLIAETAEM nepayro CTENEHb U IIpUMeHAEeM
YKa3aHHbIH BbIIlIe IIPHEM.

1) sin® x cos® x = sin* xcos? %cos x = sin® x (1 —sin® x) cos x =
= (sin® x — sin® x) cos x,
O3TOMY
I, = S (sin® x — sin® x) cos xdx = g(z‘-— 2% dz =

[Toacranoska: sin x = z;
cos xdx =dz

7 =——— +C

AN 4 C sinfx  sin?x

3amMensieM z Ha
sin x




2) MoxeuterpancHyio byHKUMO npeobpasyeM Tak:
cos? x sin® x = cos? x sin® x sin x = cos® x (sin? x)?sin x =
= cos? x (1 — cos? x)? sin x = cos? x (1 — 2 cos? x 4 cos* x) sinx =
= (cos® x — 2 cos? x -} cos® x) sin x;

I, = S(coszx—Qcos"x +cos® x) sin xdx =

TloacranoBka: cos x = z;
—sinxdx=dz

228

S(z —22% 42 )dz——(-zg—_s_+?;)+C=

| 3amengem Z Ha TOS X |

. (cos’ x 2cos5 x , cos?x

3 + 7 ) +C.
3) TlozwiHTerpanbuylo (pyﬂxumo sanulieM Tak:
sin® x cos? x = sin® x cos® cos x = sin® x (cos? x)® cos x =
=sin%x (1 — sin? x)® cos x==sin*x (I — 3sin?x + 3sin®x — sin®x) cos x =
= (sin® x — 3 sin® x 4 3 sin® x — sin'® x) cos x;
[. = S(sin4 x—3sin®x 4 3sin® x — sin® x)cos x dx =
‘ TMoxacraHoBKa: sin x == 2; cos xdx = dz‘

=S(z"—3z° - 328 — 219 dz =zi5——?l;—7-+§_§ +C=

| 3amenss Z Ha sin x |

sinfx 3sin?x |, sin®«x sm x

=5 — 7t — +C.
3anaua 8,7 (115 CaMOCTOSTENHHOTO pemex—ma).
Haiity uurerpansi: 1) jsirﬂxcos“xdx; 2) Ssinzxcos5xdx;

3) Ssingxcos“xdx; 4) Ssin"'xcos”xdx.
1

Otrser. 1) —-—;-cos"x—}u—

2 ..
2) —smsx——gsm‘ax +—17 sin? x 4- C;

cos”x-—-% cos x +~Tl'31 cost?x - C;

3) —?,—sinsx_-;—sinﬁx-i—c;
4) %cosf’x—— %cos?'x-l—C.

ind
3anaua 8,8. Haiitu uurerpanm: 1) [, = S%]ééi—xid 3

9) I, = S“‘”S X dx; 3) Sﬁ‘i’-‘ dx.

sin® x cos® x
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Pewenne. 1) sin®x=sin® xsinx = (sin® x)?sin x =
= (1 —cos® ¥)?sinx = (1 — 2 cos® x - cos* x) sin x;
1—2cos?x J-costx .- _ Sl-—222+z4 _
11__S o X sinxdy = — \————dz =

TloacraHoBKa: COS X == 2;°
—sinxdx=dz I

BrimonuuM mousieH yoe
IeleHHe

SRR P PR

I 3aMensieM z HA COS X I

== §'c'6'lsﬂ_£_&'£7 —cosx +C = %secsx——_Qsecx——cosx—f— C.
2) cos®x = cos? xcos x = (1 —sin®x) cos x;
(1 — sin2x) cos x dx Sl——z2 S(l__i) _
I '—S sin® x = £ 2 dz =

IMopcranoBka: sin x = z;
cosxdx=dz

1 1 1 1
‘= 525+323+C— -5—sinﬁx+§sin3x+
I38MCHHEMZH8 smxI
1
= — — cosec® x - —; cosec®x 4 C.

5
3) Uncanrens sin®x = sin® xsin x = (1 — cos? x) sin x;
I} (1 — cos? x) smx -—z —
3= cos®x =

Honcmﬂosxa COS X == Z;
sinxdx =dz

~=Jlamrpem =t v

l 3amengeM z HA cosxl

=gecx -+ cos x -~ C.

3anada 8,9 (ns19 CaMOCTOSATENbHOTO pelueHHS).
sin® x4 sin x sm’x
Haiitu uwrerpaner: 1) S 2) S -~ dx; 3) SC & dx;

4) cos® xdx; 5) Scos xd 6) Ssmuxd 7) cos® x dx;

sin x sin% x
Vsm2

cos® x

8) Ssm 2 dx; 9) Scosﬁ xy/ S xdx; 10) S
Vsin x
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—Injcos x|+ C; 2) gme +C;

cos? x

Orser. 1) —

)

3) 2c<1>s2x+1“|°05x|+ci 4) = x+ln|smx|+c
1 .

5) —m——lnlsmxl-{-c;

5 2 5 et 5 .6 5 q8 L. g0, .
6) 5 €os” x — cos X + 5 cos®x — 7 cos® x + y5 cos!®x— In |cos x]|;

7 313/sinx(1 — -2—sin2x —I——1 sin"x) +C;

8) ~2Vcosx(1———cos2x+-cos x—-—%cos“ )—{-C;

5 1
10) 2Vsinx (l ———é sin? x) +C.
3agaua 8,10 (1717 CaMOCTOATENBHOrO peieHHs).
Hamu unTerpanst: 1) Ssm * dx; 9 SCOS * g

9) 3|/s1r12 (—smx-——sm3 -{-—sm‘j )+C;

sin x
Orper. 1) —cosx—— 4 3cos,,x—|—C

Slﬂ X

COS X

+o +C.

Tpemuil caywail. CymMMa m -+ n Inokasartejell CTEmeHH CHHyCa K
KocuHyca B HHTerpane (8,10) — uerHoe oTpHuLaTeNbHOE UHCTO:

m<4n=—2%k (>0 u uenoe).

B sToMm caydae mopptHTErpajpHasg (YHKIHHE MOXET HMETb JBa
BUja:

1) TlogeinTerpanbtast QyHKUMS — IpoOb, B upcauTeNe Koropon
HAaXOOUTCH CTENeHb CHHyCa, 4 B 3HaMeHaTeJe — CTeNeHb KOCHHYyCa
(nnu HaoGopoT), NPHYEM MOKA3aTENH CTENeHH UMM oba YeTHble, HIH
ofa Heyernele. B 5ToM ciyuae ToOBOPSAT, YTO  OHH OJAMHAKOBOH 4eT-
HOCTH.

Tak rak m - n-— OTPULATENbHOE UHCJO, TO o*rcxoﬂa crepyer,
4TO CTeneHp 3HaMeHaTeslsl Oosbille CTEHEHH UYHCIUTeN.

2) TlonppinTerpanbHast ¢yHkuus — n1pobb, UHCAUTENL KOTOPOH mHO-
CTOSIHHAS BEMHUMHA, a 3HaMeHaTelb — NPOU3BEeHHe CTelIeHeH cHHYyca
M KOCHHYCA OJMHAKOBOH HYETHOCTH.

1
T 3sind x

2) -+ 3sinx

sin x

B paccmarpusaeMoM ciyuae (m <+ n = — 2k) mobasi u3 mnojcTa-
HOBOK ) ‘
tgx=1z2 (8,14)
HtH } '
ctgx=2 ' (8,15)
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npeo6pa3yer MOABIHTErpaibHyI0 (yHKUUIO B MHOrOWIEH HIH B MHOTO-
YIeH, CJIOXEHHBIA C UENBIMH oTpuuaTeJbHBIMH CTENEHAMH HOBOMH He-
3aBMCHMOIl TepeMeHHOoH 2.

Ecsn nmopbiHTerpasnipHas GyHKUMS HMEET IepBhli H3 Paso6paHHbIX
BHIOB, a B YHCJIHTeJe HaxXOIMTCA CTeneHb sinx, Gosee ynobGHONH u3
9THX INOJCTAHOBOK sBasiercs (8,14), ecnu xe B yncauTesne Haxogures
CTeneHb COS ¥, pallMOHaJibHee HNPHMEHHTb HojcTaHoBky (8,15).

HIpobu BTOpOrO BHMAa ¢ HoMoupio mnoAcTaHoBoK (8,14) u (8,15)
MOXHO IPHBECTH K HHTEIPUPOBAHHIO CTENMEHHBIX (PyHKuH.

Ilpumensia nopcraHoBky (8,14), Hamo yuects, uT0 u3 fgx=2

caenyer:

dx
dx = T
inx = z (8,16)
sinx Vi
1
CEEVTER) .
) a e . dz dz _ dz
(sec xdx=dz, dx= i l+tg2x"1+zz)'
Ecau npuMensiercsl mojcratoBka (8,15), To
d dz )
I N
sing = ———r
Vita| (8,17)
1
COS X = —ree—
Vl—l—zz
o __(sin*x
Sanaqa<8,ll. Ha#itu unrerpan [ == c—o-sg—;d
Pewenne. 3nece m=4; n = —8; m 4-n = — 4 — yerHoe oTpu-

uatensHoe uucao. IloppinTerpanpHas ¢yHKUMS OTHOCHTCS K pac-
CMaTpHBaeMOMy CJydaro.

Tak kaKk B YHCHHTENE HAXOJHICA CTENEHb CHHYCa, TO Ha OCHO-
BaHHH CJIEJIaHHOTO YKas3aHHs ynoOHO MPHMEHHTh HOACTaHOBKY (8,14):
tg x = 2. Tlo dopmynam (8,16) nomyuaem

2 P2
VO+ 2 4z 12 dz
I = 1 T+22= 1 T+
Vitar T+

4 (1 2)4 1 B
= Sz(l( +————_‘;:)2) l—-———-+ p dz = 524 (1 _|_ 22) dz =
= et rma=5+7 vc
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IMepexoguMm k cTapoiél nepeMeHHOH (3ameHseM 2z Ha tgx)

b 7
I _tg x tg +C
4
3apnaua 8,12, Haiitu unrerpan I = g’;ﬂfcd
Pemenne. 3nech n=4; m= —6; m -+ n =—2 — yertoe OTpH-

HaTelbHOe YHCIO, U Mbl HMeeM paccMaTpuBaeMbli Cayuail. Tak kak
B uMCJIHTeNe HaXOIHTCA CTeNeHb KoCHHYyca, YAOOHA MoJACTaHOBKa
(8,19): ctgx =2

Hcenonwssysa dopmyast (8,17), nomydaem

24
Vi+2p dz . 28 . cighy
I=- —“1—14—22“‘“524"2__"5““6“— 5 +C
) VU+2P
3amensiem z ,
Ha ctgx
3apaua 8,13. Hafitu unrerpans:
' sin® x , - (cos?x
1) 11=S555,—xdx, 2) 12~S§n,,—xdx.
Pewenne. 1) 3pech m =3; n=—7; m-4n=—4 —geruoe

OTpHIATENbHOE YHCIO, T. €. paccMaTpHBaeMblll ciydaii. B uncautene—
CTeneHp CMHyca, a HOTOMy ynoGHa mnoxcraHoska (8,14): tgx=z.
Wcnons3yst dopmyast (8,16), orHocAllnecss K 5Toll NOACTAaHOBKE, MO-
JIYYHM .

23

—_ B d
I = e
L VT

=frat+rfn=Parae={e+aa=F+5+rc=

I 3amenseMm z Ha tgxl

tg“ g x

fLEr

2) 3pecy m =—9; n =3; m-+n = —6-—yeTHoe oTpuHUATENApHOE
YHCNO, T. €. paccMaTpuBaeMbii ciydafi. B uunc/uTene — cremeHs
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KOCHHYCA, yIl05H0 NPUMEHHTb nozcTaHoBKY (8,15): ctg x = 2. Henons-
sys Qopmyasl (8,17). oTnocsmMecs K 3TO NOACTAHOBKe, MOMydaeM

Pl

l=— | VOER b (oq g pdr=

14
Vit +z?>9

=-—S'z”(1 +222+z4)dz=——S(zs+225+z7)dz=
" 3 8 B
—(z+5+5)+c-
| 3amensiemM z ma ctgx |

- (ctq x+ctg"x+ctg8 )—{—C

Hna ynpaxmenux K MEepBOMY MHTerpaiy NPHMeHHTE TOACTAaHOBKY
(8,15), a ko Bropomy — (8,14). OrBernl coOBHmanyT, HO B KaXKJIOM —
clyyae NPHIETCA HHTErPHPOBATH OTPHLATENbHbIE CTENEHH 2, MO3TOMY
HHTErPHPOBAHHE OCTOXKHHTCSH.

3anaua 8,14 (11 caMocToATENBLHOTO pemeﬂuﬂ) Boignciuts HH-
Terpanb:

1) ‘S‘gﬁd%‘; [noacranoska (8,15)l;

2) Xcoi‘ [moxcraHoBKa (8,14));

dx | .
3) ‘S‘cos"x Ssme ‘S‘coss
OTeer. l)-—ctgx-———ctg X+ C2) tgx+—l—tg3x+C; 3) tg x4+
+—tg x+—-tg x+C 4) ——(ctgx+ s ctgdx - ctg5x) -+ C;

-

5) tgx+tg3x+—5-tg5x +—7—tg7x+C.
3anaua 8,15 (A1 CaMOCTOSITENBLHOrO pellieHHs).

Haiitn uurerpaner: 1) ‘S‘smﬂ dx [noxcranoBka (8,15)};

9 [Fdn 9 (o5 an
Otser. 1) — pclgx+C; 2) —(%Efgbx +7 ot ")+ C;
3 B, —tg1°x+—tg12x+ C.
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B npensiiymux 3agadax m H 7 ObUIM NEJIBIMH YHCAaMH. 3To Tpe-
Gopanue He sipasieTcss o6sizaTenbHBIM. B paccMaTpuBaeMoM ciyuae
HEOBGXOOUMO TOJNBKO, YTOGBl M -7 ObLIO OTPHHATENLHBIM YeTHHLIM
yucaoM. Mbl IDpen/loHM HECKONBKO 331a4, B KOTOPHX cobiwopaercs
yCJAOBHE M+ 1 = 2k, HO m U n— YuCJA HE HEJble.

3apava 8,16. Haiitu wunrerpanbt:

S % 3 St x L
) I, = SV%’S—I,],—;dx; 2 I, = S‘/E?ss’;dx; 3) Iy = S tg?x sec® xdx.
Pemenne. 1) B nompiHTerpaibuyio (GyHKLHIO SinXx BXOgHT B

CTefleHH M =%, a COSX— B CTeNeHH n = — -, [loaToMy m 4 n =
1 9 8 4 v. 3
= — 5 =—5 =—4-—uerHoMy OTpHIATeJbHOMY WHCTY. 3pech

Hau6onee ynoGHOH Gyner nopcraHoBka (8,14): tgx =z, Hcnonesys
tdopmyan (8,16), noayuum .
1

22

[ Rad

—
I = \sit’ragr= | /T12) do '_ Sz% VTFa) 2

5 1 i+ T+2
cos’x ' 9
Vita)?
3 7
Lo g 1 L8 g3
=Sz2(1 —{—2'2)21\4_22 =Sz2(l —|—z”)dz==g(z2+z2)dz=—§ +5+
' g7
2,3 2.1 1 1
+C=ztgx+ Ztgx L. C=2 ’tgx<—§- tgx +- 7tg3x>+ C.
2) B stoM npuMepe NoKasaTeslb CTENEHH CHHycCA m = ——%, a Io.
KasaTe/lb 'CTeNeHH KOCHHYca 7 = % ,a TOTOMY M -1 = —'27 + -?7 ~

= —2 — YeTHOMY OTPHLATEJILHOMY YHCTy. 31ech YMeCTHa moJCTa-
HoBKa (8,15) :ctg x = z. YuuthiBasn cmasanHble ¢ Helt GopMyns (8,17)

OJIyYHM ) ’
3
2 — . 3
cosdxy , . (Vl F 9% dz 5 (V1 -+ 22)—3’- d
12=Sde=— T At ka A
sin3x 8 (VT2
VT29°

| TlpuMensem dopmyan (8,17) |

2 g8 3 s
=—Sz3dzﬁ—-5—z3+C=——§ctngctg’x+C.
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3) TlpeobpasyeM NORBIHTErpasbHyl0 (GYHKIHIO K BHALY, KOTODHIY
COOTBETCTBYET PACCMATPHBAEMOMY CJydaio:

N[ —

1
2
3 6, _ sinx 1 _smx
tg2xsect x = Iarrr ikt
cos? x cos? x
. 1. 13,
3neck m= 5; n=-—-5; m-n=—6—orpunarersnomy He-

9eTHOMy UHCIY. Mpumensss noacraHoBKy (8,14) H yuuTwiBas cps3an-
Hble ¢ Helt dopmyasl (8,16), nonydum

1

22

1 1 )
. 92 T
I, = ffﬂ%dx= (Vl;}-zz)2 lj_zz2 \S‘zz(l_l_zz)zdz_
2 13
ViFa?
| Tlpamensem dopmyan (8,16) |

1 1 52 9 3 47
=§z2(l+222+z4)dz= @F+22+P)de=752+ =22+

BosBpamaemcs K cTapoii nepeMenHoit, l
3aMeHsis z Ha tgx

11 3

Z +C= g2x+—-tg2x+ tg“’x-l—C—-

o

-+

—
-

=2 tgx( tgx+ 2tgx+ figbx)+C.
3anaua 8,17 (g1 camMOCTOATENLHOIO pememm)
sin ¥ sin X
Hatitn unterpaner: 1) S ]/coss = dx; 2) S ]/ o dx;
3) S tg2 xsect xdx.
Orser. 1) -tngtgx +C; 2 -—tngtgx—l— C;
3) 2Vtgx (-— tg? x - —tg"x) +-C.

Tenepb paccmMoTpHM HpHMEpEH, OTHOCANIHECS KO BTOPOMY BHAY
apobedt (cM. ctp. 665).

Bapaua 8,18. Hatiru: 1) 11=5'____di___- 2) -’2=5\;inaj;"

sind x cos’ x’ cos® x’
3) I, = S
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Pemenue. 1) 3nece m=—3; n= -5 m+n=—8—orpu-
[aTeJbHOMY UeTHOMY 4YHMCJY, a TOTOMYy IOJBIHTErpanbHas (QyHKIMA
OTHOCHTCSI K paccMaTpuBaeMoMy ciaydaio. il BHIUMCTEHHS HHTe-
rpajia MOXHO NpUMEHHTD /IOyl us moicTaHosok: (8,14) u (8,15).
OcTaHOBHMCS, Hampumep, Ha NozcraHoske (8,14): tgx =2z u ucnons-
syeM CBsASaHHHIE C Hell QopMyJIbt (8,16)

1 d 1 2)3
11=S - T 1+222=‘S‘( tsZ) dZ—"—'
VT2 (VT+2)°

Pis

= —smt3nlz| 43241 C=

| 3amenstem z Ha tgx |

1 3 1
=—Q—t—gz——x—l-Sln[tgx[—l——ftgzx—l—ztg‘x—l— C=
= — L ctg?x 4 3Inltgxl+ Stgx+ g tg* x4 C.

Jlnsi ynpaKHeHHsl NIPH BHIYHC/EHHH 3TOrO HHTerpa/ja NpHUMEHHThb
nogcTaHoBKy (8,15) m cBasannble ¢ Heli dopmyant (8,17).

2) B stom mnpumepe m = —4; n=—6; m- n=-—10—orpu-
1aTelbHOMY ueTHOMY uHcly. [loabiHTerpajbHasi QYHKIHS OTHOCHTCH
K paccMartpuBaeMoMy caydaroo. [11s BLIYHCTeHHs MHTErpasa, Kak 3TO
6bII0 yKa3aHO M NMpPH PELIeHMH NPeNbIRyIero. IpHMepa, MOMKHO IpH-
MeHHTh JII0GyI0 M3 MoxcTaHoBok; (8,14) uam (8,15). Urobh pa3Hoo6-
pasuTh pellleHHe, MPHMEHUM NoncTaHOBKY (8,15): ctgx = 2 u ucnonsn-
3yeM CBsizaHHble C Hell dopmynn (8,17)

J, = 1 dz
2—_‘8‘ 1 28 14 2
VTE22* i +2°
- (—1-—:——622)‘dz=.—— 1-}-422-}—62224—42“-}—28 dz =

Bruncasiem (1 -- z%)4
Ho dopmyne GuuoMma
Hrlotona

11 41 6 P
=gmtapts—%—3+C=

Bosspaiuaemcs x crapoii nepemensoff,
saMensis z Ha cigx

1 5 4 1 6
—'5—ctg5x+ -3—ctg3x+ ctg x

—4ctgx— %—ctg3x+C=

=%tg°x+ %—tg3x+6tgx-—4ctgx——-%—ctg3x +C.
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3) Brecb m=—7;, n=-—1; m4+n=-—8 I'IpnmeHHM NOACT
HoBky (8,14): tgx ==z quTb!Baﬂ cBA3aHHBE C Heli dopmyanl (8,16)
noJy4um - 3

1 d 1 8
13:5 Fg T 1-|-Zz2 5( t722) dz =
Vi+'Vigzz
2 |- 3¢ | 26 1,3 3
=Sl_i.3_§_-z';_u_i dz=S(z—7+z—g+_+_l_)dz=

~—fF—Tr—gptnlzl+C=

3amensiem 2z Ha'tg X ® yumTHIBaeM,
1
410 —.- =ctgx
tgx g

= —%—ctg“x—%ctg"x—%dgzx-l- In|tgx|+ C.

3anaua 8,19 (118 CaMOCTOATENBHOIO DPelleHus).
o \ dx dx
HaiitTu unrerpais: 1) S 2) S

sin® x cos® x’ sin x cos3 x’

X dx
3) Ssm*’xcoss ) Ssmxcos”x 5) Ssin5xcos5x‘
Orser. 1) 10(tgx —ctgx) + = (tg*x — ctghx) + + (tgox—
1 2 cos 2
—ctgx) +C; 2) g, + Intgx|+C; 3) — S§g§2ﬁ+
 +2nltgxl 4+ G 4 ptefxt o tgex+—3-tg4x+ 2tg2x+

+ Inltgx|+4 C; 5) '—%-ctg‘*x 2ctg?x 4- 2 tg? x4+ tg x4

+6In|tgx| 4 C. . A

Yemeepmoui cayqali.. CyMMa noxasaTenell CreleHH CHHyca M Ko-
CHHyCa paBHa HyaIo: ,m -+ n=0, nputeM npegnojaraercs, 4ro m’
H n — LeJble 4HCAa. j

Takum oOpasoM, nokasarend CTelleHH CHHYCa " KOCHHYyCa paBHB
no abCoMIOTHOH BeJHYHHe, HO NPOTHBONONOMKHBI 0 3HAKY, a IOJbIH-
TerpajbHOe BhIpa)KeHHe HMeeT OJMH H3 BHJOB:

sm X COS x
b cos™ x° wnu 2) sinx’

B paccmarpusaeMoM cnyuae unrerpan (8,10), eciu m >0, npu-

BOAUTCSA K HHTErpany BHja

[tgnxar, (8,18)
a ecnu n > 0 K HHTErpany ‘
S ctg® x dx. ' (8,19)
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K unrerpany (8,18) cnenyer npnmenuﬁ: noxcranoeky (8,14):
dz

tgx=12 dx= e (8,20)
OTa NoACTaHOBKA HPHBENET K HHTerpasty
[ g, -
14 2%
K unrerpany (8,19) ynoGHo npumenurts noxcranoeky (8,15):
ctgx =2 dr=— 1—3“:—2— (8,21)

KoTOpasl IPHUBENET €ro K BHLY

" d
—\1oT= T 2.
3y
Brinonnsaa AesneHue (B nepsoM ciaydae 2™ menum Ha 1 --22, a Bo

BropoM 2" Ha 1--2%), nmpuzem k. Bpra)KeHH}O Ko’ropoe Henocpes-
CTBEHHO HHTEIpPHpPyeTCs.

3apaya 8,20. Haiitn murerpane: 1) /1, = S tg! xdx;
9 I,={ctgxdr; 3) I,={ctg®xdr; 4) I,= [ tesxdx.
Pemenne. 1) [lpumensa noncratosky (8,20), nonydaem
1 3
[,= Sl_'_zzdz—- S(z”—l+m)dz=z—3~—z+arctgz+0=

| 3amensem z na tgx |

A@BH)=22 =14

22+1‘
—t—g——-tgx+arctg(tgx)+C=-————-tgx+ C.

2) B srom ciyuae mpumeHsieM nogc*ranosxy (8,21):

12=——Sl+zzd2— ——S(z3——z+zz—_z-i_—-l-)dz=

‘z5z(zz+l)=zs—-z+zé'—_ll
_ ‘2t 2 1 . i cté‘x ctg?x
Boaspaiaemcs k crapoil nepemes-
| Hoft: z=ctgx . . l
1 ) tgd x| ctg? 1 1
—ghE@s+)+C=—FEL St 0=
= ctif:x-}-c'[g;"——l-(lnl—21n|sir1x|)—{-C=
= Ct%:"—l.c'[gx—{~ln|smx\—l—C
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3) Toncranoeka (8,21) naer

"'—Sl-l-zz =—S(z4 —24+1— z2+1)d

= —(%-zﬁ—gztl—z—arctgz) +C.

.
Yuursisas, uto arctga - arcetga = <, a arctga = g — arc ctga

noJry4yaeM
I; = —%z5 +%—z"—z+arctgz+0=
= —%ctg5x —}-%ctg"x—ctgx-—x—l—c

T
(cnaraemMoe - OTHECEHO B MPOH3BOMBHYIO MOCTOSHHYIO).

4) Noxcranoska (8,20) paer

8
l,= Sliﬂdz S(z“ ‘+z”—1+;%i)dz=
1, 151 3 : ‘ 1. a
=5 —z?P+ gl —ztarctgz+C==tg" x—

—%tgﬁx—{— %tg”x—tgx—l—arctg(tgx) +C=

=—;—tg7x—%tg5x+ %tgax—tgx +x+4C.

3agaya 8,21 (11 CaMOCTOATENBHOrO pelleHHs).
Hafitu unTerpans:: 1) Stg6 xdx; 2) Sthxdx; 3) Sctg"xdx;

4) Stg3xdx; 5) Stg7xdx.
Otreer. 1) %tg%—%tg"’x—l—tgx’-—x-;—C;
2) %—tg‘x-—%tgzx—l—lnpec”xl—l—C;
3)—-;—ctg2x—ln|sinx|+C;
4) 5 tgtx + Infcosx| + C;
5) %—tg“x——i—tg‘*x—l——é—tgzx—{—1n|cosx|+C.
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lll UHTEFPHPOBAHME YETHBIX CTENEHEA CHHYCA
H KOCHHYCA

5 sin?s xdx, 5 cos?® xdx, n-— nemoe u > 0.
3 TpHTrOHOMETDHH H3BECTHO, YTO

sin? x = é— (1 —cos 2x); (8,22)

cos? X == é— (1 ++ cos 2x). (8,23)

[Ipumenenye 3TUX GOPMYJ NO3BOJHT CHH3HTb CTelle€Hb INOJBIHTE-
rpa/ibHOH (YBKUHM B pacCMaTpHBaeMbIX HHTerpasiax.

3apaua 8,22, Haktu: 1) I, = Scosz xdx; 2) I, = Ssin2 xdx.
Pewenne. 1) 3amenas cos?x no dopmyae (8,23), moryuum
1 1 1 .
I = 5-2-(1 4-cos2x)dx = ?(x+~2—sm2x) +C.
Hrak, ‘

S cos?xdx = —;- (x + % sin 2x) +C. (8,24)
2) Tlocrynas Tak ke, HafizeM

Svsin2 xdr= 4 (x — sin 2x) +C. (8,25)

3apava 8,23. Haitu I = Scos‘*xdx.
PeueHne.

cost x = (cos?x)? = [% (1 4 cos 2x) ]2 = %—(1 4 2 cos 2x 4- cos? 2x) =
| K cos?2x npumensem dopmyny (8,23) | )

__[1 +2cos 2x 4+ = 5 (1 +cos4x)]=—-[ +2c052x+~—cos4x].

[TosTomy

I=%S(§ 4+ 2cos 2x +%cos4x)dx=

= -4-1}— (%x -+ sin 2x'+%si‘n 4x) 4+ C.
3agaua 8,24 (1719 CaMOCTOATENBHOTO PelleHHs).
Haiitu S'sin‘* x dx.

Yxasanue, sintx= (sin?x)? = [% (1 —cos 2x)]2.

3x sin2x  sin4x
Orger. E’-—-T—}- 39 +C
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3apaya 8,25. Haiitu I = fcos"xdx. *
Pemenne. '
3
cos® x = (cos?x)® = [-é— (1 4+ cos 2x)] =
| pumennars (8,23) ,

= -é—(l =+ 3 cos 2x 4 3 cos? 2x - cos® 2x) =

[1 +3cos2x+3. —21-(1 - cos 4x) +\cosz2x . cos2x] =

[l - 3cos 2x +3+—3-cos4x -+ (1 —sin?2x) cos2xJ =

=1 [ -4 cos2x —l— — cos 4x -— sin?2x cos ZxJ
Iloatomy

l=—é—5(§ -4 cos 2x +- %—'cos4x-—sin22x cos2x)dx=

== —é— (-Z—x -+2sin2x - —Z—sin 4x — %—sin32x) 4-C,
3anaya 8,26 (11 CaMOCTOSITENBHOIO pPeIleHHS).
‘Hatiru: 1) j sin® xdx; 2) S sin® x dx.

Ykasanue. Yuectb, uTo cos®2x = cos? 2x cos 2x =
= (1 — sin? 2x) cos 2x = cos 2x — sin® 2x cos 2x.

Orser. l)—(5 x—2sm2x+—sm4x+-—sm32x) 4-C;

2)L(—1— sin8x-‘—-—4—sin 6x - 7sin4x——285in2x) +-§§x 4+-C
128\8 3 128 ’

3ameyanne. HUnrerpan jsin“xdx nonyuaeTcss U3 PaccMOTPeH-

_ o . o 2
HOTO B mNpexbayllei 3agaue j‘cos“xdx s3ameHoll xHa X + 5 ¢

cos (x -+ 1;—) = —sinx; cos® (x 4+ —;—) = (~— sin x)% = sin® x;

j‘sin“xdx—-Scos“(xz l‘-)dx

Hpoaepb're, 9TQ OTBET 3TOH 3a;1atm nojy4aercss M3 nmpegbiayilero,
€C/IH B HEM 3aMEHHTb X Ha X + 5 .
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1V. HHTETPAJIbl OT MIPOU3SBENEHUSA YETHBIX
NMONOYKUTEJbHBIX CTENMEHEA CHHYCA H KOCHHYCA
(MHTErPAJIbI BHJA:
Ssinmxcos?"xdx, rae m ¥ n— ueasie u > 0).

[lpu BLHIYMC/EHHH HHTErPajOB 5TOr0 BHJA HaM NPHIETCA IpHMe-
usaTh Qopmyan (8,22) u (8,23).

3anava 8,27. Haiitu unrerpanes: 1) I, = S éin”xcosz xdx; 2) I, =
= S sin* xcos® xdx; 3) I3 = S sin* x cos® x dx.

Pemenne. 1) 3anuumeMm MogbHTErpajbHyl0 QYHKIMIO Tak:

. . 1. 2
sin® x cos? x = (sin x cos x)? = (—2-sm 2x) =
1 ,

4

sin? 2x = —411- . -;- (1 — cos 4x).

| ITpumennts (8,22) |

Tloatomy

[lz-é-s (1 — cos 4x) dx=%-x—§1isin4x=C.

2) TlpeoGpasyeM MOpLIHTErpajbHOE BHIPaXeHHE TaK::

sin* x cos? x = sin? x cos? x sin® x = (sinx cos x)*sin? x =
1. S 1 i 9ou.a
= ~2-sm2x sin® x = o sin® 2x sin®*x =

K KaxaomMy CQMHO}KHTCJIXO NPAEMEH sieM
gopmyany (8,22)

=_411_. i2(1—cos4x) . ~é—(l—cost) =%(1-—5cos4x—cos2x+

- cosdxcos2x) = 11~6[1 —c0s4x —cos 2x - —12- (cfos 2x 4 cos 6x)] =
l IMpuamensiem popmyay (8,2) | -

—

=L6(l -—cos4x-—-~é—cos2x +~;'cos/6x).

[ostomy

12=1LS(1 —cos4x—~;-cos2x +~;-c056x) dx =

6
_L( —Lsinax—Lsinox+L in6x 4 C
=1 X 3 —7 S l2Sl .
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3) IlongwiHTerpanbHoe BHIpaKeHHe NMpeoGpasyeM Tak:
. . 1. 4 .
sin* x cos® x = (sin x cos x)* = (5 sin Qx) = Tlé (sin®2x)? =

2
= '1"[ (1 —COS4X)] =6171(1—2cos4x—1—c0524x) =

6
| Ipumennts (8,23) l

[1 —2cos4x—1— 5 ( —1—c058x)] 64(1—2cos4x—1— +
+7c058x) =€4(%—2cos4x—1—7ms8x).

13=6—2-S(%—2cos4x —1—%c058x)dx=€14(%x———21-sin4x—1—

| 1 . 1.
+Es1n8x) —1—C=1—2—8(3x—sm4x—1—§-sm8x)—1—0.

3apaua 8,28 (gas CaMOCTOSATENILHOTO Dellenus).
Ha#irn unterpane: 1) S sin® x cos* x dx; 2) S sin* x cos® x dx.
YKasaHHe.

sin® x cos® x = sin*x cos* x cos? x = (sin xcos x)*. % (1 4 cos 2x) =

1 4cos2x _
2

4
e (% sin 2x) . 2 (1 4-cos2x) = sm4 2x
) (sm4 2x - sin* 2x cos 2x).

jsm“ 2x dx BHUHMCIAAIOT Kak H jsm‘*xdx a Ssm‘* 2x cos 2x dx Jer-
KO HaxofaT Io q)opMyJIe (1,29).

Otser. 1) (4x—sm4x—1—sin2x-—%'sin6x) -+ C;

1(3 1. 1 . 1. s
2) E(Tgx——résmllx +msm8x+%sm 2x) +C.
3anaua 8,29. Hajitu nurerpans:
1) y sin® xcos*xdx; 2) j‘ sin® cos® x dx.
Yxkaszanue. sin®xcostx = —(smG 2x — sin® 2x cos 2x).

Berunucnenue ysin"‘ 2xdx cM. sapauy 8,26.

Oteer. 1) 2%6(3x—sin4x+—é—sin8x—isin52x) + G
2) ﬁ(—;’—x—sin 4x—1— s1n8x+ sm34x)
—%ésinﬂx—l-c.
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V. WHTEFPAJIbI BHJIA

S R (sinx, cosx)dx. (8,26)

3anuch R (sinx, cosx) osHayaer, 9TO HaJ CHHYCOM H KOCHHYCOM
IIPOU3BOAATCS TOMBKO DAaIHOHANbHEE ONEPAlHH: CJIOXKeHHe U BHIYM-
TaHHE, YMHOMXEHHE H2 HOCTOAHHBlEe BEJMYHHBI, BO3BENEHHE B LEJbIE
CTEIIeHH KaK MOJIOKHTEJbHHE, TaK U OTpHUATe/bHHE, nenexue. [py-
TMMH CJOBaMu, Iof cuMBOJOM R (sinx, €osX) clenyer noHuMaTh pa-
LHOHAMBHYI0 QYHKIHIO CHHYC2 U KOCHHYyca.

Hurerpansr Busa (8,26) npuBomsTcs K HHTErPajy OT panHoHalb-
HOH (QYHKUHH MONCTAHOBKOH

gy =2 (—s<x< ), (8,27)

KOTOpasi HAa3hIBA€TCs YHHUBEPCANbHOH TPHTOHOMETPHYECKOH MONCTAHOB-
Kofi. D10 HaspaHue MnoxcranoBka (8,27) nosyyuja INOTOMY, YTO OHA
BO BCEX CJyuasx NPpHUBOAMT QyHKUMIO R (Sifnx, Cosx) K panHoHAIb-
HOMY BHIY.

B TpuUrOHOMETPHH [OKa3hIBA€TCS, YTO BCE TPHUTOHOMETDHYEcKHe

QYHKUMH BHpaKAalOTCs PalMOHANBHO Yepes tg—‘;-:

X X

. 2tg—2- l—tg2§
Silx=——7—; cost=—,
1+tg25 1+tg*s

Nno3ToMy yHHBepcaqbHass TPUI'OHOMETPHYeCKasd mnojacTaHoeka (8,27)
npuBoguT K (opmynaM, Mo KOTOPHIM SifnX, cesx M dx BeIpaXkalorca
pauKoOHAIBHO uepes HOBYIO NepeMeHHyIo Zz:

. 2z ] —22 2dz
smx=—1——_F;§; CO.SX='1—?; dx=T+—Zz ) (8,28)
(ns ig % = z clenyer, IITO—;— = arctgz(— = < x < ©), x = 2arctgz;
2dz
dx = I—:i_—'z—z' ) .

Tlpumenas mnoacranosky (8,27), Mp! Morym OB BHUYHCJIHTB BCE
UHTerpasbl 9TOr0 NpaKTHUeCKoTo 3aHATHA. OnHako 3TO npupeio Obl
K 3HAYUTEIbHOMY YC/JOXKHEHHIO BHUHC/AeHuH. B ciayyasax, paso6pal-
HBIX Bhlllle, Mbl OOOILIHCH 0€3 3ToH MOJCTAHOBKU.

YxaxeM eumle TPH Cayyasi, B KOTOPHIX JIEFKO MOXKHO H30exaThb
YHUBEpCa/IbHYIO TPHTOHOMETPHYECKYIO NOACTaHOBKY (8,27). .

1. Ecou R (sinx cosx) MeHsieT 3HAaK NpPH 3aMeHe Sin x Ha —sin x,
T. e ecau R (sinx, cosx)— HedeTHad QyHKUHMA OT sinx, To MOIHH-
TerpansHoe Boipaxkenue B (8,26) npuBOAMTCA K palMOHalbHOH (QyHK-
IHH IIOACTaHOBKOH

cosSx = 2. | (8,29)
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2. Ecam ¢yHruus R (sinx, cosx) MeHseT 3Hak IIDH 3aMeHe COS X
HAa — COSX, T. €. eCJHM OHa HeueTHasi (QyHKUHS COSX, TO IOJBIHTEr-
pafibHoe BhipaxeHHe B (8,26) npuBOAHTCH K palMOHaJbHOH QYHKIHH
NOICTaHOBKOMH

. sinyx =z (8,30)

Eciu  ¢yukums R (sinx, cosx) He H3MeHsiercsi IIPH OfHOBpe-
MeHHOH 3aMeHe sinxX Ha —sinx M cOSx Ha — COSX, TO MOABIHTEr-
pajlbHOE BEIDAXEHHE B (8,26) nprBogHTCA K panMOHaJbHOMY BHIY
[0 CTaHOBKOMH !

tgx =z ®,31)
3anaya 8,30. Haiitu /= S sifx:x )

Pemenue. [lpuMeHnM yHHBepca/bHYIO TPUIrOHOMETPHUECKYIO
HO/ICTAHOBKY' ‘

. J 2d
tg—’2‘—=z; 51nx=H_—zz2; dx=-1—_l_iz2—
(cM. dopmynnt (8,27) u (8,28)).
ITostomy ‘
2z , )
1+ 22 1(a+29 1 (142242
1=S_8iﬁ-“_=75(_‘i;8_z)_dz=zs-+_;+_idz=
(14 2%°
1 1 2

Bosspamaemén X crapoit nepemeH-

x
HO#t: sameHnsieM z na tgg

x 1 X
-3~ +1ln tg—2-l+§tg27+c=

=—gelg s+ shnfted|+5te s +c.

3apaua 8,31 (a3 CaMoCTOATENLHOFO pelleHHsi).
dx
cosix

Ykazanue. Bocrons3oBarses pesy/IsTaTOM npeAbifyileii 3aaun,

' T . T dx

3aMeHHB X Ha X+ 3. Tak kak ¢ = n( = —_

~+ KaK €08 x = Si x-[—2 » TO Y —5

= ——, U B OTBeTe fipeabinylledl 3a5a4u BCIOAY BMECTO X

sin® (x-[— )

Haiitu | =

HOACTaBHTD X + 5
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Orser. [ = ctg”( +-g—)—§—-é—lnltg(§-+%)
+-§—tg=(% +3)+C.
[peoGpasyiite STOT. OTBET K BHIY -
ST
‘3a)1aqa 8,32. Haiitn I = S dx_

sin® x *

+

.

Pemenue. 1) 3necs onaAThb-rakH TPUMEHUM YHHBEPCATBHYIO TPH~

< tg X =20 si 2 . gy 22
TOHOMETPHIECKYIO MOACTAHOBKY: tg5 =2;sin¥ =y =i1a
=\ EE 1A+, Sl+4z2+624+4z6+zsd
- 3228 16 28 = _6 / 26
a+2%

—%S(%—I—gg—l—%—[—k-{-z")dz——f

|

NS

=4 F—2 k+6nlz 4224 F)+C=

\Bosspamaemca K cTapoil mepeMeHHON: saMeHseM 2 Ha tg —2-\

- 116('"4‘ ctgt £ —2ctgr £ +61n\tg z \+2t

3apaua 8,33 (g1 CaMOCTOATENBHOrO PEINEHHS)
Haiitu '

i x
s+7T tg4—2> +C.
cosbx °

Yxasanne. Bocrnonbsoparbea pesysnbTaToM Ipempinylleli sapa-
9H, 3aMeHHB B HeM X Ha x—|—12t—

OrBerT L

: 16(—;‘;—¢tg‘(% +%j—)-_—2ctg2(-§—+ %)‘+61n| tg(;;

| T 1 ‘r,
T e
3apaua 8,34 (s CaMOCTOSITENLHOrO pememm)

Hattra: 1) Sm; 2) S cosix *
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Otser. 1) —%(%@;—4—
X

—35¢

. _ 54 6sinx
3apaua 8,35. Haiiru / —‘js_—inx(4+3COSde

Pemenue. HpnMeH;;eM YHHBEPCAJIBHYIO TPHIOHOMETPHUECKYIO
no;((:'raﬂosxy:'tg% = 2. Hcnonesys dopmynsl (8,27) u (8,28), numeem

I__S 5_I_l-{—z“‘ 2dz _5522+12z+5dz_
= | 3(1—2z% \14+2& z2(7T+ 29
l+z2(4+ I+ 2% )

PasnioxuM Ha npoctefiiine 1poGb, CTOSLLYIO MOX HHTErpajgoM:
52412045 _ A Bz C
z(7+20)  z 74221
oTciofa '

522 122 +5=A (7T +2% + 2 (Bz + C);
a=%; B=2; c=1n

[Tostomy

% 3702—1-12
I = ?+—T_‘-_—22— dz = = ln zlf— In(7—|—22)—|-

12
+V—7—arctg77—“+0=

Ilepexogum K crapod nepeMeHnHOM:

saMensieM 2z Ha tg.g.

=35 X d , 12 Ao«

= 7[1‘1]@71 +3In (7 +tg2§>J + Vyarctg(VTtg—Q-) +C.
3azaua 8,36 (14151 CaMOCTOATENBHOIO pelleHHMs).

Haiitu unrerpain: 1) S ﬁ%——m‘m dx:

4 4-5cos x
?) ~sls1r1x(7—}-3smx) dx
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Orser. 1) —;—[-l?lntg (;+g)_3m?i_‘”:i_“."]+c;

COsS x

2) % lnltg-;f-l___?_ In 1%?&5%%'_

12 arct (7tg%+3)
7V 10 C8 oyio /°

3anaua 8,37 (77171 CaMOCTOSITENBHOrO pememm)

x -} sinx
Haiitu Smdx (HO}ICTaHOBKa. tg = 5= z).

OrseT. X tg 7+ C.
3apaua 8,38 (aiis CaMOCTOSITEbHOTO peme}mﬂ)

dx . dx
Hatirn  mrerpans 1) Scos x(l —sinx)’ 2 ) cos?x (1 -}-cos x)*

X
Yxasaune Ilogcranoska: tg T=2z

X
tg 5 ——
Orsert. 1) ————2——2—{- In Vtg(g--pg) +C;
o]

2) tg 5 +tgx+ ln\tg(%-[-%)

B 3ak/ioueHHe BBLIIOJIHHM HECKOJNBKO YIPaXKHEHHH Ha IpHMeHeHHe
yIpoOUIAIOUIHX IIO4CTaHOBOK, yKasaHHHX Ha crp. 111, ,

. dx
3apnava 8,39. Haiitn unrerpan [/ = Feol T ] P eintx

Pemenne. Tak Kak CcHHYC M KOCHHYC HaXOAfITCS B 4YeTHBIX
CTENEHAX, TO H3MEHeHHEe 3HAaKa y KakJAoro H3 HHX HEe H3MeHseT
noxviHTerpasbHoil GyHkumm (3-# caywait, crp. 112). Ilogcranoska
(8,31):

tgx=2z Seczxdx—dz, (1 4+2%dx=dz; dx = Tii_f—z—z
1 .
Ecmn tgx =2, TO Silx= —iee; COSX = —mam—; sinx =
g ’ Vi+a’ Vitzz’
2 1 H
= 1+22, coz ﬁ__—z?. 03ToMY
dz

_ 142 dz 1 ( bdz

- 1 b%z2 S @b T b Sa‘* +(b2)?
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[Monbsysck 3Tofl. GopMysiof, MOXKHO JIErKO BEIYHCIHTL HHTErpajibil

dx . dx
14 sin?x ? S 1 +4cosx *

BrimonnuM sto Tak: 1 = sin?x - cos?x, a mnoromy

dx _ dx _ dx _
1+sin?x — ) sin*x-costx 4-sindx ~ ) cos?x 4+ 2sinx
T |a2=1; b’=2|

= —]71—-7 arctg (Y 2tg x) +C. .

AnanoruuHo serko HalizeM, uro

dx + 1 1
Sl"lm =ﬁarctg(ﬁtgx)+c.
PekoMenjyeM BHYHCIHTL 3TH JBa MHTerpaja He 1O rOTOBOH ¢op-
MyJie, a NpH MOMOIIM IIOACTAHOBKH tgx = 2.
3apaua 8,40 (mns1 CaMOCTOATENBHOrO peELIeHHs).
. sin® x cos x
Haiitu S

sin x - cos x
Yrkasanue. [lepemena sHaka y CuHyca M KoCHHYyca He H3aMe-
HsleT MOZBIHTETPAIbHYIO (DYHKIHMIO, ‘a [IOTOMY H 37eCh MbI HMeeM Tpe-
TH# caydadt, u HauGosee yzpoOHoi Oyxer mnojcTaHoBka: tgx =2z,
I‘Io;(szHTerpaJleaﬂ GYHKUMS TIOC/e MOJCTAHOBKH IIPHUMET BHJ
4

TFg T+
OTtser. % In|sin x 4 cosx| — 71— cos x (sin x.4- cos x) 4 C.
3apaua 8,41. HaiiTu mHTerpanbr:

1) [1=S°_°_55_"dx; 2) 12-_-S dx

sint x sin® x cos?x*

Pemenne. 1) [Tpu 3ameHe cosX¥ Ha-—cCOsX MHOZBIHTErpajbHOe
BbIpa)KeHHe MEHSET 3HaK.
3xech yMecTHa nopCTaHoeka: sinx =z (cM. crp. 112);

cosxdx=dz; cosx=V1—2%

I - Sc.os4xcos xdx___ SV(*lz; 22)4dz _ S (1 — 2%)%dz —

sint x 24

1 —222 4 1 2 -
=S—z‘1—-‘{idz=§(;—-?+1)dz=

1 1 2 1 1 2
=—3 ' atrti+C=—3 mr+wms

Bosepamaemcs X crapoit
nepeMeHHON: 2 = sin x

+sinx +C.
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Y

2) ITpu 3ameHe sifx Ha —sinx HO}_IbIHTef‘paJleaﬂ dyHRIHA Me-

aser 3Hak. [TogcraHoBKa: cosx = 2; cM. c1p. l1I; sinx=}1—2%

H d
—sinxdx =dz, dx= — ——2t

VI<Z#£ ’ . .

. = dz _ dz
2_—SV1_z2V(1_z2)322 _—5(1—22)27.2 )

Y kasanue. Jpobb ('1‘:1_.-45)'272 Pa3ioXKUTh Ha 3JEMEHTapHLIE,
1 cos X 3 X
Orser. —— — 5o’z + 5‘ In tg~27l .

3apaua 8,42 (gns CaMOCTOATENBHOIO peLIeHUS).
Hafitu unrerpans:

dx i .
1) S T x oo % (moxcraHoBKa: C€oOS x = 2);

2) dx ’ -
sin? x cos® x°

1 1 ;
OrBer. l) m\—l—m%—ln‘tg%'%_c;

sin X 1 3 X x
2) 2costx  sinx +71n‘tg(_§+T) +C.

JAEBATOE NMPAKTHYECKOE 3AHATHE

Copepxanune: Hurerpaposanme anre6paHuecKHX HPPalMOHANLHOCTEH.

1. UHTEIPAJIbl BHJA

SR (x®, xP, xVdx, 9,1

rre o, B, 71— ApOCHBIE pauMOHa/IbHEIE YHCHIA,
R (x*, x%, XxY) — panuonanbHas (QyHKHMA 0T apTyMeHToB x%, xP, x1,
310 o3HaYaer, YTO Haj STHMH APTYMEHTaMH IIPOMSBOAATCS TOJBKO
YeTbipe apH(PMETHUECKHX AEHCTBHSI H JAEWCTBHE ' BOSBELEHHS B LENyIO
CTerleHb, Kak IIOJIOXKHTENBHYIO, TaK H OTpHIATeNbHyl. Boolbuie xe
Mo MHTErpatioM HaXojgHTCS HppanMoHanbHad (QyHKuMs.

Huterpasbl 3TOrO0 BUJA INPHBOASATCA K HHTErpaly OT pauMoHa/b-
HOH (yHKUHMH IIOfCTaHOBKOH ‘

X =y", dx=ny*'dy, 9,2)
T1e n — HaUMeHblllee KpaTHoe 3HaMeHaresieli gpoGefi o, B8, 7.
Hnrerpan (9,1) npeoGpasyercs K BHRY

S (™ y*, y™) ny"-'dy,
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Ho TeNepb na, nf, ny-—ueJable YUCHa H TeM CaMblM wuHTerpan (9, 1)
OT HDPALMOHANBLHOH (QYHKIHM CBEEH K WHTerpany ot pauI/IOHaJleOH
yHKIHH.

X
3agava 9,1. Hafitu | = ’/ —————dx,
;/x‘* Vix
L
. 3
Pemenne. Ilpejcrasum UHTerpal B BHJE s—dx. Hau-
x§—x2
. o 2 1
MEHBIIMM KDATHBIM 3HaMeHarelleii zpoGeit %, g U fABIAETCH 6.

1
Hog HHTErpajioM HaXogHTCs pauHOHaJleaH dyHKIMS OT X6, T. e
OT 1/ x. Huterpan otHocurcs K paccmaTpupaeMoMy THny (9,1), a Tax

KaK HaHMeHblliee KpaTHO® 3HaMeHaTeNlell jgpoGedi paBHO 6, TO mog-
cTaHosKa (9,2) 3anuwercs B Buge -

x = y% dx = 6ysdy; 9,3)
l 1 2 2 ! 1
= (¥*) = %3 = (ye)s =y %2 = )2 = 37,
a HHTerpaJI
1= Sy4 7 69 y_GSW—)dy:'BSyil 4y =
Brigensem

LeAYI0 4acTh
=6S(y“+y2+y+l+y—£—l)dy=
=65+ 5+ +y+Inly—1]]+C=

Bosspamaemcs k crapoit nepemennoi,
6 p—
¥3 (9 3) c.ne,z(yefr, o y= %

S R S I/ RN

3apava 9,2 (gis CaMOCTOHTeJleOFO pewenus).

Hafitn: 1)

?

' d
;/— Vx )j\x(]/x—l—yx) g

1/x dx
) — 3 =
*(Vx+1/%)
Yrkasanus. 1) Iepewit unrerpan. npuso,zm'rcsl K HHTErpasny or
panMoHaNbHOR QyHKIMH HOI(CTaHOBKOH x = y° Tlocame stofi mopcra-
HOBKHM MHTETpall NepeXxofHt B 6 S 7—1 dy.
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2) Ko BTOpOMy HHTErpasy NDHMEHsSIEM TaKYH e ITOICTAaHOBKY:

x=1yt
_ y+1—y [Cdy _ (_4y
)X £ty X.My+1)d 6L5y Sy+1}
3) K TpeTbemy MHTerpajy npuMeHsieM NMOACTAHOBKY Xx = y'?, Koro-
pasi NPHBOJHT MHTErpaj K TakoMy BHAY:

y¥r—1l—y
12§JU+” IQSJ(r+Ud IQU‘ dy— SJ+J
= — dy _ (dy _ (%4
= 12[ ; Slf S'J+1]'
Otser. 1) 6 [%f/;?+i-f/x_2+%1/§+%f/;+$/;+
12 0 — 12
+C; 3 ln AZ) - 12 .c
& x 2=
(1/ +) V'

3apaua 9,3 (119 CaMOCTOSITENIBHOIO DellieHHd).

3 4
Haiitt uuterpambi: 1) dxs - 2 1_/x3+V3?6+,Vx .

+1n|1/x_1l]+c %) In—*

VitV VLY
J+J+Jd

Ykasauue. Ilogcranoeka x = y'? npuoguT K 125l T

(BLIZRIMTD LeyIo qaCTb)

OrBer. l)6Vx—3Vx+2Vx—61H|Vx+ll+C
—_ 1 — 1 - — - N
2) 12 (@Vx‘-*+jr,‘l/x5—§l/x+]/x_arctg(l/x+l)+C.

3agaya 9,4 (/19 CaMOCTOSITEJIbHOrO pEILEHHs).

: 6
Hafitu unterpasnl: 1) G_I'S_Kﬁf dx; 2) dx4 :
Vx Vi(+VEy

3) 54‘/’7 dx.
Va4l ,
3 3 _ 186 —_ 6 6 _
Orser. 1) 7Vx2—gl/x5+3x—-7—x]/x +C;
4 .
2) 4 [4 L | VE+1) ]-Jrc
Vx+1
3 Lym—iny VE + 1)+
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11. UHTETPAJIbI BHJA

ax - b\e fax-+4 b\® [ax | B\T
SR [x’ (cx + d) ' (cx -+ d) ! (cx -+ d) dx, . ©.4)
rae o, B, y— paunMOHa/ibHbie JpoOHLIE YHCIAA, a R - panyoHasb-

Hasi GyHKUMA CBOHX apryMeHTOB.
IMocsie noacTaHOBKH

ax+b .
cx-+d v
rje n— ofliee HauMeHbllee KpaTHOe 3HaMeHareleH ngpoGeil a«, B, 7,
uHTerpan (9,4) nepexoiuT B HHTerpaJ OT panHOHAaIbHOH GYHKUHH.
Hs (9,5) cnenyer onpenesuTb X, a 10 HaHJEHHOMY 3HaYeHUID X
onpeneautb ero auddepennuan dx.
OrMeTHM, UYTO YaCTHBIH ciaydad uHTerpana (9,4) nosydaercs Toraa,
ax-b
KOorja BMecTO JpoGH Ei'i—l_—d HOAbIHTerpaibHas (YHKIAT COREPHKHUT
ApoOHble CTeNeHH JHHeHHoH (YHKUHMH OT X.
B sToM cllydae panmoHain3anusi JOCTHTAE€TCH NOJCTaHOBKOH

ax - b = y*, (9,5a)
rjle n HMeeT YKasaHHOE BHIIE 3HadeHHe,

3apaua 9,5. Haiitu 1 =S VL dx.

X —

PemeHune. DTOT HHTErpan MoxKeT 61>m> nepenucan -Tak: I =
x4
= —dx, ¥ NOITOMY OH OTHOCHTCH K paccmanHBaemomy THIY
(x— 1)2
[ToncraHoBra: x — 1 = ¢?; x = y? 1 1; dx = 2yady.
OcylecTssisl 3TH 3aMeHBl, ToJly4aeM MHTErpaj OT pall HOHANbHOMH
(yHKIHH:

S(y + 2ydy—2S(y +l)4dy 2f(y + 4y 6y +4y +

+1')dX=2(3y +5y gy +§y3+y)+0-—.—

K crapofi nepemenHOil mepexofnM,.
noJaras Yy = Vx - 1

=25 @—JVVk—1+7@—4PVm—L+5@—DW%—J+
s (R +V;:“1]+C=2V§‘—_i[-;-(x—1)4+

+7 =D g =g e D) 1]+ C
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xtdx

Gx+2Vsx+2° p

Pemenmue. I/IHTerpaJl npexcraBuM B Buze [ = 3 dx.

(5x+2)3

Ox omocmc;x K paccMaTpuBaeMoMy Tuny. Caesaem nopcTaHoBKY
5x 42 = J ps

Torxaa 5dx—— 2ydy; dx = y5 y, X == '5— .

[logcrapnsisi 5TH 3HAYEHHS, IONYYa€M HHTErPaJl OT DAlHOHAMTb-
Holi pyHKIMH:

3anaua 9,6. Haitty [ =S

e S
| ly=V5xF2|
=%_5[13(5x+2)1/3?ﬂ-"2—41/m—-]/5:+2]+0;

2 —T1 4
=T2—51/5x+2[— (5x-|—2)-—-_4—-\5;—--_'|_2] +C.

3anaua 9,7. Haiitu [ = jl——V———-

ax
n b<0).
Pewenue. Ilogcranoska: ax +b = y?; adx = 2ydy; dx = gyfdy;
1. '
x= - (4 —b).

HOI[CTaBJIHH aTH 3HayeHus B [, TOJYYHM IIOJ HHTErpPajoM pauuo-
HaJIbHYIO (QYHKIHMIO;

] = lQ!/d!/ ; [.__25' L. L
, a-— (y'—by ¥ J

Ecan b >0, TO’. b=~Fk? u ToOrja

- dy __ 2y y—*k.
T=2{ %y =g iy

3amensiem k ma ]/E'\

ay Ha Vax+ b
-V
I = m&—Z41+cCc >0
‘ V 7 e T 020
OKoHuaTenbHO, BO3BpAILasCh K CTApoH INepeMenHofi, uUMeeM
I = 1 Kﬁﬁir_é_:lfﬁ 2 +C. 9,6)

Vb Vax+b+Vb
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Ecin h <0, T0 b= — p%

2 v '
1_2Sy+ == parctgp 4- C;

lp=V=b y=Vax+5]|

2 ]/ax—l—b
= ad . 7
1 V_barctg =% +4C | o7
3axaua 9,8. Haittu I = V3;2+4dx

1
bl
Pemenne. | = j@’f_i;i)_dx.
X .
Mnrerpan oTHocHTCS K paccMaTpHBaeMOMY THITY.
2 __
INonaraem, uro 3x+4=y? Torma x= V4. g 2
a uHTErpaj npeobpasyercs K HHTErpaly oT PalHOHaJbHOH (YHKIHH;

3 3
— Yy 2ydy a
]_j(yz—‘l)z 7 =6 gl

3

Vnrerpupyem no dacram
ue=y; du =dy;

IV

-y .
dv= (*yz—_:z)—zdy

V3x+4+ ]/3x+4——2+
4 1/ xFi4-2
3agaua 9,9 (719 caMOCTOATENBLHOIO peleHHs).
Y — 3 %X —5
Haiiru 1) X VQxx 8 dx; 2) X 1-xx—3—§a’x
Ykaszanue. Bo BropoM mnpHMepe Nocje HOACTAaHOBKH yxoGHO
{IDHMEHNTD UHTETpDHDOBAHHE IIo 4acCTAM.

Orser. 1) 2V2x——3——]/_arctg]/2;;_ 4 C;

OrBer. [ =—

l(x—S)Vx-—S 1Vx=5 1 V=5
2~ e — 55— -}—20 = arctg Ve 4 C.
. 243 :
3ana4a 9,10, Hajith [ = K————%i‘ldx. b

Pemenne TlonoxkaM x-4-2=p% x=y>—2; dx=_2ydy.
Torna

1=Sy+32ydy—2§y 3 dy—2§( +7+———) y

,BLIJIeJIHTb Ley10 4acts |
Orser. | =x+14Vx+24561n|Vx4+2—4]|+C.
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3apaua 9, 11 (La9 CAMOCTOSTENBHOrO pPeEIICHHS),

dx
Hafitn 3 .
Xy x=8

Ykasanue. INogcranoBka x — 8 = y3.

WHrterpan nocse NOACTAaHOBKH IPUMET BHA! 3 S ﬁyi-;_y_S'

PasnoxuTh Apo6hb Ha npocrefimue.

Y
v +8
1 y2—2y+4 V3 —1

—Zln Y+ 2)° + P} arCtg V3 ,Flley—]/x—-S

dx

OTBeT.

3apaya 9, 12. Hajitu [ = 53 .
VE+20t—V 3+2x

Pemenune. 31ech NoAbHTErpasbHasi (GYHKUHS OTNHUAETCH OT

NpENBYIEX TeM, YTO OHA CONeIKHT KODHHU PasHBIX CTeNenejt (TpeTheli

H BTOpO#).
ITepenuinemM HHTerpal, 3aMeHfis KOPHH APOGHEIMH NOKa3aTesiMH:

[ = S ldx 5.
B420°% —(3+20°
O6wwii HaWMeHBINM 3HaMeHaTe/b ApoGed = 2ul paBer 6. Iloxn-
cranoska (9,5a) Oyner Tako#:
342 =1% x=
dx = M

y©—3,
2 I

HOI[CTEIBJIHH 3TH 3Ha4YeHU#A, NOJYy4YUM
5d . —141
P2 I MU SRS S

=3(% +y+lnly——lp+C=3(—2-V3+2x+1/3+2x+

BRosBpamaeMca K cTapofi nepeMeHHoM
6

y=V3+x

6
+1n]V3+2x—1|)+C.

3apaua 9, 13 (wisi caMOCTOATENBHOIO pPEIICHHS).

Haira: 1) 53 dx ) ij—W.FJ dx.
V(1+x)2—1/1+x Vxri—1
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5 8 6
orser. ) 3V, 14Fx+6V 1+x+61n[V1.|_x_._1H_C;
6 3 : 3
(V X, VEEY | V&L | VIET | VI

2) 6 +

e o c

TYrT1 4 mVEF 1-1)"‘ :

Teneps HafizeM HECKOJIBKO HHTerpanos Buga (9,1), B KOTOpHIX
NOALIHTEr pAJIbHAS q)yHKImﬂ— ApOOHO-NHHEHHas (PYHKUHA B ApOoOHOH
CTeIEeHH.

B—3x
4+ 7x

! 5. 3x
Peu e nue. IlogcranoBka TT 7%
HHIO palHOHaJbHOH GYHKUHH. V13 yka3saHHOH NOACTaHOBKH ompene-
JIHM X, a mortoM dx:

B —3x = 4y* 4 Txy? 5-—4y® = Txy? - 3x;

3anava 9, 14. Hafitu [ =S dx.

= y® NpHBENeT K HHTETPHPOBa-

54y

5— 4y = x (Ty" +3); » = TS
= =8y (y*+3) — 4y (5 — 44
de = T+ 3 %
— 94y
W= g rap
Tloaromy
9y . _ S ( 1 y
= Sywy Aoy = — % | ptady = — TRl 7

3nece yno6HO BMECTO DasOXeHHS HA
S/leMeHTapHble APOGH NPHMEHHTb HHTEr-
PHpOBaHHE IO YacTsAM:

u='y Jdu=dy
dv = 2_1/ 3 4Y u--—--l-' 21
(7y* - 3) 14 7y* -3
1( dy 1 1 VTN o
+17157y2+3“f’94(-1“21-7y +3+14 Y V_arcth3)+C-—

41y 47V %1 V
=7 s e gy+C=

5— 3x
4 —T7x

=V($_3x)(4+7x) 47V 21 7 5~ 3x
7 YT arCtg(V§V4+7x)+C

Bo3apam§emca K crapofi mepeMeHHoli: y =
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3anaua 9, 15 (119 €aMOCTOSITE/ILHONO PelIeHHS).

Hatiri: 1) I, = S ]/ iy, 9 I, = S g‘—gﬁdx.‘

OrBer. 1) —) 4 —x% 4-2arcsin -g— + C. (3ror npuMep MOXHO

JIEFKO DelHTh H He NoJb3yfick moAcraHoBKofl (9,5), ecsH nepemucathb
MOBIHTErpaJbHYI0 GYHKIHIO, YMHOXHB €e YHCJIHTeNb H 3HaMeHaTelb

a JV 2+ x. Torna
9) — Vm+20‘/51n[51—40x+
+4V5(3—4x)(9—5x)|+c
x 434/ 5E8

x—3 x—3

3agaua 9, 16. Haiitu uHTerpan I =S

Pemen ne. IlpuMeHnM nmopcTaHOBKY
x43 3

x—3

Orciona onpezeauM x H dx:

x+3=uxy*—3y% 3+ 31 =x—x;

_sa 2

BU 447 =5 — 1) x ="t
—12
dx = 7= f)zdy,

12y - ¥t
1={ vy =—12{ gLy

| HrTerpupoBars o vacrsam:
| u=ys du = 3y%dy
1

_v , 11
dy = - l)zd!/ \ v=—1 F—1

Orsert. | =(x—15)]/§i2491“1;§:215i:: +C

Sahaqa 9, 17 (ans camoCTOATENBHOTO peleHHS).
Hafitu usTerpans: j l_x dx; 2) SV H'x

l+x
3) S(x—?) V}f;dx.

YkasaHue. B nepsHxX AByX HHTErpadax Mocje NOACTAHOBKH
HHTErpHPOBATh MO YaCTaM,
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OTBe’I‘ 1)——(5+x)-l/l_’_ +6arcth1+x
2)(5—x)]/-llifc—6arctg]/:j'_’;+c;

3) (1—%x>][T__,¢2_—3—arcsinx+C.
Vetddd ;.
(x+42—Vxr4
Pemenne. IlogcranoBra: x4 = y% dx = 2ydy
’ 3 3
I=Syy‘ty 2ydy=2gyy8i1 dy.

PasnaraeM Ha npocteiiiye Jpo6b

3apaua 9, 18. Ha#iru uurerpan [ =

y+3 __ y+3 __A n By C
$B—1 —-DE+y+D) y—1" gp2fy+1°
Orciona caenyer, ‘lTOA=i, B_._.;_, cz_%;

1

I 81r1| 1] ln( +1 ty+'§

=g njy— ¥ +y )—V_arcg V3
2

4 C.

[Tepexopst K cTapoil NEpEMEHHOH, € IOMOLIBIO DAaBEHCTBA Y =

=V x 1+ 4 oxoHuaTeNLHO HOMyUYaEM

_ 4 rFd—1)® 4 2Viya+1
I 3]x+5+l/x+4 V_garctg 7 +C.

3anaua 9, 19 (119 camMOCTOATE/ILHOrO PEIIEHHS).

) Vifi4?2 T—x dx
Haiiru: 1) (x+1)2-—]/mdx' 2) SIVH_x =

0 . —— = —
TBeT. 1) In PENEIY e S Ta arctg 73

2) In Vit Vi—x +2arcth1+x

4 Vixx+V1—x
Ykazaunue. Ilocne NoOACTaHOBKH 1—1—— = > OKaxercd,
1— g2 o ydy '
y= 1+y2’d ==t e

45‘ y2dy
F—=DHEE+ D"

Hpots

1 11

¥y 1 ! e
(y2—1>@2+l)“4'y—1 4 y+1 T2 AT
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* Paccmorpum ellle HECKOJIBKO HHTET PalloB, CBOARIUXCS K BANY (9,4).

3anaqa 9. 20. Ha#tu I —-5

dx N

Vx—1) (x + )
PeweH He. STOT HHTErpan JIETKO MPUBOJHTCS K pacCMaTpHBae-

MOMY THIY: \ -

3 ————— —_—
Ve ra =V LoDt o= e+ )/ (L) (nommo

1 HHaue

3 2
3 , e ( .
e -V P - VD

TlosTomy

1=
S<x+2> V(;;;) - @

TlogcratoBka HaM XopoIlo U3BECTHaA:

x—1 .
x+2 =y (B)

Orciopa x— 1 =x® + 2y% 243 -1 =x(1 — 43);

2% -1 248 I
1y__+y3 i X+ 2 = y+ +2=

3
=

X =
QLdy_
(I—y%*
IMpoussoga 3amensl B (A), monydaem I =

dx =

Ha npocrefilue apoOb
1

=@ = (=TT
Orciona

' By+C
RETRgE e

1, ~_ 2
A=B= T C—g,
I=—Injl—yl+5ln( +5+4 +/3arctg ZEL 1 C
3

V3

Ws moncrasosku (B) crenyer, uTo y = V;i—;—% , @ I03TOMY 110
Tygaem _
3 3 3 3
! ="‘é'1“<vx+2 -;Vx_l) -!—VﬁarcthV’;/_l +Vx+2 +C.
Vx+2

| OTBer MOXHO HECKONBKO YIPOCTHTB, €CJIH NMOCTOSSHHYIO BEJHYHHY
5 In3 npucoequHuTL K NPOM3BOMBHON NOCTOSHHOM.
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OxoHuaTeJNbHO

. 3 3 :
3 3 3 — ¥ —1 ;
1=-—7lex+2—Vx—1l+V3arctg2Vx ‘13+Vx+2 -
V3vVi+2 ¢

3apava 9,21 (ana caMOCTo;{TeJleoro pememm)

Ha#tru wnTerpas:: 1)

SV(x-—S)s(er I)s SV(x+ 1)2(x—2)4

3) S———-
VIFxEd—y \ \
yKaSaHHi{. 1) V(x—3)3(x+1)5=]/(x—3)3g$—3—:= 15

- Veri T = PV

TTpuMeHuTH no,ucraﬂosxy ——— yhx41l= y4, s dx = (116y ;)yz'}
3 3 1
Q)V(x+1)2(xf'2)4=V§;igz(x——2 (x—-22]/fct; ,
INoxcranoBka: i"_';=y3; x=yl—3—'i_li”i; k
3, . 4. —%dy
X'—Q-—ya__l, dx = @?:—l-)—z.
4 . 4 ]
—_—— —e _
5 VIFFT—n- CEZ0—y=a—2n ) ((E.
1 4__ 1 2 .
ToacraHoBKa: li;‘=y4; =§4—+—1; I_X=W;
RS . ;
0 1 x—3 x 41 : Y
TBeT. )]/ 1+c 9) — ]/_2+c,
V1+x+V4(1—x2)+1/1 V41-x2) ’
3) — V2arcthl PV

V V1+x—l/4(l—x2)+1fl—x

©111. HHTEIPAJIbl OT BHHOMHAJIbHBIX AHOOEPEHLIHAJIOB

Tak Ha3BHIBAIOTCS HHTErpajbl BHAA :
{2m (@ 4 by ai, " .93

rge m, n U p— Jo6kle palHOHAJBHEIE YHCJA;
a u b — rakHe yrojHo MOCTOSIHHEIE, He paBHBlE HyJIO L, I'Ionmmeml
palibHOe BEIpaXKeHHE Ha3BBaerTcsi OHHOMHAJIbHBIM nncm)epeﬂuuauom.

1 KoneuHo, NpeANOATaeTcs, UTO UHCAA m, n 4 p He BCe Uensie. Ecum 6l Bok
OBH OBUTH IeBIMH, TO BONMPOC CBeJcs Obl K HHTEr DHPOBAHHIO CYMMBI CTeleHHHL
tyuruni, ;
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Il. JI. Yebpues poxasald, 4UTO TOJBKO B TpeX CIy4afX 3TOT
HHTErpa’ MoxeT ObITh BhIDaXK€H B KOHEYHOM BHJe 4epe3 aireGpad-
yeckHue, JorapudMHyeckHe U oOpaTHbie KPYropble GyHKIHH:

1) p-—menoe 4uCNO, KOTOPOE MOXKET OHTh NOJ0KUTEIbHBIM, OTPH-
HaTeJBHBIM HJM paBHBIM HyJMI0. B 3TOM Clydae npUMeHsieTCs moj-
CTaHOBKa

x=yg, (9.9)
rie §— ofllee HAUMEHBIEE KDaTHOe 3HaMeHaTene leoGeH mHu n.
Jto mpocreAmyi caydalhi: Aeno CBOAMUTCH K HHTETPHPOBAHUIO CyMMbI
CTEMeHHBIX (bym(uml. Hamun o paccMmaTpuBaThesi He Oyger.

m
2) "I; —Lenoe upea0. 3/leCh CeAyeT NPHMEHUTh NOACTAaHOBKY

a+ bx"= . (9,10)
1€ S — 3HaMeHarenab JApobu p.

m--1
3) - + p—uenoe umcno. B 3TeM cCilyyae npHMEHSIOT mo-
CTaHOBKY

L art b=y, (9,11)
e §— 3HaMeHaTeNb Apo6H p.

IIpyrux ciydaeB HHTErpUPYEMOCTH 6MHOMUATBLHBIX mvddepenuna-
JIOB, KPOME IepeYHCIEHHbIX, HeT. VIHTepecHo oTMeTHTh, YTO OHH OhIIH
ussecTHbl elle Heiotony, a Disep ykasai INpHUBEIEHHbIE BLIIE Mof-
cranoBkH. OnHako Tonbko Il JI. UeGHiues noxkasan, 4To 3TH Ciyuan
VHTETPHPYEMOCTH SIBISIIOTCH €JMHCTBEHHEIMH H 4TO B ADYIUX Clydasx
nurerpan (9,8) He MOXKeT GHITh BHIDAXKEH NPU INOMOLIH 3JeMEHTapHbIX

yHKUMH. .

Vot _
: |
3anaua 9,22. Halitn [ = :/—;V X dx.

Pemenne. HepennmeM HHTerpaja B BI/IJ:LC
1 1

I={x"T0+x7) T e
u, cpasHugas ero ¢ (9,8), moaydum
1

m——‘§" n=

Y
- 1 —3+l 3
CocraBuM BBIpaxkenue: z "i' = == 2—1nenoe auco.

CJICILOBaTeJIbHO 3JleCb Mbl HMeeM BTOpOPl cnyqapl UHTETPUDYEMOCTH,

Toneranoska (9,10) SaNyiLeTcs Tak:
B |

‘1-|—x4=y3; (1+ch_‘*)—3=y. 1 © 9,12

x4 = ul—-l ¥=@P—=D%x T=(P—DY T=
= g=Tp ¥ =4"—1)’3dy= 12" — D)dy.

—
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TTosToMy
1
[ = (g 1200 — 0Py = 120 (0 = Dy =
. _ vy _ (T 1
= 12S(y6 —yhdy = 12(7 —z) +C =124 (7 —-7) +C.

Bosspamasicb K crapoli TepeMeHHOH, IPH TOMOUH PaBEHCTBA!

3
4
y= Vl + /% moayuHM

3 4
LI 3 1 X 1
1=12(1+Vx)l/1+1/}(——+7‘/ —-z>+c.

3agaua 9,23 (15 CaMOCTOATENBHOTO pelneHHs).
3

V [
14+vVx
Haiitu V= gy,
Vx . 1
1
YKkaszaHue. m=—-——2—:n_= —6—;p=-—-: m_}; = 3 — nenoe

uHeslo. 3/1ech HMeeM BTOpO# c/Tyuail HHTEr PHPYEMOCTH. 3HameHaTeNb
: 1

apo6u p pagen 3, TlofcTaHoBka 9,10): 14 x8 = y°. Tlocne moxcra-
HOBKH TOJNYUHTCS ~

18{(y* — 1? v*dy.

6 _]3/'___6—'_[1( 6 )2 2( 6 1
orser. 18(1+VAY 1+Vx 0\ +V % — 7\ V%413

Y - dx
3apnaua 9,24. Hafitn [ = S-V—(;—:——___W.
. 3
Pemweénne. Sanumem HHTErpat B Buie [ = S (a 4 bx?®) 2 dx.
CpaBHHBas €ro c (9.8), sameuaem, 4TO M = 0, n=2; p= —-%’.

m41 m-1
CocrapisieM 4HCIa n+ 7§ —%’— 4 p, uroGH 0GHApYXKHTb, KaKoE

W3 HHX — neJoe (ecnH Obl OKasasoch, 9TO HH ONHO HS yHcen HeE
peJoe, TO OT HHTErpHpoBaHHS MBI 6Bl OTKa3aJIHCh):

mA1_ 0_"12_1 =-;- — He nefoe UHCJO;

n

m41 3

——%’—— +p= -é——-z— = — | — pgenoe uMcio, W Mbl HMeeM 3AECh
Tpetuii cayyqali HHTET PHPYEMOCTH.

[ToacTanoska (9,11) mnpu n =2 (3HameHaTenb Hpo0H p paBeH

TakXKe 2} BEITJIAQHT TaK:
ax~2+b =y
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" Orciona cnenyer, uro — 2ax~3dx =2ydy, a x3dx = — %ydy.

TlpeoGpa3yeM MOALIHTErpanbHOE BbIDAaXKEHHE TaK, YToGH OHO Ccofiep-
xano ax—2 --b (B TpeTbeM C/yuae HHTETPHPYEMOCTH OHHOMMHANBHHX
nudxpepeHuraloB peKOMEHYETCSl PeoGPa3OBEIBATh NMONLIHTErpaibHOe
BHIpaXeHHE TaK, UTOObl OHO Coliepxkano ax—"--b). BrmHocs B
HONBIHTEr paJIbHOM BBIPaXeHHH X? 3a CKoGKY, HMeeM

@-Fbx? %dx = [xz(;ca-z + b)]~ _za'x =

3
=x3(ax~?4-b) 3dx=— %y-%z'y.
[Noatomy

IloncraBnsis ciona

1 1 1
y= (ax—2 - b) 2(’% 4 b)—g — (a + bxﬂ)_z',
HONYYUM OKOHYATEJIBHO

1 x
_ e C-
2y a ¥ bx? +
3apaua 9,25 (15 CaMOCTOSATENBHOrO PELIEHHUS).
Haiith Sl/x (3 F 4x%) dx.
1 1
Y Kasauue. 3anucath HHTErpal B BHUIE S'x 2(3 +4x%) 2 dx;
I, . 1, m41 .
m= =i n =3; p=-; — -+ p = 1—ue/oe uucno, tperuit cuy-
4afi HHTErpUpYEMOCTH.
[oacranoBka (9,11): 3x~2 + 4 = y2. TlomeiHTerpaAbHyIo QyHKUHIO
1

npencrasuts 8 Buje x2 (3x~3 -+4)2. Vs moxcranosru ClefyeT, 4TO
—4

3x-3 =12 —4; x—3=y23 , a x3= —- Orciona  3x%dx =

= (732'__214).2 dy; Bdx= — (—ygzy_‘i-—f)-é, U HHTErpaj npeoGpasyercs K BULY
242

— S@'z:gf dy.

Boiuncnenne 3Toro HHTErpaja MOXHO BBHIIONHUTE Pa3/0KEHUEM
panuoHanbHOH Apo6U Ha mpocTefillpe, HO Npolle HNPUMEHUTH HHTe-
TPUPOBaHUE IO HACTAM, IoJarasfl

U=y du=dy

L R
W= | 'S5 4

5 3.1734 129



IMocae uvHTErpHPOBAHHS NOJAYYUM
=Y _Lipt=2
1-—?:_—4-—— 4,1ny+2+6’,

npuyeM, uTOObl BO3BPATHTBCS K CTapofi NepeMeHHOH, Hallo Cioja
NMOACTaBHTD

y=VEIFi= ) S +a= Y HEE
3anaua 9,26. Haiity unTerpassr:
4 3

1) -——-f-—i-dx; 2) st]/5"“_+ e dx.

_11/5F%F
T x x

.

@ (12)_;;*);
x(3—x .
OrBer. 1) m—--ﬁ-arcsmxj— C;

2) %(5+x2)(4x’——15)l/5+x; +C.
IV. HHTEFPAJIbBI BHJA

(R(x, VaEFox Foax, 9,13)
rie R — sHaK pallHOHaJbHOH (yHKIHH,
(Eme pa3s manoMmHHaeM, 9YTO 5TO IOHHMAETCS1 TaK: Hal apryMeH-

tamu x ¥ Vaxt +bx ¢ MOTYT INPOH3BOAMTBCS 4Yerbipe JAEHCTBHSA
apubMeTHKH H BO3BEICHHE B IENYI0O CTelleHb KAaK IIOJOXKHTE/BHYIO,
TAK H OTPHLATENBHYIO). '

a) Murerpaan Buja

___dx 9 14
f Ve ©.19)

HanomusM Tpr wuHTErpaia, KOTOphle HaM uacTo GYRyT BCTpe-
qarbCs.

1 ul R - -—T—_Z—_, ) X
)s-———-’/uzﬂzdx. lnlvu-{-Vu T &4C; 9,15)
2) ST/Tu_V dr=aresin% +C; 9,16)
u —
3) j'ﬁdfoVu+c. | | ©,17)
Briaucaenne unrerpaa (9,14) NPOM3BOAHTCA TaK:
1) non xopuem |a| ciegyer BolHecTH 3a CKOGKY, ——TI_—-__——sa 3HaK

Viaj
HHTErpana; :
2) nmocne sroro mox KOpHEM BHIAEJAHTH IMOJHHI KBaApar M npu-
MEHHTL dopmyny (9,15) (upu a > 0) win (9,16) (npu a < 0).
(Ecmu Ja] =1, To BHHecenne 3a CKOBKY CTAHOBHTCH H3JIHIIHHM,
H Hano TOJNBKO BbIZE/IMTH IIOR KOPHEM MOMHBEIA KBagpar).
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3apaua 9,27. Haiiru uurerpan I = Sm

Pemenne 3nech a=2>0; Bompoc cBenercs Kk NpHMeHEHHIO
dopmynst (9,15). Bbinecem mop KopueM 2 3a ckoOKy ¥ B OCTaB-
eMCs] BEIpaXKeHHH BBIIETHM HOJIHbIH KBajIpar:

V2x2+3x+7 = VQ(:@ -2-x+%)=
—
=V2—V"2+ gt 7=V [x+3) + T

V2SV s Ty Y () o

Bripaxenne, crosilliee
noj KopHeM, PaBHO

3 7
#=gity

TIpeEmensem q)opmy.ny

9,15): u=x+7;
u =1

4x+3+4]/x2+—g—x+%
1

=-——1—ln

V3 tC=
%—‘}?{ln|4x+3+2V4(x2+§_x+'%);ln4}+0.

OKoHuareNbHO, HPHCOENHHAA V_ In4 x npoHSBOJIbHOH HOC-

Tbmmoﬁ, rosiy4yaeM
=7%1ny4x+3+21/2(2x2+3x+7| +cC.

3amaua 9,28 (a9 caMOCTOSTENHLHOIO pelIeHHS).

. dx dx
D) N\ — .}
Haimit marerpanst: 1) Vo rorrd ' 2 W rr s
dx dx
V5 + 13x F 8x2 V 11+ 5x + 6x2

_ )SV14x2+9x+l
Otser. 1) V—‘7-1n|14x+5+21/7(7x2+5x+4)|+c;

9) In|2x 4242/ @ I 2% £ 9] 4 C;
3) %lnllﬁx-{-13+2V8(5+1"3+8x-“'—‘)l+€;

4) V61n112x+5+2]/6 6x2+5x+11)|—t-C

5) In|28x +9+2V 14 (14x* +9x + )| +C.

T/‘ﬁ

5% 131



- dx
3amawa 9.29. Hafity unterpan [ = fVWm .

PemeHnue. 3xech a = — 3 < 0, uATErpan MOXKer ObITH BBHIUHC-
nex no GopmyJe (9,16). Boinecem nox kopHeM 3a ckoOky 3, T. e. |a|:

VErT—a= i3+ 5i—n)=V3) T+ i n=

Boinesisiev non kopHem
HOJHER KBalpat

VIV (=3
5l -

Ilns sbige/leHHsi IOJHOTO KBaJpara B 9TOM Clyyae IOCTyIaeM
tak: 1) craBuM nepel CKoOkofi MuHyC; 2) B CKOOKy BIHCHIBaeM X
H NOJMIOBHHY KO03(hdUIHeHTa {IPH X B MePBOH CTelleHH ¢ OOPaTHHM
3HaKoM; 3) BEIPaX@HHe B CKOOKe BO3BOAHM B KBaipaT, a KBajgpaT
BTOPOTO CJlaraeMoro B CKOOKe NpuOaBjisieM K CBOGOAHOMY uJleHy.

7
1
= — arcsm — 1. C,
"y
INpumensiem (9,16):
7 YV 109 ’
Usmxr—g 4= "¢
OKoHuaTenbHO
[=-LaresinZ=" 1 C.
V3 V109
3apaua 9,30 (nns CaMOCTOﬂTeJIbHOI‘O pelueHys).
1 —:—'—-..___ N
Haiitn nmerpanm ) S Vi
)SV3-|—2x )SV‘J—x—x’
g SVU -|—9x—-7x"
Orpert. 1) arcsm V— +C 2) V' arcsm +C
» 2x + 1 l4x
3) aresin=—L- }-C. 4 _arcsm C.

6) Huterpanm Bmla
Ax J- B
. JVaTnTe
Murerpanst storo Bupa npusoasTcs  uHrerpanam (9,15) un (9,17),
e a>0, a eciu a<0,—k wuurerpanam (9,16) u (9,17). Hdoc-
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THraeTcs 3T0 TaK: B YHC/IHUTeNe JpoOM, CTosllefl MOX HHTErpasoM,
saTHCbIBAGTCS NPOUSBOAHAN TONKOPEHHOrO BbIpakKeHus, T. e. 2ax -
b, KoTopas TOXIECTBEHHbIMU INpeoGpasoBaHnAMH HpeoGpasyercs
p 3afaHHbll umenurens Ax -+ B.

A
Ax-+ B = (20x + byg, + B— 22,

i TOTKa
A bA
S Ax+ B _ (2ax+b)%+B—-§a— _
VaxrFbx+ ¢ Va Fbx +c
Pasyaraem ma eymmy
IBYX HHTErpaJoB
__/_IS 2ax + b dx—{—(B—E—A—)S dx
2a)V ax? + bx + ¢ 2a ) )V ax® X bxtc
DTOT HHTErpall BHIYUC/ISA- SroT wHTerpan npueo-
ercs no dopmyne (9,17): nurcs npu a > 0 K uHTer-
YUCAUTEND — [1POU3BOA- pany (9,15), npu a < 0—
Basl MOJKOPEHHOro BLIpa- no dopmyne (9,16)

HKeHua

3agaua 9,31. HafiTu uuterpaJs
1) 11=S————3___£_3_-____—7———dx, 2) 12":-'5 2x+5

Voxif8x+1. V7T 8e—1la® dx
' 3 2
p : BM—7 g j‘(‘°”+8)°1‘0'°7‘ﬁ)
.emex-me. )SV5x2:l-8x+l - Vo8 1 -
_3 10% -+ 8 x___4_7_S dx _ .
”logvs—xz—z;—"—' “8x + 1 5)V52 r8xt1

' Cu. sapauy 9,27 I

’

l Tpumersgem dopmyany
)

Z%V5x2+8x+l *g‘:/lé:ln|10x+8+2l/5(5x2+8x+1 [+C.

1 8
2)S w5 5(8—22")(“1‘1)"‘54‘11
* V7F8x— Izt V7F8x— 114

dx ==

_ _I_S 8§ -—22x » +6_3S dx -
)Y 7TF8r—11x2 )Y 748x — 1122
Tpumensiem dopmyay Mocrynaem Tak Xxe, Kak
‘ 9.17) w B 3anave (9,29)

- 2V T TR R 63 . 1lx—4 \
= 111/7—1—8x 11x +11Vﬁ aresin ——= +C.
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3apaua 9,32 (1Js CaMOCTOSITENLHOTO PeIIEHHS).

Haiity uurterpasni: 1) SV%’—J;—d—;T—{-:’»;
C oo [y (e
' V3P x+9 Vig—z—7
) [y ftaeet
Otser. 1) %Vm___lnl4x+5+

+2V2(2x2+5x+3)|+c
9) —l-l/3x2+x+9+ V‘ In|6x+14+2V3BE +x +9)|+C;

)——l/4x —x— 7+ 1n|8x-—1+ V4 (42 —x + 1) +C;

—a— 5 3 . 4x+3
4) — =) 8 —=3x — 24 — —=arcsin —=— 4- C;
) —<V 73 T
19 10x + 13

5) — — I3x —5x% — arcsm i C

B) uHTerpnposarme q)ynxumr Bula R (x, Vax’ + bx - ¢) B obuiem
cayuae NPHBONHTCH K HHTETPHPOBAHHIO pallHOHaNBHOH NPOOH H BHI-
YHCJIEHHIO HMHTETPANTOB TAaKHX TPeX BHIOB:

P (x)

h S]/'axz Frer vy dx (P () — mMHOTOUJIER); ©,19)
dx ‘
e — . 0
) S (x + k)pVaxz -+- bx + c (p esoe YHCIO H > 0)’ (992 )
(Mx 4+ N)dx _ . 0
3 S @+Bx+ " Va + bx+c (m—uemoe wucao u m>0)

9,21
YkakeMm crocoGbl BHIYHC/EHHs HHTerpatoB BulAa (9,19) u (9,20).
BHIIIOJIHHM YIpPa’kKHEHHS Ha IPHMEHEHHe 3THX crioco0oB, a 3aTeM BHI-
YHCJIHM HECKOJbKO HHTErpajioB, B KOTODHIX MOJLIHTErpaibHylo pyHK-
LMIO NpHIeTCs HpeoGpa3oBbIBaTh Tak, 4ToOBl BONPOC CBOLMJCH K BHI-
YHCJICHUIO HHTErpasioB yKa3aHHBIX BHIOB!.
1. Harerpan supa (9,19) shiuncasercs no dopmyJe

_iL = 3 dx
SVW dx=Q(x)Vax +bx+0+lS—————V_——_ax2+bx+c, (9,22)

rle Q (X) — MHOTOU/IEH CTeleHH, Ha eI{HHIY MeHblied, 49eM MHOro-
uyien P (x).

! HMrerpaast Baga (9,21) namu l/&aacemanﬂBaTbcn He OyIYT, TAaK Kak Nporpamma
He mpenycmarpaeaer nsyuenne ux. MaTepecyiounecss 5THM BHIOM RHTErpajoB MOTYT
obpaTtateca K yvebuuky I'. M. ®uxtenrosbua «Kypc zaddepeHinaJbHOTO B HHTE-
TpalbpHOrG mcuucjaenusy, T. 1I, § 272,
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Koabduuuents: MHorounena Q(x) ¥ uncio A MHopnexur onpege-
. dx

geuno. HMATerpan xe \--——=—= BHIIe yiKe ObLT pPacCMOTpPEH.
P Var*£bx Yo y: P P

Ina onpenenenusi kKosdxpumueRToB MHOTowIeHa Q (x) ¥ umcaa A
MOCTYTIAIOT TaK:

nudkpepennupyior ofe wacty paseHcTBa (9,22) m nonyqam TO-
JKIECTBO

P (x) "WV e FbxFc (2ax -+ b)
re——————— X ax bx 4 b R r————————%
Vas X bx+c Q@ 0+ +Q()2Vax3+bx+c
1
)\ o
, + Vax* L bxtc i

(npon3BoqHas HeolpeleJleHHOTO HHTErpajia paBHA MOJLIHTErpasbHON
(yHKImH).

YMHOKaf 06€ uacTH 3TOr0 paBeHCTBa Ha Vax® -+ bx +c¢, noay-
qaeM

¥

P)=Q (» (ax2+bx+c)+—21-Q(x) - (2ax + b) - )

HeusBectnble xo3dduunentst MHorounresa Q (x) m 9ucao N Haxo-
ASITCsi CpaBHeHHeM Ko3(QHIHEHTOB NMPH OLMHAKOBHIX CTENEHSX GyKBBI
X B _TMOC/ICJHEM DaBEHCTBE.

Honcrasnas naljensble Koaqxbuunembl u gucio A B (9, 22) U BH-
YHCIAA HHTErPall, BXOAAWME B NpaBylo 9acTh 3TOH GOpMyJbl, Haxo-
AuM B uurerpana (9,19).

PemnM HeCKoNbKO OTHOCAIMMXCH Ciofla HPHUMEDOB.

3% - 5x2—Tx 4+ 9
Voxt¥bx+7
Pemseu ue. Ha 3cnoaannn (bopMyJIbI (9,22) umeem
3x3 4+ bx2—7x + _ 2 5 T ES T
S VA TaT dx = (ax +bx+c)V2x +5x +7 4+

MHorowen creftedn, Ha
eNHHHLY MeHbINefl, yeM
MHOrQYJIeH YHCJIUTEeNsl Apo-
. Gm, crosiilefl OA HHTErpa-
JIQM
. dx
+)\ —-——;-——________..-————*—.
| Vax2bx + 7
Onpenenenuio MofiJiexkaT HeusBecTHble ko3bduuuests a, b, ¢ u
qicao A,
JuddepennupyeM ofe zacTH NOCAeLHEro paBEeHCTBA H, YUHTHIBaf,
4T0 NpoH3BOAHAR HeONpeJRJIeHHOrO HHTerpaja paBHa MoAbIHTErpaib-
HOIl (YHKIHMH, NOJTydaeM

3x3+5x2—-7x+9,= BV 9 L Ex L7
ey (et W e 5% +7 +

2 . dr+5 !
+ (ax® + bx C)2V2xz+5x+7 +XV2x2+5x+7'

3apaua 9,33. Haiiru .PIHTeraJI I =
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VMHOKAS 06 uacTH 3Toro papeHcrsa Ha 2}/ 2x? 4 5x 4 7, HMeeM
6x% 4- 10x* — l4x + 18 = (dax + 2b) @x* +5x + 7) +
+ (ax? 4+ bx -+ ¢) (4x 4 5) - 2).
CpasunBas Ko3(pdHUHEHTH NPH OAHHAKOBBIX CTemeHsX OYKBH X
B J€BOH H TpaBoll 4acTAX 3TOro paBeHCTBA, NoJydaeM:

Mpu x® 6= 8+ 4a. ‘ M

[pu x* 10 = 20a 4+ 4b - ba 2

[lpu x |— 14 =28a + 10b - 5b + 4c 3)

Ipu x° 18 = 14b + 5¢ + 21 ' 4)
(croGoprs fi

q71eR)

1
W3 mepBoro ypaBHEHHS cJelyeT, 4TO @ =

_2‘-
Moxcrasnas a =—;— BO BTOpOe ypaBHenue, noayuaem 10 = 10 -}
5 5 /
+ 8b -, oTciofa b= -6 Ilpn nalileHHBIX 3HaueBHAX a U b U3

ypaBHEeHHs (3) monyuaem, uro c=—%, a u3 ypasdedun (4) —
3297

A =221

128 °
Takum ofpasom,

_(la 5 313\ e, 3297 dx
I-—(2x 16x———-64)l/2x +5x+7+———128 SV———m
Hnrerpan ‘

dx 1
P o — 2V4x® 1 14 €,
SV2x2+5x+7 I 4545+ Vi + 10x - 14] +

ICM. 3ajgavy 9,27I
a noToMy OKoBYaTeJbHO
= (32 —20x—373)V % +-5x + 7+

+1-23829—% In|4x +5 + 2/ % + 10x + 14] +C.
3apaua 9,34 (A1 caMOCTOATENBLHOTO DEUIEHHS).
x2—4 3x2—8x -5
"——"——dx; 2 S——__.——: dx
Y 3x24-6x—5 ) ViE—4x—7
YxasaHud. B neppom npumepe Ha ocHoBaHHH (opmydst (9,22)
uMeeM ‘
x2—4 s dx
me=—————drx=(ax+b) V3 L 6x—5 ;A e,
SV3x2+6x—5 (ax +0) V'3 + + Vi +6x—5
Huddepesunpyem o6e wacTH 3Toro papeHCTBA, 0CBOGOKAaeMCH OT
ApoGeil U CpaBHHBaeM B IIOJNYYEHHOM DaBeHCTBE Kod(DULHEHTH npH
ONMHAKOBBIX CTeneHsX OYKBH X B JIEBOH W NPaBOfl 4aCTH, NOJyYaeM
5
'3—-

Haiiru nurerpans: 1) S

LIRS S
a"?) b—‘_’?, )\———
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Bo Bropom mpuMepe mo dopmyne (9_22) HaxogHM
gM dx = (ax® +bx+c)Vx2—4x~7+lSV =
X

v}/xz—4x __4x_7

Iugdepenunpys obe gacTn paBeHcTsa, ocBo0oXKaaeMCs B HoJy4eH-
HOM BbIPaXKeHHUH oT npobell H, cPaBHHBAasA KO3(HUHMEHTH NPH oAuHAa-
KOBBIX CTeneHsx OyKBH x ‘B JIeBOH M NpaBoH 4YacTH, NOMydYaeM:

a=1; b=5; ¢=36;, A=112.
Orser. 1) 4 (x—8 V3P F6r—5— —=In3x +3 +

+V3@* +6x—Db)|+C;
9) (B+56x+36)VP—4r—7+112In|x—2 4
+VE—dx—1|+C.
3apata 9,35 (Wi CaMOCTOSTENLHOTO PEIeHHS).

? 11x* — 19552
Haiitn uHTerpans: 1) Sm dx; 2) S VxJ:.;.ex _:5 .

VkasaHHe. B nepsoM mpHMepe oOKaxKeTCs, 4TO

L, _ 1. 1.,
a_'l‘sib—‘lovc“'loy )\'—0.

3amMeyaHue B srux AByX npumepax =0, a motoMy peme-
HHe HMEET 4HCTO anreGpaHyecKHd BHJ.
Orser. 1) 52 +3r+3)VEF—bx +3+G; 2) (1w —

— 7732 41055 — 175) V' * - 6x -5 +C.
3agaua 9,36, Haiitu mnHrerpan

S Vax® + bx + cdx.
Pemenune. Ciregyer uMeTb B Bupy, 4To K HHrterpanam (9,19)
JIETKO NPHBOASITCS HHTErpalbl BHAA

{ P () Var® +bx F cds,

rae P (X) — MHOToY/I€H OTHOCHTENBHO X.

JleficTBUTENbHO, MEpEHOCS HPPalHOHANLHOCTE B 3HaMeHaTellb,
0T yuum

e P (x) (ax? + bx + ¢c)
P(x)V ax?® - bx cdx=S ———r—— dx
S ()V + + ]/axz-f—bx-i-c

Tenepr ocraercsi mpuvennts dopmyay (9,22).

[pepnoxennnii B 3agaue HHTErpajl MOXKeT GbiTh NpECTaBleH Tak:

T by - rdy — ax? 4 bx ¢ dy —
SVax + bx +cdx Vo &

- B Lo ___dx
—(M+B)Vax2+bx+c+lgvmc.

[Ipamenena dopmyaa (9,22) ¢ apyruM o6osnadeHHeM
HeH3BECTHHX K03 (PHUHCHTOB
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3HaueHHsl HeH3BECTHHX K03(puIHEHTOB;

L, g b .y dec—b,
a= g, @—-;ﬁ., )‘——S—a.—’

b o

d, TakuM o0pasoM, yuuThiBasi, 4YTO
1 b 2ax-tb
DRI TR raa
_Sl/axz Foxfedr =2y Tor o+
+4a¢:8-;-bZSV 2d,t ".
ax® -+ bx+c
BriuMc/ieHHe K€ IOC/IENHero HHTerpaja U3BeCTHO M3 sajauu 9,27.
3anaua 9,37 (zns caMoCTOATEILHOrO peiienps1).
ITo ¢opmyne (9,23) nHaitTd HHTerpasib:
D{VeFeds 2 [Ve=2de ¢>0).

OrserT 1) %Vci{—x2+—;—ln|x+]/c+x2|+c;

(9,23)

X

Z+C

3apaua 9,38 (118 CaMOCTOSITEBHOro peLIeHHs).
Ha#itu muTerpans:

) (VBT 8edy 2 (V2P F6x+7dn
3) (VE—x—3xdy; 4 [V7+8x—5adx,

He npuMeHss Qopmynsl (9,23), a HOJMb3YACH yKa3aHMAMH, AAHHBIMH
B 3anaue 9,36. ‘

2) -’25 Ve—x4 —;— arcsin

Otper. 1) 16’;2"‘"3]/5—}-3x—l—8)?2—-|— 151 1n|16x+3 +

128y 2
44110 + 6x + 16x%| 4-C;
9 By om T 7+

31

161/é.ln|4)<: +5 +

+2ViE T 10x 14| +C; o .
6x 4 1 - 61 . 6x—|-i

3) —2— —x —3x* = = ’

) ?/5. X — 3% +24V3 arcsin Ve +C,.
5% —4 . ————o 5| . bx —4

4 =217 — P2 —_— — .

) =55 V-—{-Bx 5x +10V5 arcsin — +C
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2. Unterpaaw Buaa (9,20)

. dx
S (x+EBPValfbrtc
noJCTaHOBKOI
Xt k= _; 9,24)

npuBoxarcs K HHrerpany Buma (9,19), npumepH onpezeleHHs KoTo-
poro MHl yxe pasoGpanH.

dx
xVEF5

Pemenwue. 3ToT uHTerpal NpHHAJIEKHT K pPaccMaTpPHUBAaEMOMY
muny: k=0; p=1;, a=1; b=0; ¢=>5. IlpuMenuM noncTaHoBKY

3apauva 9,39. Haiitu wuurerpan / =S

(9,24), xoropas B paHHOM ciaydae OyjeT TakoH: x = —;—; dx = — —;—Zdy.
TToxcTaB/ss 5TH 3HAUEHHS B NOABIHTErpaNbHYI0 (YHKIHMIO, MOTYIHM
d.t/ dy dy
I=\ o\
1 1152 ! V152
V L + y 7 V1+ 5y
Y 1 V5 1 =
| SV1+5¢ vE ) vizoar Y= TvE

+VTFFl+C = — Lm| VEL+ )/ 145 | +C=

Bosepamaemcs x crapoil nepemenHoii:
1

X

1 5 *+5

——-&ln v +V"x_+ | +c

OKOanTeanS ’

1 V54LVEF5
—— e p 2 Y X0 L o
I V5— n b4 +
. . - dx
3apaua’ 9,40. Haiitn [ = S;ET/?‘T—?

P e m eH ne. ITor nuTErpa OTHOCUTCS K paccMaTpPUBAaeMoMy THITY:
k=0, p=2a=—1; b=0; c=T1.

[ToxcranoBka:
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iyl

_ ydy l 14ydy L, T —

VI —14+Cc=—1L ]/7 l—1tc

BosBpauiaeMcst K cTapoii nepeMeHHO#H:
1

y=

OKOHYATENBHO
_ 1 Vi—x

-+ C.

3anaua 9,41 (a1s cémocromenbﬂoro pemeﬂnﬂ)

Haiity uHTerpans 1) 57‘21—57— i 2) S ‘V15+3 -
Ead X X

Oreer. 1) arccos V—+C 9 — 1V15+3x +c

3anaua 9,42 (118 CaMOCTOSTENBHOTO pemeﬂnﬂ).
dx

=D VT¥zx—x ;

Haiiru unrerpans: 1) I, _—_S
dx
2) I;= e
) 12 S(x—z)n/axa 8 +5
Ykasanuda. B mepeom Rpumepe HCHOJIbBOBaTb MOACTaHOBKY
x—1= -;— , BO BTOPOM — HOJCTaHOBKY X — 2 = -y— Ilocne mogcra-

HOBKH NOJYYHTCS: 12=—Sw_q_.—:y_—1—3dy; NpUMeHHTb  (QopMyJly
9,22).

Orser. 1) _IHIB—J;—ZZ(:/_ll—i)—x——x“ +C;
2) gV BF —8x 4 5 — In|E=2EVIE8TS ¢

V. IPHMEHEHHE TPHIOHOMETPHUYECKHX MNOACTAHOBOK
JJ BbIYHCJAEHHA HHTEMPAJIOB BHJIA

(R VarTox roax. 9,13)

Jas BbIMHC/IEHHST MHTErpajoB, He copepaKallluX APYrod Hppamuo-
HaJIbHOCTH, KPOME KBaJpaTHOrO KOPHSi M3 KBajJpPaTHOTO TpexyJeHa,
NPHMEHSIOTC TaKKe TPHTOHOMETPHYECKHe MOACTAHOBKH, KOTOpHe
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)

npuBonar materpan (9,13) x unTrerpany or panvoHanbHOR GYHKIMM
CHHYCa M KOCHHyCa.
Uro6el NpUMEHUTb STH MOACTAHOBKH, CJEXYeT MOCTYNHTb TaK:
W3 ksapgparHoro TpexusneHa, Haxojsulerocss nox KOPHEM, Halo
BBIIENNTh MOJHBIA KBajgpaT, MOCAE 4Yero NPHUMEHHTb JHHEHHYIO MOf-
CTaHOBKY, KoTopas Gyner Noka3aHa HIKe Ha pAge NpHMEpoB. ITO
J4CT BOSMOXKHOCTb IIOJIYUHTb [1O0J KODHEM CJEeAYIOIIHe BbIPAKEHHS:
1) Ilpu a >0 —cymmy KBaZpatoB BHja

B g2 . 9,25)
U PasHOCTb KBAaJpaTOB BHAaA
) 9,26)

[Tocne Toro Kak Iox KOPHEM OKaXeTcsi BbIpaxenue puia (9,25),
I/ YHUYTOXKEHHS HPPAIHOHANIBLHOCTH B NIOALIHTErPAJILHOM BHIPAXKEHUY
cnexyer NpPHUMEHHTb HOACTaHOBKY

y=kigt
dy = k sec® tdt 9,27)

V k4 y? = ksect

Ecau nmox KopHem okaxercs Bhlpaxenue sufa (9,26), To ans
YHHYTOXEeAUA HPPANMOHANBHOCTH B MOABIHIErpalbHOM BHIPAKEHHH
Hajo0 NPHMEHUTh IHOXCTaHOBKY

y=ksect
. dy = ksecttgtd (9,28)
ViE—F =Fkigt

2) Ilpu a < 0 mox xopHeM IoC/]e BhAeleHHs TOMHOTO KBajgpara
¥ IPUMEHEHHs JIHHEHHOH NOJCTAHOBKH MOTYT OKa3aThCsl BBIPAMKEHHS
BHAA

kE— P , 9,29
Hin
—k? — 2, (9,30)
B cayuae, xorga nojx KopHeM okaxercs Bbipaxenue Buzga (9,29),
II0iCTaHOBKA
y=ksint
dy = kcos tdt (9,31)
VE: — 2 =kcost
OCBOGOJMT NOAHHTErPAJbHOE BHIDAXKEHHE OT HppPalHOHAJbLHOCTH,
Cnyyaii (9,30) He npegcTaBAAET 7 HaC HHTEPeCa, TaK KaK KOPEHb

3]1eCh He UMEET BELIeCTBEHHOro ' 3HAYEHUS HHU IIPpH OxHOM neficTu-
TeJIbHOM BHa4YeHUH Y.
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ITomelliaeM mJIs1 CpPaBOK OCHOBHbIe HHTErpaJibl paccMarpPHBaeMoro
BHJA:

S Vag = arc sin = + G; 9,32)

szraz=ln|"+Vx2i“2]+C; ' (9,33)
Sl/a2 ——xzdx=% V a? —xz—l—g;;arc sin% +C; (9,34)
SVx2 + atdx = —;—I/ @ +a+ g;lnlx-l—]/xzj:azl-l- C. (9,35)

ChauaJ/la HafifeM HECKOJNbKO UHTErpajioB B KOTOPHIX BHIPAKEHHE,
HaXojslleecs Noj KopHeM, HMeeT oxuH u3 suuoB: (9,25), (9,26) u
(9,29), a nociie 3TOro — HECKOJIbKO [IPUMEPOB, B KOTOPHIX NOJKOpEH-
HOe BhlpaKeHHE NpHjercsl NPHUBOJUTH K STOMYy BHIY.

o dx

3anaua (9,43): Haiitu unterpan / = S Ry

Pemwenue. DBopaxenue, croslllee IOjy KOPHEM, HMeeT BHJ
(9,25) (k =.3). Ilpumensiem moxctanosky (9,27):

' x=3tgy, dx= 3sec?ydy

R+9=9ty +9=9(g?y + 1) = 9sec?y.

INosromy

. 3 sec? ydy 1 ¢ d
=3 = = \gomE =3 | o =
Vi*+9=38secy, a [ Sgsecz'y-3sec,l/‘— 9‘8550y“

1 1 .
=—Scosydy= 5 siny +C.
Ilns Toro, 4To6bl BO3BPATHThCS K IePBOHAYAIbHOR nepeMeHHoN X,
HaligeM siny uepes x. M3 moncraHoBKH
tgy

{
x=31gy, tgy=3; siny=1tgy - cos y_QEZ”Vliigzy:

X

Vl’l‘xz Vg-{—xz'

[TostomMy okoHYaTesNbHO
[ = +C.

9 V 9 + 3
3anaua 9,44 (a5t CaMOCTOSITENILHOTO pellleHHs).
dx ; 92) S ax
Y@+ V {16 + 2

$ Q) —Fe 4 C.
G )16V16+x2+c

Ha#ita unTerpans: 1) S

X

|

INES

OteeT. 1)
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o _ dx
3anaua 9,45. Haiitu | = S(Mx“—5) Ty

Pewenne. Iogkopennoe Bolpamenne umeer Buy (9,26). Ilox-
cranoska (9,28) (k2 =5, k =)/b) pomKkHA YHHYTOXHTb HpPaLHO-
Ha/JbHOCTD IOABIHTErpaibHOrO BbipaxeHus. Ilosaraem

=VDBsect; dx=V 5secttgtds;
—5=>5sec?t—5=5tg? V&F—5=V5tgt
Torga :
1 ,
VBsecttgtdf 1 | cost 1 {cost ., 1 1
S5tg“tV5tgt =% sin*tdt__'_s_ sinEtdt_——S—ﬁTt'-}_C'

cos? I

Hs moxcramosku x = J/Bsect cuenyer, uro
. -
SeCf = —=; €OSt = ‘—;-5; cos?t = =

V5

: 5 x2-—85 . Y xF—5
Sln2t=l—?=—;z——; sint = ~—

a HOoTOMY OKOHUaTeJabHO

3anaua 9,46 (115 CaMOCTOSITENBHOrO DellEHHs).

. : - dx R , dx
| , ;2 - —,
Hafitu uHTErpanl )S( 10 V_r_ ) S(x2 ENTNT

10,/ =+C 2) — 14V 770 ’

3anaua 9,47. Haiitu mmrerpan [ = S

OrBer. 1) —

dx
e=—)VI—=
Pemenue. Llogkopennoe Bulpaxenne umeer suzx (9,29) (k% =2;
k =V'2). Tpumensem nogcranosky (9,31):
x=V2sint; dx=)2costdt; 2— x*= 2costts
V2—x2=)2cost;

V 2 cos tdt ‘1 dt 1
J=(Y2eostar 1 Ligt
S2cos“‘t]/2cost 2Sc°52t +C.
Ho us nogctanosku x =}/ 2sint ciepyer, uro sint = ‘-f—é,

tgt = —=2——, a M03TOMY OKOHUATELH
gt= e a yo 0

1 X

== C.
2 ya =g +
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3anaua 9,48 (mias CaMOCTOHTEJIbHOPO pelueHus).

i 0 1
Haiity uHTErpaJjs: 1) S(5 2) S(3—x2) i
1 x
OreeT. 1) V=% ) 3V3 +C
3aga4ya 9,49 (m1A CaMOCTOSTENBHOrO pemennﬂ).
o dx
Hamu S I Vi=
V5
OTrBerT. V-arctg2Vl__x2+C
3apaua 9,50. Haitu unTerpan
| = (x+4)dx
S(x2+2x+4) Vet 2xt5

Pemenne. B MogKkopeHHOM BHIpaXKeHHH BHIJEAAEM IOJHBIY
kBagpar: x* +2x4-5= (x4 1)* + 4.

Cz:enaeM JHHEHHYIO TNOACTAHOBKY, O KOTOpOfi Mbl YIOMHHA/IH
Ha ch 141 x4 l=y, dr=dy; 2+2x4+4=(x4+1243=
=+ 3 x+4-x+1+3 y -+ 3, a uHTerpa’

y+3
jo— d A
S(y RN
Tenepb BhIpaxKeHHe, CToslllee IOx KopHeM umeer Buj (9,25).
[IpumeHHM NOACTaHOBKY 9,27) R =4; k=2):
y=21gt, dy = 2sec?tdt; VP +4 =2sect; y+3=2tgr 4 3;
P +3=41gt +3.

Tenepb 21 3 2t 3
. gf-4+3 - 2 _ ((tgt4 3)sectdt
1“5(4tg2t+3j2sect2sec tdt_S g3
sin ¢ 1
_ (2<55—t+3)005tdt 2smt+3ccstdt
- 4sin?t+3 4sin? £ -} 3cos* ¢
cos?® ¢
sin { cos f
=254sin2t+3cosztdt+354sin2t+3cosztdt=
| 4sin?¢ 4 3cos®t =4 —cos®? | 4sin®t 4+ 3cos?t =
! =sin?¢ 4 3
sin ¢ cos ¢
—25 cosztdt+3Ssin2t+3dt—
—_—9.1 24-cos ¢ sin ¢ = 2—cost
=—2 4ln]2—cost|+]f‘amtg V'+C 2+cost +

l YuteH 3HaK MHHYC, |
eTosIMKE nepes Jorapudmom

+V 3arctg (SIVL;) +4C.
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Tenepe ciefyeTr OT mepeMeHHoH ¢ mHepeHTH K HepeMeHHOH Y,
a 3aTeM OT Y K X.

Tak kak y =21g¢, To tgt = —g—; sinf =

o - ;cost=—,—_2=,
Vit Vitys

a noToMy
2
9 —
1 Vit g y
| = Inj———T< — =
5 In T2 -|—V§arcth3V4+yﬂ+C
Vit s
_ 1 m__i_yL—El 3 arcteg —— 4
=3 |syarge TV Sty et C
Ho T2k kak x + 1 =y, 10 y® +4 = x% + 2x }- 5, U OKOHYaTe/lbHO
Va4 5—-1 3 arct x4+ 1
[=n VE&+2454+1 +V_arch§Vx2+2x+s‘+C'

3agava 9,51 (w1 CaMOCTOATEJNBHOrO peIleHHS).

Hai uHTerpanst; 1) xdx___ -3
afiTu paJbt; S(x2+x+4”,4x2+4x+5,

2) dx
SV(x2+2x+4?' , .
Ykasaunusa. 1) IloakopeHHoe BHIpaXeHH€ MPENCTABHTL TaK:

452 +4x+ 5= (2x+ 1) }-4.
JIumefinasi moicTaHoBka 2x 1=y (2 dx = dy; dx = —;- dy) npu-

BeNeT 3To BHIpaXeHHE K BHAY 4 —1;4. Bripaxenne xe x2 4 x }4 =
= iﬁi%’;‘_“‘—l—s =&t 1)2'*' B¢ _!4' 18 Teneps caexyer mpuveruts
nozcranoBky y = 2 tg#. MoxHO cpasy B3sTb 2x+1=21gs.

2) TlogkopenHoe Bhipaxenue x* 4+ 2x + 4 = (¢ + 1)* 4- 3. Moxwo
cpasy OPHMEHHTb MOACTaHOBKY X +- 1 =V'31g¢ nin cHavana nusei-
HOll MOACTaHOBKO# X -+ 1=y NIPHBECTH [ONKODeHHOE BHIpaMeHUe
K BH1y 4° + 3, a moTom B3aTh y =)/ 3tgs. Bompoc ceezercsa K Bbi-
YHCJIEHHIO WHTerpajla Scos5 tdt. Us x+1=1713tgt cnegyer, uro

x+1
Veafatd /

1 1n V1 (2x+1)— V15 @x*F 4z + 5)
2V165 |V (2x+1) + V15 @x*f 4x + 5)
ViZFtdxt5 )

o +G;

g L x4l 2/ x4l 3 L(__itl__)b .
)27,/m Si\Vaf2x+4 T3 Vetorta +C
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JAECATOE NPAKTHYECKOE 3AHATHE

ConepxaHnue: Hurerpanbas cymma. OnpenefeHHul uHTerpaj B €ro
OCHOBHHE CBoHCTBA. 3ajaudl MeXaHHKH M (HSHKH, NDHBOASAINME K BHYHCICHHIO
npejieNla KHTETPajibHOM CYMMul. BHuHC/ieHHe ONpEJENEHHOrO HHTerpana Kak mpe-
Jiesla HHTErPaJIbHOH CYMMBI.

KPATKHE CBEJIEHUS W3 TEOPUH

1. HHrerpaabnas cymma. [lycrb Ha orpeske [a, b] (@ < b) ocu Ox
3anaHa HenpepbiBHasi QyHKuuA f(x). '

Orpesok [a, b] paspenM Ha n yacTe#t, AJMHBL KOTOPHIX MOTYT
OBITL NPOH3BOJBLHBIMA. ‘

Kaxnpifi Takoft oTpesok OyldeM HasbiBaTh YaCTHYHBIM.

AGcuHccsl Toyek JejieHHsi o603HaYUM YePe3 X;, X, Xg, ... Xn—i
u GygeM HoJsaraTb, 4YTO

a<x <X <<Xxg<...<Xp1 <b.

JnuHy YacTHYHOrO OTpe3Ka, PaBHYIO PA3HOCTH Xk — Xp—1 (B =1,
2, ..., n), o60o3HayuM yepes Axy:

Axp = Xp — Xp_1.

Ha kaxjoM YacTHYHOM OTpe3Ke BHIGEDEM 7 POUBBOALHYIO MOUKY,
abcuuccy KoTopoH o6o3HayuM yepes &, (R =1, 2, ..., n), BBIMHCIHM
f {6k} — 3navyenue sanaHHOM QyHKuMH [(x) B 310 Touke. HaiigeM
npoussefenne yucaa f(8:) Ha pIuMRY Ax, orpe3ka, Ha KOTCPOM B3fTa
TOYKa &k, T. € [ (5e) Axp.

CocTaBUM CYMMy T4aKHX NIPOH3BeneHHH

(&) A%y + [ (B2) Axy [ 1\&) Axg + . .. 4 [ (Ba1) Axnr = [ (§n) Axa,
KOTOPYI0 0603HaYuM

n
> F(8e) Axe. (10,1)
k=1 .

3ra ecymMMa HasblBaeTCsi HHTErPaJbHON CYMMOH mjs QyHKIEH [ (x)
Ha oTpeske [a, b).

Hns sananHok QyHKuME f(x) Ha orpeske [@, b] MOXHO COCTaBUTDb
6ecync/IeHHOe MHOXKECTBO HHTErPAJbHBIX CYyMM, TaK Kak oTpesok [a, b]
MOXKeT ObITh - PasfieieH Ha yacTH GecyHCJIEHHBIM YHCJIOM CIocoOoB,
a npu BbIGpaHHOM cnocCofe pasieseHHs CyLlecTByeT ellle GecyucsIeH-
HOE€ YHCJO BO3MOXHOCTEH AJsi BhiGopa B KAXKJOM OTpe3Ke TOYeK .

2. Oupepenennbiii uHTerpaa. O6o3naunm uyepes ! dauny Hauboab-
lee0 W3 YaCTHYHEIX OTPE3KOB [xr—1, xx] (=1, 2, 3, ..., n) B gaH-
HOM pasjejieHdM oTpeska [a, b] Ha yactH (/ = max Axy).

Onpedenenue. Iperen unrerpanpHoit cymmel (10,1)

n

m Z f(Ek) Axp,

-0 hos
(n-.m)k !

li
1
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npH ycaosuu, 9ro I - 0 (a 3HAUYMT, YHC/IO OTPE3KOB 7 HEOTPAHHUYEHHO
BO3pacraer (n - o0)), €cjH OH CYyLIeCTBYeT U He 3aBHCHT HH OT TOrO,
KakuM oGpasoM pasfiesieH Ha yacTd OTpesoK [a, b}, HH OT Toro, Kakas
TouKa &, BHIOpaHa Ha KaXKIOM YaCTHYHOM OTPeske, HasblBaeTcs OIpe-
JIeTEHHbIM Hmerpangm ¢yHkuHu f(x) Ha oTrpeske [a, b] U o6O3Ha-

yaeTcs CHMBOJIOM { [ (x)dx. Taknm o6pasom,
: ] _

I+0
((n-»z,) k=

lim i f(Ee) Axy = f f () dx. (10,2)
1 a

®Oynkuusa f(x) B 5ToM cllyyae HasbIBaeTCs HHTETPUPYEMOH Ha OT-
peske [a, bl. :
TapanThe#t cymecTBoBaHHsl 3TOro INpenena, HJIH, YTO TO XKe ca-
b

MOE, CyLIECTBOBAHHsA ONpeleNeHHOro HHTerpana {f(x)dx, u HesasH-
a

CHUMOCTH €0 HH oT cliocoba AejleHHs-OTpeska [a, b] Ha YacTH, HH OT
BoIGOpa TOYEK £, H4 KaXJOM YacCTHYHOM OTpPe3Ke SBJIseTCs Helpe-
pbiBHOCTb QyHKIHH f(x) Ha oTpeske [a, b].

Teopema (0 cyllecTBOBaHHH OIPENENEHHOTO HHTerpaJa).

Ecau pynxyusn [ (x) uenpepwsna na ompeske la, bl, mo npeder
unmezparorbix cymm (10,1) npu ycaosuw, umo Oauna Kaseoozo wac-
MUYHO20 0Mpeska CMpeMUmcs K HYAO, @ HYUCAO 4QCTUMHBLY OMpPe3Kos
HeO2ZPAHUMEHHO YeeAUYUBAeMCA, CYUJECBYem W He Ba8UCUM HU om
cnocoba pasdesenus ompesxa [a, bl Ha wacmu, Hu om ewibopa modex
Ha KQ#cOOM 4ACMUHOM OmpesKe.

b
B cumBone (f(x)dx uncna a u b HasbIBAlOTCS COOTBETCTBEHHO
a

HIDKHHM M BepXHUM [IpelenaMH UHTeIPHPOBaHHs, OTPE3OK [a, b] —
OTpPe3KoM KHTErpupoBaHHs, a NepeMeHHas BeJHYHHA X — IEPEMEHHOMH
HHTErPHPOBaHHS.

Orbickuas mperen (10,2) cymmbl >\ f (&) Axy npH yc/0BHH, 4YTO
k=1

ANMHA HaHGOJbIIEr0 M3 YaCTHYHBIX OTPE3KOB Axy CTPEMHUTCA K HYJIIO,

caelyer HMeTb B BHAY, Yro Kaxjaoe ciaraemoe f(Ex) Axp €cTb BesH-
upHa 6eCKOHEYHO MaJjlas, TAK Kak B 3TOM NpeNe]bHOM IIpolecce Axy—
BeJHYHHa GeckoHeyHO MaJsast, a f(§x) HMeeT KOHeyHOe 3HaYeHHE, HO-
Tomy yto QyHKUHA f(x) Ha oTpeske [a, b] mo npe;moilox(eﬂmo Hempe-

peiBHa. Takum oOpasom, ompenenensbiii uurerpaa ( f(x)dx ecrb
b

npefes CyMMbl GeCKOMEYHO MAJBIX BeJHYHH, KOJHYECTBO KOTOPBIX
HeorpaHH4YeHHO Bo3pacraert.
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3. ®opmysa Hporona — JleiGuuna. HMmeer mecro dopmyna
b
j f(xydx = F (p) — F (a), (10,3)

rie dyukuus F (x) ecTb Kakas-HUGynb nepBooGpasHas AS NOALH-
TerpaabHoll QyHKuME f(x).
dopmyaa (10,3) nasbiBaercs ¢opmyaolt Hpiorona — JleliGruna.
Ona si/JsieTcsi OCHOBHOU (OPMYJION HHTerpajdbHOro HCYHC/IEHHUSA.
CorytacHo 3Tolt QopmyJie, AJA BLIWHCIEHHS Npexnena HHTErpasbHOM
cymmbt (10,1) mpu ykasaHHBIX Bbiune yc.noxgnﬂx, WJIH, YTO TO XKe, AJS

BLIYHC/IEHMS ONPeJle/IeHHOro HHTerpana f (x) dx, nano: 1) naiity Ka-

a
Kyio-aulyab NepeoobpasHyio (QyHKIuIO F (x) A1 NOABIHTErpanbHOM
GyHKUUH; 2) BLIYUCJUTH ee 3Hauenue F (b) mpu BepxHeM Ipefiese
¥ BBHIYECTb U3 HEro ee 3Hayenue F (@) npu HKHeM mpeferne.
OOGLIYHO NPH PEIYKCHEHHH ONPENeNEeHHOro HHTErpaaa ynoTpeGasior
TaKyIo 3allHChb:

b b ‘
Sf(x) dx = F (x}| = F (b) — F (a).

Popmyna Hrolotona — JleliGHua No3BoJsieT CBeCTH CIOXKHYIO 3a-
Aady BbIYMCJIEHHA NIPefeaa MHTerpaJbHOH CyMMbI, AAs pEeHHS KOTO-
poil orcyTcTBYeT oOllui NpHeM, K HaX0XKJAeHHIO nepBooGpasHoll GyHK-
UMM JIS NOJbIHTErpaJbHON; TeM GaMbIM OHA yKa3blBaeT efHHooOpas-
HBIH M NIPocTOf croco0 BHIYHC/IEHHS Mpefesa CyMMbl HEOTDaHHYEHHO
BO3PACTAIOLIETO KoJAHYecTBa GeCKOHEeYHO MaJjIbiX BeIHYMH H NO3BOJSEE
3aMeHUTh GECKOHEYHLIH IIPOLECC CYMMHPOBAHHS Xopollo H3BecTHOH
olepauyell OTHICKaHUSl ITEPBOOGPa3HOH (QYHKIHHU.

4. OcHoBHBe CBOWCTBA omnpegetieHHOr0 HWHTerpaJa.

1 fdr=b—a (10,4)

2) Ilocmosnnolii MHOXNCUMEAb MONCHO 6biHeCmU 3@ 3HOK onpede-
AEHHO20 UKMezpara

fcf (#)dx = cf‘f (x) dx, (10,5)

TA€ ¢ — NOCTOSAHHAS BeJNYUHA.
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3) Onpederennsui unmezpar om anrze6paudeckoti Cymmol HECKOAb-
wux Qyukyuil pasen maxoil e arebpauteckoil cymme OnpedescHHbX
LHME2PAN08 OM CAQ2QEMBIX PYHKYULE

§[f1(x) Tl L ... fa®)]ldx=

='§f1(w)dxi§fz (Kdx ... + §f,,(x)dx. (10,6)

4) Ilpu nepecmarnoeKke npedesos UKMEZPUPOBAHUS 3HAK oOnpede-
ACHHO20 UHME2PANE MEHSEMCS HA HPOMUBONOA0HCHI

§’f () dx = —S f (1) dx. (10,7)

5) Ecin HHXHMH Y BePXHMA mpele/E HHTEIPHPOBAHHA pPaBHbI
MexXAy co6eH, TO ollpeneeHHbI UHTerpaj paBeH HYJIO

TF(dr =0, (10,8)
b

6) [epemennyro unmeapuposarus MoxcHo obosHauume awbotk Gyx-
60il, HE Hapyllaa €NpaBeRIUBOCTH ¢GoOpMyJ, T. &

b
(fde={ Fa)dy = [FO)dt = | [ @) da (10,9)
7) Vlmeer Mecto cbopMyJIa
(Fde = Feyds + [ dx, (10,10)

KoTopas BepHa npH Ji0OoM B3aMMHOM DPacIIOJIOKEHHM YyHucen a, b u c.

Ecan BulnonHsioTca HepaBeHeTBa a < ¢ < b, To us dopmyas(10,10)
c/aeayer, YTO MHTErpaj HO BCEMY OTPE3KY PaBeH CyMME HHTerpaJjoB
10 YaCTAM 3TOro oTpeskal. ---

1. ¥YnpaxHeHHS Ha BbIYHCJCHUHE ONpeNeJeHHbIX HHTErpaJos
HEMmoCcpeACTBCHHO H3 ONpejeJeHusi, KaK Mpenesa HHTErpadbHbiX
cymM, u ¢ npumeneHuem topmyast Hblorona — JleitGuuna.

3apauya 10,1. CocTaBuTb QopMY.Ibl /15 BEIYHCAEHHS UHTErPaibHBIX
cymm i yukuum f(x), BenpepbiBHOH Ha oTpeske {a, bl, pasaensis
STOT OTPE30K Ha 7 PaBHBIX YACTHYHLIX OTPE3KOB.

3HaueHue QYHKIUH BBIYUCAATD:

1) B mpaBoM KOHIlE KaXK[OrO YaCTHYHOIO OTPE3Ka;

2) B JeBOM KOHIle KaXJoro YacTHYHOI'O OTpesKa.

L NanbHefiuue CBONHCTBA ONpefe/ieHHHIX HHTErpajoB 6ygyr paccMOTpPeHnl Ha
NOC/IEAYIONHX ~ZPAKTHYECKHX 3aHATHAXc
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Pewenmne. 1) Jauna oTpeska uHTerpupoBanHs paBHa b —a.
Jnuny Kaxaoro 4aCTHYHOrO oTpe3ka AJA yHoGCTBa 3amucH 06o3Ha-
YHM He vepe3 Ax, Kak oO6vluno, a uepe3s A, Toraa

h="=2
n

KoopauHaTel TOYeK JeneHHs] paBHBIL:

Yo=a, Xy=a-+h xa=a-+2h ..., Xp1=a+ @n—1)h;
Xn=b = a -+ nh. (10,11)

3HaueHHs (yHKIHM B IPABHX KOHLAX YaCTHYHBIX OTpe3koB OyAyT

fla+h)y; fa+2h); f@d-3h), ..., f@@+ nh).
YMHOXKAA KawkIoe H3 3THX YHCeT Ha OMHHY A YaCTHYHOrO

OTPesKa M CKJAAbIBAsi 9TH NPOU3BENEHHS, MNOJYYHM HHTErpaJbHYIO
cyMMy

Sn=f@+nh+fl@+2h+f@+30h+ ... +fla+n)h=
=S f@+ih=h3f(@+ i), ©(10,12)
i=1 =1
(ervuMHa h, BXoAAllas B KaXJoe CJaraeMoe, BBIHECEHa 3a 3HaK
CyMMBI). ,
B rakom ciyuae (f(x)dx Oyner npenesiom 3TOlf HHTerpaJbHOM

CYMMHI, T. €.

Sf(x)dx— hmhz fa+in) ' (10,13)

(h—' <)t

2) 3Haqeﬂnﬂmn QYHKIHE B JIEBHIX KOHIAX KaMJOr0 4YaCTHYHOIO
orpeska GyayT 4HC/Ia

f@y fla+h) fl@a+2h), ..., fla+(n—1)h.

YMHOXas Kaxloe M3 3THX 3HAYeHHH Ha IJMHY A YacTHYHOIO
OTpe3Ka, MOJTYYHM HHTErPANBHYIO CyMMY

St=f@h+fla+Wh+fla+20h+...+fla+ (n—1)h=
-1

_2 f@at-inyh= hzf(a—l-th) (10,14)

B srom ciyuae

Sf(x) dx = llmh 2 f(a +in). (10,15)

(h-»w)
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3agaua 10,2. Cocrasuth dopMyay AN BLHIYUCTEHUS HHTErpalbHOH
cymmbl A5t QyHKuMu f(x), HenpepblBHOM Ha oTpeske [a, b] (a < b),
pasfienssi OTpPe30K {a, &] Ha n 4YACTHUHBIX OTPe3KOB TaK, YTOOH
abcrucchl TOYeK JeNeHHs 06pa30BbIBAMH I'€OMETPHUYECKYIO TIPOIPECCHIO
(unn, 9ro TO XK€, uro6bl NJIHHEI YACTHYHEIX OTPE3KOB pa3GHeHHsA
06pa3oBHIBATIH TEOMETPHUECKYIO IIPOIPECCHIO).

Peum enue. Eciu sHamMeHaTeNb reOMETPHUYECKO NIporpeccHlt 060-
3HauuTh yepes ¢ (¢ > 1), To abcmucca xoHua orpeska [b, b]

cee b=ag" (10,16)

AGcucchl ToueK JeneHHs OYAyT TaKHMH: |

Xo=0; X,=0Qg;, X =0a9% Xg=a¢% ..., Xn=0a9"=Db.
JJIHHEI 9aCTHYHBIX OTPE3KOB PaBHHL '
Ay =X, —%y=ag—a=a(g—1); Aup=xmp—x=0f—a=
=ag(g—1)
H Boobie
Axp == Xp — Xp—q = ag*—1 (g — 1).

BrluncauM 3HaYeHHS Q)yHKIIPIPI B JIeBOM KOHIIe Ka}K,IlOI‘O 4acTu4-
HOre oTpPe3kKa H IIOJYYHM YHCAA

f(@); [(ag); flag®, ..., [(ag™").

YMHOXKAaf 3TH UYHCJAA Ha JUIHHY COOQTBETICTBYIOIIErO OTpe3Ka H
CKJIaJBIBast HOJyYeHHbIE NIPOM3BENEHHS, COCTABHM HHTErpafbHyIo
CyMMy

f@-alg—1)+flag)-agg—1) +ilag®) - ag? q— 1+ ... +
n—~1
+flag*") - agng— D =a@—1) X fag)g. (10,17

i==0
B arom cayuae

Sf(x)dx— alim Z(q—l)f(aoi)q‘ —ahm(q-—l) 2 f (ag") ¢'.

(q - l) (n—» )

(10,18)
Us (10,16) nonyuaem
S
g= l/ L, | (10,19)

a noroMmy, Korga n—> o, To ¢ -1 (cm. M. A. Kanaaun. dlpakru-
YecKHe 3aHATHS IO BhIclielt MatemaTHke», 4. ll, samaua 13,2).
b

3agaua 10,3. BuiumciauTh ompeneneHHuli MHTerpan  e*dy Kak

npexesn HHTErpajbHOf CyMMHL.
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Pew e v ue. PaslennM oTpe3ok HHTErpHposaHua [a, b] Ha n pas-
HbIX wacTelf M cocraBUM s QYHKUMH f(x) = ¢* no dopmyne (10,12)
HHTErpasJbHYI0 CYyMMYy, BHIOHpDas TOYKH B [IPaBOM KOHIIE KaxJOro 4a-
cTHuYHoro orpeska. Tak kak f(x) =e*, To

fla+h) =eth [la2h) =et2h |, fla+ik) = gatit, "
" [(a+nh) = f(b) = e*+* (@ + nk = b);
Sa = hetth 4 heat o | heAtin L |- hesto;
Sp=hes (et +eh + ...ttt ... +enh). (10,20)

Bupameﬂne B cxo6xax-—reomeTpnquKaﬂ nporpeccus, 3HaMeHa-
Teab KOTOpOH ¢ = €.
HspeCcTHO, 4TO CyMMa 7t WIEHOB FeOMeFPHYeCKOH HPOrpecCHH paBHa

&=ag§& (10,21)
Y Hac g, = e" g =eb, a noromy (10,20) nepenumercst rax:
A nh_ h
Sp = hes £ (1) % e (e*tnb —e9),

eh —1 et —1

Ho us (10,11) caegyer, uro a -+ nk =b, a noromy

n =

l(e" — e9),

Ha ocuopanuu (10,2) onpeneneHHBIi HHTerpaj

eb___ea

he® . h
Se"dx=th,,—hm = (€v—e?) =1.(et —e%) limp—=
J 1 b0 € 1

b0 b+ €5 —
(MHO)KHTCJIB eb — e% Rax mocTostHHast B&JINYHHA, BbIHECEH 32 3HAK IIpe-

h
Jena, a no npasuay Jlonurans llm—————— = lim - =1, a limet = 1).
50 €8 —1  hioel B~0

Hrak,
b
(erdx = eb —ea,
a

Briunciute CaMOCTOATENBHO 3TOT HHTErpan fo ¢opmyae (10,14)»
T. €. pasflefssi OTpe3oK [a, b] No-lpexHeMy Ha n DaBHBIX 4Yacreld,
HO BBHIOHpasi Ha KaXXJOM YacTHYHOM oTpesKe (Xy—i, X, TOYKY B €ro
JIeBOM KOHIIE.

Teneps npumeHHM K BBIYHCJEHHIO 9TOro HHTerpana dopmyny (10,3)
Herorona — Jleii6uuua. CorsiacHo 3Tolt ¢opMyiie

{F () dx = F (5) — F (a),
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rzie ' F (x) — nepBooGpasnas” GyHKUMs 115 OogbLIHTErpalibHON QyHKINK
f (x). TlosTomy

b b
(evdx=e*| = ¢b — 9,
a a

4TO COBNAjaeT ¢ paHee HaNJEHHEIM pe3yJabTaTOM.

Yuauicst Jerko OUEHHT 5KOHOMHIO B BBHIUHCJEHHAX, KOTODPYIO
naetr dopmyna Hriotona — JlefibHuna: BeCh NPONECC CBOAUTCS K OTHI-
CKaHKIO Neproo6pasHoil PyHKNME IS HOLBIHTErPANbHON, BHIYUCACHUIO
ee 3HAYEHHMA NpH BEPXHEM H HWXKHEM TpeJeaX HHTErPHPOBAHHS
1 onpenel]eHHio pasHOCTH ITHX 3HaueHuil.

b A
3axaua 10,4. Briuncaurh, mHTerpan S‘ x*dx, rlea v b — nonoxku-

. . a
TelpHBle uHCAa, a<b, k= —1, paccMarpuBas ero kak npenen
HHTErPaNbHOA CyMMEL.

Pemenue. Ilpegnpumem Takoe pasbueHne oTpe3ka WHTErpupo-
BaHHA [a, b) Ha YacTH, YTo6bl abCUHCCHI TOYEK NeseHHs o6pa3oBaii
reoMeTpPHYeCKylo Nporpecchio. (270 paBHOCWIBHO TOMY, YTO JJIHHHL
YaCTHUHBIX OTPE3KOB 06pa3yloT IEOMETPHYECKYIO IPOrpeccuio). Bu-
YHCJATH 3HauYeHHe PyHKUHH GyAeM B JIEBOM KoHIEe KaXAoro YacTHy-
HOTO OTpe3Ka.

B sanave 10,2 6vi1a nonyuena ¢opmyaa (10,18) nast suluncaenns
OTIpelleJIeHHOTO HMHTErpaja MNpH TakoM crocobGe pasGueHus oTpesKa
uHTerpupopanus Ha dvacTH. [losaras B 3Toft dopmyne f(x) = x*,
f (ag) = (ag’y* n yuntmBag (10,19), monyuum

n—

[ [ gt 1
gx”a’x= allqr?l(q—— ) Y (ag’)¢' = alan;nl (g—1) 3 atgletn =

{(n—+o) (=0 (n-+oc0) =0
n—1
— ak+l llm (q — 1) Z q[(k-}-l). (10,22)
g1 =0

(- o)

Ion 3HaKoM CyMMEI CTOHT reoMeTpuuecKas mporpeccusi. Ee mep-
BLIli uieH a, = 1, 3Hamenatens g¢*+!. Ilosromy no opmyrne (10,21)
CyMMa 3Toli Nporpeccuu

g = L I — 0 (¢ —1
n pr= T

Ho Ha ochosanuu (10,19) ¢* = %, HO3TOMY

k1
(21
S = 2 _
S T
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a (10,22) nepenuwercs B BHIe

b bk+l

dx = gk ot

¥ =gttt lim (g — 1) ———— =
q»l(q )qk'*'l—-l
' (o)

a

k41 . PSR ¥ 8|

= gt+! (é—t-l)hm o=l b =
g+ 1 qk‘l'l —1 k41

TaK KaK [0 MPaBuiIy Jlonurans

lim = lim - ! - .
g1 q"""—l Tkt R
Hrak, , )
k1 __ k1 ,
Sxka'x 'b—k:qi— " (10,23)

a

npHueM Ha Npeflesibl HHTErPHPOBAHHA @ U b GbLIO HANOXKEHO OF paHu-
genue 0 < a< b, TaK Kak NPH 3TOM TpPEANOJOXKEHUH IMpOBeneHHOe
JeneHue OTpeska [a, b} Ha yacTH, IJMHBEI KOTOPHIX COCTABJASIOT Teo-
METpPH YeCKYI0 NPOTpeccHio, Bcerja BO3MOXKHO. ,

Crnenyer orMeTuThb, uTo (opMyna (10,23) BepHa TpH JIOGHIX 3HA-
qeHusX a u b.

Temepr HpuUMeHUM K BHIYMCJIEHHIO 3TOrO HHTerpana ¢GopMysy
(10,3) Heiorona — Jleiibnuua:

b
B Lol _ bk+170k+1
EF1 B
Lo ‘
(HMKAKMX OTpPaHHYEHHH Ha ducla @ H b He HaJoXeHO).
OueBugHO, 4TO IpUMeHeHHe 3TOH ¢opMyJEl OpocTe M GLICTPO

JaeT HeoGXOJMMEIH pe3yJbTar.
Ilpu £ =0 un3 (10,23) nonyqaeM

S'a'x-—b—a

T. €. onpeae/zeuubzu unmezpas om Hu(quepeuqua/za paser  pasnocmu
MEOHCOY BEPXHUM U HUNCHUM Npedesamu UHMe2puposanus.

ST 1Be 3aaYM NMpHBEIEHHB C LEbI0 YNPa’KHEHHS B COCTaBJIEHHR
HHTerpaJibHOH CyMMBI ISl MOABIHTErpPasibHOH (DYHKUHH, ompeeseHuH
npesfiesia 3TOH CyMMBI TPH Pa3HBIX crioco0aX pa3bueHHs OTPe3Ka HHTe-
rPUPOBaHHS Ha YacTH, a TaKXke JUIA CpPaBHeHus TPyla, 3aTpaynbae-
MOr'0 Ha BBLIYHMCJEHHE ONpeleNeHHOro HHTerpata no ¢opmyae Helo-
ToHa — JIefibHHIIa U KaK Npefiesla WHTETPasbHBIX CYMM.

Tenepb MH IpEeNNIOKEM JJjia TeX XKe yIpaKHEHHH HeCKOJBKO 3a-
navy s CaMOCTOATE/NBHOIO  pell€HHst ¢ HeoGXONHMBIMH yKa3aHHSMY.
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3agaua 10,5 (115 CaMOCTOATENBHQrO pPeIeHHS).
3

BEIYHCIUTD S—’lc-dx (@>0; b>0; a<b). CocTaBuM HHTETPATbHYIO

cymMy aia GyHRuEH f(X) =3‘l— Ha orpeske [a, b}. Pasbuenne or-

pe3Ka Ha 4YacTH IMPOHU3BECTH TOYKAMH, abCILHCCHI KOTOpBIX COCTaB-
JISIOT TeOMETPHUUECKYI0 NMPOrPecCHI0. BHYHCAHTL S5TOT HHTErpan H 1o
¢dopmyne Hoiorona — Jleiibnuna.

Yxasauue Hcnonwvsosare ¢opmyny (10,18).

et S | 1
f(aqi)——-—, 2'—7 =) g=0n 4
i=0 i=0
3agaua celercd K onpeleNenuio npegena limn (g — 1).
-1
e 1, b
Tak kak cornacuo (10,19) g = 2y Tolng=—1In—, an=
b
In—

= Tﬁ: [Nostomy ykasaHHEIf mpenen npeoﬁpaayeTc;x B

b
ln';; —1

im m(q—— )=1n-— hrr% Y

0
(HpHMEHI/ITb IpaBuiao Jlonurans: «HeonpenesEHHOCTLY BHJA F)'

Orper. In —ba- . Tlo dopmyse Heiorona — JleiiGnuia

i

Tpebopanue, 49ro6bl @ M b ObUIM YHCIAMH MOJONKHTEIbHBIMA,
fIB/IAeTCS CYIIECTBEHHEIM, TaK KaK KaxJloe M3 HHX OKasaloCh Mof
3HaKoM Jiorapudma.

3apaua 10,6 b()'.UIH CaMOCTOSITETHLHOTO  PEILeHHS).

b

de=1lnx =1nb—1na=1n—§.

|-

a

BuiuncanTs S xdx, COCTaBUB nmerpanbﬂyro CYMMy LISt QYHKIHH

f) = x. OTpesox fa, bl paa;le.nmb HpOHBBOJIbeIM ob6pasoM Ha
N YacTed. .. :
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Touky, B KOTOPOH BBHIUHCIsETCS 3HaueHue (YHKUHH, B3ATH B
cepeluHe KaXJIOr0 YaCTHYHOI'O OTpe3Ka

xk + xk__l
b= —35—-

Tak xak [(x) =x, 10 [(E) = Er.
JlipHa 4YacTHYHOrO OTpe3Ka

Axp = Xp — Xp_1.
HurerpajpHast cyMMa NPHMET By
n

n
1 1
2 -x—k-_-;ﬁ"—’ (Xp — Xp—1) = 5 Z (k2 —xi_) =5 (x3—xd).
=1 =1

Ho x.=0b; Xx,=a, TNO3TOMYy ' HHTEFpaJbHasg CyvMMa paBHa
—;-(bz—cﬁ), a ee npereJ B JaHHOM clyyae, KaK Ipele] [OCTOSHHOM

BeJIMUHHEI, paBeH efi caMoi
' b

S xdx = %(b2 — a?).

Tako#i pesyabraT, KOHeuHo, MOr ObIThb HoJYy4eH epasy mo dopmye
(10,23). Ilpu peineHuu 3T0¥ 3afaun GbLIO MPOH3BENEHO HE CIENHAJb-
Hoe pasbHeHHe OTPe3Ka Ha 4YacTH, a IIPOH3BOJbHoe. TOuKa, B KOTO-
poil BHIYMCIAAETCS 3HAYeHHe (YHKIMHW, Oblla Bhi6paHa B cepeluHe
kaxporo orpesxa. Ilo dopmyne Hpiorona—/Jlefi6HHna noayvaercs,
KOHEYHO, TO Xe caMmoe

[ b

22| g
S’Cdx" 7= "3
a a

3anava 10,7 (419 CAMOCTOATENBHOrO peIICHHS).
b

Bruyucauts {sinxdx Kak npefen HHTErpanbHOM CyMMBI H IDH-
a N .

mensia ¢opmyay Helorona — JlefiGuuna.

Ykaszaunue Orpesok [a, b] pasneiuTs Ha n paBHBIX dvacTeil.
3HaueHuss GYHKUMH SiNX BHIYHCAHTL B [OPAaBOM KOHNE KaXJOro
oTpesKa.

o ¢opmyne (10,12) unrerpanvuas cymma Oyaer HMETb TaKoH

BHJL (c y4eroM, 4To A =t=9.

hisin(a+h) 4+sin(a+4 2h) 4+ ... +sin(a 4+ ih) +
+ ... +sin(a + nh)l.
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Vuects, uro 2 sin (a -+ ih) sin % == COS (a + ih — —’5) — COS (a 4+

2
-+ ih -+ —g—), a orcioja

sin (@ + ih) = lh [cos(a-l—ih———g-)—-cos(a-l—ih .1.—’21)]
2sin 7
i=1,2 ..., n).
[loAcrapasist 370 3HauenHe sin (@ - ih) B HHTerpalpHYI0 CyMMy,
nocle NPHBENEHHA MOJOOHBIX WIEHOB IHONYYHM

h . [cos(a -+ %)—:cos(a—f—nh —}—%)]

2 sin 5

\ Hepeittu k npeneny npu A0 (n - o), HO y4yecTh, 4To a -+

+nh=>5, a lim — =1 (IpuMeHHTH npasuio Jlooutans).
B0 o
2sin
2

b .
OTeer. Ssinxdx=cosa-—-cosb.

a
[lo ¢opmyse Hpiorona — JleiiGHuua

b b
Ssinxdx=—-cosx = — (c0S b — €0S @) = ¢OS @ — c0s b. .
a a

3akaHyHBasl ynpaxHeHus Ha BHIYHCJIEHHE ONpeleJeHHOr0 HHTe-
rpajla Kak INpefeJa HHTerPaJbHBIX CyMM, OTMETHM ellle pas, YTo
TaKOe BHIYHC/ICHHe JaxKe B NPOCTEAIIMX clydasx Tpebyer GOJbIIHX
YCHJIHH.

B 3akimiodeHywe 3TOrO INPAKTHYECKOTO 3aHATHA BBIIOJHHM DA
yIpaxkHeHH Ha BBIYMC/IEHHe OINpeNeJEHHOrO HHTerpasta 1o ¢opmyse
Heiotona — JlefibHuna.

3agaua 10,8 (n71s CaMOCTOATELHOrG pelICHHS).

BEIYHCINTL HHTETPaJIbi:

1

T 1
1) Ssinxdx; 2) Sekxdx; 3) Sl-}l-:ﬁdx (y4ecTh, 4TO 3HaYEHHS
0 0 —1

¢yHKuHE y = arclg x HaXopATcs Ha HHTeppaJe [— —’2‘- , —725], arctgl =

w T V3 dx A sin x
=qsarctg(—)=—7; 9 S ; 5) S dx.
[}

T4x2° cos® x
0

R —
Orser. 1) 2 2555 3) 55 4 5: HVI—1L
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3agawa 10,9 (Vi CaMOCTOATENBLHOrO pPEINeHHS).
. BBIUHCJIHUTD HHTErpafbl:

1
I)de(a>0 b > 0); Q)Scosxdx, 3) Sl-i—x' (51/4—::2

5) S ) a® — x*dx (yuecTb pesyabTar 3anauu 4,3).

OrserT. 1) ln— '2) sinb—sina; 3) In2; 4) = 5 5) =

3agaua 10,10 (A1 CaMOCTOATENLHOIQ pPEIIEHUs).

Unrterpansl, BLIYUC/ISEMEIE B 3TOH 3ajade, HMeEOT OGOJbIIOE 3Ha-
yeHue B TEOpUH TPHIOHOMETPHYECKHX pSNOB.

Jlokasarb CIpaBELTHBOCTE CJAENYIOLIMX (GOpMyl, eCJIH mu n-—
IeJele 4ucja:

1) S sinmxcos nxdx = 0;

-
k3
o [ 0, ecmn |m)|+|nj
2) \ cosmxcosnxdx = T » m=n,
—% % = —n.

~—T

. . 1
Yxasanue: sinmxsinng = 5 [cos (m —n) x — cos (m +- n) x].

0, ‘ecnu |m) = |nl,
3)\ cosmxcosnxdx={ = » m=4=n,
2z vy m=n=0.
YxkasaHnue: cosmxcosnx:—zl-[cos(m+n)x+cos(m—-n)x].

3apaua 10,11 (11 CaMOCTOSITENLHOrO PEINEHHS).
Hurerpupysa mo gacraM, J0OKasaTb QopMyJay

. 1 . 2m—1( .
Ssm‘mxdx = — - sin®"=!xcosx + ”’2 Ssmi’m-—-2 xdx

u, npuMeHsas e€ npu m >0 u uedoM, mokasarb, 4TO
\
2m—1 2m--3 2m-—5 3 1

sin?m x dyx = . . P

1,5 (10,24)
2m 2m—2 2m—4°°""'4 2

na
2

Oy 0] B
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Bapava 10,12 (115 caMOCTOATENBHOrO peIUEHHs).

W3 ¢opmyanr (10,24) nonyuurs, 3aMeHsis X Ha -;—-—z, dopmyy

2m —1 S cos2m—2 x dx

2m

1 .
S cos?m xdx = % cos?m—! xsin x -+

H, MOJAL3YACh €10, AOKasaTh, uTo npu m >0 u uenom

costmxdx = 2M=1. o3 amob 5L L2 (10.25)

9m  Im—2 m—4° """ %

oL ’zN" a

Ha nocrnenymolliX MpPaKTHYECKHX 3aHATUAX YUaIUMACA CMOMXKET
BHIIIOJIHHTD €lI€ MHOTO YIIPaKHEHHH, CBA3aHHHIX C IpHMeHEHHeM dop-
myasl HbroroHa — JlefiGHuna Ana BHIYHCIEHMS ONPENEJEHHOrO HHM-
Terpana.

OJMHHAJHATOE NMPAKTHUYECKOE 3AHSITHE

Conepxanme: 3alauM MeXaHHKH H GHM3HKH, UPHBOAJAIIEE K ofNpejeleH-
HOMY HHTerpaiy (mponosxesue).

PempM HECKONBKO 3alad, B KOTOPHX IS ONPEACNECHHS MCKOMOH
BeJIHUKHBL Tpefyercs CHayalla COCTaBHTh HHTErPalbHYIO CYMMY, a
3aTeM HaillTH ee npepel.

3apgaya 11,1. Cuna TOoka [ sdABJIsieTcs 3allaHHOi HeMpeprIBHOH
dyukuneit spemenu ¢ [ =1 (f). Onpenenurs KoiudecTsBo Q anekTpH-
yecTBa, NMPOTEKINEr0 Yepes NomepedHoe CceueHHe MPOBOJHUKA 3a BpEMs
T, OTCUMTHIBAEMOE BPEMsi OT MOMEHTa HavaJa OIHITa.

Pemenne. Cunrast, uro B Hadale omblta T =0, pasgeauM
N pOH3BOJILHEIM 06pa3oM oTpe3ok speMeH (0, T) Ha 72 4aCTHYHHIX OTpes-
KoB. AGCHHCCaMH TOUEK NEJIEHHS NyCTh GYAYT uHcla fy, Iy, fs, . ..,
fn_y, @ AJIHEI YaCTHUHBIX OTPE3KOB BPeMeHH fp — 1 (R = 1, 2, ..., n)
o603HauuM uepes Afp :

My =ty —tey (=1, 2, ..., n),

npuueM IOJUEPKHEM elie pa3, YTO NPOMEXKYTKH BpeMeHu Afp He 06g-
3aTeNbHO JOMKHBEI ORITH MeXjy co6ofi paBHbl. B KamjgoM W3 3THX
YaCTHIHHIX ‘[TPOMEXYTKOB BPEMEHH BHIOEpEM IIPOHM3BOJNBHBIY MOMEHT
BpeMeHH 1z (k= 1, 2, ..., n). 2ToT MOMEHT MOXKET HaXOgHThCH KakK
BHYTPH OTPe3Ka BPEMEHH [fr—i, fr], TaK U Ha JIOGOM M3 €0 KOHILOB.

CHna TOKa — BeJWYMHA TEepeMeHHasi, H3MEHSIOMasaCsd BO BPEMEHH.
OnHako MBI GyjeM CUHTaTh, UTO 3a BpeMsi Af, CHJa ToKa HE HM3Me-
Hs€TCA, a MMeeT B TEUeHHe BCEro 3TOr0 INPOMEXKYTKa MOCTOsHHOE
3HaYeHHe, a UMEHHO TO, KOTOPOE OHa WMeJia B MOMEHT 1z, Takum
o0pa3oM, andg oTpe3Ka BPEeMEHH [fx—(, fz] CHIa TOKa, pasHas I (tz),
CUHTaeTCy BENHUMHOH HOCTOAHHOM. . :

VisBecTHO, 9TO 1/1s1 OCTOSTHHOI'O TOKa KOJHMUYECTBO 5JIEKTPHYECTBA,
IIPOTEKIIero uepe3 IoIEpeyHoe CeUeHHe NPOBOAHNKA, PaBHO IIPOU3BE-
JCHHIO CHJIBI TOKa Ha BpeMs, 3aTpayeHHOE Ha NPOXOKJEHHE TOKOM
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3TOr'0 IPOBOJHHKA. CrnenopaTenbHO, 3a OTPEe30K BpeMeHH, DaBHBIR
Afp, TIPOTEYET KOJHYECTBO SJIEKTPHYECTBA, NPHOJIHXKEHHO paBHoe

[(‘tk)Atk (k=1, 2, vee, N

IMpouspegenne I (tz) Afp naeT npuGIHKeHHOe, a HE TOYHOE KOJIH-
YecTBO 3JIEKTPHYECTBA, NPOTEKIIEro 3a BpeMs Af;, moToMy uTo cHay
ToKa B TEYEHHEe BCETO 3TOTO IPOMEXYTKA BDEMeHH MBI CUHTaeM BeJIH-
YHUHOH ITOCTOSIHHOH, B TO BPeMs KakK B JeHCTBUTEJIBHOCTH OHa H3Me-
HsIeTCs1 HElPEepLIBHO CO BPeMeHeM M SIBJISIETCS] BEIHYHHON HepeMeHHO.

Ilapast wHnekcy kb suauewms 1, 2, ..., n M CkiagbiBasi IPOH3Be-
neuna I (z) A4y, () Afy, ..., I (tn)Afs, HalizeM, YTO KoOMHYECTBO
snekTpuyecTBa (), MpOTeKIlero 3a BeChb OTpe3ok BpemeHu [0, T,
OpUGIHAKEHHO ONpefesieTcss CyMMOH ‘

Q=1 (t) My + 1 () My 4 oo T (2) Aty

KoTOpas SIB/ISIETCSl HWHTerpaibHod cymmodl nasi ¢yHkumu I (f) Ha
orpeske [0, T1. Hrak,

n
Q= 2] (t&) M. (1L1)
k=1
3a TouHoe 3HayeHHe KOJIMUeCTBA 3IeKTPHUecTBa (Q NpHHMMaeTcs
npefes 9Toll HHTErpafbHOH CYMMH IPH YCJOBHH, YTO HaHGOTBLIMH
N3 OTPE3KOB BpPEMEHH MmaX Afp CTDEMHTCST K HYJIO, a 3SHAaYHT, YHCIO
7 3THX OTPe3KOB HEorpaHHYeHHO BO3pacTaeT, T. €.

n
Q= lim 37 (w) A (11,2)
maxat~0g )
(n — o)
Korpa HauGonblIMHA W3 OTPE3KOB BpeMeHH Afp CTpeMHTCSl K HYJIIO,
To Kaxjoe chaaraemoe I (tp) A, — BeMuHHa GecKoHeuHO Masasi, a Ko-
JIMYECTBO M 3THX CJaraeMblX HeOTPaHHYEHHO Bo3pacTaeT. TakuM
o6pasoM, IIPH onNpeneJieHHH Ipepesa HHTeTpanbHoi cymmur (11,1) mbr
OTHICKHBaeM Ipenen CyMMbl GeCKoHeyHO MajbiX BeTHUHH, KOTha HX
KOJIMUECTBO HeorpaHHueHHO BoO3pacTaer.
Uz (11,2) cienyer, 4TO KOMHYECTBO S€KTPHUECTBa, NPOTEKIHEro
3a oTpesok spemenH [0, T], onpegensiercs no gopmyne

T.
Q={1(at (11,3)
0

(cM. dopmyay (10,2)).

Takum o6pasoM, ¢opmyna (11,1) onpenenser npubauserrno Kou-
YeCTBO 3JEKTPHUECTBA, HPOTEKIIETO uepe3 NONEPeYHOoe ceueHHe npo-
BOJHUKA 3a BPeMsi, paBHoe T cekyugam. Dopmyaa ke (11,3) ompe-
Je/IsieT 5TO KOJHYECTBO MOYKO, TPHYeM 4UMCAa, HalijjeHHHe N0 3THM
tdopMysram, TeM MeHbIIE OTIHYAIOTCS OQHO OT APYTOro, YeM MeHbLue
OTPe3KH BPeMeHH Afp, Ha KOTophle pa3pelieH OCHOBHOH OTpe3OK Bpe-
menn [0, 7.
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HarnoMEEM, 9To B TeXHHYeCKOH CHCTeMe eIHHHIL[ KOJHYECTBO
sJ1eKTpHUecTBa () H3Mepsercs B KyJoHax, a cHaa Toka [/ —B ammne-
pax: ’

3anaua 11,2. Cuna toka [ = 22 — 37 4 2,

OnpenesuTs KOMMYECTBO 3JeKTPHUECTBa, NpoTeKilee depes molle-
peuHoe ceyeHHe NPoBojHHKa 3a 10 cekyHp, cuuTas Bpemsi of Hadasa
ONBITA.

Pemenne,

10

(1]
Q=—,S(2t2-—3t+2)dt,=( t"—-——t2+2t>1 = 5362 .
[\]

3agaua 11:3. Temo perxkercs no npsamMoii Ox U3 ToukH ¢ abermc-
cofi @ no ToukH c abcuuccoli b (a < b) nox geficTBHeM mNepeMeHHOMH
cunnl F, spasiomeiics wenpepusHol ¢yHkudell abcuucc x: F = F (x),
npuueM cuia NapanienbHa nupamoft Ox, a ee HanpaBileHHE COBIa-
jaeT C HanpapJeHHeM nBuXenus Tena. Haiitu paGory A, npousse-
NEHHYI0 cHyIofl F (x) Ha 3ToM NepeMelleHHH.

Pewenune. Ecnu 6o cuna F (x) Obla He nepeMeHHoOH, a MOCTOSH-
Holl, nmapafinembHo#l npsMo#l Ox, W ee HalpaBleHue COBNAja/Io C Ha-
paBJeHHEM [BHXKEHUA Tena, TO pa60'ra A » IPOH3BEJIeHHas €10, Orrta Gpt
paBHa NPOH3BENEHHIO MOAYJIS CHIBl Ha TNPOHZeHHLI nyTh, T. €. Ha
IAMHY oTpe3ka [a, bl, paBHy©O (b —a):"

A=F({b—a).

Ho cuna nepeMeHHa, a NoToMy 3To#l ¢opMyJiofl nist onpeneneHus
paGoTH MBI BOCTIO/IB30BAThCS He MOXKeM,

Otpesok [a, b] paspenrM Ha n oTpeskoB [xz—1, xz] (R=1, 2,
3, ..., n). Ha kaxknom H3 HHUX BelGepeM INPOM3BONLHYIO TOUKY E.
OnpepeiM B 5TOH TOYKe YHCJeHHOe 3Hadedue Cuabl F (x). Tlomyuutcs
upcso F (5k). [losarad, 49ro B npepenaxX KaXKjporo YacTHYHOTO oTpPe3Ka
CuJia He NepeMeHHa, a TOCTOsIHHa H 4TO ee 3HayeHHe Ha BCEM yac-
TUYHOM OTpE3Ke Takoe Xe, Kak B BblOpaHHOH Touxe, GyjgeM CUHTaTb
pOU3BENeHHYIO 3Tofl cuIol paGoTy NpuOMDKEHHO Ha KaXjioM Yac-
TUYHOM OTPE3Ke paBHOH INpPOHM3BENEHHIO MojyJsl CHJLI Ha HyTh, T. €.
F (Ek) A)Ck. _

PaGora cumbt F (x) Ha Bcem oTpeske [a, b) nNpHOMHKEHHO papHa
cymme paboT Ha BCE€X YaCTHUHBIX YyyYacTKaXx

A= kZ F (Ex).Axp. (11,4)
=1

‘

Cymma 2 F (i) Axy — unTerpanbHas cymma nas odyHkuun F (%)

Ha orpesxe [a bl. Tlo d¢opmyne (11,4) MBI nonyudM He TOUHOE 3Ha-
ueHne paboTel, a NpHOIHIKEHHOE, TOTOMY YTO Ha KaXKJOM 4aCTHYHOM

6 3-1724 ) 161
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3. [na ynpoweHns panbHeldwero U3NOKEHHd OrPaHuyUMCs
PacCMOTPEHUEM KPAeBbIX YyCA0BUH

X(0)=0, X()=0. (5,22)

3adaya HaxOwJIeHus COOCTBEHHLIX 3lHauyeHHH Oynetr B 3TOM mna-
parpade cBeleHa K 3aJaye HAaXOuAEHUS YCJOBHOMO 3KCTpPEMyMma
(MMHHMYMa) HEKOTOpOro (pyHkuuoHana. IJToT (QYHKUHOHAN BbIOK-
paeTcd Tak, YTo ypaBHeHue (1,22) aBnsiercd L/ HEro ypaBHEHHEM
Jlarpanxa — Oilnepa *),

PaccmoTpuM  1Ba  KBaApatnyHblx (QYHKUMOHA/MA OT (PYHK-
nun X (x)

D(X) (P X" - qX7) dx,

CQ/)N

{

HX) = | oX* dx.
0

I

dyHKIMOHAND
{
D(X,, X)=\(pX,X 4 qX, X, dx,
0
l

H(X,, X,)=\pX,X,dx
0

Ha3bIBAIOTCS OUAUHEGHbMU PYHKIUOHAAAMUE, COOTBETCTBYIOLMMH
IaHHBIM KBanpaThyHbiM. MMeeT Mmecto cienyiouias

Teopema 3. Ecau h— cobcmsennoe 3Haxenue paccuampu-
8aenmoll 3ada4u o coOCMBeHHbLX 3HA4eHUAX, a Xy — coomgem-
CMEYWas emy HOPMUPDOBAHHASL CcOOCMBEHHAR GdYHKUUL, Mo
04s- a0boii Henpepbisno Ougbghepeniupyenoil Pyuryuu  f(x),
Yoosaemsopsioueil ycaosusmu (5,22),

{

D (X, fy==)\ pXifdx =)H(X,, /).

0

*) Cu. M. A. Jlaspeutben u JI. A, Jlwcrepuugk, Kype
BapUHALMOHHOrO MCYMC/AeHus, U3l 2-e, ocrexusgar, 1950,



172 TMIIEPBOJNIMYECKHE YPABHEHUS [rn. 1

HokasarteabcTso. Murerpupys no wyactaMm, HUCIOAb3YH
ycaoBua (9,22) ans ¢yukuumd f u ypaBHende (1,22), nonyudum

DX, fy= " (pXif +qX.f)dx=
0

l
=pX, f| — {[(pX)) —gx] Fax =1 { pXifdx =
0 0 0

=\ (Xy, f).

Cnenctsue. Ilycts X;(x) — co6cTBennas PpyHKuus, cooT
BETCTBYIOLLAA COGCTBEHHOMY 3HauyeHuio A, Torna

Teopema 4. Omnouwerue 3(())2 (npu X =% 0) ozpanuyero

CHU3Y U, CAe008amesbHO, UMeem MOUHYI0 HUNCHIO 2PaHb.

HelicTBuTenbHO,
l L

D)=\ (px* +exdx={gx*dx=
0 0
l

=S-9—9X2dx> min q—(x—ZH(X).
y e osx<t P )

Ecnn paccMaTpuBaTh (PYHKLUUH, YAOBAECTBOPSIOUIHE YCIOBHIO
H(X)=1, To and nux OYAYT OrpaHH4YeHbl CHU3Y 3HAUYEHHH
camoro ¢yHkuuonana D(X). A Tak Kak BcAkoe cOOGCTBEHHOe
gHadyenne h=D(X,), ecnu H(X,)=1, TO Mbl mnonyuyaem OT-
CIOZAa BaXXHOE CJENCTBHE: COOCMBEHHble 3HAYeHUS Hawell 3ada4uu
02paHUYeHbL CHU3Y) .

Paccmorpum 3amayy O HaxOXIeHWH MUHMUMYMA (yHKUMOHAna
D(X) npu ycnosun H(X)=1. 3a knacc aonycTumblX ¢yHKUUH
NpHUMEM MHOXECTBO ABAXAbI HeNpephiBHO AU(pGEepeHUUpyeMbIX Ha
otpeske 0 <<x <</ ¢ynxuuit X (X), yAOBNETBOPAIOLIHUX YyCJO-
BuaM (5,22). [Ipednonoocum, ¥mo 3mom MuHUMY M O0CMILZAeMCS
8 Kaacce Oonycmumoix @Gynryui *). Toraa ocyuwectsagiouias
ero (yHKUAA IDOMKHA, KAaK H3BECTHO M3 KypCa BapHALHOHHOrO

*) JloKasaTeabCTBO CYLIECTBOBaHMA peuleHHsl 3TOH 3ajadd, KaK u
BCEX IPYrHX BapHAalMOHHBIX 3aJay, O KOTOPbIX OYyAET rOBOPHTLCH B 3TOH
raase, cM. B jgonoaHeHun K. M. Teapdanga u I, A, CyxomanHosa
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HCUMC/EHHUS, YIOBAETBOPATh MPH HEKOTOPOM A ypaBHenuio Jlar-
paHka — Oitnepa Ans PyHKLIHOHANA
l
D(X) — W H(X)=\ [pX"* 4 gX* —hpX*] dx =

0
4

=\ F, X, X)dx,
0
T. €. ypaBHEHHIO BHIA

oF d oF
0X  dxoX'

=0,

KOTOPOE B HalleM cjayuyae coBmajaet ¢ ypasHeuuem (1,22). Kpae-
Bble YCJIOBHSI 3a4au¥ud O COOCTBEHHHIX 3HAYEHUAX H paccMaTpH-
BaeMOH BapuauuOHHOM 3amauyu Takke cosnanpaior. [losTomy
¢yukuus X, (x), nmaiowas skctpemyMm D (X) npu ycaosud
H(X)=1, aBnserca co6CTBeHHOH (yHKUHEH HCXONHOH 3anauu
o co6cTBenHbx 3naueHusax. Tak kak scerga D (X,)=»\ no teo-
peme 3, TO, OueBHAHO, cOOCTBEHHOE 3HAY€HHUE, KOTOPOMY COOT-
seTcTBYeT X, (X), moMmkHO ObiTe HauMmenblinM. OGo3HAYUM €ro
yepes A,.

[Tokaxem, uto ¢yskuus X (x), npaoumas MUHAMYM (yHKUHO-
nany D (X) B knacce gonycTuMbiXx (pyHKUUH, yLOBAETBOPHIOINHUX
BCEM MPEXHHUM YCJIOBUSM U €Lle HONOJHUTENbHOMY YCAOBHIO

/4
| X, X dx=o,
0

siBfiieTCA coOcTBeHHON (¢pyHKIUEH, COOTBETCTBYIOLLEH BTOPOMY
Mo Be/JHYHUHE COOCTBEHHOMY 3HA4YEHHIO.

B camoM nene, QyHKUHS, OCYUIECTBAAOLLAS YKAa3aHHbIA Mu-
HHMYM, NO/MKHA YIOBJIETBOPAThH YypaBHeHulO0 Jlarpanwxa — Dinepa

Kk kHure M. A, JlaspentbeBa u JI. A. JlioctepHuka «OcHOBBI BapHally-
OHHOro ucuucjaeHusy, 1. 1, 4. II (1935 r.).

B BapHalMOHHOM HMCYMCJIEHHH JOKa3bIBaeTcs, YTO ecad Obl MbI M-
TpeboBaiu OT JONYCTUMBIX GYHKUUA CYyLIECTBOBAHUS HEMPEPLIBHbIX
NIPOM3BOJAHBIX TOJBKO TMepBOro TMOPsiiKa, TO paccMaTpuBaeMas BapHd-
nMoHuHaA 3ajaya Bce paBHO uMeJa Obl peuleHue. Ee peumrenue 06s3a-
TeJbHO HMen0 Obl HenpephiBHbIE NPOU3BOJAHBIE BTOPOro MOPAAKA M 10-
TOMY COBNalan0 Obl ¢ pelieHHEM TOH Ke 3ajayM B KJacce ABaX bl
HeNnpepoIBHO AudgepeHUUpyeMbix QYHKIUUMA.



174 CUNEPBOJUYECKUE YPABHEHHS [tn. 1

Ana ¢pyHkuuonana
!

D (X) —\H(X) —u \ oX, X dx,
0

KOTOpPOe B AAHHOM CJjyudde MOXKET ObITh 3alUCaHO B BHIE

N 1
(pX") — gX +MX -5 upX, =0; (6,22)

) U . — HEKOTOpble MOCTOSIHHKIE,
[MTokawem, dto w=—=0. [ng moxka3atenbCcTBa HaMNulleM ypaB-
neuue (1,22), samenuB A Ha A, U X Ha X

(pX2) — gX, +),0X, =0. (7,22)

Ymuoxum (6,22) na X,, (7,22) na X, BbluTeM OAHO U3 IpYy-

roro ¥ npounrterpupyem ot 0 no /. IloBTopus wuHTerprpoBaHue

0 4YacTsiM, MPOBEJEHHOE [P JOKA3aTeabCTBE OPTOroHaJbHOCTH,
l

B [10/b3ydCb TeM, 4YTO SpX,de:—:-O, Mbl 110J1y HUM

0
/

pg 0 X, dx =0,

U
OTKYylla cjlepyer

CnenosarenbHo, ypasHenue (6,22) umeer Bua
(pX') —qX -+ X =0,

u X spasierca coOcTBeHHoll ¢yHkumeidl. OG6o03HauYuM ee uepes
X, (x). [Mokaxem, 4TO COOCTBeHHOE 3HauyeHue \,, COOTBETCT-
Bylollee ITOH (QyHKUMH, ecThb Onmxaiiimee K A, cobcTBeHHOe
snauenue. OueBUIHO, h,=),, T4AK Kak OT yBeJHYEHHd yHcha
ycloBuH Ha AONYCTHMbIC dbyHkuun MuHumym [ (X) MOxeT TOAbKO
yBeNMYHTbCA. 3Hauenue A, He MOXeT ObiTb PABHbIM ), TaK KakK
torna X, (X) no Teopemle 1 O6pina Ow pasHoM - X, (x), uTO

NPOTHBOPEYHT YC/IOBHIO SX,de:-::O. CnenoBarennbio, h, > ..
0
[lToxawem, uro Mewamy I, W A, HeT [APYrHX COOCTBEHHBIX

sHayeHnl, HeficTBUTenbHO, ecan Oni CyuiecTBOBaja TROHKA €OG-
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CTBEHHHIX 3Ha4eHHH L, >L >, COOTBETCTBYOUUX COOCTBEH-
HpiM pyHkimsam X,, X, X,, TO, Kak Jerko BUAETb, He (QyHKUUIA

X,, a QyHkuus X ocyuecTsasna Obl peuleHue TOJNbKO YTO pac-
CMOTPEHHOH  BapualuoOHHOX 3aJayW COrjaacHo CACACTBHIO M3
TeopeMn 3.

CoReplleHHO aHAJNOTHYHbIM 00pa3oM IIOKa3blBaeTCd, YTO PyHK-
uus X, (x), nawowas maaumyM [ (X) B Knacce ABaWILb Henpe-
puiBHO auddepeHuUpYeMblX QYHKUUH, YHLOBNCTBOPSIOUINX COOT-
HoLIeHUsIM (D,22) U yCA0BUSM

l
HX) =1, {eXXdx=0 (j=1,2,..., n—1),
0
rae X, (x) ectb Jj-9 cobcTBenHas QyHKUUd, ABASETCH COOCTBEH-
Ho#l (byHKUMCH, COOTBETCTBYIOWEH 71-My NO BeJlMUYUHE COOCTBEH-
HOMY 3HaUEHHIO. _

TakuM 06pa3oM JdaH cnoco6 [0CAeA0BATENBHOrO HAXOWLe-
AU COOCTBEHHBIX uYHucen W coOcTBeHHbx PyHkuui. Tak kak
B NanbHeliieM GyIeT noKazaio, YTO A, ,— OO0 NpH 71— 00, TO
OTCIOAA CJAELYEeT, YTO TaKUM 0Opa3oM MOryT ObITb HaiileHbl Bce
coOCTBEHHbIE YHUCAa ¥ COOCTBEHHbIE (PYHKLHH.

4. MoxHO yKasaTb MeTOM, Aalouiuii BO3MOXHOCTb CpPa3y OThI-
CKaTb 71-e¢ COOCTBEHHOE 3HAYEeHHE U N-10 COOCTBEHHYIO (PyHKIHUIO
6e3 npeaBapuTEIbHOrO HAaXOWIEHHS NpPelllecTBYIOUNX COGCTBEH-
HbIX (yHKUMH. DTOT METOL JaeTcs caenywoweid meopemoi Ky-
panma.

[Tycmo @, (X), @,(X), ..., 9,_,(X)— npouzsossHas cucmena
HenpepbiBrolx @yHryuii Ha ompesxe [0, []. Obosnauum uepes
Mo, ..., ©,_,) Munusyn @yuryuonasa D(X) 8 raacce
08axcOb. HenpepvisHo Ougbghepernupyemos @yHrKyui, obpausa-
IOUUXCL 8 HYAb HA KOHLAX OmMpecika 1l y0084emMBOpSIOUUX CAe-
Oyiouum 00NOAHUMEAbHbIM YCAOBUA M.

H(X)=1, (8,22)
l
\opXdx=0 (i=1,2, ..., n—1.  (9,22)
0
Tozoa n-e cobcmserHoe 3HaueHue L\, 04l paccmompeHnHoll Bbillie
3a0a4t 0 COOCMBEHHBIX 3HAYCHUSX PABHO BepXHell 2paHll SHa-
“eHUl \(9y, @y, ooy Pu_y) NPU 8CEBO3MONCHOM 8biOODE PYHK-
yuu..p .., Qp_y-
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HokasartenbcTBo. Tak kak cornacHo npeablayuiemy

MX, ooy X)) =1,
TO NOCTATOYHO MNMOKa3aTb, YTO IpPH nooom Bbl60pe Qs v o0y Py
)‘((‘Pl’ R (‘?n—l)é)‘n‘

IMokaxem, 4TO NPHU MPOU3BOJBHOW CHCTEME @, ..., ©,_, MOXHO
yKa3aTh TaKYI0 JONYCTUMYIO (PYyHKUHMIO X(X), yAOBAETBOPHAIOLLYIO
ycnosusaM (9,22), (8,22) u (9,22), uro

D(X) <),
Otciopa 6yaer cnenoBaTh, 4TO

)‘((‘?1’ A (‘?n—l)é)\n

H Teopema OyleT JdOka3aHa.
¢ynkuuio X (x) OydeM ucKaTb B Bule

QueBHIHO, 4TO Takad QyHkuua npu mobeix ¢, Gyaer obpa-
watbcd B Hynb mpu x=0 1 x=/ 4 GydeT ¥WMeTb HempephiB-
Hble MPOU3BONHbiE A0 BTOPOro mopsaka BkawouutenbHo. IlonGe-
peM KO3GOULUHEHTH ¢, Tak, ‘i’l‘06bl YyAOBNETBOPANUCE YCNOBUY
(8,22) u (9,22). Iloncrasnas X B (8,22) u nonb3ysach TeMm, 4TO
H(X; X,) =0 nupn [~k (CBOWCTBO OpPTOroHa/NbHOCTH COGCT-
BeHHbIX (PyHKUMH), MBl MONYYHUM
A

HX)=\ X dx= 3 ci=1. (10,22)

0 k==

Ycnosus (9,22) maloT cucTeMy ypaBHEHUH
¢ n A

Spw?dx=k216kgw,-Xkdx=0 ((i=1,2, ..., n—1).

0 = 0

D10 — cucteMa nn— 1 nuHeliHbiX ypaBHeHUH ¢ 71 HEHU3EBECTHbI-
mi c,. Ona BCeria wWMeeT HeTpuBHaNbHble pelenud. [IpoHopmu-
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poOBaB OMHO Takoe peuieHne ¢ nomouwblo (10,22), mb BbiOCpem
dbyuxkunio X (x). Haiflaem D (X):

D(X) = S[p(ZCkxk) -}—q(ch )jdx:
S <P Z chcXXz—l—q L ckchle> dx —

0 R=11=1 k=1 [_1
n

Z c:D (X)) Z c,c,D (X, X,)=

é Z ‘k\é: =,

4TO ¥ TpeOOBaNOCh NOKa3aTh
3ameuyanue. BMecTo TOro 4TOoOH HCKATH MUHUMYM (YHK-
uvonana D(X) npu ycnoBusax (8,22) u (9,22), MOXHO HCKaTh
D (X)

MUHHMYM OTHOLLCHHSA H(X) npu ycaouax (9,22). Munnmanbhoe

3HayeHne OyneT OGOHO M TO Xe€; TOJNbBKO BO BTOPOM CJlyyae
9KCcTpeManbHas ¢yskuus Oyner onpeneneHa ¢ TOUYHOCThIO 10

NOCTOSAHHOIQ MHOXHUTEN,
5. Ing nanbHeliulero uccnenoBanuss COOCTBEHHBLIX 3HauyeHUH

U cOOCTBEHHbIX (YHKUMH BbHISICHUM, KAaK H3MEHAIOTCH COOCTBEH-
HBIC 3HavYeHus MPUH HU3MeHeHUHn KO3(pPuuUeHToB ypaBHeHus (1,22)
M OTpPe3Ka, Ha KOTOPOM pacCMaTPHUBAIOTCHA peLIeHH.

a) [lpu u3menenuu rosgpguiyuenmos p(x) u qg(x) 8 onpe-
OeNeHHYI0 CMOPOHY COOCMBEHHbIE SHAYEHUST MCHSIOMCSL 8 my dwe
cmoporny. Touuee, ecny uMeeM NBa ypPaBHEHHUH

(XY — gX - hpX =0,
(P*X') —g*X )X =0,

npvuyem
p(x)<<p¥*(x), g¢x)<<g*(x),

TO A, << <), rae k, u M, — COOTBETCTBEHHO /1-€  COGCTBEHHbIE
3HAYeHUs MepBoro " BTOPOro ypaBHeHuH,

¥) Tak kak A <kl < ovo <Ay

12 U. I. Derposckui
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Jloka3aTenbcTBO HEMNOCPEACTBEHHO BbITEKAET H3 TOro, 4TO

l l
DX)={ (pX* 4 gx* dx< | (p* X" 4 g*X*)dx = D* (X).
0 0

ITostoMy *(9,, evey @,_)<<A*(9,, ..., 9, _,), TaK KaK knacc

JONyCTUMbIX (PyHKUMH X (X) HE u3MeHwicd, H caelOoBaTelbHO,
%

)nél"o

6) llpu u3menenuu rKoagguyuenma p(x) 8 onpedeseHHyio
cmopony coOCMmEeHHble 3HAYEHUS MEHSIOMCS 8 NPOMUBONOA0NC-
HYI0 CMOPOHY.

[Tycts p(x) << ™ (x), a ocranbHble kO3DPHUMEHTH ypaBHe-
HUS He u3MeHeHbl. Toraa ang Bcaxkod Ppynkuun X (x)

D (X)=D*(X), a H(X)<< H*(X).
[ToaTomy D) _ D* )
HX)= H=X)* (11,22)

Beakas dynkuus X (x), ynosnertsopsaiomias ycaosusm (9,22) npu
HEKOTOPBIX (;{Xx), OyNeT yAOBAETBOPHTL AHANOIMYHBIM YCAOBHIM

{ 6% (009! (0) X (x) dx =0,
0

€Cnn MNoJOKUTD

PYRVNT W

2

OTciona u u3 HepaBencTBa {(11,22) 3akaouyaeMm, 4TO

l(‘?p oo 0y (‘?n—l)z)\*(?:” ) (*?:—1)'

A Tak Kak p*(x)=p(x) >p, >0, TO COBOKYHHOCTh Bcex
(g, %)y «..y @,(X)) coBnaaetr ¢ COBOKYIIHOCTbIO  Bcex
(1 (%), «+.y 9 (%)) u nOTOMY X, =)y

B) [Tpu ymenvuenuu ompesxa |0, I| cobcmsennsie sHaenus
He yoOwgarom. Tounee, ecniu B paccMaTpuBaeMoil HaMu 3agaye
O COGCTREHHbIX 3Hauenusx orpe3ok [0, /| 3ameHuTb OTpe3koM
[0, /*¥], roe {*<C/, u coGcTBeHHble 3HAueHHst HOBOM 3amayu
0003Ha4uTh yepes A*, To A =1,.

He#ictButenbno, A*(9,, ..., w,_,), KOTOpoe HWrpaeT pojb
A9, eeey ¢,_,) B HOBOH 3asaue, OyLET COBNALATb € MHHHUMY-
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mom ¢yHkumonana D (X), onpenenchuoro ans otpeska [0, /],
ecan kpome yaioBud (8,22) u (9,22) Ha kKjaacc Q0ONyCTHUMBIX
¢ynkuuil X (x) wanoxutp ewe TpebosaHue X (x)=0 npu
I* < x<</[. Ho nipn ycunenuun ycnoBufl yMmeHpliaeTcsi Kmacc no-
NycTUMbIX QYHKUUHA, W MUHUMYM dYHKUMOHANA MOXET TONLKO
yBeJNHunTbhed *).

CnenoaaTem;Ho, Mo, vy 0,000, cour Q)
A nosTtomMy u A, =\,.

O6pauiasicb K KOHKPETHOMY npuMepy, paccmMoTperHomy B § 20,
Mbl MOXeM BbIBECTH OTCIOLA WM3BECTHYIO CBi3b MeXAY MAHHOH
CTPYHbl ¥ BbLICOTOH €€ OCHOBHOIO TOHA: YeM KOpouye CTpy!d,

. kn
TeMm GO0Abllie 4acToTa ee COOCTBeHHbIX KOoaeOaHui (paBHaﬂ T) ,

TEM Bbllle H3LaBaemMbliii el 3BYK.

6. CoBepuieHHo TeM e METOLOM, KakKuM Mbl HCCAEL0BAH
coOCTBeHHble 3naueHua Oad  ypasaedus (1,22) npu  KpaeBux
yCNOBHsIX

X(0)=0, X(/)=0, (5,22)

MOXHO WCCNAEA0BaThb COGCTBEHHbIE 3HAYEHWA A5 ypasHehus (1,22)
py KpaeBblX YCJAOBHAX

X (0)=0, X (I)=0, (12,22)
WM 1Py KPAaeBbIX YCJAOBHSX
X' (0)—0,X(0)=0, X ()+o6,X()=0, (13,22)

rne 6,=0 u 6,=0, uin 0py KPaesoOM YC/IOBHH OZHOIO 3
yKa3aHHblX 34ecb THUNOB HAa OAHOM KoHue uHTepsBana (0, /) w
Ipyroro THMa HA APYroM KOHIIE.
~ OcHoBHOl1 Teopewmoil, naiouleifi BO3MOKHOCTb HCCACLOBATh
COOCTBEHHbIE 3HAueHua NpH KpaeBblx ycaosuax (13,22), asngerca
caenyloulast Teopema, aHajJoruyHas Teopeme MyHKTa 4:

[Tycmb @ (x), @,(x), ..., @,_,(x)—npousgossnas cu-
cmema HenpepvisHbx @dyHryui Ha ompeske |0, l|. Ob6osunaxums

*) TpebGya ot HenpepoiBHbix Ha [0, ] BMecTe ¢ MX MepBBHIMH ABYMA
NPOU3BOAHBIMUH GYHKUMA X (x), 4TOObI OHM 0Opamlanuch B HYJAb Ilipu
*<x<Cl, Mmbl TeM cambiM Tpe6yeM, 4TOOH Mpu x==1I1%* o6pamansacb
B 1yJAb He TOAbKO cama ¢yuxuus X (x), HO u ee Nepsble ABE NPOM3LO]-
Hble. OHAKO MOXKHO 10KA3aTb, YTO ITO AOMOAHHTENAbHOE TpeGoBaHUE HE
MeHser Munumyma D (X) na orpeske [0, I¥*].

12%
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qeped h(Q, »o.; @, _,) MUHUMYM DYHKUUOHANAR
{
{ (X gx*) dx 46, (0) X (0} 43,0 (1) X* (1) (14,22)
0

8 Kaacce 08aicOb HenpepbvigHo Oougbdbepeniupyemux @yrnxyui,

Y0084eMBOPAIUUX CAEOYIOUUM YCAOBUAM.
)

Hx)=1, {pgXxdx=0 (=12, ...,n—1). (15,22)
0
Toz0a n-e cobcmsenHoe 3HaxeHue L\, 04 paccuampusaemoil
3a0a4ll 0 COOCMBEHHLLX 3HAYEHUSX PABHO BepXHell 2paHil 3HaYe-
Huit M9, ..., ©,_,) npu 8Ce8o3MONHOM BbiOOpe PYHKULIL
Wy «eey ©,_,, Aullb Ob OHU OCMABAAUCH HENPEPbIBHBLMU.

[Tonb3ysicb 3TOH TeopeMmoit, MOXHO TaK Xe€, Kak u B cllydyae
3aKpeIJIeHHbIX KOHIIOB, HCCAEN0BAaTb 3aBUCHMOCTb COOCTBEHHBIX
snauenufl ot p(x), g(x), p(x), 6,, 6, L.

Ecnn 3a ¢yskumn ¢, ..., @,_, 0puHatb nepsbie 71— 1
coOcTBeHHble pyHkuun X, ..., X,_, paccMarpuBaeMol 3anauy,
TO (yHKUMS, nawouias MHHUMYM ¢yHkunoHana (14,22) upu ycno-
Busx (15,22), 6ymer n-ii cobctBenHol (ynkuuedt 3TOH 3amauw,
a MuHuUMyM (yHkuuoHana 6ynet ee 7-M COOCTBEHHbLIM 3HAYECHUEM.

Ecau 6,=0 u 6,=0, TO Mbl npunem K 3amaye 0 COOCTBEH-
HbIX 3HAUYeHWAX I/8 ypaBHeHusd (i,22) npuH KpaesbiX yCAOBUAX
(12,22). B aTtoM cnyvae n-1 coGcTBenHas QyHkuns 6yneT AasaTh
muHuMyM D (X) B knacce aBaxAb HenpepunBHO Auddepeduupye-

MblX (PyHKUUH, YHLOB/IETBOPHIOWINX TakUM iKe YCJAOBHIM
)

HX)=1, {px,xdx=0 (j=1,2,...,n—1),
0
rae X, ..., X, _,— nepepi¢ coOCTBeHHbe (PyHKUMH 9TOH 3a-
J1a4d, KaKk W B cayyae 3akpemneHHblx KoHuos. Ho Teneps or
NONyCTUMBIX (YyHKUMH He TpebyeTcs, 4TOOb OHW YIOBAETBOPHANH
KaKkoMy-n1u60 yCloBUIO Ha KoHuax wuHrepsana (0, /). dynkuus,
peliaioulas 9Ty BapUaUMOHHYIO 3amady, ABTOMAaTHYECKH Yy OBle-
TBOpsieT ycaoBuaM (12,22). 1o «cBoGomnas 3amaya». Ona coot-
BeTCTBYET Ko/NeOaHUIM CTPyHbl, KoTOopasg CBOOOAHA, T. €. He
saKpenseHa Ha koHuax. HanmomHum, omnako, 4TO, Kkoraa Mbl ro-
BOPHUM, UYTO CTPYHA He 3aKpemleHa Ha KOHLAX, 39TO 3HAUUT
TONBKO, UTO STH KOHLb MOTYyT Kak yromHO ABUraThCs 0O Mps-
MOH, HepUCHAUKYNPHON K [10JI0KEHNI0 PABHOBCCHSI CTPYHLI, HO
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3TO OTHIONb HE 3HAYUT, YTO STH KOHUW MOTryT <cOamKaThCA
BIO/b TOJOKEHHS PABHOBECHS.

Ecan ot monycTumbix yHKUMH HE TPeOOBATH HEMPEPLIBHOCTH
B Kako#-HuOyab BHyTpeHHeH Touke ¢ uHTepBana (0, /), To knacc
ponycTuMbIX  QyHKumit pacmmpsiercd; A(Q,, Pur ceer Po_yds
a C/MelOBaTe/NbHO, U A, OT 3TOr0O MOXET TONbKO YMEHbIUMTLC.
CootBeTcTBYlOUME TOH, wu3naBaeMuil cTpyHOH, MOHU3KTCA. IDTO
COOTBETCTBYET Pa3pbiBy CTPYHb! B KAKOH-NHOO BHY TPEHHEN TOUKE C.
Torma koHUb o00eux uyactell CTPYHb,, OCTaBasiCb HA ONLHOH U
TOH We mnpsiMol, NepneHIuKyAIpHON K MOJOXEHUIO HENOABMKHON
HaTSIHYTOR CTPyHB, MOFyT CBOOONHO TMNeEpPenBHUraTbcs Mo 3TOH
npsamoii. CooTBeTCTBYIOLLAA cOOCTBEHHAs pyHKuus X, OyneT UMEThb
B TOYKE € Pa3pbiB 11IEPBOro pona; MpH ITOM OyIeT

X,(c+0)=0 u X,(c—0)=0.

M3 npenbinyuiero caeayeT, YTO TOHb CTPYHbLl TNPH 3TOM [OHH-
35ITCHl MO CPABHEHHIO ¢ COOTBETCTBYIOLIMMH TOHAMH UEN0H CTPYHHI.

7. Mpl orpaHnyuMcsl onaATb PACCMOTPEHHEM KPaeBblX YCJIOBHit
puga (9,22), Tak Kak B IPYrux CAy4asXx MOXKHO MPUMEHUTD
COBEPIUEHHO aHAJOTHUYHbIE PaCCYWKAEHHS.

JlanuM ouenky A, B 3aBucumoctu oT 7. OGO3HAuUMM MaKCH-
Mymn ¢QyHxuui p(x), ¢(x) n p(x) na orpeske [0, /] coorser-
CTBCHHO 4E€pC3 pPmax, Gmax, Pmax, @ MHUHHUMYMbl — 4€PE3 DPmnin,
Gmin, Pmin M PaccMOTpuUM Hapaly ¢ ypasaenuem (1,22) nBa
ypaBHeHHss C NMOCTOSHHbBIMH KO3 PULHEHTaAMU

PmaxX" — QmaxX+ MminX =0, (16,22)
PminX" — GqminX + )\PmaxX = 0. (17,22)

M3 pesynbratos n. 95 chaeayer, uTo
L, <\, <)\, (18,22)

rae in M A, — COOTBETCTBCHHO 71-€ COGCTBEHHBIE 3HA'lEHHs ypas-
Heuuit (16,22) n (17,22). Ho ypaBHenns (16,22) u (17,22) unu-
TerpUPYIOTCSt B KOHEYHOM BHAE, M 3HA4YCHHS L, Uk MOFYT GuiTb

TOYHO BbiuucaeHn. Pewasn, vanpumep, (16,22) u uaxons uact-

HOE peweHne 3TOro ypasHeHust u3 ycaosuit X (0) =X (/) =0,
Mbl [TOJTYYUM

Y 2_2
MaPmin — Omax ___1T'T
(2

Pmax

—

Ortciona A, =C,n*+4C,, rae C, u C, ne 3asucar ot n,



182 TMNEPBOJHYECKUE YPABHEHMUSI [rn. 1

AHANOrM4HO
=: 2+C
[ToncraBass stm 3nauenns B (18,22), M nonyunm
2 2
cn'+c, <\, <Cn*tC,. (19,22)

1

Orciona cnemyer, B 44aCTHOCTH, HEOrpaHUUYEHHOE BO3PACTAHHUE
COOCTBEHHbIX 3HAYEHUH mnpu n— o0o.

8. Hccnenyem Ttenepb nosenenune coGcTBeHHBIX (YHKUMH npw
Bo3pactaunu 7. HOna 3T10oro ynpoctuMm ypasHenue (1,22) nyrtem
3aMeHbl

¢ (%)

[TonGepem yuxkunn @ (x) >0 u $(x) >0 rtakuw o06pa3om,
4TOOH ypasuenue (1,22) nocne 3avenn (20,22) nepewno 8 ypas-
HeHue

={oay, s="x (20,22)
0

u” (s) 4\t =R (s) u. (21,22)

[MpousBoxs mnoacranoBky (20,22) npu npou3BONbHLIX YHKIUAX
¢ (x) n $(x), Mol or ypaBHeuns (1, 22) nepeiizem K ypaBHEHUIO

du  (@4p) +9v'pdu 4 4 1 b —0p)Y
ds® | cp ds V0 ¢*4p

BuiGepem rtenepp ¢yHkunn @ (x) u O (x) Tak, utobu 3TO Yypas-
HeHne umeno Bua (21,22). Ing 3TOr0 HYXHO OnpenenuTb (yHk-
M @ (x) u $(x) w3 cucremn ypasHeuuit

-—— =1, bp) V'p=0.
= (bp) +¢b'p
PemuB sty cucremy, nonyuum

L ‘/Pz V=1 op’

rje ¢— NpoM3BOAbLHAN MOCTOSIHHAS.
[Tosromy ™Mbl MOXWeEM, HallpuMmep, 3aMeHOMN

_—_-.S 1/[—?- de, u= 1o X (22,22)
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ONY4UTb ypaBHeHHE (21,22); R(s) snech HenpepuBHag (PyHk-

uus, ecan o’ (x) # p”(x) nenpepnBHH, Tak Kak @*dp==0.
Pewenue ydeHeHHﬂ (21,22) Mbl 10MKHB UCKAaTh Ha HHTEpBane

0 s, rae ! __S l/p dx. Kpaesuie ycnoBust ana u(s),

KaK 7erko BHAETb, OCTdHyTCﬂ Te we, 4To U ans X (x):
u(0)=0, u()=0.

Ecau X, (x) — coGerBennas ¢yHkuus ypasHenus (1,22), coot-
BETCTBYIOLLAsE COOGCTBEHHOMY 3HaueHut0 A,, TO 3TOMY xe cOGCT-
BEHHOMY 3HAYEHMI0 COOTBETCTBYET COGCTBeHHau byukuns u,
ypaBHenua (21,22).
Ecan
L

{ oxiax=1,

0

TO, KaK /Jerko y6enuThcs,
ly
\ &} (s)as =1. (23,29)
0

JdanuM acumntotruvyeckue dopmyas aad «,(s) npu z-—oo0.
Tak kak Hac uHTepecyeT noseaeHue u, (S) rnpu OGOAbIIKX 72, TO
Ha ocHoBaHuu (19,22) Mbl MOXKEM paccMaTpuBaTh TOMALKO MOJIO-
WuTenbHele A,. PaccmoTpum HeonHOponHOe ypaBHEHHE OTHOCH=
TeAbHO (PYHKUMHU 2 (S)

2 1lz=R(s)u, >0, (24,22)

rae u(s) ectb peunlenne ypaBHenus (21,22) npn ToM we A,
Ypasuenune (24,22) umeer oOliee pelieHue

z(s)=C, cos V s —+ C, sin Vs —+-

+ =R u(@)sin VX (s —7) de #).
Vi
i’ (0)

Ecan nonowurs C,—=u (0) u sz_————_x—_, TO 2(S) Oyner 1ipu

*) CM., Hanpumep, Mou «Jlekuun no teopun oOLIKHOBEHHBIX AudPe-
peuumnanbubix ypasuenuity, locrexusiar, 1952, c1p. 136,
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§=0 yI0OBNETBOPSITH TEM K€ HAYANbHLIM YCNOBHAM, YTO H
u(s). lNMoatomy B CHAY TEOpeMH O E€NMHCTBEHHOCTH pelieHud
sanaun Kowwn ana ypasuenns (24,22) z(s) 6yaeT TOXAECTBEHHO
paBHO UL (S) ¥ Mbl NONYYHUM ANA U (S) MHTErpasbHOL YypaBHEHHE

u (s)=u (0) cos l/_fs-}-%}—(_g_lsin]/—ls—{—

+ -171-)_- S R u@sinV ) (s—)de. (25,22
0

MycTe Temeps A coBmamaeT ¢ 7-M  COOCTBEHHBIM 3HAYEHUEM;
v, (§) — peuienne ypasueuns (21,22) npu A=), ydoBreTBOps:-
IoUlee HayalbHLIM YCIOBHAM

v, (0)=0; Un (0) = ]/l_n

Takas ¢ynkuna o,(s) OyAeT YyAOBAETBOPATH HHTErpaNbHOMY
YDABHEHHIO

U, (S) e
l S
—sin V1. s+ o (R ()0, @sin VT, (s —v)de. (26,22)
n0
C TOYHOCTBIO N0 3HaKa OHa OT/IMYAETCHS OT HOPMHPOBAHHOH COG-
C1BEHHOH (YHKUHMA U, (S) TONBKO MHOWHTENEM:

un(s) _— 3 — Nnvn'
l/g v, (S) ds

B nanbHe#iiieM MBI [OKaXeM, 4TO
2
Nn—""’ “/T‘-o

Noxaxem mnpewne Bcero, 4To Bce ¢ynkuun v, (S) orparu-
yens HEKOTOpoH He 3aBucauieil or n koucrautofl. Ing storo
o603HauuM max| v, (s)| npn 0<<s=<</ uepes M,. Toraa us
ypaBienns (26,22) umeem

)vn(8)1<1+VlTMn§|R(t)]dt
" 9
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H, CACA0BaATE/1bHO,

M, <1+

ll
l’}dﬂlmnldc,
M, < . =1+0<V‘_). (27,22)
] : Ay
| —
7w Snfemldt

Taxk kak \,— oconpu n—00(cM. M. 7), TO 3TO HEPABEHCTBO 10~
K43LBAae€T OrpaHHYEHHOCTb JyHKUUiA v, (S).

Ong nanpHefliero Ham OHAAOOUTCH AaHANIOTHUYHAR  OUEHKA
ANsl MPOM3BOAHBLIX MEPBOro M BTOPOro (OPAAKA OT COOCTBEHHBLIX
dyHruui. YTobu nonyuutb ee, npoauddepeHupyemM HUHTErpaib-
Hoe ypasHenue (26,22). [lonyuum

Un (§) = l/i; cos l/i-,: s+ S R(t) v, (%) cos l/f; (s —1) dw:,

'v;: (§) =—1X\,, sin VE § — I/i,: S R (%) v, (%) sin V)—\;(S——-‘t) dv-{-
+ R (S) vn (S)Q

oTKyAa

v (8) < VY, F0(1), |oa(s)] <), +O(V},). (28,22)

¢y

2
BuiuncnauM Tenepb va,,(s)a's, T. €. Halaem MHOXUTEeNb,
0
KOTOPHIM (YHKUMH v, (S) (¥, CAEL0BATENbHO, HX [IPOU3BOAHNIE)

OT/IHYAIOTCA OT HOPMUPOBAHHLIX COOCTBEeHHLIX GyHKUMN 1, (S) (4
MX COOTBETCTBylOUIMX npou3dBoAHnix). M3 (26,22) umeem

vn (s)=sin® )L, s 4 O(Vl7> .

Orciona

‘)

2 L sin2} i, ! ] [ |
‘Un(é')dS::: " 1 ' O("—:-):‘-:‘“L O -——_-_).
S 2 4y, ' Vo, 2 L VX

¢
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Orciona ana u,(s) cpasy MOAy4alOTCH OLEHKH, AaHANOTUUYHbLIE
(27,22) n (28,22):

_ o
s ol< ) =+o(iz),

|t (5)] VT,,]/ZZ—}—O(I), f (29,22)
i)l <, Y =00/,

3ameHOl nepemeHHbix 1o Qopmyaam (22,22) otciona Hermno-
CPEACTBEHHO TMONYYaIOTCA COOTBETCTBYIOUIME pPe3ynbTaThl A4
X, (X): OrpaHH4eHHOCTb COOCTBEHHbIX (QYHKUMA U TOT ke o-
PiOK PpOCTA MPOU3BOAHKIX NpH #— 0O, KaAK U y u, (S).

9. PaccmoTpum BONpPOC O pa3/n0MeEHUHd TPOU3BOJNLHON Henpe-
puiBHON dyHkuuH f(x), 3ananHo#l npu 0 << x <</, B pin

N

e, X, (%) (30,22)

n=—1

no coOcTBeHHbiM GyHKuMIM X (x),..., X,(X),.. ypasHeHus
(1,22). Tem xe nyreM, Kak 3TO JAenaeTcs A OOLIYHBLIX TpH-
FOHOMETPHUYECKUX PAAOB, JErko rokasaTb, YTO ecau psan (30,22)
PaBHOMEPHO CXOAUTCH K Qynkuuu f(x), TO KOo3ppHUHEHTH C,
paBHbl KOd(pduumentaMm Pypoe ¢pyHkuuu f(x) no cucreme yHk-
unfh X,,..., X T. €.

n,..l’

0(x)f(x) X, (x)dx (31,22)

N
S L) ~

(cp. koneu § 21).

[ToctaBum Teriepb B COOTBETCTBHE KawIOH HHTErpHpyemoi
dyukuun f(x) ee «par Pypbe» Buna (30,22), rae kodpduuu-
eHTH ¢, onpeneneHnt no dopmynam (31,22), n nccaenyem sonpoc
O CXOIUMOCTH 3TOFO psiaa.

CHauana JoKaweM, 4TO 045 6CAKOL unmezpupyemoil 8ie-
cme co csoum xsadpamom na ompesie [0, | xycouno Henpe-
poisroli ¥y pynxyuu f(x) psad (30,22) cxodumcs k Imoll

[,

*) To ecTb uMeIOUIEH KOHEYUOE 4HCAO [QYEK Pa3phiba,
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@PYHKUUL «8 CpeOHeM», m. e. 4mo

! N
Sp(x) Flx)— D e, X, (¥)]*dx —0

n=1

(N —00).

CucTeMa OpTOroHaNbHLIX € KakuM-1u60 Becom p(x) dynkimi,
o6/n1anaouias YKa3aHHLIM CBOWCTBOM, HA3bIBAETCH M0AHOIL.

Ilns nmokaszatenncTBa CHOPMYJIUPOBAHHOrO YTBEPMWIAEHUA MPEa-
MOJNIOXKUM CHavaja, uTo f(x) — Henpepsigro ougdgdeperyupyemas
dyuryus, yoosasemsopswowan ycaosuan f(0)=f(/)=0. Bse-
nem 0003HauYeHUd:

4

N
) =fx) — Y e, X, (0, o= {pw)r2x)dx,

n=1i 0

@y (x)== ————-fAé/f/x) .

Ham wazo nmokasatb, uto 8y — O npu N-— oo. Tak kak

l

Spcpfv(x)a'x-—zl

0

B TakK KaK, KpOMe TOFO,
/4
(pon) X, (dx=0 (r=1,..., M,
0 .

TO @, (X) fBAgeTcd onHOM U3 NONYCTHUMBIX (QYHKUMH BapHalUOH-
HOW 3amaud, paccMoTpenHo# B 0. 3 9roro naparpada *).
3xauenne Munumyma D(X) mna sTod samaum pasHo X, ., cre-
NOBaTeNbHO,

D(op) = hyeye

Buuncnum  tenmeps D (p,). Tlonn3ysch oGosnauennsmu . 3,

¥) Cp. npumeyanue Ha crp. 172—173,
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Hainaem z | ,
D(‘«?N)z S p(*?/v"}—q(?/v =gg{; S (pf;"}“qf;)dx:
l N
alTS[Pf—LcX *q(f— 2. X)) dx=
N oo n=—i\ n—1
N i
= [DN—2 e.DUs XN+ 2 X cpenD (X, X, =
N n—i n—=1 m=1

= hyy,e  (32,22)
Ha ocHoBaHum Teopemnt 3 n. 3 umeem
D(f, X,)=M\,c,, D(X_, X)=D(X,)=\)

n n?

D(X,, X,)=0 npu nz~=m.

[Toncrapnaa wnaineHHble 3Hauenus ¢yHKuMoHanos B (32,22),
noAy4HM

n?t

N
1 2
gi_\/[D (f)— Z }'nc”]> )‘N+ 19

n=1

OTKYyZa

N
D(f) — 2 \,c2

O << X"""“ . (33, 22)
N+

CornacHo (19,22) cyulecTByeT TOJAbKO KOHEYHOE YHC/IO OTpH-
natenbubix L. [lostomy wuucautenp apaso#t wacrtu (33,22) or-
pauuyen npu Bcex N. Tak kak A, ,— oo npt N— 00, TO
orciona cneayet, 4to 83— 0 npu N— oo, T. €. paa (30,22)
CXOAUTCA B cpeaHeM Aad BCsko# nuddepenuupyeMoid @ yHkuu,
pOpautatolieiicss B Hyab B Toykax x=0 u x==/_.

Yr1o6n 0cB06GOANTHCA OT OrpaHduyeHdil, HaNOXEeHHbIX Ha f (x),
3aMeTHM, YTO I/ BCAKOH KyCO4YHO HenpepuiBHOM dyHKUMn f (X)
C HHTErpHPYEMbIM KBAAPAaTOM CYILUECTBYET HenpepuisHo Audoe-
peHuupyemasa ¢yukuus f* (x), obpaiatoulascs B Hy/lb H4 KOHUAX
orpe3ka |0, /[ u Takasd, 4to

4

folria—rax <,

rue Ea—-—JIIOGOQ 3a43HHOE MOJIOKUIENbHUE 4YUCIO,
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flyctp, nanee, N BbIOpaHO HACTONbKO OONbLUHM, 4YTO

l N .
S o (x) [/*(x)— Z n X (0] dx e,

n—i

¢, — Koabduumentol Pypoe nas f*(x). Torna

t N
Yo/ e — X e, (o) dx <

n—1
/

Sp(x)[lf x) — f* (0)| | £* v)——Z 6 X, ()| dx <

n—i
l

e 2 ol —r2 |1 0 —

=

as

N
—-—2 X, (x)|dx<e, e, +2 Ve, e,

n=—1

[lpn ouenke nocnenHero HHTErpana ™Mbl BOCHOJAb30BANUCH HEPA-
BEHCTBOM D YH#KOBCKOroO.
Takum o6pa3oM nokaszaHo, YTO 4JR BCHKOH HHTErpupyemoit

C KBaaparom Qysxuuu f(X) cyulecTByior Takoe /N M Takue c,,
4TO

] N
S o (x) [f (x) — Z ¢, X, (x)|*dx (34,22)

n=1

kak yronno man. Ho wussectHo (cM., Hanpumep, Mou «Jlekuun
0 TEeOpHUH HHTEerpadbHulx YypasHeHu#l», [octexmamar, 1951,
cTp. 66 — 67), uto wuurerpan suaa (34,22) npuHUMAeT HaUMElib-
wee 3dHayeHue, Kkorna ¢, CyTb KO3hpuumeHTo Pypbe A8 PyHK-
una f(x). Ilostomy, ecin 8 (34,22) 3a ¢, B34Tb 9TH KO3(DdH-
UMEHTH, TO BeaMunHa uHTerpana (34,22) ue yBennqmca.
[lonb3ysich oproronanbnocnio (pyuxuuﬁ . (x), Herpyauo

NOACYHTATbL, YTO O Sp[/(x)] dx — Z ¢.>=0 (Hepasen-

Hn=1%

ctBo beccens), rae cn--«m(pcbmmem*u dypve aas dyukuun
[ (x). CnenoBaresibtio, yC/aoBHe HOAHOTH CHCTEMB QYUKIMA MOKET
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OblI'b 33ilHCAHO B BHAE cneny&omero paBeHCcTBA:

f,_—_—__ S o [/ (x)]* dx (35,22)

1 D4BEHCTBO ﬂapceBaJm).

10. JokaweMm Ternepb CACLYIOULYI0 OCHOBHYIO TEOpeMy:
04 HenpepwvigHo Oudbgpeperyupyenoi Ha ompesxe [0, I| pynx-
puu f(x), obpauwanueics 8 Hyab Ha KOHHax ompe3Ka [O l]
ee «psi0 Pypse» (30,22) cxooumca x asmoi Pynryuu abco-
AIOMHO U PABHOMEPHO.

JlocTaTouHOo MOKa3aTb, 4YTO 9TOT PpsaA BooGILe aOCOMOTHO H
pasHoMepHo cxoautcsi. HeHcTBuTenbHo, Tak Kak 9TOT psald CXO-
AUTCd «B cpeaHeM» K f(x), TO, CXOASCb PaBHOMEPHO, OH He
MOXeT HMeTb CBOMM [MpPENe/JOM HUKAKYI0 ApPYryio QyHKuUHIO.

[ycts n, nwacronbko Beauko, 4to0 A, >0 npu nz=n,.
Bocnoab3oBasmuch,  HepaBeHcTBOM  Kown, ™Mb MOweM  And
n=n, HanucaThb

n-+-s n-ts .
;: | e, Xi|= ; Ick‘/)‘kl'
=n =n
n+s n+s n+s m
< Z Ck)& Z Z Ck)\ VZ ‘i:k.
k=mn k=n, k=n

lMpumenum Tenmepb NAs OLEHKH MEPBOr0 MHOXHTE/NS HEPAaBEHCTBO
(33,22), a BO BTOpPOM BhIHECEM 3a 3HAK KOpHS

n;ax[Xk(x)l =M

Tak xak u3 Hepasenctea (33,22) cneayer, uro

2 ek, << D(f)+ Z Ckl)\ | < M,

k=n,
TO
nts R
> e X < MM 3L
k=n b=n k

Tax kak cormacuo (19,22)

= e,k 4y,
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0 0)
1 ] ~ |

0O vT<S_jmg ¥ pid L — CXOAHUTCH. CnenosatenbHo,
- clk +C2 k=n0 )\k

aas moboro € >0 npu agoctaro4no OOAbIIOM 7z H JIOOOM [0710-

WHUTeJAbHOM §
n+4s

1 g2
A

e S MPME

k=n
n+s

U MO3TOMY i lc, X, <e, 1. e D¢, X,(x) cxomurca a6co-
kR=—n

JIOTHO U PaBHOMEPHO.

§ 23. OGocHoBanue metona Pypne

1. Paccvmorpum ypasuenune (1,21). byaem npeanonararts, 4to
kK03(pHLHEeHTH 3TOr0 ypaBHEHHs — TPHKALl HENPEPLIBHO Audde-
penunpyembie pyuxuun 8 Ly, A(f) >a, >0 u C(x) ¢, <0,
T. e. ypasuenue (1,21) runepGoanuyeckoe *).

Bynem HCKaTb ABa¥Abl HerpepuBHO AHddepeHuupyemMoe 8
Ll; pewenne ypasdends (1,21), ynosseTBOpsiOUIce HAYA/IbHbLIM
yCNOBHIM

(0, x)=u,(x), (0, x)=1y,(x) (1,23)
%1 [‘paHH‘{HblM yCJlOBHﬂM
u(t, 0)=u(t, /)=0. (2,23)

Meton <Pypbe MNPUBCAMT K paccmoTpenuio psama (12,21) (cm.
§ 21). Pynxkuun X, (x) 9BAAOTCH COOCTBEHHBIMH  (PYHKLMSIMH
ypasnenns (1,22). Ilyctob
LN=f) —q/.
Torna ypasuenue (1,22) mowno 3anucarp Tak:
L(X,)=—)\,pX,.

Teopema. Ecau ¢ (x) umeem Ha ompeske [0, I| Henpe-
DHIBHYIO NPOU3BOOHYI0 mpembezo NopsAOxKa u y0os.aemsopsem
YCA0BUSM

9, =L(g,)=0 mpu x=0 n x=/, (3,23)

¥) Jlerko npoBepHuTb, YTO BCE TeopeMbl § 22 M OCHOBHAA Teopema
§ 23 cnpasepnusbl, ecaun C(x), A(¢) nBaxabl HenpepniBilo auppepeir-
uupyemsbt, D (), E(x) F,(X) uMewor uenpepbisible I[POU3BOAHBIE NCp-
BOI'O Mopaaxa, a [ (¢) Henpepoisia,
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a @, (X) useem Ha IMOM Oompe3xe Henpepvi6Hy0 Npou3so0HYI0
8mopozo nopsioka u yo0os8aemsopsem YCA08UAM

0, =0 npu x=0 u x=|, (4,23)

mo ¢hyHxuus u(t, x), onpeceasemasn psdom (12,21), umeem
HenpepbiBHble NpoU38OOHble B8MOpozo Nopsdxka u y008aemso-

psem 8 LI, ypasHenuio (1,21), nazasvnoim ycarogusam (1,23) u
epaHudnbim ycaoguam (2,23). [lpu amom B03MONHCHO NOHAEH-
Hoe Ougpgepenyuposanue psoa (12,21) no t u x 0o 08yx pa3
8K AIOUUMEAbHO; NOAYHEHHble MAKUM 00pa30m PAObl CXO0IMCA

abconomno i pagHomepro 8 Ll ¥).

JlokasateabcTBo *¥). Paccmorpum pan (12,21), no-
cTpocHublh B § 21:

u(x, 1) = kzl X, (%) | ATk (6) + B, Te (9] . (5,23)
{
3nech L (X,)=—,pX,, S 0 X (x)dx=1,

0
) 4

Ap= S 09, Xpdx n By= S PP, Xy dx.

0

& ke
dyukumn Tr u Tp 9BidoTcA peweHusmu ypasuedus (6,21) npn
A=), 1 YIOBJCTBOPAIOT HAYAJbHbIM YCIOBUSIM

. dT (0)
Tk (0) =1 ’ ‘I;t - 0)
o dT: (0)
Ti (0)=0, —p— =

*) Ycaosud (3,23) u(4,23) 4Bagi0TCa HEOOXOAUMBIMH YCAOBHAMHU AR

CylulecTBOBanus B L{y ABaM bl HerpepbiBHO IuPpdepeHLupyeMoro peiue-
HHMY NocTaBAeHHOW 3agauu. JleficTBUTE/NbHO, M3 ycaoBus (2,23) cuaenyer,

ou 0O%u
4T0 37 W 37 PaBHbl HYMIO MpH x=0 u x=IL Tlosb3yacb 3TuMm, H3

ypasteuuns (1,21) noayuaem, 4TO INpH x=0u x=1
C( azu-l—E(x)@—l-F =0
) o ox T W u=0,

1. L(p)=0 npu x=0n x=L.
*%) J10 JoKasaTeabcTBO npuuagaexut O. A, Oneiinuk » A. M. ha-
padaHoBy.



¢ynkunn f(x). IIpn sTom moayyanuch YHCna f (¢)). OuesHHO, caMbIM
npocThiM crocoboM OyneT pasioxeHue oTpeska [a, b] Ha wacTH, pas-
Hble MexAy coGoii. B TakoM ciydae AauHa KaxIOR M3 HHX Oyner

paBlia 5’—;—‘1 , MHTErpasibHas CyMMa- IDHMET BHJ,

PO &) F ) F e T
—
tim 2520 ) 41 G F Gl = {0
o
| (b_a)gilgf(el)+f(e2)j... G

ITocne neneHusi o0enx 4acTell 3TOro paBeHCTBAa Ha b — a MOMYYHM

FE)+TFE)+ oo 41 (5n)
m

n

h

n->oo

| b
=;— ([ (¥ dx. (12,10)

Ygeno FE)+ T (52)-‘: s T (ER)

€CTb CpepHee apHMeTHYECKOe IH-

cen f(§), f G2, .. f(8x), a TOTOMY H TPaBYIO 4acThb 17—1-7&} Fx)dx

dopmyanr (12,10) HasblBarorT cpenHuM 3HadeHHeM GYHKuMH f(x) Ha'
oTpeske [a, b]. CpenHee 3HaueHHe QyHKUMH f(x) o0o3Hayaercst yepes
f(c), 1 uMeer Mecto (opmyaa

e =b_l_a§f(x)dx, (12,11)

KoTopasi M BbIPaxKaer TeopeMy O cpenHeM 3HaueHuu. IIpm stoM mpen-
nonaraercsi, yro ¢yHkuus f(x) HempephiBHa Ha oTpeske [a, bl.
Hrak, no ompenenenuio, cpednee 3navenue ¢ynkyuu f(x) xa om-
peske [a, b] pasHo onpedesenHomy umnmezpary om smou hyHKyUU,
BLIMUCAEHHOMY 6 npedepix om a 00 b u pasdereHHOMYy H& OAUHY
51mMoeo  ompesKa.
3apaua 12,13. Haiitn cpennee sHayeHHe GyHKUHH y = Sin3x Ha

OTpeske [O, 13:‘] .

184



Pemenne. ITo ¢opmyne (12,11), nmonarasi 8 Helt a=0; b =
= %; f (x) = sin 3x, nony4uM, 4TO CpejiHee 3HaueHHe GYHKLUHMH

5 -
F(c) =‘n L gsiHBxdx=—% . %cosBx Z=
3 0%
1 T 1 1
=—;[cos3-3— — 080 = — — (cos * —cos 0) =—— (=1 —=D=

=2 —0,6366.
T

3ajgaya 12,14. Ha orpeske AB piuHOI a cM B3ata Touka P.
Haifitn cpegHee 3HaueHHe S, mJoulageli NMPAMOYroJbHHKA, MOCTPOEH-
HelX Ha orpeskaX AP m PB xak Ha CTOpOHax.

P ew e ue. [Ipuvem Touky A 3a Havano otcyera. Ilycrs Touka P
Haxopurca Ha paccrosHuM x oT A. Torga AP=x, a PB=a—zx.
ITnouags npsAMoyroabHHKa, noctpoenHoro Ha AP u PB Kak Ha cro-
poHax paBHa X (@ — X).

[To dopmyne (12,11), nonaras B Hell HMXKHMA npemen pasubiM 0,
a BepPXHHH @, HaXopuUM cpelHee 3HaueHue IJjomanei

Sm =%§x(a——x)dx—_—,—(.§._?)

. a2

HUrak, Sp = 3 M2, .

3agava 12,15 (114 caMOCTOATEJLHOrO pellleHus).

YeMmy paBHO cpejHee 3HaYeHHe OOpaTHBIX BeJMYHH BCEX BEIECT-
BEHHBIX uHCes, Jexallux Mexay a u b (a < b)? PaccMorpers gact-
HBLE cayyai: b = 2a.

Vxkasaunue. O6Go3HauuTh OGPaTHYIO BEIHYHHY BeUIECTBEHHOTO

1
uHCiia Yepes —, a HCKOMYIO — depes /.

' |
OTrBeT. M= F—a
== (,69315).

3apaua 12,16 (n1a camocTosTeNBbHOIC pemieHHS). .

CJIM Teso MajaeT CBOOORHO BOGJM3HM MOBEPXHOCTH 3eMaM 6e3 Ha-
9aJIbHOM CKOPOCTH, TO €ro CKOPOCTb BHIUHC/AETCA MO GopMyJie U ==
=]/2gS, rre S-—-NyTb, NpOiifleHHBIi OT Havana najgeHus. Hafity
CPejHIOI CKOPOCTh Uy Ha MyTH S;, MPOHIEHHOM OT Haya/la NMaleHHS.

Sy

OrseT. vm——:sllS]/mdS; vm=-§—vl,
0

[y

2. Tipn b =2am =1 . 0,60315 (In2=



rae v; =V 25, CKOPOCTL B MOMERT, Korfa MpOHMNeHHHI = MyTh
paBeH S;. '
3agaua 12,17 (g3 CaMOCTOSITEIBHOTO  perieHHs). ;
Hafity cpefHIOI MIMHY pm DagHyCOB KDHBH3HBEI OJHOH apKW:
HHKJIOUIBI. ’
YpaBHeHHe LHKJOUIL

x=aqa(f—sinf); y=a(l —cost) (0 <t 2n).
YkasaHue, Paguyc KpuBM3HH ULHKJOHAB DaBeH 4q lsin -t—‘

{cM. M. A, Kanuaan «IpakTiieckue 3ansiTHs Nno Bhiclefl MaTemaTHKe», 4. II
crp. 291, dopmyaa (36, 27) i

OTserT. pm_;.

3apgaua 12,18. B nuHaMoMallpHe 3JeKTPOABHXKyLlas cHJja - nepe-
MeHHOI'0 TOKA BbIpaxkaeTcsi opMysoit :

E=E,sin —t—t,
rae T — npoponXKHUTENbHOCTD NepHofa B cek; ’
E, — makcuManbHOe 3HauweHHe (aMITHTYAA) anempozumx&ymeﬁ‘
CHJIBI. ’
Onpeznennts cpe;mee 3HaueHne E, 5MeKTPOIBHKYIIEH CHJIBI H Cpej-
Hee 3HaueHue ee kBagpata (E?), B TeueHume ogHOro moJynepHoxa OT

t=0 ,ZIO~Z‘=—§-.

9 -

B ) E
Otser. 1) En=0,636E; 2) (E)m =

TPHHAJQUATOE APAKTHYECKOE 3AHSITHE!

Conepxanue: HecobeTBeHHble HETErPaJIL 10 6eCKOHEYHOMY HHTEPBATY H OT
paspuiBHHIX ¢yHKIMA. [IpHEUEN cpaBHeHus HECOGCTBEHHHX HHTerpaJIOB ¢ TOJIOXKH-
Te/ILHLIMH TOALIHTEr PajJbELIMA (DYHK IIHAMH, .

KpaTkue. cBejeHust M3 TeOpuH

b B
Onpenenennbiii unrerpan § f(x) dx Bo BceM IpelbIAyleM paccMar-
,, -

PHBANCS HPH ClefyIOMMX OpennonoxeHusx: 1) orpesok [a, b] uHTe-
TPHPOBaHHsA KOHeYeH H 2) MopblHTerpasibHasi GYHKLUHs HA 3TOM OTpeske
nenpepoisia. [Ipy TakHX npeaonoKeHNsAX STOT HHTerpaj HasbiBaeTcs
HHTErPasioM B «cOGCTBEHHOM CMBIC/IE», HJIH «COGCTBEHHEIM» HHTErPasioM.
B ToM xe ciyuae, korza oTpesok nmerpnpoaaﬂnﬂ fecKkOHeYeH HIH

! Bes yuepba nas mocjaenywomero sanayM’ 3TOro MNpPaKTHYECKOTO BaHATHA
MOTYT PelIaThCsl focJe LieCTHAANATOro NpaKTHYeckKoro 3a”sTHS.
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KoHEUEH, HO TMOABIHTErpaibHas GYHKUHS Ha STOM OTpe3Ke TepIHT
pa3pbiB, HHTErPaJl Ha3bIBACTCH HHTErPA/TOM B «HECOGCTBEHHOM CMEICTeY,
WM «HECOGCTBeHHBIM» . HHTerpaJoM.

Kaxzblit H3 Ha3BaHHBIX fBYX C/lydaeB PacCMaTPHBaeTcs Ha STOM
IPaKTHYECKOM 3aHSTHH.

1. MHTETPAJI, PACMPOCTPAHEHHLIA HA BECKOHEYHBLIA NMPOMEXYTOK
(HECOBCTBEHHbll’l MHTETPAJl C BECKOHEYHbLIMH NPEXEJIAMH)

Orpenenenne uHTerpana ¢ GecKoHEYHBIMH mpejenaMu

B sroM pasjene cudTaercs, uro f(x) B IipoMexyrke [a, +oo}
HernpepsiBHa. HTerpaioM or f(x) dx mexny npeaenamu a u oo

S F (%) dx 13,1
nasblBaeTCsi Mpexesl MHTErpada oTf f(X)dx, B3sATOro B mpefenax @
u N, korga N crpemurcs K +oo, T. €,

+o N -
§ f()dx= lim § f(x)dx. (13,2)
a ) N++=a :

WMuterpan (13,1) ¢ GecKOHEUHEIM BepXHHUM [PeleNOM — HeCoBCcmeeHHbitk
HHTerpal. '

Ecnin cywecTsyer onpepeneHHH KOHeYHBI Mpexen B- IPaBoi
yactu (13,2), To HecobcTBeHHBIH HHTerpan (13,1) maseiBaercs cx00A-
wumcs, a GyHRuus f(x) B 3TOM Clydae Ha3bIBaeTcsi HHTerDHpYeMOH
Ha OeCKOHEYHOM TNpoMexyTke [a, -+ool.

Ecu e 3ToT npegen 6eCKOHeueH HJIH He cymecmyer, TO HHTErpaJt
HasblBaeTcs pacxoamqumm

Hurerpan S f (x)dx onpenensiercss aHaJOrHUHO:

_f f(x)dx = 11111 i f (x) dx, (13,3)
a MHTerpasn
Sf(x)dx— lim S'f(x)dx, - (18,4)
N-v-}-no .
npu sToM
S Fo)dx = S f(x)dx+ S f (v dx, (13,5)

rje g — mo6oe qHCJIO.
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B

Ecan ynaercs HafiTH nepsooGpasuyxo dyrkuio F (x) q1as nozn:m!
TerpaJIbHOPI f (x), TO 3amUCH MOXHO DaCHO/OXHTb TaK: g

Sf(x)dx== 11m Sf(x)dx—- 1141'{1 F()N—: o ;
~ lim [F(N)—F(a)]— lim F(N)—F@.  (13,6)
Nosto Nogoo

OuepHpHO, uTO Heco6CTBeHHBI uHTerpan (13,1) cymectsyer, ecin
cyllecTByeT Npenes Nln}: F (N).

Beeznem o6o3HaueHHe Nlim F(N) = F(+) u aHajoruyHo:
—>+oo
hm F (N) =F (—»)).
’ Torna (13,6) MoxHO Nepemucath Tak:

+I f () dx=N1i5rn F(N)——F(a) = F (+ ) — F (a).

Pasuoct xe F (o) — F(a) moxHO samucate B BHge F (x)]*=,
a
B TaKOM CJydae BbIYHCJEHHS PAcnojaraioT ClefylolmuM o6pasoM:

4o +o
[FWde=F(| =F(+=)—F @), (13,7)

nounmas, uto F (-+oo) = lim F (x).

x>0

Ecau otbickaTh mepBooGpasHylo (QYHKUHIO niaf f(x) TpyaHO HIH
eC/TM OHa B KOHEUHOM BHje He MOxeT ObITb BBIYHC/EHA, TO CYILECT-
BYIOT NpPH3HAKH, NMO3BOIAILME PEHTh BONIPOC O CXONHMOCTH HJIH
pacxoguMocT MHTerpana (13,1). : ,

- MpusHaku cpaBHeHus

1. Ecnu nge GynxuuH f(x) u ¢ (x) A1s Bcex 3HayeHHH X U3 NOJY-
oTpeska [a, -Foo] He NPHHHMAIOT OTPHIATENBHBIX 3HAYeHHH H K TO-
My Xe :

f(x) <e¢(x), (13,8)

e ' +e
TO j" f(x)dx cxopurcs, ecAM CXOIMTCH HHTerpat [ o(¥dx, n

a - a

oo +e
J @ (x)dx pacxoguTCs, eCIH DPaCXORHTCSH f f (x) dx.
. a
2. Ecam mpu x -+ oo .
xllfl ‘;—(% =c. (13,9
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npuuem ¢ > 0, _f_:=# o uf (x_)ﬁéo A5l BCEX OCTATOYHo GOJBUINX X,
To uuterpatsl | f(¥)dx u § ¢ (¥)dx nubo oba cxolsrcs, AHGo o6a
a a

acxogaTcs.
p . N

3. Ecau cxogures f f(x)dx, To cxonurca u S kf (x)dx,” rne b—
- aQ a
BeIMYHHA TOCTOsSIHHASA.

. ’ oo
O1H npH3HaKH PaCIPOCTPAHAIOTCA H Ha MHTerpaJbl Bupa | f (x)dx,

HO OTHOCATCA TOMbKO K YKa3aHHBIM BHILe (yHKOHAM.

4. Jlna pemenus Bonpoca 0 CxogumocTH uHTerpana (13,1) B tom
clydae, Korna QyHkuMa f(x) ABAsAETCs 3HaKoNepemeHHOH B mpome-
XKyTKe [@, 0], MOXHO NPUMeHHTb TaKylO TeopeMmy:

|0
Ecau HecoSCTBeHHbIH  MHTerpan | | f(x)]dx or a6comorHol Be-
a

JUUMHBl QYHKIHM f(X) cXomuTcs, To CXOAMTCA H MHTerpaj (13,1).
3apava 13,1. Boiuucauts
+oe
dx
S o (13,10)
1

Pewenmne. Ilo onpenenennio, npumensas sanmuchk (13,7), nonaras
p # 1, nveem '

i 11 W 1 1
X et .
jE=—rmip ) ——millm =)=
1
— {E——_--l’ ecln p > 1,
o0, econ p < 1,
3uaunt, npu p > 1 unrerpan cxopurcs, a nmpu p < 1 — pacxo-
murca. ([lepsblii oTBeT mosyyeH Tak: ecii p>1, Top—1>0, u
ecau X ~> -} oo, T0 xP—! - 400, a ppobb ——p—_}l—>0.
' X
Bropoit oteeT oObsacHseTca Tak: ecnmu p < 1, To p—1<0,a 1 —

1 .
-_p> 0. Torga xr—! = g 0, korma x-— - oo, T. e. BeJIMUMHA
. X

1
xP=! — GeckoHeuHo Manas. [Tosromy BenHYMHA ——7, KOTOpas Hac MH-
X

Tepecyer, — BeM4HHA GeckonedHo Gonbllas).

Ocranock paccMoTpeTb ciayuait p = I:
oo’ 4
dx
S =lInx

1

= lim Inx—Inl = + oo,
X+t

1
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Taxuy o6pasom, npn p =1 "murerpan (13,9) - pacxomutes. Tax
KaK HaM NPHIETCS 00pallaTbC K STOMy HHTErpany, TO' cpenaeM
obuiee saKJI}O'{fHHe..

Hurerpan S ‘—i%f cxofuTcs MpH p > 1 u pacxommrest, xorza p < 1.
x .

DTEM MHTErPajoM 4aCTO TOJb3YIOTCS, NPHMEHSs INpPU3HAK CpaB-
HeHus, VIS PEIlleHHs BONpoca O CXOAUMOCTH HHTErpaja.

3anaya 13,2, BBIHCIMTD HHTErpabL:

oo 0 B
) [ eran B ova a1
0 - 6O
. -+ 1 “+ o -»ﬂ
Pewenne. 1) Hnrerpan I, = S e—pxdx=_.7e—p{c | =
J .
1 . A
=___l_ lim (e_px__l)_: "5', ecJiu p> 0,
P X o+ -00 +OO, ecJid p<0'

IMpu p>0 limer*= limlx =0, Tak Kak eP*—> 4 co mpH
- X0 Xorfco €
x— Joo. Ilpn p <0 lime—P* = +4-co.
X+fee
C e i
3aknwuenne. S e~P*dx nipu p > 0 ¢xonutes, a npu p<0 pac-
0 .
XOoJuTCA. .
2) Bropoit us unrerpanos (13,11) cBogurcs x mepBomy moAcTa-
HOBKOH X = —y (cleJaliTe 3T0 npeoOpasoBaliue CaMOCTOSTENbHO),
0 ‘

a notomy § er*dxcxomurca mpu p>0wu pacxonmca. npu p < 0.

0
. dx
3apaua 13,3. Boluuciauth S e
oo . + o0
dx . . .
Pewenne. = arctgx | = limarctg x — lim arctg x==
1 + X X~ -c0 X+—00

=T ™
=3 —_—

= T.

MoxHo 6bino 6L 3amuCH BECTH TAK:

+ e .
grctgx_l = arclg (4 o) — arctg (—o0) = % _.(%> =T
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} oo
3apava 13,4. Briuucanrs f sin xdx.
0

+co B 00
Pemwenne. § sinxdx=—cosx { = — limcosx 1
: 0 0 xrfco B
Ho cosx npu x-> --co He CTPEeMHTCSs HM K KaKOMy Ipepeny,
coseplas KonaeGauus oT —I k -1, a noTomy uHTerpan pacxo-
JUTCA. DTOT cay4all omIHYaeTcs oT PacCMOTPEHHOro B 3ajjave 13,2
npu p <0 TeMm, uTo TaM HMencs OeCKOHEUHBIH mpenest, a 3fech €ro
BOBCE HET.
3anucn B STOM NMpHMEPE MOXKHO GBUIO BECTH M Tak:

o oo ,
S sinxdx = —cosx I = — oS (+o0) 41,
0 ' ] -

HO c0S (-} o0) YHCIOBOrO SHAaYEHHs HE HMeer.
3apaua 13,5. PewuTh BONMpPOC © CXOAYMOCTH wHHTerpana [ =
+o0 '
= Sr“’f sinbxdx w BeIUMCIAUTH ero (a > 0).
0
Pemenne. Bopoc 0 CXOpuMOCTH STOLO WHTErpaja pelaeTcs
oo

npocrto. Tak Kak S e~ dx npu a>0 cxoxures (cMm: sapauy 13,2),
P .

a |e9*sinbx| < 9%, To Ha OCHOBaHHH NDH3HAKAa CpaBHEHRs CXO-
oo

JUTCS ¥ HHTErpa S | e~e*sin bxdx|. Tlpumenss nymkr 4 (crp. 191),
: 0

3aKJI0YaeM, YTO CXOAMTCS H paccMaTpHBaeMblfi umHTerpan. TpeGyercs

HE TOJMLKO. PEIIHTH BONPOC O CXOJAMMOCTH STOro HHTerpaja IPHHIH-

NHaAbHO, HO M BBMHCJIHTB ero. ‘ -

[Monn3yscs CrpaBoOYHHKoM (a 3TOro H3beraTh He CAenyer), HJIH
NpUMEHsAS JBaXKAbl HHTETPUPOBaHHE IO -YaCTsM, JIETKO NMOKa3aTh, 9TO
A5l QYHKUHH e—%*sinbx nepBooGpasHas QyHKIHS

;

asin bx -}- b cos bx

T e m——— . ax
Fx)= oy e
TMosromy \
' _ . asinbx+4bcosbx .. b b
=—lm — e tarE = e

Tak Kak I0f 3HAXOM IpefeNa YHCJAHMTeAb JpOOH — BEJHYHHA Orpa-

Nathe : , b
HHYeHHas, a lime—% = O npua > 0. Beanuuha ke 02-—_{_—1;2 ectsb F (0).
x+fo0 . -
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3amaua 13,6 (n15 CaMOCTOATENBHOTO pelleHHs).
o0

BLIguC/INTE HHTErpat S e~%* cos bx dx.
0

OTBeET. aT—{_‘i_bé'
3anava 13,7 (a5 CaMOCTOATENBHOTO peIIeHus).
4o
dx
Briuncants S oy
(18

T
OrBerT. %.

3anaya 13,8 (nis caMOCTOATENBHOTO pEILeHHUs).

oo

dx
Brlyucauts uHTETpan S T+
0 -
YkasaHue. Bocnonp3yfiTech ¢NpaBOYHUKOM JJifi BBHUKCICHHS

dx o
HEeOoNnpeneJIeHHOro uHTerpaJna Sl—:f"_xd WIH Haujgute nepBoo6pa3Hyw

(QYHKIHIO CaMCCTOSTENBHO.
Jo/KHO MOAYyYNTheS

[t 2 V241 1 =
Fea= [41/5 I 2+1+2V§arCtg(xV2+l)+

+3 V_ arctg(x V2 — l)]

OrBerT.

V‘ o
+
3apava 13,9. Bouucauts [, = Sx"e‘” dx(n >0 u uenoe). (Mn-
0
Jexc n y I, paBeH NOKas3aTenlo CrerneHH 6yKBbI X B NOABIHTErpasb-

Ho#t QyHRIMH).
Pewenue. [Ipuvenum (bopMnyy HHTErPUPOBaHHSA TI0 YacTaM

teo , Foo +eo
In = S xe—*dx = — xne—* | +n S xr—le—xdx =
0 0 0 N
u=x" du =nx""ldx |

—X

=-—e

| dv=e"%dx

= — limx"e~* 4 nl,_,
X +-}-o00



s perancaenns lim x"e=* npumenuM npasuio JlonuTans:

X-+-4oo -

. . X" . nxn—-l . — n—2
limx"e=* = lim =, = lim = lim Ar=D*
x40 Xer4 00 € Xx+doo € Xe+-f-00 e*

. nl
= ... = lim==0.
X+4o €

Takum o6pasom, In= /.. llpumenss nocrenosatennHO 3Ty
pexyppenTHy0 Gopmyay, HafilleM
In=nl,1=nn—=0DIlpo=0n—1n—2)]p3= ... =
=nn—1Nn—2)(n—3)... 2-1-Iy=nll,.
+o +o

Ho, xak nerko sulers, I = § e~*dx = —e™* =—Ilim[e—*—
X4 o0
—11=1, rak kak lime—*=0.
X+
Takum oGpasom,

In= n!
+ae
3apaua 13,10. Hoxkasarn, 4TO S e~**dx cxoauTcs.
0

Pemenne. 3T0T uHTErpan HMeeT BaKHOE 3HAYeHHe B TEOPHH
BEpOSTHOCTEH M HA3HIBAETCH MHTErpajoM BeposTHocTel. B JannoM
cygae Se—x’dx yepes JeMeHTapHEIe (QYHKUMH HE BHIpaXKaercs.

Ilns pemienMss NOCTapJEHHOTO BOIPOCA UCNOJAb3yeM MPH3HAK
cpaBHeHusi. JIisi 9TOro paccMOTpHM BhipaxkeHue x? — 2x -- 1. Slcuo,
910

24120, —2% 41> —x% wm —x2<—2x+1, a mo-
‘ ToMy e~* < e~ %t uam e~ . e.
+ae

M3 samaun 13,2 caenyer, aro MHTErpan Se‘”‘dx CXOAMTCS, 3HA-
0

+oo
YHT, Ha OCHOBaHWM N. 3 (cTp. 191) cxonurcs u uurerpan Se*”‘- edx,
0

A Tak xag e~** < e"?-¢, TO HAa OCHOBAHMM NpPH3HAKA CpaBHe-
oo

Hug n. 1 (crp. 190) saksiioyaeM, 4TO CXOAHUTCS M HHTErpas S e~ dx,
. 0
3aMeHAs B S5TOM HHTerpase x Ha —y, NPHXOAUM K BEIBOXY,
: 0

4TO CXOIAHTCA S e~*dx (na3sBaHHe IlepeMeHHOH HHTErpHpOBaHHS
R N

He u3MeHfET BEJMUHHY OIpele/leHHOTO uHTerpana). Ws cxoaumoctu
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paCCMOTpeHHbIX JBYX HWHTErpaJioB -cJenyer, 4yTO CXOAUTCS TaKXe H
+

MHTErpaj Se""’bx
3anaua 3 11 (a9 CaMOCTOATENBbHOrO pememm)
B +e

x¥dx
JlokasaTb, 4TO HHTETPAJbI S 2_'_xga'x H Sm pacxonarcH.

a
Vkasanue DBouucauts nepaooépasm;le GYHKUHH,
[locse TOro Kak jOKa3aHa pacXopguMOCTh IN€pBOTO HHTErpana,
pacxXogHMOCTh BTOPOTO JIETKO I110Ka3aThb Ha OCHOBAHWH INIPH3HaKa

CpaBHEHH.
3apaua 12,13 (1718 CaMoCTOSTEIBHOIO pelueHus).
BBIYHCAHTE HHTET Pasbl:

+ 0
b S T 2 S(1+x)2dx
Ykasauue. 1) I/IH'E_el‘pHpOBaTb Mo 4aCTAM ¥ [IPHHSATHL BO BHH-

=0.

1 X
MaHue, 4TO -3 (_I-T;C_)i )
4 e
9 t2dt
2) Monoxurs x = £2. Tlonyunres: 2 (T MHTErPHpOBaTH

v
1

110 4HacTHM.

Orper. 1) —15: 2) !

2

_ ™
=
“+ e
ret
Bapaua 13,13. JlokasaTsb, uTO Sa——c—x—gidx pacXomuTCs.

1 .
Peuw e n ne. Bocronbsyemes @opxiynoﬁ (13,9). Cpasrum 3anan-

. dx
Hblfi UHTerpan ¢ uHrerpanom (13,10) —» B KOTODOM MOJBIHTEr-
X
1

1
panbHas GyHKUHS paBHA —
X

arctg x

[Tonaraem, uro 8 (13,9) ¢ (x) = a f(x) =—15 (mpu x>1
X

e(x) >0 u f(x) >0 topmyna (13,9) npuMerma), TOrza

arctgx
lim ¥ lim —*_ = limx1 - arctgx.
x->+oof( )X-P-}—n l x-»+eo
xﬂ
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OnpenesuM Tenmepb p Tak, YTOOH STOT Ipejes Obll KOHEUHBIM

. T o
u ne papuelM mymo. Tak kak lim arctgx + -, To omnpenenseMsri
x40
npenea GyZeT MMETh KOHEYHOEe 3HaYeHHe, He DaBHOE HYJIO, TOJBKO
T
npu p—1=0, 1. e, npu p=1 (n 3TQT Ipenen OyaeT papeH -2—)-
“+ oo
H =1 Fo =L 2 \'% pacxommren
o npu p=1 ¢ynruns f(x) = —, ~ Pacxox , a TIoTOMY
1
pAacXoAuTC M HCclefyeMblii MHTérpan (cM. m. 2, crp. 190).
Peruum npe 3apaun ¢H3MKH, KOTOphle IPHBOASIT K BBIYHCJIEHHIO
uHTErpasia o GeCKOHEUHOMY INPOMEKYTKY.
3apaya 13,14. B mauane koopaunar O naxofguTcsi Macca m, Ko-
TOpasi NpUTATMBaeT 1o 3akoHy HbioToHa ¢ CHIOH, MORyJb KOTODOI

m o
F = -3, marepuanbhyio T04KY M eurHUHOA MACCH, Haxonsmyiocs

Ha och Ox HA pacCTOAHMM X OT Hayala KOODAMHAT.

Beryncauts paGory A, KOTOpyIO mpoM3BeleT 3Ta CHJa NpH mepe-
MeIleHUH TOYKM M B GECKOHEYHOCTL M3 MOJIONKEHHS X = q.

[Tox nepeMemenueM TOYKH B GECKOHEYHOCTb CleAyeT NOHHMATh
ylaneHue ee Ha Takoe paccTosinue, 4To cuaa F yXke He okasbipaer
Ha Hee [EHCTBUSA.

Pewen ne. Tak Kak cuna NPHUTsKEHHs HANpaBlE€HA K Hadany
KOOpJUHAT, T. € IPOTUB JBHXKEHHs, TO paboTa OyneT OTpUnaTe/b-
noii. Ha ocuoBanuu ¢opmyant (11,5), npunumas BepXmuii npepen
PaBHBIM - co, IOJy4YyaeM

+ 0 0
m m
A=\ —5dt=— | =—=.
X X

a a

3apaua 13,15. Cornacno sakony buo-—Casapa, Mopynb cumm

F, ¢ KOTOpOj Ha MarHHTHBI MOJIOC Macchl | JEHCTBYeT KOHEYHbI
IPAMOJINHEHHbIE OTPe30K TOKa, BLIYUCAAETCH 1o dopmyne

S,
F= g — 2 _ds,
@+?

rne I —cuna Toka;
@ — paccTOgHME OT MarHHTHOTO .MOJIOCA 10 IIPSIMOJIMHEHHOro OT-
peskKa, 10 KOTOPOMY IIPOTEeKaeT TOK;
-~ ds— 31eMeHT’ TOKa.
Bolyucnurs Mogyap cuibl F B NpeAno/oKeHHH, YTO IIPOBOJHHK
MeeT GecKOHeYHO OOJBLIYIO ANHHY.
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Pemenmne. [Ipexne Bcero crelaeM OroBOPKY: NPOBORHHKOB Gec-
KoHeulio GOJBIION AJAHHEL He GhlBaer. Eciu NpoBONHHMK OYeHb AJIHH-
HEIl, TO €r0 NPUGIMMKEHHO MOMHO paccMaTPHBaTh KaK GEeCKOHEYHO

Gonbiuoit. B sToM ciyuae moayan cumet F
“+oco

al
F= { —2 _ds

(a%+s?) %

Jlerko nokasaTh, 4ro MOACTaHOBKa S = atgl npusener samauy
K BHIYHCJEHHUIO WHTerpana

vl a

I . = . w2
= —E[Slﬂ-g— Sll’l( - '5)] =

3apaua 13, 16 (m1 CaMOCTOATENLHOTO peEIIEHHS).
HUccnenoBaTh CXOAMMOCTb HHTErpasios:

5
F=1 S costdf = Lsin ¢
a ] a
~5

T
2

+o e xd
1 S._._.___df___. 2 S3
) on's+5x+3’ ) OVx2+5'

Ykasaune. Kaxaplii u3 HHTerpasioB npencTaBHTh B BHJE
CyMMBI BYX HHTErpajioB, M3 KOTODHIX IepBeiii Gepercss Mo uHTep-
Bany (0,1), a Bropo# —no untepsany. (1, +co).

1
3a unterpan cpapuenns p3ar (13, 10), f(x) ==, a o (x) —

P
NOMEIHTErpasbHas GyHKLuS.

3 —_
B neppom unTerpane J x° - bx - 3 =x 2 Vl - % -+ % , BOBTO-

3 28
Pov ViEFs=x* J/ 14 3.

Ilpn orbickanuu npenena (13,9) ans nepporo HHTErpana oOkKa-
HETCs1, YTO OH MMEET KOHEYHOe M OT/IMYHOe OT HyJs S3HauYeHHe IIPH

3 2
P= 3, a Ans BTOPOTO mHTerpana p =-. [lostoMy, HCIOMB3ys

UHTerpan cpapHenus (13,10) u m. 2 (crp. 191), sakniouaem, uto mep-
BblM MHTErpan CXOAUTCA, a BTOPO#A pacXOLHTCH.

-

! TlostoMy m caenyer HHTEPBAJI HHTEPDH oaanﬁa 0, +-o0) mpe
JIGTAaBHTL B BHIE
CYMMHE 2ByX mutepranos: (0, 1) u (1, +80)I.) G ey
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11. UHTETPAJIBI OT HEOPPAHHYE HHBIX & YHKUU#A

.

a) Moxer oxasaTnhcsi, 94TO B HHTErpaie
b
{ Fodx : (13, 12)

¢ynriua f(x) HEOrpaHMYEHHO BO3pacTaer, T. €. f(x) -+ co, Koraa
x mpubnumxKaercs K ONHOMY H3 HPEENOB HHTErpHPOBAHHS.
Eciu 310 Mmeer Mecto, koraa x—b, a F (x) —mepBooGpasHas

b
s f(x), o § f(x) dx onpenensercs Tak:

b—e —t

b b
(foode=Tim § f(dx=TimF (x)) =
a e+40 a e =40 a

—TlimF (d —¢) — F (). (13,13)
s++40

Ananoryyno HaxXOAAT 3TOT MHTErpaj H B TOM Clydyae, KOrAa NpH
X — @ ToAblHTerpanbHas GyHruHs f(x) - 4= oo.
[Tpu sTom

b b

b
(fxyde=1Tim § f(x)dx=TimF(x)] =
a e»=0 ag+=¢ e-+-0 a-f-e

= F (b)) —lim F (a +¢). (13, 14)
g0

Ecmu B (13, 13) u (13, 14) xoHeunble mpefiesHl CYIIECTBYIOT, TO
unterpan (13, 12) HaswiBaerca cxoasmuMcsa. Ecam xe sTH npemess
GecKOHEUHEI MJIH BOBCE He cymecTByloT, To mHTerpan (13, 12) nasu-
Baercsl pacXOoAAlIHMcs.

Takum o6pasoM, B OGOHX paccMaTpUBaeMBIX CIy4asaX oTGpackBaioT
TOT KOHEIl OTpe3Ka HHTErpHPOBaHHS, HAa KOTOPOM IOABIHTErpalibHas
byHKUMsA nepectaer OBITh OrpaHHYeHHON, H NeEpeXoisT K Ipeneny.

6) Ecau nomwinrerpansnas ¢ynxnusi nepecraer GbTb OrpaHHYeH-
HO{l BHYTPH OTpP€3Ka MHTEIDUPOBAHMA, HAIIPUMEp IIPH X =C, TO 5Ty
TOYKY «BEIpe3aloT», a uHterpan (13, 12) ompenensior B npeanonoxeHny,
yro F (x) — nepBooGpasHas nas f(x), Tak:

b [ b
(f)dx=Tim § f(x)dx+Tim § f(rdre=
a e>40 a e~>4-0cf-e
=LmF W +limF @)’ =limF(c—e)—F (@) +
. et g0 ete evio
4+ F)—limF (¢ +¢). (13, 15)
e—>+4-0
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Ecnu mpeneast B (13,15) CyIeCTBYIOT M KOHEUHBI, TO HHTErpal
(13,12) HaspiBaeTCst CXOASINMMCS, B MPOTHBHOM CJy4ae— pacXofis-

muMes.
3anaua 13,17. Buuncaurs f Vx

Pewmenwne. Ilpn x—0, T, €. mpu npu6nmxenuu X K HIXHEMy
npeneny, TNOABIHTErpaibHass (QyHKUHS HeorpaHuYyeHHO Bo3pacTaer.

V_
3necs x = 0 ocobast Touka. [To (13,14) umeewm
1 1
S L dx =lim S _ x—-11m2]/x =2.1—1im2Ve=2.
Vx ert0) Vix =0 er 40
Unrerpan cxongumniics.
2
3agaya 13,18. Buyucauts S gff

0
Pemwenne. Koria x npubawxaerca K BepXHeMy mpeneny
(x - 2), nompiHTErpajbHas GYHKIUSA lex—» -4 oo, Touka % =2 —
oco6ass. Ha ocHopanuu (13,13) nmeem

Qe

2

dx . ax : e
I P
0

_—11r-n+_1n(2—2+s)+1n2——11m1n(+s)+ln2—-]—oo.

Hnterpan pacxopsmuics.
3apaya 13,19 (n17 caMOCTOATENBHOrG pelieHus).
BeluncauTs HHTErpansl:

2

2 1
dx dax dx
4 -9 _gr . -,
I) §V2__x’ )‘§V1_x2’ Xxlnrx

1

Oco6pie ToukH: 1) x = 2; 2) x=13) x=1.

Oteer. 1) 219 2 2 ; 3) uHrerpan pacxomutes. IlepBooG-

pasHaa ¢ynxkmus Inlnx.
3apaua 13,20 (113 CaMOCTOSITENBHOTG DEUIEHMS).
b b

Hokasats, uTo WHTerpabi S " S(b fx)"’ e a<b,ap=

(x —a)®
a a '
= const, cxolatca npu p <! m pacxoxgstes npu p > L.
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1
Banaya 13,21. Beruucaute [ =Slnxdx.
0 .
Pew e une. 3necy ocobennocts npu x = 0. Hurerpan sameHum
no dopmyne (13,14).
1

1
I = jlnxdx= 1imSlnxdx=lim [xlnx—x]ll-:
0 er10 ¢ g0 ¢

= —1-—1lim (g lne —¢).
e=+-+0

Ho limelne = 0 | npumenuts npabuio Jlomurains &k limelne =

e~++0 e>+0
= lim 151—5), a noromy [ = —1.
1
esb0 2
€
2
dx
3anaya 13,22, Bommesants: 1) [ = S —_—
. ’ ) xV2x2 —x—1

1
1

2 I=S arcsin x dx.

1 — x2
0 1/

Pewmenne. 1) Korga x npubiamkaercs Kk HuxHeMy mpefielny,
NOJBIHTer pajibHaa QyHKIHSA

——=——————- HeOrpaHHYeHHO BO3PaCcTaeT.
XV —x—1 P P
Ocobast Touka x == l.

OrniilieM NeppooOpasHyio QyHKIHIO A5 MOALHTErPaNLHOM C IO-

dx
MOIILIO TOJCTAHOBKH X == e Okaxercsa, 4TO

| ==
x4+ 2,
= — aresin —Sx 5
' .
I =1lim S———_L==—1imarcsinx+ l =
e-»+o+x1/2x2—x-1 b0 3% l14e
1+e

. 2 T
= ~——aresifl 3 +—é-.

2) PemmTe 5Ty 3a1ady CaMOCTOSTENILHO.
1.:2
OrBer. e !
YToGs 3aKOHYHTb NPAKTHYECKOE 3aHATHE, DAacCMOTPHM IIDHMep,
B KOTOpPOM MOAbIHTErpasbHas (YHKNUS HeorpaHnueHHO BO3pPAacTaeT
NpPH HEKOTOPOM 3HaYeHHM X BHYTDH OTpPe3Ka HHTErPHpPOBaHHSA.
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27
3anaua 13,23. Bsmmeaurs S?’d—"—

ZVx
Peu eHue. Buyrpu orpeska unrerpupoBanus [—8,27] mpu x -0
NoABIHTerPaibHas (YHKIMS HeOrpaHHYEHHO po3pacTaeT (x=0-—
ocofas Touka). «Bepexxem» 31y Touky, M Torga mo (13,15)
° d 3 3 3 2 27
— ..
2 =1lim —‘1"——}-lims5,£"—=1im-—x3 + lim -2-x3 =

3 s S e 402 7 -8 esto
s _V-x € -|-0_8 .V-x € +0+st_ gorf e-r|- +e

3 3 2, 2 2

H 3 ~. 3 - 1i 3) —

=5£11Ta(_e)2-(”8))+ 5 (27 ElmH—s ) =
5

' . 2
3apauva 13,24. Buiaueaurs [ = S xff:ldx.
-2

Pewenne. 3flech Ha OTpeske WHTerpupoBanusa [—2,2] IBe
TOURY: X=-—1 ¥ x= -1, npu npuOawKeHHH K KOTOPHIM HOJBIH~
TerpanbHas (YHKUHA HeorpaHWYeHHO Bo3pacraer. Mmrterpan nano
pacmHcaTh Tak: ‘

' T g A e
=lim { 2 _dget+lim { -2 _dx+lim S 42y,
e>+40 xt =1 e =40 xt—1 esd0 ) X —1
-2 —1e 1
BHuYHCAATL 3TH Npeleshi He HMEeT CMEBICI4, Tak Kaxk nepsoobpasHas
¢yuruus In (x*—1) oGpamaercst 8 6eCKOHEYHOCTh B OCOOEIX TOUKaX.
PaccmaTpuBaemBlil pHTErpajs pacxoaurcs.
3apaua 13,25 (maga camoc’r(b)menbnoro pemenys).

g

dx
lIOKaE!aTb, UYTO HHTErpan Smﬁ pPacxoHuTCHd, a HHTErpaJs
a

Sa:%r:x—) = «, npuuem a < b.

YETbIPHAAUATOE NMPAKTHYECKOE 3AHSATHE

Copepxauue: IIpuGinKeHHO8 BLINHC/AEHHE HUTEPPasioB! (GOPMYJIE HPAMO-
yroneumkos, tpanenn#t u Cumncona (dopmyna napabos).

Kpatkue cBenennsi W3 Teopuu

UsBecTHO, 4TO 6CaKas HenpepuisHOA (DYAKYUS uMeem nepeoos-
pasuyto. OnHAKO 8TO yTBEPKAEHHE UMEET TOJBHKO TEOPETHUECKOE 3Ha-
ueHpe. Jlas mmpokoro xsiacca asseMeHTapHHIX (yHKUui mepBooGpas-

200



Has OYHKIHS yXe He ABJSETCH 3JeMeHrapHoOfi B He Moxer OblThb
onpejejeHa WX KoHeyHod KoMOmHanwefi. K Takmm ¢yHKUuAM OTHO-
cATCs, HalpuMep,
» sing 1 i
L, T e"’, fng
x inx V1t
B Tex ciyuasx, xorja meppooOpasHas (QyHKRUHS JIS IOABIHTE-
rpanbHOlN, XOTS H CyIIECTBYeT, HO He MOXKeT ObiTh qunc.ueﬂa TOJIb=

3y1oTcs cnocoéaMH npuGANKEeHHOTO BEIMHC/AEHHS HHTerpana Sf (x)dx.

TIporpamma npenycmannBaeT OB/lafeHHe TOABKO TPEMs TaKHUMH

criocobamH.
1. Cnoco6 npsaMoyroabHuMKOB., OTPe30K HHTETPHPOBAHUSA JIETHICA

Ha n papHbIX 4YacTefl TOUKaMH AeJeHnd
Yp=a<x< X< oo < Xpmy < Xp=b.

o . b—a
JuHa Xaxkpoil TakoH 9acTH paBHa h = —
Ora BeJMUMHA Ha3biBaeTCs IIATOM HHTETPHPOBAHUS.
B xaxjofi Touke jefieHHs1 BHIYHCASIOTCS 3HAUEHHS MOABIHTErpalb-
Holl QyHKuUMM f(X), T. €. 3HAUEHHS

f(xo), f (xl)s f(xz), ey f(xu-l)-

GopMyna pid BHIYHCAEHWS HHTErpajia S f(x)dx mo srtomy cmno-

a
co0y Hasbipaercss (opmyJiofi NpAMOyroNbHHKOB. OHa 3alHCHIBAETCH.
TaK: '

. b
(10 =200 () +76) +1 )+ oo F il (4D

2. Croco6 Tpaneumnii. B atoM cnocobe orpesok f[a, b] wuHTErpH-
pOBaHHA JEINICA Takke Ha n papHHX yacTell, C npexuHumu o6o3Ha-
yenusAMH dopMyna giaa npuGAMKEHHOrO BHIUNC/IEHHS HHTerpalia
Bblmsmm TaK: '

Sf(x)dx~ S (o) 7 () + 210 (8) +F0) 4 wee -+ Gam il

Ecnn 3y = f (%) +(%n), a 2 =F(x) +T %) + +v0 +7(Fa-0),

TO

b .
(rarst20 (3 +2 2. (14,2

Sra dopmyna naspiBaercs GHoOpMyJol Tpaneumi,
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3. Cnoco6 mapaGoa (crmoco6 CummncoHa). 3geCh OTPe3OK HHTErpH-
poBaHHs NEJHTCS Ha YETHOE YMCJIO paBHHIX vacTeft. OGO3HAUMM 5TO
uucao yepes 21, TOUKH peleHHs [a, b] — uepes

=0 <X <X < ... < Xonwg < Xon—y < Xon=0,
a 3HaueHWs IMOAbIHTerpajbHON QYHKUMY B 3THX TOYKaX ~ depes
yO’ Y, Y2y v« Y2n—2, Yon—1, Yon.

dopmysia s OPHONHKEHHOTO BHIYHC/IEHHS OMNPEEJEHHOrO, WH-
Tegpana B 3TOM CJlyuae 3aNHCHIBA€TCH TaK:

{ Fx) dume g (Yo + yon) +4 Gy + Ys -+ Y5+ oo+ Gonor) +

+2Wet+Yatys+ .. A+ yon-2)l

WIH, €CIH Xy = Yo -+ Yons Xo =1t + Y+ Y5+ «v- -+ You1; Dz =
=Yz -+ Ys +!/6b+ e+ -t Yon—g, TO

Sf(x)dxz b;la(ZI +4 2 +22%). (14,3)

®opmyaa (14,3) sasmBaercs dopmysoii CumncoHa. OueHKOH Mo-
TPEIHOCTH, BO3HHKaIOUle# IPH HCIOAB3OBaHMH STHX (OPMYJ, MBI
saHuMaTthca He GyzeM. OrMeruM, uTo ¢opmyma Cumncona paer Tod-
HOCTb 3HaumuTenbHo Gonbinyio, uem ¢opmyia (14,2) Tpameumit mpu
OJHOM M TOM XKe [uare. !

Pexkomenpnauun. 1) Ilpy pruncienusx ciegyer moab30BaThCs
He JorapupMHueckoil JHHEHAKOH, a apn(pMOMeTpOM HJIH 3JIeKTPHUECKOH
KNaBHINHO# MamiuHoH. Jlaxke B pemeHHBIX mpHMepaXx HeoGXoguMo
BHIMOIHATh BCE BBIKJIALKH, a He NOMABb30OBATHCH (TOTOBBIMHY JHCJAaMH.

2) Caegyer HMeTb NATH3HauHble TaGJHIE TPHIOHOMETPHUYECKHX
&yHxuuf, HaTypaJdbHEIX H JecATHYHBIX Jorapu{Mos, 3HadeHHH 00-
paTHEIX uHCel M MX KBaJpaToOB.

Ouenbp ygoOHBIMH sBMalOTCA «[IsiTH3HauHbBle MaTeMaTHueckHue Tal-
auubly B, M. Cerama u K. A. CemeHgsiea (KOHEUHO, MOXKHO IOJb-
30BaThCsl H JPYTHMH).

OGo3Hauenud. Mckommii uHTerpasd GyzeM 0603HauaTh CHMBO-
JoM [, rne BMHJEKC £ ykasbiBaeT uNC/JO paBHBIX uacTell, Ha KoTo-
pHle paszelleH OTPE30K HHTErpHpOBaHHS.

Has toro, uToObl OIEHHTb TOYHOCTb pasMHUHBIX CIOCOGOB, MBL
BHIYHC/JIHM CHauaJa C TOMOIIBIO yKa3aHHHIX CIOCOGOB HHTErpa,
3HAUEHHS KOTOPBIX MSBECTHBl, 3aTeéM yKe MpPHMEHHM 3TH CIIOCOGH
K BBIYHC/IEHHIO HHTer'paJioB, 3HaUCHUS KOTOPHX HeH3BECTHh.

3agaua 14.1. BeraucauTe cnocoGaMu NIPSIMOYTOJBHUKOB, Tpanelui
1
u CHMIICOHa je"dx, BHIUHC/JEHHSI BeCTH C NAATbIO J€CATHUHBIMH 3Ha-
0 .
kamu. OTpe3oK WHTErpHpoBaHHs IENHTh Ha 8 wgacTedl,

202



Pemwenne. ToyHoe 3HaYeHHe BRIUUCIAEMOTO HHTerpaja C OATHIO
i 1

BEPHEIMH 3HaKaMH §e"dx=e" =e—1 =271828—1 = 1,718 28.

: (]
Terniepp mocMOTPHM, YTO JaCT KaXJpH H3 MPHMEHSEeMBIX CrocoGOB.

" Cnoco6 npsmvoyroabHukoB (popmyna (14,1). Ecin n=38, 710
b—a 1—0

— = g = 0,125, a Toukamu neneHus GyayT:

xo x1 Xo X3 X5 xG x7
0; ~ 0,125; 0,250; 0,375; 0,500; 0,625, 0,750; 0,875

3HaueHHs MORBIHTErpasbHOH (YHKUHH e* B oTHX TOYKax Mo Tab-
JHLAM cJIegylolue:
fxy=1¢€ =1,00000
f(x,) =e%125 =1,13315
f(xg) = %250 = 1,284 02
[ (x5) = e%375 = 1,454 99
f(xy) = e%500 = | 64872
f(x;) = e%2% =], 86824

f (xg) = %750 = 2,11700 I=~1g=0,125. 12,905 00.
f(x;) = €875 = 2,398 88 18~ 1,61312
> =12,90500

[Tosnyuennass TOYHOCTL SIBHO HEJOCTATOYHA.
[lpumenum cnoco6 Tpameuuit (dbopmyna (14,2)).

War h=2=2-120_0,195.
n 8

MuoxHTenD b__2—n_g nepes, ckobkoi. B (14,2) pasen 5— = 5=
== 0,0625.
f(x0) = f (@) = e° = 1,000 00
f(xg) =f(l) =et =2,71828
21 =3,71828
(%) = %125 =1,13315
X

[

(ra) = €025 — 1,984 02
 (x,) = 04375 = 1,454 99
 (ts) = 0500 = 1,648 72
F ;) = €062 = 1,86824
[ (xg) = €%750 = 2,117 00
f (x.) = 0875 = 2.398 88

3. =11,90500 23, =23,81000
S = 3,71828
D22 = = 27,528 28,
~1, = 0,0625 - 27,528 28
1 ~1,72052
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3nech MBI yKe BSHAUUTENbHO OJMKe MNONOULIH K HCKOMOMY 3Ha-
YeHuIo.

Teneps npuvenam cnoco6 CuMncoHa.
Orpesoxk [0, 11 pasgenen va 8 uwacredl, 3Hauut, 2n =28, n =4,
BriuwcsauM mpexkie BCEro MHOXHTeab nepen ckoOkoit B (14,3):

b—a 1— 1
on = '6—71_- = ﬂ =0,0416 67.

’

Yo = €° = 1,00000
Y= &' = 2,71828

3 =3,71828

Y, = %125 = 1,133 15 Ys = €%250 = ] 284 02
Yy = €375 = 1,454 99 Y, = e%800 = 1,64872
Y = €625 = | 868 24 Yg = €%750 = 2,117 00
Yp = €9,875 — 2,398 88 23 — 5’049 74

22 = 6,855 26 235 = 10,099 48
4, = 27,421 04

I=~1,=0,041667 (3 +4 3 + 2 3s) = 0,041 667 (3,718 28 +-
127,421 04 4 10,099 48);

I3~0,041667 - 41,238 80 = 1,718 29.

INocne 3anaToil 3fech yKe BEpPHH 4eThIpe 3HAaKa, B TO BpeMd Kak
GopMysia Tpameuui gaBaja TOMBKO OfHH BePHBEIH 3HaK.
IorpeirHocTh Mo CPaBHEHHIO C TOYHHIM 3HaveHHeM R = 1,71829 —

—1,71828 = 0,00001, uro cjeayer npusHaTh OYEHb Xopolued Tog-
HOCTBIO.

1
3agaua 14,2, Haiitu gucio =, mosb3ysch HHTeI‘paJIOMj‘I ixx2=

0
1
= arctg x‘o =Z. (C IIECTHIO BEpHEIMH 3HakaMH - = 0,785 398) .

Pemenne. OTpesok wuHTErpHpOBaHMA pazfenuM Ha 10 paBHBIX
yacTefl TOUKAMHU:

5 6 8

Xy X3 Xg X5 Xg X5 X 3
; 0,3; 0,4; 0,5; 0,6; 0,7; 0,8;0,9.

Xo %1
0; 0,1;0,
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Cnoco0 npsiMoyroabHMKOB f(X) =
Tabaul nojydaeM: f(xy) = 1;

1
T [TosroMy ¢ mnOMOIIBIO

i) =10 1)—,—&—1—4—1—0—1 = 0,990 099
f (%) “““02)“‘176'2‘2‘?@ = 0,961 538
[ (xs) =7(0,3) —I—J—ro—y —-1—5—9 =0,917431
[ =100, 4)“T1W_TE = 0,862 069
f(xs) =70, 5’"‘1‘470‘“52‘?55‘ = 0,800 000
[ (x) = [ (0,6) —m—m_onwgtx

f(x7)—f(07)~m—m=0671 141
f(xe) = F O, 8)—m=m—0609756

I (xe) = (0,9) “’ﬁ_’o—g:=l—§i = 0,652 486

> =17,099 814

IMpumennM dopmyay (14,1). CxnafpBas nosydeHHble uncaa, Haii-

JeM CyMMy, CTOSIIYI0 B CKOOKax.
b—a _1—0

Ular h=T_—TO—_0'1'

I =1 =5+ 7,09 814 = 0,709 98,

(OKpyrileHye Cenano 1o MATH 3HAKOB NOCIe 3amsTod),

CpaBHUBasi ¢ TOYHHM 3HadeHHeM, yOeXKJaeMmcsd, YTO IONydYeHa
OYEeHb He3HAYuTe/IbHas TOYHOCTb.

Tenepr npumeHnM chpmyJIy tpanennit (14,2). Has sroro Hafgo
HOBBIYHCIHTD

f) =F()= ﬁ_—ﬁ =0,5.

MuoxuTeslb nepes CKOOKoH B cpopmyne (14,2) paBen

b—n 1—0

o =710 = g5 = 0.05.

f (x) = 1,000 000
fx0) = 0, ,500 000

9.21 = 1,500 000
Do = 2 f (%) = 7,099 814
=1

2% = 14,199628; 3 + 2 X = 15,699 628
I=1;p=0,05(2 +23) =0,784981.
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Eciu OKDPYIVITH 3TO JO TPeX JeCcATHUHBIX 3HAKOB IIoCJ]e 3ams-
ToH, TO NOAYUHTCH 0,785, T. e. TpU BEPHHIX 3HAKA.
I'IpmverHM thopmyy CHMIICOHa (14,3).
Tenepy c/epyer CYHTATb YHCTO yacTeil JeneHHs PABHBIM 21 =
b—a
10; n =5, a mHOXHTelb nepex ckoOkoit B (14,3) pasex &

_1— _ 1

|l

6-5 30"
4o = 1,000 000
Y10 = 0,500 000
>, = 1,500 000
y2 = 0,961 538 ¥, = 0,990 099
y, = 0,862 069 Yy, = 0,917 431
Ys = 0,735 294 Y5 = 0,800 000
ys = 0,609 756 y, = 0,671 141
>, =3,168657 Yy = 0,552 486
2% = 6,337 314 > = 3,931 157

4>, = 15,724 628

I=ly= —(Z +4Y +2Y ) =5 (1,500 000 + 15,724 628 +
+6,337314) = 55 - 23,561 942 = 0,785 398,

.
T. € NOJNYYeHO 3HAueHHe YHCIA 4~ C eCThbio (I) BepHHIMH 3HAKAMH.

3apaua 14,3. Brluncauth no cnoco6y Tpamenuii u crnoco6y Cumn-

T
7

CoHa S sin x dx.
0

Oreer. [lo ciocoby Tpamemuit /7 = 0,997 94, no cnocoby Cumn-
cona [ = 1,00006.

]
3apaua ‘14,4 (n1d CamMOCTOATEIBLHOTO pereHHs).
Brlupciute nmo cmoco6am rtpamenu#i # CHMIICOHA HHTErpaJsibi:

4 1,7

1)5 Q)Scosxdx B)Se"dx 4)

dx
VE '
Orpesok HHTETRHPOBAHHS A/HTH B NEPBLIX ﬂByX HHTErpajax Ha

10 paBHBIX uacTelt, B mocJegHHX — HA 8.

OrBer. 1) TouHoe sHaueHue uHTerpana 0,69314718...
IpuGmuxenHoe: mo cmocoly Tpameuuit 0,693 77,
no crocoby Cumncona 0,693 152.
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2) Tounoe suauenume wHrerpana 0,717 36.
[puGnuxennoe: no crmocoGy Tpaneuuit 0,716 76,
no cuoco6y Cumncona 0,717 36

3) Tounoe 3uauenue uurerpasa 53,598 15,
TlpuGnuxennoe: no crnocoGy tpamenuit 54,710 15,
TIoTPeIHOCTh papHa — 1,112 00,
no cnocoby Cummncona 53,616 22,
norpeinBocTy pagHa — 0,018 07, yro

yKasblBaer Ha 3HaYuTEeJIBHO 6o.stee BBICOKYIO TOYHOCTD.

4) Tounoe 3Hauenme uurerpana 1,975 12,
[IpuGnmkennoe: no crnocoGy tpameunit 2,020 18,
norpemrHocTs paBHa — 0,045,
no crnoco6y Cumncona 1,985 58,
HorpemHocTy papHa — 0,010,

3anaua 14,5 (319 CaMOCTOATENBHOTO PELICHHUS).
1

Bulunenuth o Qopmysnam tpameuuii ¥ CuMncona Sar_c"g_"dx. Or-
X
- 0
Pe3oK HMHTeTrpHpoBaHMs pasgeiHTb Ha 10 paBHBIX uactefl.

t .
¥xasauune, Ilpu )c=OziCxﬁ HaXOJMTCA Kak hmar—(:;-g—x =1.

x-+0

Orser. I[lo cnocoby Tpaneumii 0,915 728,
no cnoco6y Cummcona 0,915965 (sce sHaku BepHH).
1

3axava 14.6. Buuucauts no dopmyne CuMICOHa S e~*dx.
0

Orser. 0,746825 (Bce wecTb 3HAKOB BepHBI).

NATHAZUATOE NPAKTHYECKOE 3AHSITHE

Copnepxanne: [Ipaaoxkenns onpeseNeHHOro nuterpasna K reomerpuu. Omnpe-
AeNeHRe niomafe# mIoCKHX GQEryp.

[taowane B npAMOYroJibHBIX KoopamHartax

Tlnomape nIoCKoH QUryphl, orpaHuYeHHOH HenpepPHIBHON KPHBOH,
ypaBHEeHHEe KOTOPOH B NPAMOYTOMbLHHIX KOODAHHATAX MMeeT BHJ Yy ==
=f(x), ocblo Ox H pByMA NpsAMBHIME X=a H x =b (a < b), Haxo-
IMTCA TI0 opMmy e

b b
S = S'f(x) dx, wm S = Sydx. (15,1
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Orpesok [a, b] crenyer paspeiuth Ha yacTy, B KaxkJOH H3 KOTO-
perx GyHKuHS f(x) coxpaHnser oxuH M ToT ke 3HaK. Ilpu sToM He-
o6xouMO COGAIONATD Takoe MPaBMJO 3HAKOB: IIOWIAAH, HAXOAALKECH
Hal ocklo Ox, GepyTcA CO 3HaKOM IVIIOC, 4 MJIOLLAgH, PACIOJOXKEeH-
Hele nofl ockto Ox, CO 3HAKOM MHHYC.

Ecan niomajp orpanuyeHa AByMs HEMpepHIBHBIMH KPHBBIMH, ypaB-
HEeHHSI KOTOPBIX B NPSAMOYTONbHBIX KOOpPAMHATaX y=/f,(X) u y=
= fy (x), mpuyem sciony Ha orpeske [a,b] f,(x) > f(x), ¥ nByMa
NpAMBIME X =a U X = b, TO mJIoWalp onpeneaserca no gopmyne

b

S= (i —F Wlax. (15,2)
1 B sToM ciryuae Hajo COGIIOZATH YKa3aHHOE BHILIE NMPABHJIO 3HAKOB.

HurerpupoBanne YeTHHX M HeYeTHHIX QYHKUHA B npefenax
CHMMETPHYHBIX OTHOCHTEJBHO HAa4YajJa KOODAHHAT

Ecnu ¢ynxuua f(x) —qe’maﬂ, TO

(f(x) dx =2 Sf(x) d. (15,3)
Ecin xe ¢yukuus f(x) —Heqemaﬁ T0
' j f (%) dx = 0. (15,4)

OtH ¢opmyJbl HaCTO OKA3HBAIOTCS IOJME3HBIMH IPH BEIYHCIEHHU
onpeneneHHbX MHTErpaJiop BOoGIIE M, B YaCTHOCTH, IIPH BHIYHMCACHHU
mnowanedi. Popmysa (15,3) mpume-
y HeTCA B TOM cCJydae, Korja pac-
cMaTpHBaemas QHI'Ypa CHMMeTPMYHA
: oTHoCcHTeNpHO ocu Oy.
0 27 . Bapaua 15,1. Haitty muomans,
{ N\~ T orpaHuueHHYO CHHycompolt y = sinx
" na orpeske [0,z] H ocwio Ox.
K sanaue 15,1 Pewmenne. Ha orpeske [0,x]
YHKIHY SinXx COXpaHseT 3Hak,
a morom no ¢opmyne (15,1), nonmaras B Heli f(x) =sinx, cpasy
Hax oHM

P ki

Ssmxdx——cos:c = — (cos © — cos0) =

=—(—=1—1)= 2 KB. €.
B uwacTHocTH, ecam enuHMuel MacmTaba SABASEICS CaHTHMeTp,
0 S =2 cm2.
Ecau Tpeéosanom) On HaliTy IJIOWajb, OrPAaHHUYEHHYIO TOH ke
cuaycou,aon u ocblo Ox Ha orpeske [0, 2], To, mpuMeHHB opMyJTy
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(15,1) Ges yuera mpapmia 3HAKOB, MBI MOyuman OBl aGCyppHBIH pe-
3yJbTaT: OKasajoCh OB, 4TO IVIOWAAL paBHa Hysio. [leficTBHTE/BHO,

2 2

S sinxdx = —cosx| =~ (cCos2x—~c0s0) =—(1=1)=0.

0 0
3To mOMYYHJIOCh MOTOMY, YTO Ha orpeske [0, 2x] ¢yHkuusa sinx me-
Hger 3Hak. C/enoBalo aToOT OTPE30K pasjenurs Ha asa: [0, =] ¥ =, 2«1,
B KaxOM H3 KoTopuiX dYHKIMS COXpaHsdeT 3HaK (B IePBOM — ILIIOC,
Bo Bropom — MuHyc (15,1)).

Tlo mpaBuny 3HakoB, Ha oTpeske |r, 2x] miomanr Hago GELIC
6parb CO 3HaKOM MHMHYC M TOrza

. T 2m

S=§-—-S; =S sinxdx —5/ sinxdx = —cosx
0

T

L1 2m

— (—cos x)

G 0

= — (cos * — 05 0) 4 (oS 2x — €08 %) = — (—1 — 1) 4 (I—(—1))=
re=2 42 =4 kB, e.

Tlpn soignciaenny miomaneit CTporo
cobaogaiite mpaBwIo 3HAKOB M, Ipexze
yeM HHTErpHposaTh, yOeauTeCh, YTO Ha
OTpe3Ke WHTerpupoBaHHsA QYHKUHUS COXpa-
HAET 3HaK.

3ajaya 15,2. BHuucaIuTs, NiIOLAAb,
olpaHuYeHHY npaMofl x =4, KpHBOH
y=3x*—06x wu ocero Ox Ha oOTpeske
[0,4).

Pemenne. Ilpexzge scero mocTpoii-
Te scku3 rpadmxka ¢ydknuu. Kpusag —
napa6ona. Ilromans OAB pacmonoxeHa
moj, ocblo, © GpaTh ee Hajo €O 3HaKOM
MHHYyC, a mromanb BCD —map oceio Ox,
H.B3ATh €e CJEeAYer CO 3HAKOM ILIIOC.
Otpesox uurerpupopanus [0,4] jomxken
ObiTh pasfiedeH Ha pgea: [0,2) u [2,4). 3 4
Iosromy, nonaras B (15,1) f(x) =3x* —

—6x, naligem K sapmave 152

©

1

*’“._

- - - — ————

y=3z&6r

=~ -
-

5

2 4
=S +S=— @e—6xdr+ {32 —bndr=
0 2

=—@—3) [+ @ —38,=—8—12 +
(64 —48—8 4+ 12) =4 120 = 24 k8. e

Ecay 3a eguuuuy JVIMHBI B3ATh, HallPUMED, JeLMMETp, TO ILIOWMAZb
paBHa 24 Om®.
Ecau 6B mpasusio 3uaxoB He GBLIO yuTeHO, OTBET bl Obl HeBepeH.
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3anaua 15,3 (W15 CaMOCTOSITENHHOTO pPeIEHHs).
HaiiTu TJiollaAb, orpaHMYeHHYyI0 ocblo Ox u napabosamu:

) y=2x*+3x—9; 2) y=x*+46x-5,
OtrseT, 1) 30% KB. e1., 2) 10% KB. €l.

3anaua 15,4 (g CaMOCTOATENBHOIO peElIeHHs).
HaiiTu mnolllagu, orpaHuuyeHHble ocbio OX U JHHHSIMU:

Dy=2x% x=1nx=2; 2) y=%x3 Ha oTpeske [0,2], x =2.

Orser. 1) 4% KB. en.; 2) 1 xs. en.

3apava 15,5. HaiiTu njollagb, orpasuuensywo ocblo Ox W KpH-
BOH Yy == x3—6x% + 11x —6. ’

)

vi

K sagaze 155 K 3anaue 15,6

Pemenne, Halinem Touku mepeceveHus kpuBo# ¢ oceio Ox.
Has sroro pewmnm ypasHenme x%— 61+ 1lx—6=20. Jlerko 3same-
TUTb, YTO €r0 KOopHeM spasiercss X, = 1. Ilotne nesenus seBoi yacTu
ypaBHeHusl Ha x — 1, momyuum x2 — 5x -+ 6, a mpHUpaBHsB 3TO Bbipa-
XKeHHe HyMo, HalgeM: x, = 2; x; = 3. I3 scku3a rpaguka BHJIHO,
uTo Ha oTpeske {2,3] ngolagk Haxogutcs Nox ocelo Ox, a NOTOMY

2
S=8,—S = | (x*—6x* + 11x —6)dx —
1

3
— [ —6x* + 11x—6)dx = 5 xo. ex.
2

3anaua 15,6, [lokasaTh, uTo NJomAab NapaGONNYeCKOTO CErMeHTa,
OTCEYEeHHOro OT Mapabosbl XOpHOH, MEPNEHAUKYAsAPHOH ee OcH, paBHa

2
5 DPOM3BeneHMS BHICOTBI # CETMEHTa Ha ero ocHoBaHue b.

Pewenmne. ITycTh cepenuua yka3saHHOH XOpAH — Hayajo KOOp-
nuHaT, ocb Ox HanpasjeHa IO Xopxe HampaBo, a ock Oy BBepX MO
OCH CHMMETPHHM MapaGoJibl.
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Vpasuenue napaGonbl 6yaer umerh Bup Yy = —ax’4+c¢ (a>0).
BepiiuHa napabonnt Haxomgutess B Touke (0, A), rae h——BbICOTa Cer-

menta. Ocb Ox nmapaboja mepecekaeT B TOYKaX (— = 0) ( O)-

3Hasl KOOpAWHATBI 3THX TOYeK, HaijeM 3HaueHust Ko3(pulIMeHTOB
@ ¥ ¢ B ypaBHeHHM mnapabonbl. [lopcTaBnsiss KOOpAHHATH! BePIUHHEE
B ypaBHeHHe y = —ax® -} ¢, nonyuyuM h =c. IloxcraBass ke KoOp-

b
IHATHL (—2-, 0), HMEEM:

br |, ab® . 4h
O=—a- r+h 5 =h a= 4,

¥ YypaBHeHue mapabosbi ¢ HalIeHHBIMH « H ¢ INIPUMET BHA
y=— @xz + h. Hckomyio njoliafib  onpegesiuM 1o (bopmyne 15,1y,
nojarasi B Hefl f(X) = = ~x2+h
b
4h 4h 2
(e (5 )] -

b

2

(%]
I
Ny o o

2
=—§hb KB. €.

3azava 15,7 (115 caMOCTOATENIbHOIO pellleHus).
ReluncauTe niolllagb, OrPaHAYEHHYIO 3JIIHICOM.

x2 2 o
Ykasauue. Us ypasuemua smmmncaz;+% =1 maiita g.

‘—IeTBepr mjolaayd  3AJHdICca pPaBHA

% = - SVa2 — x2dx. [IpuMeHHTH

<
2>?
>

HO}ICTaHOBKy x=asinz. Hosee mnpe- W
Ieabl uwHTerpupoBanus: 0 u —g- IMog y
HHTErpajioM OKaXercst cos®z, KOTOPEIi ﬂl

14 cos 2z 1

=z , :

OtBeT. mab KB. e1. (JTOT oOTBET ION 2 z
NoJie3HO 3aNOMHHTE). IIpH @ = b umeem
okpyxHocTb. I[lonyuwaercs, uto mJo-
Wagp Kpyra paBHa wa?, KaK 3TO W3-
BECTHO H3 TeoMeTpuu.

3anaya 15,8. Onpeaenuth mIOWAAb, ’
orpaHuYeHHyl0 napabojamu y? = 2px
H x% = 2py.

Pemenne. Hafinem npexpe BCEro KOODAMHATHI TOYEK Tepece-
YeHus napa6oJ, 4TOGH ONpPENENHTh OTPE3OK HHTErpupopaHus. K3 nmep-

Hajo 3aMeHHTh Ha

K sangaue 15,8

211



BOTO ypaBHEHHA y=V2px (y>0, TaK KaK TOYKa NePECEUeHHs —
xz
B TepBOil ueTBepTH), M3 BTOPOro y=3,- [lpupasHuBass 1M 3Ha-

yeHusd, NOJYy4YUM
e
2p*

Orciona x*— 8p3x = 0; x (X*— 8p%) =0; x (x — 2p) (x® + 2px + 4p?) =
=0, T. e. x=0; x—2p=0; x2-42px-44p*>=0. KopHu nepsuX
IBYX YypaBHeHmi: X; = 0; x3 = 2p. IlocnefHee ypaBHeHME uMeeT
KOMIIJIEKCHBle KOpHH. 3HauMT, napaboJibl IlepeceKaloTcss B HavaJe
KoopAuHaT (x=0) u B Touke A c aGecumccot x =2p. Hckomyro
nnolans Hadinem no Qopmyne (15,2). 3HaueHus y M3 KaXjoro ypas-
Henus ObLTM HajileHw BHile, Ilpuaumvas B (15,2) [y (v) =1 2px,
2
af,®) =%p, NONYyYHM

V'2707c=’2‘—;, WIH 2px =

2p 3 2p .
—_— x2 — 52 x3 4
S=S (Vpr-—2—p)dx==(V p_f__-_ =3 p® KB. €L
2
0

Bamava 15,9. BuuucinTe IVIOIajAb, OTPaHUYEHHYIO ocbio Ox
' B JuHuSIMH y=(®-+2PF u y=
y =4 —x.

Pemenue. Ileppass nuHus —
napa6oJsia, Bropad — npsamasi. OTpe-
30K MHTerpuposaHus [—2,4] cienyer
pas6ute Ha ABa: [—2,0] u [0,4], Tax
KaK Ha 9THX oTpeskaX JHHUH, OTpa-
HHUMBAIOLIME Ijouajb, UMEIOT pas-
JMuHBE ‘ypaBHenus. Ha oTpeske
[—2,0] Hajo y B3aTb U3 ypaBHEeHHs
napaboJbl, a Ha oTpeske [0,4] — u3
K samaue 159 - ypaBHeHus1 npsiMoii. ITostomy

. 0 4
S=8,+8, = S (x+2)2dx+S(4—x)dx=(x—'§—2—-)3 °
-2 0

2

4

x2 8 2
+(4x—-2-) =g +16—8=105 ks ex

3apaua 15,10 (g1 CAMOCTOSTEJBHOTO DeIIEHHS).
Haittu nnomaznp, orpannuennyio ocbio OX u IHHUAMH g = (X — 4)2
H y=16—4x® (caenaTb uepTexX).

OtrBerT. 64 kB. eI
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3anaua 15,11 (45 CamMOCTOATENLHOTO DPeIleHus).

Hafitu njomank, orpaHUYeHHYI0 JUHHAMH Xy =3 H X+ y=4.
Crenath yepTeX.

YkasaHue. Paspeunuts o6a ypaBHeHHs oTHOCHTENbHO y. HaiiTu
abCluMCCH TOYeK nepeceueHds auHui. Okaxercs, uTo x==1; x=3.

ITpumeruts Gopmyay (15,2), B KoTopolt fo(x) =4—x; fi(x) = -i—
Orser. (4— In27) k8. en.

3agaua 15,2. (1711 CaMOCTOSITENILHOIO peUICHHUS).

Hafitu nnomaznp, orpaHHYEHHYIO rnnepﬁonou Xy ==a® M NpsAMEIMH
x=1; x=5; y=0.

OtBeT: a?Ind kB, en.

y
y
i
\ I
i
{
b
¥
]
i )y —
K 3amaue 15,12 K sanave 15,13'

3ajgaya 15,13. Hafitu IIJIOHlaJIb, orpaHH‘IEHHyIO enHoH mmueﬁ
onpejenseMoll ypaBHEHUEM Y = -—(e“ +e “), OCAMH KOOpAHHAT H
npsMoil x = a (a > 0).

Pemenue. Ilo dopmyne (15,1)

a

X X
a a

S=—%S(e7+e—7)dx=32-2(e —e

0,

2
=52-(e—e—‘) =a?sh1 gs. ex1.

Eca® sameruth, 4YTO 3 (e“ te “) = ach— , TO 3afla4a pela-
eTcy Npoie

a
S=aSch% dx=a2shi;- “ =a%shl kB. en
Q
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3a11aqa 15,14 HafiTu nJoliags, 3axmoquHy10 MeXJy KDHBBIMH

X
Yy=73 —l— IFTet ¥=
YKasaHue. HepBaﬂ KpUBasi HasblBae€TCs JIOKOHOM AHbe3H,
BTOpasi — mapabona. YToOwl
ONpenenuTh OTPe30K HHTErpu-

y poBaHHs, HahizeM aGcuuccH To-
. UeK MepeceueHus 3THX KPHUBLIX.
Jx _2
y=7 Orne’r.2(n 3)KB.elL
.8

I hx?~, A 3apaua 15,15. Haiity mio-
—= aAb QUTrypE, OrpaHHYEHHYIO

- 2 0 2 z

JUHUSIMH Y =;1§,x =a{@>0)

K sagaue 15,14 M OChlo abciuce.

Pemenue. B ¢opmyne (15,1) Bepxuuil nmpegen HHTer pUpOBAHUA
paBeH -}-co, a NOTOMy

~leoo
1 1
S= S mdr=—3

a

+ oo

. 1 1 1
lim (—7) +~ == KB.€n

a x=++cw

Hnrerpan
HecoGCTBEHHBI |

L
y'z-’

Tagum o6pasoM, HecMOTps
Ha To, YTO ILIOWIaxb I[IPOCTH-
paetci B GECKOHEUHOCTh, B !
JaHHOM Cjyyae el MOXKHO NpH- 4 3
nucaTh ONpefeJeHHoe HHCIO- oV a
BO€ 3HA4YeHUe. K sanaue 15,15

b \

3apaua 15,16. Ta :Ke 3agaya naa paBHOCTOPOHHEH mnepﬁonm
Pewmenne.
+oo

S= S Ly =x[t" = limlnx —Ina = 4+ oo,
) x a X+

x=Q

a

Harerpan
HECOGCTBEHH b

T. €. IJIOMAAh GeCKOHEUHO BeJIMKA M HHKAKOrO YHCJOBOrO 3HAYCHUS
e} NMpUNUCcaTh Heab3sl.

214



3anaua 15,17 (111 CaMOCTOATENIBHOTO DELIEHUs).
Hafitu ruiomwaap, orpaHuueHHyio ocbio Ox U JOKOHOM AHbesm,

olpeaensieMblM ypaBHEHHEM Y =

T+ »
T +
Ykasanue S= Sl—-_l_-;idx=2g e 2dx__2arctgx ==
—0 0
= 2 lim arctg x.
X0
OtrBer. S= 1= KB. eg.
Y

0 Tz
K sagaue 15,17

3apaua 15,18 (11 caMOCTOATENLHOTO DELIEHHS).
HafiTh mioliadp, OrpaHHUYEHHYIO JUHUSIMH Y = V3 x=4u
X X
oceto Ox.
1
OTserT. T3 KB. €l
3azava 15,19 (g1 CaMOCTOSITE/IBHOTG peIlEHHs).
HaiiTu nmowais, OrpaHuYeHHyIO JMHMAMU Y= -—, x=1 m
Vi
ocoio Ox.
OrBeT. 0.
3anaua 15,20 (114 caMOCTOSITENBHOrO pelleHus).
. o 1
Haiitu nuollane, orpaHMYeHHYI0 KPHUBOH y==7-_, oceio Oy u
X

upsMoit x = 9,
9
YKasanue. S= SVI—:dx. Ipu npuGnuenun K HUXKHEMY IIpeneny
p .

U
(¥ =+ o0) noxeiHTerpaibHas QYHKUMA HeOTDAHHYEHHO BO3pacTaewr,
a NOTOMY 3TOT HHTErpast — HecoGCTBEHHBII:
9

S L dx = lim SV-dx— 11m2]/7c\ =21im(/9—V%e) =6 xs. exn
P 40

&40, E->+0
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BLiuHCIeHAE MJOMANH, OrPaAHHUEHHOH KPHBOH, 3ajlaHHO#M
noAspHEIM ypaBHeHHeM W JByMs DajnycaMu-BeKTopamh

Ecau KpHBAs, OrpaHHyMBaiollas IvoWlane, ONpeAensieTcs ypas-

HEHHEM
r=f),
10 IUIOW@Ab, OFpAHHYEHHas €l0, BHIUMCAAETCs Mo QopMmyne
g
1
S=+ Srzdgo, | (15,5)

rie a ¥ B (2 < B)—mpenensl H3MEHEHHs IOMAPHOro yrJa.
3agava 15,21. HaiiTu miollagp, OFPAHHUEHHYIO KapyHOHAOH

= 2a (1 —cos ¢).
PemeHne. Kpupasi OTHOCHTCA - K KJacCy SNHUMK/IOMA H sB-
y JisieTcsi TPAaeKTopHeil TOUKH, Jexallled Ha

OKDY2KHOCTH KpYra pajuyca @, KOTODHIi
6e3 CKOMBXEHHsi KaTHTCSi MO BHeLIHeH
YaCTH OKPYXHOCTH KDPyra TaKOro Xe pa-
nuyca (MHTeDeCYIOMHUXCS BHIBOAOM YpaB-
HeHHs SNHUMKIOWI, THIIOUMKIOUA H HUX
YaCTHBIX CJlyYaés OTChIIaéM K  KHHre
akai. B. M. CmupuoBa <«Kypc BbICILE#
MaTeMaTHKH?, TOM. D).

Ha Bceit kapauoune HOMNSIpHBIA yroa @
usMensiercss oT 0 10 2w, a NoTOMy, YUH-
K sagauve 15,21 THBasi, uToO r? = 4a? (1 —cos )%

1
S = —2-S 4q? (1 —CO0S 90)2[1({; =
0

2r o
= 2‘125 (1 — 2 cos ¢ 4 cos?p) do = 2a2S (l —2cos ¢ +l-——+ cos 2‘°)dcp =
H ) P

_2az(?_25m?+ 99-[-—-51112(9)‘ = 6na® KB. ell.,

T. €. mJoWajb, OrpaHHYEHHAs Ka pAHOHION, paBHA ymeCTepeHHou
IVIOWAH KPyra, KOTODHIH €€ NPOU3BOAUT.

3apaua 15,22. OnpefenuTe IJoOWaAb, OrpaHHYEHHYIO CHHUpPATIBIO
ApXuMmena r = ap u IByMsi DajJHycaMH-BEKTODaMH, KOTOpbE COOT-
BETCTBYIOT NOMSIPHBIM YrJaM ¢; H ¢ (9 < 92).

Pemenwne. Ciupanp ApXumeaa — TpaeKTOPHs TOYKH, PaBHO-
MePHO JBHXKyuiefics HO NPsMOH, KOTOpasg pPaBHOMEPHO BpallaeTcs
BOKPYT 3aJlaHHOH TOuKH (NoJloca).
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Mo dopmyne (15,5) umeem r? = a¢?
3 2.3 __ .3
_ 1 2 a7 1 2i°_3r’=“ (¢° —%7) A
S——ggaﬂod(?'—'2 3@, ——E—_ ()
€1
Us (A) caegyer, uto Tom@aib, OrpaHMUCHHash NOISPHOH OCBIO
¥ NepBeM BUTKOM cnmpanu Apxumema (¢ =0; 95 =29):

a? 4 2
S = 5 (27)% = 3 =%" kB. ex.
Tliaowane, orpaHHueHHas MOJspHOH

OCbIO U BTOPHIM BUTKOM (p; = 27} @ == AW,
= 4x), Ha ocHoBaHuu (A) paBHa ' -

Sy = % (647 — 8x9) =

a? 28
-z 3. 28 332
= g 56 5 ©
PasHocTh 3THX IoWafied, T. €. - K sagaue 1522
[LIOWAb, 3aKJIOUeHHAs MEXy BTOPHM H NMEPBEIM BHTKAMH CIHPA/H
Apxumena:
8 22 4 32 _ g 39
Sz—Sl=—3—1‘Ca -——3-7!0, = STE(J,.

1

MoskHO NoKasaTb, YTO U BooOlle NJjoIlalb, 3aK/JIOYEHHAs MexAy
ZBYMsl IOC/IeloBaTeNbHBIMH BUTKAMH CIHPaH Apxumena pasua 8z%g?,

3agaua 15,23. OnpenenuTh NJOMANb, OTPAHUYEHHYIO JTEMHUCKATOR

BepHynnn, onpepensieMoii ypapHe-
y HHeM r® = 2a? cos 2¢.

’ ; Pem enne. Jennuckama—smo
XN 2e0MEMpPUeCKoe MECO MmodeK, npo-
7" r usgedenue paccmosHuil xancdotl us
7 -~ Komopeix om O08Yx (UKCUPOSAHHbIX
, mouex (gorycos) — NOCMOSHHASA  Ge-
audung. Ee ypaBHeHHe B IpsiMo-

K sanaue 15,23 yrONBHBEIX KOOpAUHaTaX

(€ + 47 — 2a? (2 — ) = 0.

TIpocnenduM, Kak M3MeHsieTCs YToJl @, KOTIA paJHyC-BEKTOpP TOUKH
Ha JEMHHCKaTe ONHCLIBaeT YeTBEPTh HCKOMOH IJIOMajH, Jexaiei
B nepBOd YeTBEPTH.

Mpu ¢ =0 r=al/ 2. Onpenenum, ueMy paBeH HOASPHLIA yToJ ¢,
KOTJlla paluyc-BEKTOp CTaHeT paBHWM Hyawo. [loActaBnsas r=0 B
ypaBHeHue JeMHucKaTsl, moayuuM 0 = 2a® cos 29, oTKyna cos2¢ = 0;

1 o
20 = — ¢ = 4. Takum oOpasoM, Ha ORHOH uYeTBepTH IJOMANK

217



™
Mo/spHBI yron ¢ M3MeHseTcs B hpejenax ot 0 o . IMoatomy no

dopmyse (15,5) 4eTBepTh MCKOMOI MJIOIIALH
1 )
2

S 2 _ 1 5 9 sin2i4 _a
T = 2aC052cpd<p—2 2a | =3

0

OL,)"H‘_"

a BCA IIOWAZD
S=2%a= (aV?2)?®ks. ex,
T. €. IJoWajb, OFPAHHUCHHAs JIEMHHCKAToOj, paBHa IJoWaAH Kpal-
paTa co cTopoHoit a V2.
3anaua 15,24 (7719 CaMOCTOATEIBLHOTO DEIIEHH ).

BruncauTh maomaip, OrpaHHYEHHYIO netaell jpekaproea JIKCTA,
onpeaeiseMoro ypaBHEHHEM

23+ y®—3axy = Q. (15,6)

YxaszaHue. 1) Tlepefitu Kk nossip-
HBIM KOODAHHATaM, IOJIOXHB X == rCOS 9,
y=rsin o,

TTosnyuntes ypaBHeHHe

3asingcose
I = oL cos o'
sin® ¢ 4 cos® ¢

2) YuecThb, YTO TaK Kak B ypaBHeHHE
(15,6) KoOpAMHATEI X M y BXORAT CHMMe-
K samaue 15,24 TPHYHO, T. €. 3aM€Ha X Ha Yy, a y Ha x HeE
H3MeHsieT ypaBHEHHs, TO KpHBas CHMMETPHUHA OCHOCHTEJNbHO OHCCEK-
TPHCH I1epBOI'0 KOOPAHHATHOrO yIJa ¥ = X. [103TOMy HCKOMYIO IIOMazb
MOXKHO pacCMaTPHBaTh Kak yABOeHHyIo miomans OAN. Koraa papuyc-

BekTop OA onuckiBaet miowaas OAN, yron ¢ usmensiercs ot 0 1o ;.

3) Mosiosuna nyomwaznu

1

i sin® ¢ cos? ¢
2

sin® ¢ + 2sin3 ¢ cos® ¢ + cos® ¢

S 3asingcose \2 9

sin® ¢ 4+ cos? ¢

Oty mia
Oy 1 1

Yucanreap M sHaMeHateNs J1poGH
YMHOXHTh Ha cos?g

sin? ¢ cos* de
cos? ¢ (sin® ¢ 4~ 2sin3 ¢ cos® ¢ 4 cosb¢) *

I
o] ©
L
[
Oy i 3
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UpcnuTens ¥ 3HaMeHATEeNb 1po6u pasflleIuTh Ha €os® o, MOMydHTCs

i T )
S 9, tgte = e
7=34 Scos2go(tg63o+2tg3go+l)dq) g @ coszgo(tgﬁcp-;-nzd‘?'
0 0
d:
TToncTanoBka tgo = z; 5;'12—; =dz. HoBble mnpegensl HHTErpUpO-

panus O u 1.
1

S 9,0 =
-2—__—2-(1 S————-—'z3+l)2dz.
]

' 3
OtBeT. S=—2-a2 KB. efl. .

3anaua 15,25. BHUHCINTL MIOLIAAL OTHOTO.JelecTKa PO3H, ompe-
Jles1sieMOii YPaBHEHHEM

r = asinke. . (15,7)

Pewenne. Kpusbie, onpenensiembie ypapHerneM (15,7), a Takxke
ypaBHEHHEM I = @ COSKy, TNI€ a U k —IOCTOSIHHEIE BEJIUYMHBI, Ha3bi-

VP,

K 3amaue 15,25 a K sapaue 12,25 6

BaloTcsl posamu. Ecau k —ueTHoe umcso, TO KpuBas uMeeT 2k Jje-
NIeCTKOB, €CNH Ke KR — HeyeTHOE YMCJI0, TO KDUBAsS UMeeT R Jie-
ICCTKOB.

Hanpumep, xpuBas, onpeflensieMasi ypaBHeHueM r = asin 2o,
umeeT 4 JlemecTka, a KpUBAs r==asinbe —5 JenecTKoB.

UTo6H HafTH NJIOALL OfHOTO JENecTKa, ONpPEAeJuM, KakK u3Me-
HAeTCA NOMAPHLIA yronm ¢, KoIja Pajuyc-BEKTOP OIMCHIBAET IVIOLIANb
onHoro jenectka. Ilomoxum B (15,7) r=0 H peluM ypaBHeHHe
0= asinky. U3 mero caefyet, uto sinky =0, a orcioga kg = nr,

Upun=09¢=0, npu n=1 umeem ko =r, a cp=%. Takum ob6pa-
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30M, yroa ¢ usMeHgetca oT 0 jo0 %, a TIomanb OJHOTO JeflecTka Mo
dopmyne (15,5) pasna

7 _ :
S=-]_ agsinzkcpd(g:.}_ag L:ﬁ:ﬁpdcp=
2 P) 2
0 0
1 af] _}_ : B 1 ,(1 T | =\ _
=5da (-Q-cp——4ksm2kcp)|0=§a (—2—-—5 ——Esm2kk)—
-1 1 T wa? wal
——pn2. — e D2 e =R
=g@ 5 5=z S=gzz KB eI

a) [na ueThIpexJleneCcTKOBOH DO3Hl r = aSin2p mAOWAAL OXHOro
JienecTka

S_'naz___mﬂ e
=i 3= g KB €l

6) Tlnolane ONHOTO JlenecTKa TPEXJNenecTKOB0l o3kl r = asin 3p
S nq2 7q?
=i 317 KB. €1.

[aomane miaockoi urypsl, orpaHnueHHoll KpPHUBOH,
ypasHEHHs KOTOpOil 3aJaHHl B napaMeTpuyeckoi dopme

Ecnu xpuBas 3anana napameTpuqecxuMH ypapHeHUSIMH
x=¢@}
y=¢(f)

u B ToukaXx A u B kpusoil #; U f,— 3HAUEHHs mapaMeTpa, TO ILIO-
Iank BEIYHCISETCA IO dopMyJe

(15,8)

t3

g S=$¢@¢ama(w@
A

¢ Za 3apaua 15,26. Haiitu mno-

; — T Ianb, OrpaHHYeHHYIO ochlo Ox

g 29 " M OIHOH «apKOH» IMKJIOHIB!

N x=a({—sinf); y=a(l—

K sagaue 15,26 —Cos¥).

Pemenune. Korma xpyr, npousBoAaliufi LUKJIOHLY, cheJaer
ONMH moJsiHBIA o6opoT, aGcnucca TOH TOYKH OKPYKHOCTH KPyra, KOTo-
pas B Hauasie JBHXEHHMS COBIAJajka C HadajioM KOOpAUHAT, CTAHET
paBHoO#l 2%a (@ — palHyc OKpPYXHOCTH).

B dQopmyne (15,9) rago B3ats ¢ (f) =y=a(l —cost); ¢’ (?)
HaxofAT U3 ypaBHenus ¢(f) =x=a(f—sinf). Ilonysum o' (f) =
=a(l — cosi).
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TIpenenst maTerpupopanus OyayT papHel O U 2=, Tak Kak mnapa-
MeTP ! NpH OZHOM HOJHOM 060pOTe IPOM3BORAINEIO KPyra mpoberaet
orpe3ok [0, 2x]. TloaTomy }

2

P2
S={a(l —cos)a(l —cost)dt=a?{ (1 —cost)?dt =
0 0

2% 2
- azs (1 —2cos? + cost£) dt=a”S (1 —2cost + IJLQL"S—Qf)dtr-

0 .
21
=a2(t_2sint+l2t+ Tsin 2t)\ - g? (2r + ) = 3a? K. ex.
0
Takum o6pa3oM, HCKOMAas mJollafib B TpH pasa GoJblue IVIOMIAfR
RaTALlerocs Kpyra.
3apaua 15,27 (W1g cCaMOCTOATENLHOTO Deliedus).

Hailitu nyomane, orpaHMueHHyI0 acTPOMIOH, onpefesseMoll ypas-
HeHHEM:
¢
x = R cos® <
R (15,10)
y = Rsind® T
TMapameTp £ — yroJ, Ha KOTODHIH 3 HaYaJILHOIO IIOJIOXKEHHS TIOBEP-
HyJIaCh NOABIDKHAS OKPYXHOCTb. 32 ONMH MOJIHEIH 0GOPOT MOJBHMKHOM
OKPYXHOCTH (¢ uameHsieTcsi ot 0 1o 2x) I
ONHCEIBAaeTCA YeTBePThb IVIOIIAH, Orpa-
HHUYEHHOH KPHBOH U ABYMS D alHyCaMH
0A u OB HeIIOHBUXHOH OKPY>KHOCTH,
Ilpu BHIYHCJIEHHH HHTerpasna

. ¢
S sin? —fl— cos? v dt

noIBHTErpaibHyl0 QyHKIMIO 1peAcTa-
BHTb B BHJE

2
sin? % cos? % = (sin %cos —i—) = 7
: ‘2 ! ; . K sapaue 1527
= (3 sinQT) = psin® £ = L (1 —cos).

OTBeT. S=_38“R2 KB. ef.

3apaua 15,28. Hality mymomans, sakmouennyio MexAy ocbio Ox
U Bep3Hepol!, ompefensieMofl ypaBHEHHSMU

x=t1
as .
y=m=

! Kpusasn, Ha3clsaeMasn Bep3HEPOR, NOMYyUaeTcs Tak! Gepercs KPyr NHAMETPOM
H orpesox BDM rtakoit, uto OB : BD = OC : BM. T'eomerpuueckoe Mecto Tomex M
H npepcrapaser epsuepy (cm. A, A. CaBenos «[lnockue Kpubue»).
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Pewr enue. Kpupas CHMMETDHYHA OTHOCHTEJBHO OCH Oy. Ha
peefi miomanu abclificca TOUYKH KPHBOH H3MEHHEeTCH OT —oo JI0 -|—oo¢
a Tak Kak ¥ =/ (nepBoe¢ ypaBHeHue), TO mnapamerp ¢ Hsmeﬁﬂe'rcsg
B Tex xe npeaenax. Ilo ¢opmyne (15,9)

T oa 1 ¢+
S = S md1=a3 S m—_—T2=a3' —Earctg—a |__°°=

—c0 —0

= g2 [arctg (4 o) — arctg (— )] = a? [-'21 —(-- %)] = wa® KB. €l.

1

yc £
B M
Q
—

K 3agawe 15,28

dra KpuBéﬂ Ha3blBaeTCsl TaKkxkKe JIOKOHOM AHbesH.
HWECTHAALUATOE NPAKTHYECKOE 3AHSITHE

Copepxanne: IIpunoxenns onpene/ieHHOTO HHTErpalia K TreoMeTpHH (Hpo-
JONKeHHe)! NHHA KYrH IVIOCKOH XpHBOH, 00BeM Tela BpalleHHS, INOBEPXHOCTb
TeJa BpalleHHS.

KpaTKne CBeleHHA H3 TEeOpHH

1. JlnuHa nyrd miiockoH KPHBOH, onpeleiaeMoll B 1P AMOYTONBHBIX
KoopAnHaTaX ypaBHeHHeM y = f(x), HaXoluTcs mo ¢opMmyse

b
L=(V1¥y%dx, (16,1)

rle @ U b — cooTBeTCTBEHHO abcuucchl Havaja M KoHUA AyTH.
2. Ecnu xpuBas 3ajaHa IapaMeTPHYECKHMH ypaBHEHHSIMH

x=9()
y=9@)"
npuueM o <7 <P, a pyskuuH ¢ (f) w ¢ (f) HMEIOT HelpepHIBHbIE

HPOI’I3BO,H,HI>I€ TO AJMHa AYyTH
B
L= V71 4t (16,2)

222



3. Ecnu xpuBas 3agawa ypaBHEHHEM B TOjiaDHBEIX KOOpIHHATaX

r=f(9),

a TIOJADPHEIH yron ¢ Ha Jyre uaMensercs oT « 10 P, TO miHHA IyrH
BHIUHCIAETCA 1O opMmyie

3 —_
L={Vrid, (16,3)

3apaua 16,1. HafiTy AnuHY OKPYyXKHOCTH.

Pemenue, Bo3pmeM OKpyxHOCTH palMyca R c HeHTpOM B Ha-
yaie KoopIHHaT. Ee ypasHenue x® 4 y?= R?. UTOGHl NpPHMEHHTH
dgopmyay (16,1), nafinem wu3 storo ypasHeHus y. OKaxercs, 9TO
y= + V' R*—22, npuueM 3HAK IUIIOC OTBeYaer BepXHefl ronyok-
PYXHOCTH, 2 MHHYC — HUXKHef.

Haiinem AuHy ueTBEPTH OKDPyXHOCTH, JeXallefi B mepsoil ger-
BepTH. Bo3bMeM MO3TOMy nepel KopHeM 3HaK miioc. Ilox unTterpasom

B ¢opmyne (16,1) crour V1 + y'*. BHYHCAHM 3TO BHIpaKeHHe
) y= 22 Y = —
) y=VR =2 ¢f = — ey
2
2 §* = |
’ 2 R?
3)l+y2=l+sz_ 2R

R
4 Vity® ]/Rz_x‘ VR

[ToncraBum ero nox 3Hak unTerpasda-B (16,1) u yurem, uto ae-
nHcca X TOYKH HA OKPYXKHOCTH, Haxonsulefics B MepBOM KBajpaHTe,
usMeHserca oT 0 10 R, a MOTOMy YeTBEPTh AJIHMHBI OKPYKHOCTH

L R . X
vy —S mdx—Rarcsm—R-

R_ . R _
, = R (arcsm—k-— )_

= Rarcsinl = R-’Qf.
[Moatomy
L=4—72£R; L =2zR.
B npouecce PeIIeHHs 3a]aYH CTAHOBHTCA SCHO, 9TO He Criefyet

Cpasy MoOACTaBJAsThL y' MHOJ 3HaK HHTErpajia B (popMyny (16,1), a nago

cHagana sbHcauTs V 1 + 4%, onmpenenuTh, kak HSMeHseTcs abc-
lxcca x TOYKH Ha gyre, IJIMHA KOTOPOH BRIYHC/IAETCS, H MOC/E 3TOr0
NpuMeHHTH GopMyay (16,1). I1o samevanue oTHocmTcs H K dopMmy-
Jam (16,2) u (16,3).
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Sty xe sajgady PeNMM g ClAyyas, KOLJa OKDPYXHOCTh 3alaHa
mapaMeTpUYeCKUMH yPaBHEHHUSIMH:
x= Rcos t}
Y= Rsin #’
UTo6hl mpuMeHUTb Gopmyay (16,2), BbluHCIHM:
%' =—Rsin# ¢y = Rcost,
x'? = R?sin?#; y'® = R%cos*t;
%+ y'? = R?sin?f .+ R? cos?f = R? (sin? # 4- cos? f) = R%;

¥ +y”=VR =R
Ha BCefi OKpyXHOCTH IapaMeTp [ (ero reoMeTpHuecKoe 3Hauye-
HUe — LEHTPaAbHHA yros, onupaiomuidcs Ha Ayry, Hadanao KOTOPOH
JIeXKUT Ha TOJIOXKUTeAbHOH uyacTH ocH Ox) uaMeHsercs ot 0 go 2w,
a notoMy 1o dopmyne (16,2) naHHa OKPYKHOCTH

2n 2n
L={Rdt=Rt
0

= 2=R.
0 .

Euie Gosee mpocThiM GyfieT pemeHHe 3TOH 3ajaud, €CAH ypas-
HEHHE OKPYKHOCTH 3afaTh B IHOJSPHBIX KoopauHaTax. Ecad mentp
OKPYKHOCTH HaXOJHUTCS B Hayaje KOODHHHaT, TO OHa olpejensercs
HONAPHEIM ypaBHEHHEM

r=R

(mosisipHas OChb COBNAaeT C NOJOXKHTENBHON YacThio ocH Ox, a noasp-
HBIi yrosn ¢, KOTA2 TOYKa Ha OKPYyXKHOCTH npoGeraer ee BClO, H3-
mengeres ot 0 go 2x). Tlostomy mo ¢dopmyne (16,3), Tak kKak r—
BEJMYHHA IIOCTOSIHHAsA, PaBHAs PalHycy OKpy:XKHOCTH, a r' =0, mo-

JayyaeM, 4TO Vfr2+r’2?1/ﬁ2= R n
T 2n
L=§ Rdcp:chL = 2zR.

3agaya 16,2 (W1 caMOCTOATENBHOIO pelleHHs).
X X

o o a, - —
HaiiTn nnuny nenHolt JHHHH y = (6% 4-e %) MeXKAy TOUKaMH

¢ abenuccam 0 H x (x> 0) (cm. uyeprex K 3agaue (15,13).
Ykaszanue. IlpuvMenuts dopmyay - (16,1):

yomsE—e 1yt

::—5
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3araua 16,3 (119 CcaMOCTOSTENBLHOIO pelieHyus).

Ha#ity gauny Ayrn napabonbl y =ax? (a > 0) OT BepmIMHH 10
[IPOU3BOILHOH TOYKH C abcrHccofl x.

YkaszaHHe. VI +yt= V4a2x2—|— 1 (npumenuts popmyay (16,1))

Otper. L= 3 2 Vi + 1 +Eln(2ax + Vit +1).

3agaua 16,4 (1717 CaMOCTOSITEILHOTO pelleHHs ).

Brigucauts Bclo  AyiHHY ac'rpomu,x onpe;lenaemoﬁ ypaBHEHHEM

+y = a3
(cm. qepTem K sajate 15 27)

Ykazanue ff = a3 — x3, yToGHl HAHTH Y, BOSBecTH obe wacTu

23
i I S
3TOTO DaBeHCTBA B CTelleHb onyuHTCa Y = (@ )

-tz 22t . 4_l
Y =—x 3@—x)% V1+y’2=a3x 3,
r 1
OTBeT. .L.. S " 3dx; L = 6a.
0 y

3anaua 16,5 (m1s caMocTosTelb-
HOTO pelleHHs).

Ha#itn nyuny nqyru Kpusoll y = Inx
OT TOYykH ¢ abcuuccod 1 go Toukm ¢

abeumceot V3.

3 | A
Ykaszanume L= S—V—lg'—fdx. a0 7 vs z

0
¥Y1no6ua noAcraHoBka x = tgz, Koropas
np'HBene'r K BbIYHCAEHHIO WHHTerpana K sanae 165
{ T .

>4

wl a

sin z cos? z sin z cos?

dz E‘szz_l_coszdz——(secz—l-lnltg2

T
4

OTBeT. 2—]/2--——1n3—-1ntg— = 0,920.

3anaua 16,6. BuwHcTHTH MIHHYy AyTH JIMHHH Y = €* OT TOYKH
x=0 g0 ToukHu x.

YkazaHue. L=’SV1 1 e?* dx.

L] ey 1 A

0
Tlopcranoska: 1 e = 22

Orper. J'1+4e¥* + Klieu;: Voe—mn(ya—1).
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Sapaua 16,17 (119 CaMOCTOATENBHOFO pelueHus).
HafiTy AJIMHY OfHOM «apKu» LUKJIOHHABL:
x=aqa (t—sint) }

y=a(l—cos?)
Ykasanue. Ilpuvenure ¢opmyay (16,2). Ilpenenamu wunterpu-
poBanus mo £ 6yayr O u 2= (cM. 3afauy 15,26
Vet o8 .1
/ x4 y"=2asing -
OtrBer. L =28a, T.e. AMHHa O/HOH <apKu» LUMKJIOHAH paBHa
yBOCbMEDEHHOMY DanHycy NMpPOH3BOAALIErO ee Kpyra.

3ajgaya 16,8 (11 CaMOCTOATENLHOTO peElIEHHS).
* Onpeneaurs Anuny Beeft KpHsofi Ilrefinepa .
¢

V} x—-2Rcos +Rcos2—

t
= 2R sm— —R sm?—t

yKasaHHe.

xl2+ y12= %Rz (1——-C0$f)=
L

21

4 . .t
I/ x12+yl2 o gRSln‘Q—;

n
B (4, . ¢t 16
3—S3R31n—2—dt=§R.

T =‘!§ R’Sil‘l2

. 0
K sapmase 16,8 Oreer. L=16R
3anaua 16,9 (Ags1 CAMOCTOSTENBHOIO pemeHH:).
Hafity piuny Bcefi aCTpOMABL:
t

—_ 3
X = R Cos 7}

y = Rsin® %
(cM. uepTex K sanave 15,27).
Ykaszanue (CM. Takxe ykasaHwe K 3aftave (15,27).

BocnonbsoBaTeca qupMyJIofIx (16,2):
2 9R? i

3R .
Xy =——sm2-4-cos2 T Vx'2+y'2=z—sm?cos1;
2n
) 3R( .. ¢ t
T=7 S*smi cos zdt.
)

!
Otser. L=6R.
1 Kpusoi# Hltefinepa HasnBaeTcs TIHIOUHKJNOHZA, KOTOPAasA MONYYAETCH B TOM

ciysae, Koria paguyc HPOH3BOAAWIEro KPyra B TPH Pasa MeHblUe PajHyea Hero-
IBHKHOTO KpYFa.

226



Sagaya 16,10 (11 CaMOCTOATENBHOrO pelleHHs).
OnpenenuTh MIHHY ONHOH BETBH SMHUMKJIOHAM, OIpele/ifgeMoil
yPaBHEHHAMH:

x = (R + mR) cosmt — mR cos (¢ -+ mt) }1
y= (R + mR)sinmt —mR sin (¢ + mf) )*

OrBeTt. 8Rm(l +m). )

3apgaua 16,11 (Wig caMoCTOATENBHOIO pEI.IIEHPIH)

Hafiti - 1/iHy JQyTH KapAHOHAB, OIpelesseMol ypaBHeHPIﬂMH
=2Rcost—Rcos-21}0<t <t . }
= 2R sint — R sin2¢

(cM. uepTeX k safmaye 15,21).
(Otn ypaBHeHHS noJyalores 13 ypaBHeHHA Npexbiiyliell 3afayu

npy m = 1). t

Orser. L(¢)=4R Ssm dt = 16Rsm2_. [pu 1.‘1—-2‘n: Io-
0
JyYHM, 9TO IVIHHA BCeH KapXHOHIBI L= 16R.
3agaya 16,12. Pewmurte npefepiiyimylo 3agady B Ciaydae, KOraa
KapaHoOWla  3amaHa  NOJADHEIM  ypaBHeHHeM r = 2a(l —coso)
(cM. uyeprex K safiaue 15,21).
Pemenne. Hano Bocnonnsosatecs dopmynoir (16,3):

r'=2asing; 7 =4a?sin?¢;
: 72 47 = 462 (1 — cos ¢)? + 4a? sin ¢ =
= 4a® (1 —2cos¢ - cos2<p +-sin? ¢) = 4a? (2 —2cosg) =

2.

= 8a? (1 —-cos ¢) = 16a®sin® % ;

Vi £ 7® =4asin .

Korna Touka Ha KRapAuoupe mpoberaeT BCK KDHByIO, ee HOJAD-
HBIi yros uaMeHserca or 0 no 2w,
HOSTOMy no ¢opmye (16,3)
21
= - ? |2
L= S4G,Sl’n-§-dcp = —4a- 2e0s g [

0
0

= — 8a (cos = — cos 0) = — 8a (— 2) = 16a.
Mur monyunsiu TOT Ke OTBET, YTO M B Npexbimymielt sanaue (R = a).

1 Snuuuxnonnoﬁ HasnlBaeTcs KpHBaf, ABJISIOMASCT TPAaeKTOPHeH TOUKH, HEH3-
MEHHO CBA3aHHOH C OKPYKHOCTHIO, KoTopasi 6e3 CKOJBKEHHS KATHTCS [0 BHeIHeH
CTOpOHe HEMONBHXHON OKPYXHOCTH Pajgyca R, a m ~— OTHOWeHHE pajuyca MO-
ABHXHOH OKPYKHOCTH XK PagHYCY HeMOJBHXHOH,
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3apaua 16,13 (117 CaMOCTOATENLHOTO pPEIIeHHS).

Hafitn AUy Iyrd cnupand ApxuMella r = ap OT Hayana Koop-
IUHAT 1O TIPOH3BOJMIBHOH TOYKH P (r, ¢) (cM. ueprex K 3anaye
15,22).

YkasaHnue. Uro6b BocmnoabsosaThes ¢opmysoit (16,3), Hazo

2
pruncauts V2 4+ %, Us r=ae crelyer, uro r’ =g

24 2= achz 4 a? = g? (1 + cpﬂ);

?  r——————
Vr2 Lot = aVi4e¢h L=a S Vit de (em. dopmyny (16,3)).
0

Orsen L=ZeVTF+Inle+V T+

[lpy ¢ = 2= nonyyuMm miuHy mnep-
BOTO BHTKa cmupaiu Apxumena.

3agaua 16,14 (319 caMoCTOATeNb~
HOTO pelIeHus).

Ha#itu pauny  norapudmMuyeckofl
cnupamy r=a° (>0, a= 1) Mexnay
TOuKaMH (ry, o) U (ry, ¢1)-

YKasaHHe. Bocnonezosatbes
K sazauve 16,14 dopmyoii (16,3): '

P4 r'?=q% 4 a%Infa = a% (1 + In?a);

Vet i=aV1+1g L=)1+1na S(lq’dcp

Orser. L=V TFina 2= wm

Ina
L=yT+Ira. 0

Bo BTopoii yacTu 3Tofi KHuTH (3ajdua (36,15) Ghiia ompeneneHa
IJIHHA MOASPHOH KacaTenbHOH Jjorapudmuyeckod cmupanu 1 =

. 1 R Vs NS P r
“V1+f:1_25r’ wi T =71+ In?a na |
3anumeM noayyeHHBI B 9TOH 3ajaue oTBET B BUAE
L=YT+Inrfat — VT +Infa
ina Ina*
Takum obpasom, Oaura Oyeu aoceapupmu4eckol cnupaiu pasHa

pasHOCMy OAUHR NOASPHLIX KACOMEAbHbIX, NPOSEOEHHbIX 8 KOHUue U Ha-
uaae amoil Oyeu.
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3apaua 16,15 (119 CaMOCTOATENBHOFO pellleHHs).
OnpenenuTs KAHHY AYFH THIEpPOOJNHYECKOA CIMpany r=% oT
TOYKH (ry, 1) O TOUKH (r3, @s).
Pe S
2
Ykazanue. L=a S VI(P;"‘P

de. TlogpmTerpanbiyio $hyHKIHIO
P
14+¢® 1 i 1
2V1+<e ?Vi+e  Vite

K BBIUHCJIEHHIO S -——1-/—1—_}—_—2 dp IPUMEHHTD no,zlcraﬂosxy obpaTHoro

e

NpenCTaBUTh B BUIE

— TaGJHIHbIHA.

KOJIHYECTBA: ¢ == —

K sapnaue 16,15

Vit V1 Vite
Orser. L=a[ e +(P2+1 ¥ +<P: .
e ¥ o1+ V 1+ o}
3amaua 16,16, Haiitu amuuy ayru wuccouas Juokneca
=2as_i_n_2_§p
cos ¢

OT TOUKH (ry, ;) 10 TOUKH (ra, 92) (@7 < @a).
Pemenne. Kpupas 3ajada NOJAPHBIM ypaBHeHHEM. Y1066t

HpHMEHPITb dopmyay (16,3), BHIYHCIHM Ve rs

?_ o,2sinpcos?p--sind e
r=2a costg ;
P24t =4a?. ::;;P (1 4 3 cos? cp)
Ve ri=2a- :‘;5“2‘9 Vi 3cosiey

Pz

L= Qaj‘ sin g V14 3cos? gdy.

cos? ¢

s
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CHauasa BEIYHC/IMM - HEOTIPENENEHHBIN HHTErpaJ

QaS sin g Vi + 3cos? ¢ do.

.cos? o
: 1
C noMOWbIO MOACTaHOBKH /3 cos ¢ = ~ TPpHIEM K HHTerpany
2 1/35‘/“”‘ du—2aV3S L i _
u Vl + u2

—QaV3[S Vl+u2 +SV%].

[TepBriit uHTErpan BLIYHCAUM
NOACTaHOBKOH OGpaTHOTO KOJH-

1
YeCTBa U == r B nocJe HMHTEerpu-

POBaHUS MONYYHUM

—In¢+V1i+8)=
V1+u
=—1n(u u )’

a, BO3Bpalllasgch K CTapol mepe-
MEHHOH ¢, HafijeM, 9TO OH paBeH

—In(V3cosg+V1+3cos?o)-

Btopo#t . uHTerpan  paseH

V1+ut, a mocie mepexopa K

" K sanae 16,16 ' CTapoli NepeMeHHOH

V + 1 . Vl + 3cos?o
3cos’o Y 3cos @ ‘
ITosaTomy unckomas jnnHa ‘

_QaV3[ui3°i‘_P n(V3cose+ VT +3C052tp)] q’,

P1)
OKoHUaTeNbHO

5| V1 + 3eosfos V' 1+8cos?o
= 3 _Vi+s —
L=2ay [ V'3 cos 92 V3 cos ¢y

—1n ¥V 3cos P2+ Vi -+ 3 cos? g3
V3 cos o+ V1 —+ 3cosey

Beluncnienne MIMH Ayr MHOTMX KpHBBEIX, HallpEMep, 3JIIHMCa-
runeploJIEl, JIEMHHCKAThl, MNPHUBOAHT K TaK Ha3bIBAEMBIM 3JIIHMTH=
YeCKHM HHTerpasnaM, KOTODHIE MBI paCCMOTpnM B CBA3M C ympax-
HEHHSMH 1O CTENEHHBIM psgaM.
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O6beM Teda

Ecnn m3pectna moomanbs S(x) NOHmepeyHOro CeueHus Tena, TO
ero obneM

' b
V= S S (x) dx, ‘ (16,4)

rae aGcuycckl @ M b oTBeuawT KpafHUM CedeHHAM.

O6vbem Tena, MONy4eHHOro OT BPAIIECHHS KPHBOIMHEHHOH Tpame-
¥, OrpaHUYeHHON HENpepblBHOR KDPHBOH, ONpeneNseMOll ypaBHEeHHEM
y =f(x), ocbto Ox u NMPAMBIMU X = @
u x=0>b, Bbuncasercs no ¢opmyse

b
V= ( gdr. (16,5)

ITnomane mopepxHOCTH Tena Bpa-
IeHUa ompefenseTcs mo dopMyae

b
S=2x 5 yV14 g%x. (16,6)

3amaua 16,17. Haditu o6neM Tena,
OTCEKAeMOro oT MPSIMOTO KPYIJIOTO I~
JIMHAPA IJIOCKOCTBIO, NPOXONAleH de-
pe3 nuaMeTp OCHOBaHHWS NHOXA YIJIOM o

K HeMy.
Pemenne. Takoe Teno Hasbi-
BaeTCs IMJIMHIDHYECKHM OTPE3KOM. K sapae 16,17

ITycTs nuAMHAD, O KOTOPOM HAET peub,

onpegenserca ypaBHeHueM x® -+ y? = R2. Halinem njollags ceuenus,
nepnenaukyaspHoro ocu Ox. CeueHue — npsMOYro/BHBIA TPEyrodb-
HUK. BossMem Ha ocu Ox TOuky ¢ a6euuccoir x (| x| < R). Ilnomans
Ceuenns OypeT dyHKnueR x:

S(x) =5 MN - NP.
Ho MN —opgunata Toukn N okpyxuoctn x*+y?=R? n
MN=VR*<x% NP=MNtga=VRE_xtga.

Eciu oGosHauntb uepes H BHICOTY  HMIMHIPHYECKOro OTpe3Ka

(KL = H), To tga=% , uTorfa NP=V R —#- %,

SW=5VR—2-VR—2- —g;

S0 =57 (R2— ).
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ITepeMeHHas WHTerpHpoBaHHa X H3MeHsercs o — R o 4R,
a noroMy no ¢opmyne (16,4)

3agava 16,18. HaiiTu oGbeM 4acTH OZHOMOJOCTHOrO rHmep6o-
2

nousia Z—;—: L %E —_
z2=H. )

Pew enue. BoluncauM niomaipb cededuss runep6o/ionza MJIOCKO-
CTbIO, MEePIeHANKY/IAPHOR ocu Oz NPH TOCTOSHHOM 2.

ITnomany sta Gyzer ¢yukuueit z. B CedeHHMH TOJMYYHTCHA 3JLIHINC,
KOTOpBIl ONpenefseTcsl ypaBHEHHAMH

2 2
b =145

z = const

= =1, OrpanHYeHHOro nJOCKOCTAMH 2= — H n

TNepenumeM nepsoe ypaBHEHHE TakK, 4YTOOH MOXHO OBbLIO Cpasy
yCMOTpETh, YeMy pPaBHBI NoayocH suunca. Jas atoro ofe ero yacTu
pasjeuM Ha TpaByl 4acTb. Torga ypaBHEHHS BSJUIMINCA, MOJyveH-
HOTO B CeueHuH, GynyT TaKUMHU:

2 2
v A

2 = const
U3 mepporo ypaBHEHHS CJELYeT, YTO INOJYOCH 3TOrO 3JIIHICA

paBHBI:
2 2
a1=aV1+fT; bl=b]/1+§,.,

a noToMy ero miaomazb (cM. 3azauy 15,7)

S(2) = rab, = mb(l +§)

B dopmyne (16,4) nepemenHoii HHTerPHPOBAHUS HA#O B3ATh He X,
a 2, TaK KakK IIOHIaAb TOMEpedHoro ceueHus ecThb (yHKuusA 2, npu-
ueM Ha BBIYMCAsEMOM oGbeMe z u3MeHseTcss of — H po 4+ H, nostomy

H

V= S*rcab(l-‘- ) z—Qwab(H—t—ac,) Ky6. en.

—H
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3anavua 16,19 (117 C€aMOCTOATENBLHOrO pPeHIEHHS).
Haiity 06beM TpeXocHOTo SJIJIMICOHZA, ONpefieseMOro ypaeHe-
HHeM

2y, 2
Ftpta=1
Ykazaunue, [lepeceub S/AUNCOMI MIOCKOCTBIO, IEPNEHAUKY-
napHoit ocu Oy W mpoxopsuel gepes Touky y 3Toll ocu (—b <y <
< b). Ilpn mocTosiHHOM y M3 ypaBHEHMs 3JJIMICOMZA IOJY4HM ypaB-
HeHHe 3JIIMICa-CedeH s
x2 22 y2
ataz=l—%
= const

K sanaue 16,19

"IN
x2 2t

2+ 2=1

az(l—%-z) c? (l—-by—z) -

y = const

ITonyocu atoro anaurnca:

2 2%
w=al/ 1B a=c)/ T,

a ero miolans

S (Y) = ra,e, = mc(l —-%;).

Teneps B dopmyne (16,4) Hazo BecTH wMHTerpupoBanme He mo ¥,
a 10 y B mpexenax oT —b o --b:

b
V = =ab S(l —%;)dy: %mbc KY0. ef.
Zb
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Hrak, o6beM TpPexoCHOrO 3JIHNCOMAA
4
V = 3 mabc Ky0. el

STOT pe3y/bTAT MOJE3HO NOMHHTH.
Ecin a=b=¢, TO smuncoug-—cdepa, u Toraa ob6neM, €0
orpaHudeHHbl#, papeH ‘ .

4
= 3 ma® Ky6. en.

(Xoponro usBecTHasi u3 reomerpuu GopMyaa IS BLHUMC/IEHHS OODb-
eMa mapa). : :

3anaua 16,20 (11 CAMOCTOSITENBHOrO pelleHHs).

Haiitu ofbeM Tena, OrpaHHYEHHOro ABYMS HPSIMBIMH KDYIOBBIMH
HWIHHAPAMH: ’

R+ P=Rtu x*+22=R"
YkazaHue. [lepeceub Telo NJOCKOCTBIO, TepHeHAHKYJ/ISPHOMK

z ‘ ocu Ox n mpoxopsmeil uepes
TouKy ¢ abcumccolt x(— R <
< x< R). Ha ueprexe wuso-
GpakeHa BOCBMasi HaCThb Teja.

t

[

: B CeueHMH TOJyuMTCS KBa-
: IpaT, CTOPOHa KOTOPOr'o papHa
|

|

|

/ OpiiMHaTe TOA TOUKH OKPYXK-
! Ve HocTn x% -+y? = R?, abcumeca
J ¢’.T it —— KOTOpO# papHa X, T. e. CTO-
2L l;/ pOHa KBajpaTa paBHa Y=
2 4 =/ RT—x%. Ilnomagp KBa-
2% y?-p2 npara Gyler dbyHkumeii x, OHa
T x2.22-p2 paBHa : _
K sanase 16,20 S(x) =y*=R*— x>

[lpu BoluMciaeHuH oBbeMa BOCBMOA 4aCTH Teja TpelenaMH HHTe-
rpupopanus no x 6yayr O u R: ~ :

R .
Y= S(R2 — ) dx.
0

Oteer. V = l—z,f-iRé Ky6. ex.

3agaya 16,21 (1715 CaMOCTOSITEILHOTO pelIeHHS).

Hafitn o6beM mupaMunnl, 3Has, 4To ee BHCoTa H, a OCHoBanHe —
MHOrOyrOJIbHUK, NJOmialb KOTOPOro papHa S.

YKazanue. V3 reomerpun H3BeCTHO, 4UTO CedeHue TIU P aMu bl
TJIOCKOCTBIO, TMapaslIe/IbHOA OCHOBAHHMIO, €CTh MHOI'OYTONbHUK, MOf06-
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Hblfl OCHOBAHMIO, NpHYEM OTHOIIeHHE MJIOMAAM CEUeHHS K IUIOWLanH
OCHOBAHHS PaBHO OTHOLLEHMIO KBAaJPAaTOB UX PACCTOSHHA OT BEPLUMHEL.
IlpoBectn ceuennme Ha paccTosHuum h or ocHoBaHMs. OGO3HaUMTH
nJIoWaznb cegenns gepes S (k). PaccrosiHue sToro ceueHus OT BepPIIHHB
paBHo H — h. Tlostomy

S H—h)? S
P =5 sty = g —hp.

B dopmyae (16 4) mepemeHHoH HHTerpupoBanus GyxeT h, mpuueM
h usmensiercst ot 0 jo H

H
S SH
V= {1 —hpdh == xy6. ex
0

Msbl nosnyuuM M3BECTHEIA u3 reomeTan pesynbTaT: o0BeM mupa-
MHZbBl paBeH ONHOH TpeTH MpOH3BeleHHs INIOWIAZH €e OCHOBAHWS HA
BBICOTY.

3apaua 16,22 (117 €aMOCTOATENBHOrO pe-
ILIeHNs).

Haiitu o6beM mapa paguyca R.

Ykasanue. [lepecedp map miIockocThIO,
[epIeHauKyAApHOA [uamMerpy. BuUHCAHTE MJ10-
mWaab Kpyra, IONy4eHHOro B ceueHuu. M3 uep-
TéXKa BHAHO, 4TO palHyC 3TOr0 Kpyra r =

=V R*—h%L Ero miomags ectb ¢yHKUMA A
u papia S(h) = nr’==(R*—h?), npuueM
© — paccTosiHNe ceu€HHs OT 9KBAaTOPHUANBHOM K sanaue 16,22
IVIOCKOCTH u usMmeHsercs h or —R po +R.

B ¢opmyne (16,4) nepeMeHHof HHTErpupoBaHHMs Hago B3ATb A

R R .
V= S S(ydh == S (R* — %) dh = 5 =R® kyb. en.
—R —R

O0beMbl ¥ NMOBEPXHOCTH Teld BpalieHus

3apaya 16,23. Haiitu o6bem u GOKOBYIO NOBEPXHOCTH Iapabo/o-
u1a, o6pa3oBaHHOro BpallleHHeM mapabonsl y® = 2px Bokpyr ocu Ox
U OrpaHMYeHHOro MJOCKOCThIO X == H.

Pemenune. O6pemM Tesa BBIUHUCAUM 11O Q)opMyne (16,5):

H H ,
V= wS yldx = wS 2pxdx = 2p1-cf2f :I= wpH? xy6. en.
d :

0
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BokoBas MOBEPXHOCTL ompeleantcs mo cdopmysae (16,6). Hafizem
CHaya/la XOpeHb Vi + y"°, BXozsmuil B aTy dopmyay. Ecm 42 = 2px,

2
T0 §' -——, y -’—’-=——-—— Vity” —Vl-l—
Tax xaK y? == 2px, TO Yy = V2px u no Qopmyne (16,6) naxoxum

H —_ H
S=21’CSV2—p_x- Vi +2%dx=21'c51/2px+p2dx=
0

3‘ (4

=4ﬂ;/2_p(x+%)2 H_

=
o] w
ol co

A 4’”3/2?[(1{ + %) ] KB. ef.

K sagaue 16,23

3anava 16,24. BoluncauTh o6BEM M NOBEPXHOCTH MIAPA, PacCMart-
pUBasg €ro Kak Tej0 BpAIUEHHH.

Pewenne, Byﬂ,eM nosarathb, uTo cepa oépasoBaHa BpallleHHeM
OKPYXKHOCTH x% -+ y2 = R? Bokpyr ocu Ox. Utobn HaliTH 061>eM uiapa
no ¢opmyse (16,4), naiineM U3 ypaBHeHMs OKPYKHOCTH y2 = R? — x2.
[lepemenuas HHTerHpOBaHHH x n3meHsercs oT —R 10 +R, a no3TOMy

—r S Yy == S(Rz__x2)dx=% =R3 ky0. ef.
R

Temepp BHUMCIEM MIIOMAZb TOBEPXHOCTH cdepbl MO opMyJe
(16,6). U3 YPaBHEHHsI OKPYXHOCTH HafiZieM, uTO y’ = — §;V1+y'2=

~V14-—=Vﬁ+_y sz-;y _%, TaK Kak x% -+ y® = R%

Ho,acTaBnﬂﬂ 9TO 3HAueHHe KOpPHS B (16 6), momyunM .

—QwS yV ’2dx—21'cSy —dx—?xRx H

—R —R
S=4xR? xB. ex. '
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3nech yMeCTHO OODaTHTL BHUMAaHME YMTATeNs HA To, Kak HPOCTO
¢ TOMOIIBIO MHTETPANbHOIO HCYUC/IEHHS TNOJdydeHbl 06beM H MOBEpX-
#oCTb mapa. lis Toro, 4TOGHl 8TO OLEHHUTH, MONE3HO BCIOMHHTH J0-
CTATOYHO CJOXKHHA W Trpo-
MO3JKHH BBIBOL 39THX Ke y
(popMYJI B 3JIEMEHTaPHOM reo- . .
MeTDHH. B(HR)

3apgaua 16,25 (g1a camo-
CTOATEJNBHOIO pemmeHus).

Haiitu o6beM n G0KOBYIO
10BEpPXHOCTh [P IMOr0 Kpyro-
BOFO KOHYCa, pacCMaTpHBas
ero Kak Te/O, MoJydeHHoe
OT BpallleHus1 MNOJYIPAMOIH,
npoxojAaueil depes Hadano
KOOpHMHAT u TOYky (H, R), -
ﬁzplz_}l.mqenﬂoe TJIOCKOCTBIO K aanage 16,25

YKasaHHe., YpapHeHHe NPAMOil y = % x. Onpenene 60KOByIO

TIOBEPXHOCTh KOHycCa, y4eCTh, 4TO e€ro obpasyrouias L=V H*4{R:
nR2H '
OrBert, V= T = wRL.
3anaya 16,26 (417 CaMOCTOATENBLHOIO DeHICHHMS).
Jlokasatb, 4TO MOBePXHOCTb CcepHYecKOro cerMeHta papHa GOKO-
BOl TIOBEDPXHOCTH IHUAHHApPA C TE€M Ke OCHOBAHHEM M BLICOTOH.

y

A

7 P x
K sanaue 16,26 K sapave 16,27
3apavya 16,27, Boiaucauts o6neM U NOBEpXHOCTH TOpa, 06pasoBaH-
HOr0 BpallieHHeM Kpyra, ypapHeHHE OKDYXKHOCTH KoToporo x2 -~
+ (y —a)® = R?, Bokpyr ocu Ox (@ > R).
Pemenne TopoM HaskBaeTcss Teno, 00pa30BaHHOE BpAILCHHEM
Kpyra BOKpYr npsiMoH, Jexalleil B IIJIOCKOCTH 3TOr0 Kpyra u He nepe-
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cekatoiliefi ero. D10 TeJIo HaNoMHHaeT Gy6iuMK HIH aBTOMOGHJIBHY
muHy. M3 uepTexRa BUIHO, uTO OOBEM Tela PaBeH PasHOCTH OGHEMOE
TeJi, IONYUCHHBIX OT BpalleHus nojykpyra BCD B u nonykpyra ABDA
pokpyr ocu Ox. Urobbl BOcmo/mb3oBaThes GopMydsioft (16,5), Halinem
opauHathl KpuBHX BCD m BAD. PemuM ypaBHeHHE OKDYXHOCTH
OTHOCHTEJIBHO Y

W—a*=R'—x% y—a=+ VR — 2
y=a+ VR —*.
Ha okpyxnocty BCD: ypep=a-+V R — 25
Ha oxpyxHocTu BAD: {ypap=a— VRE—x2
R
S Y% apdx.
0

\
(MHOXUTeNb 2 MOSBWJICS TOTOMy, YTO MBI B3s/i IIpeqenaMu HHTeEr-
puposasus #He —R # --R, a O u R, yuHTblBasg CHMMETPHIO TeJla OTHO-
curenpHo ocu Oy).

R
V = Vsep — Vpap = Qﬂj‘y};codx—%
0

| R R ,
V=2x S (yBep — ybap) dx = 2= _g(!/BCD — ypap) (¥8cp + Ysap)dx =
8 8

R R
= 2% S 2021 R*— x%dx = 8ax SVR“‘ — x*dx = 8ax (%VRz___xa +
0 0

R2

-+ 5-arcsin %) R 2n2aR? ky6. en.
0

ITosepxHOCTL TOpa paBHa CyMMe MOBEPXHOCTEH, MOTYYEHHBIX OT
Bpamenus ayr BCD u BAD Bokpyr ock Ox.
' x2

Ha Bepxwneli nonyokpyxaoctu BCD y' = — Vﬁ:—:?”; y = gy

2 2 ——
l+y,2=l+R2ix2=R2ﬁ-x2; Vl+y’2=

—R__
VRI=x? :

Ha numxueit monyokpyxuocty BAD V| + y'* HMeeT TO XKe 3Ha-
wenue (BblumcauTE ero). ITostomy

R

. R
S = Sgcp -+ Spap = 2[21‘ SyBCD V14 ytde+2x S ysapV 1 44X
. 1} 0

R
X dx] = 4= { wsco +ypan) V1 y*dx.
0
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Ho

R )
RE—2 - '

Yscp + ysap=2a; a V'] 1 4= 7

R
= 8raR arcsin R"— =
0

—-41:52&1- dx—SwaRSV

R2
~ =4x%aR xB. ep.

3agaua 16,28 (1151 camMOCTOSITETBHOIO pelleHHs),
BulyuC/INTL MOBEPXHOCTh SJIJIHIICOMAA, IIONYYEHHOI'O OT BpalleHHs
x2 2 o -
3/VIHICa E'2+%‘5= I: a) BOKpYT _ero 6osblION OcH (Tak Ha3bIBAEMBIY

BHITAHYTHIl 9JJMIICOR] BpallleHus) ¥ 6) BOKPYT MaJiofl ocu (Cxkarwiil
9JIIUNICOMA BPALIEHHS).
YKasaHne. B ciyuae a) BblUmC/eHHE TOBEPXHOCTH CBEJETCS K

I/IHTeI‘paJIy SVa‘ (@® —b%) % dx.

Chnenyer ;um ylpolnehusi 3amnuceit sBectH a® —b? =2, e ¢ —
T0/10BHHA (POKYCHOTO pacCTOSIHUA, a noaromy

s-_-“’_;;gmdx 2“”°S]/a’ _odr,
—a

U Telepb MOXKHO BOCHOsb3oBathcs opmysolt (4,7).
B cnyuae 6) Bpamlenwe mnpoucxomut BOKpyr ocH Oy, u sajaua
CBOAMTCS K BHIYHC/ICHMIO MOBEPXHOCTH IO QopMmysne

S=2x Sx ]/r + (%}2 dy. (16,7)

(2r1oit dopmysofi clieryeT monb3OBaTLC B TOM Clydyae, Korga Io-
BepXHOCTh O0pasoBaHa BpameHHeM Bokpyr ocu Oy).

Otsert. a) S=2nb (b +—a— arc sin Z);

a~c

6) S = 2xa (a+;—:1n“+°) .

3roT OTBET MONYUYMTCH, €C/IM YYecTh, 4TO Vi +E=a.

3apaua 16,29 (1y17 caMOCTOATENBHOrO peELIEHHs).

Pemurp npegpinyllyio 3agady, B3AB ypaBHEHHE 3/LIMICA B TNapa-
MeTpuyeckoil dopme:

=qcost, y==bsinft,
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Yxazaunne. B ciayvyae, Korga KpHpasi 3afiaHa NapaMeTpHYe-
CKUMH yDaBHEHHsMH X = ¢ (f), y= ¢ (f), obpeM Tela BpalleHUs

N
V== j P2 () o’ (¢) dt, (16,8)
I
a HOBerHOCTb TEa BpallleHHH

t2 i
S=2r j @OV ppidt. (16,9)
Iy .

Ilpn BHIYHCIEHHH NOJIOBHHB ILIOWIAJH IOBEPXHOCTH IpEelaMH
HHTErpHpOBaHHA 10 ¢ Gyayr O H g-
B nepsoM ciyuae (BHITAHYTHIH SVIVIHICOHJ BpalleHHs) MOMYYHTCH

13
S = 4nab f /' T—¢¥sin% cos ¢ de.
0

Hnrerpan nerko BEIYHCAAETCS MOIZCTaHOBKOH e sin ¢ = z (HOBHIE Ipe-
a? — bt

neael uaTerpHpoBanusa 0 H e), rue e=l/_a_.—-axcuempncmer

3JuHnca. Bo BropoM cilydae (cxKaTHH 3JIMNCOHJ BpalieHHS)

T

2
S = 4zab 5‘ V1 + k?sin®p cos ¢ dy,
0

b2 —a?
rae k? = -

[IpumennTh mMoACTaHOBKY ksing =2z. Hosble npenens! uHTETpH-
posanuga 0 u k. OTBeTH, KOHEYHO, JO/IKHBI OJNYUHTECS Te xe. J{oka-
JKUTE, 4TO IIPH b, cTpeMAlleMcs K g, u3 O6OHX OTBETOB MOJYTHTCA
nJomanb NoBepXHocTH Chepbl 4zna?,

a?
[lpr ompegeneHnH mnpepena — arc sm-— NpeJCTaBHTh 3TO BhHIpa-

arcsin e 4
JEHHe B BHAE @ ——, YUHThIBad, 4T0 — =¢.
3anaya 16,30 (111 CaMOCTOATENBHOIO DEIEHHS).
Haiitu o61;eM M IOBEPXHOCTE TeJa, 06PasOBaHHOTO BpallleHHen
OJIHOH aPKH LHKJOHJEL

X = a(f —sin¥)

y=a(1—cost)} O<t<)

Bokpyr och Ox.
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Oxkaxercsi, uTo

2%
V= wa”§ (1 —cos#)?dt = 5n?a®

2 2
(S (1 — cos $)3dt = S (1 —3cost 4+ 3cos? —cos®f) df = 57:).
0 0

Ilpy BHYMC/ICHHH IIOBEPXHOCTH Hajo INOJBL30BaTBCA (GopMyiol
(16,9):
N 2
§ = 8rat { sine .

0

64 )
Orser. V =>5q%" ky0. en.; S= 5 ra® k8. en.

3amaua 16,31 (oys CaMOCTOSTENBHOIO pelleHHs).
Haiitn o6beM H HOBEPXHOCTL Tesa, 00pa30BaHHOTO BpAUICHHEM
KapJAHOu bl .
x==2R cost{— R cos 2f

y=2RSinl‘-—-Rsin2f} 0<t<2n

BOKPYT ee ocH (CM. uepTex K 3sapaue 15,21).

- Ygasauue. Ilpy Boiuncienun o6beMa BoCHoib3oBarses (Gopmy-
aoil (16,8), npu BHLUHC/EHHH NOBEPXHOCTH — dopmysoh (16,9).

Orser. V=§§‘sz3 Ky0. en.; S=%§sz" KB. ell.

3apava 16.32 (ais CaMOCTOSTEIBHOTO pelenus).
Hafitu o0beM W IOBEPXHOCTE TeJa, IONYYEHHOrO OT BpallleHH:
aCTPOHJBI
% = R cos? i }
I 0<f<2q)

. g t
—_ 3
y = Rsin®

Bokpyr ocu Ox (cMm. uweprex K sapmaue 15,27),

32 12
Orser. V=q157R® ky6. en.; S==% =R* k8. el
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CEMHAIUATOE NPAKTUYECKOE 3AHSITHE
Coznepxanmue. Jnbdepenunanpasle ypaBHeHHs IepBOro nopsjxa.
OCHOBHLIE CBEAEHHUSA U3 TEOPlfll/l

Jlughpeperyuarbroim  ypasHeruem HA3BIBAETCs COOTHOIEHHE, CBs-
3bIBaolllee  HE3aBHCHMYIO IEPeMEHHYIO, HeH3BecTHYI0 (GYHKIHIO M ee
Npou3BOJHBIE (WK €e AHupdepeHHaIb).

B ciyuae, Korja HeusBeCTHas QyHKIHs, BXOAsllas B AHbdepeH-
IlHajibHO€ YypaBHEHHE, 3aBHCHT TOJBKO OT OQHOH HE3aBHCHMOH Iepe-
MenHOH, aAuddepeHuuasbHoe ypaBHEHHE HA3blBaeTcs O00bKHOBEHHbIM.

Iopsadkom puddepeHnyanbHOr0 ypaBHEHHSI HAa3bIBAeTCs HaWBBIC-
WK DOPSINOK Npou3BofHOl (minH auddepenunnana), Bxoaseil 8 ypas-
HEHHe.

ObbikHoserroe - fnddepetnHalbHOe ypaBHEHHE NOPAJKA 11 B CAMOM
ofieM clyuae COAEPKUT HE3aBHCHUMYIO IEDEMEHHYIO, HEH3BECTHYIO
GYHKIHIO W ee IPOM3BOAHBIE uJjH JAnpdepeHnHanbl A0 HOpsAKa
BKJIIOYHTEJNbHO H HMEET BHJ

f(x! yi y,v y”’ cosy y(")) =O‘ (1791)
B sTOM ypaBHEHHH X-— He3aBHCHMasi IepeMEHHasl, y — HEH3BecT-
Has OyHKuHs, a ¥, ¥, ..., Y™ — NPOH3BOJHLIE HEH3BECTHOMN

GyHKLIHIH.
Obbikrosernoe Ougbheperyuarvioe ypasrerue nepso20 NopAdKa

uMeeT BHA :
[ 9 9¥)=0, (17,2)

a ewiM €ro yaacrcss PemHTb OTHOCHTENBHO IIpOHBBOJlHOﬁ, TO OHO
3anumercsa Tak: :

Y =F(x y. (17,3)

3anaua cocrouT B onpeneneiuu H3 auddepeHNHaNbHOTO ypaBHE-
HUsl HEHW3BECTHOH (QYHKIHMH, a Hpouecc onpeneieHuss 5Tod (yHKuHH
HasHIBAeTCSl pelleHHeM, WM HHTerpupoBaHneM AnddepeHnuanbHoro
YPABHEHHSL.

Peweruem, unn unrerpajom ypastenns (17,3) HasmiBaercs Bcsikas
Anddepennupyemas QyHKuna Y= ¢ (x), YAOBIETBOPAIOWIAS STOMY
ypaBHEHHIO, T. €. TaKas, HoCje NOACTAHOBKH KOTODOH B ypaBHEHHe
(17,3) ono obpamaercst B TOXKAECTBO, T. €.

¢’ (x) = Flx, ¢ (x)] ‘
ABIACTCA TOXAECTBOM OTHOCHTEJEBHO X.

Kpupasi y= ¢ (x), onpeueasemas petneHHeM ypapHenus (17,2)
win (17,3), HashiBaeTcst HHTETPANbHOR KPHBOA NH(pdEPEHIHaJ bHOTO
ypaBHeHHA.
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O6uunm pewenuem nuddepenunansioro ypasuenns (17,2) wny
(17,3) Ha3HBAOTCH COOTHOIIEHHS BHAA

@(x, y, C) =0, wm P(x, y) =C, (17,4)

BKJIIOUAIOLINE OJHY MPOM3BONEHYIO MOCTOSIHHYIO BEIMYHHY H 06/1afalo-
M€ TEM CBOHACTBOM, UTO, PeUIasi HX OTHOCHTENLHO Y NPH JioOBIX YacT-
HEIX 3HAUEHUSX HPOU3BO/ILHOH IOCTOSHHOM, MonyyaeM QYHKIHH BUAA
y =1 (%), sBAsiolmecs pelleHHaMH ypasuenua (17,2) wam (17,3).

Ypaptenusa (17,4) ONpENENAIOT CeMelicmeo UHME2PALLHLX KPUBLLX
ypaBuenus (17,2). ’

Yacmaum pewernuen puddepennnanpioro ypasuenus (17,2) nasu-
BaeTCs TAKOe pelleHHe, KOTOpOe INOy4YaeTcss H3 OOWEro pemeHHs
(17,4) mpu HEKOTOPOM YAaCTHOM 3HAYEHHH MPOH3BOVIEBHOH MOCTOSHHOM.

[pousponbuas mocrosiHHas C, sXopswasn B (17,4), onpenensercs
U3 TaK Ha3blBAeMBbIX HAYa/JbHBIX YCJOBHIL.

3ajava ¢ HayalbHEIMH YCJIOBHSIMH CTaBHTCS TaK: HalTH peuieHHe
y = ¢ (¥) ypasuenus: (17,2) Takoe, uToOHl OHO NMPHHHUMAJO 3aAaHHOE
BHAYEHHE Y, NIPH 33JaHHOM 3HAYEHHH HE3aBHCHMOMA NEpPEMEHHOH X =
= X,, T. €. YTOObl BHIIOJIHSJIOCE PaBEHCTBO

) Yo =@ (%) ,

C TOuUKH 3peHHs TEeOMETPHH 3ajaya C HauaJbHBIMH YCJIOBHSIMH
CBONHMTCS K TOMY, YTOObl M3 CEMEHCTBA MHTerpajbHBIX KPHBHIX (17,4)
BHIZENNTE Ty, KOTODAs IIPOXOAMT YEpe3 TOUKY (X,, Y,) IJIOCKOCTH.

3adava Koww. 3apaua oThiCKaHHUs pelleHHs ypaBuenus (17,2),
VAOBJETBOPSIOUIEr0 HayaJEHBIM YCJIOBHSAM

Y=Y IPH X = X,
HasuiBaercs 3a0aueill Kowi.

Ocoboe persenue. Pemenne auddepeHnnajsHOro ypaBHeHHs1, KOTO-
poe He MOxeT OBITE NOJNyueHo U3 OOLIEro pelIeHHs1 HH NPH OHOM
YaCTHOM 3HAYEHUM MPOM3BOJILHOR IOCTOSHHOH, BKJWOYas 4= co, Hashl-
BaeTCsl €ro OCOOHIM pellleHHeM.

[Tpu pemenun auddepeHIHaNLHOTO yPaBHEHUS HANO CTPEMHTBCH
K ToMy, 4100H Hapsay C onpeneneHueM ofliero pemiesns ObM Hai-
LEeHHl TaKxe U ocolLle.

Mgl paccMOTpHM HA 5TOM TNPAKTHYECKOM 3aHSATHH Tunk Aubde-
PeHIHANBHEIX ypaBHEHuil mepsoro Mopsjxa, IPenyCcMOTPEHHBIE NPo-
rpaMMoil.

[Tepsoui mun. YpaBHeHHS ¢ pasjesIOWMMHCS NEpEeMEHHBIMH

DT10T TUNl ypaBHeHuH sBJAETCH CaMbIM IIPOCTHIM THIIOM YpaBHe-
HHH NepBoro nopszika, Ho BMECTE C TéM OYeHEL BaKHBIM.

Ecau B nuddepennnanpHoe ypaBHeHne mepsoro mopsiika F(x, g,
¥’y = 0 npousBoiHasi y’' BXONMT B NEpPBOfA CTeNeHH, TO IOCJ]E pefle-
HHUs1 €r0 OTHOCHTEJNBHO Yy’ TONYyYMTCs yPaBHEHHE BHAA

f(x> y) + (P(x1 y) y' = O.
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d .
Tak Kak-y' = 52, TO 5T0 ypaBHEHHE MOMET GHTb NePelNHCcAHO TaK:

[(x, y)dx+¢(x, y)dy=0.

B uactHOM ciyyae, KOrfia KaXpas H3 GyHkumil f(x, ) H ¢ (X, ¥)
SIBJIAETCH [POU3BEAEHHEM JABYX (YHKIHI, OAHA M3 KOTOPHIX — (PyHK-
us TOXBKO X, a BTopas — TOJABKO y, T. €. KOTAa

f(x, 9 =f1 (x) - [ ), a ¢(x, y) = ‘Pl(x) * 92 (4),
ypaBHEHHE NpHMET BHA ’

fr(x) - £ (8) dx + ¢y (x) - e2(y) dy = 0. (17,5)

Ypasuenne (17,5) Hasblpaercsi auddepeHIMaNLHBIM ypaBHEHHEM
C pa3fensolIUMHCS HepeMEeHHEIMH,

Pasnenenne nepemeHHHIX IIPOHU3BONHTCH JeleHHEM 00eHX dacTed
(17,5) na mnpoussenenue ¢, (x) - f2(y), B KoTOpOM fy (y) — QyHKUHS
TOJBKO OT Y, SIBJAALAACH MHOXKHTeJNEM INpH dX, a ¢ (X) — QyHK-
Ius TOABKO OT X, ABJAIOMascAd MHOXKHTeJNeM NpH dy. llocne nese-
HHs Ha 5TO mpousseneHHe ypasuenune (17,5) mpumer Buz

fr(x) 20) g,

P1(%) dx + f2(y) dy =0, (17,6)
a ero o0Luil HHTerpai 3amHIIETCs TaK:

LA Sv_@ _ 17,7

aw@t Vg% =C (17.7)

OcoGrle pelleHHsi YpaBHEHHS C PasicsIOWMMHUCS MepeMeHHbIMH
Ypasuenne (17,5) moxer OblTh NepemHcaHo Tak:

2 () - fo o) [ ax + BBy | = 0.

[TosTomy, Kpome HaiinenHoro pamee o6mero uurerpana (17,7)
ypasuenus (17,5), eMy MOryT Takxe yAOBNETBOPSTH peILCHHs, MOIY-
YaeMble U3 ypaBHEHHS

¢ (%) f2(9) =0. (17,8)

Ecnmu stu pemenns He BxopsaT B obuwmit murerpan (17,7), To onm
GynyT ocoboimu pemeHHsMH ypapHenus. (17,5),

3anaua 17,1. Haiite ofwue puTerpannl ypaBHeHHH, ocolble pelle-
Hud, a TakKxe vYacTHble pellleHHs,, YJOBJAETBOPSIOMKE HayaJbHEIM
YCJIOBHSAM.
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HauaJjibHHE YCIOBHA:
1) #(y° +B)dx 4 (x* +-5) y?dy =0, y(O) = I;
2 xVT+ydx+ gV 1+ R2dy=0, y(V'3) =0;
3) wdx + (L 4+AVTF22dy=0, y(V/8 =1

4) y =5y, y(0) = 25;
5) tgydx— x Inxdy =0, x(%—):e{
6) ¥ +y*=1.

Pemenmne. 1) Ilpuenem ypaBHeHHe Kk By (17,6). Paspennm
obe uyacTH ypasHeHus Ha (x®--5)(y® 4-5) u momyunm

x3+5dx+y3+5dy 0.

Tenepnr nepeMeHHble pa3jeieHbl. MHrerpupyeM ofe uacTH ypab-
HEHHUs:

2 2 )
S)-C?{C“rgdx+5!/T!/—]———5dy=cl;
1 i
I} 45|+ 5 Inlg? +5] = In|C|.

1
(3nece Mbl samenmin C; Ha - In[C}).
Orciofa ofmumil, MHTErpas 3amuiercs Tak:

(8 +5) (4" +5) =

Cnegyer TakXke paccmorpers ypasHeHme (x3%-D5)(y* 4-5)=0
Ho pelienust aToro ypapHeHus He SIBASIOTCS OCOOBIMH, TaK KakK OHH
nonyyatoress u3 obwero unrerpana npa C=0. (Hanomuhaem, uro
ocobbim  pewsenuem nubOEPERIHAIBHOIO ypaBHEHHsS Ha3bIBaeTcs Ta-
KOe ero pellleHHE, KOTOPOE He MOXKET OBITb NOJyYeHO H3 OOLIero Hu
OpH OJHOM YaCTHOM 3HaY€HHMH HPOM3BOMLHOH moctosiHHoH C).

Hcnonr3ys HaganpHOe yciobue, HaijeM C: mojcTapiasieM x =0,
y=1 B obwnuit uHTErpam:

(0 +5) (1 -+5)=C; C = 30.
YacrHoe pemenpe, COOTBETCTBYIOUIEE HAYa/JbHOMY YC/IOBHIO! -
(** +5) (* -+ 5) = 30.

2) Tlpubenem ypaBnenHs k BHAY (17,6). Ins sroro paspennm
obe ero wactu Ha V' 1422+ V1 442, llocne penenns modyunm

=t dx - —=L_dy=0,

X
Vite V1+2



Unrerpupya ofe yacTu :—>Toro yPaBHeHHS, MOdydIuM obuuii uH
Terpan:

dy=2C

frem ety

Orcona

VIFE+VTTF =C €>0) (17,91

(C > 0, Tak KaK pacCMaTpHBAlOTCs TOJNBKO apuH(MeTHYecKMe 3HAue- ,
HUSl KOPHS).

Tenepp caegyer pemuts BOHIPOC 00 OCOOBIX pEHIEHHSX. I[Jm,;
5TOr0 PAacCMOTPHM ypaBHEHHE '

VI+2 - VI+g =0

JeficTBUTeNbHEIX  pellleHuil 9TO YypaBHeHHE He HMeeT, a TOTOMY',
# HeT OCOOBIX peIleHHI. -

YacTHoe pellleHHe NOJYYHM U3 yolIoBus y = 0 1pu X = V3. Ho,a-‘
CTaBJsisl 3TH 3HaYeHMss X M y B obmuii unterpan (17,9), nonyan

M YacTHBIM pemieHneM Gyzer
Vit +V1I+#=3
3) O6e uacTn ypaBHeHHs AeJuM Ha y)/ 1 + x%

x 1+,
V1+x2dx+' p dy = 0.

Hnterpupys, nomyyaem

e

VIFR+ gl +% =C ,

UTo6bl paccMOTPETb BOMPOC 00 OCOGHIX pPeleHHsX, Hajo MPHPaB- |

HSITh Hymo npoussenenne y) 1 + x> = 0. Orciona caenyer, 4To y ==
=0, V14 £ =0.

Pemenne y =0 spiserca oCo6bIM pellleHHEM, TaK KaK OHO, YJIOB' :

JIETBOPSAsl YPABHEHHIO, He MOXKeT ObIThb NMONYyYeHO H3 OOLIero perleHH |

HU TIDH OJHOM uaCTHOM 3HayeHuu C. Ypaphenne xe V1 + 12 =01
JeHCTBUTeNLHEIX pelreHufl He HMeer. ;
YacTHoe pemeHue MOMYyYUM, IOACTABMAsSs B OGLIHA m—nerpan

Vx=Vs; y=1
V1+8+lnl+-§=c;‘C=—-

502851
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YacTHOE pelueHHe
VIF2 +1nlyl +% =1,

K
V1 + x2+1ny2+y2=7 .
4) TlepennmeM ypaBHeHHe B BHlIe ~—51/'—

Orciona, jnens o0e yaCTH ypaBHeHHH Ha 5)/ Y H YMHOXas Ha
dx, NOJyIuM

=Y —=dx.
5V y
UnTterpupys, HaifineM o6wmuil uHTErpaJ
2yy=x1c, | (17,10)

wHn
25
y=7k+C)P

UTo0b noAyunTe 0co6oe pelieHHe, pAacCMOTPHM ypaBHEHHe

5/ y=0, orkyma y=0. 310 pemenne Oyger ocoObIM, . TaK KaK

OHO HEe MOXeT OhiTh _TOTYYEHO H3 OOIEro HU NPH ONHOM YHC/IOBOM
3nadeHHn IPOU3BONIBHOH HocTosHHOR C. -

lIacmoe2 pemenpge mnonyuum wu3 (17,10), nopcrasasis B Hero
=0, y=25; ‘

VB =0+C; C=2,
H YACTHHIM pelueHueM Oyner
y=2@+2n
5) Iss TOro, urobel pa3feldTb INepeMeHHbie, paspenuM obe

dx dy
yacTH ypaBHewus w®a tgy- Inx, u monyunM = —o- 7 =0,
a WHTerpHpys '

dx
lenx—Stgy ln|C|

HaiijeM L
Injlnx}— In}siny}= In|C}.

Orclofa
inx
smg = &
HJH

Inx = Csiny.
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O6muli HHTErpas ypaBHEHHS
x=¢8siny, (17,11)

Jlas pelneHdss Bompoca 06 0co0oM peleHHH Hajno NPHPaBHATH

HyJo peIpaxenye gy x Inx, Ha KoTopoe MBI AeNuM ypaBHEHHe:
tgy-xlnx=0.

Orciona tgy=0; x=0; Inx=0. TaxuM obpasoMm, y=kx (£ =0,
+1, £2, + ...); x=0; x=1,

Ho us ofmero Huterpasia npu C =0 nonyvaem x = 1. 3HauHdr,
x =1 sBasiercss He ocoOBIM pawienueM, a yacTHbiM. [lpy C = — o
umeeM x =0, a nmoromy x= 0 Takxe He ocofoe peleHde, a yacrT-
Hoe. Ilpy C = 4 o Oyger y = kx, uro caenyer u3 (17,11), u mno-
3TOMYy 3TH pellleHus He ocoOble, a YacTHble. TakuM ofpasoM, pellle-
Hig x =0; x=1 u y = kn «nofo3puTeNbHble»y HAa OCOOEHHOCTH SiB-
JSIOTCS NMONPOCTY YaCTHHIMH PEIIEHHSIMH. 3HAYHT,. OCOOBIX pelleHH
ypaBHeHHe He HMeeT.

YroGsl HaliTH 4YacTHoe peilletine, noxcrasuM B (17,11) x =¢;

Y+ %, U IOMYYHM
e=efng; ¢e=¢f; C=1,
[TosroMy uwacTHHIM pellleHHeM Gyzer

x =esiny,
6) IlepennmeM ypapHenHe B BHpe
dy 2
g = 1=

PaspennMm ofe vacT ypaBHeHHst Ha 1—y® H yMHOXHM Ha dx.
[TonyunM ypaBHeHHe, B KOTOPOM NepeMeHHbIE Pa3jeneHbi:

dy
l—:—y-g——dx.
Hnrerpapyem obe ero uacrh:
dy
Sl_y2=x+c;
L l_iill_ '
5 lﬂll__y =x -+ C.
Orciona
—Yy I —y
%iy_—_ei’ «+0) yn 1ty e +C),
—Yy 1—y

paCCMOTpI/IM Ka}KllbIﬁ H3 3THUX CJayvyacB B OTACIBHOCTH.
2(x+4C) __ x+C)__ ,—(x+6)
1) LY _ pato, y=1 I_ ¢ e
1—y ? e2(x+6)+1 e(x+0)+e—(x+0) *
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Ofmufi murerpan: gy = th(x -+ C).

32(x+0)+1 _ e(x+C)+e—(x+C)
2E+CY ) L FCO_ ~utO

2 et 4

O6wuit uurerpan: y = cth (x -- C).
Yrobl pemmb Bompoc o6 ocofoM pelleHHH, NPHPABHAEM HYJIO
BhIpaxenHe 1 —y?, Ha KoTopoe Mbl fesiujiM 00e 4acTH ypapHeHHs:

-y =0, y=+1.
STH pelieHHs sBAAIOTCS OCOOBIMHM, TaK KaK He MOTYT 6bITh I10-
JIYUEHHEl U3 OOLIero HH IOPH OJHOM YHCJOBOM 3HAYEHHH IIPOH3BOJIb-

HOH mocTosiHHOA C. ‘

3anaua 17,2 (15 CaMOCTOATEJLHOIO pemeHHs).

Haiitu ofwmue wHTErpanbl, ocofble ¥ YACTHHE pelneHds pud-
depeHuHANbHBIX yPABHEHHI:

D y =0; 2 ¢y =a; 3) ¢ =2245x+12; y(l)_—-.

)y —yP—3y+4=0;

5) Vl —Pdx -+ V1 —=2dy=0; y(0)=1;

6) 1 +Mde+4 (1 ++)dy=0; y(1)=2.

Ykxas3aHHud., B naroM ypaBHeHHH NPOHU3BOJBHYIO MOCTOgHHYIO
BLIFOZHO BBECTH MO/ BHAOM arcsinC, B LIECTOM ypaBHEHHH — IIOJ
sujoM arctgC.

Orser. 1) y=C; 2) y—ax+C

3) y= 3x*’ + 3 x2 4-12x 4-C. Yactaoe pemex—me Y=

- %xs + 3 4 120 — 15,
1 4e5("+c) | — 45+ O
4) y= "+' —gero YT T EaTo
1+e
Pemenyiss y =1 0 y = — 4 —yacrasie. OHH cojepxKarcs B ofueM
pewenuu: meppoe npu C = — co, BrOpoe npu C = 4 co.

B) arcsin x 4 arcsiny = arcsin C, uiH, 6eps CHHYC o6eHx
' yacteit, x}1—yp2+yVY1—2=C. VYuects, urO

cos (aresinx) =}/ 1T — X2,
Ocofoe pemesne y = 4 1. Yactaoe pemenne xJ'1— 4% 4

+y/T—F=1.

6) arctgx 4 arctgy = arctg C. Beps Tanrenc obeux wac-

Te#, 3TO PaBEHCTBO MOXKHO 3anucarth B BHIE +yy C.
X
LIalcmoe pelIesHe 5 +y — 3. Yuecrs, yro tg (arctg x) =

= xl
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VpapHenue BHAA

y =llax+by+o) (17,12)
JIpUBOJIUTCA K VPaBHEHHUIO C pasjesiolliMuCg NOepeMEHHBIMH C I1O-
MOHIBIO NIOJACTAaHOBKH

Z—a .

ax+by+c=2 atby =2" y = 7
Ypasuenue (17,12) npunumaer BHJ:

Lot @) 2 =bf () + o
dz dz
'a— = bf (Z) —I— a, Wi m = dx.

TTocnennee ypapHeHue — ypaBHEHHE, B KOTODOM IlepeMEHHLIE pa3-
nenenel. B ofllleM HHTErpaje c/elyeT nepedTH K CTapOi NepeMeH-
HOH, 3aMeHMB Z Ha ax by +c.

3apava 17,3. Hafith pemeHua ypaBHeHHE:

’ 1 , . ,
Pemenwne. Tlepoe H BTOpOe ypaBHEHMs 5TOH 3ajaul OTHO-

carca Kk rtuny (17,12), a Tperbe — ypaBHeHHe C pasjesIOHIEMHCSH
TIepeMEHHBbIMH.
1) IloncranoBka: 3x 4y =2z Jubtepenunpysa, Haxomum: 3 -
r 1432 dz 14 3z
z ' dx 2z

+y =2'; y =2 —3. Tlostomy 2’ — 3 =—§,

Pas;LeJmeM nepeMeHHbie, YMHOXKag obe yacTi Nnoc¢/JIeRHEr0 ypaBHCHHA

HA ;o + 735, 4% Tloayuaem sz = dx.
WHTerpupys, HaxomuMm
S == dz=x +C;

OTKYna, BHIUMC/IAS MHTErpas, IoJydaem
1 1 .. ’
-3—2—3-1n| 1 —I—SZI =x—|—C,
a 3ameHssl z Ha 3% -}y, uMeeM
1 1
@ +y)—=—In[9+3y+1j=x+C.
2) ToacranoBka: x +y = 2.
Otrser. y—Infx+y+1|=C
3) l'Ipe;lc'rame npasyio 4acTb B Buie 3%+ = 3¥r . 3% Z—Z =

= 3% . 3%, L = 3oxdy,
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' c
HpOHSBOJIbHYIO NOCTOAHHYIO BBRIIOLHO . BBECTH MNOJI BHROM—'m

Ortser. 3- 3% 42 .3% = (C,
3agaua 17,4 (nng caMOCTOATENRHOTO pememm)
TIpoUHTErpypOBaThL ypaBHeHuﬂ

D)y =3+4y; 2) y = +2 —3%3 v ~V2x+y—3

Otset. 1) y=Ce4x—-§x—%;

2) 5x + 10y +4 In| 5x + 10y — 4| = C — 25x;
)2V 2 +y—3—4In(Y2x+y—3+2=x-+C.

Bmopoti mun. JInneiinsie nuddepennnanpbusle ypasHeHUs
nepsoro nopspka
YpaBHeHHs: BUAA
Y +pxy=qx (17,13)
Ha3HIBAIOTCS JMUHEHHBIMM TNOTOMY, YTO McKOMAas (yHKIUS y U €e Ipo-
13BORHAA Y BXOAST B HUX B NepBOH CTENEHH.
OyHrUMM p(X) ¥ ¢ (X) NPERNONaTalOTCs HENPEPHIBHEIMH B Npo-
MexXyTKe (a, b), B KOTOpOM HilleTcs pemeHue ypasHenus (17,13).

Ecau npasas 4actsb B (17,13) — dyHKuMs g (X) TOXKIECTBEHHO paBHa

HYJIIO TIPY BCeX 3HaueHUsX X u3 (@, b), TO ypaBHEHHE NPUHHMAET BUJ
¥ +pry=0 - (17,14

H Ha3bIBAETCS B 3TOM C/lyyae JHHEHHBIM OJHOPORHBIM nudxbepeHuuas-
HEIM ypaBHeHUueM nepporo mopsizka. OHO COOTBETCTBYET ypaBHEHHUIO
(17,13), KOTOpoe mpu g () # O nasmbiBaercst HeoAHOPORHBIM. OTMeTHM,
YTO JUHEHHOE ONHOPONHOE yDaBHEHHE SABJSETICS YyPapHeHUEM C pas-
NeASIOUIHMHCS TIePEMEHHBIMHU.

Huorga ypasuenuwe (17,14) HasbiBaercss JMHEHHBIM YpaBHEHHEM
fe3 mpaBoOf uYaCTH.

OGmee pemenue JMHEHHOTO HEOAHOPoAHoro ypasHeHus (17,13}
MOXKHO HafiTH C NOMOWIbIO MNOACTAHOBKU

y=e—§P@ %0 (v), (17,15)

rae v (x) — Hopasi uckoMasl GyHKuusA. MHOXHTEND e=§ PO _ o6imee
pelieHHe JUHEHHOrO OfHOpOARHOro ypaBHeHus (17,14), cooTsercTByio-
mero ypassenuto (17,13), npuueM B sToM oOwEM pelleHHH OINYIIEH
MHOXUTeNb C.-

Ora nojcTaHOBKAa NpEANOYTHTE]NbHEE YKAa3aHHO# B ydyeGHMKax —

Y =uv, Tak KaK QyHKUUS u BCerfia paBHa BHLIPAKEHHUIO e=§ P ax
¥ ee, coGCTBEHHO, KaXIblii Pa3 OTHICKUBATL M3JMILHE.

Moacranoska (17,15) npusogur (17,13) K ypaBHeHuto ¢ pasgensio-
WKMHCS TTepeMEHHBIMH, '
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3anaua 17,5. HaliTu pemenue ypasHeHus y’ -y =e*, ynosie-
TBOp silOIEe HA4aTbHOMY YyC/IOBHIO y(©0) =1

(Iipexkne BCero oOpaTHTE BHHMAHKE HA TO, 4TO ypaBHeHHe —
JnuHefiHOe, TaK KaK HCKoMass QyHKUHS y U ee TPOM3BOHAS 4’ BXORAT
B Hero B MEPBOfi CTEMEHH).

Pemenne. CpaBuuBasi 510 ypaBHeHue ¢ (17,13), Mbl BuguM, 4to
dynrunst p (x) — Kos(dullkenT npu y — paBHa 1.

Yrobsl npuMeHuTb ToxCcTaHOBKY (17,15), BBIUHCIMM S p () dx,

KOTODBIA TPH p (X) =] 3amHUIeTCss B BHJE S px)dx = S dx = x,

a e—f P(x)dx  p—x, TTosToMy mopcTanoBka (17,15) umeer Bug
y=e*u. (17,16)
1ToxcraBum Bhipakenue (17,16) B 3ananHoe ypasHenne. s storo
(17,16) nponuddepeHunpyeM KaK NPOH3BEICHHE
1] y=ev (x)—vx)e™*

1| y= v (x)e*
e = e (x)
(CknanuiBasi B JIEBbIX HaCTAX 3THX DPaBeHCTB y' + y, Mbi MoJdydaeM

npaByio 4acTb 3aJaHHOTO YDABHEHHHA, T. €. e¥).
[Mosyunioce ypaBHEHHE ¢ pasANAOMUMUCS NEPEMEHHBIMH

Z—;’e—x = e*.
Ymuokas ofe ero wactv Ha e* dx, NOJYyYHM
dv = e%*dx,
a HHTETpUpPYs, HaAWIEM
= ;—ezx +C.

TMoncTaiss HaiinenHoe sHaueHue v B (17,16), moayunm

1
y= (z—ezx + C) e,
HJIHN
y=Ce4por (17,17)

Kak J0Ka3blBa€TCsl B TEODHH HHTErpAPOBAaHUS JUHEHHBIX HEOAHO-
poiHbIX audxpepeHLHANbHEIX YypaBHeHHH nepsoro nopsaka (17,13),
ofillee pelIeHHE 3TOTO YPABHEHHs DaBHO CyMMe JBYX CJaTaeMBbIX,
H3 KOTOPHIX OJHO SIBASETCS OOHMM peHIEHHEM COOTBETCTBYIOLLETO
onHoponHoro ypasHenusa (17,14), a npyroe — ero yacTHHIM pelIeHHEM
HEONHOPOHOrO ,yPaBHEHHs (OHO NoJsydaercs: M3 obumiero npu C = 0).
B namewm cnyuae B (17,17) nepsoe cnaraemoe Ce—* — ofliee peLieHHe
OZHOPOJHOTO JuHEHHOro ypaBHEeHHs y' + y =10, cooTBeTCTByIOMEro

1
33jaHHOMY, a BTOpOE bl €* — YaCTHOE pellicHHe 3aJJaHHOro YPaBHEHUS
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DeficteuTenbHO, ypasHenue y' -+ y = 0 — ypaBHeHHe C pasnensio-

{IMHCS TePeMEHHbIMH: g—z =—y; ‘fyé’ = —dx. Hurerpupys, noayyum
Inlyl=—x+In{C|; Inly|—In|C|=—x; In|—'C”—' =—X;
|&| = lyl=1Cle y = Cex.

Us (17, 17) ompenpennm IIpOHSBOJIbHyIO nocrosuuyio C, Hcnoab3ys
naganpioe ycaosue y (0) =

1=&tk%“4=0+%;0=%.
I_IO,ZICTaBJIHH B (17,'17) C = =5, MOJIY4HM HaCTHO® eweHHe y.—.—.%e—x +

+3 Lev , T. €. UaCTHHIM pelleHHeM sBisfercs y= shx.

Sanatla 17,6. Hafitu ofmee peulenye ypapHeHUs y — 4y = cos x.
a Takxke 4YacTHOe, YAOBJAETBOPsoUEee HauajbHOMy yenosHo ¥ (0) = 1.
Peumenne. Cpasuupas ¢ (17, 13), sakmouaem, uto p (x) = —4
(310 KO3hdHIHEHT NPH Yy B 3agaHHOM ypaBHeHHH). YToGH mnpuMe-

HUTb nogcraHoBky (17, 15), BHIUHCAHM — S p (x)dx, noacTapisist B HErO
px)=—4 .
— Sp (x)dx = — S—-4dx =4y,
——gp(x)dx eix, ‘ -
Tostomy (17, 15) 3aluIeTcs TaK:

‘ Y =vets, . (17, 18)
TMoncraBnsist 370 3HAYEHHE y B 3ajaHHOE YDaBHEHHE, NOAYYHM

1 ‘y' — v’e4x + 4ve4x
—4

y = vets

cosx = v'etr
(pH CJIOXKEHHH /iBa NOCHERHHX CAraeMbIX YHHUTOXHJKCD). TTomyyqu-
JIOCh YpaBHEHHe C Pa3jelsioWHUMHCs TePeMeHHBIMH:

dv

— O4X —

e CoS X.

YMHOXasi 06e ero 4acTu Ha e~**dx, MOJy4yHM
. dv = e~**cos xdx.
Muterpan npapo#t uactu HafineH B 3amaue (4,22). B dopmyae

(4,11) nano B3ATb @ = —4; b= 1.
—4x
[losromy v=e17 (sinx —4cosx) +C, a us (17, 18) nonyuaem:
—4
y= [%Tj‘(sinx —4cosx) C]e“;
y = Cet +1L7(sinx—~4cos x). (17, 19)

253



b
[}
3nech ONATL-TAKH CHefyer obpaTHTh BHHMAaHHE Ha TO, YTO - CJasy
raemoe Ce** ecTb ofilee pellieHHe OJHOPONHOTO JIMHEHHOTO yPaBHEHH A!
y —4y= 0, COOTBETCTBYIOWIETO JAHHOMY HEOJNHODOJHOMY, a BTOpOE
¢slaraeMoe — YacTHoe pelieHHe BCEero JaHHOTo ypaBHeHusi. D10 cha-
raeMoe mojgyuaercs u3 obiero pewenus npu C = 0.
Urto6sl ONpeNeNuTh uacTHOe peliieHHe, moxctaBasem B (17, 19)
x=0; y=1 u monyuaem:
4, 21
l=C— e C= o
MO3TOMY YaCTHBIM pelieHueM Gyger

Y= %(Qle” + sin}x — 4 cos x).

3amaua 17,7 (A1t CaMOCTOSITENbHOTO pELIEHHS),
Haiiti ofuiee pelneHye ypaBHEHHs
x tax=et? (a+b=+0).
Paccmotpetb Takxke cayuaft a +b=0. -
Ykasaune. 3pech uckoMast QyHKUMA He Yy, KAK ObUIo B JBYX
npenslAymux 3ajayax, a X, HE3aBUCHMOH TepeMEHHOH sBisercs f
(370 ycMaTpHBaeM H3 TOTO, uTO mpaBast yacTb e¥ — dynkuHs 7).

Bwmecto unTErpana vSp(x) ds B (17, 15) Hago BLIUHCIHTH

— Sadz‘ = — qt, Tlosromy nozacraHoBka (17, 15) Gyner Takoii:
) x=v({)e . A
- o0t

OrBer. x=Ce-“‘+——_m- (@ + b+ 0).

. oa

Eciw a4+-6=0, T0 x = Ce—% } fe—2,

Ykazaunue, Ectu a +6=0, 10 b = —a.

B tpex nocmenHux 3ajgadaXx Koa(duuHeHT npu MEpBOH CTENEHH
MCKOMOH (YHKIHM B JIHHEHHOM ypPaBHEHHMH GblI BEJTHYHHOH NOCTOSH-
Ho#l (3r0 OBInM uucna 1, —4, a).

Teneppr MBI peliuM 3apauy, B KOTOpOil 3TOT - KOI(xpHIHEHT ecThb
(YHKIHs .He3aBHCHMOH mNePeMeHHO.

3apaua 17,8. Hajiti pemenue ypaBHeHust

Yy +ycosx = sinxcosx,

YAOBJETBOpAIOIIEe HadalpHOMy yenoBHio y (0) = 0.

(YpaBHenHe nuHefiHoe, TaK KaK HCKoMast QYHKUUS y W ee Npo-
H3BOjHast §' BXOAST B YypaBHEHHE B MEDPBOH CTelleHH).

Pewenne. CpapHuBas 3amanHoe ypaBHeHue ¢ (17, 13), 3ax/io-

uaeM, 4to p (x) = COSX; — S pxydy =— S cosxdx = —sinx. Ilo-

3TOMY MHOMKHTe/b e B (17,15) paBen e—si"*, a nopcTaHOBKA
(17,15) sanmmercs Tak:

y=v(x)esinx, ‘ (17,20)
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[ToxcTaBias 3TO ‘SHaue€HHE Yy B 3aJaHHOE YDaBHEHHE, MNOJYUHM:

7

1 1y = v'e—sint —ye—sinxcos x
cosx |y = ve—sinx
sin x cos x = y'e—sinx

[Mosyuna0Ch ypaBHeHHE C Pa3eIAOMUMHCS NepeMeHHLIMH
duv R
- sinx —
Fra sin x cos x.
YMHOXKasg ero ofe yactH Ha €SP %, mosyyuM

dv = es'® *sin x cos x dx,

U= Sesm *sin x cos xdx = est" ¥ sin x — Ses“”‘ cos xdx =

du = cos x dx
== esin X

==sinx
dt =e31" % cos xdx

=esin*sinx —esin* 4 C,

IMoxcraBnsisi 310 3Havenue v B (17,20), Hafizem

Y= (esin xsinx_esinx ..)L C) e sinx;,
y==Cesinx L siny—1.

Tenepv nafinem yactHoe pemenue. ITogérasisieM B obinee peleHue
HauajavHoe ycaoBhe x=0; y=0; 0 =C —1; C = 1. HacrHoe peme-
HUE 3alHIIeTCs TaK:

"y=e—sinx Lsiny— 1.

3anaua 17,9 (117 CaMOCTOATENILHOTO PellIeHHS).
Hajité o6wie N yacTHBIE pemleHHs CAEAYIOUIHX JHHEHHWX ypas-
HEHUH:
1

Dy +ytgx=cos’x; y (%) =5

’ 1 - 3
2 y 7-x+2y=x2+4x+5; y(—=h=15;

3) dt tr_';_cl =e ¢+ 1) x0) =1
Ykasauud. [Ipu pemenns MHOrHX sajay DpHUAETCA NOMB30-
Bathcs GopMydiolt €™ = N, B nepBoM ypaBHeHHH p (x) = tg x;

- SP (¥)dx = — Stgxdx = Incos ¥; e"g"(”) 4 — glncosx — cos X,
Bo BropoM ypasHeHHH

1 d
P(x)‘—:—m; ——Sp(x)dx=5ﬂx—-§= Injx +2];

e—SpA(X) ax = ein x+2 =X + 2_



' 2
Toxcranosra: y = 0 (x) (x +2). Oynxuus v () =Sx 4;:1:2-;- 5

=&%§+mu+m+a
OtseT. 1) y= Ccosx 4 sinxcosx; 4aCTHOE peieHHe:
y = sinnxcosx;
y=C(x+2)+ (—’%-g)—a-]- (x + 2) In (x -+ 2); yacTHoe

2)3
pewenne: y= (¥ +2) + (i—%—l +(x+2) 1In (x + 2)3
3) x=C (¢t + )" +¢' (¢t 4 1)* dyacTHoe peuieHHe:
x=2¢é (¢t + 1)~
3agaua 17,10 (1 CaMOCTOATESILHOTO DEIIeHHS).
Hapmi ofi@e HHTErpajibi H YacTHBIE PELIHHS JNHHEHHHX ypaBHe-

Ve,

= — COSeC x — sin x; y(%) =14 1

o

HHUH.

r
1) Yy sin x cos X

9 y —2uy=1—2x% y©0) =2
9
%) xy +y=x+3x +2 y(l)=-2g.

Ykasanud. 1) Sﬁ:lntgx; entex = tgx, Tlogcra-

HOBKa: y==vigx.
2) px)=—2x; e ~fperar _ o, TMoxcraHoBka: y = ve*’.

3) OGe uacTH ypaBHEHHSI PasjeUTL HA X. ®yurnua p (x) =%;

—\Sp(x)dx=— Inx; e!n*r=elnz—" = x~1 =17. I[NoacranoBka:
[

y=v~—;.

OrseT. 1) y=Clgx+cosx; y=tgx 4 cosx;
2) y=Ce* 4+ x; y = 2e" + x;

c 2 3 1 2 3
Yy=Z+5+5+8y=5+5+5+2
3apava 17,11, Hajitu obmuji HHTErpan ypapHeHH

ydx — (x + y?siny)dy = 0.
Pemenne Eciau obe yacTH YpaBHEHHS pasjgeluTh Ha dy, TO
noJyuuTCa :

yz—;—x—-yzsiny=0.

d
Pasnenus Ha ko3GdHUHEHT IIDH 53’ NOJYYHM YPaBHEHHE

256



B KOTODOM HCKOMO# (GYHKUHEH sBIdeTCs X, HE3aBHCHMOH NepeMeH-

. dx
Hoi —y. A Tak Kak wuckoMas OQYyHKUMsT X H ee NIpOHsBOAHAR -
BXOAAT B YpaBHEHHE B NEPBOH CTEMEHH, TO OHO JuHeftHoe. [logcTa-
sopka (17,10) sanumercs Tak:

X = v(y)e— SP W) dy — ve_ ‘s.— _y-dy — velny =vy.

OGuiee peuenne: x = Cy— ycosy.

3anaua 17,12 (a4 caMOCTOSATENLHOTO pememm)
Hajity ofuiye HHTErpabi ypaanemm

1) tdt + (x—tsinf)dt =

dx 9,8
3) P+ D, + 22y =2
y K a3aH ue. Kaxnoe u3 aTuX ypapHeHHil JHHEHHO OTHOCHTENLHO X

" ‘-1;/ Vckomas $yHKuMS — X, He3aBuCHMas nepeMeHHas — y. [Ipexne
uyeM HHTETPHPOBAThL OGe YACTH ypaBHEHHS, pas3fiesHTh Ha K03bdHIHEHT

dx
Ipu a!—/.
' C | sint i _C 2.4
Orser. l) x=—F 4 ———cosf Q)x__V—. =55
_2p9r+C
3) X~—3'y2+1 .
3anaua 17,13, Haiiti ofumHe HHTeTpajH ypaBHEHHil:
’ 2 1 2 1 .
Hy— xz_f_j;_i_ly_cosx—-;z—ixi_—i_—l—smx;
’ xtcosx
2) ¢ —yctgx=2x— rTeak
& (x —2)

;2
Ny —F¥="—"7"
Ykazauue. B TperneM ypaBHEHWH NDH HHTETPUDPOBAHHH IO
yacTAM, KOTOpPOe Hajo OyleT NPUMEHHTb, JBa UHTErpajta B32HMHO
YHHUTOXKATCA. MHTErpHpOBATh MO YaCTsM MPHAETCS TOJABKO OJMH Das.
Orser. 1) y=C(®+x+1)+siny
2) y=Csinx + x%
3) y=Cx®+ e~

Tpemuti mun. YpasHeuue bBepuysin

Ecnu npaByio yacTb JuHe#inoro ypasHeHust (17,13) yMHOXuTH Ha
y* TNpPH YCJIOBHH, YTO 1 — J060e NEACTBHTENLHO® UHCJIO, KPOME HYJIs
u eauHunsl (n =0 u n=1), To mojgyuuM ypaBHeHHEe BHJA

y+rp®y=q9xy" (17,21)
OHo HaspiBaeTCs ypapHeHHeM DbBepuyniu. '
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Tak kak #+0 u n=1, To 3TO ypaBHeHHe He gBAAETCH JHHE]-
HBIM. '
[ocse yMHOXeHHs ero ob6eMX dHacTed Ha y—" U NOARCTAaHOBKH
yi—" =z, rae z—HOBafA UCKOMAs (pyHKUUA, OHO NPUBOZUTCH K JU-
HEHHOMY, MHTETPHPOBAHHEM KOTOPOTO MBI YK€ 3aHUMAMUCD.
[MpeoGpasoBanue ypaBHeHUs BepHyasnu B nuHefinoe GyneM nposo-
JUTh B TaKO# MOC/IER0BATENbHOCTH:
1) yMHOXUM O6€ YaCTH ypaBHEHHs Ha y—"
2) BmefieM NOACTAHOBKY yl—"=2z. OO6e waCTH 3TOro paBeHCTBa
!
npo pudepenunpyem: (1 —n)y="y' =2 y=y' = =—;
3) mosyyeHHOe ypaBHEHMe NMPOUHTErpUpyeM KaK JHHEAHOe C Io-
Mompio noActaHoBkH (17,15), B xoTopoft BMECTO y Hajo MHUCaTh 2
4) B03BpPaTHMCS K MCKOMOH (yHKIlMH, 3aMeHsis 2 Ha yl—".
[logpoGHO MBI paccMaTpHBaeM peLIeHHE TOJBKO OJHOI0 YPaBHEHUS
BepHyan M A/ CAMOCTOSITEILHOTO PellieHus NpejjaraeM 5 ypaBHe-
HHH, y4uThiBasg OOJbUIOE YHUCMO yIPa’KHEHWH, BHINOJHEHHBIX IIPU
HUHTerpUPOBAaHHUU JMHEHHHX ypaBHEHUM. :
3apaua 17,14. Haiitu ofmee pewenue ypaBHeHus

x) —yQRylnx—1)=0.
Pewmenne, [IpuBenem vpasuenue k Buny (17,21):
1 1
v+ sy=2"5y
(o6e yaCTH ypaBHEHMs MH DPasugelwId Ha X U CJIaraeMoe, CopepiKa-

mee y B NEpPBOH CTeNmeHY, OCTABMAM B JIeBOH YacTH ypaBHEHUS).
1) O6e uwacTH ypaBHEHHs YMHOXHM Ha y—2

gy 4Lyt =21, (17,22)
2) CnenaeM Tenepb NoOACTaHOBKY
gl =2 (17,23)

Juddepenuupya obe uyacTM 3TOrO pPaBsHCTBA M INOMHSA, 4YTO ¥
ectb GYHKUUA X, TOJYyYUM
. _y_zy/::zi’ a y_2y1=_zl'
Henas sty samedsl B (17,22), nosyuum ypaBHeHUe
1 inx
’
Ztyz=2—0,
WIu
1 1
! ——z=—22%
X X
KOTOPOE JIMHEHHO OTHOCHTEIBHO 2z U 2.

Urob6er cpenath nopcranosky (17,15), BeluMeanm chauana sxoms-
IMH B Hee HHTErpas.
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- d
Y nac p(x):-i_: —Sp(x)dx=5%dx=1nx; e j'p(x)x=
=e‘-“"’=x.
TToxcTanoBKa: z = yx.
Z=vx+v
~1 2 = vx
x
Inx dv __ Inx,
dv__2]nx
v=— S—dx=__2( l“"+g ) olnx ol Lo
u=Inx | du=—dx
dx 1
dl‘.“x2 = ——

sinx 1
=vx=(27+2-;+C)x;

2=Cx-2(nx - 1.

Uro6L BOBBPATHTHCA K HCXOLHOH HCKOMOH ()yHKUMH, BOCHOJb-
syemcs caesaHHod noxcraHoskoi (17,23) u mosyumm

y~l=Cx+2(nx 4 1).

3apaua 17,15 (g1 C€aMOCTOSATENBHOTO DeEIIEHHA),
Haiitn ofinue pemeHns ypaBHEHHS:

D P Y pap=at ) 5y —Plnxty=0;
Dy —gu—os D Py —ly=—(+ D
| 5) y +l x2 —XVy

Ykasanne. [Ipexkne uem nenate Kakue-HHGYAb NpeoOpasoBaHUs
B ypaBHeHusx 1, 2 u 4, caepyer pasnenmb o6e YacTH YypaBHEHUS
Ha Koacp@pmuem npu y’'.

Orsert. I) y3=—2-x—3+‘;ixa—2;‘2) _-:/—=l+lnx+Cx;
2 1 2
) y=gre b5 =rTsC+nE 42

5Vy=CcVT—2— 152,
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Yemeepmpui mun. OnHOpoxHBIe ypaBHEHUN

(Otn ypaBHeHUs He caejyeT CMEHIMBATb C JMHEHHBIMH OXHOPOJX-
ubiMu ypaBsennsaMu (17,14), koTopele paccMaTpPHBAJHCh BBHILIE).

Eciu ypapsenus y =f(x, y) wim P(x, y)dx+Q(x, y)dy=20
He H3MEHSIOTCS NPH 3aMeHe X Ha KX M y Ha Ry, TO OHH Ha3BIBAIOTCH
onnopoauniMi. Tloxcranoska

y = ux, (17,24)

rne u — HoBas MCKoMmas QyHKUMS, npeobpa3yeT OfHODOJHOe ypaBHe-
HUE B yDaBHEHHE C Dasje/slOMAMUCS NepeMeHHBIMH.
[Tocne Toro kak HOBOE ypapHeHue GyieT HPOMUHTETPHPOBAHO,

caenyer u« 3aMEHHTL Ha %.

3apaua 17,16. [TpounrterpupoBarts auddepennuanbubie ypaBHEHH:
-4
)y + 2L 0 9) wydy— gty = (e Fdx

Pemenune. 1) Ilpexne scero cregyer y6enurtses, 410 310 ypas-
HeHUe ONHOpPOnHOe. 3amenuB x HA kx, a y Ha ky, 3aMeTHM, 4TO
ypaBHEHHe He M3MEHUT0Ch., DTO M JIOKA3HIBAET, UYTO OHO OfHOPOIHOE.
Cnenaem nogcranosky (17,24): y = ux. Torna y’ = u'x 4 u, H ypas-
HEeHHe NepemumeTCs TakK:

2 u2x2

wx4u4 ETEE o,

+
xXux
HJH, COKpallas Ha X%

u’x+u+l+”2=0

u ?

1+ 2u? . du
- = 0, a;x

Tenmepp Ml mofyunan ypasHeH#e ¢ DasfeqsOUHMHCS HEPEMEH-
HBIMH, KOTODOe IIOC/le pasfe/ieHHsi MeDeMEHHHBIX 3allHIIeTcsl CJefyio-
UM 06pas3oMm:

oTKyaa u'x 4

u dx
1+ 2u2d -

HnTterpupys, nonydaem:

1
~zIn(l +2u* =1n|x) +1n|C};
In(l 4+2u*-1=4In|x|+41n|C|,
UM, MEPEXOis OT JOTapuPMOB K UMC/IaM, T. €, NOTEHHUPYH, HAaXOLUM

1
Tz = O
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3amenuM Temepb 4 Ha % ¥ IONydnM

L —Cx x Cx?
28 T A+ 28 '
143
1
2 — = 2
CokpaTHM Ha X%, TOTIa 5 o Cx

D10 pemeHue yHOOHee 3amMcaTh B BHIAE
1
Frae O
1
2 (42 2y —
ik X (32 4-29%) = ~.
1
3ameHAn 7 Ha C,, nonydaeMm
X2 (x4 242) = C,.

2) B toM, 49TO 3TO ypaBHEHHE OIHODOLHOE, JErKO yGemuThbes,
3aMeHuB ¥ Ha kx, a y Ha Ry. 3ameyaeMm, 4TO IIpH 3TOM ypaBHeHHE
He uamenusnochb. [lepennineM ero ais yno6eTea B BHle

[+ ¢ 7 4 g dx— xydy =0
1 clelaeM NOACTAHOBKY Y = uX, U3 KOTOPOH CJenyer, 4To
dy = udx 4 xdu.
YpaBHeHMe NepenuileTcss B BHAE
(% 4 ux)?e—* 4 ux*) dx — ux® (udx 4 xdu) = 0.
Pasgenns 06Ge ero yacTH Ha X%, moAydYuM ypaBHEHHE
(1 +u)?*e* 4- ulldx — u (udx 4 xdu) = 0,
i
(1 +u)?e* 4+ u? —u?jdx —uxdu = 0.

D10 ypaBHEHMe C DAa3eNAOMUMACST NepeMEeHHbIMA. Pasgenss wux,
HOJyYUM ypaBHEHHE

dx udu

= ——=0. 17,25

X (l + u)z e—u ( y )
Hnrerpan

S u du __S ue“dy . €
Apupe™  JO+a)P THu’
[ostomy u3 (17,25) nomyyaem

Inx — —InC,

e“ ——
14+a
UIH
&

Inx4InC= prt
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3amensin u ma L, momyuaem

v

e

'\tl'c

xe

InCx = —— 1an=x+y, |

1+4

U OKOHYATEJBbHO

) (* + 1) In Cx = xe*.

[TomemaeM j1s1 CaMOCTOSITETHHOTO DEIIEHHst elle 5 OZHOPOAHBIX
ypaBHeHHH.
3agaua 17,17, IlpounrterpupoBath ypaBHeHHS:

) x+pde+@y—x)dy=0;, 2) (¥ -—xp)dy+-4dx=0;

4
3 y=er+ L+ 4) xy' = xsin L +y;
5) xy’+xcos%—y+x=0.
174
Ykasanue. B TperbeM ypasHeHuu S—du— = Sfiul;efdu =
et 11 et +1

_li_
= y - In (e* - 1). [lonydennoe pemenue paspemnTs OTHOCUTENBHO €.,

— LA
Orser, 1) arctgZ =In(CVE+43); 2) y=Cé;

3 o5 = C%_ .4y, = xarctg Cx; 5) tg L = InC
) o Dy=2xarctgCx; d) tg5 =In—.

B 3akmouenue 3TOr0 NPakTUYECKOTO 3aHSTHS PeUIMM HECKOMBKO
3agay M3 GU3MKM U MEXaHHKH, KOTOpble TPeOyIOT COCTaBJeHUst Nud-
depeHnHaTbHOTO YDABHCHHS EPBOTO MOPSAKA U €r0 HHTErDHPOBaHHUS.

B sapauax 17,18—17,21, HecMOTps Ha WX BHEUIHEE pas/iHIHe,
JBe NepeMeHHHE BEJHIUHE ¥ M BPEMs f, yJacTBYyIOUlME B HHX, o6ma-
AAIOT TEM OOIIUM CBOMCTBOM, UYTO CKOpOCMb6 U3MEHeHUs OOHOU u3
HUx (x) no ommuowenuro & Opyeol (f) NpPONOPYUOHANGHA HAAULHOMY
KOAUYeCmay BeAuuliHbl X 8 DPACCMAMPUBAEMbL MOMEHN 8peMeHLL.

YuHTHIBASI, YTO CKOPOCTb M3MEHEHMs! BEJHUHHBI X €CTb MPOU3BOJ-

dx
Has —, o6o3naunM uepe3 £ Koa(ppuuMEHT HOPOHOPHUOHAJLHOCTH,

Torna nnddepenuuanbHoe ypaBHeHHe, ONHCHIBAIOWIEE 3TOT HpoLece,
Oyner HMeTh BUJ

dx -
S =kx. (17,26)

D10 ypaBHEHHE C DPa3fe/sIOUMHCS [TeDEMEHHBIMH 1 HHTErpHpy-
ercst OHO OYeHb HPOCTO.
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Paspensisi NepeMeHHble, HOJyYHM
~ =kdt; In|x| =kt +1n|C),

{11
[ <45 | 5] = e 1ot = 1

x = Ce®, ‘ ‘ (17,27)

Takum o6pasom, pelenueM ypapHeHds (17,26) siBasieTcs moxasa-
Te/ibHaA GYHKLHSA.

YcnosHe 3a5auu fO/IKHO COJepKaTh nafmme'

1) nas onpenefeHMss MPOH3BOAbHOH INOCTOSHHOH, T. €. 3HayeHHe
X, BEIUYHHB X B MOMEHT BpeMeHH [ ==l x (f,) = x,;

2) ana ompepeneHusa KoabbunMeHTa HPONOPUUOHAILHOCTH A.

Ypasueune (17,26) omHchiBaeT mpouece HENMPEPHIBHOTO POCTA HJIH
HENPEPHIBHOTO YObIBAHHA BEJIUUYMHH X, HPUYEM, KaK BHIHO U3 perue-
aust (17,27), pocT UMeeT MECTO HPU HOJOXKHTEIbHOM KOs(dunveHTe
NPONOPIMOHANBHOCTH £, a yOblBaHME — IPU OTPHIATENBHOM A.

3amaua 17,18. CKOpoCTb pacnmaga pajvsi MPOHOPIMOHANbHA KOJIH-
YecTBY Hepacmapiuerocs pagusi. KosudecTBo panus B Hauaje mpouecca
(t=0) 6e10 paBHO X, HsBecTHo, uyTO 3a 1600 seT pacmanaercs
ITOJIOBHHA NE€PBOHAYAJBHOTO KOJNYeCTBA.

1) Yepes CKOJBKO JIeT KOJMYECTBO HepacmaBlIerocsl paaus 6yneT
coctaBnnTh 80% mnepsoHayaNBLHOrO?

2) OnpenennTh, KaKoil MPOLEHT pagus COXpaHHTCs depes 300 Jer.

P emenne, Ypasuenne (17,25) onuceisaer mpouece pagnopacnaja.
Onpenenum B (17,27) npoussospHylo nocrosiuuylo C. HspectHo u3s
yCJOBMs 3apayy, YTO B HAYAJNbHBIA MOMeHT, T.e. mpu f =0, Koau-
YeCTBO pagds pPaBHO X,. TaKuM o0GpasoM, HayajbHOE YCJOBHE:
x(0) = x,. Iloncraasas B (17,27) ¢ = 0; x = x,, MONy4UM

x, = Ce%t; "C = x,,
a noromy (17,27) mepenmwercs Tak:
x = x,e*, (17,28)

3anaya cogepKUT yCI0BHE, TO3BOMAIOIIEE OPeNeqUTh KOSDHULHEHT
TIPONTOPHUOHANBLHOCTH £: KOTAa [ = 1600 KOJIMYEeCTRBO papust x paBHo

TI0O/IOBMHE HAadajbHOro, T.e, X = —— . IloncraBasa B (17, 28) ¢ pme-
ctox u 1600 — BMecTO £, moayuaem ’Q’ 2 = x,ef 1600, Cokpawas Ha x,,

1
nofyuuM = ek-1800, Jng onpenenenus k, mponorapudmupyem o
OCHOBAaHHIO e 06e YacTH 3TOTO DPaBeHCTBA:

1 ‘ . . In 2
In5 =£-1600; In1 —In2 =k . 1600; k—-—-l—mT.
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Teneps pewenne (17,28) mepenumercsi B BHAe
_ in2
X =x.e 160,
HIH
In 2

* ——

LAl U (17,29)

Xo

o X
OrserTHM Ha HepBHl BOIpOC 3a1a4yd. 110 yciosuio == 0,8 (80%).
0
[MoxcraBasas 3TO 3HAYeHHe B MOC/enHEe ypaBHEHHe, UMeeM

In 2
0,8 =¢ T600
s onpenenenus { mpomorapudmupyeMm o6e YaCTH pPaBeHCTBA

In 2

In 0,8 = — 1600 1,

oTCIOa
_ 16001n 0,8 1600 (—0,223 14) __
= — g =— 0B 515 ner.

Yto6s OTBETHTL HAa BTOPOH BONMpOC 3anaud, Hafnem us (17,29)
X
OTHOIIEHHE — NpH [ = 300;
0

In2 300 _0.69315-300

L B0 T 2o eT T T = 0130 = (,878 = 87,8%.
Xq Xo

Takum oGpasom, uepe3 300 et coxpanures 87,8% navanbHora
KOJIHYeCTBa pajus, a caelopaTenpHo, pacnagercs 3a 300 jger 12,2%.

3agaua 17,19 (18 CaMOCTOSITeJLHOTO pelleHHst).

CorniacHo 3akoHY HbroTOHa, CKOPOCTb OXJIaXKAEHHSI HarpeTora
Tesa MPONOPLHOHANbHA PAa3HOCTH TeMmepaTyp Telda M OKpyxKamouled
cpefbl.

OnpeneinTh, 33 Kakoe BDeMsl TeJ0, HArpeToe 10 TeMIlepaTrypH
x, = 300°, noMellleHHOe B JXHIKOCTb, Temmepartypa Kkotopod 60°
oxgagutcs g0 150°, ecqH cYMTATH KOMMYECTBO JKHAKOCTH HACTOJBLKC
OoMbINHM, YTO €e TeMaeparypa HPakTHYeCKH OcTaercs 0€3 u3MeHe:
uusi. [Ipy 3ToM u3BecTHO, 4YTo dYepe3 10 MHHYT Hocje Hadala NpoO:
necca TemnepaTtypa Tteaa pasHa 200°.

Yka3anwe, OGO3HAYHTL gepe3 X HENPePHIBHO yOBIBAIOULYIO TeM:
nepatypy Teaa (300 < x < 60). PasHocTb TemmepaTtyp Tena M KHUIKO:

cTH paBHa X — 60°. CKOpOCTb OXjaxjeHus —%. Ecmu £ — ko3

GunueHT NpONOPUHOHANBHOCTH, TO Ju(pdepeHIHaNbHOe YPABHEHHE
npouecca 6ygeT TaKuM:

dx .
'a"t=k(x-—60). .
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OGuiee pemeHne uMeeT BHUJ
X — 60 = Cekt, (17,30)

Hayanbuoe ycjioBue: B HayalbHbIi MOMEHT BpeMeHH f= 0 TeM-
nepatypa x, = 300%

300 — 60 = Ce*%; C = 240.
[osromy (17,30) samumercss Tak:
x = 60 - 240ek¢, (17,31)

Hasa onpenenennsi koabduHeHTa NPONOPHHUOHANBHOCTH R UCHO/b-
3yeM NONOJHHTENbHOE yCIOBHE B 3ajade:

npu =10 mun Temmeparypa Tesa paBHa 200°. Tlostomy wus
(17,31) mpu x = 200, £ =10, 200 = 60 +-240¢*-1°, OTkyna caexyer,
uto k = —0,053, u roraa ypasuenue (17,31), cpssbiBamoilee TeMme-
paTypy X u BpeMs f, 3amNHLIETCA TakK:

x = 60 - 240e—0:0537,

Yro6bl OTBeTUTb HAa BONPOC 3aJauH, HALO INOACTABHTb ClOja
x = 150 u ompegenutsb £

- 3
Oxkaxercs, 4To =

L
— 0053 1§
OrBerT. £= 18,5 mun.

3agaua 17,20 (11 caMOCTOSATENBHOTO DeHIeHHS).

HsgecTHO, YTO M3OJMPOBAHHBIA NPOBOJHHUK BC/AEJCTBUE HeCOBep-
IEHCTBA H3OJSIHU TepsieT COOOIEHHBI eMy 3apsaj, NpUYeM CKOPOCThb
MoTepH 3apsia NpONOPUHOHANbHA HANMYHOMY 3apsify B JaHHBIA
MOMEHT.

B navanbubiii MOMenT NpOBOJHMKY cooGmen 3apsaa 2000 CGSE.
3a mepeble gBe MuHYThl NpoOBOHHUK Tepsier 150 CGSE. Omnpenenuts,
yepes CKOJbKO MHUHYT 3apsii NPOBOJHHKA CTAHET DaBHBIM MOJOBHHE
HayaJbHOTO.

Ykasaune. OGosnauasn IepeMEHHHH 3apajy depes x, MOJYYUM
JnddepennnanpHOe ypapHeHUe mpolecca

dx
at = kx.
Ero ofiee pewenne paetcs gopmynoi (17,27): x = Ce*. W3 navann-
Horo ycaosus (x = 2000 npu ¢ = 0) caegyer, yro C = 2000, u Torza
x = 2000 e*. (17,32)

Tak kak uepes gse MHHYTH 3apsiy pasen 2000 — 150 = 1850 CGSE,
T0 IJsi OmpejieneHHss B HMMeeM YypaBHeHHe:

1, 37

1850 = 2000¢*; k= & In 130 = — 0,039.
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TTosromy (17,32) nepenumeTtes Tak: x = 2000-0.03% [Toxcrasnss cioga
x = 1000 — 3apsia, paBHBIA MOjJOBHHe HCXOAHOrO, modyyaem: 1000 =!

1 ‘
Qe—0-039¢ 1 —0.039¢ 3
= 2000e—0:93%%, oTkyna g =eT, a l‘=——®-3—9-~

OrBer, f= 18 mun.

3apaua 17,21 (g1 caMOCTOSITENIHOTO DELICHHUs),

[pexmonarasi, 4TO CKOPOCTb NPHPOCTa HACENEHHsi HPOMOPLHO-
Ha/JbHA €ro HAJMYHOMY KOJHUYecTBY, M 3Had, 4yro HaceneHue CCCP
na | auBaps 1962 roga cocraBasio 200 MIH. yenoBeK (HPUOAUKEHHO),
a mpupoct 3a 1962 rox Gew1 pasen 2%, ompegeJuTb Ha OCHOBaHUH
cneaHHOTO HpenmoJIoKeHNs] H ITHX JAHHBIX KOJHYECTBO HaceNeHHsi
CCCP na 1 smBaps 2000 ropa.

YkazaHnue, [Auttepennnanbroe ypapHeHue mporecca: “% = kx;
x = Ce?y C = 200, a moTomy
x = 200 e, (17,33)
[To ycnoBuio 3a 1962 ropx mpupocT HacesneHusi coctasun 2%.
[Toaaras 8 (17,33) x = 200 —]—f—g—g +2, T. e. x =704, a f==1, naxo-
oMM R: k= ln}%?) =1In1,02=0,02, a nmostomy ypaBHenue (17,33)
HepenuieTcs TaK:

x = 200 ¢0-02¢,

Ha | smsapsa 2000 ropa # = 38, Tak Kak 3a HAaYalbHbIH MOMEHT
npuHsTH cBeneHus Ha | sHBaps 1962 roga. Otcioga x = 200e0.02-38,

OTBeT. X000 =428 MJH. YeIOBEK.

Ecnn 6bl He OBUI NPHHAT BO BHUMAaHHE HENpPEpHIBHBIH POCT Hace-
JeHusi, To 3a 38 Jer us pacuera 2% B rOx HPUPOCT HACETEHHS
coctaBu 6ul 76 % mnauaspHoro, T.e. 152 min. yenoBek, U Ha | sH-
Baps 2000 rona omo paBHsanoch 6u TOMAbKO 200 + 152 = 352 muH.
4e/lOBeK. ‘

Ownbka Obia 6bt B 428--352 = 76 MJIH. YeNOBEK.

3anaua 17,22, Touka pBMKeTCS MO NPAMOH € NOCTOSIHHBIM yCKO-

M o
perreM, DABHBIM @ —=. B navanbhbiii - MomMenT f=0, ee ckopocTb
U=1U,, a DpacCTOsHUE OT Hadala KooppauHaT — S, T.e. v(0) =y,
S0 =S,
Hafitu 3akOH ABMKEHHS.
Pemeunne, [lpy gemxenny no npsiMofl YCKOpEHHE €CThb IPOHU3-

dv
BOJHAS OT CKOPOCTH IO BDEeMEHH, a MOTOMy YCKOpeHHe 4= —;
dv = adt. Uarerpupys, nonyuuMmv = at -+ C;. Iloacrasasis cioga £ = 0,
v ==v,, HaligeM C] =v,, a IOTOMy ypaBHEHHE, CBs3bIBalOllee CKO-

pocTh H BpeMs, HepenuuIeTcs TaK:
v =at |0,
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M3BeCTHO, YTO CKOPOCTb B NpSIMOJNHHEHHOM JBHMEHHH — MPOH3-

BOJHASL OT HyTH [0 BpPEMEHM: U = %t—.
%
[oatomy %‘-SZ = at + v, dS =atdt {-vdf, a S= ‘3;— + vyt 4+ Cs.
Mcnonpsyss magasiibHoe ycnosue S =S, npu ¢{=0, nogydnM, 9ro
C,=3S,, ¥ 3aKOH IBIKEHWs 3alMIIeTCss CNeyIOWUM ofpasoMm:

S=g‘2_t2 +vot+80'

N 2

Ecin §;=0, T0 S= % +- Uyf — XOpOHIO H3BECTHBIA M3 (QH3UKH
3aKOH INPSAMOJHHEHHOr0 DPaBHOMEPHO-HEPEMEHHOTO JBHIKEHHS.

3apaua 17,23, Onpepeints opMy 3epKana, OTDaxKaloWIero BCe
Jy4H, HCXOAsMe U3 OjHOM TOUKH TaK, 4YToObl MOCHe OTparKeHHUs
OHU OBIIM NapanJesbHE
33]aHHOMY HaHPABJEHHIO,

Pemenue [lome-
¢TUM HadYajllo KOOpJMHAT
B TOYKy, H3 KOTODOH
HCXOZAT JyuH, a 3ajaH-
HOe HanpaBjeHHe, KOTO-
pOMy JOJKHEL GEITb Ha-
pasJielbHbl  OTpazKeHHble
Jy4n, npuMeM 3a ock Ox
(cM. geprex).

[lyerp Touka A mnpa- K sanave 17,23
HajJeXuT 3epkany, a
AP —oann u3 takux gyueli. Kpueas AK — nMHMs nepeceyeHus
3epKana ¢ nmockoctbio x0y. CornacHO H3BECTHOMY 3aKOHY ONTHKH,
JY9H Hajalouyii, OTPaXKeHHBi H HOpPMaJb K MOBEPXHOCTH, Ha KOTO-
pYIO MajaeT Jyd, JieKaT B OfHOM MHJOCKOCTH U COCTaBASIOT C HOP-
MaJblo paBHBIE YIVIML (YyrON HajgeHHst paBeH yray oTpaxkenus)). Ha
yeprexxe AB— nopMaJib K kpusoii KL B Touke A (x, y), OA — na-
naomuii jyy, AP - orpaxkennsiii. [Tostomy < OAB = << BAP = a.
Tpeyroneuuk OAB — papuoGenpennbiii: 04 = OB. Cymma yrios ¢
ofilelt BepmyHON B TOuke A, PacImoNOXKeHHHIX MO OJHY CTOPOHY OT
MP, papua 180° IlostoMy, Tak Kak a 47 =90°, To 1 a 4§ = 90°.
3HaunT, a -y =a 4 f, a y=F. Orcioga 3akM04aeM, 4TO TPeyronb-
nuk COA — paBuoGeppennsiii: 0C = OA.

Ecnu ypapuenne uckomot Kpusolt y = f(x), To tgf =y’ (x). Ho

¢ apyrod cropoHml, tgP = 0Cﬁ—0D='OA—|y-OD' Tak kak OA =
=VxF 42 a OD = x, tof = —F
VA+P 2 0D =x 10 1gh = yromssr,
tgp = y', monyuaem puddepenunancHoe ypasHenHe
y'=

. NopgcTasnsis cona

Veatsi+d
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KOTOpOe Hé M3MeHsercsl OT 3aMeHH X Ha kX, a y Ha ky, a moToMy
OHO sBJsETCH OFHOPOZHHIM. [IpuMeHss MOJCTAHOBKY y = Ux, HOJY-
YUM ypaBHEHHE C PasjeNAIOWUMHCS TEPEMEHHBIMU

d_ux-___ ulfl-l-\u2
™ yYTre+

a Mocje pasjeneHust nepeMeHHBIX
1 2.4+ 1 d
,_-V.-__"__ﬁ_ du = — .i‘
uV1+u?
du
Hwmers B BHRY, 9TO S—————— yno0HO BBIYUCAHUTH NMpPH MOMOLIH

uV1+u®
1 1 241
TMOJCTAHOBKH U = —. OkaxeTcsi, YTO OH paseH — In ﬂuﬁ—"_—
OrBeT. y? = C?-}-2Cx — cemeficTBO Hapabou.
3epkano po/mKHO uMeTh dopmy mnapabosonia spalienusi. Jloka-
KHTE, Y4TO HAYaJ0 KOODAMHAT €cTh POKyC mapaboubl.

BOCEMHAJUATOE NPAKTUYECKOE 3AHSITHE

Conepxanue Jupdepenumanbunie YPABHEHHS BHICIIHX MOPSIAKOB, JOMY-
CKalolllHe MOHMKeHHE NOpsiKa.

KPATKHUE CBEAEHHUS U3 TEOPUM

Huddepenyuanbroe ypapHeHHe HOpsinka n(n>1) umeer Bug

fe, 99,9, ..., y") =0, (18,1)
rae MO-IpPeXHeMy X — He3aBHCHMasi ITepeMeHHasi, y — HCKoMasi QyHK-
unsi. Beskasa dynxuua y = ¢ (x), onpenenensas u n pas guddepen-
IHpyeMasi B IIPOMEXYTKe (@, b) HasblBaeTCd DEIIEHHEM 3TOro ypas-
HEHHA, €cIY OHa OOpalllaeT ero B TOXKIECTBO.

3agava Komwu. 3agaya Koww gns auddepeHuuanbHOro ypasHe-
nusa (18,1) nopsiaka n craBurTed Tak:

Haiitu Takoe pewenue puddepeHUNATBHOTO YpaBHEHHS, YTOOBI
OHO CaMO H €ro IMPOH3BOAHBIE 10 IOpsika (#— 1) BKJIIOYUTENBHO
HpH 3aJaHHOM 3HAYeHHH apryMEHTa X = X, NPUHHMAJH Obl 3aJaHHBIC
3HAYEHHUA, T. €. YTOOH 3TO pelleHHe YAOBAETBOPSNO YCIOBHSIM:

y (%) = 403 y" (%0) = o3 4" (%0) = gios -.r 5 4"V (x0) = 6" ", (18,2)
TIE Xo H Yoi 4o; Yo, ... Yo ") —sanaHnsle gmcaa, KOTOPHE HAsbl-

BAIOTCS] HAYaJbHBIMH JAHHBIMM WJIM HAyaJ bHBIMH YCJIOBHSIMH. HHCIO X,
Ha3blBAGTCH HAYaIbHBIM 3HaUeHUEM He3aBUCHMOH NMEPEeMEHHOH, a yucaa
Yo, Y05 Yoy <o y&"‘”—ﬂaqanbnmmu 3HAUYEHHSIMH pPEIIEHHsI H €ro
NPOH3BOJHBIX.

O1nuuyurtesbHOll 0COGEHHOCTBIO 3azaun Koum sBAfETCs TO, 9T0

3HAYEHHS KaK HMCKOMOH (yHKuUMH, TaKk M BCeX ee HPOM3BOZHBIX JO
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nopsiaka (n— 1) BKIOUUTENBHO 3aJalOTCS Npu OOHOM U MOM dice
SHAYEeHUU HE3ABUCUMOL NepeMEeRHO X = X,.

Pemenve ypasHenus (18,1) umeeT B CBOGM COCTaBe 1 HPOU3BOJIb-
HbIX IMOCTOSHHBIX WM UMEET BUJ

F(x, C;, Cy, Cgy vy Ca) =0.

Ecay npou3Bo/ibHBEIC NOCTOSIHHEIE B 5TO DEUIEHHE BXOgAT Tak,
910 3agayy Kollly MOXKHO PewWNTh NPH JIOOBIX HAYaNbHBIX yCAOBHUSX,
TO OHO Ha3bIBaeTCs1 OOLLIUM.

Kpaesas samaua. 3alaua uHTerpupoBaHusi ypasHenHs (18,1) nasel-
BaeTcsl KPaepoi, ecAy 3HaueHWsl UCKOMOH (QYHKUUM Y M, BO3MOKHO,
€e NPOM3BOZHBIX 3a7alOTCS HEe NPH OJHOM M TOM XK€ 3HAUCHHM Hesa-
BHCHMON HEDeMEHHOH, KakK 3TO jJenaercsl B 3ajaue Komp, a Ha KOH-
11aX HEKOTOPOro GUKCHPOBAHHOTO HHTEpBala. B GoJjee o6muX caydasix
3HAUEHHs MCKOMOI (YHKUUU MMM ee IPOUIBOJHBIX MOTYT 3a7aBaThCH
Go/iee ueM B [BYX TOUKaX.

3agaya KomM uHOrga Ha3bIBAe€TCs OJHOTOUEUHOH, KpaeBhle 3a-
Jadd — ABYXTOUEUHBEIMHM, 2 B COOTBETCTBYIOUIHX CJydasX -— MHOTOTO-
yedq HIMH.

OrMeTuM, 9TO KpaeBas 3ajaua HE BCETJla HMEeT pelleHHe, a ecaH
OHa €ro ¥ HMeeT, TO OHO BO MHOIHX CjydasiX He fABJAETCA eIHH-
CTBEHHbBIM.

Ha atoM mnpakTHuecKoM 3aHATHH GynyT DacCMOTPEHBI TpH TuIla
mubdepeHnanbHbIX ypaBHEHUH HNOPsiAKA BbIIE NEPBOro, KOTOpHIE
JOMYyCKAlOT MOHMHXKEHHE MOPsifKa U HHTErpupyloTcsl B KBajgpaTypax.

Ilepeoiti mun. YpaBHeHusl, cojepxalige TOJbKO NPOHU3BOAHYIO
NopALKA N W HE3aBHCHMYIO NEepeMeHHYIo

DTN ypaBHEHHS! HMEIOT BUJ
F(x, ym)=0. (18,3)

Ecan ygaercst 3T0 ypaBHeHME pPaspeiliuTh OTHOCHTENBHO ¥\, TO
OHO 3aIUCHIBACTCH TaK:

Yy = [ (x). (18,9)
O6uiee pemenne ypaBHenus (18,4) umeer Bup

y=$dx de Sf(x)dx—]—Cl—l—sz—l—Csxz—l—
n pas
4+ o0 - Caxt-l (18,5)
K3 s10ro BHAHO, 4TO f/15 HOJYyYeHHs OOIIEro DeeHHs ypaBHe-
Hus (18,4) HYXHO n pa3 NPOUHTErpupoBaTh (QYHKUHIO [ (x¥) H HpHu-

0aBUTb K IOJYYEHHOMY De3y/bTaTy MHOTOU/IEH OT x cTeneHu (n — 1),
KO3(hHUMEHTaAMH KOTODPOTO SBJSIIOTCS NPOM3BOJBLHbIE HOCTOSTHHbBIE.
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Ecan sagava Kown pemaercs gig ypasHeHus (18,4) ¢ Havaib-
oMy yeropuamu  (18,2), To sactHoe pemenne ypasHenus (18,4)

HMEET BHJ

% X - X . (n—1)
y={axfar . ffoar+ Pope—smi v

N2
| + (————nyo_ % (x— xo?""2 + oo A yo(x— x0) + Yo (18,6)

(Cw. B. B. Crenaros. «Kypc muddepenunaibHex ypasHeHul», cTp. 154;
H. M. MaTBeeB. «<Merons HHTErPHPOBAHHA OGHIKHOBEHHHX XH(hepPerLHal b-

HHX ypaBHemmi», cTp. 217).

YpaeHeHnus Buga y™ = f(x)

3agaua 18,1. Pemwurb 3anasy Kowmm npu yKasaHHBIX HayajbHBIX

yca0BUAX ANA YPaBHEHHI:
i 1 ’ "
Dy'=2i9)=5L y =2 y()=~—2
N PW=eyO0)=0y0==2 y0=3 yO=—1
v ) =2
Peweunne. 1) Ha ocuoBanuu (18,6) BBIONHUM TpUMKAbl HHTe-

1 .
rpupoBaHue QyHKIHH ~ K@XIbill pas B mpejeiax OT 1 1o x(x,=1)
[lepBoe mHTerpuposanue:

x
1

BTopoe uHTerpHpOBaHHE:

X |

dx=1nxr=,lnx.
1

Slnxdx:xlnxlx—de =xInx—(x—1).
1

u=Ingx
dv=dx

1
du=;dx

V=X

t
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TpeTbe uHTErpupoOBaHHE:

S[xlnx-‘-(x—l)ldx=lenxdx——lS(x—l)a'x=

1
u=1lnx du=-;dx

x2
dv = x dx v="g

X X
x? x 1 x? 1 x
* — =% FESPY ] o
==21r1xl 2Sxdx S(x 1) dx 2lnx 4xl
1
!
(x—1)24 2 1 (x =12 2 2 1
— lnx——x —l—————g————?lnx—zx—}—x——z.

Ha ocxoBanuu ¢0pmynm (18,6), monaras B Heil n = 3, uHMeeM:
Yo=1; !/o +2; yo—-—2 =1
y=%x—2 @ fr— g —x—1P42(—1) +1.

PackpeiBass ckoOKH H Jefas NpHBeJeHHE INONOOGHLIX 4/1€HOB, TO-
N1y4uM
x? 7 9 9
y—-71nx-—-Tx +5X——‘T.
(IlpoBepbTe, 9TO Haua/bHblE YCJAOBUA BBINOJIHEHbI).
2) TipounterpupoBas ueTblpexAbl Sinx B Npejenax. oT 2 10 X H

ucrnonb3oBaB popmyay (18,6) mpu n =4, npu 327aHHBIX HaYaJbHEIX
YCJOBHAX TOJNY4HM IOC/IE TPHBEAEHHS nono6m:1x 4JI€HOB

y=sinx 4 1 (x——) +2(x——2-).

(IposepeTe, 9TO Hava/pHblE YC/IOBHS BBINOJHEHDI),

3) Ilpounrerpupyem 5 pas ¢yHkuuio e2* B mpefenax or 0 10 x
(xo=0) u, wucnonpzoBaB Gopmyay (18,6) mpu n =05 u 3aKaHHBIX
Ha4a/IbHBIX YCJ/IOBHSX, nonyun 4aCTHOE pellieHHe

Lo 14 55 28, 33 1
Yy=5" +tir— x T Y e

(ITposepbTe, 4TO BHIMOJIHEHB! HadalibHBIE YC/AOBHA).
3agaua 18,2 (117 CaMOCTOATENBHOIO pelleHus).
Haiitu oflHe pemeHns ypaBHeHHM:

D) =250 VIFa —1=0;
3) ¥y = arcsinx; 4) y" = 27e3* 4 12043,
Ykasanusa. Bocnonb3oBarbea gopmydoit (18,5).
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YpaBHeHHe 2 TPEACTaBUTb B BHIE Y = ; B ypaBHeHuH 3

1
V714
[pH BBIYHCJIEHHH | X arcsin x dx BOCHOJIb30BaThCH CIPABOYHHKOM.

Otreert. 1) y=Insinx 4 C; + Cox -+ Gyx?;

9) y=xn(x+VT+#) —VI+%+C, +Cox;

3 y= —; x2arcsiny + éx Vi=%+ % arcsinx 4 C; + Cyx;

4) y=e*4x°+C, + Cyx 4 Cox®.
3anaua 18,3. B conmporuB/ieHHH MaTepHa/OB AOKAa3biBa€TCHA, UYTO
JH(pepeHIHa/lbHOe yPABHEHHE YIPYTOH JIHHHM KOHCOJH C TOCTOSH-
HbIM ITONEpEYHBIM CEUEHHEM M COCPEJOTOY€HHON Ha CBOGOJHOM KOHIE
cuniofl P HMEeT BHUJ
dw __  Px
d* ~ EI’
roe w-— nporué KoHconu B ceveHHH c¢ aCcudccodt x, a EI — mocro-
sAHHasf BEJHYHHA, TaK Ha3bIBaeMas JKEeCTKOCTh Ha u3rH6 cedeHHs
OalKH.
HafiTu pelueHHe 3TOrO ypaBHEHHs, yiOBJIETBOPALICE HAaua/bHLIM
YC/IOBHAM:
wl) =0 v () =0.
Peuwenne, YpapHeHHE NPHHALIEKHT K paCCMaTPHBAEMOMY THIY
[lpumenus qopmyay (18,6) npu =2 U x, = I, nosyduM

X

w(x) =——E£1Sa’x5xdx
i {

(nBa mocneNHHX claraeMelx B 3TOH (OpMyJ/ie HCYe3al0T, TaK Kak
HMEIOT MECTO HYJEBHE Haua/bHHE YC/IOBHA);
Poxd x| I8

w(x)=~——[—:7(7—--2— +-3-). (18,7)

Ecau He monb3oBaTbest cpasy rog0Boi ¢opmydoir (18,6) (xors
B 5TOM HET HHYEro Hpe,uOCy,ILHTEJIbHOI‘O), TO MHTETPHPOBaHHE ypaBHe-
HHSI MOXHO TDOBECTH TaK.
[epBoe HHTErpupoBaHHE pact
dw P P x?
e EIS)Cd)C———EI' '-2-+C1.
YuuTbias BTOpoe HayasubHOe yeiosHe w' (/) = 0, nonyyaem ypas-
HeHHEe /1A OUPEJeNeHHsl TPOU3BONLHON MOCTOSHHOM

p P2
O“"E—12+C1’ Ci=fr3-
[TosTomy
dw P x* PR P o 2
Z=TEH T TET=—m ")
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Hurerpupys BTOpHYHO, mosaydaem

P (x 2
W= —~§—E1(-§—IX)+02.
Hcnonb3ys neppoe HadanpHOE yCJIOBHE, HaXOZHM
P (B g
0=—gz7(3—#)+Ca
oTKyza
PB
Co=—z
H TO3TOMYy OKOHYaTeJIbHO
w = L x_a. I2x .Iili
- "‘2151(3 - )"3E1'

4TO, KaK JIErkO BHIEThb, COBNAjaeT C NMOJyd4eHHbIM paHee peLIeHHeM.
[lonysennoe ypapnenue (18,7) — ypaBHeHHe ynpyrod JHHHH KOH-
conu. M3 nero BmpHo, 4T0 3Ta NHHHA — KyOnyeckas napabona (na-
pabosia TpeTbell CTeNeHH).
3anaua 18,4 (un1a CaMOCTOATENBHOrC peLIeHUsH).
Huddepennuanbioe ypaBHEHHE H30THYTOH OCH NpPOCTOH Oasku
NOCTOSIHHOI'O CEeYEHHHA, HecylleH CIUIOMHY pPaBHOMEPHO pacmpefe-
JIEHHYIO HATPY3Ky HHTEHCHBHOCTBIO ¢, HMEET BHJ

dw 1 qlx gx®
dx* EI\ 2 2
(EI umeer npexHee 3HaueHHe, [ — giuHa Oank).

KpaeBble yc/oBUst (HHOT[Ja OHW HasblBAIOTCH [PAHHYHLIMH):

npy x=0 w =0, nHave: w(0) =0;

npu x=1 w =0, nHage: w() =0,

T. €. Ha KOHIaXx Gajku nporu6é paBeH HyJlio.

Yxasanue, OTa 3a5aua — KpaeBas, TakK Kak 3aflaHbl yCJOBHA
HE B OJHOH TOuKe, a B gBYX. Iloatomy dopmynoit (18,6) pocmosb-
30BaThcsl Hesb3d. MoxHO npumeHuTh ¢opmysay (18,5), Hafitn obliee
peuieHne |, NOAB3yACh 33JaHHBIMH YCIOBUAMH HA Kpadax OalkH,
ompeflesiuTh BXOAALIME B oOllee pemieHHe [E€ NPOH3BOJIbHEIE IIO-
CTOsIHHBIE.

Orser, O6mee peenne -
’ 1
w (%) =T%Ex3~ﬂ%ﬁ+ Cix + C.

gis
T 9%4ET’
Hckomoe pelneHHe, yAOBNETBOPSAIOMEE KPAEBbIM yCJOBHAM:

0=~ G512+ ()

[leppoe kpaesoe ycioeue paer C, =0, sropoe —C, =
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3agaua 18,5. Haiith ofiuye pemeHns ypapHeHHi:
) y=0;, 2) y =a.
Pewmenne, 1) Ecm 4" =0, 10 y = C,, 0TCI0za % = Cy; dy=
= Cldx; ’
y=Cix + C,. (18,8)
2) ¥ = a; y'dx = adx, Ho y" dx — gubdepennuan y', a noTomMy
dy' = adx.

= ax + Cy Z—i=ax+Cl;

dy = axdx + C{dx;

=% Cx4Ca ’ (18,9)

YpaBHEHHs 3TOrO BHJA 4ACTO BCTPEYAlOTCH B 3ajayaXx TeOpeTH-
9ecKOH MEeXaHHKH, BTOPOE M3 HHX HaM BCTPETHTCH B CleAylollel
3afpaye.

3apava 18,6 (nmpAMOJUHeHHOE JBIXKEHHE MATeP HaJAbHOH YacTHIbY)

[lpu genmkenuu TOYKH IO NpsAMOH, npuHuMaemoli 3a oce Ox,
OCHOBHOE ypapHEHHE asmxenm TOYKH 3ANHCHIBACTCH TaK:

le_ =F,, (18,10)

2
Tje m — Macca TOYKH; Z—t’:—ycxopeﬂue, a F,—rmpoekuus JeHcTBy-
oleli Ha TOuKy CH/b Ha och Ox.

HafiTh 3akoH ABHXXEHMS TOUKH, najawolliefl moxg aelCTBHEM CHJIBI
TAKECTH, YYUTHIBasd, 4TO B HayalbHbli MOMEHT f = £, ee KOOpAUHATA
X = Xy, 4 Haua/JbHas CKOPOCTb DdBHA Uj.

Pem enne. HanpasuM ocb Ox BepTHKanbHO BHM3 M 0003HAUHM
yepe3 g YCKOPEHHE CHJIBI TSKECTH.

Ypapuenue gpmxenus (18,10) samuuercs Tak:

d*x

de

CokpalllaeM Ha M H nojydaeMm
d*x
a = &

m = = mg.

YuMHoxKaeM Ha df obe qacm paBeHCTBa:

dtzdt—gdt

Ho d T Yt =d (d—’:) 103 TOMY dv((;—’:) = gdf. HVHTerpupysa, uMeeM

d ‘
Zzitc = gt + C,. Ilpu ¢ = f, HauanpHasg CKOPOCTh U == U,. [loicTaBnsd

3TH 3Ha4Y€HHY, no.nyqaeM
vy =gty +C;; Cy=1vy — gty
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Teneps

) |
S =gt to—gly T =g—t) +og

dx = [g({ —t,) + vl dt.

HuTerpupys BTOPHYHO, HﬁXO}U/IM

to) + C,.

Ho x = x, upu ¢t =1, a notoMy x, = 0oty + Cy; Cy = xy — 0,t,.
Iloacrasue 3TO 3HaueHHE C2, NOJNy9UM OKOHYaTebHO

tO) + Xo — Uoto

x_voz‘—l-g

x-—vot—]—g

Ecan £, =0, 10
2
X = Xy + 0yt —}—gft—.

(dTo ToT ke pesyibTaT, 4TO H B 3ajause 17,22 ‘ecnu 3aMeHuTh
x Ha S, g HA a, x, HAa §).

3a;1aqy MOXHO OBLIO pelIMTh cpasy no dopmyne (18,6).

Tenepb paccMOTPHM C/1yuaH HHTeI pUPOBaHHA ypaBHeHHs BHa (18,3)
F (x, y™) =0, Korga pelueHune ero OTHOCHTENbHO Y™ 3aTPyIHHUTENILHO
HJId TIPOCTO HEBO3MOXHO.

B sToM ciyuae nosaraior, 4TO

K=o §M =90 | (18,11)
Dyuruun ¢ (f) U ¢ (f) momxusl obpamarb ypaBhenne (18,3

B TOXIECTBO.
Huddepennuan npoussoguoii (n— 1) mopsgka, T. e.

dyt*—D = [y} dx = y» dx. (18,12
Hs (18,11) cnenyer, uto dx = ¢’ (f)df, a noTomy
dy=1 =1} (£) o (f) dt.
g
Huterpupys, noaysum
yr=0 = [0 ¢’ At +Cr= 14, C.
Tenepr paccMoTpHM

dy"= = y*=Ddx = 91 (¢, Cye’ () dt
dx
H, CHOBZ HHTErpuUpys, NOJyyaeM

y(n——Q) —_ S ‘P1 (t, Cl) (P’ (t)dt + Cz = q)z (t, Cly CZ)
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B urore okaxercs, 4TO
y-'—_— q)n (t, Cl' Cz TS Cn),
1 pelueHHe yPaBHEHHA F (x, y™®) = 0 npepcraBuTcsi B BHIE
x=(P(t); y—':q)n(t, Cl’ C2, ey Cn,).
Wnorna BHITOAHO B3ATh
ym =1, (18,13)
T. €. UPUHATb [apaMerTp / paBHBIM Yy,
3anava 18,7. Pemntbh ypaBHeHHe
eV 4y = x. (18,14)
PemeHne, D0 ypaBHEHHWE OTHOCHTCS K paccMaTpHBaEMOMY
sugy F (x, ") =0.

TlonoxHuM, KaK 3T0 yKasauo sbune B (18,13), y* = ¢ Torza ypas-
nenne (18,14) mepenuwercs B BHIE

et Li=x.
[TapameTpHueckoe NpejCTaB/eHHE 3aJlaHHOr0 ypaBHEHHUA:
x=e 4+t Yy =L
Ha ocuosanun gopmyisr *(18,12)
dy =y dx = tdx.
Ho dx = (¢! +1)dt, a moromy
dy’ =1t(et + 1) dt.
Hurterpupysl HaxofuM

y={te+na=r+r— e +na =

| u=t du=dt
do=(t+1)dt| v=el+1¢

12 ’ 12
=f€t+t2""et—3+c1; y=e(¢—1)+35+Cs
YMHOXAas 06e YacTH 3TOTO ypaBHeHHS Ha dx, HOJyYHM

g dx = [e‘ t—D+5 + Cl}dx.

Ho dx = (¢! +1)dt, a y'dx =dy. Tlosromy
2
dy=|et¢—1) +5 +cl] ¢ + 1) dt,

y=S[ef(t—-l)+f22-+ Cl}(e‘—l—l)dl‘—l— Cs.
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BLinonHHE HHTEr pHpOBaHHE, NOJydaeM

y=e2t(i2_%)+et(’§+cl-—1)+% + Cyf + Gy,

a ofiee pemieHde npefiOKEHHOr0 YpPAaBHEHUA HMMEET TaKOoe mnapa-
METPHYECKOE TMpe]CcTaB/eHHUE!

x=¢e L+t y=321(%—--2—)+et(%+01—1)+%-}—Clt—}—Cz.

3apaua 18,8 (n/isi CaMOCTOSITE/IbHOrO PEIUEHHS).
Pemiuth ypasHeHne :
G+ =1.

Yxkasanue. IlepefiTH K NapaMeTPHIECKOMY MPEACTaBEHHIO
yPaBHEHHs, NONOXKHB X = sint; y" = cost

Y6enuthcs, 4TO 5TH 3HAYEHUsi X M y' YIOBIETBODSAIOT ypaBHe-
HUlO (cOs?? - sin?f == 1).

Yuectb, 4T0 dx = cosifdf, U mO3TOMY

dy’ = y'dx = cos fcostdt = cos?tdt,
N

i
v dx

Y =i+ 5sin2+Cy.
[Tomemmaem npOMemyTquHe pesyanaTbr
y = g sind+ = cosf— g ccs 3t + Cysint + Cy,
YuecTn, uTO

Ssin?tcostdt = ——-écos3t—-l2cosz‘; dy = y' dx = y' costdi,
asintcost = %sin?t
OtBerT, y=——tcost+16t+4785m2t s1n4z‘

--%—‘cos?t 4 Cysing - Cg,
Yuteno, 4ro

1/1 . | S
Scos 3tcostdt = 5 (T sindt + = sin 22‘).

Bmopoil mun. YpasHeHHs, He cojepKaiiHe HCKOMOR yHKUMK

YpapuenHe nopsijka n, He cozepikalliee HCKOMOH (DYHKILHH, UMeeT
TaKOH BHI:

fe, ¥, 9y ..o, y‘"’) =0. (18,15)
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TTopsizoK ero mokeT GbITb MOHHXKEH Ha eJMHHILY C TOMOUIBIO IMOA-
CTAHOBKH
Y =px), (18,16)
rje p (x) — HOBasg HCKOMas (PyHKLH. :
Sra NOACTaHOBKA HNPHBOAHT K yDaBHEHHIO

fe, oy 0’y P - .., PD) =0,

Ecnu ypasnenne (18,15) He CORepXHT HH HcKOMOH (GYHKUHH y,
HH ee IPOU3BOAHEIX 10 NOpAAKa (B — 1) BKIIOYHTENBHO, T. €. HMEET BHJ

f(x’ y(k)a y(k+l)’ “eey y(")) = O: (18,]7)

TO ero NOpsAZOK MOXKeT ObiThb NOHHXEH Ha R eJMHHI OpPH [OMOLIH
0ICTaHOBKH
) = p (x). (18,18)

[ocne onpenenennss GyHkuuH p(x) ypaBHeHHe (18,17) oxasbi-
BaeTcsi NPHBENEHHHIM K ypaBHeHH0 Buia (18,3), wumrerpuposanne
KOTOPOro pasofpaHO Bbile (CM. NEPBHIA THI).

K sToMy ke THIy ypaBHEHHit OTHOCATCA U TaKHe, KOTOpBIE COxep-
aT TOJIbKO fBe MOC/IeNOBaTe/bHbIe NPOH3BOLHbIE, T. €. ypaBHEHH:
BHIA

f =D, y™) =0. (18,19)

Ecin 3T0 ypaBHeHHe MOXKHO PeLIHTb OTHOCHTENbHO ™, TO OHO
NpUHUMAeT BHJ

ym=eh) (18,20)
H HHTErpUpyeTess NoncTaHOBKOH
y*= = p(x), (18,21)
KOTOpas NPHBOJHT K YDPaBHEHHIO
d
2L =9 ().

OnpefenB #3 3TOr0 ypaBHEHHs GYHKIMIO p (X¥) W NOACTABHB €€
B (18,21), mpunem x ypaBHeHuio Buxa (i8,3).
3amava 18,9, Haifitu peluenuss ypaBHeHHiL:

) 0=y —xy'=2;, 2) y=ay.

(YpapneHus He coiep:aT HCKOMOH QyHKIHH y, a IOTOMy OTHOCATCS
K paccMaTpHBaeMoMy THIY). ‘

Pewenne. 1) Ilycts y' = p(x). Torza y"=%

Jepenuiercs Tak:

W ypaBHeHHe

(l—xz)g——xp == 2,



d; }
’; . Paspenum ero

3ro nuHefiHoe ypapHeHue OTHOCUTeJBHO p H ~

dp
ofe 4acTi HA KO3hQHUHEHT NPH - H NOJYuHM

d 2 .
T =T (18,22)
Crenaem noxctanosky (17,19).
Hckoman Qyskuua
—_ __.L_dx
p=e J- v (%);
1 1
x ‘ e I
Smd"=—71““—"2" ¢’ = T e
1
p= 7—:;2U(X)-
[loncTaHoBKa B (18 22) paet:
d P 1
1 d—fc 1—x2)V1 (x)+v(x)1/1 ?
x __v® '
—T—= | Ty
2 L dv_ 2 . ago— 2 4
1__ J—v (x) Vrl""/xz’ dx‘_]/l—xf - Vl——xz‘dx,
v=2arcsinx +Cy; p= 71—1—_:_;2 (2 arcsin x 4- Cy).

d
Ho p=y = d_y, a MoTOMy

dy 2 C
"i’i‘—Vl - (2arcsiny + Cy);  dy = —ar—;?ln%; —dx;
y‘=2SV£_-—f1°5_‘j“;dx+cl

y = arcsin? x 4 C; arcsin x + C,.

2) 310 ypaBHeHHEe OTHOCHUTCSH TaKXKe K paccMaTpUBa€MOMY THITY,
TaK KaK OHO HE CONEpXKHT HCKOMOH (yHKIUH (Gro MOXKHO OTHECTH
H K 4aCTHOMy CJydal0 3TOro THNa — K YypaeHeHuio (18,19)).

Topcranoska: y = p(x); 'y’ =£_1£'
YpaBHenHe NpHHHMaeT BUA

A
ap = gp.
dp
[lepeMeHHEIE pa3gensiOTCA: o= adx.
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WHTerpuposanue paer:

Inp=ax+InC; I =ax; L =ex p=Cem.
Cl Cl

Ho p= %;yc, a NnoToMy %yc= Cie%*. CHOBa MepeMeHHbIe pasfesIAnTCs:
Cc
dy = C,e%%dx; y = %‘e‘“‘ -+ C,. O6o3HauuM Zl = C; 4 NOJyYuM OKOH~
4aTe/IbHO
y = Cle‘”‘ ’l“ Cg.
3angaua 18,10, Haiitu nnockue KpHBHIE, y KOTOPHIX KDHBH3HA
IIOCTOSTHHA.

Pewmenue, M3BecTHO, UTO KDUBH3HA KDHBOH

”

K=—d
(442

3°
2

HaiineM peluenne sTOro ypaBHeHHs, nojaras, 4To K — pe/HuHHA
TIOCTOSTHHAS.

Nogetanoeka: §' = p (x), Y = Zz

dp 3
, | d o8
(1 -I—p“)?

[Monyunsnoce ypapHeHHe C pasAeNAOMHUMHCS IepeMeHHbIMH. Pas-
Jenssi HX, TOJyuuM:

1 d 1 dp
3= WX s =x+Cy.
(1 + p2? (1+p3)°
Ilpy BLIUMCJIEHHH HHTErpana NOJIOKHTH b= tgz; 1 4+ p? = sec*z;
dp = sec?zdz,

dp  _ (“sec’zdz __

3= == se—cz__Scoszdz—smz.
A+ J sect2)?

P

Ho ecnu tgz=p, 1O sinz= ——,
g p Vitst
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To3ToMy mocje TMepBOTO UHTEPUPOBAHUS TONyuaeM

L -
Kyige T

OnpenennM orciona p:

o=+ OO gapt = (e COF 422 (e + O

Rt — PP (x - ) = u+cm;ﬁf~—u+aﬂ

@0y p=+ —2tC

VK2 (x - C1)2

Bropoe wuHnTerpuposanue pgact: y-Cp= + V — (x -+ CpE.

1
3ameH;mR- — BEJIMUAHY, OOPAaTHYIO KPHBH3HE, PallyCOM KPHBH3HBI R

(% = R), [OJIyYUM OTBET

(x+CP + @+ Cp =

TMonyueHHOEe YPaBHEHHE — YPaBHEHHWE CEMEHCTBA BCEBO3MOMKHBIX
CKPYXHOCTe#i pajuyca R.

TaxuM o6pazoM, Mbl NPHXOJIUM K BHIBOAY, UYTO -€JAWHCTBEHHEIMH
TUIOCKMMH KPUBBIMH C MOCTOSIHHON KPHBU3HOH SIBJISIOTCSH OKPYMHOCTH,

3apaua 18,11 (n1s camocrosrenbHOro pemends)). Haiith dactHoe

" x(y —x
pemeHHe ypaBHeHHﬂ y, =1 -+ —T(‘i—_._x-z_l » YAOBJETBOPAIOLIEE KpaeBbiM

yenoBusim: y (0) =1, y(l) = L.

YkazanHe. HO)ICTaHOBKa y' = p(x) DpUBENET K JHHEHHOMY
, dp x 1 —242
YPABHERHIO 7 — 5 P = T2

Oreer. O6mee pemenue:

1

y=—=x? 4+ C,arcsinx 4 Cy.

Sl

YacTHCe peleHue:

Y= 51— g-arcsinx-{-l.

ro| —

3anaqa 18,12 (m1s1 caMOCTOATENBHOTO  peIleHHs).
Haiitu oﬁnme pelenus ypaBHeHHI:

)y —2x(2—y)=0; 2 yy"—VIFy=0; 3) y?=
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N \
N

Orepert. 1) y= % ¥ —x4C S‘e—"’dx + Cy, TpHueM BxopsmHil

g ofuiee perneHHe HHTErpal B KOHEYHOM BHJE He BBIYMCHsETCs.

2) y=x—2C1V(x—C1)2— 1 —-—% In (x — C)+-

+Vx=CPP—1] +Cy;
3) y='11—2(x—C1)3+Cg.

3amaua 18,13 (3azaya o0 1enHOH JII/I!}I/II/I).

HaiiTu ypasHeHne KPHBOI, 10 KOTOPOH PaClONOXKUTCs rHOKas Hepa-
CTsKHUMast HUTh, YKPEUIeHHas KOHILAaMH B JBYX JaHHbIX TO4YKax A (o,
Yo) u B(xy, y;), Toxg pedcTBHEM Halpy3KH, DaBHOMEPHO pacmpeje-

_ JIEHHOH TI0 ee pJIMHe, npHYeM Ha-

y A 7: ]V' B(z,y) TPY3Ka, TNPHXOLAWAsCH HA efu-
N _ HHIY JJHHBI, DaBHa q.

Pewenue. BoipexxeM Ha

KPHUBOA 3MeMeHT ayru MN = ds.

Ha nero peiicTBy1OT Takue cHJIbI:

B Touke M — naTsxenue T, B To4-

ke N —natskerne T -d7T 4 cu-
Na TSAXKECTH, YHCJNEHHO paBHas

gds. YCJIOBHSI DaBHOBECHS Tpe-

. Oyior, uTOGbl CyMMbl MPOEKIHil
K sanate 1813 3THX CHJI Ha OCH KOOPAYHAT GbLIH
paBHH HYyJIO.

CymMa npoekunfi Bcex cun Ha oce Ox:
22X =—Ty+ (T +dT), =0 (npoexuust cuis gds Ha ocb Ox
DX=—Ty+T:+@dT), =0 paBHa HyJIO).
dT, =0. ‘ (18,23)
CyMma mpoekuuii Bcex cun Ha ocbh Oy
2Y = =T, + (T +dT), —qds = 0;
XY = =T, + T, + @7, —qds =0,

OTKYZa
dT, —gds = 0. (18,24)

O6osnauum g3 yao6eTea FTOPH3OHTATbLHYIO Mpoexuuio 7, HaTs-
JKeHHs 4epes H, a BEPTHKalbHYIO €r0 NPOEKLHIO T, —uepes V.
Torza ypasuenns pasnosecus (18,23) u (18,24) 3allHILYTCS Tak:
d =0; dV —gds=0. (18,25)

HUs dH =0 carexyer, uto H = const, . e. TOPH30OHTa/bHAA TIPOEK-
LHS HATSKEHUSA HATH — BEJIHYHHA TOCTOAHHas. OGO3HauuM uepes «
yroJl, KOTOphIfi KacaTellbHasg K HHTH B Touke M cocTapisieT ¢ ochio Ox.
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Bropoe yparHenue B (18,25) npeoGpasyem Tax:
Yo=tga=y: V=Hy: dV=d(Hy)= Hy dx.

(Benuuuna f, kax noctosHHAas, BEHECeHA 3a 3HaK auddepeHunana).
llmbq)epeﬂunan ayri ds =7V T4 y'2dx. Tloncrapnsist 5TH 3Havenus
dV u ds Bo Bropoe yparHeHue (18,25), monyuum

Hyds=qV 1+ y%dx,
¥ OKOHYaTeJbHO pudppepeHnUaNbHOe ypPaBHEHHE HCKOMOH JIHHHH 6y-
JeT TaKHM: :

P ]/1 + : (18,26)
Oﬁosmwm—% =@ H BBEJEM IOJCTAHOBKY % =p(x). Torna
Z; Z’;, u ypapHernue (18,26) cramer Takum: ‘
=aV 1+

310 ypaBHeHNe ¢ pasnessionuMHuCs TepeMeHHbIMH. [locme pasge-
JIEHHs TIEPEMEHHBIX I1OJIy4MM

dp
, V1iiyp?
Hurerpupys 3To ypaBHeHHe, HaiineM

In{p + V14 p?) =ax+Cy,

= adx.

OTKya2

p 4 V14 p? = eaxtCs, (18,27)
Ha (18,27) namo ompepenuTh p. DTO mpome BCEro ¢Ae/aTh Tak:
yMHOXKHM obe uactu (18,27) na p—V 1+ p® u monyuum

(0 +VTHP) (0 =V THp) =etS (p—VT+pY),
HJIH ‘ ‘
—l= et (p—VT1+pd).
Orcrona, yMHOXas 06e yacTH paBeHCTBa Ha e~ @ Cv), monyuaem
p—V T4 p?=—e(artln), (18,28)

Crnanpisaem nounento (18,27) u (18,28):
2p = e8r+Cr _ g—(@x+C),

a 3

p = %. (eﬂX+C: — e—-(ax+C,))'
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TTpasas uacTh MOCTENHETo paBeHcTsa ectb sh (ax +C), ap=
_ g_y_ TlosToMy MOC/AEAHEE PABEHCTBO NEPENHIIETCH TaK:
X

4 _ sh (ax -+ Cl), und  dy = sh (ax - C;) dx.
dx (

Hnrerpupy+, HaXOZHM

1 :
y=—ch(ax+Cy +C,. | (18,29)
Tepemumenm (18,29) B BHIE
1
y—Co=chalx 3] (18,30)

Cc
¥ TIepeHeceM Hauajo KOOPAHHAT B TOUKY (——31, Cz), a _HOBHIE KOOp-

JIMHATH TOYKH Ha KpHBOH 0003HAYHM MO-NIpEKHEMY uepe3 X H y.
Vpapnenne (18,29) Mepenuimiercs B BHLC

y==—;-chax.

Bro ypapHenue UENHOH juHAM. HTaK, HCKOMast KpHBas — LeMHAas
JIHHHUA.

Tpemui mun. YpaBHeHus, He colepKaliue HE3aBMCHUMOM
nepeMeHHoOMH

Dtu ypapHeHHus: HMEIOT B OGIIEM clyuae TakKoi BHA:
Fy ¥y y'enny y™)=0. (18,31)
[Normkenue nopafka HA EJHHHILY JOCTHrAeTCs TI0/ICTAHOBK O ff' =
= p(y), tne p (y)—HOBas HckoMas ¢yukuua. B 3Tom ciyuae sa
HE3aBHCHMYIO MepeMeHHYI0 MpHHHMaeTca He x, a Y. [ToaTomy Bropas
H TocJejylonde NpoM3BOJAHLIE  JOJIKHBI OBITb [IPE€06pa30BaHbl Tak,
yTOGLl He3aBHCHMO} TepeMeHHO Obln y:
"o [ d_p fd_:l_/ . dp
y = [P (!/)] x dy de d—yp9 (18,32)
, dy _ .
TaK KakK == = p;
w_ (d0 N (dp AU (¥p o dpdp) o (dpy?
Yy = (dy P)x = (E; p)édx (dyzp CagaylP = apP +(@) p (18,33)

HT. I
ITostomy ypasuente (18,31) mepenuurercsi Tax:

dp d% da"—!p
f(y9 pv@’ a'!'/—zo ""Efi—-_l =0.

Ecnu ynacrtcs paiiTd ofllee peumieHHe 3TOrO0 ypapHEHHsi, TO OHO
©yneT HUMETb BHJ

F(y, p, C]_, Cg, se ey Cn,._[) = 0. (18,34)
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Tak Kaxk p=%’c, To (18,34) — ypaBHenue nepsoro Mmopsaka, H3

KOTOPOTO ONpEeNeNHTCs uckoMas QyHKuAs y.
Yacmuowi caywaii. Ecan ypasuenne (18,31) umeeT Bug

fy, y1=0 (18,35)
¥ ero yjaercsl paspeituTb OTHOCHTENbHO Yy’ Tak, uTo
Yy =qe@ (18,36)

TO WHTErpHpOBAHME, KDOME yKa3aHHOTO MDHEMA, MOXKHO IIPOBECTH
’
Tak: YMHOXHM OGe ero uacTH Ha 2y'dx ¥ npuBejeM ypapHeHue

K BHIY
24"y dx = 2¢ (y) ¥ dx. (18,37)
Jleast uacth atoro ypasHenns 2y y'dx =d(y'®), a B mnpasoil
yactn y dx = dy, nostomy (18,37) nepenumerca Tax:
d(y'®) = 2¢ () dy.
Qrtcloga cnepyer, 4To

y'? =2 S o ()dy+Cy ¢ =V2 Scp(y)dy—l—Cl.
[Mocneguee ypaBHeHHe ROMYyCKAeT paspeeHue nepeMenueix. Ilpo-
UHTErpHPOBaB €ro, HamineMm

x4 C, = S ——-___iy:_—_;,
Vafe(y)dy+C
T. €. onpenenuM x Kax (PyHKIHIO Y.

CnenyeT OTMETUTh, YTO 3TOT NPHEM HHTErPHPOBAHHS yPaBHeHHs:
(18,35) He paeT HHMUEro CYMIECTBEHHO HOBOTO IO CPABHEHHIO C yKa-
3aHHBIM OGIIMM MpHeMoM 3aMeHb! y” no cdopmyne (18,32).

K ypasuenusM suzaa (18,35) mpuBonstcs Takxke W ypaBHEHHs BHAA

Y = f (y*=2), (18,38)
conepxaniie TOJbKO fBE NPOH3BOAHBIE, NOPSIAKH KOTOPLIX OTJIHYAIOTCA
Ha ape equuunbl. B 3ToM ciyuyae mpHMeHseTcsT NORCTaHOBKA

y= = p (x). (18,39)

3anaua 18,14, HafiTu ofmiue peinenus ypaBHEHHH:

1) ¥ = ae¥; 2) y'* + 2yy” = 0; BbLIETHTL UHTErPaNbHYIO KPUBYIO,
npoxonsmylo yepes Touky (l,1) ¥ Kacalomylocss B 3ToH Touke Oduc-
CEKTPHCHI MEPBOrO KOOPRHUHATHOrO yraa; 3) y” =T/1-;.

Y

Pewenune, 1) ¥Ypapuenue He CONepKHT HE3aBHCHMOIH nepemeH-
HOH ¥ OTHOCHTCH K paccMarpHBaeMoMy Tuny. Ilonaraem y' = p (y)-
Bropyio npoussonuyio y” onperensieM no dopmyie (18,32):

” d
Y =a—’;p.
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YpaBHeHHe 3anuieTcst B BUAC
dp

p dy = qaeY,
Orciona
pdp = aevdy.
Wnrterpupys, NoaydaeM
2 Cc
poawtG

HaxopuM, 4ro
p= V 2aev + Cy; %: =V 2aev + C».

Pasjensst HcpeMeHHBbIE, MOJTYddaeM:

d d :
__g_.___=dx; S_———y——__.=x+C2.
V 2 + C, V 2e¥ 4 C,
Hnrerpan I = 4y RBIMHCJACTCA MoncTaHoskoi 2ae -+ C, =
V 2e? 4-C,
= 2% Qaevdy = 22dz; aevdy =zdz; dy:z—‘—%. Ho Ttak Xak aeb =
ae
2— G
=, T0
dy = zdz __ 2zdz
Yy=g_¢,~ #F—Cr
2
[Moatomy

| = 2dz =9 1 1nz—VC_l_ 1 anQGey—FC‘—VE;
=Gy Ve VG VueratVG
OKOHYATENBHO
L Vo yc,— VG
VC Vo +C VG :
9) Dro ypapHeHHe, TAK Xe KAk H Tpejbitymue, He CONEPIKAT
He3apHCHMOH TEepPEMeHHOH X, a TMOTOMy OTHOCHTCH K paccMaTpHBae-|

momy Tamy. [lomaraem y'=p(y). Tlo dopmyne (18,32) "é%p,‘/
H ypABHEHHE 3alMUIETCH B BHIE ' '
d

P+ 2p g =0. :
Coxpamaem Ha p (He 3a6yneM BIOCTEICTBHH HCCIENOBATD peime-!
Hue p = 0):

x+C2=

dp

2y~ =0.

p+2y 2y

9TO ypaBHEHI/IeC pasnenmommvmcs{ nepEMeHHbIMH:

%@=_%;2mp=_my+md.

d
23y ="P
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Orclona, TOTEHUMPYS, HaXOgHM, UTO
2001, ,n Gl G
p""y’ p"'v—y) dx V_!;.

B 3roM Mecre MBI MOXKEM ONPEJEIHTH NIPOUIBONBHYIO NOCTOSHHYIO
C,. B YCNIOBUH 3ajaduM JaHO, YTO KDHBasg B TOUKE (1,1) xacaercsa
HpﬂMOH Y ==x. CJIEJIOBaTEJIbHO yIJ10BO# Koatb(pmmem KacaTeJbHOH
B 3ToH Touke pameH y' = 1. HOﬂCTaBJIﬂﬂ Yy =1, y=1 B mocnennee

ypapHenue, nonyqaem: 1= 3; C;=1.
1
IlepenucbipaeM ypapHEHHE B BHJE % = ]7-:14, paspenss TnepeMeH-
¥
uble, HMeeM
V ydy = dx.
9 3
Huterpupys, nonydaem 3 y? = x4 Cs.
HcnonbsyeM To, 4To kpupas npoxopur uepes touxy (l,1):
2 1
'3—‘ 1=1+Cz, Cg=—'§,
a moToMy

I e

3

=3r—1: y2=3x—1

5"

rof W

1
=x—3; 2y

o,

2
FY

BosBenss o6e yacTH paseHCTBa B CTENEHb = 3 , TIOJTyYAM OKOHYATEJLHO
ypaBHEHHe HCKOMOH HHTErpajbHON KpHUBOH ‘

1 2
= — (3x — )3,
y %( )

Hecnenyiite octasieHHoe pemenue: p =0, T. e. _}‘0 y=C.

Pemute BONPOC O TOM, 6y11e'r JIH 3TO PelleHHe OCOGLIM PeuIeHHEM
yPaBHEHHUS.

3) JTo ypaBHeHHE TAaKXKe OTHOCHTCS K paccMaTpuBaeMoMy THILY,
T4K KaK OHO He COnepPXKHMT He3apHcuMoH NepemenHoi x. [ToactaHosxa,
NOHMXKAIOMas TopAxoK Ha epuHuuny: y' =p(y). Io (18,32) ¢y =
—dr :
= dyp'

C 3TuMH 3HaueHHAMH y" H Y’ ypamHEHHe NepeNHIeTcs TaK:
P 1
P+ = 7=
dy  Vy
Pasnensis nmepemenHble, nosiyuaem pdp ==

7 T =2V 20
PP=4Vy +4C,. (IIpoH3BOJILHYIO NOCTOAHHYIO MH BBEJH TOI BUROM
2C; c Tewm, q’ro6bx B TIOCHERYIOiEM H3BJEYb KOpPeHb U3 4);

P=V4 Vy+C1)=2 V“!—/_!‘Cl-
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dy LAy
Tak Kak p = 2, TOC/IEAHee yPaBHEHHE NEEMHUIETCH Tak: oo =
d
= QVW_[_CI, Paszensis nepeMeHHbe, YOTyuaeM Y =dx.

2VVy+G
Hnrerpupys, nonay4dum: ‘
1 dy
=\ —=—=1x+0C,.
2 S VV!J + G
Butumeaut, wHTETpas B JIEBOH YaCTH MOXKHO C MOMOIIBIO YIOfCTa-

HOBKH Vy + (]1 —
OkoHYaTe1bHO IO/ yYHM

rrC=2Wi—2)VVy+ec,

3anaua 18,15 (m1 CaMOCTOSITEJIBHOTO DEIEHHS).
Haiiry o6ume pelleHHs ypaBHEHH:

)y =; (1 +y’2). Hauansubie yenosus y(0) =y’ (0) = 0;
2 v =y 3) gy =2y Iny =y
OTmer. |) y=—a Incos%, UMM €% cos :— =1

2) y = Co5* (37ech NOJOKEHO €C2 = Cy);
3) y—eC= tgCux+Cy); y = C (ocoboe pemenue).
3anaua 18,16, Haiitu ofiiee pelleHHe ypaBHEHHii:

D gy =—1;2) o =

1
-
3V y?
1
Pemenne. 1) Ilepenymem ypaBaerYe B BHE Y = — 7 Bynem

ero MHTErpHpoBaTh TaKHUM NMpHeMOM: 00e 4acTH YMHOXKUM Ha 24’ dx
H TONyYHM

20y dx = — 515 2y’ dx. Ho y'dx =dy, a notomy nmeem
, 1
d(y®) =—5- 2y

I/IHTGI‘pprH noJiy4aem:

2+C1’y—+.l/ 2+C1’

' | AR
y = + ___.!_/_‘y
__ydy
14+ Cy?
HO M NOnyyaeM -+ 2711/1 +Cy? =x 4 C,. Tax xar C, MOXKeT GbITb

BEIMYHHOH KaK TOJOXKHTENbHOH, TaK H OTPHULATENLHOH, TO 3HAKH +

Pazfensem nepemennbe F e 7 == dX; HHTErPUDPYeM BTOpUY-
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nepe), KOPHEM HET cMBicsia coXpaHATb. OKOHuaTeJbHO ofllge peme-
HHE HMEET BHJ
V14 Cy=Cix +Cy,
rne 02 = C]CZ.
2) Ymuoxaem obe yacTH ypaBHeHHs Ha 2y’ dx M nojydaeMm

2y Yy dx = dy (y’ dx = dy),
3V 2
HIK
, 2 -
d (y 2) = 3 dy'
Ve

Hurerpupys, mweeM
I2

l’y—':t '—'—"l"'cp

Vy"‘ Ve
3
, 1+ GV
y — :t Z_IS—__I—_ .
Yy
3
PasgensieM mepeMeHHbIE: _Vydy + dx.

Vl +6 Vy

Vy dy

Hurerpupyem propuuno: J = | ——Z=-—= u phiulcaaem / npu

s Vl + Gy ]/y
TMOMOLIH no,uc'raHosxu 1 +C, v 2 =22 Orciona

3 2
5__ 2 —1 .'/-—_ )/22—1 -5, 2dz .

R S zdz .4 31/!/2 2dz y = 3(2—1)zdz
Y YEyovaar YT VCIVZLl GVGYVE-T
[TosTomy

S, 3
=5—¥V1 L CVPA+CVE—3).
OKOHuATEIBHO ’

i 3‘—2 V 3 - C
o CVE=2V 14+C V=% «+C

10 3-1734 ‘ 289



Banaua 18,17 (ans caMOCTOATENbHOTO DEILIEHHS).

Haiita obllee pelneHue ypaBHEHHI:

)y —y =0, 2 2y'V—a’y =0.

Yrasanne. 1) Tlogcranoska Yy = p(x) mpuBOgUT K ypaBHe._
HHIO p” =p. (ypaBHeHHe suza- (18,36).

2) Mopcranoska ¢’ = p TIOHH3HT nop;mox yPaBHEHHs Ha JBE elm-
HULBI, Y OHO OPHUMET Bux P’ " = atp.

Otser. l) y=C, +Coe* +Cie;

2) y=C; +Cox + Coem* + Ceo.

3ameuanue, HacnenyolllemM NPaKTHIECKOM 3aHATHH 3TH ypap-
HeHus OyqyT NPOHHTErPHPOBAHBL OYEHb MPOCTO, KaK JIHHEHHble

ypaBHEHHS. -
B 3akawueHne 5TOro HPaKTHUECKOTO 3aHATHS PELIUM JBe 3akaud

H3 TEOPETHYeCKOH MeXaHWKH.
3anaua 18,18. Haiitn 3aKk0n MPSMOJHHEHHOTO JBHXKEHHA Mare-
pHaJbHOH TOYKH MacChl m, KOTODPas najaer B Cpefe, COMPOTHBJIEHHE
KOTOPOH MPONOPIUOHATILHO BTOPOH cTemeHu ckopoctd. Ha-
Vi YasMbHBIE YCJIOBHS: B HAyajbHbI MOMEHT ABHXKeHHS [ = 0
KOOpIWHATa TOYKU PaBHA X;, a HAuajbHas CKOPOCTb U =1y,
F (M. ueprex).

Pewenne. Ha TOuky neficTyior gse cuabl: Bec P n

CHIa COMpPOTUBJEHHS f. Tlpumem mpsmyo, mO KOTOpOH mpo-
MCXOIWT nBIKeHHUe, 32 ocb Ox, ¥ HalpaBHM ee BEPTHKaJIbHO

BHH3.
OCHOBHLIM ypaBHEHHEM JHHAMHKH TOYKH SBASETCS ypaB-
HeHye
mw= NF
K sanase B 2 Fe, (18,40)
18,18 e Y F, — paBHOAeliCTBYIOWas BCEX CHI, ACHCTBYIOWHX Ha
TOUKY.

Tak Kak CWIa COMPOTHBACHHS IO YC/OBHIO MPONOPUHOHAIbHA
KBajpaTy CKOPOCTH, TO ee Momynb f==k®mv?, rpe kzmﬁxoaqxpu-
wueHT nponopuroHansHoctd. ClpoekTrpyem Ha och Ox pelcTBYyOULHe
Ha TOYKY CHIbL

(XF1)x = mg — k*muv?.

3Hak MuHYC NEpe E2mu® ofbacHseTCs TeM, YTO CHja COHPOTHBJE-
HH§l BCerja HalpaBjieHa B CTOPOHY, NPOTHBONOJOXHYIO IBHKEHHIO.

— d2x
[Mpoekuust yCKOpeHHsI W Ha OCb Ox paBHa 777 » @ IPOEKIHs CKO-

dx 18,40
POCTH Ha Ty K€ OCb €CTb —, 2 noromy (18,40) nepenuwercs B BuzAe

dix g, [dt 4
- m—on=mg— km(dt)
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Cokpamast Ha m, MOJYYHM ypaBHEHHE

d2x o [dx\2
g =8k (a‘t) '
KOTopoe saBjaserca AudepeHIHaNbHbIM YDaBHEHHEM JIBHKEHHA TOUKH.
OTO ypaBHEHHE HE CONEPXKHT KHCKOMOH OYHKUMH X M NPHHAJIEKHT
. : . dx
K .BuAy (18,15). CnenaeM nozxcTaHOBKY: 7 = p(f). Ilopsanok ypas-
HEHHS TMOHH3HTCH HA CAHMHHULY,-H OHO Iepelymercs Tak:
dP =g— kz

HepeMEHHbIe B 3TOM ypaBHEHI/lI/I pasnaenqaTcd, moJaydaercsa cie-
Jyloinee ypaBHEHHE:
. dp

g—mp =

Wurerpupys, HMeeM
==+
WK
L = In Vg“‘_ kp
2kVg Vag—kp
Tak kak mpu ¢=0 cKopocTb < d—x == p (f) paBHa y,, TO AJis ompe-
Aenenusa C, mosayyaeM ypapHeHHE
L 1In Ve g+hoy
Vg  Vg—ky v
u ypasHeHue (18,41) sanmumercs B Bm[e
1 Ve+kp —tL in Y&+ koo

=¢+C,. (18,41)

- 1 = =
2tV g n Veg—kp 2ng Va—rko

OnpegennM orcoona p:
1 [mVEJrkp In Vg+kvo]__t

Vgl Vag—rkp Vg — ky,
Va+kp
Vz—kp

1 =t
2ng NV Et kv,
Vg’“kvo

Va+kp _Via+ ko, 2V
Vg— kp Vg — ky, d .
Pemras 3To ypaBHEHHE OTHOCHTEIbHO p == Exi‘ , TOJIyYuM

dt _VE(VE+ko) 2V (VT ko)

dt — "k (Yg+ho) eVt (Vg — ko)
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VMHOXKHM YHCJHTENIb M 3HAMeHaTelb Jpo6u Ha e—* v, Torga
de _VEVELVE — VB 4 ko (FVEE 4k VEY
dt — Tk ;/g"(ekVEt_'_e_ng_t)+kvo(ek1/’g't__e—k1fg“t)

Beoxs rumep6oHyecKhHe CHHYC M KOCHHYC H COKpailas Ha 2,
HOJY49HM

gtk YgchkVgt+ kugshkV gt | ’

Ec/u B npasoit 9acTH ypaBHEHHs YHCIHTEb YMHOXHTh Ha k Vg,
TO OH CTaHeT NPOH3BOJAHOH 3HaMeHaTeNd. 3aMmeuas 3To, pasjesieM
mepeMeHHbIE H, HHTETPHPYS, NOJTyuaeMm

x=pIn(Vg chkV gt +kvyshk ) gt) +Cy

OnpejenuM NPOU3BOJbRYIO MOCTORHEYI0 C,.
Ha ocHopanuM HAayaJbHBIX yCJIOBHH X ==x, npd {=0. ITosromy

xo=%an§—{—CQ (chO=1; sh0=0);
1 —_
Co=1x,— 10V g.

OKoHYaTEbHO | .
x= o+ qin(chky g +V—‘§shk1/§t).

Ypasuenne (18,43) N2eT 3aKOH M3MeHEHHS CKOPOCTH B 3aBHCH-
MocTH ot ppemeHd. OUYEBHIHO, YTO NMPH HEOTpaHHUYEHHOM BO3pacTa-
HUH BpeMeHH (f - oo) npobb B mpaBoil yacTu
STOr0 ypaBHEHHH CTPEMHTCH K €QMHHLE, a

]? CKOpPOCTbH U-—>-Tg. Orciona Mbl MOXKEM 3a-

Q) fj’ 1 j ‘ KJIOYHTD, UTO JBUKEHHE TOYKH AaCHMIOTOTH-
YeCKH MpPHOJMIKAETCH K PABHOMEPHOMY, CKO-
POCTh KOTOpOro pasha £, mpudem o1a cko-
pOCTb HE 3aBHCHT OT HAYaJbHBIX YCJOBHE.
3agaya 18,19 (n17 CcaMOCTOSITENLHOIO
pelienus).
MatepuasibHas TOuka Macchl m GpolieHa
\ M3 Hayaja KOODAMHAT BEPTHKAJbHO BBEpX
z z CO CKOPOCTBIO Uy, H JBUXKEHHE NPOHCXOLHT
K sanage 1819 B CpEfe, CONPOTHBJIEHHE KOTOPOH IIPONOpLHOo-
HanbHO KBajpaty ckopoctd. OnpenesuThb:
1) Bhicoty A, HA KOTOPYIO MOAHHMETCS TOUYKA
# 2) CKOpOCTb 4, C KOTOPO# TOYKA BO3BPATUTCS B MCXONHOE MOJO-
XKeHHe.
CuHTaTh, YT0 JBIXKEeHHE OPOHCXOXHT mo ocH Ox, KOTOpas Ha-
npaB/ieHa BePTHKAJIbHO BHHU3.

s
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Ykasanue. Mogynb cuinl conpotuByienus [ = k?mu?, rue k2m—
KO3bOhHIMEHT NPONOPUHOHAJLHOCTH. Tak Kak cuia CONPOTHBJIEHHA
HanpasJeHa B CTOPOHY, NMPOTHBONOMOXKHYIO IBIKEHHIO, TO OHA MPH
JBHXXEHHMH BBEDX HampapJeHa BePTHKAJbHO BHHS3.

[Tpoekunn Ha ocb Ox, CHIN BECa H CHJIW CONPOTHBIEHHS —

NOJOXUTENbHE:
(X Fr)y = mg -+ B2mo?.
YpaBHenue ABHKEHHS NOCHAE COKpalleHHa Ha m 3alHIleTcs TaK.

F=etr(g) (18,44)

[o ycaopuio 3anaun TpebyeTcsi ONPEAEIHTb CKOPOCTb B 3aBHCH-
MOCTH OT NOJOXEHHA TOUKH. [103TOMY 3p€Ch BHLIFOJHO MNPOUHTErpU-
poBaTh ypaBHeHHe CIOCOGOM, YKA3aHHLIM JJ11 HHTETPHPOBAHHA ypap-
Henus (18,36). Ilepenuiem ero B Bige

d’x
de®

dx
g+ Kk (d_t)

d
H YMHOXHM o0e yacTH Ha 2 a—’tf dt:

2=1

dx d’x
TR
dx
g+ 1 (g7)

. dt = 2dx (‘;—’;dt =d§).

Ecau uucautesnp npoGu B JE€BOH uacTH yMHOXHTH Ha k%, TO OH
CTaHeT paBHHIM NpPOM3BOAHON 3HAMEHaTesd, a INOTOMY, HHTETPHPYA,
MOy UHM

1 dx\2
-@ln(g—}—kz(d—’t‘) )=2x-}—C1.
OnpefeayB TIPOHIBOJILHYIO TIOCTOAHHYIO (npn t=0x=0, %)=

= Uo\) , Haﬁ}_IEM 3aKOH CKOPOCTH B 3aBHCHMOCTH OT INOJOXKECHHA TOUKH

B BHJIE

.

dx
g + kz( dt)
g - k200
Yto6H HafiTH BHICOTY hom:ema, Haj0 B 3TOM ypaBHEHHH B3AThb

= g2k, (18,45)

dx
d—t—O TaK KaK NOxLeM TOUKH IPeKpaTHTCA B TOT MOMEHT, KOrja

ee CKOpocTb craHer paBHO# Hyao. OGo3Hayas BLICOTY MOjpbeMa
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d
wepes ki u moxcTaBisa B (18,45) x = h, 3; =0, moxyuuM Kns ompe-
JleJIeHHs BHCOTH TMOABEMa /i ypaBHeHHe

g = p2k2h
P g2kh, (18,46)

orciona

1 g

= I ———,
2027 g4 kzv(Z)

[Ipn JABUMKEHHH BHH3 Hajo0 YYecTb, YTO HauyajbHad CKOPOCTh
v, =0, a x, = h. JlpnKeHue BHH3 ONHCHIBAETCA YPABHEHHEM

dix g [dx\2

am=e—"#(3)
(cM.  mpenbiayllylo 3apagy). Hurerpupya 310 ypaBHEHHE TeM Xe
crocoGoM, 4to H ypasHenue (18,44), monyyum

1 dx\?
——Ezln[g—»k2 (&i;) ] = 2x + C,.
M3 Haua/lbHBIX YCJIOBHH NPH Xy = A, v‘0 =0
1 1
—Flﬂg”—‘zh—}‘Cz; Cz=—72§1ﬂg‘—2h,

h

a noToMy
1 2 1
—’?lﬂ[g—k2 (%) ] = 2x——72—2 1ng—2h,
WK
' 2 [dx\? 3 2
In|g—*k Et) = — 2k +Ing 4 2hk2
Korjga ToYKa BO3BPaTHTCA B HCXOHOe MONOXKEHHE B HAuyajo
KOODJHHAT, TO X CT4HeT DaBHbLIM HYJIO, 3 CKOPOCTb B 3TOT MOMEHT
- d N
mycTh paBHA U, T. €. T, = u, MO3TOMY
In [g — k%? = Ing + 2hk%,

— k2u2 a— e“’l g+2hk’ . geth'.
Hcnonbsys (18,46), monyuaem

'S 7). 2 g :
g g"'—"—g )
' 2
Pu? = g — g2 _ 8k
g+rvy gk
a_ &%
=,
g+ kv

OKOHYATENbHO CKOPOCTh, C KOTOPOH TOYKAa BO3BPATHICH B MepPBOHA-
yajpHOE MOJMOXKeHHe, PaBHA .

— g
u—vol e B
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JAEBATHAMIATOE NMPAKTHYECKOE 3AHSTHUE

CoxepxaBue: Jlunefinbe 1uddepeHUnanbHbe YPaBHeHNs BRICIAX NODSIIKOB.

OCHOBHbBIE CBEXEHHSI U3 TEOPHUM -

1. Jlupeitubim pudepeHNManbHBIM yYpAaBHEHHEM NOPARKa n  Ha-
3bIBAeTCAA ypaBHEHHE BHJA
Y+ p () YD L pa () YD A vel + pa X) Y+
+pn (¥ y=Ffx), : (19,1)
rae [(x) — byHKUHS He3aBHCHMOH MEPEMEHHOH X, N0 KOTOPO#i BH-
YUC/IEHB! I POH3BOJHbIE.
OranunTenbHoi YepTofl NHHEAHOTrO ypaBHEHHs SBJASIETCA TO, YTO

HCKOMas QYHKIHs § M BCE ee NPOM3BOAHbIE BXOAAT B 5TO ypaBHe-
HUe B NEpBOH CTENEHH.

2. Tlpeanonaraercs, uro dyHkuuu p;(x) (=1, 2, ..., n) n
npapas 4acTb ypaBHeHHﬂ——q)yHKunﬂ [ (x) HempepeIBHE B mnpowme-
xyTke (a, b). Cayyan @ = — o, b = -+ o He uckIOYalOTCSH. DyHK-

UHH p; (X) Ha3BIBAIOTCSH KOQ(DQ)HHHCHTaMH ypaBHEHHS.

3. 3agava Komu (cM. BOCEMHalAaToe IIPaKTHYECKOE 3aHsTHE)
IJIsi 3TOTO ypaBHEHHs1 NPH CAEJaHHOM NpexnonoxeHuwu (1. 2) Bceraa
HMeeTcs eJMHCTBEHHOE pellieHHe MPH JIOGbIX Haya/bHbIX YCJIOBHSAX
(18,2), nmmb 6Bl TOuka x = X, HaXoau/iach B NpOMexyTKe (a, b)
HenpepuiBHOCTH GyHKUHA p;(x) u [ (x).

4. Ecau B ypaphennn (19,1) npaBas wacTbh f(X) TOXAECTBEHHO
PaBHAa HyYJIO B NPOMEXKYTKE (a, b), To ypaBuenue (i9,1) npuruMaer
BHUJ i

YO+ p @Y P () R L o ()Y
+pa()y=0 (19,2)
¥ Ha3blBAETCH B 3TOM C/IydYae JIHHEHHEIM OJJHOPOXHbIM ypaBHEHHEM,
coorBercTBytomum ypasreruio (19,1). Ilpu f(x) 50 ypaBrenne (19,1)
HAa3bIBAeTCS HEOXHOPOJHEIM.

Ha 3ToM mpakTHYecKOM 3aHSATHH MH OyneM 3aHHMAaTbCS TOJBKO
OfHOPOAHEIMH JIHHEHHbIMH ypaBHEHHSMH, Npuuem Hamu OyayT pac-
CMaTpHBATLCA JBAa BHAA 3THX ypaBHEHHi: 1) ypaBHeHHSA, B KOTOpPHIX
KO3 HIHEHTH NPH NPOW3BOAHLIX SIBAAIOTCA (GYHKIUAMH HE3aBUCH-
MOH NepeMeHHOH, H 2) ypaBHeHHs, B KOTOPHIX Koa(dHIHEHTH NpH
NpPOUSBOAHLIX TNOCTOSTHHBI, TAK HasbiBaeMble JIHHEeHHbIE ONHOPOJHBIE
YpaBHEHHS C MNOCTOSHHBIMH Ko3(hpHIHEHTaMH.

5. Ecin dynkuua y, (x) sBAfAeTcs pelIeHHEM JHHEAHOTO OXHO-
poanoro ypasrenua (19,2), 1o m Cyy, (x) — npousBeneHue ee Ha
NpOH3BOLHYIO NOCTOAHHY® BenHunHy C, — Takke sBAseTCA pelle-
HpeM 3TOTO ypaBHEHHSA. '

6. Ecan dynkuun y, (x) 4 ys (x) SBAAIOTCA pPEMICHHAMH JIHHEH-
Horo oxHopoxHoro ypasHeHus (19,2), To u ux cymma y, (x) + ys (X)
TaKXe fABASETCS pEelleHueM 3TOr0 ypaBHEHHS.
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Ecau ¢ynkuun y; (x), ¥2 (%), ., gn(x) ABIfIOTCA peIIEHHAMH
ypasHenus (19,2), To u dbyHkKuuaA '

Y= Cyyy (x) + Coyz (x) + . .. + Cayn (x), (19,3)
rae Cy, Cs, ..., Cp— NPOH3BONBHBIE MOCTOSIHHLIE, TaKXKe ABIAETCA
pemlenneM sTOro ypapHeHHsa., Pyrkuuu y, (x), Ys (x), ..., Ya(x) Ha-
3bIBAIOTCS YaCTHBIMH pelieHMsaMH ypasHenus (19,2).

7. JlBe dyHKUHH y, (X) H Yy (¥) HA3LIBAIOTCA AUHELUHO He3asucu-
Moimu B mpoMexyTke (a, b), €Caum HUX OTHOILIEHHe %% B 3TOM IpO-
MEeXyTKe He SIBASIETCA MOCTOAHHOH BENHYMHOH.

Ecan we ormomenne 2.8

y2 (%)
$YHKUHH Ha3bIBAIOTCA AUNELHO 3Q8UCUMBIMU.

8. Ecau umeerca n GyHKUHA Y, Ysy ...y Yn, TO OHH HA3HBAKOTCA
JUHEeHHO He3aBUCHMbIMH B mpoMexyTke (a, b), IOPH yCJOBHH, YTO
PaBeHCTBO

— BeJHYHHA I[IOCTOAHHAsg, TO 3TH

4y +ays 4+ ... +anyn=0, .
rne a; (i=1, 2, ..., n) —NOCTOSIHHbIE, MOXKET BHIIIOJHATECA TOJBKO
Toraa, Koraa Bce Koa(ppuuueHTHI @; paBHBI HYJIIO.

EcJau ke 3T0 paBeHCTBO B NpPoMexXyTKe (a, b) HMeeT MecTo, Koraa
xoTs1 OBl ofHH U3 KOS(HIHEHTOB a He paBEeH HYJW0, TO QYHKIHH
Y1s Yas - -+, Yn HASHIBAIOTCS JIHMHEHHO 3aBHCHMBIMH. _

9. Ecnu byHKUMH Y5, Yoy +-., Yn ABIFIOTCH DELICHHAMH ypaBHe-
nua (19,2) u 8 npomexkyrke (a, b) oy JuHEHHO HE3aBHCHMH, TO
oflllee pelieHre 3TOro ypasHenus umeer sup (19,3): -

Y="Cip + Cotp -+ Cyys + ... + Cnyn.

Ora ¢opmyJia onpenessier CTPYKTyPy OGLIEro pelleHHs JAHHEHHOTro
onHopoaHoro ypasHenus (19,2) nopsaka n u ykasbiBaer cnoco6 nmocrpoe-
Hus ofwero pemeHus. Taxkum obpasom, umobu Hatimu obusee peuie-
HUue AureliHo20 00HOPOOHO20 YypasHerus, HAOO HALMU N e20 4ACMHbX
AuHeliHo wesasucumbix 6 (@, b) pewenufl, xaxcOoe U3 HUX YMHONCUMS
HO NPOU3BOALHYIO NOCMOSHKYI0 GeAUMUHY W 606 MU npoussedeHus:
CAOHCUMG.

Cucrema NMHEHHO He3aBHCHMBbIX peiienufi ypapHenus (19,2) Haswi-
Baercs (yHpaMeHTaJbHOH.

10, Mas Toro, yToGH GYHKUHMH y,, Ys, - s Ya OBUIH JIHHEHHO
HEe3aBHCHMBbI B NPOMEXYTKe (@, b), Heo6XogHMO M JOCTATOYHO, YTOGH!
MX TaK Ha3bIBAaEMbIH ompexesuTesab Bporckoro

y} y2 e oo yn
0N Y2 veoe Yn
Y Y2 ee- Yn

W=

n—1) (a—1) _(n—1)
VA
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GblT OTJIHYEH OT HYJs XoTa Obl B OJHOH TOUKE X, NIPOMEXYTKaA (a, b),
B KOTOPOM HEeIPEPHBHb KO3(phHIHEHTHI ypaBHEHHA (19,2).

Taxum o6pasoM, uroGbl NPOBEPHTH JHHEHHYIO HE3aBUCHMOCTb (yHK-
wHA Y Yos -+ Yn, HALO COCTABUTL HX oNpepenute]b Bponckoro
W (x) 1 yGenuTbes, uTo X0Ts Obl IPH OJHOM 3HAYEHHH X U3 IPOMERYTKA
(@, b) oH He papeH HymIO.

11. Ypaeuenne (19,2) uMeeT 7 ¥ TONBKO 7 JHHEAHO HE3aBHCHMBIX
pereHui.

12. Ecau M3BecTHO uacTHOE peunleHue y, (X) JAHHEHHOTO OfHOPOA-
Horo' ypaBHenust (19,2), To ero nopsafok MOXKHO TOHHM3HTb Ha e€JH-
HHLOY NPH NOMOIUYM NOACTAHOBKH

Yy =1y, S udx, ‘ (19,4)

rae u = u (x) — Hopasi uckKomas yHKIHA,
[Tonyuennoe B pesyavrare noxcraHoBku (19,4) ypasHeHHe Takxe
OyneT NUHEHHBIM.

1, JluneiiHple OJHOPOAHBIE YPABHEHHA C NMepPeMEHHLIMH
KoadbrnnueHTaMH

3anaua 19,1. IoxkasaTb, uTO ecad y; (x) — 9acTHOE pelIeHHe Jiu-
HEefHOro OZHOPOAHOrO YPAaBHEHHS! BTOPOro MopAjka
Y +p@)y - px)y=0, _ (19,5)

TO BTOPOE €ro YaCTHOe pelieHHe, JHHEHAHO HE3aBHCHMOE C NEPBHIM,
HaxoguTca mo ¢opmyJe

Se-— j'p, ) dxd
= ——— (X,
Y U y%

Pewmenue. Iogcrapum (19,4) B jaHHOE ypaBHEHHE, NOMHS, 4TO
(S udx)’ = u. Ionyuum

y =y | uds pa (%)
+y’=yigudx+y1 Py (%)
y' =y | udx g+ g g’ | 1
0= (y1 +p (%) g1 + p2 (%) ) S udx -+ g4’ + 1241 -i—Pl ®) ylu

¥

210 BhIpakKeHHe PABHO
HYMO, TaK KakK y; —
pellieHEe JaHHOFO
ypaBHeHHs

(nns cokpallleHHA 3amuceli BMECTO y, (x) MH NHIIEM y,).
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[Monyuaem ypasHeHHe

g’ + (291 + piy) u =0,
MOPAJOK KOTOPOrO MOHMXKEH Ha €JUHHIYy IO CPABHEHUIO C JaHHBIM.
OHo fBIS€TCA TAKXKE JUHEHHBIM OJHODOJHEIM YyDaBHEHHEM INEPBOTO
mopsaka, JONMyCKalolluM, Kak H3BECTHO, pasjejeHHe NepeMeHHBIX.
Pasnensss nepeMeHHbie, NOAYYHM
du 2+

u o
Hnrerpupys, 6ymeM HMerb

2yl'
Iny =— E—dx— pdx = —21Iny, — \ p, dx.

dx.

Orcroza
U= e-- 2 Inyy— _f pi€x — e—Z“'yxe_ 5 p‘dx____. elnl—Ze_ j p,dx= yI—Ze—— j pidx —
e"‘! p1dx
=—.
Y

3ameHas B Buipaxenudu (19,4) y= yl‘gudx GYHKIHIO @ TOJbKO
uyTo HaffeHHbLIM 3HaueHHeM, MoJydaeM

—jpldx
y=y je___ dx. (19,6)
YTg

HafizeHHoe 3HaueHue y H OyneT BTOPHIM YacTHbIM pemeHHeM
Y2 (¥) JAHHOTO ypapHeHHA. Ero JuHefiHas HE3aBHCHMOCTb C MEPBLIM

BUjHa U3 TOrO, WTO OTHOLICHHE %2 He MABJAAETCA MNOCTOSAHHO# BeIH-

1
yuHOH. A
Pewlende 3ToH 3aAaud NokKasblBaeT, uTO 3HaH{E OJHOTO YacTHOTO
pemenust ypaBHenus (19,5) mosBonser HaliTH BTOpoe JHHEHHO Hesa-
BHCHMOE C TIEDBLIM YaCTHoe pelueHue mpu noMouu ¢opmyast (19,6),
KOTopast TPEOYeT BLINONHEHHS ABYX HHTErPHPOBAHHH (TOBOPAT — ABYX
KBaJpaTyp).

TeM caMbiM 2J18 onpeje/erus oGIUEro peleHus JHHEHHOro onHo-
pojJHOrO ypaBHEHHA BTOPOro mopAgKa AOCTaTOUHO SHATb OJHO €ro
qacTHOE DelleHHe,

Huxe npepjaraiotcs 3azadd Ha INpHMeHeHHe 3TOH $OpMyJbL.

3apaua 19,2, Ha#itn ofmee pemwenue ypapHenHa (x—1)y” —
—xy +y =0, eciH HU3BECTHO, UYTO €ro 4YaCTHOe peIleHHE y; = X
(npoBepbTe, UTO OHO AeHCTBHTENbHO fAB/afAeTcs peurenneM). Hairu
uacTHOE peleHHe NpH HadaabHeIX yeaoBusix y(0)=1; y' (0)=2.

Pemenue, JlaHHoe ypaBHeHHe — JHHEHHOE OLHOPOJIHOE ypaBHe-
Hue proporo mopsaaka. Ilpexne Bcero npupeseM ypaBHEHHE K BHIy
(19,5), B KoTopoM Koshduument npu y” pasen epunuue. I[Nonyuaem

x

Y=y + L5 =0.

x—1
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3nect kosddunueHT npH Yy  — GyHKUHA P, (x) =——)—c—’-‘_——l. Bur-
YUCTMM TNpexgze Bcero Bxoaammi B ¢dopmyay (19,6) umrerpan -

—Spl(x)dx=—-g—xildx=gx~_x?-ldx=S(l-i‘- L )dx-—-

x—1

=x4+In(x—1)
(Tpou3BOMIBHYIO TOCTOSIHHYIO BBOAUTH HeE CjeNyeT, TaK KaK B Mocie-
JyomeM OHa OOBejHHHUTCS ¢ [POM3BO/IBHOH IIOCTOSHHOH, BBOZUMOM
DU TMOCTPOEHHH OGINEro perlenHs).
Tenepy Bxopsmee B (19,6) Bbipaxenue
e S prdx — ex+ln(x-—l) — exeln(x—l) = ¥ (x — 1),
a dopmyaa (19,6) paer

& (x—1 &r(x—1
y2=yls—%—-—)dx=xg——(%—ldx=

, i ,
i el s {5
w:—%m‘ ‘

v=¢"

1
u= 7

do = edx

=X- 1—e"=e".
x

Urak, y, = e*. YMHOXKaA y, Ha C,, y, Ha C, U CKJIajbIBasg mpo-
usBejeHud, MoOJyudM ofllee pelieHHe 3aJaHHOTO yPaBHEHHUs
y = Cyx + Coe*. ‘ (19,7)
Ykasanue, UroGsl HaliTH 9acTHOe pelIeHue, yJOBJAETBOPsAIOLiee
HayasnbHbIM yCJAOBHAM (T. €. 9ToObl pewiuTh 3agauy Kown), Hajo
HayaJbHBE YCJOBHSl MOACTAaBHTb B CHCTeMy YpaBHeHHi, KoTopas
COCTOUT #3 oOmero penleHUsi H €ro NPOU3BOJAHLIX A0 mopszka (n—1)
BKJIIOYHTENBHO; ONPENeTUTh U3 5TOR CHCTEMB! NPOU3BOJBLHLEIE TOCTOSH-
Hble # TOACTaBUTb MX 3HaYeHHn B HaljeHHoe ofllee penlenue:
[Monyuennoe shipaxenue u GyAeT HCKOMBIM 4YacTHBHIM peLIEHHEM.
Luddepenunpysa HafigenHoe obuiee pemenue (19,7) oaun pas (Tak
KaK n =2, T0 n—1=1), nonyyaem cucremy
Y= Clx + Cgex
y' =C 4 Coe” },

mojcTaBisieM B Hee Haya/ibHble yeaosusi: y (0) =1, 4" (0) =2;
1=C-0+C2e°} 1=0C, }
2 =C, +Cs W 9 C, +Cy )

Co=1 C; =1,

HCKOMOE YacTHOE pelleHMe y = X --e~,
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3agawa 19,3 (gas CaMOCTORTENLHOrO peleHuns).

Haiitn o6mue pelueHHA JAHEMHBIX OXHOPOAHbBIX ypaBHeHu# BTOPO-
ro nopsigKka H HX qacTHbleupeHleHHﬁ IO H3BECTHHIM NEPBLIM YaCTHbBIM
pemeﬂnﬂM ITHX ypaBHeHHH H 32]3HHBIM HadaJbHbIM yCJIOBHﬁM:

” 1 ’ l __0. ) ___]n
) (=Inx)y" + <y —ay=0 y =Inx

Hawanbhme yeaosus: ¥ (1) =2; y" (1) = 4.

2) y +tgx-y Hcos’xey= 0; y, = cos (sinx).
Hauanpurte yeaosus: y (0) =35 4" (0) =2;

3) y —ctgx .y J-sin?x- ¥ = 0; y, = cos (cos x).

L . [T .
HauanpHble yc/I0BHA: Y (3) =0, y (_2_) =

" l ’ 9 - -
Hy+y —ay=0 4 2

’ 4
Haganpueie yeaosus: ¥ (3) =1 4" (3) = ¢.

Ykazanue. Bo BceX 324auax ucnons3osaTh Qopmyay (19,6).

B nepsoM ypaBHEHUH P2SACIHTD 0662,1 vactd Ha | — Inx.
X
Yuects, U410 — S py (9 dx = — S F0—Ty nlnxr—1,

. ]nx-—-ld _( ax dx
a e =Inyx— \ Tz = \tmzx — \igz"

Ileppbii uHTerpaj BHMHCAHTL MO HACTsM. Okaxercs, 4TO BTOpOIl
HHTerpaJ B3AHMHO YHHUTOXHTCS C TeM, KOTOPHH TNOJYyyHTICH TPH
NpHMEHEHHH MHTerpHposaHHA [0 HaCTAM K [epBOMy MHTErpasy.

OrBerT.
N Bropoe wuacrhoe ‘ O6wmee pemenue ‘ UactHoe pemenHe
? peiueHue
1 Ya=x y=Cylnx-}Cox y=2Inx+2
9 g2 = sin (sin x) y = C; cos (sin x) -+ y=3 cos (sin x) 4
-+ C; (sin x) -+ 2 sin (sin x)
o= si y = C, cos (cos x) -+ y = — sin (cos x)
3 ya = sin (cos %) + Clz sin (cos x) | 07
1
4 =G y=Cx*+Co 53 y=735 ¥+ 1o
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3anava 19,4 (1/1a CaMOCTOSTENBLHOTO peieHHs).
3Has NepBOe yacTHOE pelieHHe JIHHEHHBIX OJHOPOXNHHIX ypaBHe-
HUH BTOPOTrO MOpajKa, HaliTH HMX OOLIME pelueHHs:

1) 4x%y" 5y =0; y, =V xcos (Inx);
2 y + (sinx—-cosx —}—Sin X~ x) !

sin x -+ cos x

. 1
-— —_— = 0 = psSinx
(sm XCOSKX — g s x) y=0; y, =esinx,

Ykasannsa [as OThcKaHHs BTOPOrO YacTHOTO pelIeHHs MpH-
meHuTh Gopmyay (19,6).

B nepsoM ypaBHGHHHM DasfieluTh 06€ ero yacTH Ha KodpHiMeHT
npu y'. Yuecth, uto p, (x) = 0, Tak Kak ypaBHEHHE HE COACPXKHT Yy,
a Spl *)dx = SO -dx=C, npuueM MOXHO B3aThb C =1, u6o B
nocJjepylollleM NpoM3BOJbHAs NMOCTOfHHAs OyneT BBeleHa.

Hurerpan ;CT.%%]—;) = 1g (Inx) (noAcraHopka Inx =2).

Bo BropoM ypaBHeHHH — Xpl (x)dx = — S [sinx —cosx 4

sinXx —cos x
sin x 4 cos x

+

ec08 x +sin x 4 In (sin x - cos x) — £cos x4 sinx (sin X + cos x);

]dx =cosx + sinx -+ In (sinx + cos x);

; gCOS ¥ 4 810X (5in x L cos x
y2=esmx§ (sinxpeosy) o _

92 sin x
= gsinx Slecos x—sinx (sinx - cos x) dx == esinx (___ gcos x — sin x):

Yy = — €05 %,

(3Hak MEHyC NpH HanMcaHMH OOLIETO pelleHHs BBECTH B NPOH3BOJb-
Hyl0 HOCTOSIHHYIO).

OtserT. 1) y, =V xsin (In x);
ofliee pelneHue:

y=C,Vxcos(Inx) +Cy ) xsin (Inx),
Wi
y =1V x(C,cos (In x) + Cysin (In x));
2) Yo = —ey ’
oflllee peLIEHHE:
y =Cein* 4 Coecosx,
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3anaua 19,5, HokasaTb, uto ecay Y, B Ys— 1BA JIMHEHHO He3a-
BHCHMbIX 4YaCTHBIX pelIeHHs JHHEHHOrO0 OJHOPOAHOrO ypaBHEHHA
BTOpOro nopsjxa

Y+r®y +p®y=0, (19,8)
W’ Y Y wr
TO pl(x)=_W(§;)) a pz(X):—y—ll y—:W—gg-,
rme W(x) =" = yy — gy,
Y Yo

Pewenne, Tak xak y;, ¥ y, — pewenns sagavsoro ypaBHeHH4,
TO HMEeT MECTO CHCTEM3a ypaBHEHMH OTHOCHTEJBHO HEH3BeCTHBIX
p1 (X) ¥ p, (X), MOANEKAIMHUX ONPEREICHHIO:

@+m@%+m@w=ﬂ,

- Yo+ pi (¥ g2+ p2 () y2 =0
P (x)y} ~+ P2 (%) 1 =-y’1;}_ (19 9)
pi (X) Yo + po (%) yo = —y, '
Hccnegyem ONPEACJIATENb S5TOH CHCTEMBI:
Dol Wbl = _1918| — _y(), (19,10)
Y2 Y2 Y1 Yo Yr Yo
S e
Crpoku u ToMmensian
CTOJIOB MeCcTaMH
NOMEH s1/11 CTPOKH H H3-
MecTaMH MEHUWJH 3HAK
nepex onpe-
lenutenem

Tax Kak pemlenns y, u y, 10 YC/IOBHIO JHHEHHO HE3ABHCHMEL, TO
W (x) # O u cuctema (19,9) umeer pelleHyie u NMPUTOM eQHHCTBEHHOE:

‘—yl v 'yl Yy
__ 1= Y2 Y Y1 Yo W {x)
P =1"t2tl =W,
Y Y — W (x) W (x)
Yo Y2
Ha ocHoBanuu
19,10

(Cnenyer umets B BH7Y, YTO NPOH3BOAHAsA onpejeuTes Bponckoro,
K3K JIErKO IPOBEPHTb, €CTh ONPENeJIHTeNb, KOTOPHIi OTVIHYaeTCs OT
onpenenuress Bponckoro Tem, uTo B HeM NOCJAeIHfAs CTPOKa COAEP-
KHT NPOHM3BOAHBIE NOpPSAAKA HA €JHHHNY OOJbUIEro, YeM B ONpeje-
aurese BpoHckoro). ’

Hs nepsoro ypasuenns CHCTEMBI (19;9) CJelyeT, 4TO

yip2 (¥) = — g1 — y1p1 (%),

OTKYyJa M TIOyYaeTcs NOKA3bIBAEMOE SHAYEHHE p, (X).

Hafigennnle Bhipamenus KosdHuueHTOB p, (x) © F{)g (*) ypas-
HeHHs (19,5) nosBosalor cocTaBHTb JHHeiHoe AH(depeHIHANbHOE
yPaBHeHHe BTOPOro mopsgKa, €CJAH HM3BEeCTHAa ero ¢yHAaMeHTalbHas
CHCTEMa pelleHHil. '
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2, Jlunefinbie opHopoannie auddepeHunanbHble ypapHeHHS
€ MOCTOSSHHBIMM KO3(pHL HEeHTaMH
XapakTepucTHuueckoe ypaBHeHue. Ecin B ypasuennn
(19,2) kospdHIMEHTEl NOCTOSIHHBEL, TO OHO: HA3BIBAETCH JIMHEHHBIM
OJJHOPOJHBIM yPaBHEHHEM C NOCTOAHHBIMH KO(QHIMEHTAMH M MMeeT
BHJ :

Y 4 a, gD+ gyt L an—1y’ + any =0, (19,11)
rae Bce @; = (i=1, 2, ..., n) — BellecTBeHHbIE UHCJA; Y — HCKOMas
GynKuus; ¥ — He3aBHCHMAs TNIepeMeHHad.

Pelrenne storo ypaBHenysi MINETCA B BHIE

y = e ‘ : (19,12)

310 NPHBOAUT K aare6panyeckoMy YDPaBHEHHIO CTENEHH 7

kR a4 apk"2 - .. - ap 1k +ap =0, (19,13)
KOTOPOE Ha3HBaeTCA XaPaKTEPHCTHYECKHUM. ‘

Takum o6pasom, 4TOGH COCTaBUTHL XapaKTEPHCTHYECKOE ypaBHe-
Hue (19,13), Hago B ypdBHenun (19,11) samenuts npomssoAnbie cre-
NneHsIMH HEH3BECTHOH BEJHYHMHBI R, TIpPHYEM CTENEHb K JO/MKHA ObiTh
paBHa NOPAAKY COOTBETCTBYIOIEH NIPOM3BOXHOH, a caMa uCKoMasg
GyHKIMS y 33aMeHeHa eJHHHUEH. .

1. Ecam Bce KODHH XapaKTePHCTHUECKOTO ypaBHeHHs k,, &,
kg, . ... Rp—unc/a BEINECTBEHHBIE M CPEIH HMX HET PaBHBIX MEXAy
co6orwo, To, MOACTaB/lsAs 3HayenHe Kopued B (19,12), momyuum n
YacTHHIX JMHEHHO He3aBMCHMBIX pemiennit ypastenus (19,11) B Buge

y]_ . ek‘x; yz — ek:x; y3 e ek,x; ey ) yn = gk X, (19’ 14)

2. Ecam Bce KOpPHH XapaKTePHCTHYECKOTO yDPAaBHEHHS — IHCAA
BEILECTBEHHbIE, HO CPEAH HHX €CTb DaBHBIE, TO KAXKIOMYy KODHIO k;
KPAaTHOCTH [ COOTBETCTBYeT ! JIMHEHHO HE3aBHCHMBIX YaCTHHIX peme-
uuii ypasesus (19,11) ’

y, = erix; yy = xekix; yo = x%rF; .. yp = x"lekr. (19,15)

3. Ecaiu cpegu kopHeil XapakTEDHCTHYECKOTO yDaBHEHHS HMe-
J0TCSl KOMILJIEKCHBIE, HO HE paBHble MEX]y COO0OH, TO KaXIoH nape
CONPSKEHHBIX KOMINVIEKCHBIX KopHeH a ~+ Bi M a — bi COOTBETCTBYIOT
IBa YACTHHIX JIMHEHO HE3aBHCHMBIX pemiends ypasHenus (19,11)
BHJa N

e*cos fx u e*sinpx. » (19,16)

Ecan e cpey KOMIJIEKCHBIX KOPHeH XapakTePHCTHYECKOrO ypas-
HeHHs HMEIOTC KpaTHHlE KOMIJIEKCHBIE KOpHH, TO KODHIO a - fi
KpaTHOCTH [ (KOpeHb o — i HMeeT Ty e KPaTHOCTb) COOTBETCTBYeT
2/ 4acTHHIX JIMHEHHO HeIaBHCHMBbIX peineHus ypasHenus (19,11),
KOTOpblE HMEOT BHJ

e cos Bx; xe™cos Bx; x*e*cosPx; ... ; xle**cospx (19,17
: . .o )
e sinfx; xe**sinpx; x%e**sinfx; ... ; x*~le**sinBx

f
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3agaya 19,6. HaliTH pemenus JAHHEHAHBIX OJHOPOAHBIX nu(ipe-
pPEeHIH aJbHbIX ypaBHeHI{I‘;{, yJIOBJIETBoleOHlHe YKa3aHHbIM Ha4aJbHbIM

yCa0BHAM:

) =3 +2y=0y0 =2 y O =—3
2) Y —6y +8y=0, y(O =1 y ) =0
3) '+ %' +20y=0, 90 =0 - yO=—1
4 y—y=0 yO=5L  yO=1
5 y'—29 +y=0 y0) =2 y O =4
6) y +4 +4y=0y2) =4 y'2)=0;
Ny —2+2y=0yx=~2  y[@=-—3
8 Y 4u=0 yO=2 V) =y
9) y' +oly=0; y(O) =g y 0) =0,
10) y'+¥' =0 y0) =2 y () =5.

Pemenue 1) CocrapnsieM XapakTepHCTHIECKOe ypaBHEHME BHja
(19,13), corniacH0 CHeTAHHOMY YKa3aHMIO: 3aMeHseM y" ua k%, y’
Ha k, a y Ha L.

Moayuaem k*—3k +2=0.

Pemas aTo KBaAPaTHOE ypaBHEHHe, HAXOLHM, 4TO B, = |; ky = 2.
KopHu XapakrepHCTHYECKOTO yPaBHEHHs — YHC/Ia BellECTBEHHbIE U
He DaBHBlE MeXIy coboio. Cornacuo (19,14) 4acTHBIMH pelLEHHAMH
ypasuenns Gyny’ dyrKUMH: Y, = €%, Y. = €%*, JleTKO BHAETh, UTO

(yHKUUH 3TH JHHEHHO HEe3aBHCHMBL (zf = e¥ % const). O6uym  pe-

wennem, corgacio (19,3), Gyzer

y = Cie* 4- Cpe?*. (4)
Tenepb onpeieliM TPOHM3BOJIbHEIE TIOCTOSTHHBIE C, n C, no 3a-
J2HHBIM HadajbHhM YCJOBUAM. IMpexae Becero HafizeM NPOH3BOZHYIO
. T Y = Ce* + 2Cqe%*. (B)
Tonbsysch yKa3aHHeM CTp. 301, noxcraBiseM HadadbHble yCJO-
pust B (A) u (B) ¥ A7 onpelenenns C, u C; cocTaBnsemM cuCTeMy

ypaBHeHHH ,

2= Cl + Cg}
—3=C, +2C, "
Pemas ary CHCTEMY, TOJydaem: C,=17, C,=—5.

Tloncrapass 514 3sHaueHua B (A), Haiizem pemeHne 3ajaHHOrO
ypaBHEHHs, yjoBIETBOPAIONIEe HAYAJBHEIM YCIOBHAM:

y = Tex — De2*,

2) XapaxrepuTHIeCKO® ypaBHeHHE BHJa (19,13) noayunm, 3ame-
HHB y" Ha k2, 4 Ha k, a y wa 1. Ono sanuwerca Tak: k*— 6k -

+8=0.
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Peiras 370 KBajpaTHOE ypaBHeHHe, Hafiuem, uto kb, = 2; ky =4,
Kopuu ero— uuc/1a BeleCTBeHHble M He paBHble Mexay cogoio. Co-
raacHo (19,14), yacTHBIMM pEIIEHHAMH YPaBHEHUs OyayT ¢yHKuMM
y, = €%*; y, =¢**. DYHKUMM 3TH JHHEAHO HE3aBHCHMBI, TaK Kak

Y2 — g2x £ const. B coorserctaun ¢ (19,3) ofmmM pelenrem ypap-
1
neHus Oyzer
y = C,e%% 4- Cqet*. (4)
YTo6s! HaiiTH pelleHue, YAOBAETBOPAIOlee HAYAJbHBIM YCAOBHAM,
HalieM NPOU3BOAHYIO NMOJYYEHHOTO OGIIErO pemeHHs
y' = 2Ce% + 4Cqpet*. (B)
B ypaeuenus (4) u (B) moxactaBEM 3ajaHHbIE HaYaJbHBIE YCJO-
BHS M TOJyYMM Iylsi ONpejeJeHHs NPOM3BOJIBHBIX IOCTOSHHEIX C, H
C, cHcTeMy ypaBHEHUH: '

l= C,+ C2}
0 = 2C, +4C,)’
¥3 KoTopoi caenyer, uyto C; = 2; Cy = —1.

[oxcraBnss 3TH 3HayeHHs B ofmee pemwenue (4), HaxoxuM pe-

uI€HHe, YIOBIETBOPSIOMIEE HAYAIbHBIM YCJHOBHSAM:
Y= 2e¥% — et

3) 310 ypaBHenue pelunM Ges MOAPOCHHIX 00bsACHeHHH. Xapakre-
PUCTHYECKHM ypaBHeHHeM OyneT k% 49k +20=0; kb, =—4; by =
= —5 (KODHHM — BelIeCTBEHHEIE H Pa3Hbl€); YacTHBIMH pelleHHAMH,
cornacHo (19,14), — dynxunn y, = e—**; y, =5, OClilee pemeHue
Ha ocHopaHuu (19,3): y = Ce~** 4- Coe—5, Haxoqum y’ = —4Ce—4*—
— 5Cye—%, Cuctema ypaBHEHHMH 1a/If ONPEAENEHHS MPOH3BOJBHBIX
NOCTOSHHEIX HAa OCHOBaHMHM HAauaJbHBIX YCJOBH:

0= Ci+ Gy
—1 = —4C, —5C,;
C,=—1; C;=1. Hckomoe pemeHne, ynOBJETBOPsIOMEe Hayasb-
HBIM YCJIOBHAM: ‘
y = —e 4 -+ 5%,
4) XapakTepucTuyecKoe ypasuenue: k® —1 =0; kopuu ero k=
=1, ky=-—1—uncna pemecTBeHHbIE M HE paBHbIE MEXJy CO-

Goto. Yacruele pemenus, corlacHo (19,14), mmeor Bum: Yy, = €,
Y, = e~*, Obwee peueHnHe B cootsercTBun ¢ (19,3)
y = Ciex + Coe—™.
BMecTo 3TOro BHga OGINErO pelleHHs B NMPHKJAAZHBIX HAYKax OHO
SalHUChIBAETCS YaCTO Yepes runepOo/HYECKHe CHHYC M KocuHyc. Tak

e — % e Lo~ ¥
2

Kak shx = 3 ,achx= , TO

* =ch h
¢ chEs x}' (19,18)

e~*=chx —shx
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floxcTaBnas 3TH 3HaueHHss B oOllee pemeHde, NOMYYHM
y = C, (chx + shx) 4 C; (chx — shx),
HIIH _
y=(Cy+Cychx+ (Co—C))shx.
O6osnaunm: Cy +C, =¢;; Co—C;=c¢,, u TOrga 0Olllee pelle-
Hpe 3alHUILIeTCs B BHAE
y=cchx4c shx.
M3 pavanseelx yciopuii C; = 1; C; =0. Pewenne, yzoierso-
psiolllee HayanbHbIM YCJIOBHAM:
y=¢* un y =chx +shy.
5) CocraB/isieM XapaKTEPHCTHYECKOE ypaBHeHHe
B2 —2k 4-1=0,.
Ero xopuu k, =1, ky=1-—uducna BellleCTBeHHbE, HO paBHbIE

mexpy cobolo (k _k2) ITosTOoMy 4acTHBIE peuieHHS Hazo 3amHCaTh
He B BHpe (19 14), a B Buge (19,15):
Y1 == €% Yy = Xe*.

Jlerko 3aMeTuTh, YTO B 5TOM CJydae BTOPOE HaCTHOe pelieHHe
No/ly4aercs yMHOXKEHHEM NEePBOro YaCTHOrO pElIeHMs Ha HE3aBHCH-
Myl0 TIEPEMEHHYIO (B ZaHHOM caydyaeHa X). PelleHHs 5TH JHHeHHo
He3aBHCHMBI, TaK Kak 92 . x -+ const.

Obmee peiueHHe, CO;‘JIaCHO (19,3), umeer BHp
y=Ce* +Coxer, nmm y=e*(Cy+ Cox); (4)
"y =e[C;+Co (x4 DI

HO}ICTaBJlﬂﬂ HadanbHbE yC/IOBHs B OOllee DEleHHe H €ro mpo-
M3BOAHYIO, TIONy4HM CHCTEMYy YDaBHeHHH A ONpejeseHHs NpPOM3-
BOABHBIX [OCTOSIHHBIX:

C,=2; C; =2. Hckomoe peleHne, ygOBJeTBOpslOmee HauanbHLM
yCIOBHAM:

y =1 26" (l + x).
6) XapakrepucTHYecKoe ypapHeHHe HMeeT BHp k® 4k 44 =0,
Ero xopHH %k, = —2; k, = —2-—dUCJa BeUIECTBEHHbE M paBHble

mexay coboi. Corsacho (19,15) B 3ToM ciyuae 4YaCTHBHIMH pelie-
HUgMH SBJIAIOTCA (QyHKIHH

Yy =%, Yo = xe ¥,
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O6mee pemesue
y = Cye~2* - Coxe—%,
00 .
y=e2(C, +Cex); - ‘
Y =e % (Co— 20, — 2C,x).
CucreMa ypaBHEHHH JJisi ONpeJeeHHs 01 u C, H3 BaualpHbIX
YCJIQBHI:

43—4 = Cl + 202} \ /
0 =2C,+3C,)
C, = —12¢—4, C, = 8e—*. VckoOMoe peiueHH=

y = 4et=2 (2x — 3).

7) XapakTepuCTHUECKOE ypaBHEHME sanuwmercs Tak: k®—2k +
+2=0. Ero xopun k;=141i; ky=1—i-— conpskenubie Komn-
JIEKCHEIE YHCJIa BHAA a --Bi. UacThpie pewenns umelot sux (19,16),
IpUYeM B 3THX pelleHHsX Hajgo B3aTh a=1; B=1:

Y =e*CoSX; Y, =ersinux.
O6mee pemeHne:
y =C,e* cosx + Coe*sin x,
HIIH
y = e* (Cycos x 4 Cysin x). 4
[sis onpejenendsi NPOW3BOJNBHBIX IOCTOSTHHBIX M3 HauaJbHBIX
YCJOBHH Hajno HaiTi y':
y =e[(Cs +Cy)cosx + (Co— C)) sinxl). (B)
loncraBasis B (A) u (B) HauasbHBIE YCJIOBHS, MOJNYYHM CHCTEMY
yPaBHEHHH Jyisi ONpeJeseHNss NPOHU3BOJIBHBIX INOCTOSHHBIX:
'—'2 = -—e"Cl
'—'3 = —¢" (Cl + Cg) !
Cl = 26—“; 02 =T,
Hckomoe pemenve, yROBJETBODPSIONIEE HAYaJbHBIM YCJIOBHSAM, MO-
JyYuM, TOACTaBJsst 3TH 3Hau€HHsi B ofllee pemenue (4):
y = e~ (2cosx 4 sin x).
8) XapaKTepPHCTHYECKOE ypaBHEHHE:

B 4-k41=0.

Ero xopuu: k& = — —2- + 5 Vs, iy kg = ——;— — 1—/251'—- KOMIIIEKCHBIE
CONpSXKEHHBIE YHCJIA BHIAA cg + 8 a=— ;—;‘ B= ‘-gi Cornacuo
(19,16), yacTHriME pemenusivMu OynyT GyHKuuu:

Y= e_%x cos V-;’ X Y= e_'%x sin 1—/5—5 P
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(oueBHgHO, 4TO 3TH (YHKIMH JHHeHHO He3aBucHMH). OOllee pemenHe
B cootserctBun ¢ (19,3) sanmiuercs Tak:

1 1 =
- 3 —ix V3
y=0Cse 2xcosl/—.?——x + Cee % sin 7%
WIH, BHHOCA e 2 3a CKOOKY:
; ~ ) ‘
—5% V3 .
y=-e 2 (CICOS—2—X+C2$II‘1]%-3 ). (A)

Uto6bl onpenenyTh IIPOM3BOJIbHblE MOCTOsIHHbie Ha OCHOBaHHH
HaanlbI{bIX ycjioBuil, HaigeMm y':

y =e 2 [(V302—‘—1C1)C051g3 ( C2+ VS )smlizx] (B)

Hcnonesys HaganbHble ycnoBMs, M3 ypaBHeHu#l (A) u (B) nosy-
yaeM CHCTeMy ypaBHeHHH nisa onpegeneHusi C; u C,:

2=C,
1 V3 1
7=5C—30G

orciona C, =2; C, = V3. MNopcraass 5TH 3Hauewus B obliee pe-

[eHue, HaljgeM HCKOMOe pemeime
I

y= e—§x<2 cos ———x+ V351n£3x)

9) 310 ypaBHeHHE fBJAseTCH YPaBHeHHeM CBOGOZHHIX TI'apMOHH-
yecKMX Kosie6aHuii. OHO MMeer oueHb BaXKHOe 3HaueHHe B MeXaHuKe
¥ ApYyTHX MPHKJaAHBIX HayKax.

XapaKTepHCTHIECKOE ypaBHeHHe HMeeT BHA R+ 02 =0; by = oi;
ky = —oi — KOpHH KOMILIEKCHbIE CONpPsXKeHHble, NpudeM a = 0; § = o.

UacTHble pellleHns, coryacHo (19,16), mmelor suz:

Y1 =COs0X; Yy, =sinwx.

‘CrejiyeT 3alOMHHTB, 4TO KOTJa NeHCTBUTENbHAST 4aCTh KOMIUIEKC-
HOro KOPHS XapaKTepHCTHYIECKOrO ypasHeHYs pPaBHA HYJIO, T. €. KOrja
KOpHH 4HCTO MHHMble, TO 4ACTHbie pelleHHs COZepXKaT TOJBLKO TPHU-
roHoMeTphueckne QyHKIHMH, MHOXHTENb )Ke €% MpH HHX OTCYTCTBYeT,
TaK Kak npu a =0 e¥* =1,

O6mee peuredne, coriacHo (19,3):

y = C,cos ox 4 C, sin ox; _
Yy = —Cosinox 4 Cy0 cos 0x (19,.9)
(pexoMeHAyeTCs 3allOMHHTb 3TO Ofllee pelileHHe YypaBHEHHs CBOGOX-
HbIX TapMOHHY4eCKHX KoseGaHHB. BcTpewaThcss OHO OyneT OdeHb
9acTo).
Onpepensiem C; u C2 M3 HauyaabHBIX YCJOBHI:
a=C,

UO = Cg(l) )
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Orciona,C, =a; Cy; ==>. IloxcTaBisis 5TH 3HaUCHHS IPOH3BONb-
HBIX TocTosHHBEIX B (19, 19), IOJyYaeM HCKOMOE peIIeHHe B BHIE

Y = acoswx+%sinmx.
dto pelueHue BHIrOZHO NPEACTaBHTL B APyroM Buge. Ilonoxum
a=Asing :—)— = Acosg. (19,20)
Torna

y =Acosoxsing 4 Asinwxcose =4 (coswxsin ¢ -+ sin  cos g).
OKOHYATENbHO ‘
y = Asin (ox + 9). (19,21)
BosBons B KBajpar ofe uacTH Kaxkjgoro u3, paseHcts (19,20)
M CKJAajblBast HX NOWIEHHO, TNOJY4HM:
2

Mexannueckuit cMpichi BeuunH A, o H ¢! A — ammianTyaa Koser
GaHuj; o — 4acTOTa KoJieGaHuH; ¢ — HaualbHas (asa.
JlBH:keHHe, ONpENe/isieMOe pacCMaTPHBAEeMBIM YypaBHeHHEM y' -

+ 02y = 0,— nepuoauueckoe. Ero nepuog T = %’f,

10) XapakTepHcTHYecKoe ypaBHenue: k3 +k =0. Ero xopun
k, =0; ky = —1. Kopnu pemecTsenHbie H pasHele. YacTHbIE PellleHH 5
Ha ocHopauun (19,14)

=1 ya=e"*%
Oﬁmee pemenue B cootBerctBHu ¢ (19,3)
y=Cy+ Cie~~.
Pemwenne, ynoBaeTBOpsioliee HadaJbHbIM YCJHOBHAM:
y=T1-——Dbe*
(C,=T; Cy =)
3apaya 19,7 (g1s CaMOCTOATENBHOTO peIlEHHS).
Hafity ofluye pellleHHs ypaBHEHMH (He3aBHCHMas NepeMeHHas f):
1) x"—4x' =0; 2) ¥ —9x =0; 3) x”——7x’+10x=0;
4) ¥+ 5x" =0 5) x”——lGx—O 6) ¥ +x +x=0
7) ¥ +2x' +4x=0; 8) ' —4x' +4x=0; 9) 1" 4 6« +9x-0
10) ¥’ —4x" +29x=0; 11) x” +4x=0 12) x" +17x=0.
OrBeT. 1) x=C, 4+ Coe*; 2) x=C,e¥ 4 Coe~%; 3) x = C,e¥+
t

+Coe™; 4) x=C, +Cye=; B) x=Cpe¥ 4 Cre=; 6) x=¢ 2 x
(C cosV t+C, 1nV23t); 7) x=e"t(C,cos V3t + Cpsin V' 3¢);

8) x=e2‘(C + Cyt); 9) x=e"%(C, +Cyt); 10) x =€ (C,cosbt 4
4 C,sinbf); 1) x=C cos?t-{-Czstt 12) x=C,cosV17¢+
+ C, sin)y 17¢.
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3anaua 19,8 (nis caMOCTOSITENBHOTO PeLIeHHs). .

MarepuanbHasi TOYKa MaCChl /71 ABWXKETCA MO NMPsMOH, MpPHTATH-
paeMasi K HENOJBIXKHOMY LEHTPY CHJIOH, NPAMO IPONOPLHOHAJLHOH
PacCTOSHHIO TOYKHM OT LEeHTpa Npursxkenus. COnpoTHBIEHHE Cpelbl
orcytcTByeT. OnpeenuTh 3aKOH ABMKEHHS TOYKM, €CJIH B HaYalb-
HbIi MOMEHT gaBHxeHMa (=0, x=ux;, U=y, T. e x(0)=ux,,
v (0) =0,.

Pewenne. Ilpamyio, no xoTOPO# NPOUCXOAUT ABHIKEHHE TOYKH,
npumeM 3a och Ox, NpHYEM MOJIOXKHTEJNLHEIM OyaeM CYHTaTh Hallpab.
Jeuue Hampapo. Hauallo koopgHHaT nmomectuM B IEHTP NPHUTSKEHHS
Kos¢p¢unyenT nponopuHOHANbHOCTH BO3bMeM Jjif yAoOCTBa MoOcCne.

AYIOUIUX BHIKIaZOK paBHEM kZm. Cuia
0 Fa NPUTAKEHH S
z

F = k2mx,

3nech |x|— paccTosinue TOuKM OT Ha-
yaja KOOpJHHAT.

Jx>0 -

agF 0 Onpenenym MoAyAb CHIBL F,
Doty z Mopyabr Bekropa — BenuYMHa MO-
Yx<l noxurenpHas. Ilostomy mnepeg mopy-
K samase 19,8 JleM CHJIBL Hafl0 MOCTaBHTh 3HaK ILIIOC,

KOrja TOYKa HaXOjuTCsi CHpaBa OT

Hayalla xoopauHaT (x >0), u 3Hak MuHYc, KOIJa OHa HaXOMMTCS
caea ot Hero (x < 0). Takum o6pasoM, MoAyIbL CHJBL

F = 4 E’mx. (4)

Korpa Touxka Haxomurcs crpasa OoT Havana KoopauHar (x > 0),
TO Cula NMPUTSKEHHS K Hayany KOOPAMHAT HalpapjieHa B OTpHIa-
TeNbHYIO cTOPoHy ocH Ox, a motoMy cocraBiser ¢ ocbio Ox yrom
B 180° a cos(x, F) = —1.

Ecnn e Touxa HAXORUTCH CJEBAa OT Hauaja koopAuHat (x < 0),
CHna NPUTSXKEHHA HANpPap/eHa B MOJOXHTENbHYIO cTOPOHY ocu Ox
H cocrapasieT ¢ Hewo yrod B 0°, a motomy cos(x, F) = +1.

TakuM obpasom, cos(x, F) = F1, mpuueM BepXHHil 3HAaK COOTBET-
cteyer x >0, a HuxHHE x <O, ,

M3BecTHO, uTO NMpOEKIMs BEKTOPa HA OCh PaBHA MOAYJIO BEKTOPA,
YMHOXKEHHOMY Ha KOCHHYC yIJla MEXJYy BEKTODOM H OChIO. ¥MHOXKas
(A) na cos(x, F) = F1, nonyuaem

Fy= —Rmx (B)
HE3aBHCHMO OT TOTO, TAe Haxogurca Ha ocy Ox npuraruBaeMas
TOYKA.

IlcncraBnsia 3T0 3HaYeHHe NMPOEKUMH CHJAH B OCHOBHOE YpaBHe-
Hue AMHaMHKH; ‘
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noJ1yyaem nncb(bepeﬂunanbﬂoe ypasHeHue JIBPI}KCHI/ISI

d*x 2
Mmoo = —kmx (19,22
H, COKpaliasy Ha m, HMeeM
dx 2
d-t—2~ = —k X
[Mepennmewm sto ypaBHeHHe B BHJE
t2 3+ k% = (Cy

STO ypaBHeHHe, KaK MBI yXXeé FOBOPHJH, Ha3blBaeTcs ypaBHeHHEM
cBOOOIHBIX TapMOHHYECKMX KojeGaHmii. Mbl 3ameuaeMm, YTO OHO #AB-
JIAETCS JIHHEHHbIM OJHOPOJHBIM YDPAaBHEHHEM BTOPOTO fOpAgKa (HCKO-
Masg dYHKUMA — X, He3aBHCHMAs nepeMeHHas — ?).

Ero xapakTepucTnyecKuM ypapHeHHeM Oyjet

P4+k=0. (D)

HeuspecTHOE XapaKTepPHCTHYECKOrO ypaBHeHHsi MBI OGO3HAYHJIH
ne GykBO#l k, KaK 5TO Obl10 B npedbAyluX 3afadax, a /, Tak Kak
k BXOLMT yxKe B KO3(QUUIHEHT NPONOPHHOHATBHOCTH.

Pewan ypasHenue (D), HaxoguM, uro [ = +ki, a nmoToMy 4acT-
HBIMH pelleHHAMH ypaBHeHusa (D) OyxyT:

X, =coskt; x,=sinkt,
H ero ofuee peleHHe
x = C, cos kt 4 Cysinkt.

W3 navanpnbix ycsoBuit 3afjaun cnegyer, uro G, =xp; Cp =
=-‘% (onpeaenuTe 370 CaMOCTOATENILHO), MOSTOMY pelleHHeM 3ajayu,
yAOBNETBOPSIOWMM HaqalbHLIM YC/IOBHsAM, Oyxer _

Uy .
X =Xxocoskt + 