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[IpenucoBue

Hra kuura mompo6HO paccKa3biBaeT O COBPEMEHHBIX METONaX TMOCTPO-
eHNs W aHaldnm3a alropnTMoB. B Heit mompo6Ho pazobpaHo MHOTO KOH-
KPETHBIX aJTOPUTMOB; MbI CTapalnch paccka3aTh O HUX TOHITHO, HO
He oNycKas feTajiell I He KepTBYSA CTPOTOCTHIO M3MOKEHH.

AJITOPpUTMEL 3alUCaHEL ¢ Buge "nceedokoda” i IPOKOMMEHTHPOBAHEL
B TEKCTE; MBI CTAPAJINCh CAEMATh OMNCAHNE aITOPUTMa TTOHSITHBIM JTI0-
MM ¢ MUHIMAJTBHBIM MPOT PAMMICTCKUM ONBEITOM. KHITa comepKuT 60-
siee 260 PUCYHKOB, MOSCHAOIIEX paGOTy Pas3siMuHBIX aJropuTMOB. Mbr
obpaiitaeM ocoboe BHIMaHIe Ha pPeKTUBHOCTH PaCCMaTPUBAEMBIX ajl-
TOPUTMOB W TPUBOINM OINEHKN BPeMeHH WX PaGoTHI.

M&bI cTapanuch HalWCaTh YYeOHUK O TOCTPOSHWIO AJITOPUTMOB U
CTPYKTYP OAHHBIX, KOTOPBIH MOTIN GBI NCTONB30BATEH TPENOIaBaTeNn
I CTYIEHTH — OT MePBOKYPCHUKOB [0 acnpanToB. Kunra MoxeT 66ITH
NCTONb30BaHa M IS CaMOOGpa30BaHnsa MPOPecCHOHaTbHBIX TPOTrpaM-
MICTOB.

Hpeno,uaBaTeJmM:

Mgzr crapanuck cienaTh BO3MOXKHBIM HCTONL30BaHNe KHUTH Ha pas3-
HBIX YPOBHAX — OT HAYaJILHOI'O Kypca M0 NPOrpaMMUPOBAHUIO U CTPYK-
TypaM HaHHBIX [I0 aclUPaHTCKOro Kypca 1o 3H¢PeKTUBHLIM aJropuT-
MaM. B Heil ropazno Gonbile MaTepHualia, 9eM MOXKHO BKIOUHNTH B ce-
MeCTPOBBIl Kype, TaK 4TO Bbl MOXKeTe BbIOpATh I'IaBbl MO BKYCY.

Mpzr cTapannch coenaTh TAaBE DOCTATOUYHO He3aBUCHMbIMT. Kaxknas
riiaBa HaunHaeTcs ¢ Bojiee NpoOCTOro MaTepuaJa; 0ojee TpyHdHble TeMbI
OTHeCeHbl B pa3lielibl, TOMeUeHHble 3BE310UYKON U NOMelIEHHbIe B KOHEIl
r7aBLl. B Jexknusax nis HAUTHAIONINX MOXKHO OTPAHHYUTHCS HECKOIb-
KUMU MePpBBIMU paszliellaMil BIOpaHHBIX BaMU I'J1aB, OCTaBUB MOApobHOE
u3yvyeHle OCTAJbHBIX [Jis GoJiee TPOABUHYTOTO KypCa.

Kaxknerit pasmen cHabkéH ynpakhaeHusMn (Bcero nx 6omee 900): ka-
KIas TNIaBa 3aKaHINBaeTCs 3amadamu (Bcero 6omee 120). Kak npasmio,
YIpasKHeHUs TPOBEPSIOT MOHNMAaHNe M3JI0KEeHHOro MaTepnalia (9acThb
U3 HUX — YCTHBIE BONPOCHI, YaCTh MOAXOASAT O/ NTUCHMEHHOTO JOMalll-



HEero 3ananns). 3amadn Gonee pa3BEPHYTH; MHOTHE I3 HUX NONOIHSIOT
TeopeTHYeCKnil MaTepuall cCOOTBETCTBYIOLIEH I1aBbl 1 pa3dbUThHl Ha Ya-
CTH, COOTBETCTBYIOLINE HTalaM JOKa3aTelbCTBA UM TOCTPOEHMS.

3Bé3noukoll 0OTMeueHbl GoJiee TPYHHbIE YIPaKHEHUS U Pa3leibl; OHU
npemHa3zHaveHbl CKopee IS CTapIIeKyPCHUKOB 1 acnupanToB. Hazmensr
CO 3BE3MI0YKON 9acTO TPeOyIT Jyulleil MaTeMaTHIeCKON MOATOTOBKH;
yhnpaxkKHeHNe cO 3BE3/I0UKON MOXKeT TakxKe TpeboBaTh IONOMHUTENbHBIX
3HAHUI WKW MTPOCTO OBITH Gosee TPYHAHBIM.

CrymenTam:

Mgz mageeMcs, 9TO KHUTAQ HOCTABUT BaM VIOBOJLCTBUE W MO3HAKO-
MHT ¢ MeTOMAMU TOCTPOEHUS alropuTMOB. MbI cTapaiuchk mucaTh Mo-
IpoOHO, MOHATHO W MHTEPEeCHO, HAIIOMUHad MO XONny Hejla HeobGxomu-
MBI CBeINeHUS W3 MaTeMaTHKu. HoaroToBUTeNnbHBIE CBemeHUWS OOLITHO
cobpaHbl B HauyaJbHBIX pa3flenax riaBbl, KOTOPble MOXKHO Oeryio npo-
CMOTPeTh, €CJIl Bbl YK€ 3HAKOMBI ¢ TeMoii.

Kuura sTa Benmka, m Ha JeKIUIX, cKOpee Bcero, 6ymeT pazobpaHa
IUNIL 9acTh MaTepuaiia. Mul HameeMcs, 9TO ocTaBIIascsd 9acTh 6yneT
BaM MoJie3Ha ecyiu He celfuac, Tak B OylnylleM, TaK YTO Bbl COXpaHUTE
KHUTY B KayecTBe CIIPaBOYHUKA.

YTo HyXKHO 3HATH, npucTynas K ureduto? Mbl paccunThiBaeM, 4TO
BbI

® liMeeTe HEKOTOpPBIi NpOrpaMMUCTCKUNA ONBIT, U PEKypPCUBHBIE MPOIle-
IYPbl, MACCUBBI U CIUCKU Bac He MyTaloT;

® [IPOCTHIE MaTeMATHIECKIe PACCYKICHNS (CKazKeM, TOKa3aTelbCTBa [0
HHOIYKINN) BaM TaKke 3HAKOMBI (Koe-Tlle MOHANO0SATCS OTHeNbHBIE
(aKThl U3 Kypca MaTeMaTHYecKOro aHa/lu3a; B NepBoil yacTu OoJiblile
HIYero n3 MaTeMaTHKN He MOTpeGyeTcs).

Hporpammucram:

B x#ury BEIOUEHLI aNTOPUTMBI IJIS CAMBIX Pa3HbIX 3alad n eé
MOXKHO UCTOIB30BATEH KaK CIPABOTHUK. ['MaBLI MOYTH HE3aBUCHMEL, TaK
YTO MOXKHO Ccpa3y BbIOpaTh UHTepecyollnil Bac MaTepual.

HonvmimacTBO 06CYyKMaeMBIX aJTOPUTMOB BIIOJHE MOTYT OLITH WC-
NO0JIb30BaHbl Ha MPaKTHKe, U Mbl yieJsieM [I0J:KHOe BHUMAaHNe JleTalisiM
peanu3anuu. Ecam anropuT™ TpeacTaBiseT cKopee TeopeTHIecKnil WH-
Tepec, Mbl OTMeYaeM 3T0 U o0CykKIaeM aJbTepHATUBHbIE MOIXOMbI.

Ham nceBmokon nmerko mepeBecTH Ha MI0O60H S3LIK MPOTPAMMUAPOBa-
HUsI, ecqin 3TO TMoHamobuTcs. Hamo TOABKO MMeTh B BUAY, UTO MBI He
BKJTI0OYaeM B aJITOPUTMBI CHCTEMHO-3aBHCHMEIE (parMeHThl (06paboTKy
omnboK m T.1.), ITOOLI He 3aTeMHSIThH CYTH HeNa.



Onmo6ku

Kuura Taxoro o6néma He MOXKeT He colepkKaTh olnbGoK. Kcam BB
0OHAPYKMIIN OLINOKY B aHIVIMHCKOM OpUTMHAaJe KHUTHY, UK ¥ Bac eCTh
NpeliokKeHNd MO e€ UCIpaBleHNo, Mbl OyHoeM pajllbl y3HaTb 00 3TOM.
Msr Gynem ocoGeHHO palibl HOBBIM yTpaskKHEHHSM W 3amadaMm (Ho, mMo-
XKanyiicTa, npuckiIaiiTe nx ¢ perrerusmu). HouToBeril ampec:

Introduction to Algorithms

MIT Labratory for Computer Science
545 Technology Square

Cambridge, Massachusetts 02139

Moxno Takke TOAYYNTL CHOHCOK W3BECTHLIX ONeYaTOK W CO-
oOIIMTE O HaANIeHHBIX OIINOKaX C TIOMOIIBIO 3JEeKTPOHHON TI0-
YTbl; YTOOB TOAYYUTH  UHCTPYKIUM, OOUIJAUTE 1O  alpecy
algorithms@theory.lcs.mit.edu nmceMo, comepxkallee Subject:
help B 3aronoBke. U3BuHHUTE, 9TO MBI He MOXKEM IHYHO OTBETHTHL HA
BCe TUChbMaA.

[Hpu mepeBome OBLIN yUTEHBI BCe MCIPABIEHNs, IMEBIINECsS HA MO-
MEeHT W3IaHus mepeBona (mekabpb 1997), Kpome TOro, HCIPABIEHO He-
CKOJIbKO OOHapyKeHHbIX MPHU NepeBolle OlleYaTOK, HO, BO3MOXKHO, BO3-
HUKJIH HOBHIe (B 4éM BHHOBAT HaydHbIl pemakTop kuuru, A. Illens).
HostoMmy, obnapykuB oImubKy B pYCCKOM TeKCTe, He MOCHINaliTe eé
cpasy aBTOpaM: MOXKeT 6LITh, OHa BO3HUKIa mpu nepeBone! CoobinTe o
Hell cHavaJla lepeBoAYNKaM, IO ajpecy algor@mccme.ru Uin 110 Mo4YTe
(Mocksa, 121002, Hombimoit BrackeBckuii nep., 11, MockoBcknit meHTp
HETIPePBIBHOTO MAaTeMaTNIecKOoro 06pa3oBaHis, M3IaTelbCTRO). ]

HinarogaprocTu

MHorue npy3bs U KOJUIEI'H HEMAJl0 CHeJalii [Js VIYUIIeHus 3Tol
kHuru. Mpl 6iarogapumM Bcex UX 3a MOMOIb W KOHCTPYKTUBHYIO KpH-
TUKY.

JlaGopatopust urpopMaTuku MaccauyceTCcKOro TeXHOIOrHYeCKOTro
nacTnTyTa (Massachusetts Institute of Technology, Laboratory for
Computer Science) 6blsia HIeaTbHBIM MeCTOM ISl paGOTHI HAIl KHI-
roiti. Hamm Koierm mo TeopeTWUecKoil TpyIlme >Toil JTabopaTopun
OBUIN OCOBEHHO TEePIUMbI U JI06E3HO COTJIALIAINCE MPOCMATPUBATH
raaBbl KHUru. Mbl XoTenu 661 0cOBEHHO NOGHArOHaPUTh CHENYIONINX 13
wux: Baruch Awerbuch, Shafi Goldwasser, Leo Guibas, Tom Leighton,
Albert Meyer, David Shmoys, Eva Tardos. Kommnbeioreps, Ha KOTO-
pbIX roToBmiack KHura (Tpéx TumoB: Microvax, Apple Macintosh,
Sun Sparcstation) nommepxusann William Ang, Sally Bemus, Ray
Hirschfeld u Mark Reinhold; onu ke nepekomnusupoBasu TEX, ko-
ria Halu Gailiibl epecTaln TOMEeIAThCS B €0 CTaHIAPTHYIO BEPCHiO.
Komnauust Thinking Machines nonnepxupasna Yapnbza Jleiizepcona B



mepuon ero paGoThl B 3TOH KOMIAHUM.

MHorue Hallld KOJJIErd HCIOJNB30BaIu MpenBapuTelbHbie BapHaHThl
STON KHUI'M B CBOMX JIEKIIHOHHBIX Kypcax, U HPEJIOKUIN pa3indHble
yiyuinerus. Mbl xoTenu 6b1 0cOGeHHO TOBIATONAPUTL CIASAYIONINX Ha-
mnx xoser: Richard Beigel (Yale), Andrew Goldberg (Stanford), Joan
Lucas (Rutgers), Mark Overmars (Utrecht), Alan Sherman (Tufts,
Maryland), Diane Souvaine (Rutgers).

Hpu urenuwn nexiuii mo MaTepuajiaM >TOH KHUTH HaM MOMOTaJIH
HaIllW KOJJIeru, KOTOpble BHECJH MHOTO yiyuineHuii. Mbl ocobenHO
npusznaTenbhbl: Alan Baratz, Bonnie Berger, Aditi Dhagat, Burt
Kaliski, Arthur Lent, Andrew Moulton, Marios Papaefthymiou, Cindy
Phillips, Mark Reinhold, Phil Rogaway, Flavio Rose, Arie Rudich, Alan
Sherman, CIliff Stein, Susmita Sur, Gregory Troxel, Margaret Tuttle.

Muorue sonu HOMOrIM HaM B paboTe Hall KHUTOH B pa3HbIX OT-
HolleHnsix: pabora B Gubnuoreke (Denise Sergent), rocTenpunmcTBo
B unrtanbHOM 3ane (Maria Sensale), moctyn k nuwnoii GubamoTexe
(Albert Meyer), mpoBepka ympaxkKHEHHH ©U IpUAYMBIBaAaHNE HOBBIX
(Shlomo Kipnis, Bill Niehaus, David Wilson), cocTaBnenne numekca
(Marios Papaefthymiou, Gregory Troxel), TexHumweckas mOMOIIb
(Inna Radzihovsky, Denise Sergent, Gayle Sherman, m ocofenno Be
Hubbard).

Muorue omubGku OOHAPYXKUIU HAIU CTYIeHTHI, ocobenHo Bobby
Blumofe, Bonnie Eisenberg, Raymond Johnson, John Keen, Richard
Lethin, Mark Lillibridge, John Pesaris, Steve Ponzio, Margaret Tuttle.

MHorue Hallll KOJUIET'H COOGIIHIN HaM MOJEe3HYI0 HWHGOpMAIUID O
KOHKPETHBIX aJIlOPUTMAX, & TaKKe KPUTHUECKH ITPOUHTAIN OT el bHbIe
raaBel Kuurn; B ux yucie Bill Aiello, Alok Aggrawal, Eric Bach, Vasek
Chvétal, Richard Cole, Johan Hastad, Alex Ishii, David Johnson, Joe
Kilian, Dina Kravets, Bruce Maggs, Jim Orlin, James Park, Thane
Plambeck, Herschel Safer, Jeff Shallit, CIliff Stein, Gil Strang, Bob
Tarjan, Paul Wang. Muorue u3 HUX NOpemsoOXKuiu HaAM 3a/a9W [JIs
watmell kauru, cpenu HuX Andrew Goldberg, Danny Sleator, Umesh
Vazirani.

Anrnuitckuii opurnHan KHuUTH ObLI MOATOTOBIEH ¢ nomollbio IATEX
(makpomaker masi cucteMmbl TEX). Hucywkum nmemanmes Ha KOMIbIO-
Tepe Apple Macintosh ¢ momorupio mporpammor Mac Draw II; mnr
OilarofapHbl 33 ONEPATUBHYIO TEXHUUYECKYIO TONNEPKKY B 3TOil obna-
ctu (Joanna Terry, Claris Corporation; Michael Mahoney, Advanced
Computer Graphics). WHnekc GbIn HOATOTOBIEH € MNOMOIIBID MIPO-
rpammbl Windex, nanucanuoit aBropamu. Cnucok JIuTepaTypbl TOTO-
Buiics ¢ mnomoinbio nporpamMbl BIBTEX. Opurunan-makeT aHTIIHii-
CKOTO u3iaHus ObLI HOATOTOBJIEH B AMEPUKAHCKOM MaTeMaTHYeCKOM
oblliecTBe ¢ TOMOIbI0 GoToHabopHON Malunbl GupMbl  Autologic;
MBI TIpH3HATENBHBI 3a momoiilb B 3ToM (Ralph Youngen, Amepukan-
CKOe MaTeMaTHdeckoe obiecTBo). Maker paspaborann: Rebecca Daw,
Amy Henderson (peammsanunst makera mias cucteMmbl KWIEX), Jeannet



Leendertse (06moxka).

ABTOPBI MOMYUNAN GOIBITOE YAOBOILCTBUE OT COTPYMHNUECTRA C W3-
natenbcTBaMu MIT Press (Frank Sallow, Terry Ehling, Larry Cohen,
Lorrie Lejeune) u McGraw-Hill (David Shapiro) u 6naromapunl um
3a MOAMEPXKKY M TepleHne, a Takke 3aMeuaTelbHOe PelakTHpPOBAHUE
(Larry Cohen).

Haxoner, aBroper 6maronapst cBonx xkéH (Nicole Cormen, Lina Lue
Leicerson, Gail Rivest) m meteit (Ricky, William u Debby Leicerson;
Alex n Christopher Rivest) 3a m1060Bb 1 monnep:kky mpu paboTe Hall
kuuroil (Alex Rivest Takxke momor nam ¢ "napadoxcom dneti poxwcdenus
na Mapce” (pasmen 6.6.1). Jlro6oBb, TepleHmne n MommepXkKKa HAIINX
ceMell crenanan 3Ty KHUTY BO3MOKHOI, IM OHa U TOCBSAIIIAETCS.

Kembpudxc, Tomac Kopmen (THomas H. CORMEN)
Maccauycemc Yapnb3 JIEN3EPCOH (CHARLES E. LEISERSON)
mapm 1990 200a Pouanbn PuBecT (RoNaLD L. RIVEST)

OT II€EPeBOAYUKOB:

Mur mpusHaTenbubl n3naTenbecTBY MIT m aBTOpaMm 3a paspelieHine
nepeBeCTH KHHUTY, I 3a MOMOIIb PN NOATOTOBKE TepeBona (B TOM Wi-
clie 3a NpenocTaBlieHne aHTJIHICKOTO TeKCTa KHUIHM U HILIIOCT paluil B
57K TPOHHOI (opme). U3nanme mepeBona cTano BO3MOXKHO Graromaps
dunauncopoit nognep:xkke Hoccuiickoro honna dhyHnaMenTalbHbIX UCCIE-
nmoBaHmil (pykoBomuTens mpoekTa B.A. Ycnenckmit).

B paGore Ham nepeBomoM KHUTH ydYacTBOBaJa GOJblias IPynna cTy-
JNEeHTOB, aClUPAHTOB U COTPYIHUKOB MOCKOBCKOTO IleHTpa HelmpephiB-
HOrO MaTeMaTuueckoro obpasosanus, Hezapucumoro MockoBcKoro yHu-
BepcuTeTa m MI'VY:

K. Henos, FKO. Hopasnés, H. Horuu, B. Dopenux, IH. Hepsruu
10. Kannumkan, A. Karanona, C. JIbBoBckuii, A. Homamienxo, K. Co-
v, K. Tpymkun, M. Yimakos, A. Hlens, B. Hlysanos, M. FOnamxun
(mepeBon)

A. Axumos, M. Brrorun, . Hepsrun, A. Espumbenckuii, F0. Kau-
unmkan, A. Homamenko, A. Yepros M. Yurakos, A. lllens (penaktu-
poBaHue)

B. Hannonos (BépcTka)

B.B. Sluenko (pemakTop)



1 BBenenne

B aToit rmaBe MbI paz6upaeM OCHOBHBIE TTOHSATHUSA W METOMIBI, CBA3AHHEIE
¢ MOCTpPOEHMEM N aHaJIN30M aJTOPUTMOB, Ha TPUMEpe MBYX aJrOpPUT-
MOB COPTHPOBKN — TMPOCTEHTIEr0 aJTopuTMa COPTUPOBKN BCTABKAMU
n Gosee 3pPEKTHUBHOTO AJTOPUTMA COPTUPOBKN CIANAHIEM.

Ha sTux mpumepax MBI TO3HAKOMUMCS ¢ TICEBIOKONOM, Ha KOTOPOM
MBI 6yIieM 3aMMCHIBATH aJITOPUTMBI, 0603HAUYEHNAME [JI CKOPOCTH PO-
cTa GyHKIuHi, MeTogoM “pazdeadi u éaacmeyl” TOCTPOCHIS aJlOPUT-
MOB, & TaK¥Ke ¢ IPYTUMU MOHATHAME, KOTOpBIe GYIYT BCTPEUATHCA HaM
Ha TPOTSKEHNN BCell KHUT.

1.1 Aaropurmbl

Asroputm (algorithm) — 5T0 dGopmanbHO onmcaHHas BEIYHCINTENb-
Has [polenypa, HONyYalollas UcXoNHEle HaHHEIe (Input), HasbIBaeMble
TaKXKe BXOIOM aJIlOPUTMa WU/N ero apryMeHTOM, U BBELIAIOLIAS pe3ysib-
TaT BLIUNCIEHUIT Ha BbIXon (output).

AnropuTMBl CTPOATCS M PellleHns TeX NN NHBIX BBIYMCIMTEIBHEIX
samaa (computational problems). dopMynupoBKa 3amaunm OMHCHIBaeET,
KaKiUM TpeOoBaHHAM IOJIKHO YOOBAETBOPATHL pellleHle 3aladi, a al-
TOPUTM, pellaloliuii 5Ty 3a1a4y, HaXOOUT 00beKT, STHM TpeboBaHusIM
YIOBJIETBOPAIOLINIL.

B oroil riaBe MBI paccMAaTpHBaeM 3ajady COpTHPOBKH (sorting
problem); momMmmo cBoeill mpaKTHYecKONl BaKHOCTH HTa 3alada Ciy-
KUT yOOOHBEIM NPUMEPOM [/ WUIIOCTPANUN PA3IHYHEIX HOHATHE I
MeTonoB. OHa ONUCHIBaeTCS TaK:

Bxox: HocienoBaTelbHOCTD 1 qncern (ay, dg, ..., 4y ).
Boixon: HepectanoBka (af, d), ..., al) mCXOmHON MOCIENOBATENBHOCTH,
s kotopoii af < aly < ... < al.

Hanpumep, nomyuns ma Bxonm (31,41,59,26,41,58), anropuTm copTu-
POBKH [OJJKeH BBIIATH Ha Beixon (26,31,41,41,58,59).

Honnexalinas copTupoBKe MOCHENOBATENLHOCTL HA3LIBAETCS BXOZOM
(instance) 3amadn COPTHPOBKIL.



Taaea 1 Beedenue

MHorue ajJropuTMbl HCIONB3YIOT COPTUPOBKY B KaueCcTBe MPOMekKY-
TouHOro Iara. UmMeercs MHOMO pa3HbIX aJrOpUTMOB COPTHPOBKU; BbI-
60p B KOHKPETHON CUTYAIlUU 3aBUCUT OT IJIHHBI COPTUPYEMON TOCIe-
JOBATENBLHOCTH, OT TOTO, B KaKO#l CTEeNeHH OHa YXKe OTCOPTUpOBaHa,
a TakXKe OT THIA MMEOIIeNcs MaMsiTH (OmepaTHBHAs MaMsATh, MHCKN,
MarHUTHBIE JIEHTHI).

AnropuTM cunTa0T npaBWIBHEIM (correct), ecan Ha JIOGOM IOMYCTH-
MOM (I1si TAHHOI 3a/1adi) BXOIE OH OH 3aKaHINBaeT paboOTy I BHLIAET
pesyibTaT, yIoBieTBopsoiuil TpeGoBanusM 3amauu. B aToMm ciyuae
TOBOPST, YTO AJITOPHTM pemaeT (Solves) TAHHYIO BEIYHCINTEIBHYIO 3a-
nady. HempaBumabHBI anropnTM MOXKeT (I HEKOTOPOTO BXOZIa) BOBCe
He OCTAHOBUTHLCS W/ HaTh HENPABIIBHEIN pesynbTaT. (Bunpouem, sto
He NeJlaeT aJrOPUTM 3aBeloMo Oecrone3HbiM — ecii OubKH 10CcTa-
TouHo penku. HomobGHas cuTyanus BCTpeTuTcs HaM B riaBe 33 npu
noucke 60sbInnxX npocThix ducen. Ho 5To Bcé ke ckopee uckioueHue,
YeM ITPaBUIO.)

AsropuT™ MOXKeT ObITh 3alUCaH Ha PYCCKOM HJIM AHTJIMHACKOM S3bIKe,
B BHIe KOMIIBIOTEPHON MpOrpaMMbl WM JlaXKe B MalllWHHBIX KOMaX —
BaXXHO TOJIBKO, UTOGK MpOIENypa BeIUHCIEHU Oblia YETKO ONUCcaHa.

Mbl  6ymeM 3alUChIBATh AQJTCOPUTMBI € [OMOIIBI  TCeBAOKOAA
(pseudocode), KOTOpHII HATOMHIT BaM 3HAKOMBIE S3BIKH IIPOTpaM-
vupoBarus (Cu, Hackanb, Anron). Hasuuna B ToMm, 9TO WHOTIA MBI
mo3BoJiseM cebe OmHcaTh OEeHCTBHS aJCOPUTMa ~CE0UMU CAOBAMU”,
ecnu TakK TmojiydyaeTcs sicHee. Kpome TOro, Mbl OIMyCKaeM TexXHO-
gormueckne mompobHOCTH (06paBoOTKY OmINGOK, CKaKeM), KOTOpHIe
HeOOXOMUMBI B peasibHOIl MporpaMme, HO MOTYT 3aCIOHUTH CYIIECTBO
nena.

CopTupoBka BcTaBKaMu

CoprupoBka BeraBkamu (insertion sort) ymoGHa s COPTHPOBKH KO-
poTKux mociiefnoBaTelbHocTell. UMeHHO TakuMm crnocoboM oGBIYHO COp-
TUPYIOT KapThi: IepkKa B JIeBOll pyKe yKe yIOpsIOUeHHbIe KAaPThl U B3sB
MpaBoil PYKOWl OuepenHyo KapTy, Mbl BCTaBiseM €€ B HYXKHOe MecTo,
CPABHEBAas ¢ MMEIOIINMICS I UIs CIpaBa HaleBo (cM. puc. 1.1)

3anuieM 3TOT aJropuTM B BUe Npolenypbl INSERTION-SORT, na-
paMeTpoM KoTopoil sBuseTcss maccuB A[l..n] (mocmemoBaTenbHOCTH
ITAHBL 1, TOMJIekKAallas cOpTHpoBke). Mbl 060o3HaTaeM YNCIO BIeMeH-
ToB B MaccuBe A uepes length[A]. HocrenoBatenbHOCTh COpTHPYeTCs
"na mecme” (in place), Ge3 MOMONHUTENBHON MaMsITH (MOMHEMO Mac-
CHBa MBI ICIOJB3yeM JINIIb GUKCHPOBAHHOE UNCIO sideek naMsTn). Ho-
cJie BBITIOIHEHUS Tponenypbl INSERTION-SORT maccuB A ymopsmnoueH
[0 BO3pacTaHUIO.
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Pucynok 1.1 CoprupoBka KapT BCTaBKaMUI

INSERTION-SORT(A)
1 for j + 2 to length[A]

2 do key + A[j]

3 > no6aBuTh A[j] kK oTcoprupoBanHoit wactn A[l..7 — 1].
4 17 —1

5 while ¢ > 0 and A[i] > key

6 do Ali + 1] + A[¢]

7 11— 1

8 All + 1] + key

Pucynox 1.2 Ha6ora nponenypst INSERTION-SORT mist Bxoga A = (5,2,4,6,1,3).
Hosumnmsa j nokasama KpyKKOM.

Ha puc. 1.2 nokasana pa6ora anropntma mpun A = (5,2,4,6,1,3).
Nnnexe j ykasviBaeT “ouepeduyio xapmy” (TOTBKO 9TO B3ATYIO €O
ctona). Yduactok A[l..7 — 1] cocTaBnsioT yke OTCOPTHPOBaHHBIE
KapThl (7eBas pyka), a A[j 4+ 1..n] — ewmé we npocmoTpennsie. B mu-
k7te for mHEKC j TpoGeraeT MacCuB cleBa HampaBo. Ml Gepéu saeMenT
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A[j] (cTpoka 2 anropuTma) U CIBUTAEM HIAYIIHE Tepel HUM 1 GONbIIe
ero Mo BeluvuHe HIeMeHThl (HauuHas ¢ j — 1-T0) BIpaBo, 0CBOGOK A
MeCTO TSI B3STOTO ieMeHTa. (cTpokn 4-7). B crpoke 8 snement A[j]
noMelaeTcss B 0CBOGOKIEHHOE MeCTO.

Hcesmokon

BoT ocHoBHBIE cornallieHus, KOTOpbie Mbl GyIieM HCIONb30BATh:

1. OrcTyn oT 51€BOro MmoJisi yKa3kiBaeT Ha YPOBeHb BioxkeHHocTH. Ha-
npuMep, Teno mukna for (cTpoka 1) coctonT m3 cTpok 2-8, a Teno mu-
kia while (cTpoka 5) conep:xkut ctpokn 6-7, Ho He 8. HTo Xe mpaBmio
npumensiercs u nis if-then-else. HTo nenaer usaumninuM crenuaibHbe
KOMaH[IBl THIA begin n end st Hawasa 1 KoHia 6ioka. (B peanbHBIX
SI3BIKAX TMPOrpaMMUPOBAHUS TaKoe corJiallleHne MPUMEHSeTCs PeIKo,
MOCKOJBKY 3aTPYIHSET UTeHle TPOrpaMM, NepexXoisiiinX O CTPAHUIIbI
Ha CTPaHNIy.)

2. Huknbr while, for, repeat m ycioBHBIe KOHCTPYKInU if, then, else
HMeIT TOT XKe cMbici, uTo B Hackaie.

3. CumBoOIn > HAUMHAET KOMMeHTapuil (MIyIINil 10 KOHIA CTPOKH).

4. OmHOBpeMeHHOe TpHCBanBaHUe i — j 4 e (mepeMeHHBIE § U j
MOy YaloT 3HAUYEHNe €) 3aMeHseT IBa MPUCBANBAHNS J ¢ € 1 < j (B
5TOM TOPSIIIKE).

5. Hepemenubie (B maHHOM ciydae i, ], key) MOKaIbHBI BHYTPH IIPO-
nenypsl (eciin He OTOBOPEHO TMPOTHBHOE).

6. Uumekc MaccuBa TuIreTcs B KBAAPATHBIX CKoOKax: A[l] ecTh i-ii
snmemenT B MaccuBe A. 3mak ”..” Beimensier gacThb MaccuBa: A[l .. j]
obo3HavaeT yuacToK MaccuBa A, Brmiouatorinit A[1], A[2],..., A[j].

7. Yacto mcnonp3yioTcs obbekTer (objects), cocrosiume m3
Heckonbknx mosmen (fields), mnm, kax roBOpAT, uMeoIIEe He-
CKONBbKO aTpubyTos (attributes). 3HadueHme moss 3amnceIBaeTCs Kak
umA_noag umi_o6wexmal. Hampumep, mimHa MaccmBa CUHTAETCS €ro
aTpubyrom u obozHauaeTcs length, Tax 4TO IIMHA MacCHBa A 3amu-
mweTcst kak length[A]. Yto ofo3HauaoT KBagpaTHbIe CKOOKH (3/IeMeHT
MaCCHBa WIN Toe 00BeKTa), 6yIeT sSICHO N3 KOHTEKCTA.

Hepemennas, obo3Hauatolias MacCuB Wi OOBEKT, CUNTAETCS yKa3a-
TeJleM Ha COCTaBIsiOlINe ero nanubie. Hoclte mpucBaunBanus y — & s

no6oro nonst f Burmosueno fly] = f[xz]. Homee Toro, eciim MbI Temepb
BRITIONTHUM onepaTop flz] < 3, To GymeT He Tombko flz] = 3, HO m
fly] = 3, mockonbKy mocie y ¢ x mepeMeHHBIe & W Y YKa3bIBAOT Ha

OIIMH U TOT Ke OObeKT.

YxazaTens MOXKeT UMeTh CleliajdbHoe 3HaUeHNe NIL, He YKa3bIBalo-
l1lee HU Ha OJUH OOBLEKT.

8. Hapamerpsl nepenatorcs mo snauenmo (by value): BbI3BaHHas po-
neAypa nojydaeT cOOCTBEHHYIO KOMUIO MapaMeTpoB; U3MeHeHue mapa-
MeTpa BHYTPHU TPONenyphl cHapyku HeBunuMo. Hpu nepemade o6nek-
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TOB KONMUpyeTcs yKa3aTedb Ha NaHHbIE, COCTABIAIOIINE 3TOT 00BEKT,
a caMmMm mons obbekTa — HeT. Hampumep, ecim & — mapaMeTp Ipo-
HeAypbl, TO TpUCBaUBaHue X 4— %, BHINOJHEHHOE BHYTPU TIPOIENYPHI,
CHapYKW 3aMeTHTh Helb3s, a npucBanBanne f[x] < 3 — MOKHO.

Yupaxuenus

1.1-1 Crenys o6pasny puc. 1.2, nokaxuTte, Kak padoraer INSERTION-
SORT Ha Bxome A = (31,41,59, 26,41, 58).

1.1-2  UsmenuTe nponenypy INSERTION-SORT Tak, YTOGHE OHA COPTH-
poBaJia YHCIA B HEBO3PACTAOIIEM NOPSIKe (BMECTO HEYOBIBAIOIIIETO).

1.1-3  HaccMoTpuM Clenyollyio sagady IONCKa:
Bxon: HocnemoBatensrocts n ancen A = (ay,az, ..., a,) 0 9UCIO V.

Buixon: Wunekc i, nis kotoporo v = A[i], winm crennajibHOe 3HAUEHUE
NIL, eciii © He BcTpedaercs B A.

Hannuinre mporpammy smmeimoro momcka (linear search), koTopbrit
HOCIIEe0BATEIBHO POCMaTpUBaeT A B MOUCKAX v.

1.1-4 Jla"BLI OBa M-3HAYHLIX NBOMYHLIX UYNCIA, 3AMNCAHHLIX B BHIE
n-37meMeHTHEIX MaccuBoB A n B. TpeGyercs momectuTsh nx cymmy (B
nBongHON 3amucu) B (n + 1)-smemenTHbril MaccuB C'. Y TOIHITe MOCTa-
HOBKY 3a/laull U 3allUIlIUTe COOTBETCTBYIOUIYIO IpOrpaMMy Ha ICeBIIO-
Kojle.

1.2 AHanu3 aJirOpuTMOB

HaccmaTpuBas pasindHble aJlTOPUTMEI PellleHns OMHOM W TOIl JKe 3a-
nadm, TOJIe3HO TMPOAHAIN3UPOBATH, CKOIBKO BLIYUCIUTENLHBIX pecyp-
COB OHNI TpeOyIOT (BpeMsi BHIMOIHEHNS, TaMsTh), I BEIOpAaTh Hanbosee
adexTuBHBI. KoHeuHo, HAIO MOTOBOPUTHCS O TOM, KaKas MoIedb BbI-
YHUCIIeHN Ncnoib3yeTcs. B »Toll KHUre B KauecTBe MOIENN MO HONbIei
JacTu UCHOJIB3yeTCs 0OBIIHAas OMHONPOIEeCCOPHAs MAIIMHA ¢ MPON3BOIIb-
HeM gocrynmom (random-access machine, RAM), ne mpemnycmatpuBaio-
11as MapaJielbHOro BhIMOTHeHNs onepanuii. (Mbr paccMoTpum Heko-
TOpBIE MOJENN NAPAJebHBIX BEIUNCAEHNI B MOCTeNHell 9acTH KHNUTT. )

COpT]l[pOBKa BCTaBKaMH: aHAJIN3

Bpems copTupoBKE BCTaBKaMU 3aBUCHT OT pa3Mepa COPTHPYEMOTO
MaccuBa: ueM 6oJbllle MacCuB, TeM Goibllle MOKeT NOTpeboBaThCs Bpe-
menu. OObIYHO W3yYalOT 3aBUCHUMOCTH BpeMeHU paboThl OT pasMmepa
Bxona. (BmpoueM, misi anropmTMa COPTHPOBKE BCTABKAMU BajKeH He
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TOJILKO pa3Mep MacChuBa, HO W MOPSIOK €ro BIeMEeHTOB: eclii MaCcCuB
NOUTH YIOPSIOYeH, TO BpeMeHN TpebyeTcsi MeHblIIe. )

Kaxk m3mepsiTh pasmep Bxoma (input size)? HTo 3aBucHT 0T KOHKpeT-
HOIT 3ajiaun. B onHux ciyyasx pazsyMHO CUYHTATh YUCHO BIEMEHTOB Ha
Bxoze (copTmpoBKa, mpeobpasoBanne Pypwe). B npyrux 6omee ecte-
CTBEHHO CUUTATh 0blllee uucio GUTOB, HEODXOMUMOE MJIs TpencTaBiie-
HUs BCeX BXOMHBIX HaHHBIX. MHOTHA pa3Mep BXoma uzMepsierTcs He Ofl-
HIM 9ICIOM, & HECKOJNBKUMIE (HAIPUMep, THCI0 BEPUINH I 9ncio pébep
rpaga).

Bpemenem paGorer (running time) amropumTma MBI Ha3bIBaeM UHCIO
BJeMEeHTAPHBIX [IAroB, KOTOPbie OH BBITIOJHAET — BOIPOC TONLKO B
TOM, UTO CUHTATh DJIEMEHTapHbIM HiaroM. Mbl 6yneM monaraTh, 4TO
OIlHa CTPOKa MceBIoKona Tpebyer He Bosiee ueM GUKCHPOBAHHOIO YHUCIIA
omepanuii (ecian TOTBKO 3TO He CIIOBECHOE ONMICAHNe KaKOH-TO CIOKHOI
omepanun — THIA ~“OMCoPmMuposams 6ce mouku no r-koopduname”).
Mpgr 6ynem pasnundaTh Takxke ei3os (call) mpomenypsr (Ha KOTOPBIi yXo-
IUT GUKCHPOBAHHOE INCIIO ONepanuii) n eé ncnommenne (execution), Ko-
TOpOe MOXKET GBITh MOJITIM.

Wrak, Bepuémcs k npotenype INSERTION-SORT 1 OTMETUM OKOJIO Ka-
KO CTPOKH €€ CTONMOCTB (IHCIIO ONepalnnii) I 9ucio pas, KOTOpoe HTa
cTpoKa ncnonusiercs. s kaxmoro j ot 2 no n (3nech n = length[A] —
pasMep MaccuBa) MOACYNTAEM, CKOIBKO pa3 6yIeT NCIOMHeHa CTPOKa b,
1 0603HAYHM HTO 4HCI0 depes ¢;. (3aMeTnM, 94T0 CTPOKH BHYTPH MHKIIA
BBITIOJIHSIOTCS Ha OMH pa3 MeHbIle, YeM MPOBePKa, MOCKOIBKY MOCIHIe-
Hsisl TPOBEPKa BBIBOAMT U3 IUKIIA.)

INSERTION-SORT(A) CIMOUMOCTIL UUCAO PA3
1 for j « 2 to length[A] 1 n
2 do key <+ A[j] 2 n—1
3 > mo6aBuTH A[j] K oTcOpTHPO-
> BaHHO# actm A[l..j —1]. 0 n—1
4 17 —1 cq n—1
5 while i > 0 and A[i] > key s diat
6 do Ali + 1] + A[¢] s > oty —1)
7 ie—i—1 7 Dot = 1)
8 Al + 1] « key cs n—1

Crpoka cTOUMOCTH ¢, HOBTOPEHHAS M pa3, NaéT BKIal cm B oblliee
ancio onepanuii. (s kommaecTBa NCTONB30BAHHON TAMSITH 3TOTO CKa-
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3aThb Hemb3s!) CIIOXKNB BKNANBI BCEX CTPOK, MONY UMM

T(n)=cn+cy(n—1)+ca(n—1)4+ C5Zt]‘ +

i=2

—|—c6zn:(tj -1+ C7zn:(tj — 1)+ es(n—1).

Kak mbl y:ke roBopuIii, BpeMsi paGOTH MPOIENyPhbl 3aBUCHT HE TOJIBKO
OT M, HO U OT TOr0, KaKO#l NMEHHO MAacCUB pa3Mepa n MofaH eil Ha BXOI.
Hust mponienypst INSERTION-SORT Haubosiee GraronpusiTeH ciydaii, Ko-
r7la MacCuB yXKe OTCOPTHPOBaH. Torma Muki B CTpoKe 5 3aBepllaeTcs
nociie MepBoil ke TpoBepKn (MocKombKy A[i] < key mpu ¢ = j — 1), Tax
4TO Bce ; paBHBI 1, 1 oblllee BpeMs eCTh

Tn)=cn+c(n—1)+can—1)4+c(n—1)+cs(n—1)=
=(c1+catces+es+eg)n—(ca+ st es+ cg).

Taxum o6pasom, B Hanbosee 6raronpusTHOM ciaydae BpeMs 1'(n), Heo6-
XomnmMoe 1Jiss 06paboTKN MacCuBa pasMepa n, SBAACTCS JIMHeWHol byHK-
mueit (linear function) ot n, t.e. nmeer Bun 7'(n) = an 4 b nas Hexo-
TOPBIX KOHCTAHT @ u b. (HTH KOHCTAaHTHI OmpenensifoTcs BEIGpaHHBIMI
3HAYEHUSAMN €1, . .., Cs.)

Ecnn xe maccuB pacronoxen B o6paTHOM (yObIBamoIleM) TOpPSIIKe,
BpeMst paboThI MPONENyphl OyIeT MaKCHMaJdbHBIM: KasKIbIil HIeMeHT
Alj] npunérest cpaBHETH co Bcemnu simementamu A[l]...A[j — 1]. Hpu
aToM ¢; = j. Bcnomunas, 4ro

n

;j _ n(n2—|- 1) .y Z(] )= n(nQ— 1)

i=2

(cM. ri1. 3), momydaeM, 9TO B XYIIIEM CIIydae BpeMsi paBGOThI MPOTEY Phl
paBHO

Tn)=cn+c(n—1)+cn—1)+cs (m— 1) +

2
n(n—1 n(n—1
+ ¢6 nln — 1) + e7 nln — 1) +oes(n—1)=
2 2
s g C s g ¢
= (55+56+?7)n2+(CI+CQ+C4+E5_E6_E7+CS)H_

— (e2+cates+cs)
Teneps ¢yuknus T'(n) — xsagparmamas (quadratic function), T.e.
umeer Bun T(n) = an? 4+ bn + c. (Koncrautsot @, b u ¢ cHOBa onpe-

NeJId0TCd 3HaUeHUAMU €1—Cg )
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Bpems paboTH B XyalIeM cJIydae U B CpeXHEM

NrTak, MBI BEOIM, YTO BpeMs pabOTEL B XyIIIeM clydae 0 B JIydIleM
cilydae MOTYT CHJIBHO pasinyarhesa. Homblrell gacThio Hac 6ymeT IH-
TepecoBaTh BpeMs paGoTH B XyAuleM ciaydae (worst-case running time),
KOTOpOe oIpefesseTcs Kak MaKCIMaJbHOe BpeMs paGOTHI IS BXONOB
nanporo pasmepa. Houemy? BoT HeckonbKo mpuymH.

e 3uas BpeMms paGOTHI B XY/ILIEM cClydae, Mbl MOXKeM TapaHTHPOBATH,
YTO BBITIOJHEHNE AJTOPUTMa 3aKOHYUTCSA 32 HEKOTOpPOe BpeMs, Naike
He 3Has, KaKOil MMeHHO BXOI (IaHHOTO pa3Mepa) MOMAIETCs.

e Ha mpaktuke "n.ozue” Bxonmbl (Ii1si KOTOPHIX BpeMsi pabOTHI GIM3KO
K MaKCHMYMY) MOTYT 9acTO nomangarhes. Hampumep, mist 6aser man-
HBEIX TIOXIM 3alPOCOM MOXKET OBITh TONCK OTCY TCTBYIOIIET0 HIIeMeHTa
(mOBOMIBLHO YacTast CHTYAIINS).

e Bpewms paGoThl B cpefHeM MOXKeT GbITH IOBOIBHO GIM3KO K BpeMeHH
paBoTHl B XymmeM ciydae. HycTs, HanpmMep, MBI COPTHpYeM CIy-
YailHO PACHONOKeHHbIe N YNCeNl B MOMOIIBIO MPONenypsl INSERTION-
SORT. CKOJIBKO pa3 NpUAETCS BBIMOIHUTH IUKJI B cTpokax Hh—87 B
CpellHeM OKOJIO MONOBUHEBL yeMeHToB MaccuBa A[l . .7 — 1] Goabe A[f],
TaK 4TO {; B CpelHeM MOXKHO CUNTAThb paBHBIM j/2, u Bpems T'(n)
KBAJIPATHIHO 3aBUCHT OT M.

B nekoTopBIX ciiydasx Hac OyneT MHTEPecoBaTh TaKKe cpenHee BpeMs
paboTer (average-case running time, expexted running time) anropurma
Ha BXONax maHHol nianubl. KoneuHo, 3Ta BelnInHa 3aBUCAT OT BHIOPAH-
HOTO pacipeneseHns BeposTHOCTel (0GBIIHO PacCMaTpPUBAETCS PaBHO-
MepHOe pacrpeliesienne), i Ha NPaKTHKe pealbHOe paclpeneieHne BXO-
TIOB MOJKET OKa3aThest coBceM npyrum. (Muorma ero Moxuo mpeobpaso-
BATh B PABHOMEPHOE, NCIONb3Ys MATUNK CIyIaiiHBIX THCe.)

Hopsanmok pocta

Hamr awanus Bpemenu paboThl mporenypbl INSERTION-SORT 6bL1
OCHOBaH Ha HECKOJNbKNX VIIPOMIAIONINK Npennonokenusx. CHavama
MBI TIPEATNONOKIIIN, YTO BPeMs BBINOJHEHUs -l CTPOKH NOCTOAHHO W
paBHO ¢;. 3aTem MBI orpybunn ouenky no an’ + bn + c. Ceityac MBI
NOMAEM ellé masblie W cKajkeM, 4TO BpeMs paboThl B XYIIIEeM CJIydae
uMeeT mopsamok pocta (rate of growth, order of growth) n?, or6pacsr-
Bas WIEHBl MEHBIINX MNOPSIKOB (MIMHEHHBIE) I He MHTEPeCysich KO-
@uununentom npu n?. Hro sanuceBator Tak: T'(n) = O(n?) (mompobuoe
o6bsicHeHNe 0603HAYEHNTT MBI OTJIOKIM [0 CIEIYIOIel IIaBbl).

AnropnT™M ¢ MEHBIIUM TOPAIKOM pPOCTa BpeMeHH paboThl 0OBIYHO
IPeANoYTHTENeH: eC/I, CKakKeM, OlMH aJIlTOPUTM HMeeT BpeMs paboThl
O(n?), a npyroit — O(n?), To nepswIil Gonee spdexTuBen (Mo Kpaitneii
Mepe ISl IOCTATOYHO IJIMHHBIX BXOMNOB; OVIYT JIM peabHble BXOIbI
TaKOBBIME — JIPYTOHl BOMPOC).



Hocempoenue aseopummos 15

Yupaxuenus

1.2-1  Hynmem copTWpoBaTh MAacCHB U3 1 3JIEMEHTOB TaK: TPOCMOTPHUM
ero n HalaéM MUHUMAJbHBIN 3JeMeHT, KOTOPHI CKONAPYeM B NePBYIO
SYellKy OPyroro MacCuBa. 3aTeM IPOCMOTPIM €ro CHOBa I HaliméM cie-
OYIOUINH 3JeMeHT, n Tak najee. Takoll cmoco6 cOpTUPOBKH MOXKHO Ha-
3BaTh COPTUPOBKOM BEIOOPOM (selection sort). 3anuInTe YTOT aJITCOPUTM
¢ TIOMOIIIBIO TICEBIIOKOMa. ¥ KayKNTe BpeMs ero paGoTHl B IyUIlleM U Xy-
eM CayJasx, HCHONb3ysA O-0603HaYeH .

1.2-2  Bepmémcs Kk anropuTmy JmHeiiHoro nomcka (ymp. 1.1-3).
Ckonbko cpaBHeHUil noTpebyeTcs B CpelHEM DTOMY AJIFOPUTMY, ecili
HCKOMBIM 3JIEMEHTOM MOXKeT ObIThH JI060I IeMeHT MaccuBa (¢ OmmHa-
KOBOIl BeposiTHOCTHI0)? KakoBo BpeMsi paGOTHI B XyIIeM CiIydae I B
cpentem? Kak 3anmcaThk 3TH BpeMeHa € HOMOIIbID ©O-0b603HaueHn?

1.2-3  JlaHa MOOCHeNoBATENbHOCTh UYWCEeN Z1,%3,...,T,. HOKakNTe,
aTO 3a BpeMsi O(nlogn) MOKHO ompenennThb, eCTh JI B TOH MOCIe-
HOBATEJBHOCTH IBa ONUHAKOBLIX YKUCIA.

1.2-4  Jlaubl KoahPUINEHTH ag, a1, . . ., G,_1 MHOTOUJIeHa; TpebyeTcs
HaflTu ero 3HaveHue B 3alaHHoll Touke x. OQNuiliuTe ecTECTBEHHBIN adl-
TOPUTM, TpeOyIINil BpeMeHn @(nz). Kax BHITOTHUTE BEIUUCIEHNS 33
BpeMst ©(n), He WCHOMB3Ys NONOTHUTENBHOrO MaccuBa? McmonbsyiiTe
"cxemy I'opnepa”

n—1
Z a;zt = (.. (@p—12 + ap_2)x+ ...+ a1)z + ag.

=0

1.2-5 Kax 3anmcaTh BhIpakeHue n3/1000 —100m2 — 1001+ 3 ¢ momo-
b0 ©-0603HadyeHnii?

1.2-6 HouTu miobolfi anTOPUTM MOKHO HEMHOTO W3MEHHTH, Pall-
KaJIbHO YMEHBbIIIUB BpeMs ero paboThl B jyulliem ciydae. Kak?

1.3 Hocrpoenue ajropurmon

EcTh MHOTO cTaHAAPTHLIX TPHEMOB, HCTONH3YEMBIX TPH TOCTPOSHUN
asnroputTMoB. COPTUPOBKA BCTABKAMU SBJISETCS TPUMEPOM aITOPUTMA,
neficTByomiero no maram (incremental approach): Mbr noGaBisiem ire-
MEHTHI ONWH 33 APYTUM K OTCOPTHPOBAHHON YacTH MacCHBAa.

B »Tom paszmene MBI MoKaxkeMm B IeficTBUN APYTOil TOMXOM, KOTOPDII
Ha3BIBAOT “pazdeaqii u eaacmeyi” (divide-and-conquer approach), n
MOCTPONM € €70 TOMOIIBIO 3HAUNTENBHO Goee BLICTPHINT alTOPATM COpP-
THPOBKI.
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1.3.1 Hpwamm "pazdeqadii u eaacmeyi”

MHoTrne amropuTMBbl O TPHPONe pekypcusHH (recursive algorithms):
peliasi HEKOTOPYIO 3a/1ady, OHN BBI3LIBAIOT CaMUX ceOs I pelleHns
eé nomsanad. Unes Metona "pazdeadi u éaacmeyi” COCTONT KaK pa3 B
sTom. CHavama 3amada pa3duBaeTcs Ha HECKOIBKO MOM3a1ad MEHBIIIEro
pasMepa. 3aTeM 5TH 3a[adN PEIIaloTcs (¢ TOMOIIBIO PEKYPCHBHOTO BhI-
30Ba — IJIN HENOCPENCTBEHHO, ecii pa3Mep mocTaTodHo mas). Hako-
Hell, X pelleHus KOMOMHUPYIOTCS W TOMYYaeTCs pelleHne NCXOTHOI
3a1ad1.

Hiist 3amaqm COPTUPOBKE 3TH TPH 3Tala BHITAAAAT Tak. CHaTama Mbl
pa3buBaeM MacCHB Ha IBe MOJOBHHBEI MEHBIIEro pasMepa. 3aTeM MbI
COPTUpYeM KakKIylo U3 MOMOBIH oTHenbHO. Hoce sToro Ham octaérces
COENNHNTH [1Ba YIOPSIOUEHHBIX MACCHBa MOJTOBIHHOTO pa3Mepa B OIH.
HekypcuBHoe pasbueHne 3amadnm Ha MeHBIINE TMPONCXONNT 10 TeX MOp,
MOKa pa3Mep MacChBa He NOMIET M0 eNMHUIE (M060i MacCuB IINHEL 1
MOXKHO CINTATh YIOPSIOIEHHBIM).

HeTpuBnanbHoil 9acThio SBISETCS COSMNHEHNE IBYX YIOPSIOTEHHBIX
MaccnBoB B onmH. OHO BBIMOJHSETCS € MOMOIIBIO BCIOMOTATETHHOI
nporenypsl MERGE(A, p, ¢, 7). HapamerpaMmn 5Toil mponenypst sBisi-
I0TCsSE MacCHB A W 4dncia p, ¢, r, YKa3plBaoine TPAHUIBl CINBAEMBIX
yaacTkoB. Hporenypa npenmonaraer, 9uto p < ¢ < r U 9TO yIacTKH
Alp..ql m Alg + 1..r] yXKe OTCOPTHPOBAHBI, I cimBaeT (merges) nx B
onuu yuactok A[p..r].

Mpgr ocTaBiseM TOIPOOHYIO pa3paboTKy TON NPONENypPhl YNTATENI0
(ymp. 1.3-2), HO IOBOJIBHO SICHO, 9TO BpeMsi paBGoOThI mporenypbl MERGE
ecTb O(n), roe n — oblias IJINHA CINBAEMBIX yIaCTKOB (n = r—p+1).
Hto nerko o6bsicinTh Ha Kaprax. HycTh MBI nMeeM IBe CTONKH KapT,
I B KaKIOfl KapThl HIYT CBePXy BHHU3 B BO3pacTalolleM mopsake. Kak
crnenaTh w3 HEX onHy? Ha xaxmom mare Mbl 6epéM MeHBIIYIO U3 IBYX
BEPXHUX KapT I KiaméMm eé (pyGallikoil BBepX) B Pe3yiIbTHPYIOLIYIO
cTonky. Korna onta m3 HCXOTHBIX CTOMOK CTAHOBHTCS TMyCTOM, MBI 110~
GaBisieM BCe OCTABIINECS KapThl BTOPOil CTONKN K Pe3yIbTHPYIOLIei
cTonKe. $IcHO, 9TO KaxKmelil mwar TpebyeT OrpaHMYeHHOTO UHCIa Mefi-
cTBUIl, 1 oblilee dncio meficTBuit ects O(n).

Tenepsb HaIUIIIEM TPOTENYpPY COPTUPOBKN ciausaneM MERGE-SORT (A, p, r),

KOTOpas COPTUPYeT y4acToK A[p..r] maccuBa A, He MeHss OCTAlb-
HYI0 9acTh MaccuBa. Hpu p > r y9acTOK CONEPKUT MAKCHMyM OIUH
5JIeMeHT, W TeM caMbIM yXke OTCOPTHpOBaH. B mpOTHBHOM ciyuae
MBI OTBICKHBaeM 4HCIO ¢, KOTOPOe NeINT YUacTOK Ha [IBe IPHMEPHO
paBuble gactn A[p..q] (comepxur [n/2] snementoB) m Alg + 1..r]
(comepxut |n/2| snementos). 3nech uepes |2 | Mbl 0603HATAEM LEIYIO
dacTh 2 (Hambonblilee IeJ0e YICIO, MeHbIlee HIN PaBHOE ), a depes
[#] — HanmMeHbIIlee mejIoe 4nCIO, GONbIlee N PaBHOE .
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sorted sequence — OTCOPTUPOBaHHAS MOCHEIOBATEIBHOCTh
merge — CJIHSHUIE
initial sequence — HavaJIbHas MOCIENOBATENIHHOCTD

Pucynox 1.3 Copruposka camsHuem mist maccusa A = (5,2,4,6,1,3,2,6).

MERGE-SORT (A, p,r)

1 ifp<r

2 then ¢ < |(p+71)/2]

3 MERGE-SORT (A4, p, q)

4 MERGE-SORT(A4,q+ 1,71)
5 MERGE(A, p, q, 1)

Beckr ™maccuB Temepb MOXKHO OTCOPTHPOBATH € MOMOIIBIO BHI30OBA
MERGE-SORT (A, 1, length[A]). Ecnn nnuna maccuBa n = length[A]
eCTh CTelleHb MBOWKW, TO B MpoIlecce COPTUPOBKHA NPOU3ONIET CIUAHEE
map »IeMeHTOB B OTCOPTUPOBAHHBIE YIACTKH HIANHBL 2, 3aTeM CIUsSHNe
map TakWxX VYacTKOB B OTCOPTUPOBAHHBIE VUACTKW IINHEL 4 U Tak
nanee 10 n (Ha MOCTENHEM Iare COEMMHSIOTCS 1Ba OTCOPTHPOBAHHBIX
yaacTka nanHer n/2). Hrot mporecc mokaszan na puc. 1.3.

1.3.2 Amams agropuTMoB THHA ~pazdeadi u eaacmeyt”

Kak onennth BpeMs paboThl pekypcuBHoro ajaropurma? Hpm mom-
cuéTe MBI JOJIKHBI yYecTh BpeMs, 3aTpadlBaeMoe Ha PeKypCHBHBIE
BBLI30BLI, TaK YTO TOJAYYaeTCs HEKOTOPOE PeKyPPeHTHOE COOTHOUICHUE
(recurrence equation). Jlanee cienyeT oneHnTh BpeMs pabOTHI, HCXOMIS
113 5TOTO COOTHOILCHNS.

BoT npumepHo kak 5To menaercs. Hpenmonoxum, 9To anropuT pas-
6uBaeT 3amady pasMepa n Ha @ NOH3a/ad, Kakias U3 KOTOPLIX MMeeT
B b pa3 menbmmii pasmep. Hymem cumTaTh, 4To pasbuennme TpeGyer
Bpemern D(n), a coemHenne MONYyYeHHBIX pelennit — Bpemern C'(n).
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Torna momyvaeM cooTHOILIeHNe Jisi BpeMeHn paGoTsl T'(n) Ha 3amadax
pasmepa n (B xynieM ciaydae): T'(n) = aT'(n/b) + D(n) 4+ C(n). Hro
COOTHOLIIEHIe BBIIOIHEHO NS NOCTATOTHO GOIBIINX 1, KOTIa 3anady
HMeeT CMBICI pa3buBaTh Ha nom3agadn. s MalbIX n, KOUOa Takoe
pasOieHle HEBO3MOXKHO IUIH He HYJKHO, IPHMEHSeTCs KaKoi-TO mps-
Moil MeTon pertrenus 3anadu. HoCKonbKy n orpaHnueHO, BpeMs paBGoOThL
TOXKe He MPeBOCXONUT HEKOTOPOil KOHCTAHTHL.

Anamms COPTHUPOBKHN CJINIHUEM

Ilnst mpocToTh GyIeM NpennoiiaraTh, 4T0 pa3Mep MaccuBa (n) ecTh
crenenb npoiiku. (Kak MBI yBumumM B riaBe 4, 5TO He OdYeHb CyIIe-
cTBerHo.) Torma Ha KaXkIoM Iiare COpTHPYEMBIl y4acTOK JeNuTCs Ha
nBe paBHble NoJOBHHLL. Haszbnenne Ha wacTu (BbIYHCIEHHE TDaHUIIb)
Tpebyer Bpemenn O(1), a causane — Bpemern ©(n). Honywaem coot-
HOIIICHITe

T(n) O(1), ecim n = 1,
n) =
2T (n/2) +©(n/2), ecan n > 1.

Kak mbl yBumuM B raaBe 4, 5To cooTHolleHme Bieudt T(n) =
O(nlogn), rue uepes log Mol obo3HavaeM ABOMYHBL sorapudm (0CHO-
BaHIe JOrapn@MOB, BIPOYeM, He WUCpaeT POJH, TaK KaK [PHBOLHT
NUIIb K W3MEeHeHNI0 KOHCTaHTEI). HosTomy mis GOIBIINX 7 COPTH-
pOBKa ciusHIeM 5(p@deKTHBHee COPTHPOBKHN BCTaBKaMI, Tpebyioleit
BpeMenn O(n?).

Yupaxuenus

1.3-1  Crnenys obpasiy puc. 1.3, nokazaTs paGoTy COPTUPOBKHU CIUsI-
HueMm s MaccnBa A = (3,41, 52, 26,38,57,9,49).

1.3-2  Hammcatsb Tekct mporenypsl MERGE(A, p, q,7).

1.3-3  JlokaxkuTe Mo MHAYKINW, UTO €CIn

2, ecnu n = 2,
2T(n/2)+n, ecmn=2Fnk>1,

T(n) =

o T'(n) = nlogn (mpu Bcex n, SBIASIOUINXCS CTENEHIME IBOHKN).

1.3-4  CopTupoBKy BCTaBKaMil MOXHO O(OPMUTH KakK PeKypPCHBHYIO
IpOIenypy: XKemas oTcopTupoBaTh A[l..n], MBI (peKypcnBHO) copTH-
pyem A[l..n — 1], a 3aTem craBuMm A[n] Ha TpaBUILHOE MECTO B OT-
coprupoBantom maccuse A[l..n — 1]. Hanuimure pexyppenTHoe cooT-
HOIIIGHIE [IJ BpeMeHn paBGoThl TaKoil Mpolemy phl.
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1.3-5  Bosspamascs k 3amade noncka (ymp. 1.1-3), samernm, 9To npn
MOUCKe B OTCOPTUPOBAHHOM MAaCCHBE MBI MOXKeM CHaualla CPABHUTH UC-
KOMBIll 3JIeMEHT CO CPEINHUM BJIeMEeHTOM MaCCHUBa, y3HATH, B KaKOil 10-
JIOBUHE ero clelyeT MCKaTh, a 3aTeM NPUMEHUTh TY XKe el peKyp-
cuBHO. Takoil cmoco6 HaspiBaeTcs mBowdHeiM momckoM (binary search).
Hanuminre cooTBETCTBYIONIYIO MPOrPaMMy, UCHOJNB3YS HMUKI WIH pe-
Kypcuo. OGbsicHuTe, ModeMy BpeMms eé paboThl ecTh O (logn).

1.3-6  3amerum, uro uuKJI while B cTpokax 5H-7 mpouenyps
INSERTION-SORT (pasm. 1.1) mpocMaTpmBaeT 37eMEHTHl OTCOPTH-
poBantoro yuactka A[l..j — 1] nonpsn. Buecto 5TOro MOXKHO GBIITO
6Bl MCIONB30BAThH NBOMIHBIN mONCK (yup. 1.3-5), 9To6bl HaliTH MecTo
BcTaBku 3a BpeMss ©O(logn). Ymactes am Takum o6pas’oM crenaTh
obiiee BpeMsi paboThl paBHbIM O(n logn)?

1.3-7%  Ilan MaccuB S u3 n OefiCTBUTENLHBIX YNCENT, a TakkKe Jucio &.
Kax 3a Bpemst ©(nlogn) onpenennThb, MOXKHO /Il MPENCTABUTH & B BUIE
CYMMBI IBYX DJIEMEHTOB MaccuBa 57

3aMeuanumsa

Kax mor 61 ckazaTs Kosbma HpyTkoB, Xopomuil anropuTM nofnoben
OCTPOMY HOXKY — TOT U IPYToil MOCTUTAIOT Ielu JerKo u npocto. I py-
roe cpaBHeHUe: YeloBeK, MONb3YIOUIUCcA MIOXUM aJropuTMOM, HON0OeH
MoBapy, OTONBAIOIIEMY MICO OTBEPTKOIl: enBa CheNOOHBIN 1 MaJIONPH-
BJIEeKaTelbHBIl pe3yJbTaT NOCTUTAETCS NeHOW OONBIINX YCHIIUI.

YacTo pasuuniia MeXMy TJIOXUM U XOPOIIUM ajiropuTMoM Gonee cy-
IIeCTBeHHA, YeM MeXKIY OLICTPBEIM U MeJIeHHBIM KoMTbioTepoM. HycTh
MBI XOTHM OTCOPTHUPOBATH MACCUB W3 MUJINOHA duced. HTo 6BICTpee
— COPTHPOBAaTh €ro BCTAaBKaMm Ha cymepkommbiorepe (100 mmmmmo-
HOB Ollepaluii B CEKYHIY) IJIN CANSHNEM Ha [OMAIHeM KOMIbIOTepe
(1 munamon onepamnuit)? HycTs kK TOMy ke cCOpTHPOBKa BCTaBKaMU Ha-
nucaHa Ha acceMmbiiepe Ype3BblUailHO 3KOHOMHO, U J1Jis COPTUPOBKU 7
qices HyzKHO, CKaKeM, Juib 2n? onepannit. B To xXe BpeMs anropuru
clnsHneM HanucaH 0e3 ocoboll 3a60Th! 00 3PHEKTUBHOCTH U YUCIIO OTle-
panuit ects 50n logn. s copTupoBKE MUIIHOHA YHCES MOJIYYaeM

2 - (10°)? onepanmit

3 - = 20000 cexynn ~ 5,56 yacoB
10° onepanuii B cekyHny

ISl CYTepKOMIBIOTepa I BCETO
50 - (10°) log(10°) onepamnmit
10° onepannit B cexynmy
IUIISL IOMAIITHET0 KOMIIBIOTepa.
Mgzt BunuM, aTo paszpaboTka >pheKTUBHBIX aJTOPUTMOB — He MeHee

BaKHasd KOMIbIOTEpHad TEeXHOJIOrHsA, 4eM pa3paboTKa OblCcTpoll snek-
TpoHuku. B 5Toll 067acTl TakikKe TPONCXONUT 3aMeTHHIN Tporpecc.

~~ 1000 cexynn ~ 17 MunyT
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Yupaxuenus

1.3-1 HycTh copTUpPOBKE BCTaBKaMU W CIAUSHUEM HCHOMHAIOTCS Ha
OIHOI W Toil XKe Mamnge 1 TpebyoT 8n? u 64nlogn cooTBeTCTBEHHO.
s xakux 3naveHnil 7 COPTUPOBKA BCTaBKAMN sBIseTcs 6omee ddhdek-
TuBHOI? KaK MOXHO YIYUIIUTh aJlOPUTM COPTUPOBKU CIUSHUEM?

1.3-2 Hpwm xakoMm HauMeHBLIIEM 3HAYEHUU N AJITOPUTM, NeNATOIIAN
100n? onepamnuii, sapdeKTUBHEe aNTOPATMa, Hefalolnero 27 onepainuir?

Jamgaun

1-1 CpaBHenue BpeMeHN pPaGOTHI

HycTh nMeeTcs anropnTM, pellafollnil 3a/1a9y pa3sMepa n 3a f(n) MU-
KpocekyH. KakoB MaKCUMaJbHBIH pa3Mep 3a/1aun, KOTOPYIO OH CMOXKeT
pemnTh 3a Bpems t?7 HaiiTn ero mias GyHKIN u BpeMéH, mepednciieH-
HBIX B Tabmure.

CeK MUIH YacC | IeHb MeciAl ron BeK

log n
Vn

n

nlogn

n2

n3

2n
n!

1-2 CoprupoBka BcTaBKaMU JJIA KOPOTKIX KYCKOB

ACHMITOTHYECKH COPTHPOBKa CIHUSHIEM OBICTpee COPTUPOBKH
BCTABKaMIl, HO [ MAJBIX N COOTHOIIeHne obpaTHoe. HovTomy mmeer
CMBICJI [OCTATOYHO KOPOTKHEe KyCKH He pasbUBaTh Hajblle, a Mpl-
MeHSTh K HIM COPTHPOBKY BCTaBKaMH. Bompoc B Tom, rme ciemyet
IPOBECTH TPAHNILY.

a. HycTs MaccuB munHbl n pas6buT Ha k dacreil pasmepa n/k. Hoka-
KIUTe, ITO MOKHO OTCOPTHPOBATH BCe YacTH 0 OTHENBHOCTH (€ IOMO-
IBIO COPTUPOBKH BeTaBKaMu) 3a Bpemst O(nk).

6. HokaxkuTe, 1T0O mOCIIe HTOTO MOXKHO CIHTH BCe aCTH B OIUH yIO-
psinoueHHbI MaccuB 3a Bpemst O(nlog(n/k)).

B. Tem cambim 06liiee BpeMst paGOTHl TAKOTO CMEIIAHHOIO alrOPHTMA
ects O(nk+nlog(n/k)). KakoBa MakcuManbHas CKOpocThb pocTa k Kak
GYHKIUT OT 7, IPH KOTOPOM HTO BpeMsi no-IpexieMy ecTh O(n logn)?

r. Kak 6bl BBI cTalIn BBIOUPATH ONTHMAIBHOE 3HAUeHNe k Ha Ipak-
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TuKe?

1-3  UYmcso uHBepCuit

Hycts A[l..n] — maccuB u3 n pasnununbix dncern. Hac Gymer nuTe-
PecoBaThb KOJIIMYECTBO HHBepewmit (inversions) B 9TOM MacCuBe, T.e. 9ICIO0
nap 7 < j, st kotopuix A[i] > A[j].

a. YKaxkunTe nsTh HHBepcuil B MaccuBe (2,3,8,6,1).

6. KakoBo MakcmMaldbHO BO3MOXKHOe UHCIO HHBEPCUN B MaccChBe
JUTMHBL 17

B. Kax cBs3ano BpeMs paGoOTH alropuTMa COPTHPOBKN BCTaBKaMU 1
qucsio unBepcuii? OGbsScHUTE CBOIT OTBET.

r. HocTpoiiTe anropuTM, KOTOPHIN CUYNTaeT YHUCIO NHBEPCU B Mac-
cuBe IINHBL 1 33 BpeMms O(nlogn). (Ykasanne: Monudpuuupyiite amnro-
PUTM COPTUPOBKN CIUSHIEM.)

JameyaHug

EcTh MHOXeCTBO XOpOLINX KHAT O MOCTPOEHUN ajaropuTMoB. BoT He-
KoTopbie n3 Hux: Axo, Xonkpodr u Yabman [4,5], Haac [14], Hpaccap
u Hperau [14], Xoposurn n Caxuu [105], KuyT [121, 122, 123], Man6ep
[142], Menbxopn [144, 145, 146], Hypnom u Hpayu [164], Heiinronn,
Hugeprenst u Heo [167], Cemxksuk [175], Yuad [201]. HpakTuueckne
acmekThl pa3paboTKi 3pdeKTuBHEIX amropuTMos: Hertin [24,25], ['on-
wet [90].

B 1968 rony KuyT ony6nnkoBad mepBBIfl W3 TPEX TOMOB cepun Hc-
Kycemeo npoepammuposanudg dig HBM [121, 122 123], koTopsrit cTaln
HavYaJIOM HOBOI 3Moxu B HayKe 06 3DPeKTUBHbIX anropurMax. Bee Tpu
TOMa, JI0 CUX TOP OCTATCS He3aMEeHUMBIM CIpaBOYHUKOM. Kak murier
KuyT, cimoBo "aszopumm” mponcxonnT OT NMeHH apabCKOro MaTeMa-
Tuka neBstoro Beka An-Xopesmn (al-Khowarizmi, nan al-Khwérizmi).

Axo, Xonkpodr n Yabman [4] ykazain Ha BaXXKHOCTh aCHMITOTHYe-
CKOT'O aHaJin3a BpeMeHu paGoOThl KaK CPelNcTBa cpaBHeHus >(PQeKTun-
HocTH anropuTMoB. OHHU HIMPOKO UCIONB30BAIU PEKyppeHTHBIE COOT-
HOIIEHUS [JIs MOJIyUeHus OIeHOK BpeMeHu paboThl.

Kuura KuyTa [123] comepXuT ncdepnbiBaolliee H3IT0KeHIEe MHOKe-
CTBa aJIropuTMOB copTupoBKu. OH CPABHUBAET Pa3inUyHble aJITOPHTMBI,
TOTHO TMOACYNTHIBAS UNCIO PA3TUIHBIX IIAr0B (MBI eI 9TO IS COp-
THPOBKN cpaBHeHWeM). HaccMaTpuBalOTCs pasnndHbie BapHaHTHI COp-
THPOBKN BCTaBKaMi, BKIoYas coptupoBky llemma (D. L. Shell), koro-
pasi UCIOIb3yeT COPTUPOBKY MOANOCIENOBATENBHOCTEN ¢ MOCTOSHHBIM
[IArOM JIJIsi YMEeHbIIeHUs YUCIia OlNepaluil.

CoprupoBKa ciusHueM TaKxXKe onucaha B KHure KHyTa, KOTOpBIi
YKa3bIBaeT, UTO MeXaHUUYeCKOoe YCTPONCTBO HJis CIAUSHUS IBYX CTO-
noK mepdokapT 3a onuH mpoxon 6uimo m3o6pereno B 1938 rony. Ho-



22

Taaea 1 Beedenue

BugnMomy, xon ¢or Heiiman (J. von Neumann), onma m3 ocHOBa-
Tenell HHGOPMATUKN, HAMCAJ TPOr'PAMMy COPTUPOBKU CIUSHUEM [JIs
kommnbioTepa EDVAC B 1945 rony.






I MaremaTudeckiie OCHOBBLI aHAJIN3a AJITOPMTMOB



BBenenue

B »Tolt vacTu co6panbl cBeleHUs W3 MAaTeMAaTHKN, KOTOPhLIe HCIONb-
3YIOTCS TIPH aHalin3e aJropuTMoB. MBI coBeTyeMm 6ersio mpocMoTpeTh
eé 1 mepeliTH K CIeNyolIuM riiaBaM, BO3Bpalllasch K TPOCMOTPEHHOMY
o Mepe HaJIOOHOCTH.

B rnaBe 2 MBI BBOOUM MOHATHUSA W 0GO3HAUEHUS, CBI3aHHBIE C aCUM-
NTOTHKON QyHKIH (O n np.), a TakkKe HeKoTOphle npyrue. Hamma mens
371eCh He pacckKa3aTh O YEM-TO HOBOM, a ITPOCTO COTJIacoBaTh 0003HaYe-
HUS U TePMUHOJOT HIO.

B rnaBe 3 mpuBomsTcs pa3nuvHBIe METONLI BHIUUCIEHUS W ONEHKN
cyMM (OmpobHOe M3IIOXKeHNe MOXKHO HafiTn B J1060M yIeOHNKe MaTe-
MATHIeCKOTO aHAIN3A).

I'maBa 4 nocpsriena npeobpa3oBanuio peKyppeHTHLIX COOTHOIIIEHNH B
sSBHEBIe omnenkn. MuI ¢popMynupyeM 1 mokazwsiBaeM of0Illee yTBepKIeHHE
Takoro poma (Teopema 4.1), KOTOporo B GOIBIINHCTBE CIyIaeB OKa-
3LIBaeTCs MOCTATOUYHO. Ero nmoxasaTelbcTBO NOBONBHO MIWHHO, HO B
nalibHelilleM He UCMOJb3yeTcd, TaK YTO NPy IepBOM YTEeHUN ero MOXKHO
OpONyCTUTh.

B rmaBe 5 MBI nmaém ompenedeHus pasNUYHLIX MOHSITHI, CBABAHHLIX
¢ MHOXKeCTBaMU, OTHOUIEHUAMU, GYHKIINAMU, rpadaMil U NepeBbiAMU, U
BBOAUM COOTBeTCTBYIOLINEe 0603HaYeHNS.

I'maBa 6 mocBsIlleHa OCHOBHLIM MOHATHUAM KOMOUHATOPUKH U TEOPUN
BeposTHocTell. Honbimas 9acTh KHUTH He UCMOIB3YEeT HTOT0 MaTepl-
ana, TaK ITO IPH MepBOM UTEHUN 3TY TWIaBy (0COGEHHO MOCTEeNHNE Pas3-
TeNbl) MOKHO CMeJIO MPOMYCTHTH, BO3BPAIIASCh K MPONYIIEHHOMY 1O
Mepe HaJI0OHOCTH.



2 CkopocThb pocTa QYyHKITHI

CpaBHuBas NBa aJrOpUTMa COPTUPOBKU B riiaBe 1, Mbl yCTaHOBUJIH,
9TO BpeMsi paGOTHI OMHOTO (COPTMPOBKA CIUSHNEM) TPIMEPHO MPOIOp-
nnoHanbuo n?, a mpyroro (copruposka BcTaBKamu) — nlgn. Kakossr
Obl HU ObLIM KO3(PUIMEHTHl NPONOPINOHAIBHOCTH, NI HOCTATOYHO
OOJIBIINX 7 TIEPBBIN anropuTM paboTaeT OBICTpee.

AHanusupys ajaropuTM, MOXKHO CTapaThCs HAlTH TOYHOE YUCIO Bbi-
HONHAEMEIX UM JNeficTBuii. Ho B 60ALIINHCTBe cIy9aeB UTpa He CTOUT
CBeY, U HOCTATOYHO ONEHUTh ACHUMOTOTHMKY POCTa BpeMeHUN paboThl aJ-
rOpUTMa IIPI CTPEMIIEHNT pa3Mepa BXona K GecKoHeqHOCTH (asymptotic
efficiency). Ecnn y onnoro anropntMa ¢cKOpOCTh pOCTa MeHBIIE, YeM ¥
Ipyroro, To B OOJIBIIMHCTBE cly4yaeB oH OyneT >hdeKkTUBHee N5 BCeX
BXOIIOB, KpPOMe COBCeM KOPOTKNX. (XOTs GBIBAIOT M MCKIIOUEHNS. )

2.1 AcuMminrornyeckue 0003HAUYECHUA

XoTg BO MHOIHUX CJIy9adx 9THu obozHaueHNS NCIIOIB3YIOTCA Heq)op—
MaJIbHO, IIOJIE3HO HaYaTh ¢ TOYHBLIX onpeﬂeneHMﬁ.

O-o603HaUeHME

B ruase 2 mbl roopmin, 4To BpeMs 1'(n) paGoTbl anropuTMma cop-
THPOBKN BCTaBKaMU Ha BXomax JInHbI n ecTh O(n?). Tounsrii cMbicn
DTOrO yTBePAKICHNs TaKoll: Hafl Iy Tcs TaKie KOHCTAHTLL ¢, ¢ > 0 1 Ta-
KOoe 9HCiIo ng, 9To c1n? < T(n) < con? mpu; Beex n > ng. Boobine, ecan
g(n) — mexoTopas ¢yukmus, To 3anuch f(n) = O(g(n)) o3navaer, 9TO
HaflmyTCs Takme ¢1, ¢z > 0 m Takoe ng, 910 0 < ¢19(n) < f(n) < c2g9(n)
I Beex n > ng (em. puc. 2.1). (Bamucs f(n) = ©(g(n)) dnTaercs rax:
"agp om an ecmv mama om xce om In’.)

Nnmocrpanun x onpenenenusm f(n) = O(g(n)), f(n) = O(g(n)) n
7n) = (g(n).

HasymeeTcs, 5T0 0603HAU€HIe ClenyeT yHOTPeGIsSTh ¢ OCTOPOKHO-
CTBIO: yCTAHOBUB, uTO fi(n) = O(g(n)) u fo(n) = O(g(n)), e ciaenyer
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3aKII09aTh, 9T0 f1(n) = fa(n)!

Onpenenenne ©(g(n)) npennonaraet, uto byuxuun f(n) u g(n) acum-
NTOTWYeCKH HEOTPUIATENBHBI, T.e. HEOTDHIATEIBHBl IJIs HOCTATOYHO
GONBIINX 3HaUYeHNH n. 3aMeTum, 4To ecan GyHKHum f U ¢ CTPoOro
MONOKITEIBHEl, TO MOXKHO HCKIIOUNTH Ng U3 ONpeleleHns (M3MeHUB
KOHCTAHTBL €1 II €3 TaK, ITOOBI IJIsl MAJBIX N HEPABEHCTBO TaKiKe BbI-
TIOJTHSIIIOCH ) .

Ecnu f(n) = ©(g(n)), To roBopst, 4T0 g(n) ABISLETCS acCHMITOTHTe-
cxu Tounoit onerkoil nns f(n). Ha camom mese 5To OTHOLIeHHE CHMMe-
tpuuno: ecnu f(n) = O(g(n)), To g(n) = O(f(n)).

Bepnémcs k npumepy u3 raasel 1 u nposepum, uto (1/2)n? — 3n =
O(n?). CornacHo onpenenenuio, HaIO yKa3aTh MONOKUTENbHLIE KOH-
CTAHTHI €1, C3 U 9ICIO Ng TaK, ITOOBI HEPABEHCTBA

1
cin? < 5712 —3n < con?

BBINIOJIHAJINCH OJIs BCeX 7Y 2 no. Ha3I[€J'[I/IM Ha n2§

3

n

)

N | —

c1 <

Bumro, 4To BBIMOAHEHUS BTOPOTO HEPABEHCTBA JOCTATOUHO MOJTOKUTH
¢ = 1/2. HepBoe Gyner BbINOMHEHO, ecnn (HATpuMep) ng = 7 1 ¢; =
1/14.

Hpyroit npuMep HUCHONB30BaHUs (GOPMATBLHOTO ONpPENeeHus: MOKa-
KeM, uTo 6n° % ©(n?). B camom nese, nycTh HailnyTcs Takue ¢y 1 ng,
ato 61> < cyn? mnsg Bcex n > ng. Ho Torma n < ¢o/6 mias Bcex n > ng
— YTO SBHO He Tak.

OTbICKUBas aCUMITOTHYECKH TOYHYIO ONEHKY I CyMMBI, MBI MO-
KeM 0TOpachiBaTh YWiIeHbl MEHBIIEro MOpsiKa, KOTOpbIe MpH GONbITNX
N CTAHOBATCS MAJLIMU MO CPABHEHNIO ¢ OCHOBHBIM cjlaraeMbIM. 3ame-
TUM TakiKe, 4TO KOXDPUINEHT MpH cTapiieM dYjeHe poJi He Urpaer
(OH MOXKeT MOBIMATH TONBKO Ha BEIGOP KOHCTAHT €1 u ¢2). Hampuwmep,
paccMOTpUM KBaipaTudnyto ynknuio f(n) = an?+bn+c,rne a,b, c—
HEKOTOpbIe KOHCTAHTHI 1 @ > 0. OT6pachiBas 4ieHbl MJIAIIIAX TOPSI-
KOB U KOO(Q(UIHEHT NpH cTaplieM 4iene, naxonum, 9to f(n) = O(n?).
UTo6bl y6enuThes B 53TOM (GOPMAIBHO, MOXKHO TMONOKUTH ¢; = a/4,
ca = Ta/4 m ng = 2 - max((|b|/a),+/|c|/a) (npoBepbTe, aTO TpeGo-
BaHUs IefiCTBUTENHHO BBHINONHEHBI). Boobie, mis moboro mommaoMa
p(n) crenenn d ¢ MOMOKNUTETHHBIM CTAPIINM KO3DGUINEHTOM NMeeM
p(n) = O(n?) (samaua 2-1).

YmoMmsiHeM — BaXKHBI — 4YacTHBIA  ciaydail  ucnojb3oBaHus — O-
o6osnavennii: O(1) obo3HaUaeT OrpaHNIeHHYIO GYHKINIO, OTITEHHYIO
OT HyJs HEKOTOPBIl MOJOKUTENBHON KOHCTAHTOW NpH HOCTATOYHO
GonpIinx 3HadeHHsX aprymenta. (M3 koHTekcTa OGBIYHO SCHO, YTO
IMEHHO CUNTAETCS apryMeHTOM (yHKIINIL. )
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O- n Q-o6o03HaueHMA

Banucs f(n) = O(g(n)) BrnouaeT B cebs OBe OLUEHKN: BEPXHIOW I
HiKHo. Ux Moxno pasnennts. ['oBopsat, uto f(n) = O(g(n)), ecnu
HalIéTCs Takas KOHCTaHTa ¢ > 0 m Takoe 4mcio ng, 9to 0 < f(n) <
cg(n) nns Bcex n > ng LoBopst, ato f(n) = Q(g(n)), ecnn HaiineTcs
Takas KOHCTaHTa ¢ > 0 m Takoe 4ncio ng, 9to 0 < cg(n) < f(n) mus
Bcex n > ng. Hru 3amucn unrtatorcs Tak: "ag om an ecmb o Goavuwoe
om ace om an”, "o om on ecmb oméza boabwag om e om Iu’.

Ho-mpexuemy MBI mpenmonaraem, 4To GYHKIN f U ¢ HEOTPHUIa-
TeNBHBT I JOCTATOYHO GONMBITNX 3HAUeHnl apryMenTa. Jlerko BumeTh
(ymp. 2.1-5), 9TO BBITIOMHEHBI CIEAYIOIINE CBONCTBAL

Teopema 2.1. /lag wobvix dsyx dynryui f(n) u g(n) ceoiicmso f(n) =
O(g(n)) svinoaneno moeda u moavro moeda, kozda f(n)=0(g(n)) u
f(n) = Q(g(n)).

Mag mobvix dsyx Pynryui ceoticmea f(n) = O(g(n)) u g(n) =
Q(f(n)) pasrocuavmbi.

Kax wmbr Bumenu, an® + bn + ¢ = O(n?) (Ipn NoNOKUTENBHBIX ).
Hostomy an® 4+ bn + ¢ = O(n?). llpyroii npumep: npu a > 0 MOKHO
nanucath an + b = O(n?) (nonoxnm ¢ = a + |b| u ng = 1). 3amernm,
uTO B 5TOM ciydae an + b # Q(n* u an + b # O(n?).

AcnvnroTnueckne obosnavenns (O, O u Q) gacTo ynoTpeGNsIOTCS
BuyTpu ¢opmyn. Hanpumep, B riase 1 MBI HOMyYWIN PeKyppeHTHOE
COOTHOLICHHE

T(n)=2T(n/2)+©O(n)

IUTsi BpeMeHH paBOThl COPTUPOBKH cinsianeM. 3nech O(n) o6o3HadaeT
HEKOTOPYI0 GYHKIINIO, TPO KOTOPYIO HAM BaXKHO 3HATh JIUIb, YTO OHA
He MeHbllle ¢17 U He BolIbllle cyn M1 HEKOTOPBIX NMOJOKUTENbHBIX €1 U
Cg U IJIsl BCeX NOCTATOYHO BONBIIUX N.

Yacto acmmnToTudeckne o003HAUEHUs YIOTPebIsAioTCS He BIOJHE
(hopMabHO, XOTSA UX TOApa3yMeBaeMblil CMbIC] OOBIYHO sCeH U3 KOH-
TekcTa. HanpumMep, MBI MOXKeM HalHWCaTh BRIpaKeHHe

> o)

nMmes B Bumy cymmy h(l) + h(2) + ...+ h(n), rne h(i) — HekoTOpas
dyukuns, miast kotopoit (i) = O(7). Jlerko Bugers, 9To cama 3Ta cymma
Kak pynknus ot n ecth O(n?).

TuOnYHBI OpHMep HCIONB30BAHUS ACHMITOTHIECKHX OGO3HATe-
Huil — HenouKa paBeHcTB Hanonobue 2n+3n+1 = 2n2+0(n) = O(n?).
Bropoe m3 aTux paBencTs (2n?+0(n) = O(n?)) nonnmMaeTcs npu HTOM
TaK: KaKoBa 6bl H 6blna ¢yukuus h(n) = ©(n) B neBoil YacTu, cyMMa

2n% + h(n) ects O(n?).
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0- I W-0003HaAYCHUSA

Banucs f(n) = O(g(n)) o3madaer, 9TO ¢ POCTOM 7 OTHOILICHHE
f(n)/g(n) ocraércs orpannveHHbIM. Eciam kK ToMy Xe

m 1 (2.1)
to Mbl nmeMm f(n) = o(g(n)) (untaercs "3 om on ecmv 0 masoe om
ace om an”). Gopmansro ToBopst, f(n) = o(g(n)), ecnu mas BesKOro
noJOKuTeNnbHOTO € > 0 Halimércs Takoe ng, 9o 0 < f(n) < g(n) npn
Bcex n > ng. (Tem campim 3amucek f(n) = o(g(n)) npennomaraer, 9T0
f(n) m g(n) HEOTpUIIATENBHBL I TOCTATOIHO GONBIIAX 7.)

Hpumep: 2n = o(n?), Ho 2n% # o(n?).

Ananormaasiv 06pa3oM BBONUTCS w-0603HAUeHIe: TOBOPAT, 1T0 f(n)
ectbw(g(n)) ("ag om sn ecmov oméza maras om xe om an”), ecnu mis
M060ro MONOKUTENBLHOTO ¢ CYLIECTBYeT Takoe ng, 4ro 0 < cg(n) <
f(n) mpu Bcex n > ng. Hpyrnvn cnoBamu, f(n) = w(g(n)) o3nagaer,
wr0 g(n) = o(f(n)).

Hpnmep: n?/2 = w(n), no n?/2 # w(n?).

CpaBuenue GyHKII

BBeI[éHHbIe HaMnu ollpede/ieHns obnanamoT HEKOTOPBbIMUI cBolicTBaMN
TPaH3UTUBHOCTN, peq)ﬂeKCI/IBHOCTI/I n CUMMeTPpHUYHOCTHI:

TpaH3IIITIIIBHOCTB:

7(n) = o(g(n)) n g(n) = o(h(n)) maeser £(n) = o(h(n)),

f(n) = w(g(n)) mwg(n) = w(h(n)) preuer f(n) = w(h(n))
HeduekcnsaocTs:

fn)=0(f(n), fln)=0(f(n), f(n)=Q(f(n)).
C]/[MMeTquHOCTB:

f(n) = 0O(g(n)) ecnn u Toasko ecin g(n) = O(f(n)).
O6panrenue:

f(n) =0(g(n)) ecnn u Tonbko ecnu g(n) = Q(f(n)),

f(n) =o(g(n)) ecnn n Tonbko ecnn g(n) = w(f(n)).

Moxno mpoBecTH Takylio mapajielnb: OTHOUICHUS MEXNY QYHKITAIMI
[ 1 g momoBHbI OTHOIIEHUSIM MEXIY YuciamMu ¢ u b:

f(n) =0(g(n)) ~ a<b
f(n) =Qg(n)) ~ azb
f(n)=0©(g(n) ~ a=0b
f(n) =o(g(n)) ~ a<b
fln) =w(g(n) ~ a>b
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Hapasens sTa, BopoueM, BecbMa yCIOBHA: CBOMCTBA YHCIOBLIX He-
paBeHCTB He mepenocsTcs Ha ¢ynknun. Hampumep, niast mio6bix OByX
gncen a u b Bcerma win a < b, wam @ > b, omHAKO HENb3s yTBep-
KIATh, YTO [T MOOBIX NBYX (MOMOKNTENbHLIX) GyHKunit f(n) n g(n)
unn f(n) = O(g(n)), nnun f(n) =Q(g(n)). B camom nerne, moxuo mpo-
BEPUTH, YTO HU ONHO W3 DTHUX [BYX COOTHOLICHUI He BBLIIOIHEHO IHJIs
f(n) = nu g(n) = n'+7 (nokazaTens cTemeHn B BHIpAKEHUN IS
g(n) mensiercst B unTepBase oT 0 mo 2). 3aMeTuM eI, 4TO M H-
cen a < b Bieuér a < b unum ¢ = b, B TO Bpems Kak nis GyHKIui

J(n) = O(g(n) e suewer f(n) = o(g(n)) nu f(n) = O(g(n)).
YrpaxHeHus

2.1-1  Hycrs f(n) 1 g(n) HeoTpuIaTeNbHEI A1 IOCTATOYHO GONBIINX
n. Hokaxute, uro max(f(n),g(n)) = O(f(n) +g(n)).

2.1-2  Hokaxure, 4T0

(n+a)’ =0(n" (2.2)

nJis nb6oro BellleCTBEHHOIO ¢ U AJisg jaioboro b > 0.

2.1-3 Houemy yTBepiknenme “epems pabomst aszopumma A ne
menvwe O(n?)” me mveer cMpicaa?

2.1-4  MoxHo 1 yTBepKaTh, uto 2" = O(2)?7 Yro 22" = O(2")?
2.1-5  HokaxnTe Teopemy 2.1.

2.1-6  Hpuenute npumep ¢pyuknuii f(n) u g(n), nnst koropuix f(n) =

O(g(n)), mo f(n) # o(g(n)) u f(n) # O(g(n)).

2.1-7  Hokaxknre, uto cBoiictBa f(n) = o(g(n)) n f(n) = w(g(n)) e
MOTYT GBITH BBIIOIHEHE! OTHOBPEMEHHO.

2.1-8  AcmmnToTnyecknme o603HaUYEHNS MOIYT OLIThH BBEHNEHBI W IS
(YHKIMIT, 3aBUCALUINX OT HECKOJNbLKHX HapaMeTpoB. l['oBopdT, 4TO
f(m,n) =0O(g(m,n)), ecnn HARDYTCS Ng, Mg U TOTOKUTEIBHOE €, IS
kotopeix 0 < f(m,n) < cg(m,n) nas Bcex n > ng u m > myg. Haiite
aHaJornuuble onpenenenus niast O(g(m, n)) u Q(g(m, n)).

2.2 CrangaptHble QyHKINU 1 0603HAYECHUS

MoHoTOHHOCTE

loBopsiT, ato Gpyuknns f(n) monoronHo Bospactaer (is monotonically
increasing), ecim f(m) < f(n) npn m < n. ['oBopsT, uto dpyukius f(n)
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MoHOTOHHO y6biBaeT (is monotonically decreasing), ecnin f(m) > f(n)
npu m < n. ['oBopst, ato ¢yuknus f(n) erporo Bospactaer (is strictly
increasing), ecim f(m) < f(n) npm m < n. ['oBopsT, 9T0 QyHKIMS
f(n) crporo ybmmaer (is strictly decreasing), ecim f(m) > f(n) npu
m < n.

Hespre mpubIMKEHUS CHU3Y U CBEPXY

HNns mro6oro BerecTBeHHOTO uncia & depes || (the floor of z) mur
0603HAUAeM €ro IeNyl0 YacThb, T.e. HanGoJIbllee Ieloe TNCiIo, He Ipe-
Bocxonsiiee z. CumMeTpuunsiM obpasom [z | (the ceiling of z) o6osna-
daeT HaUMeHblllee lejloe Yncio, He Menbinee z. OueBunuo,

r—1<|z] <z <[zl <z+1
st motoro x. Kpome toro,
[n/2] + [n/2] =n

njs a1060ro 1mejgoro n. I‘I&KOHGH7 s aoboro x U AJs JIIOOBIX IeBIX
HOJIOKUTENBHBIX ¢ U b nMeeM

[[z/al/b] = [x/ab] (2.3)

[Lz/a]/b] = [/ab] (2.4)

(4T06B yOENUTHCS B HTOM, MOJIE3HO 3aMeTHTh, ITO IJIs JIIOGOT0 Z I [I1s
nesIoro n cBoficTBa 1 K 2 U N < | 2| pPaBHOCHITBHBL).
dyuxnun ¢ — || 1 2 — [2] MOHOTOHHO BO3PACTAIOT.

MuorouieHsr

MHuorounerom (mommHOMOM) cTenenn d oT mepemenuoit n (polynomial
in n of degree d) HazpIBAIOT GYHKIIIO

d
p(n) = E a;n;
=0
(d — meorpunarensnoe nenoe ynciao). Yucna ag, aq, ..., a4 Ha3bBAIOT

xosddummenTamu (coefficients) mHorowena. Mbr canTaem, 4To cTapunmi
Ko>pGUIMeHT (4 He paBeH HYNIO (eCiH 5TO He TakK, yMeHbIIHM d —
5TO MOXKHO CIeNIaTh, €ClI TOIBKO MHOTOWIEH He paBeH HYJI0 TOXKIe-
CTBEHHO).

Isst GONBIINX 3HAUEHNI N 3HAK MHOTOUIeHA P(n) ONpeenseTcs cTap-
1M KO>GPUIneHTOM (OCTAlIbHBIE YIEHB! MAJIBI 10 CPABHEHNIO ¢ HIM),
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Tak 9TO 1pu ag > 0 MHOTOUIEH p(n) aCHMITOTHYECKN MOIOKNTeTeH
(monoxuTenen npu GOMBIIAX 1) 1 MoXKHO HanucaTh p(n) = O(nd).

Hpu a > 0 ¢pyuknus n — n®* MOHOTOHHO Bo3pacTaeT, npn a < 0 —
MOHOTOHHO yObIBaeT. ['oBopsT, 4T0 QyHKIHSs f(N) momHoMuaIsHO orpa-
HrgeHa, ecan f(n) = nPW | wnn, npyrumu caoBaMu, eciu f(n) =00k
IUTsE HEKOTOPOil KOHCTAHTHL k (cMm. ymp. 2.2-2).

HxcmonenTsr

Hnst moGBIX BellleCTBEHHBIX M, n U ¢ # 0 uMeeM

aO — 17 (am)n _ amn7
al = a, (am)n — (an)m7
at=1/a, a™a" = a™t"

Hpu a > 1 ¢pyuknus n — a” MOHOTOHHO BO3pacTaeT.

Mg 6y11eM uporna yciosHo nojarath 00 = 1.

DYyHKIUA N — " HA3BIBAETCS MOKa3aTeNLHON QYHKIHel, Uinm 3Kc-
nouenToii (exponential). Hpm ¢ > 1 nokasaTenbHas QYHKIHS pacTéT
OBICTpee TI060r0 MOJINHOMA: KaKOBO ObI HI OLIIO b,

nb

lim — =0 (2.5)

n—oo "

win, ApyruMu cioamu, nb = o(a™). Ecnin B KauecTBe OCHOBaHUS CTe-

HeHU B3ATh 4ucao € = 2,71828 ..., TO BKCIIOHEHTY MOXKHO 3alllCaTh B
BUIE psOa
22
_1—|—x—|———|———|— Zk' (2.6)
roe k!'=1-2-3-...-k (cM. HIKe 0 dakTOpHATAX).

HHH BCeX BellleCTBeHHBIX X BBIIIOJTHEHO HepaBeHCTBO
X
>l1+2 (2.7)

KOTOpOe obpaliiaeTcs B paBencTBo muiib npn & = 0. Hpu |z| < 1 MmoxHO
OIEeHNUTEL €” CBepXy W CHU3Y TakK:

1—|—x<el’<1—|—w—|—x2 (2.8)

Moxkno ckazaTh, uto €” = 1+ o + O(z?) npu = — 0, uves B BuLy
COOTBETCTBYIOLee HCTONKOBaHIe 060o3HaueHnst O (B KOTOPOM n — 00
3aMeHeHo Ha  — 0).

. n
Hpu Bcex x BBITIONIHEHO PaBEHCTBO lim, . (1 + %) =e".
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Jlorapudmer

Mur 6yI[eM HICIOJIb30BaTh TakKue 0603HAUEHN:

lgn =logyn (mBOMYHBII Morapudm),
Inn =log,n (HaTypaJbHEBI TOrapudM),
lg* n = (Ign)*,
lglgn =lg(lgn) (moBTOpHEIN MOrapupMm).

Mzr 6ymem cumTaTh, 9TO B popMynax 3HAK JOrapudmMa OTHOCHTCSI
JIUNIL K HeOCPeNCTBEHHO CIeNYIOIIeMY 3a HUM BBHIPaKeHWIO, TakK UTO
lgn+k ecrs lg(n)+k (amelg(n+k)). Hpu b > 1 dyuxuns n — log, n
(ompenenéuHas PN MOIOKUTENBHBIX 1) CTPOTO BO3PACTAET.

Crenytoliuue ToxnectBa BepHbl npu Bcex ¢ > 0,6 > 0, ¢ > 0 u nupu
BCeX 1 (ec/n TONBKO OCHOBAHMUS JOTapndMOB He PaBHEL 1):

a = blose log (1/a) = 1
o a) = —log, a
log.(ab) = log. a + log, b, & 1 &
log, ™ = nlog a, logy, a = log. b (2.9)
log a logy ¢ lo aa
1 — c ' °8b ¢ = (98
%80 = Tog b

3menenne ocHoBanus y jorapudma yMHOKAET €ro Ha KOHCTAHTY,
nosromy B 3anucu Tuna O(logn) MOKHO He YTOUHSTH, KAKOBO OCHO-
Banue sorapudgma. Mbl GymeMm vallle BCEro mMeTh MO € BOMYHBIMI
norapudmamMu (OHU NOABIAIOTCA, KOTla 3a/lauya eINTCs Ha JIBe JacTH )
U MOTOMY OCTaBiiseM 3a HuMu obo3nauenue lg.

Hsst HATypaJbHOTO JorapudMa ecTh psa (KOTOPBIi CXOMUTCS MpH
|z < 1):

(14 7) = x2+x3 x4+x5
n )=r - e
Hpu 2 > —1 cupaBelsnBbl HepaBeHCTBA
T <In(l+2) <2 (2.10)

KOTOpBIe 06palllafoTcs B paBeHCTBa UMb pn & = 0.

loBopsit, uro ¢yukuus f(n) orpammyena momwiorapubmom (is
polylogaritmically bounded), ecnu f(n) = 1g°M . Hpenen (2.5)
mocye moNCTaHOBOK n = lgm u a = 2¢ naér

. lgb m . lgb m
lim ———— = lim =0
m—00 (2c)lgm m—oo  MmC

n, TaKuMm obpazoM, lgb n = o(n®) mas moboit kKoHcTaHTH ¢ > 0. [Ipy-
TUMHI CJOBaMU, JI0OOOW TOAWHOM pacTéT ObIlcTpee JIOOOr0 MOJIUIIOTA-

pudma.
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daxkTopuass

Bamuce n! (unraercs "on Gaxmopuan”, “n factorial”) obosnataeT
mpomsBenenne Bcex ynced oT 1 mo n. Homarator 0! = 1, Tak uto n! =
n-(n— 1) npu Bcex n =1,2,3,....

Cpasy ke Bunmno, uTo n! < n” (KaXKIObIl U3 COMHOXHUTeNeN He
6ouble n) Homnee Tounas onenka naércs dopmymon CrupsamHra
(Stirling’s approximation), KoTopas riacuT, 9TO

nl = \/%(ﬁ)” (14 6(1/n)) (2.11)

€

W3 dpopmyner CTupiunra cienyer, 4To

n! = o(n"),
n! =w(2"),
lg(n!) = O(nlgn).

CHpaBeI[J'[I/IBa TaKXKe cliefyollad OolleHKa:

Nor (g)n <nl < Vamn ()" et (2.12)

€

W repamuu gorapudma

Mper ncnonesyem obosnadenne log™ n ("aozapudmn co 36é3douroii om
on”) mist GYHKINH: Ha3bIBAeMOil mTepupoBaHHEIM Jorapudmonm (iterated
logarithm). Hra ¢yrknus onpenensiercs tak. Bragane paccmorpum i-
yio nTepanmio sorapudma, pyakumio lg?) | onpenendunyio rax: lgl® n =
n o lg®(n) = 1g(1gY n) mpn ¢ > 0. (Hocmemnee Bbipaskenue ormpe-
JIeJIeHO, eciiu lg(i_l) 7 OlpeneneHo W MonoXknTenbHo.) HynbTe BHUMA-
TenbHbl: o6o3Hatenns lg' n u lgl) n BHewHe moxOXH, HO O3HAYAIT CO-
BEpIIEHHO pa3Hble GYHKINMU.

Teneps Ig* n onpenensercs Kak MUHUMaJbHOe Yncio ¢ > 0, npu Ko-
topom lg() n < 1. Ilpyrumu cnosamn, lg* n — 5To0 qmcno pas, koTopoe
HYKHO MPUMEHUTH QYHKIUIO 1g, 4TOBH U3 N NOAYUYUTh YUCIO, HE Mpe-
Bocxonsilee 1.

Dyuknus lg xn pacTéT HCKMOUNTENHHO MEITeHHO:

lg"2 =1,
lg™4 =2,

lg™ 16 = 3,

lg* 65536 = 4,
lg* 265536 — 5.

Hockonbky uucio aToMoB B HabmomaeMoll YacTu BceemeHnoil omeHnBa-
etcs kak 1030, gto muoro Menbme 26°°3€, To 3mavenns n, nas KoTOpBIX
lg*n > 5, Bpam AU MOTYT BCTPETUTHCS.
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Yucaa Pubomauun

HocnenoBarenbHocTh uncen ®ubonawm (Fibonacci numbers) omnpene-
7seTcsl peKyPPeHTHBIM COOTHOIIEHNEeM:

FO = 07 F1 = 17 E = B—l + E_Q pn ) 2 2 (213)
prFI/IMI/I CJIOBaMIl, B IIOCJI€NOBaTeJIbLHOCTH Pubonaudn
0, 1,1, 2, 3, 5, 8 13, 21, 34, 55 ...

KaK7oe JHCIO PaBHO CyMMe NBYX Tpenwiayminx. Ymcna Pubonaddn
CBSI3aHBI C TAK Ha3bIBAEMBIM OTHOIIEHHEM 3odoToro cedemms (golden
ratio) ¢ U ¢ CONPSKEHHBIM C HUM 9HCIOM @:

14++5

p=—5 = LGIS03...
2.14
Y (2.14)
o= 5" = —0,61803...
WNmenno, nMeeT MecTo GopMyia
=27 (2.15)

KOTOPYIO MOXKHO IOKa3aTh M0 WHAYKNun (yup. 2.2-7). Hockonbxy |4| <
1, cnaraemoe |¢'/+/5| menpmte 1/y/5 < 1/2, Tax 4To F; paBHO 4nciIy
©' /\/5, OKPYrIIEHHOMY N0 GIUKAMIIEro 1eNoro.

Uucno F; 6bICTPO (9KCIOHEHINAIBHO) PacTET € POCTOM 1.

Yupaxuenus

2.2-1  HokaxuTe, 4TO 1/ MOHOTOHHO BO3pACTAIOUINX QyHKIuil f(n)
n g(n) dyekunn f(n) 4+ g(n) n f(g(n)) 6ynyT Takke MOHOTOHHO BO3-
pactarh. Ecan x Tomy xe f(n) m ¢g(n) HeOTpUIATENBHBI PN BCEX 7,
To u pyHKnus f(n)g(n) 6ymeT MOHOTOHHO BO3PACTATh.

2.2-2  Hokaxnre, ato T'(n) = M) rorma u Tonbko TOormga, Korma

CyIIecTByeT mosoxnTenbHoe k, mpu kotopom T(n) = O(n*) (cumtaem,
aro T'(n) > 1).

2.2-3  Jlokaxute paBenctsa (2.9).
2.2-4  Jokaxure, uto lg(n!) = ©(nlgn) u aro n! = o(n").

2.2-5*  Hymnet nu ¢pyukmnus [lgn]! nonnaommnansro orpanndennoi? Hy-
net nu yuaknus [lglg n|! monmHOMNanbHO OrpaHmYeHHOI?

2.2-6*  Yro 6onbie (npn Gonbmux n): lg(lg* n) nun lg*(Ign)?
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2.2-7  llokaxuTe mo nHAyKInN Gopmyny (2.15).
2.2-8  JlokaxnTe Takylo oleHKY mis umcen Pubomawum: Fiiy > ¢
npn ¢ > 0 (3mech (o — OTHOIIEHNE 30JI0TOTO CeTEHN).

3anaun

2-1 AcuMOTOTHMKA MHOTOYWICHOB
Hycte p(n) = ag+ain+...+aqn
ag > 0. IlokaxuTe, 9TO

4 MHOTOWIEH CTeleHn d, TpIaéM

a. p(n) = O(n*) npu k > d.
6. p(n) = Q(n*) mpu k < d.
B. p(n) = O(n*) npu k = d.
r. p(n) = o(n*) npn k > d

n. p(n) = w(n®) upn k < d

2-2 CpaBHeHHEe ACMMIITOTUK

Mg Bcex KieTok ciiemyiomiedl Tabnunbl oTBerhTe "da” mwnu "nem”
Ha BOMPOC O TOM, MOXKHO jiu 3anucath A kax O, o, Q, w unu O or B
(k>1,e>0,¢c>1— HEKOTOpBIe KOHCTAHTHI).

A B Olo|Q|w|©O
a. 1gfn n°
0. nk "
B. +/n  nM"
r 2" 27/
I nlgm mlgn
e. Tg(n) lg(n")

2-3 CpaBHeHHMe CKOPOCTH POCTa

a. Haconoxkure cienytotime 30 GyHKINI B TOPsAKe YBeANYEHISA CKO-
pocTu pocTa (Kaxnas GyHKus ecTh O(cinenyoias)) 1 OTMeTbTe, Ka-
Kie W3 5TuX (QYHKINI Ha caMOM flejie NMEIT ONMHAKOBYIO CKOPOCTh
pocta (onHa ecTh O OT HpyTOii):

lg(lg*n) 2" (V2)lsn 2 n! (Ign)!
(3/2)" n? lg*n  lg(n!) 22" nt/len
Inlnn lg™n n-2" plelen ngp 1
2len (g n)ler e e (n4 1) Vign
lg*lgn 2V2Izn n 2" nlgn 22"+

6. YKaxkuTe HeoTpuumarenbiyio ¢yukumio f(n), KoTopas He cpas-
HIIMa HE ¢ OTHOM u3 GyHKIuil g; sroi Tabauust (f(n) ze ects O(g;(n))

u g;(n) me ects O(f(n))).
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2-4 CsolicTBa ACMMITOTHIECKUX 0003HAYCHII

Hycts ¢yukmun f(n) un ¢g(n) NonoXuTeqbHB MIPH IOCTATOIHO GONb-
wux n. MoXKHO A1 yTBEPKAATE, YTO

a. ecan f(n) = O(g(n)), 10 g(n) = O(f(n))?

6. f(n) +g(n) = O(min(f(n), g(n)))?

B. f(n) = O(g(n)) neuér lg(f(n)) = Olg(g(n))), ecnu lg(g(n)) > 0

n f(n) > 1 nas noctaTodHO GONBIINX 77

. f(n) = O(g(n)) Breasr 2/(") = O(29(7))?
- f(n) = O((f(n))")?

- [(n) = O(g(n)) Breudr g(n) = Q(f(n))?
- f(n) = O(f(n/2))?

- f(n) +o(f(n)) = ©(f(n))?

w%m):ﬁ

2-5 BapuMaHTBI ACHMITOTHYECKUX 0003HAUEHUM

B mekoTopbix KHUTax §2-0603HaUeHe NCIOAb3YeTCs B MHOM CMBICIIE.
Mper 6y1ieM HCIoNb30BaTh 0bo3HadeHne 2°° st HTOro BapuanTa, 4To0bI
n36exarh nyTannusl. Hycts f(n) n g(n) — GyHKINN HaTYpalbHOTO
aprymenta. ['oBopst, ato f(n) = Q%(g(n)), ecnu HafOETCS TOMOKI-
TenbHOE 4NCI0 ¢, mpu KoTtopom f(n) > cg(n) > 0 mast GeckoHedHO
MHOTHX HATYpalbHbLIX 7.

a. HokaxmuTe, a0 mis mobex nByx ¢yukmui f(n) n g(n), nomoxmn-
TeJILHBIX IpU GOJBIINX 3HAUEHUX 1, Boinonneno nubo f(n) = O(g(n)),
m6o f(n) = Q%(g(n)), m 9TO M HAIIETO MPEKHETO ONpeIeNeHIs
Q(g(n)) sToro yTBEpKIATH HENb3S.

6. KakoBBI BO3MOKHbIE TOCTOMHCTBA I HENOCTATKHU MPUMEHEeHIs Olle-
HOK BuIa Q°° Ipu HCCIeIoBAHUN BpeMeHn paBGoThl aJirOPHTMOB?

Hekoropere aBroper B 3anucn f(n) = O(g(n)) we Tpebyor, 4TOGH
dyukuns f(n) GbuTa ACHMITOTHYECKN TOTOKUTenbHOM. HyneMm ncmons-
30BaThb obosHadenne O u ckaxkem, aro f(n) = O'(g(n)), ecnu |f(n)| =
O(g(n).

B. UTo IpONCXOMUT NPH TAKOM ONpPENeIeHIT ¢ YTBePKICHUAMI Teo-
pembr 2.17

HekoTopble aBTOPHI UCHONB3YIOT €I ONNH BapUaHT ONpeleeHins:
6ymeM roBopuTh, 4T0 f(n) = ON(g(n))7 ecqT HAWMYTCS TONOKNTENbLHBIE
ancia ¢ u k, nns kotopeix 0 < f(n) < cg(n) lg¥ n st Beex nocraTouno
OONBIINX 7.

r. Onpenenure € 1 © aHAJOIUYHBLIM OGPA30OM U HOKAXKITE AHAJIOL
TeopeMbr 2.1.

2-6 Wrepamuu

Mgbr uTepupoBaln JOrapuGMUUecKyio (GYHKINIO, HO aHaJorHdHas
ornepalns BO3MOKHA U [ APYTUX q)yHKHI/IM Hycrs f(n) — HeKOTopa;{
dyuxums, npuaém f(n) < n. Onpenennm fO)(n), nonoxus O (n) =n
w f(0)(m) = F(FD(n)) mpm i > 0.

His puKcHpoBaHHOrO Yncia ¢ ompenennM GyHKOUO f(n) Kak Mu-
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mManbaoe i > 0, mist koroporo f)(n) < c. (Ipyrumn cnosamu, f* —
HTO CKOJILKO pa3 HYKHO MPUMEHITH GYHKINIO f, 4TOOLI U3 N MOJYUUTH
9nCI0, He TpeBocXosiee ¢.) 3aMeTnM, 9To f¥(n) ompeneneHo maneko
He Bcerja.
Nus kaxnoit n3 crnenyommx GyHKni f(n) u 3HaveHnit ¢ onennre f7
BO3MOKHO TOYHee:
fn) e fx(n)
a lg n 1
6 n—1 0
B n/2 1
r. n/2 2
1. N
e N
K. nl/3 2
3. nflgn 2
3ameuanns

Kak cunraer KuyT [121], ncnonbzoBanne O-o603HaUe I BOCXONUT K
yuebuuky 1o reopun dunces (P. Bachmann, 1892). O6ozuauenue o(g(n))
6b110 ncnonb3oBano Jlanmay (E. Landau) B 1909 rony mpu obcyknennn
pacupenefienns NpocThix dncen. WcnonbsoBanne Q- n O-o6o3zHavenmii
pekomennoBaro KuyToum [124]: 5Tu 0bo3HAUEHNS TO3BOJAIOT N36€KATH
TeXHUYECKH HEKOPPeKTHOro ynorpebienns O-obo3HaUeHWil s HIK-
HIX OIEHOK (XOTSI MHOTTE JIOIN IPONOIKAIOT Tak nenaThb). HompoGuee
06 acuMITOTHYeCKNX obo3HaueHusx cM. KuyT [121, 124] u Hpaccap un
Hpernu [33].

Onnn n Te ke 0603HAYECHIS TOPON NCIOAB3YIOTCS B PA3INYHBIX CMbI-
cJlaxX, XOTs pas3HHIla, Kak NpaBUJIO, OKa3biBaeTcs HecylllecTBeHHol. B
YaCTHOCTH, NHOTIa CpaBHUBaeMble QYHKIME He MpeanoiaraloTcs Heo-
TPUIATENBHBIMI PN GONBUINX 1 (M CPABHUBAIOTCS MOLYIIN).

CyliecTByeT MHOTO CIHPABOYHUKOB, CONEpPKAIINX CBEICHUs 06 Hiie-
MeHTapHBIX GyHKIusx: A6pamoBud u Creryu [1], Heitep [27]. MoxHo
TaKXKe B3sATh M000i yIeOHNK M0 aHAIN3y (CM., Hampumep, AnocTorn [12]
nian Tomac w @unnn [192]). Kanra Kuyra [121] conepxuT MHOrO mMO-
JIe3HBIX MaTeMaTHUeCKNX CBEICHUI, UCIONb3YeMbIX TP aHAJM3e aJro-
PHUTMOB.



3 CyMMupoBaHue

Ecnun amroputm comepxut muka (for, while), To Bpems ero paGorst
SBIsIeTCS CYMMOU BpeMEH OTHeNBHEIX ITaroB. HanpuMep, Kak MLl 3HaeM
n3 pasmerna 1.2, BLIOAHEHNEe j-TO IIara alropuTMa COPTUPOBKH BCTaB-
KaMu TpebyeT BpeMeHn, MponopinoHaabuoro j. HosToMmy obiree BpeMs
OyneT onpenensaThCad CyMMOR

n
2
J=1

koTopas ecTh O(n?). Homo6moro poma cyMMBl HaM He pa3 BCTPeTATCHA
(B wacTHOCTH, B T71aBe 4 MpH aHANM3e PEKYPPEHTHBIX COOTHOIICHNIT).

B pasmnene 3.1 mepeuncientl OCHOBHEBIE CBONCTBA cyMM. HekoTopbie u3
3TUX CBOUCTB [IOKa3blBaloTCcsa B pasielie 3.2; 60AbIINHCTBO NPONYIIEH-
HBIX JI0KA3aTelbCTB MOXKHO HaliTu B yuyeOHUKAX 110 MaTeMaTHYeCKOMY
aHaJIU3Y.

3.1 CymMBbI U UX CBOWCTBA

Hns cyMmMbl a1 + ag + ... + @, UCHONB3YIOT 0603HAUEHTE

n

Zak.

k=1

Hpu n = 0 3navenme cyMMbI cunTaeTcs paBHBIM (.

Kax npaBuio, HUAKHUY T BepXHUH Openefbl CYMMUPOBAHUS — TleJble
ancia. (Ecnn 5To He Tak, 0GBIIHO MOIPa3yMeBalOTCS Ielble 9acTH.)

B xoHeuHLIX cyMMax ciaaraeMble MOXKHO TTPON3BOIBLHO TePeCcTaBIATE.

B kypcax aHamms3a OmpenensioT CyMMy GeCKOHeTHOTO psama (series)

a1+ ax+as+ ... nin
o0

S

k=1
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KakK IIpenell nmoc/ienoBaTe/IbHOCTI YaCTUYHbBIX CYMM

e
lim Z ag.
n— 0o
k=1
Ecnn npemena He cylIecTBYyeT, TOBOPAT, YTO pPAll PacXOXATCS
(diverges); B mpoTuBHOM cityuae o cxomures. Ecnnm psm > ;7 | |ax| cxo-
IOUTCSI, TO PSII y o @ HA3bIBAIOT abcomoTHo cxomsmmMes (absolutely
convergent series); BCSKHI aGCOMOTHO CXOMSIIMICS PSIIT CXOMNTCS, HO
He HaoGopoT. Hpu mepecTaHoBKe 4JIeHOB abGCOMIOTHO CXOMSIIErOCs Psiia
OH 0CTABTCA abBCONIOTHO CXOMAINMCSA I ero CyMMa He MeHAeTCs.

JInuemHOCTE

CBoiicTBO NUHEHHOCTH T'JIACUT, 4TO

n n

Z(Cak + b)) = CZ arp + Zbk
k=1

g Jboro uucia ¢ U A J0ObIX KOHEUHBLIX TOCeNoBaTelbHOCTEN
A1y..yy 1 by, ... b, HousleHHO CKIAIBIBATh U YMHOXKATH HA YUCHA
MOXKHO He TOJIbKO KOHeUYHble CYMMBbI, HO U CcXosdlinecs OecKOHeUYHble

pAObI.
ApudmMeTuiueckue mporpeccun

CymMma

n

dk=1+2+...+n,

k=1
KOTOpas BO3HHUKIA [P aHaJIW3e aJropHTMa COPTUPOBKH BCTaBKaMIH,
SBIsieTCsI apudmeTHaeckon nporpeccueit (arithmetic series). Eé snauenne
paBHO

- 1
D k= Sl +1) = (3.1)
k=1
= 0(n?). (3.2)
T'eomeTpuUueckume mporpeccun

Hpn 2 # 1 cyummy reomerpmueckoit mporpeccun (geometric uin
exponential series)

Zxkzl—l—x—l—xz—l—...—l—xn
k=0
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MOXKHO HallTu 1o gopmylie

n n+1 1

}:ﬁzuzt%ﬁ (3.3)

k=0
Cyumma GeckoHeqHO yOBIBAIOIIEH reoMeTpuYeckoil mporpeccnn (npn
|z| < 1) maérest popmyoit

> ak = (3.4)
k=0
T'apMonuueckuit pan
nveer Bun 1+ 1/2+1/34...41/n+...; ero n-as vacTuIHAs CyMMa
(nth harmonic number) paBza
11 1 &1
H=1+-+-+...4+4—= — =1 1). .
totgtoto 2.5, nn+0(1) (3.5)

Houmennoe naTerpupoBanue u guddepeHmuposanme

Huddepernupys uam nHTerpupys 06e 9acTH U3BECTHOTO TOXKIECTBA,
MOXKHO TIOIY9INTh HOBoe. Hampnmep, nuddepennnpys ToxmnecTso (3.4)
U yMHOMXKas pe3ylibTaT Ha , NoiyvyaeM

E:hv 'T?ZF‘ (3.6)

CyMMBI pasHOCTEN

s nro6oii mocaenoBaTelbHOCTH dg, 1, . . . , (L, MOKHO 3alUcaTh TO-
JKIECTBO
n
E (ag — ag—1) = a, — agp (3.7)
k=1
(BCe MPOMEKY TOUHbIE YJIeHBl COKpallaoTcs ). Takme CyMMbl TO-aHTITHIi-
cK1 Ha3bIBaloT telescoping series. Amajormuno,

n—1
Z(ak — Akt1) = Qg — y.
k=0
HrotT HpI/IeM [03BOJIFeT IIPOCYMMHPOBAThL Pl Zk 1 k(k1-|-1) Ho-
CKOJIBKY k(k-|—1) = % - m, HOJIydaeM, 4TO

n—1 n—1 1
Zkk+1 (__k+1) ==

k=1 k=1



42

laasa 3 Cymmuposanue

HpousBemnenns
Hpouspenenne 4ucen aq, ..., ¢, 3a0lChIBAIOT KaK
n
o
k=1
Hpn n = 0 swauenne defnnpomssenenusi (product) cumraercs pas-

HEIM 1. JlorapmpmupoBanie npeBpalllaeT TPON3BeNeHNe B CYMMY:
n n
lg H ap = Zlgak.
k=1 k=1
Yupaxuenus

3.1-1  Berumenure >, (2k — 1).

3.1-2*  Hokaxurte, ncnonbsys GOpMyIy A YaCTHIHBEIX CYMM TapMo-

HIYecKoro psna, 4ro » p_, 1/(2k — 1) =In(y/n) + O(1).
3.1-3*  HoxaxuTe, ato Y 70 (k — 1)/2% = 0.
3.1-4*  Borumemure cymmy > oo, (2k + )22k

3.1-5 Hcmonb3ys NUHEHHOCTH CYMMBI, COOPMYIUPYHTE W MOKAKUTE
YTBep:XKIeHue O BO3MOXKHOCTHU TepecTaHOBKH acuMIToTHdeckoro O-
0003HaYEHUS U CYMMUPOBAHUS.

3.1-6 Mcmonb3ys NUHEHHOCTH CYMMBI, COOPMYIUPYHTE W MOKAKUTE
YTBep:KIeHue O BO3MOXKHOCTH HepecTaHOBKU acHMITOTHYecKoro £2-
0003HaYEHUS U CYMMUPOBAHUS.

3.1-7  Berumenure npoussenenue [[;_; 2 - 4%,

3.1-8° Beruumcnure npoussenenne [ [1_,(1 — 1/k?).

3.2 OueHku cymm

HaccMoTpuM HEeCKONBKO MPUEMOB, KOTOPBIe MO3BOJAIOT HAWTH 3Ha-
deHne cyMMBl (MM XOTs ObI ONEHNTH 3TY CYMMY CBEPXY IJIN CHU3Y).

Nuayxous

Ecnu ymanock yramaTh GOpMYyNy MM CYMMBI, €& Jerko TPOBepuTh C
MOMOIIIBIO MaTeMaTndeckoll nHAyKInu. HpuMep: mokaxkeMm, 9TO CyMMa
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apudmeTnIeckoil mporpeccnn S, = > ;_, k pasua n(n+1)/2. Hpu n =
1 sTo BepHo. Tenepr mpennonokum, 9T0 paBeHCTBO S, = n(n + 1)/2
BepHO NpH HEKOTOPOM 7 M TpoBepuM ero mis n + 1. B camom nere,

n+1 n
Y k=) k+m+l)=nn+1)/2+(n+1)=(n+1)(n+2)/2.
k=1 k=1

Munykumio MOXKHO HCHONBL30BaTh I IS HepaBeHcTB. Hampumep, mo-
KayKeM, 4TO CyMMa TeoMeTpHieckoil mporpeccun Y p_q 3% ects O(3%).
Tounee, MBI oKazkeM, 9T0 ¥ ¢_q 3% < ¢-3" 1314 HEKOTOPOIl KOHCTAHTHI ¢
(koTOpyto MBI BEIGEpeM no3nHee). Hpn n = 0 nveem 22:0 3F=1<c1;
5To BepHO 1ipu ¢ > 1. Hpennonaras cupaBeminBocTh OIEHKN P HEKO-
TOpoM 7, nokaxkeM eé i n + 1. Umeewm:

n+1 n

1 1
§ :3k — § 343 et 3t = (_ 1+ —) e3" Tt L e3ntl,
k=0 k=0 3 ¢

Hocnenunit nepexon 3akouew, ecnn (1/34+1/¢) < 1, T.e. ecn ¢ > 3/2.
Hosromy 3 7_, 3% = O(3"), a0 u TpeGosanoch mokas3aTh.

Munykumeii cremyeT TOMb30BaThCS aKKypaTHO, OCOOEHHO IpH IO
Ka3aTelbCTBe aCHMITOTHYECKIX OIECHOK, MOCKONBKY TYT JIerKO OIIN-
6urbes. M npumepa "dokaxcem”, aro Y ) k = O(n). OueBnaHo,
S ik = O(1). Hpennonaras cupaBeiinBocTh ONEHKH MPH HEKOTO-
poM m, mOoKazKeM eé IJIsd clledylollero 3nadenns n. B camom nerne,

n+1 n .
S k=S k+m+1) =00+ m+1) "L om 4 1).
k=1 k=1

Omubka B TOM, 4YTO KOHCTaHTa, IIOOpa3yMeBaeMasd B obozHaueHNN

O(n), pacTéT BMmecTe ¢ n.

Howrennnie CpaBHEeHUA

Wrorma MOXKHO TOMYYNTEH BEPXHIOIO OMEHKY MM CYMMEBI, 3aMeHUB
KaXKIblil 8 wieH Ha Gonbnil (HampuMep, Ha HaAHOONBIINN U3 YIEeHOB
cymmbr). Tak, mpocreiiieil oneHKoll ¢BepXy I CyMMBI apudMeTHde-
CKOIl TIporpeccun 2221 k 6ymeT

zn:kgzn:n:nQ.

k=1 k=1

B obiiiem ciyuae

3

Qg < Namax,
k=1
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Tlle Umax — HauOOJbIIEe U3 41, . .., Oy.

B mexkoTOpLIX cnydasx MOXKHO MPUMEHUTH 60lee TOUHLIT MeTOm —
CpaBHeHNe ¢ TeoMeTpHYeckoll mporpeccueir. lomycTuMm, naH psn
Y h—o @k € TONOKHTEIBHBIMI WICHAMH, I KOTOPOIO aiii/ar < T
npu Beex k > 0 n mekoropom r < 1. Torna aj < aor®, n cymMma Moxker
OBITh OrpaHWYeHa CBepXy OeCKOHeUHOIl YOBIBaoIlell reoMeTpHUecKoi
nporpeccueii:

'] —k o
HpI/IMeHI/IM 9TOT MeToHd OJId CyMMBL Zk:l k3 . HepBbII/I 4JieH paBeH
1/37 OTHOlIeHne CoOCeqHNX YJIEeHOB pPpaBHO

(k+1)3-040 1 k41 2

k3=k 3k T3
nis Beex k > 1. CrnenoBaTenbHo, KaKIBIH WIeH CYMMbI OLEHHBAETCS
cepxy semmumnoit (1/3)(2/3)%, Tax uto

00 00 k
1 (2 11
—k _ _
213 <Z§'(§) BERET

Baxno, 9T0o oTHOIIeHNe COCEMHUX UIeHOB He MPOCTO MeHbIe 1, a
OrpaHUYeHO HEKOTOpoil KoHcTaHTOH r < 1, obmiell s Bcex UJIEeHOB
psina. Hanpumep, mins rapmorndeckoro psina otHomenne (k+ 1)-ro un
k-ro useHOB paBHO ﬁ < 1. Tem ne Menee

1 "1
E — = lim E — = lim O(lgn) = occ.
k  n—ooo k  nooo
3neck He cyllecTByeT KOHCTAHTEL 7', OTIeJIAIOlIell OTHOIIeHnS COCeIHIX
YJIEHOB OT €NUHUIIBI.

Has6uenne ma gacTn

Moxno pa36buTh cyMMy Ha YacTH W ONEHHBATH KAXKAYIO JacTh TO
OTHeNbHOCTH. B KadecTBe mpuMepa TOIYINM HUKHIOW OMEHKY s
CyMMBI apudMeTnueckoil mporpeccun » ., _, k. Ecin Mbl onenuM cHm3y
KaKIBIl 9IeH eNNHNIeil, TO MOMydInM OmeHKy y ;. k > n. Hasunma
¢ Bepxueil onenkoit O(n?) cinmikoMm Benuka, No>TOMY MOCTYIHM TO-

Ipyromy:

n n/2 n

n/2
=3k 3 k20 ) c=(5)"
=1

k=n/24+1 k=1 k=n/24+1

n

k=1
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Hra omeHka yke acHMITOTHYECKH TOYHA (OTJINYAETCS OT BepxHeil
OIleHKH, W TeM CaMbIM OT HCTHHHOIO 3HadyeHus, He Gojee 4eM B KOH-
CTaHTY pa3).

Nuorna mosesno oT6pOCHTH HECKOALKO MEepPBLIX Y/IEHOB MOC/eN0Ba-
TeJILHOCTH, 3aMucaB (s GUKCHPOBAHHOTO ko)

Zak_Zak—l— Z ap = (1)—|— zn: ag.

k=ko+1 k=ko+1
Hanpumep, nns pama
0 L2
>3
k=0
OTHOIIIeHne MmocyienoBaTeJIbHBIX YJI€HOB

(k+1)%/2M0  (k+ 1)
k2 2k o 2k?

He Bcerna Menbile 1. HosToMmy, 4TOGHE MpUMEHUTH MeTON CPABHEHUS
C TeoMeTpUuUecKoll mporpeccueil, BbIOEJUM TPU MEPBBIX YJieHa psiaa.
HNins Beex crenyiommx qieroB (k > 3) oTHOIIeHNe He MpeBOCXOMNT 8/9,
HO3TOMY

MOCKOJIBKY BTOpast CyMMa — GecKOHeYHO yGBIBAIOIas TeoMeT puaecKast
IPOT peccus.

Has6uenne psina Ha 9acTi 6bIBAET MOMIE3HO I B 6OJIee CIOKHBIX CHTY-
anmsx. OHeHI/IM HalpUMep, YacTHYHbIE CYMMBL FapMOHUYECKOIO Psia
H, =Y}_, 1. Ins sroro pasobbem oTpesok ot 1 1o n Ha |lg n| wacreit
1+ (1/241/3)+(1/4+1/541/6+1/7)+.... Kaxnas sacTb He mpe-
BocxonuT 1 (3aMeHHM Bce cllaraeMble B Hell Ha IepBoe U3 HIX), BCErO
gacreit |[lgn|+ 1 (mocnenuss MoxeT 6uITh Henonuoil). Homydaaewm, aTo

1+1/24+1/34+...+1/n<lgn+ 1. (3.8)
CpaBHeHIIIe C NHTerpaJiaMun

Ilns MOHOTOHHO Bo3pacTalolieli GyHKINN [ MBI MOXKeM 3aK/IIUNTh
cymmy » - f(k) Mexmy mByMs MHTerpasaMu:

n+1

[ reae< > s < [ s ds, (3.9)
m—1 k=m m
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Pucynox 3.1 Cpasuenne cymmnl »_,_  f(k) ¢ unTerpanamu. Buyrpu kaxmoro
TIPAMOYTOTEHUKA 3allicaia ero womans. ObImas wiomans BeeX MPIMOYTOTLHIKOB
pPaBHa 3HAYEHWIO CYMMEI. JHadeHWe WHTErpajia PaBHO INIOMIANH 3aKpalleHHon hu-
rypst nox Kpusoil. (a) CpaBHUBas IIIOMIAAMN, HOLyYaeM fmn_l fle)de < >0, f(k).
(6) CnmBuras nmpsAMOYTONBHUKN Ha €NUHUNY BHpaso, BumuM, 4To » ,_. f(k) <

fmn+1 f(z)dz.
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B camom neme, kak BumHO m3 puc. 3.1, cymMa (MII0IIagh BCEX MPSMO-
YTOJIILHUKOB) CONEPXKHUT ONHY 3aKpallleHHYI0 061acTh (BepXHU pucy-
HOK) U COHEPKUTCS B IpyToil (HUKHUI PHCYHOK). AHAJOTHIHOE Hepa-
BEHCTBO MOYXHO HANUCATH MJIsi MOHOTOHHO yOBIBatolledl GyHkiun f:

n+1 n n
[ @<y < [ s (3.10)
m k=m m—1

Hruwm MeTOINOM MOZKHO ITOJYUYUTE XOpomune OHeHKN O YaCTHUYHbIX
CYMM T'apMOHINYECKOI'O psila: HUZKHIOIO OIEHKY

"1 d
;E2/§:1n(n—l—l) (3.11)

1
Il BEPXHIOIO OIEHKY ([ psina Ge3 MepBOro 4ieHa)
e
"1 dx
2 g =t
k=2 1

OTKyIa

1
z <lnn41. (3.12)

Yupaxuenus

noo1
3.2-1  HokaxmuTe, 4TO cymMMa Y ;_; 75 OTpaHWYeHa CBEPXY KOHCTaH-
TOll (He 3aBUCSINIEN OT n).

3.2-2 HalimuTe acUMITOTHYECKYIO BEPXHIO OIMEHKY IS CYMMEI

[lgn]

> /24

k=0
3.2-3 Hasbumas cyMMy Ha YacTH, MOKaXKHTe, UYTO N-i1 YacTHIHAS
cyMMa TapMOHIIecKoro psina ecth Q(lgn).

n 3
3.2-4  3BakiouuTe CyMMY Zk:l k” Mexny OBYMsI WHTErpaJaMu.

3.2-5 Houemy mnpm mnonydeHnn BepxHeil ONeHKH [UIs YacTHYHOI
CYMMBI FapPMOHNYECKOTO Psilla MBI OTGPOCHIIN NEepBBIl WIEH I TOIBKO
noroM mpuMenuian ouenky (3.10)7
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Jamgaun

3-1 Omenku A cymm
Haiinnre acHMOTOTHYECKN TOYHBIC OLNEHKH IS CIEHYIOUINX CYMM
(cantas r > 0 n s > 0 KOHCTAHTaMH):

a.y o k.
6. r g% k.
B S kg k.

JameyaHug

Kuura KayTa [121] — npekpacHbIil CIPaBOYHIK O MaTepHAy 3TOfl
riaBul. OCHOBHBIE CBOMCTBA PAIOB MOXKHO HaiiTH B JII060M yuebHHKE 10
MaTeMaTquCKOMy’aHaHH3y(aBTOpB[OTCHHaKH?aHFHOHmﬁQHOH)QHTa—
Tenst K kKHuram [12] u [192]).



4 JeKyppeHTHbIe COOTHOIIEHUS

OuenuBas BpeMmsi pabOTHl PeKypPCUBHON MpOHEnyphl, Mbl 9acTO MpH-
XOIMMM K COOTHOIIEHWIO, KOTOpOe OlleHUBaeT 3TO BpeMs vepe3 BpeMsd
paboThl TOH XKe NMpolenypbl Ha BXONHBLIX NaHHBLIX MeHBLIIEro pa3Mepa.
Takoro poma cOOTHOIIEHNS HA3BIBAIOTCS PeKypPeHTHEIME (recurrences).
Hampumep, Kax MbI Bumennm B TiaBe 1, BpeMs paboOTHl TPOTeNnyphl
MERGE-SORT ONUCHEIBAeTCS COOTHOIIEHUTEM

O(1), ecim n = 1,
21'(n/2) +©(n), ecan n > 1.

T(n) =

(4.1)

13 KOTOPOro BhITeKaeT (Kak Mbl yBuaum), uro 1'(n) = O(nlgn).

B »sToit rnaBe mpemmaraioTcs Tpu cnocofa, TO3BOIAIOININE PENINTh
PeKyppPeHTHOe COOTHOIIeHNe, T.e. HallTn acuMuToTHYeckyo ("07 nmn
707 oneHKy nis ero perrernii. Bo-mepBbIx, MOXKHO yramgaTh ONEHKY, a
3aTeM MOKa3aTh €& Mo MHAYKINN, MOACTABIAS yralaHuylo GopMyIy B
IPaByO 9aCTh COOTHOIIEHNS (MeTox moacTaHoBKH, substitution method).
Bo-BTOopnix, MmoxuO “pazeepnyms” peKyppeHTHYIO GOpPMYILY, HONYUNB
IPH 3TOM CYMMY, KOTOPYIO MOXKHO 3aTeM OIeHNBATH (MeTOX NTepalmii,
iteration method). Hakowern, Mbr npuBomuM OGIINIT pe3yIbTAT O PEKY p-
PEHTHBIX COOTHOIIEHUAX BUIA

T(n) = aT(n/b) + f(n).

roe a > 1, b > 1 — HekoTophle KOHCTAHTHL, & f(n) — 3amanHas QyHK-
nus. CoOTBeTCTBYOIINI Pe3yabTaT MBI OyIeT Ha3biBaTh OCHOBHOM Teo-
PeMOI 0 pEKYPPEHTHBIX COOTHOIIEHUAX (master theorem). DopMYINPOBKA
3TON TeOpeMbl NOBOJBHO IUIMHHA, 33TO BO MHOTUX CJIyYadx OHA Cpasy
NPHABONUT K OTBETY.

Texuungeckue JAeTaJIn

DopMyIUPYs U HOKA3LIBasg YTBEPKIEHUS PO PeKyppeHTHBIE COOT-
HOIlIeHUsl, Mbl OylleM OMyCKaTh HEKOTOpble TeXHUYecKne MOJpOOHOCTH.
Hampumep, B mpuBenénnoil BeIle GopMylie Ois Tponenypsl MERGE-
SORT HOMKHBI CTOATH Terble dactu (1'(n) ompeneneHo nuib mpu Ie-
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O(1), ecim n = 1,

P Ur ) £ (i) + 0, ecnnn > 1,

(4.2)

Kpowme Toro, 06519HO MBI OyIeM OIyCKaTh HaYalbHbIE YCIOBHS, NMes B
Buny, uro 1'(n) = O(1) nns neGomnbmux n. Takum ob6pasom, cOOTHO-
menne (4.1) sanuimercs B BuIe

T(n) = 2T(n/2) + O(n). (4.3)

Hto nosBonuTensHo, Tak Kak HadasibHOe ycioBne (3Havenne 1'(1)) Bin-
SeT TOJILKO Ha HOCTOSHHLI MHOKHUTEIb, HO He HA MOPSIOK POCTa (Y HK-
unun T'(n).

Takoe me6pexnoe obpallleHne ¢ DeTAISIMI, KOHEUHO, TpeGyeT 0CTO-
POXKHOCTH, 4TOOLL He YIYCTUTL (IYCTh PENKUX) CIydaeB, B KOTOPBIX
nonoGHble MeTAN BINAIOT Ha pe3yiabTaT. B sToil riaBe Mbl pazbepém
HECKOJILKO IPUMEPOB, MOKa3bIBAIOINX, KaK BOCIOIHUITE IPOLYIICHHbIE
neTann (CM. nokasaTelbcTBO TeopeMbl 4.1 u 3amauy 4.5).

4.1 MeTon nmogcTaHOBKU

Wnes mpocTa: oTramaTh OTBET U MOKa3aTh ero Mo HHAYKIUU. YacTo
OTBeT COHepPXKUT KOrDPUINEeHTHl, KOTOpble HAl0 BbIOpATh TakK, YTOObI
paccykieHne Mo MHAYKIUYM TPOXOAUIO.

WHnykTuBHLIT MeTon NPUMEHUM W K HUKHUM, W K BEPXHUM OTIeHKAM.
B xagecTBe npuMepa HaliméM BepXHIOIO ONEHKY OIS QYHKINE, 3aMaHHON
COOTHOIIIEHUEeM

T(n) = 2T(|n/2]) + n, (4.4)

KoTopoe ananoruyno (4.2) u (4.3). Moxuo npennonoxuts, ato 1'(n) =
O(nlgn), t.e. uro T'(n) < enlgn nus monxomsiero ¢ > 0. Hynem
IOKa3BIBATh 5TO N0 nHAyKunu. HycTs 5Ta onenka BepHa miist [1/2], T.e.
T(|n/2]) < c[n/2]|1g(|n/2]). HoncTaBus eé B cooTHOIIEHNE, TOTYINM

T(n) < 2eln/2]e([n/2])) + 1 <
<enlg(n/2)+n=cnlgn—cnlg24+n=cnlgn—cn+n <

< enlgn.

Hocnennuii nepexon 3akoHeH npu ¢ > 1.

Hns 3aBepiienust paccyXkeHus OCTaéTcs MPOBepUTH Ha3nc WHOYK-
0", T.e. NOKa3aTh OMEHKY NI HaJalbHOTO 3HAUEeHUS n. TyT MBI cTaml-
KuBaeMcda ¢ TeM, 4To npu n = 1 npaBas 4acTh HepaBeHCTBa oOpa-
[IaeTCs B HYyNb, KakuMm Obl HEU B3sSTh ¢ (mockombky lg1 = 0). Hpun-
XONUTCA BCIOMHUTBL, YTO aCUMOTOTHYECKYIO OIleHKY HNOCTaTOUHO MHO-
KazaTh NI BcexX n, HaumHas ¢ HekoToporo. Hombepém ¢ Tak, 4TOGHI



Memod nodcmanoexu 51

onenka T'(n) < enlgn 6buta Bepua npn n = 2 u n = 3. Torna nus
GONBIINX 1 MOKHO PACCyXKIATh 0 MHIYKINH, I ONACHBLI ciydail n = 1
HaM He BCTPeTHTCs (MOCKONbKY [n/2] > 2 npu n > 3).

Kak orramars oneHky?

Hmns »Toro HyXKeH HaBLIK W HEMHOTO BezeHUs. BOT HeCKOIBKO HaBO-
OAIIUX coobpakKeHnil.

Ananorns. HacemoTpuM [71st mpinMepa COOTHOLIEHIE
T(n)=2T(|n/2] +17) + n.

KoTopoe oTiunuaercs oT (4.4) nobaBounbiM ciaraeMbiM 17 B npaBoit
yacTH. MoxXHO oXuHaTh, OOHAKO, 4YTO 3Ta J0OaBKa He MOXKeT Cy-
LIeCTBEHHO M3MEHUTHL XapaKTep pelleHud: Npn GONbIINX N PasHHUIA
Mexny |[n/2] + 17 u |n/2| Bpan num Tak yxK cyljecTBerHa. Moxuo
IPennoNoKITh, 9To onenka 1'(n) = O(nlgn) ocTaéres B cuie, a 3a-
TeM W OKa3aTh 9TO MO WHAYKIHN (cM. yup. 4.1-5).

HocnenopaTensubie npubmkerna. MOKHO Ha9aTh ¢ IPOCTHIX U TPYOBIX
OIIEHOK, a 3aTeM yTOUHATH ux. Hampumep, mns coorHomrenus (4.1)
ecTh OUeBHIHAs HIKHss oneHka 1'(n) = Q(n) (MOCKOMBKY clpaBa ecTh
wien n), n Bepxuss onenka 1'(n) = O(n?) (koTopylo lerko JokasaTh
no nHoyKnun). Haiee MOKHO MOCTENeHHO COMMKATD UX, CTPEMSCH I0-
JIyYUTh ACHMITOTHYECKN TOYHbIE HIDKHIOI I BEPXHIOI OIEHKIH, OT-
nuyampolinecs He 6ojiee 4eM B KOHCTAHTY pas.

ToukocTn

MHOFI[& paccyxKiaeHmne 1mo MHAYKOUN CTaJIKnBaeTCd ¢ TPYOHOCTAMU,
XOTsd OTBeT yragdaH IIpaBUJ/IBHO. O6LIuHO 5TO IIpoucxognT 1nmoTomMy, 4TO
OOKa3bIBaeMOe IO NMHAOYKINN yTBepXKIeHlle HeJOCTAaTOYHO CUJILHO. B
9TOM ClIy4Hae MOXKeT IIOMOYL BbhlUNTaHIle YJleHa MeHbIIero IopsaikKa.

HaCCMOTpI/IM COOTHOIIIeHne

T(n) =T([n/2]) + T([n/2]) + 1.

Moxno nanmesTbes, uto B sToM ciydae 1'(n) = O(n). Hro nefictu-
TeqabHO Tak. HompoGyewm, onzako, nokasaTs, uto T'(n) < c¢n npn non-
XOIAIIeM BBIOOpe KOHCTAHTHI ¢. VIHIYKTHBHOE NPeINoNoKeHne NaéT

T(n) <cln/2]+¢ln/2]+1=cn+1,

a OTCIOOa HU OJId KaKOI'0 ¢ He BbITeKaeT HepaBeHCTBa T(n) < cn. B
TaKon CATYallllll MOXKHO MNOIILITAaTBCA JOKa3aThb 6osee Cna6y10 OIeHKY,
HallpuMep O(n2)7 HO Ha caMOM [ejie B TOM HeT HeoOXOomUMOCTH: Hallla
JorajKa BepHa, HalO TOJBKO He OCJ'[&61/ITI:7 a YCIINTH IIpedrnoJioxKeHne
NMHOYKIONN.
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Hosas runoresa Boirasnnt tak: I'(n) < en — b 11 HEKOTOPLIX KOH-
cTtadT b n c. HoncranoBKa B mpaByio 4acTh NaéT

T(n) < (c[n/2] =b)+ (¢[n/2] =b)+1=cn—-2b+1<cn—>

Hocnenuuit nepexon 3axonen npu b > 1. Ocraéres nuiib BLIGPATH KOH-
CTAHTY € C YUYETOM HAYaJbHBIX YCIOBUI.

Hto paccyxnenne BBI3LIBaeT HeOYMeHUe: eClil MOKA3aTelLCTBO He
IPOXOINT, He CIEeIyeT NN OCIabuTh (YBeANUNTh) ONEHKY, a He yCHIIH-
BaThb e€?7 Ho Ha caMoM Jiesie HUYErO CTPAHHOTO 31eCh HET — YCUJIUB
OIlEHKY, MBI TI0JIy4aeM BO3MOKHOCTH BOCIOJIB30BaThCS Oollee CUIbHbBIM
UHAYKTUBHBIM NPENNoJIOKeHTeM.

Kaxk AeJIaTh HE HAA0

AcuMnToTHYeCcKas 3alHCh ONacHa IPH HEYMEeJIOM IPUMEHEHHN: BOT
npuMep HempaBuwibHoro “doxazameavcmea” ounenku 1'(n) = O(n) nus
coornoutenns (4.4). Hpennmonoxum, ato T'(n) < cn, TOrma MOXKHO 3a-
nucaTh

T(n) <2(c|n/2])+n < en+n=0(n).
Hro paccyxnenne, omHako, HIUero He IOKa3bBaeT, TaK KaK MHIYKTHB-
HBII Tepexon TpebdyeT, 4ToOBI B TpaBoil YacTu OBIIO ¢ ¢ TON XKe caMol
KOHCTaAHTOI ¢, a He abcrpakTHOE O(n).

3ameHa II€EpEeMEHHBIX

YacTo mecnmoxkHas 3aMeHa MepeMeHHBIX I03BOJsSeT Tpeobpa3oBaTh
PeKyppeHTHOe COOTHOIeHNe K TMPUBBIYHOMY BUAy. Hampumep, coot-

T(n) = 27(|\/a]) +Inn

KaxkKeTcs NOBOJbHO CJHOXKHBIM, OHHAKO 3aMeHOil MepeMeHHbIX ero Jerko
yopoctuTh. CrenaB 3ameny m = lg n, nonyuum

T(2") = 2T(2"/%) + m.
O6o3nauus 1'(27) 1epes S(m), IpUXONUM K COOTHOIICHIIO
S(m) =25(m/2)+ m,

KoTopoe yke Bcrpedanoch (4.4). Ero pemenne: S(m) = O(mlgm).
Bosspaascs k 1'(n) BMecto S(m), nonyaum

T(n)=T2")=5(m)=0(mlgm)=0(Ignlglgn).

Hpusenéunoe paccyxnenne TpebyeT, KOHEUHO, YTOYHEHHIl, IO-
CKOJIBKY MOKa YTO MBI HOKa3ajlm oOleHKy Ha 1'(n) nnums mias n,
ABJISIOMINXCS CTENeHIMI ABOWKI. YTOOb! BBIIITH I3 MONOKEHIS, MOKHO
onpenenuts S(m) xak makcumym 1'(n) mo BceM 7, He IpeBOCXOIS-
mum 2.
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Yupaxuenus

4.1-1  Hokaxkure, gto u3 T'(n) = T([n/2]) + 1 cnenyer, ato T'(n) =
O(lgn).

4.1-2  Hokaxure, uto u3 T'(n) = 27(|n/2]) + n Beirekaer T'(n) =
Q(nlgn), n Tem campim T'(n) = O(nlgn).

4.1-3  Kax o60oliTH TpyoHOCTE ¢ HAYAJILHLIM 3HAUEHNEM 12 = 1 IpH Uc-
clleoBaHun cooTHOMeHns (4.4), N3MeHNB MOKa3bIBaeMOe M0 MHIYKIHN
yTBep:KIeHue, HO He MeHsS HauaJlbHOI'O 3HAUEHUS !

4.1-4 Hoxaxute, 4T0 cooTHoIIeHNe (4.2) NIl COPTUPOBKH CIAUSHUIEM
umeeT petrennem O(nlgn).

4.1-5  Hoxaxunre, aro T'(n) = 27(|n/2| 4+ 17) + n Bueuér T'(n) =
O(nlgn).

4.1-6  Hermmre ¢ moMOIIIBIO 3aMeHBI lepeMeHHbIX cooTHOIeHue T'(n) =
2T (y/n) + 1, (onyckasi HOIPOGHOCTH, CBA3aHHBIE C TeM, UTO 3HAYEHHS
nepeMeHHBIX — He Ieble).

4.2 HpeobGpasoBaHue B cymMMy

Kak 6biTh, eciin He ynaercs yranaTh peiienue? Tormna MoxHO, uTe-
pupYs 5TO COOTHOIIeHNEe (MOICTABISS ero caMo B cebsi), MONyInTh P,
KOTOPbIl MOXKHO OlleHNBATh T€M UJM WHBIM CHOCODOM.

Hmns npuMepa paccMOTPHUM COOTHOIIEHHE

T(n)=3T(|n/4])+n.
Honcrasmsist ero B ce6s, MOy InM:

T(n) =n+3T(n/4]) = n+ 3(|n/4] + 3T([n/16]))
= n+3([n/4] + 3(|n/16] + 3T ([n/64])))
=n+3[n/4] +9|n/16] + 27T ([n/64]),

Mbr Bocmonb30Balluch TeM, 4To, cordacuo (2.4), [|n/4]/4] = |n/16]
u [[n/16]/4| = [n/64]. Ckonbko 1mIaroB Hamo cHelaTh, YTOOBL HOATH
1o HadaIbHOro yenoBus? HocKonbKy mocne ¢-0if mTepalun cupaBa oKa-
wetes T(|n/4']), wur moiiném no T(1), xorma [n/4'| = 1, T.e. xorma
i > log, n. BameTus, a0 |n/4'| < n/4°, MBI MOKEM OICHUTDH HAII PAI
yObIBaOIIell TeOMeTpHUIecKoil mporpeccueil (IITI0C MOCTeNHI YIeH, Co-
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oTBeTcTBYyIOMMI 31984 " 3aauaM OrpaHTYEHHOTO pazmMepa):

T(n) < n+3n/4+9n/16 +27n/64 + ... + 31°81 70 (1)
n; % + O(n!o8+3)

=4dn+ o(n) = O(n)

I

(MbI 3aMeHmITH KOHETHYTO CyMMY 13 He 6osee dem log, n+ 1 aneHoB Ha
cyMMy GecKOHEUHOro palla, a TaKxKe mepermumcann 319847 xax 1843, yro
ecTb o(n), Tak Kak log, 3 < 1.)

YacTo npeobpaszoBanrie peKyppeHTHOTO COOTHOIIEHUS B CYMMY TPH-
BOOUT K JOBOJBLHO CIOXKHBIM BBIKIanKaM. Hpum »ToM BakHO CHeNUTh
3a IBYMs BelllaMHU: CKOJIBKO ITIaroB MONCTAHOBKH TpebyeTcs W KaKoBa
CyMMa UJIeHOB, TONYYAIOIINXcs Ha manuoM miare. WHorma HecKOIbLKO
HepBBEIX ITAroB MO3BONAIOT OTTalaTh OTBeT, KOTOPLIT 3aTeM ymaéTcs
NOKa3aTh MO WHAYKINN (C MEHBIINM KOJINYECTBOM BBIYHUCIIEHII).

OcoBeHHO MHOTO XJIOTOT JOCTABISIOT OKPYTIIHNs (Tepexol K Iesoit
gacTn). [las Havana CTONT MPENNONOKNTH, ITO 3HAUEHNS MapaMeTpa
TaKOBHI, UTO OKPYTJIeHNs He TpebyloTcs (B HalleM mpuMepe mpu n = 4%
HIUero OKpPyrisiTh He TpHaéTes). Boobiie roBopsi, Takoe mpennonoxe-
HUe He BIOJHe 33aKOHHO, TaK KaK ONeHKY Hallo MOKa3aTh IS BCeX NOCTa-
TOYHO GONBINUX MeNLIX YNCcesd, & He TOMBKO IS cTeleHell 9eTBEPKH. Mur
YBUANM B pasmerne 4.3, Kak MOXKHO OOONTH 5Ty TPYIHOCTH (CM. TakkKe
3amgaay 4-5).

JlepeBba pexkypcuu

Hporece mopcTaHoOBKN COOTHOIIeHNUs B cebs MOXKHO HM306pa3suTh B
BHle aepeBa pekypcum (recursion tree). Kak »To nmemaeTcs, moKa3aHO Ha
puc. 4.1 Ha mpuMepe COOTHOIIEHNS

T(n) =2T(n/2) + n*.

st ynobeTBa MpeNnoNoKIM, 9TO N — CTeleHb NBOMKN. IIBHrasch
or (a) Kk (), MBI TOCTENEHHO pa3BopadnBaeM BeIpaxkenue mis 1'(n),
ncnone3yst Beipaxenns s 1'(n), T(n/2), T(n/4) u T.n. Teneps mbr
MoOKeM BbIUHCHnTh 1'(n), CKIanbiBas 3HAUeHHs BepIINH Ha KaXkKIOM
yposue. Ha Bepxmem ypoBme nomyuaem n”, ma Bropom — (n/2)? +
(n/2)* = n?/2, ma Tperbem — (n/4)?+(n/4)%+(n/4)%*+(n/4)% = n?/4.
Honyuaercst yGeIBalolas reoMeTpHuecKas IPpOrpecchs, CyMMa KOTOPOil
OTIINYAeTCs OT ed IepBOro wieHa He Gollee deM Ha MOCTOSHHBIN MHO-
xntens. Utak, T(n) = O(n?).

Ha puc. 4.2 nokaszan 6oilee CJIOKHBI IpuMep — IEPeBO LI COOTHO-
IIeHs

Tn)=T(n/3)+T(2n/3)+n
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Total=scero

Pucynox 4.1 Jlepeso pexypcuu mis cootmomenus T(n) = 2T(n/2) 4+ n®. Bricora
TIOJIHOCTHIO pasBepHyToOro fiepeBa (T) pasHa lgn (mepeso mmeet lgn + 1 yposmeit).

Pucynox 4.2 Ilepeso pekypcuu ms coorromenus 1'(n) = T(n/3) + T(2n/3) + n.
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(mist mpOCTOTBHI MBI BHOBb UTHODHPYEM OKPYTJIEHHS). 3Iech CyMMa
3HadeHuil Ha KaXHOM ypoBHe paBHa 7. llepeBo oGpbIBaeTcs, KOrZa
3HadYeHns apryMeHTa CTAHOBATCS cpaBHuMbIME ¢ 1. [lns pasubix Be-
TBell 3TO TMPOUCXONUT Ha pa3Holl TJyOWHe, W CaMblii MJIUHHBIA OYTh
n— (2/3)n — (2/3)*n = -+ = 1 Tpebyer okono k = logy, n uraros
(mpu Takom k mbr mmeem (2/3) n = 1). Hosromy T'(n) MOXHO oreHHTD

kak O(nlgn).
Yupaxuenus

4.2-1 Wrepupys (momcraBnsisi B ceGs) coorHomenne 1'(n) =
37(|n/2]) + n, HafimuTe XOpPOUIYI0 BEPXHIOK AaCHMITOTHIECKYIO
onenky mist T'(n).

4.2-2  AHanmsupys IOepeBO pPeKypCuu, NOKaXKuTe, YTO T(n) =

T(n/3)+T(2n/3)+ n Breuér T'(n) = Q(nlgn).

4.2-3  Hapucyiite nepeso pexypcun nisi 1T'(n) = 4T (|n/2]) + n u no-
IydnTe acCHMITOTHYECKH TOYHBIe oleHKn mis 1'(n).

4.2-4  C momompio nrepanunit peutnte coornomenue 1'(n) = T'(n —
a)+ T(a) + n, roe ¢ > 1 — HeKoTOpas KOHCTAHTA.

4.2-5 C moMolIbIo IepeBa PeKypcuu pernrte cooTHouenune 1'(n) =
T(an)+T((1—-a)n)+ n, roe a« — KoHcTaHTa B nHTepBase 0 < o < 1.

4.3 QOO6mmui1 peuent

HTOT MeTOoHn rouurcsa OJid peKyppeHTHbIX COOTHOIIICHU T Blloa
T(n) = aT(n/8) + f(n). (1.5)

rme ¢ > 1 u b > 1— HeKoTOpble KOHCTAHTHI, a [ — NOJOKUTeIbHas
(mo kpaitneit Mepe misi 6oIbIINX 3HaUeHUiT aprymenTa) dyHkmus. OH
HadT obIIYI0 GOPMYITY; 3allOMHIB €€, MOKHO pelliaTh B yMe pasinyHbie
PEeKyppeHTHBIe COOTHOUICHNS.

CooTtHotrerne (4.5) BO3HUKaeT, eCil AJTOPUTM pPa30uBaeT 3anady
pasMepa n Ha @ MOM3amad pasmepa n/b, STH Mom3a0aun PEIIaoTCs pe-
KypcuBHO (Kazkmas 3a Bpemst 1'(n/b)) m pe3yabTaThl O0BENNHSIOTCS.
Hpu sToMm 3aTpaThl Ha pasbuenne u oObellHeHIe OMNCHIBAIOTCSA (QyHK-
uneit f(n) (B obosnauenusx pasnena 1.3.2 f(n) = C(n) + D(n)). Ha-
npumep, mis npouenypsl MERGE-SORT MBI uMeeM ¢ = 2, b = 2,
7n) = B(n).

Kaxk Bcerna, B ¢popuyie (4.5) Bo3HnmKaeT npobiemMa ¢ OKpyTrieHneM:
n/b moxker He ObITh membiM. POPMATBHO CIENOBANO OBl 3aMEHHTH
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T(n/b) na T(|n/b]) unu T'([n/b]). O6a BapmanTa, KaK MBI yBIIIM
B CIIeLyIOIIeM paslielle, IPUBOIAT K ONHOMY I TOMY ke OTBETY, I IJIs
IPOCTOTHL MBI GyieM OIyCKaTh OKPYTJIeHIe B HAIINX YOPMYIIax.

OcHoBHas TeopeMa 0 PeKYPPEHTHEIX OLIEHKaX

Teopema 4.1. Hycmov a > 1 ub > 1 — wowcmanmui, f(n) — dymryus,
T(n) onpedeaeno npu weompuyamevnuir n Hopmy.Loi

T(n) = aT(n/b) + f(n).

2de nod n/b nowumaemes aubo [n/b], aubo |n/b]. Tozda:

1. Ecau f(n) = O(n'°% =) dug nexomopozo ¢ > 0, mo T(n) =
@(nlogb a).

2. Ecau f(n) = ©(n'°8 %), mo T'(n) = O(n'°&% g n).

3. Ecau f(n) = Q(n'°809%) dug nexomopoeo ¢ > 0 u ecau af(n/b) <
cf(n) dag nexomopoii koncmanmot ¢ < 1 u docmamouno Goavwur n,

mo T(n) = ©(f (n)).

B uéMm cyTh 50l TeopeMmbl? B KakmoM U3 TPEX CIIyyaeB MbI CPaBHI-
BaeM f(n) c n°8%; ecyim onmma M3 STUX GYHKNWIT pacTéT GHICTpee Apy-
roif, To oHa u ompenernsieT nopsnok pocta 1T'(n) (caygam 1 u 3). Ecnn
o6e (QYHKINN OIHOTO MOpsmKa (ciaydail 2), TO TMOSBISETCS MOMONHI-
TeNbHLI JorapuGMuUecKiii MHOKITENb I OTBETOM CIYKIT (HOpMyIia
O(nl°#v%1gn) = O(f(n)lgn).

OTMeTnM BajKHbIe TeXHIHYecKne aeTajan. B mepBoM ciiydae HemocTa-
TOUHO, YTOGH f(n) GbITa TPOCTO MeHbIIe, deMm n'°8 *: Ham HyKeH “3a-
2op” pasmepa n° mwis HekoToporo £ > 0. TouHo Tak ke B TpeTbeMm
ciydae f(n) momxua 6HITH Gombmre nl°8b? ¢ 3amacoM, W K TOMY Ke
YIOBIETBOPTH ycioBuio “peeyagprocmu” af(n/b) < cf(n); npoBepka
MOCIIeIHEro YCIOBHs, KaK MPaBUiIo, He COCTaBAseT TPyHa.

3aMeTnM, YTO TPH YKa3aHHBIX cJydas He HCUEPINLIBAIOT BCEX BO3-
MOKHOCTEll: MOKET OKa3aThCs, HApHMep, 9To GyHKIus f(n) MeHbIIe,
geM 11985 % HO 3230p HENOCTATOYHO BEJIUK IS TOTO, 4TOGHI BOCIONB30-
BaThCA IEPBLIM YTBep:KIEHNEM TeopeMbl. AHaJoruuHas ~ujenp” eCTh 1
Mexny ciydasmu 2 u 3. Hakower, GyHKIUS MOXKeT He oblanaTh CBOil-
CTBOM PeryJyisipHOCTH.

HpumeHnenus oCHOBHOM TeOpPeMEI

HaCCMOTpI/IM HEeCKOJILKO IIPpUMepoOB, I'le IpuMeHeHne TeopeMEbl II03BO-
JigeT Cpal3y Ke BhIINCaThb OTBeT.
,HJ'[?[ HaYaJla paCCMOTpPHUM COOTHOIIeHNEe

T(n)=9T(n/3) + n.

B srom ciyuae a = 9, b = 3, f(n) = n, a nl°Br® = plog:? = Q(n?).
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Hockombky f(n) = O(n'°%97%) nng ¢ = 1, ML IpuMenseM TepBoe
yTBep:KJeHHe TeopeMbl I 3aKkmouaem, uto 1'(n) = O(n?).
Temneps paccMOTPIM COOTHOIIEHIIE

T(n)=T(2n/3)+ 1.

Bmech a =1,b=3/2, f(n) =1 un'°8* = 8321 = % = 1. Honxomu
caydait 2, mockonpKy f(n) = ©(n'°8 %) = ©(1), m MBI nomydaeM, 4TO
T(n)=0(gn).

J7st COOTHOLIeH S
T(n)=3T(n/4)+nlgn

MBI mMeeM a = 3, b = 4, f(n) = nlgn; npm sTom nlo8s =
nlo813 = O (n%7™3). Bazop (c £ ~ 0,2) ecTh, OCTAETCS TPOBEPUTH YCIIO-
Bie peryasproctn. s moctatouno Gonbmioro n umeeM af(n/b) =
3(n/4)1g(n/4) < (3/4)nlgn = c¢f(n) nns ¢ = 3/4. Tem cambiM 1O
TpeTbeMy yTBepkIeHnio TeopeMbl 1'(n) = O(nlgn).

Bot npuwmep, korna TeopeMy IpnMeHNTH He ynaércs: nycTb 1'(n) =
2T (n/2) +nlgn. 3neck a = 2, b =2, f(n) = nlgn, n'°* = n. Bunno,
ato f(n) = nlgn acuMnToTHYecKn Gombie, YeM 1'°8 . Ho 3a30p Hemlo-
craToden: oTHomenwe f(n)/n'°8* = (nlgn)/n = lgn #e onenuBaeTcs
CHU3Y BeJudnHoil n° Hu mis Kakoro € > 0. Hro coorHolenne nonamaet
B MPOMEKYTOK MEKIY CAyUasMul 2 U 3; I Hero MOKHO MOJYUYUTh OT-
BeT mo opmyne u3 ynp. 4.4-2.

Yupaxuenus

4.3-1 Mcnonb3yst OCHOBHYIO TeopeMmy, HalilnTe aCHMITOTHYECKH TOU-
HBIe OIEHKH 715 COOTHOIIEHN

a. T'(n) =4T(n/2) + n;

6. T(n) = 4T (n/2) + n?;

B. T(n) = 4T (n/2) + n>.

4.3-2  Bpems pa6orbl anropuTma A ONNCBIBAETCS COOTHOLICHHEM
T(n) = 7T (n/2)+n?, a Bpems paboTwl anroputma A’ — cooTHOMIEHTeM
T'(n) = aT'(n/4)+n%. Hpu kakom HanGosbIIeM TeloM 3HAYCHIH @ aJl-
roputm A’ acumnrorundeckn GuicTpee, uem A7

4.3-3  Mcnonb3yst OCHOBHYIO TeopeMy, MOKaKHTe, ITO COOTHOIICHIe
T(n)=T(n/2)+0O(1) (st n1BOMIHOrO MOUCKA, CM. yup. 1.3-5) Biaeudr
T(n)=0(gn).

4.3-4  Hokaxkmnre, 9TO yCIOBHS peryisipHOCTH (ciydail 3) He BBITe-
KaeT U3 Npyrux ycloBuii: npuenuTe npumep dbyHKIuu f, s KOTOPOIil
cylllecTByeT TpebyeMas KOHCTaHTa £, HO YCJIOBYE PEryAspHOCTH He BbI-
MOJHEHO.
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* 4.4 Jloka3zarenbcTBo Teopemsbr 4.1

MEr npuBenéM NOKa3aTelnbCTBO TeopeMsl 4.1 1 TOTOMIHBIX YHTaTe-
Teif; B masibHeillleM OHO He MOHAJOOUTCS, TaK Y4TO IPH IepBOM UTEHNN
ero BIIOJIHE MOXKHO IPOINYCTHUTh.

HoxaszaTenbcTBO COCTONT U3 NBYX dacTeil. CHavala MBI paccMaTpH-
BaeM TONBKO Te 1, KOTOpPbIe SBISIOTCS CTeeHsMH YICia b; Bce OCHOB-
HbIE ILJIeN BIIHLL YK€ IJIs 9TOr0 CiIydas. 3aTeM MOy YeHHbIH pe3yIbTaT
pacIpocTpaHseTcs Ha BCe HATYpalbHbIE UHCHIA, IPH STOM MBI aKKy-
PATHO CIIEINM 3a OKPYTJIeHUsMI I T.II.

B sToM pasmene MBI mo3BOMHM cefe He COBCeM KOPPEKTHO 0bpa-
MIAThCA ¢ ACHMITOTHYECKOHN 3alNchbio: OyIeM HCIOIB30BATh ed s
GYHKIIIT, ONpeIeéHHEIX TOIBKO Ha CTeNeHIX dHncia b, XOTs olpenete-
Hite TpeGyeT, YTOObL ONeHKH NOKA3BIBAIICE NI BCEX HOCTATOUHO GOIb-
UINX HATYDalbHBIX UHCelL.

13 xouTekcTa GymeT MOHATHO, 9TO UMeeTCs B BULY, HO HYXKHO OBITH
BHIIMATEIbHBIM, UTOOLI He 3alyTaThes: ecin o GyHKnnu 7'(n) Huwero
He m3BecTHO, TO onienka 1'(n) = O(n) s n, ABIASIOMINXCS CTENCHIMN
IBOIKN, HUYEro He TapaHTUDPYeT s IPOM3BOABHEIX n. (Bosmoxkwo,
uro T(n) =n upu n=1,2,4,8,... u T(n) = n? upm ocTanbHbIX Nn.)

4.4.1 Cayuyall HATYPAJILHEIX CTeMeHen

Hycte T'(n) onpeneneno nisi ducern, sBASIOUINXCS (HATYPAIbHBIMN)
cTenmensmMu 4ucna b > 1 (He 06s3aTeqbHO IEJIOr0) W YAOBIETBOPSET
cooTnotennio (4.5), T.e.

T(n) =aTl(n/b)+ f(n).

Mer momyunM oueHKy mist T Tak: mepeiiméM OT 5TOTO COOTHOLIEHNS
K CyMMHpoBaHmio (memMa 4.2), 3aTeM OIEHHM MOJIYYEHHYIO CYMMY
(memma 4.3) u monseném nrtoru (nemma 4.4).

JMemma 4.2. Hyemv @ > 1, b > 1 — xowcmanmot, u nycmo f(n) —
neompuyameabnad @Gynrwyud, onpedeaénnad wa cmenengr b. Hycmo
T(n) — @Pynryug, onpedeiénnas na cmenewsr b coommuowenuem
T(n)=aT(n/b)+ f(n) npun > 1, npuuén T(1) > 0. Tozda

log, n—1

T(n) = O(n'°80*) + Z a’ f(n/b). (4.6)
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Pucynox 4.3 Iepeo pexypcuu mist coorroumerus 1'(n) = aT(n/b) + f(n) sasmus-
eTCd HOJIHBIM (-HYHBIM JIEPEBOM BEICOTHI log, n ¢ n'°8b ¢ ClymMMa BECOB 110 YPOBHSIM
HoKasaHa CIpaBa, a obluas cymMMa gaércs dhopmyiori (4.6).

lloxazameavcmeo. HocnemoBaTedbHO TONCTABIAS COOTHOIIEHTE CAMO
B cebd, mosryyaeM

T(n) = f(n) + aT(n/b)
= f(n) + af(n/b) + T (n/b?)
= J(n) +af(n/b)+ a*[(n/V%) + ...
T alogbn—lf(n/blogbn—l) T alOgbnT(l).

Hockomnbky a8 = plogs @ nocnennuit wien Moxker GLITH 3alIcaH Kak
@(nlogb“). OcraBinirecss WieHbl 00pa3ylT CyMMy, QUIYPHUPYIOIIYIO B
VTBEPAKIEHUN JTEMMEI. U

JlepeBo pexypcun

HokaszaTenbcTBO eMMbl 4.2 MOXKHO HOSCHHTH B TepMIHAX [IepeBa
pekypcun (puc. 4.3), ecnu 4ucio a menoe (XOTs caMoO IOKa3aTelbCTBO
sTOrO He Tpebyer). B kopre cronT umcno f(n), B KaKIOM U3 d €ro
nereit crout uncio f(n/b), B kaxnom us a® Buykos crout f(n/b?)
u T. 1. Ha yposHe j mveetcs @’ Bepruun; Bec Kaxmoit — f(n/b’). Jlucthbs
HAXOIATCs Ha PACCTOSHUN 10g, N OT KOPHS, I HMEIOT MOJOKUTeIbHBII
Bec T'(1); Bcero na mepene a8 " logy a

=N JINCTbEB.
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HagenctBo (4.6) momydaercs, ecin CIOKNTH Beca Ha BCEX YPOBHSIX:
obumit Bec Ha j-M ypoBHe ecTb a’ f(n/b’), a obminii Bec BHYTpeHHel

HacCTn gepeBa eCTb
log;, n—1

> A f(n/V).

7=0
Ecnu pexyppeHTHOE COOTHOIIEHHE MPOU3OLULIO U3 aJTOPUTMa THUIa
"pazdeaqi u eaacmeytd”, >Ta cyMMa OTpaKaeT CTOUMOCTL pa3OIeHis
3a/laun Ha mof3alladn u obbenuHeHus peinenuii. CyMMapHBIi Bec Bcex
JHCTHEB €CTh CTOUMOCTD perenns Bcex nl°8® zanad pasmepa 1, KOTo-
past coctaBmser ©(n!°8 ).

B Tepmunax mepeBa pekypcum Jierko OObICHUTH, UeMy COOTBeT-
CTBYIOT TpPH ciiyuas B (OPMYJHPOBKE OCHOBHOI Teopembi. B mepBoM
clydae OCHOBHAsI YaCTh Beca COCPENOTOYeHa B JIUCThIX, B TPETheM —
B KOpHe, BO BTOPOM BeC PaABHOMEPHO pacHpeleléH 10 YPOBHIM nepeBa.

Tenepsb oneHnM BennmunHy cyMMBI B popmyne (4.6).

JMemma 4.3. Hyemov a > 1, b > 1 — xowcmawmer, f(n) — neompuya-
meabnad ynxyud, onpedeaénnad na wamypaavuviz cmenenar b. Hac-
cmompum Pynryuio g(n), onpedeaénnyio Gopmy.ioi

log; n—1

gy = @ f(n/V") (4.7)

=0

(das n, geamowurca cmenengnu b). Tozda

1. Ecau f(n) = O(n'°®97¢) dag nexomopoii xoncmanmot € > 0, mo
4(n) = O(n%).

2. Ecau f(n) = ©(n'°8+ %), mo g(n) = O(nl°%%1g n).

3. Feau af(n/b) < cf(n) dag nexomopoii koncmanwmor ¢ < 1 u dag
ecexn > b, mo g(n)=0O(f(n)).

Ioxazameapbcmeo. 1. B mepBoMm ciiydae DOCTATOYHO NOKA3aTh yTBep-
KIenne jgeMMbl mis byuknun f(n) = n®, roe o = log, a — ¢ s Ta-
Koit ynknun f paBeHcTBo (4.7) MOXKeT GLITDL IepeINCAHO TakK: (Tenepb
a = log, a)

g(n) = f(n) +af(n/b)+a*f(n/b*) + ...+ ak_lf(n/bk_l)
=" +a(n/b)* + a*(n/b*)* 4+ .. .4 " H(n/bF ), (4.8)

npaBas YacTh I[PEICTABIsSeT COBOH TFeOMEeTPHUECKYIO IIPOrPECCHIO
ninnusl k = log, n co 3HamenaTeneM a/b%; 5TOT 3HaMeHaTelNb Gomble 1,
Tak Kak « < logy a u b < a. st Takoil mporpecuu cyMMa MO MOPSOKY
paBHA IOCIenHeMy dieHy (OTiIHYaeTcs OT Hero He Gojee UeM Ha
KoHCTaHTy pas). Hror nocnennuit wien ecth O(ak) = O(nlo&:2).

Ist mepBoTO ciIydasi yTBepKIeHHe JeMMBL TOKa3aHO.
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2. Bo BTOpOoM ciydae aHaJOTHYHOE pacCykKiaeHnme NaéT CyMMY TOTO
Ke BUa:

g(n) = f(n) +af(n/b) +a®f(n/0%) + ...
=n 4 a(n/b)* 4+ a*(n/bH)* + ..., (4.9)

HO Tenephb & = log, @ u MOTOMY 3HaMeHaTelh FeOMeTPIHIECKOl TTPOrpec-
cuu paBeH | W Bce eé uienbl paBubl. UX wmcino ecthb log, n, u moToMy

cyMMa paBHa
n1°8 % log, n = O (n'°8* g n).

Cnyuait 2 pazobpas.

3. B srom ciydae yenoBue peryispHocTH GyHKuumu f rapanTu-
pyeT, 94TO B Hallell cyMMe KaxkKIblil CIeNyIOUNil WIeH He IPeBOCXONUT
NpenbIIyInero, yMHOKeHHOTO Ha ¢ < 1. TeMm cambIM eé MOXKHO oOlle-
HITH CBEPXY yObIBaIOLIel reOMeTpIYECKOll Iporpeccueii co 3HaMenaTe-
JeM ¢, I CyMMa Takoil mporpeccnn He 6ojee 4eM B KOHCTAHTY (PaBHYyIO
1/(1—c¢)) pa3 mpeBocXonuT MepBHIil WieH (HO I He MeHbIIe ero, TaK Kak

Bce cllaraeMble HeoTpuuaTenbHbl). Takum obpasom, g(n) = O(f(n))
IUIs , ABIASIOMINXCS cTeneHsMu b. [loKka3aTenbCTBO TeMMBL 3aBepIIeHO.
O

Temepb MBI MOXeM TOKa3aTh OCHOBHYIO TEOPEMY O PeKYpPPeHTHLIX
OllEHKAX IJIst Cydas, KOU'/la N eCTh HaTypalbHas CTeleHb b.

JMemma 4.4. Hyemv o > 1, b > 1 — xowcmanmoet, u nycmo f(n) —
neompuyamenvnad Pynxyug, onpedeaéunad wa cmenengr b. Hycmo
T(n) — @Pynryug, onpedeaénnag na cmenewdr b coomuowenuen
T(n)=aTl(n/b)+ f(n) npun>1uT(1) > 0. Toeda:

1. Ecau f(n) = O(n'°% =) dag nexomopozo ¢ > 0, mo T(n) =
@(nlogb a).

2. Ecau f(n) = ©(n'°8+ %), mo T'(n) = O(n'°#:2) Ig n.

3. Ecau f(n) = Q(n'°82%%) dug newomopoeo ¢ > 0 u ecau af(n/b) <
cf(n) dag nexomopot xoncmanmor ¢ < 1 u dag docmamouno 60.4b-

wuz n, mo T(n) =0(f(n)).

lloxazameabcmeo. cocTouT B KoMbuHanun nemm 4.2 n 4.3. B mepBom
caydae ToaydaeM

T(n) = (%) + O(no® %) — (%),
Bo BTOpOM cityuae nmeem
T(n) = O(n'°80") 4 O(n'°0*1g n) = O(n'°® " 1g n).
B Tperbem ciyuae

T'(n) = 0(n'*®*) + O(f(n)) = O(f(n)).
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BaMeTuM, 4TO B mocienHeM ciyuae ycioBue “f(n) = Q(nl°€ 1) gag
nexomopoeo £ > 0”7 MOKHO 6bLIO GBI OIYCTUTH, TAK KaK OHO BbITEKaeT
13 yCJIOBUS perynsipHocTH (cMm. ymp. 4.4-3). O

Jlemma 4.4 nokasana.

4.4.2 Tlensie MpUOIMIKEHNS CBEPXY M CHU3Y

Hawm ocTamock pazobpaThes TOOpobHO ¢ TPON3BONLHLIMHA 7, He ABIs-
IOLINMIECS cTeneHsMu uncaa b. B srom cinygae n/b monmexnt okpyrie-
HUIO U COOTHOIIIEHNEe UMeeT BUL

T(n) = aT([n/b]) + f(n) (1.10)

nJjin

T(n) = aT([n/b)) + f(n). (1.11)

Hano ybenuThest, 9To olleHKa OCTA&TCs B CHJIe W IJIS HTOTO Cliydas.

HocmoTpuMm, Kakme W3MeHeHUs] HAOO BHECTH B HAIN PacCyKIeHUS.
BuecTo nocnenoBatenbrocTn n, n/b, n/b%, ... Temephb Hamo paccMaTpH-
BaTh MOCAENOBATENbHOCTD 7, ONPeNe/léHHYI0 TakK:

n, ecnn 1 = 0,

e [n;—1/b], ecmam i > 0.

(4.12)

(MbI paccMaTpuBaeM caydall OKpyTIeHns C I/I36bITKOM). Hra mocnenosa-
TeNbHOCTH — yOBbIBaloIias, HO He 00513aTeNbHO CTPEMUTCS K equHHuIe.
Onnako MbI MOXKeM YTBepkKNaTh, 4To mocye log, n WTepannii momy-
YUTCS 9UCII0, OTpaHNnIeHHOe He 3aBUCAIIEH OT N (XOT;{ 3aBUCAIIEH OT b)
KOHCTAHTOI.

B camom mene, 13 HepaBeHCTBA [x} < z 4 1 cmenyet, uTO

g

m

ng <

nomydaem n; < n/b' +b/(b—1) <b+b/(b—1)=0O(1).
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Urepupyst coorrouienne (4.10), MBI oIy Taem

T(n)= f(no) + al(n)
= [(no) + af(m) + a*T(ny)
< flmo) +af(m) +af(na) + ...+
+allog =L (g o1) + aUB T (00, )

[logy n]—1

=05+ D d f(ny). (4.13)

=0

Hto Bhipaxenme ouenb noxoxe Ha (4.6), TOIbKO 37ech n He 06I3aHO
OBITE CTENeHBI Yucia b.

[CTporo roBops, ckazaHHOe TpebyeT HEKOTOPLIX yTouHeHmil. llemo
B TOM, YTO BeJINYUHA T(nﬂogbn]) MOXKeT OKaszaThes paBHOll Hymio. Ho
MBI 3HaeM, 9T0 f(n) acHMITOTHYECKH MONOKHUTENbHA, T.e. HOMOKI-
TeldbHa NS BCEX N, HaUNHAs ¢ HEKOTOPOTro ng. HorToMy B pa3BépThIBa-
HOU CYMMBI HYKHO OCTAHOBUTBLCS, HEMHOTO He MOWAS 1O 3TOro ng. ME
OIyCKaeM MOIpOGHOCTH. |

Tenepb Hamo pa3obpaThes ¢ COOTHOUIEHASIMH MeXKIY ClTaraeMBIMU B
cyMMme

[log, n] -1

gn)= Y df(n). (4.14)

=0

HaHblle Mbl CpaBHHBAJM STY CYMMY € TeOMeTPHYecKoll Tporpec-
cmeil, B KOTOpOil 3HaMeHaTenb Obl GOJbIIe eIMHUIEI (MepBHIH CITy-
qail), paBeH enmHmIe (BTOPOI Ciydail) WM MeHbIe eNNHNILI (Tpe-
it caydait). Tperuii caydall He BBI3BIBaeT MOMONHHTENBHBIX IPO-
6JieM, TaK KaK B YCIOBHU PEryASpHOCTH TaKikKe MPelycMaTpHBaeTCs
OKpyryeHne (MpudéM B Ty XKe CTOPOHY, UTO U B PEKYPPEHTHOM CO-
oTHowennn). Bo BTOpoM crnydae MBI NOMKHBEL ONEHHTB, HACKOIBKO
Be/IIKNI W3MEHeHHs BCJIeNCTBHe 3aMeHnl n/b' wa n;. Kak MBI Bo-
menu, pasHuia He mpeBocxonnT b/(b — 1), HO Hamo emé oT abComOT-
HOIl OIMWOKN MepeilTM K oTHocHTedbHoW. Ham Hamo mpoBepuTh, 4TO
f(nj) = O(nlose /al) = O((n/b?)!°8), Torna npoxonnt nokaszarens-
ctBo nemmbl 4.3 (cayuwaii 2). 3amernm, aro b/ /n < 1 upu j < |log, n].
U3 omenxu f(n) = O(n!°® ?) BriTekaeT, 4TO IS TONXOMSIIEro ¢ U JO-
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CTaTOUHO OONBIINX n]
n b logy, a
f(ny) <C(E‘|‘m)
nlogba b] b logy a
(%) (e (5 2))

nlogba b log a

< - 14+ ——

(%) (i)

_0 (nlosba> ‘

al

Hocnennnit nepexon mcnombsyet To, uto (1 4 b/(b — 1))1°8% — xon-
ctanTa. UTak, caydait 2 pasobpaH.

Haccyxnenne mas ciydas 1 moudrn Takoe ke. TaMm HY:KHO IHOKa3aTh
onenky f(n;) = O(nl°897%); a 510 nenaercs MpuMepHO TakK ke, Kak u
B ciydae 2, XOTs npeobpa3oBatus OYIYT HECKOIBKO CIOKHee.

Nrak, MBI paccMOTPETN CIydYail MPON3BOILHOTO N IS OKPYTIJeHUsS
¢ U3OLITKOM. AHAJOIMYHO MOKHO PacCMOTPETh CIydail OKPYIJIeHUs ¢
HEIOCTATKOM, IIPH HTOM HYXKHO 6yIeT HOKa3blBaThb, YTO N; HE MOKET
6LITH CHIIBHO MeHbIe n /b’ .

Yupaxuenus

4.4-1*  YKaxKnTe MPOCTYIO ABHYIO popMyiy mis n; u3 (4.12), ecim b —
HONIOKNUTENBHOE TIeJloe IUCHO.

4.4-2* Hoxaxure, uto ecin f(n) = O(nl°%%1gkn), roe k > 0, 10
cooTHomenne (4.5) Buewér T(n) = O(n'8 * g™+ n). lns npocrors
paccMOTPHTE JINIIBb CIAyYall HeJbIX cTeneHel b.

4.4-3* Hokaxunre, 4TO B ciiydae 3 OCHOBHOI TeOpeMBbl OIHO U3 YCJIO-
BUil numnHee: ycnoBme peryisproctn (af(n/b) < cf(n) mns mexoro-
poro ¢ < 1) rapaHTuHpyeT, 4TO CyllecTByeT £ > 0, miasi KOTOPOTO

J(n) = Q(aloz0+2).

Jamgaun

4-1 Hpumepsl peKypPeHTHEIX COOTHOLICHITI

HaliTe Kak MOXKHO GoJiee TOYHBLIE aCUMITOTHYECKHE BepXHHe I HIK-
HIle ONeHKI [IJIsi CIeNYIOInX cooTHomerni (cuuraem, uro T'(n) — KOH-
cTaHTa npn n < 2):

a. T(n) = 2T (n/2) + n°.

6. T'(n) =T(9n/10) + n.
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B. T(n) = 16T (n/4) + n?.
r. T(n) = 7T (n/3) + n’.
n. T(n) =7T(n/2) + n’
e. T(n) =2T(n/4)+ /n.
x. T(n)=T(n-1)+n.

w

T'(n)

(Vi) + 1.

4-2 HegmocTamomee 4nciIo

Maccus A[l..n] comepxkuT Bce nenste dncia or 0 mo n, Kpome of-
Horo. YTo6bl Hall TH NPONYIIEHHOE YHCI0, MOKHO OTMEYaTh BO BCIOMO-
rateabnoM MaccuBe B[0..n] Bce uncia, BeTpedatommuecs B A, 1 3aTeM
NOCMOTPETH, KaKOoe UHCIIO He OTMedeHo (Bcé BMecTe TpebyeT BpeMeHn
O(n)). Hpu »ToM ncnonbsoBanme sneMenTa MaccuBa A B KauecTBe HH-
IeKca CUNTAeTCs HIeMeHTapHoll oneparnnei.

Hanoxum Takoe HONONHUTENLHOE OrDAHHYEHNE Ha NOCTYI K Mac-
cuBy A: 3a OOHO HEeflCTBHE MBI MOXKEM HOCMOTDPETH 3alaHHBLl GUT 3a-
NaHHOTO BJeMeHTa MaccuBa A.

HokaxuTe, 4T0 U Ipu TaKNX OPAHUYEHNSX MBI MOKEM HAllTH IpPO-
nylienHoe 4ncio 3a BpeMs O(n).

4-3 BpeMs mepemaunm mapaMeTpPOB

B »sTofl xHUre MLI TpenmosaraeM, UYTO Tepefada MapaMeTpoB BaHI-
MaeT TOCTOSHHOe BpeMs, Maxe ecliu TepelaBaeMblil mapaMeTp — Mac-
cuB. B 60abIMInHACTBE I3BIKOB MTPOTPAMMUPOBAHTS 3TO TaK W €CTh, TO-
CKONBKY TepemaéTcs He caM MacCuB, a yKazaTenb Ha Hero. Ho Bo3-
MOXKHBI U Ipyrue BapuaHThl. CpaBHUM TPU criocoba mepenadn MacC-
BOB B KadecTBe MapaMeTpoB:

1. MaccuB mepemaercst Kak yKas3aTenb 3a Bpems O(1).

2. Maccus konupyercs 3a Bpemsi O(N), rme N — pasmep Maccupa.

3. B npornenypy mepenaércs TOALKO Ta 9acTh MaccuBa, KoTopas Oy-
net B Heil mcnonb3oBaThes. Hpn sTom Tpebyercs Bpemst O(q — p + 1),
eciu nepemaéres yuacTok Alp..q].

a. HaccMOTpuM peKkypcuBHBIH alTOPUTM NBOWIHOTO TONCKA UNCIA B
ynopsinoderroM MaccuBe (ymp. 1.3-5). KakoBo 6ymeT Bpems ero paboTh!
PN KasKIIOM U3 yKa3aHHBIX CIIOCOBOB Mepenadn mapamerpa’ (Aprymen-
TaM§ PeKypPCUBHON MPOIENypHl ABISIOTCS NCKOMBIN DIIeMeHT U MacCuB,
B KOTOPOM OCYIIIECTBIISI€TCS MONCK. )

6. HpoBenure Takoil ananus mis anroputma MERCGE-SORT u3 pas-
nema 1.3.1.

4-4 FEiué HeCKOJIbKO PeKYPPEHTHBIX COOTHOIICHUI

YkaxnTe BO3MOXKHO 6ollee TOUHBIE aCHMITOTHUYECKNE BepXHWE W
HUXKHUE ONEeHKHN IJIsd T(n) B KaKIIOM W3 VKa3aHHBLIX HUXKe NPUMEPOB.
Hpenmnonaraercs, 4To T(n) — KOHCTaHTa npu n < 8.

a. T(n)=3T(n/2)+nlgn.
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4-5 Hepexon oT cTemeHel K MPOM3BOJILHEIM ApTyMeHTaM

Hycts Mbr momyumnm onenky mist T'(n) mpu Bcex n, SBISITOLIIXCS
cTeneHsMn HeKOToporo mesioro b. Kak pacunpocTpaHuTh e€é Ha TpOn3-
BOJIbHBIE N7

a. Hycte T'(n) u h(n) — MOHOTOHHO BO3pacTaIIne GYyHKINN, O pe-
TenéHHBIe IUTst TTPOM3BOMBHEIX TMOJTOKNTENBHEIX apryMeHTOB (He 00s3a-
TenbHO Tenbix), npuuaém 1'(n) < h(n) nas Bcex n, SBISIOUINXCS CTe-
neHsMu mesioro wucna b > 1. HyceTh m3sBecTHO, Kpome TOro, 4To h
"pacmém docmamouno medaenno”: h(n) = O(h(n/b)). Hokaxure, 4TO
T(n) = O(h(n)).

6. Hycre nns ¢yskmum 7 BeimonHeHo cootTHomrenne 1'(n) =
al'(n/b) + f(n) mpu n > ng; nyetb ¢ > 1, b > 1 u f(n) moHO-
TonHO BospacTaeT. HycTs T'(n) MOHOTOHHO Bo3pacTaeT mpu n < Ng, I
npu stoM T'(ng) < al'(ng/b) + f(no). Hokaxure, auto T'(n) MOHOTOHHO
BO3pacTaer.

B. YIIPOCTUTE IOKA3aTeJHCTBO TeopeMbl 4.1 miist ciiydas MOHOTOHHOI
n "docmamouno medaenno pacmywet” ¢yukmun f(n). Bocnombsyii-
Tech jemmon 4.4.

4-6 Yumcma Pubonauum

Uncna dubonaqun onpenensiorcs cooTHomenneM (2.13). 3mech Mb
PACCMOTPUM HEKOTOpBIe WX cBoiicTBa. i 3TOro onpeneianM mpomsso-
AAIy 10 GYHKIIEO (generating function)7 onpenenseMylo Kak ¢opMaabHbIN
crenennoit pax (formal power series)

}':ZFZ'/:0—|—z—|—22—|—223—|—324—|—5z5—|—826—|—13,Z7—|—...
=0

a. Hokaxure, uto F(2) = z + 2F(2) + 22 F (2).

6. HokaxwuTe, 9TO

- z 1 1 1
I(Z)Zl_z_zzz(1_@2)(1_@7):ﬁ(1_¢z_1—cﬁz)
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B. Hokaxxnte, uTo
FO =Y Sl - 22
=0

r. llokaxuTe, aTo F; mpu ¢ > 0 paBHo 6amkaiiimemy K 992/\/5 HeJoMy
ancny. (Ykaszanue: [§| < 1.)
n. Hokaxnte, uto Fiy9 > ¢ nns Bcex 1 > 0.

4-7 TecTupoBaHme MUKPOCXeM

NmeeTcs n OOMHAKOBBEIX MHUKPOCXEM, CIIOCOOHBIX TPOBEPSITH NPT
IpyTa; HEKOTOPhIe N3 HUX NCIPAaBHBI, HEKOTOPhIe — HeT. [l mpoBepKn
napa MHUKPOCXEM BCTaBISeTCH B CIelAaJbHYIO IJIATY, II0CTe Yero Ka-
JKOasd U3 HUX coobIaeT O COCTOAHNN cocena. McnpaBHas MUKpoOcXeMa
NP 3TOM HUKOTZa He ollinbaeTcd, a HEUCIpaBHAad MOXKeT NaTh JII0OOo
OTBET.

Orser A Orser B HesynbTaT

B ucnpasna A mcnpaBHa obe xXoporline min obe MIoxne
B ucnpasna A HemcmpaBHa  XOTS 6bI OlHa HEHCIpaBHA

B mencnpaBua A wcnpaBHa XOTs 6B ONTHA HENCIpaBHA

B HeuclipaBHa A HelcCllpaBHa  XOTs ObI OnlHA HeuclipaBHa

a. Hokaxknre, 4To ecium GOIbIe MOTOBUHLI MUKPOCXEM IJIOXHE, TO
nonapHoe TeCTHPOBaHue He TO3BOINT Y3HATH HaBePHAKa, KaKie HMEeHHO
MUKPOCXeMBI TIOXH (OHI CMOIYT Hac OOMaHyTh).

6. HycTh HYXKHO HaliTi XOTs OBl OIHY XOPOIIYI0 MEHKPOCXEMY U3 7
IITYK, 13 KOTOPLIX GOJIbIIE TONOBHHBI HCIpaBHbIX. HokaxuTe, 4T0 N0~
CTATOYHO |1/2| MONAapHLIX TECTOB, YTOOLI CBECTH 3a1a4y K aHAIOI Y-
HOIl 3a/1aUe MOJNOBIHHOTO pasMepa.

B. HycThb ucnpaBHo Gosbliie MONOBHHBI MuKpocxeMm. Hokaxure, 4To
MOXKHO HafiTH Bce XOpOIle MIUKPOCXeMbI 3a ©(n) MmomapHBIX TeCTOB.
(Bocnonb3yiiTech peKyppeHTHBIM COOTHOIIEHTEM. )

[Hry 3amadqy MOXKHO TepedOpMyIHpPOBATH B WHBIX TePMUHAX: HMe-
eTcss N ONMHAKOBBIX HA BII MPEIMETOB, HO Ha CAMOM [ejle OHH OT-
HOCSTCS K HECKOJIBKIM KaTeropusm. EcTb npuGop, KOTOPBI MO NBYM
npenMeraM MpoBepsieT, ONMHAKOBEL I OHU. VI3BeCTHO, YTO NpenMers
HEKOTOPOIl KaTeropun cocTaBIAT GonblinucTBo. Hamo HaiiTu npern-
cTaBuTeNb 3TOro GonbmnucTBa 3a O(n) cpaBHenuii. Homumo pexyp-
PEHTHOTO pellleHus, 5Ta 3a/aya nMeeT MPOCToe NTepATHBHOE PelleHue.
3aBeném KopobKy, B KOTOpOil GymeM HaKalllIMBaTh ONNHAKOBBIE IPell-
MeTHI, & TakKke YPHY, Kyla MOXKHO BBHIKHIBIBATH Npenmers. Hepekira-
IBIBaeM HEMPOCMOTPEHHbIE HJIEMEHTH B KOPOOKY HIIH YPHY, MO IePK -
Bas TaKOe CBOIMCTBO: CPeN HEBBIKIHY THIX HCKOMBIE COCTABISIOT GO
HINHCTBO. |
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JameyaHug

Uncna dubonaudan paccmarpuBaiuck Pubonatun (L. Fibonacci) B
1202 rony. Myasp (A. De Moivre) npumennsn mpon3Bomsiiine GyHKIHN
IUTsE PellleHnsl peKypPPeHTHBIX cOOTHoIeHn  (cMm. 3amaqy 4-6). OcHoB-
Hasi TeopeMa O PeKyPPEHTHBIX COOTHOIIEHUSX 3alMCTBOBaHA U3 paboTh
Hentau, Xaken u Caxkca [26], rme npuBomuTcs 6osiee CHIbHBIH pe3yiib-
TaT (BKMOYAOLMI pe3yabTat yup. 4.4-2). KuyT [121] n JTio [140] noka-
3BIBAIOT, KAK pellaTh JuHelHble PeKYPPEeHTHBIE COOTHOIIEHHUS € TOMO-
1IbI0 npou3Boasimx GyHkiuil. onosHuTeNbHbIe CBEIEHUS O PEIIeHUH
peKyppeHTHBIX cooTHomenni npuBonsT Hypmom n Hpayn [164].
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1257



5 MHuoxecTBa

B »Toil rnaBe MBI HaOMHHaeM onpenesieHns, TepMIHOJIOTHIO, 0603HaYe-
HHUA W OCHOBHLIE CBOHCTBa MHOXKeCTB, OTHOIIeHNH, GpyHKINil, TpadoB n
nepeBbeB. UnraTenn, 3HaKoMble ¢ HUMI, MOLYT IIPONYCTUTh 3Ty IJIaBy
(obpalasich K Heil MO Mepe HeOOXOMMMOCTIH).

5.1 MmuoxecTBa

MmuoxectBo (set) coctonT u3 amementos (members, elements). Ecnn
OOBEKT & SBISETCS HIeMeHTOM MHOXKecTBa S, Mbl nuineM € S (dnra-
etcst "z npunadaexcum S7). Ecnu & ne npunannexut S, nuiem z ¢ S.
MoXKHO 3aHaTh MHOKECTBO IEPEUUCIIEHUEM €ro0 3JIeMEHTOB Yepes 3alsi-
The B UTypHbIX ckoOKax. Hampumep, muoxkectso S = {1,2,3} comep-
KUT dIeMeHTH 1, 2, 3 1 TonbKo uX. Yucno 2 aBaseTcs 37eMeHTOM HTOTO
MHOXKeCTBa, a Jucio 4 — HeT, Tak uto 2 € S, 4 ¢ 5. MuoxecTBo He
MOXKET COMepkKaTh NBYX ONUHAKOBBIX 3IEMEHTOB, U TOPIIOK 3JIeMEHTOB
He ¢ukcupoBan. llBa MHOXKecTBa A n B pasnm (are equal), ecian onn
COCTOST U3 OIHUX U TeX XKe 3ieMeHTOB. B sTom ciyuae numnyt A = B.
Hanpmwvep, {1,2,3,1} ={1,2,3} = {3,2,1}.

Htst wacTo uCnosib3yeMblX MHOKECTB UMEIOTCS clielnaibHbe 0603Ha-
YeHUs:

e O 0603HaYaeT mycToe MHOXecTBO (empty set), He comepKaliiee HU OfI-
HOT'O 3JIeMeHTa.

e 7 o6Go3HauaeT MHOXKECTBO medsix +wmecen (integers); Z =

{..,-2,-1,0,1,2,...};
e R 0603HaTaeT MHOKECTBO BeleCTBEHHBIX (AeCTBUTEIBHEIX ) wicel (real
numbers);

e N obosHataeT MHOKECTBO HaTypatbHeIx wmcest (natural numbers); N =
1
{0,1,2,...}

Ecnu Bce smeMeHTHI MHOXKecTBa A ABIMIOTCS dIeMeHTaMU MHOMKe-

E I/IHOFI[a HyMepalio HaTyPaJIbHBIX YHUCEJI HAYNHAT C 1— PaHbIIIE TaK 6BITTIO IIPUHATO.
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ctBa B, (m3 « € A cnenyer z € B), roBopsT, 4T0 A sBIsSeTCS moa-
mHoXxecTBoM (subset) muokecTBa B u mumyt A C B. Ecnu npn stom
A me coBmamaeT ¢ B, To A Ha3LIBaeTCI cOOCTBEHHEIM MOIMHOXECTBOM
(proper subset) muoxkecTBa B; B 3TOM ciiyuae nuyT A C B. (Muorue
ABTOPHI MCHONL3YIOT obo3navdenne A C B mis monMHOXKecTB, a He s
cOGCTBEHHBIX MOIMHOXKecTBa.) st mo6Goro MHOXKecTBa A BBHITIONHEHO
cootromterne A C A. MuoxecTtBa A m B paBHBI TOTHa W TOIBKO TO-
rna, korna A C B u B C A. Has gobbix Tpéx muoxkectB A, B u C
s AC Bu B C(C caenyer A C C'. llns m0boro MHOXKecTBa A nmeeT
MecTo cooTHoIIeRne & C A.

WNuorna MHOXKECTBO ONpenenseTcss Kak 9acTh HPYroro MHOKECTBA:
MBI MOKeM BBIIENUTH U3 MHOXKECTBa A Bce eMEeHTHI, 00mamaiorine
HEKOTOPHIM CBONCTBOM, 1 06pa30BaTh N3 HUX HOBoe MHOXKecTBO B. Ha-
puMep, MHOKECTBO USTHBIX UHCET MOXKHO ONpPenelnTh Kak {z : x € Z
i /2 — nenoe wucyo}. Hto o6brano unraor "muoxcecmeo v uz Z, dag
komopuix...” WHorma BMeCTO MBOETOUNS MCTONB3YETCS BepTHKATbLHASL
gepTa.

s mo6rix MHOKeCTB A 1 B MOXKHO TOCTPOUTH CIIENYIONINEe MHOKe-
CTBa, IIoJIy4YaeMble C TOMOIIbIO T€OpeTUKO-MHOXECTBEHHBIX Onepaunﬁ[ (Set
operations):

e Hepeceuenue (intersection) muoxkecTB A m B ompenensercss Kak MHO-
KECTBO
ANB={z:z€ Aunz e B}

e O6benmmenme (union) muoxecTB A u B onpenensercss Kak MHOXKECTBO

AUB=A{z:2 € Aumu z € B}.

e Hasmocts (difference) muoxkecTB A U B onpenensiercss Kak MHOKECTBO
A\B={z:2€Auzx ¢ B}

TeopeTHKo-MHOXKeCTBeHHBIE oOTlepalliil  06JafaloT  CIenyIoNInMI
cBolicTBaMu:

CpoilcTBa IycTOro MHOXecTBa (empty set laws):

ANo =2, AUD = A.

Nuemnorentnocts (idempotency laws):

ANA=A,  AUA=A.

KomMyTatusHOCTS (commutative laws):

ANB=BNA, AUB=BUA.
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777 Ha xapTuHKe clemnyeT 3aMeHNTh MUHYC Ha \

Pucynok 5.1 [uarpamma Benma, muiocTpupyorias mepBbiil 13 3akoHoB 1e Mop-
rata (5.2). Muoxectsa A, B, C' u3o6pa)eHbl KpyraMi Ha IZIOCKOCTIL.

AccoumaruBHOCTE (associative laws):
ANn(BNC)=(AnB)nC, AU(BUuC)=(AuB)UC.
Ouctpubyrusnocts (distributive laws):

AN(BUC) = (ANB)U(ANC),

AU(BNC)=(AUB)N(AUC) (5.1)
3axomHer mortomerusa (absorption laws):
AN(AUB) = A, AU(ANB)=A
Baxoust ae Moprana (DeMorgan’s laws):
A\ (BNC)=(A\ B)U 4\ (), (5.2)

AN (BUC) = (A\ B) N (A\C)

Huc. 5.1 wmmmoctpupyer mepBbrit m3 3akoHoB me Moprana (5.1);
mHoxkecTBa A, B u (' u306paxenbl B Bulle KPyroB Ha MIOCKOCTH.

HacTo Bce paccMaTpuBaeMble MHOXKECTBA ABISIOTCS MOIMHOKECTBA
HEKOTOPOTO (PUKCHPOBAHHOTO MHOXKECTBA, HA3LIBAEMOTO YHHUBEPCYMOM
(universe). Hampumep, ecnu Hac MHTepeCyiOT MHOKECTBA, JIeMEHTAMN
KOTOPLIX ABISIOTCS TleJible YHciia, TO B KadecTBe VHUBEPCYMa MOKHO
B3IThH MHOXKECTBO 7Z TlenbiX dncen. Eciam yauBepcym U ¢ukcmpoBaH,
MOYKHO OTpeNesnTh nomommenme (complement) MuoKecTBa A Kak A =
U\ A. st mo6oro A C U BepHBI Takie yTBePKICHIS:

A=A, ANA=0, AUA=LU.

N3 3axonoB ne Moprana (5.2) crnenyer, 9To mis nOOBIX MHOXKECTB
A, B C U uMmeoT MecTO paBeHCTBa

ANB=AUB, AUB=ANB.

HBa mHOKecTBa A 1 B Ha3bBalOTCS Hemepecekatomumuca (disjoint),
ecil OHI He HMEIOT OOLINX BJeMeHTOB, T.e. eciaun AN B = @. l'oso-
paT, 4To cemeiicTBO S = {9} HemycTHIX MHOKeCTB 06pa3yeT pasGueHue
(partition) mHOXKecTBa S, ecan
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e MHOXeCTBa S; momapHo He Hepecekatorcs (are pairwise disjoint), T.e.
S;NS; = npu i # j,

e ux ObbeluHeHIe ecTh S, T.e.

S:USZ»

S, eS

Hpyrumn ciosBamiu, cemeiictBo S obpasyeT pasbuenne MHOKeCTBa S,
ecin 11060i IeMenT § € S IPHHAIJICKUT POBHO ONHOMY U3 MHOMKECTB
S; ceMeiicTBa.

Uneno oneMeHTOB B MHOXKeCTBe S HA3bIBAETCS €IO MOLUIHOCTBIO
(cardinality), unun pasmepom (size), n oGosmnauaercs |S|. IBa MHONKe-
CTBa HMEIOT ONHY H TY Ke MOLIHOCTDH, eCll MEKIY HX DIIeMEeHTaMIH
MOXKHO YCTAHOBHTB B3aUMHO ONHO3HAYHOe cooTBeTcTBHe. MominocTs
IyCTOrO MHOXKeCTBa paBHa mymo: || = 0. MomnocTs koHeanoro
(finite) MHOXKecTBa — HaTypaslbHOE YHCIO; 715 GeckoHeunsrx (infinite)
MHOKECTB MOHSTHE MOILIHOCTH TpebyeT AaKKypaTHOrO OIpeleseHus.
Ono naM He HOHAIOGHTCS; YIOMSHEM JHIIb, YTO MHOKECTBA, DIIEMEHTH
KOTOPBIX MOKHO IOCTABUTH BO B3aHMHO OIHO3HAYHOE COOTBETCTBUE C
HATypaJbHBIMI YHCIAMH, Ha3bBaloTCs caérabvu (countably infinite);
fecKOHEUHbIe MHOKECTBA, He SIBIAIONINeCs CYSTHBIME, HA3bIBAIOT He-
cuétaeMu (uncountable). MuoxkecTBo menbix wmcen Z cuéTHO, B TO
BpeMsl KaK MHOKECTBO BelllecTBEeHHEIX dncen R mecuéTho.

Hist m106bIX ABYX KOHEUHBIX MHOKECTB A 1 B BBIIOIHEHO PaBEHCTBO

|AUB| =|A| + |B| - |AN B (5.3)
13 3TOr'o paBeHCTBa BbITeKaeT, YTO
|AU B| < [A] + B

Ecnn muoxkectBa A 1 B He nepecekaiorcs, To |AN B| = 0 u 510 Hepa-
BEHCTBO obpallaeTcst B paBeHcTBo: |A U B| = |A| + |B|. Ecim A C B,
vo |4 < |B.

KoneuHoe MHOXKECTBO W3 1 DIEMEHTOB Ha3BIBAIOT N-3JIeMEHTHEIM
(n-set); omHOZIEMEHTHOE MHOXKECTBO WNMEHYIOT WHOT/IA CHHIJIETOHOM
(singleton). B amrmmiickoit nuTepaType yHOTpebiseTcs Takke Tep-
MuH k-subset, o3Hagatoninit k-31eMeHTHOE TOIMHOXKECTBO (KaKOro-1n6o
MHOKECTBA).

st maHHOrO MHOKECTBA S MOKHO PacCMOTPeTh MHOKECTBO BCEX €ro
MONMHOKECTB, BKIIOYast MIyCTOe MHOKECTBO I caMo S ero 0o603HaYaloT
2% I Ha3BIBAIOT MHOXecTBOM-cTemerbio (power set). Hanpuuep, 2%} =
{@,{a},{b},{a,b}}. Nuns xomeunoro S mmomectBo 2° comepxur 2/
2JIeMEHTOB.

YmopsinodeHHas mapa U3 IBYX 3JIeMeHTOB a n b obo3Hadaercs (a,b) n
dopManTbHO MOXKeT OBITH onpenenena kak (a,b) = {a,{a,b}}, Tak aTo
(a,b) ornuuaercs ot (b,a). [Hro onpenenenne ymopsmodeHHON Tapbl
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npemnoxkeno Kyparosckum. MoxkHo 66110 6bI HCIONBL30BaTh U IPYroe
onpernenenne, BaXkKHO TONBKO, 9TO6L! (a,b) = (¢, d) 6blI0 PaBHOCHIBHO
(a=c)n (b=4d).]

HexapToso mpomssenenne (cartesian product) nByx muOkecTB A 1 B
olpenenseTcs Kak MHOKECTBO BCeX YINOPSIOYEHHLIX Iap, ¥ KOTOPLIX
IepBLIil BIeMeHT TpuHalaekuT A, a Bropoil — B. O6osnauenne: A X B.
dopMalbHO MOKHO 3alNCATh

Ax B={(a,b):a € Aube B}

Hanpuwmep, {a,b} x {a,b,c} = {(a,a), (a,b), (a,c), (b,a),(b,b),(b,c)}.
Jlns KOHeYHBIX MHOXKecTB A m B MOIIHOCTH UX Npou3BeleHus paBHa
IIPOM3BEIeHII0 MOILIHOCTel:

|A % B| = |A|-|B|. (5.4)

HexapToBo ImpomsBeneHne n MHOKeCTB Ay, Ag, ..., A, omnpenensercs
KaK MHOXKeCTBO n-ok (n-tuples)

A1 xAyXx.. . XA, ={(ar,az,...,a,) 1a; € Ay ipu Bcex i = 1,2,...,n}

(bopManbHO MOXKHO ompenennth Tpoiiky (a,b,c) kax ((a,b),c),
aéTBepky (a,b,c, d) xak ((a,b,c),d) n Tax nanee).

Yuceso 1eMeHTOB B IeKapTOBOM MPOM3BeleHne PaBHO MPON3BENeHI O
MOIITHOCTell COMHOKNTENe:

|A1 XA2 X XAn| = |A1||A2||An|
Mo:xkno onpene/]InTh TaKxXKe meKapToBy CTeEIleHb

A" =AXAX...x A

KaKk TpOU3BelleHNe 7 OAWHAKOBBIX COMHOXHTeNel; mniisi KoHeuHoro A
motiHocTh A™ paBHa |A|™. OTMeTnM, 9TO N-KI MOXKHO pacCMaTpHBATH
KaK KOHEUHBIe MOCIeNOBATeNbHOCTH NINHEL 1 (CM. ¢. 77).

Yupaxuenus

5.1-1 HapucyiiTe nuarpammy BenHa [1s mepBOro m3 cBOMCTB HuC-
TpubyTusHocTH (5.1).

5.1-2  JlokaxnTe o6GobllleHNe 3aKOHOB e Moprana Ha ciyuail 607b-
1Iero Yucsa MHOXKECTB:

ANAN...NA, =AUAU...UA,,
AJUAU...UA,=ANA;N...NA4,.
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5.1-3  IlokaxnTe o6obIIIeHe paBeHCTBA (5.3)7 Ha3bIBaeMoe dbopMysIon
BKIOueHmit u uckimovenmi (principle of inclusion and exclusion):

|AtU A UL U AL = AL + |A2| + ...+ |AL]
— A1 N A = A1 N As|— ...
+|A1NA;NAs|+ ...
+ (=D HA N A NN A,

5.1-4  JlokazaTh, 9TO MHOXKECTBO HEUETHHIX HATYpPaJbHLIX Uncen
CYETHO.

5.1-5  [okasaThb, 4TO eciii MHOXKECTBO .S KOHEUHO U COHEPKUT N Dile-
MEHTOB, TO MHOKECTBO-CTENeHb 27 coepKnT 2 31eMeHTOB. (OpyrmMu
CIIOBaMM, MHOKeCTBO S mMeeT 2" PasinuHBIX HOIMHOKECTB.)

5.1-6  MaiiTe ¢popManbHO NHIYKTUBHOE O peneyieHne n-Ki, NCIOIB3Y
NOHATHUE YHOPAINOUEHHO Taphl.

5.2 OrHouleHuA

Hunapusiv ornomenuenm (binary relation) R mexny sieMenTaMu MHO-
KecTB A m B HasbIBaeTCs MONMHOXKECTBO MeKapTOBa TPOU3BENEHNS
A x B. Ecnn (a,b) € R, numyT aRb un roBopsiT, 9TO 37eMEHT a Ha-
XONUTCA B oTHolennn R c smemenToMm b. HumapHBIM OTHOIIEHHEM Ha
MHOKeCTBe A Ha3BIBalOT MOAMHOXKECTBO JeKapToBa KBampaTa A X A.
Hampuwmep, orHomenne ”6bimos menbute” Ha MHOKECTBE HATYPAIbHBIX
qncen ecTh MHOXecTBO {(a,b) : a,b € Nu a < b}. Hon n-mecraemm ot-
HomenmeMm (n-ary relation) ma muOXKecTBax Aj, A, ..., A, TOHEMAIOT
HOOMHOXKECTBO IeKapToBa mpomsBemenns A1 X Ag X ... X A,.

Hunaphoe otnomenue R C A X A Ha3blBaloT pedieKCMBHEIM
(reflexive), ecan

aRa

st Becex ¢ € A. Hanpuwmep, otrotenus "=" u "< ” saBustorcs pediex-

CHBHBIMI OTHOIIEHHAME Ha MHOXKecTBe N, Ho oTHOIenne "< ” TaKOBLIM
He siBisiercs. OTHomeHne R Ha3BIBAeTCS cMMMeTpHuHEIM (Symmetric),
ecin

aRb Bneuér bRa

s Beex a, b € A. OTHOIIeHNe paBeHCTBA ABIAETCS CUMMETPHYHBIM, a
orHotenust "<” u "< ” — Her. OTHollleHne R HA3bIBAIOT TPAH3MTUBHBIM
(transitive), ecnn

aRb w bRc BrneuéT aRc
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I Beex a, b, ¢ € A. Hanpumep, orHomenns "< ”, "<” u "=" apnsaoTcs

TpaH3nTuBHBIMH, a oTHomeHne R = {(a,b) :a,b € Nua=5b-1} —
HeT, Tak Kak 3R4 n 4R5, no ne 3R5.

OTHolIeHNe, SIBISIONIEECST ONHOBPEMEHHO pedIeKCHBHBIM, CHMMe-
TPUYHBIM W TPAH3UTHUBHBIM, HA3bIBAIOT OTHOLIEHMEM SKBUBAJICHTHOCTH
(equivalence relation). Ecin R — orHolleHne 5KBHBAICHTHOCTIH
Ha MHOXecTBe A, TO MOXKHO OIDEIeNNTh KIACC SKBUBAICHTHOCTH
(equivalence class) smementa a € A xak MHOKecTBO [a] = {b € A : aRb}
BCEX HIIeMEeHTOB, SKBUBAJIEHTHBIX a. Hampmvep, Ha MHOXKeCTBe HATYy-
PAJBHBIX UHCET MOXKHO ONpENeNnTh OTHOIIEHNEe 3KBHBAJEHTHOCTH,
cunTas Unciaa @ m b YKBUBAJIEHTHBIME, eCln UX cyMMma a + b uéTHa.
Hto orromenne (HazoBéMm ero R) meflcTBUTenbHO GyIeT OTHOIIEHHEM
SKBUBaJeHTHOCTH. B caMom neme, cymMa a 4 a Bcerma 4éTHa, Tak 9TO
oHO pedurekcuBHO; @ + b = b + a, Tak 9T0 R CHMMeTPHYHO; HAKOHeT,
ecin a+b n b+¢ — wérHble gncna, o a+c¢ = (a+b)+ (b+c¢)—2b Takxe
uéTHO, Tak 4To R TpamsmTuBHO. Kracc skBHBasleHTHOCTH wncia 4
ects [4] = {0,2,4,6,...}, a Kiacc 5KBUBAJEHTHOCTH YHCIa 3 €CTh
3] = {1,3,5,7,...}. OcHOBHOe CBOICTBO KIacCOB KBUBAJIEHTHOCTH
COCTONT B CIEIYIOIIEeM:

Teopema 5.1 (OTHOLIEHUS SKBUBAJICHTHOCTH COOTBETCTBYIOT DA3OUeHUAM ).
g 106020 OMHOULEHUT IKEUEAACHIMHOCTNU HA MHONCECTNEE A KAaccb
arsusasenmuocmu obpazyiom pazbuenue A. Hanpomus, dag obo20
pazbuenud muoxcecmea A ommuowenue “6bimb 6 odwom Kaacce”
A6ATEMNCT OMHOUEHUEM IKEUEAAEHTIHOCTIIU.

loxazameavcmeo. YTobbI MOKa3aTh epBOe YTBEpKIEHNE, HAIO MOKar-
3aTh, YTO KIACCHI DKBHBAJEHTHOCTH HENYCTHI, TMOMAPHO HE Mepeceka-
I0TCsI 1 B o6benHeHnn DaloT Bcé MHOKecTBO A. Ho cBolicTBY pedirek-
CHBHOCTH @ € [a], TOITOMY KJIAcChl HEMYCTHI I HOKPHIBAlOT BCé . lo-
KazKeM, U4TO eCIi Kiacchl [a] u [b] mepecekatoTcs, TO OHI COBMANAOT.
Hycts ¢ — mx obumit snement, torna alic, bRc, ¢Rb (cumverpma-
HOCTh) U aRb (TpamsmruBHOCTB). Temeps Bumuo, ato [b] C [a]: ecan
& — TPOW3BONBHEIN 37eMeHT b, To bRx n mo TpaH3uTHBHOCTH alix.
Awnanornuno, [a] C [b] u noromy [a] = [b].

Bropoe yTBepxneHne TeopeMbl COBCEM OUEBHIIHO. O

Humapooe otnomenne R Ha MHOXKecTBe A Ha3bIBAETCS aHTUCHMMe-
Tp]l[‘IHI:IM7 ecJin
aRb v bRa BieuéT a = b.

Hampuwmep, otromenne "<” Ha HaTypalbHLIX YICIaX SBJIAETCS aHTH-
CIMMETPUUHBIM, TOCKONBKY 3 ¢ < b m b < @ cnenyer a = b. Heduek-
CUBHOE, aHTHCHIMMETPUUHOE U TPAH3NTHBHOE OTHOIIEHNE HA3BIBAETCS
OTHOIIIeHIeM JacTidaHoro nopazaka (partial order), n MHOXKecTBO BMecTe ¢
TaKUM OTHOIIEHIEM Ha HEM Ha3BIBAETCS YACTHYHO YTOPAACICHHEIM MHO-
xectpoM (partially ordered set). Hanpumep, orHOmenne “6vims nomo.m-
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KoM~ Ha MHOXKEeCTBe JoJiell sSBJseTcs YaCTUYHBIM MOPSAKOM, eCiu MbI
CUNTaeM YeJIOBeKa CBOUM MOTOMKOM.

YacTHYHO YHOPSIOUeHHOE MHOXKECTBO, [aXe KOHEUHOe, MOXKeT He
HMeTh HanbOIbINero »IeMeHTa — TaKoro sjieMeHTa &, 4rTo yRx mis
moGoro snementa y. Crhenyer pasindyaTh MOHSTUS HaubOJIbIIEro U
MaKCHMAJILHOTO BJIEMEHTOB: 3JIEMEHT 2 Ha3bIBA€TCS MAKCUMATLHEIM
(maximal), ecinr He cyIIeCTBYET GOIBIIErO BI€MEHTA, T.e. ecin u3 z Ry
ciaenyer ¢ = y. Hanpumep, cpenu HECKONBKIX KAPTOHHBIX KOPOGOK MO-
XKeT He OBITH HamGoJbIlell (B KOTOPYIO MOMeIIaeTcs obas apyras),
HO 3aBEIOMO eCTh OllHA WM/ HECKOIbKO MAKCHMAalbHBIX (KOTOpHIE He
BIIE3AIOT HII B OIHY APYTYIO).

YacTuuHbI MOPSIOK Has3biBaeTcs sumennbiM (total order, linear
order), ecan mis AO6LIX IeMeHTOB ¢ u b BbImodHeHO b0 alRb, nu6o
bRa (mnm oba — TOrna OHN pPaBHBI MO CBONCTBY aHTHCHMMETpPHTHO-
ctu). Hanpumep, orromenne “<” Ha MHOXKeCTBe HATYPANbHBIX THCET
SIBIIsIeTCS MUHEHHBIM MOPAOKOM, a OTHOIIeHHEe ~0bimb nomoskxom” Ha
MHOKECTBe Jofieil — HeT (MOXKHO HAaliTH IBYX UelOBeK, He sBISIO-
[INXCS. TOTOMKAMU IPYT IPyTa).

Yupaxuenus

5.2-1  loka3aTh, uTo oTHOmeHne “C”7 Ha MHOXKECTBE BCeX ITOIMHO-
KECTB MHOXKECTBa Z ABIAAETCSI OTHOIIEHNEM YacTHYIHOTO, HO He JTNHe-
HOTO TOPSIIKA.

5.2-2 HokaszaTb, 4To mig J1060r0 HOMOKHTENLHOIO 1 OTHOIICHIe
a = b (mod n) sBnsleTcs OTHOILIEHNEM SKBHBAJEHTHOCTH HA MHOXKe-
ctBe Z. (l'oBopsT, uto a = b (mod n), eciim cymecTByeT 1esnoe ¢, mis
KoTOoporo a—b = gn.) CKONBKO KIacCOB 9KBUBAIEHTHOCTH €CTh ¥ 9TOTO
OTHOLIeHNA?

5.2-3  HpuBenuTe npumep OTHOIIEHNS, KOTOPOe
a. peIeKCUBHO U CUMMeTPUYHO, HO He TPAaH3UTUBHO;
0. pedIeKCUBHO 1 TPaH3WTWBHO, HO HE CHMMETPUYHO;
B. CUMMeTPUYHO U TPaH3UTUBHO, HO He pedIeKCUBHO.

5.2-4  Hycth S — KoHeuHoe MHOXKecTBO, i — OTHOIlIeHHE SKBUBa-
senTHOCTHU Ha S. HokaxuTe, uTo eciaiu R aHTHUCUMMETPHUUYHO, 4TO BCE
KJIACCBL HKBUBaJIEHTHOCTY codepXkaT IO ONHOMY DJIeMeHTY.

5.2-5  Hpodeccop nymaeT, 9T0O BCIKOE CHMMETPUUHOE W TPAH3UTHUB-
HOe OTHOllleHne pedIIeKCUBHO, I MpelljiaraeT TaKoe NoKa3aTelbCTBO: U3
aRb cnenyetr bRa no cuMMeTpUUyHOCTH, OTKYHa cienyeT aRa 10 TpaH-
suTuBHOCTHU. HpaBuiibHO jiu 5TO n0Ka3aTesnbecTBo?
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5.3 @yHKmuUnN

Hyctos manbr nBa muOXKecTBa A n B. ®ymxmmen (function), orobpa-
Katoureii A B B, HasbiBaeTcs 6unapHoe oTHoinenune [ C A X B, obna-
naollee TakKUM CBOHCTBOM: Ui KaXKIOTo ¢ € A CyllecTBYeT pPOBHO
onuo b € B, nas xotoporo (a,b) € f. MuoxecTBo A HasbIBaeTCs obia-
cThio ompemesiermus (domain) QyHKINW; s MHOXKecTBa B B pyccKoM
s’3bIKe HeT OBIIENPUHSTOrO Ha3BaHUs, a MO-aHIJINHCKN OHO Ha3bIBaeTCs
codomain.

MoxkHO cKazaTh, 4TO GYHKIUS [ COMOCTABISET € KaXK/BIM HJIEMEH-
TOM MHOXKeCcTBa A HEKOTODBIH diiemeHT MHOXKecTBa B. OmHoMy biie-
MEHTY MHOXKecTBa A MOXKeT COOTBETCTBOBATH TOJLKO ONUH BJIEMEHT
MHOXKecTBa B, XOTs OOUH U TOT Xe djeMeHT B MOXeT COOTBeTCTBO-
BaThb HECKOJIBKUM paziiuutbiM ssemenTam A. Hanpumep, 6Gunaphoe oT-
HOLIIeH e

f={(a,b):a € Nub=amod 2}

MOXKHO paccMaTpuBaTh Kak ¢yukumio f: N — {0,1}, mockonabky mis
KaXK[IOT0 HaTypAIBHOTO YHcla @ cyliecTByer ennucTennoe b € {0, 1},
pasuoe ¢ mod 2. Moxuo 3anucars f(0) =0, f(1) =1, f(2) =0 u Tak
nasee. C Opyroif CTOPOHBI, OTHOLICHIE

g={(a,b) :a,b € Nu a+ b uérno}

He siBisleTcsl QyHKImel, mockonbKy (Hampmmep) mapsr (1,3) m (1,5),
IpHUHAIIeKAIINe YTOMY OTHOIICHUIO, UMEIOT paBHbLIe epBbie UYJeHbI,
HO pa3Hble BTOPLIE.

Ecnn mapa (a,b) npuHanmeXnT oTHOUWEHNIO f, SBISOMIEMYCs QYHK-
ueil, TO TOBOPAT, 9TO b sBisieTcs snadenuen (value) pyHKunm s apry-
menta (argument) a, n muuryT b = f(a). YTobbr 3an0aTh QYHKINO, HAIO
yKazaTh €€ 3HaueHue Ui KakKIOro apryMeHTa, MpUHAIJIeKAIlero ed
obnactu onpenenenns. Hanpumep, Moxkno 3anath pynknmio f: N — N
dopuynoit f(n) = 2n, Kotopas o3Havaetr, ato f = {(n,2n) : n € N}.
NBe ¢pyuxmun f,g: A — B cuntaorcs pasusivmu (equal), ecnn f(a) =
g(a) nns Beex a € A. (O6paTnTe BHIMaHNE, 9TO ¢ GOPMATBHON TOUKN
3penuss Mbl cuntaeMm dyukuuu f: A — By u g: A — By pazsnuuHbIMU
npu By # By, naxe ecnu f(a) = g(a) npn Bcex a!)

Koneunot mociemoBatembHocthio (finite sequence) mumubl 1 HA3BI-
BaloT GyHKIMIO f, 06JaCTh ONpeneleHns KOTOPOHN eCTh MHOKECTBO
{0,1,2,...,n—1}. Koneunyo mocnenoBaTeqbHOCTh TaCTO 3alNCHIBAIOT
Kak cmnucok eé smauennit, T.e. kax (f(0), f(1),..., f(n — 1)). Hecko-
HewHOI TociefoBaTeabHocThIo (infinite sequence) HasbiBaeTcs GyHKINS,
06J1ACTBIO ONpeeTeHns KOTOPOil ABAseTcs MHOKeCTBO N HATYpalbHbIX
yuces. Hanpumep, nocienoBareinbiocTh Pubonaudn, 3aiannas ypaBHe-
HneMm (2.13), Moxer 6bITh 3amncana kak (0,1,1,2,3,5,8,13,21,...).
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Ecnu obnacts onpenenenus (GYHKIUU SBISETCS IEKAPTOBBIM TPO-
U3BeleHneM HeCKOJIbKUX MHOXKeCTBa, Mbl ODBIUYHO ONYCKaeM HOIOIHHU-
TellbHBIE CKOOKU BOKpYT aprymenToB. Hampumep, eciiu f: Ay X A X
... x A, — B, wbl mumem f(ay,ag,...,a,) BMecTo Goiee HOpMAIb-
woro f((ay,asz,...,a,)). Kaxknoe n3 a; Tak:ke Ha3bIBA€TCS apryMeHTOM
(argument) GyHKINN f, XOTs GOPMAIBHO €€ apTyMEHTOB CJIeN0BaJIO OBl
CUNTATH N-Ky (a1,a2,...,0a,).

Ecnu b = f(a) nns wexoropoit gyuknun f: A — B 1 HEKOTOPBIX
a € A, b € B, To snemenT b HasbBaloT obpasom (image) nieMeHTa a.
Inst mponsBobHOTO MonMHOKecTBa A’ MHOKecTBa A ero obpas f(A')
onpenessiior GopMyioi

f(AYy={be B:b= f(a)uns mexoroporo a € A’}.

MuoxecTBo 3Hadenmit (range) GyHKunn f onpenensiercs Kak oopas obia-
cTu eé onpenenenns, T.e. Kak f(A). Hanmpumep, MHOXKecTBO 3HaYeHUI
dyuxunn f: N — N, onpenenéunoii popmynoit f(n) = 2n, ecTh MHOKe-
CTBO BCeX YSTHBIX HATYPAJIBHBIX YHCe, KOTOPOe MOKHO 3alcaTh Kak
F(N) = {m :m = 2n nas nexkoroporo n € N}.

dynkmus f: A — B HasbBaeTCs clopbekmueit (surjection), nnm naso-
KeHmeM, eciiil eé 06pa3 coBIallaeT ¢ MHOKeCTBOM B, T.e. Beskuii die-
MeHT b € B saBiserTcs o6pa3oM HEKOTOporo sieMenTa a € A. Hanpu-
vep, dyaknus f: N — N, samawnas ¢opmynoit f(n) = [n/2], sBns-
etcst ciopbekinueit. Oynkmus f(n) = 2n He GymeT clopbekimeil, ecin
cunTaTh, uTo f: N — N, HO 6ymeT TakoBoil, ecjil CYUTATH €& 0TOOpa-
JKalollleil MHOKECTBO HAaTYpaJdbHLIX YHCeN B MHOKECTBO USTHBIX Ha-
TypajbHbix dncen. Pyukuuio f: A — B, sBasioniyiocs clopbekineii,
Ha3BIBAIOT Takxke oTobpakennem A ma B (onto B).

dynkmus f: A — B HasbpBaeTcs mabexumen (injection), mianm sioxe-
HEeM, eCIII PA3INYHLIM apryMeHTaM COOTBETCTBYIOT Pa3indHble 3Haue-
Husi, T.e. ecin f(a) # f(a') upn a # o'. Hanpumep, dyaxuns f(n) = 2n
ABJISETCA MHBeKInel MHoKecTBa N B MHOKeCTBO N, TOCKONBKY 060
GUCIIO N ABISETCS 06pa30M caMoe Gonblilee OTHOTO deMeHTa (n/2, ecin
7 98THO; HeYETHBIE UNCIIA He SBIAIOTCS 00pa3aMn HIKAKIX SITeMeHTOB).
dynknus f(n) = |n/2] He sBaseTcs nEbeKNueil, Tak Kak (Hampumep)
f(2) = f(3) = 1. B anramiickoit auTepaType I WHBEKINI YIOTpe-
OisieTcsa Takxke TepMuu ~one-to-one function”.

dynkmus f: A — B nassiBaeTcs ouexmumeit (bijection), ecim ona on-
HOBPEMEHHO SBJAeTCS NHBeKInel n ciopbeknueii. Hanpumep, GyHkumns
f(n) = (=1)"[n/2], paccmaTpuBaemas Kak QYHKIHs, OTOOpaKAIOIIas
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N B Z, sBnsgetcs 6buexnuei:

0— 0
1— -1
2= 1
3— -2
4— 2

NubekTuBHOCTHL O3HavYaeT, YTO HUKAKOHl dJIeMeHT MHOXKeCcTBa Z He
ABJIgeTCs 00pa30M IBYX Pa3HbIX 371eMeHTOB MHOKecTBa N. ClopbeKTuB-
HOCTh O3HayaeT, YTO BCAKHI dIeMeHT MHOKeCTBa Z ABligeTcs obpa3oM
XOTs ObI ofHOrO dJeMeHTa MHOxKecTBa N. Hueknnmnm naseiBaloT Takzxe
B3aIMHO OJHO3HAQYHEBEIMU COOTBE€TCTBUAMHU (One—to—one Correspondence),
[OCKOJLKY OHH YCTAaHABIWBAlOT COOTBETCTBHUS MeXKIY OHJeMeHTaMu
mMHOXKecTB A n B. HuekTuBHas GyHKINS, oTOOpazKaollas MHOKECTBO
A B ce0st, Ha3BIBaeTCs MepecTaHoBKom (permutation) MHOXKecTBa A.

Ecnu dyuxuns f 6uekTuBHA, MOKHO OIpENeNNTh obpaTHylo (inverse)
dyukuuio f~1 coornomennem

71 (b) = a Torna m Tonbko Torma, korma f(a) = b.

Hanpuwmep, mnst paccmoTpenuoit Boiie dyukunn f(n) = (—1)"[n/2]
obpaTHas GYHKIUS BEIYHCISETCS O (HOPMYIIe

_ 2m, ecnim m > 0,
FHm) = g

—2m —1, ecam m < 0.

Yupaxuenus

5.3-1 Hycts A u B — koneunble MHOXKecTBa, u f: A — B — Heko-
Topas ¢pyuknus. Hokaxnre, aTo

a. ecnn f — wabeknus, to |A| < |BJ;

6. ecnin f — copbeknus, To |A| > |B|.

5.3-2  Hymner nu Guexiueit ¢pyuknus f: N — N, sanannas Gopmynoii
f(z) =2 + 17 Tor xe Bonpoc mns ¢yukunn Z — Z, 3amaHHOil TOIl Ke
PopMYIOIL.

5.3-3  lafiTe ompenenenne obpaTHOro K OHHAPHOMY OTHOIIEHUIO.
(Ecnn oTHouienne siBisieTcst Guekimeil, TO ONpeneseHne NOIKHO Ha-
BaTh 0GPATHYIO OWEKINIO B ONNCAHHOM BBIIIIE CMBICTE. )

5.3-4 Hocrpoiite 6ueknuto f:Z — 7Z X Z.
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Pucynox 5.2 OpuenTHpOBaHHEIE n HEOPUEHTHIPOBAHHEIE rpadHr.
(a) Opuenrtupopanustit rpad (V,E), tne V = {1,2,3,4,5,6} u E =
{(1,2),(2,2),(2,4),(2,5),(4,1),(4,5),(5,4),(6,3)}. Hebpo (2,2) sBnsercss peGpom-
mukioM. (6) Heopuentuposamuwiii rpadp G = (V, E), rne V = {1,2,3,4,5,6} u
E = {(1,2),(1,5),(2,5),(3,6)}. Bepumuna 4 sBusercs M30IMpOBaHHON (He UMeeT
cmexHbIx BepumH). (B) Honrpad rpada (a), momyuaronimiics ero orpaHiudeHIeEM Ha
MHOXKecTBO Bepmma {1, 2,3,6}.

5.4 T'padur

B sToMm paszmene MBI paccMOTpPHUM OCHOBHBIE TOHSTHA, CBA3AHHDIE
C OpPHEHTHPOBAHHBLIMEU W HEOPHeHTHpOBaAHHBIMEU Tpadamu. Cremyer
UMeTh B BUOY, YTO TEPMUHONOTHS 3[6Ch He BIOJHE YCTOANACh I B pas-
HBIX KHOTaX MOXKHO BCTPETHTH pasHbie ONpeNeeHns, HO Mo GOIbIei
yacTH pasnununs HeBednku. MbI BepréMmcs ¥ rpadam B TiaBe 23, Tre
paccMaTpUBAIOTCS Pa3IudHbe aJTOPUTMBI Ha Tpadax.

Opuentuposanneni rpad (directed graph) ompenensiercs kak mapa
(V,E), rne V — KoHeYHOe MHOXKeCTBO, a [/ — OGHHapHOe OTHOIIe-
HUe Ha V, T.e. TOMMHOXKecTBO MHOKecTBa V' X V. OpHeHTUPOBAHHDII
rpad WHOrma s KPpaTKOCTH HasbiBaioT oprpadom (digraph). Muoxe-
cTBO V Ha3BIBAIOT MHOXecTBoM BepumH rpada (vertex set); ero smeMenT
Ha3BIBAIOT BepumHoil rpada (vertex; MHOXKeCTBEHHOe UHCIO vertices).
MHuoxkecTBo F HasbiBaioT MHOXecTBoM péGep (edge set) rpada; ero sie-
MEeHTBHI Has3blBaloT pé6pamm (edges). Ha pucyuxe 5.2 (a) mokasan opu-
eHTUPOBaHHLI Ipad ¢ MHOKecTBOM Bepru {1,2,3,4,5,6}. Bepiiunsr
m300pakeHsl KpyKKaMi, a pébpa — cTpenkaMu. 3aMeTnM, 4To Tpad
MOXKeT COmepKaTh pébpa-muxist (self-loops), coennusiorme Bepmnuy ¢
coboIl.

B neopuentuposannom (undirected) rpade G = (V, E') MuoxKecTBO pé-
6ep (V) cocront n3 meynopsmotennsix (unordered) map BepImn: mapamiu
ABISAIOTCS MHOXKecTBa {u, v}, rme u,v € V u u # v. Mbr 6ynem 0603Ha-
9aTh HEOPMEHTHPOBaHHOe pe6Gpo Kak (u, v) BMecTo {u, v}; Ipu 5TOM s
HeOpMeHTNpoBaHHOTO Tpada (u,v) n (v, u) 06O3HAYAIOT OTHO U TO Ke
pe6po. HeopnenTupoBaHubrii rpad He MOXKET COMepKaTh pEGep-MNKIOB,
1l KaxK1oe peGpo COCTONT M3 IBYX Pas3imIHbIX BeplinH ( “coedungs” ux).
Ha puc. 5.2 (6) m306pakéH HEOPHEHTHPOBAHHBIN Tpad ¢ MHOKECTBOM
Bepina {1,2,3,4,5,6}.
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Muorue NOHATHS TapajileNbHO ONPENeNSIOTCS [ OPUEeHTHPOBaH-
HBIX I HEOPHEHTHPOBAHHEIX TPadoB (€ COOTBETCTBYIOUINMI N3MEHEHN-
smu). Hpo pebpo (u,v) opueHTHpOBaHHOTO TI'pada TOBOPST, 9TO OHO
soxonut u3 (incident from, leaves) Bepmnubl « n Bxomur (incident to,
enters) B Bepmnuy v. Hanpmmep, wa puc. 5.2 (a) umeetcst Tpu pebpa,
BRIXOISIINX m3 Bepinmuel 2 ((2,2),(2,4),(2,5)) n nBa peGpa, B Heé
sxonsmnx ((1,2),(2,2)). Hpo pe6po (u, v) HeopueHTHpoOBaHHOTO T'pada
rOBOPST, UTO OHO MHIMZeHTHo BepinmuaM (incident on vertices) u u v.
Hanpuwmep, na puc. 2.5 (6) ecTh nBa pebpa, NHINAEHTHLIE BepIInHEe 2
(beopa (1,2) 1 (2,5)

Ecnu B rpade G nmeercs pebpo (u,v), TOBOPST, 9TO BepIINHA U
cvexna ¢ Bepuinuoit u (is adjacent to w). His HeopmeHTHpPOBaHHBIX
rpadpoB OTHOIIEHIE CMEKHOCTH ABJSETCS CUMMETPUYHBIM, HO I OPH-
eHTHPOBAHHDLIX TPAGOB 5TO He 06s3aTeNbHO. Ecin Bepiinna v cMeKHa
C BepUINHON % B OPMEHTHPOBAHHOM T'pade, THIIYyT % — v. Ilas obonx
pucynkoB 5.2 (a) n 5.2 (6) Bepiunua 2 sBIsSeTCS CMeXKHOI ¢ BepIn-
HOil 1, HO JNIIBL BO BTOPOM W3 HUX BeplinHa 1 cMeXHa ¢ BepUINHOl 2
(B mepBoM ciyuae peGpo (2, 1) oTcyTcTByeT B rpade).

Crenenbio (degree) BepIIMHBEI B HEOPHEHTHPOBAHHOM T'pade Ha3bIBa-
eTCst IHCIO MHITHIeHTHBIX eii pébep. Hampmmep, nis rpada puc. 5.2 (6)
creneHb BeplIWHbI 2 paBHa 2. s OpHEHTHPOBAHHOIO rpada pas3iiu-
YAI0T UCXoAAmyIo cTemeHb (out-degree), ompenenseMyio Kak THCIO BbI-
XONSIIINX W3 Heé péGep, I BXomAuyIo cTemeHb (in-degree), ompenensieMyio
KaK YICIo BXOAAIINX B Heé pédep. CyMMa ncxomsiieil n BXomsiieil cre-
neHell HasbIBaeTCs cremenbio (degree) Bepimuel. Hanpumep, Bepiinaa 2
Brpade puc. 5.2 (a) mMeeT BXOOSIIYIO CTENEHb 2, NCXOMSIILYIO CTeNeHb 3
u cTeneHb b.

Hyts ammm & (path of length &) n3 Beprumust w B Bepimuy v onpere-

JISIeTCS KaK MOCIeNOBATENLHOCT BepIInH (Vg, U1, U2, . . ., Ug), B KOTOPOIi
vo=u, vy =vu (vi_1,v;) € F nnst Bcex ¢ = 1,2,..., k. Taknm obpa-
30M, My Th IIHHEL k cocTont u3 k pé6ep. HroT nyTh comepxut (contains)
BEepIINHBL Vg, U1, ..., U; U pébpa (vo,v1), (v1,v2),..., (Vk—1,vk). Bep-
WINHY Uy Ha3bIBaIOT HAYaJIOM MYTH, BePIINHY Ui — €ro KOHIIOM; TOBO-

pAT, 4TO NMyTh BEHET m3 Uy B VUk. KM M NaHHBIX BepiiuH u u o’
CYLIeCTBYeT IyTh p U3 ¢ B u’', TO TOBOPAT, 9TO BeplINHa u AOCTIXKUMA
m3 v mo myTu p (u' is reachable from u via p). B sTom ciyuae mMbr nummem
(nns OpMEHTHPOBAHHBIX TPadoOB) U ol

HyTs HaseiBaercs mpocreim (simple), ecim Bce BepIimHbI B HEM pas-
mmvyabl. Hampumep, ma pmc. 5.2 (a) ects mpocrtoit nyTh (1,2,5,4)
nnuHbl 3, a Takke nyTh (2,5,4,5) TOil Ke [INHBI, HE SBISIOMINICS
TPOCTHIM.

HoanmyTs (subpath) nytm p = (vo, v1,...,U%) TOAYIHTCS, €CIHM MBI
BO3LMEM HEKOTOpOe YICJIO0 MAYLINX NOAPSAN BeplIMH >TOro MyTH, T.e.
MOCIIeIOBATENIBHOCTD (Uj, Vig1, - - -, U;) IPH HEKOTOPBIX 4, J, 15t KOTOPBIX

0<i<j<k.
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Huxnom (cycle) B opueHTHpOBaHHOM Tpade Ha3BIBAETCS MY Th, B KOTO-
pPOM HavaibHas BepIINHA COBNANAeT ¢ KOHEYHON M KOTOPBI CONepKUT
xoTs 661 onHO pebpo. Hukm (v, v1, ..., Uk) HA3BIBAETCS NPOCTHIM, €CIIN
B HEM HET ONMHAKOBBIX BepIINH (KpoMe MepBoil I MOCenHell), T. e. ecin
BCE BePIINHEl Uy, Ug, ..., Uk pasiunuibl. HeGpo-nukyi sBiseTcs MIKIOM
HanHBL 1. MBI 0TOXIeCTBIIsEM IHKJIBI, OTIHYAIONIINeCs CIBUTOM BIOb
IUKJIa: OMUH W TOT ¥Ke MUK JUINHBL k& MOXKeT ObIThH pefcTaBien k pas-
JAMYHBIMI Oy TSAMU (B KadecTBe Hadaja M KOHIIA MOXKHO B3STh JHOGYIO
u3 k Bepmnu). Hanpumep, wa puc. 5.2 (a) nytn (1,2,4,1), (2,4,1,2)
n (4,1,2,4) npencTaBasOT ONMH W TOT ke Huka. HroT nmkn sBms-
eTcst TPOCTHIM, B TO BpeMs Kak muki (1,2,4,5,4, 1) TaKoBBIM He siBIIS-
etcsi. Ha Tom ke pucyuke ecTh mukn (2, 2), o6pa30BaHHBI €INHCTBEH-
HBIM peGpoM-minkiom (2,2). OpueHTHpoBaHHbI Tpad, He comepKarinii
pébep-TIKIoB, Ha3bIBaeTCs npocThM (simple).

B neopuenTnpoBantom rpade nyTh (vg, U1, . . ., Uk) HasbiBaeTCs (Ipo-
CTHIM) muksIoM, eciin k > 3, vg = vg W BCe BEPIUINHBL U1, Ug, ..., Uk Pa3-
mnvuabl. Hanpusmep, Ha puc. 5.2 (6) umeercst npocroit mukn (1,2,5,1).

['pad, B KoTOpOM HET NMUKIOB, Ha3LIBAeTCs amukmmdeckum (acyclic).

HeopuentupoBauubiii rpad HasbiBaeTcs ceasHeiM (connected), ecin
NI 1060 Mapbl BepIIMH CYIIECTBYeT MyTh W3 OMHOW B APYTYIO.
s HeopHMeHTHPOBaHHOTO Tpada OTHOIICHUe ~Obimb AOCTNUNCUMBIM
u3” ABIAseTCs OTHOIIEHWeM DKBUBAJCHTHOCTH Ha MHOXKECTBE Bep-
e, Kimaces! SKBHBaJeHTHOCTH HA3LIBAIOTCS CBAZHBIMU KOMIIOHEHTAMMU
(connected components) rpada. Hanpnmep, ra puc. 5.2 (6) nmeorcs
Tpu cBs3uble KommoneHTH: {1,2,5}, {3,6} u {4}. HeopuenTupoBanubIii
rpad cBsA3eH TOTMa W TOIBKO TOT/Ia, KOTIa OH COCTOUT U3 eIIHCTBeHHOI
CBSA3HON KOMIIOHEHTHI.

OpneHTHpOBaHHBEIN TI'pad Ha3LIBAeTCS CWIBHO cB3HBIM (strongly
connected), ecan u3 m0GOI €ro BepIINHBl HOCTHANMA (IO OPHEHTH-
POBAaHHBIM MyTsiM) mioGas npyras. Jlro6oii opueHTHpOBaHHBIN Tpad
MOXKHO pa3bUTh HA CWIBHO CBA3HEIe KoMmoHeHTH (strongly connected
components), KOTOPbIe ONpPeNensiOTCs KaK KIACChl SKBHBAJIEHTHOCTH
oTHOIEHUS "u docmuscumo u3 v u v docmudrncumo uz u’. OpueHTH-
POBaHHBI Tpad CHIBHO CBA3eH TOTAA U TOJBKO TOra, KOT/a COCTONT
03 eNNHCTBEHHON CHIBHO CBS3HOW KOMIOHeHTHI. ['pad puc. 5.2 (a)
nMeeT Tpn Taknx KoMmmoreHTw:: {1,2,4,5}, {3} u {6}. Samernm, aTo
BepiuHbl {3,6} He BXONAT B ONHY CHJILHO CBA3HYIO KOMIOHEHTY, TaK
KakK 3 nocTukuma u3 6, Ho He HAOBOPOT.

IBa rpada G = (V, E) u G' = (V', £) nasbiBaioTcs usoMopdHEIMU
(isomorphic), ecan cyiecTByeT B3amMHO ONHO3HATHOE COOTBETCTBIE
f:V — V' mMexny mMHOXecTBaMH HX BepIINH, IPH KOTOPOM p&GpaM
onHoro rpada COOTBETCTBYIOT pébpa npyroro: (u,v) € F rtorma u
Tonpko Torma, xorma (f(u), f(v)) € E’. Moxno cka3aTb, 9TO m30-
MOp(hHBIe Tpapbl — HTO OOUH U TOT Ke Tpad, B KOTOPOM BepIINHLI
Ha3BaHBI 0-pasnoMy. Ha puc. 5.3 (a) npuBenén npumep aByX m30Mopd-
ubix rpadgoB G u G’ ¢ muoxkecrBamu Bepuun Vo= {1,2,3,4,5 6} u
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Pucynox 5.3 (a) Hapa usomopdubix rpados. (6) HemsomopdHsie rpadbl: BepxHUIil
UMeeT BepLINHY CTeTeHn 4, a HIKHUAN — HeT.

V' = {u,v,w,z,y,z}. Pyaxuns f: V — V' nns koropoit f(1) = wu,
[@) = v, F3)=w, f(&) =2, [(5) =y, [(6) = 2, smasercs msonop.
duzmom. Hamporus, rpadsr Ha puc. 5.3 (6) He m3oMOpdHBI, XOTs 06a
UMEIOT Mo b BepllinH u no 7 péoep. YTobsl y6enuThes, 4TO OHN He M30-
MOP(MHBI, TOCTATOYHO OTMETHTh, 4TO B BepXHeM I'pade ecTh BepIInHa
crenenn 4, a B HUJKHEM — HeT.

I'pap G = (F', V') naseiBator mogrpadom (subgraph) rpadpa G =
(E,V),eciu E' C Eu V' C V. Ecnu B rpagpe G = (F,V) BbiGparh
IPON3BOABLHOE MHOKECTBO BepliH V', TO MOKHO PacCMOTPeTh ero mof-
rpad, COCTOSIINI U3 STUX BEPIINH I BCEX COSMMHAIONINX UX pébep, T. e.
rpap G' = (F', V'), nnst koroporo

F' ={(u,v) € E:u,veV'}

HroT nomrpad MOXKHO Ha3BaTh orpammdenmem rpada G Ha MHOKe-
ctBo Bepiine V' (subgraph of G induced by V’). Orpannuenue rpada
puc. 5.2 (a) Ha MHOXKecTBO BepunH {1,2, 3,6} nokazaxo Ha puc. 5.2 (B)
n umeeT Tpu pebpa (1,2), (2,2), (6,3).

st m060ro HeopHeHTHPOBAHHOIO rpada G MOKHO PACCMOTPETh €ro
opuenTupoBanuemi Bapuant (directed version), 3aMeHNB KaKIoe HEOpH-
eHTHpoBaHHOe pebpo {u,v} Ha mapy OpHeHTHPOBAHHLIX péGep (u,v)
u (v, u), IOYHINX B MPOTHBONONOKHLIX Hampasiaenusx. C npyroii cro-
POHBI, LIS KayKIOTO OPUEH THPOBAHHOIO I'pada MOKHO PACCMOTPETh €ro
HeopueHTUpoBaHHbN Bapuant (undirected version), 3a6bIB PO OpHeHTa-
nnio pébep, yIaauB pébpa-MuKIbl U coenuHuB pébpa (u,v) n (v,u) B
OITHO HEOPHUEHTUpOBaHHOe pebpo {u, v}. B opuenTupoBamuom rpade co-
cemom (neighbor) BepmmHuBl u Ha3BIBAOT MOGYIO BEpIINHY, COENNHEH-
HYIO ¢ Hell peGpoM (B Ty mim APYryio CTOPOHY); TaKHM OOPa3oM, v
SABJISIETCSA COCENOM % TOT[a U TOJBKO TOTMa, KOrJa U CMeKHO U WIIN
U cMexKHO v. 1718 HeopueHTHpPOBaHHOTO I'pada BhIpaKeHus "v — coced
w”u v cmexncna ¢ w” SABISIOTCS CHHOHUMAMHU.
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HexoTopuie BuOLI TpadoB NMEOT cHelalbHble Ha3BaHUs. Homuasim
(complete) rpagoM Ha3bIBAIOT HEOPHEHTHPOBAHHBIN TI'pad, comepiKa-
nii Bce BO3MOXKHBIE pé6pa IJIsl HTaHHOTO MHOXKeCTBA BeplInH (mobas
BepIInHa cMexHa 1060 npyroit). Heopuentuposaunwiii rpad (V, F)
Ha3BIBalOT apymoisHeM (bipartite), ecim MHOXKecTBO BepiinH V' MOKHO
pa3zbuThL Ha nBe dYacTh V; m V, Takum o6pa3oM, UTO KOHIBI JIO-
foro peGpa OKa3bIBAlOTCS B pa3HbIX vYacTaX. ANuknndyeckuil Heopu-
eHTHPOBAHHLIN I'pad HasbBatoT sgecom (forest), a cBA3HBIN anmkiamde-
CKHil HEOPWEHTMPOBAHHBII Tpad HA3LIBAIOT mepeBoM (0e3 BBHIIENEHHOTO
KOPHsI; TONPOGHO IepeBhbsl pacCMaTPHUBAIOTCS B CIEAYIOIMEM pasiere).
Ho-aurnuiicku nepeBo 6e3 BbIIeNEHHOIO KOpHs Ha3biBaeTcs {ree tree.
OpnentupoBanubiii annknndecknii rpad (directed acyclic graph) mo-
AHTIUIHCKN 9acTO cokpatnaioT 1o “dag” (mo mepBeIM GyKBaM).

Wnorma paccMaTpuBaioT oboblilenus ToHATHS Tpada. Hampuwmep,
MOXKHO paccMaTpuBaTh myiasrurpad (multigraph), KoTopsrit moxox Ha
HeOpUEeHTUPOBAHHLIN Tpad, HO MOKET COMepkKaThk MHOTO pébep, coemn-
HSAIOIINX ONHY U TY JKe Mapy BepIinH, a Takke péopa-Mukisl. Fumeprpad
(hypergraph) oTamdaeTcst 0T HEOPHEHTHPOBAHHOTO I'pada TeM, ITO OH
conepxkuT rumeppé6pa (hyperedges), coenmusioline He IBe BepIINHEL,
a TPOM3BONLHOE MHOXKECTBO BeplinH. MHOTHe anTopuTMbBI 06paboTKH
OOBIYHBIX T'padoB MOryT OBITH 000OIEHBI Ha TakKnme TpadononobHbIe

CTPYKTYPHI.
Yupaxuenus

5.4-1 Ha BeuepuwHKe KaXKABH TOCTH CUYNTAET, CKOMLKO PYKOMOKA-
Tuit on cuenan. HotoM Bee umcena ckmanbiBaiores. Hokaxknre, uTo mo-
JAYYUTCS YETHOE UNCIO, MOKA3aB CIAEMYIONIYIO JeMMy O PYKOMOXATHAX
(handshaking lemma): nist HeopmeHTHpPOBaHHOTO I'pada CyMMa cTele-
Hell BCeX ero BepInH paBHa YIBOCHHOMY UYHCITy pébep.

5.4-2  HokaxuTe, uro TpeGoBanue k > 3 B onpernesieHun 1MuKia B He-
OpPUEeHTHPOBAHHOM T'pade CYIIECTBEHHO (€CiH ero OTMeHNTb, B TI000M
rpage, Tlie eCTh XOTh ONHO pebpo, GymeT MuK).

5.4-3  llokaxmuTe, 9TO eciau B rpade (OpHeHTHPOBAHHOM W HEOPH-
eHTHPOBAHHOM) €CTh IYTh I3 BEPIINHBI ¥ B BEPIINHY U, TO B HEM €CTh
OpOCTOl MYThH U3 ¢ B v. JloKaXkKnTe, 9TO eClin B OPUEHTHPOBAHHOM Tpade
eCcTh UK/, TO B HEM eCTh IPOCTON IUKJI.

5.4-4  Hokaxknre, 9TO B CBsi3HOM HeopmeHTHpoBaHHOM Tpade (V, F)
WUCIIO BEPIIUH MPEeBOCXONUT 4Yncio pébep He Goiee uem Ha 1: |F| >

V-1

5.4-5  HposepoTe, uto oTHomenune “6vimb docmudcumvim u3” ABIIA-
eTcst (M1 HEOPHEHTHPOBAHHOTO Tpada) OTHOIIEHNEM 3KBHBAJIEHTHO-
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ctu. Kakme m3 Tpéx cBoOfCTB, BXONJIINX B ONpenelieHne OTHOIIEHUS
3KBUBAJIEHTHOCTH, CHOpaBedJUBbI [Js OTHOIIEHUS HOCTUXKUMOCTH B
OPUEHTUPOBAHHOM Tpade?

5.4-6  HapucyiiTe HeopueHTHpOBaHHYIO Bepcuio rpada puc. 5.2 (a) n
OpHeHTHPOBAHHYO Bepcuio rpada puc. 5.2 (6).

5.4-7*  Kak MOXHO NpeicTaBuTh runeprpad ¢ MOMOLILIO ABYIOILHOIO
rpada, n3o6pazkas OTHOIICHNE NHINACHTHOCTH B runeprpade oTHOIIe-
HIEeM CMeXHOCTH B AByHoibHOM rpade? (YKaszaHmne: BeplUImHAME [BY-
JIOJIBHOTO Tpada MOJIKHEL ObITH BepIINHEL Fineprpada, a Takke THIep-
pébpa runeprpada.)

5.5 IllepeBba

Kak u cnoBo “2pa¢p”, cinoBo "depeso” Takke ynoTpebigercs B He-
CKONBKAX POACTBEHHBIX CMBICIIaX. B »TOM pasmesie MBI maéM Ol penesie-
HUS 0 PacCMaTPUBaeM CBOMCTBa HEeCKOILKUX BUIOB NepeBbeB. B pasme-
gax 11.4 u 23.1 Mbl BepHEMCS K JlepeBbAM UM PACCMOTPUM CHOCOOLI UX
OpencTaBieHns B IporpaMMax.

5.5.1 JlepeBbs Ge3 BHIAEIEHHOTO KOPHA

Kaxk Mbr roBopuin B pasnene 5.4, nepeso (63 BEIIENEHHOTO KOPHS, free
tree) ompemensieTcsi Kak CBS3HBIN AlUKINIECKN HEOPUEHTHPOBAHHBIN
rpad. Eciu HeopneHTHPOBaHHBI Ipad sSBAAETCS ANUKIUYECKIM, HO
(BO3MOXKHO) HECBSI3HBIM, €T0 Ha3BIBAIOT Jecom (forest); kak m mosoxkeHo,
JTeC COCTONT M3 IEPEBLEB (SIBISIOMINKXCS €0 CBSI3HBIMI KOMIIOHEHTAaM).
Muorue aJropuTMbl 00pabOTKH JepeBbeB NpUMeHnMBI 1 K Jecam. Ha
puc. 5.4 (a) m306paxkeno nepeBo; Ha puc. 5.4 (6) m3obpaxkén nec. Jlec
pucyaka 5.4 (6) He siBusieTCs mepeBOM, TaK Kak He cBszeH. 'pad Ha
pucyrake 5.4 (B) He sBIsSeTCS HU [€peBOM, HII [1aiKe JIeCOM, TaK Kak B
HEM eCTb IUKJI.

B crenyolieii TeopeMe yKazaHO HECKOIBKO BaxKHBIX CBONCTB Jepe-

Pucynox 5.4 (a) Ilepeso Ge3 Buiuenentoro xopus. (6) Jlec. (B) I'pad, comepxarmmit
IINKJI, He ABJIA€TCS HU JIePEeBOM, HI JIECOM.
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Pucynok 5.5 JIBa mpocThIX IyTH U3 4 B

BLb€B.

Teopema 5.2 (Cpoiictsa sepesbes). Hycmo G = (V, E') — neopuenmupo-
sannbii epad. Tozda caedipoujue ceoticmea pasHocuibHbL:

1. G geagemcs depecon (63 6bidenenno20 KOPHA).

2. Jlag wobwix deyr eepuun G cywecmeyem edunemeennvili coedu-
HAWUY ur npocmot nymo.

3. I'pagp G cegzen, no nepecmaém Obimb CEA3NBIM, €CAU YAAAUMD
Aoboe e2o pebpo.

4. I'pap G ceazen u |E|=|V|—1.

5. I'pag G ayurauwueckuii u |F|=|V] - 1.

6. I'pag G ayuravueckuti, no dobaeaenue 1106020 pebpa K HeMmy no-
poxcdaem yuk.

Hoxazameavemeso. (1) = (2): HockonbKy nmepeBo CBSI3HO, HIisi MIOOBIX
NIBYX BepIINH CYIIECTBYeT COSNUHSIONIMA WX MyTh; BHIKUHYB U3 HEro
JUIIHEee, MOXeM CUYHTaTh, 4TO HTOT MyTh mpocToii. HycTh ecTh nBa
PasHLIX MPOCTHLIX MYyTH Py U Py U3 HEKOTOPBIA BEPIINHBI % B IPYIYIO
Bepiinuy v (puc. 5.5). HocmoTpnm, rme sTn myTn pacxomsTes; MyCTh
w — TocenHsAs oOlas BepIinHa Tepel pa3BeTBIeHUeM, a & U §f —
pasnnyHble BepUINHBI, CICAYIOIINe 3a W B MyTAX p1 U pg. Burasch no
nepBOMY MyTH, HOKIEMCA MOMEHTa, KOrfa NyTh BHOBL MepeceKaercs
CO BTOPBIM B HeKOTOpoll Bepmnue z. HaccMoTpum ydactok p’ mepsoro
nyTn oT w g0 z (depe3 ) m y4acTOK BToporo myTu p”’ oT w mo z
(uepes y). Hytu p’ u p” He nmeror obiiux Bepius (He cunTas KOHIOB),
MOCKOJIBKY 2z OBIIO TIepBOW BePIINHON HA IIyTH pi MOCie w, MoNaBIIel
B pg. Hosromy mbr momyuaem umksa (coctosinit m3 p’ u obpaiieHns
nyTtu p”).

(2) = (3) I'pad, oueBnmuo, cszen. Hycts (u,v) — moboe ero pe-
6po. Ecnu mocne ero ymanenus rpad ocTaHeTcs CBA3HLIM, TO B HEM
OyIeT MyTh, COSMMUHSIONINA I U — BTOPOil MIyTh, YTO NPOTHBOPEYNT
IPEATONOKEHIIO.

(3) = (4) Ho ycouio, rpad cBsizen, mostomy |E| > |V|—1 (yup. 5.4-
4). Hokaxkem, ato |E| < |V| — 1, paccyxknas no maaykimnn. CBs3HbII
rpad ¢ n = 1,2 Bepimiunamu umeer n — 1 pébep. Hycts rpad G umeer
n > 3 pébep u s rpadoB ¢ MEHBIINM YHCIOM péGep Hallle HepaBeH-
CTBO YiKe IoKaszaHo. Y najenne pebpa pasouBaer rpad G Ha k > 2 cBoA3-
HBIX KOMIIOHEHT (Ha caMOM fefle Ha JIBe, HO 3TO HaM He BaxkHO). s
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KayKIoll I3 KOMIOHEHT BBINONHeHO ycioBme (3). MHmykTuBHOe mpen-
MONOKeHNe TapaHTHPyeT, ITO obllee YHCIO pébep B HUX He GOIbIIe
V| —k < |V] = 2. Braunt, no ynanenus peGpa 6biio He 6omee |V] — 1
pédep.

(4) = (5) Hycts rpag cBszen u |E| = |V|—1. Hokaxkem, aTo rpad He
nMeeT NUKIOB. Ecin nuki ecTs, ynanenne mo6oro pe6pa n3 IMUKIa He
HapyllaeT CB3HOCTH (MOXKHO IDOMTH IO OCTAOIIefics 9acTH NUKIIA).
HyneMm moBTOpSITH 5TO IO Tex MOp, MOKa He OCTAHETCs CBA3HBIN I'pad
6e3 nukmnoB (mepeBo). Kak MbI yXKe 3HaeM, O/ IepeBa 4HCIO DEGep
Ha e[NHNIY MeHbIe YHCIa BEPIINH — HO MO IPENNONOKEHHII0 TO XKe
COOTHOLIIeHIe GBIIO U 10 yaaJeHns pé6ep, TaK 4TO yOAINTh Mbl HIUEro
He MOTJIN U € CaMOro Hadasa He GBLIO IHKIIOB.

(5) = (6) Hycrs rpad G ue umeer nnknos u |E| = |V| — 1. Hycts
(¢ uMmeeT k CBSA3HBIX KOMIOHEHT; OHH IO OIpeNeeHNHIO SBIISIOTCS Ie-
peBbsMU. MBI 3HaeM, 9TO B KaXIOl I3 HHX YHCIO pébep Ha eNUHUILY
MeHbIIle YICIa BeplliH, MOTOMY ofllee dncio pébep Ha k MeHbIe
qncna BepinH. 3HauUnT, k = 1 u rpad mpencraBiseT coboil mepeso.
B HéM m106ble IBe BepIINHBI MOI'YT GBITH COENNHEHBI MPOCTHIM IyTEM
(MBI yxke 3uaeM, uTo (1) = (2)), u noTomy nobasnenue 1060ro pe6pa
MOPOKIAET UKL

(6) = (1) HycTs rpad sBiseTcs alUKINTIeCKIM, HO ToOaBIeHNe Tio-
Goro peGpa mopoxkmaeT muka. Hamo mokasaTs, 9To OH cBsseH. B ca-
MOM JieJle, pacCMOTPUM [IBe IPON3BONbHBIE BepIINHEL ¢ 1 v. MBI 3HaeM,
aro noGasienne pebpa (u,v) NOpokIaeT HNKI. B 5TOM HUKIe NOMKHO
BCTpedaThes pebpo (u,v), MOCKONBKY IO ero mobaBleHns NUKIa He
OBLIO — HO TOJNBKO ONMH pa3, I OCTalbHas JacTh NUKIA COeNUHSET
W M v, 9TO I TpeBGOBaAIOC. O

5.5.2 JlepeBbs ¢ xopHeM. OpUEHTUPOBAHHEIE A€PEBBS

IlepeBo ¢ KopHeM, /1 KopHeBoe Aepeso (rooted tree), momydaercs, ecin
B mepeBe (CBS3HOM alNKINYECKOM HEOPHEeHTHPOBAHHOM rpade) BhLIe-
JTUTH OHY U3 BepIINH BHIIENeHa, Ha3BaB eé kopHeM (root). Beprumust
KOPHEBOI'O [IepeBa MMO-aHIINICKN Ha3bIBaloTcs Takxke ~“nodes”. Ha pu-
cyHuke 5.6 (a) mokazaHO KOpHEBoe epeBo ¢ 12 BeplImHAME U KOpHeM 7.

Hycts @ — mnpom3BonbHas BepllinHA KOPHEBOTO NepeBa ¢ KOpHEM
B r. CylllecTByeT eNWHCTBEHHBIHl MyTh U3 I' B &; BCe BepIINHBI, Ha-
XONsIINecss Ha TOM TyTH, Mbl Ha3blBaeM mpexkamm (ancestors) Bep-
MAHE ¢. Kcam y sABAseTcs MpenkoM &, TO T HA3LIBAETCS MOTOMKOM
(descendant) y. Kaxkmyio BepimHy MbI CAnTaeM CBONM IPEIKOM I IO-
ToMKOM. Hpenkn m MOTOMKH BepIIUHBL &, He COBMANalolIne ¢ &, Ha-
3bIBAIOTCS COOCTBEHHBIMM IIpeagKaMmn (pI’OpeI’ anCQStOrS) I coOCTBEHHBIMU
noromkamu (proper descendants) Bepmuusl x. [Hra Tepmunonorus xe
BIIOJTHE yHauHa: dpasy ~eepuiuna A6A5€mcs c60UM COOCMEEHHBLIL NO-
momxom” MOKHO TOJKOBATE O PA3HOMY, U IPHU OMHOM TOJKOBAHUU OHA
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BoicoTa = 4, ray6una 0, rnybuna 1 n T.1m.

Pucynox 5.6 (a) Kopresoe nepeso Beicorst 4. JlepeBo HapicoBaHO OGHIYHBIM 0Opa-
30M: KOpeHb (BepIUNHA 7) HapUCOBaHA CBEPXY, COCENHIE C HUM BEPIIUHEL (IeTH
KOpHs1, BEPUIMHEL [IyOHHBEL 1) HapUCOBAHBL [OJ, HEM, BEPLINHBL CIELYIOIETO YPOBHS
(meTw nmereil KopHS, BEPUIMHBL TIyOUHEL 2) TON HUMX U T. A. IJIs nepeBbeB ¢ mopsn-
KOM Ha JeTdX UL Ka)X[oll BEPIUNHBI (PUKCIPOBAH MOPSINIOK Ha MHOXKECTBe €€ meTeil.
(6) To e camoe KOPHEBOE IEPEBO, HO C APYIUM MOPSAKOM (Cpenu NeTell BEPIINHEL 3),
6ynmeT IPYruM NEPEBOM C MOPSAIKOM Ha HETSX.

BepHa, a IpU IPYrOM HeT.]

s KaXmoi BepIImHBL & MOXKHO PACCMOTPETH IePEBO, COCTOSIIEE U3
BCEX TOTOMKOB &, B KOTOPOM & CUUTaeTCs Kopuem. OHO Ha3bIBaeTCS mox-
mepesoM ¢ kopHeM B & (subtree rooted at ). Hanpumep, na puc. 5.6 (a)
noIepeBO ¢ KOPHEM B 8 collepKUT BeplUnHbI 8, 6, 5 u 9.

Ecnun (y,2) — nocnenuee pebpo Ha MyTH u3 KOPHS B &, TO Y Ha-
3bIBaeTCs pomureneM (parent) @, a & Has3bIBaeTCs peGénkom y. [Hambiie
BMecTo “podumenv” u "pebénox” rosopunn “omey” (father) m "cwvin”
(son), 4To 6BIIO GONee NOTMYHO, TAaK Kak BOOOIE-TO Y TeIOBEKa IBOE
ponuTenei, a y BepIIWHBI MepeBa — He Gosee OMHOTO. 3aTO TMPUHS-
Tas Terneph B aMepPUKAHCKON MNTepaType TePMUHOIOTHA ~nodumuue-
cku Koppexmua’”.]

Kopenn sBiseTcs enWHCTBEHHON BepINHON, ¥ KOTOPOH HET pOMH-
Tens. Bepuinuel, nMeioriine obI11eTo pOMNTEN s, Ha3bIBAIOT B aMepuKaH-
ckoit muTepaType siblings: kK coxalleHNO, PyCCKOTO MEpeBOna v 3TOTO
C/IOBa HET, U MBI OymeM (Kak 3TO HeNalioch paHbllle) Ha3bIBATh TaKie
BePIINHBT Gparhamu. Bepiinina KopHeBOTO mepeBa, He MMeIOIas NeTel,
naspiBaeTcs smeroM (leaf, external node). Bepmnubr, nverorime netei,
HA3BIBAIOTCS BHyTpenmumu (internal).

Ynemo meTed y BepIIWHBT KOPHEBOTO JIePEBa HA3BIBAETCS €€ CTeIeHBIo
(degree). OTmeTnM, 9TO IS BCEX BEePIINH, KpOMe KODHs, CTeleHb Ha
eNMHUIY MEHBIIe CTENeHN TOM Ke BePIINHEI B TOM Ke JiepeBe, eIl Pac-
CMaTpPHUBaTh J€PEBO KaK HEOPHEHTNPOBAHHBI T'pad (MOCKOMbKY TOTIa
HAIO YINTHIBATH 1 pebpo, mayliee BBepx). lnuua myTn oT KOpHS 1O
IPON3BONBHOIN BepIINHBI & Ha3biBaeTCs ruaybunonr (depth) Bepmimubr .
MaxkcnManbHast rirybnHa BepIinH IepeBa Has3biBaeTcs eicoton (height)
nepeBa.

Hepepom ¢ mopankom Ha mersax (ordered tree) Has3bIBaeTCss KOpHEBOe
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Pucynox 5.7 Jlsomunsie nepesbs. (a) Bomunoe nepeBo, m306paikéHHOE TpaMIH-
OHHBIM 06pa3oM. JIeBbIil peGEHOK BEPIIMHBI HAPUCOBAH CJIeBa-CHU3Y OT Heé, IMpaBbIil
— cnpasa-causy. (6) Ipyroe nsomdnoe nepeBo (OT/mdme B TOM, YTO TENEPH y BEP-
WIMHBL 7 €CTH HpaBHIl PeGEHOK 5 M HeT JIeBOro, a He Haobopor). Takoe pasmuume
BO3MOXKHO B JBOUYHOM JIEDEBE, HO HE B [EPEBE C MOPSAAKOM Ha IeTsx. (B) Hobasiss
JOLIOJIHNTENBHBIE IUCThS K IepeBy (a), MBI HOIIydaeM [EPEBO, ¥ KOTOPOro Kaxjias
cTapas BepIliHA UMeET NBYX meTeil. [{obapieHrbie MMCThs m300pakeHbl KBAAPATH-
KaMU.

lIepeBO ¢ HONOJHUTENbHON CTPYKTYPOH: NJis KaxKJ/oll BeplIMHbBI MHO-
KeCTBO eé fmeTeil ymopsinodeHo (M3BeCTHO, KaKoil €8 MOTOMOK TepBHIi,
KaKkoil Bropoii u T. 11.). llBa mepeBa Ha puc. 5.6 OTNHAKOBLI KaK KOPHEBbIE
llepeBbd, HO pa3/indHbl KaK HepeBbsd ¢ MOPSAIKOM Ha HeTX.

5.5.3 IBowunsie gepeebs. Hosummonnsie qepeBbs

Isowanoe aepeso (binary tree) mpoiiie Bcero ompenennTh peKkypcuBHO
KaK KOHEeUHBIT HaOOp BepIInH, KOTOPLII

e 60 mycT (He COMEep:KUT BEpIINH),

e 60 PasGuUT Ha TPHU HeNepeceKalolinecs YacTH: BepUINHy, Ha3bIBae-
MYIO KopHeM (root), IBOMYHOE IepeBO, Ha3bIBAEMOE JIeBEIM IO ACPEBOM
(left subtree) kopHsi, m HBOMYIHOE NepeBO, HA3BIBAEMOE NPABLIM HOMIIe-
pesom (right subtree) kopms.

IlBonmunoe mepeBo, He comepiKalliee BepIINH, HA3BIBAETCS TWYCTHIM
(empty). Ono muorma oGosmadaeTcst NIL. Ecnu meBoe mommepeBo He-
NyCTO, TO ero KOpeHb HasbiBaeTcs jebiM pebémkom (left child) xopms
BCero niepeBa; mpaseii peGénok (right child) ompenensercs ananornaso.
Ecnm meBoe mam mpaBoe MommepeBo KOPHSA MYCTO, TO TOBOPAT, UTO ¥
KOpHsl HeT JieBoro miam mnpaBoro peGénka (child is absent). Hpuwep
IBONYHOTO IepeBa MOKa3aH Ha puc. 5.7 (a).

Hetmo 661 omu6Koil olpefennTh IBONUHOE JepeBO TPOCTO Kak IepeBo
€ TOPSIIKOM Ha JEeTSIX, B KOTOPOM CTeMeHb KaKIo# BepINHLL He TPEeBOC-
xonuT 2. Hemo B ToM, 4TO B MBOMYHOM JIepeBe BaKHO, KAKUM ABIISETCS
eNMHCTBEHHEIH peGEHOK BEPITNHBI cTeNeHn | — JIeBBLIM WIIN MPaBBIM, a
MU IepeBa ¢ MOPSAIKOM Ha AeTSX TaKOTO pasmndusd He cyilecTByeT. Ha
puc. 5.7 (a,0) mOKa3aHLI IBAa PA3NMYHBIX IBOMTHLIX IepeBa, KOTOpPbIE
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BbicoTa=3, rayouna 0, raybuna 1 u T.10.

Pucynok 5.8 HouHoe nBondHoe mepeBo BHICOTHI 3 MMeeT 8 JIMCTHEB 1 7 BHY TPEHHIX
BEPILTH.

ONIUHAKOBBLI KaK HepeBhbs ¢ MOPSIKOM Ha NEeTAX.

Hycryronime mMecta B IBOMYHOM HepeBe YacTO 3aMONHSIOT GUKTHUB-
HbIMU JiHcThiMu. Hocne aroro y kaxnoit crapoil Bepuintbl 6yneT nBoe
nereii (6o mpexHNX, mu60 nobGaBnenHbx). HTo nmpeobpasoBanue mo-
Kazato Ha puc. 5.7 (B).

MoOXKHO ONIpenesuTh AHAJOTH HBOMYHBIX [ePEBbEB IJIs NepeBbeB
BoJibIleil cTeneHn: MBOUYHbIE NEPEBbs SBISIOTCS YaCTHBIM cilydaem k-
mwaueix (k-ary) nmepeBbeB npu k = 2. Homee monpo6uo, nmosummonnoe me-
peso (positional tree) ompenensiercs Kak KOpHeBOe IepeBO, B KOTOPOM
JIeTH Jo0ol BepIINHBLL MOMEUYEHbl PA3IMYHBIME HEeJBIME MOJOKU T b-
HBIMHU YHCJAMU, KOTOpble CUHTAOTCs UX HoMepamu. Hpu sToMm y Ka-
JKJIOM BEPIINHBI €CTh BAKaAHCHE JJIs feTeil HoMep 1, 2, 3 u Tak najee, u3
KOTOPBIX HEKOTOpbIe (KOHEUHOe WHCIIO) 3AlONHEHBI, a OCTalbHbIEe CBO-
Gonuer (:th child is absent). Hpu sTom k-maHbIM mepeBoM HasbIBaeTCs
MO3UIIMOHHOE JePeBo, He WMefolllee BepIliH ¢ HoMepaMmu 6oJibiie k.

Hosmuerm k-wammiv nepesom (complete k-ary tree) HaseiBaercs k-mdaHoe
JepeBo, B KOTOPOM BCe JINCThs UMEIOT ONUHAKOBYIO MNIYGHHY U BCE BHY-
TpeHHWe BepUINHBEl NMeIOT cTenedb k. (TeMm caMbiM cTpyKTypa Takoro
IepeBa TMOITHOCTBIO OmpenernseTcs ero BeicoToil.) Ha puc. 5.8 mokaszano
MOJIHOE NBOMYHOE NepeBo BhICOTHI 3. Homcumraem, CKOIBKO JUCThEB
HMeeT TMoIHoe k-mvaHOe nepeBo BhICOTHI h. KopeHb sBiseTCs eqUHCTBEH-
Holl BepuruHoit raybunbt 0, ero k nereil siBJIsiIOTCS BepIInHAMU [JIIy-
6unbl 1, uX HeTbMU ABAAIOTCA k? Bepllun TAyOUHB k U Tak nalee
BINIOTH 10 k" mucTheB rny6uunr h. MokHO T0GABHTH, 4TO BHICOTA k-
HYHOTO IepeBa ¢ n IINCThIME paBHa log, n (Takoe mepeBo CylecTByeT,
TOJILKO €CJIN 3TOT JIOTapudM Tembil). Yncno BHY TpeHHIX BEPIINH HOJ-

HOTO k‘—I/I‘IHOFO I[epeBa BBICOTEI h paBHO
B —1
14+ kd+ k2. k1= Ty

(em. (3.3)). B wacTHOCTH, HJIs MOJHOTO NBOMYHOLO IepeBa YHUCIO BHY-
TPEHHUX BepIINH Ha e[NHHIY MeHbIle YICia JHCTheB.
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Yupaxuenus

5.5-1 HapucyiiTe Bce mepeBbsi (6€3 BBIIETEHHOTO KODHS), COTEPKa-
uine Tpu Bepiunbl A, B u C'. HapucyiiTe Bce KopHeBhie liepeBbs ¢ Bep-
muuamn A, B u C' n xopaem A. HapucyiiTe Bce (KopHeBbIe) mepeBbs ¢
nopsnkoMm Ha meTsx ¢ Bepuinnamu A, B u C u kopuem A. Hapucyiite
Bce nBoWuHbIe nepeBbs ¢ Bepinunamu A, B u C u kopaem A.

5.5-2  HokaxmuTe, uTo nus mioboro n > 7 CylIecTBYeT NEepeBO C 7
BeplINHaM#, U3 KOTOPOI'O MOXKHO MOJYYUTHL 72 Ppa3siNUYHBIX KOPHEBLIX
lepeBbeB, OOBABAB KOPHEM OIHY M3 7@ BEPUINH.

5.,5-3 Hycts G = (V, F) — opueHTHpOBaHHBIN aNnKINIecKnil Tpad,
B KOTOPOM CYILECTBYET BepIIHHA Vg, U3 KOTOPOH B KaXKIyIO HPYryio
v € V BenéT enmHcTBeHHLIT MyTh. HokaxkuTe, 9TO HeOpueHTHPOBaAH-
HbIll BapuaHT rpada GG aBISETCS IEPEBOM.

5.5-4  JloKaXKuTe MO HHAYKINHT, 9TO B TI060M NBOMIHOM JlepeBe IUCIO
BepIIWH cTelNeHu 2 Ha eIUHUILY MeHbIlle Yucia JIMCTheB.

5.5-5  HokaxuTe, 9TO NBONYHOE IEPEBO C M BepIINHAMI HMeeT BbI-
coTy He MeHbIne [lgn]|.

5.5-6* Ompenenum sayTpenmion cymmy amun (internal path length) mos
JIBOMYHOTO JlepeBa, B KOTOPOM KaxKlad BepllnHa uMeeT cTenenb ( mwin 2,
KaK CyMMy LJyOHH BceX BHyTpeHHHX BepinmH. QIpemenanM BHENIHIOO
CyMMy AJMH IIJI TOrO XKe IepeBa KaK CyMMY IJIyOHH BCeX ero JHCTheB.
HycTh n — 4nciio BEyTpeHHUX BepUINH TaKoro JepeBa, i I € — BHY-
TpeHHsAsd U BHEINHSd CyMMBI mianH. Jlokaxure, 4To € = i + 2n.

5.5-7°  Omnpenenum “sec” nucra B IBONYHOM nepeBe Kak 2~%¢, rne d —
ero raybuna. HokaxuTe, 4TO CyMMa BECOB BCeX JIMCThHEB B HBOHYHOM
nepeBe He MpeBocXonuT | (mepasencrso Kpadra, Kraft inequality)

5.5-8* Hokaxute, 4To B mo60oM NBONYHOM MHepeBe ¢ L JUCThAMNI
MOXKHO HallTH NOAJEPeBO, YUCIO JUCTheB B KOTOPOM HAXONUTCS Ha OT-

peske [L/3,2L/3].

Jamgaun

5-1 Hackpacka rpada
HazoBéwm k-packpackoii HeopnenTunpoBantoro rpada (V, F) dyukunio

c:V = {0,1,...,k — 1}, nns xoroporo c¢(u) # ¢(v) mast mo6BIX IBYX
CMeXKHBIX Bepiint u 1 v. (KKOHIBI 1106010 pe6pa NOIKHBI HMETh pasHble
nBera.)

a. HoxaxnTe, uTo mioboe mepeBo mMeeT 2-pacKpacky.
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6. HokaxuTe, 9TO claenyiolline CBONCTBA HEOPUEHTNPOBAHHOTO Tpada
' paBHOCHIIBHBI:

1. I'pad G nBynosbHbIi.
2. I'pad G umeeT 2-pacKkpacky.
3. I'pad G He umeeT NMUKIIOB HEUETHON HIIUHBI.

B. HycTh d — MakcuMalibHast cTelleHb BepIINH HeOPUeHTHPOBAHHOTO
rpada (. Hokaxnre, uto G nmeer (d 4+ 1)-packpacky.
r. Hokaxute, aro ecnn rpad G umeer O(|V]) pébep, To G nmeer

O(/|V])-packpacky.

5-2 T'padsr u groau

HepeBenuTe Ha S3LIK HEOPUEHTHPOBAHHLIX TpadoB CIemyioline
yTBepkmeHnss u nokaxuTe nx. (Hpemmomaraercs, uTo oTHOIIeHNe
"6bimb dpyeom” CEMMETPHYHO, M YEJOBEK He BEJIOYACTCS B UICJIO
CBOUX Ipy3eii.)

a. B mio6oil koMnannm m3 n > 2 YelOBeK HalnyTcs NBa delloBeKa C
ONMHAKOBBIM YHCIOM IpYy3eil (Cpemn mpucyTCTBYOIINX).

6. B noboil Tpynne 3 6 JeJoBeK MOXKHO HaliTn nubo TPEx deloBek,
SIBIAIOUINXCS IPY3biAMU APYT Apyra, J1udo TpéX yesoBeK, HUKAKUe IBOe
13 KOTOPBIX He ABIAIOTCS NPY3bAMMU.

B. Jli06yi0 KoMTaHnio Jiofell MOXKHO Ppa3BeCcTH 1O MBYM KOMHATaM
TaK, YTO I KaxkKIOro yelloBeKa KaK MUHUMYM MOJIOBUHA ero npy3ei
OKaXKyTcs B IPYTOll KOMHaTe.

r. Eciu B KoMTmaHWu U3 n 4eoBeK y KaxkIoro He MeHee n/2 mpyseii,
TO 3TY KOMIOAHUIO MOXKHO PaccaluThb 3a KPYIJIbIM CTOJOM TakK, YTOOBI
KaxKIbIl culiesl MeXIy INBYMSA CBOUMU HPY3bAMU.

5-3 HasOuenue mepeBbEB Ha YaCTH

Mpmuorune anropuTumbl Ha rpadax, DeficTByOIlIle 0 NPUHIUNY ~pas-
deadti u 6aacmeyl”, nensT rpad Ha IBe YaCTH, IPU HTOM KeJlaTelbHO
YOAJIATh KaK MOXKHO MeHbIle pébep U NOJYUYNTh IBe YacTH 110 BO3MOXK-
HOCTH OJIM3KOTO pasMepa.

a. HoxaxkuTe, 4TO B 11000M IBOMYHOM [lepeBe ¢ 7 BepIINHAMI MOXKHO
HaiiTu pebpo, Iocile yraleHns KOTOPOro NoJIydaTcsa IBe 9acTU pa3Mepa
He GosbIre 3n/4 Kaxmas.

6. Hokaxute, uTo koHCcTaHTY 3/4 B myHKTe (&) HeNb3sl yIyIUINTh,
IpUBes NPUMeD IBOUYHOTO IePeBa, sl KOTOPOro NMocje yIaleHns JI1o-
6oro pebpa B OmHOI U3 dacTell ocTaéTcs He MeHee 3n/4 BeplInH.

B. HoxakuTe, 4TO MHOKECTBO BeDIINH J11000I0 IBOMYHOIO [IepeBa C 1
BepIINHAMI MOXKHO Pa3bUTh Ha nBe dacTn A u B Takum o6Gpasom, ITO
|A| = [n/2], |B| = [n/2], a quncno pébep, COENNHSIONINK BEPIINHBI N3
pasubIx dacteil, ectb O(lgn).
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JameyaHug

OcuoBaTensb cumBonmdeckoit nornkn Hynes (G. Boole) BBén muorme
13 HLIHEITHUX TeOpeTHKO-MHOKEeCTBeHHBIX 0603HaueHnil B KHUTe, OMY-
6nukoBanHoil B 1854 romy. CoBpemeHHas TeOpHs MHOXKeCTB (IpeiKie
BCETO TeOpHs MOIIHOCTeNl 6eCKOHeTHBIX MHOXKeCTB) Obliia co3nana Kan-
topoM (G. Cantor) B 1874-1895 romax. Tepmun "dynxyus” ncnonsb-
soBant Jleit6unn (G.W. Leibnitz) B npumenennu K HeKOTOPBIM MaTe-
MaTudeckum dpopmynam. Onpenenentie GyHKIUN BIOCIEICTBUN MHOTO-
KpaTHO o6o611anoch. Teopus rpados BocxonuT K 1736 rony, xorna Hii-
nep (L. Euler) mokasai, 9T0 HeBO3MOXKHO MPOHTH MO BCEM CEMI MOCTaM
ropona Kénurcbepra mo onHOMY pa3y W BepHYTLCS B HCXOMHYIO TOUKY.

Home3nwsiM cOpaBOYHIKOM MO ONpeNeleHNsIM W pe3yAbLTaTaM Teopun
rpadoB sBiIseTcs KHura Xapapu [94].



6 KoMOumHaTopuka 1 BEpOATHOCThH

B sroit rmaBe nszmaraioTes Hadaga KOMOUHATOPUKN U TEOPUN BEPOSITHO-
creif. Ecmm Bl 3HAKOMBI ¢ HUME, COBETYEM TTPOCMOTPETH HAaYaslo THaBhl
U BHUMATENBHO MPOYecTh MOCHeNHue pas3neibl. MHOTHe THaBBl 3TOM
KHUTH He WCHOMB3YIOT TeOpHio BEpOATHOCTEH, HO Koe-Tie OHa HeoGXOo-
anMa.

Haszmen 6.1 HamoMnuaeT oCHOBHBIE Ak THl KOMOMHATOPUKN (B TOM -
ciie GOPMyYIIBI ISl TepecTaHOBOK I codeTannit). Hasmen 6.2 comepxkut
AKCHOMBI BEPOATHOCTH W OCHOBHBIE (PAKTHl O PaCIpeneNeHnax BeposT-
Hoctell. B paznene 6.3 onpenensorcs MOHSTHS CiydaliHON BeJMYMHBL,
ee MaTeMaTHUYecKoro oxunanus u mucnepcuu. Haszmen 6.4 nocssitien
reoMeTpUYeCKOMY 1 GmHOMHUAIbLHOMY pachpenenenusy. WccmemoBanme
GUHOMUATBHOTO PACTpelesieHNs TPONoIKaeTcsi B pasnene 6.5 (oneHka
"zeocmos”). B mocnennem pasmene 6.6 mpuMeHeHHme TeOPUN BEPOST-
HOCTEH MIMIOCTPUpPYeTCs Ha TpuMepe TPEX 3a7ad: Mapamokca IHS Po-
KIOEHWS, CYIalHOTO pacupeeleHus MapoB Mo YpHaM U OTeHKN IITHHBI
BBINTPBHITITHBIX YYACTKOB PN 6POCAHNN MOHETHI.

6.1 Hoxmcuét xoamuecTs

Nuorna MoxkHO HaliTH YMCIO IPEAMETOB ONpeNeléHHOro Bua, He Ile-
peuncndas ux sce. Hanpumep, merko nailTu 4nciao Bcex n-GlTOBBIX CTPOK
IJIN BCeX NepecTaHOBOK 1 00beKToB. B 5ToM pasmene MBI pacCMOTpPUM
OCHOBHEBEIe MeToNbl Takoro noncuyéra. Hpennomaraercs, 4To 4nTaTenb
3HAKOM C NOHATHSMI Teopu: MHOxKecTB (cM. paszm. 5.1).

Hpasuma cyMMEI ¥ IIPOU3BeIeHUS

MHO)KeCTBO, KOJIMYECTBO JIEMEHTOB KOTOPOIO MBI XOTHM MONCYH-
TaTh, YaCTO MOXKeT GbITh NPENCTaBIeHO B Bille OOLEINHEHIs Hemepe-
CEKAIOIINXCS. MHOKECTB WIN [eKapTOBA MPON3BENeHIs MHOKECTB.

Hpasuio cymmsr (rule of sum) ramacur, aro |[AUB| = |A|+ | B| nus we-
nepecekaloInxcs KOHETHBIX MHOKeCTB A u B (9acTHBI ciyvail Gpop-
mynbr (5.3)). Ecam cuMBOM Ha HOMepe MAIINHBL JOJIKeH OBITH GO
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JlaTUHCKOI 6yKBoll, tnbo nudpoii, To Bcero ecth 26 + 10 = 36 BO3MOK-
HocTel, Tak Kak OykB 26, a nudp 10.

Hpasuio npomssegenns (rule of product) yreepxnaer, uto |A X B| =
|A| - |B| nns komeunerx MuOKecTB A u B, cum. (5.4). Hampnwmep, nves
28 copTOB MOPOXKEHOTO U 4 BHlla CUPONA, MOXKHO M3TOTOBUTL 28 -4 =
112 BapmaHTOB MOPOKEHOTO ¢ CHPONOM (He CMelInmBas pasHble COPTa
MOPOKEHOTO T CHPOTIA).

Ctpoku

Crtpokont (string; mo-pycckn roBopsiT TakkKe O ¢I0Bax) Ha3bIBAIOT KO-
HEYHYO TIOCJIeIOBATENIBHOCTh 3JIEMEHTOB HEKOTOPOTO KOHEYHOT'O MHO-
xecTBa S (HaspiBaeMoro anpasurom). Hampmmvep, cymectByer 8 nBond-
HBIX (COCTABIEHHBIX M3 HyJell U eIUHNI) CTPOK IJIUHBL 3:

000, 001,010,011, 100, 101,110, 111.

Nrorna cTpoky mawnbel k Ha3bBalOT k-crpokom (k-string). HomeTpo-
koit (substring) s’ cTpoku s Ha3BIBaeTCs MPON3BOJBHAS TOCIEIOBATE b-
HOCTH WIYIINX OIS 37I€MEeHTOB CTPOKH S. ['oBopst 0 k-mopetpoke (k-
substring), nmeror B Bumy moncTpoky mianabl k. Tak, 010 sBustercs 3-
noncTpokoit ctpokn 01101001 (ora HaumnaeTcs ¢ mo3unnm 4), a 111 —
HET.

Crpoka munubl k U3 5JIeMEHTOB MHOXKeCTBa S SBISETCS DIIEMEH-
TOM TpsAMOTo npomsBesienns S*, Tax 4To Beero cymecTsyet |S|* cTpok
nanubl k. B dactrocTn, mmeetcs 2F mBomunbx cTpok mmmne k. Hro
MOKHO OOBACHUTD €I11é I TAK: NePBLLI BJIeMEHT CTPOKH MOKHO BHIGPATH
|S| cmocoGamu; i KazKIoro U3 HUX ecTh |\S| BapnaHTOB MPOIOIKeHN,
I Tak najee — Bcero k BEIGOpoB, monydaetcs |S| x |S|x...x|S]| (k muO-
KuTelell) BApHaHTOB.

HepecranoBku

Hepecranoskoit (permutation) Kome4Horo MHOXKeCTBa S Ha3bIBaeTCH
yHopsiodeHHasd IIOCIeIOBaTeIbHOCTE BCEX ero 3JIeMeHTOB, B KOTOPOi
KayKIBIi BJleMenT BCcTpedyaeTcs poBHO onnH pas. Tak, cylecTByeT 6 me-
pecTaHOBOK MHOXKecTBa S = {a,b,c} :

abe, acb, bac, bea, cab, cba.

Bcero nveercs n! nepecTaHOBOK MHOXKECTBA W3 1 BIIEMEHTOB, TaK Kak
MepBHIll 3JeMeHT MepeCcTaHOBKM MOXKHO BBIOpaTh 1 cliocobamMu, BTOPON
n — 1 cnocobamu, TpeTuit n — 2 cnocobamm, n T. 1.
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Hasmemenus 6Ge3 moBTOpeHUI

Ecnu xaxneiii seMeHT MOXKHO HCTONL30BAThL TONLKO ONUH pa3, HO
He TpebyeTcs UCIONb30BATh BCe 3JIeMEHTHI, TOBOPAT O pasMelneHusx Ge3
nopropermit. HycTh QUKCUPOBAHO MHOXKECTBO S U3 1 BIEMEHTOB U He-
KoTopoe k, He npeBocxomsiiiee n. Hazmellenuem 6e3 noTopeHuil us n
00 k Ha3bIBAIOT MOCHENOBATENbHOCTE MIIUHBL k, COCTABIEHHYIO U3 pa3-
JTMIHBIX 27eMeHToB S. (AHraniickuit Tepmua — k-permutation.) Yncmo
TaKUX pas3MellleHull paBHO

n!

n(n—l)(n—?)---(n—k—l—l):m

(6.1)
TaK KaK CylllecTBYeT 7 ¢1Iocob0B BbIGOpa epBoro snemMenTa, n—1 cnoco-
60B BBIGOpaA BTOPOT'O BjIeMeHTa, U TakK Jlajee o k-T0 3ieMeHTa, KOTOPHIi
MOKHO BLIOpaTh 1 — k + 1 cmocobamu.

Hampuwmep, cyiectByer 12 = 4 - 3 mocnemoBaTelbHOCTEN n3 IBYX
pasIUUHBIX IEeMEeHTOB MHOKeCTBa {a, b, ¢, d}:

ab, ac,ad, ba, be, bd, ca, cb, cd, da, db, dc.

YacTHBEIM CIIydaeM 5Tl GOpMyIIb sBIseTCs GOPMYyIIa s ICiIa Iepe-
CTAHOBOK (IOCKOJIBKY MEPeCTAHOBKI SABISIOTCS YaCTHBIM CIYTIaeM pas-
vertiennit npn n = k).

Coueranus

Couerammsavu (k-combinations) m3 n smeMeHTOB MO k HasbIBalOTCS k-
3/leMeHTHEIE TONMHOKECTBA KaKOTo-JINOO n-3IeMeHTHOO MHOKECTBA.
Hanpumep, y muoxectsa {a,b, c,d} u3 4 saementos umeercs 6 nByX-
5/leMeHTHBIX TOIMHOKECTB

{a,b},{a,c}, {a,d},{b,c},{b,d},{c,d}.

Ynemo coveranunit m3 n mo k B k! pas MeHbIlle umcia pasMellennit
6e3 noBTOpeHuil (M Tex xKe n M k), TaK KaK M3 KakKIOrO k-codeTaHms
MOXHO crienaTh k! pasumertiennit 6e3 MOBTOpeHil, TepecTaBIsgsa €ro Hie-
meHTEl. HosTomy m3 dopmynsr (6.1) cremyer, 9To 9mCio coYeTaHUI
u3 n o k paBHO

n!

Hn— k) (62)

Nas k=0 sra dopmyna maéT 1, Kak n IOITKHO GBITH (€CTH POBHO OIHO
NyCcTOe MONMHOKeCTBO; HamoMunM, 1410 0! = 1).
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HunomMuansusie Ko3¢duimeHTsI

Jlns 4ncaa codeTanwmit U3 n Mo k ncmonbiyercs obosmadenue CF win
(B aHTIIMIICKON TUTepaType) (Z)

ck = (Z) = k,(n"iik), (6.3)

Hra ¢popmyna cuMMeTpHYHa OTHOCHTENLHO 3aMeHLl k Ha n — k :
k _ m—k
Ck = ek, (6.4)

Uncna Cﬁ W3BECTHLI TaKKe KaK OuMHOMuaIbHBIE KO03pdummeHTs
(binomial coefficients), mosBasiouinecss B 6unome Hproroma (binomial
expansion):

n

(+y)"=> Chaty"* (6.5)
k=0

(ecm pacKphITH CKOOKH B (£4¥)"™, TO KONNYIECTBO YI€HOB, CONEPIKAIINX
k muOXuUTENEl & U N — k MHOXuTeNed Yy, paBHO KOJUYECTBY CIOCOGOB
BLIGPATH k MecT w3 n, T.e. CF).

Hpu x = y = 1 6unom HeloToHA maéT

2" =Y Cr. (6.6)
k=0

(KomGuHATOPHBI CMBICT: 2" TBOMYHBIX CTPOK IUIHHBL 7 CTPYIINLPO-
BaHbI 0 UHCITY eMWHII: HMeeTcs Kak pa3 C'X erTpox ¢ k emmanmanm. )

CyllecTByeT MHOIO TOXKIECTB ¢ GUHOMHANBLHBIME KOd(OOUITEHTaME
(HeKOTOpBIe U3 HUX MpeIaraloTcs B KadeCTBe YIPaKHEeHUIl B KOHIE
5TOTO paslena).

Ouenku GuHOMUAIBHBIX K03¢PuiumenTon

B mexoTopmIx ciydasx HaM HNOHAMOOUTCS ONEHUTH BEIHUWHY OMHO-
MuasbHbIX KodpdunuenTon. Hus 1 < k < n umMeeMm OlleHKY CHU3Y

~nn—=1)---(n—k+1)
Cr = k(k—1)---1

TISRES

(%)k (6.7)

WV
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Ucmonwsys nepaBencTso k! > (%)k7 sBJdAlOlIeecs clieqcTBueM ¢Gop-

mynst Ctupanara (2.12), nomydaeM ONEHKY CBEPXY

nn—1)---(n—k+1)

Cr = ok —1)---1
nk
<o (6.8)
< (%)k (6.9)

Nas Beex 0 < k < n MoxkHO Mo mHAYKINN (cM. yup. 6.1-12) mokazaTs
OTeHKY

n?’L

40— 1

rie pamu ynobersa 3anucn nonaraeM 0° = 1. Ing k= An, toe 0 < A <
1, »Ta omenka MOXKeT OBITH 3aMncaHa Kak

n?’L

() (1= Ayn) (=20

() e

onH (Y (6.12)

" <

riae BeJIndnHa
HO) = —Mgh— (1-X)lg(1— ) (6.13)

Ha3BIBAeTCs  (OBOMYHOM) IICHHOHOBCKOWM 3SHTpONMeN, [O-aHTINHCKN
(binary) entropy function. B »roit 3amucu Mbr momaraem 0lg0 = 0, Tak
aro H(0) = H(1) =0.

Yupaxuenus

6.1-1  Ckombko cyulecTByeT k-nomcTpok crpokn manaer n? (Hon-
CTPOKM, HaUMHAOUIMECs ¢ PazliMYHbIX MO3UINUNE CTPOKM, CUNTAIOTCH
Pa3HBIMN.) KaKOBO OBIllee IHCIIO MOACTPOK CTPOKU IINHLL 17

6.1-2  Hymesa dpymxmua (boolean function) ¢ n BXomamm u m BBHIXO-
maMi — 5To (QYHKINs, ONpeneieHHas Ha MHOXKecTBe {TRUE, FALSE}"
CO 3HAUEHUSIMEU B MHOXKeCcTBe {TRUE,FALSE}”. CKOIbKO CyIIECTByeT
Pa3InuYHLIX OYJIEeBEIX MYHKIUE ¢ 7 BXOOaMH I ogHEM BeIxomoMm? A Gy-
JIeBLIX QYHKINN ¢ 1 BXOOAME U M BEIXOOAMI?

6.1-3  CkompknMu crocobamn 7 (pasaudHBIX) TPodeccOpoB MOTYT
PacmosioKUThCS 3a Kpyriabim crosiom? CrocoGel, OTHMYAOIINEcs T0-
BOPOTOM, CYUNTAITCS ONMHAKOBBIMMU.
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6.1-4  CkoJBKHMU CcOCOBaAMH MOXKHO BbIGPATH TPU Pa3iUUHBIX Y-
cia u3 MHOXKecTBa {1,2,...,100} Tak, 4TOOH UX cymMMa Oblia YeTHOI?
(Hopsimok BEIGOpa CyIlecTBeH. )

6.1-5 HokakuTe TOXKOECTBO

k= %Gﬁj (6.14)
nns 0 < k < n.
6.1-6 HokakuTe TOXKOECTBO
n
= ck
n n— k n—1

st 0 < k < n.

6.1-7  Buibupas k npenmeToB U3 n, MOXKHO OTMETUTH ONUH U3 MPEI-
MeTOB U CIeNNThL, BEIOGpaH oH Win HeT. Mcmonb3ys 5To 06CTOITeNnbeTBO,
IOKaXKuTe, YTO

Ch=Chi+C31.

6.1-8  Mcmonb3ys pesyabTaT ynpaxuenns 6.1-7, cocTaBbTe Tabnumy
s C’fj opu n =0,1,2,...,6 u npu k or 0 o n B Bune paBHOOGeHpeH-
Horo Tpeyronbhuka (C§ csepxy, CY u C{ B cienytwoleii crpoke, u Tax
nanee). HToT TpeyronbHIK Ha3bBaloT Tpeyromsaukom Hackans (Pascal’s
triangle).

6.1-9  JlokaxxnTe paBeHCTBO

n

di=Cry,.

=1

6.1-10 Hokaxure, 9To nus ¢ukcupoBanuoro n > ( BenmdumHa C’fi
nocturaeT Hambosbirero (cpemm Bcex k or 0 mo n) 3HaYEHUsS TpH
k= |n/2] wupn k = [n/2] (Tak 9T0 I YETHOTO N MAKCUMYM OINH,
a IUTsi HeIETHOTO — IIBA CTOSIIINX PSIIOM).

6.1-11  HokaxuTe, uro mius nwobeix n > 0, j 20, k20, 7+k < n
BBITIONTHEHO HEPABEHCTBO

J+k Ik
C MTOMOIIIBIO KOM61/IH2LTOprIX pa,CCy)K,HeHI/H‘/’I7 a TaKXKe C NCIIOJIB30BaHIEM

dopuynsr (6.3). B kakux ciydasx 5TO HepaBeHCTBO 00OpalllaeTcs B pa-
BEHCTBO?

6.1-12* JlokaxkuTe mo mHAyKInu HepaBeHcTBO (6.10) mis k < n/2;
3aTeM, ncnonb3ys (6.4), mokaxnre ero mias Beex k < n.
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6.1-13* Ucnonwsys ¢opmyny CTupiutra, DOKaxKuTe, 4TO

= %(1+O(1/n)). (6.16)

6.1-14*  Huddepennupys H(/\)7 MOoKaXKnTe, 9T0 MaKCHMyM OOCTHUra-
etcst ipn A = 1/2. Yemy pasuo H(1/2)?7

6.2 BeposrHocTb

B sTom pa3nelsie Mbl HallOMHIIM OCHOBHLIE€ IIOHATHIA TeOpPpUUN BepoAT-

HOCTeil.
HycTh 3amano HeKOTOpoe MHOXKECTBO S, KOTOPOE MBI Ha3bIBaeM Be-
POATHOCTHBIM NPOCTPAHCTBOM (Sample Space), a €ero 3JIeMeHThlI — 3J1e-

MeHTapHEIME coOerTuamu (elementary events). Kaxkmbril u3 »i1eMeHTOB
MOJKeT PaccMaTPHBATBCS KakK BOBMOXKHBIN mcxom ucnbiTanus. Hampun-
Mep, GPOCAHNIO IBYX PA3lNIHEIX MOHET COOTBETCTBYeT BepPOSTHOCTHOE
IPOCTPAHCTBO, colepikKalllee YeThIpe CTPOKH IINHLL 2, COCTaBICHHbIE
13 cuMBOJOB O (0pén) u P (pernka):

S = {oo0,0pP, PO, PP}

CoGbrTueM (event) Has3bIBaeTCs MOIMHOKECTBO TpocTpancTBa S. Ha-
TpuUMep, B HAIlleM TpUMepPe MOKHO PACCMOTPETEH COOBITHE "6binda 0dun
opéa u odna pewra”, T.e. MHOKeCTBO {OP,PO}.

CobbiTne S (Bcé BepoSTHOCTHOE MPOCTPAHCTBO) HA3BIBAETCS HOCTO-
BepHEIM coOerTueM (certain event), a coGbITHE & HA3BIBAETCS HEBO3MOX-
uemM coberruem (null event). Cobeitus A u B Ha3bIBalOTCS HecoBMecT-
mevu (mutually exclusive), ecnm A N B = @. Kaxmoe sinemeHTapHOE
cobeiTe s € S MBI OynmeMm cuntaTh cobbiTmeM {s} C S. Haznmuunbre
3jleMeHTapHble COObITUS HECOBMECTHBI.

CkasanHoe oTHOcuTCs 6Ge3 OrOBOPOK K CIIYUYal KOHEUHOIO WM CUET-
HOro MHOXecTBa S. B obliiiem ciiyuae onpefeiieHne cloxHee, U COObITH-
MU CUUTAIOTCS He BCE MOIMHOMXKECTBa MHOXKECTBa S, a TOIbKO HEKOTO-
pbie. OHE TOMKHBL 06pa30BEIBATE 0-a/re6py (mepecedenne i o6bennHe-
Hile CUETHOTO YlC/ia COOBITUHN eCcTh COObITHE; NOMOJIHEeHEe COOLITUS €CTh
cobbrTHe). MBI He 6yneM roBopnTh 06 TOM TONPOGHO, XOTs HEKOTOPbIE
IpUMephl TAaKoro poia (paBHOMEpHOe pacipeleleHne Ha OTpe3Ke) HaM
BCTpPeTATCS.

Axcumomer BE€POATHOCTHN

Hacnipepenenmem BepostHocteit (probability distribution) ma BeposiT-
HOCTHOM HpocTpaHcTBe S HazbiBaeTcs (yukius P, crassinas B co-
OTBETCTBIE KakKIOMY COGBLITHIO HEKOTOPOE HEOTPHUIATENbHOE YHCIO U
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VIOBIETBOPSIOIIAS CIEAYIOMINM TPpeGOBAHISIM (akcHoMaM BepOATHOCTH,
no-anraniickn probability axioms):

1. PA > 0 nns moboro cobbitust A.

2. P{S} =1.

3. P{AUB} = P{A} + P{B} nns mo6bIx 1ByX HECOBMECTHBIX COObI-
Tuit A n B, u, 6omee Toro,

P{uidi} = P{A}.

1ist M060it (KOHETHOI MIIH CYeTHOI) MOCTeNoBaTeIHHOCTH TOMAPHO He-
COBMECTHHIX COOBITH Ay, Ag, ...

Uncno P{A} nasbiBaeTcs BepostHOCTBIO cobaiTus A (probability of the
event A). 3amernm, 9TO akcnoma 2 ¢pukcupyet “edunuyy usmepenus”
BepOSTHOCTell, IpHHIMas 3a 1 BePOSTHOCTH NOCTOBEPHOIO COOLITHS.

BoT HeCKONBKO NPOCTBIX ClencTBUil 13 »>TUX akcuoM. HeBozmoxHoe
cobBITHEe MMeeT HymeByi0 BeposiTHocTh P{@} = 0. Ecim A C B, T0
P{A} < P{B}. Vcnonn3ys o6osnauenne A ms cobritns S — A (nomosn-
nenme k A), mueem P{A} = 1 — P{A}. Jlns mo6bIX ABYX cobLITHil A 7
B umeet mecTo

P{AuB} =P{A} +P{B} - P{AN B} (6.17)
< P{A} + P{B}. (6.18)
B namem npumepe ¢ 6pocaHneM NBYX MOHET, TOJIOXKIM BepOATHOCTH

KaJKJIOTO 3IIeMeHTapHOro ncxona paBHoil 1/4. Torma BeposTHOCTD BbI-
naleHus MO KpaliHell Mepe OIHOTO oplia OyneT

P{oo,opr,Po} = P{oo} + P{or} + P{Po}
= 3/4.

Muade: BepoOSTHOCTH TOrO, YTO He OyleT HU ONHOIO OpJa, paBHA
P{PP} = 1/4, nosromy BeposTHOCTH MOSBIEHIs 1O MeHbIIell Mepe ofl-
HOTO oplla ecTh 1 — 1/4 = 3/4.

6.2.1 JluckpeTHoe pacnpefeieHue BEPOSITHOCTEH

Hacnpenenenue BeposTHOCTell Ha KOHEYHOM WJIM CYETHOM BepOAT-
HOCTHOM IIPOCTPaHCTBe HasbiBaeTcs muckpernsm (discrete). st Taxux
pacnpene/leHHil MOXKHO HallHCaTh

P{A} =) P{s},

SEA

s mio6oro coOBITHS A, MOCKONIBKY OHO SIBISeTCS OObennHeHNeM He
OoJlee YeM CYETHOrO MHOXKeCTBa HECOBMECTHBIX 3JleMeHTapHBIX CO-
OprTHil. Ecnm MHOXecTBO S KOHEUHO U BCe DJIEMEHTLI €r0 paBHO-
BEPOATHBI, TO IMOJIyYaeTCs PpaBHOMEDHOE paclpexeieHue BepOSTHOCTEN
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(uniform probability distribution) ma komeunom muOxkecTBe S. Hpn
5TOM BEpOSTHOCTH JII06Or0 cOBBITHS, BKIOUaklero B cebs k siemen-
TapHBIX ncxonoB 3 |S|, paBHa k/|S|. B Takux cnydasx roBopsat “ebi-
bepem cayuatino aaemenm s € 57,

B xauecTBe mpumepa paccMOTpPUM GpocaHMe CHMMETPIYHON MOHETEI
(flipping a fair coin), mnst KOTOpoil BEPOSITHOCTH Opila M PEIIKH OMN-
HAaKOBHI 1 paBHBI 1/2. Hpocas eé n pa3, MBI IPUXOMUM K PAaBHOMEPHOMY
pachpenenennio Ha npocTpatcTBe S = {0, P}", cocTosiiem u3 2" sie-
MeHTOB. Kaxknoe anemenTapHoe cobbiTue U3 S MOXKHO pacCMaTpuBaTh
KaK CTPOKY IJIMHBI N SJIeMEHTOB MHOXKeCTBa {O, P}, Il Bce Takue CTPOKN
nMeloT BeposiTHOCTH 1/2". CobrrTie

A = {BBnano k opmnoB u n — k perex }

ecTh TMOAMHOKecTBO S m coctonT m3 |A| = CF spementoB, Tak Kak
cymectByer CF cTpok, conepxanmx posro k opros. Tem caMbiM, Be-
POATHOCTDH coGhITHA A paBna P{A} = Ck /27

HempepriBHoe paBHOMEpHOE pacnpeeeHue BePOSTHOCTEN

Hynem cunmrarh 5meMeHTapHLIMH MCXOHAMU TOYKH HEKOTOPOIO OT-
peska [a, b]. Onpenenum BeposTHOCTH cobbITH [¢, d] C [a, b] dopmynoii

P{[c,d]} = Z:;.

B sToMm ciiyuae, KaK MbI TOBOPUJIN, HAJO CYMTATh COOLITHIME He BCe
MOMMHOKECTBa OTPe3Ka, a TOJBKO HEKOTOPbIe, KOTOPbIe Ha3bIBAIOT 13-
MepuMBbIMI. MBI He NPUBOMAUM COOTBETCTBYIOIINX ONpeHeeHiil, 0OTChI-
Jasg duTaTeNs K JI0O0MY YUeOHUKY 10 TeOpHH BeposTHOCTEeN Wi MO
TEOPUH MephI.

3aMeTnM, 4YTO BePOATHOCTh KasK/Ioll TOUYKN paBHa 0, 1 TOTOMY Bepo-
STHOCTB NMONyHHTepBana (¢, d] m naTepBana (¢, d) MOTYT GBHITH O perie-
JIeHBI TOU XKe POPMYIOI.

Takoe pacnpenesnenyie BepoATHOCTell HA3bIBAIOT HEMPEPHIBHEIM PABHO-
MepHEIM pactpenetenneM (continuous uniform probability distribution).

Y caoBuan BEPOATHOCTS M HE3AaBUCUMOCTB

Nuorna Ml pacmonaraeM 9YacTHYHON mHpOpManmeil o pesynbraTe
skcnepuMenTa. HampnMmep, mycTh HaM H3BeCTHO, YTO B pe3ynbTaTe
OpocaHusl IBYX CHMMETPHYHBIX MOHET IO KpaliHeil Mepe OmHa W3 HIX
BBIMAIa OpJiioM. KakoBa BepOSTHOCTH TOrO, 4TO 06e MOHETHI BBHIIAIN
opiom? W3BecTHas HaM HHGQOPMAINS [O3BOJISET HCKIIOYHTH CIIydail
BBIMALeHNs OBYX peltek. Tpn ocrasurmxes ucxona GymLyT paBHOBEPO-
STHBI, HOYTOMY BepPOSITHOCTB KasKIOTo (B TOM 9YICHe I HHTEPEeCYIOIIero
Hac) ecTb 1/3.
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Hra wumes ¢opmannsyercs B ONpeNeTeHNN YCeAOBHOM BEPOATHOCTH
(conditional probability) coberrust A npn ycmnoBun cobertus B; ona 060-
snavaercs P{A|B} u onpenensiercs ¢popmynoii

P{AN B}

PLAIB) = g

(6.19)
(Mer mpennosaraem, ato P{B} # 0). UHTyNTUBHbI CMBICI TOHSTEH:
cobbITHe B mponcXonnT B HEKOTOPOIl 0ie KCIePUMEHTOB; MBI CMO-
TPUM, KaKyl0 9aCTh CPEIl HIX COCTABIAIOT Te, KOTIa IPON30IILIO eIllé
1 cobuITHe A.

HIBa coberTust HaspIBAlOTCS HesasucumeiMu (independent), ecnn

P{A N B} =P{A}P{B},
B ciyaae P{B} # 0 5T0 ycioBune MOXKHO TepenncaTh Kak
P{A|B} = P{A}.

B namem npumepe ¢ nNBYKpaTHbIM GpOCaHUeM MOHETHI TOsBIEHUS
opiia IpHU MepBOM U BTOPOM GpOcaHum OYIyT HE3aBUCUMBIME, TaK Kak
Kaxmoe cOObITHe nMeeT BeposSTHOCTH 1/2, a nx mepecedenme (mBa
opina) — 1/4. B Tom xe mpumepe coGBITHS “nepeas MOHEMA 6bINA.AG
opaom” 1 "evinaa odun opéa u odna pewra” TakKkKe He3aBUCUMEL, XOTS
5TO cpa3y u He Tak scHo. Ho B 3TOM slerko ybenuThes 1Mo onpeneienuio:
BEPOSITHOCTH KayKIOTO COOBITHS paBHa 1/2, BEPOSTHOCTH UX Mepecede-
HUs paBHa 1/4. A BOT cOBBITHS "nepead MOHEMA 6binaiq opiom” W
“ebina.aa romv odna peuwrke” He GYOYT He3aBUCHMBIMIE.

CoGriTust "nepeag monema evina.na op.aom” u “emopad Monema 6bi-
na.ta op.aom” nepecTaHyT ObITh HE3aBUCHMBIMU, €CJIH U3MEHUTH pac-
mpenesnenne BepOSITHOCTEN W CUNTATh, YTO MOHETHI CKJIeEHbI U OIHO-
BPEMEHHO BBITATAIOT MO0 OPIIoM, NGO PenIkoii (T.e. 9T0 KOMOMHAIINH
0O I PP MMEIOT BepOSTHOCTH 1/2).

CobGeiTust Ay, Ay, ..., A, Ha3BIBAIOTCS NONADHO He3aBNCUMBIMI
(pairwise independent), ecan

P{A; N A;} = P{AIP{A;}

st Beex 1 <1< j < n.

CobGriTust Ay, Ay, -+, A, HA3BIBAIOTCS HE3ABUCHMEBIMU B COBOKYITHOCTH
(mutually independent), ecnm nast mioGoro mabopa A, A, ..., A;,
sTux cobbituit (3mech 2 < kA < numl < i < ipg < - < i < n)

nmMeeT MeCTO paBeHCTBO
P{Ail N Ai2 n...N Alk} = P{A“}P{AQ} cee P{A%}

Hto Tpe6oanne — Gosee cuibHoe: HApUMep, B HallleM MpPHUMepe CO-
OBITHS "Nepsad MOHEMA 6bINGAG OpaoMm”, “6mopad MOHEMa 6bING.AL
opaom” 1 "dee monemsl 6bina.Al 00uNAK060” HONAPHO He3aBUCHMEL, HO
He SBIAIOTCSA HE3aBUCUMBIMU B COBOKYITHOCT.
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®Popmysa Haiteca

N3 onpenenenus ycnoBroit BeposiTHOocTH (6.19) crmemyer, uTo mis
nByx cobbiTuii A u B, BepOATHOCTH KOTOPBIX MOJOKUTENbHbI, BbIIOJI-
HEHO PaBEHCTBO

P{An B} = P{B}P{A|B}

= P{A}P{B|A}. (6:20)
Brrpaxkas orciona P{A|B}, nonysaem popmyiry
_ P{A}P{B|A}

N3BECTHYIO Kak dopmyra Haieca (Bayes’s theorem). Hry dopmyny
MOHO TlepenucaTh Tak: Nockonbky B = (BNA)U(BNA),a BNAn
BN A — mecoBMecTHbIe COBBITHS, TO

P{B} =P{BNA}+P{BNA}
= P{AIP{B|A} + P{A}P{B|A}.

HomncraBnss nanHoe Beipaxenne B ¢popMyiy (6.21), momydaem mpyroit
BapuauT ¢opmynn Haifieca:

P(AIB} = P{A}P{B|A}
~ P{AJP{BIA) + P{DP{BA}

(PopMyna Hafieca momoraer BLIUHCIATH YCJ/IOBHBIE Be€pPOATHOCTH.
HyCTb Y HaC eCThb ABe MOHeThI: OlHa CUMMeTpUYHadA, a OpyTrasd BCcer'la
BHINIaaeT opioM. MEI ciiydaliHBIM 0o6pa3oM BEIGHpaeM ONHY W3 HBYX
MOHeT, Mocje Jero eé nBakIbl monopacbiBaeM. Hpennomnoxnm, 1To oba
Pa3a BLIIIaJl OPJLI. Kaxkosa BepOATHOCTH TOI'o, 4TO OnLIa BbI6paHa He-
CUMMeTpHUYIHasd MoHeTa?

Hemuwm »Ty 3amauy nmpm nomorin ¢dopMynsl Haiieca. HycThb cobBI-
Trne A — BLI6OpP HECHMMETPHUYHON MOHETHI, cOOLITHe B — BhINaneHne
BBIGPAHHOI MOHeTHI opsiaMu nBaxknbl. Ham Hyx)HO Beruncauts P{A|B}.
Umeem: P{A} = 1/2, P{B|A} =1, P{A} = 1/2 u P{B|A} = 1/4,

cJleqoBaTeJIbHO,

B w1
PO = T g -

Yupaxuenus

6.2-1  llokaxuTe nepasencrso Hyaa (Boole’s inequality):
P{AiUA; U.. .} <P{A} +P{Ax} +... (6.22)

Oasg 10000 KOHEYHON NWAN CYETHOH IOocJaeNoBaTeILHOCTH COOLITHH

Al Ag, ...
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6.2-2  Hpodeccop 6pocaeT cuMMeTPUIHYI0 MOHETY, a CTYIEeHT 6po-
caeT GpocaeT IBe CHMMeTpUUHEIe MoHeTH. KakoBa BeposSTHOCTEL TOTO,
4TO y mpodeccopa BeameT Goiblie opioB, vem y crynenta’ (Bce Tpn
6pocaHus He3aBICHMBL. )

6.2-3  Komony kaprt (¢ uncaamu ot 1 mo 10) TacyioT 1 BEIHEMAIOT TPH
kKapThel. KaxoBa BeposTHOCTL TOTro, UTO UHWCHa Ha DTUX KapTax 6ymyT
HITH B BO3pacTaolleM nopsnke?

6.2-4* UwmeeTcs HecuMMeTpUUHAA MOHETA, IS KOTOPOH BEpOATHOCTH
BBEITIAIEHNST OpJla eCTh Hem3BecTHOe HaMm wncio p (0 < p < 1). Hoka-
JKUTe, KaK ¢ e€ MOMOIIbI0 MOXKHO UMUTHPOBATH CUMMETPUUHYIO MO-
HETY, CIeNaB HeCKOJNbKO Opocanuii. (YkasaHme: 6pochTe MOHETY I1Ba-
JKIBl; eclii pe3ylibTaThl pa3Hble, laliTe OTBET; ecyil ONMHAKOBBIE, 110~
BTOpsiiTe NCIBITAHIE. )

6.2-5* Kak nMuTHpOBaTH GpOCaHie MOHETHI ¢ BePOSTHOCTHIO HOSBIIe-
HIst opiia a/b, uMes CHMMETDPHUHYIO MOHETY, KOTOPYIO MOKHO MONGpa-
cbIBaTh Heckonbko pas? (Yumena ¢ u b neaste, 0 < ¢ < b, MmaTemarn-
decKoe OXKIITaHIe Yicia 6pocaHnil MOMKHO GBITH OPPAHIYEHO CBEPXY
noanHOMOM OT g b.)

6.2-6  JlokaxmnTe, 4TO

P{A|B} + P{A|B} = 1.

6.2-7  Jlokaxure, 4TO Ojs jioGoro nabopa cobertuit Ay, As, ..., A,

P{AINA;Nn...NA,} =
=P{A;} -P{A3]A1} -P{As5|A1NAs}---P{A, A1 NAN---NA,_1}.

6.2-8* HpumymaiiTe MHOKECTBO W3 1 TOMAPHO HE3ABUCHMBIX COOBITHI,
IIA KOTOpOro mi060e MOIMHOKEeCTBO u3 k > 2 cobbiTuil He GymeT Hesa-
BUCUMBIM B COBOKYITHOCTH.

6.2-9° Cobbitus A u B sBnsiorcs yenosHo Hesamenmbivu (conditionally
independent) mpu ycnoBun cobbrtus C', ecin

P{AN B|C} =P{A|C}-P{B|C}.

Hpunymaiite mpocToii (HO He TPUBHANBHBIN) IpHMep IBYX COOBITHIL,
KOTOpble He sBIAIOTCS HEe3aBUCUMBIMU, HO YCIOBHO He3aBUCHMBI MpH
VCIOBUYN HEKOTOPOI'O TPeThero cobbIThs.

6.2-10* Bor yuacTByeTe B Urpe, B KOTOPOI MpHU3 CKPLIT 3a ONHON U3
Tpéx mupM (I BEINTpaeTe Mpu3, ecnn oTramaere, rae). Hocme Toro kax
BBl BBIOpanW ONHY W3 IINPM, BEAYIINN WTPHl OTKPBLII OOHY W3 IBYX
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OCTABINUXCS MHUPM, W OKa3aJOCh, YTO TaM Ipu3a HeT. B »TOT MOMeHT
MOXKHO TOMEHSITEH CBOU BLIGOp, YKa3aB Ha TpeThio mupMmy. Kakx mame-
HSTCS IIAHCHI HAa BBIUTPBIIL, €CIU BB clienaeTe 3T07

6.2-11 HavaJbHuK TIOPBEMEI BEIOpasd OOHOIO U3 TPEX 3aKII0USHHLIX
X, Y u Z, urobel oTnycTuTh ero Ha Bosto. OcTalibHble NBoe OYIYT
kKazHeHbl. CTpaXx 3HAET, KTO U3 TPOUX BBIHIET Ha CBOBOMY, HO HE UMeeT
mpaBa COOOIIATh HIKAKOMY U3 Y3HUKOB uHGOPMaluio o ero cyubbe. 3a-
KITI0UeHHBIH X TPOCUT cTpaxka HAa3BATh eMy UMs OMHOTO U3 3aKII0UeH-
HLIX Y unnm Z, KOTOpHIl OymeT Ka3uéH, oObiACHIS, YTO eMy W TaK U3-
BECTHO, YTO ONWH N3 HUX TOYHO OyneT Ka3HEH, a, 3HAYNT, OH HE TO-
JAYYHT HUKakoll mHopmaiuu o cBoeil cynbbe. Crpax coobiiaer X,
gyro Y OymeT KasHeH. 3akioulHHBIN X panyercs, cuuTas, UTO €ro
IIAHCHI OCTATBCS B JKMBBIX BO3pocin 10 1/2 (ocBoboxnén Gymer uin
o, mn 7). Hpas nm on?

6.3 JluckperHble CJIyYallHbIE BeJIMYUHBI

Huckpernas ciayqainas serauna (discrete random variable) X — sTo
GYHKIHS, 0TOOpazKalolas KOHeYHOe WIN CYETHOE BepOsSTHOCTHOE TpO-
CTPAHCTBO S B MHOKECTBO HeHCTBUTENBHBIX YHces. KaKnoMy BO3MOK-
HOMY MCXOMIY UCHBITAHUs OHa CTaBUT B COOTBETCTBIE NeHCTBUTEIbLHOE
ancio. (Tem cambiM Ha MHOXKecTBe 3HaueHHil GyHKINE X BO3HUKAET
pacrpenenenne BeposTHOCTEI. )

B Teopunm BeposTHOCTeNl paccMaTpUBAIOT U CIAydaiiHble BeJudnHbl
Ha HeCYETHLIX BEPOATHOCTHBIX MPOCTPAHCTBAX, HO BTO CIOKHEe, I MbI
obolinémca 6e3 HIX.

Hunst cnyvaiinoit Beaudnubl X ¥ OefiCTBATENLHOIO YNCIa & ONpeme-
nseM cobprtie X = 2 xak {s € S : X(s) = z}; BepoiTHOCTL HTOro
COOBITHS paBHA

P{iX=2}= >  P{sh

{s€5:X(s)=z}

DyHKIHSA
fa)=P{X =)

HA3BIBAeTCs yHKIMeln pacupeneenus seposaTHocten (probability density
function) cnyuaitnoit Benmanaer X . M3 akcmoMm BeposSTHOCTH CleIyeT,
aro P{X =2} >0n) P{X=2}=1.

Hng mpumepa paccMoTpuM GpocaHne Iaphbl OOLIYHLIX I[IeCTUIPaH-
HEIX KocTell. MMeeTcs 36 sneMeHTapHLIX COOLITHI, COCTABILIONINX Be-
posSTHOCTHOE IpocTpancTBo. HymeM mpenmonaraTh, 4TO Bce OHI PaB-
nwoBeposaTHB: P{s} = 1/36. Onpenenum cayuaiinyio Bennuuny X, Kak
MAKCUMAABHOE YUCAO, BBIIABIIee Ha OOHON u3 OBYX KoctTeli. Torma
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P{X = 3} = 5/36, tak xak X mHpuHUMaeT 3HaUeHme 3 mpm 5 SiTe-
MeHTapHbIX Hexonax (a mmenno, (1,3), (2,3), (3,3), (3,2) u (3,1)).

Kak mpaBuio, Ha OMHOM I TOM XK€ BEPOSTHOCTHOM MPOCTpPAHCTBe
PaccMaTPUBAIOT HECKOIBKO Ciiydaliibix Bemmunt. Ecan X u' Y — cny-
YaliHble BEJIMUMHEL, TO QYHKIHS

flay) =P{X =2,V =y}

HA3BIBAETCS (yHKIMeNl COBMECTHOTO pacHpeleleHUA BeposTHocTe: (joint
probability density function) Bemmuna X u Y. s durcnpoBanHOro
3HAYEHNUS Y

P{Y =y} =) P{X=2 Y=y}
X
Amnamoruuno, nias GUKCHIPOBAHHOTO 3HAYEHUS T,

P{X=2}=) P{X=2 Y=y}

Wcnonb3ys onpenenenne ycioBHON BeposTHOCTH (6.19), MOXKHO 3amu-
caTh
P{X =2z Y=y}

P{Y =y}

IlBe cnyualiible BelMUnMHBl Ha3bIBAlOTCs Hesapmemmeimu (independent),
ecin cobbiTss X = ¢ u Y = y SBASIOTCSA HE3aBUCHMBIME ISl JTHOOBIX
3HaYeHuil & u y, Apyrumu cnoBamu, ecau ecaum P{X =z, YV =y} =
P{X = «}P{Y =y} nns Bcex z u y.

CkianpiBast i yMHOMXKas CIydaiiHbIe BeJTHNINHEL, ONPeIeNéHHbIe Ha Ofl-
HOM ¥ TOM 7K€ BepOs THOCTHOM MPOCTPAHCTBE, MBI IOJIyYaeM HOBBIE CITy-
YaliHble BEJIMUMHBI, ONPeIeEHHbIe Ha TOM Ke MPOCTPAHCTBE.

P{X =z|Y =y} =

MaTteMaTuYecKoe OXUTAHIE CIIYIAMHON BEJIMINHBL

Hpocrteiitas u manbosee IacTO HCTONAb3yeMas XapakKTepUCTUKa CIIy-
YaflHOW BEJIMUNHBI — 5TO €é cpexHee (mean), Ha3bIBaeMoOe TaKKe MaTe-
maTmdecknm oxunammeM (expected value, expectation). [last nuckpeTHoit
clydaiiHoll BenWUnHEBI X OHO ompenenseTcs GopMymoi

MIX] =) aP{X =a}, (6.23)

xr

U CYIIeCTBYET, KOTJla 3TOT PAll UMeeT KOHeUHOe YNCJIO YJIEHOB Wi ad-
cONoTHO cxonuTcs. Unorna MaTeMaTudeckoe oKunanne ob0o3HaqaeTCs
(X WIN MPOCTO f, €CiiM U3 KOHTEKCTa SICHO, O KaKoil ciiydaliHoil Benn-
YuHe UIeT peyb.

HycTs B urpe mBaxkmbl 6pocaioT CHMMETPUIHYIO MOHETY; BBl MOIY-
yaeTe 3 pybid 3a KaxKIOro BhINABIIEro oplla U oThaéTe 2 pybis 3a
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KaXKIyI0 BBRIMABINYO pelky. Bemrpeim X 6ymeT cnydalinoil Beamdn-
HOIl, 1 eé MaTeMaTuyecKoe oXujanue OyneT paBHO

M[X]=6-P{2 opna} +1-P{l opén u 1 pemka} — 4 - P{2 peruxu}
= 6(1/4) + 1(1/2) — 4(1/4)
= 1.

MaTtemaTuueckoe OXngaHme CyMMBI CHy‘IaﬁHbIX BeJINUNH PpPaBHO
CyMMe nXx OXUOaHU:

MX + Y] = M[X]+ M[Y], (6.24)

ecaun M[X] u M[Y] onpenenernbi. HTo npaBuio MOKHO pacipoCTPaHUTh
Ha JI00ble KOHeYHbIe I abCOMI0THO CXONAIInecs 6eCKOHeYHbBIe CyMMBI.

Hycts X — cayualinas Beqnunna, a ¢ () — npousBonbHas GyHKITHS.
Torma MOXKHO paccMOTperh ciyuvaiinyo Bemuuanny ¢(X) (Ha ToM XKe
BEPOSTHOCTHOM MpoCTpaHCTBe). & MaTeMaTnueckoe oxnnanue (ecnnu
OHO OIIpelieNIeHo) MOKHO HAflTH 1Mo popMmyie

Mlg(X)] =D g(x)P{X = }.

Hnst pyuknnu g(z) = ax, rue ¢ — HEeKOTOpas KOHCTaHTa, HMeeM
M[aX] = aM[X]. (6.25)

HBa nocnenuux cBoiicTBa MOKHO CKOMOMHIPOBATHL B ONHON (opMyite
(cBOiiCTBO MWHENHOCTN): s TIOOLIX ABYX ClydailHbix Beandun X n Y
1 J1:000i KOHCTAHTEL

M[aX + Y] = aM[X]+ M[Y]. (6.26)

Ecan Be CHy‘IaﬁHbIe peauunnabl X n Y He3aBUCUMBI I UX MaTeMa-
TuYeCKue OoKnioaHus olipelel/ieHbl, TO

M[XY] = ZnyP{X =ua,Y =y}
= ZnyP{X =2 }P{Y =y}

xr

=) _aP{X =2} _yP{Y =y}
— M[X]M[Y].

Houmnee obri1o, ecin uMeeTcss 7 He3aBUCHMBIX B COBOKYTHOCTH CIYUaliHBIX
BenuunH X, Xo,..., X, AIMeIONINX MaTeMaTHuecKne OXKUIAHUSA, TO

M[X1Xs - - X)) = MLX{M[X] - - - M[X,] (6.27)
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Ecnu cnygafinas Benuanna X MOXeT MIPHHAMATE TONBKO HATYPalb-
uble 3Hadenns (0,1,2,...), To nMeeTcs KpacuBas GOpMyJIa [Tt €8 Ma-
TeMATUYeCKOTO OXKUIAHUS:

o0

MIX] =) iP{X =i}

=0

S PIX 2 i) - PIX i 1))

= f: P{X > i}. (6.28)

B camowm merne, kaxmbiii uien P{X > i} mpucyTcTByer B cymme ¢ pas
€O 3HAKOM TITIOC 1 7 — | pa3 co 3HAKOM MUHYC (MCKIIOUeHIe COCTABISAET
anen P{X > 0}, BoBce oTcyTcTByOIINIT B CyMMe).

I[II[C]'[epCIIIi[ U CTAaHAAPTHOE€ OTKJIOHCHMEC

HMucnepcus (variance) ciydailiHoil Benmundbl X ¢ MaTeMaTHIeCKUM
oxunannem M[X] onpenensiercs Kax

DLX] = M[(X — M[X])?]

X? —2XM[X]+ M?[X]]

X?] = 2M[XM[X]] + M?[X]

X?] - 2M?[X] 4+ M?[X]

X?] - M[X]. (6.29)

M[
M[
M[
M[
M[
M?

Hepexonst M[M?[X]] = M?[X] n M[XM[X]] = M%[X] 3axkonnbi, Tax Kax
M[X] — o510 uncno (a He cnydaiiHas BeANYMHA) W MOKHO COCIATBCS
a (6.25), nomaras a = M[X]. ®opmyny (6.29) MOKHO mepenncaTh Tak:

M[X?] = D[X]+ M?[X] (6.30)

Hpu yBenudenun cayualinoil BeJINYNHLI B @ pa3 eé NUCIePCus pacTET
B a® pas:

D[aX] = «’D[X].
Ecim X n Y HezaBuUCUMEI, TO
D[X + Y] = D[X]+ D[Y].

Homnee 061110, mucnepcus CyMMBI 7 TIOMapHO HE3aBUCUMBIX CIYUaliHBIX
Benuund Xi, ..., X, paBHA CyMMe WX NUCIEpPCHil:

D [zn: XZ»] = zn: DLX). (6.31)
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CraunapraeiM otkionenmeM (standard deviation) cnyuaitwoit Bemn-
ynabl X Ha3LIBaeTCs KBaJIpPAaTHBIN Kopenb W3 eé mucmepcun. Yacto
CTaHIapPTHOE OTKIOHEHNE CIYUAfHON BeININHBI 0603HAUACTCA Ox WIN
MPOCTO 0, €CIIN N3 KOHTEKCTA ICHO, 0 KaKoll CIyJYaiiHOW BelnunHe nieT

pedub. B 5Toll 3amicn qucnepcus o603HAYAETCS 02,

Yupaxuenus

6.3-1 HonmGpacriBaiorcs mBe oGLIUHLIC HMIECTHIPaHHLIe KocTu. Yemy
paBHO MaTeMaTHYeCKoe OXUOaHme CyMMLI BolmaBiminx uuncesn?! Yewmy
pPaBHO MaTeMaTHYecKoe OXMIANIe MAKCAMyMa U3 OBYX BLIIABIINX Y-
cen?

6.3-2 B maccuBe A[l..n] nMeercs n pacmoNOKeHHBIX B CIydaiiHOM
HOpsANKe Pa3jNyYHBIX YHCEN; BCE BO3MOKHBIE DACIOJOKEHN YUCEN PaB-
HOBepoaTHBL. YeMy paBHO MaTeMaTHYeCKoe OXUIAHUE HOMEpa MecTa,
Ha KOTODOM HaXONUTCS MaKCHMaJbHBIN 5ieMeHT? Homepa mecTa, Ha
KOTOPOM HaXONUTCS MUHUMAJbHLIH 3IeMeHT?

6.3-3 B kopofouke sexaT Tpu urpaidbhble KocTn. UTpok cTaBuT mos-
sgap Ha opgHO u3 uucen orT 1 mo 6. KopoGouka BCTpsxuBaeTcs U OT-
KpbiBaeTcs. Ecnm HazBanHOe WTPOKOM UNCIO He BHITIAIO BOBCE, TO OH
TpONTPBIBaeT CBOW mosmap. B mpoTuBHOM ciydae OH coXpaHsieT ero n
MOIyYaeT AOMONHUTETLHO CTOMBKO NOMIAaPOB, CKOTBKO BEITIAI0 KOCTEl
¢ HazBaHHbIM uM uncioM. CKOJIBKO B CPeIHEM BBLIUTPbIBAET UI'DOK B
onuoll maprTum?

6.3-4° Hycts X n Y — HesaBucumble ciaydalimbie Bennumabl. Hoxa-
xute, ato f(X) n ¢(Y) Takke HezaBHCHMBI s NOOBIX GyHKIMA f

ug.

6.3-5* Hycts X — HeoTpunaTenbHas ciydaiiHas BelnmdnHa ¢ Ma-
tematndeckuM oxunanneM M[X]. Iokaxure HepaBencTBo MapkoBa
(Markov’s inequality)

P{X >t} < M[X]/t (6.32)

nist scex ¢ > 0. [HTO HEpPaBEHCTBO HA3BIBAIT TaKiKe HepaBeHCTBOM Ye-
6LIméBa.]

6.3-6° HycTs S — BeposTHOCTHOE IPOCTPAHCTBO, HA KOTOPOM OIpe-
nenenbl cayuaiiibie Bemumanabl X u X', npuuém X (s) > X'(s) nus Beex
s € S. HokaxkuTe, 4TO IJIst N1060T0 NeficTBUTENBHOrO dncia ¢,

P{X >t} >P{X'>1}.

6.3-7  Uto Gomabime: MaTeMaTHYecKoe OKNIaHNe KBagpaTa caydaiinoi
BEJIMUUHBI WU KBaIpaT eé MaTeMaTHIeCKOro OKUTaHUs !
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6.3-8 HokaxuTe, 4TO s CIAYYailHON BeNMUYMHBI, NPUHIMAOLIE
TonbKO 3HaueHns 0 u 1, Beimonueno paBerctBo D[X ] = M[X]M[1 — X].

6.3-9  BriBenuTe u3 ompenenenus nncnepcnu (6.29), gto D[aX]| =

a’D[X].

6.4 T'eomerpudyeckoe m GMHOMHAILHOE pPacHpeaeIEHUS

Hpocanne cuMMeTpUIHON MOHETH — YACTHBIH CIyYall mcoeITanui mo
cxeme Hepuymwm (Bernouilli trials) B koropoit paccmaTpuBaercs n He-
3aBUCUMBIX B COBOKYIHOCTU MCIbITaAHUN, KaxKIoe U3 KOTOPBIX HMeeT
IIBa BO3MOXKHBIX MCXOMA: ycmex (SUCCess), MPOMCXOMAIINI ¢ BePOSTHO-
cThio p, 1 meynaay (failure), nmeroryio BeposiTHocTh 1 — p. /IBa BaxkHBIX
pacnpeliefieHns BeposTHOCTell — reoMeTpuyeckoe u OMHOMUAIbHOE —
CBA3AHLI co cxeMoll Heprymmn.

I‘eOMeTpM‘IeCKOe pacnpeneJieHue

Haccmorpum cepuio mcnbiTanuit HepHynnum, B KaxmoM W3 KOTOPBLIX
yCIex MMeeT BeposSTHOCTH p (& Heymada MMeeT BEpPOSTHOCTh ¢ = 1 —
p). Kakoe ncneitanme Gymer mepBbiM ycrmemubiM? HycTh cnydaiinas
BenmunHa X — ero HOMep; 9Ta BelWUNHA MPUHIMAaeT 3HaveHns 1, 2,
npuYEM

P{X=k}=¢""p (6.33)

(mepBHIit ycmex GynmeT mMeTh HOMep k, eciim k — 1 WCOBITaHUil O HEro
OBIIN HEYIAYHBIMH, & k-e OoKazasnoch ynadneiM). Hacmpenemenne Bepo-
SATHOCTeIl, 3amantoe Gopmynoil (6.33), Ha3bIBAETCS FeOMeTPIIecKNM pac-
npenestermem (geometric distribution). Ono mokasano na puc. 6.1.
Hpenmonaras, ¥to p < 1, HalinéM MaTeMaTHJIecKoe OXNIAHNE Teo-
METPIYeCKOTO paclpene’enns, ncnoab3ys dopmyry (3.6):

o0

Zk k=1 Z —g-ﬁZI/p. (6.34)

k:

Hpyrumun croBamu, HY:KHO B cpemHeM 1/p pas mpoBecTH HCHBITaHIE,
4TOObI JOOUTHCS yclexa, YTO eCTeCTBEHHO OXKUIATh, MOCKOJIbKY Bepo-
STHOCTH ycliexa paBHa p. [lucnepcuio MOXKHO BEIIYUCANTE aHAJIOTTIHLIM
06pa3oM; NOJIYyYNTCA, YTO

DIX] = q/p*. (6.35)

Hpumep: 6ymem GpocaTh apy KocTeil, TOKa B CyMMe He BLIMAIeT Uian
ceMb WU ONUHHAANATE. /{11 OMHOTO DKCIepuMeHTa eCTh 36 BOBMOKHBLIX
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Pucynok 6.1 T'eomeTpmdeckoe pacrpefielieHne C BEPOATHOCTBIO ycmexa p = 1/3 m
BEPOATHOCTELIO Heynadnm g = 1 — p. MaTemaTudeckoe oxmmanme pasao 1/p = 3.

UCXONOB, B 6 M3 HUX MOJIyYaeTcd CeMb U B 2 MOJiydyaeTcs ONMHHAIIATD.
HosTomy BeposiTHOCTH ycnexa p paBua 8/36 = 2/9, n Ham B cpenHem
npunéres 1/p = 9/2 = 4,5 paza 6pocuTh KOCTH, YTOOBI BHITAIO CEMb
Ul ONWHHAANATE.

HunoMuambHoe paciipenesieHme

HaccmorpuMm n umcnbiTanuit mo cxeme HepHynnum ¢ BeposTHOCTBLIO
ycmexa p U BepoSTHOCTRIO Heynaunw ¢ = 1 — p. HycTs cnyvalinas Benn-
qnHa X — KOJNYeCTBO YCIIEXOB B N WCIBITAHUAX. K€ 3Hadenne MOXKeT
6biTh paBHo 0,1,...,n, 1

P{X =k} =Clp*(1-p)" ", (6.36)

st ioboro k= 0,1,...,n Tak KaK HUMeeTCs C’fi c1tocoboB BEIOPaTH U3
n UCObITaHUll k yHAYHBIX, U BEPOSTHOCTH KayKIOTO TAKOro ciydas 6y-
ner p*q"*. Hacnpenenenne (6.36) nasbiBator Gunommamsrsmm (binomial
distribution). Jlas GuHOMUIANBHEIX pacipeneseHnii Mbl HCIOIB3yeM 060-
3HaveHme

b(k;n, p) = Crp* (1= p)"~*. (6.37)

Hpumep 6unomMmanbHOTO pacipelesieHus ITOKa3aH Ha pucyHke 6.2.
Haspanme “6GmHoMmMmainbHOe” CBs3aHO C TeM, YTO IIpaBad 4acTh Gop-
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Pucynox 6.2 Husnomuansnoe pacnpenenenue b(k; 15;1/3), mopoxnaemoe n = 15 uc-
MBITAHUSIMI TI0 cXeMe HepHymum, Kaxmoe m3 KOTOPBIX MMeeT BEPOSTHOCTH YCIEXa
p = 1/3. MaremaTmdaeckoe oXumanme paBHO np = 5.

Myast (6.37) — oro k-it unen 6unoma Hoiorona (p + ¢)". Benomunas,
410 p+ ¢ = 1, nonyuaem

zn:b(k;n,p) =1, (6.38)
k=0

KaK I IOJKHO ObITH (akcmoma 2).

MareMaTnueckoe OXHIAaHHEe MU CIydailHON BeJHYHHLI, MMeIOLeil
6HHOMHAIbHOE Paclpelesenne, MOKHO BHIUNCINTE ¢ noMolibio (6.14)
u (6.38). Hycts X — cayuaiinas Bequunma, nMelomias GUHOMEANbHOE
pactpenenerne b(k;n,p). Honoxum ¢ = 1 — p. Ho onpenenennto Mare-
MaTHIeCKOTO OKIIAHIS, HMeeM

:zn:kb(k;n,p)

:z_:k kgn=k

:npz 1yt ik

:"PZ _yphg T

znpib(k;n—lyp)
k=0

= np. (6.39)
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Tor xKe caMmblil pe3syabTaT MOYTH Ge3 BBHIUNCIEHHI MOXKHO MONYIHThH
Tak: OycTh X; — KOJIMYEeCTBO YCIEXOB B {-M HCIBITAHHUN (KOTOpOe
pasio 0 ¢ BeposTHOCTBIO ¢ U paBHO 1 ¢ BeposTHOCThIO p). Torma
M[X;]=p-14¢-0=p. Ocraércs 3amernth, uto X = Xy +...+ X,
I IOTOMY IO cBOlcTBY nuneiinoctn (6.26)

ZX] = ZM[XZ'] = sz np.

Homo6ubIM 06pa3oM MOKHO BEIYHCIANTE U nucnepcuio. U3 (6.29) cie-
nyet, uro D[X;] = M[X?] — M?[X,]. Hockonbky X; npnanMaeT nuin
snavenns 0 u 1, To M[X?] = M[X,] = p, u, 3naunr,

M[X] = M

D[Xi] = p—p* = pq. (6.40)

Temepb BOCTONB3YEMCS HE3aBUCHUMOCTBLIO HCHBLITAHUN U (HOpMyIoi

(6.31):

D[X]=D [Z Xi] =D DX =) pqg=npq (6.41)

Ha pucyuxe 6.2 Bunuo, ato b(k; n, p) kak ¢pyHKins oT k cHadaza yBe-
JuYuBaeTCs, MoKa k He HOCTUTHET 3HAUEHUS NP, a 3aTeM YMEeHbIIAeTCs.
Hto MoxkHO TPOBepUThH, BLIYNCINB OTHOIIEHNE NBYX OCTENOBATEILHLIX
YJIeHOB:

b(ksn,p) _ Ciplg"™*
b(k—1;n,p) Cﬁ—lpk—lqn—k-l-l
k=1 n—-k+1)lp

El(n — k)nlg
(n—k+1)p
— 42
g (6.42)
SN G b)) el
kq

Hro orHomenne Gonbirte 1, korna (n + 1)p — k monoxuTenbHo, Tak
ato b(k;n,p) > bk — 1;n,p) nupn k < (n+ 1)p (yHKIUS pacTér), n
b(k;n,p) < b(k— 1;n,p) npn k > (n+ 1)p (dyuknus y6urBaet). Ecan
ancino (n + 1)p — nenoe, To GYHKIUs UMeeT NBOMHON MaKCHMyM: B
toukax (n+1)pu (n+1)p—1 = np—q. B npoTuBHOM CcIydae MaKkCuMyM
OINH, I JOCTUTaeTcs OH B IeJoli Touke k, JiexKallell B Ouamna3one np —
q<k<(n+1)p.

Crenyoliiiast jeMMa, 1aéT BEPXHIOK OIEeHKY [ GMHOMUAIBLHOTO pac-
npenenenns.
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JTemma 6.1. Hycmon >0, 0<p<1,g=1-p, 0 <k < n. Toeda

b(k;n,p) < (%p)k (nn—qk>n_

Hoxazameavcmeo. CormacuHo HepaBeHCTBY (6.10), mmeem

b(k;n,p) = Clprq"*
B () e
n—=k

I

Yupaxuenus

6.4-1 HpoBephbTe akcuoMy 2 I TeOMeTPUIECKOTO pacHpeneseHns.

6.4-2  CkomnbKo pa3 B cpenHeM HYXKHO OpocaTh 6 CUMMETPHIHBIX MO-
HET 110 BBIMANEeHNs 3 OpIJoB i 3 pellek (B OMHOM HCIBITAHUN)?

6.4-3  Hokaxnre, ato b(k;n,p)=b(n —k;n,q), rne ¢q=1—p.

6.4-4 Hokaxnre, 4TO MakcHMyM OMHOMHAJILHOTO paclpenesenns
b(k;n, p) npumepHo pasen 1//2wnpq, roe ¢ =1 — p.

6.4-5* HokaxnTe, 9TO BepOATHOCTEH He TOJYUNTHL HU ONHOTO yCrexa
B 1 HE3aBUCHUMBIX HCTIBITAHNUSAX C BEPOSTHOCTBIO ycnexa 1/n mpumepHo
paBHa 1/e. 3aTeM MOKaKHTe, YTO BEPOSTHOCTH MONYUNTH POBHO ONIH
YCIEIIHbI NCXOM TakkKe NpUGIN3NTENHHO paBHa 1/e.

6.4-6* Hpodeccop 6pocaeT CHMMETPHUHYIO MOHETY 7 pa3, CTYIEHT
nenaeT To XKe camoe. HokaxkuTe, 9T0 BepOITHOCTE TOTO, UTO YHUCIO OP-
70B y HuX OyneT onmHakoBo, paua CF /4", (Ykazauue. Ecnn cantaTh
opJia yciexoM npodeccopa U Heyladell cTyleHTa, TO UCKOMOe COObITHE
ecTh TOSBIEHNE 7 YCIEeXOB Cpeln 2n WCHbITaHuil.) BeiBennrte orciona

TOXKIeCTBO
n

kN2
> (G =,
k=0
6.4-7"  Hoxkawxure, uro nus 0 < k < n,

b(k;n,1/2) < 2" HK/m)=n,

roe H(z) — ¢yukuns surponun (6.13).
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6.4-8* HaccmoTpum n HezaBucHMbIX ucnbiTanuit. Hycts p; — Bepo-
STHOCTD yCIexa B i-M HUCOLITAHWN, a cIydaliHas BeamdnHa X ecTh KO-
JINYeCTBO YCIEXOB BO BCeX DTUX HUCHBITaHUAX. HycTws p > p; mus Bcex
1=1,2,...,n. Hokaxure, 9T0
k—1
P{X <k} <) b(isn,p)
=0
npu aobom k= 1,2,...,n.
6.4-9* Haccmorpuwm cayuaifinyio BenwuuHy X, paBHYIO UHCIY yCIie-
XOB B 1 MCIBITAHUAX C BEPOATHOCTAME YCIeXa Pi, ..., Pp. Hycrs X/ —
aHAJOTHYHAS cAydaliHas BeNWINHA, M KOTOPOH BEepOSTHOCTH yCIexa
paBHbI P, ..., pl. Hycrs p) > p; npn Beex i. Hokaxkure, 4T0
!
P{X' >k} >P{X > k}.

opu nwbom k=0,...,n

(Yka3aHme: MOXKHO CUNTATh, YTO PE3YIbTATHl BTOPOH CepUH MCIbI-
TaHN{ MONyJaloTCs TaK: CHadalla JelaeTcs MepBas cepus, a MOTOM eé
Pe3VIBLTATH KOPPEKTUPYIOTCS CIyYallHBIM 06pa3oM B CTOPOHY YBeIN-
gennsi. UcnonbsyiiTe pesynbrar yupaxkuerus 3.3-6.)

6.5 XBoCTBI GMHOMHAIILHOTO pacnpeneIeHus

B  opurn-
HaJle co
3Be3of!

Bo MHOrmx 3aladax BasKHa BepOSTHOCTH He B TOYHOCTH kK yCIEXOB
npu GHHOMUAJIBHOM DacIpeleleHNl, a He Menee k ycrnexos (nan He Go-
nee k ycnexos). B sToM pasmene MbI mccenyeM 5TOT BOIDOC, OLEHIB
xBocTHl (tails) GnHOMmANbHOrO pacupernenenns. Takime oleHKH MOKa3bl-
BAlOT, 4TO GOJbIINE OTKIOHEHNS THCIA YCIEXOB OT MaTeMaTHIecKOro
OXUITAHUS (NP) MaTOBEPOSTHHIL.

CHavasa NOXYyYUM OILEHKY [UJIs INPABOIO XBOCTa pPACIpeneeHus
b(k;n, p). Ouenkn mis JIeBOro XBOCTa CUMMETPHUHDL (yCIEXH MEHSIIOTCS
MeCTaMI ¢ HeyIadaMi).

Teopema 6.2. Hycms X — wucao ycneros 6 cepuu u3 n He3a6UCUMBLEL
uenvimanut ¢ eepogmuocmyvio yenexa p. Tozda

P{X >k} = b(isn,p) < Cip~.
1=k

Iokazameavcmeo. Bocnonbsyemcs nepaBencTsoM (6.15):

k41 kv
Cn <Cn n—k*
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3ameTum, uTO

P{X >k} =) b(isn,p)
1=k
n—k
= bk +isn,p)
=0

n—k
— ZCS—Hpk-H(l _ p)n—(k-l—z)
1=0

n—k
<Y RO M (1= pyrm ()

=0

n—k
= ClpP > O (1 - p) R
=0

n—k
= CFp* Y blisn— k,p)
1=0

k, k
=C7p",

e
Tak Kak Z?:_Ok b(i;n — k,p) =1 no dpopmyme (6.38). O
HepenucuiBas 5To yTBepKIenue IJs JIeBOro XBOCTa, MIOJIy9aeM TaKoe

Caencreue 6.3. HycTs X — 9ncio ycmexoB B cepuu U3 7 HE3ABHCHMBIX
ICOLITAHUT ¢ BepOSTHOCTBLIO ycmexa p. Torma

k
PEX <k} =) binp) < (1—p) P =Ch(1 —p)" ",
=0

Harmra cJlefylollas OlleHKa 6yI[€T [JIs JIEBOT'O XBOCTa OGMHOMUAJBLHOTO
paciipedel/iennsa: ¢ yoaJieHneM I'paHNObI OT TOYKN MaKCHMyMa BeposaT-
HOCTDB, IIpUXoddlilaicd Ha XBOCT, S3KCIIOHCHIUAJIbHO YMeHbIIaeTCAd.

Teopema 6.4. Hycmbs X — wucao ycneros 6 cepuu u3 n He3a6UCUMBLEL
UCHBIMANUT ¢ 6EPOIMHOCINBIO YCNEXA P U 6EPOIMHOCINDBIO Heydaul ¢ =

1—p. Toeda
k—1

Je
P{X <k} =) b(isn,p) < " ‘ 0k, p)
=0

npu 0 < k < np.

lloxazameabcmseo. Mul cpaBHuUBaeM Zf;ol b(i;n, p) ¢ cymMMmoil reome-
Tpuueckoii mporpeccun (cM. pasa. 3.2). Has ¢ = 1,2,...,k ¢op-
Myia (6.42) maét

b(z(_i;iz)p) = (n_qur Dp © (nl—z> (%) h

N
TN
3

| ]
T

—
N
A
~—
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Honoxus
k q
r=|—— =) <1,
n—k P
BHIINM, 9TO B nocienoBatenbHocTn b(i;n, p) npn 0 < ¢ < k Kaxmbri
4yjleH MEHbIIe CJIedyIollero, yMHOKeHHOoro Ha x. HoaTomy muTepecyio-

mast Hac cymma (ot ¢ = 0 mo ¢ = k — 1) menbmie 3navenns b(k;n,p),

YMHOKeHHOTO Ha & + 22 + 22+ ... = /(1 —z):
k-1 . kg
> b(isn,p) < T 0kinp) = mb(lﬁ n,p).

=0
O

Hpu k < np/2 xosdpdunment kq/(np— k) He npeBocxonuT 1, Tak 410
b(k;n, p) ssBIsl€TCS ONEHKOI CBEpXY IJIsi CYMMBI BCEX TPENBIIYIINX dile-
HoB. s mpumepa paccMoTpuM n GpocaHUil CHMMeTPUYHON MOHETHI.
Homoxum p = 1/2 u k = n/4. Teopema 6.4 rapaHTHPYET, UTO BEPOST-
HOCTB MOSBIIEHUs] MeHee deM 1/4 OpiioB MeHbIle BepOSTHOCTH BhITIale-
Husi B TouHOCTH /4 opnoB. (Homee Toro, mist mo6Goro momoxmnTessHOro
r < n/4 BepOsSTHOCTH MOSBIEHHS MeHee I OPIIOB MeHbIle BepOSTHOCTH
NOsIB/IeHNsI B TOYHOCTH 1 opnoB.) Teopema 6.4 MoxkeT GLITH HCIOTB30-
BaHa BMeCTe C OlleHKaMW GMHOMUAJIBHOTO paclpeleleHus CBepXy, Ha-
npumep ¢ JeMmmoii 6.1.

CumMeTpuuHas OlleHKa s TPaBOrO XBOCTA BBITISIUT TakK:

Crnenpcteue 6.5. Hycts X — uuncno ycnexoB B cepun u3 n He3aBHCUMBIX
HCIBITAHU ¢ BEPOSTHOCTBIO yCIeXa P U BEPOATHOCTBIO HEyHAUl ¢ =
1 —p. Torna

& —k
P{X>k}= > blisn,p) < %b(lﬂ;mp)
i=k+1

mpu np < k < n.

B cnenyrotieii TeopeMe paccMaTpuBaeTcs 6oliee 06NN caydaii: Ka-
JKJ0€e U3 UCTIbITaHUll nMeeT CBOIO BEPOSTHOCTH ycIexa.

Teopema 6.6. Haccuompum cepuio uz n He3aA6UCUMBIT UCTIBIMAHUL; 6€-
POAMHOCTIL YCNETa 6 i-M U3 HUT 0603HAUUM D; (6€POTMHOCTIL He-
ydauu q; pasna 1 — p;). Hycme cayuainag eeauvuna X ecmv uucao
yenexos 6 cepuu, u nyems p = M[X]. Toeda dag r > p evinoaneno
HEPABERCTNEO

P{X-pn>r}< (%)

lloxazameavcemeo. Hus noboro o > 0 ¢pyuxnus e cTporo Bo3pa-
CcTaeT 1Mo &, HOPTOMY

P{X —p>r} =P > eor),
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Inst omeHK: NpaBoil 9acTH MBI HCHONB3yeM HepaBeHCTBO Map-
koBa (6.32) (a nanGosiee BBITONHOE 3HaUeHHe (v MONGEpEM MO3HEE):

P{X —p>r} < M[e?X-m]emor, (6.43)

OcTaérest ONeHUTH I\/I[ea(X_“)] 7 BLIOpATh 3HadYeHme mas «. Haccmo-
TpUM caydaiinyio Benununny X;, paBHyI0 1 B ciiydae ycmexa -TO HCTBI-
Tauus u 0 B cnydae ero meynaun. Torma

X = zn:XZ
=1

X —p =) (Xi—p).
i=1

HockonbKy mcnbITanms He3aBHCHMBI, TO BeJMYMHBLI X; He3aBHCHMEL.
Hosromy semmunuer ¢®(Xi—P)] mesapucnmer (ymp. 6.3-4), n mo dop-
mynie (6.27) MOXKHO TepecTaBUTh NPOW3BENEHNE N MaTeMaTHIeCKOe
OXKNIIaHme:

M[eX =] = M

ﬁea(Xi—pi)] — ﬁ M[ea(Xi—pi)]‘
=1 =1

Ka,)KﬂbIﬁ MHOXKHUTeJb MOXKHO OII€eHUTH TakK:
M[ea(Xi—pi)] — ea(l—pi)pi + ea(O—pi)qi
= pie” " + qie” "
<pie® +1 (6.44)
< exp(pie”),

rne exp(z) obo3HAUaeT SKCHOHEHIMATbHYIO (QyHKNMIO: exp(z) = e”.

(Msr BocmombsoBasuchk TeMm, 9to o > 0, ¢; < 1, €74 L e m e P L 1,
a Takxe HepaserncTBoM (2.7).) CrenosaTenbHo,

n

M[e*(X =] < Hexp(piea) = exp(pe”),
=1

Tak Kak (t = y . p;. Taknum obpasom, m3 nepasencTBa (6.43) ciaemyer
OlleHKa

P{X —u>r} <exp(ue” — ar). (6.45)
Beibupas o = In(r/p) (cm. yup. 6.5-6), monysaem
PLX — > ) Cexp(pe™) — rin(r/p))

=exp(r—rin(r/p)) = (rj;)r - (&)r '
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[PopMalibHO HTa OlleHKa NPUMEHUMa TPU JIOGOM ' > (i, HO & uMeeT
CMBIC/I TIPUMEHATH TOJILKO ecyil T 6oble i Gojee 4eM B € pa3, nHade
npaBas 4acTh GyneT GoJibIle eUHUIIbL. ]

Teopemy 6.6 MOKHO TPUMEHSTH I [IJIs CIy4dast paBHBIX BEPOATHOCTEIl.
Hpu stom g = M[X] = np, n nonygaercst Takoe

Caencreue 6.7. HycTs X — 9ncio ycmexoB B cepuu U3 7 HE3ABUCHMBIX
ncnniTannil mo cxeme Hepuynnu ¢ BeposTHOCTHIO yenexa p. Torma

n

P{IX—mp2ry= > blkinp) < (%)
k=[np+r]

Yupaxuenus

6.5-17 U0 MeHee BepOsATHO: He MOJAYUYUTh HU OMHOTO OpJia npu n 6Gpo-
CaHUSAX CUMMETPUYHON MOHETBI, WM MOJYYUTH MeHee 7 OpJIOB MpH
4n 6pocaHusX CUMMETPUUYHON MOHETHI?T

6.5-2* HokaxuTe, 4TO

k—1 o
Y Cia' < (at+1)"

=0

k
mb(k;n,a/(a—l— 1))

mpua>0u 0 <k <n.

6.5-3* oxkaxknte, uto ipn 0 < k < np, tme 0 < p< lmqg=1-—p,
BBITIOJIHEHO HEPABEHCTBO

k-1 —k
D P < ke (@)k ng N\
: np—k \k n—k
=0
6.5-4 HokaxuTe, 4To B yCIOBHIX TeopeMbl 6.6 BLIMOIHEHO HepaBeH-

ol x5 )« (200

r

a B YCJIIOBUAX CJiedCTBUsA 6.7 BLITONMHEHO HepaBeHCTBO

nge\”
P{np— X >r} < (T) .
6.5-5* HaccMoTpuMm cepuio U3 n He3aBUCHMBIX HCHLITAHUIl; BeposT-
HOCTH ycCllexa B -M W3 HUX 0BO3HAUYNM p; (BEPOSTHOCTH HEyNAum ¢;
paBHa 1 — p;). HycTh cayuaiinas Benmanmaa X ecTh 9HCIO yCIEXOB B
cepun, n nycth g = M[X]. Hokaxure, uro npn r > ( BLITOJHEHO
HepaBeHCTBO
2
—r*/2n
P{IX —p>ri<e /P
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6.5-6* HokaxuTe, uTo n1pu BoIGpanHOM 3HadeHun o = In(r/u) npasas
9acTb HepaBeHCTBa (6.45) mocTuraeT MIHIMYMA.

6.6 BeposTHOCTHBIN aHATN3

B sTom pasznene MBI TpuBenéM TPU TMpuUMepa MpUMeHeHUs pa3obpan-
HLIX METONOB OIeHKHN BeposTHOCTell. HpuMepsl ATH TaKOBBI: COBIale-
Hie OHell pOXNeHWil y IBYX YelOBeK Cpell HaHHBIX kK UeloBek, pac-
npelesjeHne IapoB 110 ypHAM U yYacTKU NOBTOPSIOLINXCA UCXON0B MpH
OpocaHUU MOHETHI.

6.6.1 Hapamokc mHS POXIeHUA

Hapanoxe mus poxaemmsa (birthday paradox) cBsizan ¢ TakuMm BOTIpO-
COM: CKOJIBKO YeJlOBeK MIOJIZKHO OBITh B KOMHaTe, YTOOBI ¢ DONIBIION Be-
POSITHOCTBIO CPelll HUX OKA3aJUCh NBOE pONUBIIUXCS B onuH neub? Ha-
PaIOKC COCTOUT B TOM, YTO OTBET 3HAUUTEJbHO MeHbIlle Yucia JiHell B
roly, 4TO KaKeTCd CTPaHHBIM.

Mper cuntaeMm, uTo B rony 365 nHeit u uTo nHU poxieHus k uenoBex
BBIGHPAOTCS CAyUYallHO U HezaBUCHMO Npyr oT mnpyra. OueHum Bepo-
STHOCTDH TOTO, YTO BCe NHU POXKIEHUS OKAKYTCs pasnundabiMu. HycTh
lleHb POXKIEHUS TEePBOro yiKe BbIOpaH; SICHO, YTO HeHb POXKIEHUS BTO-
POTO COBMAMET € HUM ¢ BeposiTHOCTBIO 1/365. Hpn BEIGpanHBIX (11 pas-
JTMYHBIX) THSIX POKIEHNS MEPBOTO I BTOPOTO BEPOSTHOCTD, ITO y Tpe-
Thero lleHb pOXKIeHUS COBMNAJET C OHHUM M3 yiKe UMeluxcs, Oyner
2/365 u Tak nasiee. B nTore BeposTHOCTH TOTO, UTO ¥ k UelOBeK OYIyT
pa3iuyHble NHU POXKIEHUH, €CTh

()2 (-5

Honee ¢gopmanbho, mycTh n — YNCHO OHell B TOMY, W TyCTh A; —
coberTne "denv poxcdenus (1 + 1)-20 uerosexa ne coenadaem ¢ duamu
poscdenud npedvidyuwuz ©+ weaoeerx”. Torma mepeceuenne B; = A N
As N...N A;_{ 6yner cobberTneM "y nepesir i uedoser Inu pocdenus
pasavumot”.

Hockonbky By = Ag—1 N Br_1, T0 n3 dopmynsr (6.20) nonydaem
COOTHOIIIEHTE

P{Br} = P{Br_1}P{Ar_1|Br_1}. (6.46)

Hauanbhoe ycnoBue: P{By} = 1.
YcnoBaas BeposiTHOCTB P{Ay_1|Br_1} paBua (n —k+1)/n, Tak kax
cpenn n mHell umeercs n — (k — 1) ¢cBOGOMHBIX (IO YCIOBHIO BCe MPEbI-
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Iylne THU poXIeHus pasnnvusr). Hosromy

P{B.} = P{B}P{A|B1}P{As| By} - -P{Ay_1|Bi_1}

() ()
(D02 ()

Tenepnb n3 HepaBeHcTBa 1 + @

e” (2.7) caenyer, 4TO

P{Bk} < 6—1/n6—2/n6—(k—1)/n
—(142434...4+(k—1))/n

—k(k—1)/2n

<1/2,

ecm —k(k —1)/2n < In(1/2). BeposTHOoCTH TOTO, 9TO BCe k mHeil po-
KIeHUN pa3andusl, He npeBocxonut 1/2 npu k(k—1) > 2nln 2. Hemas
5TO KBaJpaTHOe HepaBeHCTBO, momydaeMm k > (14 /14 (8In2)n)/2.
Hast n = 365, umeem k > 23. Urak, eciii B KOMHaTe HAXONUTCS HE
MeHee 23 UeNoBeK, TO € BepPOATHOCTHIO He MeHee 1/2 Kakie-To [Boe U3
HUX PONWANCHL B OOWH W TOT ke Nedb. Ha Mapce, rme rom cocTouT u3
669 MapcuaHCKUX CYTOK, B KOMHATe [IOJXKHO ObITh He MeHee 31 Mapcu-
aHmHa.

Jpyroi MeTon aHammsa

Ectb npyroii, 6ojee mpocToi cnocob NOMyUnTh ONEeHKY JJIs POICTBeH-
Holt 3amadn. s Kaxknoil mapsr monei (7, j), HAXOMAIINKXCS B KOMHATE,
paccMOTpHUM ciIydailHylo Benuunuy X;;

X 1, ecnm ¢ j ponuinch B ONNH HeHb,
0, B mpoTUBHOM caydUae.

BeposTHOCTH TOrO, 4TO AHU POXKIEHHs NBYX NAHHLIX JIOfell coBa-
naloT, paBHa 1/n, MOSTOMY 1O ONpEeNeNIeH N0 MaTeMaTHYeCKOTO OXKIIIa-
nust (6.23)

MX;;]=1-(1/n)+0-(1-1/n)=1/n

npu ¢ # k.

Cymma Bcex X;; mo Becem mapam 1 < ¢ < j < k uMeeT MaTeMaTH-
yeckoe OXKImaHine, paBHOe CyMMe O)KI/II[&HI/II/I IUTA KasKJIOW aphl; BCero
nap C¢ = k(k—1)/2, rak uro sTa cymma pasna k(k — 1)/2n. Hostomy
HYZKHO TPUMEPHO /27 JelIoBeK, 4TO6bI MATEMaTIIeCKOe OKIIAHNE TH-
cila map Jojeil ¢ COBNAMAIOMIMMI IHAMI POXKIEHUs CpaBHAIOCH ¢ 1.
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Hanpumep, npu n = 365 u k = 28 oxunaemoe 4ucio map JHiOfei, po-
INUBIINXCS B OOUH HeHb, paBHO (28 -27)/(2-365) ~ 1,0356. Ha Mapce
g 3Toro Tpebyercsa 38 MapcuaH.

3aMeTHM, 9TO MBI OIEHNUBAIN IBe pas3Hble Beminm: (1) mpm kKakom k
BeposTHOCTL cobbiTust X = Y X;; > 0 6onbute 1/2, u (2) npu xaxom k
MaTeMaTHdeckoe oxkuganme X 6omnpiie 1. POpMalibHO HTO pasHbie BO-
npockl (MOXKHO 3aMeTHTH JINIIb, 9YTO ecian BeposTHOCTh P{X > 0} >
1/2, To M[X] > 1/2, Tak kak Bennunua X OpUHUMAeT IelNble 3HaTe-
Hus). OnHAKO W B TOM, Ul B IPYTOM CIydae OTBET NMeeT aCHMITOTHKY

O(y/n).
6.6.2 Illapsr u ypHBI

Hyctb nmeercst b ypH, nponymepoBatHbix oT 1 o b. Mbr onyckaem B
HIX [Iapbl: KaXkKIbIH [ap ¢ paBHO BEPOSTHOCTHIO IOMEIIAETCs B ONHY
U3 YPH HE3aBHCUMO OT MpeNbinyinx. TakuM o6pa3oM, ¢ TOUKH 3peHIs
060l W3 YPH MPOUCXONNT NOCIENOBATENLHOCTh HCIBITAHNI O cxeMe
Heprymin ¢ BeposTHOCTBIO ycmexa 1/b (ycmex — mnonanadue mapa B
5Ty YpHY). MBI pacCMOTPHM HECKOJIBKO 3a/1ad, CBA3AHHBIX € TaKUM
IPOTIECCOM.

Croavko wapos nonadém 6 dannyio ypuy? KommdaecTBo mapos, mo-
NaBIINX B MaHHYIO YPHY, ONNCHIBAeTCs OGUHOMUAJIBHBIM paclperee-
uuem b(k;n,1/b). Ecau Bcero 6Gpocaercs n mapoB, TO MaTeMATHUeCKoe
OKUIaHUe JYHcTa NONABIINX B YPHY [IapoB paBHO n/b.

Croabko 6 cpednem wWapoe HYHHo Opocumyv, noka 6 JAHHYIO YPHY
ne nonadém wap? KonuuecTBo GPOCKOB 0 TMEPBOTO MONANAHUS B 3a-
NaHHYIO YPHY HMeeT TeOMeTpPHUYecKoe paclpeelieHne ¢ BepOsSTHOCTHIO
1/b, mostomy oxnmaemoe ancio 6pockoB ecth 1/(1/b) = b.

Croabko wapoe HysHcHo 6pocumyv, wmodbl kaxcdad ypua codeparcaia
no menvweti mepe odun wap? Hynem cremnThb 3a UNCIOM 3aMOTHEHHBIX
ypH. BHavasie oHO paBHO HYJTI0, & 3aTeM YBeJIMYNBAETCS, MOKA He IIO0-
cturaeT b. O60O3HAINM depe3s n; CNYYalHYIO BeINUNHY, PABHYIO THCITY
NONBITOK, TOTPeBOBABIINXCS, YTOOLI 3TO THCIO BO3POCIO OT i — 1 10 1.
(Taxum o6pa3oM, eciiii BTOpas U TPeThs MONBITKI NPUILTNCH HA TY Ke
YPHY, 94TO TlepBasi, a 1eTBEPTAs — Ha APYryio, To ny = 1, ng = 3.) O6-
[1ee THCIO MONBITOK 10 3al0THEHHs BCEX YPH PABHO nq + ng + . ..+ 0.
MBI BEIYHCIUM MaTeMaTHYeckoe OXUITaHIe HTONH CYMMBI KakK CYyMMY
MaTeMaTHUYeCcKnX okumanuii. KKorna Mbl KIEM 3al0dHEHHs -7l YPHEI,
3aMo/HeHo @ — 1 ypH U3 b 1 BepOSTHOCTH TMONACTh B HE3AMOIHEH-
Hyto pasha (b — i+ 1)/b. Ho cBolicTBY reoMeTpudeckoro pacipenerne-
HIISL MaTeMaTH4Yeckoe OXKIIaHle BeTUINHbI 1; 06PATHO TOI BEpOsT-
moctn u paBHo b/(b — 7+ 1). CyMMa 5THX BeIWYNH 1O BCEM i paBHA
b(1/b+1/(b—1)+...+1/241) =b(Inb+ O(1)). (Cu. popmyny (3.5)
IUTS CYMMBI TQPMOHUYECKOTO Psifia. )

Nrak, Tpebyercs crenaTh B cpemnteM mnpumepro blnb 6pockos, mpe-
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JKie yeM B KaxkIoll ypHe MOABUTCA MO 1Iapy.

6.6.3 YuacTKu MOBTOPAIOUIMXCA MCXOMOB

HycTe MBI GpocaeM CHMMeTPHYHYIO MOHeTY 1 pa3. Kakoe Makcu-
MaJIbHOE YHCIIO UAYILINX MOAPSI OPJIOB MBI oKunaeM yBuneTh? Oxasbl-
BaeTCs, OTBeT Ha HToT Bompoc — O(lgn).

CHavasa HOKaxKeM, UTO OXUIaeMas INHA HAHGOIBIIErO yuacTKa
ects O(lgn). HycTs cobbiTue A;; COCTOUT B TOM, YTO HMEETCS yIaCTOK
u3 k min Gosee opioB, HaunHaloniics ¢ i-ro 6pocanus. QueBugno,

P{A;} =1/2" (6.47)

Hpu k = 2[lgn| BeposTHOCTBL mosiBieHust k OpioOB B NaHHBIX MO3M-
nuAX He MpeBocxomuT 1/n?, a BO3MOKHBIX MecT (3HAYCHNI ¢) MeHbIIe
9eM 7, TaK ITO BEPOSITHOCTH NOsIBIEHNs k opnoB nmompsn (rne-Hubynb)
we Gombie 1/n. Tenepb MaTemMaTuHueckoe OXHIaHIe MaKCHMAJIBLHOTO
yycTa WAYIINX TOAPAIL OPIOB ONEHMBACTCA TaK: HTO YHCIO HUKOIIa He
IPEBOCXONNT 1 I MOYTH BCerna (¢ BeposTHOCTHIO 1 —1/n) He mpeBocxo-
nut 2[lg n], nosromy oxunanue ue Gousiue [21gn]+n-(1/n) = O(lgn).

BeposiTHOCTE 06pa30BaHmst y9acTKa OPIIOB IIHHEL He MeHee r[lgn|
OBICTPO YMEHBIIAETCS € POCTOM 7 ([Isi GUKCHPOBAHHON MO3WINN OHA
He Gombime 277187 = p~7 4 ms Beex MOBWIMIE B CyMMe OHa He Ipe-
BOCXOIUT 7N - N~ = n_(r_l).) Hampuwmep, nns n = 1000 BeposTHOCTE
NOSIBJIEHNsI y9acTKa I3 10 MeHbIneil Mepe 2[lg n] = 20 opmioB He mpeBoC-
xonut 1/n = 1/1000, a BeposiTHOCTD TMosiBieHus ydactka 3[lgn]| = 30
opuoB He Gousbire 1/n? = 1075,

Tenepb MoKaKeM OIEHKY CHU3Y: OXHIaeMmas JINHA HanOoIbIIero
yaactka ecTb $Q(lgn). Has >Toro paccMOTpEM yYacTKH [IIHHBI
|(Ign)/2|. Coraacuo (6.47) BeposTHOCTDL MOSBICHUS TAKOLO y4acTKa
B JAHHOI MO3MINYU He MeHbIIle 1/2L(lg”)/2J > 1/y/n, a BeposTHOCTH ero
HenosBienus He 6osbiie 1 —1/4/n. Hazo6béM BCio NOCIENOBATEILHOCTE
6pocaHuii Ha Hemepecekaiominecss Tpymmbl, coctosine u3 |(lgn)/2]
6pocannii Kaxkmnas. (Heckombko 4ieHOB OKaXyTCs BHe I'PYII, €Cli IpH
nenennu 6ymeT ocTaTok.) Yneno rpynn He Menbime 2n/lgn — 1.

CoOBITHS B pas3HbIX I'pyNIax He3aBUCHMBI, MOYTOMY BepPOATHOCTD
TOro, 4TO HM ONHA W3 HTUX IPYNN HE COCTOMT U3 ONHUX OpJIOB, He
OonblIe

(1 B 1/\/5)2n/1gn—1 < e—(2n/lgn—1)/ﬁ
=0(e7 ") = 0(1/n)

Msr nenonb3oBanm ToT GaktT, 9To 1 + 2 < €” (2.7), a Takxe TO, 9TO
(2n/lgn —1)/v/n > 1gn — O(1).

UTak, ¢ BeposTHOCTBIO He Menee 1 — O(1/n) miamua HanGomblIero
yYacTKa MOApsI uaymnx opiioB He Mmenbine |lgn/2] = Q(lgn), no-
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HTOMY MaTeMaTHIecKoe OKnnanme Hnkak ve Menblie (1—1/n)Q(lgn) =

Qlgn).
Yupaxuenus

6.6-1 Illapbr Gpocaior B b ypH; Bce GpPOCaHUs HE3aABUCUMBI NPYT OT
Ipyra, U KaxIblil IIap paBHOBEPOATHO MonafaeT B J0OYIO U3 YPH.
YeMmy paBHO oXUIaeMoe KONWIeCTBO 6pocaHuil IO MOMeHTa, KOrla B
OITHOW U3 YPH OKayKeTcs NBa Inapa’

6.6-2° CylluecTBeHHO JIU [JId IPUBEOEHHOI0 HaMI aHaJlli3a Iapalokca
IHS pOXKIeHWs TO, YTO NHU POXKAEHUS HE3aBUCUMBLI B COBOKYMHOCTH,
unn ObI0 OLI HOCTATOYHO UX HomapHOl HezaBucuMocTn! OObsiCHETE
CBOIl OTBeT.

6.6-3* CKOJBLKHX rocTell HaJo NPULJIACHTEL Ha BeUEPHHKY, YTOOLL CKO-
pee Bcero 0Kaszalloch, 4TO II0 MeHLIIell Mepe mpoe U3 HIX PONIINCH B
ONUH NeHb?

6.6-4*  Kakyro 100 cocTaBISIOT HHBEKIUN Cpell BCeX 0TOOpaXeH il
k-pi1eMeHTHOTO MHOXKecTBa B n-aneMmenTHoe? Kak cBszan 3TOT Bompoc
€ TapamoKCOM IHS POXKICHUS !

6.6-5 HycThb n mapos 6pocaioT B 1 YpH, Bce GpOcaHns He3aBUCHMBT,
momanaHns KakKIOoro Iapa BO BCe YPHLI PABHOBEPOSATHHI. UeMy paBHO
OKUIaeMoe KOJIHYeCTBO MYyCThIX YPpH? A oXunaeMoe KOJIMYeCTBO VPH,
B KOTOpBIE TIONAJI0 B TOYHOCTH MO OHHOMY Iapy?

6.6-6* YiyuliuTe HUKHIOW ONEHKY IJIst IJIMH YIaCTKOB U3 OMHUX Op-
JIOB, MOKa3aB, 4TO MpH 7 OGPOCAHUAX CUMMETPUYHON MOHETHI ¥YaCTOK
mmuHer lgn — 21glg n HalinéTes ¢ BeposTHOCTBIO He MeHblie 1 — 1/n.

Jamgaun

6-1 IlMapsr m ypHBL

B oroit 3amaue MBI CUNTaeM YHCIO CIOCOGOB PA3iIOKUTh 7 LIAPOB B
b pa3sIUYHBIX VPH.

a. Hpennonoxum, 9T0 Bee mapbl pasuble, UX MOPSNOK BHYTPU ¥PHEL
He yunThBaeTcs. JJlokaxute, 4To cyuiecTByeT b” cnoco6oB IOMECTUTD
MIapbl B yPHBLL.

6. HpenmomoxuM, 4To Bce MIapbl pasible I HX MOPANOK B ypHE Cy-
mecTBeH. JlokazKnTe, ITO MIApbl MOKHO Pa3loKUTh M0 ypHaM (b4 n —
1)!/(b—1)! cnocobamu. (Ykasanue: noncuuTaiiTe 4nciIo cnocobos pac-
CTABUTDL N PA3IMYHBIX MIApOB I b — 1 ONUHAKOBBIX YEPTOUEK B PI.)

B. Hpenmnomnoxum, 4To Bee Mmapbl ONNHAKOBLL, I X NOPSIOK B ypHe He
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nMeeT 3Havenns. HokaxknTe, 4To 4neio cnoco6oB packIaiki MapoB Mo
ypuam pasusercs Cp . (Yxazanne: ncnonbsyiite Ty xKe ujeio, 4To
B nyHkTe (6).)

r. Hokaxkmnre, uTo ecnm Imaphl oMnHAKOBbIE W B JMOGYI0 YPHY TOMe-
aeTcs He GONbIIE OHOTO Iapa, TO Yucio crnocobos pasHo C7'.

. Hokaxure, uTo ecnn mapbl oMIHAKOBLIE U B 060 ypHEe NOMKEH
OKa3aThCs IO MEHbINell Mepe OfNWH MIap, TO YHCI0 CTOCOBOB PACKIAIKN
[1apoB PaBHO C’z:ll.

6-2 HporpaMma BEIYICIICHMA MaKCHMyMa
HacemMoTpuMm Takyio mporpaMmy TMOMCKa MaKCHMyMa B HEYIOPSIO-
qenHoM MaccuBe A[l..n].

1 max ¢+ —c
2 forv1ton
do > CpaBuuth Ali] ¢ maz.
if Ali] > max
then maz < A[i]

O~ W

MBI XOTHM ONpeNennTh, CKOJIbLKO pa3 B CPeIHeM BLINOJHSeTCS TpH-
cBamBanue B cTpoke 5. Hpemnnomaraercs, uro dncia B MaccuBe A pas-
JTUYHBL I PACIONOKEHbI B CIyJaliHOM TOpsiiKe (BCe MepecTaHOBKIN paB-
HOBEPOSITHHI ).

a. Ecnu yucesno @ cnyyaiiHo BRIGpAHO 13 § pa3iiMuHbIX Ynces, TO ¢ Ka-
KOl BepOSTHOCTBIO OHO OKaKeTCS MaKCHMAJIbHBIM YNCIOM Cpen HuX?

6. Kax coorrnocuTest Ali] ¢ npeqbimymnmMy sjeMeHTaMi MacCHBa ISt
Tex ¢, IPU KOTOPLIX BBHITMOMHACTCS CTpOKa H7

B. YeMy paBHa BepOsSTHOCTD BBHIIOIHEHHS CTPOKH 5 TPOrPaMMBbI [1JIst
JaHHOTO 3HAYeHUs 17

r. Hycrhb s; — cnyuaiinas Bennuuna, paBiasg 1 uin 0 B 3aBHCHMOCTH
OT TOTO, BHINOJHSJIACH CTPOKA b Ha -M IIare mukjaa win Her. Yemy
pasro M[s;]?

n. HycTs s = s1+s834- - -+5,, — 06lIlee 4nciio NpucBauBaHUIl B CTpOKe
5 mpu ncnonHennn Beeit nporpammbl. Hokaxknre, ato M[s] = O(Ign).

6-3 Hpobmema BeIGOpa

3aenytoiiias Kadenpoil npuHuMaeT Ha paboTy HOBOI'O COTPYIHUKA.
Ona HazHauusga cobeceNOBaHUs N IPeTEHIeHTAM I XOueT BhIOpaTh Hal-
bosiee KBasuuIupoBaHHOro u3 HuX. ONHAKO YHUBEPCUTETCKUE Ipa-
Busa TpebyrT, 4ToObI mocle Oecenbl NpeTEeHAEHTY Cpa3y COOOMIAIIOCH,
NPpUHAT OH UIU HET.

Hust 5Toro ona npumenser Takoe npabuno. CHavalma OHA TOBOPUT C
mepBbiMu Kk NpeTeHIeHTaMU, OTKa3biBas UM HEe3aBUCHUMO OT WX KBaJld-
duxanuu. Fennm cpenm ocTaBIIUXCS ecTh 60ilee KBANUGUIINPOBAHHBIH,
YeM repBble k, TO MepBbIil U3 TaKOBLIX Npunumaercs. Eciu Her, npunu-
MaeTcs TOoCTenuuil U3 mpeTennenToB. HokaxknTe, 9T0 BepOsSTHOCTE BLI-
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6paTh TaKIM CIIOCOGOM JIyYIIero 13 npeTenjeHToB OyaeT MaKcuMalbHa,
(n paBHa npuMepHo 1/€), eciim k npuMepHO paBHO n/€.

6-4 BepoATHOCTHBIN CUETUMK

C nomotibio {-6UTHOrO CYéTUNKA MBI MOXKeM cuuTaTh fno 2° — 1.
Crenyrommii npném seposaTHocTHoro moxcuéta (probabilistic counting,
R. Morris) naét Bo3MOXKHOCTH BECTH CIET 110 Kyia GONBIINX 3HATEHNI,
npaBna MeHolo HeKOTOpPOl MOTephn TOUHOCTH.

BribepeMm Bo3pacTalollyio MOCIeNOBATENLHOCTE IENLIX HeoTpHUIla-
TebHBIX unceln n; (rie i Mensercs ot 0 mo 2°—1). Eé cmbica Takos: eciin
3Havenue {-6UTHOTO perucTpa paBHO ¢, TO DTO 03HAYAET, YTO MOACUN-
THIBaeMOe KOJINYeCTBO (YHCIIO BBIMOJHEHHBIX Omepalnii INCREMENT)
npuMepHO paBHO n;. MBI cuntaem, aTo ng = 0.

Onepanust INCREMENT yBeJIHUHBaeT 3HaAUEHHe CUETUUMKa, COIepPKar-
IIETO ¢, ¢ HEKOTOPOH BeposTHOCTLIO. MeHHO, YNCIO ¢ YBEININBAETCS
Ha 1 ¢ BepOATHOCTBIO 1 /(41 — M), M OCTAETCS HEM3MEHHBIM B OCTAIb-
upix cnyvasx. (Ecan ¢ = 2° — 1, To npoucxonut nepenonuenue.) Unes
IpocTa: B CpemHeM s YBeIndeHus ¢ Ha eUHUIY TOTpebyeTcs Kak pas
N;41 — N; onepanni.

Ecnu n; = ¢ mng Bcex ¢ > 0, To monmyyaeM OBBIUYHBIH CUETUHK.
Honee muTepecHuble CUTyallll BO3HUKAIOT, €CIU BHIOpATh, HalpuMep,
n; =2 nas i > 0 win n; = F (i-e ancno dubonauqn, cM. pasm. 2.2).

Mgzt 6ynem mpenmonaraTh, YTO Nge_q HOCTATOYHO BEJINKO, U TIpeHe-
6peraTh BO3MOXKHOCTBLIO TTePeNOTHeH NS .

a. HoxaxunTe, 94T0 MaTeMaTndeckoe OXKUIAaHNe CONEPXKUMOTO CUET-
YnKa TOCHe BLIMONHeHNs 1 onleparnnii INCREMENT, B TOUHOCTH PaBHO 7.

6. llucnepcus ciaydaliHoll BeMMUNHBI, PABHON COMEPKNMOMY CUETUNKA
nociie n omepanuit INCREMENT, 3aBUCHT OT BBEIGODPa MOCHENOBATENLHO-
CTH Ng, N1, .... HalimuTe 5Ty oucnepcuio mias caydas n; = 100z.

JameyaHug

O6l1111te MeTOMIbI pellleH st BepOATHOCTHBIX 3a1a4 0OCY KIadNCh B 3Ha~
vernToil mepenncke Hackamst (B. Pascal) n ®epma (P.de Fermat), na-
gaBuieiics B 1654 rony, n B kunre ['oiirenca (C.Huygens, 1657). Ho-
Jiee CTporoe M3JokKeHne Teopun BeposTHOCTel OBbIIO MaHo B paboTax
Hepuynnu (J. Bernoulli, 1713) n Myaspa (A.De Moivre, 1730). Hans-
Helilllee pa3BUTHE TEOPHH BEPOSTHOCTEN CBA3aHO ¢ mMeHamu Jlammaca
(P.S.de Laplace), Hyaccona (S.-D. Poisson) u I"aycca (C.F. Gauss).

CyMMBI caydailHpix Bemuuni uccsenoBaguch H.JI. YeObméBsiv 1
A.A.MapkoBbim (crapminm). B 1933 rony A.H.Komnmoropos cdop-
MYJIUPOBaJ aKCHOMBI Teopun BeposTHocTeil. ONeHKH XBOCTOB pacipe-
nenenuit npuBonsT YepuoB [40] m Xodpmuur [99]. Baxkubie pesyib-
TaThl O CAYYAiHLIX KOMOMHATOPHBIX CTPYKTypax npuHamiexkar Hp-
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némry (P. Erdos).

JIutepaTypa no teme raasur: KuyT [121], Jlto [140] (xopomne moco-
6ust o BreMeHTapHONl KoMOnHaTOpuKe n noncvery); Hummmurenn [28],
Yanr [41], Hpeiik [57], Pennep [66], Hozanos [171] (cTanmaprhbie yues-
HUKN 1o Teopun BeposiTHocTeil); HommoGac [30], Xodpn [100], Cren-
cep [179] (TexHHKa BepOSTHOCTHOIO aHAIN3A).






II CoprupoBka u MopAAKOBLEIE CTATUCTUKHI



BBenenue

B »Toll 9acTn MBI PacCMOTPHUM HECKOJBKO aJITOPUTMOB, PEIIaonIinX
sagaqy copruposku (sorting problem). cxomHbiM MaHHBIM 7S 5TOM 3a-

Iadn SBISIETCS TMOCIENOBATENBHOCTE Tncel (dy, dg, . .., a,). Hesymbra-
TOM IOJIKHA ObITh MOCHENOBATENbHOCTE (), ab, ... al), cocTosmas u3
TeX JKe YnceN, WAYIINX B HeyObIBamoolleM mopsake: afy < ab < --- < al.

OGBIYHO UCXOMHAS MOCIENOBATEIBHOCTb 3a/laHa KaK MAacCUB, XOTs BO3-
MOXKHBI I IPyTHe BapHaHTH (HAIPUMep, CBSI3aHHBIN CIICOK).

CTpyKTypa COPTUPYEMEIX 00BEKTOB

Ha mpakTuke penko TpeGyeTcs yIopsIounBaTh YNCTa Kak TaKOBHIE.
OGBIYHO HamO COPTHPOBATH 3amucu (records), comepikaliine HECKOITBKO
nomeil, n pacmosaraTh WX B TOPAIKE, ONMpeNeqseMbIM ONHUM U3 ToJeil.
[Hampumep, B apxuBe OTeNMa KAIPOB I KayKIOTO COTPYIHUKA (UPMBI
MOXKeT XPaHHTbCS 3alNCh, COMepKalllas pasilndHble mois (haMmins,
HMs, OTYECTBO, TONl POXKIEHNs, aIpec W T.M.), I B KaKOH-TO MOMEHT
MOXKeT TOHAMOOUTLCS YIOPSAMAOYHTEH BCE 3ANMUCH MO TONAM POXKIEHIS. ]
Hose, mo koTOpoMy MpOBOMNTCS COPTHPOBKA (TON POKIEHUS B HAIIEM
npuMepe), Has3biBaeTcs xmodom (key), a ocTalbHBE [ONS — HOMOJMHI-
TenbHBIMEI HaHHBIME (satellite data). Moxno mpencTaBinsTh ceGe nmeso
Tak: alfOPUTM COPTHPYET KIOUN, HO BMECTe C KaKIBIM KJIFOUYOM Ie-
pemveralorcs (Ge3 m3MeHeHHs ) NOTMOJTHNTeNbHBE MaHHbIE, C HIM CBS-
3anHble. (Ecam >Tux maHHBEIX MHOTO, pasyMHO IepeMellaTh He CaMu
TaHHBE, & JINIIb YKa3aTelb Ha HIX.)

Bce 5Tu mompo6HOCTH MBI He paccMaTpHBaeM, O paHNUNBasgCh 3a/1a-
Yeil cCOpTUpOBKN Kiiodeil. HpuBomnMble HaMum alropuTMBl SBIASIOTCS,
TakuM 06pa3oM, HUIlb ~cretemonm” pealbHoN IPOrpaMMbl, K KOTOPOMY
HYZKHO 106aBUTH 06pabOTKY MOMONHITENbHBIX TAHHBIX (ITO OBBITHO He
CIIOKHO, XOTS 1 XJIONOTHO).
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ANTOpuUTMEI COPTUPOBKH

M&bI yiKe BeTpedadnch B TiaBe | ¢ IBYMs alrOpUTMa, COPTHPYIO-
mMn n uuces 3a Bpems O(n?) B xymuem ciyuae. x npoctota, ofi-
HaKO, eaeT nX 3PPk TUBHBIME T COPTUPOBKN HeBOIBIIOTO MaCCHBa
6e3 nononunTenbHON mamsaT (in place). (Umeercst B Bumy, 9To MBI He
nMeeM MpaBa 3aBOMNTH ¢ OMHOTO MaCcCHBa, HO TepeMeHHbIe s di-
cell MCTMOITB30BATH MOXKHO). AJITOPUTM COPTHPOBKH CINSHUEM HMeeT
AYUIMIYIo aCHMITOTHYECKYIO OMEHKY BpeMeHn paboThl, HO OH TpefyeT
JMOTOTHATENLHOTO MaCCHBa.

B sToft wacTw KHUTH MBI PACCMOTPHUM €Illé MBa alTOpUTMa COPTH-
POBKH BelllecTBeHHBIX uncen. HepBorit n3 Hux mHaszwsiBaeTcs ~copmupos-
kot ¢ nomowpro kyuu” (heapsort). 3meck "xkyua” — HEKOTOpas CTPYK-
Typa HaHHBIX, HMEOIIas MHOTO IPUJIOKEHNN (OTHO W3 HUX, OYepenn ¢
IPHOPHTETAMH, MBI TAK:Ke pacCMOTpPHM B riase 7). HroT anroputm we
TpeGyeT MOMONHHTENBLHOTO MaccuBa n paboTaeT 3a BpeMms O(nlgn) B
XyIIeM ciydae.

B rmaBe 8 cTponTes mpyroil anropuTM, Ha3bIBaeMBIN “oviempot cop-
muposxoti” (quicksort). B xymmewm ciayuae on TpeGyet Bpemenn O(n?),
HO B cpemHeM — juinb ©(nlgn), m Ha mMpakTHKe OH OOBITHO BHICTpee
COPTUPOBKH € TOMOIIBIO Kydl (€ro BHYTPEHHUI UK IPOCT, TOITOMY
KOHCTAHTa B aCHMIITOTIYECKON OIeHKe MeHBIIE).

Bce sTu anropnTMmer (COPTHPOBKE BCTABKAMI, CIMSHIEM, € TOMOIIIBIO
Kydn W GBICTpas COPTHPOBKA) MCHONB3YIOT TOMBKO MOMApHBLIE CPaB-
HeHns oOBeKTOB, HO He NX BHYTPEHHIOW CTPYKTYpy. B rmase 9 wmnbr
MOKa3bIBaeM, uTo JTI0Gas COPTUPOBKA TAKOTO BHUAA B XyANIEM clydae
Tpebyer Bpemenn 2(nlgn), BBems HOOXOMAIIYIO HOPMAIBHYIO MOIENb
(pasperaorime nepeBbsi). TeM caMbIM CTAHOBUTCS SCHBIM, 9TO COPTH-
POBKH CAUAHNEM ¥ € TOMOIIBIO KYUH acHMITOTHYECKH ONTHMATbLHEL.

Onrako »Ta HWKHSA ONeHKa He PachpocTpaHieTcs Ha alTOPUTMBI,
HCTONB3YIONINe BHYTPEHHIOW CTPYKTYPY HaHHBIX. B rimase 9 paccma-
TPUBaETCA HECKONBKO MPUMEPOB TakoTo pona. CopTHpoBKa MOACUETOM
(counting sort) mo3BosLeT OTCOPTHPOBATH N HENBIX UHCET B IHamNa-
3oue oT 1 mo k 3a Bpems O(n + k), ncnonb3yst copTupyeMble 9ncia Kak
nHIEKCHI B MaccuBe pasmepa k. Ecnm k = O(n), Bpemsi copTHpOBKH
CTAHOBUTCS MPOMOPINOHAILHBIM pa3Mepy MaccuBa. HomeTBeHHBIH am-
TOPUTM, Ha3bIBaeMbIil "yu@posoi copmuposkot”, IpuMeHsIeT CXONHBII
TpUEM TOPA3PSIHO, U TMO3BOMIET OTCOPTUPOBATH N TENBIX UNCes, Ka-
KIOe M3 KOTOPHIX nMeeT d pa3psanoB B k-WUHON cHcTeMe CUNCIEHN, 3a
BpeMst O(d(n+k)). Ecaun canrars, uto d nocrosuuo, a k ects O(n), To
obiree Bpemst ecth O(n). Tpernit anropnTM Takoro poma, COPTHPOBKA
BBIUEPTIBIBAHIEM, TTPEATIONATAET, UTO COPTHPYEMBIE UNCTa PABHOMEDPHO
pacupemnenenbl Ha OTPe3Ke I HE3aBUCHMEL, I B cpenteMm TpebyeT O(n)
NeficTBUN NI 1 9uCell.
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HOpi[I[KOBI:Ie CTAaTHUCTUKN

Ecnn mam mamo maliTn 4-it M0 BelmYMHEe >IeMEHT MacCHBa, MOXKHO
CHaYaJIa OTCOPTHPOBATH MACCHB, 4TO Tpebyer Bpemenn 2(nlgn), ecau
He TONB30BAThCS BHYTpeHHell cTpyKTypoil smemenToB (raaBa 9). Ho
NP HTOM BBITIONHIETCS NUIIHSS paGoTa (COPTUPOBKA OCTATBHBIX BIle-
MEHTOB), U MOXKHO TMOCTPOHTH Gosee 3(HGEKTHBHBIE AITOPUTMBL s
3a[laull OTHICKAHHS {-T0 1O BeJNUnHe ieMeHTa (KOTOPYIO Ha3bIBAIOT
TakXKe 3a/1adeil 0 MOPSIKOBBIX CTATHCTHKAX). B riase 10 mpuBomsiTcs
IBa TaKHX ajropuTMa: onnn Tpebyer Bpemernn O(n?) B Xymuiem ciydae
n O(n) B cpennem; npyroil, 6osee crloKHEI, 06xonnTest BpemerneMm O (n)
B XyIIlIeM cllydae.

I/ICI'[OJ'IIByeMI:Ie CBeOcHUA U3 MaTeMaTHUKN

Honbmias gyacThk MaTepuaia raaB 7—10 mocTylmHa 9UTATENTO ¢ MIHN-
MaJIbLHOH MaTeMaTH4ecKol monroToBkoi. OmHako BepoSTHOCTHLIN aHa-
U3 aJrOpUTMOB (6b1CTpOI71 COPTUPOBKHN, COPTHPOBKN BBHIYEPIHLIBAHTEM
I OTLICKAQHUs -0 MO BeJNdYnHe sneMeHTa) TpebyeT 3HAKOMCTBA C Te-
opueil BepoATHOCTeI (rnaBa 6). Ho6GaBuM, 9TO aJropuTM OTBICKAHUS
1-TO DJeMeHTa 3a JINHelHoe BpeMs (B XyIIIeM cnyqae) 6oJee CIIOXKeH,
YeM NIpyTrue ajJrOpUuTMBI 3TOHW TJIaBhI.



CopTupoBKa ¢ MIOMOITLIO Ky4ll

B sToil rnmaBe paccMOTpeH aNTOPNTM COPTMPOBKH ¢ TOMOUIBIO KydH
(heapsort). Kak n anropnT™ copTHpOBKH cInsHIEeM, OH TpebyeT Bpe-
vern O(nlgn) nas copTupoBKn n 06BEKTOB, HO OGXONNTCS HOMOJHI-
TesbHOl naMsaThio pasmepa O(1) (Bmecto O(n) miast COPTHPOBKH CIIMSI-
auem). Taknm 06pa3oM, 5TOT alITOPUTM COUETAET MPENMYIIEeCTBA IBYX
pamHee PacCMOTPEHHBIX alTOPUTMOB — COPTHPOBKN CIANAHUEM U COPTH-
POBKHI BCTaBKaMT.

CTpyKTypa IaHHBIX, KOTOPYIO HCIOIB3YeT aJropnTM (OHA Ha3bIBa-
etcst "deouunoti wxyuei”) OKa3bIBAETCS MONE3HON W B APYIHX CHTY-
anmnax. B wacTHOCTH, Ha eé Gaze MOXKHO 5PPEKTUBHO OPraHm30BaTh
ouepenb ¢ mpHopuTeTaMn (cM. pas3a. 7.5). B chenyrommx riaBax Ham
BCTPETATCSA aJTOPUTMBI, HCIOMBIYIOIHE CXOMHBIE CTPYKTYPHI HaHHBIX
(6rHOMUATBHBIE Ky4H, GUOOHATINEBLI Kyql).

Tepmun "kyua” nHOTIA NCTOAB3YIOT B IPYTOM cMbICiTe (067acTh na-
MSATH, TAe HaHHBIE Pa3zMelainTcs ¢ TpUMeHeHneM aBTOMaTHuecKoil ”
c6opru mycopa” — HampuMmep, B si3biKe Lisp), HO MBI 5TOrO menaTh He
OynmeM.

71 Kyun

JNpowanoit kyueit (binary heap) Ha3bIBAIOT MacCUB C ONpPeNeTéHHBIMN
cBOMCTBaAMI yOpAnouYeHHOCTH, YTo6BI CHOPMYINPOBATH HTH CBOMCTBA,
GymeM paccMaTpHBATh MacCHB Kak MBOMIHOe mepeBo (pmc. 7.1). Ka-
KIas BepllnHa JepeBa COOTBETCTBYET HIeMeHTy MaccuBa. Eciu Bep-
[MINHA NMeeT MHIEKC i, TO eé ponnTelb nMeeT mHAekC |i/2| (Beprmua
¢ MHIeKCOM | SBIsieTCs KOpHeM), a eé neTn — WHOekcsl 2¢ n 2¢+ 1. Hy-
JeM CYNTaTh, YTO Kydya MOKET He 3aHUMaTh BCErO MAacCHBa U XPaHUTh
maccuB A, ero miuny length[A] u cnennanbubIil napameTp heap-size[ A]
(pasmep kyun), mpmaém heap-size[A] < length[A]. Kyua coctont n3 sie-
menToB A[l], ..., A[heap-size[A]]. lIBuKeHne MO mepeBY OCYIIECTBIS-
eTcs MPOIeLypaMi
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Pucynox 7.1 Kyuy MoxHO paccMaTpuBaTb Kak mepeBo (a) mmm kak maccus (6).
BuyTpu BepinuHbl mokaszano eé sHadenue. OKojIo BepLIMHBLI TIOKa3aH €& MHIEKC B
MaccuBe.

PARENT (%)
return |¢/2]

LEFT(7)

return 2¢

RiGHT(7)
return 2¢ + 1

Hnement A[l] siBisieTcst KopHeM HepeBa.

B GosbiiuHcTBE KOMUIBIOTEPOB i BhINONHeHUs npotenyp LEFT u
PARENT MOXHO WCHOJB30BaTh KOMaHIBI JIEBOI'O U MPABOrO CIHBUTA
(LEFT, PARENT); RIGHT TpefyeT meBoro cmBmra, mociie KOTOPOTO B
MITQIIIUI pa3psil HOMEIAeTCs equHUIA.

HnemenTsl, xpaHsiiinecs B Kyue, HONKHbBI 06J1a/1aTh OCHOBHEIM CBOM-
creom Kyuu (heap property): mis Kaxnoii BepiinHsl ¢, KpoMe KOpHS (T. e.
npu 2 < ¢ < heap-size[A]),

A[PARENT(4)] > A[1]. (7.1)

Orciona crenyer, 4TO 3HaUeHHe MOTOMKA He MPEBOCXONUT 3HAUEHUS
npenka. TaknmMm o6pazoM, HanGOMBIINI B/eMeHT mepeBa (minm TOGOTO
nozIIepeBa) HAXONNTCS B KOPHEBOI BEpIINHE epeBa (9TOro MoIniepena).

Bricoroit (height) BepiinHbl nepeBa Ha3BIBaeTCs BBICOTA MOIEPEBa €
KOPHeM B 5Toil Bepinte (4ucsio pébep B caMOM IJINHHOM TMYTH ¢ HAUa-
JIOM B 5TOil BeplINHe BHI3 IO NepeBy K NUCTY). BoicoTa mepeBa, Taknm
obpasoM, coBmamaeT ¢ BHEICOTON ero kKopHs. B mepeBe, cocTaBnsomieM
Ky4y, BCe YPOBHHU (KpoMme, ObITH MOXKET, MOCIEHEr0), 3al0THeHbl TOJ-
rHocThio. HosToMmy BBICOTA 5TOrO mepeBa paBHa O(lgn), rme n — wn-
CII0 HIIeMeHTOB B Kyde (cMm. ymp. 7.1-2). Kak Mbl yBUIUM HILKe, BpeMs
paboThl OCHOBHBIX Ollepalluil Hall Kyueil NpONoOpIMOHAILHO BbICOTE Jle-
peBa u, cienoBarenbHo, coctannseT O(lgn). OcTaBiascs 9acTh rIaBbl
NOCBsllleHa aHAJU3y TUX olepaluil U NpUMeHEHHWIO Kyuu B 3ajayax
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COPTUPOBKN I MOOCJINPOBaHUA oduepeldn C IpunopnreTaMun. Hepe‘H/ICJ'[I/IM
OCHOBHBI€ Ollepalnll Hall queﬁ:

e Hpornenypa HEAPIFY 103BOJIsleT NONIEPXKUBATH OCHOBHOE CBOII-
ctBO (7.1). Bpems pa6orst coctasuser O(lgn).

e Hporenypa BUILD-HEAP cTpouT Kyuy 3 HCXONHOIO (HEOTCOPTHPO-
BaHHOr0) MaccuBa. Bpems pa6orst O(n).

e Hpornenypa HEAPSORT copTHpyeT MaccuB, He HCIONB3YS MOINOJHI-
renpuoll mamsitTu. Bpems paGorer O(nlgn).

e Hpomenypor EXTRACT-MAX (B3sTne HanGombiero) n INSERT (mo6Ga-
BIIEHIE HIeMeHTa) ICIONb3YIOTCS P MO POBAHNI OYepeN ¢ IPH-
opuTeraMn Ha 6ase Kyun. Bpems: paboThl 06enX IPOLenyp COCTABISET

O(lgn).
Yupaxuenus

7.1-1  Hyctb ky4a nMeeT BuICOTY h. CKONBKO IeMEHTOB MOXKeT B Hell
OeITh? (YKaKnTe MaKCHMAJIbHOe W MIHUMAJIbHOE 3HAYEHNS. )

7.1-2  JlokaxuTe, 9TO Kyda U3 1 IeMeHTOB mMeeT BhICOTY |lgn].

7.1-3  JlokaxuTe, 9TO TPHU BHIMOIHEHUN OCHOBHOTO CBOWCTBA Kydn
KOpHeBas BepllllHa J1060ro nojanepeBa sABigeTcs HauboJbllell B 3TOM
nofuepese.

7.1-4 T'me MoXKeT HaXONUTLCS HANMEHBIINHN DIIeMeHT KYyUW, eclIl Bce
€& BJIeMeHThl Pa3IUuIHBIT

7.1-5 Hycrs Maccus oTcopTHpoBaH B 06GpaTHOM HOpsinKe (IepBLLl
57IeMeHT — Hambombinmit). SIBisercs au Takoil MaccuB Kyueit?

7.1-6  SlBnstercs nm kyueit Mmaccus (23,17,14,6,13,10,1,5,7,12)?

7.2 CoxpaHeHIe OCHOBHOTO CBOMCTBA Ky4H

Hpouenypa HEAPIFY — BakHOe cpefncTBO paboTHI ¢ Kyueii. € mapa-
MeTpaMu ABISOTCS MaccuB A u unnekc ¢. Hpenmnonaraercs, 4To nomie-
peBbst ¢ kKopusimu LEFT(¢) u RIGHT(7) yxe 061ana10T OCHOBHBIM CBOIi-
cTBoM. Hpotlenypa nepecTaBiisieT 3jieMeHTHI NOIIepeBa ¢ BEPIIUHOMN ¢,
Hocje 4ero oHo oGiallaeT OCHOBHBIM cBoiicTBoM. Wpes mpocTa: eciu
5TO CBONCTBO He BBLIMNOJHEHO IJIs BEPIINHBL ¢, TO €€ clienyeT MOMeHsTh
¢ 66nbuInM u3 eé meTeil w T.m., Hoka siaemenT A[i] He "nodepysumca”
JI0 HYKHOTO MeCTa.
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Pucynox 7.2 Habora nponenypsr HEAPIFY(A,2) mpu heap-siz A] = 10. (a) Ha-
YJarbHOE COCTOSMHNE Kydu. B Bepimme ¢ = 2 0CHOBHOE CBOWMCTBO HapylleHo. YTo6b
BOCCTAHOBUTE ero, Heobxopumo momersTh A[2] u A[4]. Hocne sroro (6) ocHoBHOE
CBOICTBO HapymlaeTcss B Bepumue ¢ mHAekcoMm 4. HekypcwBHBIN BBIZOB TIporenyphr
HEAPIFY(A, 4) BoccTaHABIMBAET OCHOBHOE CBOMCTBO B BEPIIMHE C HHAEKCOM 4 Iy TéM
nepectanosru A[4] «» A[9] (8). Hocste 3T0ro ocHOBHOE CBOMCTBO BBILIOIHEHO IS BCEX
BepIINH, Tak 9To mporenypa HEAPIFY(A,9) yXe HUYUero He fieraert.

HEAPIFY (A4, )

[ < LEFT(?)
r < RIGHT(7)
if [ < heap-size[A] u A[l] > Ali]
then largest + [
else largest + 1
if r < heap-size[A] u A[r] > A[largest]
then largest « r
if largest # 1
then o6mensTh Ali] <> A[largest]
HEAPIFY (A, largest)

O 00 ~1 O Tk W N~

—
<

Ha6ora nponenypst HEAPIFY mokazana Ha puc. 7.2. B cTpokax 3—7
B TepeMeHHyIo largest MoMeriaeTcs WHOEKC HanGONBINEro 3 HieMeH-
toB Ali], A[LEFT(7)] w A[RIGHT(¢)]. Ecan largest = i, To snement A[7]
yiKe “noepyausca” 10 Hy:KHOTO MecTa, i paboTa IpoIenyphl 3aKOHUeHa.
Nnaue nponenypa mensier mectamu Ali] u A[largest] (aTo obecneqnBaer
BBITIOJTHEHTe cBOMcTBa (7.1) B BepIinmHe ¢, HO BO3MOKHO, HAPYIIAeT 3TO
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cBOIICTBO B BeplunHe largest) I peKypCHBHO BBHI3HIBAaeT ceOs I Bep-
UINHBL largest, 1TOObI NCIPABHTH BO3MOXKHBIE HADYIIEHMUS.

Ouennm BpeMs paGoTet nponenypst HEAPIFY. Ha kaxnowm mare Tpe-
6yeTcs npomssectu O(1) meficTBuil, He cUNTas PEKyPCUBHOIO BBI3OBA.
HycTe T'(n) — BpeMs paGOTHI /IS NONLIEPEBA, CONEPKAIIETO N HIIEMEeH-
ToB. Ecnn nonnepeBo ¢ KOpHeM i COCTONT W3 N 3JIEMEHTOB, TO MOIIe-
peBbst ¢ kopusimu LEFT(¢) n RIGHT(?) conepxart ne Gosee 1eMm 1o 2n/3
5IeMeHTOB Kaxkoe (HaUXyAIINil ciydail — KOrna MOCHeIHHIl ypOBeHb
B MO IepeBe 3amonHeH HamonoBuHY). TakuM oGpasom,

T(n) < T(20/3) +©(1)

W3 Teopemst 4.1 (cayuait 2) nomyuaem, uro T'(n) = O(lgn). Hry xe
OIIEHKY MOJKHO IOJIYYHTBH TakK: Ha KaXKIOM IIare MbI CIYCKaeMCs IO
IepeBy Ha OIUH ypPOBelb, a BeIcOTa nepesa ecTb O(lgn).

Yupaxuenus

7.2-1 Hoxkaxurte, ciienys obpasny puc. 7.2, Kax paboTaeT Ipolenypa
HEeAaPIFY (A, 3) nns maccusa (27,17,3,16,13,10,1,5,7,12,4,8,9,0).

7.2-2  Hyctb snement A[i] Gombime, uem ero meru. Kakos Gymer pe-
3yJAbTaT BBI30Ba mponenypbl HEAPIFY (A, )7

7.2-3  Hyctb i > heap-size[ A]/2. KakoB 6yneT pe3yabTaT BHI30Ba PO~
nenypsl HEAPIFY (A, )7

7.2-4  UWsmenute npouenypy HEAPIFY, 3aMeHHB PeKypCHIO IIKIIOM.
(HekoTopble KOMIIISATOPEL IPH 5TOM HOPOXKIAIOT Gosee 3 deK THBHBLI
KOII.)

7.2-5  Jlokaxure, 9To Hambonbllee BpeMss paGOTHL MPOILENLYPhI
HEAPIFY nns kyum u3 n sneMentos pasuo Q(lgn). (Ykaszanme: npu-
BeITe MpUMep, KOTIa MPOIefypa BEI3BIBAETCS HJIsi KaXKIOH BepIINHEL
Ha IyTH OT KOPHS K JIHCTY).

7.3 Hocrpoenue xKyun

HycTs nan maccu A[l ..n], KOTOpHI MBI XOTHM MPEBPATHTD B KYUY,
mepecTaBUB ero 3IeMeHTH. s 5Toro MOXKHO UCIOIB30BATE TPOTeNy Py
HEAPIFY, mpuMenss eé Mo odepenn KO BCeM BepIlInHAM, HaUNHAA C HUXK-
uux. Hockonbky Bepimusr ¢ Homepamu |[n/2| + 1,..., n sBasoTcs au-
CThSMU, NMONJEPEBbS C HTUMU BePUINHAMU YIIOBIETBOPSAIOT OCHOBHOMY
cBolicTBY. lns Kaxknoll W3 OCTABIINXCS BePIINH, B MOPIOKe YOLIBAHUS
MHIIEKCOB, MBI TpuMeHsieM Tipotnienypy HEAPIFY. Hopsnok o6paGoTkn
BepIINH TapaHTUpyeT, 4TO KayKAblil pa3 yCHOBUS BbI30Ba MpOleNnyphbl
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(BbIHOJ'[HeHI/IG OCHOBHOT'O CBOHCTBa IJis HOI[I[epeBbeB) 6yI[yT BBIIIOJI-
HeHBI.

BuiLp-HEAP(A)

1 heap-size[A] < length[A]

2 for i « |length[A]/2| downto 1
3 do HEAPIFY(A,7)

Hpumep pabotrol mponenypsl BUILD-HEAP mokazan Ha puc. 7.3.

SlcHo, uTo BpeMms paboThl mpolenypbl BUILD-HEAP He mnpeBbilaeT
O(nlgn). HeiicTBuTenbro, nponenypa HEAPIFY BoswiBaeTcs O(n) pas,
a kaxkmoe eé BoimomHeHne Tpebyer Bpemenn O(lgn). Omzako 5Ty
OIIEHKY MOMKHO YJIYYIINTh, 94eM MBI cefiyac n 3aiiMéMc.

Heno B ToM, 4TO BpeMs paBoThl mporenypbl HEAPIFY 3aBHCHT OT
BBICOTHI BEPIUINHEL, [JIsi KOTOPOIl OHa BBI3bIBAeTCs (I MIPOMOPINOHAIBHO
5Toit BbicoTe). HOCKONBKY 4mcio BepiinmH BBICOTHL h B Kytue U3 n Hiie-
MeHTOB He mpesbrmaeT [n/2"11] (cm. ymp. 7.3-3), a BBIcoTa Bce Kyun
He npesbiaeT |lgn| (ymp. 7.1-2), Bpemsi paGoTsr nponenypsl BUILD-
HEAP He mpeBEIlIaeT

[lg 7] [lg 7] A

Z [Qhﬁqw O(h)=0 | n Z oF (7.2)

Honarast * = 1/2 B dopmyne (3.6), nomydaeMm BepXHIOI OINEHKY IS
CYMMBI B IpaBOll 9acTH:

Takum o6pazoMm, BpeMs paboTwl npolenypbl BUILD-HEAP cocTaBiser
. h
0 (nz Q—h) =0(n).
h=0
Yupaxuenus

7.3-1  Hokaxnre, crenys obpasmy puc. 7.3, Kak paboTaeT Ipouenypa
BuiLD-HEAP mns maccuBa A = (5,3,17,10,84,19,6,22,9).

7.3-2 Houemy B npouenype BUILD-HEAP cylilecTBeHHO, UTO mapa-
MeTp ¢ mpoberaeT 3uadenus ot |length[A]/2| no 1 (a e HaoGopoT)?

7.3-3  JlokaxmuTe, 4TO Kyda H3 1 5IeMEHTOB CONEDXKUT He Ooee
[n/2"1] Bepmun BBICOTE A.
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Pucynok 7.3 Ha6ora nponienypst BUILD-HEAP. Hokasamno cocTositHre HaHHBIX TIepes
KaXX/IbIM BBI30BOM Tiporienypbl HEAPIFY B cTpoke 3.
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7.4 AJropuT™M COPTHPOBKU C IOMOMILIO KY4H

AJNTOpPUTM COPTUPOBKH € MOMOIILIO Ky4l COCTOUT M3 IBYX dYacTeil.
Craualia BeI3BIBaeTCs npolenypa BUILD-HEAP, mocie BEITOIHEHHS KO-
TOpoil MaccuB sBisgeTcd Kydeil. Mmes BTopoil wacTm mpocTa: MaKCH-
MAaJILHBIN HIeMeHT MaccmBa Telepb HaXommTcs B Kopue mepeBa (A[1]).
Ero cienyer nomensTsh ¢ A[n], yMeHbIINTE pa3Mep Kyul Ha 1 u BoccTa-
HOBHTH OCHOBHOE CBOICTBO B KODHEBOIl Beplinke (IOCKOIBKY NOMIepe-
Bbs ¢ KopusiMu LEFT(1) n RIGHT(1) ne yTpaTuin ocHOBHOIO CBOHCTBA
KYUl, 3TO MOXKHO CIEIaTh ¢ MOMOIIbIo nponenypbl HEAPIFY). Hocie
5TOro B KOpHe OyIeT HaXONNThCS MaKCHUMaJbHBLIN U3 OCTaBIIIXCS BJle-
MenToB. Tax memaeTcs MO Tex Nop, NOKa B Kyde He OCTaHeTCS BCEro
OIIMH DJIEMEHT.

HEAPSORT(A)

1 BuiLDp-HEAP(A)
2 for i + length[A] downto 2

3 do momensTh A[l] > A[7]
4 heap-size[A] < heap-size[A] — 1
5 HeapPIFY (A4, 1)

HaBora BTOpOil YacTn ajaropuTMa NoKa3aHa Ha puc. 7.4. V3o6pakenbt
COCTOSIHUS KUl Tlepell KasKIbIM BBINOMHeHneM nunkia for (cTpoka 2).

Bpewmst paborer nporenypsl HEAPSORT coctasiser O(nlgn). Heii-
CTBUTENBHO, IepBas 9acTh (MocTpoerne Kyun) Tpebyer Bpemenn O(n),
a Kaxknoe n3 n — 1 Beimomuennuil nukia for sanumaer Bpems O(lgn).

Yupaxuenus

7.4-1  Hokaxnre, crenys obpasmy puc. 7.4, Kak paboTaeT mpouemnypa
HEAPSORT mns maccuBa A = (5,13,2,25,7,17,20,8,4).

7.4-2  HycTh ucxonusiit MaccuB A yxKe OTCOPTUPOBAH B MOPSIKe BO3-
pacTanus. KakoBo 6yneT BpeMs COPTUPOBKH C TOMOIIbI0 Kyuu? A eciu
MaccuB ObLI OTCOPTUPOBAH B MOPsifKe YOBIBAHUS !

7.4-3  Jlokaxure, 9T0 BpeMs paGoTHI npouenypsl HEAPSORT cocra-
BisietT Q(nlgn).

7.5 QOuepenu ¢ mpuopureTaMu

Ha mpakTuke aaropuTM COPTHPOBKH C TOMOIMILIO KYUH He SBISETCT
CaMbIM OBICTPBIM — KaK MPaBUIO0, GbICTpas cOPTHpoBKa (Ti. 8) pabo-
TaeT 6bicTpee. OnHAKO caMa Kyda KaK CTPYKTYpa HaHHBIX 4acTO OKa-
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Pucynok 7.4 Ha6ora npouenypsr HEAPSORT. Hokasamo cocTostHme MaccuBa Iepen
KaX/IbIM BBI30BOM Tpolenypbl HEAPIFY. 3auepHEHHBIE SIIEMEHTHI yKE HE BXONAT B
Ky4y.

3bIBaeTCA TOJe3Holi. B 5ToM pasmene MBI paccMOTpPUM MOIeNMpOBaHMe
odepeny ¢ NpHOpUTeTaMu Ha 6a3e Kyunm — ONMH U3 CaMbIX M3BECTHLIX
IPIMEpOB NCIONL30BAHMS KyUn.

Ouepens ¢ mpuopureramu (priority queue) — 3T0 MHOXKeCTBO S, die-
MEHTHI KOTOPOTO MBI OylIeM cYmTaTh dnciamu. Ha mpakTnke nimemen-
TaMn MHOXKecTBa S sBisiorcs napsl (key, «), rne key — gmcno, ompe-
nelsiolliee MPUOPUTET 3eMeHTa Il Has3biBaeMoe kmouom (key). a o —
cBsA3aHHas ¢ HUM nHMOpMAIms; >Ta MHGOpPMalus XPaHUTCS PIIOM C
3JIeMeHTOM W lepeMellaeTcs BMecTe ¢ HiM, He B/InsAs Ha ero oOpaboTKy.

Bo3MoXKHEBI crienylomme onepanun Hall odepenbio ¢ IPHOpHTeTaMu:

INSERT (S, z): moGaBieHne s/eMeHTa & K MHOKECTBY S

MAXIMUM(S): HaubGonbIInil 5IeMeHT MHOKECTBA;
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EXTRACT-MAX(S): u3biTHe U3 MHOKeCTBa HanGOIBIIErO HIeMEHTA.

Ouepens ¢ NpuopuTETAMU MOXKET, HATPUMED, UCIIOIb30BATHCS B OTe-
palmoHHON cucTeMe C pa3felenieM BpeMenn. Hpu 3ToM XpaHuUTCS cmu-
COK 3aMaHuil ¢ TIpHOPHTeTaMU; KaK TOJNBKO BLIMOIHEHUE OYepelHoro
3aaHus 3aKaHInBaeTcs, U3 odepeln BLIOWpaeTCs 3allaHne ¢ HANGOIb-
mnM npuopuTeToM (onepanns EXTRACT-MAX). Hoere 3ananns no6a-
BIIAIOTCS B 0Uepellb ¢ MOMOIIBIO omepanun INSERT.

Hpyroe npuMenenne Toll ke CTPYKTYPHI — yIpaBiseMoe COOBITUIMNI
vonenunposatne (event-driven simulation). B ouepenn maxomsrces cobbi-
THs, a TPUOPUTET OlpeneiseTcss BpeMeHeM, KOTHa cOOLITHE HOJKHO
npomzoiitTu. HazyMmeeTcs, COBBITHS MOTKHLI MOAEINPOBATEHCS B TOM TO-
pAOKe, B KOTOPOM OHU TIPONCXONAT. Beibop odepenHoro cOOBITHS TPON3-
BOIITCS € MOMOIIBIO omeparnnn EXTRACT-MIN (mopsinok 3meck oGpat-
HBIi1), noGaBieHne COOLITHIT — € MOMOIIBIO onepanni INSERT.

Onuiiem Tenepb peanusaluio ouepenu ¢ npuopureramu. Hynem xpa-
HUOTH HJeMeHTH MHOXKeCTBa B Bule Kyuu. Hpum »ToM MaKCcuMalbHBLIN
alleMeHT HaXONUTCS B KOpHe, Tak 4To omepannusds MAXIMUM Tpebyer
Bpemern O(1). YUTobbl U3bATH MAKCHMAIBHBLIN BIEMEHT W3 OUYepent,
HYKHO HelfiCTBOBATH Tak XKe, Kak W TPH COPTUPOBKE:

Heap-EXTRACT-MAX(A)
1 if heap-size[A] < 1

2 then omubka: "ouepeds nycma”
3 maz + A[l]

4 A[l] « Alheap-size[ A]]

5 heap-size[A] < heap-size[A] — 1

6 HeapIFY(A,1)

7 return maz

Bpewmst pa6orsr cocrasiser O(lgn) (nponenypa HEAPIFY BbI3BIBaeTCs
ONUH pa3s).

Yto6b1 MOGABUTEH 37IEMEHT K OUepell, ero clienyeT No6aBUTH B KOHET
Ky4n (Kak JIICT), a 3aTeM HaTh eMy ~6Cnabimb” [0 HYKHOTO MeCTa:

HEAP-INSERT (A, key)
heap-size[ A] < heap-size[A] 4 1
i « heap-size[ A]
while ¢ > 1 u A[PARENT(?)] < key
do A[i] < A[PARENT(7)]
i < PARENT(7)
All] « key

O T W N~

Hpumep paborwr mponenypul HEAP-INSERT mokazam Ha puc. 7.5.
Bpewmst paGotsr cocrasmser O(lgn), nockonbky "nodwém” HOBOTO -
cTa 3aHNMaeT He Gosee lg n maroB (MHIEKC ¢ MOCTe KaXKAOi HTepalun
nnkiaa while yMeHbIIaeTCs O KpaiiHeil Mepe BIBOE).

Wrak, Bce onepaiiuu Hall OUepebio ¢ TPUOPUTETAME U3 1 JIEMEHTOB
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Pucynok 7.5 Ha6ora nmportenypot HEAP-INSERT. HoGaBiisgeTcs 5/IeMEHT C KITIOYEBBIM
sHaueHUeM 15 (TeMHBI KPYKOK O3HaYaeT MECTO [ 3TOIO 3JIEMEHTA).

Tpebytor Bpemern O(lgn).
Yupaxuenus

7.5-1 Hokaxute, crienys obpasny puc. 7.5, Kak paboTaeT mpolenypa
HeaP-INSERT (A, 3) nns xyun A = (15,13,9,5,12,8,7,4,0,6,2,1).

7.5-2 HokaxmTe Ha pucyHkax, kKak paboTaeT Tpomenypa HEAP-
EXTRACT-MAX s Ky4nu u3 IpenbInyInero yipakKHeHns.

7.5-3  OObsicHITE, KaK pealn30BaTh 06bIYHYI0 odepens (first-in, first-
out) u crek nHa Gase ouepenu ¢ npuopureramu. (Oupenenenus cum. B
pasm. 11.1).

7.5-4  Heamm3syiite nponenypy HEAP-INCREASE-KEY (A, 1, k) (yBenn-
deHme BIeMeHTa), KOTopas yBelndnpaeT sieMeHT A[i] mo k, ecinu on
6out Menbite k (A[d] < max(A[i], k)) u BoccTamaBnuBaeT OCHOBHOE
cBoiicTBO Kyun. Bpems paGorsr — O(lgn).

7.5-5  Heamm3syiite onepannio HEAP-DELETE(A,{) — ynanenue sie-
MEeHTa ¢ MHIeKcoM ¢ m3 Ky4u. Bpems paborer O(lgn).
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7.5-6  HpuaymaiiTe amropuTu, KOTOPBIH TO3BOIAAET 3a BpeMs
O(nlgk) camte k OTCOPTHPOBAHHBLIX CIICKOB B ONWH OTCOPTHPO-
BAHHBLIN CHOHCOK (3mech n — OOIlee 9HCIO SIeMeHTOB B CIICKAX).
(Ykasanme: ncrnonb3yiite Kydy.)

3anaun
7-1 HocTpoeHue Kyuu ¢ IOMOIIBI0 BCTABOK

MoOXKHO TOCTPOUTE Ky4Uy, HOCIENOBATeNbHO NOGaBIsis 3JEeMEHTHI
nomoltiibio nporenypsl HEAP-INSERT. HacemoTpum criienyroinuii anro-
pUTM:

BuiLp-HEAP'(A)

1 heap-size[A] + 1

2 for i + 2 to length[A]

3 do HEAP-INSERT(A, A[t])

a. 3anycruM npounenypbl BUiLD-HEAP u BUILD-HEAP' nns ommoro
I TOTO XKe MaccuBa. Beernma nm oHn cosmanyT onnHakoBbie Kyuan? (lo-
Ka)KITe MIN IpUBeInTe KOHTPIpHMep. )

6. llokaxure, 4To BpeMs paboThl nponenypsl BUILD-HEAP' B xyn-
meM ciaydae coctaBiaser O(nlgn) (rme n — KonmdecTBO HI€MEHTOB).
7-2 HaboTa ¢ d-WIHBEIMI KydaMu

HaccmoTpum d-mwamyro kyay (d-ary heap), B KOTOpOIl BepIITHBI TMEIOT
d nereil BMeCTO NBYX.

a. Kak BBIDISAAT [ Takoll Kydudm TPONENYpbl, aHAJOTHUYHbIE
PARENT, LEFT u RIGHT?

6. Kak BbicOTa d-MYHOI Kyuu U3 n BJIEMEHTOB BbIpaXkKaeTcs depes n
u d?

B. HeanusyiiTe mponenypy EXTRACT-MAX. KakoBo BpeMs eé paboOTH
(BbIpasuTe ero uepe3 n u d)?

r. Heanusyiite nponenypy INSERT. KakoBo Bpems eé paboThr?

n. Heammsyiite nponenypy HEAP-INCREASE-KEY (ymp. 7.5-4). Ka-
KOBO BpeMsi eé paGoThi?

3amevanus

ANTopuTM COPTUPOBKH € MOMOIIIBIO Ky 4N TPemIoKuI Y mibsmc [202];
TaM e OllCaHa peaju3allis odepelll ¢ IpHOpATeTaMi Ha 6a3e Kydl.
Hpomenypa BUILD-HEAP npennoxena Pmoiimom [69].
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B »roii riaBe paccMOTpPeH Tak Ha3bIBaeMBIll anroputm “ébicmpot cop-
muposru”. XoTs BpeMs ero paGoThl I MacCHBa U3 7 UUCeN B XYI-
ueM ciydae coctaBnseT O(n?), Ha TpaKTHKe STOT aJTOPUTM SBIIETCS
OMHUM U3 CAMBIX OBICTPLIX: MaTeMaTHUIecKoe OXWIaHWe BpeMeHH pa-
601wl cocTaBiseT O(nlgn), mpuyéM MHOXHUTENb MpH 1 lgn NOBONBHO
Maja. Kpome Toro, 6uicTpas cOpTHPOBKA He TpebyeT MOMONHUTEILHON
naMsaTl U cOXpaHseT dPPeKTUBHOCTDL IS CUCTEM ¢ BHPTYAJLHOH Ta-
MSTBIO.

B pasznene 8.1 onuckIBaeTCsA alTOPUTM B TIeJIOM U TTPOTIENYpa pasiene-
HiUs MaccuBa Ha vacTu. OueHka 3QGeKTUBHOCTH aJropuTMa JOBOIBHO
CTI0XKHA; B pasmene 8.2 MPUBOAATCT HHTYUTHBHLIE MOBONLI, & CTPOTHi
aHaJu3 OTIOXKeH 1o paznena 8.4. B pasnene 8.3 onucanbl BapuaHTHI ObI-
CTPOH COPTUPOBKHU, NCNOMB3YIONINE TeHepaTop caydalineix dncen. Hpu
5TOM BpeMsi paBOTHI B XyAIIeM ciaydae (IIpn HeyIadHOM CIIyIaiiHOM BBI-
6ope) cocrasnser O(n?), Ho cpennee BpeMs paBoThl COCTaBISLET JIUIIb
O(nlgn). (I'oBopst 0 cpemHeM BpeMeHN, MBI IMeeM B BIIY He yCpelHe-
HIe TI0 BceM BXOHaM, a MaTeMaTHdecKoe OXWIaHWe BpeMeHU PaboTHI,
KoTopoe dad 06020 exoda e npesocxonunt O(nlogn).) Onun u3 Ba-
pPUAHTOB BEePOATHOCTHOTO aJTOPUTMa GLICTPOH COPTHPOBKHU TOMPOGHO
aHANW3upyeTCs B pasmene 8.4, rlle MOKa3aHLI ONEHKH IJs CPelHero u
HaunboJBIIero BpeMeH paboOThI.

8.1 Omnucanme GLICTPOI COPTUPOBKU

Heicrpas coptuposka (quicksort), Kak m cCOpTHPOBKa CIAMSHIEM, OCHO-
BaHa Ha mpuHINNe “pazdeaqi u éaacmeyi” (cm. pasm. 1.3.1). Copru-
poBKa yuacTka A[p..r] npomcxonut Tak:

e HiemenTol MaccuBa A mepecTaBisgOTCA Tak, 9TOOLI M0G0 13 3ie-
meHTOB A[p], ..., Al¢q] 6611 He Gomblie mo6oro u3 saeMeHTOB Alg +
1],..., A[r], rme ¢ — HexoTopoe uncio B nuTepBase p < ¢ < r. Hry
omepalnuio Mbl 6yIeM Ha3biBaTh pasmenenueM (partition).

e Hpomenypa cOpPTUPOBKN peKYPCUBHO BLI3BIBAETCSA IS MacCHBOB

Alp..qluw Alg+1..7].
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Hocse sToro maccus A[p..r] oTcoprupoBaH.
Wrak, nponenypa coprupoBkii QUICKSORT BBIMISIUT CIEMYIONINM
obpa3oM:

QUICKSORT(A, p, 1)

1 ifp<r

2 then ¢ < PARTITION(A, p,r)
3 QUICKSORT(A4, p, q)

4 QUICKSORT(A, ¢+ 1,7)

,HJ'[?[ COPTUPOBKN BCero MacCuBa HeO6XOI[I/IMO BBITNIO/THUTHL Ipounenypy
QUICKSORT(A, 1, length[ A]).

Has6umenne maccusa

OcHoBHOII mIar anropuTMa — npolnenypa PARTITION, KoTopas Tepe-
CTABISIET IEMEHTHI MaccuBa A[p..r] HYyKHBIM 06pa3oM:

PARTITION(A, p, )

1 x+« Alp]
2 1¢p-—1
3 j+r+1
4  while TRUE
5 do repeat 7 ¢ 5 —1
6 until Afj] <z
7 repeat 1 < 1+ 1
8 until A[]] > 2
9 ifi<j
10 then momernsTh Aft] ¢ A[j]
11 else return )

Habora mponenypsr PARTITION mokazana wa puc. 8.1. Haement z =
A[p] BeiGupaeTcs B kauecTBe “epanuunozo”; MaccuB A[p..q] 6ymet co-
nepiKaTh BIeMeHTH, He Goibline &, a MaccuB Alg+1..r] — sneMenTH,
He MeHbllne x. Mmes cocTONT B TOM, YTOOBI HAKATJINBATH HIIeMEeH ThI, He
Gorbine &, B HAYAIBHOM OTpe3ke MaccuBa (A[p..i]), a B7IeMeHTHI, He
veHblIne @ — B KoHie (A[j..r]). B Hauane oba "naxonumens” mycThr:
t=p—1,3=r+1.

BuyTpn nukma while (B cTpokax 5-8) K HaJaJbHOMY I KOHETHOMY
yIacTKaM IPUCOENMHSIOTCS eMeHTHl (Kak MIHIMYM 1o onHoMmy). Ho-
clie BBITIOJIHEHNS STUX cTPok Afi] > x > A[j]. Ecinu mbr momensiem Ali]
n A[j] MecTamu, TO UX MOXKHO GyIeT MPHCOEMNHUTH K HAUYAILHOMY W
KOHEUHOMY ydacTKaM.

B MoMeHT BBIXOmaA W3 IMKJa BHITIOIHEHO HepaBeHCTBO ¢ > j. Hpm
5TOM MaccuB pa3buT Ha vactu Alp],..., A[j] u Alj + 1],..., A[r]; mro-
0ol 37eMeHT TepBOll YacTU He MPeBOCXOMUT JII0O0ro 31eMeHTa BTOPOR



150

laasa 8 Hvicmpag copmuposxa

Pucynox 8.1 HaGora mporenypsr PARTITION. HesakpalieHuble 571eMEHTBI OTHO-
CATCA K ykKe CHOPMUPOBAHHBIM KyCKaM, 3aKpAIIEHHBIE €IE He pPACIPENeIeHbI.
(a) HauaneHoe cocTosiHIE MaccuBa, Ha4albHBIA U KOHEUHBIN Kycku IycThl. Hire-
MeHT & = Alp] = 5 ucnonbsyercs B KadecTBe rpannutoro. (6) Hesymerar nepsoro
npoxofa tukia while (ctpoku 4-8). (B) Hnementn Afi] u A[j] mensrorcs Mecramu
(crpoka 10). (r) Hesymerar Broporo npoxoma nukia while. () Hesynbrar TpeTthero
(mocnenuero) npoxona mukia while. Hockoneky ¢ > j, mponenypa ocraHaBnusaercs
1 BO3BpalljaeT 3HaueHue ¢ = j. Hnementer crneBa or A[j] (Bkiouas caM 5TOT 3iie-
MeHT) He GOIblie, YeM & = 5, a 3JeMEeHTEL cipaBa oT A[j] He MeHblE, YeM & = 5.

gacTu. Hponenypa Bo3BpaliiaeT 3HaUeHme j.

XoTst naes Mpoenypel O4eHb MPOCTa, CaM AJITOPUTM CONEPKHT Pl
TOHKIX MOMeHTOB. Hanmpumep, He 09eBHIHO, 9TO WHIEKCHI ¢ I j HE BHIXO-
ISIT 3a TPAHUIBl TPOMEKYTKA [p .. 7] B mponecce paboTer. pyroit mpu-
Mep: BayKHO, YTO B KadeCTBe TPAHNIHOIO 3HaUeHNs BeIGHpaeTcs A[p], a
He, ckaxkeM, A[r]. B mocnentem ciydae MoxkeT OKazaThes, aTo A[r] —
caMblil GOJIBIION B/IeMEHT MacChBa, I B KOHIE BBIOIHEHIS MPOTIEIY PhI
OymeT ¢ = j = r, Tak 4TO BO3BpalllaTh ¢ = j OyneT HelIb3sd — Ha-
pymnTes TpeGoBaume ¢ < r, u mponenypa QUICKSORT 3allUKINTCH.
HpaBuibHOCTE mpotienypbl PARTITION cocTaBisieT mpenmMeT 3amadn 8-
1.

Bpewmst paborer mponenypst PARTITION coctaBinser O(n), rme n =
r—p+1 (em. ymp. 8.1-3).

Yupaxuenus

8.1-1  HokaxkuTre, ciienys obpasity puc. 8.1, Kak paboTaer mpolenypa
PARTITION nist maccuBa A = (13,19,9,5,12,8,7,4,11,2,6,21).

8.1-2  HycTs Bce samemenTsl MaccuBa A[p..r| paBuer. Kakoe 3navenne
BepHET nponenypa PARTITION?

8.1-3 HpuBenuTe mpocToe coobpaxkenne, 0OBIACHAIONEe, TOUEMY
BpeMsi paGoTHl mporenypbl PARTITION cocTaBisieT O(n).
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8.1-4  Kak oTcopTHpoBaTh MAacCHB B MOpsiKe YOLIBaHUS (& He BO3pa-
CTAHNsI), NCTOIB3YS Te Ke MEeTONbI?

8.2 HaGora GbICTPOIl COPTUPOBKH

Bpems paboTul agropuTMa GLICTPOH COPTHPOBKHU 3aBUCHT OT TOTO,
Kak pas3bmBaeTcs MaccWB Ha KakmoM Inare. Ecnm pasbuenme mpOUCXO-
IUT Ha MPUMEPHO PaBHBIE 9acTH, BpeMs paboTwl coctaBnser O(nlgn),
KaK W OIS COPTUPOBKN CAUSHUeM. chm XKe pasMepbl dacTell CHIALHO
OTJIMYAIOTCS, COPTUPOBKa MOKeT 3annMaTh Bpems O(n?), Kak npu cop-
TUPOBKe BCTaBKaMMU.

Hauxymniee pazoueHue

”"Haubonee nepasuvie wacmu’ MOAyIATCS, €CNN ONHA YaCTh COmEp-
KUT 1 — 1 smemenT, a BTopas — Bcero 1. (Kak MBI yBHONM B pas-
nene 8.4.1, 9TO HAMXYIIINI CIIydail ¢ TOYKH 3PeHNs BpeMeHHn paGoTHL.)
Hpennomoxnm, 9T0 Ha KayKOOM Iare MPOUCXONNT HMeHHO Tak. Ho-
CKOJIBKY TpONenypa pa3buenuns 3aHnMaeT BpeMs O(n), mias BpeMeHH
pa6oTsl 1'(n) monydaem COOTHOIIIEHIE

T(n)=T(n—-1)+0(n)
Hockonsky T'(1) = ©(1), nmeem

T(n)=T(n-1)+0(n)=> O(k) =0 (> k| =0
k=1 k=1

(mocmenusisi cymma — apudMeTmueckas mporpeccusi, <M. (op-
myay (3.2)). llepeBo pexypcnu st 9TOTO ciiydasi TOKa3aHo Ha puc. 8.2.
(Ho moBomy nepeBbeB pekypcun cum. pasim. 4.2.)

Mgzt BuouM, 9T0o Ipu MakCHMadbHO HecOaJlaHCHPOBAHHOM pa3bueHnn
BpeMs paboThl cocTaiseT O (n?), Kak 1 Us cCOPTUPOBKH BeTaBkamu. B
JaCTHOCTH, HTO MPOUCXONNT, €CIN MAacCHB M3HAYAILHO OTCOPTUPOBAH
(3aMeTnM, 9TO B HTOM Clydae COPTHPOBKA BCTABKAMHE MPON3BOMLNTCS
3a Bpems O(n)).

Hawnyummee pa3ouenue

Ecnu na xaKmoMm 1mare MaccuB pa3zéuBaeTcs POBHO MOTOTaM, 6BICT past
COPTUPOBKa TpebyeT 3HAUNTENLHO MeHbIlle BpeMeHU. lelicTBUTENBHO,
B 3TOM ClIyyae peKyppeHTHOe COOTHOIlIeHNe uMeeT BUI

T(n)=2T(n/2)+©O(n)

1, cornacuo teopeme 4.1 (cnyuait 2), T'(n) = O(nlgn). llepeBo pexyp-
CUM IIJIsL DTOTO cyiydyas MOKa3aHo Ha PUCYHKe 8.3.
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Pucynok 8.2 [lepeBo pekypcum mpotenypbl QUICKSORT IS HAWXYIIIETO CITydas
(mpouenypa PARTITION KaXAbLil pa3s IPOU3BONUT pa3bueHUE, B KOTOPOM ONHA U3
yacTell CONEPKUT OINVH 3IIEMEHT ). Bpemst paGoTEl paBHO @(n2).

Pucynox 8.3 Ilepeo pexypcun mpouenypbl QUICKSORT IS HAWIYYIIEro ciiydas
(Maccup kaxaplil pas pasbusaercs momnosiam). Bpems paGoTer pasao ©(nlgn).

HpoMexyTouHsIil ciayuan

Kax 6ynmeT mokasaHo B paszfesie 8.4, cpenHee BpeMs paboThHI (c TOU-
HOCTBIO IO MHO)KI/ITen;[) cOoBNaNlaeT ¢ BpeMeHeM pabOTHI B HAWAYUIIIEM
cinydae. YToOb O6BACHUTH 9TO, TOCMOTPUM, KaK MeHsSeTCs peKyppeHT-
HOEe COOTHOIIIeHNE B 3aBUCUMOCTH OT cTeleHn cbalaHCHpOBAHHOCTH pa3-
OueHus.

HycTh, HanpuMep, Ha KayKIOM Ilare MaccuB pa3bmBaeTcs Ha JIBe Ya-
CTH ¢ oTHOIIIeHWeM pa3MepoB 9 : 1. Torma

T(n)=T(9n/10) +T(n/10) +n

(nns ymo6erBa Mbl 3aMenmnn ©O(n) wa n). lepeBo pekypcum moka-
3aH0 Ha pucynke 8.4. Ha KakmoMm ypoBHe MBI TPOU3BONuUM He Golee n
HelicTBUI, TaK 4TO BpeMs paboOThI ONpenesigseTcd TIyOnHOU peKypCuu.
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Pucynok 8.4 JlepeBo pekypcum s Cirydas, KOTOa pasOueHne KajKIbI pas MpOon3-
Boputcs B oTHotrenmu 9 : 1. Bpems paborst pasao ©(nlgn).

B nansoMm ciaydae sra riayGuna pasHa log;ggn = ©(lgn), Tak uTo
BpeMsi pabOTHI MO-TIPeKHEMY cocTaBiseT O(nlgn), XoTs KOHCTaHTA I
6onbie. Acro, 9To N M060T0 GUKCHPOBAHHOTO OTHOIIEHUS pa3Me-
pOB gacTeil (CKOJb GBI BEINKO OHO HII GBLIO) TIyONHA IepeBa peKypCui
no-npexkHeMy OyleT Norapud@Muieckoir, a BpeMsa paboThl OyzmeT paBHO

O(nlgn).
Cpennee BpeMsa: MHTYUTUBHEIE COOGpaXKeHMA

YUTobBr Bopoc o cpemHeM BpeMeHH pabOTHl HMeN CMBICH, HYKHO
YTOUHUTH, C KAaKOil 4acTOTON MOABASIOTCSA pa3juyHble BXONHbIe 3HaYe-
aus. Kax mpaBuiio, penmnongaraeTcs, YTO Bce MepecTaHOBKHW BXOMHBLIX
3HaYeHNUIT paBHOBePOSTHBI. (MBI BepHEMCS K 5TOMY B CIEIYIOIIEM pa3-

nerne.)
Ist Hayrazm B3STOrO MacCHBa pasbHeHUs BPsI Ji OYOYT BCE BpeMs
IPONCXONUTH B ONHOM II TOM JKe OTHOIIEHHH — CKOpee BCEro, 4acTh

pasbueHnii GymeT XOpoIIo cbalaHCHPOBaHa, a 9acTh HeT. Kak MoKa3bl-
BaeT ynp. 8.2-5, npumepHo 80 npoleHTOB pa30OueHuil Npon3BOAATCS B
oTHolleHnu He SoJiee 9 : 1.

Hynem npenmosiaraTh Uisk TPOCTOTHI, 4TO HA KAXKIOM BTOPOM YPOBHE
Bce pasbuUeHUs HauXyIIlue, a Ha OCTaBIIelics MOJOBUHE YPOBHeHl Hau-
ayumine (npuMep nokasan Ha puc. 8.5(a)). Hockonbky mocne kaxmnoro ”
ropowe20” pa3bHeHns pa3Mep YacTell yMeHLIIAaeTCs BIBOE, YICIO ~To-
powuz” ypoBreit paBHo O(lg n), a TOCKOIBKY KaKIBIH BTOPOIl ypOBEHb
"zopowui”, obiee uncio ypoBreil paBHo O(lgn), a Bpems paboTh —
©(nlgn). Taknm o6pazomM, MI0XNe yPOBHE He NCIOPTHIN aCHMITOTHKY
BpeMeHN paBOTHI (a JUIb yBeTUIHIN KOHCTAHTY, CKPBITYIO B ACHMIITO-
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Pucynox 8.5 (a) IlBa ypoBrs: mioxoli (n pasbusaerca Ha n — 1 m 1) um xoporumi
(n — 1 pasbusaercs Ha mBe pabHBIe WacTm). (6) Ecrm sTm mBa ypoBHS 3aMeHWTH
OIHUM, TIOJTYYUTCs pa3bleHne Ha IOYTH paBHBIE 110 BEIMYMHE YACTH.

THYeCKOM 00O3HATEHIIN).
Yupaxuenus

8.2-1  JlokakmTe, UTO €CIIN MaCCHB COCTOUT W3 ONMHAKOBBIX BIeMEH-
TOB, TO BpeMmsi paboThl Mponenypsl QUICKSORT paBHO O(nlgn).

8.2-2  HycTk MaccuB OTCOPTUPOBAH B IopsAnke youIBanus. [lokaxuTe,
uTo BpeMs paGoThl npolenypsl QUICKSORT cocrasnser O(n?).

8.2-3 Kax mpaBuno, B 6aHkax 06pabaTHIBAIOT UeKHW B TOpANKe WX
HOCTYINIEHUSA; KJINEHTHl kKe NPelNouynTaloT, YToObl B OTUYéTe MmilaTexn
OBIIN yKa3aHbl B TIOpANKe HOMEPOB UeKOB. Bramenen 4eKoBOU KHUKKN
0OBIYHO BBINMUCHIBAET YeKU NONPSAI, a MOJIyYaTell YeKOB TpelbaBIsSIOT
nx B 6aHK BCKOpe MOcie BBRIMUCHLIBAHUS. TakuMm o6pa3oM, HOPSIIOK HO-
MepoB HapyllaeTcs HesHaunTenbHo. ClienoBaTeNbHO, DaHKy TpebGyeTcs
OTCOPTUPOBATH MOYTH OTCOPTUPOBAHHBIH MaccuB. OObsicHUTE, TOUEMY
COPTUPOBKA BCTaBKaMUl B TaKUX cliyyasx paborTaeT OblcTpee, YeM Obl-
cTpas COpTUPOBKA.

8.2-4  HycTh pa3buenns Ha KakKIoM IIare TPON3BOAITCA B OTHOIIEHAN
a:l—a,tne 0 < a < 1/2. lokaxnre, 4To MUHEMaJIbHas TIIyOHHA JIH-
CTa Ha IepeBe PeKypCHun npuMepHo paBHa — lgn/lg a, a MakcumaabHas
npumepro paBua — lgn/lg(1l — «). (He 3a6orhTech 06 okpyriennn.)

8.2-5*  JlokaxuTe, 4To mist 1to6oro unciaa « B naTepBate 0 < o < 1/2
BEPOATHOCTH TOrO, YTO pa3dbueHne ciayyvaitHoro MaccuBa OymeT cbasan-
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CUpPOBaHO He XykKe, 9eM « : 1 — o, mpumMepno paBHa 1 — 2«.. Hpu xakom
3HAUYEHUN (v BEPOSTHOCTH 3TOr0O COOBITHS paBHa 1/27

8.3 BeposTHOCTHBIE AJITOPUTMBI GLICTPON COPTUPOBKU

Hanee MBI NpPeNIONONKUIE, YTO BCe MEPECTAHOBKY BXOMHBIX 3HAUEHU i
paBHOBepOsiTHBI. Eciau 5To Tak, a pazMep MacCuBa NOCTATOYHO BEIUK,
OBICTPas COPTUPOBKA — ofuH u3 Haubosiee 3hHEeK TUBHBIX aJITOPUTMOB.
Ha mpakTuke, onHako, 5To Ipennookenne (paBHON BEPOSTHOCTH BCEX
nepecTaHOBOK Ha BXOZe) He BCerza ompaBnano (cum. ymp. 8.2-3). B sTom
pasmesie MBI BBeNEM TOHATHE BEPOSTHOCTHOIO aJrOPUTMA U PACCMO-
TPUM JIBa BEPOSTHOCTHBIX aJilOPUTMa OBICTPOl COPTUPOBKU, KOTOPHIE
MO3BONSIOT OTKA3AThCS OT MPENOJIOKEHS O PABHON BEPOS THOCTH BCEX
mepecTaHOBOK.

Wnest cocTouT B npuBHeceHUN CIy4YaliHOCTH, 0GeclieunBatoIeM HY K-
Hoe pacnpeneniedne. Hanpumep, mepen HavalloM COPTHPOBKH MOYXKHO
CIyYallHO TepecTaBUTh BIEMEHTHI, MOCe Yero yiKe Bce MepecTaHOBKU
CTaHYT PaBHOBEPOSTHBIMI (3TO MOXKHO crenaThb 3a Bpems O(n) — cu.
yup. 8.3-4). Takas Monupukanus He yBeJININBAET CYIIECTBEHHO BpeMs
paboThl, HO Teleph MaTeMaTHYeCKOe OXKUIlaHue BpeMeHUu pPaboTHI He
3aBHCHT OT TOPSIKa IeMEeHTOB BO BXOIHOM MaccuBe (OHI BCE PaBHO
CIYYaliHO TepecTaBisioOTCs).

AnropuTMm HasbiBaeTcs BepoaTHocTHEIM (randomized), ecam o mc-
NOJB3yeT reHepaTop ciaydauneix wucen (random-number generator). Mut
OyleM CuMTaTh, YTO reHepaTop ciydaiinbix unces RANDOM paGoraer
Tak: RANDOM (@, b) Bo3Bpalaer ¢ paBHOIl BepOSTHOCTBIO T060e Tesoe
anciao B nHTepBasie oT a mo b. Hampnmep, RANDOM(0, 1) Bo3BpaiaeT
0 unu 1 ¢ BeposTHOCTRIO 1/2. Hpu 5TOM pa3Hble BBI3OBBI MPOTENY PhI
He3aBUCUMbI B CMbIC/E Teopuu BeposTHocTell. MoOXHO cUuTaTh, 4TO
MBI KaKIBIi pa3 Gpocaem KocThb ¢ (b — ¢ 4+ 1) rpansMu um cooblaem
HOMep BbimaBiieil rpann. (Ha mpakTnke oOBIYHO MCHOMB3YIOT TreHepa-
TOp mcemocayyainex wmcen (pseudorandom-number generator) — me-
TEePMUHIPOBAHHLIA alrOPUTM, KOTOPEI BEIIAET YNCHa, ~nozodcue” Ha
ciydaitHbre. )

Hist Taxoro BepoOsSTHOCTHONO BapUaHTa aJilOpUTMa BapHaHTa Obl-
CTpOll COPTUPOBKN HeT “neydobuviz erxodos”: ynpaxkuenne 13.4-4 mo-
Ka3bIBaeT, 4TO MepPecTaHOBOK, IIPH KOTOPHIX BpeMst paboThl BEJIMKO, CO-
BCEM MAJIO0 — MO3TOMY BEPOSITHOCTH TOTO, UTO ajropuT™ OyneT pabo-
TaTh JONITO (II1s T060r0 KOHKPETHOTO BXOA) HEBENNKA.

AHanoruuHbI TONXOA TPUMEHHM W B NPYTUX CUTyallusX, KOrna B
XOJle BBINOJHEHUs aJITOpUTMa Mbl HOJKHBI BEIOpATh ONUH U3 MHOTHX
BapUAHTOB €ro MPONOJIKEHUs, TPUUYEM Mbl HE 3HAaeM, KaKue U3 HUX XOpo-
e, a Kakue miaoxue, HO 3HaeM, UTO XOPOIINX BAPUAHTOB HOCTATOUYHO
mHoro. HyHo TosbKo, 4T0ObI ni0oXie BIOOPH He pa3pyliaiu HOCTHUT-
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HYTOTO MPH NPEeIBIIYIINK XOPOMnX (Kak MBI BUIEIN B pasnerne 8.2, mis
anropnTMa GBICTPONl COPTUPOBKI 3TO TAK).

Bumecto Toro, 4Tobnl mpemBapuUTENLHO MepecTaBIsATEH HIeMEHTH
MacCcuBa, Mbl MOXKeM BHeCTH 3JieMeHT cliyvyallHocTu B Tpollenypy
PARTITION. UmenHo, mepen paszbuennem MmaccuBa Alp..r] Gymem me-
HITh 57eMeHT A[p] co cayualiHo BHIGpaAHHBIM 5JI€MEHTOM MAaCCHBA.
Torma Kaxnwlii »IeMeHT € PaBHON BePOSTHOCTHIO MOXKET OKa3aThCs
IpaHUYHBIM, U B CpefdHeM pa3bueHus OyIyT NOIYy4YaThCs HOCTATOYHO
cbalaHCUPOBaAHHBIMH.

HtoTr momxonm 3ameHnseT pa3oBYyIO CIYUIaliHyIO MepecTaHOBKY BXOMOB
B HayaJle WCIOJAb30BaHMeM CIyYallHbIX BbIOODOB Ha BCEM MPOTsKe-
HU paboTEl alropuTMa. B cylIHOCTH 3TO TO XKe camoe, W 06a ajro-
pUTMa HMEIT MaTeMaTH9eckoe oxnmnanne BpeMenn pabotsl O(nlgn),
HO HeQoJiblliMie TeXHUYecKue pazjiuyusd fefaloT aHalu3 HOBOI'O Bapu-
aHTa Tpollle, U UMEHHO OH OylleT paccMaTpuBaThcs B pasiene 8.4.

Wsmenenns, KOTOpble HYKHO BHECTH B MPOIENYPHI, COBCEM HeBETUKM:

RANDOMIZED-PARTITION(A, p, 1)

1 ¢+ RanpoMm(p,r)
2 nomensTh Alp] ¢+ A[f]
3 return PARTITION(A, p, )

B ocuoBuoll mponenype Tenephk OymeT HCHONB30BATHCI RANDOMIZED-
PARTITION BMecTo PARTITION:

RANDOMIZED-QUICKSORT (A, p, 1)

1 ifp<r

2 then ¢ < RANDOMIZED-PARTITION(A, p, )
3 RANDOMIZED-QUICKSORT (A4, p, q)

4 RANDOMIZED-QUICKSORT (4, ¢ + 1,7)

AHaIN30M HTOr0 aJIropuTMa MBI 3afiMEMCS B CIAENYIOIIEM pas3iere.
Yupaxuenus

8.3-1  Houemy mms BepoSTHOCTHOTO alTOPUTMAa BayKHO HE MaKCHMAab-
HOe BpeMsi pabOTHI (/s IaHHOTO BXONA), a MaTeMaTHIeCKoe OXKIIaHIe
5TOTO BpeMeHMH?!

8.3-2 CKOJIBKO pa3 0pu BBIIOJIHEHHH TpOnenypbl RANDOMIZED-
QUICKSORT MOXeT NpOUCXONuTh obpallleHue K TeHepaTopy Ciydail-
HbIX uncen RANDOM B xyainem ciyuae? WsmeHuTtcs Ju oTBeT IS
HAWMJIYULIero ciayyvas?

8.3-3* Heanu3syiiTe nponenypy RANDOM(a,b)7 NCTONB3ys OpocaHus
MOHETHI, T.e. NaTYUK, ¢ paBHONl BeposTHOCTbHIO Bhipatouuit 0 umaum 1.
KaxoBo mMaTeMaTnueckoe oXKuMaHue BpeMeHH pabOTHI Balllell mpole-
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IYpPBI?

8.3-4* HpunymaiiTe BEepOSTHOCTHYIO NPOIENYPY, KOTOpas 3a BpeMs
©(n) cayvaiineiM 06pa3oM TepecTaBisieT IeMeHThI BXOIHOTO MacCHBa

A[l..n].

8.4 AmnHaam3 GBICTPOI COPTUPOBKHU

B sTom paspene MbI mpeBpaTuM “unmyumuensie” cOOBpaKeHNS pas-
nena 8.2 B cTporoe paccyknenune. CHavyajia MBl pacCMOTPUM HaH-
Xynummit cayvail (paccyxmenns 6yIAyT OIWHAKOBBI U IS aJTOPHTMA
QUICKSORT, 1 mnst anropuTMa RANDOMIZED-QUICKSORT), a 3aTeM
Hafiném cpermree Bpems paboThl ajiropuTMa RANDOMIZED-QUICKSORT.

8.4.1 Amanu3 HaMXyAIIero cJydas

B pasnese 8.2 MbI Binenu, 4To ecin pa3bueHne Ha KaxkKIOM IIare Hau-
Gostee HecGanaHCHPOBaHO, TO BpeMs paGoThl cocTapiseT O (n?). UnTyn-
TUBHO SCHO, ITO YTO HAUXYIUINI (B CMBICITIe BpeMeHH paBGOTHI) CIydall.
Ceifdac MBI CTPOrO HOKAXKeM DTO.

Jlns mokasaTelmbcTBa TOro, 4To Bpems paBoThl cocTasnsier O(n?),
MBI HCHOJNB3yeM MeTon moucTaHoBKn (cM. paszm. 4.1). Hycts T(n) —
HanGoIblllee BpeMs: paGOTHL AlrOPHTMa s MaccuBa LauHbl n. Torma,
OYeBIIHO,

T(n) = max (T(q)+T(n—q))+6(n) (8.1)

- 1<g<n—1

(MBI paccMaTpuBaeM Bce BO3MOXKHBIE pasONeHNs Ha [epBOM Iare).
Hpennonoxum, uro T(¢) < c¢® nias HeKOTOpoil KOHCTAHTHI ¢ W [JIst
BCEX ¢, MEHLINX HeKoToporo n. Torma

T(n) < max (cg*+c(n—q)*)+0(n) = ¢« max (¢*+(n—q)*)+0(n).

Igggn—1 Igggn—1

Ksanpatuetii Tpéxunen ¢? 4+ (n — ¢)? nocturaer MakcmMyma Ha OT-
peske 1 < ¢ < n— 1 B ero koHnax (BTopas IPON3BONHAS 1O ¢ MOJO-
KUTeNbHa, MOYTOMY (DYHKIMS BBIIYKIa BHEU3, cM. yunp. 8.4-2). Hror
makcmmyM pasen 12 4 (n — 1)? = n? — 2(n — 1). OTciona nonydaem

T(n) < en? —2¢(n — 1) +O(n) < en?,

ecilil KOHCTAHTa ¢ BLIGpaHa Tak, ITOOBI MOCIENHee cllaraeMoe OBLIO
MeHblIle npennocientero. Tak, BpeMs paGOTHL B XyIIIeM CIydae CO-
crapiser O(n?).
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8.4.2 Awmanus cpeaHero BpeMeHM paboOTHI

Kak MBI yikKe Bumenu B paszmesie 8.2, ecyi pazOueHus IPOU3BOASTCS
TaK, YTO OTHOIIEHHe pa3MepoB dacTell OrpaHUdYeHo, TO TIJIyOMHA
nepeBa pekypcnu paBHa O(lgn), a Bpems paGorer — O(nlgn).
YTo6bI TOMYYNTH ONEHKY CpelHero BpeMeH:n paboThl aJrOpHTMa
RANDOMIZED-QUICKSORT, MBI CHauyaja [poaHaJU3npyeM paboTy
nponenypbl PARTITION, 3aTeM HOJIYYHM PeKyppeHTHOe COOTHOIICHHe
Ha cpemHee BpeMs pabGOThl U pelnM ero (MOMYyTHO MOJYYHB ONHY
NOJIE3HYIO OIEHKY ).

Anamu3 pasouenun

HanmoMuuM, 4To mepel TeM Kak B CTpoKe 3 mpolenypbl RANDOMIZED-
PARTITION BbI3BIBaeTCs mpotienypa PARTITION, snemMeHT A[p] mepecrta-
BIISIETCSI CO CIIyYaiiHo BLIOpAHHBIM BieMeHTOM MaccuBa Alp..r]|. Hus
IPOCTOTHl MBI OyIeM MpeinojiaraTh, YTO BCe YHUCIa B MacCHBe pas-
JUYHbI. XOTs OleHKa CPeIHero BpeMeHU COXPaHSeTcs I B TOM CIydae,
KOI'Jla B MacCHBe eCTh ONNHAKOBBIE DIIEMEHTHI, IONYYUThH ed CIoKHee,
I MBI DTOTO JeJaTh He OymeM.

Hpexme Bcero, 3aMeTuM, 4TO 3HAYEHUE ¢, KOTOPOE BO3BPATHT IIPO-
nenypa PARTITION, 3aBUCHT TOJLKO OT TOIO, CKOJIBKO B MacCHBe Hile-
MEeHTOB, He Gombimx @ = A[p] (4nmcao Takmx 51eMeHTOB MBI Gymem
Ha3bIBaTh panrom (rank) smemenTa z m o6osHavaTh rank(z)). Ecmn
n=r—p-+ 1 — dnciio »IEeMEHTOB B MaccuBe, TO, MOCKOJILKY BCe Hile-
MEHTHI HMEIOT paBHBIE IIAHCH MOMACTh Ha MecTo A[p|, Bce 3HaueHUs
rank(z), ot 1 mo n, paBHOBepOSTHBI (HIMEIOT BepOSTHOCTH 1/n).

Ecnn rank(z) > 1, To, Kak /erko BUIeTh, pH pa3bueHnn neBas 1acTh
6yneT comepkaThb rank(z) — 1 smeMeHTOB — B Hell OKaXKyTCs BCe Hiie-
MEeHTHI, MeHbllne z. Ecnu xe rank(z) = 1, To neBas wacThb Gymer co-
IepKaTh ONNH BJeMeHT (MOocie MepBOro JKe BBINOTHEHNS NHKIa OyneT
i = j = p). OTciona cienyeT, 9TO ¢ BePOSTHOCTHIO 1/n eBas 4acTh
Gyner comepkaTh 2,3,...,n — | 5JeMeHTOB, a ¢ BePOSTHOCTHIO 2/1n —
OIMH BJIeMEHT.

HexyppeHTHOe COOTHOIICHNe IJIS CPEXHETO BpeMeHU PaboTEI

O6o3HaunM cpemHee BpeMs paboTHl ajropuT™Ma RANDOMIZED-
QUICKSORT miisi MaccuBa u3 n siaemMeHToB vepes T'(n). ScHo, uro
T(1) = ©(1). Bpemst paboThl COCTONT 13 BpeMeHH pabOTHI MPOTEIY Phl
PARTITION, KOTOpOe cocTaBiseT ©(n), m BpeMeHH pabOTHI I IBYX
MaCCUBOB pa3Mepa ¢ U n— ¢, IPUUEM ¢ ¢ BEPOSTHOCTBIO 2 /1 IpUHIMaeT



Anaaus 6sicmpoti copmuposKu 159

3HaveHne | u ¢ BepoATHOCTHIO 1/n — 3Hauenus 2,...,n — 1. Hosromy
1 n—1
Ty = — | )+ T(n = 1)+ 3 (1) + 70— ) | +0() (32

g=1

(cmaraemoe, cooTBeTcTByMOIIee ¢ = 1, BxonnT nBazxkmer). Hockombky

T(1) =0(1) u T(n) = O(n?), nmeem

L)+ T(n 1)) =~ (6(1) + O(n?)) = O(n).

Hostomy caaraemsie T'(1) u T'(n — 1) B nepsoit ckobke (8.2) MOXKHO
BKII04UTH B O(n). C y4éToM 5TOro HOIydaeM

n—1
1
==Y (T(g)+T(n—q)+O(n). (8.3)
n =
HockonbKy Kaxoe cliaraeMoe T(k)7 roe k=1,...,n— 1, BcTpeuaercs

B CyMMe NBaXKIbI, eé MOXKHO IepenncaTb Tak:

n—1

==Y Tk (8.4)

k=1

§|w

Heurenue peKyppeHTHOTO COOTHOIICHMS

CooTHotrerne (8.4) MOKHO PeIlInTh, NCIOIB3YS METOI MOICTAHOBKIN.
Hpenmonoxnm, ato 1T (n) < anlgn + b, rne kouctanter a > 0w b > 0
MOKa HEM3BECTHDI, I MOMBITAEMCS MOKa3aTh 5T Mo nHayknnn. Hpn n =
1 5T0 BepHO, ecnu B3ATH NOCTATOUHO Gonbinne ¢ u b. Hpuw n > 1 nmeem

n—1

T(n) ==Y T(k)+ O(n)

SR

n—1
%Z(ak lgk 4 b) + ©(n)
k=1

n—1
2 2
= 2N klgk + (0 - 1) + O(n).
n — n

I

Huxe mur IIOKazKeM, 4TO IIepByKO CYMMY MOZKHO OLEHUTHb TakK:

1
Zklgk nlgn 8n2. (8.5)
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Ncmonb3ys 5T0, HOIyYnM

n \ 2 &
<anlgn — %n—l—Qb—l—@(n)

T(n) < 2a (ln2 lgn — lnz) + 2—b(n —1)+0(n)
n

=anlgn+b+ (@(n)—l—b—%n) <anlgn+b,

ecsin BLIOpATh @ Tak, 4To6bI 41 6bLI0 GosbIe ©(n)+b. CrnenoBarenbHo,

cpentee BpeMs paboTsl ecTh O(nlgn).

I[OKa3aTeJ'II:CTBO OIICHKU! AJIA CYMMBEL

Ocrainocs nokasars onenky (8.5). Hockonbky kaxknoe cnaraemoe me
IpeBLIIIAET 7 lg n, HonydyaeM ONeHKY

> klgk < n*lgn.

s mammx meseil oHa He TOAXOOUT — HaM HeoGXommMa Gosee TOUHAS
onenka $n?lgn — Q(n?).

Ecnn B mpenbiayiiell oleHke 3aMeHsTh aullib 1g k Ha lg n, ocTraBuB k
B HEMPUKOCHOBEHHOCTH, MONYUNM OTEHKY

n— n—1

1 1
E:k@kg@nEZk:ﬁgg—l@ng§ﬁ@n.
= k=1

OcTanock NUlIb 3aMeTHTh, 4TO 3aMenss lg k na lg n, Mbl npubaBusiu
no kpaiimeil Mepe mo k - 1 K KayKIOMY CIaraeMoM TepBOi TOTOBHHBI
cymmbl (rne k < n/2), Bcero npumepno (n/2)%/2 = n?/8.

Honee ¢dopmanibaoO,

[n/2]-1

E:k@k_ }: klgk + }: klg k

k=[n/2]
Hpu k < [n/2] umeem lgk < 1g(n/2) =lgn — 1. Hooromy

n—1 [n/2]-1
> klgh < (Ign—1) }: k+lgn E: k
k=1 k=[n/2]
n—1 [n/2]-1
1 1/n n
< ln2 lgn — ln2

=2 8
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upu n > 2. Onenka (8.5) nokasama.

[Cremytoltinit mpocToil BHIBOI ONEHKH 715l CPEIHET0 BpeMeHH PaGoThI
BEpPOS THOCTHOTO AJITOPUTMa GBICTPOIl COPTUPOBKH (7151 HECKOIBKO IPY-
roro BapmanTa anroputma) npemtoxni JILA. JleBuH.

(1) Hynmem mpencTaBinsTh cebe COPTHPOBKY Tak: ecTh N KaMHell pas-
HOT'O Beca U JallleuHble Bechl MJist uX cpaBHerus. Mbr 6epém ciyuaiinbrii
KaMeHb U NeJUM BCIO Ky4y Ha TPHU YaCcTH: JIerde ero, TsKejee ero u OH
caM, mocite 4ero (peKypCHBHBIN BBI30B) COPTHPYEM IEpBYIO W BTOPYIO
JaCTH.

(2) Kax BbIOpaTh cnydaitubiii kamMenb? MoxkHO cumTaTh, ITO CHa-
Yajia BCEM KAaMHSM CIYYailHO MPHCBAMBAIOTCS PA3indHble paHrn (6y-
IeM CYNTaTh UX dnciaamu oT 1 no N), I B KadecTBe IpaHUIbI GepéTcs
KaMeHb MIHIMAJBHOTO PaHTa (M3 MOMIeKAINX COPTUPOBKE B NAHHBII
MoMeHT). (MoxHO TpoBepHUTh, 4TO 3TO PABHOCHITBHO HE3ABIHCHMbIM BbI-
OopaM KaMHell Ha KaxK/IOM IIare: Ha MEPBOM Iare KaK/IbI W3 KaMHeN
MOXKeT ObIThb BEIODAH C paBHOI BEpOSITHOCTbBIO, HOCIEe TAaKOro BIGOPa B
KaKIOll M3 IPYNI BCe KAMHN TaKKe PABHOBEPOSTHBI I T.II.)

(3) Takum ob6pazoM, KaKIbIll KaMeHb XapaKTepHu3yeTcs MBYMs qi-
cimamu oT 1 10 N — THOpSIKOBBIM HOMeEPOM (B MOPSIKe BO3pACTaHUsS
BecoB) 1 panzom. COOTBETCTBIE MEXKIYy HOMEPAMN W PAHTaMIU Ol pele-
JisleT YMCIIO omepalllii B mpolecce cCOPTUPOBKH.

(4) Nnst kaKaeIx OBYX HOMEpOB ¢, j w3 {1,..., N} gepes p(1, j) o6Go-
3HAYUM BEPOSTHOCTH TOrO, 4TO KaMHE C 9TUMU HOMepaMu GYInyT CpaB-
HUBAThCS NpyT ¢ npyrom. Hampumep, p(i,i+ 1) = 1, nockombKy cocen-
HIe [0 Becy KaMHU NOJKHBI OBITH CpaAaBHEHBI 00S3aTelIbHO (CpaBHEHI S
¢ IPYTUMI KaMHSME UX He Pa3imdaloT).

(5) 3amerum, ato p(i,i¢ + 2) = 2/3. B camom nene, cpaBHeHHs He
OPOUBOHIET B TOM U TOIBKO TOM cliyyae, KOI'Ha U3 TpEX KaMHed ¢
HOMepaMh ¢, ¢ + 1 W ¢ + 2 KaMeHb ¢ + 1 WMeeT HaWMeHBIIWI paHT.
Amnanornuno, p(i,t + k) = 2/(k+ 1) (kamun ¢ HOMepamm ¢ u @ + k
cpaBHEUBAIOTCS, eciu cpenn k + 1 xkamueit 7,1+ 1,...,7+k onue u3 1Byx
KpaflHIX nMeeT HaUMEeHBIINH PaHT).

(6) MaTemaTnueckoe OKnmIaHme qnCIa CPaBHEHNN MOXKHO pa3buThb B
cymMmy Y m(7, j) OKUDaHU IHCHA CPABHEHNN MEKIY KaMHSIME ¢ HOMe-
pamu 7 u j. Ho mockonbKy mBa MaHHBIX KaMHS CPaBHUBAIOTCS He Goliee
onHoro pasa, m(t,j) = p(i,j). Taknm obpasom, momydaeMm TOTHOE BBI-
paKeHue IJis MaTeMaTUYecKoro OXKUIaHus 4UCia CpABHEHUI:

2
2 T

1<i<y<n

(7) I'pynnupyst B Toit cyMMe paBHbIe WIEHBl U BCIOMUHAS, 94TO 1 +
1/24+1/3+4+ ...+ 1/k = O(lgk), nonyuaem onenxy O(NIgN) nus
MaTeMaTHIeCKOTO OKIIAHIS BpeMeHI paGoTHl OBICTPOI COPTHPOBKIL.

Ananus obsertaercs TeM, ITO aJlTOPHTM pa3bueHns (Ha TPH 1acTH)
Gonee cummerpuder. Heanmsanms Takoro crmocoba pasbHeHHs TaKike
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IpPOCTa: MAcCUB JENNTCS Ha YeThIpe yuIacTKa (mepednciseM X cieBa
HANPaBO): MeHBIIINe TPAHNUIbI, PAaBHBIE TPAHNIE, HEIPOCMOTPEHHBE N
GOIbIIIe TPAHUIID. ]

Yupaxuenus

8.4-1 JlokaxuTe, 4TO HamMeHbIee BpeMs pabOTHI GBICTPOIl COPTH-
poBku coctasuser Q(nlgn).

8.4-2  JlokaxuTe, uTo QpyHKnus ¢° + (n — ¢)? ma orpeske [1,n — 1]
IpHHIMaeT HambGoJsibllee 3HadYeHe B KOHIIAX OTpPe3Ka.

8.4-3  JlokakmTe, 4TO MaTeMaTHUECKOe OXKMIaHNE BpeMeHN paboThI
nporenypsl RANDOMIZED-QUICKSORT Ha m060M BXome ecTh Q(nlgn).

8.4-4 Ha mpakTuke BpeMs paboTHl  OLICTPOHl  COPTUPOBKH
MOXKHO YMEeHBIINTb, €CIN Ha 3aBeplIafolleM 5Tame (KOTga Mac-
CHB TOYTH OTCOPTUPOBAH) WNCHONB30BaTh COPTHPOBKY  BCTaB-
kamu. ChenaTh 5TO MOXKHO, HalpuMep, Tak: NyCTh NpoHeaypa
RANDOMIZED-QUICKSORT (A, p, r) HIUero e mnenaet, ecnn r—p+1 < k
(T.e. cOpTUpyeMbIil MacCUB COmEPKUT MeHbIne k smemernToB). Hocre
OKOHYaHNs PEKYyPCUBHBIX BbI30BOB MOJYUMBLINICS MaccuB COPTHPY-
ercs ¢ MOMOIIBLI0 COPTUPOBKN BeTaBKaMmu. JloKaKuTe, 4YTO MaTeMa-
THYecKoe OXNOaHie BpeMeHH paBoThl TaKoro ajropuTMa COCTaBlseT
O(nk + nlg(n/k)). Kax 65t Bul crann Beibupats qncio k7

8.4-5* [lokaxKuTe paBeHCTBO

1 1
/xlnxdw: —2’lnz — =22
2 4

BoiBenure orciona (HCnonb3ys MeTON CpaBHEHNUs ¢ HHTerpaiom) Goiee
cutbnyio (B cpauenuu ¢ (8.5)) onenky mis cymmnr Y op_, klg k.

8.4-6* Haccmorpuum cIeny oy o MOIUMUKAIUIO npouenypbl
RANDOMIZED-PARTITION: cayJaliHbIM 06pa3oM BLIGHPAIOTCS Tpu
3/leMeHTa MacCHBa M B KauyecTBe I'PAHMYHOrO 3jieMeHTa OepéTcs cpel-
HUI 1O BeJinvuuHe U3 BRIOPaAHHBIX TPéx Kamueil. OueHuTe BEpOSTHOCTH
TOrO, YTO NPU 3TOM pazbuenue Oyner cOallaHCUPOBAHO He XyikKe, yeM
a:l—a.

Jamgaun

8-1 HpaBWILHOCTH MPOIEAYPHI pa3OueHus
HokaxuTe, uTo mponenypa PARTITION paboTaeT mpaBuibHO. s
ATOTO MNOKAXKUTe Clenyiollee:
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a. B mpornecce paGoTHl Mpolenypsl WHIEKCH i 1 j He BBIXOOAT 32
npenensl oTpeska [p..r].

6. B MoMeHT OKOHUaHHs pabOTHI IPONENY Pbl HHIEKC j He MOXKeT GbITh
paBeH r (T.e. 06e yacTl pa3GUeHUs HEMYCTHI).

B. B MOMeHT OKOHUYaHIUS paGOTHI MPOTENY PBI 0G0 SIIEMEHT MacCHBa
Alp..Jj] He Gonblie no6oro snemenTa MaccuBa A[j+ 1..7].

8-2 Agropurm JlomyTo mis pa3oueHus

BapuauT nponenypst PARTITION, KOTOPbIil MbI cefiuac paccMOTPUM,
npuragnexknt H. Jlomyro (N. Lomuto). B mpomecce paGoTbr cTpo-
satest Kycku Alp..i] m Afi + 1..J], npuuém sjeMeHTHl MEepBOro KycKa
He Gonbine @ = A[r], a 5JleMeHTEl BTOPOTO Kycka — GOJblie .

LoMUTO-PARTITION(A, p, )
z — Alr]
te—p—1
for j«—ptor
do if A[j] <«
then 7 «— 2+ 1
nomeHsTh Ali] <> A[f]
ifi<r
then return ¢

WO 00 ~1 O Tk W N~

else return z — 1

a. Hokaxnte, uTo mpornenypa LOMUTO-PARTITION paboTaeT mpa-
BUJIBHO.

6. Ckonbko pa3 mpouenypbl PARTITION u LOMUTO-PARTITION mo-
IyT MepeMelIaTh ONNH I TOT ke 3aeMeHT! (YKaxuTe HanbobIINe 3Ha-
YeHNs. )

B. HokaxuTte, uTo nmporuenypa LOMUTO-PARTITION, Kak ¥ NpoIlie-
nypa PARTITION, Tpe6yeT Bpemenu ©(n), rue n — 9HCIO 57I€MEHTOB B
MacCHBe.

r. 3aMeHuM B TekcTe nponenypbl QUICKSORT npotienypy PARTITION
Ha LOMUTO-PARTITION. Kak n3MeHuTCS BpeMs OBICTPOI COPTUPOBKH
JUISL MacCUBa, BCE BJIEMEHTHI KOTOPOI'o paBHBI?

n. Haccmorpum mpomnenypy RANDOMIZED-LOMUTO-PARTITION,
KoTopast MeHseT A[r] co ciydaiiHO BHIOpaAHHBIM 3IT€MEHTOM MaCCHBA
U 3aTeM BBEI3BEIBaeT Tpolenypy LOMUTO-PARTITION. [lokaxXnTe,
9TO BeposATHOCTL TOTO, UYTO Tpolenypa RANDOMIZED-LOMUTO-
PARTITION BepHET 3HaUeHUE ¢, paBHA BEPOSTHOCTH TOTO, YTO MPOIe-
nypa RANDOMIZED-PARTITION BepHET 3HaUeHnune p+ r — q.

8-3 CopTupoBKa mo YacTAM

Hpodeccop npemiokun ciaenyomni "npodeunymoii” alropuTM Cop-

TUPOBKI:
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STOOGE-SORT(A, 1, j)

1 if A[i] > A[j]

2 then momernsTh Aft] ¢ A[j]

3 Wit

4 then return

5 ke |(j—i+1)/3] > OKpyrileHne ¢ HeIOCTATKOM.
6 STOOGE-SORT(A,7,j— k) > Hepsre nBe TpeTn.

7 STOOGE-SORT(A,i+ k,j) > Hocnennme nBe Tpern.

8 STOOGE-SORT(A,i,j— k) > OnsTh mepBble 1Be TPETH.

a. lokaxuTe, uTo nporenypa STOOGE-SORT neficTBUTEIbHO COPTH-
pyeT Maccus.

6. HafinuTe pekyppeHTHOE COOTHOIEHNE NI HaWOOILIIero BpeMeHn
paboThl nponenypbl STOOGE-SORT U MONYYHTE U3 HEro ONEHKY DTOro
BpeMeHH.

B. CpaBHuTe HauGoJibliiiee BpeMst paboThl MPoOlenypbl STOOGE-SORT
¢ HamGOJIBIIINM BpeMeHeM ISl IPYTUX BapUaHTOB COPTHPOBKN (BCTaB-
KaMIl, CIIMSHIEeM, ¢ TTOMOIIBIO Ky4n i GbICTpoil copTupoBkn). CTonT man
IpOIIeBaTh KOHTPaKT ¢ npodeccopom?

8-4 Hasmep cTexa mpu OBICTPOM COPTUPOBKE

Hponenypa QUICKSORT nBa pasa peKypCHBHO BBI3LIBaeT cels (s
7eBoil W [T TpaBoil YacTn). B meiicTBuTENbHOCTH GE3 BTOPOTO PEKY p-
CHBHOTO BBHI30Ba MOXKHO OOOMTINCH, 3aMEHNB €ro MNKIOM (MMEeHHO Tak
XOpOLINe KOMIUISTOPHE 00padaThIBalOT CUTYANNO, KOTOa MOCHeTHNM
OlepaTOPOM NPOUENYPHl ABIAeTCS PEKYPCUBHBIN BBI30B; IJIA TaKOW Ch-
Tyalnn ecTh TepMuH tail recursion):

QUICKSORT' (A, p, 1)

1 while p < r

2 do > HazbuTh m 0TCOPTUPOBATEH JEBYIO YACTh.
3 q < PARTITION(A, p,r)

4 QUICKSORT'(A, p, q)

5 pe—qg+1

a. Hokaxute, 9To nmpounenypa QUICKSORT' meficTBUTENLHO COPTH-
pyeT MaccuB.

Kax mpaBmio, KOMOHUIATOPHEI pEAn3yioT PEKYyPCHIo ¢ TOMOIILIO
cTeKa, TJe XPAHATCA KOMNN JOKAThHBIX TTePEeMEeHHBIX [T KayKIoTO pe-
KYPCUBHOTO BEI30Ba. Bepiiinia cTeka comepXnT WHGOPMAIHIO, OTHOCS-
IIyTocs K TEKYIIEeMY BBI30BY; KOTMIa OH 3aBepIIaeTcs, NHPOPMATIHS y/I1a-
AseTcA W3 cTeka. B HalleM ciydae MU KaXKIOTO PEKYPCHBHOTO BHIZ0OBA
JOKaJbHEIE epeMeHHbe 3aHnMaloT 06béM O (1), Tak 9T0 HeOOXOI M MBI
pasmep creka (stack depth) mpomopunonanen riy6use pexypcui.

6. Hokaxnre, 4T0 B HEKOTOPHIX cllydyasx mpolenypa QUICKSORT’
TpebyeT cTeka pasMepa ©(n).
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B. 3mennte nponenypy QUICKSORT' Tak, 9To0Obl 0OBEM CTeKa He
npessiian O(lgn) (coxpamuss onenky ©(nlgn) nns cpenmero BpeMennu
paboTHI).

8-5 Hasbuenue ¢ TOMOIIBLI MeAUAHBI TPEX 3JIEMEHTOB

Haboty muporenypsr RANDOMIZED-QUICKSORT MOXHO YCKOPUTH,
BBIGHpas IPAHUYHBIN 3ieMeHT s pa3buenus Gosee TimaTenbuo. Onun
I3 paclpoCTPaHEHHBIX MOIXONOB — 5TO MeToX MeaumaHsl Tpéx (median-
of-3 method): B kagecTBe rpaHNTHOTO H/IEMEHTA NCIONB3YETCS CPeIHTIT
U3 TpEX ciydaliHO BBIGDAHHBIX 3IeMeHTOB MaccuBa. Mbl Gynem mper-
noJlaraTh, ITO BCE BIIEMEHTHI BXOmHOTO MaccuBa A[l..n] pasnudaubl n
n > 3. Yepes A’[1..n] 6ynem 06o3HaUaThH OTCOPTUPOBAHHBIN MACCHB
(koTopslit Mpr 1 XoTuM monyunTh). Hycers p; = P{a = A'[i]}, rne @ —
TPAHWYHBIN 3J€eMeHT, BEIOPAHHBIN OMUCAHHBIM BHIIIE CITOCOOOM.

a. Bripasure BepositHOCTB p; (mns ¢ = 2,3,...,n — 1) wepe3 i u n
(3ameTbTe, 9TO P = P, = 0).

6. Hackonbko BeposTHOCTH BRIGpaTh cpemumit simement (A'[|(n +
1)/2]]) Goabiue, wem npn obbraHOM cityuaiinom BeiGope? K gemy cTpe-
MUTCs OTHOIIEHUE HTUX BeposTHOCTel npu n — oo?

B. Hynem HasbiBaTh pasGueHue ¢ IDaHUYHBIM 3JIEMEHTOM I ~2opo-
wun”, ecnin & = A'[i], rme n/3 < i < 2n/3. Hackoiabko BeposTHOCTD
"ropowezo” pa3bumenus GoNbIle, YeM PN OOLIYHOM CHIYYailHOM BBI-
Gope? (YKaszaHme: IpH BHIYNCIEHNUSX ONEHHTE CYMMY HHTErPAJIOM.)

r. Hlokaxkurte, 4TO UCHOIB30BaHE MeTONA MelUaHbl TPEX COXpaHseT
onenky §2(nlgn) nns Bpemenu paGoThl GBICT POl COPTHPOBKN (1 BIMSAET
JWIIH Ha KOHCTAHTY Tepen nlgn).

JameyaHug

Anroputm GBICTpPOil copTupoBKN npnHamIekuT Xoapy [98]. B cra-
The CemkBuka [174] o6cyKoalOTCs meTann pealn3anun GLICTPOil cop-
THUPOBKW W UX BAUSHIE HA BpeMs paboThl. BeposTHOCTHEIE aliTOPUTME
IUTSL pA3HBIX 3a7lad PAcCMAaTpPUBAlOTCS B cTaThe Habuna [165].



9 CopTupoBKa 3a JIMHeITHOe BpeMs

Mger mosHaxoMunnch ¢ pa3siuIHBIMI AJITOPUTMAMI, KOTOPLIE MOTYT OT-
COpTUPOBATH 1 uncen 3a Bpems O(nlgn). AnIropuTMbl COPTHPOBKN CITH-
sameM (merge sort) n copTupoBKn ¢ nomomibio kyan (heap sort) paGo-
TalOT 33 TaKoe BpeMd B XylIlleM cliydae, a y aJropuTma OblcTpoil cop-
THPOBKI TaKOBBIM sIBIsieTCst cpenHee BpeMs paborsl. Onenka O(nlgn)
TOUHA: IS KaXkKIOro U3 3TUX aJrOpuTMOB MOXKHO NpedbiBUThL MOCHe-
TOBATENBHOCTH M3 1 9HCelT, BpeMsi 06paboTKn KoTopoil 6yneT 2(nlgn).

Bee ynoMsuyTbLIe alTOpUTMEI TPOBOMSAT COPTHUPOBKY, OCHOBLIBASACH
UCKJIIOYNTENIbHO Ha TOMapHbIX CPaBHEHUAX 3JIeMEeHTOB, MO3TOMY WX
MHOT/Ia Ha3BIBAIOT COPTHpOBKAaMu cpaBHeHmeM (comparison sort). B pas-
nesie 9.1 MBI TOKaxkeM, YTO BCAKUN aJropuTM TaKoro THlla COPTUPYeT
7 5JIeMeHTOB 3a BpeMs He MeHblne §2(nlgn) B xynuiem cayqae. Tewm ca-
MBIM QJTOPUTMbI COPTUPOBKU CHUSHUEM U C MOMOLIBIO KY49U acUMIOTO-
THYECKN ONTUMaJbHBI: HE CYLIECTBYeT allOpUTMa COPTUPOBKU CpaB-
HeHUeM, KOTOPbI NpeBOCXoAuil Obl YKa3aHHble aJlOpuTMbl Gonee, yeM
B KOHEYHOe YUCJIO pas.

B pasmenax 9.2, 9.3 m 9.4 MbI paccMaTpuBaeM TPH aJTOPUTMa COpP-
THPOBKN (COPTMPOBKA MOACIETOM, ITHGPOBAs COPTUPOBKA Il COPTUPOBKA
BEIYEpIBIBaHNEM ), pabOTAIONINX 3a NnHeliHoe BpeMs. HaszymeeTcs, onn
YAy IUIloT oneHKy §2(nlgn) 3a c4éT TOro, YTO NCMONB3YIOT HE TOIBKO
nonapHble CpaBHeHUs, HO M BHYTPEHHIOI CTPYKTYPY COPTUPYEMBbIX
0OBEKTOB.

9.1 Hwmxuue ONEHKUN AJIA COPTUPOBKHU

T'oBopsAT, 9TO aNTOPUTM COPTUPOBKHU OCHOBAH HA CPABHEHUIX, €CIN
OH HUKAK He MCIOJIb3yeT BHYTPEHHIO CTPYKTYPY COPTUPYEMBIX 3Jie-
MEHTOB, & JUIIb CPaBHUBaET UX U TOCIe HEKOTOPOro YUC/a CpaBHeHUN
BBIIAET OTBET (YKa3bIBAIOLINI NCTHHHBI TOPSIOK 21eMeHToB). Tak Mbl
NPpUXOAUM K MOMENU aJi'OPUTMOB COPTUPOBKU, Ha3blBaeMOll paspella-
IOLIUMY JepeBbAMMU.
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Pucynok 9.1 Hasperramolriee mepeso s ajaropmTMa COPTHPOBKH BCTaBKaMM, 00-
PpabaTHIBAIOITIETO TTOCIENOBATEIFHOCTE M3 TPEX 31eMeHTOB. Hockombky umcito mepe-
CTAHOBOK M3 TPEX djleMeHTOB paBHo 3! = 6, y mepeBa HO/KHO OBITH He MeHee 6
JINCTHEB.

Haspemarwurume gepeBbs

Hauném c mpumepa: Ha puc. 9.1 m3obpaxkeHo paspemiampiiee AepeBo
(decision tree), cooTBeTCTBYOIIIEE COPTUPOBKE MOCIEOBATEILHOCTH 13
TPEX DIIEMEHTOB € OMOIIIBIO AATOPUTMa COPTHPOBKN BCTaABKAMU U3 Pa3-
nema 1.1.

HycTh Temeph MLI cCOPTUPYEM N DIIEMEHTOB a1, . . ., G,. Kaxnas BHY-
TpeHHss BepIliMHA pPa3pellalolnero nepeBa COOTBETCTBYET ONepaInn
cpaBHeHNs M cHaOKeHa IOMeTKOW BHIa d; : dj, yKasblBalolleil, Kakue
sreMeHTH Hano cpaBHUTH (1 < 7,7 < n). Kaxnsii auct paspemaio-
1iero nepeBa cHabxken nomerkoit (m(1), 7(2),...,7(n)), rme ®# — mepe-
CTAHOBKa 1 57IeMeHTOB (cM. pasm. 6.1 mo moBomy mepecTaHoBOK). s
HONYUeHNS HIKHAX OTIEHOK MBI MOXKEM OTPaHUuINThCA CIyIaeM pasiind-
HLIX 2JIEMEeHTOB, TOTHAa Pe3yIbTAaTOM COPTUPOBKH 6yHeT TepecTaHOBKA
27IeMeHTOB B TOPSIKe BO3pacTaHU.

OnuiiieM, Kakoil ajirOpUTM COPTUPOBKH COOTBETCTBYET HAHHOMY pas-
peraioiieMy nepeBy. Hamo npofiTu Mo nepeBy OT KOpHS OO nucTa. BoI-
6op HampaBieHns (HAJIEBO WM HAIpaBo) mpomcxonnT Tak. HycTs B
BeplllnHe HalUcaHo a; : ;. Torna Hamo WATH HaleBO, eclu d; < dj, U
HalpaBO B MPOTUBHOM caydae. Ecnu B nucTe, B KOTOPLIH MLI B HTOTe
OPUXONUM, 3allcaHa TepecTaHOBKA 7T, TO PEe3yIbLTATOM COPTHPOBKN
CUNTAEM [OCIENOBATENBHOCTD (1), Un(2); - - - Ur(n);, KOTOPAS NOIIKHA
OBIThH HeyOBIBaIOIIIEl, €Cli AJITOPATM ITPaBUIEH.

Kaxnas u3 n! mepecTaHOBOK MOMKHA TOSBUTHCSA XOTSA GBI HAa OMHOM
JNCTe Pa3pelIaloNniero nepesa (MOCKOMbKY MPaBHIbHBIN AJITOPHTM [I0JI-
KeH MPeyCMaTPHBATh BCe BO3MOXKHBIE TOPSIKN).

Huxusaa OIICHKA JJIA XyAuIero cJjryvdas

Uuncmo cpaBHeHUll B XyAlIeM ciiydae OJis TaKoro allTOpHTMa paBHO
BbICOTE pa3pelllalolllero nepeBa — MaKCUMaJbHOW [JIUHE NYTH B 3TOM
JepeBe 0T KOpHs fo nucta. Crienyioiiias TeopeMa aeT HUAKHIOK OIeHKY
Ha 3TY BBICOTY.
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Teopema 9.1. Buicoma 06020 pazpewanwezo depesa, copmupyiowezo
n saemenmos, ecms Q(nlgn).

Llokazameavcmeo. HoCKONBKY Cpelnn JIUCTHEB pa3pelialoniero mepesa
IOJIZKHBL ObITH NpelNcTaBJeHbl Bce NepecTAHOBKU 7v 3JeMeHTOB, YUCIIO
sTuxX nucTheB He Mernee n!. Hockombky mBomumnoe mepeBo BBICOTHI A
umeeT He Gosee 2" nncrees, mmeem n! < 2%, Jlorapudmupys sTo He-
PaBEHCTBO MO OCHOBAHMIO 2 W TOIB3YsCh HepaBeHcTBOM n! > (n/e)”,
BeITeKaomM 13 popMynsr Ctupnuura (2.11), nomydaem, 910

h>nlgn—nlge=Q(nlgn),
U4TO U yTBEPKIAIOCh. O

Cnepcteue 9.2. AJITOPUTMBI COPTUPOBKHU CIUSHUEM U € MOMOIIBIO KYUH
ACUMIITOTHYECKN ONTUMAIbHBI.

Hoxazameavcmeo. Oun pabotator 3a Bpems O(nlgn); B cuny moka-
3aHHOI TeopeMbl, 3Ta OlleHKa aCUMITOTHYECKH HeyJyullaeMa. U

Yupaxuenus

9.1-1 KaxoBa HamMeHbIIasg BO3MOXKHas TAYOWHA JUCTa B pa3perraio-
[IeM [epeBe aJiropUTMa COPTUPOBKU?

9.1-2  /lokaxnTe acHMITOTHYECKH TOYHYIO omeHKy mist lg(n!) =
Y i lg k 6e3 popmynsr CTupianara, HCNONb3ys METONBL pasm. 3.2.

9.1-3 HokaxuTe, 9TO He CYIIECTBYeT alTOPATMa COPTUPOBKHI, OCHO-
BaHHOTO HA CPaBHEHUAX, KOTOPHIN padoTal OBl 3a JIMHeliHOe BpeMs IJid
TOTOBUHBI 13 N! BO3MOKHBIX BXOMHBIX MOCHENOBATENBLHOCTEH MITHHEBL 7.

Kaxk m3menunTcst 0TBeT, eciin B 9TOil 3amade 3amenuTsb 1/2 Ha 1/n? Ha
1/277

9.1-4 Hpodeccop pazpaboTall KOMIOBIOTEP, KOTOPHIH MONMepPXKUBACT
"mpoiinbie 6emeaenus”: TOCHE ONHOTO-eNUHCTBEHHOI'O CPABHEHUS @; :
a; ynpaBJjeHHe MoOXeT OBIThH IepelaHO B ONHO U3 TPEX MecT Mpo-
rpaMMbl, B 3aBUCUMOCTHU OT TOr0O, KAKO€ U3 COOTHOLIEHUH BBIMOJIHEHO:
a; < a;j, a; = a; win a; > a;. OH HameeTcs, 4TO Gnaronaps TaKuM
CpaBHEHUSAM COPTUPOBKY 1 3JIeMEHTOB MOXKHO NPOBECTH acCUMITOTH-
deckn OeicTpee, deMm 3a Bpems $2(nlgn). Hokaxute, uTo mpodeccop
3a0JTy KTaeTc.

9.1-5 HokaxuTe, 9TO sl CIUSHUSA IBYX OTCOPTHPOBAHHLIX MOCIENO-
BaTeJbHOCTell U3 7 3JeMeHTOB JOCTATOUYHO 21 — 1 cpaBHeHUil B XyllleM
cllydae.

9.1-6 HocnemoBaTeIbHOCTH W3 N BIEMEHTOB, KOTOPYIO HeOOGXOMUMO
OTCOPTUPOBATH, pa3buTa Ha yuacTKu mindbl k. Hpu atom soboit sie-
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MEeHT IepBOTO y9acTKa MeHbIIe JII060ro ieMeHTa BTOPOro n T. 1. (Tak
9TO OCTA@TCS NUIIB OTCOPTUPOBATH HEMEeHTH BHYTpH yuacTkoB). Ho-
KaXKITe, 9TO Takas COPTHPOBKa noTpebyer He MeHee §2(nlg k) cpaBHe-
HUll B XymmmeM ciydae. (YKa3aHne: HEIOCTATOYHO COCIATHCS HA HEOO-
XOnuMOCTh n/k pa3 cOpTHPOBATH YIACTOK MINHON K.)

9.2 CoprupoBKa MoACYETOM

AnroputM copruposku mogcuérom (counting sort) mpuMeHmM, eciu Ka-
KB 13 1 5IeMEeHTOB COPTUPYEMOll OCIeNOBATETBHOCTH — IeJI0e MO-
NOKUTeIbHOE YHCIO B W3BECTHOM AnallasoHe (He MpPeBOCXOMSIIee 3a-
patiee m3Bectnoro k). Ecin k = O(n), To anropuT™ copTUPOBKI HOI-
caéToMm paboraer 3a BpeMs O(n).

Wnes sToro anropuTma B TOM, 9TOGbL /15 KayKIOTO SIeMeHTa & Mpell-
BapUTENbHO MONCYNTATE, CKOIBKO 3IeMEHTOB BXONHOI MOCIEI0BATENb-
HOCTH MEHbIIIe &, [I0CJIe 9ero 3alliCaTh & HAIPSIMYIO B BEIXONHOI MaccuB
B COOTBETCTBHUI € HTUM YHCIOM (€CiIH, CKaxKeM, 17 51eMeHTOB BXOIHOIO
MacCHBa MeHbIIe &, TO B BEIXOMHOM MacCHBe & NOJIKeH ObITh 3alllCaH
Ha MecTo HOoMeD 18). Ecin B copTupyeMoli mocienoBaTelbHOCTH MOTYT
IPHCYTCTBOBATH PABHBIE THCIIA, HTY CXeMY HAIO ClerKa MONHQUIIDPO-
BaTb, 9TOOBL He 3alNCATh HECKOIBKO UHCEN Ha ONHO MeCTO.

B npuBonmMoM HIKe ICEBIOKONE HCIONB3YeTCs BCIOMOTATeNlbHbI
maccnB C[1..k] u3 k snemenrtos. Bxonnas mocienoBaTenbHOCTD 3allil-
cana B MaccuBe A[l..n], oTcopTupoBaHHAs NOCIENOBATEIBHOCTD 3alll-
ceiBaeTcs B maccuB B[l ..n].

COUNTING-SORT(A, B, k)

for 1+ 1 to k

do C[i]+ 0
for j « 1 to length[A]

do CTA]) LAY + 1
> C'[i] paBHO KOTUUYECTBY 3J€MEHTOB, PABHBIX {.
for 1+ 2to k

do C[i] + Cli]+ C[i — 1]
> C[i] paBHO KOITUYECTBY 3JeMEHTOB, He TPEBOCXOMSIINX i
for j < length[A] downto 1

do BICIAL < AL

ClA[]] «+ ClALTI -1

— O WO 00 =10 U W

—_ =

Habora anropuTMa COPTHPOBKHM INONCYETOM NIPOWLIIOCTPUPOBAHA
Ha puc. 9.2. Hocne wnnnnmanusanum (cTpokm 1-2) Mbl cHavala
nomertiaeM B C'[i] KOMMYeCTBO 5IeMeHTOB MaccuBa A, paBHBIX I
(cTpokn 3-4), a 3aTeM, HaXONs YACTHUIHBIE CYMMBI MOCIEOBATEIBLHO-
ctu C[1],C[2],...,C[k], — KonmdecTBO 5IeMEHTOB, He PEBOCXOMIS-
mmx ¢ (crpokn 6-7). Hakorern, B cTpokax 9-11 KaKIbIil 13 37€MeHTOB
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Pucynox 9.2 Ha6ora amropurma COUNTING-SORT, HPUMEHEHHOIO K MACCHBY
A[1..8], cocrosiiieMy U3 HaTypalbHBEIX 4HCel, He npesocxonsamux k = 6. (a) Mac-
cuB A m BcroMoraTelbHBIT MaccuB C' TOCHEe BHITIONHEHNS IWK/Ia B CTPOKax 3—4.
(6) Maccus C mnocne BBIOIHEHUs IUKJIa B cTpokax 6—7. (B—n) BrixomHoil maccus
B u Bcriomoratenbabiit Maccus C' TIOCITIe OHOTO, MBYX W TPEX MOBTOPEHNN ITUKJIA B
cTpokax 9-11. 3auepHéHHbIe KJIETKN COOTBETCTBYIOT 3JIeMEHTAM MACCHBA, 3HAYEHIS
KOTODEIM ellé He mpucBoeHsl. (e€) Maccug B mociie okoHUaHMS pabOTHL allfOPUTMA.

MaccuBa A TMoMelllaeTcs Ha HYyXKHOe MecTo B MaccuBe B. B camowm nene,
eclii BCe N DJIEMEHTOB Pa3JUuHbI, TO B OTCOPTHUPOBAHHOM MAaCCHBE
ancino A[j] momxkuo crosTh Ha MecTe HOMep C[A[j]], n6o mmenuo
CTOJILKO BIIEMeHTOB MaccuBa A He mpeBocxomsT A[j]; ecin B maccuse
A BCTpeualTCs TMOBTOPEHNUs, TO TOoCkie Kaxkmoi sammcu unciia A[f]
B maccuB B uncio C[A[j]] ymenbmiaeTcss Ha emmuuiny (cTpoka 11),
TaK UTO MpH CIenyollleil BCTpede ¢ d4ncioMm, paBHbiM A[j], ono Gymer
3aMUCAHO HAa OHHY MO3UIUIO JieBee.

Ouenum Bpems paboOTHl aJirOpUTMa COPTUPOBKE noncuéroM. Llukibr
B cTpokax 1-2 u 6-7 paborator 3a Bpems O(k), mukibl B cTpokax 3—4
n 10-11 — 3a Bpems O(n), a Bech aJITOPHTM, CTAJIO OLITH, paboTaeT 3a
BpeMs O(k + n). Ecin k = O(n), To Bpems paGoTst ecTsh O(n).

Hutst anropuTMa COPTUPOBKH TONCYETOM HUMKHSS OlleHKa pasmn. 9.1
— He HpensTCTBUe, MOCKOJIBKY OH He CPABHUBAeT COPTHPYeMble UHCIIa
MexKIy coboil, a UCHOJB3yeT UX B KauecTBe HHIEKCOB MacCHBa.

AJropuT™ COPTUPOBKH TOACUETOM 0OJafaeT BaXKHbIM CBOHCTBOM,
Ha3BIBaeMbIM ycTomamsocThio (it is stable). Wmenno, ecnim Bo BXOmHOM
MaCCHUBe MPUCYTCTBYET HECKOJIBKO PaBHBIX UHCEIN, TO B BBIXONHOM Mac-
CHBEe OHU CTOSIT B TOM XKe MOpsiiKe, YTo U Bo BxonHoM. HTo cBoiicTBO He
HMeeT CMbICHa, eClll B MaCCHBe 3alUCAHBl TOJIBKO YHCIa caMu 1o cebe,
HO ecili BMECTe C UYHCIaMU 3alUCaHbl NOMNOJHUTEIbHBIE NaHHBIE, 3TO
oKasbiBaeTcs BaxHbIM. Hosee Touno, npencraBum cebe, 4TO Mbl COPTH-
pyeMm He IpPOCTO Wncia, a mapsel (¢, z), roe ¢ — unciao ot 1 no k, a & —
MPOU3BONBHBIN OOBLEKT, I XOTUM MePecTABUTH UX TakK, 4TOOLI MepBbIe
KOMIIOHEHThI Tap 1IN B HeyObIBatolleM nopsinke. ONMucaHHbIl HaMU adl-
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TOPUTM IIO3BOJIAET 3TO COellaTh, HpI/I‘IéM OTHOCHTeJ/IbHOE PpacCIloJIoKeH!e
IIap € paBHBIMU II€PBbIMIA KOMIIOHEHTaMl He MeHsAeTCHd. Hro cBoiicTBO 11
Ha3bIBaeTCq yCTOfI‘IHBOCTI:IO. Mur yBIOUM B cllegyiollleM pa3nelie, Kak
OHO IIpuMeHsAeTCsd.

Yupaxuenus

9.2-1 Cnenys obpasuny puc. 9.2., nokaxure paboTy ajropurma
COUNTING-SORT mis ciaydas k=7u A= (7,1,3,1,2,4,5,7,2,4,3).

9.2-2  Hokaxute, uro asroputmM COUNTING-SORT sBisieTcs yCTOM-
YUBLIM.

9.2-3  3amenum cTpoky 9 amropurma COUNTING-SORT Ha Takylo:
9 for j «+ 1 to length[A]

HoxaxxnTe, 4To aaropuT™ ocTaércd npaBuibiniM. HyneT nu on ycToii-
yup?

9.2-4 HycTh Ha BLIXOme aJTOPUTMAa COPTUPOBKH HAHO HaNedaTaTh
3JleMeHTBl BXOHHOI MOC/eloBaTeIbHOCTU B OTCOPTUPOBAHHOM TIOPsIKE.
Monudpunupyiire anroputm COUNTING-SORT Takum 06pa3oM, 4TOOLI
OH JIeJIaJl HTO, He NCIONb3Ys MaccuBa B min MHBIX MaccuBoB (moMuMo A
n C'). (YkasaHme: CBsZKITe B CIUCKH BJIeMEHTHI MaccuBa A ¢ onmHako-
BBIM 3HAUEHNEM; I'Ie B3STh MeCTO IJIs XpaHeHUs yKa3aTelei?!).

9.2-5  Mamo n nenwnix uyncen ot 1 mo k. HaspaGoTaiiTe ajropuTm, Ko-
TOPBI TO/IBEPTaeT 3TU NaHHbLIe IpelBapUTeNbHON 06paboTke, a 3aTeM
3a BpeMst O(1) oTBedaer Ha M0G0 BOMpoc THna "cKOALKO wuces u3
dannoz2o nabopa aexcum mexncdy a u b?”. BpeMs Ha npenBapuTenbHyIo
06paboTKy noixuo 661Te O(n + k).

9.3 IIudpoBas copTupoBKa

AnropuTy mmdposoit copruposku (radix sort) nCnoab30BaCs B MAIIN-
HAX [IJIsl COPTHPOBKN MepdoKapT (cefivac Takme MaIMHBl MOXKHO HallTH
pasBe 4TO B My3esx). B KapTOHHBIX mepdoKapTax CHeNualbHBI mep-
dopatop npobuBan ALipku. B kaxnolt n3 80 KOMOHOK OLIIU MecTa I
12 mpAMOYTONBHBEIX NEIPOK. Boobire-To B OMHON KONOHKe MOXKHO OBIIO
IpoBUTH HECKOIBKO NBIPOK, UX KOMOUHAINS COOTBETCTBOBANIA CHMBOIY
(Tak 9TO Ha KapTe 6b1IO MecTO mist 80 cuMBOsOB), HO MHdPHL 0-9 KO-
IV pPOBaJNCh OAIUHOUHBIMU NIbIpKaMu B ¢Tpokax 0-9 cooTBeTcTBYyIOLLIEH
KOJIOHKH.

CopTupoBoUHOIl MallliHe YKa3bIBAIU CTOJIOEI, M0 KOTOPOMY HYKHO
IPOW3BECTH COPTHUPOBKY, W OHA PACKIaObIBalla KOJNONY HephoKapT Ha
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329 720 720 329
457 355 329 355
657 436 436 436
839 457 839 457
436 657 355 7 657
720 329 457 720
355 839 657 839
t t t

Pucynox 9.3 IlludpoBas copTUpoOBKa TOCITEMOBATENBFHOCTH W3 CEMU TPEX3HATHBIX
ancenr. Ha Bxon momatoTcs dmcia mepsoro crtonbdia. lamee mokasan mOpSimoK dmcemn
HOCTIE COPTHPOBKHU 110 TPETHEN, BTOPOI K HMepBoll mudpaM (BEPTUKAIBHEIE CTPENKN
YKa3BIBAIOT, 0 KaKoil Iudpe IPOM3BOANIACE COPTHPOBKA).

10 cTonok B 3aBUCUMOCTU OT TOrO, KaKasd u3 nbipok 09 Obina npobuta
B YKa3aHHOM CTOJOTE.

Kax oTcopTupoBaTh Konony mepdokapT ¢ MHOTO3HAUYHBIMEI IHCIAMNI
(pa3psii eIMHNI B OMHOM CTOJIOIE, NeCSTKOB — B MPeNbIIyIIeM I T.1.)7
HepBoe, 4To mpuxonuT B rofioBy, — HAaYaTh COPTUPOBKY CO CTaPIIIEro
paspsana. Hpu stom monyumTes 10 cTomok, KaXKOoyio U3 KOTOPLIX Ha
cIlenyIollleM Iare mMpuaércs pa3buBaTh Ha 10 cTONOK, W Tak maiee —
HONYYUTCA MHOTO CTOMOK TepoKapT, B KOTOPHIX JErKO 3alyTaThes
(em. ympaxuenne 9.3-5).

Kax uun cTpanno, oka3bIBaeTCsa yIobHee HAYaTh ¢ Maaduezo paspada,
pa3noxKuB Kojony Ha 10 cTOMOK B 3aBUCHMOCTH OT TOTO, T'lie TPOGUTO
oTrBepctre B “maadwen” cronbue. Homyuennwie 10 cTomok Hamo mnocie
ATOTO CNOXKWUTL B ONHY B TaKOM TOpsNKe: cHadana KapTwl ¢ 0, 3aTeM
kKapTel ¢ 1, m T.1n. HomyuuBiiyiocs Kosony BHOBEL paccopTupyeM Ha 10
CTOTIOK, HO ViK€ B COOTBETCTBUU C Pa3pAloM NecITKOB, CIOKUM TOIY-
YeHHbIe CTONKN B OMHY KOJIONY, W T..; eCliu Ha NepdokapTax OLIIN 3a-
HUCaHbl d-3HAYHBIE YHCIa, TO TOHAKOOUTCs d pa3 BOCIONIB30BATbCS COP-
TupoBoUHON Mammuol. Ha puc. 9.3 m3obpakeno, Kak OelicTBYeT HTOT
AITOPUTM, TPUMEHEHHBIN K CeMU TPEX3HATHBIM UHCIAM.

Baxuo, 9TOGEI anTOPUTM, ¢ TOMOIILIO KOTOPOTO TPONCXONUT COPTH-
POBKa TI0 MAHHOMY paspsiany, OB YCTONUWBLIM: KapTOUKH, ¥ KOTOPBLIX
B IaHHOW KOJOHKe CTOWT OfHA W Ta XKe Mudpa, NOIMKHLI BLINTH U3 COp-
TUPOBOYHON MAIIWHLI B TOH Ke TMOCHeNOBATEeNLHOCTH, B KOTOPOH OHU
Tyna momaBasnch (camo coboit, mpu ckianbiBarnn 10 CTONOK B OTHY
MEeHSTh TMOPSIOK KapT B CTONMKAX TOXKe He CIIeNyeT).

B xommbioTepax nudpoBas COPTHPOBKA WHOTMIA HWCIOIB3YETCS MIs
VIOpANoYeHns NaHHBIX, COMePKAIINX HeCKOMbKO ofell. HyeTh, Hampn-
Mep, HaM HaJo OTCOPTHPOBATEH MOCIENOBAaTeNbHOCTE naT. HTo MoxHO
cIeNnaTh ¢ MOMOIIBIO JI060TO AJTOPUTMa COPTUPOBKHN, CPABHUBAS HATHI
CIenyIoInM 06pa3oM: CPABHUTDL TOILI, €CHU TOOLI COBMANAIOT — CPaB-
HUTH MeCSIBl, eCN COBMANAIOT W MeCAllbl — CPaBHUTH unciia. BuecTo
ATOTO, OMHAKO, MOXKHO MPOCTO TPUKILI OTCOPTUPOBATL MACCUB HAT C
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TIOMOIIIBI0 YCTONYNBOTO aJATOPUTMa: CHavYaJaa MO JTHIM, TIOTOM IO Mecs-
IIaM, MTOTOM TIO TOfaM.

Hporpammy nas nudpoBoil COPTUPOBKH HANNCATE JIeTKo. MBI mpen-
moJjlaraeM, 4TO KaXKIbIll BJeMeHT n-3JIeMEeHTHOr0 MaccuBa A cOCTOHT
u3 d nudp, npnyeMm nudpa HoMep 1 — Mumammuil pa3psmn, a nudpa Ho-
mep d — cTapuinii.

RADIX-SORT(A, d)

1 fori—1ltod
2 do oTcopTupoBaTh MaccuB A yCTONYNBLIM
AJICOPUTMOM [0 3HAYCHHIO HH(GPLEL HOMED ¢

HpaBunbaocTh anroputma nudpoBoil cCOpTUPOBKHE TOKA3BIBA€TCS HH-
nykinueit o Homepy paspsima (cum. yup. 9.3-3). Bpems paGoThl 3aBHCHT
OT BpeMeHH pabOThI BHIOGPAHHOIO ycTOWuuBOro ajropurma. FKenu mnu-
($pbl MOTYT NpUHUMATH 3HaueHus oT 1 mo k, rme k He CHUIIKOM Be-
JINKO, TO OUeBUIHBIN BBIGOD — copTupoBKa noncuérom. [iis n uuncesn c
d suakamu ot 0 no k — 1 Kaxmbril npoxon 3annMaeT BpeMms O(n + k);
MOCKOJBbKY MbI HejiaeM d MpoXonoB, Bpemsi paboThl 1MudpoBoil copTu-
poBku paBHO O(dn + kd). Ecnn d moctosuuo n k = O(n), To nndposas
COPTUPOBKa paboTaeT 3a JuHeliHOe Bpems.

Hpu mudpoBoil copTupoBKe BasKHO MpaBUIbHO BBIOPATH OCHOBaHUE
CHCTEeMbI CUUCIEHUs, MOCKOIBLKY OT HEro 3aBUCHT pa3mep Tpebye-
MOl HOTMOJHUTENbHON MaMATH 1 BpeMs paboThl. KoHKpeTHEI TpuMep:
MyCTh HAJO OTCOPTUPOBATH MIILINOH 64-6uTHbIX uncen. Kenu pacema-
TPUBATH UX KaK YeThIPEX3HAUHBIE YUCIa B CHCTEME CUNCIEHUs ¢ OCHO-
BanneMm 2'6, To npu nmuppoBoit copTUpOBKe MBI CIpaBHMCS ¢ HEMHI 3a
YeThIpe Mpoxofa, Ucnoiib3ys B nponenype COUNTING-SORT maccuB B
pazmepom 26 (4To HeMHOro MO cpaBHEHUIO ¢ pazsMepoM COPTHUPYeMOro
maccnBa) HTo BHITOMHO OTANYaeTCs OT COPTUPOBKN CPaBHEHNEM, KOTIa
Ha KaxIoe ducio npuxonutcs mo lgn a2 20 onepanuii. K coxamnenuio,
nupoBas COPTUPOBKaA, OMUPAIOIIALCS HA COPTHPOBKY HOHNCUETOM, Tpe-
6yeT elé OMHOrO MaccmBa (TOro Ke pasmepa, 9TO W COPTUPYEMBII)
JUISL XpaHEeHUs TPOMEXYTOUHBIX Pe3ylbTaToB, B TO BpeMs KaK MHOT e
AJICOPUTMbI COPTUPOBKHU CpaBHeHUeM obxonstcs 6e3 storo. Hosromy,
eclii HAN0 BKOHOMUTE MaMsTh, AJITOPUTM OLICTPOH COPTUPOBKU MOXKET
0Ka3aThCs NPENNOUTHTElbHee.

Yupaxuenus

9.3-1 Cuenys obpasuy puc. 9.3, nokakuTe, Kak TPOUCXONUT 1udpo-
Basi copTupoBka (mo andasuty) anraniicknx caoB COW, DOG, SEA,
RUG, ROW, MOB, BOX, TAB, BAR, EAR, TAR, DIG, BIG, TEA,
NOW, FOX.
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9.3-2 Kaxme mu3 cJenyiollnX aJlrOPUTMOB COPTHPOBKH SABISIOTC
YCTONUUMBBIMU: COPTUPOBKA BCTaBKaMHU, COPTUPOBKA CIUSHUEM, COp-
TUPOBKA € MOMOIIIBIO Kyull, 6bicTpast copTupoBka? O6bsCHUTE, KAKIUM
crocoboM MOXKHO H0O0N alropuTM COPTHPOBKM NMPeBPaTUThH B yCTON-
quBblil. CKOJIBKO MpU 3TOM HOTPeByeTcs NOMOJHUTEIBLHOIO BPpEeMeH: I
maMsaTu?

9.3-3  JloKaKuWTe MO HHAYKINHT, 9TO alTOPUTM THMPOBOI COPTUPOBKN
npaBuiieH. I'7e B BallleM NOKa3aTelbCTBe UCMOAB3YETCs YCTOHUINBOCTh
AJICOPUTMa COPTUPOBKH 1udp?

9.3-4  OObscHuTEe, KaK pacCOpTUPOBATH 7 IEJbIX IOJOXKUTEIbHbIX
quces, He npepocxondiinx n?, 3a spems O(n).

9.3-5* HycTh MBI copTupyeM TepdoKapThl ¢ TOMOIIBIO COPTHPOBOU-
HOIl MAIIMHBI, HaunHas co cTapinero paspsna. CKOJIbBKO pa3 npuaércs
3alMyCTHTH MAIINHY (B Xy[OIIeM ciydae) IJis COPTHPOBKHN d-3HATHBIX
gyucen? Kakoe MakcuMalbHOE KOJMUYECTBO CTONOK KapT NPUIETCS Ofl-
HOBPEMEHHO XPAaHUTh MO XOny Hena?

9.4 CoprupoBKa BLIYEPIBLIBAHUEM

AnropuT™ copruposku seraépmeBanmem (bucket sort) paGoraer 3a mu-
HeiiHoe (cpemHee) BpeMms. Kak m copTmpoBKa MOACYETOM, COPTUPOBKA
BRIUEPILIBAHNEM TONUTCS He NS JTOOLIX HCXOMHLIX MAHHBIX: TOBOPS
O JuHeHOM CpelHeM BpeMeHH, MBI TpennojaraeM, 9To Ha BXOI TO-
naéTcs TOCHeoBATeNbHOCTE HE3ABUCUMBIX CIVUANHBIX YWCEN, PaBHO-
MEepHO paclpenenéHHbIX Ha mpoMexkyTke [0; 1) (ompenenenne paBHOMep-
HOTO pacIpeleseHns NaHo B pasi. 6.2).

[3aMeTnM, 9TO 5TOT AJITOPUTM — HeTePMUHIPOBAHHBI (HEe WCIOTb-
3yeT reHepaTopa CIIyUailHBIX YICeN); TOHSTHe CIYyJaliHOCTH BO3BHUKAET
JUIIb TPH aHAJM3e BpeMeHn ero paboThl.]

Nnest anropuTma COCTONT B TOM, 9TO MpoMexyTok [0;1) mennTcs Ha
N paBHBIX YacTell, Tociie 9eTo MIId 9ncell W3 KakKIOoH YacTH BRIAENIeTCs
cBoil sink-vyepmak (bucket), n n mommekaImx COpTHPOBKe WHCEN pac-
KITaObIBaloTCs 1O 3TuM simmkaM. Hockonbky umcia paBHOMEpPHO pac-
npenenensl Ha oTpeske [0; 1), cienyer 0XHIATh, ITO B KAXkKIOM SIIHKE
ux OymeT HeMHOTO. Temepb OTCOPTUpPYEM Uncia B KaKOOM AINKe IO
OTHEeNbHOCTH U MPONIEMCS O AIIWKAM B TOPSANKe BO3pACTAHUsI, BLIINU-
CLIBas MOMABINNE B KAXKMLIN W3 HAX UUCHa Takke B MOPSIKe BO3pacTa-
HUS.

Hynem cuutaTh, 4TO Ha BXOM MONAaeTCs N-3JIEMEHTHBIN MaccuB A,
npuuem 0 < Afi] < 1 must Beex i. Ucnonbsyercs Takike BCIIOMOTaTeNb-
ubiit Maccu B[0..n — 1], cocTosuii 3 CONCKOB, COOTBETCTBYOIINX
SIUKaM. AJICOPUTM UCIONb3yeT olepallui CO CIUCKaMi, KOTOPhIe OMu-
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Pucynox 9.4 Habora amropmrma BUCKET-SORT. (a) Ha Bxom mnoman wMaccus
A[1..10]. (6) Maccus cnmckos B[0..9] nocne sbimomsenus crpoku 5. Crmcok ¢
MHIEKCOM § CONEPKUT YHCIA, y KOTOPHIX IEPBBI 3HAK IIOCIE 3alsTON €CTb 1.
OTCOpTUPOBAHHEIN MacCHB MOJIYUNTCS, €CIM IHOCIENOBATENBHO BBHIINCATE CIHCKI

B[0],..., B[9)].

caHBI B pasm. 11.2.

BUCKET-SORT(A)
1 n « length[A]
for: — 1ton
do mo6aButh A[i] k cucky B[|nA[7]]]
fort—0ton—1
do oTcopTupoBaTh ciucok B[i] (COpTHpOBKa BCTaBKaMI)
coennunth cuuckn B[0], B[1],..., B[n — 1] (B yka3anHoM nopsmke)

O T W N

Ha pue. 9.4 nokazana paboTa 3TOTO aJroOpHTMa Ha MpUMepe MaccuBa
u3 10 uncen.

YTo6bl MOKa3aTh, YTO AJTOPUTM COPTHPOBKM BHIYEPIBIBAHIEM IIPa-
BIJIEH, paccMOTpuM nBa uncia Afi] u A[j]. Ecnu onn monanu B pasubie
AUINKH, TO MeHbIee U3 HIX MONAJ0 B SAIIMK ¢ MEHBIIUM HOMEPOM, 1
B BBIXOIHOI MTOCIENOBATEIBHOCTH OHO OKayKeTCs paHblile; eclin OHI Mo~
naju B ONUH ANIUK, TO TOCHE COPTUPOBKEU CONEPKUMOrO SIINKa MeHb-
Iee 4ncyio 6yaeT TakiKe MPediecTBOBATH GOIbIIEMY.

Hpoananusupyem BpeMms paboTbl ainroputma. Omepanum Bo Bcex
CTPOKax, KpoMe TsToil, Tpebyior (obiero) Bpemenn O(n). HpocmoTp
BCeX SIINMKOB Takke 3aHmMmaeT Bpems O(n). Taxmm obpazom, Ham
0CTadTCs TOMBKO OIEHNTH BpeMs COPTHPOBKH BCTaBKaMU BHY TP AL~
KOB.

Hycte B sitmmk B[i] nonano n; ducen (n; — ciydaiiHas BeIndnHA).
HockonbKy copTHpoBKa BCTaBKaMi paboTaeT 3a KBaApaTHdHOe BpeMs,
MaTeMaTHYeckoe OKUIaHne IINTeTbHOCTH COPTUPOBKI YNCes B SIINKe

nomep ¢ ectb O(M[n?]), a MaTeMaTHUIECKOE OKMIAHTE CYMMapHOTO Bpe-
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MeHI COPTUPOBKHN BO BCeX AlINKaX €CTb

S oM =0 (YoM (9.1

Haiiném ¢ynkummio pacunpenenenus ciaydaiiHbIX Beamdmd n;. Ho-
CKOJIBKY 4YHMC/la paclipeleleHbl paBHOMEPHO, a BeJUUNHBL BCeX OTPe3KOB
paBHBI, BepOSTHOCTL TOTO, YTO JaHHOe YHC/O MONaleT B AIINK HOMEep
i, paBHa 1/n. Ctano 6GbITh, MBI HAXOMUMCS B CHTYAINN TMpHMepa H3
pasm. 6.6.2 ¢ mrapaMu U ypHAMU: ¥ HAC 1 MIapOB-YUCes, N YPH-SIIHKOB,
I BepOSTHOCTL MONaaHis NaHHOTO IIapa B JaHHYIO YPHY paBHa p =
1/n. Hovromy dncia n; pacinpenenenbl GHHOMAILHO: BEPOATHOCTH TOIO,
ato n; = k, pasra CEpF(1 — p)*~%, MaTeMaTHIecKOe OXKINAHTE PABHO
M[n;] = np = 1, u nucnepcus pasua D[n;] =np(l —p)=1-1/n. U3
dopuymsr (6.30) nmeem:

M[n?] = D[ni] + M*[ni] = 2 — % —o(1).
Honcrasnss 51y omnenky B (9.1), monydaem, 4To MaTeMaTHIECKOe 0K~
IaHme CyMMapHOTO BpeMeHH COPTHUPOBKH BCeX SIUKOB ecTh O(n), Tak
4TO MaTeMaTn4deCKoe OXnidaHue BpeMeHUn pa60TbI aJIropnTMa CoOpTHu-
POBKHI BbI‘IéprIBaHI/IeM B CaMOM [eJie JUHENHO 3aBUCUT OT KOJINYeCTBa
quces.

Yupaxuenus

9.4-1 Crenys o6pasiy puc. 9.4, nokaxure, Kak paboTaeT aljiro-
putM BUCKET-SORT mas maccuBa A = (0.79,0.13,0.16,0.64,0.39,
0.20,0.89,0.53,0.71,0.42).

9.4-2 KakoBo BpeMsi paBGOTHI alropuTMa COPTHPOBKI BLIUEPILIBAHN-
eM B xynmem ciaydae? HpmmywmaliTe ero mpocTyio MomuduKanuio, co-
XpaHAOIIYIO JINHeliHOe cpelHee BpeMs paboThI 1 CHIDKAIOULYIO BpeMs
paboTsl B xynmem ciaydae no O(nlgn).

9.4-3* [laHO 7 He3ABUCHUMBIX CIyYalHBIX TOYEK C KOOPAMHATAMU
(%;;y;), paBHOMEPHO paclpeneléHHBIX B Kpyre paamyca 1 ¢ IeHTPOM
B Havasle KOOPAMHAT (3TO O3HAYaeT, 4TO BEPOSTHOCTH HANTH TOUKY
B KaKoli-TO 061acTH TPONOPINOHAIbHA IO YToi obmactn). Has-
paboTaliTe aropuTM, pacnojaralolinii TOUKN B NOPAJIKe BO3pacTaHUs
PACCTOSHUS OT NEHTPa I MMeOIInil cpentee BpeMs paboTer O(n). (Yka-
3aHue: BOCIONB3YyHTeCh COPTUPOBKOI BbIYEpIbIBaHUEM, HO 1103a00Th-
Tech O TOM, YTOOBI IJIOMIANN SIINKOB GbIIN PaBHBIL).

9.4-4~ Hycre X — cnyvalinad penudnfa. Ee dynxums pacmpemesenms
(probability distribution function) ompenensercst dopmymnoit P(z) =
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P{X < 2}. Hpenmonoxum, 4To Ha BXOI aJrOPUTMa MOCTYIAET MOCTE-
IIOBATEIILHOCTh W3 7 YUCEeN, KOTOPble ABIAIOTCS HE3aBUCUMBIMU CHY-
JallHBIMU BenudnnaMu ¢ ¢pyHknueir pacupenenenns P. Oyuxnus P #e-
npepeIBHA M MOXKeT GbIThH BhIunciena 3a Bpems O(1). Kak orcoprupo-
BaTh TaKylO MOC/IeNOBaTEIbHOCTh, YTOOLI CpellHee BpeMs COPTUPOBKU
JnuHeliHO 3aBuceso OT n?

Jamgaun

9-1 HuXHue OLEHKM IJIA CPEIHETO YImCiIa CPABHEHMNA

B vroit 3amaue MBI IOKaKeM, 4TO cpentee BpeMs paboThl J11060r0
IeTepMUHIPOBAHHOTO W BePOSTHOCTHOIO aJrOPUTMa COPTUPOBKI 7
q1Ices1, OCHOBAHHOIO Ha cpaBHEHNAX, ecTb (n lg n). Haumem ¢ Toro, aro
PacCMOTPUM AeTePMUIHIPOBAHUBI anropuT™ A, OCHOBAHHLIH Ha cpaB-
HeHUsX; NycTh 14 — ero paspemraoliee nepeBo. Mbl mpenmonaraem,
4TO BCe NePeCTAHOBKH BXOMHOI MOCIENOBATEIBHOCTH PABHOBEPOSTHEL

a. Hannmrem ma kaxnoum jgucre mepesa 14 BepOsSTHOCTH TOLO, YTO
aJrOPUTM 3aBeplinTcs B vToM nucte. Hokaxure, uro B n! nucrax Ha-
nucano 1/n!, a B OCTQIBHEIX JIHCTAX HAMHCAH HYIIb.

6. O6osnaanm vepe3 D(T) cymmy rnyGuH BCeX JNCTBEB B IBOWY-
HoM fepeBe 1’ (MBI IpenmosnaraeM, 4TO KazKIas BepIINHA JIHGO sBIIS-
eTcs JIICTOM, Jubo mMeeT NBYX HeTell — TaK yCTPOEHDLI paspelraro-
e nepesbs). Hyers T — nepeBo ¢ k > 1 aucTbimu, U 0yCcTh depes
LT n RT obo3nadeHsl JleBoe W MpaBoe monnepeBbs. HokxaxuTe, 9TO
D(T) = D(LT) + D(RT) + k.

B. Hycts d(m) — nanmenbinee 3nauenne wucia D(T) cpennm Bcex
nepesbeB 1’ ¢ m nuctbamu. Hokaxute, uto d(k) = min;gicr—1{d(i) +
d(k — 1)+ k}. (Yxazaunue: nepeso L1 moxer comepxatsb oT 1 mo k — 1
JTNCTBHEB. )

r. Hokaxnre, 9ro must ¢pukcnpoBannoro k Boipaxkenne ¢lgi + (k —
i)lg(k — ¢) mocTuraer MuHEMyMa Ha oTpeske oT 1 nmo k — 1 B Touke
i = k/2. BeiBenute otciona, uto d(k) = Q(klgk).

n. Hokaxure, uto D(T4) = Q(n!lg(n!)), n BuBennte orciona, ITo
BpeMsl COPTHDOBKI 7 YICE] ¢ NOMOLIBIO paspelraioiiero nepesa 1y,
yCpeInHEHHOe [0 BceM IlepecTaHOBKaM Ha Bxome, ecTb Q(nlgn).

Tenepsb paccMOTPUM BEPOSTHOCTHLINH alropuTM B, OCHOBAHHLIH Ha
cpaBHeHHSX. Ero MOKHO onncaTh ¢ IOMOLIBIO pa3pelIalolIero nepeBa, B
KOTOPOM GBIBAIOT ¥3/Ibl IBYX THIOB: COOTBETCTBYIOLINE CPABHEHISIM 1
ciydaiiubiM BerGopaMm. B y3iax BTOpOro THna IpONCXONUT BBI3OB IPO-
nenypsl RANDOM(1,r); y Takoro ysia r meTeil, KaKIblil U3 KOTOPBIX
BBIOHpaeTCs ¢ paBHOIl BeposTHOCTBIO. (LJIs pasHbIX y3I10B 41CiIO 1 MO-
KeT GBITH Pa3HbIM.)

e. Hycrs umeercst BeposTHOCTHBIH anropuTM coprupoBkn B. s
KaXK[Ofl IepecTaHOBKN Ha BXONEe HANNEM MaTeMaTHIecKoe OXKHUIaHIe
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qncaa cpaBHEHUI. YCpPemHUM HTH OXKHUIAHUS MO BCeM BXOHMaM; MOIY-
quTcs HekoTopoe dncho 1. HokaxuTe, 9TO cylIecTBYeT NeTepMUHTPO-
BAHHBIN alITOpuTM A, y KOTOPOro cpefHee (10 BCeM MepecTaHOBKAM Ha
BXOJle) 4nCiI0 cpaBHeHUiT He mpeBocxonnT 1. BuiBenmrte oTcioma, 4To
IUTst M060T0 BEpOS THOCTHOTO alTOPUTMa MaKCHMAalbHOe (10 BCeM BXO-
IaM) MaTeMaTHIeckoe OXKIMIaHNe Incna cpaBHeHuil ecTh Q(nlgn).

(Ykaszanme. Ecian cpemtee mo BceM BXOIAM 1 BCeM BapHaHTaM CITy-
JaliHBEIX uncell paBHO T, TO cyIIecTBYeT Takoil HaboOp cAyYalHBIX YH-
cell, IpH KOTOPOM CpefiHee 10 BceM Bxomam He Goubiie 1'.)

9-2 CoprupoBka (€3 JOMOTHATEIHHON MAMATH 32 JIMHEMHOE BpeMs

a. HycTos maMm mam mMaccuB 3ammuceil, KOTOPBIH HEOOXOMNMO OTCOPTH-
poBaTh MO KUy, TpuHnMatomeMy 3uadenne 0 wnu 1. HpumymaiiTe
TPOCTON aNTOPUTM, OCYIIECTBIASIONINNT TakKylo COPTUPOBKY 3a JTMHEH-
HOe BpeMs I HCIOIB3YMnil nononuntenbayo mamsits O(1) (nHBIME
CIOBaMU, 00HeM MOTOTHNTENLHON TaMITH He 3aBUCHT OT PA3MEPOB COP-
THPYEMOTr0 MacCuBa).

6. MoXKHO 1T BOCIIONIB30BATHCS AlTOPUTMOM M3 MYHKTA (&) IS 1u-
dpoBoit copTupoBKn 1o b-6GnTHOMY Kinouy 3a Bpemst O (bn)? O6bsicuuTe
CBOIl OTBET.

B. HycTh n zammceit Hamo oTCOPTUPOBATH MO KIIOUY, TPUHIMATIO-
meMy Tensie 3Hadenus oT 1 o k. Kak MommdumnumpoBaTh COPTHPOBKY
MOACYETOM, YTOOET MOKHO OBIIO OTCOPTUPOBATH ATH B3alNCH 3a BPEMs
O(n+ k), m upu 5ToM 06beM HCHOIB3YeMOll MaMsTH (MOMIMO COPTH-
pyemoro maccuBa) 6b11 O(k)? (Ykazanne. Haunute co cayuas k = 3.)

JameyaHug

AHanus ajropuTMOB COPTHPOBKE € TMOMOIIBIO pa3periaolimx nepe-
BbeB 611 mpemiioker dopmom u Jzkonconom [72]. B dpyunamenTanbHOI
kunre KuyTa [123], mocssiiennoll copTupOBKe, pacCMaTPUBAIOTCSI MHO-
rouncieHHble BApUaHTHI DTOH 3aaul W MOKa3biBaeTCs HUKHAS OMEeHKa
qncia CpaBHeHNUi (mpuBenénHas B HToil TnaBe). Huknne omeHkm mis
3a7a49l COPTUPOBKN U PA3INIHBIX 0GOOIIEHNT pa3pelIaloinX IepeBheB
nonpo6ro u3yuanuck Hen-Opowm [23].

Cornacio KayTy, 3aciyra wu306peTeHUs COPTUPOBKH MONCYETOM
(1954 rom) m eé komOGmHAIUM ¢ MH(POBON COPTHPOBKON MpHHAILIE-
xuT Ceioapny (H.H.Seward). Cama ke mudpoBas copTHpOBKa, BH-
NUMO, HaBHO MPUMeHSNIach NI COPTUPOBKH mepdokapT. KHYT yTBep-
JKIaeT, 9TO TepBoe TMedaTHOe ONncaHhe HTOTO MeToHa TOSBHIOCH B
1929 rony B KayecTBe cOCTaBHON YacTHU PYKOBOIACTBa Mo 00OpyIOBa-
HUIO 11t paboTHI ¢ eppokapramu, Hanncansoro Komvpn (L. J. Comrie).
CoprupoBKa BbIUEpHBIBaHHEM HCHOJB3yeTcs ¢ 1956 roma, xorma Afi-
3ex (E.J.Isaac) n Cunraeron (R. C.Singleton) npensoxmin ocHOBHYIO
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niero.



10

MeI[I/IaHLI n IIOpAAKOBbI€ CTATUCTUKN

B 5Toil riaBe MBI paccMaTpuBaeM TaKylo 3aqady: HAHO MHOMXKECTBO
U3 7 4YHcel; HaflTH TOT €ro HJIeMeHT, KOTOpBIl 6yner i-M 1O CuéTy,
ecilll PACHOJOKHUTE HIEMEHTHI MHOXKECTBA B IOpsIKe Bo3pacTaHus. B
aHTJIOA3LIYHOI JINTepaType TAKOI HIIEMEHT Ha3bIBAeTCs I-ii MOPAXKOBOM
cratucruxoit (order statistic). Hanpnvep, mmmmmynm (minimum) — sto
NOPSIKOBas CTATHCTUKA HoMep 1, a makcmmym (maximum) — mopsi-
KOBas CTaTHCTHKa HOMep n. Memmanoit (median) Ha3bIBAeTCS DIEMEHT
MHOXKeCTBa, HaXoNsuniics (o cuéTy) mocepennue MEXKIY MIHIMYMOM
1 MakcumyMoM. Toumee roBops, ecinu n HeYETHO, TO MeANaHA — DTO HO-
psIKOBas CTATUCTUKa HoMep ¢ = (n+1)/2, a eciin n 98THO, TO MeqHAH
nmaxe mBe: ¢ HoMepaMn @ = n/2 u i = n/2+ 1. MoxkHo eI1ié cka3aTh, 1TO,
HE3aBICIMO OT Y8THOCTH 1, MeINAHBI HMeloT HoMep 1 = [(n + 1)/2] un
i =[(n+1)/2]. B nanpueiiimemM Mbr 6yneM Ha3bIBATh MEINAHON MEHb-
Iyfo W3 IBYX (ecin ux 1Be).

Nust ynoberBa Mbl GyneM CUXTATDL, YTO MHOKECTBO, B KOTODOM MBI
HIeM MOPSIKOBble CTATHCTHKH, COCTOHT H3 DA3IMTHBIX DIEMEHTOB,
XOTS MPAKTHUECKH BCE, YTO MBI [elaeM, IepeHOCHTCS Ha CHTYalUIo,
KOT'[la BO MHOXKECTBe eCTb IOBTOPSIOIINECs HJIeMEHTLL. 3amada BEIGopa
3JIeMeHTA ¢ JAaHHBIM HoMepoM (selection problem) cocTonT B crenyioiem:

Iano: MuoxkecTBO A n3 1 pa3mUUYHBIX IEMEHTOB U Ieroe 4ncio 7, 1 <
1 < n.

Hairru: HiemenT o € A, niis KOTOpOTo poBHO ¢ — 1 37IeMeHTOB MHOXKe-
cTBa A MeHbIIe .

Hry samauy moxuo peurnts 3a Bpemst O(n lgn): oTcopTnpoBaTh dncia,
nociie 9ero B3sATH - dlleMeHT B TMOJAYYEeHHOM MaccuBe. KCTh, OMHAKO,
n Ooliee OBICTPBIE aJITOPUTMBI.

B pasmene 10.1 MBI paccMOTpuM TpOCTeHINn# caydali: HAaXOXKIeHne
MaKCHMAJILHOTO I MUHUMAJIbHOTO BieMeHTOB. ObIiast 3amaua Gojee nH-
TepecHa; ell TOCBAIIEHBI ABa CIeNyonux paznena. B pasnemne 10.2 Mur
paccMaTpuBaeM yIOOHBIN Ha MpakKTHKe BEPOATHOCTHBIN alropuTM, Ko-
TOPHIT MIIET MOPSIKOBYIO CTATHCTHKY 3a Bpems O(n) B cpenueM (nme-
eTcs B BUJY MaTeMaTU4yecKoe OXujlaHUe BpeMeHU ero paboThl Ha JIIO-
6om Bxozne). B pasnerne 10.3 Mbr paccMaTpuBaeM (MpencTaBIsIOIINT CKO-
pee TeopeTHUeCKNUil MHTepec) NeTepMUHNPOBAHHBIN alITOpUTM, Tpeby-



Munrunym u maxcumym 181

ot BpeMenn O(n) B XyIIeM ciIydae.

10.1 Mwunnmym

1 MAaKCUMYM

CKOILKO CpaBHeHI/Iﬁ HeO6XOI[I/IMO7 qyTOOLI BO MHOXKECTBE U3 N YLCel
HailTu HauMeHbIee? 3an — 1 CpaBHeHI/Iﬁ 3TO cOelJlaTh JIeTKO: Halo IIO-
cJieqjoBaTeJIbHO Hepe61/1paTb BCe 4YIiCJia, XpaHd 3HadeHne HalMeHLIIero
Yucila N3 yxKe NPpOoCMOTpPEHHBIX. 3amnnineM 3ToT aJIrTOpuT™M, CUnTad, 4TO
YUcJia 3alaHbl B BIle MacClBa A OJINHBL 1.

MiINIMUM(A)
1 min + A[l]

2 for i + 2 to length[A]

3 do if min > A[i]

4 then min « A[i]
5 return min

HazymMeeTcs, aHATOTHIHBIM 06pPa30M MOXKHO HAUTH W MaKCHMYM.

Moxno nm maiiTu MuHEMYyM elte GeicTpee? Her, m BOT mouewmy.
HaceMoTpuM alTopuTM HaXOXKIeHWS HaWMeHBIIero 4nciia Kak TYPHUP
cpenum n ducel, a KaXnoe cpaBHeHne — KaK MaTd, B KOTOPOM MeHbIIlee
qnciio nobexpaeT. YTobbl mobennTenb ObIT HalileH, KaxkI0e N3 0CTallb-
HBIX YHCEeJT HOJIZKHO TMPOUTPaTh MO KpaliHel Mepe ONWH MaTd, TaK ITO
MeHBIIle 7 — 1 cpaBHeHN 6BITH He MOXeT, 1 alropunT™M MINIMUM onTH-
MaJieH MO YHUCIY CpaBHEHWH.

WNHTepecHEI BONPoC, CBA3aHHBIN ¢ THM aJITOPHTMOM — HaXoXKIeHne
MaTeMaTHIecKoro OXKINIaHus Ynciia UCIoJHeHn cTpokn 4. B 3anade 6-
2 TpebyeTcs MOKaszaTh, YTO 3TA BeINUYNHA €CTh @(lg n)

OI[HOBpeMeHHI:II?[ IIONCK MUHIIMYMAa 1 MaKCUMyMa

Wnorna 6piBaeT HYXKHO HATH ONHOBPEMEHHO MUHUMAILHBIN W Mak-
CUMAaJIBHLIN dJleMeHTH MHOXKecTBa. HpemncTaBum cebe mporpaMMmy, KO-
Topas MOJIKHA YMEHBIINTH PUCYHOK (HaBGOp TOYEK, 3aaHHBIX CBOMMN
KOOPIIMHATAMI) TakK, 9TOOH OH yMeCTIIICS Ha 3KkpaHe. s 5Toro HyKHO
Hall TV MaKCUMyM U MUHUMYM 110 KaKIOU KOOpIUHATE.

Ecnu MbI monpocTy HalileM cHadalia MOIHOMYM, & MOTOM MaKCHMYM,
3aTpaTUB Ha KaxKAblii U3 HUX 0O n — 1 cpaBHeHUll, To Bcero Oyner
2n — 2 cpaBHEHUs, YTO ACAMITOTHIECKH ONTUManbHo. MoxHo, onHako,
pemnTh 3Ty 3amady Bcero 3a 3[n/2] — 2 cpaBrennit. Vimenno, Gymnem
XpaHUTh 3HaAYEHUS MAaKCUMyMa U MUHUMYMa yKe IPOCMOTPEHHbIX 4u-
cel, a ouepelHble yncia 6yneM obpabaThiBaTh MO NBa TaKUM 0Opa30M:
CHavaJa CpaBHUM JIBa OUepeldHbIX Yuciia OPYyr ¢ NIPyroM, a 3aTeM 60Jb-
lee U3 HUX CPaBHUM € MAaKCUMyMOM, a MeHblllee — ¢ MUHUMYMOM.
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Hpu sTom Ha 06pabOTKY IBYX 5IEMEHTOB MBI 3aTPAaTHM TpI CpaBHe-
HIIsE BMECTO 9eTHIPEX (KpOMe IepBOil maphl, Tlie NOHATOOHTCS BCEro OIHO
CpaBHEHNE).

Yupaxuenus

10.1-1 HokaxuTe, 9TO BTOpoe MO BeJIWUNHE UNCIO W3 N HAaHHBIX
MOXKHO HafiTH B XyauieM ciydae 3a n + [lgn| — 2 cpaBuenus. (Yka-
3anne. Mmnre 5To 9mcio BMecTe ¢ HANMEHBIIINM. )

10.1-2*  HoxkaxuTe, 4To O ONHOBPEMEHHOIO HAaXOXKICHHS HaHOOIL-
IITero 1 HaUMEeHBIIIero N3 n 4Yuces B XyllleM clydae HeoOXONUMO He Me-
Hee [3n/2]—2 cpaBrennii. (Yxasanue. B kaxnblii MOMEHT 5IeMEHTHI e-
JSITCS Ha 9eThIpe TPyNmb: (1) HempocMOTpeHHbIe (KOTOPhIe MOTYT OKar-
3aThCS I MEHIMAJIBHBIMI, I MaKCUMAJIbHBIMI); (2) Te, ITO eI1é MOryT
OKa3aThCsl MIHIMAJBHBIMI, HO 3aBElIOMO He MaKCHMAaNbHEL (3) Te, 9T0O
ell1é MOTYT OKa3aThCsl MAKCHMAIbHBIMMI, HO He MIHUMAJIbHBIMIE; (4) 0T-
GpolileHHbIe (KOTOPBIE 3aBEIOMO HEe MIHIMAJIBHBL W HE MaKCHMAJbHEI).
Hycts aq, a9, a3, a4 — KOMWYECTBO HIEMEHTOB KaxkIoll Tpynmbl. Kak
MEHSIOTCSL 9TH YHCIIa PN CPaBHEHMSX?)

10.2 BwiGop 3a JuHellHOEe B CpeTHEM BpeMs

XoTs obirias 3anada BEIOOpa BEITAAIUT 60Jee CIOKHON, IeM 3a/1ada o
MUHUMYMe WJIH MaKCHMyMe, ed, KaK HUl CTPaHHO, TOXKe MOXKHO PelluTh
3a BpeMs ©(n). B sToM pasmene MBI paccMOTPIM BEPOSITHOCTHBIHN aJIro-
putM RANDOMIZED-SELECT Jisi peliieHus 3Toi 3agauu, neficTBYou i
no cxeme "pazdeadi u e.aacemeyd”. OH aHATOTHYEH aITOPUTMY OBICTpOI
COPTUPOBKH U3 I'JIaBbl 8: MaccuB pazbuBaercs Ha MeHblrne vyacTu. On-
HAKO alropuTM ObICTpOil cOpTHPOBKHU, pa3bUB MaccHB Ha NBa KyCKa,
obGpabaTbiBaeT 00a, a anropuT™ RANDOMIZED-SELECT — TONBKO OHUH
u3 5TuxX KyckoB. HoaToMy oH 6BIcTpee: cperHee BpeMs GEICTPOI copTu-
poBkE ecTh O(nlgn), B To Bpemst kak anropntm RANDOMIZED-SELECT
paboTaeT B cpernHeM 3a Bpems O(n).

AsroputM RANDOMIZED-SELECT ucnonb3yet npoienypy RANDOMIZED-
PARTITION, onncanuyio B pasmene 8.3, moBelneHne KOTOPOil (M, CTAIO
OBITh, BCErO ANTOPUTMA) 3aBUCHT OT MATYNKa CIAYJYafiHBIX UHCe.
BersoB RANDOMIZED-SELECT(A, p, r,¢) BO3BpalllaeT i-il Mo YTy B
NOpsIKe BO3pACTAHUs 3JeMeHT MaccuBa Alp..r].
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RANDOMIZED-SELECT (A4, p, 1, 1)
1 ifp=r
2 then return A[p]
q < RANDOMIZED-PARTITION(A, p, 1)
k+—q—p+1
ifi < k
then return RANDOMIZED-SELECT (A, p, ¢, ©)
else return RANDOMIZED-SELECT (A, ¢+ 1,r,i1— k)

-1 O Ot~ W

Hocne mcnonmuenns mponenypbl RANDOMIZED-PARTITION B cTpoke 3
maccuB A[p..r] coctonT u3 nByx HemycThix uacteil A[p..q] u Alq+
1..r], mpuuém Beskuil siaemeHT A[p..q] MeHBbIle BCSIKOTO 3Je€MeHTa
Alg+1..r]. B cTpoke 4 BEIUHCIsIeTCS KOTUIECTBO BIIEMEHTOB B MacCHBe
Alp..q]. lanbueiitiee 3aBUCHT OT TOrO, B KAKOM U3 3THUX ABYX MacCCH-
BOB JIEKNUT i-if O Benumumne sneMeHT MaccuBa A[p..r]. Ecnm i < k, To
HYJKHBII HaM 3JIeMeHT JeXKNT B JieBoil vacTn (Maccuse A[p. . ¢]), oTkyna
I U3BIEKaeTCs B pesynbTaTe (peKypcmBHOTO) BEI30Ba RANDOMIZED-
SELECT B cTpoke 6. Iicnu ke ¢ > k, To Bce k dleMeHTOB JieBoll 4Ya-
ctu (A[p..q]) 3aBenoMo MeHbIIIe NCKOMOTO, KOTOPBIN MOKHO HAlTH Kak
(¢ — k)-it mo cuéry nuement maccusa Alg+ 1..r] (crpoka 7).

Bpewmst paGorsr anropntmMa RANDOMIZED-SELECT (¢ y9éTOM Bpe-
MeHI paBoThI porenypbl RANDOMIZED-PARTITION) B Xy/ImreM ciydae
ecTh ©(n?), MaxkKe ecyu MBI HIIeM BCero JIMIIbL MUHUMYM: B CaMOM Jlelie,
npu 0coBOM HeBe3eHHUN MOKEeT OKa3aThCs, YTO MBI BCe BpeMs pastu-
BaeM MacCHB BO3Jle HaubOIbIIEro ocTaBiierocs semMenTa. OnHaKo ciy-
YallHbIl BHIOOp rapaHTHUPYET, 4TO IJA JI0OOTO BXONA CpelHee BpeMd
paboOTHl AJITOPUTMa GyIeT HeBEIHKO.

Hokaxem 5T0. HaceMoTpuM miis KaxKIoil U3 BO3MOKHLIX lepecTaHo-
BOK 7 DJIEMEHTOB MaTeMaTHdeckoe OXUIaHle BpeMeHH pabGoThI aJiro-
putMa (cpemnHee 1o BeeM ciayvaiinbim Bei6opam). Hyets T'(n) — makcn-
MaJbHOe U3 BTHX okumanuii. Kak MBI oTMedasu B pasmesie 8.4, nocie
BbI30Ba RANDOMIZED-PARTITION JieBas 4acTh pasOUeHns comepxKuT 1
BIIEMEHT € BEPOSTHOCTBIO 2/, I COMePKUT ¢ > | 3IeMEeHTOB € BEPOsIT-
HOCTBIO 1/n mis moboro 7 ot 2 mo n — 1. Moxuo cantaTh, ato T'(n)
MOHOTOHHO BO3pPacTaeT C POCTOM 71 (eciam 3To He Tak, 3amenum 1'(n)
Ha T'(n) = max;gi¢, 1'() m noBTOPUM BCe paccyxmenus mns 17). 3a-
MeTHM, 4TO XYIAIIUM ciiydaeM OymeT TOT, KOTaa i-if Mo CY&Ty HIAeMeHT
nonanaeT B 6GJALIIYIO W3 ABYX MOJOBIH, Ha KOTOPbIE pa3éuBaeTCs Mac-



184

laasa 10 Meduanst u nopadkossie cmamucmuxu

CIIB. OTCIOI[& nMeeM:

T(n) < % T(max(1,n— 1))+ 3 T(max(k,n — k)) | +O(n)
k=1
< rm-1+2 i Tk | +0)
" k=[n/2]
_ % S° Tk +O(n)
e

(MBI CTPYTIIHPOBAIN ONMHAKOBBIE ClIaraeMble TPH Mepexone OT NepBoil
CTPOKN KO BTOpoil m oT6pocmnn 1'(n — 1)/n npu nepexome oT BTOpPOil
CTPOKH K TpeTheil, Tak Kak B xymitem ciaydae T'(n—1) = O(n?), u Tem
cambIM ciaraemoe T'(n — 1)/n moxno Brmounts B O(n)).

Teneps noxazkeMm, uto T'(n) < cn, paccykmas Mo WHIYKINH (Kak
BEIGpaTh ¢, MBI CKaxkeM Tociie). B camoMm 1erme, mycTh HepaBeHCTBO
T(j) < ¢j Bepuo mus Bcex j < n. Torma, mcmonb3ys dopmyny mis
CYMMBI apu(MeTHUYeCKOl TpOrpeccui, MojiydaeMm, 4To

n—1
2
T(n) <~ > ck+0(n)
k=[n/2]
2c n n/2414+n-1
<= 2.
n 2 2 +0O(n)
=2 o) <en,

eciu BLIGpaTh ¢ CTONL GOMBIINM, YTOGBI ¢/4 PEBOCXOANIO KOHCTAHTY,
noznpasyMeBaemyio B ciaaraemom O(n).

Crano 6bITh, M06as TOPSAKOBas CTATUCTHKA, I MeiaHa B TOM Yl-
clle, MOKeT ObITH HailleHa 3a JMHEiHOe B cpellHeM BpeMs.

Yupaxuenus

10.2-1 Hanuniure Bepcuio nponenypbl RANDOMIZED-SELECT, He uC-
MOJIB3YIOIIY 0 PEKYPCUH.

10.2-2  Hpenmomoxkum, 9TO MBI HCHONB3YeM anTopuTM RANDOMIZED-
SELECT nis BbiOOpa HaUMeHBIEro »ieMeHTa u3 MaccuBa A =
(3,2,9,0,7,5,4,8,6,1). Onnmnre MOCHENOBATENBHOCT pa30uUeHil,
COOTBETCTBYIOIIYIO Xy[UIeMy CJIy4dalo.

10.2-3  Hymer niu anroputm RANDOMIZED-SELECT npaBmibHO pabo-
TaTh, €CIN B MaccuBe A eCTh paBHBIE HIeMeHTHl (KaK MBI IOMHUM, B
3TOM ciiydae npornenypa RANDOMIZED-PARTITION pas6uBaer A[p..r]
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Ha gactu Alp..ql mw Alg+ 1..r] Takum o6pa3om, ITO BCAKUI HITEMEHT
Alp . .q| ve mpeBocxonuT Beskoro snmementa Alg+1..7])?

10.3 BwiGop 3a JuHelTHOE B XYAIIEM CJIy4ae BpeMs

Tenepsb paccMoTpuM (HeTepMUHHPOBAHHBIN) anropnTv SELECT, pe-
MIAOIINIT 3a/]a9y O MOPSIKOBBIX CTATHCTHKaX 3a Bpems O(n) B Xyn-
meMm ciydae. Kak u RANDOMIZED-SELECT, 3TOT aJilOPUTM OCHOBAH
Ha MOoc/eloBaTelIbHOM pa30ueHUN MaccUBa Ha MeHbIINe YacTH; B lIaH-
HOM cllydae, OlHAKO, Mbl I'apaHTUPYeM, YTO BbIOpaHHOe pa3bueHue He
SBISETCS HeyNAaUHBIM. AJTOpuTM SELECT HCIOIB3YeT (HeTepMUHIPO-
BaHHY[0) Tponenypy PARTITION (cM. onmcanme aiaropuTma ObICTpoil
COPTUPOBKN B pasm. 8.1), MOINGUINPOBAHHYIO TaKNM 06pa3oM, 4TOGH
3JIeMeHT, ¢ KOTOPbIM CPaBHUBAIOT, 3a/laBalicid KakK mapaMeTp.

Asroput™ SELECT HaXOMUT ¢-if 10 HOPSIKY BJIEMEeHT B MacCuBe pas3-
Mepa 1 > 1 cienylouumM obpasoMm:

1. Ha36uth n smeMeHTOB MaccmBa Ha |n/5| rpynm mo 5 51eMeHTOB 1
(BO3MOXKHO) OIHY TPYIIY, B KOTOPOIl MeHee MATH IeMeHTOB.

2. Haiitu menmany kaxmoit w3 [n/5] rpynm (s 4ero oTcoOpTHpPOBATH
IPYINY BCTaBKaMH).

3. BosBaB (pekypcuBno) nponenypy SELECT, HARTH YHCIO &, SBISIOLIE-
ecst Me[MaHoll HafimeHubIX [n/5| Menuam.

4. Be3BaB MOnudUIUPOBAHHYIO Tpotenypy PARTITION, pa36buTh MaccuB
OTHOCHTENbHO Hajimennoi “meduansvt meduan”. Hycrn k — konmue-
CTBO HIeMEeHTOB B HIZKHEH 9acTn 3TOro pasbuenns (B BepxHell 9acT,
cTaino 66Tk, 1 — k).

5. Be3BaB (pekypcuBHO) mporenypy SELECT, HATH i-yiO HOPSIKOBYIO
CTATUCTUKY HIDKHeNl dacTm pasbmenus, ecnn ¢ < k, min (i — k)-10
HOPSIKOBYIO CTATUCTHKY BepXHell yacTu pasbuenus, eciu ¢ > k.

Ouenum BpeMs paBGoThl adropuTMma SELECT. [lns Hauasia BbIsc-
HIM, CKOJLKO YHCEel 3aBefoMO OyOyT Ooiblie “wmeduansvt meduan” @
(cm. puc. 10.1). He Meree monmoBmHBI MenuaH, HAflI€HHBIX HAa BTOPOM
mare, 6ymnyT 6osbitne uin paBubl x. Crano 6bITE, 00 Kpalineil Mmepe
nosoBuHa m3 [n/5| rpynm macT mo Tpm 4mcia, GOMBIINK X, 3a ABYMS
BO3MOXKHBIMU UCKITIOUEHUSIMU: [PYIINA, COnepRKaIiast &, U HOCIeNHs s He-
nosiHas rpynna. TeMm caMbIiM UMeeTCs He MeHee

(4131 -2) >3-

37IeMeHTOB, 3aBeTOMO BOJBINNX &, I TOYHO TaK XKe MOIyJdaeM, 9TO NMe-
eTcsi He MeHee 3n/10 — 6 57IeMeHTOB, 3aBEOMO MEHBIINX . 3HAUUT,
AJIropuTM SELECT, PEKYPCUBHO BBI3BIBA€MBIN Ha HSTOM Iiare, Oyner
obpabaThIBaTh MacCUB IJIMHOU He Gosee 7n/10 + 6.
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Pucynox 10.1 Ampamms amropurma SELECT. Hiemenrth maccuBa (ux n) usobpa-
JKEHbI KPYKKaMK, KaXKIbII CTOJIGEN — TPYIIa U3 5 Wil MEHbIIE DJIEMEHTOB, Oesbie
KpyXRKu — Memmanbl rpymma. ~Meduana meduan” obosnadena 6yksoii x. Crpenkn
UAyT OT 6OABUINX YKCeT K MEHBINUM. BUAHO, UTO B KaX/IOM M3 TIOIHBIX CTOJIGIOB
npaBee T UMEETCs TPU YUCIa, 6GIBUINX £, U YTO B KAXKIOM U3 CTOJIOIOB JIEBEE T UME-
eTCs TPU YUCia, MEHBINUX . MHOXEeCTBO 4mCes, 3aBENOMO GONBIINX &, BBHIACIEHO
CEPBIM.

Hycrs Teneps T'(n) — BpeMs paGoTsl aidropuTma SELECT Ha Mac-
CIBe U3 1 5IeMEeHTOB B XyIlleM ciaydae. HepBelil, BToOpoil I 4eTBepTHIil
mIary BeIIONHAIOTCS 3a BpeMmst O(n) (ma Bropom mare Mul O(n) pas cop-
TupyeM MaccuBbl pazMepom O(1)), TpeTuil 1ar BEIIOIHAETCS 32 BPeMs
e 6ornee T'([n/5]), a naTHI mar, MO NOKA3aHHOMY, — 3a BpeMsi, He Tpe-
Bocxonsiiee T'(|7n/10+6]) (xak u pamblile, MOXKHO IPeANOIaraTh, ITO
T'(n) mMoHoTOHHO Bo3pacTaer ¢ poctoM n). CTano GLITh,

T(n) <T([n/5])+T(|Tn/10+6]) + O(n).

Hockonbky cymma koadduunenToB npu n B mpasoii gactn (1/5+7/10 =
9/10) MeHbBIIIe eQWHHUIEL, U3 YTOTO PEKYPPEHTHOIO COOTHOIICHNUS BHITE-
kaeT, uTo 1T'(n) < cn nns HekoTOpoil KOHCTAHTH ¢. HTO MOXKHO moKa-
3aTh 1Mo MHAYKIH. B camom neme, mpennonaras, ¥to 1'(m) < cm mins
Bcex m < n, uMeeM

T'(n) < c([n/5]) 4 ¢(|7Tn/10 4 6]) + O(n)
<e(n/54+1)+¢(Tn/10+6) + O(n)
<9en/10+ 7c+ O(n) =

en—e(n/10—7) +O0(n).

Hpn monxonsinem BbiGope ¢ 3To BhIpakeHme 6ymeT He GoJblle ch TpH
Bcex n > 70 (Hamo, aTobbr ¢(n/10 — 6) mpeBocxonMIO KO3MOUINEHT,
nonpasymeBaembiii B O(n)). Takum o6pasoM, WHAYKTHBHbIN Tepexo
BO3MOKeH mpu n > 70 (3aMeTHM emé, 9To Ipn TAKuX 7 BBHIPAKEHIS
[n/5] n |[Tn/10 4 6] menbIme n).

YBenuuus ¢ emé (ecian Hamo), MOKHO NOGUTBCs TOro, urobnr 1'(n)
He MPEBOCXONUIIO ¢n i npu Beex n < 70, 4TO 3aBepliaeT paccykKIeHue
no uanykiuu. Craso 66ITh, alropuT™M SELECT paboraeT 3a juHeliHoe
BpeMst (B XYIIIeM crydae).
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OTMeTHM, 4YTO aAropuTMbl SELECT u RANDOMIZED-SELECT, B OT-
JUdne OT ONUCAHHBIX B IJaBe 9 ajiropnTMOB COPTUPOBKH 3a JIMHelHoe
BpeMst, HCIOIB3YIOT TOJBKO MONapHbie CPABHEHUS HJIEMEHTOB MacCuBa
I NPUMEHUMBI Ui TPOU3BOIBLHOTO YIOPAMOUEHHOI0 MHOXKecTBa. Hrn
AJITOPUTMBI ACUMITOTHYECKN HPPEeKTUBHEe 0UeBUIHOIO MOAXona ~yno-
PAJOUU MHONCECTNEO U 6bIOEPU HYNHCHBIT daemenm”, TOCKOIBKY BCAKMI
AJITOPUTM COPTUPOBKM, NCHOIB3YIONIHI TOJBKO MONapHbie CpaBHEHNS,
Tpebyer Bpemennu §2(nlgn) He TonbpKo B Xynmem ciydae (pasmen 9.1),
HO 1 B cpenueM (3amada 9-1).

Yupaxuenus

10.3-1 Hyner nu anroputm SELECT paboTaThk 3a JuHeliHOe BpeMs,
ec/in pa3bWBaTh MAacCHB Ha TPYNNBl He W3 MATH, & W3 CEMU 3JeMeH-
ToB? HokaxuTe, 4TO Nis Tpynn u3 TPEX 3IEeMEHTOB pacCyXkKleHUe He
IPOXOMNUT.

10.3-2  Hycte 2 — "meduana meduan” B anropurme SELECT (MaccuB
comepxKuT n meMeHToB). Hokaxknre, uto mpu n > 38 KonmmaecTBO HIte-
MEHTOB, GOIBIINK & (TaK kKe Kak I KOJTUIeCTBO HIeMEHTOB, MEHBIINX & )
He MeHbIe [n/4].

10.3-3  Momndunupyiite anropuT™ GLICT PO COPTHPOBKHN Tak, ITOOR!
oH paboTarn 3a BpeMms O(nlgn) B xynimem ciydae.

10.3-4* HycTh aaropuTM BLIGOpa -0 MO CUETY JIEMEHTa UCIOIL3yeT
TONBLKO MoTIapHBIe cpaBHeHUs. HoKkaknTe, 9TO ¢ TOMOIIIBIO TeX JXKe CPaB-
HEHUI MOXKHO B KadeCcTBe NOOOYHOTO pe3ybTaTa NOJNYUYNTh CIUCKH 3Je-
MEHTOB, MEHBIIIHX UCKOMOT'O, a TaKkKe 6OJIbIINX HCKOMOIO.

10.3-5 HycTh y Hac ecTh KaKOH-TO aJTOPUTM, HAXONAIINH MemnaHy
3a guHeliHoe B XyIIleM ciiydae BpeMs. Mcmonb3ys ero B KadecTBe TOM-
nporpaMMhbl, pazpaboTaliTe MpOCTON aJTOPUTM, PelllalONInil 3a0ady Ha-
XOXKIEeHNS NPON3BOJIBHON MOPAIKOBON CTATUCTHUKN 3a JNHEIHOEe BpeMs.

10.3-6  Honm k-xsamtwaamum (k-th quantiles) MHOXKecTBa M3 1 9ncesn MbI
nonumMaeM k — 1 ero »ieMeHTOB, 0GIANAONINX CIEMYIONINM CBONCTBOM:
eCHU pPaCIoNIOKUTh HIEMEHThI MHOXKECTBa B MOPs/iKe BO3pacTaHUs, TO
KBaHTHIN OyayT pa3buBaTh MHOXKECTBO Ha k PaBHBIX (TOYHee, OTIIN-
qaoInxcs He Hojee YeM Ha ONWH 5eMeHT) dacTeii. HazpaGoTaiite an-
ropuT™, KoTophiii 3a Bpems O(nlgk) maxonuT k-KBaAaHTHIN ITaHHOTO
MHOXKECTBA.

10.3-7  HaspaGoTaiiTe aqropuT™, KOTOPHIl MO 3alaHHOMY k HaXODUT
B JAHHOM MHOXKeCTBe S ero k 5JIeMEeHTOB, MeHee BCEro OTCTOSIINX OT
Menuanbl. Yueno onepanuit nomxuo 6u1ts O(|S]).
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Pucynox 10.2 Kak mpoBecTH ¢ BOCTOKA Ha 3alajll MAaruCTPallb, YTOOBI CyMMapHas
IUTHHA TIONBOMANINX TPYGOMPOBOIOB Oblila MUHIMAITbHAT

10.3-8  Hycrs X[1..n] n Y[1..n] — mBa BO3pacTaIUX MacCHBAa.
HaszpaGoraiiTe amropntym, Haxomsmmii 3a Bpems O(lgn) mennany muo-
KeCTBa, MOy YeHHOTO OOBeIMHeHIEM HIeMEeHTOB STHX MACCHBOB.

10.3-9  Hpodeccop KoHCYIbTHPYeT HePTIHYIO KOMIAHNIO, KOTOPOIi
TpebyeTcd TPOBECTH MAruCTPAJBHBIN HedTenpoBOHL B HAlpPaBlIeHNN
CTPOro € 3allalla Ha BOCTOK Yepe3 He@TeHOCHOe MoJle, Ha KOTOPOM pac-
MOJIOKEHBI N He@TSHbIX CKBaXuH. OT KaXnoil CKBaKUHBI HEOGXONUMO
MONBECTN K MarncTpaln TpyGOmpoBOI Mo KpaTdalilieMy myTH (CTporo
Ha ceBep mian Ha for, puc. 10.2). KoopanHaTsl Bcex CKBaKIH mpodec-
COPY WM3BECTHHI; HEOOXONNMMO BHIOPATH MECTOIOJIOKeHNe MarucTpasi,
YTOOBI CyMMa JIJINH BCeX TpyOONpOBONOB, BENYIINX OT CKBaXKWH K Ma-
TUCTpaln, Obljia MUAIMalbHa. HokaxknTe, 9TO ONTHMAILHOE MECTO IS
MarucTpalil MOXKHO HallTH 3a JMHEHOe BpeM4.

Jamgaun

10-1 CoprupoBka ¢ HaNGOJBIIMX 3JIeMEHTOB

HaHo MHOXKeCTBO U3 N UNcesd; TpebyeTcs BEIOpATh N3 HUX ¢ HaNGOb-
WHUX U OTCOPTUPOBATH (HOJ’[b3y$[Cb TOJBKO TONAPHBIMUI CpaBHeHI/IﬂMI/I).
s KaxkKIoro n3 NpUBeIeHHBIX HIKe MONXONOB pa3paboTaiiTe COOTBeT-
CTBYIOIINI aJITOPUTM 1 BHISCHNTE, KaK 3aBUCHT OT 7 H ¢ BpeMs paboThl
3TUX aJITOPUTMOB B XYIIIEM CIyYae.

a OTCOpTI/IpOBaTI: BCe YNCJa U BLINNCATEL 7 HaNOOILIININX.

6 HomecTuTh unciia B ouepelb ¢ IPHOPHTETAMN W BHI3BATH ¢ pa3 Mpo-
nenypy EXTRACT-MAX.
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B HafiTu ¢ momolibio anroputma pasznena 10.3 i-e Mo Benumdynne 4uCio
(camTast oT HamGObIIEro), pa3buTh MaCCHB OTHOCHTENBHO HETO I OT-
COPTUPOBATE ¢ HANGONBIIINX UNCETT.

10-2 Bs3BemreHHas MeauaHa

Hycrb nano n pasnuyHbIX YHCEN Zq,...,%,, U IOYCTh KaXIOMY &;
COTIOCTABIIEHO MONOKNTENbHOe ncio ("eéec”) w;, TpuuéM cymMMma BCex
BecoB paBHa 1. Bspemennoit meamanoir (weighted median) maserBaercs
TaKoe YUcio T, 4TO

Zwi< 1 Zwi<

i <r) T >T

N | —
N | —

a HokaxwuTe, 9To eclin Bce Beca paBHEI 1/n7 TO B3BellleHHas MenuaHa
CcOoBIallaeT ¢ OOLIYHOI.

6 Kak maiiTu B3BelICHHYIO MeIMaHy 7 YHCe] C MOMOLILIO COPTHPOBKM
3a Bpemst O(nlgn) B xymmem ciaydae?

B Kak mMonnduunnpoBaTh amropntm SELECT (pasmen 10.3), 9To6bl OH
NCKAJl B3BEIICHHYIO MeNnaHy 3a Bpems ©(n) B xynirem ciydae?

3agaua o BBIGope MecTa mia moutkr (post-office location problem) co-
CTOUT B cienyiomiem. JaHo n ToY4eK pi,...,P, U N HOJOKUTENTHHBIX
BECOB W1, ..., Wy,; TpebyeTcss HANTH TOYKY p (He 06sA3aTeNBHO COBMA-
IAIOIIYIO ¢ ONHOM W3 p;), Il KOTOPOil Bblpazkenue » ., w;d(p, p;) 6y-
et MuHEMaIbHO (depes d(a,b) obo3HATAETCS PACCTOSHIE MEKIY TOU-
KaMmn a 1 b).

x Hokakure, 4T0 B ONHOMEPHOM ciiydae (TOYKI — BeIleCTBEHHBIE YH-
cna, d(a,b) = |a — b|) B3BemenHass Mennmasa GymeT pellleHHeM 3TOI
3a/1a4n.

e Haiimure onTmManbHOe pellleHne B IBYMEpPHOM ciydae (TOUKH —
napbl BEIIECTBEHHBIX WIHCEIN), eCll PAacCTOSHIEe MEKIY TOUKAMU ¢ =
(z1,y1) w b = (x2,y2) 3amaercs "6 Li-mempuxe™ d(a,b) = |z1 —
T2 4 |y1 — y2| (amepukanibl HasbBalOT Takyio MeTpuky Manhattan
distance, no masBanmio paitona Heio-Mopka, paséuToro ynnmaMm Ha
NPSIMOYTOJbHbBIE KBAPTAJIEI)

10-3 HaxoxmeHne -To o BeJIIIMHe 3IeMEHTA MPN MAJIBIX ?

Hyctes T'(n) — Bpemst paboThl mponenypsl SELECT, TpHMeHEHHON K
MaccuBy M3 n qncern; B xyniem ciaydae 1'(n) = O(n), Ho kosdhdunnenT
opu 7, HOApa3yMeBaeMbIll B 3ToM 0603HAUEHN N, TOBOILHO BelnK. Kcan
¢ MaJOo TIO CpaBHEHUIO ¢ N, TO OTOOPATH i-LIfl MO BeNWINHE HIeMEeHT
MOXKHO OBICTpee.
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a OnumiuTe ajJirOpUTM, KOTOPBIH HAXOMUT - IO BeJquunHe HIeMeHT B
MHOKeCTBe u3 n qncen, neias U;(n) cpaBHeHN, mpudém

T(n) ecim n < 21,

Ui(n) =
i(n) n/2+ U;(|n/2|)+T(2i+ 1) unaue.

(Ykaszaunue: cnenaiite [n/2] nomapubix cpaBHeHmil n oTGepuTe ¢ Hau-
MEHBIINX CPefll MeHbIINX HIeMEHTOB map.)

6 Hoxaxure, uro U;(n) = n+ O(T'(2¢) log(n/?)).
B Hokaxure, uto, npu nocrosuuom 7, umeem Us;(n) = n 4+ O(lgn).

[Ta ke olleHKa MONYUUTCS, €CIIN MOCTPOUTDH Kydy U3 TJIaBhI 7, a 3aTeM
i pa3 BHIOpATH M3 Heé MUHUMAJBHBIN BIeMeHT. ]

r Hycte ¢ = n/k, npuuém k > 2; nokaxknre, uro U;(n) = n +

O(T(2n/k) g k).

JameyaHug

AsropuT™ HIis HaxXOXKIEeHUs MeuaHbl 3a JINHEHOe B XYIIIeM CIIydae
Bpems npemnoxmnn Hitom, ®ioiin, Hpatt, Husect n Tapbsn [29]. Be-
POSITHOCTHBIIN aJITOPUTM € JINHEHHBIM CPeNHUM BpeMeHeM paboThbl MpH-
nHamiexkut Xoapy [97]. ®mnoiin u Husect [70] paspaBoranu ycoBepliieH-
CTBOBAHHYIO BEPCUIO HTOTO AJITOPUTMa, B KOTOPOIl IpaHuiia pa3GueHus
onpenengeTca Mo HeboJMBIION cIydaliHoll BEIOODKE.






III CrpykTyphbl HIaHHBIX



BBenenue

B mporpaMMmupoBaHuUm 9YacTO HPUXONUTCS UMeTh MeJI0 ¢ MHOKe-
CTBaMU, MEHSAIOIIIIMACS B IIpoTlecce BHITIOMHEHUS ajropuTMa. B criemy-
IOLIUX MATHU MJIaBaX Mbl PAaCCMOTPUM CTPYKTYPbI HAHHBIX, pedHa3Ha-
YeHHBIe ISl XPAHEeHNs N3MEeHSIOUINKCS (IMHAMIYeCKMX, MO-aHTINACKN
dynamic) MHOKecTB.

Hasubie anropuTMBI UCTONABL3YIOT pasnble omepanun. Hepemko, ma-
npumep, TpebyeTcs Nulllb HOGABIATL U YIAJIATH 3JeMEHTHl B MHOXKe-
CTBO, & TaKxXe MpOBePATh, IPUHAIIEKNT JIM MHOXKECTBY HaHHBIH 3ie-
meHT. CTPYyKTypa HaHHBIX, HOAJEPKUBAIOIIAS TaKue ONepaliuu, Ha-
3biBaeTcs caopapéM (dictionary). B mpyrux cuTyammsx MOTYT MOHAIO-
6uThes Gosiee cHOXKHLIe omepaluu. Hampumep, odepenu ¢ TpPUOPHUTe-
TaMU, O KOTOPLIX 1IJa pedb B IllaBe 7 B CBA3M ¢ Ky4aMu, paspelialT
BBIONPATD I YAAISATh HAUMENbW UL TeMeHT (TOMIMO MOGaBIeHIs Hile-
MeHTOB). HOHSTHO, 9TO BBIGOD pealn3alnnn IMHAMIIeCKOr0 MHOKECTBA
3aBUCUT OT TOrO, KaKue ollepalluil ¢ HUM HaM MOoTpedyloTcs.

HiemenTsr MmHOXeCTB

OGBIYHO BIeMeHT NHHAMHMYECKOT'O MHOXKeCTBa — 3TO 3allliCh, CO-
nepikKalllas pasinudbie Tods. YacTo omHo m3 Tmosell paccMaTpuBa-
ercst kak xmou (key), mpenHasHaYeHHBIN s WIEHTH(GUKALNN HIie-
MEeHTA, & OCTAJbHbIE TIOJS — KaK AomosHMTeIbHat madopmamus (satellite
data), xpamsiascs BMecTe ¢ KI0YOoM. HiemMeHT MHOXKecTBa HINETCS
1O KJI0YY; KOra 3JeMeHT, Mbl MOXKeM MpoYecTh WU U3MEHUTH JIOMOJI-
HUTEIBHYI0 NHPOPMAINIO, HMEIOUIYIOCS B 3TOM 3JeMeHTe. Bo MHOTTX
cliydyasx Bce KJIOYM Pa3iuyHbl, U TOr'/la MHOXKECTBO MOXKHO paccMa-
TPUBATH KaK QYHKINIO, KOTOPas ¢ KakKIbIM (CYIIECTBYIOIINM ) KITIOIOM
COMOCTABIIAET HEKOTOPYIO NOMOJHUTENbHYIO HHOOPMAIUIO.

Muorue cmocobul peannzanuu MHOXKECTB TpebyoT, ITOOLI BMecTe ¢
KazKIIbIM KJIFOUYOM XPaHMIUCHL He TONbKO HOMOIHUTEelbHbIe NaHHbIe, HO U
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HEKOTOpas ciykebHas nuaopManns (H:cmplxuvlep7 yKazaTenn Ha IpYyTrue
»JeMeHTEL MHO)KeCTBa)

YacTo nHa MHOXKeCcTBe KJIUell TMeeTCsl eCTeCTBeHHbIN TNHelHLIi Ho-
PAIOK (H:cmplxuvlep7 KIIOYW MOTYT OBITH MeHCTBUTENbLHBIMU YHUCIAMHU
WJIN CIIOBaMU, Ha KOTOPBIX eCTh JIeKCHKOT paduIecKuil HopﬂILOK). B sTom
ciiydae MOYKHO TOBOPUTH, HAPUMeEp, O HauMeHbIIeM 3JieMeHTe MHOWKe-
cTBa niu ob BieMeHTe, HeloCPeICTBeHHO CIIeNYIONeM 3a TaHHBIM.

Mur npenmnonaraem, 4To 3JIeMeHTH MHOXKECTBA XpaHATCA B HEKOTO-
poii o0llell obTacTl TaMATH W IJIA KaXKOOTO UMeeTCs yKa3aTellb, KOTO-
PBLIIl HO3BOJIZET HOJAYYUTH JOCTYI K HToMy jieMenTy. OOLIUHO B Kade-
CTBe yKazaTels BBICTYIAaeT MPOCTO ajipec B MaMsITH; €Cliu s3bIK MpPO-
rpaMMUPOBAHUS 3TOTO He MpeNyCcMaTpuBaeT, yKazaTeleM MOXKeT 6LITh
NHOEKC B MaccuBe.

Or[epaum/[ Haa MHOXeCTBaMHU

Omnepannn Hall MHOKeCTBAMI e TCS HA 3ampockl (queries), KOTOpbIe
He MEHSIOT MHOXKeCTBA, U omepamum, MeHstomme MHoxectrso (modifying
operations). Tunnvnbrie onepanun ¢ MHOKeCTBAME TaKOBBI:

SEARCH(S, k) (momck). 3ampoc, KOTOpHIl MO NaHHOMY MHOXKeCTBY S
u KiIouy k BO3BpalllaeT yKaszaTelb Ha JIeMEeHT MHOKECTBa S ¢ KITio-
oM k. Eciin Takoro sieMenTa B MHOXKeCTBe S HeT, BO3BpaIlaeTcs NIL.

INSERT (S, z) noGaBrsieT K MHOKeCTBY S B/IeMeHT, Ha KOTOPHINl YKa3bl-
BaeT yKasaTelb ¢ (MOIpa3yMeBaeTcs, YTO K 9TOMY MOMEHTY BCe MOJst
B 3aIlICH, HA KOTOPYIO yKa3biBaeT &, yXKe 3aIO/HEHBI ).

DELETE(S, ) ynanser u3 MHOXKeCTBa S HJIeMEHT, Ha KOTODLI yKa3bl-
BaeT yKasaTelb & (0OpaTnTe BHHMaHHe, 9TO & — yKasaTellb, a He
KITIOY).

MINIMUM(S) BBLIAET yKa3aTellb Ha HIEMEHT MHOKECTBA S ¢ HalMeHb-
MINM KJIIOYOM (CUMTaeM, 4TO KI0Yl JIUHEHHO yIOpsSNOIeHbl).

MAXIMUM(S) BBLIAET yKa3aTelb HA HJIEMEHT MHOKeCTBa .S ¢ Hanbosb-
IINM KJIYOM.

SUCCESSOR(S, z) (cienyromiunit) Bo3BpalllaeT yKa3aTelb Ha DJIEMEHT
MHOXKeCTBa S, HEIOCPEICTBEHHO CICHYIOUINI 3a DIEMEHTOM & (B CMbI-
clle NIHEHOTO MOpsioKa Ha Kiaovax). Ecian 2 — HanGosbIInii sieMenT,
BO3BpAIaeTCs NIL.

PREDECESSOR(S, ) (nmpensiaymimii) Bo3BpalllaeT yKasaTelb Ha Hile-
MEHT, HeNOCPEICTBEHHO MpeliecTBYIInil dneMeHTy @ (ecnum & —
HaMeHBIIN{l BIeMeHT, BO3BpallaeTcs NIL).

3anpockl SUCCESSOR 1 PREDECESSOR 4acTo UCHONB3YIOTCS U MPU pa-
6ore ¢ MHOXKeCTBaMl, B KOTOPLIX KJIIOYH Pa3JINYHLIX 3JIeMEHTOB MOI'yT
coBNaaTh. Hpn »ToM paszyMmHas peann3alns rapaHTupyeT, 9TO GyHK-
nuyu SUCCESSOR 1 PREDECESSOR o6paTibl, 4To Hauas ¢ MINUMUM(.S)



Yacme 11T Cmpyxmypst dannsix 195

u npuMeHsisi GyHKINIO SUCCESSOR, MbI IEPEUUCIUM BCE BIIEMEHT bl MHO-
JKecTBa B HeyObIBalOllleM MOpAAKe U T.II.

CroumocTh omepaiuii HaJ MHOXKecTBaMu OOBIYHO OIEHUBAETCS ve-
pe3 pasMep MHOXKECTB, K KOTOPLIM OHU TpuMensioTcs. Hampumep, B
riaBe 14 MblI onmuchbiBaeM CTPYKTYPY NaHHBIX, KOTOpas NO3BOJsSeT BbI-
NOMHUTH KakIylo U3 HepedncieHHbx onepannii 3a Bpems O(lgn), rue
7 — YUCIO 3JeMeHTOB MHOXKeCTBa.

0630p wactn 111

B rmaBax 11-15 MBI onmmchiBaeM pa3nuvyHble CTPYKTYPHI MAHHBIX,
mpenHasHaueHHbIe s pabOThl ¢ IUHAMUYeCKUMU MHOXKecTBamu. C 1mo-
MOIIbIO 3TUX CTPYKTYP HAHHBIX MOXKHO pa3paborTaTh 3dpeKTuBHbIE
QITOPUTMBI IJs pellleHns MHOTHWX pas3iindHLIX 3amad. Kcrartu, ¢ on-
HOIl BaXKHOW CTPYKTYpOil MaHHBIX (Kydeil) MbI yXkKe MO3HAKOMUINCH B
riaBe 7.

B rmaBe 11 mubl paszbupaeM TpUHOUNEI pabOTH ¢ TPOCTERITUMHI
CTPYKTYpaMu [IaHHbIX: CTeKaMU, OYepelsMu, CBA3AHHBIMU CHOUCKAMU
7 KOpHEBBIMH HepeBbiMu. B 5Toll XKe riaBe paccKasbiBaeTcs, Kak pea-
JIM30BATh 3alIUCH M YKa3aTe ! ¢ MOMOIIbIO 43bIKOB IPOrpaMMUPOBaHUS,
B KOTOPBIX HET COOTBETCTBYIONINX TUNOB HaHHbIX. HosbIlas vacTh Ma-
Tepualia 3Toll rilaBbl COCTABIAET CTaHIAPTHBIA MaTepual HauaJlbHOro
Kypca IporpaMMupPOBaHUs.

B rmaBe 12 MBLI TO3HAKOMUMCS € XeII-TaGHIUIaMU, MTONIepPKIBAIO-
uimmMu onepaiiuu INSERT, DELETE n SEARCH. B xynuiem ciryuae nouck
B Xemr-tabnume TpeGyeT BpeMenn ©(n), HO cpemHee Bpems, HeOOXOMN-
MOe€ 11 BBHIMOJIHEHU S JTI000I U3 CJIOBAPHBIX oNlepallil ¢ Xell-TadJIuIen,
cocTaBisieT (IpH HEKOTOPBIX Npennonoxkenusx) guinb O(1). Ananms
XellUPOBaHUS UCHONb3YeT TeOpUld BeposTHOCTel, HO /Jis NOHUMaHUs
OO0JIBIIIEll YaCT! T'JIAaBHI 3HAKOMCTBO € 3TOW Teopueil He 00A3aTEIBHO.

B rnaBe 13 MBI 3aHnMaeMcs OepeBbsIME OBOMYHOTO moucka. Hru me-
peBbs TOIEPKUBAIOT BCe MepevynciieHHble ollepalluiil ¢ MHOXKeCTBaMU.
B xynimem ciydae cTONMOCTD KaKIoil m3 omepannii ecth ©(n), HO mis
cllydaiiHo MOCTPOEHHOro NepeBa MaTeMaTHUyecKoe OXKujlanue 3Toil cTo-
nmocTn ecth O(lgn). Ha Gase mepeBbeB HBONYHOIO MOUCKA CTPOSTCS
MHOI'Me Npyrue CTPYKTYPhl TaHHBIX.

I'maBa 14 nocmsamiena KpacHo-4épHBIM mOepeBbsiM. HTa pasznoBun-
HOCTb JlepeBbeB IBOMYHOIO MOUCKA rapaHTHPOBaHHO paboTaeT ObICT po:
BpeMsi BHITIONHEHNs KayKIOi omepannu B xynaineMm cnydae ects O(lgn).
Kpacno-uépurie nepeBbs TpencTaBISIOT coboll OOWH U3 BapHaHTOB
"cbanancuposannviz” nepeBbeB noncka; apyroit BapnanT (H-mepeBbs)
obcyxnaercs B raase 19. AnropuTmbl nis paGoThl ¢ KPACHO-UEPHBIM U
NepeBBIMHI YCTPOEHLI MOBOMBHO XUTPO. XOTSA MeTalIn MOXKHO ONYCTUTH
Ipy MepBOM YTeHUU, UHTEPeCHO B HUX pa3olbpaThes.

B rnmaBe 15 MBLI paccMaTpuBaeM MOTNOJIHUTENBHBIE CTPYKTYPHI Ha
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KpaCHO—‘IéprIX OepeBbiaAX, MMO3BOJIAIOLIINEe BLINIOJIHATDL elllé HeCKOJIBKO
onepauﬂﬁ (HOpHI[KOBbIe CTaTUCTUKN, ollepalum C HepeBbiAMEI IIPpOMe-

KYTKOB).
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QJieMeHTapHbIe CTPYKTYPbl TaHHBIX

B sToll rmaBe MBI paccMaTpuBaeM HECKOIBKO NPOCTLIX CTPYKTYD HaH-
HBIX [IJI XpaHeHUs MHOXKeCTB: CTeKH, ouepell, CIUCKU, KOpHeBbIe Hepe-
Bbs. MBI MOKaxkeM, KaK MOXKHO pealimi30BaTh WX C MOMOIIBIO yKa3aTenel
UM MacCUBOB.

11.1 Creku u ogepenn

Creku u ouepeny — 5TO NUHAMHUYECKHE MHOXKECTBa, B KOTOPBIX bJle-
MeHT, yHalsdeMbIil M3 MHOXKeCTBa omepanweil DELETE, He 3amaércs
MPOM3BOIBLHO, a ONMpeneNiseTcs CTPYKTYpoil MHOXKecTBa. VMMenwno, u3
creka (stack) MOXKHO ymaquTh TOMBKO TOT 3JIEMEHT, KOTODBIi Obll B
Hero noGaBiieH MOCHeMHNM: CTeK paGoTaeT Mo MPUHIHTY ~ nocaednum
npuwéa — nepevim ywéa” (last-in, first-out — cokpamenno LIFO).
N3 ouepemu (queue), HATPOTUB, MOKHO YIAINTH TOMBKO TOT BIEMEHT,
KOTOPHBIH HAXOMUIICS B 0UepeNn MNOMbIle BCero: paboTaeT MPpUHINT “nep-
6bim npuwéa — nepevin ywéa” (first-in, first-out, coxpamenno FIFO).
CyliiecTByeT HECKOJNBKO cnocoGoB a¢gheKTUuBHO pealin3oBaTh CTEKU U
ouepernn. B »ToM paszmene MBI paccKaikeM, KakK pealn30BaTh nX Ha Gase
MacCHUBa.

Crexn

Omnepanus nobaBiIeHns »IeMeHTa B CTeK 9acTo obosHavaeTcs PUSH,
a ofnepanus yaajJeHns BepXHero seMeHTa W3 cTeka JacTo obo3Hadva-
etcst POP (push B manHOM KOHTeKCTe 03HAUAeT "3anurueamyv”, a pop —
"evinumams”). CTeK MOKHO yHOHOOUTH CTOINKe TapeloK, N3 KOTOPOI
MOXKHO B3ITh BEPXHIOI N Ha KOTOPYIO MOXKHO TOMOXKNTH HOBYIO Ta-
penky. [llpyroe HasBaHme cTeka B pycckoil muTepatype — “mazazun”
— MOHSTHO BCAKOMY, KTO pasbupali aBroMaT KamaniHnkosa.]

Ha puc. 11.1 moraszano, Kak MOKHO Peaim30BaTh CTEK EMKOCTHIO He
Gosiee n sreMeHTOB Ha Gaze maccuBa S[1..n]. Hapsny ¢ maccuBom MBI
XpaHUM THCIO top]S], SBIsIOlNIeecs NHIEKCOM MOCTeNHEro NoGaBIeHHOTO
B cTek sremenTa. Crek coctont u3 snemenToB S[1 .. top[S]], rme S[1] —
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Pucynok 11.1 Heammsamus cteka Ha 6a3e maccuBa S. CBETIIO-Cephbie KIIETKH 3aHATHI
snemenTaMmn creka. (a) Crek S comepxut 4 sieMeHTa, BEPXHUI 3JI€EMEHT — 4HCiIo 9.
(6) Tor xe crek mocie BEINOMHEHNUS onepaiuit PUSH(S, 17) u PUsH(S, 3). () Crek
mnocse Toro, Kak omepanust POP(S) BepHysa sHadeHue 3 (mocienHUN NoGaBIeHHBII
B CTEK SJIEMEHT). XOTS UHUCIO 3 HO-IPEeXKHEMY HIPUCYTCTBYET B MaccuBe S, B CTEKe
€ro yiKe HeT; HAa BEepIUUHE CTeKa — 4uciio 17.

HIKHUII 37eMeHT creka (7dno”) a S[top[S]] — BepxHmil smeMeHT, NN
BepIlnHa CTeKa.

Ecnu top[S] = 0, To ctex myer (is empty). Ecam top[S] = n, To
IPH MONBITKE NOOABNTH 37€MEHT TMPONCXONNT nepenonsenue (overflow),
OCKOJIBKY pa3Mep cTeKa B Hallleil pealn3alliil orpaHnYeH YNCIoM n.
CuMMeTpnyHas CUTYallus — HONBITKA yIAJUTh BJIeMEeHT W3 MyCTOro
cTeKa — TO-PYCCKN HUKAaK He HasbiBaeTcs (“medo-noanenue”?), a mo-
anrymiickn HasbiBaercs underflow. B 5Toil riaBe s MpocTOTH MBI He
OyleM oOpalllaTh BHIMaHe Ha BO3MOXKHOCTH TNEPenoIHe s CTeKa.

Omnepanun co cTekoM (TMpoBepKa MyCTOTHI, HOOGABIEHIE HIeMeHTa,
yaaneHne 37IeMeHTa) 3alNChIBAIOTCS TakK:

STACK-EMPTY(S)
1 if top[S]=0

2 then return TRUE
3 else return FALSE

Pusu(S, z)

1 top[S] + top[S]+ 1
2 S[top[S]] + z

Por(9)

1 if STACK-EMPTY(S)

2 then error “underflow”
3 else top[S] « top[S]—1
4 return S[top[S] + 1]

Buinonnernwe onepannit PUSH n POP nokazano Ha puc. 11.1. Kaxnas
13 TPEX omepanuii co cTekoM BbImomHseTcs 3a Bpemst O(1).
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Ouepenu

Onepalnnio nobaBiieHns IeMeHTa K odepenn Mbl OyiaeM 0603HAYaTh
ENQUEUE, a onepaluio yIajdeHus dAeMeHTa n3 odepenn OyaeM ob60o3Ha-
9aTh DEQUEUE. (Kak n mns cTekoB, ymanseMmblil n3 odepenn BJeMeHT
olpernese OMHO3HAYHO W TOYTOMY ABJSETCS He MepenadTcs Mpolerype
nporenype DEQUEUE, a Bo3sBpalllaeTcst 3Toii mporenypoii.) Hpasmio
3[1eCh TaKoe JKe, Kak B KIBOI odepeli: TepBbIM MPUIIET — NepBbIM 00-
cinyxkeH. (W ecnn Hamm mporpaMMbl TPAaBUIBHEL, MOKHO HE ONACAThCS,
9TO KTO-TO TMpOinéT 6e3 odepen.)

HpyruMu croBamu, y odepenn ecThb rogosa (head) nm xsoer (tail). Hire-
MEeHT, N0GaBIAeMBIil B OUepelb, OKa3hbiBaeTCs B €8 XBOCTe, KaK TOMBKO
YTO MONOIIENNINI MOKyNaTeNb; HIeMeHT, yoadseMblil U3 odepenn, Ha-
XOIMUTCS B €8 rojioBe, KakK TOT MOKYNaTelb, 4TO OTCTOII A0JbIle BCex.

Ha puc. 11.2 mokasano, Kak MOXKHO peajii30BaTh odyepellb, BMeIlla-
olyto He Gomee ueM n — 1 siemeHT, Ha 6aze MaccuBa Q[1..n]. Mur
xpaHnM uncia head[()] — wHOeKC ToMOBBI ouepenu, u taill()] — wuH-
IeKC cBODOMHON S49ellKi, B KOTOPYIO OyleT MOMeIlEH clenyolnii nodba-
BAAEMBINl K odepenn diaeMenT. OQuepenb COCTOUT U3 HJIEMEHTOB Mac-
CHUBa, CTOSIINX HAa MecTax ¢ Homepamu head[Q], head[Q] + 1, ...,
tail[Q] — 1 (mompasymeBaeTCst, 9TO MAaCCHB CBEPHYT B KOJBIIO: 33 N Cile-
nyet 1). Ecim headQQ] = tailQ], To ouepens mycra. HepBorauanbuo
nveeMm head[()] = tail[Q] = 1. Ecnu ouepent mycTa, TOTBITKA YIAINTh
sreMeHT n3 Heé BenéT K omnbke (underflow); ecnn headQ] = tail]Q]+1,
TO oYepelb MOMHOCTHIO 3al0JIHeHa, W TONbITKA J0OaBUTh K Hell HIeMeHT
BBI30BeT nepenonnenne (overflow).

B mamunx peanmzanusx mporenyp ENQUEUE m DEQUEUE MBI HTHO-
pUpyeM BO3MOKHOCTDH IEePEeNoAHeHIs WM MONBITKH U3bATHS DIeMeHTa
n3 nycToil odepenn (B ympakuennn 11.1-4 MBI HOMpocHM Bac BHECTH B
KOIl COOTBETCTBYIOLIINE TTPOBEPKI).

ENQUEUE(Q, ©)

1 QtaillQ]] + =

2 if taillQ] = length[Q)]

3 then tail[Q] + 1

4 else taill@Q] + tail[Q]+ 1

DEQUEUE(Q)

x + Qlhead]Q]]
if head[Q] = length[Q)]

then head[Q)] + 1
else headQ] < headQ] + 1

return x

U= W N =

Ha6oTa nponenyp ENQUEUE n DEQUEUE nokazaHna Ha puc. 11.2. Ka-
KIas W3 5TuX npornenyp paboraeT 3a Bpems O(1).
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Pucynox 11.2 Owuepens, peammsoBanHas Ha 6ase maccmba @Q[1..n]. CeeTmo-ceprre
KIIETKI 3aHSATH 3ieMeHTaMu odepenu. (a) B odepenu HaxomsarTcs 5 5eMEHTOB
(mosmmun Q[7..11]). (6) Ouepeny nocie BhmonHeHus npouenyp ENQUEUE(Q,17),
ENQUEUE(Q,3) u ENQUEUE(Q,5). (B) Ouepent mocie BEILIOJIHEHUS IPOLELYPHL
DEQUEUE(Q) (xoropas Bospparmaer sHadeHue 15). Hosoil ronosoit ouepenu craio
qucio 6.

Yupaxuenus

11.1-1  Cnenys obpasuny puc. 11.1, nokaxure paboTy omnepaiuit
Pusu(S,4), Pusu(S,1), Pusu(S,3), Pop(S), Pusu(S,8) u Por(S5) na
CTeKe, peali30BaHHOM ¢ MOMOIbI0 MaccuBa S[1..6]. HepBonauanbho
CTeK TMYCT.

11.1-2  Kak Ha 6a3e onsoro MaccuBa A[l..n] peanusoBaTh nBa cTeka
cymMmapHoii nnnHbel He Gonbire n? Onepannun PusH m Popr momxub
BBIIONHATBCS 3a BpeMs O(1).

11.1-3  Cnenys obpasuny puc. 11.2, nokaxure paboTy omnepaiuit
ENQUEUE(Q,4), ENQUEUE(Q,1), ENQUEUE(Q,3), DEQUEUE(Q),
ENQUEUE(Q, 8) 1 DEQUEUE((Q) Ha ouepenn, peaJm30BaHHON ¢ MOMO-
ibio MaccuBa (Q[1..5]). HepBornauanbho odepens mycTa.

11.1-4  HepenumuTe nponenypbl ENQUEUE n DEQUEUE, TpenycMo-
TpeB NpOBepKH Ha ciydail nepenonHenus uiu underflow.

11.1-5  Crek mo3BosisieT H0GABISThH U yHAISTh 3IEMEHTHI TOJBKO €
onHoro KoHma. B odepent noGaBisIThH AIeMeHTH MOXKHO TONLKO € Off-
HOT'O KOHIIA, & YIAIsiTh — TOJBKO ¢ npyroro. CTPyKTypa HaHHBIX, Ha-
spiBaemas gekom (deque, oT double-ended queue — "ouepedv ¢ deéyms
konyamu”), TO3BONSIET NOGABISITH I yOAIATH 3I€MEHTHI ¢ 0BONX KOH-
noB. HeannsyiiTe nek Ha 6a3e MaccuBa TakKHM 06pa3oM, YTOOLI omepa-
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nnn NoGaBIEHNS I yIAJeHNs SIeMeHTa ¢ KaKIOro I3 KOHIOB 3aHIMAII
BpeMs O(1).

11.1-6  O6bsicHuTe, KaK MOXKHO pealii30BaTh ouepelnb Ha Oaze NBYX
cTekoB. KakoBo BpeMs paboThl onepalnii ENQUEUE n DEQUEUE npu
Takoil peanuzaiuu?

11.1-7  O6bsicHuTe, KaK peajin3oBaTh cTek Ha Oaze HBYX ouepepneil.
KakoBo BpeMsi paBoThl cTEKOBBIX onepaliuii?

11.2 Csa3aHHBIC CHUCKU

B cBasamnom cmmeke (mim mpocTo cnucke; mo-anrimiickn linked list)
5JIeMEHTHI JINHEHHO YIOPSIIOUeHbl, HO MOPSIOK ONpEIeNnseTcs He HOMe-
paMn, KaKk B MacCHBe, a YKa3aTeNsIMI, BXOISIINMA B COCTAB SIeMEHTOB
crnncka. CHOUCKN SBASIOTCS yOOOHBIM CIOCOOOM peaii3amni ITHAMI-
YeCKNX MHOKECTB, TO3BOJSIONINM Pealn30BaTh BCe ONEPAINN, Tepedi-
ClleHHBIe BO BBENEHHN K 3TOI 9acTH (XOTS M He Bcerna 3(hQeKTuBHO).

Ecnn kaKmoerii cTosmmit B odepeny 3alOMHNT, KTO 3a HEM CTOHT,
nocsie 4ero Bce B HeCHopsiKe paccsSmyTCs Ha JTaBOYKe, MONYINTCS Ofi-
HOCTOPOHHE CBSI3aHHBIN CIICOK; €CIN OH 3alOMHIT €I11é U BIepenn CTo-
sLero, 6yaeT IBYCTOPOHHE CBS3AHHBI CITNCOK.

Hpyrumu cioBaMu, Kak nokazano Ha puc. 11.3, aIeMeHT xBycTopoHHe
ceasansoro crmcka (doubly linked list) — »To 3amuch, conep:katias Tpn
nomnsi: key (kmow) w nBa ykasarens next (cmemyiomnit) u prev (oT
previous — upenbiaymmit). Hommmo 5Toro, siaeMeHTHI cOnCKa MOTYT
COIepkKaTh NONOTHUTENbHBIE HaHHBE. Ecnm & — smeMeHT cmmcka, To
next[x] ykasbiBaeT Ha CIENYIOIIUN SIeMeHT CIHCKa, a prev[z] — Ha
npenmecTByomnit. Ecnu prev[z] = NIL, TO y 7eMeHTa & HET Tperlie-
cTByfolero: 5to roaosa (head) cnucka. Ecan nezt{z] = NIL, TO 2 —
NOCJIEITHUIT SIeMeHT CIUCKa MM, KakK FOBOPAT, ero xsocr (tail).

Hpexnme wem mBuraThes Mo yKasaTessM, HAIO 3HATH XOTs ObI ONNH
5JIeMEHT CIUCKa; MBI TMPEANonaraeM, ITo s CIucka [ m3BecTeH yka-
3atentb head[L] va ero ronosy. Eciu head[L] = NIL, To cnucoK mycT.

B pasnmuHBIX cHTyanmsx HCOOMB3YIOTCS Pa3HBIe BUIBI CIHCKOB. B
oxHocToponne ceazannoM (singly linked) cmmcke oTcyTeTByloT nosst prev.
B ymopsmouemnom (sorted) crmmcke smeMeHTBI PACTONOKEHBI B MOPSIKE
BO3pACcTaHNs KI0UYeil, TaK ITO y TOJOBBI CINCKA KU HANMEHBIINI,
a y XBOCTa CINCKAa — HaWGOJBIINI, B OTANYNE OT HEYHOPAAOYCHHOTO
(unsorted) cnncka. B xompmesom crmcke (circular list) mome prev romoser
CIIICKA YKa3bIBaeT HA XBOCT CINCKA, a ToJe nexrt XBOCTa CINCKA yKa-
3bIBaeT Ha TOJIOBY CIUCKA.

Ecnn nHoe He oroBopeHO 0060, MOI CINCKOM MBI GyIeM NOHHMATh
HEyTIOPSIIOYeHHBI TBYCTOPOHHE CBSI3aHHBII CITNCOK.
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Pucynox 11.3 (a) IlBycroponse cBsisaHHBII crucok L copepxkur umcia 1,4,9, 16.
KaxnmpIit 351leMenT CrimcKa — 5TO 3alich C TIOIAME IS KIToYa U yKazaTerell Ha TIpe-
JBLIYINMIL 1 TOCIIEAY IOIKI 5IeMEHTHL (9TH yKasaTenu H300pakeHEl cTpeikaMmu). B
Tosle next y XBOCTa CIICKA W B TIOJIe prev y TOJIOBBI CIICKa HAXOMMTCS YKa3aTesTh NIL
(xocast uepra Ha pucyrke); head[L] ykaseiBaeT Ha ronoBy cimcka. (6) B pesynsrate
BHINONHeHUs orepanuu LIST-INSERT(L, z), roe key[x] = 25, B cICKe TOSBIICS HO-
BBIN JEMEHT C KITIOYOM 25; OH CTaJl HOBOWM TOJIOBOM CIMCKA, & €ro Moje nert yKa-

3BIBaeT Ha GHIBLIYIO IO/IOBY — 5lieMeHT ¢ kiouoM 9. (B) Benen 3a sTum Gblina BeI-
nonHeHa omepaius LIST-DELETE(L, ©), Tfle £ — yKasaTellb Ha 3JI€MEHT C KIIOUOM
4.

Homnck B crmcke

Hponenypa LisT-SEARCH(L, k) maxonuT B chnucke L (¢ MOMOIIBIO
IPOCTOTO JIMHEHOTO TONCKa) MepBBIN HJeMeHT, NMeoImil Kol k.
Tounee roBopsi, OHa BO3BpalllaeT yKa3aTelb Ha 3TOT HJAeMeHT, Uil NIL,
ecau 3JeMeHTa ¢ TaKuM KJI0YOM B CliUcKe HeT. [enu, nanpumep, L —
crnncok puc. 11.3a, To Be30B LIST-SEARCH(L,4) BepHET yKa3aTenb Ha
TpeTuit 57eMeHT CINCKa, a Bb30B LIST-SEARCH(L, 7) BepH&T NIL.

LisT-SEARCH(L, k)

1 2 « head[L]

2 while © # NIL and key[z] # k
3 do = + next]z]

4 return z

Homuck B cnmcke m3 n smeMeHTOB TpebyeT B XyAlleM ciydae (KOrma
IPUXOINTCS MTPOCMATPHBATH BeCh CINCOK) ©(n) omeparmuii.

I[OﬁaB.TIeHIIIe JIECMCHTA B CIIMCOK

Hpomuenypa LIST-INSERT HoGaBlseT 3JIeMeHT & K cIucKy L, moMertias
ero B rojioBy ciucka (puc. 11.36).
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LisT-INSERT (L, z)
next{z] < head[L]
if head[L] # NIL
then previhead[L]] +
head L] <
prev[z] < NIL

QU W N~

Hponenypa LiST-INSERT Beimomusiercs 3a Bpems O(1) (He 3aBucsimee
OT IITUHBI CIICKA).

Y,Z[a.]'IeH]l[e JJIEMCHTAa U3 CIINCKa

Hpotuenypa LIST-DELETE ynaliseT »leMeHT T W3 cliicka [, Hampa-
BIIds yKasaTenn "¢ o6xod” sroro sneMenta. Hpu nToM B kauecTBe apry-
MeHTa ell mepenaércs ykaszaTelb Ha x. Kciu 3amaH KIIOY BjieMeHTa T,

TO Ilepeld yHaJleHneM Halo HalTH ero YKa3aTellIb ¢ IIOMOIILIO Ipole-
nypbl LIST-SEARCH.

LisT-DELETE(L, z)

1 if prev[z] # NIL

2 then next[prev[z]] « next[z]
3 else head[ L] < next[z]

4 if next[z] # NIL

5 then prev[next[z]] « prev[z]

Ynanenue sieMeHTa W3 CIUCKA NPOUIIIOCTPUpOBaHO Ha puc. 11.3B.
Hponenypa LisT-DELETE pa6ortaet 3a Bpemst O(1); onHako mis yma-
JIeHUs BIEeMeHTa C 3allaHHbIM KJIFOUOM ero Hallo CHavajla HaiiTu, 4To
noTpebyeT Bpemenn O(n).

PuxkTUBHBIC JIEMEHTHI

Ecnu 3abpiTh 06 0cOOLIX CHUTyammusaX Ha KOHIAX CHOUCKa, MTpOIe-
nypy LIST-DELETE MOXHO 3alHCaTh COBCEM IPOCTO:

LisT-DELETE' (L, z)

1 next[prev[z]] + next[z]
2 prevnextz]] < prev[z]

Takue yupolleHs CTaHy T 3aKOHHBIMH, €CIi T06ABUTh K CIUCKY L (uk-
TUBHBI 37eMeHT nil[L], KoTopblil 6yneT nMeTh MOJs next W prev Ha-
paBHe ¢ TMPOYUME 3JIeMeHTaMi cnucka. HToT sneMeHT (HasbIBaeMblil
sentinel — 7acoBoIT) He MO3BOINMT HAM BBIATH 3a MpeNebl CIUCKa. Y Ka-
3aTelb Ha HETO WIpaeT pOlb 3HAUYeHNs NIL. 3aMKHEM CINCOK B KOIBIIO:
B mosist next[nil L)) u prev[nil L]] 3anuinem ykasaTesn Ha rOJOBY I XBOCT
CIUCKa COOTBETCTBEHHO, & B TOJIS pPrev y TOJOBLI CIUCKA U next y
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Pucynox 11.4 Crucok L, uctione3syomuit QUK TUBHbLA aneMeHT nil L] (TéMHO-cephbIii
npsamoyronsHuk ). Bumecro head[L] ucnombsyem nest[ni[L]]. (a) Hycroit comcok.
(6) Cuucox puc. 11.3a (anemenT ¢ kimouom 9 — romoa, 1 — xsoct). (B) Tor xe
CHMCOK mocTie Tiporenypbl LIST-INSERT' (L, x), ecim key[x] = 25. (r) Hocne ynanenuns
ameMeHTa ¢ KiodoM 1. Hosbrit xBocT nMeeT Kimiou 4.

XBOCTa CIHCKa 3aHecéM ykaszatenn Ha nil[L] (pmc. 11.4). Hpu stom
next[nil[L]] — ykazarenb Ha roJOBY CHHCKA, Tak 9To aTpubyT head|L]
crasoBuTest nuirHuM. Hycroit cnncok L renepb GyneT KOIbIOM, B KO-
TopoM nil[ L] — enuHCTBEHHBIN HIIEMEHT.

B mponenype LIST-SEARCH HY:KHO JIHIIb 3aMeHUTH NIL Ha nilL] u
head[L] wa next[nilL]]:

LisT-SEARCH' (L, k)

1 2 « next[nilL]]

2 while z # nil[L] and key[z] # k
3 do = + next]z]

4 return z

s ynanenus siaeMenTa ronntes nporenypa LIST-DELETE', npuBenén-
Has Beimie. Hakoner, no6aBasTh 37eMeHT K CIUCKY MOXKHO TakK:

LisT-INSERT (L, 2)

1 next[z] + next[nilL]]
2 prevnext{nill L ]]] —
3 next[nilL]] +

4 prevjz] < nilL ]

Hpumep pabotel npouenyp LIST-INSERT' n LisT-DELETE’ mokaszan Ha
puc. 11.4.

WcnonbzoBanme GUKTUBHBIX AIeMeHTOB €llBa JI MOXKET YAVUIINTD
ACUMOTOTUKY BpeMeHN paboTHl aliTOPUTMa, HO YIPOIIaeT TPOTpaMMy.
NHorna (ecnn ncnonb3oBanme QUK THBHBIX 37€MEHTOB [O3BOJISIET COKPa-
THTH GparMeHT KOIa, HAXONSIINCS TIyGOKO BHYTPH IHUKIA), MOKHO
VCKOPUTE UCTOIIHEHNEe TPOTPaMMBl B HECKOIBKO pas.

He crenyeT mpuMeHSTh GUKTUBHBIE DJIeMeHTH 6e3 HY KB Ecnum an-
TOPUTM UCTONL3YeT MHOTO KOPOTKUX CNUCKOB, HCTIONb30BaHNe GUKTHUB-
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HBIX 3JIEMEeHTOB MOXKeT 00epHYThCS Cepbe3HOil NONOJIHUTENBHON TpaTol
naMsaTu. B oToll KHure QUKTUBHBIE HIeMEHTHl WCTOAL3YIOTCS TOILKO
TOrlla, KOT[a 3TO CYlLIeCTBEHHO YIpolllaeT NporpaMMy.

Yupaxuenus

11.2-1  MoxHo nu HoGaBUTH 3JIeMeHT B MHOXKECTBO, MpelcTaBlleHHOe
OIHOCTOPOHHE CBs3aHHBIM cruckom, 3a Bpems O(1)7 Tot ke Bompoc
LI yoajleHus >JIeMeHTa.

11.2-2  HeanusyiiTe cTek Ha 6a3e ONHOCTOPOHHE CBS3aHHOTO CINCKA.
Omnepannn PUusH n POP nomxubl BemomHATHCS 32 BpeMs O(1).

11.2-3  HeanusyiiTe ouepens Ha 6a3ze OMHOCTOPOHHE CBS3aHHOIO
cnucka. Onepannun ENQUEUE u DEQUEUE NOJKHBI BBIMOJHSTHCS 3a
BpeMs O(1).

11.2-4  Heamnu3syiiTe ciioBaptbie onepaiuu INSERT, DELETE u SEARCH
JUISE CBEPHYTOT'O B KOJIBIIO OIHOCTOPOHHE CBSI3aHHOIO crucka. KakoBo
BpeMsi pabOTHI BallluX Mpouenyp?

11.2-5  Omnepauunst UNION (o6bennnenne) noiydaeT Ha BXOIe IBA He-
IepeceKalolInXCes MHOKECTBa I BO3BpAlllaeT HX obbennuenne (caMu mc-
XOIHble MHOKECTBA IpH »ToM Hponanaior). Heanusyiite 5Ty onepauunio
Tak, 4To6bl oHa paboTana 3a BpeMs O(1), IpencTaBIsLs MHOKECTBA
CIHCKaMI MOOXONSIIErO THIIA.

11.2-6  HanwmnTe nponenypy, KOTopas CINBaeT IBa OTHOCTOPOHHE
CBSI3AHHBIX YNOPSIOYEHHBIX CINCKA B ONNH (TaKXkKe YHIOPSIOYEHHBII),
He UCIOIb3ys GUKTHBHLIX JIEMEHTOB. 3aTeM clenaiiTe 3T0O, UCHOIb3Y s
GUKTUBHBI HIeMeHT ¢ KII0Y0oM 00 (Io6aBIIseMblil B KOHEIl CIUCKOB).
Kakas u3 nByx nmporpamwm mpoiie?

11.2-7 HanumuTe HepeKypCHUBHYIO NPOIENYypPy, KOTopas 3a BpeMms
©(n) mepecTaBiseT 5IeMEHTHI ONHOCTOPOHHE CBS3aHHOTO CINCKA B
obpatHOM Topsinke. OOBEM IONOMHUTENHHON (MOMIMO HEeOGXOIMMOI
IUTsE XpaHeHNsT MCXOMHOTO CIUCKA) TaMsTn nojxkeH 66rTh O(1).

11.2-8* EcTb cnocof ¢HKOHOMITL MECTO IPpH pealu3aliil IBYCTOPOHHe
CBSI3AHHOT'O CHUCKA, CXKAB J[Ba yKazaTels next W prev B ONHO 3HAUEHUe
nplx]. Hymem cunrarh, 4To Bce ykaszaTeln cyTh k-OHTHBIE WHCIA 0
yKasaTenio NIL COOTBETCTBYET Uucio Hynb. Oupenennm nplz] mo ¢op-
myine nplz] = next{z] XOR prev[z], rne XOR — nobuToBoe croxkenne mo
vonymio 2 (uckmiouatoriee UJINW). He 3abynbre ykasars, kKakum obpa-
30M XpaHUTCs WHQOpMAIUS O TONoBe chucka. Kak peaiunzoBaTh onepa-
nun SEARCH, INSERT u DELETE? O6bsicHuTe, KaK HepecTaBUTh TaKoll
CIICOK B 06paTHOM mopsiake 3a Bpemst O(1).
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Pucynok 11.5 Crucok puc. 11.3a, npeacTaBiIeHHBIN ¢ HOMOIBIO TPONKI MaCCHBOB
(key, next, prev). KaxnoMy sieMeHTY CIICKA COOTBETCTBYET CBETIIO-CEPBII CTOIIOUK.
B BepxHel cTpouke BHIMMIICAHBI MOPSIKOBBIE HOMEDA, WTPAIOIIIE POIb yKa3aTelelt;
MENICTBIE yKa3aTesel MoKa3aHo CTPeIKaMi. JHAaueHne TepeMeHHol [, — ykasaTesb
Ha TOJIOBY CITHCKA.

11.3 Heanm3aumsa ykasareseil U 3alMUCell ¢ HECKOJIbKUMU MOJISAMU

B sa3wmikax Bpome dopTpana He TpenycMOTpeHO HU yKazaTesell, HU
27IeMeHTOB, HMEIOIINX HeCcKoMbKo moneli. B TakoMm cinydae mpuxomuTcs
00XOIUThCS MacCUBaMU, UCNOJB3YS MHIEKC B MaccuBe KaK yKa3aTelb
U 3aMeHsAs MacCUB 3anucell HECKOJBKUMU MACCUBAMU.

HpeI[CTaB.TIeHIl[e ¢ MOMOIIBID HECKOJIBKUX MaCcCHUBOB

MaccuB, cocTaBAeHHbI 13 3aMuceil, MOKHO 3aMEHNTH HECKOIbLKIMU
MaccmBaMn (MO OTHOMY Ha Kaxkmoe mome 3anmcn). Hampuwep, Ha
puc. 11.5 mokasano, Kak NpeacTaBUTh B BUIEe TPEX MacCCHBOB TOT Ke
CIMCOK, 4TO U Ha puc. 11.3a: B MaccuBe key XpaHITCs KIIOYN, a B Mac-
cuBax next m prev — yKasaTenu. KaxKmoMy sjeMeHTY CHHCKa COOT-
BeTCTByeT Tpoiika (key[z], nexf{z], prev[z]) nns HeKoTOpOTO MHIEKCA .
Honb ykasaTesss Ha 5TOT dJAeMeHT HI'paeT dncyio . B kKauecTBe NIL
MOKHO HCTIOJNB30BATh YNCI0, He ABISIONIeeCS WHICKCOM HIKAKOro Hile-
MeHTa MaccuBoB (Hampumep, 0 nnun —1). Ha puc. 11.3a 3anuch ¢ xiro-
YoM 4 CTOMT B CIMCKe cpasy Mocie 3alucu ¢ KiodoMm 16; u meiicTBu-
TenbHO, Yicao 16 cTonT B MaccuBe key Ha MecTe ¢ HOMEPOM b, dil-
cio 4 — Ha MecTe HOMep 2, U mMeeM next[5] = 2, a Takxe prev[2] = 5.

B namunx nporpammax obosHauenne Tuma key[r] MoxKeT TOHIMATHCS
NIBOSKO: 1 KaK »JIeMEeHT MaccuBa key ¢ MHIEKCOM =, W Kak momie key
3alICH ¢ aIpecoM & (B 3aBHCHMOCTH OT BO3MOXKHOCTENl SI3BIKA IPO-
IPaMMUPOBAHUS TOJE3HO TO WM APYroe NOHNMAaHMUe).

HpeI[CTaB.TIeHIl[e ¢ MIOMOIIBKD OMHOI'0O MacCCHUBa

BumecTo HeckolbKIX MacCHBOB MOYKHO HCIIONBL30BaTh OOounH, pa3Melllad
B HEM pa3/invdHble II0JIA OOHOT'O obbekTa psAOOM. Tak obbIuHO IIoCTylraeT
KOMIUJIATOP: €C/In B IIpOoTrpaMMe HUCOOJbB3YyeTCad MaCCuB 3JIeMeHTOB, Ka-
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Pucynok 11.6 Tot xe comcok, uTo Ha puc. 11.3a u 11.5, peanunsoBaHHbBIN Ha Gasze
eMMHCTBEHHOTO MaccnBa A. Kaxmoll 3ammc coOoTBETCTBYET TPOIKAa WYX TOMPSIT
2meMeHTOB MaccuBa. Homsim key, next m prev coorBeTcTBytoT capuru 0, 1 m 2. Yka-
3aTeb Ha 3alCh — WHIEKC TIEPBOTO W3 OTBENEHHBIX TSI He€ 31eMeHTOB. CBETIIO-
Cepble 3aluCh BXOMAT B CINCOK; CTPelKaMi M300paXKeHo NeNCTBUE yKaszaTellen.

KB 13 KOTOPLIX MMeeT HeCKOJbKO Tofeil, To Ha KaiKIblil HJIeMeHT
OTBONNTCS HENPEPBIBHBIN YUaCTOK MaMATH, B KOTOPOM JIIPYT 3a IPYIOM
pasMeraTcs 3HaueHns noseil. YKazaTelleM Ha 3JIeMeHT OObIYHO CUll-
TalOT apec NepBoil sUeliki HTOro yyacTKa; ajgpeca Hojeil MoirydaoTcs
CIBUTOM Ha ONpeNeSéHHble KOHCTAHTHI.

Hpu peanusamun s3anuceii Ha 6a3e MacCHBa MOXKHO BOCIOJNb30BAThCS
Toil XKe crparerneil. HacemMoTpum onnu-enuHcTBeHHBI MaccuB A. Ka-
Kmas 3alich OymeT 3aHUMaTh B HEM HeNpephIBHBI yuacTok A[j . .k].
YKazaTeslb Ha 3alUCh — HTO WHICKC j; KaKIOMY TOJIO 3aliCH COOT-
BeTCTByeT uncio u3 nuatepsana [0..k — j| — cosur. Hampumep, npu
npencTaBeHnt BCé TOro XkKe clucKa, yTo u Ha puc. 11.3an 11.5, MoxHO
pelnTh, 4To noisaMm key, next u prev coorBeTcTByOT casuru 0, 1 n 2.
Torna snavenne prev[i], rme ¢ — ykasaTelb (= WHIEKC B MaccuBe A),
ecTb He 4TO nuoe, kak A7+ 2] (cM. puc. 11.6).

Takoe npencTaBiene NO3BOIAET XPAHUTH B ONHOM MacCHBe 3alich
Pa3HLIX THIOB (OTBOMS MON HUX YYACTKN PA3HON IJIMHBI), HO IS Ha-
X Ieseil 6yaeT JOCTaTOUYHO NpeACcTaBleHus B BUIe HECKOIBKUX Mac-
CUBOB, TOCKOJIBKY GOJNILITHHCTBO CTPYKTYP HAHHBIX, ¢ KOTOPBIMI MBI
OylleM IMeTh JeJ0, COCTOAT U3 OMHOTHUNHBIX 3amncei.

BI:II[eJ'IeHIIIe n OCBOﬁO)KI[eHIIIe IIaMAaTn

Hpun mo6aBieHny HOBOTO »IeMEHTa B CIUCOK HAHO OTBECTH MO HEero
mMecTO B naMsiTu. CTaio 6bITh, HEOGXOOUMO BECTH YUET UCIOIB30BAHUS
anpecoB. B HEROTOPHIX cmcTeMax HTHM BelaeT clelnaibHasg TOMIpo-
rpamMma — cGopumk Mycopa (garbage collector), xKoTopas ompenenser,
KaKWe yYacTKHU MaMsaTH Gollee He NCTONB3YIOTCA, N BO3ZBpAIAeT NX A
MOBTOPHOTO WCHOMB30BaHNA. Bo MHOTHX ciydasX, OMHAKO, MOKHO BO3-
JOKNTH OOS3aHHOCTH IO BRIIENEHIIO T OCBOOOKIEHNIO TAMITH HA CaMy
CTPYKTYPY MaHHLIX. B ToM paznene MBI MmokaxkeM, Kak 5ToO HeTaeTcs; B
KadecTBe TPUMeEpa PacCMOTPUM IBYCTOPOHHE CBI3aHHBIN CMNCOK, TPeI-
CTABJIEHHBII € MOMOITILIO HECKOIBKIX MacCHBOB.

HycTh MaccuBEI, ¢ MOMOIIBIO KOTOPBIX MBI TPEACTABASEM HAIl CIIH-
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Pucynox 11.7 Habora nponenyp ALLOCATE-OBJECT u FREE-OBJECT. (a) Tor xe
CHICOK, 4TO Ha puc. 11.5 (cBeTO-CepEIl) U CHUCOK CBOGOAHBIX HO3MUIMN (TEMHO-
cepsiit). CTpyKTypa CIcKa CBOGOMHBIX IIO3UIIIT N300paXeHa ¢ HOMOIIBIO CTPETIOK.
(6) Bor uro momyunrcs mociie BeI3oBa ALLOCATE-OBJECT() (Bo3BpalllaeT 3Haue-
uue 4), npucsamsarus key[4] + 25 u BreisoBa LIST-INSERT(L,4). Hossrl cromcok
CBOGOIHEBIX IO3UIME HaunHaeTcss ¢ 8 (Takoo 6vuto 3HaueHue nezt[4]). (B) Teneps
Ml Bei3Basmut LIST-DELETE(L, 5), a 3atem FREE-OBJECT(5). Hosuuug 5 — romnosa
HOBOTO CIICKa CBOOOMHBIX TO3WITAIN, 3a HEW CIlenyeT 8.

COK, UMeIOT HJIMHY 17, U TYCTh B TAHHBIH MOMEHT B CIIUCKE COHePKUTCS
n < m snemenToB. OcTanbHBe N — M MecT (MO3MNuil) B MAaccuBe cBo-
Gomus1 (free).

Mgzr 6ymem XpaHUTL CBOGONHLIE TO3UINN B OMHOCTOPOHHE CBI3aH-
HOM CITHCKe, Ha3bIBAeMOM cmmckoM cBoGoxueix nmosmmmi (free list). HroT
CIICOK MCIONB3YeT TONBKO MAcCHB next: MMeHHO, next[i] conepkuT mwH-
JIEKC CBOGONMHON MO3WIINN, CIeNyIolleil 3a cBOGONHON no3ninei +. ['onoBa
CHUCKa XpaHUTCS B nepemenHoll free. Cucok cBOGOMHBIX TO3UNINI Xpa-
HITCS BlepeMeXKy co cnnckom L (puc. 11.7). O6patuTe BENMaHue, 9T0
KaKJIOMy WHCIY U3 OoTpe3ka [1;m] oTBeuaeT simemenT nubo crucka L,
nbo cnmcka CBOOOMHBIX MeCT.

Crucok ¢cBoBOIHBIX TO3UIKIT BeHET cebs KaK CTeK: U3 BCeX CBODOMHBIX
YYacTKOB NaMSATH TOJ HOBYIO 3alUCh BbIIedseTcs TOT, KOTOPBIH Obla
ocBO6OXKMEH MocTenuuM. HosToMy s BLINeNneHus 1 OCBOGOKIEHNUS Tla-
MSITH MOXKHO BOCIONB30BATLCA pealim3amnuell CTeKOBLIX omepanuii PUSH
u POP Ha Gaze cinucka. B npuBonuMbix HuKe mpotenypax ALLOCATE-
OBJECT (BbLmenuTsb MecTo) n FREE-OBJECT (0cBOGONUTH MeCTO) HOI-
paszyMmeBaeTCs, 4TO B ryiobalbHON TepeMeHHON free 3amnucan WHIEKC
nepBoil (B cnncke) cBOGOMHOMN MO3UIINI.
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Pucynox 11.8 Crmcku L; (cBerso-ceperit) u Ly (TEMHO-CEDHIIT), a TakiKe CIICOK
CBOGOIHEIX MeCT (UEepHBIIT) XPaHsITCs B ONHON TPOIMKE MacCHBOB.

ALLOCATE-OBJECT()
1 if free = NIL

2 then error "Ceobodnozo mecma nem”
3 else z + free

4 free « next[x]

5 return x

FrEE-OBJECT (2)

1 next[z] « free
2 free +— z

Hepponauanbno cincok ¢BOGONHBIX MO3UINI CONEPKUT 7 HIIeMEHTOB.
Ecnn cBobonHOro MecTa He OCTasoCh, nponenypa ALLOCATE-OBJECT
coobiiaer 06 omuodKe.

YacTo onmH cnmcok cBOGONHBLIX MO3UIMIA OOCHyXKHBaeT cpasy He-
CKOJIbKO NMHAMHYeCKUX MHOxKecTB (puc. 11.8).

Onuncannble NPOIENYPLI BbIAENEHNS 1 OCBOOOKIEHNS TAMATH TPOCThI
u ynobust (paoraioT 3a BpeMs O(1)). Ix MoXKHO mpuCIOCOGUTE HIIs
XpaHeHHs ONHOTHUIHLIX 3amuceil g060ro Bula, OTBels OIHO U3 HoJell
3allCH [OI XpaHeHHne HHIeKca nert (B cBOGOMHBIX MOBHINIX).

Yupaxuenus

11.3-1  Cnenys obpasmny puc. 11.5, uzobpasure mnpeiacraBierue Mmo-
crnenoBaTensrocTn (13,4,8,19,5,11) B Bue NBYCTOPOHHE CBS3aHHOTO
CTINCKA, Peajin30BaHHOTO ¢ TOMOINBIO TPeX MAacCUBOB; TO 0O6pasIy
puc. 11.6 uzobpasurte TOT XKe CIUCOK, peallu30BaHHbIN ¢ MOMOILBIO Of-
HOTO MacCHUBa.

11.3-2  Hanumure npotenypsl ALLOCATE-OBIECT u FREE-OBJECT
I cJiydasd OOHOTHUITHBIX 3&HI/IC€I‘/'I7 XpaHAIINXCA B OONHOM MacCCHBe.

11.3-3  Houemy B mpornenypax ALLOCATE-OBJECT u FREE-OBJECT
HIKaK He QUrypupyer mnoie prev?

11.3-4  YacTto (H:&LHpI/IMep7 IpH CTPAHUYHOU OpraHW3alliil BUPTYallb-
HOIT TaMsTH) ObIBaeT MOJE3HO XPAHUTh JIEMEHTHI CIICKA B HElPePHIB-
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HOM ydYacTKe maMsaTu. HaccMOTpUM peayim3aliuio CIUCKa ¢ TOMOIILIO
HEeCKOJIbKHX MaccuBOB. Hepenuiure nponenypsl ALLOCATE-OBJECT
u FREE-OBJECT Takum 06pa3oM, 4TOOBI 3JeMEHTHI CIUCKa 3aHUMAJIH
no3unun 1..m, Toe m — YHCIO HIeMeHTOB chuucka. (YKasaHme: Boc-
NOJB3YHiTeCh peanm3alneil cTeka Ha Gase MaccuUBa.)

11.3-5 HycTh nBycTOpOHHe CBSI3aHHBIN CNUCOK [ IINHBI M TIpencTa-
BJIEH C TIOMOIIbI0 TPEX MacCUBOB key, prev u next IUTHHBL 1, a Ipole-
JIYPBI BEIIETEHNA I 0CBOOOKICHNS MECTa TMOMANEPEKABAIOT 06 YCMOopoHHe
CBS3aHHBIN CTUCOK CBOOOMHBIX MO3MITNIA.

Hannuinre nporenypy COMPACTIFY-LIST (cxKaTme cmmcka), KOTO-
pas mepenucLiBaeT CNUCOK L NIANHEL M B MepPBLIe M NO3UNNY MacCHBOB,
COXPaHss €ro CTPYKTYPY (I M3MeHsst CIINCOK CBOOOMHBIX MO3NINI HY K-
HBIM 06pasoM). Bpemst paboTsr anropuTma nomxuo 661Th O(m), pasmep
HCIONB3YeMOll TaMsTH (CBepX 3aHsToll MaccuBaMi) nonxer 6617 O(1).
He 3abynbTe moka3aTh TPaBUIBHOCTE CBOETO AJITOPUTMA.

11.4 HpencraBjieHe KOPHEBBIX NEPEBHEB

Onucantble B IpeNbIIyIeM pa3ieiie cnocoObl MpeicTaBIeHus CIuc-
KOB NPUMEHUMBI U K APYTUM CTPYKTYpaM HaHHBLIX, COCTABIEHHBIM W3
OMHOTHUTHLIX DIIeMeHTOB. B 3TOM pasmene MBI HAYIUMCS NCTOIL30BATH
yKazaTeldn s MPeacTaBleHns AepeBbeB. HaunéM MBI ¢ MIBOMYHLIX Je-
peBbeB, a 3aTeM OOBACHUM, KaK NPelCcTaBlsTh NepeBbs ¢ MPOU3BOJb-
HBIM BeTBJIEHUEM.

Kaxnas Bepmnna nepeBa 6ymeT 3aluChi0 ¢ HECKOIBKUMH TTOISIMU.
OnHo u3 »TUX ToNell cOmepXKUT KII0U, KAK U B CIydYae CO CHUCKAMU.
OcTanbHble O HpelHa3HAYeHbI 11l XPAHEHU S TOTIONHU TN bHBIX 1aH-
HLIX W, TJIaBHOe, yKazaTelell Ha Npyrue BepmuHbl. Kak KOHKpeTHO
YCTPOEHBI 3TH T0JIs, 3aBUCUT OT THIIA JlepeBa.

I[BOIII‘IHI:Ie AepeBbi

Kaxk nokazano #a puc. 11.9, npu npencrasiennn IBONIHOTO nepeBa T’
MbI HCHoNb3yeM modist p, left u right, B KOTOPBIX XpaHATCS yKazaTenu
Ha poInuTess, JeBOro 1 MpaBoro pebéHka BeplINHbl £ COOTBETCTBEHHO.

Ecnu p[z] = NIL, To @ — KOpeHb; eclii y & HeT JIeBOTO WU [IPaBOrO
pe6énka, To left[x] nnu right[z] ects NIL. C nepeBom T' cBsi3an aTpu-
6yT root|1] — ykazaTenb Ha ero Kopedb. Ecian root[1T] = NIL, To me-

peBo T mycTo.
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Pucynok 11.9 Hpencrasmenue gomunoro nepesa 1. Kaxmas BepuinHa & BKITIOYaeT
noist p[x] (cepxy), left{z] (rUSY cnesa) u right[z] (Hu3y cupasa). Kroun Ha cxeme
HE TIOKa3aHEL.

KOpHeBI:Ie AepeBbi C MIPON3BOJIBHBIM BE€TBJICHUEM

Ecnu m3BecTHO, 9TO UHCIO HeTell KaKIOW BepIINHBI OTPaHUYEHO
CBepXY KOHCTaHTOl k, TO Takoe [epeBO MOXKHO pealin30BaTh aHa-
JOTUYHO NBOMYHOMY HepeBy, ToMelllas yKaszaTelnl Ha OeTell B MONs
childy, childy, . . ., childy, 3amenstomine mons left u right. Ecnin xonnue-
CTBO NeTell MOXKeT OBITHL JMIOOLIM, TaK NeJaTh HeJb3s: 3apaHee HEU3-
BECTHO, CKOJIBKO Tonedi (Wi MacCuBOB — NPH MPEICTABIEHNH ¢ MOMO-
B0 HECKONBKNX MACCHBOB) HANIO BHIIETHUTh.

Hpobnema MoXKeT BOBHUKHYTDL W B TOM CIydae, eClIi KOITIeCTBO Je-
Tell OrpaHUUYeHO 3apaHee U3BECTHBIM YucioM k, HO y GONBUINHCT B Bep-
[IUH YUCIO feTell MHOrO MeHblie k: ONHCAaHHas peaju3alius TPATUT
MHOTO TaMsSTH 3ps.

Kak xe 6b1Tb? 3amerum, uTo j1060e NepeBo MOKHO NpeobpazoBaTh
B nBonuHoe. Hpu »ToM y KaKnoll BepIInHEl 6y1eT He GoJlee NBYX JeTell:
JeBEITT peGEHOK OCTaHeTCS TeM Ke, HO IPaBBIM peGEHKOM CTaHeT Bep-
IIMHA, KOTOpas Obla MPaBBIM COCEIOM (HEMOCPENCTBEHHO CIeMYOIINM
peGénKOM TOTO Ke pornuTens). Temepb 3TO IBOMTHOE MEPEBO MOKHO
XPaHUTH ONMHUCAHHLIM BEIIE CIIOCOGOM.

Onuiiem cxeMy XpaHeHHS NePEeBbeB € NPOU3BOJBHLIM BeTBIIEHUEM,
OCHOBaHHYIO Ha 3TOll miee, 60iee nonpobuo. OHa HasbIiBaeTcs ~.1e6bli
pe6énor — npaswiti coced” (left-child, right-sibling representation) n
nokazana Ha puc. 11.10. Ho-npexneMy B KaxXmoil BepllinHe XpaHUTCS
yKaszaTelb p Ha ponuTens u aTpubyT root[l] sBusercs ykasaTeneMm Ha
KopeHL mepeBa. Kpome p, B KaxKmoll BepllinHe XpaHATCS eIlllé MBa yKa-
3aTens:

1. left-childx] yka3piBaeT Ha caMOTO JIeBOrO peGEHKA BEPIINHBI &
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Pucynox 11.10 Hpencrasienne mepesa T mo cxeme “aeeviti pe6énox — npasbiii
coced”. B kaxoil samucy & npucyTcTByIoT nosst p(z] (ceepxy), left-childz] (Bausy
crieBa) u right-sibling«] (HU3y cupasa). Kiroun He moKasaHsL.

2. right-sibling[x] ykaspiBaeT Ha GIIKAIIIEro ClpaBa cocela BEPUINHBI &

(7caedyrowezo no cmapwuncmey 6pama’)

Bepmnra 2 ®e wuMeeT meTeil Torma W TOIBKO TOTHA, KO-
rna left-childlz] = NIL. Ecaun Bepuinua @ — KpaiiHuil mpaBbiii peGeHOK
cBoero ponutess, To right-siblinglz] = NIL.

Jlpyrue cmoco0bI mIpeACTABICHUS TePEBHEB

Wnorna BcTpedatoTess ApyTrue cocobwl MpencTaBienns nepeBbeB. Ha-
npuMep, B riiaBe 7 IpU pealin3alluil Ky4un He HaHo ObLJIO XpaHUTh yKa3a-
TeJleil Ha ponuTelNs U feTeil, MTOCKOIbKY X HOMepa MOJydYaluch YMHO-
JKeHmeM W mefieHneM Ha 2. B rmaBe 22 HaMm BCTPeTATCS IepPEBbLI, TO
KOTOPBIM [IBUTAIOTCS OT JNNCTheB K KOPHIO (I MOTOMY yKaszaTeln Ha
nereii unm cocemneil He HYXKHBI). KOHKpeTHBIN BBIGOp MpencTaBIeHNs
llepeBa olpenelseTcs cnenundukoil 3am1aun.

Yupaxuenus

11.4-1 HapucyiiTe nBomdHOe HepeBO, NpeNCcTaBIeHHOE CIENYIOIIM
obpa3oM:
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unmekc key left right
1 12 7 3

2 15 & NIL
3 4 10 NIL
4 10 5 9
5 2 NIL  NIL
6 18 1 4
7 7 NIL  NIL
8 14 6 2
9 21 NIL NIL
10 5 NIL  NIL

Kopenb nepeBa — B BepllinHe ¢ THIEKCOM 6.

11.4-2 HanwmunTe paGoTalollyio 3a JNHEHHOe BpeMs PeKypPCHBHYIO
npolenypy, KoTopasd nedaTaeT KJIIOUYN BCeX BepUINH JaHHOIO IBOUYHOTO
nepesa.

11.4-3 Kax cnenaThb TO Xe caMoe (qTo U B IpenplayileM yiIpazKae-
HUN), NCHONB3ysi HepekypcuBHyto mponenypy? (Hpm yerpamennn pe-
KYPCHH TIOJIe3eH CTeK.)

11.4-4  HanwmunTe paboTalollyio 3a JINHEHOe BpeMs ITPOIenypy, me-
YaTalolIyIo KIIOYN BCeX BeplLINH OepeBa, NPeNcTaBeHHOro IO cXeMe
"aeeblli pebénor — npaewili coced”.

11.4-5* HanunmuTte paboTalollyio 3a InHElHOe BpeMs HePEKYPCHBHYIO
NPOIENYPY, MeYaTAaloUIy 0 KIYl BCeX BePIINH IBONYHOTO NepeBa, I
KOTOPOIT 06BEM NCTOTB3yeMoll TaMATH (CBepX MaMsTH, B KOTOPOIl Xpa-
HuTcs mepeBo) ecth O(1), m Bo Bpems pabOTHI MPOIENYPHI IEPeBO He
MEeHsIeTCs (/1a’ke BPEMEHHO).

11.4-6* HpunyMmaiiTe crnoco6 XxpaHeHns IepeBa ¢ IPON3BOJLHLIM BeT-
BIIEHIEM, TIPH KOTOPOM B KaiK[Oil BepIIHe XpaHITCS BCero nBa (a mHe
TpH, KaK B cxeMe "ve6bili pebenor — npaeviii coced”) yKaszaTess MITIOC
onHa GyJieBa mepeMeHHas.

Jamgaun

11-1 CpaBHeHUe pa3sHBIX THIIOB CIIICKOB

Haiinnre acuMnToTHKy BpeMeHHm paboThl (B XyAllleM ciydae) s
KaKMIoll 13 mepedncieHHbx B Havdasne gactn 11 (c. ?7) onepamnuii, npu-
MeHEHHOI K KaKIOMY M3 YKa3aHHBIX THUIOB CINCKOB.
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HEYTIOPSIMOYeHHH I TTOpAI0UeHHBIN| HEYTOPSIIOUeHHH
OIMHOCTOpPOHHE OIMHOCTOpPOHHE IBYCTOpPOHHE
CB3aHHBIN CB3aHHBIN CB3aHHBIN

[ TOpAN0YEH
IIBYCTOPOHH
CBA3AHHBIN

SEARCH(L, k)

INSERT (L, x)

DELETE(L, 2)

SUCCESSOR(L, z)

PREDECESSOR (L, z)

MiNMuM(L)

Maximum (L)

11-2 Heanusamus cIuBaeMBIX Ky4Y Ha 06a3e CIUCKOB

CTpykTypa HaHHBIX TOI Ha3BaHNeM cimBaeMble Kyum (mergeable
heaps) xpaHuT HabOp MMHAMHYECKNX MHOXKeCTB (Kyd), W TOIIEPKN-
BaeT crenyiomne omepanun: MAKE-HEAP (cosmanme mycroit kydn),
INSERT, MINIMUM, EXTRACT-MIN u, nakoner, UNION (oGbennuenue
IBYX Kyd B OIHY; IIBe CTAapble Ky4n MponanaioT). [lis kaxkmoro n3 mepe-
YNCIeHHBIX HIKe CIIydaeB peannsyiiTe (10 BO3MOKHOCTH 3()HeKTHBHO)
ciauBaeMble Kyum Ha Gasze cnuckoB. OueHuTe Bpems paboThl onepaiiuii
yepe3 pa3Mepbl YIACTBYIOIINX MHOXKECTB.

a Cnucku ynopsimodensl.
6 Cnucku HeynopsIoueHbl.

B Crnucku HeynmopsifoueHnbl, oGbeNUHseMble MHOXKECTBa He Hepeceka-
I0TCA IPYT ¢ OPYTOM.

11-3 Houck B 0TCOPTUPOBAHHOM CXATOM CIIMCKE

B yopaxuenuu 11.3-4 Tpe6oBanoch XpaHUTh CIUCKH ~KOMNAKMHO
N-BIEeMEHTHBIN CIUCOK NOJIKeH ObLI 3aHUMaTh NepBhle N HO3UIUT Mac-
cuBa. Hpennosnoxum eré, 4To Bce KIIOUN PA3JUUHbl U 4TO CIUCOK YIO-
psinoden (mubBIME coBaMmu, key[i] < key[next[i]] npm next[i] # NIL). Oka-
3BIBAETCS, UTO B HTUX MPEANOJIOKEHUSIX CIAeNYIouil BeposTHOCTHBI
aNTOPNTM BBINOMHSET MOUCK B CINCKe 3a BpeMs o(n):

CoMPACT-LIST-SEARCH (L, k)
1 @<« head[L]
2 n < length[L]
3 while ¢ # NIL and key[i] < k
4 do j <+ RanpomMm(1,n)
5 if key[i] < keyj] and key[j] < k
6 then ¢ + j
7 i+ next[t]
8 if keyli] = k
9 then return ¢
10 return NIL
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Hes cTpok 4-6 5T0 66171 6bI OOLITHLIN AJATOPUTM € TOCIENOBATENBHLIM
nepeGopoM HIeMeHTOB ciiucka. B ¢Tpokax 4—6 MBI OLITaeMcs TTepecKo-
YNThH Ha CAydYailHO BbIGpaHHyio mosunuio j. Ecmu key[i] < key[j] < k,
TO NP 3TOM MBI DKOHOMUM BpeMs, TakK KaK He IpPOBepsieM 3JIeMeHTHI,
mekalne B no3nnusx Mexny ¢ u j. (Hmaromapst Tomy, 4To cnmcok 3a-
HUMaeT HelpPepbIBHBIM y4YyacTOK MaccuBa, Mbl MOXKeM BbIOpaTh B HEM
CIYJaliHBIN STeMeHT. )

a 3aueM HYXKHO MpeanoiaraTh, YTO Bce Kiounm pasnununb? Hoka-
KHUTe, 9TO 1715 HeYOBIBAOIIETO CINCKa ¢ (BO3MOKHO) COBNAIAIOIINMM
KJI0YaMi clydailHble CKaUKU MOTYT He YAYUYIIUTh aCUMITOTUKY Bpe-
MeHU TOuCKa.

Kak onenurs Bpems paborwi? HpencraBum cebe, 4TO Ha HECKOJb-
KUX HePBBIX IIaraX Mbl BBINOJHSAEM TOJBKO ClyyaliHble CKaYKW, & Ha
OCTANbHBEIX BLIMONHSIEM JNHEeHHEH TONCK. MOXHO OMeHNTE OXKITaeMoe
paccTogHue 10 UCKOMOTO 3JleMeHTa Moclie epBoil a3bl — U TeM CaMbIM
IIIMTeIbHOCTH BTOpoll da3wul. Ham anroputM 6ymeT paboTaTh He XyxKe
TAKOT'0 YCeUEHHOTO, U OCTA&TCA TOJbKO MPaBUJIbHO BBIOpaTh HJINTENb-
HOCTb TepBoil (a3bl, YTOOLI MOAYUYUTH OllEHKY TOJYyUllle.

Crenaem 3710 akkyparHo. IHms xaxnoro t > 0 oGo3Hauum uepes
X, chayvafiHy10 BeNWYNHY, PABHYIO PAacCTOSHNIO (M3MepeHHOMY BIOIH
CIICKA) OT MO3MINN ¢ IO MCKOMOTO Kifoda k mocie ¢ ciydaiiHbIX CKad-
KOB.

6 Hoxaxure, uro nns xaxnoro ¢ > 0 MaTeMaTHdecKoe OXKHUIAHIE BPe-
Menn paborst anroputma COMPACT-LIST-SEARCH ectb O(t+ E[Xy]).

s Hokaxure, uto F(X) < >, (1 — r/n)t. (YkasaHue: Bocrosnb3yii-
Tech dopmynoit (6.28)).

r Hoxamnre, uto 3."20 5 < n'tl/(t +1).

n Hokaxnre, uto F(X;) < n/(t+ 1), n o6bsicauTe "HO NAawyaz”, MO-
deMy 5TO HepaBEeHCTBO IOIKHO GBITH BEPHO.

e I‘IOK&)KI/ITG7 4TO MaTeMaThn4eCKoe OXKuNldaHne BpeMeH!n pa6OTbI aJIro-
purma COMPACT-LIST-SEARCH ectb O(/n).

JameyaHug

HpekpacHbie cnpaBOUYHUKN 10 CTPYKTypaM HaHHBIX — KHUTH AXO,
Xonkpodra u Ynbmana [5] n Kayra [121]. HesynbraThl 5KciepuMeHTOB
M0 cpaBHEHUIO PGhEKTUBHOCTH Pa3jMUHbIX ONepanuil Ha CTPYKTypax
TaHHBIX MOXKHO HafiTn B ['ommeT [90]

Creku u ouyepenu HCNOIb30BAINCH B MaTeMAaTUKe U NEIONPOU3BOI-
CTBe B IOKOMTbIoTepHYIo 5py. KuyT [121] oTmeuaer, uro B 1947 romy
Triopuur (A.M. Turing) ncnonb30Bai CTEKN I CBA3M MOMTPOTPAMM.

CTpyKTYpBl HaHHBIX, OCHOBaHHbIE Ha yKa3aTelsX, Tak:kKe, BUIUMO,
oTHocsaTCs K “doavkaopy”. Cornacno KuyTy, yKazaTenu HCnonb3oBa-
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JINCH ellle B MePBLIX KOMMBIOTEepax ¢ MarHUTHLIME 6apabanamu. B 1951
rony Xomnep (G.M.Hopper) paspaboran s3eik A-1, B KOTOPOM ail-
reGpandeckne GOPMYILI TPENCTABIAINCEH B BUe MBONYHLIX NEepPeBhEB.
Tot xke KHYT yKa3bIBaeT, UTO CHCTeMAaTHIeCKOe NCTIOIL30BAHNE YKa-
3aTerneil navasoch ¢ a3bika [PL-1I, xoToperit pazpaboranu B 1956 romy
Heiosmn, oy n Caiimon (A. Newell, J. C.Shaw, H. A.Simon). B pas-
paboTannoM TeMu ke aBTopamu B 1957 rony s3wike IPL-IIT mosBunucn
B SBHOM BUIIe OTEPANNN CO CTEKAMU.
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X err-TabInIIbI

YacTo 6bIBAIOT HYXKHBI IHHAMUYECKHE MHOXKECTBa, MONIepKUBatoIIe
TONLKO “caoeapubie onepayuu” HOOABICHUS, MONCKA U VIAJIEHHUS De-
MeHTa. B »ToM ciiyuyae 4yacTO NpPUMEHSIOT TaK Ha3biBaeMoe Xellln-
poBaHUe; COOTBETCTBYIOIIAS CTPYKTYpa HAHHBIX Ha3bIBaeTCs ~reui-
mabauya” (mam "mabauya paccmanoexu”). B Xynmiem ciydae momck
B Xelll-Tabiuie MOXKeT 3aHUMATh CTOJIBLKO Ke BpeMeHU, CKOJBKO MOUCK
B crucke (O(n)), HO Ha MpaKTHKe XelINpoBaHNe BechbMa 3()(HeKTHBHO.
Hpu BBINOSIHEHNT HEKOTOPBIX €CTeCTBEHHBIX YCIOBHE MaTeMaTyecKoe
OXWIaHNe BpeMeHN MONCKa 3ieMeHTa B Xemr-rTabnuie ects O(1).

Xell-TabAnIy MOXKHO paccMaTpuBaTh KaK 00606IIeHne OGBIYHOTO
MaccuBa. Eciium y Hac mocTaTOuYHO MaMsSTH s MaCCHBa, YUCIO Dile-
MEHTOB KOTOPOI'0 PABHO YHCIY BCEX BO3MOXKHBIX KIIOUEll, NI KaykKIoro
BO3MOZKHOI'O KITIOUa MOKHO OTBECTH siUefiKy B DTOM MacCUBe U TeM Ca-
MBIM HMeTh BO3MOKHOCTB HOOpaThCs N0 T106oi 3amncn 3a Bpems O(1)
("npamas adpecayug”, cm. pazn. 12.1). OnHako ecian peasibHOE KONN-
YecTBO 3alucell 3HAUNTEIBHO MEHbIIe, YeM KOJMYECTBO BO3MOXKHBIX
Kitoueit, To adgdeKTuBHee TPUMEHUTH XeIIUPOBaHNEe: BEIUUCIATh MO3H-
U0 3alUCH B MacCUBe, UCXOns u3 Kiwda. B pazmene 12.2 obcyxna-
I0TCsl OCHOBHbIE Ulien, a B pasniese 12.3 — KOHKpeTHBIe CoCOObI TAKOTO
BhIunciieHus. B 3Toil riiaBe npencTaBieHO HECKOIBKO BapHaHTOB Xellln-
poBaHus.

Mur yBunuM, uTo XemupoBaHiie — 3hOEKTUBHBIA 1 YIOOHBI cToco6
BBITIOJIHATH OCHOBHBIE clIoBapHble onepannu (cpemntree Bpems O(1) npn
HEKOTOPBIX TPEITOIOKEHNSIX ).

12.1 Hpamas agpecanus

Hpsmas ampecannms npuMeHHMa, ecl KOJMYeCTBO BO3MOKHBIX
Kmiodeli Hepenuko. HycTh BO3MOXKHBIME KiIOUaMi SBAAIOTCA YHCIA
n3 MHOKecTBa U = {0,1,...,m — 1} (umcmo m He OYeHBb BeNUKO).
HpennonoxnM Tak:xke, 4TO KJIIOYH BCEX 3JIEMEHTOB Pa3JIndHbL.

st XpaHeHHsT MHOXKeCTBa MBI mosnb3yemcs MaccuBom 110..m — 1],
Ha3BIBaeMbIM TaGumumel ¢ mpamoit agpecammeit (direct-address table). Ka-
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HepeBonnr mamnuceil na caMoli KapTuuKe: universe of keys — BceBos-
MOXKHEIe Kiroun, actual keys — ucmosnnsyembie kmoun, key — kiod,
satellite data — monosiHUTeNBHBIE NaHHBIE.

Pucynox 12.1 Heanusamms nuHAMMYECKOTO MHOXKECTBA C IOMOIIBIO TabOauIbl 1 ¢
mpamolt agpecanmeir. MuaokecTBo BozmoxkubIX Kmoden ects U = {0,1,...,9}. Ka-
KOOMY M3 5THUX KJIIoYell COOTBETCTBYET CBOE MecTo B Tabimrle. B mosumusx Tabauibt
¢ HoMepamut 2, 3, 5 u 8 (PaKTHUECKHN HCIONB3yeMBIE KIIOUN) 3alICAHEl yKa3aTelll
Ha 5JIEMEHTHl MHOXKECTBA, a B HEHCIONIb3YEMBIX MO3UIISAX TaGIuIEl (TEMHO-CEpHIE)
3armcaH NIL.

KIIas MO3MIMA, NN suefika, (Mo-aHTIIMiiCKN slot man position) coorseT-

CTBYyeT OnpenenéHHOMy Kimody n3 MmEoKkecTBa U (puc. 12.1: T'[k] — me-

CTO, IPe/HA3HAUEHHOe JIJIs 3alUCH yKa3aTess Ha dIeMeHT ¢ KIIUoM k;

ecin HeMeHTa ¢ KnodoMm k B Tabnume wer, To T[k] = NIL).
Heanuzanus cioBapHLIX oNepalllii TpUBHAIbLHA:

DIRECT-ADDRESS-SEARCH (T, k)
return 7'[k]

DIRECT-ADDRESS-INSERT (T, 2)
Tlkeyz]] « =

DIRECT-ADDRESS-DELETE (1), z)
Tkey[x]] < NIL

Kaxkmas u3 stux onepaiuii Tpebyer Bpemenn O(1).

Nrorma MOXKHO COKOHOMHTDL MECTO, 3allNchiBas B Tabmuuniy 1 He yKa-
3aTeNN Ha JeMeHTHl MHOXKECTBa, a CaMil 3TH 2JIeMeHTh. MoXKHO 060ii-
THCH U 6€3 OTHeNBHOTO Mo “kAl0u”: KIIIOUOM CJIYKHT HHIEKC B Mac-
cuBe. Bnipouem, ecnii MBI o6xonnMcst 6e3 KITodeil 1 yKasaTeleii, To Hallo
IMeTh cocob yKa3aTh, YTO HaHHas MO3HUINs cBOGOMHA.

Yupaxuenus

12.1-1 Onumiure npoHenypy s HaxoxXIeHUs HauGONbIIEro Hiie-
MeHTa NNHAMWYECKOTO MHOXKeCTBa, NIPelCTaBIeHHOrO B BUle TaOINIIbI
¢ npsMoil anpecanueii. KakoBo BpeMs paGoOTHI 3TOM NMponenyphl B XyI-
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meM cayJae?

12.1-2  Hurossni BexkTop (bit vector) — 5T0 MaccuB 6uToB (Hymeil u
enuHni). HuToBBI BeKTOp NIMHBL M 3aHHMAeT 3HAYNTENBHO MeHbIIe
MecTa, 9eM MacCHB U3 m yKasareneil. Kak, Homab3ysick GHTOBBIM Bek-
TOPOM, PeaIn30BaTh TNHAMITECKOe MHOKECTBO, COCTOSIIee N3 PA3Ini-
HBLIX DJIEMEHTOB U He colepiKalliee MOTOMHUTeNbHbIX nanubix! CioBap-
HbIE Olepaliil HOJKHBL BLIIONHATLCS 3a BpeMst O(1).

12.1-3  Kax peanmn3oBaTh TabINIy ¢ NPsAMOi ampecalneil, B KOTOPOii
KJIOUYN Pa3MYHbIX 3J/eMEHTOB MOT'YT COBIAJaTh, & CAMU 3JIeMeHThl MO-
IyT colepkKaTh HONMOJIHUTeNbHEBIE nanHble? Onepanun noGaBlIeHus, yia-
JeHUsl W MOWCKA MOJKHBI BRIMONHATHCS 3a BpeMms O(1) (He 3abynbTe,
ITO apryMeHTOM Tpolenyphl yaajenns DELETE sBIseTCs yKaszaTelb
HA yIAJIsSeMblil 57eMeHT, a He KI0U).

12.1-4* HpenmomoxkuMm, 9TO HaM HaIO peajii30BaTh NHHAMIYECKOE
MHOXKeCTBO, TNOINNepXKNBaolllee CIIOBApHbIe ollepalny, Ha Oa3e OYeHb
6onwioro maccuBa. HepBoHaganbHo B MaccuBe MOXKeT OBITH 3alUCaHO
YTO-TO, He NMelolllee OTHOIIeHNe K Halllell 3anave, HO MacCUB TaKoOil
6onBIIOlN, YTO TpenBapuTeILHO OUNIIATEL ero HempakTnuno. Kak B Ta-
KUX YCIOBHSX Pealn30BaTh Tabnuiy ¢ npsmoill ampecanueii? Kaxnas
3alCh MOJIKHA 3aHNMAaTh MecTo pasmepom (O(1), omepannu noGasie-
HUsl, yIAJEHNs I TMONCKA NOJKHBI BRIOTHATHCS 3a BpeMs O(1), Bpems
Ha WHANNAIN3AINI0 CTPYKTYPHI TAHHBIX TaKzkKe JIOJKHO OBITH paBHO
O(1). (Ykazaune: 9To6bI NMETh BO3MOXKHOCTH Y3HATbH, NMeeT JIN IaH-
HBI 3JIeMeHT MacCHUBa OTHOIIEHNe K Halllell CTPYKTYPe NaHHBIX, 3aBe-
IHTe CTeK, pa3Mep KOTOPOTO paBeH KONMYeCTBY 3aliceil B Tabmuie).

12.2 Xeur-Tabaniel

Hpsimas anpecalius obnagaeT 04eBUIHBIM HEIOCTATKOM: €CJI MHO-
KecTBO U BCEBOBMOKHBIX KITIOUell BEINKO, TO XPAHUTh B MaMATH Mac-
cuB T' pasmepom |U| HempakTuuHo, a TO U HeBO3MOXKHO. Kpome Toro,
el YUCIO peajibHO MPUCYTCTBYOUINX B Tab/uIe 3aliuceil MaJo Mo
cpaBreruio ¢ |U], To MHOTO MaMsATH TPATHTCS 3pA.

Ecnn konudecTBo 3anuceil B Tabinie cyecTBeHHO MeHbIIe, YeM KO-
JMYeCTBO BCEBOBMOKHBIX Kjfodeil, TO Xell-Tabania 3aHIMaeT ropasio
MeHbllle MecTa, YeM Tabjula ¢ IpsMoil ampecamueii. ViMenHo, xer-
tTabnuna Tpebyer namsTn oobémMom O(|K|), roe K — MHOXKecTBO 3ammi-
ceif, Ipum 5TOM BpeMs TMONCKa B Xell-Tabiuie mo-npexnemy ectb O(1)
(emmHCTBeHHOE "HO” B TOM, UTO Ha ceil pa3 HTO — OIEHKa B CPelHeM,
a He B XYJIIeM CIydae, 1a I TO TOJILKO MPH ONPENeNEHHBIX 1PeInoo-
KEHMAX).

B To BpeMms Kak Ipu IpsAMOil afpecalii dIeMeHTy ¢ KitodoM k oT-
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Hepesonbr nannuceil Ha camoll kaprtunke: universe of keys — BceBos-
MOXKHBIe Kioun, actual keys — ucnosbsyembie Kitodu

Pucynok 12.2 HcnonbsoBasue Xell-GyHKIAN I OTOOpaKeHUs KITIOUEN B TO3MITAL
Xelr-TabamiTel. Xell-3HavdeHns KITiouell ko u ks COBIANAIT — MMeeT MECTO KOIIIN-
314.

BOLNUTCS MO3UIHs HOMEeD k, IPH XeIINPOBAHUU TOT SJIEMEHT 3allNChl-
BaeTcs B mo3uiuio HoMep h(k) B xem-tabmme (hash table) T'00..m —1],
e

h:U—{0,1,...,m—1}

— HekoTopasi (QYHKINs, HasbiBaeMas xem-dymkmmenn (hash function).
Uucno h(k) vaspiBaioT xem-snagenmem (hash value) xmoga k. Unes xe-
HIUPOBAaHUS MOKa3aHa Ha puc. 12.2: HOJIb3ysSCh MACCUBOM JUIMHBL 112, a
we |U|, MBI 5KOHOMUM TaMsTh.

HpoGnema, onnako, B TOM, 4TO Xelll-3HaUeHUs HBYX Pa3HBIX KItouei
MOI'YT COBIACTh. B Takux ciydasix roBopsT, UYTO CIyUYHIACh KOIUIM3NA,
nin cromxuosenme (collision). K cuacthio, 5Ta npobirema paspermma:
Xel-QYHKIHSAME MOXKHO MOJIB30BATHCS W HPU HAJUYUM CTOJKHOBEHMUI.

XoTenock 6B BEIOpATH XelI-QYHKIINIO TaK, YTOOLI KOJJIN3UN OLIIN
HeBo3MOXKHBI. Ho ipu |U] > m Hem36ekHO CYIIeCTBYIOT pasHbie KU,
HMeIoIlie OIHO W TO XKe Xelll-3HadeHue. Tak 4TO MOXKHO JIUIIb Hale-
SThCS, UTO U GaKTUYeCKH MPUCYTCTBYIOUINX B MHOXKECTBe KIouell
KoJnu3uil OyjleT HEMHOTO, U OBITh TOTOBBIME 00pabaThiBaTh Te KOJIJIN-
311, KOTOPbIe BCE-TAKU MPOU30HIYT.

Bribupas xei-GyHKINIO, MBI OOGBIYHO He 3HaeM 3apaHee, KaKiue
HMeHHO Kitoun OynyT xpaHuThes. Ho Ha Beskuil cinyuaii pazyMHO clie-
aTh COENATh XeM-QYHKINIO B KAKOM-TO CMBICIE ~CAyuatinot”, XOpoIo
nepeMenInBaoIleil Kioun mo sdefikam (aHraniicknit riaron “to hash”
o3HauaeT “meaxo nopyoums, nomewueas”). Hazymeerces, "cayuaiinaz”
Xel-QYHKIUs HONAKHA BCE XKe ObITh HeTePMUHUPOBAHHON B TOM CMBI-
cje, YTO NPH €e NOBTOPHBIX BBI30BAX C ONHUM M TeM YK€ apryMeHTOM
OHa, JIOJIZKHA BO3BpAIIATh OIHO U TO Ke Xelll-3HaueHue.

B sToM pasznene MBI pacCMOTPHM MTPOCTERINN cnocob o6paboTKH
(kax roBopsT, "paspewenus”) KONIN3NI € TOMOIIbIO enovek. Jlpyroit
crnocob — OTKphITast ajipecalus — paccMaTpuBaeTcs B pasnene 12.4.
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Pucynox 12.3 Hasperrenne Kosmmmsuii ¢ momormpio nernodek. B mosmmm T7[j] xpa-
HUTCS yKasaTellb Ha CIICOK 3JI€MEHTOB ¢ xell-sHadenueMm j. Hampumep, h(k) =

h(ks) u h(ks) = h(kz) = h(kr).

Haspeliennme KoJUTH3H ¢ TOMOIIBIO HETIOYEK

TexHonornsi cuemtenms »rementos (chaining) coctomt B TOM, 4TO
3JleMeHThI MHOXKeCTBa, KOTOPHIM COOTBETCTBYET OIHO U TO e Xelll-
3Havenne, CBA3LIBAIOTCS B leNouKy-cnucok (puc. 12.3). B mosnnun no-
Mep j XpaHHUTCS yKa3aTelb Ha IOJNOBY CIHNCKa TeX 3JeMeHTOB, y KOTO-
PBIX Xelll-3Ha4yeHNe KIi0Ya PaBHO j; eCcN TAaKNX 3JeMeHTOB B MHOZKe-
CTBe HET, B MO3UINNI j 3alicaH NIL.

Omnepannu no6apienns, ONCKa U yNaJeHUs peajn3yloTCs Jerko:

CHAINED-HasH-INSERT (T, )

no6aBuTh & B ronoBy cuncka T'[h(key[z])]

CHAINED-HasH-SEARCH(T, k)

HaliTH snemMenT ¢ Knodom k B crucke T[h(k)]

CHAINED-HASH-DELETE(T, 2)
yoanuth @ u3 cuncka 1'[h(key[z])]

Omnepanns noGapienus paboTaeT B xynineMm ciaydae 3a Bpems O(1).
Maxkcumanbuoe Bpemss paGoOTHI ONepallili TOUCKA MPOMOPIUOHAIBHO
IINHEe COucKa (HUXKe MBI pacCMOTPHUM 3TOT BOmpoc nomnpobuee). Hako-
Hell, yIaJleHne YIeMeHTa MOKHO mpoBecTn 3a Bpems O(1) — mpu ycito-
BUM, YTO CINCKH IBYCTOPOHHE CBS3aHBI (€CIU CIICKN CBS3aHbI OTHO-
CTOpPOHHE, TO IJIs yAaJeHus 3JieMeHTa T Halo NpelBapuTelbHO HAlTH
ero npenuecTBeHHNKA, 114 Yero HeoOXONUM TOUCK 1O CHUCKY; B TaKOM
cllydae CTONMOCTD YIAJeHNs U MONCKa MPIMEepHO ONNHAKOBHI).
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Anamms XeImMpOBaHNA ¢ IIEMIOYKaMu

B sTom pasmesnie Mbl olleHuM Bpems paBGOTHI omepalluil s XeIrnpo-
BaHUs C IeNOYKAMU.

Hycrs T — xeur-rabnuiia ¢ m MO3UNUSME, B KOTOPYIO 3aHECEHO 7
sreMmenTOB. Kospdmmenrom sanomenns (load factor) TaGnuubr HaszbIBa-
eTcst 9nciao o = n/m (3To 4nciIo0 MoXKeT OBITh I MeHbIe, 1 (OIbIIe
ennHUIE!). MEl GyeM OleHNBaTh CTOMMOCTH ONEpAIii B TEPMUHAX «.

B xymiem cnyuae xeuimpoBaHue ¢ lenodkamu BeneT ceGs OTBpaTH-
TeJNILHO: eclii Xelll-3HAaueHus BCeX N KIIouell coBmanaroT, TO Tabiiuila
CBONUTCS K ONHOMY CIUCKY IJIMHBL 7, U Ha MOUCK GYHEeT TPaTHThCS
TO Xe BpeMs ©(n), 9TO W Ha TMOWCK B CINCKe, IJIOC ellé BpeMs Ha
BhIuncieHne xeli-hyHKini. KoHeuno, B TaKoll CUTYAIlUN XellllpOBaHIe
OecCMBICIeHHO.

CpenHsis CTOUMOCTB TOHCKa 3aBUCUT OT TOIO, HACKOJIBKO PaBHO-
MepHO Xell-QyHKIIUS paclpenesiseT Xell-3HaueHUs M0 MHO3UIUAM Ta-
onuibl. Bonpocy o ToM, Kak MOGHBATBCS 3TOH PaBHOMEPHOCTH, MO-
cBAIEH pasnen 12.3; noka ke GyneM yCJIOBHO MpennojaraTh, YTO Ka-
JKIOBIN TaHHBIN 3JleMeHT MOXKeT NONacTh B JIIOOVIO W3 M MO3UNNI Ta-
OJIUILI ¢ PaBHOU BEPOSTHOCTBIO M HE3ABUCUMO OT TOrO, Kyla MOMaJl
npyroit ssemenT. Mbr 6ylieM Ha3bIBaTh BTO NPENIOIOKEHHE THIOTE30(
"pasnomeprozo zewuposanus” (simple uniform hashing).

Hynem cumTarb, 4TO s HaHHOO KiOYa k BBIYUCIEHHE Xelll-
spavenns h(k), war mo CcOmcKy m cpaBHeHme Kiiodeil TpefyeT (uk-
CHPOBAHHOTO BPeMeHU, TaK 4TO BpeMs MOUCKa 3JeMeHTa ¢ KJIIuoMm k
JTMHEHO 3aBHCHT OT KonmdecTBa 3emMenToB B crucke T[h(k)], koTo-
pble MBI IpocMaTpHUBaeM B mpollecce noucka. Hymem pasnuuaTh mnBa
cllydas: B epBOM CIIydae MONCK OKAHUYNMBAeTCs Heymadeidl (dreMeHTa ¢
KII090M k B CIIICKe HET), BO BTOPOM MONCK YCIEIIeH — 3JIeMeHT ¢ Tpe-
OyeMBIM KITIOUOM OOHApPYKUBAETCS.

Teopema 12.1. Hycme T — zew-mabauya ¢ yenouxamu, umeouas Ko-
afpPuyuenm zanoanenud «. Hpednoaoscum, umo rewuposanue pasmo-
mepro. Toz2da npu noucke agemenma, omeymemsyoUe20 6 MAbdAUYE,
oydem npocmompeno 6 cpedHem & IAeMENMO6 MabAuybl, a cpeduee
6peMA MaAK020 NOUCKA (mmmuaﬂ 6peMA HO 6bIYUCACHUE xew-gﬁynmuuu}
6ydem pasno O(1 + «).

lloxazameavcmeo. HockonbKy B IpeNnoNoKeHNT PABHOMEPHOTO XellTn-
pOBaHUSA BCe MO3UIMM TabJIUIBl O/ HAHHOTO KJI0Ya PaBHOBEPOATHHI,
cpellHee BpeMs MOUCKA OTCYTCTBYIOLIErO 3JIeMeHTa COBIaaeT cO Cpel-
HUM BpeMeHeM IOJIHOIO TPOCMOTPa OIHOTO U3 M CIUCKOB, TO €CTh IPo-
NOPNUOHANLHO CpeflHell NinHe HAIINX m cnuckoB. HTa cpennss nnuna
ecThb n/Mm = «, OTKy[a MOJydaeM MepBoe yTBepKIeHNe TeOpeMbl; BTO-
poe yTBepXKIeHNe MOIydnTCs, ecin n06aBnTh Bpems O(1) Ha Beruncie-
HUe Xelll-3HaYeHus. U
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Teopema 12.2. Hpu pasnomeprom rewuposanun cpednee epemd yene-
HO20 noucka 6 rew-mabauye ¢ yenouxamy ecmv O(1 4+ «), 2de o —
KodPPuyuenm 2anoAREHUL.

Lloxazameavcemeo. XoTsa GOpPMYNIUPOBKa HTOH TeopeMbl MOXOXKa Ha
OPeNbIAYINYIo, CMBICH VTBepKIeHNS HeCKONBKO WHOW. B mpenbimyiieit
TeopeMe Mbl PacCMaTpUBall MTPOU3BOJABHYIO TabMUILy ¢ KO3hduIiinen-
TOM 3allOJIHEHUS ¢ U OIleHUBAJIU CpellHee YuUC/0 feflcTBUll, Heobxomu-
MBIX IIJI MOUCKA CJY4YaiiHOro 31eMeHTa, paBHOBEPOSTHO MOMa /lalollero
BO BCe AYENKN TabIMIIEI.

B »sToli TeopeMe Tak memaTh HEAL3S: eCNW MBI BO3BMEM TIPOU3BOIL-
HYIO Tabauny u, cuuTas Bce eé 3jieMeHThl pAaBHOBEPOsATHLIMU, OyileM uc-
KaTh CpellHee BpeMs MOUCKa CJydaiiHo BBIOPAHHOIO U3 HUX, TO OlEHKH
Buga ©(1 + o) He monyunTes (KOHTpupmMep: Tabiania, B KOTOPOIl Bce
5JIeMEHTHI MOTAIN B ONNH CIICOK)

DopMyINPOBKa TMOMpa3zyMeBaeT NBOWHOe yCpelHeHne: CHAYaIa MBI
paccMaTpuBaeM cliydyaiiHo BBIOpaHHYIO NOC/ENOBATENbHOCTDL 3JeMeH-
TOB, HOOaBIlfseMbIX B TabluIly, MPpUYEM Ha KaxK/IOM IIare Bce 3Haye-
HUS KJII0Ya PaBHOBEPOSTHBI M 1IAarl He3aBUCUMbI, a 3aTeM B MOJyYeH-
HOii TabJulle BbIOUpaeM 3JIeMeHT HJIsd MOUCKa, CUNTas BCce eé 3jleMeHThl
PaBHOBEPOATHBIMU.

HocmoTpuM Ha cuTyammio B TOT MOMEHT, KOrma Tabnuia yxke Mo-
CcTpoeHa, HO CAYYAUHLIT »7eMeHT IJisS HOoucKa emé He Buibpan. Uemy
PaBHO cpellHee BpeMs NOUCKA, YCpedHEHHOe MO BCeM n dJieMeHTaM Ta-
onuibl? Hazmo clIoXuTh MO3UIHE BCEX PIEMEHTOB B CBOMX CHUCKAX U
NOZNeNNTh CyMMy Ha 1 (00Ilee 9nCIo IeMEeHTOB).

Ecnu npenctaBuTh cebe, 9TO MpHU 3alOMHEHAN TabIUNEl IeMEHTH
TOTHCHIBAINCH B KOHEIl COOTBETCTBYIOIINK CIUCKOB (cMm. yup. 12.2-3),
TO YIOOMSHyTas cCyMMa MO MOPAAKY BeJMYUHBl paBHA OOLIeMY YHUCIO
OmepaInil, BHIMOJHEHHBIX [PU 3alOMHEHNH TAGIHIEl (MOCKOIbKY PN
nobaBieHNN B KOHeIl W NP TIOUCKe BBITOJNHAETCA OJHO M TO XKe KOJU-
9ecTBO NENCTBI).

Tenepb BcnmoMHUM 06 yCpeOHEHUN MO Pa3iNYHLIM BO3MOXKHOCTSIM B
npolecce TOCTpoeHns Tabnunsul. Hpu nobaBnennn B Heé -TO DIIeMeHTA
MaTeMaTHuecKoe OXHIaHIe dncia neiicTBuilt pasmo O(1 + (i — 1)/m)
(cM. MOKA3aTeNbCTBO MPENBIIYIIEel TeOpeMbl), I MTOTOMY MaTeMaTHde-
CKOe OXNIaHWe oOlIero 4mnciia JeilCTBAN NPpHW 3al0JHEHNN TabIWIlH,
leJIEHHOe Ha 71, €CTh

n

€] lz 1-|-i7;1 =0 1_|_LZ(Z'_1) _

n “ nm <
=1 =1
1 -1
_of1y L. m=bny
nm 2
1
—0(1+2-—)=0(1+a).
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O

Ecnu xonnuecTBo no3unuil B xem-Tabiinie CYNTATh IPONOPINOHAIb-
HLIM 4ICIY JIEMEHTOB B Tabinlie, TO U3 HOKA3aHHBIX TeOpeM BBITE-
KaeT, 4TO cpeliHee BpeMs Ha HOUCK (B ONTHMHUCTHYECKHX IPENNOIOKe-
HISIX O pacipenenennn BeposTHocTeil) ects O(1). B camom nene, ecnu
n = 0O(m), ro a = n/m = O(1) u O(1 + a) = O(1). Hockonbky
CTONMOCTD NoGaBienns B Xell-Tabiauiy ¢ nenoukamu ects O(1) (maxe
npn NOOABIEHNN B KOHEIl, cM. yIp. 12.2-3), a CTONMOCTD yIaleHs Hile-
menta ectb O(1) (MBI cumTaeM, 4TO CHHCKH IBYCTOPOHHE CBS3aHLI),
cpenHee BpeMs BBIIOJHEHUs JIIOGOI CIOBapHOil onepanni (B Ipennono-
KEHIN paBHOMepHOro xemnposanus) ects O(1).

Yupaxuenus

12.2-1 Hycts h — cnyuaiinas xemr-GyHKIINA, COMOCTABILIONIAL C Ka-
KOBIM W3 1 pasnuuubix Kiwodeit {ky, ko, ..., k,} onHy u3 m mosumumii
B Tabmuie. KakoBo MaTeMaTnueckoe OXUIaHNe UNCIa KOMIN3Mil (Tou-
Hee, 4ncia nap (7, j), mast koTopsix uto h(k;) = h(k;))?

12.2-2 Kax 6ymeT BHEITASIETHh Xell-TabJnIla ¢ IeNodYKaMu Tocie
TOro, KaK B He& MOCIeloBATEIbHO MOMECTHIN BIEMEeHTHl ¢ KIIoUaMu
5,28,19,15,20,33,12,17,10 (B ykazanuom nopsake)? Ymncno mosunmit
B Tabnnie paBHo 9, xem-Gyuknns nmeet Bun h(k) = k mod 9.

12.2-3  HokaxwuTe, 4TO MaTeMaTHYecKoe OXNIaHWe BpeMeHH HOOa-
BIIEHISL HOBOTO BJIeMeHTa (B NPENNOIOKEeHNN PABHOMEPHOTO XeIlnpo-
Bauus) ecTb O(1 4+ &), ecnn Mbr noGaBiIsieM HOBBIM B/IEMEHT B KOHeI
COOTBETCTBYIOUIEN MEeNOYKN.

12.2-4  Hpodeccop mpennomnaraeT, 9TO XelITPOBaHNE ¢ MeMoYKaMi 6y-
nerT ropasno dp@exkTuBHee, eCHU CHUCKU DJIeMEeHTOB ¢ HaHHbLIM Xelll-
3HaveHweM OYOYT yHOpANoYeHHLIME. KaK »TOT TONXOI TOBIHAET Ha
CTONMOCTH YCIEIIHOIO OUCKa, MOUCKa OTCYTCTBYIOLIEro sjleMenTa, 10-
OaBlieHUs, VIAJEHUs T

12.2-5  HaszpaGoTaliTe peanu3anuio Xell-TabINNIEl ¢ IeNOIKaMi, B KO-
TOPOIl 3aINCH XPAHSTCS BHYTPH CaMoil Xell-TaGnuibl (HEemCHonb3ye-
MBle TO3MINN CBSA3BIBAIOTCS B CINCOK CBOGOMHBIX MecT). CunmraliTe, 94T0
B KaXK/I0Wl MO3NINK MOTYT XPaHNThCH TNOO (Jiar n 1Ba yKa3aTend, 1ndo
drar, ykazaTenb U JIeMeHT. Bce cioBapHble omlepannu, a TakxkKe ole-
panun MO BHIIENeHNO N OCBOOOKIEHNIO MeCTa, NOJKHBI BBITIOJHIATHCS
3a Bpemst O(1). O6s3aTenbHO NN Ne7aTh CINCOK CBOGOMHBIX MECT NIBY-
CTOPOHHE CBS3aHHBIM?

12.2-6  HycTh oflilee 4nciio BO3MOXKHBIX KJI0oUeil (pa3Mep MHOMKeCTBa
U) npeBocxonnTt mn, re m — KOINYeCTBO Xell-3Hadennii. Hokaxkure,
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9TO CYIIECTBYET He MeHee 1 KIII0Ueil ¢ OMHUM U TeM JKe Xelll-3HadeHneM,
TaK 9TO B XyIIIeM ciiydae MOUCK B XelI-TabIHIe ¢ MeNoYKaMi 3aiiMeT
BpeMs O(n).

12.3 Xem-pyHKuum

B sTtoM pasmene MBI o6GCymuUM, Uero MBI XKIEM OT XOpOIel Xel-
GyHKIUM, a 3aTeM pa3bepéM Tpu crocoba NOCTpoeHUs Xell-QyHKITUIA:
llefjleHlle ¢ OCTATKOM, YMHOXKeHNe I YHUBEPCAJbHOe XelllupOBaHUe.

Kakon gosxua G5ITEH Xopommas xem-QyHKus?

Xoporas xeu-QyHKIHs NOMKHa (IpubiInKeHHO) YIOBIETBOPSTH
NPeNoNoKeHAM PAaBHOMEPHOIO XeIlIHPOBAHUS: N OYePEHOro KJIya
BCe M Xelll-3HavYeHnl OMKHLI O6BITH PAaBHOBEPOITHEL. YTOOLI 5TO Tpen-
HONOKeHNe TMeJI0 CMBICI, QUKCHPYeM paclpeneiedne BeposTHocTeil P
Ha MHOXKecTBe U; 6ymeM mpenmonaraTh, 9TO KIOUN BubupatoTes u3 U
He3aBUCUMO NPy OT Apyra, U KaxkIblll pacnpeneiéH B COOTBETCTBUU
¢ P. Torna paBHoMepHOe XeIlIMpoOBaHNWe 03HAYAET, ITO

> P(k):i s j=0,1,...,m—1. (12.1)
k: h(k)=j m

K coxanennio, pacupenenenne P o6BUHO HEM3BECTHO, TaK UTO TPOBe-
PUTH 5TO HEBO3MOKHO ([1a I KJIIOYN He BCerja pasyMHO CINTATh He3a-

BICHMBIMI).
Nspenka pacnpenenerne P GeiBaeT m3BecTHo. HycTs, Hampumep,
KIIOUN — CilydaiiHble DeflcTBHTeNbHbIE UHCIIA, HE3ABHCHMO U DaBHO-

MepHO pacupenenénubie na narepsaie [0;1). B sToM cnyuae nerko Bu-
neth, ato xem-yuknus h(k) = |km| ynoBrnersopser ycnosuio (12.1).

Ha npakTuke mpu BbIGOpe Xell-(yHKINH MONB3YIOTCS PA3iHIHBIMMA
5BPUCTHKAMI, OCHOBAHHBIMN Ha clenunduke 3anatn. Hanpumep, komnn-
ISATOp sA3BIKA IPOrPAMMUPOBAHISE XPAHUT TAGIIHUIY CIMBOJOB, B KOTO-
poil KIIOYaMIl SBISIOTCE HIeHTH(GUKATOPBL IporpaMMbl. JacTo B mpo-
rpaMMe HCIONB3YeTCs HECKOIBKO MOXOKHX HIEHTIH(MHKATOPOB (HANPI-
Mep, pt u pts). Xopoiras Xeln-GyHKINs 6yIeT CTapaThCs, TTOOb Xelll-
3HAUEHNs] ¥ TaKHX HOXOXKUX MIeHTH(GUKATOPOB OBLIN Pa3INIHbL.

O6brano  cTapaloTcs NonobpaTh Xell-GyHKINIO TakKuM o6pasoum,
9TOGLl €8 IMOBelleHIe He KOPPeINpOBAIO ¢ DPA3INYHBIMI 3aKOHOMep-
HOCTSIMI, KOTOpDBIE MOIYT BCTDETHTHCS B XeMINPYeMBIX [aHHBIX.
Hanpumep, onnceiBaeMblil HUXKe MeTOI HeJeHHs ¢ OCTATKOM COCTOHT
B TOM, YTO B KadecTBe Xelll-3HAUEHUsI GEPETCS OCTATOK OT IHeleHIs
KII09a Ha HEKOTOpPOe MPOCToe Yicio. Ecanm 9To mpocToe Ymcio HHKAK
He CBs3aHO ¢ (QyHKumeil pacnpenmenenus P, To Takoil MeTon NaéT
XODOIIIHe Pe3yIbTaThl.
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3aMeTuM B 3akil0ueHHMe, UYTO WHOTHA KeJaTelbHO, YTOOLI Xelll-
(YHKINS YIOBIETBOPSIIA YCIOBUSM, BBIXOMAIINM 3a Ipenessl Tpebo-
BaHUs PaBHOMEPHOro XelupoBaHus. Hamnpumep, MOXKHO cTapaTbes,
9100bl “6auskum” B KaKOM-IHGO CMBICIE KIOUaM COOTBETCTBOBAIIU
"daaérue” Xeur-3HaUEHNS (9TO 0COGEHHO JKeNATeNbHO TP MONb30BAHNN
ONMCAHHON B pasmeine 12.4 nuHEHHON MOCIEIOBATENBHOCTHIO TTPOG).

Kimroun xak HATYPaJbHEIEC YUCJIA

O6bLIYHO TpenonaraloT, YTo 06JIacTh ONpeneSieHns Xeu-QpyHKInn —
MHOZKECTBO He/IbIX HeOT pUIaTeIbHBIX duces. Ecan Kiaoun He sBiIsoTcs
HATYpaJbHBIME YNC/AaMI, NX OGBIYHO MOXKHO Mpeobpa3oBaTh K TaKOMY
BUIY (XOTs YMCia MOIYT MONYy4YnThest Gonbiinmi). Hampumep, nocie-
JIOBATEILHOCTH CHMBOJIOB MOXKHO MHTEPIPeTHPOBaTh KakK JUC/Ia, 3alll-
CaHHLIE B CHCTeMe CYHCJeHNs ¢ NOAXONAIINM OCHOBaHUeM: MIeHTH(H-
KaTop pt — »To mapa uncen (112,116) (takoBsr ASCIl-koner 6ykB p
ut), min xe uneno (112-128) 4 116 = 14452 (B cucreMe cUmCIeHUS
no ocHoBaHmio 128). Ilamee Mbr Bcerma 6ymeM CAnTaTh, 9TO KIOUM —
nesible HeoTpHUIaTe/LHLIEe YNC/Ia.

12.3.1 Henenme ¢ ocTaTKOM

Hoctpoenne xem-@yHKInm MeTOnoM merenus ¢ ocrarkom (division
method) cocTonT B TOM, 9TO KII0Uy k CTABUTCS B COOTBETCTBHE OCTa-
TOK OT HeneHus k Ha m, I'le m — YUCJIO0 BO3MOXKHBIX Xelll-3HaueHuii:

h(k) =k mod m.

Hampumep, ecnum pazmep xelll-Tabnumul paBed m = 12 m Kaiod pa-
Ben 100, To xeli-3Hayenune paBHO 4.

Hpu »ToM HeKOTOPHIX 3HAUEHWH M cTOUT n3beraTh. Hanpumep, ecian
m = 2P, to h(k) — »T0 mpocto p Maammnx 6uToB uncia k. Ecmon
HeT YBepeHHOCTHW, UTO Bce KOMOWMHANMUU MIAMMINX O6WTOB Kmioda Oy-
IYT BCTPeUYaThCs ¢ ONMHAKOBOW YacTOTOM, TO CTelleHb NMBOWKHN B Ka-
JecTBe Umcia m He BeIOGmpaioT. Hexopommo Takxke BHIOIpaTh B Kade-
CTBe M CTeleHb NecATKW, ecll KII0UN eCTeCTBEHHO BO3ZHHKAT Kak
MecATUYHBEIE UNCTA: BeNb B DTOM clIydae OKaXKeTcs, UTO yXKe JacTh
mudp KN0Ya MOTHOCTLIO ONpeenseT Xelll-3Hadenne. Kean K09l ecTe-
CTBEHHO BO3HUKAIOT KaK UNCa B CHCTeMe CUNCIeHHs ¢ OcHOBaHmeM 27,
TO HeXopoIro 6paTh m = 2P — 1, HOCKONBLKY TPH 3TOM ONNHAKOBOE Xelll-
3HAUYEHUe UMEIOT KIFOUHN, OTJUYAIONHecs JIHIIb NepecTanHoBKol "2P-
uunblr yudp”.

Xopotuine pe3yabTAaTLl 0OBIUHO MONYYaloTCs, eclIi BHIOpATh B Ka-
JecTBe M MPOCTOe UNCHO, MAaJeKO OTCTosIlee OT cTeleHell IBOUKM.
HycTs, nanpumep, HaM HaZI0 ToMecTHTL npuMepHo 2000 3anuceii B Xer-
TabnuIy ¢ menovkaMu, MpudeM HAc He MyraeT BO3MOXKHEIN mepebop
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HepeBonor mamnuceii: w bits — w 6uTos; extract p bits — BuimenuTh p
outoB. BHUMAHMUE: na pucynke nano YHHATD suaku nenoit vacru,

Pucynox 12.4 XemmpoBaHme MeTOHOM YMHOXeHUs. Kimod k, IpencTaBiIeHHBIN B
BUIE W-OUTHOIO YKCIIa, YMHOKAETCA Ha w-buTHoe uncio A - 2%, roe A — KoHCTaHTa
u3 uaTepsana (0;1). Y mpoussenenus 6epyT Miaiune w GUTOB, a U3 3TUX W OUTOB
BHLAESOT p cTapumx. Hro u ecTs xeur-3nauenue h(k).

TPéX BapuaHTOB NPHU TOUCKE OTCYTCTBYIOLIEro B TabJuile 3ieMeHTa.
YTo XK, BOCTIONB3yeMCs MeTONOM MeJieHns ¢ OCTATKOM TpH OJNHe Xelll-
tabaunsr m = 701. Yucmo 701 npoctoe, 701 &~ 2000/3, u no cremneneit
nBoiiku o uncaa 701 Toxe naseko. CTadio 6BITH, MOXKHO BHIGPATH Xelll-
QYHKINIO BUIA

h(k) =k mod 701.

Ha Beskuit caydail MOXKHO eIlé MOYKCIepAMEeHTHPOBATL ¢ pealbHBIMNI
IAHHBIMU Ha NpelMeT TOro, HACKOJIbKO paBHOMEpHO OYyIyT pachpeie-
JIeHbl UX Xell-3HaueHus.

12.3.2 YwmuHOoXeHUe

Hoctpoenne xem-¢yHknnu mertomom ymuoxenmsa (multiplication
method) cocrout B cnenymomem. HycTs kKonmmuecTBO Xemr-3HaueHmit
paBHO m. 3adukcupyem KoHcTaHTy A B mHTepBase 0 < A < 1, u
MOJIOKUM

h(k) = |m(kA mod 1) |,

roe kA mod 1 — ngpobras vacth kA.

HocTonHCTBO MeTOa YMHOKEHNS B TOM, UTO KAUeCTBO Xel-(hyHKITHHT
MaJIo 3aBUCHT OT BeIGopa m. O6BIUHO B KaueCcTBe M BLIOUPAIOT CTeleHb
MBOMKN, TOCKONBKY B GOMBITNHCTBE KOMTBIOTEPOB YMHOKEHNE Ha TaKoe
m peanmsyeTcs Kak CIBUT cioBa. HycTh, HanmpuMep, minHa cJIOBa B Ha-
ieM KOMTBIOTepe paBHa w GUTaM U KJIT0U K MOMEIIaeTcs B OIHO CIOBO.
Torma, ecnu m = 2P, To BRUNCHeHNE XeNI-PYHKINT MOKHO TPOBECTH
Tak: YMHOXKEM k Ha w-6uTHOe menoe uncio A - 2% (MBI mpenmonaraeM,
9TO HTO UNCIO SBIASETCS TEMBIM); TONYINTCS 2w-GNTHOe THCIIO

Meton ymHoxkenus paboTaeT TpH MIOG0M BHIGOPEe KOHCTAHTH A, HO
HEKOTOpbIe 3HaueHuss A MOryT 6bITH Jyulie Apyrux. OnTuManbHBIH
BBIGODP 3aBUCHT OT TOTO, KAKOTO PONa MaHHBIE TOMBEPTalOTCS XeInpo-
Banmto. B kunre [123] KayT ob6cyknaer BbIOOp KOHCTAHTH A I TPUXO-
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OUT K BBIBOOY, UYTO 3HadYeHue
Ax (V5 —-1)/2=0,6180339887 ... (12.2)

SIBIISI€TCS MOBONBHO YIAUHLIM.
B zakmouenue npuBeném npumep: eciu k = 123456, m = 10000 u A
onpenenero dopwmynoit (12.2), To

— o

h(k) = [10000 - (123456 - 0,61803... mod 1)| =

10000 - (76300,0041151 ... mod 1)| =
10000 - 0,0041151 ... | =
41,151...] = 41.

12.3.3 YuuBepcaibHOe XeUIMpPOBaHUE

Ecnu nenobpoxkenaTent 6yneT cHeNUalbHO TONOWpPaTh NaHHLIE s
XeIINpPOBaHust, TO (3Hass PYHKINO 7) OH MOXKET YCTPOUTH TaK, 9TO BCE
n KHwdell 6yOyT COOTBETCTBOBATH OMIHON MO3UIAW B Tabmuwuie, B pe-
3yJAbTaTe 4ero BpeMs noucka 6ymer pasuo O(n). Jlobas dukcnpoBan-
Hasd Xell-QYHKIUS MoOxkKeT ObITh NUCKPEeNUTUPOBaHa TaKUM 0Opa3oM.
EnnncTBenHLIT BLIXON U3 MOMOKEHNS — BHIOUPATE XeII-PYHKINIO CITY-
YallHbIM 0Opa3oM, He 3aBUCAIIUM OT TOrO, Kakue MMeHHO NaHHbIe Bbl
xermupyeTe. Takoll TONXON HA3LIBA€TCS YHHBEPCAIBHBIM XCLIIMPOBAHUEM
(universal hashing). Yo 661 HE MpennpuUHIMAN Ball HETOOPOKENATENb,
eclii OH He uUMeeT MHGOpMaluu O BbIOpaHHON Xell-QYHKIUU, CpellHee
BpeMs MOMCKa OCTAHEeTCsH XOPOIIUM.

OcHoBHas uies YHUBEPCAJIBHOI'O XeIIUPOBaHUS — BBIOUPATH Xelll-
(DYHKIIMIO BO BpeMs UCHOJHEHUS TPOrpaMMbl CAydaillHbIM 0Opa3zoM u3
HeKOTOporo MHOxecTBa. CTajio 6bITh, IPU HOBTOPHOM BBI30BE C TeMU
JKe BXOJHBIMU NaHHLIMU aJropuTm OyneT paboTaTh yxkKe MO-IpYyroMy.
Kax m B cnygae ¢ anropuTMoM OLICTPOH COPTUPOBKU, PaHIOMU3AINS
rapaHTUpPyeT, 4TO HeJib3sd NPUAYMaTh BXOOHBIX HAHHBIX, HAa KOTOPbIX
anropnTM Beerma ObI paBGoTal MeITIeHHO (B IpUMepe ¢ KOMIIISTOPOM I
Tabauilell cHMBOJIOB HEe CMOXKeT TOJNYUYUThCH, YTO KaKoii-To onpenenén-
HBIii CTUIb BbIOOPa UeH TUGUKATOPOB NPUBOANT K 3aMe/lJIEHNI0 KOMIIU-
JANUU: BEPOATHOCTL, YTO KOMIUJAINS 3aMelIuTcs U3-32 Hey/l1auHOro
XelllNpoBaHUs, BO-MEPBbIX, Malla, I BO-BTOPBIX, 3aBUCUT TOJBKO OT KO-
TMYecTBa NIeHTHGUKATOPOB, HO He OT UX BHIOODA).

Hycrs H — KoHeuHoe ceMelicTBO (YHKIMA, OTOOPAKAIOIINX TaH-
HOe MHOKecTBO U/ (MHOXKECTBO BCEBO3MOKHBIX KIIOUeil) BO MHOXKe-
ctBo {0,1,...,m— 1} (MHOXKecTBO Xenr-3Havennii). Hro cemeiicTBo Ha-

3LIBA€TCS yHMBepcadbHEIM (universal), eciun miast mobbIX MBYX Kifoueil
z,y € U gnmcno ¢yuknuit h € H, nns xotopweix h(z) = h(y), paBHO
|H|/m. WabivMu crioBaMu, Tpu cIydaiiHOM BBIOOpe Xell-(QyHKINN Be-
POATHOCTH KOJUIM3NN MKy NBYMS HaHHLIMH KJIIOYaMH JOJIKHA paB-
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HATBCSA BEPOSTHOCTH COBHAeHHs OBYX CIydYaiiHO BBHIODAHHBIX Xelll-
3HadeHnil (KoTopas paBHa 1/m).

Crenyiolliasi TeopeMa MOKa3bIBaeT, UTO YHUBEpCAIbHOE CEeMeflcTBO
xell-QyHKINH 00ecleunBaeT XOPOIIYIO IPON3BONUTENBHOCTE B Cpel-
HEM.

Teopema 12.3. Hycmo nam neobrodumo nomecmums n Gurcupos aHrblL
Karoueti 6 mabauyy pazmepa m, 2de m = n, u rew-GyHKYUL 6blOUPa-
EMCA CAYUATHBIM 0OPA3OM U3 YHUBEPCAAbHO20 cemeticmea. To2da ma-
MEMAMUUECKOE ONCUDANUE YUCAL KOAAUBUT, 6 KOMOPLIT YUACTNEYem
dannvili KA104 T, MENbULE eJUHUYDL.

Loxazameavcmeo. MaremaTuueckoe oxXufjaHne Yncia KOJITH3NN HaH-
HOTO KJTI0Ya & ¢ HaHHLIM KJIIOUOM § paBHO 1/m To ompeneseHnio yHU-
BepcalsibHOTO cemeiicTBa. Hockonbky Bcero umeercs n — 1 kitoueii, o1-
JUYHBIX OT X, MaTeMaTHuecKoe OXKUIaHWe YUCia KOMIU3UHA ¢ KaKuM-
HubOyIb W3 9THX KI0UYeil paBHO (n — 1)/m, 9TO MeHbIIle eINHHUIEL, TTO-
CKOJIBKY N < M. ]

Kax xe mocTponTh yHUBEpcanbHoe ceMeiicTBO? Ham TOMOXKET B 3TOM
srieMeHTapHas Teopus ducen. Ymciao m (KOTUIeCTBO Xelll-3HAYeHMUI )
BBIGEpeM MpoCcThiM. HymeM cunTaTh, UTO KaXKOBIH KITOY TpPEIcTaBIsIeT
co6oil mocenoBaTenbHOCTD r + 1 "6atimoe” (6aliT, nmin CUMBOI,— 3TO
MPOCTO ABOWUYHOE UHUCIO C OTPAHNYEHHLIM UNCITOM Pa3pInoB; MbI 6y-
IeM CYNTaTh, YTO MAaKCHMalbHOe 3HadeHme OaiiTa MeHbime m). s
KaXKIOl MOCIeNoBATeNbHOCTH ¢ = (dg, A1, . . ., (), SIT€MEHTHl KOTOPOil
SBISIOTCS BEIYETAMI [TO MOIYITIO M (TO eCTh MpHUHAIIERKAT MHOKECTBY
{0,1,...,m — 1}), paccMoTpuM QYHKIHIO Ay, 3alaHEYIO GOPMYIOLt

T
he(z) = Zaﬂi mod m, (12.3)
=0
rue KIod & ecTh MOCIeNoBaTeNnbHOCTh 6aiiToB (g, 21, ..., &,). Homo-
KM

H = J{ha}, (12.4)

O‘IeBI/II[HO MHOKeCcTBO H coepkKuT m”’l 3JIeMeHTOB.
’

Teopema 12.4. Cemeticmeo ¢ynxyuid H, onpedeaéunoe no dopmuy-
aam (12.3) u (12.4), g6agemed Ynueepcatbublm CeMeUCmeom reul-
dynryui.

Hoxazameavemeo. Hyetb © = (20,21, ..., @) 1Y = (Yo, Y1y -+, Yr) —
IIBa pa3INMYHLIX KJI0Ya; He OrpaHmYuBasg OOLIHOCTH, MOXKHO CUHTATh,
9TO T9 # Yo. BEenm a = (ag,a1,...,a,), 10 he(x) = he(y) Torma u

TOJIBKO Tor'la, KOI' Ja

r

ap(zo — yo) = — Zai(xi —y;) (mod m).

J=1
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Hockonbky xo — yo Z 0 (mod m), mis Kaxkmoil mocienoBaTerbHO-
e (@, ..., a,) CYIIECTBYET I eNNHCTBEHHO 3HAUEHNE (g, TP KOTOPOM
5TO PaBeHCTBO BhINOMHEeHO (pasnen 33.4). KomnuecTBoO TaKux mocieno-
BaTeJlLHOCTell paBHO m”, I TAKOBO ke, CTAJIO OLITh, KOJINIeCTBO (Y HK-
nuit 3 H, He pasnnuaroinx knoun x u y. Hockombky m” = |H|/m,
BCé NIOKa3aHo.

[Kopoue MOXKHO CKa3aTh Tak: HEHYJEBOHl JUHENHBIH (GYHKINOHAI
h +— h(x — y) ¢ paBHOIl BePOSTHOCTBIO MPUHUMAET JT0O0E U3 M CBOUX
3Hadenuii, B ToM uncie 0.] O

Yupaxuenus

12.3-1 HycTh B cBsI3aHHOM CHHCKe KaXKIBI IIeMeHT XpaHUTCS BMe-
cTe ¢ ero KNovoM k 1 cooTBeTCTBYOIMM Xem-3aadenneM h(k). Kiroq
npencTaBiaseT coboll NIANHHYIO MOCIeNOBAaTEeNBHOCTL CHMBOJOB. Kak
MOYKHO YIPOCTUTH IMOUCK B 3TOM CIIUCKe 3JIeMeHTa ¢ HaHHBIM KIHYOM?

12.3-2 HpenmonoxnM, 4To KIOYaMHI SBIASIOTCS TOCIENOBATEIBHOCTH
CUMBOJIOB, KOTOPbIe MBI pacCMaTpuBaeM KakK 4ncia, 3alicaHHble B CH-
cTeMe cunciienns ¢ ocnopanmeM 128. Hucno m nomeriaercs B 32-6uTHOM
CJIOBe ¢ 3alacoM, HO 9HUciia, COOTBETCTBYIOIINE KI0UaM, yKe He moMe-
[TAFOTCS, TTOCKOIBKY KIFOUN COIepXKaT MHOTO JeciTKOB CHMBOJIOB. Kak
BEIYHCIATH Xell-QyHKINO, TOCTPoeHHY 0 MeTonoMm nenennsi? (Her ne-
0B6XONMMMOCTH peain30BLIBATEL apupMeTHIecKHe olepann ¢ IANHHBIMA
qucaaMu — JOCTATOYHO HOMONHUTENLHON MaMATH MOCTOSHHOTO O6h-
éma.)

12.3-3  HycTh KiItoun TIpeAacTaBIsAsOT coGOH MOCIeNoBATENBHOCTH p-
OUTHBIX CUMBOJIOB, paccMaTpuBaeMble KaK 4yucia B 2P-uuHoil cucTeMe
CUNCIIeHNs, a B KayecTBe Xell-(PYHKIINN BBIOPAH OCTATOK IIPN [IeJIeHNN
Ha m = 2P — 1. HokaxuTe, 9TO IBYM KJII0UaM, OTANIAIONIAMCS TOTLKO
NOPALKOM CHUMBOJIOB, COOTBETCTBYeT OHHO U TO JKe Xelll-3HadeHle.
HpusenuTe nmpuMep NpuioxkeHUs, B KOTOPOM TpHUMeHeHNe TaKOW Xell-
pyHKIUN O6bLIO OBl HeXKeJlaTeJBHO.

12.3-4 HycTtrs pasmep xemr-tabnumnut paBen m = 1000, a xem-
dynxmms mmeer Bun h(k) = |m(kA mod 1)), tme A = (V5 — 1)/2.

B xaxue nozunuu nomanyT kiarwouu 61, 62, 63, 64 u 657

12.3-5  Ymanum u3 cemeiicTBa H, onpenenéunoro mno gopmymnam (12.3)
u (12.4), Te pyukmun hy, B KOTOPBIX XOTsI ObI ONHO U3 @; paBHA HYIIO.
HoxaxuTte, 9To mOAyUYnBIieecs ceMeliiCTBO Xelll-pyHKINN YHUBEPCATb-
HBbIM He OyIeT.
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12.4 OrkpsiTas agpecamus

B ornuune oT XemuwpoBaHUs ¢ MEMOYKAME, TP OTKPHITON AXPeCALNN
(open addressing) HUKaKNX CINCKOB HET, a BCe BAINCH XPAHATCS B Ca-
MOl Xell-Tadumne: Kaxnad duyelika TabNUIBl CONEPAKUT JINOO 3JIeMeHT
NWHAMIIeCKOTO MHOXKeCTBa, nubo NIL. Homck 3akmodaeTcs B TOM, 9TO
MbI ONpelle/IéHHbIM 06pa30M NPOCMaTpUBaeM 3JeMeHThl TabJIuUIbl, TTOKa
He HalIéM To, 4YTO WIleM, UK He YIOCTOBEPUMCS, UTO 3JieMeHTa ¢ Ta-
KM KII090M B Tabnuie HeT. TeM caMBbIM UHCIO XPaHUMBIX 3IIeMeHTOB
He MOXKeT ObITh OoJibllle pa3Mepa TaOMUIIbI: KO3POUIINEHT 3aN0IHEH U
He 6onbire 1.

Koneuno, m mpu XelupoBaHUE C MeMOYKAMU MOYXKHO NCTIOIL30BATH
cBOGOMHBIE MecTa B Xelll-Tabiuie s XpaHeHHs CINCKOB (ylpaxkHe-
Hue 12.2-5), HO pu OTKPBLITON ampecalnn yKazaTeldn BOoObIe He IC-
HNOJB3YIOTCS: MOCHEeIOBATEIbHOCTh NPOCMATPUBAEMBIX SUE€eK 6bINUCAL-
emcA. 3a cueT DKOHOMUU MaMsTH Ha yKa3aTelsX MOXKHO YBeJHYHUTh
KOJINYeCTBO MO3UIMKA B Tabiulle, 4TO yMeHbIIaeT YUCIO KOJJIU3UR 1
cOKpalllaeT MOUCK.

YTtobbl 106aBUTH HOBHIN 3JIeMeHT B TabINIy ¢ OTKPBITOW alpeca-
nueit, sueliku KOTOPOil 3aHyMepoOBaHbl TelibiMu uciamu ot 0 1o m — 1,
MBI TpOCMATpuBaeM e&, TToKa He HalimeM cBobonHoe MecTo. Ecnm Bes-
Kuii pa3 mpocmaTpuBaTh sueiikn nonpsa (0, 1,...,m—1), norpebyercs
BpeMst O(n), HO CyTh B TOM, UTO MOPSIOK MPOCMOTPA TAOINIILI 3aBUCHT
oT kyoual HBIMT citoBaMu, MBI HOGaBIAEM K Xelll-QpyHKINHT BTOPOiT ap-
TYMEHT — HOMep NONBITKHN (HyMepalnio HadnHAaeM ¢ HyJs), TaK 9TO
Xell-pyHKIus uMeeT BUil

h:Ux{0,1,....m—1}—={0,1,...,m — 1}

(U — MHOXKeCTBO KHIOqefI). HOCJIe,Z[OBaTeJIBHOCTB MCHpOﬁOBaHHLIX MecCcT
(probe sequence), uan (Kopoue) mocaeaoBaTeIBHOCTD MPo6 IS TAHHOTO
KNi0da k nMeeT BUI

(h(k,0),h(k,1),...., h(k,m—1));

dyuxnus h noixna 6bITH TaKoil, 4To6bI Kaxnoe n3 duces ot 0 1o m—1
BCTPETHJIOCH B HTOI [OCIENOBATENBLHOCTI DOBHO ONMH pa3 (mis Ka-
KIOTO KN0Ya BCe MO3HINN TaGINIbl OIKHLL OBITh HocTynHbI). Huxke
IPUBONUTCS TEKCT NpOlenyphl nobasinenns B Tabmuny T ¢ OTKpPLITOI
azpecalneil; B HeM MOIPa3yMeBaeTCs, 1TO 3alNCH He CONepKaT IOMOI-
HITeIBHON HWH(pOpMAINN, KpoMe Kiloda. Ecan sdeiika Tabnuisr my-
cTa, B Heil 3anucad NIL (QUKCHDOBaHHOe 3HAUeHNe, OTINIHOE OT BCeX
KITIOveit).
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HasH-INSERT(T, k)

1 240

2 repeat j < h(k,1)

3 if T[j] = NIL

4 then T'[j] «+ k

5 return )

6 else 71— 1+1

7 until z = m

8 error "nepenoanenue reuw-madauybt”

Hpu noucke snemenTa ¢ kiaouoMm k B Tabnuile ¢ OTKPBITON anpeca-
nueii sueliku TabARIILI TPOCMATPUBAIOTCS B TOM Ke TOpsKe, YTO U Ipu
nobaBJeHUY B Hee dieMeHTa ¢ kiouoM k. Eciu npu 5ToM MBI HATbhIKa-
eMcs Ha sveilKy, B KOTOpoll 3anucal NIL, TO MOXKHO ObITh YBEPEHHBIM,
9TO MCKOMOTO 3jleMeHTa B Tabnmie HeT (MHAadYe OH OBbLT OBl 3aHEeCEH B
5Ty stdeiiky). (BHuManme: MBI mpenmonaraeM, 9TO HUKAKNe 3JEeMEHTHI
13 TabNuIBl He yIaIsioTes!)

Bot TekcT nporenypsr noncka HASH-SEARCH (eciin 3eMeHT ¢ KiTfo-
qoMm k comepxkuTcs B Tabsuie T B O3unun j, Npolenypa Bo3BpaIllaeT j,
B IPOTUBHOM CIJIydae OHa BO3BpAllaeT NIL).

HasH-SEARCH(T, k)

1 7+0
2 repeat j < h(k,1)
3 if T[] =k

4 then return 3

5 141+ 1

6  until T[j] = NIL nam ¢ = m
7 return NIL

YnamuTh 2ieMeHT W3 TabIunbl ¢ OTKPLITON anpecanueil He Tak Opo-
cTo. Fenm mpocTo 3anmmcaTh Ha ero MecTO NIL, TO B HadbHeHIIeM MBI
He CMOXkKeM HalTu Te 3JeMeHThl, B MOMeHT n00aBlieHls KOTOPbLIX B
TabnuIy 5TO MecTo OBUIO 3aHATO (M m3-3a HTOro GBIN BHIGpaH Go-
Tee MANEKNl 7€MEHT B MOCIENOBATEIHHOCTH HCIPOGOBAHHEIX MECT).
Bozmvoxnoe pelienne — 3alUCLIBATE Ha MeCTO YIAJIEHHOTO DIIEMEHTA
He NIL, a ClielnajbHOe 3HadeHme DELETED (“ydawén”), n mpum moba-
BJIEHUU paccMaTpuBaTh fueliky ¢ 3anuchbio DELETED KaK CBOOOIHYIO,
a TpH MONCKe — KaK 3aHATyI (1 mpomoimxkarh monck). HemoctaTok
3TOr0 MONXOHa B TOM, YTO BpeMs TOUCKA MOMKET OKazaThCd GOJbIINM
nayke Tpu HU3KOM KoddduinenTe 3anonuenus. HostoMmy, ecnun Tpeby-
eTcs yAaJasTh 3allUCH U3 XelI-TabJuIbl, NpelnodyTeHe 00bIYHO OTIal0T
XellMPOBAHUIO C IeNOYKAMH.

B mamem amanm3e OTKpLITON anpecannu MBI 6ymeM HCXOOUTH U3
I PEITONOKEHNsI, ITO XeIINpoBaHie pasHomepHo (uniform) B ToM cMBI-
ciie, uTo Bce m! mepectanoBok mMHOXKecTBa {0,1,...,m — 1} paBHOBe-
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posTHBL. Ha mpakTuke »To Bpsa M TaK, XOTs Obl 10 TOWl TpHUUYNHE,
4TO MJIs 3TOr0 HeOOXOAWMO, YTOOBI YHCHO BO3MOXKHBIX KITl0Uell ObIIO
KakK MEHEMYM < m!, rme m — uncio xXemr-sHadenunii. HosToMmy o6brano
moJNB3yIoTCs BoJlee UMW MeHee YHAYHBIMEU CYyppOraTaMu, BPoJe OMHUCHI-
BaeMOro HIKe TBOWHOTO XelTupOBAHUS.

O6bIuHO TPHMEHSIOT Takme TPH CHOCco6a BBIYUCHEHNS ITOCIEI0-
BaTeNBHOCTH HUCIPOOOBAHHBIX MeCT: JIMHEeNHBIN, KBaApPaTUYHBLIN WU
IBOMHOEe XelllWpoBaHMe. B KaXkmIoM W3 3THX CIOCOGOB MOCIeNOBa-
rensnocts (h(k,0), h(k,1),...,h(k,m — 1)) Gymer mepecTaHOBKOIil
muokecTBa {0,1,...,m — 1} npu mioboM 3HaYeHHN KioYa k, HO HI
ONUH W3 HTUX CMOCcOBOB He SABIsSETCS PpaBHOMEPHBLIM MO TOU TpUYNHE,
4TO OHN NaloT He Gonlee m? mepecTaHOBOK U3 m! Bo3MoxkHBIX. Hombime
BCETO pa3HBLIX TMepecTaHOBOK MOJydaeTcs MpH IBONHOM XellnpOBaHUMN;
He YOWBUTEIbHO, UTO W Ha MNpaKTHKe HTOT cnocob maeT Jydlliue
pe3yibTaThL.

JIunennas II0CJICA0BATCJIIBHOCTD 1'[p06

Hycts h': U — {0,1,...,m — 1} — 7obviunas” xer-QyHKuus.
DyHKINS, OMpenensioNnias JMHEHHYO NOCTeXoBATedbHOCTh Mpob (linear
probing), 3anaércs opmynoit

h(k,) = (K (k) + i) mod m.

Nupivn coBamu, npu paboTe ¢ KiaiodoM k wHaanHatoT ¢ saeiikn T'[h(k)],
a 3aTeM nepebuparoT saeiikn Tabauner nonpsn: TTh' (k) + 1], T[A'(k) +
2],... (mocme T[m — 1] nepexonst ¥ 1T[0]). Hockonbky nocienoBarens-
HOCTB Npod TONHOCTBIO ONpelesiseTcs NMepBO SYelKOil, pealibHO WNC-
NOJIb3YeTCs BCEro JUIb 171 PA3INYHBIX MOCIeN0oBaTelbHOCTEN.

OTKpBITYIO ajipecalliio ¢ JIUHEHHON TNOC/IenoBaTellbHOCThIO Tpob
JIETKO peaJsin30BaTh, HO Y 3TOr0 MeTOHA €CTh OHUH HEeIOCTATOK: OH MO-
JKeT NpUBecTU K 06pa30BaHUIO KIIACTEPOB, TO €CTh NJIMHHBIX NOC/e/I0Ba-
TeNBHOCTEN 3aHATHIX sUeeK, NIYIINX TOApsa (T0o-aHTIHICKN 9TO sBIe-
Hue HaspiBaeTcs primary clustering). Hro yanuusier momck; B camom
nefle, eciii B TabJulle U3 m d4yeek Bce sUeliku ¢ YETHBIMEU HOMepaMu
3aHATHI, a sSYellKi ¢ HEYETHBIMU HOMepaMu CBOOONHBI, TO CpelHee Yu-
CJI0 po0 TIpu MOUCKe 3JeMeHTa, OTCY TCTBYIOLIEro B Tab/uie, ecThb 1,5;
Ecnn, onrako, Te XKe m/2 3aHATHIX sueeK UAYT MOAPAI, TO CpelHee
qncao npob npuMepHoO paBHO m/8 = n/4 (n — YWCIO 3aHATHIX MeCT
B Tabnumne). Tennennns k o6pa30BaHNIO KIACTEPOB OOBICHIETCS MPO-
CTO: eCITN ¢ 3AMONHEHHLIX sUeek WAYT TMOAPAI, BePOSTHOCTL TOTO, YTO
IpH ouYepelHOl BCcTaBKe B Tabnuiy OyneT WCMONb30BaHa fYelika, clie-
IyIOIIas HEMOCPENCTBEHHO 3a HUMH, ecTh (¢ + 1)/m, B TO Bpems Kak
IJi CBOOONTHON d4YellKu, TpellllecTBEHHNIA KOTOPON TaKKe CBOOOMHA,
BEPOSITHOCTH GbIThH NCMOIB30BAHHON paBHA Bcero muiib 1/m. Bcé BbI-
1IeN3JI0KEHHOE TIOKa3bIBaeT, YTO JINHEHHAs MOCIeI0BATEIbHOCTE TTPod
IIOBOJILHO HaJieKa OT PaBHOMEPHOIO XelllMpPOBAHMS.
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KBanpaanHaﬂ II0CJICA0BATCJIIBHOCTD 1'[p06

q)yHKHI/I;[7 OHpeI[eJU[IOHla?[ KBaAPATUYHYIO IIOCJICAOBATEJIBHOCTH Hp06
(quadratic probing), 3amaércs dpopmyoi

h(k,i) = (h'(k) + c1i + c2i*) mod m, (12.5)

rie mo-mpexkHeMmy h' — oGBIUHAs Xell-QYHKINA, a ¢; U ¢ # 0 — He-
KOTOpble KOHCTaHTHI. HpoGbl Haumnatorcs ¢ sdeiiku womep T[A'(k)],
KaK I IpH JINHEHHOM MeTofle, HO Hajbllie sYefiku MPpocMaTpUBaloTCs He
NOMpsAI: HOMEp MpoGyeMoil AYeilKi KBaIpaTHYHO 3aBUCHT OT HOMEpa
nonbiTKH. HroT MeTon paboTaeT 3HAUNTENBLHO JIyYllle, YeM JIMHel b,
HO ecIi MBI XOTHM, YTOOLI IPU TTPOCMOTPe Xell-TabIuIbl NCIOMb30Ba-
JUCH BCe AYeiiKi, 3HaYeHUs M, ¢; U Co HeJIb3s BBIOUPATh Kak MOMNaJIo;
OIMH U3 CNOCOBOB BBIGOPaA onucan B 3amade 12-4. Kak u npn nnneiiHoM
MeTozie, BCSA TMOCIENOBATENLHOCTL P06 ONpenenseTcs CBOUM TepBbIM
YJIEHOM, TaK YTO ONATH MIOJIYYaeTCs BCEro M Pa3IudHbIX TepecTaHOBOK.
Tennennun K 06pa3oBaHMIO KJIACTepOB GOMbIIe HET, HO aHaJOrHYHbIi
sdpexT mposBiasercs B (6osiee MATKOIT) GopMe oGpa3oBaHus BTOPHIHEIX
knacTepos (secondary clustering).

JlBoliHOe XelMpoBaHIe

Ipoiinoe xemmposanme (double hashing) — ommu n3 nyummx meto-
IIOB OTKPBITOI anpecanni. HepecTaHOBKI NHIEKCOB, BO3HIKAIOLINE IPH
IBOIHOM XeIINpPOBAHNN, 06IAal0T MHOTIMI CBOMCTBAMI, IPHCYIIIMN
paBHOMepHOMY XelmpoBaHmio. Hpu nBoiiHoM xemnpoBannu GyHKIHS L
HMeeT BHII

h(k,i) = (h1(k) + iha(k)) mod m,

rne hy u hy — oBbIuHbIE Xell-QyHKIUK. VHBIME clioBaMU, NOCIeNoBa-
TeALHOCTH Npob mpu paboTe ¢ KIOUoM k mpencTaBiaseT coboil apud-
METHIECKYIO IpOorpeccuio (Mo MOLyo m) ¢ mepBbiM uneroM hy(k) u
marom hy(k). Hpumep mBoiiHOTO XemmpoBaHus puBeneH Ha puc. 12.5.

YTo6B TOCTenoBaTeALHOCTE NCTPOOOBAHHBIX MEeCT MOKPLIIA BCIO Ta-
6nuiy, 3Hadenne hy(k) momKHO 6BITH B3aMMHO TMPOCTBIM ¢ m (ecin
Hanbomnbinit obmnit nenutens hy(k) nw m ects d, To apudpMeTnIecKas
IPOrpeccus Mo MOMYII0 T € pasHOCTHIO ho (k) 3aiimér momio 1/d B Ta-
6nuie; cM. riaBy 33). HpocToii cnoco6 mobuThesi BHIMOITHEHNS YTOTO
ycioBust — BbBIGpATh B KauecTBe m CTeleHb NBOWKHN, a QYHKIUIO ho
B3IThH TaKyI0, YTOOLI OHA TPUHUMAaNa TOIBKO HeUETHEIE 3HadeHus. py-
roif BApUAHT: M — HPOCTOE YUCIO, 3HAUEHUS g — IeJIble MOJOKU T b-
Hble 9Ucia, MeHbInne m. Hanmpumep, O TpoCTOro m MOXKHO MONOXKUTh

hi(k) = k mod m,
hao(k) = 1+ (k mod m'),
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Pucynox 12.5 JHobaBreHnme sieMeHTa B TabIMIly C OTKPBITON aipecarieil IMIpu
[BOMHOM XelinpoBaHuu. B Hamem cinyuae m = 13, hi(k) = k mod 13, ha(k) =
14+ (k mod 11). Ecou k = 14, To mocnenoBaTenbHOCTL Mpo6 GyAeT Takas: 1 u 5
3aHITH, 9 CBOGOMHO, TIOMEITIAEM TYIA.

rae m' 4yTh MeHblne, dem m (Hampumep, m’ = m — 1 uwnu m — 2).
Ecnu, wanpumep, m = 701, m’ = 700 u k = 123456, To hy(k) = 80
n ha(k) = 257. CTano 66Tk, MOCIENOBATEIBHOCTD P06 HATMHALTCS C
nozuiuun HoMep 80 m uuét nasee ¢ marom 257, moka Bcd Tabiuia He
6ymeT mpocMoTpeHa (nian He OyneT HafiIeHO HYKHOE MeCTO).

B oTnnume or JnHEHHOTO M KBaJApaTHYHOTO METONOB, MPH HBOI-
HOM XeIIMPOBaHWN MOXKHO HONYYNTH (IpH NpaBUIbHOM BBIGOpe hyq
u hy) me m, a ©(m?) pasNHUHEIX NEPECTAHOBOK, MOCKONLKY Ka-
xnoit mape (hy(k),ha(k)) cooTBeTCTByeT CBOS MNOCIENOBATENBHOCTD
npo6. Hiaromaps sToMy Npou3BOINTENBHOCTH ABONHOTO XeIIHPOBAHI S
6JM3Ka K TOil, YTO MOJYyYHIacCh ObI MPHU HACTOSIIEM PABHOMEDHOM Xe-
I POBAHM.

Ananmu3 XemmpoBaHUA ¢ OTKPBITOM aJpecaImen

Tax xke, Kak un Tpu aHaJlN3e XEIIWPOBAHUS C MeNOYKaAMU, MPHU aHa-
Ji3e OTKPBITOI afgpecallni Mbl OyHeM OlleHUBaTh CTOUMOCTH onepalnii
B TepMUHaX KO3(QPUINEHTa 3a0MHe st o = n/m (n — 9YIciIo 3almcei,
m — pasMmep Tabanibl). HoCKOTbKY Ipi OTKPHITON apecalnni KazKIoi
sdelike COOTBETCTBYeT He 6oliee onuol 3anucu, o < 1.

Mgzr 6ynmem ncxXonuTh U3 TPENNONOKEeHNS O PABHOMEPHOCTH XeIlnPO-
Bauns. B oToll nneannsupoBanHoil cxeMe TpefnoNaraeTcs clenyiollee:
MBI BBIOWpaeM KITIOUN CAyYIaiiHBIM 06pa3oM, TpUIéM Bce m! BOBMOK-
HLIX TOCIIeNoBaTeIbHOCTel Tpod paBHOBEepOSTHLI. HOCKONLKY BTa mie-
aJM3upoOBaHHas cXxeMa faJeka OT pealbHOCTH, I0Ka3biBaeMble HUKE pe-
3yAbTaThl CllefyeT paccMaTpUBaTh He KaK MaTeMaTHYecKue TeOpeMbl,
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onmchIBaoIine paboTy pealibHBIX aJllrOPHTMOB OTKPBITON afpecalni, a
KaK BBpUCTHUYECKTE ONEeHKH.

HaurémMm ¢ Toro, 9To olleHNM BpeMs Ha MONCK 3JIeMeHTa, OTCYTCTBY-
[ollero B Tabauie.

Teopema 12.5. Mamemamuueckoe odxcudanue uyucaa npod npu noucke
6 mabauye ¢ omrpeimot adpecayuetc omeymemeyowe20 6 net dae-
menma we npeeocrodum 1/(1—a) (zewupoeanue npednoaaeaemes pae-
HOMEPHBLM, uepes o < 1 ob6o3nauen KoadPuyuenm 2anoinenud).

llokazameavcmeo. Mul mpennonaraeM, 9To Tabauna GUECHpoOBaHa, a
UCKOMBIil 3JleMeHT BbIOUpaeTcs cliyvyaliHo, NpuyéM BCe BO3MOMKHbBIE MO-
CIeoBaTeILHOCTH TPpo6 paBHOBEepOATHLI. Hac mHTepecyeT MaTeMaTn-
yeckoe OXHUaHWe Yuciia TMONBITOK, HeOOXONUMBIX [Jis OOHApyXKeHUs
CBOOOMHON d4YellKU, TO €CTh CyMMa

1+ ip:. (12.6)
=0

rlie p; — BePOSTHOCTEH TOTO, YTO MBI BCTPETHM POBHO 7 3aHATHIX sUeek.

Kaxnas noBas mpoGa BLIGUpaeTCs PaBHOMEPHO CPENN OCTABIIUXCS
He uCcpoOOBaHHBIMU sY€eK; eclii pa3pelllunTh NpoboBaTh NOBTOPHO yiKe
ucnpoboBaHHbIe sUeliku, TO YacTh Npob MPONaiéT 3ps U MaTeMaTuye-
CKoe OXKHUJaHne TONLKO YBeNWUNTCsA. Ho mss 3Toro HOBOTO BapuaHTa
MBI YK€ BBIUNCISIN MaTeMaTndeckoe oxknnanme (pasmen 6.4, reome-
TPUYECKOe pacipelesenne), I OHO PABHO

1/(1 - a) (12.7)
MOCKONBLKY BEePOATHOCTH yelmexXa I Kaxkmoll mpobul paBHa 1 — . [

Ecnu xos>ddpuiuenT 3anonnenns OTANEH OT eNUHAIE, TeopeMa 12.5
NpelncKasbiBaeT, YTO MOUCK OTCYTCTBYIOIIEro 3jieMeHTa OyIeT B cpell-
HeM mpoxonnThb 3a Bpemst O(1). Hanpumep, ecnn Tabnuia 3amonHeHa
HATIONIOBIHY, TO CpeflHee 4ncio npob Gymet He Gonbiie 1/(1 —0,5) = 2,
a ecu Ha 90%, To He Gombie 1/(1 —0,9) = 10.

W3 Teopemsbr 12.5 HeMemeHHO TOAYYAeTCs U ONeHKAa HA CTOUMOCThH
onepannn nodaBieHns K Tabnnie:

Caencreue 12.6. B mpenmnonokennu paBHOMEPHOTO XeIINPOBAHUS MaTe-
MaTHYecKoe OXNITaHNe 9nciia npod npu nodaBlieHNW HOBOTO 3JIEMEeHTa
B TabINIy ¢ OTKpPLITON anpecanneii He mpeBocxonnT 1/(1 — a), rme
a < 1 — xoxddunuenT 3anoIHEHNS.

lloxazameavcmeo. Hpu nobapiennun B TabAUNy OTCYTCTBYIOIIETO B
Hell 3JeMeHTa MPOUCXONAT Te XkKe MPpodbl, 4TO NPU MOUCKE OTCY TCTBYIO-
11Iero B B Hell 3JieMeHTa. U

OHQHI/ITI: cpellHee BpeMsd yCIleIHOI'O IMONCKa HeMHOI'NM CJIOXKHee.
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Teopema 12.7. Haccmompum mabauyy ¢ omrpeimot adpecayuet, Ko-
afpuyuenm 3anoanenus xomopoi pasen o < 1. Hycms zewuposa-
nue pasnomepno. Toeda mamemamuuecroe oxcudanue wucaa npod npu
YCNEUHOM NOUCKE FAEMEHMA 6 MABAUYE HE NPEGOCTodum

1 1

“ln—

a l—wa
eCAU CUUMAMD, UIMO KAWOU 04T YCNEUWHO20 NOUCKA 6 Madauye 6blou-
PAEMCH CAYUAUHBIM 0OPA30M U 6CE MaKUE 6bIOOPLL PAEHOEEPOIMHDL.

Ilokazameabcmeo. Y TOUHEM, KaK IPOUBBONUTCS yCPeIHEHHE: CHadala
MBI 3aII0JTHsieM TabIINIy He3aBHCHMO BBIONPAEMBIMI KIIOYaMIL, IPHIEM
IUIsl KasKOOTO W3 HUX BBIIOIHSETCS IPENIOIOKeHIIe PABHOMEPHOTO Xe-
MINPOBaHUS. 3aTeM MbI yCpeqHsieM [0 BceM dIeMeHTaM TablnIibl BpeMs
HX MONCKA.

BaMeTuM, 9TO IpPH YCHELIHOM IOUCKe Kiioua Kk MBI IejaeM Te Ke
caMble TPOGHI, KOTOpBIe MPOM3BONUINCH IPH MOMEIIEHNN KIIYa k B
tabauiy. Tem caMbIM cpefHee 4mciio Tpob IpH HOUCKe (yCpeqHeHne 1o
57IeMeHTaM) PaBHO OOLIeMy YHCIY IpoO NpH NOOABIEHNN, NeTSHHOMY
Ha THCIO 5IeMEeHTOB B TabiIuIe, KOTOpoe Mbl 0603HadaeM n. MaTemaTn-
decKoe OXKITaHIe oBIIero 4ncia mpob IpH NOGABIEHHI DABHO CyMMe
MaTeMaTHIeCKIX OXWUAAHUI [ KakIOro OTHeNbHOro mara. K mo-
MeHTY nobaBiieHus (i 1)-ro saeMeHTa B TabiInIle 3al0MHEHO { TO3MINI,
KO(pOUINEHT 3aloNHe s paBeH {/m (m — ducio MecT B Tabnuie),
I MaTeMaTHdeckoe oxnmanne He 6onbime 1/(1 —i/m) = m/(m — 1).
HosTomy cyMMa MaTeMaTHYeCKHX OKHIAHUI He IPEBOCXONHT

m m m

m
— + + +.o+
m

m—1 m-=2 m—n+1

Hra cymma paBaa m - (1/(m —n+ 1)+ ...+ 1/(m—1) 4+ 1/m) un
OIIEHNBAETCS CBEPXY € MOMOIIbIO nmHTerpata (3.10):

m
1
m - / Zdt =mln(m/(m — n)).
m—n
BenoMurast, 9T0 o6lee 9IICI0 Olepaluil Halo TONeINTh Ha 12, oIy daeM

onenky (m/n)In(m/(m—n)) = (1/a)In(1/(1 — a)). O

Ecnu, nanmpumep, Tabnuia 3anoinena HATOIOBUHY, TO CpeqHee TUCIO
mpob [ yCHenHoro noucka He npeocxonnt 1,387, a ecnn nHa 90%, To
2,559.

Yupaxuenus

12.4-1 Bunonuute mobaBnenme kiiouedn 10,22,31,4,15,28,17, 88,59
(B yKasaHHOM TOpsIKe) B Xell-TabINIy ¢ OTKPBITON anpecanneil pas-
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Mepa m = 11. [Ins BBIUHCIeHNs NOCTENOBATENbHOCTH NPOG NCIONB3Y-
ercs nuHelineii meron ¢ h'(k) = k mod m. Bumonnure To XKe 3ama-
HIle, eciIl HCIOIB3yeTCs KBaIpaTHUHBI MeTon ¢ Toil ke h/, ¢; = 1,
¢y = 3, a Takke sl OBOMHOTO XemmpoBauus ¢ hy = h' n hy(k) =

14+ (k mod (m — 1)).

12.4-2 Hanwmunte npouenypy HASH-DELETE nns ynalleHus bdiie-
MeHTa U3 TabJUIbl ¢ OTKPBITON anpecaliueil, peaju3yolyo OlmucaH-
Hy[O cxeMy (co 3HadeHmeM DELETED), U TepenuiinTe COOTBETCTBYIO-
uiumM 06pazoM npotenypbl HASH-INSERT u HASH-SEARCH.

12.4-3* Hoxkaxure, uTo nupnm nBoiiHom xemmpoBauuu (h(k,i) =
(h1(k) + tha(k)) mod m) mnocrenoBaTenbHOCTH TMPO6, COOTBETCTBYIO-
mas KIody k, sBiseTcs mepecTaHoBKoil MHOXkecTBa {0,1,...,m — 1}
TOr[la I TOJBKO TOTHa, Korna hy(k) B3ammuO mpocto ¢ m. (YkasaHue:
cM. riasy 33.)

12.4-4 HafinuTe uucieHHble 3HAYEHNS BEPXHUX ONEHOK TeopeMm 12.5
u 12.7 niig noucke MpUCYTCTBYIOUIEr0 W OTCYTCTBYIOLIETO 3JeMEHTOB
st KosduimenToB 3anonrenns 1/2, 3/4 n 7/8.

12.4-5* HpenmonoxkuM, 4To MBI HOMEIIaeM 7 3amucell B TabJINIy ¢ OT-
KpBITON afpecannell; pazMep TabINIbl paBeH M, XellNpoBaHNe paBHO-
MepHO, KJII0UH 3anuceil BEIOUpatoTcs ciydaiinbiM obpaszom. O6o3Haunm
depes p(n, m) BEPOSTHOCTH TOTO, ITO PN HTOM He TPON30MIET KOMITH-
suit. Hokaxute, ato p(n, m) < emn=1)/2m, (Yka3aHme: cM. HepaBeH-
cTBo (2.7).) Hra BenuuuHa odeHb Malia, KODIa 1 3aMeTHO GOJbIle y/n.

12.4-6* YacTuuHble CyMMBI TapMOHHYECKOTO pAda MOXKHO ONEHHTD
TakK:

£
H, =1 = 12.
nnty A+ o (12.8)

rage v = 0,5772156649... — Taxk Ha3blBaeMas mnocrosuuas Hitnepa
(Euler’s constant) w 0 < ¢ < 1 (#moka3aTeabcTBO CM. B KHHUTE
KayTa [121]). Kak mcnomp30BaTh 3TO IIsi ONEHKH KyCKa TapMOHUTe-
CKOT'O psifia B IOKa3aTelbcTBe TeopeMbl 12.77

12.4-7% HaiinuTe HenyneBoe 3HaueHne KO3DOUIMNEHT 3AMOTHEHNS (v,
OpH KOTOPOM OTeHKA cpemHero ducia mpob MpH HOUCKe OTCYTCTBYIO-
ero sneMenTa (TeopeMa 12.5) BOBoe NPEBOCXONUT OIEHKY CPEIHero
qncia mpod Mpu yCHenrHoM noncke (Teopema 12.7).
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Jamgaun

12-1 HaubGoabiree uncsio mpo6 mpu A00ABIIEHNN 3JI€MEeHTA

HacemoTpuM Xelll-TaGARIy ¢ OTKPHITON ampecalineil pasmepa m, B
KOTOPYIO OIWH 3a MPYTUM MOMEIIAoTes N Kiodeil, npuuém n < m/2.
Hpenmonoxunm, 4To XelInpoBaHe paBHOMEDPHO.

a. Hokawxmure, uTo nusg mio6oro ¢+ = 1,2,...,n BepoITHOCTL TOTO, UTO

npu mobaBieHnN I-TO KII0Ya B TaOIUIY IPOm30ILIo 6omee k mpob, He
npesocxonut 2%,

Hoxaxute, 9yTo nns mioboro ¢+ = 1,2,...,n BepOITHOCTL TOTO, UTO
mpu noGaBlIeHnN ¢-ro Kitoda B Tabauiy npousoisio 6omee 2 1g n npob,
He mpeBocxomuT 1/n?.

Hycts X — chyuvaiinas BelndnHa, paBHAS MAKCAMAJILHOMY YHUCTY TPob
npu nobaBlleHNN 3JeMeHTOB ¢ HoMepaMu 1,2, ... n.

Hoxaxnre, ato P{X > 2lgn} < 1/n.

HokaxkuTe, 9T0 MaTeMaTHUIeCKoe oXngaHne Bennanubl X (HanGoIb-
mtero uucia npo6) ects O(lgn).

12-2 Houck B HeM3MeHSAIOUWIEMCS MHOXECTBE

Hycts Mbr paboTaeM ¢ MHOXKECTBOM U3 7 HIEMEHTOB, B KOTODPOM
KJIIOUM ABASIOTCS YNCIaMU, & eINHCTBEHHas ollepalins, KOTOPYIO HAlO
MO IePKNBATE, — 9TO NONCK (37€MEHTHI He NOGABISIOTCS U He yIasls-
ioTcst). TpebyeTcst peann3oBaTh MONCK MAaKCHMAIBHO 3PPEKTHBHO (110
TOro, KaK HAYHYT MOCTYNaTh 3allpOCHl Ha TMONCK, MHOXKECTBO MOMKHO
npenBapuTelibHO 00paboTaThk, I BpeMsa Ha TaKylo oO0paboTKy He orpa-
HIYIEHO).

a. I‘IOK&)KI/ITG7 9YTO MOUCK MOXKHO peain30BaThb TaKIM 06pa30M, 4TOOLI B

XynmeM ciydae oH 3annMan Bpems O(lgn), a monomHnTenbHas ma-
MSTBH (CBEPX TOIl, B KOTOPOIl XPAaHUTCS CaMO MHOKECTBO) He HCIOJb-
30BaJfiach.

HycThs MBI pemunm 3anucaTh 37AeMeHTHl HAIIero MHOXKECTBa B Xelll-
TabIuIly ¢ OTKPBITON ampecalnuell, cocToANIyIo U3 m sdeek. Hpen-
HONIOKNM, ITO XeIINpOoBaHne paBHOMepHO. Hpu KakoM MUHUMAaILHOM
006bEéMe m — N ONOJIHUTENLHON MaMsATH CpelHfas CTOMMOCTH olepa-
UK TTIOUCKA 3JIeMeHTa, OTCY TCTBYIOILEr0o B MHOXKeCTBe, Oy/leT He XY iKe,
deM B myHKTe (a)7 B KadecTBe oTBeTa NpuBenuTe acHMITOTHIECKYIO
OIleHKY M — N 4epe3 n.

12-3 oMbl IenoveK MPU XeIIMpOBaHUN

HacemoTpumM Xem-Tabiuny ¢ n suelkKaMi, B KOTOPOH KOJJIN3UN pas3-
pelIafoTcs ¢ TOMOIIIBIO TeNouek. XellnpoBaHne PaBHOMEPHO: KaKIbIi
HOBBIIl KJIIOY MMeeT paBHBIE IIAHCHI TOMACTh BO BCe A9eliK He3aBUCHMO
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oT mpenpinyimmx. Hyets M — MakcuManbHas IAMHA MeMovYek mocie 10-
GaBrmenus n kiodeil. Barma 3amada — mokaszaTh, YTO MaTeMaTHUECKOE
oxunaune M ects O(lgn/lglgn).
durcupyeMm HekoTopoe xeln-zHadenne. HycTh () — BeposSTHOCTH
TOTO, eMy COOTBETCTBYeT k pasnnuubix Kmodeit. Hokaxunrte, 4o
A 1 k 1 n—=k
Qe=ci(=) (1--
n n
Hycts Py, — BepoSTHOCTL TOTO, UTO MaKCHUMaJbHas MINHA MEMOTKN
paBHa k. Hokaxnre, uto P < nQp.
Brisenute u3 dopmynsr Crupmmara (2.11), ato Qy, < ¥ /kF.
HokaxuTe, 4To cyllecTByeT Takas KOHCTaHTa ¢ > 1, uTo Q) < 1/n>
npu k > clgn/lglgn. Bakmounte orciona, uro P, < 1/n? npu Ta-
Kux k.
HokaxmuTe, 9To MaTeMaTHYecKoe OXNAaHne Bennuanubl M He mpeBoc-
XOOUT

pdars Bl el ,
lglgn lglgn | lglgn

I BbIBeOlTe OTCIOHa, YTO 3TO MaTeMaTHndeCKoe OXKHNIJaHue eCcTb

O(lgn/lglgn).

clgn clgn

12-4 Hpumep KBaAPATUYHON HMOCIEAOBATEILHOCTH MPOO
HycTh HamM Hamo MOMECTHTDL 3allCh € KIIOYOM k B Xell-Tabiuiy,

sueiikn KoTopoil npoHyMepoBatbl dynciamu 0,1,...,m — 1. Y Hac ecTh
xem-pyHKIusS h, oTobpakKalollas MHOKECTBO Kifodeil B MHOMKECTBO
{0,1,...,m — 1}. Hynem neiicTBOBaTh Tak:

Haxonum 7 <— h(k) u nomaraem j < 0.

HpoBepsem nozunnio HoMep ?. Kcnm ona cBobonHa, 3aHOCUM TYIa 3a-
NUCh U Ha 3TOM OCTaHAaBIUBAEMCS.

Honaraem j <— (j 4+ 1) mod m u ¢ < (i + j) mod m u Bo3BpalaeMcs
K mrary 2.

HokaxmnTe, 9T0 OMUCAHHBIN alTOPHTM — YacCTHBIN cnydait "xeadpa-
muuno2o memoda” NS TOAXOMANINK 3HAYSHNH €1 T C3.

I‘IpeI[HOJ'[O)KI/IM7 4TO M ABASETCS CTeNeHbI0 NBOWKIH.

6. HoxaxuTe, 9T0 B XyIIIeM ciydae 6yneT mpocMoTpeHa Bes Tabiuia.

12-5 k-yHumBepcaJdbHOe XeITMPOBAHUE

Hyctes H — cemelicTBO Xell-GVHKINH, OTOOpaXKAOIINX MHOKEe-
cTBO BOo3MOkHBIX Kioueit U B {0,1,...,m — 1}. Hymem roBoputs,
qyro H sBisieTcs k-yHUBepcaNbHEIM, eciU Ui JiI060l  mocienoBa-
TeNBHOCTN k pasiImdHbIX Kinodeil (xy,...,T) CIydaiiHas BennmdnHa
(h(z1),...,h(zg)) (rme h — caydaiiubiii oiaeMenT 7H) OpHHEMAET
Bce m” CBONX BO3MOKHBIX 3HAUEHHUIT ¢ PABHBIMI BEPOSTHOCTSMI.



Bameuanug x 2aaee 12 241

a. HokaxmuTe, 9TO BesAKkoe 2-yHUBepCATbHOE ceMelicTBO YHUBEPCAIBLHO.

6. HoxaxuTe, uTo ceMeiicTBO H, ommcannoe B paznene 12.3.3, He aABs-
eTcs 2-YHUBEPCATLHLIM.

B. Hacmupum cemeiictBo H u3 pazn. 12.3.3 m paccMOTPUM BCEBO3MOK-
Hble GYHKIUNT BUIA

hap(2) = he(z) + b mod m,

rie b — HeKOoTopbIil BeIueT 1o Monyiao m. HokaxuTe, 4To nojyueHHoe
ceMeiicTBO OyHeT 2-yHUBEPCAJIbHbBIM.

JameyaHug

AnropuTMBIl XelImpoBaHus TMpekpacHo m3nokenbl y Kuyra [123] n
[lNounera [90]. Cornacto KuyTy, Xel-Tabaniibl 1 MeTOI TeNovYeK GbIIN
n3o6petenst Jlyrom (H. P. Luhn) 8 1953 rony. HpuvepHo B TO e Bpemst
Ampane (G. M. Amdahl) m306pén OTKpHITYO anpecanuio.



13 JlBonuHbIe HepeBbs MOMCKA

HepeBbs noncka (search trees) mO3BOMSIOT BHIMOMHATE CIENYIOIINE OIe-
pannm ¢ IHHAMHUYeCKIMI MHOKecTBaMu: SEARCH (momck), MINIMUM
(MuaEMYM), MAXIMUM (MakcmMmyM), PREDECESSOR (mpenbimyimii),
SUCCESSOR (crenmytomuit), INSERT (BcraBuTh) 1 DELETE (ymannTs).
Takum o6pazoM, HepeBo MONCKa MOXKET ObIThH HCHOIB30BAHO I KaK CJIo-
Bapb, I KaK o4epellb ¢ IPHOPUTETAME.

Bpemst BbINOJSIHEHNsT OCHOBHBIX ONEpalil MpONOpINOHadbHO BBHICOTE
nepeBa. Ecnn nBomanoe nepeBo "naommuo 3anoaneno” (Bce ero ypoBHN
MMEIT MaKCHMAJIbHO BO3MOKHOE UHCIIO BEpIINH), TO €ro BeICOTa (u
BpeMsi BBINOJIHEHNS ONEepPaIliil) TpONOPINOHAIBHBL JOrapudMy dmcia
Bepiinn. HanmpoTus, eciu mepeBo npencTapiser coboil JNHETHYIO Ie-
NOYKY W3 7 BEpIINH, 3TO BpeMms BbpacTaeT no O(n). B pasmerne 13.4
MBI YBUINM, YTO BLICOTA CJIYYaliHOrO IBOMYHOIO JepeBa MONCKa eCTh
O(lgn), Tak 9To B 5TOM ciydae BpeMs BBHITOIHEHHs OCHOBHBEIX OIepa-
uuit ects O(lgn).

KoneuHo, Bo3HUKAIOIINE Ha TPAKTHKe IBOMYHLIE TePeBbs MOUCKa MO-
I'YT OBITH JaJleKn OT ciaydaiinbix. OnHako, IPUHAB clennaJbHble Mephbl
110 GaTaHCHPOBKE [ePeBheB, Mbl MOKEM IapaHTHPOBATH, YTO BLICOTA, Ie-
peBbeB ¢ n BepuinHamu 6ynet O(logn). B rmase 14 paccvoTpen onnu n3
MOZIXOIOB TAaKOTo pona (KpacHO-4épHble nepeBbs). B rimase 19 paccuma-
TpuBaioTcs H-nepeBbst, KoTopbie 0COGEHHO YIOOHBI I TaHHBIX, XpaHs-
[INXCSE BO BTOPUTHOI MaMsTH C TPON3BOIBHBIM HOCTYIOM (Ha INCKe).

B sroil rimaBe MbI pacCMOTPUM OCHOBHBIE ONEPAINN ¢ IBOMYHBIMI
JepeBbAMU TMONCKa I TOKaKeM, KaK HaledaTaTh DJAeMeHTHI JepeBa B
HeyOBIBaOIIeM MOpsIKe, KaK HCKaTh 3a/aHHbIi SJIeMeHT, KaK HailTu
MaKCHMaJTbHBI MAN MIHUMAJIbLHBIN JIeMeHT, KaK Hail TH SJIeMeHT, clie-
YOI 38 HaHHBIM W IIPEAIIeCTBYIONINA TaHHOMY, W, HAKOHell, Kak
NOBAaBUTH WIH YHAIUThH ieMeHT. HamoMHuM, 4To onpenesnenne nepesa
II OCHOBHBIE CBOICTBaA IepeBbeB MPUBOAATCS B TyaBe 5.
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Pucynox 13.1 JIBouumnbie mepeBbst Toncka. JleBoe mommepeBo MPOM3BOJILHON BeEp-
IIMHET T CONEPKUT KITIOYN, He TIpeBocxomstme key[x], mpaBoe — me menbime key[z].
Hasmeie mBomunbie mepeBbst TOMCKA MOTYT MPEACTABISITH OMHO W TO K€ MHOXKECTBO.
Bpems BEIONMHEHNS (B Xy/AIIeM CiIydae) GONBUIMHCTBA ONEPANIil IPONOPIMOHAIIBEHO
BEICOTe fepeBa. (a) lBomusoe nepeBo momcka BHCOTH 2 ¢ 6 BepummHamu. (6) Menee
3 dpeKTUBHOE AepEeBO BBHICOTHL 4, comepxKailliee Te Ke KITIOUN.

13.1 Yro Takoe mBOMYHOE AEPEBO MOMCKA?

B npomasom nepese momcka (binary search tree; mpumep mpuBenéH Ha
puc. 13.1) kaxmas BepiImHA MOXKeT MMeTh (WM He MMeTb) JIeBOTO N
npaBoro pe6GéHKa; Kaxnas BepllHa, KpoMe KOPHS, IMeeT PONNTess.
Hpn mpencrapnennn ¢ ncmosib3oBaHmeM yKa3aTesell MbI XpaHUM IS
KaJK[I0il BeplIMHBI IepeBa, MOMHMO 3HadeHHs Kifoda key 1 IONOJIHM-
TeNIbHBIX MaHHBIX, Tak:Ke W yKasaTenu left, right u p (neBbril peGEHOK,
npaBblii peGéHOK, pomurens). Eciaum pe6éuka (mwnm pommrens — s
KODHsI) HeT, COOTBETCTBYIOLIIee ToJie CONePKUT NIL.

Knoun B IBOMYHOM [epeBe NMOMCKAa XPaHATCS C COOJIIONCHNEeM CBOH-
cTBa ynopanodentoctu (binary-search-tree property):

HycTh x — npomsBosibHas BepliHa ABOMYHOTO JepeBa MoucKa. Fcim
BeplINHA § HAXOMAUTCS B JIEBOM TOIepeBe BepliuHbl z, To key[y] <
key[x]. Ecnu y HaxXomuTcs B mpaBoM mompzepese x, To keyly| > keylz].

Tak, Ha puc. 13.1(a) B kopHe nepeBa XpaHUTCS KIT0Y 5, Knoun 2, 3 1 5
JIeBOM TNoAfepeBe KOPHA He NPeBOCXONAT 9, a KJIIOUH 7 0 8 B IPaBOM —
ne MenblIe 5. To ke camMoe BepHO g Bcex BeplinH nepesa. Hampumep,
kmod 3 Ha puc. 13.1(a) He Menble Kiioda 2 B JIeBOM HOLIepeBe I He
fomblIe Knioda 5 B IPaBOM.

CBoilcTBO yNOpsANOYeHHOCTH TI03BOJISET HalleuaTaTh BCe KIIOUN B He-
yOBIBaIIeM IopsaaKke ¢ MOMOIILID ITPOCTOTO PeKYpPCHBHOTO aJIfOPHTMa
(Ha3BIBaEMOTO MO-aHTNiACKN inorder tree walk). HToT anroputM meua-
TaeT KJ0Y KOPHA NoffepeBa Iocile Beex KIovell ero IeBoro noajepena,
HO Ilepell KJI0Y9aMi IpaBoro mnonnepesa. (3aMeTuMm B ckobKax, 4TO IO-
PANOK, IpH KOTOPOM KODEeHb NpeAllecTByeT o6OMM TONIepeBbAM, Ha-
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3bIBaeTCs preorder; MOPSIOK, B KOTOPOM KODeHb ClIefyeT 3a HUMI, Ha-
3bIBaeTCs postorder.)

BrizoB INORDER-TREE-WALK (roof[1]) meuaTaer (B ykazaHHOM IO-
psiliKe) BCe KIIOUH, BXomsiine B nepeBo T ¢ kopuem root[T].

INORDER-TREE-WALK ()

1 if 2 # NIL

2 then INORDER-TREE-WALK (leff[z])
3 HaleyaTaTh key[]

4 INORDER-TREE-WALK (right[z])

K npumepy, nmns obomx mepeBbeB puc. 13.1 6ymeT HamedaTaHo
2,3,5,5,7,8. CBolicTBO YHIOPSNOYEHHOCTH TapaHTUPYeT NPaBUIIb-
HOCTH alrOpnNTMa (MHAYKINS 1O BBICOTe TonnepeBa). Bpems paGoTsi
Ha JlepeBe ¢ 1 BepIInHAMI ecTh O(n): Ha KaXKIYIO BepIINHY TPaTHTCS
OrpaHmYeHHOe BpeMs (OMEMO PpeKypCHBHBIX BBI30BOB) M KaiKIas
BepInnHa 06pabaThIBAaeTCsI OMNH Pas.

Yupaxuenus

13.1-1  HapucyfiTe nBomdHbLIe HepeBbsA MONCKA BBHICOTH 2, 3, 4, 5 u 6
IUTsL OITHOTO W TOTO XKe MHOXKecTBa kioueil {1,4,5,10,16,17,21}.

13.1-2 Kyum u3 paszgena 7.1 Takke OBINU NBOWYHLIMH JepPeBLAMI,
n TpeboBaHme YIOPANOUYEHHOCTH TaM Toxe Obino. B 4ém pasnuma
Mexkny Tem TpeGoBaHueM u TenepemniHum?! Kak Bbl nymaere, MOXKHO
JIW HalledyaTaTh 3JIeMeHTHl IBONYHON Kyul B HEYOBIBAIOIIIEM MOPSIKe 3a
BpeMst O(n)? O6bscHITE Ball OTBET.

13.1-3  HanwumnTe HepeKypCHBHBIM aJTOPUTM, Te9aTAOIINN KJIIOUN B
IIBONYHOM [lepeBe TONCKa B HeyObIBaoleM mopsimake. (Ykaszanme: Hpo-
CTOe pellleHNe WNCNOJb3yeT B KadecTBe NONOJHNUTEIBHON CTPYKTYPHI
cTeK; OoJlee M3AIIIHOe pellleHWe He TpebyeT cTeKa, HO Ipelnosaraer,
9TO MOXKHO TPOBEPSTH PABEHCTBO yKazaTerneil. )

13.1-4  HanwmmnTe peKypCcHBHBIE aJTOPUTMBI I 06X0Na NepeBhLEB B
pasnunuHBIX mopsinkax (preorder, postorder). Kak n panbiie, Bpemst pa-
60TBl HOKHO 6bITH O(n) (rme n — YHCIO BepIInH).

13.1-5  HokaxwuTe, 4TO M060 alTOPUTM TTOCTPOEHUS ITBOMYHOTO He-
peBa TMONCKa, CONEPKALIEro 3alaHHBE 1 3JEeMEeHTOB, TpebyeT (B XyI-
meM ciayvae) Bpemern §2(nlg n). Bocnonb3yiiTeck Tem, 9T0O COPTHPOBKA
n gucen Tpebyer Q(nlgn) neficTBuii.
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Pucynok 13.2 Houck B mBomumnom pepese. Mimma xmiou 13, MBI UIéM OT KOPHS TIO
oyt 15 = 6 — 7 — 13. Y106 HaliTl MUHUMAIBHBIN KITOY 2, MBI BCE BpeMs
HAEM HAJIEBO; YTOOLI HANTH MaKCUMAJIBHBIN Kiiou 20 — wmampaso. s BepIimHbr C
kiao9oM 15 cnemytortiell 6ymeT BepiinHa ¢ KiaouoMm 17 (3T0 MUHUMAJILHLBIA KIIOY B
[IPaBOM HOALIEPEBE BEPIIMHEL C K0UoM 15). Y BeplumHbL ¢ KiouoM 13 HeT mpasoro
HOoAIEPEBA; TIOYTOMY, UTOOBI HANTH CIHEMYIONIYIO 3a HEW BEPIINHY, MBI TIOMHIMAEMCS
BBEDPX, MOKa HE TPOUAEM 110 pebpy, BEMYIIIEMY BIIPABO-BBEPX; B JAHHOM CIIyYae Cile-
Ayrolas BeplTnHa UMeeT Kaod 15.

13.2 Houck B IBOMYIHOM HepeBe

B »ToM pasmene MBI NOKaKeM, 4YTO [BOMYHBIE IepeBbs MONCKA
MO3BOJISIOT BBITMOMHATL omepanun SEARCH, MINIMUM, MAXIMUM,
SUCCESSOR 1 PREDECESSOR 3a Bpemsi O(h), rme h — BbIcOTa epesa.

Homcek

Hpouenypa moucka mnosiyuaeT Ha BXOI HCKOMBIN Kitod k U yKa3a-
Tellb T Ha KOpeHb MofiepeBa, B KOTOpPOM mpouszBomuTcs nouck. OHa
BO3BpAlllaeT yKasaTelb Ha BEPIINHY ¢ KIIOYOM k (eciam Takas ecTh)
W CTeNnalibHoe 3HadeHne NIL (ecian Takoil BEPUINHEL HET).

TREE-SEARCH (z, k)

1 if 2 = NIL wnn k = key[z]

2 then return z

3 if k < keyz]

4 then return TREE-SEARCH (left[z], k)
5 else return TREE-SEARCH (right[z], k)

B npouecce momcka MBI nBHTaeMcs OT KOpHS, CpaBHUBas Kiw4d k ¢
KITIOUOM, XPaHSAIIIMCS B TeKylllell BepiiuHe . Hcim OHE paBHLI, MO-
ncK 3aBepiiaercs. Eenn k < key[z], To momck mpomomkaeTcs B J€BOM
nonnepeBe & (K04 k MOXKeT GBITH TONBKO TaM, COTNACHO CBOHCTBY
ynopsinodennoctn). Ecan k > key[z], To monck mpomomkaercs B mpa-
BOM momnmepeBe. HnnHa TyTH mouCKa He MPEBOCXONNUT BLICOTHI epeBa,
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nosTomy BpeMs moncka ecth O(h) (rme h — BbicoTa mepeBa).
Bot nrepaTuBHas Bepcus TOil XKe Tpomenypel (KOTopas, Kak Ipa-
BIJIO, 6ostee 3hPeKTHBHA):

ITERATIVE-TREE-SEARCH (z, k)
1 while x # NIL u k # key[z]

2 do if k < key[z]
3 then z « left[x]
4 else z « right]z]

5 return z

MuHNMyM 1 MaKCHMYM

MunnmManbHLIT K0T B lepeBe MONCKa MOXKHO HAll TH, TPONIS 10 YKa-
3aTensm left oT KopHs (MOKa He ynpémcs B NIL), cM. puc. 13.2. Hpome-
Iypa BO3BpalllaeT yKa3aTelb Ha MUHIMAJILHLIN DJIeMeHT MONIepeBa C
KOpHeM Z.

TREE-MINIMUM ()

1 while left[z] # NIL
2 do z « left[x]

3 return z

CBoICTBO yHOPSIOYEHHOCTH TapaHTUPYeT MPaBUIBHOCTH MPOIENLY Ph
TREE-MINIMUM. Ecan y BepHmIMHBI & HeT JIeBOTO pebEéHKa, TO MUHMN-
MaJIBHBIN BJIEMEHT HOoAepeBa ¢ KOPHEM T eCTh &, TaK KakK 060l Kiou
B IpaBoOM TofiepeBe He MeHbIle key[x]. Eciu ke neBoe mommepeBo Bep-
IIUHBI & HE TMYyCTO, TO MUHUMAJBHBIN 3IeMeHT NOIAepeBa ¢ KOpHEM &
HAXOINTCS B TOM JIeBOM TofiiepeBe (MOCKOMBKY CaM & I BCE 3JIeMEHTHI
IPaBOro MoepeBa GObIIE).
AnroputM TREE-MAXIMUM cHMMeTpPHYEH:

TREE-MAXIMUM (2)
1 while right[z] # NIL

2 do x « right[z]
3 return z

O6a anroputma TpebyioT Bpemenu O(h), rme h — BbicoTa mepesa (mo-
CKOJIBKY ABHTAIOTCS TO JIePeBY TOIBKO BHI3).

Caenyroonmui M TPeaBIAYIINA 3IeMEHTHI

Kak naliTu B OIBOMYHOM [epeBe 3JIEMEHT, CHeNYIOIN 3a HaHHBIM?
CBoICTBO YHOPSIOUEHHOCTH TIO3BOJISIET CAENATh 3TO, NBUTASCEH MO 16~
peBy. BoT mpornenypa, KoTopas Bo3BpallaeT YKa3zaTelb Ha CHeNYIONIni
3a  BIeMeHT (ecim Bce KIOYN Pas3IudHbI, OH CONEPKUT CIeNyFOIInii
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IO BeJIn4YnHe KJ'[IO‘I) uiam NIL, eclIn 3JIeMeHT T — nocyienHuil B aepeBe.

TREE-SUCCESSOR(2)

1 if right[z] # NIL

2 then return TREE-MINIMUM (right[z])
3y« pla]

4 while y # NIL and 2 = right[y]

5 do =z vy

6 y  plyl

7

return y

Hponenypa TREE-SUCCESSOR OTHeNBHO paccMaTpPUBAeT [Ba CIIy-
yasg. Eciam mpaBoe mnommepeBo BepHIMHBI & HEMyCTO, TO CIELYIOLINil
3a ¢ DIEMEeHT — MUHUMAJBHBIA 2JeMEeHT B HTOM MOIIepeBe U pa-
BeH TREE-MINIMUM(right[z]). Hampuwmep, ra puc. 13.2 3a BepuinHoit ¢
KJaovyoM 15 ciemyeT BepllnHa ¢ KjaouoMm 17.

HycTb Teneph npaBoe nomaepeBo BepIlinHbl & mycTo. Torma Mbl nuaém
OT & BBepX, MIOKa He HalIéM BepIINHY, ABAAIOLYIOCS JIEBLIM CBIHOM CBO-
ero ponureins (ctpoku 3-7). Hror ponmrens (ecim om ects) u Gyner
HCKOMBIM 3yieMeHTOM. [POopMaIbHO TOBOPS, MUK B CTpoKax 4—6 coxpa-
HSeT Takoe CBOWCTBO: y = p[x]; MCKOMBIN BIeMeHT HemocpencTBEeHHO
clleflyeT 3a slieMeHTaMi TofiepeBa ¢ KOpHeM B .]

Bpemst paGoTsl nponenypbl TREE-SUCCESSOR Ha HepeBe BHICOTH A
ectb O(h), Tak Kak MBI ABHTaeMcs 6O TOIBKO BBEPX, MO0 TOIBKO
BHII3.

Hpouenypa TREE-PREDECESSOR cUMMeTpHUUHA.

Taknum o6pa3oM, MBI HOKa3aJIl CIACLYOULYI0 TEOPeMY.

Teopema 13.1. Onepayuu SEARCH, MINIMUM, MAXIMUM, SUCCESSOR
u PREDECESSOR na depese svicomut h evinoansiomes 3a spems O(h).

Yupaxuenus

13.2-1 Hpenmonoxum, 9T0 B IBONTHOM JIepeBe MONCKa XPaHATCA UN-
crna ot 1 mo 1000 w Mur XoTuM HaliTn gncio 363. Kakne u3 crenyioimnx
OCIENOBATENBHOCTEN He MOTYT OBITH NOCENOBATENBHOCTAMN IIPOCMa-
TpUBAEMBIX TIPHU 3TOM Kioueii?

2,252,401, 398, 330, 344, 397, 363;
924,220,911, 244, 898, 258, 362, 363;
925,202, 911,240,912, 245, 363;
2,399, 387, 219, 266, 382, 381, 278, 363;
935, 278, 347, 621,299, 392, 358, 363.

13.2-2  HycTh nouck Kjioda B IBONYHOM JIepEBe 3aBepIllaeTcs B JINCTE.
Haccmorpum Tpm mHOXKecTBa: A (37€MeHTHI clleBa OT NyTH IMOUCKA),
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B (snementsr Ha myTn) n C' (cnpaBa ot nytn). Hpodeccop yTBepikmaert,
9TO ISt JII0ObIX Tpéx kiwueit ¢ € A, b € B u ¢ € C Bepuo ¢ < b < c.
HokazkuTe, 4To OH HempaB, U NpUBEINTE KOHTPIPHUMED MUHUMAIbLHO
BO3MOKHOTO pasMepa.

13.2-3  HlokaxmnTe ¢GopMalibHO MNPaBHILHOCTL TIpolenypbl TREE-
SUCCESSOR.

13.2-4 B paznmene 13.1 6bi1 mocTpoeH adTOPUTM, TMedaTaloIInil Bce
KITI0YN B HeyOBIBalolleM mopsnke. Temeph 3To MOXKHO clienaTh WHaUe:
HafTH MUHUMAJBHBIN 37IeMeHT, a MOTOM 1 — | pa3 HCKaTh CHeNyIoni
sremenT. JlokaxuTe, 9TO BpeMsi paBGOThHI TaKoro anroputMa ecth O(n).

13.2-5  Hoxaxurte, uYT0 Kk TOCIEOOBaTEIbHBIX BLI30BOB TREE-
SUCCESSOR Botnonusiores 3a O(k + h) maros (b — BblcoTa nepesa)
HE3aBUCHMO OT TOTO, C KAaKOl BEPUIINHBLI Mbl HAUYMHAEM.

13.2-6 Hyctb T — mBomdHOe HepeBO MONCKa, BCe KU B KOTOPOM
pasIuUHBI, & — €ro JNCT, a iy — ponunrtensb x. Hokaxure, uto keyly]
SBISETCS COCEHNM ¢ key[x] KmodoM (CIenyroUmMM I TPeIbILY M
B CMBICTIE TIOPSIKa Ha KITI0Yax).

13.3 Jlo6aBiieHue U ymaJIEHHE 3JIEMEHTA

Htu omepamnu MeHSIOT MepeBO, COXpaHAs CBOWCTBO YIOPANOIEHHO-
ctu. Kax MBl yBummm, nobaBieHune CPpaBHUTENLHO TPOCTO; VIaleHHe
Yy Th CJIOXKHee.

Hobassenme

Hpotuenypa TREE-INSERT nobGaBiseT 3aJaHHBEIN 37IeMeHT B TIOIXO-
msitiee MecTo nmepeBa 1’ (coxpanss cBoiicTBO ymnopsimodennoctn). Ha-
paMeTpoM MpPONeNyphl ABAseTCs yKaszaTelb 2 Ha HOBYIO BEpIIUHY, B
KOTODYIO TOMellleHbl 3Hadenns key[z] (mobaBmsieMoe 3HadeHNe KiTfova),
left[z] = NIL u right[z] = NIL. B xome paGoThI mpolenypa MeHseT e-
peBo 1T u (BO3MOXKHO) HEKOTOpBIE TMONs BEPUINHBEI Z, MOCHTEe Yero HO-
Bas BeplliHa ¢ JaHHBIM 3HaYeHHeM KJI0Ya OKa3bIBaeTCs BCTaBJICHHOI
B TIOIXOMSAIIEe MECTO JepeBa.
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Pucynox 13.3 Iob6asnenue siemenTa ¢ KiriouoMm 13. CBeTIo-cepble BEPIIMHBI HAXO-
ISTCS HA TYTH OT KOPHS [0 TO3UINNA HOBOTO 37IeMeHTa. HYHKTHUD CBSI3BIBAET HOBBII
3JIEMEHT CO CTaPBIMU.

TREE-INSERT (T, 2)

1 y+ NIL

2z« root[T]

3 while 2 # NIL

4 do y <=z

5 if keyz] < key[z]

6 then z « left[z]
7 else z « right]z]
8 plz]l <y

9 if y = NIL
10 then root[T] «+ z

11 else if key[z] < key[y]
12 then leftly] « =
13 else right[y] « =

Ha pucynxke 13.3 nmokazano, kak paboTaeT npornenypa TREE-INSERT.
Hono6uo npornenypam TREE-SEARCH u ITERATIVE-TREE-SEARCH, oHa
NBUTAeTCS BHU3 110 JlepeBy, HauaB ¢ ero Kophs. Hpu sTom B Bepuiune y
COXPaHseTCs YKa3aTelb HA PONNTENs BepPIINHLL & (MUK B CTPOKax 3—
7). CpaBuuBas key[z] ¢ key[z], mporenypa peraer, Kyaa NITH — HaJIeBO
win HanpaBo. Hpotece 3aBepuiaercs, Korna & CTaHOBUTCS PaBHbIM NIL.
HroT NIL cTouT Kak pa3 TaMm, KylIa HaIO0 HOMECTUTb Z, UYTO U [eIaeTcCs
B cTpokax 8—13.

Kak n ocTanbuble onepannn, no6asnenne TpebyeT Bpemenn O(h) mis
nepeBa BBICOTHI h.

Y nanenue

HapameTpoum mpotenyphl yaajdeHns sSBASETCH YKa3aTenb Ha yaajsge-
Myfo Bepinuy. Hpu ynanennn Bo3sMOXHBI TpPH cIydas, MOKa3aHHbe Ha
pucytke 13.4. Ecnu y z Hetr mereil, liis yoajieHus z IOCTATOYHO MOME-
CTHTH NIL B COOTBETCTBYIOIIlee TOJle ero pomnTens (BMecTo z). Ecnn
V z €CTh ONWH pebEHOK, MOXKHO “6ébipesamb” z, COGNUHEB €ro POLUTEIs
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Pucynox 13.4 VY paneHue BEpUIMHEL z U3 JBOMYHOIO Hepeba moucka. (a) Ecmm Bep-
LIMHA Z He UMEET JieTell, €€ MOXKHO yaanuTs 6es npobiem. (6) Eciu Bepumta z numeeT
OIHOro pebEHKa, MOMEIAEM €r0 Ha MeCTO BepluiuHh z. (B) Eciu y BepumHsr z nsoe
meTel, MBI CBOIIIM JIEJI0 K HPENBIAYIIEMY CIydalo, yAalsas BMECTO He€ BEPIIUHY Y C
HETIOCPENCTBEHHO CIIEAYIOINM 3HAYeHNeM Kitoda (y 3TOil BEPIIMHEL peGEHOK OfMH )
u moMetnias Kiao4 key[y] (1 cBsS3aHHBIE ¢ HUM [OIOJHUTENBHEIE JaHHbBIE) HA MECTO
BEPILUHEL Z.

HaNpsaMyIio ¢ ero pebénxkoM. Eenm XKe metell nBoe, TpebyioTCs HEKOTO-
pble TIPHTOTOBIEHNS: MBI HAXONNM CIEAYIOUIN (B CMBICTe TOPSIIKA Ha
KII0YaX) 3a z DJIeMeHT Y; y Hero HeT JeBoro pe6énka (ymp. 13.3-4).
Tenepb MOXKHO CKONUPOBATH KIIIOY W NOTMONHUTeNLHLIE TaHHBIE U3 Bep-
IMIUHEL Y B BepIINHY 2, & CaMy BepIIWHY Y VIAJIUTH OMUCAHHBIM BEBIIIIE
CITIOCOOOM.

Hpumepro Tak m mefictByer mponenypa TREE-DELETE (xoTs pac-
CMATpPHUBAET 3TH TP CIAydas B HECKOIBKO IPYTOM HOPSIKe).
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TREE-DELETE(T), 2)
1 if left[z] = NIL nunn right[z] = NIL
2 then y < z

3 else y < TREE-SUCCESSOR(2)
4 if leftly] # NIL
5 then z « left[y]
6 else z « right[y]
7 if @ # NIL
8 then plz] « p[y]
9 if ply] = NIL
10 then root[T] + «
11 else if y = left[p[y]]
12 then left[p[y]] < z
13 else right[p[y]] < =
14 ify+#=z
15 then key[z] «+ keyly]
16 > KOMIpyeM HONOMHUTeNbHbIEe NaHHBIe, CBI3aHHBIE C Y
17 return y

B cTpokax 1-3 ompenensercss BeplimHAa ¥, KOTOPYIO MBI TOTOM BLIpe-
xeM u3 nepeBa. Hto nubo cama Bepimua z (ecnu y z He Gosee OIHOTO
peGénka), mubo CIeny N 3a z 3eMeHT (ecan y z nBoe neteii). 3aTem
B cTpoKax 4—6 mepeMeHHasd T CTAHOBUTCS yKaszaTeleM Ha CYIIeCTBYIO-
1ero pe6énKa BepIINHLI Y, WIN PaBHOW NIL, ecian v y HeT meTell. Bep-
[MINHA Y BEIPE3AETCS N3 epeBa B CTpoKax 7—13 (MeHSOTCs yKaszaTeln B
BepiinHax ply] n z). Hpu 5ToM oTmenbHO paccMaTpuBaloTCs TPaHIIHBIe
cayvanl, Korga ¢ = NIL W KOTIa Yy ABIseTcs KopHeM mepeBa. Hakowner,
B cTpoKax 14-16, ecin BeIpe3aHHas BepPIINHA Y OTINYHA OT Z, KJI0OY (1
TOTONTHU TN bHBIE TaHHbIE) BepPIINHBI Y MePeMeIaloTcs B z (Belb HaM
Hazo OBITIO YOANUTh 2, a He y). Hakoren, nporenypa Bo3Bpaliaer yka-
3aTelb Y (3TO MO3BONMT BBI3BIBAIOIIEH MPOTENype BIOCAESICTBIN OCBO-
6OnNTH TaMITh, 3aHATYIO BepuInHoil y). Bpemst Beinonuenus ects O(h)
Ha NepeBe BBICOTH h.
Wrak, MbI nokazann cleqyiolIyio TeopeMy.

Teopema 13.2. Onepayuu INSERT ¢ DELETE Mmo2ym 6bimb 6bIn0AHEHD
3a epems O(h), ede h — svicoma depesa.

Yupaxuenus

13.3-1 HanwmnTe peKypCHBHEBIN BapuaHT npolenypbl TREE-INSERT.

13.3-2 Hauwmmas ¢ nycToro nepeBa, 6ylieM HOGABIATH 3JIeMeHTH ¢ pas3-
IUYHLIMA KII0YaMU OOUH 33 OPYyTuM. Ecianm mocsie 3TOTO MBI TTPOBOIUM
TIONCK 3JeMeHTa ¢ KJIYOM T, TO YNCJI0 CPABHEHNI HA eNUHNILY OOJbIIe
qncia cpaBHeHNH, BHIMOTHEHHBIX TpH No6aBleHnn 3TOro »ieMenTa. Ho-
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gemy?

13.3-3 HaGop u3 n uncen MOXHO OTCOPTHPOBATH, CHadalla NoGaBUB
UX ONNH 3a IPYTHM B [IBONYHOE NEPEBO MONCKa (C MOMOIIBIO MpOIe-
nypel TREE-INSERT), a moToM 0GONTH HepeBO € MOMOIIBIO MPOTELY Phl
INORDER-TREE-WALK. HaifinuTe Bpems paboThl TaKkoro ajaropuTMma B
Xy[OlleM U B JIydllleM clyyvae.

13.3-4  HokaxwuTe, 4TO, eclii BeplliHa IBONYHOTO JepeBa MONCKa
nMeeT NBOWX NleTell, TO Clenyollad 3a Hell BEpIINHa He MMeeT JIEBOTO
pebéHKa, a mpenlIecTBYOIIAA eil BepIINHa — IPaBoOro.

13.3-5  Hpenmomoxum, 4To yKazaTelb Ha BepIINHY Yy XPAHUTCS B
KaKOI-TO BHelIHell CTPYKTYPe NAaHHBIX N UTO NpelllecTBYOIIad i Bep-
IMINHA epeBa yaalseTcs ¢ MOMOIBIO mpolenypul TREE-DELETE. Ka-
Kie TpH 3TOM MOI'yT BO3HUKHYTbH npobiembl? Kak MOXHO U3MEHUTH
TREE-DELETE, 4T06LI 5TuxX mpobneM n36eKaTh!

13.3-6 KomMmyTupyioT nm omepaunnu ynajleHus OByX Bepinuu?! py-
FUMHI CJIOBaMU, MOJYYUM JIM MBIl OOUHAKOBbLIE IHepeBbs, €CJIU B OLHOM
clydae yoajiuM cHavalla &, a HOTOM ¥, a B Ipyrom — HaobopoT? O6b-
SICHUTEe CBON OTBET.

13.3-7 FEcnm y z nBoe meTeil, MBI MOXeM WCHOJb30BaTh B TREE-
DELETE me crmenyioimnii 3a z »ieMeHT, a npenwinyinuii. MoxkHo Ha-
IesThCd, YTO CIPAaBeMJINBLII MOMXON, KOTOPHIl B TOJIOBUHE CIIydYaeB
BBIOWpaeT NPeNbIAVIINil, a B NOJOBAHE — CIENVIOUINN 3JieMeHT, Oy-
neT TPUBOOUTE K HydUllle cbalancHpoBaHHOMY mepeBy. Kak m3MeHUTH
TEKCT MPOIenypbl, 4TOObI PeATN30BaTh TAKON MOMXOM !

* 13.4 CuayuaiiHble NBOUYIHBIE NEPEBbA MOUCKA

Kak mbl Bumesnu, oCHOBHBIE ONepalUl ¢ MBOUYHBIMU NEPEBbIMU 10~
ncka Tpebyior Bpemern O(h), rne h — BbicoTa nepeBa. Hostomy BakHO
HOHSTh, KaKOBa BBICOTa “munuuno2o” mepesa. s »Toro HeoGXommMmo
OPUHATH KaKue-TO CTATHCTHUYECKUE TPENHOIOKEHUST O PACTPEIeSIeH U1
KJI0Uell 1 MoCieoBaTelbHOCTH BbIMOJHIEMbIX Olepalliii.

K coxasnenuto, B obliieM ciiyuae CHTyallls TPYIHA IS aHAJIH3a, U MbI
OyleM paccMaTpUBATh JUIIb [€pPeBbs, MOJyuYeHHble HobaBlieHueM Bep-
mn (6e3 ynanenuit). OupenennM ciyvainoe apowanoe gepeso (randomly
built search tree) ms n pasnuYHBIX KI0Uell Kak HepeBO, MOJYUalOlIle-
ecs u3 IMyCTOro nepeBa noGaBieHUeM HTHX KIouell B CilydaliHOM MO-
psinke (Bce n! mepecTaHOBOK cunTaeMm paBHOBeposTHBIMN). (Kak BumHO
u3 ynp. 13.4-2, 3To He 03HavYaeT, YTO BCe /IBOUYHBIE NepeBbi PaBHOBe-
POSITHBI, TTOCKOJILKY pa3Hble HOPSIKH NODABIEHUST MOT'YT IMPUBOMUTH K
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OIHOMY T TOMY e JepeBy.) B 3Tom pasmene MBI IOKakeM, 9TO Ma-
TeMaTHYeCKoe OXKMIOaHNme BLICOTHI CAyJYaliHOrO HepeBa W3 N KJIIOUel
ects O(lgn).

HocMmoTpuwMm, Kak cBsg3aHa CTPYKTYpa JepeBa ¢ TOPSIKOM HOOaBIeHILs
KJTIOYeli.

JHemma 13.3. Hyemo T — depeso, noayuaoueecas nocte dobasaenud
n pazauunvir kwmouel ki, ko, ... k, (6 yxazanunom nopadrke) x usna-
uaabno nycmomy depesy. Toeda k; geagemea npedxom k; ¢ T moada
u moabko mozada, xo2da 1 < j, u NPU IMOM

ki:min{kl:lglgiuk1>kj}

(kmou k; Goavwe k; u ux ne pazdeagem nu odun kuwou cpedu ky, ..., k;)

AU
ki =max{k;: 1 <l <7 uk <k}

(kmou k; menvwe k; u ux we pazdeagem nu odum Ka0u cpedu

ks ... ki)

Hoxazameavcmeo. =: Hpennonoxnm, 4To k; sBisercs npenkoMm k.
OueBnnno, ¢ < j (IOTOMOK MOSIBIIsieTCs B IepeBe mo3:ke mpenka). Hac-
cmoTpuM nepeBo T;, kKoTopoe mosyudaercs nociie noGaBieHus Kioueil
ki, ko, ..., k;. HyTs B T; 0T KOpHS 10 k; TOT XKe, 4TO U IyTh B 1 OT KOpHs
no k;. Taxum obpazom, ecnn 6bl Kitou k; 6b11 nobasnen B 15, OH cTal
6b1 TpaBLIM 1K JIeBBbIM peGénkoM k;. CrenoBaTenbro (cum. yup. 13.2-6),
k; aBnseTcd AnbO HAaUMEHBIINM Cpeln Tex Kiaodell u3 ki, ks, ..., k;, Ko-
Topble Gonblie k;, M160 HanbONBIINM Cpelll Kiiodell M3 TOro ke Ha-
6opa, MeHbIIUX ;.

<: Hpennonoxum, uto k; sBiseTcss HAUMEHBIIHM CPelll TexX Kitouei
ki, kg, ..., k;, xoTopbie Gonbuie k;. ([pyroit ciydail cummerpuden.)
Yro GymeT mpomcxonmTh NpH ToMellleHHn Kiioda k; B nepeBo? Cpas-
HeHNe k; ¢ KJI0YaMH Ha IMyTH OT KOPHA K k; IacT Te XKe pe3ynbTaTHl,
gro u mis k;. CrenoBaTeabHO, MBI NPOHNEM NYTH OT KOPHS 1O k;, Tak
4TO k; cTaHeT MOTOMKOM F;.

Jlemma moxasana. U

Tenepb MOXKHO IIOHATDL, KaK 3aBHCHUT FJ'[y6I/IHa KazKIJoro KJ/iro4a oOT
IlepeCcTaHOBKU Ha BXOIe.

Caencteue 13.4. Hycts T — mHepeBo, MONyUYeHHOE U3 IMYCTOTO NoHaBIe-
HIEeM 1 pasinuIHbIX Kiaiodei ki, ko, ..., k, (B ykasannom nopsnke). s
Kaxzoro kimoda k; (mpu Becex 1 < j < 1) paccMOTPIM MHOKeCTBA

Gij=A{ki:1<i<juk >k >k; opu Bcex | < 7, nus xoropuix k; > k;}
un

L ={k;:1<i<juk <k <k;npu Bcex [ < i, nast koropbix ki < kj}.
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Torna kmoun Ha myTn U3 KopHsa B k; — B TouHocTn G U Lj, a ray-
6una k; B nepese 1" paBHa

d(k;, T) = |G| + |L;].

Ha pucynxe 13.5 n3o6paxensr MmHoxkecTBa G; n L;. Ux nocrpoenne
MOXKHO 06bsicHUTH Tak. CumTas s HALJASIHOCTHU KIIOYH YUCIAMU,
OymeM oTMedaTh WX Ha UYUCIOBON ocu: cHauasda ki, noToMm ke U Tak
najee BINIOTH 1O k;. B KaXnblil MOMEHT Ha OCH OTMeYeHO HeCKOIBbKO
Touek ki, ...,k (rme 1 <t < j—1). Hoemorpuwm, Kakas n3 3Tux ToUek
Oyner Onmkalineil copaBa K OymylleMy nonoxenuto xnoda kj;. Muo-
KECTBO BCEX TaKNMX OIIMKalIinx ToueK (s BCEX MOMEHTOB BpeMeHIH

t =1,2,...,7— 1) u ectp (. Humxaiinme cneBa TOYKH 06pa3yioT
MHOXKecTBO L.
Hama nenb — oleHNTh cBepxy KoImyecTBO 3jieMeHTOB B Gi; n Lj,

NOCKOJIBKY CYMMa 3THX KOJINUeCcTB paBHa rnybmue kmwoda k;. Pukcn-
pyeMm HekoTopoe j. Uncino snemenToB B (; OyneT ciydaiiHoil Bennmdn-
HOIl, 3aBUCALIell OT MOpsAnKa KIIodYell Ha Bxozme (HMeeT 3HAUYEHHE JINMIDL
NOPSIOK Ha KIovax ki, ..., k;). Mbl XOTHM OIEHITDL HTO YHCIO CBEPXY
(mokazaTh, 9TO BEPOSTHOCTH COOLITHS “"9mo uuc.io eequxo” Mana).

Crnenytommil GaxT u3 Teopun BepOsTHOCTeHl HIpaeT HeHTPAJIbHYIO
pOJIb IIPH 3TOil OIleHKe.

Jemma 13.5. Hycmo ki, ko, ..., k, ecmb cayuaiinag nepecmanosra
n pazauunbis wuced. Hag wasedoco i om 1 do n paccmompum munu-
MAALHBLE daemenm 6 mnoxncecmee {ky, ko, ... k;}. Mnoxcecmeo ecex

MAKUT IACMENTIOE NA306EM S :
S=Ak;:1<i<nuk >k dugecexl <i}. (13.1)

Toeda P{|S| > (B+ 1)H,} < 1/n?, 20e H,, — n-1 wacmuunag cymma
2apmonuneckozo pada, a § ~ 4,32 — xopensv ypasnenus (In f—1)5 = 2.

Hoxazameavemeo. Hynem cinenuThs 3a TeM, Kak MeHSeTCs MHOXKECTBO
{ky,...,k;} ¢ pocrom i. Ha i-m 1mrare x Hemy moGaBisieTcs dyeMeHT k;,
OpUYEM OH € PABHBIMEU BEPOSTHOCTSIMHU MOXKET OKa3aThCs MePBLIM,
BTOPBIM,. . ., i-M N0 BeJNYnHe (KaXkKIOoil M3 5TUX BO3MOKHOCTEH COOT-
BETCTBYeT paBHas [OJsi BXONHBIX MepecTaHoBOK). Taknm obpasom, Be-
POSTHOCTH yBeJINUeHNss MHOXKeCTBa S Ha i-M Iare paBHa 1/¢ mpu mio-
oM TopsinKke cpenu Kiwoudeir ki, ..., k;_1, Tak 4TO IS pa3HbIX ¢ 9TH
COOBITHS HE3aBUCUMBI.

Mpbl npuxoguM K CHTYyallUu, OMUCAHHON B Teopeme 6.6: umeercs mo-
CIE0BATEIbHOCTh HE3ABUCUMBIX UCIBITAHUN, BEPOSITHOCTh yclexa B i-
M HCHBITaHIE paBHa 1/i. HaM Hamo ONEHHTH YMCIIO yCIeXoB.

MaTtemaTudyeckoe oXnnaHnne »Toro uncia paBHo 14+ 1/2 +...+ 1/i =
H;,=1ni4+0O(1), cm. popmyny (3.5) n 3amauy 6-2. Ham Hamo oneHnts
BEPOSATHOCTE TOTO, YTO YHCIO YCIEXOB GOJibIlle CBOETO MaTeMaTuue-
ckoro oxunanus B 3+ 1 pa3s.
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Hto memaetcs ¢ momoribio TeopeMmbl 6.6. Hamomuum, 9To mMaTema-
Tudeckoe oxkunanue |S| ects = H, > Inn, u no Teopeme 6.6 MbrI
umMeeM

eH, \ PHn
< n =
< (i)

-1 Hy
—(Ing3— 1
< e (Inp—1)BInn —
—(Ing-1)g

=n
=1/n?
COTJIACHO OTIpefieIeHnIo Yucia 3. O

Hocne Taxkoii IoAroTOBKHI BepHéMCH K OepeBbsiaM IOUCKa.

Teopema 13.6. Cpednada evicoma cayuainozo deéouuno2o depesa no-
ucKka, NOCMPOENH020 No N pasauunvin kuouan, ecmov O(lgn).

Loxazameavemso. Hycts kq, ko, ..., k, — cayuailimas mepecTaHOBKa
NaHHBIX 1 Kiodeil, T — nepeBo, MOJydeHHOE TMOCIENOBATEIBHBIM O-
GaBieHneM >TUX Kivell K mycromy. s GukcupoBaHHOTO HOMEpPaA § 1
NSl TPOM3BOJIBHOIO Yncyia ¢ pacCMOTPUM BEPOSTHOCTH TOTO, YTO TIIy-
6una d(k;, T) xmoua k; e mensute ¢. Cornacuo ciaenctsuio 13.4, B yTom
cilydae XoTs ObI OnlHO U3 MHOXKecTB (i; U L; IOIKHO NMeTh pa3Mep He
menee t/2. Takum obpaszom,

PLA(k;, T) > 1} < PGS > /2} + P{IL; > 1/2). (132)

Brauasne paccmorpum P{|G;| > t/2}. Ouennm ycaoBuyio BeposTHOCTD
3TOTO cOOBITHS mpu GukcHpoBaHHOM MHOKecTBe U = {t : 1 <t < j —
1 u ky > k;} (To ecThb KOra H3BECTHO, KAKHe I3 DIEMEHTOB k1, . .., kj_q
Gonbiie k;). Mot naxonnMes B cuTyanun geMmbt 13.5 (Bce nepecTaHoBKE
5/IeMeHTOB ¢ mHAekcaMn u3 U paBHOBEPOSTHEI), I MOITOMY YCIOBHAS
BeposTHOCTL cobbitust |G| > t/2 npu nannom U paBHA BepOsSTHOCTH
TOTO, UTO B CJyUaiiHoll mepecTanoBke n3 u = |U| 57eMeHTOB ecTh 10
Kpaiireil Mepe t/2 57eMeHTOB, MEHBIINX BeeX mpensinyinx. C pocToM u
5Ta BepOSTHOCTH TOJBKO PacTéT, TaK 4TO BCe YCJIOBHbLIE BEPOATHOCTH
we mpeBocxonat P{|S| > ¢/2}, rme S onpeneneno kax B memme 13.5.
HosTomy u nomnas BepostaocTs cobuitust {|G;| > t/2} ne npeBocxonut
P{IS| > 1/2).

AnanormdneiM o6paszom
PLIL;| > t/2) <P{IS| > t/2}
1, COTNacHO HepaBeHCTBY (13.2),

P{d(k;, T) 2 1} < 2P{|S] > t/2}.
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BasB Teneps t = 2(8+ 1)H,,, tne H, =1+1/2+...+1/n (a § ~ 4,32
— KopeHb ypaBrenus (In g — 1)§ = 2) u npuvenus gemmy 13.5, MBI
3aKJII04aeM, 9T

P{d(k;,T) > 2(8+ 1)H,} < 2P{|S| > (6 + 1)H,} < 2/n".

Bcero Bepuinn B nepese e Gosee n, MOSTOMY BEPOSTHOCTH TOTO, YTO
KaKas-To BepliinHa OyneT uMmers riuybuny 2(5 + 1)H, unu Gosbie, me
Gostee deM B 1 pa3 IPEBOCXONUT TAaKyIO XkKe BePOSTHOCTD HJIs ONHOI
BEPIINHBL, U HOTOMY He npesocxonutT 2/n. UTak, ¢ BeposTHOCTBIO 1O
MeHblell Mepe 1 — 2/n BbICOTA CIyYallHOrO HepeBa He IPEBOCXONUT
2(8 4+ 1)H,,, n B mobom ciaydae oHa He Goibime n. Taxkum obpaszowm,
MaTeMaTnaeckoe oxnnanne He npesocxonutT (2(5+ 1)H,)(1 —2/n) +

n(2/n) = O(lgn).
Yupaxuenus

13.4-1 HpuBenuTe mpumMep HepeBa MOWCKa, B KOTOPOM CpeNHSS (Ho
BceM BepiimHaM) riybnHa Bepuminubl ecTh O(lgn), HO BbIcOTA mepeBa
ecth w(lgn). Hackompko Bemmka MoxkeT OBITH BBICOTA IepeBa, eCin
cpemHsist TyGnHa BepuinHel ecTh O(lgn)?

13.4-2 HokaxwuTe, 4TO NpHN HallleM NOHNMaHUN CHydYaliHOTO HBO-
HYHOrO IepeBa I[OUCKa He BCe YIOpsNoYeHHbIe HepeBbs € NaHHBIMU
7 KII0YaMu paBHOBepOSTHEHL. (Y kasaume: Hacemorpure ciaywait n = 3.)

13.4-3* lng mamnoii KOHCTAHTEL r > 1 yKaKUTe KOHCTAHTY ¢, OJA KO-
TOPOH BEPOATHOCTE COBBITUA "6blcOMA CAYUGTHO20 d60UUN020 depesa
noucka ne menvute tH, 7 menbie 1/n".

13.4-4* Haccmorpum  anroputmM  RANDOMIZED-QUICKSORT, mpH-
MEeHSHHBIH K TOCHeNoBATeNbHOCTH n3 n uncen. lokaxnTe, uTo s
nio6oit KoHcTaHTh k > 0 cylllecTBYeT TaKas KOHCTAaHTA ¢, 94TO ¢
BEPOATHOCTBIO He MeHee 1 — ¢/n” amropmTm 3aBepiiaeT paoTy 3a
Bpemsi cnlgn.

Jamgaun

13-1 IBomuHEIe AEepPEBbs MOMCKA M PABHBIE KJIIOYM
HapHEBIe KJTI0UN — WCTOUHUK MpobiieM NpH paboTe ¢ NepeBbIMH TO-
NCKa.

a KakoBa acuMmITOTHKa BpeMeHU paboTwl mpomenyphl TREE-INSERT
mpu noGaBieHN N ONUHAKOBBIX KJltoUeil B M3HAYAIBHO MyCTOE IePeBO?

Hpuumna TyT B TOM, 9TO pu Buibope B cTpokax h—7 u 11-13 MbI B ciry-
Jae paBeHCTBa Bcerma MBUTaeMcs HaIpaBo MO mepeBy. Hymem paccma-
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TpuBaThb Cnyqaﬁ PaBeHCTBa OTHeJIbHO. OHGHI/ITG ACIMIITOTUKY BpeMeHNn
nobGaBJieHUs N PaBHBIX Kjaiouell B IycToe HepeBO IIpI HNCIHOJLB30BaHNN
TpéX Pa3JINYHBIX DIOOXOOOB:

6 XpaHnnMm B Bepinnie x (iar b[x], u BeIOHpaeM J€BOTO WIIH TPABOTO
peGéHKa B 3aBUCHMOCTH OT 3HaueHus b[z]. Hpu sToMm ¢uar mensercs
Opy KaxKOM MOCellleHUN BepIINHbI, TaK YTO HallpaBleHUs depeny-
10TCH.

B XpaHI/IM 9JIeMeHTLhI ¢ paBHBIMHU KJ/IIOYaMU B OIlHOI BeplinHe (C ITIOMO-
IbIO CHI/ICK&) un nobaBiigeM 3JIEMeHT C YXKe BCTpedaBIINMCA KJIKOYOM
B 5TOT CIUNCOK.

r Hanpasnenue nBuxkenns BeiGupaeM ciaydaiito. (KakoBo 6yneT BpeMs
B xynmeM ciaydae? YTo BB MOXKeTe CKa3aTh O MaTeMaTHIeCKOM OXKII-
maHnmn?)

13-2 TIudpossie AepeBbs
Haccmorpum mBe cTpoknm @ = agaq...a, m b = bgby...by, co-
CTaBlIeHHBIE U3 CHMBOJIOB HEKOTOPOTO (YyIOPSIOYeHHOT0) anpaBHTA.
['oBopsiT, 9TO CTpOKa @ sdekcuxorpadpudecku MeHbme CTPOKH b (a is
lexicographically less than b), ecnu BbImomHSETCS OMHO W3 OBYX yCIO-
BUIi:
1. Cymectsyer uncio j u3 0..min(p, ¢), npn KoTopoM a; = b; mis Bcex
t=0,1,...,7—1ma; <b;.
2. p<qgua; =>b; nnsa Bcex 1 =0,1,...,p.
Hanpuwmep, 10100 < 10110 cornacuo npasmiy 1 (mpu j = 3), a 10100 <
101000 cornacuo mpaBuny 2. Takoll mOpsAnoK NpuMeHAeTCS B CIOBAPAX.
Crpoenne mmpposoro aepesa (radix tree) BumHO W3 mpmMepa Ha
puc. 13.6, roe nokazaHo nepeBo, xpaHs:llee dutoBble cTpoku 1011, 10,
011, 100 u 0. Hpu nmomcke cTpOKM @ = agdy . . . a4, MBI Ha 4-M LIare miaémM
HaneBo npu a; = 0 m wampaso npu a; = 1. HycTs snemenTaMu MHO-
JKecTBa S SBISIOTCS MOMAPHO pa3iinuHble GUTOBbIE CTPOKH CyMMAapPHOIL
nnuasl 7. HokaxuTe, Kak ¢ MOMOIILIO MUGPOBOTO IepeBa OTCOPTHPO-
BaTh S B IleKCHKOT padmdeckoM nopsinke 3a O (n) neiictsuii. (Hanpumep,

I MHOXKecTBa puc. 13.6 pe3ynbTaToM cCOpTUPOBKU OyaeT mocsjenoBa-
tenbHOCTH 0,011, 10,100, 1011.)

13-3 Cpennsas riayOouHa BepIIMHLLI B CIYyYAMHOM ABOMYHOM AepeBe

B »roit 3amade MBI moKaxkeM, YTO MaTeMaTHIecKoe OXKHUIAHUe CPell-
Hell TyOWMHBI BePIINHLI B CIAydYaliHOM NBOWYHOM IepeBe ¢ 7 BepIIu-
mamn ectb O(lgn). Xors 5ToT pesynbrar cinabee, 9eM pe3ylbTaT Te-
opeMbl 13.6, MOKa3aTelbCcTBO VCTAHABIWBAET HHTepeCHLIe AHAJOTHN
MeXIYy NBONYHLIMEU HePeBLAME MOUCKa W mpolenypoii RANDOMIZED-
QUICKSORT u3 pasnena 8.3.

Haccmorpum (cp. rmaBy 5, yup. 5.5-6) cymmy ray6un d(z,T’) Beex
BepiinH x mepeBa 1', KoTopyio Mbl Gynem obosuadats P(T).
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a Cpennss rny6nma Bepiinisl B AepeBe T ecTh
1 1
— dlz, T)=—P(T).
LS aery = Le
zeT

Taknm o6pa3oM, HANO MOKa3aTh, ITO MaTeMaTHYeCKoe OXKIMIaHIe
P(T) ectn O(nlgn).
6 O6osnaunm uepe3 17, u TR neBoe u mpaBoe nonuepesbs nepesa 1.
Y6enurecs, 4To ecin 1 conepKuT n BepIINH, TO

P(T) = P(TL) + P(Tg) +n — 1.

B OGosHaunM dwepe3 P(n) maTeMaTndeckoe OXKHIaHHe BHYTpeHHei
CYMMBI IOJUH IS CIy4YalHOTO NBOMYHOTO HepeBa MOUCKA ¢ 1 Bepllu-
mamu. Hokaxurte, 9T0

Pn) = %i(m) b Pn—i—1)4n—1)
r Hokaxwute, uTO
2 n—1
P(n) = - P(k) 4+ O(n).
k=1

xn Bcemommuas paccyxknenne u3 pasmena 8.4.2 (omeHKa MaTeMaTHde-
CKOTO OXKUIAHWUs BpeMeHHn OBICTPONl COPTHPOBKN), MOKaXKNTe, 9TO
P(n) =0(nlgn).

B xaxmoMm pekypcuBHOM BBI30Be GLICTPON COPTUPOBKH MBI CIydaii-
HBIM 06pa30M BEIGHpaeM TpaHUUHBIH »leMeHT. HomoGHO sToMYy, Kaxkmas
BeplllHa [epeBa NMOUCKa ABJSeTCS TpaHuIlell MeXKIy JIeBbIM U MpaBbIM
CBOUM MO IePEBOM.

e OnuinnTre peajin3anuio aJropuTMa GEICTPOH COPTUPOBKE, MPU KOTO-
pOM B Ipoliecce COPTUPOBKEU 3JieMeHTOB ki, ..., Kk, BBINONHSIOTCS B
TOTHOCTH Te JKe CPABHEHNs, 9TO N Ipu N06ABIeHNN HX B (M3HAYAIBHO
nyctoe) nepeBo. (Hopsinok cpaBHeHmit MOXeT OBITH IPYTHM.)

13-4 KoamaecTBo PA3HBIX ABOMYHBIX JAEPEBHEB

O6osnaunmM uepes b, KOJINMYeCTBO Pa3lNYHBIX NBONYHBIX HEPEBLEB
c n BepmuHamu. B »Toit 3amade Tpebyercs BuiBecTH (HOpMYyIy s b,
I OLEHNTL CKOPOCTh POCTa YHciaa b,.

a Hokaxure, uto bg = 1 u uro

n—1
bu = biba-i-n
k=0

npu n > 1.
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6 Hycts B(z) — npomusBonsiuas GpyHKIIS

B(z) = i bya”
n=0

(onpenenenue mpousBomsmnx GyHkumit namo B 3amade 4-6). Hoka-
xute, uto B(z) = v B(2)%? + 1 u, Takum obpasom,

Lyt

T 2%

B(x)

Han Teiwmopa (Taylor expansion) ¢yuknun f(z) B Touke & = a omperne-
ngeTca hopMynoi

roe f(k)(a) — k-2 npomsBonHad [ B TOuke d.

B Hokaxure, uTo
1

b, = ——C9,
T p41
pasnoxuB B psn Teiinopa ¢yukunio /1 —4a B Touke 0. (Hsm mos
vV1+h = (1 + h)1/2 MOXKHO TIOJIYUYNTH TaKxkKe Kak 00o0IllleHne BUHOMA
HbroroHna, eciu miisi HEleNBIX N U HEJNBIX HEOTPUIATENbHBIX k MOJO0-
wuth CK =n(n—1)...(n —k+1)/k")
Yucno b, naszpiBaercs n-M wmcaom Karamana (Catalan number).

r Hokaxwute, uTO
n

b= =

(1+0(1/n)).

JameyaHug

Honpobuoe obcyXknene NBONYHBLIX JlepeBbeB TMONCKA W MHOTHX aHa-
JOTUUYHBIX CTPYKTYP HaHHBIX MoxHO Hafitn y Kuyra [123]. Bunuwmo,
IBONYHBLIE JlepeBbs TMONWCKa OLIJIN HEe3aBHCHMO TPUAYMaHBI MHOTHUMHU
nonbMHI He3amonro no 1960 roga.
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kmoun |21 9 4 25 7 12 3 10 19 29 17 6 26 18
e 21 25 19 29

G 21 19

L 9 4 7 12 3 10

L; 9 12

(6)

Pucynox 13.5 MmuoxecTBa G; u Lj, cocTaBisgionine MHOXECTBO KIIOUel Ha Iy TH K
kmouay k; = 17. (a) Yepnsble Bepummssl coepxat kmoan us G, 6enste us L;, ocranb-
HEBIE BepIINHBI — cepble. Beimenen nyTh K kmody k;. Kioun seBee myHKTHpHOI
JMHUN MeHBIUE kj, Kiooum Ipaee — Goubite. (6) Muoxectso G = {21,25, 19, 29}
COCTOMT M3 KJIIo4vel, NoGaBleHHBIX paHblile Kiroda 17 u Gonbirux 17. MuoxkecTBO
G; = {21,19} comepxuT Kmouw, OpBHITE GIMKANITMMEA CITpaBa K Kiiody 17, To ecTh
OBIBIIIIE MUHUMAILHBIMI B YK€ TOIBUBIIENCA 9acTH G;. Kimou 21 6s11 nobassieH
HEPBBIM K G; u nonan B Gy; xmou 25 #e nonann (0H GONbIIE TEKYIIEro MUHEMYMa,
pasaoro 21). Kitou 19 nonanaer B G, moromy 9ro oH MeHbIle 21, a 29 — mer, Tak
Kak 29 > 19. MHoxecTBa L; un L; cTposaTcs aHamoruaHBIM 00pa3oM.
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Pucynox 13.6 [Iudposoe mepeBo xpamuT ctpokm 1011, 10, 011, 100 u 0. Kaxmoi
BEpIIHE COOTBETCTBYET KIIIOY — CTPOKA, KOTOPYIO MOXKHO MPOYECTh, UM U3 KOPHS
B 5Ty BEPLIUHY, [O3TOMY 5THU KJIIOUM He HAlO XPaHUTh CHENUAIBHO (Ha PUCYHKE
OHI IIOKa3aHBI AJIs HarJsAHOCTH). TéMHbBIE BEPIINHBL HE COOTBETCTBYIOT KIIOUaM,
a SBISAIOTCS TPOMEKYTOUHBIMU [JI APYTUX BEPIIIHH.



14

KpacHo-uépHble niepeBbA

B rnaBe 13 MLl mokazanu, 9TO OCHOBHBIE ONepalliil ¢ IBOUYHBIM Ie-
PeBOM TONCKa BBICOTHI i MOTYT GbITH BhImonHeHE! 3a O(h) neficTBuii.
HepeBbs >pheKTUBHBI, eciW UX BBICOTA Maja — HO Majias BBICOTa He
rapaHTupyeTrcs, U B XyllleM ciiyyae fepeBbi He Oosiee 3 HeKTUBHbI,
yeMm crnucku. KpacHo-uépHble nepeBbsi — ONUH U3 THUIOB ~cHaAGHCU-
posannbiz” NepeBBEB TOUCKA, B KOTOPHIX HPENyCMOTPEHBI OMepalui
BalaHCUPOBKM, rapaHTUPYIOLNMe, YTO BbICOTA llepeBa He TPeB30HIET

O(lgn).

14.1 CBoiicTBa KpacHO-YEPHBIX NEPEBLEB

Kpacno-uépuoe mepeso (red-black tree) — 5To nBomwnOe mepeBo mo-
NCKa, BEPIINHBI KOTOPOTO pasleleHbl Ha KpacHble (red) m uépHbre
(black). Taknmm o6pasom, Kaxknas BepIInHa XPAHUT ONIH [IOTOTHITEN b-
HBIT OUT — e€ IBeT.

Hpu 5TOM HOIKHBL BBIIOJHATHLCS ONpeeéHHbie TpeGoOBaHIsA, KOTO-
pble TapaHTHPYIOT, 4TO TIYOHHBI JIIOOBIX [BYX JUCTHEB OTIHYAIOTCSA
He GoJlee YyeM B JIBa pasa, MOYTOMY JIePEeBO MOKHO Ha3BaTh cOaTaHCHPO-
samuev (balanced).

Kakmas Bepuinaa KpacHO-9épHOTO nepeBa nmMeeT noins color (mBet),
key (xmiou), left (neBurit peGEHOK), right (npaBsiii pe6éHoK) n p (pommn-
Tenb). Ecin y Bepminabr 0TCy TCTBYeT peGEHOK TN PONNTENb, COOTBET-
cTByOIIIee MoJe couepkuT NIL. [T yno6cTBa MBI 6yIeM CYnTaTh, YTO
3HaueHus NIL, XpaHslinecs B nonasax left u right, ABASIOTCA CCHIIKaAMUI
Ha OTMOJHNTeNbHEBE (GUKTUBHbLIE) NUCThs HepeBa. B Takom monomner-
HOM JlepeBe KasKIas cTapas BepIInHa (comepiKallias KIov) NMeeT IBYX
neTeii.

JBonuHOe MepeBo MONCKa Ha3hIBACTCA KPACHO-UYEPHBIM IePEBOM, €CITH
oHO Of6namaeT CenyoIIMME cBoficTBaMn (6yneM HasbiBaTh nX RB-
cBosicrBamu, no-aHraniickn red-black properties):

1. Kaxnas Bepminna — nubo KpacHas, 1ubo dépHas.

2. Kaxnmerit auct (NIL) — 98pHBIL.
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Pucynokx 14.1 Kpacuo-uéproe mepeBo. YépHble BepIIMHBI MMOKA3aHBI KaK TEMHBIE,
KpacHBle — Kak cepble. Kaxmas BepinimHa b0 KpacHas, aubo uepHas. Bce NIL-
mucThbs uépubie. lleTu kpacHo#t Bepimabl — uépHble. i Kaxmoli BepIIimHBl BCe
OyTU OT He€ BHU3 K JIMCTHAM COAEPKUT ONMHAKOBOE KOIMYECTBO UEPHBIX BEPIINH.
Oxono Kaxoil BepIINHEL (KpOMeE JINCTHEB) 3almcaHa eé YépHas BelcoTa. YépHas
BBICOTA NUCTHeB paBHa 0.

3. Fcnm Bepmimua KpacHas, o6a eé peGéHKa UYépHEBIe.

4. Bce myTu, unyiuine BHU3 OT KOPHS K JHUCTBLIM, COMEpPXKAT ONMHAKOBOE
KOJINYeCTBO YEPHBIX BEpPIINH.

Hpumep kpacHo-48pHOTO mepeBa MOKazaH Ha pucyHke 14.1.

HaceMoTpuM IpOM3BOALHYIO BEpIINHY & KpacHO-48PHOTO mepeBa U
Iy TH, BeLylllne BHU3 OT Heé K JNUCThiIM. Bce oHE comepKaT OMHO U TO
Ke dICI0 Y8PHBIX BEPIINH (M0GABMM K HEM TMyTh W3 KOPHS B & W TPH-
MeHnM cBoficTBO 4). Uncno 4épHBIX BepIinmH B MI0GOM U3 HEX (camy
BEpIINHY & MBI He cumTaeMm) 6ymeM Ha3bIBaTh 4épHoi BercoTom (black-
height) Bepuimabr @ n o6o3uadaTs bh(z). YépHoit BeicoTOl nepesa Gy-
JIeM CUNTaTh YEPHYIO BLICOTY €ro KOpHS.

Crnenyoiiias jgeMMa TOKa3biBaeT, YTO KpacHO-Y8pHBIE IepeBbs XO-
POIIN KaK JepeBbs MOMCKa.

Jlemma 14.1. Kpacno-uéproe depeso ¢ n 6HYMPEHHUMY SEPUILUHAMLU
(m. e. ne cuumasg NIL-aucmoves) umeem evicomy ne 6oavwe 21g(n+1).

Hoxazameavcmeo. CHauana moKaxkeM, 4TO MONJEPEBO ¢ KOPDHEM B &
comepkuT mo Menbireii Mepe 2P — 1 puyrpennumx sepummn. Jloka-
3aTeNbCTBO MPOBeNéM WHAYKIHEH OoT JAuCTheB K KopHio. s mucTheB
yépHas BblcoTa paBHa 0, n MoHepeBO B caMOM Jlelie COepKUT He MeHee
obh(z) 1 =20_1 =0 BHYTpPeHHUX BepiiuH. HycTk Temepb Bepinna x
He SBIseTCS JIMCTOM U uMeeT 4épHyto BhicoTy k. Torna oba eé pebénka
NMeIT 9YEPHYI0 BBICOTY He MeHbIne k — 1 (KpacHbIl peGéHOK Oymer
nMeTh BBICOTY k, 4épHbiii — k — 1). Ho mpennomoxkennio nHmyKnnm
JleBOe 1 TpaBoe MOMIEPEeBbs BEPIINHLI & comepiKaT He Memee 2871 — 1
BepIINH, W TMOTOMY TMONIEPEBO ¢ KOpHEM B & CONEPXKUT TO MeHBIel
Mepe b=l 142kt _141=2F_1 BHYTPEHHUX BEpIINH.

YUTo6B 3aBepIINTH NOKA3aTeNbCTBO JeMMBI, 0603HAYNM BEICOTY Ie-
peBa uepes h. CorsnacHo cBolicTBY 3, MO MeHbIlell Mepe HOJOBUHY
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BCeX BepIINH Ha MYTH OT KOPHS K JINCTY, He CUNTAs KOPeHb, COCTa-
BISIOT 4épHBle Bepuintbl. CrenoBaTenbHO, Y8pHas BBICOTA JepeBa He
menbire h/2. Torma

n>2M? 1.

Hepenocs 1 HameBo u mepeiins x jgorapudmam, momydaeM lg(n + 1) >
h/2, unu h < 21g(n+ 1). Jlemma noxazaua. O

Tem caMbIiM Ui KpaCHO-YEPHBIX JiepeBbeB omepaliunu SEARCH,
MINIMUM, MAXIMUM, SUCCESSOR u PREDECESSOR BBINOJHSIOTCS
3a BpeMs O(lgn), Tak kak BpeMms ux soimosmenust ectb O(h) mus
JepeBa BBICOTHI b, a KpacHO-uépHOe NepeBO ¢ N BepllMHAMU HMeeT
seicoty O(lgn).

Crnoxuee obcToutT neno ¢ nponenypamii TREE-INSERT u TREE-
DELETE w3 raaBer 13: mpobieMa B TOM, YTO OHH MOTYT HWCIOPTUTH
CTPYKTYPY KpacHo-uépHoTo mepeBa, HapymuB RB-cBoiicTBa. HosTomy
STHW TPONeNypHl MPUAETCS MONUGUIIpPOBaThL. MBI yBUOIUM B pasfe-
gax 14.3 u 14.4, kakx MOXKHO peaJiu30BaTh NoOaBleHUe U yAaJeHue 3Jie-
merTOB 3a BpeMst O(lgn) ¢ coxpanennem RB-cBoiicTB.

Yupaxuenus

14.1-1 HapucyiiTe momnoe NBOWYHOE IepeBO MOUCKA BBICOTH 3 ¢
kimiodamn {1,2,...,15}. lo6aBbTe NIL-TUCThS U MOKpPAChTe BEPIIHHLL
TpeMs crocobaMu Tak, YTOObl MONYyUYNBIINECs KPacHO-UYEpHbIe NepeBbsd
UMelln YE€pHYIO BBICOTY 2, 3 u 4.

14.1-2  Hpenmonoxkum, 9T0 KOpeHb KPACHO-UEPHOTO JIepeBa KPaCHBIN.
Ecnu MBI moKpacuM ero B 9YEpHLIN 1IBET, OCTAHETCS JIM JepeBO KpacHO-
YEPHBIM?

14.1-3  HokaxmuTe, 9TO caMbIil NAWHHBIA MyTh BHI3 OT BEPIINHBI T K
JUCTY He Ooyee 4yeM BABOe JINHHEE CAMOTO KOPOTKOTO TaKOTO My TH.

14.1-4  Kakxoe HamGomnblllee N HaWMeHbIllee KOJUUECTBO BHYTPEHHNX
BEPIINH MOXKeT GBITh B KPACHO-UEPHOM NlepeBe YEpHOIl BBICOTHI k7

14.1-5  OmnuminTe KpacHO-uépHOe HepeBo, coliep:Kalllee n Kitoueil, ¢
HamOOJNBIINM BO3MOXKHBIM OTHOIIEHWEM 4YNCa KPacHBIX BHYTPEHHUX
BepIINH K YNCAY YEPHLIX BHYTPEHHUX BepIInH. YeMy paBHO 3TO OT-
Hotenue? [liist Kakoro mepeBa »TO OTHOIIeHHe OYIeT HAUMEHBIIUM, U
YeMy paBHO 3TO OTHOIeHHe?
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Pucynox 14.2 Omeparuu BpallleHUss Ha [BOMYHOM JepeBe romcka. Omeparms
RIGHT-ROTATE mpeobpasyeT sieBoe HepeBO B MPABOE, MEHsISI HECKOIBKO YKA3aTellel.
Hpasoe nepeBo MoxHO mepeBecTu B jieBoe obpaTHOIl oneparueii LEFT-ROTATE. Bep-
UIUHBL & U Y MOT'YT HAXOIUTHCSA B JTI0O60M MecTe fiepeBa. HykBul «, 3 u v obosHagaioT
nonfiepeBbsi. B 060uxX NepeBLIX BBHITIOIHEHO OMHO U TO K€ CBONCTBO YTIOPSIOYEHHO-
CTH: KITIOYN W3 @ MpPenmecTByoT key[x], KoTophri mpemmecTByeT Kiiodam u3 (3,
KOTOpBIE TIPEMUIECTBYIOT key[y], KOTOPEIN MpeNNIecTBYET KITIO9aM U3 7.

14.2 Bpamenus

Omnepanuu TREE-INSERT u TREE-DELETE BBINOJHSIOTCS Ha KPACHO-
uépHOM mepeBe 3a Bpems O(lgn), HO OHI U3MEHSIOT HEPeBO, U Pe3yIb-
TaT MOXKeT He obnanaTk RB-cBoficTBaMu, onucananiMu B paznene 14.1.
YT0o6BI BOCCTAHOBUTL ATH CBONCTBA, HAHO MepeKpacuTh HEKOTOpPLIE
BepIIUHbI U U3MEHUTH CTPYKTYPY llepeBa.

Mpbr 6ymeM MeHSTH CTPYKTYPY € IMOMOIIBIO Bpamenmi (rotations).
Bpatenne mpencraisier coGoil JTOKaNbHYIO ONepalnio (MeHSeTCs He-
CKOJIBKO yKasaTesell) I COXpaHseT CBOHCTBO ynopsnodennoctn. Ha pu-
cynke 14.2 noka3aHbl IBa B3aMMHO OOpaTHBIX BpallleHUd: JieBoe U Npa-
Boe. JleBoe Bpalllenne BO3MOXKHO B NI060M BepllinHe &, MpaBLIll peGéHOK
KOTOpOIT (Ha30BéM ero y) He siBasieTcs nucToM (NIL). Hocme Bparternus y
OKa3blBaeTcCs KOpHeM TojjiepeBa, & — JeBbIM peOBHKOM Y, a ObIBIINI
JIeBbIll peOEHOK Yy — TpaBbIM PeOEHKOM Z.

B nporenype LEFT-ROTATE npennomnaraetcs, uto right[z] # NIL.

LerT-RoTATE(T, 2)
1y + right[z] > Haxomum .

2 right[z] « leftly] > JleBoe mOmmepeBo y CTAHOBUTCS
IpaBBIM MONIEPEBOM .

3 if leftly] # NIL
4 then pllefty]] «+ z
5 ply] « plz] > [emaeM pomuTens x ponuTeseM .
6 if plz] = NIL
7 then root[T] + y
8 else if @ = left[p[z]]
9 then left[p[z]] < v
10 else right[p[z]] « y
11 leftly] + « > llemaeMm z JTeBBIM peGEHKOM .
12 plz] ¢y

Ha pucynke 14.3 nmokazano neficTBue npomnenypbl LEFT-ROTATE. Hpo-
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Pucynok 14.3 Hpuwmep neticrus nporenypbl LEFT-ROTATE. Homomuaurenbabie NIL-
JIUCThS He MoKa3aHbl. HOpamok Kinodvell B HAYAIHLHOM U KOHEYHOM NEPEBbIAX ONUH U
TOT XKe.

nenypa RIGHT-ROTATE awasnornuyna. Obe oHu paboTaloT 3a BpeMms
O(1) m meHsIoT TONBKO yKazaTenn. OcTalbHBIE TOJs BEPIINH OCTa-
I0TCS HEU3MEeHHBIMMU.

Yupaxuenus

14.2-1 HapucyiiTe nepeBo, KOTOPOE MOMYINTCS, €CIN € TTOMOIIIBIO MTPO-
nenypel TREE-INSERT mo6aButTh kaod 36 ¥ mepeBy puc. 14.1. Ecan
crenaTh NoOaBIeHHYIO BepIINHY KpacHol, 6ymeT AU TOIydeHHOE Ie-
peBo obnanatTek RB-cBoiicTBamMu? A eciu crenatsb e€ uépHoii?

14.2-2  Hanumute npomenypy RIGHT-ROTATE.

14.2-3  Y6emuTech, YTO BpallleHNs] COXPAHAIOT CBOUCTBO YIIOPSIOUeH-
HOCTH.

14.2-4  HycTb @, b 1 ¢ — npom3BoJIbHBEIE BEPIINHLI B TOLIEPEBLAX
§ m v ua puc. 14.2 (cupaBa). Kax m3menurtcs raybmna a, b u ¢ mpn
BBITIOJIHEHU U JIEBOTO BpAIICHUS !

14.2-5  HokaxuTe, 4YTO NpPOU3BOJILHOE NBONYHOE MepeBO MONCKa
€ 7 BepUINHaMI MOXKeT ObITh IpeobGpasoBaHo B 11060e Ipyroe IepeBo ¢
TeM JKe YHCIOM BeplinH (I TeMI ke Kiaodami) ¢ moMoiisio O(n) Bpa-
mwennit. (Yxasanue: CHadana NOKaxkuTe, YT0 7 — 1 IPaBLIX BpallleHLil
IOCTATOYHO, 4TOGBI Ipeobpa30oBaTh JI060€ HepeBO B UAYIIYIO BIPABO
eTOUKY. )
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14.3 JMo6aBsieHUE BEPIIMHBI

HobaBnenne BepINHLI B KpacHO-UépPHOE NEPEBO TPOBOAUTCS 33, BpeMs
O(lgn). Cragana Mbl ipuMensiem nponenypy TREE-INSERT, kak mena-
JOCh MU ABOWUYHBIX NEPEBHEB MONCKA, W KpacHM HOBYIO BepIHHY B
kpacubiii nuBeT. Hociie sToro namo BoccranoBuTh RB-cBoiicTBa, mis
Yero TMPUXOAUTCS TepPeKpacuTh HEKOTOPBIE BEPITWHLI W TPON3BECTH
Bpartenus. Hpnm 5ToM BO3MOXKHBI pasiuuHble CHTYAINH, ¢ KOTOPBIME
HaJI0 aKKypaTHO pa3obpaThes.

RB-INserT (T, z)

1 TRrEE-INSERT(T, 2)

2 color[z] + RED

3 while & # root[T] n color[p[z]] = RED

1 do i ple] = lefplple]]

5 then y < right[p[p[=]]]

6 if color[y] = RED

7 then color[p[z]] + BLACK > Cnyuaii 1

8 colory] < BLACK > Cnyuaii 1

9 colorp[plz]]] + RED > Cnyuaii 1
10 z < plplz]] > Cnyuaii 1
11 else if @ = right[p[z]]
12 then = « p[z] > Cnyyaii 2
13 LerT-RoTATE(T, 2) > Cayuait 2
14 color{p[z]] - BLACK > Cnyuaii 3
15 colorp[plz]]] + RED > Cnyuaii 3
16 RiGHT-ROTATE(T, p[p[z]]) > Cnyuait 3
17 else (QHAIOrMYHBIT TEKCT ¢

3amenoit left <> right)
18  color{root[T]] +— BLACK

Ha pucynxke 14.4 nokazan npuMep npuMeHnenns npomenypbl RB-INSERT.

Hponenypa RB-INSERT mpolile, deM KaxeTcs Ha TepPBBIH B3TIAM.
Hocsne Beimosisenus ctpok 1-2 Beimonusitorest Bce RB-cBoiicTBa, Kpome
OIHOTO: KpacHas BeplliMHA & MOXET HUMeTh KpPACHOTO POMUTeNs.
(cM. pmc. 14.4a). B ocranbHOM BCé B mOpsiike — Ipyrue CBOWCTBa
"ne 3ameuaiom” noGaBIeHNs KPACHON BEPUINHE! (OTMETHM, 9TO HOBas
KpacHas BepIINHa NMeeT NBYX Y8PHBIX NIL-meTeit).

Taxast cuTyamnus (Bbimonuenbl Bce RB-cBoiicTBa, 3a nckIoveHneM
TOTO, UTO KPACHAs BEPIINHA & MOXKET NMeTh KPACHOTO POMHTeNs) OyaeT
COXPaHSIThCS Tociie JTI0O0ro yncia urepainuil mukia. Ha xaxnom mare
BepIINHA & MOTHMMAETCS BBEPX IO IepeBY (ecinm TONBKO He YIAloCh
YCTPAHUTh HapPYIIEHUs HOJHOCTBIO; B 3TOM CJIydae MbI BBIXONUM U3
NUKTTA).
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Pucynox 14.4 HaGora mponenypsr RB-INSERT. (a) HoGaBiieHa BeplunHa «; LOpH
5TOM HapYILIIWIOCH CBOWCTBO 3: & M €r0 PONUTENL KpacHble. Bepuinna y (KoTopyimo
MOJKHO HasBaTb ~dadeli” BEpIINHBI ) KpacHas, [OYTOMY HMEET MeCTO Ciiydail 1.
Hocne nepexpauimsanus BepurnH noiydaercs gepeso (6). Hobas BepumHa z u eé
ponuTenb KpacHble, HO O y Y€pHBI. Tak kak © — mpaBbiil peGEHOK, MMeeT Me-
cro ciyuait 2. Hpoussopures fieBoe BpallleHne, KoTopoe maetr nepeso (8). Temeps
yKe ¥ SBISIETCS JIEBHIM pebéHKoM, m 3T0 — ciydair 3. Hocite mpaBoro BpartieHms
HoIly4aeM KOPPEKTHOE KpacHO-u4épHoe IepeBo (T).
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Pucynok 14.5 Cuayuait 1. Hapyuerno csoiictBo 3: & u ero ponmresb — KpacHBIE.
Haumn peificTBUS He 3aBUCST OT TOrO, SIBISMETCS JIA & NpaBbiM (a) wnu aeBeiM (6)
ceraoM. Bee mommepeBrs v, 3, v, § U € IMeOT YEPHBIN KOPEHb W ONMHAKOBYIO YEPHYTO
BeicoTy. Hponenypa merser mBet Bepumasl p[p[zr]] u eé meteir. llmkir mponomxaeTcs
nocste pucBamBanua T <— p[p[x]]; cBolicTBO 3 MOXKeT OBITH HAPYIIIEHO TOITLKO MEKIY
KpacHoil BepuuHoit p[p[z]] u eé ponureneM (ecnu OH TOXKe KPACHBII).

BHyTpu mukia paccMaTpHBAIOTCA IIECTh CAydYaeB, HO TPHU U3 HUX
CUMMETPUUYHEl TPEM HPYIUM, Pa3iuuns JUIIb B TOM, SBJISETCA JIH PO-
JIUTeNb BepUINHBl & JeBBIM WA TMPaBbIM PeOEHKOM CBOETro POMUTENs.
Hru cnyuan pasgensiorcs B cTpoke 4. Mbl Belnucaan GparMenT mpo-
ey phbl [JIsl caydast, Korna pla] — neBblil peGEHOK CBOEro pPOMUTENs.
(CummMeTpHdHBIE CIyYal OTHOCSITCS K CTpoke 17.)

Mg 6ymeM mpenmnosiaraTh, YTO BO BCEX paccMaTpUBaeMbIX HaMu
KPaCHO-IEPHBIX [I€PEBbIX KOPEHb UEPHBIN (1 MOMIePKIBATH HTO CBOIi-
CTBO — [JIsI HTOTO NCHONb3yeTcs cTpoka 18). HosTtomy B cTpoke 4 kpac-
Has BeplumHa pxz] He MoxkeT ObITH KopHeM (p[p[z]] cyiuecrByet).

Omnepaliny BHYTPH MUKJIa HAYMHAIOTCA ¢ HAXOKICHUS BePUINHBI i,
KOTOpas siBisieTcsi dgdeti” BeplUInHbL & (MMeeT TOTO JKe POHUTeNs, 9T
n BepmnHa p[z]). Ecan Bepmmua y KpacHas, mMeeT MecTO ciaydvail 1,
ecin 4épHas — TO OHUH u3 caydaeB 2 u 3. Bo Bcex ciydasx BeplmHa
plp[z]] uépHast, Tak Kak mapa z—p[z] 6blila eINHCTBEHHBIM HapYIIeHIEM
RB-cpoiicTB.

Cayuwait 1 (cTpokm 7-10) mokaszan ma puc. 14.5. Hra gacTs TekcTa
ncnonHsercs, ecinu u p[x], u y Kpacubie. Hpu sTom Beprmuna p[p[z]]
— uépnas. Hepexpacum p[z] u y B uépHbril mBet, a p[p[z]] — B Kpac-
uelii. Hpun 5ToM 9mcio 48pHBIX BepUINH Ha JIOO0M IYTH U3 KOPHS K
JUCThAM ocTanercs npexkuum. Hapymenne RB-cBolicTBa Bo3MOKHO B
eITHCTBEHHOM MecTe HOBOTO fiepeBa: y p[p[]] MoxkeT GBITH KpAaCHBIH po-
aurenb. HoyToMy Hallo MpomoMKITH BBHINOJIHEHNE IHKJIA, ITPUCBOUB &
3Havenne p[p[z]].

B cnyuasx 2 u 3 Bepuminna y uépuas. HTu nBa ciydas pasnnyaiorcs
TeM, KaKinM peGE8HKOM & MPUXOANTCS CBOEMY PONUTENI0 — JIeBbIM WK
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Pucynok 14.6 Ciyuau 2 u 3 B nporienype RB-INSERT. Kak u mist ciayuas 1, Hapy-
IIIEHO CBOMCTBO 3 KPACHO-YEPHBIX NEPEBbEB, TAaK KaK BEPUINHA & U €& PONUTEND P[]
— xpacubie. Kopuu nepesbeB «, 3, ¥ 1 § — 4EpHBIE; 5TU NEPEBbS UMEIOT OIUHAKO-
By 4épHyio BeicoTy. Oba BpallleHusl, TOKA3AHHBIE HA PUCYHKE, HE MEHIIOT YUCIIO
YEPHBIX BEPILIUH HA MIYTU OT KOPHS K JUCThAM. HOCIe 5TOro Mbl BRIXOIUM U3 IUKJIIA:
RB-cBolicTBa BBITIOIHEHBI BCIOMY.

npaBbiM. Eciam mpaBeiM, menmomHsoTCs cTpokn 12-13 (caygait 2). B
ATOM CIydae BLITIONHsAETCS JleBoe BpallleHne, KOTOPOoe CBONUT caydail 2
K caydamo 3. Korma & sBisieTcs JdeBbiM pebénkom (pmc. 14.6), Tax kax
u x, n p[a] KpacHble, TOCHEe BpaIlleHs KOJNTeCTBa Y8PHBIX BEPIINH HA
Oy TIX OCTAIOTCS TPEKHNME.

Wrak, ocTanock paccMOTpeTh ciiydail 3: KpacHas BepllinHa T ABI-
eTCsl JTeBbIM PeGEHKOM KpacHOW BepIImHbI p[x], KoTopas sBiseTcs Jie-
BBIM peGEHKOM UEpHOil BepuimHbl p[p[z]], mpaBbM peGEHKOM KOTODOIL
SBIseTCS UépHas BepIImHA Y. B 3TOM caydae HOCTATOYHO TPOU3BECTH
npaBoe BpallleHNe U MepeKpacuTh NBe BePIINHEl, YTOOLI yCTPAHNTE Ha-
pytienane RB-cBoiicTB. lukn Gonbille He BLITONHsAETCS, TaK KaK Bep-
mnHa plz] Teneph uépHas.

KakoBo Bpemsi Bwimosisenuss muponenypbl RB-INSERT? Bricora
KpacHO-uépHOoro nmepeba ectb O(lgn), ecim B mepeBe n BepuInH, TO-
5ToMy BbI30B TREE-INSERT TpebyeT Bpemenn O(lgn). llukm mosrops-
eTCs, TOIBKO eI MBI BCTpedaeM ciIydail 1, W mpu 5TOM & CIBUTAETCS
BBepx 1o mepeBy. Taxmm o6paszom, nnkn noBropsercs O(lgn) pas, u
obiiee BpeMs paboTsl ecTb O(lgn). WHTepecHo, 9TO TpH 5TOM BBHI-
noJHsIeTCsl He Goslee IBYX BpallleHNil (Moc/ie KOTOPHIX MBI BBIXONUM 13
NUKTTA).

Yupaxuenus

14.3-1 B cTpoxe 2 npomnenypbl RB-INSERT MBI KpacuM HOBYIO Bep-
HIUHY & B KpacHblil nBeT. Ecian 6B MBI MOKpacusiu eé B YepHBLIN 1BeT,
cBolicTBO 3 He GbuIO ObI HapyieHo. HoueMmy ke MBI 3TOTO He cremasiu?

14.3-2 B cTpoke 18 MBI KpacuM KOpPeHb JlepeBa B U8pHBIl 1[BeT. 3aueM
3TO nenaercs?

14.3-3  HapucyiiTe KpacHO-uépHBIE HepeBbs, KOTOpPOe MOIydaloTcs
IpU TOCHeoBaTEIbHOM [00aBJIeHNN K TYyCTOMY JepeBY KIuell
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41,38,31,12, 19, 8.

14.3-4  HycTb uépHas BEICOTA KaXKIOTO W3 MOIAepeBheB o, (3, v, d, £ Ha
pucyakax 14.5 u 14.6 paBua k. HaiinuTe uépHbie BHICOTHI BCeX BepILUH
Ha 3TUX PUCYHKaX UM NpoOBepbTe, 4TO CBOWCTBO 4 nNeficTBUTENBHO He
HapyllaeTcs.

14.3-5 HaccMmoTpuM KpacHO-UépHOe mepeBo, TMoNydeHHOe mnobGaBie-
HUEeM 7 BepIINH K MyCTOMY IepeBy. Y 6ennTech, 9TO IpH . > | B IepeBe
eCTh XOTs OBl OTHA KpacHas BeplInHA.

14.3-6  Kak sdpdexTuBro peanun3oBaTh mporenypy RB-INSERT, ecan
B BepIlHAX HE XPaHITCS yKazaTelln Ha pornuTernei?

14.4 Y majnenue

Kaxk w npyrue onepanuu, ynaienne BepIlInHbl U3 KPacHO-UEPHOTO Te-
peBa TpebyeT Bpemenn O(lgn). YnaneHne BepIINHbI HECKOIBKO CIIOK-
Hee BCTaBKM.

YTo6bl yIPOCTHTH 06pabOTKy TPAHNIHBIX YCIOBHI, MBI HCIOJB3YeM
GUKTUBHBII 57eMeHT (MO-aHTINACKN Ha3bIBaeMbIil sentinel) BMecTo NIL
(eMm. c. ?7). Hlas xpacHo-uépHOTO mepeBa 1" dukTuBHbI dmemenT nilT]
nMeeT Te ¥Ke MONs, 9TO U OOLIYHAs BepllinHa HepeBa. Ero mBeT uép-
HBIiT, & OCTAJIBHBIM nonsiM (p, left, right n key) MOryT GBITH IPHCBOEHBI
miobble 3HaYeHns. MBI cunTaeM, 9TO B KpacHO-UEPHOM IepeBe Bce YKa-
3aTenu NIL 3aMeHeHB yKazaTemsvu Ha nil[T].

Hnaromaps ¢GUKTUBHBIM DIIeMeHTaM MBI MOXKeM CUYNTATh NIL-JHCT,
ABIAOIINIACA peGEHKOM BePIINHBL &, OOBIYHON BEPIINHON, PONUTEND KO-
TOPOii ecTh x. B mpuHINNIE MOXHO ObIJIO OLI 3aBeCTH 1O ONHON QUKTUB-
HOIl BeplINHe N1 KaXKIOTo JNCTa, HO 3TO OblIO OBl HaNpacHON MoTe-
pefi maMaTu. YTobbI W36eXKaTh 3TOTO, MBI HCHONB3YeM ONUH HJIeMEeHT
nil[T], npencraBasiormuii Bece mucThl. OMHAKO, KOTIa MBl XOTHM Pabo-
TaTh ¢ JUCTOM — pebGEHKOM BEpPIINHBI &, HAJIO He 3a0bITh BLINOJHUTH
npucBanBaune p[nil[T]] + z.

Hponenypa RB-DELETE crnenyeT cxeme npomenypbl TREE-DELETE
n3 paszmena 13.3. BuipesaB BepllinHy, OHa BBHI3LIBAeT BCIIOMOTATENBHYIO
nporenypy RB-DELETE-FIXUP, KoTopas MeHseT IBeTa U TPOU3BOIUT
BpallleHus, YTOOHI BoccTaHOBUTE RB-cBoiicTBa.
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RB-DEeLETE (T, 2)
1 if leftz] = nd[T) wmm right[z] = nil[T]
2 then y < z
3 else y < TREE-SUCCESSOR(2)
4 if leftly] # nil[T]
5 then z « left[y]
6 else z « right[y]
7 ple] < ply]
8 if ply] = nil[T]
9 then root[T] + «
10 else if y = left[p[y]]

11 then left[p[y]] < z

12 else right[p[y]] < =

13 ify+#=z

14 then key[z] «+ keyly]

15 > KomupyeM momomHuTenbHBIE MTaHHBIE W3 BEPIINHBL I.

16 if color{y] = BLACK
17 then RB-DELETE-FIxUP (T, z)
18  return y

Ecte Tpm paznuums mexny mpornenypamu RB-DELETE u TREE-
DELETE. Bo-nepBwiX, BMecTO NIL BCIONY CTOUT yKa3zaTelb Ha (QUK-
TuBHbI smemeHT nil[T]. Bo-Bropbix, mpoBepka x # NIL B cTpoke 7
npotenypsl TREE-DELETE ynanena, u npucBanBatue p[z] ¢ ply] BbI-
noJiHseTCs B J06oM cayudae. Ecinn @ ecth dukTuBHbI memenT nil[T],
TO ero yKazaTellb Ha PONUTeNs CTAHOBUTCS PABHLIM PONUTENIO YIase-
MOTO »leMeHTa Y. B-TpeThuX, B cTpoKax 16—17 BLI3EIBaeTCS MpOIenypa
RB-DELETE-FIXUP, eciu ynanseMmas Bepilinna y — dépras. Hpu yna-
meHnn KpacHoil Bepuinmabl RB-cBoficTBa He HapymiaoTcs (4€pHBIE BBI-
COTBI He MEHSIOTCS, I KPACHbIe BEPUINHBI He MOTYT CTATh COCEIHIMI).
HepenaBaemas mponenype RB-DELETE-FIXUP Bepinnna ¢ sSBIsfIach
eIIMHCTBEHHBIM PeGEHKOM BEPIINHEI Y, eCiIn Y Y OBl peGEHOK (He sSBIIs-
IOLIHICS JNCTOM), Wil GUKTHBHEIM eMenToM nil[T], ecnin Beprimua y
He nMena neTell. B nocnemnem ciydae mpucBanmBaHne B CTPoOKe 7 TapaH-
THpYeT, uTo p[x] yKa3biBaeT Ha OBIBIIETO PONUTENs y — BHE 3aBUCH-
MOCTH OT TOTO, SBIASETCS NN & HACTOAIIeH BepIINHON WIN (GUKTHBHLIM
BIIeMeHTOM.

HocmoTpuwm, xak npornenypa RB-DELETE-FIXUP BoccTanaBnmBaeT
RB-cpoiicTBa mepena.
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RB-DEeLETE-Fixup (T, z)

1 while z # root[T] u color{z] = BLACK

2 do if x = left[p[z]]

3 then w « right[p[z]]

4 if color[w] = RED

5 then color{w] + BLACK > Cayuait 1

6 colorplz]] + RED > Cayuait 1

7 LEFT-ROTATE(T, p[z]) > Cryuaii 1

8 w  right[p[z]] > Cayuait 1

9 if color{leftlw]] = BLACK u

color{right[w]] = BLACK

10 then color{w] < RED > Cayuait 2
11 z <« plx] > Cayuait 2
12 else if color{right{w]] = BLACK

13 then color{lefffw]] + BLACK > Cmyuait 3
14 color{w] < RED > Cayuait 3
15 RicaT-ROTATE(T, w) 1> Cuyuait 3
16 w  right[p[z]] > Cayuait 3
17 color{w] + colorp[z]] > Cayuait 4
18 color{p[z]] - BLACK > Cayuait 4
19 color{right{w]] < BLACK > Cayuait 4
20 LEFT-ROTATE(T, p[z]) > Crnyuait 4
21 z < roof[T] > Cayuait 4
22 else (CMIMMeTpPUYHBIH (GparMentT ¢

3amenoit left <> right)
23 color[z] + BLACK

Ecnu ynanénnas nponenypoit RB-DELETE Bepimuna y 6bina 9€pHoi,
TO N1060H Ny Th, Yepe3 Heé MPOXOAUBILINI, Telepb CONEPKUT HA OHHY
YEPHYIO BeplliuHy MeHbie. Takum obpaszoMm, cBOHCTBO 4 HAPYIIUIOCH.
MBI MOKeM KOMIEHCHPOBATBH HTO 3a CYET BEPUINHBI & (3aHsBIIel Me-
cTo BepminHbl y). Ecam @ — KkpacHas, cliermaeM eé 98pHOI (3a0MHO MBI
u3beraeM OMacHOCTH MOJYUYUTH KPACHYIO BEPIIUHY ¢ KPACHBIM PONUTE-
nem). Ecim @ — qépuast, o6baBuM €€ "deascdvl uépnoi” n 6ymem cau-
TaTh 3a JBe NPU HOACUYETE YNCa YEPHBIX BEPIINH Ha MyTH OT KOPHS K
aucThbiM. KoHeuHo, Takoll BEIXON MOXKeT GBITh JUIIb BPEMEHHBIM, MO~
CKOJIbKY OIlpellelieHne KPacHO-UEPHBIX NEePEeBbeB HEe MPelyCcMaTpuBaeT
NBaKIbl Y8PHBIX BEpIINH, U Mbl HOIXKHBI HOCTEIEHHO OT TaKo#l Bep-
IUHBI U30aBUTHCS.

Hponenypa RB-DELETE-FIxXup (7T, z) npumeHnsieTcs K nepeBy, KOTO-
poe obaadaem ceolcmeamu Kpacno-uépno2o depesa, ecat yuecms do-
NOANUMEABHYIO eJUHUYY UEPHOMbL 6 6epuwiune T, W TPEBPaAIaeT ero
B HACTOsIIlee KpacHO-4épHoe nepeBo. B mumkme (cTpokm 1-22) mepeBo
MEeHSIeTCs, W 3HAUeHNe [ePeMeHHOI & ToXKe MeHseTcsl (BBIIeeHHAs Bep-
[MIMHA MOXKEeT CIBHTATLCS BBEPX 1O IepeBy), HO CHOPMYINpPOBAHHOE
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CBOMCTBO OCTA&TCS BEPHBIM.

Uukn 3aBepuraercs, ecnm (1) 2 ykasslBaeT Ha KPacHYIO BepIINHY
(Torma MBI B cTpOKe 23 KpacuM eé B 4épHBL 1[BeT) win ecnn (2) ¢ yka-
3bIBaeT Ha KOpeHb (Tora JWIIHSS YepHOTA MOXKeT ObITh MPOCTO yaa-
mena n3 nepeBa). MoxeT okazaThCs Takke, 9TO (3) BHyTpPH Tela KA
YIaéTcs BBIMOJHUTH HECKOJIBKO BpAIlleHU#l U HepekpacuTh HECKOJIBKO
BEpIINH, OCJe Yero MBaKIbl YépHAs BeplilinHa ucuezneT. B sTom ciy-
wae mpucBamBaHue x — roof[T’] mo3BOIAET BHINTH U3 MUKIA.

BuyTpu mukna x ykassiBaeT Ha OBAaXKIbl YEPHYIO BEpIIUHY, He sBIIs-
IOLIyIocs KopHeM. B cTpoke 2 Mbl onpenessieM, KakuM peGEHKOM siBIIsi-
eTcst ¢ — JaeBbIM mian npaBbiM. (Hompob6ro Bhimmcana wacTh mpore-
NYypbI Ui HepBOTO cliydasi, BTOPOil ciiyuall cHMMeTpPUUYeH U CKPLIT B
ctpoke 22.) Hepemennas w (cTpoka 3) yKasbiBaeT Ha BTOPOTO peGEHKA
Bepiinubl plz] ("6pama” Bepumubr ). Tak kax BepuimHa & — IBa-
KIBI UpHAs, w He MOXKeT ObITh paBHO nil[1], MOCKOIBKY B 3TOM CiIyUae
BIIOJTH OIHOTO MYyTH OT pla] BHU3 (dYepe3 w) ObLIO GBI MEHbIIIE TePHBIX
BEpIINH, 9eM BIOIb IPyroro (depes z).

YeTbipe BO3BMOXKHBIX cliydas nokKasanbl Ha puc. 14.7. Hpexme uem
pasbuparhbes ¢ HUMHU HeTaJIbHO, TOCMOTPUM, KaK MPOBEPUTH, UTO Mpe-
obpa3oBaHus He HapylialT cBoiicTBo 4. HocraTouno ybenurthes, 4To
KOJIHYeCTBO YEPHBIX BepIINH OT KOPHS MOKA3aHHOIO TOMNJEepeBa IO
KaXKJIoTo U3 HOONepeBbeB «, f3,...,( He u3MmeHmwioch. Hanpuwmep, Ha
puc. 14.7a, nnocTpupyolleM ciaydail 1, KonudecTBO YEPHBIX BEPIINH
OT KOPHs 10 KaXKJIOTO U3 NOANepeBbeB o U [ paBHO 3 Kak IO, TaK U MO-
ciie peobpasoBanns. (HamoMumM, 9TO BepuinmHa & canmTaercs 3a IBe.)
AHaJIOTMYHO, KOANYECTBO UEPHLIX BEPIIWH OT KOpHA H0 v, &, € n (,
paBHO 2 1o U mocie TpeoGpazoBanus. Ha puc. 14.76 Bepmuna B MoxeT
OBITE U YEpHOIl, U KpacHoil. Kcin ona KpacHas, TO 4uCIO YEPHBIX Bep-
[INH OT KOPHS [0 « ([0 1 mocye mpeobpa3oBaHms) PABHO 2, eciin 9épHast
— 10 3. OcTanbHbIe CIyYan MPOBePSIOTCS aHaTornvHo (yup. 14.4-5).

NTak, paccmorpum Bee caydan no nopsaky. Caydgait 1 (cTpokn 5-8
nporenypsl RB-DELETE-FIXUP, puc. 14.7a) nmeeT mecTo, KOrma Bep-
MuHA W, 6paT &, KpacHas (B DTOM CIyYae UX PONNTENb, P[], YPHBIIL).
Tax kak oba peGEHKa BepIIHHBL w YEPHBIE, MBI MOKEM MOMEHSTh [[BETa
w u p[a] u mpowsBecTH JeBoe BpallleHiie BOKPYT plz], He Hapyimas RB-
cBoiicTB. Bepimnuaa & ocTaéTcs NBayXKIbl YEPHON, a €€ HOBHIH GpaT —
YEPHBI, TaK 4TO MbI CBEJIH [IEJIO K OMHOMY U3 ciiydaeB 2, 3 uin 4.

Ecnu Bepiinna w uépHast, uMeeT MecTo ofuH u3 ciydaeB 2-4. Onu
pasnuuaroTces Mexny coboit mBeToM nereil BepiiuHbl w. B ciayuae 2
(ctpokm 10-11, puc. 14.76) o6a peGénka Bepmmubl w uépHbe. Tak Kak
BEpIINHA W TOXKe YEPHAsI, MBI MOKeM CHIATH I6PHYIO OKpacKy ¢ & (nmi-
HIOIO) 1 ¢ w (clenaB eé KpacHOI ), 1 o6aBUTh YePHOTY POMUTEINIO, p[z].
Hocisie »Toro npomosizKuM BBITOJIHEHHe UK. 3aMETUM, YTO €CIU MbI
nonasy B ciaydail 2 w3 ciaydas 1, To BepiiuHa p[z] — KpacHas, TOITOMY
UK cpa3y XkKe 3aBeplInTcs (M06aBUB 96PHOTO K KPACHOI BepIINHEe, MBI
KpacuM eé B OOBITHBIN 9EPHEIN 1BET).
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B cayuae 3 (cTpokm 13-16, puc. 14.78) Bepmmua w 4épHas, eé ie-
BBl peGEHOK — KpAcHEI, a MpaBeiil — 4épHEBIH. MBI MoXKeM TTOMeHATH
MBeTa w U eé NeBOTO pebéHKa W MOTOM MPUMEHUTH IIpaBoe BpallleHne
Tak, uTo RB-cBoiicTBa 6ynyT coxpanenwl. HoBoIM GpaToM BepIIUHLI &
Tenephb OyneT 4YépHas BepIIuHA ¢ KPACHLIM MPABLIM PeOGEHKOM, W MBI
cBesn ciyyvaill 3 K cayuaro 4.

Haxomer, B ciydae 4 (ctpokn 17-21, puc. 17.4r) Bepmmua w (6paT
BEPIINHBI &) ABISETCS Y8PHOIT, a e TpaBblil peGEHOK — KpacHBIi. Me-
HsIsl HEKOTOpBIE TIBeTa I MPOW3BOIS JIeBoe BpallleHle BOKPYT pla], MBI
MOXKeM YIaJuTh W3NNIHIOn YepHOTY vV x, He Hapyinas RB-cpoiicTB.
HpucBauBauue z < root[1] BbIBonuT Hac U3 MUKIA.

KakoBo Bpewmsi Bovinosnenus mupoiienypsi RB-DELETE? Broicora
KpacHO-9épHOro nepeBa ¢ n Bepmunuamn ecTb O(lgn), mosromy Bpems
ucnonuenus RB-DELETE 6e3 yuéra RB-DELETE-FIXUP ecTn O(lgn).
Ckonbko BpemeHu Tpebyer nuksi B mpoitenype RB-DELETE-FIXUP?
Kax tonbko obmapyxuBaercs ciaydail 1, 3 wnm 4, MBI BBIXOONUM U3
nukiaa (npm 3ToMm BeimomHsieTcs O(1) omeparuii u camoe Goinbliee Tpu
Bpattierns). Jlo 5TOro BO3MOKHO HECKOIBKO MOBTOPEHHH ciydas 2, HO
Opu KaKIOM TIOBTOPEHNN YKa3aTelb & NepeMelliaeTcsl BBepX MO IepeBy
0 HUKaKne BpallleHus He MPOW3BONATCSA, TaK UTO UNCIO TAKUX IAaroB
ectb O(lgn). Takum ob6pasom, npornenypa RB-DELETE-FIXUP TpeGyeT
Bpemern O(lgn), u obiee Bpemst paborwl mponenypbsl RB-DELETE
takxke ecTh O(lgn) (oTvMernm emné pas, 9TO IPH STOM TPOM3BOMNTCS
He Goslee TPEX BpALIEHNIT).

Yupaxuenus

14.4-1  Y6emuTech, UYTO TOCTe BRIMOMHeHus nponenypbl RB-DELETE
KOpeHb JIepeBa OCTAETCs YEPHBIM, €Cill OH TAKOBBIM ObLII.

14.4-2 B yup. 14.3-3 mocTpoeno KpacHO-U&pHOE NepeBO, KOTOpoe Mo-
nydaeTcsa nobapienmeMm kiwouveit 41,38,31,12,19,8 B nycroe nepeso.
HapucyiiTe nepeBbs, KOTOpLIe TOAYYIATCSA U3 HETO TPH MOCIENOBATENb-
HOM yHaJjeHun kitoueii 8,12,19,31,38,41.

14.4-3 B xakwnx cTtpokax nporenypbl RB-DELETE-FIXUP MBI MOXKeM
UUTATh WIH U3MEHATh GUKTUBHBIN sremerT nil[1]?

14.4-4  YupocTtuTe mponenypy LEFT-ROTATE, mcmonb3ys (QuUKTHB-
HBI BJIeMeHT NI IpeficTaBienns NIL U e1lé Ot UK TUBHBIH IeMeHT,
collepKalllnii yKa3aTelb Ha KOPEHb NiepeBa.

14.4-5  Jlnsg xaxkmoro U3 ciaydaeB Ha pucyHke 14.7 mogcunTaiiTe KOau-
YeCcTBO YEPHBIX BepllIUH OT KOpHA HoflepeBa Ha PUCYHKe N0 KaxXKIOTO
U3 monepeBbeB «, 3, ..., u ybenuTech, YTO OHO He MEHSIeTCS IPHU Mpe-
obpaszoBauusx. Vcnonesyiite obo3nauenne count(c) nnst "cmenenu uep-
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Pucynox 14.7 Yernipe ciyyasi, BO3MOXKHBIX B OCHOBHOM IIMKJIe Tporeaypbli RB-
DELETE-FIXUP. YépHble BepIIMHBI TOKA3aHBI KakK YEPHBIE, KPACHBIE TOKA3aHBI
TEMHO-CephiMu. CUBETIO-CEphIe BEPIIMHBI HA PUCYHKE MOTYT OBITH WM KPACHBIMH, W
uépnbimu. (Mx nmpera obosnauaiorcsa ¢ u ¢'.) Hyksm o, 3,...,( o6osHavaloT npo-
W3BOJIbHBIE TIOAAEPEBhs. B KaxmoMm ciydae KoHQUTYpaIms cieBa TpeobpasyeTcs B
KOH(QUTYPAIIIO CIIpaBa TepeKpallnBaHueM BEPIINH /MK BpalieHusyMu. Bepurmaa,
Ha KOTOPYIO YKa3bIBaeT &, MBAXKIbI U€pHas. EAMHCTBEHHBIN CiTydyali, KOT/Ia BBITIOI-
HeHue IUKila HOpopoikaeTcs — ciydail 2. (a) Ciywait 1 cBomurcs x ciyuawo 2, 3
Wi 4, eClii TIOMeHITh MeCTaMU IBeTa Bepuina B u [ u mponsBecTH jieBoe Bpailiie-
uue. (6) B cnyuae 2 "uzbbimox wepnomet” B BEpIINHE T IEPEMEIAETCS BBEPX IO
IEPEBY, KOTa MH AeitaeM [) KpacHOI M ycTaHaBImBaeM ykasaTenb ¢ B B. Ecim mbr
ToTanm B CiIy4ail 2 m3 ciryuasi 1, To THKIT 3aBePIIaeTCs, Tak Kak BeplimHa B Oblita
kpachoit. () Ciyuwait 3 cBoguTCs K citydato 4, eClll HOMEHITH MeCTaMU IIBETA BEP-
ume C u D u BEINOMHUTH npasoe Bpaiierue. (r) B ciayuae 4 MOXHO mepekpacutsb
HEKOTOpHIE BEPIINHBL U BHIIOJHUTE JieBoe BpailieHue (He Hapyius RB-cpoiicTsa)
TaK, YTO JINIITHWIA YEPHBIN IBET MCYE3AET, W INKIT MOXKHO 3aBEPIINTH.
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nomut” BepUIMHBI BeTa ¢, cantas count(c) paBubiM 0 mis KpacHOi
BepIINHBI U 1 s 4€pHOii.

14.4-6  HpenmonioxkuM, 9TO BepIINHA BCTaBlieHa B KPACHO-UEpPHOe He-
peBO, a MOTOM cpa3y XKe yhatena. HymeT naum monyumBiieecs NepeBo
coBIanaTh ¢ ucxonueiM?! Houemy?

Jamgaun

14-1 MuaHaMuUIecKme MHOXKECTBA ¢ COXpaHEHMeM MPEABIAYIINX BEePCUM

Wrnormna mosnesno coxXpaHsaTh TpedblayIline Bepcull MeHsIOIIerocs MHO-
xectBa. (Takme cTpPyKTypHl HaHHBIX HA3bIBAIOTCS MO-aHTIMACKH
persistent data structures.) MoxHo, KOHETHO, KONNPOBATH MHOKECTBO
KaXKIBI pa3, KOorna oHo m3MenseTcs. Ho Takoll momxon TpebyeT MHOTO
MaMATH W BPEMeHN — W eCTh CIOCOOBI, NO3BOJIAIOIINE cleflaTh 3To 60-
Jiee 3(pPeKTUBHO.

M1 xoTuMm mpenycMOTpeTh BO3MOXKHOCTE XpaHeHUS MPENBIIYIITNK
Bepcuil 1t MHOX)ecTBa S ¢ onepaiusMu INSERT, DELETE u SEARCH.
Mgl cunTaeMm, 4TO MHOXKECTBO S peaju30BaHO € MOMOIIBIO ITBOMYHBIX
nepeBLEB TMOWCKA, KaK MokaszaHo Ha puc. 14.8a. Hus xaxmoli Bepcun
MHOYXeCTBa MBI XpaHWM CBOH OTHENBHEIN KopeHb. YTOOH HOGaBUTH
K09 5, MBI cO37aéM HOBYIO BEpIINHY C BTUM KiatodoM. Hrta Bepmimna
CTAHOBUTCS JIeBbIM pebGEHKOM HOBOIl BePIIMHBLI ¢ KIOYOM 7, TaK Kak
CYIIECTBYIOIIYIO BepIINHY MeHATH Henb3s. HomoOHBIM o6Gpa3oM HOBas
BeplllHa ¢ KJIIOUYOM 7 CTAHOBUTCSH JeBbiM pebOEHKOM HOBOI BepUINHbBI
¢ KJ104oM 8, paBbiil peb8HOK KOTOPOH — cyllecTBYIOLIas BeplliiHa ¢
kmiodoMm 10. B cBoto odepens, HOBas BepIInHa ¢ KIAOUOM 8 CTAHOBUTCS
IpaBbIM peGEHKOM HOBOTO KOpHS 1’ ¢ Kio4oM 4, JieBBlll peGEHOK Ko-
TOPOTO — CYIIeCTBYIONIas BepIinHa ¢ kiodoM 3. TaxuM obpazom, MBI
KONIMPYEM JNIIb YacTh JIepeBa, & B OCTAITBHOM NCIIOJB3YEM CcTapoe, KaK
3TO NoKa3aHo Ha puc. 14.86.

Mgl npenmnosiaraeM, 4TO BepIlUHBL AepeBa conepkaT nods key, left u
right, HO He comepXKaT MO P, yKa3biBatolero Ha ponnTens. (CM. Takke
yup. 14.3-6.)

a HoxaxuTe, Kakme BepIINHB XpPaHUMOTO TaKWM o6pa3oM mHepeBa
TOJIKHBI ObITH W3MeHeHBI (CO3MaHB) B OOIIeM ciydae Ipu noGaBie-
HUU WJIN YIIaJEeHNN 3JIeMeHTA.

6 HanwmunTe npouenypy PERSISTENT-TREE-INSERT, KoTopas mnoba-
BisieT ka4 k B nepeso T.

B Eciu BricOTa HepeBa paBHA h, CKOJILKO BpeMeHU U maMsTu TpebyeT
HamncanHas BaMu nporenypa? (KonmaecTBo maMsaTn MOKHO N3MepSIThH
KOJIMYeCTBOM HOBBIX BEpIINH.)

r HycTh MBI ucnonb3yeMm u 1mojs p B BeplinHax nepeBa. B aTom ciy-
qae mpolenypa PERSISTENT-TREE-INSERT HoMKHA 6YIeT BHIMOJIHATH
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Pucynox 14.8 (a) IlBouunoe mepeso momcka ¢ kimouamu 2, 3,4,7,8,10. (6) Hepeso
C COXpaHeHWeM TPENBIAYIIIX BEPCHN TOCIE N06aBIeHNS Kioda 5. TeKyIas Bep-
CHf COCTOUT W3 BepIINH, JOCTYIHELIX M3 TeKYIero KOpHS r', a MpeAbIayIas Bepchs
CONEPKUT BEPUIMHEI, IOCTYITHEIE W3 CTAPOTO KOPHS 7. TEéMHO-Cephble BEPIIUHLL N06a-
BIEHBI TIpU N00aBIIeHNN Kifoda 5.

TMOTIONHUTeNbHEIe NeficTBUs. HokaKnTe, 9TO B DTOM cliydae BpeMs pa-
60TH 1 00BEM HeoGXONMMON mamMsiTi 6ynyT §2(n), rue n — KOIMIecTBO
BepIIH B JlepeBe.

n HokaxkuTe, Kak MOKHO HCIOJNL30BaTh KpacHO-4&pHLIE [epeBbs,
4TOOBI FapaHTUPOBaTh, 9YTO No6GaBleHNe U yHaJleHne >AeMeHTa s
MHOKeCTBa € XpaHeHHeM MNpelbLIyIIuX Bepcuil 6ymyT TpebGoBaThb
Bpemern O(lgn) B xymimem ciydae.

14-2 Omnepamms 00beXMHEHNS KPACHO-UEPHBIX JE€PEBHEB

Omnepanns ob6benuuenus (join) TpuMeHseTCss K IBYM MHHAMIYECKIM
MHOXKecTBaM S7 u Sy UM BJIeMeHTY X, NpuuéMm 3apaHee U3BECTHO, UTO
keylay] < keylz] < keyxo] mas mobbix x; € Sy u 29 € So. Eé pesyib-
TaTOM siBIsieTcss MEOKecTBO S = S U {z} U Sy. B aT0it 3anadte Mbr mo-
KaJkeM, KakK pealn30BaTh olepaluio oObequHeHs 0 KPaCHO-UYEPHBIX
JepeBbeB.

a Mgl 6yeM XpaHUTh YEPHYIO BHICOTY KpacHO-4€pHOTO nepeBa 1’ B ciie-
nnanbHoil mepemenuoit bA[T]. Y6emurech, UTO 5TO 3HaUEHNE MOKHO
HOAePKUBATH, He pa3Mellias HUKAKON HOMOIHUTeNbHON WHpOpMAIIHT
B BeplINHaX JepeBa U He YXVILIas acCUMITOTHUKY BpeMeHu paboThi
nporenyp RB-INSERT m RB-DELETE. HokaxmuTe, 4To, CIIyCKasich
O JepeBy, MOXKHO BBIYHCIUTE YEPHYIO BHICOTY KaK/IO#l BEpIINHBI 3a
Bpemst O(1) B pacuére Ha KakKIyl MPOCMOTPEHHYIO BEPIINHY.

Msbr xoTuM peanuzoBaTh omepainio RB-JOIN(T1,z,T%), kotopas n3
nByx nepesbeB 17 u Ty opMupyeT HOBoe KpacHO-uépHoe nepeso T =
Ty U {2} UT; (cTapsre mepeBbst mpn 5ToM paspymaioTes). Hycrs n —
ob11iee KonmudyecTBo Bepmiud B 17 n 1.
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6 Cunras, aro bh[T(] > bh[T3], onuiinTe anrOpuT™M CO BpeMeHeM pa-
6orer O(lgn), Haxonsmil cpenn 4€pHBIX BepIInH mepeBa 14, mvero-
mux 4épuyio Boicory bA[T3], Bepuinny y ¢ HaUGONBIINM KIIOUOM.

B Hycrs T, — nonnepeso c xopuem y. Hokaxure, kax 3amennts 1), Ha
T, U{2}UT; 3a Bpems O(1) 6e3 norepu CBOHCTBA YIOPSIOYCHHOCTH.

r B xakoil uBeT Halo NOKpAacUTh ¥, 4T06BI coxpaHuTh RB-cBoiicTBa 1,
2 1 47 O6bscunTe, KaK BOCCTAHOBUTH cBoficTBO 3 3a Bpems O(lgn).

n Y6enurech, UTO BpeMs BBHINONHeHUs mpomenypsl RDB-JOIN ecTh

O(lgn).

JameyaHug

WUnest GasaHCUPOBKH IBOUYHBLIX [I€PEBHEB IMOHCKA MPUHAIIIEKUT
I'. M. Anenbcony-Benbckomy n E.M.Jlanmucy [2], npemmokuBIiinM B
1962 rony knacc cballaHCUPOBAHHBIX llepeBbeB, Ha3blBaeMbIX Telepb
ABIJI-nepeBbsimu. Hananc nonnepKuBaeTcs ¢ MOMOIIBIO BpallleH il 1Jist
€r0 BOCCTAHOBJIEHUS NOCHe MOGABIEHUS UIH yIaJeHUs] BePIIHHBl MOXKeT
norpeboBarhes O(lgn) Bpatennit (nast nepesa ¢ n Bepirnaamn). Eiué
ONUH KJIAaCC NePeBbEB MOMCKA, HA3bIBAEMbIX 2-3-IepeBbsiMil, ObLI TIpe-
noxen Xomnkpodrom (J.E.Hopcroft, ne omy6amkosano) B 1970 romy.
3nech GajlaHC MONEPKUBALTCS 3a CUET U3MEHEHUs cTeleHell BepIIiH.
OGoGienne 2-3-nepeBbeB, HaszbiBaeMmoe H-nepeBbsiMu, npenioxuiiu
Haitep uw MaxKpeiit [18]; H-nepeBbst o6cyxnaiorces B rinase 19.

Kpacho-uépubre mepeBbs npemnoxuna Haitep [17], HazBaB ux “cum-
mempuunbimy déouunviny H-depesvamu”. T'mb6ac u CemxkBuk [93] mo-
NPOBHO W3YUUIN WX CBOWCTBa U MPEANOXKUIU WCHOJIB30BATH IJIS Ha-
[ISLAHOCTU KPACHBIN 1 Y8pHBIN BeTA.

W3 muorux npyrux Bapualuii Ha TeMy cOaJlaHCHPOBAHHBIX JePEBbEB
Hanbosee JOOONBITHEL, BUHANMO, ~pacwupmowuecd depecva” (splay
trees), koropee npunymann Creatop n Tapwsu [177]. Hru nepebs
ABIsIOTCS 7 camopezyaupyrowjumucs”. (Xopollee omncanne pacinpsi-
olnxcs nepebeB nan Tapesn [188].) Hacmmpsirotmecs mepeBbst mom-
MepKuBalOT GalaHc 6e3 NCIONb30BAHNS IONOMHNTEIBHBIX MOMell (Tuma
nBera). Bmecto storo "pacwupsowue onepayuu” (splay operations),
BKJIIOYAIOIINE BPAILEHUS, BBHINOJIHSIOTCS HPU KaXKIOM OOpallleHuH K
nepeBy. YuérHas cTommMocTh (amortized cost, rn. 18) B pacuére Ha
OIIHY ONEepAINIO C [IEPEBOM IJIs PACHIUPSIOIINXCS epeBbeB COCTABISET

O(lgn).



15 J OIIOJIHEHIE CTPYKTYP MaHHBIX

Hameko He BO Bcex CHTyalUsAX MOXKHO OGOUTHUCH NUINE KITACCHIECKAMNT
CTPYKTYPaMU NaHHBIX (IBOMYHBIME IEPEBBSIMHU MONCKA, IBYCTOPOHHE
CBSI3AHHBIMI CIHCKaMI, Xell-TabnunmaMn u T.1.) OnHako penko Tpe6y-
eTcs PUIYyMaTh YTO-TO COBCEM HOBOe: B OOJbIIMHCTBE CJIyUyaeB JIoCTa-
TOYHO PacllIUPUTh KaKylo-ubo U3 KIACCUYEeCKHX CTPYKTYP HAHHBIX,
XpaHs BMecTe ¢ eé 0ObLeKTaMu MOTMOIHUTeNbHYI0 mubopMmanmo. Ho-
ek TUBHOe OOHOBIIEHUE 3TOM NHGOPMalUU MPpU BHITOJHEHUN Omepalnii
nHOT/Ia TpebyeT HeMaJioll M300peTaTeIbHOCTH.

B kauecTBe mpumepa B 3TOM pasmelie paccMaTpPUBAIOTCS KpacHO-
YépHble epeBhbs. XPaHsd B BepIINHAX NOMOTHATENLHYIO HWHPOPMAITIO,
MBI CMOXKeM OBICTPO HAXOOUThH -1 MO MOPSIOKY HIeMeHT, a Takike BhI-
HNOJHITH OOpaTHOoe felicTBUe: HAXONUTh MOPANKOBBIH HOMEpD HaHHOIO
sreMeHTa MHOXKecTBa (pasm. 15.1). B pasmene 15.2 obcyxmaercs 06-
11as cxemMa paboThl ¢ NONOJHUTENbHON nHGOpManuell U HOKa3bIiBaeTCH
TeopeMa, KoTopasd obJierdyaeT MOMOJHeHue [ KpacHO-YEPHBIX Hepe-
BeeB. B pasmene 15.3 5Ta XKe TeopeMma HUCHONB3yeTcs sl MOCTPOEHUS
CTPYKTYPhI aHHBIX, XpaHdlllell TnHAMUYecKoe MHOXKECTBO MPOMEKYT-
KOB (Ha YHUCJIOBOI IPSMOil) I O3BOJMSIONIEH GEICTPO HAXOMNTh HJIEMEHT
MHOKeCTBa, epeKpblBafolliuiica ¢ 3a/laHHbIM TPOMEXKY TKOM.

15.1 JIluHaMHUYecKue MOPANKOBBIE CTATUCTUKU

HopstmkoBble cTaTUCTHKN yKe 06CYKIaJnuch B riase 10, Tue Mbl nc-
KaJIu -1 0 MOPSAKY BJeMeHT MHOXKEeCTBa U3 1 BJIeMeHTOB, YTO Tpe6o-
Baso O(n) onepanuii (ecanm MHOKECTBO MPEBAPHTENBHO HE YIOPSIO-
qeno0). B manHOM pasmenie MBI MOKazKeM, KaK ¢ TOMOIIBIO ONOTHEHHBIX
KpPacHO-IEPHBIX HepeBbeB HaifiTn ¢-it smement 3a O(logn) omeparmii.
Kpome Toro, 3a To ke BpeMs MOKHO Oy[eT HailTH NOPSAIKOBLI HOMEp
33 JaHHOTO HJIeMeHTa.

Honxonsias cTpyKTypa TaHHBIX MOKa3aHa Ha puc. 15.1. HopsaaxkoBsim
nepesom (order-statistic tree) mbI HasBIBaeM KpacHO-uépHOe mepeBo T,
KaK/las BepIINHA & KOTOPOro, MOMIMO OBBIUHEIX moselt key[z], color{z],
plz], left{z] n right[z] nmeeT nome size[z]. B vém xpanuTcs pasmep (ko-
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JMYeCTBO BEpIINH, He CUHTas NIL-JIICTheB) MONIepeBa ¢ KOPDHEM B &
(camrast m camy Bepmnuy ). CanTas, 9T0 B noie size[NIL| 3amnncan 0,
MOJKHO HallICaTh TaKOe COOTHOUICHHE:

size[x] = size[left{x]] + size[right[z]] + 1.

(Hpu peanmsammnm MOXKHO HCIOMB30BATh (GUKTHBHBIN drnemenT nil[T],
Kak B pa3fene 14.4, a MOXKHO KaXKblil pa3 NpoBepsTh, He PaBeH JIU yKa-
3aTelb 3HAYEHNIO NIL, W TOACTABIATH 0 BMECTO 3HAYEHNS MOJS Size.)

Howuck i-I‘O II0 Be&JIMUWMHE 3JICMCHTa

MBI [OMKHB yMETH OOGHOBIATH MONOMHUTENBHYIO WHHOPMAIIIO
(monst size) npm moGaBneHnu u ynaneHun sineMeHToB. Ho cragama
OOBSICHIM, KaK e[ TMoMb3oBaThcsd. HaumnéMm c momcka -TO »IeMeHTa.
HexypcuBras mpomenypa OS-SELECT(z,?) Bo3BpallaeT yKa3aTelb
Ha ¢~ HIeMeHT TofnepeBa ¢ KopHeM x. HaiiTu i-it smeMeHT BO BCéM
nepese T’ MOxHO ¢ nmoMolIbio Bbr3oBa OS-SELECT (roof[17,1).

OS-SELECT (2, )

1 1« size[leftlz]]+1

2 fi=r

3 then return z

4 elseif v < r

5 then return OS-SELECT (left]z], ¢)
6 else return OS-SELECT (right[z],i — 1)

HtoT anropuTm ncnonb3yeT Ty XKe UAel0, YTO U aATOPUTMBI MOUCKA
rnaBer 10. B monnmepese ¢ kopueMm x cHavana unyt size[left{z]] Bepruun
JeBOTO TOIIepeBa, MEHBIINX &, 3aTeM caMa BepInHa & (KOTopas sBIIs-
etcst (size[lef{x]] + 1)-it mo cuéTy), n 3aTeM BepIINHBI MPABOTO MOJIe-
peBa x.

Hponenypa maumnaeT ¢ BBIYHCIEHUsS MOPSIIKOBOTO HOMepa I Bep-
muebl @ (cTpoka 1). Ecan ¢ = r (cTpoka 2), To & 1 eCTh i-if SIeMeHT,
I MBI BOo3BpaliaeM ero (crpoka 3). Ecanm ¢ < r, TO HCKOMBIl B/ieMeHT
HaXONUTCA B JIEBOM TIOAJepeBe BepIIUHBI &, I TPOTpaMMa pPeKypPCHBHO
BEI3BIBaeT cebs (cTpoka 5). Eciu ke ¢ > r, TO HCKOMBIfl BneMeHT Ha-
XONMUTCS B MPaBOM MOMIEepPeBe BepIINHEI &, HO eT0 MOPSANKOBLI HOMEp
BHYTPHU 3TOTO ToanepeBa OymeT yXKe He i, a ¢ — r. HTOT BleMeHT BHI-
naéTcs PN PeKypCUBHOM BBEI30BE B CTpOKe 6.

Hoxkaxem, kak npouenypa OS-SELECT uitier 17-it siemeHT nepesa,
n306paxkénnoro Ha puc. 15.1. Mbr Haunnaem ¢ xopHs (¢ kmodom 26),
npu »ToM ¢ = 17. Hasmep neBoro momnepeBa KOpHS paBeH 12, TOATOMY
HOPSIKOBLIT HOMep KOpHs paBeH 13, W HCKOMas BepllinHa HAXONUTCS B
IpaBOM TONIepeBe, MMes TaM TMOPAOKOBHEIN HOMep 17 — 13 = 4. Uiniem
4-i omemeHnT momaepeBa ¢ KopHeMm 41. JleBoe mommepeBo BepimuHBL 41
nMeeT paszMep 5, T.e. MOPANKOBLIN HOMep BepminHbl 41 paBen 6. Uitiem
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Pucynox 15.1 Hopsankosoe mepeBo. KpacHbie BepiimHbl m306pakeHbl KaK CBETIIO-
cepble, YépHble — Kak TéMHble. HOMUMO OBBIYHBIX TOJEll KpacHO-YEPHOTO OepeBa,
¥ KaXKoll BEPIIUHBI T €CTh TOJe $iz€[T], Tlle XPaHUTCS pasMep TOMIEPEBA C KOPHEM
B .

4-1f naeMenT mommepeBa ¢ KopueM 30. B aToMm mepeBe KopeHb nMeeT To-
PSUIKOBBIN HOMep 2, mosToMmy mieM (4 — 2) = 2-if 57IeMeHT pPaBoro
nonnepeBa. B 5ToM mepeBe KopeHb 38 0Ka3alics BTOPLIM MO TOPSAKY
(pa3mep seBoOro ToOmEpeBa paBeH 1), MOSTOMY MBI BO3BpAIllaeM yKa3a-
Tellb Ha BeplInHY 38.

Hpu xaxknmoMm peKypcHBHOM BLI30Be TPONENYPLI MBI CIIyCKaeMcCs IO
IepeBy Ha ONNH YPOBEeHbL, MOXTOMY BpeMs pabOTH B XYOIIeM CIydae
I POTOPINOHAIBLHO BLICOTe. BRICOTA KpacHO-96PHOTO epeBa ¢ n BepIIn-
mamn paBaa O(logn), Tak 9To BpeMs paGoThsl mponenypsl OS-SELECT
Ha n-37eMeHTHOM MHOKecTBe ecTh O(logn).

Onpe,ueJIeHne IIOPAAKOBOT'0O HOMEPpa 3JIeMeHTa

Hpouenypa OS-RANK nosiyuaeT yka3aTelb HA 3JeMEHT & MOPAIKO-
BOro nepeBa 1’ m HAXOMNT MOPSIKOBLI HOMep (rank) siemeHTa B epese.

OS-RANK(T, z)

1 1« size[left{z]] + 1

2 y+z

3 while y # root[T]

4 do if y = right[p[y]]

5 then r < r 4 size[leftply]]] + 1
6 y  plyl

7

return r

HopsnkoBelii HOMep 2meMeHTa ¥ Ha eInHHIILY GOJIbIIe KOTHYecTBa dJle-
MEHTOB, MeHbIINX x. I{uKi B cTpokax 3—6 mMeeT TakKoll MHBapHaHT:
I ecThb MOPAIKOBEII HOMep BeplNHBI ¥ B Nonuepese ¢ KopHem y. Hepen
IepBBIM BLINOJAHEHHEM IHKJa 3TO Tak: I' eCTh NOPSAKOBLI HOMEp T B
nepeBe ¢ kKopHeM B z (cTpoka 1), a y = z (cTpoka 2). Kak Hamo m3me-
HUTH I IpU [epexoie OT Bepliuubl y K eé ponurenio ply]? Ecau y —
neBblll peGEHOK Bepluubl ply], TO BepllinHa & UMeeT ONUH U TOT Ke
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NOPSIIKOBBII HOMEp B MOMIEPEBbIX ¢ KOpHAME B y 1 ply|. Eciam xe y
— TpaBbIil PeGEHOK, MpH Tepexome OT Y K p[y] K MOPSIKOBOMY HOMEpPY
BepIuHbl @ npubaBuTes size|left{p[y]]] snmemenToB neBoro mommepesa u
caMa BepmnHa ply]. B cTrpoke 5 Mbr yunn 5Ty no6GaBKy.

Hpu Beixonme n3 unkna y = roof[T], a r — HOPAIKOBBIN HOMED & BO
BCEM JlepeBe.

Hns mpuMmepa MOCMOTPHM, KaK 5Ta MPOIENYpPa ONPeNelnT MOPSI-
KOBBIIl HOMep BepIINHLI € KI0YoM 38 B 1epeBe, m306paKEHHOM Ha
puc. 15.1. B Tabauie nmokasaH K09 BEPUINHEl § W YHCIO © B Hadase
KaXKJIOTo KA.

Mlar  keylz] r
1 38 2
2 30 4
3 41 4
4 26 17

Bozspamtaercs 3navenne 17.

C KaxKIbIM IIaroM IJIyOnHa BepIINHBEL Y yMeHbIIaeTcs Ha eNnHUILY,
U Kaxnblil mar Tpebyer BpeMenn O(1), mooTomy BpeMs paGOTLL Ipo-
nenypst OS-RANK na n-snementnom MuoxecTse ecTh O(logn).

O6HoBIeHNEe MHGOPMAILINH O Pa3Mepax MOAACPEBHEB

C moMollIbIo ToJell $ize MBI Hay YHJINChH OLICTPO BEIUNCISTH MOPSIKO-
BbLIil HOMEp BJeMeHTa, a Takke HaXONUTh i-il dyeMeHT nepeBa. Tenepb
HAI0 MOHATH, KaK OOHOBJIATEH HTO ToJie NpH NOOAaBICHUE U yIaJeHun
aeMeHTa U3 KpacHo-uépHoro mepeBa. OKasbIiBaeTcs, HTO MOKHO clie-
JaTh, He YXYIIINB aCHMITOTHYECKYIO OIleHKY BpeMeHH paBGoThl Mpole-
Iyp HOOaBIIEHUs U yIAJeHUs DIIeMeHTa.

Kak Mbl Bumenun B pasmene 14.3, nobapiienue sjieMeHTa B KpacHO-
y8pHOe JIepeBO COCTOMT U3 ABYX YacTeil: CHadaa MBI 106aBaseM HOBYIO
BepIINHY, Ieflas eé pebEHKOM yiKe CYIIecTBYIOIIell, a 3aTeM MPOu3BO-
IINM HEKOTOpbIe BPALIEHNUs I TIepeKpAlINBaHUs (eCIn 3TO HeOOXOMIMO)

Ha mepBom 5Tame MBI 11 KazKIO# TpoiieHHON BepIInHbL ¢ (Ha My TH
OT KOPHs [0 MecTa HOGABIEHNs BEPIINHBI) YBeINUNM Ha eINHHUIY 3Ha-
uenme size[z]. B nome size moGaBiieHHON BepIIMHBI 3alHilieM Yncio 1.
Hpu sTom mer npoxonnm nyTh maunuoit O(logn) 1 nonmogHITENBHO Tpa-
tum Bpemsi O(logn), moce gero Bce OIS Size MPABUIBHBL.

Hpu BpallleHnun U3MeHSI0TCS pa3sMephl TOJBKO IBYX MOMIEPEBbEB: X
BepIINHAMI SABJISIOTCA KOHIBI pebpa, BOKPYT KOTOPOTO MPOUCXOMNIIO
spaienne. Hostomy k Tekcty mpomnenyper LEFT-ROTATE(T, z) (pas-
nen 14.2) noctaToIHO HOGABUTH CTPOKN

13 size[y] « size[z]
14 size[x] < size[left[x]] + size[right[z]] + 1
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Pucynox 15.2 OGHOBIeHUe OISl $ize LpU BpallleHUsix BOKpYr pebGpa (z,y). Hro
oJie HeOOXOMMMO OGHOBUTH TOJIBKO y BepuinH & u y. Hiis Toro, 9To6s y3HATH HOBOE
3Ha4UeHNe, HOCTAToUHO obiamaTh WHpOpMAIUeEN, XpaHAIecs B &, Yy W B KOPHIX
O IEPEBbEB, N300paKEHHBIX B BUIE TPEYTOILHIKOB.

Ha puc. 15.2 nokaszano, Kak MeHsieTcs: mojie size. AHAJOTMYHBIE H3Me-
HeHUs BHecéM U B mpolenypy RIGHT-ROTATE.

Tax kax mpu mobaBleHNT HIeMeHTa B KpacHO-UEpHOe IePeBO BLIMOI-
HsieTcs He BoOINbIlle IBYX BpallleHnil, TO KOPPEKINS TOIS size Tocie Bpa-
wernnit Tpe6byer O(1) onepannit (a nepekpamnBaine BooOIle He BINSET
Ha pasmepsr). Taknm o6pazom, nobaBieHne >neMeHTa B TOPSIIKOBOE e
peBo 3 n BepmnH TpeGyer Bpemenn O(logn), Kak m mist 06EITHOTO
KpacHO-IEpHOTO HepeBa.

Ynamenue dieMeHTa W3 KPACHO-UEPHOTO NlepeBa TakKe COCTOUT U3
IBYX dacTell — cHadajla MBI yOadseM BepIInHY Y, a 3aTeM elaeM
(camoe Gonbliee) Tpu Bpatenns (cum. paszna. 14.4). Hocrne Beimomuenms
nepBOll YacTH, MBI YMEHBINUM Ha eMUHUITY TOJs Size ¥ BCeX BepIInH
Ha myTn n3 y K Kopuo. Hanra sroro mytn O(logn), nosromy nomosn-
HuTenbHO HaMm moTpebyercs Bpems O(logn). Yro mponcxonut ¢ Bpa-
MIEHUSIMT, MBI YVKe Bumenun. Takum obpa3zoM, OGHOBIeHTEe TIOIS Size, He
yXyAmaeT (aCHMITOTHYIECKH) BpeMsi, HeOGXONNMOe [IJIsl yIAJIEeHHs I [10-
GaBieHns dJIeMeHTa.

Yupaxuenus

15.1-1  Hycts T — mepeBo na puc. 15.1. Hokaxure, Kax paboTaeT
nporenypa OS-SELECT(T, 10).

15.1-2  Hycts T — mepeBo ma puc. 15.1. Hokaxkure, Kax paboTaeT
nporenypa OS-RANK(T, z), rme @ — BepunHa ¢ KiIodoM 35.

15.1-3  Hepenumure npouenypy OS-SELECT, He HCIONB3ys PEKyp-
cum.

15.1-4  HeammusyiiTe pekypcusuyio mpornenypy OS-KEv-RaNk(T, k),
KOTOpas ToNyuaeT Ha BXofe TOpSAKoBoe mepeBo T ¢ momapHo pas3imnd-
HBEIME KJIIOUaME, a Takke KIod k, I BO3BpalllaeT MOPAIKOBLIN HOMEpD
Kmoda k B 5TOM Iepese.

15.1-5  JlaHa BepIInHAa z MOPSAKOBOTO JIepeBa W3 N BEpIINH U HATY-
panbHoe uncno ¢. Kak nafiTn ¢-if mo mopsanKy 2JeMeHT, CIUTas OT Bep-
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mnHet 2, 3a Bpems O(logn)?

15.1-6  3ametum, uro npouenypbl OS-SELECT u OS-RANK ucnosnb-
3YIOT TOJe $izé TONBKO IS TOTO, YTOGHI y3HATH MOPAMKOBBIN HOMED
BEPIINHBT & B MOAAepeBe ¢ KopHeM z. HpenmomokumM, 4To MBI XpaHuM
B BepIIINHE BMECTO MOJS Size HTOT MOPAOKOBEIH HOMep. Kak oGHOBISITH
5Ty mHGOPMAINIO TpH no6aBneHnn n ynanesnn smemerta’ (Hamomunm,
49T0 MoGaBIeHNe N yIaleHle CONPOBOKIAIOTCS BPAIICHISIMN. )

15.1-7  Kak, ncnosib3ys HOpsIKOBEIE [epeBbs, NOCUNTATH YHCIO MH-
Bepcnit (cM. 3amaqdy 1-3) B MaccuBe pasmepa n 3a Bpems O(nlogn)?

15.1-8* HaccMmoTpuM n XopI OKpYKHOCTH, 3aJaHHLIX CBOUMI KOHITAMI
(camTaem, 9TO Bce 2n KOHIEBBIX TOYEK pasinudubl). Hpumymaiite am-
ropuTM, KOoTOpeiil 3a BpeMs O(nlgn) ompenensier, cKOIBKO map XOpIl
nepecekaloTcst BHYTpH Kpyra. (Hampnmep, eciam Bce xopmbt — mmame-
TPHI, TO OTBETOM OyIIeT C%)

15.2 O6mas cxema paGoThI ¢ AOMOIHUTEILHON MHPOpMaImein

Curyanus, Korma TpebyeTcs NONONHUTH KaKylo-aubo cTaHnapT-
HYIO CTPYKTYPY HaHHBIX JIONOJHUTENbHOU uHGOpMalineil, TOBOILHO TH-
nuuHa. Mbl BeTpeTuMcs ¢ Hell cHOBa B clienyloilieM paspneiie. A B 5ToM
pa3snelie Mbl HOKaxkeM OBLIYIO TeopeMy, oOJleryalollyo 3TOT Ipolece B
cllydyae KpacHO-YEpHBIX JepeBbeB.

Homonnenne cTpyKTYphI NaHHBIX MeAUTCS Ha YeTHIpe IIara:

BbIOUpaeM 6a30BYI0 CTPYKTYPY IaHHBIX;

2. pelaeM, KaKylo NONOJHHTENbHYIO MHPOPMAINI MBI OyIeM XPaHUTb
(n OGHOBIATH);

3. mpoBepseM, 4TO 3Ty UHOOPMAINO yIAéTCa OOHOBJSThH PU BHITIOJHE-
HUM onepaluil, JONYCTUMBIX HJs BbIOpAHHONW CTPYKTYPhI TaHHBIX;

4. peasuzyeM HOBble omepalli.

Koneuno, sTu npaBuia — Bcero JMIlb 0bI11asi cXeMa, U B KOHKPETHOI
CUTYaIlUU HANO HPOSBISTH PA3YMHYIO IIGKOCTh, HO CXeMa Ta MOXKeT
OBITH TTOJIE3HOI.

HapailiTe mocMOTpUM Ha KOHCTPYKIHE pasnena 15.1 ¢ Touku 3peHus
STUX MPaBUI.

Ha 1mrare 1 mbl BoIGpalin KpacHO-u4épHbIe NepeBbsi B KauecTBe 6a30BOi
CTPYKTYPHI.

Ha miare 2 mbl pemmiu noGaBUTh K KaKHOH BeplliuHe MoJe size.
CwMbIcn XpaHeHUs NOMOJHUTENBHON WHGOPMAINN COCTOUT B TOM, UTO
OHa, TMO3BOJISET BBIIONHATE HEKOTOpbie onepaiun OwicTpee. Hes nosis
siz€ MBI He cMOrdiu 6bl BEINOAHUTE onepanu OS-SELECT u OS-RANK
3a Bpemst O (logn). (Heckonbko nHOi BapuaHT BEIOOpa TOMOIHHTENbHOI
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nHpOpManun gaH B ymp. 15.2-1.)

Ha mrare 3 MbI y6enunuch, 9To OGHOBIEHNe TONell Size mpu HoGaBie-
HUM U yIaJeHUN 3JeMeHTOB MOXKHO BBINONHUTL 6e3 yXyIIIeHus acuM-
OTOTUKN NI BpeMeHW MoOaBleHNs W yHalieHns. B »ToM cMbIcie Halll
BbIOOp yhaueH: eciin Obl, CKaxKeM, Mbl Pelllyil XPaHUTh Add KaxkKoi
BEpLINHBI €8 MOpPSAKOBbIN HOMep, To mponenypbl OS-SELECT u OS-
RANK paBoranu 6ul 6LIcTpo, HO NobaBieHne HOBOTO DIIEMEHTa IMOBIe-
KJI0 OBl 3a COOOIl M3MeHeHNe NONMOJHUTENbHON WHGOPMAlUN BO MHOTHX
BepIINHAX NlepeBa (BO BCeX, €N HOO0ABIEHHBIN /IeMeHT MIHIMAJIEH ).
Hamur BeiGop (mose size) naéT ynadHbIil KOMIPOMICC MEXKIY JTEMKOCTHIO
UCMOJb30BaHUs U OOHOBJIEHUS.

Ha mrare 4 mbr peasuzoBasnu nporenypbl OS-SELECT u OS-RANK,
13-3a KOTOPBIX MbI, COOCTBEHHO, U 3aTe€BaJIU BCE 3TO Jefo.

Bupouem, B mpyrux curyanusx (ymop. 15.2-1) nomonHuTenbHas mwH-
opmalusg UCHONb3yeTCA He JIJis pealii3alliyl HOBBIX onepaluii, a nis
VCKODEeHUs yKe UMeIOLInXCs.

JomomuurenpHas uapopManusa A1 KPacHO-UEPHEIX JePeBLEB

Crenyioltias TeopeMa MOKa3bIBaeT, UTO IS KPACHO-UYEPHBLIX Hepe-
BbeB MHGOPMaNUIO ONpeHellEHHOIO BUAA MOXKHO OOHOBJISATH, He 3aMell-
asist (aCHMITOTHYECKN) onepalnn nobaBiIeHns n ynaienns. Bé mokasza-
TeJIbCTBO BO MHOT'OM NOBTOpAeT paccyxkleHus u3 padnena 15.1.

Teopema 15.1 (Homosmnenue kpacuo-uépHoro aepesa). Haccuompu.m do-
noanumeavruiti  ampuoym f, onpedeaéunviii 0ag 6epuUH  KPACHO-
uépnvir  depeeves. Hpednoaoxcum, uwmo 0ad 6caxol eepwunsvl
anauenue f[x] noanocmuio 2adaémes ocmaibnotl ungopmayuet, rpa-
nawetica 6 eepwunazr , lefl{z] u right{z] (6 mom uucae 3nauenusmu
fllefz]] u flright[z]]), u eco eviuucaernue no smum dannvim mpedyem
spemenu O(1). Toeda noasz f mosxnno obnosagsmv npu dobasaeruu
u ydasenuu saemenma u3 depesa, we yrydwad (acumMnmomuuecku)
6PEMA 6bINOAREHUL DOOA6AEHUT U YOAAEHUA.

Hoxazameavbcmeo. Wnes mokazaTenbCcTBa COCTOUT B TOM, YTO M3MeHe-
Hue mojis f B HEKOTOpONl BepliMHe T MOBJIeYST 3a COOOI M3MeHeHHs
noJsis f TOJNBKO B BepllMHAX, PAcloOKeHHLIX Ha IYyTH U3 KOPHS B .
B camom nene, usmenenne f[x] moBmedéT 3a coboii msmenenue f[p[z]],
4TO B CBOW ouepens mameHuT f[p[p[x]]] ¥ T.d., HO mpyruUe BepIIUHLL
ocranyTcs HeTponyThiMu. OT flroot[T]] we 3aBucuT 3HaveHme nomus f
B IpYIUX BepllnHaX, I Mpolecc N3MeHeHnil ocTaHoBUTCS. Tak KaK BbI-
cota nepesa pasHa O(logn), To nocne n3Menenus moss f[z] mas Kakoii-
TO OIHOII BEepUIMHLL & MBI CMOXKeM OGHOBHTEL BCe HEOOXOMMMBIE OIS 3a
speMs O(logn).

HobGasinenne sneMeHTa & B mepeBo T menaercs B nBa 5Tama (cM.
pasn. 14.3). Ha mepBom sTame BepminHy 2 mOGABISIOT B KadecTBe
peGéHKa yiKe CylllecTBYoIlell Bepinbl p[z]. 3uavenue f[x] Bramcss-
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etcst 3a Bpemsi O(1l), Tak Kak HOBas BeplINHA — JNCT (TOYHee, e
netn — NIL-mucThbst). lanee nponcxonnt O(lgn) nsverenunit nomei Ha
nyTn K kKopuio. UTak, nepssrit sTan 3aunmaer Bpems O(logn). Ha Bro-
pOM STalle MBI BHITIONHSEM BpallleHns (caMoe Gonblilee IBa); MOCHe Ka-
xnoro notpebyercs O(lgn) onepanuit mist pacnpocTpaHeHNs H3MeHe-
Huii BBepX MO lIepeBy.

YnaneHne Takike MPOBONNTCS B nBa Tana (cM. pasn. 14.4). Ha nep-
BOM 3Talle U3MEHeHUs BO3HUKAIOT, ecliu yHajldeMas BepllnHa 3aMeHsd-
eTcs eé mociieoBaTeNleM, a Tak:Ke KOrna Mbl BhIOpachiBaeM yaaJseMyo
BepIINHY WIH eé mocienoBaTens. I B TOM W B IPYTOM cliydae MBI W3-
MeHsieM Tonie [y ONHOM BepIIWHBI, MO3TOMY OOHOBIIeHUE Bcex ToJjeil
saiiver Bpemsi O(logn). Ha Bropom sTame MbI menaem camoe 6osbimee
TPU BpallleHns, Kaxnoe n3 KoTopeix Tpebyer Bpemenn O(logn) mis
OOHOBJIeHU S TIOJell Ha MyTH K KOPHIO. O

Bo Muornx ciayuasx (B 4acTHOCTH, HJIsl HOJIS Size) IPH BPALLECHUSLX
Bce MOJIsk MOKHO 06HOBUTS 3a BpeMs O(1), a ne O(logn). Takas cury-
alus BO3HUKaeT B ynp. 15.2-4.

Yupaxuenus

15.2-1 HononmHuTh MOPANKOBOE NEPEBO (He YXYOIUINB acUMITOTHYe-
CKH BpeMsi Ollepaliuii) Tak, ITOObI MUHUMAJbHBIH W MaKCHMAaJbHBIN
3JIeMeHTBHI, & TaKyKe IpellleCTBEHHUK W TOCHeNOBaTeNlb TAHHOIO 3Jjle-
MEeHTa OTBICKHBAINCH ObI 32 Bpems O(1).

15.2-2  Hynem XpaHHTBb B KaxK0i BepllinHe KPacHO-UEPHOTO IepeBa eé
IEPHYIO BEICOTY. BO3MOKHO 1 0OHOBIATEL BTO ToJe Tpu NoHaBIeHUN 1
yIaneHnn 3JIeMeHTa U3 IepeBa, He YXYAUINB (aCHMITOTHIECKN) BpeMs
paboOTHL HTUX omepamuii’?

15.2-3  Hynem XpaHUTH B BeplliiHe eé riyobuHy. Bo3MoxkHo 11 0GHO-
BIATH 3TO TNOJle TP N00aBJEHNN W yIOAJeHUN 3JIeMeHTa W3 IepeBa, He
YXYAIEB (aCHMITOTHYECKN) BpeMsi pabOTHl HTHX Omeparnmnii?

15.2-4* HycTph ® — acconmaTuBHas GUHapHas omepalns Ha HEKOTO-
poM MHOXKecTBe M, 1 TyCTh B KakKIOH BepllinHe KPacHO-IEPHOTO IepeBa
XPaHNUTCS HEKOTOPLIH 5ieMeHT a MHOxkecTBa M (cBoil B Kaxkmoil Bep-
mnee). HycTh Temepb MBI XOTHM XpaHNTH B KaXKIOI BeplllHe T MOe
flz] = alzq] @ a[zs] @ ... @ alz,,], voe @y, 29, ..., &, — BCe BepIIUHL
noznnepeBa ¢ KopHeM # (B MOpsiKe BospacTaHms kimiodeil). HokasaTs,
4TO noJie f MpH BpallleHnsX MOKHO 0GHOBIATE 3a Bpemsi O(1). Hpose-
CTW aHAJOTHYHOE PacCyXKIeHWe NS TONs Size.

15.2-5 MEI XOTHM pealin30BaTh Mg KPacHO-UéPHEIX IepPeBhLeB olepa-
nnio RB-ENUMERATE(z, a,b), KoTopas BEIIA8T CINCOK BCEX BEpIINH
B HOAJepeBe ¢ KOpHeM &, I KOTOPLIX KJ04Y Kk HaXOmUTCS B IpoMe-
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xKyTke a < k < b. Kak cnenats 910 3a Bpems O(m + logn), rne n —
KOJUYeCTBO BepIIUH B JlepeBe, a m — YUCHO BbIIaBaeMbIX Kitoueii?
(Ykasanme. [locTaTouHO mOMeEll, MMEIOUINXCS B KPACHO-I8PHBIX Jepe-
BBSIX; HOBBIE TIOJIsl He HYJKHEL.)

15.3 JlepeBbs MPOMEXYTKOB

B sToM pasmene MBI HCHIONB3yeM KPacHO-UEPHBIE IEPeBbs IS Xpa-
HEHISL MEHSIOIIerocss MHOKeCTBa MPOMEKYTKOB. Orpeskom (closed
interval) [t1,?2] Ha3bIBaeTCS MHOXKECTBO BEIIECTBEHHBIX 4mCelN f, IS
KoTopwiX t; < t < tp. (Hpennmomaraercest, uto ¢ < f3.) Homyunreppan
(half-open interval) m wmmrepsan (open interval) momywatoTcs u3 oT-
pe3ka BBIKIIBIBAHNEM OIHOTO I IBYX KOHIIOB COOTBETCTBEHHO. B
5TOM pasfiesie Mbl IMeeM JIeJIO0 TOJMBKO ¢ OTPe3KaMI, HO BCe Pe3YIbTAThI
JETKO pacHpOCTPAHAIOTCS HA NHTEPBAJBI I MOMYNHTEPBAIHL.

HpencraBum ceGe 6a3y maHHBIX, B KOTOPOil XpAaHUTCS MHPOPMAIIHS
O TMPOTSKEHHBIX 1O BPeMeHH COOBITHSX: IS KaKIOTO COOBITHS Xpa-
HITCSl TPOMEKYTOK BpeMeHH, KOTOpoe OHO 3aHmMaeT. HaccmarpuBae-
Masi B 9TOM pasfiesie CTPYKTYypa HaHHBIX TO3BOJSET MO JTI060MY TpoMe-
KYTKY Hall Tl Bce COBBITHSI, KOTOPbIE TIepecekaroTcs ¢ 3THM TPOMEKY T-
KOM, TIPUYEM [leflaeT HTO NOCTATOUHO GHICTPO.

Mer canTaem, 9To OTpe3oK [t1, 2] MpencTaBnsieT coboil 3amuch i, CO-
CTOSIIYIO W3 NBYX nouneit: low[i] = t; (messni xomen (low endpoint)) n
high[i] = t; (mpaseni xomen (high endpoint)). Hynem rosoputs, uto or-
peskn ¢ u i’ mepexkpsmatorces (overlap), eciun low[i] < highli'] u low[i'] <
high[i]; nubimun cnoBamu, ecau ¢ N 4" # (). (O6paTure BHUMAHHIE, UTO
OTpPe3KN, NMeforIne OOl KOHEIl, CINTAIOTCS MePeKPBIBAIOIINMICS. )

Bcero Bo3MOKHO Tpu BapmaHTa B3aHMHOTO PACTOIOKEHNs OTPE3KOB
iu i (puc. 15.3):

1. oTpeskn i u ¢ mepeKpuIBalOTCS,
2. high[d] < lou[i],
3. high[i'] < low(].

Iepeom npomexyTkos (interval tree) Ha30BEM KpacHO-1épHOE EpeBO,
KaK[as BepllinHa ¥ KOTOPOTO XpaHUT oTpe3ok int[x]. lepeBo mpome-
JKYTKOB NO3BOJISET Pealin30BaTh CIeNYIOIINe ONepaln:

INTERVAL-INSERT (T, ) noGasnsier x mepeBy 1’ smemeHT x (comepixa-
N HEKOTOPKIH OTpe3ok int[z]);

INTERVAL-DELETE (7', #) ynanser u3 nepesa 1" srement x;

INTERVAL-SEARCH(T',7) BO3BpalllaeT yKa3aTellb HA BJIEMEHT & [lepeBa
T, nist KOTOpPOTO OTPe3KN ¢ U in{[z] mepekpbiBaloTcs (I BO3BpaliaeT
NIL, eCIH TaKOTO BeMeHTa B JepeBe HeT).

Hpuwmep nepeBa npoMekyTKOB mokazal Ha puc.15.4. Cnenys cxeme pas-
nena 15.2, Mbl peanu3yeM TaKyio CTPYKTYPY [aHHBIX U ONepaluu Ha
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Ly
Pucynox 15.3 Tpu BapuanTa B3alMHOIO DaCIONIOXKEHUS OTpeskos ¢ u 4. (a) Or-
pesku ¢ u ¢ TepekpbiBaloTCa. BO3MOXKHO 4YeThIpE BapHaHTa; BO BCEX YETBHIPEX

low[i] < highls'] u low[s'] < high[i]. (6) high[i] < low[i']. (B) high[i'] < low[i].

Illar 1: HazoBasg cTPYKTypa HaHHBIX

Mper yxe BBIGpann 6a30ByI0 CTPYKTYPY: KPacHO-46pHOE epeBO, Ka-
KIas BepIINHA & KOTOPOTO COmepXKHT oTpe3ok int[z]. Kmwodom Bep-
HINHBL SABISETCS JIEBBI KoHell oTpeska low[int[x]]; o6xon mepeBa B mo-
panke “aesoe noddepeso — kopenb — npasoe noddepeso” mepedi-
CIIsieT BePIINHBI B TMOPSIKe BO3PACTAHMS KITIOUei.

IMlar 2: HomosanTeasHas waGopMaIma

Kaxmas BepiinHa, IOMEMO OTpe3Ka, COMepKUT moje maz[z], B KOTo-
POM XpaHUTCAd MaKCUMaJibHBIN M3 NpaBblX KOHIIOB OTPE3KOB, COlepiKa-
LIUXCS B MOJJIEpeBe ¢ KOPHEM .

Ilar 3: O6HOBIIEHNE TOMOJTHUTEIHLHON MHPOpMAIUK

HpoBepumM, 4To MOMOMHUTENBHYIO HHGOPMAINIO MOXKHO OOHOBIITH
npH NOOABIEHNN U yIAJIEHNN 3eMeHTa 6e3 (aCHMITOTHIeCKOT0) YXYI-
IeHns BpeMeHHW paboThHl 5TUX omepanuii. B camoum mere,

maz|z] = max(high[int[z]], maa{left{z]], maa{right[z]]),

I OCTaéTCs JINIIb COCNAaThes Ha TeopeMy 15.1. MoxHO oTMeTHTD
Tak)Ke, ITO NP BPAIIEHNSX [OJe Mar MOXKHO OGHOBISATH 3a BpeMs
O(1) (yup. 15.2-4 u 15.3-1).

Illar 4: HoBrie onepaiuu

Hponenypa INTERVAL-SEARCH (T, ¢) HaxonuT B mepeBe T oTpesok,
mepekpbiBatolniics ¢ . Kcnu Takoro oTpeska HeT, OHA BO3BpalllaeT
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Pucynox 15.4 lepeso npomexytkos. (a) Habop uz 10 orpeskos (BHILIE TOT, ¥ KO-
TOpOTO JIeBELI KoHel Gosblie). (6) IlepeBo MpoMexyTKOB, XpaHSIIlee 3TH OTPE3KH.
Hpwu sToM cBOficTBO yIOpSAmOUeHHOCTH HepEBA BBITIOIMHSIETCS IITS JIEBBIX KOHIIOB.

3HavYeHue NIL.

INTERVAL-SEARCH (7', t)

1 2+ root[T]
2 while x # NIL u int[z] He mepekpbIBaeTCS C i

3 do if left[z] # NIL n maz[left{z]] > low][i]
4 then z « left[x]
5 else z « right]z]

6 return z

Mper uieM oTpe3oK, NpoXos [epeBo OT KOpHs K mucty. Hpomemypa
OCTAHABJIMBACTCSA, €CJIM OTPE30K HAEH WM ecyii 3HaYeHHe HepeMeH-
HOIT & cTaso paBHBIM NIL. Kaxkmas ntepanus mukna Tpebyet O(1) ma-
TOB, IO3TOMY BpeMst PabOThI POy Phl TPONOPINOHAIBLHO BEICOTE Jle-
pesa (u pasuo O(logn) niast nepesBa U3 n BepIInH).

Hns mpuMepa MOCMOTPHUM, KakK Tpoledypa WHIIeT B [epeBe Ha
puc. 15.4 oTpe3ok, mepekpbIBalOIImiics ¢ oTpeskoMm { = [22,25]. Mur
HaunHaeM ¢ KopHs (2 = root[1']), KoTopkiit xpaHuT 0Tpe3ok [16,21], He
nepekpbrBatoruiics ¢ i. Tak kak maz[leftfx]] = 23, uro Gonbiie, yem
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low[i] = 22, To MBI TepexonuM K JeBoMy pebEHKY KopHs (x + leff|z]).
HroT pe6Génok xpaHUT OTpe3oK [8,9], Takke He MepeKpPbIBAIOIINICS
¢ i. Ha sTot pas maz[left{z]] = 10 menbuie low[i] = 22, nosTomy MBI
nepexonuM K TpaBoMy peGEHKY BeplIWHBLI . TaMm HaXomuTcs OTpe3ok
[15, 23], mepekpBIBAOIIHIICS € i, U TOUCK 3aBepIIAeTCs.

Haccmorpum mpumep 6e3pe3yIbTaTHOTO MOUCKA B TOM XKe TepeBe —
GymeM HmcKaTh OTPe30K, mepekphiBatoriuiics ¢ ¢ = [11, 14]. CHoBa Havu-
HaeMm ¢ KopHs. Koperb XpaHuT oTpesok [16,21], He mepekpbIBatOIIMiics
c 1. Tak kax maz{leffz]] = 23 Gonbuie low[i] = 11, mepexonum K 1eBOMY
pe6énky. Teneps B 2 xpanuTcsi 0Tpesok [8, 9]. OH He mepeKpbIBaeTCs C 1,
u maz[lefi{z]] = 10 menbne low[i] = 11, nosromy nmném nHampao. (Cresa
HCKOMOTO OTpe3Ka GbITh He MokeT). B # Temeps xpanutes [15,23], ¢ ¢
ATOT OTPE30K He mepekpbiBaeTcs, lefffx] = NIL, mosTOMY HIéM HaIpPaBO
7 BO3BpalllaeM 3HadeHne NIL.

KoppexThocTs nponenypbl INTERVAL-SEARCH yCcTaHaBIUBAeT Teo-
pema 15.2, koTopast yTBepKIaeT, UTO ecin OTpe3Kn int[x] u i He mepe-
KPBIBAIOTCS, TO MAJLHEHIINH TONCK WAET B NPABUILHOM HallpaBIeHAN
(ecam Hy:KHBIE OTPe3KH BOOOIIE eCTh B JIpeBe, TO OHM €CTh U B BHIOU-
paemoii acTu mepeBa). HosToMmy HaM IOCTATOYHO MPOCMOTPETH BCETO
onud nyTh. (O6GpaTnTe BHUMAHNE, UTO CIOBA "NPAGUALHOE HANPAB.AE-
Hue” He 03HAYAIOT, YTO B IPYTOM HalPaBJIEHUN HCKOMbBIX OTPE3KOB HeT:
MbI YTBEPKIaeM JIHIlb, YTO eClil OHU eCTh BOOBILE, TO eCTh U B "npa-
6uabHoM” HaTpaBieHnn!)

Teopema 15.2. Hycms @ — npouseoabnad eepuwuna depesa, ¢ — om-
pe3ok, ne nepekpuisaowuica ¢ int[x], u mbl 6vinoangem cmpoxu 3—H
npoyedypvt INTERVAL-SEARCH (1',7). Toeda:

1. Feau evinoangemes cmpoxa 4, mo aubo noddepeso ¢ xopuem left[x]
(1e60e noddepeso) codeprcum ompezor, nepexpvisarowuics ¢ i, Aubo
noddepeso ¢ kopuem right[x] (npasoe noddepeso) ne codeprcum om-
PE3KA, NEPEKPDIEAIOULEROCH C 1.

2. Feau evinoangemed cmpoxa 5, mo ae6oe noddepeso ne codepacum
ompe3Ka, NEPEKPLI6AIOUE20CT C ©.

Ilokazameavbemeo. Hauném ¢ Gosnee npoctoro ciaydas 2. CTpoka 5 Bb-
NOTHAETCS, eCii He BBITOJHEHO YCIIOBIE B CTPOKe 3, TO €CTh ecin
leftlx] = NIL unu mazfleftz]] < low[i]. B mepBom cnyuae neBoe mom-
IIePeBo MyCTO, TOYTOMY He CONEPKUT OTPe3Ka, MePeKPhIBAIOIIErocs ¢ 1.
Hpennonoxum, uro leftfx] # NiL u maz[lefi[z]] < low[i]. Hacemorpum
NPON3BOIIBHEIN OTpe3oK i’ m3 meBoro mommepeBa (cM. puc. 15.5a). Tak
Kak maz{left{x]] — manGonbirmii NpaBeil KOHEIl TAaKUX OTPE3KOB, TO

highli'] < maz[lefi[]] < low[d],

IIOTOMY OTpPe30K ¢ LeJNNKOM JekKHUT JieBee oTpeska 1. Cnydail 2 pac-
CMOTPEH.
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Pucynok 15.5 OTpesknu B fokazaTenbcTBe TeopeMbl 15.2. HyHkTHpoM nokasano 3Ha-
uenne maz|lefz]]. (a) Cnyuait 2: mbl unem wanpaso. Huxaxoit uaTepsan i ne ne-
pekpeBaeTcst ¢ 4. (6) Coayuait 1: MBI uueMm HajleBo. BrifepeM B 11€eBOM HOALEPEBE
orpesok 1', g xoroporo highlt'] = maz{leff{z]] > low[i]. Torma mubo i’ nepexpriBa-
eTcss ¢ 1, b0 i JEKUT MEMKOM CIpaBa OT i, U § He NePeKPHIBAETCS HU C KaKUM
oTpeskom i w3 mpaBoro mommepesa, motomy uto low(s'] < low[:s"].

Hacemorpum Teneph cnydaii 1. Hpenmonoknm, 4To B jeBOM MO Ie-
peBe HET OTPE3KOB, MepeKphIBalolIuxcs ¢ . Torma HyX)HO IOKa3aTh,
4TO TAKUX OTPE3KOB HeT 1 B mpaBoM. Tak Kak BLIMONHSIETCS CTPOKa 4,
TO ycnoBune B cTpoke 3 Beinonueno, n maz{left[z]] > low[i]. Hosromy B
JNIeBOM TIOJIIepeBe HAMMETCsS OTPe3oK ', sk KOTOPOTo

high[i'] = maax[left[']] > lowli]

(em. puc. 15.56). Ho oTpeskn i i i’ He mepekpbIBalOTCs (1O MPEINONTOKe-
HIFO — MBI CYHTaeM, 4TO B JIEBOM MOJIEPeBe HET OTPE3KOB, MePeK phi-
Bafolmxes ¢ ). HTo o3HauaeT, 4To OTPe30K i’ NeKUT MeNnKOM CIpaBa
oT 7 (HeTUKOM CclieBa OH JIleKaTh He MOXeT), To ecTh highli] < lou[i].
B nepese T BBINOIHEHO CBOICTBO YIOPSANOUEHHOCTH JIEBBIX KOHIIOB, MO-
5TOMY W BCe OTPE3KH TPAaBOro MOMIEPeBa JieKaT NeTHKOM CpaBa OT i
1T TPOM3BONILHOTO OTpe3Ka ¢ W3 MpaBoro nomaepeBa BHIMOIHEHO

high[i] < low[i'] < low[d"].

Yupaxuenus

15.3-1 Hanumute nporenypy LEFT-ROTATE nis nepeBa mpoMexy T-
KOB, KOTOpas 06HOBIsieT monst maz 3a Bpems O(1).

15.3-2  Hepenumure mpouenypy INTERVAL-SEARCH s ciyuas, KO-
ra B JepeBe MPOMEXKYTKOB XPaHITCS He OTPe3KH, a MHTepBaIbl (TO
eCcTh HAC MHTEPeCYOT MepeKpPBITHS HEHYJIeBON ITNHE).

15.3-3  HocTpoiiTe anropuT™, KOTOPEII 10 3aJaHHOMY OTPe3KY BO3-
BpalllaeT NePeKPHIBARIINICA ¢ HUM OTPe30K ¢ MUHUMAIbHBIM JIEBBIM
KOHIIOM (WM KOHCTAHTY NIL, eCliN TaKHX OTPE3KOB HET).

15.3-4  HanwmmnTe mporpaMMmy, KOoTopas MO 3aJaHHOMY OTpPe3Ky ©
U JepeBY NpoMexyTKoB T BO3BpalllaeT CIUCOK BCEX OTPE3KOB e-
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peBa T, mepekpbiBafolmxcs ¢ i. Bpewms paboThl HONKHO ObITH
O(min(n, klogn)), roe k — 4uciIo 5IeMEHTOB BO3BPALIAEMOrO CIUCKA.
(HomonmHUTeNBHBIN BOIPOC: KaK CIeIaTh 9TO, He MeHss nepeBa?)

15.3-5 Kaxwe Hamo BHeCTH W3MeHeHUS B OIpelejeHne  Je-
peBa  NMPOMEKYTKOB, YTOOBI [ONOJHUTENHLHO peajn30BaTh Mpolle-
nypy INTERVAL-SEARCH-EXAcTLY(T,¢), %xoTopas mnmu6o BO3Bpa-
maeT BepinuHy x mepeBa T, mius kotopoit low[int[z]] = low[i] u
high[int[x]] = high[i], nu6o BbImaéT KOHCTAHTY NIL, €Clii TaKHX Bep-
MNH HeT (MIeT OTPe30K, PaBHBI ¢, a He MPOCTO MepeKpPLIBAIINICS
¢ i.) Bpemst pabotrsr npornenypsl INTERVAL-SEARCH-EXACTLY, a Takxe
BCeX TPEKHUX TMPONENYP NPOMEKYTKOB MOIKHO OCTaBAThCS PaBHBIM

O(logn).

15.3-6  HaccmoTpum mHOXKecTBO () HaTypadbHbIX dnces. Qnpenenum
MIN-GAP Kak paccTosHUe MeXNy NByMs GauKaliiuMu duciamMu B ().
Hanpuwmep, ecnm @ = {1,5,9,15,18,22}, ro MIN-GAP(Q)) paBHO 18 —
15 = 3. HeanmuzyliTe cTPYKTYPY HAHHLIX, YXPHEKTHUBHO Peasin3yIoNIyio
nobaBienye, yHoalleHNe U TIOUNCK 3JeMeHTa, a Takke omepanuio MIN-
GaP. KakoBo BpeMsi paboThl 3TuX onepanuii?

15.3-7" Hpu paspaboTke HHTErpalbHBIX cxeM HUHpOpMaIus YacTo
IpencTaBaseTcs B BUe CIUCKA MPIMOYTONBHIKOB. HYCTh HAaHEl n Tps-
MOYTONBHUKOB CO CTOPOHAMN, MapaliNeNbHBIMA OCSIM KoopamHaT. Ka-
KOBI TPSIMOYTOJNBHUK 3a0a8Tcs YeThIpbMs YUCIaMU: KOOPAUHATAMU
JIeBOTO HUMKHETO W MpaBoOro BepxHero yrioB. HammcaTs mporpamwmy,
KoTopas 3a BpeMms O(nlogn) BBICHSET, eCTb JIN CPeIN HTUX MPSIMO-
YTOJILHUKOB [IBa EPEKPHIBAOIINXCS (HO He TpeGyeTcs HaliTu Bee mepe-
KPBIBAIOIIINeCs TpsMoyronbinkn). OGpaTnTe BHUMaHNe, 9TO T'PAHMIILI
NepeKphiBAIOIINXCS NPAMOYTOJILHUKOB MOT'YT He IepeceKaThCs, ecsn
ONWH JNeXNT BHYTPH npyroro. (Yxkasaumne. /IBuraeM ropusoHTanbHYIO
OpsSMYIO CHU3Y BBEpPX M CMOTPUM, KaK MeHdeTcs eé NepecedeHue ¢ Mpd-
MOYTOITBHUKAMIL. )

Jamgaun

15-1 Touka MAKCUMAIILHOM KPATHOCTHU

MBI XOTHM CIEONTH 334 TOYKOM MAaKCMMaIbHOM KpaTHocTH (point of
maximum overlap) MHOXKeCTBa MPOMEXKYTKOB — TOUKOIl, KOTOpas MpH-
HaAJeKUT MAaKCHMAJbHOMY YNCIY NMPOMeKYTKOB U3 3TOI0 MHOMKECTBA.
Kax HaM oGHOBISATH MHPOPMAINIO 06 3TOH TOUYKe NpH NOOGABIEHNN U
yIaJieHun djieMeHTa’
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15-2 HeTckas cCUMTAIKA

Bagaua o merckom cumramke (Josephus problem) cocront B cremyro-
meM. Pukcnpyem nBa unciaa m u n (m < n). Bragane n nereit ctosT
no xpyry. Hagas c¢ xoro-to, MbI cumTaem “nepebiti, emopoi, mpe-
mudi... "Kak TOJNBKO HOXOMUM [0 M-TO, OH BLIXOMUT W3 Kpyra, 0 CY4&T
IPONONKAETCS AJbIe 0 KPyry yike 6e3 Hero (HadWHAs C e[INHUIIBL).
Tak mpomomKaercs, MoKa He ocTaHeTcs POBHO onnH denoBek. Hac 6y-
IeT MHTepPecoBaTh 3aBUCSIIAsS OT N U 1M HOCIeNOBaTeNbHOCTD ((n, m)-
Josephus permutation), B xKoTopoii netu BuixomsT m3 kpyra. Hampmn-
Mep, Ipn 7 = 7 U m = 3 UCKOMas MOCJIeOBaTeLHOCTh BBITSINT TakK:
(3,6,2,7,5,1,4).
a 3adpurcupyem m. Hamummre mporpamMmy, KoTopas MO JaHHOMY N
TaéT Ty MOCIeNoBaTeNbHOCTE 3a BpeMs O(n).

6 HanumuTe mporpaMMy, KOTOpas MO OPOU3BONLHBIM N W M NaéT Uc-
KOMYIO TIOCIIeIOBATeIhHOCTE 3a BpeMs O(nlogn).

JameyaHug

Onucanusi HEKOTOPBIX BULOB NEpPeBbeB MPOMEKYTKOB MOXKHO HalTu
B Hpemapata u [lamoc [160]. HamGonpumiuit TeoperTwdeckuii uH-
Tepec TpeINCcTaBlseT 31eCh pe3yiIbTaT, K KOTOPOMY He3aBUCUMO
npuuuin - Hnoensc6pyunep (H. Edelsbrunner, 1980) u  MaxKpeiit
(E.M.McCreight, 1981). HaspaGoranHas uMH CTPYKTypa IaHHBIX
XpaHUT N OTPE3KOB U MO3BONIsSET MEePeYnuciIuTb Te U3 HUX, KOTOphle
NepeKphIBAIOTCS ¢ 3aJaHHBIM OTpe3koM, 3a Bpems O(k + logn), roe k
— KOJIMYECTBO TaKUX OTPE3KOB.






IV Meronnl mocTpoeHns 1 aHAJIN3a aJITOPUTMOB



BBenenue

Hra wacTh nocsitiieHa TPEM BasKHBIM MeTONaM MOCTPOEHUs U aHa-
nu3a 3hOeK TUBHBIX aJrOPUTMOB: THHAMUYECKOMY ITPOrPAMMUPOBAHUTO
(rmaBa 16), kanupiM anropuTMaMm (riaBa 17) n aMOPTH3AIHOHHOMY
anann3y (rmasa 18). HTu MeTomsr, BOBMOKHO, 9y Th CIIOXKHee pa3obpaH-
HBIX paHee (“pazdeasii u 6aacmeyii”, NCTIOMB30BaHNEe CIAYYAHBIX TH-
cell, pellleHNe PeKYPPeHTHBIX COOTHOIIEHMIT), HO He MeHee BaXkKHBI.

Huuamuueckoe mporpaMMupoBaHue OOBIYHO MpUMEHsSeTCs K 3alla-
YaM, B KOTOPBIX HCKOMBI OTBET COCTOMT U3 dacTell, Kaxnas U3 Ko-
TOPBIX B CBOIO Ouepelb HNaéT ONTHMAJIbHOE pellleHune HEeKOTOpO# Mo-
sanaun. HuHaMuueckoe mporpaMMUPOBAHUE MOJE3HO, eCIH Ha PA3HBIX
MyTsX MHOIOKPATHO BCTPEUAlOTCS ONHU U Te ¥Ke Mom3aladiu; OCHOBHOI
TeXHUYECKUH MPUEM — 3aMOMUHATH PelIeHus BCTPeUYaolIuXCcs MON3a-
av Ha ciydvail, eciau Ta Xe moA3ajiada BCTPETUTCS BHOBb.

Kanueie anropuTmbl, Kak U JIUHAMHYECKOE NPOrpaMMUpPOBaHUE,
OPUMEHSIOTCS B TeX clyuasix, KOrja HCKOMbIl 0ObeKT CTPOUTCS MO da-
crsiM. ZKanHbiil airopuT™ fesiaeT Ha KalKIOM Iare ”40Ka.ibHO ONIMu-
maavnoiti” Bei6op. HpocToll npumep: crapasich HabpaTh MAHHYIO CYMMY
JleHer MUHUMAJIbHBIM UHCJIOM MOHET, MOXKHO MOCIeloBaTelbHO 6paTh
MOHETBI HamGOJIBIIIEr0 BO3MOKHOIO NOCTONHCTBA (He MPEBOCKOIISIIEro
TOI CYMMBI, KOTOPYIO OCTAJIOCh HabpaTh).

7Kanubiii anropnTM oObIYHO paboTaeT ropasmno 6GbICTpee, UeM all-
FOPUTM, OCHOBaHHBIN HA NuHaMUUyecKoMm mporpammupoBanun. QmHako
JKAJHBIH aJFOPUTM BOBCE He Bcerna NaéT onTuMalibHoe peieHue. Bo
MHOI'MX 3ajladaX MPUMEHUMOCTb KAJIHbIX AJITOPHUTMOB yHaéTCs NOKa-
3aTh € TTOMOI[BI0 TaK Ha3bIBAa€MbIX MATPOUIOB, O KOTOPLIX PACCKa3aHO
B rnaBe 17.

AMOPTH3AIMOHHBIN aHAIN3 — 3TO CPEICTBO AHAIN3A AJTOPUTMOB,
MPOUBBOMSAIINX HOCIENOBATENbHOCTE ONHOTUNHBIX omepanuii. Bmecto
TOro, 4TOBBI OllEHUBATH BpeMs pabOThl MJIs KayKIo#l M3 HTUX Olepa-
MUl M0 OTHENBHOCTH, aMOPTU3AIMOHHBIN aHAIN3 OIEHUBAET CpelHee
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Yacme IV Memode nocmpoenud u anaiusa ai20pummos

BpeMs pabOTH B pacuéTe Ha ONHY omepamnio. Hazmmma MoxkeT oka-
3aThCs CYIIECTBEHHON, eciu HOJr0 BHITIOJNHAEeMble Olepalil He MOI'YT
unTu nonpsn. Ha camMoum mene aMOpTHU3alMOHHLIN aHAIN3 — He TOILKO
CPelNcTBO aHaJn3a aJropuTMOB, HO ellle U MOAXOo[ K pa3paboTKe aJiro-
PUTMOB: Bellb pa3paboTKa aJropuTMa U aHaJu3 CKOPOCTHU ero paboThl
TecHO CBA3aHLI. B rmaBe 18 MBI pacckasweiBaeM O TPEX MeTOmaX aMop-
TU3aMMOHHOTO aHaJl3a aJIroOpUTMOB.



16 JlunaMudeckoe IIporpaMMHUPOBaHIE

Hono6uo Metomy “pazdeagii u eaacmeyti”, OIUHAMUYECKOe IIPOLpPAM-
MUpOBaHUe pelaeT 3a/lauy, paszduBas e€ Ha Nom3amadu U OGBENUHsS
nx perenns. Kak Mbl Bufenn B riaBe 1, aliToOpHTMBI THTA ~pa3deadi
U eqacmeyl” NensT 3allauy Ha HE3aBUCHMBIE MON3a/1avi, DTH TOI3a-
nauu — Ha 6oJjiee MeJKHe MOA3alaul W TakK lajee, a 3aTeM COBUpAT
pellieHne OCHOBHOI 3amaun “cnudy esepz”. HunamMmdueckoe mIporpam-
MUpOBaHUe TPUMEHHMO TOTIa, KOr'Ja Mof3a/aul He SBISIOTCS He3aBH-
CUMBIME, WHBIMH CIOBaMU, KOTHa y TOA3a7ad ecTh obiine "nodnodza-
davu”. B sToM cnydae anropuTM Tuna “pazdeadi u edacmeyt” Oy-
JleT nefiaTh JIMIIHIOW paboTy, pellas ONHE U Te ¥Ke MOMMNoA3anauu 10
HECKOJIBKY pa3. ANTOpUTM, OCHOBAHHBIN Ha MUHAMUYECKOM IIPOrpPAM-
MUPOBAHUY, PelIaeT KaXIyl U3 Non3afad eNUHONKIbI U 3aNOMUHAET
OTBeTHI B cliellnalibHOll Tabuuie. HTo no3BosisieT He BEIUUCISTH 3aHOBO
OTBET K yxKe BCTpedaBlieiics nomn3anaye.

B TunuunoMm ciyvae nuHaMmYecKoe MpOrpaMMHUPOBaHUE IIPUMEHS-
eTcs K samadam ontumvmsamuu (optimization problems). ¥ rakoit 3anaun
MOKeT OLITh MHOT'O BO3MOXKHBIX peIleHnil; nx ~“xauecmeo” ompemens-
eTcs 3HaueHHeM KaKoro-To mapameTpa, U Tpebyercs BbIGpaTh ONTH-
MaJIbHOE pellleHne, MPH KOTOPOM 3HaueHue NapameTpa OymeT MUHU-
MAJbHBIM WM MAaKCUMAlbHBIM (B 3aBHCHMOCTH OT MOCTAHOBKH 3a-
nadn). Boobime roBops, onTHMyM MOXKET JOCTHTAThCS [T HECKOTBKIX
Pa3HBIX pellleHnl.

Kak cTtpoutcs anropuT™, OCHOBaHHBIN Ha NUHAMUUYECKOM IIPOrpAM-
mupoBanuu? Hamo:

1. onucarTh CTPYKTYpPY ONTUMaJIbHBIX pelleHn,

2. BHINNCATH PEeKyppeHnTHOoe COOTHOIIeHle, CBA3bIBalolllee OIITUMaJIbHEBIe
3HaUYeHNA IIapaMeTpa OJA IIoO3aldad,

3. IOBHUTasjICh CHHU3Y BBepPX, BLIYNCINTL OINTHUMaJILHOE 3HaUYeHle IlapaMe-
Tpa,

4. monb3ysch NONyuyeHHOU uHGOpMaliueil, TOCTPOUThH ONTUMAILHOE pe-
1IeH1eE.

OcHoBHY10 YacTb paboThl cocTaBisioT 1maru 1-3. Ecin Hac uaTepe-
CcyeT TONBKO ONTHMAaNbHOE 3HAUeHTe TapaMeTpa, mar 4 He ayxed. Bean
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Ke war 4 HeoOXonuM, Mg MOCTPOeHus ONTUMAaJbHOIO pelleHus WHO-
rjia NpUXoONUTCA MOAYYaTh U XPAaHUTh NONOJHUTENBHYIO MHPOPMAINIO
B IIpollecce BbLINOJHEHUS Liara 3.

B »Tolt TmaBe MBI pellinM HeCKONLKO ONTUMA3ANMOHHBIX 33729 C MO-
MOITLIO TUHAMIYECKOTO MPorpaMMupoBanusi. B pasmerne 16.1 MBI BBIsSC-
HUM, KaK HallTu Npou3BelieHle HECKOIbKIUX MaTpHIl, cIeslaB KaK MOXKHO
MeHbLIlle YMHOXKeHTH. B paznene 16.2 Mbl obcynuM, Kakne cBONCTBA 3a-
lauy MeflaloT BO3MOMKHBIM TpUMeHeHUe HUHAMUYECKOTro NporpaMMu-
poBanus. Hocme sToro mer pacckaxkem (B pasmene 16.3), xak HafiTn
HauboNbIIYIO OOIIYIO NOANOCIIEN0BATEBHOCTE IBYX MOC/e/I0BATE/ bHO-
cteli. Hakonen, B paznenie 16.4 MBI BOCTIONB3yeMCs MTUHAMAYECKIM TPO-
rpaMMUpPOBaHUEM IS HAXOXKIEHUS ONTUMAJbHON TPUAHTYIAINN BbI-
NYKJIOTO MHOTOYTONBHIKA. (Y INBHTEIBHBIM 06pa30M 5Ta 3a/ada OKa-
3bIBaeTCs TMOXOXKel Ha 3aady O MepeMHOKEHNN HeCKONBKNX MaTpHIL.)

16.1 HepemMHoXeHIe HECKOIILKUX MAaTPUI

Mz xoTuM HaliTn IIpousBengeHue
A1A;y .. A, (16.1)

nocsenoBaTenbHocTH 1 Marpun (Ay, Ag, ..., A,). Mbl Gymem mnosnb-
30BaThCA CTAHIAPTHBEIM aJTOPUTMOM TMEPEMHOXKEHUS OBYX MaTpHIl
B KavyecTBe MOATNpOTpaMMbl. Ho Tpexme Hamo paccTaBUTH CKOOKH
B (16.1), 9To6bl yKa3aTh MOpsnok ymuOXkeHui. Hymem roBoputh, 4o
B NPON3BEIEHNN MAaTpPHIl HOJHOCTBIO paccTaBieHbl ckoOku (product is
fully parenthesized), ecin 510 MpomsBenenne aUGO COCTONT U3 ONHOI-
eNMHCTBEHHON MaTpPHUIEI, THG0 ABIAAETCS 3aKITIOUEHHBIM B CKOOKH TPO-
U3BefeHNeM MBYX MPOM3BENEeHU ¢ TMONHOCTHIO PAcCTaBIEHHBIMI CKOO-
kaMu. HocKoMbKY yMHOXKeHWe MaTpHIl acCOMMATHBHO, KOHEUHBIH pe-
3yIbTAT BREIUNCIEHUN He 3aBUCHT OT PACCTAHOBKE ckoGok. Hampumep,
B npom3Benennn A Ay, Az A4 MOKHO TOMHOCTBIO PACCTABUTL CKOOKH IIsI-
THIO PA3HBIMHI CTIOCOGAM:

(A1(A2(A344))); (Ar1((A245)Ad)); ((A1A42)(A3A4));
((A1(A243))Ag); (((A1A2)Az) Ag);

BO BceX CliyyasX oTBeT OyleT OlUH U TOT Ke.

He Bauss ma oTBeT, cmocob paccTaAHOBKN CKOGOK MOXKET CHILHO TMO-
BIWATL Ha CTOUMOCTEH MepeMHOXeHus MaTpul. HocmoTpuMm cHagana,
CKONIBKO oTlepamnuit TpebGyeT TMepeMHOXKeHHWe OBYX MaTpull. BoT cTan-
TapTHBI aIropuT™ (rows n columns 0603HAYAIOT KOIMIECTBO CTPOK 1
CTOJGIOB MATPUIIBI COOTBETCTBEHHO):
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MATRIX-MULTIPLY (A, B)
1 if columns[A] # rows[B]

2 then error "ymnodcums neavag”
else for i < 1 to rows[A]
do for j < 1 to columns|B]
do C[i,j]+ 0
for k + 1 to columns|A]

0 ~1 S Ok W

return C'

Marpunbt A 1 B MOXHO NepeMHOXKATh, TOJIBKO €CIll YHCIO CTOIOIOB
y A paBuo uncny ctpok y B. Eciu A — 510 p X g-maTpuna, a B — sTo
¢ X r-MaTpuiia, To ux npoussenenune C' sBusiercs p X r-marpuieii. Hpu
BBITIOJTHEHNII HTOTO AJTOPUTMa NeaeTcst pgr yMHOXKeHU (cTpoka 7) u
OpUMepPHO CTONBKO ke cHoXKeHn. [ TpocTOTH MBI 6y/ieM YIUTEIBATH
TonbKo yMHOXKeHus. [B riae 31 npusenén anroputwm lllTpaccena, Tpe-
OYIOIINH MeHBIero Jncia YMHOXKeHn#. B 3Toil TiaBe MBI IpHHAMaeM
KaK DaHHOCTH MPOCTEHIIN crnocob YMHOKEHNS MAaTpPUIl U UIlleM OmTH-
MYM 3a CUET pacCTaHOBKH CKOGOK.]

YTo6BT yBUOETH, KaK pacCTaHOBKA CKOOOK MOMKET BAUATH Ha CTOU-
MOCTh, PACCMOTPHUM MOCIEIOBATENBHOCTD U3 Tpex MaTpuil (A, As, As)
pazmepoB 10 x 100, 100 x 5 u 5 X 50 coorBeTcTBenHOo. Hpu BBHIUE-
ciaennn ((A;Az)As) myxuo 10 - 100 - 5 = 5000 ymuoxenuii, 1T06bL
wHajfitu 10 X 5-maTpuny A;As, a 3atem 10 -5 - 50 = 2500 ymHOXKeHMIL,
9TOOBI YMHOXKUTE 3Ty MaTpuny Ha As. Beero 7500 ymuoxenuii. Hpu
paccraHoBKe cko6ok (Aj(AzAs)) mbl nemaem 100 x 5 X 50 = 25000
yMHOXKeHuit nus Haxoxnenus 100 X 50-marTpunbr AgAs, mitoc erné
10 x 100 x 50 = 50000 ymuoxkenuit (ymuoxkenne Ay va Ay As), nToro
75000 ymuoxkenuii. Tem caMbIM, TepBBIH cHOCO6 paccTaHOBKH CKOOOK
B 10 pa3 BbIronHee.

3amaua 00 YMHOXEHMHM TOCIEIOBATEIBHOCTH MAaTPUIL (matrix—chain
multiplication problem) moxkeT GBHITH CHOPMYNNPOBAHA CIELYIOIINM
o6pasoM: [aHa NOCTeNOBATENbHOCTE W3 1 MaTpui (A, Ag, ..., An)
3alaHHBIX pa3MepoB (MaTpuma A; mveeT pasmep p;—1 X p;); Tpeby-
eTcss HafiTH Takylo (MONHYI0) PacCTAHOBKY CKOGOK B TPON3BENEHUN
AjAg ... A,, uTOObI BBIUHCIEHUE TPOU3BENeHUs TpeboBajo HauMeHb-
[IeT0 YNCIa YMHOKEeHU.

KomnuecTno PacCcTAaHOBOK CKOGOK

Hpexnme geMm mpuMeHATL MUHAMHUIECKOe TpOTrpaMMUpOBaHme K 3a-
nade 06 YMHOXKEHUU TOCAeNOBATEIbHOCTH MaTPHUIl, CTOUT yOeauThes,
4YTO NpoCcTOll nepebop BceX BO3ZMOXKHBIX PacCcTaHOBOK CKOOOK He /1acT
sdpexTuBHOTO amropnTma. O6oszHaunM cumBonoMm P(n) kommdecTBo
NONHLIX PAacCTAHOBOK CKOOOK B Tpom3BemeHnu n marpuin. Hocnennee
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YMHOXKeHIEe MOXKeT NPONCXONNTH Ha TpaHnne Mexny k-it mw (k4 1)-i
MaTpunaMu. o 3Toro MLl OTHeNbHO BLIYUCIsIEM TPOU3BeleHne Tep-
BBIX k u ocTanbHbix 7 — k MaTpuin. Hosromy

1, ecniu n = 1,

Pn) = nz_:l Pk)P(n —k), ecnun > 2.
k=1

B 3anade 13-4 MBI IIpoCcujin BacC NOKa3aTh, YTO 3TO COOTHOIIIeHUE 3a0aéT
NOCJIeNOBaTEILHOCTD yncesn Karamana

P(n) =C(n-1),

rie
1
¢ =1

CraJio 6bITh, YNCIIO PellleHn il SKCIOHEHIIHAJIBHO 3aBUCUT OT N, TaK 4TO
TOJIHEI TlepeGop HexdderTuBeH. [[Ipyroi cnoco6 MOHATH, YTO UHCIO
BapuaHTOB 3KCIOHEHIINAJIbHO: pa300béM MATPUIlbl Ha I'PYIIbI O TPH;
npousBelieHlie /s KaxKIol T'pyniibl MOXKHO BBIYUCIUTL IBYMS CIOCO-
6aMu, Tak ITO s 37 MATPUIl €CTh He MeHee 2" BapHaHTOB.]

Cy, = Q" /n/?).

Illar 1: cTpoeHne ONTUMAJIBHON PACCTAHOBKU CKOOOK

Ecin MBI cobupaeMcst BOCTIONB30BATHCS NHHAMAIECKTM TTPOT PaMMU-
pOBaHWeM, TO HJS Hadyajga JMOJKHBI ONMNCATH CTPOEHWE ONTHMAalbHBIX
petternii. s 3amaun o6 yMHOKEHNN MOCIENOBATEIbHOCTH MATPHI] 3TO
BRICTIAIUT cilenylomnM oopazoM. Obo3HaunM miis ynobcTBa depe3 A;
MaTpuIy, siasiolryiocs npousBenenneM A;A;y;...A;. OnTumanbHas
paccTaHOBKa CKOOOK B mpom3Bemenun AqAs...A, pa3pblBaeT MOCIEIO-
BAaTeNbLHOCTE MeKNY Ay 1 Agyq s HeKoTOporo k, yIoBIeTBOPSIOIIEro
HepaBeHCTBY 1 < k < n. MHbIME ctoBaMu, IpY BLIUNCICHIN ITPON3BENe-
HUS, TUKTYeMOM 3TOl PaccTaHOBKOW CKOOOK, MBI CHadalla BBEIUUCTIEM
npousBenenns Ay p 0 Agy1.,, @ 3aTeM MepeMHOXKAEM UX U MOJydaeM
OKOHYaTeNbHBIT 0oTBeT Ay _,. CTajio 66ITH, CTONMOCTE HTOH ONTHMAaJ b
HOIl pacCTaHOBKN paBHa CTONMOCTH BLIUNCIEHHS MaTpuUubl A j, miIioc
CTOUMOCTD BLIYUCIEHUS MATPUILI Agyq. ., IIIOC CTOUMOCTDL MEPEMHO-
JKeHNs 9THUX JIBYX MaTpWII.

YeMm MeHbIIe YMHOXKEHNH HaM HOTpeGyeTcs Ois BolumcieHns Aq g
0 Apt1.n, TEM MeHBIe OyneT obllee YNCIo yMHOKeHUH. CTalo 6LITh,
ONTHMaJbHOE pellleHne 3aadul O TTepPeMHOKEHNN NOCHeloBATeNbHOCTH
MaTPHIl CONEPKNT ONTHMAIbHLIE PellleHnd 3a/1ad O MepeMHOXKEHNN eé
yacTeil. Kak MBI YBHINM B pasmneie 16.2, 3To U MO3BoJIseT NPUMEHNTH
IMHAMWYECKoe TTPOTpaMMUPOBAHNE.
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Ilar 2: pekyppeHTHOe COOTHOLICHUE

Tenepb HaHO BBIPA3UTh CTOMMOCTH ONTUMAJIBLHOTO pPEIleHNs 3aladn
Yepes CTOMMOCTH ONTUMANbHBIX pellleHuil eé nomzamad. TakuMmu mom-
3amayaMu OyAyT 3amadun 00 ONTUMAJBHON paccTaHOBKe CKOOOK B MPO-
usBenenusx A; ; = A;Aipq .. A; mna 1 <1 < j < n. Obo3HaunM depes
m[i, j| MUHUMaTbHOE KOJMYECTBO YMHOKEHUN, HeOOGXOMUMOe [JIsi BbI-
4NCIIeHns MATPHILL A; ;; B 9aCTHOCTH, CTONMOCTD BBIUNCJIEHIS BCEro
npousBenennst Ay , ectb m[l,n].

Yucna m[i, j] MOXKHO BEITHCINTE Tak. Eciu ¢ = j, To mocienoBaTenb-
HOCTB COCTOUT W3 ONHON MaTpunbl A; ; = A; U yMHOXKeHUS BOOOIIe He
uyx#ubl. Crano 6uiTh, mli, i) = 0 mast ¢ = 1,2,...,n. Yro6s mocun-
TaTh mli, j] must ¢ < j, MBI BOCHONB3YeMCs HH(OpMaIueil 0 CTPOeHIH
ONTUMAJILHOIO pelleHust, nojiyueHnoir Ha inare 1. Hycts npu ontu-
MaJIbHOIl paccTaHOBKe CKOGOK B mpomsBenmeHun A;A;y;...A; mocnen-
HUM nneT yMHOXKeHue A;...Ap Ha Apyq...Aj, rne « < k < j. Torna
m[i, j] paBHO cyMMe MUHUMAJIBHBIX CTOMMOCTEl BBIUNCIIEHHS PON3Be-
neHuit A; p u Apyq.; TIIOC CTONMOCTD NEePEMHOXKEHNS 3TUX OBYX Ma-
tpun. HockonbKy nins BelYucieHus npomssenenns A; pAyti1.; Tpeby-
eTCs P;—1Prp; YMHOKeHNIT,

B sTom cooTHollleHun nompa3yMeBaeTCs, UTO ONTUMAJbHOE 3Haue-
Hue k HaM W3BECTHO; Ha nene 5To He Tak. OmHAKO 4mciao k MOxeT
NpWHAMATh BCErO JUIIL j — ¢ pa3JNIHbIX 3HaYeHni: 4,2+ 1,...,7 — 1.
HockonbKy OMHO U3 HUX ONTUMAIBHO, HOCTATOUYHO HepebpaTh 3TH 3Ha-
yenus k u BoIOpaTh Haudyuiiee. Honyuyaem pekyppeHTHYIO HOpMyIy:

. 0 npu ¢ = j,
mli, j] = igigj{m[i,k]m[m1,j]+pi_1pkpj} npn @ < j.
(16.2)
Uncna m[z,]] — CTOUMOCTH ONTHMAJbHBLIX pelleHudl MNox3a1ay.

Yrobbl TPOCHeNTE 3a TeM, Kak MOJyd4aeTcs ONTHMaJbHOe pelleHne,
o6o3HaunM depes s[i, j| onTUMaNbHOE MECTO MOCIENHEro yMHOKEHIHS,
TO ecTh Takoe k, 4TO NMpH ONTHMAJLHOM BBIYNCICHUN MPON3BENCHMs
A;Aifq .. A; mocnenHuM umeT ymHokKeHme A;...Ap Ha Apyr...A;.
Wubivu cioBamu, s[4, j| paBuo wmcay k, nis kotoporo mli, j] = mli, k]+
mlk + 1, j]+ pi—1pep;-

Ilar 3: BEIUMCIICHNE ONITUMAJIBLHON CTOMMOCTH
Hone3ysgch COOTHOIEHNAMN (16.2)7 Tenepb Jerko HalucaTh PeKyp-

CHBHBI aJITOPUTM, OIpelesiolnii MEHIMAJLHYI0 CTOMMOCTH BBIYIH-
crenns mpomsBenennst Ay Ay ... A, (T.e. ancno m[l, n]). Onnako Bpems



304

l'aasa 16 Hunamuuecrkoe npoepammuposanue

paboOThI TAKOTO alTOPUTMa HKCIOHEHINATLHO 3aBUCHT OT 7, Tak 4TO
STOT alTOPUTM He Jydille MOTHOTO mepebopa. HacTosmmit BHIUTpBITI
BO BpeMEHW MBI TONYUNM, eCIN BOCTOIB3YEMCS TeM, UTO TMof3agad OT-
HOCHTEIBHO HEeMHOTO: 10 OIHON 3a/ade s Kakmoil maper (,7), mis
kotopoit 1 < i < j < n, a Bcero C2 + n = O(n?). Hkcnonennuais-
HOe BpeMs paBoOTH BO3HHKAET MOTOMY, UTO PEKYPCHBHBIN ajropuTM
pelrraeT KaXkAyio U3 Mom3anad o MHOTY pas, Ha Pa3HBIX BETBAX IePeBa
pekypcun. Takoe "nepexpsimue nodzadau” — XapaKTepHLIl IpH3HAK
3a71ad, PEMIaeMbIX METOIOM NNHAMIYECKOTO MPOrPaMMUPOBAHMIS.
BumecTo pekypenu MBI BEIYUCIUM ONTHMAIBHYIO CTONMOCTDL ~CHU3Y
seepr”. B Hmkecnemytoliell mporpaMMe TpenmnonaraeTes, ITo MaTPHIa
A; mMmeeT pasMep p;_1 X p; ipu ¢ = 1,2, ..., n. Ha Bxon nomaércs nocie-
TOBATENBHOCTE P = (Po, P1, - - -, Py, e length[p] = n + 1. Hporpamma
HCIOB3YeT BemoMoraTenbhbie Tabmuist m[l..n,1..n] (ans xpanexus
cronmocTeil mli,j]) u s[1..n,1..n] (B Hell oTMeqdaeTcs, mpu KakoMm k
NMOCTHUTAeTCs ONTHMAJIbHAs CTONMOCTD [IPU BBIYNCIeHUN m[, j]).

MATRIX-CHAIN-ORDER(p)

1 n« length[p] — 1

2 fori+ 1lton

3 do m[i,i] + 0

4 forl+2ton

5 do fori+— lton—-1[1+1

6 do je—i+1-1

7 mli, j] « oo

8 for k+—itoj—1

9 do q < m[i, k] +m[k + 1, )]+ pi—1pkp;
10 if ¢ < m[i,J]

11 then m[i, j] < ¢
12 sli, jl + k

13 return m, s

3anonusis Tabauiy m, 9TOT aITOPUTM TOCIENOBaTElbHO pellaeT 3a-
nauu o6 onTUMAaJbLHON paccTaHOBKe CKOGOK Ml OOHOIO, HBYX, ...,
n coMHOXKUTenel. B camom mene, coorrommenne (16.2) mokassiBaeT, 9TO
9UCTO M[i, j] — CTOMMOCTDH MepeMHOXKeHUs j — ¢ + 1 MaTpui — 3aBu-
CHT TOIBKO OT CTOMMOCTell MeHbIIero (4eMm j — ¢ + 1) unmcima MaTpui.
Wwmenno, nns k = 2,2+ 1,...,5 — 1 monyuaercs, uro A; jp — mOpoms-
Benenne k — 14+ 1 < j — ¢+ 1 marpun, a Agiq.; — HTponsBeneHne
j—k <j—1+1 maTpuni.

Craganma (B CTpoKax 2-3) alrOpUTM BBHINOJHSET IPUCBANBAHIS
mli, 1] = 0 mas ¢ = 1,2,...,n: CTOAMOCTD NePEeMHOKEHNS TOCTeN0Ba-
TeNLHOCTY W3 OHHOU MaTpuIilbl paBHa HyJH0. Hpu mepBoM ucHOJHEHUH
nnkmna (cTpokn 4-12) Beramcisiores (¢ moMolbio cooTHotennit (16.2))
sHavenust mfi, 14 1] must ¢ = 1,2,...,n— 1 — 5T0 MUHIMAJIbHbBIE CTOH-
MOCTH IJIs ociiefioBaTelbHOCTel miunbl 2. Hpu BropoMm mpoxome Bb4u-
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Pucynok 16.1 Tabmurer m u s, Beramciasemble mporenypoit MATRIX-CHAIN-ORDER
it n = 6 U MaTpPUIL CIEAYIONIEro pasMepa:

MaTpulla pasMep

A 30 x 35
Ao 35 x 15
As 15 x5
Ay 5 x 10
As 10 x 20
Asg 20 x 25

Tabmumbr TOBEPHYTHI TakK, YTO TJIABHAS MMATOHAIL TOPHM3OHTalbHA. B Tabmmie m
HCHOIB3YIOTCA TOJIBKO KIIETKM, JIeKallie He HUXKe IJIaBHOI AuaroHaiyn, B Tabiule s
— TOJIBLKO KJIETKMH, JIEXKAITe cTporo Bhiiiie. MuHnMambHOe KOTMYECTBO yMHOKEHNI,
HeoOXOMMMOe IIJTA TIEPEMHOKEHNS BCEX IECTH MaTpuir, pasuo m[1,6] = 15 125. Hapwr
KJIETOYEK, 3alllTPUXOBAHHBIX ONMHAKOBOI CBETJIION IITPUXOBKOI, COBMECTHO BXOISIT
B [paByIo 4acTh (OPMYIIEL B Ipoliecce BeIumcleHus m[2,5] (cTpoka 9 mpouenyps
MATRIX- CHAIN-ORDER):

m[2,2] + m[3,5] + pipz2ps = 0+ 2500 + 35 - 15 - 20 = 13000,

m[2,5] = min § m[2,3] + m[4,5] + p1paps = 2625 + 1000 + 35 - 5 - 20 = 7125,
m[2,4] + m[5,5] + pipaps = 4375 +0+35-10- 20 = 11375.

casiiorest mi, i+2] mas i = 1,2,...,n— 2 — MUHEMAaJbHBIE CTONMOCTH
nepeMHOKeHNs MOoCeNOBaTelLHOCTel MAWHLI 3, W Tak namee. Ha xa-
KIIOM Ilare 3HadeHue mli, j|, BeIUncasieMoe B cTpokax 9—12, saBucut
TOJNBKO OT BBIUHCIEHHBIX paHee 3HaueHui mli, k] mw ml[k + 1, j].

Ha pmc. 16.1 mokazano, kak 3To mpoucxonuT npu n = 6. Hockonbky
MBI ompenenseM m[i, j] TOAbKO mias § < j, WCHOAB3YETCs YacTh Ta-
OIUIEl, JeKalras Hal THaBHON nquaroHanbio. Ha pucynke Tabaumnsl mo-
BEPHYTHI (TWIaBHAs AWArOHATh TOPM30HTANbHA). BHN3Y BBIMUCAHA TO-
CIIeNIoBaTeNBbHOCTh MATpull. Yucio mfi, j| — MUHUMAaIbHAS CTONMOCTH
nepeMHOKEHNS NONNOCTeNoBaTeNbHOCTH A; A4 ... A; — HaxommTcs Ha
mepeceyeHnn HUHaroHaleil, UOYIIUX BIPaBO-BBepX OT MaTpuilbl A; u
BJI€BO-BBepX OT MaTpuibl A;. B KaKIOM TOPH30HTaJbHOM pALy CO-
OpaHBl CTONMOCTH TepeMHOKEeHUS MONMoCHeNoBaTenbHOCTell DuKCHpo-
BaHHOW MIUHEL. 175 3amonuenus KieTKH mi, j| HyKHO 3HATH MPOM3-
BelleHUs p;_1ppp; g k = 4,4+ 1,...,7 — 1 un comep:knmoe KJeTOK,
TeXKAINX clieBa-BHU3Y U CIpaBa-BHU3Y oT m[i, j].
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HpocTas omnenka mnoKasbiBaeT, 4YTO BpeMs paboThl ajaropuTMa
MATRIX-CHAIN-ORDER ecth O(n?). B caMoMm zielte, 4nciio BIOKeHHBIX
[MUKJIOB PaBHO TpéM, W KaxXiblil u3 wapekcoB [, ¢ u k mpuHHMaeT
He Goiee n 3HavdenHuii. B ympaxmenunm 16.1-3 MBI TpennokKuM Bam
NoKa3aTh, YTO BpeMs paboThl 5Toro airoputMa ecth ©(n?). O6bém
naMsaTH, HeOGXOMUMBIIL s XpaHeHus Tabaum m u s, ecth O(n?). Tem
CaMBIM 3TOT aJTOPUTM BHAUHTENBHO d>PheKTuBHee, deM TpebylolInil
SKCTIOHEHITNANBLHOTO BpeMeHn Tlepebop BCeX pPacCcTaHOBOK.

Illar 4: IIOCTpOEHNE OIITUMAJIBHOI'O DelIeHU A

Agroputm MATRIX-CHAIN-ORDER HaxXOmMUT MUHUMAJIbHOE YHCIO
YMHOKEHNH, HeoGXOMNMoe s TepeMHOKEHNA MOCIeNoBATeHLHOCTH
MaTpui. OcTanoch HATH PAcCCTAHOBKY CKOOOK, TPUBOMSAIIYIO K TAKOMY
YUCTY YMHOKEHU.

Hnst sToro Mbl ucnonbiyem tabauny s[l..n,1..n]. B kmerke s[i, j]
3aMMcaHo MecTO TOCHeNHero YMHOXKEHWS TpH ONTHMAJbHON pac-
CTaHOBKe CKOGOK; MPYTHME CJOBAMU, TP ONTHMAJLHOM Cloco6e
BBIUHCTeHus Aj j, TOCHeNHIM UAST yMHOKenne Ay gy ] Ha Ay 1.
HpemiiecTBytotime yMHOXKEHHS MOXKHO HAWTH pPEKYPCHBHO: 3HaUe-
e s[1,s[l,n]] ompemenserT mnocienHee yMHOXKeHWE TPH HAXOXKIIE-
AUl Ay 1 o], @ 8[s[1,n] + 1, 7] onpenengeT mocnennee yMHOKeHME MpH
BRIYnCIennn Ay 141, HpuBenénnas muxke pekypcnBHas npornenypa
BLIVHCHeT IpOW3BeleHNe A; ;, HMes Cleylolllile NaHHBIE: NOCIENO-
BaTenbHOCTHL MaTpull A = (A1, Ag,..., A,), Tabnuuy s, HalileHHYO
mpotenypoit MATRIX-CHAIN-ORDER, a Takxke WHOeKCH ¢ u j. Hpous-
Benenne A;A; ... A, paBio MATRIX-CHAIN-MULTIPLY (4, s, 1, n).

MATRIX-CHAIN-MULTIPLY (4, s, 1, j)

1 ifj>1

2 then X < MATRIX-CHAIN-MULTIPLY (A, s, ¢, s[¢, j])

3 Y « MATRIX-CHAIN-MULTIPLY (4, s, s[¢, j]+ 1, )
4 return MATRIX-MULTIPLY (X, Y)

5 else return A;

B mpumepe wa pmc. 16.1 BerzoB MATRIX-CHAIN-MULTIPLY (A, s, 1, 6)
BLIYUCIUT NPON3BENeHIe MeCTH MaTPHIl B COOTBETCTBHUN ¢ PACCTaHOB-
KOl CKOOOK

((A1(A245))((A4A5) Ag)). (16.3)

[Texuuueckoe 3aMeuanne: cienyeT Mo3abOTUTHCS, YTOOLI IPH Mepenade
MacChBa § B MPOIENypy He TPOUCXOMNIO KOTHPOBAHIS. |
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Yupaxuenus

16.1-1 HajinnTe onITHMaJIbHYIO paccTaHOBKY B 3alade O TTepeMHONKe-
Hun Matpni, ecan p = (5,10,3,12,5,50,6).

16.1-2  HaspaboraiiTe anroputmM PRINT-OPTIMAL-PARENS, neuata-
IOLINH ONTHMATBHY IO PACCTAHOBKY cKoGOK. (Tabnuma s yxke Boranciena
anropuTMoM MATRIX-CHAIN-ORDER.)

16.1-3  Hycts R(7, j) obo3HAUaeT KOTNIECTBO OOpAIIEHNIT allrOpuTMa
MATRIX-CHAIN-ORDER K 5iieMeHTy m/[i, j] TaGIUIL 7 € TeJIbio BHIUN-
CIIeHIsl IPYTUX HIIeMeHTOB Tabnuisl [cTpoka 9]. HokaxuTe, uTo obiiee
KOJHYecTBO TaKuxX oGpallleHuii paBHO

>3 R =
=1 j=1

(Ykaszanume. Bam moxkeT npuromunthes popumyna Yoo 12 = n(n+1)(2n+

1)/6.)

16.1-4  HokaxuTe, 4TO MOJHAS PacCTaHOBKA CKOGOK B MPONW3BeNeHNN
7. MHOXKHUTesell ucnoib3yeT poBHO n — 1 map cKobokK.

16.2 Korma npumeHUMO IMHAMUYECKOE IPOTPAMMHUPOBAHUE

B sToMm pasmerne MBI yKaxkeM IBa MpHU3HaKa, XapaKTepHLIX M 3a1ad,
pelllaeMblX MeTOJOM IUHAMUYECKOro NMporpaMMupOBaHUS.

OnTuMaibHOCTE JJIA Immoa3amad

Hpu pelrennn onTHMN3aIHOHHOI 311 C TOMOIIBIO THHAMHIIECKOTO
IpOrpaMMUpOBaHNs HeoOXONUMO CHadasa ONNCATh CTPYKTYPY ONTH-
MaJIbHOTO pellleHns. Hymnem roBopuTb, 4To 3amada ofmagaeT CBOMCTBOM
onTumambHocTn aa 3azad (has optimal substructure), ecnn onTumansb-
HOe pellleHNe 3aladull CONEP/KNT ONTHMANbHBIE DellleHNs eé Tom3anad.
Ecnm 3anava ob6nanaeT 3THM CBOHCTBOM, TO NUHAMHUYeCKOe IPOTpaM-
MIPOBAHIE MOXKET OKa3aThCs HOJE3HBIM [ €8 peletus (a BO3MOKHO,
NPUMEHIM I XKaAHBIl aJrOpuTM — CM. TiaBy 17).

B pasnene 16.1 MBI Buzenu, 4To 3anada nepeMHOKeHNs MaTpHIl ob7a-
TaeT CBOMCTBOM ONTHMAaNbHOCTH AJIs MOA3a0a4: Kakias CKOOKa B OITH-
MaJIbHOM TIPOW3BeNeHNN YKa3bIBaeT ONTHMAJIbHBI CIOCOO NepeMHOKe-
HIs BXONAIINX B Heé MaTpui. YToObl yGenuThes, 4TO 3anada obIagaeT
5THM CBOIICTBOM, Hano (Kak B pasmerne 16.1) mokaszaTh, 4To, yiIydlas
pellleHNe TON3aadl, MbI YyIyUIINM H pellleHIe MCXONHON 3amadi.
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Kak ToibKO CBOMCTBO ONTHMAaJbLHOCTH OJId Iod3adad yCTaHOBJIEHO,
OOLIUYHO CTAHOBUTCS JACHO, ¢ KaKIIM IMEHHO MHOXKeCTBOM MOoO3adav 6y—
JeT NMeThb HOeJio aJIlTOPpUTM. HaHpMMep, OJId 3ada4vll O IIepeMHOKeHII
IocjieqoBaTe/IbHOCTI MaTpHUI IIoO3adadaMIl 6yI[yT 3aJa49l O IIepeMHO-
KeHunm KyCKoB 5TON MocaedoBaTelbHOCTH.

HeperLIBanmnecs[ ImoA3amayvmn

BTopoit cBoiicTBO 3ama4, HeoOXOMNMOe TS NCTOTBL30OBAHUS THHAM-
YeCKOTO TPOTPAMMIPOBAHES, — MaJIOCTh MHOKeCTBa Tofa3anad. Hmaro-
Mapsg HTOMY TIPH PEKYPCHBHOM pelTeHuT 3a/1aUn MBI BCE BPEM s BBIXOIHM
Ha OMHW U Te e Tmof3afadn. B TakoM ciydae TOBOPST, UTO ¥ ONTHMHU-
3aIOHHON 3aadll NMEIOTCS HepeKphiBamoluecs moxzagadu (overlapping
subproblems). B TunmuHbIX ciiydasx KONMUeCTBO MOM3aMad TOITHOMI-
albLHO 3aBUCHT OT pasMepa MCXOMHBIX MaHHBIX.

B sapauax, peraeMbIx MeTonoM “pazdeadii u eaacmeyt”, Tak He OLI-
BaeT: I HUX PEKYPCUBHLIN alrOPUTM, KaK MPABUIIO, Ha, KaKIOM ITare
TOPOXKTAeT COBEPIEHHO HOBLIE Mom3amadn. ANTOPUTMEl, OCHOBaHHBIE
Ha IUHAMHUYECKOM MPOTPAMMUPOBAHNN, UCIOMB3YIOT MePeKpPLITHE MOI-
3a71adu CHEMYIONNM 06pa3oM: Kakias W3 Mom3ajad PeraeTcs TONHKO
ONUH pa3, N OTBET 3aHOCHTCS B CTENUAIBLHYIO TaGIuIy; KOT/Ia 5Ta Ke
no3a1a9a BCTPevIaeTes CHOBa, TpoTpaMMa He TPaTHT BpeMs Ha eé pe-
1ieHue, a 6epéT roTOBBIA OTBeT U3 TaOJUIbL.

Bepuémces mns mpuMepa K 3afadue 0 TepeMHOKEHUN MOCTEIOBATE b
HocTn MaTput. U3 pucynka 16.1 BumHo, 9To peliienne Kaxaoil n3 mon3a-
a4, 3alnicaiioe B MaHHON K/IeToUYKe TabJWIBl, MHOTOKPATHO HCTONb-
syercs npoiienypoit MATRIX-CHAIN-ORDER mpu pelieHuu mof3ajiad
13 PaCmoNIOKEeHHBIX BhIlle KieTouek. Hanpumep, m[3, 4] nucnonbsyercs
qeTHIpeKIb: TpH Berancnennu m[2, 4], m[1, 4], m[3,5] u m[3, 6]. Heuto
ObI Kpaiite Hed(p(HEKTUBHO BLIUNCIAATE m[3, 4] Beakuii pa3 3aHoBo. B ca-
MOM Iefie, pacCMOTPHUM cienyiomnii (HesdpGeKTuBHBI) peKypCcuBHBII
alTOPIUTM, OCHOBAHHBII HENOCPENCTBEHHO Ha cooTHomeHnsx (16.2) u
BBIUNCISAIONINN Mm[i, j] — MUHEMAaJbHOE KOINYECTBO YMHOXKEHUIl, He-
obxonumoe nis Beraucnenns A; ; = A;Aipq ... Aj:

RECURSIVE-MATRIX-CHAIN(p, 7, j)

1 ifi=j
2 then return 0
3 m[i, j] o0
4 fork+i1toj—1
5 do ¢ <+ RECURSIVE-MATRIX-CHAIN(p, ¢, k) +
+ RECURSIVE-MATRIX-CHAIN(p, k + 1, J) + pi—1Dkp;
6 if ¢ < mi,J]
7 then m[i, j] < ¢
8 return m[i, j]
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Pucynox 16.2  Ilepeso pekypcun nins RECURSIVE-MATRIX-CHAIN(p, 1, 4). B kaxnoit
BEPIINHE 3allIICAHbl 3HAYEHNUS ¢ I J. 3alITPUXOBAHbL ~AuwtHie” BEPIINHEL (BHIUICIIE-
HUS B KOTODHIX IIOBTOPSIOT y¥Ke IIPOEIAHHBIE ).

Ha puc. 16.2 nzobpaxeno mepeBo pekypcun mis RECURSIVE-MATRIX-
CHAIN(p, 1,4). B kaxnoit Bepuinae 3anucanbl 3Hadenns ¢ u j. O6paruTte
BHUMaHNe, 9TO HEKOTOPbIe Maphl (7, j) BCTPeYaloTCsi MHOTOKPATHO.

Jlerko BumeTh, 4T0 BpeMs paboTsl RECURSIVE-MATRIX-CHAIN(p, 1, 1)
3aBUCUT OT 7 MO MeHbIIell Mepe HKCTIOHeHTNANBHO. B caMom merne, 060-
sgaunM ero 1'(n) m mpumveM, 9TO BpeMs WCIOJNHEHHsS CTPOK 1-2, a
Takxke 6-7, paBHo enunanie. Torma:

) >1,
n—1
T(n) > 14> (T(k)+T(n—k)+1),  ecmmn> 1.
k=1
B cymme no k xaxmnoe T'(¢) (mpm ¢ = 1,2,...,n — 1) BcTpedaeTcs nBa-

KB, U erié ecTb n — 1 eqgunni. Crasio 6bITH,
n—1
T(n) > 2> T(i)+n. (16.4)
=1

Hokaxem mo npayknmu, ato 7' (n) > 2771 nng Bcex n > 1. Hpu n = 1
HepaBeHCTBO Bhinonneno, Tak kKak 1(1) > 1 = 2°. Mlar unaykuun:

n—1 n—2
T(n)>2) 27 +n=2) 2 4n=
=22" ') +n=2"-24n>2"""

Mebr BuguM, 4To ajJroputM RECURSIVE-MATRIX-CHAIN TpebyeT 3KC-
NOHEeHIINAJbHOTO BpeMeHH. HpuwunHa B TOM, 9TO 3TOT aJrOPHTM MHO-
TOKpaTHO BCTpevdaeT ONWHAKOBBLIE MOA3aladl W KaXKIBI pa3 pemiaeT
nx 3anoBo. HasznmnmuHeIx momsamad Bcero Jnilb @(n?)7 u Macca BpeMeHH
TepsieTcs Ha JMHUIIHIOWD paboTy. MeTon IMHAMIYECKOTO TPOTPAMMUPO-
BaHUs MO3BOJIAET 3TON JUIIHelNl paboThl n30eXKaTh.
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Innammaeckoe porpaMMupoBanue ~c6epry 6HU3”

Asroputm pasznena 16.1 meiicrBoBan “cwudy esepr”. Ho ToT XKe
npuéM (WCKITIOYeHNe MOBTOPHOTO pelleHus TMOM3alad) MOKHO peai-
30BaTh U OJs aJTOpHTMOB, paboratomux “ceepry ewuad”. las »Toro
HYKHO 3allOMUHATh OTBETHI K yXKe PelléHHBIM MNon3afadaM B CHEIlH-
anpHOfl Tabnumne. CHavanma Bes Tabnnmna nycTa (T.e. 3aloiHEHa Cle-
MUAJBHBIMI 3a0UCAME, YKa3bIBAIOIIUME Ha TO, 4YTO COOTBETCTBYIOIIIee
3HaYeHNe ellle He BHIUNCIEHO). Korma B mporecce BBINOTHEHNS AJloO-
pUTMa MOA3alaua BCTpeuaeTcs B MepBbIl pa3, eé pelleHue 3aHOCHTCS
B Tabnuily. B nmanpHeiilieM pellleHne »TOl Ton3anadn GepéTcs MPsMo
n3 Tabnuusl. (B HameMm npumepe TaGaMIly OTBETOB 3aBECTH JIETKO, TaK
KaK MoI3amadn HyMepyloTcs napamu (i, 7). B Gomee ciioxubIX cydasx
MOXKHO HCIIOJIBb30BATh XelrmpoBanue.) Ho-anrmmiickn sToT npuem yiyd-
LIeHHS PEKYPCUBHBIX aJICOPUTMOB HA3bIBAETCS memoization.

Hpumenum 510 ycoBepllleHCTBOBaHUe K ajJroputmy RECURSIVE-
MATRIX-CHAIN:

MEMO1ZED-MATRIX-CHAIN(p)

1 n <« lengthlp] — 1

2 fort+ lton

3 do for j < i ton

4 do m[i, j] < o0

5 return LOOKUP-CHAIN(p, 1, n)

LookUP-CHAIN(p, 4, j)
1 if m[i, j] < oo

2 then return m[i, j]
3 ifi=j
4 then m[i, j] < 0
5 else for k< itoj—1
6 do ¢ < LooKUP-CHAIN(p,1, k) +
+ Lookup-CHAIN(p, k+ 1, 7) + pi—1prp;
7 if ¢ < m[i,J]
8 then mli, j] « ¢

9 return m[i, j]

Hpouenypa MEMOIZED-MATRIX-CHAIN, mnono6uo MATRIX-CHAIN-
ORDER, 3amomnuser Tabmuiny m[l..n,1..n], toe m[i, j] — MuHIMaTH-
HOe KOJINYecTBO YMHOKeHNil, HeoOXonumMoe 1is Beruucienus A; ;. Hep-
BOHAYAJBHO M[i, j| = 00 B 3HAK TOTO, UTO COOTBETCTBYIOIEE MECTO B
Tabnuue He 3anonauero. Ecin npu ncnonuennu LOOKUP-CHAIN(p, 1, j)
OKa3bIBaeTCs, ITO M[i, j] < 00, TO mpolenypa cpasy BBIIAET HTO 3HaUe-
uue mli, j]. B mpotuBHOM ciyuae m[i, j| BeIumcasieTcs Kak B POIENy pe
RECURSIVE-MATRIX-CHAIN, 3anucbiBaeTcs B Tabiuly U BbIIaéTcs B
KadecTBe oTBeTa. Tem cambiM Bb3oB LOOKUP-CHAIN(p, ¢, j) Bcerma
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BO3BpaIllaeT Mm[i, j], HO BLIYHCIEHUS TPOBOMSTCSA TOIBKO MPH MEPBOM
TaKOM BBI3OBeE.

Huc. 16.2 wunmocTpupyeT 5SKOHOMUIO, IOCTUTAEMYIO 3aMeHol
RECURSIVE-MATRIX-CHAIN #Ha MEMOIZED-MATRIX-CHAIN. 3a-
MITPUXOBAHHBIE BEPIINHBI [epeBa PEKYPCHN COOTBETCTBYIOT TeM
cllydasiM, KOT[la 3HaueHne mfi, j| He BLIUUCIASETCS, a 6epETCs MpsSMo 13
TabJINIIEI.

Anropurm MEMOIZED-MATRIX-CHAIN Tpe6yer Bpemenu O(n?), kak
u anroputM MATRIX-CHAIN-ORDER. B camom mene, kaxnas u3 ©(n?)
no3UINil TAGINIEl ONNH Pa3 MHINHAIN3UPYeTCs (CTpOKa 4 MpoIenyphl
MEMOIZED-MATRIX-CHAIN) 1 ONWH-eINHCTBEHHBI Pa3 3alOHIeTCs
— npn nepBoM Bbi3oBe LOOKUP-CHAIN(p, 7, j) mis nanebiX ¢ u j. Bee
BE30BBI LOOKUP-CHAIN(p, ¢, J) IensiTcs Ha mepBble I MOBTOpHBIE. Ka-
Knptil 13 ©(n?) nepBbix BezoBoB Tpebyer Bpemenu O(n) (He BKIOUas
BpeMeHN paBGoTH pEKYPCUBHBIX BHI30BOB LOOKUP-CHAIN I MEHBIITAX
yuacTkoB); obiilee Bpems paboThl ecTh O(n?). KaxKablil w3 NOBTOPHBIX
Bbr30BoB TpeGyer Bpemenu O(1); mx uncno ecth O(n?) (Bbrumcnenns
nns kaxnoit m3 O(n?) kmerok Tabmunpl nopoxnaoT O(n) BHI30BOB).
TeM caMbIM peKypCHBHBIN aJIrOpuTM, Tpebytorimii Bpemenn 2(2"), mpe-
BpaTI/ICS B MOJMHOMUANLHLIN, Tpebytomuii Bpemenn O(n?).

Homseném mTorm: 3amada of6 ONTHMAIBLHOM MTOPAIKE YMHOKEHIS
n MaTpHIl MokeT GLITh pellena 3a Bpems O(n3) nubo "ceepry 6nuz”
(peKypCHUBHEBIN aJTOPHTM € 3amOMHUHAHWEM OTBeTOB), nubo ~cruly
66epr” (nmHaMmYecKoe mporpaMMmnpoBanne). O6Ga airopnTMa OCHO-
BaHBI Ha MepeKpLITHH MOM3allad; Yucio momzamad ecTh O(n?), m oba
aINTOPUTMa PENIafoT KaXkKIyio U3 MoA3aaad JUITh eNNHOKIIB.

Boob6itie roBops, ecnu Kaxkmas U3 Momsanad MOMKHA GLITH perreHa
XOTb pa3, MeTOJ NMHAMIYeCKOro mporpamMmMupoBanus (“cnudy eeepr”)
0oOBTUHO HPQPEKTUBHEE, YeM PEKYPCHSI ¢ 3alOMHHAHWEM OTBETOB, TO-
CKOJIBKY peasn3aliis pekypcun (a TakikKe IPOBEpPKa, eCTh OTBET B Ta-
Gruie min eié HeT) TpebyeT NOMONHUTENbHOTO BpeMenn. Ho ecin mis
HAXOXKIEHNA ONTUMYMa He 0613aTeNbHO PeliaTh BCe Mom3agadn, Mofi-
xon "ceepry 6nu3d” MMeeT TO IPEHMYIIECTBO, YTO PEHIAlOTCS JUIIb T
mom3anadn, KOTOpPHe NefiC TBUTENLHO HY KHBI.

Yupaxuenus

16.2-1  CpaBaute HepaBeHcTBO (16.4) ¢ dopmymnoit (8.4), mcmonbso-
BaHHOI PN OlleHKe BpeMeHN paboThl aJdropuTMa GBICT POl COPTHPOBKIL.
B 4ém mpuumHa TOro, 4TO ONEHKH, MOJYYAIOLINecs W3 DTUX OBYX pe-
KYPPEeHTHBIX COOTHOIICHNI, CTONIb Pa3IudHb?

16.2-2 Kax nyuile nMckaTh ONTHMAJBHBI HOPANOK NepeMHOKeHUs
MaTpuIl: Tepebupas BCe PacCTaHOBKM CKOOOK M BBIUYMCIAS KOIWde-
CTBO YMHOXKEHNN NI KaKIOOW M3 HUX, WIN Ke C TOMOUIBI0 aJropuTMa
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RECURSIVE-MATRIX-CHAIN?

16.2-3  HapucyiiTe nepeBo pexypcuu mis ajroputma MERGE-SORT
(coprmpoBka cimsHueMm) n3 pasnena 1.3.1, IpHMeHEHHOTO K MacCHBY
n3 16 smemenToB. HoueMy 37ech HeT CMBICIA 3allOMUHATH OTBETHI K
yKe PelIéHHbIM Tof3anadam?

16.3 Hauboabuiad obIas MonIOCIe0BATEILHOCTD

HonnocsnenoBaTenbHOCTh MOJyUaeTcs U3 IMaHHON TOCIeNOBaTelbHO-
CTH, eCIN YIAINTH HEKOTOPHIe eé 3IIeMeHTHI (caMa MOCIeoBaTeNbHOCTD
TakkKe CUYNTAETCA CBOell TMOMIOCIeNOBATENbHOCTRIO). (PopmanbHO:
NOC/IeNIOBATENBHOCTE / = (21,22, ...,2;) HA3BIBAE€TCS MOANOCTIENOBA-
tepHocTBIO (Subsequence) mocnenoBaTensrocTn X = (X1, Z2,...,%,),
ecliu CyIIeCTBYeT CTPOTO BO3pAacTalollas MOC/IeNoBaTellbHOCTh HHIEeK-
coB (i1,%2,...,1), IUIA KOTOpOil z; = z;, mpm Beex j = 1,2,... k.
Hanpumep, Z = (B,C,D,B) sBusercs NONNOCIENOBATENBHOCTHIO
nocnenoBatensioctn X = (A, B,C, B, D, A, B); coorBeTcTBYyOIIast
MIOCIIENIOBATENBHOCTh MHIEKCOB ecTh (2, 3,5, 7). (OTMeTnM, 9T0 roBops
0 MOCIIENIOBATENBHOCTAX, Mbl — B OTJIHYIE OT KYPCOB MAaTEMaTUIYeCKOTO
aHA/M3a — MMeeM B BUIY KOHEYHBIE MOC/IeI0BATENbHOCTH. )

Hynem roBopuTh, 4TO HOCIENOBATENbHOCTL / SBIsSeTCs obmiel mo-
nociieoBaTeNbHOCTEIO (common subsequence) mocienoBaTenbHOCTENH X
n Y, ecnu Z sBOseTcs TONMOCHENOBATENBHOCTBIO Kak X, Tak W Y.
Hpumep: X = (A, B,C,B,D,A,B), Y = (B,D,C,A,B,A), 7 =
(B,C, A). HocnenoBaTenbHOCTH / B 3TOM IpuMepe — He caMas JTHH-
Has W3 o0UINX monnocienoBaTenbHocTein X u Y (mocienoBaTenbHOCTH
(B,C, B, A) nnunnee). HocrenoBarensrocts (B,C, B, A) 6yner nan-
GosbIlell oOIlIell MONNOCTeNoBaTeIbHOCTRIO N X 7 Y, TOCKOIBKY
oblux mofnocienoBaTelbHocTell miuabl 5 y Hux wHer. HaumGosbiimx
obIIuX MOHIoCeoBaTeIbHOCTEH MOXKeT ObITh HeckosibKo. Hampumep,
(B, D, A, B) — npyras HanGonblias o0las MOANOCIeI0BATeTbHOCTE X
nY.

3a,uaqa 0] HanboIbIIeN Oﬁmeﬁ[ IIOAIIOCJIEAOBATEJIBHOCTH (COKpa—
merno HOH; mo-amrnmiickn  LCS = longest-common-subsequence)
COCTOUT B TOM, uToObl HaliTu OBy HOANOCHENOBATEIbHOCTH HaU-
Bosiblliell IMHBL IS NBYX HaHHBIX mocienoBaresnbHocTein X u Y.
B sToM pasznese Mbl moKaxKeM, KaK PelINTb 3TY 3allady C MOMOIIbIO
NUHAMHIYECKOTO MPOrpaMMUPOBAHUS.

CTpOeHIIIe HanGoJIbIIen 061ue17[ IIOAIIOCJIC A0BATECJIBHOCTI

Ecnu pemars 3anauy o HOH 7s 1067, nepebupas Bce nopnocienoba-
TeNLHOCTH TOCTENOBATENHHOCTH X U TPOBEPSA MJIA KaKOOH W3 HIX, He
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GyIeT /1 OHa MOANOCIeI0BATeILHOCTLIO MOCASIOBATEIBLHOCTH Y, TO aJl-
ropuTM 6ymeT paboTaTh SKCIOHEHINAIbHOEe BpeMs, MOCKOJIBKY Mocie-
NOBATENBHOCTh IUTHHBL 1M nMeeT 27 MONNoCcIeoBaTeIbHOCTE (CTOMBKO
Ke, CKOITBKO MOIMHOXKECTB y MHOXKecTBa {1,2,...,m}).

Onnako 3amauya o HOH o6namaer cBONCTBOM ONTHMAJbLHOCTH [JIst
noz3anad, Kak mokaspiBaeT Teopema 16.1 (cm. Hnxe). Homxonsiiiiee muo-

KeCcTBO Tofi3afad — MHOXKECTBO Iap NpeuKCOB IBYX MHaHHLIX IIO-
cnenoBatenshocteil. Hycrs X = (xy,29,...,2,,) — HeKoTOpas TmO-
clIenoBaTeNbHOCTh. & mpepuke (prefix) mnumHbl i — 5TO nocnenoBa-
tenbHOCTh X; = (21,%2,...,2;) (upn ¢ o 0 no m). Hampumep, ecan

X =(A,B,C,B,D, A, B), 7o X4 =(A,B,C,B), a Xo — nycras mo-

cJie1oBaTeJIbHOCTDb.

Teopema 16.1 (o crpoemmm HOH). Hycmo 7 = (z1,29,...,2k) —
odna u3 wmauboavwur odbwur nodnocaedosameavbnocmeti  dag
X = (21,22, -y @m) v Y = (Y1, Y2, .., Yn). To2da:

eCAl Ty = Yp, MO Zp = Ty = Yn U Lp_1 geagemesd HOH dag X,,_1
U Yn—l;

ECAU Ty, F Yp U 2k F Ty, Mo 7 geagemes HOH dag X,—1 u 'Y

ECAU Ty, F Y U 2k F Yn, mo 7 geagemcs HOH dag X, u'Y,_q.

Hoxazameavemeso. (1) Ecnn zp # 2, TO MBI MOXKeM IONHCATH T =
Y, B KOHEIl TTOCIeN0BATEILHOCTH / U HOJYYUTEH OBIIYIO MOMIOCIeI0Ba-
TeALHOCTH OAuHBL k + 1, uTo mpoTuBopednt ycaoBuio. CTamo OBITH,
2k = X = Y,. BEcan y mociaenoBaTenbHocTell X, 1 1 Y, 1 ecTh Gosee
nnuuHas (4eM Zj_1) obllas NOANOCIEeNOBATETBHOCTh, TO MBI MOXKEM
JIOTMHUCATh K HEll T, = Y, U IHOAYUYNTDL OBOIIYIO TONIOCIENOBATEILHOCTh
s X n 'Y, 6onee NNWHHYIO, YeM / — IIPOTHBOpeUne.

(2) Konb ckopo zi # %, NOCTENOBATENBHOCTL / SBISETCS OOl
HONTOCTeNoBaTeNbHOCTRI0 0 X, 1 Y. Tax kax Z — HOH nmng X

u Y, To ona Tem 6osee sBasercs HOH mna X,,_; n Y.
(3) Ananoruuno (2). O

Mgt Bunum, uro HOH nByx nocienoBaTenbHocTed conepxkut B cebe
HauBOJBINYIO ODIIYIO MONIOCTIeNOBATENbHOCTh X mpedukcoB. Craso
ObITE, 3anava 0 HOH obnanaeT cBOWCTBOM ONTUMAJIBLHOCTH IS TIOM-
sanayu. Cefiuac Mbl yOequMcesi, 4TO MepekphITHe MOA330a49 TaKXKe UMeeT
MeCTO.

HexyppentHas dopmyna

Teopema 16.1 nokassiBaer, uro Haxoxnenue HOH nocnenoBarensHo-
creit X = (x1,22,...,2m) 1Y = (Y1,Y2,...,Yn) CBOOIUTCS K PEIIEHNIO
nu6o onHOM, 160 OBYX on3anad. Benn z,, = ¥,, TO IOCTaTOUHO HANTH
HOH nocnenoBatennuoctein X, u Y,,_{ U gooucaTh K Heil B KOHIe
Ty = Yp. BEcan xe ., # y,, TO HAO PelUINThb NBe MON3a[aul: HAUTH
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HOH nns X,,,_1 n Y, a3arem maiitu HOH nns X u Y,,_;. Honee nnun-
Hast u3 Hux u Oyner cayxutb HOH mns X u Y.

Tenepb cpa3y BUIHO, 4TO BO3HUKAET MepeKpbiTue mnomsanad. leii-
crBuTenbHo, uTobbl Halitu HOH X u Y, wam moxeT moHanobuThbes
maiitu HOH X,,_; n Y, a Takxxe HOH X n Y, _{; Kaxnas u3 5Tux 3a-
nau comepxkuT momsanauy mHaxoxknenus HOH mns X, n Y,_1. Ana-
JIOTHUHBIE TePeKpPLITHS OYyNYT BCTpedaThes U najee.

Kak u B 3amaue mepeMHOXKeHUS MOCHENOBATEIbHOCTH MATPUIL, MbI
HAYHEM C PeKypPpPeHTHOTrO COOTHOIEHUS I CTOUMOCTH ONTUMAIbHOTO
petterus. Hycts ¢[i, j] o6osnauvaer mamny HOH mas mocremoBaTesnnb-
nocreit X; n Y;. Ecnm ¢ wnn j paBHO Hy/I0, TO OlHa W3 ABYX INOCIe-
noBaTenbHOCTEN mycTa, Tak uTo ¢[i, j] = 0. CkazaHHOe BbIIllEe MOXKHO
3aMUCaTh TaK:

0 ecnu ¢ = 0 unm j) = 0,
ci,jl=9¢ efi—1,7—-1]+1 ecnn 4,7 > 01 2; = y;,
max(cli,j — 1], ¢c[i — 1,7]), ecan t,5 >0 u z; # y;.

(16.5)

Boruncaenne mymmesr HOH

Ucxons n3 cooTHotenns (16.5), merko HamncaTh peKypCHBHBIN alro-
PUTM, paBOTAIOINIl YKCTIOHEHITNAIBLHOe BpeMs i BEIUNCISIONINI IIUHY
HOH nByx maHHBIX TocienoBaTelbHocTell. Ho MOCKONBKY pasinmyHbIx
noz3zanad Bcero ©(mn), Mydine BOCIOMB30BATHCS INHAMITECKAM TPO-
rpaMMUPOBAHIEM.

Nexonnpivu nanubiMu mias agroput™a LCS-LENGTH ciyXKaT nociie-
noBaTenbHOCTH X = (Z1,%2,...,Tm) 0 Y = (Y1,Y2,-..,Yn). HUncaa
c[i, j] sanucerBatoTest B Tabnumy ¢[0..m,0..n] B TakOM mOpsinKe: CHa-
yaJia 3aloHAeTCs CIeBa HallpaBo epBas CTPOKa, 3aTeM BTopas, i T. 1.
Kpowme Toro, anroputm 3anoMmunuaet B Tabnune b[l..m,1..n] "npouc-
zoxcdenue” c[i, j]: B kaeTky b[i, j] 3aHOCHTCS CTpenKa, yKa3bIBatoIasi
Ha KJIeTKy ¢ KoopanHaTtamu (i—1,7—1), (¢—1,j) nau (i, j—1), B 3aBU-
CHMOCTH OT TOTO, paBHO nu c[i, j| uncny c[i—1,7—1]4+1, c[i— 1, j] unn
cft,j — 1] (em. (16.5)). HesynpraTamn paboThl aqropuTMa SBISIOTCS
Tabaunsl ¢ u b.
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Pucynok 16.3 Tabmumer ¢ u b, cosmanuble amroputmoMm LCS-LENGTH mpu X =
(A,B,C,B,D,A,BYuY =(B,D,C, A, B, A). B knetke ¢ xoopuusatamu (1, j) 3a-
mmcaHbr wucio cfi, 7] m crpernka bi, j]. Yncmo 4 B mpaBolt HUKHEN KIETKE €CTh IIIMHA
HOH. Hpwm 1,5 > O sHavenme c[, j| onpenmensgeTcs TeM, paBHEL JIN &; W Y;, U BHIYH-
crneHHBIMU panee 3Hadennamu c[t—1, 5], c[t, 7 —1]m [t — 1,5 —1]. HyTb 1o cTpemkam,
Bemymmit us c[7,6], samTpuxoBan. Kaxnas Kocas CTPelKa Ha 9TOM IIyTH COOTBET-
crByer snemenTy HOH (3Tu siieMeHTHl BELAEIEHE ).

LCS-LENGTH(X,Y)
1 m « length[ X]

2 n < lengthlY]

3 fori<1ltom

4 do ¢[i, 0]+ 0

5 for j+—0ton

6 do ¢[0,7]+ 0

7 fori<1tom

8 do for j < 1lton

9 do if z; = y;
10 then c[i,j]« c[i—1,j—1]+1
11 bli,j] + "™\7
12 else if c[i —1,j] > c[i,j— 1]
13 then c[i, j] + ¢[i — 1, J]
14 i, j] e "t
15 else c[i,j]+ c[i,j— 1]
16 b[i, j] 77

17 return ¢, b

Ha puc. 16.3 mnokazana paGora LCS-LENGTH nns X =
(A,B,C,B,D,A,B)nY = (B,D,C, A, B, A).

Anroputm LCS-LENGTH Tpebyer Bpemenn O(mn): Ha KaKIyio
kneTky Tpebyercs O(1) maros.
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Hocrpoenne HOH

Ta6nuna b, coznannas npouenypoit LCS-LENGTH, nosBossier ObI-
crpo uaiitn HOH mocnenoBatenvuocteii X = (x1,22,...,2m,) 1
Y = (y1,y2,...,Yn). Hasg sTOrO HamO MpONTH MO MyTH, yKaszaH-
HOMY cTpenkaMmm, HaumHas ¢ b[m,n]. Hpoiimennas cTpenka ~ B
Ki1eTke (7,) o3HadaeT, 9TO &; = Y; BXONUT B HaHGOJBIIYIO OOIIYIO
HOATIOCHENOBATENbHOCTE. BOT Kak 3TO peann3oBaHO B peKypCHBHOI
nporenype PRINT-LCS (HOH nmns X u Y mewaTaercss mpm BBI30Be
PRINT-LCS(b, X, length X ], length{Y'])):

PrRINT-LCS(b, X, 4, )
if:=0wunmm j =0
then return
if b[’t,]] — 777\ ”
then PRINT-LCS(b, X,i— 1,7 — 1)
HalleYaTaTb Z;
elseif b[i, j] = "7
then PRINT-LCS(b, X7 — 1, j)
else PRINT-L.CS(b, X, 7,7 — 1)

O~ S Ok W~

Hynyuw npumenénnoll k tabnume puc. 16.3, nTa mpomenypa Hameda-
taer BC'BA. Bpeums paGoTsl nponenypst ectb O(m + n), TOCKOIBKY
Ha KaxKIOM 11are XoTs Obl OHHO W3 YUCE] M U 7 YMeHbIIaeTCs.

Yayudinenue aaropmrMa

Hocne Toro, xak anropuTm paspaboTaH, HepenKo YIaéTcs ClelaTh
ero Gojlee PKOHOMHBLIM. B HallleM mpuMepe MOXKHO 0OOUTHCH 6e3 Ta-
Gaunbl b. B camom merne, kaxmoe w3 uucen c[i, j| 3aBucut ot c[i — 1, j],
clt,j—1] m c[i — 1, j — 1]. 3uas c[¢, 7], mbr Moxem 3a Bpems O(1) Bbisic-
HUTE, KaKas U3 5TUX TPpEX 3amuceil NCIoab3oBagack. TeM caMbIM MOKHO
naiitn HOH 3a Bpemst O(m+n) ¢ moMolibo ogHOl TONBKO TaGnuus ¢ (B
yupazkHeHun 16.3-2 MbI monpocnm Bac 3T0 cnenath). Hpn ToMm Mbr 5K0-
momum O(mn) namstu. (Bupodem, acuMnToTHKa He MeHseTCS: 0OBEM
TabINILL ¢ ecTh Takxke O(mn).)

Ecnu mac maTepecyeT TONBKO NNHA Hanbonbilell obliell mommocie-
NOBATeTBHOCTH, TO CTONBKO TaMATH He HYKHO: BbIUmCIeHue c[i, j| 3a-
TparmBaeT TOJBKO IBe CTPOKH ¢ HOMepaMu ¢ i ¢ — 1 (3To He mpemern
SKOHOMUH: MOKHO 060N THCE MAMATHIO Ha ONHY CTPOKY TabIUILI ¢ TITIOC
elé Iy Th-1yTh, cM. yupaxuenne 16.3-4). Hpu sTom, onrako, camy nozu-
HOCIIeNOBaTeNbHOCTD HafiT (3a BpeMs O(m + n)) He ynaéres.
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Yupaxuenus

16.3-1  Haiinure HOH nocnenoBarensrocTeit (1,0,0,1,0,1,0,1) u
(0,1,0,1,1,0,1,1,0).

16.3-2  Haspaboraiite anropurm, crtposiuii HOH nns X =
(1,22, ..., &m) B Y = (Y1,Y2,-..,Yn) 3a Bpems O(m + n), ncxons
TOJILKO U3 TabJIUIILL C.

16.3-3  HaspaboraiiTe pekypcuBHblii BapuanT aaropurma LCS-
LENGTH ¢ 3anoMuHaHmeM OTBeTOB, Tpebyfornii Bpemern O(mn).

16.3-4  Hokaxure, kak Moxuo BhrumciautTh nnuny HOH, ucnonbsys
naMsATh pasmepa 2 min(m, n)+ O(1) u xpaHs JIHIIb 9aCTh TabIUIBL C.
A Kak 9TO cmenaTh, HCHONB3Ys NaMsiTh min(m,n) 4+ O(1)7

16.3-5 HaszpaGoraliTe aJTOPUTM, HaXONAMINNA HaWOOJBIIYIO BO3-
pacTallyio MOANOCIeN0OBATEbHOCTh JIaHHON MOC/Ie/I0BATe/ bHOCTH
w3 n umcen u paboratomuii 3a Bpems O(n?).

16.3-6* HaspaGoTaiiTe alIropuTM, pelIAOIINT IPEOLIOYIIYIO 3alady
3a Bpemst O(nlogn). (Ykazaume. XpaHum O KakKIOro ¢ HalMeHb-
MK U3 NOCJAENHUX DIeMEHTOB BO3PACTAIOLINX MOAIOCIEIOBATENbHO-
crell nauusl 7. Kak MeHSIOTCs 9TH 4HCiIa Tpu HOGABICHIN HOBOTO Hile-
MeHTa?)

16.4 OnruManbHAs TPUAHTYIANMUS MHOTOYTOILHUKA

HecmoTps Ha cBoOO TeoMeTpUUecKyio (GOPMYIHPOBKY, HTa 3alada
OoueHb OJIM3Ka K 3a/lade O NepeMHOXKEeHUN MaTpuIl.

Mruoroyronpank  (polygon) — 5TO 3aMKHyTas KpuBas Ha IJIOCKO-
CTH, COCTABIIEHHAS N3 OTPE3KOB, Ha3bIBAEMBIX cTopoHamu (sides) MHO-
royroinbuuKa. Todka, B KOTOPOil CXOOATCS IBe cOceqHUe CTOPOHHI, Ha-
3bIBaeTCs sepumHon (vertex). Hecamorepecekatormiicss MHOTOYTOMBHUK
(TonbKO Takme MBI W OymeM, Kak MpaBHIO, PpacCMaTPUBATh) Ha3bIBa-
eTcst mpoereiM (simple). MHOXKeCTBO TOUEK MIIOCKOCTH, JTEKAIINX BHY-
TPU TMPOCTOTO MHOTOYTOIBHIKA, HA3LIBAETCS BHyTpeHHocTBIO (interior)
MHOT'OYTOJIbHIKA, 00beliHeHNe ero CTOPOH Ha3blBAaeTCs €r0 rpaHuuen
(boundary), a MHOKeCTBO BCeX OCTAJbHBIX TOYEK MIIOCKOCTH Ha3bIBa-
eTcst ero pHemmocTho (exterior). HpocTolt MHOrOyTOIbHIK Ha3BIBAETCS
BBIIYKJIBIM (CONVEX), eI IS TIO0bIX ABYX TOYEK, JeXKAIINX BHYTPH
UK Ha IpaHulle MHOTOYTOJbHUKA, COSNUHAIOUINT UX OTPe30K MeJlMKOM
JIe’KUT BHYTPU WM Ha CPpaHulle MHOTOYTOJbHUKA.

BLIimyknbiii MHOTOYTOALHUK MOXKHO 3a7aTh, TEPEUNCINB €ro Bep-
[INHBI TPOTUB TaCOBOI CTPEIKI: MHOTOYTONBHIK P = (vg, U1, ..., Un_1)
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Pucynok 16.4 JlBe TpuaHTyIAIMN BHITYKIIOTO CEMUYTOMbHUKA. Kaxkmas OemnT ce-
MUYTOJBHUK Ha 7 — 2 = 5 TPeyroJbHUKOB C TOMOITbI0 7 — 3 = 4 auaroHasien.

MeeT 1 CTOPOH TgU1, U102, - - -, Up—_10n. 3HECH U, — TO Ke caMoe, 4TO Uy
(ymoGHO HyMepoBaTh BePIINHBI N-YTOMbHIKA BEIYETAMI IO MOILYITIO 7).

Ecnu v; u v; — OBe BepILINHDI, He SBISIONINECS COCETHIMI, OTPE30K
T;0; Ha3bIBaeTcs amaroHansio (chord) muoroyronbunka. luaronains o;0;
pa3buBaeT MHOIOYTOJNBHUK Ha HBA: (U, Vg1, ..., Uj) U (Vj, Ujp1, ..., V;).
Tpuanrymsmms (triangulation) MHOrOyrompHnKa — 5T0 HabOp MUMATOHA-
Jell, pa3pesalolinX MHOIOYTONbHIK Ha TPeyroJbHUKH; CTOPOHAME HTHX
TPEYroAbHIKOB SBIAAIOTCS CTOPOHBI HCXOMHOIO MHOTOYTOJILHUKA W [a-
TOHAJIM TPUAHTYJISIHN.

Ha puc. 16.4 n306pakens! nBe TpuaHTyIsunn cemuyroibanka. (1T pn-
AHTYIAINIO MOKHO TaKiKe ONpPeNesinTh KaK MaKCHMaJbHOoe MHOKECTBO
ImaroHasell, He Mepecekalolnx APy Ipyra.)

Bo Bcex TpHAHDYIATINAX N-YTOJBHUKA OIHO U TO Ke YN0 TPeyrofib-
HUKOB (CyMMa BCeX YIJIOB MHOTOYTOJIBHUKA paBHA mpom3Benernio 180°
Il 9ncTa TPEYTONBHIKOB B TPHAHTYIANNN), a nMeHHO 1 — 2. Hpu sTom
HCIOMB3YIOTCS 1 — 3 IHATOHAIN (IIPOBOMIS INATOHATE, MBI YBEININBaEM
q9ncao gacTeil Ha 1).

3agaua 06 omTuManbHou Tpuanrymsmmm (optimal triangulation prob-
lem) cocront B cnenymoomem. laH BBIMYKIBI MHOTOYrONbHEK P =
(v, V1, ..., Uy_1) W BecoBas GYHKINS w, ONpeNeNéHHAs HA MHOXKECTBe
TPeyroAbHINKOB ¢ BeplimHaMu B BepinuHax P. Tpebyercs HailTu Tpu-
AHTYIAINIO, I KOTOPON CyMMa BeCOB TPeyTroJbHUKOB OyIeT HalnMeHb-
1reii.

EcTecTBeHHbI TpuMep BecOBOIl GyHKINE — (QYHKITHS

w(Avvjug) = [vvj| + |vjoe| + [vgvil,

rie |v;v;| obosnataer (€BKIUNOBO) pacCcTOsHEEe MexKIy v; i v;. Mbl mo-
CTPOUM QJITOPUTM DELIeHIs HTOM 3a1adl, KOTOPLIH IPUMEHIM IJIs JI10-
6ol BecoBOll (DYHKIINN.
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TpuanryIammm 1 paccTaHOBKU CKOOOK

CytiecTByeT yHNUBHTENbHAS CBA3b MEXKAY TPUAHTYISIUSAME MHOTO-
YTOJIbHIKA W PAcCCTAHOBKAMU CKOBOK (CKayKkeM, B TPOM3BENEHNN TOCIIe-
NOBATeNbHOCTH MaTpuil). Hpolte Bcero o6bICHITE 3Ty CBSI3b € MOMO-
LIbIO HepeBbEB.

Homnoit paccTanoBke cKoGOK COOTBETCTBYET TaK HA3LIBAEMOE AepeBO
pasbopa (parse tree) Beipaxkenusi. Ha puc. 16.5a n3o6paxkeno mepeBo
pa3bopa mis

((A1(A243))(A4(A546)))- (16.6)

B ero aucThax cTOST MATPHUILI-COMHOXKNTENN, a B BepIINHAX — HUX
OpPOW3BeNeHN: B KaKIOU BepllinHe CTOUT MPOU3BeNeHle NBYX BhIpaxkKe-
HUU, CTOATIINX B €€ meTsX.

TpuaHTynsnuio  BBINYKIOTO  MHOTOYTONBHUKA  (Ug, U1, ..., Up_1)
Takke MOXKHO n300pazuTh B BuIe nepeBa. JIucThaMum ero 6ymyT
CTOPOHBI MHOTOYTONBHIKA (KpoMe UgU,—1). OCTalbHBe BepPIIMHBl —
5TO OUATOHANW TPUAHTYAAINN TIIOC CTOPOHA VoUn,_1; OTY MOCIeIHION
OOBABUM KODHEM.

Hocrpoenne nepeBa (Ha mpumepe TpuaHryasnnm puc. 16.5a) moka-
3aHo Ha puc. 16.56. [nsg mavama MBI CMOTPHM, B KaKOoW TpPeyroilbHUK
nomnaj Kopenb Tpu,_1. B HaleMm ciydae 570 Avguzvg. HeTbmu koprs 6y-
eM CINTaTh IBe APYTHe CTOPOHLI ATOTO TPEYTONALHIKA. T pHAHTYIIAA S
COCTOHUT U3 HTOTO TPEYyTrONbHUKA U IBYX TPUAHTYIANNH OCTABIINXCS Ja-
creit ((vo,v1,ve,vs) U (v3, V4, Vs, V), puc. 16.56), npmaéM nuaroxasn,
SIBISATONINECS NeThMHU KODPHS, SBAAIOTCA CTOPOHAME HTHUX MHOTOYTONb-
HUKOB (TUgUs 1 U30 Ha puc. 16.56). HoBropum mist Ka:Kmoil u3 HUX Ty Ke
KOHCTPYKIINIO: PACCMOTPHUM TPEeYyTONbHUK TPHAHTYISAIUN HOBOTO MHO-
rOyTONbHUKA, CONePKAIINI BLINEIeHHYIO CTOPOHY, IBe NPYTHe CTOPOHLL
ATOTO TPEYrolbHUKa OOBIBUM €€ MeThMU W T.71. B KoHIle KOHIIOB MBI
npunéM K 6bunapHoMy nepeBy ¢ n — 1 nuctoMm. HelicTBYys B obpaTHOM
nopsake, MOXKHO TT0 GUHAPHOMY IepeBY MOCTPOUTEL Tpuanrynsamnnio. Ho-
CTPOEHHOE COOTBETCTBHUE MeKAY TPUAHTYIANUIMA W GHHAPHBIME Jlepe-
BBIMH SBISETCS B3aNMHO OMHO3HATHLIM.

Benomunas, 9To MOMHBIE pacCTAHOBKN CKOGOK B TTPOU3BENEHUN 1 CO-
MHOXKHTeJIell HaXOmATCS BO B3aNMHO OOHO3HATHOM COOTBETCTBUHU C 61-
HApHBIME JepeBbIMHU C N AUCTBIAME, TOIyYaeM B3aWMHO ONHO3HATHOE
COOTBETCTBUE MeXIY TOTHLIME PAcCTAHOBKAMU CKOOOK B IIpOU3Bele-
HOU n MATPUIl u Tpuanrynsumsmu (n + 1)-yrompruka. Hpn sTom ma-
Tpuna A; B npomsBemennun AqAs...A, COOTBETCTBYET CTOPOHE T;_1U;,
a OmaroHalb U;_10; (1 <1 < g« n) COOTBETCTBYET MPON3BEOeHNIO
A j.

HTto cooTBeTcTBUe MOXKHO TIOHATEL 1 6e3 MepeBheB. Hanuiem Ha Bcex
cTOpoHaX TPUAHTYINPOBAHHOTO MHOTOYTOIALHIKA, KpOMe OHOH, TT0 cO-
MHOXKHUTeNMo. [lajlee mMocTymaeM TakK: eclii B TPEYTOIALHUKE IBe CTO-
POHEBI ViKe TTOMeUeHEBl, TO Ha TpeThell MBI MUIIeM WX Mpon3Benenue. Ha
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O6uThL Oiasd pelliednnd 3ada49l O TPUAHTYJIAIUN. HaI[O TOJIBKO B €r'o 3aro-
JIOBKEe 3aMEHUTDL P Ha U U CTPOKY 9 3aMeHNThL Ha TaKylo:

9 do ¢ « m[i, k] 4+ m[k + 1, j]+ w(Av;—1vkv;)

B pesynbTaTe paGoThl asroputma m[l,n] cTaHeT paBHBIM Becy ONTH-
MaJibHOU TpUAHTYJIAINN.

CTpoeHre oNTUMATIHHON TPUAHT yJIAIINKI

HoxkazxemM mocnennee yrBepxkienune. Hycrs T — onTumanbHas Tpu-
aurymsuns (n + 1)-yronsanka P = (vg,v1, ..., v,). He6po vov, BxO-
IUT B OOUH U3 TPEYrONbHUKOB TpuaHrynsunn. HycTs 3To Tpeyronnb-
Huk Avgugv,, roe 1 < k < n — 1. Torna Bec Tpunanrynsunun 1 pa-
Ben Becy AuUgUrv, IUIIOC CyMMa BeCOB TPHAHTYJANNA MHOIOYTOJLHI-
KOB (Ug, U1, . . ., Ug) T (Vk, Vkg1, - - -, Up). CIIEIOBATENBHO, TPUAHT YIS
YKa3aHHBIX MHOTOYTOJIBHNKOB 00S3aHbl OLITH ONTHMAILHBIMIE, 0 eC/In
ONTHMAalbHEIE CTONMOCTH ISl TAKUX MHOPOYIOJNBHUKOB (IIPH PasHBIX
k) yiKe BBIUHCIIEHBI, TO OCTAETCS BHIOPATH ONTHMANbHOE 3HaUeHHe k.

HexyppentHas dopmyna

Hpyrumu cioBaMu, nMeeT MeCTO CHeAylolllas peKyppeHTHas (Hop-
myna. Hycers mli, j] — Bec onTuManbHON TPHAHTYISINE MHOTOYTOTh-
HIKa (V;_1,0;,...,0;), rie 1 < ¢ < j < n. Bec onTumanbhoit Tpuan-
TYJSIAN BCEro MHOTOyToMbHEUKa paBeH m[l,n]. Hymem cunrarh, aTo
"dsyyeoavnuru” (v;_1,v;) nmeor Bec 0. Torma mli,i] = 0 nus ¢ =
1,2,...,n. Ecim j — ¢ > 1, To y Muoroyronbuuka (v;_1,0;,...,0;)
UMeeTcs He MeHee TPEX BepIIWH, U HaM HeoOXOMUMO HailTh MUHU-
MyM (o BceMm k m3 mpomexyTka ¢ < k < j — 1) Takoil cyMMBI: Bec

Av;_jvpv;, IWIOC BeC ONTUMAIBHON TPUAHTYIAMHE (V;_1, ;.. ., Uk),
IJTIOC BeC ONTHMAaNbHON TPUAHTYIANUN (U, Vg1, - . ., U;). HodToMy
- 0 npu i = j,
m|t = . . . . .
[¢,7] min {m[i, k]+ mlk+ 1, j] + w(Av;_qyvpv;)} mpu i < j.
1<k<y
(16.7)

EnunuctBennoe ornnane 3Toit Gopmynst oT Gopmynsl (16.2) — Gosee
obiuit Bun Becopoll pyukiuu. Crasno 6biTh, anroputm MATRIX-CHAIN-
ORDER € YKa3aHHBIMU BBIIIIe U3MEHEHUSIMU BbIYHCISET BEC ONTUMAallb-
HOIl TPUAHTYNANNN; BpeMs paboThI @(n?’), 00BEM NCTIONB3yeMON Ta-
vt O(n?).
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Yupaxuenus

16.4-1  JlokaxXnTe, 9TO BCSKass TPUAHTYIANNS BBIMYKIOTO N-yTONIb-
HUKa pa3buBaeT ero Ha n — 2 TPeyrojbHUKa ¢ MOMOLILIO 7 — 3 Auaro-
HaJell.

16.4-2  Hpodeccop npenmnonaraer, 9To OIS clydas, KOTJa Bec Tpe-
VIOJIBHUKA PaBeH ero IJIoNIalAn, aJlropuTM HAXOXKIeHNS ONTHMAIbHON
TPUAHTYISIITUN MOXKHO YIpOCTUTH. He oBMaHbIBaeT JiM €ro WHTYUIHs ]

16.4-3  HycThb BecoBas (yHKIIUS olpenelieHa Ha MHOXeECTBe NHaroHa-
Jlell MHOTOYTOJBbHUKA, I TPUAHTYIANNS CUNTaeTCa ONTUMAJBHON, eCclin
CyMMa BecOB BXOOSANINX B Heé nmuaronasiell MuamMmanbHa. Kak cBecTn
5Ty 3alady K pa300paHHONl HaMu (B KOTOpOIl Beca MPHINCHIBAINCH He
IHATOHAISM, a TPeYroMbHIKaM)?

16.4-4  HajinnTe onTUMaJbHYIO TPHAHT YISO TPABUIBHOTO BOCHMH-
VIOJMBHUKA Ha €BKJIWOOBON IJOCKOCTHU HJA CJIydas, eClIN BeCOM Tpe-
YIOJIbHUKA CUYNTAeTCS ero mepuMeTp.

Jamgaun

16-1 HuToHMYecKas eBKIMAOBA 3aJada KOMMUBOSKEpPa

Esxmmunosa 3agada kommusosképa (euclidean traveling-salesman prob-
lem) cocTONT B HAXOXKIEHNN KPaTUaflIero 3aMKHYTOTO MY TH, COeIINHSI-
OIIIEr0 TaHHBIE N TOYeK Ha MIIOCKOCTH (cM. mpuMmep Ha puc. 16.6a, rue
n = 7). Hra 3amava sBasercs NP-momHoil, Tak 9TO Bpsim 71 €€ MOKHO
PeInTh 3a MOIMHOMIANbHOEe BpeMs (cM. TiaBy 36).

k. HeHTnu mpemioXnsa yOPOCTHTE 3alady, pacCMaTpPHUBas TOIBKO
outommaeckue nyTu (bitonic tours), T.e. myTu, HauWHAOUINECS B Kpaii-
Hell JleBoll TOYKe, 3aTeM HIAYILINE clieBa HalpaBO N0 KpaliHell TpaBoii
TOUKM, a 3aTeM BO3Bpalllalolllinecs clipaBa HalleBO B UCXOIHYIO TOUKY.
(Ha puc. 16.66 m306paxkén KpaTdaiilinii GUTOHHYECKNH TyTh depe3s
Te XKe cemb Touek). HTa 3amava mpolie: mocTpoiiTe anropnTM pelie-
HUS 3TOI 3alaul, TpedyoINN BpeMeHN O(nZ). Bur moxkeTe cunTaTh,
9T abCIICCHl BCEX TOYEK Pa3imdaHbl. (Y KazaHme: IPOCMATPHBast TOUKN
cJleBa HAIpaBoO, XpaHUTe NI TeKylleldl TOUKN X W IS BCeX MpembImy-
WX TodeK Y HINHY KpaTdaiiliero nyTH, GNTOHHIECKN COeNUHSIIONIeTO
X ¢ Y ¢ mpoxomoM depe3 KpailHIOI eBYIO TOUKY.)

16-2 Has6buenme abG3ama Ha CTPOKHU

AGzam TekcTa cocTOMT W3 M OB mimHON lq,l, ..., 0, (mnmHA
C/IOBa — YHCJIO CHMBOJIOB B HéM). CumTas, 9TO BCe CHMBOIBI MMEOT
paBHyl0 mHpnHY (Kak Ha NHIIyIIeld MalImHKe), MBI XOTHM ONTH-
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Pucynox 16.6 Cempb Touek Ha IUIOCKOCTH B y3iax equHu4Hoil peuérku. (a) Kpat-
yalllnil 3aMKHY ThI Iy Th (MuuHEL &2 24,88), obxonsamuit st Touku. Hror myTs He
sBisieTcst GuronndeckuM. (6) Kparualinmit GHTOHIYECKI Iy T, OOXONSIIUI Te XKe
TOYKU, OJMHAa & 25,58.

MallbHEIM 06pa3oM pa3biTh ero Ha CTPOKH OJWHOW He 6Gomee M
cuMBOJioB. ONTUMAIBHOCTE HPU 3TOM ONPENeNseTcs TaK: HOCUnTaeM
anciao “auwnuz” mpoGenoB B Kakmoil cTpoke (TO eCTh MOCMOTPUM, Ha
CKONBKO MINIWHA CTPOKH MeHbIe M, eclim MeXIy CIOBaAMU CTaBUTL IO
OIHOMY TpOGeNy) M CIOKNUM KyObl STHX UHCeN IS BCEX CTPOK, KPOMe
nocienHeli: deMm OGodbIle d3Ta cyMMa, TeM Xxyke abzan. Ucmonbiys
IVMHaMUYecKoe MNporpaMMupoBaHlie, pazpaboTaiiTe alrOPUTM ONTH-
MaJIbHOTO pa3bueHns ab3alla HA CTPOKU; OlleHUTe BpeMs ero paboThl
TpebyeMbIll 00BEM MaMATH.

16-3 CTomMOCTEH PeIAKTHPOBAHMS

Mur xoTum mpeoGpa3oBaTh CTPOKY cuMBOJOB z[l..m] B HOBYyIO
cTpoky y[l..n] ¢ mMOMOIIIBIO CIEMYIONINX ONepalliii: TepeHoc CHMBOIA
13 UCXOMHOW CTPOKM B HOBYIO, IePEHOC IBYX COCETHNX CHMBOJIOB N3 MC-
XOIHOI CTPOKN B HOBYIO C OTHOBPEMEHHOI UX TepecTaHOBKOM ( "mpanc-
no3uyug”), nobGaBneHne CHMBOMA (ClpaBa) K HOBOH CTPOKe, yIaleHne
MepBOrO CHMBOJIA M3 CTApOil CTPOKH, 3aMeHa (yIaleHme CHMBOMA I3
HCXOMHON CTPOKH 1 noGaBieHne Mpyroro CHMBOMA B HOBYIO CTPOKY),
HAKOHEIl, yIaJeHne OCTaTKa CTapoil CTPOKN.

Bor, mampumep, Kak ¢ MOMOINBIO 3THUX oONepanuit mpeobpa3zoBaTh
cTpoky algorithm B cTpoky altruistic:
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Onepanus Hogast crpoka Crapas cTpoka
epeHoc a a lgorithm
nepenoc 1 al gorithm
3aMeHa g Ha t alt orithm
yllaneHue o alt rithm
nepeHoc r altr ithm
nobaBieHne u altru ithm
nobaBneHne i altrui ithm
nobaBreHne s altruis ithm
TpaHcno3unusa it B ti altruisti hm
nobaBreHne C altruistic hm
yilaleHne ocTaTKa altruistic

Kaxknoit n3 onepannit ("nepenoc”, "mpancnozuyus”, "dobasaenue”,

"ydanenue”, "zamena” m "ydasenue ocmamya”) IpUINCAHA CTONMOCTD
(MBI TIpenmoTaraeM, 9TO CTOMMOCTH 3aMeHBl MeHbINe, eM CyMMapHas
CTONMOCTE NODaBIeHN U yIaJeHns, nHadye 3aMeHa ObliTa ObI JH/IHJHeﬁ).
B mamem mpumMepe cTONMOCTE NMpeoGpa3oBaHus paBHA

3 - CTOUMOCTH TepeHoca + CTOMMOCTEL 3aMeHbl +
+ cTomMocTh yaanenus + 4 - cTOUMOCTE nobaBieHns +

+ CTOUMOCTH TpPpaHCIIO3NII NN + CTOUMOCTH yYoaJieHns oCTaTKa.

HycTs nausr nocinenoBatenbrocts z[1..m] u y[l..n]. Torna croumocts
penaxtupopanus (edit distance) ecTh HamMeHbIIAs CTOMMOCTH TEMOYKN
npeoGpa3oBaHnil, nepeBonsmieil ¢ B y. HazpaboTaiiTe anropnTM, OCHO-
BaHHBI Ha NUHAMUYECKOM NPOrPaMMUPOBAHUU, KOTOPBIH BbIYUCIISAET
CTOUMOCTDL pellakKTUPOBaHUd U HaXONUT ONTUMAJbHYIO IENOoYKy Ipe-
obGpaszoBanuii. QuenuTe BpeMs paboThl 1 OGBEM UCTOIB3YEMON TaMsITH.

16-4 Beuepunka B pupme

Hpodeccopy mnopyueno ycrpouth BeuepuHky B dupme “TOO
KJAMH”. Crpykrypa QupMBl HepapxXuvHa: OTHOIIEHHe IONYNHEH-
HOCTHU 3aJ[aHO EPeBOM, KOPEeHb KOTOporo — nupexktop. OTnen Kanpon
3HAeT PeTHHT KaKIOTO COTPYHIHMKA (meficTBUTeNbHOe 9ncio). YToGh
BceM GBIJIO BeCeNo, NUPEKTOP PACIOPSIUICS, 4TOObI HUKTO HE OKa3aJCs
Ha BeuepuHKe BMECTe CO CBOMM HEMOCPEICTBEHHBIM HAYAJbHUKOM.

a. HazpaboTaliTe anropuTM, COCTABAAIOUINT COUCOK TPUTIAANIEHHBIX C

HauboJbIIUM CYMMapPHBIM Peld THHIOM.

6. Ta xe 3aJa4a C OOIOJHUTEILHBIM OI'paHIIYeHIIeM: NUPEKTOP OOJIZKeH

OBLITH B CIIHCKE HpI/IFJ'[aHIéHHbIX.

16-5 Asgropurm Burepou

JuHaMuyeckoe TTporpaMMUpOBaHne MOXKeT OBITH NMPUMeHEeHO K 3a-
Iade paclMo3HaBaHWA pedun. B KadecTBe MOIENH PACCMOTPUM OPHUEHTH-
posanusiit rpad G = (V, F) n oTobpaxkenne o, CONOCTABIAIONIEE ¢ Ka-
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KIbIM pebpom (u,v) 3BYK 0 (u, v) I3 MHOXKECTBa BO3BMOKHBIX 3BYKOB L.
B rpage BbIIeneHa HeKOTOpas BeplinHa vg. KakmoMy myTu, HaunHa-
IOIIEMYCST B Vg, COOTBETCTBYET IMOCIENOBATEIBHOCTD 3BYKOB (DIeMeH-
TOB X3).

a HaszpaGoraliTe >¢deKTUBHEIN aJITOPUTM, BOCCTAHABINBAIOIINN Ty Th
B rpade IO TMOCIeNOBATeNbHOCTH S = (071,02,...,0,) DIEeMEHTOB X
(ecm TpebByeMoro myTH He CYIIECTBYeT, allOPHTM JOJIKEeH BBIIATh
COOTBeTCTBYyIOIIee coobirenne). OnennTe BpeMsi pabGOTEl alTOPHTMA.
(Yka3aHme: BaM MOTYT IPUTONNTHCS HEKOTOpHIE MIEH U3 TIaBhl 23).

Hycte Temeps mis kaxkmnoro pebpa (u,v) € E u3BecTHa BEpPOSTHOCTH
npofiTn mo pebpy m3 u B v (N30aTh COOTBETCTBYIOIUINI 3BYK); 0603Ha-
9UM 3Ty BePOSTHOCTH p(u, v). Mbr mpennonaraem, 1To mist m06oit Bep-
MIIHBL ¥ CyMMa BeposiTHOCTell p(u, v) mo BceM pébpaM, BBIXONSIINM 13
STOH BepIINHEI, paBHA eNUHNTE. BepoSTHOCTEHIO MyTH CUNTAEeM TTPOU3-
BelleHIe BEePOSITHOCTEI, COOTBETCTBYIOIINK ero pébpaM (T.e. mocieno-
BaTeIbHbIE BHIOOPHI CINTAEM HE3aBIHCHMbBIMI).

6. MonugunupyiiTe TOCTPOEHHBIN B (a) alrOpUTM TakK, YTOOLI OH Ha-
Xonua Haunbdosee BepOATHBIN MYy Th, COOTBETCTBYIOUINI TAaHHOW MOCIe-
noBaTenbHOCTH 3BYKOB. QlieHuTe BpeMs paboThl MOTU(UIIHPOBAHHOTO
aJTOpUTMA.

JameyaHug

CucreMaTuueckoe u3yueHle IUHAMUYECKOTO MpPOTpaMMUPOBAHUS
610 HauaTo H. Hemmmanom B 1955 romy [21], X0Ts HeKOTOpEIe TPUEMBI
Takoro pona OvuIM u3BecTHb u pahee. Kceraru, cinoBo “npoepan-
mupoeanue” (programming) B CIOBOCOYETAHUAX ~JuHaMUUECKOE
npoepammuposanue” (dynamic programming), a Takike “aumnetinoe
npoepammuposanue” (linear programming) ne o3HaYaeT cOCTaBIEHIe
OpOTpaMM sl KOMIIBIOTEPA.

Xy u Ilwar [106a, 106b] npumymann paboTaloluii 3a BpeMs
O(nlogn) anropuT™ mis 3amadnm o MOPSIKe TePEMHOKEHUS MaTpHII;
OHN JKe yKa3aJWl COOTBeTCTBHe MeXNy 3Tol 3amadell m 3anadeil od
ONTUMAIILHON TPUAHTYIISINN.

AsropuT™ niist HaxoxKaeHus Haubosbiell obiiedl moanocenoBaTenb-
HocTn 3a Bpemsi O(mn) OTHOCHTCsS, BHONMO, K (onbknopy. B pa-
6ote [43] KHyT mocTaBmiI BOIpPOC, BO3MOKEH JIH IJIsE HTOl 3amadn cy6-
KBagpaTuvHbIil anroputm. Macex u Harepcon [143] nokaszamu, 9To Bo3-
MOXKeH, Haiiiisi anropnTm, pabortamrmii 3a BpeMms O(mn/logn) npn
n < m U QUKCHPOBAHHOM pa3Mepe MHOXKeCTBa, U3 KOTOporo GepyTcs
YJeHbl MocienoBaTenbHocTel. g cnydas, KOrna B MOCHeNOBATENbLHO-
CTAX HeT moBTopeHnumil, anroputm ¢ ouenkoit O((n + m)log(n + m))
noctpoed B crarThe lllumanckn [184]. MHorme u3 5THX pe3ylbTaTOB
0600IIAI0TCS Ha 3aady O CTONMOCTH pelakTHpoBaHus (3amada 16-3).
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2KanmHbIe aJIropuTMBbI

Hstst MHOMEX ONTUMH3AIMOHHBIX 3aad ecTh HoJjiee TPOCTHIE U GEICTPHIE
AJICOPUTMBI, UeM JUHAMHUUYeCKOe porpaMMupoBatue. B 3Toil riiaBe Mbl
paccMaTpHBaeM 3allaull, KOTOPBIE MOXKHO PEIIaTh € MOMOIIbIO KaXHEIX
anropurmos (greedy algorithms). Taxoit anropnTm memaeT Ha KazKIOM
[are JIOKaJIBHO ONTHMAIbHBIA BHIGOP, — B HalleXkKIe, YTO UTOrOBOE pe-
lIeHle TaKkXKe OKaXkeTcs onTuMaibHbeiM. HTO He Beerna Tak — HO IS
MHOI'MX 3allad TaKie alrOpUTMbl HefCTBUTENBHO naloT onTumMmyM. Har
HepBLIl TpUMep — MPOCTas, HO He BIOJHE TPHUBUAJbHAs 3a7ada O BbI-
6ope 3asBok (pasmen 17.1). Hamee (pasmen 17.2) mbl o6CyxKmaem, s
KaKUX 3alad TomsiTcs XKajldHble anropuTmbl. B pasmene 17.3 pacckasbi-
BaeTcs O cxKaTuu HHGOPMAIun ¢ TOMOILIBID KonoB XaddmeHa, KOTOpbIe
cTposiTes xKagubiM airopurmom. Hazmen 17.4 nocBsitiiéH Takx Ha3biBa-
eMbIM MaTpoufaM — KOMOMHATOPHBIM OObEKTaM, CBS3aHHLIM C ¥Kall-
HbIMHU ajiropuTMamu. Hakowen, B pasznene 17.5 MBI IpuMeHsieM MaTpo-
OBl K 3allaye O PACIHUCAHUU IS 3aKa30B PaBHOW MIIUTEIBHOCTH CO
cpoKaMu U uiTpadamu.

B cnenyoinux riaaBax Mbl He pa3 BCTPETUMCS € KAIHBIME aJlro-
puTMaMn (3a7ava 0 MUHEMAIBHOM MOKpPBIBAIOIIEM IepeBe, alllOPHTM
HellKcTphl TTONCKA KpaTUYalIInx MyTell W3 NaHHON BepIINHBI, KaIHASI
9BpHCTHKa XBaTana s 3a0adl O MOKPLITHH MHOKECTBa I IPYTHe).
MuHuMaJIbHBle TOKPBLIBAIOIINE NEePeBbs — KIaCCUYECKUE TpuMep uc-
MOJIB30BaHUS XKAMHOO AJrOPUTMAa, TAK 4TO MapalielbHO ¢ 3TO ria-
BOM MOXKHO UYUTATh TaBy 24.

17.1 3amaga o BbIGOpE 3a4BOK

HycTh nmaHBI n 3asBok Ha INpOBeleHWe 3aHATHI B OMHOW M TOH XKe
aynuTopun. [IBa pasHLIX 3aHATHSA He MOTYT TepeKpBIBATLCA MO Bpe-
MeHn. B Kaxmoil 3asBKe yKasaHBI HAYalo U KOHel 3aHSTHs (s; n f;
nist i-it 3asBKn). Hasuble 3asBKN MOT'YT MepeceKaThesl, I TOTa MOKHO
VIOOBIETBOPUTE TONLKO OMHY U3 HUX. MBI OTOXKIECTBIAeM KaXKIyIO 3a-
SBKY C IPOMEXKYTKOM [S;, fi), TAK 9TO KOHEIl OHOTO 3aHSTUS MOKET
COBTIAJATh ¢ HAYAJIOM JIPYTOro, U 3TO HE CUYUTAETCS TlepecedeHneM.
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dbopmarbHO TOBOPS, 3asBKI ¢ HOMepaMH ¢ i j comecTHHI (compatible),
ecin MHTepBaibL [S;, f;) u [s;, f;) He mepecekaroTcsi (HHBIME CJIOBAMI,
ecnn f; < s; wnn f; < 5;). 3amaua o BeIGope 3asBok (activity-selection
problem) coctout B ToM, 4TOGH HaOpaTh MAKCHMAIbHOE KOIMIECTBO
COBMECTHBIX JIPYT ¢ IPYIOM 3asBOK.

ZKamuplii afiropuTM paboTaeT cliedyoimM obpasoM. Mbl mpenmnosia-
raem, 4To 3afBKI YIOPSAOYEHLI B TOPSIKe BO3pacTaHIs BPEMeHH OKOH-
JaHU:

A<fa< < fn (17.1)

Ecnm sTo He Tak, TO MOXKHO OTCOPTHpOBaTH nX 3a BpeMs O(nlogn);
3as8BKHU ¢ ONMHAKOBLIM BpeMeHeM KOHIla pachojaraeM B IPOU3BOJILHOM
nopsjke.

Torma anropnT™ BEITISANT Tak (f m § — MacCuUBHI):

GREEDY-ACTIVITY-SELECTOR(S, f)

n < lengths]
A+« {1}
7+ 1
fort+— 2ton
do if 5; > f;
then A «— AU {i}
R

=~ O T W N~

& return A

Habota »roro anropurma nokasana Ha puc. 17.1. MuoxectBo A co-
CTOUT U3 HOMEpOB BLIOPAHHBIX 3asBOK, ] — HOMep HociemHell W3 HUX;
npu 3TOM

fi=max{fr: ke A}, (17.2)

IOCKOJTBKY 3assBKH OTCOPTUPOBAHLI [0 BpeMeHaM OKOHYaHus. Buavase
A comepxut 3asBKy HOMep 1, mw j = 1 (crpokm 2-3). lanee (mukn B
cTpokax 4-7) mieTcs 3asBKa, HAUMHAIOIIAACS He PaHbIe OKOHYAHUS
3asdBKU HOMep j. Eciam TakoBas HaiileHa, oHa BKJIIOYAeTCS B MHOXKe-
CTBO A U TlepeMeHHOIl j mpucBanBaeTcs eé HoMep (CTpoknm 6-7).

Asroputm  GREEDY-ACTIVITY-SELECTOR TpebyeT Bcero Juiilb
©(n) mwaros (He cunTas HpenBapuTenbHoil copruposkn). Kak u mono-
GaeT KaIHOMY aJITOPUTMY, Ha KayKIOM Iare OH JefaeT BLIOOp Tak,
4TOOBI OCTAlOIIeecs CBOGOMHBIM BpeMst OBLIO MaKCHMaJIbHO.

HpaBIII.]'II:HOCTB aJIropuTMa

He nns Bcex 3amayd KaaHBEI aJiTOPUTM HaéT ONTHMaJbHOE pellleHle,
HO mid Halieil maét. Y6eomMmcsa B HTOM.

Teopema 17.1. Aseopumm GREEDY-ACTIVITY-SELECTOR daém nabop
U3 HAUDOOABULERO 603MONCHO20 KOAUYECTNEA COEBMECTIHDIL 3AA60K.
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Pucynox 17.1 Ha6ora amropmrtma (GREEDY-ACTIVITY-SELECTOR misa 11 3asBOK
(rabmuma cneBa). Kaxpas cTpoka Ha PUCYHKE COOTBETCTBYET OZHOMY IIPOXOLY IiH-
kia B crpokax 4-7. Cepble 3adBKM yiKe BKIIIOUEHBI B A, Gemas cefigac paccMaTpu-
BaeTcd. Ecnu neBbill KoHell 6eJ10ro mpsMOyTOJIbHUKA JIeBee MPaBOro KOHIIA TPAaBOrO
ceporo (cTpeiKa UAET BIEBO), TO 3asBKa OTBEpPraeTcs. B mpoTuUBHOM cilydae oOHa
nobapmsgeTcd K A.
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Loxazameabcmeo. HamoMuuM, 4TO 3aSBKH OTCOPTHPOBAHEL IO BO3pa-
CTaHNO BpeMeHn okondaHnsa. Hpexkne Bcero moxaxkem, 4To CYIIECTBYET
ONITHMaJbHOE pellleHle 3aJadll O BEIOOpe 3asBOK, COmepiKalllee 3asiBKY
HoMep 1 (¢ caMBIM paHHUM BpeMeHeM OKOHUYaHHs). B camom merne, ecin
B KaKOM-TO ONTHMAaJIbHOM MHOJKECTBE 3asdBOK 3afiBKa HoMep 1 He co-
IEPKUTCSA, TO MOXKHO 3aMEHHTDL B HEM 3asdBKYy C CaMbIM paHHUM Bpe-
MeHeM OKOHYAHUSA Ha 3asgBKYy HOMep 1, 4TO He HOBPENHT COBMECTHOCTH
3asBOK (160 3asiBKa HOMep | KOHUAeTCs ellé paHbllle, 9eM MPeKHss, 1
HI C 9eM Tepecedbesi He MOJKET) I He M3MEHHT UX O6IIero KOMmdecTBa.
Craso ObITh, MOXKHO HCKATh ONTHMAJILHOE MHOKECTBO 3a1BOK A cpenn
comepKalllnX 3aiBKy HOMep 1: CyIeCTByeT ONTHMaJbHOE pellenie, Ha-
YnHaoIIeecs C KaIHOrO BLIGOpDA.

Hocne Toro xak Mbl IOTOBOPHINCH PAcCMaTpPUBATh TOILKO HaOODEHI,
comepiKalline 3asBKy HOMep 1, Bce HECOBMECTHBIE C Hell 3asBKH MOKHO
BRIKHHYTD, II 3a/lada CBOOUTCS K BEIOOPY ONTHMaNbHOIO Habopa 3adBOK
13 MHOKECTBA OCTABIINXCS 3asiBOK (COBMECTHBIX € 3asBKOil HOMep 1).
Hpyrumu cioBaMu, MBI CBeIN 3alady K aHAJOCMYHON 3amade ¢ MeHb-
MINM YICIOM 3aiBOK. Haccykmas mo mEOYKINN, TMOAyYaeM, 4TO, Heias
Ha KaykKIOM IIare :KaIHLIH BEIOOD, MBI HPHAEM K ONTHUMAJILHOMY pelle-
HUIO. |

Yupaxuenus

17.1-1  3anmauy o BbIGOpe 3asiBOK MOMKHO peIllaTh € MOMOIILIO IIH-
HaMI4YeCKOI'0 MIporpaMMNUPpOBaHNA, BBIUYNCIAL I[TOCJTIeJOBATE/IbLHO (I[J'[?[
i=1,2,...,n) 90CI0 M; — MAKCHMAJIbHO BO3MOMKHOE UICIO COBMECT-
HBIX 3asBOK CPelIN 3asBOK ¢ HOMepaMmu 1,2, ..., ¢ (canTas, 9TO HepaBeH-
ctBo (17.1) Bormomreno). CpaBHITe BpeMsi pabOTHI TAKOTO aJrOPHTMa
u anroputma GREEDY-ACTIVITY-SELECTOR.

17.1-2  HycTb no-nmpekHeMy uMeeTCs MHOXKECTBO 3asBOK Ha IPOBele-
HUe 3aHATHi (Kakmas 3asBKa YKa3blBaeT HAYaJO I KOHEIl), HO aymIi-
TOopuil cKONBKO yromuo. Hy)Ho pacnpenesiuThb 3aiBKH MO ayTUTOPHSM,
HCTOJB3Ysl KaK MOXHO MeHblile aynuropuii. HazpaGoraiite sadpdekTun-
HBII XKaMHBII aJTOPATM, PellalolIuil 3Ty 3a/1ady.

HT&L 3ada4va N3BeCTHa TaKXe KaK 3agada 0 packpacke MHTEPBAJIBHOIO
rpada (interval-graph coloring problem). Haccmorpum rpad, Beprun-
HaMU KOTOPOT'O SIBJISIOTCS 3asBKM, NPUYEM BEpIIHHBI COENUHEHBI pe-
6poM TOTHa M TOJBKO TOrHa, KOTHa COOTBETCTBYIOIINE 3asBKH He-
coBMecTHBI. HamMenblilee KOJMYeCTBO 11BETOB, HEOOXOAUMOE sl pac-
KpacKu BeplinH rpada TakuMm o6pa3oM, 4ToObl BEPIINHBI OIHOTO [[BETA
He ObLIN COENWHEHBI, W €CTh HaUMEeHbIIee KOJHUYECTBO ayouTOpUil, He-
00XONUMOe IIJIsi BBIMOJIHEHUS BCEX 3asBOK.

17.1-3  Ilnsg 3amaunm o BRIGOpe 3aiBOK BO3ZMOKHO HECKONBKO CIOCco00B
JKaIHOTO BERIOOpa, W He Bce OHU TromsaTcs. HokaxnTe Ha mpumMepe, U4TO
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mpaBuia “na kadjcdom waze 6bi6upamMb 3aA6KY HauMeHbULeT dAumetb-
HOCTU, COEMECTIHYIO C Yoce 6bIOpanHblMU”, & TAKKe “Ha Kaxcdom uaze
6bIOUPAMb 3AA6KY, COSMECTIHYIO € HAUOOADUWUM KOAUNECTNEOM OCTNG-
owurca”, He TOmSITCS.

17.2 Korma npuMeHUM XaAHBIA aJITOPUTM?

Kak y3maTh, mact au KaOgHLIN aATOPUTM ONTUMYM TPUMEHUTENLHO
K nanHoil 3anaue? OBLIMX PeNenTOB TYT HET, HO CYIIECTBYIOT IBE 0CO-
OeHHOCTH, XapaKTepHble Ui 3alay, pellaeMblX KaJHBIMU aJTrOpuT-
Mamu. HTo npuHIIID XKaMTHOTO BLIOOpA W CBONCTBO ONMTAMAILHOCTH NS
non3aay.

Hpunmmn xaxHoro BEIOOpa

[oBopAT, 9TO K ONTUMU3ANNOHHON 3aaue TPUMEHUM TPUHITHIT K-
Horo BhIGopa (greedy-choice property), eciam mocienoBaTeTbHOCTH JI0-
KaJIbHO ONTHMAIBHBIX (KAITHBIX) BLIOOPOB aeT TI00ATHHO ONTHMAI b-
Hoe perrenne. Haznmuume mexme KagHBIMH adTOPUTMaMU W IHHAMMU-
YeCKNM TPOTpaMMUPOBAHIEM MOXKHO TMOSCHUTH Tak: Ha KaxkIOM Iare
JKAIHBIA aJICOPUTM GepéT “cambiti scupmblll kycox”, a TOTOM yiKe MBITa-
eTcs cienaTh HAWIYUNINNA BBIGOD CPeN OCTABIINXCH, KAKOBLI GBI OHU
HU 6LUTH; aJITOPUTM ANHAMUYECKOTO TPOTPAMMUPOBAHUSA TPHHUMAET
pelrierne, MPOCUNTAB 3apaHee MOCTENCTBIS IS BCeX BapHaHTOB.

Kax mokasaTh, 9TO JKaHBIH aATOPUTM MaéT OMTUMaILHOEe pelienue’?
Hto e Bcerma TpmBHAIBHO, HO B THINYHOM CIyUae TaKOe NOKA3aTelhb-
CTBO CleNyeT cXeMe, UCM0JIB30BAHHON B HOKa3aTelbeTBe Teopembl 17.1.
CHavasia MBI HOKa3biBaeM, UTO KalHbIll BEIGOp Ha NEpBOM Iiare He
3aKpBIBAET MYTH K OMTHMAILHOMY pPelleHuio: s BCAKOTO PErreHins
eCTh JPYroe, COracoBaHHOE C JKAJHBIM BBIOOPOM ¥ He XyIllee Tep-
BOro. 3aTeM MOKa3bIBAETCS, UTO MOM3a/lavua, BOSHUKAIOAs TOCHe Kall-
HOTO BBIGOpaA Ha TEpPBOM Iare, aHAJOTHUHA NCXOMHON, W paccyKIeHne
3aBepIaeTCs Mo MHAYKIN.

OnTuMaibHOCTE JJIA Immoa3amad

T'oBOpsl MHBIME CJIOBAMI, pelllaeMble ¢ TOMOIIBIO KaTHBIX alTOPHT-
MOB 3a/1aun 06/1a/1al0T CBONCTBOM oNTMMANBHOCTH MIA momsazad (have
optimal substructure): onTuManbHOe pellieHue Beell 3aaUu CONEPKUT
B cebe onTuManbHble perrerns nom3amad. (C 5TuM CBOMCTBOM MBI
yKe BCTPeYasliich, TOBOPS O MUHAMIYECKOM NporpaMmupoBanmi.) Ha-
npuMep, TPH IOKa3aTelbCTBe TeopeMbl 17.1 MBI BHIENH, 9TO €Cin
A — onruManbHBIl HAGOP 3as4BOK, COmepXKAINil 3asBKYy HOMep 1, TO
A" = A\ {1} — onrumanbublii HAGODP 3a4BOK IJIs MEHBIEIO MHOMKe-
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CTBa 3a4BOK S, COCTOAIIErO U3 TeX 3asBOK, I KOTOPHIX S > f.

ZKanHemi aropuTM WM IUHAMIYECKOE IPOrpaMMupoBaHme?

N kaaHbie aJropuTMBbl, I AHHAMHIYECKOE TPOrpaMMIpPOBaHIe OCHO-
BLIBAIOTCS Ha CBONCTBE ONTUMAJIBHOCTH IS MOA3a0ad, MOYTOMY MOKET
BO3HUKHYTh HMCKyIIeHHe MPUMEHHTH AUHAMUYECKOe MpOorpaMMupoBa-
HEle B CUTYaIllH, I/ XBaTHI0 ObI XKaIHOTO aJlropuTMa, Wi, HalpoTHB,
IPUMEHNTH KaIHbIl aJIFOPUTM K 3ajladye, B KOTOPOil OH He JacT ONTH-
MyMa. MBI IPOMIIIOCTPUPYEM BO3MOKHBIE JIOBYIIKH Ha IIpUMepe IBYX
BapUaHTOB KIaCCHYECKON ONTUMM3AIMMOHHON 3a0aui.

Iuckpernas 3amada o proksake (0-1 knapsack problem) cocTonT B cite-
nytottieM. HycTs Bop npobGpascs Ha cKiall, Ha KOTOPOM XPaHUTCA N Be-
wieit. Beib HOMep 7 CTOHT v; IOMIIAPOB U BECHT w; KUIOTPaMMOB (v;
n w; — ledble uncia). Bop XxoueT yKpacTh ToBapa Ha MaKCHMAJIBHYIO
CYMMY, TPHYEM MaKCHMaJbHbI Bec, KOTOPBIl OH MOXKET YHECTH B PIOK-
3ake, paBeH W (ancimo W Toxe nemnoe). UTo oH MOMKeH NOMOKATH B
pIoK3aK?

Henpepssras 3agaua o proksake (fractional knapsack problem) ornu-
YaeTcs OT MUCKPETHOI TeM, 4TO BOP MOKET IPOGUTH KpajleHble TOBaPhI
Ha YacTH U yKJIAJIbIBaTh B PIOK3aK TH Y4acTH, a He 00A3aTeNbHO Bellln
IeJITKOM (eciin B AMCKPETHOI 3a/jate BOP NMeeT IeNo ¢ 30J0THIMI CIINT-
KaMIl, TO B HENPEPBIBHON — € 30JI0THIM IECKOM ).

O6e 3amaun o ploK3ake 06JANAIOT CBONCTBOM ONTUMAJLHOCTH IJIst
nomzamad. B caMoMm gene, paccCMOTPUM MUCKPETHYIO 3amadyy. BeiHYB
Belllb HOMEp j U3 ONTHMAaJIBHO 3arpyKeHHOTO pIOK3aKa, MOJIYUNM pe-
HIeHNe 3aa4ll O pIOK3aKe ¢ MaKCHMaIbHBIM Becom W — w; u mabopom
n3 n — 1 Betn (Bce Beln, KpoMme j-if). AHAJIOTHIHOE PAacCcyKIeHNe Mpo-
XOMUT W JUI HENpPepLIBHOI 3a/aui: BEIHYB U3 ONTHMAJBLHO 3arpyKeH-
HOTO PIOK3aKa, B KOTOPOM JIGKUT w KUJAOT PAaMMOB TOBapa HOMep j, Bech
HTOT TOBAP, MOJYUYUM ONTHMAIbHOE PellleHie HellpephIBHON 3am1adn, B
KOTOpOIl MakcuMaIbHbI Bec paBed W — w (Bmecto W), a kommaecTBo
J-TO TOBapa paBHO w; — w (BMECTO w;).

XoTs nBe 3afaull 0 pIOK3ake W MOXOXKHN, KAIHbLI aqropuTM HaéT
ONTUMYM B HEIIPEPLIBHOI 3afaye o pIOK3ake W He HaéT B INCKPETHOI.
B camom merne, pelienne HeNpepbIBHON 3aladl 0 PIOK3aKe ¢ MOMOIILIO
KAITHOTO AJTOPUTMa BBITISOUT Tak. Berameanu meHwr (B pacuére Ha
KIJIOTPaMM) BCeX TOBapoOB (IleHa ToBapa HOMep ¢ paBHa v;/w;). CHa-
yaJsia BOp 6epéT Mo MAKCUMYMY CaMOro JOPOToro ToBapa; eCin BeCh HTOT
TOBap KOHYMJIICS, a PIOK3aK He 3al0HeH, BOP 6epET cleMyolInil 1o HeHe
TOBap, 3aTeM CJICAYIONINil, 1 Tak majee, Noka He HabepéT Bec W. Ho-
CKOJILKY TOBaphl HAMO MPeABapUTEIbLHO OTCOPTHPOBATE MO MeHaM, Ha
aTo yitnét Bpems O(nlogn), BpeMs paGOTHI ONNCAHHOTO AJITOPUTMA
6ymet O(nlogn). B ynpaxnenun 17.2-1 MBI TONPOCHM Bac NOKa3aTh,
YTO ONUCAHHDIN AJTOPUTM AeiiCTBUTEBHO HaeT ONTHMYM.
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Pucynok 17.2 B mumckpeTHoll 3amade 0 poK3ake XKalHas CTPATETHS MOKET He Cpa-
6orars. (a) Bop nomxen BHOGpaTh ABe Belllll U3 TPEX € TeM, YTOGEL X CyMMapHBIIl
Bec se npepsicut 50 kr. (6) OnTuMaIbHbLA BEIOOP — BTOpas U TPEThs BELL; €CII
MHOJIOXKUTH B PIOK3aK MEPBYIO, TO BHIOOD ONTUMA/IBLHBIM He OyIeT, XOTsS UMEHHO OHA
JIOpOKe BCEX B pacuére Ha enuHuily Beca. (B) I HENPEPBIBHON 3afadi O DIOK-
3aKe ¢ TEMHU YK€ MCXOMHBIMU JaHHBIMU BHIOOP TOBApOB B NOpsiKe yObLIBAHUS IIeHBI Ha
eVHUITY Beca OymeT OnTHMaJeH.

YTtobbl yO6enuThcs B TOM, UTO aHAJOTMYHBLIN XKAIHLIH aJITOPUTM He
0053aH aBaTh ONTUMYM B INUCKpeTHON 3allaye 0 plOK3aKe, B3TASHUTE
Ha puc. 17.2a. ['pyzononbémuocTs piok3aka 50 Kr, Ha cKiale HMeTCs
Tpu Beln, Becsatue 10, 20 u 30 kr u crosuume 60, 100 n 120 nonnapos
cooTBeTCcTBenHO. [lena nx B pacuéTe Ha edWHUIY Beca paBHa 6, 5 m 4.
ZKannerit anropuT™M IS Hadala TOJOXKHUT B PIOK3aK Belllb HoMep 1;
OIIHAKO ONTUMAJILHOE pellleHue BKJIOYaeT NpelMeThl HOMep 2 u 3.

s HempepbLIBHON 327291 ¢ TEMU XKe UCXONHBIMU MAHHBIMU KaTHBIHT
AJTOPUTM, TpedNuchiBaloliuil HayaTh ¢ ToBapa HoMep 1, nmaéTt omTu-
MalsibHOe pernenne (puc. 17.28). B nuckpeTHoil 3amate Takas CTpaTerns
He cpabaTbIBaeT: NOJOXKNB B PIOK3aK NpenmMeT HOMep 1, Bop JuinaeTcs
BO3MOXKHOCTH 3alOMHATHL PIOK3aK “nod 2ae43ky”, a IyCToOe MECTO B
plOK3aKe CHUXKaeT IleHy HaBOPOBAHHOI'O B pacyéTe Ha elNUHUILY Beca.
Hpu pemennu nuckpeTHON 3amadn o ploK3ake, 9TOOLI PeIINThL, KIACTh
JIM HaHHYIO Belllb B PIOK3aK, HA/J0 CPaBHUTHL pellleHue ToA3al1aull, BO3-
HUKaollel, eclin HaHHas Belllb 3aBeOMO JIeXKHUT B plOK3akKe, ¢ Moi3a-
navell, BO3HUKAIOIIEH, eClii HTOM Bellll B pilok3ake 3aBemoMo HeT. TeM
caMbIM NIUCKpeTHas 3alladya O ploK3ake MOpPoXKaeT MHOXKECTBO Iepe-
KpbIBAIOLINXCA TOA3aay — TUIUYHBIN NPU3HAK TOrO, YTO MOKET Mpu-
TONUTRCS NUHAMHIYeCKoe TporpaMMupoBanne. U neficTBUTeNLHO, K OUC-
KPeTHOIT 3a/1ade 0 PIOK3aKe OHO MPUMeHNMO (CM. ynpaxueHne 17.2-2).

Yupaxuenus

17.2-1  JlokaxkuTe, 9TO NI HENPEPHIBHON 3a7Madl O PIOK3aKe BLITOI-
HeH NPUHIUI KaJHOIO BhIOOpA.
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17.2-2  HaspaboTaliTe OCHOBAHHBIN HA NWHAMUIECKOM ITPOT PAMMUPO-
BaHUU AJITOPUTM IJIs PellleHus MUCKPeTHON 3aladu o prok3ake. Anro-
puTM nomken paboraTh 3a Bpemst O(nW) (n — kommdecTBO Bellei,
W — MaKcHMaJbHBI BeC PIOK3aKa).

17.2-3  HycTk B nuckpeTHoll 3a7ade 0 pIoK3aKe BeIlln MOXKHO YIOPSIO-
YUTh TaKUM 06pa3oM, 4TOObI OJJHOBPEMEHHO BLINOJHSIINCH HEPABEHCT B
w Lwy L L w, WYy = vy = - 2 U, HazpaboTaiiTe ddphexTnn-
HBIl aJITOPUTM VI HaXOXKIEeHUs ONTUMaJbHOIO Habopa M JIOKaXKuTe,
YTO OH TIpaBUJIEH.

17.2-4  Hpodeccop ener mo mocce u3z Hetepbypra B MockBy, nmes
mpu cebe KapTy C yKa3aHUeM BCEX CTOSIINX Ha MIOcce BEH30KOIOHOK U
paccTosinuii Mexny Humu. U3BecTHO paccTosHEe, KOTOpOe MOXKET TPO-
exaTh MallllHa ¢ TOIHOCTbIO 3anpaBientbiM GakoM. HazpaboraiiTe sd-
(DEeKTUBHBIN AJIrOPUTM, TMO3BOJSIONINNA BbISCHUTH, Ha KaKUX OEH30KO0-
JIOHKAX HaJIO 3alpaBisThCst, YTOOLI KOIUYECTBO 3alPaBOK GBIJIO MUHHU-
vanbHo. (B Hawanme myTn 6ak mosoH.)

17.2-5  IlaHO M TOYeK %1, Z3, ..., T, HA KOOPAWHATHON IPIMOil; Tpeby-
eTCs MOKPBITh BCe 3T TOYKM HAUMEHBIIUM YUCIOM OTPE3KOB NJIUHBL 1.
HazpaGoTaliTe 3pheK THBHBIH aJITOPATM, PEIIAIONIH 3TY ONTHMI3AIII-
OHHYIO 3aJ1a4y.

17.2-6* Hpenmomaras m3BecTHLIM perienne 3amaun 10-2, HafimnTe pe-
IIeHIe HeMpephIBHON 3amadn o pioksake 3a BpeMs O(n).

17.3 Konwr Xapdpmena

Konwr Xadhdmena mupoko UCHOAB3YIOTCA MPH CKATHSI THOPMAIIAT
(B THNMYHON CHTyAINn BHIMTPHIIN MOXKeT cocTaBuTh oT 20% mo 90%
B 3aBHCHMOCTH OT THHA daiina). Anropnty XaddhMeHa HAXOINT ONMTH-
MaJIbHBIE KOIBI CHMBOJIOB (HCXOIS W3 YaCTOTHI MCIOMB30BAHIS HTHX
CHMBOJIOB B CKIMaeMOM TEeKCTe) ¢ MOMOIIBIO KAHOTO BBEIOOPA.

Hyctes B ¢atime mnmant 100000 wm3BecTHH YacTOTHI CHMBOJOB
(pue. 17.3). Mbr xoTuM mocTpouTh meowdsni kom (binary character
code), B KOTOPOM KaXKIbIil CHMBOJ TPENCTABISETCS B BHIE KOHEUHOIN
NIOCIJIENIOBATENLHOCTH OUTOB, Ha3bIBAeMON KomoBeM ciioBom (codeword).
Hpu ncnonb3oBannn pasromeproro xoga (fixed-length code), B koTopom
BCe KOHOBBIE CIIOBA MMEIOT ONMHAKOBYIO MINHY, HA KaXKOBIN CUMBOJ
(13 1IeCTN MMEIINKXCS) HamO MOTPATHTh KaK MUHIMYM Tpu OHTAa,
manpumep, a = 000,b = 001,...,f = 101. Ha Becs daitn yiiner 300 000
OUTOB — Helb3s JIH YMEHbIIUTh 3TO YUCIOT

Hepasromepneni xox (variable-length code) Gymer »koHOMHee, ecin
JacToO BCTpedalolinecss CHMBOJBI 3aKONUPOBATH KOPOTKUMHU TOCIENO-
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a b c d e £
Koanuectso (B Toicsiuwax) 45 13 12 16 9 5
HaBnomepuntit Komn 000 001 010 o011 100 101
HepaBuomepHbITT Kom 0 101 100 111 1101 1100

Pucynok 17.3 3amaua o BeiGope koma. B daitine mmummoit 100 000 cuMBOJIOB BCTpe-
YaloTCd TOIBKO JaTUHCKHME OYKBEL OT a no f (B Tabimile yKasaHO, IO CKOIIBKY pa3s
kaxkjasd). Ecan kaxayo 6yKBy 3aKoqupoBaTh TpeMs buramu, To Beero byner 300 000
6uTos. Eciu ncnone3oBaTh HEPABHOMEDHBII KOII (HIDKHSS CTPOKA), TO HOCTATOYHO
224000 6uTos.

BATENbHOCTSMU OUTOB, & PEHKO BCTpevaloluecs — NiauaabiMu. Onun
TaKoil Kol mokazaH Ha puc. 17.3: 6ykBa a uzobpaxkaeTcs oqHOOUTOBOI
nocienoBaTellbHOCThIO 0, a 6ykBa f — ueThIpéxOuTOBOI MNOCIENOBa-
TenbHocTRIo 1100. Hpw Takol kommpoBKe Ha Bech (aiin yiméT

(45-1+4+13-34+12-3416-349-4+5-4)-1000 = 224000

6uToB, 9TO maéT oKomo 25% skonomnu. ([lamee MBr yBummM, 9TO 5TOT
Konl Oy/eT ONTHMAaJbHBIM. )

Hpeduxcusie Konr:

Mgzr 6ymem paccMaTpuBaTh TOMALKO KOOLI, B KOTOPHIX U3 ABYX TO-
CIIeoBaTeIbLHOCTEN GUTOB, MPENCTABIIIONINX PA3INIHLIe CAMBONLI, HII
ONHa He SBIseTCs npedukcoM mpyroii. Takme KOOLI HA3LIBAIOTCS mpe-
duxcnbivu xomamu (prefix codes; TakoB OOIIENPUHSTHIN TEpMUH, XOTS
normaHee GBIO 6B HA3BIBATh UX ~ Gecnpedurcuvimy” komamn). MoxHo
MOKa3aTh (MbI 9TOTO HeNaTh He OyneM), 4TO s N06oro Koma, obece-
INBAIOIIET0 OMHO3HAYHOE BOCCTAHOBIEHNE WHGMOPMAINU, CYIIECTBYET
He XyOIIui ero TpeduKCHLIA KOH, TaK YTO MBI HIYETO He TepseM.

Hpu xommpoBaHum KaKOLIll CHMBON 3aMeHseTcs Ha cBoil kom. Ha-
npuMep, IJs HepaBHOMepPHOTo Koma puc. 17.3 cTpoka abc 3anuinercs
kax 0101100. Hns mpedpukcHoro Koma NeKOOWPOBaHUE OMHO3ZHATHO T
BBEITIONIHSAETCS ClieBa HampaBo. HepBLIfl cHMBON TeKCTa, 3aKOONPOBAH-
HOTO TIPePUKCHBIM KOIOM, ONpenefseTcs ONHO3HAUHO, TaK KakK KOMUPY-
I0ll1as ero MOCIeNOBATENBHOCTE He MOXKeT OLITH HavaloM KOoma KaKoro-
TO WHOTO cuMBoJa. Hafins 5TOT MepBHIHl CUMBON W OTOGPOCUB KOMUPO-
BaBINYIO €ro TOCIeNOBaATEeNBHOCTE OUTOB, MLl TOBTOpSIEM TIPOTece Nis
ocTaBUINXCs 6UTOB, n Tak manee. Hampumep, ctpoka 001011101 (mpn
NCIOB30BAHIT HEPABHOMEPHOTO KOMa puc. 17.3) pa3séuBaeTcs Ha 9acTH
001011101 u nexonupyeTcs Kak aabe.

Hns spdexTuBHOll peann3aluy NeKONWPOBAHUSA HANO XPAaHUTL WH-
dopmanuio o kKone B ynobHoi ¢opme. OnHa 13 BO3MOKHOCTel — mpel-
CTABUTL KON B BUIe IBOWYHOTO IepeBa, JUCThHI KOTOPOTO COOTBET-
CTBYIOT KONUPYEMBIM cHMBoJaM. Hpu »ToM TYTE OT BepPIINHLI [e-
peBa IO KOMMPYeMOro CHMBOJIA ONpefenseT KOMUPYIONIYIO TOCTenoBa-
TeILHOCTE 6UTOB: MOBOPOT HaleBo maét (), a moBopoT HampaBo — 1.
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Pucynok 17.4 JlepeBbs, cooTBeTCTBYIONIIE ABYM KomaM puc. 17.3. B kaxmom mucte
yKa3aH COOTBETCTBYIOIIMIT CHMBOJI M 9aCTOTAa €r0 MCIOIb30BaHNs B TeKCcTe. Bo BHY-
TPEHHUX y3JaX yKasaHa CyMMa 4acTOT IJId JINCThEB COOTBETCTBYIOIIETO MO IEPEBA.

(a) Hepeso, cooTBeTCcTBYyMIOIIEE paBHOMepHOMY Komy a = 000,...,f = 100. (6) He-
PEeBO, COOTBETCTBYIOINIEE ONTUMAIBHOMY TipedukcHOMY Kony a = 0,b = 101, ... ,f =
1100.

Ha puc. 17.4 uzobpaxkeHbl mepeBbs, COOTBETCTBYIOUINE HBYM KOmaM
puc. 17.3.

OntumansroMy (mias maHHOTO (aiima) KOy BCeria COOTBETCTBYET
NBOWYHOE IePeBO, B KOTOPOM BCIKasl BepInHa, He SBIAIOINIAICS IUCTOM,
nMeeT NBONX neTeil (cM. ynpaxrenne 17.3-1). B wacTHOCTH, paBHOMED-
HLIT KO W3 HAIlero MpuMepa OoNTHMAIbLHEIM OLITE He MOXKeT, Tak Kak B
COOTBeTCTBYIOIIEM nepeBe (puc. 17.4a) ecTh BeplinHa ¢ OTHIM peG&H-
KOM (KOIBI HEKOTOPBIX CHMBOJIOB HaumHaiTCst ¢ 10 ..., HO HI ONUH KOX
cumBona He HaunHaeTcs ¢ 11...). Takoe cBoiicTBO ONTNMANBHOTO KOIa
MO3BOJIeT JIeTKO NOKa3aTh, YTO NEpeBO ONTHMAJIBLHOTO MPeGUKCHOTO
Koma mas ¢afina, B KOTOPOM HCHONBIYIOTCS BCe CHMBONLI W3 HEKOTO-
poro mHOXKecTBa C' I TOJBKO OHU, COmEPXKUT poBHO |C'| muCTHEB, 1O
OMHOMY Ha KaXkIblii cuMBoOJ, n poBHO |C'| — 1 y3710B, He SBIAIOMIIXCS
JTUCTHIMU.

3uas nepeBo T, cooTBeTCTBYIOIIee TPePUKCHOMY KOIY, Jerko HalTu
KONINdecTBO OUTOB, HeoOXOMMMOe NI KOMWpOBaHus ¢aiina. Muenno,
IUTSL KazKIoro cuMBonia ¢ u3 andpabuta C' nycTh f[c] obo3HavaeT 4ncio
ero BXOXKIeHNil B daiin, a dr(c) — raybuHy COOTBETCTBYIOIIEro JINCTa
B IlepeBe WJH, YTO TO XKe caMoe, NINHY MOCIeNOBaTeNbHOCTH GUTOB,
kopupyioiteit ¢. Torma nns konmpoBanus daiina moTpebyeTcs

B(T) =Y flcldr(c) (17.3)

ceC

6uToB. HazoBem 510 4ncio croumoctsio (cost) mepesa 1.
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Hocrpoenne xoga Xadpdpmena

XaddMeHn 1oCT PO KAIHBL aIrOPUTM, KOTOPBII CTPOUT ONTHMAJ b-
HBI mpedukcHbll Kon. HToT kom HaswpiBaeTcs xomom Xaddmena (Huff-
man code). AropuT™ cTponT nepeBo 1', COOTBETCTBYIOIIEE O THMAI b-
HOMY KOy, CHU3Y BBepX, HaunHas ¢ MHOkecTBa n3 |C| nucTheB n nemas
|C|—1 "caugnudi”. M1 npennonaraem, 9To s Kaxknoro cnMpoia ¢ € C'
3amana ero actora flc]. s HaxoXKmeHUs MBYX OOBEKTOB, MOMITEKA-
LIUX CIANSHUIO, NCIONB3YeTCs odepelb ¢ NpuopuTeTaMu (), NCIONb3Y-
ol1as 9acTOThl f B KayecTBe PAHTOB — CIHBAIOTCH IBa OOBEKTa €
HAUMEHBIINMI YacToTaMu. B pesynbrare clusHus HONyYaeTcs HOBBI
006beKT (BHYTPEeHHssI BEPIINHA), 9aCTOTAa KOTOPOTO CANTAETCS PABHOI
CyMMe YacTOT IBYX CINBAEMBIX OOLEKTOB.

HurrmaN(C)

1 n+|C|

2 Q+C

3 forve—lton—1

4 do z <~ ALLOCATE-NODE()

5 z « leffz] + EXTRACT-MIN(Q)
6 y « right[z] « EXTRACT-MIN(Q)
7 ST = fla] + /o]
8 INSERT(Q, 2)
9 return EXTRACT-MIN(Q)

HaBora »Toro anropmTMa Ui Halllero TNpuMepa MOKa3aHa Ha
puc. 17.5. Hockonbky mMmeeTcs Bcero 6 O6yKB, MepBOHAYAILHO OUepenb
uMeeT pasMep n = 6, U IS NOCTPOEHHS [epeBa HYKHO CIeNaTh
5 cnustuuii. HpeduKcHBI Ko cOOTBETCTBYET HepeBy, MOJyYeHHOMY B
pesyibTaTe BCexX STUX CANAHII.

B cTpoke 2 anropuTma B odepenb () NOMEIIAIOTCS CUMBOJBI U3 all-
dasura C' (¢ coorBercTByIOLUIMME YacToTamu). B nukie (ctpoku 3-8)
noBTopsieTcs n — 1 pas clienyolas onepalns: U3 odepen N3BIMaloTcs
IIBe BePIINHBI & U y ¢ HanMeHbImuMu dactotamn f[z] u f[y], KoTopbre
3aMeHSIOTCs Ha ONHY Bepiinuy z ¢ dactortoil fla]+ fly] u merbyu @ u
y (KOTro M3 HUX CYNTATH JIeBBIM PeGEHKOM, a KOTO MPaBBIM — HEBAJKHO:
KOII IOJTY 9N TCSL APYTOil, HO €ro CTONMOCTD OyzeT Ta Xke). B koH1e B ove-
penu ocTadTes OMMH Y36l — KOpeHb MOCTPOCHHOIO ABONYHOIO IepeBa.
CcbliKa Ha Hero Bo3BpalllaeTcs B CTpoke 9.

Onenum BpeMst pabOTHI aJITOPUTMa, CIUTas, YTO odepelb () peasn-
30BaHa B BHIe MBOWYHOW Kydm (cM. rmaBy 7). Wanumammsamnnio ) B
CTpOKe 2 MOXHO mpoBecTH 3a O(n) omepamnnii ¢ TOMOIIBIO MPOTELY PhI
BuiLp-HEAP u3 paszmena 7.3. Huka B cTpokax 3—8 ncnomuseTcss pOBHO
n — 1 pa3; NOCKONMLKY KaxKias olepalis ¢ Kydeil TpebGyeT BpeMeHN
O(logn), obiee Bpems 6yner O(nlogn). Crano GbITH, BpeMs pabOTHI
anropntMa HUFFMAN nist andasuta n3 n cumBoioB 6ynet O(nlogn).
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Pucynok 17.5 Hpumenenne anropntma Xabdmena k Tabmuie yacToT puc. 17.3. Ho-
Ka3aHbl [I0CIIEI0BATEbLHEBIE COCTOSHIS Odepenn (B MOpsIKe Bo3pacTaHus dacTor). Ha
KaXKJIOM IIare CIIMBAIOTCS [Ba MONJAEPEBA C HAUMEHBIMTUMHU YacToTaMu. JlumcTba —
NPSMOYTOILHUKHN, B KOTOPBIX CUMBOJI M €r0 4acTOTa pasfielieHbl ABoeTodneM. BHy-
TPEHHIE BEPIINHBI N300PAKEHBI KPYKKAMU, B KOTOPBIX YKA3aHbI CYMMBI YaCTOT WX
nereii. HeGpo, unyinee x jieBoMy pebEHKY, TIOMEUYEHO HYJEM, K MIPABOMY — EIUHUI-
neii. B pesynbTupyiomiemM nepese Kop J060ro CHMBOJIA HAIKMCAH HA Iy THU, BELYIIEM
13 KOpHA K 5ToMy cuMmBony. (a) Havamesas cramus: n = 6 IHCTBEB, IO ONHOMY Ha
cumBon. (6)—(n) Hpomexyrounsie craguu. (e) I"'oroBoe nepeso.

HpaswipHocTs anropurma Xaddmena

YTo6BT N0Ka3aTh, 9TO KaNHLIH anropuTM HUFFMAN neficTBHTeILHO
IaéT ONTUMYM, Mbl TIOKaxKeM, 4TO JIJid 3a7a4u o0 ONTUMAaJbHOM Tpe-
(PUKCHOM KOJle BHITIOJIHEHBI MPUHIIUT KA JHOTO BBIGOpa U CBOHCTBO ONTH-
MaJbLHOCTH IJs nonzanad. Hauném ¢ mpuHNuNDa KamgHOTO BLIGOPA.

Hemma 17.2. Hycmo 6 aagasume C xaxedoiii cumson ¢ € C' umeem ua-
cmomy fle]. Hyemos x,y € C' — d6éa cum60.4a ¢ HAUMENBUIUMY 4ACTNO-
mamu. To2da dag C' cywecmeyem onmumaabubii npedurcusii xod, 6
KOMopoM nocaedosameabrocmu 6umos, Kodupyowue r u Y, UMeOm
00UHAKOBYIO OAUNY U PABAUNAIOMCA MOALKO 6 NOCACIHEM OUME.

Llokazameavcmeo. Y TBepKIeHne JeMMEI 6yIeT BBITIOIHEHO, €CAN JIH-
CThs, COOTBETCTBYIOIINEe ¢ W Yy, 6ynyT GpaThbamu. HaccMoTpum me-
peBo T', COOTBETCTBYIOIIee MPON3BOILHOMY ONTHUMAILHOMY TpeduKc-
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Pucynok 17.6 JlokasarembcTBo jleMMmbl 17.2. 3mech b u ¢ — Hambosee ynajiéHHBIE
OT KOPHs JIUCThA-OPAThs, & & U Y — JUCThS C HAaUMeHbIuMu Yactoramu. Obmen
u b mpeBparaet mepeso 1' B 17, a obmen y u ¢ npespammaeT 17 B 1. Hpu xaxmoit
U3 MEPECTAHOBOK CTOMMOCTD JEPEBA HE BO3PACTAET.

HOMY KOy, l TIOKaJKeM, YTO ero MOKHO MOTU(UINpPOBATh, He HapylIas
ONTHMaNbLHOCTH, TaK, 4TOOLI BhIIIEyKa3aHHOe YCIOBHE BBIIOIHAIOCE.

B camoMm merie, pacCMOTPUM Mapy COCETHUX (MMEOIInX 0BIIero poin-
Tells) TUCTheB B nepeBe T, HAXOMSAIIYIOCS HA MaKCUMAJbHOM PaccTOs-
Huu oT kopHs. (Takue cyliecTBYIOT: B ONTHMAIBLHOM IepeBe BCe BHY-
TpeHHIe BepIINHBl NMEeIOT CTelleHb 2, I MOTOMY JINCT HanGosbieli riwy-
Outbl nMeer 6paTa.) CHMBOIBI, CTOSILINE B YTHX JINCThAX (HA30BEM UX b
W ¢) — He 00A3aTeNbHO & 1 Y, HO 3aBENOMO HMEIOT He MeHbIIIe JaCTOThI
(mockonbKy @ W y Oblnnm nByMs HambGosiee penkumu cumBosamu). He
orpaHUUNBas OGIIHOCTH, MOXKHO cunTaTh, uTo f[z] < flb] u fly] < flc].
Tenepb momensiem Mectamu B fnepeBe T cuMBosbl b u @ (monyuentoe
nepeBo HazoBéM T7), a 3aTeM cuMBOJBL ¢ U y (NOITyUeHHOE NEPEBO Ha-
s0BéMm T"). Hocne takux obmenoB & u y (cM. mpumep Ha puc. 17.6)
CTaHyT 6paThbiMi, HAXONAIUMMUCS Ha MakKcHMaibHOll riaybume. OcTa-
70Ch y6ennThes, 9To npl 06MeHaX CTOMMOCTE IepeBa He BO3pacTaeT M,
cllefioBaTenbHO, nepeBo 1" TakxkKe sBAseTCS ONTHMalbHBIM. pyrumu
CIIOBAaMI, MBI OJIKHBL poBepuTh, uro B(T) > B(T') > B(T"), rne B
— (YHKIHsA CTOMMOCTH. B caMoM menie, CTOMMOCTD OIpeleNseTcs Kak
CyMMa IO BCeM JIHCThSM Npou3BeneHuil 4acToThl Ha ray6uny (17.3).
Hpn nepexone ot 7' k T’ B 5T0ii cyMMe MeHSIOTCS TOIBKO IBa CJlarae-
vbix: f[bldr(b) + flz]dr(z) 3amensiercs ma f[bldr:(b) + flz]dp(z), T.e.
ua f[b]ldr(z) + flz]dr(b). Takum obpaszom,

[10)dz(b) + flaldr () — f[bldr(x) — fl2]dr(b) =
= (f[b] = flz])(d7(b) — dr(x)) > 0.

O6e ckOOKN HeoTpHIaTenbHbl: BenoMuHmM, uTo flz] < f[b] u uro
dr(b) > dr(z), Tak xKak nuct b Ob1 OMHUM u3 Hanboiee YIAIEH-
HBIX OT KOpHs. Anamormuneim obpazom B(T') > B(T"), rtax uro
B(T) > B(T"), m mostomy T” Takxe onTnMmanbHO (a BCe HAIIN He-
paBEeHCTBa SBISIOTCS paBeHCTBaMH). JlemMa MokasaHa. O

B(T) — B(T")

HokazaHnas JeMMa MOKa3hIBaeT, ITO MOCTPOEHNE OMTHMATLHOTO Jie-
peBa Bcerfia MOXKHO HadaTh CO CIUAHUS MABYX CHMBOJIOB C HaWMeHbIIIEH
gacToToil. Crenyioiriee HabmoAeHNe OMPABALIBAeT HasBaHme ~acadubiii”
s Takoro anropnTMa. HazoBéM ¢TONMOCTRIO CIUSHES CYMMY YacTOT
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CIUBaeMbLIX y37oB. B ympaxuennn 17.3-3 MBI TpemsioXKNM BaM NOKa-
3aTh, YTO CTOMMOCTDH IepeBa paBHA CYMMe CTOUMOCTEeN Bcex CIAUSHUIM,
HeOOXOMUMBIX Uit ero nocTpoenns. Crado 6biTh, ajiroputm HUFFMAN
Ha KaxKIOM Ilare BRIOMpaeT cAnusHne, HamMeHee VBeININBaloIlee CTON-
MOCTb.

Tenepb ycTaHOBUM CBOHCTBO ONMTUMAIBHOCTH IS MON3amdad.

Hycrb dukcupoBan andaput C' u nBa cuMBOJIa &, Y 3TOTO ajdaBUTAa,
a C' — andaBut, KoTOpLIl MoayunTcs n3 C', ecin BLIKHHYTh & U Y N
00aBUTH HOBBIIT CUMBOJ 2.

Haccmorpum komoBwre mepeBbst niasi C'; B KOTOpBIX & u Y (TodHee,
COOTBETCTBYIOIIINE UM JINCThS) SBIAAIOTCS 6paThiMu. KaxnoMmy Takomy
JiepeBy COOTBETCTBYeT KomoBoe mepeBo mis C’) KoTopoe MONydHTCH,
ecnu BEIOPOCUTE BEPIINHEL T 1 Y, & UX 0OII1ero pONUTeNsS CINTATh KOIOM
CUMBONA Z.

Hpu »TOM coOTBeTCTBUE KaiKIOMy KomoBomy mepeBy mis C’ coor-
BETCTBYeT POBHO [1Ba KOIOBBIX nepeBa nisi C' (B OOHOM U3 HUX & OyneT
JTeBBIM PeGEHKOM, B IPYTOM — IPABBIM).

HycTs mis kaxmoro cumBoiia ¢ n3 C' ¢pukcnpoBaHia ero vactota f[c].
Onpenenum 4acToTHl 11 cuMBosioB 13 O/, cunTas 4acTOTON CUMBOJIA 2
cymmy flz]+ fly]; nist ocTaNbHBIX CHMBOJIOB YaCTOTHI OCTAIOTCS TeMN
xe, ato n B C. Torma mist KOMOBEIX mepeBbeB (i1 060NX al(aBuTOB)
ompeneseHbl CTONMOCTH.

Hemma 17.3. Cmoumocmu coomsememsyiowur dpye dpyey depesves T
u T (npu onucawnom coomeemcemeuu) OMAUNAIOMCA HO 6€AUNUNY

flel+ [lyl.

Hoxazameavcmeo. Jlerko Bumeth, uto dr(c) = dpi(c) must Beex ¢ €
C\ {z,y}, a Takxke uro dr(z) = dr(y) = dr/(2) + 1. CaenoBareinsuo,
fleldr(x) + flyldr(y) = (fle] + flv) (dri(2) + 1) =

= fleldr:(2) + (f[z] + fly]),

orkyna B(T) = B(T") + f[z] + [f[y]- -

Hta pemMa TmoKa3bIiBaeT, UTO BLITTONIHEHO CBOMCTBO OMTUMAILHOCTH
IUTst on3anad (OnTuMarbHOe nepeBo 1 COOTBETCTBYET ONTHMAIbLHOMY
nepeBy T’ muisi MeHblell 3amaun).

W3 mByx nmokazaHHLIX JIeMM JerKO ClenyeT

Teopema 17.4. Aseopumm HUFFMAN cmpoum onmumaabubiii npeduic-
nuiti Kod.

lloxazameavcmeo. Jlemma 17.2 moka3niBaeT, 9TO ONTHMANBHEIE KONO-
Bble JlepeBbsi MOXKHO HCKATh CPelN TaKWX, V KOTOPBIX INBa Haubosee
PenKnX CHMBOJIa (HA30BEM 13 & 1 y) SBAsOTCS OGpaThimu. UM cooTBet-
CTBYIOT HlepeBbs mis andasuta C’, B KOTOPOM CUMBOJILL & U §J CJAUTHI B
onud cuMBou z. CunTas 9acTOTY CUMBOJIA Z PABHOW CyMMe YacTOT & U
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Y, MOXKHO TPUMEHUTH leMMy 17.3 U yBUAETH, 9TO HAM OCTaéTcs HAlTH
onTHMalbHOe KOomoBoe nepeBo s ajdasura C’ 1 3aTeM mo6aBUTL K
BeplINHe z NBYX HeTell, oMeueHHBIX cuMBojamu & u y. Hro u memaer
anroputT™M HUFFMAN. ]

Yupaxuenus

17.3-1  HoxaxkuTe, 9To B GUHAPHOM IepeBe, COOTBETCTBYIOIIEM ONTH-
MaJibHOMY NpedUuKCHOMY KOy, BCAKas BeplunHa JubO sBHdgeTcd Jiu-
cTOM, TubO MMeeT NBYX HeTell.

17.3-2  Haiinute xonm Xaddpmena s aiapaBuTa, B KOTOPOM YaCTOTH
CUMBOJOB COBNAMNAIOT ¢ TEPBLIME BOceMblio dnciaamMn Pubonaddn:

a:1 b:1 c:2 d:3 e:5 £:8 g:13 h:21

Uro 6ynmeT, ecnim B aldaBuTe N CHMBOJIOB, JaCTOTH KOTOPLIX COBIA-
nakT ¢ nepBbiMu 1 unciamu Pubonauyun?

17.3-3  JlokaxkuTe, 9TO CTONMOCTEL IBOUYHOTO HepeBa, COOTBETCTBY-
Io1ero npeduKCHOMY KOy, MOXKHO BBIUYMCIUTH CJAedyOIuM oOpa3oM:
IJId KaK[Oil BepllMHbI, He ABIAIOLIERCS JUCTOM, HAlTH CYMMY 4acTOT
ee JieTeil, 1 CIOXKUTH BCe NOJNYUYEHHbIe YUCa.

17.3-4  Hacmomoxum cHMBOIIBI alihaBUTa B MOPsiKe YOLIBAHIS (HEBO3-
pactanus) 9acToT. JlokaxnTe, 9TO B ONTHMAIBHOM TPepUKCHOM KOIe
IJIMHBL KONUPYIOLIUX 3T CUMBOJIBL TOC/IeNOoBaTelbHOCTeH OUTOB OYIyT
UITH B HeyObIBalOIlEM MOPsIKe.

17.3-5  IlokaxkuTe, 4TO ONTUMAJLHBLI TpeQUKCHBIH Kom mis aida-
BITa U3 N CUMBOJIOB MOXKET ObITh NMPeNCcTaBIeH MOCIeI0BATENbHOCTHIO
u3 2n — 1 4 nflogy n| 6uTos. (Yka3anne: mnst 3alaHus CTPYKTYPHI le-
peBa MOCTaTOYHO 2n — 1 6UTOB.)

17.3-6  OGobmmnTe amropnt™ XaddmeHa Ha TepHapHbIE KONbl (Ka-
KOBIE CUMBOJ KOnUpyeTcs MocienoBaTenbHocThio u3 nudp 0, 1 u
2). Kompl, mopokmaeMbre BAalllIM aJTOPHTMOM, MOJIKHBI OBITH ONTH-
MaJIbHBL.

17.3-7  Hyctb andasut comepxut 2% = 256 cuMBOJIOB, IPUUEM Mak-
CUMaJIbHas YacTOTa MPEeBOCXONUT MUHUMAJLHYIO He HoJiee ueM BIBOe.
Hoxaxute, uTo mis andaBuTa ¢ TAaKUMHA YacToTaMl Kom XaddmMena e
6ottee 3(pHeKTUBEH, YeM PaBHOMEPHBIN BOCBMUONTOBBIN KOII.

17.3-8  Hpodeccop yTBepxkiaeT, 4TO HalUcaHHAas MM INpOrpaMMma
CKATUs WHPOPMAINT TO3BOISET CKATh M060i daitn nanaer 1000 (mo-
CIIENOBATENbHOCTD I3 THICA YN 8-6UTOBLIX GaiiTOB) XOTs GbI Ha ONUH GUT,
nocjie 4ero HalMCaHHad UM NPOrpaMMa BOCCTAHOBJIEHHS CMOXKET BOC-
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CTAHOBUTB HCXONHBIN ¢aiin. Houemy on menmpan? (YkasaHme: cpaBHUTE
KOJIMYeCTBO BO3MOKHBIX (GafifioB ¢ KOIMIECTBOM CKATHIX (Dailsion).

* 17.4 Teoperuyeckue OCHOBHI JKAHBLIX aJITOPUTMOB

B »ToM pasmene MBI BKpaTIle paccKa)keM O KpacWBOM pazmeiie KOM-
OWHATOPUKN, CBI3AHHOM C KANHLIMI aJTOPATMaMU, — TEOPUH MaTpPO-
n0oB. C MOMOIIBIO 9TOH TeOpHN 9acTo (XOTS W He BCerma: 3a1adm n3
pasnmenoB 17.1 n 17.3 Teopueil MaTpOUNOB He MOKPLIBAIOTCS) YIAETCH
VCTAHOBUTH, YTO HAHHBLIN KaIHBINA alropuTM HaéT onTuMyM. Teopus
MaTPOHIOB GBICTPO PAa3BUBAETCS (CM. CCHUIKH B KOHIIE TJIaBHI).

17.4.1 MaTtponasl

Marpoumom (matroid) wassiBaercs napa M = (S,7), ynoBieTBopsio-
as c/efyolUM YCIOBIsIM.

1. S — xomneunoe Helycroe MHOXKeCTBO.

2. 7 — memycToe ceMeHCTBO TOAMHOXKECTB S BXongiine B 7 MOIMHO-
KecTBa Ha3bIBaloT HesasmcumbiMu (independent). Hpm sToMm momxkwo
BBIMIOJIHAThCS Takoe cBoitcTBo: U3 B € Z u A C B cinenyer A € 1
(B wactHocTH, Beerna () € 7). CemeiicTBo Z, yIOBIETBOPSIOLIEE STOMY
YCIIOBIIO, Ha3biBaeTcs HacaeacTsennnM (hereditary).

3. Eeorm A € 7, B € T u |A| < |BJ, To cyluecTByeT Takoil B/eMeHT
x € B\ A, ato AU {a} € Z. Hro cBoiicTBO cemeiicTBa 7 Ha3BIBAIOT
cBoticTBoM 3amensl (exchange property).

Tepmun "mampoud” npuuamnexut Xaccnepy Yutun (Hassler Whit-
ney). O 3amnmascs MaTpwaHEIME MaTpougamu (matric matroids), y ko-
TOPBIX S — MHOKECTBO BCEX CTPOK HEKOTOPOIl MaTPUIIBI, I MHOKECTBO
CTPOK CUMTAELTCS HE3ABUCHMBIM, €CITH 3TH CTPOKN TNHEHHO HE3aBICH MBI
B 06BITHOM cMbIcie. (Jlerko mokasaTh, 9TO IefiCTBUTENBHO OMYYaeTCst
MaTpOHI, cM. yup. 17.4-2.)

Hpyrnm mpumepoMm siBisieTcs rpadopeni maTpoma (graphic matroid)
(S, Zq), cTposimiicst To HeopHeHTHPoBaHHOMY T'pady G Crenyomm
obpasoM: S COBMAMaeT cO MHOKECTBOM pébep Tpada, a L COCTONT U3
BCEX AlMKINIHBIX (T.e. SBISIOMINXCS JlecaMn) MHOXKecTB pébep. ['pa-
(hOBBIE MATPONOET TECHO CBA3AHBI € 3a/aueil 0 MIHIMAILHOM TOKPHIBa-
I0TTIeM JiepeBe, KOTOPYIO MBI pacCMOTPHUM B TaBe 24.

Teopema 17.5. Fcau G = (V, E) — wneopuewmuposannviii 2pad, mo
Me = (Sq, L) asagemes mampoudo.

Lloxazameavemeo. Tak xak monrpad amukITIHOTO Tpada anuKkiInded,
MHOXKecTBO L HACIeACTBEHHO, W OCTA&TCS TPOBEPUTEL CBOUCTBO 3a-
meHbl. B camom gene, nycte A u B — anuknauunbie nonrpadsr G
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npuuém |B| > |A|. U3 Teopemsr 5.2 crienyeT, uTo sec ¢ k pébpaMu sBIIs-
eTcst HeCBsI3HBIM oObennuenneM |V |—k nepesres, rue |V| — kommaecTsBo
BepIINH (He3aBHCHMOE IOKA3aTelbCTBO: HATHEM C JIeca, COCTOSIIEro 13
|V| Bepmime m He mMmeroriero peGép, m GymeM MO ONHOMY NOGABISATH
pébpa, He HapylIas AlUKINYHOCTH; TOTIa MobGaBleHne Kaknoro pebpa
YMEHBIIAeT KOMMIeCTBO CBS3HBIX KOMIOHeHT Ha emmuuiy). CremoBa-
TenbHO, Hec A coctonT n3 |V| — |A| nepeBreB, a nec B — u3 |V| — | B|
nepesbeB. Hockonbky V| — |B| < |V| — |A|, nec B conepxut Takoe
nepeBo T', 9TO IBe €ro BepUINHEI MPUHAMLIEKAT PA3HBIM CBS3HBIM KOM-
nonenTam neca A. Homee Toro, mockonbky 7' ¢BS3HO, OHO NOIKHO CO-
nepKaTh Takoe pebpo (u,v), 9TO w U v MPUHAMLIEKAT Pa3HBIM CBS3-
HBIM KoMmoHeHTaM Jeca A. CremoBaTenbHo, nobGaBierne 5Toro peépa
K Jlecy A He MOXKeT CO3IaTh NNKJa, I €ero MOXKHO B3iTh B KadeCTBe
5/IeMEeHTA & W3 OIpeNeeHns. MaTPONIa. O

(CpadoBble MaTPOUIBI SBIAAIOTCS YACTHBIM CIyYaeM MaTpPHUHBIX,
eciu pebpo rpada paccMaTpuBaTh Kak (GOpMaJbHYIO CYMMY ero Bep-
WHH ¢ KO3pPUUEeHTaMnI B IoJe BHIYeTOB 110 MOMY/II0 2, CM. 3amdady
17-26.)

Ecnm M = (S,Z) — marponn, To snemerT & ¢ A € 7 Ha3bIBaeTCs
HesasucumbiM oT A (extension of A), ecin muoxectBo AU {2} nesaBu-
cumo. Hanpumep, B rpadoBoM MaTpounze pe6po € He3aBICHMO OT Jieca A
TOr[la I TOJBLKO TOrZa, KOorma ero nobapienue K A He co3maéT numkia.

HesaBucumMoe MOIMHOXKECTBO B MaTpPORe Ha3LIBAETCS MAKCHMATHHBIM
(maximal), ecniu OHO He CONEPIKUTCS HUl B KAKOM GOJIBIIEM HE3aBICHMOM
nonMHOKecTBe. YacTo GbIBaeT moJe3Ha clemyoas

Teopema 17.6. Bce makcumaibnblie HE3A6UCUMBIE NOIMHONCECTNEA DaH-
HO20 Mampouda cocmoam u3 0dUHAKO6020 YUCAA IAEMEHTNOE.,

Hoxazameavcmeo. Hycts A n B — MakcuManbHBle He3aBHCHMEBLE TOII-
MHOKecTBa. Ecmm, ckaxem, |A| < |B|, To n3 cBoiicTBa 3aMeHBI BHITe-
KaeT cylecTBoBaHme Takoro @ ¢ A, aro A U {2} He3aBucumo — B
IPOTUBOPeUYREe C MaKCHMaJbHOCTBIO. O

B kadecrBe mpmmepa paccMoTpuM rpadoBbiii MaTponn Mg, cooT-
BeTCTBYyOLINI cBa3HoMy rpady (. Besikoe MakcuMmalibHoe He3aBHCH-
Moe nonMuoxecTBo Mg momnxuo 6u1Th gepeBom ¢ |V| — 1 pe6powm, co-
enuusiomuM Bee Bepuinibl (. Takoe nepeBo Ha3bIBAETCS MOKPHIBAOLMM
(ocToBHBIM) mepeBom rpada (¢ (Mo-aHTIHWICKE spanning tree).

Hynem nassiBars matponn M = (9,7) sseemennsm (weighted), ecian
Ha MHOXKecTBe S 3alaHa BecoBas GYHKIHS W CO 3HAYCHUSMU BO MHO-
KeCTBe MONOKITeNbHBIX dncel. ODYHKINS W PacIpocTpaHIeTcs Mo al-
OUTHBHOCTH HA BCe HOIMHOXKECTBA MHOXKECTBA S BeC MONMHOKECTBA
omperieniseTcs Kak CyMMa Becop ero siemenToB: w(A) = > . w(z).
Hpumep: ecnn Mg — rpadoBslit MaTponn, a w(e) — mnnHa pebpa e,
To w(A) — cymma mnns pébep monrpada A.
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17.4.2 JKagnrple aJITOPUTMEI JJIS B3BELICHHOTO MATPOUIA

Muorue onTUMI3ANHOHHBIE 33aUl, PerlaeMble KA HBIMU aJITOPUT-
MaMM, CBOIMATCS K 3ajade O HAXOKICHUN B MTaHHOM B3BEITEHHOM MaTpPO-
nne M = (5,7) nesaBucumoro nonvuokecTBa A C M MakCHMaTbHOTO
Beca. HeszaBucummoe MogMHOKECTBO MaKCHMAJIBLHOTO Beca HAa3BLIBAETCS
onTuMambHeIM (Optimal) momvHOXKecTBOM B3BemieHHOro MaTponma. Ho-
CKOJTBKY BeCa BCEX HIIEMEHTOB MOJOKUTEIbHLI, OMTHMAILHOE TOMMHO-
KECTBO aBTOMATHUECKN OyIeT MaKCHMATbHBIM HE3aBUCHMBIM TTOMIMHO-
KECTBOM.

Hampumep, samaua o HauMeHbIIeM NOKpEIBaIOIeM AepeBe (minimum-
spanning-tree problem) coctonT B crnemyiomem. lan cBs3HBI Heopn-
enTupoBaHHbil rpadp G = (V,F) n QyHKIUS w W3 MHOKECTBA €ro
pébep BO MHOKECTBO TOJOKNTeNbHBIX 4ncen (w(e) GymeM Ha3bBIBATh
nnuuoil pebpa €). Tpebyercst Hali T MHOKeCTBO pébep, COEMMHSIONINK
BCe BEPINHBl W MMEIINX HAWMEHBIYI0 cyMMapHyo miuay. HTy 3a-
Mady MOXKHO PacCMaTpWBaTh KaK YacTHBIN ciaydail 3amadynm o6 onTu-
MaJILHOM TOIMMHOKECTRBe B3BEIIeHHOro MaTponna. B camMom mene, BuiGe-
peM Umcio wy, CTporo Gombiliee NINH Beex pébep, n BBemeM Ha Tpado-
BoM MaTpounne Mg Beca mo npasuny w'(e) = wo — w(e). s Beskoro
MaKCHMAJIbHOTO HE3aBHCHMOTO TOIMHOKECTBa (T. €. MOKPLIBAOLIETO [e-
peBa) A nveem

w'(4) = (V] = Dwo — w(A),

rne V' — MmHOKkecTBO BepinH rpada. Crano GbITh, HANMeHBIINE MO-
KpBIBaOIIINe fepeBbs st rpada (G — TO Ke caMoe, ITO ONTHMATbHbIE
NoNMHOKecTBa B MaTpoune M¢ ¢ BecoBoil GyHKImeil w’.

3amaua 0 HANMMeHbIIeM MOKPLIBAOIIEM JlepeBe MOIPOGHO paccMaTpi-
BaeTCs B ryaBe 24; ceilyac Mbl MPUBENEM KAIHBIN AJTOPUTM, HAXO-
ISIIHA OMTHMAIbHOE TONMHOKECTBO A B I0GOM B3BEIIEHHOM MaTpPO-
nne M. Ecin M = (S,Z), o mer numem S = S[M] n Z = I[M];
BecoBasi PYHKINS 0GO3HAUALTCS W.

GREEDY (M, w)
I A0

2 orcopTupoBaTh S[M] B mopsnke HEBO3paCTAHUs BECOB
3 for z € S[M] (mepebupaeM Bce & B yKa3aHHOM TOPSIIIKE)
4 do if AU {2} € I[M]

5 then A «— AU {z}

6 return A

Anroputm paBoraer cnemyoumM obpasom. Homaraem A = )
(cTpoka 1; mycTOe MHOXKeCTBO, KaK MBI OMHNM, BCETNla HE3ABHUCHMO)
n nepeGupaeM sneMeHTH S[M] B mopsake yObIBaHUS Beca; eCiil Ode-
penHoll 3jeMeHT MOXKHO, He Hapyllas He3aBUCHUMOCTH, HOOaBUTh K
MHOXKeCTBY A, TO MBI 3TO HesnaeM. lcHO, 4TO mosiyueHHOE B pe3yiib-
TaTe MHOXKecTBO OyneT He3aBUCUMBIM. HuKe MBI MOKaxKkeM, ITO OHO
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NeficTBUTENLHO OyIeT HMeTh MaKCHMaJbHBII Bec cpennm He3aBHCH-
MBIX HOIMHOXKECTB, a IMOKa 9TO ONeHNM BpeMs paboThl aJlrOpHTMa
GREEDY. CoprupoBka (cTpoka 2) sanumaer Bpems O(nlogn), rme
n = |S|. HpoBepka He3aBucHMOCTH MHOXKecTBa (CTpoka 4) mpoBommTCs
n pas; ecnu Kazkmas Takas NpoBepka zaHuMaeT Bpems f(n), To obiiee
BpeMs paborst 6ynetr O(nlogn + nf(n)).

Teneps mokaxeMm, uyro anroputM GREEDY HeHCTBHTENBHO HaéT
ONTHMalbHOE TOIMHOKECTBO.

JIemma 17.7 (cBOMCTBO XAaXHOTO BEIOOpPA AJIA MATPOUAOB).

Hyeme M = (5,7) — e36ewennviti mampoud ¢ 6eco6oii Pynk-
yuett w. Hyemb v € S — saemenm HAUOOALULEZO 6ECA 60 MHONCE-
cmee {y € S :{y} nezasucumno}. Tozda x codepucumes 6 nexomopom
onmumasbnom nodunoxcecmee A C S.

Ioxazameabcmeo. Hycts B — Kakoe-TO ONTHMAlbHOE MTOIMHOKe-
ctBo. Hynem cuntars, 4To & ¢ B, nHade NOKa3bIBAThH HEUErO.
Honoxum A’ = {z}. HTo MHOXKecTBO He3aBuCHMO 10 BEIGOpPY 2. Hpu-
Mensist |B| — 1 pa3 cBoilcTBo 3aMeHBI, MbI pacurupseMm A’ smemeHTaMn
u3 B 1 B KOHIle KOHIIOB IOCTPONM He3aBHCIMOe MHOXKeCTBO A, cocTo-
siee n3 @ u |B| — 1 snementa muOoKecTBa B. Umeem |A| = |B| (rak
ato A makcnmanbho) 1 w(A4) = w(B) — w(y) + w(z), rne y — ennn-
CTBeHHBII sreMeHT B, He Bxomsuuii 8 A. B To e Bpemst Iisi BCIKOTO
y € B mHOX)ecTBO {y} He3aBHCHMO B CIIIY CBOWCTBA HACIENCTBEHHO-
ctu, Tak 4To w(z) > w(y) no Buibopy . Crano 6biTh, w(A) > w(B),
I MHOXKeCTBO A TakxkKe ONTHMalbHO. Beé mokasamo. O

Hanee, nMeeT MeCTO clienylollas oueBuaHasd

Jemma 17.8. Ecau M = (9,7) — wmampoud, x € S u {z} ¢ I, mo
AU{a} ¢ 7 0dag 6cex ACS.

Harmra nocjennsas JJeMMa TaKoOBa:

JIemma 17.9 (cBOMCTBO ONTUMAIBHOCTH MOA3AKAY IJiA MaTpounos). Hycmo
M = (S,7) — e36ewennviii mampoud, u nycmv & € S — Hexomopwii
€20 aaemenm, npuuém mmoxcecmeéo {x} nezasucumo. Tozda wneza-
6UCUMOE MHONCECTNEO HAUOOABULER2O G6ECA, COOEPHCAULEE T, A6AAETNCH
obvedunenuem {T} u HE2A6UCUMO20 MHONHCECTNEA HAUOOALULERO BECA 6
mampoude M' = (S, 1"}, ede, no onpedeaenuio,

S'={yeS:{r,y}el},
I'={BCS\{z}:BU{z}el},
a 6ecosas Pynxyug geagemed ozpanuuenuenm na S' eecosot Gynwyuu

dag mampouda M (B Taknx ciayuasx roBopst, uro marpoun M’ nomy-
uen 13 M crarusanmem (contraction) simemeHTa ).
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ﬂo%a3ameﬂbcm60. HesaBucumble B S MHOXKeCTBa, colepzKalljue &, Mo-
JIydaloTCsa nobaBJieHIEeM »JleMeHTa T K He3aBUCUMBLIM B S/ OO MHOZKe-
CTBaM. HpI/I 9TOM HX BeCa OTJINYalOoTCA POBHO Ha w(ac), TaK 4YTO OIITH-
MalJIbHbI€ MHOZKeCTBa COOTBETCTBYIOT OIITUMAJILHBIM. |

Teopema 17.10 (IpaBWIBHOCTD XKXAXHOTO AITOPUTMA IJIA MaTpouaos). B pe-
3yapmame pabomuvt arzopummae GREEDY, npumMenENHO20 K 636€ULEH-
HOMY MAMPOUDY, NOAYUAENCT ONIMUMAABHOE NOIMHONCECTNEO.

Hoxazameavemeo. Hyets M = (S,Z) — wmarpoun ¢ BecoBoil GyHK-
nueit w. B cuny mgemmer 17.8 MLI MOXKeM He TPUHHMATL BO BHUMAa-
HIle 5eMeHThl & € S, I KOTOPbIX MHOXKeCTBO {2} He He3aBHCHMO.
Ecnu z € S — mnepBbiit u3 BBIGPAHHBIX AJCOPUTMOM 3IEMEHTOB, TO
JeMMa 17.7 moka3plBaeT, 4TO CYILIeCTByeT ONTHUMaJbHOE MOAMHOXKe-
crBo A C S, comepxkariiee x. Teneps, coriacao nemme 17.9, mocra-
TOYHO HailTH ONTHMaJbHOe MOAMHOXKeCTBO B MaTponme M’, momyden-
HOM m3 M cTsAruBaHmeM sieMeHTa & (m HOGABUTH K HeMy z). [lanbreii-
mag paboTa aJITOPUTMa B CYIIHOCTH U TIpeNcTaBligeT coboil o6paboTKy
maTpouna M. O

[Homee ¢opmanbHOe paccyKIeHme MoxkeT OBITH Takum. Hoce
mMo6Oro Yncia WTepalnil BBHIIONHEH CIENYIOMINil WHBApHAHT IHKIA:
(1) muOXKecTBO A HezaBmCHMO; (2) ONTHMAJIbHOE MHOKECTBO MOKHO
HCKATh CPEeIN MHOKECTB, SBISIOUINXCS OObeINHeHIeM A ¢ HeKOTOPBIMN
13 ellé He IPOCMOTPEHHBIX HIeMEeHTOB. ]

Yupaxuenus
17.4-1 Hycrs S — KoHeuHoe MHOXKeCTBO, k — HaTypalbHOE UYHCIO,
Ty — cemelicTBO Bcex MONMHOXKECTB S, colep:Kalllux He GoJiee k bie-

verToB. Hokaxute, ato (S,Z;) — MaTpouns.

17.4-2* Hyctbs T — BelllecTBeHHas MaTpuila, S — MHOXKECTBO eé
ctTonbnoB, u nonMuOKecTBO A C S Ha3bIBaeTCs HE3aABUCUMBIM, €CHU
OHO NUHEWHO He3aBUCUMO B OOLIYHOM CMBICHe. [{oKaXkuTe, 9TO MOAyUIa-
eTcst MaTpon]] (Ha3bIBaeMBbIll MATPIHIHBIM, Kak MBI YK€ TOBOPHIIN).

17.4-3* Hycts (S,Z) — maTponn. Hycts Z' — cemeiicTBO Beex Taknx
nonmuoxkectB A C S, s koropeix S\ A’ comepxkur HekoTOpOE MaK-
cuMaJibHOe HesaBucnMoe nonMmuokecTBo A C S. Hokaxnre, uro mapa
(S,7') saBastercs MaTpOMAOM. 3aMeTHM, ITO MakCHMAJIbHbIe HE3aBICH-
Mble monmMHo)ecTBa (S,Z') cyTh HONOMHEHHS MaKCHMAJbHBIX He3aBH-
cuMbIX nonMmuoxecTB (S,7).

17.4-4* Hyctn S = S1 U Sy U ---U S, — pasbuenne KOHEYHOTO MHO-
JKecTBa S Ha HellepeceKalollmecs HemycThble dactu. Homoxum 7 —
{ACS:JANnS)| < 1lansi=1,2,...,k}. Hoxaxnure, aro napa (S,7)
SABISCTCS MATPOUIOM.
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17.4-5  Hyctb HaMm nau B3BelleHHBINH MaTpous. O6bicHUTe, KaK HAIO
MOIUMUIINPOBATH BECOBYIO QYHKIINIO, YTOOLI CBECTH 3ajlauy HaXoxkKjle-
HUS MAaKCUMaJbHOTO HE3aBUCUMOIO TMOAMHOMXKECTBa ¢ HAUMEHBIIUM Be-
COM K 3aJlaue HaXOXK/IeHNs He3aBUCHMOTO TOAMHOXKeCTBa ¢ HAauBGOAbII UM
BECOM.

* 17.5 3amaua o pacmmcaHum

WNuTepecHbiM TpnMepoM OMTHMU3ANNOHHON 3aaUl, pellaeMoil ¢ To-
MOIIIBI0 MATPOUIOB, ABIACTCA 3alada O PACTHCAHUN IS 3aKa30B paB-
HOIl MIANTENBHOCTH ¢ eNNHCTBEHHBIM HCTOJTHUTENEeM, CPOKAMI 1 TITPa-
damu. Ha mepBbIit B3TA 5Ta 3a/1ada KakeTcs BeChMa 3ally TAHHOM, HO
KAMHBI allTOPATM [aeT HeOXKUIAHHO MPOCTOE pelleHne.

Wrak, npennosnoxkum, 4To uMeeTcss KOHEUHOE MHOXKECTBO S, COCTOS-
miee n3 3akasos (tasks), KaxKIbIil m3 KOTOPBIX TpebyeT POBHO ONHY el-
HIIIly BpeMeHU I cBoero Beinosnenns. Hacmcammem (schedule) mis S
Ha3bIBAETCS MepecTaHOBKA MHOXKeCTBa S, 3amafolllas MOPSIOK BBIIOI-
HEHMS 3aKa30B: BLIMOIHEHNE TTePBOTO 3aKa3a HAUMHAETCS B MOMEHT Bpe-
MeHu () U 3aKaHUYMBAETCS B MOMEHT 1, BHINOJIHEHUE BTOPOrO 3aKa3a Ha-
YMHAETCS B MOMEHT BpeMeHn | U 3aKaHYMBaeTCA B MOMEHT 2, U T.I.

B 3agadye 0 pacnuCaHuN AJId 3aKa3oB paBHO]}’[ JJINTEJIPHOCTH ¢ €AMHCTBEH-
HEIM MCTOJHMTeTeM, cpokamu u mrpadamu (scheduling unit-time tasks
with deadlines and penalties for a single processor) mcxomubivMu maH-
HEIME SBISIOTCS:

e muOKecTBO S = {1,2,...,7n }, 5IeMeHTH KOTOPOTO MBI Ha3bIBaeM 3a-
KazaMu;
® [OCJEeNOBATENbHOCTh U3 1 Heblx unuced di,ds, ..., d,, Ha3bIBaeMbIX

cpokamu (deadlines) (1 < d; < n mnst Becex ¢, cpok d; OTHOCHTCS K
3aKasy HOMeED i);

® II0C/IeIOBATENbHOCTL U3 7I HEOTPHUATENbHBIX YHCENl Wi, W2, .. ., Wy,
Ha3bIBaeMbIX mrpadamm (penalties) (ecam 3axa3 HOMep 7 He BBIIOJIHEH
KO BpeMeHH d;, B3uMaeTcs mrpad w;).

Tpebyercs HaiiTu pacnucanue s S, Ipu KOTOPOM cyMMa HITpadoB
OynmeT HauMMeHBbIIell.

3aka3 HoMep 7 mpocpouen (late) s MAHHOTO pACHUCAHNUS, €CIN €ro
BBITIOJIHEH e 3aBEpIaeTCs M03Ke MOMEHTa d;, B IPOTUBHOM CJIyuae 3a-
Ka3 CINTAeTCs BHIIOIHEHHBIM B cpok (early). Besikoe pacnucanne MOKHO,
He MeHfAs CYMMBbI ITpadoB, MONNPUINPOBATL TakKuM o0Opa3oM, 4ToOb!
BCe MpOCpOUYEeHHble 3aKa3bl CTOAIN B HEM MOCHe BBLINOIHEHHBIX B CPOK.
B camom pmene, ecnum mpocpoUeHHBLIN 3aka3 iy WOET paHbIle BLITOIHEH-
HOT'O B CPOK 3aKa3a , TO MOXKHO MOMeHATh UX MecTaMi B paclucaHuu,
u cTaTyc 0bouX 3aKa30B P 3TOM He MU3MEHUTCH.

Honee Toro, kaxmoe pachnucaHne MOXKHO, He MeHSsS CYMMBLI IITpa-
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¢doB, TMpencTaBuTH B KaHoHmdeckoM Bume (canonical form), a mmenHo,
Tak, YTOOHI Bce MPOCPOUEHHBIE 3aKa3bl CTOSIN TOCTE BBIMOMHEHHBIX
B CPOK, & CPOKH JIJIs BHITIOMHEHHBIX B CPOK 3aKa30B MM B HEYOLIBAIO-
meM mopsake. B camMoM fienie, Kak MBI BUIENH, MOKHO CINTATh, 4TO BCE
MPOCPOUEHHBIE 3aKa3bl CTOIT MOCTe BRIMOMHEHHBIX B CpoK. Ecan Teneps
BHITIONIHEHTE HEMPOCPOUEHHBIX 3aKa30B HOMEp i W j 3aBepIaeTcs B MO-
MeHTHI Bpemenn k u k + 1 cooTBeTcTBeHHO, HO npH 3ToM d; < d;, TO
MOXKHO TIOMEHSATH 3aKa3bl MecTaMu, i 06a TO-TpekHeMy He GyIyT mpo-
cpodensl (Koib ckopo d; > k+1, To n nonasuo d; > d; > k+1; 3aka3sy
e HoMep j BOoOIIe HIUEero He TPO3HUT, MOCKOMBLKY MO HOBOMY paciluca-
HIIO ero Gy T BBITOMHATH paHblile, 9eM Mo cTapoMy ). Koreqroe ancio
TaknX oOMEHOB MPUBENET paclucaniie K KAaHOHTYECKOMY BUIY.

Taxum o6pa3om, 3a/1aua 0 paCINCAHNT CBOANTCA K HAXOXKICHITIO MHO-
KecTBa A, COCTOAIIEro 13 3aKa30B, KOTOPHIE He GYNYT MTPOCPOUEHB: KaK
TOMBLKO HTO MHOKECTBO HalIeHO, I COCTABIEHUS PACTNCAHNS TOCTa-
TOYHO PACTIONOKHUTH 3aKa3bl N3 MHOXKECTBa A B TOpsIKe BO3pacTaHUs
CPOKOB, a Tocie HUX B MPOM3BONBHOM MOPANKE MOCTABATH OCTATbHDIE
3aKas3hbl.

Hynem roBopuTh, uto nonmuokectBo A C S sSBiseTCS He3aBUCHMBIM
(independent), ecam st 5TOrO MHOXKeCTBa 3aKa30B MOKHO COCTABUTH
pacnucanie, Mo KOTOPOMY BCe 3aKa3bl OYNYT BHINOJHEHB! B cpok. O6o-
3HaUUM depes I ceMeficTBO BCeX HE3aBUCHMBIX MOMMHOKECTB MHOKE-
cTBa S.

Kak Bwisicautb, 6ymer nu nanaoe nonmuokectBo A C S HeszaBucu-
mbim? st kaxmoro ¢ = 1,2, ..., n oboznaanm gepes Ny(A) kommaecTBoO
3aKa30B W3 MHOXKECTBa A, I/ KOTOPLIX CPOK He MPEBOCXONUT t.

Hemma 17.11. /i ecaxozo nodmnoncecmea A C S caedyouwue mpu
YCAOGUA IK6UGAACHMHBL:

MHONCECTN60 A HE3A6UCUMO,
dag ecext =1,2,...,n uneen Ny(A) <,

€CAU PACTLOAONCUMD 3AKA3BL U3 MHOKHCECTEa A 6 nopAdke neyobisanusg
CPOKO6, MO 6CE 3aKaA3bl OYIYM 6bINOAHENDL 6 CPOK.

Hoxazameavcemeo. Ecnin Ny(A) > t mas mekoToporo t, TO 3aKa30B,
KOTOpbIe MOMKHB OBITH BBLINOJHEHLI 3a [epBble | eNUHUIl BpeMeHH,
GosibIlle ¢ W ONUH W3 HUX HelpeMeHHO OymeT npocpoded. Takum obpa-
3oM, (1) Brmeuér (2). Ecnm Bemmonueno (2), To ¢-if MO MOPSIIKY CPOK
OKOHYaHIs 3aKa3a He MeHbIe ¢, W IPH PacCTAHOBKE 3aKa30B B HTOM
nopsinike Bce cpokn 6ynyT cobronensl. CrenoBaTenbho, (2) BredéT (3).
Wvnnukanns (3) = (1) oueBnnua. O

Yenosue (2) sBisiercs yooOGHBIM KPUTEPUEM HE3aBHCHMOCTH MHOMKe-
CTBa 3aKa30B (CM. ynpaxkiuenue 17.5-2).

MEHEMHI3HPOBATE CYMMY ILITPadOB 3a IPOCPOUEHHEIE 3aKa3bl — BCE
PaBHO, YTO MAKCHMH3HPOBATH CYMMY HEBBHIIIAUYeHHBIX MITPadoB, TO
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3akas
1 2 3 4 5 6 7
d; 4 2 4 3 1 4 6
w; 70 60 50 40 30 20 10

Pucynok 17.7 Hpumep samaunm o pactmcannm s 3aKa30B PABHON MITNTETLHOCTH C
eIMHCTBEHHBIM HCIOHUTEIeM, CPOKaMU I IITpadaMu.

eCThb HlTpaq)OB7 ACCONINMNPOBaHHLIX C BLINIOJHEHHBIMHI B CPOK 3aKa3aMIHI.
CJ’[QI[yIOLHa?I TeopeMa IIOKa3bIBaeT, YTO 3TY OITUMU3AINOHHYIO 3a0a9y
MOXKHO pelliiTh € NOMOLIBIO KaJHOI'O aJIlTOpuTMa:

Teopema 17.12. Hycmb S — mnoscecmeo 3axa306 pasnot diumesbno-
cmu co cpoxamnu, al — cemelicmeo He3A6UCUMBLE MHONCECTNE 3AKA306.
Tozda napa (S,I) g6agzemea mampoudon.

Ioxazameavcmeo. OueBHIHO, KazKIOe TOIMHOKECTBO HE3aBICHMOIO
MHOXKECTBa TakKkKe He3aBHCHMO, I OCTAETCs IPOBEPUTH BBIIOJIHEHHE
cBoiicTBa 3amensl. Hyers A u B — HesaBHCHMBIC MHOXKECTBa, IPHIEM
|B| > |A|. Hynem cpaBuuBaTh uncia Ni(B) n Ny(A) npn pasnnauex .
Hpu t = n mepsoe umcno Gosblie; yMeHblnas ¢, HOKIEMCS MOMEHTA,
KOT[la OHI CPABHSIOTCS, I Ha30BEM ero k (ecim »TOro He mpousoiimeT
no camoro kouta, cuntaem k = 0). Hpu stom Ni(A) = Ni(B) (ecan
k > 0) 1 Nypi(B) > Npyi(A). CrenoBarenbno, ecTh XoTs Gbl ONUH
3akaz ¢ € B\ A co cpokom k+ 1. Homoxum A" = AU{z}. Ecnu t < k,
To Ny(A') = Ny(A) < t B cumy He3aBHCHMOCTH MHOXKeCTBa A; ecin
t >k, o Ny(A') = Ne(A)+1 < Ni(B) < t B ety He3aBHCHMOCTH MHO-
XKecTBa B; crano 6uITh, MHOKecTBO A’ HesaBucnmmo no nemme 17.11, n
nuis napsl (9, 7) BBIIOIHEHO CBOMCTBO 3aMeHbl. Beé mokaszamuo. O

W3 noxazamnoil TeopeMBbl cliefyeT, UTO IS HAXOXKIEHUS ONMTUMAalb-
HOI'O MHOXEeCTBa A He3aBUCHMBIX 3aKa30B MOXKHO BOCIOJIB30BAThCS
JKATHBIM alTOPUTMOM, a 3aTeM COCTABUTL paclucanmne, HAUMHATIOIe-
ecs ¢ 3aKa30B U3 MHOXeCTBa A, paccTaBIEeHHBIX B MOPSIKe BO3PACTa-
HUSI CPOKOB — 3TO W OyIeT pellleHWeM 3aMadll O paclucanuu. Ecan
noJb30BaThes anroputmom GREEDY, To Bpems paborh 6ymet O(n?),
TaK Kak B mpolecce paboTHl 3TOT0 ajlropuTMa HAIO0 CAelaTh N IPo-
BepOK HE3aBUCUMOCTH MHOXKECTBa, I Kakmas Takas IpoBepka TpebyeT
O(n) omepamuit (ynp. 17.5-2). Homee 6BICTpHIN anropnTM TpUBENEH B
3anayve 17-3.

Ha puc. 17.7 mpuBenén npumMep 3amadn o pacnucanuu. zZKagnbiil an-
ropuTM oTbupaer 3akasbl 1, 2, 3 u 4, 3aTeM oTBepraeT 3aKa3bl 5 u 6 1
orbupaer 3aka3 7. OnTuManbHOe pacnucaHue:

(2,4,1,3,7,5,6).

Cymma miTpadoB paBHa ws + wg = 0.
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Yupaxuenus

17.5-1 HemwuTe 3amady o pacnucamum OJs CeMU 3aKa30B, B KOTOpOi
CPOKHM Te e, 4TO Ha puc. 17.7, HO Kaxnblil mrpad w; 3aMeHEH Ha
80 — w;.

17.5-2  Kak, ncrnonb3ys ycnoBne (2) m3 memmbr 17.11, BHISCHETE 3a
Bpemst O(|Al), Gymer nm nmaHHOE MHOXKECTBO 3aka30B A He3aBHCHMbIM?

Jamgaun

17-1 Cpaua ¢ goJuiapa
HycTh TpebyeTcs HaGpaTh CYMMY B . IIeHTOB, HCIONB3YS HaNMeHb-
lee KOJINYeCTBO MOHET.

a OnumiuTe XKAAHBIH aJropuT™, HabUpaIIUil 1 eHTOB ¢ MOMOIIBIO
MOHeT mocTomucTBOM B 25, 10, 5 u 1 menT. [IMeHHO TaKie MOHETHI HC-
nonbsyiorcs B CHIA.] HokaxknTe, 4TO ajJrOpuTM HAXONUT ONTHMAIb-
HOe pellleHne.

6 HycTe B HalleM pacHoOpsSKeHWH WMEIOTCS MOHETHI HOCTOWHCTBOM
A, ey, " nenros, rme ¢ > 1w k > 1 — nensie ancna. JoxkaxuTe,

YTO XKaTHBIHI AJITOPUTM OacCT B 3TOM ClIydae OIITIMaJILHOE pelllenne.

B Hpusennte mpumep HaGopa THTOB MOHET, IJIsI KOTOPOTO KATHBIH all-
rOpuUTM ONTUMYMa He HaCT.

17-2  Ammkiamaabie moarpadsl

a Hyctes G = (V, F) — mneopuentupoBauusiii rpad. Hokaxunre, aTo
napa (F,Z), rne A € 7 Torma m TONBKO TOTIa, KOTa MHOKeCTBO A
AMUKATIHO, ABISETCS MATpPOUIOM.

6 Marpunenn mammmentHoctu (incidence matrix) HeopmeHTHpPOBAHHOTO
rpada G = (V, F) naswBaercs |V| X |F|-marpuna M, B KoTOpOil
M,. paBHO emuHmuIle, eCiW BeplliNHa v WHIUIeHTHA pebpy e, U HYIO
B mporuBHOM ciydae. (Crombel, cooTBeTCTBYWOIINI pebpy, comep-
KHT POBHO NIBe eMHUILI, COOTBETCTBYIOIINE KOHIIAM 3TOr0o pebpa.)
HokaxunTe, 9T0 HAGOP CTOJOGIIOB 3TONH MATPHIILI JINHEHHO HE3aBUCHM
[HA[ To7eM BBIYETOB U3 MIBYX 3JEMEHTOB| TOTIa W TONBKO TOTMa, KO-
rla COOTBeTCTBYIOMINA Habop pebep anunkianden. Homb3ysch pe3yib-
TaTOM ynpaxHeHus 17.4-2, nokakuTe Tenepb APYrUM ClOcobOM, YTO
napa (F,7) sBuseTcs MaTpONIOM.

B HycTe B HeopuentupoBaunoMm rpade G = (V, F) nns kaxmnoro peGpa
e € F sanan Heorpunatenbubiii Bec w(e). Hazpaboraiite sdpdexTns-
HBIl aJTOPUTM HJIs HaXOXK/eHNs alluKINYHOIO NOAMHOXKECTBa MHOXKe-
cTBa I/ ¢ Hanbomblell cyMMoOll BecoB pébep.
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r Hycrs G = (V, F) — opuentupoBauublil rpad, n nycts 7 — cemeii-
CTBO BCEX ANMKIMYHBIX NOIMHOXKECTB MHOXKeCTBa pébep (B IaHHOM
caydae clIoBO “ayukauunbili” o3HadaeT “ne codepacaujuti opuenmu-
posannvir yuxaos”). HpuBennre npuvep, xormga napa (K, 7) #e 6ynet
MaTpounom. Kakoe u3 ycioBuili B onpenesieHun MaTpouaa OymeT Ha-

pylieHo?

a1 MaTpunma WHOUAEHTHOCTM [UJIsi OpHeHTHpoBaHHOTO rpada G =
(V,E) — »ro |V| x |F|-marpuna M, B xotopoit M,. paBHO —1,
eclil BeplllHa v sBJisfeTcs HauvalioM pebpa e, paBHO 1, eciim Bep-
IINHa U ABJIAETCS KOHIIOM pebpa €, U PaBHO HYJIO B OCTAIBbHBIX
cnyuasx. lokaxuTe, 4ToO MHOXKeCTBO péGep rpada, COOTBETCTBY-
olllee JNHeHO HezaBucuMoMy (Han R) HaGopy cTOA6IOB MaTpHILI
NHINIeHTHOCTN, He COIEePKNT OpNeHTHPOBaHHOIO INKJIA.

e B ynpaxuenuu 17.4-2 MLl HOKa3aJiu, 9YTO JUHEHHO He3aBUCHMBIE Ha-
GOPHI CTONGIOB MaHHON MaTPHIILI 06pa3yloT MaTpoun. B cBere sToTO
pe3yibTaTa, HeT JU TPOTUBOpeYUs MeXKNY yTBepXKIeHUSMU IyHK-
TOB () m (m) ympaKHeHus?

17-3 Emé o pacmucaHumsx

HaceMoTpuM clenylollinii aJlTOPUTM JJs pellleHus 3a0adl U3 pas-
nena 17.5 (onTHMaIbHOE pAcHUCcaHme I 3aKa30B PABHOI MINTEIBHO-
CTH ¢ eINHCTBEHHLIM WCIOJTHUTEeNeM, cpokamu n mrpadamu). Hymem
nepedbupaThk 3aKa3bl B NOpA/IKe YOBIBaHUA IITPa@OB U 3aMN0MHATH pac-
nnucaHye TaK: ecln JJs 3aka3a HOMep j CYIIecTBYeT XOTs 6Bl OIHO CBO-
O0onHOe MecTO B pacliuiCcaHWl, TTO3BOASIOIIEE BLIMOJHUTE €r0 He MO3/IHee
TpebyeMoro cpoka d;, TO IOCTaBUM €ro Ha caMoe TO3[IHee M3 TaKHX
MecT; B IPOTUBHOM CJIyUyae MOCTaBUM €ro Ha caMoe To3[0Hee U3 cBoboI-
HBIX MeCT.

a JlokaxnTe, 9TO 3TOT AJTOPUTM MAET OMTHUMYM.

6 Bocnonb3yiiTech TpencTaBleHNeM HelepeceKalolnXcs MHOXKECTB ¢
NOMOLLIbIO Jieca, ONUCaAHHLIM B paznene 22.3, nnd >bdekTUBHON pea-
JM3AINT BBIIEONICAHHOTO alrOpHTMa (MOKeTe CINTATh, 9TO 3aKa3bl
y’Ke paclonoXKeHbl B nopsnke yobBaums mTpadoB). OnennTe BpeMs
paboThl alirOpUTMA.

JameyaHug

Honmonunrenbubie cBefeHNs O KAMHLIX aJTOPUTMAX W MaTpOWOAX
MoxkHO HadiTn y Jloynepa [132] wnn Hananumutpuy u Craiiranma [154].

HepBoii paboToll o KOMOWHATOPHON ONTHMHU3AINN, coleprKallleil
KaIHBI anropuTM, 6buta pa6ota Homonnca [62], matupoBannas 1971
rolloM, XOTS caMO TOHsTHe MaTpounna 66110 BBeleHo B 1935 rony B cTa-
The YuTHn [200].
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3amauaMi 3TO TIaBbl 3aHIMAJNCH MHOTHE aBTOpbI — ['aBpui [R0]
(3amava o BeIbope 3as1BoK ), Jloynep [132], I'oposun n Caxuu [105], Hpac-
cap n Hpatnu [33] (3amada o pacnucanmn).

Konbr Xadpduena 6butn nzobperersl B 1952 romy [107]. O630p MeTo-
noB cxKaTus nupopmalnn (o cocrosunio Ha 1987 romn) nanun Jlemxesep
n Xupmbepr [136].

Kopre u Jloac [127, 128, 129, 130] co3mann Teopuio rpuIONIOB (gree-
doids), sBasiomniyocs 0600IIIeHNeM TeOPHH, H3I0KeHHOI B pasnene 17.4.



18 AMoOpTU3aIMOHHLIN aHAJIN3

AMOPTH3AIMOHHBIN aHaJU3 NpUMEHseTCs IJs ONeHKH BpeMeHU BbI-
MOJITHEHNS HECKOJBbKUX OlNMepanuil ¢ KaKoW-mubo CTPYKTYPOU JTaHHBIX
(rampmuMep, cTekoMm). YTOOBI ONMEHNTH BpeMsi BBIIOTHEHIS KaKO-1n6o
NOC/IeIOBATEILHOCTY ONepalnil, J10CTaTOYHO YMHOKUTH MaKCHUMalb-
HYI0 IOIAUTeILHOCTL omepannn Ha oblllee YHWCIo omepanuii. UHorma,
OIIHAKO, yIaeTcs TMONYUYUTh OoJiee TOUHYIO OlleHKY BpeMeHU paboThbl
(mnm, 9TO PaBHOCHIBHO, CPEIHETO BPEMEHW BBINOIHEHNS OIHON Ofle-
palmm), UCHonb3ys TOT GakT, 9TO BO MHOTHX CIydasx MOCTe IITH-
TeJIbHBIX Ollepalluil HeCKOJbKO CJedyOUInX omepalnii BbINOJHAIOTCS
ObIcTpo. OeHKN TAKOTo Polla Ha3bIBAOTCS aMOPTU3AMMOHHEIM AHAIM30M
(amortized analysis) anropurma. Homuepkrem, 4To omnenka, maBaemast
AMOPTU3AIIMOHHBIM aHAJIN30M, He ABJIAETCH BePOATHOCTHON: 3TO OlleHKa
CcpellHero BpeMeHU BBIMOJIHEHUs OHON omepalinu nisd Xy/IIIero ciayuas.

[Hpu aMOpTH3aNNOHHOM aHaJM3€e KayKIOil Omepalin MpuCBANBAETCS
HeKOTOpas yuéTHas cTommocTh (amortized cost), KoTopas MoXeT OBITH
6oInbllle WIN MeHBIle pPealbHOW NIuTenbHOCTH omepamnuu. Hpu sTom
IIOJIZKHO BBITIOJNIHATHCA ClleNyiolllee ycioBue: s J10001 nocienoBaTellb-
HOCTHU onepaluil ¢pakTuyeckas cyMMapHasd INTEIbHOCTh BCEX Olepa-
nuit (IpennosgaraeTcs, 9TO 0 BBIOJHEHNs ONepalnil CTPYKTYpa ITaH-
HBIX HAXONNTCS B HAYaJbHOM COCTOSHNN — HANpHUMep, CTEK IyCT) He
IPEBOCXONUT CYMMBI HX YVUETHBIX cTOmMoOcTel. Fenm »To ycnoBue BLI-
HOJIHEHO, TO TOBOPAT, YTO YUETHBIE CTOUMOCTH TPUCBOEHbI KOPPEKTHO.
3aMeTum, 4TO NI ONHON U TOH XKe CTPYKTYPhI HAHHBIX U OMHUX U TEX
JKe aJropuTMOB BBITIOJNHEHU onepallil MOXKHO KOPPeKTHO Ha3HAUYUTh
YUETHBIE CTONMOCTH HECKOIBKUMI PA3NUIHBIME CIOCODAMI. ]

B nepBrIx Tpéx paszmenax 3Toll TAABH paccKa3biBaeTCs O TPEX OCHOB-
HLIX MeTOlaX aMOPTHU3alNOHHOTO aHalm3a. B pasmene 18.1 peun mmeT
0 MeTo/e T'PYNNUPOBKMU: Mbl MOXKEM OIEHUTh CTOMMOCTbL 72 onepalnii
B XYIIIeM CJIydae 0 yCTaHOBITH, 9TO OHa He mpeBocxonut 1'(n)). Ho-
clle 3TOro MOXKHO OOBbIBUTh, YTO YUETHAA CTOUMOCTL 1000l onepalun,
HE3aBIICHMO OT ee munTenbHOCTH, paBua 1'(n)/n.

B pasmene 18.2 paccka3biBaeTcs 0 MeTone npenonaaTol. Hpu aTom Me-
TOlle aMOPTU3alMOHHOIO aHaJN3a pa3/UuUYHbIM ONepalusM MOI'YyT Mpu-
CBaWBATLCS PA3NNUYHLIE YISTHBIE CTOUMOCTH. Y HEKOTOPLIX Olepalnii
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VUIETHAS CTONMOCTE O6LABISeTCS BEIIIE pealbhoil. Korna BLITONHAETCS
TaKad onepanus, ocTaéTcsa pe3epB, KOTOPBIH cUNTaeTCAd XpaHAIUMCS B
olpeneseHHOM MecTe CTPYKTYPH NaHHLIX. HTOT pesepB mcmonbiyercs
IIJId JOIMIIATHI 32 Ollepallnu, yY&THAs CTOMMOCTh KOTOPBIX HUXKe GaKTu-
YeCcKOil.

B metrone noTennuainos, obcyxknaeMoM B pasmesie 18.3, pezepB He cBsI-
3bIBaeTCAd ¢ KaKMMU-TO KOHKPeTHbIMU OObeKTaMu, a ABiiseTcs (GyHK-
nuell TEeKYIIero cCOCTOSHUSA CTPYKTYPH NamHbiXx. HTa ¢yHknums nasw-
BaeTca “nomenyua.som”’, 1 YyIETHBIE CTOMMOCTH HOMKHBI OBITL C Hell
COrJlacOBaHbI.

Mgur nnalocTpupyeM 5TH Tpu MeToma Ha NBYX HpuMepax. HepBoril
3 HAX — CTeK, cHaGKeHHBIH JNONMOJHUTEeNbHON onepanueii MULTIPOP,
VOaJdsfomniell U3 cTeKa HecKONbKO 2JIeMeHTOB ofHOBpeMeHHO. BTopoi
npuMep — NBOWYHBIA CUETUYNK, CHAOKEHHBIN eqUHCTBEHHON onepanuei
INCREMENT (yBeIUYHTb HA €INHMUILY ).

3aMeTum, 4TO MOHSTUE TMOTEHIINAA UCIONB3YEeTCS IS aHAIN3a, all-
ropuTMa; B caMoii nporpaMme HeT HeOOXONUMOCTHU BBIUUCIATH U Xpa-
HUTH €ro 3HadeHue.

Wnen, cBa3annble ¢ aMOPTU3AMNOHHLIM aHAIN30M, OJ€3HO UMETh B
BUOY TIpu pa3paboTke amropuTMmoB. HpuMmep Takoro poma naH B pas-
nene 18.4 (Tabnnia mepeMeHHOTO pasMepa).

18.1 Meron rpynnupoBKu

Meroxn rpymmposku (aggregate method) cocTont B cremyoreM: mis
KaXKIoro n onennBaeTcs Bpems 1'(n), TpeGyeMoe Ha BLITIOITHEHIE 7 Ole-
panmit (B xymmem ciydae). Bpemsi B pacuére Ha ONHY Omepainmio, TO
ecTh orHommenne 1'(n)/n, oGbABAseTCS YIETHON CTOMMOCTBIO ONHOI
omepanuy. Hpu 5ToM yUuéTHBIE CTONMOCTH BCEX ONepalnil OKa3bIBaloTCs
ONMHAKOBBIMH (IIPU IBYX APYI'HX METOMAX aMOPTU3AMOHHOTO aHAIN3a
5TO GyNeT He TaK).

Onepaum/[ CO CTEKOM

Mgz npuMenuM MeTom TPYNNUPOBKH NI aHAllW3a cTeKa ¢ OMHOU Ho-
nonHuTenbHON omepanueii. B pazmerme 11.1 MBI BBenu HOBe OCHOBHEBIE
onepaluu co CTEeKOM:

PusH(SY, ) nobaBasieT sneMeHT & K CTeKy S
Pop(S) ynanser Bepuinny creka S (I Bo3BpalljaeT eé).

Kaxkmas m3 sTux oneparnii Bormomasercs 3a Bpems O(1). CrenoBa-
TeNbHO, BHINOMHeHNe N onepanuii PUSH m POP TpeGyeT Bpemenn O(n).
Curyanus cranoBuTcs 6osiee HHTEpECHOI, eciu 0GABUTH ONEPATITO
MurTiPoP(S, k), KoTopast ynanser k 5IeMeHTOB 13 CTeKa (eCiIn B CTeke
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Pucynox 18.1 [eiicrBue onepanum MULTIPOP Ha cTeke S. (a) Havganesaoe coctTo-
sHre creka. MULTIPOP(S, 4) ynansder U3 cTeKa BEPXHIUE UETHIPE SIIEMEHTA, U CTEK
npuxonut B cocrosiaue (6). Ecan Teneps npumernts onepauuio MULTIPOP(S,7), To
CTeK cTaHeT IycT (B), Tak Kak [Eepel IPUMEHEHUEM 3TOIl OlEpalil B CTEKE OBLIO
MEHee CEMH 3JIEMEHTOB.

COIEPKUTCS MeHee k HIIeMeHTOB, TO YAAJISeTCs BCE, ITO TaM ecTh). Fé
MOXKHO peann3oBaTh Tak (STACK-EMPTY BosBpaliaeT TRUE TOTIa 0
TOJILKO TOTNA, KOTNIa CTEK MyCT):

Murripor (S, k)

1 while not STACK-EMPTY(S) and k # 0
2 do Popr(S)
3 k+—Fk-1

Hpumep paborol onepannun MULTIPOP npuBenen na puc. 18.1.

Hpu npumenennn onepannn MULTIPOP(S, k) ¥ cTeky, comepikaliemy
S BIIeMeHTOB, OymeT Tpom3BeneHo min(s, k) omeparnuit Pop. Hostomy
(nmMeercss B Bumy (akThmueckas CTONMOCTH, a He YUETHas) BpeMms ee
paBOTHI NPONOPINOHAIBHO Min (s, k).

Cuurast, uro onepanuun PUSH, POP uMeT eNUHUYHYIO CTOUMOCTH
(nmMeeTcss B Bumy (akTmueckas CTONMOCTb, a He YU&THas), a onepa-
nust MULTIPOP nMeeT cTOMMOCTB min(s, k), oneHnM cyMMapHYIO CTON-
MOCTH 7 Ollepalluil, TPUMEHEHHBIX K H3HAYaJIbHO MycTOMY cTeKy. CTou-
MOCTH 10601 113 OTlepalnii He TPeBOCXONUT 1 (caMasi JOPOTast ONePaIlist
MULTIPOP cTouT He Goiiee n, HOCKOJIBKY 3a 1 Oollepaliuil B cTeke He Ha-
Gepércs 6ornee n sneMenToB). CrenoBaTeNbHO, CyMMapHas CTONMOCTD
n onepamuii ects O(n?). Hra onenka, onnako, ciurkom Tpy6a. YTo6mr
HOJIYYUTH TOUHYIO OIEHKY, 3aMETUM, YTO, KOIb CKOPO IePBOHAYAIBHO
cTek OBUI NycT, 0blllee YUCI0 pealibHO BBITIONHAEMBIX omepaliuii POp
(BKIIOYAs Te W3 HUX, YTO BBHI3LIBAIOTCS W3 Mponenypsl MULTIPOP) He
mpeBocxonuT obillero uucia onepaiuii PUSH, a 3TO mocientee He npe-
BocxonuT n. CTasio 6bITh, CTOUMOCTE JII060i TOCHEeNOBATENBHOCTH U3
n onepanuii PUsH, POP 1 MULTIPOP, mpuMeHeHHBIX K IIyCTOMY CTeKY,
ectb O(n). TeMm caMbBIM MOXKHO O6BABIUTH, ITO YIETHAS CTONMOCTD Kar-
xKIoit w3 onepanuit ects O(n)/n = O(1).

Honuepkuém erié pa3, 4To Hallla OllEHKA He sSBISE€TCS BEPOSTHOCT-
HOIT: CTONMOCTH (B pacdéTe Ha ONHY ONEPANNIO) ONEHNBASTCS IS XYII-
[Iero ciyuvas.
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counter value — 3HavyeHne cyeTUYnNKa,
total cost — cToumocTh

Pucynok 18.2 CocTosHus BOCBMUOHTOBOIO ABOMYHOIO CUYETYNKA B IIPOIECCE BbI-
HostHeHus 16 mocienoBaTe/IbHBIX onepaluii INCREMENT. 3allTpuxoBaHbl OGUTHI, 3HA-
YeHNsT KOTOPBIX U3MEHSITCS TIPU ciaenyoreil oneparunu INCREMENT. B mpasoit rpade
mokaszaHa O0ITasi CTOMMOCTD BCEX OIMEPAITAN 10 YCTAHOBKE IJIM OYHNCTKE OMTOB, He-
O6XOMUMBIX, YTOOBI IOCYUTATH JI0 MAHHOTO Yucia. 3aMeThTe, YTO B CTPpOKe HoMmep k
9Ta CTOMMOCTE He IpeBocxomuT 2k.

JNBoMYHEBIN cUETUNK

B sToM pasmene MBI IpUMEHUM MeTON I'PYNIHPOBKH K aHanuzy k-
6UTHOrO NBOMYHOTO cuéTunka. CUETUNK peann30oBaH KaKk MacCuB GITOB
A[0..k — 1] n XpaHUT IBOMYHYIO 3alNCh YNCTa & = Zf:_ol Ali]-2° (Tax
ato A[0] — wmmammmit 6uT). HepBonawaneso z = 0, T.e. Ali] = 0
nnst Becex ¢. Ompenennm onepannio INCREMENT (yBenmduThb Ha 1 10
Momymio 2F) Tax:

INCREMENT (A)
10
while ¢ < length[A] and A[i] =1
do A[i]+ 0
1141
if i < length[A]
then Afi] « 1

O T W N~

Ho cymecTBYy TOT XKe alTOPUTM HCMONL3YETCS B PEANBHBIX KOMITBIO-
Tepax (KackKamHOe cloxkenne — cM. pasmen 29.2.1). Ha puc. 18.2 m3o0-
OpakKeHbl COCTOSHUS HBOMYHOrO cyeTduKa Mpu 16 mocnenoBaTellbHBIX
OpUMeHeHUuSX omepaluu INCREMENT, Haunnas oT 0 no 16. ¥YBenndenne
CUeTUNKa Ha eAUHUINY TPOUCXONUT CIeNVIOUINM 06pa3oM: Bce HATallb-
Hble eMHNYHBe ONTHI B MaccuBe A CTAHOBSITCS HYJISMU (IIHKI B CTPO-
Kax 2-4), a crenyommii HemocpeCTBEHHO 3a HIMU HYJeBOi 6uT (ecin
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TaKoOBOHl eCTh) ycTaHaBImBaeTcs B ennHniy. CTONMOCTH Omepannm
INCREMENT JuHeifiHo 3aBUCHT OT OOIIeT0 KOINUecTBa OUTOB, MOMBEPT-
uxcs OYUCTKe uin ycraHoBke. OTciofna cpasy nodyuaercs rpybas
OlleHKA: TOCKONBKY B XyIIIeM ciydae (MaccmB A COCTONT M3 ONHHUX
ennHnI) MeHsitorcs k 6utoB, Tpebyercs O(nk) omeparuii, 9T0GHI CO-
cunraTh or 0 o n.

YTo6br TOXyInTE Goliee TOUHYIO OTMEHKY, 3aMeTHM, UTO He KaKIbIi
pa3 3HaueHus Bcex k GuTOB MeHsioTcsa. B camom nese, muamimuit Gur
A[0] MeHsleTCSL TP KaXKIOM WCHONHEHUn omepannn INCREMENT (cum.
puc. 18.2). Crenytomunii mo crapimucTBy 6nT A[l] MeHseTcs TOITBKO
depes pa3: IpH OTCYeTe OT HYyJNs IO 1 HTOT OUT MeHseTcs |n/2] pas.
Hanee, A[N| MeHsieTCs TOTBKO KaXKIbIil TeTBePTHIl pa3,  Tak malee:
ecnun 0 < ¢ < lgn, To B mpornecce cueta ot 0 mo n 6utT Ali] MeHsieTcs
|n/2°| pas, a ecim i > |lgn], To 6utT i BooGuIe He MeHseTcsa. CTamo
ObITh, 0011lee KOJIMYECTBO Ollepallnil OYNCTKN U YCTAHOBKM GUTOB PaBHO

[lgn]

S |a<ny b=

1=0 1=0

Tem cambiM yBenmdenue nBondHoro cuérumka ot 0 no n Tpebyer B
xynuieMm ciayuae O(n) omepannii, npuuéM KOHCTAHTa He 3aBUCHT OT k
(1 paBHa 2); yISTHYIO CTONMOCTH KayKIOH ONepali MOXKHO CUIHTATh
pasuoit O(n)/n = O(1) (koHcTaHTa ONATH XKe HE 3aBHCHT OT k).

Yupaxuenus

18.1-1 HpenmomnoxunM, 4TO MBI pa3peliiji He TOJBKO ONepanuio
MurripoP, Ho m MULTIPUSH, mo6aBIAIONIYIO K CTEKYy TTPOU3BOIBLHOE
KOJINYecTBO 3ieMeHTOB. MoXHO 7u Temepb CYNTATh YIETHYIO CTOU-
MOCTD KazKHoil onepanunu pasuoit O(1)7

18.1-2  Oumpenenum misi k-GUTOBOrO HBOMYHOIO CUETUHKA ONEPAINIO
DECREMENT (BBIYNTAHNE €IHNILL IO MOLY IO 2’“). Hoxaxute, nocne-
MOBAaTeNbHOCTE W3 1 omepanuit INCREMENT u DECREMENT B XyIIIeMm
ciydae Tpebyer Bpemenn O(nk).

18.1-3  HaccmoTpuM mocienoBaTelIbHOCTH ONepalinii, B KOTOPOIl CTOu-
MOCTE Olepalliil HOMep ¢ PaBHA ¢, eCIH ? IBIAETCS CTeNeHbio NBOUKH, 1
1 B nporuBaOM cityuae. QlieHUTe CPEMHIO CTONMOCTb OHOM Onepaliuu
B TOCHENOBATENBHOCTH U3 1, ONepalnii.

18.2 Meron nmpenomiaTsl

Hpu mpoBenennn aMOpTHU3aITORHOTO aHAJIN3a TI0 METOLY IIPEIOIIATHL
(accounting method) kaxmoit omepalum NpHCBaNBAETCS CBOS yIETHAS
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CTOUMOCTD, MPUYEM 3TH CTOMMOCTH MOU'YT ObITh Kak OoJibllle, TakK U
MeHbLITIe pealdbHLIX. Kean yueTHas CTONMOCTE TPEBOCXONNUT PealibHyIo,
Pa3HOCTH paccMaTpuBaeTcs Kak peseps (credit), KOTOpwIil camTaeTcs
CBA3aHHBIM C KaKUM-TO 00beKTOM CTPYKTYPhI HaHHBIX U paccMaTpuBa-
eTcs KakK Nmpenomiara 3a Oynyliy obpaboTKy 5Toro obbekTa. 3a cuer
3TOr0 pe3epBa KOMIEHCUPYETCd Pa3HUIla MeX/y YUeTHOH 1 pealibHOM
CTOUMOCTDBIO IJIs TeX ollepallnil, y KOTOPbIX y4eTHas CTOMMOCTb HUKE
peanbHOIL.

Mgz nomkHLI BHIGHPATh YIETHLIE CTOMMOCTH Tak, YTOOHI (haKTude-
CKasg CTOUMOCTbL He NPeBOCXOAMIIa CYMMbI YUYeTHBIX CcToMMOCTell, TO
eCcTh 4TOOBI pe3epB OCTaBAJICAd HEOTPUIATENbHBIM B JI10060H MOMEHT pa-
OOTHI.

Onepaum/[ CO CTEKOM

HpounnniocTpupyeM MeTOm MpemonnaThl Ha yikKe N3BECTHOM TIpIMepe
co cTekoM. HamoMHUM, 9TO pealibHBIe CTONMOCTH OMepalliii CO CTEKOM
Mbl CUMTaeM TaKUMMU:

Pusn 1,

Por 1,

MurTipoP  min(s, k),
rie k — xonmuecTBO 3JIeMeHTOB, yIaJideMbIX N3 CTeKa, § — pa3Mep
CTeKa. HpI/ICBOI/IM O9THUM ollepaludM TaKue y‘IéTHbIe CTONMOCTH:

Pusn 2,

Pop 0,

Murripor 0.

B mamem mpumepe yUETHBLIE CTOMMOCTH BCeX OTEpPANUil MOCTOSHHEL
BO3MOKHBI ClIyYyau, KOTr/la 3TH CTOUMOCTYU HENOCTOAHHBI U /laKe UMeIoT
pa3inuHble aCUMIITOTUKY JIJId PA3HBIX omepalnii.

HoxaxeMm Temephb, 4To BEIOpaHHLIE HaMU VUeTHBIE CTOUMOCTH MO-
3BOJIAIOT TIOJIHOCTHIO TIOKPHIThH PealibHYI0 CTOMMOCTH onepaluii co cTe-
koM. HynmeMm cumTaTh, 9TO eNWHUIEH CTONMOCTH ONepaluii sSBISeTCS
nonnap. BocnonbayeMcs aHajoTnell MeXKIY CTEKOM W CTOMKOU Tapenok
(cM. paszm. 11.1). HepBoHauanbHO HI OMHON Tapenkn B CTONKe HET (MBI
HAYMHAEeM ¢ MyCTOro cTeka). Korma mMbl mobGaBisieM Tapenky K CTOIKe,
MBI IOJZKHBL 3aIUTATHTH 1 mosnap 3a onepainio PUSH (3To ee peanbHas
nerna). OOUH nomIap OCTaeTes y HAC B pe3epBe, Bellb yUETHAs MeHa Ole-
panun PUSH paBma nByMm nonmapam. Hymem Bcsakuil pa3 KaacTh 3TOT
Pe3epBHBIH HOAIap Ha COOTBETCTBYIONIYIO Tapenky. Torma B KaXKIbIl
MOMEHT Ha KaKIOW Tapelike B Halllell cTonKe OyleT JieXKaTh 110 10Ja-
pOBOIl OyMaKKe.

Honmap, nexxamnit Ha Tapenke, — 3TO TpeIoNiaTa 3a yIaleHne Ta-
penxn m3 ctonku. Korma MBI mpom3BonuM onepainio POP, MBI 3a Hee
HUYero JMOMONHUTENbHO He miaTnM (yuéTHas cTomMocTh POP paBHa
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HYJIIO0), a pacluladnBaeMcs 3a yIajeHne Tapelkn JIeXKallnM Ha Hell pe-
3epBHBIM nosistapoM. TouHO Tak :Ke Mbl HMeeM BO3MOXKHOCTH OObSBUTH
onepanuo MULTIPOP GecniaTHOl: eciin HAO YHaJIUTh k Tapesok, 3a
yiajieHne KayKOOoH U3 HUX MBI pacliaTHMCS JIeKANUM Ha Hell mosia-
pom. Ctano GBITh, W3GBITOUHAS IJIaTa, KOTOPYIO MBI GepeMm 3a ofe-
pannio PUSH, mokpwiBaeT pacxonbl Ha omepaiun PoP mw MULTIPOP.
(cTomMocTb M0GOI MocIenoBaTenbHOCTH W3 1 onepanuii PUSH, PoP n
MULTIPOP He mpeBOCXOMNT CyMMapHOil yIETHON CTONMOCTH).

JNBoMYHEBIN cUETUNK

Hemmm TaxuM ke cmocoGoM 3a0ady o NBOMIHOM cuéTumnKke. HaM Hamo
NpOBECTU aMOPTU3AIIMOHHBIN aHAJIN3 MOCHEeIOBATEIILHOCTHY U3 1 Olepa-
nuit INCREMENT (B HCXOIHOM COCTOSHHUN B CYETUNKE 3alCaH HYIb).
Mgz yxe oTmeuanu, 94To BpeMs paboTHl 3TOH omepanuu HPOTOPIHO-
HaJIbHO CYMMapHOMY KOJWYEeCTBY VCTAHOBOK W O0UNCTOK 6GuToB. Hymem
CUMTATh, YTO KaXKasg YCTAHOBKa WJIM OUMCTKa cTouT 1 mosnap.

YcTanoBuM Takme VUETHBIE CTOMMOCTH: 2 HOJNapa 3a YCTAHOBKY
6uta, 0 3a ouncTky. Hpn kaxmoll ycTaHOBKe 6UTa OMHUM W3 IBYX MOJM-
JIapOB y4YeTHON IleHbl OyIeM pacljaunBaThcd 3a pealibHble 3aTpaThl Ha
3TY yCTaHOBKY, a [0OJJIap, OCTAlOUIUicsS B pe3epBe, OyleM NpUKpen-
IITh K yCTaHOBIeHHOMY 6UTY. HOCKONLKY HepBOHAYAILHO BCe GUTHI
OBIIM HYJIeBBIMHU, B KaXKIbIil MOMEHT K KaKIOMY HeHYJIeBOMY OuTy Oy-
JeT MpUKperien pesepBHbIl nonnap. CTano 6bITE, 3a OUUCTKY JTH0OO0r0
OuTa HUYEro miaTUTh HAM He MPpUaeTCs: Mbl pacliaTHMCs 32 Hee J10J-
JlapoBoOll OYMaKKOi, TPUKPENIEHHON K 3TOMY OUTY B MOMEHT €ro ycTa-
HOBKH.

Tenepyr nerko omnpemeauTh YIETHYIO CTONMOCTL  ONepaInn
INCREMENT: TOCKONBKY KayKIas TaKas omepalus TpebyeT e Golnee ofi-
HOIi ycTaHOBKM OUTAa, ee YUYETHYIO CTOMMOCTH MOXKHO CUMTATh pPaBHOI
2 nmosnnapam. CrenoBaTenbHo, GakTHuecKas CTOMMOCTH 7 HOCIENOBa-
TeNbHBIX omepalnuii INCREMENT, HaumHAOUIMXCA ¢ Hyus, ecTh O(n),
NOCKOJIbKY OHa He NPEeBOCXOAUT CYMMbl YYETHBIX CTOMMOCTEN.

Yupaxuenus

18.2-1 Hpenmonoxum, 9T0 MBI paboTaeM co CTeKOM, MaKCHMaJIbHBI
pasMep KOTOpPOro paBeH k, MpudYeM Mocie KaKIbIX k omepalmii mena-
ercs pesepBHas Komus cTeka. HokaKuTe, 4TO CyMMapHas CTOMMOCTH
7 olepamnuii co cCTeKoM (BKJIOYas pe3epBHOe kommpoBaHue) ecth O(n),
BLIOpaB MONXOMALINE YUYETHLIE CTOMMOCTH.

18.2-2  Cpenaifite ynpaxkuenue 18.1-3 ¢ moMmollbio MeTOma MHpeno-
O7aTH.
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18.2-3  Ilo6aBuM K cucTeMe olepaluii ¢ NBONYHBIM CUETUNKOM OTe-
pannmio RESET (oumctuTh Bce 6uThl). Heammsyiite cuerunk na 6ase
BEKTOpa OMTOB TaKMM 00pa3oM, 4TOOBI CTOMMOCTH NTOCJHENOBaTelbHO-
CcTHU n omepamnnii INCREMENT um RESET, mpuMeHeHHLIX K CUSTUUKY, B
KOTOPOM MepBOHAYAIBHO HAXOMWICS HYIb, Obuta paBha O(n), npuuém
KOHCTAHTa He NOJIKHA 3aBUCECTh OT k — uucia GUTOB B CUETUUKE.
(Yka3aHme: XpaHUTe HOMEp CTapIlero HeHyIeBOTro OUTa).

18.3 Meron moreHINATIOB

Meron moremmmanos (potential method) sBasercs oGoGiennem Me-
TOMa MPeNoNaThl: 3IeCh Pe3epB He paCIpeNelsieTCs MeXIY OTHelb-
HBIMI 3JIeMeHTaMI CTPYKTYPBI HaHHBIX (HAIpUMep, OTHeNbHBIMI G-
TaMn IBOMYHOTO CYETUNKA), & SABIASETCS QYHKIWMEd COCTOSHNS CTPYK-
Typbl maHHbix B nenom. Hra ¢yHkius HazbiBaeTcs “nomenyuaibnod
anepeuet”, unu "nomenyuason”.

O6iitas cxeMa MeTofla MOTEHNNANOB TakoBa. HycTh Ham cTpyKTypoit
NaHHBIX TPENCTOUT MPOU3BECTH N onepaluil, u nyctsh D; — cocTostue
CTPYKTYPHI TAHHBIX [OCIIE - omeparun (B vacTHOCTH, Dy — UCXOMHOE
cocrosinne). Horemman (potential) mpencrasnser coboit ¢pyuknmio P
U3 MHOXKECTBA BO3MOXKHBIX COCTOSHUE CTPYKTYPbI IaHHBIX BO MHOXKe-
CTBO HelCTBUTENBHBIX YUCeN; 5Ta GYHKINS HA3bIBAETCS elllé moTeHIu-
anbHolt pynkumeit (potential function). Hycts ¢; — peanbHas cTonMocThb
i-it omepannu. YuerHoit cronmocthio (amortized cost) i-it onepannu 06b-
SIBUM UHCIIO

¢ =c; + (I)(DZ) — (I)(Di_l), (18.1)

T.e. CYMMY peanbﬂoﬁ CTONMOCTN Ollepalnn IJIIOC IIpUpallleHne MmoTeH-
InaJjla B pe3ylibTaTe BLINOJHEHNA 3TOn olnepanunm. TOFI[& CyMMapHas
yYdeTHas CTOUMOCTB BCeX onepauﬂﬁ PaBHa

i@' = i ¢i+ @(Dy) — ®(Do). (18.2)

Ecnn mam ymamocs npumymars ¢yaknmio ¢, mas kotopoir ®(D,) >
®(Dyp), To cyMMapHas y9eTHas CTONMOCTD 1aCT BEPXHIOK ONEHKY IS
peanbHoll CTOMMOCTH TOCIeOBATENLHOCTH 1 onepannii. He orpannyn-
Bast OGLI[HOCTH, MOXKHO c4nTaTh, 4T0 ®(Dy) = 0 (cm. yup. 18.3-1).

[oBops HedopmanbHO, ecin pa3HocTh noTennnanoB $(D;) —P(D;_q)
MOTOXKUTENbHA, TO YUeTHAA CTONMOCTE i-if OMepalnuy BKI0YaeT B cebs
pesepB ("npedonaamy” 3a Gymyllne ONePAINi); eCIn ke 3Ta Pa3HOCTh
OTpUNATENbHA, TO YUeTHas CTONMOCTE ¢~ OMepaluu MeHbBINe pealib-
HOIT, I pasHuila MOKPLIBAETCS 3a cUeT HAKOMIEHHOTO K HTOMY MOMEHTY
MOTEeHTINAIA.
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YaéTHBIEe CTOMMOCTH (M TeM CAaMbIM OIEHKH Ha PeajibHYyI0 CTONU-
MOCTh), pacCYNTaHHBE ¢ MOMOIIBIO METONA MOTEHINAIOB, 3aBHCAT OT
BbIOOpa NOTeHNUAIBLHON GYHKINUU, & caM 3TOT BbIOOD ABJSETCS HEJIOM
TBOPYECKUM.

Onepaum/[ CO CTEKOM

HpoustocTpupyem MeTON NOTEHINAIOB Ha HpUMepe 3HAKOMOW HaM
3a7aun o cTeke ¢ onepanusiMu PUsH, Pop w MULTIPOP. B kKadecTBe
HoTeHIualbHON QyHKIun P BO3BMEM KOJIUUYECTBO BIIEMEHTOB B CTEKe.
HockonbKy Mbl HaUHHAEM € IIYCTOTO CTEKa, UMeeM

B(D;) > 0= B(Dy).

Crasio 6bITh, CyMMa YUYETHBIX CTOUMOCTEH OIEHUBAET CBEPXY pealib-
HYIO CTOUMOCTE TOCIeNOBATEALHOCTH ONepalnii.

Haiinem Temeph yYéTHBIE CTOWMMOCTH WHONBUOYAIBHLIX ONEpAINi.
Tax xax omepamnus PUSH nMeeT pealbHYIO CTONMOCTL | I K TOMY ke
yBeIUduBaeT MOTeHNnal Ha 1, eé yuéTHas cTOUMOCTh paBHa 14+ 1 = 2;
onepatus MULTIPOP, yHausomias n3 cTeKa m 3JIeMeHTOB, HMeeT CTO-
AMOCTDL M, HO YMeHbITaeT TOTeHHAT Ha M, TaK IYTO eé yUéTHas CTO-
UMOCTh paBHa m — m = (; TOYHO TaK XKe paBHAa HYJIO U yvyeTHasd
CTOMMOCTL onepainnu PoP. Konb ckopo yuéTHas CTOMMOCTDL KayKOoh
oTlepallny He TPeBOCXONUT 2, CTONMOCTD MOCHENOBATENLHOCTH 1 ONlepa-
nnit, HAYMHAIOIINXCS ¢ MyCTOro cTeka, ecTh O(n).

JBOMYHEIN CUCTUNK

Hpoananusupyem ¢ mOMOIIbI0 METONA TOTEHI[HAJOB IBOUYHbBIN CUET-
quK. B KavecTBe MOTEHNUANBHON GYHKINE BO3BEMEM KOJUUYECTBO €IH-
HUIl B CUeTUHKE.

Haiigem yuéTHyi0 CTONMOCTE onepanun INCREMENT. HycTh b; — xo-
JIMYECTBO eUHUI] B CUETUNKE TIOCIIE ¢~ ONepalii, i TyCTh -5 ONepalus
INCREMENT ountiiaet ¢; 6utos; Torna b; < b;—1 —t;+1 (kpome oancTin
6uTOB, INCREMENT MOXeT eI1lé YCTAHOBUTH B efUHUIY He BoJiee OHOTO
6uTa). CTano GbITh, pealibHas CTONMOCTD -T0 INCREMENT a He mpe-
BocxonuT t; + 1, a ero yueTHast CTOUMOCTb €CTh

G < (ti+ 1)+ (b —bim1) < 2.

Ecnu orcuér maunmaercs ¢ uyns, To ®(Dy) = 0, rak uro ®(D;) >
®(Dy) mas Bcex @, CyMMa YUSTHBIX CTONMOCTEll ONEHIBAET CBEPXY
CYMMY pPeasIbHBIX CTONMOCTe(l, I cyMMapHas CTOHMOCTH 71 Olepaliii
INCREMENT ects O(n) ¢ kouctanrtoil (nBoiikoit), He 3aBucsieil ot k
(pasmepa cuéTUmnKa).
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MeTon moTtennmanoB mo3BOIsSET pazobpaThes W CO CIydaeM, KOTOa
OTCYeT HaUMHaeTCs He ¢ Hyls. B sToM ciydae u3 (18.2) BeITekaeT, 9TO

zn:q = zn:e — &(D,) + ®(Dy), (18.3)

OTKyla, IPUHIMAs BO BHIMAMNeE, 4TO ¢; < 2 IJIs BCeX 7, MONIyYaeM, ITO

n

Zci < 2n — by, + bo.

=1
Hockonbky by < k, mis HOCTATOYHO IUIMHHBIX [OCIEIOBATENbHOCTEl
onepanuit (n = (k) onepannit INCREMENT) pealibHasi CTONMOCTB OTie-
nuBaercs Kak O(n), npuaéM KoncranTa B O-3alUCH He 3aBUCUT HI OT k,
HII OT HAYAJILHOIO 3HAYEHUS CUCTUHKA.

Yupaxuenus

18.3-1 HycTe mortenumanbuas ¢yukius ¢ rtakoBa, aro P(D;) >
®(Dg) nast Beex ¢, o ®(Dg) # 0. Hoxaxure, 4To cyliecTByer Io-
reHnuanbhas Gyukmus Y nns koropoit ¢ (D) = 0, ' (D;) > 0 nus
BCeX 4, I YUSTHBIE CTONMOCTH, PAaCCYNTAHHbIE C TOMOIIbIO pyHKIIN P’
COBIAIAIOT ¢ YYSTHBIMI CTONMOCTAMI, PACCUNTAHHBIMU € TTOMOIIBIO P.

18.3-2  CrpenaifiTe ynpaxuenue 18-1.3 ¢ mOMOIIbIO MeTONA HOTEHIHA~
JOB.

18.3-3 HycTh Hama cTPpyKTypa HaHHBIX — NBOMYHAS Kyda C olepa-
nusimu INSERT m EXTRACT-MIN, paGotatormmmu 3a Bpems O(lgn) B
XYyOIlleM cliydae, TIe 7 — KOJINdecTBO 3neMenToB. HpunymaiiTe moTen-
nuanbuyio ¢yuaknumio ®, nns koTopoll yuéTHas CTONMOCTL ONMEpaInn
INSERT ectb O(lgn), yuérnas cTommocTh onepannu EXTRACT-MIN
ectb O(1), m cymMMa yYITHBIX CTOMMOCTeHl MOC/IENOBATENBHOCTH Olle-
panuil olleHNBaeT CBEPXY PealibHYI0 CTOMMOCTL TOCIeNOBATEILHOCTH
onepanui.

18.3-4  HycTh nocnemoBaTenbHOCTHL W3 n omnepanuii PUsH, PorP n
MULTIPOP npumeHsieTcs K CTEKY, COIepPKAIIEMY So DIIEMEHTOB, U IPH-
BOIUT K CTEKY, COIepKallleMy S, aneMeHToB. KakoBa cyMMapHas dak-
THYeCKas CTOUMOCTE 3TUX onepaluii?

18.3-5 HycTh B HaYalBLHOM COCTOSHNUW NBOWUYHBIH CUETUNK CONEPKIAT
b enmunt, n nycth n = Q(b). lokaxknre, 9T0 cTONMOCTH N Omepanmit
INCREMENT ectb O(n) ¢ KOHCTAHTOI, He 3aBucsIIeil oT b.

18.3-6 Kax peannzoBaTh odepenb Ha 6a3e IBYX CTEKOB (ynpamHe—
e 11.1-6) Takmm o6pasom, 4TOGHl ydUeTHAs CTONMOCTH ONeparnmii
ENQUEUE u DEQUEUE 6brta O(1)7
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18.4 JTuHaMudeckue TabJINILI

Hpu paboTe ¢ Tabnuiell nepeMeHHOTr0 pa3Mepa ObIBaeT XKelaTelbHO
3alpalllnBaTh TaMATh 6JIOKaMI: Korja B TabanIe HeT MecTa 11 HOBOTO
BIeMeHTa, MBI 3allpalliBaeM MecTo Mg Tabauunel 60JIBIIEro pasMepa
I KOIHMpyeM 3allucu W3 cTapoil Tabmuubl B HOBYlo. Hpu nTom HOBBI
pasMep TabIMIEl BEIOHpaeTcsd ¢ 3allacoM, YTOOBI He IPHILIOCH HeMell-
JeHHO paclIupATh eé emlé pa3. HanpoTus, ecinu npu ynajnenun sanucei
Tabnnumna cTaHOBUTCA NMOYTH IIyCTOW, TO MMeeT CMBICH CKONHPOBaTh eé
OCTaTOK B Tab/HWIy MeHBLIIero pasMepa W OCBOOONNTEL NaMATh, 3aH:d-
Tylo cTapoil Tabnuneil. B sTom pasnene MbI NOKazxkKeM, KaK MOXKHO JIH-
HaMHYecKH PacHupATh W CKHMATh TaOMNUIEl, €Cll MBIl XOTHM, YTOORI
y4éTHad CTOMMOCTDH Ollepalllil mobGaBlleHNsA W y[dajleHus 3aluceil K Ta-
6nuue 6oita O(1), (XOTs pealbHas CTOMMOCTH HOGABICHUH WU yoa-
JIeHUl1, TpeOVIOIINX PAaCIIUPeHns UJIN CKaTug TabIUuIbl, MOXKeT OBITh
Benuka). Hpn sToMm Mbr GymeM ciaennTb, 4To6b KOXQOUILEHT 3anod-
HeHus TabGuuubl (OTHOLICHIE YHCIA HCIONB30BAHHLIX sUeeK K oBIeMy
pa3Mmepy) GbLI He CIHIIKOM Mall.

Hynem cumTark, yro nunaMudeckas Tabiuia IoffepKuBaeT olepa-
nnn TABLE-INSERT (mo6aButh k Tabnuue) n TABLE-DELETE (ynanuts
u3 Tabauisl). Hpu no6asinennn 3ammen K Tabiuie MBI 3aHHMaeM B Ta-
6nuue onuy swenky (slot), npu ymajgeHnn 3alucu onHa sdeiika ocBo6o-
Knaercd. Kak KoHKpeTHO peaJn30BaHbl caMa TabiuIa i 5TH olepalni,
HAaC B HAHHBIl MOMEHT He HHTEpeCyeT: HTO MOXKeT OBbITh CTeK (pas-
nen 11.1), kyua (pasmen 7.1), xem-rabnuuna (rnasa 12), unn, HakOHeIr,
MaccnB mwin HaGop MaccnBoB (pasnen 11.3).

Kax Mbl yxke rosopmnm (cM. Takxke IiaBy 12 0 XeHINPOBAHUI),
Nwmenno, xosdpdmmenrtom samomuenus (load factor) Tabmuusr 7' HazsoBem
ancino «1'), paBHOE OTHOLICHHIO YHCIIA 3AMOIHEHHBIX SUeeK K pasMepy
Tabunibl (06LIeMy YHCILY SYeeK), ecIl 3HaMeHaTeNlb OTINYeH OT HyJIs.
s BEIpOKIeHHON TaGnuubl (He comepXkKariieil HI OTHON sSUeliKi) KO-
>pPUIIenT 3al0oJHeHNs MBI CYNTaeM PaBHBIM enmnnie. Kcou onpene-
JeHHBIH TaknM 06pa3oM Ko3(D@UIUeHT 3alojHeHHs OrpaHHdYeH CHH3Y
MOJOKUTENbHEIM YHCIOM, TO HOJsA CBOOONHEIX fddeeK B Tabmuie orpa-
HUYeHa CBepPXy YHCJIOM, MeHBIINM eNUMHHIEL.

18.4.1 Hacmupenue TabIMIBI

Hns mavama paccMOTpUM NHHAMUUYECKYI0 Tabnuiy, B KOTOPYIO
MOXKHO NMOGABIATEL 3alUCH, a HeNb3s yAadiTh. HaMaTh 0 Tabauns!
BBEIIENIeTCA B BUIe MaccuBa sdeek. Tabnuma 3amoinena, Korma B Hel
HeT CBOGOMHBIX siueek (MHBIMI CJIOBAMHU, KOTa KO3(DGUINEHT 3aMomnHe-
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uus pasen 1)!. Hynmem cumtarsh, 4To Hallla onepannontas cucTeMa, Kak
n OOJNLUIMHCTBO COBPEMEHHBLIX, CHabXKeHa MOACUCTEMON yhpaBJlieHus
naMsAThiO, MO3BOJAONIEN TpU HEOOXONUMOCTH BbIIESATH HOBble OJIOKH
naMsaTln 7 OcBOBOXKNATE 3aHsThle. UMes »To B BUAY, TpPH MONBITKE
H00aBUTH 3alllCh K 3allOJHEeHHON Tabiuie MBI OyleM MpelBapUTelbHO
pacumpats (expand) Tabnuiy crenyomnM o6pa3oM: BELIEINM TaMsITh
noll TabIuIly YBeJUMYEHHOIO pa3Mepa, CKONUPyeM UMeIlnecs 3amucu
n3 cTapoil Tabiaulkl B HOBYIO, NOCIe Yero nobaBUM 3alliCh yKe K HOBOI
Tabnure.

Kak mokasbiBaeT ONBIT, pa3yMHO YBeINYNBAThL TabINIY BIBOE B MO-
MeHT TepelnoiHeHus. e MBI TOAbKO mobaBiseM 3aluci K Tabiuie,
TO TIpU Takoil cTpaTerun Koxh@UIIMEHT 3al0JHEHNUS He MOXKeT CTaTh
MeHbIle 1/2 (ecnnm oH He GbII TaKUM B CaMOM Hadaje), T.e. MyCThie
A9ellKn He OynyT 3aHUMAThH OoJee MOJOBUHBLI TAaOIUIBL.

Bot kak BEITASOUT alropuTM TABLE-INSERT, OCHOBaHHEBIN Ha 3TUX
npunnunax (table1] —ykasarens Ha GIOK maMsITH, B KOTOPOM pa3Me-
ena Tabmuia T, num|[T] — konmdecTBo 3anuceit B Tabnure, size[l] —
pasMmep TabJHUIbI, T.e. KOJMUECTBO sueek; MepBoHaualbHO size[l] =
num[T] = 0):

TABLE-INSERT (T, 2)
1 if size[1T] =0
then BoimenuTh 650K table[T] ¢ onHoil sueiikoii
size[T] + 1
if num[T] = size[T]
then BbimenuTh 610K maMsaTu new-table ¢ 2 - size[T] sueiikavu
ckonumpoBaTh Bee 3anucu u3 table[T] B new-table
0CBOGONNUTH MaMsTh, 3aHATYIO table[T]
table[T] < new-table
size[T] < 2 - size[T]
samucath & B table[T
num[T] < num[T] + 1

— O WO 00 =0T W

—_ =

Hpoananusupyem Bpemsi paGoTsl 3roro anroputma. CoGCTBEHHO 3a-
OUCh B TaBIUILy NPOUCXONUT B HEM TOJbKO B cTpokax 6 u 10. Cro-
HMOCTL OIepalny “2anucamb agemenm 6 mabauyy”’ TpUMeM 3a emn-
wuiy. Hynem cuurarts, uro Bpems paboThl Beeil nporenypbl TABLE-
INSERT mpomopumuoHajibHO KOJHYECTBY omnepalnuii “2anucams 6 ma-
Oauyy”; TeM caMbIM MbI HOApa3yMeBaeM, UTO 3aTpaThl HA BBLIEJIEHUE
NaMsTH HoH TAGIHuIy ¢ OMHON sideflkoil (CTpoKa 2) — BeIndYmHA OTrpa-
HUYeHHas, W 4TO 3aTpaThl Ha BbllelieHHe U OCBOGOXKIeHUe NaMsiTH B
cTpokax b u 7 — BejuuuMHa He OOJIBIIEro MOpSIKa, YeM 3aTpaThl Ha

I B HEKOTOPHIX IPUIIOKECHHEAXK (manpumep, B XeII-TabImnax ¢ OTKPLITON afpecaleil) pa-
3YMHO CUNTATh TabOIINILY 3all0THEHHON yXKe B TOT MOMEHT, Korja Ko3dGUINeHT 3aII0THEHNS
NpeBHINIAET HEKOTOPYIO KOHCTAHTY , MEHBIIYIO €IMHUIIBI (CM. yIp. 18—4.2).
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nepennchbBaHme M3 ONHOM TaGnuubl B Ipyryo (cTpoka 6).

HycThb Tenmepb MBI mpuMeHmIn n omepanuii TABLE-INSERT K Ta-
6anTe, He collep:Kalllell MepBOHAUaJbHO HI ofHON fdeiikn. KakxoBa cTo-
HMOCTL -1 OIepalii, Iocjae KOTopoil B Tabmuie GymeT ¢ aeMeHToB?
OGosHaunMM 5Ty CTONMOCTD Yepe3 ¢;. Ecinn B Tabnuue ects MecTo (nian
ecim @ = 1), To ¢; = 1 (MBI 3annCHIBaeM HOBBIN 57IeMEHT B TaGIHILY OIUH
pa3 B cTpoke 10. Ecin ke MecTa B Tabauie HeT n nobaBieHmne 3a0ucu
K Tabinie COMpPOBOXKIACTCSA paclimpeHneM TabIUNBl, TO ¢; = i: OHHA
eMHUIQ CTOUMOCTHU UAEeT Ha 3alUCh HOBOI'O 3JieMeHTa B PacllupPeHHY O
tabnuny (ctpoka 10), n emé ¢ — 1 ennHNIA HOWIET Ha KOMIPOBAHIE
cTapoil Tabanisl B HOBY (cTpoka 6). Crano 66Tk, ¢; < 1 IpH BCeX 1,
u Tpy6as omenka croumocTu n onepamuii TABLE-INSERT ects O(n?).
Moxno, onHako, 5Ty OMeHKY YAYUIIATE, eCIH TPOCHeNNTh, CKOIbL 9acTO
OPOUCXONUT paciliupenne TabHuIbl. B caMoM mene, pacuimpeHne Ipo-
ICXOOUT TOJALKO B TOM CAydae, KOT/a ¢ — | ABISeTCs cTeleHbio NBOUKH,
TaK 4TO

n I_IgnJ
Zci <n+ Z 2J <n+2n = 3n.
=1 7=0

Craso 6biTh, croumMocThk n onepanuii TABLE-INSERT He mnpeBOCXO-
IUT 3n, 1 YIETHYIO CTOMMOCTL KaKIOW TaKoll omepanun MOXKHO CUU-
TaTh paBHOI 3.

HousaTs, oTkyna 6epercs KOdQPUITEHT 3, MOKHO € TIOMOIITLIO MeTONA
npenonaaThl. MMeHHO, TpH BLIMONHEHWN Kaxkmo#l omnepanun TABLE-
INSERT(T, ) Gynem BHOCHTB 10 3 monsiapa, MpH YTOM OIIH I0JLIap He-
Me[IJIEHHO W3pacXonyeM Ha omnaTy onepanun “sanucams x 6 table[T]” B
cTpoke 10, elllé onuH DOMAIAp TPUKPENNM K DIIEMEHTY &, & OCTaBIINHCST
OTIANNM OIHOMY W3 3JIeMEHTOB, yXKe 3allCaHHBIX B Tabmaumy (u3 Tex,
9TO eMIé He TOMYIHIn cBoero nomnapa) Hruvun nonnapavn 6yner omna-
IUBAThLCS TIepeHoC 3aluceil 3 cTapolil Tabnuiel B pacimupennyo. Hpn
3TOM BCAKUHI pa3, KOrja TabIuIy HeoOXOOUMO pacllupATh, KaXKIbIN 13
eé nyeMeHTOB OymeT WMeTh o HOIapy. B camMoM mene, mycTh OpH Tpe-
NBIOYIeM paclimpeHnn Tabiauna mWMena pasMep m u 6bllla paclimpeHa
1o 2m. C Tex nop Mbl HOGABUIN 1M 3JIEMEHTOB, IPU 3TOM U NOOABIEHHBIE
BIIeMeHTHI, U KaXKOLIT U3 m CTaphIX AIeMeHTOB MOAYININ MO NONIapy.
Taxum o6pazoM, cienyiollee paclinpentie TabIuNEl yiKe OMIadeHo.

MoxHo mpoananmn3npoBaTh anropuT™™ TABLE-INSERT 1 ¢ TIOMOIIIBIO
MeTONa MOTeHNNaNoB. UTOGK 3TO cllelaTh, HAMIO TPAAYMAaTh TaKylo Mo-
TeHNIATLHYIO QYHKIWIO, KOTOpas paBHa HYIIO Cpaly Mocie paciimpe-
HUsl TaBINIBl I HApacTaeT Mo Mepe paclimpeHns TaGuuibl (CTaHOBICH
paBHON pasMepy TabIUILI B TOT MOMEHT, KOTZa CBOOONHBIX fUeeK He
octaéres). Hruum yenoBusm ynoBrneTBopsieT, HalpuMep, GyHKINS

O(T) =2 num[T] — size[T]. (18.4)

Havannuoe 3mavyenne IIoTeHIINaJ/Ia paBHO HYJIO, I IIOCKOJIIBKY B noboi
MOMEHT He MeHee IOJIOBHHBI TabJuilbl 3allI0JIHeHO, 3HavYeHIie q)(T) BcCe-
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Pucynox 18.3 Hasmep Tabmuamst (size; ), wucno samuceit (num;) u norernman (®; =
2-num; — size;) Kak QYHKIWS OT 4Kucia onepanuii TABLE-INSERT, o603Ha4eHHOrO Oy-
KBOIT 1. | 'padmik num — cIutoniHas TOHKAas JIWHUS, TPaduK size — CIIIONTHAS KUPHAT
mmamst, Tpadnk ¢ — nymaxkTup. HemocpencTsento mepen pacimmperneM Tabmamier
BO3PACTAET M0 NUM;, ITOOH OIIIATUTE 3TO paciimperne. Cpasy mociie paciinpeHs
HOTEHIMAN HafaeT A0 Hyisd, HO TYT JKe U BospacTaeT no 2 (3a cuer nobaBieHUs
3alIICH TI0CIIE PACIIIPEHNS).

rna HeoTpunaTeabio. CTasno 6bITh, CYMMa YUETHBIX CTOUMOCTE! ornepa-
nnit TABLE-INSERT (onpenenéHHBIX IO METONY MOTEHINANOB KaK (ak-
THYecKas CTONMOCTD IUTIOC M3MeHeHNe MOTeHINANAa) ONeHNBAET CBEPXY
CYMMapHYIO GaKTHIeCKYIO CTOUMOCTD.

Haiinem yuérubie ctomMmocTu. Ias »Toro obo3HaumM depes size;,
num; nu ®; pazMep, KONTUIeCTBO 3amucell U MOTeHIIHAN TabIUILI TOCIe
-1 onepanun TABLE-INSERT. Ecin »Ta onepalinis He colpoBoXIalach
paciimpenneM TabIUINBI, TO Siz€; = S$12€,_1, num; = num;_1+1unc¢; =1,
OTKYIa

G=c¢+®,—Pd,_ =3.

Ecnn xe ¢-s onepannu TABLE-INSERT colpoBoXKnaach paclinipeHreM
TabIuIbL, TO Size; /2 = Size;_y = num;_y U ¢; = num;, OTKYIa ONSIThb-
TaKu

o~

G=c+® -0 =
= num; + (2num; — size;) — (2num;_y — size;_1) =
= num; + (2num; — (2num; — 2)) — (2(num; — 1) — (num; — 1)) =
= num; + 2 — (num; — 1) = 3.

Ha puc. 18.3 nzo6pakena 3aBUCAMOCTDL BeIUINH num;, size; 1 ®; oT 1.

O6paTI/IT€ BHUIMaHNe, KaK HaKallJInBaeTCd NOTeHOnalJl K MOMEHTY pac-
mnpeHns TabIuIbL.
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18.4.2 Hacummpenue u cokpaireHne TaOIMIBI

Tenmeps 3aiimemcs omepanmeii TABLE-DELETE (ymannTe u3 Ta-
6nuier). Hommvo ynmamenus HeHyXKHOIM 3ammcn u3 TabIuIlBl, Kena-
TeNbHO cokpatuThb (contract) Tabnuiy, Kak TONBKO KO(DOUIIeHT
3aMOJIHEeHNs CTaHeT CJOHIIKOM Huzok. OOIas cTpaTerus TYyT Ta XKe,
YTO W TPHW pacliupeHun TabNuUIbl: KaK TOJNBKO UYNCIO 3alucell ma-
naeT HUXKe HEKOTOPOTO Mpenesia, MBI BLIeNseM TaMsITh MON HOBYIO
TabIuIly MeHBIIEro pa3Mepa, KONHPYeM B MeHBINYIO TabIuIBl Bce
3anucu u3 GonbIell, mocie Yero BO3BpaIllaeM OMepalWOHHON CcHCTeMe
naMsaTh, 3aHUMABIIYIOCA cTapoll Tabnuieidl. MBI TOCTPOUM alTOPUTM
TABLE-DELETE co cledyOMIIMI CBOWCTBaMM:

o KO>QPUIMEeHT 3aloliHeHus OrpaHMYeH CHU3Y MOJOXKUTEIbHON KOH-
CTaHTOIl,

e VuéTHAs CTONMOCTL onepanuil TABLE-INSERT n TABLE-DELETE ecTh
O(1).
Hpu stom mbl mo-npexHeMmy 6yneM CUYHTaTh, 4TO CTOUMOCTH AlTO-
pPUTMa OIpenenseTcs KOANYeCTBOM omepaluil “zanucams 6 mabdauyy”
(ctpokn 6 m 10 amropurma TABLE-INSERT) 1 mpOTHBONOMOKHEIX eif
omepanuit “yépams u3 mabauybl”; CTONMOCTD KaiKIOH W3 HTHX HJIeMeH-
TapHBIX ONepaluil mpuMeM 3a eNuHUILY.

HepBoe, uTo npuxomuT B roJioBy, — YIBaUBaTh pa3Mep TabauIbl BCs-
Knii pa3, Korga Hajgo NOoOaBHTH 3alNCh K 3alOJHEHHON Tadmaule, N Co-
KpalllaTh pa3Mep TabJUIbl BIBOe BCIKUI pa3, KOT/Ia B pe3yJibTaTe yia-
JeHUs 3alMiCH Ko>QQUInenT 3anoiHenus namgaet vuke 1/2. Hpun Takoit
cTpaTernn Ko>pQUIueHT 3alolHeHns HIKOT1a He OMyCTHTCS HiKe 1 /2,
HO, K COXaJeHW0, CTOUMOCTH Olepalluil OKa3bIBalOTCS CIUIIKOM Be-
nuku. B camom gmese, mycTh n — HaTypaJbHOE UHCIO, SBISIOIIEECS
cTenenblo nBoliku. Hpennosnoxkum, 4To cHavana Mbl OGABUIN K TyCTOM
(He conmepikaliieil siaeek) Tabnume n/2+1 3anuceii, a 3aTeM MPOBEIN €II1é
n/2 — 1 omepaluio B TaKoil MOCIENOBATENLHOCTI: [BA YAAJEHUS, 3aTeM
nBa nobGaBiieHus, 3aTeM ONSTh NBa yHAJeHUs, ONSTh IBa MOGaBIEHUS,
u T. 1. Hocre n/241 noGasmnennii pasMep TaGInIbI CTaHET PaBHBIM 7 (1
3aI0NHEeHO GyIeT Iy Th 6ObIIe MOMOBUHEL siIe€ekK ); Mocie NBYX yIaleHnil
ero MPUAeTCs COKPATUTH M0 n/2; mocie cAenyouX IByX N06aBIeHMIl
pasMep OMsATh BO3pacTeT NO n, Mocie NBYX yHaJeHud — COKpaTHTCS
no n/2, u 7.1. CTONMOCTE KaXKIOTO COKPAIeHNs I PACIINPeHns eCTh
©(n), m KOIMYIECTBO COKpAIEHNN I paclInperuii Takxke ecTb O(n),
TaK 94TO CTOMMOCThL T omepaluii ecth O(n?), a cpenHss CTOMMOCTDL B
pacuéTe Ha OTHY ONEPAINIO OKa3bIBAeTCs paBHON O(n).

Hpuuuna Heymauum mMOHSITHa: HCTPATHB BeCh Pe3epB Ha OMIIATY pac-
mupeHns TabIUIbl, MbI TYT K€ BBIHYXKIEHBI ee COKpalllaTh, HE yCleB
HAKOMUTh CPENCTBa Ha omaTy Gynyiiero cokpaiienus. Ta xe ucro-
pus U C paciiupenueM TabJIUIbI: Mbl BEIHYKIEHBI TPEIIPUHUMATE €ro
cpa3y Mocie COKpallleHus, He yCIeB HaKOMUTh CPENCTBa 3a cueT noba-
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BileHUs 3amnucell B Tabauily NOCTOSHHOTO pa3Mepa.

Hena noinyT snyuiiie, eciin Mbl pa3peliuM Ko3OQUIUEHTY 3anosHe-
HIS OMYCKaThCs HIKe 1/2 [BBemst TECTepes3suc B HAIl aJTOPUTM, Kak
ckazanu 6bl Qusnku]. VMeHHO, MBI TO-TIpEKHEMY YIBaWBaeM pa3Mep
TabJUIBl PN TMONLITKe NOOABHTH 3allNCh K 3allOJHEeHHON Tabnnue, a
BOT COKpallleHne TabGJuilbl BIBOE MBI IPeANPUHUMAEM TOIBKO TOrIa,
Korma Kos(p@uIneHT 3anoiHenus mamaeT Huxke 1/4. Taxnm obpasow,
KO(QMUINEHT 3amoinHenns Bcerna G6ymneT Gombiire win pasen 1/4. Ilpy-
ruMu cyioBami, Mbl cunTaeM 50% onTHMAaJbHBIM KOS(MOUIUEHTOM 3a-
nosiHeHus TabGauIbl, 1 BO3BpAlllaeMCss K TaKO#W CUTyallun, Kak TOJIBKO
KOahGMUIHeHT 3aM0JHeHNsT OTKJIOHUTCS OT ONTUMAJLHOTO B IIBa pasa
(B mOGYIO CTOPOHY).

Mebr #we GyneM BLINUCHLIBATH TMCEBHOKOA IJis ajsropuTMma TABLE-
DELETE — on ananoruuen kony misi TABLE-INSERT. OTMeTHM TOJBKO,
YTO NPU yHaJleHuu u3 Tabauibl mocientedl 3anucu pa3yMHO MOJHOCTbIO
0CBOGOKIATH TaMsATh, 3aHNMaeMylo sdelikamn Tadauner. Huxe Mbr 6y-
JIeM CUYHTaTh, 4T0 B ajdropurve TABLE-DELETE 3TO HpenycMoTpeHo,
HHBIME cioBaMi, 9To size[l] = 0, kax Tombko num[T] = 0.

Hist olleHKN CTOUMOCTH TOCHENOBATENLHOCTY U3 n onepanuii TABLE-
INSERT 1 TABLE-DELETE, TpuMeHeHHBIX K NMyCcTol Tabinie, MBI BOC-
nosib3yeMcsi MeTonoM norTennuanoB. Horennmanbuas ¢yuxius Oyner
paBHa HYITI0, KOTIa KO3(QOUINEHT 3alolHeHns onTnMalen (paBen 1/2)
— Tak GyleT cpa3y mociie cokpallleHus uwiu pacuiuperus. Horennuan
BO3PACTaeT 10 Mepe TOro, Kak KO3GPUIMEeHT 3amoiHeHus npubanKa-
ercss Kk 1 man 1/4. Hamomunm, 9to kosdduunnent sanonuenus (1)
paBer num[1]/size[T], ecnu size[T] # 0, n paBen 1, ecnn size[T] (n Tem
cambiM num|[T']) paBHo Hym0. Hatmm TpeGoBaHNsSM yIOBIeTBOPSIET Ta-
Kas MOTeHIualibHas GYHKINS:

2 - num|[T] — size[T], ecau o[T] < 1/2,

o(T) = size[T/2 — num[T], ecnn o[T] > 1/2.

(18.5)

Bamernm, ato ®(7") = 0 npn (1) = 1/2 (no moGoit n3 nByX Gopmy),
YTO MOTEHINAJ MyCTol TabJNILI paBeH HYJIO I 4TO MOTeHInal Beerma
HeoTpuiaTenet. Eciu kosdduiuenT 3anonuenus paBen 1 mwium 1/4, To
®[T] = num[T], Tax 9TO HAKONIEHHOTO MOTEHINAIA MOCTATOTHO IS
OIIaTHl PACIINPEHs WM cOKpallleHns Tabmunbl. Ha puc. 18.4 nzobpa-
JKeHO, KaK MeHseTcs MOTEHINa] B Npolecce BLIMOJHEHNs MOCTeNoBa-
TenbHOCTH onepalnii TABLE-INSERT n TABLE-DELETE.

Hajimem y4éTHbIe CTOMMOCTH Olepalliii Mpu TakoM noTeHinane P.
Ecnn onepanns TABLE-INSERT unm TABLE-DELETE He cONpoBOXKIa-
eTcs pacuinpeHneM I cOKpallleHneM TabJInIbl, TO U3MeHeHne MoTeH-
nnasga He MPeBOCXOMNT 2 (size He MeHsSeTCs, num MeHseTcs Ha 1), Tak
4TO yY8THas CTOMMOCTD He MpeBocXomuT 3. B ciiyyae paciuinpenus miu
CKaTUA TabIUIbI yU8THAS CTOMMOCTE OKa3bIBaeTCs paBHOW 1, Tak Kak
U3MeHeHIs B MOTeHIMale KOMISHCHPYIOT 3aTPaThl Ha KONNPOBaHMe.
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Pucynox 18.4 Hasmep rabmuuer (size;), uncio samuceit (num;) 1 HOTEHINAI
o 2 - num; — size;, ecmm o; > 1/2,

‘T size; [2 — num;, ecmm a; < 1/2,
Kak GyHKIMA oT uncia orepaiuii TABLE-INSERT u TABLE-DELETE, 0603HAUEHHOTO
6yxBoii 1. ['paduk num — CIIIONIHAS TOHKad JIMHUL, TpadUuK Size — CILIONIHAA XKIP-
Hag muHus, rpaduk ® — mymkTup. HemocpencTsenno mepen pacuiupeHHeM HIIA CO-
KpallleHreM Ta6/InIbl TOTEHIHAI PABEH KOJIMTYECTBY 3aIIUCEIl.

B ofueM u menom, yduéTHas CTOHMOCTH KaxkIOll W3 oOlepammii
ectb O(1), Tak 9To GakTUIecKas CTOUMOCTDL NOCJIENOBATEILHOCTH W3
n onepanuit ects O(n).

Yupaxuenus

18.4-1 Ob6bscuuTe, MOUEMY IS Chaydas «;_; < «; < 1/2 yuérHas
CTOMMOCTD onepanun TABLE-INSERT paBHa HYIIO.

18.4-2 HouemMy HMHaAMHUUYeCKylo Xelll-TaOJNIy ¢ OTKPBITOH alpeca-
nneil pa3yMHO CYNTATh 3AMOMHEHHON (M PacIINpsTh) eIlé 10 TOro, Kak
KOaddUIHeHT 3aM0JHeHIs CTaHeT paBHBIM enunuiie? Kak zamporpam-
MUpPOBaTh NoOaBlleHNe 3aMUCH B TaKyl TabJUNy, 4TOOBI MaTeMaTHde-
CKOe OXMIaHme yIéTHOH cromMocTn nobasnenns 6biia O(1)?7 Houemy
Hellb35 TapaHTUpPOBaTh, YTO MaTEMaTNUYECKOe OXKINTaAHNE PEATBHON CTO-
IMOCTH Kazknoro nobasmenus 6ymet O(1)?

18.4-3  JlokaxmnTe, 9YTO yUETHAI CTONMOCTh (OTHOCI/ITGJ'H:HO MOTEHIN-
ana (18.5)) onepauun TABLE-DELETE, npuMeHeHHOll K ANHAMIYECKOI
Tabiuie ¢ KosPUINeHTOM 3anoitenns > 1/2, He TPeBOCXOMUT HEKO-
TOPON KOHCTAHTHI.

18.4-4  HaccmoTpuM Takyro peajuzanuio onepanun TABLE-DELETE:
ecliu B pe3ylibTaTe yHalleHus 3jieMeHTa KodhDOUIneHT 3aloHeHus ma-
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maeT HuKe 1/3, TO MBI coKpalllaeM TabiuIly Ha TpeTh eé pasMepa.
Hoab3ysich noTeHIIaIoOM

O(T) =12 - num[T] — size[T]],

HOKayKuTe, 4TO MpU HTOM YUETHas CTOUMOCTH onepainuu TABLE-
DELETE orpanunuesna.

Jamgaun

18-1 TBOMYHEBIN CUETUMK ¢ OOpPATHBIM MOPSAAKOM OMTOB

B riaBe 32 MBI paccKajkeM O BayKHOM aJIlOpUTMe, Ha3biBaeMOM ObI-
cTpbIM npeobpasoBanmeM Pypbe. HToT asropuTM HaunmHaeTcs ¢ obpa-
menus 6utos mumekca (bit-reversal permutation) y maccua A[0..n— 1],
rie n = 2% (k — warypanbroe ancno). Umenno, kaxmoe Ala] 3amens-
etcst Ha Alrevy(a)], roe revy(a) nomydaeTcs, ecin MpencTaBuTh TUCIO @
B BHJE MOCJeNOBaTeNLHOCTH k GUTOB, a 3aTeM HalucaTh STH OGUTH B

k—1 ;
obparHOM nopsnke. MHbiMu cnoBamu, ecin a = Y " a;2%, TO

k—1

revi(a) = Z ap_i_12".

=0
Hpumep: revy(3) = 12, nockonbky 3 B nBomduoil 3amucu ects 0011, a
1100 — nBouunag 3anuck yucia 12.

. Jlerxo BerumennTs revy(a) 3a Bpems O(k). Kak npoussectu onepaununio

o6palllenust 61 TOB HHeKca B Maccube jutnHoit n = 2% 3a spems O(nk)?

YTo6bl BHIIOJHITE O6pallleHie GITOB NHIEKCa ObICTpee, MOKHO TTPHUMe-
HUTEH aMOPTHU3ANMOHHEIN aHalin3 K Tpolenype NpubaBIeHus eTUHATH
Ha06opoT, KoTopas MaéT revi(a + 1) mo mamaomy revy(a). Bermennmm
MacCcuB GUTOB IIIMHON Kk IUis XpaHeHHS cUeTUnKa ¢ OOpallEHHBIM I10-
pankom 6uToB. Ham myxHO paszpaboTaTh mpolnenypy BIT-REVERSED-
INCREMENT, mnepeBomsitiyio revg(a) B revg(a) + 1. Ecan, nampnuep,
k = 4 u nepBoHAYAJBHO B cueTuYnKe ¢ OOPAIEHHBIM HOPSIKOM OUTOB
6b110 3anucano 0000, To B pe3yiibTaTe NOCHeI0BaTENlbHBIX BbI30BOB PO-
nenypsl BIT-REVERSED-INCREMENT 3HaUeHUS CUETUNKA 6YIYT PABHEL

0000, 1000, 0100, 1100, 0010, 1010, ... = 0,8,4,12,2, 10, ... .

6. Hyctb koMmmbioTep yMeeT 3a eNUHUYHOE BpeMs MNPOBONUTH € k-

OUTHBIME CJIOBaAMU TaKie ONepalii, Kak CIBUI Ha MPOU3BOJIBHOE KO-
nudecTBO 6uTOB, norndeckne U mw WJIU n T.n. Kak myxno peanmso-
BaTh npomenypy BIT-REVERSED-INCREMENT, uTo6B obpallienne 61-
TOB MHIEKCA y MaccuBa minuoil n = 2F sanmmarno O(n) Bpemenn?

. HyCTb 3a edHNYHOe BpeM:A k-6uTHOE CJIOBO MOXKHO COABUHYTEL JINIIb

Ha onuH 6uT. MOXHO /I B 5TOM Cilydae IpOBeCTH oOpallleHne GHTOB
ninexca 3a spemst O(n)?
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18-2 MuuaMWYeCKMH TBOMIHEIN IMOUCK

Yrobbl COKpaTHTh BpeMs Ha HoDaBiieHHe HJIeMeHTa K OTCOPTHPO-
BaHHOMY MAacCCHUBY, MOXKHO NOCTYNUTH Tak. Hacmpemenum sieMeHTHI
OTCOPTUPOBAHHOTO MaccuBa HIAWHBI 7 1m0 k = [logyn] MaccuBam
Ag, A1, ..., A crienyiounm o6pasoM: ecin (Ng_1, Nk—_2, ..., Ng) — IIBO-

_ k-1 i

WYHOe IpelcTaBieHne uncia n (T.e. n = Y -7 1;2%), To MaccuB A;
nyct, eciu n; = 0, u conepxuT 2t 3JIeMEeHTOB, eclin n; = 1; B 3TOM
nocienHeM ciaydae MaccuB A; orcoprupoBat. Ha pacnpenenenne n sie-
MEHTOB [0 MaccuBaM Ag, ..., A, HIKAKIX YCIOBUil He HAKJIaIbIBaeTCH.

HeamusyiiTe mis 5Toil CTPYKTYpHI HaHHBIX ONepannio SEARCH (mc-
kKaTh). KakoBo ee BpeMs paGoTHI B XynieMm criydae?

Heanusyiite onepanuio INSERT (no6aBuTb dneMent). OuenuTe ee cTo-
HMOCTH B XyIIIEM CIy4ae I YUSTHYIO CTOHMOCTH (€Ciu BO3MOXKHEL
TOJBKO NOGABIEHIs, HO He yIaJeHus).

Kaxk peanmsoBars onepainio DELETE (ynamuTs)?

18-3 CoamaHcUpOBaHHBIE TIO BECY AE€PEBBS

HycTs @ — y3enm mBomuHOTO HepeBa; uepes size[x] o6oszHaumm du-
CJl0 NUCTheB B TonAepeBe ¢ BepiiwHoll B . HycTh 4mciao o yHoBie-
TBOpsieT HepaBeHcTBY 1/2 < a < 1. Hymem roBopuTh, 4TO y3em & a-
cbanancuposan (a-balanced), ecin

size[left[z]] < o - size[x]

size[right[z]] < « - size[z].

[ BomdHOe mepeBO HABHKIBAETCS (-COATAHCHPOBAHHEIM, €CIIT BCE €r0 V3IHI,
KpoMe JIUCTheB, a-cbamancupoBanbl. Honxon K c6alaHCHpPOBAHHBIM Te-
peBBIM, O KOTOpPOM WHIeT pedb HUXKe, ObIm Tpemnoxedn ['.Bapreze

(G. Varghese).

a. Hyers 2 — ysen nBomunoro nepeBa noucka. OGbsScHETe, Kak

IepecTPONTH IHONNEePeBO ¢ KOpHEM B &, 4TOOBL OHO cTano 1/2-
c6aTaHCHPOBAHHBIM (caMoe CIUIBHOe TpeGoBaHUe COATAHCHPOBAH-
noctn) Bamr anropurm momxen paboraTh 3a Bpems O(size[z]) u
NOJIB30BATLCS NOMOMHUTENbHON MaMaThio o6bema O (size[z]).

Hoxaxute, 94To ToncK B «a-cHalaHCHPOBAHHOM HOBOMYHOM [E€pEBe C
n ysnamn Tpebyer B xynmieMm ciydae Bpemenn O(logn).

Hanee 6ymeMm cuuTaTh, uTO o > 1/2. HymeMm cumTaTh, 4TO mOCE BbI-
nosHeHns onepalnii INSERT 1 DELETE (peann30BaHHBIX CTaHIaPTHBIM
06pa3oM), TPOM3BONNTCS BATAHCHPOBKA: €CITH KAKOH-TO y3el IepeBa Te-
pecTan OBITh c-cOalaHCUPOBAHHBIM, BHIOUpaeTCd OMMKANIINIT K KOPHIO
U3 TaKuUX y3JI0OB U COOTBETCTBYOllee TOANEPEBO TepecTpaliBaeTcsd B
1/2-c6anancnpoBanuoe (CM. MYyHKT a).

HpoananusupyeMm 5Ty cxeMy 6alaHCHPOBKHI € MOMOIIBIO MeTONa MO-
TeHNHaT0B. Kak o6LIIHO, ToTeHnaa 6yneT TeM GONbIIe, UeM HaJbIle
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nepeBo OT cOalancupoBannoro. HycTh ¢ — y3en B nBowdHoM mepee 1
HOJIOKUM

A(z) = |size[left{z]] — size[right[z]]

n onpenennM noternnnan $(7) no popmye

oT)=c > Afx),

z€T:A(x)>2

rme ¢ — JIOCTaTOUYHO OoJibllas IMOJOKHUTelIbHAad KOHCTaHTa, 3aBHUCALLad
oT .

B. I‘IOK&)KI/ITQ7 4TO MoTeHOnaJl IBONYHOTO [depeBa BCel'la HeOTphlaTel/leH

I 4TO moTeHNnan 1/2-cbamaHCHPOBAHHOTO [epeBa paBeH HYIIO.

HynmeMm cumTaTh, 9TO CTONMOCTH IepeCTpPOIKH IepeBa € 1M BepIii-
HaM# B 1/2-cbanancupoBaHHOe paBHA M (HANOMHUM, 9TO YHCIO OIle-
patuit ects O(m)). KakoBa nomkua 6bITh BeNNYNHA ¢ IS TAHHOTO @,
4TOGBL yUETHAS CTONMOCTB IIepecTPOliKN MOIepeBa, He sIBISIOLIErocs
a-cbanatcnpoBanubiM, 6btta O(1)7

Hoxaxute, uT0o yIéTHAS CTOUMOCTE YIAJEHNS HIW BCTABKU HIeMeHTa
B a-cOasaHCpoBaHHOe nepeBo ¢ n BepinuaMmu ecTb O(logn).

JameyaHug

Meton rpynnmpoBKE B aMOPTH3AMMOHHOM aHajn3e omucan y Axo,
Xonkpodra n Yabmana [4]. Tapbsu [189] paccMaTpuBaeT MeTOMbL Tpe-
JOMJIATHl M MOTEHINAJOB U NPUBOAUT HeKOTOpble mnpuioxenns. Co-
rnacuo TapbsaHy, MeTON IPENOIIATH BOCXOINT K paboTaM MHOIMMX aB-
TopoB, B Tom uncie Hpayua (M.R.Brown), Tapesua (R.E.Tarjan),
Xamncroua (S.Huddleston) u Menbxopua (K. Mehlhorn), B To Bpems
Kak MeTon noTeHnnasno n3o6peten Creatopou (D.D. Sleator). Tepuun
?amopmudayuonnbtii anaauz” Beenén Creatopom u TapbsnoM.
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BBenenue

Kax n B wactn III, B »Toif 9acTl MBI PacCCMOTPUM CTPYKTYPHI IaH-
HBIX, KOTOpbIe XPaHAT N3MeHsIolInecs MHOXKeCTBa — HO UX aHalu3
OylIeT HEeCKOJIbKO Gojiee CHOKHBIM. B yacTHOCTH, B IBYX IMlaBaxX MbI
IpUMeHsieM TEeXHUKY aMOPTH3alMOHHOro aHanm3a (rmasa 18).

B rmaBe 19 mbr paccmarpuBaem H-mepeBbs — cOamaHCHpOBaHHbIE
JiepeBbs ONPENeIEHHOTO BUa, YIOOHLIE IS XpaHeHus NHOOPMaInn Ha
nnckax. Crnennduka MUCKOB B TOM, YTO BaKHO He CTOJLKO BpeMs Bbi-
HCIEHU T, CKOIBKO UHCIIO Oepalnii uTens /3anucu 6710k0B. Yucno Ta-
KIX olepalnii NponopiuoHalbHO BEICOTE IepeBa, I MOTOMY BbicoTy H-
JepeBbeB BasKHO MOMNIePKNBATH HeGOJBILOI.

B rmaBax 20 n 21 MbI paccMaTpuBaeM pasiuIHble Peain3alun CIuBa-
eMBIX KyY — CTPYKTYPbI HaHHBIX, KOTOpas MOMAEPKUBALT ONepalni
noGasnenns snemenTa (INSERT), oTeickanus MuanMyMa (MINIMUM),
yIaneHnss MIHIMAJIbHOTO 5ieMeHTa (EXTRACT-MIN) n of6bennuenus
(UNION) mByx Ky4. Homumo sTux onepamnuit, MOTyT GBITH 5G{eKTHBHO
peasin3oBatbl Tak:Ke oNepalni yIaJeHus dIeMeHTa i YMeHbIIeHUs ero
KJTI0Ya.

Hunomuanpubie Kyun (rmaBa 20) BRIIOMHSIOT KaKIYIO onepannio (B
xynmeM cnydae) 3a Bpems O(lgn), rme n — 9mHCIO 57I€MEHTOB B KyUe
(nnm B OBYX cimBaeMBbIX Kydax). Mx mpemmytiecTBo (10 cpaBHEHHIO ¢
MBONYHBIMI KydaMU) COCTONT B BO3MOXKHOCTH OBICTPOTO CIMSHUS IBYX
KyY (U1t IBOMYIHBIX Kyd 5T0 TpebyeT Bpemenn ©(n)).

dbubonauuanessr Kyun (rmnasa 21) emé 6omee >ddekTUBHBL (10 Kpaii-
Heil Mepe TeOpeTHYecKN: WMeT JYUIIylo acuMnToTuky). Hpasma,
3[ech pedb UAST ykKe 00 yudTHOW cTomMmocTm omepaiuii. Omneparmu
INSERT, MINIMUM 1 UNION nMmeéT yuéTHyIO (a Takke GakTHIECKYIO)
croumocts O(1). Onepaunn EXTRACT-MIN 1 DELETE umeioT yuéT-
uyio ctonmocTh O(lgn). HambGomee cymecTBeHHA BO3MOXKHOCTH ObI-
CTPO BHIMOJHSATH onepannio DECREASE-KEY (eé yuéTHas cTONMOCTH
ects O(1)). Umenno Graronapst 5>ToMy MHOr#e (Ha CETONHSIIHUI [EHb)
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"pexopdno” GLICTPLIe aJITOPHETMEL 00pabOTKH I'padoB UCIOAL3YIOT (H-
GOHAYINEBRI KU,

Hakowmer, B rmaBe 22 MBI paccMaTpUBaeM CTPYKTYPHI JAHHBIX IS
XpaHeHUsl HelepeceKalolInXcs MHOKeCTB (OTHOIIEHNH 3KBUBAJEHTHO-
ctu). Mbl nMeem B BHIy Ciemyiollee: MMeeTCs HEKOTOPOe KOHETHOe
MHOKECTBO, pa3GuToe Ha KIacChl. B HauambHbBI MOMEHT KasKIBIH KIace
COMEPKUT TO OMHOMY HIEMEHTY; 3aTeM X MOXKHO TOTAapHO OGhLEeNNHATh.
B mio60it MOMEHT ONNH 13 3IeMEeHTOB KJIacca CUNTAETCA ero TPeIcTaBl-
TenieM; onepanusi FIND-SET(z) maért mpencTaBuTelb Kilacca, COIepKa-
ero x, oneparns UNION(z, y) obbennuser nBa kinacca. OKasbBaeTcs,
YTO BeChMa TMPOCTOe MpeacTaBieHne YToil WHOOPMAINN B BUIe KOpHe-
BOTO NepeBa BechbMa HPPEKTUBHO: MOCTENOBATENLHOCTE U3 M Olepa-
unit Tpebyer Bpemenn O(ma(m,n)), ruoe a(m,n) — UCKIIOYNTENBHO
MeIJIeHHO pacTyiias GyHknusa. Hpasma, mokazaTh 5Ty ONeHKY BechMa
HETpPOCTO (HECMOTPs Ha MPOCTOTY CaMOil CTPYKTYPHI HAHHBIX), I MBI
OTPAHUUNMCA JOKA3aTeNhCTBO Uy Th MeHee CITBLHON OMeHKN.

Haszywmeetcs, »ToT pasfmen KHUTH HHKAK He MpeTEHAyeT Ha MOTHOTY
— MHOXKECTBO WHTEPECHBIX CTPYKTYD MNaHHBIX B HETO He BOILIN. Y Ka-
KeM HeKOTOophle U3 HUX:

[ ] CprKTypa HJaHHBIX, IIoANepXKNBalolllasd Ollepallill OTbICKaHWA MWHI-

MyMa, MaKCHMyMa, NOGAaBIeHIs I yOAJeHHs >JIeMeHTa, MONCKA, yIa-
TTeHNs MIHUMAJIBHOTO I MAaKCHMAIBHOTO 3JIEMEHTOB, MONCK IPebIIy-
wiero u cienyorero siaementos 3a spems O(lglg n) B xynimem ciyaae
— B IIPEe[IIONIOKEHNN, 9TO BCe KON SBILIOTCS IEIbIMHI IHCIaMI OT
1 no n (Ban Hmne Hoac [194]).

JIMHAMUYECKWE NEPEBbSI (dynamic trees), KOTOpbIe NPEITOXKHIN
Cneatop n Tapesu [177] (cm. Takxke Tapbsu [188]). Hra cTpykTypa
NaHHBIX XPaHUT Jiec 13 HellepeceKalollnXcs KOpPHEeBBIX lepeBhbeB. Ka-
Knoe peGpo KazKIoro JepeBa MMeeT HeKOTOPLIll BellleCTBeHHYI CTOMH-
MOCThb. MOKHO ICKaTh pomuTesieil, KOpHII, CTONMOCTH péGep, a Takke
MEHIMAJBLHYIO CTOMMOCTL pebpa Ha NyTH OT HaHHOH BepUIMHBLI K
KopHIO. MoXKHO ynansaTh pébpa, MeHATh CTONMOCTH pébep Ha IyTH K
KOPHIO, IPIBUBAThH KOPeHb lepeBa K IPYTOMY IepeBy, a TakKkKe Ie/1aTh
3a/laHHYI0 BEepIINHY KOpHEM IepeBa, B KOTOPOM OHa HaxommTcs. Bce
5TH ONEPANNN MOKHO Pean30BaTh ¢ yuéTHONl crommocThio O(lgn);
Goree CIIOKHAS peannsalus rapanTupyer Bpems pabors O(lgn) n B
Xy[lleM ciaydae.

PAcmuPAIOMUECS NEPEBbS (splay trees) Takxke npemmoxuan Cie-
atop n Tapesu [178] (cm. Takxe Tappsu [188]). Oun npencraBnsorT
co6oll TBOMYHBIE [epeBbs ¢ OGBIYHBIMIE IJIs IePEBbEB MONCKaA ONepalin-
AME; uX yuéTHas cronMocTh coctasiseT O(lgn) (3a cuér Toro, 4o
BpeMs OT BpeMeHU MepeBo MoiBepraercs GanancupoBke). Hacuinps-
IOLMECS IepeBbsi MOKHO MPUMEHUTH MPU pean3alii THHAMIUYeCKIX
IepeBbeB.

o Cmpyxmypvr dannwix ¢ corpanenuem npedvidyujur eepcuti (persistent
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data structures) mo3BoISIOT MOMYYATH MHOOPMAINIO O MPEIbIIYIIHX
COCTOSHUAX (BEPCHSIX CONEPKNMOTO) CTPYKTYPHI, & NHOTIA M MEHSTh
npenbiayuine Bepcuu. OBOIIYI0 METONUKY COXPaHEHUS MPenblIyIInx
Bepcuil CIUCOYHON CTPYKTYPHI JAHHBIX (¢ HeGOIBIINMA MOTEPSMHI 1O
BpeMeHn u mamsTn) npemnoxunan puckonn, Caprak, Creatop n Ta-
pbst [59]. Hamomunwm, aTo B 3amade 14-1 nomobuast CTpyKTypa CTpo-
mWIach A IWHAMUYECKOTO MHOYKEeCTBA.



19 J-IepeBbi

B sToii riiaBe Mbl paccMOTpPUM OINUH U3 BUNOB cOATaHCHPOBAHHBIX Hepe-
BbeB, IPHU KOTOPOM obecreunBaeTcs »hdeKTUBHOE XpaHeHue nHGOpMar-
U Ha MATHUTHBIX [HCKAaX U NPYTUX YCTPORCTBAX € MPSIMbBIM HOCTYIIOM
— H-nmepeBbs.

H-nepeBbst mOX0xHU Ha KpaCHO-UepHBIE NepeBbsi; pa3HUIla B TOM, 4TO B
H-nepeBe BepliinHa MOXKeT UMeThH MHOIO JieTeil, Ha MPAKTHKe 10 THICS Ul
(B 3aBHCHMOCTH OT XapaKTePHUCTHK MCIOMb3yeMoro mnncka). Hmaromaps
5ToMy KoHCTaHTa B orerke O(logn) s BEICOTH IepeBa CyIIECTBEHHO
MeHBbIIIe, YeM IS YePHO-KPACHBIX JePeBbeB.

Kak u wepno-kpachble nepeBbs, H-nepeBbs Mo3BOJSIOT peain3oBaTh
MHOTTIe Ollepalni ¢ MHOKecTBaMu pasmepa n 3a Bpems O(logn).

Hpumep H-mepeBa mokaszam ma puc. 19.1. Bepmmua z, XpaHsmias
n[x] snemenToB, umeeT n[x]+ 1 mereit. XpaHsiuecs B & KIOTH CIyKAT
TpaHUIAME, PA3NeNsoOIIMI BCeX eé MOTOMKOB Ha nlz] + 1 rpymnm; 3a
KaXylo I'pyrnmny oTBedaer onud u3 nereit . Hpu noucke B H-nepese
MBI CPABHUBAEM HCKOMBIN KITIOU € n[z] KiTfouaMi, XpaHsAIIUMACS B &, I
Mo pes3ysibTaTaM CpaBHeHIHs BHIGHpaeM omnmH u3 n[x] 4+ 1 myTeii.

Tounoe onpenenenne H-nepeBa m morapupvudeckas (0T Iucia Bep-
INH) OIEHKa ero BBICOTHI MPUBOAATCS B pasmene 19.1. B pasmene 19.2
ONUCAHBI ONEpallii MOUCKa U NobaBieHUs dJeMeHTa B HepeBO; yiaje-
aue obcyxnaercs B 19.3. Ho npexkne Hano o6bICHITH, B YeM OTINYHE
MarHUTHBIX [IUCKOB OT ONEPATUBHON MaMsTH, Nelatolee BEITOIHBIM HC-
nosnbzoBanue H-nepeBbes.

Pucynox 19.1 H-pmepeBo ¢ aHrIMiICKMMI COTJIACHBIMU B KadeCcTBe Kiodeil. Bry-
TpeHHsIsI BepIimHa & ¢ n[z]| kmouamu umeet nfz]+ 1 neteit. Bee mucThba nmeoT ommy
u Ty XKe rnybunry. CBeTiible BEPIINHBI TTIPOCMOTPEHHI B MIPOTIECCE TIONCKa GYKBHI 2.
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Pucynox 19.2 Iuckoson

CTpyKTYypH HaHHEIX HA OHUCKE

KomnbioTep ncmonb3yeT pasnble BUNE MaMaTH. OmepaTuBHAA HaMATH
(main memory) mpencTaBiseT coboit MIKPOCXeMBI, KazKIas 13 KOTOPBIX
BMeIIIaeT MUIINOHEL 6mToB. llena Takoil mamstu (B pacuére Ha OUT)
BBIIIIE, 9eM s BTOpW4YHOW mamsTu (secondary storage). Tunmuamsrit
KOMIIBIOTEP UCHOJb3YeT B KauyecTBe BTOPUYHON MaMsATU XECTKMI DUCK,
00BEM KOTOPOr0 MOXKET Ha HEeCKOJBKO TOPSIIKOB IPEBOCXONUTH 00BEM
onepaTUBHON maMATH.

MaruuTHas romoBka (cM. puc. 19.2) 3annchiBaeT U 4nTaeT MaHHbLIE
Ha MarHUTHOM CJIoe Bpalllafolrierocs Nucka. Heraar MoxkeT mepeMecTUTh
eé BIOJIb pannyca nucka. Hociie 5Toro ronoBka unTaer /Nuiner qaHHbe
Ha omHONl 3 mopoxex (tracks) mmcka. OGbIYHO Kaxkmas HOPOKKa [e-
JTUTCS Ha ONPeNeNIéHHOe UNCIO PABHBIX IO PAa3Mepy ceKTopoB (KarkKIIblil
MOXKeT 3aHNMAaTh HECKOJIBKO KHa06aiiToB). OGBITHO 3alMNCBIBAIOT HIIN
CUNTHIBAIOT CEKTOp IeINKOM. Bpems moctyma (access time), xKoTopoe
TpebyeTcd YTOOBI MMOABECTH TOJIOBKY K HYXKHOMY MeCTY NUCKa, MOMKET
6BITH MOCTATOTHO GOMbINM (10 20 MIIINCEKYH); B ONEePATHBHON Ma-
MSATH TaKOil 3a1epXKKM HET, TOTOMY UYTO HET MeXaHNYecKoro nepeMellie-
aus. Kax TOMBKO TOoBKa NUCKa YiKe YCTAHOBIeHa, 3alNCh WIHN UYTeHne
NUCKa MPOUCXOAUT MOBONBHO 6BIcTpo. HacTo momydaeTcs, 9To obpa-
60TKa NPOYUTAHHOTO 3aHNMaeT MeHbllle BpeMeHHU, YeM HNOUCK HYXKHOIo
cekTopa. HosToMmy, olleHmBas KauecTBO alTOpuTMa MLl 6y/IeM YUUTLI-
BaTh N1Ba TTapaMeTpas:

e UuCJIO oOpallleHnll K NUCKY, U

® BpeMs BBIUNCIEHNN (BpeMs paGOTHI POIECccopa).
Crporo roBopsi, BpeMst IOCTYIa 3aBUCHT OT HOJOXKEHUS FOJOBKU OTHO-
CUTeNbHO HYXKHOTO cekTopa. Ho Mbl He obparmiaeM Ha 5TO BHEMAHUS
I YIUTHIBAEM JIHIIb YUCIO OOpAllleHnil K AUCKY (T.e. IHCI0 CeKTOPOB,

KOTOpBIe HYXKHO CINTATH WM 3alNCaTh).
AsroputMmer, pagoTatoiiue ¢ H-nepeBbsiMu, XpaHST B omepaTHBHO
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Pucynox 19.3 H-nmepeBo BBICOTHI 2 comepxuT Gosee MuuImapma Kioueil. Kaxmas
BepimHa comepxkuT 1000 kmodeit. Becero mmeercs 1001 BepimHa Ha TirybmHe 1 m
6oJlee MUJITIOHA JINCTHLEB Ha TiybmHe 2. B KaXkmoil BepIimHe & 3alICAHO 9UCIO 11[x]
KJTIOUell B Hell.

NaMsTH JIHIIb HeGOIBIIYIO YacTh Beell mH(OpMannn (GpUKCHpOBaHHOE
9IICII0 CEKTOPOB), U MOYTOMY €€ pasMep He OrPaHHYNBAETCS PA3MepoM
IOCTYITHON MaMSTIL.

MEer pacemaTpuBaeM OUCK KaK GOJBIION yIacTOK HaMsiTH, paboTa ¢
KOTOPBIM IPONCXONUT CIENYIOIINM 06pa3oM: Iepel TeM Kak paboTaTb
¢ 06BEKTOM &, MBI IOZKHBI BHIIOIHATE CIEMUANBHYIO onepalnio DISK-
READ(2) (urenme ¢ nucka). Hocie BHecenust usmenenuit B Hall 06b-
eKT z, MBI BblnonisieM onepannio DISK-WRITE(z) (3anuch Ha DHCK):

T ¢— yKa3aTellb Ha KaKOU-TO OOBEKT
Disk-READ(z)
orepailii, KOTOPbIe NCHONB3YIOT /Ul H3MEHSIOT

moJis 06beKTa, Ha KOTOPhIN YKa3biBaeT T .
5 Disk-WRITE(z) > He my:XkHO, ecin

> oM 06heKTa He M3MeHHJNCh.

6 omepaluu, KOTOpble MOJBL3YIOTCS TMOJAMA yKa3zaTess .,
HO He MeHSIOT HUX.

N R

7

Bpems paboThl mporpaMMBl B OCHOBHOM OINpeNenseTCs KOJMUYIecTBOM
omepanuit DISK-READ m DISK-WRITE, Tak 94TO nMeeeT CMBICT YH-
TaTh/3aMNCHIBATH BO3MOXKHO GOIbIe MWHOOPMAIUN 32 Pa3 U CHENaTh
Tak, 4To6Bl BepminmHa H-mepeBa 3amoiHsgIa MTOMHOCTHIO ONWH CEKTOP
nucka. TaknM o6pa3oM, cTeneHb BeTBIEHHs (9YMCIO neTell BepIINHE)
ompenesnsieTcs pa3zMepoM CeKTOopa.

Tunuunas cTenent BeTBieHUs H-mepeBbeB HaxomuTcs Mexkmy H0 u
2000 (B 3aBHCHMOCTH OT pa3Mepa HIeMeHTa). Y BeJInUeHe CTeleHN Be-
TBJIEHUS Pe3KO COKPAIllaeT BBICOTY IepeBa, U TeM CaMbIM YHUcIO o6pa-
neHnit x nucky, mpu momcke. Ha pme. 19.3 mokazano H-mepeBo cte-
nean 1001 u BEICOTH 2, Xpausiiiee 6ojee MUIIAApHOa KA0Uell. Y IUTHI-
Bas, YTO KOpeHL MOXKHO TIOCTOSHHO XPAHNUTH B ONepaTUBHON MaMsaTH,
MOCTATOUHO deéyr OBpallleHnil K ANCKY, TPH MONCKe HYKHOTO Kitoda!
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19.1 Omnpenenenne H-nepena

Kax m panbuie, mis OpoCcTOTHI MBI CUUTaeM, UYTO HOMOIHUTENbHAs
uHpopMalus, cBA3aHHAd C KIJIIOYOM, XpaHUTCA B TON XKe BeplIuHe Je-
peBa. (Ha mpakTuke 5T0 He Bcerma ymoGHO, I B peajibHOM aJTOPUTMe
BeplliiHa MOXKeT COHepkKaThb JIUIb CChUIKY Ha CEeKTOp, I'/le XpaHUTCH
5Ta IONOJMHNUTeNbHAs nHpopMalns.) Mbl cauTaeM, ITO NpH mepeme-
[IEHNAX K09 JONONHUTeNbHas WHpOpManns (minm cChliKa Ha Hed)
nmepeMeriiaeTcss BMecTe ¢ HUM. TeM caMbIM drneMenToM H-mepeBa GymeT
KJI0Y BMecTe CO CBA3aHHO ¢ HUM uHpoOpMalueil.

B mpuunune MbI Moram 6Bl WCIOML30BATH NPYTYIO YacTO BCTpeda-
IollIyIocss opran3anuio H-mepeBbeB: MOMeIIaTh COMYTCTBYIOIIVIO WH-
dopmanuio B MMcThixX (rme Gonblle MecTa, TakK Kak He HAJO XPaHUTH
KJIOYN), & BO BHYTPEHHIX BepIINHAX XPAHHTb TONBKO KU I yKa-
3aTelnn Ha JeTell, YSKOHOMS MecTO (I Moy dasi BOBMOKHOCTD YBENNUINTH
CTeleHb BETBIEHNUS IIPI TOM JKe pasMepe CeKTopa).

NTax, H-nepesom (B-tree) HazoBéM KopHeBoe IepeBo, yCTPOEHHOE Cile-
OyoIaM obpasoM:

1. Kaxnas BepIInHa & COOEPXKUT MO, B KOTOPLIX XPaHITCS:
KOJIMUeCTBO nf[x] KIoUell, XpaHSIINXCS B Hell;

camn kmoun key[r] < keyo[r] < ... < key,p[z] (B HeyBbiBatomiem
nOpsIIIKe )

GyJeBckoe 3Hauenne leaf[x], ICTUHHOE, KOT/1a BEPIINHA SBISETCS JIH-

CTOM.
2. Ecnu — BHyTpeHHss BepllliHa, TO OHa Takke conepxkuT n[z]+ 1 yka-
3aTenb ci[z], ea[z], .. ., cpp)41[7] HA €€ nereit. Y mucThes nereit wer, n

OTH IOJA OJid HUX He oIlpelelIeHbl.

3. Kmroun key;[x] cnyxkar rpaHumaMu, pasmenstollniMl 3HaUEHUs
KJfoveill B MO /IepeBbX:

k1 < keyl[x] < ks < k‘eyz[ﬂﬁ] << keyn[x][w] < kn[l’]—l—lv

rie k; — no6oil U3 Kioueil, XpaHAIINXCs B MONepeBe ¢ KOpHeM ;[z].

4. Bce nucThbs HaXomsTCs Ha OMHON 1 TOi ke TiyOune (paBHOI BbICOTE f
nepeBa).

5. Hueno ximiovell, XpaHAUINXCS B OMHON BepIlnHe, OTPaAHNYEHO CBEPXY
U CHU3Y; TPaHUIIbl 3a[al0TCS eNUHBbIM [IJId BCEro JepeBa YUCIOM >
2, KOTOpOe HA3bIBAETCS MHUHMMATBHOM cTemenblo (minimum degree) H-
nepesa. menHO:

Kaxnas Bepmimua, KpoMe KOpHS, CONePXKUT MO MeHbIIel Mepe ¢ — 1
ko4, Taknm o6pasoM, BHYTpeHHIe BePUINHEL (KpOMe KOPHSI) HTMeOT
He MeHee { meTeli. Kcnm mepeBo HeNMycTO, TO B KOpHe NMOJNKEH Xpa-
HUThCA XOTs Obl ONMH KII0Y.
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B Bepmnne xpanutes me Gosee 2t — 1 kimodeit. CrenoBaTenbHo, BHY-
TpeHHssI BepIINHa HMeeT He Gosee 2t meTeil. Beplinty, XpaHSIIyo
poBHO 2t — 1 kmodveii, HazoBeM nosmon (full).

B npocreifitiiem cnydae t = 2, Torna y Kaxknoll BHyTpeHHell BepIInHBI
2, 3 mim 4 peGeHKa, I MBI TOIyYaeM Tak HasbiBaeMoe 2-3-4 mepeso (2-3-
4 tree). (Kak mbr yxe roBopmin, mist 5bdeKTuBHON paBOTHl ¢ INCKOM
Ha TpaKTHKe ¢ HAO 6paTh TOpasno GOMbBIINM. )

Bricora H-nepeBa

Uncno obpallleHuil K AUCKY s GOMBITNHCTBA ONepanuil MpomopIn-
onalJbHO BhicoTe H-nepeBa. OnenuM cBepxy 5Ty BBICOTY.

Teopema 19.1. /lig 6carxozo H-depesa evicomuvr h u munumaavnotd cme-
newu t > 2, xpangueeo n = 1 xaouell, 6biN0AHERO HEPAEERCTNEO

n+1

h < log, 5

lloxazameavcmeo. HycTh BeicoTa H-mepeBa paBHa 3alaHHOMY YHCIY
h. Hanmenbiliee 4muciio BepliuH B fiepeBe HyneT, eciil cTeleHb Kaxknoil
BepIINHLI MUHUMaJbHA, TO €CTh ¥ KOpHA 2 pebéHKa, a ¥ BHYTPEHHUX
BepIuH 1o ¢ neteii. B aTom cniydae Ha ray6une 1 MBI mMeeM 2 BepIIUHEL,
Ha ryybnne 2 nMeeM 2 BeplinH, Ha riy6une 3 umeem 2t? Bepuiu, ...
Ha ry6une h nveem 2t~ epruunn. Hpn 5ToM B KOpHE XPaHHTCS OINH
KJTIOY, a BO BCEX OCTANbHBIX BeplnHax 1o ¢ — 1 kmoueii. (Ha puc. 19.4
nokaszaHo Takoe nepeBo npu h = 3.) Taknm o6paszom, morysaem Hepa-
BEHCTBO:

h h
» th—1
nl4 (-1 27 =142(t-1) (ﬁ) = 2" -1,
=1

OTKyla clelyeT yTBepXKIeHNe TeopeMbl. U

Kax un nns xpacHo-4épHBIX HepeBbeB, BhIcoTa H-mepeBa ¢ n Beplin-
umamn ecth O(logn), Ho ocHoBanme Morapudma s H-nepeBbes ropasmno
BoJibllle, YTO MPUMEPHO B lgt pa3 cokpalllaeT KOIUYecTBO oGpallieHuil
K HUCKY.

Yupaxuenus

19.1-1 Houemy B ompenenenun H-nepeBa TpeGoBanme ¢ > 2 cylile-
CTBEHHO?

19.1-2  Hpw xakux ¢t mepeBo Ha puc. 19.1 MOXKHO paccMaTpuBaTh Kak
H-nepeBo Mmunumanbuoil crenexu 7
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Pucynox 19.4 H-mepeBo BBICOTBI 3 COHEPKHUT MUHUMAILHO BO3MOMXKHOE YICIIO
Kmioyell. BHyTpn KaXKmoil BEPITMHET & 3aITUCAHO YUCIIO 1[%] KITovell B Hell.

19.1-3  HaiiTn Bce H-mepeBbss MUHNMAJbHON cTeNeHn 2, TPeNcTaBHs-
fotiine MEOXKecTBO {1,2,3,4,5}

19.1-4  HaiiTn TouHylO BepXHIOI OIEHKY HJS YHWcia KIouel, XpaHsd-
minxes B H-nepeBe BbicoTH h 1 MuHUMAaJIbHON cTeneHn ¢.

19.1-5  OmnmcaTb CTPYKTYpPY HaHHBIX, KOTOpas MOJYUYUTCS, €CJIHU B
KpacHO-4Y€pHOM llepeBe KakIYI0 YEPHYIO BEPIINHY COeNUHUTE C ee Kpac-
HBIMU OETBMN, a UX AeTell cAenaTh JeThbMW 3TON Y€PHOI BEPIINHHIL.

19.2 OcHoBHbIe onepanuu ¢ H-nepeBbavu

B »sToMm paspene MBI TIOOpOGHO paccMOTpuM onepalinn B-TREE-
SEARCH (mouck), B-TREE-CREATE (cosnanne H-nmepesa) n B-TREE-
INSERT (moGaBinenne smementa). Mbl canTaemM, 9T0:

o Kopens H-nepeBa Bcerna HaxomuTcs B OMepaTUBHON MTaMITH, T. €. OTe-
panus DISK-READ nas xopHs HUKOrna He TpebyeTcs; OOHAKO BCs-
Kuii pa3, Kormga Mbl U3MeHseM KOpPeHb, Mbl JIOJIZKHBI €r0 COXpaHATh Ha
IUCKe.

e Bce BepUINHELIL, ITepedaBaeMble KaK IapaMeTpPbl, Y2Ke CHUTaHbl C JUCKa.

Hamu nporenypbl 06pabaTLIBAIOT OepeBO 3a ONNH TPOXON OT KOPHS K
JUCThAM.

Houck 8 H-gepese

Houck B H-mepese moxoxk Ha nomck B nBomdHoM gepese. Hazmuma B
TOM, UTO B Ka:KIOil BeplliHe & Mbl BEIGHpaeM OIUH BapuaHT u3 (n[z]+
1), a He u3 OBYX.

Kaxk n nponenypa TREE-SEARCH (I1st IBONYHBIX IePEBLEB), PEKYp-
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cuBHOil mpornenypa B-TREE-SEARCH mosjiydaeT Ha BXOI yKazaTelb &
Ha KOpeHb MOIAepeBa W K104 k, KOTOPBIH MBI HIIIEM B 3TOM TOJJIEpPEBe.
s noucka xmoua k B H-mepeBe 1" cienyer ckomannoBaTh B-TREE-
SEARCH(root(T), k), roe root(T) ykaspiBaeT ma Kopenb. Ecim mpoe-
mnypa OGHapyXKHBaeT KU k B IepeBe, OHa Bo3Bpariaer mapy (y,1),
rie y — BeplinHa, ¢ — MNOPSIKOBBIA HOMED yKa3aTellst, HJis KOTOPOro
key;[y] = k. B nporuBHOM Ciyuae TpoIlenypa BO3BpAIlaeT KOHCTAHTY
NIL.

B-TREE-SEARCH (2, k)

—_

141
while ¢ < n[z] and k> key;[z]
do 11+1

if i < nfz] and k = key;[z]

then return (z,7)
if leaf|x]

then return NIL

else DISK-READ(¢;[z])

return B-TREE-SEARCH (¢;[z], k)

WO 00 ~1 O Tk W N

B crpokax 1-3 nmiercs mamMmenbliiee ¢, miasi kotoporo k < key;[z];
eciim TAKOro HeT, TO B 1 nomelaercs n[z]+ 1 (nuueiinsrii nouck). Ecin
HYKHBI K104 Hafimen, paGoTa mpekpariaercs (cTpoku 4-5). 3arem
(cTpoku 6-7) mporpamma 60 OCTAHABINBACTCSH, €CIN MOUCK 3aBep-
mmics 6e3pesysIbTaTHo (2 — JHuCT), 1160 PeKypPCHBHO BEI3LIBaeT cebsl,
IpenBapUTEIbHO CUNTAB € MHCKA KOPEHb HYKHOIO IHONNepeBa (CTPOKH
8-9).

Ha puc. 19.1 nokasana pabora 5T0oit nporpammbl. CBeTIIble BepIINHEL
IPOCMOTPEHBI I NouCKe GYKBBI K.

Kax un nponenypa TREE-SEARCH, Hallla IpOrpaMMa IPOCMATPHBAET
BEpIINHBL AepeBa OT Kopus K sucty. Hooromy wmeno obparmenuit K
nucky ects O(h) = ©(log; n), roe h — BbICOTA HepeBa, a 1 — KOJHUe-
ctBo kimoueit. Tak kak n[z] < 2t, To nuka while B cTpokax 2—3 moBTO-
psercs O(t) pa3, u Bpems Boruncienuit pasuo O(th) = O(tlog, n).

Cosmanme nyctoro H-mepeBa

Hpu patore ¢ H-mepeBom 7', MBI cHauaJa co3aeM ¢ MOMOMIBIO MPO-
nenypbl B-TREE-CREATE nycToe nepeBo, a 3aTeM 3allliCBIBaeM B HEro
JNaHHbIe ¢ MoMOLIEI0 nponenypbl B-TREE-INSERT. OGe »Tu nporemnypbt
HCHONB3YIOT HOANPOrpaMMy ALLOCATE-NODE, KOTOpas HaXOOUT Me-
CTO Ha OUCKe HOJd HOBOIT BepUINHBL. MbI cquTaeM, 4TO nmoanporpamMmmMa
ALLOCATE-NODE TpebyeT BpeMeHU O(l) I He HICIOJIL3yeT olepalnio
DiskK-READ.
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Pucynok 19.5 Hasbuenme Bepiiuubl nepeBa MUHUMAaIBHON cTeneHn ¢ = 4. Hemum
BEPIINHY Y Ha ABe: y U z. Kimfod-Menmana S BEPIIIMHBL Y TIEPEXOANT K €€ POMUTEIIO &.

B-TREE-CREATE(T)

1 z < ALLOCATE-NODE()
2 leaf[x] + TRUE

3 n[z]«<0

4 Disk-WRITE(z)

5 rool[T] + z

Hpouenypa B-TREE-CREATE TpebyeT omHOro obpallleHus K IUCKY,
BpeMs paborst — O(1).

Hasouenue Bepumnabsl H-mepeBa Ha ase

HobGapnenne siementa B H-mepeBo — 3HaunTeabHO 6ojee CIOK-
Has onepalus, yeM HoGaBieHe dIeMeHTa B IBOMYHOE IEePEeBO IMOUCKA.
KimoueBsiM MecTOM siBisieTcss pasomenme (splitting) mommoit (¢ 2¢ — 1
KJTIOYaMI) BEPIINHEL i HA [[Be BePIINHbI, NMEOIINe 10 { — 1 51eMeHTOB
B Kaxkmoii. Hpu sTom kmou-menuana (median key) key,[y] ornpasnsiercs
K POMUTENIO & BEPIIMHLI Y U CTAHOBUTCS pasmesiuTesieM ABYX IOJIY-
YeHHBIX Bepiini. HTo Bo3MOXKHO, ecinm BeplinHa x HemojiHa. Ecmu y
— KOpeHb, mpolenypa paboTaeT aHajJorndno. B sTom ciydae BbicoTa
JepeBa yBeandnBaeTcs Ha eqnuuiy. TakoB Mexanusm pocta H-mepesa.

Hpouenypa B-TREE-SPLIT-CHILD neiuT BeplIuHy Y Ha ABe U Me-
HeT COOTBETCTBYIOIINM 00pasoM eé pornurTens . Ha puc. 19.5 nmoka-
3aHO, KaK HTO MponcxonnT. Kimou-mennana S BepIIMHLL §f TePEXONUT
K €& pornuTenio x, a 66nbiine S 5JeMeHTH NepeliChiBalOTCsS B HOBOIO
pebeHKa z BepIINHbl ¥. BXOMHBEIMI HTaHHBIMI TPOIENYPhI ABJISIOTCSA He-
noanad BHYTPEHHssS BepIMHA T, YUCIO § U TOoJAHas BepUInHY i, A
KOTOPBIX Y = ¢;[x]. MBI cuuTaeM, 9TO BEPUINHBI & U Y YKe HAXOMATCS
B ONepaTUBHOIN MaMsTH.
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B-TREE-SPLIT-CHILD (2,7, y)

1 2z < ALLOCATE-NODE()
2 leaf|z] « leafly]
3 nlz]+t—-1
4 for < 1tot—1
5 do key;[z] = keyjy[y]
6 if not leafly]
7 then for j < 1 to ¢
8 do cj[z] = ¢je[y]
9 nly]l«—t—-1
10 for j + n[z]+ 1 downto i + 1
11 do cjyqlz] + ¢jlz]
12 cipqlz] « =
13 for j «+ n[z] downto ¢
14 do keyjiq[x] < key;[z]
15 keyi[x] < keyy]
16 n[z] < nlz]+1
17 Disk-WRITE(y)
18 Disk-WRITE(z)
19 Disk-WRITE(z)

Bepmuna y nmena 2t metell; nociie mpeobpal3oBanusl B Hell 0CTaIOCh
{ HaUMeHBLINX U3 HUX, & OCTalbHEIe ¢ CTANN NeThbMU HOBOH BepIINHEL 2,
KOTOpas B CBOIO odepenb cTaja pebéHKOM BepIInHLl . Knou-mennana
BePIINHLI § MoGaBieH K BepllinHe T W CTaJl pa3melnTeleM MeXKIY Bep-
INHOW Y W cJlelyIolllell 3a Hell BePLINHON Z.

Crpoku 1-8 opMupyoT Bepliuny z u nepenatoT eil nereit. Ctpoka 9
MeHsieT BepmuHy y. Hakowem, ctpoknm 10-16 BHOCAT COOTBETCTBYIO-
uine uzMenenus B Bepiuuny z. Ctpoku 17-19 coxpaHsioT u3MeHeHUs
Ha nucke. Bpemst paborsr nukios (cTpokn 4-5 u 7-8) pasuo O(t). (Hus
OCTAJIBHBIX MIKIOB TpebyeTcs He GOJbIIe ¢ MIaroB).

Ho6GaBnenue smementa B H-gepeso

Hponenypa B-TREE-INSERT mo6aBnser smemenT k B H-mepeso T,
npoiias onuH pa3 oT KopHs K nucty. Ha sTo TpeGyercs Bpemst O(th) =
O(tlog, n) u O(h) obpatuennit kK IuCKy, ecan BeicoTa nepeBa h. Ho xomy
Jiefla MbI ¢ OMOIIIBIO Tmpotenypbl B-TREE-SPLIT pasmesiseM BCTpeda-
[oIIecss HaM TOJIHbIe BepIIMHbL, NCIOMb3YsS Takoe HabJMIONeHUe: eciu
MOJTHAsE BePUINHA UMeeT HelOJHOIO POMLUTeINs, TO €8 MOKHO Pa3mneuTh,
Tak KaK B POIUTENe eCTh MEeCTO [IJIs JONOJHITENLHOrO Kiltoda. B KomIe
KOHIIOB MBI OKa3bIBaeMcs B HEIOJHOM JINCTe, Kyla I H0OaBiiseM HOBBHII
DJIeMEeHT.
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Pucynox 19.6 Huc. 19.6. Kopens r H-nepesa (c ¢ = 4) sBiseTCs HONMHON BEPIIIHOI.
OH menuTcs Ha ABE TOJIOBUHBI; TIPU TOM CO3[AETCS HOBBI KOPEHBb §, NETHMU KOTO-
POTO CTAHOBATCS >TU BepINUHBLL. HOBBIN KOPEHb $ CONEPKUT KITIOU-MEIUAHY CTAPOTO
kopus. Beicota H-nepesa yBenmmunnack Ha equHUILy.

B-TREE-INSERT (T, k)

1 7« root[T]

2 ifn[r]=2t-1

3 then s <— ALLOCATE-NODE()
root[T] « s
leaf[s] < FALSE
n[s] < 0
cls] < r
B-TREE-SPLIT-CHILD(s, 1, 1)
B-TREE-INSERT-NONFULL (s, k)
10 else B-TREE-INSERT-NONFULL(r, k)

WO 00 =1 O Ut =

Ctpokn 3-9 oTHOCATCS K ciiydyalo N0GABICHUA B JIEPEBO € MOJTHBIM
KopHeM (mpmMep Ha puc. 19.6). MeHHO B 5TOM cllydae yBelInInBaeTCs
Bbicora H-mepeBa. Ormernm, uTo Toukoii pocta H-mepeBa sBisercs
KOpeHb (& He JUCT, KaK B [BOMYHBIX [€PEBbAX MONUCKA).

CrenaB KOpeHb HENOJTHBLIM (ec/nm OH He GBI TAKOBBIM € CaMOTO Ha-
vasia), MBI BbI3bIBaeM mporenypy B-TREE-INSERT-NONFULL(z, k), ko-
Topas nobGaBisgeT »/eMeHT k B IONIepeBO ¢ KOpHEM B HellOJHOW Bep-
mmne z. Hra mponenypa pexypcuBHO BBI3BIBaeT cebs, NpH HEOOXOMN-
MOCTH (eciii BepllimHa OKa3aJach MOJHON) BBEIOIHUB pasfieleHue.
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B-TREE-INSERT-NONFULL (2, k)
1 i+« nfz]
2 if leaf|x]
3 then while ¢ > 1 and k < key;[x]

4 do keyity[x] « keyi[]
5 14—1—1
6 keyip[z] < k
7 nlz] « nlz]+1
8 Disk-WRITE(z)
9 else while ¢ > 1 and k < key;[x]
10 do 1 ¢1—-1
11 1e—1+1
12 Disk-READ(¢;[z])
13 if nfe;[z]] =2t -1
14 then B-TREE-SPLIT-CHILD (z, ¢, ¢;[2])
15 if k> key;[x]
16 then 7 &« 2+ 1
17 B-TREE-INSERT-NONFULL (¢;[2], k)

Hta npormenypa paboTaeT caenyiomiumM obpazom. Fenn Bepinna & —
JUCT, TO K04 k B Hero nobasiseTcs (cTpokn 3-8; HATOMHEM, 9TO Bep-
[MINHA & TPENNoIaraeTcs HemoMHoi). B mpoTuBHOM ciiydae HaM HYKHO
nobaBuTH k K MOIIepeBy, KOpeHb KOTOpOro sBiseTcs peGéHkoMm z. B
cTpokax 9—11 MBI HaXONWM HYKHOTO peGéHKa BepIINHBl &. Kcam »ToT
peGEHOK OKa3bIBaeTCs MOMHOI BepInnHoil (cTpoka 13), To B cTpoke 14 on
pa3neliseTcs Ha JIBe HEMOJHbIX BEPIUINHBI, U B cTpoKax 15—16 onpenens-
eTcst, B KaKoe I3 HOBBIX TOIZIepeBheB clienyeT nobaButTh k. (3amernw,
9TO TOCHe W3MeHeHHs ¢ B cTpoKe 16 HeT HeoOXOMMMOCTHU OGpallaThCs
K IUCKY — BHOBL CO3MaHHAs BepIlinHa, K KOTOPOH MBI o6paTuMcs B
cTpoke 17, yXKe HaxXomnmTcs B omepaTuHBHON mamsTn.) Takum obpaszom,
MBI 3HaeM, UTO BepIInHa ¢;[x] — HemomHas, n B CTpoKe 17 mobaBisem
K104 k B COOTBETCTBYOIIEE TONAEPEBO C MOMOIIIBIO PEKYPCUBHOTO BbI-
3oBa nponenypbl B-TREE-INSERT-NONFULL. Ha puc. 19.7 mokazanbr
pasnble caydanm nobaBienus »iaeMeHTa B H-mepeso.

Hponenypa B-TREE-INSERT-NONFULL ncnonssyer O(1) onepannit
Disk-READ n DISK-WRITE (eciin He cUnTaTh PEKYPCHBHOTO BBI30BA).
CunenoBatenbho, mist H-nepeBa BoicoThl h npotuenypa B-TREE-INSERT
obpatraercs K nucky O(h) pas. Bpewms soramcienuit ects O(th) =
O(tlog, h). B nponenype B-TREE-INSERT-NONFULL peKypcuBHBIT BBI-
30B SIBISETCS TOCIENHNM ofepaTopoM (tail recursion), m mosToMy MbI
mMoryin Obl 3aMeHUTh pekypcuto nukioMm. OQTcioga BHIHO, UYTO Y-
CJI0 CeKTOPOB, KOTOPHIe HeOOXONUMO MepKaTh B ONepaTUBHON MaMATH,

ects O(1).
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Pucynox 19.7 Iobasnenue snemenra B H-mepeBo, nis xoroporo ¢ = 3, (Bepiinta
coflepxkuT 1o 5 kmoueit). CBeTiible BEPIINHBL GBIIIM M3MEHEHBI Ipu noGaBieHnn. (a)
Hauaneroe pepepo. (6) Hobasumm 6yksy B (B Henommmt mucr). (B) HobabieHne
() npusomuT K pasmeny Bepuimabl RSTUV wa RS u UV, 6yksa T mepennia B Ko-
peHb, mocie 4ero GykBy () mobasmimm k BepummHe RS. (r) B npensiaymee nepeso
nmobasunu L: KOpeHb OBbLIT TIOTHON BEPIIKUHON, TIO3TOMY €ro MPUILIIOCH PA3IeuTh Ha
IBe W BBICOTA JepeBa yBeauumiach Ha emuuauily. HykBy I Bcraswmm B ymct JK .
(,[[) B mpenpinyiee mepeso mobaswiu F'. Bepmmuy ABCDFE paspenunm Ha nBe u B
nosoBuaKy D E mobasumm F.
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Yupaxuenus

19.2-1 Hpocnenuth, 3a nobapnenneM B nycToe H-mepeBo nneMeHTOB
FSQK,CLH, T, VW M RN PABX,)YD Z I

B YKa3aHHOM IIOpAOKe (HapI/ICOBaTI: TOJBKO COCTOdHUIA HOepeBa Ilepel
pasnelieHuemM KaKoi-To u3 BeplIinH, a TaKxKe IIoc/ieqHee COCTOHHI/IG)

19.2-2  BLISCHUTDL, UCTIONHAIOTCS NU nuinne omepanuu DISK-READ
nian DISK-WRITE npn BbrsoBe nponenypst B-TREE-INSERT. (Jlmuruss
omepanus DISK-READ unTaeT cexTop, yiKe 3arpyXKeHHBIN B OepaTuB-
HYI0 TaMaTh. JInmasas omepanus DISK-WRITE coxpanseT Ha OuUCKe He
H3MEeHIBIINICS CeKTOp.)

19.2-3  Kak maiiTn MuHnMaabHLIN snemenT B H-mepeBe? Kax maiiTn
sneMmenT H-nmepeBa, nmpeninecTByoOHIUi MaHHOMY 3JI€MEHTY?

19.2-4* Kumoun 1,2,...,n mobaBisioT 0o ogHoMy B mycTtoe H-mepeBo
MuHuManbHO# crenenu 2. CKONbKO BepllinH y nojgyuennoro H-mepesa?

19.2-5 Tak kak y TuCTheB HeT yKa3aTellell Ha HeTell, TO B HUX MOXeT
HOMeCcTHThCS GONbIle KII0Uell, YeM BO BHYTpeHHHe Bepinuunl. Kak 6y-
IYT BHITJASOeTh Tpolenypsl cozmanus H-mepeBa m moGaBieHus B HETO
BJeMeHTa, UCTONb3YIONHe 3TO 06CTOS TeIbCTROT

19.2-6  3amenum B nporenype B-Tree-Search nuneiinbiii mouck nBomd-
oM. HokaszaTh, 9To Torma BpeMs BBIUUCHEHUH NI 3TOU TPOTenyphl
cramer paBubiM O(logn) (koncranTa He 3aBucuT OT ¢!).

19.2-7  Hpenmomoxkum, 9TO MB MOXKeM caMi BBIOpAaThL pa3Mep cek-
TOpa, IpuYeM BpeMs UTeHHUs CeKTopa, BMelllaolnero Bepinnny H-mepeBa
crenenu t, 6ynet a + bt, rme @ u b — HeKOTOpble KOHCTaHTHI. Kak cie-
nyeT BoIOpaTh ¢, 4TOGBI yMeHbIINTEL Bpems noucka B H-nepese? Oiie-
HUTe ONTHMaJbHOe 3HaueHue ¢ B ciuyuae ¢ = 30 musiucekyun, b = 40
MUKPOCEKYHI.

19.3 VYaanenue

JJIEMEHTAa N3 H—,uepeBa

Ynanenne snementa u3 H-mepea (mpomnenypa B-TREE-DELETE)
OPOUCXONUT aHAJOTUIHO MOGABIEHNUIO, XOTS HeMHOTO cilokHee. MLl He
O6yneM TPUBOAUTEH TPOMNENYPY yAAJeHHns MONHOCTRIO, & 00BICHAM, KAk
oHa paboTaer.

Hycrb HyX)HO ynanuTh kiou k u3 nopnepeBa ¢ KOpHEM B BepIIUHE Z.
Hamra nporenypa 6yneT ycTpoeHa Tak, 9TO TPH KaXKIOM ee PeKypPChB-
HOM BBI30BE€ BepINUHA & CONePXKUT MO MeHbLIell Mepe ¢ Kiodeli, rue ¢
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— MuHUManbHas cTenedt H-mepeBa. Ho mpasunam Bepmuna H-mepesa
IIOJIZKHA coflepKaTh He MeHbllle { — 1 Kiloda, TaK YTO B HallleM ciiydae
nMeeTCs 3anacHoll Kiaod. HToT npuem (ciennTh, 9TO6H 3aMacHON K0T
Bcerna GBUT) TO3BOJISIET YAAINTH 37eMeHT, npoiins H-nepeBo onnu pas
OT KOpHS K JINCTY U He Jiefiasi [IaroB B 0GpaTHOM HATpaBIeHNH (C eNnH-
CTBEHHBIM MCKIIIOUEHNEM, KOTOPOe MBI ero pasfepeM MO3kKe).

HoroBopumcs, 9To ecfiu B pe3yibTaTe yIaJeHns KOpeHb IepeBa cTall
OyCThIM, TO OH yAaJseTcs, 1 ero eNMHCTBeHHbII peGeHOK CTaHOBUTCSH
HOBLIM KOpHEM, TIpH 3TOM BEIcoTa H-mepeBa yMenbIraeTcs Ha eIHHUIY,
Il KOPeHb yKe He MyCT (ecim TOMBKO BCE IepeBO He MyCTo).

Ha pmc. 19.8 mokazanbl pasnble ciaydanm yHoajleHus siaeMenTa u3 H-
lepeBa.

1. Ecnu o4 k maxonuTces B BepllinHe &, SBAMIONICHCS THCTOM, TO yia-
jasgeM k u3 z.

2. Ecnu kimou k HaxomuTes BO BHYTpeHHell BepliiuHe z, TO HejlaeM clie-
nylolilee:

Ecnu peGenox y BeplInHEBL &, IpenliecTBYOMIN &, COnepKUT He Me-
Hee { »JIeMEHTOB, TO HaXONUM K04 k', HemocpenCcTBeHHO IIpellle-
crByomuii kiawdy k. HroT kimoou maxomurTcs B JHCTe HOOIEPeBa C
KopHeM B y. HaliTw ero MoXHO 32 oouH IpOCMOTP IOOIEpeBa OT
KopHs K JnucTy. HekypcuBHo BRI3EIBaeM mpouenypy: ymaisem k'. 3a-
MeHsgeM B z KJod k Ha k.

Ecnu pebernok z, cnenytoiuii 3a k, conepKuT He MeHee ! 3JIeMEHTOB,
nocTynaeM aHaJIOTMYHO.

Ecnu n y, m 2 comepxat no ¢t — 1 2IeMeHTy, coeuHIeM BepIINHY ¥,
Koy k, BepUIMHY 2, MOMeIlas BCE 3TO B BEPLINHY ¥, KOTOPas Tenephb
conepxkut 2t — 1 wntou. CTupaeMm z u BBIKUIbIBaeM U3 & K04 k u
yKazaTelnb Ha z. HekypcuBuo ynassiem k us y.

3. Ecnn 2 — BuyTpenmuss Bepiinmna, Ho Kiioda k B Hell HeT, Haiinem
cpennu meTell BepUINHBL & KOPeHb ¢;[¢] nonnepesa, rie NONKEH JleXKaTh
k04 k (ecam 5ToT K04 Boobine ecTh). Ecnn ¢;[z] conepxuT He me-
Hee { Kiiodeil, MOXKHO PEKYPCHBHO yHAJIuTh k u3 nommepeBa. Ecnn
Ke ¢;[z] conepkuT Beero ¢ — 1 bieMeHT, TO IPeNBAPUTENLHO CIeIaeM
mar Ja min 36.

HycTsb Bepuinta ¢;[x] comepxut t — 1 sjeMeHT, HO ONUH U3 €€ coce-
nefi (HampuMep, MpaBbIil) CONEPKNT MO KpaiiHeill Mepe ¢ IeMeHTOB.
(3mech cocemoM MBI Ha3BIBaeM TAKOTO peGeHKa BEpIINHBL &, KOTOPHIil
OTHelNeH OT ¢;[@] pOBHO OTHNM KiodoM-pasnennrterneM.) Torna moba-
BUM peGEHKY ¢;[x] sieMeHT ero ponurtesns x, a POTUTENIO Mepenaaum
JIEeBBIN BJeMeHT 3Toro cocena. Hpu »ToM caMblii NeBBIT pebGEHOK CO-
cela CTaHeT CaAMBIM MpaBLIM peGEHKOM BepIINHEL ¢;[x].

Hycthb 06a cocena Bepiinubt ¢;[z] conepxar no t — 1 snementy. Torma
OOBeIMHNM BepIInHY ¢;[¢] ¢ omHUM U3 coceneil (Kak B ciydae 2B).
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HavyaJIbHOEe JIepeBo

F ynanena: coyuait 1
M ynanena: ciydai 2a
G ynanena: cinyudail 26

Pucynox 19.8 VY npamenne simementa us H-pepesa. s storo H-mepeBa munmmasis-
Has CTeNeHb paBHA 3, T.€. BEPIINHA CONEPXKUT He MeHee 2 dieMeHToB. CBeTIibie
BepLIMHEL GbLIN N3MeHeHEl npu ynaieruu. (a) H-nepeso pucynka 19.7 (e). (6) Cuy-
vail 1: ynanenne 6yksul F' us smucra. (B) Y nanerue 6yksst M. Hro ciyuait 2a: 6yksa-
mperirecTBeHHNNA L nepenia Ha eé Mecto. (r) Y panenue 6ykser G. Hro ciyuait 28:
cHadasia (G oTHnpaBwiIn BHU3, rue obpasoBajics muct DEGJK, us xoroporo G u
yaamun (ciayqait 1). (x) Ynaneane 6ykssr D. Hro ciygait 36: MEI He MOXEM peKyp-
cuBHO obpaborarh Bepuiuty C'L, B KOTOPOIT BCETO NBa 3JIEMEHTA, TIO3TOMY CITyCKAEM
Buuz P u monyuaem sepumuny CLPTX. Hocne sroro ymamsem D us sucra (ciay-
vait 1). (¢) Hocne ynamemms ) KopeHb cTam MyCTBIM W MBI yIAIWIu ero. BricoTa
JepeBa yMeHbIIIach Ha enuauy. (e) Ynamumm B. Hro caywait 3a: C cuycrunu Ha
mecto B, a F mogusin Ha mecto C.
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D ynanena: caydaii 36
yMeHbllIeHe BBICOTHI lIepeBa
B ynanena: cnydai 3a

Hpu »ToM Kifou, pasfedsBIINi WX B BeplinHe Z, CTaHET KIIIOUYOM-
MelInaHOll HOBOIl BEPILIUHBEI.

Omnucannas npouenypa TpebyeT 6ojee OIHOTO MPOXONa TOIBKO B CIIy-
dagx 2a u 26 (Korhga oHa 3aMeHseT YIAISeMbIl HIEMEHT ero Impel-
MIECTBEHHUKOM WIN MOCTIeNoBaTe eM). 3aMeTHM, 4TO HTO IPOUCKONNT,
TOJIBKO eciil TpebGyeTcs yIaJluTh 37eMeHT U3 BHYTpPeHHell BepIINHBI.
HonpmuncerBo Bepmun H-mepeBa — nucThs, Tak 4To 3TH ciaydan 6y-
IyT PenKuMIu.

XoTs mpouenypa BLIIVISIUT 3alyTanuo, owa Tpebyer Bcero O(h)
obpartennit Kk nucky mis H-nepesa BoicoTnr h. (Mexny nByMms pexyp-
cuBHLIME BbI3oBaMu BoinonHsercs O(1) komann DISK-READ n Disk-
WRITE). Beruncnenust Tpebyior Bpemenn O(th) = O(tlog, h).

Yupaxuenus

19.3-1  Hokasats pesynbraT ynanenns Bepuna C', P u V (B ykaszan-
HOM HOpsiake) u3 nepesa puc. 19.8 (f).

19.3-2 Hanwcats npouenypy B-TREE-DELETE.

Jamgaun

19-1 Crexn Ha gNCKe

HpenctaBuM ceGe, 9TO MBI XOTHM Pealn30BaTh CTeK Ha MalllHe C
HeOOoJIBIION OllepaTUBHON MaMATHIO U OOMBIINM KeCTKUM TUCKOM (CTeK
He TIOMeIlaeTcs B ONMepaTUBHYIO MaMsITh, U MOJXKeH no 6onbliilell yacTn
XpaHUThLCS Ha I[I/ICKe).



392

laasa 19  H-depeeva

Hpu npocreiimeii (Ho Hea(PeKTUBHOIT) peannsalnny cTeKa Ha IHCKe
XpaHUTCs BCE, KpoMe TepeMeHHOl p (YKazaTelb CTeKa), KOTopas Ollpe-
JenseT MeCTO BepUIMHBLI CTeKa Ha MICKe TaKnM 06pa3oM: BepIITHOI
6ynet (p mod m)-biit snemenT |p/m]-ro cekTopa nucka (m — pasmep
CEKTOpA).

YTo6bl 106aBUTL 3JEMeHT B CTeK, Mbl YUNTaeM COOTBeTCTBYIOIIMII
CeKTOp, Ha HYKHOe MecTO IOMellaeM HOBBLI 3JIeMeHT, yBeJn4nBaeM
3HadeHNs yKa3aTelss Ha e[UHUIY W CHOBa 3allChIBaeM CEKTOp Ha IICK.
AHanoruvyHO peanu3yercs onepaius yoaieHus sneMenTa 3 creka. (Mbr
4 TaeM CEKTOp C IUCKa I YMeHbIIaeM Ha eMHAIY 3HadeHne YKa3aTesls.
Tak Kak CEKTOD He MEHSJICS, TO 3alUChIBATDH €ro Ha JNCK He HYKHO.)

Hynem yu4mThIBaTh KOommuecTBO o6pallleHnii K MICKY, a Takxke BpeMs
BLIUNC/IEHNIl, IPH MoAcYeTe KOTOPOTo KaxKIoe obpallleHne K IICKY CYH-
TaeTcs Tpebyoinm O(m) ennHII BpeMeH.

Ckonbko obpaltienuii Kk fucKy TpebyeTcs B XyHIIlleM ciiydae s 1 ole-
panuii co crexkoMm npu 3TOol peasnuzanuu?! Yemy paBHO 0bliiee Bpemsi?
(3mech u nanee TpebyeTcs OTBET B TEPMUHAX M U N.)

HaccmoTpuM mpyryio peanm3alnio cTeka, MPH KOTOPOH ONWH CEeKTOp
neqnKoM xpaHuTcs B mamsTn. (Kpome Toro, Ham TpeGyeTcs MOMHUTH
HOMep XpaHHUMOro cekTopa.) Ho mepe HeofxommvocTn Mbr GyneMm BoO3-
BpalllaTh HTOT CEKTOp Ha MONCK W CUYWTLIBATL HOBBLIN. Fenm HYKHLIT
CEKTOp yKe HaXONUTCAd B NaMsATH, TO 00palllaThes K NJUCKY He HYKHO.

Ckonbko obpallieHuil K MUCKy TpebyeTcs s HoH6aBIeHUs N 3IeMeHTOB
B cTeK (B xymuieMm ciayvae)? Yemy paBHO BpeMs BBIYHCIEHI?

Ckonbko obpaltienuii Kk fucKy TpebyeTcs B XyHIIlleM ciiydae s 1 ole-
panuit co crekom? YeMmy paBHO BpeMsi BbIUUCIeHU?T

CyttectByer Gonee addeKTUBHAS peajin3alus, P KOTOPOl B ornepa-
THUBHON MaMSTH XPAHATCS IBA CeKTOpa (I ellé HeCKOITBKO THCer).

Kak crnenars Tak, 9To6 KaxkIas olepalns TpeGoBala (Pl aMOPTI-
sanumonnoM anannse) O(1/m) obpattennit x nucky u Bpemenn O(1)7

19-2 Ob6bemnumuenne u paspejieHue 2-3-4 mepeBbEB

Onepaiiis ob6bexmmenns (join) mojydaeT Ha BXOIE [1Ba MHOKECTBA
S" w 8" u smement x, mus kKotophix keylx'] < key[z] < key[z"] npu
Beex ' € S" mw 2" € S”. Ee pesynbraToMm sABASeTCS MHOKECTBO
S = S"U{x} US”". Hasmememme (split) — omepamus, obparTHas 06b-
ennrennio. OHa NonydaeT Ha BXOIE MHOXKECTBO S I dJIeMeHT © € S n
co3madT mBa Opyrux MHoxkecTBa S’ m S, cocTodIINX COOTBETCTBEHHO
113 MEHBIINX 1 13 GONBIINX T 3JIeMeHTOB MHOXKecTBa S. B »Toil 3amade
TpebyeTcs pealln30BaTh >TH onepanun mas 2-3-4 nepesben. s yno6-
cTBa 6yIeM CUNTaTh, YTO 3JIeMEHTLI COCTOAT TOJNBKO U3 Kilodeli, I Bce
KJI0YN Pa3/IndHbl.

a. Hymem xpanuTh B Kaxkoii Bepinute x 2-3-4 nepesa nose height[x], xpa-

XpaHUTh
XpaHsdllee
— 3TO
Heroxo!

Hslllee BBICOTY TonaepeBa ¢ kKopHeM B z. HokazaTh, uTo Ty mHbOP-
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MallllO MOXKHO IIogHdepzKHnBaTb, He yXydllasd aCUMITOTHKY BpeMeHN
IIONCKa, nobGaBileHUs U yoalJlieHnmsd.

. Heanmuzosath onepanuio o6bennnenns nepesbeB 1’ n T pasnenénnbrx

kaogoM k. Bpemst paGorsr momkuo 6urTh O(|R' — A"|), rme W', h" —
BLICOTHI IlepeBhLeB.

. Hyets p — uyTh B 2-3-4 nepee T oT KOpHs K 3allaHHOMY KUy K.

HacemoTpum nBa MHOXKecTBa Kitoueii uz T: menbiunme k (MHOKe-
ctB0 S’) 1 Gosnburne k (mHOKecTBO S”). HokasaTs, uTto S’ pasbuBaeTcs
Ha nepesbs T4, Ty, ..., T, | paznenenusre kimouamu ki, ky ... k! (s
Beex y € 1! | m z € T! Beinonneno y < k! < z npu ¢ = 1,2,...,m.
Kak cBs3ansl BicoThl nepeBbeB 17 u 17?7 Ha kakme dacTu myThb p
nenur S”7

HeanusoBaTh onepannto pasaenenus. s 5Toro clienyeT o0bLeInHNTh
kmoun u3 S’ B 2-3-4 mepeso 1T’ m kmioun uz S’ B mepeso T”. Ilnsa
IepeBa ¢ n KJIIOYaMH BpeMms pabOTLI 3Toil omepalnil HOMKHO OLIThH
O(logn). (YkazaHue: npu clIOXKeHUN CTONMOCTeNl onepaiuii oGbemnu-
HEeHUs TPOUCXONNT COKpallleHne. )

JameyaHug

CbanancupoBattbie gnepeBbs u H-mepeBheB  ofcyxknaiorces B
KayT [123], Axo, Xonkpodpr n Yaeman [4] n Cemxsux [175]. Ho-
npoGuelii 0630p H-nepesbe nan B Komep [48]. I'n6ac n Cemxsux [93]
pPacCMOTpeNlE B3aUMOCBS3U MeXKIY Pa3HbIMU Bufamu cballaHCHPOBAH-
HBIX JIepeBbeB, BKIIOUas KPACHO-uépHbIe U 2-3-4 nepeBbs.

B 1970 rony Xomkpodrt (J.E.Hopcroft) npenmoxkun nonstune 2-3
JlepeBbeB, KOTOpBIe sBUINCH nperniecTBenHukamu H-nepeBbeB u 2-3-
4 nepeBreB. B 5TuX nepeBbsix KaxkKias BHYTPeHHsSS BepllinHa UMeeT 2
unu 3 neteii. H-nepeBbs 6ninu onpenenent: Hafiepom n MaxKpetiTom B
1972 romy [18]. B ux pabore He 0ObICHEH BHIGOD HA3BAHUS.
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ONHOMHUAJIbHEIE Kyin

B »Toit rmase u B TaBe 21 paccMaTpPUBAIOTCA CTPYKTYPHI MAHHBIX, N3-
BECTHBIE Kak cimBaemble Kyum (mergeable heaps). Takas cTpykTypa xpa-
HIT HECKOJIBKO MHOKeCTB (Ky4), 3JIeMeHTH KOTOPHIX Ha3bIBAIOT BEPIIIT-
mamn. Kaxnas Bepimna comepkutT moie key (KI0d9), B KOTOPOM Xpa-
HUTCS HEKOTOPOE TUCIIO; KPOME TOTO, B BEPITNHE MOKET XPAHUTHCS He-
KoTopas uuHGopMallus, colpoBokaatlias 3To yucio. CauBaemMbie Kydu
MO3BOIATOT BHIMOMHATH CHEAYIONINE TATH OMEpaimii:

MAKE-HEAP() co3maéT m Bo3BpalllaeT HOBYIO Kydy, He COIEpPKAIIYIO
3JIeMEeHTOB;

INSERT(H, z) nobaBnsier smeMenT (Bepuinuy) x B Kyuy H (mome key
SeMeHTa & IOMKHO OBITh 3al0JHEHO 3apaHee);

MINIMUM (H ) Bo3BpalliaeT yKa3aTelb Ha 3JIeMeHT Kyan H ¢ MuHIMalb-
HBIM KITI0YOM;

EXTRACT-MIN(H) m3biMaeT 5/eMeHT ¢ MHHUMAJbHBIM KIIOYOM 03
Kyun H u Bo3BpalllaeT yKa3aTelb Ha U3bATHIN 3/IeMeHT;

UNION(Hy, H3) obbennusier kyunm Hy n Hy, To ecTh cO3MaéT 11 BO3Bpa-
[1aeT HOBYIO Kyuy, colep:Kalllyto Bce sieMenThl Kyu Hy u Hy. Camu
kyunm Hy m Hy Tpu 3TOM HCUe3afoT.

CTpyKTYphl NIaHHBIX, OMUCHIBaeMbIe B BTOH U cienyoieil riaBax, moi-
IEepXKUBAIOT elllé Be ollepalluu:

DECREASE-KEY(H, 2, k) yMeHblIaeT K09 BepluHel & Ky4un H, mpu-
cBamBas eMy HOBOe 3HaueHne k (IpemmosaraeTcs, 9TO HOBOe 3HATeHIe
HEe IPEBOCXOINT CTaporo);

DELETE(H, ) ynansier snement (Bepiinuy) @ u3 kyun H.

Kax Bumno u3 tabmuner 20.1, ecim MBI He HYXKIaeMcs B Omeparnn
UNION, To (mBOMYHBIE) KydH, ¢ MOMOIMIBIO KOTOPHIX MBI COPTHPOBAIIN
MaccHUB B THaBe 7, BecbMa >PheKTUBHEBL. [l HUX Bce omepannu, Kpome
oneparun UNION, BernonusiioTes 3a Bpems O(lg n) B xynmem cirydae (a
HEKOTOpHBIe M3 onepanuii — erié 6eicTpee). Ho mis BermonHenns onepa-
muu UNION HaM OPUXONHUTCS TPUNHUCHIBATL ONUH MAacCUB K IPYTOMY 1
3aTeM BBINOMHITH mponenypy HEAPIFY, ato Tpebyer Bpemern O(n).

B sroit rmaBe MBI pacckaxeMm 0 “Ounomuaavbnuir kyuaxr” (BTOPOi
ctonGern Tabnuusl). O6paTnTe BHEMaHNe, 9TO OOBeINHEHNEe NBYX O-
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INponuntie Kyun Bunomuantubie kyun — PuboHauumeBsr Kyun

Bpouenypa (B xynumem ciiyuae) (B xynmem ciryqae) (B cpennem)
MAKE-HEAP O(1) O(1) O(1)

INSERT O(lgn) O(lgn) O(1)
MINIMUM O(1) O(lgn) O(1)
EXTRACT-MIN O(lgn) O(lgn) O(lgn)

UNION O(n) O(lgn) O(1)
DECREASE-KEY O(lgn) O(lgn) O(1)
DELETE O(lgn) O(lgn) O(lgn)

Pucynox 20.1 Bpewms BBHITIOSHEHNS Pa3INYHBIX OMEPAIAl IJIT TPEX BUIOB CIUBAE-
MEIX Ky4 (n — 0Olllee UMCIIO 3/IEMEHTOB B Ky4YaX Ha MOMEHT OIEDALI).

HOMUAJIBHBIX Ky4, COMepXKallluX B CYMMe N 3JIEMEHTOB, TpebyeT Bcero
b O(lgn) onepanuii.

B rnase 21 mbr paccmaTpuBaeM “dubonauuuesst kyuu”, KOTOPDIE eI11é
6onee sdpdexTuBHE (TpeTnii cronber). OTMeTHM, BIPOYEM, ITO 3TO
YIyullleHne QOCTUraeTcs UMb I YUETHOR CTOMMOCTH onepanuii npu
AMOPTHU3AIMUOHHOM aHaJU3e.

B nauiux nponenypax Mbl He 3aHUMaeMCs BbIIeJIeHHeM U OCBODOXKIe-
HUeM TaMsSTH HJs IeMeHTOB KyU.

Bce Tpu Buma kyu, ykazaHHbIX B Tabuuile, HE MO3BOJISIOT 3ddex-
THBHO pPealn30BaTh MONCK JIeMEeHTa C JAHHBIM KI090oM (SEARCH).
Hostomy mponenypbl DECREASE-KEY uw DELETE monydaloT B Kade-
CTBe TapaMeTpa He KJI0Y BEpIINHBI, a yKa3aTelb HAa Heé (BO MHOTHX
clydasx 9To TpeGoBaHIe He CO3MaéT mpobiem).

B paznene 20.1 onpenensitorcs GuHOMUAIbHBIE NePeBbs U Kyun. 1am
JKe ONUCHIBaeTCs MpefcTaBieHne GHHOMUAIbHBIX Kyd B nporpamme. B
pasnesie 20.2 nokazaHo, Kak pealin30BaTh BCe MEPeUNCIIeHHbIe OTlepalliil
3a yKazaHHoe B Tabsauie 20.1 Bpems.

20.1 HunoMuajdbHBIE NEPEBLA U GMHOMUAIILHBIE KYYH

Hunomunannuasg Ky4a COCTOHUT I3 HECKOJILKUX O6uHOMUAJBHBIX nepe-
BLb€B.

20.1.1 HuzoMuUAIbLHBIE AEPEBbA

Humomnamsasie gepesbamu (binomial trees) HaspIBAIOTCS YHOpPSIOTEH-
Hble (B cMmbicse pasmena 5.2.2) nepeBbst By, Bi, Ba, ..., onpenensiembre
HHIYKTHBHO.

HepeBo By coctont n3 enmHcTBeHHON Bepiinabl (pruc. 20.2a). lepeso
B ckieeno u3 IBYX DK3eMINISIPOB OepeBa Bi_1: KOpeHb OIHOTO U3 HUX
00BSABIIEH CAaMBIM JIEBLIM MOTOMKOM KOpHS Apyroro. Ha puc. 20.26 mo-
Ka3aHBl OMHOMUANBHEIE HepeBbs Bo—By.
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depth = rny6una

Pucynox 20.2 (a) HexypcusHoe onpenernerue 6uHoMuansHoro aepesa By (Tpeyrons-
HUKN — TOAHEPEBbs C BBIIAEIIEHHBIM KopHeM). (6) Hepesbst Bo—By. ludper ykasbi-
BaloT IUIyOuHY BeplunH B nepese By. (B) Ipyroe mpencraenenue nepesa Bj.

JIemma 20.1 (CpoiicTBa OMHOMUANBHEIX AepeBbeB). /lepeso By
codepocum 2% sepuiun;
umeem evicomy k;
uMmeem C’,i 8EPULUH 2AYOUHDL 1;

UMEEM KOpenb, geadroujuiica eepuwunoti cmenenu k; 6ce ocmaibhble
6EPUIUNDL UMEIOTN MEHDWYIO CTNENEHD; JEMU KOPHA A6ALIOMCA KOP-
namu noddepeeves By_1, By_a, ..., B1, By (caesa nanpaso).

Loxazameavcmeo. npoBonutcs wanyknuein no k. IHns By Bcé oue-
BunHO. HycTh yTBepknenne BepHo nas Bi_i. Torma:

1. HepeBo Bj cOCTONT W3 NBYX KOMUil Bi_; W MOTOMY CONEPXKUT
k=1 + 2k=1 _ ok BEpIITHH.

2. Hpu coenuuennn NBYX KOMWil ONUCAHHLIM CIOCO60M BBICOTA yBe-
auyuBaercd Ha 1.

3. Hycts D(k,t) — dncno Bepuinn raybunst ¢ B nepese Bjy. Ho mo-
cTpoennio nepesa By (cM. puc. 20.2a) nMeeT MeCTO PaBEeHCTBO

D(k,i)=D(k = 1,0)+ Dk —1,i-1)=Cj_, + CizL = CL.
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(MBI BocTOTb30BaINCh MHAYKTUBHBIM ITPEANoNoKeHneM 1 yup. 6.1-7.)

4. Ho mpennonoxeHunio WHAYKIUN BCe BEPUIUHbI B By_1 UMeT cTe-
meHb He Gonbiie k — 1, Tak uTO KOpeHb HepeBa By Gyner B HEM eluH-
CcTBeHHOI Beplinuoil crenenn k. B mpaBoMm u3 ckiienBaeMbIX JepeBbeB
IeTH KOpHS GBIIN BepIlinHaMu nepeBbeB Br_o, By_s, ..., By, Bg, Tenepb
K HUM NMOGaBUIOCH CJieBa ellle nepeBo By_q. O

Caencreue 20.2. MakcnManbnas cTeleHb BepIINHLI B OUHOMUAILHOM
JlepeBe ¢ n BeplinHaMu paBHa lgn.

lloxazameavcmeo. Ncnonbizyem yTBepiknenus 1 n 4 memmor 20.1. U

HasBanme 7Gunomuaivioe depe6o” cBA3aHO C yTBepKAeHWEM 3
nemmMbr 20.1 (ymeno C} Ha3bIBaloT GHHOMIAIBHBIM KO(MMUIIEHTOM).
Cwum. Taxxke ynp. 20.1-3.

20.1.2 HuxHoMHAIbLHBIE KYy4H

Hunommamsras kyua (binomial heap) — »sTo maGop H OGuaOMm-
alBHBIX IEPeBBEB, B BEPUINHAX KOTOPHIX 3alMCaHBl KIOUN (dmcia)
U, BO3MOXHO, MNONOJHUTEeIbHas wuWHMopManusi. Hpu 3ToM HOJKHBI
OBITH BBINOJIHEHBI TaKne cpomcTsa GuHoMmanbaoil Kyum (binomial-heap
properties):

1. Kaxnoe nepeso B H ynopamoueno B cmuicie kyu (is heap-ordered),
T.e. KIIOU KaXK/IO#l BepIUHBI He MeHbIlle, YeM KJ04 e€ ponuTes.

2. B H meT nByx GHHOMHATBHBIX I€PEBBEB ONHOTO pasMepa (¢ omm-
HAKOBOI CTENeHbIO KOPHS).

HepBoe cBoiicTBO rapaHTupyeT, 4TO KOPeHb KaXXJOro U3 JepeBbeB
HMeeT HauMEeHbIINH KU Cpelll ero BeplinH.

W3 BTOporo cBoiicTBa ciiefyeT, 4TO CYMMapHOe KOIUYeCTBO BepIluH
B GHHOMUAJBHON Kyue H ONHO3HAUHO ONperesisieT pa3Mephl BXOMSIIHX
B Heé mepeBheB. B camom gese, oblliee UUCIIO BeplliH, PaBHOE N, €CTh
cyMMa Pa3MepoB OTHENbHBIX €peBbeB, KOTOpbIE CYTh pa3iudyHble cTe-
IeHN IBOMKI, a TaKoe MpelcTaBleHNe eINHCTBEHHO (IBONTHAS CHCTEMA
cancienns). OTcona BEITEKaeT Takke, ITO Kyda ¢ 1 HIeMeHTaMu CO-
cTonT u3 He Gosee eM |lgn| + 1 GUHOMUATBHBIX IepEBHEB.

Ha puc. 20.3a nmoxkazana 6uHoMmanbHas kyda H ¢ 13 Bepmmoamu.
B nBoununoit cucreme 13 3anucoiBaercd kak 1101 (13 =8 +4+ 1)7 n
H cocront 3 6uHOMnanbHEIX nepeBbeB Bs, By n By (¢ KonuvecTBOM
Bepiins 8, 4 n 1).

Hpencrapienne GHHOMMAJIBHEIX KyU B IIPOTpaMMe
Kax nmokazano ma puc. 20.36, Kaxknoe 6nHoMualibHOe OepeBO B OGMHO-

MIAJIBHON Kyde XPaHUTCS B NPENCTABICHNN ~1€6blll PEOEHOK, Npaecbli
coced” (cm. pasm. 11.4). Kaxnas Bepinna nmeeT none key (Kiod), a
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Pucynox 20.3 Hunomuanbhas xyda H ¢ n = 13 Bepumnamn. (a) Kyua cocromt
13 OMHOMUAIIBHBIX AepeBbeB Bo, Bz m Bs, umeonmx cooTBeTCTBeHHO 1, 4 1 8 Bep-
e (Bcero 13 Bepuimn). Koy Kakoil BEPUIMHEL He MeHbIIE, YeM KIIIOU €€ POfU-
Tersa. KopHI epeBheB CBA3aHBI B KOPHEBOM CITHCOK B TIOPSIKE BO3PACTAHNS CTETEHN.
(6) Hpencrasienne xyun B nporpamme. Kaxioe 6UHOMHAIIBHOE [NEPEBO XPAHUTCS B
npencTaBiaeHun ~aeebili pebénok, npaesiti coced”, M B KaXKION BEPIINHE XPAHUTCS
eé crenens (degree).

TakKe XpaHUT IONOJHUTENLHYI0 HHpopMannio. Kpome Toro, Kaxmas
BepIINHA & XpaHUT ykasarenn p[z] (ponnrens), childz] (cambrit neBbIit
u3 nereit) u siblinglz] ("caedyrowui no cmapwuncmey opam”). Ecan
r — KOpeHb, TO p[x] = NIL; ecitu @ He uMmeeT mereii, To child[z] = NIL,
a ecnum T ABJISeTCS CaMbIM IIpaBbIM pPeGEHKOM CBOETro pOmUTeNs, TO
siblinglx] = NIL. Kaxkmas Bepuinaa @ comepXkuT Takxke none degree[x]
B KOTOPOM XPaHUTCS CTeNeHb (YHCIO [MeTeil) BepUINHbL &.

Ha puc. 20.3 nokazaHo Takxke, 4TO KOPHI OUHOMHUAIBHBIX [EPEBLEB,
COCTaBIAOUINX OGUHOMUANBHYIO Ky4y, CBA3aHLI B CIINCOK, Ha3bIBaeMbIil
KopHeBBIM crmckoM (root list) B mopsinke BozpacTanus crenereii. Kak Mbr
BUIEN, B Kyde C 1 BeplIMHaMI CTeleHl KOPHEBLIX BepUInH 06pa3yioT
nonMHOKecTBO MHOXKecTBa {0, 1,..., [lgn]|}.

Jlns mocTpoenus KOPHEBOIO CIUCKa WCIOJNL3yeTcs mnoje sibling: ms
KOpHeBOIi BepIINHBLI OHO YKa3bIBaeT Ha CIeNYIOLINil 3JeMeHT KOPHeBOIo
cnucka (1 comepKuT NIL [Tt TOCIAENHero KOPHs B KOPHEBOM CITHCKE).
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Pucynox 20.4 HusoMmmanbHOe mepeBo B4 ¢ BeplImMHaAMI, TPOHYMEPOBAHHBIMI B IIO-
?

panke “aeeoe noddepeso, ..., npasoe noddepeeo, eepuiuna’; HOMEpPa 3aIMCAHBI B

IIBOMYHON CUCTEME.

HocTyn Kk 6uHoMnanbHoil Kyde H ocyliecTBaseTcs ¢ TOMOIIBIO MO
headH] — yxasaTesns Ha nepBblii KOpeHb B KOpHEBOM clucke Kyun H.
Ecnn kywa H nycra, To head H] = NIL.

Yupaxuenus

20.1-1 HycTh & — BepIInmHa onHOTO N3 GHHOMHUAILHBIX epeBheB B
GuHOMUAIBHON Kyde, npnuém siblinglz] # NIL. Kak cooTHOCSTCS 3HA-
uennus degree[siblinglx]] n degree[z]? (OTBeT 3aBUCHT OT TOTO, SABISIETCS
T & KOpHeM.)

20.1-2 HycTh ¥ — HeKopHeBas BepIllINHa OWHOMHUAJILHOTO JepeBa.
Cpasunts degree[p[z]] u degree[z].

20.1-3  Hacmonoxkum BepIInHLI GHHOMHAIBLHOTO HepeBa Bp B TakoM
MopsAiKe, 9TOOBI KaKIasd BeplINHAa CJIe/IoBaJia 3a CBONMHN MOTOMKAaMU.
Hpu »ToM cHagama mOyT MOTOMKH e& JeBoro pebéHKa, 3aTeM cam
3TOT pebeHOK, 3aTeM MOTOMKN clenyiolllero pebeHka, oH caM W T.IH.
(postorder walk). Hporymepyem Bepiumubr, 3alncaB HOMepa B IBOHY-
Holt cucTeme cuncienns (puc. 20.4). Hokaxknre, 9T0 riybuHa BepIInHbL
ONpeNeNnsieTCsl YUCIOM eINHNT (KOPeHb NMeeT ONHN eNNHUIIBI, ero IeTH
Ha O[IHY €MHNIY MEeHbIle W T.I.), & CTeNeHb BePIINHLI PABHIETCS -
CIy eNUHUIl y npaBoro Kpas nouunoil 3anucu. CKOJBKO UMeeTCs IBO-
HYHBIX CTPOK IUIMHBL k, COTEpKAIINX POBHO j €MUHUIL, U ['Jie HAXONSTCS
COOTBETCTBYIOIINE UM BePIIHHBIT

20.2 Omnepauun

¢ OCMHOMHUAJILHBIMU Ky4JaMu

B »ToMm pasmenme mpuBemeHLI peanu3aluu olepanuil ¢ GHWHOMUAIb-
HLIME KydaMmu. BpeMms paboThl 3Tux omepanuii ykaszano B Tabmuie 20.1.
Mgz nokaxkeM TONBKO BepxXHUe OINEHKHW, OCTABISS HUKHUE B KadecTBe
yip. 20.2-10.

Co3mganme HOBOM Ky4m

Hpouenypa MAKE-BINOMIAL-HEAP co3naéT um Bo3BpalllaeT 00b-
ext H, nis koroporo head[H] = NIL (Bpemst pa6oTst O(1)).



400

laasa 20 Hunomuaasuvie Kyuu

Houck MunnmanbpHOro Kiroua

Hpouenypa BINOMIAL-HEAP-MINIMUM Bo3BpalllaeT yKa3aTellb Ha
BEPIINHY ¢ MUHUMAJbHBIM KJIOUOM B GUHOMUAJIbHOW Kyue H, cocTos-
uiell u3 n BepiuH. MBI HCHONB3YEM ClellnalbHOe 3HAUeHHe 00, KOTOpoe
Gosblile Beex 3HaueHnil kimiodeit (eum. ymp. 20.2-5).

BinoMiAaL-HEAP-MINIMUM(H)

1 y <+ NIL

2 x <+ head H]

3 min & oo

4 while z # NIL

5 do if key[z] < min
6 then min < keylz]
7 Yz

8 x <+ sibling[x]
9 return y

B

OMHOMUAJILHBIX [I€PeBbAX HaUMEHbIINEe 3JIeMeHTHhl CTOAT B KOp-
HSX, TaK 9TO NOCTATOYHO BHIOPATH MUHUMAJLHBIN BIeMEHT KOPHEBOro
cnucka. Hponenypa BINOMIAL-HEAP-MINIMUM mpocMaTpuBaeT 3TOT
CIUCOK, XpaHs B MePeMeHHON min MUHUMAJbHOE U3 MPOCMOTPEHHBIX
3HaueHull, a B IepeMeHHOll i — BEepPIINHY, ['Jle OHO NOCTHTAeTCs.

Hampumep, nus kyum puc. 20.3 mnpomenypa BINOMIAL-HEAP-
MINIMUM BO3BpalllaeT yKa3aTelb Ha BEPIIHHY ¢ KIOUoM 1.

HnnHaa KopHeBoro cnncka He npeBocxonnt |lg n|+ 1, mosromy Bpems
paboTsl nporenypbl BINOMIAL-HEAP-MINIMUM ecTb O(Ign).

20.2.1 OoObeguHeHUE ABYX KyU

Omnepanuss BINOMIAL-HEAP-UNION, coenuusitoiias nBe GUHOMUAIb-
Hble KYYH B OIIHY, UCIIOJB3yeTCs B KauecTBe MOMNPOrpaMMbl GOJIBIIINH-
CTBOM OCTAJILHBIX ONlepaluii.

[Umest mpocTa: MycTh €CTh [Be OHHOMUAJbHBIE KYUH C 1M I 1 HJIeMeH-
Tamu. Hasmepbl nepeBbeB B HEX COOTBETCTBYIOT ClIaraeMbIM B pa3io-
JKEHUSIX YUCeNl M U 1 B cCyMMy crenereil nBoiiku. Hpu cioxkenun crod-
OUKOM B IBOHYHOI cHCTeMe MPOHCXONST MEePEHOCHI, KOTOPbie COOTBET-
CTBYIOT CHUSHUSM IBYX GUHOMUAJbHBIX HepeBheB Bp_1 B nepeso By.
Hapo TosibKO MOCMOTpPETH, B KaKOM U3 CIUBAEMbIX HEePEBheB KOpPEHb
MeHbIIle, I CIUTATh €r0 BEPXHUM. ]

Onuiiem onepanuto obbenuHenus nonpobuo. Hauwém co Bcromora-
TenbHON onepanun BINOMIAL-LINK, koTopas coenuusieT nBa GUHOMIU-
alBHBIX JIepeBa ONHOTO pasmepa (Bj_1), KOPHIMI KOTOPBIX SBISIOTCS
BEpLINHBL Y U 2, Iejas BePIIUHY Z pONuTereM BepIIUHbI § U KOpHeM
nepesa By.
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BinoMIAL-LINK(y, 2)

L ply]« 2
2 siblingly] < child[z]
3 childlz] «y

4 degree[z] < degree[z] + 1

Bpewmst paborer sroit mporenypsl — O(1) (ymadubiv o6pasoM OKa3bl-
BaeTcs, 4TO BepIINHY y HaNo n0GaBUTh B HAuQ.10 COHCKa HeTell Bep-
HIUHBI Z, YTO JIENKO CIEIATh B IPEICTaBIeHUE ~1e6bli pebEHOK, npaebli
coced”).

Tenepn nanuiiiem npotenypy BINOMIAL-HEAP-UNION, KoTOpas 065
ennHsieT OmHOMmanbHble Kyunm Hy m Hy (camm Kydm mpum 5TOM mcde-
3ator). Homumo mpomnenypst BINOMIAL-LINK, HaM mOHamoGuTcs mpo-
nenypa BINOMIAL-HEAP-MERGE, KoTopas clIiBaeT KOpHEBBIE CINCKH
kyu Hy u Hy B enuHblil CHOUCOK, BEPUIMHBI B KOTOPOM HIYT B IIO-
psiike Bo3pacTaHus crenereii. (Hra nporenypa anamornana mpomemnype
MERGE u3 paszpmena 1.3.1, u e& MBIl ocTaBiisieM YHTATENIO B KauecTBe
yup. 20.2-2.)

BinomiaL-Heap-UNION(Hy, Hs)

1 H <+ Make-BinomIaL-HEAP()
2 head[H] < BiNoMmiaL-HEAP-MERGE (H;y, Hy)
3  ocBOGONUTH MaMATh, 3aHATYIO on Hy w Hy
(COXpaHUB CINCKN, Ha KOTOpHIe yKas3biBaloT Hy m Hy)
4 if head H] = NIL
5 then return H
6 prev-z < NIL
7 1z« head H]
8 next-z + sibling[x]
9 while next-z # NIL
0 do if (degree[z] # degree[next-z]) or
(sibling[next-z] # NIL

and degree[sibling[next-z]] = degree[z])

11 then prev-z < z > Cayvan 1 u 2
12 T + nezt-x > Cayvan 1 u 2
13 else if key[z] < key[next-]

14 then sibling[z] < siblingnext-z] > Cayuait 3
15 BinomiaL-LiNK(nezt-z, ) > Cayuait 3
16 else if prev-z = NIL > Cayuait 4
17 then head[H] < next-z > Cnyuait 4
18 else sibling[prev-a] «+ next-xzr- Cnyuait 4
19 BinomIAL-LINK(z, next-z) > Cayuait 4
20 T + nezt-x > Cayuait 4
21 next-x < siblinglz]

22 return H
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Ha pucynke 20.5 moxazan npuMep o6bedUHEHNS IBYX KYy4, B KOTOPOM
BCTPEUYANTCS BCe UETHIPE Cllydasi, NPelyCMOTPeHHbIe B TEKCTe Mpolle-
Ny PHI.

Ha6ora npornenyput BINOMIAL-HEAP-UNION HaunmHaeTCs ¢ coennHe-
HUs KOpHEeBBIX cnuckoB Kyu Hy u Hy B enunbiii cnucok H, B KoTopoM
KOPHeBbIe BepIINHBI NAYT B MOPSIKe BO3PACTAHNS NX CTeneHell (BBI30B
BinoMIAL-HEAP-MERGE).

B nosnyuupiiemMcst crnucke MOxKeT GbITh IO IBYX BEPIIUH ONUHAKOBOI
crenenn. HopToMy MBI HaulHAEM COENUHSTH HePeBhbs PaABHON cTeneHn ¢
MOMOIIBIO TIpolenypbl BINOMIAL-LINK u fiesiaeM 5To 110 TexX Mop, MoKa
JlepeBbeB ONIMHAKOBOI cTemeHu He ocTaHercs. Hror mpotece cooTser-
CTBYET CJOKEHUIO CTOJIOUKOM, U BpeMs ero paboThl POHOPIHOHAIBHO
YUCHY KOPHEBBIX BEPIIUH.

Omnniem paGoTy mporenypsl 6omee nonpo6ro. Cuavgana (cTpokn 1-3)
MPOUCKXONUT CIUSHIE KOPHEBBIX CHUCKOB OMHOMUANBHBIX Kyu Hy u Hy
B onuH KopHeBoii cnucok H. Hponenypa BINOMIAL-HEAP-MERGE Ha
KaXKJIOM I1are cBoeil paboThl cpaBHUBaeT Havasia cnuckoB Hy u Hy u
BEpIINHY ¢ MeHbIIIell cTenenbio noGasiseT B KoHell cnucka H. Hpu sTom
HOPSIIOK COXPaHseTcs, TaK 4TO B ciucke H cTeneHun KOPHEBBIX BepIUH
nayT B HeyObIBatollleM nopsanke. Hponenypa BINOMIAL-HEAP-MERGE
Tpebyet Bpemern O(m), rume m — cyMMmapHas IinHa cnuckoB Hy n Hs.

Ecnn xkyan Hy n Hy nycTer, 6yneT Bo3BpallleHa MycTas Kyda (CTPOKH
4-5). llanee mpr mpennonaraeM, ITo cnucok H comepxknT XoTs 651 ONHY
BEpIIHHY.

B nukie ucnonb3yroTes TpH yKazaTess:

® 1 YKa3bIBaeT Ha TEKYIIYI KOPHEBYIO BEPIIUHY;

® prev-r YKasbplBaeT Ha NPeNIIecTBYIONIYO Bepiinuy (siblingprev-z] =
z);

® nexl-r yKa3blBaeT Ha BeplLINHY, CIENVIOLUIYIO 3a Z B CIHCKe
(sibling[z] = neat-z).

Wsnavanbro B ciucke H MoxeT 6BITEH He Gollee MBYX BepIIWH JaHHON
CTeTeHn, Tak KakK KaxXknas n3 SUHOMHANbLHEIX Ky4 Hy u Hy comepXuT He
6oJlee ONHON BepIIWHBI HaHHOW cTemeHn. HockolbKy cTemnenn He yObI-
BalOT, BEPUINHBI OIMHAKOBOI cTelleHn OYNyT COCEIHUMMU.

Hpu crnoxkennu MBOMYHBIX YHCEN CTONOUKOM B OMHOM pal3psne MOXKET
6BITH TPHU eNNHNILI (IBe B CJaraeMbIX U OIHA 3a CYET meperoca). Ho
AHAJOTUYHBIM TPUINHAM B XOIe BBITIOIHEHUS HTPOIenyphl BINOMIAL-
HeAP-UNION B cnuicke H MOTYT 0Ka3aThCs TPH BepIITHBI ONUHAKOBON
CTeleHN.

Hostomy, Buns B cTpoke 10 nBe cocenune BeplInHLI OMNHAKOBOI CTe-
NeHu, Mbl IPOBepseM, He UAET JIM 38 HUMU elllé OIHa BepllinHa Toil XKe
CTeleHN.

3ameTnM, 9TO B Havase KaKmoil mTepannn mukna while (cTpoknm 9—
21) Hu onmH W3 yKasareneil & W next-r He paBeH NIL.

Cnyuait 1, uzobpaxennbiii Ha pucyHke 20.6a, BO3HUKaeT, Kormia
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Pucynox 20.5 Wcnonrenue nponenypst BINOMIAL-HEAP-UNION. (a) Hunomunans-
meie kyun H; n Hs. (6) Kyua H, BosHumkalolmas mocie BBIHOIHEHUS BINOMIAL-
HEAP-MERGE(H1, Hz); B IepeMeHHOIl & HAXOAUTCS NEPBHIT KOpeHb U3 crmcka. Obe
BepUIMHE & U next-r uMmeoT crenenb 0, npudeM keylz] < key[next-1] (cuywait 3).
(8) Hocne ceasviBanus Bepums (BINOMIAL-LINK) £ CTaHOBUTCS IEPBBIM M3 TDEX
KOpHel OfMHAKOBOI cTeneHn (cimydait 2) (1) YKasaTenu IpoABUHY TH BIIEPEL Ha ONHY
MO3UIUIO BIOITb KOPHEBOTO CITUCKA, & ABIISETCS TIEPBBIM U3 ABYX KOPHEN ONMHAKOBOL
crenenn (cimyuvait 4). (n) Hocne csspiBanns Bepurus BosHukaer ciaydati 3. (e) Emé
OIHO CBSI3BIBAHME IPHUBONUT K CiIydalo 1 (CTeleHb BEpIINHBL ¥ paBHa 3, a CTENEHb
next-r pasHa 4). Hponsikenue ykasaTesell IpUBEAET K BEIXOAY U3 LUK, Tak Kak
nexl-r cTaHeT PABHBIM NIL.
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degree[z] # degree[next-z], T.e. Korma x sBIseTCsS KOpHeM nepeBa Bj, a
next-r — KopHeM mnepeBa B; mis Hekotoporo [ > k. HanHoMmy ciyuato
COOTBETCTBYIOT cTpokn 11-12. B aToM ciaydae MBI TPOCTO TPOABUTaEM
yKasaTesn Ha ONHY Mo3nnnio (OGHOBIEHNe yKa3aTels next-r 6ymeT BbI-
NOJTHEHO B CTpoKe 21).

Cnyuait 2, nzobpaxentbiil Ha pucytnke 20.66, Bo3HUKaeT, KOrna Bep-
IMINHA & SBIAETCS TMepBOH cpenl TPEéX KOPHEBHIX BepINH ONNHAKOBON
crenenn (degree[x] = degree[next-z] = degree[sibling[next-z]]). U B sTOM
caydae MBI TPONBUTaeM yKa3aTell BIOIbL COUCKA.

B cTtpoke 10 MBI mpoBepseM, WMeeT I MeCcTO ONNWH W3 CIAydaeB
1 nnm 2, m B cTpokax 11-12 BeImonnsieM MponBUkKeHNe yKazaTelel.

B cnygasx 3 u 4 3a Bepmunoil & cienyeT poBHO ONHA BepIIuHA ToOi
xKe crenenn: degree[x] = degree[next-x] # degree|[sibling[next-z]]. Hro
MOYXKeT TMPOu3OUTH Tocyie obpaboTkn a0boro n3 ciaydaeB 1—4, HO Tocie
caydas 2 Npon3oinéT HaBepHsKa. MBI CBA3BIBaeM BepIIUHLI T U next-i;
KaKas W3 HUX OCTaéTcs KOpHEM, 3aBHCHT OT TOTO, KaK COOTHOCSITCS
KITIOYN B TUX OBYX BepIINHAX.

B canyuae 3 (puc. 20.68) key[z] < key[next-z], mosTomy Beprimua
next-r nonBemniuBaercs K Bepuimie z. CrTpoka 14 ynanseT BepiliuHy
next-r N3 KOPHEBOTO CHOUCKA, & CTPOKA 15 memaeT BepInuHy next-z ne-
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Pucynok 20.6 Yernipe ciayuas B nporenype BINOMIAL-HEAP-UNION. Ha Bcex pu-

CYHKax BeplINHa & — KopeHb nepeBa By um | > k. (a) Cnyuait 1: degree[s] #
degree[nest-1]. Yxaszaremm npopgsuratorcs Ha opHy nosunmo. (6) Cnyuairt 2:
degre(x] = degree[next-z] = degree[siblindnext-2]]. I B sTOoM cnydae ykazaTenm

TIPOMIBATAIOTCS, W TIPU CHEAYIOMEl WTepaluy IAKIa BOSHUKHET Ciydail 3 mwm 4.
() Cnyuait 3: degree[xr] = degree[next-a] # degree[siblindnezt-1]], u keylx] <
key[next-a]. Mu1 ymamseM BeplIWHY nezi-r W3 KOPHEBOTO CICKA W TOMBEIINBAEM
€é K BeplmHe &, moiy4as AepeBo Biii. (r) Cuyuait 4: degree[x] = degree[next-a] #
degree sibling[next-1]], w key[nezt-z] < key[x]. Mer ynansgem Bepuunay & m3 KOPHEBOTO
CIIACKA T TIONBENINBAEM €€ K BEPIINHE ReTi-7, ONSTh-TaKW ToIydas NepeBo Bii1.
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BBIM PeGEHKOM BepPIIUHEL T.

B ciyuae 4 (puc. 20.6r) MeHBUINI K0T NMeeT BepIInHA next-r, mo-
5TOMY BepllinHa & TofBelnnBaeTcs K Bepiunde next-r. Crpoku 16-18
VOAJIAIOT BEPIINHY & W3 KOPHEBOTO CNHUCKA; BaXKHO Pa3NINYaTh, sSBIS-
eTcs JIN BepliliiHa & MepBoil B cnucke (cTpoka 17) win met (cTpoka 18).
Crpoka 19 nemaer BepliMHY 2z JeBbiM peGEHKOM BepIIHHBI nert-r, a
cTpoka 20 o6HOBAsAET T NI clenyiollell NTepanni.

B caygasx 3 n 4 obpazoBanock HOBoe By i-nepeBo, Ha KOTOpoe yKa-
3bIBaeT &. 3a HUM MOXET HaAXOOUThCS OT HYJS IO IBYX MEPEBbEB TAKOr0O
Ke pasMmepa. Ha cienyroriell ntepanun MHKIa 3TO TPABENET K CAydasM
1, 3-4 u 2 cooTBeTCTBEHHO.

Bpewmst paorsr mponenypst BINOMIAL-HEAP-UNION ects O(lgn),
rfle n — CyMMapHOe YHWCIO BepIlinH B kKydax Hy u He: B camoM merne,
pasMepbl KOpHEBBIX cmuckoB B kKywax Hy mw Hy cyte O(lgn) (komn-
Y9eCTBO HEeMeHTOB B 00enx Kydax He 6ojbllle n), W TOcCie CIUsSHUs
B cincke H 6ymet O(lgn) smementoB. U Bpemsi paGOTHI MpOIenyphl
BINOMIAL-MERGE, 1 9ncio uTepaluil Mukia B cTpokax 9-21 mpomop-
MUOoHaNLHO HavanbHOU mnmHe cnucka H. Kaxnas mtepanus TpebyeT
BpeMenn O(1), Tak uro obiiee Bpems nefictBurensuo ects O(lgn).

JlobaBieHne BepUINMHEI

Crenyrorast mporenypa nobaBiseT 5JIeMeHT & B ONHOMHAJIBHYIO
kyuy H. Hpenmomaraercs, 4To »/eMeHT ¥ ykKe pasMeIlléH B MaMsTH,
1 moJie Kioua key[x] 3anomneno.

BinoMIAL-HEAP-INSERT (H, 2)

H' « MaKEe-BinoMmiaL-HEaP()

plz] < NIL

child[z] «+ NIL

sibling[x] <+ NIL

degree[z] 0

head H'] +

H <+ BinomiaL-Heap-UnioN(H, H')

=1 O T = W N —

Wnes mpocTa: 3a BpeMms O(l) MBI co3MaéM GUHOMEaAbLHY0 Kyuy H' n3
onuoit Bepminuel z 1 3a Bpems O(lgn) obbenunseM eé ¢ GHHOMHAIL-
HOt Kydeli H, cocTosmiell n3 n BeplInH. (Hocne 3TOTO MaMATh, Bpe-
MeHHO oTBenéHHad mius H', OCB060>K11aeTC$1). Heanuzanus mpotenypb
BINOMIAL-HEAP-INSERT 6e3 ccoiknm Ha BINOMIAL-HEAP-UNION co-
cTaBaseT ynp. 20.2-8.
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Y,Z[a.]'IeH]l[e BepHINHBI ¢ MUHNMAJIBHBIM KJIIOYOM

Crenyioluas nporenypa u3biMaeT u3 GuHoMmuaibholl kyuu H Bep-
HMIMHY ¢ MUHUMAJIbHBIM KJIIOYOM U BO3BpalllaeT yKa3aTelb Ha U3bITYIO
BepminHy. HocKONbKYy MUHUMAJBLHBIN 3IeMeHT HAaXONHTCS B KOPHEBOM
chucKe, HallTH ero Jierko; mociie ero yiaJjieHus COOTBeTCTBYIOLee Jlie-
peBO pacchinaeTcs B HaDOp OMHOMUAJBHBIX HepPEeBbeB MeHbLIIEro pas-
Mepa, KOTOPbI Ha0 OObeINHUTE ¢ OCTaBIIENCsS YacThlo KyUl.

BinoMIAL-HEAP-EXTRACT-MIN(H)

1 B kopHeBoM crucke H HafiTn BepIINHY & ¢ MIHIMAJIbHBIM
KJIIOYOM U YAAJINTH & U3 KOPHEBOTO CITNCKA

2 H' <+ Make-BinomiaL-Heap()

3 0oOpaTHTh NOPSNOK B CINCKe IeTeil BepIINHLL &
i moMecTuTh B head[H'] ykaszaTenb Ha Hauaio
TIOJTY YU BIIIETOCS CITCKA

4 H <+ BiNoMmIAL-HEAP-UNION(H, H')

5 return z

HaboTa mponenyps! mokazana Ha pucynke 20.7. Bce meficTBUS BLITOIN-
ustfores 3a BpeMs O(lgn), Tak uTo obIiee BpeMs pabOTHI MPOIENY PhI
BinomiaL-HeAP-EXTRACT-MIN ects O(log n).

YmMmeubirenue ximoua

Crenyioluas npolenypa yMeHbIIaeT KIIOU 3jieMeHTa & GUHOMHUAJb-
HOll Kyunm H, mpucBamBasi eMy HOBoe 3HadeHme k (ecian k Gomblme, deMm
TeKylllee 3HaUeHNe KITf0Ya, BHIIAETCS coobienne o6 omnbke).

BinoMIAL-HEAP-DECREASE-KEY (H, 2, k)

1 if k> keylz]
2 then error "nosoe anauenue xaoua 6oabe mexyue2o”
3 keylz] « k
4 y+z
5 2z ply
6 while z # NIL and key[y] < key[z]
7 do obmen keyly] > key[z]
8 > (BMecTe ¢ IOMONHHTENbHON nHpOpMaInei).
9 Yz
10 z + ply]

B nannoil mpomenype mcmonb3yeTcs TOT Ke MPHEM, YTO W B TiaBe
7: BeplliMHA, KIIOY KOTOpOW OBUI yMeHbIeH, ~6cnavieaem” HaBepx
(puc. 20.8).

Hocme mpoBepkn KOppeKTHOCTH BXONHBIX NAHHBIX (CTpoKnm 1-2) B
BepIlinHe & MeHseTcsA 3HaueHne kiioda. Hocrme ¢cTpok 4 m 5 mepemen-
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Pucynox 20.7 Ha6ora nponenypst BINOMIAL-HEAP-EXTRACT-MIN. (a) WcxonHas
ouHoMuanbHast Kyda H. (6) KopHeBas BepiinHa #, IMeoOIas MEHIMAIBHBIT KIIOY,
yoaneHa us KopHeBoro crucka H. Ona 6buta xkopuem Bjy-nepesa, a eé meTu Oblim
KopHsaMu Bj_1-, Br_2-, ..., Bo-nepesben. (B) Obpaiuas HOpsnok, Mbl cobupaeM
NOTOMKOB BepIIMHEL ¥ B GunoMuanbuyio kyay H'. (1) Hesymprar coenumenus xyu

HuH'
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Pucynox 20.8 Habora nponenypsr BINOMIAL-HEAP-DECREASE-KEY. (a) Hepen na-
yanoM Iukila (KoY BepUIMHBL y OB yMEHbILIEH U CTajl MeHbIIE KIIoYa DOJl-
Tesnbckoil Bepumusl z). (6) Hepen sropoli wrepanmeit nukia. Hpowsomrén obmen
KITIOUaMy, yKasaTeJdn Yy U z HPOABUHYTHI BBEPX, HO CBONCTBO IOPIAKa IOKa Ha-
pyutero. (B) Hocne crenyromiero obmeHa u capura ykasaTesell y I 2 BBEPX CBOHCTBO
YIOPSAAOYEHHOCTH BBITIOIHEHO, U IIAKJI IIPeKpaliaeTcs.

Has i CONePKUT eIMHCTBEHHYIO BEPIIUHY, B KOTOPOI KJII0Y MOKeT ObITh
MeHblIIe KJoYeil MpenkoB, a z — ed pomuTess. HaunHaeTcs MHKI: eciu
keyly] > key[z] unu ecnu BepinmHa y SBISETCS KOPHEBOIl, TO IepeBO
yrnopsaouero. B npoTuBHOM ciiyyae MBI MEHsSeM MeCTaMU CONepKIMOoe
BepIINH Y U Z, TeM CaMbIM CIBATas MeCTO HapYIIeHNs BBEPX 10 JIepeBy,
4YTO OTpakeHo B cTpokax 9—10.

Hpouenypa BINOMIAL-HEAP-DECREASE-KEY BBHIMOJIHSETCS 33
Bpemst O(lgn), nockonbky raybuna Bepmuubl @ ecth O(lgn) (yrBep-
xnenne 2 gemwmbl 20.1), a mpm kaxmoit mrepannn mnukna while Mbr
MOMHIMAEeMCsl BBEPX.

Y,Z[a.]'IeHIl[e BepIINHBI

yI[aJ'IGHI/Ie BepHIINHBI CBOOANTCA K IBYM IMpedbldyIINM OllepalllidM: MbIL
yMeHbIlaeM KJIIY JO0 —OO (CHGHI/I&J'H:HOG 3Ha4deHle, IIPpO KOTOpOe MBI
IIpedmnoJiaraeM, 4To OHO MeHblIe BCeX KJ'[IO‘IQI‘/'I)7 a 3aTeM yhalideM Bep-
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HIUHY ¢ MUHHUMAJIbHBIM KIOUOM.

B npotecce BrImomHeHnss npoiuenypbl BINOMIAL-HEAP-DECREASE-
KEY crennanpHoe 3HavYeHme —00 (eAMHCTBEHHOE B Kyde) BCIIBIBAET
BBepX, OTKyHa M yaaliseTcs mpoienypoii BINOMIAL-HEAP-EXTRACT-
MIN.

BinoMIAL-HEAP-DELETE(H, z)

1 BinoMIAL-HEAP-DECREASE-KEY(H, 2, —00)
2 BinomiAL-HeEap-EXTRACT-MIN(H )

(B yup. 20.2-6 npennaraercs nepenucaTh nporenypy BINOMIAL-HEAP-
DELETE 6e3 UCIOIb30BaHNs OMOTHNTEIBHOTO 3HAYEHIST —00. )
Hponenypa BINOMIAL-HEAP-DELETE BhimomasieTcst 3a Bpems O (lg n).

Yupaxuenus

20.2-1 OGbsicHuTe, TOYEeMy CJUsSHUE NBOUYHBIX KydY B CMBICIE
riaBel 7 TpebyeT BpeMenn O(n).

20.2-2  Hamumute nmponenypy BINOMIAL-HEAP-MERGE.

20.2-3  HapucyliTe GnHOMHAJBHYIO Ky4y, KOoTopas MoOIydaeTcs PN
nobaBiieH N BePIIMHBL ¢ KiouoM 24 K Kyue puc. 20.7r.

20.2-4 HapucyliTe GWHOMHAJBHYIO Ky4y, KOoTopas MoIydaeTcs MpH
yiajeHunn kioda 28 uz Kyuu puc. 20.8B.

20.2-5  Houemy mnponenypa BINOMIAL-HEAP-MINIMUM He ToOHTCH,
eclin HEeKOTOpbIe U3 Kitouell uMeioT 3Hauenne oo? Kak crenats eé npu-
TOAHON U JJIst BTOTO ciyuas?

20.2-6 He monp3yschk cHelnajbHBIM 3HaUeHHEeM —OO, TepenniinTe
nporenypy BINOMIAL-HEAP-DELETE. (Ouernka O(logn) mnns Bpemenn
paBOTHI NOIKHA COXPAHNTHCS. )

20.2-7 B 4uéM COCTONT YIOMUHABINA’CS CBSI3bL MeKIY COeNUHEHUEM
OMHOMUAJILHBIX KYU U clloKeHUeM nBouuHbix uncen? OObsicHUTE CBI3h
MeIy no0aBieHneM BepUINHBI B OMHOMUAIBHYIO Kyuy U npubaBiieHueM
eUHUIBI K TBOMYHOMY UYUCIY.

20.2-8 Humes B BUAY COOTBETCTBHe, YIOMsIHyToe B ymp. 20.2-7, me-
penuinTe mpolenypy BINOMIAL-HEAP-INSERT Tak, 4To6B OHa noba-
BIIsIJIA BePIINHY B OGUHOMUANLHYIO KyUy HEMOCPEeNCTBEHHO, & He BLI3LI-
Baga BINOMIAL-HEAP-UNION.

20.2-9  HokaxuTe, 4TO ecim pacrnojiaraTh BepIINHLI B KOPHEBBEIX
CIIICKAX B TMOpPSIKe YMEHbIIeHNs (a He yBelnveHNs) CTeleHell, TO Mo-
peXHEMY BCe ollepallill HaJl OMHOMWAJBHBIMI KyYaMN MOXKHO peaJiy-
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30BaThb C TeMN XKe aCUMITOTHUYeCKIMU OIleHKaMMN.

20.2-10  HoxkaxuTe, 9T0O BpeMs paboThl nponenyp BINOMIAL-HEAP-
ExXTrRACT-MIN, BINOMIAL-HEAP-DECREASE-KEY u BINOMIAL-
HEAP-DELETE B Xymimem ciydae Ha Bxomax pasmepa n ecTb Q(lgn).
O6GBsicHuTe, OYeMy BpeMs BbIIOJIHeHUs npolenyp BINOMIAL-HEAP-
INSERT m BINOMIAL-HEAP-MINIMUM B XyIIIeM cJiydae COCTaBlisfeT

o0

Q(lgn) (cm. 3am. 2-5), a ne Q(lgn).

Jamgaun

P B ow

20-1  2-3-4-xyum

B rnase 19 paccMaTpuBainuch 2-3-4-mepeBbs, B KOTOPLIX KaXkIas Bep-
LIMHA, He ABASONIAACS KOPDHEM WJIM JIUCTOM, UMeeT NBYX, TPeX WU de-
THIPEX NeTell, U Bce JUCThA paclofiaraloTcs Ha ONMHAKOBOW TiaybunHe.
Ompenennm 2-3-4-xyum (2-3-4 heaps), HaI KOTOPBIMH MOXKHO TPON3BO-
IUTh ollepalliu, NPelyCcMOTPeHHbIe M1/ CIUBAEMbIX KyY.

Taxas kKyJa monydaeTcs, eClii B KaXKIOM JIHCTe 3alMNCcaTh K0T, a B
KaxkKoll BHyTpeHHell BepllinHe XpaHUTh HallMeHblllee 3HaUeHUe KJtoueil
B IIUCTBIX, SBIASIOIINXCS TOTOMKAMHI 3TON BepHUINHBL. 3HAUSHUS KIITOUei
B JIHCTHSAX MOTYT OBITH MIOOBIMHI (TpeGOBaHUS YIOPSIOIEHHOCTN HET).
B xopue xpaHuTCsS BLICOTA IepeBa.

HpunymaiiTe crmocob peanm3alun TepedncIeHHBIX HUXKe omeparni
Han 2-3-4-kydamn 3a Bpems O(lgn), rme n — qncno smeMeHTOB 2-3-
4-kyun. Onepanus UNION B IYHKTe € HOJNKHA BHINOJHSITHCS 38 BpeMs
O(lgn), rme n — cyMMapHOe 9HCIO 3IeMEHTOB B IBYX OOBeNMHSEMbIX
Kyyax.

MINIMUM BO3BpalllaeT YKa3aTe/Ib Ha JJUCT ¢ HaUMeHLIINM KJIIOYOM.

DECREASE-KEY yMeHbIIaeT Kirod 3aQaHHOIO JHUCTa T, NpHCBanBas
KITI0Uy 3aanHoe 3Hauenne k < keylz].

INSERT nobaBiseT JINCT & C KJIIOUOM k.
DELETE yoalder 3aJlaHHBIN JHUCT .
EXTRACT-MIN nspiMaeT JHCT ¢ HAaUMEHBIINM KITIOUOM.

UNION ofwenunusieT nBe 2-3-4-ky4m B OnHY (MCXOMHBIE KydH IpOMa-
IamT).

20-2 Hounck MUHIMAJILHOTO IIOKPBIBAKOIIIETO AepeBa ¢ UCIIOJIB30BaHUEM CJIN-
BaeMBIX KY4

B rnaBe 24 npuBomsTcs MBa aJirOPUTMAa MOCTPOSHUS MUHUMAJIBLHOTO
MOKPBIBAIOIIEro flepeBa s HeopueHTHpoBaHHOTO T'pada. Ceiiuac Mbl
YKaxKeM elé ofiuH cnocob perieHus STol 3aladi, UCIONb3YIOMIHE CIu-
BaeMble KyUH.

Hycrs G = (V, E') — cBs3HBIT HeopueHTHPOBaHHLI rpad, a w: F —
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R — BecoBas ¢yHKINUs, cTaBslllas B COOTBETCTBHE KaKIOMy peGpy
(u,v) ero Bec w(w,v). MBI XOTHM HAfiTH MIHIMAJbHOE TMOKPBIBAIO-
ee nepeso rpada (7, T.e. anuknndeckoe MHoxecTBo I C F, KOoToO-
poe coelnHseT Bce BepIInHBI r'pada, I KOTOPOro CyMMapHBIN Bec
w(T)= > w(u,v) Muanmanen.
(w,v)ET

Crenyiotiiast nporpaMma (e KOppeKTHOCTH IOKa3bIBAETCS € UCIOIb-
30BaHHEeM MeTONOB paszeia 24.1) cTponT MEHNMAaJbHOE NOKPBIBAIOLIEe
nepeBo T'. Hporpamma xpanuT pas6uenne {V;} MHOXKecTBa Bepinnh V,
I 1718 KaJKIIOTO U3 MHOXKecTB V; XpaHNT HEKOTOpOe MHOKECTBO

E; C{(u,v):u €V, umm v € V;}
pébep, NHINIEHTHBIX BepuInHaM u3 Vj.
MST-MERGEABLE-HEAP (G)

1 T+
2 for (mnst) xaxnoil Bepumust v; € V[G]
3 do VZ — {UZ}
4 E; « {(v;,v) € E[G]}
5 while (moxa) umeercsi GoJiee OMHOrO MHOKecTBa V;
6 do BHIGpaATH J1060€ MHOXKECTBO V;
7 u3bATh U3 I pebpo (u,v), nMeloliee MIHIMaNbHBLL Bec
8 (6ymem cunrtarh, uto u € V; u v € V})
9 ifi#£j
10 then 7'+ T'U {(u,v)}
11 Vi< V;UV;, (V; nponanaer)
12 E,« FE;U E]‘

Onunmute, KaK peann30BaTh 3TOT aJTOPUTM C MOMOIIbIO Ollepallllii co
CIIMBaeMBIMU Ky4YaMil, NepeuncieHHbIx B Tabnuie 20.1. Ouennte BpeMs
paboThl alropuTMa, ecjii B KauecTBe CINBAeMBIX Ky HCIONb3YIOTCH
6nHOMUAJIbHbIE KyUll.

3amevanus

HunoMmunanpuble Kyun 6b11n BBeneHs! B 1978 rony Bumnemuuom [196].
Homnpo6uo nx cBoiicta usyuan Hpayn [36,37].
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B runaBe 20 mbl u3yuasu GUHOMHAIbHBIE KYUH, C MOMOIIBI0 KOTOPBIX
MOXKHO peasn30oBaTh 3a BpeMms O(lgn) (B xymuiem ciaywae) omepannu
INnsErRT, MINIMUM, EXTRACT-MIN, UNION, a Takxke DECREASE-KEY
i DELETE. (CTpyKTYpHl HaHHBIX, HOIAEPKNBAOIINE MepBBe TeTHIPe
113 epevdnCcIeHHBIX ONepalliii, Ha3bIBAIOTC ~causaemvimy kyuanu”.) B
ATOl TIaBe Mbl paccMaTpuBaeM GuGOHATUNEBbI Ky Ull, KOTOPbIE TOIIeP-
KUBAIOT Te XKe IIecTh onepaluii, Ho 6oree 3hdeKTUBHO: onepaluu, He
Tpebylolline ynaleHus 3IeMeHTOB, NMeIT yIéTHY cTonMocTh O(1).

Teoperuveckn puGoHauuMeBbl KyUn OCOOEHHO TONE3HbI, €Cil YHCIIO0
omepannit EXTRACT-MIN 1 DELETE Mand 1O CpaBHEHUIO C OCTallb-
HbIMU omepanusmu. Takas curyalus BO3HUKAeT BO MHOTHX ITPHJIO-
Kenusx. Hanpumep, anropurm, obpabaThiBatoniuil rpad, MOKeET BbI-
3BIBaTh Npolenypy DECREASE-KEY nns kaxmoro pe6pa rpada. s
MJIOTHBEIX I'padoB, HMemx MHOrO pébep, nepexon ot O(lgn) k O(1)
B OlleHKe BpeMeHU paBoTh! /i onepalinn DECREASE-KEY MoxeT mpu-
BECTH K 3aMETHOMY YMeHbIeHHIO 061ero BpeMenn paboroi. Haubosee
OBICTPBIE W3BECTHbIE ANTOPUTMBI IS 3allad MOCTPOEHUS MUHUMAJb-
HOTO TOKpPBIBAOIIEro nepeBa (TiaBa 24) mianm momcka KpaTdafilinx my-
Teil W3 ONHON BepuIMHBLI (T71aBa 25) CYIIECTBEHHO HCIOMB3YIOT (Huto-
HAYYUEBhI KYUH.

K coxanenuio, CKpbIThbie KOHCTAHTHI B aCUMITOTHYECKOI 3alUCH Be-
JIUKH, U UCTONb30BaHue GubOHAUUNEBLIX KyU PENKO OKa3biBaeTcs Iie-
71eco00pa3HBIM: OOBITHbBIE BONYHbIE (WM k-MYHBE) KYyIH HA MPAKTHKEe
shdexTuBree. C mpakTUUeCKOl TOUKH 3peHus ObLIO Obl OUeHb Kela-
TeJNLHO MPUAYMATh CTPYKTYPY NAHHBIX C TEMU XKe aCUMITOTHIECKUM U
OIlEHKAMU, HO C MEHBIIUMHU KOHCTAHTAMHU.

Ucnonb3ys GuHOMualibHble Kyum IS XpaHeHus Habopa MHOXKECTB,
MbI XpaHUJIN KayK/Ioe U3 MHOXKeCTB Habopa B HECKOJIbKUX GHHOMUAJIb-
HBIX IepeBbsiX, CBI3aHHBIX B criucok. Celiuac Mbl 6yfeM MocTynaTh aHa-
JTOTMYHBIM 06Pa30M, UCIOIB3Ys PUOGOHATINEBEl NepeBbs (KOTOPHIE MBI
BCKOpE OTIPeNIeINM) BMeCTO GIHOMUATBHBIX.

Ecnu MBI HEKOrnIa He BHITOIHIeM oNepalnn DECREASE-KEY u
DELETE, To Bo3Hukatolue GpubOHAYUHEBEl NepeBbs OYINyT UMETh TY
kKe CTPYKTYPY, 4To U OHHOMuasibHbe nepeBbs. Ho B obiem ciyuae
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(puboHauYMeBBl NepeBbsa 00NanaT O0JNbIIell THOKOCTHIO, YeM OWHOMU-
anbHbIe (M3 HUX MOXKHO yIAJsTh HEKOTOPbIe BEPIINHBI, OTKIAaIbIBas
nepecTPONKY epeBa [0 yAOGHOTO ciydas).

Kax n nunamudeckme Tabaunsl pasmena 18.4, pubonaudneBLl Kydn
SIBIAIOTCS TPUMEPOM CTPYKTYPbI HaHHBIX, pa3paboTaHHON ¢ yuérToMm
aMOPTU3AINOHHOTO aHanm3a (cM. ri1. 18, ocoberno pasm. 18.3 o MeTome
NOTEHINATA).

Mebr mpennosaraeM, 9TO BB MPOWIN TPENbIAYIIYIO TiaBy (o GuHO-
MUATBHBIX Kyduax). Tam Obura mpuBemena Tabmnma (puc. 20.1), rme
VKa3aHbl OlleHKN BpeMeHU paboThl pa3jiMUHbIX onepaluil ¢ OUHOMUAIb-
HbBIMU U PpuOOHAYYMEBBIMU KyUYaMHu.

Kax n éunoMuanbubie Kyun, GpubOHATUINeBL KyUl He 06ecednBaioT
5((eKTUBHOTO BHIMONHEHHs Toncka (SEARCH). HosTomy mepemaBas
BepIINHY B KauecTBe apaMeTpa, Mbl YKa3biBaeM He KJII0U BEPIUINHBI, &
VKa3aTellb Ha Heé.

B paszmene 21.1 mbr onpenenum ¢uboHaYINEBL Ky4HW, OOCYINM HUX
npencTaBieHne B MporpaMMe U BBeméM TMOTeHNHNANbBHYIO ¢yHKIHI. B
paznenie 21.2 Mbl TOKaxkeM, KakK pealin30BaTh Ollepalluu, MpUCYIIne
ClIMBaeMbIM KydaM, C OlleHKaMu YY€THON CTOMMOCTH, YKa3aHHBIMU B
rabaune (puc. 20.1). OcraBumnecs nse omepanun (DECREASE-KEY n
DELETE) onucausl B pasnene 21.3. Hakoren, B pasnene 21.4 Mbl noKa-
3bIBaeM JIeMMY, UCIOJB30BAHHY O IPU aHaJIU3e NOCTPOeHHbIX NPOLEeNyPp.

21.1 Crpoenne

puboHaugMEeBON Ky

Hpu ucnonbzoBannn ¢pubonavIneBLIX Ky4 I XpaHeHns Habopa MHO-
JKeCTB Kaxk/ioe MHOXKECTBO 3aHNMaeT HEeCKOILKO IepeBheB, KOPHH KOTO-
PLIX CBSI3aHEBl B CIUCOK. Takoil KOHTIoMepaT MLl 6y/ieM Ha3bIBaTh ¢uGo-
narmmeson kyueit (Fibonacci heap). Takum obpasom, kaxmas ¢pubonad-
IneBa KyJda COCTOUT U3 HECKONBKUX NePeBheB; NI KakKIOTO XPAHIMOTO
MHOXKEeCTBa OTBOOUTCS CBOS KydUa.

B xaxmoMm m3 mepeBbeB, BXOHSAIINX B Ky4y, BHITIOJIHEHO TaKoe CBOMH-
CTBO: KIIFOU KayKIOW BepIINHBEI He GoNIbIe Kiiodell eé neteii. epeBbs,
onHaKo, 60ilee He 00s3aHBEl OBITH OMHOMHUANBHEIMEU. Hpumep dubonau-
qmeBOll Kyun mpuBenén Ha puc. 21.la.

B 6unoMunanbHLIX HepeBbAX Ha AeTAX 060N BepIINHEl (PUKCHPOBAH
NOPSIIOK; B PHOOHATINEBLIX IePeBbIX TAKOTO MOPsIKa HeT (meTn aro6oil
BePIINHLI CBA3AHLI B KPYTOBOW NBYCTOPOHHWH CIHCOK, HO MOPSIOK B
HéM HecyllecTBeH). Kak mokaszano Ha puc. 21.16, kaxmas BepllnHa &
COMepKUT YKazaTelb p[¢] Ha cBoero pomurens u ykasarenb childx] na
KaKOTO-HUOYIb N3 CBOMX HeTell.

HeTu BepIIuHBI T CBJI3aHBl B NBYCTOPOHHUH MUKANYECKUI CIHUCOK,
Ha3bIBaeMblil crmckom gereit (child list) Beprmusr 2. Kaxknas Bepimnna y
3TOTO chucKa nMeeT noist left{y] u right]y], ykassiBatoliine Ha eé coceneii
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Pucynox 21.1 (a) PubonauumeBa Kyda, comepiKailjas 5 NepeBbeB U 14 BepuIuH.
HyugTupHoit mimamelt mokasal KOpHeBOI crimcok. MuHNMAaIbHAS BEPIIMHA CONEPKIT
kmod 3. Tpu oTMedeHHBIE BEPIITMHBI BHIIETEHB YEPHBIM MBETOM. HoTeHTmam »Toit
Kyuu paseH 5+ 2 -3 = 11. (6) Ta xe Kyda BMecTe CO CTPENKAMU, IOKa3bIBAIOIIIIMI
3HaueHUs mosell p (crpenku BBepx ), child (crpenku BHus) u left u right (crpenku B
croporsl ). Ha ocTaibHBIX pUCYHKAX 5TOIl I'JIaBBl TakKie CTPEKH OLMYIIEHbl, TaK Kak
OHU BOCCTAHABIIMBAIOTCI OIHO3HAYHO.

B cmucke (eBoro m mpaBoro). Ecianm BepiimHa y sBIsSETCsS eINHCTBEH-
HBIM peGEHKOM cBoero pomutess, To leftly] = right[y] = y.

I BycTOopoHHNE HUKIANYeCKHe CHuCKN (cM. pasm. 11.2) ynobubl 1o
JIBYM NpudnHaM. Bo-TepBBIX, U3 TAKOro CHHCKa MOXKHO YHAJTUTh JIIO-
6yto Bepimuy 3a BpeMst O(1). Bo-BTOpHIX, IBa TaKWX CHUCKA MOKHO
cOeUHUTE B onuu 3a Bpemst O(1).

HomuMo ykazamuoil WHpOpMaIN, KaxkKias BepIINHa HMeeT Moje
degree[z], Tme XpaHHTCs €€ cTemeHb (4WCnO MHeTeii), a Takke MoJe
mark[x]. B sTom nose xpanuTcs 6yneBckoe 3Havenune. CMBICI €10 TaKOB:
mark[x] ncTUHHO, eciu BeplinHa ¥ MOTepsiia peGEHKa MOcie TOTo, KakK
oHa B MOCIEIHUI pa3 clesajach 4bUM-JII60 TOTOMKOM. MBI 06bACHUM
no3Ke, KaK 1 KOa 5TO MoJe NCHOIb3YyeTcs.

Kopuu nepeBbeB, coCTaBAsOMINK GUOOHAYYINEBY KYUY, CBA3AHBI C 10~
MOILIBIO YKa3arTeneil left u right B nBYCTOPOHHIIT MUKIHYECKIl CIUCOK,
Ha3bIBAEMblil KOPHEBEIM CIIMCKOM (root list).

Hoctyn K ¢ubonaydmeBoil kyuye H OCyLIeCTBAAETCS € TOMOIIBIO
aTpubyTa min[H], KOTOpbIil yKa3bIBaeT Ha BEPIINHY KOPHEBOTO CITHCKA
¢ MUHIMaJIBHBIM KiTiouoM. Hra Bepiinia Ha3hbiBaeTCsl MEHIMATBHOM Bep-
muaoi (minimum node) kyun. Eé kmoa 6yneT MUHIMATBHBIM KITIOTOM
B Kyue, MOCKOJIBKY MUHUMAJILHBIA K04 (pubOHAUUneBa JIepeBa HaXo-
OUTCs B ero KopHe. HopsoKk Bepliny B KOPHEBOM CIIMCKe 3HAYCHUS He
nveer. Ecnu ¢puGonawunena kywa H mycrta, To min[H| = NIL.
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Haxkowen, arpubyt n[H] comepxut uncio Bepiinu B Kyue H.

Horenumasn

Hpu ananmse yuéTHON CTONMOCTH ONepaNuil MBI HCIONB3YeM METOM
norenrnuana (pasmen 18.3). Hycrs ¢t(H) — 4ncio nepeBbeB B KOPHEBOM
crucke kyun H, a m(H) — koIm4ecTBO OTMedeHHBIX Bepiind. HoTen-
nmaj onpenenseTcs HopMyIoi

O(H) = t(H) + 2m(H). (21.1)

Hampumep, morenmnunan kyum puc. 21.1 paBen 5+ 2 -3 = 11. B xa-
KIBI MOMEHT BpeMeHHM B MaMsTH XPAHUTCS HECKONBKO Kyd; OOIIuil
MOTEHIHAJl [0 ONpeNeSieHNI0 paBeH CyMMe NOTEeHIHNAJIOB BCEX HTUX
Kyd. B manpmeiimem MBI BhIGepeM “edunuuyy usmepenud nomenyuaia”
Tak, YTOObl eIUHUYHOIO U3MEHEHUs MOTeHINala XBATAJO0 IS OMIAThI
O(1) onepannit (GopMasibHO TOBOPS, MBI YMHOXKIM NOTEHINAI HA TOJI-
XONSIIIYIO KOHCTAHTY).

B HauagbHOM COCTOSHUE HET HU ONHOW Kyduu, u moTeHiuas pasen (.
Kaxk n monoxeno (cum. paszm. 18.3), moTeHInas Bcerna HeOTPUIATENEH.

MakcuMaipHAsg CTEIEeHL

Mer Gyzem mpefmnonaraTh H3BeCTHON HEKOTOPYIO BEPXHIOK TDAHMUIY
D(n) nas creneHell BepIINH B KydaX, KOTOPble MOIYT MOSBHTBCS IPI
BBIMOJNHEHNN Hamnx npouenyp. (Aprymentom ¢yHkmun D sBiseTcs
oflllee YNCIO BCeX BepIINH B Kyde, ofo3HadaeMoe depes n.) Ecin mbr
HCIOJIB3YeM TOJIBKO OlePAINI, IPeNyCMOTPEeHHbIe NI CIANBaeMbIX Ky,
To MoxkHO monoxuth D(n) = [lgn| (yop. 21.2-3). B pasnene 21.3
MBI IOKazkeM (st 06LIero ciydas, KOria paspelleHbl TakKe Ollepaluil
DecrEASE-KEY 1 DELETE), uro D(n) = O(lgn).

21.2 Omnepanun, NpenyCMOTPEHHBIE NJIA CJINBAEMBIX Kyd

Hns wmavama MBI 6ymeM paccMaTpHUBaTh JNIIL omepanun MAKE-
HeaPp, INSERT, MINIMUM, EXTRACT-MIN n UNION, TpenycMOTpeHHEIe
JUTS CIWBAEMbIX Ky4. B aToMm ciaydae kyum 6yayT TpeacTaBAATh cOGOi
Habop “neynopgdoueniviy OGUHOMUAILHBIL depeebes”, KOPHU KOTOPBIX
CBS3aHBI B MUKINYIECKUH CIMNCOK.

Heynopsanouennoe 6unomuambHoe aepeso (unordered binomial tree) mo-
AydaeTcs U3 YIOPAMOYeHHOTO, eClIn MBI mepecTaéM o6palllaTh BHUMa-
HUe Ha TOPANOK CPely BEpIINH, WMeInX obilero pomutend. lpy-
FUME CJIIOBaMU, HeyopsioueHHoe 6GuHoMuaibhoe nepeso Uy cocTonT u3
eNMHCTBEHHON BepILUHBI, a HeyNOopsIoueHHOe OuHOMUalibHOe nepeBo Uy
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HoJiydaeTcss W3 NBYX BK3eMIisipoB nepeBbeB Ug_1, eciii KOpeHb Ofl-
HOTO NMOGAaBHTH K 4nciy meTeil kopus npyroro. (Takmw obpasowm, metn
KopHsi B nepeBe Uy sBisitorcst Bepinnnamu nepesbeB Up, Uy, ..., Uk_1.)
Jlemma 20.1 ocTaeTcs BepHOI U [ HEYHOPSIOUEHHBIX OUHOMUAJBHBIX
nepeBbeB (HAIO TOJNBKO MCKIIOYNTH B CBOMCTBe 4 YIOMIHAHNE O MO-
psiIKe).

B uacthHOCTH, cTemenu Bcex BepliinH B GubGoHAuUMeBON Kyde pas-
Mepa 1, COCTABIEHHON U3 HEYIOPSAIOUeHHBIX OMHOMHAJIbHBEIX JIePEeBbeB,
orpanmuensr Bennanuoit D(n) = lgn.

B otnuune oT GuHOMUATIBHBIX KYU, TeNeph CPENl BXOOSIINX B KyUy
JlepeBbeB MOXKeT OBIThH HECKOJBKO NEPEBBLEB € ONHON U TOil XKe CTeneHbI0
kopus. Ux "koncoaudayug” oTKIAIBIBAETCA IO MOMEHTA BBITOIHEHNS
onepanuu EXTRACT-MIN, korna mnepeBbs ¢ KOpHSIMU OIUHAKOBOI cTe-
HeHl OObLEeINHSIIOTCS.

Co3smganne HOBOU PMOOHATIMEBON KyUM

Hpouenypa MAKE-FIB-HEAP co3naéT n Bo3BpalliaeT o6bekT H, niis
kotoporo n[H] = 0 u min[H] = NIL: KOpHEBOIl CINCOK TON Kydn MyCT.
Hpu stom t(H) = 0 mw m(H) = 0, Tak aTo moreHnnan Ky4u paseH 0,
a CyMMapHBIil TOTeHINAT He MeHseTCs. Y YéTHas CTONMOCTD ONepPAIli
MAKE-F1B-HEAP paBna eé ¢pakruueckoit cronmoctu O(1).

JlobaBieHne BepUINMHEI

Crenyoliasi nporenypa no6aBiseT BeplInHY & B (GuboHATINEBY
kyuy H (mpemmomaraem, 4To BeplliiHa & yXKe pasMellleHa B MaMsATH
1 Toste Knioua key[x] 3amonHeHo).

FiB-HEAP-INSERT (H, 2)
1 degree[z] + 0
plz] < NIL
child[z] «+ NIL
leftlz] « =
right[z] «
mark[z] ¢ FALSE
COENMHNUTE MOJMYUYeHHBI KOPHEBOI CITHCOK
(cocTosIImil U3 BEPUIUHBI ) ¢ KOPHEBBIM CIUCKOM Kyuu H
if min[H] = NIL or key[z] < key[min[H]]
then min[H] «+ «
10 n[H] « n[H]+1

=1 O U = W N

NelNe o)

Crpokn 1-6 ¢opMuUpyIOT NUKINYECKHH COHCOK U3 eIUHCTBEHHON Bep-
IINHEL Z, I B CTPOKe 7 BTa Beplinna nobasisercs (3a spems O(1)) k
KOPHEBOMY CIUCKY Kyun H, B KOTODOIl OSBIISETCS HOBOE OMHODIEMEHT-
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Pucynox 21.2 JloGasnerue Bepiussl. (a) Pubonauunesa kyua H. (6) Ta xe kyua H
noce obapnenys BepimHb ¢ KimiodoM 21. (HTy Beprmmy crenama onHosneMeHTHEIM
JIEpeBOM, a 3aTeM NOGABIJII B KOPHEBOI CIMCOK CjleBa OT MUHUMAJBLHOIN BEepIIMHBI,
KOTOpas B IAHHOM CJIydae OCTasach MUHAMAILHOIT. )

Hoe mepeBo. BepmnHa ¢ He mMeeT MOTOMKOB I He oTMedeHa. B cTpokax
8-9 obHoBmsIeTCs (ecnn HEOOXOMMMO) yKa3aTelh HA MIHIMAIBHYIO Bep-
muny. Hakoren, crpoka 10 yBenununBaer 3uauenne n[H].

Ha puc. 21.2 nmokasano nobapieHne BepIInHLI ¢ KifouoMm 21 B ¢ubo-
HaudueBy kyuay puc. 21.1.

B oranune ot nponenypsl BINOMIAL-HEAP-INSERT, nponenypa FiB-
HEAP-INSERT He TBITaeTCs COeNUHITH NepeBbsi ¢ ONNHAKOBOW CTe-
meHbio Bepinutbl. Ecin BeimonuuTh noppsn k onepanuit FiB-HEAP-
INSERT, To B KOpHEBOIl cnncok OynyT mobaBiieHbl k IepeBbeB 10 OMHOI
BepIInHe B KaxKIOM.

Haiimém yuéTHylo cTonMocTh onepaiinn FiB-HEAP-INSERT. Eé dak-
THYecKas cTONMOCTh ecThb— O(1), n yBenmdyeHme MOTeHIHANA TaKKe
ects O(1) (B KopHeBoil cnmcok HoGaBmiIach onHa BepiinHa). Taxum
ob6paszoM, yuérHas cTonMocTh coctasiuser O(1).

Houck MUHNMATIHHOM BEPIINHBL
YkazaTenb Ha Heé XpaHUTCS B 772272[[‘[]7 TaK 4TO (haKTudecKas CTOU-

MOCTH 5Toil onepamnn ectb O(1). HoTeruman npn sTom He MeHseTCH,
Tak 4TO W yuéTHas cTonMocTh ecTh O(1).

Coenunenue AByX pubOOHATINMEBEIX Kyd

Crenytoliuas nponenypa u3 nByx ¢ubonauuneBbix Kyu Hy u Hy, ne-
maeT onHy (IPH BTOM MCXOMHBIE KYUH HCYE3AI0T).
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FiB-Heap-UNION(Hy, H)

H < MaKke-FiB-HeaP()

min[H] « min[H1]

COeNMHNTH KOPHEBOil cimcok Hy ¢ kopHeBBIM crnckom H

if (min[H,] = NIL) or (min[Hz] # NIL and min[H3] < min[H,])
then min[H| < min[H,]

n[H] « n[H1] + n[H,]

OCBOBONNTH MAMATh, 3aHATYIO MO 3arofoBKn o6bekToB Hy n Ho

return

0~ S Tk W N~

Crpokn 1-3 obbenuusoT KopHeBble cnucku kyu Hy; u Hy B KopHeBoil
crnucok woBoil Kyun H. Ctpoxru 2, 4 u 5 sanonustor min[H], a cTpoka 6
ycranaBianBaeT n[H] paBHbBIM cyMMapHOMY KoJnmdecTBY BepiiuH. O6b-
exTw H1 1 Hy ocBO6OKmAtOTCS B CTPOKe 7, a CTPOKa 8 BO3BpAIIAeT pe-
3yabTHPYIONIyo pubonaddneBy kyay H.OTmernM, 9T0 (Kak u B mpo-
nenype FIB-HEAP-INSERT) coennuennusi mepeBreB He mponcxonnt. Ho-
TeHINAJ He MeHsieTcst (00llee TIC/IO BEPIINH B KOPHEBHIX CINCKAX I 00-
IIiee 9ICI0 TOMEUEHHBIX BepIInH ocTaéTcs Tem xe). Hosromy yuérnas
ctonMocTh onepanun FiB-HEAP-UNION paBHa eé dakTudecKkoil cTou-
moctn, T.e. O(1).

Ns3saTHé MUHIMAIIBHOM BEPIITUHEI

menHO Tpu 5TOI ONepali MPONCXONUT MpeoOpas’oBaHie CTPYK-
TYPBL Ky4ll (pasHble HepeBbs COENUHSIOTCS B OIHO), IOYTOMY OHA Cy-
IIeCTBEHHO CJIOJKHee MPeIBIIYIINX Olepanuil 5Toro pasnena. Hiau meii-
CTBHIl TaKOB: OC/e N3bATHS MIHIMAJIBHON BepIINHBL TO IEPeBO, Tle
oHa OBLIa KOpHEM, pacchilaeTcs B HaOOp CBOUX IMONNEPEBBEB, KOTO-
pble NOGABILIOTCS K KOPHEBOMY CIHCKY. 3aTeM 3alycKaeTcs Ipolenypa
CONSOLIDATE, COeNHSIONIAs IepeBbs, IOCIe 1er0 B KOPHEBOM CIUCKe
ocTaéTcst He GoJlee ONHOTO [epeBa KayKIOil CTeleHI.

MEer canTaeMm, 94TO IpPH YAAJTeHHN BepIINHBI I3 CBA3aHHOIO CIICKA
(cTpoka 6) momust left u right HToil BepUIMHBI OCTAIOTCS HEH3MEHHBIMU
(HO mons eé cocermeil, KOTOPbIe YKA3bIBAIN Ha HTY BEpIINHY, OGHOBIIS-
IOTCS).
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FiB-HeapP-EXTRACT-MIN(H)
1z« min[H]
2 if z # NIL
then for (mnst) Kaxmoro peGéHKa & BepIINHBL 2
do no6GaBUTE ¥ B KOpHeBoi cnucok H
plz] < NIL
VIAJIUTh 2 U3 KOpHEeBOro ciucka [
if z = right[z]
then min[H] + NIL
else min[H] < right]z]
10 CONSOLIDATE(H)
11 n[H]+ n[H] -1

12 return z

w

O 00 =1 O Ut =~

Hpotuenypa FiB-HEAP-EXTRACT-MIN mepemeliiaeT Bcex neTell yma-
asieMOil  (MUHMMAJIBHON) BepIInHBI B KOpHEeBOfl cmmcok kyum H, a
caMy MUHUMAaJBbHYIO BepIINHY yaaJseT U3 KOPHEBOIO CHUCKa. 3aTeM
IPOM3BOAMTCS YIJIOTHEHIE KOPHEBOIO CIUCKA € TOMOIIBIO MPOIENLY b
CONSOLIDATE.

B cTpoke 1 ykazarenb Ha MUHIMAIbHYIO BEPIIHHY COXPAHAETCS B Te-
PeMEeHHOM z (9TOT yKasaTelb BO3BPAIIAETCS NPOIENypoil B cTpoke 12).
Ecnn z = NIL, ncxonHas Kyda Iycra, i paboTa 3akaHunBaeTcs. B npo-
THBHOM ClIydae MBI yHajiseM z W3 KopHeBoro cmmcka H (cTpoka 6),
NpenBapuTeIbHO OMECTHB B HETO BCEX MeTell BePIIMHBI Z (CTPOKH 3—
5). Ecnu mocme storo z = right[z], To BepimHa z He TOIBKO OBLITA
eIMHCTBEHHO BepIIMHON B KOPHEBOM CIHMCKEe, HO U He HMesa MOTOM-
KOB, TaK ITO Tellepb OCTaeTCs JINIIb CIeNMaTh Kydy mycToil (¢Tpoka 8)
I BO3BPATHUTH z. B MPOTHBHOM cilydae Mbl MeHseM 3HaueHne yKa3aTess
min[H] Tak, 4TOOEI OH yKa3bIBaJl Ha KaKyO-JIOO BePIINHY KOPHEBOTO
CIICKA, OTJINYHYIO OT z (B JHAHHOM ciydae — Ha Bepiuuy right[z]).
Ha puc. 21.36 nokazano cocTosiHne Ky4un puc. 21.3a mocie BLITONHEHUS
cTpoku 9.

Ocraérest Bb3BaTh nponenypy CONSOLIDATE (0 KOTOPOI MBI TOBO-
puM masbliie) s ymwiornenus (consolidating) kyum. Ymioruenue mpo-
HCXOMUT 3a CYET TOTO, YTO IBa JepeBa ¢ BepIINHAME ONUHAKOBOI CTe-
NeHN COeNNHSIOTCS B OOHO (ero BeplinmHa OyneT HMeTh Ha eNNHIILY
Gonbinyio crenens). Hra onepanns (nmponenypa FiB-HEAP-LINK) mpo-
U3BOMNTCS JIO TeX MOp, OKa B KOPHEBOM CITMCKe He OCTaHeTCs BepInH
OIMUHAKOBOI CTeNeHN.

Hpu coemmHennn ABYX BeplINH ¢ TMOMOIILIO onepainu FIB-HEAP-
LINK BepimHua ¢ GONbUINM KII0YOM (HA30BEM €8 ) CTAHOBUTCS peGEH-
KOM BEpIINHEI ¢ MEHBIINM KII0UoM (Ha30BéM eé z). Hpu sTom degree[x]
YBEINYINBAETCS, & BEPIINHA Y TlepecTaéT GhITh OTMeTeHHOIl (ecan 6blia
TaKOBOIl).

Hponenypa CONSOLIDATE HCHONb3yeT BCIOMOIaTelbHBI MaccuB
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A[0..D(n[H])]. Ho3nuus ¢ HOMepoM @ B 3TOM MacCHBe TpelHa3HadeHa
IUTs XpaHeHUs yKa3aTels Ha KOpeHb (puboHauvmeBa JepeBa CTENeHn 1.
Brauasie MaccuB mycT (Bce ero siveiiku comepxaT NIL). Hocrenenuo B
HEro TepenuchbiBAOTCS BEPIINHEL U3 KOPHEBOTO CIcKa. Ecim mpu 5ToM
OKa3bIBAETCS, UTO sUeilKa [ BePUINHLI HYKHOI CTeleHH yiKe 3aHsTa,
TO Y HAC ecTh IBa IepeBa HTOil CTeneHi, OHN OOBeNUHAIOTCS, I MBI
NBITAEMCS 3alicaTh OObeNNHEHHOE IEPEBO B CIENYIOIYIO AUeilKy Mac-
cuBa A. Ecin u oHa 3aHsTa, TO MBI CHOBA IIPOU3BONNM ONEPAINI0 00
eIUHEHIS, TTONYYaeM [IepeBo ellé Ha eMuHuIy Gosbliell CTeneHn n T. 1.

CONSOLIDATE(H )
1 for i + 0 to D(n[H])
2 do A[i] + NIL
3 for (mmst) Kaxkmoii BepIIMHBI W KOPHEBOTO cnncka Kyunm H
4 do z ¢« w
5 d + degree[]
6 while A[d] # NIL
7 do y + A[d]
8 if keylz] > keyly]
9 then oOmeH = ¢+ y
10 F1B-HEAP-LINK(H, y, )
11 A[d] + NIL
12 de—d+1
13 Ald] « «

14 min[H] + NIL
15 for ¢ < 0 to D(n[H])

16 do if A[i] # NIL

17 then nob6asnTh A[!] B kopHeBoil cincok H

18 if min[H] = NIL or key[A[!]] < key[min[H]]
19 then min[H] + A[i]

F1B-HEAP-LINK(H, y, )

1 ymanuTh y W3 KOpHeBOro ciuucka Kyam H
2 BKJIIOUNTH Y B CIHUCOK JeTeil BEPUINHBI &, YBeNUUIUB degree[x]
3 markly] < FALSE

Onuiem pabory npouenypsl CONSOLIDATE 6osiee nonpobuo. B ctpo-
Kax 1-2 maccnB A 3amomHseTcs 3HaveHusiMu NIL. B nnkie for (cTpokn
3-13) MBI mepeGupaeM Bce KOpHeBbIe BepIIMHBI w. Kaxmyio m3 HEX
MBI T0GaBIIsieM K MaccuBy A (COemmHss eé ¢ MMEOIIIMICS TaM BepIIi-
HaM1, ecnin HY & HO). OGpaboTKa KakKI0il N3 KOPHEBBIX BEPIINH W MOKET
noTpeGoOBaTh HeCKOMBKNX omepamnii FIB-HEAP-LINK n 3akanunBaeTcs
CO3MIAHNEM [lepeBa, KOpHeBas BePIINHA & KOTOPOTO MOKET COBIMAIATH, &
MOXKeT I He COBIANATh ¢ W, HO B JIOOOM CIydae 9TO IePeBO COMEPKIT
BepinnHy w. Hocme sroro smemenT maccuBa Aldegree[z]] ycranapmu-
BaeTCss TaknmM o0Gpa3oM, 4TOOLI OH yKa3blBad Ha x. B mpomecce sTux
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Pucynox 21.3 Ha6ora nmpouenyper FIB-HEAP-EXTRACT-MIN. (a) PuGomauunesa
kyua H. (6) MunumarnbHas BeplinHa z yoajleHa U3 KOPHEBOIO CINCKA; €€ IMOTOMKI
BKIIIOUEHEL B KOpHeBOIl crucok. (B)—(n) Maccus A u nepeBbsi mociie Kaxiol U3 mep-
BHIX TPéx urepanuit rukia for (crpoku 3-13 mponenypsr CONSOLIDATE). KopHesoit
CIIICOK [IPOCMATPHUBAETCS CIIEBa HAlpaBo 10 Kpyry, HaumHas ¢ min[H]. (e)-(3) Cie-
nylomas ureparus nukia for. Huc. (e) nokasesaer cocTosiHIE HOCTE IEPBOTO UCIION-
HeHns Teja Kia while: Bepimna ¢ ximodoM 23 TiofBeleHa K BEpINTHE € KITIOYOM 7,
Ha KOTOPYIO Telepb YKasbIBAeT ¥. 3aTeM BepINMHA C KIodoM 17 TomBemmBaeTcs K
K BEpILNHE ¢ KIOYoM 7 (XK), a IOTOM U BEPIIMHA C KIOUOM 24 HMOABEIINBAETCI K
BepumHe ¢ kiouoM 7 (3). Hockonbky sueiika A[3] 6bina cBoGonHoll, muki for 3a-
Bepuraercs u A[3] ykaselBaeT Ha KopeHb nosyueHHoro nepesa. (u)-(i) CocrosHus
Hocse Kax[Iol U3 CIEAYIOINX YeThIpex uTepanuil nukia while. (m) ®ubonauunesa
kyua H mocie mpeobpasoBanmns MaccuBa A B KOPHEBOI CITMCOK W yCTAHOBKW HOBOTO
sHaveHms yKazaTess min[H].
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mpeobpa3oBaHuil BEPIINHA W OCTAETCS TOTOMKOM BEPIIUHBIL Z.

NuBapuant nnkia while (ctpokn 6-12) Takos: "d = degree[z]; ocma-
A0Ch O6ABUMb JEPECO € KOPHEM 6 T K MHONCECTNEY, NPEICMABAEHNOMY
maccuéom A”. Ecnu npu sTom A[d] = NIL, TO MBI BBEITIOITHSEM 3Ty Olle-
panmnio (mo6asnenne) B cTpoke 13. Ecnn ke A[d] # NIL, To MBI nMeeM
nBa nepeBa cTenedu d ¢ kopusmu B @ u y = A[d], n B crpokax 810
CoenmHsIeM WX B OIHO JIepeBO ¢ KOpHeM B & (OMHOBPEMEHHO OUYMINAas
sqeiiky A[d] m coxpaHsisi HHBapHAHT).

Haznuunble cragum 3TOoro nporecca nokasaxsl Ha puc. 21.3.

Hociie sroro ocraéres npeoGpa3oBaTh MacCuB A B KOPHEBOI CIUCOK:
B ¢cTpoke 14 Mbl co3naém NycTOW CIUCOK, a B IUKJIe B cTpokax 15-19
nobaBisieM B HETO MO OYepelll BCe BEePIINHBI, UMeolnecs B MaccuBe A.
HezynbTaT nokazan mHa puc. 21.3M.

Ha »Tom npolecc yninoTHeHUS 3aKaHUYNBAETCS, U YIIPaBIeHUe BO3Bpa-
maetTcsa B mponenypy FiB-HEAP-EXTRACT-MIN, koTopas yMeHbITaeT
n[H] #a 1 u Bo3BpalllaeT yKa3aTeNnb Ha W3bATYIO BEPIINHY 2 (CTPOKH
11-12).

3ameTum, UYTO eciau Tepen BbinoNHeHHeM omnepanuu FIiB-HEAP-
EXTRACT-MIN Bce nepeBbs B H OBIIN HEYNOPANOUEeHHBIMI OUHOMMI-
ABHBIMHU JIePeBbsIMU, TO W MOCHe BhiONHeHus onepanuu H Oyner
COCTOSTE U3 HEYMOpsSHOUEeHHLIX OUHOMMAIBHBIX HepeBheB. B camom
Jlesie, coelHeHNe NBYX HEYIOPAIOUEHHBIX GHHOMUAJIBHBIX NEPEBbeB C
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OIMHAKOBBIMU cTeleHsMn kophs (mpouenypa FiB-HEAP-LINK) maér
(Heymopsinodennoe) OGHHOMHAIbHOE HePeBO (CTENeHb ero KOpHS Ha
enunHUIY 6OIbIIe).

Ham ocTanock moka3aTb, 4TO y4éTHas CTOUMOCTDL U3BATHS MIH-
HUMAJBHOW BepIINHBI W3 7-3JeMeHTHON (ubdoHauU4YneBOll Ky4M €CTh
O(D(n)). HocmoTpum, kakue omepannm HaM NPHILIOCH BLIIONHUTS.
Hpexne Bcero nyxuo O(D(n)) neficTBuil, 4T06bI MOMECTUTL BCEX IO-
TOMKOB yaaJlsieMoll BepIInHbI z B KopHeBoil ciucok. Havanbublil 1 Ko-
HeUHBI Tanbl paboTel nporenypbl CONSOLIDATE (cTpokn 1-2 n 15—
19) rakxe rpebyer Bpemenu O(D(n)). Ocraéres yuecTh BKIAI IH-
kia for, pacmonoxennoro B crpokax 3-13. Hro umcio omenmBaeTcs
cBepxy Kak O(D(n)) (pasmep maccuBa A) IIIOC KOHCTAHTA, YMHOKEH-
Hasd Ha uncio obpalienuil K mponenype FiB-HEAP-LINK. Ho npn xa-
KIIOM TaKOM OOGpallleHH IBa AepeBa CANBAIOTCS, YTO IPUBOLUT B HTOTE
K YMEHBIICHNIO [INHBI KOPHEBOIO CINCKA Ha 1 M K yMEHDLIICHHIO IO-
TeHIMaa 00 Kpafimeil Mepe Ha 1 (YHCIO OTMEUEHHBIX BEPIINH MOKET
YMEHBIINTBCS, HO He yBeInuuThes). Tak 4To yMHOKUB HOTeHINAN HA
NOIXOMAIIYI0 KOHCTAHTY, MBI MOKEM CIHTATh, YTO YUETHAS CTOUMOCTD
onepauunn ynanenust ects O(D(n)).

Hpyrumu cioBaMi, onepanny CB3bLIBAHIS [ePEBLEB ONINHAKOBOI CTe-
nen (KOTOPBIX MOMKeT OLITh MHOIO, €C/IH KOPHEBOIl CIUCOK AJIHHHDI)
OIJIAYMBAIOTCS KAK Pa3 3a CY8T yMEHbIICHNs IJINHBL KOPHEBOTO CIHCKA!

Yupaxuenus

21.2-1 HapucyiiTe ¢ubonavuneBy Kyuy, KOTOpas MOJIYUYUTCS B pe-
3yJAbTaTe M3BATHS MUHUMAIBHON BEPIINHBEl (C MOMOIIBIO MPOTELY PhI
F'1B-HEAP-EXTRACT-MIN) u3 kyun puc. 21.3um.

21.2-2  Hoxkaxute, aTo JemMma 20.1 ocTaéTcs BepHOH M HEYTOPSIO-
YeHHbIX OMHOMUAJILHBIX HepeBbeB, eclil CBOWCTBO 4 3aMeHUTh Ha CBOM-
cTBO 4': KOpeHb HeymnopsaoueHHOro GuHOMEUaNbHOTO nepeBa Up nmMmeer
cTeneHb k, KOTOpas ABIsSeTCS MAKCUMAaJIbHON CTeNeHbi0 BepIIuHbBL B Ie-
peBe; meTn KOpHs sBASOTCS BepinnHamu mepeBbeB Ug, Uy, ..., Uk_1 (B
HEKOTOPOM TIOPSIIIKE).

21.2-3  HokaxuTe, YTO ecIi BHIMOJHSIOTCS JIHUIb ONEPANNT, ONUCAH-
Hble B pasfene 21.2, To B Kyue ¢ 7 BepllMHAMU Bce BepIINHbI UMEOT
cTenenb He Gombie |lgn|.

21.2-4  Hpodeccop mpunyMans HOBYI CTPYKTYPY MaHHBIX, OCHOBaH-
HYIO Ha (nOOHAYUMEeBBIX KydaX: ONepalliil BHIMOJHATCA KaK ONNCAHO
B paszgelie 21.2, HO TOJBKO nocje nodaBJeHns BEPIINHBI U COeNMHEHU
IBYX Ky4 Cpa’y ke MPOU3BONUTCS YIIOTHEHNE KOPHEBOTO cucKa. Ka-
KOBO BpeMs BBLITIOJIHEHNS Pa3JINYHBIX Ollepalnil Hal TaKUMU KydyaMn B
xyniem ciydae? Hymer nu Takast CTPpyKTYpa MaHHBIX Y€M-TO HOBBIM?
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21.2-5  Hynem cumTaTh, 4TO KJIIOUN MOXKHO TOJIBKO CPaBHUBATH (I/IX
BHYTPeHHsS CTPYKTYpPa HaM HeIoCTymHa). MoxHo an Torma peannso-
BaTh ONEPANNN HAJ CAMBAEMBIMU Ky4aMW TakK, YTOOBI KaxkKaas W3 HUX
nMerna yuéTHyio cronmocTh O(1)7 (YkasaHme: nCnonb3yiiTe ONEHKN TS
BpEMEeHN COPTUPOBKI.)

21.3 YwmeHblIeHNe KJTI0YA W yAaJIEHUE BEPIIMHBI

B sToM pasmerne MBI HOKaXKeM, KaK DealN30BaTh ONEPAINI0 yMeHbIIIe-
HIISL KJI0Ya 3aaHHOll BepIINHLL ¢ yuéTHoll cTonMocThio O(1), a Takxke
ONepAINIO yIAJIeHIsE BePIINHBL 13 GUOOHAYINEBOIl Kyl ¢ yISTHOI CTO-
umoctsio O(D(n)) (rme n — 4nesno Bepinu B Kyue), a D(n) — onenka
IUIsl MAKCHMAJIBHON CTeleHN BepIIuHbL.

Hocre sTux omepaiuii BXOHSIINe B Kydy NepeBbs HepecTaloT OBITH
OMHOMUAJIBHLIME, HO He CIHNIIKOM [TajeKo OTKIOHSIOTCS OT HHX, Tak
4TO MAaKCHMaJsbHas cTenenb Bepinubl ocTaéres pasuoit O(lg n). Taknm
obpazom, omeparnnn FiB-HEAP-EXTRACT-MIN n FIB-HEAP-DELETE
umeioT yuéruyio cronmocts O(lgn).

YmMmeubirenue ximoua

B crmenytomeit mpomenype yMmenblienus kKiaioda  (F1B-HEAP-
DECREASE-KEY) MBI penmoiaraem, 9TO MOCIe H3bSTHs BEPIINHE 13
CIIICKA CCHIIKA HA BepIINHY-peGEHKa He MeHseTcs (Tak 4TO MpOoTenypa
CUT BBIpe3saeT menoe MOIIePeBo, CM. HIKE)

F'1B-HEAP-DECREASE-KEY (H, 2, k)

1 if k> keylz]

2 then error "nosoe anauenue Kaoua 6oabwe cmapozo”
3 keylx] + k

4y pla]

5 if y # NIL and key[z] < key[y]
6 then CUT(H, z,y)

7 CascapING-CuT(H, y)
8 if keylx] < key[min[H ]

9 then min[H] «+ «

Cur(H,z,y)

1 ymanmuTh @ w3 cOuWCKa HeTell BepIInHBI Y, yMeHbIIUB degree[y] Ha 1
2 1o6aBUTH ¢ B KOPHEBON cnmucok kyum H

3 plz] « NIL

4 mark{z] < FALSE
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CascapiNe-Cut(H, y)

1z ply]

2 if z # NIL

3 then if mark[y] = FALSE

then mark[y] <+ TRUE

else CuT(H,y,z2)
CascADING-CuUT(H, z)

O Ot~

Hpouenypa FiB-HEAP-DECREASE-KEY paGoraer tTak. CHaualna
(cTpokn 1-3) mpoBepsieTcs, NefiCTBUTENBHO I HOBOE 3HAUEHUe KII0Ya
MeHbITle cTaporo. Benm nma, To crapoe 3HadeHne 3aMeHseTcs Ha HO-
Boe. Bo3MOXKHO, HOBOe 3HaUeHWe MO-TIpekKHeMY OoNblle 3HAYEHUS B
BepIIHe-poAuTese, TOTAa BCé B mopsanke. [eam Ke HeT, TO B CTpoKax
6—7 mnoniepeBO C KOpHEM X BbIpe3aeTcs U TepPeHOCUTCS B KOPHeBO
CIICOK C HOMOIILIO Ipouenyp “rkackadnozo evipesanud”.

Wnes TyT mpocTa: MBI He XOTHM TO3BOJIITH BepIlinHe BCIIBIBATH
10 KOpHsI (HAMOMHUM: HaM HyKHa omeHka O(1) mns yuéTHON cTOMMO-
ctu). HpuxonnTces eé BeIpes3aTh IENNKOM 1 OMEIIaTh B KOPHEBOI CIIN-
cok. Ot »TOro pacTéT moTeHnumaln, Ho Bcero Ha O(1), Tak 9TO 5TO He
cTpairo. Ho MBI MOMKHEI CIEOUTE 33 CTPYKTYPOH IepeBa, MOCKOIBKY
XOTUM UMETH JIorapudMUUYecKylo OlleHKY Ha MaKCUMaJIbHYIO CTeleHb
Bepuinusl (D(n) = O(lgn)). 3aberas Bunepén, oTMeTHM, YTO BBICOTA
nepeBa He 06s3aHa ObITH JorapudMuieckoii (cM. yup. 21.4-1).

Mur 6ynmeM crennTh, YTOOL ¥ OMHOW W TOM Ke BepPIINHBI, He BXOMI-
el B KOpHEBOH CIUCOK, He YVHANANOChH HEeCKONbKo meTell. s nToro
HCIONB3YIOTCS ToMeTKH (nosie mark): nocie ynanenus peGénka (mepe-
HECEeHIIsl €r0 B KOPHEBOI CIMCOK ¢ MOMOIIIBI0 Tporenypsl CUT) BeprinHa
leflaeTCs OTMeUYeHHOM, ec/in OHa paHee He OblJa OTMeYeHHON U He Oblila
kopHeM (cTpokn 3—4 mponenypsr CASCADING-CUT). Ecin ke BepinHa,
y KOTopoll ynaliéH pebGEHOK, ykKe ObllIa OTMeYeHHOW, TO OHa caMa Ie-
PEHOCUTCS B KOpHEBOU CIUCOK, & /114 €€ poAuTens NOBTOPAETCsS Ta kKe
npolenypa.

Hocne Buimonuenns onepanuil BEIpe3aHus OCTaéTCI TONBKO CKOPpek-
THPOBaTh aTpubyT min[H]. 3aMeTnM, 4T0 MUHIMATLHON MOXKeT ObITh
1160 BepIINHA ¢ YMEeHbIIEHHBIM KJII0YOM, T1u00 NpeKHAd MUHUMaJ bHas
BepllHA.

Taxum obGpazom, KU3HEHHBIN NMHUKJ BepUIMHBI BRITIsSAuT Tak. CHa-
Jaia oHa nobaBiseTcs B IepeBo, Momanas B ero KopHeBol cnucok. Hpnu
BhimosiHeHuu onepaiiun CONSOLIDATE fepeBbs B KODHEBOM CIUCKe 06h-
ennusioTcs. Hpu sToM Bepimmuna MoxkeT NGO OCTATHCA B KOPHEBOM
CIIICKe, TPHOBPeTs HOBOTO peGEHKaA (ecin eé KoY MeHbIIle KI0Ya Ipy-
roil BEPUINHBI, ¢ KOTOPOIl OHa OOBENNHSEeTCs ), INb0 CTaTh peGEHKOM
IPYToll BepIINHLI KOPHEBOTO CHUCKa. Beplnna KOpHEBOTO CIUCKA MO-
KeT He TOIBKO MpuobpeTaTh NneTell, HO U TepsTh nx (mporenypa CUT);
OTMETHM, UTO TPH 3TOM OHA He CTAHOBUTCS MOMeYeHHON (CTpoka 4 mpo-
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tenypbl CASCADING-CUT BBINOJNHSETCS, JHUITb €CJIH BBIMOJHEHO YCIIO-
BIle B CTpPOKe 2).

B kakoii-To MOMEHT BeplliiHa HUCKJIIOUAeTCs W3 KOPHEBOTO CIHCKA,
CTAHOBSICH PeBGEHKOM NpPYrolfl BepUIMHBI MPU BLIMOIHEHUH IPOIENY Phl
CONSOLIDATE. Hpn sTom eé nomerka (ecim oHa 6blTa) yoaiseTcs
(cTpoka 3 mponenypst FIB-LINK). C 3Toro MoMeHTa HOBHIX feTell y Heé
He npubaBisieTcs, HO MOXKeT ObITh yHaJiéH onuH peGEHOK, OTYero oHa
cTaHeT moMeuenHoi. Hpu ynanenun BToporo pebéHKa BepliinHa BHOBb
mepeMelaeTcss B KOPHEBOW CHUCOK, CTAHOBIChH HemoMmeudeHnHoi. I pyroi
crocob BEpHYTHCS B KOPHEBOIl CIUCOK — OKa3aThCs PeOEHKOM U3bIMa-
eMoii BepuinHbel npu omepainn FIB-HEAP-EXTRACT-MIN (mpn sToMm
NOMeTKa He MEeHSeTCs ).

Hocie Bo3BpallieHusi B KOPHEBON CIMUCOK K BepIINHE BHOBb MOT'YT IO-
6aBisiTeest netn (npu omepanun CONSOLIDATE). lletn moryT m yna-
asthes (omeparust CUT). B Kakoii-TO MOMEHT BepIINHA CHOBA MOKET
0Ka3aThCs peGEHKOM IPYTroil BepUINHBI KOPHEBOI'O CIUCKA, U TAK Haliee
— [I0 TeX TOop, TMOKa Ta BeplInHa He OyIeT m3bsiTa U3 nepeBa (min He
6ymeT yMeHbIIeH KI0U).

Ha pwuc. 21.4 nokazanbl npe onepanun FIB-HEAP-DECREASE-KEY,
mepBasi U3 KOTOPHIX He BbI3bIBaeT lenouku oneparuii CUT, a Bropas
BBI3BIBAET.

Hokaxem, 9To yuéTHas cTouMocTh oniepaninu FIB-HEAP-DECREASE-
KEY coctaBnser O(1). Haunem ¢ onpenenennst ¢pakTHIeCKOi CTOMMO-
ctu. Hpouenypot FIB-HEAP-DECREASE-KEY, CUT u CASCADING-CUT
He cOollepkKaT MUKIIOB, TaK 4TO BpeMs paboThl IPONOPIUOHAIBHO NJIHHE
IETOYKN PEeKYPCHBHBIX BBI30BOB (KOTOPYIO MbI OBO3HAUNM Uepes c).

Kak mpu »rom mensiercst noreniuan? llemouka pekypcuBHBIX BBI30-
BOB COOTBETCTBYET [ENOUKe TOMEeUEHHbIX BePIIUH B IlepeBe, KaxKnas us3
KOTOpBIX siBiisieTcsi pebéHKoMm crenytoiiieli. HTu Bepiiunbl nepemeriia-
I0TCs B KOPHEBOH CIMUCOK U CTAHOBIATCS HemoMedeHHBIME. Takum obpa-
30M, MOTEHIHAJ YBEJIMUYUBAETCS MPUMEPHO Ha € 3a CUYET yBeJUdeHUs
YHciia BEPIIUH B KODHEBOM CIHUCKE, HO U YMEHbIIAeTCs MPUMEPHO Ha 2¢
3a CYET TOTO, YTO YMEeHbIIaeTCs INC/I0 noMedeHHbIX BepinH. (Hpasna,
MOYXKeT HOSIBUTHCS HOBas MOMeUeHHas BEPIINHA, HO 3Ta MONpaBKa nMeeT
nopsinok O(1).) B urore norennnan ymensutaercs Ha c+O(1). (Teneps
SICHO, MOYeMy MpPH ONpeNelieHNN MOTeHIINAla YUCI0 MOMeUYeHHBIX Bep-
[IUH YYUTHIBAJIOCH CO BABOE GOJIBIINM BeCOM, UeM YUCIO BepIliuH B
KOPHEBOM CIINCKe!)

YMHOXKas TOTeHNNAN Ha HOCTATOYHYIO KOHCTAHTY (BHIOHpas 60b-
myo 7 edunuyy pabomwr”), MOKHO CYNTATh, IYTO yMEHbIIEHWE IO-
TeHInala KOMIeHCUpPYeT (aKTHUYECKYIO CTOUMOCTH IemoOuKd peKyp-
CHBHBIX BBI30BOB, TaK 4TO YUéTHAs CTOMMOCTH omnepanuu FiB-HEAP-
DecrEASE-KEY ects O(1).
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Pucynox 21.4 Jlsa BwI3oBa mporenypbl FIB-HEAP-DECREASE-KEY. (a) Wcxonuasg
¢dubonauunesa kyua. (6) Kmou 46 ymenbinaeTcst 1o 15, COOTBETCTBY OIS BEPLINHA
CTaHOBUTCS KOPHEBOI, a eé poauTelns (¢ kKiouoM 24) — orMeuensasiM. (8)—(n) Kiou
35 yMmeHbllaeTCs A0 5; BeplumHa crana Kopepoll (B). Eé ponurens (c xmouom 26)
OBLII OTMEYEH, TaK UTO €r0 IPUXOMUTCS TaKIKe IEPEHECTH B KOPHEBOII CIIICOK (T); 3a-
TEM TO JK€ CaMoe MTPOMCXONUT 1 ¢ KitouoMm 24. Ha sToMm Kackam BhIpe3aHWil 3aKaHqm-
BaeTCsl, Tak KaK BePIINHA C KIo4oM 7 — KopHeBas. (Ecnu Ger oHa He OblTa KODHEBOIT,
TO OHa CTasla Gbl OTMEUEHHOI, U KacKal BCE paBHO sakoHumscs 6br.) Hocre sToro
0CTaéTCs MEPEHeCTU yKasaTenb min[H| Ha HOBYI0 MUHUMAaJbHYIO BepUIMHY (1).

Y,Z[a.]'IeHIl[e BepIINHBI

Hra olnepanusa CBOOANTCA K OBYM PaCCMOTPEHHBLIM paHee (MbI CUII-
TaeM, 4YTO KJIIOY —OO MeHblIe BCeX KJaiouei Ky‘II/I)

F'1B-HEAP-DELETE (H, 2)

1 FiB-HEaP-DECREASE-KEY (H, 2, —00)
2 FiB-HEAP-EXTRACT-MIN(H)

AnanormaebivM 06pa30oM MBI DOCTYIAIN U ¢ GHHOMHAIBHBIMI JIepe-
BesiMu. CHauasla BeplINHa & HeJlaeTcs MUHUMAJIBHOI, a 3aTeM yIals-
eTcs. Y48THas CTOUMOCTDL TaKuX [NeficTBuil paBHA cyMMe y4éTHOI cTO-
umoctu onepauuu FiB-HEAP-DECREASE-KEY (koTopas ects O(1)) n
onepaunn F1B-HEAP-EXTRACT-MIN (koropas ects O(D(n))).



Oyenra maxcumaabHot cmenenuy 429

Yupaxuenus

21.3-1 Kakxum obpazoM MoxKeT MOSBUThCS TOMeueHHasd BepIINHA B
KOPHEBOM cIucKe?

21.3-2  [okaxkuTe OIEHKY O(l) I YYETHOW CTOMMOCTHW oOllepaliun
F'1B-HEAP-DECREASE-KEY, mcmomesyss MeTon TpynmmpoBKm (pas-
nen 18.1).

21.4 OueHkKa MakCMMAaJILHOI CTEIeHN

Nanst nonydennst obemanubix onenok O(lg n) mns yaéTHOl cTOMMOCTH
onepannii FIB-HEAP-EXTRACT-MIN n FIiB-HEAP-DELETE ocTalock
NOKa3aTh, 9TO MaKCHMalbHas cTeneHb [)(n), KOTOPYIO MOXKET MMeTh
KaKasg-n1u6o BepIInHa B GuOGOHATINEBON Kyde ¢ 1 BepIlIHHAME, He TIpe-
Bocxonut O(lgn).

Kak nmokasniBaeT ynpaxnenne 21.2-3, ecnu Bce nepeBbs B pubOHATIN-
eBOll KyUe ABISIOTCS HEYHOPSINOIeHHBIMI ONHOMUANBLHBIMEI IePEBBIMU,
to D(n) = |lgn]|. Ho omepamnun Beipesanusi, KOTOpbIe TPOUCXOAAT BO
BpeMs HcnojiHeHus mpolenypbl FIB-HEAP-DECREASE-KEY, mpuBonsaT
K TOMY, 4TO INepeBbs B (puboHaUUYMeBON Kyue Hojlee He ABASIOTCA OMHO-
MUATLHBIME. MBI TTOKazKeM, 9TO TeM He MeHee TIPH BBITIOIHEHUN OIH-
CAHHLIX omepaluii ocraéres B cuie onenka D(n) = O(lgy n). Tounee,
bl ycranouM, 9to D(n) < |log, n], roe ¢ = (1+v/5)/2.

Nns xkaxmoit BepuinHbl puGoHAUINEBON Kyun depes size(x) obo3Ha-
YUM YHWCIO BepPIINH B TONepeBe ¢ KOpHEM , CUUTas caMy BepIIuHy
z. (Bepmmua ¢ He o6s3ana GBITH KOpHEBOI BepinHoil kKy4un.) Mer mo-
KajKeM, 9TO BeJIMUNHA size(Z) YKCMOHEHINAIBHO 3aBUCHT OT degree[z].
(HamomumM, 4TO mone degree[z] monnepKnBaeTCsi PABHBIM CTENEHN Bep-

[INHBL Z.)
JTemma 21.1. Hycmv © — npouseodavhad eepuuna PHubonauuuesot
wyuu, u nycms degree[x] = k. To2da cmenenu k demeti sepuunst © He
menbwe 0,0,1,2,3, ...,k — 2, ecau ux pacnotoNcums 6 HAOAEHCAULEM
nop4oxe.

Hoxazameapbcmeo. Ilns BepuinH, He BXOOSIINX B KOPHEBOH CIHCOK,
onpeneluM = ModuPuyuposannyio cmenend”’, KoTopas Ha COUHIIY
GoIbIIe pealbHOI CTeNeHN 715 MOMeYeHHbIX (1 COBIANAET ¢ Hell [IIs He-
noMedeHHBIX ). CMBICK 9TOT0O TaKOil: TOCKOIBKY [PH yIoaJeHnn peGeHKa
y BepIINHBl JefaeTcs MOMeTKa, TO e MOONm(UINPOBaHHAA CTeleHb
He MeHsgeTcd, a nobGaBrieHme meTell BO3ZMOXKHO TONBKO IJis BEPIINH B
KopHeBOM cmncke. Taknm o6pazoM, MonnGUIIpOBaHHas CTeNeHb eCTh
CTeleHb Ha MOMEHT (MOC/eIHero) BHIOBITHS BEepIIMHBI 13 KOPHEBOTO
CTIHCKA.

Hockonbky MommpunupoBaHHas cTeNeHb OTANYAETCS OT peaibHOM
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He Gomee YeM Ha 1, HOCTATOYHO NOKa3aTh, YTO y BepIINHLI (peanb-
HOIT) cTemeHn k meTn nmMe0T MONMGUINPOBAHHYIO CTeleHb He MeHee
0,1,2,...,k — 1. ¢lcHo, 4TO TO CBONCTBO COXpaHsSeTCs NPU YIaJeHUU
onuoro u3 neteit. Kpome Toro, ono coxpanseTcs mpu nobaBleHnn K Bep-
[IMHEe CTelleHNn k IPYToil BepUINHEI cTeneHn k (MIpH MOMYWHEHNN OTHOI
BePIINHLI KOPHEBOTO CHUCKa NPYTOH TepBas mefaeTcs HelmoMedeHHOl,
TaK 4TO eé pealbHas CTENeHb PaBHA MONNQUINPOBAHHOI).

O

Tenepb omeHUM YUCIO TOTOMKOB IJIsi BEPIUIHHBI cTeneHu k, UCIOb-
3ysa unciia Pubonavvn. Hanomunm, uto k-e vnciao PuGonavun Fj ompe-
NeJisieTcs Tak:

0 eciu k = 0,
F, = 1 ecnn k = 1,

Fro_ 1+ Fr_o ecnm k > 2.
JIemMma 21.2. .

Fipo =14 F

=0

dasg wobozo k > 0.
Loxazameavemeo. Hpu k = 0 sTo Bepno: 1 + Z?:oFi =1+ F =
1+0=1=F5.

Haccyxnas mo WHOYKNINN, MpennonaraeM, 9to Fpyp =1+ Zf:_ol F;.
Torma

k-1 k
Foyo=Fr+ Fry1 = Fr + 1—|—ZE :1—|—ZE.
=0 =0

O

Temeps MbI yXKe MOKeM OIEHITH UHCIO BEPIINH B MONIEPeBe, eCin
u3BecTHa cTenedb ero Kopus. Hamomuum, uto Fiie > % rie ¢ = (1+
V/5)/2 =1.61803 ... — "3040moe ceuenue” (2.14). (HTo HepasencTso
IOKa3aHo B ymp. 2.2-8.)

JTemma 21.3. Hycmo © — eepwuna ubonauuuesoti Kyuu, uMeiouyas
cmenens k uau 6oavwe. Tozda size(x) > Fypa > oF ede o =

(1+5)/2.

Lloxazameavcmeo. Ho memme 21.1 BepIuna & uMeeT Cpell CBOUX Jie-
Tell Bepiiuubl cTenenu ve Menee 0,0,1,2,3, ..., k—2. Haccyxknas no un-
NYKIWH, MBI MOKeM CUYHTAaTh, UTO I HeTell MOKa3kIBaeMoe VTBepKIe-
uue Bepro. (Hpu k& = 0 yncio Fjyo paBro 1 n onenka oueBngna.) Cxna-
NBIBas YHUCIO BepUINH B TMONIEPEBLAX U MpUOABILS caMy BepUIUHY &,
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nojyvyaeM, 4To

size(z) > (I + I+ Fs+ Fa+ ...+ F)+ 1=
=0+ +F+.. .4+ )+ 1= Frpo

(MBI mCTIONB3YeM paBeHCTBO Iy 4 Fy = Iy n memwmy 21.2). ]

Caencteue 21.4. Makcumanbras crenenb D(n) Kakofi-nubo BepuUINHLL B
dubonauuneBoit kyde ¢ n Bepuinnamu ects O(lgn).

Hoxazameavbcmeo. HycTh & — nponmsBojibHas BepIInHa TaKoil KydH N
nycth k = degree[z]. Ho memme 21.3 nveeM n > size(x) > ¥, ocTaéres
B34Th JIOrapu(M 110 OCHOBAHUIO .

]
Yupaxuenus

21.4-1 Hpodeccop yTBepKIaeT, 9To BEIcOTa (GNGOHAUINEBOH KyUn U3
n snemenToB He npesbiiaer O(lgn). Hokaxute, 9T0 oH ommbaercs n
YTO CyLlIeCTBYeT NOCIeNOBaTeNbHOCTD ONlepallnil pacCMOTPEHHBIX HAMHU
THUIOB, KOTOpas IPUBOANT K KyUe, COCTOSAIIENl POBHO N3 ONHOTO JepeBa,
SBJISAOLIErOCs JIMHENHON TEeNbI0 N3 7 BEPUINH.

21.4-2  W3MmenuM mpaBuia u O6yleM CUNTaTh, UTO BepIINHA TepeMe-
1aeTcs B KOPHEBOI CHUHCOK, KOTHa OHa moTepsijia k CBOMX MOTOMKOB,
rne k — HEKOTOpas KOHCTAHTa (O CHX TOp MBI CYmTaim, 9To k = 2).
Hpn xaknx 3madenusx k MoxHO yTBepxknarh, uto D(n) = O(lgn)?

Jamgaun

21-1 HOpyroi ciocob yaajJeHUs 37IeMeHTa

Hpodeccop mpenmoxui cienyoinii BapuaaT npouenypsbl FIB-HEAP-
DELETE, yTBepXas, 4To HOBas Ipolenypa paboTaeT GBICTpee B TOM
cllydae, KOrfa yiansgeMas BepIINHA — He MUHUMAaJbHA.

NEwW-DELETE(H, z)
1 if 2 = min[H]
2 then F1B-HEAP-EXTRACT-MIN(H)
else y < plz]

if y # NIL

then CUT(H, z,y)
CascapING-CuT(H, y)
No6GaBUThH NeTell BePIINHBI & B KOPHEBON cnnucok Kyam H
YOAJIUTL £ U3 KOPHEBOI'O CIIICKa Ky4n H

0 ~1 S Ok W



432

laasa 21 Dubonauuuessvt Kyuu

. Hpodeccop roBopuT, uTo mamuas mpolenypa paboTaeT OLICTPO, TO-

CKONIBKY (haKTHIecKoe BpeMs HcmomHennst cTpokn 7 ecth O(1). Kakoe
OGCTOSITENIBCTBO OH YIIYCKAeT U3 Bumy?

. Onenure cBepxy Bpems BbIOJHeHUs npolenypbl NEW-DELETE miis

ciydast @ # min[H] B TepMunax degree[x] u umcia ¢ BBI30BOB TpoOIie-
nypel CASCADING-CUT.

. Hyers H' — ¢ubonayumeBa Kyua, MOJyYaloasics B pe3yibTaTe Bbl-

nonuennst nporenypbl NEW-DELETE(H, z). Hpenmomaras, 1ro Bep-
WINHa T He ABJIAeTCS KOpHeM, OolleHnTe noTeHnnas kydu H' B Tepmn-
Hax BenuunH degree[z], ¢, t{H] (unmcio mepeBheB B KOPHEBOM CIINCKe)
n m[H] (4ucio oTMeUeHHBIX BepIINH).

Hosnyuure onenky mis yuéTHON CTOUMMOCTH BhITONHeHUS NEW-
DELETE nnst ciydast @ # min[H]. Hymet nu ona myuine npexueii?

21-2 HomosHUTEIbHBIE omepauy Hax GUOOHATUMEBBIMU Ky UaMu
Mur XoTuM peannzoBaTh eIllé NBe onepaluil, He MeHAS YUETHON CTO-
HMOCTH paHee PacCMOTPEHHBIX ONepaluii.

a. HpunymaiiTe »hdhekTuBHYI0 peanusanuio onepanun FiB-HEAP-

CHANGE-KEY(H, 2, k) koTopas mpucBamBaeT KIIOYY BEPIINHBI &
HoBoe sHauenme k. OueHnTe yY8THYIO CTOMMOCTH HTON ONEpaIn
(mpu Bameii peanmmsannm) mias caydaeB k < keylz], k = key[z],

k> key[z].

. HpunywmaiiTe »>ddekTnBHYI0 peannzannio onepanun FiB-HEAP-

PRUNE(H,r) koropas ynmamser min(r,n[H]) Bepmns n3 H (Bcé
paBio Kakux). Ouennre y4éTHYIO CTOMMOCTL HTOIl omepanuu (mJs
Ballell peanmsannu). (YkazaHnme: MoKeT NOTPeGOBaTHCSA H3MEHEHHeE
CTPYKTYPBHI NAaHHBIX II NOTEeHINAIBHON (QyHKINN.)

JameyaHug

dubonauunessr Kyun BBenn Ppenvan u Tapbsu [75]. B nx crarse
OMMCAHbI TakXKe TPIIOKeHNs GuOOHATINEBRIX Kyd K 3aadaM O KpaT-
YaHIIIX My TAX U3 ONHON BEPITNHET, O KPATUANIINX Ty TAX A BCEX Tmap
BEPIINH, O MapOCOUETAHNIX C BECAMN I O MUHIMAJIBHOM TTOKPBIBAIOIIEM
nepeBe.

Brocnencrsun Hpuckont, Caprak, Crneatop n Tapbsu pazpaboTann
CTPYKTYPY JaHHBIX, Ha3biBaeMyio ~relaved heaps”, Kak 3aMeny mis ¢u-
GOHAYYNEBRIX Kyd. KcTh MBe pasHOBHIHOCTH TaKO# CTPYKTYPHI MaH-
HerX. OnHa 3 HUX HaéT Te JKe ONeHKN YIETHON CTOMMOCTH, YTO U (Huo-
HaYYMeBH Kyun. [Ipyras mo3BosiseT BLIMOMHATE omepainio DECREASE-
KeY 3a Bpemss O(l) B xymmem ciydae (He y4YETHOe), a OIEpAINn
EXTRACT-MIN n DELETE — 3a Bpems O(lgn) B xymimem ciaydae. Hra
CTPYKTYPa JaHHBIX NMeeT TakKe HEKOTOpPbIe MPenMyIecTBa (0 cpaB-
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HEeHHNIo C q)I/I6OHa‘I‘H/IeBbIMI/I Ky‘laMI/I) Ipu NCIOJLB30BaHNN B IapaJljie/lb-
HBIX aJITOpUTMax.
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CucreMbl HellepeCceKalInnxciad MHOXKeECTB

B HeKOTOPHIX TPUIOKEHNAX TOTe3Ha CHENyoNas CTPYKTYpa NaHHBIX:
N SIEMEHTOB pa3GuThl B 0ObeNNHeHNe HEMYCTHIX HEeMepecekalonmxes
MHOKECTB, IpHYeM TMONIepKIBAIOTCS onepannn ~ obvedunenue” (mBa
TMAHHBIX MHOXKECTBA 3aMEHSIOTCS Ha NX OObennHeHne) n "Hatimu MHo-
acecmeo” (IO MAHHOMY 57I€MEHTY BBISCHUTH, B KAKOM N3 MHOXKECTB OH
nexut). B sTOl rimaBe pacckazaHo, Kak MOXKHO peaii30BaTh TaKyio
CTPYKTYPY IDaHHBIX.

B paszpene 22.1 MBI maéMm TouHOe OTpeneneHne WHTepECyIoled Hac
CTPYKTYPHI HAHHBIX W TMPUBOANM TPOCTON TpuMep ee MpuMeHnenus. B
pasmene 22.2 o6CyKIAETCS TPOCTENINAs peaTn3anis ¢ TOMOIILIO CIHC-
koB. Haznen 22.3 nocwsamén 6omee 5)OeKTUBHON pealn3anni ¢ MOMO-
b0 Jeca. s Heé BpeMs BBITOMHEHWS M ONepalnii HEMHOTO TPEBOC-
xonut O(m) — HACTONBKO HEMHOTO, UTO sl BCEX MPAKTHIECKNX Teseil
MOXKHO CUYNTATh, ITO BPeMsl BHITOIHEHHs m onepannii ecth O(m).

Honee Touno, BpeMs BLITOMHEHUSA M ONepalnil He MPEBOCXOMUT
C(m)m, roe C'(m) pacTéT ¢ pOCTOM T, HO OYeHb MeMIJIEHHO: KO3(-
dunment C'(m) MOKHO OIEHHTH CBEPXY € MOMOIIBIO Tak Ha3bIBaeMOil
Yobpamuot Pynrxyuu Axxepmana”. Oupenenernne obpaTHOR QYHKINU
Axkepmana maércs B pasmene 22.4. Tam ke mokasbiBaeTcs Gonee cia-
Gas (1 6osee TPOCTO NOKA3BIBaeMast) BEPXHSS ONEHKA BpeMeHH paGOTHI.

22.1 Omnepauun

C HellepeceKanmuMucia MHOXKeCTBaMuI

Cucmema  nenepecexawowurcs  muoxcecme  (disjoint-set  data
structure) ecTh HaGOp HemepeceKaloOUINXCs HEMyCTHIX MHOXKECTB, B
KaXkIOM U3 KOTOPBIX 3a(pUKCUpOBAH ONWH W3 3JIEMEHTOB — npeod-
cmasumeanp (representative). Hpm 5TOM IOMKHBI HOIIEPKHBATHCS
CHeMyTOIINe Omepatui:

MAKE-SET(2) ("cozdamp mnoxncecmeso”). Co3naéT HOBoe MHOKECTBO,
eNNHCTBEHHBIM 3JIEMEHTOM (II TeM CaMBIM IIPeNcTaBUTeNeM) KOTOPOro
sBrseTcss . HOCKONbKY MHOXKeCTBa He NONIKHBI IepeceKaThCs, Tpe-
OyeTcs, YTOOLL HIeMEHT & He JIe)Kal HU B OJHOM W3 yiKe HMEeOLINXCS
MHOXKECTB.
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FIND-SET(2) ("natimu mnoxcecmso”). BosBpaiiaeT ykasaTelb Ha
IPeNCTABUTENb (EINHCTBEHHOIO) MHOKECTBA, CONEPIKALIEro HIIeMeHT
z.

UNION(z,y) ("o6vedunenue”). Hpuvernma, eciam 57IeMeHTH & U Y CO-
IepKaTCs B PasiUYHbIX MHOKECTBAX Sy I Sy, U 3aMeHSeT >TU MHO-
KecTBa Ha obbenuuenne Sy U .Sy,; IpH HTOM BLIGUPAETCs HEKOTOPDLIL
npencraBuTens ang S, U S,. Camm MHOXKecTBa S, U S, IpPH 3TOM
YIAJISTOTCA.

B HekoTOpbIX TPpUIoKEHUIX BRIGOD TPENCTABNTENA B MHOKECTRE O~
KeH MOMUMHATHCS KaKMM-TO TpaBHiaM (HAIpPUMep, SIeMeHTHl MOT'YT
OBITH YIIOPSIIOUEHBT U TPENCTABUTENEM ABISETCS HANMEHBITHI BIeMeHT
MHOKeCTBa). B m060M caydae CyIIeCTBEHHO, 9TO NPEICTABATENb MHO-
KecTBa He MEHSeTCs, MoKa caMO MHOKECTBO OCTAETCS HEM3MEHHBIM.

B »Toit TnaBe MBI olleHUM BpeMst paGOTHI oNepaluii Hall cCHCTeMaMn
Herepecekaoniuxes MHOKecTB. HapaMeTpaMn 6yAyT YnUCI0 Oomepalnii
MAKE-SET (T0 ecTh oflllee 9mCIO 3IEeMEHTOB BO BCEX MHOKECTBAX),
KOTOpoe MBI 0003HAUNM dUepes 7, a Takke CyMMapHOe UHCIIO olepa-
nuit UNION, MAKE-SET u FIND-SET, KoTopoe Mbl 0603HauuM udepes
m. Hpexne Bcero zamernm, 4To (MO ONpeNeNeHnio) m > n, a TaKkKe
aTo uncio onepannit UNION He mpeBocXomnT 1 — 1 (mocie Kaxmoi m3
HIX KOJIMYeCTBO MHOKECTB YMEHBIIAeTCs Ha eINHUILY).

Hpumep mcmonb3oBaHms cHcTeM HeNepeceKaromnxes MHOKECTR

HpumeHnnM cucTeMBl HeepeceKalomnxess MEOKECTB K 3a7ade O CBA3-
HBIX KOMIIOHEHTaX HEOPHeHTHPOBAHHOTO Tpada (cM. pasmen 5.4; mpu-
Mep Tpada ¢ YeTBIPbMS CBS3HBIMI KOMIIOHEHTAMN TaH Ha puc. 22.1a).

Asroputm  CONNECTED-COMPONENTS  (CBsI3HbIe KOMIIOHEHTHI),
TPUBEMSHHLIH HIKe, pa3buBaeT MHOKECTBO BEPIINH Tpada Ha Hemepe-
ceKamoImecs MHOKECTBA, COOTBETCTBYIOIINE CBI3HLIM KOMIIOHEHTAM;
Mocyie HTOTO MOXKHO ¢ MOMOIIBI0 Tporenyphl SAME-COMPONENT BBI-
SCHUTD, JIEKAT JIU [Be MaHHBIE BepPIINHLI B ONHON KOMToHeHTe. Femn
rpad 3amaH 3apanee (“pexcum off-line”), GicTpee HATH €ro CBS3HbIE
KOMTIOHEHTHI ¢ TIOMOIIBIO NONCKa B riybouny (ympaxsuenne 23.3-9); on-
HaKO ecan rpad CTPONTCS MOCTENEeHHO W B JIO60H MOMEHT HAlO YMETh
OTBeYaTh Ha BONPOC, KAKOBBI €0 CBS3HbIe KOMIOHEHTHI (”pexcum
on-line”), ToO MOXKeT OKa3aThCsl BBHITOIHEE NMPUMEHNTD HAll alTOpPUTM,
a He TMPOBOANTH 3aHOBO MONCK B TAYONHY Tocie MoGaBIeHUS KakIoro
u3 pédep.

Huxe E[G] u V[(] o603Ha7al0T MHOXKECTBa COOTBETCTBEHHO PEGEp
u Bepuind rpada G.

Connected-Components (G)
1 for (mma) raxmoit Bepumun v\in V[G]

2 do Make-Set(v)
3 for (ang) kaxmoro pebpa (u,v) \in E[G]
4 do if Find-Set(u)\ne Find-Set(v)

5 then Union(u,v)
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Huc. 22.1 (wacTb (6) s mazke 6-M HapmHcoBan)

obpaboTanHOe pedpo HelnepeceKalolnecs MHOXKeCTBa

BHAtAIe {a} {0y ey {d} A{e} {/} {9t {h}
(b, {a} {b,d}y {c} {e} {73 {9t {n}
{a} {b,d}y {c} {e;9y  AS} {h}

)

d)
(€,9)
(a 70) {a,c} {b,d} {e,9y A/} {h}
(h, i) {a,c} {b,d} {e,93 A/} {h,i}
(a,0) {a,b,c,d} {e,gy A} {h,i}
(( e f) {a,b,c,d} {e. .9} {h,i}

) {a,b,¢,d} {e. .9} {h, i}

7

Pucynox 22.1 22.1 a) I'pad, cocTosmmil U3 YeTHPEX CBI3HEIX KOMIIOHEHT:
{a,b,c,d}, {e, f, g}, {h,i} u{j}. 6) HocnenoBaTenbHble COCTOSHIS CHCTEMEBL HELIEPE-
CEKAIOIIXCs. MHOKECTB B ITporiecce paboTwr anropuTMa CONNECTED-COMPONENTS.

Same-Component (u,v)

1 if Find-Set(u)=Find-Set(v)
2 then return true

3 else return false

Asroputm CONNECTED-COMPONENTS paboraer Tak. CHauaja Ka-
JKJlasi BepIINHA PacCMaTpPUBAETCs KaK OIHORIeMeHTHOe MOIMHOXKECTBO.
Hanee nns kaxmnoro pebpa rpada Mbl OOBEIHHIEM TOIMHOKECTBaA, B KO-
TOpHBIe MOMAJN KOHILI 3Toro pebpa (puc. 22.16). Korma Bce pébpa 06-
paboTaHbl, MHOXKECTBO BepIINH pa3GuBaeTCss Ha CBI3HBIE KOMIIOHEHTBI
(ymp. 22.1-2). Teneps nponenypa SAME-COMPONENT olpenenser, Jie-
JKaT JIU IBe NaHHble BEePUINHBLI B ONHON CBSI3HON KOMIOHEHTE, IBaXKIbl
BBI3BaB mpouenypy FIND-SET.

YupaxHenus

22.1-1

Cnenys obpasiy puc. 22.1, onuinuTe BBINOJHEHHE aJrOPUTMa
CONNECTED-COMPONENTS misi rpada G, y xkoroporo V[G] =
{a7b7c7d7€7f7g7h7l7]7k}ﬂE[G]:{(d7l)7(f?k)7(g7l)7(b7g)7(a/7h)7( ) (d k) (
Hébpa obpabarbiBaloTcs B TOM MOPsifiKe, B KOTOPOM OHHU BbITUCAHBI.

22.1-2

Hoxaxute, uro anroputm CONNECTED-COMPONENTS neiicTBu-
TeJNLHO HaXONUT CBS3HBIE KOMIIOHEHTHI I'pada.

22.1-3

Asroputm CONNECTED-COMPONENTS npumMeHusu K rpady ¢ v Bep-
HIUHAME U € peGpamMil, cocTosieMy U3 k CBA3HbIX KOMIOHEeHT. CKOIBKO
mpu 3ToM GbLIO BbI30BOB npolnenyp FIND-SET u UNION?

7),(d, f),
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Huc. 22.2

Honmnucno:

a) HpencraBnenne nByX MHOXKeCTB ¢ TMOMOIIBIO cruckoB. Hpencrasn-
TelmeM MHOXKecTBa {b,c,e,h} SBIseTCS BIeMeHT ¢, MpecTaBHTeNeM
{d, f,g} sBnsiercst f. Kaxnbiii 06beKT B CIHCKe CONEPKUT HIIEMEHT
MHOKECTBa, YKa3aTe/lb Ha CACHYIOIINi 3IeMeHT I YKa3aTeldb Ha IPel-
cTaBuTeNs (TO eCcTh Ha Havano chucka). 6) Hesymbrar BeImOmHEHIS
oneparnun UNION(e, ¢). HpencraBnrenb oGbennHenns MHOKECTB eCTh

1.

22.2 Heagnsanus ¢ MOMOIIBIO CIUCKOB

CawMplil mpocToil BapuaHT peaju3aliiil CUCTEMbI HellepeceKkatonmxes
MHOYXKECTB XpaHUT KaX/0e MHOXKeCTBO B Bufie ciucka. Hpu »rom nper-
cTaBUTENIeM MHOXKECTBA CUNTAETCS MEePBBIN HIeMEHT CIUCKa, i KaXK bl
BJEMEHT CHUCKA COOEPNKUT CChUIKH Ha CJIENYIONIUI 3JIeMEHT CITHCKa
I HA HepBHIl MEMEHT CHNCKa (KOTOPBIl CUNTAaeTCs MPencTaBuTeIeM
crnmcka). s KaKmooro Comcka MBI XpaHNIM YKa3aTellll Ha ero MepBhIi
I TOC/ETHNUIT 37eMeHThl (BTOPONl W3 HIX HyXKeH NpH J0GaBIEHHN 3ie-
MEHTOB B KOHell cmncka). Hopsmok smeMeHTOB B CHCKe MOXKeT OBITH
mo6eiM. Ha pme. 22.2 (a) n3o6pakeHBl Ba MpPeNCcTABIEHHBIX TaKNM
0Gpa3oM MHOXKeCTBa.

Hpu taxoit peanuzanuu onepaiuu MAKE-SET u FIND-SET TpebyioT
Bpemern O(1): MAKE-SET co3maéT CIUCOK W3 OMHOTO 3JIE€MEeHTa, a
FIND-SET Bo3BpalllaeT yKazaTellb Ha HAUaJIO CIUCKA.

Hpocreiiias peanuzaius obbenunHeHus

Hpu ecrecrBennoil peanuzanuu omnepanus UNION OKazbIBaeTCs IO-
poroctositeii. Bormomass UNION(z, y), MbI n0GaBiIsieM CIHCOK, COmep-
XKammit , K KOHILYy CINCKa, comepxkatiero y (puc. 22.2 b). Hpencra-
BUTEJEM HOBOT'O MHOXECTBa IpH 3TOM OyIeT Hadajlo HOBOTO CIHCKA,
TO eCTh MPelcTaBUTElb MHOXKECTBA, cofepkailiero y. Hpu sTom HyxXHO
ell§ YCTAHOBUTH MPaBUIIbHBIE VKa3aTell HA HAauaJo CIUCKa IS BCex
OBIBIIINX 3IEMEHTOB MHOXKECTBa, CONEpPKAIEro &, U BpeMs Ha BbINOJ-
HeHlWle HTOM onepaluu JMHEHHO 3aBUCHT OT pasMepa YKa3aHHOT'O MHO-
JKecTBa.

Jlerko mpuBecTu mUpUMep, B KOTOPOM BpeMs BBLINOJHEHUS KBApa-
THUYHO 3aBUCHT OT 4nciia onepanuit (puc. 22.3). HycTs nausr n snemen-
TOB 1, &3, ..., %,. Beimonanm onepanun MAKE-SET(z;) s Bcex ¢ =
1,2,...,n, a3atem n— 1 onepanuii UNION(z1, z2), UNION (22, 23), ...,
UNION(2,—1, 2,). Hockombky crommocts omeparun UNION(z;, 2i41)
mporopiuoHadbha ¢, CyMMapHas CTOUMOCTB BbiNojiHenus 2n — 1 onepa-
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Onepanus Uncmo 3aTpOHYTHIX 06HEeKTOB
MAKE-SET(21) 1
MAKE-SET(22) 1
MAKE-SET(2,,) 1

UNION(21, 22) 1

UNION(2g, 23) 2

UNION(23, 24) 3

UNION (2,1, 1) n—1

Pucynox 22.2 22.3 Bpems BBIIOHEHNST KBAIPATIYHO 3aBUCAT OT YKCIIA OMEPAITHIL.

nuii 6yneT IponopluoOHAIBHA

n—1
n+ Zz = 0(n?).
=1

Becopast appuctuka

Hpocreiiiias peanuzanus onepaiuu UNION paboTaeT MeIJeHHO W3-
3a TOrO, 4TO Npu HODABIEHUU [UIMHHOTO CHHCKAa K KOPOTKOMY MPUXO-
NUTCS TPUCBAMBATH HOBBIE 3HAUEHUs GOJIBIIOMY KOJIMUECTBY yKazare-
sefi. Hena mnoiinyT nyudiie, ecinm MOCTYIUTh TakK: XPAaHUTh BMeECTe €
KaXIIBIM CIIHCKOM HH(DOPMAINIO O YUCJe IeMeHTOB B HEM, a IPHU BbI-
nosiHenun onepaiuun UNION nobaBisTh Gojiee KOPOTKUH CIUCOK B KO-
Hell Goslee IIMHHOTO (eC/N IJIMHBI PABHBI, MOPSIOK MOXKeT OBITh JTfo-
6eim). Takoit mpuém HaseIBaeTCs 6€co60t a6pucmurot (weighted-union
heuristic). Ecan obbennuseMble MHOKECTBA CONEPKAT MPUMEPHO TO-
POBHY 5JIEMEHTOB, TO GOJIBIIOrO BBEIUTPHIIIA He OyIeT, HO B IeJIOM, KakK
MOKa3bIBAET CIENYIONIas TeopeMa, Mbl N0OHBaeMCS SKOHOMIUH.

Teopema 22-1

Hpenmnonoxum, 4To cucTeMa HemepeceKatolnxcs MHOKECTB peasii-
30BaHa C MOMOIIIBIO CIUCKOB, a B onepanuin UNION HCHOIb30BaHa BECO-
Bas HBpUcTUKa. Torna cTONMOCTE TOCHENOBATENbHOCTH U3 1M Olepallu il
MAKE-SET, UNION u FIND-SET, cpenu KOTOpbix n onepaiuit MAKE-
SET, ectb O(m + nlgn) (mompasymeBaeTcsi, YTO NepPBOHAYAIBHO CH-
cTeMa HellepeceKaoIINKes MHOKEeCTB OblIa MyCcTa).

HokazaTenbcTso.

CroumocTh Kaxnoit u3 oneparuii MAKE-SET u FIND-SET, a Takxke
CTOUMOCTbH CpaBHEHUS Pa3MepOB, COEMHEHHUs CIUCKOB U OGHOBIEHUS
3alICH O pa3Mepe MHOXKeCTBA (BCe TH MefCTBHS BBIMONHIIOTCS PN
omeparnun UNION), ectb O(1), Tak 9TO cyMMapHas CTONMOCTD yKa3aH-
HBLIX feiicTBuil ecth O(m).

OcTaéres ONEHUTH CTOMMOCTH ODHOBIEHUS yKa3aTelell Ha Havajio
crnncka. s 9Toro MBI 3aUKCHpYeM ONMH U3 3JIeMEeHTOB (0003HAINM
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ero &) W MpOCIeNNM, CKOJIBKO pa3 y HETO 3TOT yKa3aTelh MEHSIICS.

BecoBas »BpuCTHKa TapaHTUPYeT, YTO MPEICTaBUTeNb MeHAeTCs,
JUIIB ecli & BXOMUT B MeHbIlee N3 oObelnHseMbIX MHOKeCTB. B aTom
cilyyae 4UCsIo HIeMEeHTOB B MHOXKECTBe, colepiKallleM &, BO3pacTaeT Mo
KpaiiHeil Mepe BraBoe. HocKoNbKy OKoHYaTeNbLHbIN pasMep MHOXKECTBa,
collepKalllero &, He MPEBOCXOMUT N, KOAMYECTBO TaKUX YIBOCHUN He
npeBocxonut [lgn]. O6ilee KonnvaecTBO 3I€MEHTOB PaBHO 1, TaK 4TO
cyMMapHas CTOMMOCTDL OOHOBIIeHNIs yKasaTesell Ha Hauaslo CIIcKa eCTh
O(nlgn), a obmee uncno onepanuit ects O(m)+ O(nlgn).

YupaxHenus

22.2-1

Hanumure nponenypst MAKE-SET, FIND-SET u UNION, ucnosnb3ys
pealin3amuio ¢ MOMOIILI0 CIUCKOB W BecoByIo »BpucTuky. Cumnraiire,
9TO KaKIbI 2IeMeHT ¢ uMeeT nois rep[z] (ykasaTenb Ha MpeNCTaBH-
Tenst), a Takke last[z] (yKazaTenb Ha MOCHETHNUIT SI€MEHT CINCKA) N
size[x] (4mCIO BIEMEHTOB); IBa MOCIEIHNUX OIS BaKHBI TOJNBKO IS
aJleMeHTa, ABISMOIErocs NpeacTaBuTeNeM MHOKeCTBa

22.2-2

N306pasure COUCKHN, MNONyYalollnecs B pesylbTaTe pabOTHl MpH-
BeNIEHHON HIZKe MPOrpaMMBbl, I OOBICHITE, KAKOl OTBET NalyT BbI30BbI
FIND-SET (ecnu mcmomb3yeTcst mpefcTaBlIenne B BUe CIUCKOB I BECO-
Bas BBPUCTHKA).

for i \gets 1 to 16
do Make-Set(x_1i)
for i \gets 1 to 15 by 2
do Union(x_i, x_{i+1})
for i \gets 1 to 13 by 4
do Union(x_i, x_{i+2})
Union(x_1, x_5)
Union(x_{11}, x_{133})
9 Union(x_1, x_{10})
10 Find-Set(x_2)
11 Find-Set(x_9)

O N O 0w N -

22.2-3

HokaxmuTe, 4To Mpu peasu3aini HeMepeceKatommxes MEOKECTB ¢ TTO-
MOIIIBIO CTIUCKOB € BECOBOW HBPUCTUKON YUETHYIO CTONMOCTE OTepallnif
MAKE-SET n FIND-SET moxHO cantaTh paBuoit O(1), a yuéTHyO cTO-
uMocTh UNION MoxHO cunTaTh pasuoit O(lgn).

22.2-4

YEKaXkNUTe TOUHYIO aCHMITOTHUECKYTO ONMEHKY CTONMOCTH TOCTENoBa-
TeNBHOCTH Omnepalnuil puc. 22.3 (ecian NCHOMB3YIOTCS CIHCKN I BECOBas
SBPUCTHKA).

22.3 Jlec memepeceKalonInxcs MHOKECTB

s cucTeMBl HemepeceKalomInXcsl MHOKECTB CYIIeCTBYeT Gosee 3¢-
dexTuBHAs peannsaius (IO CPaBHEHNIO ¢ pacCMOTpeHHBIMN). MMeHHO,
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Huc. 22.4

Pucynox 22.3 Huc. 22.4. Jlec Henepecekatonmxcs MHOXeCTB. a) Jlepesbst, npencra-
BJISIOIIIE MHOXKeCTBa puc. 22.2. HpencraBurenaMu MHOXECTB SBIIAIOTCS 3IEMEHTEL ¢
u f.6) Hesynbrar oneparmu UNION(e, g).

OpeNcTaBuM KalK[Ioe MHOXKECTBO KOPHEBBIM II€PEBOM, B KOTODOM Bep-
HIUHAME SBISIOTCS DJIeMEHThI MHOXKEeCTBa, a KOPEHb SIBJISeTCS PeNCcTa-
BuTenem. Homywaercs aec nenepecexaowuzcs mnoxcecms (disjoint-set
forest). Kax Bumuo m3 pucyuka (cum. puc. 22.4 (a)), Kaxmas BepiInHa
YKa3bIBaeT Ha CBOEro POAUTENs, a KOpeHb YKa3biBaeT caM Ha ceGs. Hpu
HAWBHOM TPOrpaMMupoBatuu onepaiuii FIND-SET u UNION Takas pe-
anu3anus GynerT HUYYTh HE JIyUllle COHCOUYHOW; eciin, ONHAKO MCIOb-
30BaTh HBPUCTUKA ~ obwedunenud no panzy” u “cocamug nymed”, TO
MOy YUTCS caMast ObICTpast (13 W3BECTHBIX B HACTOSIIEE BPeMsi) peaili-
3allisi CUCTEMBbI HelepeceKalomnxes MHOKECTB.

HauBnblie peasiuzanuu onepanuii BoirasasiT Tak: MAKE-SET cozmaer
IepeBO ¢ eNMHCTBEHHOI BepuimHoil, FIND-SET(z) coctont B TOM, 9TO
MBI HIeM OT & MO CTpeikaM (yKas3bIBaiOIINM HA PONNTEINs), MOKa He
ToiiieM 10 KOpHsL (MY Th, KOTOPHII MBI IPH 3TOM MPOXOINM, HA3bIBAETCS
nymov noucka, no-aurauniicku find path), a Union coctonT B TOM, 9TO
MBI 3aCTaBlIsieM KOPEHb OIHOTO U3 IePeBBEB YKa3bIBaTh HE Ha CaMOro
ce0si, a Ha KOpeHb APYToro mepesa (puc. 22.46).

[ Be >BpUCTUKH

Hoxka 4To GonbuInx npenMymecTs (Mo CpaBHEHNIO CO CITNCOTHON pe-
anm3aiuei) He BUIHO: HATpUMep, B pe3yibTaTe n — | onepannn UNION
MOYXKEeT TOJNIYUUThCS IEpeBo, sBisiolleecs nenoukoll n Bepiuud. Omu-
[IeM J[Be DBPUCTUKH, MO3BOJSIONINX JODUTHCS NOUTH JIMHEHHON OleHKH
BPEMEHH.

Hepsast sBpucTuka, HassiBaeMas obvedunenuem no pawey (union by
rank), HamoMuHAEeT BECOBYIO 3BPUCTHUKY B CINCOYHON peam3almu: MbI
obbennHIeM NepeBbd He KaK IMOIaJIo, a Tak, 9TO0L KOPeHb ~ Menbuie2o”
JIepeBa yKa3bIBaJ Ha KopeHb ~6oabuwezo”. Buibop "6oavuezo” ompe-
JeJisieTcs He pa3sMepoM JIepeBa, a CHellHalbHbIM MapaMeTpoOM —PaH2oM
(rank) ero xopusi. Haur ompenenén mias Kaxkmoii BepIINHEL & IepeBa 1
B MEPBOM MPUOIMKEHHE MOXKET PACCMATPUBATLCI Kak rpybas oleHKa
sorapudmMa duCia BepIuH B MoniepeBe ¢ KopHeMm B z. Tounoe onpere-
JleHne paHra GyNeT NaHO B ClefyolleM pasniele.

Bropas sppuctuka, npumensemas B onepainuu FIND-SET, Ha3bIBa-
etcst cocamuem nymet (path compression). Ona 3akniovaercs B cie-
NYIOIIEM: TIociie TOTO, KaK My Th HOUCKa OT BePIINHbI K KOPHIO MPOiiieH,
JlepeBo MepecTpanBaeTcs: B KayKIo# U3 BepINUH My TH YKa3aTelb yCTa-
HABIBAEeTCs HEMOCPENCTBEHHO Ha KOopeHb (puc. 22.5). Hpn sToMm panrn
OCTAIOTCS MPEKHUMH.
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Huc. 22.5

Pucynox 22.4 CixaTue myTeil B mpolecce omepanuu FIND-SET. a) Ilepeso mepern
BHINONHeHNeM ollepanun FIND-SET(a). TpeyronpHukaMmu 0603HaUEHEl HIONAEPEBbS C
KOpHSIME B 300paxeHHEIX BepiunHax. 6) Hocie ucnionuenns FIND-SET(a).

22.2.1 HporpamMmmsl

HpuBonumbie Huxe nporpammbl onepanuii MAKE-SET, FIND-SET u
UNION BKJIIOYAlOT B ceOs MHAYKTHBHOE ONpeleleHe paHra, HO A
yI06CTBa MbI MepecKakeM ero cioBecHo. Hpu cozmannmm MHOXKeCTBa
noMolbio MAKE-SET ennHCTBEHHOI BepllnHe IepeBa NpPUCBanBaeTCs
panr 0. Omeparus FIND-SET (co cxkaTmeM myTeil) He MeHseT PaHTOB.
Hpu Boimonnenun onepaiinun UNION ¢ JlepeBbsIME, paHTi KOpHeil KOTO-
PBIX pa3IMyHbBl, MPOBOANTCS HOBAs CTPEJIKa OT KOPHSA MEHbIIero paHra
K KOPHIO GOJIBIIEr0 PaHTra, a paHTll ONTh-Takn He MeHsioTcs. Ecnu, Ha-
KoHell, onepalins UNION NPOBOIUTCS C IePeBLIME, PAHI I KOpHEH KOTO-
PBIX PaBHBI, TO OT OIHOTO W3 KOPHell (Bce paBHO, KAKOTO) MPOBOMITCS
cTpesKa K JIPYroMy, U TMpH DTOM PAHI KOPHSA OOBENUHEHHOIO IepeBa
YBEINYINBAETCS HA €NNHUIY (OCTalbHBIE DAHTH He MeHsoTCs). Jlerko
BIAETh, YTO ONPEHeTEHHbI TaKuM 00pa3oM paHI BEPIIUHbLI SBJISETCS
BepxHell OIleHKOI [ BLICOTHI TOIepeBa ¢ KOPHEM B HTOil BepllnHe

Huxe p[z] obo3navaeT ponutess Beplinuel &, a rank[z] — ee paHr;
nmapamMeTpaMn Tpolenypbl LINK, BbI3bIBaeMoil 13 mnporernypbl UNION,
ABJISIOTCSA KOPHU IBYX JePeBLEB.

Make-Set(x)
1 plx] \gets x
2 rank[x] \gets O

Union(x,y)
1 Link(Find-Set(x),Find-Set(y))

Link(x,y)

1 if rank[x] > rank[y]

2 then ply] \gets x

3 else p[x] \gets y

4 if rank[x]=rank[y]

5 then rank[y] \gets rank[y]+1

Find-Set(x)

1 if x \ne p[x]

2 then p[x] \gets Find-Set(p[x])
3 return plx]

HexypcuBnas npornenypa FIND-SET paGoTaeT B liBa Ipoxoma: CHa-
yasa OHa UIeT K KOPHIO MepeBa, a 3aTeM MPOXOAHUT 3TOT MyTh B 06paT-
HOM HOpgnke, “nepesodd cmpeaxu” ¥ BCTPeUalOMINXCS BEPIINH Ha KO-
penb nepeBa. Eciiu © — He kopetb, To FIND-SET BbI3bIBaeT caMmy cebs,



442

laaea 22 Cucmembi HENEpeECERANWUTCA MHONHCECME

HO yKe C IapaMeTpoM — poluTeseM &, MOC/e Yero fenaeT poiAuTe-
JeM & KOpeHb llepeBa, HalIeHHBIH STUM HOBBIM BBI30BOM FIND-SET
(ctpoka 2). Ecnun xke & — KOpeHb, TO CTpPOKa 2 HEe HCIONHSETCS, 1

Cpa3y BO3BpalllaeTCs yKazaTeldb HA &.

YTo matoT 3BPUCTHUKH

Haxe 6ynyunm TpUMeHEHHLIME 0O OTHENbLHOCTH, OOLednHeHWe IO
paHTy W cXKaTWe MyTell Maf0T BLINTPHIII BO BpeMeHH. Kcanm mMpuMeHUTH
oObellnHeHNe IO PaHTy 6e3 cyKaTus My Tell, TO OlleHKa BpeMeHn paboThl
OynmeT NpuMepHO TaKOW e, KaK MPpU CIHCOYHON peasin3alull ¢ BECOBOU
9BpHCTHKOl, a nmenuo O(mlgn) (m — obiiee KonmIecTBO Onepalni,
n —KonumdecTBO omepannii MAKE-SET (ymp. 22.4-3). Hra omnenka He-
yayumaema (ymp. 22.3-3). Ecian npuMernTh cKaTne myTeil 6e3 obbenn-
HeHUs 110 PanTy, TO BpeMs NCIOMHEeHNS MOCHeoBATeNbLHOCTH ONepaIni,
BKJtouatoitieii n onepaiuit MAKE-SET u f onepanuit FIND-SET, ecTb
(B xynuiem cnyuae) O(flogy s/, n) npu f > nu O(n+ flgn) npn
f < n (5TH OUEHKN MBI IOKa3bIBATh HEe GyIeM).

Eite Gésbliiass 5KOHOMUS HOJYUYUTCS, €CIU NPUMEHUTH 00e 5BpH-
CTUKHW coBMecTHO. Hpm 3ToM BpeMs paboTLl B XyIlIeM ciydae ecTh
O(ma(m,n)), roe oo — Ipe3BLIYAiHO MeTIEHHO pacTyilas ~ oopamuasd
Pynryug Axxepmana”, onpenenseMas HiKe B paszmene 22.4. B miobnix
MBICITHMBIX [PUIOKEHNSX BBHIMONHEHO HepaBeHCTBO «o(m,n) < 4, Tak
9TO Ha MpaKTUKe MOXKHO CUNTATL BpeMs paboThl NUHEHHLIM mo m. B
pasn. 22.4 MBI HOoKazKeM 4yThb Gonee ciabyio onenky O(mlg™ n).

YupaxHenus

22.3-1

Crenaiite ynpaxsenue 22.2-2, H0Jb3yiCh pealin3alliell ¢ MOMOIIBIO
Jeca o cKaTueM myTell n obbenuwHeHNeM MO PpaHTaM.

22.3-2

Hanuminre HepeKypcuBHBIN BapuaHT mpouenypbl FIND-SET.

22.3-3

Hpuenure npumep nocnenoBatTenbHocTH m onepainuii MAKE-SET,
UNION 1 FIND-SET (B TOM uncie n onepanuii MAKE-SET, miist KoTopoit
BpeMst paboTHI (IIPH NCTIONB30BAHNN OOBEITHEHS [0 PAHTY 63 CKaTIs
nyTeit) 6ynetr Q(mlgn).

22.3-4*

HacemoTpum nocnienoBaTenbHOCTE m onepanuii MAKE-SET, LINK u
FIND-SET, B koTOpOoii Bce onepaiiun FIND-SET unyT nociie Bcex ornepa-
muit LINK. HokaXkuTe, 9TO IpHU UCHOAB30BAHUN OOLeNUHEHUS MO paH-
raM co cKaTheM myTell BpeMs paboThLI ATOH TMOCHeNOBATENbLHOCTH Olle-
panuit ectb O(m). YUro Gymer, ecnnm NOIB30BATHCS TOMBKO CKATHEM
nyTei?

22.4* O6bennHenne Mo paHraM cO CKaTHeM MyTell: aHaJIu3

B »Tom paszpene mMbl manum ompenenenne ~oopamuot Pynxyuu Ax-
wepmana” o(m, n), sxonsieii B onenky O(ma(m,n)) Lis CTONMOCTH
m omlepallliii ¢ CHCTeMOU HellepeceKalollnXcs MHOXKECTB, pealin30BaH-
HOU ¢ TOMOIILIO Jeca ¢ oObenWHeHWeM 1O paHTaM W CKaTheM myTel
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Pucynox 22.5 22.6. 3mauerus A(1, j) s ManbIx 1 U j.
Hepesonel: tow — cTpoka, column — cTonben

Pucynox 22.6 Hwuc. 22.7. Hocr ¢yukmuu Axkepmana. B rTabmume smHadenmit
(puc. 22.6) coenmHensl pasHble unciaa. Maciirab o ropusoHTaMm CobIIOCTH HEBO3-
MOXKHO (H3-3a O4€Hb OEICTPOro pocTa).

(3meck n — gucio onepainnit MAKE-SET). HTy onenky MbI TOKa3bIBaTh
He GyeM, OrpaHimINBIINCE Gonee ciaboit onenkoit O(m g™ n).
dyuknns AkkepMaHa n o6paTHasg K Heil
Dynryuet Axxepmana (Ackermann’s function) HaserBaeTcs QyHKITHS
A(7, j) IBYX HeNbIX MOJOKUTENbHBIX ePeMEeHHBIX, ONpenenéHHas TaK:

A(lvj)Zij ecnu j > 1;
A(i,1)=A(i — 1,2) ecnn @ > 2;
Al j) = A(i — 1, A(4,j — 1)) ecin i, j > 2.

Buauennst A(i,j) s Manbix ¢ m j n306pakeHsl Ha puc. 22.6.

B rabnune snavenuit Gynkumm AKkepMaHa KaxKnas clenyloiias
CTPOKA €CTh MONNOC/ENOBATENBHOCTh NPENbIIyIell (HAUNHATOIIAICS
€O BTOPOTO WieHA); OTCIoNa crenyeT, 9To A(7, j) yBenmdamBaeTcs mpu
yBenuue- Huu ¢ unu j. Hra pynkius pacTéT oueHb OBICTPO: yKe Tep-
Bas CTpoKa B Tabiuie e€ 3HaueHUN PACTET HKCHOHEHIMAJILHO, a Ka-
KIas TOCTeNYIolIas CTPOKa eCTh (BecbMa PefKas) MOMIOCTeNoOBaTeNb-
HOCTh npenbinyiieii. Umenno, B k 4+ 1-0ff cTpoke Tabnuibl 3amucaHa
MOCTEN0- BATENBHOCTh, KaXKAbIll CIENYIONIHi 4YjieH KOTOPOW moJyda-
eTcs W3 Mpenbl- Ayllero npumenenuem GyHKIHE, 3alucaHHON B k-off
crpoke. B wacTHOCTH, BO BTODPOIl CTpPOKe KaXXIblil cilenyioriuil uiieH
ecThb NBOIKa, BO3BeEHHAS B CTENeHb MPeNbIIyIIero YieHa.

BzaumooTHOIIeHUS MeXKY PA3IUYHBIMEU CTPOKaAMU TabJIUIILl 3HaUe-
Uil GyHKnuE AKKepMaHa cxeMaTHdyecKu n306paxKeHbl Ha puc. 22.7.

OmpenennM, HakoHel, o6paTHYI (QYHKIHIO AKkepmana o(m,n).
Crporo roBopst, o He siBisieTcs obpaTHOll K GyHKiuu Akkepmana A
(Tem Gostee UTO TMOCHENHSS NMeET IBA apryMeHTa), HO MOXKHO CKa3aTh,
9TO GYHKIUS ¢ pACTeT CTOJb XKe MeIJIEHHO, CKOJlb GBICTPO pacTer
A. (lleranu onpeneneHns « CyIIeCTBEHHBI IS TOKA3aTeIbCTBA OMEHKH
O(ma(m,n)), KOTOpoe BHIXONUT 3a paMkn Haieil kaurn.) UTak, npn
m > n > 1 nonaraem:

a(m,n) =min{i > 1:A(, |m/n]) >lgn}.

Jlerko BumeTs, 4TO IpN GUKCHPOBAHHOM 1 QYHKIUS (12, N) MOHOTOHHO
yObIBaeT ¢ poctoM m. Hro cormacyercs ¢ (He mOKa3bIBaeMbIM HaMH)
yTBepKIEeHIeM O TOM, UTO CTONMOCTBH M OIepallil ¢ HelepeceKaro-
MIIMICS MHOXKECTBAMI, BKJIIOUAIOUINX n omepannii MAKE-SET, ecTb
O(ma(m,n)). B camom mese, sTa oueHKa FOBOPHT, 9TO CTOHMOCTDL B
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pacuére Ha OHHY omepanmio ecTh o(m,n). Ecam n ¢pukcupoBaso, a m
pacTéT, TO W3-3a CKATUA MyTell MepeBhbsA ¢ KaXKIBIM ITaroM Bcé Gomee
7 ynpowaiomes” (Bcé GoMbIIe CTAHOBITCS BEPIINH, HATPSIMYIO CBS3aH-
HBIX C KOpHEM), TaK 4TO CTONMOCTB ONEepAINi MagaeT.

Bo Bcex mpakTHUeckWX TUPWIOKEHUAX MOKHO CYUTATh, UYTO
a(m,n) < 4. B camoum merne, mOCKOMbKY GyHKINS AKKepMaHa SBISETCS
BO3pACTAIOINIEN O KaXKIOMY TMEPEMEHHOMY U M > N, HMeeM

A, [m/n]) > A(4,1) = A(3,2) = 2% \17,

YTO MHOrO OoJlbllle YHCJA aTOMOB B HabuogaeMoil dacTu BcenenHoil
(~ 10%°). HooTomy Iuist Bcex BeTpedalolInxcs Ha MpaKTHKe 3HAYeHHl
n nmeem A4, [m/n|) > lgn n a(m,n) < 4.

Mpl He nmoka3blBaeM OIEHKH, CBA3aHHON ¢ QyHKImell AKkepmaHa, a
orpannunBaeMcs Goinee ciraboit onenkoit O(mlg® n). Benomunm ompe-
nenenne ¢yuxunu lg* (c. ?7). Ho onpenenennio, 1g"1 =0 u

lg*n=min{i:lglg...lgn<1}
H/—/
7 pa3s

mns n > 1. HepaBencTBo B ompenenennn GyHKIUE lg* MOKHO mepernn-
2

caTh Tak: n < 22 J (j — umcmo nBoex B popmyie).

Omnenka O(mlg” n), kKOTOpyI0 MBI IOKakeM HILKe, ciabee, geM chop-
MyInpoBaHHas 0e3 nokaszaTenbcTBa onerka O(ma(m,n)), HO ¢ mpak-
THYECKOll TOUKH 3peHis pasHulla Hesenumka. B camom mene, lg* 22 =
lg* 265536 = 5 Tak 4TO BO BCeX MpaKTHYeCKHX BOMPOCAX MOKHO CYII-
TaTh, 9T0 Ig" n < 5 — Bpsil 1n HAM BCTPETUTCS MHOKECTBO, B KOTOPOM
Gosee 265536 sniemenTtos.

CBoiicTBa paHTOB

Yrober nokasaTs onenky O(m g™ n) nis BpeMern paBGoOThI € CHCTEMOIT
HellepecekarolnXes MHOKECTB, HaM MOHAIOOSTCS HEKOTOPHIE CBOMCTBA
panroB. Hamomunm, 910 MBI paboTaeM ¢ CHCTEMOI HelepeceKalommxest
MHOKECTB, Peall30BaHHON ¢ MOMOIIBIO Jeca, ¢ O0heINHeHNeM [0 paH-
ram n cxkatneM nyTeil (cum. pasm. 22.3); depe3 m 0603HAUEHO CyMMapHOe
qucso onepaiuit MAKE-SET, FIND-SET u UNION, a uepe3 n — 4uCIO
onepanuiit MAKE-SET.

Jlemma 22.2

st Besikoit BepIimHbl @, Kpome KopHs, rank[z] < rank[p[z]] (mamo-
MHIM, 9TO 1is KopHs plz] = z). Hpn cosnannm MuokecTBa {2} nmeem
rank[z] = 0, nanee rank[z] MOXeT TOIBKO BO3PACTATh M MEPECTAET
MEeHSIThCS, KOTJIa & MepecTaéT ObITh KOPHEM B CBOEM IepeBe.

HoxkazaTenbcTBO. Beé 5TO HENMOCPENCTBEHHO CIENyeT U3 ONHCAHUS
mpouenyp MAKE-SET, UNION u FIND-SET B paznene 22.3. Honpob-
HOCTH MBI OCTaBisieM qnTaTenio (yup. 22.4-1).
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HycTh @ — Beplimba OmHOrO U3 HAIUX AepeBbeB. Ynciio BepliuH B
noziiepeBe ¢ KOpHeM @ (BKITIOYasi caMy &) Ha30BeM ee pazmepom (size)
1 0603HAYNM size(z).

JTemma 22.3

Ecnam 2 — KopeHb OTHOTO U3 IepeBBeB, TO size(x) > oranklz]

HokazaTenbcTso.

HocraToyHo NpoBepUTh, Y4TO Kakmas u3 omnepanuii MAKE-SET,
FIND-SET n LINK coxpaHseT HCTHHHOCTH yTBepkneHus ~ size(z) >
2ranklz] 9ug ecex xopueii x”. Onepanns FIND-SET He MeHseT HH pas-
MepOB KOpHell, HiI paHroB KaKux ObI TO HE ObLIO Bepuini. Onepains
MAKE-SET(z) TakXke He HapyIIaeT yTBEPKIEHUs JeMMBI: He MeHss
PaHTOB I Pa3sMepoB yiKe CYIIeCTBYIOIINX JePeBbeB, OHa CO3MaéT HOBOE
JIepeBO ¢ eMHCTBEHHON BepUINHOIl, 11 KOTOPOil HepaBeHCTBO OYeBMII-
HBIM 06pa30M BbLITIOJIHEHO.

Haccmorpum omepamnmio LINK(z,y) (e orpanmvmBas oOOGIIHOCTH,
MOXKHO CUNTaTh, 9T0 rank[z] < rankly]). B pesyabpraTe sToll omepa-
UK PaHT WM pa3Mep MOKeT U3MEHUThCS TOJNLKO y BeplinHbl y. Ecmu
rank[z] < rankly], To pasmep y yBeIuUMBaeTCs, a PAHT He MeHsSETCS,
TaK ITO HepaBeHCTBO size(y) > 27’0‘”’“[3/]7 OoCTaéTcs BepHBIM. Ecim XKe
rank[z] = rank[y], To, o6osnauas uepes size'[y] u rank’[y] pasmep u
paHr y nocie omepanun LINK, umeem size'[y] = size[x] + size[y] u
rank'[y] = rank[y] + 1. Orcrona

SiZ@l[y] — Si26[$] + size[y] 2 2rank[x] + 27’ank[y] _ 27’ank[y]—|—1 _ 27’ank/[y]‘

Jlemma 22.4

Uncerno Bepimu panra r He npeBocxonuT /2" (mis moGoro menoro
r>0).

HokazaTeancTBo.

SadukcupyeMm umcyio r. Beskuit pa3, korma Kakoi-nmbo BepIume y
npucBanmBaeTcss paHr (B cTpoke 2 mporenypbl MAKE-SET minm B
cTpoke b mporenypsl LINK), 6ymem MpuBenInBaTh METKY KO BCeM Bep-
MInHAM HofmepeBa ¢ BepiinHON y. HOCKOMbKY BeplinmHa i B TOT MO-
MEHT SIBISeTCS KOPHEM ONHOIO U3 IepeBbeB, JMeMMa 22.3 MOKa3bIBaeT,
YTO YICHO TOMeYaeMbIX BepIinH He MeHbine 2. Hamm mpomenypsr
VCTPOEHLI TaK, YTO KaxKaas BeplinHa 6yneT noMeduena He Hojiee OOHOTO
paza. Ctayo GBITh,

n > (ancno MeTok) > 2" - (4Mcno BepIInmH paHra r),

OTKyIla BCE U CIeIyeT.
Cunencrsue 22.5
Haur mioGoit Bepmnab He mpeBocxonuT |lgn].
HokazaTeancTBo.
Cwm. nemmy 22.3 unu 22.4
Hoka3aTenbcTBO ONEHKN HJIS BpeMeHn paboThI
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Hpu nokazarenbcTBe oneHku Ham 6yneT ynobHee paboraTh ¢ onepa-
nueit LINK, a He UNION. HycTh mana nocienoBaTeinbHOCTH S1, COCTO-
sias u3 my oneparuit MAKE-SET, FIND-SET u UNION. 3ameHum Ka-
Knyio onepaiiuto UNION Ha nBe onepaiui FIND-SET u ofiHy onepanuio
LINK; mosnyuuTcst MOCienoBaTeibHOCTh S U3 mo onepanuit MAKE-SET,
FIND-SET u LINK.

JTemma 22.6

Eciu cTouMocTh BBITIONHEHUS MOCIENOBATENbHOCTH Sy B XyIIleM
ciydae ectb O(mglg™ n), To CTONMOCTH BBHINOIHEHUS MOCIENOBATETb-
HOoCTH S1 B XymmeMm ciydae ecTb O(mq 1g" n), rme n — 4ancio onepannit
MAKE-SET.

HokazaTenbcTso.

Hemennenno ciienyeT u3 OYeBHIHOTO HepaBeHCTBa My < Mo < 3my.

Teopema 22.7

Hpenmnomoxum, 4TOo Hal CHCTEMONl Hemepecekalolmxcs MHOXKECTB
(mepBOHAYANBHO MycTOl) mpoms3Benn m omepaiunii MAKE-SET, FIND-
SET u LINK, U3 KOTOpPBIX n onepaiuii Geiiin onepaiusMu MAKE-SET.
Torna npu uCHONB30BaHUE Peaju3allui ¢ MOMOIILIO Jleca CO CKaTHeM
nyTell W oObellMHEHNEM O paHraM oO0lllas CTOMMOCTH 3TON MOCIeloBa-
TesnpHOCTH onepannit ects O(mlg™ n).

HokazaTenbcTso.

CroumocTs Kax ol u3 onepanuit MAKE-SET u LINK ecThb, 04eBUIHO,
O(1), a ux cymMapHas CTOHUMOCTL ecTh TeM caMbiM O(m). Baiimemcs
onepamnusMu FIND-SET. OueBnnno, cronMocThb onepainn FIND-SET(z)
IPONOPINOHAIBHA [IJINHE MYTH TNONCKAa OT & K KOPHIO (0 CXKaTHs).
Crasio 6bITh, HAM HAN0O OIEHUTh CYMMAapHYIO IUIHHY NyTell NOHCKa,
BO3HUKABILNX B NIPOIECCe BBIMOJNHEHNs Beex onepaluii FIND-SET u no-
Ka3aTh, 4TO oHa ecTh O(mlg™ n).

B nporecce BhimosHenus Kaxjoil u3 omepanuiit FIND-SET Mbl nBH-
raeMcsi BBepX IO OIHOMY U3 JIePeBbeB, 3aKaHUNBas MOUCK B ero KOpHe.
3aMeTum, 4TO Ha KaKIOM I[Iare paHI’ BepIINHBI CTPOrO BO3paCTaer:
eciu % — BepIlllHA, BCTPETUBIIAICS Ha MyTH MOUCKA, a ¥ — CIeny-
olllasi BepliiuHa, To ecTh v = plul, To rank[v] > ranklu]. Bepmunna
U MOXKET HEeOIHOKPATHO BCTPedaThCs B MyTAX IMOUCKA TPH BHITOJHE-
HUU paccMaTpUBaeMoil B TeopeMme NOcienoBaTelbHOCTH onepaliuii. Hpu
5TOM 3a Hell MOTyT (M CKopee Bcero OyOyT) MATH pPa3HBIE BEPIIWHEL:
eclii B HEKOTOPBII MOMEHT 3a w4 cJeloBalia BeplllHa v, KOTOpas He
OblIa KOpHEBOI, TO Nocile CXKaTHA NMyTell 3a u OyIeT cIllelOBaTh yikKe
HEe U, a KOPeHb JlepeBa (Ha MOMEHT MepBOTo MONCKA), TO €CTh BepIInHaA
GombIero panra, 4em v. (HTo mpocroe Habimonenne nrpaet k najibHeii-
meM KITI09eBYI0 POIIb.)

Ha6nionas 3a pocToM paHra mpu mepexoie OT BepIIUHbI K €€ pomiu-
TeNI0, Mbl OTHEIBHO ONEHUTh KOJMYECTBO IIArOB, MPU KOTOPHIX PaHT
CHIIBHO PACTéT, I KOJHYECTBO I1AroB, KOI'/la OH PACTET He CHiibHO. BhI-
GepeM B KadecTBe TPAHUIBI HeKOTOpYo GyHKIHO 3(k), onpenenénuyio
JUIS HEOTPUIIATENbHBIX 1edbiX k. Mbl npennosaraem, 4to GyHKIus [3
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SBIIsIETCsI MOHOTOHHO Bo3pacTaoteii n ato 3(k) > k npu Bcex k. Hymem
TOBOPUTH, UTO MPU TMepexore OT BEPUINHBI U K €& pomuTenio v = plu]
paHT CHIBHO pacTéT, eciau rank[v] > f(ranklu]). Hpm sToMm MBI mc-
KITI0UaeM U3 pacCMOTPEeHUs CIydail, Korfga v sSBIsSeTCs KOpHeM — Ta-
KOl ciiydail BCTpedaeTcs MO pa3y NPH BEIMOTHEHNN KayKION Omepalni
FIND-SET, n noTomy ofliiee ancio Taknx cuTyanuit ects O(m).
Hauném ¢ omeHKHW dmciia IIaroB, NPH KOTOPHIX PAHT He CHJIBHO
pacTéT, u CrpynnupyeM WX MO BeplimHaM, U3 KOTOPBIX HTOT Iar fe-
naetcsi. 175 BepImHbI paHra k paHTH ed Tpenka MOTYT MEeHSThCS OT
k+ 1 no B(k) (mocie »Toro paur pacTéT cuibHO). 3HAYHT, TUCIO Ta-
KnX maroB (U3 JaHHON BeplInHBl paHra k) 3aBemomo He Gombine [3(k),
MOCKOJIbKY, KaK MbI TOBODHJIN, KaXKIbIll HOBBIM [Iar BENET B BEPIIUHY
Gosblllero panra, dem mpensinyiinii. Hockonbky Beprnun panra k He
6onee n/2%, To oblee WmCNO MIArOB, MPU KOTOPBIX PAHI HE CHIBHO

pPacTéT, He MPeBOCXOAUT
(k)
Z Qk

k

Ecnun Br6path Gynkmmo 3 Tax, 4Tobn pan Y. B(k)/2% cxommmes, To
oblIlee 9NCIO MIATOB Takoro pona ecth O(n).

Hpexme dyeM BBIOpaThH GYHKINIO 3, OOBICHIM, KaK OIECHUTH UYNCIO
[IaroB, MpHU KOTOPBIX paHr CIIbHO pacTéT. Takue maru Mbl CrpyIIN-
pyeM He IO BeplIMHaM, a MO MYyTAM: Ha KayKIOM MyTH NONCKa TaKuX
IaroB MaJio, Tak Kak paHI He MOKeT MHOTOKPATHO CINIBHO PacTH (OH
MeHsieTcst Beero muirb oT 0 mo lg n). Taknm obpasom, Ha KaKIOM My TH
YHUCIIO IIAaroB, IPH KOTOPOM PAHT CHJILHO PacTéT, He MPEeBOCXOMNT Y-
cia uTepanuii GyHKuun [, KoTopble HYKHO CleJaTh, YTOOLI HOATH OT
0 no lgn.

XoTenoch 661 nonokuTh B(k) = 2¥: Torma wmcmo mrepammit Gyner
npuMepHo paBHo Ig*n. K coxkanenuio, Torjia HalMCaHHBI BBIIIE Pl
pacxonutcs. Hpunéres B3Th HeMHOTO MeHbIITY IO GyHKIH0. Hanpumep,
nonoxnm B(k) = [1,9%], Torna pan > [1,9%]/2F < S7(1,9% + 1)/2*
cxomuTcs. C Apyroil CTOPOHBI, YHCIO HTepalnii GyHkunn (3, KoTopbie
HYKHO clenaTh, 4To0bl 0T 0 HOHTH 10 KaKOro-TO YHCia, BO3PACTET
(o cpaBrenmio ¢ dynknneit k — 2%) He Gomee weM BIBOE, MOCKONBKY
B(B(k)) > 2%, u notomy ects O(Ig* n). Tax, 4ucio mraros Takoro poia
s Beex m onepanuit ects O(mlg*n).

CkraneiBass BMecTe NelficTBHs BcexX BUIOB (omepannn MAKE-SET u
LINK, mocjiennme marn B KaxKIOM IOYTH, [Hald, Ha KOTOPLIX PAaHD He
CITBHO PACTéT, W IIArh, Ha KOTOPHIX PAaHT CHIABHO PacTéT), MOIy-
qaeM obuyio onenky O(n) + O(mlg™n) = O(mlg™ n) (manomunm, 1ro
m > n, TaK KaK m — oOlllee YUCHO ONepanuil, a n — YNACIO ONepalnuil
textscMake-Set), aTo 1 Tpe6oBanoch MOKa3aTh.

[Bameuanume. llokazaTeqbCTBO 3TOM TeOpeMbl ClleTKa H3MEHEHO MO
CPABHEHNIO ¢ AHTJIMIACKUM OPUTHHAJIOM: B MHOCHEIHEM HCIONb3yeTcs
dyukuns [(k), paBHas HanMeHBIIEMY WIEHY IOCIEIOBATETBHOCTH
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1,2,4,16,65536, ..., 6onbimemy k (KaXKIblil 9IeH TOCTEIOBATENBHOCTH
eCTh IIBOMKA B CTENEHN Tpenbinyiiero wiena). Torma Ha KakIooM myTn
Oyner He Gosiee lg*n maroB, Ha KOTOPHLIX paHl CHIALHO PAcTET, a
pan > 3(k)/2F cxomuTes, HO MMeeT MOCTATOMHO MENJIEHHO PACTYIIe
YACTUYHBIE CYMMEL. ]

W3 nokazauuoit Teopembl i JieMMbl 22.6 HEMEIJIEHHO BbITEKAET

Cunencrsue 22.8

Hpenmnomoxum, 4TOo Hal CHCTEMONl Hemepecekalolmxcs MHOXKECTB
(m3HagaTbHO MyCTOl) MpomsBenn m onepanniit MAKE-SET, FIND-SET n
UNION, n u3 KoTopbix — MAKE-SET. Torna npu Hcnojgb30BaHuN pea-
JIUB3AMUU ¢ TOMOIIIBIO JIeca CO CKATUeM NyTell 1 oGbelnHeHeM M0 PaH-
raM CTOMMOCTB 9TOM MOcTenoBaTenbHOCTH oneparnit ects O(m g™ n).

YupaxHenus

22.4-1

Hokaxute neMmmy 22.2.

22.4-2

CKonbKO BUTOB HYKHO, 4TOOBI XPaHUTE Size[x] mis yzna a7 ToT xe
BOIpOC Mis rank|z].

22.4-3

Honp3ysch memmolt 22.2 m crmencTBueM 22.5, NOKaxKuTe, 9TO CTOU-
MOCTH M Onepaluil ¢ JecoM Helmepecekatonnxcs MHOKECTB ¢ HCTOJb30-
BaHIEeM OOBeINHEeHNs IO PaHTaM, HO Ge3 ckaTus nyTeit, ectb O (mlgn),
rie n, Kak o6bIuHO, 0G03HaYaeT KojduuecTBO onepanuit MAKE-SET.

22.4-4%*

O6GBsicHuTe, TOUeMY MoCIen e Haru nyTell TpeboBain B HallleM pac-
CYKIEHUN 0COBOTO PAcCMOTpeHNs (a Ha KIacCH(pUINPOBAINCH B 3aBN-
CHMOCTH OT POCTa PaHra, KaK BCe OCTAJbHBE): MPUBEINTE TPHMep CH-
Tyalmnm, B KOTOPOIl HEKOTOpas BepllinHa & BXonnT $2(m) pa3 B My Th 1O~
ucka mis onepaiiuu FIND-SET, DpuuéMm npu BbIXOIE U3 HEE paH pacTéT
He cuabHO. (Kak BHmHO M3 mokasaTernbCTBa, 3TO BO3MOXKHO JIMIIb €CIIH
OHa 1O GONbIIell JacTH SBISETCS TMPeNNocienHell BepIInHOil My TH.)

3anmaun

22-1 Houck Muanmyma B pexkume off-line.

3adava o noucxe munumyma 6 pexcume off-line (off-line minimum
problem) coctouT B crenyiorieM. HycTh nMeercss nuHaMunvIeckoe MHO-
xecTBo ', mommep:kmBatoiiee omepanun INSERT(z) (moGaBuTh 5ite-
MeHT z) u EXTRACT-MIN (ymamuTe MuHEMambHBIH 37mement). Hep-
BOHAYAJIBHO MHOXKeCcTBO T MycTo, 3aTeM BBINOIHSETCS HEKOTOpas I0-
clenoBaTelbHOCTh U3 n onepanuilt INSERT u m onepanuit EXTRACT-
MIN, npuuem omnepaiiuu INSERT nobaBiisioOT B MHOXKECTBO 1O OIHOMY
pa3y Bce HaTypalbHbIe YHCIa OT 1 10 n (He 06A3aTeNbHO B MOPSIKEe
Bo3pacTaHnus). Tpebyercs mo maHHON MOCIENOBATEIBHOCTH ONeparmnii
INSERT(z) m EXTRACT-MIN co3mathk MaccuB extracted[l..m], B KoTo-
poM extracted[i] — umucio, Bo3BpalllaeMoe (-oif MO CUETY omeparueil
ExXTrRACT-MIN.

T'oBops o "peacune off-line”, numeroT B Bumy, 4TO OT HAC TpebyeTcs
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MaTh OTBET MOCTe TOTO, KaK MBI 3HaeM BCIO TOCIEMOBATENLHOCTh KO-
MaH[ (B IPOTHBONONOKHOCTH DTOMY, B peknmMe “on-line” orT Hac Tpe-
60BasioCch OB MaBaTh OTBET HEMEMJIEHHO TO MOCTYIIEHWH OYepemHoil
KOMAaH/IBI, He NOKNIASICh CIeNyoleit).

(a) HycTb KOMaHIBI HOCTYIAIN B TAKOI MOCIENOBATENBHOCTH (MBI IHIIIEM
E BmecTto EXTRACT-MIN 1 ¢ BMecTo INSERT(7)):

4,8,E,3,E,9,2,6,E,E,E, 1,7,E,5.

Kak BeirngnuTt maccus exiracted?

AsropuT™ IS perieHus 3anadn o MEHEMYMe B pexkume off-line mo-
JKeT BBIMISIeTh cilienyorum o6pasom. HyceTs .S — nanuas nocsienoBa-
TeAbLHOCTE KoManmn. HpenctaBum ee B Bume

I, E L, Elsy o L By L

rae Kaxnoe E oboznavaer onepanuio EXTRACT-MIN, a kaxnoe 1; obo-
3HAYAET MOCHTEeOBATENLHOCTE Onepalnii INSERT (BO3MOXKHO, MyCTYIO).
Hng xaxnoil nocnenoBaTenbHocTH 1; co3nanuM MHOXKecTBO K, cocTo-
sitee n3 yucen, nobaBageMblx B 1 mpu omepanusax INSERT 3 mociaeno-
BaTenbHOCTH [;. A Temepb crenaeM BOT 4TO:

Off-Line-Minimum(m,n)
1 for i \gets 1 ton

2 do mafitu Takoe $j$, uro $i\in K_j$

3 if j \ne m+1

4 then extracted[j] \gets i

5 1 \gets (mawMeHBblee umcno, Gombmee $j$,

IS KOTOPOI'O CYWECTBYST MHOXe—
cTBo $K_1%)
6 K_1\gets K_1l\cup K_j (mMmoxecTBo $K_j$ mcuesaer)
7 return extracted

(6) Hokaxute, aro amroput™ OFF-LINE-MINIMUM mpaBHIBHO 3amoi-
HsieT MaccuB extracted.

(8) Heanusyiite anroputm OFF-LINE-MINIMUM ¢ HOMOIIBIO CHCTEMBI He-
nepecekamolnxcs MHOXKecTB. JlafiTe 1ocTaTOYHO TOUHYIO OIEHKY Bpe-
MeHH paGoThl B XyHIleM clydae.

22-2 Omnpenernenne riyouHbI

B zadaue onpedeaenus eaybunve (depth-determination problem) Tpe-
byeTcs peann3oBaTh jiec F, cocTosnil u3 KOpHeBLIX nepeBbeB T, moM-
JNepKUBaOIINi clieNyioline TP onepaiun:

MakEe-TREE(v) Cosnaer HOBoe NepeBO ¢ eINHCTBEHHOI BepIINHOM v.

FIND-DEPTH(v) Bospparaer rny6uny (paccTosiHme IO KOPHS) Bep-
HWINHBL V.
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(a)

(6)
()

(r)

()

laaea 22 Cucmembi HENEpeECERANWUTCA MHONHCECME

GRAFT(r,v) ("npususka”). Bepmuna r nomxia 6bITh KOPHEM OIHOIO
U3 IepeBbeB, BepIINHa v NOMKHA TPUHAIIEKATH K KAaKOMY-TO IpPY-
rOMY IepeBY; IepeBO ¢ KopHeM r "npusucéaemca”’ K mepeBy, comepikKa-
MEeMy v, TpH 3TOM ¥ CTAHOBUTCSA POMUTENEM T

HycTh MBI peannsoBajii 5Ty CTPYKTYPY HaHHBIX CIACLYOIINM O6pa-
30M. [lepeBbs MpencTaBiAlOTCs Kak B Jece HelepeceKalommxcs MHO-
xKecTB (p[v] — ponnmTens BepUINHLL v, eCIN U — He KOPeHb, I p[v] = v,
ecin v — KOpeHb), nporenypa GRAFT(r, v) COCTONT B MPUCBANBAHUN
plr] + v, nponenypa MAKE-TREE Hamncana o9eBHIHBIM 00Pa30M, M,
HAKOHeIl, /sl HaxoxkaeHus Tiyonust (FIND-DEPTH(v)) MBI nmem u3 v
B KOpeHb Il MOACYNThIBaeM ManHy nyTn. Hokaxunre, 4To Ipn 5TOM CTO-
umocTh m onepaiiuii MAKE-TREE, GRAFT u FIND-DEPTH B xymiiem
cinyuae ecth O(m?).

AJITOpUTM MOXKHO YCKOPUTH, €CHU BOCIOIB30BAThCS OObelNHEHTeM
O paHraM U CKaTueM nyTeil. 3aMeTHM, 4TO CTPYKTYpa HepeBa, HYXK-
HOTO [IJid CKaTugd myTeil, He 0043aHa COOTBETCTBOBATL CTPYKTYpe MC-
XOIHOT'O IepeBa — BaKHO JIUIb, YTOObI MOXKHO ObLJIO BOCCTaHAB/INBATh
nHpOpManuio o raybuse (pebpo HOBOTO IepeBa NONKHO XPAHUTH IMH-
dopManuio o pasunie ray6uH KOHIOB pebpa B CTApOM lepeBe).

HeanuzyiiTe onepannio MAKE-TREE.

HeanusyiiTe onepannio FIND-DEPTH. Baln anropuTM HOMKeH HCTOMb-
30BaTh CKaTue NyTeil, a ero BpeMms paboThl HOJIKHO GBIThH MPONOPILH-
OHAJBHO [UINHE TYTH MOUCKA.

HeamusyiiTe oneparuio GRAFT (meficTByiiTe M0 aHAJIOTHH € AlITOPUT-
mamu UNION m LINK; KOpeHb B CTpPOUMOM HOepeBe He 06s3aH OHITH
KOPHEM B CTapOM CMBICTIE).

Hailite TOUHYIO OIIEHKY Ha CTOUMOCTH TMOCHENOBATEILHOCTH 1M Olepa-
it MAKE-TREE, GRAFT u FIND-DEPTH, n 13 KOTOpPBIX — Olepaliuu
MAKE-TREE (mns xymiero ciydas).

22-3 Asnroputm TapbsiHa mis HAXOXKIEHUS HaWMeHbIero oG6Iero
npenka B pexkume off-line.

Haumenvwuii o6wuii npedox (least common ancestor, COKpaliénuo
LCA) Bepuint w 1 v KOpHeBOTO mepeBa I’ eCTh, MO ONpeneseHnio, Bep-
IMHa HanGONBINel TAYONHB! CPEMn BEPIINH, ABISIONINXCT TPEIKaMI
KaK %, Tak W v. 3adaua 0 HaAToHCIeNUy HAUMEHLWUL 00wWur nped