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OT M3JATEJIBCTBA

Kuura . ITomwa u T'. Cere «3anauu u TeopeMut
H3 ananusa», BHepBble Bblle/MIas Ha HEMELKOM fA3biKe
B 1925 r. u B pycckoM mnepesoje B 1937 — 1938 rr.,
JaBHO YyXe CTaja HAaCTOJbHOH KHHIOH MAaTeMaTHKOB,
PaGOTAIIHX WM TOJBKO KeJAloNiuX OBJaZeTh HaBLIKAMU
HayuHOH paboTel B 06J1aCTH TeopuH (yHKIHH.

KHura #HeoRHOKpaTHO NepeusfaBanach # Obljia nepe-
BelleHa TaK¥ke Ha aurJuickuii sswk. B 1956 r. Buuwio
BTOpOE pyccKoe H3jaHue. [lyisi HACTOSAIIEro TPeTherc usja-
HUS TIEPEBOJ 3aHOBO OTPEIaKTUPOBAH # CBEPEH C TPETHHM
HeMellKUM H3JaHHeM,



NPEILUCJIOBHE

«YTO 3HAYAT TpemoAaBaTh? — 3TO
3HAQYUT CUCTEMATHYECKH ﬂoﬁy}K}Ia’I‘b Yua-
LAXCA K COGCTBEHHHIM OTKPHITHIM>.

(Cnencep.)

B maremarnueckoit surtepatype (8o (ppanilysckoit eure GoJblie,
9eM B HeMEeIKOH) HMeeTc MHOrO, YacTbiO MPeKpacHBIX H 6OraTex
no MartepHany cOODHHKOB 3ajad, ynpaxKHeHHH, NOBTODHTEJbHLIX
KypcoB H T. 0. Kak HaM KaxkeTcd, HacTOdIlasi KHHTa OT HHX BCeX
OTJIH4aeTCd CBOeH HeJsblo, MAaTEPUAJIOM, er0 pPacloyOXeHHeM, a Tak-
J)Ke ‘MeTOoloM paboThl HajA HeH, KakK Mbl ero MbICJUM. Bce aTH Mo-
MEHTH HYXJAaI0TCs [03TOMY B NOSCHEHHH.

InaBHefmed ueJbl0 3TOH KHHIH 4BJsercs NpHOOIIeHHe JHI,
JOCTAaTOYHO NPOABHHYBIIHXCY B H3yYeHHH MaTEMAaTHKH, K CaMOCTO-
ATeNIbHOMY MBILIIJIEHHIO H HCCAEJOBAHHI0 B HEKOTOPLIX BAXKHEIX
ofJjlacTIX aHaJH3a NyTeM pelleHHs CHCTEMAaTHYECKH paclo/oxkKeH-
HeiX 3afad. OHa JOJKHA CJYKHTHL JJS1 CAMOMAEsITebHOTO, AKTHB-
HOrO H3y4YeHHss KaK B DyKax ydaillHXcd, TaK H NpenojaBaTeled.
Yyamuica MOXKeT N0Jb30BaThCH 3TOH KHHIMOH aHGO Ajs yriay0ie-
HHsSl MaTepHana,. MOJyYeHHOro MPH CaMOCTOSTEJbHOM UTEHHH HJIH
Ha JieKnusax, JAHOO He3aBHCHMO OT HHX, NOJHOCTbIO NpopaaTbiBast
oTnenabHble ee yacTH. [IpernonaBatens MOXeT HCMOJBL30BaTh ee JUis
NOJArOTOBKH yIPa:KHEHUH HJIH CEMHHaPCKUX 3aHATHH.

Hacrosimiasgs KHHTa OTHIOAbL He MNpeAcTaBlIgeT co60H mPOCTOro
cobpaHus 3ajpau. ['1aBHOE 3aKjl0uaeTcsd B paCNOJMOXEHHH Ma-
TepHaJsia: OHO MAOJXKHO NOOYKJAATb YHTATENA K CaMOCTOATEJbHOH
pafoTe W NPUBHBATL eMy ILeJecooOpasHbie HABHIKH MaTeMarHye-
CKOro MbliyieHus. MBI MOTPATHJAH Ha AOCTHXKEHHe BO3MOXKHO 0oJee
3} GeKTHBHOr0 pAacCHoJOXKeHHS MaTepuasa ropasjao 6oJbile Bpe-
MeHH, CTapaHHsl M CKpynyJesHofl paGOTH, 4e€M 3TO Ha NepBH
B3I MOTJ10 OBl MoKa3aTbest HeCOXOAUMBIM.



MIPEJUCJOBUE 9

CooOimeHne psfia HOBBIX CBeJeHHH HHTEPeCOBaJo Hac caMo Mo
cefe JHIb BO BTOPYIO ouepelb. B mepByio ouepelpb MBI KeJlaau Obl
croco0cTBOBaThL BeIpaoTKe y wuTaTeNnd NPABHJBHBIX YCTAaHOBOK,
H3BECTHOHN AMCUHIJIHHBI MBIILLIEHUS, YTO NPH H3YYEeHHH MaTeMaTHKH
Heo6xoAuMo emme B 60/bllefl Mepe, yeM IIpH H3yuyeHHH ADYIHX HayK.

Ham ne usBecTHB Kakue Obl To Hu OblIo «regulae cogitandi»
(mpaBHJ1a MBIIVIEHHS), KOTOPbie TOYHO MPEANHCHIBANM Obl MBILLIE-
HHIO Haubousee menecooOpasnnie myTH. Eciu 661 nogobHble npaBria
U OBLJIY BO3MOMKHH, BPAA JH OHU ObLIH OBl OYeHb noJe3nsl. Hanmyu-
mHe OpaBHJ/a MBILJIEHHS] HeJb3d [OJYYHTh KaK-TO H3BHE, HX HYXKHO
BLIpaboTaTh Tak, 4TOOL OHH BOWIIM B IUIOTH U B KPOBb H JeHCTBO-
BaaH C CHJIOH HHCTHHKTA. [TosToMy A/ pa3BHTHS MBblUIJIeHHS JeH-
CTBHTE/IbHO NOJIE3HBIM fBJsETCH TOJBKO ero ynpaxsaernue. Camo-
CTOAITEJILHOE pelleHHe TPYAHBIX M HHTEPECHHX 3ajau (oJbine AacT
YUTATENI0, YeM NPHBOLHMEE HAMH HHUXKe abOpPH3MBI, OJAHAKO Aad
Hauaja H OHH OYAYT HebGecIloJiesHH!.

Mul nbITaeMcsi BCe OCMBIC/JHTB: OTAeNbHblE (DAKTH — COMNOCTAB-
JIEHHEM C POACTBEHHHIMH (akTaMH, HOBOE — IPHBELEHHEM B CBHA3b
CO CTapblM, HENPHUBBIUHOE — O 2HAJAOTHH C OOBIUHBIM, YaCTHOE —
nytrem ofoOmennd, ofiee — HaAJEKAILUM CHEIHAJH3HPOBAHHEM,
CJIOXKHOE — PA3JIOXKEHHEM HA OTJAeJbHBIE YaCTH, elUHHYHOE — BOC-
XOXKJAEHHEM K 001eMy.

Ectb Heyto 00Inee B ODHEHTHPOBAHHH B rOPOJE U B KAKOH-HH-
Gyabp HayyHOR 06JlacTH: HYKXHO H3 Ka:KJAOTO 3aJlaHHOTrO NyHKTa cy-
MeThb AOCTHYB Jwo6oro Apyroro!). Emie Jyuine opuenTHpyercs ToT,
KTO MOXeT Cpa3y e BbOparb Haubojee yHOOHHH HJIH GHICTPHI
nyTb. ToT Ke, KTO OYeHb XOpOLIO OPHEHTHPYETCH, CMOKET BHITION-
HATb U GoJsee CJAOXKHBIE H cBoeoGpa3Hble 3aJaHusl, HANPHMEp Hpef-
NPHHATL NYTEIIECTBHE, 3apaHee HCKJAIOUHB KaK 3alPeTHHIE HEKOTO-
pbie OOLIYHO HCIOJb3YEMBIE HYTH,— 3TO HMEET MEeCTOo, HamNpHMep,
B HEKOTOPBIX aKCHOMATHIECKHX HCCEIOBAHHAX.,

Ectp Heuto ofluee B IOCTPOEHHH MOJHOrO H CBS3HOTO 3HAHM
H3 Pa3pO3HEHHBIX CBeJeHUH H CTeHBl M3 HeoOTeCaHHBIX KaMHeM:
KaxJoe HOBOE CBEJEHHe, KaK M KaxKIblli HOBBII KaMeHb, HYIKHO
paccMOTpeTb ¢O BCEX CTOPOH, IPHJIOKHTD K pasHbBIM MecTaM,
npexae dYeM HOBoe He Haller cebe nHanGosiee MOJAXOMAIIETO MeCTa
B HAJIMYHOM, TaK 4TOGH COIPHKACAIOIIAACsT NOBEPXHOCTh Ghlia Kak
MOKHO GOJbIIeH, Npobesbl — KaK MOXHO MEHBIIHMH H 1e0e GLLI0
BO3BEJIEHO MPOYHO.

[lpsimas onpefiesnsieTca AByMs ToukaMu., Ho M MHOrHe HOBHe
TEOPEMBl BO3HHKAKOT NYyTeM HEKOTOPOH MNPSMOJHHEHHOH «HHTEpHO-

1} Cm., nanpumep, sagauy 92 ® cocefinde c Hell B VI oTA, fanee sazauy 64
8 VIII orxa.



10 TMPEOHCJ/IOBUE

AAUMH» U3 ABYX KpaWHHMX dacTHRIX cayuaes!). Tlpamas ompepne-
JAETCAd TaKKe 3aXaHHEM TOUKM ¥ HanpaBieHHs. TOuHO TaK ke H
HOBLIE TeOpeMBl YacTO BO3HHKAIOT B pe3yJbTaTe CHacCTJIHBCIO CTe-
YeHHs HaAMpaBJeHusl pabOTH H OTIEJBHOTO BHEYaT/SIOILEro 4acT-
Horo cayuasi. [IpoBefieHne napannesel Takxke dBaseTcs H3MoOJaeH-
HHM METOJOM CO3/laHHSI HOBHIX TeopeM ?).

Hneqa, npuMeHeHHad OAHaM@Abl, NOPOAAACT HCKYCCTBEHHHIH
npHeM, NpHMeHeHHAas JBasK/Abl, OHA CTAHOBHTCH METOLOM.

Ilpn nokasarenbCTBAX, OCHOBARHBIX HA MeTOAE MNOJHOH HHAYK-
LHH, JOKa3blBaEMOe M JONYILEeHHOEe UPSMO NPONLOPIHOHAJLHE OHH
oTHOcATed, Kak n-+1 x n. [losromy pacunipenue JI0Ka3bBaeMOro
MOKeT OBITb BLITOAHULIM: OHO pacuIgpdeTr pomylienHoe. la u BO-
obmie HHON pa3 OnBaer Jerue AokasaTh ofllee yTBepiJeHHE, YeM
1aCTHOE: HMEHHO B GopMynHpoBaHHUHN Oojee obHero moJo-
JKeHHsl KPOoeTCd IJIaBHHE yCIeX, BhIeJNeHHe CYIeCTBEHHOro, MOJHOE
NOHUMAaHHe CYILIeCTBA Jena ). _

«Qui nimium probat, nihil probat» (k1o cinmkom MHoro noka-
3bBaeT — HUYEro He JoKaswiBaer). KamAoe [0Ka3aTeJbCTBO HYKHO
B34Th NOJ NOJO3pEHHe: BCe JH HPEANOJOXKelHs B HeM ACHCTBH-
TeJBHO HCHOJb30BaHBI? Hellb3s /M NOJYUHUTDL TOT Ke pe3yabTaT mpH
MEHbIIEM 4YHCJIe NPEAnoJoXKeHHH b0 NPy TexX XKe NpelnoaoxKe-
HHUAX NMOJIYUUTb Gosiee CHABHEIA pesysbraT? [lyctTh aumb Torpa Ha-
CTYNUT YCIIOKOEHHe, KOrja KOHTPIPHMED NOKarkeT, 4TO TPaHHIBI
BO3MOXKHOIQ JOCTUTHYTHI!

OnHako He HYXHO 3a0LIBaTh, UTO CYUIECTBYIOT 00OGIIEHHs] ABYX
POJOB: MaJIOLEHHbIE M MOJIHOUEHHbe. [lepBble — 00001IeRuA nyTeM
paspexXeHHd, Apyrde —IOyTeM cryuleH Hs. Paspenntb— 3Ha-
4YHT, Ha0OJNTaB BOAB,, M3rOTOBHTbL IKHAEHBKYWO TOXJleOKy, Cry-
CTHTb — 3HAYHT COCTABHThL MOJE3HH, MUTaTedbLHBH 3KcTpakt, Co-
elHHeHHEe TOHATHH, Malo CBA3aHHBIX ADPYF C JPYroM AJd o6inero
OpeACTaBJeHHus], B OIHO OOBEMIIOLIEE €CTH CUYIIEHHE;, TaK CIYIIaer,
HanpUMep, TeOPHs T'PYNN pacCyXIeHHd, KOTOpHiEe Npexue, OyAy4H
paccesHHBIMH B anrefpe, TEOPHH UHCeJ, FeOMETPHH, aHAa/H3e, Bhi-
Isiled COBeplieHHO pa3juuHbIMU. [IpHBecTH npuMepn 06061eHUS
nyteM paspexeHus Oblao OB elie serde, B0 MBI He XOTHM HaXKHBATh
cebe Bparos.

He Bcaxkuit martepuas moaxoaut ans 3afad. COODHHK, B KOTO-
pom ObinH OB HCUEpNLIBAOILE NpeJcTaBjeHH BCe BaXKHeHinHe 00-
JIACTH aHaJu3a, Obl1 Ol MO0 HeOOXOAUMOCTH uepecuyp OOJBIIHM H

1} CM., HanpuMmep, 3afauy 139 B 1 ota.

?2) Cwm., Hanpumep, IV orjg, ra. 1, § 1, B wacTHocTH 3ajaun 13 u 14,

3) B jaJbHeiilieM cOnpoBoKAalOLiee 3a4auy YKa3aHHC WY TPYINHPOBKA MPH-
JETAIOMUX 3aj1a4 4aCTO YKas3wBaeT HA yCivIeHHe Wil odobiienne, KOTOpoe MO0 bl
ofinerunthb pelerte aafauil. CpasHntb 3ajgaun 1 12,314, 5n7,6u8s !l omn



fIPEUCJIOBHE i1

HeynoOGoBapuMbiM. KoHeuHO, BLIOOD MOIKHO [POH3BECTH pPa3Jiny-
HpiMH cniocobamu. Mbl orpanu HauboJibllee NpeAnOYTEHHe IEHT-
paJpHO 06JacTH COBPEMEHHOTO aHAJN3a — TeOPHH (QYHKIOHH KOM-
NJIEKCHOTO TepeMEeHHOro. Tem CaMbIM Mbl OKa3aJHChb HECKOJBKO
B CTOpPOHE OT CTONGOBOH AOPOTH, KOTOPOH MPHAEpPKHBAIOTCA 0ObIY-
HBle KypChl JeKnui, yue6uuka u c6opHukH sanau. Caeteris paribus
(TpH HpPOYMX PABHBIX YCJOBHAX) MBI mpedNousnd Te 06/1aCTH, KOTO-
pule GaniKe HAallHM MepCOHAIbHEIM HAayUHBIM HHTEpecaM. Mul BKJIIO-
YUJIH 33fla4H d U3 TPYAHEHIINX M NMPUTOM HAXONALIHUXCH B CTAJHH
GHICTPOTO PasBUTHA obaacTel, KOTOpHE 10 CHX NIOP COBCEM He OLLIH
npejcTaBaeHbl B COOPHHKAX 3aJau H IIOUTH cOBCEM — B yueOHOH JiH-
tepaTtype. IlompoGHee Ha 3TO yKaxkeT oraasieHHe. Oraebube
TJIaBbl MOTYT IPEACTABHTh HHTEpeC H AJjs crennantucTos. Onnaxo
MBI HUTJE HE CTPEMHKJIHUCh AOCTHYD MOJHOTE MOHOTPa(HH, HOCKOJIBKY
BLIOOp MaTepHasaa OblJ HOAUMiEH HalleH OCHOBOHM LeJH —pacho-
JOXeHHUI0, B HaHOGOJbIIeld cTeNleny Bo3byxAawiie-
My pafoTy MBICJH.

Ilo mpoucxoxkmenu:c MaTepHaJl OueHb pasHooOpaseH. Mbl yep-
TaJdH ero ¥ H3 KJaCCHYECKOTO NOCTOSHHS MATeMAaTHKH H H3 MeMya-
poOB TOCHeHHX JeT, KpOMe TOr'c, MBI co0paJid 3aflauH, 4acTblo yXKe
ONy6IUKOBAHHEIE B PA3TUUHLIX JKYpPHAJMAX, YACTbIO YCTHO COOOIIEH-
HBIE HAM aBTOpaMH.

Becb aToT Martepuan MH NPUMEHHTEJbHO K HAaIIHM LEJAM pac-
WHPHAK, NepepafoTald H 3HAYUTEJNbHO AONOJHHIH., Kpome Toro,
B ¢opMe 3a/1au 3/lech BIePBble O0nyOaHKOBLIBAIOTCA HEKOTODble HAKH
coOCTBeHHBIE pe3yJabTaTol. MH HajgeeMcd, yTO ¥ 3HATOK Ha@jaer
KOe-u4TO HOBOE.

Bech matepuas pasjmeinen Ha JBe uyacTH. [lepBasg oxBaThBaer
TPpH oTAena Gosee o011ero, OCHOBHOTO XapakTepa, BTopas COAepKUT
LIECTh OT/AEJOB, NOCBAIEHHBIX OoOJee CHenuaJbHBIM BolpocaMm H
TIPHMEHECHU M.

Kaxaas 4acTh co/iep:kUT B CBOell nepBoit MoJOBHHE 3aladH, BO
BTOpOi#l — HX pemeHHsa. Cpeail 3afay, oco6eHHO B HauaJje OTAeNb-
HBIX TJ1aB, BKPaIJEHbl TAKXe HEKOTOpble INOSCHEHHA, HMeIoIine
e b0 HAaNOMHHTHL HeoOXoAuMble ofINHe NOHATHA H TeopeMbl, 3a-
Haun yacTo cHabxKeHBl YKa3aHHUAMH. PellleHHSI H3JO0MXKEHBl IO BO3-
MOXKHOCTH KPaTKO, B KOHCIEKTHBHOM CTHJIE, TPHBHAJBHLIE 3aKJIO-
UeHHsT OIYJIEeHBbl; OJHAKO NIPH CEpPbe3HOM pas3MEBIHLIEHMH HajA 3aja-
yel OHH JOJI>KHBI OBITH BIIOJIHE SICHBL. B HCKJIUHTEJILEBIX CAy4asx
HalpacbiBalOTCA JMIIbL OCHOBHBIE UEDTHl JOKA3aTeJNbCTBA, H YuTa-
TeJb OTChlaaeTcss K Jutepatrype. MHOTAa TYT XKe NpH pewlelyd
YKashiBAIOTCS BO3MOKHBIE paclliMpeHUsi, HOBEe NMPHMEHeHHd, a TakK-
e He paspellcHHble elle BOMPOCHL.
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Ortpennl pacmajfaloTcd Ha IJIaBH, NOCJEAHHE B CBOIO Ouepeib—
Ha maparpadul. Ilepen mosicHeHMeM HJIH Ke HOBBLIM HHKJOM 3ajad
OCTaBJ/IeHBl HeGOJbIIHE Tpobessl *).

PacnosioxkeHue 3aJau BHYTPH [JaBH W maparpada daBigercd
TEM MOMEHTOM, KOTOPHH OT/JIHYAeT HACTOAIIYI0 KHHULY OT BCEX H3-
BECTHEIX HaM AaHAJOrHUHBIX paboTr eme GoJbile, ueM BHOOp Ma-
TepuaJa.

YnpaxHeHHd B Y3KOM CMBICJIe, Ipe/lHA3HAUEHHbIe IS NOSCHEHUS
HOBBIX TEOpEeM ¥ NOHATHH Ha MOAXOAALIE [OJOOPaHHBIX MpPHMepax,
3aHHMAIOT OTHOCHTEbHO HeGoabinoe Mecto. O60coOMeHELIE 3a1a4H
pelKH. :

3ajgaun 00beHHEeHbl 0OJbIeHd 4acThlo B JIJHHHBIE p L Bl, OXBa-
THBAIOUIHe, KaK MpaBHJo, Lesblil naparpad; uX opraHuveckoe Io-
CTpoeHHe OLLJIO MpeAMeTOM Hamlel Hauboubiiell 3a60THL.

3afaul MOXHO TPYNNHPOBATb MO pasjHYHBIM NPH3HAKAM: IO
TPYJAHOCTH, MO NPHUMEHAEMBIM CTPEACTBAM, [0 METOLY, IO pPe3yJb-
TaTy. HH ofHOMY M3 3THX NPHU3HAKOB MHl HE OTJAJH 0COGOro mpe-
MOUTEHHS; B DA3JNHUHBIX CIYYASX MBIl MPUAEPKUBAEMCS DA3JHUHBIX
NPHHLMIIOB PacmoJOXKeHUd Marepualja, Tak 4ToGHl OHO OTpaxa.lo
BCe NEPHIETHH CaMOCTOATENbHOTO Hcciaenosanus., Oaun maparpad
NOCBAIIEH, HAaNpHMep, HEKOTOPOMY METoJy; BHauaJje 3TOT MeTo[
BKpaTIle NOACHAETCA, 3aTeM NDHMEHAeTCH K PelleHHI0 KaK MOXKHO
Gosee pasHoOGpa3HEIX 337124 U NPH 3TOM caM Bce GoJsiee yTOUHAETC
U coBepllleHcTBYeTcd. B Apyrom maparpade aHaJOTHYHO HOCTYIJIEHO
¢ KakKoH-HHOyAb TeOpeMOH; BHadaJse 3Ta TeopeMa (OpMYyJHPYyeTCH
(1 mokaspiBaercs, €ClHM 3TO MOXKHO CJlesaTh GBICTPO M Jerko), 3a-
TeM CJeXVIOT CaMble pa3HooOpasHble YacTHEE cJaydau ¥ MpHMEHe-
HHA 3TOH TeopeMbl. TpeTbH naparpadnl NOCTPOEHHI B «BOCXOAAIIEM >
nopsgake: obwas TeopeMa NOABJIAETCS JHIIL MOCAe pAgd IPEeAIo-
CHITAEMBIX eff 4aCTHHIX CJIyYyaeB H OTAEIbHBHIX KPAaTKHX 3aMeuaHHi,
MOABOAAINHX BIJIOTHYIO K ee (GOPMYJHDPOBKE WM Ke NOArOTOBJSIO-
IIHX ee A0Kas3aTeabCTBO. MecTaMu CJIOXKHBE M TPYAHBEE A0Ka3a-
TeJBCTBA Pa3/d0MKEHbl B AJMHHBIA DA 3a1ay; KaxIasd OTHeJbHAd
3ajlaya COJEpIKHT KaKyK0-HHOYAb JieMMy JHG0 CaMOCTOSITEIbHYIO
YACTh JOKA3aTeNbCTBA, JTHOO HOBOE OCBelieHHE NMPEIMETa; B COBO-
KYIIEOCTH STH 3aJayHl COCTaBJAIOT DA NMepeXOJHBIX CTymeHeH, Mo
KOTODHIM 4HMTaTe/]b NMOJAHHMAETCsi, HAKOHell, K JOKa3aTeJbCTBY Tpe-
OyeMoOH TeopeMHL.

B mekoTopuix maparpadax (comepXallixX «CMEINaHHbBIe 33JauM»)
MaTepHaJ pacnosoxeH 0e3 TeCHOH B3aHMHOH CBSI3d; 3[eCh IpHBe-
JdeHbl THOO NpHMeHeHHA NpEeAIIeCTBYIOLINX TeopeM K 0ojee TPYA-
HHM cJaydasiM, Au46Go OTJesbHBlE 3aJauH, NPeJCTaBJAAIIHE CaMO-
CTOATEJNBbHBIH HHTepec.

*) B HacrOsIeM H3AaHUH B 3THX MeCTaX MOCTABJEHBl, KPOMe TOro, KO P O T-
KHEe YePTOUKM.
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Koe-rae uerbipe caenymoline ofHa 3a ApPyrofi 3ajaud obpasyior
«TIPONOPLHIO» B TOM CMBIC/JE, YTC YeTBepTasd HAXOAHTCA B TAKOM
JKe€ OTHOINEHHH K TPeThell, B KAKOM BTOpas — K HepBoil (0606uie-
Hue, obpamende, npuMenenue). HekoTopele mnaparpadrl NOCBA-
wensl o6cToATeIbHOMY MPOBELEHHI0 W aHafau3y aHajgoruii!)., Ouu
cofiepxKaT 3allaud H3 ABYX mapaJielbHBIX ofJacTeH, pacnoJ/oXKeH-
HBEIE apaMH, MO OJHOH 3ajade W3 KaxAoH, u obpasywomiHe, Tak
CKa3aTh, <HENPEPBIBHYIO NPONOPHHIO», JTOT TUI PACNOJCKEHH, Ka-
3aJI0Ch HaM, MOXKET HAaTOJKHYTb 4HTaTeNnd Ha HauboJee NJIOLOTBOD-
Hble Pa3MBIIIJIEHH.

K »T0li KHHre MOXKHO NOAXOLHUTb C Da3HBIMH TpPeGOBAHHAMH:
HCKaTb B HeH 3aJaud 15 CaMOCTOITeJNbHOro peuleHud JuHO0 Mate-
puaJ A4 ynpaxKHeHUH CTYXeHTOB, JHOO MaTephan IJd YTeHHs.
Bo Bcex 3TuX caydYasix €0 MOXKHO NOJb30BAaThCA C JOBOJbHO GOJb-
mo# cofoaof.

Hns nonumanua nepBofi IVIaBH TOro WM HHOTO OTAEda Tpe-
Gyercs OoJbllell 4aCTBHIO OTHOCHTETbHO HeOOJBHION 3amac IpeiBa-
pUTeNbHBIX cBeleHHH. Pasiuunble OTAe/Bl, €cIH H He BIOJHE, TO
BO BCAKOM CJydae B 3HAYHATENLHOH CTENEHH HE3aBHCHMBI JIPYT OT
Ipyra; TOYHO TaK K€ H Pas3JHUYHBIE YaCTH GIXHOTO H TOTO KE OTleJsa
JyacTo oveHb c1ab60 cBA3aHBI MeXJy co0oii, Tak d4TO NpH paGore
Haj HUMH BOBce He TpefyeTcd TOUHO NMPHUAePKHUBATBCA NMOpAAKa HX
clefloBaHud.

Uurarenb, XKeJMawIIUi pemartb 3aJadyd, LOJKEH NPHHUMATL BO
BHUMAZHHE HE TOJBKO YTO CHPAIINBAETCH, HO H KaK M rpe. Muo-
rie 3ajadd, KOTOpHe, OyAyuH NPEJJIOKeHH H30JUPOBAHHO, OBLIH
Obl HENPHCTYNHBl WM AJS TOJATOTOBIEHHEIX MaTeMaTHKOB, 3lechb
OKDY2KeHH 3a/layaMH NOJTOTOBHTEJBIIOTO U NOSCHHTEILHOTO XapakK-
Tepa U NpenojHeceHbl B TaKOH CBA3H, YTO 0e3 0co0oro TpyLa MOTYT
ObITb OCHJEHBl [PH HEKOTOPOH HACTOHYHBOCTH CaMOCTOSITENBHO.
[TpaBna, BcTpeuaroTcsd LOBOJLHO TPYAHBIE 3ajaud U Ge3 mpexBapH-
TeNLHOH TOATOTOBKH, Ho OoJabmiell yactH B naparpadax c 0Goaee
cBOOOJIHEIM MOCTPOEHHeM (Co/lepiKAllluX CMeIlaHHBle 3ajadH), Of-
HAKO 3TO — eJ[HHHUHbIE CIYyYaH.

VKasauud, CTOSILINE NIPH 3a1a49aX, KOHEUHO, OTHIONb HE JOJIKHH
CTeCHATb CBOOOJBL! YHTaTeJ B BHIOOpe NMYTH penieHHs COOTBETCTBY-
IoIeH 3a1a4H,

Komy pemrenue He faercs cpa3sy, IyCcTb He Oropyaercd; MycTh OH
BCTIOMHHT, YTO «COKPaTOB MeTO/ o0y4eHHs» BOBCE HE COCTOMUT B Ha-
TaCKHBaHHH Ha OBLICTPbIe OTBeTH. ECIH H NOBTOPHHIE MONBLITKH
OCTAJHCh TUIETHBIMH, TO YHTaTeab C TeM GOJBIIHM BHHMaHHEM IpO-

Y Cm. Hota, t. 2; IV ora, . 1, § 1; Vora, ra 1, §l; VIII ora,,
. 1, § 4.
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aHAJH3HPYeT pellleHue, NMPHBEAEHHOE BO BTOPOH NOJOBHHE TOMA,
H3BJEYET NOJAJMHHYIO CYTh Jena, H 3Ta CyTh YJA4:KeTcs B ero mna-
MSATH OPOYHBIM NMpHOGpeTeHHeM.

Marepuan HacTodAmel KHHICH, HaxoAuBlleiicd elile B Ipoliecce
BO3HHKHOBEHHS, YK€ HECKOJbKO pa3 HCIOJIb30BaJCA HPH HOArO-
TOBKe yIpa:KHeHHH N9 CTYJEHTOB CPEAHHX M CTapIIMX CEeMecTpOB.
Ilpu srom Oojee Jerkue 3amauyd pellaJHCh CTyJeHTAMH TYT ¥Xe
YCTHO, GoJsiee Ke TPyAHble — B NMHCbMEHHOM BHJE IO HCTeYeHHH He-
KOTOPOTO CPOKAa; BaXKHeHIlIMe, THIHYECKHe 3alauH pelllaJHCh CaMHM
npenopapaTeseM. B TedeHue ceMecTpa, cuHTad IO JBa yaca B He-
JeJ110, OKa3aJoCh BO3MOXKHBLIM MPOUITYAHPOBaTh NPHMEpPHO MaTe-
puaJs ofHofl rJaBel. ITUM NyTeM OBLIO NPOBEPEHO M HA OCHOBe II0-
JYYEHHOTO ONbiTa 4aCTHYHO nepepabGoTaHO HECKOJBKO riaB. MH
MOXKEM Telepb CO CIOKOHHOH COBECTbI PEKOMEHAOBATb DPYKOBOAH-
TENSIM CeMHHAPCKHX 3aHSATHH MeTOJA, COCTOAIMH B TOM, 4TO CTY-
JeHTaM MpejpJiaraeTcd pellaTb He OTHe/JbHbIE Da3pO3HEHHBHE 3a-
Jauyn, a ray0OKO NPOAYMAaHHHIH cBA3HBIA pan 3agau. Iloutn Bee
IJ1aBbl TOH KHHTH MOTYT OBITH HCNOJb30BAaHBI IPH BeJeHHH 3and-
THH 3THM MeTofoMm. CaMo cofofi pasyMeercs, 4TO IIPH 5TOM TpE&-
6yerca cOGJIOAATL H3BECTHYK OCTOPOXKHOCTb, pEeKOMEHAyeTcs 3a-
MEHATbL HEKOTOPBIE 3a/lauH CXOJAHBIMH C HHMH, HO 110 TEM HJH HHBIM
npuurHaM 6osiee NPEANOUTHTENbHBIMHE, U T. 1L

HenpepbiBHOe 4TeHHe, KOorja Bejed 3a 3ajgaduedl TyT Ke npo-
CMATpHBaeTCs €e pellieHHe, Mbl MOXKEM DPEKOMEHAOBATh TOJBKO
HCKYLIEHHOMY 4HTartesJ10. B mesom 3To HE COOTBETCTBYET 3aMEBICAY
KHUrH., OZHAKO HEKOTOPLIE IVIaBHl NPHCMOCOGJEHR AJSl TAKOro ure-
HHS H B CYLIHOCTH MOTYT OBITH HCNOJBL30BAHLL B KauecTBe PYKOBOJ-
CTBA, TOJBKO H3JIOXKEHHE NOKaxkercd B 3TOM cJydae, MOMKeT OHITH,
HEeCKOJIbKO C:KaThIM U Iay3bl MexAy (OpPMYyJUPOBKAMH H A0Ka3a-
TeJbCTBAMU TEOPEM — CJAHIIKOM Pe3KO aKUEeHTHPOBAHHBIMH.

Ecin name HaumHaHHE He BO BCEX OTHOLIEHHAX YAAJOCh TEK,
KaK MBI 3TOr0 JKeJaJjH, TO K TOMy HMeTCA ABa U3BHHAWIHUX 00-
CTOATENBCTBA: BO-NEPBLIX, MBI HE HMeJH HHKAaKHX 00pastioB, 1O
KOTOPBIM MOLJH Obl PaBHATbCA; BO-BTOPHIX, AafbHelmee pacuipe-
HHE OTAEJbHLIX IMaB noTpe6oBajo Obl CTOJBKO MECTa, a yJjyylle-
HUe H3JIOXKEHHS B OTAeJbHBIX HIOAHCAX — CTOJNBLKO BPEMEHH, 4TO
OB10 OBl TOCTABJIEHO NOJ, Yrpo3y BLINOJHEHHE BCEro miaaHa, Mul
6ulsin OBI, B MHTEpecax [esa, OueHb 0/1arofapHel KPUTHUECKH Ha-
CTPOEHHOMY 4YHTAaTeNl0, KOTOpHH oOpaTHsn Obl Hallle BHHMAaHHe HA
BO3MOXKHBIE HEJOCTAaTKM U TeM CaMbiM AaJ OBl HaM BO3MOXHOCTb
BHIIPABHTh WX NPH MePBOH BO3MOXKHOCTH.

MHuorue cnendaJucTel NpefOCTaBHJIM B HAme PacHOPsiKeHie CBOU
OTAe/bHbIE HeONyGJHKOBAHHBIE Pe3yJbTarthl, APYTHE MOMOIJH HaM
pa3JIHYHOTO POAA COBETAMH NPH MPOBEPKE PYKONMHCH H KOPPEKTYpHL.
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Mo ¢ GnarozapHocThio ymoMuHaeM ux uMmena: A. Aeppli, P. Bernays,
A. Cohn, R. Courant, P. Csillag, L. Fejér, M. Fekete, A. Fleck,
F. Gassmann, A. Haar, A. Hirsch, E. Jacobsthal, L. Xollros,
J. Kiirschdk, E. Landau, E. Lasker, K. Loéwner, A. Ostrowski,
M. Plancherel, H. Priifer, T. Rad6, M. Riesz, A. Stoll, O. Toep-
litz, A. Walther. Mul umenu Tagkme BO3MOXKHOCTb NO32MMCTBOBATh
Koe-uto u3 Hacaefus A. Hurwitz’a, a takke y F. u Th. Lukdcs.
OcobenHo ke Mbl Xorenu Obl BEIpa3uTb HAUly cepAeuHyl GJaarojap-
Hocts T. Carleman’y u I. Schur’'y 3a ux uenHble 3afiaud u eme A.
¥ R. Brauer’am, H. Rademacher'y u H. Weyl'o 3a ux noucrune
CaMOOTBePKEHHYIO TIOMOIL(b.

Eg%;hulgze J:‘HH, G. Pélya, G. Szego



OBO3HAYEHHWSA U COKPALEHHWS

B ofosnauenusx u COKpallleHHMAX MEl CTAPaJTHCh ObITh BO3MOXHO Gosee mocie-
JIOBATE/ILHBIMA M N0 KpafiHeil Mepe B mpefenax OXHOro mnaparpada OAHOTHIHBIE
BEJIMUMHBL 0603HAYaIM OHHAKOBBIMH Oykpamu. OtaenbHbie 0603HaueHUs, CoXpaHsie-
Mble Ha INPOTAKEHHH OJHOro-1ByX naparpadoB, BBOIATCS CHENHATbHbIMH NOSCHE-
HHsAMH. HesaBdcHMO OT 3Toro 3HayeHMe XKaxaofl OyKBEl OGBACHSAETCS 3aHOBO
B KaXKIoH 3amaue, eCIH TOJNbKO HET CCbUIKH Ha mpelbliyumiyio 3ajauy. Ecam sapaua
HETIOCPENICTBEHHO TIpHMHIKAET K TIpeJIIECTBYIONEH, TO OHA HAUHHAETCH IOMETKOH
«npoposKeHne». Ecan oHa NpUMEIKEET K OXHOH u3 Gofee paHHHX 3a1ay, TO NOMETKA
CONpPOBOMKAAETC HOMEPOM 5TOH 3anaud, HanpHMep «NpojoMxeHHe 286». B stux
IBYX cayuasx o003HAYEHHS 3aHOBO HE Pa3bACH AOTCH,

Otaenbl  0003HAYAIOTCA PHMCKHMH, TJ1dBhl (€C/JH 3TO HEOGXOAMMO) — apaGCKHMH
nudbpamMu. HyMmepanus oTAeMBHEIX 33Kay B KamkaoM oTAede Hopasa. Howmepa sagau
neyaTalTcs KUpPHO. [IpH CChlTKe HA 3a7auy yKa3blBAETCH TOJBLKO €€ HOMEp, €C/H
3a7a4a NPHHALICKHT TOMY K€ OTJSNY; €CIH e 3a]aya NPHHANIEKUT LPYyromy
OTIeny, TO YKa3blBaeTcs TdK:Ke HoMep oraena. Hanpumep, Mbi nuimem II 123, ecan
He HaxomuMcs B oTxede |1 (3agau mam pemienwit); HO NHIEM mpocto 123 Ha mpors-
KeHuHd Bcero otgena II.

3aMeuanu s B KBajpaTHHIX CKoOKax [ ] B 3amayax ofo3HauaroT Bcerja ykasa-
HHs, @ B pEUeHUAX —puTaTy (ocoGeHHO B HAua/le pelIeHHs) HWJIH CCBIIKY Ha Jpy-
TyIO 3a1auy, M3 KOTOPOH MOMKHO HCIOMb30BATh JJIS pElIeHH S OTHAE/bHBIE 3aKTIOUC-
HHSA. 3aMeuaHus WHOTO POjA 3aKJIOYEHH B IpocThie CKOOKH. LIHTnpys HoMep sanau,
MB HMEEM B BHIY KaK 3a1auy, TakK.H ee pelleHHe, 06A3aTeJbHO OTMeuas HHble
cayuau, Hanpumep: [pewenue 38].

WcToundky, U3 KOTOpHIX 3aHMCTBOBAHA 3a7aya, NOUTH BCETAA YKa3aHH B pelle-
Hud, EciM sajaua paHee yxe NyGJHKOBanack, TO 3TO YKa3sbBaeTcsA B uuTare. Ecin
yKa3blBaeTcs TONLKO ¢aMuausi aBTopa 6e3 yKasdHus JWTEPATYPHOTO HCTOYHHUKA,
TO 3TO 3HAUUT, YTO 3ajgaya Obla HaM coobmeHa B KauectBe HOBOM. COKpalienu s
HasBaHU# JKYPHAJIOB NpPUHATH T€ ke, uTo u B «Jahrbuch iiber die Fortschritte
der Mathematiks. HauGonee uacTble cokpauieHusT BPHBOAMM 3fech:

Acta Math.—Acta Mathematica.

Arch. d. Math. u. Phys.— Archiv der Mathematik und Physik.

C. R.—Comptes Rendus de I’Académie des Sciences, Paris.

Deutsche Math.-Ver. — Jahresbericht der Deutschen Mathematiker-Vereinigung.

G. Batt.—Giornale di matematiche di Battaglini.

Cétt. Nachr.— Nachrichten der Gesellschafl der Wissenschaften zu Cot-
tingen.

J. fiir Math. — Journal fiir die reine und angewandte Mathematik.

Proc. Lond. M. S.—Proceedings of the London Mathematical Society.

Math. Ann.— Mathematische Annalen.

Math. Zeitschr. — Mathematische Zeitschrift.

Nouv. Ann.—Nouvelles Annales de mathématiques.

Rom. Acc. L. Rend.—Atti della Reale Accademia dei Lincei, Roma.

Crenyiomne yueGHHKH LHTHPYIOTCSA Haubosee 4acTo, a NOTOMY TONBKO 1m0 dhaMH-
ansm asropos (sampuMep. Cesaro, Hecke u 1. 1.):
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E. Cesaro, Elementares Lehrbuch der algebraischen Analysis und der
Infinitesimalrechnung, Leipzig und Betlin. B. G. Teubner, 1904 *),

E. Hecke, Vorlesungen iiber die Theorie der algebraischen Zahlen, Leipzig,
Akademische Verlagsbuchhandlung, 1923 **),

A. Hurwitz—R. Courant, Allgemeine Funktionentheorie und ellip-
tische Funktionen. Geometrische Funktionentheorie. Berlin, J. Springer,
1922 #*#),

K. Knopp, Theorie und Anwendung der unendlichen Reihen, nsa, 2-e,
Berlin, J. Springer, 1924.

G. Kowalewski, Einfiihrung in die Determinantentheorie, Leipzig, Veit
& Co, 1909.

Jlanee ocofo ymomsHeM clenyiouine o603HAUYEHHS:

a, -~ @ O3HaUaeT; @, CTPeMHTCH K a (Ipu n — co).

a, ~ b, (4HTaTb: @, ACHMITOTHUYECKH paBHO b,) osmauaer: b, =0 npu pocra-

aﬂ
TOYHO GOJBIIOM 7 H F_*l (npu n — co).
“n

0(a,), cooTB. o(a,), a,>0, 03HAYAET BeJMYMHY, OTHOILIEHHE KOTOPOH K a,
OCTAeTCH OrPAaHWUEHHEIM WJIH COOTBETCTBEIIHO CTPEMHTCS K HYyMO (IPH A — CO).

Aunanoruunrie 0GosHaueHHs ynoTpeGASIOTCT ¥ B APYrHX NPEAE/bHELIX Iepexo-
JaxX, OTVIHYHbIX OT A — OO,

x—a-+-0 coo1BercTBCHHO X —> a—0 03HayacT, YTO X CTPCMHTCS K @ CIpaba
HJIH COOTBETCTBEHHO CJeBa.

€Xp X ==¢¥, TJ€ e— OCHOBAHHE HATVPaThHLIX JOTapUPMOB.

Max (a;, @, ..., a,) 03HAuaeT TO (WiH Te) H3 1 UHCeN gy, ds, ... , @, KOTOPOTO
He NpeBOCXoAsAT Bce octanibible. [Tomo6Hoe ke 3Hauvenue nMeeT Min (ay, s, ..., an).
Ananornunnil cMeiean umeioT Max f (x), Min f(x) ansa sewecTBeHHON QyHKUUH, onpe-
JeNeHHOH B WHTepBane «[a, b], ecnu OHa HMeeT B HEM MaKCHMyM WIH MHHAMYM.
Eciiu 4x HeT, TO 5TH Ke 3HAKH lleseco06pa3sHO COXPAHUTb W 0003HAUCHUS Bepx-
Heil wiau HikHed rpaHed dyHkudu f(x). Bce 370 pacnpoctpansercs H Ha ciydai
KOMIIEKCHOTO epeMeHHOTo X.

sgn x osHauaer cumsos Kpowexepa:

+1 nopu x>0,
sgn x= 0 npu x=0,
—1 npu x << 0.

[x] osnauaer naumGonbliee lesoe YHCAO, He HpeBbllIapuice uHcaa x. OxHako,
eCJIH 3TO He MOXKeT Bbl3BATb JIOXKHOIO NIOHUMAHHS, KBAAPATHHIE CKOOKH Ge3 OcobbIX
YKa3aHHH ynoTpebGiasoTcs TAaKXKE M B cBoeM OOBIMHOM CMBIC/IE.

Z 03HAuaeT KOMIJEKCHOe UHCJIO, COMNPSIKEHHOE C YHCIOM 2, €CJIM TOJABKO HAeT
peub O KOMILIEKCHBIX UYHCIax.

Onpenenutens ¢ oOmuM 3MEMEHTOM @y, A, p=1, 2, ..., n, COKPAWEHHO
ofo3HayaeTcs Tak:

(@ W Ly 1y g e B[y, By s @y [

*)y Dpuecto Yesapo, Daemenraprnil yuebunx aare6panueckoro agannsa
H HcuHcheHus GecKoHeuHo Madblx, u. I —II, Onecca, 1913 («Matesucs); u. I, 2-e uap.,
JI., 1936 (OHTH). B panbefiireM cchliku paiotcs Ha d3gamwe 1913 r.

**) 3. I'ekke, Jlekuuu no Teopun anre6GpavueckKux udcen, Iocrexuspar,
1940.

**4y A, T'ypBun, Teopns ananuTHueCKUX H IJAANTHuecKHX byHxuumit, TTTH,
1936; P. Ky paunT1, l'eomerpnueckasn 1eopus QYyHKIUHEH KOMIIEKCHOTO NEPEMEHHOTO,
I'TTH, 1934; A. Typeuu, P. Kypaur, Teopus pyskuuit,~«Haykas, 1968,
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[lox obaacmbr Mbl TOHHMAEM CBS3HOE MHOMECTBO, KOTOPOE COCTOMT M3 OJBHHX
BHYTPEHHHX TOueK, NOR 3amrxymol obAacmbr —oONacTb, ONOJHEHHYIO ‘ee mpe-
AeNIbHBIMH TOUKAMH.

Ion wenpepoisrod Kpusod Mbl NOHUMAaeM OSHO3HAYHEIE W HENpepHBHBIA 00pa3
uHTepBatta O<f=C1, T. e. COBOKYNHOCTb TOYEK Z==X-}-iy, TAKEX, 4TO X==9 (f},
y=1(f), npuueM obe pynknuu ¢ (£} ¥ P (f) HenpepuBHE B HHTeoBaTe 0 =Cf=C1.
HenpeprieHas kpusas samknyma, ecad @ (0)=o (1), ¥ (0)=1 (1). Kpusas ne umeem
dsotinbix mouex, eclB U3 @ (H)y=q (f2), P (t1)=1 (f2) ({; <?) nHeobXomwmo ciexyer
t;=0, f,=1. Kpusyto Ge3 jBOHHEIX TOUEK Mbl Ha3bIBacM npocmoli. He3aMKHYTYyO
APOCTYIO HENMpPEPHBHYIO KPHBYIO Mbl HashiBaeM apocmoti dyeod.

ITpocTas saMKHyTad HelpephiBHAs KpHUBAs (TaK HasuiBaemas kpusas JKopdara)
pasfuBaeT MJIOCKOCTb HA 1Be 06nacTH, obilell rpanuuedl KOTOpHIX OHA ABJSETCS.

KOHTYpHl HHTErpHpOBaHHST B KDHBOJAHHEHHBIX W KOMIWIEKCHBIX MHTerpanax
BCErfa IIPEANIONAraioTCs HENPepLIBHEIMA H CIIp IMJIEMBIMH,



3ANAUYN

OTIOEJ IEPBBHIU
BECKOHEYHBIE PAJbl H NMOCJEAOBATEJIbHOCTH

TJABAI
BbIYUCJIEHHUSA CO CTENEHHBIMH PAJAMH

§ 1. 3anauyn M3 aAIUTHBHOW TEOPHH YHCE

1y CKOJTBKHUMH CNOCOGAMH MOXKHO pa3MeHsiThb DYGJb Ha MOHEThI
nocronnctsoMm B 1, 2, 5, 10, 20 u 50 xomeek?
2. O6Go3nauuM uepes A, uucio pemeHuH AHOoPaHTOBA ypaBHEHHS

x+244 5241004200 4-50w =n
B HEOTPHLATEJNbHBIX LeJhX Yucaax X, y, 2, 4, v, w. Cymma psia
Ayt A+ At ...+ A+

aBjsieTcss JApoGHOH pauuoHanbHOH GyHKUme#l nepemenHoro {. Karo#
HUMEHHO?

8. Crombkumn crnocofamu MOXKHO HaKJIeHTb 40 KomeeK Mapxamu
nocrorHetBoM B 5, 10, 15 u 20 Komeek, pacro/IoXeHHHIMH B O LHY
JHHHIO, eClTH DacCMaTPHBATL PACHOJOKEHHS, OTIHYAIoUHecs Apyr
OT Ipyra NOpAfKOM CNelOBaHHS ABYX MapOK HEOIHHAKOBOIrO JOCTO-
HHCTBA, KaK pas/HuHbie?

4. Ilycte B, —uHCJI0 BCceX BO3MOXKHHIX INpeACTaBJeHHHl Lenoro
TIOJIOKUTE/ILHOIO YHCJa 71 B BHIE CYMMB! CJlaraeMuX, HMEIO[IHX 3Ha-
yenusi 1, 2,3 n 4 (npudeM JiBe CYyMMb, OTJIKUAIOUHECS JHIID NOPSN-
KOM CJaraeMulX, CUHTAIOTCA Pa3JHuHBIMH). Torma psn

14+ B L+ Byl? ... 4 Bl +

npeficTaBJsgeT IpOOHYIO pPalHOHAJbHYIO ¢ynxuHio ot {. Kakyiwo?

8. Hekrto 06safiaeT BOCEMBIO Pa3HOBECKAMH BECOM COOTBETCTBEHHO
B 1, 1, 2, 5, 10, 10, 20, 50 2. CKONbLKHMH CHOCOGAMH OH MOMKer
COCTaBUTb M3 HHX 78 2, ec/¥l CUHTAThb OTAEJbHO NPHMEHEHHe IBYX
pasHbIX Pa3HOBECOK, XOTsl Obl M OJHOTO H TOTO Xe Beca?
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6. CrombKHMH CIOCOGaMH MOMKHO. COCTABHTb M3 Pa3HOBECOK Tpe-
JpIAymel 3agaud Bec B 78 2, ecsM MOJb30BATLCsl 06 EHMHU YalIKaMy
BECOB?

7. PaccvorpuM CyMMBl BHIa

&, -} &, 4 2e5 -+ 5ey -+ 10e5 + 10e, 4~ 20¢, - 50¢5,

rie KaXKaasi U3 BEJUYHH €, €, ..., € MOXKET NPUHHMATh JHIIb
sHauenre O wian 1. OGO3HAYWM UYHCJIO HOAOGHBIX CyMM, HUMEIOMHX
suauenue n, yepes C,. PasloXKuTh Ha MHOXKHTEJH HENYI0 PAlHOHAL-

HYI0 (PYHKUHIO
Co+ Clg +CEH-. .+ Ceocgg-

8. Ilycrs Temeps BeMuuHBL €, €, ..., € NpebAynleH 3afauu
MOryT mpuHuMarbh Tpu 3uaueHusi: —1, 0, 1. OGosnaunm UHCIO CyMM
YVKa3aHHOrO B TIpelblAymiedl 3ajaue Bula, HMEIOWMHX 3HAUEHHE 7,
uepe3 D,. Pa3joXuTh Ha MHOXKHTEJH BbIDaMeHne

99
> Dy
n=-—99-

9. OGo6uETbL mMpeabiyiue 3afaud, Geps AJS Mephbl AOCTOHHCTBA
MOHeT, MapOK H Pa3HOBECOK He ONpEJeJEHHBble UHC/Ia, a BOOGIIE @,
Q, ..., Q.

10. CrosabkuMH Cnoco6amMd MOMXKHO BBIICMHTH TPYNIY B 71 JIMIL
13 o6ILero uucaa p JIHI?

11. CxosbKHMH cnoco6aMH MOXKHO DaclpelesHTh 1 MOHET MEXKIY
p Junamu?

12. CxogbKHMH CTICCO0aMH MOMKHO PAClpelIeNuTh 1 MOHeT MeXK1y
p JHLIAMH TaK, 4TOGb KaXabiH MOJyUHJl HE MeHee OXHOH MOHETH?

13. CKOBKO WIEHOB COMEpKHUTCS B OOuIell 1e0H panuoHaIbHOH
1 ORHOPOAHOH (QYHKUHUK n-H CTeNeHH OT p NEePEeMEeHHBIX Xq, Xy, ..., Xp?

4. Uwvess B pacmopsukenuu Beca 1, 2, 4, 8, 16, ..., MoxKHO
(ro/Ib3ysich OJHOI UYalKOH BecOB) COCTABHTH JIOGOH LEBIH MMOJOMKH-
TENBHBIH BeC M TPHTOM TOJBKO OAHHM cnocoGom. MHbIMH cJioBaMH:
KakJoe LEJ0e MONOKHTENLHOE YHCJI0 MOMKET ObIThb 3aMHCaHO MO JBO-
HUYHOH CHCTeMe H TIPHTOM TOJBKO OXHHM CIOcoboM.

15. lmes B pacmopsikenud Beca 1, 3, 9, 27, 81, ..., MOKHO
COCTaBHTDb JI0GOH UEJBIH NOMONKHUTEILHBIH BeC W MPUTOM JHIUb OAHHM
CTOcOBOM, MOJIb3YsiCh ABYMS QaHIKaMH BECOB.

16. Onpenenuts K03(pGUUHEHT @, B pa3/OKeHHH

(1448 (1 4-¢8%) (142" (1 4-¢8°) (1 +-¢1%) ... =
=0+ a8+ 8+ al®+. ..
17. KaxoB sHak n-ro wjieHa B Pa3JOXKEHHH MPOH3BEJCHHS
A—a)(1=b)(1—0)(1—d)...=
=1l—a—b4ab—ctact+bc—abc—d+4-...
(n=0, 1, 2, ..)?
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18. lokasaTb TOXKIECTBO
(LT + A8 (0T + T X
% (1+€100+€200+”__FQQOO)_“:IITQ’

PABHOCH/IBbHOE YTBEPHK/ICHHIO, YTO BCSAKOE LEJIOE NMOTOKHTENbHOE YHCIO0
MOKeT OBITb 3aMHCaHO [0 JecATHYHOH CHCTeMe U TPHTOM TOJBbKO
OJ[HUM CIIOCOGOM.

'9l
2 1
(1+€) (I+¢ ) (1+§3) (1+€4)---= I——3a——o0—2C9..."

20. Kaxnoe Le10€e MOJOKHTENBHOE YHCJO MOXKHO IPEICTABHTH
B BHJIE CYMMbBl PAa3JHUYHBIX UEABIX IOJOKHUTENBHBIX CJlaraeMblX
CTOJIBKUMHU CIOCOBaMH, CKOJbKHMH CIIOCOGaMH €ro MOXKHO MpPeNCTaBUTh
B BHJE CYMMBl OMHHAaKOBH X HJH Pa3JHUHBIX, HO HEUET-
Hbl X TOJNOXKHTENbHBIX cnaraeMblx. Hanpumep, Bce Bo3MOXKHble Npel-
CTaBJeHHS yucaa 6 TOCPEICTBOM pAa3JHYHBIX CJaraembix GyayT:

6, 145, 244, 14243,
TIOCPEACTBOM HEUYECTHBIX:
145, 343, 1414143, 1411414141,

21. Kaxnoe Iesoe M0JOKUTENbHOE UHCAO 7 MOXKET BhITh 271 — 1
Pa3sJHYHBIMH CIIOcOGaMH IIPEACTABJEHO B BHIE CYMMBI MEHbIIH X
HeJBlX TOJIOKUTENbHBIX ClaraeMblX, €C/H JBa INPeACTaBAeHHsl, OT/IH-
HAIOIKXCA XOTS Obl TOPSIIKOM CJ1araeMbiX, CUYHTATb pPasJHYHBIMH.
Hanpumep, aume 24! —1=7 cJefylOWHX CYMM HMEIOT 3HaueHHe 4:

1414141, 14142, 242, 143,
14241, 341
94141,

22. CoBOKyIHOE YHCJIO HEOTPULATENbHHX IEJOUHC/IEHHBIX pelle-
HMH IHOQAHTOBLIX ypaBHeHHH

x4 2y=n,
2x4+-3y=n—-1,
3x+4y=n-2,

---------

nx+n+4+1l)y=1,
r+)x4+n+2)y=0
paBHO n-}-1,
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23. CopoxymnHOe UYHC/IO HEOTPHUATETbHBIX LEJOUHCJCHHBIX pelie-
Hu#l AHOpaHTOBLIX ypaBHeHUH

14+2y=n—1,
2x43y=n-3,
3x+4y=n-5,

w o & & o & % o »

MeHbllle YeM n-}+2, mpuueM Pa3HOCTh paBHA yMCIy AeanTesedl ducia
n+2 (em. VII, o, 1, § 5).

24. IlokasaTh, 4TO COBOKYNIHOE YHCJO HEOTPHUATEJIbHEIX I€/I0-
YHCJAEHHbIX pEIIeHHHl NUOPaHTOBLIX ypaBHEHU

x+ 4y=3n-—1,
4x-+ 9y=5n—4,
9x+ 16y=7n—9,

paBHO 7.

25. Uncio HeoTpHUATENbHBIX IEJOYHCACHHBIX pelueHuil AuodaH-
TOBa ypaBHEHH:A

x+2y4+-3z=n
o 3)2
ecTh GauxKaiiee K L%l 1eJIoe  UHCO0.

26. Uncsio HeOTpUIIATE IBHBIX 11€I0UHUC/ICHHBIX PEIleHUH VPaBHEHKS
ax-+by=n,

rie a, b, n— nojoXuTeJbHBIE leJble yucaa H @, b— B3awMHO npo-
n n
CThi€, PaBHO [%] HJH [%]—l—l.

27. Ilycts ay, a,, ..., a;— lLeJBE MOJOKHTEIbHEE B3AUMHO IIPO-
cteie uucia. Ecam A, — udc/I0 HeOTPHLATEJNLHBIX IE/bX peilieHHH
ypaBHEHHS

axy+aXe+.. .+ ax=n,

TO HMEET MEeCTO IpeAcJbHOe COOTHOIUEHHE

lim A 1 _
oM T may e (=D

B8. LlenniMin TOYKaMy B MPOCTPAHCTBE HA3LIBAIOTCS TOUKH C L0~
YHUC/ACHHBIMH JE€KApTOBHIMH KOOpAMHATAMH. X, Y, 2. CKOJbKO LEJBIX
TOYEK JIEKUT HA IUIOCKOCTH

xtytz=n

B 3aMKHYTOM IIOJIOXKHUTEJbHOM OKTaHTe (=0, y=0, z=0)?
Cro/JbKO HX TaM B OTKPHTOM OKTaHte (x>0, y>0, z>0)?
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29, CxoJbKO IebIX TOUEK JIEKHT B ¢OKTa3/pe»
| [+ %+ xp | <n

P-MEPHOTO TIPOCTpaHCTBa (n — Uenoe)?
0. Uuc/io messix TOueK B 3aMKHYTOM KyGe

—n<Xx, y, 21,

YAOBJETBOP AIOL{HX YCAOBHIO
—s<=x+yt+z=<s,

paBHO
3 Pl
A sin2n+1 £\ sin 2541 ¢
1 2 2 d-
. L
2 si 1 sint—
3 2

-7

n, §—Uesble 4HCHA. .
81. Unc10 noJoXKUTENbHEIX HeJOYHCCHHBIX pelleHHH ypaBHEHHA

xt+ytz=n
(n=3), yIOBNETBOPSIOMWHUX YCJIOBUAM

x<ytz y<ztx, z<ity,
paBHO
(n+8) (1—2)
[

HJ/IH
nz—1

8 ?
CMOTpPSI TO TOMY, GyJeT JIX f HeTHO HJIH HeYeTHO.

§ 2. bunomunancnole koapuitHenTnl H npovee

BunoMHa/bHEIME  KO3MhHLHEHTaMH C") HasBBaOTCA KO3hdHIH-
€HTHl Pa3/IOXKeHHA

/
at+ =)+ 1)z )2+ 4 M)z (B)=1,
TJle P — NMPOM3BOJALHOE YHCJIO *). LS HeJbiX NOJMOKHTENBHBIX [ YHCJIO

(’: ) uMeeT KomGHHATOpHBIH cmbica (10— 13). B Hukecaeayoomx 3a-
Jayax n — [ejgoe U HeOTpULlaTe/bHOe,

B

*) B pycckoit (# dpanuysckoii) nuTeparype BMecTo r> ynoTpe6GrTeNIbHO —

npasja, TOAbKO JJIs HeJIbIX HeOTPHUATEeNLHLIX 3HaueHHil W — KomGuuatopuoe 06o-
3HayeHHe CL («uMCa0 coueTaHH{i M3 W JEMEHTOB IO r»).



24 3AJAUM

82. (o + (1] + (3] ++( = (1)
i T A PR
34. Vs toxnects

[e] oo oo oo (oo} B [
k I __ Ok g {1 Y
3wt 3 bit= 3 cuzn, 3 et ¥ Giai= ¥ fre

k=0 =0 n=0 E=0 =0 n=0
BEITEKAeT _
Cpn=0pbn+ @1bn1+ sbn-o .. .+ anby,

Vo= toBn+ (1) tuB-s (3 tabnos - oo
35. Tlosoxum
xh=x(x—h)(x—2h)...[x—(n—1)A].
Torza HMeeT MeCTO TOXAECTBO

(x_j[_y)n\h____xn\h+<?>xn—1|hy1\h+<g>xn—2\hy2lh+.“,J[_yn]h.

86. ([Iponomxenue.) Iokasath caenyoouiee ofoGumenye TOJIHUHO-
MHAJBHOH TEOPEMBI *):
!
L

Gt Fx)rih= vilve! vl 1
Vitvyte v, =n

R e A F Ay
38. 1) -2z + s\s) A ()=

=l4g+gt.to

xv2[h...x}’l[h

39. kzo (—1)n-k 928 (”;;fjl>=n+ 1.

80 3 (3ol () 1 —aprm e 4202

v=20

*) Tlog «MOJHHOMHANLHOH Teopemoli» 3Jech ToApasyMeBaeTcsl TOXIECTBC,
obobuaiomee GopMyJay GuHOMA:

n!
X X et X)) = Z ——————xvl v2.. Vi
(e +x ... %) vl v B E

vl+v,+...+vl=n
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41. Tonoxum
p)=ataxtax(x—1)+axx—1)(x—2)+...,
ip(x)=a0+‘]’21 x(x~l)+ x(x—1) (x—2) ...
Toraa
(0)p@+ (1) e+ e@+..+ (%) o (m =22 ()
74
(0)e@=(1)em+(3)p@— .t =10 (}) p(1) = (—D)raumt.
42. (- +(]) e—np+(5) @—ny+
+iy) @ =Pt =2,
43. (8) (0—n)2—('1'> (2_n)2+(g> (4—n)2—
o (1Y (5 @y —np ot ={g EEE Zf
§ 3. Auddepennnposanne cTeneHHbIX PsI0B

Ilycte y — HeorpaHuueHHOe 4HCIO pas AuddepeHnupyemas QyHK-
upsi ot z. Onepauus (z i) y omnpepensercs C/efyoOWel peKyppeHT-
Hol dopmysoi:

dn _df d\n—1 d.
(Zgz‘> y= Zd—z< dz) Y 24=2Y
Hamnpumep,
(z d%)” 2k =krz®,

Kaxnomy nomusomy f(x) =cy+cx+cx®+...4c,x* Mpl GyaeM cTa-
BHTb B COOTBETCTBHE OIIEPallHio

f(z%)y———coy-l—clz%y~|—c2 (z%)zy—l—...—i—cn (z%)ny.

44. Tlokasats, uto

f(z f-) 2t =f (k) 2%,
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45. Ilokasats, 4T0 ec/y f () — MOJHHOM C HEJIBIMH KO3bhuitueH-
taMu (cm. VIII, ra. 2, § 1), To cymma psaia

FOIO @ e

npeAcTaBasieT cofoil leNoe KpaTHOe uHCia e-— OCHOBAHMS HATypasb-
HBbIX JIOT apH(MOB.
46. Tloroxum

dyn 1 _ qa Dy ny3 _f,,(z)
(ZE) m—12+22+32 +.—-( z)n+1
n=1, 2,3, ..).
TlokasaTb, yTo [, (2) €CTb NOAHHOM f-H CTENeHH ¢ NOJOXKHTENbHHIMH
Ko3(puIueHTaMI (38 MCKJIOueHHeM CBoOGcAHoro uieHa f, (0)=0);
Janee, 4to f, (1) =nl.
47. Ilycte f(x) u g(x) — ABa NPOU3BOJIBLHLIX TIOJMHMHOMA, TIPHUEM,

OIHAKO, g (X) He MMeeT HeOTpHUATeIbHBIX HeJblx HyJjel, [lokasats,
yTo psn

FO) i) ., i@
y=goTem?tep@t

yAOBJIETBOPSET AHGbdepeHInaILHOMY YPaBHEHHIO

elz i) v=1{ed) 7=

Pa3peluMOMy TIOCPEICTBOM psifla TIOC/TIEAOBATENbHLIX KBAAPaTyp.

48. Ilycts f(x) ¥ g(x)— ABa B3aHMHO NPOCTLIX HOJIMHOMA, HPH-
yeM g (x) cTemeHu He HizKke ueM f(x), namee g{0)=0, Ho g (1), g(2),
g{3), ... omuunbl oT Hyss. [lokasarh, 4TO s

1, F0@ 4, TWiOIO
=t temee? Teheem 2 T

YAOBJETBOPAET OAHOPOLHOMY JKHeHHOMY HudxpepeHNuaIbHOMY ypaB-
HEHHIO
d d
elz o) y=r(zds).
49. Psn
1\2 1.3 2n—1)\2
y=1+(5) 2 +(55) 2+ (750

yroBaeTBopsier nuddepeHnHasbHOMY YPaBHEHHIO

2(1-2) a4+ (-2 3 - Fy=0.
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§ 4. Onpenenenue Ko3ddpuLHEHTOB
0PH DOMOIH (JYHKUHOHAJBLHLIX ypaBHeHHH

50. Oyukuus .
F@=(1—g2)(1—g%) (1—¢%)... (q|<])
pas/naraercsi B CTENeHHOH DSl
F(@)=A4,+ A2+ 4,22+ A28 4. ..

Onpenenuts KoadduuenTst A, 3TOro pasioKeHHS H3 (yHKIHOHAD-

HOTO ypaBHeHUS '
F(2)=(1—q2)F (q2).
51. Onpenenmb KO03(bHIMEHTH B Pas/iokKeHHH

. (z) — B, Byz+ By + B2® + ..

rne F (z) —ra xe ¢dyHKUUSA, uTo H B Hpelpliyllell 3anaue.
B2. Onpenenuts kosdpbummentst C,, Cj, C,, ..., C, B Toxze-
CTBE
I+ (I+gz) (1 +4¢%) (1+4¢%27)...
v (L g2 12) (1 4 g2tz ) =
=Co+Cz+z)+Co P42 +...+C, (20 +277).

53. M3 rtoxzectsa 3afauu 52 mpelesibHEIM MEpPeXoJoM BbIBECTHU

dopmyy
1l G+ A+ gtz 1 —gm= 3 q¥z" (q|<)).
n=1 n=-—coo
® o 3nz4-n
54. [[(1—g0= 3 Vg 2 (qh<l.
n=1 n==-00

1—g® l—ag% 1—gb
55. _Z [_Za 1_25"' Z (|q‘<1)'

l—g 1—¢ 1—¢® l—q“—
56. T Tr¢ THe TR

—=1—2q+2¢* —2q9+2q16—...' (gl<1).
57. Iokasars, uro q)yHKum{

G@) =1L, 1=+ 1L (1—2) (1—g2) +
+ i (=2 (=g (1 =g+ (gi<])

yI0BJIETBOP A€T (byHKILMOHa.anomy ypaBHEHHIO
1+4G() -G =(1—-9)(1—¢°2) (1 —g%)...
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858. Onpenenurb Ko3hHUIHEHTH B pasioxeHHH
G (Z) :D0+D12+D2ZZ+D3ZS+.--
dynkuun G (2) mpeIblAymed 3anauu.
9. JloxasaTb TOXJECTBO

< (I—an)(l —anY).. (I —arhty
I—ak -

n n=1,23..)

k=1

¥ BHIBECTH M3 Hero cremeHHof psap ana —In (1 —x).
[Unmeem

G@gM=—n (n=0,1,2,..),

rie G (2) — GyHKuHs, OnpeleneHHas B 3afaue 57.]
60. Crenennoit psg

22 21 28
fO=1+5+5+ 5+
YJOBJIETBOPAET (byHKIJ.HOHaJleOMy yPaBHEHHIO

i) = 1+ 1@ [39].

\

§ 5. Maxopantusle psibl

Ilycrn
Qgy Qs Qgy voey Ay oos

— NPOH3BOJbHEIE KOMILIEKCHBIE UHCJA H
Pos P1s P2s --+s Pny o-s

— HeoTpHUIATEJbHBIE BellleCTBeHHble gucaa. llomoxum

Gt az+a2* ... Fazt ... =A(2),

Pot+piz+p22 .. A pazt 4. =P (2).
Ecnu MMEIOT MeCTO OJHOBPEMEHHO HepaBeHCTBA

lao| <P |y |<<pry @2l <po ..., |an|<pa ...,
TO Mbl Gylaem ToBOpuTb: «P (2) ectb maxopanta ¢yskuuu A (2)» uan
we: «A (2) ecTb mHHOPaHTa GYHKHUH P (2)» U 3aNHCHBATH CHMBOJIH-
YeCKH:
A ) <LP (2).

61. Ecin A () L P (2) u A* (2) L P* (2), 10 Takke
A@R)+A* (@) LP )+ P* (2),
A (2) A* () K P (2) P* (2).
62. 11 BceX MONOXKHTENbHBIX LEJbIX 7

(l —}-%)n Le?,
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63. IIycmo
f@=z4a22}-a22 ... 4-a2" ...

U3 ycaoBus
14-2

BBIBECTH HepaBEHCTBA
la,|<<n (n=1, 2, 3, ..).

64. Ilycrs a,, a,, ..., @, — Lensle NOJIOKUTENbHLE Yucaa. [Toka-
3aTh a) ¢ momouwibio 9, b) Ge3s momomu 9, yTO

(1+Za1)(1+Za2)"'(1+za‘)<1
. 1
< (1—;a1)(1—za2)...(1—za’) < 1—2f1—z%—, 2% '

Fr'TABA 2
NPEOBPA30BAHHS PAAI0B. TEOPEMA YE3APO

§ 1. llpeoGpasoBanHe MOCJAeNO0BATENLHOCTEH B MOCHEA0BATENLHOCTH
B cJyuae, KOTla B KaxJA0H CTPOKE CXeMbl MMeeTcs
TOJBKO KOHEYHOE YHCJO 3JEMEHTOB, OTJIHYHBIX OT HYJA

65. [Iycte B TpeyroabHOil cXeMe

Poos
P1os P11»
P2os P21s Paos

BCE€ YHC/Ja HEOTPHIHATEJbHBI H CYMMa 3JICMCHTOB Jo60#H CTPOKH paBHa

eIHHHLE (pm/O Pro—t Pyt - -l—p,m-—l v=0, 1, ..., n n=
=0, 1, 2, ..). O6pazyeMm H3 3afaHHOH NOC/JENOBATENBHOCTH $;, Sy,
Sgy -+.y Sy, ... HOBYIO TIOC/IENOBATEJNbHOCTD o, Iy, fay seey bpy .o 1O

CJACAYIOUIEMY MNPaBHJY:
tn = PnoSo + PriS1 + PraSa +..t PrnSn.

Torma ¢, Gyner 3axmoquo MEXKIY HAaUMEHBIUUM W HauGOJbIIHM H3
UHCEJN Sg, Sy, Sy - s

G6. (I'IpozlomKeHHe) IlokasaTh, uTo A4 TOrO, YTOGH M3 Cylle-
CTBOBAHHUA lim S, =S5 BHITEKAaJIO0

n—oo

nl—i.lg (PnoSo+ PrsSy - -+ PrnSn) =S,
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HeOOXOAHMO M JOCTATOYHO, YTOOBl [/ KaXAOro (PHKCHPOBAHHOIO V
6b1710

lim p,, =0.
n—>Q
(TTpuBenenHoe yc/0BHe MOXeT OHITh BhIPaxKeHO CJEAYIOIUM 06pasoM:
UUCJIOBAsl CXeMa P,y Ccoxpansem cxoO0umocmoe '), YacTheill coayuaft
onHolt BaxkHo# Teopemut O. Toeplitz’a, cm. III, ra. 1, § 5.)
67. i3 cywecrBoBanus lim s, BHTEKaeT

n—oo
N Si § S e S, .
lim -2t ‘_';1_";__'1— TS fim Spe
1N —» o0 n— oo

68. Eciu nocsenoBaTe/IbHOCTD MOJOKHTEAbHEIX YHCETX Dy, Prs
D2y +«-s Pas <+« CTPEMUTCA K IOJIOXKHTEIBHOMY Mpefesy p, TO TaKKe

. a1
nlggo V PoP1Pa- - Pn=P-

—
. nn . 1\n
69. Csectu Boiuncsaenue lim ]/71,— K BbluncJjeHuoo lim (l —.l—?) .

n-—>co n— oo

70, Ilycte nanbi JBe GeCKOHEUHBIE NOCJEA0BATENbHOCTH
Qgy Qyy Qg eoey Qpy aees
bo, by by vy By eee

TlokasaTh, 4TO H3 Tpex YCJOBHH

b,>0 (n=0,1,2,..),
bo+b,4+by+...+b,-+... pacxonures,

. a
lim B =S5
1n—co n
BbITEKaeT, UTO

s dtatat...dap
dn B sy =

71. CeecTu BHuUHC/IEHHE
. -1 a-1 a-1 a-1
lim 1e-14.20-143a-14. 1. n

(*]
n— o n

(2> 0)
K BBLIUHCJICHHIO
(n41)%—ne

lim = .
g ne-1 .

(10T nocneHME MNpelesn H3BECTEH XOTA Obl M3 Au(KpepeHIHATbHOro
HCYHCJICHHUA.)

1) B Gomee o6muMX pacCMOTPEHHSX, TAC PABEHCTBO oGoMX npelesioB 3apanee

He 06yCJIOBJIHB36TCﬂ, OKasnlBaercd y}xoGHee HAa3bIBAThb TaKHE CXeMbl «peayripHo
COXPaHsIOIIBEMH CXOAHMOCTb», -
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72. Tlycts py, Py, Psy -+ Pny ...~ NOCTENOBATEILHOCTb MOJO-
JKHTEJNBHRIX YHCEJ, YIOBJETBOPSIOUIAS yCJIOBHIO
lim Pn .

n—w Potp1tpe+.. Frn
Tloxaszatb, 4TO M3 CyuIeCTBOBAHMA lim §,==$ BBITEKaET

n—o0
lim SoPn+ 81001+ SePng+ ...+ 5nPs
n-»o0 potpitpet... 4P

73. Ilycts 1Be MOC/IEAOBATENBLHOCTH IONOMKUTENBHBIX YHCE

= S.

Po» P1s P2s <5 Pns cevs Go» 1y oy »evy Gns soe
YAOBJIETBOPSIOT YCJOBUAM
nanZo po+p1+’.t))z+ «+pn =0, ,,ll_.n:o qo+ql+qin-l— -+an =0.
Tonoxum
rn=Poqn~+t P1qn-1+ PeGn2-t. ..+ Prgo (n=0,1,2,..).
Toma NOCJACAOBATENbHOCTD Iy, Fy, Foy covy Fpy .. TOKE 6y11€T YyAoB-

JIETBOPSATL YCJIOBHIO

r
lim 2
nocoo Totritre+.. e

74. Ilycm
Por P1y Pos voos Pasevvs Gos Q15 Gay oy Qny vos
— MOCAC0OBATENIbHOCTH Hpellhulym,ei/’l 3aJa4d H
So» S1» Sgy cevs Spy aes

— npousBosibHAs TocaefoBatenbHoctb. IlokasaTh, yro ecau o6a
npefena
lim SPnt$1Pn1FSaPno+-.- 1 Subo
n—oo pot+pitpe+...4pn ’
lim S04+ S19n-1FSeqn-2+... 4 Sngo
n—»co 00+01+42++Qn

CYHIECTBYIOT, TO OHM DaBHBI MeXAY coboii. (dTa TeopeMa mpeacTaB-
JIsleT OCOGEHHBII WHTepec B TOM Cilyyae, Korja lim s, He cymge-

n-so
ctByerT. Ilpu cywectBopanuu lim s, Bomnpoc paspewaercs B 72.)
n—»oo .
75. Iloxasatb, yt0 ecnu psif
17+ a,294+a3%+.. . 4an’+... (0=>0)

CXOHHuTCsA, TO

lim (@, +a,+...+a,)n =0

n—»o0

(Psizpt yKasaHHOTO BHAA HOCAT HasBaHue pidos Hupuxae. Cm. VII,
ri 1, § 5.)
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76. Ilycte p,>0, p,>0, p;>0, ..., pan pi+py+...
oot pu ... pacxonsmuiics, py+po+...+po="P, v lim p,Py'=0.
n—-»o
Toraa
lim P]PTI+P2P;1+~~+PnP51 =1
7o 00 InP, -

O6o6ieHre cooTHOUIEHHs 1 —l—% -+ %—l— ...—l——rl{N In n.)

7. Tlycts py, Poy ooy Pas ~o- B Gy, Gay <y Gno -+ — JBE TOCTE-
JOBaTe/IbHOCTH TOJAOKHTE/AbHBIX YHCET H

lim ﬁﬁ——pzj—_—i——p”=a’ lim ‘h——i—q?_—i_—_q_"_:ﬁ’ a-l—ﬁ>0°

n—sco n’pn n—co qﬂ
Torna
lim Pit2Paq2+3psgst...+ 1Pndn _ ap
n— oo n‘:pﬂqﬂ a+ﬁ

78. Eciu BoipaxkeHue
(al - an) "l_ (az - an) "l‘ v "l_ (anfl - an)

0CTaeTcsi OrPaHHYEHHHIM NPU 72— 00, TO PSR @; +as+as-. .. OTHOIbL
He 00si3aH eme cxomutbesi. Ho oH 6yaer cXoaurhesi, ecau N06aBHTh
yCJIOBHS

G =0 =032 nlim a, =0,
— 0

§ 2. TlpeoGpasoBaHHe MOC/AEROBATENbHOCTEH B MOC/IEI0BATEALHOCTH
(o6mmii cayuaii)

79. Iycrs GeckoHeuHast ABOfiHAasi MOC/MENOBATENbHOCTD

DPoss Pors Pozy «--
Pios Pi1y P12y ---
P20s P21y Pazs «-e

COCTOAII2S] M3 HEOTPHIATENBbHBIX YHCesa, OO0JafaeT TeM CBOHCTBOM,
4T0 pAj, 0Opa3oBaHHBIE KamaoH CTPOKOH, CXOAMTCA H €ro cymma
paBHa enuHuile (P =0, Puot+Put Prat - -+ pPwwt...=1, n, v=
=0, 1, 2, ..). O6pasyeM 3 OrpaHHUEHHOH YHCJOBOH MOC/eKOBa-
TeJAbHOCTH S5, Si, Sas +++s Sp, ... HOBYIO UHCJIOBYIO IIOC/TEJOBATE/b-
HOCTb fg, 1, 3y ..., &4, ... TIOCPEJCTBOM PaBEHCTB

.tn = pnOSO"l_ pnlsl "l_ Pn252 "l_ e "l_pnvsv“l" v

Torna ¢, OGymer 3ak/IOYEeHO MEXAY HUXKHed H BepXHeHd rpaHaMH
[OCTEIOBATENBHOCTH Sy, S1; Sgy «<vs Spy «o-
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80. (Tlpomomxenue.) Jns Toro utofel u3 lim s, =S BLITEKAO

Hh—> o0

Hm (p,0S¢ = PagSi+ PrzSe +F - PaeSv+-. ) =5,
n—o

HeOGXOAHMO M JIOCTATOYHO, uTOOLI Al KakAoro GHKCHPOBAaH-
HOTO Vv HMeJ0 MEeCTO NpefieLHOe COOTHOIUIeHHe

lim p,=0.

n— oo

(/1Bofinble MOC/TENOBATENLHOCTH [,y, YJOBJCTBODPSIIOIINE 3TOMY YCJO-
BHIO, HA3HBalTCA coxpansiomumu cxodumocms, Cum. III, ra. 1, § 5.)
81. Ecan pan

01420, 43¢y + 4oy +-. .o nc, .
CXOMUTCA, TO CXOJHUTCA TaKiKe PN
Cat 2Crz+1 + 30n+2 + 4_Cn+3 +o= Las

NpHYEM
lim £, =0.

n—co
82. Ilycre crenenroil psx
F(0) =ay+axFax® ...+ axn ...

cxonurca npu x=1. Tlokazate, uTo cTenennoil paj

o+ L L 5

n

e 0<<a<<l, cxomures mpu h=1—a.

§ 3. MNpeobpasosanus nocaenoBaTeqbHOCTEH B (QYHKLHA,
Teopema UYesapo

83. Ilycrs dyukimn
CPO (t)’ CPI (t)) CP‘.’ (t)) cecy CPII (t)y con

HEOTpHIaTeJIbHEl B HHTepBaje 0 <Cf<< 1, mpHyeM BHIMOJHAETCH TOX-
JIECTBO

Po@O+e )+ (). Fe. ) F...=1.

OGpasyeM ¢ TNOMOLBIO OrpaHHYEHHOH YHCJAOBOH MOC/IEI0BATENbHO-
CTH Sy, Sty Say -y Spy ... QYHKIHIO

D (8) = 54, (¢) 819 () +5202 () + .. 5,9, () +...

Torpa 3nauennsi @ (f) 6yayT 3ak/ouensl MexLy HUKHeH U BepXHeli
IpaHAMH TIOCJENOBATEBHOCTH Sg, Sy, Sgy ««.y Spy «..

9 T. Tloana, T. Cere, u. I
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84. (TTporomxkenue.) Ilycrs n1s Kaxao# cxonsielics uuca0BOH
fI0CJICIOBATEIBHOCTH Sy, Sp, Sgy +«+» Spp +.. MMEEM:

tjﬂﬂ_lg {500 (1) + 5151 (1) + 5292 () . .+ 8295 () +...} = 1im s,

n— o

Ilokasare, uTp a/MA 3TOr0 HEOOXOAMMO H JOCTATOYHO, YTOOH /s
KaxkJ0ro (GMKCHPOBAaHHOTO v

lim o, (f)=0.
t—»t—0

85. Ilycrs naHBl ABe uyHC/IOBHIE MOCAEAOBATETLHOCTH:
C Gy Gy, gy eeey Qny oo by, by by ool by, el
Iokasath, 4TO W3 Tpex ycJoBHH
b,>0 (n=0, 1, 2,..),

cxomures mpu | << 1,
bo4 byt + byt 4. .. bt ... '
o+ D1t 4+ Do2 ... - + {pacxoamca npu t=1,

BbITEKaeT, 410 psi
Gt attatt4-.. a4,
TakXe CXOIHUTCS NpH |[{|<C1 n
lim ao—{—a‘lt—{—agt?—{—...—{—ant”—{—...
fot—0 b b+ b2 bt
(3ra Teopema npuHansexur Uesapo; HUME OHAa HAXONMT MHOTO-

YHCJICHHBIE NPUMEHEHHUS.)
86. Eciu pan

= S.

Gtat+a+t...+a,+...
CXOJIUTCSl H HMEET CyMMy S, TO
t lilmo(a0+a1t+a2t2+...+a,,t”+...)=s.
87. Tonoxum
5n=ao+a1+az+---+an (n:O, l) 2’ --;)-
Ecan cymectsyer
So+s1+84-...+ 5,

B

t lilmO(ao—{—alt—{—azt?—{—...—l—ant”—l-...)=s.
(312 TeopemMa yTBEpKNAeT HEYTO HOBOE MO CPABHEHWIO ¢ 86 JHILDb

B TOM cCJyuae, Koria pax a,+a;+ax+...4a,4... pacxoaurcs

[67].)

T0
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88. LCciu BHIOHAIOTCS YCJIOBHS

b,>0, ) b, pacxonutcd,
n=0

atata-t...+a, —
RS R

TO
lim ayt-at+a3-F.. . fagtn-. .. —s
botbit-+bst2 ... F bt

t—-1—0
B NPENOJIOKEHHH, 4TO Psj B 3HAMeHaTesJe cxogutcs mpH 1] <1

89. Eciu o noJoKUTEIbHO, TO
lim (1 —§)* (1% 42912 - 3% 13 4. - n* 1L )
t—>1—-0
CYIIECTBYET H OTJIMYEH OT Hym{
90. Eciu 0<<k<<1 u k crpeMurca K €IHHHIE, TO
! [11 202].

Sl' dx 1 1
v — Il —
P V(1 —x?) (1—£%?) 2 1—&

91. lycts A, u B, —COOTBETCTBEHHO YHCIMTENb H 3HAMEHaTeJb
n-i noxxoAsAwEN ﬂpoén lIJIH OECKOHEUHOH HempepbIBHOH APOGH

al, al
| 1 + + |5 + ey
TaK 4TO
A al al l
BuluHcauTh 3HAUeHHe 3TOH HelpephlBHOR 1pobu (B INpexnoJioxe-
HHH ee CXOJHMOCTH) C TOMOILBIO PsiIOB

[e0]
A, B
P = 2 R oxn = 2 Znyn
() T, G)= Y oram,
n=20 n=0
OCHOBHIBAsICh Ha Teopeme 85.
% cBaAsbiBalomer A, u B,,

[Benencteue pexkyppeHTHoH (opMyJsl,
dyuruun F(x) # G(x) YyIOBICTBOPSIOT HEKOTOPOMY OAHOPOLHOMY

JuHefHoMy AuddepeHIHANbHOMY YPABHEHHIO BTOPOro NOPsAKA. ]

92. Ecau pax
1704+ 2,279 40337+ ..t a,n ..

rie o >0, cxorurcs, TO
= [75].

lim (1= 1)7 (@t -+l + a4 4 gt 4. ) =0

PX]
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93. INokasare, uTO

lim 1f1-t}g (tv —2t2%)

t—1-0 n-l

CYILIECTBYeT ¥ OTpHIIATENEH,
94. Ilycrb favbl JBe YHCJOBHIE NOCJEI0BATENBLHOCTH:

Qgy Qqy Doy woey Qpy vy by, by, Doy o0y by, oo

[ToxasaTb, YTO €CJAH OHH YIOBJETBOPSIOT YCAOBHSAM

b, >0,
0
Z b,t" cXoauTCs ANs BCEX 3HAUYEHHM I,
ne—0
lim % = s
n.—voobﬂ ’

TO PAL
At alt-ta 4. Fatt-. ..
TOYHO TAK XK€ CXOAWTCA AJs BCeX 3HAueHUH £, u

ﬂg+01t+azto cFagtt+ :s' (CM IV 72)

1
tl_inw BoF b+ bof .ot b ..

95. IlokasaTth, Y10 ecau cyiecTsyer lim s,=s, TO

n—co
mn
tllirx \So+s1” —|-522l +"'+sn,’1,‘—|‘-~>e"=s.
96- HYCTb pAanL
pta+a,+. a4

CXOAUTCSI M HMEET CYMMY S. TTonoxum

t 2 14
gl)=a+q ]‘!“l‘azgl“l‘ vt e
Torna

{etgtydt=s.
0

97. Cymmy psana
B 1 (x /324 (—1ym [ x \2m
Jo)=1~ "T(?) ‘|’2121 ) T \7) +--
HA3BIBAIOT Gecceesoli pyrxyueti myJeBoro mopsinka. Ilokasarh, uro
¢ !
], () dt =,
Se Ty dt =

0
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TJIABA 3
CTPYKTYPA BEIIECTBEHHBIX NOCJIEJOBATEJILHOCTEH H PAJ0B

§ 1. CrpykTypa GeckOHe4HBIX MOCJIENOBATENLHOCTEH

98. [Iyctp unHCIOBas MOCJELOBATENBHOCTD @, Gy, &3, ... YAOB-
JIETBOPSIET YCJOBHIO

amirnéam_l‘an (mv n:l, 2’ 3) --')v

TOrja MnocCJ/eJ0BaTe/bHOCTH

JOMXKHA JU60 CXOAWTHCHA, U0 PacXOAUThCS K — 0O, TPHUEM Impe-
JeJ 3TOH IMOC/eN0BaTebHOCTH GYyleT paBeH ee HHXKHEH TpaHu.

99, Tlycrb ulic/70Bas TOCJAEIOBATENBLHOCTD @y, Iy, dg, ... YLOBJE-
TBOPAIET YC/IOBHIO

Ut — 1 <@min <am-t+a,+ 1.
Torma cyuiecTByeT KOHEuHbIH npejed

. a
lim 2 = o,
n —- oo

npuuem
on—1<<a,<<on-t1 n=1,23,..).

100. Ecan o6muil wien pfAna, He sABJSIONErOCH HH CXOAAMUMCS,
HH pacXOAsUINMCA B COGCTBEHHOM CMEIC/]IE, CTPEMHTCH K HYJIO, TO
YACTHYHBIE CYMMBI 3TOTO psila pPACHOJIOKEHB! BCIOAY MJAOTHO MEXI1y
X HHXHHM M BepXHIM mpeienamu liminf u limsup.

101. Ilycre pan a;+a,+as+...+a, ... C NOJOKHTENLHEIMH
yleHaMHd pacxoiuTcA, ogHako lim a,=0. [Toaoxum a;-+a, ...

n-—-oo
...+ a,=s, u obo3HaunM uepe3 [s,] Hanbombluee [EJ0E YHCIO, HE
npesocxoisiilee S,. OnpelesnTb COBOKYMHOCTb NpPEJEJbHBIX TOYEK
TIOCJ/I€J0BATENBbHOCTH

s;—[s1], sa—[ss], --vs Su—1[54), -.-

102. [IycTs 118 NOCJA€A0BATENBHOCTH #y, fs, ..., 15, ... CYLIE-
CTBYET Takasi [MOC/EIOBATEIbHOCTD CTPEMSAILLIXCS K HY/IO TOJOXKH-
TeJNbHBIX UYUCET €, €, ..., €, ..., UTO AJS KaXKIOIO N

tn+1 > t/z —&,.

Torga uucna t, fy, ..., t,, ... J€Xar BCIOAy IVIOTHO MEXAY HX
HHKHHM H BEPXHHM IIpefiesiaMt,
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103. Ilyctb vy, Vo, .vvs Va, ...— NOJIOKUTE/bHLIE IE/IHIE YHCTIA,
vy << vy << vz=<... COBOKYIHOCTh TIPe/Ie/IbHBIX TOYEK IOCJIeN0BATENb-
HOCTH

Vi Va Vn
TFv " 2w’ 7 nfv, "

3aN0JHAET 3aMKHYTHIE HHTEPBaJ (JUIHHA KOTOPOTO PaBHA HYJIO, €C/IH
3Ta TOCJEL0BATENBHOCT CTPEMUTCS K TIpeeny).

104. Tloxkaszars, uto K3 moboil cxoasmefics MOCAEI0BATENbHOCTH
MO2KHO BBIAE/IHTh IOATOC/IE/0BATEbHOCTD, 4jeHbl KOTOPOd 06pasyror
NoCJIelOBaTeNbHblE YaCTHUHBIE CYMMBI HEKOTOPOTO aGCOJIOTHO CXOAf-
wmerocsa psaza.

105. YucsoBast mocne0BaTe IbHOCTh, CTPEMSIIASCT K - 00, HMSET
HauMeHbUIUA YJIeH.

106. Cxonsmasica N0Cae10BaTeNbHOCTD UMEET JU60 HauboblIHE
yjeH, Ju60 HaUMeHbIUHH, aHGO U TOT H APYroi,

IlpuBojuMEIE HUKE TeODEMBbl IIOKAsblBAalOT, YTO JAaxKe HauGosee
3KCTpaBaraHTHLIE YMCJOBLIE IIOCJE0BATENHLHOCTH BeAYT cefsl MecTamH
3aKOHOMEpHO, T. €. KaK MNOC/IEJOBATETbHOCTH MOHOTOHHBIE,

107. Ilyets 4, Iy ..., Ly, ...— IIOCJENOBATENBHOCTD MOJIONH-
TenpHHX 4ucea u liminf/, = 0. Toraa cymecrsyer GecKOHEUHOE MHO-

m— o0
JKECTBO HOMEpOB I, AJT KOTOPHIX [, MEHBIUE BCEX IPEILIECTBYIOULHX
€My UJEHOB TIOCJENOBATENBHOCTH fy, lo, ..., [44.
108. Ilycms [, 4, ..., Ly, ...— IOCJENOBATENBHOCTS TIOJIOKH-
TeJbHBIX uucea u lim /,=0. Torza cymecrByer GeCKOHEUHO MHOIO

m— o0
HCMepOB 11, AJsl KOTOPHX [, TPEBOCXOAMT BCE CJEAVIOUME 34 HHM
9ieHbl niy, lnios Inisy ... (He TosbKo yTBepxkieHHe, HO M mpexno-
JIOXKeHHe OTJIHYHO OT COOTBETCTBYIOIIHMX B Teopeme 107.)
109. Ilycrh uuc/oBbe IIOCIEA0BATENBHOCTH

Ly by viiy Ly ooo (n>0),
Sl’ Sz, cory Sm, “es (Sl>0’ S,-,,+1>S,-,,, m=1, 2, 3, -..)
06/1a4a10T TeéM CBOHCTBOM, 4TO

lim [, =0, limsup [,S,=-o0.

m—oo m— o

Torpga cymecTByeT GECKOHEUHO MHOTO HOMEPOB #, AT KOTOPHIX
OAHOBPEMEHHO BBHINOJHSAIOTCA HEPABEHCTBA

ln > ln+1r ln > ln+2) ln > ln+3) ey
LiSa > liaSngs 1S >1lnoSn2y ..., lxsn>1;5; [107, 108].



OTREJ TIEPBBI, TJIABA 3, § 1 39

L; L L
110. Ecau uuciopas nocsefoBaTe/bHOCTh -1~1—, 723, cees H”‘,
cTpeMuTCcsl K + 00 U A npesbillaeT ee HauMeHbIUMH uieH [105], To
CyleCTByeT T2KOH HOMeEp n (BOSMO}KHO, HECKOJIBKO TaKuX), n==1,

YTO 7 OTHOIUEHHH

Bce He GoJablle A, a GeCKOHEUHOE MHOMKECTBO QTHOIIeHHH

Lnyi—Ly Lpye—La Lpz—Ly
1 ? 2 ’ 3 y oo

BCe He MeHplle A4.
[Ecnmu HameTHTh B IJIOCKOCTH TOYKH C KOOpPAHHATAMH

©, Lo), (1, L), 2, Ly), ..., (m, L),

raie Ly, =0, To nes0 Gyler HATH 00 yIJIOBBIX KO3(DMUIHEHTAX . HEKO-
TOPBEIX OTPe3KOB. JKesaTeqbHO TaKKe UHCTO AaHANHUTHYECKOE AOKA3a-
TEbCTEO. |
111, IlycTh OTHOCHTENBHO YKMCJOBOH MOC/ENOBATENBHOCTH Iy, Iy, ...

vovy lmy ... TIpennoONaraercs Julilb, 4TO

lim [, =+ oo.

m— 0
Ilycrs, panee, A>1[,. Torma cymectByer Taxoil Homep n, n=1,
YTO OJHOBPEMEHHO BRINOJIHSIOTCS BCe HEpaBEHCTBA

lﬂ—u+i+'-?+ln—1’+ln LpviFlaet o Flnpw
\A =

p v
w=1,2 ..., n;v=1, 2, 3, ..).

Eciin A — 00, TO TaKKe n—» oo,
2. Tlycts uuciaoBasi MOCTENOBATENBHOCT Ui, loy vvey Iy ...
YJIOBJETBOPSET YCJIOBHSM
limsup (;+L+...+ln) =+ o0, lim{,=0.
m—co m—co
Ilycrs, padee, [, > A >0. Torna cymecrsyer Takoil Homep 1, n=1,
YTO OJHOBPEMEHHO BBIIIOMHSIIOTCS BCE HEPaBEHCTBA
ln—u.+i+-~+ln—i+ln ;A > ln+1+ln+2+---+ln+v
p Y
=12, ..., n v=1,2 3, ..).

Eciu A —0, 10 n—>co.
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§ 2. INokasateab CXONNMOCTH

[Ton noxasameaem cxodumocmu TOCAEAOBATENBHOCTH ry, Fay ...
vivs Imy oo (O<<risry<..., lim r,=00) NOHUMAIOT HYHCIO A,

m->o0

obnajamoliee TeM CBOHCTBOM, UTO psif

o9yt
npu BCceX 0 >>A CXOAMTCS, TOTAA Kak npu 0<<A OH yXe pacxo-
autcst. JInsi o=2A OH MOXET CXOAUTbCS HJH pacXoAuThcA. Ecan

0=0, To pan pacxomurcsi; nostomy A==0. Ecau psaa pacxozurcs
AJisT BCEX O, TO NOJATaioT A =oco.

113. I'lokasats, utO

lim sup =A.

m-—>0
4. Ilycrs Xy, %, ..., Xm, ...—JI00HE BellECTBEHHHE UHCJA,
HEe paBHBIE HyJI0. Ec/iu CyIHIeCTBYeT TaKoe MOJIOKHTeNbHOE paccTos-
Hue O, uto |, —x,|=06 mpu [, k=1, 2, 3, ..., Ik, T0 noxasa-
TeNb CXOAUMOCTH INOC/ENOBATENBHOCTH AaGCOIOTHRIX BeTHUHH | X |,
|%z1, ..., |Xp]|, ... HE TIIPEBOCXOJHT €NMHHLY.
158. Ilycth P Gosbuie mokasarteasi CXOAMMOCTH NOCJENOBATEb-
HOCTH 7y, 3y «--y I'my ... TOTAQ CYIECTBYET GECUMCIEHHOE MHOXe-
CTBO HOMEPOB 7, JJisl KOTOPHIX YAOBJETBOPAKTCA 1 — 1 HepaBeHCTB

s 2<Bf e F o

1168. Ilyctb moxasatesb CXOAHMOCTH A MOC/EAOBATENBHOCTH ry,
Fay «vvs Tmy -.. TOmoxuTeNeH # 0<C& <<A<<fP. Toraa cymecrsyer
GEeCUrCIEHHOE MHOXKECTBO HOMEPOB A, [Jsi KOTODHIX ORHOBPeMEeHHO
BBIMIOJTHAIOTCST HEPABEHCTBA .

1

r fu\g .
,—:>‘\71->°‘ mpy p=n—1, n—2, ..., 1,
1

zx><l>E npy v=n-+1, n42, nt3, ... [109].

I n

l

§ 3. MakcHManbHEBI ujeH CTeNeHHOro psaxa

M7, Ilyers 0<ry<<ry,<<ry<<... Ilpu KaguX 3HAUEHHSAX X
(x=0) m-# unen pﬂ)la

- SR L e

riry rry...rm

MPEBOCXOAUT BCe ocTanbHrle (m=0, 1, 2, )P
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118. Ilycrs
O<rysro<<ry<...,
0<SI<SZ<53 é...’
. r
lim 2 = 0.
m—co Sm
Toria MOXHO HalTH CKOJb YFOAHO GoJiblliMe 3HAUYEHHA 1 U f, A1
KOTOPBIX OJ(HOBPEMEHHO BBLIIOJHSTCH HepaBEeHCTBa
£ k
r rifg ... T s 5153 ... 8
. n < . . 1°2 - n é 1

g . Ty m 8183 ... Sg A

(=0, 1, 2, 3,..) [111].

(ITo cywectBy 371ech, Kak 4 B 122, JHejo CcBOAMTICA K CpaBHEHHIO
JIBYX CTENeHHbIX p;mos:

1+ +,1,2-|- -I-,,2 m-l—---.
At T I b B
IIyets po=0, p;=0, ..., pp=0, ..., TPUYEM Py, P1, Pz .-+

He Bce paBHpl HyJo. IlycTh, najee, creneHHoil psi
Po+PX 4P+ P ...

HUMeeT paguyc CXoAuMOCTH p >0, mpuueM, BO3MOXHO, p=oco. [lpu
0 << x << p mocnesoBaTesIbHOCTD

Po» plxi p2x29 ey pmxm, coe

CTPEMHTCSI K HYJIO, CJIef0BaTeJbHO, B Hell CONep:KHTCS HauGOsbLIHH
no BeauuyHHe uieH [105], Tak HaswiBaeMblil Makcumaibrbill 4aeH, 3Ha-
yeHHe KOTOpPOro Mbl 6yzneM ofo3HadaTb yepes M (X), TaK 4TO

PmX™ << p (X) (m=0,1, 2, ..).
HenmpaneHeim undexcom v (x)- Mpl OyfieM Ha3blBATb HOMEp MaKCH-
MaJbHOTO WieHa:
B (x) = pyx* 9.
Ecnn cpean uHcesn p,X™ HECKOJNBKO paBHB WU (X), TO MOA v (X) MH

6GylleM NOHHUMaTb HauOOJbUIMH H3 COOTBETCTBYIOWIMX HHJIEKcOB., ITo-
npo6uee cum. 1V, ra. 1.

119. B HeoOGpuIBaOWeMCsl BCIOAY CXOJSIIEMCH CTEIEHHOM psijie
HH OJHMH YJIeH HE MOXKET OCTaBaTbCfl MAaKCHMaJbHhIM A8 BCeX 3Ha-
YeHu# Xx.
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120. IIpu BO3pacTaHHH X HOMEP MAKCHMAJbLHOIO WYJIEHAa MOCTO-
SIHHO BO3pacTaer.
121, Ilycrs pax

Pot+ P+ P+ PmX™ e

C TOJIOXKUTENBHBIMH KO3(hHIHEHTAMH H KOHEUHLIM DafHyCoM CXOJM-
MocTH P (P, >0, p>0) o6iagaeT TEM CBOHCTBOM, YTO IpH BO3pa-
CTaHHH X BCe €0 WIeHbl [OC/e0BATEIbHO CTaHOBATCS MaKCHMAaJb+
HuMH. Torfa psn

1 X x2 xm
EO_—I_E—I_E—I_.“—I_E;!—I_”.

1
HMECT pagHyC CXOAUMOCTH F'

122, IlepeBec MaKCHMaJbHOTO YIEHAa BO BCIOAY CXOASIIEMCS CTe-
HNEHHOM prAfde “GoJbllie, yeM B He BCIOAY CXofsueMcs (HauGo/nuui
OH B NMojHHOMe). ToyHee roBopst: MyCTb PafHyC CXOAHMOCTH HeOGphl-
BAIOLIETOCST CTENEHHOTO Psifla

Ayt x+ax® ... Faxm ...
OylZer OeCKOHeYeH, a CTENEHHOTO pAla
bo+bw+boyr ... bpy™ ...

— KOHeuYeH; nycrb a,==0, ,>0 (m=0, 1, 2, ...), npuuem Kos-
¢unuentul by, by, by, ..., by, ... BIOPOIO pfAla TAKOBH, 9YTO BCE
YjleHnl b,y™ 5TOro pAAa NOCJEL0BAaTe/]bHO CTAHOBATCS MaKCHMAalb-
HeiMH [120]. Toraa ‘mpou3BoJIbHO GOJIBIIHM TOJIOMKHTEJILHEIM 3HAYE-
HHSIM X MOXKHO TOCTaBHTb B COOTBETCTBHE TaKHE IMOJIOKHTE/BHLIE 3Ha-
YyeHHsl 7, 4ToGhl CONpPSKeHHBIM 3HAYEHUSAM X H § COOTBETCTBOBAJIH
OJHHAKOBLE LEHTPAJbHBIE HHAEKCH # M IIPH 3TOM OJHO-
BpeMeHHO AJs Bcex k=0, 1, 2, ... BHINOJHAJHCL HEPABEHCTBA

apxk bri*

'_T< -
At byt 1

o \ am,
PaccMoTpers MaKCUMaJbHBIE 4jieH psaja 2 b—zm.

m=~0 m
123. VickioyuTesnbHble 3HaueHHS x*, KOTOPHIM HeJb3sl OCTABHTh
B COOTBETCTBHE (B CMulc/ie 3ajayd 122) HHKAakKoro ¥, €cJH H cyuie-
CTBYIOT, TO BO .BCeX CJIydasX <«peliKH»; OHH 00pa3yioT MHOXKECTBO
KOHEYHOH JiorapudMHueckol Mephi, T. €. MHOMXKECTBO To4eK In x*, rae
Xx* — yKazaHHBle HCKJ/IIOYHTEJIbHblE 3HAYEHHH, MOKET OblTh 3aKJIOUEHO

B CYeTHOE MHOXKECTBO HHTEPBAaJIOB C KOHEYHOH ofuef MauHOH.
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§ 4. YacTtu psanos

Pan a +as,+...4a +..., tae b, b, ..., Ly +o.— LETHIE
uncna O<th <ty <...<<t,<C...), HasolBaeTcs wuacmero psaja

q+ay-... a4
124. Ecag B rapMOHHYECKOM psijie
1 1 i 1
T+t t+g ot
BLIYEPKHYTh BCe WIEHBI, 3HAMEHATEJH KOTOPHIX, 3allHCaHHbIe B JeCs-
THYHOH CHCTeMe, colepxar nudpy 9, To ocTaBmasics 4acTb psja GyAeT
cxonawetcs [113].
25. Pai, kaKias qacTb KOTOPOTO CXOJHTCS, HONKEH CXOXHTHCA
abCoJIOTHO.

126. O6a3arenbHo M aGCOMIOTHO CXONHTCA CXONALIHACH psif
a;+a,-fas-f..., o6najaomui TeM cBOHCTBOM, yTO JroGasi ero 4acThb

Qi+ Qs+ Aot + Qg - - -

B KOTOPOH HOMepa COCTaBJsIOT apHQMETHUECKYIO IPOTPECCHIo, CXO-
JuTcs?

127. OGsa3arenbHO JH aGCOMOTHO CXOAHTCA CXOMSHUMECA Pl
a,+a,+as-4..., o6ranaomuil TeM CBOHCTBOM, 4TO /o0as €ro 4acThb

Qp+ Qpr+ Gz Qs+ .+,

B KOTOPOH HOMEpa COCTaBJSIOT TEOMETPHYECKYIO NPOTPECCHIO, TAE
k=1, [=2, cxonutca?

128. Ilyctb ¢ (%) = cx' -} ¢ x" 1. . . — yeaosnaunbili TOIHHOM, T. e.
IOJIHHOM, TIPHHHMAIOLIYH HeJible 3Havyenus npu neasx x [VIII, ra. 2];
nycTb; KpoMe TOro, cTeneHbp ero /=1, a crapmmii KosppuIHEHT
¢>0. 3navenssa ¢ 0), ¢(1), 9 (2), ¢(3), ... o6pa3yor 06obLIEHHYIO
apH(MeTHYECKYIO IIPOrPeCcCHIO [-Tr0 NOps/iKa; BCJeACTBHE NMOJOXKHTENb-
HOCTH € JIMIIb KOHEUHOE YHCJO UWIEHOB 3TOH TPOTPECCHH MOMKeT
ObITb OTPHILETEJNLHDIM.

OGsi3aTenbHO JIH abCOJIOTHO CXOLUTCA cXoisuuuics psan a; -+ a, -+
-+ ay-+..., obnajgarolni Tem CBOHCTBOM, yTo Jiofas e€ro 4acTh

Qy(0) + A1) + Ag(2) T gzt -+

B KOTOpOH# HHJAEKCH COCTaBJAT 0000UIEHHYIO apH(pMeTHUeCKYio I1po-
rpeccuio (4ieHbl ¢ OTPHIATEJbHBIMH HHAEKCAaMH OTOpachIBaloTCs),
CXOJIHTCA?

129. Ecan pan a,+a,-4-a;--... aBCONIOTHO CXOAUTCA M Kampaas

€ro 4acTb BHAZ
al+a2l+a31+'°' (l=11 2’ 3, "')

umeer cymmy 0, To Toraa
G=a=0=...==0.
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130. MHoXecTBO TOueK, oOpasyemoe BCEBOSMOXKHBIMH YacTSAMH
psja

2 2 2 2
—§+§~+§7+..-+3‘n+-~-s

COBEPIIEHHO M HHTJE He MJIOTHO. (Peub HieT 0 BCeX KaK KOHEUHHX,
TaK M GECKOHEYHBIX YaCTAX; CiOAa, B WYacTHOCTH, TMPHYHCIACTCH H
«lycTasi» 4acTb, KOTOPOH HYXHO HpHmHcath cymmy 0.)

131. HyCTb uleHBl CXOISILErocs psna

o+t ot =

YAOBJETBOPSIIOT HEPABCHCTBAM
Pr=Pa=. 0, 0<Pnépn+1+Pn+2+Pn+3+ . (n=1,2,3,..).

Toraa Kamloe uyHuC/I0 O H3 noJy3aMKHyTOoro uutepsana 0 <<o<<s
-MOXKeT ObiTb MpPEJACTaBJICHO B BHJAe CYMMbl HEKOTOpOH GeCKOHEUHOH
YaCTH:

pr, Pyt py, =

182. Haiitu pan p,+pat+...+pu4..., YIOBIETBOPSIOLIHI
YCJIOBHSAM

1
hi=75, Pn=Pni1F PrrztPrst+... (n=1,2,3,..),

H y6elHTbCA, YTO B 3TOM CJydya€ Kaxk[oe YHCJIO O 3azauu 131 Moxer
OLiTb JIHIIb €IHHCTBEHHEIM 00pa3oM NpelCcTaBlIeHO NOCpelCcTBOM GECKO-
HeyHOH uacTu psja.

§ 5. MNepecTaHOBKH 4/IeHOB BeILECTBEHHOro psja

Iyers ry, 19y 15, ...; Sy, Szy Sy ...— ABE MOHOTOHHO BO3pacTaio-
HIME TOCJEAOBATeIbHOCTH LEJBIX MOJOMUTEAbHBIX YHCE/I, He HMelouiue
0GIHX YIEHOB H B COBOKYIHOCTH HCUYepNHIBAOLIHE BeCh HATYpaJibHBIA
pan 1, 2, 3, ... (rn<<Tmi1y Sn<<Spi1s I'm 7 Sy AJS JOOLIX 3HAYCHHH
m W n), TAK 4TO BCsKoe HATYPasJbHOE YHCJIO BXOJHUT B OJHY H TOJBKO
OfHY H3 3THX NOCJeoBaTesbHOCTEH, Pslbl

ar, +ar,+ar,4... 1 as,tas,+as,+...

Ha3bIBAIOTCSA TOTAA JONOAHUMEAbHBIMY HACTAMH Psilia a; +ay--az--:..

Ilycts mocieoBaTENLHOCTE Vi, Vg, Vs, ... LEJbIX MOJIOKHTENbHBIX
ugces obiafaeT TEM CBOHCTBOM, 4TO KadkJoe LeJoe MOJOXKHTEeIbHOe
uhesio 1, 2, 3, ... BXOAHT B HEro OAHH M TOJbKO OJHH pas (T. €.
Vi, Vg, Vs, ...— HEKOTOpas NEpECTaHOBKAa HaTypaJbHOro psiia). I'oBo-

pAT, 4TO pAL
ay, Fay, . tay .
riojlyuyaercs U3 pajga -

tast..Fa ...
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nyTeM ‘nepecTaHOBKH ureHoB, Oco60 OTMETHM Te IepecTaHOBKH,
npH KOTOPHIX a, (m=1, 2, 3, ...) ocraercsl ¥ moOC/I€ NEPECTAHOBKH

Tm-M YIEHOM, T. €. NepeCTaHOBKH, OCTaBJAAUlMe YacTb a, +a,,+...
...t a +...nma cBoemM MecTe. [oBopAr, yro nepecTaHoBKa

JHIIb CMellaeT JBe JAONOJHHUTE/NbHEIE YaCTH OLHY OTHOCHTE b
HO ADYTro# (1 KaKIyl0 nepeBoluT B caMoe cefsi), eclH Kak Jo,
TaK H NOC/e NEPecTaHOBKH 4, CTOMT Nepel a, M Qs Neper as,

s obblx m, n, TAe m<<A.

133. Eciu oxpa u3 JONOJHHTENbHHIX yacTell cxoisuierocs psja
CXOAHTCHA, TO CXOAUTCA M Jpyras, U NEepecTaHoBKa, JHIIbL CMEmar-
mas ofe YacTM OfHy OTHOCHTEJNBHO [Jpyro#, He H3MEHSET CYMMBI
paza.

184. Eciu onna U3 JONOJHHTENBHBIX YacTell YCJIOBHO CXOASIIE-
roca pAfa pacxoiHTcs K +-co, TO Apyras pacxoiutc K -— oo.
Ilputom, ecny Bce 4ieHBl ONHOM H3 3THX 4YacTeH HMEIOT OAMHAKOBBIE
3HAKH, TO NOCPEACTBOM MepecTaHOBOK, JHIIL CMEINAIMHX 00e YacTH
OXHY OTHOCHTEJNLHO APYro#, MOkeT OuITb mosyueHa AJs psafda Jiobas
cyMMma.

135. Eciay psax ¢ nonoXuTesbHEMH MOHOTOHHO y6bIBaIOU_LPIMH
yjleHaMH PacXoJuTcsd, TO HHKAKUMH IlepecTaHOBKaMH pacXOAHMOCTb
€ro He MoXeT OBITh YCHJIEHA.

136. Y pacxoasmerocs psAa ¢ TOJONKHTEJIBHEIMH YJeHAMH,
CTpEMSIIAMHCH K HYJIO, MOXKHO CKOJb YrogHO OcCa0UTh PacxoiH-
MOCTh HOCPEACTBOM NOAXOASAIIEH NnepecTaHoBKH. TouHee TOBOPSA: MYCTh

pn>0, lim pn=0, ii_r’l;lo(pl_l‘p-z_l‘---_l‘pn):oo

n—o
0<<<.. . <U<..., limQ,=o0;
n—oe
TOra BCerAa MOMHO YKasaTb TakoH paf pV1+ pvz—]— - Py, +...,
nonyquHbm nyTeM nNOAXoAseH I‘IepECTaHOBKH, qTO JJ151 Bcex 3Haye-
i n=1, 2, 3, ...
pvl‘l‘pvz‘{‘---‘{‘pvnan-
187. Ilycrs

a,+ay+...4+a,4...=s cxoaurcs,
lay|+|a|-+F...+]|a,|+... pacxoanures,
S’<S<S”

© (s'.u " — no6ple 9HucsIa, yAOBJIETBOPSAILIHE YKa3aHHOMY HEpaBeHCTBY).
ITpu nomMowu nepecTaHOBKH, OCTaBJsIOUIeH HA MeCTe BCe OTPHUATE/Ib-
HEI@ YWICHB!, MOYKHO NOJYYHTb B KayecTBe CYMMHI psija uucio ', a npu
HOMOIIIY HEKOTOpoil APYrofi nepecTaHOBKH, OCTaBJAMILEH Ha Mecre
BCe HOjTIO)KHTeJIbeIe YleHH, TOJYYHTb B KauyeCTBE CYMMHl YHCJIO
s” [136].
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§ 6. PacnpeaenenHe 3HAaKOB 4WEHOB pAAA

138. Ilycts p, >0, py=p.=p;=..., paa
Prtpet..tpat. ..
pacxoiuTcsi, a pan
eP1+EPat ot Eapnte .y

T/l€ MHOXKHTEJIH €, MOTYT NPHHHMATh JIMIb 3HaveHus -+1 nmp —1,
cxoauTcs. Ecin Ipu 3THX YCJIOBHAX NOJIOXKHTENbHBIE YEHBl BTOPOro
pAda cOCTaBJMIOT HEKOTOPHIH OnpeneseHHEi NpPOUEHT, TO 3TOT IO-
cnennuit paseH 50. Tounee rosops:

lim infw< 0<climsup

n—oo n—-wK

61+62+"-+8n.
n

139. Ilycte p, >0, py=p,=p;=... u pan
epr et et .,
B KOTOpOM MHOMXKHTENH &, &, ..., &, ... MOTYT NPHHHMATH JHIIb
ofHO U3 AByx 3HaveHu# —1 wam 41, cxomurca. Torga

lim (e; -+-e,+...}¢&,) p.=0.

n—oo

(OtmetuM fBa YNOTpeGHTENbHBIX KPaHHHX CIIydas: € =8y =gy=...
H 81 = —82=83=—84=-.

FrTABA 4
CMELUAHHBIE 3AJAYH

§ 1. O6BepTriBatOmHE PAABI

Ecmy psar a,ta,+a,4... HaxoiuTca B TAKOM OTHOLIEHHH
K ueny A, yro aas Beex n=0, 1, 2, ... BHNOJHAETCS HepaBeHCTRO

|4 —(@ta+at.. a) | <@,

TO Mbl 6y11eM TOBOPHTB, YTO 3TOT Pl obsepmowaem yucao A. O6sep-
THIBAION{MHA PAL MONKET CXONMTBCH - MM PACXOAHTHLCS; €CJIH OH CXO-
IHTCHA, TO CyMMa ero paBHa A.

HYCTb uncna A, gy, ay, @, ... Bee BewecTBeHHb. Ecin npu Beex
n=0, 1, 2, ...
_(a0+a1+az+---+an)=enan+1,

rie
0<e, <1,
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TO unciio A o6BepThiBaeTCA DHAAOM @, --a; 4G, ... U NPUTOM TaK,
YTO OHO BCErAa JEXKHT MeXAy JABYMS NOC/eA0BaTeJbHHMH YacTHY-
HoiMH cymMMaMH. O TakHX psfax Mbl- GylleM TOBODHTb, HYTO OHH
upcsio A o6BepThiBaloT B y3kom cmoicae. G. A. Scott . G. N. Wat-
SOI ynoTpeSasiioT JJsl 0G03HAUEHHA OJHOro odeHb GJIH3KOrO HOHATHSA
TepMHH «arithmetically asymptotic» (Quart. J., 1. 47, ctp. 312, 1917).
P, o6BepThiBatomwHi B y3KOM CMBIC/Ie HEKOTOpOE YHCJI0, HEOGXOAHMO
ABJISETCA 3HaKOoUepeLyIOLIHMCH.

140. [lyctb f (x) — BeuecTBeHHasA (YHKUHA BelIeCTBEHHOTO mepe-
mMeHHoro x. Ecan ¢yukumu |f' (x)|, |/ (x)|, ... npH Bo3pacTaHuH
¥ (x>0) crporo y6miBawT, To f(x) O6BeprIBaeTCﬂ CBOMM pAJIOM
Maksopena, 1 npuTOM B Y3KOM CMEICJIE.

141. dynkuny -

e, In(l+x), 1+097 (p>0)

BELLi€CTBEHHOI'O NepeMeHHOro X npu x>0 ofBepThIBalOTCH B Y3KOM
CMBICJIE CBOHMH CTENEHHLIMH PAJaMH.
142, (Ilpononxenne.) Ilokasars, 4TO TO Ke CnpaBeNHBO H A
dyHKIiHi Y)
cosx, sinx.

143. (lpogomxenue.) ITokaszats TO ke A5 PyHKUHH
2 1 4
arctgx, Jo(9=1—17 (’2‘) +2T2—,<;‘—) —. [141, 142].

144. Ilyctb wieBn psaa ay--a;-a;-... MONepeMeHHO NOJo-
RHTEJbHBl H OTPHIATEJbHBI; [aJiee, MYCTh CYLIECTBYET TaKoe yHcjIo A,

YTO pasHOCTb
—(@+a+a4...+a)

HMeeT BCerjla 3HaK CJEAYIOWEro WIeHa dny. Toria A o6BepThHBaeTCs
. PSIIOM B Y3KOM CMEICTIE.
~ 148. Ecan pan aqy+a;4-a,-F... ¢ BellecTBeHHBIMH 4JeHAMH
o6BepThiBaeT BemlecTBeHHoe uncao A u mpH sTOM @[>, | >
>|ay|>..., TO qy, Qy, G5, ... AOJKHBl HMETb YepPeNYIOLIHECsS 3HAKHU
u A 6yrer o6BEepTLIBATLCA B Y 3KOM CMBLICJIE.

146. Ecin dyskuua f(x), npunmMmamomas AJds  BelleCTBEHHBIX
X (x> R > () BeulecTBeHHble 3HaUeHHS, OGBEPTLHIBAETCH BEIECTBEHHEIM
pazoM

+ & 4+ a + as 4
x x2 x b
1) KoHeuHo, BO BHHMaHHe TPHHHMAIOTCS JIHIUb 4WIeHbl CTEMeHHOro pfAna, OTIHY-

HHE OT HyJasa. Hanpumep, n-ii uacTHuHofl CyMMOH CTemeHHOro psga /sl COS ¥
CyHTaeTCs

%z x2n

1"2T+"" b Gy (=0, 1,2, 1),
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L1 x>R, 10 @y, @, a3, ... NODKHBl HMETh YepelyloIHecs 3HaKH
U psill siBjsleTcsl OOBEpTHLIBAI(HM B Y3KOM CMGICIe.

147. [lycrs ¢ysruus f(f) HeorpanuyeHHO AuddbepeHiupyema
npu =0, npuyem Bce ee mpousBoxuse [ (f) (n=0, 1, 2, ...) npu
t—co yObIBalOT 1O abCOJIOTHOH BeJHYHHE H CTPEMATCS K HYJIO.

o0

Torna uuterpasn S f(f)cosxtdt Oyner nns BelllecTBEHHBIX X oOBep-
0

THIBATLCA B Y3KOM CMBICJE PSIOM

(0 (o A% 0 VII 0

()+f ()_fx()+f O

- 6 x®

x? xd
(Mpumep: [ (f) =e.)

148. Yucyo —% 00BepTHIBACTCS [AJOM

3 1 3 1 3 1 3 1
TtT s s T T T T T

OIHAKO HEe B Y3KOM CMEICJIC.

149. ). Uso6pa3urh reoMeTpHYECKH NOC/Ael0BaTebHOE CIONKEHHE
NepBbIX CEMH 4JIEHOB psifa

Ak STl Tl A (I T

KaK KOMIVIEKCHBIX YHCeJ1 H BLIUHCAHTb 3THM TyTeM 3HayeHue ¢
€ TOUHOCTBIO 10 TPETbEro 3HaKa.

150. Ilycte ¢yuruus f(z) ofaafaeT Tem CBOHCTBOM, YTO MaK-
CHMYMBI MOJYJIefl BceX ee IPOH3BOAHBIX BJOJIb HEKOTODOIO Jyda ),
UCXONAIIET0 U3 TOUKH z=0, nocturatmorcs B Touke 2==0 H TOJBKO
B Hell. MHLIMH csioBamu, npu Bcex 3HadeHusx n=1, 2, 3, ...

[ () | << {7 O],

ecsH 2 JexuT Ha § u |z|>0. Toraa
a) f(z2) oGBepThiBaeTcs BIOJb Jyda ) CTENEHHHIM PsIOM

f(o)_}_tl—(!o_)z-}-ﬂz(!&zz—]—... (140);

[oe]

b) ¢yukuns F(2) = ge—’f<~—zt~> dt obBepThiBaeTC BIOJb Jyya §,

MOJIYYaOIErocsi OTPAXKEHHEM &) OT BellecTBEHHOH OcH, PsAOM

FOHR 4D 170, (147).

23

1) B sapauax 149—155 usenamMul psaa SIBAAIOTCSH KOMIVIEKCHEI® YHC/IA, npHyeM
ynorpebasercs HX reomerpuueckoe usobpaxenue [III, 1 u ca.].



OTJEJI TIEPBBIV, T'JIABA 4, § 1 49

}nTerpan, pacnpocTpaHeHHHH Ha TOJNOMKHTEIbHBIE 3HaueHis f, IpH
VKa3aHHBIX HPEelNoJIOKeHHAX HeOGXONHMO CXOAHTCH.
" 151. Crenennsie psibnl GyHKUHH €77, 1n(1+z) u(l4-2)7 (p>0)
06BEPTHIBAIOT 3TH (PYHKUHH NpH Sﬁz>0 2#0
152. Hycrb Z JIeXHT B OJHOM H3 YIVIOB
——4 argz<z, %ﬂ‘léargz<57n (z #0).
22 {2

o0
Toraa dynguus e? S 2 dt ofpepThIBaeTCS pﬂlIOM
F4

1 1 1.3 1.3.5
___""l‘—_—z_?_

2 28

T+

(1 TIPHTOM B Y3KOM CMBICJ€ IIPH BElIECTBEHHbIX 3HAUCHHAX Z2).
183. Ilycts a, u b, — npousBo/JbHEIE KOMILIEKCHHIE YHC/Ia, OT-

an
b, Be-

[mecTBeHHO H nonommenmo). Ecnn B HeKotopolt Touke z = 0 ofa
psiia

JHYHBIE OT HyJifd, HpHueM o6a MMeloT OAHHAKOBRIA apryMment <

a,tazt+a,22 4. a2t
byt b2+ by22-4-...+ b2t ...

OGBEPTHIBAIOT COOTBETCTBEHHO 3HAueHHA @ (2) H P (2), TO B 3TOH TOUKE
CyMMa

ay+ by -+ (@ +b,) 2 (@ 1+ bo) 2+ (@ F bn) 2 .

6yner obBepthiBaTh 3HaueHHe @ (2)--V (z). (To xe cmpaBeminBo u
npH OO6BepTHIBAHHH B Y3KOM CMBIC/IE, €CJH BCE BXOZSIIHE BeJHUHHL!
BeleCTBEHHH!.)
154. [Insa z, qexamgx B 00J4CTsX, YKasaHHEIX B 3ajave 152,
¢yukuus zcthz oGBepThIBaeTCA CBOHM CTENEHHBIM DAIOM
-z 4
zcthz—ze +e —1+Bl (‘.z) _32 (22) +B3(22)6

e %

(1 MpUTOM B Y3KOM CMEHIC/IE, ecsH 2 BewecTBeHHo). Kosdduuuentsl By,
B,, Bs, ... HasbBawTca 4uciamu bepHyaiu.
155. Pyuxuns

1 1
o@R=Inr(l+2~— <z+»§> Inz+z—51In(2m) [II 31]
npy Rz >0 Moxer GuTb IIPEACTaBJIeHa B HHTErpasbHOH (opme
¢
X arctg —-

(0(2):2 EW——_Tdt
0
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[em. E. Lindelof, Le calcul des résidus, crp. 88, Paris, Gauthier-
Villars, 1905]. Ilokasats, yTo noJryyaromuics oTcioa (pacXoAHics)
paa CrupaunHra
By B, Bs
23 347563

ofGBepThIBaeT (PYHKLHIO o (2), €caIH 2, KpoMe yciaosia Rz >0, orpa-
HHYEeHO elle ycJOoBHEM

7 7
—Téargzég‘—.

§ 2, Ilpoune 3ajauM, OTHOCAILHECS K BeleCTBEHHbIM PfAJam

156. Ilycts @ (x) onpeneseHa /st NOJOKHTENLHEIX 3HAYCHUH X,
IipHYeM IIpPH AOCTATOYHO GOJBIIHX X MOXKET OHTH NPEACTaBACHA PALOM

a; aa a,
QW) =a+2+ 24 T,
THe Qg, Qyy Qgs +++y Gny ... BEIECTBEHHH. DeckoHeuHbld psf

e+ @)+...+o(m)+...

TOrJa H TOJBKO TOT[a GYyJeT CXOAAWMMCS, Koraa g, =0, a,=0.
157. (Ilpononxenue.) Ilyets ¢ (n) 20 (n=1, 2, ...). Becko-
HEeYHOE MpOH3BE/ICHHE

o) e@2)...9@0)...
TorZa M ToJbKO TorAa 6Y/eT CXOAAIUMCSH, Korjaa
qp=1, a,=0.
158. (ITporomxenne.) B Kakux ciayyasix cXOAHTCH GeCKOHEUHbIMH
pan .
oM +eMNoe@+o)e@)e@B)+...+o(D)e@)...0()}...7

159. [I1s KakHX NOJIOKHTETbHEIX 3HAYEHHH o6 CXOAHTCA Dsif

3 e—elo—eh)...la—er)
n=1

1 o
160. {x*dx= > nn
0 n=1
161. ]/1+1/1+V1+...=1++.
RN
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162. Ilycms a,, a5, ..., Qn, ...— NOJOXKHTEIbHBIE YHC/IA H

=) etV @tV an

CXOIUMOCTh HOCJIEA0BaTE]bHOCTH
® ty to,

U P
onpeAenseTcss YHCJIOM
. Inlne,
lim sup =
n—=u0 n

CTEAYIOUIHM 06pa3oM:

eciH o <<In2, 10 (f) cxomHTCA,
e o> 1In2, 10 () pacxoaurcs.

163. (IIpononxenne.) IlocnenoatenpHocTsb () BO BCAKOM cilyyae
CXONUTCS, eCJH CXONUTCS pAl

0o
2 n

2 [Za-..a.
n=1 V12 n

164. [Ipn 0<<g<C1 uMeeT MeCTO paBEHCTBO
1

e e (om0

165. Ilyctb GeckoHeynpli B 0G0HX HanpaBjeHHAX PAA

X

e P T (x)+f<x>+§f(x)dx+§dx§f<x)dx+...
0 0

DPaBHOMEPHO CXOAMTCH. KaK)ﬁo (OYHKIHUIO OH NpPEJCTaBJIsfAET?
166. Ilycrs ¢,(x) ¥ VP, (¥) —noaunomsl n-ii cremenu (n=0,
1, 2, ...), onpenensieMsle gopmynaMu
Po (X) = 1’ (P;L (X) =Qpq (X), Pn (0) = 0’
Yo () =1, $n(x41) —Pa (£) =Pny (1), . (0)=0
(n=1, 2, ..).

PHO)=®+o W)+ A (...,

P (%) =P () +Py () 4. A Pn () 4. ..
167. ITonoxum

ITpocyMMHpOBaTE pPsifiBl

1 1
__ P
Xn=yse 7, y,=nln 2en,

IlokasaTts, YT0 HHTEpBaMsl (X1, #1), (%2, Y2) (Xs, Ys), ... BIONKEHBI
OAHH B ADYTOH, T. €. KaXAbld H3 HHX COACPKHT NOCICAVIOWHH Kak
CBOIO YacThb.

51
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168. IlocienoBare bHOCTD
a,,:(1+-};>"“’ (n=1,2 3, ..)

. 1
TOrJla H TOJIBKO TOr/la MOHOTOHHO y6b1BHET, Korga p=

7-
169. [locsel0BaTeNLHOCTD
1\n
an=(1+-) <1+1) (n=1, 2, 3, ..)
n n
1
Tor/la M TOJbKO TOTAA MOHOTOHHO YOHIBAeT, KOria X== .

170. IlokasaTb, YTO NMpPH LEJOM MOJOKHTENLHOM 7
e 1\n e
PR <e“(1+7{> <ZGIT

- . 1\n
171. Kak usBecTHo, uHciao e= lim <1+7> 115 Jo6oro  3Ha-

n-»00

uenuss n=1, 2, 3, ... 3ak/o4aeTcd B HHTepBaJe
1\» 1\z2+1
<1+~n—> <e<<1+7> [168].

B Kkakoft 4eTBepTH 3TOTO HHTepBaja?
172. IlocaenosateabHOCTh

x\n+l
=1+ (=1,23, )
TOTZla M TOJbKO TOTAa@ MOHOTOHHO Y6hiBaeT, Korza 0 << x<<2.
173. Ilokasatb, yTO n-51 HTepanus CHHyca
sin, X=sin (sin,_;X), sinpx=sinx

NpH BO3pacTaHHH £ CTPEMHTCH K HYJIO, MpuueM npd x>0 umeer
MECTO TpeleNbHOE COOTHOLIEHHE

lim ]/% sin, x= 1.
n—+co

174. ITycte B unTepBane 0<< x << x, uMeeMm 0 << f (x) < x,
[ (¥) =x—ax* 4 bx' 4+ x'e (x), lim ¢ (x) =0,
x—0
npuueM 1 <<k<<!, a, b nonoxurenvuu. Ilonaraem

vo=X, Vi=[Mo), Ve=[(Vi), ..., Va=[(vo_y), ...

Torna npu n— co-
1 |
nE=Ty, > [(k—1) a] T
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175. VccnenoBate cxoqumocTs psijia
vi—l—v;—l—vg—l—... y
rze
v;=s8inx, wvy=sinsinx, ..., v,=sinv,_y, ...

OueBHHO, MOXHO NPEANIONOXHTL v; = 0.

176. [doxasats Qopmysy

e¥—l=u, tutty -+ utlotig+. ..,

rae

eu/n —1

uy=x%%0, u,,,=In n=1, 2, 3, ..).

n
177. Bouiuucauts
1 1 1
§=C08? ¢ — 5 c0s® 3¢+ 57 c0s?* 3@ — 7 cos? I3 -. ..

178. Ilycts a,, b, (b,#0, n=0, 1, 2, ...)— 1Be nocJenoBa-
TEJILHOCTH, . YIOBJETBOPAIOUIHE CIENYIOUMM YCIOBHAM:

[«s]
a) CreneHHoit psn f(x)= D] a,x" oblajaeT pajuycoM CXOJHMO-

n==0
CTH r, OTVIHYHBIM OT HYJIA.
b) CywectByeT npegen
. b
lim - —2— =g,
n—ow “ni1

npuueM |g|<<r.
[Tonoxnm Tenepb

cn=a0bn+a1bn_1+...+anbo (ﬂ=0, 1, 2, ...)-

. C
HOKHSaTb, YTO IIPH BO3DACTAHHH 71 OTHOINEHHE -2 CTPEMHTCH K .
C g

bn
179. Ilycms
fn () =anx+anpl+ast4... (n=1, 2, 3, ..)

-— NPOH3BOJIBHBIE (DYHKIHH, /ISl KOTOPHIX |@Qu, | << A npH BceX LEaBX
NOJIOKHTE/IbHBIX 3HAUEHHAX 7, £ H

lim f, (x)=0

npy 0<<x<C1. Torza npu npousBoibHOM (PUKCHPOBaHHOM £ (k=1,

lim a,,=0.
=0 .
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180. [Iycrb paau
Aot aatant+.. . Fant...=s, (=01, 2 ..)
oGaagaor obuiell cxoisiueiics mMaxkopaHToH
Ay+A + A+ F At =S,

T. €. ]IS BCeX 3HaueHHH n U & BbINOJHAIOTCS HEPABEHCTBA | A,y | << Ap.
Ilycts, nanee, cymecTByer

lima,,=a, (k=0,1, 2, ..).

n—oo
Torna pan
otatat... fat...=s
CXOIHUTCH H
lim s, =s.
n—co

181. O6ocHoBath npejesbHuie nepexonnt B 53 u 59.
182, Ilpu PHKCHPOBAHHOM MOJOKHTEJLHOM & H 1, CTPEMSAIUIEMCS
K 4 o0 10 meJbiM 3HAYCHHSM,
[e<X 1
1-Q 2
2 VE=1 (70 )2 ”3 <i"_j .
/7

v=1

Hlrpux npH 3HaKe CymMMbi O3HayaeT, 4To YJeH C v =1, KaK He HMelo-
mui cMulcaa, otépachiBaercs. OTMETHTD cayuail o= 1.

183. Ilycrb uucaa gy, €, €, ..., &, ... MOIYT IPHHHUMATh JHLIb
Tpu 3Hauenusa: — 1, 0, 4+ 1. Torza
(e o]
5 : 7 €0€182 ... &
80V2+81V2+82V2+...=251H T 2 ~°—1§T—” .
n=0

(ITon BolpazkeHyileM B JIeBOMl YacTH NOHHMAETCA Mpeles BhipaKEHH:A

80]/2—}—811/2—[—82]/2—1—...—%8”1/5

NpH 71— C0; 3TO BhIPAaXKEHHe HMEET CMHICJ IIPH BCeX 3HAUeHHHAX 11.)
184. Kaxnoe uHca0 x u3 HHTEpBasa — 2 << X< 2 MOXKET OhiTh
IpeJiCTaB/leHoO B Qopme

x:eol/ 24 |/ 248/ 2+

rde 4uC/Ia €, &, £y, ... MOTYT IPHHHMATh JHIIb OQHO H3 ABYX 3Ha-
yeHHH — 1 u -+ 1. YkasaHHOe NpPEICTaBJEHHE MOXKET GBIThb OCYIIE-
CTBJIEHO Jaxe eJHHCTBEHHEIM 0O0p a3 oM, ec/lH X He HMeeT BHIa
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p

2cos o n, Tae p, ¢ — uensle, 0 << p << 29. Iocneuye yHena ABIAAIOTCA

€I HHCTBEHHLIMH, MOTYIIHMH GhiTh NPEJACTABJIEHHBIMH B KOHEUHOH (opme

€ ]/2+81V2+82]/2+...+8nV§, ,

H3 5T0Or0 KOHEUHOro INpe[CTaBJeHHS MOXHO NOJYYHTh GecKoHeyHoe
ABOSAIKHM 00 pasom: monaras Jubo

Enr1=1, Euia=—1, Eriz=&y=...=1,
JIHGO
8n+1=—1, 8n+2=—1, 8n+3=8n+4=...=1.

185. (IIpomomxkenne.) Yucao x Ttoraa W TOJBKO Torga Gygner
HMEeTb BHI X=2cQSkn, rle £k panHoHANbHO, KOTfa IOCJENO0Ba-
TEJIBHOCTD €y, €, €y, ..., HAUHHAS C HEKOTOPOTO MECTA, CTAHOBHTCA
IepHOAHYECKOH,



OTHOEJ BTOPOM
HUHTErPAJIbHOE UCYHUCUIEHHUE

rTABA 1

MHTETPAJI KAK MPEJEJI CYMM MJIOILAJENA
NPSIMOYTOJIbHUKOB

§ 1. HuxHaue H BepXHHE CyMMBbl

Ilycty f(x) —orpanuuenHas QyHKUHSA, 3a4aHHas B KOHEUHOM
HHTepBaJe a==x=<b. Pa3obbeM 3TOT HHTEpBasJ TOYKAMH

xOv -.xlv x21 AR ] xn~11 xn)
Tie
A=K <3 <K< ... Xp_ 1< Xp=0D,
Ha 7 TNOAHHTEPBAJNOB; IIycTb m, H M, 00603HAYalOT COOTBETCTBEHHO
HHXKHIOIO H BEPXHIO rpasd f(X) B v-M HHTepBaJje

Xy <x=<x, (v=1, 2, ..., n).
Toraa
n
U=Z My (Xy — Xy—1)
v=1
H

n
O= > M, (xy— %y_y)

v=1
HasbIBAlOTCs HHUMKHEH M BepXHEH CyMMaMH, COOTBETCTBYIOUIMMH pas3-
OHEHHIO Xg, Xy, X3, ..., Xn—1, Xn. KaKnad BepXHSA cyMMa IpeBOC-
XOAHT (BO BCAKOM CJydgae HE MeHblie, 4YeM) Bce HHKHHE CYMMBI.
Ecin cymecTByeT TONbKO OJAHO 4YHCIO, He Gosbiuee, yeM Jwobas
BepXHAA, M HE MeHbllee, dYeM JoGas HHXKHAA CyMMa, TO 3TO YHCIO
.Ha3bBAIOT ONpele/IeHHHM HHTEerpajoM (YHKUMH f(x) B HHTepBale

la, b] u o6o3nauaror
b

§ (%) dx.

a
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®yuruuio f(x) HaspBaOT TOTAA (COGCTBEHHO) ummezpup yemod
g cmowcre Pumana B uutepBase [a, b].

ITpuwmep.
1
f=1r  (@>0).
Hmeem
1 1 1
x2 < Xy_1%y <x2 1’
OTKyJa
n n
2 xv—xv_1 <2 x\)rc Xy _ 1< 2 xv—xv Xt
v=1 =1 v=1 V=t
Ho

n

n
2 Xy—Xy_{ 2 RS .
! Xy . 1Xy xV 1 xV T a b°

=

1 1
Taxum obpasoM, 4HC/IO —- — 4 GoJiblie BCeX HHAHHX H MeHble Beex
BepXHHUX cymM. OIHaKo, [ TOro YTOGH! OTCIO[la MOXKHO GbLIO 3aKJIo-

YHUTb, YTO
b
1 dx
i e
a
1

. .
HYXHO elle ITIOKa3aTb, YTO TOJbKO PR GJialaeT 3THM CBO#-

1
CcTBOM. BeilesicTBHE MOHOTOHHOCTH (PYHKUHH —5 0Ka3aTh 3TO He Ipefl-
crapiser TpyAa [cm., Hanpumep, Cesaro, ctp. 692 *)].

L Ilycte >0, r—nenoe wncno, r==2. Iloxasate aHasoruy-
HEIM cHocoSoM, YTo

n

2 1<x;_11x b 1,_}>(xv—-xv_1)_—_

v=lr_1 v-1 Yy Xy Ty

b
1 1 1 dx
== <ar—1 - brd):S?'
’ a

2. Ilyctp a>0 u r— nonoxuteapHoe nenoe uxcio. Ilokasars,
b

, prel_gr+l prtl_gr+i
yro \ ¥ dx=—-— IIpeBOCXOJHT

r+1 , T. €. YTO YHCJIO —I‘—l——l
a

BCe HHXHHE CYMMbl H MECHBbIlE BCEX BEPXHHX.

*) Hesapo, u. 2, crp. 251.
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ToYyKYM AENEHHSA Xo, X1, Xg, «vey Xn—1, X, OOpa3yOT apudMeTHYE-
CKYIO TIPOTPECCHIO, ecyiH

Xypyg— Xy =Xy — Xy

npu v=1, 2, ..., n— 1. Ouu 06pa3syT TeOMETPHYECKYIO NPOrpec-
CHIO, €CJIH

Xvii — Xy

Xy Xy_1
npu v=1, 2, ..., n—1; B nocjefiHeM clyyae npeanoJaraercs, 4To
a>0.

3. CocraBuTb HHXKHHE H BepXHHE CYMMHI 15 QYHKIHUH e* B HH-
tepBasie [a, b], pacnosarasi TOYKHM JeJ€HHS B apH(MeTHYecKof mnpo-
rpeccid. K KakoMy npefiesry CTpeMsTcs 3TH CYMMBl NpH 7 —- CO?

l
4. CocTaBHTL HHMXHHE H BEDXHHE CYMMEI LISt YHKUHH — B HHTED-

Bajse [a, b] (@a>0), Koria Toyku JeJieHHs! 06Pa3yOT reOMeTpHYECKYIo
nporpeccuio. K Kakomy npezeny CTpeMATCS 3TH CYyMMbI IIPH 71— CO?
B. JlokasaTh TOXKAECTBO

. 1 1 1 1 1 1 1 1
l—gtg—5+ teagog-—w=wgrtigpt -t

Hafitu [npemen npu n-»oo. [IIpaBylo yacTh MOXKHO paccMaTpHBaTh
KaK HHXHIOIO CyMMYy AJIs HeKoTopoH ¢yHKuuu B HHTepBase [0, 1],
pasjieleHHOM Ha paBHBIE YacTH.]

6. Deckoneynas nociie0BaTebHOCTb, 71-§ WIEH KOTOpPO# paBeH n-il
YaCTHYHOH CymMMe psifa

sin x sin 2x sin nx
T+t S
o T
B3ATOH LJIA X = —ll——}—_r’ CTpEeMHTCA K IIpeleday, OT/IMYHOMY OT HYJA.

(M3 storo cienyer, 4To yKa3aHHbH PSi B OKPECTHOCTH TOYKH x=10
CXOJMUTCS1 HEPaBHOMEPHO.)

7. Ilycts ¢yukuua f(x), o KoTopoHl HAeT peub Ha CTp. 56,
ABJISIeTCS NPOH3BOJHON Hekoropoll ¢yHkuuu F (x). Torga aas Jobuix
HHKHHX M BepXHHX cyMM U u O BHINOJHfETCH HEPABEHCTBO

U<F (b)—F (@) <O.

(OtuM, onHaKo, ellle He CKaszaHo, yto F (b)) —F (a) ectb e IHHCTB @ H-
HO€ YHCJIO, YAOBJIETBOPSIOUEE 3TOMY [JBOHHOMY HEpaBEHCTBY AJA
Beex U u 0))
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§ 2. CreneHs npubGAHKEHHS

8. Ilyern 0<§<1, dyukuust f(x) B nnrepmase [0, E] MoHO-
TOHHO Bo3pacraer, B HHTepBaJe [E, 1] MOHOTOHHO yGBIBaeT H MaKCH-
mMyM ee f(E)=M. Torna pasnoctb

dum= 7@ drm ()1 (2) (2]
0
JIPH n—> 00 CTPEMHTCA K HYJIO, Kak % Hmenno

_M=i©O
n

= py MEO)

9. [lycrb [ (x) — dyHKUHA ¢ orpaHHueHHBIM H3MeHEHHeM B HHTep-
pase [0, 1]. IToxasaTe, yTO pasHOCTb

A,,=Sf(x>dx—%[f( JHH )+t ()]

1
IpH f—>00 CTPEMHTCA K HYJIO, Kak —-. Mmento
1%
[A,] < e

rie V — nojHOoe H3MeHeHHe f(}c) Ha uHrtepBajte [0, 1].
10. Ilycte f(x) B uHrtepBasne [a, b] HMeeT OrpaHHYEHHYIO H
HHTErpHPYeMYI0 NpoH3BofHyo. IlonoxuM
b—a)

b
= {re
a
Onpenenuts lim nA,.
n—>0
11. Ecm f(x) asaxmsl AuddepeHuupyema u [’ (x) coGCTBEHHO
HHTEFpUpYeMa B HHTepBaJle a<<x=<b, TO pasHOCTb
b

<a—l—v

v=1

’ b— \ b—
A, = Sf(x)dx— =) f(a+(2v—1) Zn“)
a v=1
npy 1 — 0O CTPEMUTCH K HYJIO, Kak i Boanee Toro, lim n%A} cyue-
n—oe

creyer. OnpelesuTh 3TOT npejed.
12. (HpOllOJI)KEHHe) PasnocTb

Si — = [i(a)+2 if(a+2v%)]

v=1
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1 ”
CTPEMHTCS K HYJIO, KaK . Bosiee Toro, lim ntA; cymecrsyer. Onpe-
n—r oo
JIeJIUTh €ero.
U
Kpome Toro, nokasarb, yto ecsin [ (@) =01 f' () =0 (a<<x<b),
10 A =0.

18. Ilycts
' 1 1 1
Un=gr bzt tae
Vo2 2 442
T 9n+1 +2n+3 4n—1"
Torna
limU,=n2, lim V,=1In2,
lima(n2-U,)= lim n%(In2 — V,Z)__~
n— o n->ob

14. Boipaxenne

1 1 1 2
+—L _l_____l_m—?”(ann—l—C—]nn)

sin —— sin —— sin
n n

n

TIPH BO3PAaCTAHWH A OCTACTCH OrPaHHYEHHEIM; C —tak HasblBaemas
aitaeposa nocmosanHas [pelueHue 18]

n n+1
15. lime*n 2 (112233 .. n")'Z =1.
n—o
16. OGosnaunm uepes x, (ellHHCTBeHHbIM) KODEHb YpaBHeHHS
1
wter+tes = @>0)
B HHTepBase (n, o). Ilokasatb, yro
n—}—«2»
lim \x, — 7=} =0, [12].

17. ITycts x,§ 0603HauaeT (emmCTBeHHblﬁ) KOpEeHb yPaBHEHHS

—+ lz_l_x2 22

;=0 (>0
B HHTepBaje (n, oo). Ilokasarb, 4TO

lim [ (n—[— 2> ifz_i:] 0 A [12].

n—» o
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18. Ecau f(x) npu x=1 nuddepenunpyema u f'(xr) MOHOTOHHO
CTPEMHTCH K HYJIO NIPH X —- 0O, TO

Mm(gﬂn+ﬂm+¢@Hau+ﬂn—n+é¢mr—Sﬂn¢Q=s
n—0o0 1

cvmeCTByeT' npH 3TOM, ecau f'(x), ckaxeM, BO3pacTaeT, HMeeM:

8f(n)< LI +F @ +FG) +.
A= 1) g () — ﬁ@w»4<o

PaccMoTpeTb, B 4acTHOCTH, CJIydaH f(x):;, f(x)=—Inx.

19. Ecan f(x) npu x=1 nuddepesunpyema u f' (x) MOHOTOHHO
I HeorpaHHYEHHO BO3pacTaer NpH X —co, TO

%HD+H%+H$+~A¢W—D+%H@=§Hﬂm+oﬁmn
Bosee Touno: l
0<%Hn+ﬂm+ﬂ$+m+ﬂm—n+éﬂm—gﬂnM<
<gF ) —5F .
§ 3. HecoGcTBeHHbIE WHTErpasbnl B KOHEYHBIX Mpexenax

Mycry ¢yuEKus f () Onpenesesa B KOBEUHOM HHTEpBase @ << ¥ << b
33 HCKJIOUEHHEM TOUKH X=C (@ =< ¢ =Lb), B OKPECTHOCTH KOTOpOii OHa
NpUHMMAaET CKOJb YTOAHO Goublive 3HaueHHs. Ilycth, Kpome TOroO,
[ (x) coGcrBeHHo HHTerpupyema B JIOOOM NONMHTEpBajie HHTEpBala

b

[a b], se conepxauem ¢. Torna S ) dx onpeneasiercs Kak npenedn,
a
e

— b
K KOTOPOMY CTPEMHTCs CyMMa S (x)dx+ \ f(x)dx, xorza eue’
a

c-t¢’
CTPEMATCA K HYJIHO:

b c—e b
d — .
§f(x) x=_ E{l_f}lﬂ( § [ (x) dx+c§e’f(x) dx)-

(Ecn ¢ paBHO @ MM b, TO COOTBETCTBYIOUIMH MHTErpan B CKOOKax
oTnajaer.) AHAJOIMUYHO 3TOMY ONpENENsAeTCss MHTErpaj M B Cayuae
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HajqHuus B uHTepBane [a, b] HeckoMpKHX (KOHEUHOTO YHCJ]a) TAKHX
TOYeK.
Ecin f(x) ompenenena miasi x==a u COGCTBEHHO HHTEIPHUpyeMa
o0

B JIOGOM KOHEYHOM HHTEpBaJie g << X << ®, TO S f (x) dx onpenenserca
a

KaK 1pefies, K KotopoMy cTpeMutcsl \ f(¥) dx npu o —co:

Hannexare Bb16paHHoﬁ NOJCTAaHOBKOH BCET/la MOXKHO Heco6CT-
BeHHBIl MHTErpa/j OJHOro M3 3THX JBYX THNOB npeofpa3oBatb B He-
coOCTBeHHBIH HMHTerpaja Jpyroro THna.

20. Ilycty f(r) MoHoTOHHAZ B HHTepBajte 0<<x<Cl; mnycts,
jasee, y onHOf M3 TodeK x=0 ¥ x=1 uau y obeux ¢yHrUHsA
: 1

He orpaHuYeHa, HO TaK, YTO HECOOCTBEHHBIH HHTerpaJ S f(x) dx cy-
(0]

(o) rnl)

_ S f () dx.
0

mecteyer. Torza

lim

n—o

21. (Tpomomskenue.) IlycTe @(x) coGcTBeHHO HHTErpuUpyema
B untepBase O0<<x<C1. Torna

o5 )15 )+e(3)2 2+ e <n—1>f<n"—1)=slcp(x)f(x)dx.

0

lim
n—» o0

22, TMokasath HHBIM cnocoGoM, uem B I 71, uro npu & >0

lim P2 e 1
-0 n% - &

23. [osoxum

3 goigh B B-150 > azr (@, p>0).

k=1 I=1 n=1
Ilokasate, uTO

lim n'-%-Bq,

n-—o
cymwecTByeT H orauueH oT HyJad. (Ecmuw O<a<<l, 0<p <],
a-+PB=1, 10 npu z=—1 pan B npaBoil yacTH GyneT PaCXOAALLIUMCS,

XoTa o6a psija B JIEBOH YacTH CXONATCA.)
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24. Yisepxkaenue 3amaun 20, Booble roBops, HeoGpaTuMo: Cy-
MEeCTBYIOT MOHOTOHHBIE B HHrepBasde 0<Cx<C1 ¢yHKuuH, As1 KOTO-
pHIX TpelesN B J1eBOH dYacTH CymEcTByeT, M TeM He MeHee HecoOCT-
BeHHbIH HHTerpas B NIPaBOH 4acTH HE CYULECTBYET.

25. Ecau f(x) B nurepBane 0 << x << 1 MOHOTOHHA, HMeeT KOHEY-
Hblil Tpefen npu x—0 uaw x— 1 H, Kpome ToOTO,

({2

1

CylleCTByet, TO cymiecTsyer Takke | f (x) dx.
) .
26. Ilycrb f(x) moHotonHa B uHTepBame 0<Cx << 1. [Tokasars,

qTo ) 1
lim o ¥ j(%5m)= {1y,
v=1 i

B NPEeINONOXKeHHH, YTO HeCOGCTBEHHHIH HHTErpaJl Crupasa CyLIECTBYET,
27. las oo >0
101071 3am1__ 4ol f | | (—])n-1pol 0
n< =4

lim
n—o

lim
n—oo

28. Ecu f(x) B uHrepBase [0, 1] cofcrBenno HHTerppreMa,-

TO, OYEBHJIHO, |
A A A it e Y

n

lim

n'—oo
HOKaSaTb, 4YTO 3TO PABECHCTBO OCTAETCsI B CHJIE TaKXkKe TOorla, Koria f(X)
.JIMLIIb HecoOGCTBEHHO HHTErpupyeMa, HO 3aTO MOHOTOHHA.

29. Ecmu f(x) moHoTonHa mpH x>0, nasee, e,,>%,r11e >0,
u lim e, =0, TO

n—oo

n—1

- >=§f<x)dx,

B TPEAMNOIOKEHHH, YTO TOCJEAHHH HHTErpas CymiecTBYeT.

P+ (nt )41 (ent = bt ont

n

lim

n—oo

§ 4. HecoGcTBeHHBIe HHTErpansl B GecKOHeYHRIX npexenax
30. ITycts npu x =0 ¢yHKuHa f(X) MOHOTOHHA H HeCOGCTBEH-

HBIl HMHTETpan S f (%) dx cymecryer. Torna
0

Jim R @) +] @0 +] () +.. 1= lim & Pk =1 1) d.

n=1 0
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s Re > 0) Kak HHTErpasn
e8]

Ilokasars, ocHOBHIBasichb Ha I 89, 4ToO

BUTb B BHJAC CJENYIOUIEro HHTerpaJa

3AOAYN

31. I'amma-pyukuna T onpenensiercss s o >0 (Gosee obmie

I (o) = eexo-t dx.v
0
n%1nl @> 0).

I') =nlin;lo af{oed1)...(a4n—1)
afinepoBy nocrosinnyio C MOXKHO TNpeacTa-

82. Kak #H3BecTHO,

[ 1
C-—§e <1—e"‘ —;)dx

[eM. Cesaro, erp. 782 *)]. Ilokasars, uTO

(=0 +om 1 om et ) =
=1

C= lim
-0
-lnl—_t.
83. lm (-1 R e
...+%+ ..>=1n2
84. lim (1-t)2< 2Tt et ) =
85, lim VT—l(I 4404 17 ) = Va,
Boo6me mpu « >0
tllfllo/l———t(l+t1a+t2“+t3a+ AP )=—T (é?)

36. Briuncauts
. 1 2t oot o
tilj_noo<~ + 212 + 2492 + +m+ ).

37. ITojoxuM

oo

e=T](1+x5) @>D.

n=1

*) B pycckoM wu3jamum kuurd Uesapo aTa dopmyna onylueHa;, ee MOMHO
Yurrexep u BarcoH, «Kypc COBpEMEHHOrO

HafiTH, HalpHMep, B KHHre
$usmarras, 1963, u. 2, crp. 30,

aHaJn3say,
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Tlokasarb, 4TO
. In
lim Ll(f) P _Ln..
to4o0 — s o
s sin —

38. lcxonsa us popmy.sl

sint __ etf—e it =
t = I l n2n2

CTpaBeJIMBOH JJs MOOOTO KOMILIEKCHOTO 3HAYeHMs £, MOCPEICTBOM
NpPeieNbHOTO NepeXxoja BHBECTH (opMyay

oo

S In(1—2x2%cos2¢-+x*)de=2nsinp (O<<p<<m).
0
a

39. Buiunicauts HHTErpa Slnxdx, nena unrepsaa (0, a] Ha

0
YaCTH NpH TOMOIIK OeCKOHEyHO# reoMeTpHYECKOH NporpeccHu a, aq,
aq?, ... (0<g<1) nu paccmaTpuBas nosyuarompecs GeckKoHed-
Hbl e cyMMbI TP AMOYTO/bHHKOB.
40. Iloka3aTb, uTO TNpH (DHKCHPOBAHHOM TOJIOXKHTENBHOM & U
LEJTOYHC/IEHHOM 1 —> 00
n
Z (n\k

CpaBHHTb € M3BECTHBIMH pe3ysbTatamu npH k=1, k=2,

k-1

(1)7 [58,

nn

§ 5. TeopeTHKO-YMCAOBBE NMPHMEHEHMS

41. By;:[EM JIEJTUTD IIeJIoe MOJIOKHUTEbHoe yHesao 1 Ha 1, 2, 3, ...

vy ¥y vo.y N OCTATOK OT geJieHHSI 1 HA v OGO3HAYHM uepes nV
TaK Hanpﬂmep, 173 =2, 1035=10. OueBnpHo, n=n, (modv), 0<<
=, <v.

v
KaxoBa BeposiTHOCTb *) TOTO, 4TO 71y = 52
Pemenue, Mmeem:
= [ ]+ Ryy
oTCIofA
2n n ..nv
< — — —_— —
0<Z—2[Z |=2<e.

*) BasTh B KaueCTBe JeJHTesIsi TO HJM HHoe 4HCIO v (l <cv=<Cn) cllHTaeTCﬂ
PaBHOBO3MOXKHEIM,

3 T. MNoara, T'. Cere, u, I
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Iy

CrepoBaresbHO, B GJIAaronpHSTCTBYIOLIEM Cllyyae (nv_>—;~) 6y net:

1]-a]2]-,
a B He(G/1aronpHATCTBYIOLEM <nv<%) Eyner:

[i] - 2[£] —0 [VIII 3].

v v

TakuM ofGpasoM, A1si HCKOMOI BEPOSITHOCTH MONyYaeM BhHIparkKeHHe

o.—x 3 [E]-2[2):

ITpu n—-co OHO CTpeMHTCSt K COGCTBEHHOMY HHTErpany

([2]-[4)as-
(£t 3 (k) -

’V—l——2—

=2(y—g+5—g+.)=202-1=03862...
42. (Ilponomxenne.) Bruucaurs

. 1 [ng n n, Mg
lim 2 (%2 4+ ).

n—o0
43. (IIpogomxenue.) Brunciuts
ny+-ny--ng4-...n,

n2

lim
n—co }
44. ([Iporomxenue.) OTHolleHHe YHcTa TeX Jpobel
n, n, nzg - R
1 9 T;'v ey 71"9
KOTOpHle MeHble, YeM HeKoTopoe ¢HKcHpoBaHHOe yHeMo o (0 << << 1),
K OOLieMY YHCJHY 1 BCEX BBIIHCAHHBIX ApoGeH NpH A —- O CTPEMHTCH K

1
1=2% gy [VIII4].

1—x

45. Ilyctb 0, (n) —cymMa o-X CTeneHeH BceX JeauTesefl uncia n
(VIII, ra. 1, § §) m

S (1) =0 (1) +0a (2) +0a (3) +-. -+ 0a (W)=Y, [—Vn—]v“ [VIIT 81].

v=1
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Toraa ais >0
Za(n) __ L@+

lim noti a1 ?

nh—oo

(o]

rie £4{s) ectv C-hyHKUNA PHMaHaZHI-S— (em. VIII, ra, 1, § 5).
n=1

Has o> 1, Gonee Toro, HMEET MECTO HEepaBeHCTBO

S, L{x-D) 2 (o) —1
o) _etd < (n=1,23..).

i

[<»}C—— [—i—Dxa co0cTBeHHO HHTerpupyeMa B wunreppate (0, 1], ecsu

a>0 [107]; [%]x“ £CcThb QYHKUHMS C OrpaHHYEHHbBIM H3MEHEHHEM

npu o> 1.]

46. Obosnaunm uepes T (n)=0,(n) uHcao AequTenedl uhcaa n.
Torpxa
T+t @)+t @) +...+1(n) = Z [%] —

=n(nn+2C—-1)+0(/n)  [VIII 79],
rie C—sfinepoBa nocrosiHHasA. [[IpuMeHuTs coobpakeHus 3ajaun 9

K (QyHKUHH % — [%] B HHTepBaJje <711—, 1>, rae m=[Vn]+1; pe-
menue 18.] :
47. Ocosnauum uepes U, uncio HeweTHnlx, uyepe3 G, — UuCJIO
ueTHHIX geauresefl uMcaa n. Tax, Hanpumep, U,p=2, Gy =4. Ho-
KasaTh, 4TO
U—G-+FUy—Gy ...+ U,—G,
n

lim =1In2.

n-—oo

§ 6. Cpennne 3nauenus. TlpousBenenus
TTox apudMeTHUYeCKHM, T€OMETPHUYECKHMM H TapMOHHUECKHUM Cpef-

HHMH 2 UHCeN Qq, Qgy +.., a, TIOHHUMAarT COOTBETCTBEHHO Bblp aKeHUd
al+az+a3+...+a np———— n
n - n s 1/(110203 vee Oy, .

1 1 1 1
ot T Ty
B 1Byx nocnefiHuMxX cayyasix IIpeAnosiaraercs, 4YTo BCe YMCJa T0JI0-
HTenbHbl. (Bojiee moipofHO O cpeaHuX CM. Ii. 2.)

48. [lycrs f(x) coScTBeHHO MHTerpupyeMa B HHTepBaJse [a, b].
Brenem o6o3HaueHue

fvn:f(a"’l"\’én) <6n=b_a).

n
3¢
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Tlokaaarp, uro

b
o Fintfontfantt s 1
lim - =55 | fay,
b
blaglnf(x)dx
llm l/flnfznfsn fan=e @
lim 2 = b=a

oo L 1 1y 21 2,

fln on fan fnn T

[ )

STy TPH Tperena Has3LIBAOT COOTBETCTBEHHO apH(METHUECKUM,
TeOMETPHYECKHM H T'apMOHHYECKHM cpeIHHMHM ¢yHKuuH f(x). B apyx
NOCJEAHHX CJAyuyasix INpeAnosaraeTcs, 4YTO HUKHAA TIpaHb (yHK-
uuH f(x) nojoXKuTesbHA.

49. Cnoco6om, unbM, ueMm B I 69, nokasarb, uTO

Yl
n

lim

n—oo

CYL{eCTBYET W paBeH TI'eOMEeTPHYECKOMY CpeJHeMy OT X B HHTepBaje
[0, 1], 1. e. paBen 5
50. Ilycrb a u d — nosiokurenpusle uucna, a A, n G, — 'ymcp
METHUECKOe H TIeOMETPHUECKOe CpelHHE YHCeN d, a+d a+t2d, ...
eery a4+ (n—1)d, Toraa
.G, 2
lim 1=
n—oo‘'n e
81. O6oanaunm uepes A, u G, apudMeTHyecKOe H TeOMETpPHYE=
CKOe cpefiHne CMHOMHAMbHBIX KO3((hHIHEHTOB

O (1) G e B ooer Q)

ITokasath, uTO
lim y4,=2, limyG,=Ve.

n-—oo n—ow

52, HoxésaTb, 41O
2Inr npu r=1,
0 mpuO=sr<l.

27
o S In(l —2rcosx+r2)dx={
0 .

83. IlycTte r noMoKUTENBHO H MeHbllle eIHHHIB, X mpoGeraet
uurepran [0, 2n] u § oGo3nauaer OnuxKaliuee X X 4ics0, 414 Ko-
TOPOTro

sin (x —§) =rsinx;
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TorJa

21¢
o S In(1 —2r cost -+ r¥)dy =In (1 — %),
1}

[Paccmotpets e, €% n r B KOMIWIEKCHOH IIOCKOCTH.]
B4. Ecmu dynruus f(x) co6CcTBEHHO HHTETPHPYEMa B HHTEPBaJe

[a, b], To, B oGo3HauyeHHsX 3anaun 48,
b

‘ ' JFax
i (L Fuade) (1 faubn) +er (1) =

55. Briuncaute
lim (241 {n24-2) ... (n®4-n)
(n2—1)(n2—2) ... (n2—n)*

n-—»oo

56. I[oxasa'rb TOXIECTBO

(ta=) (1 -z (=) =) -

+(2n—l)oc—1 T Sha—1)"
¢ Iy

_ (n+N)a . n+2a ntna
T @+Dha—-1 (nt2)a—1""" adnya—1"
1 1 1

Orciofa BoiTekaeT, uTo ecan o =<0, 1, T F g eees TO CTOS-
1
ee B JIeBOW UY4CTH TIPOM3BEAEHME TNPU n—» OO CTPEMHTCS K 2%,
[@n)!=27n1-1.3-5... (2n—1).]
87. Ilycts

a=l+%1 b=l+%r d::%i

Ile o, P, 6 ¢durcuposanst u 6> 0. ITokasatb, 4TO

a a+d a--2d a+(n—Nd
b bFd b+2d U bf(n—1)d (1+6)

lim

1~

88. Ilycts n n v—uenmble uncaa, 0<<v<<n. Eciu npy n—»o0
TaKkKe v—> 00 H TNPHUTOM TaK, UTO

n

lim

n~—w Vn

) 1/2
Vil B A

TO



70 3ADAUU

[14

89, Tycrs z=2neV", rae #-—(UKCHPOBAHHOE BELIECTBEHHOR
yacao. IlokasaTte, 4TO

. 2n—1 2n—2 2n—3 2n—n 2\r2

lim =(=) .

z—1 2—2 "Z—-3 ' z—n

n—o0

§ 7. KpaTHple MHTerpasi

60. Ilycts dyukumusa f(x, y) npeacrapisier CoGoH B MPAMOYTo/be
HHKe R
a<<x<b, c<y<d
BTOPYIO «CMELIaHHYIO» NPOU3BOJHYIO HeKoTOpo# ¢yHKuuu F(x, y):

02F (
He L =f(x, 9

ITpoBeseM uepe3 TouKH

asz<x1<xZ<.-.<xm 1<Xm=b,

C=lh <Y <Yp<...<Yn1<Yn=4d
npsiMble, TapaJuleJbHbe OCAM KOOPAMHAT. OTHMH NPSIMBIMH TP IMO-
YrolbHUK R pasfe/uIcsi Ha NPSIMOYTOJbHBIE 4acTH Ry
Xp1=mX<TXy, Ypa=sU<ly (”31 2,. m; v=1, 2, )'
0OGo3HaUHM HHKHIOIO M BEPXHIOIO T'PaHH f(x y) B R,y COOTBETCTBCHHO
yepes My, My, 1 06Pa3syeM BepXHIOI CYMMy

0= Z Z Muv (xu'—xu—l) Yy —Yv-1)

U=lv=1
H HUIKHIOIO CYMMYy
m n

U= Z Z myy (xu - xu—l) (!/v - yv—-1)°

p=lv=1
ITokasaTtp, uro BCeria
o1 U<F(, d)—F (b, )—F(a, d)4-F(a, ¢)<O.,

S§ In|sin (r—y) | dxdy=—Fln2.
0 xSy

[Beruncsiuth AByMs cnocoGaMu KBanpaT MoOAYJst oTlpeneauTens
1 1 1 e 1

1 ¢ g2 . 771
1 e g4 s 27D

?
1 er1 g1 gatLintDb



OTIEJ BTOPOY, [VIABA 1, § 7 71

62. Ilycts f(x, y) coScrBeHHO HHTerpupyemMa B KBaapare (<<
ssx=c1, O0=y<1. llokaszatsh, yTO

i1
IIf(xv y) dxdy
0

o TETE [+ ()=
p=lv=1

63. B tom XKe NpeanosoKEHHH OTHOCHTENBHO f (¥, y) BHIUHCIHTD

i T+l G 245 ) )

64. Iokasarp, ochopbiBascs Ha 130, wro obsem §§{dxdydz
B

TpexMepHol ofjacTu B, onpeneneHHo# HepaBeHCTBAMH

——1<X, y,'Zél, —0o=<<x+ytz<o,

23 S.P(sm t>3 sin of dt.

paseH

£

65. Ilycrb oy, o, ..., 0, — IPOU3BOMbHbIE NONOKHTENBHEIE YHCAA.
O6pasyeM QyHKIHU

e @=1%"'2 10" 2 n™ T . w=1, 2, ..., D)
H TIpOU3BeleHHe HuX
@@ ... @)= 3 aem

n=1
HoxasaTb 4TO

,,lfro‘oﬂ % Fa, 7 Fu,—1 T

-1 -1 -1
=SS...S,\¢11 ...XO;P_:ll (I =%y~ o= xp )™ dxy.. . dxpy,

TJe HMHTErpas pacnpocTpaHeH Ha (p— 1)-MepHbili CHMIVIEKC, Onpe-
JensieMeiii p HepaBeHCTBAMH

=0, =0, ..., x,,=0, y4+x+...+x,<1,
66. (lpogonxenue.) Ilokasarb, uto
0. ST g — = )P Ty =
_ T (ay) T {a5) ... T (&)
Pl +ae+...4+ap) °
67. Pa3pepHyTb BopaKeHMe, CTOsiiee NOJA 3HAKOM npenena B 54

H TpecTaBasionlee cOOOH NOJUHOM 7i-H CTENEeHH OTHOCHTEIBLHO &,
no creneHsM 8,. IloxkasaTe, uyro kosdduuMeHT TpPH p-i cTeneHH 8,
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npu p GHUKCUPOBAHHOM H 1> CO CTPEMHTCH K Tipefeny

BIER

F)f ).

68. Ilycty 2m dyskunmir

fi(®), f

1 (%) Py(X)y «eey

'f (xp) dx]_ dxg- ..dxp —

.___{Sf

RV

Fm ),
Pm (%)

2 () ceuy

coGCTBEHHO HHTeI‘ppreMbI B uHTepBaNe a <<x<<b. Torna

MM%MM

RS R
=
—
X
-8
=
—
=
=
.
=

SMM%MM

b
Sh (x) @2 (x) dx .. S fr () @m (%) dx
g b
§&mewm§nM%a _
b. . * & % 5 0 0 0 0 b e & & & 85 & * o
SMM%MM~SMM%MM
b bl i) Filee) oo fo(xm)
= {0 R Rt
o i () () i ()
fPl (e) 1 (x2) 1 {(Xm)
X @2 (xl) @2 (x2) (P2 (xm) dxl dx2 Ve
P (%) P (x2) Prm (Xm)
[BriuncauTb AByMst CMOCOGaMH «NpOHM3BEJAEHHe» MATp HIL
WW_ el < '
=12 .. =1, 2, m
v=1,2, .. n =1 2,

rae

) =hi(a

Iyers @y, a,,
apugmemuteckum cpedrum U (a) TOHUMAIOT BbIP KEHHE

U(a) =

b

b

+v ——_n—>, (P\()’fl)“—‘(Pu(a‘l‘Vba';a)-]

FJIABA 2
HEPABEHCTBA

§ 1.

cery Qp—11

Hepasencrsa

t00ble  BeleCTBEHHbIE YHCIA..

mta+t...tea,
—

af

dX e

Iog ux
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Ecau Bce aq, Qs ..., Ay TOJOXKHTEJIbHB, TO HX 2e0MEMPUHECKOC W
2apMOHUYEeCKOoe CPENHUE ONPENeasioTCsT COOTBETCTBEHHO (popmy.naMH

D=V am @, §@) ="

—+++~

a = a

OGozHaunM uepe3 m HaHMeHbliee, uepe3 M HauGoJpliee M3 YHCEN
ay, gy ..., @, TOTAA

m<2[( )<M ms@(a)sM, m<9 (@<

3zech 151 G (a @ npeanonarae’rca m>0. Takum ofpasoM, TpH
yucra U (a), (B H @ ) mpeicTaBasAIOT COGOH cpeaHHUE 3Haye-
HU S YHcea a, az, .e+, O, PaBeHCTBa JOCTHTalOTCH TOJNBLKO B TOM

cayuyae, KOT[a BCE @y PaBHBL MeXAy COGOH.

Hmeem:
1 1\
W=®<7)’ e ”()
A@+b)=A@+AO), BG@@)=0@aG@®, InG@=A(na).

ITyctb f(x) coGCTBEHHO HHTErpHpyeMa B HHTEPBANE X, << X << X,.
Iox apupmemusueckum cpegaum U (f) Gyrkumu f(x) moHumaior Bhpa-
KeHHe

()= § £ () dx

Ecnn, kpome toro, f(X) cyllecTBEHHO NOJIOKHTEJNbHA, T. €. LIS BCeX
3HaYeHHH X MPEBOCXOAHT HEKOTOPOe NONOMKHTEJbHOE YHCJIO, TO ee
2COMEMPUYECKOEe U 2APMORUYECKOE CPEJHHE OIpeReNsIioTCsS COOTBETCT-
BEeHHO QOpMYyNaMH

1 %
J'lnf(x) dx

(B(f):ex’—x'x‘ , @(ﬁ=% [48].
dx
feey
X

OGo3HauuM yepe3 m HHXKHIOI, uepe3 M BepXHIOK TrpaHH GyHK-
nuu f(¥) B HHTepBasle X; << X =< X,, TOTJA

m<Af <M, m<BH=<M m<H{)<M.

3necs s G () u Jj (f) mpeanonaraercs, uro m>0. TakuMm o6pa-
soM, uncita U (f), _(f) u 9(f) AsasoTcE CpenHUMH 3Haue-
HUAMH OyHKuuH f(x). Vmeem: ‘

1 1 1 o [ 1
ci=%7) s5=2(F)
A+ =AD+A@, Gl=6(H6@E, nGH=A(n).
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Jnst mo6BIX NOJNOMKHTENBHBIX YHCed @y, dg, ..., d,, CPEIH KOTO-
pHIX HMeIOTCSl MO KpaiiHell Mepe ABa pa3/MuHbIX, BEIIONHSIOTCS Hepa-

BEHCTBA
n

1 I
g ta et

<a1—i—a2-}r—1...+a,,

’

$ @) <G (a) <Ala).

(Teopema 06 apudMeTHUECKOM, IeOMETPHYECKOM H IapMOHHYECKOM
cpennux.) B cBoem «Analyse algébrique» (Note 2; Oeuvres complétes,
cepusa 2, 1. 3, crp. 375—377, Paris, Gauthier-Viilars, 1897) Koum
JaJ OcofeHHO IpocToe M HU3fAILIHOE JOKa3aTeJIbCTBO 3TOH TEOPEMH 1).

T. €.

1) OueBHAHO, AocTaTOYHO A0Ka3aTh, 4to ¥ (@) > ® (@). I[IpHBOZHM MOJHOCTHIO
fIepeBOJ| COOTBeTCTBYMOmEro Mecta y Koumm:

Cpednee ecomempuueckoe neckoavkux wucea A, B, C, D, ... sceeda Menoute ux
Cpedrezo apudmemuteckozo.

Hoxasatearctso. Ilycte n 6yner koamuectso umcen A, B, C, D, ...
JHoctaTouHo noKasaTth, yro BoOGlue

’{/'ABCD...<A+B+Cn+D+'“, M

HJH, 4TO TO e,

ABCD...<<A+B+C+D+"'>n. @

n

Ho npexje Bcero aas n=2 Mbl, OuYeBHJHO, HMeeM:

AB:(M)Z _ <A—B>2 < <A+B>2.

2 5 )
Otciona 3akaioyaeM, moJsiaras foclejoBatessio n=4, n==_, ..., nakouneu, n=2m,
4TO :
ABCD < <A;rB )2 <CgD >2<(/A+B4;C+D )4.
\
ABCDEFGH<<\A+BfC+D>4<E+FTG+H>4<

.<<A—}—B+C—}—D—}—E—}—F—}—G+H>8
8 »

am
ABCD...<<A+B+C+D+"' ) .
om
[Tycte Temepb n He NPHHANNEHMT TeOMeTPHYECKOH mporpeccuu 2, 4, 8, 16, ...
Ofo3nauum yepes 27 mepBhifl YieH STOH NPOTPeccHH, NPEBOCXOLSIHHA 7, H HOSOKHM
K= A+B4-CH4DH-...
p .
Tlonaras Tenepb B JIeBOH YacTH (opMyasl (3) 2™ —n NocHegHHX MHOXHTeJell pas-
HBEIMA K, MBI TIOJIY9HM: :
ABCD..‘KZ’""‘<[A+B+C+D_2i—,,',“+(2m_n) : ]Zm.
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69. Ilycrs dyukuus f(x) cobcTBeHHO HHTErpUpYeMa B HHTEpBaJie
[*,, %] B umMeeT B HeM NOJOKHTENLHYIO HHIKHIOIO rpaHb. Toraa

Xz

L o ar *
Xo— X, — X 1 M - » f(x) dx
%2 = e = Xp—x; ’
dx Xy
f )
Xy

T. €. BO BBEJICHHBIX Bhllle OGO3HAUEHHSX
HH=<=GH<AP.

70. Ilyctb ¢(f) ectb (He ofss3aTeqbHO aubdepeHHpyeMasn)
(bYHKIHS, yIOBJETBOPSIOLAS Ajis J/oGOH mapbl 3HaueHHH fy, fp (4 %

== l;) HEePaBEHCTBY ot ot
(P< 1 : 2)<(P 1 2‘? .

Torza BooGlLe
(P<f1+fz4;,--+fn><q>(f1)+q>(f2):-.-~+q>(fn) ’

rie ¢, ‘t2, cvvy tp—Jmo0ble UHCJIA, He BCE PaBHBIE MeXAy CoBoi.

DyHKIUIO ¢ (f) HA3LIBAIOT Guinykaol CHU3Y B HHTepBade M ="[=C
<M, ecnun nns JoGOH mnapw 3HaueHHHd t, f, (f, 5=1,) H3 3TOrO
HHTEPBaJia BEIHOJHAETCH HEePaBEHCTBO

¢
(P<f1—2i-fz> <(P(f1)—I;q3( D)

Corsacuo 70 torma Boobuie
(P<f1+fz4r—l~--+fn><(P(f1)+¢>(fz);li-~~+fp(in) ’

rie t, t, ..., l,—mobble uHcna W3 WHTepBana [m, M], He Bce
paBHble MeXKLYy coGoii. Eciu BMeCTO 3HaKa <C HMeeT MeCTO 3HaK <,
TO ¢ (f) HaswIBAIOT Hegoerymol cHu3y. Ecau Bciogy BMeCTO 3HaKa <<
(COOTBETCTBEHHO =) HMeeT MeCTo 3HaK > (COOTBETCTBEHHO ==},
T0 @(f) HasLIBAIOT @binyKAOL ceepxy (COOTBETCTBEHHO HeBOZHYymoul
ceepxy). B mocnepyiomem Mbl 6yleM paccMaTpHBarh JHIIb OrPaHHU-
YeHHble BBINYKJbe (YHKIHH; OHH HeNpepblBHH [cM. 124, yacTo MoxeT
6uTH NOe3Ho Takxe 110].

HJH, ADYTHMA cloBamu, ABCD... K2™-n < K2™, CrejoBaTennHo,

ABCD...<K"=( A4B4C+D+... )”,

n
4TO B TpeCOBAAOCH AOKE3aTh.»
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1. Tlycrs dyukuma f(x) coGCTBEHHO MHTErpHpYyeMa B MHTepBaJe
X <<x=Cx,, mnpuueM m<=<f(x)=<M. Ilycrb, nanee, @(f) BHIYKIa
(neBornyra) B HuHTepBade m=<f=<M. Toraa umeer mecTo Hepa-
BEHCTBO

(p(x L Sf(x) dx><mm>——— S o[f (9] dx
Xy .
CMOTpA NO ToMy, Oyier JM @ (f) BuIIYKJa CHH3Y HJH CBEpXY.

72. Ilycrs ¢ysruua ¢ (f) onpejieieRa B HHTepBase [m, M];
nycTb, AaJjee, B 5TOM HHTepRaje ¢” (f) CymecTByeT W BCOAY ¢” (f) >
>0. Toraa o (f) Bunykaa cuusdy. Ecan ¢ (f) auub =0, to ¢ ()
HEBOTHyTa CcHH3y. (PYHKUHA MoxkeT ObITh BHINIYK/JIOH HJH HEBOTHY-
TOH ¥ B TOM cJaydae, Koraa ¢” (f) cymecTByeT He BCIOAY.)

73. Ilokasars, uro

ft* 0<k<1) nmm Int
B JIOGOM TOJIOMHTETBHOM HHTEpBaJsie BBUTYKJb CBEpXY,
t* (k<0 wnm k>1) u tint

B J11060M 'I'IOJIO}KHTeJIbHOM PIHTepBaJIe BbII'IyKJIbI CHPISY,
In(l+é) u VE+£ (>0

BCIOZY BBINYKJIbI CHH3Y.
74. Tlycte ¢ymkuus @ (f) BbINyKaa (HEBOTHYTa) B HHTepBase

Im, M] fanee, py, Pay ... Pp— JIOOEIE TIONOKHTENbHBIE YHC/IA H fy,
ty, ..., t,— moGble TOUKH HHTepBana [m, M]. Torna

pititpatst ...+ Patn >< g = 212 ) +pa0 )+ +pnf ()

< PPt ) Pitpatotpn

CMOTpS1 MO TOMY, OYZeT JIH ¢ (f) BHUIYKJIOH CHH3Y HJIH CBepXY.
© 75 Iycts f(x¥) 1 p (%) COOCTBEHHO HHTErPHPYEMEl B MHTepBase

X3

X < X< xp, Ranee, m<<f(X)<<M, p(x)=0u{ p(x)de>0. Iycrs,

1
KpoMe Toro, ¢(f) BuykAa (HEBOTHYTa) B HHTepBale m<<f<< M.
Torna

Vo f e dr § pwoende
Q| | < wm =2 .
§ p(x)ax § p(®)ax

CMOTPS MO ToMy, 6yfeT JIH @ (f) BHINyKJa CHH3y HJH CBepxy
76. Ecan @ (f) B unrépsane [m, M| aBaxapl auddepennupyema

¢" (£) >0, To 119 MOOBIX MOJOKHTEABHHX Py, Pgy .vv, Pn
<p1t1+p2t2+ +pntn) < PGP ()t FPaP (ta)
pi+petetpn ;o p1+pat...tpa

PaBeHCTBO JIOCTHTAeTCH TOIJA H TONMBKO TOTAA, KOTJAA &y =l =, .. =1,.
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77. Tlycrb f(x) u p(X) HeNpepHBHBl B HHTEPBA/IE X; << X << X,,
- Jdanee, m<<f(x)<<M wu p(x) cylmecrBeHHO nonoxHTenbHa. IlycTb,
KpoMe TOro, @(f) ABaxabl AugpepeHHUpyeMa B UHTepBaJie m=Cif <<
<M, npuueM B 3ToM HHTepBaje ¢" () >0. Torga

Vowiwa] §pwelrela
® Xy - < X1 - .
§p(dx { p(x)ax

PapeHCTBO [OCTHraeTcst TOrja H TOMbKO TOTAa, KOraa
f (x) = const.

78. [loxkasarb CNpaBeMlIHBOCTb CJEAYIOUEro 0GOBMIEH s TeOpeMbl
06 apHPMETHUECKOM, FeOMETPHUYECKOM H TapPMOHHYECKOM CPEIHHX:
€CTH Py, Pgy-+-y Pns 1y Gay ..., Oy — JIOObIE TIOJOKHTENbBHBIE UYHCJIA
M a, dy, ..., G, He BCe MeXIy CoGo# PaBHBHI, TO HMEIOT MECTO Hepa-
BEHCTBa

Py Ina, +p, In ay+...+p, In a,

pitpat.. pn <e P+t Fpy, < P2014-palat. .4 Palln .
ﬂ+&+--'+& p1t+pet...+pn
a ' ay a,

Kpowme Toro,

Py Py Pn
qln a1+l-z;ln a,+ ...+a—nln a,

PL Py P
e a, a4 a, < P1+P2+---+Pn’
Bl
pyay In ay + pyty In a, + o+ pua, In a,
P101-+pata—t. .. pua <e Dydy+Paly+ e P pa, .
pit+rate.tpn

79, Tlycts f(x) ¥ p(x) HeNpepbIBHEI M NOJIOXKHTEIbHBI B HHTEp-
BaJle X; << x<IX,, TpHYeM f(X) He NMPHBOZHTCSA K mnocrosiHHoH. Torza

Xg
] P Inf (x)dx
X1

Vo ax T o dx V() ) dx
—<<e < ;
P 4 § px)dx

o “* X,

Xy
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Jlafee,
Xz @ X3
p(x
S o Inf () d S p () F () InF (x) dx
Xy X1
X, X5 X3
§ 2 4 Sp Wde  § p@)fdx ICIAGE:
e * X1 o <e Xy .
S S p (¥)dx
f Xy
80. s Jll06blx LLePICTBHTeJIbeIX ay, Qyy ovvy Qny by, bay oony by

HMeeT MeCTO HEPaBeHCTBO _
@by +asby ... Fanbn)? < (@i +ai ... 4-ar) (bi-+-b3+4...+bn)

PapeHcTBO jAocTHraercss TOTJa H TOJAbKO TOrja, Korjga uucaa d, H by
NpONOPUHOHAbLHE, T. €. Korjga ais Bcex v=1, 2, ..., 1 BHIOJ-
HSAETCA PaBEHCTBO

My uby=0  (M-u2>0)
(Hepaserncmso Kowuw).

81. Eciim f(x) u g(¥) coGCTBEHHO MHTErpHpyeMbl B HHTepBase
[x1, x,], TO HMeeT mecTo HepaBeHCTBO

(ﬁ(x)g(x)dx) = S 7 (T d S (e O dr

(Hepasercmeo [llsapya *)).
82. Ilycts q, s, ..., @, — JIOOLIE NOJOXKUTENbHbIE YHC/Ad, HE Bee
paBHBle Mexny co6ofi. Torna QyHKuys

(at+at+ +at\%

. _ =1 2 n

(@) =—7— »

MOHOTOHHO BO3pacTaet NpH JO60M 3HaueHuH {. BpluMcauTh 3HAU€HHA
b(—00), b (1), PO, v(1), $(+o0).

(s £=0 v (f) onpenensiercs TpeGOBaHHEM HeNpepLIBHOCTH.)
83. Ilycrb f (x) cOGCTBEHHO UHTETPUPYEMA B HHTEPBAJE Xy <TX<TX,
H HMeeT B HEM TNOJIOKHTEJNBHYIO HHXHIOKO TpaHb. Torma QyHRuus

ro-{efownef

ABJseTCsT HeyOBIBAIOLLEA 1/ Bcek 3HaueHH# ¢, Buluncsautbh 3HaueHHsd
V(—o0), ¥(=1), ¥(0), ¥(), ¥(+ o).

*) 3HauHTesbHO paHee llIBapuma ero ycTaHOBHJ ByHAKOBCKHI,
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Ilpu Bhiuncnennn ¥ (—oco) u ¥ (+ o0) dyHKuuio f (X) npeanosararsb
Henpe‘gbmﬂoﬁ.

84. [Ins Mo6HX NOMOMHTEJbHHIX uucead a,, by (v=1, 2, ..., 1)
HMEET MECTO HEPaBEHCTBO

t;/(al+b1) (@y+by) ... (an+bn) 2{1/0102---% +;l/b1b2---bm

T. €.

Glat+b)=6@)+86 0.
PaBeHCTBO J0CTHTaeTcsi TOrAa M TOJNBKO TOTAa, KOTAa
a,=Ab, =1, 2, ..., n).

85. Ecau f(¥) u g(x) cOBCTBEHHO HHTETPHPYEMBl H CYIIECTBEHHO
TIOJIOKHTENbHEl B HHTEPBA/IE X, < X << X,, TO

Xa Xy Xa
e S In [f () + € (0] dx xz—l—xl S Inf (x) dx lexl S In g (x) dx o
X1 = X1 e X1
T. €.
Gf+9=6{NH+6 (.

86. Ilycts [, (v), f, (%), ..., [m(X) COBCTBEHHO HHTErpHpYyeMH H
CYIIECTBEHHO MOJOKHTENbHE B HHTepBase [X,, X,]; mycTb, naJjee, py,
Dgy «++y Pm— JHOBHIE TIOJOXKHUTENbHBIE uucaa. Torga

G (pif 1+ pofat .o A Pifm) = 01O (F) + 06 (F) +. . -+ p® (Fr)-

87. Ilycrs ¢yuruuu fr(x), k=1, 2, ..., m, UMEIOT OrpaHHYeH-

HOe H3MEHEHHe B HHTEpBAJe X, << X=X, H Py, Pay --., Pm— JIOGHIE
NOJIOKHTeJIbHble YHcaa. TTosmoxum ,

F(x)= Pify (%) +pofs () 4. ..+ Pimfm (£) .

p1+Pot.tPm
Hokasare, uro ecnu [y, Iy, ..., lm, {— AJHHEL Ayr rpaduKoB PYHK-
uait f; (%), fa (%), ..., fm(x), F(x) (B Toukax paspbiBa BeJHYHHA

CKaukKa INpHYHCIACTCA K IJIHHE ILYI‘H), TO HMEeT MECTO HEPaBCHCTBO

L<P111+lez+~--+Pmlm
pit-pat. -+ pPm
88. Ilycrb f (x) nomoKHTENbHA, HEMPEPHIBHA H HMEET NepHoj 2.
MycTs, najee, p(x) HeOTpUUATENbHA H COGCTBEHHO HHTErPHpYyeMa
B uureppasie 0= x << 2, npuueM HMeeT B HeM IIOJIOXKHTeJbHbIH HH-
TerpaJ. Torpa ¢GyHKIHA
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NOJOXKHTEJNbHA N HEMNpepbiBHAE, NpHYEM

2n 2n
%Slnf‘(x)dx' %S Inf(x) dx
e O =e 0 .
T. €.
G (F)=06().

89. [lyctb p(x) ynosieTBopsieT ycsioBusiM Mpembiayiell 3anauu;
eclTH f(x) uMeer nepuog 27 M oGjanaer OrpaHHUEHHHIM H3MEHEHHEM,
TO TOKe CIPaBelHBO H IJsl GYHKUHUH

2r
\p@®FE+x)dg
F) =",
§ pE) dz

npuueM, ofo3Hauas uepe3 [, L nmuuel nyr rpaduxoB GyHKUME [ (¥)
u F(x) B untepBane [0, 2r], uMeeM HepaBeHCTBO

L1,

90. Ilycre a,, a,, ..., a, 4 by, by, ..., b,—m0OGHE MONOKH-
TeJabHble yucaa. [losoxum

1
M, (@)= (@ +ay+.. .+ ay=.
[lokasatp, 4TO
M, (a+b) << uan =M, (a) + M, (b),

CMOTpsl 1O ToMY, GyneT qin x==1 nau »=<1. PaBeHcTBO focTHTaeTcs
JIHIIb B CAyYasX ay,=Ab, (v=1, 2, ..., n) win x=1. (Jarp ucron-
KOBaHHe TeopeMbl 1Jf caydas ® =2.)

91, Ilycto f(x) cOGCTBEHHO HHTerpHpyeMa M CYILIECTBEHHO IOJO-
JKHTENbHA B HHTEpBAJIE Xy << X < X,. llosoxum

X3 \L

%?n(f)=<S [F (] de <.

7

ITokasartb, uTO e€c/IH g (X) NOAUUHSETCS TEM Ke YCJOBHSM, 4TO H f (¥),

TO
M, (f+9) < wm =M, ()M, (g),

CMOTPSl 1O TOMy, Gymer Ju %=1 uam n=<<1.

92, Mycts a, A, b, B nonoxurenbhsl, a<<A, b<<B. Ecmu
uHCsid Gy, Qg, ..., d, JEKAT MeXay a u A, auucna by, by, ..., by—
Mexay b H B, TO BHINOJNHAIOTCS HepaBeHCTBA

1/ 4B ab \?
| — (@Faitea) (B3t b)) <( w T E)
ST (nby + sl 4. .+ ap8,)° = 2 ‘
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TTepBoe mHepaBeHCTBO ToxclecTBeHHo ¢ 80. Bo BTopoM 3nak pabed-
CTBa HMEET MECTO TOrfla M TOJbKO TOTAA, KOorja 4HCIa

A B
@ b

k_ﬁ—n’ IZT?n
2 T% z T

ue/ble, MpUYEM 2 M3 uHMCe]T @, PaBHbl 4, OCTaJjdbHBle | H3 4HCead 4,
paBHbl A, COOTBETCIByOLIHe Ke UM uucia b, paBHbI COOTBETCTBEHHO .B
una b.

93. Ilycrs a, 4, b, B nonoxureabrn, a << A, b << B. Ecau ¢yHk-
uuh f(x) 1 g (X) coBCTBEHHO HHTETPUPYEMBl B HHTEpPBAJE X, = X =X X,
npuYeM 3HAUeHHS] HX 3aKJ/IOUeHbl COOTBETCTBEHHO MexAy a H A uiau
b u B, ToO BBINOJHSIOTCA HepaBeHCTBA

Xy Xg - —_—
VIF e de [goopdx 4B b \*
1 - Xy E . ab AB
= EA 2 = 2 ¢
(S fwew dx>
Xy
IlepBoe u3 3THX HepaBEHCTB €CTb HE YTO HUHOE, KaK HEPaBEHCTBO

Isapua. »
94. Ilycto f(x) B unrepBate 0<Zx<<1-—HeyGuiBawomiasi, HeoT-
pHLlaTesNbHAA, He TOXKAeCTBeHHO paBHas HyJ o ¢ynkuug. [Tycrs, nagee,

0 <<a << b. Tlokasatb, uro
1 2
<§xa +0f (x) dx>
0

T e T
{ x2ef (x) dx § x20F (x) dx
0 ]

NpH YCJOBHH CYIUECTBOBaHHMsI BCeX HHTerpasoB. Bropoe u3 atux
HepaBeHCTB XOPOUIO H3BeCTHO. B MepBOM paBeHCTBO AOCTUraeTcsl TOTAA
H TOJbKO TOTAa, Korja f(x) mocTosHHA.

95. Tlon «yAebHON eMKOCTbIOY TIPOBOJHHKA MOHHMAIOT OTHOLIEHHE
ero eMKocTH K obvemy. Ilokasartb, 4To yJesnbHasA eMKOCTb TPEXOCHOI'o
3JIIMNICOMAA BCETAA 3aKJIOUeHa MEX1y apuU(MeTHUeCKHM H TapMOHH-
YeCKHM CPeJHHMH yleJbHbIX eMKocTel TpPex 1apos, painycamMu KOTo-
PBIX CJOyX&aT COOTBETCTBEHHO TPH MOJYOCH 3JITHIICOHJA.

AHaJHTHYeCKH 3TO PaBHOCHJ/LHO [0Ka3aTeJbCTBY CIPaBelIHBOCTH
HepaBeHCTB

o) a b~ c
3 <J_S du et w
_bai + _,C.;L + i?l 2 ; Vieg+u @20 (EFuw 3

A JoGbIX TOJNOKHTeJbHHX a, b, ¢, HCK/oYast ¢ayuadl a=H =c.
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96. Iycm

n n
=0, Z AQuy = Z =1, x=0
n=1 v=1
H
Yu= Xy + QuaXa 4. . . QunXn (p, v=1, 2, ..., n).
Torna

Yy oo Yn ==Xy X9 oo Xpe
97. Ilycs a, a,, ..., a,— mojoxuTenbHble uHcaa, M —ux
apudMerHyeckoe, G — reOMETPHYECKOE CPeJHHE U & — IOJOXKHTENbHAS
npaBa/abHas ApoOb. [lokasaTh, uTo HepaBeHCTBO
M—G
M

=8
BJ€UYET HEPAaABEHCTBA

Idp<gb<ldp  (=1,2 ..., n)

rie p H p’ 0603HAYAIOT COOTBETCTBEHHO €JHHCTBEHHHI OTPHIlATENbHbIH
1 €IHHCTBEHHBIH MOMOKUTEIbHBIH KOPHU TPAHCUEHIEHTHOTO yPaBHEHHS

(l+x)e*=(1—¢g)r,

FJIABA 3

U3 TEOPUH ®YHKUIHHA AEACTBUTEJBHOIO NEPEMEHHOIO

§ 1. UnrerpupyeMocTb B COGCTBEHHOM CMBICJE

98. ITogoxuM

g (x) ==sin® x4 sin® nx cos? mx 4 sin? mx costmx . ..

«o.Fsin?axcos*rx 4. ..
Unterpupyema au dyHKUHSA

G (x) = lim g (nlx)?
99. Ilycrs dyuxuus f(x) (cM. Takxke 169, VIII 240) onpenenena
clefyIomUM 06pa3oM:

% I/ palMOHAaJIbHbIX x=%, p, )=1, ¢g=1.

(0 115 MppauHOHAJIBHBIX X,
f) =
IlokasaTb, 4TO OHa HENpEpPHIBHA B KaXK10f HPpPAaLHOHAIbLHOH TOUKE,
paspbiBHA B KaXKIOH palMOHAJbHOH H B KaXKIOM HHTepBaje CoGCT-
BEHHO HHTerpupyema.
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100. Ilycts f(x), @ (x) cOGCTBeHHO HHTErPUPYeMbl B HHTEpBaJe
a<< x << b; nanee,

a:xo<x1<x2<--~<xn—1<xn:b,

Xy < Yy <Xy, Xy <My<lX, v=1, 2, ..., n).
Ilokasath, 4TO MTPH CTPEMJEHHH MAKCHMAJbHOH AJHHBI HHTEPBAsa
pasbHeHHsd X, Xi, Xp) ..., X,.q, X, K HYJIO

n b
im 37 f () @ (y) (v —xy—1) = { f () @ () dx.
v=1 a

101. Tlycthb [ (x) cOGCTBEHHO HHTETPHPYEMA B HHTEPBa/e @ << X << b,
¢ (¥) coGcTBeHHO MHTErpHpyeMa B uHTepBase |a, b - d] u nycts d>0.

Toraa
b

b
lim §f(0) @ (c48)dx =7 () o (x) d.
8—>-1-0, a
102. Ilycrs pyukiusa f (X) cOGCTBEHHO HHTErPHPYEMaA B HHTEPBaJE
a<<x=.b. lna moGoro &>0 MOXKHO yKas3aTb JBe TaKHE KYCO4HO-
nocrmoanubte *) dynkuun P (x), ¥ (x), uro
Y <fH=<¥Y
BO BceM uHTepBate [a, b] u
b b
FW () dx— (¥ () dx <.
a a
B uacrtHOCTH, MOXKHO JOGWTBCS TOTO, YTOGBI TOUKH pa3priBa HyHKIHH
Y(x) # ¥(x) 6blIM PABHOOTCTOSIIIUMH.
3. (IIpomomxenue.) Ecan f (x) uMeeT orpaHuueHHOe H3MEHEHHE,
10 MOXKHO ¢ (¥) H W (x) omperesuTb Tak, 4TOOB HX NOJHBIE H3MEHe-
HHSI He IPEeBOCXOJMJH TIOJHOTO H3MeHeHHus QYHKUHH f(X).
104. [Tonoxum
4[x]—2[2x] + 1 =35 (x).
Toraa aasa mo6oi GyHKuHH f (X), COGCTBEHHO HHTETPHPYEMOH B HHTEp-
Baje 0 << x<C 1, UMeeT MecTO mnpele/bHOE COOTHOLIEHHE
1

lim Sf (%) s(nx)dx=0
n-—oo 0

(n —uenoe). [Haweptuth rpadux dysxuun s(nx), VIII 3.]
105. Ecau [ (x) coGerBenHo uHTerpupyema B uHTepBadge [a, b], To
b
lim {/ (x) sin nx dx=0.

n—»OOa

*) To ecTb B KaXKAOM KOHEYHOM HHTepBaJIe HMEWuHe He Gosiee ueM KOHEUHOe
YHCJIO TOYEK pa3pniBa, a B NIPOMEKYTKAX MEXKAY NOCJEAHUMH — NOCTOSHHLIE,
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106. (ITponomxkenue.)

b b
1m1§funsmnxuu=p§5f(@dn

Ilyctb f(x) orpaHuueHa B HHTepBale a=<<x=<<b. Pasnemum 3tor
HHTEPBAJ TOYKAMHU

a=x0<x1<x2< e <xn_1<xn=b.

O603HayuM yepes m, HIKHIOW, yepes M, BepXHIO Ipany ¢yukluH f (x)
B v-M mnojAuHTepBase [x,.,, xy,]. Toraa pasuocte M, —m, jaact Ko.e-
Ganue f (x) B 5TOM uHTepBaJe. PyHKuuA f (X) COOCTBEHHO HHTErpHpyeMa
TOrZla H TOJBLKO TOT[d, KOrfa AJIst KaxIAOH MHaphl MOJIOKHTEIbHBEIX.
yuces & U M MOXKHO BhOpaTh Takoe pasfueHue, yTobbl obuas AJHHA
TEX NQAUHTEPBAJIOB, B KOTOPHIX KosieGaHue GoJblue €, Gbija MEHbLIE M)
(xpumepuii Pumana; cu. 1. c. pemenue 105, ctp. 226, uau, Hanpumep,
Cesaro, crp. 695 %).

107. Oyuxims <%— [%Dx“, rie =0, coGCTBeHHO HHTETPH-
pyema B uurtepsage (0, 1].

108. Ecuu f(x) cobcTBeHHO HHTerpupyeMa B uutepsade [a, b], T0
TOYKH HenpephiBHOCTH GYHKUMH [(X) B uHTepBase [a, b] obpasyior
BCIOAY TVIOTHOE MHOXKECTBO.

109. Eciu f(x) coGcTBeHHO HHTETpHpPYyeMa B Hutepsaje [a, 0],

TO paBEHCTBO
b

V[F 9T dx=0
a
HMeeT MeCTO TOTJa M ToJibKo Torja, korAa f(E) =0 Bo Bcex Toukax &
HenpepbiBHOCTH GyHKUMH f(X), J€KauUx BHYTPH JaHHOTO HHTepBaJja.
110. [lycrb pyuxuusa y=f(x) coGCTBEHHO HHTEIPHPyeMa B HHTED-
Bajle a<C x=<<b, npuueM TaM m=If(x)<<M; nycts, nanee, @(y)
nenpepuiBHa Juii m=<<y=<<M. Torna o¢[f(x)] Takxke coGcTBEHHO
HHTETpHpyeMa B HHTepBaje a=Ix = b.
111, Ecom f(x) u ¢(y) cobetBenHo uHTerpupyemn, 1o @[f (x)],
BoOGIle rOBOPH, Y2KE He ABJIAeTCA COGCTBEHHO HHTErpupyeMoi [98, 99].

§ 2. HecoGcTBennble HHTErpajbl

1
112. Eciu f (x) MoHOTOHHA B uHTepBale 0 <<x=<<1 u Sx“f(x)dx
0
CYIIECTBYET, TO
' lim x2*1f (x) =0.
x—0

*) B. P uwmaun, Coununennsi, crp. 237; Ueaapo, u. 2, crp. 256.
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(e o]
113. Ecin f(x) MoHoTOHHA B HHTepBase | << x << 0o u S x4 (x)ydx
i
CyILIECTBYET, TO
lim x*+1f (x) =0.

X — 00

114. [Ins Kakux jefACTBUTENbHBIX o, P HHTerpas

(e o]
{ x| cosxf+f dx
0

CXONMTCA M JJ51 KaKHX PacxoJuTca?

115, Ilycrs
fl(x)$ fZ (X), sevy fn (X), NN

~— (QyHKIHH, COGCTBEHHO HHTETPHPYeMble B JIIOGOM KOHEUHOM HHTEp-
BajJie H YJOBJIETBOPSIOIIHE CACAYIOLUM YCJAOBHSAM:

lim }, (x) = f(x) paBHOMEPHO B KaKIOM KOHEUHOM HHTEpBaJe,
Ifn@®)|<<F(x) u { F(x)dx cymectsyer.

—0

Torna

lim S fn (x) dx= S [ (x) dx.
[Aranor teopems I 180;]
116. Joxasarb 58 ¢ momowpo VI-31.
117. Ecnu pad Hupuxae [VIII, ra. 1, § 5]

gl 4 a2 a3 5. .. +an=4+...=D(s)
cxoauTess aA s=o, ¢ >0, To, moJaras

el tae ¥t aed . a4, . =P (y),
OyleM HMeTb IPH S>> 0!

[oo)

DisT(s)=§ P () >~ dy.

0

118. Eciu f(x) cobcTBeHHO HHTErpHpyeMa B JIOOOM KOHEYHOM
~+co

HHTEpBaJe H S | f (x)|dx cywecTByer, TO

40
lim { f(x)sinnxdx=0,

teo , e
lim S F ()| sin x| de= 2 Sf(x)dx.
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§ 3. HenpepuiBubte, auddepeHuHpyemMbie, BbITYKAble QYHKUHH

9. CyuectBytor g BooGlle (YHKIHH OT TPeX NepeMeHHBIX?
Toynee roBOpS: MOXKHO JIH HJIH HeJb3sl BCAKYIO JeHCTBUTEIbHYIO (DYHK-
uuo f (X, y, ) TpeX NepeMeHHBIX BbIPa3HTb yepes ABe GYHKUMH @ (X, y)
u Y (4, 2) IBYX TepeMeHHBIX CAEAYIOMUM 06Pa3oM:

f& 5 2=b(ek ), 2)?

OTBeTHTb Ha 3TOT BOMPOC B TNPEANIOJIOKEHHAX:

1) uro dyuRUHH (X, Y, 2), ¢ (%, y), P (4, z) onpelesenbl A1 Bcex
JefiCTBHTENbHLIX 3HAUeHHH apTyMeHTOB W

2) uro 5TH GYHKIHH 1A BceX JAeHCTBHTEJbHBIX 3HAYEHHH apry-
MEHTOB HEII P e PhlBHBEL

119a. ITonoxum

x+y=S8(x y, xy=~Px y);

yz+zx+xy=S{P(x, y), P[S(x, v), 2]}.

B sTofi ¢opmyse yz-i-zx--xy BHIPAXKEHO uYepes YeThIPe «BJAOXKEH-
HBIE» JIPYT B ApYra B KayecTBe apryMeHTOB (DYHKIIUH ABYX HEPeMeH-
Hbix. TTokasaTh, 4TO aHaOTHYHOE TIPEACTABJCHHE Yepes T P H YHKHIHH
JABYX TepeMEHHBIX HEBO3MOXHO, €C/IH NPHHATH, YTO BXOASLIHE B HETO
(YHKUMH 1O/KHE! GBITH HEOrPaHHYEHHOe YHCJIO Pa3 Au(deDPEHIHDYeMEl
AJs BceX JEHCTBUTENbHBIX 3HAueHWil aprymenTtoB. [IloxasaTb HeBo3-
MO¥KHOCTb TPEACTaBJACHHS Yz -1-2Xx--xy B dopMax

eiplnlx v, 2 2 elv(x 2), 2y AL efblxx y), 2], ]

120. IlycTb f(x) uMeer HenpepLIBHYIO NPOM3BOJHYIO B HHTEPBAJE
a<<x<b. MOXKHO U 1/ KaxJI0H Jexaulell B 9TOM HHTEpPBaJje TOUKH &
yKasaTh ABE JApYTHe TOYKH X;, X, H3 3TOrO HHTEpBaJsa, TaKHE, YTO

TOTAAa

f(xz)“f(xl) ]c (E)

Xo—

(< x)?

121. Iycrs f (%) ILH(b(pepeHquyeMa B HHTEDBasle @ << X << b, TipHyeM
fla)=f(b)=0. Torna B [a, b} cywmecTByer mno KpaiiHedl mepe ojHa
TOUKA £, B KOTODOil BBUIOJIHSETCS HEPABEHCTBO

b

I ® 1> 5= hmm

122. Eciu dyuxuus f(x) asaxis Juddepenunpyema, To cyule-
CTBYET TOUKa §, Xo — r <& < X, -+ r, B KOTOPOH HMEET MECTO PABEHCIBO

Xo+r

Fe=5 | ro—rw)dx

Xo—
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123. Ecad py, pyy Pas ---s Py -..— HEOTPHUIIATENbHBIE YHC/A, H3
KOTOPBIX 110 MeHblLIeH Mepe 1Ba TONONKHUTEAbHBI, TO JOTapudM paja

Po-+pie* -+ pa€®* ...+ pae ...
GyAeT BBHINYK/JIOH CHH3Y (yHKHHEH OT x B JK60OM HHTEPBaje CXOAH-
MOCTH PAZa.

124. OrpaunueHHas BolnyKJas GyHKuus (CTp. 75) BCIOAY Hempe-
pLIBHA M HMeeT IPOH3BOAHbIC CJIeBa H CIIpaBa.

125. Ilycts jeficTBuresnbHasi GyHKIHSA [ (X) HMeeT B HEKOTOPOM
KOHEYHOM HJH GEeCKOHEUHOM HHTepBa/e HeNpephBHYIO MPOH3BOAHYIO
f’ (x). PaccMOTPHM TOUKM IIeDECEYeHHs BCeX TOPH3OHTAJbHBIX Kaca-
TeJbHBIX KPHBOH y=f(x) C ocbl0 OpJHMHAT, T. €. MHOXecTBO M Bcex
TeX 3HaueHHH y=/[(x), A1 Koropeix [ (x)=0. JlokasaTb, UTO TOUKH
MHO:KecTBa M He MOTyT 3aMOJHATH HHKAKOTO HHTepBaja. (Jra Teo-
peMa JOMyCKaeT 3HAauyuTe/bHOe YCHJ/EHHE.)

26. Ecau MOHOTOHHAs MOCJIE10BATENLHOCTS HENPEPHIBHBIX (DYHK-
il CXOAHTCS B HEKOTOPOM 3aMKHYTOM HHTePBasle K HelpephIBHOH
e (YHKUHH, TO CXONMMOCTh OyJeT PaBHOMEPHOR.

127. [okasaTb Clelylomylo TeopeMy, HaroMuHatwouyio 126. Ecan
TI0CJ/Ie0BATENBbHOCTb MOHOTOHHBIX (HEMPEPBIBHBIX HJAH Pa3phIBHBIX)
(hyHKIUH CXOAUTCA B 3aMKHYTOM HHTEPBAJE K HEKOTOPOH HENpephbiB-
HOH (YHKIHH, TO CXOXHMOCTb OyleT paBHOMePHOH.

§ 4. OcoGbie HHTerpannl, Teopema Beitepmtpacca

128. Ilycrb HempepbiBHBle B HHTepBase [a, b] QyHKLHH

41 (t)v 2 (t), sy pn(t), s

Y/IOBJIETBOPAIOT yCJIOBHSAM

b
pn()=0, {p.()dt=1 (n=1,2,3,..).

a

Torna Bce 4jeHH MOCJAEIOBaTeJbHOCTH

b b b
{pFydt, \pF@dt, ..., Spafdt, ...

colep:karcsl Mex]y HauMEHbIIUM 1 HauOOJbIIMM 3HAUEHHSIMH Herpe-
poBHo#l dyuxuun f(¢). (Cm. 165, 179, 1 83.)

9. Ilycte x— Hekoropas (UKCHDOBaHHAsi TOYKA HHTEpBasia
[a, b] mpenpiaymedt sagaun. Jljas TOro 4TOGHI AJA KaXKIOH Hempepois-
HOit B [a, b] dynxuuu f(f) BBHINOJHAJIOCH MPEAEeJbHOE COOTHOLIEHHE

b

fim § po () () di = (4),

n—+0 g4
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HEOGXONHMO M AOCTAaTOYHO, YTOOBhl HMEJO MEeCTO npeaeabHoe COOTHO-

eHue
a

lim <§ P dt+ § pa) dt) —0

n—wy g x4+

1051 BCeX NOJOKHTEIbHBIX €, YAOBAETBOP AIOMHX YCAOBHIO @ < X — & <,

< x-}-e<Cb; B clyuae x=a HIM X=0b mepBbIE HJIH COOTBETCTBEHHO

BTOpOil HHTErpas] Moi 3HakoM lim ornamaer. (Cm. I 66, 1 80, I 84.)
130. Iloxasath, 4TO

lim e e*f (f) dt = lim f (#),
e~+0 o0

B NPEATONOKEH H, YTO MHTETPasn B JieBO# yacTH M TMpeles B NPaBoit
CYLIECTBYIOT.
131. Eciu unterpan

[ee]

{ 2f (¢) dt

0

cxomuTes NMpu A=oa u A=p, a<<P, TO OH CXONUTCH BO BCEM HHTep-
Bane o=<A<Cf W npeicTaBaseT B 5TOM HHTepBaJj€ HENpPepLIBHYIO
¢yHKUHIO OT A.

132. Ilycts dyuruun

pl(xv t)v p2(x7 t)’ seey Pn(x; t)’ vee

X

JIBYX TEPEMEHHbIX X H ! HeNpEphBHBL NpH a<<

< b mnpuyeM s

KaxIoro n
b

Pax, =0, (p.(x, di=1.

a

[Tokasarb, uTo GyHKIMH

b .
f0)=(palx, f @y dt (=1, 2, 3,..),

a

rie f(f) —HexkoTopast HempepbiBHAA (QYHKLHSA, 3aKJIOYEHbl MEXKIY
HauMeHbUINM W HauGOJbIIHM 3HA4YeHHAMH [ (f) /A Bcex X.
Hanee, noxasarb, 4TO ,

lim f, (x)=f (x)

n -+
npu a<<x<<b, ecau Aas KakAoro HGHKCHPOBAHHOTO MOJIOKHTEIbHOTO
£ BBLINOJIHAETCS] TPEJAENbHOE COOTHONIeHHE

X —€ b

im (§ pate Dt § o ) =0

a xte
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paBHOMEPHO 1A @ --& << x << b —e. CXofMMOCTb paBHOMEpHA B JI0GOM
3aMKHYTOM HHTEpBaJse, CofiepiKalleMcs B a<Cx<Cb.
133. Ilycrs f(x) wenpepniBHa B uHtepBadje [0, 1]. [Tokasars, uro.

im g3 e T OG0 d=ft

n—oo

H TPUTOM pABHOMEPHO B JIIOGOM (UKCHDOBAHHOM HHTepBajie &=<
<x=<<l—e¢, rae 0<e<§.

134. Ecau f (!) — HenpepriBHAsA nmeprojnyeckast (GyHKUHUSA C EPHO-
oM 2m, TO
x—H 2
sin B —— 3
lim g Sf 2| dt=f(x)

sin ——
2

M TNPUTOM DPaBHOMEPHO IJIsi BCeX X.

135. Kaxknas ¢yukuus, wenpepbiBHas B HHTepBaje a << X< b,
MOKeT GbITb pPaBHOMEDHO NPHOJMIKEHA B 3TOM HHTEPBaJIe HOJHHOMAaMH
¢ JIOGOHM CTeNeHLIO TOUHOCTH (meopema Bedepuumpacca).

186. Kaxnas senpepriBHast mepuojuueckast GpyHKLUHA ¢ NEPHOLOM
2n MoxeT GhITh paBHomepHo npubJHKeHa TPHUTOHOMETPHUYECKHMH
noauHoMamu [VI, § 2] ¢ mo6Goii cTenennio TouHOCTH (meopema Bed-
epwmpacca).

137. Ilycrs f(x) —mobGas (yHKIMA, COGCTBEHHO HHTErpHpyeMas
B [a, b] (coorBerctBenHo B [0, 2m]). KakoBo 6b HH 6blIO YMCJIO E,
MOXHO yKa3arb [iBa NOJHHOMA (TPHTOHOMETPHYECKHX INOJHHOMA) p (X)
u P (x),7 yIOBJETBODSIOMHX OJHOBPEMEHHO HepaBeHCTBAM

PH)<fx)<PX A
Bo BceM HHTepBale a<Cx<tb (0<<x<<C2m), a TakxKe HepaBeHCTBY

b b 2n 27
P dx—{pmdx<e ({Pdx—{p dx<s).
a a 0 V]
138. Eciu y ¢ynkuun f(x), HempepbiBHOH B KOHEYHOM HHTED-
Bajle a=<< X <Cb, Bce «MOMEHTbl» PaBHBl HYJIO:
b
Sf(x)x"dx:O (n=0,1, 2, ..),
a
To f(x)=0.
139. Eciu y dynkuun f(x), coGCTBEHHO HHTErpHpyeMOll B KOHEY-
HOM HHTEpPBAJIE @ << X< b, BCe ¢MOMEHTBHI» PABHBI HYJIO:
b

(fexde=0 (n=0, 1,2, ..),

10 f(§) =0 Bo Bcex TOYKAaX HeNpephBHOCTH E.
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140. Eciu n mepsbix «MOMEeHTOB» (YHKIMH f(x), HempephIBHOA
B HEKOTOPOM KOHEUHOM HJH OecKOHEUHOM HHTepsane a<<x<b,
PaBHBI HYJIO:

b b b b
(7 ) de=(f () xdx={f@) x?de= ... ={f(x) x"-1dx=0,
a a a a

1O 3Ta GYHKIMs MeHseT 3HaK B HHTepBane a<x< b mo MeHpiued
mepe n pas (V, ra. 1, § 2), eciu ToAbKO oHA He paBHA TOXIECTBEHHO
HYJTIO. '

141. Ecin pasun mymo 2141 TepBHX «TPHIOHOMETPHYECKUX
MoMeHTOBy (Koshpuunentos @ypwe, cM. VI, ; 4) HempepbBHOH
nepuoauyeckofi PyHKUHHA f (X) C mepuomom 25
27 2n 2r

{F)dx= [ cosxdx={f(x)sinxdr=...
0 0 0

27 2n
.= { F(®) cosnxdx={ [ (x) sinnx dx =0,
0 Q

TO f(*) B JIIOGOM HHTepBaJe AJMWHBI, NPEBOCXOASALICH 27, MeHAET 3HAK
no MeHbweH Mepe 2na-+2 pasa (V, ra. 1, § 2), ecanm ToaAbKO oHa
He DaBHa TOXJAECTBEHHO HYJIO.

142, Tlycte ¢ (x) HempepwiBHAa Aas Beex x==0. Econ unterpan

[0

J (k) =\ e**q(x) dx
4

cxonutea pasi k==k, u obpauaercst B Hyj b AJA 3HaueHu#l k, obpas
3YIOIHX BO3PACTAIOILYI0 apH(PMETHYECKYIO HPOTPeCcCHIO:

Jk)y=Jdkyta)=J (kg+20) = ... =J (ky+nn)=... =0 (2 >0),

To ¢ (x) =0,
143. [loxasaTh, HCXOAA M3 HHTErPAJBHOIO MpeACTaBJE€HHS raM-
Ma-byHKIHH

nsnl
P = lim oy

yro oHa He HMeeT HyJell. [I' (s-+1) =sT'(s), 142.]

O6pasyeM A KaxAoH ¢yHKuuM f(x), 3agaHHOH B HHTepBase
O0<<x =<1, noaunomer C. H. Beprwumeiina

K, (x) = 2f< )( (=0 (1=0, 1, 2, ..).

va=0
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311 MOMMHOMBI 3aKJKOyYeHs! Bo BeceM HMHTepBase [0, 1] mMexay Huxuel
1 BepxXHed rpaHsiMu GYHKUHE [ (X), NpHUeM Ha KOHLUAX COBMAJNAIOT
¢ 3TOH ¢yHKIued.

144. Buuucauts noaudomut K, (x), n=0, 1, 2, ..., nasa

f)=1, [)=x, [(x)=x* [(x) =e"
145. Ilyctb x— npousBosbHasi Touka uHTepBaga 0<<x<<1 u

D IORIERAS 5 &

/e Zl pacrpocTpaHsieTcst Ha HHAEKCEl, YJOBJIETBOPSIOUHE Hepa-
3 It
BEHCTBY |v—nxl=Int*, a Z — Ha HHJEKCHl, YJOBJAETBOPSIOLIHE
3
HepaBeHcTBYy |v—nx|>n* (n==1). Torna

11 1 —
2
<4n .

1486. Tlomunomel K, (x), 00pasoBanHble Aas HEMPEPHIBHOH B HHTEP-
pane O=Cx <1 ¢yuxuuH f(x), paBHOMEDHO CXOAATCS X HEH B 3TOM
untepBaje. (HoBoe nokasarenncTBo Teopemnl Beliepinrpacca, 135.)

TTABA 4
PA3JIHYHLIE THIbI PABHOMEPHOrO PACIPEAEJEHHSA

§ 1. Yncaosas ¢yHkuusa. Peryisphbie noc/enoBaTedbHOCTH

B uuxecnenyrouiem (147—161) ™Mbl paccMaTpuBaeM MOHOTOHHBIE
NOCAEJOBATENLHOCTH NOOKHTeNbHBIX ynces. Ilon uucaosoi ¢ynxyuet
N (r) Takol NOC/AENOBATENBHOCTH Fy, Tay «voy Fuy oony O ry=<Sry<<
... < rp<<..., OyleM INOHMMATb YHEJO YJEHOB 3TOH MOC/eA0Ba-

TEJBHOCTH, He TpeBocxoiswux r (r=0):

N@N= D] L
rngr
[Boo6me mox D, f(r), rae f(f)y —xakasa-1bo dyHKuus, saxa-
ro<<r
n-=
Has aast ¢ >0, mer 6ynem nonumatb cymmy [ (ry) =+ f(r2)+.. .+ [ (rm),
rJie HOMep /1 ONpEeNeSseTCs HEPABEHCTBAMH Fp <= << Fimiq).
Hanpumep, aaa ri=1, r,=2, ry=3, ... umeem N (r) =[r].
N (r) mnpeiacTaBaseT co0OH KYCOYHO-NOCTOSHHYIO HEyGhIBAIOULYIO
GYyHKIHMIO ¢ OeJO0YHCACHHBIMA CKauyKaMH, HENpPepPLIBHYIO CIIpaBa B TOU-
Kax pasphiBa.
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147. Ilycrs [ (f) auddepenunpyema u [’ (f) coGCTBEHHO HHTErpU-
pyeMa Ha KaXKAOM KOHEYHOM HHTtepBaje 3Hauenuit £ >0, Torpa umeer
MecTo QopmyJa,

Z’f(rn)=N(r)f(f)—§)N @F (9 dt

rngr

148. Eciu N (r) ectb unc/ioBasi GyHKIHS MOHOTOHHO CTpeMsLelics

K GeCKOHEYHOCTH TOC/AEJOBATENBHOCTH Fy, Fgy -ooy Fny oovy TO
. .. oN{(r .. n
limsup ——= ( ) =1im sup hmmf.—():hmmf =,
r—»oo n—co r—co n—o n
N . . . InN{(r . Inn
lim sup ( ) — lim sup 1 , liminf— © _1im minf —
r—o n—o . nr,, r—o nr n—oo0 nr,,,

\
149. Ilyctb N (r) — uncioBas ¢yHKIMA H A — NOKa3aTejdb CXO-

aavMoctd [I, ra1. 3, § 2] mociefoBaTeNbHOCTH [Fy, Fay vvvy Fpy oes
Torpa

. InN ()

limsu =A.

!—va lnf

150. ITonoxurenbuyto gpyukimio L (r), onpeyenernywo aasa r =0,
6yleM HasblBaTb MeQAeHHO 603pacmaroujell, ecid oHa MOHOTOHHO BO3-
pacTaer u yJOBJETBOPHET YCJIOBHIO
L@2r) 1.

lim G

r— Qo

ITokasatb, yto AJs1 TakoR ¢yHKUUH BOOOLIE

Licr)
fim T =1 £=>0

151. Ilycts dyukuus L (r) 3amana ans r =0, MOHOTOHHO Boapa-
CTaeT M AJs JOCTAaTOYHO GOJIbIIHX 3HAYEHHMH r ompejensercs GopMyiok

L(N=(nn%(nyr)%...(In, )% (@>0),

rae In,x=1In,_,(Inx). Torna L (r) saBAsieTc: MeIJEHHO BO3pacTaio-
mef dyHxuHelt.
152. Ecau L (r) ectb MelJeHHO Bospacramlias (yHKIHS, TO

lim lnlL o) 0.
nr

r— oo

153. Ilycrs pasa uucsoBoll ¢yukuuu N (r) noc/ieroBaTeNlbHOCTH
1y Tay oevs Iny +o. BHIIOJHSIETCS COOTHOIIEHHE

N (r) ~r*L(r),

rae L (r) — MeanenHo Bospacratowas gpyuxuns n 0 << A<<oc. Torna A
€CTb MOKa3aTelb CXOAMMOCTH INOCJCIOBATENBHOCTH Fyy Fgy ovvy Frycos
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TTocnenoBaTENbHOCTH 7y, Tay «vvs Fpy-e.., OGJAAAIOMIUE YKA3AHHHM
B TIpelbAyIlel 3ajaye CBONCTBOM, MBI OyAeM HasblBaTh B JaJbHefilleM
(154=—159) peeyaaproimu. Ilosxke (nanpumep, B IV 59—65) sto nHau-
MeHoBaHHe Oyner pacnpOCTpaHeHo TaKXKe Ha Te MOCJel0BaTeNbHOCTH,

st KOTOPBIX N (r) ~ 70 ( 5 IIpu 3TOM pacllpeHHH MOHATHS PEryJsip-

HOH Toc/eZloBaTeNbHOCTH TeopeMbl 153—159 coxpaustor cuny. Iox
pacIpeHHOE IOHATHe DPeryJ/APHOH MNOCJEN0BATeNbHOCTH IOAXOJMT,
HarnpuMep, IOC/eJOBaTeJbHOCTb NPOCTHIX uHcen 2, 3, b, 7, 11, ...

154. UYucnosas ¢vHKUus N (r) peryJsapHOH MOC/EI0BATEIbHOCTH
C 1OKa3aTeJeM CXOJMMOCTH A YJOBJIETBOPSAET COOTHOIIECHHIO
lim Y0 _ g c> 0).
¥ —Co, N (f) ( )
155. Ilycrb N (r) — wiicnoBast GyHKUHS DPeryssipHOH moc/enoBa-
TEeJIbHOCTH fy, fgy +.., In, ... C TOKA3aTeNeM CXOJHUMOCTH A M [ (x) —
KYCOYHO-TIOCTOIHHAasA (YHKUMs, 3ajaHHaa B uHTepBane 0<<x<<¢

(¢>>0). Torzna N
¢ 1
lim g ¥ ()= (76 dx.

r,ser

156. IlpenennHoe coOTHOWeHHE 3agaun 155 COXpaHAET CHIY
TaK¥xe B TOM CJyyae, Korja f (x) ecTb ¢yHKIus, COGCTBEHHO HHTErpH-
pyemast B uHTepBaje O<<x<Cc.

157. Ilycts N (r) —4uc/ioBast GyHKUMS PEryJsipHOil MOC/eNOoBa-
TENbHOCTH Iy, Ig, «.+y Tny ... C TOKA3aTEJEM CXONUMOCTH A, H Q@ —
moGoe noJoKurtesabHoe uyucio. Torxa

oo—A

lme() 2 /r”)a * Sdex=%-

r— oo
n\’

158. ([Tpogomxkenne.)
imwe 2 (T = P e

159. Ilycts N (r)—lmcnosaﬂ GYHKIHA PEryasapHoil mocsefoa-
TeAbHOCTH 7y, Ia, «.., Iy, -.. C TIOKA34TENEM CXOIMUMOCTH A; QYHKIHSA
f (x) ompenenena naa x>0 u COGCTBEHHO HHTETPHPYEMA B KaKJOM
KOHEUHOM HHTepBaJIe O<a=< x<cb. Ilyctb, panee, B OKPECTHOCTH
TOUKH X =

FRCIAEE S
a B OKDEeCTHOCTH OGeCKOHEUYHO YIaJIeHHOH TOUKH X = -+ oo
[F@<x** (>0,
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Torga " -
11m ,— 2 r") S (T)dx.

160. Ilycrs f(x) moHoToHHA B uuTepBate 0 <<x<<1 H B Heko-
TOpOH OKpPecTHOCTH TOYKX X =0 yIOBIETBOPAET HEPABEHCTBY

O [<x** (@>0).
Ecaun N (r) ectb uucaoBag (yHKUHS H A — 0Ka3aTedb CXOJAHMOCTH

MOHOTOHHOH TOJIOKHTENbHOR TOCTEJOBATeNbHOCTH Iy, Tay +vvy Fpy +oe
(0<}»<oo), TO
1
1
r — .
liminf — 2 ("><S ( A)dxgllmsu f( >
b N() ! A mstp 75 i
n\

[T 115]. HOCHeJlOBaTeJIbHOCTb r, He JO/KHA ObITh 06s13aTENLHO pe-
TyJAspHOH.

161. Ilycts [ (x) (x> 0) — nostoxuTebHAST yOBIBAOIAA DYHKILHS,
B OKPECTHOCTH TOYKH % =0 yJOBJeTBOPAOLIAA HEPABEHCTBY

fo)<x*=?,

a B OKPecTHOCTH GeCKOHEUHO YIaA€HHON TOUKH X == -} 0O — HepaBeH-
CTBY

f)<x*? (@>0).

llmmf 7 2 f r”)écgof(xﬂ dx,

rie N (r) —uyncioBas ¢QyHKIUS TOCACNOBATENBHOCTH Iy, [Fgp oo
ooy Iny .. TIpempIAyIIEd 3afaun [1 116].

Torna

§ 2. KpuTepun paBHOMEpPHOro pacnpeieseHHs
ITocen0BaTEABEOCTR UHCEJ

xl, Xay eeey Xpy ves

Ha3bIBAIOT pasHoMepHo pacnpedesennol B HHTepBate O<<x<1, ecan
BCe YHC/IAa 3TOH MOC/EJ0BATeNbHOCTH JI€XaT B 3aMKHYTOM HHTepBaJe
[0, 1] NpHYeM JJIst KaxAOH (yHKUMHM [(X), COBCTBEHHO HHTErpHpy-
eMoil B O=<Cx<C1, HMeeT MecTO mpefeqbHOE COOTHOIICHHE

lim f(xl)‘}‘f(xz):‘ v (xR)

n—co

=\ Fax. *)

Haumenosauue «paBHOMEPHO pacnpene/eHHas» ONpaBALBAETCS Cle-
AYIOLHM KpHTEPHEM,
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162. [Toce/loBaTeNLHOCTD Xy, Xgy «vvy Xny ..., 0=Cx,<<1, Torzaa
H TOJLKO TOrJa fB/IsieTCs paBHOMEPHO pacnpeneneHHOH B HHTEpBane
O0=<x=<1, Korja «BepOSITHOCTb» MONAajaHHs HEKOTOPOro Hayjauy
BEIXBAYEHHOI'O 4HC/J4 IIOCTENOBATSJbHOCTH B (PHKCHPOBAHHBIN IO~
untepBa uurepnana [0, 1] paBra anuse atoro noxuurtepsasna. TouHee
roBops, MycTb o =< x=<f — noxuurepBaa unrepsasa [0, 1]; o6osna-
uuM uepes v, (a, PB) KoamuecTBo Tex Touek X, (v=1, 2, ..., n),
KOTOpbHIE JeXar B 3TOM MOjHHTepBase. Toraa JOJIKHO BBIIONHATHCS
npefesbHOe COOTHOLIEHHE

lim va (&, B)
n— o n
KakoB Obl Hu Gbll mopmurepsan [a, B] [102].

163. [lycts O <sa<<p=<:1. OGosnaupm uyepes s,(x, P) cymmy
TeX M3 NEPBLIX # WIEHOB [OCJENOBATENBHOCTH Xi, Xoy «-vy Xpy o-e
0=<x,=<1, KoTopnle Jexar B uHTepBane o =< x==[. TlokasaTs, yro
JUIs TOTO, 4TOGBl TOCJeN0oBaTe/NbHOCTh OblJIa PaBHOMEPHO paclpefe-
sexHoft B uHTepBane 0= x<I1, HEOGXOAMMO H JJOCTATOYHO BRHITOJIHE-
HHE IIpeJleIbHOTO COOTHOILEHHS

Sn (2 B) _ p2—o2

=ﬁ—a’

lim =
o oo n 2
KaxkoB OBl HH Gbla mopuHTepBan [a, P] uurepsana [0, 1].
164. TlocnenoBaTenbHOCTD Xy, Xgy «vny Xpy ..., 0=<X, =<1, TOMNA

H TOJBKO TOTAA SIBJAETCA PABHOMEPHO pAacIlpefes]eHHOH B HHTEpBaJe
O=<x=C1, Korza AJsl KaxJOro MOJIOXKHTEJLHOTO LEJNOoro k

. x’i’-{—x’;-{-...-{—xﬁ 1

lim = [137].
n—co n k+1
165. ITocre10BaTENBHOCTD Xy, Xgy «vvy Xny ..., 0=ZX, <1, TOrAA

H TOJBKO TOr/a SIBJSIETCS PAaBHOMEPHO paclpejeseHHOM B MHTepBase
O0=<x=<<1, Korma ISl KaKAOTO IIOJIOXHTEIbHOrO LeJoro £ OJHC-
BpPEMEHHO

. COS 2mkx, f-cos 2mkxy, -+ ... - cos 2mkx

lim 1T nz+ + n_(Q

n—o0

H
lim Sn 2nkx; - sin Qﬂk;:z-f— <o bsin 2gkx, 0 [137).
n—o

§ 3. PacmpejiesieHHe KPAaTHBIX MPPAIIHOHATBLHOTO YHCJAA

166. Eciu 6— uppaunmonanboe Yucao, TO INOC/AE]0BATEIbHOCTD
X,=n8—[nb] (n=1, 2, 3, ..)
SIBJIsIeTC PaBHOMEPHO pacmpefeseHHolt B nHTepBajde O=Cx=Cl.

167. Ilyctb 9 — uppanuonanbhoe uucao. Tlogomum e, =1 unu 0,
cMoTpst 1O ToMy, OylerT su OuanKaiiuee K n8 1es0€ 4YHUCJIo JeXaTb
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cripaBa OT HEro HJAH CJ€BA. HOKaSaTb, 4TO A LeJIBIX YHcea @,
d (=0, d>0)

lim €at€rratEarrat - tTEarin-va — _;
n

n—co

168. Ilyctb 6 —uppanuoHaTbHOE YHCIO H @ — HPPAUHOHAIbHOE
YHCIO BHAA o =¢B, Tle ¢—uejJoe U OTyMyHoe OoT Hyas. Ilokasats,
YTO aCHMIITOTHYECKOE TOBeneHHe (YHKIUHH

oo
f@)= 2 (nb—[nB) 2" (z[<])
n=1
NpH PajuabHOM INDHOGIIKEHHH K TOuke €** Kpyra CXOAUMOCTH
XapakTepusyercst GOpMyJIoH
. 1
lim (1 —r)f (re®™%) =5— [I 88].

r—-1—0 2ﬂlq

169. Buiyncints npenea

. €os? mx -~ cos? 2p1x - cosb 3nx-f- ... -}-cos
f(x)——:hm -+ nx -} > -+ -}-cos?t nnx

n—o

(x Bemecrsedyoe).
170. Ilokasarh, uT0 AecATHYHAS APOGH

6=0,12345678910111213...

(Bce HaATypa/bHLIE YHCJA BHIIHCAHBl OJHO 32 JAPYTHM) MNpeACTABJIAET
uppauuoHaabHoe uucio. CorsacHo 166 uucia

nb—[nd] (n=1, 2, 3, ..)

pacnosioXKeHbl TOTAA BCIOAY MIoTHO B uuTepBase [0, 1]. [Tokasats, uro
3THM CBOMCTBOM 00/1alaeT yXe MOJMHOXKECTBO

10%—[10%] (n=0, 1, 2, ..).

171. Yucno e uppaunonanpHo [VIII 258]. HoxasaTb YTO IOCJe-

JOBaTeIbHOCTD
nle—[nle] (n=1,2,3, ...)

HMeeT eJHHCTBEHHYIO NpeleqbHylo Touky O.

172. Eciu nonuHoM P(x)—a1x+a2x2+ .—-a,x" umeer mno
KpafiHell Mepe OJWH HPPalUHOHaJbHBLIA Ko:~>¢>¢>HuHeHT TO IocJ/efoBa-
TEJIBHOCTD

P (n)y—[P (n)] (n=1,2,3,..)

o6JafaeT Gecyuc/IeHHBIM MHOMKECTBOM NpEAENbHLIX TOYEK.

173. Ilycrs 0 —wuppaunosanbHoe uucao, x,=n8—[nb], n =
=1,2,3,... 0 &, 0, ..., 0y, ...— MOHOTOHHO YObIBafOIAS MOCJE-
J0BaTeIbHOCTD MOJIOKHTEIbHBIX YHCE ¢ pacxoismedics cymmoil. [loka-
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'3aTh, 4TO JAA XKaxnofi ¢yHKuud f(x), co6CTBEHHO HHTErPHPYEMOH
B uHTepBane 0<Cx << 1, UMeeT MeCTO mpefenbHOE COOTHOILEHHE
1

lim onf () 0af (o) -+ ... A anf (Kn) _ S‘ [ (x) dx.
o

o0 oot .. o,

§ 4. Pacnpenencnde undp B Tadauue JorapupmoB
H aHaJOrMyHble 3aja4H

174. Tlycets $yukuus g(f) (1=1) Y/I0BAETBOPSET - CIEYIOIHM
YCJIOBHAM:

1) g (f) umeeT HenpepuIBHYIO MPOH3BOAHYIO;

2) g (f) MOHOTOHHO BO3pacTaeT 10 GecKOHEUHOCTH BMecTe C fj

3) g’ (!) upu {-—>co MOHOTOHHO CTPEeMHTCA K HYJIO;

4) tg’ (f) —>co npu {—oco.
Torna nocnejoBaTesbHOCTD

=g —[grn] (r=1,23,..)

fABJIAETCA PaBHOMEPHO pacmpefeseHHoit B uHTepBade 0<<x<<C1,
175. IlocaenopateibHOCTD

X, =an® —[an°] (n=1, 2, 3,..),

riea>0, 0<<o <1, sBAfleTcA PaBHOMEPHO pacnpele]eHHON B HHTeD-
Bame O0=Cx=<C1.
176. IlocienoBaTebHOCTD

%, =a(In n)° —[a (Inn)°] (n=1,2,3,..),

rie a>0, 6> 1, pasHoMepHo pacinpefeseda B uutepBaje 0 << x << 1,
177. Pan

Sinl:)mé n 51n20g 1 sm3§ R 4.,

rie 0<<o<<1, E,#O, abCoMIOTHO CXOAMTCS TOTAA H TOJbKO TOrja,
xorxa p>1.

178. 3anumem GeckOHeuHble JeCATHYHbIE APOGH, NPEACTABJSIONIHE
KBaJpaTHEie KOPHH U3 uHcesn HaTypanawmoro paja 1,2,3,...,n#, ...,
APYr TOA ApyroM B BHAe GeckoHeuHoH Tabmunnl. IlokasaTh, uto cpenn
uudp, CTOSINMX HA j-M MecTe cnpaBa ot 3ansTtoll (j==1), Bce uudpu

smng

0, 1, 2, ..., 9 BcTpeualoTcsi B CpelHeM OJAMHAKOBO YacTo. TouHee
rOBOPsi: 0603HAYHM UEPe3 Vg () UHCAO TeX H3 A MepBbIX LEJbIX
ypcen 1, 2, 3, ..., n, B ZecSITHYHOM pa3aJIOKEHHH KBaJPAaTHHIX KOp-

HeH H3 KOTOPbIX Ha j-M MecTe cIpaBa OT 3ansiToil crouT uuppa g.
Torna

. Vg (n) 1

llm n :W (g=0, 1, 2, -..,9).

n-—-»co

4 T. Ionua, I'. Cere, u. 1
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179. lycrs x,=alnn—[alnn], n=1, 2, 3, ..., a>0. Ecu
n-—> coO Tak, 4YTO NPH 3TOM X, —>§ (0 — F = 1) TO ILJIH Jo6oi, hyHK-
unn f(x), co6CTBEHHO MHTerpHpyeMmoii B uHTepBane 0<< x =<1, nMeer
MECTO NpeledbHoe COOTHOIIeHHEe

lim f(xl)—}—f(xz)-}— A Sf(x)]((x f) dx,

rne
(28 get 0 <,
K (x, E):{ 1
| qliql ¢t mpu E<x<1, g=e?, 0<E<I;

K5, 0 =K, 1) ==

180. (IIpomosskenne.) IlpenennHble TOUKH 1OC/EAOBATENbHOCTH
f )7 Ga) b -+ F(xn) (I’L:l, 2, 3, )

n

3aMONIHAIOT lenblt HHTEpBan J =J (a; f), 3aBucsLuil TOJIbKO OT @ H
f (¥). DTOT HHTepBaJM MPUBOAUTCS K OAHOH TOUKE TOTHA H TOJbLKO TOTIA,
KOTZa B KaXKJ0H CBOell TOYKe HeNpPepHBHOCTH [ (x)=c, rle ¢ — To-
crosindas. Kakos Oyner untepsan J (a; f), €cin a—odeHb GOJbLIOE
HJIH OYeHb Majioe YHCJO?

181. IlpencraBuM ceGe GeckKOHeuHywo TaGaHUy H3 BHIMHCAHHBIX
APYT TIOA JAPYroM JecsITHYHBIX JIOTAPH(MOB YHCeJ HATypPaJbHOIO
psasa 1, 2,73, ... # paccMOTpuM cTosGel, LM(pp, HaXOAfIHXCA Ha
j-M MecTe cmpaBa 0T 3amsitofi (j == 1). Ilokasatb, uyTO He cyulecTBYyeT
HHKAKOH OIpeleJIeHHOH BepPOSATHOCTH TMOSIBAEHHS CPelH 3THX LUPp
OfHOH KaKoli-HHOYAb onpefenenHoil uudgpe O, 1, 2, :.., 9. Tounee
roBopsi: 0603HAaYUM Yepe3 Vg (71) KOJHYECTBO Te€X M3 IEPBBIX 71 [ENbIX
yucea 1, 2, 3, ..., n, B JeCATHYHOM DAa3NOXE€HUU JorapudMoB KOTO-
PHIX Ha j-M MecTe CIpaBa OT 3amaToOR CTOMT uuppa g. Toraa oTno-

v g(n)
uieHue .

npU 7 —- O HE UMeET HUKAKOro onpefie/IeHHoro npejielia.

Bosee Toro, mpelie/ibHble TOUKH TIOC/JEAOBATENBHOCTH 3THX OTHOLe-
HHA OYAYT 3aNOJHATL UeJdblHl MHTEPBAJ HOJOXKUTENbHOH AJIHHBI.
182. Tlycte dyukuus g(f) (f==1) yIOBJIETBOPSET YCAOBHSIM:
1) g (¢f) nMeeT HenpepbIBHYIO TPOH3BOAHYIO;
2) g(t) MOHOTOHHO Bo3pacTaeT A0 OeCKOHEUHOCTH BMecTe C f;
3) g’ (t) mpu {— 0O MOHOTOHHO CTPEMHTCS K HyJIO;
4) g’ (1) >0 npu t—oco
(cp. 174). Torna umcna

‘ =g —lem)] (r=1,23,..)
XoTs1 ¥ jexar B uHrepBane O=Ix=C1 BClOAy IIOTHO, OZHAKO He
ABJRIOTCA PAaBHOMEPHO PacnpefiesIeHHEIMH B 3TOM HHTEpBaje. Pacrmpe-
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JlesieHHe HX, HanpOTUB, XapaKTepHU3yercs CJelYIOUM dCHMIITOTHYe-
CKUM 3aKOHOM: ecJid n (e3rpaHH4YHO BO3pACTaeT TaK, YTO NPH 3TOM
X, 8 0<<E<l, 10 ana moGoli ¢yuxuuu f(x), coGcTBeHHO HHTe-
rpupyeMoit B untepBase O=sx << 1,

lim f(x1)+_f (xz):‘ oo Ff(xp) =f(§)

B NpeAnoJoXKenHH, 4To f(x) B TouKe & HempepsiBHa. Ecnmn xe f (x)
B TOYKe £ HMeeT Pa3pbiB MEPBOrO Pojia, TO MHOMXKECTBO MNpelesibHbIX
TOUEK OTHOLUEHHS

fla)+f)+ ... +F ()

n

IPH YKa3aHHOM XapaKTepe BO3DACTaHHUS f 3aNOJHSET HEJUKOM HHTEp-
Ban or f(E—0) mo f(¢4-0). ¥rtBepxknenue OGyjaeT CHPABEIIHBO
takke s §=0 u §=1, ecsin npuHATL AONMONHUTEILHO, 4TO f (0) =
=f(l), u pacmpocTpauuTh f(x) 3a mnperensl HHTepBajza (0=<<x=<l,
clenaB. ee nepuojuyeckofi ¢ nmepuogom 1. [Torma f(1-+0)=f(+4 0),
f(1'—0)=f(—0)-]

8. IlocnenoBaTennHOCTD
X, =a(In n)° —[a(Inn)°] (n=1,2,3,..)

(0 <o << 1) aBaseTca BCIOAY MJIOTHOH, ONHAKO He DAaBHOMEPHO pac-
npefiesienHofl B unuteppane O<<x=<1. (176, 179.)

184. [lpencrasum ceGe GeckomeyHyto TaG/uily M3 KBaApaTHHX
KopHell JecATHYHBIX JIOTapH(MOB YHces HaTypanabHoro psiza 1, 2, 3, ..,
T. e. H3 Vlg n, n=1, 2, 3, ..., u.paccMOTpUM croabel H3 kP,
CTosIIUX HA j-M MecTe cmpasa OT 3ansAtofl (j==1). Ilokasarb, uto
He CYIIECTBYeT HHKAKOH ompejeJieHHOH BepOATHOCTH HOSIBJEHHS CPellu
sTHX uubp oxHoH KakoH-HUGYAL onpenenenHod nuudpe 0, 1, 2, ..., 9.
Toynee roBops: o603HAYUM Uepe3 vy (77) KOJHUECTBO TeX uHcesa K H3
n [epBRIX HAaTYPaJbHBIX YHces, AJA KOTOPHX B JCCATHUHOM pasJo-

menn )/ 1gk Ha j-M MecTe cnipaBa oT 3amsitoii crouT uudpa g. Torna

vg (1)
3Ha4YeHHsA OTHOLIEHHUA y

(n=1, 2, 3, ...) Jexar BCIOAy IIOTHO
B unTepBajse Mexay O u 1.

§ 5. JpyrHe Tumbsl PaBHOMEPHOTO pacnpeieieHHs

185. IlpeacraBuM ceGe B p-MepHOM MPOCTPAHCTBE MPSIMOJIHHEM -
HOe PaBHOMEpHOE ABHMKeHHE, ONPejesIeHHOe YDAaBHEHHIMH

xv (z) = aV + evto

rie a,, Oy—mnocrosunnie, v=1, 2, ..., p u f—Bpemsa. Ilokazars,
yTo ecnu 4ucnaa 8y, 6, ..., 8, pauvodanbHo HesaBHCHMBL (T. €. U3
cooTHOWeHUAA m,0; 1,0, ... +1,0,=0 ¢ paunoHanLHEIMH KO3(pu-

4»
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UHEHTaMH 1, f, ..., N, BHITEKaeT, YT0 A, =f,= ... =n,=0), 10
LI KamaoH QyHKIMH f (%, X,y ..., Xp), IEPHOAHYCCKOH OTHOCHTEJIBHO
Xiy Xy +.., X, C TIEPHOAOM 1 1 COGCTBEHHO HHTETPUPYEMOH B elHHHY-
HoM Ky6e O=<Cx,=<C1, v=1, 2, ..., p, HMeeT MecTO mpeleabHOE
COOTHOLIEHHE

lim Sf(xl ) %3 By cuvy ¥, () di=

11
={{.. Sf(xpxz,---,xp)dxldxz...dxp.
[t Y]

186. [lycts o, o, By, B, — IPOH3BOJBHLIE uHCaa,

0<a1<062<1, 0£I31<ﬁz<1.
HepaBencrBamn

o <x—[rf]<a, B<y-—[y]<B,

BBLAEJIAeTCA OecyncIeHHOe MHOXKECTBO NP AMOYTOJbHHKOBR CO CTOPOHAMH,
MapaJJe/bHBIMH OCAM KOODAYMHAT, KOHIPYSHTHBIX IO Mogysmwo 1, T. e.
MOTYI[HX GbITb IOJNYYEHHLIMHM ADYT K3 Jpyra CMeleHHSIMH Ha neJble
YHc/ia apadienbHo ocsM KOOPAMHAT. 3ajafuM YPaBHEHUSAMH X =a -
+0,¢, y=>b-06,f, rae {—mBpemMsi, HEKOTOpPOe DPABHOMepPHOE MPAMO-
JIHHEfHOe ABHKEHHE ¥ 06o3HauuM depe3 7' (f) cyMMy BceX TeX IIpO-
MEXYTKOB BpeMeHH OT Hauana jBwkeHuns (f=0) 1o MowmeHnra ¢,
B TeueHHe KOTOPBIX JBHXKyLIAscSA TOYKAa HAXOAWIACh B KaKOM-JIHGO
U3 YKa3aHHBIX MpaAMOyroJbHukoB. Ilokasatb, uyro ecam oTHoweHHE
6, : 6, mppauvonanbHo, TO

. T (¢
lim _t(_) = (2t — ) (B2 —By)-
{—co

187. Buanvapinupii map IBHXKETCA HAa WAEATbHO TJIAAKOM KBaj-
paTHOM CTOJIE ILIOWIAgH § TMPAMOJUHEHHO M C MOCTOSTHHOH CKOPOCTBIO,
NPHYEM OTCKAKHBAeT OT CTEHOK IO 3aKOHY OTPaKEHHA (yTroJ MafeHHus
paBen yray orpaxenus). OGoznauum uepes 7 (f) oOLIyI0 cymMMy BCeX
TE€X TIPOMeXYTKOB BPeMeHH OT Hayasa ABHxKeHHA (I =0) 10 MomenTa £,
B TeueHHe KOTOPHIX NEHTP lapa HaXOAWJCA B HEKOTOpO# ompeje-
JeHHoH ofnactd ¢ miowaneio f. Ilokasarb, 4To ecid TaHresc yrJaa
MEX1y HamnpaB/jeHHeM JBHXKEHHSI U OMHOH H3 CTODOH GUIIHApPIHOTO
CTONa HppauHuoHajeH, TO

Yucaa
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noJydaronecss NpH o6pa3soBaHHM CyMM TJIolajefl MpPSMOYIOJBHHKOB
(nmeHHO Tipu Zesenuu otpeska [0, 1] B apumeruueckoli nporpeccun),
NPEACTaBAsATICA B HEKOTOPOM ONPEAEJEHHOM CMEBIC/IE paBHOMEPHO
pacnpefeneHdblMd. AHAJOTHUHBIA THN PaBHOMEPHOIO DAacnpelesieHus
NOKAa3blBalOT /1BE HUKecsJelylolye 3aaud.

188. OGo3HauuM uepes ry,, Tony -.., Fon LEJBIE TIOJOKHTEIBHBE
ypcja, MeHbIlde, YeM #, ¥ B3aMMHO INIPOCTBIE C HUM; NMYCTb ¢ == @ (1)
6yner ux komuuectso [VIII 25]. Ilokasarb, urto anst BesiKoE co6-
CTBEHHO MHTerpupyemol ¢yHKuuu f(x)

. f(r;”>+f<ifli>+...+f<r‘,‘;”
nooo ¢ (n)

> 1
=0Sf(x)dx [VIII 35].

189. Hanuwem Bce HecoKpaTHMble Apo6H, He TpPeBOCXOAsllUe
eMUHMIbLL, YUCJAUTEIU W 3HAMEHATeJu KOTOPHX He TpPeBoCcXoiAT 7,
B NOpfAJKE Bo3pacraloledl BeJHYHHbL:

Wy, Way ceoy Wy

(Opobu Dapes:
1 1

wlz—rT, ceey wNST, N=N(n)=(P(1)+(P(2)+ et (P(n))'

[Toxasath, YTo A/1a BCSIKOH COOCTBEHHO HHTErpHpyeMol (GyHKIHH f(x)

. ) .
lim f(w1)+f(w2)1-\f/— ceo f (wN)______ gf(x) . [1 70].

n—o [
0

BceTpeuaBiivecss B HEKOTOPBLIX H3 TPEAbIAYIIHX 3ajad YHUCJIOBBIE
ToC/1€I0BATEeNBHOCTY  ABAANUCL DABHOMEPHO pacnpejieleHHbIMH, IO-
CKOJIbKY BEPOATHOCTH MONAIallus YHCeT 3THX NOCJelJOBaTe1bHOCTel
B 3aJaHHBIA UHTEpBAJ OblIH TPONOPLMOHANBHLI AJUHE 3TOFO HHTEp-
Baja [wanpumep, 166, 175, 188]. B Huxecnenywmux 3ajauax 3Toro
yxe He Oyrer. Ho 3aT0 ajad Kaxk[0# M3 BCTPEUAOMHXCSA B HHX
YHCJIOBHIX TNoOC/ef0BaTebHOCTEH OyAET CYIIECTBOBATL OlNpejeseHHas
«TIJIOTHOCTb pacnpeieneHusi BEPOATHOCTU», KoTopoil GyaeT Xapakte-
PU30BATbCSI pa3/IMUHAs YACTOTA NOTAJaHMs B PA3JHUHBLIE MECTA OCHOB-
HOTrO HHTepBa/ja. BnpoueMm, ¢ aHaJOrHYHbIM TOJIOKEHHEM MBIl YiKe
BCTPEeTUAHCh B 3agaue 159.

190. Ilonoxum

V”2<”},> = Syn (\‘>=O, L,...,nn=1,2 3 ...

Ecnu  ¢ysknus  f(x), coOcTBeHHO HHTerpupyeMas B HHTepBaJe
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2
[0, ]/-E] TaKoBa, YTO JAJs HEKOTOPOFO TONOXKHUTEILHOrO p IIpOUs-
BefeHue X Pf(x) orpaHHueHO B YKa3aHHOM HHTEDBane, TO

1 Fon) +F (s1n) 4 F o)+ oo+ (Snn) S i(]/f; e;z,,z) dx.

n-»o0 Vﬂ

191. O6osHauum uepes

X1y Xons «o+y Xnn (—‘1<X\-n<1;’\7=1, 2,...,11)

Hy M nosiuHoMoB Jlexannpa P, (x) [VI 97]. Toraa

< 4 x1”>+1n< _|_-'E2—"—>+ - 1“(‘4‘ x,m> In A+V AT
n - 2h

lim

n-—-»co

’

rie A BemiecTBeHHO W Gosbme enunuubl. [Hpumenuts 203.]
192. (ITponomxenue.) [Tokasatb, uTO Adst JOGOFO HEJOFO MOJIO-
JKUTETbHOTO & crnpagenJsiuBa opmysna

k k k
m xm—l—x.m—l— v Xy, _+__]_
n m

11
(costdas,  [1179]

n >0

(=1

193. ([Iporomxenne.) Has mwo6of dyuxuuu f(x), coB6CTBEHHO

MHTerpupyemoii B uHTepBasie — l=Cx=C1, cnpaseimuBa dQopmy.a
I
lim fGean)+F (o) + ... +f(xnn) — _L g f(COS ,0) dad.
s n 2 B

194. [lycrb o << x<< f — moGofi NoAuHTEPBaT OCHOBHOTO HMHTEp-
Baja —1=<x<<l1 u v,(2, P)—udcao HyJel n-ro nosxHoma Jle-
»kaHapa, Jexamux B [a, B]. Torza

v, (&, B) __ arccos oo —arccos p
n - a )

lim

s 00

Uycna xy,; pacnpefenenst B uHtepsaste [— 1, - 1] HepaBHomepto,
HO 3aTO PaBHOMEPHO pacrnpefessioTcss B uHTepBase [0, m] uucna
arccos xy,. Ecau Mbl BooGpasum ceGe uHTepsas [— 1, -~ 1] B Buge
TOPH30HTAIbHOIO AUaMmerpa KPyra, a KamJylo TOUKY Xy, — KaK ropu-
30HTAJBHYIO NPOEKUMIO TNapbl TOYEK OKPYXKHOCTH 3TOTO Kpyra, TO
TOUKM Ha OKPYXHOCTH GYAYT pacnpejesieHbl paBHOMEPHO, B TO BpeMs
Kak (M MMEHHO IO3TOMy) TOYKHM Ha JuHaMeTpe OYIyT pacnpeleseHbl
yke HepaBHOMEpHO,
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ri1ABA 5
¢YHKLUH BOJIbUIHX YHCEJI

§ 1. Meron Jlannaca

195. Ilycrs py, Py, ...y P Q4 @y ..., @y — TIPOU3BOJIBLHEIE TOJIO-
JKHTeJbHBle uucaa, Torna

. n ]
lim 3/ pal+pa+ ... +pay

CYIIECTBYeT H paBeH HAHGOMbLIEMY W3 YHCeT @, G, ..., O
196. [lpu Tex e npeanonoKeHUsX HMEEM TaKKe:

nti

lim P o )
now  pyaytpal ... paf

197. Tlycrs f(x) — npousso/ibHAs neast PanyoHasbias GyHKIHUS,
MMEIOIas JHb JeHCTBHTE/bHbIE OJOKUTENbHEE KOPHHU, H

- ff((_;‘)) = ottt ot L

= Max (q,, a3, ..., @).

Tlokasarb, uro

. s Cni
lim —— = lim 2L
n— oo }/-Cn n—oo Cn
CYLUECTBYET M PaBEH HauMEHbUIEMY KOPHIO GYHKuHH [ (x).
198. Ilycte ¢(x) 4 f(x) HenpepbIBHH H NOJOKHTENBLHEl B HHTED-
Bate a=<<x<<b. Toraa

L

lim ]/S @ (@) [f ()Y dx

n—soo a
CYLUeCcTByeT M paBeH MaKcuMyMy f(x) B MHTepBajse a=<x =_b,

199. [Ipu Tex ke npeinosoKeHHSX UMEEM TAKKE:
b
o @ [F (0171 de
r}l,rgo "b. : = Max f (x).
§o () [} (9] dx

a

200. Ilycts a<<E<<b 4 k— NOCTOSIHHOE NOJIOKUTENbHOE YHCJIO.
IlokasaTk, 4To mpH moCTOsIHHBIX @, b, & U n— 400

b _
S e—kn (x—8? dy ~o l/i
kn
a
201. Ilycte dymrmmu @ (x), A(x) u f(x)=e"*) onpegenens
B KOHEYHOM HJ1H GeCKOHeuHOM HHTEDBaJIe C KOHIAMH 4, b ¥ yIOB/IeTBO-

PSIOT CJAEAYIOUHM YCJHOBHIM:
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1. ®yukuusa ¢ (%) [f (0)]* = ¢ (x) e”"*) abcomorHo uuTErpHpyeMa
B [a, b] npu Bcex menpx n=0, 1, 2, ...

2. OyHkuua A (x) JOCTHUTaeT B HEKOTOPOIl TOUKe § BHYTPH HHTEP-
Bana [e, b] Makcumywma, NpHUEM BepXHAA TpaHb /(x) B KaxioMm
3aMKHYTOM HHTepBaJe, HE coiepxkameM &, Menbiue ueM £ (). Hasee,
1" (x) B HEKOTODOH OKDECTHOCTH TOYKHM & CYLIECTBYET M HENpephiBHA
d, Hakouen, A" (§) < 0.

3. ¢(x) HenpepelBHa B Touke x=E, npuueM ¢ (§) == 0.

Iokasarp, 4TO NpU n— 40O HMeeT MECTO CJEAylollas acHMMnTo-
THYecKasi dopmy.a'l): ‘

b

il
fewrwra~omro ) = 7 =

— nh (8) L
—9@ ) ~

[OrpannunBaeMcA YKa3aHHOH OKDeCTHOCTBIO TOYKM § M pa3BepTH-
BaeM B Hell A (x) no creneHaM x—& N0 wieHa BTOPOH CTENEHU BKJIO-
UHTENIBHO. |

202. lokasaTb, OCHOBBIBasCh Ha (opMy.e

L

k1Y
7 2
. : 1.3...(2n—1) =
2 — 2n = —
Ssm”xdx— \ cos*xdx = —57; . 2n 2
0 0
(n—uenoe), uTo MpH N —>-} 0o
1.3 ... (2n—1) 1
2.4 .., % Vg

1) Jlannac crefyroWHM o0pa3oM BLICKasblBaeTCa o6 ynoTpeGreHud nogo6HBIX
HHTerpanos:

«MBl 4acTO MPHUXOAMM K BHIPAKEHUAM, COZEDXKAMKM TaKOe KOMUYeCTBO YJIEHOB
H MHOMHTeJeH, 4TO YMCJOBLIE NOACTAHOBKH CTAHOBSTCS HEBBITOJHUMBLIMH. JTO HMEET
MeCTO B BONPOCAX O BEROSATHOCTAX, KOTZa paccMarpHBaercsi GOMbLIOE MUCHO COOBITHH.
OnHaxo Torfa GbIBaeT BAKHO MOJYYHTb YHCI0BOE 3HaueHue GopMy.s, YToGH y3HATD,
KaKoBa BepOATHOCTb Pe3yJbTaToB, KOTOPble COOBITUS PacKPHBAIOT No Mepe yBeNH-
yenns Hx yucaa. OcobeHHO e BAXHO NOJYYHTh 38KOH, MO KOTOPOMY 5T BEpOST-
HOCTh HeNpepelBHO NPUOAHKaeTCT K JTOCTOBEPHOCTH, KOTOPOA OHA W JOCTHrA Ghl
HAKOHEH, ecay Obl YHCIO COGHITHH cTano GeckoHeuneM. C 3Toil uedbio f ofpartia
BHHMaHHe Ha TO, YTO ONpeAeleHHble HHTerpanel AUGPEPeHnranos, yMHOKEHHbIX HA
MHOMKHTENH, BO3BE/CHHBIE B BHICOKHE CTEMiCHH, MAIOT IO HHTETPHPOB aHHH HOPMYJIEL,
COCTOfANUIHE M3 GONBUIOrO UHCIA YISHOB H MHOMKHTENEH...»

YnorpeGaeHHbI MM TIPHeM, TepBLIH IIar KOTOPOro npusefeH B 3agaue 201,
OH XapakTepusveT fajee clelyioilim 06pasoM: )

«..TIpHeM, KOTODHI AeJaeT Psf TeM GhiCTpee CXOAMIMMCS, YeM CIOXKHee $op-
MyJaa, KOTopasi ero BhIP&KaeT, TaK UTO 3TOT IIPHeM TeM OoJlee TOUYRH, 4YeM GoJee
on neobxofum..» (Laplace, Essai philosophique sur les probabilités, Oeuvres,
1. 7, crp. XXXVII, Paris, Gauthier-Villars, 1886. [[Tanmxac, Onsit dunocoduu
TeOpHH BeposiTHocTel, crp. 52, 53, M., 1908.])
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203. Iloxasats, uto n1as1 nosuHoma Jlexaunpa P, (M) n-ro
nopsiiKa NPH 7—»00 HMEET MeCTO CJefyiomas acHMITOTHYECKast

¢dopmyaa:
1

n+4—
Po(h) ~ 1 (V=T 2
" V onn V=l ’
rle A.— BEelECTBEHHOE YHCJIO >>1 M KOpHU OEpYyTCSl NOJOXKUTE/IbHLIE,

[VI 86.]
204. Bupecru u3 pasnoxenus [anseHa

gteoss = Jo (1) 42 Z vJ, (f) cos vx,

v=1
MOTYIIEFO CJHYHHTb JAJs onpeneneHust o¢yHkuuii DBeccena J, (f),
caenytomylo GopMyJary: npu {—-4-oo

¢
Jv(ii)NiVVegﬂ,t (v=0,1,2,..).

205. Ilokasarp, uto npu 7 — 00

T(nd1)= §e~-vxn dx~(§>" V 2nn,
0
6oJiee TOTO,
(i\” I+ 1)=Vm+o<;_>_ [18, 1167.]
n/ Va
206. Ilpu n—>+oo

(nk—f—l\N (k—1n / & \nk+l+%
no )" Vaan (k_1
(2 n [ BewectBennwl, k> 1).

207. Ilpu BemecTBeHHOM & U {—> 0o

o 1
Sx (te\ ~V ot T et
j
208. [lycts O0<a< 1. Torna mpu v— 40
Sea—ixa_n- dxt o ]/ 2 T“ﬁ—’ ex (l—a T—%)
l—a p o ‘
¢

209. Ilpn >0 u t >+ o0

0 prgns e
\ X S dye~o Zn 2o exp <€ ’IC/JO‘)-
A [4e7
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§ 2. Mogudukauun meroaa Jlansaca

210. Ilpu n—>-+co
nt+a¥Vnip
1 von e B 1
o} AT ol

rie
a 7? o?
_ (v _@te) o F
A=15 S ¢ tdb, - B= V2n (B 3 > ’

a oo U f— nocTosIHHBlE BellleCTBEHHBIE 4HUCHa.
211, Ilycts A — nosoKuTE/IbHAS NpaBUJbHAST APOGh U X, — €IUH~
CTBEHHLBIA IIOJIOXKHTE/IbHBIA KOpeHb TPAHCLUEHAECHTHOro YpaBHEHHS

1+1,+2,+ +—~xex [V 42].

IlokasaTh, uTO TpH 11— CO

xp=n+al n+p+o(l),
r1e o u P onperensoTcs U3 cJAEAYIONIHX YPaBHEHHI:

w’

. -
1 — 5 az+2
dt=2» =
Van OSe ! ﬁ 3

212, ([Ipopomxenne 3ataun 201.) Ipu n—+ oo

o
s .

. nd 5 1 -
§ ¢ @) [f ()] dx~ 0 ©) [ €)] 2‘—,/_—,#@ _Swe

_ wne) 1 77
¢@E)e = s —S e dt.

31eck o — HOCTOSTHHOE BEeUIECTBCHHOE 4YHCJIO H

[ @) T
=) - L8 V=7
213. [lycrs dyuxkuuy @ (x), A(x) u f(x) =e"®) onperesens
B KOHEUHOM HJH GECKOHEUHOM MHTEPBa/ie &, b W TOIUMHEHH cJeny-
IOUMM YCHOBHUSIM:
1. @ynruust @ (x) [[ (0] =@ (x) e***) abcomorno wuuTErpHpyema
Ba, b; n=0,1,2, .
2. 3navetue cpyﬂxmm h{x) B nexotopoii Touke & BHYTPH a, b
TNPEBLILIAET €€ BCPXHIO IPaHb B OGOM 3aMKHYTOM HHTEpBaJe, Jexa-
Iem cyaepa or § U He comepxamem E. Kpome Toro, B Hekoropoi
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oKpectHOCTH TO4uKH & A" (x) cymecrByeT u orpanuueHa. Hakower,
(&) >0.
3. @ (x) HempepwBHAa B Touke x=_§, npruem ¢ (E) == 0.
[TokasaTb, yro mpu n—-Cco MMEET MECTO C/eNyloLast aCHMIITO-
THYecKasy (GopMyJa:

oclnn

E+

-2

S QW (] dr 28 o0 pat @1 guhe,

3nech @ U P — NOCTOAHHBIE BeleCTBEHHBEIE YUCJIA.
214. Ilycrb § — enuHCTBEHHBIH BelIECTBEHHLI KOPEHb TpaHCLEH-
JEHTHOro ypaBHeHus M5 & =1. Torza npu n—-4o0

tntolnntp

L g e*x" dx ~ n4B,
n! .
0
rie
1+§
1 1 —_
A=(Z 1:l-§ - B E. eB £ )
3 2 Vor 14t

o U B — NOCTOSIHHBIE BEUECTBEHHLIE YMCJIA.
215. [lyctb n HeyeTHO H — X, 0603HayYaeT eAHHCTBEHHHIH Belle-
CTBEHHBI!I KOpPEHb ypaBHEHHS

) 1+1,+2|+ -{———0 [V 74].
Torna nmpu n—oco

lezgn"l_alnn"l_ﬂ—l_o(l)y

re £ uMeeT 3HayeHHe, OINpele/eHHOe B NpeiblAymiell 3ajpaue, a mo-
CTOfIHHBIE 0 U B onpeensiorcs (opMyJaMu

1o 14§
o=y Tr Porigh(VE).

216. Ilycte g(x) —MOHOTOHHO Bo3pacrawom@as QyHKIH, ~onpe-
LeJIeHHas] LI TMOJIOKUTENBHBIX X, TpHUeM

lim g(x)=+4 oo, lim
X->+ o0 X+
[MTosioxum

@
a =_L p~¥+& (x)xn dx'
" nl

Ilokasatb, 4TO ec/aH CYIECTBYeT TaKOe IIOJIOMKHUTEIbHOE Y, YTO
B HHTepBaje | —y<<a=1l49y

lim g (ox)
X->4-co g(x)
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CYHIECTBYRT W NPEACTaB/feT COOOH HeNpephiBHYIC (PYHKIHUIO OT ¢, TO

lim Pdn _ .

n—sc0 & (1)

Cozepxamuiica B 201 MeTofl BbIYHCIeHHS «DYyHKIME GOMBIIMX
YHCeJ» MOXHO OGOGUIMTL CJEAYIOHM 0fpasoM: IycThb HYXKHO BBIUKC-
JIUTb HHTErpaJ BHAA

b

(1 02 9. 0 = § ) 010 40 i,

a a

rie &yHKOuM Ay (), Ay (X),..., H,(x) IOJOKMUTENBHEI B HHTEp-
Bale a < Xx<Cb U JocTHralT MakCcHMyMa B OJHOH W TOH 2Ke TOuKe &
3TOro HHTepBaja, npuueM ¢ () #=0. 3aMeHseM NpHOIMKEHHO

o () =y (8) 4+ 5 1y (8) (x—E)2 ...

Ha
@+ g h@® =8 =1, 2., n).

Torza yka3aHHBIH HHTerpajJ MOXKHO 3aMEHHTb Ha
[ee]
{ 0@
-0
rie s=—hiE)—h3(E)—...— Az (E). B xauecTBe ycsioBUE MaKcH-
MyMa B Touke § umeem Ay (§)=0, Ay (§) << 0, Tak uro s>0. 3akoH-
HOCTh 3TOr0 MeTOfa MOKeT ObTh JOKa3aHa BO MHOTHX CJydasX, caM
METOJ{ MOXeT OHIThb €le YTOYHEH W OOOOLUeH B Pas3/jM4HBIX Hallpasie-
HUSAX.

S a
ehl @+ he @+ -ty )y i,

a

i
217 n—l—f})]o S | (2net® — 1y (2ne'® —2) (2nei®—3) ... (2ne'® —n) |

—I

n192n cos O

d® =2m.

[HonaraeM  =—2_ ¥ NpHHUMAEM BO BHHMAHHE 59, 115.]

Vn-
§ 3. ACHMOTOTHYECKOE BHLIYMCJIEHHE HEKOTOPHIX MAKCHMYMOB
218. Oynxuus

Vipx=)(x—2...x~ma>* (a>1)

B uuTtepBaie (n, -+ co) uMeeT HauGonbllee 3HaueHue M,. Ilokaszars,
4TO

Mo L 1 [16].
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219. Oynkuus
(=1 (x2—2% .. (2—nda~*,

rre a > 1, B nHtepBase (1, -+ oo) HMeer HauboJsbllee 3Hauenne M,.
ITokasatn, uro
M 1 2V a)\nt!
My 1 [2aymHt [17.]
()2 a—1
220. [losoxnum
sz QO (x))

Vx(l—»><1~—~> (1_._> Q) (n=1,2, 3, ..).

ITokasare, uTO IOCJENOBATEIBLHOCTD

Qa* Qa™ .., Q.x)a>*,
IJI1 TIOJIOXKHTENbHBX X DaBHOMEPHO OrpaHHueHa NpH a=2 W He
OCTaeTcsl yXKe PaBHOMePHO OrpaHHYeHHOH, ecay O<a<2 ‘
221. [TonoxuMm
x=P, (x)

x< -’%-)(1_’%)(1—";) (1——) P.¥) (n=1, 2, 3,..).
[Tokasarb, 4TO NOCJEIOBAaTEJbHOCTD
P (x)a*, Py(x)a>™, ..., P,(x)a~*,

I8 TIONIOMHTeILHBIX X DABHOMEPHO orpanuueHa nmpu a==3-+}8 u
He OCTAeTCs yXke PABHOMEDPHO orpaHHueHHOH, ecim 0<a <3+ V8.

222, Jlycrs a>0, 0<u<<l u M,—MakcuMyM (YHKIUU
e tx+axt) yn g pyrepBane (0, -+ o). Ilokasars, yto
nh
Jim (ﬂ_) —ea,

n—o0 ﬂl



OTJIEJI TPETUH
dYHKUHUH KOMIMJEKCHOT0 MEPEMEHHOIO

OBILIAST YACTD

FrJIABA 1
KOMILVIEKCHBIE YHCJIA H MOGIEJOBATEJIbHOCTH

§ 1. OGaacT M KpHBble. BhIUMCIEHHS C KOMILIEKCHBIMH 4HCJAMH

ITycte KoMIIEKCHOE NEepeMeHHOe 2 3alICaHo B cpopme
z=x+iy = re'®,

The x, Yy, r, O BelleeTBEHHH, npuyeM =0 u 0=<? <2ﬂ Torga
x=Nz HaspIBaeTCs BELIECTBEHHOH YACTBIO 2, Y = 32 — MHHMO# YacTbIO,
r=|z|—wmonyaeM u ¥ = arg z— aprymMenToM. Hneso Z =x — iy = re”*?
Ha3bIBAeTCsl CONPSIMEHHBIM K 2.

1. 2 -+ Z — BellleCTBeHHOe, 22— Z — YUCTO MHHMOE, zZ — BEIieCTBEH-

HOE M HEOTpHUIATEbHOE.
2. Kakue 4acTH IJIOCKOCTH 2 BBIICMSIOTCS YCJAOBHAMH

Re>0;, Re=0; a<IJz<b oc<argz<ﬁ- Rz=0
lz—2o|=R; |z—2,|<<R; |2— 2| <R, R<|z}<R %— RI—

(a, b, a, B, R, R’ —BellecTBeHHbIE, Z; — KOMILIEKCHOE, @ <C b, a<<
<Pp<a+42n, O<<R<R')?
3. Kakue 4acTH IVIOCKOCTH 2 BBIAEJISIOTCS YCIOBHUSIMH
|e—ald+|z—b|=k, |z2—a|tlz—0bl<k (R>0)
‘4. Kakas uacTh INIOCKOCTH 2 BHIAENAETCS YCIOBUEM
|2 4az+4b| <<R#®
,ZIJIﬂ KAKHX 3HaueHUH R OHA CBA3HAS, IS KAKHX — HET?
. Ba, Ilyets |a|<C1. Touykn NJIOCKOCTH Zz pa3bUBAIOTCS HA TPH
KaTeropuH coo6paaﬂo TOMY, GYAeT JM MOAY/b BhIPAKEHHUs
Z—a
l—az
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MeHbllle, paBeH uau OGosablle eAHHHLBL. [71e pacnonoKeHH TOYKH
KaxJoll Kareropuu?
6. Ilycts Ma>0. Touku nnockocTd z pa30UBAIOTCSI HA TPH
KAaTeropuu cooGpas3Ho ToMmy, GYAET JH -MOAYIb Bpra}KeHI/IH
a—2
atz
MeHbllle, paBeH WM OGoJblle eJUHHIL. [Je pacroJoXeHsl TOYUKH
KaxkJIOH KaTeropHu?
7. IlycTe KOMIUIEKCHBIE TIEPEMEHHBIE 2; H 2, CBSI3aHBI COOTHOLIe-
HUeM :
0247 + @225 +az,2,+ 2,7, =0,

rie o, F)—BelﬂeCTBeHHbIe a — KOMIIJIEKCHOe, BCE€ TPH TIOCTOAHHLIE.

F4
TloxasaTs, uro npu ap —aad << 0 3naveHus éi JeKkaT Ha HEKOTOPOH

OKPYXHOCTH. MKW nipaMol. (JleBas cTopoHa ypaBHEHHS HA3bIBAETCS
3pMUMOBOL (popMOLi OT MEPEMEHHBIX 2y U 2Z5.)

8. Kakue KpuBble OMUCHLIBAIOTCSI TOUKAMH 2, =ia-}af, z,=
=—ibe U z=iatat—ibe ¥, rjea, b — NoJOKHTEIbHbIE NOCTOSHHLE,
a BeleCTBEHHAad nepeMeHHasl [ o603Ha4aeT BpeMs?

9. Tlo kakoli KpuBOH nepeMelyaercsi Touka

a+bt
z=(a+b)e’ — b

(a, b—HOJIO}KHTeJIbeIe NOCTOAAHHBIE, t—BpeMﬂ)?

10. Ilycrs panuyc-BekTOp r U apryMmedT O — QYHKUHH OT Bpe-
Menu £, Torna koMmnsekcHast QyHKUHs z=re‘® BemecTBeHHOro nepe-
MEHHOrO { NPEACTAB/IACT JABHEKCHUE TOUKH Z B NJIOCKOCTH. BHIUHCIHTD
KOMIOHEHTEl CKOPOCTH ¥ YCKODEHHsl 10 HANpPaBleHHSIM, NapasJiefb-
HOMY M TIepPTEHIUKYJISIPHOMY K paguycy-BekTopy. [ZBaknmel npomud-
(epenuypoBath z no Z.]

o o 2"
11. [nsa Kakux 3HaueHull z n-# ujgeH Z- psja
n!

i+ 5+

(nokasaresbHOro psja, pacnpocrpaHeHHoro Ha KOMILIEKCHYIO ILIO-
CKOCTb) TIPEBOCXOIHT IO MOAYJIO KaKAblfl Apyrodl uieH 3Toro psaa
(n=0, 1, 2, ..)?

12. 15 KakuX 3HaueHHH 2 n-H wieH psaa

—1 _ _
1+ +z(z )+Z(21.l;€23 2)_1_.“

...—|—2(z—ll)...2.‘(‘z‘-n—n+1) b 2 @

n=0
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(6unomuaabHpil papx s (14+£F npu f=1 # 2z KOMIIEKCHOM)
NPEBOCXOAUT MO MOJY/II KaxAnH apyroil wieH storo psama (n=0,
1, 2,..)

13. Tlonoxum

Po=z Pa@=2(1-2)1-2) (1-2)

(n=1, 2, 3, ..). Ona xakux sHauenu#l z uucgo | P, (z)| npesoc-
xomut | Py (@) |, |P1 @)y vy | Pre1 (@], [Pus1 @]y ...? (Pn(2) ectb
- UACTHYHOE NPOM3BENEHHE B DPAa3/OXKeHHH

sinﬂnz _ Z<1 __%:_><1 _;;><1 —f;z>)

14. Eciu B uHtepBane a=I{<=<b BellecrBeHHasi GyHKOuA [ (f)
NOJIONKHTEIbHA ¥ HeNpepblBHA, a BelyecTBeHHas QYHKUHA ¢ (f) cob-
CTBEHHO HHTErpupyeMa, TO
b

{Ft)yev® dt
a
PagencTBO jocTHraerca Toria M TOJAbKO Torla, Koria QyHKHHA ¢ (7)
BO BCEX CBOMX TOYKAaX HEMNPEPBIBHOCTH HMEET OJHO H TO XK€ 3Haue-
Hue mod 2. ‘

15. Ilycrs BemecrBennass Oyukwus ¢ (f), =0, COGCTBEHHO
WHTETpUPYEMa BO BCSKOM KoHeuHOM uHTepBase. Ilokasarb, uro Torna
UHTETpaJbl

={t@d

S e UEieW) gt = p, S e 2U+ie(®) df =
0 0
VIOBJIETBOPSIOT Hep aBEHCTBY
[4P? —2Q| <3,

[PHYEM DABEHCTBO JOCTUIAeTCs TOrZA M TOJBKO TOI/a, KOrja (hyHK-
uMsa ¢ (f) BoO BceX CBOHX TOYKAX HENDPEPBLIBHOCTH HMEET OJHO H TO ¥XKe
sauyeHue mod 2m.

§ 2. PacnosoxeHne KOpHeil anre6paudecKux ypaBHeHMH

B HUKECIeAYIOIUX 3aja4ax Mbl paccMarpiBaeM TIOJIMHOMBI n-u
CTEeNneHn

P@)=apz"+az" 1+ 02" 4. a2 +a,

C TIPOM3BOJIbHBIMH KOMIIEKCHEIMH KO3(hdunuesTaMu; B GOJbIIHHCTBE
CJIyYaeB TPENNOJaraeTcs, 4ro a, == 0.
KomnJiekcHOe YHC/IO 2, Ha3biBACTCS HYJEM 3TOTO IMOJHHOMA, €CJIH

n —1 n—2
a2y a2y T Fagzy b ta, 20, =0
(7y ecTb KOpeHb ajreGpavueckoro ypasHeHus P (z) =0).
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Ecnu 2y, 2,..., 2, h HyJe#l noauHoma P (2}, To, Kak JOKasml-
Baercsl B agarebpe,

P@Ry=ay(z—2) (2—2y)...(2—20).
16. TosnuHomM Buja

2" — PRt =Pt r— = PyaZ = Py
rae
p1>0, p2>0’--‘v pn;ov P1+P2++Pn>0,

MMeeT eIHHCTBEHHEIH IOJOXUTe/IbHHI HVIb.
17. Ecnu 2o — mo6oH HY/1b NOJHHOMA

2 a2t a2t - a,,

TO |2,| HE MOMKET IPEBOCXOAUTb EILHHCTBEHHOIO IOJOKHTENLHOrO
Hyas { nosunoMa

2ty |zt —a, | 2"t — .. —|a,|.
18. Hy.u nosunoma
PRy=z"4+o2" 14 a,2" 2. .. a,,

rie.a, 0, no MoLy/0 HE MEHblle eIHHCTBEHHOrO MOJIOXKHTENbHOrO
HyJIsl TIOJIMHOMA

2t 4-|ay |2t a2 a2 — | an

19. Bce nysu nonuHoma 2"+-c Jiexkar Ha OKPYKHOCTH € HEHTPOM
l N

.

2=0 u pamuycom |c|".
20. Ilycts dy, d;, ..., d,_;, d,— NOJOKUTENbHBIE YHCAA H

dné‘alIdn~1+‘a2||dn—2+---+"an|d0*
Hynu nosaunoma
2ttt Fa,
He MNPEeBOCXOASIT MO MOIY.I0 HAUGOJBILErO H3 YUCEJ
dy ]/ dn Y da vED
oo Vs Vs Vi
21. Kopuu ypaBHeHuUsI ,
2"zt 4 a2 4. 4-a, =0
He NPEBOCXOAAT 10 MOAYJIO HAHGOJLIIErO H3 YHCEN
nle|, Vnlal V nilasj, ..., me,
a TaKke HaubOJIBIIEro U3 UCes

L v m—
220 q| (k=1,2,3,..., n).
Vo
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22, Tlycrs
P> pr>pp> ... > pa >0,

ITokasaTb, YTO B €IMHUYHOM Kpyre | 2| <1 He CONEPIKUTCA HU OAHOrO
HyJs HOJHHOMA
Pot P12+ pe® 4. ..+ pazt.
23. Eciau Bce KoaphULHEHTH Py, Py, ..., Pn. HOJHHOMA
P2+ pi2" o Pyt s

TIOJIOKHTENbHBI, TO HYJH €ro JexaT B KPYyroBOM KoJjble o << |z|<<P,
rje o — HauMenbluee, a P — HauGo/Iblee H3 UHCEN

Pro P Ps . Pn
po' pr’ P2’ Paci
24, Tlycrs ap, @, Qo ..., Qg n=1, —uudpel HEKOTOPOro

(n-+ 1)-3HauHoro uncia
ap+a;104-a,102 4, . 4-a,107,
Torza Rysau noguHOMa
a0+a{z+a§z2+. ota,n
Jieskat JH60 BHYTPH JIEBOH IJIOCKOCTH, JIHGO B Kpyre

o
2| <R

B nocsenneM ciydae TouHas BEPXHAS FPaHHNA Ajd | z| 3aKmouaercs
Mexay 3 u 4.
25, Ilycrts BCe HYJH IIOJIHHOMA

P@ =az"+az1+.. . 4a,y2-ta,

Jexar B BepxHeH mnosymiockoctd Jz > 0. Ilycts, nagee, ay = a, +
+ iBy, oy, By BemectBennn (v=0, I, 2,..., n). Torna

U@)=ap"+ozn 2+, da, z2ta,
V(@) =p"+B1z" 4. .+ Ba-yz+Bs

YMEIOT JHLIL BelecTBEHHBIE HYJIH.

26. Ilycts P (2) =0— anre6pauuecKoe ypaBHeHHe n-if CTeNeHH,
BCE KODHM KOTODOIO JeXaT BHYTPU eIMHHYHOTO Kpyra |z|<<l,
O6osnauum wuepes P (2) NOJHMHOM, NOJyueHHBIH u3 P (z) 3aMeHOl
BCeX KO3(HIHEHTOB CONPSKEHHBIMU YHCJIAMH, H NOJOKHM P* (7)=
=2"P (z~1). Bce xopun ypasuennsa P (z)+4 P* (z) =0 6ynyT sexaTn
Ha OKPYXHOCTH €IMHHYHOro Kpyra |z|=1.

27. Eciy noJsHOM A-f CTENEHH, n==2, npHUHAMAET NpH 2=q .
M z=b. COOTBETCTBEHHO 3Hauenus o u P, rie asb, a~p, T0 oK
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NpHHHUMAaeT KaxkJoe 3HAUGHHE Yy, Jexalee Ha OTpesKe, COERMHSIIO-
wem o H P, no kpaiiHedl mMepe ofuH pa3 BHYTPH HJH HA TPaHHIE
¢purypel, 006pa30BaHHOH JBYMA KPYrOBBIMH JAyraMH, H3 KOTOPHIX

T
OTPe30K ab BujeH MNoI YIJIOM Pt

§ 3. Mponomxenne: Teopema I'aycca

28. Eciu KOMNJIEKCHBIE UHCAA 2y, g, ..., 2, (T. €. NPEICTaB-
JSIOMHE MX TOYKH) JeKaT BCE MO OXHY H Ty e CTOPOHY OT HEKOTO-
pod npamoH, npoxoxsuel uepes Touky O, TO

stz .+, %0, %4—%4—...4-?1’17—&0.

29. Ilycrs 2y, 25, ..., 2, — JOObIE KOMIUIEKCHBIE YHCJA C CyM-
mo#t 0. Torma Kaxpas npsaMaa g, npoxoisinas ueped Touky 0,
pasjendeT 4YHCAA Zq, Zg,..-, Zn, T. € 3TH UHCJA PACNOJIOKEHHI

4acTBI0O MO OXHY, 4YacTbl0 0O APYTYIO CTOPOHY OT OpsMofl g, eciu
TOJbKO OHM HE BCe JIexaT Ha g.

30. Ilyctb -2y, 25,..., 2, — JHOGbIE TOUKH B KOMIIEKCHOM MIOCKO-
ctH, m;>0, my>0,..., m,>0, m-t+my+...4+m,=1. Toraa
Kaxknas npdaMasi, NpoXoAfmasi uepes TOuKy

2 =m1z1+m2z2+. "-"l'mnzm

pasjiesnseT TOYKH 2y, Zg, ... , 2n, GCJH TOJLKO OHH HE BCE PACMOJIO-
KEeHbl Ha 3TOH NpsaMoff.

Ecan paccMaTpuBaTh uMcaa My, Mg, ..., M, 3agaud 30 Kak
Macchl, COCPEAOTOYEHHbIE B TOYKAX 2y, 2g, ..., Zn, TO ONpEJesIeHHAS
TaM TOYKA 2z OYJeT NpeACTaBadaTb LEHTP TAXKECTH 3TOr0 pacnpepene-
Hud Macc. 3adUKCHpPYyeM TOYKH 2y, Zs, ..., 2, H PACCMOTPHM BCe-

BO3MOX HBI€ NOAOGHBIE pacnpeleseHuss Macc; TOTIA COOTBETCTBYIO-
y¥eé WM IUEHTPHl  TAXKECTH = PACNoJ/oXKaTcss BHYTPH HEKOTOPOro
(HauMEeHbIUEro) BLINYKJOrO NOJMIOHA, COLEPMKAIEro TOUKHM 2y, 25, ...

., 2,. EIVHCTBEHHOE HCK/OUeHHEe NpeicTaBJsieT Ccjaydail, Koria
TOUKH 2y, 25, ..., 2, BCE JIEXAT Ha ofHOH NpsAMoii. B stom cayuae
LeHTPHl TAKECTH GYAyT 3alOJHATbL HayMeHbLUHH OTpe3oK, cojepika-
M BCce paccMaTpyBaemble TOYKH.

31. IlponsBoxnas P’ (z) noavHoMa P (z) HE MOXKeT HMeTb HyJel
BHE HAWMEHBIIETo BHINYKJOTO TIOJUIOHA (COOTBETCTBEHHO HaMMeHb-
Iero OTpe3Ka), cojepxxauiero Bce HyaH P (2), npuuem Te HyJaH P’ (2),
KOTOphle OTJMYHBEL OT HyJeH P (2), JexaT BHYTPH 3TOTO IOJIMIOHA
(oTpeska).

32, Ilycrs 2y, 25,..., 2,— MOGBIE OTJIMYHBE APYr OT Jpyra
KOMIJIEKCHBIE 4{CJla. PaccMOTPHM COBOKYMHOCTb BCEX NOJHHOMOB P (2),
UMEIOIMX HYJ aMd (1060 KpaTHOCTH) JIMIUB 3TH TOYKH 2y, 2o, ...
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z,. Ilokasatb, YTO MHOMKECTBO HYyJel BceX P’ () BCO1y OJIOTHO

B HaHMeHbLIEM BBIIYKJIOM MOJKIOHE, COAEPKAUIeM Zy, Z9y ..., Zn. .

338. Hyan passocty cP’ (2) — P (2) [P (2) — noauHoM,  ¢5=0]
pacrosioKeHbl B HAHMEHbLIEM BBHIYKJIOM IOJUIOHE, COAePIKAIEeM
JyuH, TpoBelleHHble u3 Hyaeli P (2) napamiensbHo BekTopy c. Ilpn
3TOM HYJb paccMaTpuBaeMofl pasHocTH cP’ (z) — P (z) MOXeT JiexaTb
Ha TPaHHLE YKa3aHHOH 06J1acTH JMIUb B ABYX CJCAYIOMHX CIydasx:
a) ecqd OH OJHOBPEMEHHO fBJSETCA HyJeM Takke nosauHoMa P (2);
6) ecau 3ra 06JacTb npmaoamcn K Jyuy.

34. Ilyctb 05, 04, ..., Pp— NOJNOKUTENbHEIR, @), Qg ..., Op—
Jio0ble KOMIJIEKCHBIE YHC/IA H MOJIHHOMBI A (2) u B (2) COOTBETCTBEHHO
p-ii U (p—1)-H crenenu oNpPeIeNSAIOTCS TOK/IECTBOM

B (2) 1
A ) = z—ay +z——a2+ -t

Tlokasath, 4TO Hy/H KaxkAoro nosuHoma P (z), fIBJASIOWErocs JeJH-
tenem nonauHoMa A (2) P"(2) +2B(2) P’ (2), 1. e. gnd  KOTOpOro
BLIITOJTHAETCS TOXIECTBO

AR P (2)+2B (@) P 2)=C(2) P @),

rae C (2) — NOTHMHOM, pacrno/oXKeHbl B HAMMEHbIIEM BBIIYKJIOM NOJIH-
ToHe, COJEpXKaleM YHCIA @y, i, ..., dp.

85. Eciu noaunom f(@ ¢ BemeCTBeHHbIMH KO3((DULHEHTAMH
UMeeT JIMIUb BeUlecTBeHHble HYJIH, TO TO K€ CIPABEAJHBO U JAJIS €ro
npousBonnok [’ (z). Ecnm f(2) uMeeT KOMIUIEKCHBIE HYJH, TO 5TH
nocseHHe NONApHO CONpPSIKEHbI, T. €. NMOMAPHO CUMMETPHYHBI OTHO-
CHTE/ILHO BellleCTBeHHOH ocH. llocTpouM Ha KamJoM OTpe3Ke, COEH-
HAIOMEM Napy CONPXKEHHBIX KOpHe#l, Kak Ha Auamerpe, Kpyr. Torna
KoMIJieKcHBle KopHH [’ (2), B c/Jydae ecJH OHH HMeoTcd, OyayT
NeXaTh BHYTPH MOCTPOGHHBIX KPYTOB. [PaccMoTpeTs MHHMYIO 4acThb

z—ap

OTHOLIEHUS F7+-

§ 4. KoMnaekcHble 4HCJOBBIE MOCJ/EA0BATENbHOCTH

36. Ecian uucna z,, 25, ..., Zn, ... JEXAT BCE B yIJIE — O <
gargzga,a<— TO PAAK 2, +25+...F 2,4 1|z |24 ..
..+|2za|+... b0 oba cxonsiTcs, aHG0 o6a pacxoisTcs.

37. Ilycts uucna z4, 25, ..., 2, ... J€XKAT BCE B M0JYILUIOCKOCTH

Rz=0. Ecnu cxonqarcst oba psiaa

“tzt Gzt zitad .

TO CXOIHUTCSI TaK¥Ke pal

lzi P41z P o[z P
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38. CyumecTBYOT Taxkue KOMILIEKCHBIE TIOC/IEI0BATENbHOCTH 2,
Zay vevy Zny -.., UTO BCE PSAJHI

A S ST A (=1, 2,3, ..)

CXOILﬂTCH, TOorga KakK Bce COOTBETCTBYIOIHE UM DPSAbI a6COMOTHBIX
3HauYeHHH

iz Fd bz .. (B=1,2 3, ..)
paCXoaATCS. _
39. Ilycs 2, 2y ..., 2, ...— JHOGbiE KOMILIEKCHBIE YHCJIA.

Ecusiy cyimecTByeT TaKoe NoJIOKHTEIbHOE paccTosinue §, UTo |2, — 2, |==8
aa l==k (I, k=1, 2, 3, ...), To NoKa3zare/J b CXOAUMOCTH IOCJEN0-
BaTeJbHOCTH MoayJaedl |zyl, [2a], ..., |2,], ... He mpeBocxomuT 2.
[T 114.] )
40. [IpenenbHble TOUKH TOCAEAOBATENLHOCTH KOMIUIEKCHBIX UHCE
lia . giaf.3ia . . pic

n

(¢ = 0 ¥ BewecTBeHHO, n=1, 2, 3, ...) 3aNOJHAIOT OKPYKHOCTb C
1

uentpom B Touke 0 ¥ ¢ pasuycom (1 +a?) 2. [[Ipusectu unrepecyio-

I[€e HaC BHIPAXKEHUE B CBA3b C HEKOTOPOH MHTErpajbHOH CyMMOIL. |
41. T'z1e pacnosioxkeHbl TIpefe/bHBIC TOYKH MOC/IEA0BATEIbHOCTH

215 Zgy «eey Zny ... C OOLINM WIEHOM

(12t ) R P S IR P
zn—<1+ 1><1+ 2}<1+ 3)...\1+n>.
42, Tlonoxum
1 L> 1 L,)...(l S,
< +l/1 +V2 +Vn/’ n
H COEJAMHUM TOUKH 2Z,, U 2, (n=2, 3, 4, ..) NIpAMOJUHEHHEIMH
OTpe3KaMH. ITH OTPe3KH HMEIOT BCe OAMHAKOBYIO NauHy 1, u obpa-
30BaHHAsl MMH JIOMaHasi MpH YBEJIWUYEHHH 1 Bce Gosee NPUGIMKAETCH
no dopme K crnupand ApXHMeZa; T. €., Noaarasi z,=rpe ', r, >0,

0< ©n— Pna << iQE , MMeeM:

lim In—rna — .,1_ lim & = —-
n-—»oocpn_an—l 2" n—oo Pn 2°
it
48. Tlycte z=2ne"", rue t— BemecTBeHHoe yHcsI0. 110Ka3aThb,
4TO ‘ :
n 22n! et

lim nz(z—1)(2—2)...(z—n) .

n—w

[11 59; II 10, B caerka uaMeHeHHOM BHJE.]
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§ 5. Mponomxenue: npeodGpa3oBaHus PsJOB

* M3 npoHM3BOJIbHON GECKOHEUHOM MNOC/IE/10BATEIBHOCTH 2y, 2y, Za, ...

vevs Zny ... CTDOHTCSI TIPH HOMOLH TPEYTOJIBHOH UHC/IOBOH CXEMBI
Qpo»
%0y Qa1s
Q05 Q215 ooy

HOBAs TIOCJIENOBATEIBHOCTD Wy, Wy, Wi, ..., Wy, ... MO (OPMYJIE

Wy, = Qno2o+ An12, -+ Anozs +. ..+ Anu2y (n=0,1, 2, ..).

ToBopAT, uTo 3Ta -YHC/IOBas CXeMa COXPaHAET CXOAHMOCTD,
eCJH C ee TIOMOWIBIO KaKJAas CXOAAMAACS TMOIeA0BaTeTbHOCTh
20y 21y 23y +evy Zny ... IpEOGPa3yeTcs B CXOAANYIOCS K€ MOC/E/10Ba-
TEJILHOCTD Wy, Wy, Woy ..., Wy, ... (eM. I, a1, 2), Jlna Toro uytobu
cxXeMa CcOXpaHsja CXOJUMOCTb, Heo6XOJUMO M JAOCTATOYHO, uTOGH!
BBINOJIHAJIUCE CJEAYIOLIHE YCJIOBHSA:
1. Jna Kaxkaoro (pMKCHPOBaHHOTO vV CYLUECTBYET
A}

lim a,, = a,.
. n—oo
2. Tlonmoxum

n . n

Z Ay = 0O p, Z ‘an”:;m

v=0 v=0
TOTJa NOCAENOBTENBHOCTh Oy, Oy, Oy, ..., Oy, ... CXOLHTCS, a4 MOC]IE-
JoBatenpHOCTb Lo, &3, oy --.y Cny ... OPpanuueHa. [O. Toeplitz,

Prace mat.-fiz., 1. 22, crp. 113—119, 1911; H. Steinhaus,
taM ke, crp. 121 —134; T. Kojima, Téhoku Math. J., 1. 12,
crp. 291 — 326, 1917; 1. Schur, J. fiir Math., . 151, ctp. 79—111,
1921.]

44. [lokaszaTb GoJiee JIerKyl0 4acTh yKa3aHHO TEOpPEeMbl: J10CTa-
TouHocth yciosuit 1, 2. [I 66, I 80.]

45. Kaxum cBofictBoM JosixeH 067alaTh PAA gt u; +u, 4. ..
e..tu,+..., yTOGH NPH YMHOMKEHHH €ro Ha JIOOOH cxopsuHiics
pan vy+v;+v,+...4+v,4... no npasuny Komm [I 34, II 23,
VIII, ra. 1, § 5] noayvawoowuiicst psia ‘

UgUo - (toUy + U1Vo) + (UgUs +- 1y Uy - UsVo) +- ..
B e I L T YT o8 /40 I S
GbLT CXOMASIIIUMCS?
46. Kaxum cpoficTBOM JomEKeH o6majaTb psA Uy Uy ..
«..tup+..., 4TOOLl NPH YMHOXKEHHH €ro Ha 060N CXOAALMAET PAL
v, +0v,4...+v,+... no npasuny Hupuxae (VIII, ra. 1, § 5)
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nosyvamowyics paj

1301 + (U0, + Uply) + oy +ugoy) +...o 4 Duwa+..
tin Fi
OblJ1 CXOASALUHMCS?
47. [nst TOro 4to6hl C MOMOLUBIO MOCTEJOBATEJLHOCTH MHOMKH-
Tenet

Yo Yo Yoo +ovs Vor - s
KaXxaui cxozmm,nncn pan ay+a,+4a,+...4a,+... npeo6paso-
BblBaJICSl B CXOAAIIUMHCA Xe psif

Yoao+\’1“1+?202+---+Ynan+--~y

HEOGXONHMO M JAOCTAaTOYHO, YTOGH Psifl

Wo‘“YlH‘Wl“'\’z|+~~-+!Yn_Yn+1'+---

OLlT CXOASIUMMCA.
48. llokasarh, uTO TeoOpeMa: «u3 CyLI.LECTBOBaHHH npesena

lim (uy4uy ...+ upytcu,)=a

n—co

BBITEKAET CYIUECTBOBaHUE INpejesa

lim (uytu,+...Ftpqd-u,)=00»

n— o
1 1
BepHa npu ¢=0 u npu iﬁc>7 H He BEpHA NpH S‘tc<—2~—, c~=0.

49. Tlycrb g, Uy, Uy, ...y Uy, ... — IPOU3BOJIbHBIE KOMILJIEKCHEIE
ugcaa. i KakuX 3HaueHH# ¢ U3 CYIECTBOBAHUS Mpejesa

lim <u __I_Cl!0+u1+---+un )
n—co \’ " n+l
BLITCKAET CYILULECTBOBaHHE NpejeJa
lim u,?

n— oo
B50. Ecau psan Hupuxie
a5+ ,25+a354...+ans4. ..
CXOAHTCS NPH S==0--iT (0, T BellecTBeHHH), rae o >0, 10
lim (1 =109 (af+at?+ast?+...+at"+...)=0. [T 92]

—1—0

§ 6. Uamenenue nopgjika Wi€HOB B KOMIUIEKCHBIX pajax

51. Pajx u3 KOMILIEKCHBIX 4YJIE€HOB, KaX/asd 4yacTb KOTOPOTO CXO-
JIHTCH, AOJIKeH cxoautbes abeostorHo. [ 125.] :

52. Ecan pan |z, |+|2z;|+... 4|2z, +... pacxoaures, To cylie-
cTByeT mo KpaliHeH Mepe OIHO HanpaBJ€HUE CrylleHUH a,
obsajaioliee TeM CBOHCTBOM, UYTO, KaKOBO Gl HH Gniio € >0, pazx
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abCOJIIOTHEIX BEJUYHMH TeX WIEHOB PANA 2yt 25+ ...+ 2, ..., KOTO-
prie pacnoJ/IokKeHnl B yrje o —e <l arg z <o &, ABJISeTCS PacxXols-
IIHMCHA.

B53. Ewm lim z,=0 u Hanpapnenue INOJIOXKHUTENbHOH BELIECT-

n—-ao
BEHHOH TIOJIYOCH SIBJSIETCS HaNpaBJeHHeM CTYINeMdst s He abco-
JIOTHO CXOJSIErocs p;ma 2,25+ 23-+..., TO U3 3TOrO NOCJEIHEro
MOXKHO BuIGpaTh PpAl 2, -+ 2.+ 2 1. .., BelleCTBEHHAs 4acTh KOTO-

pOro pacxXomHTCSl K +-CO, TOrjJa KdK MHHMast 4acTb CXORHTCA.

54. Ecau paxn z1—|~z2+z3+ . CXOHTCcs He abCoJIoTHO, TO Hal-
nexamefl nepecTaHOBKOM 4JEHOB 3TOrO PsIfia MOXHO NOMYUHTH B Kaye-
CTBE €ro CyMMbl JIOGYIO TOYKY HEKOTODOH TPAMOH B KOMIUIEKCHOH
naockoctd. [Cmeimenust AByX JOTOJIHHTEJBHBIX dacTed psiia npyr
OTHocuTeIRHO Apyra; 52, 53, I 133, I 134.]

FTITABA2
OTOBPAXXEHHA W BEKTOPHBLIE NOJIA

§ 1. Jduddepesunansusie ypasHenua Komu-Pumana

Ecau kaxkaoMy 3HAYeHHIO 2, JeXKameMy BHYTPH HeKOTOpofl
obJacTH B KOMIVIEKCHOH IWIOCKOCTH Z, NOCTABJIGHO B COOTBETCTBHE
N0 HEKOTOPOMY OTpeAe/EHHOMY 3aKOHY KOMILJIEKCHOe 3HaueHHe W,
TO w Ha3elBalOT byukuded oT z. OcofeHHO BaXHHl ABA I'eOMETpPH-
yeCKHX MpejcTaBseHHs] (GYHKOMOHANAHOH 3aBHCHMOCTH, B OJHOM
UCIIOJIB3YETCST OfHA IJIOCKOCTh, B JApyroM — ABe. Mbl MoxeMm mnped-
cTaBUTh cebGe 3Hauenue W (WJIH, €CJH 3TO ne/lecoobpasHee, &), OTIie-
CeHHOE TOYKe 2, B BHJAC BEKTOPAa, NPHJIOKEHHOTO K 3TOH TOYKE. ITUM
B obnactd B ONperessiercs BeKTOpHOE moJse. B npyrom npen-
CTaB/IEHUY 3HAUGHHE W, OTHECEHHOE TOYKe Z IVIOCKOCTH Z, PaccMaTpy-
BAaeTC KAaK TOYKa HEKOTOpOH JpYyroil KOMIIEKCHOH TIJIOCKOCTH
(nockocTy w). ITUM onpejessercss oto6paxeHue obaactu B
Ha HEKOTOPYIO YacTb ILIOCKOCTH .

Ilyete u=u(x, y) ¥ v=uv(x, y)— ABe BelleCTBeHHhIE PyHKIHH
BEIECTBEHHBIX NEPEMEHHBIX X U y. Torja w=u+-iv 6yjer ¢pyHknuel
KOMIUIEKCHOTO TIePEMEHHOr0 2=x-}-{y. 3Ty (YHKIHIO HA3HIBAIOT
anaaumuseckol B HEKOTOPOHR 06J1aCcTH, €CIK U ¥ U HENIPEPHIBHEL BMecTe
CO CBOMMH TIPBBIMH YACTHBIMH TIPOM3BOAHBIMH H YJOBJIETBOPSIOT
Ougppeperyuaroroin ypasrernusm Kouiu-Pumana

ou _dv Ou du

dx oy’ dy ox’
OTH 1Ra ypaBHEHHs OGBEIMHSIOICS B CJEAYIOLIEe:

ou . 1 9 . dw
ox A i) =g, (tiv) =z
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55. Spamorcs an aHagnTHUECKHMH (GYHKIHH
z, 22, |z, 2?

58. Haiitn anamutnyeckyio GYHKIHIO OT 2= x--iy, 06palaio-
MYIOCS B HYJb NpH z=0 H HMEOL[YIO BEIECTBEHHON YacThbiO
% (LF 2+ 42)
T 202 — 242 (k2 22

57. Ilyets a u b—(uKcHpoBaunpie uucaa, a<<b, z—Touka,
M3MEHAIIWANACA B NMOAYIVIOCKOCTH 32 >0, H - nepeMeHHHIH yrod,
NoJ, KOTODHIM BHAEH M3 TOUKH 2 OTpe30K [a, b] BelecTBeHHOH
ocH. Ha#iTi, eciau 3TO BO3MOXKHO, aHaJHTHYeCKyl dyHKIHO [(2),
HIMEIOILYIO CBOEH BelleCTBEHHOH YacThio o).

58. lNoxaszarb, uro A8 KaKA0H aHAJUTHUECKOH -QYHKUHH f (2) =

=[(x+iy)

(Gt o)1 i) =41 (et i) .

859. Ilycrs f(2) —anaautideckas ¢yHkiua ot z=x-+iy. Torna

0 | a2 : 417 (x+iy 12
(3;2 + 3};) In(14|f(x+iy)[» =T+ G+iy P

§ 2. CnenpaJbHble 3/ileMeHTapHbIE OTOOPAKEHHS

Kak wusBectno, ws auddepeniyaibubix ypaBHenuilt Komm-Pumana
BHITEKAET, 4YTO aHaJuTH4ecKas QyHKUIHA OCYLLeCTBISeT KOHPOP M-
HOe orofpazeHHe IIJIOCKOCTH 2 Ha IVIOCKOCTb @ (T. €. OTOGDaKeHHe,
COXpaHdAoUlee YIJb W HaNpaBJeHHe BpaLleHHd).

O reomerprueckoM cMeicie uddepennHaabuEX ypasuennil Kourn-
Pumana A7 BEKTOpHOTO 10Ji1 Mbl Gy/JeM TOBOPHTH BNOCJCACTBHH
(em. § 3).

60. Bsenem B npocTpaHCTBE NPAMOYTOMBHYI0 CHCTEMY KOODAHHAT
g, m, . byzrem npoekriposath Bee Touku (§, 1M, {) maposoil mosepx-
noctu E24+ 12+ %=1 (emuuuunoil chepnt) us touku (0, 0, 1) (cemep-
HOrO TIOJII0Ca 1apa) Ha NaocKocTh § =0 (3KBaTOPHA/IbHY IO TJIOCKOCTD).
Ilycte mnpoekuuu TOYEK HMelOT KoopiuHaTh (x, y, 0). Bripasutb
x-1iy uepes §, M, { u obparno &, 7, { uepes x u y (crepeorpadu-
uecKkas NpPOEKIUS).

61. (Ilpozonxenne.) Ilycre Touke P miockoctu § =0 mocpen-
CTBOM CTepeorpaguyueckoil mpoeKLHH OTHOCHTCS TOYKa P’ eauHHUYHOMN
mapoBofi noBepxHocTu. [lpu moBopoTe mapa Ha YroJa &t OKOJO OcH §
tTouka P’ 3afiMeT HOBoe noJoxeHue P”, KOTOpOMY MO cTepeorpadi-
yeckoll TpoeKIny Gyner COOTBETCTBOBAaTh HEKOTOpas ToukKa P” mio-
ckoctnt &, 7. Ilyctb xoopaunaramu P 6yayt x, y, 0, KoopauHa-
tamud P” GyayT u, v, 0. Buipasuth u 4 iv uepes x4 iy.
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BBeneM Ha NMOBEPXHOCTH €IMHHYHOroO mapa reorpadHyeckie Koop-
QvHATEL ¢ H O (WHpPOTY H JOJATOTY), NpHUYeM

—s<¢<y, —n<b<n
Kak wusBecTHO,
E=cosgpcosh, n=cosesind, {=sing.

PacemoTpum  Kpyroso#f HUM/IMHAD, Kacalouluicsa eIMHHYIHOH cdepbl
412+ =1 Bposnb s3kBaropa (6osbINOro Kpyra B miockoctH §=~0).
BpeneM Ha HeM KOOpAMHATHYIO cHcTeMy (¢, U), NepeXofdliyid npH
pasBOpaYHBAaHHH UMIMHApPA B INPAMOYrOJbHYIO JCKapTOBY, IIPHUEM
3a Hagajo (#=0, v=0) BeiGepem Touxy (1, 0, 0). 3a ocb u BO3b-
MEM BEPTHKaJbHYIO 06pasylolulylo, BhIOpAB B KayecTBEe MOJIOKHTE/b-
HOro HamnpaBJeHHs HalpaB/eHHe BBEPX; OCbl0 U GYJeT CJAyXHTb TOrAa
JMHHA, CcOBNAajaloliasg [0 pasBOpauMBaHHA [MJIHHAPA C 3KBATOPOM,
H 3HayeHHs v GYAYT U3MEHSIThCH 110 SKBATOPY B TOM K€ HalpabJe-
HHH, YTO H 3HaueHHd 6, oT — m 1o n. Iloayuwaromuecs rakum oGpa-
30M TOYKH INIOCKOCTH #, v OyAyT 3alOJNHATH TOTAA BEPTHKAJBHYIO
NoJTOCY INHPHHBI 271, CHMMETPHUHYIO OTHOCHTEJBHO OCH U.

C nomoupio npoekinun MepKaTopa IIOBEPXHOCTb €XHHHYHOIO
lapa B3aHUMHO OJHO3HAYHO H KOHGOPMHO OTOGpa3HTCA HA IHJAMHAD U,
v. Ilpu aToM TOUKE 1HAPOBOH IMOBEPXHOCTH ¢ reorpaguuecKUMH KOOp-
puHaTaMu @, 9 GyAeT cOOTBETCTBOBaTb HA HHJIHHAPE TOUKA

T

u=lntg<—gi+—4—>, v=0.

62. Ha xakue JuHHM UHJIUHAPA OTOGPAXKAIOTCSl NPU NPOEKUUH
Mepkaropa wmepuauassl M napajseny enunAM4Hod  cdepel? Ha
KaKHe JIHHHH IJIOCKOCTH OTOOPaaloTcsi OHU NIPH cTepeorpaduyecKoi
NPOEKIUU?

63. (Ilponomxenne.) Ilycrs Toyka epuHuyHON cdeprl otoGpa-
JKaeTesl ¢ INOMOLLBIO crepeorpaduyeckod NPpoeKLUHH Ha TOuky (x, y, 0)
IVIOCKOCTH M, C JAPYrod CTOPOHBI, C NOMOLIBID TNpoeKuuH Mepka-
Topa —Ha TO4KY (4, v) uuaunapa. Breipasuts x4y uepes u - iv.

64. Ilyctb z=-e¥. Kakum KpPHBBHIM IUIOCKOCTH Z COOTBETCTBYIOT
B3aUMHO TIEPNEHAUKYJspHble npsAvele Rw = const., Jw = const. mo-
CKOCTH w?

65. Ha KakHX KPHBBHIX IJIOCKOCTH Z BELIECTBEHHAs! YacThb (QYHK-
uud 2% noctosiHHa? Ha kakux nocrosiHHAa MHHMas uyacTe? O6a cemell-
CTBA KPUBBEIX 00PAa3yIOT OPTOTOHAJABHYIO CHCTEMY; IIOUeMy?

66. KaxuMm KPHBHIM IJIOCKOCTH 2 COOTBETCTBYIOT IIPH OTOGpasKe-
HHH W= Vz npsiMele Rw = const. TI0CKOCTH w? Kakum — npsamole
Jw = const.? [z—w2 ]

67. Orobpaxenue w=cosz npeoGpasyer npsamele Rz = const.
TITOCKOCTH 2z B THNEPGOMIBl HA NJIOCKOCTH W, npsiMuie Jz = const. mio-
CKOCTH Z — B 3JIJIHIICHL,
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68. HamucaTb YypaBHeHHS. KDHBBHIX IJIOCKOCTH X, Y, COOTBET-

CTBYIOUIUX NpH OTOGpAXKEHHHU
z=w+e¥ (z=x+iy; w=u-tiv)

JiHUsM U =const., cooTBercTBeHHO v=const. UTo coorBerTcTBYET
npaMeM v =0, v=gm?

69. Boiuscauth miomais 006JacTH, B KOTOPYIO mpeofpasyercs
TIpH OTOOpaKEHUH W= e KBaApaT

a—essx=<ca-te ~-—e<Cy=<e

(0 BelLleCTBEHHO, € TOJOXKHUTEJBHO H <7, z=x-}+iy). Buuucaurs
npele] OTHOLIEHMs IIIOmanedl ABYX obJsacredl, KOrjga & CTpeMHTCS
K HYyJIO. ’

Tlon auneiinsim  uckasceruesm ortofpaxkeHMs w=f(z) B TouKe 2z,
rie f(z) peryJasipHa, MOHHMAalOT OTHOLIEHHE JIMHEHHOTO 3JE€MEHTA
B TOuKe w=[(2) TJIOCKOCTH w K JuUHEHHOMY 3JI€MEHTYy B TOUKE 2
IVIOCKOCTH 2. ITo pactaxeHnde pasHo |f''(2)|. Tlox nosepxwnocmeoim
UCKAXCeHUueM TIOHHMAIOT aHAJOIHYHOE OTHOIIGHHE 3JeMEHTOB TOBepX-
uocTH. Ono pasHo |f’ (2) |2. Takum oGpasom, ayra L KpuBO# B IUIO-
cxocTH z 0ToOpaXaercsi Ha HEKOTOPYIO- AYTY B IIOCKOCTH @, JJIHHA

KOTOpOi paBHA
§IF @) dzl;
L

ofjactu F IJIOCKOCTH z=x- iy COOTBETCTBYyeT HeKOoTopas 06JAacThb
B IJIOCKOCTH @, TJIOWALh KOTOPOH paBHA

{§17 @ 2 dedy.
F

VsMenenue HampaBJeHHS JUHEHHOrO 3JeMEHTa TPH OTOGp AKEHHU

=f(2) paBro argf (). OHO HasbIBaeTCA yea0M NOBOPOMA B TOUKE Z

U OmpenejeHo B KaxIoil Touke, riae [’ (z) #=0, ¢ TOYHOCTBIO R0 uHCIa,
kpatHoro 2m. O6bIYHO HPUHUMAIOT, 4To — N << argf (z) <.

70. Ilpu orobpakeHHH W= COS2, 2=X-}iy NPAMOYTOJbHHK
0<x1<x<x2<g—, O<y<y<y,

npeoGpasyercd B3aHMHO OJHQ3HAYHO H KOH(bopMHo B HEKOTOPYIO
00/1aCTb, OTPAHHYEHHYIO AYraMH COGOKYCHBIX rUnep6osl U 3JUTHIICOR
[67]. Belupcnute miomanb 3ToH objact.

71. Tlo KakuM JIMHHSIM pacnosaraloresi TOYKH PaBHOIO THHed-
HOTO MCKaxeHus Inpu orobpaxennn w=12%? [lo KakuM — TOuKH
C OIHMHAKOBEIM YIVIOM IOBOPOTA? '

72. B xakywo o671acTb npeofpasyercsl KBajipar

—a<<x<a —a<y<a
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npu oTofpaxkeHud w=e¢’, z=x-{y? Jlo KakuX 3HAYEHUH IOJIOKH-
TEJIbHOTO BO3PACTAIOUIErO NapameTpa & COOTBETCTBHE OYAET B3aHMHO
oaHosHauHeM? I Kakoro sHaueHHsi a o6aactb OyleT HOKpHTa
POBHO n pas? -

738. PaccmoTpuM o6nacTb, B KOTOPYIO MEPEXONUT Kpyr |z|<r
Tipy orobpaxkenuu w=-e?. [lycTs r HenpeprlBHO Bo3pactaer. Toraa
Ha KaxOM Jyue argw=qo Haljgercs TOuKa, KOTopas NpH Jo0ol
BeJIMUHHE pacIIMpPSIOUErocss kKpyra GYyAeT NMOKPhIBaTbes ero ofpasoM
He MeHbIUee 4HCJIO pas, deM JobGas APyrad Todka 3Toro Jyua. [he
HaxoAMTCA 3Ta TOYKa?

Perynsapuywo ¢yHRuH0 @ = f (2) HasbBalOT 00HOAUCMHOL B HEKO-
Topolt obsacty &, ecau Kakloe 3HAUCHHE, NPHHHUMAaeMOe el B 3TOH
o6siacTH, OHa NpHHHMAET B 3TOH 06JacTH JHb OAMH pa3. Hanpu-
mep, GYHKIMA 2?2 OAHOMHCTHA B BepXHeil mosymnsockoctd 32 >0,

dyukiua 'z onHOMMCTHA B NJIOCKOCTH Z C Pa3pPe3soM BJOJb MOJO-
JKUTEJNbHOH BelllecTBEAHOH ocH, (PYHKUHA €° OAHOJUCTHA B rOpH30H-
TaJbHON TNoMoce — R <C Jz<< T, HO YyXKe HEOJHONHCTHA B JoGoft
Gosnee mHPOKoir mosoce [72], u T. 4.

Onnonuernas GyHKUHA @ = f (2) OCyHIECTB/ISICT B3AHMH O O 1HO-
3Ha4YHOE (OAHOMHCTHOE) KoHbopMHOe oToOpaxkeHue ofiactH & Ha
HEKOTOPYIO o6sacTh & miockoctd w. Ilpu stom gacro GeiBaer iesne-
coo6pa3Ho GecKOHEYHO YaJeHHYIO TOUKY, KoTopas HPH crepeorpa-
(uyecKOH NpPOEKNHMH Ha IIAPOBYI IOBEPXHOCTb CTAHOBUTCH HHYEM
reoMeTpHYeCKH He OTJIMUUMOH OT JPYrHMX TOYeK, PacCMATPUBATH Kak
OGBIKHOBEHHYIO Touky. Ecnmu dyuknus f(2) onHonucrHa B ofnactu &,
TO NpousBoiHas ee [’ (z) Bo Bcei 3TOH o6sacTU OTJHMYHA OT HYJA.
O6patnoe HeBepHO [72].

74. Oyugina w=2z>1+22-+3 OnHOJIHCTHA B OTKPHITOM Kpyre
lz|<l. - ‘

785. Oyuruug w=2? OJAHONUCTHA B BepXHeH MOJYIJIOCKOCTH
32>0 u oroGpaxaer Ty NMOCTEAHIO HAa MVIOCKOCTh W C Pa3pesoM
BLOJIb HEOTPHIlATEJbHOH BELIECTBEHHOH OCH.

76. Ilokasarb, uto ¢yukuus
—pin £—0C
w=e"_4
(a BemecTBenHo, |@| << 1) B3auMHO ONHO3HAYHO OTOOpaKaeT eNHHUU-
Hell Kpyr |z|<<1 ua camoro ceGsa. [5.] Tlo kakum smHuAM pacrmo-
JIararTcsl TOYKH MOCTOSIHHONO JIMHEHHOTO HCKaXKeHHd?

77. Eciu K — npousso/bHAasi OKPYXKHOCTb, PacroOXKeHHast
BHYTPH €IMHUYHOrO KpPYra, TO BCEIJA CYLIECTBYeT OTOGPaXKEHHE ITOro
TnocneiHero Ha camoro ceGst BHIa

—pia 2”2
w=e l—az
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(o BemecTBeHHO, |a|<<C 1), mepeBonsiniee K B OKPYXHOCTb, KOHLEH-
TPHUYECKYIO C €AUHHYHOH.

78. OrolpasuTb BepxXHIOI NOJymIockocte Jz2>0 Ha Kpyr
|w|<<1 Tak, uyto6el z=1i nepemo B w=20.

1 1 .
79. Oyuxuus w=~2—<z—§—7 SIBJISIETCS1 OJHOJIHCTHON B He3aM-

KHYTOM Kpyre |z|<<1 u oroGpamxaer mHocAelHHl Ha TJIOCKOCTb W
C pa3spe3oM BIOMb OTpesKa —1=Cw=<] BemecTBeHHoR ocH. Kaxkue
KpDHBBble TIDH 3TOM COOTBETCTBYIOT KOHUEHTPHUYECKHM OKPYKHOCTAM
|2|=r, r<<Cl, Kakue—.yuaM, BeIXOJSLIHM M3 Hauyana? Kak sener
cefa oTobpaxkeHHe Ha rpanule |z|=1 kpyra?

80. Haiitn ¢yHKIHIO, OCYLIECTBASAIONLYIO OTOOPaXKeHHe Kpyro-
Boro xoabua 0<<r;<<|z|<<r, Ha KO/bile06pasHylo 06acTh, 3aKJI0-
YaIOLLYIOCS MEXIY COQOKYCHBIMH 3JJIMIICAMK

[w—2| 4 wt2|=da, |w—2|+ ot2|=4a (1<g<a)

mmockoetd w. [Mckomas (yHKuus onpejéuasiercsi Ha OCHOBaHUH
3apaun 79 B TOM CJydae, KOTAa 3aJaHHbIE YHCHA& fy, ryy G, Iy CBA-
3aHBl COOTHOLICHUEM

al_Va;l_l __ f’z—VafE’—l

ry 10

rlle KOPHH TOJIOXUTE/bHLL. |
81. Oro6pa3uth BepXHIO MOJOBHHY €IHHHYHOro Kpyra |z|<<1,
J2>>0 Ha BepXHIOKW NOAYMIOCKOCTh [79]. B KakKux TOUKax ILJIOCKO-

CTH Zz JHHelHoe HCKaKeHHe OyleT paBHO 5! B kakux yrosn noso-

pota OyJAer paBeH —'_—fg?

82. Oro6pa3uth BEepXHIOK NOJOBMHY €1MHHYHOrO Kpyra |z|<<1,
S2>0 Ha IIOCKOCTb @, Pa3pesaHHylio BAOJb HEOTPILATENbHOH Belie-
CTBEHHOH OCcH, Tak, 4TOGbl NPH 3TOM OTOGpaxeHuH z==0 mneperuio
B w=0, 2z=1—B w=1 u z=i—B w=co. B Kakyw TOuKy
nepeiifer 2= —1?

83. [locpeictBom QyHKIHH

25
0= (¢-7z)p~2,

rne OSa<<p<<2n, yron a<<argz<<p oro6paxkaercsd Ha IUIO-
CKOCTh @, Pa3Pe3saHHYIO BJOJb HEOTPHUIATE]bHOH BCLIECTBEHHOH OCH.
84. Tlycrs 0 <<a <P << 2n. OroGpasitb KPyToBOH CEKTOD
a<<argz<<B, |z]<]

Ha elMHHYHBIH Kpyr |w|<<Tl.
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§ 3. BekTopHuie modas

ITpu u3yueHHH BEKTOPHBIX MOJEH, ONPEAENAEMBIX aHAJIHTHYECKHMH
GYHKIHAMH KOMINIEKCHOTO IIeDEeMEeHHOro, MEl BOCNOJIb3yeMesl Cclle-
IUaJbHBEIMH  0003HAYEHHAMH, HECKOJBKO OTJIHYAIOMHUMHACSH OT NPHHSA-
THX B OCTaJdbHHIX YacTX 5TOf riaspl. IlycThb

2=Xx+iy=re®

. (x, y, r, O BemectBenss!, r==0) o603HauaeT HE3aBUCHMOE TIEpEMEH-

HOE H TIYCTh )
[=I@=094+ib=0x, y)+ip ([, y)
— ananuTuyeckas GyHkuHa ot 2 (@, P BemeCTBéHHbI). IMonoxum

i =w=u—Iiv

dz =~
(4, v BeILeCTBEHHH); W =u — (v TOXKe OYyJeT aHaIuTHYecKoH (yHK-
nuel; oTaeNda B COOTHOLUCHUH

9 1 a .
W(u—w)——i—@—(u—w)
BEIleCTBEHHYI0 H MHHMYIO YacTH, Mbl NOJYYuM IJs 3To# GyHKUHH

nuddeperunanersle ypaBrerua Koutu-Pumana
ou oo ou dv

Oy Ox’ ox oy

ITycTe K KaxIOH TOYKe 2= X- iy NMPHIOKEH BEKTOp & == u-+iv
(e w!). Bce 3TH BekTOpPH 00pasylT NJOCKOE BEKTOPHOE TOIe.
310 noJsie MOKHO NpeJCTaBIATh cefe KaK yacTh MPOCTPAHCTBEH-
HOT O BEKTOPHOro TOAf, IOJY4YaloHerocst, ecjJH K KaxkJIoH TOuke
IPOCTPAHCTBA, OPTOTOHA/IBHOR NPOEKIHeH KOTOpo#i Ha MJIOCKOCTB 2
ABJsieTcs TOYKa Xx-+iy, NPUIOKHTL (NapajiesNbHBH IUVIOCKOCTH 2)
BeKTOp . @. A

ITomyuennoe BeKTopHOe mnose sBaserc Ge3BU X P eBBIM; Mep-
Boe auddepennnannHoe ypasHenue Komn-Pumana

oo ou _

9x oy
1I0Ka3plBaeT, YTO BHXPb €ro Bcloay paeeH Hymw. (/IBe ocTasbhble
KOMIIOHEHTHEl BMXPS 3/ieCb, OYEBMAHO, PaBHBl HY/10.) DTO BEKTOPHOE
noJjie, KpoMe TOro, Kak MoKaspiBaeT BTOpoe Au(xpepeHiiuajbHOE ypas-
Henue Kowmn-Pumana

ou v
o T oy =0
HMeeT JIMBEPTeHIHIO, TOX/ECTBeHHO paBHylo Hymo. (Tperbe ciarae-

MOe, BXojsimee B ofuiee BHIpAKEHUE IS QUBEPreHliHH, 30€Ch, Oye-
BHIHO, PaBHO Hy/0.) B TepMHHAX THIDPOIMHAMHKH MOXKHO CK43aTh,
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YyTO paccMaTPHBAeMOE II0J1€ COOTBETCTBYET TEYellio HecKuMaeMoH
JKHAKOCTH, NPHYEeM HET HH HCTOYHHKOB, HU CTOKOB.

85. [loxasarb, 4TO HMEIOT MECTO PaBEHCTBA

~ 9% _0p

”_ax’ oy

v
(¢ (x, y) HA3BIBAIOT NOMEHYUAAOM BEKTODHOIO TONSA, JHHHH ¢ (X, §) =
= const. — IKBUNOMEHYUANLHOIMU AUHUAML.)

Jlanee, BEINOJIHSIOTCS PaBEeHCTBA

L A
oy’ ox
(¢ (x, y) HasbBaOT Qyrkyuett moxka, JauHuM P (X, y)=const.—
AUHUAMU MOKQ MW XKE CUAOBGIMU AUHUAMU B 3aBUCHMOCTH OT (u3u-
4ecKOll HHTepIpeTanuH BeKTopa @.) :
86. Jlunuu ¢(x, y)=const. u P (x, y)=const. B3auMHO OPTO-
rOHAJIBHEL.
87. Ilokasats, 4TO ¢ (X, y) YIOBJETBOPSET YpaBHEHHIO

P9 , P _
Ox? + Oy? =0

u

(ypasrenue Jlanaaca).

88. Coenummm TOUKH 2y =X;+iy, U 2z, =X,+iy, Kpusowo L,
NpoXoAsiiel B BEKTOPHOM IOJI€; NycThb JHHEHAHEBIA 3JeMEHT dS 3TOH
KpPHBOH COCTaBJIfeT ¢ MOJNOMUTENBbHLIM HAMpPaBJAEHHeM OCH X YroJ T.
Jlokasatb, 41O

§ (ucost4usinT) ds=q (xs 43) — @ (%1, 41)s
L
T. €, KPUBOJIUHEHHBIH HHTErpasj TAaHTeHUHAJbHOH KOMIOHEHTHI BeK-
TOopa @ paBeH PasHOCTH NOTEHIHANOB (pabote).
89. Iloxasarh, 4To B 0B0O3HAUCHHAX 3ajauu 88

IS(u SinT—vcosT) ds =1 (x5, ¥) — P (%1, Y1),

T. €. KPHBOJIHHEHHBIH HHTerpas HOpMaJbHOH KOMIOHEHTH BeKTOopa @
paBeH u3MeHeHHI0 GYHKUHHM ToKa (cuioBoit motok). (IIpu mpoasuxe-
HUH BJIOJb KpPHBOH L HOpMasb cuHTaeM HanpaBjeHHOH BT PaBo:

—i(cost+isint) =sint—icosT.)

BekTopHoe noJse, MOpOXJaeMOe HEKOTOPOil aHaiuTH4ecKoH QyHK-
muelt, MOKET OBITb HCTOJKOBAaHO KaK 3JIEKTPOCTATHUECKOE TOJE, Mar-
HHTHOE TOJIE HWJIH TIOJIe TATOTeHHs; @ O3HauaeT Torja cuay noJs. Ero
MOXKHO TIPEACTaBJaATh cefe TakKe KaK NoJe CTallHOHAPHOTO 3JeK-
TPHYECKOro TOKA WJH TEIVIOBOTO IOTOKA; NPH 3TOM MOCJAEHEM HCTOJ-
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KOBaHHH BEKTOP @ O3HauaeT MajeHue MOTeHiuaska H MPOomnopLuo-
HajleH MAOTHOCTH TOK a. Hakoner, BeKTOPHOe 10/1€ MOXKHO UHTEp-
NPEeTHPOBaTh KaK O0e3BUXPEeBOE CTalllOHApHOE IoJe NMOTOKa HeCHKH-
MaeMo#l >KMIKOCTH.

90. [l1a CcBOGOIHOrO CTAallMOHAPHOLO MOTOKA HECKUMaeMON
JKHAKOCTH C TOCTOSIHHOH IJIOTHOCTBIO 0 ¥ NEpeMeHHLIM AaBJEHHEM p,
MAylIero mnapaj/enbHo IJIOCKOCTH X - iy, KaK H3BECTHO!), HMeIo1
MecTO ypaBHEHUA

ou ou 1 dp

G,  10p
LTt =0 sptvg+ 55—

ou o
0 5 *a; ?y = O .

IloxasaTb, uro ecau w=u —iv €CTb auajguTHueckKasd QydKuud, TO
KOMIIOHEHTH U, ¥ BeKTopa @ U

P:PO_%(U2+92)

(popmyaa Bepryaau) (P, TOCTOAHHO) Y 1OBAETBOPSIOT 5THM YPaBHEHUIM,
1. /18 BEKTOPHOro 1OJA, MOPOXKAAEMOro (QyHKLHEH

w— 1
=,
HAHTH HampaBjieHHe W MOAyJ/b BeKTOpa @ B Touke Z==re'%, a rakke
noTeHIHasN, GyHKIMIO TOKA, SKBUNOTEHIa]bHEIe THHHH U JHHHE TOKA.
(HacTb MHTEPECYIOLIEr0 HAC BEKTOPHOro Mo.fd, 3aK/OYalLLyocs
B KpyroBoM Koabie 0<Cr;<Clz|<Ir,, MOXHO HCTONKOBATH KakK
37IEKTPOCTATHYECKOE IOJIe MEXK1y ABYMA OOK/aAKaMH JellfieHCKol
fGaHKH WJM 2Ke Kak Ioje TemjioBOro INOTOKa B cTeHKe (abpuuHoit
TpyOBl.)

92. OGosHayuM uepe3 ¢ MOTEHUHAN U depe3 P GQYHKIHIO TOKA
BekTOpHOrO nosst 3ajaaud 91. IlycTb 2z, H 2, — NPOM3BOJbHEIE TOYKH
COOTBETCTBEHHO OKpYyKHOCTEH |z |=r, U |2|l=ry, ¢ H ¢, — 3Haue-
HusS [OTEHUHaJa B 3THX TOUKaX. Brraucaurob

P2 — ¢

(pasHOCTD MOTEHNMAJOB MEK Ty ABYMS 05K.IalKaMH JeHIeHCKOR OaHKH).

dyHkuusa Toxka ¢ 3anaun 91 oxkaspiBaercs GeCKOHEYHO MHO-
rosnaynoi. [lpociesnts u3MeHeHHe ee 3HadeHHH npu o06xoje
NPOM3BOJIBHOR TIPOCTOH 3aMKHYTOH KPHBOH L, cojepiKalleiicss MEKLY
OKDYXKHOCTSIMH |Z|=ry U |2|=r,. [lycTb 2 —HeKoTOpast ToUKa KpPH-
Boli L, v — 3Havyenune (GYHKUMH TOKAa B z Jo o0xona, |’ — 3HaueHIle
B z mocje OJHOro of6xona KpuBoil L. Brlunciutb

P =
1) Cm., Hanpumep, Riemann-Weber, Die partiellen Differentialglei-

chungen der mathematischen Physik, 6-e usa., t. 2, § 164, ctp. 416. Brauu-
schweig, Fr. Vieweg, 1919.
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(cn10BOJ TOTOK, TMepexoisuinit ¢ oxHOH oOKMaAKH Jel1eHCKOH GaHKH
Ha JApyryw). Boluncantb, Kpome TOrO,
1 ’
V=%
P2— ¢
(eMKOCTb LIHJIHHAPHYECKHX O0KJ/Ia0K Ha eIHHHLY ATHHE ofpasyrouedt).
B38. OrBeTuTh Ha TE Xe BOINPOCH, 4TO H B 3aftade 91, 1ss Bek-
TOPHOTO 110JI51, ONPEJEJIAEMOro (GyHKIHeH
W= — -
2
(cTanuoHapHOe MarHHTHOE CHJOBOE 1[oJe, NMOPOXKIEHHOe GECKOHEYHO
IPOTSKEHHBIM [P AMOJHHEHHBIM [POBOJHHKOM 3JIEKTPHYECKOrO TOKa,
Tep eHAHKYJISPHBIM K IUIOCKOCTH Z). Byllyt s B sTOM noJse nore-
nuan ¢ 0 GyHKOMA TOKa VP OAHO3HAYHBIMH (YHKLHAMH?

94. J/lpa GecKOHEYHO NPOTMKEHHBIX TPAMOJHHEHHRIX TIPOBOA-
HHKA 3JeKTPUYECKOr0 TOKa pPacloJiokKeHbl NePNeHAHKyAApPHO K IJIO-
CKOCTH 2 W TIepeceKaloT ee COOTBETCTBEHHO B TOYKAX z=—1 u
z=1. Uepe3 HHX NPOXOAHUT TOK OAHHAKOBOH CHJBI, HO B NPOTHBO-
TONOXKHBEIX HanpaBieHuax. OnpelennTb SKBUIOTEHIHaJbHBE JHHHH
H JHHUH TOKa B MOPOXKIAeMOM STHMH IIPOBOZHHKAaMH MAarHUTHOM IIOJI€.

95. Uepes n npsaMOTHHEHHBIX NPOBOAHHKOB, NEpEHIUKYJ/ISPHBIX
K IUJIOCKOCTH 2 B IEPeceKalowlHX €e B TOYKAX 2y, Zg, ..., Zp, IPO-
XOAHT B OJHOM H TOM X e HanpaB/leHUH ToK. Ilokasars, 4yTo B INIO-
CKOCTH 2z CYLIECTBYeT camoe Go.jbluee 7 — 1 TOYeK, B KOTOPHIX Mar-
HHTHaf CHJA paBHa HYJIO (TOYKH pPaBHOBECHS); OHH COAepKaTcs
B HaWMEHbIeM BBEINYKJOM MOJHTOHE, OXBATHIBAIOLIEM TOUKH 25, 2, - ..

.» 2. [Tlocsiesinee yTBepKIEHHE CTAHET OYEBMAHBIM C TOUKH 3pe-
HUSl MEXaHHKH, ecJy TMOBEpPHYThb Bce BeKTopwl moag Ha 90°. Cp. coor-
HOILEHHe MexAy 3agadamd 91 u 93.]

B8, Ilycte naHel 1Ba COMOKYCHBIX 3a1unca ¢ ¢OKycamMH B TOY-
Kax 2=—2 U z=2 1 MOJyOCAMH COOTBETCTECHHO 2a,, 2b, u 2a,, 2b,,
aj—bi=a;—bj=1.

ITocrpourh B 3aKJI04aIoLIeica MeX1y ITHMH 3JJIHICAMH 0BJACTH TaKoe
6e3BlIXpeBOe BEKTOpHOE MOoJe ¢ HyJeBofi jauBepreHuuei, 9robbl yKa-
3aHHBle /ITHMICH CAYKIJH AN HEro IKBHIIOTEHIHAJbUBIMH JHHHAMH,
{DaexkrpocTaTHyeckoe T0Je B KOHJEHCaTrope, HMEIOmeM B KauyecTse
06K/1a/l0K KOH(OKAJbHEIE JJIHNTHYeCKHe UHAHIIpPH.) Kakyio dopmy
6yLyT UMeTb 3IKBUIIOTEHIHaJbHble JHHUH U JHHHEH TOKa? Onpeneaurtb
eMKocTh  [92]. [Oro6pasuTb uHTEPECYIOU[YIO HAC KOJLLEOSPAa3HyIo
o6/acTb Ha KPYroBoe KOJBLO MeXAY JAByMS KOHHIEHTPIHYECKHMH
okpyxHoctaMH. Cm. 80 u 91.]

7. Ilyctp O<<a<<h, a<<Pp<<od-2n. Ykasarp B oBaacTH,
OIIpeNie/IAeMOll HepaBeHCTBaMH

a=sjz|=<b, a=cargz=|B,
B T. Ilonua, T. Cere, u. 1
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Takoe 0esBHXpeBOe BEKTODHOE MOJe, He HMeloulee HCTOYHUKOB H CTO-
KOB, A5 KOTOPOFO FPaHUYHbBIE KPYrOBhle AYTU CJAYXKHAU OBl JHHUAMH
TOKa, a MNpPAMOJHHEHbIE OTPe3KH — SKBUIOTEHUHANbHBIMK JIHHHSAMH,
(DnexTpuuecKHii TOK B MJAACTHHKE MOCTOSTHHOHM TOJLIHMHEL )

Ilycte ¢, u ¢, OyiyT 3HadeHuAa QYHKUIH TOKA HA OKDPYHKHOCTHX
|z|=a u |z|=b, a ¢, U @, —3HaUCHHUS NOTelllHa/a Ila Jyd4ax
argz=a 0 argz=_[. Bouucauthb

QP2— P

Py —Yy
(comporuB/iieH®e, € TOYHOCTHIO A0 MHOMHTENSA, 3aBHCSIETO OT TOM-
IHHBL ¥ YJAEJBbHOTO CONPOTHBJIEHUS IJIACTHHKU).

B Gojee TpyAHBIX 3adayax DEKOMEHIYETCS paccMaTpHBATb TPH
(BO3MOKHO Take YeThIPe) MJIOCKOCTH: MJOCKOCTh Z {[JIOCKOCTE MOTOKA),
MJIOCKOCTh @ (IJIOCKOCTh CKOPOCTEll) H MJIOCKOCTE [ (MIOCKOCTE MOTEH-
uuajna) (BO3MOXKHO, €lle IUIOCKOCTh w@). HanmeHoBaHHUS B CKOGKax
CBf3aHBl € TCHAPOJHMHAMHYECKHMH mnpefcTaBjJeHusiMH. Tak Kak f =
=q@-+ip H w,v:u——ivzgéi ABJSIOTCA AHAJUTHUECKUMH (DyHKIUIMU
KOMIIJIEKCHOTO NepPeMeHHOro z=x--iy, TO MNJO0CKOCTH 2, @ H [ OTO-
OpaxaloTcs OfHAa Ha ApYIyio KOH(OPMHO; 4TO KacaeTcs MJIOCKOCTH @,
TO Ha Hee 3TH MJIOCKOCTH OTOOpa)kaloTCs € COXPaHEHWEM YIVIOB,
OAHAKO C H3MEHEeHHeM HampaBJeHMA BpaueHuda. B dacTHoCTH, IIIO-
CKOCTb @ TOJyYaeTcsl H3 IWIOCKOCTH W [IOCPEICTBOM 3€PKaJbHOrO
OTPaXKeHHS OTHOCHTEJbHO BeLIeCTBEHHOH OCH. JKBHIIOTEHHUAJTbHBIM
JMHHAM H JHHUSAM TOKa B IIIOCKOCTH TOTOKa (TJIOCKOCTH Z) COOT-
BETCTBYIOT Ha MJOCKOCTH TOTEHNHaJa (IJIOCKOCTH f) mpfAMble, mapad-
JesqbHble OcAM. JIBYM TPOU3BOJIBHBIM BELIECTBEHHBIM ITOCTOSHHBIM,
colepKauiuMcss B @ H 1, COOTBETCTBYeT MapaJ/JesbHOe CMelleHue
niockocry f.

98. Ykasath Ge3BHXPEBOe MOJIE C HYJIeBOH AMBEpreHuueii, 3anosn-
HAIOIee BCe NPOCTPAHCTBO BHE eIMHHYHOTrO Kpyra {|z|==1) u rakoe,
yTO @ AJAS z2=00 paBHO EIHHHIE, a HA €TUHUYHOH OKp yIKHOCTH
HanpasJeHo no KacarenbHo# K Hefl. (OGTekaHue XHIKOCTBIO KPYro-
BOTO LMWJIHHAPA; Ha JOCTaTOYHOM pAaCCTOSHHH OT IHJAHHAPA MNOTOK
paBHoMepeH.) [M3 coobpaxkeHuil cHMMETpuH ofe 4acTy BellleCTBEHHOM
OCH, cojepKauiyecs B BEKTOPHOM NoJe, A0KHbl OBITh JIHHHSIMH TOKA.
lopusoHTa/IpHAH KOMIOHEHTA BEKTOPAa W HAlpaBJeHa BCIONY CJeBa
nanpabo. Halitu oroSpaxenne mojd NOTOKAa Ha ToJe TOTEHIHaJa!]

99. B xaxkux TOYKaX BEKTOPHOrO NMOasi 3alaud 98 BEKTOD CKO-
poctH @ oOpaumaercs B HyJb? (Kpurudeckie TOYkH.) B cKOMBbKHX
pasIHYHBIX TOYKAX INOJS BEKTOD @ INPUHHMAET PaBHblE 3HAYEHHS?
Ine naBsenne p MHHUMAZbHO M TAe MaKcumanbxo? [90.] Kakora
pe3yJbTHpyoLasl BceX AaBneHHH, OKasLiBaeMblX Ha NuadHIP? Kaxoi
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GH3uYecKuil CMBIC/I WMeeT BEKTOPHOE IOJe, IOJYYEHHOe NOBOPOTOM
BCEX BEKTOPOB Hallero moJss Ha 90°?

100. Ha puc. 1 u3ofpaxeHbl KOHTYPBl BEKTOPHOrO MOJIs, OMpe-
JEJEHHOTO CJIEAVIOMIHME VCJIOBHSIMH: O€3BHXPeBOe I0Jie ¢ HYJeBOM
nuBepreHuuefl pacnpocTpaHsercss Ha BCIO BEPXHIOIO NOJYMJIOCKOCTb
1 4acTh HYKHEH CUMMETPUYHO OTHOCHTEJNBHO MHHMOH OCH. 11 2= co

@=—1i, aaa z==0 @=0. MsgecTHnl cJjenyo- 0= co
[ige JIMHHY TOKAa: NOJIOXUTENbHAs MHHMas OChb |
I OTPesKH BellecTBeHHOH ocu 0T 2 =0 10 z=/ ¢”

|

u or z=0 5o z=—1[ (ua pucynke CA, AB

1 AD); cooTBeTcTByloLIHE HAMPABJICHUS BEKTO- Do) 5

pa @ ykasauel crpeqakamu. [IycTb, Kpone TOTO, pi

JBe OCTAIOMINeCH €lle YACTH KOHTYPAa — KPUBBIe,

Hucrnafamowe or z=1! u or z=—1, (ua pu-

cyHKe OT B uor D) HEeckojbko B CTOPOHY H J o )’
KPYTO BHU3 JO GECKOHEYHOCTH, — SBJASIOTCH Ofl- /70/751;1;?770/«0
HOBDEMEHHO JIHHUSIMU TOKA M JMHHMSIMH [OCTO- (r2nvenacrms z)
SIHCTBA CKOpOCTeH (T. €. BLOJb HUX BEKTOPHI @ Prc. 1.

HalpaB/leHb MO KacaTelbHbIM H | @ | NOCTOSH-
H0). Haueprurhb cxemy oroOpaxeHusl 3TOrO MO
Ha miockocTsX @ ¥ f. (O6pasoBaHue HEMOABIKHOH BOJb 10344 ULUTO-
00pa3Horo MpensITCTBHS, MOCTAB/JICHHOTO MePHeHJAHKYJSIPHO K HalPaB-
JeHHio noroka. Orpesok oT z=-—1{ 10 z==-+ ! npeicrapjser WUT; B
IIEHTPe ero HaXoAHuTcd KpurHueckad Touka z==0. B HesaropomenHo#
YaCTH IM0JI€ MBICJUTCH PABHOMEDHLIM C ITOCTOSTHHBIM BEKTOPOM IO-
ToKa — . B HenonBmxHOH Boje JaBjeHue IOCTOSIHHO; BCJAEICTBHE
(dopmy/el Bepryanu [90] orciona caeayer, YTO Ha JIMHMAX TOKa,
OTJeJSI0UIMX HeMOABHIKHYIO BOAY OT JABHXKYyueficd, | @ | = const.)

101. (IIponomxenuve.) Boipasuth @ Kax QyHKIHIO OT [ u onpe-
JenuTh OTCloa 2 Kak QyHruuio or f [82]. Onpeneqnts wHPHHY
HeNoJBHKHOH BOAR Ha JOCTATOYHOM YJaJCHHH.

102. (Ilpogosmxenne.) Beiuugaute ofiuiee JAaBJA€HHE HA LIHT,
npeinojarasi, 4to IIoTHOCTH p=1. [90.]

FTABA 3
FEOMETPHYECKOE TNOBEJAEHHE ®YHKIIHU

§ 1. OrtoGpaxeHue OKPYKHOCTH.
Kpusu3ua u onopHbie (pyHKUUH

108. IIycrb rouka 2z mBuKeTCA ¢ MOCTOSIHHON YIJIOBOH CKOPO-
CTBIO 1 MO OKPYXKHOCTH |2;{=r. BBIUMC/IHTD BeJIHUYMHY U HampabJe-
liHe BEKTOpa CKOPOCTH ABHXKYLIETOCH BMecTe ¢ z ee ofpasa w = f(2)
B MJIOCKOCTH .

D*
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104. PaccvorpiM oToSpaxelie OKPYKHOCTH |zl==r Ha mnJo-
CKOCTb @, oOcylecTBAsieMoe dyukuuell w=f(z). Kak Benmuxo pac-
CTOAHHME KacareJbHOH B TOUKE W, COOTBETCTBYIOLICH Touke 2, OT
TOUKH w =07

165. Touka 2z mBmerca ¢ MOCTOAHHCH yraoBofl ckopocThbio 1
0 OKPYXKHOCTH |z |=r. KKaKora yrioBasi CKOpOCTh BEKTOPA, COELH-
HAIOIEro Touky @ ==0 IJIOCKOCTY @ C ABHKYLIEICH BMECTE C 2 TOY-
KOH w={f(2)?

106. Oro0paxenne OKPYXKHOCTH |z|=r Ha ILIOCKOCTH W, OCY-
mecrBasgeMoe (yHkuuel w=f(2), umeer B TOUKE W = [ (2) KPHUBU3HY

F @
()
P 12f @
[CroauTCs X onpefeneHHIO YIJIOBOH CKOPOCTH BPaLIeH sl KacaTe bHOH. |

107. (Ilponomxentie.) 3HaK KPUBH3HL! 3aBHCHT OT T0TO, GYAET JH
HexKoTopas (MKCHpOBAaHHAsl, He Jexaulasl Ha KPUBOH ToUka (CKaxKeM,
w==0) ocTaBaTbCcs COpaBa MJAM CJ1€Ba, € BHIAYKAON HJAH ¢ DBOrHyTOIl
CTOPOHBI TPAEKTOPHH TOUKH w == [ (7) [103]. Kaxoea nmeHno sra 3aBu-
camocTh? [PaccMorpers npumep w==2"-}-a, rae 1 BeUleCTBEHHOe,
@ KOMILJeKcHoe, |

108. Touka w=f(z) 3anauu 103 omuchiBaeT MPOCTYI0 3aMKHY-
TYIO KDHBYIO B IIOJOXHMTEJNbHOM HalpaBJeHuH. ITa KpuBafd GYIeT
TOTAa W TONBKO TOT/a BCIOAY BBINYKJOMH, Korga AJIf |z2|=r

( M) —
R e )= L. |

109. Ilpocrass 3aMKHyTasi KpuBas HaswlBaeTcs 38¢30006pa3HoLL
OTHOCHUTEJNBHO HEKOTOPOH TOUKH, Jexauiei B oOTrpaHHdYuBaeMmoii eio
06/1aCTH, €CAM KaX<IBiM JYyYOM, BBIXOASILHM U3 3TOH TOUKH, KPHBas
NepecekaeTcsi TOJNBKO OJHH pa3 (MHBIMH CJIOBaMH, €CJu BCE TOYKH
KPHBOH «BHAHBY W3 YKa3aHHON TOUYKH).

ITycTe OKpyHOCTE |z |==r oTOGpazaercs ¢ MOMOILbIO (DYHKUHH
w==f(2) Ha HEXKOTOPYIO IPOCTYI0 3aMKHYTYIO KPUBYIO, OGXOIUMYIO
B noJouTenpHOM Hanpasiennu [103]. IlokasaTtb, 4To 37a KpuHBas
Oyler TOTAa H TOJbKO TOIAa 3Be3/006pa3HOl OTHOCHTENBHO TOUKH
w=0, ecmu npu |z|=r

S @\
® {2 ) >0

110. O6paz OKPYXHOCTH |z|=r npu OTOGpaNKEHUH W ==f(2)
TOrJa M TOJBKO TOT[a BbINYKJBIH, Korjaa ee o6pa3 Npu OTOGPaKeHHH
w=2f" (2) 3Be31005pa3eH OTHOCHTEJBHO TOUKH @ =0,

111. Touku, OTHOCHTE/JBHO KOTOPLIX HEKOTODasi 3aMKHYTasl KDH-
Bas 3Be3foo6pasHa, OOpasyloT BHIIYKJOE MHOMKECTBO. 3ITa YHCTO
reoMerpayeckasi TeopeMa MoOxeT OblTbh J0KaszdHa AJaS aHAJHTHYECKIIX
KDHBBIX Ha OCHOBaHHH Teopemul 109.
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Ilycte B miockoeTn w=1-{v jaHa orpaHdyeHHas BbLITyK.Jas
obsacts K. Torna BuipaxeHue

ucos @4 vsin ¢ =R (Te'¥)

14 KeXI0ro ¢UKCHPOBAHHOIO ¢ uMeeT B ofgactH §& HEKOTOpLIH
onpefeneHinl MakcumyM, A (). Oyukuua k(@) — nepuoanueckas,
¢ TIepHOIOM 2I7T; ee Ha3HBAOT onopHol dynkyued cbnactn &. Ilpamyio

ucosptovsing—/i(p) =0

Ha3BIBAT OHOPHOL npamoil obtactn {; HampaBieHHE ee HOPMajH
B CTOPOHY OT & coCTaBiAeT ¢ TMOJMOXKHUTEJIbHBIM HANpaBJACHHEM OCH 4
Kak pa3 yron ¢. Eciu & — GeckoHeuno npoTskenHas o6JacTb, TO
Halle OnpeaeJeHHe COXpaHgeTcs ¢ TOH MNONpPaBKOH, YTO KOHEUHbLH
MakKCHMYM /A () CyulecTByeT JHIUb B HEKOTOPOM YIJIE C PACTBOPOM
=< n. Ciyd4au NMONYMJIOCKOCTH H TOJOCH, OTPAHHMYEHHOH Mapansenb-
HBIMM TIPAMBIMH, COCTABJAIT HCKJOUeHHe. Torla CYIIeCTBYET TOJaLKO
OJlHa, COOTBETCTBEHHO /[BE OINOPHHE NpsIMBIE.

112, Ounpenenuts onopHyo QyHKUHIO BHAYKIOH ofnactd, cocrosi-
el M3 e1HHCTBEHHOH TOYKH a==|ale™™.

113. Ilycts dyuxkuna w=7(z) B3aHMHO OJHO3HAYHO OTOGpANKAET
KpYyr |z|=<r Ha BuNykJAywo objacts . [lycts, Kpome TOTO, B rpa-
HHUYHOfl TOuKe 2, |zi=r, dyHkuus f(z) peryaspua u f (2)=0.
Torna uepez TpaHHYHYIO TOUKY w==f(2z) oGmacti & NPOXOAHT OAHA
BNOJIHE ONpEAEJEHHAsl OmopHas mnpamas (kacarenbHad). Belpasnuts
COOTBETCTBYIOLLIIE 3HAueHUS ¢ U A (¢) uepes f(2).

114. Kpyr lzi<Il orofpaxkaerca ¢ mnoMouibio (GYHKIHH ©@ =
=1In(l42) Ha HEKOTOPYI0O HEOTPaHHYEHHYI0 BHINYK/JYIO 06JacTh,

cofiepzkallyiocs B nosoce — -5 1< Jw < 5 ® miockoctn w. Ee onop-
o o o b1 4 T
HOfl dyHKuUHeH \OTIpeeIeH Ol MHIE A8 — A2f<(pé——2~) Oyner
h(¢)=cos ¢-In(2cos )+ ¢sine.
115. Kpyr |z|<1 oro6paxkaercs ¢ nomoupio QyHKUHH ©@ =
= -~ arcsin iz Ha HEKOTOPYIO OTPAHHYEHHYIO ABYYTOJBHYIO BBEIMYK-

JYI0 06J1aCTh, COZEPKAULYIOCT B TOJOCE — IT < JW << 5T IJIOCKOCTH W.
Ee omopucii gyHkuuel asasgercs

[ cosgIn(} cos2¢+ V2 cos ¢ +2sin paresin (/2 sin )
h(g) = npu 0<<¢g

b

=7
(:rtSin(p npu %écpég,
ho+m)=h(—¢)=h(9).
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116. Ecn we ™ =2, 10 Kpyr |z|==1 oro6paxkaercd Ha HeKo-
TOPYIO OrpaHHYEHHYIO BBINYKJYIO 0GJIACTh ¢ OJHOH BepHIHHOM, conep-
XKawyloca B nosaymimockoctH Rw=1. Ee onopHo#l QyHKI#EH mpH

7T 4 7m
— L =0= % CAYRUT A (@)= COS ¢; TpH 7 <9 <-4 omopHas
(GyHKUHS MOKeT OblTh 3a7aHa B NapaMeTPHUYECKOM Bije

h(g)e (1—w),

rie w npoGeraetr rpaHuyHsle TOUKH, T. e, |we “*1|=1,

§ 2. CpexHue 3HAueHHs] BJOJb OKPYKHOCTH

117, Ilycrs z=¢?, Torna

= {0, ecn k=41,

L T .
9“§Z2d 1, ccmu k=1

&, 1=0,1,92 ..).

Gyurunu 1, 2z, 2%, 23, ... o6pasyior, KaK roBOpAT, OPTOTOHAJbLHYIO
CHCTEMY Ha eIHHHYHOR OKPYXKHOCTH.

118. Tlycrs ¢ynkuus f(2) perynsipua B kpyre |z|<cr. Ilox
apudmernyeckum cpennum [l11 48] ¢yHkunu f(2) Ha OKpyXHOCTH
|z|=r noHUMAIOT

21

o | FUe0) a0 = lim 1O+ o)+ (o)t 4T (r0n 7Y

n—co n

2m
rie o,=e" . Jlokasarb, 4rO

5 | Fre®) 0 =£(0).
0

Hnaue rosopsi, AoKas3aTh, 4YTO €CJH aHAJUTHYECKasi (YHKUUSA
peryifapHa B KaxJo#l TOYKe HEKOTOpOoro Kpyra (BKJodasi H ero
IrpaHuily), TO 3HaueHue ee B IEHTPE KPyra paBHO apu(PMETHUECKOMY
CPelHeMy ee 3HA4eHHH HA rpaHHLE.

119, Ilycrs f(2) perynsipHa u OTJHYHA OT HYJsl B Kpyre |z|
=< r. Ilokasath, uYTO reomerpuHyeckoe cpeaHee MOAyAA -|f (2)
OKPYXHOCTH |2 |=7r ecTb

2|
l

5

. 2n
5 S in |7 (ref®) | a9

e 0 11m 1/|f(r (ron) f(rod)...f(rop= 1) =17 (0)

[©yukuusa Inf(z) perynspHa B Kpyre |z{=<r.]



OTZIEJT TPETHF, TJIABA 3, § 2 135

120. Ilycrs [ (2) peryasipHa B Kpyre |2|=< 7 ¥ OTJIMYHA OT HYJs
B Touke z=0. Ilycrb, nanee, uyau f(z), nexauyie B Kpyre |z|=Ir,
6yaYT 2y, Zg, ..., Zn, TPHUEM KpAaTHBIE HYJH CUHTAIOTCSI COOTBETCT-
BEHHO UX KpartHocTd. [lokasaTh, YTO reoMeTpuueckKoe cpeiHee MOLYJs
\f (2)| HAaOKpyxKHOCTU |2 |=r naercsi (opmyJIoil
2n

:Tln S Inl(ref%) | a0

0 =1 .~
€ _‘f(0)||2122...2,,\'

[/ @=(z—2)(@—2)...(2—24,) [* (2), npuuem [* (2) B kpyre [2]<7
peryJ/sipHa W OTJHYHA OT HYyJA.|

121. B npepnonoxkeHusix 3afauu 120 reomMeTpuuecKoe cpenHee
voaynsa | f(z)| B kpyre |z|=<r

. r2n
FS S In | (pe'®) | pap a0
g(r)=e 00
BCEr/la MEHbIIE, 4YeM FeOMETPHUYECKOe cpejHee
on
% S ln}f(reiﬂ)ld”&
®()=c 0

Moryns |f(z)| Ha OKpyXKHOCTH |z|=r. HMMmenno
n z 2412, 124 ...+ z, 02
g(r)—_§<1_’l\ ‘2\,”‘2 1 )
@) .
122. Ilycrs dyHRUHA

f@)=a,+az+a,22+...Fa2"+...
perymnapHa B Kpyre |z|=<r. Ilokaszars, uro apudmeruyeckoe cpel-

Hee XBaapaTa MoAyJa |f(z)[? HA OKPYXKHOCTH |z |=r YAOBJETBOPSET
COOTHOLLIEHHIO

21
1 o ,
g7 | 1FUe) Pad =], P+]a PPt a2 A @
Y]
123. Ilycrb Qyskuus
f@)=atazta®+... 42 +...
perynsapua B Kpyre |z|=< I, Ilokasatb, uTO yaCTHYHBIE CYMMEI
Sp (@) =aytazta2*+.. . +a2r (n=0,1,2,..)
CTeNEeHHOTO pAAa QYHKuHH f(2) 06Jajal0T CJAELYIOWUM CBOCTBOM

MHHHMaJbHOCTH: HHTErpas
21

37 § 110 — P (@) a0,




136 3AIAUHU

rie P (z) moxer ObTb JOCbIM HOJHHOMOM #n-H cTeneHH, ToT/a H
TOJIBKO TOTA@ NPHHUMAET MUHHMaJbHOE 3HaueHHe, KoTaa P (2) =s, (2).
310 MHHHMaJbHOE 3HAUYEHHE DPABHO

| Gnia B[ @pae P4 @pas [P

§ 3. OroGpaxkenne kpyra. [liomans o6aacru,
nojiy4yaemMod npH oTo3pakeHHH

124. Tycts bysruns
[(R)=a,+a2+a2?4... 4+ a2t ...

peryisipHa B Kpyre |z:==r. Toraa orofpaxeHue w==f(z) npeofpa-
3yeT Kpyr |2|=<r B HEKOTOPyl0 00JacTb IJOCKOCTH W, MNpHUEM
OTAEMbHBEIE YacTH 3TOH OGJacTH CYMTAIOTCA CTOJMBKO pas, CKOJBKO
pa3 NPHHHMAOTC B KPYyre |z|{=Ir COOTBETCTBYIOLIMHE 3HAUEHHS wW.
lNorasars, yTO maowWaAb yKazaHHOH 06JacTH paBHa

n(la Prr+2laPrr+3 a4 nja, B,

(dTa msomans aJAUTHBHO COCTaBjJeHa M3 TUIOmajeidl obgaacred, Ha
KOTOpBEIe OTOoOpaxkaercss KPYr |z|<Ir C [OMOLLBIO OTHEJbHHIX CJa-
raemMblx w==a,2?, n==0,1, 2, ..)

125. Ilycrs dyHRuuA

w=f@)= Z a2t =...+a 2z a a4
n=—cx vt a 2t o tazd a4

peryisipHa B KPYroBoM KoJbie r<C|z|<<R. Torma miowaip oGaa-
CTH, Ha KOTOPYIO OTOGpa)kaercst 5TO KOJbilo, PaBHa

[eo)
a3 nla,f (R — ),

n=-~c

(MHOTOKPaTHO TNOKPBITHIE YaCcTH CUHTAIOTCS COOTBETCTBYIOUIEE HHCJIO
pas.)
i28. Ilycre ¢yHKuHA

CP(Z)=CZ+CO+‘%+%+~-+'§Ln+~" (e 0)

PEry/IsipHA M OJHOJHCTHA BO BHelHedl KpyroBoil ofsactd |z |==r.
[Ipu orobpakenuy w = ¢ (2) HEKOTOPasl BNOJIHE ONpPee/ieHHas o0nacTb
NJ0CKOCTH w ocraercsa HenoxpbiToli. IlokasaTn, uto ee mnJsoumaib
paBHa

ley 2 2|e ] 3ies*
T h e ced)s

nllepr—
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127. Ilycts dyHKnus

w=[(2) = Z 2 = Az Ay
T -'+a-»1z‘1+ao+a12+...+a,,z”+...

peryJasipHa Ha OKDPYXKHOCTH |Z|=r W B DPa3JuuHBIX e€e TOYKax He
NpHHHAMAET OAUHAKOBHEIX 3HaueHHH. [1oKaszaTh, 4TO MJoUialk 06JACTH,
OrpaHyYnBaeMoll KpHBOH L, HAa KOTOPYIO OTOOpaKaeTcsl 3Ta OKPyX-
HOCTb, paBHA

o]
n D) nla, P
N=—0cd
Ilpu sToM nomwane cuuTaeTcs NOJOMKHUTENLHOR HJIH OTPHLATENBHOH,
CMOTPSl 10 ToMy, OyJAerT JH Touka = (2) NpU MOJOKHTEJLHOM
06X0Jle OKPYZKHOCTH |z |=r 06XOAUTb BHYTPEHHIOW 06/1aCTb KPHBOH L
B MOJOMKHTENbHOM WJH K€ OTPHLATE/bHOM HAaNpaBJeHHH.
128. Ilycts [(2) peryaspua B Kpyre |2|<<r u J (p) obo3Ha-
yaeT IJOWanb O0JACTH, B KOTOPYIO NEPEXOAHT KPYI |2z |<Ip INpH
otobpaxkeHun w=f(2) (0=<p=<r). Toraa

r 21

4 S L0 gp— S [ (rei®) [P d® — 2z | (0) 2.

129. Ilycrs pynkuus
w=g@=czt6+ 5+ g bt

peryJ/isipHa BO BHEIUHEH KpYroBoH o6JacTH |Z|==r u orofpaxaer ee
B3aHMHO OJHO3HAYHO Ha 3aMKHYTYI0O BHEHIHIOIO 00JaCTb HEKOTOPOil
kpuBoii L miockoctH w. [llpeicraBum cefe, 94TO Ha OKPYMKHOCTH
JlAaHO DAaBHOMEPHOE paclpefesieHHe Maccel, a Ha KpuBOA L
IJOCKOCTH @ Macca pachupefeneHa Tak, 4To AyraM OKPYXKHOCTH
|zi=r u KpuBoii L, cBfI3aHHbIM OTOGpamKeHHEM W = ¢ (2), COOTBET-
CTBYIOT OJHHAKOBble Maccel. OmnpejiesieHHoe TakuM o6pa3oM Ha KpH-
Bol L pacnpeliesieHHe Macc MMEET HEKOTOPHIH ONpe/esieHHBIA LEHTD
TsKecTd § (KOHGODMHBIH 1eHTp TsKecTH KpuBodl L). Ilokasats, uro

E=¢,.

§ 4. NMosepxuocrb Mopyas. TlpuHuun makcumyma
ITycre dynkuus f(z) =u--iv peryjspHa B HEKOTOpoit obaacty B

IOCKOCTH Z=x-tiy. OTJ0KHUM OT KakKiod TOUKH 2z objactd B mo
HanpaBJieHHIO BBePX, MNepPNEeHJHKYJIAPHO K IJIOCKOCTH Z, OTPE30K

JJHHOH
E=If@)P=u’+%
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IMonyuaromasgcsa TakuM o6pasoM NOBEPXHOCTL MPENCTaB/seT KBalpar
MoayJist GYHKURY f (2). Mbl 6ylieM Ha3bIBaTh ee NOBEPXHOCMbIO MOOYAS;
Hencen HasbiBaeT 3Ty MOBEPXHOCTb «aHAJHTHYECKHM JlaHAIIadToM»
[Jensen, Acta Math., 1. 36, ctp. 195, 1912].

1830. OGrem Tena, OrpaHHUYEHHOrO CHH3Y Kpyrom |z|<r,
c60KYy — BOCCTABJIEHHEIM HA Mepudepud 3T0ro Kpyra nmpaMbIM Kpyro-
BHIM [HMJIHHAPOM U CBEPXY — MOBEPXHOCTBIO MOAYJs (PYHKIHH

f@)=a+az+ad+.. . +az"4...,

paseH

nrz(la"l‘z—l—‘algﬂ—l—]azlr-l— _l"?—tlrn_l—'”)'

131. Ilycrs y— yroa Mexny KacaTenbHOH IJIOCKOCTBIO K ToBepX-
HOCTH MOAyJISl H IUIOCKOCTBIO X, y. Torna

132. ToukH NOBEPXHOCTH MOAYJSA, B KOTOPHIX KacarejbHasl
IVIOCKOCTL TOPH30HTAJbHA, paclajaloTcs Ha JBa pasJIMYHBIX BHAA
(«MBI» ¥ <«CENJIOBMHBI). Ecau KacaTenbHOH mNJIOCKOCTBIO CJYXKHT
IJIOCKOCTb X, 4, TO Ha HeH JeXaT JIHIIb H30JUPOBAHHBIC TOYKH
noeepxHocTH. Ecnu ke KacaresabHasi INIOCKOCTb OTJMYHA OT ILIO-
CKOCTH X, Y, TO OHa IepeceKaeT MOBEPXHOCTb BJOJb HEKOTOPOH KpH-
BOH (JMWMHHH YPOBHSA), cocrosiell u3 2n BerBell, n ==2, BEIXOAAIIHX
U3 paccMaTpuBaeMoH TOYKM M oGpasylomux Mexay coboii paBHble
yrapl. DTHMH 2n BeTBSIMH OTHAEJNAIOICH 27 yrjooGpasHblx oGJactei
Ha TOBEPXHOCTH MOAYJA, KOTOPHIE JIekKaT IONEPEMEHHO BBIIIIE U HIDKE
KacaTesnbHOH MOCKOCTH. (Bee «AMBI» JIeXXaT Ha IJIOCKOCTH X, Y, BCE
«CeJIJIOBUHB!Y — BBIILIE, HA Pa3/HUYHBIX YPOBHAX.)

183. Jluuus nepeceueHdsi TNOBEPXHOCTH MOAyJs TOJHHOMA,
UMEIONIEro JUUb BEILECTBEHHBIE HYJH, C [IOCKOCTBIO, TepIeHHKY-
JAPHON K OCH X, BBINYKJa CHH3y, NpPHYEM HAWHH3IIad ee TOYKa
JIEKUT B IIJIOCKOCTH X, L.

184. Ilycts f(2) perynsipHa B Kpyre |z—z)|<<r © M o6o3Ha-
yaer MakKCHMyM MoOLyasi |f(z)| Ha OKpyXHoCTH |z —z,|=r. Toraa

|f (20) [ <M

Ilpu sToM paBeHCTBO HocTHraercst JIMWb B TOM Cjyudae, Korja f(2)
TNOCTOSIHHA.

185. Ilycre f(z) peryasipHa ¥ OIHO3HAUHA B HEKOTOPOH 3aMK-
Hytoif ofaacty B u M osHayaeT MAKCHUMYM moayns f(z) Ha rpa-
auue B. Torza BHyTpE B

|f

ecnu  ToMbKO f(2) He ecTb mnocrosHHAaA. ([Ipunyun maxcumyma,
M. 1. 6.)
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136. C kakuM CBOHCTBOM NOBEPXHOCTH MOAYJISI CBSI3aH I1PHUHIIUI
MakKcumMyma?

137, Ilycts B muiockocTH 3aaHO f DUKCHPOBAHHBIX TOYEK Py,
Py, ..., P, u P—nmepeMeHHasg Touka 3Toif IockocTd. IlokasaTs,
4yTo (HYHKUUST TOYKH P

PP,. PP, ... PP,,

rae PP, — paccrosnue MexAy Toukamu P u Py, B KaXIOH 3aMKHY-
TOH 06JAaCTH IJIOCKOCTH NPHHHMAeT CBOe MaKCHMaJbHOe 3HaueHHe
Ha rpaHHie 06JacTH.

138. Ilycts f(z) perynsapHa M ONHO3HAYHAa B HEKOTOPOH 3aMK-
HyToH ofJjactu B u omiuyHa B Hel ot Hyas. Ecnu f(2) He ectb
MOCTOAHHaA, TO |f(z)| MOXKeT NPUHHUMaTb MUHHMaJbHOE 3HAYeHHe
TOJbKO Ha rpanuie ofiactu B.

139. Ilycrs ¢ukcHpoBaHHmie ToukM Py, P,, ..., P, Jexar
BHYTPH Kpyra pajuyca R H mepeMeHHasi Touka P mpoGeraer nepu-
teputo storo kpyra. Torza

V'Bp, . PP, ... PP,

(reomeTpuueckoe cpeimee £ paccTosiHuii PP,) HMEET MAaKCHMYM,
Gonbliuit R, H MUHUMyM, MeHblUii R. EnuHCTBEHHOE HCKJIFOYEHHE
npeAcTaBasieT caydal, Korda Bce Touku Py, P,, ..., P, coBmajzawor
C LEHTPOM Kpyra.

140. ([Ipogomxenne.) i MakcuMyMa apHQMETHYECKOTO Cpej-
HEro

PP, +PP;+...+ PP,
n

n paccrosinuit PP, yrBepxeHue 3ajaud 139 cmpapeisyBo, OfHAKO
JJ1sT MHHHUMyMa OHO HECIIPaBeJIUBO.
141. (Ilponomkenue.) 11 MHHHUMyMa FapMOHHUYECKOTO CpPeIHEro

n

1 1 1
ey — —I—...—I———:
PP, ' PP, PP,

n paccrosHufi PP, yTeepxjJenue 3ajauu 139 cmpaBensiHBo, OJHAKO
JJIST MaxcHUMyMa OHO HeClIpaBejJIHBO.

142. BuyTtpu o6snacTd, OrpaHHYEHHON NPOCTOH 3aMKHYTOH JHHHEH
ypoBHA (T. €. JIMHYEH, Ha BceM NPOTHKEHHH KOTopoit |f (2) | == const.)
H coiepxameHcsa BMecTe ¢ rpaHuiledl B 06J1aCTH peryJspHOCTH (PyHK-
uMd f(2), JEKHT mo KpafiHed Mepe OJHH HYJb 3TOH GYHKUHH, eC/aH
TOJBKO f (2) He ecTb NOCTOSTHHAS.

143. Ilycte B miocKocTd 3aiaHo 7 (GUKCHPOBAHHBIX TOYEK Pj,
Py, ..., P, v P—nepeMeHHasi TOYKa 3TOH [JIOCKOCTH. ['eoMerpH-
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YecKoe MECTO TeX TOdYeK, I/l KOTOphLIX MpOW3BEAEHHE PACCTOSHUM
PP,.PP, ... PP, =const.,

HasbIBAIOT «1eMHHcCKaTol ¢ n dokycamu». (OGHIKHOBEHHAA JIeMHHCKATa
coorBercTBYeT caydaio n=2, cMm. 4.) Ilokasarh, uTo JeMHHCKaTa
¢ n QokycamMH He MOXKeT COCTOATbL GOJiblleé ueM H3 72 OTJeJbHHIX
3aMKHYTHIX KPHBHIX.

144. Ilycts dynkuus f(z) peryaspua B Kpyre |z |<< r. OGosHa-
YHM gepe3 2z, Ty TOUKY OKPYKHOCTH 3TOTO Kpyra, B KOTOPOil MOAYJb

byuruue f(2) AocTHraer cBOEro Makcumyma. Toraa 2, fg“)) Belie-
0
CTBEHHO H NoJloXuTeasHo, [103, 132.]

TJIABA 4
MHTETPAJI KOWH. NPHHLUMN APTYMEHTA

§ 1. Udrerpan Kown

145. Ilycm
i 2yt 2
w=e", zy=aw, (=",
v=1, 2, ..., n; 2,=2,, a ¢uxcuposano, a =0,

Bruncuth cymmy

21—

—2 23— 2 Zn—2p-1
O + Ca + {s ++ &

dz
KOTOpasi NMpH n—~ 00 CTPEMHTCA K HHTerpaly <§~z-, B35ITOMY BJOJIb

OKDYXKHOCTH |2|=]a].

48. Ilycts k—uenoe wucsio, omiHuHoe or —1, W L — npocras
3aMKHYyTas HeNpepbiBHAs KPHBad KOHEUHOH JJHHBI, He MPOXOAdAulas
yepes Touky z=0 npu k=< —2; nycTb, KPOME TOIO, 25, 23y +++ s Zn-1,
2, — NOCJIEAOBATE/ILHO pacnoJIoKeHHble ToYKH KpuBo# L. Paccmatpu-
Basi uuTerpan §z*dz xak npegen cymm BHia

L

21: (21 —20)+ 2: (2a—2))+...+ Zrl: (2n—2n-1) (zo=24)
[IT 1, II 2], nokasaTe, uTo OH paBeH HYJIO.
147. BuiuscauTh HHTErpan

dz
lf2a?
B3ATHIHA DO - 3/JIMIICY

z=x+iy, #—xy+y+x+y=0.
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148. Ilpu x>0

xdd n
Asin?d T oY T

e K|

149. [loxasare dopmyay

om -
S (1+2cos®)rcosn® .o 2n (1-—r——V1—2r—‘3r2 ~
I—r—2rcosd TVT=2r 32\ 2r2 4

0
—4<r<%,n=Q1,Z”.

150. Bruscauts KpuBonuHeHHBIH HHTErpas
(—x2—y)ydx+ (1432143 x dy
14252 — 242+ (x2+ y)?
B3ATHI Mo 3mtuncy c dokycamu (0, —1) u (0, +1).
181. Ilpn 0 <<Rs << 1

o s
{xsleisdy=T(s)e 2.
0

152, Ilpu n> 1

o gm0 5),

xn

0

183. Ipu pu >0, O<a<—g, n=0,1, 2, ...

(e8]

, . . . 1
S e—* cosagin (x*sina) x"dx=»l~I‘(n+l)s1n(n+ )e
5 S u

PaccMoTpeTh, B YACTHOCTH, ciIyuall o == pf.
154. Iiokasarp, yro mpu p>0, x>0 (4 DOCTOSHHO, X mHepe-

ME€HHO)

+ 0
lim xv+1 S e cosxtdt=T (u4 l)sin%.
X =0 ¢

185. [lycts a> 0. HUnrerpan

a4 ico
eas

1
J (@) =57 S o ds,

a—iw

pacmpocTpaHeHHkIH N0 MapaJnesbHoi MHUMOH ocH npsMoll s=a+-if,
—oo<<t<C+ 00, aGCOMOTHO CXOAMTCA /JIf BCEX BeUIECTBEHHHIX
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snauenuil «. Iloxkasartb, uTo

J 0, econ o <20,
o) =
@) o, ecau o =0,
156. OGosnauynm uepes u (f) Maxcumanbﬁmﬁ wieH pajga
1+”+2,+ + + [11]
IlycTh 2z — eAHHCTBEHHEIH MONOXKHTENLHEI KOpeHb ypaBHEHHS
A—z—e?=0,

re A>1. Toraa
[e ]
S b (f) e din 1
0

1
tnto—tju |
l—lgooe< 2 ) Sm%du——{ 1, ecmu n<t<<n+-1,
7 u

0, eciu t<<n wau {>n-t1.

— o
187. Hoaunomer Jlewandpa P, (x) MOTYT GHITh ONpeleseHnl Kak
K03(hdULHEHTH pasnox&emm

1 x) Pl (%) P2 x) P, (x)
T, ta tm Tt e VI
BriBecTH oTCIOAa qbopmy/zy ./Ian/zaca (VI 86)
1
_1 F_1) &
Prt) =z | eV F=T) g

" gopmyry Hupuxsre-Merepa

9 4 (:OS</1+%)"‘ 2 ¢ Sin<’1+%)f
m@mm=;§ﬁﬁﬁfﬁﬁ“=zSWﬁﬁﬁﬁﬁm
O<d<n)

(KBa%}aTbee KOpHH l'IOJ'IO}KPITeJIbeI).
] HyCTb @—HOJIYHOJIOC&, BLIJIEJIEHHAsT HepaBeHCTBaMH

Re>0, —n<Iz <<,

W L —ee rpaHuma, cocTosuas H3 Tpex IpSAMOJHHEHHLIX uacTed.
Hurerpan

27

P
L.Sgejdg:E(z)
L

(rie HampaB/A€HHe TNyTH HHTETPHPOBAHHA TakoBo, u4to & ocraercs
cnpaBa) onpefenser Hexoropyw dyHKuuio E (2) ¥ NPUTOM JHLIb
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B TOUKaX, Jexamux Baeso oT L. Iloxasars, uro E (z) — nenas ¢yHxk-
IHs, OPUHUMAIOWIAf /IS BeLIECTBEHHLIX Z BelleCTBEHHLIE 3HAUYeHHs.
189. (Ilponomxenne.) ITokasatb, uro
1 &
oni e db=1.
L

160. (Ilporomxenue.) Jlokasatbh orpaHuueHHOCTb (PYHKIHH

1
22 <E (2) + —;)
BHe & H dyHKUHH 1
22 (E () —e” + 7)
BHyTpH .
161. Ionoxum
2z
2@—1E—2)...(z—n) = fa (2)

IlTokasaTb, uTO
& fa()dz
lim —2=2 =
nowo & ifa(2)0]dz]

|zt=2n

.

Tle KOHTypol OGXOAATCS B NOJNOXHTeNbHOM Hampasiesud. [I1 217.]
162. Ilycth f(2) peryJsipHa B Kpyre |z|<Zr W OTJHYHA OT HYJA
Ha ero rpasque 1z\ r. Torja Makcuma/bHOE 3HAUYEHME, NpPUHHMAae-

ff(( ))> Ha OKPYKHOCTH | 2| =r, OyJIeT He MeHbLUe

upcaa Hysaell ¢gyuxuuu f(2) BHYTPH Kpyra |z |<<r.

163. Ilycts 2, 2,, ..., 2,— DPOU3BO/MbHLIE He paBHBE JpPYyr
JIPYTYy KOMIIEKCHBIE YHcia H L — npocras 3aMKHyTas HelnpephiBHAS
KpuBas, IpHYEM TOYKH 2y, 2y, ..., 2, COLEPMKATCsS BHYTPH O6JACTH,
orpanuuenHof srtoit kpusoi. IlycTh, xpoMe Toro, dynkuus f(z) pe-
ryAspHa BUHYTPH yKasagno#l ofnacty ¥ #a L. Jlonoxkus o (2) =
=(z2—2) (z—2)...(z—2,), NOKa3arb, 4YTO HHTErpal

Moe BhipaxkeHHeM R \z

_ 1 RiQod—0@E
PO=mVon 1= &

npejcTaB/seT TOT OJHO3HAYHO onpejeseHHBIH nosgutom (n— 1)-# cre-
NeHH, KOTOPHH B TOYKax 2y, 2, ..., 2, COBMaAaer c f(z).

164. Ilycro cpyﬂxuym [ (z) — ananuTHYeCKas] Ha OTpe3Ke a=<

={z=<b BeliecTBeHHOH OCH M TIPpHHHMaET HA HeM BelleCTBEeHHLIE 3Ha-
uenus. IlycTs, nanee, L — HeKoropast mpocrasi 3saMKHYTasi HElIPephIB-
Hasi KpHBas, cojepxalias BHYTpH oO6JacTH, OrpaHHyYHBAeMOH elo,
OTpe3oK @ =<z=b, npuyem B 3ToH obsactu [ (2) perynsphna. Iloka-
3aTb, YTO, KaxOBbl Obl HH OBLIM TOUKH 2y, 23, ..., 2, OTPE3KA a==
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<< z<C b, Beer/ia Hajiiercs Takasl TOUKa 2, a=<gZy=<b, urO
4 4
f(2) dz=§7 @ 4,
i

p (2—2)(2—2)...(2—2p) (z — 2"

168. Ilycrs nenas dynkuua F(z) yaoBreTBopsieT Bo Beedl mio-
CKOCTH 2= X} [y HepaBeHCTBY
|F (x4 ig) | < Cerlvl,

rae C u p— nojoxurenbHele HocTosiHHbe, Toraa

+ _ E)
4oy y Pt ()
dz\sinpz; s(pz—nm)?z
n=—
Ilpuwmep. F(z)=cospz.
166. Ilycrt seuetdHas uenas ¢yHxuus G(2) yIOBJAETBOPSIET BO
BC€il IVIOCKOCTH 2z =X iy HEPaBEHCTBY

|G (x+iy) [ < Cerlvl,
rne C ¥ p — nomoxurenbusie nocrosinune. Toraa

Ay

© (1) L S
Al
[+ ) ap—p22 *

Gla)

2pz cos pz

n=20

Tipumep. G(2)=sinpz,
167. Ilycte ¢dyHKuuA f(2) peryaspra B Kpyre |z|<<1. Iloka-
3aTh, 4TO

1
Sf(x)dx:-%% <§ f(2) In 2 de = 5 § F@(nz—in)dz,

0 lz|=1 |z|=1
1

Sxkf(x)dx: ! 1 <§ #f(de (k>—1, k=£0, 1, 2, ..).
0

ik |
lz|=1

3lecb HMHTETPUPOBaHHE MO X NPOU3BOAUTCA MO MPSAMOJHHEHHOMY
oTpesky, coefiunswiomemy O u 1, a uuTerpupoBasHe 1O z —B I[0JO-
JKUTENIBHOM HanpaB/ieHEH BJOJb eJHHHYHOH OKPYKHOCTH, HayHHasch
B Touke z=1 ¢ Toil BeTBH In z, COOTBETCTBEHHO z*, Ha KOTOPOIi No-
JIOXKHUTE/JILHBIM 2 COOTBETCTBYIOT BellecTBeHHbE, COOTBETCTBEHHO NOJO0-
JKUTEJNbHBIE, 3HaYeHHus 3THX (PYHKLUH.

168. Ilycts ¢yukuus f(z), perynspHas B €IMHHYHOM Kpyre
|z|=<< 1, noguuHeHa ycJa0BHIO
21
§ 17 €®]dd=1.

0
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[Tycts, Kpome toro, k> —1. Toraa

1
1 [~2~, ecan k LeJioe,

{ x#F (x) dx

0

= 1
STein ]’ ecau k HelleJoe.

169. Ilycts o > —2. KBagparuuias ¢opMa GeCKOHEUHOTO uHC/Ia
BeUIECTBEHHBIX MepeMEeHHbBIX xl, xz, X3y ve-

2 2 Kj)::—a

orpaHuHYeHa, T. €, CyLLLeCTByET TaKasi nocrosiuHas M, He 3aBu-

csamass OT 11, 4TO 1 n

x;nxu
2 Y i <M
A=1 },L———I
ecJu TIepeMeHHble Xy, Xp, ..., X, IONUHHEHH YCJIOBHIO X;--Xx3-1...
A xm=1, n=1, 2, 3, ... Ilpu sTOM AN UEJBIX 0. MOXKHO B3STb
T
|sinam|
170. Ilycrs oyukunn f,(2), f» (2), v [n(2), ... perynspu
B ofiiacTH ® u B Kaxkioh conepmameuca B Heil OrpaHuYeHHOH 3aMK-
HyTOH 06J1aCcTH paBHOMEPHO CXOAATCS K GYHKUHHU f(2). Toraa f(2)
perynaspHa Bo Bcell oGaactu (.
171. Ilyctv B Hekoropoit ofmactu & mimockocTH 2= x--iy 3a-
JlaHa HenpepwiBHAasg KoMmmyiekKcHas GyHKuHA [(2) =u(x, y)+iv(x, y)
BELIECTBEHHBIX TIepeMeHHHX X W Y. IlycTb, KpOME TOro, H3BECTHO,

UYTO HHTErpasn (s>f (2) dz

B3ATLIH MO MmoGOH OKpYMKHOCTH, colepxkareiica B (B, paBeH Hy.0.
Torpa f(z) npexcraBnsieT cofOH aHAMUTHYECKYIO (DYHKIHIO OT KOM-
IJIEKCHOT'O TNEepPEeMEHHOTO z, PeryasapHyio Bo Bcell obnactu (. [Bui-
YHCUTH H3MEHeHHe JBOHHOTO WHTETpaja

Fa= ({ fe+etmdzdn
<
IpH BapbUPOBAHHH BELIECTBEHHO, COOTBETCTBEHHO MHHMOH, YacTH 2.]

M=m, a Ans HeleJblX & MOXHO B3aTb M=

§ 2. dopmyas [lyaccona u Hencena

172. Ilycrs dyukuusa f(z) peryJspHa B OTKPHITOM kpyTe [ 2| << 1,
orpaHHyeHa B 3aMKHYTOM Kpyre |z|=<! H, 3a HCK/oyeHHeM, ObITb
MOXKeT, KOHEYHOro 4uC/Ia ToueK, HenpepnlBHa. Toraa

n
5 | (e db=F (0).
0

(O60o6uense TeopeMn 118.)
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178. Ilycrs ¢yHkuus f(2) peryaspua B Kpyre |z|<<R. Torxa
nMeeT MecTo opmyra Iyaccona

2n
g . R—p
Fret) =5 LR e 4@ O<r<R).
; |

174. Ilycrp dyukuua f(2) perynspHa U orpaHuyeHa B [OJY-
mnockoetd Rz=0. Toraa npu x>0

-+ oo
Flti) = | Fom darctglZ2.

175. Ilycre dyuxuus f(z), mepomopdHas B Kpyre |z| =<1, pe-
TyAspHa M OTJHUHA OT HYJAsl B LEHTPE H Ha OKPYKHOCTH 3TOrO
kpyra. Ilyctb, Jajee, oHa HMeeT B 3TOM KpPYyre HYJH 4y, Gy, ..., Op
U HoawocH by, by, ..., b, (TAe HYJb WM NOMOC r-d KPATHOCTH BbI-
nucan r pasj. Torpa umeer mecro (ﬁopMy/za Hewncerna

e R e I
1

12{E
=ﬁ\1n]f(ef")|dﬁ.

0

[Oxoso Bcex nynelt u nomocoB dyHKUUH f (2), HAXOASLIHXCA B KPyre
|2|<<1, Kak OKOMO UEHTPOB, ONHUCHIBAIOTCA OKPYKHOCTH pajauyca €
CTOJIb MaJsoro, YTOOLl 5TH OKD YXKHOCTH
HE IepeceKasHch HH MeXAy co6oil, Hu
¢ OKPYXHOCTBIO |z|=1. OTH OKpyXK-
HOCTH COEJHHSIOTCA C OKPY2KHOCTBIO
|z|=1 He mnepeceKarOUUMHCT MKy
co0oii MyTAMH (HAOpHUMep, paiHycaMH
€IUHHYHOTO Kpyra, ecau apryMeHTHl
BceX HyJell H TOJMIOCOB pas3/uHYHEL
puc. 2). Ilocne ypajenuss 43 kpyra
|z| << 1 Bcex e-KPYXKKOB H COEAHHH-
TEeNBHBIX MyTeHl oOcTaercsl OAHOCBS3HAsS
o6aactb B,. HyxXHo B3ATb TOrAa HHTe-

rpan S%de BJCJL TPaHHIBl 3TOH

Pue. 2. 06JacTd B TNOJOXHTEeJBbHOM HamnpasJe-

HHH.|
176. Ilycte dynxuus f(z), MepomopdHasi B kpyre |z |=<<R, pe-
ryJspHa M OTJMYHA OT HYJsA Ha ero rpamuue, a BHYTPH HEro MMeer
HYJAH @y, Gy ..., Gm B TOMOCH by, by, ..., b, (Tle HyJ b UM DOJHOC
r-it KpaTHOCTH Bhinucad r pas). ITokasaTe, 4ro eciu Touka z=re'?,
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r<<R, He siBAsfeTCS HU HYJEM, HH MOMOCOM GYHKIHH f(2), TO
-3,
RE—r2

2n
1
=T§ nlf(Ree)lRZ—Qchos(@ 4) +re

— bz
_.z)R

In|f z)‘+2 In|,

do.

177. Iycts dyukuus f (2) MmepomopdHa B nosymiockoetd Rz =0,
Ha TpaHUle ee perysaipHa H OTJAWYHAa OT HYJA, a BHYTPH uMeer
HYJAH @y, Qs, ..., 4y U HOMOCH by, by, ..., b, (THe HYJb WJIH IIO-
Joc r-fi KpaTHOCTH BhiUcaH r pas). [IokasaTb, uTO eca f(z2) pery-
JspHa B GeCKOHEYHOCTHM U, KpPOMe TOTO, peryJasipHa H OTJNHYHa OT
HYJSl B TOuKe z=x-+iy, x>0, 1o Torja
. 24Dy
2 In
v=1

Z—bv

1n|f(Z)\+2 In|’

1
b4

-}-co
S In [F (im) | darctg =¥ .

YkasanHasi QopMyJa cnpaBejiHBa W IIpH MEHEe CHJBHBIX TNpe-
TIOJIOKEHHAX O noBelleHuH [ (2) B GeCKOHEYHOCTH.
178. Ilycre dyuruus f(z) B obaactu

B: r<l|z|<R, ~F<arge<+y

perynﬂpHa, Ha rpaHyue OTJiYHa oT HyJIﬂ, a BHyTpH 06JIaCTPI HMeeT
HYHH
’ i
aI’ az, ooy O, au.:rue Hy ”’:17 27

IMonoxum In|f (pe'®) |=U (p, ). TlokasaTe, uTO

+__
(ri—;e_:)cos‘l}u RS U(R, ¢ cos® dd+
r<m<r Y : s
+§%§(b%‘k%>[“< S+ U(o = 3)]de+x Ry

3necs GyHkuua ¥ (R) npu R — co ocraeTcs orpanuueHHof, r # [ (z)
1 d
MBICASTCA  [TOCTOSTHHEIMH. [Bsmb HHTErpan §lnf(z) <Z2 + R2> i

BJOJb KOHTYDa, aHaJOTHYHOIO yKasaHHOMYy B 3ajaue 175.
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§ 3. llpuHuun aprymenta

179. [oxkasatb Teopemy 25, Hccaelys H3MeHeHHe, TipeTepneBae-
vV
moe arctg ~(%), KOTJa X mpoferaerT BeLIECTBEHHYI0 OCb OT — 0O JIO

-}- oo,

ITycrs Ha IVIocKOCTH z 3ajaHa 3aMKHyTasi OPHEHTHPOBaHHAsA He-
npepriBHasg KpHBas, He npoxoasmas uepes Touky z=10. Koraa z,
HauuHas ¢ KakoH-IHOO NPOU3BOJNBHONH TOYKH KDPUBOH, OOGXOAHT BCIO
KPUBYIO B 3aJaHHOM HampaBJ/eHHWH H BO3BpallaeTcd K HCXOLHOMY
NyHKTY, TO TNPH 3TOM apryMeHT TOYKH Z, HeNPepBIBHO H3MEHSACH,
npeTepreBaeT B pe3yJbTaTe U3MEHeHHe Ha YHCJO, KpaTHoe 2m, T. €.
Ha yucsao 2nm. Llenoe 4uclo n Ha3BIBAOT 4UCAOM 00x0008 KPHBOH.

180. Kaxapiit nyq, uexoasmuit u3 touku z =0, npu o6xoie TOY-
KOIf 2z ykasaHHOH KpUBOH nepecekaeTcs MO MeHbiIeHd Mepe |n| pas.

B umwxkecnenywomux 3agavax (181—194) nox L nonumaercs 1npo-
cTasg 3aMKHyTas HempepblBHas KpuBas, Nox B-— orpaHduuedHass TOH
KpUBOH 3aMKHyTas 06/1acThb.

Hycry dyukuua f(2) perynapua B B, 3a HCKJIOYeHHeM, GHITDH
MOZKET, KOHEYHOro 4YHc/ia NOJIOCOB, a Ha L KOHeuHa H OTJIHYHA OT
Hyasa. Korja z ofxomutr KpuByi L B NoJOXHTeJbHOM HanpaBJeHHH,
TO TOUKa @ = f(2) omucbiBaeT HEKOTOPYIO 3aMKHYTYIO HeNpepLIBHYIO
KpuByto, Ee uncjio o6xoloB paBHO uyucay Hyxaed ¢yHkuuH f (2) B 06-
JIaCTH B, yMEHbIIeHHOMY Ha HHCAO NoJocoB. [[Ipunyun apaymenma,
em. Hurwitz—Courant, crp. 84, 102 %).]

Teopema ocraeTcsi crpaBejJIUBOH H B TOM ciaydae, Koraa (pyHK-
s f(2) Ha rpaHuyHOil KpHEOfl L TOJBKO HelpepblBHA U OTJHYHA
OT HYJA.

181. Ilyere dyHkuum @ (2) u Y (2) peryaspuel B obmactu B, 3a
HCeKJtodeHHeM, OBITb MOXKeT, KOHEYHOro 4Hc/ja NOJICoB, a Ha rpa-
HUYHOH KpHBOH L 3TOH ofJacTH KOHEWHH H OTJIMYHBEI OT HYyJad. Ilo-
Kasarb, 4TO YHCJAO OOXOJOB KpHBOH, B KOTOpyIO nepexoaut L npH
oTo6paxeHud @ = f(z) = (z) P {(z), paBHO cyMMe 4yHces] OGXOJIOB KpH-
BbIX, NOJy4aeMbiX NpH OTOOpaMeHWAX W= (2) U w =1 (2) B OT-
JeJLHOCTH.

182. [loxasarb npuHUMD apryMeHTta s NOJHHOMA.

183. l3 npuHuuna aprymeHTa BhITEKaeT: ec/d ¢ (2) B o6snacTd B
peryJsipHa W OTJHYHA OT HYJfA, TO YHCJAO OGXOJNOB KPHBOH, OITHCHI-
BaeMoil TodYkoH ¢ (z), Korja z mpoberaer KpUByW L, OrpaHHuHBat0-

*yTypenun, crp. 117 u 144, Typeuu—Kypawur, crp, 92 n 110,
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myio 3Ty o6/acTb, PABHO HYJIO, T. €., HHHIMH CJIOBAMH, apryMeHT
GhYHKIHH @ (2) ABJAAETCS OJHO3HAYHOH (yHKuueH# Ha Kpusoi L. Bnl-
BeCTH, 06paTHO, oOMYIO (PODMYJHPOBKY NPHHUKNA aPTYMEHTA H3 3TOTO
yacTHOTO clydas.

184. BeuectBeHHbI TPHTOHOMETPHUECKHH TIOMHHOM @, cOS md
+bnsinm® 4-ap cos(m 1) § 4 by sin(m4-1)84-.. . 4-a,cosnd® 4
4-b,sinn® obnagaer MUHHMYM 2m H MakCHMyM 21 HyJISIMH B HHTED-
pase 0=<< & << 2n. [PaccMoTpeThb

P (2) = (@n—1ibn) 2™+ (amsy — ibpmiq) 2™+ .- (@, — i0,) 27.]
185. TpuronomerpuuecKuil NOJHHOM
ay -+, cos & +a,cos 20 -...4-a, cos ni,

rie 0<a,<<a;<<ap<<...<<a, umeeTr B wuHTepBaje 0= << 2n
2n BelleCTBEHHBIX OTVIHYHBIX APYT OT Jpyra HyJeH. [22.] (Cnenopa-
TeJIbHO, HMEeT TOJbKO BemecTBeHHoie nyau: VI 14))

180. Ilycro ¢ymxuus f(2) mepomopdua BHYTpH ofiactn B u
peryJsipHa Ha ee rpanuyHoit KpuBoit L. Ecmu |a| npeBocxoaut
MakcuMyM Moaydast |f(z)| #a KpuBod L, To BHYTPH 06./1acTH, OrpaHH-
ugBaeMOH L, f(2) HMeeT pPOBHO CTOJBKO Xe a-TodeK (T. e. TOouex,
B KOTOPHIX f(2)=a), CKOJBKO MOJIOCOB.

- 187. Pysxuus
w_:eﬂz__e—ﬂz
B moJyInoJioce

1 1
Rr>0, —5<Iz<y

NpUHHMAeT Kax[oe 3HayeHHe W C TIOJOXHTEJIbHOH BellecTBEHHOH
JacTbio OJHH U TOJBKO OAHH pas. '

188. Ilycrs f(z) peryJsipHa B Kpyre |z|<<r U B pasaHYHEIX
TOYKax KOHTYpa |z|=r DPHHHMaeT pas/inuyuble 3HaueHusd. Toraa
KpHBasi, B KOTOPYIO NeEPEXOAUT OKPYXKHOCTb |z |=r npu oToGpaxe-
HHM © =f (2), OGXOAHTCA B TOM K€ HaNpaBJEHHH, UTO H 3Ta OKPYX-
HOCTb, U OyHKUMA f(2) OIHOANCTHA BO BceM Kpyre |z|<<Cr.

2 X2

189. Bce nyaun uenolt QyHKUHH Se 2dx, 3a HCK/IOYEHHEM

0
togukH z=0, copepxkarca B obaactu R (22) < 0. [Cnupase Kopuio.
Cm., nanpumep, P. Drude, Lehrbuch der Optik, 2-e usz., crp. 180,
Jlefinuur, S. Hirzel, 1906.]

190. Ilycte dyHkuus f(2) B kpyroBoM Koable r<<|z|<<R
OlIHO3HAYHA, peryJjspHa H «BLITYCKAaeT» HEKOTOPOe olpeeneHHoe
3nauenue a [T. e. He TPUHHUMAET 3TOro 3HayeHus]|. Torja Bce MpocTHe
3aMKHYTHlE HeNpepbiBHbBIE KPHBHE IIOCKOCTH 2, LEJUKOM CoJlepxa-
myecs B YKa3aHHOM KDYrOBOM KOJIbLE M OXBaTbBAlOUIHE OKpYX-
HOCTb |2|=r, TNEpPexolaT NpH OTOOPaXKeHHH w =f(2) —a B KpPUBHE
IJIOCKOCTH @ € OJHHUM U Te€M e YUCJIoM 06XOJ0B.
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191. Ilycrs f (2) peryaspHa B o6aacti B H NOCTOSHHA 1O MOLYJHO
Ha rpanuunofi kpusoit L. IlokasaTb, uro npn ofxojle TOUYKOH 2
KpUBOH [ aprymesT f(z) usMeHsercs MoHoTonHo. (OTcioja BhITEKaer
HOBOE [I0Ka3aTesJbCTBO Teopembl 142.)

192. B npennonoxenusx 3afnauu 191 dyukuusa f (2) umeer B ofna-
CTH, OrpaHuueHHoOd KpuBOH L, OAHUM HyxeMm Gosbine, ueM [’ (2).
(Ytounenue Teopembl 142.) 3ToMy (aKTy MONKHO 1aTh cJELYHOLLYIO
reoMeTPHUYECKYIO HHTEepIpeTallHio; UHCJAO «SM», 3aKJ/IOUEHHBIX BHYTPH
NPOCTOH 3aMKHYTOH JHHHH YPOBHS NIOBEPXHOCTH MOJYJif, Ha €NHHHLY
TIPEBHILIALT YHCJIO «CENJIOBHHY.

193. Ecan obyukuus [(z2) peryasipua B ofmacta B, a [ (2)
B 3TOH ofsactu He ofpauiaercd B HYJb, TO w = f(z) OTHIOAbL He 064-
3aTesNbHO TIOPOXKAAeT OAHOMHMCTHOE oToGpaxeHue obmactu B [72].
Onsako ecau |f(g)| Ha rpanuue o6Gjacti B NOCTOSHHO, TO B 3TOH
obnactu ¢yukuua f(z) ofHOJUCTHA.

§ 4. Teopema Py

194. Ilycrs dyskuua f(2) U @ (2) peryaspusl BHyTpH obnactd B
W' HelpepuIBHEI Ha I'paHHuHoll KpuBo# L. Ilycrb, kpoMe Toro, Ha KpH-
Boil L BoimoJHeHo HepaBeHCTBO |f(2)|>!¢ (2)|. Torna ¢yHKUHSA
f(@2)+ ¢ (2) umeer BHYTPH o06sacTH B CTONBKO ke HYJeH, CKOIBKO
U f(2).
195. IlokasaTb, uro ypaBHEHHE

zeh-f=1,

rle A BelleCTBEHHO W GoJiblie eIHHHIBI, UMEeT B €IHHHYHOM Kpyre

|z| << | oauH enMHCTBEHHBIH KOpeHb. DTOT KOPeHb fIBJSETCS BEIIeCT-
BeHHBLIM H IOJIOXKHTE/NbHBIM.
196. Ypapuenue

A—z—e2=0,
rlie A BelleCTBeHHO U GoJblle eHHHLbI, HMeeT B NoaymiockoeTd Rz =0
OIIMH €IMHCTBEHHBI Kopeib, ABJAKUMHACSH, C/e]0BaTeNLHO, BELECT-
BEHHEIM.

197. Kaxnoe orofpaxende, Npeofpasyoulee 3aMKHYTHI elu-
HHYHBIE KPyr B 06JacTb, LEJTHKOM COAEPKALLYIOCS BHYTPH eJHHHY-
HOrO Kpyra (u He o0g32TeNbHO OJHOKPATHO TNOKPHITYIO), WHMEET
B TOUHOCTH OJHY HENOABHAHYI TOuKy. MHBIMH c/0Bamu: eciu f(2)
B Kpyre |z|=< | pery/spHa U 1o MOAYJIO MEeHbIUe eMHHUBI, TO ypPaB-
HeHue f(z) —z=0 umeer B 3TOM Kpyre B TOYHOCTH OJMH KOpPEHb.

1
198. Pyukuus [ UPHHHMAET B noJynosoce

—d<<Jz<<d, Rz<O

Kax/oe 3HayeHue GeCKOHEeYHOe MHOXKECTBO pa3 (d NPOM3BOJBHO).
199. Ilycte [ (/) —3anansas B wunreppate O==f=<1 Bee-
CTBEHHAs (YHKUMS, HMEIUAasi HerpepelBHbIe MEPBY0 H  BTOPYIO
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npousBopurle. Ecan |f(1)|>|f(0)|, To nenas dyukuus
1
F(2) =\{f(¢)sinat dt
[}

uMeeT GECKOHEUHOE MHOXKECTBO BELIECTBEHHBIX M JIMLIb KOHEWHOE
YUCJIO KOMINVIEKCHBIX HyJefl; ecau xe 0<<|f(1)|<<|f(0)], To oHa
MMeeT JIMIIb KOHEYHOe YHC/IO BelmecTBEHHBIX HyJsied, HO 3aTé-yxke
GecKOHeYHOe MHOMXECTBO KoMILIeKcHBIX. [Hynu F(2) B oTHowenuu
HX BeIECTBEHHOCTH HJM KOMIIIEKCHOCTH BelyT ce6s COBeplieHHo
Tak ke, KakK u Hyau oynkuuu f(0) —f (1) cosz.]

200. Iycte a— nocrostHHas u |a|>2,5. Tlokasarb, yro Leaas
GbyHK1IUA, onpeAeneHHaﬂ CTENeHHBIM PSLOM

I+ 24545+t o+ =F),

Ha rpaHulle KaXJOro KPYyroBoro KOJbla
laP-2<|2|<<|af" (n=1, 2,3, ..)

OTIHYHA OT HYJS, a BHYTPH HEro HMeeT B TOYHOCTH OJNHMH HYIb.
[MccnenoBath MakCHMAJBHBEIH YIeH HAa OKpYXKHOCTH |z |=|a|®, I 117.]

201. (TMponosxkenue 3anaun 170.) O6o3Hauum yepes M MHOKECTBO
cojepxaumuxcst B & uysedl dymkuui f,(2), n=1, 2, 3, ... Ecan
npefiejibHas (YHKUHS HE paBHA TOXIECTBEHHO HYJMO, TO ee HYJH,
Jexaniie BHYTpH B, cOBmajawoT ¢ NpelesbHBIME TOYKAMH MHOXKECTBa
M, nexamumu BHyTpU G. ,

202. Iycrs ¢pyHKUMH

fl(z)’ fz(z), T fn(z),

OHOMNHCTHB B eIMHHYHOM Kpyre [z|<{1 H B KaKIOM BHyTpeHHeM
Kpyre |z|==r<<l PABHOMEPHO CXOJATCH K HEKOTOPO# nipeJieTbHOH
¢yHkuuH f(z), HEe paBHOH ToxJecTBeHHO HyJ/wo. Torja u GyHKUHA
f(2) 6yner oxnosucTHON B Kpyre |z|<<l.

208. Ilycts g,(2), &), .-, 8u(2), ...—uensle ¢yHKUHY,
HMefollle JIMIUDb BellecTBeHHEle HYJH. Eciu cymecrByer

lim g, () = ¢ (2),

IpHYEM CXOAMMOCTb DaBHOMEPHa B KaXJofi KoHeyHol ofsacTd, TO
nesast QyHKIUA g (2) TaKKe MMeeT JHILb BEMECTBEHHLIE HYJIH.
204. Llenas dyuakuusa

>} aycos (@+vd) z,
v=0



152 3ANAUH

rae
O< gy <<ay<<...<<a,; a=0, d>0,
UMeeT JHlIb BElleCTBEHHBIE HYJH.
205. Ilycrs [(f)— nosoxurenbHas HeyGbiBaowlast (yHKIHA,
1

3afaHHas B uHTepBase 0=/ <C1, mpuyem uHTErpai Sf (¢y dt xomue-
0

ueH. JlokasaTb, 4TO Lesdas QyHKIHA
1
{7 (t) cos 2t dt

0

MMEEeT JMIb BemecTBeHHble HyJH. [185.]

206. Ilyctb obnacth B CONEPKHT BHYTPH OTPE30K a==2=<<b
BemecTBeHHoll ocu. ITycTb, aasjee, GyHKuuu [y (2), o (2), ..., [ (2), ...
peryasipuel B B, B BellleCTBEHHBIX TOYKAX 2 NPHHHMAIOT BellecTBeH-
HEIE 3HAYEHHS M HA OTPe3Ke Q<<z=<_b Bce OTJIMYHBI OT HyJA. Ecau
dyurmun f; (2), f2(2), ..., fa(2), ... paBHOMEPHO CXOAATCA B 00JACTH
B K HEKOTOpol mnpefenbHOR QYHKIUM f(2), He PaBHOH TOMKJECTBEHHO
HyJIt0, TO 3Ta npeflesbHast QyHKUHs f(2) TOYHO TaK e OTJIHYHA OT HyJ1s
Ha OTpesKe a=-z==b,—IT0 yTBepXKjeHHe He BepHO.

rJ1ABA 5
MOCJEJOBATEJIBLHOCTH AHAJNUTHYECKHX $#YHKUHHA

§ 1. Pap JlarpaHxka H €ro npPHMEHEHHS

CreneHHo# pag
a2t F a2t .o =w (g, 50),

KPYI CXOJMMOCTH KOTOPOTO He CBOAMTCA K Touke z=0, B3aumuo
O/HO3HAYHO H KOHGOPMHO OTOOpaXKaeT HEKOTOPYIO OKPecTHOCTb TOUKH
2=0 Ha nJaockocts w. ITo3TOMY 3aBHCHMOCTD MeXJY 2 H @ MOXeT
OBITb TipelCTaBJeHa B HEKOTOPOfl OKpecTHocTH TouKH w=0 TaKKe

PasJioKeHHEM
byiw+tbw?4 ... + b0t ... =2,

rie a,b;=1. [Ina sdubeKTHBHOrO BHIYHCJIEHHS BTOPOTO pAja nocpe-
CTBOM IEPBOTO IMoJaraem
1

Azt ag?+ .. Fazt - =9 (2).

Tax Kak ¢ (z) pery/lsipHa B HEKOTOPOH OKpPecTHOCTH TOYKH 2=10 H
¢ (0)==0, To u3 paBeHCTBa

w2
%)
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BEITEKAET, UTO
e o]

o= Y e er]
- m[ der 1 Je=o”
n=1

Boob6ume, ecnd f(2) peryiaspHa B HEKOTOPOHl OKPECTHOCTH TOUKH
z2=0, To uMeeM:

_ [ @) fp (o)
fe=10+ X 5 [t . 19
[Pa0 Bropmana-Jlazpansrca, cu. Hurwitz-Courant, crp. 128 *).]

207. B npeanoniokeHusx ¥ 0603HaueHHSAX NpeAblywiell 3alauu
HMeeM:

f@) i wn [d"f(X) lowor]
x=0

1—we' (2) nl dxn

BriBects 3Ty dopmyay u3 ¢opmy.an Jlarpanxka uad, obpatHo, ¢dop-
MyJay Jlarpam:ka u3 3To#, NpPaBUJBHO HCHOJAb3YSl YCJAOBUS, NPH
KOTOPBIX KaxJas u3 3THX dopmy. HMeer mecro. [M3 cnpaBepinBocty
OLHOH H3 3TUX GOPMYJ A4 HeKoTopoH QyHKIKK [ (z) HEeNOCpeACTBEHHO
BhiTekaer BTopast ¢opMmyJa A1 Hekoropolt Apyroii ¢yHKiuu f(2).]

208. [okasatb dopmyay 3anaud 207 HemocpejACTBEHHO, BHPaxKas
KO3rIHeHTsl NpH w* ¢ NOMOMIBIO HHTerpana Kouiu.

209. Pa3oXuTb KOpeHb TPAHCUEHAEHTHOTO ypaBHEeHHs

et =w,
ofpamamlniiicas npd w=0 B HyJb, NO BO3PacCTAION[UM CTEHEHAM @,
210. (IIponomxenue.) Pasnokurb €*?, rjae o — NPOM3BOJAbHAA
TIOCTOSIHHAS, MO CTelleHAM .

211. Pa3noxuTh N0 BO3PACTAOMHUM CTENEHAM @ TOT KOpeHb X
TPEXUNEHHOTrO ypaBHEHHS

l— x4+ wxP=0,
KoTopelit npH w =0 ofpauiaercs B eIUHHLY.
212. (Ilponomkenre.) Pasnoxutb x*, rie o — NPOU3BOJAbHAS

NOCTOSIHHASA, 10 CTENEeHAM w. (¥* ==y SBJAETCs pelUeHHEM TpexuJ/eH-
HOTO ypaBHEHHSA -

1 B
1 —y* +wy* =0.)
213. (Ilponomxenne.) Pacemorperb gactHule caywau =0, 1, 2,

—1, —;— U BbIBECTH pasioxeHus 209, 210 nmyrteM mpezesnbHOro nepe-
xofa us 211, 212,

*yTypeun, crp. 184. Typeuu-Kypanr, 141.
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214. HailTu cymMmy CTeneHHOro psila

1+

1 (n-fayr wn
nl
n=1
KakoB papuyc cxoaHMocTH 3TOro psja?
215. [loxasatb Teopemy 156, onupasich Ha pe3yanTaTH 3aj1a4n 214,

216. Pax
1—|—<a_l|_ﬁ>w—|—<3_z—26>wz—|— —|—<a_|;lnﬁ>w"—|—

B cayuae, ecqu @ U [} — palnuoHaJbHEIE YHCHa, IIpejcTaBJfeT aJjred-
pauyeckyro (QyHKIHIO OT w.

917. BoinuleM noC/ef0OBaTeNbHbe CTelleHH Tpexuiena 14w -+
+ ©* B TpeyrosbHyl0 TabJHLY

1
14+ + w?
1+ 2w+ 3w? + 2w 4wt
1 4+ 3w+ 6w? -+ Tw? + 6w 4 3w® -+ wb

Torza cymMMma cpelHHX 4Y/JIeHOB (HaGpaHHBIX B TaGJaule XKHPHBIM LIpHd-

TOM) paBHa
1

V1T=2w—3wz"

218. Bruinuuem mocsienoBaTesbHble cTefleHH GHHoMa 1 --w@ B Tpe-
YTOJABHYIO TabJauLy

l14+w4+3w+Twit ... =

1.
14w
142w+ w?
143w 3w? + w3
1—|—4w—|—6'w2+4w3—|—w‘

(mpeyeosvHuK Hacxa/zﬂ) Onpeaenmb cymmy cpemmx 4JeHoB (HaGpan-
HBIX B Tabjuue XKUPHBIM LipudTOoM) H BOOGLIE CYMMY UY/EHOB JIIOGOTO
BePTHKAJBHOIO pfja.

219. Yemy paBHbl npousBoisiuine GYHKLUHH NOJMHOMOB P, (),

P(“ B (x) LY (x) onpeaeneﬂﬂblx CIIeNyIOUUMHE (hOpMyTamu:
(X) 2”71' dx” (x - l)n
(nwzuuombz Jeaandpa);
2. (1—x)* (1 —x)p P& B (yy = (=D 2 [(1 = x)n+e (1 - x)n+8]

271 dxn
(noauromsr Hrobu);
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3. e x*LP (x) = n, dxn " e g+ ) @>-—1)

(060biyernsie noaunomor Jlazeppa).
(Cu. VI 84, VI 98, VI 99. Ilon npoussodsweii pyuxyueti momu-
HOMOB Jlemam:xpa NOHHMAIOT Psii

Po(x)+ Py () w+Py () @+ ... + P, () w4 ... =
=1+xw—|—¥w2+...,

CYMMy KOTOPOTO KakK (GYHKIHIO OT X H @ HYXKHO onpelesuTb. AHa-
JIOTHYHO JJIF OCTANBbHEIX CJYYaeB.)

B crenyromux 3anauax Gy/JeM noJb30BaThCsl OGBHIUHBIMH 06O3HAYE-
HHUSIMH:

AF (@) =F (z41)—F (2),

APF (2) =A[AF (2)] = F (24-2) — 2F (z+ 1)+ F (2),

A"F(z):F(z—l—n)—-('lz)F(z-l—n—1)—1—
+(yJFetn—2— .. + (1 F ),

220. [ns F(2)=e%%, rie s— JOCTATOYHO MAaJO€ IO MOLYJIO
MIOCTOSTHHOE YHCJIO, HMEWT MEeCTO cliefyiomue (hopMyJbl:

1 F@)=F O+ AF )+ AF (0)+ ...
---+Z(Z_1) m(z—n-{-l)AnF(O)_I_

9. F' (2) =
— AF () — 5 AF @) S AF () — ..+ (— D L AF @) .
3. F)=FO)+ 5 F ()+ “%W@H
+MF(H> )+ ... [210].
4. F(2) =F(0)+ % 22 (22— 12) (22_(222)' [22 —-(n-—l)]AZnF (—n)+

/z—_l

Z(2—12)(22--22) .. [22—~(n—D1)2] A2 -2 [F (—n+4-2) —F (—n)]
+ 2 2Zn—1) 2

[212, 216].

h=1
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221, dopmynsl 1, 2, 3 u 4 3anaun 220 cnpaBelUBH A9 OG0
nesofi pauuoHanbHOH GyHKUIHH F (2) (B 3TOM cjydyae, KOHEUHO, PAALL
oGpLiBatoTCs).

222, GopMyast 1, 2 3anaun 220 cnpaBeIUBLL TaKXKe sl JTIOGOH
IpoGHoil panuoHaspHON (GyHKIHH F (2), eciiH TOMBKO BellecTBEHHAs
YacTb 2 [PEeBOCXOAUT BElleCTBEHHEIE YacTH BCex mnoJocoB F (2),
Pacrno/ioKeHHBX Ha KOHeUHoM paccTostand. [Ipu sToMm ais cnpaBeinun-
BocTH ¢opMysel 1 HeoOXOAMMO HAaNOXKHTBL €llle TO OrpaHHYeHHe,
uro F (z) peryasipHa B Toukax z=0, 1, 2, 3, ...

Cnpaseanausbl JH U dopMyant 3, 4 Ajs APoGHBIX paHOHAJBHEIX
dbysRUAR? ‘

B sanauvax 223—225 noJsioxKeHo

n

A"ak=ak+n—-( ; >ak+n—1+<;>ak+n~—2_ v (= D) a.

223. IIpy npousBoNbHHX Kodpbuuuentax a; k=0, =1,
+2
*+2,...,

ond [os]
(1—=2 X azb= 3 Aguer+k,
== — 00 be=—o0
224. [Tyc
F@Q=a+taoztaz?+... +a,z"+...
Tlokasarb, 4ro
1 ¢
r=F <1~+—t) —ay+Aggl + A%, ... +Argyf ...

225. Ilycrs .

F@)=a+2a2+ 20,22+ ... +2a,2%+ ...
Tlokasatb, uTO

\

1 F(l+2t——l/l+4t) _
Vifa 2t

=ay L Aa i+ Ao Bt .. AP
rle MOJMOKEHO A, = Q.

226. 11s
F (Z) = 2(112 -l" 20222 + 20323 + cee + 2anzn + s
HMeeT MecTo dopmyaa

1 14-26—V 1 J-4¢
1P VIEE) o a4 (8%~ M) 4

+ (A% =Aa ) B+ ...+ (A —A"a_, )"+ ...,
T TOJIOKEHO G_p=— Qp.
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= z(1—2)\ _ sinmz
227. ) I](l +n(n+l)> Tnz(l—2)'

n=1

228. sinnz sBasercs oAHo3HauHO# ¢yHKUHEH of w=2z(l —2).
I[Tokazatb, 4TO Bce KOPOHLIHEHTH PAa3JIOKEHHA Sin 71z MO CTENCHAM
w (33 WCKJIOYeHHEM CBOOOJHOTO uYJeHa) NMOJOKHTENbHB [227].

- 229. TlokasaTb, 4TO

dr(m—x)"""lcosx _
[Ladtess] >0 (1=0, 1,2, ).

§ 2. BemecTBeHHAsA 4acThb CTENEHHOro PAAa

230. Ilycrs dyHRIUA
f@=at+azta,2+...+a2*+...

peryjfpHa B Kpyre |z|<<R. Bupasurb Ko3p)uUHEHTH @;, Qi ...
...y @y, ... UEpE3 BENIECTBEHHYIO, COOTBETCTBEHHO MHHMYI0, HYacTb
f(2) na okpyxHocTH |z|=7r, 0 <Zr <<R.

281. ((Tponomkenue.) MMonokum Rf (rei®)=U (r, 8). Ecau f(0)
BEleCTBEHHO, TO B Kpyre |z|<r

f(z)—*SU(r 9) 12 ™ g9,

r—ze-it

232. (ITponomxenue.) Ecau f(2) Ha OKpPYXKHOCTH |z|=r He
ofpamaercs B HyJdb, a B KPYre |Z|<Cr HMEET HYJH C;, Cgy ..., Cmy
TO B 3TOM Kpyre

Inf(z) =iy -+ Z In— 2= -

S in|f (rel®) | J_“”Z a9,

Cu)

rie Y- HeKoTopoe BellecTBeHHOe TocToAHHoe yHcao. [IToayuaercs
u3 231 Tak xe, Kak 120 u3 119.]

233. Ilycrs dyuxuus f(2) pery.ispHa U HMEeT NONOXKHTEJBHYIO
BelleCTBEHHYI0 YacTb B OTKPHITOM Kpyre |z|<<R H, Kpome Toro,
HempepsIBHA B 3aMKHYToM Kpyre |z|=<R. Eciu BelllecTBeHHaa yacThb
¢dhyHruMH f(2) TOXIeCTBEHHO DaBHa HYJIO Ha HEKOTOPOH Jyre rpa-
HUYHOH OKpYMKHOCTH, TO MHHMas 4acTb f (2) Ha 5TOH Jyre MOHOTOHHO
H3MeHseTcsl, a UMEeHHO YOnBaeT IIpH BO3PAacCTaHHH aprymeHra z.

234. Ilycty dyHxuus

f@=a+tazt...+a2"4..

permepHa B Kpyre |z|<<R. I'Ionoxmmf(re“’)——U(r ) +iV (7, 9),
tae U (r, 8) u V (r, 9) BewectBennnl. Torja cooTHowmenue
2n 2n

(UG, OPad=T[V(, OFdd
0 0
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Gyler uMerb MecTO Jisl BCeX r B uHTepBajie 0<Cr<CR, ecsu OHO
yAoBneTBopsercs Agas r=0,
2385. Ilycry dyskuus

1
[@=g5+taz+...+a.2"+...
pery/ispHa B Kpyre |z, <1 H uMeeT B HeM NOJOXHTEJbHYIO Belie-
CTBEHHYIO uacTb. Torpa
laa <1 (n=1,2, 3, ..).

Hu B OJHOM H3 3THX HEPaBEHCTB HeJb3si 3aMEHHTb EJMHUIlY MeHb-
KM YHCJIOM.
236. Ilycre dyHkuus

f@=a,+az4+a2+...Fa,2"+...

peryjisgpHa B kpyre |z|<CR, mpuuem B 3ToM Kpyre Rf(z)<<A.
Toria pnist Bcex r B uHTepBase 0 <7 << R HMeeT MEeCTO HepaBeHCTBO

|a0|—|—|a1|r+|a2irz—]—...—l-lanlr"—l—.,.‘g3a0|—{— (A —Ray).
Mpumep.

2r
R—r

f@=2t1, R=1, A=0.
2387. Ilycrs psan Jlopana

1])(2): Z a2t

H=—=——00

CXOAUTCA B KoJbileoGpasnon obacth 0 < |z | < oo (waposas mosepx-
HOCTb C H3DBATBIMH IIOJiI0CAaMH) H B Toukax z=0 u z=oco umeer
cyllecTBeHHHEe ocofenHOcTH., (O003HaYHM MaKCHMYM BelLleCTBEHHOM
yacTH GYHKIHH P (2) Ha OKPYKHOCTH |2z |=r uepe3 A (r). Toraa A (r)
pu r—> oo Bo3pacraeT ObICTpee J/IOOOH CKOJb YTOIAHO GOJBINOH cTe-
nexu 7, a npa r— 0 —6ulcTpee Jo60H CKOAb YTOAHO GOMBLIOH cTe-

1
eHH . Bonee touno

lnA(r)=+oo lim 1nA(r)=
Inr ’ r—0 In =
r

lim
288. Ilycrs dyuruus
f@=a+taz+...+a,2"+...

perysnsipHa B kpyre |z|<CR. O6o3unauum uepes A (f) nau6oJibiuee
KosneGanue BeleCTBeHHOA 4YacTH f(2) B kpyre |z|<CR, T. e. Bepx-

mioro rparb At | Rf(z) —Rf(2,)| mpu [z | <R, |2,|<R. Toraa
2
la [R< 7 A (.

-+ oo,
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2 .
HpH 3TOM IIOCTOsIHHaAA r 3JeCb He MOXKeT OBITb 3aMeHeHa MeHbIIeH,

Kakyio reoMeTpHUYeCKY MHTEPIPETALUI0 MOXKHO JaTbh 3TOH Teopeme?
239. Ilycte dyukuns

f@=ay,+az+...4a,2"+...
peryisipia B Kpyre |z|<CR. OGosHauum uepes D (f) HanGosbluee

Konebanne f(2) B Kpyre |2[<CR, T. e. BEPXHIW0 TIpaHb s
Fz)—F(@)| mpn |2,/ <R, [2,|<R. Torna

1
Ipu 310M % He MOXeT ObiTb 3aMeHeHa 3/1eCh MeHblllefi NOCTOSHHOM.
KaxoB reomerpuuecKuii CMbIC/ 3TOH TeopeMbl?
240. Ilycts ¢yHKuus f(2) NONYUHHEHA CJEAVIOLIMM YCIOBHSM:
1. f(z) peryasipaa u |f(2)|<<M B Kpyre |z—s|<r.
2. [(2) ue obpawaercs B Hy/JAb B 3aMKHYTOM NOJyKpyre
|z—s|=<r, R(z—s)=0.

3. f(z) B pyre \z——slégr HMeeT HYJH Cy, Ca ..oy Cpo

Torna
1

g PO 2 M Nl
R <7 Zgﬁs—q'

[Moxno npusarb, uro s=0; 232, 120.] -

§ 3. Momocs Ha rpaHuUe KPpyra CXOIMMOCTH

241. Ecau creneHHOH pSI UMeeT CBOMM KPYTOM CXOXHMOCTH
eIMHUYHEIH KPYyT, OpHYeM Ha TpaHHULE 3TOr0 Kpyra Jexar JHIb
MOMIOCHE NepBOro Mopsiika (M HET HHKAKUX JAPYIHX OcOGEHHOCTE),
TO TOTJ@ MOCJENOBATENbHOCTh KO3(hUIHEHTa OrpaHHYeHa.

242, Ecin Ha rpaHHUe Kpyra CXOJMMOCTH CTENEeHHOro psiia

le 9]

> @,2" eXHT NHIIb OJIHA 0COGas TOYKA Z,, @ HMEHHO IOJIOC, TO
n=0

TOr/1a

= 20.
n—co fni1

(o)
243. Ilycte D) a,2" —cTeneHHoe Da3JiOXeHHe DPAalHOHAJbHOM
n=0Q -
GbyHKLIHH, 3HaMeHaTe b KOTOPOH (MpeAno/oKEeHHEIH B3auMHO IIPOCTHIM
¢ uucauTeneM) HMeer crenedb ¢. Ilycrb p Gyler paiuyc CXOJIHMOCTH

H A, —Haubonbwee u3 ¢ uyuced | @, |@n-yly ...y |@n-g+1|. Torna
lim /4, =—
oo Y

(lim, a ne limsup!).
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244. Tlyctb v, —uncao He paBHBIX HYJIO H3 N YUCET dg, 4y, ...
.y Qn4. Eciau Ha rpaunme Kpyra CXOJAHMOCTH CTeNEHHOH pajf
Q-+ a2+ a2 +. . .4 a,2* +. .. uMeeT JHLIb NOMOCH (M HHKAKHX ApPY-
o . n
THX OCOGEHHOCTEeH), TO YMCJIO 3THX MOJI0COB == limsup —.

n—-w n

Mpumep.
| A N e B L S !

Tk

245. Ilycre KosbduIMeHTH ay, &, ..., @y, ... CTENEHHOTO PSAd
o+ az+...+a,z"+... BemecTBeHHBI H Ha TrpaHHIle ero Kpyra
CXO/IHMOCTH HMeIOTCSl JIHIWb JBa noJoca pe* u pei* (0<<a<<m) u
HHKaKHX Jpyrux ocobexHocteil. O603HAYUM YHC/JI0 NepeMeH 3HAKOB

B TIOCJIEJOBATeIbHOCTH @y, @y, Qoy ..., dn—y, 4, uepe3 V,. Torxna
. Vv a
lim = =<, [VIIT 14.]
n—oo n a

246. Ecnu cpeny ocolblX TOUEK Ha rpaHHIle Kpyra CXOAHMOCTH
uMeeTcss XOoTs Obl OJHH [OJIIOC, TO CTENEHHOH psJ He MOMKET CXO-
JUTBCA HH B ONHOH T'pPaHUYHOH TOUKe.

247. Ecnu crenenHoil psit

f (Z) - al + a222 + + a,lz” +

cXonAmuiics B eIUHUYHOM Kpyre, NpeACTaBiseT q>yHKumo, perynsp-
Hyl0 B TOuKe 2= 1, 1o pan Hupuxne

D(isy=aql=+a25+...+ans+...

(mpennosnaraeMelfl CXOASMINMCA /I HEKOTOPEIX 3HAUYEHHH S) Tpex-
craBaseT ueayio ¢yukumio. Ecau f(z) uMeer B Touke z=1 nosoc
h-ro nopsaaka, 1o D (s) npeacraBaseT MepoMophHYI0 YHKI(HIO, [0AI0-
€aMd KOTOPOH MOI'YT CJAYXHTb JIMWMb TOYKH s==1, 2, 3, ..., A (1uub
nocirefHas HeoOXxoIAuMo Gy/eT MOJIOCOM), NpHYEM Bce HOJIOCHI — Iep-

Boro nopsaka. [Hmeem D (s)['(s)= Sv*‘ e~ dx, em. II 117;
0

(o)

HHTerpan Sx“lf(e“x) dx npu p>0 npeicTaBiaser co6oi UEJYIO
0

GyHKUHIO OT s.]

§ 4. ToxnecTBeHHOe o0paleHHEe B HYJIb CTEMEHHBLIX PAJOB

248. [1ycrb uncioBas NOCAEAOBATENBHOCTD g, &y, @3y - ..y Qny o

nojAuHHeHa YCJAOBHIO \
limsup o2l — (h>0).
n—-ow Vﬂ
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Torpa psan
O (5) =2+, (€ )+ (V75 e Vo) .
oda, (Vs 4 V55)+. .

CXOAUTCA B GecKoHeyHo# mosoce
—h<<%Rs<h

IJOCKOCTH § H IPUTOM aGCOMIOTHO H paBHOMEPHO B KaxXAO# BHYT-
peuneil nonoce —h-te=<<Rs=<h—e, e>0, u npeacras1seT B 3T0H
GecKOHEYHOH mnoJjoce aHauTHyecKylo ¢yHkuuio @ (s). Ira QyHKiMA
MOXKeT ObiTh TOXK/JECTBEHHO DaBHA HYJIO JMLIL B TOM CJyyae, eciH

Bce KO3hdHIUEHTHI gy, @y, G, -.-, Oy, -.. PABHBI HYJ/IO. [ Boiuncaurs
a+ico .
Fay=gr | OO 5 d O<a<h >0y 155]

249. llycre crenennoit psz
(@) =a+azta,?4... Fa,zt4-...

CXOIHTCA BHYTPU €IMHHYHOTO KPYyra, TNPHUEM €ro 3HAuUEHHe BMecTe
CO 3HAYEHHSIMH BCEX €r0 NPOU3BOAHEIX CTPEMHMTCs K HY/I0, KOTAA 2
NpuG/IHKAETCS TIO BELIECTBEHHOI OCH K To4ke z = 1, T. e, lim f(?)(z) =

z—1

=0, n=0, 1, 2, ... Torza s1u6o
1) f(z) ToxknecTBeHHO paBHa HyJIO, T. €. a,=0, n=0, 1, 2,
Jau6o
2) z=1 ectb ocobas Touka QyHKUHU f(2).
Ecau ykasanubifi CTeneHHOH PAN CXOAMTCS1 B HEKOTOPOM Kpyre,
GonbuieM, 4eM eIMHUYHBIH, T. €. €CJIH
In| a,,|

limsup —2L <0,

n—oo
TO HeoGXOAMMO MMeeT MecTo cayuail 1). BeiBecTn TO ke 3akimoye-
nue u3 6osee ¢aab0ro NpesnooKeHHs

limsup — 2+ ln'a”‘

n-» /
[Cocrarutb dynKIHI0O D (S) 3anaun 248]
250. Ilocnennee ytBepxaenye 3afaud 249 yxe Hecnpasel/uso,

< 0.

ecan Ha KO03bOHIHEHTH a,, a;, Gy ..., On, ... PAKA f(2) BMecTO

i Injas] , .
ycaoBHA limsup ——VT< HaJI0kKeHO Gosee cnaGoe |yc/oBHe

n— oo

lnia,,l
limsup ——2L < 0, rue 0<p<
n— 2
[[Tonoxuts
[e o)

f(z) = {e-Peosmnsin (x sinpar) e ¥ -9 dx; 153, 11 222.]

0
6 T. Ileauna, I'. Cere, 3. I
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§ 5. PacnopocTpaHeHHe CXOAHMOCTH

Huxecnenyomye npuMepsl NOKas3blBAlOT, YTO Y MOC/AEA0BATE/b-
HOCTeHl aHaJHTHYECKHX (YHKIHHA CXOJHMOCTb 3a4acTyi o0sajaer
CBOHCTBOM CBOEOGPA3HOH «3apPa3HTENLHOCTHY.

251. Ecmu pan
@+ @+g @+...+g" @+, .

cxonurca XoTsl Obl B OJHOH TOYKe Pery/JsSpHOCTH GYHKIUH g (2), TO

3Ta GYHKIHSA SsIBAfeTCH Lo H pAA CXOAUTCH B KaXJoH Touke,

IPHTOM PaBHOMEPHO BO BCAKOH OrpaHHYCHHOH 06/1aCTH MJIOCKOCTH 2.
252. Ecau nocienoBaTesbHOCTE

g @, VIig@d .... VIgP @], ...

orpaHHyeHa XoTs Gbl B OJHOH TOYKe, TO g (2) ABJsETCS Le/0f QyHK-
nuell W IMoC/eoBaTebHOCTb OCTAETCS OTPaHUYEHHOH BO BCEX TOUKAX
NJOCKOCTH 2, NPHYEM BCIOAY HMEET OJHMH H TOT e BepXHHuil npened.

253. Ilycms
Qpr g, Gy oovy Gpy ooy
Cor €1y, Cay vvy Cny on
—iBe GECKOHEYHBIE UHCJ/IOBBIE TMOC/EI0BATE/NBHOCTH, H3 KOTOPHIX

BTOpast MOC/IeN0BaTeIbHOCTb [IPOH3BOJIBHA, a B NepBoil a, s 0, a, 5= a,
wma m, n=0, 1, 2, ..., ms%=n, u pag ’

1 1 1 1
o el e SIETE St
a6CoOJIIOTHO CXOIHTCH. yp ABHCHUAMH

Qn (ao) = Gy, Qn (a’l) =01y ey Qn (an) =Cy
OJIHO3HAYHO. ONpenengerca NoJauHoM Q, (2) crenenu << n. Ecau mocie-

J0BaTEJbHOCTD
QO (Z), ; Ql (Z)v Q2 (Z), ey Qn (Z)y “ee

CXOIUTCA XOTs1 Obi B ONHOH TOYKe, OTJIHYHOH OT @, 4y, ds, ..., TO
OHA CXOAMTCA BO BCEX TOYKAX 2 W NPUTOM' PABHOMEPHO BO BCHKOM
- OrpaHHyeHHOl 00/1acTH TIOCKOCTH 2.

254. Ilycms
sy Copy Copgny vovy Coy vevy Cneyqy Cpy o

— TIPOU3BOJIbHASA OecKkoHeuHad B ofe CTOPOHBEI 4YHCJOBAA IOCJENO-

' BaTeNbHOCTb H Qy, (2) — MOJHHOM CTENEHH 27, YIOBJETBOPALINMA
YCJI0BHAM :

Qaun(—n)=c_p, Quu(—n4+1)=cpiy, ..., Q. (0) =06, ...

ces Qen(n— D=¢i_1, Qunl(ny=2¢y.
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ECJIH NOCJAECA0OBATEIBHOCTL NMOJHHOMOB
QO (2)9 Q2 (Z), Q4 (Z), LI Q2n (Z),

CXOIHTCH XOTA Gbl B JBYX Pas3/IHYHBLIX HENENQUHCTEHHBIX TOYKaX, TO
OHA CXOJMTCSl B KaxlIolff TOUKE 2 H MPUTOM PaBHOMEPHO BO BCSIKOM
OrpaHMyeHHON 06/aCTH TIOCKOCTH 2,

255, Ilycrs jaHbLl NPOH3BOJIbHAS WHCJOBAS TOC/AENOBATEIBHOCTD
Coy Ciy Cay --vy Cny ... H TIOTHHOM Q,(2) CTEMeHH <7, OJXHO3HAYHO
onpeneseHHull 1+ 1 ycaoBusgMH ‘

Q: 0y =25, Qr (V) =0, Q@) =063, ..., Q7 (n) =¢, [VI 76, V175].
Ecan nocJie1oBaTe/IbHOCTh
Q) Q1 (), Q) ..., Qu(2), ...

CXOIUTCcs XOoTg OH B OAHOH TOYKe, OTJHyHOH oT z=0, TO oHa CXoO-
JIATCS BO BCEX TOYKAX z M NMPHTOM PaBHOMEPHO BO BCSKOH OrpaHu-
YeHHOH OOVIACTH IIIOCKOCTH Z.

256. Ilycrs dynkuun f, (2), f (), f2(2), ..., f2(2), ... B Kpyre
| 2] <<l peryaspHH, . OTJHYHE OT HYJs H BCE IO MOAYJIO MEHbIle
ennnnnsl. Ecmu  lim f, 0)=0, T10 -lim f,(?) =0 Bo Bcem Kpyre

n— o0 n-—-»co

|2| <1 # nmpuTOM paBHOMEPHO BO BCSKOM BHYTPEHHEM Kpyre.
257. Ilycts rapmoHuyeckne QyHKIIHH

o (%, 9), (%, §), Ua (X, ), o.es Un (X, B),
peryJsipHel H BCIONY TOJOXKHTEJIbHH B HeKoTopoH ofsiactn & mio-
cKocTH X, y. Ecam psan

tty (%, 4) 1y (%, Y)+ta (v, )+ Fua (x, Y)+. ..

CXOJHTCS XOTs1 OW B OfHOE Touke o6sacTH &, TO OH CXOIMUTCH BO
Bcell 3TOfl 06/MaCTH M TPUTOM PaBHOMEPHO B Kaxmon ee orpasu-
yeHHOH 3aMKHYTOH momoGaacrty.

258. Ilycrs Qyuxkuun fo(2), f1(2) f2(2), ..., [a(2), ... pery-
Jspuel B ob6aatta B, TNPHYEM  BEILIECTBEHHbIE qacm HX B Kaxmon
OrPaHUYEHHON 3aMKHYTOH MOA06JACTH PaBHOMEPHO cxoustcsa. Torna
MOCJIEOBATEILHOCT MHHMHIX 4acTel JIHOO He CXOJMTCS HHU B OJHOH
TOyke, JHGO PaBHOMEPHO ‘CXONUTCS B KAXJOH OrpaHHYEeHHOH 3aMK-

- HyToH noj06JacTH.

§ 6. CxopumocTs B pasjeneHHbIX 00JaacTax

259. Pan

22 24

z B
e g s g + ST e
+ - +
+20+2 0+ E+28) "7

(53]
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PaBHOMEPHO CXOIMTCH B KaxKJ0OH 3aMKHYTOH 0GJIacTH, JeXkalelt 1enH-
KOM BHYTPH HJU UENHKOM BHE €IHHHYHOrO Kpyra, H HMEEeT CyM-
Mol z uan 1, cmotps mo Tomy, Gyfer au |z | <l nu |z|>1. [I 14.]

260. Pag

a (a4 nyr—1xne-nx
nl

b

oo

1+ ¥

n=1t

rJie & — NPOH3BOJbHOE MOCTOSIHHOE YHCJO0 7 (), paBHOMEPHO CXOLHTCH

JJISE BCEX TOJIOMKHTEJbHbIX 3HaueHu# x. B unrepBane 0<<x<<1 oH

npeicTaBaseT GYHKLHIO €%, a B HHTepBane } << X< 00— O0TJAHY-
HYIO OT Hee aHAJIHTHYECKYID (PYHKLHIO.

261. TlocaenosatensHocTh GYHKIUHE ¢ OOMWHM YIEHOM

[T"] 12+[_2”_] 97 1. +[—H n?

fn(2)= n_(12"1+25’1-|—...—l—n2‘1)

pPaBHOMEPHO CXOIHTCSl B KaxkJ0H OrPaHUYCHHOH 3aMKHYTOH 06JaCTH,
He cojiepikaiieft TOYEK MHHMOH OCH.

262. Tlyem |
9@ =0zt L,

rjue
a>0, >0, a+-p=1.

TlocnenoBaTeIbHOCTL «MUTEPHPOBAHHBIX (BYHKIHUIT»
@), ele@)] e{ele@] ...

cxoaurest K -+ 1 ang Rz >0, cxoaurcs ¥ — 1 ana Rz <0, "ako-
Hen, pacxoaures aas Rz =0.

§ 7. Topsanok BO3pacTaHM$ MOCAENOBATENLHOCTE! IMOJHHOMOB

263. llyctb z=re'® u h(g)— onopHas (PyHKIUHS HEOrpaHHYEH-
HOH BHINYKJoH 06GnacTH, paccMoTpeHHOH B 3anade 114. Tlokasarn,
UTO TIOCJIE/IOBATEIbHOCTh

.
Vz@—1)(z—2) ,11 (z—n+1)(z—n) e_,h(‘(p) (n=1, 2, 3, ..)
orpanuuena Bo Bcefl nosynnockoctd Rz == 0 [12, 11 220); £ (¢) asasercs
HaHMeHbluefl QyHKuueid yraa ¢, obiajatomefi 3TUM CBOHCTBOM.

264. Ilycts /1 (¢)—onopHas GYHKUMA BHINYKAOH 06GAacTH
3afiaud 115; moxasaTb, 4TO 1OCJEA0BATENBHOCTD

22\ 2z

(1-5)(1=5)  [1=E e (=1, 2,3, .., 2= rem

orpanHueHa Bo Bcefi miockoctH [13, II 221]; A (¢) sBastercs Hau-
MeHbLIeH (QyHKLUHeH yria ¢, obaajawoued 3TUM CBOHCTBOM.
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285. llycte 7 (¢p) —onopHast GYHKLUA BEINYKJOH 06/1acTH 3a-
nayu 116. I'lokasaTb, 4TO BO BCeH IJIOCKOCTH 2z BBINOJIHSAETCS Hepa-
BEHCTBO

") < (n=1,2, 3,..., z=re).

F'JTABA 6
NPUHUHIT MAKCHMYMA

§ 1. PaaquuHbie )OPMYAHPOBKH TNPHHUMOA MAKCHMyMa

Ha ocHoBe mnpHHLMNA aHAaJUTHYECKOrO TNPOAOJIKEHHsi 3HAYEHHd,
NPHHHMaeMble aHAJHTHYECKOH (QYHKIHEH B pas/uYHBIX 4YacTAX ee
06JIaCTH CYLIeCTBOBAHHA, CBSA3aHLI MEXKAY COGOH TecHeHmuM o6pasoM.
Henb3st u3MeHuTh TeueHHe QYHKLHM B ONHOM, CKOJb YroJHO MaJol
4acTd, yToOBl BMECTE C 5THM HE HM3MEHHJIOCh €€ TeyeHue BCoAy. Mut
MOXKEM, TakuM o6pasoM, CPaBHUTb aHAJUTHYECKYIO (DYHKUHIO C opra-
HH3MOM, OTJIMYUTEJbLHOH OCOGEHHOCTHIO KOTOPOTO SIBJSETCH KaK pas
TO, YTO BO3jeHcTBHE Ha JIOOYI0 €rc Yactb BBI3bIBaeT COJHAAPHYIO
peakiui Bcero Lesoro. Mbl MOr/d, HaIpHMED, CPaBHHTh NPOJOJIKE-
Hue objactu cxonumoctH [251—258] ¢ pacmpocrpaneHueM UHGEKIIHH
H 1. A. Ppannysckuii mareMaTHk bopeab cienan mnopoGHble cpas-
HEHHS TIPEIMETOM CIeLHaJbHBIX > OCTPOYMHBIX paccMorpernit ). Mu
cefiyuac 03HAKOMHUMCS C TeM, KaKUM 06pa3oM CBS3aHEL MEXKAY co00H
MOJYJIM 3HAueHHH, NPHHUMAeMblX GyHKUHEH B pa3iHyHBIX 06J1acTAX.

Ilycrs dyuxunusa f(z) perynspua B kpyre |z|<<R. Uepes M (r)
0603HayaloT MaKCHMYM €e MOAYyJs Ha OKPYKHOCTH |z|=r, r <<R.

266. Makcumym wmoayas f(z) BO BceM Kpyre |z|<Ir pasen
M(r). '

267. M (r) MOHOTOHHO BO3pacTaeT BMECTE C r, €CJH TOJABKO [ (2)
He ecTh TOCTOSHHAS.

268. llycrs dynxuus f(z) peryaspHa B OIHOCBA3HON *) BHer-
He#l Kpyroso# o6nactd |z|>R. ‘O6osunaunm uyepes M (r) MakCUMyM
MonyJ/ist [(2) Ha OKpYXHOCTH |2|=r, r>>R. Torna M (r) cayxur
TAaKXKe MaKCHMyMOM ~MOAyJas [({z) an1s Bcell BHewHefi KpyroeoH
obnactu 2>==r, mpuyeM M (r) MOIUOTOHHO YyGbIBaeT BMecTe C 7,
€CJIH TOJBKO [ (2) He €CThb NOCTOSHHASL.

269. Ilycrs [ (2) — nonusom n-ii crenexn. Toraa

A=A 0<n<n).

1 s
PapeHCTBO MMEET MECTO TOJIBKO JJis1 TIOJIHHOMOB BUAa c2”.

r

E. Borel Méthodes et problémes de théorie des fonctions, Paris, Gau-
thler Villars, 1922. Introduction.
*)} To-ecTb f(z ) pery/isipHa Takxe B TOUYKe Zz==0C0,
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D70. Tycth f(2) — NONHHOM A-H CTeNEHH, NPHYEM B BeLLeCTBEH-
HOM HHTepBaste —l=<z=<1

If ()| < M.
Toraa NpH BCAKOM 2 33 TpelieJlaMu 3TOro HHTEpBaJa
[ @) <M+,

rjie a u b—mnoayocu sanunca ¢ ¢okycamu -—1 u -1, npoxoasiuero
gepes TOUKy z.

Yro naeT 3Ta TeopeMa NpH z—» oo?

271. Tlycts f(2) —noaunoM n-it creneuw, E, u E, — Ba codo-
KYCHHIX 3/JHNCa C TOIYocsMH @, b, H a,, b, (@ <<a,, b, <<b,).
Torna, ofosHayas MakcuMymbl |f(2)} Ha E; M E; COOTBECTBEHHO
yepes M, u M,, nmeem: " "

1 2
@b = @t b

BriBecTH oTcofia Teopembl 269, 270.

272. Eciu avanutuyeckas GYHKUUS peryJsipHa B 3aMKHYTOM
KPyre W He IPHBOAMTCS K IIOCTOSHHOH, TO ee MOAyJb B LEHTpe
Kpyra MeHbllle apudMETHYECKOro CpelHero ee MojyJed Ha KOHTYpE.

273. Eciu monyJsb aHAJUTHYECKOH (QYHKLHH COXPAHSET TOCTO-
SHHOE 3HAuYeHHe Ha ledoll obnacTH (HampuMep, Ha Kpyre), TO caMa
dYHKUUA SBJASETCS TIOCTOSHHOMN.

274. Ilycts odyukuun @ (2) u P (2) pEryJasipHel B 3aMKHYTOM
Kpyre |z|=<1 H He ofpalaioTcs B HYJb B OTKPHITOM Kpyre |z|<C 1.
Ilycth, xpome Toro, ¢(0) u P (0) BemecTBEHHBI H TMOJOMKHTENbLHDI,
Ecnm monynn @ (2) w P (2) Ha okpyxkuoctH |z|=1 coBnajator, TO
TOXJECTBEHHO ¢ (2) =1 2). .

275. Ilycrs ¢yuxuus f(2) perysisipHa ¥ OJIHO3HAyHAa BHYTPH
HEKOTOpoH 3aMKHYTOH o06/acTH B H ' HeNpepbiBHA BO BCEX TOYKAEX
ee rpanuubl. Ilyete M ecTh makcumym moayas f(z) Ha rpanuue 8.
Torza BayTpH obnactu B

F@ <M,

€CJIH TONILKO f (2) He ecTb mocTosHHas. [Cusbuee, wem 135.]

276. Ilycrs { — BHYTpPEHHSIST TOYKA 3aMKHYTOH ofaactd B u R —
COBOKYIHOCTh T€X IPaHHYHHIX TOYEK, pPacCCTOSIHHE KOTOPBIX OT { He
npesbiuiaer p. ITycTh, jajee, Ha OKPYKHOCTH Pajuyca p ¢ LEHTPOM

B TOUKe { uMeeTcsi J1yra, He TNpHHanjexauast K B, AJHHA KOTOPOi
2m '
/Tp, rie n—uenoe wnucao. Ilokasarb, yro ecan obynxuus f(2)

perynsipHa M OJHO3HAYHA BHYTPH W HeNpepbiBHA BO BCEX TOYKAX

rpaHHIbl 06gacTH B U NpHToM B TouKax R |f(2) | << a, a B ocTaNbHLIX

rpaHHYHEIX TOuKaX [f(2) (<< A, a<{A, TO uMeeT MECTO HEpaBeHCTBO
1 1

F@)|<and'"n,
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n—1 2ni
[PaccmoTpeTb nponssenenne | [ f+(z—{ o], o=e", B Haune-
v=0

JKaue BHIGPaHHOM oénacm.]

277. llycry dyuxuus f(2) peryasipHa W OTpaHWueHa B yIJIe
0 <C arg z <Co W HenpepuiBHA B TOUKAX BEUIECTBEHHOH OCH, NPHYEM IIPH
HeOrpaHHYEHHOM BO3PACTAHHH X TNO TOJOXKHTEIbHLIM 3HAYEHHAM
limf (x) =0. Torna

lim f(z)=0
f2]—co
paBHOMEPHO B KaxaoM yrye O<Cargez<ta —e<<a.

278. Ilycts amanuTHueckas ¢yHkuus f(2) obnajaer cienyio-
IHMH CBOHCTBAMH:

1) f(z) perysnspHa BO BCcex Toukax Hekoropoi ofiactn &;

2) f(2) oxsosnauyna B ;

3) CYyILIECTBYET Takoe IOCTOSHHOE MNOJ0XKUTENbHOe yucao M, uro,
KakoBa Obl HH Gbla TOYKa Ha rpaunume & u cKoib Onl Majgo HH
OblJI0 TIOJIOKHTENLHOE €, BCerja Hafjercs TaKas OKDECTHOCTb pac-
CMaTpPHBaeMOH IPaHWYHON TOYKH, UYTO AJIs1 BCEX Z, IpHHajIexauux &
U TONajalouMXx B yKa3aHHY OKPECTHOCTb, BHIOJHAETCH HePaBEeHCTBO

[f(2)| <M.
Torza Bo Beelt obnactu G
<M
u naxe |f(z)|<< M, ecnu tonbKo f(z) He ectb nocrosinHas. [Tounee,

uem 275.]
279. Ilycrs ¢yuxuus [(z) perynasipHa W OrpaHuueHa B Kpyre
|2| < 1, npuyeM B HEKOTOPOM CeKTope o =< ¥ =P, @ < paBHOMEpPHO

lirrllf (ref®) =0.
Torna f (2) =0.
§ 2. Jlemma LlBapua

280. Ilycre B xpyre |z|<<l oynxkums f(z) peryaspua H
|f(z)|<<1. Ecmu f(0)=0, To nu60 umeeT MecTO 6OJee CHIBHOE
HepaBeHCTBO |f(z)| << |z, aubo f(z) =e®z, rie o BelECTBEHHO.

281. llycrb 2= ¢ (), @ =1 ({) — ABa OTHOIHCTHEIX OTOGPAKEHHS
e/lHHUYHOro Kpyra |{|<C1 Ha obnactH & u &) IVIOCKOCTEH 2z H @,
npvyeM UEHTPY Kpyra {==0 COOTBETCTBYIOT TOUKH 2 =2, H W= ©,.
Ilycts, nanee, § u fy—3amkHyTHie 06JIaCTH, B KOTOPHIE NEPEXOAUT
IpH yKasaHHbX OoTOOpa)keHMAX Kpyr |{|=Zp, O0<<p<<l. Ecmn w =
=f(z) ectp perysaapuaa B & anamuruyeckass (QYHKIMs, 3HAYEHHS
KOTOPO# J1eXAaT B 00/1aCTH &), IpuYeM [ (zo) = @,, To 3Ta GyHKIHS [ (2)
NpHHHUMAeT B YacTH ¢ ofsacth (B 3uayenus, JexkauiHe B 4acTH b
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obnactn . Dosee Toro, 5TH 3HaueHHs JexkaT CTPOro BHYTPU b,
ec/M Tonbko f(z) He coBnajgaer ¢ ¢dbyHKuueH, ONHOIHCTHO OTOGpa-
Kaowelt & Ha .
282, Ilycrs B kpyre | 2| << 1 dyuxuus f (2) peryaspua u | [ (2) | <
< 1. Torna
1—{7 )

2A—f0)|=|z 0 2 1).
TR0 <|zli=Fgrs 0<lzi<D
PaBeHCTBO MOMXKET MMEThb MECTO TOJABKO A/ JHHEHHOH QyHKUHMK BHAA

__el%tuwy
@) =15

(o BelEecTBEHHO).

283. Ilycm [ (2) peryasipHa B Kpyre |2 | <<R. OGo3HauuM uepes
A (r) makcumyM BeilecTBeHHOI uacTy f (2) B kpyre |z |=<<r, 0<<r <R.
Torna UMEeT MECTO HepaBeHCTBO

AN=RILAO+FHAR) 0<r<R),

rjie TOJOXKEHO llm A(r)-— (R). [A(r) ™moOHOTOHHO BO3pacTaer

r—R—
BMecTe ¢ r, 313.] PaBeHCTBo UMEET MECTO TOJbKO IS JIHHEHHOH
GYHKIUH BHZA

Rwy+[we—24 R)] eitz
(o) =Rl 20 R

(o BELIECTBEHHO).
284. (Ilponomxenne.) [na maxcumyma MoAayas f(2) B Kpyre
| 2| =<r uMeeT MecrO HepaBeHCTBO

M (r) < M (0)

AO)=2E M)+

R

285. Ilycrs B kpyre | 2| << R dyuxuus f(z) perysaspua, OTJIHYHA
OT HyJs W orpaHuueHa. Torja

R—r 2r
M(r)<M@OR+"MR)R+r (0<r<R),
Tae TOJOMXKEHO 11m M(r) M (R).
286. HyCTb (byHKumd @), [2(2), s [n @), ... perynapusl,

OTJIHYHBL OT HYJS M MO MOIYJR MEHbIIe elIHHHLLbI B prre |z|<<]1.

Ecnu pan
LO)+f O 4. .4+ (O)+...
aGCOMIIOTHO CXOJHTCS, TO CXONHUTCA TaKxke pPAl
1 QP+ @QF +.. .+ f. @F +
H TPHTOM aGCOJMIOTHO MpH |z |<< o

287. Ilycrs B kpyre [z|<<1 dyukuus f(z) perynsgpHa u ee
BeleCTBeHHaA 4acTb nojoxutenbHa. llycrs, xpome Toro, f(0) peuse-



OTIEJ TPETUM, ['JIABA 6, § 2 169

cteenHo. Torma

FO =R @ =F0) 12,
22|

13 @< O = 5r
0 1—‘[Z\<1 < f(0 1+]z| 0 [<1
f()l—Hz'\f(zH\f()l—‘z] (<‘Z|< )
PapeHCTBO MOXKET HMETh MECTO TOJIBKO I (I)YHKLLHH Buaa
f(2) = w, l—l—elo‘z

T—efez’

rie W, ¥ & BELIECTBEHHH H w, > 0.

288. Ilycte B xpyre |2z|<<1 cymxuus f(z) perynspua u
|Rf(2)| << 1. Ecan f(0)=0, 1o BHINONHseTCA Go/ee cUIbHOE Hepa-
BEHCTBO

| Rf 2) | << —arctglz| O<|z|<]).
Kpome Toro,

2 1+lz]

PaBeHCTBO MOXKET HMeTh MECTO TOJbKO AJd Q)YHKHHH

14efoz
Py =2 gt
(ot BEUECTBEHHO).
289. Ilycrs f(2) perynsipua B Kpyre |2| <R u A — kone6anune
ee BEUIECTBEHHOH HacTH B 3TOM KpPyTe, C/Iel0BaTe/bHO, A4 | 2; | <R,

23| <R
| Rf (20) —Rf (20 | <A

Torza nauGosbliee KojebaHue ee BEUIECTBEHHOH YacTH BO BHYTPEH-
HeM Kpyre |z|<<r, r<<R, HOIIllHHEHO HepaBeHCTBY

| R (2)) — Rf (25) | =<2 arctg (2| <<r, | 22| <1).

Jlnst HauGosbluero Kose6anust MEHMOH YacTH B TOM Ke Kpyre HMeeM
OLIEHKY

|3 () = S3F ) | <2 mEEL (z)<r, |2 <)

290. OGosHauuM yepe3s 3 HeorpaHHYEHHY0 06/1aCTh IIOCKOCTH 2 ==
= x-}1{y, CHUMMETDHYHYIO OTHOCHTEJbHO BEUIECTBEHHOH OCH, BhiAense-
MYIO0 HEPaBeHCTBaMH

x>0, —kR)<y<<k(n),

rie k(x) — nojoxuTenbHas HenpepulBHAag (yHKIUA, onpeneseHHas
ana x=0. Torna cyuectByer NOJIOKUTENbHAS  HeNpPePLIBHAsH (yHK-
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uusa A (x), saBUcAllasg TOAbKO OT 3, obnajaiomias cJelyIOUlHM CBOM-
cTBOM: M1 BeAKOH Qyuriuu F (2), pery/sipHoid M oOrpaHHYeHHOH
cHu3y B ofbnactu 3, |F (2)|>¢, ¢>0, oTHoenue
- In|F(x)|
h ()

OCTaeTcsl OTPAHHYEHHBIM CBEPXY NPH BO3PACTAHHM X IO IOJOKHTE/Tb-
HBIM 3HAUeHHAM 10 GeCKOHeyHOCTH. (DTa Teopema ocoGEHHO HHTEpeCHa
B TOM cJayyae, Koraa £k (x), MOHOTOHHO yObiBasi, CTPEMHTCSl K HY.JIO,
Tak 4yTo 06GJacTh 3 NPHHHMAET «sA3BIKOOGPa3Hyio» (OpPMY; B CaMOM
nefe, B TO BpeMsi Kax BJOJb H30JHPOBAHHO B3SITOTC JyYa aHAJUTH-
yeckasi (YHKIHS MOXKET BO3PacTaThb CKOJb YroiHo cuibHo (IV 180),
ObicTpoTe ee BO3paCTaHUs KJaleTcs onpeleseRHblil npefes, NOCKOAbKY
OHO TIPOMCXOJIHT Ha MPOCTPAHCTBE LEJOH «s3BIKO0GPa3Hoi» 06/1aCTH.
ATOT pe3ysbTaT MOXKHO HECKOJBLKO rpy6o BLIpa3uTh TaK: €CJH HH OfHA
H3 TOYEK TNOBEPXHOCTH MOAYJs B 06jacTu 3 He JOJXKHA ONYCKaThest
HIKE OMNpe]eJeHHOr0 YPOBHA, TO HH OJHA HE CMOXKET H CJIHIUKOM
BBICOKO TOAHATBCS.)

291. llycry ¢yukuus [(2) B enmHuyHom kpyre |z|<< 1 pery-
JIPHA M IO MOLYJIO MeHbLIE €AHHHUH, NYCTh, /aJee, OHA PeryJaspHa
B Toyke z==1, HakoHen, nycts [(0)=0, /(1)=1. Torma f' (1) Be-
QIeCTBEHHO U =1,

292, Tlycte dyukuus f(2) B eaunuunoM Kpyre |z|<< 1 pery-
ASpHA M N0 MOLAY/MI0 MeHblle exuHuubl. llyctb, Kpome Toro, f(2)
perynapua ana z=1 n f(1)=1. Torna {' (1) BemecTBeHHO H

, 1t 2 1—(zp2
PO RS = (2l<).

293. llycrv B Bepxseii nonymnockoetn 3z >0 dysxuus f(z)
peryjsipHa H }MEET TIIOJIOXKHTENBHYI0O MHHMYIO 4actb, f (2) > 0.
IMycts, kpoMe TOro, f(z) peryasipHa B HEKOTOPOH TOUKE z =q Be-
ecTBeHHoi ocH, mpuyeM f(a)=>b, rae b Bemecrsenno. Torna [’ (@)
BeIl|eCTBEHHO U IIOJIOKHUTENBHO, H B BepXHell MOJYyMJAOCKOCTH Jz >0
BBITIOJIHAETCSH HEPABEHCTBO

o 1 o 1
YIre TN @@

294. Tlycrs B xpyre |2z| << 1 dynkuus f(2) peryaspra, umeer

HYJH 24, 23, ..., 2y W 10 MOAYJIO He npesBocxogdr M. Torna B atom
Kpyre BhINOJHSIETCSE GoJlee CUNIbHOE HepaBeHCTBO
' z2—2 z2—2 2—2z,
4 == . -
]f()‘\“ -2z 1—2,2 1—z,2 M,

NpUYEM PABEHCTBO MOXKET BBINMOJHATHCA JHGO [J/st BCEX' TOYEK Kpyra
|z|<<1, nn6o nu aas onmoii. (Teopema 280 mnosyvaercs orcioia
KaK 4aCTHHI cayvail npu n=1, z,=0)

2985. Ilycrb B noaynaockoctn Rz > 0 dyukuus f(z) peryaspua.
HMEeT HYJH 2y, Z3, ..., 2, U Y/OB/ETBOPSAET HEPABEHCTBY |f (2) | << M,
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Torna B 3TOH NONYNNOCKOCTH HMEeT MecTo GoJiee CHIbHOE HepaBeHCTBO

2y —2 23—z 2,—2
f@=|agr ez m2y,
NpHYeM DAaBEHCTBO MOXET JMGO BHIMOMHATLCS [Jis BCEX TOYEK YKa-
3aHHOU TMOJYTJIOCKOCTH, NHGO HE BHIMOAHATLCA HH A OLHOR.
296. Dyuxuus, MepoMoppHasi B 3aMKHYTOM KPyre H IOCTOSIH-
Haf MO MOAYJIO Ha €ro rpaHuie, ABJSETCS PAHOHAJbHOH, a HMEHHO
C TOYHOCTBIO 10 TIOCTOSHHOTO MHOXKHTE/S COBMNAfaeT ¢ MPOH3BEIECHHEM
ApOOHO-NTHHEHHBIX GYHKIHI, OTOOpaKaoOWMX paccMaTpUBAEMblid KPyT
Ha 'BHYTPEHHIOIO HJH BHEIIHIOW OGMACTH EIHHMYHOH OKPYMKHOCTH.
297. Ecin B xpyre |2|<< | ¢yukuus f(2) peryaspua u orpa-
HHYeHa W ofpamaercs B HyJb B TOYKAX 2y, 25, 23, ..., TO TOTAA

Jaubo pax
T=lzn)+A—]2)+-0—]2)+...

(cymMmMa pacCTOAHHT HyJell JO OKPYXKHOCTH €JHHHYHOIO Kpyra) —
cxopsuuiics, nubo f(z) =0. :
298. Ecau B noayniockoctd MRz >0 dynkuus f(2) peryaspHa

¥ OorpaHHyeHa H 0GpaaeTcst B HYJb B TOYKAX 2y, Zg, Zgy ..., J€-
KallHX BHYTPH 5TOll TNOJNYIVIOCKOCTH, HO BHE €IHHHYHOrO Kpyra:
Rz, >0, |2,1>1, n=1, 2, 3, ..., To Torna au6o paxn

o ! il ol
Xg+ﬁg+ﬁg+m
— cxopsumiics, aubo f(2) =0.

§ 3. Teopema Apnamapa o Tpex Kpyrax

299. Cymva MoAyJIeHl HECKONPKHX AHANHTHYECKHX (YHKIHI
JIOCTHraeT CBOEro MakKcHMyMa Ha rpanuue. Bosee mnofpo6HO: nycTb
GYHKUHHA [y (2), f2(2), ..., fo(2) peryaspHbl H OZHO3HAYHBI B Orpa-
HUueHHoH 3aMKHYTO#H ofnactu B. TorAa QyHKIHA

e@=1L@|+LE@+. .+

HenpepLIBHas B 3TOH OGJAcTH, Ha €e rpaHHle JOCTHraeT MakCHMyMa.

800. (ITpononxenne.) Ecnu dyukuuu f; 2), f2 @), ..., 2 (2) He
BCce TOCTOSIHHEI, TO ¢(2) JOCTMraeT MakCHMyMa CTPOTO Ha IPaHHIE
ofaactd B, T. €. 3uayeHHsi ee BHYTPH 3ToH objacTH GyAyT NO MO-
JyJI0 MeHble YKa3aHHOIO MaKCHMyMa.

801. Ilycts B npocrpaHcTBe 3ajanbl 7 QHKCHPOBAHHBIX TOYEK P,
Py, ..., P, W nmepeMeHHas TOYKa P. Tlokasatb, 4TO (YHKLHS
TOYkH P -

¢(Py=PP,-PP,...PP,
(PP, ectb paccTosinue MeXay P u P,) B KaXjofi orpaHHYeHHOH 3aMK-
HyToll ofnacTH AOCTHIAeT Makcumyma Ha rpanuue. (O6obuienye Teo-
pembr 137.)
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302. Ilycrs dyrkuus f,(2), [2(2), ..., [x(2) perynapHst H
OJHO3HAYHBl B OrpaHUYEHHOH 3aMKHYyTOH ofnactn B. Ilokasats, 4TO
byHKI U

9@ =@ 1 +f @) P4 A @) [P,

re Py, Pas ---» Pn— TNOJOKHTEJbHEIE YHC/IA, HENMpephLiBHAsg B 00-
Jacti B, NOCTHraeT MakCHMyMa Ha TrPaHHIlE 3TOH O6JACTH U IIPHTOM
TOJALKO Ha TrpaHHne, eciu ¢yHKuHu f, (2), f, @), ..., . (2) He Bce
TIOCTOSIHHBIE.

303. llycte Qynkuus f(z) perynspHa B MHOLOCBA3HOH OrpaHH-
YEHHOH 3aMKHyTon obnacti B H, KpOMe TOro, |f(2)| [HO He oGsa3a-
Tes1bHO [ (2)!] siBAsiercs B B ofHOo3HayHOl dyHKUHEH. Toraa MakCUMyM
MOAyJst [(2) AOCTHraercst B OJHO{ H3 IPaHHYHLIX TOYeK oGsacTH B.
Ilpu stom, ecnn f(2) He NOCTOSIHHAsl, MAKCUMYM HE MOXKET JOCTH-
ratbCcs HH B Kakoii BHYTpEHHEH TOUKe.

304. Ilycts f(2) peryndpna B kpyre |z|<CR. Ilokasats, 41O
npu 0 << r, <<r, <<rg<<R BHIIOJHACTCH HEPaBeHCTBO

Inr,—Inr Inrg—1In
M (ra) = In r2 In ri In M (rs) -+ In :s }n :2 InM (rl)'

Vupive  crosamu, wusobpaxas InM(r) kak ¢ymkumo ot Inr
B NPSIMOYTOJILHON CHCTEMe KOOPAMHAT, MBI nonyqaeM KPHUBYIO, HEBOT-
HYTYIO CHM3y (meopema Adamapa o mpex xpyeax). [HMccnenosats
z%f (z), nono6pas HaadexKamuM ofpasoMm o.]

305. (Ilpomomxkenue.) InM(r) spasercs CTPOro BHIYKJOH
dyukuueii or Inr, ecan TOMBKO f(2) He wMmeeT BHAa az%, rle @ W
o — NOCTOSIHHBIE W & BELIECTBEHHO. MHBIMH C/I0BaMH, JIHIIB A4
3TOr0 HCKJIIOYHTENBHOTO Cjyyass B HepaBeHcTBe 3aaaud 304 moxer
JOCTHraTbCst PaBEHCTBO.

306. Ilycrs f (2) peryasipHa B Kpyre | 2| << R W He UMeeT Buia ¢z”,
rie ¢— nocrositHHas. IloxasaTh, yto ¢dbyHKOHA

() =5 S\f (re®) [* 40

(apudmeTHUecKoe cpefHee KBagpata Moayas |f(z)[* Ha OKpyKHOCTH
|z|=r, r << R) MOHOTOHHO BO3pacTaer BMmecTe C r, npuueMm In-/, (r)
SIBJISIETCS BHINYKJOH dyHKUKeH oT Inr.
307. Ilycte [(2) peryasipHa B Kpyre |z|<CR. TlokasaTb, 4TO
dYyHKIIHS
on
E’% S In | f(ref®)| a0
G(r)y=e °
(reomeTpHyecKoe CcpeaHee Moayas f(2) Ha OKPYXKHOCTH |z|=r7,
r<<R) He y0biBaeT NpH BO3pacTaHuH r, npuyeM In @ (r) ecTb HEBOT-
HyTast cuusy dyHkKuus or Inr.
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308. llycts [(2) He TOXKIECTBEHHO MOCTOAHHA H peryJspHa
B kpyre |z|<<R. IlokasaTb, 4To ¢yHKUHSA
2n

l(r)——SIf(rE‘ﬂ)\dﬂ (r<R)

MOHOTOHHO BO3PacTaeT NMpH BO3pacTaHuu r, mpuueM In /[ (r) ectb He-
BorHyTasi cHu3y dyHxuus or Inr. [299, 304.]

309. Oro6paxenne w=Ff(z), rae f(z) HE ecThb TOCTOSHHAS U
peryasipHa B Kpyre |z| <R, npeoGpa3yeT oKPyxKHOCTb | 2| =r (r <<R)
IVIOCKOCTH 2 B HEKOTOPYIO KPHBYIO IJIOCKOCTH @ ¢ Aaunod [ (r). Ilo-

L(r
Ka3aTh, “YTO OTHOLIEHHE —~2£") MOHOTOHHO BO3pacTaer BMeCTe C r.

3810. Ilycry f(z) He ecThb NOCTOsIHHAas H PeryssipHa B Kpyre

|2| <R. HOKaaaTb uTo q.')yHKLLHH

1,0 2nS|f(f€’ﬂ)”’dﬁ (r<R).

- T€ p— TONOXKHTENLHOE UHCJIO, MOHOTOHHO BO3PacTaeT BMeCTe C r,
npuueM In [, (r) ecTp HeBOrHyTasg cHuH3y ¢yHKuMA OT Inr. (Cp. wacr-
Hble cayyan p=2 u p=1 u npenenpusie cayuan p=0u p=oco
B 3anayax 306, 308, 307, 267 1 304; ananoruuHblil ciayyvah cm. B IV 19.)

§ 4. TF'apmonH4eckHe (PYHKUHH

311. 3nauenus aHaIuTHYeCKOH (YHKLHH, PeryJspHOil B 3aMKHY-
ToM Kpyre &, He Moryr GbiThb BEUIECTBEHHEI BO BCEX TOYKAaxX Ha rpa-
HHIE 3TOr0 KPyra, €CJIH TOJIbKO (QYHKIUSA HE NPHBOAMTCA K I10-
CTOAHHOH.

312. Ecnu rapmonnueckasi OYHKUHSA DeryJsipHa B 3aMKHYTOM
Kpyre, TO ee aGcoJIIOTHOE 3HAaueHHe B LEHTPE KPyra He MPEeBOCXOMT
cpennero apH¢MeTHUeckKoro €e abCoMIOTHHIX 3HaYeHUH Ha IPaHHLE,
Korza umeer Mecto paBeHCTBO?

313. Ilycrs rapmonuueckass GYHKIHS PETyJsipHA M OJHO3HAYHA
B HEKOTOPOH OrpaHHueHHON 3aMKHyTOH o6nactu B. Ilokasatb, uro
OHA TIPHHMMAET KaK MakKCHMaJbHOE, TaK W MWUHHMAJbHOE 3HAUeHUs
Ha rpaHule B H NPHUTOM TOJBKO HA TPaHHLE, €CJAH He sIBJSETCH
TOXK/JECTBEHHO TOCTOSTHHO.

314. Ecan rapMOHMUeCKas byHKUMS, peryaspHas u oxHO3HAU-
Hag B HEKOTOPOH OrpanHyeHHOH 3aMKHYTOH of1acTy B, paBHa HYJIO
BO BCEX TPaHMYHHX TOYKAX 3TOH 06/acTH, TO OHA TOXKIECTBEHHO
paBHa HYJIO.

315. OnucanHoe B pemeHnd 31 TOJOKEHHE DABHOBECHS He-
YCTOHYHEBO.

316. llycty rapmoHnueckasi ¢yHKIMs, He MPHBOAANIAsACA K IO-
CTOSIHHOH, OJHO3Ha4yHa B OrpaHHYeHHOH 3aMKHYyTOH oOnactu B.
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[lycts, KpoMe TOro, OHa perynsipHa B 3TOoH 06JacTH, 3a HCKJO4e-
HHEM KOHEYHOr0 4uHCJa TOYeK, B KOTOpbIX ofpawmaercs B — oo
(T. e. pu TpUOAMKEHHH K 3THM TOYKAaM CTpeMHTCs K — o). B ra-
KOM cJy4ae 3Ta (YHKIUS JAOCTHUIaeT MakCHMyMa Ha TrpaHule.

317. Ilycts ¢yuKuus f(2) peryaspsa B xpyre | 2| =< R u oTo6pa-
JKaeT €ro Ha Hekoropylo ofjacTb IJIOCKOCTH W, IPaHUla KOTOpOH
3Besfoofpa3Ha oTHocutenbHo Touku w=0. Ilycrs, Kpome ToOro,
f(0)=0. Torna u o6pasbl KOHUEHTPUUECKHX OKPYKHOCTEH [z |=1,
r << R GyAyT 3Be3noofpasHbl OTHOCHTENbHO w = (.

318. Ilycts dyukuus f(2) peryaspsa B kpyre | 2| << R u oto6pa-
JKaeT ero Ha HEKOTOPYK BHHIYKJAyt ofJjacTh muockoetH w. Toraa
KaKJ1asfg OKPYXHOCTh, JexkKaiast ByTpH Kpyra |2 | << R, orofpaaeTcst
B BBIYKJ/YIO KPUBYIO.

319. Ilycrs

uy (%, ), s (X, Y)y ooy Up(x, y)  (R=x+1iy)

— TpPOH3BOJIbHLIE FapMOHHYECKHe (YHKIHH, PEryJssipHbE ¥ OJHO3Hay-
Hble B HEKOTOpOH orpanuueHHoil 3amkHyToll oGnactu B. Ilokasars,
4TO (PyHKUHS

lun (& o) [+l (x, o) |4l (x, )],

HenpepeiBHAA B B, J0OCTHraeT MakCcMMyMa Ha rpaHune 3toll o6;1acTH.
320. Ilycte A (r) —MakcuMyM, NPHHUMAeMBIi Ha OKPYKHOCTH
|2|=r rapmoHuuecKoll ¢Qynkuueit, perysspHofi B xpyre |z|<<R

(r <<R). Ilokasatb, uto npu 0 << r; << ry, <<ry << R BHIOJHsIETCH He-
PAaBEHCTBO

Inrg—Inr Inrg—Inr,

Inrg—1inry A (rs) +1n rg—linry (r2),

WHBIMH CJIOBaMH, 4T0 A (r) ecTb HEBOTHyTast cHU3y (yHKIMs OT In 7.
321. BuBectn teopemy Anamapa o Tpex xpyrax (304) us Teo-

pembl 320 u ofpatHo 320 u3 TeopeMnl Ajamapa O TpeX Kpyrax.

A(f2)<

§ 5. Meron Pparmena u Jlunnenéda

822. Ilycts dynkuus [(2) peryasipsa B yrioBoll o6jacT
—a<<¥<<o (z=re¥% c szajannpM «, O<oc<g—. Ilyers, Kpome
TOrO:

1) cywecTByioT Takue JBe MNOJOKHUTEIbHBIE NOcTosiHHLE A U B,
YTO B YKA3aHHOM yI/ie — o= ¢ <C o BBIIOJHAETCS HEPABEHCTBO

|7 (2) | < AeBl=l;
2) na rpanuue yria (T. e. BIOJb JyueH O =—o H ¥ =a) Bbl-
NOJIHSAETCS HEepPaBEeHCTBO
7@ =<1,

Torma |f(2)|=<1 Bo BceM yruae,
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HokasarteancTBo: Ilyers A— (pm(cupOBaHHoe YHCJIO, YHOB-
.neTBopsnouLee HepaBeHCTBaM 1 <A < -. Pacemotpum dyHKLHIO cpaBs-

HeHHs e , Tle HMeeTcsl B BHIYy Ta BeTBb 2%, IJisi KOTOPOH TOJIOXKH-
TeJbHBIM 2 COOTBETCTBYIOT MO/I0KUTE/bHbIE 3HaueHHs 2", JTa DyHKOHS
peryJ/jsipHa BO BCEM 3aMKHYTOM YIJie, 3a HCKJIOueHHeM Touku 2z =0,
rie, OIHAKO, OHA HempepeiBHa. Ha oéonx KpalHUX Jyyax, T. €. 1as
d=—a u ¥ =oa, uMeeM:

[ezl'|:erkcoska>]’

I
Tak kak 0 <<ha <<y . Ha ayre okpyxHoctH |z|=r, —a<¥<a,
HMeeM: :
l ezx , — erl' cos A% /> erx cos Aa,
x .
(PyHKLHS CPaBHEHHA €°” MOUYTH YJOBJECTBOPSET MPEATIONIOKEHHAM
TeopeMbl, He TMOAXONs, OJHaKo, mox ee yrBepxkiexue. Ilpernmoso-

11
JKUM, — YTO 3anpeieno, —yro A =1 wiu ?»=25; B TIEPBOM H3 3THX
HEeJl03BOJIEHHBIX TIPeJeJbHHX C/y4aeB BHIIIOMHSIOCH Gbl TPEAoNoNke-

HUe 1), BO BTOPOM — NpeinoNoXKeHHe 2), OfHaKO HHU B ONHOM Clyuae
ofa TIPEANOJIOXKEHHA He BBLINOJHSAIOTCS OJHOBPEMEHHO H HH B OJHOM

A
cayuae GyHKnUsS e He Oyjer orpaHHYeHa B PacCMaTPHBAaeMOM yTJe.)

A

Pacemotpum teneps @yHRuHIO f(2) €7%%", TAe & — NONOKUTENbHOE
YHCJIO, B HEKOTOPOH GUKCHPOBAHHOH TOUKe 2,, JeXalleidl BHYTPH
yria. 3ak/Jo4HM 3TY TOYKY B KPYroOBOH CEKTOp, OrpaHH4YeHHHIH Jy-

yamu & = —a, ¥ =0 U OTCEKaeMOl MMM Jyrod oKpYKHOCTH |2 |=r,
rie
1
2B \A-—1 In A
r>lal > o r> g

Ha npsMosHBeHHOH Y4acTH rpaHHlbl CEKTOpa HMeeM COrJIacHO Ipen-
TIOJIOXKEHHIO 2)
‘f(z P | < 1.p#rtcos ha — =1.

Ha nyre |z|==r ceKTopa BcleACTBHE npeunonomeﬂm 1) 1 HepaBeHCTB
ert cosha >2Br, eB" > A umeem:

‘f(Z) e—az J <AeBre-£r cos Ao < Ae—Br < 1.

CsefoBaTEBHO, TO TNPHHIMIY MaKCHMyMa TaKxXKe BO BHYTpeHHe#
TOYKE 2, CEKTOpa

s
-- €
|f(z0)e zo\é I.
Tak Kak 3TO HEPABEHCTBO CIPaBeNJIHBO M JHOGOTO CKOJIb YTOAHO
MaJIoro TOJIOXKHTEIBHOrO €, TO TeopeMa 322 NoKasaHa.
828. YreepxkieHne TpeAbIAYLIEH TEOpeMbl, 4 HMEHHO, YTO
|f ()| =<1 BoO Bcem yrJie, coxpaHseT CHJy, €ClH INpearnojoxende 1)
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3aMeHHTb caelylouuM, Gosee caabbiM: TpeByeTcsi, YTOObl HEPABEHCTBO
|f () | <AeBlzl

BLINOJHAJAOCHE HE BO BCeM Yrije, a JiMUlb Ha 3aKJIOYEHHLIX B 3TOM
yrie Ayrax OKpyXHOCTell |2|=ry, |2|=ry, ..., |2]|=1y, ..., TOe
lim r, =00, Kakumu 6osiee OGIIUMH KPHUBBIMH MOXHO 3aMEHHTb 3TH

n—s o
KPyroBble JYru?

324. Ilycts npennonoxeHnue 2) 3agaun 322 H3MEHEHO cJelylo-
muM ofpasom: TpebyeTcsi, yToGbl BHYTPH yria — o =< & <o cymect-
BOBaJIM JIBE BBIXOAAMIME M3 Hayaja H B JajbHeilllieM HE INepeceKalo-
mpecsi kpusne I, u Iy, npocrupaioijnecst B 6eCKOHEUHOCTD, BAOJb
KOTOpHIX |f (2) | =< 1 Torpa npu coxpaHeHHH TPe/IONIOMKEeH 51 1) ne-
PaBeHCTBO |f(2) =<1 BbimosiHseTcsi Takxke BO Bcell 06/1aCTH, 3aKJio-
yennoii Mex1y Iy u Ty

325. Tlycrs pynxuns f(2) permepHa B MOJY IJIOCKOCTH Rz =0
H YIOBJETBOPSET CJELYIOUHM TPEM YCJIOBHAM:

1) cymiecTBYIOT ABE TaKue NOJIOXKHTeJbHbIE NOCTOsIHHBIE A, B, uto

BO BCeHl MOJIYTJIOCKOCTH
F ()| << AeBizi;

2) nnsa r=0 . )
Fen <1, |[f(—in|<]
3) [
lim sup m< 0.
r— -4 oo
Torna Bo Beeit momynaockocTH Rz=0
@<l

HoxasatenbcTBo. Ilpun JoKasaTeabcTBe TeopeMbl 322 MbI
TIPUMEHH/IN TIPUHIMI MaKCHMyMa, BB€Isi OJUH NEpeMeHHBIH nmapamerp
(uncno €); Temepbp BBelAeM JBa napamerpa. PyHxuua |f(r)|eV
(n>0) mepemeHHOro r MPH r-> 0O CTPEMHTCS COTJIACHO YCJOBHIO 3)
K HyJo. CnejoBaTenbHO, OHA JOCTHI AT CBOETO MaKcnmyma—oéosﬂa-
‘UMM €ro uepes F, —B HEKOTOPOH Touke ro (ry==0). Ecan ry=0, 1o
COTJIaCHO prIosmo 2) Fy=-1. BuifepeM Hekoropoe (PHUKCHUPOBAaHHOE

upeo A, 1 <<A<C?2 (Hanpnmep, 7§=%>, H DacCMOTPHM aHaJjHTHYe-

CKYI0 (DyHKIHIO
_ i
f(z) eMp-8¢ 4 2

(e>>0) B xBagpanre 0= = =<5 = . (Betsb 2* onpenensiercsi, Kak B 322. )

Torza B yKasaHHOM KBajpaHTe

M'ﬂ —erh cos (A&—?%ﬂ)

‘ f@)e e

COS <Mi —T>>cos <i T) =0

?
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Orcioja Ha OCHOBaHHU ycsa0BHH 1), 2), 3) TeM ke crHocoGoM, Kak U
npu JoKasaTeJbcTse Teopemnl 322 (e—0), 3akJ/wouaeMm, uTo B KBal-

I
paHTe Ogﬁg‘g— MonyJab f(z)e™ He mpeBOCXOLUT GOJBLIEr0 W3
yuced 1 u Fp. Ho ToO e MoXHO J0Ka3aTb M IS KBaJpaHTa
— §<ﬁ< 0. M yrtBepKiaeM Temepb, uTo Fy=< 1. [leficTBHTEBHO,

ecan O6pt Obio Fpy>>1, TO BO Bcell MNONYIVIOCKOCTH Mbl HMEJH Gbl
If(2)e"?| < F,, a B HEKOTOPOH TOUKe z=r, >0 BelecTBeHHoi ocH
6u110 Obl |f (rg) e~"e|=F, (cM. Boiue). Ho 3Toro He MOMKeT GHITh,
TaK KaK MaKCHUMyM He MOXKeT [OCTHraThCsi BO BHYTPEHHEH TOUKe
z=ry. Takum o0pasoM, OCTAeTcst JHIIb OIHA BO3MOXKHOCTb Fp=Il.
B coeiHHEHHMH € NpPelbAyIIHM 3TO JaeT, YTO BO BCel MOJYNJIOCKOCTH

Rez=0 _
[f@e™[<1

-Tak Kak 3TO HEPABEHCTBO BHIMOJHAETCH /s BCEX n>0 TO TEM
caMBIM TeopeMa JOKa3aHa.

3ameTnM elle, YTO B YCJOBHH 3) TOJOXUTENbLHYIO BEIECTBEHHYIO
OCb MOXKHO OplIO Obl 3aMEHHTb JIIOOKIM JYYOM, BRIXOASILIHM H3
z=0 u sexamum B noasymiockocty Rz=0. Kaxiuii takoit ayu
Je1uT TOJYIJIOCKOCTb Ha JABa yrsa, o6a ¢ pacTBOPOM MeHbIHe T,
a TOJbKO 3TO H cymecTBeHHO [322, Takxke 330].

826. [lycrb ¢ynxuus f(2) perysasipHa B NOaynjockocTd Rz =0
H YIOBJIETBOPSIET CJELYIOUIUM YCJIOBHAM:

1) cywecTByioT 1Be TaKHe TMOJNOKHTE/NbHbE NOCTOTHHbIE A u B,
YyTO BO BCEH NOJYIJIOCKOCTH

[ R)] << AeBi=;

2) npu r;O‘
finl=1, [[(—ini<]

3) cymeCTByeT TaKoH yroua o, —%<oc <%, 4YTO
114
lim nlite®|
n—-tow

[Toxa3aTb, 4YTo Takas (GYHKIHS J0/kHA ObITh TOXIECTBEHHO PABHA
Hymo ;PaCCMOTpeTb e*f (2), ®>0.]
[Tycrs dyHRUHA f(2) perynspHa B nonynjockocTH Rz =0
H yﬂOBJ‘IeTBOpﬂeT CEIYIOMUM YCJOBHAM:
1) cyulecTBYIOT 1BE TaKHe TOJOKHUTEbHbIE NOCTOAHHbIE A u B,
uTO BO BCEH MOJYIIOCKOCTH

1F @) <<AePiz;

'2) cywlecTBYIOT [Be TaKHe IOJIOKMUTe/bHble noctosuHue C u ¥y,

uto aas r =0 )
|f(Firy|=<Cer.
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Tlokasath, yro Takas (pYHKLHUS A0OJKHA GBITh TOXKIECTBEHHO PaBHA
Hymo. [Paccmorpers f (z)e—Bzln@+1 ]

328. dyuxuua sinmnz apasgeTcs HaHMeHbIIEH W3 KJ/acca aHaJuTH-
qecxnx B noaynaockoctd Rz == 0 u ofpawanmnuxcs B HyJ1b B TOYKax
2=0 2, 3, ... Toynee roBops, HMEET MECTO CJELYHOLlAsl TeopeMa:

HyCTb q;)yHKLLHH f () — aHaMTHYECKaA B moaymaockocTH Rz=0
W YLOBJIETBOPSIET CJEAYIOUMM YC/IOBUSAM:

1) cyulecTBYIOT ABE TaKue MOJOXKHTEbHble MOcTOsiHHEE A U B,
uyto jis Rz=0

|f ()| << AeBiz);

2) CYLIECTBYIOT JiBeé TakHe [MOJOXKUTENbHbE TocTosiHHBle C u ¥y,
uto ang r=0
[ (Fir) | < Cetv)

3) FO=F1)=F@2 )=---=f(n)=---=0-

Torpa f(2)=0.

329. ITycrs m(x)—nonomnenbﬂaﬂ GYHKIHA  TIONOXKUTETHHOMN
nepeMeHHOH X, BO3pacTawooliasi ¢ BO3PACTAHHEM X H BMECTE C X CTpe-
MALlasacs K 6eCKOH61{HOCTH Ilokasath, 4TOHE CyILe€CTBYeT PyHK-
unu f(2), perynﬂpﬂou B mosynyiockoetr Rz =0 1 yrosaeTsopsioies
BO BCEX TOYKAX 3TOH TOJYMJIOCKOCTH HEpPaBEHCTBY

|f(z)|>g€0 (znlz],

8330. Ilycts dyuxuus [(2) pery/isipga BO BCeX KOHEYHBIX TOU-
Kax yriaa o <<9 <P u |f(2)|<<1 na nyvax O =oa u O=p. [Tycrs,
KPOMEe TOro, CYUIECTBYET TaKasi [OJOXKHTEJbHAs TOCTOSHHAA &, yTO

BhHIpaxkeHHe
\

@) expl—]2p=a")

OorpaHnyeHo B yrie a=< 9 < p.
Torna BO BCAKOH BHYTPEHHEH TOYKe 3TOr0 yraa

f@) =1

n
[B3;m; B KayecTBe (DYHKIIMH CpPaBHeHHsl exp <zﬁ a° ]
331. Ilycts f(2) perynspua B yrie o= 9 <p. Ilycrs, xpome
Toro, |f(z)|=-1 na kpailnux nyuax O0=o u 0=p, u 119 Kaxzoro
£>0 MOXHO HaliTH Taxoe g, YTO AJSl BCEX r>>r, B HalleM yrie

BHITIONTHAETCA HEPABEHCTBO
Fd

\f (rei?) | < eoP =%,
TOFlIa, CBer TOro, BO BCeM yI“J]e
f@)I<1.

[[Tpumerute MeTOA nOKasaTenbCTBa TeopeMs! 325.]
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832. Ilycrs g (2) — uenas GyHKuUs ¥ M (r) — MAKCHMYM MOZYJIS
g(?) Ha okpyx®HOCTH |z |=r. Ec1n

lim 200
r —»co l/r
TO0 g(2) He orpaHMueHa HH Ha KakoM Jyue. [B wacTHocTH, Takxke
Ha OTPHIATENbHOH BENECTBEHHOH OCH.]
388. Tlycte dyHKius f(2) He 'eCTb MOCTOAHHAA W peryJspHa
B noJaymoJoce (B, onpesesnsieMOd HepaBEeHCTBAMH

=0,

I

(z=x+1iy). Ecnu cymecTByior 1Be Takue mocTosiHible A H a (A >0,
0<<a<<1), uro B noaynosnoce & BHINOJHSETCS HEPABEHCTBO

|f (e +iy) | < eae™,

I I

H ec/H, KpoMe TOro, Ha rpasune & <T. e. as x=0, —=<yY<7z
I

u s x =0, y=i—2—

lf@ =<1,

Te)I<.

bz
[©®yuxuns cpaBHenus Buua e .]
334. llycrb o (x) o6aafaer TeMH Ke CBOHCTBAMH, YTO H B 3a-
nage 329. Tloxasatb, uTo Kaxias GpyHKUuSA f(2), peryaspuas B nonay-
TnoJsioce

TO BHYTpPH mnojocet &

T
XZO, __Q_éyé

| a

(=x-+1iy), nomxkHa mo Kpa¥HeHd Mepe B OIHOH TOUKe Zz=x- iy
9TOH TOJIYNOJNOCH YAOBJIETBOPATh HEPAaBEHCTBY

f (i) | <<ewt) e,

335. llycty B 3anaye 278 ycaoBusi, C OfHON CTOPOHHI, OcJal-
JeHbl TpeGoBaHHEM, YTOOBl NPEANoNoKeHHe 3) BBINOJIHAJIOCH HE BO
Bcex (€3 MCK/IOYeHHS TIpaHHYHbIX Toukax ob.1actH &, a ¢ BO3MOXK-
HbIM HCKJIIOYEHHEM KOHEYHOro YHC/la HX 2, 2, ..., 2, HO, C OPY-
roil CTOPOHBLI, YCHJIEHB TPeGOBAHHEM CYLIECTBOBAHHA TAKOro TMOJO-
JKHTENbHOro yucaa M’, yToGH BO BCeX BHYTPEHHHX TOYKax obnaacti &
BHITIONIHAJNOCh HEPABEHCTBO

R I<M.

(MuTepec mpeiacrabasier aHmb caydail M’ > M.) Tlokasarb, yro upu
STHX H3MEHEHHBIX YCJOBHSX yTBepXKACHHe Teopembl 278 |f (2) | <M,
COOTBETCTBEHHO |f (2) | << M, ocraetcs B cuse. [B cayuae, xorna &
COIepKUT GECKOHEYHO YyJa/leHHY0 TOYKY, a BCe IDaHHYHBIE TOYKM
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o6nactu & gexar B xpyre |z|<Cr, PaccMOTPeTh B KauecTBe (YHK-
n

unn cpasresnst () ][] (z—20) ]
v=1

386. [Iycrb 3amxHyTas ofiacTb B pacnojoxeHa B NOJYIIO-
ckocTH J2z==0, npuueM Ta 4acTh €€ rpaHHLibl, KOTOpas JEXKHT Ha
BEIleCTBEHHON OCH, COCTOMT H3 KOHEYHOro yucja orpeskos. O6osua-
yuM yepe3 €2 CyMMy VYrjoB, NOA KOTOPBLIMH BH/IHBEI 3TH OTPE3KU H3
BHYTPeHHel ToukH (. Ecam f(2) perynsipHa M ONHO3HAYHA BHYTPH
-o6nactd B W HENPepHiBHA HA €e rpaHuile U eciu B BEUIECTBEHHHIX
rpaHHyHbIX ToukaX |f(2)!=C A, a B OCTa/bHBIX IPaHMYHBIX TOYKAX
If (@) |=<<a, 0<<a<CA, 10 TOrAa 0

FHOl=ATa T, [57.]

837. Ilyctv dyuxuus f(2) peryasipia B TOH 4YacTH PHMaHOBOH
noBepxHocTH (GyHKLHH 12, XOTOpasi JeXHUT Hal KPYroBbIM KOJbLOM
0<jz|=< 1. Ecny f(2) orpaHuuena B 3TOM KOJbIl€ H, B YaCTHOCTH,
[f ()| =21 Ha oxpyxkHOCTH |2|=1, TO U BO BceMm KoJble |f (2) |=< 1.

338. Ilycts g(2) —uenas QyHKuHs, HE PABHAs TOXKIECTBEHHO
nocTosiHHO#H, U (B — ofacTb, Ha rpaHulie KOTOpPOH (TOYHEe: B rpa-
HUYHBIX TOYKAX, OTJHYHBIX OT Zz=00) |g (2)i=£&, @ BO BHYTPEHHHX
TouKax |g(2)| >4k, k>0. Torna & HeoOGXORHMO COIEPKHT B Kauye-
cTBe TPaHHuHOM TOYKM z==00 U g (2) He orpannuena B .

339. I[lycre I, u T, —/Be HenpepuiBHBIE KPHUBLIE, HCXOASIIHE
M3 HexkoTopoil oflied HadaJpHOH TOUKM M IpOCTHparmiinecs B Gecko-
HEYHOCTb, OrpapHyHBasi BMECTE C TOYKOH 2 = 00 HEKOTOPYIO 06.,1acTh
(#anpumep, ABa Jyuya, OrpaHMYUBAIOLINE YTOM), IPUYEM 5Ta 06GJacTb
HE MMEeeT OOWHUX TOYEK C OTPHLATEJLHOH BEIECTBEHHOH OCHIO.

Ilyers dyukuns f (2) peryasipHa Ha I'y, Ty ¥ B 3aK/JII0UEHHOH MeXay
HuMH o6aacty. Ilyers, kpome Toro, limf (z2) =0, xoraa z-» oo BIOJB
Iy wan T,. Ecnm f(2) orpannyeHa B oGnacti Mexay Iy u I, To
torda limf (z) =0, xoraa z-»co 1o 3TOd OGNacTH.

Inz

[Paccmorp.erb ALehz f@ ]

340. Ilycre I, w I,—xpusee 3anaun 339. Ecau f(z) pery-
JIAPHA W orpaHudeHa B obnactu mex1y I, u I, u eciu, Kpome TOroO,
limf(2) =a, xorga z-»oo Broaw Ty, u limf(2) =&, Korga z—>co
slosb I'y, To Torma a=b.

[PaCCMOTpeTb (f (2) — a';b)z — (a;b )2]




PEIEHHU A

OTAEJI IEPBHH
BECKOHEYHDBIE PAAbI H MOCJEAOBATEJIbHOCTH

1. [Cm., manpumep, W. Ahrens, Altes und Neues aus der
Unterhaltungsmathematik, erp. 34—40, Berlin, Julius Springer, 1918.]
4562 = A100 [2].

2. Z ALr=(14+8 +8 +§3 A

n=20
X148 48 +8° + L2
XTs fom Yos
KO DO 00 400 o
X(LAFLOF 00 4000 b v g )
XL L0 L100 Tl g T30 )=
1

T I I—H I - I—)

YUTobbl MONYYHTL YHCJIOBOH Pe3yJbTaT, pacloJiaraéM HyXHple 4YJIEHH
pasjloXeHui

(1 _»§50)—1’ (1_ QEO)—]. (1 _ §20)-—1’ (1 —_ €50)—1 (1 . €20)—1 (1 _ Cl())—l’
B BHJE TaBJHLbL. 4
3. 108=B, [4].
4. Uuc/o NpeicTaBeHHH uHCAA 7 B BHAE CYMMBI S CJ1araeMbix

(c yueToM HMX nopsilika), U3 KOTODPHIX KaXkJ0e MOXKET NPHHHMATb OJHO
U3 uyeTbipex 3HaueHHit 1, 2, 3, 4, paBHO Ko3puuueHTy npH {* B pas-

JOKEHHH BbIpaXKeHHs
&+ SR SR

+
X

+ ok
o+
X

‘l'loaTomy uMeeM:

14 L B lr=1+4QC4+34+C4+ 0+ C+E+3B+2 ... =

n== i
_ 1
B S SR
HOns BriuHCJeHHA B, no/ib3yeMcs peKyppeHTHOH dopmyJioH
Bn = Bn-l + Bn—z + Bn-a + Bn—b
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BRITEKAMOLEH KaK U3 Ioc/eHero peaysabraTa, Tak U H3 CAMOTO CMbBIC/IA
BeJIHUHH B,,.

5- 4 = C75 [7].
6- 209= D7s [8].
"9

7. 3 GE =140 (1+8) (1+8) (1489 (14-8) (14 8).

n=y
8. > Dr=@'+1+0*C*H 1+ +14+D)x
n=-—99
X (G104 1L (G204 1429 (¥4 14-1%).

9. [Cv. Euler, Introductio in Analysin infinitorum *), ra. 16,
De partitione numerorum; Opera Omnia, Cepus 1, 1.8, cTp. 313—
338, Leipzig und Berlin, B. G. Teubner, 1922; nanee, nanpumep,
W. Ahrens, Mathematische Unterhaltungen und Spiele, 2-e usna-
uve, T. 1, crp. 88—98, 1. 2, crp. 329, Leipzig, B. G. Teubner,
1910, 1918.] «3anaua na pasMeH AeHer»:

, 1
()0 -3

n=0
3gece A, paer uMca0 pelleHu# Lmoq)aHTOBa yPaBHeHus

ax Faxe+ ... ax=n

B HEOTPHLATEJbHBIX LeJbIX YHCJIaXx.
«3ajaya Ha TIOYTOBBIE MapKH»:

P N\ s
SrCw— Y B~

n=0

Ileppasi «3ajaua Ha B3BelINBaHHe» (Bce PA3HOBECKH Ha OJHOM
YallKke BecoB):

(4489 ... (149 =3 Cutn
n=0

Bropasi «3ajava Ha B3BelIMBaHUE» (MOXKHO T0Jb30BATLCA OGEHMH
YalKaM1 BeCOoB):

o+ 1T E o 142 . 14T = 3 Dot

n=—cuo

10. 3anaya paBHOCH/IbHA CJeAYIOLmeH: H3 p THPb BECOM B EAHHHILY
Kaxjas (ONHAKO OT/IMYAOWMXCA OfHA OT APYroif, ckamxeM, (opmoi)
COCTABHTDL Pas/IMUHBIMH CIOCOOAMH BeC B 7 €AMHHML, M0Jb3YysiCh HPH
sToM oAHOH wvawkod BecoB. CorsacHo 9 uckomoe uncao C, paBHO

*) Mmeerca pycckuit mnepesoa: Jleonapa Dhiae P, Beenenne B aHajaus
GeckoneuHo maneix, OHTH, 1936.
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KosbdHuneHTy npH (" B GHHOMHAJBLHOM Das3/IOXKEHHH

A A
A+or=1+( e+ 4 (D)ot 1
T. e. paBHO
&n/ nl{p—n)! ~
11. 3azaua paBHOCHJBbHA CJEAYIOLIEH: HEKTO UMEeT MOHeThl p pas-
JHYHBIX JIeT YeKaHKH, CKOJIBKHMH CIOCO0aMH OH MOMXKeT OTCYHTaTh
n moxer? CorsiacHo 9 HcKoMoe 4HCI0 paBHO A,, Koaq)cpHuHeHTy npH
{" B pas/oXeHUH
! —p —p
=7 = 1+< 1 )(—“C)+---+< " >(—§)"+

T. €. pPaBHO

plp+1) ... (p+n—-1) _ (p+n—1 >
2. n =\ p=1 /)

12. Cornacuo 11 HCKOMOe YHCTO PaBHO

<p+(ﬂ—P)—1 > _ [n—1)
p—1 - \\ p—1)°
MoxkHo Gblio OBl TakzKe HEerloCpPEeACTBEHHO paceMoTpeTs (L-+C2-+ .. )P
13. Toxpaecrenno ¢ 11. MoxHO 6blo 6Bl TakXKe paccMOTpETh
p-KpaTHRIA psj
| Xt 5P =
Vi Vg e vp==0, 1,2,3, ...

= —x) (1 —x)" ... (1—x)",
B KOTOPOM 3aTeM MOJIOXKHTb BCE Xy, X, ..., X, PaBHBIMH (.

14. CornacHo nepBoil «3ajaue Ha B3BELIHBAHHE [3azaua 9, pac-
TNpoCTpaHeHHas Ha GECKOHeYHOE MHOXKECTBO T'Mpb| pedb HAET O

14+ -+ A+H A+ ... =
—r2 1 —z4 1 —¢8 118
= 11_% . I—EZ . 1_%4 'T:Zs_ =1—l€: 1+§+€2+€3+
CM. takxke 16, 17.

15. C'+1+) @ +1+8) ... E"+ 147" =

. 1 " 3n+1 _ 1 _’1“\‘1 _ 1
°—€ ! :J —1 QS gj_l : €73 ;Can = Q*N Lag—-l =
—cN+c‘Nf1+ RV,

3n+1__ 1
Tae N—'——-'—*—z—

16. a,=q"», t7e E, ofosHauaer uuc/0 eNMHUL B IPEACTABICHHH
yycJa 71 o ABOMYHOH cHucTeme. :

17. [E. Catalan, samaua; Nouv. Corresp. Math., 1. 6, ctp. 143,
1880. Pewenne —E. Cesaro, Ttam xe, ctp. 276.] Hurepecyromnit
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Hac psif MOXeT ObiTb MOJYUYeH H3
(1—af) (1 -0 (1 —cl) (1 —dt) ...,

ecd nosioxuTh {=1. [Ipu onpeieneHHH 3HAKa MOXKHO TNOJIOKHTH
a=b=c=d=...=1. Toraa HcKoMblii 3HaK 6ymeT corjacuo 16

paBeH (— I)E'{, rae uepes E, 0603HaYeHO YHCJIO EAHEMI B NpeACTaB-
JIeHHH 4YHcJ/a 7 1O JBOHYHOH cucTeme.

18. 11_€10 ' 1_'@100. 1 — 1000 - 1 )

—z =tio [—7i00 1—¢

Ora sazaua He 3akmodaercst B 9. OHa Moxer GbiTh NnepedpasHpoBana
CenyroIniM o6pasoM: HMeeM B nepBoif KopoGke rupu B 1, 2, 3, ..., 9
e1HHHL Beca, Bo Bropod —B 10, 20, 30, ..., 90 u T. A. CKOABKHMH
Crnoco6aMH MOXKHO COCTAaBUTb H3 3THX THPb, NMOJb3YyACH OAHOMN JIHIIL
YalKOH BECoB, 3aiaHHbHi Bec, GepsA M3 KakIOH KOPOGKH He Gouee
yeM Mo OAHOH THpe?

19. [Euler, 1. c. 9.]

[TepBoe pewenue. Cornacro peutenuto 14

A+ A+ (F A+ o =1,

-+ L+ 48 1+ = L

I+E) A+ ) 1419 =

HT A
Bropoe pewmenune. [IpoHssenenne

KQ=T[ A+nya—-gmy

n=1
Hé MeHAeTcA NpPH 3aMeHe { Ha 2, HGO
1 — §4n»2 — (1 + an—l) (1 — €2n—1)'
CienoBarennHo || §| << 1],
KO=K@@=K@)=K@)=...=K0)=1.

20. [Euler, 1. ¢. 9.] Onupaemcss Ha cMbic! Ko03()pULHEHTOB
dyrkuyil B 19. Pesynbrar o3HauaeT, 4yTo nepBas 3ajaya Ha B3BeLIH-
BaHHE CO BCEMH LEJBbIMU NOJIOXKUTEILHLIMH UHCIaMH B KQUeCTBE BECOB
THpb JAONYCKaeT POBHO CTOJILKO pellieHHH, CKOJbKO 3ajadya Ha pas-
MeH JeHer, Ije B KauecTBe HapHUATEJNbLHBIX CTOMMOCTEH MOHET CyXaT
BCE HEYeTHHIE uMCJla.

21. Ecan Mbl 0T6pOCHM OTrpaHHYeHHe «MEHBIIHX», T. €. JOMyCTHM
elle TNpeicTaBJdeHHe n=n, To GyAeM HMEeTb nepel cofoil «3agauy Ha
noyrosbie Mapku» [9]. Mckomoe 4Hcio paBHO KoxdpbuuueHTy npu {”

B DAasJIoXeHHH
1

—{——... ¢’
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1 1.

s
l—7=¢
1

=1 = (= (124 + .. ) =
= 143420+ 40+ ... 20 1+

22, [E. Catalan, sanava; Mathesis, 1. 2, crp. 158, 1882.
Pemenne —E. Cesaro, tam Xxe, T1. 3, crp. 87, 1883.]. Hckomoe
UHCJIO PaBHO KO3(hHLIHEHTY npu {* B pasomeHuH

1 + g had + .
=505 © - §2>1—c3)+<1 —O 10

&Y . 1\
S (1—0vA) (1—7v7) + ... = ,;(1__9 2 | 1_§v+1 - 1_;v+2)

= cul—@ <1—g 2 (n+1D&

23. [E. Catalan, Nouv. Ann., cepus 3, 1. 1, cTp. 528, 1882.
Pemenne — E. Cesaro, tam xe, cepus 3, 1. 2, crp. 380, 1883.]
HckoMoe 4ucso paBHO KosdduUHeHTY npH {71 B pas/omeHHH

1 re2
—n0—0 T T—pa=m

s o
tima—n Tt (1—c~+2) +-

x - o
= ———-1 Z gv"l L —_— 1 \ —_ L Z
T—¢ [—fvi 1_§v+2) C“(lws)g s
v=0 v==]
Himeem:

Y iEe =t eHT@E+ . T+

v=1

rhe T (v) oGo3Hayaer KOJMUECTBO JeuTenedl 4ncaa v [VIII 74].
24, [E. Cesaro, 3anaua; Mathesis, 1. 2, crp. 208, 1882.]
Peys mper o cBoGofHOM (T. €. He 3aBHCALIEM OT ;) yjleHe BeipaXkeHHd

tv"—(‘zv+1)n :
Z (=) (—g&F) ~
= 2 (C~(2v+l)n+;—(2v+1)(n—1)+€—(2v+l)(ﬂ—2)+

v=1

.. +1+§2v+1+;2(2v+1)+ ,..)(1_—1§v2 - 1_;(1v+1)“)-
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CrnefoBaTe/lbHO, HOCTATOYHO MOKas3aTb, 4YTo NMpH R==1 cBoOOAHBIA
. WJIeH B CcyMMe
oo

(e

X 1 1 \ g—(zv+1)k_c~(2v<~nk *
~(2v+1)k —_ > _— 2

Z ¢ <1—gvf 1—gvtvt ) & 11— T 1—¢

v=]1
pasen eanHune. Ho (2v4 1)k, coorBercrBenHo (2v—1)k, Oyger
TOTZa M TOJMBKO TOTAA KpatHbM V2, Koraa k neaurcs ua v2. [lostomy
cBOGOAHBIA Y/MeH B cyMMe, CTosllel B mpaBoif 4acTH, paBeH HYJIO,
yeM W JlOKa3aHa CNpaBelJIHBOCTb YTBEpXKJAEHHS 3ajauH.
25. [Cv. G. H. Hardy, Some famous problems of the theory
of numbers and in particular Waring’s problem, crtp. 9, 210
2
Oxford, 1920.] «3anaua Ha pasmen gener» [9]. Ilonaraem o =e 3 ;
TOrAa

=o0-B -7
1
6(1—0* +4(1—c)2+72<1 D +8<1+c)+9<1—mc)+ gl —ot)

32 7 —1 ZJ |

Hwmeem: |
}—72 +( E g geos B | =3 <

26. [Teopema P. Paoh cM. Interméd. des math., 1. 1, cTp. 247—
248; Ch. Hermite, 3anaua; Nouv. Ann., cepus 1 T. 17 cTp. 32,
1858. Pewenne— L. Rassxcod TaM Xe, cepuﬂl T. 17, c1p. 126—
130. 1858.] JlokaswiBaeTcsi TpyAHee pPACCMOTPEHHAMH THMA 25 HJH
.27 ¥ 7erue Ha OCHOBAaHHH TEOPETHKO-UHC/IOBLIX coobpaxenuil. [[losesno
TaKKe ucnoiab3oBate VIII 7.]

27. [Cv. Laguerre, Oeuvres, 1. 1, ctp. 218—220, Paris,
Gauthier-Villars, 1898.] Pasno:xennem Ha npoctefiine gpo6u, noao6-
HEIM TIPOBEAEHHOMY B 25, HoJayvyaeM AJs

3 A=) 0=7 L (=T
n=0
«IJIaBHBIH 4jleH»

1 1
@ay ... aq (L=0!°
Tak Kak a;, @, ..., @, He UMEOT OOLIEro Ae/IHTENs, TO 3HaMeHaTe H
OCTasIbHBIX wjeHoB OyAyT camoe GoJbllee crenenn [— 1. Orciona
[pewenne 111 242] u BuiTekaer yTBepxaenue. Cm. 28. Cienyer 3ame-
THTb TaKXKe, yTo [-MepHas 06/acThb, BbljeJeHHAs HepaBeHCTBaMH

x=0, x%=0,...,x=0,
axy+ @+ .o+ ax=in,
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1 n n n
I a s ay
H
d (1 n n n
AnNﬁ(T'E'a---zﬁ
28. Tonaraem B 11, coorsercteendo 12, p==3.
29. Ilycts & —uenoe HeorpHuareabHoe, Uncao peineHuii ypas-
HEHHA

|2 |+l Fx =k

paBHO KO3(xpHLHEHTY a, npH [* B pasnoxeHHH

(+2+ 20420+ =(15 = ¥ an
k=0

CaenoBartenbHO, HCKOMOe UHCIO GyAeT paBHO KoaduUHEHTY

G-Fay+ay+ ... +a,

npu {* B pasoXeHHH
1 p 2 1-0)? e

=97 = =g
+<’;)<2;)P-< D7+ (5@ (1 =P

T. €. paBHO

2v<”>—}-2p—»1(p>< i >+2p-2< >\/p”2>—|—...—|—1.

80. G. Polya, Math. Ann., t. 74, crp. 204, 1913]. Hcrowmoe
YiCJI0 PABHO CyMMe Koa(bobuuuemos Apu S, §—5+1 vy Lo,
{* B paszjoXeHUH

Cr4ortig.. —I—€1—I—1—I—€—I— NS I SUAS

Hmeem BooG1IE

b \we=—=¢
u
m _ 2/n2+l - 2m2+1 sin 2m2—!—1 .
DR S N Sy S
v —m T sin :

31. [Cm. Ch. Hermite, sanaua; Nouv. Ann., cepust 2, T. 7,
ctp 335, 1868. Pemenne —V. Schlegel, Tam xe, cepus 2, T. 8§,
crp. 91, 1869.] Tak Kak z=n—x—y, TO

x+ty<n, x>0, y=>0;
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jasnee, )
x<<n—x, Yy—xsn—x—y=x-+ty.

Orciona cjeflyeT, 4TO HCKOMOE YMCJIO PaBHO 4YMCIY PpelleHHH
HepaBeHCTB

1<x<2, % x<y<2, y>0, x+ty<n.

32. CpasHernnem cpeaHux KoapduUHEHTOB B TOXKAECTBE
(42 (142" = (1 +2)*
33. CpapsenueM cpenHux Kox(xpHUHEHTOB B TOXAECTBE

(142 (1 — 22 = (1 — 222",
34. ScHo.

x . ) ik x
85. Tax xax x"J”:h"n!(h), TO ang =(1+h2)*.

n

n=0
Tlpumensiem 34.

36. Cm. 35.

37. Quddepenunpyem TOXKIECTBO

1—(1—x)"—/n>x—<g>x2+...—I—(—l)”‘l(:)x"

u mosaraeM x=1.

88. [3anaua w3 Ed. Times, cm. Mathesis, cepus 2, 1. 1, cTp. 104,
1891. Pemenne — Greenstreet Ap., TaMm Xe, CTp. 236] Pac-
cMaTpHBaeMoe Bblpa)Ke}{He paBHO

1

1
S 0t g (122 S(l+x‘+x2+...+x"“1) dx=

0 0

| | |

=45ttt

39. O6uwmii uneH cywmmbl, crosiuelf B JIeBOH 4acTH paBeHCTBa,

 CTYRHMT KosbpduuueHTom npu x2"+1 B %(1+2x)"+”+1 (—x®)n-%. Cne-

JoBaTe/IbHO, A0 CBOAUTCS K BHYHC/IEHHIO Kos(dHUMeHTa npu x%7+1
B CyMMe

\ |
2 o (14 20y k41 (— yn=t ____“% (1 4 2x)n+1 (1429

k=

ATl (— g2)rtt

T '

W14, HHaye, B CTENMEHHOM psije AJS1 BblpaxKeHHS

3 (1420242 (1 -x) 2,

TpousBonsi Ae/senye, nosyydeM B KauecTBe YacTHOrO TMOJIMHOM 2n-i
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cTefleH¥ M B KadecTBe ocTaTkKa ~—[1 — 2n+2) (2x 4+ 2)]. Kospduunent
- 1 1

npu x2*+1 p PR E e 21n_'-_"x paBeH ——~(2n—}—2)—|—2n—|—2 nt+1.
40. Pas6iBaeM NpefJOKEHHYIO CYMMY Ha TPH YacTH coo0pasHo

dopmy.e

(v—no)?=n?a®— (2no— ) v4+v (v—1).
U3 dopmyan
n
| n
: 2 <V>p”q"‘v=(p+q)’i
‘V=0
H JABYX JPYyrHux, HOJYYaiOUUXCA M3 Hee IocaeloBaTesbHEIM AH(de-
peHUMpOBaHWEM O p, MoJy4aeMm, nosnaras p=x, § = | — x, 3HaueHHs

yKaszaHHbix Tpex uwacrefi. Cm. [1 144.
41. JdocraToyHo B3siTh, B YaCTHOCTH,

(p(x) _ x(x—1) ..é!(x—p-;—l) _ <;>’ ‘P(x) :L<x>

u n=p. Toraa

i ) = s 2 () = () e =2 ),

S =t 8 rlis)-

_{0, ecnd n>>p,
(1)
1
o

H

n, e n=p.
42, Yacruuiit cayuait 3agauu 40 npu x =
cayvait sapaun 41 npu
ex)=2x—n)’=n"—4xnt+4>=n?—4(n—1)x+4x(x— 1),
PYx)=n*—2(n—Dx+x(x—1).
Hneem P (n) =n.

43. Yacruuil cayuait 3agaun 41 npu ¢ (x) = (2x — n)? [42]. Hmeem
a,=0 npn ns£2 ¥ a,=4 npu n=2.
44. Ilycms

= ?, TaK2Ke YacTHBIA

[(x)=Cy(x—xp) (x—xz) con (= %n).
Hmeem:

ol —n)r = =1, 2 ),

45. |G. Darbou X, 3ajava; Nouv. Ann., cepus 2, 1. 7, ctp. 138,
1868] Hmeewm [44]: Z f(k) 2E=f (z— >e~ =e°g (2), rae g (z) — ueJo-

YHCJIEHHBIH I'IOJIHHOM
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46. [Gesaro, crp. 872*)]. U3 pexkyppeHTHOH QoOpMYJILI
[ne1@)=2[f() 1 =2+ (n+1)[a(2)]
nojiyyaeM insi KoshuuueHToB moJHHOMA f, (2) =a{Vz+a(M2’+. ..
..+ aMz" coorHowen ke
a1 =va 4+ (n—v42)al” v=1, 2,..., n+1),
am=a"  =0.

Orciona ciepyer yTBEpKJISHWE 3a1ayd, ecau TNPUHATL BO BHHUMAHUe,
uro f, (2) =2z. 3navenue an1sa f, (1) nosyuyaercss W3 COOTHOLIEHHS

[asr (1) =(n+1)fa(1).

47. [Cv. N. H. Abel, Oeuvres, T. 2, Nouvelle &dition, crp. 14,
Christiania, Grendahl & Son, 1881.] Ecaun g (x) =const., To yrBep-
WJenwe 3anavu BoitekaeT H3 44. Eciau oHo cnpaBeasuBo ISt TOJH-
HOMOB HHM3WIEH CTeMeHH, 4eM g (x), TO Mojaraem:

g ()= (x—x) g (%).
Hmeem:

e Elonle e sl
=g1<2d)(£]’.1(0()))+g1 (1 +g1(2 ) f/ dz/ll_z.

Ykasansoe AHGGEpeHUNaIbHOE YPaBHEHHe DA3pellNMo B KBaipa-
Typax, u6o paspeluuMo B KBaApaTypax ypaBHeHue

d
<z i xo)y=2y — X = ¢ (2).
48. Coriyacio 44 ofe yacTH DaBHH

Dee [)f@ . fa—1]
Lo pin— n n
g e® gmn 2T

49. HonoxﬁTb B 48
1\2 2
f(x)=<x—~2—>, g(x)=x

50. 113 GyuKuIHOHAMBHOTO YPABHEHHS CPaBHEHHEM KO3(HII HEHTOB
NpH 2" B 0GEHX YacTAX MOJyYaeM:

A, (g"—1) =4, 4" (n=1,2,3,...; 4,=1),
OTKyAa n(nth
2

A, =

q
(=D (=Y ... ("1
*y Uezapo, 4. 2, c1p. 467.

(n=1,72, 3,..).
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81. 13 ¢yskuronanbeoro ypapHeHusi 3ajaun 50 nosyuaem:
Bn(l*‘qﬂ)an_\lq (n::l, 2’ 3’ el Bo—_—l),
OTKYya o
P =T —¢) .. A—g" (n=1,2,3,..).

§2.[Ch. Biehler; eM. P. Appell et E. Lacour, Principes
de la théorie des fonctions elliptiques et applications, ctp. 398, Paris,
Gauthier-Villars, 1897.] OGo3waunM paccMaTpHBaeMoe BhIpaXeHHe
yepes @, (z). Umeem:

2 _ 1_}_q2n+lz
Orciona Pn (§°2) = P (2) — -
qu2v+1 (1 _ qZIl——2V) — CV+] (1 — q2ﬂ+2\1+2) (V= 0, /1’ e n — 1),
Cﬂ :qnzy
cleoBaTeNbHO,
[ g2ntaveey (]  gan+aviyy | (] _ gan .
Cv= : ?1—42)21(—443...(1_)qzrz(—zv)q ) q" (v=0,1,..., n—l)

83. [Jacobi, Fundamenta nova theoriae functionum ellipti-
carum, § 64, Werke, 1. 1, ctp. 234, Berlin, G. Reimer, 1881.]
IlpezenbHbiM HepexofoM NpH n—-co u3 52. [181.]

54. [Euler, Commentationes arithmeticae, T. 1; Opera Omnia,
cepus 1, 1. 2, crp. 249—250, Leipzig und Berllin, B. G. Teubner,

1915.] YacTHuit cnyuail sagaun 53 npu 2=—¢q? H C 3aMeHoH ¢
3

Ha q2.
55. [Gauss, Summatio quarumdam serierum singularium,
Werke, 1. 2, ctp. 9—45, Gottingen, Ges. d. Wiss., 1863]. Hacruni#
1 1

cayuaft 3ajauu 53 mpu z=¢> u ¢ 3aMeHoll ¢ Ha ¢?; npuMeHsieM 19,
56. [Jacobi, 1. c. 53, §66; Werke, 1. 1, crp. 237.] Honaraem
B 53 z=—1 ¥ npuHHUMaeM Bo BHHMaHue 19.
857. lonoxum a,=— ¢"z. Torga ’

14+G @) —Gg2) =

=14 X 5 (=g (=2 . (=g ) (" = 1) =
=1+a+a(l+a)+as(l+a)(l+a)+
(L) (14a5) (1 a) -+ ... = (1 ay) (1 +ap) +
+az (L 4a) (1+ag) +ay (1-++ay) (1—{—(1.2)(1—}—(13)»{—...—%
= (1-+a) (1 +4ay) (1 +ag) +a, (1 4ay) (14 a5) (14-ag) . ..

HT. 1.
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58. limeem: )
Do=GO) =+ 1+ 1Lt 1o
0 1_q 1—-—(]2 1_q3 “oen l—q” s
IMpunnmMasi Bo BHuMaHue 50 u 57, mosayyaem:

G(2)—G(g2)= i‘, Az,

n=1\

G (g2 —G (@)= Y Aug"",

n=1

G(g%2)— G (¢P2) = 3] Aug™e",

n=1\

OTKYyAa, CKJajblBasi M TepBHIX YypaBHEeHHH U 3areM O6e3rpaHuuHO
yBeJIMYuBafA M1, HaXOAHM:

. n An .
G(2)—G(0)= Zl [

59. lmeem G(l)-'-O M3 ¢dyHKUHOHAJIBHOFO ypaBHeHUs! 57 mo-
CPelCTBOM MOJIHOH HHAYKUHMH TIOJdyyaem:

1= 1) - 3) (1= )= 42

Monoxum (1 —g)n=y, 1 — 7 = g; H3 paBeHCTBa

k::vl 1+q+q“ik--.+qk‘1 [1 _<1 _'ry1_>~n.‘ [1 —<1 _%Vﬂ]”'
..[1 —<1 _~~> e l]z\—(l——q)n,

dbHKCHPYA y, MoJydaeM NPH n->0co, T. €. Mpu ¢ — 1,

n

©

¥ —epr=—y. [181.]

k=1
60. [Ins cnpaseruBocTH GopMy.Jisl

[ee] [ee]
Z 1 (2220 Z 22n
2n4-1 (1422201 2n4-1
n=0 n=l1
HeoOXOAHMO (cpaBHeHHe Ko3(MpULUHEHTOB HpH 2%7), 4ToGBI

nop 2k n+k\ 1
2 (=I)m=* PYENY /e) T
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Humeem:

B = () + A1)

[Tpumensiem 39. M Ge3 ynorpe6/eHus creneHHBIX psLOB OYEBHIHO H3
dopMyJIbt
R 142
[@=5;In7—

61. 13 onpenesenus; 1Jist IPOU3BE€HN sl IPHHATL BO BHHUMaHHe 34.
62. Eciu a,, a,, ..., 0, NOJOKHTENbHbI, TO

14+az<e™ v=1, 2,..., n).
Ha ocsoBanuu Teopemn 61
(I+a2) (1+a2) ... (1+a,2) <eBtoatte)®
ITonaraem Tenepp a, =a,=. ..=a,,=7ll~.

83. i3 A (2) < P (2) BhiTekaer

z

{A@dz<\P@R)dz n ed@<LePO,

(4} 0
OcHOBEIBAfAICH HA 3TOM, H3
'@ 1 2
f 2 < 1—z

BEIBOAUM:

©

[ @) ! i) L ne
In 12 <n < = Z nzr-1,

2

n=|

64. a) M3 xomOunaTtopHoro cMbicsia onpeje/eHHEX B 9 BeJHUMH
BEITEKaeT, 4TO
0=<C,<<A,<B,.

6) IlepByl0 MOJOBHHY YTBEPXKJICHHS BBLIBOAHM, AEPEMHOXKAs COOT-
HOlleHH A

1—}—z“<flza—= l420 4222,

LI a=a,, Gy, --., q [61].
BTopasi noJioBHHA TOJTyYaeTcs INOCPEACTBOM MEePEMHOXKEHHS COOT-
HOLIEHHH

(l—zalwzaz—...—»-zam_') (l —za’") _

a a a,, a
l—zt—z2— m—l_tm

—14 (za1+za2—|—...+za’”_')za’" > 1

1=z fmt g

7 T. Ilonua, I'. Cere, 4. 1
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npu m=2; 3, ..., I, uro paert:
(1‘“2 1)(1“2 ) (l"‘Z ) :> 1.
1 Y

¥YmMuoxkaeMm jnanblle o6e 4acTH MOJIYYHBLIEIOCS COOTHOIUEHHA Ha

1
65. Scuo. (t—2) (1 =2%)... (1—2%)

66. Ilycrs s,=0 mist n=%v u s,=1; toraa ¢, =p,, I n=v.
Ecnu v aia stolt cnenuanbHoft nocjenoBaresibHocTd lim #, =lim s,

n—o n— O

to lim p,,=0; yc/jopHe, TakuM ofpasoMm, Heo6xoaumo. ITyeTs, ¢ Apy-

N~>» Q0

To#f CTOPOHHI, 3TO YC/IOBHe BoiNoJHeHo. BriGepem takoe N, uToGH
i €
A% BeeX n>>N BHINOMHAJIOCH HEPABEHCTBO |S,—s| <4, The &—

HEKOoTOpOe MPOM3BOJIBLHOE MOJI0KHUTENbHOE YHCI0; BO3bMEM, KPOME TOrO,
n cToJb 6OJIbLIUM, YTOOBI BCE YHCHAA Png, Ppys - -+ 5 Py OBJIH MEHbBILE

£ “ .
T M TRe M — MakcHMyM abcosoTHON BeTMYUHH | Sy |. Toraa H3

th—5==Pno (S0~ ) + Py (Sy—8) 4. ..+ Pn (S — 5)
MBI TIOJIYIHM:

|t —s |<<(N+4-1) 2A4-ZTK7§?TYWT -+

+§(pn. N+1F Po N2t o Pan) <% +%

67. YactHuli ciyuyafi Teopembt 66 anf pny = an
68. PasnocuibHo Teopeme 67: Inp,=s,. Uacro ynorpebasercs
B caelyomeH dopmyaupoBke: eclu a, >0 u lim ——ag“ =a>0, 10

1 — A—o TR
rakxke lim 'V a, =a.

n—soo

69. Yacrueiii cayvail teopemst 68. TosoxkuM:
21\1 3\2 1\n
Po=1, P1=<T>’ P2=<‘2—>y-'wpn=<n: > >

Iy +1
PoP1Ps - .- Pnz—(t‘l(n-*__*_—)l)!"‘o

Torjaa

70. UYacrsuit cayuaft teopemst 66. IMonaras

S =.g[l— p ==____bv— t - aO+al+"‘+a"
P by PV bbbyt +by P bbbt b,
noMy4aeM:

lim p,,=0.

n—-w
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71. Yacruui#i ciyuyalt teopemn 70 npu

ap=(n+1)*1 b, =(n-+4+ )*—n=

Humeem:
iy
. )F—n% . ) [dx® _
JL“:;*—W——,EL“;——_—I_——-—(WL: -
n
OTKY/a
lim 1o-1420 4. (e 1)1 — lim ﬂ+1)“ 1 =_1_
o oo (nd-1)@ noeo (BH1DE— o

72. [Ilo nosoay 3agau 72—74 cM. N. E. Norlund, Lunds

Universitets Arsskrift, N. F., Avd. 2, 1. 16, Ne 3, 1919.] HacTHniit
caydaf teopemel 66 ass

Py = Pn_v Pn—v
" potpitFp, = potpit.. oy’

73. Yacruuii cayvaft teopembt 66. ITosaraem:

p0+p1+"'+pn:P'l, ‘70+41+---+qn=Qm
ro+ri+...4+rn=R,.
Torpa [cM. 74]
In _ PdntpiGn_1t-.4Pado q
R = Oy = Prog Pyt P G

rae

p Pr_vQv Pn_w
M pQn+PiQu-14 -+ PaQo | P0+P1+ Apnv

74. [oaaras

) =SOPn+51pn—1+‘~-+5nPo =50’7r1+51¢7n—1+-'-+5nq0
" pPo+pPit...+pn » An @+ q+t..-+49n !
rn:Sorn‘]‘51’1171+--~+5n’0

rotrit-..4rn

(r, uMeer TO Xe 3HAUEHHE, YTO K B 73), MMeeM:

PrQo%o+ Pr1Qua1 4+ ... Pol@nln ___QnPol’o+4n—1P11’1+---+40Pn1’n
Pnlo+Pa-1Qi+...4 PRy GnPo+qn-1P1+...+9Pn '

Ty =

H, crefoBaTejbHo [66, 73], 11m Pn = | hm qn= lim t,.

n-—»0o

Jaa BHBoOJA BbII.LleCTOHIuHX meuecrs noJb3yeMcs CTeTIeHHBIMH
pAraMH, KosdpuIlMEHTAMH KOQTOpPHX CJayxaT HHTepecyiomuye Hac

7
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nocjiefioBareabHOCTH [34]:
Z z* Z pzi= 3 Puz", 7 Z qi2' = Z Qn2",
=0 =0 n=0

n=0 k=0 !
o
3t =

Z Ry = Z P2+ quz = Z psz* ZQLZZ

n=0

,11\,12”= 2 szk Z SlZl, Z Qn.c(n.z = Z kak Z Slzl
=0

Z_ Ruz= 3 pi Z 9.2 Z Sm2™ =

n=0 =0

(s o)

Z Z Q2 = Z q2* ZPA‘zZ’
k=0 =0 =0
5. Tlosoxum:

bh=(tat...+a)m % s,=a1"%+a,2-94...+}a,n°.

Torna, ofo3Hauas cyMMmy psiaa uepes s, GyneM HMeTh:
n
th— 10 (n41)° (sn—8) =1 3] (sy— ) [V — (v+ 1)9]4n"%;
v=1
3TO BhIpa)KeHHe CTPEMHTCS K HyJio [66].

76. [E. Cesaro, Nouv. Ann., cepus 3, 1. 9, crp. 353 — 367,
1890.] CorsiacHO 70 HCKOMBIE mpejes paBeH
p- 1 P—l
fim — i .
n—»oolnpﬂ—lnpn n—o —ln(l—pﬂPn )

77. [I. Schur.] Toaoxum:

vazpm ZquQn’

v=1 v=1

u nycrb f>0. HMmeenm:

lim Q,= lim ng, = oo;

n—co n—eco

IeficTBUTE/IbHO, B TPOTHBHOM cJiydae Mbl HMeau Okl

qu_q_, q>0:

n

T. e. [76] Q.~ gInn—-co, B NPOTHBOPEYHE C NPEANOJIONKEHHEM.
Takxe u limP,=limnp,=o00. (dag «>0 jaoKasklBaeM 3To

n—oo n—o00 .
Kak Boume; s =0 umeem lim np,P, =oo,

n-—-co

CJleloBaTeJ1bHO,
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o0
lim np, =00, CAe10BaTeNbHO, Z pr pacxoaurcsa.) ITlostomy pan
n—o0
o]
Z npnq, pacxonutcs. B cayuae o = 0, BesieacTsue ng, << KQ,, rie K
n=1

HE 3aBHCHUT OT A, InoJydaem:

n=1

Z vaqv‘<K Z Py << KQ, va'—"KPan
yv=1 v=1 v=1l

T. e.
n

Z Vovqv

v=1

lim —lim 2o . im & <o,

2
nooo Prdn noow™n  noeMn

B cayuae ¢ > 0 3ameHsieM yTBep:KAeHHE CJIEAYIOLHM:

lim —22% 4 p.
n—-o0
Z Vovgv

V=i
TTpumensiem 70 K

anZPnQn—'Pn—1Qn-1v bn=npnqm

a4 _ Pn | Qn 1
L=t L =2 — g f=s.
by, ﬂpn+ﬂqn n +ﬂ
78. [Tpumep:
G =0y,=0qg=...=1.

IlpuMeM Tenepb, YTO Gp=>dpyq, An—>0 U

oyt a4+ a,—na, << K
ans Beex n=1, 2, 3,... Ilycts 3ajaHo m; onpejejuM A Tak, YTOGHI
BHITOJIHSIJIOCE HEPaBeHCTBO a,,é%am. Hs

K=a+4a+t...fan—ma,+@piy+.. . 4a)—(n—m)a, =
1
Bm(am—an)aﬁmam
BLITEKA€ET, YTO

+ayt... Fap<< K+ma,<3K (m=1, 2, 3,..).

Mubl pMeem mepen coboll caywall mpeo0pas3oBaHHS psAia MpH Cche-
HHaJbHE X YyCJNOBHAX, K KOTOPHIM TeopeMa 66 HempumeHuMa.

79. Conepxur 65 Kak yacTHHIH cjayuaif; 10oKa3aTenbCTBO aHAIO-
ruyno. Ecan py, =0 nmpu /> k, To npeoGpasoBaHue N0cJ/e/10BaTeNbHO-
CTH S, B IOCJELOBATENLHOCTh f, HA3bIBAETCH KOHEHHbIM N0 CHLPOKAM
(cM. 65, 66); ectu py;=0 npu [ <<k, TO—KOHeUHBIM NO cMOABUAM.

80. Conepxur 66 Kak wacTHmIE cayyall; J0Ka3aTeJbCTBO aHAIO-
FHYHO,
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81. onoxuM s, =nc,+(n+ 1) ¢e1+... Toraa
1 2 1 3 2\
tn=;sn+<m *;>5n+1+<n~+2’ - m}5n+z+---
TpuuuMas BO BHuMaHne, yro lim s,=0, nonyuaem OTCiOAa, 4TO H
n—o0
lim {,=0 [80].
g2, [G. H. Hardy and J. E. Littlewood, Palermo Rend.,

1. 41, crp. 50—51, 1916; cm. takxe T. Carleman, Ark. for
Mat., Astron. och Fys., 7. 15, Ne 11, 1920.] Tlycrs

ot ay+... =25, _I‘_%Qz b,,

bot+b (L —ety ...+ b, (1 —o)* =1t,.

B rteopun dyHkumii fokassiaercs [Hurwitz-Courant, crp. 32—
33%)], uro npu |y|<<1—o HMeeM TOXKIECTBEHHO:

bot-byy+ bot? .+ b,y o =
=g+, @+ )+ @+ 9 b an @)t

Ortciona

\ e\ -Ryk v g (l—apptt \ [
k2=0<1 )~k 1;01_:,% g O ety

{=0
oo
=(1—a)y+t 3 s {a+ty) .
. =0
KosdduuriedT npH y* B JNeBO# 4acTH e€cTb f, U B NpaBoi YacTH €CTb

(a2 [sat (" asur ("5 a5t

+ <n§3>aasﬂ+3+...];tn.

CyMma B CcTpoKe paBHA elMHulle (OHHOMHMA/IbHAS (hopMyJia); npeobpa-
30BaHHE KOHeuHo no croifuam (cM. 79, pelenue).

83. CuM. anasnorvusple TeopeMut 65 H 79.

84. Cv. ananoruysnie Teopemsl 66 u 80.

85. [lonaraem B 84

bt?
by bad OBt Dy

Tlycre 3amannt v ¥ e, e>0; BpiGepeM 7 cTONb GOJIBIINM, YTOGHE
BHIHOJIHAJIOCh HEPaBeHCTBO

bot-by byt by >

Sn:(;l q)n(t)z

1
n

*yT'ypeuu, crp, 48—50. T'ypsuu—KypanuT, crp. 39—41,
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Torna
bvtv
O <grmrr o

[lpenen mnocnepHero Bupaxenus npu ¢—1 Oyger MeHblle e,
Teopema coxpaHsieT CWJIYy mpH Mo6oM paguyce cxopumoctd p =>0.
86. [N. H. Abel, 1. c. 47, 1. 1, ctp. 223.] Ha ocHoBauuH 85

UMeeM:
Z (g+ar+...+ap) "
R R N >
2
n=0
— lim aﬁ-aﬁ;...{-an =35,

87. [G. Frobenius, J. fiir Math., t. 89, crp. 262 — 264,
1880.] U3 npexnojioxeHHs BblTeKaet, yto 1~ 'a, orpanuyero. [Tostomy
Q0

npu |¢|<<1 pax D) a.t* cxomurcs. Ha ocHoparuu 85 mosyuaem:
n=20

> @+tat...+a) e

dGotat+a .. Aapr .. =222 — =
2
n=0
[ee]
D Gotsit .t
o =0 — lim So+Si+...+sn =,
n—+oo nl

i (n+bHm
n=0

1 N
88. YMHOXKas YHCIUTENb M 3HAMeHaTelb Ha (— =1 4+1--£2+...
NoNyYaeM:

(@ot+ar+...4a,) 7

<

Gtaf+at?+...Fadt4-...
bbby fFbgt2 ... F bttt

—

(bo+by+...+by) 27

il Ms

(=]

s Gytay4-...+a,

— m G .

89. [Ipumenenne Teopembl 156 Kk @ (2) =In (1 —}—c:) —oin (1 + %)
MOKAa3biBaeT, 4TO pAjL

[oe]

Y [ln(l—}—;ﬁ)—aln(l-{-%)]

v=1

=8.
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CXOJHTCHA, 3TO O3HAa4yaer, 4To npeuena
a- ln'
lim " -
noow ®@+1). . (@tn—1)
CyWleCTBYeT H mnoJjioXkHTeseH. [lonaraem B 85
a(@+l)...(a+n—1)

n!

a,=n*"1, b,=

90. PaccMatpHBaemblit MHTerpaJs packJaiblBaeTcs Mo cTenmeHsaM k
B CJAeVIOWHA CcTeNeHHOH pAX:

L] 2 (L8 @) P

—1 1
‘Jacmbm cnydail Teopembl 85 A a,l—E(l 4(2n )> , bp=—

2 n
/S=7‘, k2=

91. [CM. O. Perron, Die Lehre von den Kettenbriichen,
ctp. 353, dopmyna (24), Leipzig, B. C. Teubner, 1913.] U3 pekyp-
pedaTHuIX dopmyn

Apse=0@n41)A,,+ad,, Bui=02n+1)B,14-aB,,
n=0, 1) 2’-'-v A0=Bl=11 A1=BO=0
nojydaeM misf ¢yHruuii F(x), G(x) nuddepeHunalbHoe ypapHeHHe
y'=20"+y tay.
[Toacranosko#t a (1 — 2x) =v? NpHBOJHM ero K d— —y=20; cnenona-
TEJIBHO, Y =C€° e~ ", €;, C; — NOCTOAHHEIE, OTC!OILa

2

F )= ev—VE_*_e——v—{—VE’ G () = _EU—VE+E~U—{—VE

2 2V a

[Tonaraem 2x=1¢. Torna 1eopeMa 85 NpUMEHAETCS CJENYIOUIHM 06-
pPasoM:

An 1 ’ t - -
lim A _ lim " oal gn=1 — lim F (7) Ve gVa
o Bn B, 1 ™ AN Va, ,~Va'
n— - Zn —>1—-007{"2
n—c p2n T G (2) e’ “4e

Crenensofl pajg QyHKUHH G'( ) pacxoxuted npu {=1, Tak Kak Bce

, t
ero KospHu¥eHTH HeoTpHuaTeJbHol H lim G =00,
t—1—0

92. Yacrauit cnyyait Teopemet 88. Mmeem:

[ee]

(1—t°= i butr =Y (°+Z“>tn.
n=0

n=0
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Tak Kak
L=ty 91= 3 (Bo+by+...4bo) 1,
n=0
TO | ”
bo+b1+---+bn=<0tn>=(c+ )(G+nl)...(c+n) ~ bns (6> 0)

[pewenne 89]. TeMm cameiM cornacHo 75

PO s - T R L R
,}er:obo+b1+ba+...+bn =0.

93. Cornacuo periensio 89

3 * —\
tim (1-92 Y ( “_2[]/1] =
Jim (=% 2 (V] )
 wa-|) ]
=m 7 <0
- B 246" Ton
3rtor mpezen paseH —M, u6o
3 5 7 2141 "
5T F..._Tmfz]/;. [ 202.]-

94. Yrteepxkienue TeopeMsl 85 COXpaHSET CHJIY M B TOM Clyuae,
Koria t crpemurcs He K I, a K 4-co. Cm. 84. CymMa psaza

by byt b2 .. bt - _
npH {—> -} co HEOrPAaHHYEHHO BO3pacTaeT, HBO Bee b, MONOXKHTEMBHEL.
95. IlpuMenenue TeopeMsl 94 npu a,= fl—’,‘ ,
ckoe cymmuposanue; Knopp, ctp. 471%).]
96. [TonoxuM s,=a,}+a,+...4+4a, s,=0. Toraa
t

b,= ﬁlT [ Bopees-

¢ e}
S e*g (¥) dx = 2 Lt S e ik dx =
0 v=0 0
<] ¢ <]
_ %V xVF+1 ~ _ L
= ESVS <7f———(v+l)‘>e *dx = 2 SV_(V—I—I)l e
v=0 0 v=0

(npouHTErpHPOBATh BhIYHTaeMoe 1o yactam) [95].
97. Ilonaraem B 96

anzoy

*) CM. no aToMy mnosoay Taxme E. T. Yurtexep u I. H BaTcoH
Kypc coBpeMenHoro amanusa, 4. I, crp. 196 — 198, duamMarrus, 1963,
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eC/IH n HeYeTHO, H

ecnd n=2m. HmMeem:
V=)™V
§=—m=—— =
V1iez /s V2'
Ananoruuno ana — 1 <<x<<1 noayuaem:

[oe]

i
— —
§e Jo(Xt)dt-—”‘"*——Vl = -

98. [Yacrawii ciyuai Teopemnt y M. Fekete, Math. Zeitschr.,
1. 17, crp. 233, 1923.] docratoyno paccMoTpeTs ciyuail, Koraa
HIKHAS TpaHb ¢ KoHeyra. [lycrs € >0 u —a”’:'—<oc -+ &, Besikoe nemoe

YUCI0 1 MOXKeT OnlTh mpexnctaBjgeHo B Qopme n=qgm-}-r, rae r =0,
Wi 1, unn 2, ..., i m— 1. Ionaras uns enunoo6pasus a, =0,
HMEEM:

an=aqm+r<am+am+---‘I“am‘l"ar:qam‘l“an

an Am+r _ m +a; aQm qm ar.

= = T

qgm--r “m qmr n'’

" qm--r

an "qm ar
a<7<(a+3)m7+ s

99. U3 uepapencts 2a, — | << a4y < 2a,+ 1 nomyvaem:

G _ Om | 1 *
2m m |<2m' *)
Pajn
a
ay ay a; ag ay ag a4 13 2 __
T+ -T2+ (- %)+ =lim5r=0

CXOJHTCsA, HOO B CHJY HEpaBeHCTBA (*) OH MaKOPHPYeTCst CXOAA-

HWHMCA PSIOM
lay |+ 2714224254,
3anuiieM iesoe 4YHCJIO A MO JBOHYHOH CHCTeMe:
n=2m4g2m 1 Lg2m2 L | te, (8, € ...y En=0 uau 1).
CorJiacHO NPEeANONOKEHHIO
Qgn - E18ym-1F .t Epy — (& FEa .. 8y <
<L a, < aym +818m1+ .. e, (8 -8+ ... €0),

a 1 O
ap om  Tom g 2m-1 Yom=1 . Em Q4 m Inn

n n 2m T T gl T T T | STy S<Tne
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[Tpumenasa Teopemy 66 anst naHHBIX

a a
_ a, om~1 oM
_ so=0, S1= 71 cooy S 1= ga=1 0 Sm= gy oy oo
e 812:11—1‘ om
pno’—“O, Pm = ;Zn v ooy Payma = nr Pam = pn,m+1:0,
MBI 3aKJiouaem, yro lim a'a, = . HakoHei, B cuay (*) umeem:
n—-o
_Om|_-|%m __ 9m Sam azm b
‘0) m || 2m m + A +- <2m + 4m+

100. [L. Fejér, C. R., 1. 142, ctp. 501 — 503, 1906.] Kak 6yﬂeT
BUAHO H3 JIOKAa3aTeJbCTBAa, JAOCTATOUHO PACCMOTPETH CaAYydYaH, KOrja

YaCTHYHBIE CYMMBI Sy, Sy, ..., Sy, ... OTpaHuuensl. [Tycrs liminf s, =m,
n—»o0
. M—m
limsup s, = M, [ — pejoe NOJOXHTENbHOE uHCHO, [>2 W 6——7-
-

Paso0beM 4YUCI0BYIO NPAMYI0 Ha [ WHTEPBAJOB TOYKAMH
—oo, m+8, m+26, ..., M—25, M—8, 4 co.

BhiGepeM croap Gosibiioe N, urofnl pis >N BeNoJHAJOCH Hepa-
BEHCTBO |S, — Spiq | << §. IlycTs, nanee, s,, (n,>>N) J€XKHT B mepBoM
(GecKOHEYHOM) HHTEpBaJie H Sn, (11, = 11,) — B Noc/eiHeM (Toxe Gecko-
HeydoM). Toraa uuciaa KOHEYHOH MOCACNOBATENBHOCTH Sn,, Sp i1y -« -
vy Sny~1s Sn, HE CMOTYT <«INEPENPHITHYTbH» HM OJNHH H3 [— 2 npome-
J)KYTOYHBEIX HHTEpPBAJIOB AJIMHOH 8. AHaNOTHYHO paccyXiaeM H B TOM
c/iydyae, KOr/Jla MOC/Ie0OBATENLHOCTD OYIEeT He «MeJeHHO BOCXOASALEH»,
a «MeiJeHHO HUCXOAALILH».

101. [Cm. G. Szegd, 3anaua; Arch. d. Math. u. Phys., cepus 3,
1. 23, ctp. 361, 1914. Pemenne—~P. Veress tam xe, cepus 3,
T. 25, crp. 88, 1917.] HUurepraa [0, 1]. Cm. 102,

102. [G. P41y a, Palermo Rend., 1. 34, crp. 108 — 109, 1912.]
CyllecTBYIOT B CKOJMb YTOAHO OOJBIIOM YAaJ€HHH KOHEYHhle MocJje-
KOBaTe€NbHOCTH fn,, I, 41y ++.s In,, TIPOH3BOJbHO MEJJIEHHO HUCXOAA-
II{He OT BepXHETro Mnpefesa AOCAeOBATENbHOCTH K €e HHXKHeMy Ipe-
neny. IloppoGuee — kak B peiueHuH 100.

Vo _ Vni1 —
108. n4-v, nt1-4v,, 1
— n(Vp—vp1)+va 1
= v Ok vy V) (n+1+vm, <. [102]

104. [lycrs pacecmaTpuBaeMasi noc/efoBaTelbHOCTh Oyjer:

517 Soy eaey Spy -en (lim Snzs),
n—->w 1

1
BriGepem sy, DPOHM3BOJLHO B HHTEpBale [s ?, s+ |, BoOGUE

Sy, — NPOU3BOJILHO B HHTEpBase [s— 51 S+ ] V<V <V <...
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YseHsl pena
Sv; + (S\v'z — SV:) + (SV3 - s’Vz) + s

He 6yILyT MpeBHIUATL COOTBETCTBEHHO 4YJEHOB CXOASUIETOCH psAla
1 1 1 1
| Sv, |+<'2‘+ T) + <71 + ’§>+---

105. Kakoe 6Bl uncao MBI HH 3ajand, cjeBa OT Hero Oyaer
HAXOIMTLCS JIMIIb KOHEUHOE YHCJO WIEHOB [MOC/€EN0BATENbHOCTH,
a cpe/id KOHEYHOI'0 MHOMKECTBA YHCEJ CYLIECTBYET OJHO HJIH HECKOJIBKO
HaHMEHbIIHX.

106. [Ipy coBnajeHHH BepxHell M HMXKHe I'paHeil paccMaTpH-
BAEMOH I10C/I€/IOBATEILHOCTH TeopeMa TpHBHajbHa. IlycTe nosromy
OHH pasnuuHb. Toria mo KpafiHeill Mepe ojHAa M3 HHX OTJIHUAETCS
OT mpejiesia mnocsenoBaresibHocTH. OHa H Gyjier paBHa HAaHGOJBILEMY,
COOTBETCTBEHHO HAHMEHbIEMY, YJEHY MOCAEL0BATENbHOCTH.

107. [lycry 3ajaHo IeJ0€ NOJOXKHUTENbHOE YHCAO m M 1| — HaH-
MeHblllee H3 uuced Iy, Ly, ..., ln; n>0. CorJacho npenrnoJioKeHHIO
B paccMaTpuBaemOH MMOC/AeN0BATENbHOCTH CYILECTBYIOT WIEHH, MEHb-
wue, ueM 1. IlycTh 7 — HauMeHbLIHH HOMep, J/is Kotoporo [, <<m.
Torna

n>m; ln<llv ln<l2v seey ln<ln—'1-

108. Ilpumensem 105 x nocnenosarensroctd Iz', L', li'ye, ..

109. [G. Pélya, Math Ann., 1. 88, crp. 170 —171, 1923.]
Mp Oyzem Ha3bBaTh [, «BLICTYNAIOU[HM» YJEHOM IOC/E0BATENBHO-
CTH, eciu [, OoJblle BCeX MOCNEAYIOUIHX ujieHoB. CorjiacHO Mpeano-
JoxeHuro H 108 B nepBofl NOC/IEROBaTENBHOCTH COJIEPKHTCH OECKO-
HEYHO MHOrO BBICTYMAIOUIHX YJIEHOB; MyCTb 3TO OyAyT:

Loy dngy lngy oo (U0, >0, >100,>..).
Kaxiuifi HeBrlcTynawiuii 4seH /, 3arjaodaercs (aJas v > n;) MEXIY
JBYMSl 10CJe/I0BaTeNbHLIMH BLICTYMAIOINMH UYJEHAMH, CKaxeM n, ; <<
<v < n, HMeeMm mocienoBaTeabHO:
Ly <<lny lnpe<<ln, ..., h<ln,
3HAUMT,
*
lys, < l”rs"r' *
Orcrola 3aKJ04aeM, 4To
llrm_’s(.)lojp l”rs”r= 400,

He#icTBUTEIBHO, B IIPOTHBHOM ciy4yae Iy S, , 3HAYHT, B CHIY (*) u BCRt

HOCJEIOBATENIBHOCTE /1Sy, [pS;, l3Ss, ... ObiM OBl OrpaHHYeHH, YTO
npoTHBopeuHT npefnosoxenuo. [Ipumensem 107 K mnocnrefoBatesnb-
HOCTH

—1o-1  [-1g—1 —1o—1
Lispt, Usqt, oo, Li'sqt, ...,
711 !117 Yl2 I12! » Ilr rl’,’

H TpHHHMaeM Bo BHHMaHue (*).
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110. [ITo nosony sapay 110 — 112 cM. A. Wiman, Acta Math.,
t. 37, ctp. 305 — 326, 1914; G. Pé6lya, tam xe, T. 40, crp. 311 —
319, 1916; G. Valiron, Ann. de I'Ec. Norm. Sup., cepus 3,
t. 37, ctp. 221 — 225, 1920; W. Saxer, Math, Zeitschr., 1. 17,
ctp. 206 — 227, 1923.]

Ananurndecku: umeeM lim (L,,—mA)= - oo. IlycTs MHHH-

m—

MVYM I10CJIE0BaTeIbHOCTH
Ly—0, L,—A, L,—2A, L,—3A4, ...
6yaer L, — nA [105]; Torza
Liy—n—p)A=L,—nA, Ly,—@n+v)A=L,—nA,

p=1, 2, ..., n;, v=1, 2, 3, ...; n=0 HCK/IIOUEHO B CHNYy MNpENIO-
JIOXKEHHH OTHOCHTENBHO A.

TeoMeTpHUeCKH: NPOBeAeM H3 3ajaHHBIX TOYeK JIyYH, Hampa-
BJEHHBIE BEpPTHKA/JIBbHO BBEpX, 0Opa3yeM HaMMEHLIHYIO BBHIYK/YIO OG-
Jacte (6ECKOHEUHHH MOJHMTOH), OXBATHIBAIOILYIO HX, W NPOBENEM K Hel
ONOPHYIO TPSAMYIO C YrJA0BbIM Ko3(dduuuerTom A 1).

ITycte BepluHHbl (WM OJHA M3 BEpLIHH), 4epe3 KOTOPhlEe NPOXO-
LT 5TH ONOpHEIE npsiMble, Gynyt (n, L,). Tlpamble, coemyHsomue
ToukH (n, L,) ¢ TOYKaMM BBIIYKJIOH O0GJacTH, JIEKAllUMH cJseBa, Oy-
AYT HMETb MEHbIIHH HAKJOH, a COeIHHSIOLUIHE C TOYKAMH, JieXallHMH
cnpaBa, — GosbIIHH HakKJ/OH, YeM OINopHas npAMas.

111. [Cm. G. P61y a, sanaua; Arch. d. Math. u. Phys., cepus 3,
1. 24, ctp. 282, 1916.] Ilycrs

ll+l2+...+lm=Lm, m=1, 2, 3, seey L0=0 [110].

Tak kak L; —A<<0, T0 Ly—0 He sBifeTrcs MHHHMYMOM B pelue-
gur 110, [, == A; nostomy [,,;, a CJEJOBATEIbHO, H 7 JOJKHBI
CTPEMHTHCS K GECKOHEUHOCTH OJHOBpeMeHHO ¢ A.
112, Tosoxum L +L+...4+lp=L, m=1, 2, 3,..., L,=0.
. Ly—mA
Torpa lim “2——-=— A [67]. ITocaenosatefbsHOCTS

nm—oo m
L,—0, Li—A, L,—2A, ..., Ln—mA, ...

crpemurcsi K —oo. Ilycre ee HanGoapluud uneH Gyper L, —nA.
Toraa uHTepecyiollilie Hac HePaBeHCTBA OYAYT BHINOJHATHCS AJISA 3TOrO

1) Tox onoproii npamoii 3aMKHyTOro MHoXecTBa I NOHHMAIOT NMPAMYIO, HMElo-
mylo Bce MHOXKecTBO M ¢ Kakoi-HMOGyAb OZHOH CBOEH CTOPOHE H BMECTE C TeM
obnanatomyio no KpaiHed Mepe ofHOH o6utel Toukol ¢ M. Takum o6pasoM, Kawk-
Jlasi omopHas TpAMas OlpeAe/sieT HEKOTOPYIo 3aMKHYTYIO MOMYIJIOCKOCTh, CoAepiKa-
myio M. Obmas wacTe (NMepeceyeHHe) BCEX ITHX MOMYTIOCKOCTEH NpeacTasasieT coboit
BRITYKJylo 06/1acTh K, —HauMeHslllylo, oxBaThiBalomyio M. Kampas onopHas nps-
Mas mHoxkecTBa IR OyjaeT omopHoH mpsMOH obnactu K H o6paTHo. AHaTOrHYHO
OOCTOMT feJI0 M TOrjad, KOraa MHoxecTBo M, Kak B JaHHOM cayyae, COLEpPIKHT
GeckoHeuHo ypaneHHyoo Todky. Cm. III, rm, 3, § 1.
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HoMepa n. B mocnenopareasnoct Lo, Ly, ..., Ln, ... cogepxurca
GeCKOHEYHO MHOTO 4YJIEHOB, NpeBBILAIHX Bce npepwiayuide [107];
nycts L, 6yner oauH m3 Hux. Torza 4ucaa

I et bl .o+l
L .

1 ’

BCE TIOJOXKHTENbHE: KOMb CKOpo A MeHbllle HaWMEHbIIErO H3 HHX,

coorBercTBylouHii A HOoMep n Goablle Wi paBeH s. Touku (n, L,)

JIONAKHBl OBITh OGTAHYTH Tenepb 6eCKOHEYHLIM BRITYKJABIM CBEDPXY
I10JIUITOHOM.

113. Ilycrs S —wuntepecyiomlnii Hac BepxHHil mpegmea. Torpa

a) S=A. Hna S=o0 sto scHo. Ilycrs S xomeyrno. Torga pas

moboro €>0 H pocTaTodyHo GoablIHX m HMeeM lnm << (S--¢)Inry,,
cJIelOBaTebHO,

_ S+2e ©
rmSemt, roS—Rm Ste, 3 r-S=% cxomured,
m=1

T. . S4+2e=A, S=A. C gpyrofi cropoHu, 6) S<CA. [Ing A=co

370 sAcHo. IlycTb A Koneyno. Torpa ansa moGoro e >0 psjg Z roh—e

m=1
CXOnHTCH, clegoBarensHo [139, &, = 1], mrnj"*-8 -0, T. e. 1Aa AO¢Ta-

TOYHO OGOJIBILHX m

Inm
Inr,

<Ate S<<Ate S<A

M4 Tlyets |x, | =rm 0<ri<<r,<<ry<C... 3akaiounuMm Kaxiloe
us uHcea X, (v=1, 2, ..., m) B UHTepBaJ JIHHEI § C LEHTPOM B X,.
OTH HHTEpBajbl He MMEIOT OOIMX BHYTDEHHHX TOYEK M COepKaTcs

BCe LEJIHKOM B [—— r,,,—%, mt+ 5]. IosTomy

mé<<2r, 46, 1. e. limsup In m =l

Mmoo D 7Ip
1318. Cornacno 113 m]irg mr-B=0. ITosaraem B 107 In=mr8,
116. Hveem limsup mr—%= 4 co. B npotuBHOM ciyuae cylue-
CTBOBaJi0 OBl Tang_’OIoIOCTOﬂHHoe uucao K, yTo npH BCex m
mr,* <K
H, 3HauMT, i o <<a(l4e)<<i
1 K1+8
r;(H—e) m1+e ’

B IpoTHBOpEUHE C omnpeleseHHeM A KaK MoKasareld CXOLHMOCTH
NOC/IEN0BATEABHOCTH 7y, Ty, ..., I, ... Hmeem, nanee, mr_f-—0.
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[onaraemM Temeps B 109

1
B —— o«
m

lp=—, sp=m% B, lmsm=ﬁ.

N7, Ona 0<<x<<ry, ecit m=0, U WA 1y <X <Tpyy, €CIH
m=1, 2, 3, ... UneHsl psijla, HayuHas C OepBoro uJjeHa 1, nocie-
JOBaTeJBbHO BO3pAcTaloT A0 M-ro (MAaKCHMaJbHOIO) 4/eHa, a 3aTeM
Bce BpeMsi YOBIBalOT.

118. Ilosaraem B 111 [l,=Inr,—Ins,, k=n—pn, coorser-
CTBEHHO n-+v, 3ajlaeM A H onpejeasieM 3aTeM cHayajga n 1o 111 u
noTOM 7 TaK, utobnl A=Inr—Ins,. Uro ana y=s, n-#i unen
ABasieTcsi no abCo/IOTHOH BeJHUMHEe HAauOOJbIIKM BO BTOPOM pfle, —
Acuo [117].

119, Ilycts p,x" — npOH3BOJbHEIH YieH psjaa. BeibHpaeMm m Tak,

m—n
yTo6H M >>n " P, >0. dasg x> ]/ppi 6YZieM HMETE PpX™=> ppx™.
m
120. Ecau npy HEKOTOPOM 3HAUEHHHM X WIEH p,X" IPEBOCXOIHT
Bce NpelpliyillHe, T. €. BBIIOJHAIOTCS OJHOBPEMEHHO HEpABEHCTBA
XN (puxt—py)=0 (v=0,1, ..., n),
TO To Ke OYIeT HMeTb MeCTO W NpH BcexX GOMBIIMX 3HAYEHHAX X.
121. [Iycte m NpOM3BOMBHO, X BEIGPAHO TAK, YTO Pp,x™ ABJACTCS
MaKCHMa/bHEIM 4jieHoM. Torza
1 pm
PmP™ = PmX™ == Py, P = pa

C npyro#t cTopossl, p,, (8p)™, rae 0 << 6 << 1, orpanHYeHO NpH M —> co.
U3 sTHx nBYX 3aMeuaHHil 3aK/m049aeM, 4TO

L om— 1
limy pp=—.
nm-—oo p
122, [L. c. 110.] ITyers n Gyjaer HeHTpaibHOH HHJEKC psija
@
Z’" 2™ 18 HEKOTOPOI'O OIpeleseHHOTO NOoJIoXKHTenbHOro 2 [121]
m
ms=0

H g>0—3HaquHe, AJIs1 KOTOPOro # SIBJASETCS TAKXKE LNEHTPaJIbHEIM

MHJIEKCOM psJa Z bny™. TIpu =27 GyIEM HMETS:
m=0
e B Gy B g gk bgr (k=0 1, 2, ..).

bk gk bn gt

123. [L. c. 110.] ITycre ny, ny, ..., Ng, ...— NOCAENOBaTENbHbIE
o)
a
3HayeHHsl, NPHHUMAaeMHe HEHTPaJbHBIM HHAEKCOM pfAfa 2 52
m
m=0

HyCTb, JaJjiee, UWICHBl C YKa3aHHHIMH HOMEpaMU SBJIAIOTCA MAKCH-
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MalbHBLIMH COOTBeTCTBEHHO B mHTepBanax (0, &), (& &) (Cor Co)s

y Cr1r Cr)y -ooy U Y1,y Yoy Y3y o ens Ypy - .. — 3HAUEHHA, JJIS KOTOPBIX
MaKCHMaJbHHIMH SIBASIOTCA UJGHH C TEMH XK€ HOMepaMH B psje
(e o]

Z bny™. Crnoco6oM, TPUMEHEHHBIM B pelleHnH 122, 5THM 3HAYEHHAM
m=0
Y, OTHOCATCA 3HaAyeHHs X, JeXKaljHe COOTBETCTBEHHO B HHTEpBaJjax

0, y:&))s (2815 U2Lo)s (Yslos Ysla)s .oy (Wrlr-1, Yilr),

Torza HCKJIOUHTENbHEIE 3HAYEHHA X*, KOTOPHIE HE MOTYT OBITH OTHE-
CEeHBl HH OIHOMY Y, OYIYT 3aKJ/IOYeHHl BO BCSAKOM Cjlyyae B HHTEp-
Basax

181 Y2ba)s (WaBas Yslo)s --os (Wr-18r-1s Yrbr-1)s

H, CJelOBaTe/ibHO, 3HaueHHs In x* —B uHTepBasax, obwas JJHHA
KOTODHIX paBHa

Ys Y Ye = li Ye _In 2
n?/:-l-lnyz—l—...—l—lnyk_l—l—... llmlny In—,

@0
rie p— pajHyC CXOAHMOCTH pafa ) b.y™.

n=0

124. [A. J. Kempner, Amer. Math. Monthly, 1. 21, deBpans
1914.] s onpezenieBHa TeX HEOTPHUATEJbHBLIX LEJAbIX YHCEN, pac-
nosokeHHRXx Mexay 0=00...000 u 102 —1=99 ... 999, koropsie
3alHCHIBAIOTCA JHIUb npH nomowu mudp 0, 1, 2, ..., 8, pacnpene-
JsieM 3TH 9 UM(p MEXKZY M MECTAMH BCEMH BO3MOXHEIMH CIIOCOOAMH.
STHM NyTeM IoJydaeTrcst B cOBOKyNHOCTH 9™ umcen. [Tycts tenepsn r,
€CThb 1-€ HEOTPHIATEeJbHOE YHCJO, 3anicbiBaeMoe 6e3 nudpei 9. Ecan
1071 -1 < r,<<10m—1, TO 1< 9™, caeloBaTENbLHO,

nn In9 .

hmsup 1 \ln o

>0

[113.]

Hnu npowte: yucio umces, 3anuceiBaeMbIX Oe3 mudpsl 9 u 3akmo-
yeHHBIX Mexay 10m-1—1 u 10®—1, paBio 97" —97-1 Caenosa-
TEJIbHO, CyMMa HHTepecyioumiel HaC 4YacTH TapMOHHYECKOTO psAja
MeHblIE YeM

9—1 , 929 9 92
T+ 1o +° 100 S 8(1+'1;0+W+”'>=80

125. Pas6usaeM psiji Ha JIBE YaCTH, 0GPA30BAHHBIE COOTBETCT BEHHO
BCEMH TOJIOXKHTENbHBIMA M BCEMH OTPHIATE/bHBIMH YJE€HAMH.
126. [K. Knopp, J. fir Math., 1. 142, crp. 292—293, 1913.]

Her. Ilpumep: nycte b+ b,4-b;+ ... cXoAuTCS, MEXILY TeM Kak
| 61| + | by| 4| bs|+ ... pacxoaurcss. TTonaraem
by __ by by

a1=b1, 2-—-ad 2"’, 114:&5:...—119———3‘!,amz_,,_—_-a%:ﬂ,
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Tak Kak sl npm n=[ nenaurcs Ha [, TO 4YacTh ap-ta,,,-+
-+ @g 45 -f ... TIOCKIE TPHBEJCHHS YEHOB, COOTBETCTBYIOUIMX OJIHOMY
H TOMYy xe b, Oyler, 3a HCKJIIOUEHHEM KOHEYHOI'O YHCJa YJIEHOB,

COBIaJlaTh C %bl—l—sz—{—Tba—l—
127. Her [128].

128. Her. Ilyctes @(x), @ (x)— noJoXKHTENbHEE, MNOCTOSHHO
BO3pacTaiollie yeaosnaunvie GyHKmMH, T. €. 0<o() < p(2) <

<pB)<..., 0<D() <D (2) <D (3)<..., npHueM ¢ (n), O (n)—
neJsie quc.na O6pa3yeM u3 psaga b, +b b3+ ... peiesusa 126 psn
G +ay+a;+ ..., e ay= W—) mp O(m—1)<v<
<®(m), ag=a,=... =a¢(1)=m. HepaBesctBoM ¢ (£,,) <<

<D (m) < ¢ (f,-+ 1) nenoe gncao ¢, onpenensercsa ofHo3HayHo. [Tocte
TIPHUBEICHHA UJEHOB, COOTBETCTBYIOIMX ozmomy H TOMYy Xe by,

—lm-1

pAax a(p 1) + Ay (2) + Ay 3) + e nepelfllleT B 2 W bm.

ITonaraa @ (x) = 2*¥*, Msl TONYYHM DAL a1+a2+a3+ ., Cayxamui
KOHTPIIPHMEPOM OJHOBpeMeHHBO AJaa 126 u 128.
IleficTBHTE/IBHO, €CNH ¢ (X) — NMOJHHOM CTENEHH =2 HIH ¢ (X) =

¢
= kI* F
= kI*, TO uHCsa ) —0 (n—T) OylyT, HaudHas C HEKOTOpOro,

MOHOTOHHO YO6bLIBATh [Knopp, crp. 316). Ecau.¢(x)=Fk-Ix, TO
COCTaBJIEHHBIH p#AJA 1npeobpasyercs 1ocae NPHOABJACHHA K HEMY
HEKOTOPOro aBCOMIOTHOrO cxonsfulerocs psjaa B [ (b +by,+ba+..)
[126].

129. [A. Haar.] Tak Kak pal S;=a;+ay -+ ag -} ...—T0ro xe
THNA, 4YTO H S;, TO AOCTATOYHO TMOKasaTb, uro a;=0. Ilycte py,
P2y -+, Pm CYThb m NepBBIX MPCCTHIX uucesa. TorAa psa

S~ (Sp, 8o+ -+ S5 )+ oo+ Spipat ) — oo F (=18 5

CONepXKHT JHLIb @, H T€ UJEHH a,, HOMEpP KOTOPHIX N HE JeJHTCH
HA HAa ONHO M3 NPOCTHIX YHCEA Py, Pg, --., Pm, TPHTOM Kaxioe
TaKoe a, aub oAuu pa3 [VIII 26]. CrnenoBaresnsHo,

o0
lal<< D lasl, a=0.
ns=p, +1
B toM, uro npennosoxkenue abGCONMIOTHOH CXOILMMOCTH CYLIECT-

BEHHO, MOXKHO YO@AHTHCH Ha NpHMEpe 2 # [VIII, ra. 1, § B].

n=1
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1830. [G. Cantor; em. C. Carathéodory, Vorlesungen iiber
reelle Funkionen, crp. 286—287, Leipzip und Berlin, B. G. Teub-
ner, 1918 *).] HUutepecyioinee Hac MHOXKECTBO TOYEK INMOJYYAeTCsl, €CIH
H3 3aMKHYTOro HHTepBaja [0, 1] yhaasercs oOTKpeiTas cpenHss
TPETbSl 4YacTh, 3aTeM Ta JKe Onepalys NpolesbBaeTcs GeCKOHEUHO
C OCTAIOLIHMHCH 3aMKHYTHIMH HHTEPBaJjaMH. ,

181. [Cm. S. Kakeya, Journ. Tokyo math. Soc. (2), .7,
crp. 250, 1914; Toéhoku Sc. Rep., 1. 3, ctp. 159, 1915.] [Tonaraem:

PntPurat ... +pasy=Pny lim P, =P,

V=

(n=1,23,...;v=0,1, 2, ..).

Ilycte p,, — nepBuifl ufleH, MeHbWIHH ©O; TOrAa JubO CylIECTBYET
Takoe vy, 4T0 Py, y, <<0, Pp vy +1=0, v;=0, aubo P, <o.
Bo BropoM cJyuae, NpuHHMas BO BHHMaHHe, 4TO P, =p, . =0
(m1s ny=1 5TH HepaBeHCTBA CJCAYeT 4HTaTh: P, =sS==0), HMeeM
P, =0, T. e. 0 MOXHO INPEACTABUTb HEKOTOPOH GECKOHEUHOl YacThIO
paccMaTpHBaeMoro psja. B mepBoM ciyuae onpenensieM Jajblie
NEPBLIH WIEH pp,, AJA8 KOTOPOTO g > Ay -+vy, Py, y, -+ pn, << 0; TOTHA
aufo CYILECTBYeT TAKOe vy, 4TO Ppu 4 Py, v, <<0, Py, v -+
4+ Py, vy+1=0, v,=0, nu60 P,,, v,+ Pn,<< 0. Bo BropoM ciyuae,
NpHHHMas BO BHHMaHHe, 4TO

Py, yl‘i‘Pn,? Puo, v, prs—1=0
(ny>ny+-v,+1, 060 Pp,, v, + Pritvit1 = Pn,, v+ 1==0), 6yAeM HMETb:
Py, v+ Pn=o0,

T. €. 0 CHOBAa MOXHO NPeICTaBHTb TpeGyeMeiM of6pa3oM. Ecau sror

npoilecc HATAe He OOpHIBaeTcA (T. €. eCJH BCe BPEMA HMEET MECTO
nepBeifl cayuaii), TO

G=Pnl’ ’V1+Pnz, v,+Pn3, ‘Vs+ S

'32- Hs
Pr="Pn+1FPrratPosat...,
Prnii=Pniat Prsst Pnyat ...
1
[OMYYaEM Py =20y 1, CIEIOBATENBHO, Py=-5, Pa="7 +++, Pn==

= 51;,-, ... ITpencrasnenne nocpeicTBOM HEOGPHIBalomenca ABo-
HyHOH JPOOGH OXHO3HAYHO.
188. IlocpescTBOM BKJIOYEHHS Y/IEHOB, PaBHBEIX HYJIO, NPHBO-
JMM TeOopeMy K IOYJEeHHOMY CJOMKEHHIO ABYX CXOASIUMXCA PAJIOB.
184. Ilycts BCe WIeHH DACXOASIErocs psiaa dr,+ar,+ar,+ ..
neoTpHUATebHbl. Torda AONOMHHTNbHbH PAL a5, +as,+as,+ ...

*) Cum. rakse [1. C. AnercaunppoBs, Bselcrue B O6LLYIO TEOPHIO MHO-
wecTs ¥ Gyuknuii, [ocTexusnar, 1048, crp. 140— 141, "
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ofjajaer TeM CBOACTBOM, 4To BCAKOMY & (8> () MOXHO CONOCTaBHTDH
takoe N, uto npu n>m>N OyleM HMETb:

asm+a5m+1+ +asn<8.

JlanbHellHe pacCyKAeHHA B CYLUIECTBEHHOM 1acTi CoOBNajaioT ¢ OOHY-
HBIM JIOKa3aTeJbCTBOM TeopeMbl PuMana 06 H3MEHEHHM CYMMBI
ycJioBHO cxonsimerocs pajga *) (Knopp, crp. 319*%).

185. Us p,=p,=py=..., 0<<m <m, < my<... BLITEKAET:

m=1, m=2, ..., my=n,
pitpt . =P Pt APy,
186. Buneanm uwacts p,, -+ pr, -+ pr,+ ... Tak, 4TOGH
pr,<Min (27, Q,—Qu-y) n=1, 2, 3, ..., Q=0).

HUwmeem pr,+pr+ ... +p,"<Q,,, BCSI BhIJIGJIEHHAS 4acTh psla CXo-
JIATCS, CJE/l0BATENbHO, PAa3HOCTh Qn—(p,,—{—p,z—}— +prn) Heorpa-
HHYEHHO Bo3pacTaeT. B To#l Mepe, B Kakoii Bo3pacTamouas BeJHYHHA
9ToHl pa3HOCTH GyJleT NO3BOAATL, Mbl OyjAeM NOAGAaBIATL YJIEHLL-
H3 OCTaBILeACH YacTH NepPBOHAYAJbHOIO psjJa. YKa3aHHOE MOCTPOe-
HHE JIHIIb CMelmaer ofe JONONHMTENbHLE YacTH APYr OTHOCHTEJbHO
apyra.

187.[W. Sierpinski, Ann. Soc. Polon. Math., 1911, erp. 149.]
Ina nocrixeHus s’ 3amelyiseM PaCcXOLHMOCTb INOJIOXKHTEJABHOH 4acTH
pazna no npuMepy 136.

1388. [E. Cesaro, Rom. Acc. L. Rend. (4), 1. 4, 2-i cem.,
crp. 133, 1888; J. Bagnera, Bull. des Sciences Math. (2), 1. 12,
crp. 227, 1888. CuM. takxke G. H. Hardy, Messenger of Math. (2),
T. 41, ctp. 17, 1911; H. Rademacher, Math. Zeitschr., 1. 11, -
crp. 276—288, 1921.] Ilonoxum E,=¢€;4¢e+ ... +e, E;=0,
Torna

eip1tepet ..t eap= Z (Ev—Eyv-y) pv=

v=1
n—1

= Z Ey(pv— pyi1) + Enpa-

. v==|
Ecan 66t npu n>N 6uio E, >an (¢ >>0), To MH HMeNH Gbl
eyprt&pat ... Feup >

n—1

N n
> D Ev(pv—pvidto X v@v—pyi)tanp.=K+a 3 p,,

v=1 v=N+1 v=N+1

¥) Jra TeopeMa Ha caMoM Zefte TpHHaIexHT JHpHX Je.
**) Cm. takke A. §l. XuHunH, KpaTKHH Kypc MaTeMaTHueCKOro aHaJjdsa,
Cocrexnspar, 1953, crp. 308 — 309,
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rie K He 3aBHCHT OT n, H, CJeJIOBarejLbHO, MNpaBas 4acTb CTpe-
MHTCH K -} 00.

189. [E. Lasker.] Ilycrs E,=e;+¢,+ ... 42, xak B 138.
IMocaenoBaTenbHOCTD

El’ E2, E3, ey Eﬂ’ see (E)

061aaeT TeM CBOMCTBOM, 4TO MEXIY ABYMS WieHaMH C IIPOTHBOTIONOX-
HEIMH 3HAKaMH COJIEPXKHTCSE NO KpaHHeH Mepe oJlHH, paBHHH HYJIO.
Mo Gynem pasnuuaTh ABa caydasi: 1) B nocsaenoBatedpHocTH (E)
GeCKOHEYHO MHOTO YJIEHOB, PaBHEIX HYJIO, 2) BCe YJeHBl MNOCJEN0Ba-
TeJILHOCTH (E), 3a HCKJIOYeHHEM KOHEUHOTO YHCJ1a, HMEIOT OO 3HaK,
NYCTh, CKAaXEM, NOJOXKHTENbHEIH. B nepBoM caydyae BribepeM TakoH
HoMep M, urobel Ey =0 u npu M<=m<n

n

Z EyDy

v=m-41

n

Z [(Ev—Em)_(Ev—l'_Em)] Py

v=m+1

n—1

Z (Ev—En) (py—pvs1) +(E,—En) pn

v=m+41

<e. (%)

Ilyery E, —OGnmxkabiuii cneBa K E, uneH nocnefoBaTeNbHOCTH,
paBHHH Hya0, Tak 410 Eyq, Emiq, ..., E, HUMEOT BCE OAHH a-
KOoBH # 3Haxk. Torga u3 wepaBeHcTBa (*) noayyaem:

I(En'—Em)pn|=|Enpn]<8-

Bo BropoM ciyuae BelGHpaeM M Tak, yTOGH HepaBeHCTBO (*) HMeso
mecto ana M=<<m<n wn Bce uucna Euy, Em41, Emyo
6o nosoxutenbrsl. Ilyers E, Oyner uMx MuHEUMyM. Tak Kak
B 5ToM cayuae E,—E, =0 npu v>m, TO H3 HepaBeHCcTBa (%)
nonyuaeMm (E,— E,) p, <&, clenoBaTebHo,

Enpn <& + Empm-

Tak Kak m (PUKCHPOBAHO H P, CTPEMHTCS K HYJIO, TO NPH JOCTa-
TOYHO GoJbIIHX n Takxke E,p,<e.
140. Burekaer u3 u3BecTHOH (HOPMYJIBI OCTATOYHOI'O YneHa

10 —(fO+I Qe L0y [0

tn+1) (g
T —
Tak Kak fU't1) (6x) =8,f7+1 (0), roe 0<<6,<<1.
141. Uz 140.

142, U3 HepaBenctBa cosx=C1 (rie paBeHCTBO NOCTHraercs
JHIIL B ToyKax x=0, & 2n, &= 4m, 2-6m, ...) NOCpeACTBOM HHTEr-
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pHpOBaHHA IIOJy4aeM, YTO NPH NOJOXKHTENBHBIX X

. 2
sin x << x; l—cosx<%, T. €. cosx>1~?2‘~,,
. X3 . X3
x—smx<—§, T. €. smx>x—§,

X2 Xt 2 Xt
2—!+cosx-—1<;ﬁ, T. €. cosx<1—ﬁ+ﬂ

H T. A.
143.
X
3 5 21+ 1 — 241
arctgx—(x—%+%—...+(—1) )= S<_qx_)x_2_dx,
4]

1
Jo (¥) ES cos xt ‘
Iy 1~t2
0
144. Ilycrs, ckaxkem, g, >0, crajo 6uth, ;<< 0, a,>0, a; <<
<0, ... Torna A —gy<<0, A—ay—a, >0, A—ay—a,—a, <0, ...,
T. €.
o <<A-—-0,<0,
O<A—ay—ay < ay,
ag<<A—agy—a,—a,<<0,

OTKY/\d H BHITEKAeT yTBepKACHHe. AHAJOTHYHO PACCyXKAaeM H B Cay-
qae a,<<0.

145. Ilycrs, HampuMep, a,<< A; Torla @, He MOXeT GHITh OTPH-
naTe/ibHbIM, HOO B 3TOM cjlydyae Mbl HMeJH Obl

— (@t a)=|A—(@+a) | =a,|>]a],

YTO MNPOTHBOPEYHT npennosioxenuio. Crajo 6uTh, @, >0. Tak xaK
0<<A—ay<|a,|, umeem, nanee, A—(a,+a)=A4A—a,—a,<<O0.
AmpanordyHo 3akmouaeM, uTo 2, <<0 M ao-t g+ a,<<A, lanee,
a;>0u g+a,+a,+a;>A u 1. 1. Boobie rosops, o6eepTHIBal0-
Wil psAA He o00A3aTe/bHO sBJAAETCA 3HaKouepeayolluMcs [148],
OJlHAaKO OGBEPTHIBAIOILMA B Y3KOM CMblic/e — yXKe 6Ge3ycJOBHO 3HaKO-
yepelyoILHACe.

146. Ecnu B 145 npelnosoxeHo MHIIb, 4T0 |a; | > |ay|>...>
>|a,|, TO aHAJOTHYHLIM IIyTeM 3aKJ/I04aeM, YTO @, Qy, ..., Gn—g
HMEIOT 4YepejlyIolllHecs 3HAKH H NMOCTOJIbKY YacTHYHEIE CYMMBI JI0 (1 —
— 1)-# BKJIOYHTENbHO OOBEPTHIBAIOT B Y3KOM cMelcae, n=2, 3, 4,

Ho, KakoBo 66l HHM OBLIO (UKCHPOBAHHOE n, Bcerja 1A Jio-
CTaTOYHO OOJBIIMX 3HaueHHH X OYAYT BHIIONHATECS HepaBeHCTBa

a
;1» 2|, OTKylla BHITEKAeT YTBEpXKJEHHE 10 HOMEpa

n — 1 BraounTeabHo. TeM caMpIiM OHO HMMeeT MEecTO BOOOIIE.
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147. Vi3 npeanosioxenus BhiTekaer, uTo nNpoussoiHse [ (f)
TIONIEPEMEHHO MOMOKHUTENBHEl H MOHOTOHHO YGHIBAIOT, COOTBETCTBEHHO
OTpHUATeNbHB H MOHOTOHHO BO3pacraior. Ilycte, craxew, f (), f' (1),
fV(¢), ... noJoKHTenbHHI H MOHOTOHHO y6mBaior, [’ (), [’ (1),
Y (1), ... oTpHUATELHEL ¥ MOHOTOHHO Bo3pacTaieT. M3

Rn=5f(t)cosxtdt (LO IO O

2n

(_.1 n+1

=g S Fer+ 1) () sin xt df =

(=Dnr

—WT [f(2n+1) (1) "f(2"+1) <t +i;‘) +
4 @+l <t —1—2?’1) - .. ] sin xt dt

n+1f(2n+1) (0) H
BEITEKaeT, 9T0 Rp u (— 1)**1"—g5g— umeior obmue 3HakH. llpu-

MeHdAeM 144,
148. Cymma 21 —2 nepBeIX u/leHOB paBHA

(—1yn 1 3
+3 gr-8) 3.97-% <~ gnti’

Okl ©

cymma 2n—1 nepBblx YjIeHOB paBHa

(__1)n+1 1 |
+ 3.972+1° 3, 2n+1< on+tl*

Pan—He 3Hakoyepelyloliuics.

149. UYeprex LaeT CNUpasieBUIHYIO JOMAaHYIO JIHHHIO, CTATHBa-
IOUWLYIOCS K HEKOTOpOH TOUKe; OH HEKOTOPHIM 00pa3oM 00OCHOBLIBAET
HalIMEHOBaHHe psjla «o0BepTHIBAOILIUMY. KiMeeM:

101 ~
el = 720—{—1201—{—6 rie |6|<7l<2 104

[uepTexx uau 151]. Orciona nosyuaeM AJst NEPBBIX TpPeX AECATHUHBIX
3HAKOB TOYHO (HE OKpYIVIEHHO):

¢’ =0,540...4-0,841.. 1.

150. [H. Weyl.] a) Ilyctes 2z aexur Ha &, |2|>0. Ocra-
TOYHBIA YJieH

f(z)——(f (@-i—%z—i—%‘,ﬁ 24 ... ;i—’r——(",;,(o) zn) =
_ S (z—n-lf)" fla+D) (f) dt

0



OTAEJA MEPBHIX 215

o MOAyJio MEHbIHE, 4YeM

Izlrn
e § =

f(n+1) (0) nal

)

6) Ilyctb BoOOUle MPENNONOXKEeHO, 4TO f(2) BAOML § 0OGBepTHIBa-

ercsl pAIOM dy+a;2+a,2? - ... Ilycte, nanee, 2z feXHT Ha .
|z| >0 u ¢— noloxuTenbHoe BewlecTBeHHoe uucao. Torpa £z~ pac-
TIOJIOZKEHO Ha ), CJIe/I0BATENBHO,

1(5)=al<l%

OTKyJa BGLITEKAET, YTO HHTErpa, npeaCTaB.nmow,Hﬁ F (2), cxonurcs.
Hauee,

alt

1la 2la nla
IF(Z)“%—TI—Tz— —|=
¢ 14 2 £
. ¢ a; ayf? a
=|\e [fH— o | <
by
¢ fn+i (n+1Dla
gsel‘ Gl | = |t SR |
b

151, [[To noBony ¢* cm. E. Landau, Arch. d. Math. u. Phys.,
cepusi 3, 1. 24, ctp. 104, 1915.] Cm. 150.

(ITpn 5)12———0, 20 Mony7H NpOH3BOIRBIX OT € NOCTOSHHH,
OHAKO caMa e~ HellOCTOSIHHA, TAK YTO OCTaeTcs B CH/Ie CKas3aHHoe
B 150.) (141.)

152.

12 o 12

tzége—Tz’e-’dt.

0

[\
o
NC—yg
®
|
Sl
u

1
Tax Kak 81§,>/O, TO nipuMeHumMo 151 (coorseTcTBEHHO 141).

188. |a,+ b, |=|a,|+|b.|- CM. onpenenennue.
184. [Cauchy, C. R, 1. 17, cTp. 370—376, 1843; cM. TaKxke
G. N. Watson, Quart. J., 1. 47, c1p. 302—310, 1917.]

22
zethz=14 2 T [151, 153].
n=1
185. [Cp. Cauchy, 1. c. 154.] [Tpu R2?=0, 250 arctgz
OGBEPTHIBAETCS CBOHM CTENEHHBIM psiioM. [l BEIIECTBEHHHIX 2 3TO
yXKe NokaszaHo B 143; 11s HHTEpeCYIOUIHX HAC KOMIVIEKCHHX 2 3aKJIo-
YaeM Ha OCHOBAHHH TOM ke (POPMyJH Tak ke, Kak B 143.
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156. locraToyso paccMOTpeTh cp(x)=a0—|-'3x‘—. Hmeem:

e +9@+ ... +o () =an+amnnt0().

157. [ns cxonumocTH HEo6XONHMO, uro lim ¢ (n) =a,=1.

n—oo

TlpumensieM 156 K
a, —i a3

=1+ +%8 4. )=34p 2 4 .

158. PaccmarpiBaeMblil psill BO BCAKOM CJIydYae CXONHTCS, €CJTH
¢(n)=0 148 HEKOTOPOro Mejoro mnojoxuresbHoro n. ITpumem
nosroMy, 4t0 @ (n) =0, n=1, 2, 3, ... Hmeem [68]:

HQW¢M¢®~wMHﬂ%L

ITomyyaeMm, TakuMm ofpasoM, IJsa |a,|<<1 cxonuMmocTb, 118 |a, | >
> | — pacxoaumocthb. IlycTh Tenmepn gy =1, nanee (pasd NpOCTOTHI)
o(n)>0 (n=1, 2, 3, ..). Torna [157]

Infe(H)e@)...o(n)]=a,Inntb-+te,

@) 9()...¢(n) =€t oma,
lim e, =0, b we 3aBucur ot n. CiefoBaTenpHO, NpH @ < — | UMeéT

n— oo

MECTO CXOAHMOCTB, HPH @, ==— | — pacxomumocte. [as ay=—1
rnoJlaraem:

p()=—1p(n), ¢(1)e@)...0n)=(—=1)"p(1)$(2) ...} (n).
Ocrarounsit ynen paga Y a2 6yner O(n~'), oTKyna (CM. Takxke pe-
wenue II 18)

YWY R)... () =enu+0@ne),

rie ¢ He 3aBHCHT OT n. CJeloBaTe/bHO, pacCMaTpPHBaeMHIH P CXO-

(s 9]

JMTCS ONHOBpEMEHHO ¢ 3 (—1)*n7:, T. e. Korna a; >0 H TOABKO

T. €.

n=1
Torla. B wuTOre mnomyyaem, 4TO A4 CXOJAMMOCTH 33J@aHHOrO psjaa
HeOOXOIHMO H JI0CTATOYHO, 4YTOOL! BLIIOJHAJNOCH NO KpafiHeil Mepe
O/lHO M3 CJEAYIOHIHX dYeThipeX YCJaOBHH: a) ¢ (n) =0 115 HEKOTOpOro
HEJIOro NOJNOXKHTENBHOrO #; 6) (a4 | <<l1; B)ay=1, ay<<—1; 1) gy =
=—1, g,>0,
159. Yacruuii ciyyail 3anaun 158 ans

% a a2l
(p(x)=2—e ___1—-}-—ﬁ;5+“.
Cxonumocte Hmeer mecTo mpu a>1 # a=I1n2; In4, In8, ... Bce

>1.
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1 : 1 o0 ! 1 I
xin— n
S "dx-—z ——Sx"(ln——) dx.
n! X/
0 n=>0 0
3ameHa nepeMeHHo# x*tl=eY.

161. Monaraen V1 4V 14 £V 1=t, rorna B=141t,,,
=1, t,,<t,,n=2, 3, 4, ... Jln9 NojOKHTEJbHEHX X HepaBeH-
¢TB0 X? << 1 4-x BuInoaHseTCA Toma H TOJBKO TOTJa, KOTHa X <<

1+|/5
2

y T. €, MEHpIIE NOJOXKHTEJbHOIO KOpHA KBaJpaTHOIo ypas-

Henusa x*—x—1=0, Orciona BHTeKaeT, Tak KaKk fHh=141, <

‘+V" —2 3, 4,

<l4t, uro b, <l <—5—, n= .., OTKyJa 3aKJio-

1+V

yaeM, 4TO CymecTByer lim t,,=t H0<t<
14+V'5
2

: nanee, 2=141,

T. e, I =
JpobH, Tfle peKyppeHTHOH QopMyJoit Gyrer: .
Up=14u*"y, ;=1 (n=2, 3, 4, ..).

162. [G. P61ya, sanaua; Arch. d. Math. u. Phys., cepus 3,

T. 24, ctp. 84, 1916, Pewenne —G. Szeg 6, TaM xe, cepus 3, 1. 25,
crp. 88—89, 1917.] Ecam (pamu npocTorel Ais v==1) Inlna, <<

. AHasorHyHO onpejessieTcsi 3HaueHHe HeNpepLiBHOM

<vin2, a<e, T i< ez—}—l/e‘*—}—...—}—VeT"<el+2—V5
B\

[161]. Ecau, manpotus, a,>ef", rze p>2, 10 tn>e<3) . Has
Inln
a,<<1 nox —nﬁ €CTECTBEHHO IOHHMAETC —- OO,
163. [lna nokasaTeincTBa HepaBEHCTBA

z'(n+1 — t,, < Py

3 Aylp. 1

TpeiNnosiaraeM, YTO COOTBETCTBYIOLEE COOTHOLIEHHE JUIf A BEJHYHH
Gy, A3y ..., Onyy YXKE JOKA3aHO, T. €. UTO

Va2+Vas+...+Van+Vm<t+s,

e
tzl/a2+Va3+...+V-lZ, §= M#;I—a—'
243 n+1
Orcrona )
2 ll/ 5 :
tn+1<a1+t+3<(\ ai+t+2l/a1+t> <”+2Va1)'

164. [Jacobi, 1. c. 53, § 52; Corollarium; Werke, 1. 1,
crp. 200—201.] Ilonaraem 1--g=a,, 14-g"=a, (m=1, 2, 4, 8§,
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16, ...); Torza (n-+1)-e yacTHYHOE TPOHU3BEJEHHE MPHHHUMAET BH[

1 1 1 Lo -
a (aoal>27 (aoa1aa>T <aoa1aza4>_8_ <a0a1a2 wre G- )2" — a2
a\ a ay ag Tt an’ (01020485 ... @) "
H TIPOM3BEJIEHHE Q,a,0,05... cxogutcsa. Cum. Ttakxke VIII 78,

1685. OGosnaunm cymmy psana uepes F (x). Toraa

166. F' (x) =F (x), F(x)=const. e,

¥ W)=9x, ¢(0)=1, . n
q;(x)=ex=1—|—ﬁ»+'2£!~—I—----I-%"-l----v
A (x) =9 (x), p(0)=1,
D=2 =14 () + (5) .+ (1) -
s x>—1. Hmeem:

x

(p,,(X):m,
o () = () = SEDE=Beemnd D) 2y, 9,3, ),
167. 1
Gz P/ S S
s = M TG
Yn _ L 1 )
In g = {r b g)in(14 2)= 1
pasfioXeHHe | :
4-x X X3 B
Jaer npH x=—2n—lﬁ: '

1 1 1 1
1< (n —|——2—)1n<1—|-7>= M sermy Tsgary T <

1 1
<Itsm@rpe=g =t mury’

CAIeOBATENABHO, Xy < Xy1q, Yn > Yny. HacTb 3amauu 155, coorBercr-
Berno II 205. W3 167 B coBoxkymHoctd ¢ II 202 Bmitekaer 11 205
IJis1 LEJIOYHC/IEHHBIX 7.

168. [I. Schur.] Uro a, yOmBaer upu p)%, BRITEKAET H3

passioKeHHs
_20+p) 1 1 _
Ina, == (1 TismFye T 5@nt 1y + > =

1
P~y : |
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[pewenne 167]. Orcionta, Aanee, 3ak/ioyaeM, YTO
1

Ing,=1-— z:; + 1wt o(n—la);
3HAQYHUT, i
Ina,,—Ina, = <n+§_)znp+ %> + O(nl—s),

1
TaK YTO NpH p <{-5, HAYHHas C HEKOTOPOro #, a, GyAeT BO3pacTark.
Ilpu p<< 0 510 GyZeT HMETh MECTO YK€ HaypHas ¢ n=1, Kak no-
1\n i
Ka3blBAET PasJIOKEHHE (1 + 7) no GHHOMHaNBLHOH (opMyJe.

169.
X
>"+2! I+

R
1\2

(1+3)

IMepeuiii MHOXKHTENb YObIBaeT [168], kBaxpar Broporo ecThb

2x—1 x?
1+ n+1 +n(n+1)'

an=<1—|—%

1
ITosToMy ycnioBHE X==5 [NOCTATOMHO A5 yOuBaHHs a,. M3 pasino-

2KEHH4d
1

1 1 \
Ina,=2n (2n+l 3@y T @y T T
X 1 x \3 1 x \5
+2[2n+x +-3-<2n+x> +‘:’;(2n+x> +]=
. 2n 2x 1 1
= 3 F1 +2n+x\+W+.O<n—3)

nonyqaeM B CHOY
4x—2 1
Ina, —Inap = 52+ 055,

YTO 3TO YCJOBHE TaKXe HEOGXOIHMO.

170. [CM. samauy Ne 1098 B Nouv. Ann., cepus 2, t. 1I,
crp. 480, 1872. Pewenne—C. Moreau, tam xe, cepust 2, T. 13,
crp. 61, '1874.] Ilepeoe HepaBeHCTBO, yTBepxjaiouee, YTO

1\n1 1
(ha) T et ).
BHITCKAeT H3 HEPABEHCTBA

f@=x+xn(1+5)—(1+0la(+2 >0 (0<x<-}l—).
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[Umeem:

, x 14-x x 14-x _ -
f(x)=x+2—1nl+i>x+2——l+i—l—1—0, f(0)=0.]
2 2

BTopoe HepaBeHCTBO DABHOCHIBHO HEPABEHCTBY
1\n 1
e<(l+7> (1+§n-) [169].
171. [I. Schur.] Bo BrOpoil uerBepTH, TakK Kak
1\n 1 1\n 1
(144 (14 ) <e<{t+5)(145) @=123 )
IlepBoe HepaBeHCTBO BHITeKaeT u3 170, ubo

It <{t+5 (145

BTOpOE coiepxutca B 169.
172. [I. Schur.] U3 pa3noxenus

L.
n¥fx x  \2v—I .
|—_* = (2n+-2) 2 P <2n+x> =

v=I1

ﬂ
t x2v-1 x2v-1
2 V1 (2n+x)l‘ i+ (2—%) Z W1 (2n+x)=Vd

npu 0 <<x =<2 3akmouaeM, 410 a, yOniBaer. ajee,

Ina,=(n+1)In

_ B 1 x(2—x) 1
lnaﬂ—x+§(2n+x)2+ 2n+-x +0<n—3>’
_ 2x (2—x) i
Ina,—In Qnyy = @n+x)2nt-x+2) + 0('?>’

T. €. MeHblle Hy/1A INPH JOCTaTOYHO GOJBLIHX 7, ecaH X <<0 HjH
x>2. Npu x=0a,=1, n=1, 2, 3, ... ~

178. [HdokaszateasctBo coobima E. Jacobsthal.] Ilo nosoxny
npenesna BHIpaXkeHHA sin, X cM. 174. Hmeem

x3 . x3 X3
X— T <sinx<x—%+1i5m (x>0 [142]);

Aajee, npH (GUKCHPOBAHHOM ¢ W JOCTATOYHO GonbInHX #, #> N (C)
(6nHoMHanbHBIE pan!), umeeM:

c 1/ ec\s c

Ve s VA
COOTBETCTBEHHO

c

VC—E—%<-1/7>3+1;0<VL>5<V:+1
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cMOTps mo Tomy, Gyaer s c<<}/'3 umu ¢ >V 3. Myctb c <)/ 3 n
. c

>0 ¢HKCHPOBAHO H CTOMb BENHKO, YTO Sme>ﬁ' Torna

. . c c 1 ¢ 3 c

Siyag ¥ >SN peme = o ™ E(Vm) Z Vet

. c . . —
3HAYHT, SiN,¥> ——, n=N. Orciona liminf }/n sin, x==¢, T. e.
Vn-}—a n—co

=1/3. B cryuae ¢>1/3 Bu6HpaeM m cromb GOJMbUIAM, YTOGHI

. c
sm,,,x<V—. Torza anasoruuymno NpelblAyieMy 3aKJjvaeM, 4To

N1

. c . c
Siflpyg X <m, SINppe X < m—i; H T I
174. TlocaenoBarensHocTh v, yGHBaeT, v, >0, cAel0BaTebHO,

cyuiectByer lim v,=v; u3 v={f(v) 3akmouaem, uro v=0. Takum

n—oo
06pa3oM, JOCTATOYHO J1OKa3aTh YTBEPXKIEHHE AJiSl MPOH3BOJbHO Ma-
Joro x. Ilycte b’ ¢ukcuposano, 6" > b. Ilpu xocratoyno manom x
HMeeM:

X—at<f(X) <x—ax*4-b'x,

a4 mpu jocraroyHo Gogbumom n, n> N (c),

1 1\ 1
on k—'—a<cn ”"‘) >c(n4+1) &1,
COOTBETCTBEHHO
1

! 1 \k ~ LV —
cn—'k——'—a<cn k—‘> +b’<cn k-‘) <c(n41) =1,
1 1
cMoTpsl mo Tomy, Gyrer au c<<[(k—1)a] %! uau c>[(k—1)a] *.
Cm. 173. IlpennosioxkeHHe OTHOCHTEJbHO 3HAKa b HeCYLIECTBEHHO.
175. [J. Ouspensky, 3anaua; Arch. d. Math. u. Phys.,
cepust 3, T. 20, crp. 83, 1913.] Cxonumocts npH s>2, pacxonu-
MocTh mpH s<< 2 [173].
176. [Cm. E. Cesaro, samaua; Nouv. Ann., cepus 3, T. 7,
ctp. 400, 1888. Pewenswe—Audibert, tam ke, cepus 3, 1. 11,
crp. 35%, 1892.] M3 mepaBencTB

e¥—1
x

ex—1
x

x>In

>0 mpu x>0, x<In

<0 nmpu x<<O

33KJII0YAaEM, YTO NOCJENOBATENLHOCTh U, B NEPBOM Cly4Yae MOHOTOHHO
y6biBaeT 4 u, >0, Bo BTOpOM — Bo3pacrtaer U u, << 0. Hmeem:
lim u,=u=0,

npH u=0,

et —1
u

H60 u =+ In
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Pexyppentras dopmyaa

ein — 1 :uneun+i (n: 1, 2, 3, ,_.)
LaeT: _
€l=14u tup,t.. Fully. ..ty gty e
u
Hm wyu, .. uenti=0,
n—oo
177. [C. A. Laisant, sagaya; Nouv. Ann., cepust 2, T. 9,
crp. 144, 1870. Pemenne—H. Rumpen, tam xe, cepus 2, 1. 11,

crp. 232, 1872.] s=72» cos ¢. IlpuuumaeM BO BHHM3H#E TOXAECTBO

4 cos®p =23 cos ¢+ cos 3.

178. [I. Schur, 3anaua; Arch. d. Math. u. Phys., cepusa 3,
T. 27, crp. 162, 1918. Cm. O. Sz asz, Sitzungsber. Berl. Math. Ges.,
T. 21, c1p. 25—29, 1922.] Ecau € >0 tak Mand, uro |g{te<r,
TO CYIECTBYET TAKOE MOCTONHHCE UHCa0 A, He 3aBUCAUIEE OT # H V,
yTO

”_;;v <A(gl+e¥ v=0,1,....n n=0,1, 2, ..).
Ipn n>m umeewm:
m n n
., by by
n1@=Yalf-0)+ ¥ af2- ¥ g
v=0 v=m-+1 v=m-+1 ’

ofe mocnefHHe CyMMBl MO a0COMIOTHOH BEMHUMHE MEHBLIE 4yeM

A E lay| (|q]+e)+ E lavllql,
v=m-+1 ve=m |

T. €. NPOH3BOJIbHO MaJbl BMmecTe ¢ m~'. Buibupaem m cronb Gomb-
ILiUM, 9TOOBl 5TO BHIPAXEHHE GBI MeHbIE €, 3aTeéM NPH MNOCTOSH-
HOM m BbiOHpaeM n CTOMb GOJbLIMM, 4TOGHl nepBasi cymma 6bija Mo
a6CO/MIOTHOH BeJIHUMHE MEHBLIE E.

179. [Yactupiit cyuadt oaxoll BaxHOH TEOPEMDbl H3 TEOPHH (BYHK-
unit, npurapiexamell Butanu. Cv. E. Lindel 6f, Bull. S. M. F.;
1. 41, ctp. 171, 1913.] Mul noxaxem auwep, uto lim a,, = 0. (3arem

n—oo

o6pasoBbiBaeM X f, (X) —a, u T. 4,) Ilyctb & cromb mand, uro Bhl-
- X

NONHsieTCs] HepaBeHCTBO 0 << A {5 <& TAe &—INpOH3BONLHOE MO-

JIOXKHUTENIbHOE uuc0. Torza

|am | <x o (®) [+ AT <2 |fa (0| e

Bri6upaem Tenepn, mpu dHKCHpOBaHHOM X, CTOMB Gonpiuoe 7, YTOGH
|7 ()| <ex. -
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o«

180. Tak Kak |ap|<<A, (k=0, 1, 2, ...), T0 Y] a;, cXonuTcs.
i=0
Hmeem:
Isp—8|<<|@mo—ay| 4|ty ~—ay|+...4 | Gm—n|+2 D) A
k:m—i—l

ITycTh &— NpoH3BOJbHOE [OJIOXKHTENBHOE uHea10. Bo3pMeM m crosib
GoNbIINM, YTOGH NocsefHAs cCyMMa Oblla MeHbile &, 3aTeM 3a¢mxcu-

pyeM i H BO3bMeM CTOJb Goabloe 7, YTOOLl |@up— | << ——
(=0, 1, ..., md. Torna nonyuum:
| s, — | << 3e.

m+1

[os]

181. a) Tax kak Geckoneunoe mpoussezenne | [ (1—g*) cxo-
k=1
putcs. npu | g| << 1, To Bce ero yacTUYHHE NPOM3BEACHHSA 3aKJIIOUEHB
MEXNY IBYMS [NONOXHTEJIbHBIMH UHCAaMHM o U b, a<Cbh. Tlostomy
IJif BRluHCAseMbiX B 52 Bennuun C, MMeeT MECTO OleHKa

2
| Cyl <:(];> qv.
Ilpumensiem 180.
6) Ilyete B 59 y<<0, crano 6urb, ¢ > 1. Toraa
qk
14+g+q24... g5

<4
Janee,
Y :
(1-%) > (v=0, 1,2 ..),
NO3TOMY

= (1= T 1= 4 = -2 <o

Ilpumensiem 180.
182. Peus uzer o npejene cym™mul psjaa

X el yonTi= ¥ (g

NPH 7 —>00; WIEH ¢ HOMEPOM k=0 ONYILeH; MOJOKeHO
2
m(x):(l—{-x)"“(ﬁa) (—l<x<<oo, x5£0).

ITonaras ewe ¢ (0) =a?, nosnyyaeM, 4t0o @ (x) HENpepLIBHA B HHTEp-
Baje — |l <<x<<oo, Ilpn aa=1 umeem (p(x)—l Npd OCTANBHHX
3HAYEHHSAX O

@ (¥) ~ x1"* npu x— oo, (p(x)N(1+x)°“1 npu X — —1.
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HOasa cayuas o= 1 mpenen mojydaercsi yxke U3 TOXIECTBa

n2

14224324424 =T,

Ecmu aas% 1, 10 mpu n—>oo # k dukcHpoBaHHoM OGLIHH uieH
crpemurcs K k2¢ (0).

B cayuae a>1 ¢(x) orpaHHueHa B uHTepBate —I1 <Cx<Coo.
O6Go3suauum MakKCHMYM @ (X) B 3TOM HHTepBa.ne uepes M. Torjaa pac-
cMaTpuBaeMblil pan aas a=1, 2, 3, ... 6ydeT MaxkopupoBaThCs pA-
Jom ¥’ Mk 2, [180.]

B cayuae 0 <<a <1 cymecTByeT Takoe MOJOXKUTEIBHOE YHCJI0 M,

4TO0
< x=<2,

) <M(l+x)*1 npu —1<x<—%,

@ (x) << Mt npu x=2,

N

Ml-—l

ox)<<M npu

Orciona BolTeKaeT:
1 1

3 hef)= 3 pE e S we
=1—

k=l—n k

©

[0 <§> << MR (n

I
—_
o
w

.y k=2n, 2n4-1, ..).

1
TeM cambIM OCTalOMAsfiCA YacTk psja (OT — 5N a0 oo) 6y1eT Maxo-

pupoBatbcsl psiiom MM |k|71-% [180.]
183. Mmeem:

]/2+] o1Vor.. Vo<V orVoryarx.. . =2

TaK 4YTO BbIpaXCHHUEC

a,=¢, V2+81V2+52V2+...+s,,1/§

Bcerza umeer cmelcy. ad nokasarenbcTBa paBeHCTBa

n
(@ €98 ... Ey
an=251n(T 2 v )

v=0

NpHMEHAEM METOJ MOJHOH HHAYKUHUH. HMMeem:

n

sgn a, = sgn 2sin (i: 2 3‘%):30;

v=10
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najiee, 0Js €,5=0
af,—2:811/2—{—821/2—{—...—{—8,1'1/5

n - n
4 sinz(%} 2 __F__soflé‘\;' 8") —Q2=-—9co0s (523 2 @_Blé;'_s") =

v=0 v=_0

Ilepexomum K Tipeneny NpU #—» 0O,

184. [Cm. S. Pincherle, Atti Torino, T. 53, crp. 745—763,
1917—1918; Rom. Acc. L. Rend. (5), 1. 27, 2-ii cem., cTp. 177—183,
1918.] TMTonoxum x=2cos¢, O=¢=<m. Torja ABouYHOE pa3jo-
KeHue

2 X "
P g S+ R (@=0 )

6yz(eT OJJTHO3HAYHO OIIpEAeseHO, 3a HCKJIOUEHHEM clyyast, Korja

_ 0
=557,

rie p u g—uense, 0<p<C2% B 3TOM ciayuyae CylLECTBYIOT JBa
pasnoxenud. Pasencrtso )

2cosgp—¢,V 246,V 24 e,V IT ...
paBHocHABHO [183] paBeHCTBY

R
: \ .
2sm%<2——§‘3)=2smg—(z 6—0%12,,‘8&),

n=20

I 11
HJIH, TaK Kak ofe AYyrd 33KJ/IIOUEHBI MEXAY — 9 H ~2—,——paBeHCTBy

o l—er...€,

o 4o _ z‘il_i By 2
Prs on 4 R on .

n=0 n==9
HWrak, octaBnsis upeIBapHTeNbLHO B CTOPOHE YNOMSIHYTHIH HCKJIIOUH-
TeJLHBIH cayuail, UMeeM:

1 —ggeg... e

=02 n=0, 1, 2,..).
OTHMH ypaBHEHHSMH BIIOJIHE OIHO3HAYHO ONpenessiorcs £, (Kak H
o6paTHO g, 4epes &,).
8 T. INoaua, T. Cere, w. I’
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B nckAroYHTENBHOM Ccjyyae, Koraa ¢ = \p 5; %, TAe p ¥ g — Lenbe,
2
0<<p<<2? wmeeM jABa pa3siokeHUd AJid g—:
~‘P &q-2
O+’~+ +242+2g1+0q+2q+l+
g1 g(] 2
=g0+‘2~‘f‘ ) +2q—1+2q+2q+1 +

(g =2). B stoM caydae €, & ..., €,_o, KaK H Npexie, onpernesieiis
ONHO3HAUNO, €,=—1, €., =€, =...=1, a €, MOXKHO IO MPOH3-

BOJIy BBIOPATb PAaBHLIM KaK —1, Tak U 1. I/ImeeM CJIe/10BATe1bHO,

x=2c0sp=g¢, ]/2+81V 246,V ot. . +e, V2
s 183, ofpaTHO, BhLITEKaeT, 4To KaxKjioe aHCIo TIOCJIEAHEro BHJA
paBHO 2 COS E~n rge p U g—ueasle 0 0<<p <29,
Ipu q~1 CKa3aHHOE Bbille HYXKJACTCA B HeGOo/IbILOk Mo,rm(pn-
KalUHH: UHPPBL gy, ..., Zg-2, €y +.., Egg OTCYTCTBYIOT, cp—~ x=0.

185. TIlocaejosarenbHocTh g, GyleT Torda M TONBKO TOrja me-
PHOAMYECKOH, . HauuHas € NEKOTOPOro #, KOrjd 35THM CBOHCTBOM
00/1aJlaeT TOCJeN0BATE/IbHOCTD E,,




OTIAEJI BTOPOMH
UHTETPAJIbHOE MCYHMCJEHHE

re1 1 1 1
LD <=7 + r—2.2 ++Tl—<r—’
X X% X, % XX X
v v V-1 v v—I1 viv—1 v—1
P S S S

2. r+ D) <<+ D,

Xy

n n
8. D he™-Ur N he™Vh ple  NOMONKEHO =Xy Xy g =

v=1 =1
b—a v
=— Tlpezenom BRIpakeHus
| —enh eb—ea
he' —g=hp—t
siBasiercsl e” — €%, Tak Kak
. eh—1 de \
lim —— = (o= 1.
n n
4 2 ag" 1 (g—1) Z ag¥1(g—1)
" ay¥ ' aqgvi ’
v=1 yv=1
Xy e
e TONIOKEHO ¢ = Y = :
il ==V 2 Hmeenm [3]
Inb—Ina
1'mn/]75 1) = tim &) (lnb—Ing) =In b — In
n[_,oo (\ a —n[_mo ms=ma (nt—lna=Inb—Ina.
' n

5. Tloaoxum H,=1-4 é——}— ;+...+ fll Torna

Hzn"‘ 2(’;1_1/;):[_12/1_1—1”'
Hanee,

n

1
. 1 \ 1 . dx
i g 3 = =
0

8+
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PEIMIEHUS
6.
.om U
sin——  sin2 sinn %

1 by n+1 n4-1 . 1Y i
,,_lfgon—{-l( p +2 e —t =SS]?Txdx>O'
AT nI1 m Al 0

(VI 25

7. To nuddbepenunansuoi TEOpDEME O CpelHEM 3HauYeHUH

B n n
FO)—F@= Zl [£ () = F (ty-)]=-3] F (&) (xy — %y-1)
V= v=1
(v <&y <xy).
Onnako npwu IPHNIHCHIBAGMOM 3jeCbh 3HAKY HHTerpa- |
Jda CMBICJI€ BOBCe He 0043aTeJabNO JOMKHO BEIIOMH SIThCS paBercTBO

b

F(0)—F (@)=} (x) dx.

[Cv. V. Volterra, Giorn. di Math., . 19, crp. 335, 1881.]

k—1
8. Ilycs T<§<§. Toraa

[f(x)—f(%)]dxgi".i@; 3 (5)-1(5)

Rl e G LI L)
va==1 V

9. [Cv. G. PSlya, Arch. d. Math. u. Phys., cepus 3, 1. 26,
crp. 198, 1917.] IToa nonueim mu3mMeneHnueM GyHKIMH f(X) B HHTEp-
Basie [a, b] moHNMMAIOT BepXHIOK rpaHb BbIPAKEHHS

[F(x) —F (%) |+|f(x2)_f(x1)|+---+‘.f(xn.)_f(xn—1) ls

. COCTABJIEHHOI'0 JJIl BCEX BO3MOXHMIX pasGueHHii HuTepBaga [a, b
(0Go3nHayeHHA Te k€, YTO H B Hadase Racrosweil rjasb). QyHKIHH,
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HMeIOlL{He KOHEYHOe NMOJHOe M3MEHEHUe, Ha3bIBAT (YHKYUAMU C 02pa-
HUMEHHBIM UBMEHEHIEM.

={[3 = V| 2 et

0
a+v

10. —A,= Z S (a—}—vbj}?—— x> ' (&) dx,

=1

//\

<a- v ——. CuaenoBaTte/ibuo,

1 /b—a)\2 . \
e Smen e S
v=1

e M, H m, OBO3HAYalOT COOTBETCTBEHHO BEPXHIOW H HMKHIOI
rpaHy IPousBogHOH ' (X) B v-M moaunTepBane. Kmeem:

lim nA, ="5°[f (@) — F (5)].

n—oo

M. lim n?A,= —“) [}’ (o) —F ()], u6o

n—>00

F@—flat

<x—a—(v—1) )P (et @ =120 +

_}_%(x—a @ —1) 50T &)

Usen, anHelino 3apucAB# OT X, YHHYTOXKAETCs! PH HHTETpUPOBAHHH

IO HHTEPBaTy [a-}—(v‘— l)b_na, b;aj. Cm. 10.
12. Hmeenm [11]:
“+2_b,;_le
Ap = S [fxy—Ff a)]dx—}—
. at v ;—1)0'1
I R e
V:la+(2v—1)2’;)—+a—1
st ., atevingt
_ 5 (x—a)f G dx+ Y 5 S (x a—2v 1> )f”(E)dx.
a v=1

b—a
aH(2v—1) on1
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HckombiM mpenesiom ciyuT

b—a)

[ (b ) +2f (@)

B cayyae, xoria f' (a):O, 3TOT pe3yJabTar BuitekaeT u3 11, ecan
paccMarpuBaeMyo TaM (QYHKIHIO f(x) 3epKaAbHO NPOJIOJ/RKHTL BJEBO
OT @ W 3aMeHHuTb 7 Ha 2n-+1.

1

. 13. B 10 u 11 noxcraBuTh f(x):1+x, a=0, b=1. Cy. Takxe 5.

B4. [IToxpoGuee cm. B cratbe G. N. Watson, Phil. Mag. (3),
t. 31, crp. 111 —118, 1916.]

n—1

n—1
2 1 1
=2 (T V(Sln)"ﬁ—m)?
n

v=1

4 3TO BbIpaXCEHHE, NpHHHMadAd BO BHHMAaHHE 9, paBHO

%—[lnn—]—C—}—O(—};)] LS(smmc-—n__n(ll—x)>dx+0(ln>}=

= —n-— (1nn+C)—2—;—lnvg——]—O(l).

15. [E. Cesaro, sagaua; Nouv. Ann., cepust 3, 1. 17, c1p. 112,
1888. Pemwenue—G. Pdélya, TaMm ke, cepus 4, 1. 11, crp. 377 —
381, 1911.] IloacraBute B 10 f(x) =x1nx, a=0, b=1. Xora npen-
nojioxkeHus1 3agaud 10 ¥ He BnojHe y/IOBJETBOPEHB, TéM HE MeHee
yTBEpPXKIEHHE COXpaHseT umy '

16. Ilonaraem P (x)=

=(l—e 1. Toraa

P(x)=a ectp ypaBHelme (n—]— 1)-14 CTeneHH. OHO HMeerT B Kax/10M
u3 ‘urepsastos (0, 1), ¢1, 2), 2, 3), ..., (n—1, n), (n, o) no
ornoMy kKopuio. Ilycre nocnennuii 6yner x,. Iloaaras B 12 f(x) =

=" a=0, b=1, nonyuum:

§5ifx=a:.P(xn)=P[<n+%«> §]+A,’;, - AL>0.
0 .

Tax xak P (x) yOplBaeT mpH x>>n, HMeeM x,l<<n+»;~>ﬁ. Iio teo-
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pemMe O CpeiHeM 3HAYeHHH 3aKJouaeM, AaJee, 4ro

R . P'[(nfl\ﬁ i
2)

xn<§<(n+—;~)l5~

Iocneansis Apo6e crpemurcst K Hymo [12], u6o
1

A [CRRSE B

e

17. U3 a = S 52 B 5 dx nonyuaem f§ = 1+Z:: ﬁnanbme, Kak B'16.

18. [J. Franel, cm. Cesaro, crp. 273%); cp. ¢ sinepoBo#t
X

(POpMYJIOH CYMMHpPOBaHHUS. | HonaraeM_F(x)zg'f (x) dx. U3 pasencrs
1

F(v+—1—)— 0) =5 FO) 5T &),
—F(vtg)+F O+ D=5 f6+D)—gf (1),

rune
v<h<vihy<n<vtl (v=1,2 .., n—1),

TOCPEICTBOM CJIOXKEHUS! TOTyYaeM:
ST+ @+F @+t f =1+ 5] () ~F ()=
=L [P ) = G+ 00— G+ (ad) = Ea )],
Psin
P G ) —F € () —F G +F () —... =85

CXOZHMTCS, KaK 3HAKOYepepylolluiics PSA C MOHOTOHHO YOBIBAIOLIMMHU
1m0 aGCOMIOTHOH BeJNHYUHE YJeHaMH, CTPeMslluMuca K Hysmo. Ilpu
f’ (x) <0 umeem:

LI <iF @) <—30F )= F @) +F Oar) —F Emsn) +.. ] <0

1 .
Orciona npu f(x)=7 BbITEKaeT CYLIECTBOBaHHE Npejena

lim (} +%+é+...+%—]nn}=c

n-—co

*) Uesapo, u. I, crp. 336.
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(3finepoBa MOCTOSIHHAS), a TaKyke HEPaBEHCTBO

1 1 1 1 1 1 1
%—W<T+*2‘+§+~--—I—-n~—lnrl—C<§’~l.

Tpu f () = — Inx noxyuaewm:
In n!‘: (n—}— —:12—) Inn—n+41—s4¢,,

rge s—mocrosivdas # 0<le,<<g . Popmyia Crupsusra [205]
yTBepxKaaer, uyto 1 —s=In}/ 2.
19. Cu. peurenue 18. PaccMoTpenHast Tam CyMMa

S LF O = G+ ) —F G+ Oa) = F (En-d)]
B JaHHOM cnyqae NOJIOKHUTE/ILHA. ﬂ.aﬂee,

) —f G2 <O, ') =" E) <O,y [ (Mao) = [ (Bn-1) <O,
F'EI=>F (1), " (aa) <F' (n).
20. [Cum., uanpumep, I. ¢. 9.] Ilycrs f(x), ckaxeM, MOHOTOHHO
BO3pacTaeT (B NPOTHBHOM cJydae AOCTAaTOYHO OBIIO 6bl PAcCCMOTPEThb

— [ ()); Toraa
1

1—=

: 1,02 =
S f(x)dx<f<n>+f(”>+...+fg - ><j§f(x)dx.

—~—
n

Y

n
IlpennoJiokenue MOHOTOHHOCTH CYIHECTBEHHO JIHLIb AJIsl TOUEK, B OKPECT-
HOCTH KOTOphIX (GyHKuusA f(x) He orpaHHueHa.
21. Mo moxeM npuHsith, uto [ (x) Bo3pacraer [20] u f(x)=0
(B NPOTHBHOM c7lyyae JOCTaTOYHO GbIIO Gbl PasOXHTh f(x) HA Cymmy
‘f(x)+lf(X)|+f(x)*\f(X)\
2 2

H paccMOTpeTb B OTIENLHOCTH o0a cJjara-
embix). BriGepem >0 u m (0 <<n<C1) Tax, uyToGb BBINOJHSLIOCH
1

nepasercro | f(x) dx<Ce. Torza
4 .
[(1—mn] 1 —

i )= T
1 ’ 0

C apyrofi cTopoHbl, ofosHauasi uepe3 M BepXHIOK TpasHb | (X)],
HMeEM:
| n—1 .
v v -
w2 eli)=

v=[(1—m) n]4+1

n—1 1
M
<= y f %)gM S [ (%) dx << Me.

v=I[0—mn]+1 I—mn
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22. Tlonoxkuts B 20 f(x) =x*1
23. a,=1%1(n— 1)1 4201 (n —B-1p | (n— 1)@ 11B1 =
1 1 /vie-l B-1
= po+b-1 Z 7(5) <l —:’z) ~ ptB1 S x®1 (1 — x)B-1dx,
o]

v=

Cm. 20, . 1
1
24. f (x)=-£ -1

25. Ilycrs f(x) uMeer KoHeuHHIH npenesn, ckaxeM, npu x—>1
11 MOHOTOHHO yOniBaer. 3 mepasencrna [20]

) dx < )+ 1)+ (25

n

.
L

f

3

BhIT€Kaer, uTa Jjenad yacTb orpaHnHucHa, T. €.
1

lim {f(x)dx
e—>+0g
KOHEueH,
26. I1ycrb, nanpumep, f(x) youiBaer. Torna
20— 1 2n—1
Ton

“on

ity | remst 3Rt < il

n

1
b7 2n
CJ1e0BATEJIbHO, TEM foJiee
2n—1
1 2'_1 9 1
) S f@dst | x)dx\-—z f< Bell<
2n—1 1
-_12"—’ o 1 2 1
on 2n
<2 {Fwdx+ § [(xdx.
0 1
Zn

BripoueM, HMeeM TaKxe:

lim %i <2v—1>= S]f(x)dx.
v= ¢

n-—oo
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217. Cwm. 28 nas f(x) = x*

n—1

=a-%v§1<—l>v-1f<:>f%2 ) -4 3t

[20 u pewenue 26.]
- 29. Cm. 26.
30. Tak kax lim f (x) =0, 10 [ {x) IONKHA COXPAHATD NOCTOSIHIO
X— 0 -

OZHMH M ToT ke 3HakK. I[lpennonaras f(x) monoxutenvHOH H YGblBato-
e, noayyaem:

m+nh ) mh
§ f®de<h [f(h)+f(2h)+---+f(mh)]<§ f (x) dx,
B

OTKyJa, Nepexois K MNpelesy NpH #m—- co,
[o 0}

Sf(x)dx<h Z f( ﬂh)<§f(x)dx.

h n=1

ITpennonoxerie MOHOTOHHOCTH CYIIECTBEHHO JIUIIbL AJisl GONBIUHX X
31. Ilonaras B 30 f(x) =e*x®1, ¢*

=1, NoJy4aeM:
Pie)= lim_ (m-%)“ (1o-1f 42012 L 3013 | ) =

o0

. A\ a-1 n_ 1i ' na_lﬂ,‘
= lim (1—1) gln = lim o [189].

o ! n
32. 1z 30 npu f(x) e%m—?), e~" =1, npunumas Bo
BHHMaHHe, YTO

o0
e-nh 1
h Z —7 =1r1———7,—1_e, .

n=1

33. M3 30 npu f(x)

Tte= —I-e‘x’ e
uTO

b=t NpHHHMasi BO BHHMAHUe,

OQ’QB

1

+e~" S —,ln 2,
0

WIH H3 32 HAa OCHOBaHUH TOXKIECTBA

[e o]
tn
) I

n=1

o] tz
i
2Y —m-

n=1 n=1
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34. Ha ocHoBannu paBeHCTBa

S?lxe ’ dx-§3 (i: é'"x)dxzi ;11;
b

0 n=1 n.=1

MokHO 6blO0 ObI BECTH J0Ka3aTe/lbCTBO TaKXKe CAeLyIOMHM 00pasoM:
umeem [VIII 49, VIII 65]

[o]
1.
=5 Y, G ir= Y {6 (1) +0e () +... 400 ()] 1"
n=1 n=1
IMpumensia 45 u I 88, noayyaeM TpeGyemslfi pesyabrar.
85. U3 30 mpu [(x)=e—*, e*"; noncraHoBKa e—" ={, coor-
BETCTBEHHO e-h" =1,
38. Ipenen papen n. M3 30 npu | (x) =

MyJTy

2
et k1=t Cp. dop-

1 ot of of ¢l gt
Tterrteet terat T m_ =

[Hurwitz-Courant, crp. 120.%)].

1
- 87. U3 30 mpu f(x)=In(14+x%, h=t <, Ilpoussons sameny
TNepeMeHHBIX H MHTErPUpYd MO 4acCTAM, HaXOQUM: -

[o o] [o0]
~ u 1
fin e de= (g de=—2.
0 0 s —
¢4
38. Hpnmeﬂsxem 30 mpu f(x)=In (1 —2x7* cos 2p + x~*). Iona-
ras t———e“" B (opMyne mis §¥ u Oepsi B 06euX uacTAX KBaIpaT
36COJIIOTHOPI BEJIMYHHEI, TOJyYaem: ‘

= 2 cos 2¢ h2 an sin @ — th[ sin @ 291
H(l — +n4h4> = 42|e +e —2¢0s (7? cos cp> .

n=1
39. Humeem:

o]

Z (ag" — ag™) q"+11na<Slnxdx< Z (@g" —ag™V) grlna=

=0 n=20

=a1na+;7Tq—>a1na—a

) TypeHn, ctp. 164. Fyprun—KypaHnr, crp, 124,
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npu g->1. MoxHo H3BJeYb OTCIOfA pe3yJbTaT OOIero Xapakrepa,
aHajiorHuHetii Teopeme 30.
40. [punnmas Bo BHHMaHMe 58, NOJyuaeM:

. _n 2
T R RN

v=N v

k © L. 1
~ Ok ( ?E)Q n 2 S e—2kx® (3 — Qkn (%)2,1 2 (2Tl';>2 .
Ilo noBony jeraseit mpenefbHBIX MEPeXONOB M., Hanpumep, C. Jor-
dan, Cours d’analyse, T. 2, 3-e u3g., crp. 218—221, Paris,
Gauthier-Villars, 1913. '
41. [Tlo nosony sanau 41 —47 cM. G. P6lya, Arch. d. Math,
u. Phys., cepua 3, 1. 26, crp. 196 —201, 1917.]

(5[5 = b ~lsTaemtim 2] o=

n

=1—1lim (1-1—%—1—~%A+.°.+A’ll——1nrz)=l-—0,

n—+o0

lim

tH—

ﬁ[\d:

L
n
1

rie C — siinepoBa mocrosnuas. Ilojaras
1

_(l=x* T (@)
(I)_(oc)—§ - de=f et e,

3aMeyaeM, 4To TaKKe
1 1
SochD(oc)=CD(l)‘—SCD(oc)doc=l—C. _
0 0
HWubivu coamu [44], omepauuu ofpasoBanHs CPEHEro 3HAUEHHsA H
IpefieIbHOTO Tlepexofia OKa3bIBalOTCA IePeCTaHOBOYHLIMH.
43. [CM. Cesaro, sagaya; Nouv. Ann., cepua 3, t. 2, ctp. 239,
1883.]
n

sim < ¥ (1-[5]3)

v=1

I

= { [

=1= 3 o~ )=

n=

44.[G. L. Dirichlet, Werke, 1. 2, ctp. 97 — 104, Berlin,
G. Reimer, 1897; cMm. G. Pdlya, 1.-c. 41, ctp. 197 u Gott. Nachr.,
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1917, crp: 149 —159.] 3agaua npusonutca [VIII 4] kK Beiuncienuo
npezea

1
1 1 1 1— 10
=l—ats 37 :OS —x 4%

Ipu a=‘7 coraacyercs ¢ 41.

45. [L. c. 41, crp. 199 —200.] ITyctp cHavama o >>1; roraa

(a+ 1) x*dx=

Y X

wrbf[iee=3
0 n=

3
-+

=1 +gorr + g+ =L@+ 1)

1

ITonHoe u3MeHeHHe (DYHKIHH [»x] x¢=f(x) [eM. pewenue 9] ecTb

=15+ + {5~ 0)—i(z+0)} +
5= 0= 1{3+ 0]}~
=1(1"2—2%) 4204 2(2%—3% £ 324, =2 () — 1.

Orciopa BuiTekalor ofa yrteepxjenust 3ajaud [9]. IlepBoe u3 mux
cnpasefauBo  Takxke aasd a=1. Ilpu O<Ca<<1 paceMaTpuBaem

1 L]\ g
(;—[7]>x H TpUHHMaeM BO BHHMaHHe 22.

46. [L. c. 41, crp. 200—201.] Tlonaras %—[%]=f(x),
umeeM [42]: '

(fx)dx=1-C;

]

1
KpoMe TOro, NOJNHOE H3MeHeHHe f(X) B uHTepBaje <§, 1) paBHO
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2(m—1). Umeem:

e e e (e

v=1

n

<’§lf(x)dx—% > f(%)+v§l§|f(”;‘+x)—f(%)léx-

v=m-1

"

Tak xax 7> 2

—, TO NepBHIfl WieH He TNPEBOCXOAUT 2m=1) [9]
n m’ p p ‘ n !

o m
BTOPOil MeHblle —-.

47. i U, -Gy = i (— 1yv-1 [g]=

v=1 V=1l

n n
— B IRV L . =0
- 2 =D ([a] v)—}—n Z v
v=1 v=1 -
OrHolwenye nepBoit CyMMbl K 7 CTpeMHTCST K HyJo [28].
48. BuiTekaer H3 onpejeseHHsl ONpejeNeHHOro WHTErpasa.

49. Burexkaer u3 20 npu f(x) =Inx. OrHocuTenpHO MHTErpaja
1

{Inxdx cm. 39,
0

a A
850. llonaras c=—, umeem:

d’
l"/_c_ ¢+l ¢c+2  c+n—1 -
G, _ n n .n " n .
% = T . [29].
n + 2n
. on
5'- An=m- ﬂaJIGE,

‘n\ (n\/n n (ntyri n N
(0)(1)\2)( ) m= [[l(n-}-l_v) -2V

nf1—wv \n+l-2v

—H( nt+1 ) ,

160 2 (n+1—2v)=0. Tlpumenss 20, norydaem:

v=1

i n
lim 210 Gy= lim 2 ¥ (1 —Z) {1 =) =

v=1l

1
=§(1—2x)1n(l—x)dx=%.
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52. B 48 nonaraem [(x)=1—2rcosx+rP=|r—e*P, a=0,
b =2n, U3 TOXRaecTBa

T )

v=1

f1nf2n--~fnn=(rn_ 1)2'

3aKJar4aeM:

Ilpu r=1 or6paceiBaeM ofpawmamnmuiicd B HYJIb MHOXHTENb f,, H
ocHosbIBaeMcsl Ha - 20.

53. [G. Szegd, samaua; Arch. d. Math. u. Phys., cepus 3,
1. 25, crp. 196, 1917. Pemenne-—~J. Mahrenholz, tam e,
cepust 3, 1. 28, crp. 79—80, 1920.] Ilpeanonoxenue 3ajaun o3Ha-
yaer, uro e¥ (¢t —r) BellecTBEHHO, T. €. YTO apryMeHTH y e H
et —r mu6o coBmajalTr, JHGO ACOMOJHSIOT APYr apyra ao 2m. Tax
kKak £ ecth OmKafilee K X 4YUCJAO, OBJMAjamoulee 3THM CBOHCTBOM,
TQ. I0J2KEH HMETh MeCTO MepBHIl Caydai, OTKyJa e’ ecThb TOuKa mepe-
CeueHHst Jyya, BHIXOASILIEr0 H3 7 MapasiiesibHO BeKTOPY €°*, ¢ OKPYXK-
HOCTBIO eauHHuyHOro Kpyra. Ecin mostomy O<<x<<m u §' coorser-
crByer x-+m, 1O €5, r u €% nexar Ha onHo#l npsmoil, Tax Kak
NpPOU3BEJCHUE OTPE3KOB Ha XOpjie, NpOXOoAAed uepe3 (pUKCHPOBaH-
HYIO TOUKY, HE H3MeHfieTcsl NMpU BPAEHHUH XOPABl, TO HMeeM:

% —r | €8 —r ' = (1 —2r coSE +77) (1 —2r cosE4 79 = (1 — 12

H, CjJeroBaTe/IbHO,

-2[‘” S [In(1—=2rcos&+r)+In(l —2r cosE' +r¥)] dx=
0

T
1
= o S In (1 —r2)2 dy=1n (1 — r3).
0

54. Us crenennoro psita zna In(l4x) nomyuaeM, uro mpH
1

|ln(1+x)—x,<x%.

Nyers |f(x)| <M. Toraa npu §,M g% 6yleM HMeTb:

i I (1 4 fvab,) — i fvndn | <8, i fondse

v=1 v=1 V=]l
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Crosimiast cmpaBa cymMMa IPH A—>CO CTPEMHTCA K HEKOTOpOMY HHTe-
rpany. CMm. takxke 67. Bmecro pasGuenns unrepBana [a, O] na pas-
HbI€ YaCcTH MOXHO paccMarpuBaTh M Apyrue pasduenud, 6epd OpH
3TOM OpAHHATH BoOOlle B MIOOEIX TOYKaX NOJdYydaromuxcd NOJHHTep-
BaJIOB, — COBEpPIIEHHO TaK e, KakK TpPH OnpeleJeHdH HHTErpasa.
PaccmatpyBaeMble 00pa30BaHUA CTOSIT B TAKOM K€ OTHOIIIEHHH K WHTEr-
panaM, B KakOM (eCKOHEYHble NPOU3BeAeHHA HaxondaTrcd K O0ecko-
HEYHBIM PAJAM.

55. Coraacro 54
1

v 1 _[xdx
. n n 0
lim = =e,
v 1 1
n—»OO ———— e
= non ~[xdx
e 0

58. PaccvarpuBaeMoe TpoH3BeieHye PaBHO
1.3.5... 2n—1)qn.2n _
[+ Doa—1][(n+2a—I1]... @ra—T) —

__ (r+Da (nt+2) o (ntnma
Tt a—1 n+da—1 "t atma—1

REEERETIE

UactHblf ciyyall, Korja o =2, T. €. TOXAECTBO

[54].
dx_

1+x

[ e

9 1 1

3.5, 7.9 11
26 6 10 10 V2’

1

2

k19

NIoNMyqaeTcst TakKKe M3 pa3jOKEHHA COS X B IPOH3BEJIEHHE TIpH X'———‘-—4‘;

[Euler, Opera Omnia, cepua 1, 1. 17, crp. 419, Leipzig und
Berlin, B. G. Teubner, 1915.] :

a-tvd a—B 1 6
57. s g =1+ WER e

— 1
3ameuyanye K pemienuio 54 npumMensieM K (GyHROuH f(X) ——-1,6—9— Tz

B uuTepsane [0, 6].
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58. lycts n etHo, n=2m, VV_.B;”—H»VZ nanee, A==0,
v>m. Toraa
2m\
(’V/ om m—1 m—(@—m—1)
2m\ T mFl m+2° T m(v—m)
(m ' AVE
/ UL B U W I A
1 Vi Vm Vi Vm e U pae
‘:1+ 11+2 T = l+v-m1 AV2
Vm Vm Vim Vm Vm Vm Uf x dx
e
[54].
2m 92m
Jlanbiie 3aMeuaeM, 4TO ]~ [202] 1 uTO B cayuae n HEUeT-
m V mn :
Horo, n=2m41, '
’ <2m—|—1> < 2m )
v _om41 \v—1
2m41y T 0w 2m
() ()
n 2 2 (2 -)2
59. n—wv n—wv —
;[__I v Il —‘4m;cos—;—|—vZ
n

1
2x12
- S 2—1x)? dx
0

n
| ‘ II ‘
= ~ ~~
1t 8nv nv t2
=1 =
V= (2n—v)2 i |/ n V0 (2n—v)z 4n
.t ' ¢
IMpaBomMepHOCTL 3aMeHb! Sin — Ha — 0OOCHOBBLIBAaeTCS MyTeM
2V'n 2V'n

pas3oKeHus B psSA MO
B 54.

Vn

- U JIorapu(MHUPOBAHUS TIPOU3BEJCHHS, KaK

€0. BsezeM aas uHTepecylomei Hac BTOpOH pasHocTH 0G03Ha-

yeHue
F, dy—F @, ¢)—

Torna

AF (x, y) =
a >, )

F(a, dy+Fa, 0

=A% (x, y).
R

m n

D XA (x, ).

p=1v=1Ryy
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Tpumensist auddepeHUHANbHYIO TEOPEMY O CPEHeM 3HaYeHHH K (yHK-
- ITHH
Gy (x) =F(x, yv) — F (x, Yv-1)
noJyyaem: ’ ’

1[%21: (x, y) =G, (xu) —G, (xu-l) =

" = (5~ %) [Fe B 99) = Fe (G tn)] = |
= (% —%uq) v — Yv1) [ s M)

(xu.-l << Eu < Y <M< Y-
Cum. 7.

61. YmHOXas 1O CTPOKaM yKasaHHBHH ONpefe/]HTeNb Ha ONpeje-

JUTENb, HOlellalOIlleICH M3 Hero 3aMeHoOH € Ha &, HaXOojuM:

| 14-eh g2 gD A) )y o 1,“.',,_1:,1",
C npyron CTOpOHbI
;e n—1 0,1, ..., n—1 i
. . ) . j— 2
r[ |&f — ek 2= I] (251n’nk n).
i<tk i<k
CpaBuuBasi 3TH ABa BHPaXKEHUs, MOJIYUAeM:
0, 1,....,n—1 1\sa -
2 —ln'sm(—————)‘-——lnn (1——)%1112.
.<k n
!
- Tlpunsate Bo BHHMaHue 20!
62. Cu. 54.

63. O6osHaunM HHTEpecymwoliee Hac Bulpaxenue uepes II,. Tlpm-
MeHEHHOe B pelleHHH 54 HepaBeHCTBO JaeT:

ot 3 8 )= 330 ]

p=Iv=1 v=1lp=I

(n mocrarouno Bennko). Hepasenctso Komwu [80] zaer ans npasoit
YacTH BepXHIOW rpaﬂnuy

w3 2[( ol

v=1

TpH BO3PACTAIOWEM /1 CTPEMALYIOCH K Hymo. C/lel0BaTe/IbHO,
11
JFee, g dxay
lim II, =¢€%°
n—oo
64. [Cv. G. P6lya, Math. Ann., 1. 74, cTp. 204 — 208, 1913.]
PasofbeM NpOCTPaHCTBO TPeMs PAAAMH ILIOCKOCTejl

5 .3 1 1 38 5
2n? 2n’ - 2’ 2n' In? 2p

X, Y, 2=..., —
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pa KyOn ofbemoM n-® kaxjuwii. Murerpaa sagaun I 30 mpu s=[no]
NpEeACTABJSET KOJAMYECTBO KyOOB, LEHTPHl KOTOPHIX JIEKaT B 00Ja-
cti B. YMHOXEHHEIH Ha n~%, OH CTPEMUTCH K YKa3aHHOMY IPOCTOMY
JHTETpany, Kak K npeaeny.
65. lmeem:
=2 e vt vl v T =
VitV v =n
=2 e BT ET LT
VitV v, <n
o, —1
XA —Vy—Vy—. .. —Vp ) P,
OTK yAa
Gn
nal—l-az—l— —|—0Lp—-1

=nP—12y 2(_%)“1_1(%>2 ‘_,'<f1;{_1>“”'1 "

v —|—v2 v s

vy vy vp_l\"‘p—1

>< I—_]:I——T———.'.-—- n ) . Cp.23.

66. B ofosHauenusax npeapiymedl 3ajauy, UMeeM COTJIACHO pelle-
a0 31

e ~T () (1—=0"%% (k=1,2,..., p)
npu t—1—0. Janee, monaras

[ee]

F(Z) — Z nal+a2-|- ...—I-ap-—12n,
n=I .

HMEeM:

FO)~T(ytont...day) (1=~ Cat et -t

lim hOf@...[p@® _ Pa) T (@)...T (2p)
t>1—0 F( I ot 4o °
C apyroft croponnl, coraacuo | 85 u Il 65 sToT npejen pasen
yKa3aHHOMY HHTErpafy. Orciona MoXkHO BhiBecTH Ge3 TPyAa H p-Kpar-
Heit  uHTerpan - Jupuxae-Kopiawa (em. C. Jordan, Cours

d'analyse, T. 2, 3-e uai., ctp. 223, Paris, Gauthier-Villass, 1913).
67. Mutepecyomuii nac 4ieH

3 T 3 R S

[<v,<vp< ... <V, <n

—>SS L e S () f (xa) .o [ (xp) dxy dxy ... dx,=

a<x1gx2\_.. x

L

<b
= 7 § §...§Vf(xl)f(xz)...f(x,,)dxldxg...dx,J
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Mexay npounwm [I 62], Mb nmeem:

T (1 F2fundn) < (1 + 2MBp)r < M0 = ezt 60—,

V=1

B coenunenun ¢ noayueHHIM pesyanaTOM sto zaer [I 180]:

lim [I(1+zfm )=+ Sf(x)dx+2, (Sf(X)dx>

‘2 [f(dx

...-}—%(Sf(x)dx) +...=ea

Mertoj, Nekaiipii B OCHOBE 3TOTO HOBOT'O pellleHHs 3ajaud 54, MOXKer
6HThb TakXe NpHUMeHeH JJs OGOCHOBAHHS NpeenbHOro [epexoaa,
BCTPEYAIOLETOCsT [pPH PeIlleHHH MHTerpajJbHOTO YpaBHEHHS THIA
®pearonsma. MoxkHO, oGpaTHO, BbiBecTH 67 u3 54, OCHOBHIBASCh:
na 1179. _

68. IlocTpounoe nepemMHOXKeHHE jAaeT ONpeNeNHTeNb M-TO MO-
panKa P ¢ obuyum uneHom

. b ' .
3 ot~ s Vhm@ds  (op=1,2 ..., m).

v=1

C npyrofi cTopoHbt (n==m).

var ) [§ 8]
R A T L Pvin Pvyn oo Pupn

P 2 v Fn oo Wn (P(v?l) Puyn s Pv n
R T BRI N IR
1% m< f(m) f(m) f(m) (p«n) (pg:g (pg:zn)n

TlpupaBas 3gech vy, Vo, ..., V, HE3aBUCHUMO JApYT OT Jpyra Bce
sHauvenus 1, 2, ..., n, met nmonyyum caesa m!P. CymMa B nparofi
uyacTH GyjAeT ACHMITOTHYECKH paBHa YyKa3aHHOMY B 3ajaue m-KparT-

m

HOMY HHTerpajly, yMHOXEHHOMY Ha ( na/

69. Britexaer u3 teopembl 06 apHMETHUECKOM, TEOMETPHYECKOM
H IapMOHHYECKOM CPeIHHX IlyTeM NpejenbHoro mepexosna [48]. i

70. [J. L. W. V. Jensen, Acta Math., 1. 30, cmp. 175,
1906.] Tlocrynaem anajoruuno npnBeneHHomy B NPHMEYaHHH Ha
-c1p.- 714—T5 nokasarenpctsy Komu teopembl 06 apudMeTHUECKOM Treo-
METPHYECKOM M TapMOHHYECKOM CPEIHHX (COOTBETCTBYIOMIEH C/Iyuaio
¢ (f) =1Inf): nokasblBaeM YyTBepKJEHHE CHadala AJIs Caydasi n=2m,
3aTeM BOOGLLE.
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71. [J. L. W. V. Jensen, 1. c. 70.] B ofosHaueHusIX 3a-
naud 48 umeem aAs KaxIOTO #: '

(P(fln+f2/1+ +fnn>< HIH B(P(fln)‘{‘q)(/‘zn)‘{‘ ‘{‘(P(fnn)-

n n
DesrpaHuyuyno yBeqMuHBaeM # H TNpHHMMaeM BOo sHuManue 124, 110.

2. Ecmu t; u f,—npousso/ibHbIE JiBe TOYKH HHTepBada [m, M],
npudem #, =, TO

ti -t ti—t, .t t—6L)2 .,
(P(tl)_:(p( l—g 2)_l_ 12 a @ ( 1‘2|‘2>_l_(_18ﬁ2)_q) (1;1)’

-t t,—ty 4 [t t—56)2 .,
(P(t2)=(P(I_I2—2>+ 5 (lf{“‘)Jr(l 82) Q" (a),

rjle T, U T,— JB€ HajJexaluM O00pa3’oM BLIGPAHHBIE TOYKH COOTBET-

. t t
CTBEHHO MEXKAy f, H %tz H MeXLy f, H —t‘—;—z-
¢’ (f) >0, To oTClofa mosydaeM: -

@ ()0t —29( 1) > 0.

. Ecau Bciony

73. [72] A

74.[J. L. W. V. Jensen, 1. c. 70.] [I15 UEJOUHCIEHHBIX Py
yTBEpKAEHHE BHITEKaeT u3 70, B IpHUMEHEHHHM K py+pPe-+ ... +pn
TOYKaMm, H3 KOTOPLIX p; COBNAJAT C &, Py —C f3, ooy Pp—C Ip -
910 [0Ka3biBAeT TEOpeMY TaKkKe I PAauUOHAIBHHIX p,; OTCIOAa Ges3
TPyAa MOJMyYaeTcst TeopeMa LISl NPOM3BOJIBHBIX Py, €CJIH NPHHSATH BO
BHHMaHHe HeNpepuiBHOCTL ¢ (f) [124].

75. [J. L. W. V. Jensen, 1. c. 70.] Beogum oGo3HadeHHs

Xo—Xg

fo=f(ry 2250, p=p(ntv 220 =12, ..., 0,

\ n

Torga mno 73.

Plnfln"l‘Pzn/‘zn‘l‘ oo +Prnfnn ><
(P( Pin-Pant oo+ Pnn \

HJ/IH

= P19 (Fin) 3+ P2n® (Fan) + --- +Pun® (Frn) .

Pintpent - FPrn
Teneps 6e3rpaHHYHO YBEJHUMBAEM 11,
76. [0. Holder, Gott. Nachr. 1889, crp. 38.] Ilonoxum

pititpatat - +Pntn =M:
pi-tpat oo +Pn ’

TOrJa \ \
¢ (t) =@ (M) +(t,— M)y ¢’ (M) +-L57 ¢ )
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PELIEHHSA
H, 3HAyurT, ’
P19 () + P9 () + .. 4P Gn) _
p1tpat ... +Pn

Z pv——(t“_M) ¢ (Tv)
=@ M)+ = —— > ¢ (M),
- Z pbv

Lov=1
ec/M 1o KpaiiHefi mMepe OAHO U3 uuces f,— M OTAHYHO OT HyJd.
77. [Cu. G. Polya, sagaua; Arch. d. Math. u. Phys., cepus 3,
T. 21, ctp. 370—371, 1913.] Ananoruyno 76.
78. Ilonaraem B 76 ¢ (f)=—In¢, cootsercteenno flnf, M >

>m>{, U 3aMeHsIeM a, Ha a% v=1, 2, ..., n).

79. ITonaraem B 77 ¢ (f)=— Int, coorserctBenno fInt, M >
. >m>0, u 3amenseM [(x) Ha —,%C)-
80. [lepBoe f0Ka3aTenbCTHBO.

n 2 1, 2, ..., n
‘Zav Zb —(Z b) = Z (albk—akbi)ZZO.
v= 1 v=1 W1 ) [ <k

Bropoe goxaszartenncTBo. PopMma

(Mg pby)? + (Mo 16,2+ ... + (A ub,)2 = AN 2B Cpe,

KBajJpaTHUHasi OTHOCHTEJILHO IepeMeHHbIX A M W, Oyzer Ass BCex A
H P, A?4-p2>0, momoxuTenbHa (COOTBETCTBEHHO HEOTpHILATE/IbHA,
eC/IH MOXKHO TNOA0GpaTh Takyio mapy 3HaueHuit A, p, 4ToGH yAOBJET-

BOPSIINCH ypaBHeHMs Aa,-+pb,=0 (v=1, 2, n)). Orciona BobiTe-

KaeT, uTo AuCKpuMuHant AC— B® nomxkeH GLITh MOMOMKHTENeH (neot-
pnuaTeneH)

81. Ilonyuaercs npesensHbiM nepexogom u3 80. IMosnaras
fvn"‘f(xl'l"v 1)) ng'—g<x1+v xl);
nonyuaem [80]:
(flng1n+f2ng2n+ oo +Fnagnn \?

n

< .
finthnt - +Fn  Gntgat . +&n
= : .
n n
Tenepp GearpaHUyHO yBenuunpaem #. MoXHO, BIpoueM, Henocpel-

CTBEHHO NEPEHECTH MeToZbl JOoKasaTesbcTBa TeopeMmbl 80; mo mososy
nepBoro c¢Mm. 68.

82. Ilycts ¢5=0. Tlonoxum & =A, (v=1, 2, ..., n). Ilpu-
MeHs1sl 78, moayuaem:
p VO _ AnAdAindyt . A Ay A Ak A g
‘P(t) Aj+Ag+ . 4, n
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HmeeM:

P(—oo)=Min(@, P(DH=H@, VO)=6(@), P()=%@),
¥ (+ 00) = Max ().

TeM caMbiM MBI NOJYYHJIH HOBOE [0Ka3aTeslbCTBO TeopeMbl of apHud-
METHYECKOM, FE€OMETPHUYECKOM M TraPMOHHUECKOM CPeIHHX.
83. HonaraeM [f () =F (x) (t=0). Ilpumensis 79, noayyaem:

- ?F () InF (x) dx -
t2 7 0 _x —In (
@ §

P SF(x)dx>>0
F(x) dx

xl

(To e MOXKHO TOJyYdTb H TIOCPEICTBOM TIPEJIeBHOTO  Iepexoia
13 82.) Mmeem: -

V(== ¥O=6(, ¥I)=A(.
YKenast Bhiuncauts W (-- 00), o6osHauuM uyepes M HauGosbiee

3nayeHHe GYHKUUH [ (x¥) B HHTEpBaNe X, << X << X, W yepe3 O — AJHHY
NoAHHTepBana, B KotopoM f(x) > M —e. Torna npu £ >0

1
M) (2 <voy=m,

orkyda Y (4 -00)= lim ‘P'(t):—;M. AHaJIOTHYHO BBIYHCAAETCA U
t =>4 oo

¥ (—oo). Mol noayuuam, MeXAy FNpPOYHM, HOBOE J0K43aTe/lbCTBO
Teopembl 69. ' '
84. [Cv. H. Minkowski, Geometrie der Zahlen, crp. 117,
cuocka, Leipzig und Berlin, B. G. Teubner, 1910.]
[lepBoe ZoKasaTenabCcTBO. HyCTb 0=<t=<1. Tlonoxum

n

¢ ()= 11 lav+ (1 ~1) b,]";

V=1

toraa [80]
n n
(f) 1 av"‘bv . av-—bv -
@ = (2 tav—]—(l—t)bv) 2 <tav—]—'(l—1)b ) <0,
\Wv =1 =
€c/ld TOJMIbKO @, HE TIPONOPUHOHAJMBHEL by (v—l 2, ..., n). Yacr-

HuIH cayvall teopemsl 90.
Bropoe nokasartrenbctBo. IlosoxkuM Inb,—Ina,=4%,.
Torna uHTEpecylolee Hac HEPABEHCTBO HEpeluIleTcH TakK:
1 fy ! Lttt 1,
n (1 +dD) (1 +e2)+ ... +1n (1 +e )>1n<1 i A :)

n
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CripaBe/lIHBOCTb. €ro CJelyeT Tenepb H3 Toro, uro I (l--¢) mpen-
CTaB/isieT Co0oM (PYHKUHIO, BBIMYKJYiO CHEBY [73].

85. [Cu. W. Blaschke, Arch. d. Math. u. Phys., cepus 3,
T. 24, crp. 281, 1916.] Honaraem

Xz
s | @+ —pgmiax
?(f)=e * O<t<l)

Torja coryacio 81 umeem:

(P”(t):(l 5 [0 —g dx‘)z_

9@ —x ) f)+(1—-H)gE)

X1

L ¢ f(x)—g(®) 2

Xy
(MoxHO NONyUHTE TaKke C MOMOIILBIO MpeAebLHOro nepexona us 84.)

YactHptil ciyyail Teopembl 91.
86. IlocrenosarenbHo npumensieM 85 K GyHKUIHAM

Pifs (), Pofa (), ooy Pmfm (%)
87. Hmeewm:

[, = sup Z V(X(V)—x("‘l))z—i-[fk MY =T, PSEE
v=1

IJisl BCeX BO3MOXKHBIX pasGHeHHMH unTepBata [x;, x,] Toukamn x; =
=10 < xW < < xn D) < k7t = x,. CrejoBaTedbHO, Aa8 J0G0r0
pasbuenus GyleM HMeTb:

Ltpalat - +pml \ ,Z pr ¥ (e — VR (f (6V) — i (V)P
Pils T Pala Pmtm =1 .
P1+P2+--~+Pm 72‘

713

v= Pk
k=1

I

Tak kKak ¢yuruua /212 B mo6OM HHTEPBaje BLINYKAA CUU3Y
[73], To npaBasi yactb

= 3 VI FGE

v=1 .

OTKy/a BBITEKAET YTBEPNKICHUE,
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88. Ilosaraem

v -

m={  p@®d (v=1,2 .., n),

:I:L_“’

(v——l)zT"
9
Zp‘"’f< 1)—}+x)
Fy (1) == g

Z p(n)

v=1 .

lim F, (x) =F (x)

n—oo

Torna

paBHOMEepHO OTHOCHTENBHO X. [lefiCTEUTENBHO, 0603Haqaﬂ yepes
®, MaKCHMyM KosebaHus f(x¥) B WHTepBajle AANHH —— (CTp 84),
OYZEM HMETh:

y S pO[f €&+ —i (=1 4 )] at <m,,2§p(§)d§.
0

V=1, -1)—

Tem cambiv @ (F) = lim G (F,); coraacho 86 G Fy=86 ().

n-—co

89. [lpexae Bcero B 0603HadeHUsIX pememm 88 lim F, (x)=F (x)
n—>o0

H TPUTOM pABHOMEPHO OTHOCHTENBHO X B uHrepBale 0<Ix<<2m.
A umenuo

27
v__.

3 S @ity —r(o -0 ]| =

v=1
w—p 2 =

< Max (p) S [2 lf((v—1)3,,3+§+x)—f((vf1)2,7”+x)\]d§,
0 .

v=1
OTKyZa

Fal)—F ) | < 22 20y,
\ p@)dE

. 1]

rae V ofosHauaeT mMosHOe H3MeHeHue [(x) B uurteppane [0, 2m].
Tak Kak AJuHa AyTH KPHBOH yzf((v— l)gnE —{—x) U151 Bcex v

paua [, To [87] ans JuMHE L, KpuBOH y=F,(x) umeer MecTo
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ouenra L,<< /. Kpome Toro, mpn moGom pasbuernn 0= x(® < xM <
< ... <xY << x9)=2n unrepsaia [0, 2n] umeem:

3 VET I )~ FEEF =
a=1

= lim ¥ V@ —x@ DR L[F, @)= F, (@ )P <L
n—®Og=1
F. Lukacs paccMorpen cienyiomuil - HHTepecHslll caydaii 3Toi
TeopeMbl: IJHHB AYT KPHBBIX, COOTBETCTBYIOMHX CPEAHHM (B CMbIC/E
Gefiepa) psza (Dypbe (yHKLUH f(x) [134], Be wmoryT mpeBoC-
XOAUTh AJHHEI caMoil Kpusol y= (), 0/x<2n (B Toukax pas-
priBa QyHKUNM f(x) CKagoKk HleIHCJIHETCH K JJIMHE AyTH; PaBHBIM
obpasoM u |f(+0)—f(@2rn—0)].)
90. [lyctb % % 0 [84]. [Tonaraem A, =ta,+ (1 — t) by, 0=<f=<1,
v=1,2, ..., nu ¢{)=M¢M,(4). Toraa

¢W0=@~U@ﬂ+A?+u-+AWTJKAF%ﬂ+.“+A®x
X (@ =02 A (@ = b)) AT L (@ — b2 AT -
—[@—b) AT T (@ —b) AF T+ L (@ —ba) AT T

Bripaxenue, cTosimee B GUTypHLIX CKOGKaX, Beerjia NoJIOKHTENbHO,
ecqd TOJbKO @, He NpomopuyoHalbHbl b, (v=1, 2, ..., n) [80].
[ostomy sgm ¢” (f) =sgn (x — 1) u, 3Haywr,

20 (3)= nan =00+,

cMoTpa mo ToMmy, Oyfer aux =1 uau << 1. Ilpu »=2 M, (a) npexn-
CTaBJIIET PACCTOSIHHE TOYKH (@, gy ..., () N-MEPHOTO INPOCTPAH-
ctBa OT Hayana. B 3ToM cayyae Teopema yTBepixKJaeT, uTo AJHHA
OIHOH M3 CTOPOH TpeyroJbHHKA He NPEBHILUAET CYMMBI JUIMH JBYX
IpYrHUX.

91. HonaraeMB 90 av—f(xl—l—v xq, bv=g<xl+v x2;x1->
/

(v=1, 2, ..., n) u GesrpaHuyHO yBeanBaeM n.
92. [Ho NOBOAY YACTHOTO cayyasi, Koraa ayby,=1, v=1, 2, ...
n, ecM. P. Schweitzer, Math. é phys. lapok, 1. 23,
CTp 257—261, 1914.] HepeHyMepyeM yucna @, B TOPs/iKe Bo3pa-
CTaHMf: @) =<0y =< ... =< Q,. Torja NpH PasbLICKAHHM MaKCHMyMa Mbl
MOXKEM OrpaHHUYHTBCH CHCTEMAaMH 3Haqeﬂm°1 bl, by, ..., b,, pacmo-
JIOKeHHBIX B yOblBalOlieM Topsike: b; = ... =b,. B camom
nene, ecau by<<by, a v<lpu, TO by —l—b“_b -+ b3, avb +ab, =
>=ab,+a,by ¥ MOXKHO NOMEHATb MeCTamH bv u b,. [Ianee, Mbl
MOXKEM TIPEINOJIOKUTL, UTO HE BCE @y, KAaK H He BCe b\, COBNAJAIoT,
T. €. YTO

anby — a1bp = (@n — 1) by +ay (b, — b,) > 0.
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Cuuras, uto n>2, onpene.nﬂeM UHCHA Up, Uy vy Un-y, Ugy Usy woe -
.. s Un., YPaBHEHUSMH .
av—uval—l-vvan, b3 = u,bi 4 v,b, v=2, 3, ..., n—1).

Hwveem #,==0, v,=0; nanee, ab,=u,a,b,+v,a,b, [80]. Paser-
CcIBO H,==0 chopaBeljyBO TOrAa H TOJNBKO TOrja, Korja uv,=1,
Ay =Cyy = +ov =0y, by=by,= ... =b,. Takum xe TOuHO 0Gpa-
30M -u3 v, =0 BblTekaer, yro uy=1, u T. A. Ecnu uy, >0, v,>0,
TO Qyby > U a,by +0vaasb,.

[Tonaras 1-4-uy+us+ ...t Uay=p, vaFvg+... 40+ 1=¢,

noJlyyaeM, 4TO HHTEpecyiollee Hac BbIpaXieHHe .He NMPEeBOCXOIUT

(pa - qas) (pb3-+-gb3)
{pa,bi--qa,b,)?

CoBnafienHe  MoxeT ObIThb TOrAa M TOJNBKO TOrAa, Koria Uy, vy GyAyT

YaCTHIO HYJH, YAaCThIO EIMHHIE, p H §—UEJHe H a,=d;= .

‘e '-'——,ap, ap+1idp+2= “oe =an, b1=b2= “es =bp, bp+1=bp+2= “os
. =b,. Ho moclleiHee BhipaKeHue paBHO

— bi—ab 2
1 (ﬂnl ab, >2<1 < ano4 100 > —_
+Pe paiby-qanb, +pq 2V paybiqanba
Va,,h Valb 2
— a]_bn aﬂbf ’

NPHYEM pPaBEHCTBO HMEeT MeCTO TOria H TOMBKO Tor'ﬂa Korja
payby = qa,b;. 3amenss MNOJA 3HAKAMH KOpHeH a,, Qs by, b, coor-
BETCTBeHHO Ha a, A, B, b, oTuero BeJHuHHA KOPHell MOXKET TOJIbKO
YBEJIMUUTLCS, MBI M MOJNyuaeM HCKOMHIH pe3ynbTar.

93. [Ilo MOBOJY YaCTHOro Cilydas a=b, A=B cm. J. Kiir-
schéak, -Math. és phys. lapok, 1. 23, crp. 378, 1914.] Tlonaraem
B 92 .

_f<x1+v x1>? by=g (xl—l—vM) S v=1,2 ...,

H Ge3rpaHHyHO YBEJIHUHBAaeM 1.

94. [G. P6lya, sapaua; Arch. d. Math. u. Phys., cepus 3,
1. 28, ctp. 174, 1920.] Ilycre ¢ynkuus f(x) He paBHA MOCTOAHHOM.
Iokaxem, uTo KBajgpaTHyHas ¢opma

1
Qx, ) ={TO[(a+1)rax+2 @+ b+1) 2+ xy+
0 + (20 4-1) £224P] dt = Ax* 4 2Bxy + Cy?

ABaserca HeompenenenHot, T. e. uro AC —B?<<0. Hurerpupys mo
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YyacTaM, MNnojyvaem:

1
th+l

1
- §tkf(f)df=(%f(t));— S )=
.0

1
(1 o] : .
=4 - {Erd0  e>o,
0

B npexanoJoxenny, uro f(l)= lim f(f) koreyno; 310 maer:
{—=1—-0

Qx, ) =F(1) x4y = (tex - ty)2 ¢ df (t),

0

orkyaa Q(1, 1)>0, Q(1, —1)<<0. B cayyae f(1) =00 MH Taxxe
nosyyaem ¢ COGMIONEHHEM HEKOTOPBIX NpefocTopoxHocTefi [112], uro
Q(, —1)<O. ,

95. |G. Pbélya, sanava; Arch. d. Math. u. Phys.; cepus 3,
T. 26, crp. 65, 1917. Pemenne—G. Szegd, Tam ke, cepus 3,
T. 28, crp. 81—82, 1920.] '

96. [Cu. I. Schur, Sitzungsber. Berl. Math. Ges., 1. 22,
crp. 16—17, 1923.] Iycte Xy, X5, ..., X, NONOXKUTEAbHbI. Tak Kak
Inx ectb ¢yHKUHUSA, BhHNyKJAas CBepXy B JIOGOM TMOJOKWTEIHBHOM
HHTEpBajle, HMEeM:

Iny,=a,Inx+a,lnx+ ... +anlnx, w=1, 2, ..., n),

CknanpiBasi 5TM HepaBEHCTBA, MOAyYaeM TPeGyeMblil pesyJbrar.

97. [G. Pélya, sanaya; Arch. d. Math. u. Phys.,, cepus 3,
T. 20, crp. 272, 1913. Pewenne—G. Szego, Tam xKe, cepus 3,
T. 22, crp. 361—362, 1914.]

98. [Cv. E. Steinitz, sanawa; Arch. d. Math. u. Phys,,
cepusi- 3, 1. 19, crp. 361, 1912. Pemenne—G. P6lya, tam xe,
cepusa 3, 1. 21, ¢rp. 290, 1913.] Hmeem g(x)=0 npm ueaom x u
g(x)=1 npu Heuenom x. Orciona G(x)=0 Ang x palUHOHAJbHOTO H
G(x)=1 ana x uppaunoHanpHoro. Bce HMKHME CYMMB DaBHBI HY.IIO,
Bce BepxXHHE B JIOGOM MHTEpBate a=<x=Cb paBHH b—a. Takum
obpasoMm, G (x) He uHTerpupyeMa HH B KaKOM HHTEpBaJe.

99. [lycrb x uppawuoHasbHo, f (x)=0; Torga x4 aubo Hppa-
LHUMOHANbHO, T. €. f(x-4-#A)=0, aubo, ecau x-+h . panHoHaIbHO,

x+h=%, HMeeM f(x+h)=~%, YTO CTpEeMHTCH K. HY/ID BMecTe

¢ h. Ecnu x pauvonanpHo, X= % , To [(x)=¢', u npu x4 h uppa-

UHOHAIBHOM, f (x4 A)=0, umeeM f(x+h)—[(x)=—¢q'. Bce nux-
HHe CYMMBI DaBHH HyJ0. Paszofbem Temepb uutepBad 0<Cx=<1 Ha
k° paBHbIXx vyactefi. Tak Kak wumeeTcs camoe Godsbliee 1-42- ...
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k(k—1
—}—(k—l):——(f——l TIOJIOKUTET BHBIX npaBHanbe npo6eﬁ co

k—
3HAMEHATeNsAMH ="k, TO BEpPXHAA CyMMa < ——— kL — /e3 + k3 +k

100. OGosnaunm xoneGamue f(x) B HHTepBaje [X,.,, Xx,] 4epes
Q.. Ilycrs, xpome Toro, | ¢ (x)| << M. Toraa

n

Z [ (y) @ (M) (xy — Xyg) — Z F M) @ (M) (9 — %y )

v=1 v=1
n
<M Y Q,(ty— %y).
v=1

Bripaxken#e B NMpPaBOH YacTH CTPEMUTCS K HYMIO..
101. OGosnauum yepe3 Q, kKoneGaHue ¢ (x) B HHTEpPBase

b—a  w=1,9, ..., n).

R e A T

b—a

ITycrb, xpome Toro, | ¢ (x)|<<M. Beps §<< , OyleM HMeThb!

n—1

=Y @+

y=1

b
{loee+6)—
102. OGpasyeM, Kak Ha cTp. 56, BEpXHIOIO W HUXKHIOIO CYMMBI

n
0= ZM (xv_xv1) U=va(xv—xv1),
v=1 yv=1

pubupas pazGueHue a=x0<x1< voo < Xpq<<X,=b TaK, 4robHl
BenosHANoch HepaBerctBo O —U <<Ce. Pyurumio W (x) ompenenanm
cnenyomum obpasoMm: ¥ (x) =M, B nonyoTKpLITLIX NOIHHTEpBajax
Xy =x<<x, (v=1,2,...,n—1) u ¥(x)=M, B 3aMKHyTOM
II-M HHTEPBANIE X, i< X=X X,. AHaJOTUYHO ompegenuM P (x) yepes
m,. OueBuano, 6yAeM HMETb:

b b

(Y dx=0, {px)dx=

a a
BriGop Touek pasbuenus NojuuHeH JMIUb TOMY €1MHCTBEHHOMY Orpa-
HUYEHHIO, YTO MAaKCHMaJjbHAsl AJAHHA JTOTUHTEPBAIOB Xy ; << X << X,
(v=1, 2, ..., n) c BO3pacTaHHeM 7 JAO/JKHA CTPEMHTLCS K HYJIO.
Takum 06pa3oM, 3TH TOUKH MOKHO B3ATh, B 4aCTHOCTH, H& PaBHBIX
paccTosnuax ApYyr or nApyra. OnpeienenHble TOJNBKO 4TO (yHKIHH
P(x), W(x) HenpepuBHE cmpaBa, HO MOXHO Opl10 OBl cleaTb UX
HCIPEPHIBHBIME CJIEBaA.

183. Onperennnt ¥ (x) u P (x), Kak B pewenun 102. Tloanoe

usmenenue ¢GyHruuu ¥ (x) pasHO

|M2_M1|+1M3—le+ +‘M11_Mn1"
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a ToJiHOe M3MeHeHue ) (X) paBHO
|mz—m1|+lm3—mzl+ ver F My —mg 4

O6a oHH He NPeBBIUAIOT NOJHOTO H3MeHeHus QyHKuuH f(x), Tak Kak
B Kai{IOM YacTHYHOM HHTEpBasle X, ,==X=<X, OQYHKOHA [(x) mpu-
HHMaeT 3HA4YeHHs, CKOIb YroiHo G6au3kHe Kak K M,, Tak M K m,.

104. PasoGbeM unrepBan [0, 1] Ha n paBHbIX wacTedl M pac-

o . v—1 v o
CMOTPHM KaKoH-1160 13 NOAHHTEPBAJIOB [T’ —|. B neBoft ero
NOJOBHHE § (1X) = —1— 1 B npaeoii s(nx)=— 1. Ilostomy

fros M)dx—SZ{( o)ty 4

Bripakenne B ckofkKax no aOCOJIOTHOH BeNUYHHe He NpeBbIIlaeT
—1 v
KoneGaHus f(x) B uHTepBaJje =x=--.

105. [Riemann, Werke, crp. 240, Leipzig, B. G. Teubner,
1876 *).] Mp moxeM mosoxuTb @ =0, b =2n. Hmeem:
2n
{ f () sin nxdx=
0

m:]ﬂ

51nny2{<v—1 ) f(v—l -ty —]—n\}dy

Bpra)KEHHe B CKOOKax IO aﬁcomoTHoﬁ BeJIM4UHE HE TNpeBblLIaeT

KojeGanns f(x) B uHTepBane (v—1) —;; S X=Sv —25-”—

108. [L. Fejér, J. fir Math., 7. 138, cTp. 27, 1910.] MoxHo
nonoxuth @ =0, b=_2n. Vmeem:

27
It n Vo

{ F@x)|sinnxlde= 3 {  f|sinnx|de=
0

v=I 2n
(V_I)T 2n
n Vo )
= 3 fun S '\sinnxldx,
v=l (v—l) i

rie fv.— HEeKOTOpOe 3HauyeHue, 3ak/II04alomeecs Mexny Bep)meﬁ H

‘ 9
BuzKHelH rpauaMmu f(x) B uHTepBase (v — l)zTn < x-=v “:.

*) b. Puman, Couunenus, [octexusgar, 1948, ctp. 250—251.
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107. Ecin MHOXECTBO TOueK paspbiBa OrpanudeHHofl ¢yHk-
UMM f(x), 3aLaHHOH B UHTepBajie @, b, 1iMeeT JIMUIb KOHeYHOe YHC/IO
NpejeabHbIX TOYEK, TO BCe TOYKH Pa3pblBa MOXKHO 3aK/I0UHTh B KOHeY-
HOe YHCJ/JIO HHTEPBAJOB, CyMMa JIHH KOTOPHX KakK yTOAHO Maja, Tak,
yTo6bl BHE 3THX HHTepBasioB f(x) Obina HempepniBHa. Ho Torna,
OUEBHJHO, f(x) 6yleT COGCTBEHHO HHTerppreMa I/I}{Tepecy}omaﬂ Hac

1

(YHKUMS MMEeT TOUKaMH PasphiBa -, o, 4 s ety o eey K KOTO-
puiM npu =0 npubasasercs eute Touka 0.
108. CornacHo xpurepuioc Pumana B KaxIoM NOAMHTEpBase

[ay, b,] untepBana [a, b] MOXKHO yKasaTb TaKoOH ele MeHBLIUHH MOA-
by—q, '
untepsai [ay, by], b, —a;<<———, 4T00n KoseGanke B HeM ObLIO
MeHblIe TMOJIOBHHEI Kosebanus B [a,, by]. Takum o6pasoM, Mel TNOJY-
yaeM [MO0C/1eOBAaTe/IbHOCTh BJOXKEHHBIX JPYyr B JApyra HHTepBasOB

[an 6,] (n=1,2,3,..), Takux, uro b,,—a,,<—"72?,lﬂ, TIpHYeM KoJle-

) 1
Ganue f(x) B [a,, b,] vMeHbie 57 KOJeGaHHS B [, bo]- Toura o=
= lim a,= lim b, nexur B [a,, b,], mpuueM B 3To# TOuKe f(x)

n-—»oo n—0
HenpepoLBHa.
109. Ilycrb f(E) =) B KaX10o# Touke HenpepbIBHOCTH & ByHKUUH

fx), a<<§<<b. Nmeem:
b n
§F P de=1im 3 [F G)F (xy—2xv-),

a v=1

rie &, — IpOHSBOJMbHAA TOYKA HUHTEPBANa X, , < E<Cx,, a4 MAakKcH-
ManbHasg JAJIMHA 3THX HHTEPBAJOB C BO3pacTaHHeM 1 CTPEMHUTCH K HYJIO.
Corsnacio 108 moxHO E, Bbl6paTb TaK, 4100wl [ (x) OBlIa HEllpepLIBHA
npu x=E§, u, 3uaumr, f(E,)=0.

Ilycte, ¢ Apyrofl CTOpOHHI, f(E)#O B_HEKOTOPOH TOUKe Hempe-
peiBHOCTH E QyHKIHE f(x), a<CE<Cb. Torna moxHO GyAer ykasarb
Takoe jaocratoyHo manoe §, § >0, yrobm np#a |x —§&| << § BHmosanA-

JIOCH HepaBeHCTBO |[f (x)]2>[f(2ﬁ.{OTcxoﬂa 6yAeM UMETb:

b E+6
§[F (0P dx?g Sé UV dx=8[f (OF >0.

110. 3anaguM mpousBoabHO Magwe € H v (8, n>0). Bubepem
npexje Bcero takoe §, 4ToObl NPH |y, — Y| << 8 BLHINOJHANOCH Hepa-
BEHCTBO | ¢ (yy) — ¢ (¥,) | <<e. lanmee, Tak Kak [(x) uHTErpupyema,
TO MOXHO yKa3aTb Takoe NoApasGHeHHe HHTepBaJ/a @< X =< b, 4ToOHI
obwas OJAMHA TeX MOAHHTEpBaJIOB, B KOTODHX KojebaHue 60Jblie
Ay paBHo §, Oula Menbie 1. Toraa B APYrHX MHTepBaJax Koie-
Oanue ¢ynruuu @[f (x)] He Gyner TMpeBBIUATH €.
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11 [Cu. C. Carathéodory, Vorlesungen iiber reelle Funk-
tionen, ctp. 379—380, Leipzig und Berlin, A. G. Teubner, 1918.]
Ilycts f(x) onpejenena, Kak B 99, G(x)—KaK B 98,

1 gna y=0,
¢ y) =
0 paa y=~0.
Toraa ¢[f (x)] =G (x).
112. Tlycrs f(x), ckakeM, He Bo3pacraeT. [Tpu 0 <C x<% HMeeM:

x x 1 ( 1 )"“
(@ ar= ) § v de= ot (9 — 20—,
x - X '
Pl Pl
2x 2x nat 1
— 1 <
Sx"f(x)dng(x) Sx”dx—x’“f(x) AT
x X
Ipu a=—1 3amensieM 06a NOCAEAHMX MHOXKHTENA (SIBJISIOILUXCS,

MEXKAY MPOYUM, MOJOKHTEIbHEIMA) HA In 2.
o 1
113. 3ameHodt x Ha ~ B 112 WM HenocpeiCTBeHHo Kak B 112.

114. Unrerpan mexay 0 u & (e>0) cxoautcsi TOrjaa u TONBKO
2

. X4 \X
TOrja, KOTAA CXOJMTCH MHTerpal oT x“( 1—7> HJIH TakKxKe OT
_ 1B '
x% 2, 1. e ana p<<—2 mpm mobHX o, a Ana B=-—2 Toraa
1 TOJBKO TOrha, Koria o> —1. Wnrerpan mexiay o u co (0>0)
s PB=<0 cxoauTcs Torja M TOJABKO TOrAa, Koria o << — 1. Ilyers
teneps $ >0 u n—unemoe. Toria npu n-—»co GyAEM HMETH:
(n4+hn F14
[ x| cosx|*P dx~ (nm)® {| cos x [(=+n0 P g,
ns Q
Tocnennuil “MHTErpaa 3aKJ/MOYeH MEXAY HHTErpajami
14 T
{lcosx|™Pdx u {|cosx|ln+nmP dy,
Q ]
3

KoTopbie 006a BospacTawr, kak n 2 [202]. Takum o6pasom, Aas
CXORHMOCTH HEeOGXOAHMO, YTOOBI GBLIO a—-g—<—1. B wurore noay-
yaeM, YTO HHTEPeCcyIOmMH Hac HHTerpajd CXOAUTCA TOrAa U TOJBKO
Toria, Koraa a<<—1, p<<—2 umn xke xorma — | <o <! E———

115. HPEILETII:HHH (byHKIUA f (X) COGCTBEHHO HHTErpHpyeMa B KaX-
JIOM KOHEYHOM HHTEPBATE — <" X=<_® U

lim §)fn(x)dx= ff(x)dx.'

n—»oo__m —
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Tak kaK |f (x)|<<F (x), TO §o f(x) dx Takxke cymecTByer. Mmeem:
{ F@de— § fo()dx <{_§°f<x) de| 4 |§ £ 2 x|+

—

+ § F dx—l—cioF(x) dx -}

— 0

©

S f (%) dx — (§ fa (%) dx

Ileperle weTwlpe YsieHa B MPaBoil YAaCTH MOXKHO C/E/ATh CKOJb YTO/IHO
MaJIfIMH, BHIGHpAsT JOCTATOYHO GOJbIIOE . DuKcHpys 3aTeM ©, Mbl
MOXKeM B3fTb CTOJb QOJbIIOE A, YTOOH W HOCAEAHHH uJeH clesalcs
CKOJIb YIOAHO MaJsbiM.

118. U3 VI 31, nonaras v—~2 —l—l,,]/n A, — X, momyuaem:

Va(n 1 mn
7(«;):% S (cos l/n) COS Apx dx,
Ilonaraem B 115 e
fa (@)= (cos Vn) COS AnX

mpr | x|<<n}V'n u f,(x)=0 upu |x|>nln. Torma f(x)=

1 — =
=g~¢ % coshx. Maxopanraylo pyHKUHio F (x) nonyuaeM claelyio-

In cos x
—— BO BCEM OTKpHITOM HHTepBane 0<C

IHM 06pasoM: Tak Kak
J o
<x << TpeacTaBiser cO60H HEeNpephiBHYI0 OTPHLATeNbHYI (yHK-
. 1 T
uHo, npH x—4 0 cTpemsauylocs K — 5, @ TpH x—+7-—0 cTpems-
IyOCsl K — 00, TO MOXHO yKasaTb Takyio HoctosiHHyio K >0, uro

ln cos x

18
<—K, cosx=e K O<x<-.

_ Ko

B kauectBe F (x) MOXKHO B3ATh H—€ ¢ ,

117. Ilonaras

2n

n

2l ae™="P,(y),

v=1
HMeeM:

[s]

§ Po)yrtdy= (@1 +a25 4 ... +am) T(s) =D, () T'(5).
0 .

Corsnacuo 115 goctatoyHo mokasats, uto | P, (y) ys1|<<F (y), mnpu-
9 T. TNoana, I'. Cere, u. 1
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[o9)
YyeM HHTEerpas S F (y) dy nomxeH cyuiecteoBatb. CyMMUpPYSI 1O 4acTaM,
0

[1oJ1yuaem:
n—1

Py(y) = 3 Dy(0) (v — (v 1)7 e~ D8] 4-n°D, (0) e.

N =
_ o
Tak kak ¢yaKIHA x%e*¢Y BO3pacTaeT B HHTEpBase 0'§x<»g u yGu-

BaeT B HHTepBaJe -z—gx<~oo, TO MaKcHMyM ee pasenl (ce1)°y°,
Orciona cnepnyer:
[Pa(y) | <Ay, |P,(m)y" <Ay,

rie A ue 3aBucuT or n U y. Ilonaraem F (y) = Ays°! B unrepBane
O<<y<<l u F(y)=DBeY nmpu y=1, rie B>0 ne zaBucur or g,
118. Tlycts > 0. Hmeewm: .

§o f (x) sin nx dx sskgm\f(x)idx—l—?[f(x)!dx-}— §) f (x) sin nx dx|.

O6a nepBpIX HITErpaja B INpaBOH YACTH CTPEMATCS K HYMIO TNIPH
®—co. Ecin @ QukcupoBaHo, To OpH 21— 00 TPETHH HHTErpan
crpeMurcss K uymawo [105]. Anajoruuno paccyxkiaeM MpH Jokasa-
TeJbCTEE BTOPOTO YTBCPAKAEHHA 3ajadH:.

§f<x>|sinnxdx~-§ cgof(x)dx <<1+'i>~gmf(x)[dx+

@ [

+<1+%>S[f(x) dx+ S F ()| sinnx|dx— 2 § f () dx| [108].

® — @ (i)

119. 1. VYxkasaHHoe mnpeicTaB/eHlie BO3MOXHO. IlycTb ¢ (x, 1)
AJf passMYHBIX Map X, y NMPHHHMAeT Pas/luHblE Ke 3HAUeHUS U =
= ¢ (x, y) (HanpyuMep, OCYIIECTBJSET B3aHMHO OJHO3HAaYHOE OTOGpA-
JKeHHe IIOCKOCTH X, y Ha mpamyio u). g 3ajgaHHofl ¢yHKUMHU
f{x, y, z) onpenensieM (4, 2) cAeqyIOmHM 00pa3oM:

Ecnu u* we NpHHAINEKHT K 3HAUCHHAM, IPUHHUMaeMbIM QyHKIHEH
¢(x, y), T0 P (u*, 2) TpulaeM NPON3BONLHOE 3HAueHHe, NMyCThb, CKa-
XKeM, B 3TOM cJydyae Beerza ¢ (u*, z)=1.

Ecnn ke u* npunalieXXut x sHauenusaM QyHxuud ¢ (x, ), TO,
10 ONpPeICAEHHIO 3TOH QYHKIIHM, YHCAOM ¥ BIIOJNHEe ONHO3HAYHO
onpelenseTc napa 3HauyeHHid x*, y*, NI KOTOPOIl BBINOJHSAETCS
paBeHCTBO u* =@ (x*, y*); B 3TOM ciaydae mnojaraem 1 (u*, 2)=
=[&*, ¥ 2).

Torpa ansa BCeX X, y, 2 UMeeM:

Yoy, v), 2)=](x, y, 2).
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2. TpeSyemoe npeicTapieHue HeposMmoxkHo, Hanpumep, ansg dyHk-
nuu f(x, y, 2)=yz+2x+xy.
Ecnn ¢ (x, y) —HenpepriBHast QYHKUHSA, TO CYMECTBYeT CKOJLKO

YIONHO pPasugHbIX 14D X, Yi5 Xoy Yob .3 Xn, Yn, AIA KOTOPBHIX
@ (X, y) TpHHHMAeT OJAHHAKOBLIE 3HAYEHHS:
(P(xlv y1)=(p(x2, !/-z): =(P(xm yn)

(«Toukn paBHOro ypoeHsmy). Ecnn ¢ (x, y) =const., To yTBepKIewne
ouepuano. Ecaum ¢(x, y)=Econst. u, Hanpumep, ¢(x', y)=1,
¢ (x", y")=3, 10 Ha KakAoH Hu3 GeCUNCICHHOIO MHOMKECTBA OKPYK-
HOCTeH, CORTMHSAIOUHX TOYKH x’o, y' 1 x”’l; y", CYIIECTBYET NPOMEKY-
ToyHasi Todyka x”, y’, B Kotopo#t ¢ (x”, y")=2.

Ecnu dyukuus f (x, y, 2) npelctasBieHa TpeGyeMbM 06pasoM, T. €.

flx, y, 2)=v(p(x, y), 2), npuyeM ¢ (x, y) HeNpepeIBHAa, TO Cyllle-

CTBYeT CKOJILKO YTOIHO TNAp X;, Y15 Xay Yo} -3 Xny Yn, AV KOTOPHIX
TOXAECTBEHHO OTHOCHTE/NbHO Z BLIIIOJHAKTCA DaBCHCTBa
f(xl’ Y1, 2)=f(x2v Y, 2) e =f(xnv Yny 2)'

Hych, B YAaCTHOCTH, TOXKAECTBEHHO OTHOCHUTEJNLHO 2

(110 2+ %91 = (X2 + 4) 24 Xos
Toraa
Nty =Xt Yoy XYy = XYy

H, O HCKJIOYEHHH Y,

Xj— (o o) X1 - %oy, = 0.

Jns Toro urtofwl napa X,, y, BOOOIUIE OTAHYaTack OT Naphl Xq, Y,
HEOGXOAUMO JAOMKHO OBbITb X;=4#,, X, =Y. Ho TOrma npu n=3
YCJIOBHS, HEOGXOAUMEIE 1Jis TPeGYeMOro npeicTaB/aeH s, yxKe He 6yAyT
BBINIOJIHEHBl. TakK Kak yz -+ 2x-+ xy — cuMMerpuuyeckas (yHKIUSA, TO
OZHOBPEMEHHO J0Ka3aHa U HEBO3MOXN(HOCTL MpPelCTaB/JEHUH B (OopMax
Ve, 2), x) ¥ p(9( x), y).

Takum ke 06pa3oM MOKHO [0Ka3aTh, YTO HENpepbiBHAS (YHKIHS
xy-+yz-+ 2z He MOXeT OHITH NpENCTaBlEHA uepe3 [ Be HelpepLiBHEIE
GYHKUHE ABYX NepeMeHHHX, U3 KOTODHIX OAHA CJYKHT ADYTOH apry-
mMeHTOM. OIHAKO uYepe3 TP H Takue (YHKUUH OHA YKe MOXKET GHTb
NpejCTaB/eHa, UMEHHO:

xytyztz=@x+2)y+2=S{P[S(x+2), y], 7}

(o6o3Hauenus 3ajauu 119a).

Jlnsa Gosee y3KMX KaaccoB (yHKIHMI aHajOTHYHBIE BOIPOCH pa3-
pewatores jerue [119a]. Ananutnyeckast (GYHKIMS TPeX NePeMeHHHIX,
He yIOBJIETBOPAIILAS HHKAKOMY a/re6PanuecKkoMy YPaBHEHHIO B YACT-
HBIX TPOH3BOLHBEIX, HE MOXKeT OHTL INpelcTaBjeHa uepe3 KOHEeWHoe
YHCJIO «BJIOKEHHBIX [PYT B Apyra» aHajiuTHYecKHX (yHKIHH ABYX

O*
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nepemeHHBIX. CM. 13-10 u3 «Matematuyeckux npoGaem» Fuabp6epra.
(D. Hilbert, Gott. Nachr. 1900, ctp. 280.)

119a. TlonoxuM yz-+2x+xy=f(x, y, 2); yacTHEIE NPOH3BOJHLIE
OyaeM 0003Ha4YaTh COOTBETCTBYIOIIHMMH HHAEKCAMH,

1. U3 mpeacrasnenus f(x, y, 2) = {Y[x(x, y), z], z} noayyaem,
YTO A/l BCEX 3HAYEHHH X, y, 2z C fy,=2-tx=£0 Oyzer:

d (f;:)_ d <q>wxxx>=o

0z

0z fy

CnefoBaTensHo, fify —f«f,:=0. Ho yz-+2x-+xy He ynoBrersopser
3TOMY YPaBHEHHIO. A
2. llepBoe nokasatenbctro. U3 npexcrasnenus f (x, y, 2) =

=@[Y (x, 2), %(y, 2)], AuddepeHuHpys No X, y, 2 U UCKMOYATA Gy
¥ @y, TIONydaeM:

PyWPyty

fr bx O
fy Y Ly
fe Yo Yo

Mb! MOXeM NpPeNOIOKHTb, 4YTO W, U ¥, He paBHbl TOXKAECTBEHHO
nymo. Ilpu ¢, =0, ¥, 0 nonaraem
Y 1%

=—0, = =—1
Py Ly

=0.

torpa v=v(x, 2), u=u(y, 2), creloparensio, v,=u,=0. Jlanee,
fu+fo+f.=0.

Ho 310 HaxoauTcss B npoTHBOpeuHH ¢ TeMm, uto F=fu-+f.o-+f.
npu f=yz-zx-}+ Xy yIOBIETBOPSAET YPABHEHHIO.

oF oF o ]
F‘g;fy_ ’ﬁfx*l"wfxfy:— 2z.
Bropoe nokasareascTBo. [ubbepeHuyupyeM cHOBA IO X,
Y, 2 K IOJAaraeM B MoJYy4aloliuXCs TpeX ypaBHEHHAX 2= —y. Torla

nepeoe ypabsenne naet O=qup,. Mpl MOXeM NpPEINoNOKHUTb, UTO
Py 5E0, Tak uTO AIS yKa3aHHBIX 3HaUEHHH AapryMeHToB, €C/AH elie
Py 7= 0, Oyaem uUmetb @p=0, uu

ny:x_y:(Pny: fo=X+Y=@yXer
Ecnn x4y, 10 ¢ 5=0, 3,0 v

XY e
xX—y Ly

Ho 3To paBeHcTBO TNPOTHBOPEUMBO, HGO MpaBas HacTb €ro 3aBHCHT
TOJIBKO OT § H 2, CHIEJOBaTe/bHO, TaK KaK 2= — Y, — TOIbKO OT 4.
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3. Us npencraenesns f(x, y, 2)=¢{Y[x(, y), 2], x} nocne
JuddepeHHPOBAHHS N0y YaeM:

[x = QuPe -+ @

fo = @pbyXys
fz = (P\b\PZv
Fey= - 4 QylXyPyns

fyy =...+ %XZ“\PX,L.

B aByX mocnelHMX paBeHCTBaX He BBITHCEHBL YIEHBI, COMePIKAILHe y.

Ilonaras z=—x, 6yleM HMETb @y, =0. Tak Kak Mbl MOXKeM
NPHHATL, 4YTO X, %0, To, NpPHHHMAs BO BHUMaHHe TPeThe PaBEHCTBO,
. TMOJYy4YaeM, 4YTO IIPH x—l—y:,éO ¥y 7= 0 6yler wx—O Ilostomy aas
YKAa3aHHBIX 3HayeHuit OyleM HMeTb!

L=0u1x,4,, 0= %XE‘Pxx-

Ho 3Tu paBeHCTBAa NMPOTHBOPEUMBBHI, TAK KAaK BCJEICTBHE BTOPOrO IO
KpaliHeli mMepe oiHa M3 TpeX (GyHKUHH @y, ¥y, Py AONKHA OHITh
paBHa HyJIO.

120. Her. Tlpumep: [ (x) =% £=0—Touka neperuba.

121. [Cm. G. P6lya, Tohoku Math. J., 1. 19, ctp. 3, 1921.]
Ilycte M 6Gyzer BEPXHAS IPanb |f" (x)]. Fmeem:

fo=F ®@—g=ME—a mpn a<sx<"F>  (@<t<y),

FOy=F m@—0)=M@E—x npn “Llar<b  (x<n<).

B ofeux ¢opmynax He MOMKET TOXKIECTBEHHO CTOSTh 3H&K PaBEHCTBA,
ubo omnpenensiemMas 3THM YC/IOBHEM (DYHKLHA yXKe He sBJsiiach Obl

nuddepeHHHpyeMoil B TouKe x:%“’. Takum o6pa3om,
a+b
b 7 b ,
gf (x) dx < M g (x —a) dx+M g (o—x) dx=m L2
a a a\:}-b

2
122, [W. Blaschke, 3anaua, Arch. d. Math. u. Phys., cepus 3,
T. 25, crp. 273, 1917.] Ilo copmyne Tefinopa HMeeM npH X ==X,

FO)—F ()= (@—x) () + 2= (< xyn),

Wurterpupys noulieHHO M NPHMeHsist HEPBYI0 HHTErpajbHYI0 TEOPEMY
0 cpelHeMm 3HAYE€HHH, Noqayqdaem:
Xo+r . ’ Xo-r xg4-r
| v —puanae= § U @ are § e
) N

Xo— No—Tr
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Tak Kak ¢yHKous f’(x), 6yniy4n npousBOAHOH, NPHHUMaeT BC e 3Ha-
YeHHUSI MEX/]Yy CBOMMH HUXKHeH H BepXHeH IpaHsIMH.

(e o]
123. Ilepeoe 1okas3aTenbcTBO. ITyerh pan D) pn.e™ =f(x)
n==0
CXONHUTCH B HHTepBaje a<<x<<b; TOrga OH HeOrpaHuueHHO AubPe-
pEHLIHpYeM B 3TOM HHTepBalje, H

[es] [o]

['o)= 3 npwe™, ['(0)= 3 nprer,
FEOF @ —IF W= Z Z M— )2 pupae ™™ * >0 [72].

NEy

‘Bropoe nokasatenbctBo. Ilonaras B 80 a,=)pe?,

VX,

by=1pwe % (x; <<x,), moayuaem:
[F( 52 )] <F e o).

124. [Cu. J. L. W. V. Jensen, l.c. 70, crp. 187—190.]
Ilyete ¢yHKUMS @ (x) BHIOyKJA CHH3Y B HHTepBane [a, b], npuueM
B 3TOM HHTepBaje ¢ (x) << G. Ilonarast B HepaBeHCTBe

p(fatrttan) 2ot ol
n —

n

Xy =Xg= ... =Xp=x+nb, Xpy;= ... =X, =X, I1e X — mo6as BHYT-
peHHfS TOuKa HHTepBaja [a, b], |8§| HdoctatouHo mano u m<<n,
noJyqaem:

Qlt+nd)—9) _ 9ltmd—g)

n m

3amennM sneck § HAa -—§, Torna, MpHHMMas BO BHHMaHUe HepaBeH-
cTBO ¢ (x4 mb) — ¢ (x) = ¢ (x) — ¢ (x — mb), 6GyieM HMeTb:

Pxtnd)—ok) _ ol+md)—g()
n - m -

= P () — q)(x—mé) ‘P(x) n(x*ﬂé) .M

Beps 3zech, B wactHocTH, m=1, nomyyum:

S=00) = g (o) — g ()= 9 ) — plx— ) = TO =T

Mpubnmkas 6 K HyMO U Ge3rpaHUYHO yBEJIHYMBAA 7 C TEM, OJHAKO,
uro6bl X = 18 He BBIXOIMJIO 3a Npellessl HHTepBasa [a, b], Mbl ¥ Toady-
yaeM, 4YTO @ (X) HemnpepLiBHa..
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Ilycte Teneps 8§ > 0. 3amenum B (*) 8 Ha %:

o5+ 2 8)—gw
m

— 6
n

Petd 00 -

~
= =
m

o) (=8
= 6 .

-

= ™
n

Orciona BenencTBHe HENpPepbIBHOCTH @ (x) HMeem BooSiie:
P+ —e) _ Qe+ —g()
(S P 6’ =

= (P(X)—Cépl(x—al) = q)(x)~c§(x——6) l (O<6,<6).

[Tpu § >0 Kak nepBoe, Tak M TOC/eIHEe BHIPAXKEHHUS HMEIOT Npelel.

125. [G. P61ya, sanaua; Arch. d. Math. u. Plys., cepus 3,
1. 24, crp. 283, 1916.] 3uauenus, npunuMaeMbie pyHKuUHEH f(x)
B HEKOTOPOM HHTepBaJie IJIMHLL [, 3aTOJIHSIOT 3aMKHYTHIH HHTEpBaJ,

AJIHH& KOTOpOoro
Xg

{7 () dx

X3

L=Max|f(x1)-—f(x2)|=Max < [Max | (x)

Ilycre € >0. TTokpoeM KaxkIyl TOYKY x, B Kotopoil [ (x) =0, Ham-
0oJbIIHM HHTEpBaJOM, BHYTPH Koroporo |f (x)|=<e. Ofosnauum
JUIMHY TaKoro MHTepBasja uepe3 /,. 3HayeHWs, TpHHHMaeMbie [(x)
B 5TOM HHTEpBaJie, 3alOJIHAIT HHTEPBAa camoe 6oJbllee AJHHB [ €.
Takum ofpasom, TOUKM y, NpHHaLJexal[He MHoXecTBY M, mMoryr
OLITh 3aK/IIOYeHBl B CHETHOE MHOXECTBO HHTEpPBajioB, CyMMa AJIHH
KOTOPBIX << & (b—a). TeM caMbiM MPUBEIEHHOE J0KA3aTeNIbCTBO MOKa-
3plBA€T Jaxe, uTo MHOXecTBO M uMeeT Mepy HYJb.

128. [U. Dini; ¢p. C. Carathéodory, 1. c. 111,
ctp. 176 — 177 *).] HocraroyHo paccmorpers cayuail, Korda f, (x) ==
=h)=...=f,(®)=..., f.(x) nenpepsBHbl, lim f,(x)=0, 0<<

n—co
=<x=C1. Ecnu 68l cxomumoctb Obljla HEPaBHOMEPHOH, TO MOMKHO
Obllo  6bl yKasaTb OGeCKOHEUHYI0 I10C/e[0BaTeNbHOCTD TOYEK X,
B KOTOpPBIX [, (¥,) >a>0, 0=<<x,=1, npuyeM a OT n HE 3aBHCHT.
Ilyers & Gyzer onHOil M3 TIpeesibHBIX TOYEK HOC/IEI0BATENBHOCTH X,.
Bribepem Ttakoe m, 4to f,(E) <<a, ¥ BbLIENIUM 3aTeM OKPECTHOCTb
TOYKH &, B KOTOpOH Bcioly [, (x) <<a, 3uauut, f,(X) <<a Ans Beex
n==m. Ho B 3TOH OKPeCTHOCTH NOJIXHO JiexKaTh GeCcyHC/ieHHOe MHO-
HECTBO TOYEK X,, & AJA HHX f, (X,) >>a. Mbl M0JIyYHIu OPOTHBOPEUHE.

*) Cum. Takke T, M. dmx TeHr OB, Kypc nuddepepunalbioro #
HHTerpanbHOro Hcuncsienusd, T. I, Tocrexmagar, 1978, crp. 431 —432.
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127. [Cu. G. P61y a, 3anaga; Arch. d. Math. u. Phys., cepus 3,
T. 28, ctp. 174, 1920.] Ilpesenvuast ¢GyHKUHA TakkKe MOHOTOHHA,
HanpHMep MOHOTOHHO Bo3pacraiomas. Pa3ofbeM HHTEPBaAJ CXOLHMO-
CTH [OcCHefoBaTeNbHOCTH [, (¥) (n=1, 2, 3, ..) Ha CTOJL MeJKHE
gacTl [xy, X] (v=1, 2, ..., N), uro [(x,)—f(xyy) <<e. 3areM
BolfepeM £ CTOJbL 6OJbLINM, 4YTOGbI AMST KaXKIoro v Mbl HMEH
[fo () —f(xy) | <<e. Torpa aas x, nexaiero Mexuny Xy, H Xy, 6yIeM
HMeTh: :

F(oma) = €< f (yr) < f (0) << o (1) < () +8,

CIelOBaTEIBHO,
[fa(0) —F () | << 2.

Mu npennmoniaranu smeck, 4to W f,(x) ecTb Bo3pacrawuas QyHKIHA.
128. Sicho.
129. Ilycre a<<x<<b. (M3 npHBOANMOrO [0Ka3aTeNbCTBA
I%]BCTBYET, KaKHe H3MeHeHHs HYXKHO BHECTH, €CIH X=a HIH Xx=10.)
MeeM:

b x+e x—e b
{p @ dt =10 = | pnOUO-F01dt+ | + 1

Ipexnonaras, uro | f (f) — f (¥) | <6 npu x — & << f =< x 4 8, 3aKJ0YaeM,

YT0 HepBbill HHTErpajd B HPaBOH YacTH HO abCOMIOTHOH BeJIIYHHE
x-4-e

<8 \ pa()dt<8. Tax kak 06a mocieHHX WieHa N0 aGCOMOTHOH
X—Ee

B&JIMUHHE MEHbIE, UeM

X b

2 Max 1FO § pn @i | pulha)
LESIES a x+e

TO YCJI0BHE focTaTouso. [Tos0XuM Teneph (npeanonaras, 9To 0<<n<<e)

0 MpH X—ef-N=<<t=<<x+4e-—,
f@= 1 NpH a<<f=<x—e& U x+e=<<ti=C)h,
JUHeHHO NpU x —e<Cl<<x—e4M H x+e—n<<t<x-te.

Torna f(f) HempepeiBHa, ¥ HeOOXOAHMOCTL YCJIOBUS BHITEKAET H3
TOro, 4TO

b x~—e4n x+e
Vpa i di—f)= § paOFOdt+ § p.)f@W)dt+
a x—8 X+e—m
X—€ b
+ S pa(t) dt 4 -|S- P (£) dt -0,

TIOCKOJIBKY 3[1€Ch BCC WIEHB HEOTPHIATEJbHLI.
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130. Yreepxienue 3afaun 129 MoxeT GbITh PaclpOCTPAHEHO U
Ha cnyyaii b=oo, x=o0. llonoxum B 129 n=-, p,(f)=se®.
Toraa npu mofoM (PUKCHPOBAHHOM HOJIOKHTEIBHOM @

[ ©
lime Se*’dt:O, € S e¥df=1.
e—0 g 0
131. Ilpu 3ameHe ! Ha ¢ uHTepBa] MHTErpHPOBaHHA mpeobpa-
3yercd B (— oo, oc). PasbluBaem HOBBI uHTErpajd Ha JBe 9acTH,
or —co o 0 n or 0 20 co, U HceaeldyeM ofa MHTerpalja B OTAENb-
Hoctd. Ecay unrerpan
[on] [eo]
{ ef (e et dt = et (h) dt
0 0
cxoaurcss nmpu A=, TO OH CXOAMTCH M TpPH JOSOM MeHbLIeM A,
A=p —e, e>0. JleficTBuTesnbuo, nonaras eb'q () =1 (), umeem:

Teenp () dt—eo Cp@drteles (S b (v) dT\) dt,

£ O
OTKYZa, Nepexois K Npeleny npH @ -—» oo, MojyyaeM:

(o] [os] t

{ ectp(t)dt=ef e <S P (7) d1:> dt.
0 0 0

Sror uHTerpas, paccMaTpHBaeMblii KaK ()yHKHHUS OT €, B Toyke & =0

HenpepriBed cnpasa [130].

132. Cm. 128 u 1nepByl0 uyacThb JoKasatennctBa 129. Onpene-
JIEHHOE TaM YHCIO § MOXKeT ObITh CAEJIaHO BMECTe C & CKOJb YrORHO
MaNbIM, He3aBHCHMO OT X (paBHOMepHas HerpephBHOCTb!).

133. [E. Landau, Rend. Palermo, 1. 25, crp. 337 —345,
1908.] Ilpumensiem 132, nonaras a=0, b=1,

{—(x—2p"
]

Pn (X, t) = .
Vil —(—02r at
[¢

Hmeem O<e=<x=<<1—¢g)

x—e€ i

| pa (i, B di+

.0

Y —e2\n
\ oot < 059 o _G—er
xte V D—G—prar § (1—myrdt
xX—¢& —g .
Cornacuo 201, 202 510 BhIpaxeHHe TIPH 72—~ CO CTPEMHTCS K HYIIO,
u6o
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134. [L. Fejér, Math. Ann., 1. 58, ctp. 51 —69, 1904.] [lpu-

meHsteM 132 npu a=0, b=2m, .
. x—¢
1 smn 5

Pal, )= 2nn

sin 2=
2

Coraacto VI 18 umeem:
2

Sp,, (x, $)ydt=1,
0
Janee (0<e<<x=<2m—¢)
x—e 2n 1
§ Pn (%, t)dt"l"s Pa (%, t)dt<—ﬁ.
h xte nsm2~2~

BeneicTBHE NEPHOIHYHOCTH NOAHHTErPANbHOIO BLIPAXKEHHS] KaXKIplil
MHTepBaJ JJIHHBL < 27t MOXKHO paccMaTPHBAaTh Kak ILEIHKOM JiexKaliHil
BHYTpH unTepBana (0, 2m).

|35- CM. 133.

136. Cu. 134.

137. Mpl MoXeM NMPHHATb, YTO Hallla QYHKLUHUS HEOTpHlaTedAbHas
#, Kpome toro {102], kycouno-nocrosHHas. Kaxiywo Takywo dbyHKUM0O
MOXHO NOCPEICTBOM CJOXKEHHS M YMHOXKEHHsI Ha MOJIOKUTE/IbHbIE
NOCTOsIHHBIE KO3(GhHUHEHTHl BRIPa3HTh Yepe3 (YHKIHH CHeIyIOLero

CHEeHaJbHOro THIA:
1 B uexkoTopoM mopuntepBane [a, B] (@<a<<P=<b),
F&) ={ 0 Bue |e, P].
Iyere ana npoctotel a<<a, PB<<b. OnperenuM Inpu AOCTATOYHO
Majsom 1 (n>>0) dynkuuwo f, (¥) ciaepyrouuM o6pasoM:
1+ nmpua=<x<f,
n mpH a=cx=<=a—n U BFn=sx=<bh,
JHHeHHa IpH o —n="xy==a H P<"x<<P-+n.

Torna fy (x) —f(x) =n, nanee,
b

0<<{fn(x) dx~{ } (x) dx=
=n@—nm—a)+nG~p—m)+n1+20)+n P —o),

yro GeckoHeuHo Mano Bmecte ¢ 1. DyHkuug f,(x) Bcrody Hemnpe-
peieHa. BeiGepenm Tenepb mnosiuHoM P (X), YAOBJIETBOPSIOWIHHE YCIOBHK)
|y (%) — P ()1 <<mn.Torza f (x) < fn, (x) = << P (x), ¥ Mul GyJleM UMeTS:
b b b b
§ P (1) dx—§F (x) dx<n (b —a) 4§ fo () dr—§ F (1) d,

a a a a

fn(x)=

U

o
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B cnyuae a=a nnu f=b neo6X0AMMO NpPOU3BECTH JHIIbL He3HAuH-
TeNbHBIE M3MeHeNnHusl. AHaJoruyHas TeopemMa HMeeT MeCTO M I/ TPH-
FOHOMETPHYECKUX TNONUHOMOB npu @ =0, b=2m.

138. [M. Lerch, Acta Math., 1. 27, ctp. 345 — 347, 1903;
E. Phragmén, tam xe, 1. 28, crp. 360—364, 1904.] Haa
MPOU3BOJNILHOrO MosNHHOMa P () :

b b b
S R de =7 ) [ (1) = P (9] dx+{F () P () dx =
a a

a
b

={F @) [ (x) = P (x)] dx

H, 3HAYUT,
b b

[F (T de= Max |7 () —P ()1 {1F (9] dx. [135, 100]

AHanornyHas TeopeMa MMeeT MeCTO U Sl «TPUTOHOMeTpuue-
CKHX MOMEHTOB» (Ko3dprurentoB Pypne)

oan
Sf(x)::nxdx (n=0, 1, 2, ..).
]

139. Ompezensiem p (x), kax B 137, Ilyers |f(x) |<< M. Torza
[cm. peurenne 138]

b b
CIF o de< M [F (0) = p ()] dx << M,

140. IlycTe f(x) He paBHa TOXIECTBEHHO HY/IO H UMEET MeHee 1
b

usMenenu#t 3nara. [lo nepBomy u3 ycnoBHi, Sf(x) dx=0, cyme-
a

CTBYIOT TaKHe UHCHA Xy, Xgy ..., Xpy <X <Xp<...<<Xp<b,
yro f(x) 1) He cOpailaerci B HyJNb TOXAECTBEHHO HH B OJHOM H3
HHTEPBAJOB (a, X;), (X1, Xo), ..., (X¥e—y, Xp), (¥e, b) B 2) B KaNKIOM

13 3TUX UHTEPBAJOB HMeeT MocTosiHHBIN 3Hak (V, ra. 1, § 2) u nmpu-
TOM TIONEpEMEeHHO INOJIOKHTENbHHH HJIH oTpuuaTensHulfl. Orciona
BhITeKaeT, uTo f(x) (x~-x;) (x —x,) ... (¥ —x;) Oyzer BO BceM HHTep-
Bajie a << X << b UMeThb MOCTOSIHHBIM 3HAK, HE MPHBOAACH TOXKIECTBEHHO
K nymo. OnHako, Tak Kak Mbl NpeANoJOXKHIN, YTO k<< n — 1, 10/KHO
BRINOJIHATBCS PAaBEHCTBO

b

§700 (x—%) (x—x) ... (x—x) dx=0,

a

T. e. [109]
FR)(x—x)(x—x) ... (x—x,)=0 nmn f(x)=0.
Mgrl npumiu, TakuMm ofpaszom, K NPOTHBOPEYHIO.
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141. [Cu. A. Hurwitz, Math. Ann., 1. 57, ctp. 425 — 446,
1903.] ITyets f (0) > 0 u f (x) umeeT B uHTepBane 0 << x << 201 MEHEE UeM
2n4-2 usmeneuuil 3naka. UHCHO NOCASIHUX, ABASIONIEECH YETHBIM,
MOJIOXKHM paBHLIM 2k. Tlyere Xy, X1, X3, X3, ..., X, X (0 <y <
X< Xy <Xy <<...<Xp<<x;,<<2m), Kak B pemenuu 140, cyTp
TOYKH H3MeHeHHs 3Haka. OGpasyem aHaNOrM4HO NpeiblAyliell 3anaue
BBRIDAXKEHHE

X—x; x—x, x—x, x—x, X—X,

L X—x . . . .
[ (x)sin g $10—5—=sin ——=sin——=. ., sin —5— sin —;

H 3ameyaeM, 4YT0 (PYHKIHA

.ox—a o ox—fB 1 a—f 1 o4
sin D) sin D) —-§COS 3 —‘§COS<X— 9 )

(e, B—nbcroymmﬂe, O<<a<<2n, 0<<P << 2n) MeHster 3Haxﬁ UHTED-
Baje O0<x<{2n jump B ToukaX « # f. Ilpumensem nanee VI 10.
Ecnu f(0)=0, 1o paccmarpuBaem [ (x—+a), rie f(a) 0.

142. [L. c. 138.] [lonaras Se"%’cp (¢) dt = @ (x), umeem 10151 B>k,
0

J(R)=[D (x) e~ t—ko "]ﬁo + (k—ky) S D (x) e-k—rd % gy,
- 0
ITonoxum, ganee,

eor=y, O(;Iny)=v@), $O=1J k) =0,

Toraa ¢ (y) wenpepoiBHa B uHTepBaje O<<y<<1l H
1

W@y tdy=0 (=12, ..).

U

CnenoBatenbio [138], ¢ (y) =0, otkyia @ (x) =0, ¢ (x)==0.

143. [M. Lerch, no cooSwenuo M. Plancherel’s.] Ecan ram-
Ma-QYHKIHS HMEET HYJIb S;, TO HyJaAMH ee OYyAyT Takxke S,+ 1,
So+2, ..., so+m, ... [byskuHoHaNbHOe YypaBHenue]. BosbmeMm m
CTOJIb GOJIBIINM, YTOOBI Sy -/ HMEN0 IMOJNOXKHTENbHYIO BelleCTBeH-
HY0 4acTb, M NOJOXKHIM S=S,+m+1=04if, 0>1. Hs coor-
HOLIEeHHH

o) [oe]

{ enexotcos (tinx) de=R{ eroxs-tde=
[i] 0
=®TY o =123 ..)

ns

Met monyuum Torza [142] x°-lcos(fInx) =0, uro mnpencraBaseT
CO00H NpOTHBOpPEYHeE.
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144. ITo nosoay f(x)=1, x, x* cm. I 40. Ina f(x) = e* umeem:

. 1 n n
Kn(x) = V e” K )xv(l —x)nV =(eﬁx+1—x> :[1—%(6; — 1) x] .
V= 0
145. Hwveem [I 40]:
Vzo (v— nx)2<:)x"(l —x)"V=nx(l —x),
Clie[0BaTeNbHO, ‘

3
7 il
nzy énx(l—x)gf

146. [Cu. C. H. Bepumreiin, Coobienust XapbK. MaTeM. 0-Ba,
cepus 2, 1. 13, crp. 1—2, 1912 %).] Tlyerp e, (X) — MakCHMyM

lf(x) —f (%H IJ151 BCEX X, YJIOBJIETBOPAOUIMX HEPaBEHCTBY Z— —Xx \ <
1

< n *. Torid paBHOMepHO ISl BeeX x MmeeM lim e, (x) =0, T. e.
n—oo
g, (x) <e,, lime,=0. Janee,

n—Cco

H@—&@%=ZP@)f(ﬂ(UﬂO—w“”
Cornacno 145 npu |f (x)|<<M 6ylem uMeTb:
1

F ) —Ka(9)|<e, 3 +2M 3 <o, + mn 7

147. [Cu. J.Franel, Math. Ann., 7. 52, crp. 529—531, 1899.]
HOnss O<<r=<r, scno. Ilyetb rp<<r<<rp.,. Toraa npasas uactb
paBHa .
mf (r) — 1[f (r)) — F(r)] = 2[f (rs) — [ (r2)] - ,

o= (m =1 [} (rm) f(rm D=m[f(r) = (rm)],
YTO COBNAajaer ¢ JieBoH 4acThio. Jlokasaunas dopmyJsia npeicrabJser

co60ii He 4TO MHOE, KaK (POpPMY/y HHTErPHPOBAHMA MO YacTam (/s
HHTErpana CTHJITbeca)

r

wmwm=NMNm§Nmrmu

0

148. Ecau

rn—k~1<rn—k=---=rn=rn+1=---=rn+l<rn+l+1

*yC., H. Bep HmTeH H, Co6panre coynnenufi T. 1, Hsg. AHCCCP, 1952,
crp. 105—106.
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(rae, posmoxuo, k=0 unu [=0; r,=0), 10

N(r,,—0)+1:‘n_k<_ri<n+l _ NGy ]im' i,—:O
"n © Tn rn o In L

Ecmt rp<<r<<rpmyq, TO N()=m H
m+1_1_m<N(r)<m

- ==

Tm+1 Tmy1 Tmyr T m

Bo BropoM cilyyae nocTylnaeM &HaJOTHYHO,

149. Cv. 148 u I 113.

150. [E. Landau, Bull. Acad. Belgique, 1911, ctp. 443—472.
Cm. G. Pélya, Gétt. Nachr., 1917, crp. 149——159] Ilyete ¢ > 1.
BeiGepeM nesioe NMOJOKHTENBHOE M1, YIOBJETBOPSAIONEE YCJIOBHIO 1< -
<c<< 2™ Toraa

Ly _L@m) L) L) L2mr)

1< L7 <TeH =ie) L@y - Lerm b

Y1BepxiIeHne 1A c<C 1 NojyuyHTCH, €CJIM HEepeBepHYTb OTHOIIEHUE
L (cr

L((r)), 3aMeHUTb C¢r Ha r W 3aMeTuTb, uT0 L (cr) Takxke SfBJsETCA
MeJJIeHHO BospacTaioiell GynKiued. '

151, IIpumeHenne noiHo# HHIYKIHH HOKa3bIBaeT, YTO /i1 HEJOr0
HOJIOXKUTENBHOro R

lim 1{“ .
Ngr

r-—>co

Mwmenno, mas k=1 370 sicno; ang k> 1 npu AocraTouHo GONBLIOM 7
HMeeM:

Ing (2r) Ingr2 __In,_;(1Inr)
<07 “Tngr <_T11kr T Tng_y(n7) "
152. Jocrarouno j0Ka3aTb, 4TO
. InL (2m
lim n_tr(l2—l= 0.
m-—oo

L2
J10 BHITEKaeT H3 HEPaBeHCTBA L(Q(m 1)) <148, Bonoausowerocs

npu 3afaHHoM 8> 0 /s Bcex A0CTaTOYHO GOJBIIMX m,
153. [149, 152.]
154. meewm:
N (cr) ~ L (cr)
N () L)
155. Ka)ley}o KYCOYHO-IIOCTOSIHHYIO HENpPEpLIBHYIO c/ieBa (yHK-
UHI0 MOXHO BBIPa3HTh (IIOCPEICTBOM YMHOMKEHHs HA MOCTOSHHBIE
KO3(pHIHENTH] W CIOKEHHS) yepe3 GyHKIUH CIEAYIOUEro THIA:

f(x)_{ L mpu O<x=<<y (y>0),
0 npu Jpyrux sHauyeHusix Xx.
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Ho Anst MOC/TEIHHX YTBEpXKAEHHE TeOpeMbl TJIACHT:

. N @y o
Jim -y =7 [154].

OtHOCHTEJIBHO APYruX (GYyHKHUHA cM. 156.
156. 3akmounum f(x) MeX1y IBYMS KYCOUHO-IIOCTOSHHBIMH HEIIpe-
PHIBHBIMH CJ1€Ba (hYHKHHSIMHU:

YO=FfH =Y

Tak, YTO6Bl BBLIMOJIHAIOCH HepaEeHCTBO

CS (xx])dx—§ ( >dx<e

l)
rie e>0—npon3130.r1bno majioe yHcso [102]. Toraa

» “’(r”)\/vm 2 ) =wer Z—‘ v,

r<r
14 ry<cr

Takum o0pa3oM, BepXHUH H HIXKHMWI TIpelesbl CPeAHEro BLIpaKeHHS

¢ 1 ¢ 1
3aKJIIOUEeHBl MeX1y rpaHHlaMH g <x7~) dx u g v <x7~> dx, KoTophle
o .

0

o

"1
OT HHTerpana §f<x7~>dx OTJIMUAIOTCSl MEHBILie, YeM Ha &.

0
157. Cornacuo 147 umeem:

r
1 ra\e=d =0 [N ()
T . =) —Nm(,x Lo a)SNmt*mvldt)N

rngr
() 0
N1+TSL(z)t 14t
o}

TakuM obpasom, nmpH 0<<c<<1

r

Sta 1dt<L( gL(t)t“ tdi < r ¢ Sta*dt:é.

cr [

r %L (cr)
L(r

OTKyJa BEpPXHMA U HIKHHA TIpelesibl CPelHEro BbiPaxKeHMsl 3aKJIo-
s 2
YeHbl MKy - H . Hoc NIPOM3BOJIBHO MaJlo.
158. Ha ocuosanun 147
Z rr**=NR)R - —N(r)ro- 7“+(oc+7»)SN(t)t“a -1t

r<rn<R
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CnenoBarensso [152, 153],

A IR (T

fn>f

,\,_1+°‘er SL -1t

ﬁyCTb tenepp 0 <Ce<C2*—1; nas JocTaTodHO GOMbIIUX 7 GyleM
uMerb L (2r)<<L (r) (1 &) u, snauur, L (2r)<<L(r)(1+¢&)Y (v=1,
2, 3, ...). Orcrona
o 2Vr
—a-1 r v a-1
L o=t dt < {75 v;L(Q 7 S +9-1df <

V=1,

Q=
A\

~
L -
Ny g

L(r)

<?.IL‘ Z (1 —{—B)V(Q—a(v—‘l)_z_av) — 1-4e 201

o 20—-1—g°

v=1

159. [OrHocurenpHo 3agay 159—161 cM. G. P61y a, Math. Ann.,
1. 88, crp. 173—177, 1923.] OGob6wenue Tteopem 155—158. Kak u
B 156, szak/iouaem f(x) Mexay Asyms QyHkuusmmu P (x) u W (x),
3a]1aHHBIMH cJiefyonM o6pasom: Mexay O ¥ 8 ouu paBHpl — x% A,
COOTBETCTBEHHO X%, MexAy 8 ¥ o coBmajaor ¢ f(x) u orT ® 10
+ oo paBHel — X~ *~*, coorsercTBeHHO x~%¢~* Hmeem [157]

i 3 ()=t ey X ()T =

r,<or Ty

u [158]

mye 2 (2=

fn>(l)f
i 0O AN (@) 1 rave-h A
=M =5 ¥ 2 <*) =wo.

3aKJI0UEHBl MEXKIY

— &¢ l—k { f(x_’l:> dx—ur“%
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o
6‘5‘5— -+ Sf (x%> dx+m‘°‘£'—.
o

VYerpemasem 6 K Hyamo M GearpaHHYHO YBEJHYHBAEM @.

160. Ilycrv f(x) — y6uiBaiomas ¢ysknus, P >A. CyuecrByer
fecUnc/ieHHOe MHOMKECTBO 3HaYeHWil 71, g KOTOPbIX

1
n /H>B_ . :
Z<\-n— =1, 2, ..., n—1) [I 115].

BrifepeM UHCHO 7 (Fp-y <<r<r,) TaK, YTOOb BHIIOJHSJIHCH elile
HepaBeHCTBA

i <(%)% =12, ..., n=1),

r
OTKYyJa BeseacTBHe yObIBaHHA [ (X) BHITEKAET, 4TO

f(’,i)zf{(%ﬁ] w=1,2.., n-1.

Tak kak N (r)=n—1, 10

it (3 =[5 Jatr § 1l

—

n—1

1
1 yn 1 TN n -
N @) Elf(7'>=1v<r) f\’r")zn_l f(x">d?€s
u:

l(l

Hurerpan Sf\xﬁ>dx mpejcTaBisieT COGOH HempepriBHYIO (DYHKIHIO

0
or B [131]. Ecau f(x) —Bospacraiomas ¢yHKUHS, TO 3aMeHseM
ee Ha —f(x).
161. Ilycrs 0 <a<<A<<B. Ilpumensisi I 116, nonyuyaem cosep-
HIeHHO aHajoruyHo 160, 4To CYLIECTBYIOT CKOJIb yroiHo GoJbLiue 1,
A1 KOTOPBIX )

L

_ o 1 S 1
S 2 f(’,—i)sgf(xa>dx+§f(x’ﬁ)dx-
k=1 0. ) 1

Bepem 3arem o u P Joctatouno 6u3KHMH K A [131].

162. [Ornocurensno safay 162—166 cv. H. Weyl, Gétt.
Nachr., 1914, crp. 235—236; Math Ann., 1. 77, crp. 313 — 315,
. 1916.] Ykazannoe yc/ioBHe yTBep#JaeT, 4To paBeHCTBO (*) Ha cTp. 94
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yIOBJIeTBOpSieTcst Aist (PYHKUMH [ (x), KOTOpasi B NOAMHTEpBaJe of =
< x=C[} paBEHa €AWHHIE, A BHe ero— HYyJO; TaKHM 00pa3oM, 3TO
ycnosie neobxoiumo. C apyrodl CTOpoHml, HPENNOJIONHM, YTO OHO
BHIIIOJIHEHO, 3aMeTHM cHayaja, 4ro 6e3pasnuyHo, GyZeT JIH HHTep-
BaJ o, [ 3aMKHYTBIM, NOJYOTKPHITBIM HJH OTKpHITEM. Tak Kak
U3 CIIpaBelJIMBOCTH paBeHCTBa (*) 17151 HecKoJbKHX (GyHKOHE fy (X),
fs (x), ..., [, (X) BhITeKaeT CNpaBeAJIMBOCTb €r0 A J060H JUHEHHOH -
KOMOHHALUMH 3THX QYHKIHE C4fy (%) - Cof s (X) ... 4-¢,f1 (%) 61y Coy ...

., C;—TIOCTOSIHHBIE), TO MBI TOJydaeM, YTO paBeHCTBO (*) HMeer
MECTO TaKxXke AJfA BCeX KYCOYHO-TOCTOSIHHBIX (YHKLHH.

Ilycte Tenmepb f(x) coGcTBenHo uuTerpupyema. Ilpumenss 102
(nonaras a==0, b=1), nonyuvaem:

P ()4 (Kg) +- . AP (%) <1‘(’61)—!—1‘()Cz)—i--n—i-f(
n

£,)
n ”’<

<‘I’ r)+¥ (xzr)l+-.-+‘1’(xn) )

1

ITepBoe 1 TpeThe BbIpaskeHHsl CTPEMSATCS COOTBETCTBEHHO K Sxp(x) dx

0
1 1

u (¥ (x) dx, oriuyaiomumest Ckolib yroguo mano or f (x) dx.
0 o]
U MeHee cHJIbHOE yc/OBUE

n-— o
WIH TaKxe
lim 2® D 1 5 0<p<ly
) L — O n
sIBJISieTCS  N0CTaTOYHBIM, MOXHO Jaxe npeAnosioKHTb, YTO OIHO
H3 3THX YCJOBHH BHIONHAETCS AJs BcioAy nnortsoro B [0, 1] mHo-
)KecTBa 3HaueHHil P.

163. YcioBue, cueBuAHO, Heo6xoauMO. UTO6BE I0Ka3aThb €ro
JIOCTaTOYHOCTh, 3aMeTHM CHayaljla, YyTO M 3J€chb, KaK B pelleHuu 162,
3aMKHYTOCTb MHTepBajda «, P posu He wurpaer. Ho tenepr B 102
npu a>>0 MOXKHO 3dMEHHTb KyCOUYHO-NOCTOSIHHBIE (PYHKHHH 1 (X) U
W (x) HeKOTOPHIMH KYCO4HO-AtiHeliHbiMU (DyHKULAmML, TPadUKH KOTO-
PEIX COCT&BJISIIOTCS M3 OTPE3KOB NPSIMBIX, NPOXOISINHX Yepes Hayajo
koopaunat (y=kx). Orciofla 3akjawoyaeM, Kak U B pelleHud 162, uTo
paBeHcTBOo (*) BHIIOJHSIETCA 1M BeeX (YHKOME f(x), coGerBeHHO
uHTerpupyemelx B uHTeppaje [0, 1] u ofpauaiomuxcssi B HYJb
B HeKoTopoil okpectHOoCTH TouykM x=0. Tak, Hanpumep,

lim 28D g 0<p<y

n — oo
[pewenue 162].
164. Cv. 162. Bumecto 102 npumensiem 137,
165. Cn. 162. Bmecro 102 npumensiem 137,
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186. Yciosue s3ajgaun 165 BhINOAHEHO, HGO

k) QTti ) 210 b €2ikn8 __ 1
eQm Xy +e fa} r2+1 ..+e)mkx Z )mkve omke : .
4 e‘zﬁlke___l

167. Peub uzer, B ofo3HaueHusxX 3anaun 166, o

im fl)+fea) . - (xn) , f(x)z(p(ae——ed—l—xd),

n — oo n

rre ¢{y)=1 unu O, cmoTps mo Tomy, Gyler sn GiuKallliee K y

1le7I0€ YHCO Jlexarb ClpaBa WM cieBa oT y. |Hdas y=n, n+ 5

1
rje n— [eioe, MOXKHO IOJOXKUTb, HaMpHMEp, cp(y)zg.) M3 166

BhiTeKdeT, 9YTO 3TOT INpejes paBeH
1

1
Viwar={owdy=5.
4] 0]

To xe crnpaBeiniuBo H A1s1 apnPMETHUECKHX IPOTPECcCHH BHICLIHX
nopaakoB [1 128], Kak MOXHO IoKa3aTb NMpuMeHeHHeM GoJsiee TOHKHX
cpeacts [H. Weyl, 1. c. 162, crp. 326]. droT peayabraT MOMKHO
paccMaTpUBaTh KaK BbIpakeHHe CBOEr0 poja «OTCYTCTBHA 3aKOHOMEp-
HHOCTH» B [OC]EN0BATEBHOCTH &, &, &4, ..., &, ... (M. R. v,
Mises, Math. Zeitschr., 1. 5, ctp. 57, 1919).

168. [E. Hecke, Abhdl. Math. Sem. Hamburg, 1. 1, cp.
57 — 58, 1922.] Cornacno 1 88

lim (1~7) Z Q,rt= lim ———al+a2+ +a",

r—-1—20 n— oo
n=1

B MpPEeANOJOXKEHHH, YTO Npeles B npaBod yactu cyuectsyer. Ho mpu
a, = (nf — [#0])e>™#® coraacno 166 3TOT Hpelen CYIIECTBYeT M paBeH
1

S XXy —
2niq
0

169. [E. Steinitz, sagaua; Arch. d. Math. u. Phys., cepus 3,
T. 19, crp. 361, 1912. Pewenne—G. Pélya, tqM xke, cepus 3,
T. 21, crp. 290, 1913.] Ilpezenom cay:ut ¢pyuknus f (x), onpenenen-
Hag B 99. Ins uppanuoHanbHBX X cM. 166, 1Sl panMOHAJbHBIX X
npoue.

170. 1076 —[106] nonyyaercsi NpH [epPEHECEHUN 3ansTofi'B AECs -
THYHOM pAasJOKEHHMH 6 Ha n MecT BIPAaBO H 3auyepPKHBAHHH Bcex
uudp, OUyTHBIIMXCHA ciaeBa oOT 3andarod. Ilyete a=0,0,0,...0, —
KOHeyHasi AecATHYHasi ApoGb. BriGepem n Ttak, uroGbt 1076 —[1076]
HayfHaMOCh LHPPAMH Oy, Qg, ..., Ok, 3@ KOTOPHIMH CJEAOBAN0 Obl 7
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HyJe#; Toria
1
107 —[106] — &t | < g5
171. ITo dopmyne Teitopa

9
1 1 1 en .
OTKYZa
' ! n! n! n
ne=n +ﬂ-+§!—+"'+ l+m.
eeﬂ e .
= A
JLiast n>=2 umeeM n+1< n+1< 1, clemoBatenbHo,
9
en 3
n+1 <n+1 :

172, [Ilo coobwennro H. Priifer’a; H. Weyl (1. c. 162)
JI0Ka3aJl, 4TO paccMaTpHBAaeMOE MHOMXKECTBO BCIOLY IJIOTHO H Aake
ABJISIETCS] PABHOMEPHO pachpefienieHHelM B uHTepBate O=<Cx<C1.]
Ilpu r=1 yrBepxaenue BoiTeKaeT H3 166. Ilycrs 7> 1. Mol Moxem
NPHHATb, YTO @, HPPALHOHaJbHO [B TPOTHBHOM CjydYae BhICIHIHE
palHoHabHEE YieHH MOMHHOMa P (X), ABJSIOWHKECS MepHoIHIECKUMH
no moxysmo 1, MOXKHO 6bl710 Obl IPOCTO OTKHHYTH|. Ecnu 6bl paceMat-
pUBaeMble YMCJIA HMMeNH JIMIOIb KOHEYHoe KOJIHUECTBO NpejeNibHbIX
TOYEK, TO TO e CaMoe MOXKHO ObLIO OBl yTBEpPIKAATh H OTHOCHTEJNBHO
«BBIYETOB» YHCEN

Plntr—1)~"T'|Platr—2+
(75 )P atr =8 = (=P ()=
= a,r! <n—|—£;—1>+ar—1(f—1)!

no moaymo 1, 4To oiHaxo, MpPOTHBOpe4uT 166.
173. [Iycte k— nenoe nosoxuresnsHoe gueno. Toraa

eenikx, __'_eem'kxz_i_. . ._'_eqm'kxn
orpaHnyeHo [166]; cymMHpys 1O yacTaM, HOJyYaem, yro H
{ ik ik
ale‘zmkx, —-|—062€m X3 + i .—l—ocne kX,

orpanuueno [165].

174. [L. Fejér.] Ilyetb N (x) —unciaoBas (yHKHHA TOCEAO-
Bateqabrocty g(1), g@),..., g(n);... ObosHayasu uepe3 f{=1y (x)
¢ynkuuto, obpatHylo X x=g ({), 6yzrem umers N (x)=[y (x)]. Coor-
BeTcTBEHHO yenoBuam 1 —4 dyukuusa y(x) npu x==g (1) o6ranaer
CHENYIOUWHUMH CBOHCTBAMH: ¥ (X) HMEEeT HenpepLIBHYIO NPOU3BOAHYIO H
BMECTE C X MOHOTOHHO CTPEMMTCA K GEeCKOHEYHOCTH, ¥’ (X) Takke

nle—[nle] =
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v (x
MOHOTOHHO CTPEMHUTCH K 6GECKOHEYHOCTH BMeCTe ¢ X, ;((x)) —0. OTCIO_lla
3aKJ/II04aeM, TaK Kak

X

Y(x) <2 ¥ (x)—y?<%> - Y'2(x1) <%<x1<x) ’

X —

uTo (x)->0 Jaliee, g(—i—)e) — 1, ecqH & QUKCHPOBAHO MJIM MO Kpait-

Heldl Mepe OrpaHHYeHO NPH BO3PACTaHHU X.
ITyere 0 <<a << 1. [locraToyno mokasatb [162], uto

m—1

Y (N (k+a)—N (&) +N (m+n,)—N (m)
k=1
N (m=+x,) !

rae m=[g (n)], A= Min (x,, @), CTpeMHTCH K & NIPH 1 — 0. 3aMeHss
N (x) uepe3 ¥ (x¥) H npuuuMas BO BHEMaHHe CKa3aHHOE OTHOCHTENBHO
Y (x), nosy4aeMm, 4to TpeSyeMoe COOTHOLIEHHE DaBHOCHJLHO CJIeAyHO-
wmemy:

lim_ (m) Z @ (k4 o) —y (k) =

Ha ocHoBanuu 19 5TO OTHOINEHME PAaBHO

y(mta)—y

™ + ()
N Ty (m) S O (x+@) —v (@) de+0 (L_5,>

=WS ¥ ® dxto(l),

rne g()=x, x<<E=E(x)<<x+a. Tak kak ¥’ (x) MOHOTOHHA,
TO

v(m)—v(xo)=8 7’ (x)dx<S Y €) dx<§ V' (o) dx =

Xg Xo Xg
=7y (m+a)—7yK+o).
175. Yactupiit cnyuali sagaun 174 nqs g (¢ 1) = at°.
176. Yactuniii ciyualt sagaun 174 pasa g (f) =a(Inf)°,
177, HyCTb 0 <<p=1. Ilonoxum
" 8, =|sin 1°¢ |4 |sin 29 | +.. .+ | sin nOE|. -
Torpa us 174 paa

g(t)=§—nt°, f (x) =|sin2nx|
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BBITEKAET, 4TO

i
lim %: S | sin 2mx | dx ==
0

n—co

Taxum o6pasom (s,=0),

n n—1

Zsrﬁl“zsxv ~ gy T e

ve=1

178. [J. Franel, Ziirich. Naturf. Ges., 1. 62, crp. 295, 1917.
Ilyets mo jgecATHYHON cHeTeMe

Va=c",cPcPe...

(cnyvaii, Korga Bce c,‘fl), HayuHas ¢ HeKOoToporo j, paBH:l 9, HCKJIO-

1 ,
uen). Ilosoxum B 175 o=, a=10-1; rorpa

o= 101V 0= [10/-1Y 0] = 0,¢"c]} 1. .
= [10x,,] CriefioBaTe/1bHO, ¢ 6yner paBHO g TOTZA H TOJBKO
1
Torjpa, Koria TO\x"< {g , @ 3TO 03HayaeT, 4TO

T. e ¢ =

n—

g+1
. v(n) 1
lim -£ =15
10

_§_

10

179. B ofos3navennax pewedns 174, HyKHO 10Ka3aTb, YTO NpH
=00, M-—>00, X—§

m—1
Y, WV (k)= N (&) +N (m-+nr,)— N (m)

qs . E=1
lim Nmts)

K (x, ¥ dx,

R
Oy Q

rie N (x) =[g*]. 3amensas B HanucanHoM BhlpaxeHuu N (x) yepes g*,
YTO TPaBOMEpPHO, TaK Kak mg ™ -0, noJjydyaeM:

~ 1

Z g8 (@*—D+q™ (g —1) -
£=1 =, TPt @ =D gt (=Min§, o).

) o
TTocnennee BbIpaXKeHHe paBHO SK(x, E)dx, B ueM ybGexnaemcd,
o]

VHTETPHPYS HJH, JAydlle, AH(epeHuupys Mo a.
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180. Pyukuus

1
fP(§)=Sf(x)K(x, E) dx =
0
1

=2t ({imedrt -1 ff(x) g* dx)
0

0

HenpepslBHa B uHteppajne 0=<E=<1, nanee, ¢ (0)=o(l). dra Pyuk-
WS NOCTOfIHHA TOrja H TONBKO TOria, Koria f(x) BO Bcex TOUKax
HeNpPEpBIBHOCTH NPHHHMAET ORHO M To Ke 3HaueHue (mponuddepen-
uuposatb!). Ilpn a—oco umeem g —1, npu a— 0 6yIeM umers g —
— 00, COOTBETCTBEHHO 3TOMY

1

{7 K (x, E)dx_gf(x)dx

lim

g—19
Takum o6pasoM, NpH HeorpaHHYeHHOM BO3PACTAHMH @ HHTepBa
J(a; f) Gyner craruBarbes K elIHHCTBeHHOPl TOYKE S,‘(x) dx; cnenoBa-

TeJIbHO, TIPH 60JBIINX @ pacnpejenernde 6y1eT NoYTH paBHoMepHo [176].
Hanee, ecin 0<<E<<1 # §—rTouka HempepetBHOCTH DyHKLHU [ (x),
10

1
lim §F(x) K (x, ) dx=f (€) [132].

g 00

Inst toukd E, B KoropoHl f(x) uMeeT paspelB NepBOro poja, 3TOT
npefen pasen f(§—0). Haxonen, ana €=0 wnu 1 37or npeien
paBer [(1—0). Takuv ob6pasom, eciu, Hanpumep, $yHKuus f[(x)
HMeeT oOrpaHM4eHHOe uaMeHeHue, To npu a—0 J(a; f) Oyner
cTpemMuTbcsl KO BceHl o0sacTH H3MeHeHHMs [ (X) B OTKPHITOM HHTED-
Bane 0 <Cx<Cl (Bk/Ouasl Takze OTPE3KH MeXIY NpeiesaMu CIpaBa
H cjieBa B TOYKaX paspmiBa nepeoro pona). Ilpu masnbix a pacmpene-
JeHue Gyler OAM3KO K pacnpeienenuro B 182.
181. [J. Franel, 1. c. 178, crp. 285—295.] Ilycrs

Inn
— = cln)_ pmptmplm
Ign= = ¢, el ...

In 10

— Pa3/IoXKeHHe AeCATHYHOTO Jlorapnana yycsia 11 B LeCATHYHYIO NPobb.
10/-

ITonoxum B 179, 180 a—l—— Torna

_ -1 — 1107 -1 =0.,cmc) ¢
x = 10/-11gn—[10 lgn]=0,c! RS LR
T. e. c}"’_—_[IOxn]. Takum oOpasoM, peub WI€T O COBOKYNHOCTH
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3HayeHUH HermpepblBHOH (YHKIHUU

2+l
1o
e®={ K E)dx

o

B HHTeplBane 0<<t<< I, mpuuem K (x, &) onpenensiercst, kak B 179,
n 10
a g=eld ' =100,
182. Ilycrs [pewenne 174]

m=[gm], x=g), t=v®), Nx=[vHl

B cuny yenosuit 1—4" dyukuus y(x) npu x=g(l) umeer Hempe-
PHIBHYIO TIPOM3BOJHYIO W MOHOTOHHO Bo3pacraer 10 GecKOHEYHOCTH
’
X
BMecTe C X; Hanee, Y’ (x)—-4-o00, %»—}—oo. O1ciona 3aK/o4acm,
YTo NPH X—- 00 U &, ocTalolleMcs 60Jblle HEKOTOpOro (pMKCHpOBaH-

. x—¢e .
HOTO HOJIOXKHTENbHOTO YMcna, GYAeM HMeTb YE—) L0y rakme

Y (%)
N}(\:/c(:)e)—>0. ITycts 0<<E<< 1, f(x) nenpepbiBHa B &, € >0 npous-

BoabHO H 8 >0 TakoBo, uTo npH |x¥—E| <8 uMeer MecTO HepapeH-
crBo |f(x)—f ()| <<e. Torpa, BubHpass n Tak, 4TOGHI \xn—§|<%
[I 101], u npennoaaras |f(x)|<<M, 6yleM HMerb:

fOD+F G+ 4F (%)
o -i®|=

< &) —fO \-l-lf(xz)—f,(li)\+---+1f(xn)—f(§)\ <2MN(M—|’-1§~5)+8.
Ho corsiacHO npeanoJioKeHHIo

N (m4-£—0)

n

N (m+3—8)
N (m—l—&——g—)

< —0 npu m—co.

Ilyets Tenmepp f(x) B Touke E wHMeeT paspslB NMepBOro poaa H
IyCcTb CHOBa |x,,—§|<g—. O6o3snavas uepez n(8) u M (8) HHKHIOWO
H BepXxHIO rpaHu f(x) B uHrtepBase |x—§|<C§, OyleM HMeTb:

<o MEE=Y 4 pr ),

M3 3THX HepaBEeHCTB BbITEKAaeT, YTO HHTEPEeCyIOnIHE Hac HpelesbHble
TOYKH JieKaT Bo BcakoMm chayyae mexay f(E—O0) u f(E+0). Uro
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5THMH TIPEJeNbHEIMA TOYKAMH 2amofiHeH JefCTBHTEbHO BeCch OTPE30K
vexkay f(E—0) u f(E+0), yOexnaemca cnemyromnM ofpasoM. Tak
Kak f(x) COGCTBEHHO WHTerpHpyema, TO B JoG0H G6GaH30cTH OT §
CYWIECTBYIOT TOYKH HempepwiBHOCTH GyHKHA f(x) [108]; nyers &' n &”
AHYAYT aBe Takue ToukH, 0 <& < E<CE" << 1. IlycTh, Aantee, HHAEKCHI
n', n” mpoberaloT KaXAbIH TNOCNEA0BAaTeJbHOCTH LEJBIX 3HAYeHWH,
1151 KOTOPBIX X, —>&', X, —E", [¢g(n)]=[g (n")]. Tlonoxum f(x,) -+
FF ) +... 4+ F () =nF,. Toraa Fu—fE), Fu—>f (). Ho ana
- KaxJoro n
Fy _f(xn+1) < M
n+1 n+1 n+1°
Tocneaoparenstocte Fnry Fpog1, Fpoao, ..., Fpo Gyaer «vefeHHo
BOCXOASUIEH HAH HHUCXOASWEH» B cMeicnie pemeHus I 100.

Has E=0 u =1 pnokasarenbcTtBo TpeOyer JAHIIL HeOOJBLINX
H3MeHeHuH. '

188. Yactuuit cnyuait 182 npu g (f) =a(In 9)°.

184. Butekaer u3 182, 183, ecad nojoXHTh

— 10157 — 10 7
g (t) =10 Vlgt*v/hﬁolflnt,
f(x)=1 npu [10x]=g, [(x)=0 npu [10x] # g. Cm. 178, 181.
185. [H. Weyl, 1. c. 162, ctp. 319—320.] ocratouno AoKa-.

2a1¢ (k1x1+k2x2+ +kpxg)
b

an'—Fn+1| =

3aTb TeopeMy AAA [(x;, X ..., X,)=¢€ rjae
ky, ky, ..., k,—1eavie yHcia, He Bee paBHbie HyJo [165]. Tlonoxum:
. k1a1+k2a2+. . .+ kpap:a, k191+k292+. . .+ kpep == B.
Toraa
t
L€ oni(astn) gy pomiq &0 —1
7 Se dt——e IGW—PO.
0

186. Yacruuiit cayyait sanauu 185 anst p=2, npuueM [ (x;, X,)=
=1, ecan o) << x; <oy, By <<x,=<<P,, U f(x;, ) =0 Bo Bcex ocranb-
HHX TOYKaX €AMHHYHOIrO KBajpara.

187. [Cu. D. Konig u A. Sziics, Rend. Palermo, 1. 36,
crp. 79—83, 1913.] Mwml MokeM TNpPHHATB, YTO paccMaTpHBaeMoe

JIBUKEHHE NPOHCXOAUT B KBajpate 0 <x <, 0<<y< . 3epkans-

1 1 :
HbIM OTpPaXeHHeM OT NPAMBIX X= H y= 5 HonyyaeM, kpome f,

ele TPH o6aacTH, CcOcTaBasgiompe Bmecte ¢ f HeKoTopyio wacrh f*
ennHuuHoro keaapara O=<x=C1, O0<<y=< 1. Cvmewasn {* napaanenbHo
ocsiM KOOpPAMHAT Ha ueible Yucia, MoJydaeM, Kak B 186, GecyucneH-
Hoe MHOXecTBO obnactefi. 3Hr3aroofpasHoe ABHKEHHE B NePBOHA-

1 1
YaJbHOM KBajaparte ngg-g, Ogygfj MOJKET ObITh Tereph 3ame-
HeHO mnpaAMONHHeHHBIM. YacTHhfi cayvyalt sajiayn 185 npu p =2,
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flx;, X%)=1 nna Touek x;, X, JAexwamux B {*, H [(x, x)=0
B OCTaJ/IbHBIX TOYKAX EJIHHWYHOTC KBanpara.

188. [G. P6lya, Gott. Nachr., 1918, ctp. 28 —29]. ITonaraem
B VIII 35 v (y) =e*"#, k—uenoe nosoxutenpHoe uucnao. Toraa,
B oGogHauenuax VIII 35, umeem g(n)=0 pas Bcex n >k, OTKyAa

Y owlg)=l X wlileolslem+le@i+. . +ig®)]

(r,my=1 tnt <<k

Iasi Beex nesmx n [165]. Orhocurensho ¢ (n)—>co oM. VIII 264.
189. llonaraem B I 70, B ofo3Hauenusix 188,

n=F(20) 41 (%) 44 1),
bo=—q(n) (=1, 2 3, ..).

190. ITpumensiem 137 x”Pf (x). Tlo moBomy uactHOro cayyasi-
F (%) = apxP - xPr - 4 agxP (ao, ay, ..., @ — NOCTOSHHBIE KO3(-
¢unuenta) cMm. 40. PeayanaT 3TOH 3ajayy mpeacTasiasieT coboit 0606-
IleHHe W3BECTHON TeopeMbl TEOPHH BEPOSITHOCTEH [cM., HampHMep,
A. A. Markoff, Wahrscheinlichkeitsrechnung, crp. 33 — 34, Leip-
zig, B. G. Teubner, 1912 *)].

191. Ilycts k, —crapuui kodddunuenT nonunoma P, (x); k, =

= 2,(12(% [pewenue VI 84). Mmeem:

() (1) (145 = bt (1) 7 Py (— By = AP, ()

[49, 203].
192, Vimeem [52)

i AL L Vi (145 % as,

Ilonaraem B I 179

N k & b
le ankz(-—l)k 1<x|n+x2n+~-.+xnn _% gcoskﬁdﬁ), A=29.

k n .
0

, 193. [Cm. G. Szegd, Math. és term. tud. ért., 1. 36, cTp. 531,
1918.] ITonyyaercs n3 192 ananornuyno 164.
194. Yacruwmift cayuait sagaun 193 ans dyukuuu f(x), passoit
eJMHULE B WHTEpBaJie o.<iX<{f} W HYJIO B OCTajbHON 4acTH HHTEp-
Bana —1=Cx=C1.

*YA. A. Mapxos, Hcuncnennwe weposTHocTefi, wan. 4-e, crp. 53, U3,
1924, Cm. takke C. H. DepuwreiiH, Teopus geposTHocTell, cTp. 241 u cn.
Tocrexusgar, 1946,
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195. Mb MoXeMm NpuHATH, uTO @ >d,>>...>q;. Toraa
Pt gt pap=par |1+ 2 (% B
Brupaxenue B cKoOKax CTpeMHTCsi K efuuuie. JIpyroe f1oKasaTenbcTBo

nonyyuM u3 196 u I 68. Cum. 82.
196. [Peuenne 195.]
197. Ilycts f(x)=c(x—a,) (x-—az) (x— al) c# 0, Us
! 1
[ _ 1 144

fx) — x—a; " x—ay x—a

IMEeM:
c _a—n—l_l_.a'—‘n—l_l_ +a_n~l (n:o, 1, 2, ...)-
HpHMEHﬂeM sateM 195, 196. (111 242.)
198. Ilycrs f(x) pocTuraer B TouKe ¥ =FE MakKcuMyMa, a\§<b

e>0 u 6>0 B3ATO HACTONBKO MaabiM, 4YTOOBI TpH |x— & |<T$§,
@ <L X << b BBINOJHAJOCH HEPaBEHCTBO

fE—e<<f(x)=[()-

E+4-8 b b

[f ) — eI : S6 e de<={oW[fWIde<<[f ®1' {0 (¥ dx

(ecau §—98<Ca, TO HwKHU Dpejes WHTETPHPOBAIHA £ — 90 zamensiem

Ha @; aHaJOruyHo, ecau §+98>>b, TO BepXHWi Tpeies HHTErpHpo-

panua £+ 6 samensiem Ha D). s nekaen KopeHb - cTelleHy, nepe-

XOAHM K TIpeieny npu n—> oo H 3aTeM ycTpemaseM & K Hyao. Cu. 83.
199. Ileproe aokasareabctBo [P. Csillagl. Ilycrs

0<<e<<M=Maxf(x). Toraa

b

fowFwrtdi= § oe@WlF@rid=

a fay=M—c¢
=M-e) §  o@[FEIdx
foy=M—¢ o
p@FWra= | eW@rd=c(M—5],

=M —e Foo>M—3

Torpa

rae C — MOJIOXKHUTE/IbHOE TIOCTOSTHHOE WYHCJO, He 3aBHCdAllee OT 7.

Orciona
b

{ @ () [F ()72 dx
M=% =
Vo () [f @] dx

W

{ oW
fy=M—¢ _ )
eWFWnde+ Y e@@irdx
fea <<

foy=M—c¢ <<M-—¢

=(M—e)
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Hoéﬂenﬂee OTHOLUEHHE MPH 1 > 00 CTPEMUTCHA K EIHHHIE, u6o

b
{ e@UWrd  M—e)r{q@) dx
Fl)<<M-—e p

<
V  o@l@inds C(M_i>”
fry=M—ce 2
JIOKa3aTeAbCTBO 3TO CYINECTBEHHO ONMMPAeTcsl Ha NOHATHE HHTErpase
Jle6era.
Bropoe nokasatrenbcTBo. [Tosoxum
n—1 n+1

b b
L={o@[f@ld={Vo@[f®] * Ve®[fx)]* dx.

a

Torna [81]
Li<l,ylny, (=1,2, 3, ..).
1 -
Takum ofpasoM, noc/enoBaTenbHOCTh J[ﬂ MOHOTOHHO BO3PACTaET;
n
npelen ee noayuaercsi us 198 u 1 68.

200. [Tocse Bpenenus HOBOI mepeMenHoil V ka (x—E) =1t Ham
UHTErpan mnpeobpasyercst B

VEn(p—8)
o et
—VEnE—o)

'//—El
[ee]

Ilpn n—co sToT mHTerpan crpemurcst Kk | e=?df=1"n.

201. [Laplace, Théorie analytique des probabilités, 1. 1, 4. 2,
ri. 1; Oeuvres, 1. 7, crp. 89, Paris, Gauthier-Villars, 1886;
G. Darboux, Journ. de Math., cepua 3, 1. 4, crp. 5—56,
377—416, 1878; T. J. Stieltjes, Ch. Hermite, Correspon-
dance d’Hermite et de Stieltjes, 1. 2, ctp. 185, 315—317, 333,
Paris, Gauthier-Villars, 1905; H. Lebesgue, Ann. de Toulouse,
cepust 3, T. 1, crp. 119—128, 1909; H. Burkhardt, Minch.
Ber., 1914, crp. 1—11; O. Perron, Minch. Ber., 1917, erp.
191 — 219.] INyets &> 0. BriGepeM Nof0OKUTEAbHOE § CTOABL MasbIM, -
yrobel a <<E—0<<E}O6<b u npu E—~0<<x<<E4 O BHmonHAMMCH

HepaBeHCTBa ‘
PE) —e <o) <o) Fe,

R (§) —e<<h" (x) <h"(§) +e<C0;
Torjaa .
b : £46
Scp(x)en[h(x>—h<€>ldx= S @ (x)erltO—E@®ldx+ 0 (a") =
¢ Fo E48
=cp(§’)§S e

0

G =B @)

dx+0 (&),
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rae o (0<<o<<1) 3aBHCHT TONBKO OT €, HO HE OT 1, H £ -0 <CE <<
<E40, E—0<TE <CE+ 6. INepBoiii uneH B NPaBOH YacTH 3aKJIOueH
MEXAY TpaHHLIaMH

E+6 n (x—B)2[A” (g)_el

n 46 1
(@@ —e) | e2 dx u (pE)+e) | e?
£26 £t

KOTOpHie COI'1acHO 200 acuMOTOTHYECKH paBHbl COOTBETCTBEHHO

(&) — 3)]/ (/z”(g—a)n <(p<§)+8)]/;(h”(§2n) '

Teopema COXpaHsi€T CUy W TIPH HENPEPHIBHOM BO3PACTAHHH 7 10
6eCKOHEYHOCTH.
202. [Popmyra Barauca.] Vimeem:

2[A7 E) +
—82A ¢ 8]d,

. n
3.@n—1) 1 (.,
5.4...9n —?Ssm x dx.

Yacruwiit cnyuaiéi sapaun 201 npu a=0, b=m, (p(x)=%, f(x) =

. n
= sin’x, §=-5. (Bbirekaer Takke u3 205.)
203. liveem:

Pyl =5 S (V=1 cos x)" dx

UacTHrA cayuyall 3ajaud 201‘ npu a=—=mx, b=mn, X)) =5
() =A+VA—1 cosx, £=0.
204. liveem:

iV, (i) = Q]E S e—tcosx cos vx dx.

. 1
Uactunit cayua#l sagauu 201 npu a=0, b=2n, ¢(x) = 5 COS VX,
f(x)_e—cosx E T, n==1.

205. [qﬁopMy/za Cmupaunea.] Vimeem:
I'(n4-1) = arit S (e %)™ dx.

0
YactHnill cayuait sagauu 201 npu a=0, b=oco, o) =1, f(x) =
=e*x, E=1.
Bonee Tounasi ¢opmyna BblTekaeT H3 peinenns 18 uau 1 167,
206. Cornacto 205 umeeM:
nk1\ T (nk-4+141) { nk A\ T (nk4-1) -~
< n >—I‘ n+DT nk—n-+Ii41) \nk—n) F(r+1)T(nk—nt1)

\Efnk\nk (¢ 5 ﬂk—-nl/ 2nnk
N< < > <n> <nk—n> | 2nn - 2 (nk—n) "
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207. 3avenum x Ha fx. Torza paccMatpuBaeMplii HHTerpaJj mpe-
obpasyercs B
[ee]
A S x0-1 (-eyx dx.
X
=1

1
ITycte t-1<~§. Toraa uurerpan

»’bw].-

1o\ xe-t <%>u dx

1

MOXHO OMYyCTHTb, HO : ey !
y , ubo Qynkuua f(x) = + ) B HHTEpBane O\<\x<\—24

Bospacraer, CIel0BaTelbHO, B 3TOM uHTepBane f(x) <<}/ 9e<e.
K ocrawowemycst usterpany '

SC’ x“‘l( %>1x dx
2

nphuMensem 201, nonaras tam

a=g, b=oo, @()=x*, f(x)=<§>x, E=1, n=t.

1
208. 3avensn x va t '—%(14x), nonyuaem:

“aexp(l 5t e ) | [ ra ot
T expl—— T Slexp T | dx.

UactHufl cnyuali 3ajaun 201 npu

a=—1, b=oo, g =1, h(y=UFrP=lzax

209. 3avenss x ua e-fe (14 x), nonyuaem:

1 AR [ 1 1
e« exp <e“1oct‘1> S exple‘al® [x — (1 4 x) in (1 +x)]J dx.
1
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YacTHulii cayuyadl sazauu 201 npu

a=—1, b=oo, p(x)=1, A(X)=x—(14+x)In(1+4x),

1
£E=0, n=elai>,

210. PaccmarpuBaemoe BepaxenHe pasho [205]

1
an 2 +pn—1

Vil | erusoras

—V E[vo(M] Sﬁn_l[ewx (1 op st olyme ™),

-

1
— ,te 1 .
rme n=n y 0<<e <4 HelicTBHTENbHO, TPH OTPHLATEILHBIX
3HaveHHs X x Gyuknus e~ (14 x) fABagercs Bospacraiouwel, Tak YTO
B OIyCKaeMOH uacTH MOJAHMHTETpajibHOE BhlpaXKeHue MeHbIIe ueM

[en (1 —m)]".
Pasnoxum e * (14 x) B ocraruieMca HHTEpPBaje MHTErpUPOBAHUA:

Xt x3  x

e‘x(1+x)=e—5+3 4“+6x)_4‘ O<<8=0(x)<1).

—n%‘(l—%@x)—“'

Ho e =140 (n~1**¢). Mpl nojyyaeM TakuM o6pa3om:

1

an 2 4gn—t (xz %3
—n
e

Y sl 75 acyolyae s )

—n

1
x3 s an 2 4 pa-t xt
n.- x . v —n"
HNanee, e 3=14n §+0(rrl+“). Tak kax 5 e ?dxectb

—n
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1

BEJIMUMHA ropfAlKa n 2, TO Mbl MOJYy4YaeM JaJgibille:

1
an 2 -}—ﬁn-l o

VEusowrr” {7 g o -
—mn
oc-}-ﬁn_% xz

T e oi-

7 g sonm-
L, % _» a+vﬁn_l2 x
=V2Tf_me 2dx+V2_ OS e 2dx4
. a+pn-% e,
+ Vo e 2% dx40(n146e).

211. [Cu. A. de Moivre, The doctrine of chances, 2-e uzp.,
crp. 41 —42, London, 1738.] Vmeem:

Ko = fewrdemtes(1 4 45 b 5),
0

T28K YTO X, €CTb ENUHCTBEHHBIH IIOJIOKHTEJbHbBI KOpeHb TpAHCIeH-
ZenTHoro ypasHeHHs K, (x)=1—A. Cornacto 210

K.(ntaln+p)=A+ %—FO(T/I—;)

rie A u B umelor ykasauuoe B 210 3Hayenue. OnpenenuM o u f§ TaxK,

urobst A=1—A, B=0. Toria x,—(n+a}/ n+p) 6yzer crpe-
MHTbCA K Hymo. HeficTBHTeNbHO, ecaH Obl Asif- 6ECUHCNEHHOrO MHO-
JecTBa 3HaueHHH n BBHINOJHAMOCH, CKaXkeM, HepaBeHCTBO

Xp—(n+al n4p)>c>0,

TO OTCIOAA CAefoBano 6w, 4TO

1_x=1<n<xn)>1<n<n+a1/ﬁ+ﬁ+c)=A+—V’%+o<}}—;),
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rie B’ coctaBneHo u3 o U ﬁ—{-c Tak Xxe, kak B u3 o u . Vmenno
e %]

=B+4+—— e ce 2 =

aﬂ
1_ ce 2 >0,
V2ﬂ
¥ IocnejHee HepaBeHCTBO NPOTUBOPEYUT MpeAnoioxkeHuio 4 =1 —A.
Anajoruyto yb6exjaeMmcsd, YTO U HEPaBEHCTBO

Xp—(ntaVn4p)<<—c<0
He MOXKET BbIMONHATLCH AJIs GECYHCJAECHHOTO MHOKECTBA 3HaueHHll n.
212. lokasbiBaercsa atiasorduso 201; smecto 200 onupaeMcsi Ha
Gopmy.ry
[/
E+ = .
Van , aVIE g
5 ek =2V dx ~o———— 5 e * dt,
V2kn
a —-—Q
rie a BeuectBento, k>0 u o0a NOCTOSIHHLL
Ortciona 210 BbITEKA€T He IMOJHOCTHIO,
213. IlocpeacTBoM BHIYHMC/IEHHA, AHAJOTHYHOTO IIPOBEACHHOMY
B 201, mony4aem:

£ alnn +8 [5 §+en
S e f@de~ § @) e dx=
a )
i+e,
— (P (&) enh ®) S enlh()—h®) gy,
E—96

rie e,=anllnn+Pnal, 6— NoNOKUTE/IbHOE TMOCTOSITHHOE YHCJIO,

npuyeM & BHIOPAHO CTOb MaJbiM M 7 CTOJL GOJIBLIHM, YTO B HHTEp-

Bajle MHTerpHpoBaHUA @ (X) HempepuiBHA, A (X) HMeeT HelpepbiBHYIO

BTOPYIO NMPOU3BOAHYIO A" (x) u A’ (x) >0. Hanee, § — 8 <TE <& +¢g,.
3

[T00KHM M, =7 % 1 BO3bMEM £ CTOJb GOIBIINM, YTOGHI BBITIOIHSMUCH
TaKXKe HePaBEHCTBA &, < 1), << 8. Toraa nopuHTerpaibHoe BLIpaXeHne
1

B uuteppane [§—8, £—m,] Gyaer nopsaaka e —enTw rren —
[OJIOXKHUTeIbHAA HIKHAA rpaHdua OyHkous A’ (x). B ocrasuiefics
yacTH HHTepBana pasjaraeM h(x) 7o creneHsaM x—& Jo BTOpoil
BKJIOUHTE/NLHO; TIOJYHaeM:

B (=B =R E .
e X E—m, <& <E+e,).
g,
1
3neck A" (§") orpauuueno u n(x—E2<<nni=n 2. Hakonen,
Ete,

ne_h' (%) —nn, W ) (@lnn+ BYA’ (E)
@ u—by " —e n T et .
nh' (§) nh' (§)

§—m,
1, 10 T. oaua, I. Cere, 9. 1
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214. 3amena nepeMeHHO# JaeT:

ainn B
§+"n—+”-

n

et S (@ +xx)n dx [205, 213].
0

n!

215. Cornacho peiuenuio 211

X

L 1
— exxtdx=— \ e*x" dx=1.
n! n!

Q0 0

OnpereanM B 214 nocTosiHHBe o ¥ B Tak, 4TOGb! A=0, B=1.
Torna x,— (En-+alnn-4-P) nomxHo OyaeT CTPEMUTHCS K HYJIO
[pewenue 211].

216. [Iycte npu x> 1 umeeM —g-iﬂ~<6sconst. Pasobben uHTE-

rpaJ
gnx) n
nx x) dx

0
o — e Apntl <el-—-x+x
Y

0

Ha ueTbipe yactH: oTr O no ¢, or € 10 1 —¢, or l —e g0 14¢c u
or 14+¢& mo --oco. Ilpu sTomM Mel 6yleM [peanoaaratb, uTo & He

i
3aBUCHT OT 1, O0<e <--2, 8 <y WU CTOJb MaJo, YTO B NIEPBOM HHTEP-

Baje xe'—*+C¢ <1, Bo BTOPOM U 4eTBEpPTOM UHTePBasax GyleM HMeThb
xel—* < 1; puiGepeM cTosib Mmajoe O ==§ (g}, 4TOOHl, GOsiee TOro, TaM
BBINOJHANOCHE HEPABEHCTBO xel-*+8x = 1, u jajee, BO3bMEM # CTOJIb
6oabILuM, n > N = N (€), yToObI B 3THX ABYX HHTEDBaJ/aX BbIIIOJIH.10Ch
nx

TAK)KE HEePaBEeHCTBO %<6 H, Kpome TOro, OBLIO ne > 1. Torza
NOAMHTErpa/bHOE BbIpaXKEHHE, 3a MCK/IOYEHHEM TDPEThEro HHTepBaJa,
6yaer O (8), rae 6 He 3aBUCHT OT X U n, 0<<O0<C1, 0=0(). M3
HHTErpaJbHOM TeOpeMbl O CpelHeM 3HaueHHH NOJyyaeM [IPUHLMAS BO
BHHMaHHe eile 205]:

ey 1
0, = o8 1n9) £

T @ ar o (V) (1—e<i<l4y).
1
Takum o6pasoM, )

Ina, _ g(nf)
g gM)+Ouy

Ho lim £
nwoo &)

U 3Hay€HHe €ro Jsda JA0CTATOYHO MaJblX & CKOJb YI'OAHO MaJo OTJlH-
yaeTcsa OT ©AWHHLLI,

CYILECTBYeT, IPUTOM paBHOMEPHO A 1| —e<o=] -1-g,
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217. PaccvaTpHBaeMblli HHTErpaJ MOXKHO 3alTHCATH CJIENYIOIHUM

obpasoM:
-
ni2zn 1 7”Su 2n <cos —x-———l> I[ n_v dx
@n—12n—2y2n—3) ...n Vo _2 )
—nVn v=1 Sne Vrz v

[Tpumensiem 115. Ilpenesom nNoauHTErpasbHOrO BRIPAXKEHHS CITYKHT
e** [59] n npuTOM paBHOMEPHO B KaXAOM KOHEUHOM HHTepBaJje, uTo
MOXHO IOKa3aTb, pasBHBas JAoKasaTenbcTBO TeopeMul 59. [[To mosoay
onpeie/eHHsa MaxopaHnTel F (x) B cmuicie 115 e, G. P61y a, Gott.
Nachr., 1920, ctp. 6—7. OrnocureasHo 0606weHHOl (HoOpMYy.IbI
Jlangaca cm. takxe R. v. Mises, Math. Zeitschr., 1. 4, ctp. 9,
1919.

218. [Cv. G. P6lya, sanaua; Arch. d. Math. u. Phys., cepus 3,
T. 24, ctp. 282, 1916.] Ilycrs x,, x,>n, 6yAeT TOuKa, B KOTOpO#
jocruraercsi makcumym M,. Hmeem:

My _ Vixin a—1) (£, —2) ... (x—n) e Pl (x,l>a_xn’

n! : nl Vx,
1
2x, + Xp—1 +

= Ina.

Orciofa Ha OCHOBaHWH 16 3akJlouaeM, 4To x,l=<n—{—%>b—{—sn, rje
b=(1—a?ty! u lime,=0. OueBnano, b>1. Takum oBpasom,

n—o0
KakoBO Obl HH ObLIO NONOXKHTEJNbHOE £, TPH AOCTAaTOYHO GONBILIHX #
6yieM HMETh:

(<n+%n) b_8)<<xn><(<”+“;'n> b+e).

143

O6e 3T# rpaHHll coriacHo 206 aCHMNTOTHYECKH PaBHE COOTBETCTBEHHO
1 \ i
n4=lbt—=—¢e
(b—l)ﬂ{/ b ( HEZA
Voan | b—1>

+
(b—l)"< b
V 2an b—l) ’
219. [lokasbiBaercs aHaJoOrHYyHO NpeAbAymed 3ajade ¢ NMpHMe-
HeHuem 17.
2920. IMonoxuMm f(n, x)=|Q,(x)|a*. Torra npu m — 1 << x<<m,
TAe M — ledoe MOJOKUTENBHOE YHCJIO, HMEEM:
fm—1, )=fm, H=fm+1, o=... [I1I12],
Yy 10*
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TaK 4YTO BePXHAA rpanbp QyHKUHU [ (n, x) Aas GUKCHpPOBaHHOrO X >0
¥ H3MeHfwLlerocs n_jgocturaercss npu n << x. Cu. 218.

221. [219, 220.]

222. Touka x,, B KOTOpO#i AOCTHTraeTcsi MakcumyMm M ,, onpeze-

JAETCSI W3 YDPaBHEHHS 1 =X, apxy. VMeem:

> x,, lim “~=1, lim n—-_ux’iz ap.
n— oo n—oo n
Orciona -
X =n—apn*-+o(n"),
Inx,=Inn—apn*1+4+o(n*7),
CJIeI0BATeIbHO,

M r
In n,’.’ =nlnx,—x,—axy —n ln»el» 4o (n*) = —an" 4o (n").



OTHAEJI TPETUHU
®YHKIIUH KOMOJIEKCHOIO NMEPEMEHHOIO

OBIIAS YACTb

o 242=2x, 2—2=2iy, 2z2=r2

2. O1kpuiTasi npapast NOAYIIOCKOCTh; 3aMKHYTast IPaBasi MoayIo-
CKOCTBb; OTKPbiTasi I110/10Ca, OrpaHHueHHasi NapaJjaenbHbIMH NpPSAMBIMH,
OTCTOSIHIIIMH OT BEI[eCTBEHHOH OCH Ha PacCTOSHHUSAX @ H b; 3aMKHYTHIH
YroJ1 MeX/y J1y4aMu, COCTaBASIOUNMH C TON0KHUTEIbHON BELleCTBEHHOMH
OCBIO COOTBETCTBEHHO YIVIBI o, f§; MHHMast 0Cb; OKPYKHOCTB paanyca R
C IIEHTPOM B 2,; BHYTPEHHSIs 4acTh, COOTBETCTBEHHO BHYTPEHHSS 4acTh
BMeCTe C KOHTYPOM — TOTO K€ Kpyra; 3aMKHYTO® KPYyroBoe KOJbIO
MEXAY KOHIEHTPHYECKHMH OKPYKHOCTSIMH PajnycoB R u R’ ¢ neHTpoM

B TOUKe z=0; OKpyKHOCTb pajnyca - C LUEHTPOM B .

8. Ecsmn |a—b|<<hk—>samunc ¢ ¢okycaMd a H b ¥ GoJbIION
OCBIO R, COOTBETCTBEHHO orpanuuuBaemast uM obactb. (Ilpu |a—b|=k
3JUTHIIC BBIPOXKJAETCS B OTPe30K MexAy dokycamu.) Ecan k<<|a—D
TO YCJOBHIO 33jaud He YAOBJETBOPsSeT HH OlHA TOYKa Z.

4. OtkpoiTasn 061acTb, OrpaHuYenHasi KpUBOH |z — 2, |z —z,| =R?
¢ «pOKycaMu» z; U Z,, DA€ Z; H 2, — KOPHH ypaBHeHus z°-+az4b=0.
dra Kpusas NpeACTaB/Iser COGOH reoMeTPHYLCKOe MECTO TOYeK, NMPOH3-
BefleHHe PAaCCTOSIHHH KOTOPBIX OT 2; U Z, MOCTOSIHHO H paBHO Rz. Ona
|Z1—2 |

2

KycKa, ecnid R > I212_| Ilpu R= ﬁl;—z”— uMeeM OGBIKHOBEHHYIO

COCTOMT M3 ABYX OTAENBHEIX KYCKOB, eciu R =< , U 43 OAHOro

JIEMHHCKATY.
8. YcioBne 3anaun paBHOCHBHO YCJOBHIO
2= 7 |2
lz—al*z2|1—az|
HIH
—lal? 2_1)=
(I—=faP)(jzf=1)=0.
Toukn mepBoii KaTeropH JexaT BHYTPH eJMHHYHOro Kpyra |z|<<l,
BTOpPOHl KaTeropuu — Ha EAHHHYHOH OKDYKHOCTH |z|=1, TpeTne
10 T. floama, I'. Cere, u. 1
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KaTeropuu — BHe eauHuyHoro kpyra. (Ilpu z=oo paccmarpusaemoe
; @ =00 TIPHHAJAMEXKUT K TOYKaM TpeThbeil Ka-

Q\i'—

BeIpaxeHue pPaBHO —

TEropHH.)
6. YcioBue sanaun paBHOCHJABHO YCJAOBHIO

la—zPiZ|a+z? wim —R[(@+a)z] 0.

Tak Kak - & BellecTBEHHO H MOJIOKHTEIbHO, TO YCJAOBHE MPHBOLUTCS
K Rz=Z0. Touku mepBoll KATeropHH JexaT CNpaBa, TpeTbel — c/ieBa
OT MHHMOI OCH. (I'Ipu z=co paccmaTpHBaeMoe BHIpaxeHHe paBHO — 1;
2 =00 NPHUHAAJNEKHUT K TOYKaM BTOPOH KaTeropu.)

7. [Tonoxum a=1y--i6, gl ==x--{y, TOrJa ypaBHEHHE IIPHHH~.
MaeT BHJ : :

o (4 y?) 42 (pr 4 05 +- B =0.

8. [Tyctb KOJeco pagnyca @ KaTHTCS IO BelleCTBEHHOI OCH H ¢ 3THM
KOJICCOM HeMOABHIKHO cBf3aHa HeKoTopasl Touka P, Haxoisiuasicst Ha
paccTostHHH b or nentpa. Torza Touka z, ONHCBIBAET NPSAMYIO — TpaeK-
TOPHIO IEHTPA KOJeca; TOUKa 2, — OKPY’KHOCTb, OTTHCHIBAeMYI0 TOYKOH P,
KOrja KOJIeCO BpalaeTcss BOKPYr HENOABHKHOIO LEHTpA; TOYKa z=
=242, — yANHHEHHYIO, ; OGBIKHOBEHH Y0 HJIH YKOPOUYEHH Y0 [HKJIOHAY,
CMOTPA TIO TOMY, OyAeT JH agb.

9. [To 3IUIHKJIOHJAE.

dz dr i
10. ar = g € Tire

zﬁﬂ

-
42 A e dr d¥ o e (40N, e dP®
an = dﬁ A2 et e <7>+"e an =

dazr [ d§ g, ©Y% d [, db
idzz‘ )J'+r dt(r_&f—)"

Koacpcpnuuem npu e’ npeAcTaBseT paananbHylo, Ko3ppuuueHT NpH
ie'y — nepreHAMKYASIPHYIO K Hell KOMIIOHEHTY.
11. B kpyrosom KosbLe

G, n<lzl<<n+1 (n=0, 1, 2, ..)
HMEeM:
-l

(n —l)l

2n~1
(714—1)'

>

T. €. B &, HauGOJIBIIHM 1O MOy 10 sBasiercst n-it unen. Ha rpanune
MeX1y &, u &, n-it u (n41)-i uIeHsl MO MOIYJIO COBNAZAIOT
M TIPEBOCXOAAT BCE OCTaJBHBIE,

Ecan BooGuie

ayta,z 40,22 5-. . —}—anz"—}— (e, 5= 0)

€CTb BCIOAY CXOIAIMACA He OGPLIBAIOIMIACS CTETeHHON PHAA, TO ML
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MOXKeM pas3GHThb BCIO MJIOCKOCTb Z KOHIEHTPHYECKHMH OKD YXKHOCTAMH C
nediTpoM B 2z = 0 Ha KpyroBble KOJbLA TaK, YTO6H B KamkIOM
OTAeNbHOM KOJIble HauOObIIUM [0 MOAYJI0 OBLT OfHH ONpese/eHHbIH
uysed pAna (Makcumanbabil unet). Ilpu nepexosme or ogHoro KoJbla
K CJAefylollleMy, OXBAaTbIBAIOWEMY ero, HOMEpa MaKCHMAJbHBEIX U/IEHOB
sospacraot. [1 119, I 120.]

12. ITepudepun Kpyros

R lz—n|<a+l (n=0, 1,2, ..)

B3aHMHO CONpPHKAacalTcsd B TOYKe z= — |, TlepecekaloT B Heli Belie-
CTBEHHYIO OCb IIOJ NPSIMbIM YIJIOM H BTOPHUHO NepecekaloTcs ¢ Bellle-
CTBEHHOH OCBIO COOTBETCTBEHHO B TOukax 21 (n=0, 1, 2, ..).
R4, comepxur &,. B cepmosupHoll obnacth ®,, sakmouamouetics
MeXIY OKpYyxHoCTsAMH KpyroB K, u &,_,, umeem:

z z2—n—+1
T=5 e
2—n z2—n—1
n4+T <l | n-+2 |<,1’

[TostomMy Tam

D=l W=l

T. €. B &, HauboibilHM N0 MOAYJIO fABAsETCA n-ff uwieH paga. Ha
rpaunle Mexay &, u G,., n-f u (n-41)-f uneHsl Mo MOAYJO COB-
MajaioT H TPEeBOCXOANT Bce ocraibHble. (B Touke z=-—1 Bce unenw
psia 10 MOAYJIO DaBHBl eIHHHLE.)

O6nactd B, ¥ HMX IpaHHYHBIE JHHHH HCUEPINLIBAIOT BCIO NOJYILIO-
ckocTb Rz > — | BMecre ¢ Touko#i 2 = — 1. B noaynnockocty Rz<c—1,
2= —1 MOAy/JH 4YNEHOB DA MOHOTOHHO BO3DACTAalOT, TAK YTO HET
MaKCHMaJBHOTO 4JieHa.

18. ITepudepuu JeMHHCKAT

2, |22 —n?|<<n? (n=1, 2,3,..)

COTPHKACAIOTCSI MeXAY co60i H ¢ MpsAMbIMH Rz= = 3z B Touke z =10

U TepeceKaroT BemecmeHHylo oCbh B ToUKax *=n VQ Ln+1 COREPKAT £y,
B cepnoBuaHoii o6.acTH ®,, s3axmoueHHON wMex<Ay nepHdepHsIMU
JIEMHHCKAT Qnﬂ u ¢, (& =4), uveem:

| | — | —

22
22

I

|1 <1

| | —

~ e | <! o

ITostomy TdM
|Po(2) | <|P (@ <|P(®)]<< ...
L Pry @< Prle) | > Prar @[> ey
10*
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T. e. B B, HanGosblliM N0 MOAYJIO CPefH BCEX YACTHUHBIX NpPOM3-
BeneHul spasercs P,(z). Ha rpauune mexay &, u 6, nen
(n -+ 1)-e yacTuuHble TPOH3BEAEHHs 10 MOAYJIO COBMNAAAT H IpEeBOC-
X0AAT Bce ocTanibHble. (B Touke z=0 Bce 4aCTHUYHbLIE IIPOM3BEJCHUSA
paBHBl HYJIO.)

O6aactu B, M uUX rpaduyHble JAHHHH HCYEDPIIBIBAOT YIVIBL

mn n 3n ot
—~4‘<arg2<z‘ s T<argz<~z~

BMecTe ¢ Touko# z=0. [I19 Apyrux 2 Moay/Ju MOHOTOHHO BO3pacCTalOT
U, 3HAYMT, MAKCHMAaJbHOrO HEe CYIEeCcTBYyeT.
b

14. Iycte & =arg [ (1) e dt. Torxa

b

{7ty e dt

b
= p-i0 S f el () df —

a

b b
={f () cos [ (t) — 0] dt < {F () at,

32 HCKJIOYeHHeM Toro caydas, korpa ¢ () =¥ (mod2m) BO BCex
TOYKAaX HeMpepEIBHOCTH QYIKIHU @ (f).
18. [K. Lowner. Math. Ann., 1. 89, ctp. 120, 1923.] ocra-

TO4HO JoKasarb, yro R (4P%—2Q) =< 3. [ameusieM ¢ () ua cp(t)—{—%,
rae O = arg (4P% — 2Q); -cM. pemenne 14.] Ho teneps [II 81]

[os} 2
R 4P —2Q) =1 (g etcosg(f) dt> —

0
Joo o

2
— 4{/\Se”sin G dt> —2\e¥cos 29 () dt <

0 0

[ee] 2 o
<4(§e~f| cos @ (£)| dt> —2{e¥cos 2¢ (f) dt <<
0 0
<4 {e’cosg(t)dt—2{e¥cos2¢(f)dt =
0 - 0
=4{(e'—e¥cos’q()di+1=4{(e’—e?¥)di+1=3.
0 0

Ecau R(AP?—-2Q)=3, 10 cos’¢@(f)==1 u cos¢(f) zomKeH coxpa-
HATb IOCTOSIHHBIA 3HAK BO BCeX TOYKAX HeMpepnlBHOCTH (yurLuy ¢ (¢),
T. e. 9()=0 wan ¢ ()=n (mod 2n).

16. Oynxuua pzt4-pez®4...+p,g" MOHOTOHHO yGHIBaeT
or co 10 0, Korza z MOHOTOHHO BO3pacTaeT BJOJbL NOJOKHTENLHOH
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OCH, CJefoBaTeNbHO, OHAa MpHHHMAaerT 3HayeHHe 1 B oxHoil U TOJIBLKO
ONHOH Touke [. Mmeem:

fep = py i —p, >0 umn =0,

CMOTDPS IO TOMY, GyAer JH 2z >{ WU z<<¢.
17. Vmeewm:

]20]"="a1z0 +az n_“]f‘ 'Jf'an’

<lallat+lallz 4. +la),

cAenoBaTeNnbHo, corjacHo 16 |zg|=s{

18. [Tpumenuts 17 K a,~12°P (z'1).

19. BcrnomoraTe/ibHble [OJMHOMB!, PACCMAaTPHBAeMble B 3aj1da4ax
17 u 18, B fRaHHOM cJjyyae TOXKJAECTBEHHO COBMAAalOT M PABHHL
" —|c|.

20. Ilycrs |aq|+-|az|4-...4]a, >0 (8 nporusnoM cayuyae
yrBepxaenne TpuBHaJbho). CorsacHo 17 10CTaToOyuO [0KasaTh, YTO
NONOXKHTENBHOE YHCJO {, AJAsT KOTOPOro

r=la "t e i Pt a,,
yAOBJETBOPSIET HEPaBEHCTBY

(sl | e V)

/I2

V13 HepaBencTtBa

BbBITEKaeT, 4710
n

i ‘// dn-- )
Y lani(t s -2 =0.

k=1

dy- o
CrnenoBaTenbHo, Cpeld YMCEN Q'k—[’j’—k UMeeTcsa Mo KpaitHell wepe

O[HO HEeOTpullaTeJbHOe.
21. a) ITonaraem B 20 d,=n, nanee, d, ,=|a;|*' ana a,#0
U d,p=¢e?'! qaa a,=0 (>0). Hneen:

d,_ ke —
n-k ne st a,=0.

]7"37 Vn]ak[ aast ap, =0,

Bepsi reneps €~ 0, nosyuaeM Halue yTBepXKIeHHe.
6) ITonaraem B 20

o= )



298 PEIIEHUS

nanee, d,,_,,=<';)| ap|t ans ap %0 1 dpp=21 ana a,=0 (¢>0).
Hanvwe paccyxiaeM, Kak B a).

22. [G. Enestrém, Ofv. af vet.-akad. férh. 1893, crp. 405—415;
Toéhoku Math. J., 1. 18, ctp. 34—36, 1920; S. Kakeya, Tohoku
Math. J., 1. 2, ctp. 140—142, 1912; A. Hurwitz, Tam xe, T. 4,
crp. 89, 1913.] Mpu | 2| =<1, 251 nmeem:

|(1=2) (po+ prz+p22® ...+ pa2™) | =
=1po—(Po—P) 2—(PL—P2) 2 —...—= (Pn 1= Pa) 2" — Pa2"* | =
=py—|(Po—p1) 2+ (pr—pa) Z +... + 2™t | >
> po— (Po—p1+P1—Pat...+Pn) =0,

TaK Kak (Po— P1) 2, (P1— P2) 2% ..., Pa2"™*! He MOTYT Bce UMETb OJiH-
HaKoBbl{l ApI'YMEHT (3a WMCKJOueHHeM cayuas z =0, koria yTBepx-
zenne n Ge3 Toro oueBHAHO). Bosee cnaGhifl pesynbTaT (< BMECTO <)
npsiMo BeiTeKaeT u3 17,

2
23. 3avensem 2z Ha > COOTBETCTBEHHO Ha g (0 MONOKH-

TENbHO), U K IOJyueHHOMY TakuM 00pasoM YpaBHeHHio, MoAo0pas
COOTBETCTEEHHBIM 006pa3oM p, mpuMeHseM 22 (BO BTOPOM C/yuae Ipej-
BapHTe/bHO YMHOXHB 00€ yacTH yDaBHEHHSA Ha 27).

24. O6o3uaunm paccMarpupaeMslii nosunoM uepes f(z). Has

1
Rz=0, |z|>1 umeem R — =0, crenosatenbHoO,

[ @) Qn_y = Qn_3 [4]]
-z ; A - e e —_—
e |Z |t TR T e Elik
Qn_y 9 9 9
—'_.——_—-'.2 T a1 e
>R (0 +%52) ~ 5a =z =
310 nocnegHee YUCIO HEOTPHIATENBHO, KOTAA |Z|==r, rae r — fnoio-
) 1 37
KUTENbHBI KOpeHb ypaBHeHHs rP—r =9, r= +;/ , 3<r<<4

[TonunoM, coorsercTBylowui uncay 109, obpainaercs B HyJlb B TOU-
kKax =+ 3i. ,
25. [Ch. Hermite u Ch. Biehler; oM. Laguerre,
Oeuvres, 1. 1, ctp. 109, Paris, Gauthier-Villars, 1898.] Ilycte
P@=U@+iV@=aG—2)(z—2) ... ¢—2) (@+0)
U x — Kopenb ypapueHusd U (x) =0 uau V (x)=0. Toraa umeem:
U)+iVx)=U @x)—iV (xy wm U (x) +iV (x) =—[U (x) — iV (0)],
CMOTPS 110 TOMY, MMEeT JM MecTo BTopofl uju mepsuiil ciayuaii. Cie-
* LOBATENBHO, '

Gx—2) (x—2y) ... (x—2z) = dy(x—2y) (x—23) ... (x—2,).

Ho paBeHCTBO Takoro BHAA BO3MOKHO JHMIIb TOTAA, KOrJa X Belle-
cTBeHHo. B camom jene, ecam OBl X JeKajo, CKaxeM, B BepxHel
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NONYIJIOCKOCTH, TO Mbl HMEIH 6bl | X —2,|<<|x—2Z,| ANA Bcex v H,

n n
a [T «c—2)|<|a, [T x—z) } Auanoruuso y6exaaemcst
ve=1] yve=1
B TOM, YTO X HE MOKET JieXKaTh H B HHKHell NONYIJIOCKOCTH.
28. |Cv. [. Schur, J. fiir Math., 1. 147, ctp. 230, 1917.] ITycts

P@R)y=ay(z—2z)(z—2) ... (2—2z,) (2y5=0)
H x —Kopenb ypasHeHus P (x)4-P* (x)=0. Torna |P (x)|=|P* (x)|,
H, BHAYHT, TaK Kak P*(2)=da,(l —Z;2) (1 —22) ... (1 —Z,2),
n n

II!x=2=1]1—2x]|

V=1 v=1
Ho ypaBuenne takoro Buaa BO3MOXKHO JHIIb Koraa |x|=1. B ca-
MoM Jene, ecau Oul, cKakeMm, Oul0 |x|<Z 1, TO Toraa AAsl KaxAoro v
MBl HMeaH 6! |x—z2,|<<|1—Zx| [5], u nepBoe npousBeieHue
Gus0 6u1 MeHble BToporo. CoBepileHHO Tak Xe y6emjaeMcsi B TOM,

yTO He MOXeT OblTh H |x|>1.
Anasiornynble PacCy:A€HUA MOKHO NPOBECTH M AJfA yDaBHEHHS

P@)+vyP*(2)=0 (y[=1).
27. [M. Fekete *).] [Tycte y=AP (@) +pP (b), O0<<A<<1, A+

4= p=1. Ecnu 66l Bce Hyan nonuHoma P (z) —y=a, (z —2,) (z — 23) ...
.(z—2z,) nexanu BHe yKasaHHOH QUTypH, TO Mbl HMeJH Obl:

3HAYHT,

Z v=1, 2, ..., )

n

ka2 a—z,
— <argb—z

H, CJeAoBaTeNbHO,

—mn < arg Pib; Y <,

4yTo rlp0THBopetmT TO}K}leCTBy
' P@—y _ _p

PO = "1
28. Mol MoxeM NpuHsATH, YTO NPsAMOH, paccMaTpHBaeMoll B 3a-

Jaue, CAYXHUT MHHMas ofb, M Rzy >0 npH Bcex 3HaueHHHX v (3TOrO
BCErja MOKHO AOGHMTBbCA IMyTeM YMHOMXEHHs Ha MHOXKHTENb BHJAA €%).

Toraa Takxe ER;—>O "
ER(zd-zwl- F2)>0, z+24... 42,50,
R+ o+ oty >0 o4ty #0.

YrBepxkieHue coxpauﬂeT CHNY W TOrJa, KOrja BCe TOUKH pacro:
JOKeHsl B 3aMKHYTOH NOAYIJIOCKOCTH, ONpejessieMod 3a4aHHOH
npsaMoll, ec/H TONbKO HE BCE OHHM JexaT Ha 5TOH NpAMOi.

*) Cm. Acta Litter. ac Scient. (Szeged), T. 1, crp. 98—100, 1923,
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29, Cu. 28.

830. lpunensiem 29 K my (2, —2), Mo(23—2), ..., My (2, —2).
KakoBa Gu HE 6blna npsaMas g', npoxoasmas yepe3 z =0, TOYKa 2,
BCeria JEKHT II0 Ty Ke CTOPOHY . IpSIMOIH g, NPOXOAsel wepes z
napannieibHo g, MO Kakyio M, (2, —2) JEeXKHT OTHOCUTEAbHO MpS-
Mo g'.

31. [Gauss, Operaomnia, T. 3, ctp. 112, Géttingen, Ges. d. Wiss.,
1886; 1. 8, c1p. 32, 1900; Ch. F. Lucas, C. R., 1. 67, cTp. 163—164,
1868; T. 106, crp. 121—122, 1888. Cm. Takxke L. Fejér, C. R.,
1. 145, ctp. 460, 1907 u Math. Ann., 1. 65, ctp. 417, 1907.]

ITepBoe pemenue. DBekrop, onpeiensieMbll KOMIJICKCHBIM

YHCJIOM ————, IPEACTAaBASET CHAY, IPHIOKEHHYIO K a B Hanpaaneunn z,
ofpaTHO nponopuHOHaany}o PACCTOSIHUIO MEXK1y 3THMU ILByMH TOU-
kamu. Ilyers 2, 25, ..., 2,—HyJH P (2) ¥ z— OTAMUHBI OT HHX
nyabe P’ (2). Toraa
n
P (&) _ 2 1 —0
P(» z2—zy
v=1
T. €.
1
— + ...+ =0,
z2—2z z2—2zy 2—2z,
M, 3HA4HT, Z IpPEACTaBAseT NOJOKeHHe pPaBHOBECHS Mare-
pHaJbHOH TOYKH, IPUTATHBAEMO HETNOABUKHBIMI TOUKAMH 21, 2, . . - , 2,

C cuiamH, 06pAaTHO NPONOPIHOHAIBLHBIMU paccTOssHHIO. Ecau 6ot Te-
nepb z Jiexkala BHE HAaUMEHBIIEro BBINYKJOIO MOJNHIOHA, COonepiKa-
Ero BCE 2y, TO CHJBL, C KOTOPHIMH JEHCTBYIOT Ha Z OTAENbHbIE TOUKH,
JaBaid Obl Pe3yALTHPYIOUIYH, OTAHYHYIO OT HYyJAs, YTO HeBo3-
MOXKHO. (315.)

Bropoe pemenune. B 7ex xe ofo3HayeHusX, 4TO H BbHILE,
HMeeM:

2—z; - 2—2y 2—2,, _
|2 —2z; 2 + |z—2z |2 tot S |z2—2, 7 =0,
OTKyjaa
z=mz, +mez,+. ..+ muz, (ml—l—m2—l—...—l—m,l_—_1),
rie v-f «Macca» fm, TNpONopHHOHaIbHA T E (v=1, 2, ..., n).
ey

32. [L.Fejér, O. Toeplitz.] ITycts {— nponssonbHasi BHYTPEH-
HSSl TOYKA YKa3aHHOro BBINYKJOro NOMMIoHa. Mmeewm:
E=ha+ Mz ...+ hazn,
M>0, 4,>0, ..., 20,
7“1+7“2++7"u:1
H, crtano OblTb, AAS =~ 2,
1, my,

__21+€_2 + "}_c "—0
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npu

e = Av|L—eyl? (v=1, 2 1)
VMl an Ptk (L Pt AR [ L2, P e

Ey,ueM allIPOKCUMHUDPOBATL M1, pallHOHAJ/JbHBIMH YHCIaMH

pPY (v=1,2, ..., 0 pr+pt..+p.=P)

I TIpHMEM BO BHHMAHHE, YTO KOPHH aJjrefpandecKix ypaBHeHHH
HETIPEPBIBHO H3MEHSIOTCA TPH HEINPEPHIBHOM H3MEHEHHH KO3(xpULlHeH-
B n

10B. Torna npousBoAHasA NOJHHOMA H (z — 2y)’v Gyner uMeTb HYIb,
v=1
CKOJIb yTroJHO 6au3Kuil K {.

Tak kak { JexuT BHYTPM WJH Ha TpaHHIE MO KpafiHell Mepe
OIHOTO H3 TPEeyTro/JbHHKOB, 06pa3yeMblX TPOHKAMHU HHCEN 2y, TO AJA
HalIMX IleJell JOCTATOMHO ONMHPAThCA Ha HENPEepbIBHYIO 3aBHCHMOCTb
HyJell oT KO3(p(UUHEHTOB AaA IOJUHOMOB BTOPOIl CTENEHH, a 3TO
cBOHCTBO  TpuBHaJ/JbHO. [[loclefiHee  3aMedaHHE NPUHAAJIEIKHUT
A. u R. Brauer’am.]

33. [M. Fujiwara, Tohoku Math. J., 1. 9, ctp. 102—108, 1916;
T. Takagi, Proc. Phys.-Math. Soc. of Japan (3), 1. 3, ctp. 175—179,
1921.] Ilyete P (2Yy=ay(z—27) (2—2y) ... (2—2,) U 2—TOUKA, ANA
KOTOpOH

P(@)—cP' (zy=0, P (z)0.
Torna umeem:
P 1 1 1 1 1

PE ¢ :z—zl+z—zz+ "'+~z—~z,,_ =0 o)
4TO € TOMOLUBIO BENHUHH
m1=——l—— m =r-—l—— M=
2=z B T 2=z 2T T T g, 27

1

M: lCJZ (/n1+”12+'--+m/z)

MOXKHO 3altHcaTh B BHJE

mzy+meze 4+ . A1z,
m1+ﬂ1:+...+nzn + M. (2)

B npapoil wactH (GOPMyJBl (2) CTOAT JBa u1eHa: NMepBbIfi MpeICTaB-
afeT coboit [EHTp TSKECTH HEKOTOPOro pacrpefiesieHds] Macc B TOY-
Kax 2;, Zgs ---» Zn, T. €. HaABepHSKa JEKHT B HAUMEHbLIEM BhIMYKJ/IOM
MOJUroHe, OXBATbIBAIOLWIEM 3TH TOUKH, BTOPOH WYJEH IIPENCTABJISET
BEKTOD, NapaJuie/bHblil BekTopy ¢. OTClOfa H BbITEKaeT Halle yTBepx-
zenue. Cum. V 114,

34. [T. J. Stieltjes, Acta Math., 1. 6, crp. 321—326, 1885;
G. P6lya, C. R.,, 1. 155, ctp. 767, 1912.]ITlycts 2, (v=1, 2, ...
..., 1) —Kakofi-1i60 Hyab P(z) un A(z,)s=0. Toraa raxkxke u
P’ (2y) %= 0. HeiicTBUTEIbHO, B MPOTHBHOM CJydae H3 AudpepeniiHaib-

=
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HOro ypaBHeHusi Jns P (2) BuiTekano Obl, uto H P"(2,) =0, oTKyla
B pesyJwTare IanbHeiulero IH(pGEpeHLHPOBAaHHA CJeloBano Obl, YTO
. P (2) BooGlle TOKIECTBEHHO PaBHO HYJO. YpaBHEHHe

P’ (2y) B () _
2P’ (2v) + A{zy)
1 1 1
= + Y + + + + +
Zy—2y Zy— 2y 2y —2yp '—Zn
P
—+t =t +====0
Zy—ay 2y — . —ap

nokasmiBaeT [31], 4To 2z, JEXKHT BHYTPH HaHMEHBILUEr0 BHIIYKJOIO
NOJMHTOHA (COOTBETCTBEHHO OTPE3Ka), COACPMKAUICrO UHCAA 2y, Zg, -- .
vy Zyo1y Zysgs +ovy Zny Gy, Qoy ..., Q. PACCMOTPHM TeNepb HAHMEHB-
IHHA BBITYKJBH MOJMIOH, COAEPXKAUWMH YHCAA 2y, g, ...y Zn, Oy, A, - - -
., Q,. V3 mnpenpinymwero ciaenyer, uTO Ha €ro rpaHdlie MOCYT Je-

KaTh TOJMBKO @, H JAullb Te HyAH P (2), KOTOPbE OAHOBPEMEHHO CAY-
KUJMH 6Bl HyaaMmu A (2); HO TakuX cpelH 2, HeT.

35. [J. L. W. V. Jensen, Acta Math., 1. 36, crp. 190, 1913;
J. v. Sz. Nagy, Deutsche Math.-Ver., 1. 31, c1p. 239—240, 1922.]
Ilyers 24, zz, vers 2n —Hme f(z) u

! + —O,z;&Z,z;&zv (v=1,2, ..., n.

z2—z; ' z2—2,

OTClOILa BCJEICTBHE CHMMETPUYHOI'O PAacioJOKeHHUs Hyneﬁ HMeeM:
n

J z—zv+z——fv =0,
Zq< 1 1 >

YyTO, KaK MOKaskBaeT GopMyda
1 1 > 2 —(x—xp)2—y?
¥ =9 Y 0, Y
J(Z—Zo—}_z—-fa |(Z——-'Zq;|)(2—-‘fg)l2
(@=x41iy, zo=2x,+1y,),
HEBO3MOXKHO, €c/H 2 JEXKUT BHe BceX yKasaHHblx KpPYI'OB.
86. Tlonaras z,=x,+ iy, uMeem

oo

CXOINMMOCTH DANA ) X, BHTEKAeT 1 CXOIMMOCTb psja
n=1 n=1
O6parHoe oueBHIHO.
87. Ionoxum 2, =x,-+iy,. 3 npeinosoxenus 3anaui Brite-
KaeT TOCNeIOBaTeNbHO CXOLHMOCTb PSJIOB

. Tem campiM 13

[ee)

2 xll, 2 mz;"l‘: 2 (x;-,l—y;zl)’

n=I1 n=1|\ n=1

2 %~ - =3 |zl

n=1| n=| n=1\
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38. Ipumep: 2z, =eind (In (n+1))"%, 6 uppauuonaneno. Cymma

n
Z e*V¥ npy n—>co ocraercs orpanuuexHoit [peiuenne II 166,

opp, crp. 316].
9. Ilycts Bce wheda 2, OTIMYHBL OT HYJASt H PacHOJIOXNEeHH
B TOpSKe BO3PacTaHHA MOAyJeil:

s
I<lal<s|zl<|z]<
3akmouynM Kaxmoe u3 2y, (v=1, 2, ..., m) B Kpyr xauamerpa 0
C HEHTPOM B zy. JTH KPYT'H HE HMEIOT OGI(HX BHYTDEHHHX TOYEK H
&
LUETHKOM cofiepxkarcst B Kpyre |2|=<<|zn|+ . Tlostomy

62 51\2
miu - <n <| Zm |+‘2‘)
H, CJAE€I10BaTeqbHO,
Inm

lim sup m

m-—oo

<2 [T 113].

40. PaccmarpuBaeMoe Bbipak€HHE PaBHO

io lux'_
n Z(n) n’
1

Muoxuntens ni¢ BCIOAY IIOTHO 3aNOJIHSCT €MHHYHYIO OKDYXHOCTh
[I 101]; ocraTouHBIH MHOXHTEJNDb CXOAMTCH K HHTErpafy

1

; 1
Sx“dx—m.
0
41. Vveewm:
fim 2= (1) (1) (U)o (U)o
_.<sm X e m
T\ ax Jx=: 0 2w °
Tonoxkum {4-n=17"1+n2 e 0< 9, <%, TOT/a thnﬁnz%,
CeflOBaTeNbHO, DS ﬁl—}—ﬁz—}— .+8,-+ ... pacxomuTcs, npuueMm

lim 4, =0. Vmeem:

argz,=2n (0, + 8,4+ ... + 8, — [0, 4+ 8, + ...+ 9,].
B cuny 1 101 mpenennHEle TOYKH MOC/IELOBATENBHOCTH 2, 3a3HOJHAIT

OKPYKHOCTB 1
e T\ 2
i 2|= < on ) .
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42. Vneem:
ri=laP=(14)(14+g) (14 5) = 1 5 B,
|2p41— 25| =1y tzfl—l}_
;1:’(;;11 V:r_ctgl*l/n ]/l +__ 1 - gﬁ+'“

Orciona r,lrv% @, [1 70].

43. B cuny 11 59 u II 202 mony/p HHTepeCylOWero Hac BbIpa-
skeHust cxomurcs K e %, Ilostomy JnocraTtouHo JokasaTk, 49TO

n 2n sin IT
2nsin—=In2— Z arctg—tn— =o(1),
V” Mg 21 008 ~—= -V
Va

rae arctg x B touke x=0 paen uymo. Ilycte n > . Torna [I 142]

2nsin —— - - - 1
Vn 2V 7t oVait| Al —~2»>_
¢ é 5 é n_b - - O \n
2ncos — —wv 2n<1—-~—j—v
Van n
x3

TTostomy arctg x=x— %+ ... MOXHO 3aMEHHTb Ha X. Tpebyemae
YTBEP2KJE€HHE MIOJHOCTBIO BBITEKAET TOrJa U3 COOTHOLIEHHS

hn

1-r12——’11~ 2 [—Z—[—2<l ; >]=0(n1).

N1 2— l—cos —

Vn

310 mocienHee mosydaeTcAd C TIOMOLLbIO HeGOJBLIOrO pacIlHpPEeHHs

teopembl 11 10 npu 3amene B paccMaTpHBaeMoi TaM cymme A,
b—a

yjeHa f(a—}-v Ha f<a—}-v———}—e,,>, pesyaetar A,=0 (n1)

ocraeTcs B cuae, ecau &,=0 (n1). (Ilpu stom npeamosaraercs, 4Yto
dyHKUMA f(X) ompelesieHa M OrpaHHYEHa e€llle HeCKOJbKO BJIEBO
OT @ ¥ BOpaBo or b.)

44. Tlycte lim 0,=0, {,<<K, nanee, hm Zo=2, |2, | <M,

n—»oo
|z|<<M, K u He 3aBHCAT OT n. Psjpl
o=aq+ata+ ... +a,+ ...
p=aotaztazt ... +az,+ ...

a6Co/IIOTHO CXOJATCH. nyCTb € — POU3BOJIBHOE MOJIOZKHUTE/AbHOE YHC/I0

H



OTZAEJ TPETUM - 305

H N=N (¢ crons BeJHKO, 4TO |2,—2z|<e i Bcex n>N.
Hs paBenctBa

( Z av 24+ Z a2yt 2 Ay — ) (29— 2),

v=0 / v=0 v=0

nonarasi w= (0 —oa)z-4f, nonyyaem:

w—-w,|<M|og—0,|+M i a|+| D awy |+
V=n-1 v=n-1
N
+2M Y |any—ay, |+ 2Ke.
v=0

45. [Cm. . Schur, J. fir Math., 1. 151, ctp. 100—101, 1921;
F. Mertens, J. fir Math., 1. 79, ctp. 182—184, 1875.] Ilycte
V. 1 W, — 4acTHYHEIE CyMMBbl pPsLOB

D Y (7 ST N D]

n=0 n=20

Wo=uVotthay Vit ... +8V, (1=0, 1,2, ..).

Ins Toro uyrobbl CXOAsMasicd MOC/AENOBATeNbHOCTL V, mnpeobpa-
S0BBbIBaJIach B CXOJAMIYIOCA 3Ke MocJjesoBaTefbHOCTh W,, BO BCAKOM
cryuae HeQGXOIHMO, YTOOHL CYMMBI | U, |+ |d,-y |+ ... + |4, | OblH
OorpaHHYeHb, T. €. Pl Uyt u,+U,+ ... aGCOMOTHO CXOAMJICH.
Ho roraa ocransHble ycloBus 1, 2 (cMm. crp. 118) BelmonHsiorcs
aBToMaTHYeckH. TeM caMblM HCKOMBIM HEOOGXOZMMBIM H JOCTATOYHBIM

ycJIoBHeM SIBJIAETCA abCoJIIOTHaf CXOZHMOCTb psjia '

gttty ..U+

46. [Cv. I. Schur, 1. c. 45, ctp. 103—104; T. J. Stieltjes,
Nouv. Ann., cepus 3, T. 6, crp. 210—213, 1887.] O603Hayum yacTHY-

HpI€ CYMMBEI pﬂ,Z.lOB
Z (4 Z KZ utvn>

‘n=1 n=1\¢n

yepes V, u W,. Toraa [VIII 81]
W,,=u1Vn+u2V[£]+u3V[i]+ —|—u,1V[E] n=1, 2, 3, ..).

Torna

Kosdpuunentr npu V, paBen cymme Tex u;, AN KOTOPBHIX [li] k.

B uacrHoct#t, Kospduuuentst npu V,, Viaq, Vg , Vin, e
i Ik
v={Vn], paBHbI COOTBETCTBEHHO uj, U, ..., Uy, HOO 1JA 2<<!<<
=<V 'HMeeM: -
n n n n .
—i— T=rg=p~-r=l
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Eciu cymma Monyselt KosdepuuHeHTOB B 7-H CTpOKe OrpaHuyena,
5TO TONABHO uMeeT MeCTO JAas |uq |+ ||+ ... +luyl, T. e. pan
ut+us+ ... +u,+ ... abcomorHo cxoiutcs. - MickoMeiM HEOGXOAH-
MBIM H JOCTATOUHLIM YyCJOBHEM CJYXKHT NOSTOMY abCoJIOTHAs CXO-

OUMOCTB pfja uy 4wy~ ... +u.-++ ... o
47. [R. Dedekind, eM. P. G. Lejeune-Dirichlet, Vorle-
sungen fiiber Zahlentheorie, 4-e m3n., crp. 376, Braunschweig, Fr.
Vieweg, 1894*); J. Hadamard, Acta Math., 1. 27, ctp. 177—183,
1903. Cp. I. Schur, 1. c. 45, ctp. 104—105.] TTosnoxum:
An:a0+a1+a2+ v Fan,
B =60y + 1101 + Vol + - -+ Vala

n—1

B,= 2 (Yv—= Yv+1) Av+ndn.

y=1

48. [Cvm. G. P61ya, sanaua; Arch. d. Math. u. Phys., cepus 3,
T. 24, cTp. 282, 1916. Peweune-—S. Sidon, TaM ke, cepua 3,
T. 26, crp. 68, 1917.] ITonaraewm:
Cllg=2q, Ug~+-Uy 4 .. + Uy FCu,=2, (n=1,2,3,..)
g+t + ... Fup Fu,=w, (n=0,1,2,..),

2w =U@), ¥ u"'=20, X wl=WQ.

n=0 n=20 n=0

CpasHeHue Koa(pUUHEHTOB JaeT:

U
H, CJIE€A0BATE/BHO,

Torna

U
=

—

+e—=HUE),

[Tan 1l

Z @
VO =muat

Ilyete ¢4 0. U3 nocnensero ypaBHeHHs CpaBHeHHEM KO3dduuHu-
€HTOB NOJIY4aeM:

_e—1n (c—1)n-1 c—1 1
Wn="—"rmi~2+——(m &+ .+ %t
n=0,1, 2, ..).

ITpumennn Kpurepwii, ykasaummifi Ha crtp. 118, Buzum, uro psx

o0
c—1yn
o+l
n=20

—1 1
H TOJNIBKO TOM cJyyae, KOrAa CT <1, 1. e. Eﬂc>v2ﬂ.

49. [I. Schur, Math. Ann., 1. 74, ctp. 453—456, 1913.]
Cayuait, Korlla c¢=—*k ecTh HeJOe OTPHLATENBHOE UYHC/IO, MOXKHO

JIo/mKeH abCOMIOTHO CXOJUTBCH. Ho 310 Bo3MOXHO B TOM

*)TI. T, Jlexen Jlupuxae, Jlekuug no teopun uucen, OHTH, 1936,
crp. 323. ;
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33paHe€e HCKJ/IIOYHTh; TNpPHMEp:

/! n Uyt i+ ... Fu,
u"=\k—1>’ U,+c =2 1n+1 =0

ama k=2,
=In (n—}— 1)
s k=1 [1 69]. Cnytxan ¢=0 He mMpeiCTaBAfET 3aTPYAHEHHIi.

TTonoxum:

Ug+u;+... + u
un—'}_c—()———ﬂ—_‘——l——n:zﬂ’ un:w/n

H nycTb, Kak Ha ctp. 118,

. Wa= AnoZg + a2z, .. FAnnza.
W3 cootsoenui

n+1D)z,—nz, y=4+)w,—nw, ;+w, (=12 3,..)

1
C MOMOWBIO YMHOXKEHHST Ha NTH(;H_F——*{)) U CJOXKEeHUA N IepBbIX pa-

BEHCTB BBHITCKAeT.

T (nte+) SR h
P e =T e+wo= ¥ SrEd ot ha—va )=

n—1

I e P PR P

v=1

(n—l—-C—I—l) (I’L+ Dz, —c

F(n+1) A~ TOhHD
T. ©
nd-1 I'in4-1) I'ivtce+1)
We = e 1% “Flntcty 2 ICEN A
Tlpu ¢uKCHPOBAHHOM Vv
= e [1 155
TaK 9TO lim a,, cywecTByer TOra H TOMBKO TOrja, Korjaa Re>

n — o

— 1. Tlycrs, cnepoBarensHo, Re> — 1. Togoxnm:

1
u0=u1=u2=.-.=1+0-

Torza
1

2,=1, w,= e

H, cJaeJOoBarTe/bHO,
1

a,lo+an1—}—an2—}—...—}—an,,=l+ .

c

Ilyers, npanee,

F(rdc4) I'(n+1) e
I T (i) (<A”Y’ if(n+c+2),<BnY Y
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rie Re=y, a A u B — HeKOTOpHle NMOCTOSIHHBIE, HE 3aBHCAILHE OT 1.

DTy HepaBeHCTBa 40T
n-—1

|@ng || @ |+ oo | p pey | <[ €] ABA-¥=1 37 WV —
v=20
¢! AB

T 1122

—|c| AB ngdx—
b

TakiuM 06pa3on, HCKOMBIM HEOGXOAMMBIM M JOCTATOUYHHIM YCJIOBHEM
aBaserca Re>— 1.
50. Ilycrs a,=a,+ iP,, ¢, P,— BelllecTBeHHblE. 3ameyas, 4TO

2 v 1) = }‘ 1= (145 )|=0

(6uHOMHaMbHEH paal), myTeM 06OOIIEHHS J0Ka3aTelbCTEA TEODEMbI
I 75 nonyuaem, urto lim (¢, +a,+ ... +a,)n =0, 1. e.

il - oo

lim (o, 4o+ ... Fa)n=1lim B;+B+ ... +Pa)n

n-—o n — O

Ho Temepp K KaXAOMY H3 CTENEHHHIX DP510B
o A e R e T AL CE
Pat+PBat®+ ... +Bat" -+
B OTLEJbHOCTH MBI MOXeM mNpiMenuts [ 92. Jrto naer:
: 1ilm 0(1 — O ot ol .. L) =
7 = lim (1= )% Byt +Psfr+ ... +PBut"+..)=0.

t—-1—0

51. Ecau uerbipe uacTH psija, COCTOAIUE KaxKIasd U3 YJACHOB,
cojlepxaluiixcs B OI1HOM M TOM e 3aMKHYTOM KBajpaHte (Mz=0,
Jz2==0 u T. 1.), cXo1ArcA, TO PAL CXOAMUTCH aGCOJIOTHO.

52. VYcrauasmiBaercs noC/ef0BAaTeJNbHBIM pasbuHeHHEM yria
TOTOJAM: €CJH WIeHBl 2, Zr,, ... JI&KAT BCe B ORHOM yrje o, ==
sargz=0, u par |z, ||z, |+ pPacxolIHTes, TO Bbmenﬂem

ﬂ
M3 HUX B OIMH DS WIieHbl, Jexamue B yie O, <Cargz< Oy 49, 1L

B JpYrofi — WieHsl, JeXKaliie B yrJje % <cargz=_0,; oauH

U3 3THUX JIBYX P#JI0B NOJXKeH ObiTh PacXolsulliMCs.
53. /lns xax10ro M3 BJOKEHHBIX APYI B Jpyra yrjios

aox (__ a oy ( TN
T2 2 Goow ) o T one 2n>’

/

Bb16npae1\1 U3 pdAJa KOHEUYHOe YHCJIO0 4YJICHOB

th’ th+17 LA th+k’ Zmlen-'}—iymr
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COJEpXalHXCsA B 3TOM Yyrae (W pas3jiHuHelX YIVIOB pas/HYHbIE
ujeHsl), Tak, YTOObl HX BENIECTBEHHBIC YaCTH Y/OBJETBOPAJH Hepa-
BEHCTBY

1 <x,h—}-x,h+1—}- —}-x,h+k<2.

54. [Janpuefimnue pesyaprarel y P. Lévy, Nouv. Ann., cepus 4,
T. 5, ctp. 506—511, 1905; E. Steinitz, J. fiir Math., 1. 143,
crp. 128—175, 1913.] Ilycth nosoxHuTeNBHOE HaMpaB/EHHE Belle-
CTBGHHONI OCH ABJfETCA HAaNpaB/eHHEM CrYIIEHHA; 3FTOTO Bceria
MOXKHO JOCTHYb YMHOMKEHHEM Ha MHOXKHTeNb BHIA ¢‘*. Ilycth, nasnee,
zr,+2,- ... —dacTe 3TOro psAjna, BuiGpanHas, kak B 53. Torna
K BemecTBeHHoil ee uactu npumeHsem I 134, k muumoit — I 133.

B5. Oyuxunu z=x41iy, 22=x2—y> —}-21xy—aHanuTquCKHe,
|z] = Vx2 + 4?, Z=x— iy — HeaHa/IHTHYECKUE,

56. 1 HYCTb f(x+iy)=u+iv. 3nech 4 uspecTHO U PyHKUUA

Flet ig) = u (3, y)+z(svx<x 0)dx+gv,,<x y)dy)

—ue -+ = 0 et s )
\ 0

TEM CaMbIM OJIHO3HAUYHO Olpejessercs.

2. CrameM Tenepb HckaTb (yHKuHIO [(2) cpenu Tex, KOTODHIE
DPH COTIPSA&KEHHBIX KOMIIEKCHBIX 3HAYEHHSAX apTyMEHTa NPHHHMAIOT
CONps’KeHHbIE 3HaueHudA. Mmeewm:

(1
JO+F =2t = ey 2
Ho coraaceo 1 ($yHKLHA f(z) O/IHO3HAYHO oOmpeleJsieHa CBOeH Belle-

-CTBEHHOH 4acThlO; C IPYToi CTOPOHBI, PAlHOHAIBHEIE GYHKLUHH OT 7 —
aHaNUTHYeCKHe [H urwitz-Courant, crp. 46%)]. Ilostomy

Z
f(z)=1‘_i_—zz-
57. IlepBoe pemmen He Bb(;pa}xaeM ® uepes x U Y, y6ex-
20

JaeMcsl B TOM, 4TO ypaBHEHHe axz ° 44 = = 0 yIOBJIETBOpAETCH, A 3aTEM

onpezenseM Jf (2) ¢ MOMOMIBIO HHTEr pHPOBAHHST [56].
Bropoe pewenune. Yacth BelllecTBEHHOH OCH MEXLY @ M -+ 00
BHIHA M3 Z NOA YIJOM

n—JlnE—a)=a4R[iInz—-a)].
ITostomy

f@)=n4iln@—a)—[atiln@E—b)]+ic=ic+ilni=g,

rje ¢— BeuieCTBEHHAdA IOCTOSHHAsA.

*) Fypeum, crp. 69; Typeuu-Kypanr, crp. 56.
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88. Illycre f(x+iy)=ux, y)+iv(x, y). IHuddepenuupys
¥ 0603Hauasl YaCTHbIE TPOH3BOJHBIE OT 4 H U UEPE3 Uy, Uy, Usxy «r,
noJyyaem:

axa (1) =2 (1 Oh A ttt ey 00,
(Tyz (1?4 0%) =2 (uy - vy - iy, + voyy).

Téﬂepb CKJaJplBaeM H HpHHHMaEM BO BHHMAHHE COOTHOUIEHUSA
ui+0§=u;+05= |f, (x+iy) ‘2, uxx+uyy=0xx+vyy=0,

BeITeKawme H3 AuddepeHUHaNbHEX ypaBHeRui Komu-PrMana.
59. Cum. peuenne 58. Kpome Toro, nmpuHHMaem Bo BHHMaHHe, YTO

(a4 00 - ity - 00, = (02 0) (it 03) =
=|f(x+iy)|?
60. 113 nogo6us TpeyrolbHUKOB BHITEKAET:
xE=y:m=1:1=%

21 42 9
x+ly=§ ; ’ x2+y glj__?;;z_ l_c_ly

E— 2x . 2y r— A3 g2—1
T wrgyir T Erer ST eEygFre

61. Nwmeem [60]):

p: x—|—1y= E,l—.i:lg‘f]’ P’: E) M, Cv -P”: E) — 1, _C’

OTKyAd

cJeJloBaTeNbHO,
utiv="5""M _ =i (=0 _ x—iy !

1+ 1-+¢ Ty xtiy

62. Ilpu npoekunu Mepkaropa: Ha npsMele, napaj/enbHbie
OCsIM, B NJOCKOCTH, Ha KOTODYIO pa3sBOpauuBaeTcs UMJIHHAD, HJH Ha
ofpasyiollye TpSIMBIE H HAMpaBJslOmiHe KPYrH camoro LHJIHHJIpA.
OTHM cBOHCTBOM H TpeGoBaHHeM KOHGOPMHOCTH * MpoeKHusa Mepka-
TOpa oOmpefensferca OLHO3HAuHO [cwm., Hanpumep, E. Goursat,
Cours d’analyse mathématique, 1. 2, 3-e usm., crp. b8, Paris,
Gauthier-Villars, 1918 *)]. Ilpu crepeorpaduyeckoil NpoOEKUUHU: Ha
Jy4yd, HCXOAfAIIHE N3 Hauaja, H Ha OPTOrOHANBHO INepeceKalomiue Hx
KOHIIEHTp HYeCKHE OKDYKHOCTH.

Etin _ eMcosg _ 0
63. XAy = = 1__Smcp—tg )e'
CJ1e0BAaTeNbHO, 7 :
x4 iy = e,

*) 9. T'ypca, Kypc maremarsueckoro aganusa, T. 1I, u. 2, crp. 227,
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64. Tlosaran w=u-}iv, Ameem:
2] =1¢", argz=u,

Taxum 06pasom, HCKOMBIMH KPHBEIMH CJ1yKaT KOHLIEHTPHYECKHE OKPY K-
HOCTH C HEHTPOM B Hauaje KOOPAMHAT ¥ OPTOTOHAJbHO MEpeceKalomue
UX OpAMOJHHelHble JAyun. [62, 63.] : .

65. i3 paBencrBa w=u-iv=2%=(x+iy)? oTneads Belie-
CTBEHHYIO H MHUMMYIO HacTH, MOJydaem:

u=x2—y?, v=2xy.

VlckoMbIMH KDHBBIMH CJIy2KAT MO3TOMY 1Ba ceMeiictBa runep6oi. Ounu
B3aUMHO OPTOroHa/JbHH Kak KoHQopMHble 06pa3bl JABYX B3aHMHO
OPTOrOHAJBHEIX CEMEHCTB NpAMBIX « ==const., v = const. NJI0CKOCTH W.

66. Ilycts z=x+tiy, w=u-tiv, Toraa x=u?®—v? y=_2uv.
HckmouenneM v, COOTBETCTBEHHO U, MOJyHYaeM, UTO NPAMBIM & ==.const.
COOTBETCTBYIOT Napabonl y? = 4u? (u® — x), npsaMeIM v = const. — napa-
Go/el y? =4v® (v?+x). Bce atn napaGonn umetoT obmue och y =0
H dokyc x=y=0. Uepes Kax1yl0 TOUKY IIOCKOCTH Z, 32 HCKJIO-
uedueM 2z =0, npoxoaar nge mnapaboJsl, nepecekas APYr Apyra MoA
NPSIMBIM  YTJIOM.

67. Ilycte 2=x-+4iy, w=u-iv, Torna

el'fx+iyj+e—i(x+iy)

utiv= 5 ,
OTKyJla .
eY4-e7Y e Y—el
= ——COS X, v=——""sinx.
2 2
1y t 6 “ o =1
PAMBIM X = CONSt. COOTBETCTBYIOT THNEPOOIb —or — =1,
u? 2
NpAMBIM Yy == const. — 3/THNCH TR + =1 Bce stH
S B
KpHBEIe HMeloT obmue Gokychl w=—1, w=1. 31 cemelicTBa B3aHMHO

OPTOrOHa/IbHbl (COOKYCHBIE KOHHUECKHE CedeHus).
68. 113 x=u-te*cosv, y=v-4e*sinv HCKIOUEHHEM U, COOT-
BETCTBEHHO 4, TMOJYyYaeM: :
x—u=¢e"cos(y—V e — (x—u)?),
y—uv=e*—@¢—vctgvginy,
[psavasa v=0 nepexoaur B ¥ =0, nNpAmMan v==m JIBaXIH NMOKPEIBAET

GeCKOHEUHRI OTPE30K Y =1, — oo <X =K — 1.
©69. Ilpun oro6paxkenuH TnoOJMyyaeTcsi o06sacTh, OrpaHHUEHHAS
Jdyuamu arg w =&, arg W = — & H OKPYKHOCTAMH | w | = e?*¢, | w|=e""",

Orciona naow@apb e pabna € (e2912¢ — ¢22-2¢) VickombiM nipesenoM Oy fer

20428 __ o202 )
lim &% — = %,
e—+—+10 4e
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70. Hmeem:
X2 Yy Xz Ys
§ V17 @ pdedy=F\|sin(e+iy) 2 drdy.
X1 i | Xy Uy
ITosnb3ysick COOTHOIIEHHEM ‘
|sin (x+ iy) |2 =sin (x4 iy) sin (x —iy) = —%cos 2x —}—-}T (€% 4 e7%),

noJsy4yaeMm Aaa IJoWald BEAHYUHHY

Xp— X

3 (e: — e — g=%W: |- g~ W) — % (sin 2x, — sin 2x,).

’ 7
Haa x,=0, x,=+", y=0, y, =y nonyyaem ymMeHbIICHHYIO B YeTLIpe
pasa mJoWaib 3JIHNCA C MOJNYOCSMH
’ eY ey b eV —e Y

a=—g > b=—5—-

71. [ (?)=2z. Ha okpyXHocTAX C HeHTpOM B Hauase, Tie
| z| =const., cOOTBETCTBEHHO Ha Jydax, BHIXOAALIMX M3 Hada/a, BIOIb
KOTOpBHIX arg 2z = const.

72, [lna 0<<a=cn orofpaxeHne B3aUMHO OJHO3HAYHO; 06pa3oM
CY2KHT 06/1aCTh, OrpPaHHYEHHAs OKPYKHOCTSMH pajnycoB e u e “ u
Jy4yaMH, COCTABJASIOIMMH C TIONOXKHUTE/bHOH BellleCTBEHHOH OChIO
yriel ¢ 4 —a. Jdasa a>>n 3ra 06/1acTh MOKPBITA HECKOJABKO pas,
YACTHYHO MM TIOJMHOCTBIO. S @==nm oOHAa TOKpHITa POBHO A pas,
32 HCKJ/IOUEHHeM HEKOTOPhIX TOYEK BEIeCTBEHHOH OCH, TOKDEBITEIX
auwe n—1 pas.

73. Touka mepeceueHus Jyua ¢ oKpyxKHocThio |w|=1. [eficTBH-
TeJbHO, TOT H3 BePTHKA/bHBHIX OTPE3KOB, COAEpXKAlIUXCA B Kpyre
| z| =< r, KOTOpBI TMepeceKaeT MAaKCHMaJbHO BO3MOXKHOE UHCJIO NapaJ-
aened Jz=a, o4 2n, o —2n, o J-4n, o —4mn, ..., JEKHT HA IPAMOI
Rz=0, koropoil coorBercTBYeT OKpyxkHocTh |w|=1. (VIII 16;
N (r, a, @) npu (UKCHPOBaHHBIX r M o IpHHHMaer HaHboOJbllIee 3Ha-
uenne, Korjga Ina=0.) :

T4. Tlpn 2;5%2,, |2,] <], |2,|<<1 umeem:

23+ 22,4+ 3 — (21422, + 3) — (2. — 2y) (22 42, +2) 5= 0.

75. Ilyctb z=re%, r >0, 0 <O <<m; Torna w = Rei® = r22i®,
3Hayut, R=r?, 0=29, 1. e. R>0, 0<<O << 2n. Ecau, obparHo,
safgasl R, ©, To r u & onpelensorcs 0JHO3HAYHO.

76. PaccmaTtpuBaeMas (yHKUHS ONHOMUCTHA B eJHHHYHOM Kpyre
|z|=<1, kpome TOTG, B HeM |w|=<1 [5]. To, uro Kaxknoe H3 3Haye-
HHll w, |w|=1 npHHHMaeTcs, BBITEKAGT M3 TOro, 4Yro obpartHast
ynKums .

ate

E= T getag
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ABJSETCH OTHOCHTENbHO e %w (yHKuMeHd TOro ke BHJAa, 4TQ H 3ajaH-
HafA. TOUKH MNOCTOSIHHOIO JIHHEHHOro HCKaxKeHHA pPacnoJioKeHbl Ha
KPHBOH

1— |al?
T —ar e — const.
[1—az |

Ecin as£0, T0o OHH neXKaT Ha HEKOTOPOH Jyre OKPYXKHOCTH C LEHT-
1 " o
poM B TOUKE — (CONPFKEHHON C @ OTHOCHTEIBHO eIHHHYHOH OKpyX-

HOCTH).

77. [Cu. A. Winternitz, Monatshefte d. Math., 1. 30,
ctp. 123, 1920.] Koraa z npoGeraer oxpyxuocTb K, TO COrJacHo
4
T
10 0 B ©0) rapMOHHUECKH CONPSKEHBl KAaK OTHOCHTeJNbHO K, Tak H
OTHOCHTEJIbHO eIHHHYHOH oKpyxkHocTH. IlycTe Tenepp 2,— HEHTp H
r — pajguy Torma a, |a|<1,
onpejensiercss M3 KBajpaTHOTO ypPaBHEHHSA

NPeANON0KEHUIO i - l:const., T. €. TOYKH @ H — (ecniy a=0,

(a—2,) (-‘11— - 20\ =r?

/
13887 '
1 |
(\al—-|zo|)(m-|zol)=r2, arg a = arg z,;

0. ITpOHU3BOJILHO.

t 2—1 -
w = const. S =—=.
79. Ilycth 2z =re%, Vmeem:
1 1
T+ T
w=—2—cosﬁ—z—2——smﬁ.

‘OxpyxHOCTAM |2 |=r, 0<<r < |, COOTBETCTBYIOT COPOKYCHBIE HIAUTICH
1

- +r -
5 M3
Jlyuam @ =const. coorBercTBYIOT CODOKYCHBIE THNEPOOL € TEMH e
¢okycamu -+ 1, — 1, oproronanbHble K OnpefeieHHbIM BHILIE 3/JIHIICAM,
Haa |z]=1, z=¢"" uMeeMm w=cos®. Takum o6pa3oMm, Koria z
npoGeraeT eAMHHYHYIO OKPYKHOCTE |Z[==1, To w ABaXIbl ONHCHIBaET

BELIECTBEHHHIH oTpesok — |l =Cw =< 1.
80. Dyuxuusd

¢ NoJyoCsAMH

" ofuuMu gokycamnl w=+ 1, w=—1,

1
w=kz+g,
rue

al‘“Va]“’—l _ a2—Va§-“1
1 - !

ra

O< bry<hry<l, k=
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OTOGparaer paccMaTpHBaeMoe KpPYroBoe KOJbLIO Ha KOJbHeoGpasHylo
o6sacTb MeXNy 3/HNcaMH ¢ QoKycaMH —2 H 2 ¢ 6OJIbIIHMH NOJy-

1
OCAMH krl—}_ﬁ_ H krz—}‘m.

2+ —
81. Tlonoxum wz—TZ, z=re'®, rtorpa [79]
1 .
T—f—r é—r
w=———2—cosﬁ—}—iTsinﬁ;

Sw>0 a5 0< & <.

JluHefinoe HCKa)keHHe PaBHO
1
il 1

2 |72
B TeX ToYKax z =X iy, A KOTOPBIX

¥ —y?— 14 2ixy 2= | x®* — y* 4 2ixy |3,
1
2° :
TepeceKaloylo BelecTBeHHYI0 oCh B TOUKax 2z =+ 75

T. €. ¥ — y?=—-. OrH TOYKH.3aN0JHSAIOT PaBHOCTOPOHHIOW THIiepfoay,

Hns Touek c yriom nosopora

a4
£ o+
arg —s; =73
1 2 .
HMeeM R == 1, T. e. r2=co0s2%; 3TH TOUKHU JexkaT Ha JeMHUcCKaTe
1 ]
Z‘?'—,., —_— =
V2
4 + 'E'
2
paccMarpuBaeMasi 06J1acTb TJIOCKOCTH 2z TNpeoGpasyercs B BEPXHIOW
nonynyiockocte 3G >> 0 miockocru { [81]; npu sTom z =0 mepexoaut
B{==00,2=[—B{=0nz=F1—8 {=:1. Eciu bl Teneps

82. TlocpeacTBoM BCNOMOraTeJIbHOTO OTOGpAKEHUS [ = —

1
IIPOM3BENEM OTOGpaXKeHHe W = 7+ TO BEPXHAA NONYIIAOCKOCTH >0

npeofpasyerci Ha OCHOBAHHH 75 B IJIOCKOCTh W C Pa3pe3oM BIOJIb
HeOTpHLATeNbHOH BelIECTBEHHOH OCH, npHueM { = oo nepeilzer B w =0,
{=0—Bw=0cou {=+1—B w=1. Takum o06pasoM, HCKOMHIM
OTOGpaKeHHeM SIBJAETCH:

o — ( 2 2 422

A
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Toukn z="t 1 obe oroSpaxkaioTca B TOUKY W =1, HO Ha pas3NHYHHIX
«KpasXx» paspesa.

2n
argw = - (argz —a),
T. €.
0 << arg w << 2m.
84. TlocpencTBoM nepBOro BCIOMOraTesJbHOIO OTOGDEKEHUA =
N l

= (¢7#%2) P—% KpYyroBoll ceKTOp NpPeoFpasyeTcs B BEPXHIOIO NMOJOBHHY
Kpyra |{|<<C1, mocnesuas ke NocpeACTBOM BTOPOrO BClOMOrareib-

HOTO OTOOpakeHHs §=—

35> 0. TlpumersieM Tenepp 78.
85. Crenyer u3 paBeHcTBa

[81] —B BepxHIOK MOMYNIOCKOCTh

U—iv=—- [(P(x 9 Fipx, y]= 1- ay[cp X Y+ (x, 9)

"OT/JeJIEHHEM BEIIECTBEHHOH M MHHMOI uacTef.

86. B >t /HHHH NPeoGpasOBHIBAIOTCA B3aMMHO OPTOrOHAJbLHLLE
npsamele Rf =const., Jf=const. npu KoHPopMHOM OTOGpaKEHHH
[=[@-

87. U3 85 ¢ nomouwpbio judepepernanbioro ypasHenus Komu-

o T % =0. Oyrkuud ¢ TakKe yloBjerBopaer Auddepen-
uHa/bHOMY ypaBHenmio Jlanuaca.
88. ucosttusint=R[(u —iv)e’¥], Tak YTO paccMaTpHBaeMblit

uHTEerpa/ paBeH

Pumana

ERS G v gs— R Sj—';dz=m[f(z2)—f(zl)].
L L .

3neck dz o6o3HayaeT «OPHEHTHPOBAHHEINY JHHEHHHIH 3JeMEHT C MOAY-
Jem ds ¥ aprymeHTOM T.

89. usint—vcosT=J[(u—iv)""]; cM. 88.

90. Tperne ypaBHEHHE COBNAJAET CO BTOPHIM AuddepenuHasbHbIM
ypaBuenneM Komn-Pumana. O6a nepeeiX NoJayualoTcsl HENOCPEACTBEH -
HbIM JH(hepeHIHPOBaHHEM C NPHBJIEYEH EM [IEPBOro Iubpdepeninab-
Horo ypaBHeHusl Kowmn-Pumana:

1 op ou Ov ou ou
T T Tl Tl T T e TGy
1 dp ou dv ov 54
ooy YT VT Yy
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| BT "
91. BexTop @7:731‘5 COCTaBJ/ISIET ¢ TOJIOKHTEJIbHON BelleCTBEH-

o 1 :
HO# ochio yroa & M HMeeT NIHHY —. HMeeM, ¢ TOYHOCTBIO 1O aliH-
THBHOH NOCTOSIHHOH,

F@)=1Inz, g, y)=Ilnr=nVETF ¢, y)=0=arctg L,

SKBHITOTEHIHAJABHBIMH JTHHHAMH CAYXKaT KOHIEHTPHUHECKHE OKDYX-
HOCTH C IHEHTPOM B TOHKE Z=O, JIHHHAMH TOKA — OPTOTrOHAJIBbHLIC
K HHM Jy4H.

92- (Pz—(p1=lnr2—lnr1=]n%,’ ¢I_¢=2n’
l ’
T v .

T
1

_ n 1
93. Apryment Bektopa @ paBed O 5, IMHa paBHa —. Hanee,
C TOYHOCTBIO JO aJJUTHBHOH MOCTOSHHON, HMEEeM:

f@)=—ilnz, ¢, y)=1‘)=arctg%,
P, Yy=—Inr=—InV 2+

DKBHIIOTEHIHAJBHHIMH JHHHAMH CJIyKaT JYYH, BEIXOAALIHE U3 Hayafa,
JMHHSIMH TOKa — OPTOTOHaJIbHEIE K HHM KOHIEHTPHYECKHE OKPYKHOCTH
(o6parHo Tomy, kak B 91). IloTeunuan ¢ GeckoHeuHO3HAYEH,

94. Cornacuo 93 HMeeM, ¢ TOYHOCTBIO JIO BEIIECTBEHHOrO MOCTOSH-

2( .
HOroO MHO2KHTEJA, w=z—zj, cJ1e10BaTeNbHO,

oy 2—1 z2—1 z2—1
]c(Z)—:llnm', 'l]):lrl 2—}——1 ?‘i‘—l.
OKBUNOTEHUHA/BHBIMH JIMHHAMH YDOBHS C/IYXaT OKPYMKHOCTH, Mpo-
XOjfAllie Yepe3 TOUKH 2 ==— |, 2= 1. JIHHUAMK TOKA TAKKe ABJAAIOTCA
OKDPYKHOCTH — Te, OTHOCHTE/IbHO KOTOPHIX TOYKH 2=—1 U z=1 rap-
MOHHUECKU COMPAMEHH (0kpyxcrocmu Anorronus).
985. Peub uger o Tex TOYKax 2, Aas KOTopbix [93]

» —p=arg

ihy ihs ihy, _0
z2—2; 2—2, T z2—z, !
T. €. '
A Ay A
2—2; + 2—2, + et 22—z, =0,
rjle TMOJOKMTENbHEIE YHCAA Ay, Ay, ..., A, TPOMOPIHOHA/BHL cHjaM

toka. CM. 31, ocofeHHO NepBoe H3 NPHBEAEHHBIX TaM pPelleHHI.
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96. HyxHo tak onperenuts @ =/} (2), 4To0bl Ha 3aLaHHBIX
sanuncax 6el10 Rf =const. C nomonpio oToGPaKEHHS

e=hZ 4, UZ=2—V 74 [80]

YKasaHHasd KoJblreobpasHasi ofsacTe Inpeofpas3yercsi B KpYroBoe
KOJbLO 1y <|Z|<Cry. 3hech

r a—V ai—1 a—Va—=1 a,—V ai—1
no_amVasl oy _a-Va-l o=V (0> 0).
Iy a{—Va%—l

1 72

1
Tem campiM Bonpoc npusoAnTca X 91: ¢ nomowbio GopMmyJIsl W=

Ha IJOCKOCTH Z oripeiesisgeTca BEKTOPHOE 1o0Je, HMelolulee CBOHMH
SKBHNIIOTCHIHAJbHBIMH JHHHAMH KOHIIEHTDPHUECKHE OKPYXKHOCTH C [[€HT-

o az
pom B Z=0; Brosb 3THX JHHHH R S 7=cor15t. Ortciona mosygaem
aHAJIOPHYHbIE Pe3YJbTaThl I/

az 1 .
dz Z dz VZ‘—4
Ha 33JaHHLBIX 3JJHIICaX IIJIOCKOCTH 2, T. €.
7——~, f)=1In(z=1"2"—4).

JIMHHAMH TOKa cCaAyXaT CcodOKYCHble TIHnep6o/bl, IKBUIIOTEHIHAMNb-
HBIMH JIHHHSIMH — cOOKYCHBle 3JHICH ¢ dokycamH —2, 2. Hmeem:

w=—

—Vaz—1
Wb’ — 7 =921 — :lngzlnﬁi;’—.
‘q) 1P » P2 P1 ry al—Va—f—l
EmkocTh paBHa

97. Ilonaraem [93]:

i
w=——, P=—Ina P=—1Ind, ¢,=a, ¢=0
ConporuBnenue (3HaK 3/lech HecyiecrBeH!) paBHO
P
T Int—Ina®

98. CornacHo 85 exuHHYHAA OKPYHKHOCTb |z|=1 saBasercsa nu-
Huell Toka. EcaH npuusATh, 4TO BJOJIbL €NHHUYHOH OKpPYIKHOCTH H Ha
UacTH BelECTBEHHOH OCH, JexaleH B BEKTOPHOM roJe, GyHKIHS TOKa
MPUHHMAET NOCTOSIHHOE 3HAYeHHE, PaBHOE HYMO, TO € IOMOUIBIO
orobpaeHnus f=f(z) oKpyXkHOcTb |2z|=1 npeoGpasyerca B BeleCT-
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BeHHH# orpesok. CorjacHo 79 mosaraem:
1
fR)=k (Z + 7) 4k,  (k, k, BelECTBEHHB),

NpHUeM BCJIEICTBHE TOrO, 4T0 @=1 npu z=00, nocrosHuas k=1,
T. €.

99. Kpuruueckne Touku z=1=F1; @ npuHHMaeT B TOYKaX, CHM-
METPHYHQ. PACTIONOKEHHBIX OTHOCHTENBHO z=0, paBHble 3HAYEHHS;
NI0TOMY PE€3YJbTHPYIOIAS BCeX JaBJEHHH, OKasblBaeMbIX Ha UMJHHAP,
6yaer paeHa uymao [cM. 90]. aB/ieHHe JOCTHraeT MMHHEMYyMa, COOT-

BETCTBEHHO MAaKCHMyMa, KOIJa I 1— 5

BETCTBEHHO MHHHMYMa, T. €. B TO4KaXx 2=_Yi{, COOTBETCTBEHHO
z=7F1. CunoBoe mose, moayyaemoe moc/e TMOBOPOTa BCEX BEKTOPOB
Ha 90°, MOXKHO HHTEpPTpPETHPOBATL KakK Ioje, TOJYueHHOe MOCPe/CT-
BOM BO3MYILEHHA OJAHOPOAHOIO 3/1€KTPOCTATHYECKOro TNOJS MNEpheH-
JAHKYJSPHBIM K €ro Hanpab/eHHI0 KPYIVIBIM HHJIHHJIPHYECKHM H30/H-
POBaHHEIM He3apsXeHHBIM MPOBOAHHKOM (NpPOCTEHINHH NpHMED 3JeK-
TPOCTAaTHUECKOH HHAYKIHH).

100. [G. Kirchhoff, Vorlesungen iiber Mechanik, 4-e usn.,
erp. 303—307, 1897.] Broanm MONOMHHTENBHOE YCIOBHE HENPEPHIB-
HOCTH: TPaHHIA HENOZBHXKHOH BOABI NPOCTHpAETCA 10 GECKOHEUHOCTH,

JocTHraet MakCHMyma, CooT-

D A 5

D c
@)([rockacmsuy &)(lnockoemy W) b [Tnccroems £)

Puc. 3.

rie |w|=1, nosTomy BIOJb BCEH IpaHHLbI HENOABUAKHON BOJE HHTE-
pecylomee Hac NocTosHHOe 3Hauenue |w|==1. Ha orpeskax AB, AD
rpanuusl (puc. 3, g; WUT) K3BECTHO HamNpaBJAeHMe, HA JUHHAX
BC, DC (rpaHHua HenoABHXHOMH BOJB) —MOA Y Jb BEKTOpa @; B TOU-
kax A, B, C, D Bexkrop @ mnosHocThlo H3BecTeH. [Ipunumas BO BHH-
MaHHe NMOCTOAHCTBO HANpaBJACHHS, COOTBETCTBEHHO MOAYJs, Ha
yKasaHHBIX YaCTAX TPAHHIL NOJSA NMOTOKA, BHAHMM, UTO O6pPa3’oM aToi
FpaHuibl CAYKHUT B IWIOCKOCTH @ TrpaHuua noaykpyra (puc. 3, 6).
Ecin Mel BoiepeM aJJHTHBHYIO [OCTOSIHHYIO, BXOAAWLYIO B f
[etp. 131], Tak, uToOB KpHTHuecKoi Touke z=0 COOTBETCTBO-
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Bajio 3HaueHue [=0, to qauuusm toka ABC u ADC 6ynyr B mno-
CKOCTH [ COOTBETCTBOBaTb MNPOTHBOMOJOXKHBIE Kpas HOJOKHTEABHOM
BEIIECTBEHHOH oCH. Bcemy moso noToka GYAET COOTBETCTBOBaThH ILIO-
CKOCTb f, paspesaHHas BAOJb BEIUECTBEHHOH IOJIOXKHTEIBHON OCH, H

NPHTOM BCH IVIOCKOCTB HENHKOM, H6O TpPH 2 — CO JOJIKHO ObITh W ==
= Z’c ~ [ H, caepoBatenbHO, f~ iz. Toukam B, D nojia noroka coort-
BETCTBYET BCJIEJCTBHE CHMMETPHH OJlHA M Ta K€ TOYKAa ILIOCKOCTH [,
NPUYHUC/JAEHHA K BePXHEMY, COOTBETCTBEHHO HHXKHEMY, Kpalo pa3pesa
(puc. 3, ). 3ameuaeM, uTO NpH (HPHKCHPOBAHHOM @ PacTMKEHHE ILIO-
CKOCTH [ BBI3BIBAET TAKOE -9KE pACTFKEHHE TJIOCKOCTH 2, TaK Kak
df = w-dz. PacTsirMuBaeM Telnepb MJAOCKOCTh f Tak, 4ToOwl TOuka f =1
COOTBETCTBOBaJIa TOUKaM 2z =—t/; TeM caMmbM onpenesseTcsa YHCI0Boe
sHauerue [. Ecjn B3aWMHO OJHO3HAWHOE COQOTBETCTBHE COOTBETCTBEH-
HBIX uyacTell miockocTefl z, @ W [ BO3MOXKHO, TO Mbl MOXKEM oIpe-
IJemuth [cm. 188], Gyner Ju npH NpOXOXKIEHHH KOHTYypa B Halpasie-
uii ABCDA orpanuuuBaemasi uM 0GJAacTb OCTAaBaTbhCst C/eBa WJIH
cripaBa (nocjiegHsas cTpoka Ttabauusl). Ha puc. 3 u B npuBoauMOil
HiKe Tabmaulie coorsercTByione Ttoukam A, B, C, D mniockocrd 2z
TOUKM IPYTHX IJIOCKOCTE ofo3HaueHsl Temy ke OyKBaMH:

2 D w f
A 0 0 0 0
B { - 1 1 1
C oo —i i lo'e)
D —I —1 -1 1

O6nacte octaeTcs: cJaeBa CnpaBa CJeBa CJe€Ba,

101, Cormacuo 82

__ 4w?
I= e
T. €.
1 _ 14 VI,
w Vf ;

agech Gepercsi Ta BeTBb (yHKuMH /1 —f, -rae 3Ta (byHKUHA NPH
f=0 npunHuMaer 3HaueHHe 1; HccJejlyeM 3HaueHue W Ha O0OHX KpasX
paspesa B miockoctd f! Mbl nonyuaem:

f ,
2= S oV i+VFVTI=T+arcsinVF,
z=x+iy=2Vf+1—i[f Vi —+—1n (Vf+‘Vﬁ)]-

Tlepeas n3 3THX QopMya npuronHa g 0<f<<l, BTOpam — 14
f>1 (kopenb momoxurenen!) u naer Gopmy rpaHULE HENOJABHXKHOH
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n ) —_
BOMbl: 2={=243 mpu [=1, x~2V'f, y~—f. 1o nokaswzaer,
YTO Ha JOCTaTOYHO GOJIBLIOM PACCTOSHHH OT IHTA UIHPHHA HENo-

102. Eciau B npou3BOJbHOH TOuKE 2 JaBlIEHHE p=c—%|w|2
[90], To, B wacTHOCTH, Ha rpaHHUE, a CJelOBaTe/lbHO, H HAa BCEM
NPOTSAKEHHH HETOJBHAKHOA BOJBI OHO paBHO p1=c——»—;—. Hcxomoe
ofuLlee HaBJIeHHE DPAaBHO
+1 +1 7
{ o—pydz=\ g ~lopd={(1—w)d=

b

=0 iy

=§(1—w2)‘fw—f= SI4V1——def=n-
0 0

103. ITonoxum z=re®. Tak xax yryoBas CKOPOCTH NOJIOKH-
TenbHa, TO ¢ BO3pacTaer, T. €. Z ONHCHIBAET OKPYKHOCTb B MOJO-

dz
KHUTCJIABHOM HanpasJ/iIeHHH. I/IMeeM -a

Jg=i% H HCKOMBIH BEKTOP CKO-

pocTH ecTb

do¢ dz d§

df () df () dz _if ().

104. O6o3nauuM 4epe3 @ yroJj, Ha KOTOpHIi HYKHO NOBEPHYTb
B TOJIOKHTE/JMbHOM HanpaBJeHHH BeKTOp @ (pajHyc-BEKTOp), HTOGHI
OH COBNaJ 1O HalpaBJ/eHHIO ¢ BekropoMm izf' (2) [kacareqbHBIM BeK-
TOPOM; 103]. Hckomoe paccrosnue GyAeT paBHO

i iz’ (2) lzf @) L
m ’
oo A0
F@

105. AprymesT uHTepecylomlero Hac BekTopa paseH Jlnf(2).
CJIeLLOBaTeano MCKOMasl yIJIOBasi CKOPOCTh paBHa (z = rei®)

SInf(z)= (d lng @ Zi}) R (ff fzz)) lZ) R (z ';(—(:))>

1 de

106. Kpususna o =as 'Ae d® o6o3HauaeT H3MeHEHHe Hanpa-
BJEHHS cKopocTH f(z), cienoBatenbno, corsacHo 103, — u3Menenue
Boipaxkenusa Jln[izf’ (2)], a dS — aunelinwifl snemMeHT KpUBOH, onu-
cbiBaemoil Touko# [ (2). Cornacho 103

as -
a9
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cefoBaTenbHo (2 = re'®),
@ d [izf" ()] 3 (-———d In [2f' )] ‘1{)

1 a% _ 4" _ dz__ dv
pdas | iz} @) | 12" (2) | :
as

KpuBH3Ha 10 ONpeleNeHHI0 TMOJOKHTEbHA MJH OTPUIlATE/IbHA,
CMOTPsL 1O TOMY, TIOJNIOXKMTENBHO HJAH OTPHHATENBHO HamnpapiicHHe
BpallleHHs1 BeKTopa cKopocTH izf (2).

107.
Boruytocts | Bemyxaocts
Crena + —
Crnpasa — +
Jnst w=2z"4-a, n==0 umeem % = sg; ", Ilepeuncnennbie  uerTbpe

BO3MOXHOCTH TNpPeACTaBIAlTCs yxe npu r=1, [a¢|>1, n=1 nm
—1, ecnn paccmarpuBaeMoil GUKCHPOBAHHOM TOUKOH cayxut w =0.

108. [106, 107.]

108. YrioBasi cKopocTh BekTOpa w = f () BCIOJY NOJNOMKHTE/bHA.
[105. _

110. ITonyuaercs u3 108 u 109 wau e NPsMO HA OCHOBAHMH
TOr0 coo0pax<eHHs, YTO NMPH OTOOpaXKEHHH w =] (z) yroa Mexny dw
H TOJIOXKHTENbHOH BEIIECTBEHHOA OCBI0 paBeH apryMeHTy (QyHKIHH
izf" (2) [103]. Beimyknoctp O3Hayaer, 4TO 3TOT apryMeHT H3MEHSseTCH
Bce BpeMs B OJHOM M TOM JK€ HanpaBjieHMH, HO 3TO U JaeT 3Be3JIo-
ofpasHOCTh NpH oTOGpakeHHHu w=2[ (2).

I11. [Thekla Lukéics.] Ilyetb @ u b—jaBe TOUKH yKasaﬂﬂoro
pola Ha muockocTH w. Torxa mpu |z|=r

'@ ]\ [ I'@ ]
Wergs] >0 Bz >0

R OTO—d>0 Rz QT —5)>0.
Orciona Buitekaer npe A>0, p>0, A4-p=1, uro
Rizl" @) () - (atub)}>0,

P @
N (2ot ) > O

PaccmaTpiBaeMylo TeoPemy HETPYIHO noxaaa'rb H CpeicTBaMH
sJeMeHTapHoH reome'rpau
2. h(p)= (ae‘q’)—la|cos(cp o).

T. €.

CJIefI0BATENbHO,
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113. 1. Buuyncaenunit B 103 Bekrop ckopocTH izf’ (2) cocTaBaser
¢ TOJIOJKHTENBHOH BRIIECTBEHHOH OCBIO yIoJ cp—}—%:

¢ =arg[zf’ @)]=3I In[zf" (3)]-

2. Umeem:
_ R @FE] 4
C yLIETOM 3HaKa. "
i o '
M4, g=3In7=3Ih——g =75, z=¢® [113].
2cos-§

n 2n
5. Jlnsn ;<< @< onopnas (YHKIHA TOKIECTBEHHO COBIa-

laeT co 3HaueHueM OnopHofi ¢yHkuuH Ana wi [112]. Ona snaue-

HAH# @, He YLOBJCTBOPSIOIIUX 3TOMY HEDABEHCTBY, Ha OCHOBAHHH
113 nMeeM:

0
2z 2¢ 2 L)
=3In—— =3 In-orr— =
P=o Vife ~ V2cos® 2

116. Ecau ornopHas npsiMas fABAAETCs KacaTeNbHOM K TpaHuy-
HOil KpHBOH, TO

o=arglzf @=arg g, £ = s R —w).

Ecnu omopHaa mpAMas NpoXOIMUT uepes BepUHHY w =1, To A (¢) =
= COS Q.

117.
| o | 2
- ggl(k—‘l)ﬂ dd= — S e dd =0 wmm 1,
T, 2n
0 0

CMOTPS NO TOMY, OYJET JH LeNoe YHCJIO A=k — [ OTJHYHO OT HYJA
WIH HeT.

118. Tlosyyaem TpeGyemblil pe3yjbTaT H3 pasOKEHUA
f(re’®) = ay +a re® 4 a,r?e®® .t a,rren® 4.,

UHTErpUpysl M IPHHMMAsl BO BHUMauue 117.

119. IIpumenseM 118 x Inf (2) u oTaeas€M BEUIECTBEHHYIO YaCTh.

120. [Popmyna Hencena, cu. 175.] Teomerpuueckue cpeinue
MHOXKUTENeH |2 — 2| Bbhiuncasgem no II 52, reometpuueckoe cpejuee
BhipaxkeHud |[* (2)|—mo 119.

121. Ecnu f(2)£0 B xpyre |z|<<r, T@ g(r)_®(r)—|f (0) |
[119]. Ecan f(2) npeacrasnser coGoit mpousBeleHue ABYX pery.sp-
HbIX B Kpyre |z|=<r dyukuuf, f(2)=f, @) f, (), 10 cpersue 3ua-
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YEeHH S g(r), @(r) paBHBl TIPOH3BEAEHHSIM COOTBETCTBVIOMHX CPENHHX

3HaueHuil MHOXKHMTeNeH f (2), f,(2). Takum o6pasoM, NOCTATOUHO pac-
CMOTpPeThb ciayHait f () =2—2,, |2,| =<r. Hmeem [II 52]:

. 21
it
o § Injret’—2,) dd

G(r)=e =Max (r, |2)=1,
ran ) 0 r
:#S S,n!pglﬁ_mpdpdfr TSMax(lnp njzhede Lz
g —c O — 0 — TRt

122, [Cm. M. A. Parséval, Mém. par divers savans, T. I,
crp. 639—648, 1805; A. Gutzmer, Math. Ann., 1. 32, cTp. 596—
600, 1888.] HMmeem:

21

% S‘f(rem) F(re®) dd = Z Z k+l S'e: &0 48 . qua, [117].
0 E=0!=

128. Ilycts P (2)=x,+ X2+ %22 ...+ x,27, rje Ko3bdUUH-
eHTHl Xy, X;, Xa, ..., X, — [POM3BOJbHbIE KOMIJEKCHBle uncaa, Torna

2n

1 cl

oz | @) =P %) Fdd=|ay—x, P+ |ay—x +...
0

+lan— %4 @nay P+ Gaia |2 ..

2710 BbipaxeHHe TOrZa M TOJNBKO TOTJla AOCTHraeT MHHHMYMa, Koria
nepsble #1141 ujieHoB ofpawialTcsi B HYJb.

124, [Tlo noBoly 124—127 cm. L. Bieberbach, Rend. Pa-
lermo, 1. 38, ctp. 98—112, 1914; Berl. Ber., 1916, ctp. 940—955,
# T. Carleman, Math. Zeitschr., 1. 1, ctp. 208—212, 1918.]
Yactuotit coyyali Teopemnt 125; 3ameusnem tam r, R Ha O, r.

125. Tonoxum w = (x+iy) =u-iv. Torna nHTEpeCyIOmas HAC
oL aghb

{§_ awe= 1}

o4+ <R gyt <R

o (u, v)
d(x y)

dydy=

§

\B(u v)
Jx, 4)

p dp db.

O_/},:j

Hveem (cm. cTp. 123):

EIEAY)) T Gx 0y Oy dox \cﬁ

a{u, v) ou dv Ou v (au \2 /?2\2
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OTKYZAa
R 2n I\? fes]

F={ |1 (pe"")'zpdpdﬂ=2ﬂ5< > rl"’lanlzpz"ﬂ dp=
r 0 r \n=—ow /

[eo)
=7 2 n l a, {\2 (Rzn —_ r2").
n=—cao

128. YactHbit ciyuait teopembi 127. [lo moBoly HampassjeHns
ofxola cm. 188 uau 190,

Uro o3Hayaer Hali/leHHOe BbipakeHHe InpH ¢ ==0? [124.]

127. llpeacrapasem miaouags B BHAE CYMMBI (B3SITHIX €O 3HaKa-
MH) TJIOWaAeH 3/eMEHTapHBIX TPEYTroJbHHKOB, OTPAHHYCHHBIX JHHeH-
HEIMH 2JIEMEHTaMH KpuBOil L H pajnycaMH-BEeKTODaMH, BbIXOLSUIIHMH
u3 Hauasna. [lpu stom 3HaK Oepercs NOMOKHTENBHBIA WM OTpHIA-
Te/bHBIfl, CMOTPA IO TOMy, CJ1€Ba HJH CIpasa OT OPHEHTHPOBAHHOIO
MUHEHHOro 3JeMeHTa pacnojoeHa touka w==0. OH coBmagaer co
3HaKoM sin® B ofoznauenusix peienns 104. Takum ofpasoM, HCKo-
Mast TJIOaAb paBHa

2r 27

3 12 @117 @) sino do = \ R @) F@] a0 =
0 0

o2n [os} . O
:%S? S‘ Z kayrkei®® Z arle i dy  (z=re?),
0 k=—c0 l=—c
128. Cornacso 124
r [os}
J{0) 2
4S do=29n ¥ |a, Pree 122].
Nt ngli | [122]

129. [Cuw. K. Lowner und Ph. Frank, Math. Zeitschr., 1. 3,
ctp. 84, 1919.] ,Pynkuus pacupejiesenus MJIOTHOCTH® B HHTEpeCyto-
eM Hac pacrpejesieHHH Mace NponopuuoHasbHa |¢' ()|, ubo unre-

rpan S\‘(p' (&) || dw!, B3sTLI BAOML NMpoM3BOJIBHOR AyTH KpuBo# L,
JaeT JJAMHY COOTBeTCTByloUlell Ayru OKpYXKHOCTH |2|=r. Takum
o0pa3oM,

S lo' @ do|=Ye@ ¢ @) dw|,

L L
T. e,
23’( 2'71’
E\ rdd =\ ¢ (re'®) rdb.
0 0
130. ITonoxkum z=pe’®. Torma uurepecyiouiiit Hac 0GbeM GyIET
pageH

bl

T ' \

VI ee)Pododd=2n ) B lan ot do.
0

n=0

Oty ™
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5 131, [J. L. W. V. Jensen, Acta Math., r. 36, crp. 195,
1912.]

cosy=[1 + (%>2+ (%>2]—‘;"
er= (5 3

V3 {=u®+0® moayuaeM c momolibio IuddepeHHANBHBIX ypaBHe-
uufi Koum-Pumana

2 2
ber (o +og) - w1 4 (3]
132. Ilycrs 2,—TOYKAa C rOPU3OHTANBLHOH -KacaTeJbHOH ILIO-
ckoctelo. Toraa corgacuo 131 um6o f(zy) =0, smbo [ (z,) % 0,
f' (z0)=0. B nepBom cayuae 3ameuaem, YTo aHaJIHTHYecKas PyHKIHUS
HMeeT TOJbXO H30JHpOBaHHble HyJaH ).
IlycTe Bo BTOpOM ciyuae

' o) =" (o) =...=[""1 (2) =0, [ (z) %0

[[=2, cennoBuna (I — 1)-ro nopsaakal, crajo GuITh,

Feoth) =f (2o) + ot ...,

E 1 o-Hh) =17 an) P+ ] o) Lo B P L
-—|f(20) |2+A|h|’Cos(lcp—a)+...,

roe h=|h|e®, A, a (A s 0) — BellleCTBEHNEIE IOCTOSIHHLE, 3aBHCSIIIHE
oT f(zo) ¥ fW(2,). 2! 3HaueHuit aprymeHTa ¢, COOTBETCTBYIOIIHE
HanpaB/eHusiM 2/ BeTBeil, cyThb

(P=°7ﬂ+ﬂ*%‘ﬂ (k=1, 2, ..., 20).

Boipaxenne A cos(/¢—a) mpH Inepexome uepe3 3TH HaNpasJieHHs
MeHsieT 3HaK,

133. Tlyete aqy(z—oy) (2 —2y) ... (2 —,) — paccMaTpHBaEMbIH
NOJMHHOM (@, g, ..., O, BelleCTBEHHHBI). Toraa

t=iay? TTIt =+ 572>l |? H(x— @), >0

v=1

*) Crnefiyer 3aMeTHTb, 4TO B cayuae f(2p)=0 KacarejpHas nnocxoch, cTporo
roBOPS, CYUIECTBYeT TOABKO npH [’ (zg)==0. Ecin xe f(zy)=0, ' (2) 0, 10
COOTBETCTBYIOIAA TOYKA NOBEPXHOCTH MOAYyaf Oyjer xonuqecxoﬂ
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124. U3 ]22 BBITEKAET:
Feol+ | Ee [ e | )

f(ﬂ)(zo

Pt

2n +
Zn

I g |f (204 re’®) [Pd0 < M2,
5

T. €. |f(20)|=<< M. Ecnu uMeer MecTo paBeHCTBO, TO
F@)=f @)=...=F" (2 =...=0,

T. €. féz) = f (z,) — nocrostHHas.

« HenpeprniBuas ¢yukuus |f(2)| B 3amkHyTOoH orpaHuueH-
HOMl o6JsiacTH HocTHraer cBoero Makcumyma. CorsacHo 134 |f(z) He
MOXKET NPHHATh MaKCHMA/BHOE 3HAUEHHE BO BHYTPEeHHEll TOuKe 2,
ofsactu B.

136. B kycke, BHpe3aeMoM H3 MOBEPXHOCTH MOAYJS IIPOHM3BO/b-
HBIM HHJHHAPOM, TEPNEeHAHKYJAPHBIM K IJIOCKOCTH X, Y, HaWBEICUIAS
TOYKA JIEXKUT Ha Ipagflle, eCJH TOJbKO IIOBEPXHOCTb YPOBHSA He
npejcrasiaser cofoH INJICCKOCTH, NapajjelbHofl IJIOCKOCTH X, 4.
«AHaJUTHYECKHH JaHAWadT» HE COJAEPIKUT HH OAHOH «BEPILHHBI».

137. [eomerpuueckas ¢opMyTHPOBKA TeOPEMBI O TOM, UTO MOIyJb
nonudoMma (2 —24) (2 —2,)...(2 —2,) TpUHHMaeT MakcHMAa/JbHOE 3HAa-
ueHye Ha rpasuie [135].

128. 1() perynspua B B [135].
139. HyCTb |2y | <R (ve1, 2, ..., n). ®ysrUHA
@ =gV R=2 R—27)... R =2,
¥MeeT BeTBb, PperyJaspHYyI0O B Kpyre |z|=sR; Kpome Toro, f(2)
OT/IMYHA OT HYJIS1 B 5TOM Kpyre. 3HauuT, corjacHo 135 u 138 |f (0) | =R

3aKJIIOYAETCST MeXKJYy MHHUMYMOM H MAaKCHMyMoM Moayas f(z) Ha
CKpY2KHOCTH |2 |=R. Ha sT0li okpyxEOCTH

F@1=V]z2=2]12—2]-.-12—24] [5].

EnuHCTBEHHOE HCKJIOYeHHe NpeacTaBJsieT caydail, Korza f (2) = const.,
T. €. 2, =2 =...=2,=0.
140. Has |z| =R umeem:

R < Max \11? (R2~212)+(R2—f;z)+‘..+(R2——§,,z)
=< Max (1 |R:—2,2 |- R?—ZFpz| .. +|R2—2n2|>
n
— Max |z2—zy|F|z—23| ... | 2—2,] [5].

n

=

PapencTBOo MOMKET HMETL MECTO TOMBKO TOrjAd, KOrja, € OAHOH cro-
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poHbl, 2, +2,+...+2,=0, a ¢ apyroi, —Bce z, UMEIOT OJHHAKOBBIE
apryMesHTsl, HHBIMH CJoBaMH, Koria zy,=0 (v=1, 2 ..., n).
OrMeTuM cayyah n=4, 2, =1, z,=1i, 23=—1, z;,=—1[, R>1.
ApudmeTiyeckoe cpeJHee NP OeK Il H if paccMaTpHBAaEMbIX PacCTOAHHMH
Ha auaMeTp, npoxoadmuii yepes Touky P, yxe paBHo R.

141. Oyukuus

1 1 1
R*— 2,2 + R2—z,2 +. R2—2Z,2

peryaapua B Kpyre |z|=<<R. CnegoBartesnno [135), aasa |z|=R

. n . n n
Min—; = Min—; < - <R,
b= 2 2w
1Z2—2y| ——szl R*—2Zy2
v=1 = v=1
B cayuae
L 2n L4

. . |
n=3, z=et=1, zy=eth=¢ 3, zy=ct=c 3, R=5

Ads
z=Re® v=1,2, 3
NoJy4aeM:
1 — 1 — i Py, [cos (O — Oy)]
l2—zyi  VR+I1-2Rcos(§—8) & RFH '
rae P, (x) o6osHavaer k-ii monuaom Jlexauapa [VI, § 11]. Mmeem:

Py(cosd) =1,
P, (cos §) = cos ¥,

Py (cos¥) = 7} + —ii cos 20.

Orciona sritekaer [V1 91]

L, N P08 (8 — 0]+ Py [cos ( — 09)] + Py [cos (9 — B
=‘1—2_+ + 23 & [cos ( )]+ k[C%SR(kﬂ 2]+ P [cos ( 3] ~

1 R—5 1
>t~ D wm e Rt maen Sk
=23
142, Ecnu BHYTPH 06/1aCTH, OrpaHMuYMBAEMOl PacCMaTpHBAeMOH
Kpupoi, Bcroay f(z)#0, 10 no 135 u 138 |f(2)| KocTuraer kak
CBOEr0 MaKCHMaJIbHOTO, TakK H MHHHMMaJbHOrO 3HAYEHHA Ha 5TOM
KPHBOH; OTCIOfa cjelyer, 4TO |f(z)| AomKHO GBITb BCIOAY BHYTPH
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0671aCTH TOCTOAHHO, Tak uTo [ () == const. [eoMeTpuuecKH: Tak Kak
BHYTPH 06J1aCcTH, OIpaHMYHMBAEeMOH HA MOBEPXHOCTH MOAYJsSI 3aMKHY-
TOA JHHHEH yPOBHs, HE MOXKET COAepXKaThCH HH OJAHOH «BEPIUHHBIY,
TO TaM JOJKHA JeXarb 110 KpafiHell mepe OJHa «AMa», €CJIH TOJbKO
NOBEPXHOCTh MOAYJA He TNpejcTaBJiseT co60H TOPH3OHTAJNLHOH ILIO-
CKOCTH.

143. BuyTpH kax10il 3aMKHYTOH JHHHMH, BAOJIb KOTOPOH MOJLY/b
nofuHoma (2—2;) (2—2,)...(z2—2,) coxpaHser IOCTOSHHOe 3Haue-
HHe, JOJXKEH JIEXAaTb N0 KpalHed Mmepe OJHH HYJb 3TOr0 IOJHHOMA
[142]. Ho umeerca auwb n Hysed.

144. Teopema ne Bepua, ecau f(2)=-const. IlycTp, cnemopa-
TenbHO, [ (2) <= const. Torna [(zp) = 0. Ecau Gbl Ha OKpYKHOCTH
|2|=r nexana «ceiNOBHHA», TO IIPOEKIHsA 1O KpafiHell Mepe OJHOH
yra006pasHoil 06,1aCTH, TOYKH KOTOPOI! JIEXKAT BhILLE CeAJOBHHH [132],
BlaBasach Obl BHYTpb Kpyra |z|=<r. llostomy 2z, He mMoxeT ObITh
CeAJIOBUHOH, T. €. [ (2) == 0.

Tlonoxum f(?)=w u PaccMOTPHM 06pa3 OKPYIKHOCTH |2 =7 Ha
IocKocTd w. HawnGonee ynanennoil or w==0 TouKoil 5TO#i KpuBOH
6yner w,=F[(z,); TaKk Kak ['(2)=0, To B TOUKE w, CYLIECTByeT
onpejesneHHast KacaTe/ibHasi; 5Ta KacaresjbHas, T, €. BEKTOD izof (2,)
[103], neprenAMKyJApHa K BEKTOPY w,=/{ (z,) (reomMeTpHuecKu oue-

12" (20)
BHAHO). IlosToMy oTHOmeHHe —-

f (20)
IPEAMNONOKeHHI0 ofpaientol K 2= 0 CTOpOHE OKPYXHOCTH COOTBET-

CTByeT B OKPECTHOCTH TOUKH W, obpauleHHasd K w =0 CTOpOHa Toii
KDHBOil, B KOTOPYyIO OTOGpaxaeTcsi OKPYy»KHOCTb. Ilostomy oTHolue-

iz}’ (20)
HHe —- 5% — NOJOKHTEBHO® MHUMOE.
0,

i45. [Cm. A. Pringsheim, Minch. Ber., 1920, ctp. 145;
1921, crp. 255.]

a@—o _
2 Z @ @V Fov) 2 Zl =2ni tg — 2ni.
v= +(D

—uypcto  mMHEMoe. Corgacuo

wl-—

MI

146. [A. Pringsheim, 1. c. 145.] Tlonoxum

i A —I—z") mpu k=0, 1, 2, ...,
g =5 _ 1 ffiz_1+zk+22_z+ A2t zk+1)
l npu k=-—2, —3, ...

Toraa
(&) zﬁ+ “‘Zok-H
(21 —20)+§9 @—z)+... 4+ (2n—220) =——k—Fl——=0'
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Ilyers {— pauHa kpuBo#l L, R — HanGonbluee, r— HanMEHbLLeE
paccTosiHiHe ee ToueK OT Touku 2 =1{0. Cymma
(21— 2|+ 2a— 21 [+ 2B —2 |+ [ 2 — 20y |

npencrapsser cobod JJHMHY BIIHCAHHOTO NOJHIOHA; CJel0BAaTEIbHO,
oHa He mpeBocxoAuT [. KaxoBo 6ol Hu Owuto 6 >0, Bcerma Aas

JOCTaTOYHO OOJBIIOrO # BO3MOXKHO BLIOPATL TAKHE 25, 21, 2oy «- -+ Zns
Y4TGBl |2y — 2y | =<0 (v=1, 2, ..., n). Torlaa npu k=0 nosyuum:
i (=R k ’
| (Ci’) zv) (Zv 2y-1) I =
k— k——
T ‘(zv—l—zv)'*‘zv(zv—} 1) ‘--||zv_zv-»1'<

<m[k+(k—1)+-~+1+0]Rk‘1|zv-—zv_l 2,

CleJloBaTeJIbHO,
n P n
k - R e
DAz =5 RY Y =2 P 5 RIS,
v=1 v=1

Ecan k=< —2, To JJA OLEHKH HCINOJb3yeM f.

147. [Cm. G. N. Watson, Complex Integration and Cauchy’s
Theorem. Cambr. Math. Tracts, Ne 15, crp. 66, 1914.] O6nacrp,
3aK/IOYeHHasi BHYTPH pPaccMaTpPHBaeMoro 3JIJIMICA, OIlpeiensieTcs
HEepaBEHCTBOM

B—xy -+ x+y <0,

1 i

M3 veTnipex noJmocos iﬁi—y—g— NOJIMHTETPAILHOIO  BblPAXKEHHSA
1 i
TOJBKO z0=—ﬁ ~3 JIEXXHT B YyKaszauHofi objaactd. Takum
o0pasom,
dz 2ni T
== (—141).
@ 1422 423 21/2( +9)

148. Hwmeem:

o

Ai S xdd S ixdd _ 24z
2--sm2d S 0422 sin ﬁ—tx - <§ 224-2z2x—17
0

—T

rie z=e'®. Murerpupopanne NPOM3BOAMTCA BAOAb OKDYMHOCTH

|zi{=1, BHYTPH KOTODPOH COIEPXKHTCA JIHLIb TNOMOC Zp=— X -
+ V' x4+ 1. Takmm 06pa3oM, Mbl NoJyyaem:
ini 25
wta  Vita

149. [G. POlya, sanaua; Arch. d. Math. u. Phys., cepus 3,
T. 24, crtp. 84, 1916. Pewenre J. Mahrenholz a, Tam ke,

1f T. Ioana, I'. Cere, 4, I
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cepusi 3, T. 26, ctp. 66, 1917.]

l—r—2rcos® I—=nz—r(429

2§ (1-1-2 cos §)n ein® ] (1424297 dz,

IJle WHTerpHpoBaHHe deHSBOlIHTCH Bloab OKpyxHoctH |2z|=1. Ilpu
1 1

r0, —1 <r<<3 HMeeM l—r—— 1> 2, Tak 4TO OAHH H3 KOpHEel

kBajapatioro ypasuenns (1—r)z—r(142%) =0 nexur BHYTPH,

Ipyroii — BHe elMHMYHOfI OKPYKHOCTH. IIycTh p GyneT KopeHsb, Jexa-

LIHA BO BHYTpeHHell objacT, T. e. .

\

pl<1, (A=ne=r(l+a)=—r@—p)(z =)

on 0+-+ﬁw] o,
g s P e i
© BEILECTBEHHO H PABHO

Hmeem:

l—r—V1—2r—=3r2
2r ’

150. Ilonoxum z=x-iy, Torla UHTepecyioUMH HAC HHTErpan
MOXKET OBITh 3aluCaH CJelyIOoUuM o6pasoM'
1 Cozdz—Zdi422(3de—zdz) (143 2dz— (1420 Zdz
2 T+t 2; 0+ (+2)
c z2dz .
=34 T =32ni=

QoKyCHl 3/THICA CTYXKaT MOMOCAMH NOAHHTErPANbLHOTO BIPAXKEHHS,
151. Umeenm (0 > 0):

©a

[ ins ®
S xs-1g-x dx+ @i S gisO-wei® 19 _ p2 S x5-le-ix dy = 0.
0 0 0

Korza ®w-—-4co,” 1o nepBuiit wuHrterpan cxonutcs K I'(s), a Tpe-
THH — K HHTEPECYWLIEMy Hac HHrerpaday. Bropoit ke HHTerpaJs o
MOJAYJIO MeHble Yem
k1

g 3 ¢® 5\
A Se—mcosﬂ do=A S e—0cos® 49t A S e—0cos® 4§
0 0 n,
2
<,‘gj}e—msme+A8
135 1 .
rae A=e2| , O0<e <—— Tlonaras g=—, NRs << k<< 1, BHAUM,

YTO BTOPOH HHTErpajl CTPEMHTCA K HYJIO.
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152. PaccmatpuBaeMblil HHTerpas paBeH

[
E
N — X
n

W3 151 BoiTeKaer, yTo NPU BELIECTBEHHBIX 3HaueHUsX s, 0 <<s <1,

3!-—-

sinxdx.

S ¥ sinxdx=T (s) sin %S—.
0
Hurerpan B neBo#t uactd cxoiurca s — 1 <<Rs<< 1, a npaeasn
yacTh B 93TOH moJioce peryJasipua. [lostomy BLITICaHHAs (opMyIa
cnpaBeauBa M A — 1 <<Rs< 1.
153. [Cm. Correspondance d’Hermite et de Stieltjes, 1. 2,
crp. 337, Paris, Gauthier-Villars, 1905; e¢m. G. H. Hardy, Mes-
senger, 1. 46, ctp. 1756—182, 1917.]

%X . 1 et ha n+1
" s e -
g e+ xn dy = e il S eiz W dz;

nocJeAHHH HHTErpaJ B3fAT BIOJb Jyua argz=0 H paBeH

A
[ e ar—r(2tL),

a \

u60 TNOAMHTErpajbHOe BhHIpaXKeHHe MOCJe NOACTAHOBKH 2 ==re'®, 0<C
1
< U <o, CTPEMHTCA K HYJIO BMeCTe C — M TPUTOM DaBHOMEpHO
OTHOCHTEJIbHO .
Hpn o = pm, (]<u< 5> ToyuaeM (yHKIHIO

e~¥% cosuw gin (¥ sin o),

Bce «MoMeHTBl Cruartheca» KOTOpOR paBHH HYJMO, TOrda Kak
caMa oHa He paBHA TOX/IECTBEHHO HYJ/IO (3TO HE TNPOTHBOPEUHT
IT 138, 11 139).

Bopesab mokasan [Lecons sur les séries divergentes, ctp. 73—75,
Paris, Gauthier-Villars, 1901; cm. taxxe G. Pé1ya, Astr. Nachr.,
1. 208, crp. 185, 1919], uto NONOGHOrO sBJAEHUS He MOXKET HabJlo-

aarbest st GyeKIuEM [ (%) ¢ |f(x)|<<e—*V* rae k -- nmocrosHHOE
noJoKHTeIbHOE uHea0. Hama ¢opMmysna nokaseiBaer, 4rto B 3TOH
teopeme bopens Vx HeJIb3s1 3aMeHUTb OOJIee HH3KO! CTEneHbio x*,

M<%- H. Hamburger noxasan pame [Math. Zeitschr.,, 1. 4,
11«
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crp. 209 — 211, 1919], uto V'x Henb3s 3aMeHHTs M Ha U—L/;T’ H60,
KaK HM JI0Ka3aHo,
¢ aVx—lnx\ . (Vxinxgtn
e [~ et sin | {imigr) #* v=0
0
(n=0,1, 2, ..).
154. Vmeem:
o o o v
xit (e Meosxtdt=x { sinxt-pttle®dt=3 | e % de,
0 0 0

rie B KauecTBe IepeMEeHHO#l WHTErpHpOBAHUA B3fATO Z2=x"* U 118

COKpalienus nonoxeHo ui=v, x*=43§. [loBopayuBaem npsmyio, 1o

KOTOpOA NPOW3BOANTCH HHTErPHPOBAaHHE, Ha HEOOJbLIOH IIONOKH-

TeNbHBIH yroJs, nojaraem 6 =0, zateéM NoOBOpauyuBaeM MpPAMYIO HHTE-

U

TPHPOBAHKA Jafbli€ B TOJOXKUTEbHOM HANpaB/ICHHH 0 argz = 5.
155. 3amenseM B uuHTerpane

NPAMOJIHHEHHBIH TyThb HHTErpHPOBAHHA MNpPaBOH, COOTBETCTBEHHO
JIeBOH, IIOJIOBUHOH OKpYXKHOCTH, NOCTPOeHHOH Ha oTpeske a—iT,
a-+iT, Kak Ha JAuameTpe, CMOTpst O TOMY, 6yAeT Jiu o <=0 win

«>0. B nepsoM cniyyae MHTErpaj He H3MEHMTCH H IO MOAYJIO
1 eCa efla
OyZeT MeHbllle o T nT:?F; BO BTOPOM CJ/lyYyae OH YMEHbIUHTCSH
Ha o (BbIYET, COOTBETCTByMLIHI noJocy s=0), U HOBBI HHTErpas
1 eaa
no MOAY/O OYAET MeHblle —————nl. Tenepp yseiuunBaem 7T

on (T —a)
Jo -t oco.
186. [Cnyuvait A=1-e! paccmorpen [. Beiisem.] Hmeewm:

u(t)=% a n=<t<=n-}-1,

C/Ie/I0BaTe/IbHO (CTNIPaBeJIHBOCTb KOHEUHOro pesy/brara mepeMeHbl
NOpsiKa WHTETPHPOBAHHS MOXKeT OblTb o0GOCHOBaHA pPa3JIHYHBIMH
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crocoGamu),
+w ) + 1
. in
S “‘(i e?»fdt 2 S —n—'e‘ltdt=
0 ‘n=0 n )
. 1
o +eo o sin—lf~el<n+§_t>udu
=Y S L] L 2 dt =
A, n! 14 u
n=0 0 . —C0
{
Fo 49 gin £ eEg ©
=L S g 2 g ita 2 t”e'"i dt du —
I . u
u=—c0t=0 n=0
) +oo -+ { Lo
ettt — in 1 eit-—1
= . t( A—iute ) — e -
2ai S S u € dt du = o2ni S u (| iu—eld) du.
—x 0 —co

3TOT HWHTerpajl paBeH CyMMe BLIUETOB B BepXHell MOJYIIOCKOCTH,
ettt — .

00 vHTErpa T — 7 K

60 uHTErpan o GO 7 —g® B3TTBlL BIOJbL TONYOKPYMKHOCTH

u=re’?, 0<<®=m, ¢ Bospacranuem r crpemurcs K Hymo. Ho
€MHCTBEHHBIM TOJIIOCOM B BepXHel NOJYNJIO0CKOCTH SIBJAAETCH U = {2

[196] ¢ BelyeTOM i (Cm. 215, 1V 55.)

157. [Dirichlet, J. fiir Math., r. 17, ctp. 35, 1837; Meh-
ler, Math. Ann., 1. 5, ctp. 141, 1872.] Hyerp ~ 1 <x <1, x=
= cos?, 0<<O.<<m. Vmeen:

P,(cos®) =

1
R —
2ni V'1=2z cos 9 |22

Tlle MHTerpHpOBaHHMe pPaclpPOCTPAHEHO MO NPOU3BOJBHOMY KOHTYDY,
OBXOAAEMY B IIOJIOXHTENbHOM HalpaB/ieHHH ofe ocoObie TOuKH e'?
u e'®, Ho 3TOT KOHTYD MOXKHO CTAHYTb JH60 K MNpPsMOJUHEHHOMY
OTpesKy, coepuHsmomemMy TodkH €% u e (hopmyna Jlamnaca),
a6o k Ayre —O<cargz<<U enunnuHoii okpyxkHocTH (dopmynaa
Hupuxne-Menepa). (B ToM u JpyroM ciyyasx ¢ HEKOTOPHIMH
IPEeJOCTOPOXKHOCTAMH, TaK Kak [OAHHTerpasbHoe BbIpakeHue Ha
KOoHI[aX ofpamaercd B GECKOHEYHOCTb, XOTA W o6jajas NpH 3TOM

1
TMOPSIAKOM ). [Tocne o6xo0ja ocobblX TOYEK NOAWHTErpajbHOe BhIpa-

KeHHe MeHseT TOJbKO 3HaK, I[03TOMY

1
S‘ (cos ¥ -}iow sin §) i sin O do

V12 (cos O+ io sin 9) cos 9§ 4 (cos O - iet sin §)?

P, (cos®) =

\‘}
S eint . jgif dt
T-—2¢if cos & -e3i?
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Tperps ¢opMyna noaywaerca Jau6o NyTeM CTATHBAHHWA KOHTYypa
HHTeTpUPOBanUA K Ayre U =Zargz<<2m— U enuHHYHON OKpPYyXKHO-
CTH, JHGO H3 BTOPOH NyTeM 3aMeHBl TIEPeMeHHHBIX W OJHOBpEMeHHOM
samensl 0 na w—9. [P, (— cos¥) = (—1)* P, (cos9).]

188. Eciu 2z BelecTBeHHO M OTPHIATENBHO, TO JK00as mapa
31eMEHTOB KDHUBOH L, CHMMETDHYHBIX OTHOCHTEJBHO BelleCTBEHHOH
ocH, JaeT CONpSKEHHYI0 mapy sjemedToB uHrerpana. OGosHaunMm
yepe3 L, rpaHuny moJiynosiocsl Rz >a, — 1 << 3z << (B YAaCTHOCTH,
Ly=1L). Ecan z nexut BHe & u o >0, To uHTerpassl BLOJb J0GOH
KpuBo# L, HMeloT ofuHakoBbie 3uaueHus. C yBesuyeHHeM o J0 -I- 00
E (2) MoxeT 6uiTb NOCHEI0BATENBHO NPOIO/KEHA Ha BCIO IJIOCKOCTE.

159. Hurerpan, B3aruii Baosb L =L, HUMEET TO € 3HAYEHHE,
yTo M B3ATHI BAOML MOGOH L, a==0. Tak kak T =¢* ™" =
= ™%, TO HHTerpa/bi N0 OGOUM FOPH3OHTA/BHBIM KyCKaM KOHTYpPa Lg
B3aMMHO yHHYTOXaloTCA. BepTukaneHbfl OTpe3ok KoHTypa L, jaert:

o _
S e* T dy.
— T

3HaueHHe 3TOrO MHTErpaja He 3aBHCHT OT & M, CJIEJOBATEJbHO, PABHO
elMHHULE, KaK B 3TOM YOexpaemcsi, 6eps o —» — co.
160. 1. Ilycrp z qexur Bie @. Fmeem [159]:

Q==+ | (i)

1
on

IlpousBoinM HHTErpupoBaHHe He BJonb L, a BJo/Ab BHYTPeHHEH
o o o 11
napassienbnoit Kpusoil L', orcrosweit nHa paccrosnue §, 0<<8<-4

(rpanuua obaactd Rz >68, —n--86 << Jz<<m—3), u 3ameuaem, 4TO
BeUuleCTBEHHBIH HHTErpasn

o0
S Ezng cosd dg
0
CXOAHUTCHA.

2. Tlycrb 2 nexut B npsamoyrosbHike —1 <Rz <0, —n << Jz <m.
Torna 1o reopeme O BhlueTax

S’?ﬁfi dt— § ;ig _dp = 2mic”,
L

L,

Oraoja nojy4yaeM cHauyaJia i TIPpAMOYTIOJbHHUKAE, a 3aTeM IHyTeM

dHAJIUTHUYECKOI'O NpOoAOJIzKEHHS H IJ5 NoJIY n0JI0Ch @
I L T U O A < B
E(z)=e "*Z“I‘;—Qm. . C+—-§—z e dg.
L
-1

B kauyecTBe KOHTypa HHTETPHPOBaHHA BhGMpaeM BMecTo L_; BHell-



OTAEJI TPETHH 335

HIOI0 TNapaJiebHyI0 KPHBYIO, OTCTOSIULYIO OT TNpeXHed Ha paccTos-
HHe §, 0<6<—‘T25.
161. Yucaurens pasen

n
N 2v _ 2mi
2aui 20(‘“1)" e e Rl
yv=

3HaMeHaTe/Ib paBeH
92n cos L

n
—a I |2nei®—v]|.
v=40

[losicnenue: JoMHHHpYlOWlass IO BeJHYHHE YacTb OGOMX HHTErpasios

najaeT Ha AYry C UEHTpOM B 2=2n M JJHHOH MOpPsAKA V n. Ha

Hell aprymeHT dz GJH30K K g—, aprymeHT f, (2) —x Hymo. [43.]
162. Yncsio HyJsel B kpyre |z| < r paBHO

49 ~ 2% [ 217},

nl

2mi [@ f@ f@

j2|=r

2m 2
1 ’ 1 ’ 1 4 .
— Mdzzﬁgz&d\‘}:ﬁgé}“{(zf(z))dﬁ (z:ﬂ?'ﬁ).
] 0 ‘

[0} —m(2) . o
163. —% ecTb NOJHHOM (n— 1)-it crenenn or z. Hanee,

! @
P(ZV)=_—“ _ dczf(zv) (V=1, 2) LR ] n)'
2mi L—ay )
L
164. OGe vacTH paBeHCTBa, BHUHCJIEHHBIE C MOMOIIBIO TEOPEMBI
o Bolyerax, cosmajator ¢ V 97.
165. PaccMOTpHM 4YacTb TJIOCKOCTH 2, B KOTODOIl BHITIOMHSIOTCA

HepaBeHCTBa iz —%ﬂ >e>0 (n=0, =1, =2, ..). Cyuwecrsyer

Takag nocrosuHas K, saBHcsias or €, 4To Bo Bcefl yKa3aHHOH uyacTH
MA0CKOCTH Z
|sinp (x-iy) | > K-1eolvl,
. n

HocratouHo yGelWTbCs B 3TOM A 00JacTH ~— 5 éxé-{-%,

|z]|>e, 0<e <2%. Huterpan
1 % FE__ df
20 sinpf ({—2)2°

“ , 1\ m
B3ATHI BOJb OKPYXKHOCTH || =< n+ |5 OPH n—> 0O CTPEMHTCH

K HYJIO, TAK KaK BJoJb KOHTypa uHTerpupoBauus | F (§) (sinpf) ™| <
< CK. Boluhcasiem cymmy BoiweToB. [Hurwitz-Courant,
crp. 1156—120*).]

*yT'ypeuu, crp. 158—164, r'ypBHH—KypaHT, crp. 120—125.
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166. 3amenss B 165 F (z) Ha G(z—{—%) W 3aTeM 2z Ha 2 — -,

2

noJiy4yaem:

(1)

@ — _—

4 6@ _ p(—=1)G 5
- = . \2
dz cospz - <pz—<n+—;~)n)
O6bequHeHHe YJIeHOB ¢ HHJEKCAaMH # U — n — | jpaet:
d G()

dz cospz

o i < —]—%)ﬂ)

-Ser e )
HIM TOCTE HHTErPHPOBAHUSA
G (2)

cos P2

o ) (n+—;—)"‘) 1 | !
=_n§0(_1)0( 5 (pz_(nJr,;_)nJr — )

AN

TNocTosiHHas UHTErpHPOBAHHA paBHAa HYJIO, TAK KaK ¢ 0GEHX CTOPOH
JIOIZKHA CTOATb HeuyeTHast $YHKUHSA.

167. ®dyukuus [(z)Inz, cooTBeTCTBEHHO

ZFf (2), perynspHa B o6aacTH, yKa3aHHONH Ha

puc. 4.
0 168. Tak kak |Inz—in|<<m npu |z|=1,
To H3 167 BBITEKAET, uTO
1
Sf(x) dr| <.
Puc. 4. 0

[Ipn uenouucnenunlx k 3amensiem [(2) Ha 2/ (2). Ilpn wueuesnouu-
CleHHHIX R npuMeHsieM BTopylo Qopmyay sagaud 167.

169. [D. Hilbert. Cm. H. Weyl, Diss. Goéttingen, 1908,
crp. 83; F. Wiener, Math. Ann., 1. 68, c¢tp. 361, 1910; I. Schur,
J. fﬁrMath., T. 140, ctp. 16, 1911; L. Fejér und F. Riesz, Math.
Zeitschr., 1. 11, crp. 305—314, 1921.] Ilonaraem B 168:

F?) =217(x1—\-x2z—{—x3z2—{—. ..+3cnz"”1)2, E=a-t1,
Torna [122]

2n

VIFE®) a0 =xi+x+x+.. . +xi=1
0
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H
1 1 n 1 1 n n x

k = o= Auta—1 = .-—Au_.
Sx [ (%) dx =5 21 21 e §x dx = 5= AZI 21 Atptea’
0 =1lp= =lyu=

170. I1ycts L — saMKHyTas npocTast HETPEPLIBHAS KPUBAs, LEH-
KOM 3aK/IoueHHass B ofsactd &, u z JiexXMT BO BHyTpeHHeil obna-
ctu Kpuso#l L. Ilo teopeme Koum

@)= § (@ g,

Tax Kak paBHOMepHO Ha Bcel L
fn (C) f©

Ttz

Jim 7=

T0 Oorciona caeiayer, uro f({) HenpepwiBHa Ha L. Jlasee umeem:

Tim f, () *m‘& g@ dz.

IMocnenusns (YHKHHA peryssipia BHYTpH o0JacTH, OrpaHHYeHHOH
KpuBofi L.

171. [T. Carleman.] F,(2) ecTb noBepxXHOCTHIA WHTerpan or f,
pacnpocTpaHeHHHH MO Kpyry, KOHTyp Kortoporo K, HMEET LeHTp 2
u paguyc r. Ilycts

dz=e""|dz|
— saemedT Ayr Ha K, Koraa x uamensercs Ha Ax, T. €. Korja
NOBEPXHOCTb HHTETPHPOBAHUSA CMElaeTcss B NOJOXKHUTEIBHOM HalpaB-
JEHHH OCH x Ha Ax, TO, KaK 3TO reOMeTpuuecKU OYEBHJHO, H3MeHe-
HHEe TJIOWIAAH Ha B3J1eMEHT AYrH cocTaigeT |dz|-Axsinv. Crejo-

BareJsbHO,
aF (z) &fsmr}dz

T HHTerpajl Gepercsi BJOJIb OKPYXKHOCTH K, AHAJOTHYHO NOJydYaem:
6F '
(z) <§ fcost|dz],

OTKyJa HAa OCHOBAHHH Hpe}lHOJIO}KEHHH BbITEKaeT, 4TO
oF, ) 1 aF (z) (& Fdz=0

ox i

[Mostomy (cTp. 120) wunterpan F,(2), a 3HAYHT, U TPOU3BEJEHHE .
r2F, (z) — aHaMMTHYECKHE (pyHKuHH M, HakoHel, Takxke [170]

lim 28 — ).
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Bmecro okpyxHocTei Mpl MOraM Obl paccMOTpeTb TaKXke KpHBEHIE,
nojoGHLEe H NoA06HO PacloJIOKeHHble OTHOCHTeIbHO HEKOTOPOH 3ajaH-
HOH 3aMKHYTO# NpOCTOH KDHBOH. '

172. UYrto6H noxkasarb, 4TO PasHOCTb

7 a0 20 0) = | [0 —f (e} d® O<r<1) [118]
0 0

paBHa HYJIO, AOKa)KeEM, YTO OHA MOXKeT OLITh c/lefiaHa CKOMb YTOJHO
Masoit BMecTe ¢ | — 7. ITokpoeM BO3MOXKHBIE TOUKH paspbiBa OTKPBI-
TEHIMH KPYTaMH ¢ LEHTPaMH B 3THX TOYKaX H PaAHYCOM & HACTONBKO
‘MajieM, 4TOGH KpYru He nepecekanuch. ITocsie yaanenns stdx Kpy-
roB M3 €JHHHYHOrO Kpyra |z|=Z1 ocraHercsi 3aMkHyTas 06JacThb,
BHYTPU KoTopoll [ (z) paBHoMepHO HempephiBHa. PasofbeM Tenephb moc-
JeXHUH HHTerpan Ha /Ba: MEPBbIH, pacnpOCTPAHEHHLI HA Te Yactd
KOHTYpa, KOTOpPBE MOMNajJH B TOCTPOEHHLIE &-KPYrH, W BTOpOH, B3s-
THH No OCTanbHOH 4acTH KoHTypa. IlepBhifi uHTerpas GYyA€T TNpPOH3-
BOJIHO Masl BMecTe C & [f(2) orpaHHuena], BTOpOli e HHTErpaj TOXe
MOKET ObITh cleJlaH CKO/Ib YrOAHO MaJlbliM, €c/M 3adMKCHPOBaTh € H
B3Tb | —r [OCTAaTOMHO MAaJIBIM.

178. Cm. 174, Cyv. taxxke 231y Hurwitz-Courant, crp. 286%).

174. [lna GoicTpefiero pelleHdsi IPeANoyTUTE/IbHEE PACcCMOTpeTh
BOMNpoOC B cnenyiomlell obuiei nocraHoBke. ITycrh ogHocBsA3Has o6nacts B
WIOCKOCTH § mocpeactBoM QyHKUHH P ({)=Z O0HO3HAYHO OTOGpaKa-
erca Ha Kpyr |Z|<C 1, kondopMHO BHYTPH M HENpEpPLIBHO Ha KOHTYpe
(kpoMe, MoOXKeT ObiTh, KOHEUHOTO YMCJ/A TOYEK), MPUYeM TOUKA { =2
nepexoguT B Z =0. Ofo3Hayas ¢yHKUHO, obpaTHyio ¢, uepes ¢},
umeeM §=¢!(Z).

Onpenenum dyukumo F (Z) B kpyre | Z|=< 1 nocpeicTsoMm paBeH-

cTBa
Q= (D]=F (2.

FO= §F @) 57,

Torzga 6yzeM HMeTh:

TIe MHTETPHPOBaHHE MPOH3BOAHTCA B MOJOXKHTENLHOM HalpaB/ICHHH
BJoNb OKpyXHoctH |Z|=1 [172]. TlponsBoas. 3ameHy nepeMeHHHIX
Z =1y ({) u npuHMMasa BO BHHMaHHE, YTO

Fp@]=/@). v@=0,

_ & 1@ dv(©)
f(Z) - 23‘[[1P (C) ’

rje HHTerpas B3AT B NOJIOKHTE/BHOM HAlNpabBJeHUU BIOMDb I'PAHAIBI

noJjiyuaeM oOTCIoAa:

*) Kypadr, cip. 95. 'ypsun—Kypaut, crp. 344 —345.
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obnactet B. 173 u 174 npeacraBnadioT coGOH yacTHLIE C/y4aH:

_ e o s
B |Z|<R, p(O=LIR VEL_ R2— 1) d

-z P () R2—2Rr cos (8 —§)+r2’
{=Re'®, z=re'’

_ _ 2=t ¢(©di_ __ 2cdy -
B: RE=0, ‘IJ(Q)——2+@’ e - etm—y?
C,:”], Z=x+iy-

175. [J. L. W. V. Jensen, Acta Math., 1. 22, ctp. 359 — 364,
1899. Cm. E. Goursat, Cours d’analyse mathématique, 1. 2,
3-e usn., crp. 121 — 123, Paris, Gauthier-Villars, 1918 *).] IToauure-
rpanbHoe BhIpaxKeHue ofHosHauuo B . Ilas & pocratouno masoro G,
conepxkHT Touky r=0 [mpeamosoxkenne], H Torga HHTerpaj paseH
2ni In f(0). Ilyers @;, COOTBETCTBEHHO Q, ..., Oy By, ..., Pn—xo-
Hell NyTH, COEIHHAIOUIEr0 KPYXKOK, MOKPHIBAIOIMH TOUKY @y, COOTBET-
CTBEHHO @3, ..., O, by, ..., b,, ¢ OKpYXRHOCTBIO |2|=1 (| ;|="..

co=|tn|=|Py|=...=|Pn|=1). Ilers1a, HauuHatOmanACs B o, 06%o0-
Jmmaﬂ €-KPYXOK € IIEHTPOM @, H CHOBA BO3BPALAIOWLASiCS B &, AJET
NpH HHTErpPHPOBAHHH, KaK B 3ToM yGeknaemcs, Geps e — 0,

. dz . o
— Oni S O I =2
4 Qu
. au

(s onpe;(eneHHocm HYJH @, IpeAno/ioxeHsl 1 pocThH MH). OKpyx-

HOCTb |z[~—1 naetr S Inf (¢'%) i d8. OtnensieM Temnepb MHHMbIE YacTH
0
B O0EHX HacTAX PaBEHCTBA

on m n .
0y 19 — Omj T N a By o
S Inf(re®)id® — 2ni gln 5 2 éln 5L =2ni Inf (0).

MoxkHO mpoBecTH Apyroe AOKa3aTeabCTBO MeTojoM 3ajpaud 120,

176. Cv. 177; cM. Takme 232.

177. [F. u. R. Nevanlinna, Acta Soc. Sc. Fennicae, 1. 50,
Ne 5, 1922.] INpuaepxupaemcst oﬁosﬂaqeﬂuﬁ pewenus 174. Pacemorpum
dyuxuuio f(£), mepomopdHylo B 006JacTH B, OTJIHUHYIO OT HyJdA H
GeCKOHEYHOCTH Ha ee rpaHHle H BO BHYTPeHHell TOYKE 2z H HMEIOULYIO
BHyTpY B HYJIH oy, 4, ..., @, H DOMOCH by, by ..., b,. PyurUHS
F(Z)y=[[y*(Z)] nmeer vymu Ay,=1p(a,) u mnomocst B,=1 (by).
[Monyyaem [175]:

In|F (0) |+ E'mMIM Zm e <§1 F(2)2L,,
p=1

*) 3. 'y pca, Kypc mMatemarnyeckoro awanusa, 1. II, %, 1, crp. 89.
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T HMHTErpHpoBanue mnpousBoautcs Bromb |Z|=1. Otciona myTem
3aMeHb! NepeMeHHbIX nosyuaem [174]:

Y @
Z‘ lw(a,m Zl“w(b)l 1070 lgntg =117 @)1

p,v:
rjie HHTETPHPOBAHHE MPOH3BOAMTCS BJOJb rpanuusl ofaactd B. 3Haku

B JeBoit yacTh oueBmams: | (@) <1, [¢ (b)) << ; 2?;# IP(E()C)

xuteabHo. Ecou Mbl npescraBuM cebe, uto [ ({) -- mepemeHHas, a 3Ha-
ueHHe | f (2) | GUKCHPOBaHO, TO copepkanie GopMyJbl MOKHO, HECKOJBKO
rpy6o, cpopMyHpoBaTh CAGAYIOMEM 06pasoM: HYJH BHYTPH KOHTypa
yBeJHYHBAIOT, TNOJIOCHI BHYTPH KOHTYDa yMEHBIIAOT (10 MORYJIO)
3HaueHne QyHKuMH Ha KouType. U3 srtoit obuleit Qopmyner Ven-
CceHa BHTEKAlOT TeopeMsl 176, 177 TakuM Xe 06pa3oM, Kak TEOPEMb
173, 174 u3 ofueil Gopmysanl, AaHHOH B pelneHnu 174. MoxHo Takxe
0GOGIIHTE Ha Hall ciyyail JoKasaTeibcTBo Teopembl 120 [174]. Tlpex-
nosoxkeHue, uto f(z) Ha KOHType OTJIMYHA OT HYJs, MOXKHO OTOPOCHTD
Beerja [120], uTo oHa Ha KoHType peryJaspHa— BO MHOTHX c/lydasx.

178. [Cm. F. Nevanlinna, C. R., 1. 175, crp. 676, 1922;
T. Carleman, Ark. fér Mat., Astron. och Fys., 1. 17, Ne 9
crp. 5, 1923.] OnuceiBaeM BOKPYT @, OKPYXKHOCTB JOCTaTOYHO MaJjioro

. 11
pajuyca € H COefUHsAEM €€ C NOJMyOKPYXKHOCTBIO |2z|=R, —5 <

1oJ10-

I
<argz< - TaK, 4TOGHl COEJMHHTEJbHbIE IHHUH (U= L2 ...,

He nepecekanuch, Ilocne ypanenusa U3 B e-KPYKKOB H coeuHHTEb-
HHIX nyTell ocTaercd ofHocBA3Has obiacte &B,. Brosb kourypa stoi
00J1acTd B IOJIOKHTENTLHOM HanpaB/eHUH GepeM yKasaHHBIN HHTErpal.
[letna oxomo @, c HayaloM M KOHLOM B TOUKe 2, |2,|=R, Raer:

1 a, 1 z
—2n (o — = ot )
Bepem Tenepb BeLIECTBEHHYIO YacTh BBIPAXKEHHA
e 2 cos & - i 1 "
{ InfRet) 2= dﬂ+( + | ) (= 5+ &) Inf (o) dy+

z
2

ola

-+ Sﬂ lnf(re"")(‘e—:ﬂ —l—%f—) dﬁ—-?nug <a%—~% —L+%)=O.
+5 -

[lpocrora dopmynsl OOBACHAETCA TeM OGCTOATENBCTBOM, YTO HA rpa-
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1 1
Hulle noaykpyra |z | << R, Rz > 0 auddepeniai (? + ﬁ) —di—z BCIOY
1 2
BEIlECTBEHEH, a (YHKIMA —- — o -= YHCTO MHHMAf.

179. [lyete qy=|a,|e¥ 0, 2—2,= €%, crano 6uITb
U@R)+iV () =a, (2 —2) (z—2) ... (2—2,) =
=|ay| eVre® rye®e . re®n.

Koraa 2z=x BeUIECTBEHHO M BO3PACTaeT OT — OO JO0 - 0O, TO BCE

yras @, (v=1, 2, ..., n) Bospactalor oT —m 10 0 ¥, 3HayHrT,
Vix

arctg ng; =v+ ¢, +9.+...4 ¢, Taxkxke BO3pacTaeT H [MPHTOM

B tejoM Ha nm. OTclofa. cefyer, 4TO OTHOLIEHHe

‘,jg; =tg@+ e+ et )

BO BCEM HHTepBaje — co={x=<{- 00 n pa3 NMpuHHMaeT 3HaueHHe 0
H n pa3 co. D10 pacCyxkIeHHe [10Ka3blBaeT ONHOBPEMEHHO, YTO HYJH
U(x) n V(x) uepenyiorcs.

180. B cuny nenpepbiBHOCTH apryMeHTa SCHO.

181. SIscTByer M3 npuHLHMNA apryMeHTa, TaK KakK COOTBETCTBYIO-
masi GopMyJHpOBKA, KacaloWasici 4YMcJa HyJedl H I0JIocoB, oye-
BH/HO, CTIpaBeAJiMBa, HE HCKJIoOYast H TOrO CJayyasi, KOTa HMEITCs
TOYKH, B KOTOPBIX HYJb HJIH TNOJIOC @ (2) COBMAAAeT € HyJEeM HJH
TIOJIIOCOM 1 (2).

Huaue:

argf (2) = arg ¢ (2) +-arg ¢ (2).

182. [TonnHom MoxeT GblTb MpEACTaBJieH B BHAe NPOU3BElIEHHS
JHHEHHBIX MHOXHTeNeH 2 —2,, TlAe 2, —HYJb nojuHoma. Ilostomy
cor/iacHO 181 M0CTAaTOYHO A0KAa3aThb TEOpPeMy sl JHHEHHOH GYHKLYR
2—2,. [lpu oToGpaxkenun w==7z—2, KpuBasg L CMemlaercsi Ha BeK-
TOp —Z,. EcnH nmostomy 2, JIEXKHT BHYTPH OGJAacTH, OrpaHHYeHHOMH
KpuBOH L, To Touka w=0 HaxoAuTCcs BHYTPH 0OGJACTH, MOJYUYEHHOH
B pe3yJbTaTe OTOOpakeHHf, H YHC/IO O6XO/I0B PaBHO exuHule. B Apy-
FMX CJyuasix’ yuc/10 oOXONOB paBHO HYJIO,

183. Ecau [(2) B of6nactH B perynspHa, 3a HCKAIOUEHHEM, BO3-
MOXKHO, HECKOJNBbKHX IOJIOCOB, H Ha I'PaHWYHON KPHBOH L KOHeYHa H
OTIMYHA OT HyJist, TO TorAa f(2) =R (2) ¢ (?), rAe R (2) — pauunoHab-
Hasi OYHKIOHA, a @ (2) YAOBJIETBOPSIET YCJOBHAM [IPHBEJEHHOrO B
3ajjaye YacTHOTO cJyyas NpHHUIHNa aprymenta. [181, 182.]

184. [A. Hurwitz, Math. Ann., 1. 57, crp. 444, 1903.
Cu. Takxe Ch. Sturm, Journ. de Math., 1. 1, crp. 431, 1836.]
Uro uucsio HynaeH He NMPeBOCXOAMT 27, BeiTekaeT H3 VI 14, Uucao
06X0/10B KPHBO#, onucuiBaeMoil P (2), rae 2= re!®, r >0 u ¥ usmens-
ercst or 0 no 2n, Gonmbwe wuau pasBHO m, HGO P (2) umeer TOUKY
2=0 uynmem m-ii kpartHocTd; IlosToMy KpHBasi nepeceKkaeT MHHMYIO
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oCb 1o MeHblIefl wmepe 2m pas. Ecam P (2) uveer Ha OKPYIKHOCTH
Jz,=1 nynu, GepeM r=1—e, rile &€ — BBIOPaHHOE Ha/JJEXKALUM 00-
pasoM I[OJOKUTETBHOE HIHCA0; ecqan e Ha |z!=1 nommnom P (2)
HyJel ne nMeer, To Oepem r=1. CylllecTBeHIO OTIHYHOE JA0Ka3ate/b-
¢TBO BhITeKaeT u3 Il 141.

185. Iloaunom P (z) =a,+mzt+a,2>+...+a,2* umeer B elu-
HUYHOM Kpyre |2| << 1 n uvieft [22]. TlosTomy yncn0 06X0108B KPHEBOI,
B KOTOPYI0 TEPEXOAHT eAVHHUYHAS OKPYKHOCTB IIPH OToGpaKeHuH
w =P (2), paBio n. IlpunensieM 180 K MoJOXKHTEeNLHOH, COOTBETCT-
BEHHO OTPHIATEJbHOH, MOJOBHHE BeIIeCTBEHHOH OCH.

i88. [A. Ostrowski.] OmnwuceiBaeM B 1JIOCKOCTH @ Kpyr ¢
LEHTPOM B w=@a H C paiHycoM, paBHEIM MakKcuMyMy |f(z)| Ha L.
3Jror Kpyr He colepxHT Touky w=0. Kpusasi, B KOTOPYyIO Tepexo-
AWT L npn oroSpakenin w=a—[(z), BCS COLEPKHTCH B yKasaH-
HOM Kpyre H HMeeT TO3TOMY uHeao obxolos 0.

i87. Ilpu z=iy, — ;r<\y< ; HIMEEM:

W =¢e™M¥ — g ¥ == 2 sin qy,

1.
[Tpu z:xigt, x>=0, nmeem:
w= =i (@4 e ).

Ecny, crano GbiTh, 2 06X0AKHT B MOJOXKHTETbHOM HallpaBJIeHHH IPAHHLY
3a1aHHOM TMOJYHOJIOCH], TO W ONHCBBAET MHHMYH OCb H HMEHHO OT
+ioo po — ico. Ilyers, panee, z=x-iy, x— QUKCUPOBaHHOE

b
NOJI0XKHTE/IbHOE YHCAO0, -— 5 = Y= bR M3 (l)OpMy.HbI
W= .y __pTlx, oy (e:tx — e—-nx) cos ﬂy—|—- i (eﬂx + e-d'rx) sim Yy

1
C OYEBHAHOCTLIO C/IE/yeT, UTO KOrja z npoferaer otpe3ok Rz =x, — 5 <<

2 —=
, 1
=<3z 5™ TO W OIHCHIBAET NPaBYIO MOJIOBHHY 3JIIHIICA C LEHTPOM B Ha-

yalde M [OJNYyOCAMH em¥ —e ¥y g L g3y,

Takuvm oGpasoM, KakoBO Obl HH ObVIO YHCJIO @, B MpABOH MOJy-
miockocTH Rw >0, MOKHO BHIOpATh CTOIb GOJBINOE X, YTOOBLI HHCJIO
00X0A0B KPHBOIl, OMNHCLIBAEMOIH pA3HOCTBIO W@ — w,, KOTAA ¢ OOXOLHT
FPaHHLY YeThIPexXyToabHOH 06J/1acTH :

0<<Re<x, — %<3z<é—,

Ouii0 paBHo enuHHme. CM. TakxKe 188.

188. Ilycry w, — npoHsBo/ibHast BHYTPEHHSS TOUKA 0GJI4cTH, Orpa-
HHUHBaeMOH KpHBOK K, B KOTOpYI0 TepeXOAuT IpH OTOGpaKeHUH
OKPYXKHOCTb |z |=r. PacemorpuM KpuBylo K’, mosydaeMylo cmelne-
HueM K Ha BeKTOp — w,. B KpuBylo K’ mpeo6pasyercst OKpy:KHOCTb
|2|=r Tpn oTO6paxeHHH W =] (2) —w, CoriiacHo MNPeANOJOKEHHIO
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ee yucJo 06X0n0B MOXeT OuITh paBHO Juwib -1 wmim — 1. Ho rak
Kak f(2) —w, peryiaspHa, To [NpHHUMN aprymeHTa] 3TO UYHCJIO HEOT-
puLaTeqsHO H, creloBarensHo, paBHO ~+ 1. TakuMm o6pasom, B Kpyre
|z|<<r dyHRUHSA f(2) —w, UMERT pOBHO ONMH HyJb. AHaJOrHYHO
nokaselBaeM, yTo GYHKUHA [ (2) B Kpyre |2|<Cr He MOXKET HNpUHH-
MaTb 3HAYEHUS w,, Jexaulero 3a npejenamu K (COOTBETCTBylOIIee
YHCAO OGXOZOB PABHO HYJIO).

189. paCCMOTpHM KPHBYIO, B KOTOpYIO NI€PEXOJHT NMpH OToGpaxe-
2

HHH w:Se 2dx rpalulla KPYroBOTrO CeKTopa, KpaliHue pajuychl
V]
KOTOPOTO COCTAaBJIAIOT C IIONOXHTENbHOH BEIECTBEHHOH OCbIO YIJIH

—}—% " —-%. O6pasel  ofoMxX pangMycoB MOXHO TOCTPOHTb TMY-

TeM TMOBOpPOTa Ha 45° (COOTBETCTBEHHO 3€PKA/JBbHOrO OTPAXKEHHS
¥ nosopora) cnHpatn Kopuio (ueprexx y Drude, 1l c. B Tekcre
3ajjayn). O6Gpa3 orpaHHUHBaloOLled CEKTOP AYTH OKPYXHHOCTH NPOXOAHUT

BOJIH3M TOUKH w=l/% [IV 189]. Ilycte monoxuTeNBHOE YHCIO £

, , o

B3ATO CTOJMb Ma/ihiM, uyTOGH 06pa3 AyrH 2 = reid, ——i:—<ﬂ<\z,

BCTpeuan o6pasbl PafHycoB JHWb B JABYX TOYKAX, COOTBETCTBYIOUIHX
n 544 !

KOHIlaM zyru re*, re * . PaccmarpuBaem TOria KpUBYIO, B KOTO-
pyio oTo6pa)kaeTcs rpaHpla TOf YacTH YHNOMAHYTOrO CeKTopa, KOTO-
pasi JIEXKHT BHe Kpyra |z|<Cr, T. e. AJs KOTopo# |z |==r. dra KpH-
Bafg HMeeT uHcaIO o6xomoB 0. Ortciona sakiouaem, yto w==0 npH

— % <argz<< %. Ipyroe roxkasatensctBo—B V 178.

190. Unrerpan
1 ¢ F@)de
oni Y @ —a
HMEeT Llesioe 3HAYEHHE M TOSTOMY BOOOILE HE MOXKET U3MEHSAThCS NPH
HenpepuiBHOf Jedopmaunn KOHTypa uHTerpuposasusi. ko pacemar-
pHBacMble KPHBLIE IIJIOCKOCTH 2 MOXKHO HENMPEPEIBHO NpeoGpa30BhiBATH
OIHY B Ipyryio.

191. Ilycrs f(2)3£0, toraa f(2) =0 Ba L, u dynxuus Inf(z) =
= InR-+i© perynspHa Bo Bcex TouKax KpuBoii L. [losTomMy HMeeM:
dlnR ae w
v o5

*) Ecnu sgeMmeHT ayru ds oépasyeT c ockio OX yros @, To, ofo3naias
yepes & H U GeHCTBHTE/bHYIO H MHHMYIO YacTH PeryJispHoil QyHKUHH, 6y}1€M HMETh:

av-—v cosa+ov,sina E?u—u cos | o x “+u,sin | o
ds * v Yoy T 2 v }
OTKYJa € NOMOIbBIO yCaoBuil Kowm-Pumada M BHTEKaer paBeHCTBO

ou c?y
dv ds*
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rie AuddepeHUHPOBAHHE TPOM3BOJAUTCS MO BHEIUHEH HOpMasH, COOT:
BeTCTBEHHO IO NOJIOXKHTEJILHOMY HanpaBJIeHHIO KacaTeTbHOH B TOUKE 2
kpusoii L. IlpoussonHasi, cTosilast B JeBOfi HacTH, NMOJOXHTeJbHA
[mpuHUMD MakcHMyMa], TO e CaMoe, CJIel0oBaTesbHO, CIPAaBENIHBO
H /il NPOHU3BOJHOH B NPABOH YacTH. - )

O6pasoM kpuBofi L CHyXKHT OKPYXKHOCTb (BO3MOXKHO, o6XoauMasi
HECKOJIBKO pa3 B OJIHOM H TOM XK€ HAlpaBJeHHH).

192. [B. Riemann, Werke, ctp. 106 — 107, Leipzig, B. G. Teub-
ner, 1876*), H. M. Macdonald, Proc. Lond. M, S., 1. 29,
crp. 576 — 577, 1898; cm. rakxke G. N. Watson, tam xe, (2), 1. 15,
crp. 227 —242, 1916 **).] Ilycte Ha L (o6o3Havenus pemenus 191)
I @ = Rid'® ?gqﬁo. [Tycrb, nanee, W u W' —uucna o6Xof0B Kpu-
"BHIX, ONHCHIBaeMBIX TouKaMu [ (2), cootBercTBeHHO ['(2) (W ecTb umc-
JIO 0GXON0B OKpPYKHOCTH, . BOOOIIE TOBOPS, OO0XOAHMMOH B MOCTOSIHHOM
HanpaBfieHHH HecKOJbKO pa3). Torma 2m (W' — W) 6yner pasHo u3me-

HEHHIO apTyMeHTa Z—?, Koraa z obxoaut kpueyio L. Ilyers ds=|dz|—

o d®  dB8ds o
sanement Ayru kpusoit L. Tora = ~=_-. TlepBeiii MHOXHTEb TOCTO-
AHHO COXpaHsieT BelleCTBEHHOe 3HaueHHe; CJielloBaTeNibHO, /€10 CBO-
JAWTCSl K HCCJIE/IOBAHUIO H3MEHEHHsl apryMEHTa BTOPOr0 MHOXKHTEJis.

ds | dz |
Ho aprymeHT — = -~ paBeH aprymenty dz, B3siToMy C ofpat-

HBIM 3HaKOM. M3meHeHue HanpaBienusi dz, T. €. KacaTeJbHOrO BEK-
TOpa, NpH IOJOXHTENLHOM 0O0XORe 3aMKHYTOH HPOCTOH KpPHBOH
COCTaBJsIeT 2m, KaK 3TO HHTYHTHBHO OYEBHJHO XOTs Obl Ha NMPHMepE
nonurona. Ecau f'(2) o6pamaercs Ha L B Hyab, To BMécTo L Gepem
AOCTAaTOYHO GJM3KYIO K Hell JIMHHIO yPOBHS, COAEPIKAIYIOCS BHYTPH
ofnacti, orpaHHYyHBaeMoi KpuBO# L.

HeTpyaHo mpuiTH M K TeOMETPHYECKOH HHTEPIPETalHH 3TOH Teo-
pemet [em. H. M. Macdonald, 1. ¢.].

193. Tax kak ['(z) 0, T0 [ (2) He paBHa TOXECTBEHHO NOCTO-
AuHOA. BHyTpn obaactH B f(z) umeer TouHo oauu Hysb [192]. ITos-
TOMY YHCJ0 OGXOAOB (KPYrooOpasHOro) NMYTH, OMHCHIBAEMOTO TOYKOM
w=f(2), koraa z o6xomuT rpanuny B, paswo 1. Uncao 06XonoB
KPHBOIi, onMchIBaeMO# TOUKOH [ (2) — w,, 6yaer paBHo 1 unu 0, cMorps
no ToMmy, 6yJer JH |w, | MeHblIe uaH GOJblle MOCTOSIHHOTO 3HAYEHHS
MoAyaS f(2) wa rpasuue B, ,

194. [E. Rouché, J. de I’Ec. Pol., 1. 39, ctp 217, 1862.]
Tak Kak B Toukax, JexalluX B 06/iaCTH, orpaHHunBaeMofi L, fnocra-
TOYHO O/IM3KO K 3TOH KPHBOH, f(2) u f(2) + ¢ (2) orninuHel OT HyJs

*) b. Puwmaun, Coynnennd, Focrexnsgar, 1940, crp. 111—112.

**) Ykamem eme: Dell’Agnola, Atti Lincei (5), r. 12, 1903 u 1. 13,
1904; A. Denjoy, Comptes Rendus, 1. 166, ctp. 31—33, 1918; Vallée-Pous-
sin, Ann. S. M. Bruxelles, 1. 26, ctp. 112, 1902; E. T. YurTtexep u
I H. BarcoH, Kypc cospemenHoro axamusa, 4, I, crp. 170, ®usmatrus, 1963.
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H HUMeeT MeCcTo HepaBeHCTBO |f (2)|>|@ (2)], To MBI MOXKeM TIPHHSITS,
uyto f (z) u @ (2) pery/sipusl Ha L. ®ynkunsa 1 + ;P(%)) HUMeeT Ha BceM
NPOTAKEHHH KPHBOH [ NOJIOKHTENBbHYIO BEIECTBEHHYH 4YacTb, M03-

TOMY U3MEHEHHe ee aprymeHTa nocje obxoja L pasuo nymaw. Ho
— 26
FO+o@=1@(1+75)

Tak yTo [181] uucio o6xon0B KPHBOH, MOJydyaeMoi NPH OTOGpaKe-
HuH f(2), AOMKHO COBNAlaTb ¢ YUC/JAOM OOXOMOB KpPHBOH, noJyuae-
Mol npu oToGpaxeHuH f(2)+ ¢ (2).

195. UYactuuit cayuail Teopembl 194: f () =ze*2, ¢ (z2)=1, L —
eNUHHYHAs OKPYXKHOCTb |2z|=1. UTO Ha BellecTBEHHOM OTpe3Ke
0<c2z=<c1 JexuT no Kpaiinedi Mepe OfHH KOpeHb, SBCTBYET H3 TOTO,
yTo 26/ Ha 5TOM OTPe3Ke BO3pacTaeT NPH BO3PACTAHHH 2 H MPHTOM
ot 0 10 M1 > 1,

196. Eciu 2=y, y BelulecTBeHHo, TO

|h—ig|=A>1=|e|
Ecau |z| nocratouno Benuko u Rz==0, 10
[A—2|>1=|e*|.

Ypapuende A -—z=0 nuMeer B npaBofi NOJYIUIOCKOCTH KOPeHb 2 =,
UactHult cayuait Teopembl 194: f(R)=A—2, ¢(@)=—e? L—
J0CTaTOYHO GonblIast TOJNYOKPYKHOCTD B noaymiaockoctn Rz =0.
BeniecTBeHHOCT  €IMHCTBEHHOTO KOPHSl BBITEKAeT K3 CHMMETPHH
NOBEPXHOCTH MOAYJSI OTHOCHTE/IBHO BEPTHKANBHOH IJIOCKOCTH, TPOX0-
Ised depes BeleCTBEHHYIO OCh.

197. [Cm. G. Julia, Journ.de Math., cepus 8, 1. 1, c1p. 63,
1918.] YacTHuiit caydail Teopemul 194: Ha €IHHHYHOM OKPYKHOCTH
uMeeM |2 |=1>|f(2)].

198. [I'IpHM%) Ha OJHY OOLLYI0 TeopeMy, NpuHagaexamyio G. J u-
lia, Ann. be I’Ec. Norm., cepus 3, 1. 36, ctp 104—108, 1919.]

1 .
Ilyctb R,— NpsSIMOYTONbHHK C BepIUHHAMH nifi id, n—uenoe,
d— (pHKCcHpOBaHHOe NMOMOXKHUTeNbHOe uucao. IlodoxuM z=x-+iy =
=re'¥. Cornacro I 155 na rpaunue R, npu n—>--0o

In |r(z)|~<x— %) Inr—yb—x,

Tak 4Yro Ha R, munuMym mopynaa I'(2) crpemurcs X oo npu
n—--co. C Apyro#t cTopoHsl, Ha rpaHuue R, Moiyab sinnz ocra-
ercsl Gosiblie Hekoroporo ¢ (¢ =>0), He 3aBucswero or n. Ilostomy
MHEHUMYM BHIpaXKeHust

i |
_ lsmﬂnz |1"(1—z)|

1
'@
Ha rpanuue R_, mpH n—--co cTpeMurcss K oo,
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Takum ofpasoMm, KakoBo Obl HH OblJio @, AJAS JOCTATOYUHO 60/ib-
LIHX n Ha rpanuue R_, 6yJIeM HMeThb:

e

TOr/la KakK B ILEHTpe R HMeeM

I‘() =0. Ilpumensiem 194 x

o= rgp 90 =

199. IlosTopHOE HHTErpHPOBaHHE MO YACTSM JAeT:
1
2ZF(@)=f@0)—F(l)cosz —1—%[}" (1) sinz— g f’ () sin 2t dt] =
0
=f0)—/f(1)cosz+¢(2).

3akaouaeM Bce HYaAW nepuonuyeckoit ¢yurinud f(0)—f (1) cosz B
KPY:KKH pajguyca € C LEHTPaMH B 3THX HYAAX Tak, ytobn 2 GHLIO
MEHbIIE JIGOTO H3 pPacCTOAHHH MeXAy ABYMdA HYyJAsMH. B uacru
IJIOCKOCTH 2, OCTaBIUeHCS NOCJE yIaNeHHd 3THX E-KPYXKKOB, QyH-
9 @)
f)—7(1)cosz
3bIBAEM 3TO CHayana Ads nojsocht — m<< Rz="m.] Takum o6pasom,
zF (2) uMeeT B K2XK/J0M €-KpYTeE, 32 HCKIIOYGHUEM HECKOJBKUX, CTO.I6KO
XKe HyJel, ckoabko H byHKiua f(0) —f (1) cosz [194], T. e. 0AHUH.
dror nociefHn# Heo6xonUMo BemecTBeHeHn B caydae |f (1) [ >|f (0)],
KOTJ|a KPYT JIGAUTCS BEleCTBEHHOH OChIO NIONO/IaM: KOMTIJIEKCHEE HYIH
BEIIeCTBEHHOH (yHKINU F(z) NomapHO compfAXeHH [pewe-
Hue 196].
200, Ynen 2%a—" pfma

KIS 6yAer NpH z— 0O CTpeMUTbess K Hymo. [[Toxa-

I+Z4 2. 24 2. 2. 24
CT3HOBHTCA MaKCHMAJbHBHIM Ha OKPYXKHOCTH |2 |= |&|?*~! u nepecraer
GbITh TAKOBBIM Ha OKPYXKHOCTH |z |=|a>**! [1117]. Ina nayuenus

nepeseca MaKCHMaJbHOIO HJj€Ha Hajx JpYyTrUMH Me)!(uy 3THMH T'paHu-
IIaMH TOJb3yeMcsl GOpMyJIoH

F@)—2"a" 2 + z z 2 z z +
2" o gantt 2t ) RIS + 2t ) a2nts ’ g2nss e
Q-1 gEn-l gen—3 @n-1  g2n-3 g2
2z z 2z z 7z 2 ot

Ha oxpyxkHocTH |2|=|a|?>® cooTBerCTBYyIOWHE YjMeHH OGOHX Ps/0B
B NpaBod yacTd no MOIIYJIIO COBMNAJIAIOT; TaK¥M o6pasoM, HMeeM:
F(@)—2"a "™ ~ 1 1 1 1 1
fa_za oo Tt e )<
g Ial la| la © la| (e |aP

2 1 2lap
la)l 1—la|?  [a]—1

F

< <l,




OTAEN TPETUM 347

160 eIMHCTBEHHBIR NOJOXUTEIbHBIH KOpeHb ypaBHeHus 23 — 222 — 1 =0
MeHble yeM 2,5 [20: d,=0,5, d, = 2,5, d, =1, d3=2,5]. Cnenoparens-
HO, F (2) uMeeT BHYTPU KPyra |2 |<<|a|®* cTONBKO ke HyNeH, CKONbKO
H 2"a~", 1. e. n. VI3 HUX Ha Kpyr |z|=I|a|®**® no TOMy »Ke JlOKa3a-
TeNbCTBY mnajaer ##— 1 Hysed. Cm. V 176, .

201. [A. Hurwitz, Math. Ann., 1. 33, cTp. 246 — 266, 1889.]
Ilyete K — 3aMKHYTHIH KPyr ¢ LEeHTpOM B TOUKe a, cojepiKauuics
B ® v He copepkamuM, HCKAOYasi, GLITb MOXET, @, HH OJHOTC HYJ
¢dyakuun f(2). Tornma Ha rpaHdHue K 1 JOCTaTOYHO GONBLIOTO 7
Gyrem umetb [f(2)|>1|f,(2) —f(2)|. Ilpumensiem 194 Kk yHKIHH
@) =f,(2) —f(2). Donee ofmo: kaxpas uactb obnactu &, =He
UMelolasi Ha cBoedl rpaHuue HyneH QyHKUHH [ (2), COAEpXHUT OnHu-
HaKOBOE KOJHMYECTBO HyJeH Kak o¢ynxiuu f,(2), Tak u f(z), ecnu
TOJBKO 1 JIOCTaTOYHO BeJHKO. BakHo ans mpusioxkeHuiil

202. f(z) peryasipHa B eAHHHYHOM Kpyre |z|<<1 [170]. ITycTs,
B NPOTHBOpeYMe C YTBEpKAEHUEM, [ () =[(2) A1 HEKOTOpOH napml
21, 29, 71552, |2 <1, |23| <C1. PaccMoTpuM nocniefoBaTenbliocTh
fo@)—f.(z) (n=1, 2, 3, ..), cxonamyiocsl X f(2)—f(2;). B raxk-
JOM H3 KPYroB, OINHCAHHBIX OKOJO 2,, UEAHKOM ' CO/lepAaniuxcsa
BHYTPH €/IMHHYHOTC Kpyra H He COAepkKalMX 2,, pasHocTb f,(2) —
—fn (2,) DomkHa Gbiia Obl AJA AOCTaTOYHO GOJBUIMX # 06paraThbCs
B Hyab [201], uTo npejcTaB/isieT NMPOTHBOpPEYHE.

203. [170, 201.]

204. Ilpu a u d uenslX yTBEPHK/EHHE TEOPEMEl MOJYYAeTCsS TaK
JKe, Kak B pemeHHu 185, w60 HyJH mnoJnHOMa

aoza _I_ alza+d _I_ a2Za+2d _I_ . __I_ anza+nd

nexaT B.kpyre |z|=<1 [23]. Tlpn paunoHaibHBIX a U d 3aMeHsieM 2
HEKOTOpHIM ero KpaTHbiM. IIpu HppauHoHAaNbHBIX @ H d ANNpPOKCH-
MHpYeM HX palHOHAaJbHEIMH UYHC/JIaMH H npumeHsem 203.

08. [G. P6lya, Math. Zeitschr.,, 7. 2, crp. 354, 1918.]
Fiveenm [11 21]): '

1 n—1
Sf(t) cosztdt=1lim Y %f(%) cos Yz [185, 203].
b T=®y=l :
206. Kourpnpumep:
fn(z)=z2—|-~r17, n=1,2 3, ...;
B |z|=<2; a=—1, b=+ 1.
207. H3 coorHomenns 2z — we(2) =0 BbTEKaer:

1wy () =)
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CrnenoBatensto, Aubdepenunpys dopmyny Jlarpanxka (L) (ctp. 153)
no w, moJy4yaeM:

T @e@E \ wrt [d”‘lf' (x) @ (%) [ (x)]#=1 ]
l—wy’ () (n—1)! dxn1 o0’

uyro U TpeOoBanoch Joxa3zarsk. Tak Kak ¢(0)s=0, to ['(2) ¢ (2) npH-
HaJJIeXHT K KJacCy «IomycTHMbIX» QYHKUHI BMecre ¢ f(z). IlosTomy
HHTErpupoBaHue npHBOZHT OT 207 ofparHo K ¢opmyne Jlar-

pauxa (L).
208. HmeeM
L[M] _ ! L i@le@r d
n! dxn %*=0 2mi tn o
Ve[ @eer] 1 £ 1O § (w@
o, [ dx Lo_ 2l @ 0( ¢ ) '

rfie uurerpan Oepercst BAONb OKPYXKHOCTH ¢ neutpom B { =0 u 3Ha-
yeHHsl @ JOCTATOYHO MaJbl, TAK YTO BJOJIb KOHTYpPa HHTErpHpOBa-
Hua |§|>lwe({)|. Ho Torha BHyTpH Kpyra, OrpaHuyeHHOLO 3THM
KOHTYpOM, -OYHKLHA §— w@ ({) UMeeT Takoe ke KOJM4ecTBO HYJel,
Kak 1 { [194], 1. e. numwmb oauH., O0o03Hauyasi 3TOT €IAHHCTBEHHBIH
HYyJb 4epe3 2z, HMeeM Janee: -

i wn [dﬂf @ [¢ (x)]”] _ e ojpd [
\ nl dxn =0 20 Y L—wg({) l—wy’ (z) *
n=

209. [L. Euler, De serie Lambertiana, Opera Omnia, cepus 1,
1. 6, crp. 354, Leipzig und Berlin, B. G. Teubner, 1921.] [lonaraem

8 (L) (c1p. 153) 9 (@) =¢, [ (&) =2,

2w? 323 nr- lw”

=0t 5+ 5+ +...
210. Tlonaraem B (L) (c1p. 153) ¢ (2) =¢*, f(2) =e*,

e‘”—l-}— Z a(a-]—n)n—:l'

n=1

211. Ilonaraem x=1-42, cp(z)=(1+z)ﬁ, f(y=142; dop-
myna (L) (crp. 153) maer: -

x=1+z—1+2 (F) S

n=1




OTOCJ TPETHH 349

212. [Cm. 1. c. 209, crp. 350.] Ilonaraem x=142, ¢(2) =
= (142)%, f(2)=(142)* Dopmyna (L) (ctp. 153) naer:

yme=teni=it 3 (405
n=1}

213. as f=0, =1 nonyvyaem OunoMHAJBLHBIA psid, AJd

=2
(ST rha § ()

n=1

ana f=—1 B cymecTBeHHOM TOT e psl, Ans P =

Vi rg =i 3 (57

®

Ilonaras x=1—l—~, w =5 a=af, ¢urcHpyeM §, ®, a u OepeM

p— +oco. YpasHenue 3anaun 211 naet:
-B
0)=§<1+~%> N§8’E.
214. Mpumenssa 207 x ¢ (2) =€, [ (2) =e**, noayvaem:

(ndayrwn % e0f
nl T l—wef T 1—z

’
n=0
TIe 2z HMeeT TO Xe 3Hauenne, 4To H B 209. Paauyc cxozumocTtu
paBen
lim (nta)y (n4-1)! —e1
oo M (n41-4a)rti °

215, [leno ceoxurcs K noxasamnbcmy TOrO, 4TO

© n1 1
2 S _—e""dt S (n+1a—‘)n e h (et gy,
n -
n=0 n 0 0
FiMeeM paBHOMepHO B 0o << 1:

[+e]
___(n-l—a)ﬂ M_i
nl Sl punpl

n=20

rle 2 onpelejsieTcs U3 ypaBHeHus ze” =e*, |z|<<1 [214, 209].
TaguMm o6paszom, HHTepecyloWMA HAac MHTerpaa paBeH

; g z=h) . ef-h_1 i
S T—z =i e—mn" -
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HenocpesctBeriHo yGexiaeMcss B TOM, 4To {=A-—2 y/JOBJIeTBOPSET
ypaBHeHHI0 A —{ —e*=0; A— 2 BelecTBeHHO H MOJIOKUTENBHO.

218. [ITo noBony 216—218, 225, 226 cm. G. P61y a, Ens. Math,,
T. 22, ctp. 38—47, 1922.] Ilpumenss 207 x

¢ (Z) = (1 +2)B» f(Z) = (1 +z)a,

HMEEM:

o Gy [ L

x I—wB (14281 (1—P)x+p’

rne 1 4+2=x 1n x—KopeHb ypaBHeHus 211, asreGpanyeckoro i
palKOHa/JILHBIX 3HAueHHid .

217. [L. Eutler, Opuscula analytica, 1. 1, ctp. 48—62, Pet-
ropoli, 1783.] Ilpumenss 207 K ¢(2)=14z+42% [(2)=1, umeem:

g l—w— ) 1T—2w 302
- 2w ’

iu;ﬂ dar (1 fx—4-xn° - 1 . 1
- ! [ dxn L_O l—w(+2%) V1—20—3

n=20

218. CknanbiBas no k-My cToa0Uy BJEBO OT CPEAHErO, MOJydYaeM:
k-2 k4 k-2
(e (w5
1 1_1/'1_4w)k
V1—4w ( 2w [216].

219. [Cu. Jacobi, Werke, 1. 6, ctp. 22, Berlin, G. Reimer,
1891.] Hocrarouno paccmotpers cayyau 2, 3.

2. Tlyete E5=—1, E= 1. dnsa neueawx o u B BuiGupaeM omnpe-
Jefennble BeTBH QyHKuuil (1—E)¢ u (14-£)B, Ilonoxum B 207:

9@ =LF2 L j=(1—t—20 (1 +E+2P,
F0)= (18 (14E)R.
Torpa npasas yacTh jacrt: '
(=9 (1458 3 PP (5) wr,
n=0

F
¢ @)
2=

TOrja Kak H3 w=

BLITEKaeT:
l—tw—V T—2tww?
w .
f@=20P(1 =" (1 4+ 91 w4V T T Fuf) ¢ x
X(14+w+VT—2%w+w)b,
1—wy’ (@) =11—2Ewwh,

?
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W, 3HAUNT,

ga+ B T—9%w L w?
2 PP ( VI_ZETJ(I—w—}—VI—Q%w%—w"’)‘“X
X(1+w©+VT—2w+w?)-P.

B cayuasx E=—1, =1 rpeSyeman dopmMyna JoKa3blBaercs
HernocpescTBeHHO [pewedue VI 98].
3. Ilycte £=£0. Tlonoxkum B 207:

p@)=2+E [@)=e ¢+ (248 [(0)=eE™

- .
Torja B mpaBoi 4YacTH GYAET CTOSATh e %E% Z LY (&) w*, Torga Kak
n=0

4
BCHEACTBHE W@ ==- 6yZeM HMeTb:

o)

£
z:fj’  f@=Egre” T 1-we @) =1-w

w w)e
CJIE,EOBaTeJleO MBI TOMYUYHM!

L@ 2o ! o
Z ® v = e &

B cayuae § =0 Tpefyemas ¢opMysaa MoxKeT OGHTh 10Ka3aHa Hero-
cpeslcTBeHHO [pelterne VI 99].

220. Aesz =e% (65— 1), A%es? =e5% (e —1)7,

1. Hmeem:

(I+w)f =1+ T+

rae mnonaraeM w=e‘— 1, Pm cxoxutcs mpu |eS—1|<<1 u npous-
BOJIBHOM 2.

z(z w2+ + z2(z—=1) .- (z—n+1) o ..,

n!

2.
s=e—1 =t (= P45 @ — 1P (=)t e — 1,
les—1] <1,

3.
it B R A s A P CR T st iy 5 LN R

(210, ¢ z2=—35, az-—z). B cuny II 205 umeem:
2@—n)t s N
, (ses) ~ (—1)*1ze2 (2n) 2n 2 (sesth)n,
HUrak, mpu |sest <1 psAl CXOAHTCA; B OKPECTHOCTH TOUKH S =0
dopMysa BO BCAKOM Clyyae CIpaBe/iiBa.
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s

| —
[e]
=
2]
=
[@]
o~ ]
)
‘—]
%)
=]
(=24
ja]
o
g
|
L]
[\

4. Tlonaras B 212 x=¢°, f=
o=z, 6yieM UMeTb:

3aMeHss S Ha — S M CK7aApiBas 06e (OPMYyJibl, MOJYyuaeM:

es%|-g=52 v 2 [z-+m—1 ( —s>2m
A 2 2. _p 2
2 . 1+ 2m< 2m—1 > e —e *
m=1

s s

1 al
Ananornuto, nosaras B 216 x=e’, |3=—2~, w=e?—e 2?2, =

1
=2—-, 3aMeHAs s Ha —s M BHUHTAfA, NOJYYaeM IOC/Ie HEKOTO-
poro npeo6pa3oBaHus:

b 2m—2
esf—es7 z24-m—1 ( 2) s s
— _Z2<Qm_1>e—e (es —e™),
m=1
Cymma o6OMX nociefHUX paBeHCTB H JaeT TpeGyeMoe pasJiokKeHHEe

ns es?, Ha ocHoBanun c¢opmysael  CTHpJMHIA ¥ passOHeHHS
¢yHKUUKY Sinmz B GECKOHEUHOe NPOU3BejeHHe UMeeM:

2m 3
2-+m—1 ( T ~~2> _esinnz f . is\2m — -5
2m( o1 ) e o~ sin | m 2.
Pan cxoautesl 1npu |sin%|<l. B okpecrHocTH Toukn s=0 ¢op-

MyJ/a BO BCSIKOM CJyuae CIpaBelJiHBa.

221. [I[To nosozy ¢dopmya 2, 3 em. N. H. Abel, Oeuvres, 1. 2,
Nouvelle édition, crp. 72, 73, Christiania, Grendahl & Son, 1881.]
PasseptoiBaeM B 220, F (z)—e”, obe 4acTu no  BO3pACTaIOlLiM cre-’

neHsaM S ¥ NPUPaBHKBaEM KO3DdHUMEHTH Npu

k' B nieBofl U npaboif
yactax. HMmeem:

AnF(z)=An(1+{Tz+§z2+...+gzk+...> Z—Anzk

222, Jlocratouno aokasatb 1, 2 ana F (2)=(z—w)™; uro
KacaeTcsl OCTaJNbHBIX paLHOHaJAbHHIX (yHKIHHA, TO cHauafla Audde-
peHUMpyeM [0 w M pasjaraeM Ha npocrefitune ApoGH, 3ateM Npume-
Haem 221. Popmynnl 1, 2 cnpasennuBel s F (2) =es?, Koraa s
BEIlECTBEHHO M oTpHuaresibHo. [Pewenne 220.] Orciopa, yMHOXKas
Ha eS¢ ds U MHTerpupys OT §=—00 /10 §=0, nonyuaeMm QpopMyJbl
1, 2 ana F(2)=(z—w)?. O6nacTp NpUMEHHMOCTH 3TUX QopMyJ
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yroGHee ONpeeNuTh CHENYIOMHEM 06pasoM: TakK Kak

(—1)2 !

Ar (z_w)‘lz(z—w) E=wt+1)...@E—w+n)’
TO HYXHO [0OKasaTb, 4TO
| S T 2(@—1)...(2—n)
1) z2—w ZO w—l)...(w—n—l)’
1 n
2) T e—wr T 20 E—w)e—wtD).. E—owtn+i)"

Popmyna 2) nonyuaercsi U3 1) MOCPENCTBOM 3aMEHbI W H 2 COOTBET-
CTBeHHO Ha w—z—1 u — 1. ®opmyna 1) nomyuaercss mocie rpe-
LeNbHOTO Iepexoia H3 TOXKJeCTBa

11 2 z(z—1)

w—z—a+w(w_1)+ w(@w—1) (w— 2)
2@@—1)...(z—n-+1) 2 z2—1 z—n 1

"'+w(w——1)(w—-2)...(w—n)+aw—l'“w—nw—z’

KOTOpPOe HETPYIHO TNPOBEPHTH METOJIOM MaTeMaTHYyeCKOH HHIYKLHH.
Ilpennonaras, yto w ¥ z OTAWYHB APYT OT Apyra ot 0, 1, 2, 3,...,
noJyyaeM IJist OCTaTOYHOrO uJeHa coorHoweHue [cM. II 31]

(—2)(—z+1) ... (—z+n) n®n! nez L(zw)n®=
n=2nl —w(—w+l)...(—wt+nw—2z T (—2) w-—

@opmynm 3 u 4 gna ppo6ubix GyHKHUH F (2) He BHIOAHAIOTCA HH
B Kako#l oGnacTh. leficTBHTE/bHO, B NMPOTHBHOM C/yyae YaCTHUHBIE
CYMMbI 11-TO, COOTBETCTBEHHO 2A-TO, NOPSANKOB HOJUKHBI Gbla# Gbl CO-
rnacHo 255 u 254 paBHOMEPHO CXOZHTLCA B K a XK J 0 H. KOHEYHOH
oGnactu, T. e. F(2) nomkHa Obwia Gbl GHITH perynspHoil BCIOAY,
UTO NPOTHBOPEUHT NPENINOJIONKEHHIO.

223. VYxasaHHOe TOXK/JECTBO HAAIEKUT NOHHMATH YHCTO ¢op-
MaJbHO; OHO OObLeIiiHSeT B OHOM COOTHOLUEHUH GECKOHEYHOe MHO-
KeCTBO ypaBHeHHH, onpenefdlomux BeJdHudHbl Aq, (B=0, 1,
+2,...). ’

2924, Tax Kax B Pa3JiOXKeHHH A5

¢ :

I_—i—t HET CB060,Z1H01"0 YyjeHa, TO
n

KO3(pHLHEHT NpH " B PasNOKEHHH A —— [ F<1+t> 3aBHCHT TOJLKO

OT dy, Q1 - .+, Az MBI MOXKEM, TaKUM OGpPa30M, OTPAHHUUTHCS CIYyHaeM,

Koria F (2) —nonmunoM. Ho xaxapli nojuHOM MoXeT ObBITb Ipel-

cTaBjeH B BHZe JauHelHoH KoMmGuHauuu crenenedt (1 —z)™ (m=0, 1,

2,...), a omnepatop A" juHeeH, T. €. €CIH ap H b, —JBe UHCJIOBHE
[OCJIeI0BATENIBHOCTH H €; K Cy— IOCTOSHHBIE YHCJA, TO

" (C1ag + Cabr) = 1A, + C2A"Dy.
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ITostoMy noCTaTOMHO JOKa3aTh YTBEPIKIAEHHE 1Jisl (DYHKIHH
F@=(0—2m™ (@m=0,1,2,...).

Ho torma [223] A"a, paBHO xo3hGdnLHeHTY NpH 2" B Pa3fiOkKEeHUH

npounssefienus (1 —z)" (1 —2)™ = (1 —2z)™™, 1. e. pasno (— 1) <n:};m>

Mmeem:
Z(_l)”<n+m> = = F ()

n=20

225. [locratouno nokasath yrtBepxkiaenue aas F (2)=(l —2)™
(m=0, 1, 2, ..) [peuienne 224]. B srom cayuae [223] A**a_, paBHO
K0o3(pHUHEHTY TpU 2” B Pa3/OKEHHH BHIPaKEHHS

[ee)

F F(z1 1 4 (—1ymz—m
(=2 Y aet=(1-2= TOETED _ (| _ponim R

R=—o0
T. € paBHo (—1)” <2n:'m>. [Pemenue 218.]
2286. Ilonaraem F(2)=(1—2)"—1 (m=1, 2, 3, ..)) [peieHus
224, 225]. Torna [223) A%**q_,., — A%a_, ; Gyner pasuo KoathdHILH-
€HTY OpY 2" B DPasJiOXXEHHH BbIPAXKeHHs
(1—2)2 (2 —2) 2 et = (1 — 2 (2 — ) LOZLED
k=—
— (1 _z)2n+m (Z' 1 —2) 1+(—12)m+1z-m ,
T. €. PaBHO
nff2n4+m-1 2n+m+1N /1y 2n+m-+1
) = T = e ()
ITonaraem B perenuu 213 f=2, a=m, w=—1{.
227. Ilycrs o=z, phl—z Torna AiA Beex n

mn4+ntz(1—2)=@+a)n+p),

OTKyJa
Hiss)-
:E@JF_;);%‘EI‘(\H.g)e—ﬁ{[_<1+;1.);z} .

3aMmeuasi, 4To
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rje C— diiniepoBa MoCTOsIHHAS, TOJYYaeM CAeAYIOUHE pesyJbTar:

§ o 1 1 sin mz
') IF(B) le (“B) tet = T TU—2)z(1—2) nz(l—z)

228. [I. Schur.] BumosnusieM nepeMHOXeHHe B GeCKOHEUHOM
NPOH3BEJCHHH, NPHUBEASHHOM B pelueHHu 227.
229, Ilonaras B dopmyae (L) (ctp. 1563)
0@ ==, [@=sinnz, w=2(1-2),
HAXOJHM:

sinmz = 2 iz_wn’ Anz[dn—l(l—x)‘nncosnx]xzo [228].

nl dxn1
n=1

230. Ilycts f(re®)y=U(r, )+iV(r, O, U(r, 9), V(r, 8)
BelIeCTBEHHH, a,=b,-}+ic,, b,, ¢, BeuiecTBeHHbl. M3 pasnoxenuit

U(r, 9)=0by+ D) r*(b,cos n® —¢, sinnd),

n=1

Vr, 9)=c¢+ Z r* (c, cos nd + b, sin nd),

n=1i

paBHomepHo cxofsuuxcs npH 0 << ¥ << 2x, monyuaem [117]:

2
\ 1 s
a,,=b,,+w,,=ms U(r, 8) einddy =

27
ﬁ‘_S r, Men®dy  (n=1, 2, 3, ..).

231. Coraaciio pemenuio 230

f(z)=a0+i by +-ic) znZIRZSnU(r, ﬂ)[l—i—Q i (ze;iﬁ>"]dﬂ.

n=1 n=1

2892, 1. UYacrabii cayuaii: [(z) He HMeeT HyJieli B Kpyre
|z|<<r. IlpumenseM 231 He K f(2), a K peryiaspHoii B Kpyre
l2|<<r Qynxunu’Inf ().

2. YacTHblA cayuait: f (2) = ‘) 4

, | e]<<r. Tax kax In|f(re’®)| =0
[5], To unTerpan B npasoi qacm oﬁparuaeTc;i B HYJb.

Ho xaxnas QyHKiUuUs, peryJsipHas B Kpyre |2|={r H OTJHYHAs
OT -HyJs Ha €ro TpaHulle, MOXKET OblTb COCTaBjeHa IOCpPeACTBOM
yMHOXeHHs H3 GyHkumd Bulia 1 u 2. Ycaosue, uyro f(2) %0 Ha
rpaHulle, MOXHO TeNepb TaKxXe OTGPOCHTb, TaK KaK 05e CTOPOHBI
HenpepuiBHO 3aBUCAT or r. Jpyroe peruexue nosnyuyaem 3 176 no
obpasny pelieHHsa 56.
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233. IIycrs O<a<<2n u Re®, 0<<¥<<o—ofHa M3 TOUEK
paccmarpuBaemoii Ayru. U (r, )=0 ana 0<<®<<a. B oSosnaue-
HHAX 3afaud 231 floydaeM nocie ABYKPAaTHOTO NpeJelbHOTO
nepexofia, mnpexanosarad, uro f(0) BewecTBeHHO:

. , 21t | @—0)
im fre?) =] Re®) =5 (U R, 0) T —5-de,
2 ®
S (Rei®) = SU(R o) ctg 12 do,
1 yf‘f )
43R etﬁ)———s R, @)<sm @)‘ do <0.
(04
234. B o6o3nauenusx pemenus 230
2mn
S[U(r, ) do=b}++ 2 72 (b2,
n=1
2:1 oo

inS[V( N =city ¥ v (b,
0

n=1

235. [Cum. C. Carathéodory, Rend. Palermo, 1. 32,

ctp. 193—217, 1911.] B ofosnauennsx pemenns 230 R = 1, g, =

21‘[

27

27

1 , 1 |

=z \U(r, 00 a8, o=\ UG, 9ad=7
0

¢

0

O<r<l; n=1,2, 3, ..).
Bepem r— 1. Tipumep:
FO=y1te=gtetat. 4t
236. dyukuus

. o
! :’4__f (RZ) +i‘\a0 — 1 1 2 aan
2 A—Ray ) 9

YIOBJIETBOpSIET NpeAnoJoKeHHsaM 3afaun 235. TeM cambM

2(14—9?00)
jan| 202200,
T. @
0 ] o0 ; n
¥ o, <2(4—%ay Y (’ﬁ) .
n=1 n=1

B npuMepe rpanvua JOCTHTAeTCsd.
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237. JocraTouHo J0Ka3aTh TIepBROE PaBEHCTBO (BTOpOE nonyqaeréﬂ
—1

o 1 o
3aMeHOl 2 Ha ). PyHKURS Z a,2" OCTAeTCs1 OrPaHHYEHHON 1J1A

n——ow
—1

> agen

n=—:0o0

|z|==1; nyctb, cKakem, <M. OGoznaunm yepes A* (r)

VMaKCHMyM BEleCTBEHHOH YacTH LeJIOH (pyHKIUH Z a,2" Ha OKpyXK-
HOCTH |z|=r. Toraa npu r>1 [pemwenune 236]’1:0
A* () =Rap+4 laa " (1=1, 2, 3, ..).
Kpome toro, A (r)=A* (r)— M, 3uaunr,
A(r)=Rag— M+ |aq| r*.

Ecau Qn OTJIHYHO OT HYJfA, TO 3aKJIO4YaeM OTCI/a, HTO
In A (r)
Inr -

lim inf

7 — o0

Ho cymecTByT CKOJIb yTroAHO Go/bluiHe 7, AASl KOTOPHIX a,=%~0.
238. [E. Landau, Arch. d. Math. u. Phys., cepus 3, 1. 11,

crp. 32—34, 1907; em. F. Schottky, J. fiir Math., 1. 117,

crp. 225—253, 1897.] IHocTtaTouHo A0Ka3aTb TOJILKO HEPaBEHCTBO

|5Ra1|R<\-§A(f). HefictBurenvno, A (f) Oyaer cayXurb Han6omdb-

UMM KoieGaHWeM BeLIECTBEHHOR uacTH GYHKUHH [ (e/%2) npu Beex
BEWECTBEHHBIX [OCTOSHHBIX 3HAYEHHSIX o, a W3 CHPaBeJIKBOCTH

. 2
nepapenctBa |Re'®a; |R << — A (f) npu moGoM o BEITEKEET, YTO TaKke

2
lay |[R<=—-A().
ITycts Tenmepn A — apudMeTHUecKoe CpelHee BepXHEH H HHxKHEH
rpaedt Rf(z) B kpyre |2|<<R. Torna B stOM Kpyre

B () — Al <5 A

=n.

Hanee [230],
aray = | IR (et dd  0<r<R),
CJ1e/l0BaTeNbHO, ’ |
arRay = 2§L [Rf (re'®) — A] cos B dO,

0

2mn
wr|Fay | <2 [ cos ® a0 =24 ().
' 0
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3arem Gepem r—R. Tlpu R=1,
1 1 — . { ]
f(z)=27;-1nl—+z:zz+~§z3+»fs~-z5+...,

HMeEeM:
b

A(=%, lal=1

Teopema JoOmyckaer CJACHYIOLULYIO FeOMeTPHUECKYIO GOPMYAHPOBKY.
ITyerb kpyr KoHGOPMHO 0TOGparkaercs Ha HEKOTOpYIO o6nacTb (He 0651
3aTeIbHO OjiHOMHCTHO). Torza mHpHHa 3TOH 061acTy B JI00OM HANpas-

T
JIEHHH 6y21€T He MeHblle, 4YeM YBeJHUYeHHOE B 5 pa3z npoH3Beje-

HHE pajiiyca Kpyra Ha JHHeHHOe HCKaXKeHHe B ero ueHtpe. B yka-
3aHHOM YaCTHOM CJyuyae 00JacThiO, Ha KOTODYIO OTOOpaXaeTcsl Kpyr,

CAYXKHUT IMoJoca — —}<3§f (z)<——i;—

239.[E. Landau, O.Toeplitz, Arch.d. Math. u. Phys., ce-
pus 3, 1. 11, erp. 302—307, 1907.] ITycts D* (f) — BepXHASA rpaHb Mo-
ayas |f(z)—f(—=z)| B kpyre |z|<<R. Torpa D* (fy=<D(f). Ilycts
0<<r<<R. U3 dopmy.nl

2n
daray = \ [[ (re®) — [ (— rei®)] e 10 d

0

3aKjloyaeM, 4YTO 4nr\a1\f\D* (f) - 2n<<D (f)- 2n. Tenepn GepeM
r—R. Ecau f(z) nuneitna, f(z)=a,+ a2, 10 D(f)=2]a,|R. Pac-
cMaTpyBaeMoll TeopeMe MOMXHO JaTh CJEAYIOUYI0 TI'eOMeTpHUYecKylo
¢dopmysipoBky. IlycTs Kpyr KondgopMHO OTOGpar)<aeTcsi Ha HEKOTO-
pyio obnacte (He o0s3aTeqbHO OAHOJHMCTHO). Torjza MakCHMaJjbHOe
paccTosiHHe Mex/]y IPAHHYHBIMH TOYKaMH 3TOH 00JacTH (ee nHaMerp)
OyJeT He MeHblle, YeM NpOH3BejleHHe JHaMeTpa Kpyra Ha JnHelinoe
nckaxenne B ero ueurpe. B ykasaunHom uwacTHOM cayuae oGpasom
CJYIKIT OTKPLITHIT KPYT.

240. [Cv. E. Landau, Malh. Zeitschr., 1. 20, crp. 99—100,
1924 .1 Quddeperunpys Gopmyny 232 1 nosaras z = 0, nonyuaem [117]:

2

(0 . 1. &) '
ff((O)) - 2 <7u - ‘;Iz’) + = S (In M —1n|f(re®) ) e-® d9,
H«:l 5

< 0 1 5‘\ i
—alo Zm O JFIeS \ (In M — In | f (re'%) ) d® =

. ”; S /1 gn 2 r < M
== ) :R\?— — Ty In !T;H) + ’ IHW [120].
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Cornacuo npennonoxennio 2 Re, << 0, 3Hauut,
1 ¢ —Je, 2
L i
T
OTUM HepaBEeHCTBOM NONb3YeMesl TPH u>l. Ilpn p=<! nmosydaem:

+21In

I%\ %

4
ER(—T”—21nlC 1) <0.

\
o . 2
JeficTBUTEeNIBHO, TIPH 0<x<§ umeeM x-+21nx <0, Ttak Kak .e-
2 o2 ,
Basl YacThb BO3pacTraer C BO3pacTaHHeM x H e? <?> <1,71. e. 8e<C27.
241. Untepecyromuii Hac psii MOXKHO NPeICTaBHTL B (opMe

o« 0

2 An2" = zlz+1—22z+ +1—zkz+ 2 w2

n=0 n=20

rae |2, |=|2s|=...=|2s| =1, limsupy/[b,|< 1. Orciona
n —o

Ay =102} -+ ... endi b, |b,| <<B.
242. Tlycrs paguyc CXONMMOCTH paBeH efHHHIE H

e cae k <
2 an2" = co+zztz)kj;0kz + 2 bn2",
n=20 n=>0
co+c1z0+...+ckz§=,a&0, ¢, 0, limsup 1/

n =0

Orciona npu n>> k no/fyuaem:
o= (k)ck23+‘+(”j‘)ck_lza’“+("+~2) Chath T

+£ grhhtt AR I
ot (e =)
(ntk—p)(ntk—p—1)...(3—p41 by ntr+
x( n(r=T)...(e—k+1) Gt + 7 2 1)'
= &)

[Ipu n-> oo BeIpakeHHe B CKOOKax CXOAWTC K
) k
Cot 120+ ... Fepzy 0.
Cm. takxe I 178.

243. G.Pdlya, J. fiir Math., 1. 151, ctp. 24—25, 1921.] I'lox-
xo/:mmpo BBIGOPOM  NOJIKHOMA P(z)~co+clz+ ~|—cq 029 2—1—2‘? -1

MOXHO HOGUTBCA TOTO, YTOOH cTeneHHoil pAx P (2) Z A" = anz"
n==0 n==0
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yIOBJETBOPAJ YcloBHAM 3ajzaun 242, Us

{l/lb_,,|—>—:)— [168]. Hasee,

->p BBITEKAET

|bn | =1Coltn 41801+ ..+ Co2ln-gra+ Angi1 | <<
<Au(c|+ler ]|+ Flega 1),

244. Ilycty £ — nekomoe uyucno. Ilonaraem a,=oa,4-b,, Tie

. np—— 1
limsup /b, = b<<—,
n-—oo Y
o0
a ) o,2"— pauxoHanbHast (YHKIKA, HMEOLAs B TOUHOCTH K 10-
n=20

JIOCOB HA TpaHHUE Kpyra cXoiuMocTH |z|==p. IlycTe & cTosb Mavio,
1 .
41O b+s<—p— —e. CorsacHo 243 npu 10CTaTOYHO GOMBIIKX 1

Max (Jotn ], |Gaals ooy |Gnope [) > Max [(%_EY' (L_8>n—k+1],

0

T. e. MO KpaiiHeft mepe aas oxHoro A, n=fA=n—k-+1, Gyzer:
. | -
|a;’><fp~—e> > bz |.
CnenoBartenbio, a;=a.-b,==0. Orciona BpiTekaer, u4TO v,==

- B
== —¢, TAe ¢ He B3aBHCHT OT A.

Teopema cnpaseasinBa U B TOM cJjiyyae, KOTja NMpPH NOACYETE MOJIO-
COB He NPHHUMAeTCd BO BHHMaHME HX KPaTHOCTb, OAHAKO MJisl ee
JIOKa3aTe/ibCTBa B TOM cayyae TpebyioTcs Jpyrue CpeicTBa.

245. [J. Kénig, Math. Ann., 1. 9, crp. 530—540, 1876.]
Ecnn nomocel k-ro mnopsaka, T0 a,= Antlp~" (sin (na - 8) }-g,),
A, o, & BemecrBedHw, lim e,=0 [pemenue 242]. Ilycre 4 >0,

n - oo

O<2n<a<<n—2n u |eg,|<<sinm ansg Beex n>N. Ecau pac-
CTOSIHHE MeX1y Mo+ 8 B ONHXKAUIUMM IeJHM KPaTHBIM U INPEeBH-
IIaeT 1, TO @, HUMEET TOT K€ 3HaK, uro H sin (na4-6). Ecniu n >N
H a, N0 3HaKy He coBmajgaetT ¢ sin(noe-+06), To TOrZa MOXKHO
C yBEPEHHOCTHIO YTBEPKJAaTh, UTO G,y M @,,,; HMEIOT Te XKe 3HAKH,

yTo H
sin((n—1)a46) u sin((n4-1)a49),
W NMPHTOM 3HAKH Gy ¥ @nyy NMPOTHBOMONONHEL, HEO H3

—n<<ne48—mu<n
BLITEKAET

—atn<<(n—1)a+40—mu<<—n,
n<mp+Hotd—-—mn<<a—mn.
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HOQTOMY YHCJO0 NEpEMEH 3HaKa MEXKAY

An1s Ay, Ontq
GYJET TO K€, Y4TO U MEKIy

sin((n—1Dea-8), sin(a+8), sm{(n-+1)a-0).

Tenepr npumensem VIII 14.

[e0]
246. Ilycrs psy > a,2" umeer paguyc cxoaumoctd 1. Ecou G
n=20
pPal CXOAHMJICH B KaKOH-HUOY/Ab TOYKE Ha TpaHUlle KPyra CXoJHMOCTH,
TO MBl uMesun 6 1im a,=0, caesosarennno [l 85],

n— o

lim (I1—2)(@+az+...4+a2"+...)= lim 51'—‘=0,
z2—->1—~0 n-» o
M, 3HauyuT, Toyka z=1 He Morja Obl GbITH IIOJIIOCOM.
247. [M. Fekete, C. R., 1. 150, crp. 1033—1036, 1910.
G. H. Hardy, Proc. Lond. M. S. (2), 7. 8, crp. 277—294, 1910.]

Ilyers
fle)y=capxttcpx ™4+, (=0, c.,#0)

# 0«Zp<C1, npuyem p B3ATO JOCTATOYHO MaJbIM, Tak, 4YTQGBl 3TOT
psin aGCoOMIOTHO M PaBHOMEPHO CXOAHJICH Aas | x| =Ip. Torga mmeem,
cyavaJga aa9g Rs > h:

Q o]
gxs—lf (e*)dx= 2 c,,fj—j—:.
6 n=-—~Hh

YmHoxenue Ha I (s)~1 yHHYTOXKAeT 3/lech BCE MOJIOCH], MOTYI[HE HMETh-
cgs B Toykax sS=h, h-—1, ..., 1, Korga A=1. B HacTosem
cay4yae B TOYKE S=/5 MOJIOC BO BCAKOM CJydyae HaJHLo, TaK Kak
C_h#o.

© ,
248. Pag Y e=2V" (@ >0) cxomurcs. Huterpan F(u) cxo-
n=1 ’ ' N
aurci, Tak Kak @ (a--if) orpannyeno aas Bcex f. Wnrerpupys mo-
yleHHo, mojayyaem [II 115]:

fee) 4 a-ioo
Fuw=Y 2
n=02m a—Sioo
B cuay 155 npn Vm—1<<u<V'm nveem:
F@) =an(Vm—u)+an; (Vm+T—)+ape(VmF2—u)+...,

T. e. F(u) aBasercss JjuHefiHOH ¢(yHKUHEH B KaxJIOM M3 Ha3BaH-

HBIX HHTEPBAJIOB M NpPHTOM B HHTepBase }/ m— 1 <u <V m umeer
12 T. Ioaua, I'. Cere, u. 1

& (V/r—z—u)_l_e—s(lfﬁ—I—u)

s2

S.
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NpoH3BOJIHYIO, PAaBHYIO
— Ay — Qg — Qg —

Ecau CD(s) TOKJIECTBEHHO PaBHO HYJIO, TO F(u)-—O npn u>0 u,
Ce[0BATENBHO, Ayt Qi+ Anig+...=0 (m=1, 2, 3,
249. O+ (0) =0; Ok (0) Takxke paBHO HyJIO, TaK Kak

'(z Ed;>k (&)= 2 a,nkz"

=0

lim L ket = L a.nk;
z=lp—o n=20
cnenopatenpHo, O (s) =0.
250. YxasanHas B 3agaue QyHKuuA [ (2) 061ajaeT CJAeLYIOLIHMH
CBOMCTBAMH:
1. Ona perynspua B kKpyre |z|<<1, Tak Kak npu Rz=<1 uure-
rpajg a6CcogMIOTHO CXOAUTCS. Yimeewm:

a,,:S (X+x”°°sl‘”)s1n(x”s“mun) d« (n=0,1,2,..).
0

2. a, He MoxeT OblTh paBHO Hymo a1 n=0, 1, 2, ..., ubo

| e G+ 2 cos ) sin (x# sin pm) | < e "

[pemenne 153].
3. Ilpu | 2] << 1 umeem:
f) (2) = e=Feosmgin (whsinpm) e=*0 =D 2 dx  (n=0, 1, 2, ..).
0

B nosmynnockoctn Rz<<1 370T HHTErpas aGCOMIOTHO M PaBHOMEDPHO
cxonutcsi. Koraa z cTpeMHTCH K e€IMHUIlE BJIOJb BEHIECTBEHHOHR ocH,
TOJTYYaeM:

lim ) (z) = S e~ Aeoswrsin (sinpm) x7 dx=0  [153].
z2—1 j

4. |a,| < S x+x”cosun)xn dx <

0

< ;71!_ + ,jlr ?’La% (e~ (x + " cos pm) 1+7) § x 2,
cregopareabro [I1 222], '

a
lim sup——L"—|

n—oo

< —cos un << 0.

TIpEMeHHB BMECTO e—*'cos Wsin (xhsin ) yKasaHHYIO B pelleHnn 153
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aVx—Inx\ . (l/}lnx—knj
(In x)2—|—n2/s n (Inx)2+4n2 )’

n|a
Inla,| HEJb3s 3aMeHHTb

Va

tpyuxnuo  TambByprepa exp( y6e-
JKjlaeMcsl aHaJIOTMYHBIM 06pas3oM, 4To B 249

. |
naxe Ha (In n)zln—‘.@’—‘.

251. [G. P6lya, sanaua; Arch. d. Math. u. Phys., cepus 3,
1. 25, c1p. 337, 1917, Pemenne — H. Priifer, K. Scholl, ram :xe,
cepus 3, T. 28, CTp.' 177, 1920.] Tlycrs

g@=cti —a)t+g—ar+..+0—ar+

M psyl, MPUBEJEHHBI B 3ajaue, CXOAMTCA B TOUKe z2=a, T. €. Cy+

—|—cl—|—cz—|—...—|—’c,,—|—... CXONUTCSl, M, B3HAUHT, |Cpik—t Cmennr+--
—|—c,,,+k+,,\<e JUIST JI0CTATOYHO OOJIBILIHX 1 H BCeX k, n=0, 1,
2, . Torna

lg(”') (z) 4+ gim (2) ]_ +g(m+n) (2) | =
- ‘ (C”‘+k +Cmipze . A Cminse) ___?_)__ <egz—ol,
k=
252, Ilycms
g =a,+ (z zO)"’g? (2—20)%+.. _|_a,1 (z—2z)+...

u mocrejosaredbHocTs ||, Vi), ..., 1/{an|, ... OrpaHHYeHa,
lim sup 1’/1 |a,|=A. Torpa aas kKaxaoro € (e >>0) MOXHO yKa3aTb
n— oo

takoe N, uto npu n>N 6yuer |a,|<<(A-+¢)*; crenoparesnHo,
g™ () =|an+ 5 (e — 20+ %2 (2= 20+ {<

<Aoo A g | A ey
' = (A+e)red+ez—z'

‘O1clofa BBITEKAET, 4TO
. nyQ—— "7 . JE—
lim sup ]/—Ig(”) (Z) | < A =1lim sup f/‘ g(n) (zo) |,
n—o© n—oo

M, 3HAUUT, HH B OJIHOH TOUKE 2 MHTepecyOUuil Hac BepXHuH npejes
HE MOMKET MPEBOCXOJUTL BEPXHEro Npejiena B Kako# Onl TO HU GHLIO
Jpyrofl TOUKe 2.

~ 283. [J. Bendixson, Acta Math.,, 1. 9, crp. 1, 1887.]
Tak xe, Kak B 254, ¢ NMOMOILBLIO COOTHOLUICHUS

Quia () = Qn ()= vn[]<1_f>wvn1 <1~§;>-

v=_0

8

12+
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254. [Cu. N. E. Nérlund, Differenzenrechung, crp. 210,
Berlin, Julius Springer, 1924.] Vmeem:

Q2n+2 (Z) - Q2n (z) - (Yﬂz ‘l’ 671) Pn (z)!

rie P, (2) uMeer TO e 3HayeHue, uto U B 13, a y, H 8, — NOCTOSH-
oo

nee. Ilyers @ u b—gpe Touku cxomumoctd. Torma psasl D, 4,

n=_0

Y} By, Tle NONOKEHO (Y0 -+-8,) Py (@) = A,y (yob+8,) P (b) =B
=0
(n:xozme. Tak kak pax

i Py _ Ppa()]_
e |Pr@ " Pra (@)

P, (2 22—a?
Pﬂ—l (OL) a2'—n2

rle a=a WM a=> U z—mobas KOHeYHas TOYKa, paBHOMEPHO CXO-

sin ez |
JHTCA <Pn () — = ), TO TO XK€ MMEET MeCTo M MJIs PAAoB

N 4 P N g Pa@
zofqn?m’ ZOB"Pn(b)

[Knopp, crp. 349]. Ho

2 (Va2 +82) Pa (2) =

P V o Pa®
"Pul@) T Z " Pa(b)”

255. CornacHo VI 76 umeeM:
Q. (@) =cyt izt %(2_214_ UL (?’;!-n)"'l )

(o<}

[Tycts a (@« 0) — TouKa CXOAMUMOCTH, 2‘1(“,1;!”)E=am 2 ay CXO-
n=>0
autcs. Hpu n>|z|, n>|a| umeem pasnox&eﬂue
a \—n+l z n-—l o2
e !

rae A’, A”, ... 3aBHCAT OT @, 2, HO He 3aBHCAT OT 1. P4l ¢ o6LHM
YJICHOM :

1" (= = 1 1) = +

aBCOJIIOTHO CXOMUTCH H MO3TOMY cXonuTcs Takxe [Knop p, crp. 349]

- pan
aﬂ%(l_%>—n+l<l_%>n4.
0

Cot

ipAs
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2356. Cuv. 285. MmeeT mecto Gosee ofuras TeopeMa: ecitu GbyHKIHMH
fn(2) peryJsipHbl, OTJHYHBI OT HYJAS H MO MOAYJIO MEHbBLIE eMHMIIEI
B obJacte B H ecsiu B HeKOTOpOH Touke @ 5ToH obaacti limf, (@) =0,

n—co .

To Beofy B obsactd lim f, (z) =0, npuToM PaBHOMEPHO BO BCAKOM

n—o0
BHYTpEHHEH 3aMKHYTOH orpaHH4yeHHOH obnacty. JlokasaTejbcTBO IIPo-
BOJHMTCS NIyTeM MOCJIEJOBATENBHOIO «UEPENUYHOro» IMOKPLITUS BceH
o6macti B Kpyramu.
257. [A. Harnack, Math. Ann., 1. 35, cTp. 23, 1890.] IlycTs
Up (X, Y) — CONpsixKEHHAs C U, (x, y) OyHRUUA H '

g.(2) =€~ u, (x, ) —iv, (x, y)v’ 2=x-1iy.

o8]

Ecou 6b1 pag Z Up (X, ) pacxopuacs Xorts 61;1 B OJHOH TOUKe
. n=0 .
=X+ iy, obnactu &, T0, monaras f,(2) =g, (2) g (2) ... g, (2),
MBl HMeJH Obl lim [, (z5) =0, orkyza [pewenne 256] lim f,(z) =0

n-+00 n—oo
BO Bcell ob6sactu B, uto mpexcraBaser nporuBopeyne. (Bosee nosHo
ucronbsys II1 285, y6exnaemcss B TOM, 4TO CXOAHMOCTL PaBHOMEDHA
CHauaJla B 3aMKHYTOM KpyTe C LIEHTPOM Z,, cojepxaimeMcs B &; 3arem
JOBOAMM JOKa3aTesbCTBO 10 KOHIA NOCPEACTBOM «UepelIHYHOro» nepe-
KDBITHS1 06JIacTH KpYyTaMH.)
‘298, TosoxuM [, (2) =u, (x, y) +iv, (x, y). Toraa

X, ¥
duy, (x, Oup, (x,
0n(, ) =0 (50, g+ | ol gy 2aled gy,

X0, Yo

I7le MHTErpUpOBaHUe NPOH3BOLUTCA BJOJDb JOGOH KPHBOH, COSIMHSIO-
me# 11pOU3BONBHO BHIOPaHHYIO (PHKCHPOBAHHYIO TOYKY Xy, Y, C Tepe-
MEHHOH TOUKOH X, y U Jexamell nenukom B obaactd . Ilpu n—- oo
WHTErpaJl paBHOMEDHO CXOAUTCA B Kax/JOH 3aMKHYTOH orpaHHyeHHOH

yactu 06JacTd &, «u60 3TuM CBOHCTBOM 06/1aJ1a10T [OCJE]0BaTE b~
_HOCTH MIPOU3BOAHBIX a—(;lxl, ag—y” [cM. 230]. Takum o6pa39M, nocJ/ef0-
BaTeNBHOCTh U, (X, 3) CXOAMTCH TOTAa M TOJBKO TOTJa, Korja cxo-
JUTCS TOCHGNOBATENBHOCTD Uy (X, Yo), M HPHTOM TOTJA YXKe paBHO-
MEpPHO BO BCSIKOH BHYTPEHHEH 3aMKHYTOH OrpaHHYeHHOH o6JacTH.
2859. Ilycrs a4, a4, Q,,...—Jo0Gble yucna. M3 toxiectsa

ay (1 — )+ aoa; (1 — @) + 2,25 (1 — ag) +-. .. .
o vtagay. . a,- 4 (1 —a,) =0y — aga,. . A,
3aK/moygaeMm, 41O

oo}

— .
Qg4 Gy . Qn (1 — Ay 1 1) = 8o — lim qy@,04. . Ay,
n=>0 n—Cco
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B TPE/NOJOKEeHHH, 4YTO MocaejHui mnpejea cywectByer. [losaraem:

1
a=1, a":TzZ"Tl— n=1,2 3,..) [114].
260. Crenennoit psn

14+ 2 G

T
n=1

uMeeT pajuyc cxoaumoctH e ! [214]; nostomy uuTepecyiomuil Hac
pSill CXOAMTCA B KaxA0i 06JacTH IIJIOCKOCTH X, Iae |xe *|<Ce 1,
¥ npeicTaBJsfeTr TaM aHaJuTHuecKylo ¢yHkumo. Kaxaef us uxrep-
BaioB 0 =—x <<l u 1l <<x <+ oo 3akmouen B obaactd &,, coorser-
crBeHHO B, yKasaHHOIO THNA, ONHAKO TOTO XK€ HEJb3f YTBEPKIAATH
HacueT MX oO6beAuHeH H . CormacHo 210 cymma psja aJs JdocTa-
TOUHO MaJBIX X paBHA €% u I03TOMY Booéme paBHa e** Ajis BCEX X
B ®,. Ilyctb tenepp | <<x<C-}oo u X' onpellessiercs ypaBHeHHEM
xe*=x'e", 0<x'<C1. 3anauHeifl psil ocraercss HEHIMEHHBIM I[pH
sameHe ¥ Ha x’. [TosTomy CymMOii ero cayxut €™’ ==e**. Psax cxo-
AuTCH Takxke A1 x=1 [220, 3] u cornacHo Teopeme AGens |l 86]
uUMeeT CBOH cymmoil e*.

261. fo(z) =22 +1.

Ilpun Rz >0 umeem:

lim f, (2) = lim =

n
n—oo n—o0 \2_1 1
2 <_n'} w

=0 Fl=z@+1)12@E+1) [ 45].
sz“ldx

Ilpu Rz <0, Rz =x umeem:

PAGEL

. An“l, ecau x=%=—1,
v
Alnn, ecau X =—1,
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rie A He 3aBuUCHT OT n. Jlajiee, CYIIECTBYET NpPeAes

lim 3 WP -1= 17149714 dn? 14 =

n—>00. 1
’ =L (1 —2)=0 [VIII 48].
Takum o6pas3oM, B 3TOM ciaydae

lim f, (2) = 1.

n—co

262. [G. Pélya, sanaua; Arch. d. Math. u. Phys., cepus 3,
T. 25, crp. 337, 1917. Pemenve —H. Priifer, tam ke, cepusa 3,
1. 28, ctp. 179— 180, 1920.] ITosoxum:

—1 (2) —
T §+1=€’ g(:)ﬁ=1p(?§)-
oraa
T =), HHESI L =y e lv @ ..
s Lta—p
rl’b(C)_Cl-—]—(a——ﬁ)—;’

H YyTBEPXKJE€HHE COCTOUT B TOM, UYTO I10CJ€J0BATEJIbHOCTD

VO, vIvOL v{wlvOL ...

crpemMurcsl K HyJao a8 | L] << 1, ctpemutcs K GECKOHEYHOCTH AJIA
|| >>1 u cTpeMHTCH K eJMHHIE WJIH pacXoiHtcs, Korda |{|=1.
Ilyers |§|=r, r<<1; oGo3naunM uepe3 M (r) MakCUMyM MOAYJA
[ {+a—p
I+@—Pt

B kpyre |{|=<r. Umeem M (r) << 1 [5] u M (r) MOHOTOHHO BO3pacTaer
BMecte ¢ r [267]. M3 onpenenenns  ({) crenyer:

Y@ =M (), [$[YOl<|p QMM N]<r[M (NP,
P {v [y O =< [$[v OUM{r[M ]} <r[M (P

H T. 1. AHanoruuso paccyxjiaem, Korja |{|>1.
[Tyctb, Hakonen, |{|=1. Torna

YO I=[v[YON=1v{b[v» OB I=...= L

Ecsnn paccMaTpuBaeMast NOC/I€10BATENBHOCTD CTPEMHUTCA K HEKOTOPOMY
npegeny &y, |Lo|=1, To TOrna

Cozgoli_(i;;“_—ﬁ)ﬁgo» T. e. Ly=1,
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263. ITonoxum (z—l)(z_n?)“‘(z_") =P, (2). Toria Ha NOJOXHU-

TeJbHOH MHHMOH OCH 2z =iy, y>0,

VP =y (1+20) (145 (142) < S0y _ e

it 27

Ipu ¢ukcupoBaHHOM 2z HUMeeMm:
. 2 1
nllngo(— 1)" P, (z)n :m'

Tem camblM MocsefoBaTeNbHOCTD SABJISIETCA OrpaHHYEHHO, Hanpumep
B noaykpyre Rz=0, |z|=1. B cepnoBunHo#t obmactH

lz—n|=n, |z—n—1|<<nt1

P,(z) no moaymo Gosbiue uem P, ., (2), P, 2(2),...y Ppy1(2),...
[12]. Ha BHyTpeHHeli rpaHume yKa3aHHOH CepIOBHIHOH o6JacTH
|z—n|=n, z=2ne'%cos¢. B mnpeanonoxenuu |z|=1 umeem
[mo noBopy nokasartenscrBa ¢opmyJssl CTHpJAHHTAa IIPH IPUHATHIX
3flecb ycJoBUAX cM., Hanpumep, E. Landau, Elementare und
analytische Theorie der algebraischen Zahlen, ctp. 77 —79, Leipzig
und Berlin, B. G. Teubner, 1918%)}:

V2P (a)|= 1

_ I VzI (2 o VEZZ—Te‘z
T | Te—mT 1) |

0 e\b (2, 1) —
2—n— n4
(z—n) 2 g2tnp

1
n+ o
? ev @ m=|(2e 9 cos (p)el'p | e n),

e—n

Z2—n

n

\z2—n

()

rie P (z, n) ocraercsi OrpaHHyYeHHOH IJIs BCEX pacCMaTpHBaeMbIX
sHaueHH#t 2, n. Ha BHemHe# rpanuie cepnoBuiHOHi 06JacTH Ta xe
OHEHKa uMeeT Mecto M st P,..(2), a Tak Kak TaM |P,(2) | =
=|Pps1(@)|, To u m1a P,(z). Ecan mpl nposeneM u3 Toukd z=10

)1 o
Jyd4 TOJ YIJIOM @, 0<(p<—2—, K BEECTBEHHOH OCH, TO Ha OTpesKe

3TOrO Jy4a, 3aKJIOUeHHOM B, CEpHOBHIHON ofsactH, Moayab P, (2)
6yjler BospacTaTh, TaK KaK TaM BO3pacTalT Bce MHOXHTeNM 2 — 1,
2—2,..., 2—n, KaK 3TO SIBCTByeT XOTs1 OBl M3 reOMETPUUYECKHX
cooGpaxeHui. ’

264. [Cm. N. E. No6rlund, 1. c. 254, crp. 214.] Paccmotpum
3aMKHYTYIO 06/1acTb, 3aKJIOYEHHYIO MEXIy ABYMS JIEMHHCKaTaMM:

2ntcos20<< r2 << 2 (n-+ 1)2cos 2¢.

*) Cm. Takxke E. T. Yurtexkep uT. H. Barcon. Kypc cospeMentoro
ananusa, 4. 2, § 12, 33 u § 13, 6, Pusmarrus, 1963.
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JJ1s TeX TOYEK BHYTpEHHMel TpaHMUB! 3ToH 06J1acTH, KOTOpHIE JjexaT
BHE €JIHHHYHOTO Kpyra, HMeeM:

z<1_iz)<l_§><l—%> =|F(ﬂﬁ[ﬁzil)l? =
=!<§{—Z>z ' ﬁ:Tna\nJr?e"’(z' m = (%)eim"ewz, n—

=| (oY Zcos Dp-e2ia)? | M eve m,

¥ (2, n) orpanuueno [13, 263). }
n

F2|

265. MakcuMyM MofyJIs (1 + ) BJIOJIb JIy4a 2 = r€'?, ¢ UKCH-

pOB4HO, He 3aBUCHT OT n; NojaraeM z=ng, {=pe'". Magcumym
BLIPAXKEHHS

rg7inl 14| =cos o — 4§ cos 2+ §-cos 3p—...

HaxoAHTCA € NOMOWB- JudxbepeHUpOBaHHA 110 p, 3TOT MaKCHMYM
paBeH COS @ ¥ Jocruraercea npu p =0, Korxa —-—<q)< . Korna

xe T<(p<—74—, TO OH JOCTHTAeTCHA UpH YCAOBHH
. 2
510 (0% 20 cos o+ 1)+ EEEED . —
=R <1n———|— _L>=o

_ E-1 +1
(E+1/>1) u pasen C’

LY 1~— R -l
D=1 < c+1>

1
Tonoxum ) =w. Torja w yAoB/eTBOpseT ypaBHenHio | we™®+1| =

= 1. WUmeem:

. 1
Nwl<l, e=arge=argi—,

H HHTepecylolMil Hac MaKCHMyM paBeH

HccseoBanHe 3HaKA NPOM3BOAHON MOXHO 3aMEHHTD _HCCJIe/loBaHHEM
objsactu 116.
Haiuune B 263—265 BbLINYK/LIX KPHBLIX He sIBJsIeTCS Caydaii-
Hoctelo; om. G. P6lya, Math. Ann., 1. 89, crp. 179 —191, 1923,
266. [135.] : |
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267. [135.]
268. [(2)=[(TY) peryaspHa BHYTpPM Kpyra \§|< = H M(r)

ABJIAETCS MakcHMyMoM MmoayJs f({~!) Ha OKpyxHOCTH |§|=-»r— [266,
267].
KE) e
269. —;- peryssipHa B NPOKOJOTOH TUIocKocTH | 2| >0 (Brmouas
" z=c0) [268].

270. [C. H. Bepuwreiin, Coobw. Xapbpk. MaTem. ofl. (2),
1. 14*%); M. Riesz, Acta Math., 1. 40, ctp. 337, 1916.] ITpumensem

268 x - "f(%—> [79]. Tlpu |E|=r, r>1, r=a-+b uveem:

[ 1

S t+g

A -\

— 2 /|« Max [ L
& [g)=1 &

B mpenene TpH z—>0O0 TEOpeMa YTBEDK/AeT: MAKCHMYM MOLYJs
NOJMIHHOMA N-H CcTeneHH B HHTepBase — l=Iz=I1 mo MeHbliei Mepe
paBeH MOAYJIO ero crapuiero Kos¢g¢uuueHTa, yMHOXKEHHOMY Ha 2-7
271. Mu moxeM TpuHATb, uTO OcH 3/uncos E; u E, cosnana}OT
C OcCAMH KOODJHHAT, a (OKYChbl HX J€XAT B TOUKAX. z——' 1. Ecan

1
ey

=M.

oTo6paxeHue z=

MNPpUBOAUT B COOTBETCTBHE C 3JIJIUIICAMH El!

E, orpyxHocTH [{|=1r, |L|=ry, | <<ry<<r,, TOTOLNA r; =0+,
ry=0a,+ b,. PaccyxnaeM, kak B 270, npuHUMas BO BHHMaHHe 268.

UlpenenpHeift cnyvail, Korfa sanunc E; cTiruBaetcsi B JBaK/Ibl
06x0AuMBIH BelecTBeHHBIH 0Tpe3ok [— 1, 1], naet 270. Ecau dokychl
COBIIANAIOT, T. €. 3JJIHNCH NPHBOAATCA K OKPYIKHOCTAM, TO MOJy-
yaem 269.

272. Mo moxem 6e3 orpaHuueHHst OGI(HOCTH MPHHATB, YTO
f(0) > 0. Tlonaras f(2)=f (pe!®)=U (p, ¥)+iV (p, ¥), umeem:

1O =5 | UG, 0)+iV (o, 0)]d0=

n 2n 1
l ~ —
Vo dﬁgz—-S[Uz(p, 8) -+ V2 (o, 9)]7 do.
4]
Ecau 3mech HMeeT MecTO 3HaK paBeHcTBa, TO V (p, 0) =0 aaa 0<<
=<0 = 2m, u, caenoBarenbHo, f(z)=/{(0) [230].
273. [134]

*) C. H. BepuwTeiin, Cobpanne counnennit, 1. I, Usg. AH CCCP, 1952,
ctp. 146150,
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274. Dynkuus f(2)= wgz; perynsgpHa B Kpyre |z|<<1l. Ona

pery/ifapHa TaKXKe Ha OKDYXKHOCTH |z|=1, npuuem Tam |f(2) | =1,
ecit P (2) %=0. Ecam 2o—Hyap GyHRUHE P (2), TO @(2) TaKxke
JOJIKHO MMETb CBOHM HYJEM TOYKY 2, H NPHTOM TOH e KPaTHOCTH
[ mporuBHOM caydae ¢yHKnus f(z) uMesa Gbl B TOYKE 2 =2y HYJb
HJAH TI0JIOC, YTO, OYEBH/HO, HEBO3MOXKHO, TaK KaK B CKOJIb YTOIHO
OGJMM3KHX K 29 TOUYKax OKpyxkHocTH |f(2)|=1]. Coxpatum o6iuue
MHOXHTeMH GYHKOMHA ¢(2) 1 ¢ (2). Torna f(z) Gymer perynsipHa H
OTJIMYHA OT HYJs B Kpyre |z|<<1, mpHYeM Ha OKpYMKHOCTH |2|=1
6yner |f(z)|=1. Cnenobatespno [138], f(2) =¢, |¢|=1. Tak xaxk
@(0) u ¢ (0) BeecTBeHHB M IMOJOXKHTENLHB, TO €= 1.

275. |f(2)| sBasiercs BeIECTBEHHOH HeNpepuiBHOH (YHKIHeH
B ofjactH B H, CJeNOBATEbHO, IOCTHraeT B B CBOEro MaKCHMyMa.
Ho sT0oT nocnefHuit He MOXKeT NPUHUMATLCH HH B KakOW BHYTpeEH-
Hell Touke [134].

276. [Cv. E. Lindelof, Acta Soc. Sc. Fennicae, 1. 46, Ne 4

2ntv
crp. 6, 1915.] ITocpenctBoM moBopoTa BOKPYN TOYKH § Ha yroa ——
B nepexoAuT B HEKOTOpYIo objactb By, 1 R — B TOULYHOE MHOKECTBO

Ry (v=0, 1, 2,:.., n—1, By=01, Ry=NR). Touka { conepxurcs
BHYTpH mepeceuenus (nauboJbluefi obweld vactH) D obgacreli By,
B, ..., B, _,. BEyTpeHnne ToUyku MEOXKeCTBa D, KOTOPbIE MOXKHO COENHU-

HUTB C { HelpepuIBHON KPHBOH, LIEJHKOM Jexauei B L, o6pasyloT cBss-
Hoe MHOXKecTBO D*. I'panuna objacte D* COCTOUT COrJIaCHO MPeATNoJo-
JKEHHIO M TIOCTPOEHHIO M3 TOYeK, NMPHHAJIeRalHX MHomxecTBaMm Ny,
R, ..., Rooq. Oyuxoua f(C+(z—L) oY) mo MoaymoO MeHbIIE HIH
paBHa A Ha Bcell rpanuiie objgactu ©* [275] u MeHbIUe UM paBHa a
B TpaHHYHBIX ToYkax, npuHapIexamux R,. Takum obpasom, moay.b
(byHKIHH

fEHE—D)C+E=Do ... fE+(E=0o*)

He npeBocXoAHT a-A”-1! Ha Bcell rpaHune obaacte D* H, cienoBa-
TeqbHO, Takke [275] u Bo BHyTpeHHeH Touke z={.

277. [Cv. E. Lindeldf, 1. ¢. 276.] TlpumemM, yTo o << m; 370
He NpPEeICTaB/sieT OrpaHHYEHHs OOLIHOCTH, TaK KaK B IPOTHBHOM CJY-
yae Mbl MorJu 6B BMecto f (2) paccmotperd f(zP), rae § — nanaexa-
muM obpasom BhiOpaHHOE uyHcJs0, P>>0. Omuumem BOKpPYr IpOH3BO/Ib-

. 1
HOH TOYKM JyYa argz= (¢ —&) OKpYXHOCTb, Kacaroumyocs Jyda
arg z=a. [lpu nepeMelneHMy NEHTPA OKPYXKHOCTH BAOJDL Jyda argz =
1 o
=3 (e —€) Xopna, of6pa3oBaHHAs MpPH TePeceyeHHH 3TOH OKpyH-

HOCTH C BEILeCTBEHHOH oChio, OyleT BHAHA M3 LEHTpa MoJ NOCTO -
AHHBIM yraoM, Ilpumenssa 276, rue 3a B npuHATa yacTb Kpyra,
Jexallas B BepXHEH MNOIYNJOCKOCTH, a 33 R — XopJa, Jexamas
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Ha BeIIeCTBEHHOH OCH, moJjydaeMm, 4yto limf (2) =0 Bionb Jyya argz =
= —;— (x—¢e). TlyTem neSosblIoro H3MEHEHHS X0Ja pacCcyxAeHHH
obHapyxuBaeM, 4to limf(2)=0 paBHoMepHo B yrie O=Cargz<c
<7(a—8). TTpumMeHsieM TOT K€ METOj J0KasaTeJbCTBa K JydaM

3 7 15
argz=7(a—e), g @—e), gla—e),...

278. [Cu. E. Lindelof, 1. c. 276.] Ilycts G — Bepxuasf rpaHb
moayns f(2) B obaacth ®. Torna BHyTpu uau Ha rpaHuune &
HMeeTcd IO KpafiHell Mepe omHa Takas Toyka P, 4TO B 4acTH
o6nactn &, coxepKainefics B JOCTATOYHO MajJoM Kpyre, ONHCAHHOM
OKoJo P, BepxHsAA IpaHb Monyas f(2) paBHa G.

Eciu B & rakoit Touku Her, To B 370# obmactd |f (2) |<<G.
Torma Ttouka P yKasaHHOro pojla JIEXKMT Ha rpaHuIe H COMIAcHO
npepnosoxenno 3 G=< M, 1. e. B o6aactu @ |f (2) | << M.

Ilycte- B & cosmepxurcsi Xors Gb OHA TOYKA YKasaHHOTO poja
P =2, Torna |f(z5)|=G, u Tag Kak Ha JOCTAaTOYHO MasoH OKDPYXK-
HOCTH, OIIHCAHHOH OKO.0 2,, BBHINOJHSETCH HepaBeHCTBO |f (2) |<< G,
To BeJlencTBHe 134 f (2) == const.

279. [P. Fatou, Acta Math., 1. 30, ctp. 395, 1906.] Ilyctb

2m
o=e" . IIpu pocraTouno GonbuioM n umeem (2 = re'd):

rlim f @) f(02) f(0%) ... f(0™'2) =0,

M [PHTOM PaBHOMEPHO BO BCEM €IMHHYHOM prre 0<< 9 < 2n. Cne-
JoBaresIbHO, colvlacHo 278 (yHKIHSA

F@ ) (@) ... [ @)

JoKHa ObiTb TOXKJIECTBEHHO paBHa HyJuo. [Teopema HemocpeacTBeHHO
u3 275 He BHITEKaer.]

280. [H. A. Schwarz, Gesammelte mathematische Abhandlun-
gen, T. 2, ctp. 110—111, Berlm J. Springer, 1890.] [Ipumensiem 278

K (yHKIUH [e ), peryJasipHolt B Kpyre |z |<<1 #).

281. [CM E. Lindel6f, Acta Soc. Sc. Fennicae, 1. 35, Ne 7,
1908. Tlo noeony sanmay 282—289 cm. P. Koebe, Math. ZEItSChT
T. 6, crp. 52, 1920. K sTo#t mocienneli cTaThe MpHIOKEH no;:Lpo6-

HBIH yKasaTeab JuTeparypbl.] Ilycts { =1y (w) — dyukuus, obpart-
Hasd K w=9({). Torna

FQ=v*{fle@N

yIlOBJIETBOpiIET yesoBusM Teopemsl 280. ITostomy npu | {|=< p umeeMm
F () |=<p, rne sHaK paBeHCTBAa HMEET MECTO TO/BKO B TOM CJyuae,

*) Ilpeanomenne 280 sroro orAena OOWEH3BECTHO IOA HA3BaHHEM «IeMMBI
[Isapna».
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korla F (§)=¢€"*{ c BeuiecTBeHHBIM .. M3 5TOroc HepaBEHCTBA BUAHM,
yro 3Hauenus F ({) colepxaTca B Kpyre |{|=Zp H, cieroBareasHo,
snavenus ¢ [F (€)]=[[¢()]—B obnactu §, npuyem z= ¢ (§) npunu-
MaeT Jiobble 3HAueHHs U3 06JIacTH ¢. B sKCTpeMasnbHOM CIyyae uMeeM:

V) =le ]
f @) =vp[e*e™ ()],

rie { = ¢! (2) —dbyHruusa, obpatHas K z=¢ ({), # o BEIECTBEHHO.
J70 — Haubosaee o0mas GYHKUMA, B3aHMHO OAHO3HAYHO OTOOpaxKai-
masgs & Ha § Tak, UTO NPH ITOM Z ==Z, NEPEXOJUT B W = w, [V 86],

282. [C. Caratheodory, Math. Ann., 1. 72, ctp. 107, 1912.]
IlpumensieM 281 K cieayiomeMy YacTHOMY CJ1Y4aio: (5—prr | z| <1,
H—xpyr {w|<1, 2,=0, wy=/(0),

P(O=L v =52

g —Kpyr |z|=<p, h—o61acTb, B KOTOPYIO NEPEXOIUT KPYT |{|=<p
npu orofpaxenun w=1 ({), T. e. Takxke Kpyr. s TOUEK 5TOTO
Kpyra umMeem:

T. €.

_Eld—lwe®) _ 1—|opp
1@ =@ | =g =P T wy p
Pasencrtso JocTHuraercsa JIHIIb NpH -yCJIOBHH
[ @) =vlegt @)= (%) = ot
TNpH 3TOM
|1+ @geinz =1 — |y || 2],
T. €.

argz=arguw,—oa-4mn. "

283. Yactuwit cayyait teopemur 281:
®: kpyr |z| <R, :
$: nonymaockocth Rw << A (R), 2,=0, w,=f(0), Rw,=4 (0),
¢ (£) =Rq,
- @y — 24
Y@= w0+[w01_€ (R wo+[wo+wo'—'214 (R]l

§—Kpyr |z|=<pR=r, h—obaacte, B KOTOpYIO nepexoum KpyT
|C|=<p npu oTobpaxenu w =1 ({). 15 ToyeK 5TON 06NACTH HMeeM:

Rw = R, + [y -+ Ty — 24 (R) ]mi<
=< Rwy— 2 [Rw, — A R)]+——

1—
1+p 1+p
PaBeHCTBO JOCTHraeTcst JUlllb npu yC.TIOBI/IH

F@) = bl @)= (e % ).

Ry + 12 A(R).
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284. lveem [pemenue 283]:

2
w| < lwy | +[24 (R) —wy— o] 5= M (0)+ =5 [4 (R) = A (O]
CnaGee, yem 236.
285. INpumensiem 283 & Inf (2):

Rinf@)=In|f(z) |<<InM(r).
286. 113 285 BhiTeKaeT:

1—[2]
Fa @ P <1 (0) | TF I,

!
Ilpu |z |<< ? HMeeM: 21_Hz||21 CJIeI0BATEJIbHO,

1o (@) B<<1]n (0) |.
287. [Tpumensem 281 K caenyloiieMy YacTHoMy caydaw: & — kpyr
. Y y y ey y
|z| <1, $—mnoaymaockocte Rw >0, 2,=0, w,=f(0)>0,
o 1
¢®=¢% v(@= +§
g—Kpyr |z|=<p, h—Kpyr, KOHTYp KOTOPOIO OpPTOrOHAJBHO Nepece-

1 —
KaeT BEleCTBEHHYIO OCb B TOUKAX woﬁ H Wy —I—E)); pajuyc ero

2
paBeH W j pp . g Touek Kpyra l) BBIIOJHSIOTCS HEPaBEHCTBA

! A
p<‘3¥w<wol+g |30 | < wy ——
1—[—p
o
PaBeHCTBO MOXKET HMMETb MeCcTo JIHIIb an f @) =v[e% ()] =
= P (¢%z), rle a BEIECTBEHHO.

288. Yacruniit cayuail Teopems 281:
®: xpyr [z|<1,
$: nmotoca —1<Rw <1, z,=0, w,=0,

e@=% v@=rlnitE,

4
—KpYT |2|=<<p. 3HAUEHUS BBIPAXKEHHUS 1L oy | =p 3amos-
g =P p T—z P =p
HSIIOT KpyT, Op’I‘OI‘OHa.HbHO nepecekalouyii BEIECTBEHHYIO OCb B TOY-

14-p I—po
Kax TTp H 1+ 10T KPYyr LEeJHUKOM COIEPKUTCA B yrJja€ C 10y~

2
w01+ T—p2’

w01+ <‘w|<w0

pacTBopoM arctgl_oZ:Qarctg p, HMelomeM CBOeH GHCCEKTpHCOH Be-

wecTBeHHYIO ochb. Tlostomy ofnactb ) nmeqHKOM 3ak/iOueHa B [0J0CE
4

|$iw|<; arctg p. Hajee, B Toykax ) umeem:

|Sw|== ln‘1+§|<:—ln ii’g
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PaBeHcTBO umeeT MecTo JHWL NpH f(2) = [ep ! (2)] =} (6i%),
rie o BEIEeCTBEHHO.

289. Mo moxeM npuHath, 4o R=1, A=2 u |Rf(2)|<1
B Kpyre |z|<C1, Kak B 288; wuanporus, f(0)=w, MOXET NOJyyaThb
NPOM3BOJIbHEE 3HAYeHHA H3 mnosochl —1 << Hw << 1. B zaBucumoctu
OT BhIOOpa w, Mbl. IOJy4YaeM B 3TOH TMoJoce A5 Kaxaoro p<< 1
obJacTb, Tle MOI'yT JexaThb 3HaueHHs [(z). Peub uuer o6 onpenese-
HHH MaKCHMaJbHOH IUMPHHBI TAaKOH 06JAcTH B HanpaBJEHUH, NEPNeH-
JUKYJASPHOM K BeILEeCTBEHHO#H, COOTBETCTBEHHO MHUMO#, OCH, KOTJA W,
npo6eraet Bce TOYKH yKa3aHHOH mosockl. OYeBHIHO, 10CTATOYHO Orpa-
HHUHTLCS BEIIECTBEHHBIMH w,, —1 <Cw, << 1. B 310M ciyuae umeem:

LTTw, {7
2 ; p)
. e ° +if 2 1—|—te [
w""‘l’(g)—“ln *——Tm“—-wo”‘ml T w
l—ie 2 ¢ l—ie 2 ¢

OGpa3 .okpyxHOCTH | {|=p B MJOCKOCTH @ BHIOYKJbIA [318] 1 cuM-
METPHYHBIHl OTHOCHTEJLHO BeleCTBeHHOH ocH, u6o P ({) NpHHHMaeT
BeIlleCTBEHHBIE 3HAYEHUS /sl BelecTBeHHHEIX (. IloaToMy makcumMyMm
M MHHEMyM NRw@ [OCTHraidTcsi B BEILECTBEHHBIX ToukKax {=p.
IlupuHa B ropu30HTAJbHOM HaNpaB/JeHHH PaBHA TeM CaMbIM

i i,
2, 14ie Zp / 2, 1—ie ?p
l—ie 2 p \ 1-4+ie
p cos 20 p cos 20
4 [ 2 2
= arctg————————~+ arctg——nw .
1-|-osm—2— 1—psin 2°

Ilpu usmeHeHun w, Mexay —1 u 1 mnpousBoAHas N0 w, COBNAJaeT
. T,
IO 3HaKy ¢ —sm'—2—°. IlosToMy MakcHMyM JOCTHraeTcf TpH @, ==

8
H paBeH — arctg p.

Konefanue Jw He MOXKET IIPeBOCXONHTb Y/BOEHHYIO BEDXHIOIO
rpaHHuy a5 |Sw/l, ykasaHHyio B 288. JlokasatenbCTBO aHAJOTHYHO.
0. [H. Bohr, Nyt Tidsskr. for Math. (B), 1. 27, c1p. 73—78,
1916] Bbl6epeM M Tak, 4tobml [n|=1, nF (1) >0. Tlonmmas oz
In[nF(2)] Ty BeTBb, Ha KOTOPOH 3Ta (QYHKUHA BelIECTBEHHA B TOYKE

z=1, noJaraem: 1 |

nyF (@]—Inc
w=F@) =7 [?].F (O] —=Inc *

Vmeem f (1) =1, Rf(2) > 0. IpumensieM Tenepb 281 K cJydawo, KOr-
Ja @ =3, §—npasas NOJYIIOCKOCTb, 2o=1, w,= 1. IlycTb Pynk-
nmt 2=0(), @w=1v () TaK HOPMHPOBaHBl, YTO BEILECTBEHHBIM
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3HAUEHUSAM { COOTBETCTBYIOT BEIlECTBEHHBIE 3HAUEHHS 2 U W, KPOMe
T0ro, ¢ (1)=o0, ¢ (1)=co [IV 119]. Mel uMeem TOrza:

PO =13

I'chTb x>1 1 x=9¢(p), 0<p<1 Cornacuo 281 f(x) Jyexur
B TOH 06GsiacTH IJVIOCKOCTH W, B KOTOpYIO IpeoGpasyeTcst KPyT []<<p
npu orobpaxenun w =1 ({). Ho stoli o6nactbio ciyxur Kpyr, HaH-
6oJiblllée paccTOsIHHe TOYeK KOTOPOro OT HYJEBOH TOYKH PaBHO ¢ (p),
H, 3}I{:aqm )]|f(x) | <<y (p). Tem camMbIM MBI MOXKEM MOJIOXKHUTb h (X) =
=p[g(x
291. [K. Lowner.] CornacHo 280 B kpyre '|z|<<1 mosxuO
6uThb |f(2) | =<|2z|. CiefoBaTesbHO, IJIs MOJOXKHTENBHLEIX 2, 0<CZ <<
<1, umeem:
| 1—-f(2) =1
l—z | = °°

Orciona, mepexons K npefeiy Npu z-—» 1, mosiyyaem:

|F(1)[=1.
ITycrs argf'(l)=o. Toraa nocTaTtouHo Majbelif BEKTOp C apryMeH-
Tom O, %< ¥ << ?_25’ HanpapJieHHBId 0T z =1 BO BHYTPEHHIOIO YacTh
eMHHYHOTO KpPyra, NMepeXOAuT INpH orobpameHun w=f (z), f'(1) %0,
B 1yry aHaJUTHYeCcKOH KDHBOH, TakKe BBHIXOAAMmYIO H3 Z=1 H
nMeromylo Hanpassenne O +o. Ho tak Kak |f(2)|<<1 mpu|z|<<C1,

TO A/ BC€X BbIJEJNEHHLIX BBIIE 3HaYeHUH 4 JAOJIXKHEI TaKXe YJI0B-
JIETBOPATHCA HEpaBeHCTBA

7 3n
7 < ﬁ + a < ? [
YTO BO3MOKHO TOJIBKO B TOM CJydae, Korja o =0.
292, Ilyctb 2z, — dukcupoBanHoe uucso, |25 <<l, f(z)=uwj,

|wy| << 1. BrGepeM NOCTOSIHHBIE & M 1) Tak, YTOOBl HMeJiH MeCTO pa-
BEHCTBA

1——20 l—wO
T—z, 1—w0=1’ le[=|n[=1,
H TNOJOXKHM.
Z2—2g . W—wWy
& 1 — 22 —Z " | —@gw

Torma dyuruma W =F(Z), onpelejieHHas C NOMOILBIO QYHKIHOHANb-
HOTO COOTHOWIEHHS W= f(2), yAOBJIETBOPSET YCJIOBHSM TeopeMsi 291,
CAeloBaTeJbHY, HMEEeM:
(1) = [4Y. dw)  fdz n(l—\wo 3 — %)
V=P =(Gg) (&) (), =TT O =
293. [G. Julia, Acta Math,, T. 42, crp. 349, 1920.] ITycrn
— (pHRCHpPOBaHHOE YHCHIO, 329 =>0, f(2,) =w,, Jw,>0. BriGepem
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NOCTOAHHEIE € H 1) TakK, YTOOBl HMENH MECTO paBeHCTBa

a—2 b—w
iz =g =L lei=Inl=1
Ionaraa
lhoz, g2y,

Z2—2 w—@g

Gynem umersb [291, 292]:
dw _[dw , dz N (wg—y) o (a— 22
I< (d7>z=1 - (Em—;)w:bf (@) (d_Z>z=1 - (biwo)zo fa )6 (Za°ofo) .
294. Oynkuus

1—22 1—32,2 1—%,2
f(z) z2—2z ) z2—zy T 2—2,

peryJiipHa R.Kpyre |z' <1 u MOAyJb ee B JOCTATOUHOH G6JIM30CTH
oT Jobo# rpanuuHoli TouKH MeHbe M€ (e>0) [5]. Ilpume-
Hsaem 278. Jlpyroe foKa3areJbCTBO OCHOBHEIBAeTCSH HA MpUMeHeHHH 176
¢ coOMIOIEHHEM HEKOTOpBIX NpefoCTOpoXHOCTEH.

295. Dynkuus _
fpp bz Dz Zatz

21—2 2g—2 " zp—2z

peryjasipia B nogymiaockocti Rz>>0 u MoAyJb ee B JOCTATOYHOM
6aH30cTH OT JIoGoH rpaHHYHOH ToukH MeHbiie M-+-e (e>>0) [6].
IMpumensiem 278. Jlpyroe joKa3aTejbncTBO Ha OcHOBaHHH 177. Oba
METOA [0KAa3aTeJbCTBA TPHMEHHMEI HE TOJMBKO K IOJYIIOCKOCTH
NRz> 0 u Jerko NpuBoAAT K TeopeMme, obobmaiomeli 294 aHaJIoruuHO
ToMy, Kak 281 of6obuiaer semmy IllBapua 280.

296. Ilycte ¢yukuus f(z) mepomopdHa B Kpyre |z | << 1 u umeer
B HeM HYJH a4, dy, ..., Qp H NOJIOCH by, by, ..., b, (HyJb HJIH DO-
JIIOC KPaTHOCTH r BBIIIHCaH r pas), H nyctb |f(2)|=c>0mna|z|=1.

QyHKIUA
l—a,z z2—by
Z)H z—ay H 1—bz ¢ (2)

B Kpyre |z|<C1 perynsipHa W OT/IHYHA OT HyJf, a Ha |z|=1 Mo-
JyJb ee COXpaHSeT IOCTOsSIHHOE 3HaueHue, paBHoe ¢. Cref0BaTeIbHO
[142] q>(z) €CTb NOCTOSTHHAS.

« [W. Blaschke, Leipz. Ber., 1. 67, ctp. 194, 1915.]
HyCTb @ BEIECTBEHHO, 0<a<1 f(2) = 0; u3 294 BRITEKaeT, 4TO

OU3BeJeHUE I I i)
np A 1 B | —azy

v=1

He pacxoaurca K nyso. CrenoBaTesbHO,
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)

N (—o3) (14| 2y l—a W
= Y =0 =122 Y (1-]2)

v=1 v=1

psin

Y(-| e

CXOJLUTCH. X
298. [lycrs o BemectBeHno, o> 1, f(a) 7= 0. M3 295 Buirexaer,
(3]

y—a |2
= O‘i He pacxonurcsi K Hymo. Cienoba-
v

YTO MNPOH3BEJECHHE I]

=1

TeJBHO, Pl

¥ (i-

o]

o0
2 - 4o Zy+ 3y 4o 1
>_ 2 w2 22viy = (It 2 ERz—v
v=1 1+Z 1

V=

2Zy—aA
v+ o

CXOJIUTCS.

299. [T. Carleman; cm. Takxe P. Csillag, Math. é&s phys.
lapok, t. 26, ctp. 74—80, 1917.] TIlycth 2,— BHYTPEHHSS TOUYKa
obnactu B. Tlomoxum |fy(29)| =8y (2y), v=1, 2, ..., n, (Ilpu
fv(zg) =0 Gepem &, =1.) PyHROHSA

F (@) =ef, (&) +esfo (2) + .. . A-8afn (2),

perysasipsasi M OJHO3HayHas B o6aactd B, JOCTHraer MO MOAYJIIO
MaKCHMyMa B HEKOTOpOH TPaHHYHOH TOUKE 2z;, TO3TOMY

®(2)) =|F (2)) | = F (20) | = ¢ (20)-

300. VTeepxjeHHe TeopeMbl MOXKHO JOKa3aTb IIyTEM COOTBET-
CTBYIOUIETO YCHJIEHHMS MeToJa, NpHMeHeHHOro B pemenut 299, Onuako
npole JI0Ka3aTe/bCTBO TPOBOAMTCS CJAEAYIOUMM MeTojaoM. [lycth
2,— BHYTpPEHHAs TOYKa objactH B " KPYr |2z —2zy|<Ir UEITHKOM
aexut BHyTpu B. CrianeiBas nepasercrBa [272]

25

1 -
@) <gg \Ifsotre®) dd =12 ..., (9
1]
nosyyaem: ,
i
9 @) <g; | ¢+ re0) o,
0

NpHYeM 34eChb CTOHMT 3HaK <, eCJIH OH HMMeeT MeCTO X0Ts Obl B OJHOM
U3 HepaBeHCTB (*), T. e. ecqw mno KpafHefi Mepe ofHa u3 PYHKUHH
fv(2) He moCTOsiHHA; 3HAUMT, B 9TOM IIOCJEIHEM CJyYae MAKCHMYM
He MOXET JIOCTHraThes B Z; T. €. B Kako# Obl TO HH OBLJIO BHYT-
pPeHHEH Touke.
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301. [G. Szegd, 3amaya; Jahresber. Deutsch. Math.-Ver.,
1. 32, crp. 16, 1923.] HocrartoyHo 1p0KasaTth, 4TO B KaMA0OH mJo0 -
CKOH oOrpaHHYeHHOH 3aMKHYTOH o6sacTH B MakcuMyM GYHKIHE
¢ (P) jocruraercsi Ha TpPaHHIE, NpHYeM TOYKH P, He o06A3aTeNbHO
JiexkaT B TOH K€ NJOCKOCTH. BBeleM B muiockocTd ofiacti B npsiMo-
yroJibHBle KOODAMHATHL X, Y, Z=x-}-iy. Torma HyxHO 6yJeT Joka-
3aTh, 4YTO PYHKLHUA BHAA

n
11 (z—aP+45),
v=1
rie a,— mobble KoMIUIEKCHBIE, a b, — BelleCTBeHHbIe MOCTOHHBIE (V==
=1, 2, ..., 1), B JoGoit 06/1aCTH IVIOCKOCTH 2 JIOCTUTdeT MaKCHMyMa
Ha rpanuie. PackpesiBaem npoussenenue. [299.]

302. Ilycts z,— BHYTPEHHSs Toyka 00/acTH B U B HeHl HEKOTO-
phHie H3 3a/laHHBIX ¢yHKRUME — 6yleM ofGo3HayaTb MX BooOlle yepes
fu (2) — He obpairarotes B HyJIb, APyrHe ke, ob03HayaeMbie yepes fy (2),
paBabl #ymo. (PyHKIHH O/IHOH M3 3THX KaTeropwil MOrYyT OTCYTCTBO-
Bath.) IlycTh r CTosib Mano, 4TO KPYr |2 — 2, << r JIEKHT LEJHKOM
B B H He COUNepKUT HyJeHd HalHuX QYHKUOUH, OTJAMYHBIX OT Zy. B sTOM

Kpyre ¢yHruuu f,, (2)°» peryaspusl. CoryacHo 299 cymecTByeT Takas
TOUKA 23, |2 —2¢|=1r, UYTO

3 @) = 3 Fu (20) P
78

W
Kpome Toro, o4eBuimo,

S r=0=3f () [
v h%
Takum obpasoM, ¢ (z;)==¢(2,), U NpPH 35TOM PaBEHCTBO HCKJIOYEHO
Jubo Korfia no KpalHel mepe ojHa u3 QpyHKUHE f, (2) He TOXKAECTBEHHO
NOCTOSIHHA, JIHGO, B IIPOTUBHOM CAyyae, KOTAa No KpaiiHell Mepe oiHa
U3 f, (z) He paBHa TOX/IeCTBEHHO HyJo. Tak Kak ofaacte B orpa-
HuYeHa M 3aMKHYTa, a QyHKIUSA ¢ (2) HeNpepblBHA, TO B B CyIIECTBYET
TOYKa, B KOTOPOH @ (2) JOCTHraeT MakKCHMyMa. JTa TOYKa He MOXKET
JieXaTb BHYTPH 06/acTH, 32 HCKJIIOYEHHEM - C1yYas, yKa3aHHOro
B 3ajlaye. . :

303. Tak kak ofnactb B orpaHuyeHa M 3aMKHyTa, TO HEMpe-
peBHas W ogHO3HauyHad B B ¢ynkuus |f (2) | oeturaer B Hell cBoero
MakcimyMa. UTo oH He MOXKET, 32 HCKJIIOYeHUeM ciyuas f (z) == const.,
JAOCTHraTLCSl BO BHYTPEHHeH TOYKe, moKaseiBaeT 134.

804. [J. Hadamard, Bull. S. M. F., 1. 24, ctp. 186, 1896;
O. Blumenthal, Jahresber. Deutsch. Math.-Ver., 1. 16, ctp. 108,
1907; G. Faber, Math. Ann., 1. 63, ctp. 549, 1907.] Xots cama
dyHKIUSA 2%f (2) BOOSILE 1 HEOHO3HAYHA, 01HAKO MOYJb €€ BO BCSKOM
caydae OJHOSHAY€H B KPYTOBOM KOAbLE ry << | 2 | < r3. CrnefloBaTe/IbHO,
B 3TOM KOJIbIIE MaKCHMyM MoOAayaAf z*f (z) Gyner paseH auGo r*M (ry),
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au6o r¢M (rs) [303]. BriGepem o Tak, 4To6bl HMEJO MECTO PaBEHCTBO

riM (ry) = riM (rs). *

PaccmarpuBast OTAENbHYIO TOYKY OKPYIKHOCTH |2 |=r,, BHIHUM, 4TO
raM (ry) <riM (r)) =15 M (rs).

TToncTaBuM ciofa 3uauenue o, B3sitoe u3 (*). (Jlocrarouno, yroGwt
dbynkuus f(z) Obwia peryasipHa u Moiyab ee |f(2)| Owblit ofHO3HAUEH
B obsacth 0<<|z|<<R.)

305. 2%/ (z) MOKET J0CTHTaThb CBOEr0 MAKCHMYMA HA OKPYKHOCTH
|z|=r,, T. €. BHYTPH KPyroBOro KOJbLA 7y =X | 2| = 3, TOJNBKO €CJIH
2°f (2) TOXNECTBEHHO TOCTOSIHHO.

3086. Ilonaras

F@ =t mz+a+.. +az+...,

HMeem:

L) =P+ g Prtl et = Y parn,

n=20

rle p,==0 u no kpafiHeli mepe 1Ba ‘H3 KOppUIHEHTOB p, IOJOXKH-
TenbHBl [11 123].

307. Ilycrs f(2) % const. OGosnauum uepes 2y, 25, ..., 2, HYJH
¢yHKURH f(2) B Kpyre |z|<<r, oTauunsle or z = 0. Toraa [120] (an1s
npoctoTl npeanosoxero f(0)=1)

In@()=nlnr—In|z|—Injz|—...—In|z,|.

Orciona cienyet, uyro In & (r) xak ¢yHRuus or In 7 cocTouT u3 He-
TIPEPBIBHO NP HMBIK AIOLIHX JAPYT K APYTY NPAMOJHHEHHBIX KYCKOB C MOHO-
TOHHO BO3pAacTalOLLUM HaKJoHOM. Touka usnoma A4 1n r = In ry noay-
yaeTcs NPH TOSIBJICHHH HOBBIX HYyJeH- Ha OKPYXHOCTH |z|=r,. Ilpn
5TOM TpHpalleHHe TAaHTeHCA YIJla HaKJIOHA PaBHO YHCJY HOBBIX HyJel,
3aCYHTHIBAEMBIX C HX KPaTHOCTBIO.

308. [G. H. Hardy, Proc. Lond. M. S. (2), 1. 14, ctp. 270,
1915.] Tlycte 0 << ry<<rp, <<ry<<R. Onpegennm ¢yuruuu & (9), F (2)
paBeHCTBAMH

; 21
e (0)F(ra®) = f (roe'®) |, 0= B <2m, F ()= \ F(ce) e (®) db.
0
®ynguua f(z) perynspHa B Kpyre |z|=<r; ¥ MOAYJb €e JOCTHTaeT
MakcHMyMa Ha ero rpasule, CKaxeM, B Touke rse'%s, TlosTomy

I'(r)) =F (r) <|F (re®) | <1 (rs),

T. e. I (r) He yOriBaer. Briflepem BeinecTBeHHOE o Tak, YTOGHI YAOB-
JIETBOPSJIOCE PaBEHCTBO

1 (r) =151 (ry).
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Monyb pysxunn 2%F (2), peryasipuoi B KpyroBoM KoJIble ry << | 2 |<<rs,
ofiHo3HaueH B HeMm. Otciofia 3akmrouaeMm [303], uro
Iy =riF ()< Max_ |29F () | < r{d (r) =il (ry),

n<lzisn

a 3T0 moKaselBaer, uro ¢ysKuus [ (r) BumykJaa [304].

2n
309. I(n= S |’ (rei®) | r d [308].
0
2aiv.
310. IMonoxum e * =y (v=1, 2, ..., n); nycrs 0<<r,<r,<<R.
Ha okpyxHOCTH |2|=r, cyumlecTByeT Takaa Touka rse'®:, uro [302]

1
n

ok

n
1
| (o) [P < Z\f raoei®s) o,

I

Bssir 1 —» 0o, mosyuaeM orciona:

Iy (r) << Iy (ry).

IMyerb 0<<ry <r,<<rs<<R, a BemecTBeHHO. XOTS B KPYroBoM
Kosblle 7y << |2z |<<r; QyHKOHUM

z%f (@;2), z%f (052), ..., z% [ (0,2)

peryJsipusl 1 He ofs3aTejbHO OXHO3HAUHBI, ONHAKO HX MOXYJH OLHO-
sHaunsl. TTosTomy [303, 302] MBI MOXKeM YTBEpXKIaTh, YTO CyMMa p-X
cTeneHefl X MolyJel JOCTHraeT MaKCUMyMa Ha TIpaHHIE KOJblA.
Orciona MmetonioM pemienuft 304, 308 ¥ mocpefcTBOM TpelebHOrO:
nepexoza ybexjaemcss B BbNyKJocTH (yHKUMH [, (r). Ilo moBory
npeiesbHEIX cayuaeB p=0 u p=co cm. II 83.

311. Mui MOXeM IPHHSTD, UTO LEHTPOM & CJAYKHT HyJ/€Bas TOUKa.
ITpumensieM Torda 230. B 1pyro# ¢popMyaupoOBKe TeopeMa YTBEPXKAAET:
ec/IH rapMoHunueckasi PyHKUHA PerysasipHa B KaxJIOH TOYKE HEKOTOPOro
3aMKHYTOrO KPyra M paBHa HYJ/I0 B KaxX/JO# TIPaHUUHOH TouKe, TO
OHAa paBHA HYJIO TOXIECTBEHHO.

312. Ilycts u(x, y), 2=x-iy, —rapMoHuueckas GyHKuus,
peryJasipuast B Kpyre (x— Xg)®+ (y — yo)? << r*. Mmeem:

T 2n
U (X9, Yo) =2in S‘u(xo—l—r cos ¥, y,+rsind) dd [118],
OTKYyAa ’

| % (%0, o) | % u(xg+rcos®, y,+rsind)|do.

Ot’j:‘
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Ecou 3nech crour 3HAK paBencrBa, TO

2

Lﬂ S [lu(rotrcosd, yo+rsind) |
0

oy (xp+rcosd, yyrsin®)]dd=0,

TIPUYEM HY2KHO B3ATb — HJIH -+, CMOTPA Mo TOMY, GVAeT JH u (Xy, Yo)
=0 uau =< 0. TlogunTerpanbHoe BhipaxKeHHE JOJKHO ObITh TOXKME-
CTBEHHO PaBHO HyJI0, OTKYyJa BHITEKaeT, uTo 4 (¥, y) cOXpaHser Ha
337aHHOM OKPYIKHOCTH TOCTOSIHHBIH 3HaK (OBITH MoxKeT, ofpallasch
B HEKOTOPHX TOYKax B HYJb).

313. lycrp TOUKA Xy, Y,, B KOTOPOH MOCTHraeTcst MaKCHMYM,
JexuT BHYTpH B. BeibupaeMm Takoe r, uroOel Kpyr paauyca r C LeH-
TPOM B X, Y, Jexan UeaunkoM BHYTpH B. M3 pasencrea

2n

g5 | [4 (o 90— (5ot 7 cOs B, gy rsin$)]d8=0
7 ) ,

[pewenne 312] BriTekaer Toraa

u (X, Yo) —u (Xo+rcos?, yy+rsind) =0, 0<<é=<2m,
1. e. [311]
u(x, y) = const.
3‘4- I/I3 313.
3‘5-
Infz—z|+Inlz—z|+...+n|z—2,|=RInP (),

TNOTEHLMAJ CHCTEMBI CHMJI, KaK rapMoHHueckasd ()yHKUHS HE JOCTHraer
MakcuMyMa HJH MHHHMyMa HM B KakKoH peryJsipHOH TouKe.

316. TlokpriBaeM 0cOGble TOUKH KOHEUHbIM UYHMCJIOM CTOJIb Masblx
KpyroB 6e3 ofulHX TOYeK, 4YToObl 3HAUeHHA (PYHKUHH B 3THX Kpyrax
OblIH MeHbllle MakKcuMyMa Bo Beell oGnactu. K obnacrtu, OCTa}OLU,eﬁCH
nocne ynaneHua u3 B 3TUX Kpyros, npumensem 313.

817. CornacHo 188 /uHISs, B KOTOP YO OTOGPAXKAETCS OKPY XK HOCTD
|2]=R, o6xXoauTcsa B TOM e HampaBJEHHH, YTO U 3Ta OKDYXKHOCTb.
Ilosromy mpumenuma Tteopema 109. [apmonunueckas (yHKUHA

s f (2)>

Rz 53 )
perynspHas B Kpyre |2|<<R [Beaenctehe OfHONMCTHOCTH f (2) MmeeT
eIHHCTBEHHBIN npocTolt Hynb z=0], NoJoXHTeNbHA Ha OKPYXKHOCTH
lz|=R. HoaTomy OHAa TNOJIOXKHTENbHA M Ha JI0GOH BHYTPEHHEH
KOHLIEHTPHUECKOH OKPyRHOCTH |z|=r <R [313]. CnenoBaresrHo,
coryacto 109 KpuBble, Ha KOTOpbie 0T06pa>Kal0TCH OKPYXHOCTH |2| =,
— 3Be3/1000pa3HbIe OTHOCHTEJBHO HYJIEBOH TOUKH.

318. Cornacxo 188 rpadnunas JHHHA pPaccMaTPHBAEMOTO 06pa3a
O0XONMTCSE B TOM K€ HalpaBJeHHH, 4TO H OKPYXKHOCTb |z|=R
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ITosToMy nmpumenuma teopema 108. T'apMoHHYecKasn QYHKIHSA
R (z ﬂ—(zl> +1,

peryJisipHas B Kpyre |z|=<<R [f' () = 0 BcnencTBHE OZHOJMCTHOCTH],
Ha OKPYKHOCTH \z|-—R TIOJIOKUTEJIbHA. HoaTomy OHa IMOJIOXKHUTEJIbHA
11 Ha JIIOGOH BHYTpeHHeH KOHUEHTPHUECKOH OKDYXKHOCTH |z|=r <<R.
CnepoBarenbHo, corjacHo 108 XpHBble, B KOTOpHE OTOGPaxaloTcs
OKPYKHOCTH |z|=r, BBRINYKJH. TeMm caMblM YyTBEpKAEHHE [OKA3aHO
IJf  clydast, KOria BHYTPEHHHE OKPYKHOCTH KOHUEHTPHUHHE ¢
KpyroM |z|<<R.

ITyctb Terepb Mbl MMeeM cJyyafi, Korja BHyTpeHHHH OKDY2KHOCTh
pacrioJioxeHa KakK yIogHo B kpyre |z|<CR. Pasnaraem 3anannoe
otobpaxkeHHe w= f(2) Ha ABa APYrUX: Takoe JUHeHHoe MpeofpasoBaHue
Kpyra |z|<{R B camoro ceGs, IpH KOTOPOM WHHTEpECYloUlas Hac
BHYTPEHHAA OKPYKHOCTb NoJayuaeT neHtp 2 ==0 [77], u BTopoe oro6pa-
XKeHHe, onpejeseHHOe TakK, 4yTodbl 06a B COBOKYMHOCTH NPHBOAHUJH K
TOMY € PpesysbTary, 4ro M OjHO oTobpaxeHne w = f(z). Torzaa
3ajjaua NpPUBOAMTCA K YK€ pa3peilleHHOMY BhIIIE€ YaCTHOMY CJydalo.

319. /lokasbiBaercs, Kak 299.

320. [Cv. A. Walther, Math. Zeitschr., 7. 11, ctp. 158, 1921.]
Ilycrb u (x, y)— paccMarpuBaeMasn rapMoHHuecKas QYHKIUHA, z=X |- iy.
Torna dbyHKUMA 4 (X, y)--olnr, rae o— MpoU3BOJABHOE MOCTOAHHOE
YHCJIO, PEryjasipHa B KPYIOBOM KOJIbLE 7y << |z | << r3. MaKcUMyMOM ee
B 5TOM KoJble GyjeT cayxurb 6o A (ry)+alnry, nu6o A (ry)-+alnr;.
Bu6upaem o TakK, 4tobb!

A(r)talnry,=A(rs)+alnr, [313, 304].

321.[Cu. A. Walther, 1. c. 320.] 1. lokasannas B 320 Teopema
O Tpex Kpyrax CrpapelJiiBa TakxkKe A rapMOHMYECKHX (YHKUHI,
UMEIOUWHX B Kpyre |2|<CR KoHEYHOe HJM GecKOHEUHOe MHOXKECTBO
H30JIHPOBAHHBIX OCOCBIX TOYEK, B MPENOIONKEHNH, UTO UX MpeJesbHbIe
TOUKH JIEKAT TOJIbKO Ha IPaHMIE U UTO NpPH NMpUGIHIKEHHH K TaKol
ocofofi Touke (yHKUHA cTpemutcsa K — oo [316]. [TpuMensiem paciuu-
PEHHYIO TaKuM oGpa3oM TeopeMy o Tpex Kpyrax K RInf(z) =1In|f(2)|.

2. Tlyers u(x, y), @ =x-iy, — rapMonnueckas (yHKIMSA, pery-
JNdpHas B Kpyre |2| <R, u v(x, y)—dynkuus, conpsxentas c u(x, y).
[TpumensieM Torga 304 K f (2) = e+t P +ivl 9, | f(2) |=e4(* ¥), mosTOMY
InM(r)y=A(r). :

322. [OrHocuTenbHO MPHHATONO B 3a1auax 322 — 340 MeToAa CM.
E.PhragménundE. Lindeldf, ActaMath., 1. 31, cTp. 386, 1908,
a Takxke P. Persson, These (Uppsala, 1908) u E. Lindel&f,
Rend. Palermo, T. 25, ctp. 228, 1908.]

323. IIpousBONbHEIMH HENPEPHIBHBIMY KPHBBIMH, COEIMHAIOLIMH
BHYTPU yrja OJHY H3 OrpaHHYHBaIOUIMX €ro CTOPOH C APYro#, MHHH-
ManbHbie pAcCTOAHHA KOTOPBIX OT HyJeBoH TOUKM GeCcKoHeyHo
BO3pacTatoT.,
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'324. B npomMeyTOUHOM TNpPOCTPAHCTBE COXPAHSIOT CUJIY BCe
OlLEHKH, NpHBeleHHble B petleHud 322.

325. Pemenne — B TEKCTE 3ajauy.

326. - Dyukuus € (z) ylosaeTBOpseT ycJaoBHAM 1, 2 B BUAOM3-
MEHEHHOMY YCJ/0BHIO 3 TeopeMmbl 325 [cM. Noc/ieHee 3aMeuaHue B JOKa-
3are/ibeTBe], Kak 6bl BeJINKO HH Gbl1o @. CrenoBarenbHo, g1 Rz=x=0
uMeeM |f(2)| << e ®*. BepeM @ —+- oo,

827. IMonoxum arctg‘T_yFI—-:ip. Torna

21n (z4-1) = (7 cos © 1 ir sin 9) [%m (r*+2r cosx‘}+l)-|—i1p];

-z
2

i

C/lefloBaTe/NbHO, TP — gx‘}g?, r>1,

R[—z21In (z—|—1)]=ri\|;sin1‘}_—%rln (r*4+2rcos O+ 1)cos <<

sr%—rlnrcosﬁér%.

Hycts 0<|3<i—v. PyHKUHA

%f(z)e—ﬁzln(z-l-l)

ynosJerBopser ycjaoBusiM 1, 2, 3 Teopemun 326 mia a=0. Moxno
Oblio 6Bl BMECTO CCHIIKM Ha 326, 325 npuMeHHTb MeTo] JOKasarelb-
CTBA 3THX TEOpPeM HEINOCPENCTBEHHO K (DYHKIHMH

A
f (2) exp (mz—len(z-}-l)—se_ 4 z*)

H 3aTeM B3gTh cuauana £=0, 3aTeM ®— - co.
328. [F. Carlson, Math. Zeitschr.,, 7. 11, crp. 14, 1921;
Thése, Uppsala, 1914.]

[TepBoe pemenne., K
JHYHEe HepaBeHCTBA

f2)

sin 71z

npuMenHMa Tteopema 327. Ha-

@)

sin g2z

<AdeBlzl (4> 4)

nenecoobpasHee Bcero IoKasaTh CHauyaJa BHE, a 3areéM BHYTPH
1
Kpyra |z—n|<<y, n=0, 1, 2, ... [pemenune 165].

Bropoe pemenue. M3 178 .Brrekaer, eclu MPHHATb BO
BHHMAaHHE [OJIOXKUTENBHOCTE CJaraeMblX B JEBOI 4acTH, 4TO

3 (;——;;;)g:»;;§(;‘2——;‘;_)[21n6+2(n—v)p]dp+cz

n= [N

rie C u C' —nocrossnee. Ho 370 HEpaBEHCTBO NPOTHBOPEUHBO,
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n_
TaK KakK JeBasi 4acTb ~ Inn, a npaeast ~ Y Inn. 3rtor wmerox

MoxeT GbIThb ofobmeH [F. u R. Nevan] inna, 1. c. 177].

329, Dyuruus ¢ (2) = f(z)]ﬁ(’ rie &>0, peryisipHa B moay-
naockoctH Rz=0. Humeem [@(2) <<l mnma Re=0 un |¢(@)| <l
aas |z|=r, ecaH TOMBKO r HAacTONbKO BeJNHKO, 4TO o (r) >\—e—.

Orciona BhoiTeKaet, uto | ¢ (2) |=<<1 Bo Bceil monymiockoctd Rz =0.
Ho, Geps €—0, Mbl no/flyuaeM oTciofia |e?|<Z1, u4TO npeicrapiseT
MpOTHBOpEUHe. Moo paccMaTpHBaTh 3Ty TeopeMy TaKKe Kak mnpe-
JenbHBI cnydail Teopembl 290, Korza o0JacTbi0 3 CAYXKHT Bes

NOJIYIJIOCKOCTB.
;a+B
{

880. Ilyctb €0, A=ee 2 , 0<o0<d, of—a)<m.
Ilpumensis K QynKuuH
_—
/

F@) =f@) exp \— ()77

MeToA, KOTOPBIM MBI Yy2Ke TOJb30BaNHCh B J0Ka3aTeJqbCTBE Teo-
pembl 322, monyuaeM, uTO BO BCEM yrie |F(2)|=<1. Depem Ttereps
e—>0.

Me1 mornu Gbl Tak:Ke CBECTH HacToslLLyl0 TeopeMy K 322 myTem
3aMeHbl ' NepeMeHHbIX, orTobpaxas yron a=-argz<<f Ha yroa

—y<targz=<y, y:%—ﬁg’;—a)—, TaK, 4ToObl TpPH 3TOM TOYKH

2=0, 2=co ocTalUCb HENOABHXHBEIMH,
331. [Ipu q=———’2i, ﬁ:% 3TO JAaeT HEeCcKOJbKO MEHBIe, YeM
JoKasano B 325. JICkasbiBaeM TeOPeMy C MOMOLUbIO (YHKILHH
B+a n 14
f(2) exp (— ne F-a T F- “)

TlokaseiBaeM cHauaja ¢ noMmowbio 330, 9TO MaKCHMyM MOAYJS BIOJb
GMCCEeKTpUCHl He NpeBOocXOAuT eiuHuuy [325].
332. Ecnu umeer Mecto HepaBeHCTBO |g(—r)|<<C, 1O mpH-

mensieM 331 K ¢dyHKUUH g—c(,z)— B yrle —n<<%=<m. Oro Jaer, 9IO

|g(2)]<<C Bo Bceil mockocTd, T. €. g (2)— nocrosisHas. Moxuo
TaKKe PacCMOTPETh HeNocpejicTBEHHO

3
g(z) e~ nV}——a(—iz)4_

St1a dyHKuus perydspHa BHYTpH yraa 0=S@ =7 u HenpepmhBHA,
BKJtouasi rpanuiy. Cm. 325. Moxno Takxe npHMEHHTH 325
K C1g(2%). Hackombko 3Ta TeopeMa SABJAfiETCA TOUHOH, BHAHO H3

npumepa PpyHKLHH ﬂz—
Vz
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b
833. Iycth a<<b<1. Mony/s GyHKUHH CDaBHEHUS € AaeTcs
PaBEHCTEOM
bix+iy ' b

|4 et = 2" ¥ cosby,

14
b
Ha rpanuine o6nactu & on Goabile uin paseH e 2>, Iycts
1
I>4—In 4 . Torza Ha rpanune npamoyroibiHka 0<< x <</,

ecos b 5

It It
- Y=< 5 HMeEeT MeCTO HEpaBEHCTBO

2
|f@) e | < 1.
334. [punss NPoTUBHOE, PAaCCMOTPUM (YHKIIHIO
P@=e"[f@I* (>0, z=x+1iy
B NPpAMOYroJIbHHKE

Ei4 n
O<<x<<xy, —T=sUs=3

rie ¥, Bh6paHo TakK, uTo £ (x;)>>1. Ha rpanune storo npsmo-
yroJibHHKA

| (i) | < ewsv. e <, l@(xii%)‘él,
| @ (x, - iy) | << e icosy~eo ) | < 1;

NOSTOMY BHYTpH Hero | ¢ (2)|<Ce. Beps e—0, monyuaem:

|e” | <e,

YTO NpejcTaBlsieT NpoTHBOpeuHe (Hanmpumep, e°<<e). Pouab ¢yHk-

LUK e"’z‘ obbAcHsieTes: TeopeMaMu 290, 187, '
338. ocratouHo paccMOTpeTh c/yuail, OTMEUEHHHIH B yKa3aHHH
[1nnefinoe npeoGpasosanue]. PyHKIHUSA

2()=f@) [n[(zgfv J,

v=1

rie e>0, B o6me#i gacth &, obnactu & u Kpyra |2|<<r pery-
JsipHa W ofHo3HayHa no wmonymo {303]. Ilycte MakcuMmym Moayus
f(2) na oxpyxsoctu |z|=r Gyner M(r). llpunumas BO BHHMaHue
ycaoBHA Ha rpanuue & [278], naxonum, uto B G,

¢ ()| <<Max[M, M(r)].
Ilpr e~»0 nosnyuaem orcioaa:

|} (2) | <Max[M, M(r)].
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B uactHoeTH, ecau r’ Takxke JomycTHMo [cM. yKasanue] w r’ <r,

HMeeM:
M (r"y <=Max [M, M (r)].
Ho, ¢ apyroii croponsl [268],
M(rysM(r").

Orcloga BhITEKaeT ajabprepHatusa: Ju6o M (r) = M, suauur, M (r) =
= M (r') uf(z) =const. [268], mubo M (r)<<M, |f(2)|<M, otkyna,
Go.1bilie TOrO, Cienyer, 4to |f(2)|<< M [278].

336. Ilycts Ha BewleCTBEHHOH OCH J€XKaT 7 PaHHYHBLIX OTpes-
KOB of6aacTH B, BHAHHX U3 ABHXKYWEHCH TOUKH z BepXHeH mHOJy-
I/IOCKOCTH COOTBETCTBEHHO NOJ YIVIAMH @y, ©y, ..., ©, Onpereanm
peryasiprbie B MOJYIJIOCKOCTH 3z >> (0 aHaJMTHUeCKHe GyHKUHH @, (?)
TaK, 4to6nl 660 TRy (2) = @, [57], U noJOKUM:

9@t o, A+ + 9, @

CD(z)=a-<%> .

Pyukuus f(2) D (2)~! peryispHa M orpaHHuYeHa BHYTPH H He mpe-
BOCXOJIMT eMHHIB Ha rpanune obsacty B, 3a BOIMOXKHBIM HCKJIO-
YeHHEeM 2n rpaHHYHELY Touek [335].

337. [ (¢”) onHo3HayHa, pery/ispHa W orpaHHYeHa B IOJYNIO-
ckoetn Ru << 0. B Kaxzoll Touke Ha rpaHuue 3TOH NOJYIIOCKOCTH,
38 NCKJIIOYEHHEM €IMHCTBEHHOM TIpAaHHYHON TOUKH M ==00, HMeeM
F(ev) | <1 [335].

338. Ecin 6ul 2= 0o He 6blia IPAaHUYHOH TOUKOH, TO B 06Ja-
cti & pomkHo 6biio 6Bl [KakK 3TO BHAHO yXKe M3 Teopembl 135]
BbIOJIHATBLCS] HEPABEHCTBO | g (2) | <<k, 4YTO mpeicTaBJIsieT NPOTHBOpPE-
yye. CriefoBaTellbHO, 2==00 SBJSETCS I'PAHHYHOH TOuKoi obsactu B.
Ecnu 6bl g(z) Obito orpannueo B 3, TO Mbl MOFJiH 6bl NPHMEHHTD
335 (c eaMHCTBEHHOH UCKJIIOUHTETbHOR TOUKOH Z=00), U 3TO OmsTb
Ja10 6bl, uto |g(2)|==% B obnactn ®.

39 CorsiacHO TPEATIONOKEHUI0 CYIECTBYET TaKasi IIOCTOSiH-
nasgs M, M>0, uto B ofsactd, 3akmaioueHHofi Mexay I, u T,
If()| <M. Ilyctb R>1 u_cronb BENMKO, 4TO BAOMbL 4acTed KpH-
Boix Iy u [,, nexamux BHe OKpYyXHOCTH |z|=R, uMeer Mecrto
HepaBeHeTBO |f (2)|<Ce. PaccmartpuBaem BetBb ¢yHKHHH Inz, ompe-
JENSEMYI0 U3 YCJOBHA, 4TO 3Ta (PyHKIHA BELIECTBEHHA [/ MOJIOXKH-
TeJAbHBIX z. JTa BETBb peryispHa M ofHosHauHa Mexay Iy u T,
npuueM TaM |Ilnz|<<In|z|4n. Fmeem:

IM(InR4+n)+e(lnz+a) | =M(InR+n)+e(In|2|+n),

rle 418 |z|==R o6a cnaraeMblx B TNpPaBOH YaCTH MOJIOXKUTEIbHHI.
TlosToMy I/s1 TOYEK OKPYXKHOCTH |Z|=R, 3aK/IOYEHHBIX MEXAY
I, u Iy, umeem:

Inz InR+4-n
MEETTenrrn ! O <oHmrray M=1-



388 PEWIEHUS

Ecmu ke |2|=R, a z nexur Ha I, um Ty, 10
Inz Injz|4+n
M(nR+my+e(lnztm) f@) I < e(lnjz|+mn)
CrenoBaTtesbHO,  COMJIAcHO 335. BO Bcex Toukax wmexiy Iy u Ty,
JeXallHx BHE OKPYXXHOCTH |z |=R, nmeem:

I (2) e(Inz4+n)L M (InR-Lm)

Inz
3To BhIpaXkeHWE NpH JOCTAaTOYHO GOMBIIMX |z| 6yler MeHble 2e.
340. Ilycrs, B DpoTHROpeule ¢ YTBEPXKIEHHEM, a=£b. OmuuieMm
Ha NJOCKOCTH W OKOJIO TOYEK @ M b [Ba B3aHMHO He mepeceKaro-
muxcst kpyra Ky u K,. Torza Biue 3TUX KPYroB BHIpaXKeHHE

/ alb\2 a—b\2
(w— 2 >'—( )

8=1.

2

A}
HMEeT HOJIO}KHTeJIbeIH MHHHMyl\I paBubiii €. Ilpuvensia 339 K QyHk-
a—l—b fa—b\2
uue (f(2) — ) —k 5 ) , BHIHM, 4TO MOAYy/lb €€ B 00JacTH
mexay- Iy u 1‘2 Oyaer Menbme & npH (2| >R =R (g); stumu 3Haue-
HUSMH 2 MBL M orpandumMca. Bosbmem Ha I, Takyio Touky 2z, H Ha
Iy Takylo TOUKY 2,, UTOOHI w, =f (2,) JIexano B Ky, a wy=f(2,) —-
B K,, M COSIMHHM 2, H 2, KpHBOH, coiepxkameiics mexay [y, u [,.
Ho Torza ofpas aroit KpHBOH Ha- IVIOCKOCTH W@ JOJXKEH OYIET BBIXO-
Juts u3 K, u Bxomguth B K, u, 3HauHT, CO,ZIE]))KaTb HEKOTODYIO

Touky w={(2), ang Kortopo# Kw—a;—b> —(a_ |>a Mut

NPHULIH, TaKWM 00pa3oM, K HpOTHBOPEYHIO,




NPEAMETHBIAH  YKA3ATEJIb

I. Onpenenenns. Teopemb. ®opmyant

Anamapa TteopeMa o TpeXx kpyrax 171,
172

Ananutnyeckas Qynkuns 120
Ananutaueckuil nanpwapr 138

Beprynan dopmyna 128
— uhcaa 49

BeccesieBr ¢yukuun 36, 105
BunoMHanbhnle KoadpHIHeHTH 23
Biopmana — Jlarpamxka psag 153

BefiepmiTpacca TeopeMa 06 annpoKCHMA-
LHH HefipepulBHbIX (QyHKuH# 89, 91

BekTtoproe none 120

— — Ge3BHXpeBoe 126

— — 6e3 HCTOYHHKOB H cTOKOB 127

lamma-Gynknns 64

Nupuxae — Menepa dopmyna 142

JHupuxje pagul 31

Jludbde pernuanbhbe ypaBsenss Komu —
Pumana 120

JlonoauuTe bibie YacTu psana 44, 45

Hpo6u Papes 101

3agaua Ha BapeliuBanue 182, 183

—— MOYTOBHE Mapku 182

— — paamen Jener 182

3peajoo6pasnas OTHOCHTEJNLHO TOYKH
KpuBaa 132

Hencena dopmyaa 145, 146, 325

Kone6anne ¢ynkiua 84

Kondopmuoe orobpakerine 121

Koril(gop]vmblﬁ LEeHTp THAKeCTH KpHBOH

7

Kown nepapencTso 78

— Teopema 06 apH(QMETHYECKOM H Teo-
METDHYECKOM CpellHHX 74

Komn — Pumana  gudipe pentHanbuble
ypaeHenus 120

Kosdpuunentst dypre 90

Kpurepuii Pumana unterpupyemoctn 84

Jlareppa 0606LieHHBle TOJHHOMEI 155
Jlansaca ypaBhenne 127

— dopmyna 142

Jlexkanzipa nonuHoMbl 142, 154
Jlemma llsapua 167

Jlemuuckara ¢ n Qoxkycamu 140
Jlunefinoe Hckamenne 123

Jluuu Toka 127

MazxopanTta 28
Maxcamanbhbift unen 41
Mepkaropckas npoexkuusa 122
Muuopanra 28

MowmenTsl QyHKian 89

Hepagencrso  Kown 78
— Illsapua 78
Hynu nonmnoma 112—114

O6eeprhiBalolnHi psfi 46
Onopuas npsmas 133, 209
— OyHKLua 133



390

OrnpeslesieHHBIH HHTErpal HeCOOCTBEHHBIH
61

— — co6eTBeHHBIH 56, 57
OpToronanbvhbe GpyHxuun 134
Orofpamenne 120

Mackans TpeyroJbHHK 154

Ilnockocts notexnunana 130

— notoka 130

— ckopocteit 130

IoBepxHOCTHOE HCKameHHe 123

TTogepxnocth Monyss 137, 138

IMokasatesy cxofumMocTH 40

IMonuuomul Jlareppa o6oSuieHHbie 155

— Jlexaunapa 142, 154

— —, rpouseozsmas QyHxuus 155

— SIko6u 154—155

IMosnoe H3MeHeHHe yHKUHH 228

INocnenoBareIbHOCTL  PABHOMEDHO  pac-
npegenensas 94, 95

— peryaspraas 93

Toctosinnas Jhnepa 60, 231—23é

TNotennuan BeKTOpHoro moas 127

IpeofipasoBanne moc/enoBaTebHOCTEH,
coxpaHnsiollee cxoxumocts 29, 30, 33,
118

INpunuun aprymenra 148, 149

— mMaxceMyma 138, 139

[lpouzeonsimas GyHRuHs NOJHHOMOB Jle-

) xKaHgpa 155

IMyaccona dopmyna 145, 146

Pumana KpHTepHil HHTerpHpyeMocTH 84
Pym» teopema 150

Psx Biopmana — Jlarpanxka 153

—, 06BepTHIBAIOUIHY YHCJO 46

Psnbt Tupuxae 31

CusioBble JIHHHH 127

Cpennee (apHbMeTHuUECKOe, IeoMeTpHYe-
CKOe, T'apMOHHueckKoe) (QyHKuHH 68,
73—75

— (apuMeTHUECKOE, TEOMETpHUECKOe,
rapMmOHHUYeCKoe) yHcea 67, 72—73

CreneHHOR psif NpHMHTHBHEIH 157

CrepeorpatHueckas npoexiusa 121—122

CyMMma BepxHss, HHXKHAA 56—b8, 70

Teopema Ajlamapa o Tpex Kpyrax 171,
172

— Beifiepuitpacca o6 annpoxcumanum
HenpephIBHBIX (GyHRUHA 89, 91

NPEILMETHBIV YKA3ATEJIb

Teopema Koum 06 apudmeTnueckoM H
FeOMETPHUYCCKOM CpeiHHX 74

— Pyms 150

— Yeszapo o creneHHbIX psAxax 33

Tpeyroavuuk ITackans 154

TpuronomerpHueckre MomenTth 90 -

Yroa nosopora 123
Ypasuenne Jlannaca 127

Papes npo6u 101 -

Popma Ipmura 111

Popmyna Bepuyann 128

— Jlupuxne — Mesiepa 142

— Hencena 145, 146, 325

— Jlamnaca 142

— Ilyaccona 145, 146

Pynxunn Beccenst 36, 105

— HUHTerpHpyeMble B cMblciie Pumana 57
— OpToroHaNbHble 134

— ¢ OIp4HHYCHHBIM H3MeHeHHeM 228,

Pynkuna aHanutHveckas 120

— BBIIyKJas CHH3Y (cBepxy) 75
— KYycOYHO-noCTOSHHAaA 83

— MeJJIeHHO Bo3pdcTaiomas 92
— HeBorHyTas cHu3y (cepxy) 75
-— OJHOJHMCTHas 124

— onopxag 133

— Toka 127 .

dypobe Koxpouurents 30

Henbie Toukn 22
Lentpanshbli Hupeke 41

Yactp psaja 43

Uesapo TeopeMa O CTeNeHHEIX psAnax 33
Ymucna Bepuyann 49

Hucno o6oporoB kpHupol 148

UHesoBas GyHRIHA NOC/AEI0BATENBHOCTH

Wisapua semma 167
— HepaBeHCTBO 78

fneposa mocrosiunas 60, 231—232
JKBHNOTEHIHANbHBIE JHHHH 127
IpmurosBa dopma 111

SAxo6u nonuuomul 154, 155
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1. Temn

Hmxke npHsogdtca rpynnmsl 3apad4, CEASAHHBIX MeXAy coGoft O TeMe, HO
pacnooXeHHLEIX pa3po3HeHHO. PUMCKHMH LIH(GpaMH YKasaHbl OTAEJHl, CJICLYIOLIKMH
34 HHMH KHPHBIMH apaGCKHMH — HoMepa 3ajad,

ApHdMeTHYECKOE, TeOMETPHUECKOE H Tap-
MonHueckoe cpepnHe: II 49, 50,
51, ra. 2; 111 139—141

ApudmerHyecKoe, reOMETPHYECKOE H rap-
MOHRHYECKOE CpejHHEe aHATHTHYeCKHX
(YHKUH HAa OKPYIKHOCTSAX H B Kpyrax
11T 118, 119—122, 306—308, 310
(Cum. Takxe «Popmyaa Hencenas.)

ACHMITOTHYECKOE TNOBEACHHE CyMM (HH-
Terpanos) creneredi: 11 82, 83, 195—
201, 212, 213.°

Bepuyanunesrt yucaa: 1 154, 155

BecceseBnl dyuxuau: 1 97, 143; 11 204

BunoMHaMbHble KOMPOHUHEHTEL. ACHMI-
ToTHYeCKoe nosegenue: 11 40, 51, 58,
190, 206

Bunykiaoe oro6pamxenne: 111 108, 110,
111, 318

Favma-pynxuns: 1 89, 155; 11 31, 35,
42, 65, 66, 117, 143; II1I 151—154,
198, 227, 247

TFapmonnuecknit psa: 1 124; 11 5, 13,
18

3peso06pasnoe orobpawenne: 111 109=-
111, 117

MaxcHMaNbHbl 4JleH CTeNeHHOro psaja:
I 117—123; III 11

O6pepTrBatolme psgu: [, ra. 4, § 1

MokasarenbHEfl  pAA, NOKasaresabHas
dyuxuus H uyuejao e: 1 45, 62, 141,
149, 151, 168—172; 11 171, 211,
215; 111 11, 116, 156, 195, 196, 209,
210, 214, 260, 265

IMonunomul Jlexanapa u gap.: 11 191—
194, 203; III 157, 219

Teopema Taycca 0 HyJisiX NPOH3BOAHOM
noiunoma: 11T 31—33, 35

Teopema Uesapo o cTeneHHEIX p#Afax:
1 85—97; II 31, 34, 65, 66, 168;
111 246

TeopeMul 0 CpeJHeM 3HaueHHH, oGobwe-
uusl H anajormu: 11 120—122; II1
142, 192

dopmyaa Hencena u cas3annble C Herwo
sajaun: 11 52; IIT 119—121, 172—
178, 230--233, 240, 307

®opmyaa Crupannra: 1 155, 167; 11 18,
65, 66, 202, 205, 206; 111 263, 264

e
Pyukuun BHAa | f (f) cos 2t dt: 1 147,
- a

I11, 199, 205

Oynkuun Toukd: 111137, 139—141, 143,
301

dynkuun pacnpegenenus [aycca: I 152;
11 40, 58, 59, 190, 200, 201, 212,
217; 111 43, 189

Lr¢pe! B CHCTEMATHYECKHX ApoGsax: [ 16,
17; 11 170, 178, 181, 184 .

diiteposa nocrosuuas: 11 18, 32, 42,
46



