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OBO3HAYEHHSA U COKPAILEHHWA

B 0603HaueHHAX H COKpAIleHHAX MBI CTapajHch GHTH BO3MOXKHO GoJee mocae-
IOBaTeJLHBIMH M [0 KpafiHell Mepe B INpeje/jaX ONHOrO maparpada OfHOTHITHEIE
BeIUYHHEI 0603HaYadH OOMHAKOBbIMH OykBaMH. Ortjenbuble oGo3HaUeHHsl, coxpa-
HsleMble Ha IIPOTSKEHHH OHOFO-ABYX naparpadoB, BBONATCA CIENHAJbHBLIMH ITOfiC-
HeHHSIMH, Hes3aBHCHMO OT 3TOro 3HaueHHMe KaxAoH OyKBHl OfbsCHSETCS 3aHOBO
B KaXJ0H 3ajaue, ec/H TOJALKO HeT CChUIKM Ha IpejbayMiylo 3agauy. Ecaw 3agaua
HEMOCPENCTBEHHO HPHMBIKAeT K TMpejliecTBYIOWieH, TO OHAa HAYHHAETCH [OMETKOH
«npojoiKender. EcCAH OHa IpHMLIKaer K OnHoll M3 GoJee paHHHX 3ajady, To To-
MeTKa COMpPOBOXKNAETCS HOMEDOM 3TOH 3ajaud, HanpHMep «IpOjoJIKeHHe 286».
B sTX ABYX cayuasix 0603HAYEHHST 33aHOBO HE PA3InACHAIOTCA.

Otnentl  0603HavaloTCsl DHMCKHMH, TJashl (eclH 9T0  HeoSXopHMo)— apa6-
ckumMH uubpamu. Hymepamusa samay B xaxkjgoM oOTiele Hosas. Homepa 3anau
NeYaTaloTcd KHPHO. [IpH CCHUIKe HA 3ajauy yKashiBaeTcs TONbKO €€ HOMep, €CaH
3ajaua NMPHHALEXKHT TOMYy Xe OTHeJy; eclH e 3ajada NPHHAQJEKHT JLPYromy
oTAedy, TO YKa3HBaeTIcsi TakXe HoMep oOriesna. Hanpumep, wmul muuem IV 123,
€ClH He HaxoiuMcsi B OTAeje IV (3aga¥ HAH pemleHHi); HO Mbl IHIIEM TPOCTO
123 Ha NMpOTSKEeHHH Bcero oTaena IV. ]

3aMeuaHHsl B KBaJpaTHBIX CKoOKax [ ] B 3ajayax o603HayalOT BCerja yKasa-
HHA, a B pelleHHAX — nHTaTy (0COGEHHO B Hauajle pelleHHS) MJIH CCHUIKY Ha
JAPYFYIO 3a3Ja4y, H3 KOTOPOH MOMKHO HCNOJb30BATh A pEleHHS OT/iedbHbE
33KJIOUEHHA. 3aMeYaHHS HHOFO poj@a 3aKJIoYeHbl B pocThle CKOGKH. IIuTHpys
HOMep 3aJayM, Mbl HMeeM B BMAY KaK 3ajady, TaK H ee DelilenHe, 0653aTelbHO
OoTMeyasl MHble CJyuaH, HanmpuMep: [peulenHe 38].

HcTounHKH, M3 KOTOPHIX 3aMMCTBOBAHA 3ajaya, IIONTH BCerfa YKAa3aHH B pe-
wennd. Ecaiu safnaya panee yxe nyGIHKOBalach, TO 5TO YKasHBaeTCsl B IUTATE.
Ecan ykaswiBaercsi ToAbKO (paMHIHS aBTopa 6e3 yKasaHHSl JIHTEPATYDPHOIO HCTOY-
HHKA, TO 3TO 3HAYHT, YTO 3ajaua Ohlla HaM cooflieHa B KauecTBe HOBOH. Co-
KpauleHHs Ha3BaHWH XKYpHAJOB NDHHATHI Te e, 49T0 M B «Jahrbuch iiber die
Fortschritte der Mathematik». HauGosee uacThe CcokpaileHHs MDHBOIHM 3Jech:

" Acta Math.— Acta Mathematica.

Arch. d. Math. u. Phys.— Archiv der Mathematik und Physik.

C. R.—Comptes Rendus de I’'Académie des Sciences Paris.

Deutsche Math.-Ver. — Jahresbericht der Deutschen Mathematiker-Verei-
nigung.

Gott. Nachr. —Nachrichten der Gesellschaft der Wissenschaften zu Géttingen.

J. fiir Math.— Journal fiir die reine und angewandte Mathematik.’

Proc. Lond. M. S.—Proceedings of the London Mathematical Society.

Math. Ann.-—Mathematische Annalen.

Math. Zeitschr, —Mathematische Zeitschrift.

Nouv. Ann.—Nouvelles Annales de mathématiques.

Rom. Acc. L. Rend.—Atti della Reale Accademia dei Lincei, Roma.

S. M. F. Bull.—Bulletin de la Société mathématige de- France.

Crenylomue yYeOHMKM UHTHDYIOICS HaWfolee uyacTo, a TOTOMY TOALKO 1o
¢amuanaM aBropoB (nanpumep, Cesdro, Hecke u 7. g.):
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E. Cesaro, Elementares Lehrbuch der algebraischen Analysis und der
Infinitesimalrechnung, Leipzig und Berlin, B. G. Teubner, 1904 ¥).

E. Hecke, Vorlesungen iiber die Theorie der algebraischen Zahlen, Leipzig,
Akademische Verlagsbuchhandlung, 1923 **).

A. Hurwitz-R. Courant, Allgemeine Funktionentheorie und elliptische
Funktionen. Geometrische Funktionentheorie. Berlin, J. Springer, 1922 ***),

K. Knopp, Theorie und Anwendung der unendlichen Reihen, usg. 2-e,
Berlin, J. Springer, 1924, .

G. Kowalewski, Einflihrung in die Determinantentheorie, Leipzig,
Veit & Co, 1909.

Hanee ocobo ynoMaueM caexyiombe 0603HaYeHH S

@, — @ O3HauaeT: @, CTpeMHTCA K a (IpH n — o).

@, ~ b, (4uTaTh; @, acHMNTOTHYECKH paBHO b,) O3HauaeT: b,#% 0 npH go-

a
CTATOYHO GOJILLIOM 7 H —I-)—”—-—>l (pH 1 — o).

n

O (a,), coots. 0 (a,), @,>0, o3HauaeT BeJHYHHYy, OTHOIIEHHE KOTOPOH K @,
OCTaeTCsl OFPaHHYCHHHM HJH COOTBETCTBEHHO CTPeMHTCH K HYJIO (NpH A -—» c0).

Ananoruunbie 06o3HauYeHHs ynoTpeGaAOTCE H B ADYFHX MpeledbHBLIX Nepe-
X0laX, OTIHYHKIX OT 71— CO.

x-—+a+0, coorBercTBeHHO x-+@—0, O03HayaeT, 4YTO X CTPEMHTICH K &
Crpasa HJH COOTBETCTBEHHO CJ/I€Ba.

exp x=e¥, FJile é—OCHOBaHHE HATypajbHEIX JIOrapH(MOB.

Max (ay, ay, ..., a;) O3HayaeT TO (UJH T€) H3 A’ QHCSN aj, Qg ..., Qp,
KOTOpOro He MPEeBOCXONAT BCe OCTajbHbHEe. [lofoGHoe ke 3HaueHHe HMeeT
Min (a;, a3, ..., @p). AHanoruunblfi cMblcl HMeloT Max f (x), Minf(x) ana Beue-

CTBCHHOH (YHKIHH, OINpejesieHHOH B HHTepBaie [a, b], ecaH OHA HMeeT B HeM
MaKCHMYM HJIH MHHHMyM. Ecad HX Her, TO 9TH e 3HaKH &if ynoGCTBA COXpaHEHLl
1Ja o6o3HayeHHA BepXHell HWIH HHxHeil rpaneft ¢ynkuuH f(x). Bce 3To pacmpo-
CTpaHfeTc H Ha CAydall KOMIVIeKCHOTO MepeMeHHOro z.

sgn x o3Hauaer cumeonr Kpouexepa:

+1 mpu x>0,
sgn x= 0 nmpu x=0,
—1 mpu x»<O.

[¥] osHauaer HaHGoJblllee LeToe YMCIAO, He MpeBHINaiee yucia x. Ofuaxo,
SCJIM 3TO He MOXeT BH3BaTh JOXKHOI'O NOHHMAHHS, KBajpaTHble CKOGKH Ge3 oco-
Obix yKasaHME ynoTpeBAfIOTCHA TaKKe H B CBOEM OOLIMHOM CMbICJe.

Z 03HaYaeT KOMILIEKCHOE YHCJIO, CONMpPAXKEHHOE C UHCAOM 2, €C/H TOJbKO HieT
pedb O KOMIIEKCHBIX uHC/aaX.

Onpenenutesb ¢ OOWUM NIEMEHTOM &y, A p=1, 2, ..., n, COKpaLleHHO
of0o3nauaerc s TakK:

et mm e, op=1,2, .0 BH |Gy G s G, 7

*) DpuecTo UYesapo, DiemeHTapHhl yuyeOHMK ajareGpaHyecKoro aHa-
JIH3a ¥ HCyHc/IenHsi GeckoHeWHo Manblx, 4. I—II, Opecca, 1913 («Matesuen); 4.1,
2-e usp., JI., 1936 (OHTH). B nanbHeiilleM CcChUIKM jaloTca Ha uaganue 1913 r,
1940 **¥) D, Tekke, JleKUIHH 1o TeopHH ajireGpaHdecKHx uucesn, I'ocTexmsjar,
*%%) A, TypBuu, Teopus aHaJuTHYeCKHX H 3VIHOTHUeCKHX (YHKIMH,
ITTH, 1936; P. Kypanurt, TeomeTpuueckasd TeopHs (yHROMil KOMIJIEKCHOrO
nepemennoro, I'TTH, 1934; A.Typeuu, P.Kypant, Teopua ¢yHKuui,
«Haykay, 1968,
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TTox obaacmer0 MH TOHEWMaeM CB3HOE MHOMXeCTBO, KOTOpPOe COCTOMT H3
OJHHX BHYTPEHHHX TouYeK, WO, BamKkuymod 06iacmel0 —o6aacTb, [OINOJHEHHYIO
ee NpeAe/JbHLIMH TOUKAaMH.

Ion nenpepeierodt  xkpusot Mbl TIOHMMaeM OJHO3HAYHBIH H  HelpepblBHHIH
ofpas unrepBaia 0=Cf=C], T. e. COBOKYNHOCTb TOYEK 2z==x-|-iy TaKHX, HTO
x=9 (¢), y="1 (f), npuiem obe OYHKIMH @ (f) H P (f) HeNpepLIBHLl B HHTepBaJe
0=<¢{=C1. HenpeprBHam KpHuBaa samxnyma, ecad - ¢ (0)=g (1), ¥ (0)="1(l).
Kpupass ne umeem Oeotnblx mouex, e H3 @ (f)=9 (), P {)="1 ()
(f; < tp) mneobxogumo caenyer £ =0, f,=1. KpHueylo 6e3 jBOHHHX TOUeK MH
Ha3blBaeM npocmoti. He3aMKHYTylo TpOCTYIO HeNPepHBHYIO KDHBYIO MEI Ha3hiBaeM
npocmoti dyzoll.

ITpoctas 3amMkHyTas HempepblBHas KPUBAA (Tak HasniBaeMasi Kpueas JKop-
Oana) Ppa3CHBaeT NJIOCKOCTL, HA jBe obnactd, ofuweH rpaHHOell KOTOpHIX OHa
ABJSIETCH.

KOHTYpEI HHTerpHpoBaHMSl B KDPHBOJHHeHHBIX H KOMIVIEKCHBIX HHTerpanax
Beerja OYNyT DPeANOJararhcsi HelpephBHHMH H CrpAMJ/ISEMBIMH.



SALAUYH

OTJEJ UETBEPTH M

| ®YHKLUUHN KOMIJIEKCHOrO NMEPEMEHHOIG
CITEOHAJIBHAS YACTb

FTJTABA I

MAKCHMANBHBIA YWIEH ¥ UEHTPAJIbHBIA HHIEKC,
MAKCHMYM MOAYJISA ¥ YHCJO HYJEHA

Iyeteb ay, @y, @y --. 5 Qpy -..— KOMILJICKCHBIE YHCJA, He BCE paB-
Hble HYJMIO, H NYCThb CTEeNeHHOH psl

f@=a,-taz+a,224 ... +a,z*+ ...

uyeer paauyc cxogumocth R >0. Korza R =co, f(2) Ha3bBaercs
yeaoli ynkyues. Jns BCAKOTO r U3 IOJY3aMKHYTOIO HHTEpBAasa
0 << r < R 10CJ/Iefl0BaTeNbHOCTD YHCE

la0|? |a1‘r’ |a2|r2, R |(Z,,|r”, ces

ctpemuTcss K Hymo. [losToMy cpend UJEHOB 3TOH MOCJENOBATEbHO-
CTH ecThb HauboJsbluui, TaK Ha3bLIBaeMblH MOKCUMOAbHbLUL taeH, 060-
. 3HauaeMblH yepe3 W (r). Takum obpasoM, HMeeM:

|an | < p(r)
ana n=0,1,2,3, ..., r=0]I, r1 3, § 3].

LlenmpanrsHoimn unOexcom v (r) HasplBaeTcAd HHAEKC (HOMEp) MaKCH-
MalbHOrO 4jeHa: [ (r)==|ay»|7rY). Ecan cpemn uncen |a,|r”
HUMEETCs HeCKOJbLKO paBHEIX M (r), TO 3a v (r) mpHHHUMaercs HauboJb-
UIMH M3 HHAEKCOB 3THX uyyceJ. 3jech mnpeimnogaraercss r>0; mo
nosony r=0 cm. 15.

Maxcumym modyss GyHKUMH [(z) Ha OKDYXHOCTH |z|=r o6o-
3nayaercs yepes M (r); M (r) cayXKHT OZHOBpeMeHHO MaKCHMYyMOM
monynsa f(z) Ha Bcem Kpyre |z|=<r [IIT 266]. Mmeem:

Nag | rm=M(r) (n=0,1,2, ..., r=>0y
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PaBEHCTBO JOCTHIAeTCs TOJIbKO TOTAd, KOTAa 3a HCK/IOUeHHEM @, BCe
Ko3(hhUUHEHTH! @y, @y, Gy, ... PaBHbL Hymo [IIT 122).

Yucao Hyseld dyHkuud f(z) B 3aMKHYTOM Kpyre |z|<Zr o6o3Ha-
ualor vepe3 N (r); KaxKabll HyJb 3aCUHTHIBAETCS COOTBETCTBEHHO

CBOEH KpPaTHOCTH.
YKasaHnHble 0GO3HauCHHS COXPAHAOT CHJIy Ha HpPOTSKEHUH BCeH

IJ1aBBbI.

§ 1. Auanorns mexny pn(r) 1 M(»), v(r) u N(r)
1. Boluncauts n(r) ¥ v(r) nJs creneHHoro psiga
' F4 22 2"
T SN S-S B
2. Bryucauts M (r) u N (r) pas
c 22 Zn
e=1+f 5+ .+t
3. Buuncaurs p(r) u v (r) nisa
1 2 22 2n
—H+§T+—ST+ e +W+ eve
4. Brouncaure M (r) u N (r) pas
snVe Uz 4 22 (=2
Vz 13 * s T * @n+1)! LI

8. Briuucsaurs v (r) I8 reoMeTpHUuecKOl MPOrpeccHH

1fz4224F ... fFand- ...
6. Buuncauts N (r) nas

142422 ... Fen+ ...
7. J115 BCSKOrO IOJHHOMA fi-H CTelleHH

Qo+ az+a2* -+ ... d-a,2" (a.5%0)
HMeeT MeCTO NpelebHOe COOTHOLIEHHE
lim Ln[*f—(')— = lim v(r)=n.

Inr

r— r— o
8. 151 BCAKOrO NMOMHHOMA #7-H CTeleHH
f@=a+azta2f ... +a,2" (a,==0)
HMeeT MeCTO TNpejesbHOe COOTHOLIEHHE

InM(r)

lim Inr

r — o0

= lim N (r)=n.

r— o0
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9. JIna BcsaKo# menoll TpaHCUeHAeHTHOH OGYHKIMH 06a yKasaH-
HHIX B 3ajlaue 7 mpenena paBHEL GeCKOHEYHOCTH.

10. [ln1a uenoit TpaHCUEHNeHTHOH (yHKUHHU NMEPBHI N3 YKa3aHHHIX
B 3ajlaue 8 NpesesoB: paBeH GeCKOHEYHOCTH, BTOPOH — He 0053aTe/bHO.

11. OGo3HayuM MaKCHMAaJIbHBIH YJeH W LEHTPaJbHbIH HHIEKC psla

Aot a2zt a2 4 L a4 L (k=1, 24 3, ...)

COOTBETCTBEHHO yepes W, (r) U v, (r). Beipasurb p, (r) 1 v, (r) uyepes
iy (1) 1 vy (7). )

12. O6o3HayuM MakKCHMyM MOAyJas M 4YHCJ0 HyJeH (yHRudu
f(z*) B Kpyre |z|=ir cooTBercTBEHHO uepe3 M, (r) u N.(r)
(k=1, 2, 3, ...). Brpasurb M, (r) u N(r) yepes M, (r) u N (7).

v(r
{ AJA CTEIICHHBIX pPAJOB

13. Bomuucants lim

r—»oolnnu'(r)
2 4 G 7 Z —~Z2
L5t o G b =

222 . D354 2556 22u-1 yon
!

1+_2_TT+"6_!_+"'+—(2T)!—+'
e?-te-z\2 1 2% -} g2
=( I R

14, [ycts Teneps M, (r) u N,(r) 0603Ha4alOT MaKCHUMyM MO-

IyJs U YHCJO HyJeH B Kpyre |z|==r pana Oysrumu (f(2))* (a He
f(z¥), Kax B 3amave 12), k=1, 2, 3, ... IlokasaTk, YTO OTHOIIEHHE
Np(n)

~—5—~— He 3aBHCHT OT k.
In Mk (r)

18. ln1 gy=a;=...=a,,=0, a,5%0 Oynem cuurarb v (0)=gq.

Pyurnusa v (r) KyCOYHO-NIOCTOSHHA, BO3PacTaeT B TOYKAaX pasphbiBa
Ha LeJble NMOJOMKHTeJNbHbE 3HAYEHHS H BCIOJNY HeIpephBHA ClIpaBa
[T 120]. /
16. Ecu g,=a,=...=a,,=0, 0,50, 10 N (0)=¢q. PyHruus
N (r) KycoyHO-mOCTOSIHHA, BO3pacTaeT B TOYKAX paspbiBa HA IlieJlble
OJIOXKHTEMbHBE 3HAYEHHST H BCIOLY HeNpephlBHA ClIpaBa,

17. Ina qy=0, 0<r,<<r,<<R umeeM

B (ro) 2&
u(ry) 71
18. Taa f(0)=0, 0<<r,<r,<<R wuMeem
M(ry) £
=—.
M (1) ry

19. Oyukuus n=Inp(e5) npeacraBisercss B NPSIMOYTOJbHOM
cucTeMe KOOPAHHAT §, 7 B BHAE KPHBOH, He yOLIBaIOUIEH H HE BOTHY-
TOH cHu3y. [PaccMOTperh COBOKYNHOCTb HpSMBIX

n=In|agl, n=E+In|a],
n=28+Inla,l, ..., n=nt+1Inja,l, ...,
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npenBapuTesbHO OTOPOCHB He HMelolllie CMbIcJa ujeHbl ¢ a,=0.
Kaxkyio unTepmperamnuio JIONyCKAIOT 3/1eCh u(r)y u v(r)?]

20. Oyukuus n=InM (e5) npencrasisiercsi B NPSAMOY FOJILHOH
CHCTEME KOOpAMHAT &, m BCIOAy BO3pacTaiollell M BRIIYKJOH CHHU3Y
KpHBOil, 32 HCK/IOYEHHEM HEKOTOPBIX IOJHHOMOB BeChMa CIenHab-
HOTO BHJA, /s KOTOPbIX KPHBAs BHIPOXKJAAeTCA B IPSMYIO.

ar
21. TlokasaTb, YTO OTHOLUEHHE MM((r))' rne o — (pUKCHPOBaHHOE
yueso, 0 <o < 1, HUIJe He BO3pacTaeT IIPH BO3pACTAHHU r.
M (ar)
28, TToka3aTb, YTO OTHOLIEHHE SRR rae o — (pMKCHpPOBaHHOE

uheso, 0 <o <1, mocToAIHHO yORIBAaET € BO3pacTaHHeM 7.
L(&r
23. [lycts R =co. Iloka3aTb, 4TO OTHOLUEHHE FM((r)) ,
dukcupopanHoe. yncao, 0<<a <1, npu r—co CTpeMHTCH K HYJIO,
€CJM CTeTeHHOH psAA He o6phiBaeTcsi, H CTPeMHTCS K o, €CJH OH
CBOJMTCHA K IOJHHOMY 7-H CTENeHH.

24. llycty f(2) —uenas o¢yuruus. [lokasarb, 4TO OTHOMIEHHE
%%’—), rle o — (pUKCHpOBaHHoe yycao, 0 <<a << 1, mpu r— co crpe-

re o—

MHTCA K HyJ/IO, KOrfa f(z)—TpaHcueHneHTHas (yHKuus, H K o,
Korja f(z) — pauHoHanbHass (GyHKUHSA CTeNeHH A,

Bynem o6o3nadaTh TOUKM paspbiBa QyHKIMH v(r), pacClOJOXKEH-
Hble B IIOpsfIKe BO3pacTaHusd, yepes

O1s Pas vovs Prs =ov}
Pr=pp=...=pg=0, pg:; >0, ¢=0,

rie Kaxjgad TOYKA TIOBTOPEHA CTOJMBKO Pa3, CKOJBKO eldHHI[ COjep-
JXUTCS B BeJUUHHE COOTBETCTBYIOUIErO CKauka; B ToyKe 7 =0 3a
BeJMYyHHy cKauka npuHumaeM v (0) [15]. Ora mocsenoBaTelbHOCTD
MOKeT OGphIBAThCS Ha KOHEYHOM YHCJIEe YJICHOB.

Bynem ofosHayare Hyau (yHKuuu f(z), pacrosoxeHHHE B IIO-
pAllke Bo3pacTaHHsi HX MOXyJeH, a INPH paBHBIX MOLYJAX — B IIO-
pslKe BO3pacTaHHs apryMeHTOB, yepes

Wiy Wy eevy Wyy oo
W=wW,= ... =W, =0, w,,#0, ¢=0,
rje KaXabl¥f HyJb TOBTOPEH CTOJBKO pa3, CKOJMBKO eIHHHIL COXep-
XuTcs B ero KpaTHoctH. Ilyers |w,|=r, (n=1, 2, 3, ...), T. e.
r<Sreg=<oLLo=<Srp=< ..,

Jra DOCJeNOBATE/ILHOCTD MOMKET OOpLIBATECH Ha KOHEYUHOM urce
Y JIEHOB.

Mur 6ynem TIIPHEPXKUBATLCS BBEJCHHBIX TO/ILKO YTO 0603HaquHH
Ha TIPOTSxKEHHH BCEN TJIaBHL
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28. Eci p, << pn41, TO B NIOJTY3aMKHYTOM HHTEPBAJIE 0, << 7' < Ppig
v(r)=n.
28. Eciu r, << rp4q, TO B TIONY3aMKHYTOM HHTEPBAJIE 7, << 1< T pyy
N({r)=n.
27. BouHCAATD YHCIa p, 1/ CTENEHHHX PsoB
kA 22 , zn
I+ +5+ A5+
A 22 2n.
22 24 22
o+ g+t oyt
28. BruucauTs yHcaa r, 148 GyHRumi
. sin)z
e+, V3
29. Ecau uucell p, uMeercss GECKOHEUHOe MHOMKECTBO, TO
lim p,=R.

n—oo

cos 2.

30. Ecau uucen r, HMeercsl 6eCKOHEUHOE MHOMKECTBO, TO
lim r,=R.
n—-oo
81. Iycts a4 0. Torna
|ao1f'n
r)=-——"
”( ) PiP2 ... Pn

‘Zl‘nﬂ pn < r < pn+1-
32’ [ycrs @, 0, Torza
rﬂ

0 !
M0 =L

2..-7n

[1IT 120].

151 KakuX nenblX (yHKuHE 37eCh MOXKET CTOSITh 3SHAK paBeHCTBa?
83. Ilycrs ay+#0. Iokasats, uTo TOrAA

1np(r)—1n|a0|=gﬁt_‘f)dt.

0

34. Ilycts a,% 0. TokasaTh, yTo TOrZA

InM(r)—n|f(0)|= | XL at,
1]
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85. dna Bcakoi uenoft GyHKuUMH

. Inv (r) . Inlnp ()
lim sy =limsup ——~,
,_,wp Inr ,_,wp Inr
36. 1 Bcsakoh uenol ¢yHKIUH
. N . Inla M (r)
limsup ———= << lim sup ——~=.
r—»oop Ins r—»oop Inr
[o]
37. IlokasaTh, uT0 GeCKOHEUHHIH pAf Z o7 ® n HecoGcTBeH-
n=qg+1
HH#A HHTErpan
[o]

{ rellnp(ndr  (£>0),
1

COOTBETCTBYIOIIHE HEKOTOPOMY BCIOLY CXOASLIEMYCS CTeleHHOMY psZy,
OJIJHOBPEMEHHO 06a CXOASTCH HJH PacXOAATCH.
38. Iloka3artb, 4TO.eCaH HECOOCTBEHHBIH HWHTErpas

{rtinM@rydr  (£>0),
1

COOTBETCTBYIOLHH HEKOTOPOH wesoH (YHKIUH, CXOIUTCH, TO CXOAUTCS
TakxKe GeCKOHEeUHBIA psj

> ot
n=g-+41
(o6paTHOE HeBepHO!).
89. IlokasaTb, uTO PAAA
3 (I—p*t (&>0)
n=1

H HHTErpasn
1
§(1—tetinp (2 de,
0
COOTBETCTBYIOMIHE HEKOTOPOMY CTENEHHOMY PALY, CXOAAEMyCs BHYTPH
eIMHHYHOTO Kpyra, Jnubo oba cxoparcsa, Ju6o 06Ga pacxoasarcs.
40. Iokasarb, uTo ecau HHTErpai
1
S(l—t)"‘llnM(t)dt (k>0),
0
COOTBeTCTBYIOWME HEKOTOPOH (DYHKLHH, PEry/isipHOR BHYTPH eIMHHY-
HOTO KpYyra, CXONHTCH, TO CXOAHMTCH TAaKKE Pl
[o¢]

Z (]_ - fn)k“.

na=l
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§ 2. NanvHeiimue cBoiictBa dyHxkumi p(#) u v(»)

41. HaMeTuM Ha NJOCKOCTH TOYKH C NPAMOYFOJbHBIMH KOOPIH-
uwatamu (0, —In|a,)), (1, —In|ay)), 2,—In|as|), ..., (n,—1In|a,|),
(orGpacbiBasd Te TOYKH, A KOTOPHIX @,=0) ¥ H3 KaXKIOH TOUKH -
BOCCTAaBHM J1y4, HanpaBJeHHBIH BepTHKAaJbHO BBepX. HauMenbinas
BHIMYKJas obaactb &, OXBaThiBawollasg BCe 3TH JY4YH, HPOCTHpaercs
B GeckoHeyHocTb. ITpoBeeM omo pHylo npaMywo (T. e. npsMyio, Ha
KOTOpOH JIeXHT MO KpaHHeHd Mepe OJHAa TIpaHHYHadA ToYKa H HE CO-
JIEPXHUTCA HH OJHOH BHYTPEHHEH TOYKH obaacTH &) ¢ YrJIOBBIM KO3(-
¢dunnentoM Inr. Kak MOXKHO HHTEpHpPETHPOBATb Ha IOJYYEHHOM yep-
Texke BequudHH Inp (7), v (r), Inp,?

42. Ilycte m—o0nHO M3 UEJMbIX MNOJOXHTEIBHBIX 3HaueHHi, MpH-
HHMaeMmbiX ¢yHKRuued v(r), m>v (0). ITokasaTb, yToO

p,,,=Max( )

43. las Toro yTo6bl KaxKiblfl YJeH CTENEHHOro psja
Ay oz t-a?t-. . Faet ..

Hrpasna aJs HCKOTOPOro 3HaYeHUA r>0 pOJb MAKCHMAJbHOIO YUJjeHa,
HEOOXO0JMMO H JOCTATOYHO BEHITIOJHEHHE yCJIOBHﬁ

ai
ag

‘m m— 1

y

ay Am—1

Ve y

am am am

as
=7 |-=
= s

- an

[31, I 117].

Qpa
44. TlokasaTb, YTO HEHTPAJbHBIA HHIERC v (7) CTEEHHOro psna

4o fer 2L fea g (O<a<]),

cxojsmerocs B Kpyre |z|<<C1, npuHAMAaeT NoC/eI0BATENbHO BCE 3HA-
yeHus 0, 1, 2, 3, ... Ilokasarp pamnee, uyto npu r — 1 MakcHMAajb-
HBIH YJieH 3TOro psija yAOBJETBOpPsSeT aCHMITOTHYECKOMY COOTHOLUIEHHIO

o5 (= 1))

45. ([Tpononxkenue). ITokasars, uro mpu r— 1
1l—o

1—a 11=a
Y et IR a0l T wi

n=20

<0
[PaCCMOTpeTb { % redy; 11 208.]
0

46. Buuucauth pq, s, Ps, ... AAA BCIOAY CXOAAMIEIOCH CTENEH-
HOrQ psja

1419242282 1. | J-n—"%2nt...
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(@>0) u mokasaTb, YTO TPH r—>-+0O ero MaKcHMaJbHBI Y/eH
YIOBJECTBOPSET ACHMITOTHYECKOMY COOTHOLUEHHIO

uvwva&ﬁv@-

47. (Ilpomomxkenue.) [TokasaTb, 4TO NpH ¢UKCHPOBAHHOM o => 0
U r-—>-4oo
1

I B e A S s G RN —f? [lnp (]2 p (). [11 209.]

§ 3. Ceasp mexay u(r), v(r), M(r), N(r)

48. Iyctb ana Hekoropofl wesofl dbyHKuuu f(2)
InM()_

lim sup

r—» 0

ITokasare, uro BOIIPOC O CXOAWMMOCTH psna

oo

F@+f @+ @) +...= Y 2@

n=20

pemiaercss B IOJOXKHTEJMBHOM HJH B OTPHLATEJBHOM CMEIC/AE HJIH Ke
OCTaeTCad OTKPRITHIM, CMOTpA IIO TOMY, 6y,ILET JIK

<1, I>] umu [=1.
49. ITokasaTh, YTO €CJAH NapanielorpamM IEpHONOB (GyHKUHH

Beitepirpacca o(2) mpencrasiasiel co6od KBaipaT co CTOpoHoH 1, To
IpH 7 —> 00 HMeeM

N(ry~mr?, InM(r)~ 321 k.

[Hurwitz-Courant, crp. 174—175 *).]
50. Onpenennts 1151 UeTBIX yHKUHE

sn l{z, cosz, cos*z, e -}-i, e, o(z2)
Vz
npenesasl OTHOWeHHH
n N () N (@ v (r) M(r) InN (r)

pn’ v@) M@ lnp@)’ p()Vinp@)' Ins

IpH 7—> 0o (COOTBETCTBEHHO #-> 00 JJIF NepBOro); NpelCTaBHTb pe-
3yabTar B Bule Tabmuuel. [[1a €° mepBoe u moc/efHee OTHOLIGHHS
HE HMEIOT CMBICAa, 1Js 0 (Z) BBIYHCJAWTD JIHIIB TPETbEe M IOCJAe/Hee,
cyuTas mapaJjesorpamMM IepHONoB KBaAparoM. ITocientee oTHOLICHHe

*»I'ypeuu, crp. 238—240. T'ypruu—Kypaurm, crp. 180—181.
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JaeT 1oKasaresapb CXOAMMOCTH AJIS mocJeiaoBareabHocTd Hyded (I 113).
Hcnosap3oBare 1—4, 13, 27, 28 u AJ9 acHMOTOTHYECKOTO BhIpamKe-
Hus W (ry— dopmyay Crupauira.]

51. s Bcex neabx (QyHKUHH

In ln p, n Inln M (r)
T,

lim sup = limsup
r—-+oo r—+co
(Uro umeer Mecto =<, —TpHBHaJIbHO.) Ofiiee 3HaucHHE 3THX JBYX
TpelesoB Ha3hIBAIOT NOPAOKOM LEJOH (QyHKuUHH.
52. IMopsinok uemoil GyHKUHH MOXKHO TAKKe OTIPEJETHTh KaK MoKa-
3arens cxonumoctd (1, rit. 3, § 2] nocne10BaTeIbHOCTH Py, Pasvvvsy Prys-e
[o o]

53. INopsanok uemoit dpynkunu f(z) = Z ;2" C MOJIOXUTENbHBIMH

n=g0
Ko3puIUEHTAMH ag, @y, Qg .+ .5 Ay, ... MOJKHO TAKIKE OIPENENUTD KaK
. In[rf’ r)1
lim sup Lrf l(r)f( )
r—oo nr

B4. Jlna ueamx ¢yHKUMH KOHEYHOrO NOpsjKa HMeeT MecTo 60-
Jee CHJIbHOE, yeM B 51, COOTHOIIEHHE

In M ()
Hm T b
55. Unterpan

[e o]
§ w@ M@,
— -ty
rae t,>0 1 [>1, cxoaures naas BCAKOH HepPaUHOHAMLHOH 10
¢CYHKUHH.
56. Bce nenble dyHkuun obaanaror CJIelLy}OLLLHM CBOHCTBOM: /IS
BCAKOrO 3aJaHHOrO &> 0- CyllecTBYIOT NpPOH3BOJBHO GOJbIIHE 3HAa-
YEeHHS 7 TakHe, YTO

M(r)<p(n[in p(r)]%“. [45, T 122.]

B7. llensie ¢QyHKuMH KOHEWHOro mnopsaka A 0GJajaloT Creayto-
UM CBOHCTBOM, 60Jee CHJBHBEIM, yeM 56: [IJs BCHAKOILO 3aJJaHHOrO
€>> (0 CYIIeCTBYIOT NpPOH3BOJLHO GOJbLIME 3HAYECHHS 7 TaKHE, UYTO

M@ <AFe)V2nlnp(r)p (7). [47, 1118.]
ITycrs ¢— noctosinuas, ¢ 0, ¢ — ueaoe uucao, ¢=0, u w,, w,,
w3, ...— GECKOHEUHAS! NOCJENOBATELHOCTD KOMILJIEKCHBIX UYHCEJ,
W =wy=.. =W, =0<| Wy | < Wy | <|wps|=<...,

Takasi, 4TO psif -

1 1 1
+|wq+3|+“'

| wgat | + [ wgye |
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cxoputesi, Llenaa ¢yHKuHA BUIa

{1515

Ha3bBaeTcs ynkyued poda Hyss. Kak nokasan Anamap, Kaxnas
nesasi (QyHKuUMS IOpsiiKa, MeHbIIEro eiHHuupl, OyIeT poja Hy.lb.
(36, 58, 11l 332 sBasOTCS BaXKHHIMH ONOPHBIMH NYHKTaMH B JIOKa-
3aTeJLCTBE STOH TEOPEMBI.)

58. lopsigok xaxnoit nenodl QyHKUHH pona HYJab paBeH mOKa-
3aTeMI0 CXOAHMOCTH IOCJENOBATENbHOCTH €€ HyJeH.

59. /17 uenoii GpyHKUMH KOHeyHoro mopsizka A >0, ueHTpanb-
HHIIl HHJEKC KOTOPOH 06/1a1a€T TOYKaMH Pa3PhiBA D1, Pay O3y «+ -1 Pry ++»

pacTIpenieleHHBIMH  PeryJapHo B cMbicae 11, ra 4, § 1, lim o ;(er)
r—

cymectByer H pased A. [1I 159.]

60. s ueanix (byHKan KOHEUHOT0 nopﬂm(a A > 0 He3aBHCHMO
OT 0COGBIX MPEANOJOKEHHH OTHOCHTEJBHO PEryJisiPHOCTH HMEIOT MECTO
HepaBeHCTBa

lim inf (20 < h<lim sup 20 [I1 160.]

61. Ilycts A, 0<<A<<1,—nmoKasaTesb CXOAUMOCTH IIOCJEIOBa-
TENBHOCTH 7y, Iy «+vy Ins «+.y PETyJsipHod B cMmeicse 11, ri 4, § I
[Tokasarb, 4TO AIs ueNOH (YHKUHH poja HYJb

f(z)=(1—]—;z1~>(l—]—%)...(1—1—%)...

HMEeT MeCTO INpele/IbHOE COOTHOLIEHHE

Inf(re’ty  eithg

lim N(r) 7~ sinmhA

r—wo

IpH BcskoM ¢urcupoBaHHoM ¥, —n <O <<m. [II 159.]
« O meno#t ¢GpyHKuud 3ajayd 61 HE3aBHCHMO OT MpPEAMNOJO-
XKEHHUSI PeryJIsiPHOCTH pPaclpe/iesieHHs IOCJeAOBATENbHOCTH Iy, 7ay ...

LY 7 ny e HMEET MECTO HepaBeHCTBO
] ( ) > Sln TLA: II B ]
r 0o ln M (f) I [ 1 1 )

63. s xaxpoi uenoll QyHKIMH, IOCJELOBATEJBHOCTH HyJei
KOTOpO#l 06/afaeT KOHEUHBIM IOKAa3aTeJeM CXOAHMOCTH A,

N
it iy <

64. Tlycrs f (2) — uenast pyukuus u & (r), COOTBETCTBEHHO ¢ (), —
FeOMETPHYECKOE cpefHee MOAYJA f(2) Ha OKPYKHOCTH | z|=r, COOT-

<A [32.]
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BercTBeHHO B Kpyre |z|=<r [III 121]. Ecmu Mmoayau Hyme# ¢yHK-
wuu f(2) pacnpenenennt peryaspso [1I, ra. 4, § 1], To Torza

lim

r—co

1 1
SO\XN®Y _, A72
G(n) ’
rre A O3HayaeT MoKasaTesb CXOXMMOCTH TOCJEJOBATE/NbHOCTH HYJefl,
0<<A<Coo. A mnOJMHOMOB WHTEpECYIOUIMH HaC HpeleaT TOYHO
1 .

TAK JK€ CYLIECTBYET W paBeH e 2,
65. ([Tpomomxenve.) HesaBHCHMO OT NpeANOJIONKEHHS peryJsp-
HOCTH pacIipefle/leHUsT HYJCH HMEIT MecTO HepaBeHCTBa

(357 <o (o

1
AT 2

< lim sup
r—>o0o
66. ITycrs f(2) —uenaa ¢ynxkuus KoHeynoro nopsaxa A u M(r),

cooTB. m(r), —apudmMeTHUecKoe cpeaHee |f(2)[* Ha OKpYXKHOCTH

|2|=r, coorBercTBeHHO B Kpyre |z|=<r. Torza

1

tmint ()" =e™

§ 4. p(r) ¥ M(r) npu cneuHaJabHBLIX NPERIOIOKEHHIX
APaBHILHOCTH POCTa

67. IMycts wenas pyHknus
FR) =a+tazt+a2+... a2 ...
YZIOBJIETROPSIET yCJOBHIO
lim r*lnM(r)=a,

r— oo
rie o ¥ g - HOJOXHTeAbHbe mocTosHHbE. JIOKasaTh, 4TO
1) ecmu b>a, To npyu JOCTATOUHO GOJbLIHX 7
b n
aoe \o
| ap | < (T) H
2) xakoBbl Obl HH OblIH (UKCHpOBaHHBIE Kk M &, rie k Belecr-
BeHHO, 0 <Ce<Cl, Bcerga cymectByer takoe O>>0, uro, HauHHAs
C HeKOTOpOro 3Ha4eHHH r,

aar® (1 —g) 0
>+ X )nk|a,,|rn<M(r)e—6f°‘.

1 aar® (1 -+ &)/

Ecau 6m1 Mbl B3 k=0 ¥ npoussesd cymmupopanue ot 0 10 oo,
He BbiGpachiBast LEHTPaIbHOH YacTH psja, TO CyMMa Gbljia Gbl GOJblie
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uan pasHa M (r). D10 03Hayaer, 4TO ueHTpaJbHas 4acTh pfAla 3Ha-
YHTE/BHO TepeBeilinBaeT ob6a ero «praHras. [HepaeenctBo 1) HyKHO
AJI TIOATOTOBKH JOKAa3aTesbCTBa YTBEPKIEHHA 2).]

68. Ecau nia nenofi GyHKIHH MMeeT MECTO OJIHO. M3 Tpex Ipe-
JIE/IbHBIX COOTHOILIEHH I

(1) InM(r)~ar®, 2) Inp(ry~ar®, 3) v(r)~oaar®,

TO HMEIOT MeCTO TaKxXe JIBa APYTHX (r—00, 4 H o — IOJIOXKHTE/b-
Hble TocTosiHHBE). [(3) momyuwaercss u3 (2) gopManbHbIM AHbdEpeH-
nupoBaHueM o6eux wacrteil, cm. 33.] Be3 npexnosoxenut o peryJsp-
HOCTH pacnpefiesieHHss uMmetor mecro b1, 54, 35, 60.

69. Ecmu  kospduuueHTs @4y, g, g, ... UEAOH GYHRUHH f(2)
3ajayd 67 NOJIOKHTE/bHE U YJOBJCTBOPSIOT HEpaBeHCTBaM

Qo= == 2202,

TO MOXHO yTBEpKIaTb, YTO

lnanN__nlnn:
o

€CJM XK€ OHH YJOBJICTBOPANOT HEPABECHCTBAM

as a. a. aq i
A=2=38  STls
Qg ar 25 an

TO Torja, GoJiee TOrO,
1
n,-— oae\a
V Gp ~ (ﬁ)“ .
n
70. TlpucoequHUM K TpeInoJOXKeHHAM 3ajay¥ 67, uyro a,=0

A n=0, 1, 2, ... Toroa pas BcAKOro (pMKCHPOBAHHOTO BeLLECT-
BEHHOro £

o]
> nka,m

n=1 1.

i G o

r— oo
71. B npenmonoxenusx 3agay 67, 70 mpejgesbHOe COOTHOLIEHHE
Inf (r) ~ar®

MOXKHO «NpoAuddepeHIHpOBaTby, T. €. 3aK/IOYHTb U3 €ro HaJjHdHf,
YTO

72. (O606wenne Teopemsr 1 94.) ITycrb
bo+biz+ 0,22+ F bzt ... =] (2)
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~— BCIORY CXOZstliHics cteneHHoi psj. [lokasarb, 4TO ecJiH

b,>0 (n=0,1,2,..), lim rflnf(r)=5, lim

. r>-+w n—so n’? n

=38

(B, b— nojoxuTeNbHBE, & ¥ S— JIO6bIe BellleCTRBeHHbIE MOCTOSTHHBIE),
TO

lim aoFayrt-art--. aprt-. .. -
ro+o (ﬁbrﬁ)k‘f (r)
73. Ilokasatb, uto IIpH r—>+oo

JO(ir)::i n!al ( ) Vﬂr 2 (2n)! V2nr (1 204)

n=0
74. Ilycts ay, a,, ..., a, by, bz, ..., b, — BellleCTBeHHblE HO-
CTOSIHHEIE, OTJHYHBle or 0, —1, y —3, ..., H p<gq, Janee

P(@)=@+a—1)(z4a—1)...(24a,—1),

Q@) =(+bi—1)(z+b,—1)...(2+b,—1).
HOKa3aTb, qTO HpH r— o0 CyMMa BC}OZIy CXOIALIeToCs CTENeHHOro
psia

Pl L PMPO PUPE ...PM)
Itonteoee T teneo am "t

ACHMIITOTHYECKH paBHa

T (b)) T (by) ... T(by) 1—1 1 2A4141 1

2 2 21 i
T'(@)T (@) ... T (ap) (23) I “r ert

e
l=q—p, A=a,4a,+...4a,—b,—by—...—b,.

[Y6exTaemcst, uTo 73 BHITEKaeT OTCIOfa NOCTE 3aMeHbi MepeMeHHBIX
Kax yacTHeIA cJydyai. [IpuMeHsieM B KauecTBe «psifa CpaBHEHHS»
1
1 T
2 __plr
1+1' +(2z)|’+ +(n1)"+ er’ ] A
75, Honqub acHMITTOTHUECK Y10 dopMyJty 3aliaun 74 Ge3 IIOMOLLH
Teopembl 72, omvpasch Ha I 94 u II 207.
76. Tlycth BCe KOQQHUHEHTH Gy, @y, Qg -+ -5 Qny +.. CTENEHHOTO

Pira ay,+oz+az?+...4a,2"4... NOJNOXKHTEJBHBl H YJIOBJIETBO-
PAKT yCJOBHIO

lim n(L — 1):% (0 < ) << 00).

n—sco \ An-19n41

(Btomy yeoButo yIOBJIETBODSIeT, HanpHMep, pax 74.)
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JlokasaTb, 4TO

1) ykasaHHBIH DSl TNPEACTaB/IfeT LeAyw (yHKHHIO MHOpSiKa A;

2) v(r)~Mnp(r) npu r—oo;

3) HaMeyeHHble B IJIOCKOCTH X, Yy TOYKH C TpSIMOYTOJIbHHIMA
KOOpJHHAaTaMH

< 1 ay m+l,vm+l

Ve o s0

CTPeMATCSt B CBOeH COBOKYIHOCTH K TayccOBOH KpHBOH paclpese-
JeHHs owuOoK, T. €.

>1 l="—V(r), ‘—‘V(r)+1, °"y—'150y1,27"'

x2

R a Tadak] —_
lim 2l —e 24, ecqu  lim =X.
r—o u(r) r—o V‘V (r)

CpaBHHTH ¢ NJIOWIAJBI0 MOJ TayCCOBOH KPHBOH pacnpeie/eHHs
1

CYMMY TIOILafiell IPAMOYTOBHHKOB C HUMKHHMH OCHOBaHHAMH v (r) 2
Ha OCH X W C BepXHHMH OCHOBAHHSAMH, JeNSIUMHCS TOMOJIaM TOU-
KaMH, YKa3aHHBIMH B 3).

F'JIABA 2
OJIHOJITUCTHBIE KOH®OPMHBIE OTOBPAXEHHSA

§ 1. 3apauu NOArOTOBHTENBHOI'O XapakTepa

77. Ecan nenas paumonanbHas ¢yHKUUS
2t a2t ta2d .. azet

OIHOJIMCTHA B €IMHHYHOM Kpyre |z|<<1, 10 nla,|<<1

78. Ecau oyHruus w={(2) OIHOIUCTHO OTOGpaX<aeT eIHHHY-
HbIft KpyT |2 << 1 Ha o6aactb & H ¢ (w) oxnonrctHa B B, TO (p[f (2]
OJHO/MCTHA B |2 |<C 1.

79. Ilycte byurus f(2) OHOJIHCTHA B €HHHIHOM Kpyre |z| < 1
i f(0)=0. Torma dyuxuus

0@)=VF@ =2} L&

(rme B3sTa Kakaf-HHGYAb OIpelesieHHAs BeTBb KBaJpaTHOTO KODHS)
TakXe Oyner oXHoJHCTHA B |2 | << 1. To e camoe CIpaBel/IMBO JJIsi

% f (2*) npn moGoM IesioM MOJIOKUTENBHOM 7.

80. Oyuknusa ¢(2), onpeleneHHast B 3afaue 79, SBJSETCA HaH-
Gonee ofmelf HeyeTHOH (QyHKIUEH, OJHOMHCTHOH B eIHHHYHOM
Kkpyre |z| << 1. To4nee roeopsa: KakoBa Gbl HH Oblila HeuetHass QyHK-
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uus ¢(2), oAHomucTHasA B |z |<C 1, cymectByer Takast pyukuus f(2),
OJHOJHCTHAs B |z|<< 1, H3 KOTOPOH @(2) moJydaercsl yKa3saHHBIM
B 79 oGpasom.

81. Ilycte oTKpBITHIT KPYT & B3aUMHO OJZHO3HAYHO H KOH(OPMHO
otobpaxaercs Ha obJjacTb (3, H npH 3TOM, B YaCTHOCTH, COJEpXKa-
uuiics B & KoHUeHTpHueckHH Kpyr f oToOpaKaerci Ha HEKOTOPYIO
yacTb ¢ obsactH (8. OOO3HauMM TJIOLAJMH COOTBETCTBYIOIIMX 00Ja-
creft vepes |&|, |8/, |f|, |g|. Torna

& 18]
[g] =

|
PaBeHCTBO HMeeT MeCTO TOIJa M TOJIBKO TOTha, KOriza OToOpakeHHe
OCYILECTBJISICTCS C TOMOILBIO 1e/0H JuHeiinol gynkunu. [I11 124.]
82. [lycrb OTKPHITHIN KPYT & B3aHMHO OJHO3HAYHO H KOH(HOPMHO

oro6paxaercd Ha o6Jjactb 3, mpHueM LeHTp kR Kpyra & mepexonuT
B Touky g obaactd &. IlycTe a® —noBepXHOCTHOE HCKa)KeHHe B &
[III, wacte I, crp. 123). Torxa (B o6o3navennsax 3afauu 81)

19|

|1
PaBeHcTBO HMeeT MeCTO TOTJa H TOJBKO TOrha, Korjia otoGpaxeHHe
OCYILECTBJSETCS ¢ NOMOLIBIO HesoH JHHeHHOH dyHKkuuu. (ITpexesnsHbli
cayuaft Teopemsl 81.)

3. [Iycte OTKpHTOE KDYroBoe KOJbLO R OJHO3HAYHO M KOH-
GopMHO otobpaxaercsl Ha ABYCBA3HYw 06jacTh €. O603HauuM Hau-
MEHbIIHA OTKpHTHIH KpYr, cojepxaiuit R, yepes R; TOUKH 3TOro
Kpyra, He NpHHajjexamHie R, 3anOJHAIOT HEKOTOPHIH 3aMKHYTHIHA
kpyr f. AHajoruyHo uepe3 3 0603HaYHM HaHMEHbIIYIO OJHOCBS3HYIO
ofnacth, cofepxallylo &, H 4epe3 g — MHOMKeCTBO ToueK obsactH &,
He mnpuHafjexkamux € (3 3amxHyTo)., Ecau okpyxHocTH Kosbua R,
koHuentpuuegkue ¢ f u &, u kpuBee ofjactH S, B KOTODHIE Iepe-
XOJAT 3TH OKPYXHOCTH NPH OTOODax<eHHH, OGXOASATCH B OJHHAKOBOM
HanpaBJjeHHu, 1O A miowaneir |G|, [g), |&| v |f| umeer mecto
COOTHOLlIEHHE

&  IK]

gl = It

=a?

PaBeHcTBO JOCTHraercsi TOJBKO TOTAa, KOTJAa OTOGpaXKeHHe ocyle-
CTBJITETCA € TIOMOILUBIO 1ENOH JHHeHHOH dynkuuu., (O6o6ueHHe Teo-
pembl 81, HO He ee CJeiCTBHel)

§ 2. Teopembl eHHCTBEHHOCTH

84. BsanmHO OHO3HAYHOE KOH(POPMHOE 0TOGpaeHHe, NMpH KOTO-
pPoM oTkpeITHI Kpyr mnpeoGpasyerca caM B celd C cOXpaHeHHeM
LeHTpa, mpeicTaBJseT cofoi TMOBOPOT OKOJIO LEeHTpa. [82.]



24 3A0AUH

85. Ilyctb JABa OTKDHITHIX KPYTOBBIX KOJbIA, OrpaHUYEHHBIX
NONapHO KOHUEHTPHUECKHMH OKPYXKHOCTSIMH H HMMEMHX. OOLIyio
BHEILHIOIO T'PaHUIy, B3aHMHO OJHO3HAYHO H KOHGOPMHO 0TOGpaxKaloTcs
Jpyr Ha Jpyra Tak, 4YTO IIPH 3TOM OKPYXKHOCTH, KOHIEHTPHUYECKOH
C TpaHHYHOH OKPYXKHOCTBHIO B OJHOM KOJbIIE, COOTBEICTBYET B JIpY-
TOM KoJiblie KpuBasi, 00XoJInMast B TOM e HamnpasJjeHuH. Torza oGa
KPYTOBBIX KOJbIIa COBHNAJAalOT M KOHPOPMHOe oToGpa)keHue mpeicTaB-
JisieT IIOBOPOT OKOJIO HeHTpa. [83.]

86. He cymecTByer IByX pa3juuHbIX OyHKUMi w=f(z), ojHO-
JUCTHO oToOpaxamwiliux eIUHUYHHE Kpyr |z|<Cl Ha 3ajzaHHyiO
o6nacte B Tak, 4TO mpu 3ToM z =0 NepexoxUT B 3aJaHHYIO TOYKY
w=w, obaactu G u f (0)>0.

87. ExuHCTBEHHBIMH (DYHKUUSIMH, OJHOJHCTHO U KOHGOPMHO OTO-
OpaxaroliuMH  eIHHHYHBI Kpyr |z|<C1 caM Ha cefd, sABJAOTCA
JHHeHHble (QYHKIHUH

iq €29
ela 1—202 '

rlie o BelleCTBEHHO, |Z,|<< 1.

§ 3. CymecroBanne otobpaxawomweii ¢yHKUHH

88. Ilpu oro0pakeHHH, OCYIIECTBJISIEMOM C NOMGRIBI0 (OPMYJIBI
a—2z ( I/a—nw \2

P 1 ’
1—az 1—Vanw )
TOYKE MJOCKOCTH Z COOTBETCTBYIOT, BOOOLE TOBOpS, JiBEé TOUKH IIJIO-
CKOCTH . KakHe TOUKH 2z COCTaBJAIOT HCK/OYeHHe? (a=|a|eé®,

0<|a| <1, o BemmecTBeHHO, | 1| =1 K 1 OnNpeAeIEHO TaK, YTO diZ>o
npy w=0.) Oto6paxeHHe He 3aBHCHT OT (OZHOTO H TOro XKe

B UHCJHTeJe M 3HaMeHaTese) BhiGopa 3Haka mpu V a.

89. [Iycts & —oxHocBsizHasA o6JacTb IJAOCKOCTH 2, Jexallas
B Kpyre |z|<<l ® cogepxamas Touky z=0. OcyiliectBHM oTOGpa-
KeHHe 3anaud 88, mpuHuMas 3a a Omkafimyio K z=0 TOuky Ha
rpanune obsactk @, |a|<<C1 (ecqn TakHX TOUeK He OJHA, TO BHIOHU-
paeM U3 HHX, CKaxXKeM, TOUKY ¢ HaHMeHBIUHM apryMeHToM, 0 << arg a <<
< 2m). Torna 310 OTOGpaxeHHe OTHOCHT 06jacTH & aBe obJactu G*
1 B** MJIOCKOCTH W, U3 KOTOPBIX OXHa, &*, coaepXUT TOURy w =0,
a japyrasg, G&**, ee He comepxur. B* U G** He uMeroT O6LIUX TOYEK,
xoTd ‘H o0JsafaloT [0 MeHbuleli Mepe OxHOH ofiell paHHYHOH TOY-
KOH; o0e OHM COJep:KaTcsg BHYTPH eIMHHYHOIo Kpyra.

Onpenenennas B 3agave 89 obaacte $* B jasnbHeillleM Ha3bBaeTCs
obaacmoro Kébe, coorBercTByiome#i obnactu &. O6Gaactu G u &*
ynoOHee paccMaTpHBaTh B OJHOH M TOH Ke IJOCKOCTH. MeX1y HUMH
CYINECTBYET B3aHMHO OJHO3HAYHOE COOTBETCTBHE C COXPAHEHHEM HY.Jle-
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poll TOYKM ¥ HampasJienust B Heit. Kak &, Tak 0 &* npexcrasJigior
co60H NpaBHJIbHBIE YaCTH €IHHWYHOIO Kpyra,

90. lccrnenosare obnacte Kébe nia 006/acTH, NOJyyaeMoH H3
e[HHHYHOTO Kpyra |z|<< 1 nocpeactsoM ylaJieHHS OTpe3Ka a=Cz<<l,
0 <<a<<l. Onpeneantb, B 4aCTHOCTH, TI'PaHHYHYIO TOUKY, G/nKail-
IWyI0 K HyJeBOH.

91. lVccaenopath ofsacte KE6e mias xpyra |z|<a, 0<<a<Cl
i onpellesuTb Onuxaiiniyio K HyJeBodl M HauboJiee yZaseHHYIO OT
Iiee TPaHUYHBIE TOUKH.

92. Kaxpgas touka obuacth KébGe mias B Gosee yrHajeHa oT
HyJIeBOH TOYKH, WeM COOTBETCTBYyIomas el Touka obsactH .

938. [lycts &, —o6nacte Kébe miusgs &, G, —obnacte KéGe
g B, G—nna G, u 1. 1. Ilyers nanee a, ay, G, ag, ...— OJu-
sKallliye K HyJIeBOH TpaHHYHBIE TOYKU COOTBETCTBEHHO obnacteil (&,
Gy, By By, ... Torza |a| <|ay|<lay|<lag|<...

94. (ITponosxenue.) Ilpu nomomy oroGpaxenus Kébe & onxo-
3HaYHO M KOHGOPMHO oToGpaxkaercs Ha &, &, —nHa G,, ..., B, —
na B,. Ilycte pesynasrupywoliee otoGpamenne obsnacty & Ha ®,
OCYIIECTBJ/IETCA NOCPEICTBOM aHaJHTHUeCKOH (QyHKUUH f,(2) (2 mpo-
Geraer Touku obJsactd ). HMmeem

1
f,,(O) =0, 0 <fr’z (0) <m-
Bripasurb fr (0) uepes a, a;, Gy ..., Qyq.

95. [loxa3satb Ha OCHOBaHHU 94, 4TO AJif TOYEK @, @, Q,,
evy Quy ... 33[24H 93 HMeET MECTO IpefesibHOe COOTHOMIEHHE

lim |a,|=1.

n—»co

96. ([Tponosikenue 3aau 93, 94.) B Kaxjoil Touke z o6iacty &

CyllecTBYeT

lim f,(2) =Ff (2),

n—»co
npHyeM BO BCAKOH BHYTpPeHHell 3aMKHYTOH 06JIaCTH CXONHUMOCTh
- pasnoMepHa. Ilpenenpras gyHruua f(z) omHo/iMCTHO OTOGpamaer 06-
JacTe B Ha BHYTpEHHIOW 00JacTb €IMHHYHON OKpyxHocTH, [II1 258.]

§ 4. BuyTpeHHHil W BHeIHMI pafHyCHi,
Hopmuposannas oroGpaxaomas ¢GyHKuud

B nuxecsenyomux saftauax [97—163] nogx & nouumaercsi npous-
BoJIbHasg opHOCBsA3Has 06GJacTk NJOCKOCTH z, obJajatomias GoJiee ueM
OAHOHM TIpaHMYHOH TOUYKOH, IO @ — IPOH3BOJIbHAA KOHEYHas TOYKa
Obnactn . DBecKOHeuHO ynaJeHHAas TOUKA MOXKET GBITb Kak BHYT-
PeHHeH, Tak M rpaHW4HON TOUKOH o6sactu ®. O6aacte & opHo.H-
CTHO H KOH(GOPMHO OTOGpaxKaeTcsl Ha BHYTPEHHIOW 06JIaCTh HEKOTODPOH
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OKPYX*HOCTH B TIJIOCKOCTH @ TakK, YTO ITPH 5TOM a NepeXOAHT
B IIEHTP OKPYXKHOCTH H JIHHe{HOe HcKaxeHue B Touke a [III, gactb I,
ctp. 123] paBHO enuHHIE. Pannyc OKDY»KHOCTH OIHO3HayHO OINpene-
Jserca 3alanveM o6Jacth B W TOYKHM a. Mbl Ha3biBaeM ero ewym-
perrum KoHgopmubim paduycom obnactH B OTHOCHTEJNBHO TOYKH @ H
oGo3HayYaeM JIJHHY ero gepes r,. CymlectByer [96] ofHO3HA4YHO Onpe-
IeneHHas [86] dyHkuua w =f(a; 2) =f(2), ocymecTBasomasn yKasaH-
Hoe oToGpaxeHHe, T. €. KOHDOPMHO OToGpaxammas ofjacte & Ha
Kpyr |w| <Cr, ¥ pasjaramnuasncsa B OKPECTHOCTH TOUKH a B pal BHIa

w=f@)=z—a+6@E—-a+c(z—a)P+... *)
Pyrkupo (*) Mbl HasbIBaeM HOPMUPOBAHKOU omobpaskarouied QyHK-
yueii, cootBercTByolell Touke a. [Tofl KOHPOPMHBIM panuycoM 3aMK-
HYTOH IpPOCTOH HeNpepeiBHOH KpuBOH L (OTHOCHTEJNLHO HeKOTOPOH
Jexallefl BHYTPH Hee TOYKH) MBI [OHHMaeM BHYTPEHHHH palHyc
00J1acTH, OrpaHHYHBAeMOH 3TOH KpHBOH. -

[lycte Tenepb & —oxHOCBA3HAs 06JACTb MJIOCKOCTH 2, COLEpIKa-
mas OeCKOHeyHO yJaJeHHYIO TOuKy z=co. Torma jaonosiHeHne K &
npencTasJ/ser cofOH OTPaHHYEHHYIO 3aMKHYTy obnactb B. Brewnud
Korgopmubui paduyc obaacty B MBI OnpesesseM CAeAYIOLUM 06pa3oM:
orobpaxaeM o6jacTb & KOHDOPMHO ¥ OIHOJHMCTHO Ha BHEIIHIOI
06/1aCTb HEKOTOPOH OKPYXKHOCTH B MJOCKOCTH W TakHM 06pa3oM, YTO
npu 3ToM OeCKOHEeYHO ylajleHHasd TO4YKa INepexoluT caMa B cebd H
MOAYJb HpPOM3BONHOHA OTOGpaxaiomell (yHKIHM B TOUKe 2 =00 (JH-
HeiiHOe HCKaxeHHe B GECKOHEUHO yJaJIeHHO!N TOYKE) paBeH elyHHIE.
Pajguyc 3TOl OKPYKHOCTH OJHO3HAYHO Ompefessercs 3alaHueM o6ua-
cth B. Ero Ml u HasblBaeMm érewinum paduycom objactd B u 060-
3HauaeM ero J/uHy uepe3 7. CyllecTByeT OJHO3HAYHO OINpeje/ieHHas
¢yHRIMA w==f(2), ocyllecTBaAIMAA 3TO OTOOpaxeHue, T. €. KOH-
¢opmHO oToGpaxatoiiass & Ha BHEWIHIOIO KpyroByw o6jacth |w|>7
U JIOmyCKawmiasi B OKPECTHOCTH OGeCKOHEUHO yJHaJeHHOH TOYKHM pas-
JOXKeHHe BHJIa

w=f@)=2+6+53+ 3t (**)

Qynxrnuio (**) MBI Ha3blBaeM HOPMUPOBAHHOL omobpaxcarouleli yHk-
yueil, coorBercTBYyIONell GeckOHEYHO yJlajieHHOH Touke. ITox BHeniHHM
paznycoM HenpepuBHOH KPpHUBOH L, KOTOpasi MOXKeT JaCTHYHO (HJIH Jaxe
LIeJIMKOM) HOCHTb XapakTep «pa3pe3a», Mbl NOHHMMAaeM BHELIHUH pajauyc
3aMKHYTO#H 06/1aCTH, OrpaHHYHBaeMOii 3TOH KpHBOii; 0603HaYeHHas BHILE
yepe3 B obsacTb npejcTaBJiseT cOGOH BHEWHWOI 06JacTb KpPHBOMH L,
ecJIH 3Ta KpuBas 3aMKHyTas, WJIH e BCIO IJIOCKOCTb, Pa3pes3aHHylo
no KpuBoi L, ecau OHa npeicTaBiseT cOOOH He3aMKHYTYIO Iyry l).

1) Tounee roBops, 3zeCb HMeeTcs B BHAY HempephBHas KpuBas L caeayio-
mero poia: Ta OAHOCBA3HAsl 4YacTh AONOJHEHHA X L, KOTOpas COmepKHT GecKo-
HEYHO YIAJIEHHYI0 TOuKy (T. e. o61actb (%), o6nagaer rpaHHleR, LEJHKOM coBIa-
pawomed ¢ L. CM., manpumep, 101, 105,
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ITpu oTOGpaeHHH BHYTPEHHeH (HJH BHELIHeH) 06JacTH 3aMKHY-
TOM HPOCTOH HenpephBHOH KPUBOH L Ha BHYTPEHHIOO (BHEIUHIOW)
06J1aCTb OKDYXKHOCTH 3aMKHY T asl BHYTPEHHAA (BHEIUHssA) 06J1acThb
KpuBOH L B3aMMHO OJ[HO3HAYHO H HENMPEPHBHO OTOOpaxaercs Ha
3aMKHYTYI0 BHYTPEHHIOW (BHEIIHIOW) KpyroBywo obsactb. (Cm. C. Ca-
rathéodory, Math. Ann., 1. 73, crp. 314—320, 1913.)

Q7. BbluucjanTb BHYTDEHHHH Dpaluyc r, ¥ BHEIHHH pajuyc 7
oKpyXHoCTH |z|=p, p>0, |a|<p.

98. Bomuuciuth BHYTPeHHUH Paiuyc r, BHelHedl Kpyrosoil o6Ja-
ct |z|>p (a KoHeuHo, |a|>p), a Takke lim r,.

a—+ oo .

99. Bomucauth r, g yraa 0<<argz <<y, 0<< ¥, < 2m,

100. IIpu npeobSpasoBanusax nopobusa 2’ =hz-4-k C OTJHYHHM
oT HyJs JHHEHHBIM HCKaXeHHeM || BHeMiHHH, COOTB. BHYTPEHHHI,.
panuyc yseanuuBaercsi B OTHoweHud 1:|h|. Tounee: ecmu obnacts &
nepexoauT B &', xoHeunas Touka a—B a’=ha-k, ToO MeXLy BHYT-
PEHHUM PajuycoM 7, O6nacTH & OTHOCHTEJBHO TOYKH @ M BHYTpEH-
HUM paJiMycoM r, obsacth &' OTHOCHTENBHO TOUKH G’ HMeeT MecTo
caeayoliee COOTHOLIeHHe:

Tg = |h | T
Anajoruuso 118 BHEIUHEro paauyca.
101. BreiuHu#i paguyc oTpe3ka AJMMHHE [ JaeTcst PaBEHCTBOM
L
7
102. BuewHnit paguyc 3/JHICA, OCH KOTOPOTO B CyMME€ COCTaB-
JAI0T /, AaeTcst paBeHCTBOM

7

I

l
T-

103. BoiuucauTh BHYTPEHHH#l DaJuyC OTKDHITOH MOJIYIJIOCKOCTH
OTHOCHTE/IBHO CcOJiepXallieficdi B HeH TOYKH, OTCTOAILeH OT I'paHHUbI
Ha paccrosHue d.

104. Ilyctb r, — BHyTpeHHuil paauyc obmactu & niockoctu z
OIHOJIMCTHOE OTOOpaXKeHue

Z—b=y@—a)+v.(z—a)?+...

npeoGpasyer B B Hekoropylo obaacte & miaockoctd 2'. Ilycts,
hanee, r,— BHyTpeHHH# paguyc obnactd (' oOTHOCHTEJNBHO TOYKH
’

2'=b, Torma

":

rb=\y|’a.

AHaNorvyHOe COOTHOLIEHHE HMEET MECTO npu oToOpaxeHHH BHIa

=yttt G+ Bt
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105. BuuuciuTh BHeNIHHH paauyc 7 KPHBOH, COCTABJIEHHOH M3
OKDYXXHOCTH |z |==1 W BeleCTBEHHLIX OTPe3KOB

l<e=<<a, —a,<<z<<—1; g,>1, a,>1.

106. Bruucauth BHYTPEHHHH paauyc GecKOHeyHoil mHapaJielib-
HOU MmOJIOCHl IUHPHHE! D OTHOCHTEJIBHO cojepxalleiici B Hell TOUKH,
KpaTuailiiiee pacCcTOsIHIE KOTOPOH 0 rpaHuILel IOJIOCk paBHO d (2d < D),

107. Ilycty a— mobast KoHeuHas TouKa o6jacTd & mJOCKOCTH z.

“ 1
I po6uo-nuueiinoe 1peobpa3oBaHue 2z’ == S—5 UepeBoaut G B 06-

nacte &', collepxalliyilo GecKOHEYHO YAajeHHyl0 Toyky. [lokasarh,
YTO BHYTPeHHUH pamHyc obJactH (B OTHOCHTENBHO @ paBeH o6paTHOM
Be/IUMHE BHEIIHero pajguyca o6JacTd, JONOJHUTeNbHOH K &',

108. Paccvorpum obiacts &, mosyudaiolyocst IpyH ylajeHHH U3
eIHHHYHOTO Kpyra |z|<C1 BeumecTBeHHBIXx OTpeskoB by <<z <Cl,
—1<<z==—b,, 0<b <], 0<b,<< 1. Bouucantp BHYTPeHHUH
pazguyc obJacTi (B OTHOCHTEBHO HYJEBOH TOYKH.

109. Hepasencrna

z—2
2—2,

(2552, 0<<O,<<¥,<<2n)

O, < arg =7,

BRIIE/ISIIOT B IIJIOCKOCTH Z KPYroBOH JABYYrOJbHUK K; BepIIHHAMH €ro
CJYXAT 2; U Z,, @ CTOPOHHEL COCTaBASIOT Mexjuy coboit yrom &, — 0.
Uemy paBeH BHelUHUH paguyc obnactu K? PaccMorperdh caygau

O+ 0, =21 B="08; O =3, O=mn

0. Ilycts a u b—Toukn obnactu &, f(z) — HOopMHpOBaHHas
oToGpaxarollias (QyHKIHs, COOTBETCTBYyOUass Touke b. Toraa
. rg—1f @
T onll@l

111, BbuHCIHTE HOPMHPOBAHHYIO OTOGPAXKAOULIYIO- GYHKIHIO TIJ0-
CKOCTH, pa3pe3aHHOH BJOJb MPAMOK %g Z2 <<+ o0, OTHOCHTEJIBHO
HyJ/JI€BOH TOYKH M HCCJeJOBaTbh H3MeHeHHE BHYTDEHHero pajuyca rg,
KOT/la @ TpoGeraeT BCe BEILECTBeHHble 3HaYeHHs OT — o0 J0 .

112. Ilycte L — 3amMkHyTass aHaguTHyeckas kpuBad. (Cienosa-
TeJbHO, HOpMUpOBaHHas oTobpaxaiouas GyHKIUS, COOTBETCTBYIOWAS
TIpOM3BOJIbHON TOYKe BHYyTpeHHeH oGjacTu KpuBoM L, Ipojio/mxaeMa
32 L u B pasnuyHbIX TOYKax L NpHHHUMaeT pas3/HyHble 3HaueHus.)
IToka3saTh, 4TO ecsiM TOYKa @, 3aKjwyalolascs BO BHYTPeHHel ofa-
cti KpuBO# L, mpubiukKaeTcs K HEKOTOpOH TO4YKe 3TOH KPHBOH, TO
BHYTPEHHHH DalHyC 7, CTPEMHTCSI K HYJIO,
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113. ITycre B TOuke a o6Gnacth B BHYTPEHHHH pamuyc r, AOCTH-
rael OTHOCHTE/BHOrO Makcumyma. ITokasaTk, yto Torza y HOPMHDO-
BaHHOH oToOpaxatomell hyHKHUY

f@=z—atc(z—a)lP+te(z—aP+...,

COOTBETCTBYIOLIEH TOYKE @, KOIPHUIMEHT ¢, paBeH HYJo.

114. KakoBo reoMeTpHuyecKee MeCTO TeX TOYEK @ BepXHeH IoJy-
NJ0CKOCTH 32 >0, I/ KOTOpbIX BHYTpeHHHI paguyc r, 3TOH mOJy-
MJIOCKOCTH COXPaHsieT NMOCTOSIHHOe 3HayeHue?

115. ITycte & — KoHeynasi 06/1aCThb MJIOCKOCTH 2, @ — IIPOH3BOJb-
Has TOYykKa 3TOH O6JACTH U n — HeJjoe NOoJOXKHTeabHOoe yucao. Ilpe-

o6 pa3oBaHue 2=y z—a conocransier ®& Hekotopyio obmacts &,
«n-KPaTHO CUMMETDPHUHYIO» OTHOCHTEJBHO HyneBoil Toukd. Touyka 2
Torfa ¥ TOJIbKO Torha IpuHanjexuT objactu &', xorna z'7-+a ectb
touka o6jactu . [NokasaTb, YTO BHYTPEHHHH paguyc r, o6nactu &
OTHOCHTEJBHO TOYKH @ U BHYTPeHHUH paivyc r; obaactu &' orHo-
CUTEeJIbHO TOYKH 2" =10 CBf3aHbl COOTHOLIEHHEM

AnaJIorHyHOE COOTHOILIEHHEe HMEEeT MeCTO JJIS BHEeNIHero pazguyca upu

n o
npeoGpasosannd 2’ =1/ z, eciu z=0 He comepxurca B B.

116. BouncuTs BHYTPeHHHH pajuyc 7, IJIOCKOCTH 2, pa3pe3aHHol
BIOMb H Jayued

]/%éfz|<-_l—oo, argz:—QZ—v v=1, 2, 3,..., n).

K kakoMy mpefiejty CTPEMHTCA r,, KOTJa @ NpHOJHKAETCs K KOHILY
COOTBETCTBYIOLIEro BHpe3a BJIOJb OTpe3Ka

o —
0<|z|<l/%, argz:w?

n

117. Boiuucantb BHEIIHUH paluyC IJIOCKOCTH, pa3pe3aHHoH BIOJb
OTPe3KOB

—a<z<oa, —P<iz<P (>0, p=>0).

118. ITycte & — npousposbHas 06/1acTh MJIOCKOCTH 2 H @ — HEKO-
TOpasi KOHeYHas TOYKa 3To# o6jactH. HopmupoBanHas oTob6paxarolas
$yukuusa f(2), cOOTBETCTByOIAs TOUKE @, H BHYTPEHHHH pamuyc r,
06.1afaloT CJEAYIOUIM SKCTPEMAasIbHBIM CBOHCTBOM: CpelH Bcex (yHK-
oWk BUIA

Fl@)=2—a+tdy(z—af+ds(z—af+...,
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peryJspHsix B obsactd &, f(2) o6nanaer HauMEHbIIMM MaKCHMYyMOM
monyssi B B; ator ,minimum maximorum® paseH r,. Tounee roBops:
ecid M — BepxHsis rpaib Monyas F(z) B obaactu &, To

M=r,.

PaBeHCTBO JIOCTHTAETC TOJIBKO TOTNa, Korna F (2)==f(2).

B cayuae, ecan & comepxur GeCKOHEYHO yllaleHHYIO TOYKY, aHa-
JIOTMYHHM CBolicTBOM 006JiafaloT oToGpaxawllas (yHKHHA, COOTBET-
cTBylollass GeCKOHEYHO yHaJieHHOH TOuKe, U BHeWIHMH paauyc 06JacTH,
JonoJiHuTesbHol K &; oToGpaeHue Ha KPYT BhIIeJAeTcs NOCPEACTBOM
“maximum minimorum<,

119. ITycte @ — obsacTb, cUMMeTpHYHAS OTHOCHTEJBHO BellleCTBEH-
HOH OCH, a BelllecTBeHHO. Torja B pa3JioeHHH NO CTeNeHsM 2 —a
HOpMHPOBaHHOH oOToGpaxaiouell ¢yHKIMH, COOTBETCTBYIOLIEH a, Bce
ko3(duenTr BelllecTBeHHbl. Ecan & comepxut GeckOHeUHO ylaJieH-
HYI0 TOUKY, TO aHaJIOTHYHBIM CBOMCTBOM 06J/iaZlaeT HOPMHpPOBaHHast
otoGpaxatolllass (QyHKIMsA, COOTBETCIBYWOWlAst GeCKOHEUHO YJaJieHHOH
TOYKe.

120. Ilycte & — obnactb, CHMMETpHYHAsi OTHOCHTEJBHO HYJeBOil
ToukH., Torjma B cTeneHHOM psjie 1/ HOPMHPOBAHHOH OToOpaxaiolledi
(hyHKIMH, COOTBETCTBYIOIEH HYJIEBOH TOUKe, COJlepKaTCs TOJIBKO Heyer-
nue crenedd z. Ecom @ colepxur GeCKOHEUHO ylasieHHYIO TOUKY, TO
aHaJIOTHYHBIM CBOFCTBOM 06J/ajflaeT HOPMHpOBaHHasi oOTOOpaxaioias
byHKIHA, COOTBEICTBYIOIasA OECKOHEYHO yJAaJieHHOH TOuKe.

§ 5. CBsi3n Mexay oTOOPakeHMSIMH Pa3iHYHbIX oGJacTeil

121. ITycts G&* —npaBuJbHas yacTh obsactu &, r, u 7k — BHYT-
penHne pajuychl obsacrelt & u G* orHocHTENBHO OZHOH M TOH XKe
TOYKH a, Jexateil B &*, Torna

%
rg<<rq.

AHaJIOTHYHOE HEPaBEHCTBO HMEET MECTO Jyisi BHELIHHX PalHyCoB.

122. Tlycts G — npoussosibHasi 06/1aCTh, @ — HEKOTQPast KOHeUHast
TOuKa 3TO# 06JIacTH H 7, COOTBETCTBEHHO R, — pajuyc naubosblueit
(cOOTBETCTBEHHO HaHMMeHblilelf) OKPYXHOCTH C LEHTPOM B 4, COnepKa-
weiica B & (coorsercTBeHHO conepxaieii &), HmeeM r >0, R=,
R xoneuno uiu GeckoHeuHo. Hanee

r<<r,<R,

npHYdeM DaBEHCTBO HMEEeT MECTO TOJIbKO Torja, Koria & — OTKpPHITHIH
Kpyr C LEHTPOM a.

123. Ilyctb obaacts & comepkuT GeCKOHEUHO yIaNEHHYIO TOYKY
1 b — T04Ka JONOJHUTEAbHOH 06JacTH B. O603HauuM Yepes 7, COOTB. R,
paauyc HaH6oJIbUIErO, COOTB. HAHMEHBILEro, 3aMKHYTOTO Kpyra C IeHT-
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poM B a, coiepxauierocs B B, cooTB. cojepkatlero B. Hmeem r =0,
R=r, R Koneuno. [lajee

F<R,
TIpHUeM DABEHCTBO HMEET MECTO TOJBKO TOTZa, Koria B— 3aMkHy-

THH Kp
1 IMycrs | — pyuna 3aMKHYTOH IIPOCTOM HelpepLBHOM KPHBOi L.
HoxasaTb 4TO JJIl BCAKOH TOUKH @, Jiexailell Bo BHyTpeHHel o6.a-
CTH KpuBOH L,
' 2nr, << l.

PaBeHCTBO HMEET MeCTO TOJBKO [/ OKDYXKHOCTeH ¢ LEHTPOM B 4.

AnasnorndHOe HepaBeHCTBO HMeeT MeCTO J/Is1 BHEHIHero pajaHyca.
125. Ilycts o6aacte & uMeer BHYTPEHHIOW XOpIaHOBY Mepy | B |;.

Tlokasarb, 4TO Aaa J000i KOHEeUYHOH TOUKH a, cojepXamelca B &,

| (6] ‘1 = nri.
PaBeHCTBO MMEeT MecTo JHIb JJs Kpyra |z—a|<<r,.

126. Ilycrb fonoanenne B obiactd &, copepxariedl GeCKOHEUHO
ylaJeHHYI0 TOUKY, HMeeT BHEIIHIO XoplaHoBy Mepy |Bl.. Torna

| B, << mr2.

PaBeHCTBO HMeeT MeCTO JMIIb B TOM cJydae, Koria B — Kpyr.
127. Ilyctb 3aMKHyTas mpocTasg HelmpephiBHasi KpuBas L HmeeT

BHeWIHHH DpajiyC 7 H BHYTPEHHHH pajHyc r,, rle a— NPOU3BOJIbHAS
TOYKa BHYTpeHHeH ofsacTe xpuBo# L. Toraa

rg<<r.
PaBeHcTBO HMeeT MecTo Torja H ToJIBKO TOrna, Korfa L — OKpy-
HOCTb H @ — €€ LEHTp.
128. Ilycts L — 3aMKHyTas HpOCTaH HenpepLIBHas KPUBAs, OXBa-
THIBAIOUIAsT HYJIEBYIO TOUKY, 7 — e€ BHEIIHHH PajuycC H r, — BHYTPEHHHI

papuyc OTHOCHTEJNbHO HYJeBOH Touku. I1ycTs, Hanee, P (2) — NOJHMHOM
C MJIAJIUHM YJIEHOM ap2* H CTADHIM YJIEHOM a,2™:

P(@y=ap? +ap 2 +.. .+ a2,
H M — makcumym™m | P (2)| ra kpuBoit L. Torza
M=|a,|rk, M=|a,|m.

PaBeHcTBO HMMeeT MecTo TOIZa M TOJIBKO TOTJA, KOTAA L — OKPYXHOCTD
C UCHTPOM B HYJIeBOH Touke W NOJHHOM P (2) MMeeT BHJ 2"
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129. Ilyctb GyHKIuA f(z) peryssipHa, HMeeT NOJIOKHTEbHYIO
BellleCTBEHHYIO 4acTb BHYTPH 00/1aCTH, OTPaHHYEHHOH 3aMKHYTOH mpo-
cToHl HenpephIBHOH KpPHBOH L, H HenmpepoiBHA, BKJIOYasA rpanuny. Ecin
BelllecTBeHHas udacTh ¢yHKuuH f(2) obpalllaeTcd B HyJIb Ha HEKOTOPOH
ayre L' xpuBo#t L, T0 MHUMas dacTb QyHKuHHU [(2) MOHOTOHHO yGbi-
BaeT IIPU NOJOKHUTeNbHOM 06xofe Ayru L’. [I11 233.]

130. Orobpasum mnojocy 0<C3z<<D Ha xpyr |w|<<1 Takum
o6pa3oM, 4To6El NPH 3TOM TOYKA 2=/ NEpexojuJia B LEHTP Kpyra
w=0 (D>1). Uemy paBHa I/MHa AyrH OKPYKHOCTH | w|= 1, oTBe-
yaiolllefl AOpH 3TOM OTOGPaxeHWH BemecTBeHHO#l ocu Jz=0? (Ilpu
D=2 y D=co TpuBHa/ibHO.) Kak u3aMeHsieTcsA yKa3aHHas Ayra npH
Bo3pactanud D?

131. [TycTh 3aMKHyTHE INPOCTHIE HenpephiBHbIE KpuBhE L, # L,
MMEIOT KOHeYHOe 4HCJIO OOIMX AYr W BHYTpeHHsiA 00J1acTb KpUBOH Ly
COJIepKUTCA BO BHYTpeHHeH o6sacTH KpUBOi L,. (L; COCTOUT M3 UeTHOrO
yyucsia AyT, MPOXOASAIIMX IONepeMeHHO BHYTPH M Ha rpaHule o6JacTy,
orpaHHu¥BaeMoHl KpHuBO# L,).

Oro6pa3uM BHYTPEHHIOI obJacTh KpuBOH# L;, a sateM Kpuboil L,
Ha OJHY ¥ Ty K€ BHYTDEHHIOIO KpYyroBylo 00/1acTb TaK, 4TOOLI B TOM
U LpPYLOM CJiy4ae Hekoropad Touka O, mnpuHanjexalias BHyTpeHHedl
obsacTd KpHBOH L;, mepexoiusa B HeHTp Kpyra. Ob6a oToOpaxeHus
CONOCTAaBJAIT JyraM KpuBhIX L, u L, BHOJHe omnpejeseHHEle JIyrd
rpaHu4HOH OKpYKHOCTH (cTp. 27).

Jlokasatb, 4TO [JIHHA JIyTH. KpYyTa, COOTBETCTBYIOWEH Kako#-JHGO
o6Gueft ayre KpuBblX L; H L,, npu oToGpaxeHHH MeHbllel 06sacTH
(orpanuuenHo#l L;) CGyjJeT MeHblle, YeM INpH oTOGpakeHUH GoJbllei
(orpanuuenrofi L,). TIpumep: 130. [129.]

132. Jlath 9/EKTpPOCTAaTHYECKYIO HHTEpIpeTauuio TeopeMbl 131,

133. [lycTb 3aMKHyTble OpOCThie HeNpephiBHble KpHBHE L, u L,
HMEIOT JIMIIb KOHEYHOe YHCJIo OOLMX ToYeK H OrDAHHYHBAEMHIE HMH
o6aacty — o6y dactb €. [Iyctb Rajee O —Touka obsactu T H
Q* — cBA3HasA yacTb obaactu €, cofepxamasn 0. Jlyru kpussix Ly u Ly,
Jexaliie Ha rpaHune T¥, HaloBeM <«BHIHMHIMH» H3 O, He JieKalliye
;K€ Ha 3TOH TIpaHHle — «3aKpuThiMEy. (CJI0Ba «BHAUMBIE» U «3aKphl-
Thie» MMEIOT OOBIUHBIN CMBICJI, ecid KpuBble L; ¥ L, 3Be3poo6pasHbl
oTHocuTeabHO O.) ’

Oto6pa3uM CHayaJia BHYTpPEHHIOW o6JsacTb KpUBO# L;, a 3aTeM KpH-
BOH L, Ha BHYTpPEeHHIOW o6JjacTb €eIUHHYHOrO Kpyra Tak, 4YToGbl
B ofGoux cayuasax O mepexonuja B UeHTp Kpyra. Toria o6pask «BH-
JHMBIX» qacTefl KpuBOH L, 3afiMyT GOJibiiyIO 4acTh eJHHUYHOH OKpyX-
HOCTH, 4eM 00passl «3aKphITbIX» YacTe#l KpuBofl L,. ([laa Gosbruei
HarJISHOCTH TIpelCcTaBUM ceObe L, B BHJe OKDYXHOCTH C LEHTPOM
B 0.) [131.]

134. [TycTb B — HekoTOpast 3aMKHyTast 00/1aCTh, { — ee BHYTPEHHAA
Touka H R — COBOKYMHOCTb rpaHHYHLIX Touek 00JacTH B, OTCTOAMUX
or § Ha paccTosiHue, He mpeBmwawoilee p. I1ycTb AyTH OKpPYXHOCTH
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paluyca p ¢ meHTpoM B {, He mnpuHamjexampe B, umeior obUIyIO
Anuny P2,

Ilycrb, nanee, ¢ynkuus f(2) peryaspHa H OJHO3HayHa BHYTPH H
HempephiBHAa Ha rpanuue ob/lacTi B, mpHueM B TOUKAX MHOKeCTBa R
uMeeM |f(2)|<Ca, a B OCTaJbHBIX TPAaHMYHEX TOYKAX obJacT B
|f(z)|<<A, a<<A. Torna

Q Q

I} Q)| <a%A' "7,
(bosee TouHas ouenka, uem B III 276.)

135. Ilycts oaHocBA3Has obaacTb &3, MJIOCKOCTH 2 YAOBJETBOpSeT
CHENYIOIHM YCJIOBUSIM:

1) B, sexur B Kpyre |2|<a, a>1,

2) B, comepxuT Kpyr |z|<<1,

3) ®, COmepKMT AYry €NAHMHHYHOH OKPYKHOCTH

[z]j=1 —o<argz<<a, (O<o,<<m),
4) nonoJjHuTe/NbHAS Ayra eTHHUYHOH OKDY XKHOCTH
lz|=1, a,<<argz<<2n—a,

HIpUHALJIEKUT rpanune obaacth G,.

Ilyctb, Aanee, &, B3auMHO OJHO3HAYHO U KOH(POPMHO oTOOpa-
aeTcsl ¢ MOMollblo GyHKIHH w ==f,(z) Ha eIuHHYHEIA Kpyr |w|<<1
Tak, 4yto npH stom f, (0)=0, f,(0)>0.

Ecau mpH BO3pacTaHUK A «NepeileeK», COSTHHSIOMMHA eIHHHYHbIN
KPyr ¢ ocrajbHOH uacthblo obJsactd ®&,, Bce GoJsiee u Gojlee CTSArHBa-
erca, T. e. ecym lim o, =0, 10

n—co

lim f, (2) =2

n-»co

HEe3aBUCHMO OT TOrO, KaK BeleT ce6s uactb oOGuaacty ®,, nexamas
3a mpefeJaMH eIMHH4YHOro Kpyra. [[IpHMeHHTb MeTOA JOKa3aTeALCTBA
Teopemnl 111 335.]

§ 6. Teopema KéGe 06 MCKameHHH

136. IIycts dynkuus
by b
wzg(z)=2+bo+71+‘.‘%+-u

perynsipHa Bo BHewHeH KpyrosoH o6Jactd [2|>>1 H oAaHOJWCTHO
OTO6paxaer 31y o6sacTb Ha 06jacTs @B, cofepxKaliyld GeCKOHETHO
YAaJsennyio Touky. Torza

|01 +2[ b, F+3]bs[P+... <.

2 T. Ionua, T, Cere, u. II
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B uacraoct, |by|=<C1, npuueM paBeHCTBO MMeeT MeCTO Torja H
TosIbKO TOrAa, Koria & mnpencrapiser coGoi mIOCKOCTb, pa3pe3aHHyo
BJOJb OTpe3Ka JIJIMHBH 4.

137. ([Tpogosnxkenne.) Bo BHewHeii Kpyropo#t objactd |z|>1

, 1
g @) <—7.
1—

|z [?

PaBeHCTBO HMMeeT MeCTO TOrZa H TOJIBKO TOrjaa, Korja GyHKuus g(2)

HMeer BHA

g =2+by— [p—)

(le|=1, p>1), n Zocturaercs B TOUKe —2—. Kaxoii BHJg HMeeT B 3TOM
cayyae o6nacte &?

L
pez—1

ITpu oro6paxeHHH, YKa3aHHOM B 3ajaue 136, Bce KpUBLIE NJIOCKO-
CTH ©@, COOTBETCTBYIONIHE KOHLEHTPHUECKUM OKPYKHOCTAM paguyca
6osibliie eIHHUIE ¢ LEHTpOM B 2=0, —Tak Ha3blBaeMble AUNUU
Yyposrs — uUMeloT obWui KOHGOPMHBIH HeHTp TAxectH b, [I1I 129].
Mpr Gynem HasbiBaTh by KoHOpMHOIM yenmpom msxcecmu obJactd (.

1388. [lyctb onHocBs3Has obsactb & copepxHUT GECKOHEUHO yaa-
JICHHY!0 TOYKYy H CHMMETpPHYHA OTHOCHUTeJBHO HEeKOTOpOH TOuKH P,
Torpa P cayxut KOHGOPMHEIM LEHTPOM TsiecTH obJacTn &.

139. ([Tponomxenne 3agaun 136.) Ecom obsacts & He copepkut
HyJeBOH TOYKH, TO KOH(OPMHLIH HEHTP TAMKECTH 3TOH OGJaCTH JIEKHT
BHYTpH Kpyra pafuyca 2 ¢ LeHTPOM B HYJ/ieBoH Touxe. MHbIMH CJloBaMH,

| by | << 2.

PaBeHCTBO HMeeT MeCTO TOTJa H TOJIBKO TOrja, Korpa & mpexcraBiser
Co00H MJIOCKOCTb, pa3pe3aHHYIO BJOJb OTPe3Ka JJIUHE 4, BBIXOAALIErO
u3 Hyjesol Touku. [[Ipumensem 136 k } g (29) ]

140. (ITpononxenne.) PaccrosHue d npou3BOJIbHOH TPaHHYHOM
TOYKH 06JacTH B OT KOH(POPMHOrO LEHTpa THKECTH HE INPEBOCXONHUT
IByx. Bosee Toro, naa Bcex B, 3a ucKiioueHHeM OCOGOrO CJyyas,
YKa3aHHOTO B KOHIE 3alaun 136, d << 2,

141. (ITponomxenune.) MakcumanbHoe paccTosiHue D Mexny rpa-
HHYHBIMH TOUKaMu o6JacTH & (nmamerp rpatuum obsactu &) sakJto-
yaercss MexJy ABYMs U UeThIpbMSA:

2<D=<4.

PaBeHCTBO B HHXKHeHl OIEHKe HMeeT MeCTO TOJLKO TOrna, xKoria &
npejcTaBiseT COG0H BHELIHIO 06JacTh HEKOTOPOro Kpyra paiuyca I,
a B BepxHeH oleHke —korga (B ecTb MJIOCKOCTb ¢ BHIPE3OM BJOJb
oTpeska AJMHBI 4 (cM. 3afauy 136.)
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142, Cpenu BceX HENMpPEephIBHHIX KPHBOJHHEHHHIX LYT, COENTHHSIO-
IUX JBE HEMOABHKHHIE TOYKH, HAUMEHbLIHH BHEWHWH DaauyC UMeeT
NpSAMOJIMHENHb OTpEe3oK.

143. ITycts ob6nactb & sanauu 136 umeeT KOHGODMHEIM HEHTpPOM
taxectd 0. Toraa

g@I<lel+mm lz|>1

Pii? ‘
PaBeHCTBO HMeeT MeCTO TOJILKO JAJIs OTOﬁpa}KeHHﬂ w=z+—z—, o Be-

[1eCTBEHHO.
144. (Ipomomxenue.) Tlpu ykasaHHOM oTOGpa)XeHHH HH OAHa
TOYKa 2 HE MOMKET CMECTHTBCH CO CBOETO MePBOHAYaJIbHOTO MOJMOKEHHS

3
6oJibllle YeM Ha T UnpiMu cooBami,
3
|g(z)"2|<m’ lz|>1.

1458. UccrenoBats cmeienve [144] mpu otoGpakeHud BHeIUHedl
KpyroBoil o6/1aCTH Ha MJOCKOCTb, pa3pe3aHHYo BAOJb MOAKOBOOGpa3-
HOH KpHBOH, COCTOAIEH H3 TpeX NPAMOJHHEHHHX OTPE3KOB, NOCJENO-
BATEJIbHO COGIHHSAIINX TOYKH

a+id, —a--i8, —a—id, a—i8;, a>0, §>0.
PaccMoTpeTb, B 4acTHOCTH, cjyya#, Korda a—2, 6 —0, 1 mokasarb

Ha 5TOM IIpHUMepe, 4TO Ko3pduuueHT 3 B HepaBeHcTBe 3ajauu [44
He MOXeET OBITh 3aMEHEH MEHBIUIHM.

148. [Iyctb yHKUHA
f(@)=2z4a22+-a,24-...
peryJiipHa M OJHOJMCTHA B elHHMYHOM Kpyre |z|<< 1. Toraa
lay | <2,
MpH4YeM pPaBEHCTBO MMeeT MECTO JHLIb A1 GyHKUu# BUAa
f(@)= T +eraz)2’ ¢ BeILeCTBEHHO. (111)
[[Tpumenuts 139 x (f(z7Y)) 1]
147. [Tycte dyHKUuA
w=[f@)=2+az2’taz’+...

OJHOJIMCTHA B Kpyre |z|<<R. Ecau o6sacts & MI0CKOCTH @, Ha KOTO-
pyto oto6paxaercss 3TOT KpPYyr, He CONEPHKHUT OeCKOHEYHO ylla.nefmoﬁ

TOYKH, TO OHa LEJHKOM COIEPKHT OTKDBITHIH KpYT \w|< . VHBIMU

CnhoBaMy, o6o3Hagas uepes d KpaTanu.[ee paccTOAHHE FrpaHHUMbI
Q»
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obgacty B or ToukHy w =0, HMeeMm d/ G BoJsee Toro, d> 5 ecH

ToabKo & He HpellCTaBJIHET cofoii MJIOCKOCTH, pa3pe3aHHOH BIOJL JAyua
2

argw = const., - <<|w| <<+ co. [[Tpumensiem 146 x T—f()— e

@)
h—rpammﬂaﬂ Toqxa obnactn G.]
148. HepaseHcrBo 3agaud 147 MOXKHO YTOYHMTH CJEAYIOMUM
obpasoM: :

\>___Ri.____
4= Tar

(Cm. 146.) PaBeHcTBO jocTHraercss s o6JacTH, ykasaHuod B 147.

149. ([Tponomxenne 3amaun 147.) OTpesox, coeluHSIOWUN jABE
rpaHyuHsle TOYKM obJjacTd (5 M NPOXOAALIMI uepe3 HYyJIEBYIO TOUKY,
Mbl 6y1eM HasbIBaThb e4asroll xopdoti o6aacty . BedAxas raaeHasa xopla
obnactu (B uMeeT IAMHY, He MeHbIIyio yeM K. YKalaHHad HUKHAA
rpaHulia R jocTuraercs Juilb B TOM cJaydae, Korjia obsgactb & mpen-
cTaBjsier co00H NJOCKOCTb, pa3pe3aHHyIO BAOJb O0OUX Jydel w =

==k |w|e*, o BellleCTBEHHO, §<|w|<+oo. (116.)

150. ([Tponomxenue 3ajaun 146.) B enunumunom kpyre |z|<<1

BEINIOJIHSIETCS HepaBeHCTBO
Rre =<2,
2 I @)

PaBeHCTBO HMeeT MEeCTO TOJIBKO TOrja, Koria o6/acTb, B KOTOPYIO
orobpaKaercsi yKasaHHbIH KpyT, mpejacTaBJseT co0oi NJI0CKOCTh ¢ Mps-
MOJMHEHHEIM BhIpe3oM. [IIpeo6pazoBaTh eIMHHYHBIH Kpyr cam B ce6s
Tak, YToObl IPX 3TOM NMPOU3BoJbHAA (HUKCHPOBAHHAA TOUKA 2, (|2,[<C1)
mepellja B UEHTP Kpyra, H 3areM NpuMeHuTb 146.]

151, (Teopena Kébe o aunelinom UCKKenuy, TaK Ha3bIBAEMBIH
Verzerrungssatz.) [Tycte dyHRuMsA

f(z)=24+a,2®Fazz®+. ..

peryJspHa W OJHOJHCTHA B eIHHHYHOM Kpyre |z|<C1 u r— nosoxu-
TeJIbHOe 4ueao, r<< 1. Toria B Kpyre |z|<Ir HMeOT MecTO Hepa-
BEHCTBa

1— 1+,
(1_[_,3\” @Al=a—w a—rp
PaBeHCTBO MoOXeT JOCTHIaThbCs TOJBKO IPH oToOpa:KeHUsX BHJA
f(2)= (l+ef<1z)2’ o BellleCTBeHHO. [150.]
152, (TIponomxenne.) B kpyre |z|<<r 1MeeT MeCTO HepaBEHCTBO

T =@ =gz



OTIEJ YETBEPTHIM, TJIABA 2, § 6 37

PaBeHcTBa JOCTHLAIOTCS TOJABKO NpH OTOGpaMeHUsIX, YKasaHHBIX
B 3alade 151,

153. Hepasencteo 3anaun 152 MOXKHO YTOUHUTH CAETYIOMMM 06pa-
30M: B KpyTe |z|=<r

r r
e lre = 1@ <=

PaBeHcTBa JOCTHTamTCs JAS TeX Ke oTobpaxeHud, uro u B 151,
(O6o6menne Teopembi 148.) [Cm. pemeHue 148, kpome Toro, 143.]
154, [Ins HeverHnlx ¢yHKIME f(2) = — f(—2) HepaBeHCTBO
3a7ayi 152 MOMXHO YTOUHHTDH CJENYIOWMM 06pa3oM:

T =IHe) =1

F4

PaBeHCTBO JOCTHUraeTcs TOJBKO JJif f(z)=T-_7.

155. (ITponomxkerune.) Mmeem
2n
| S
g | [Fret b=
0

[[Taomans o6aacTH, Ha KoTOpylo orofpasaercss Kpyr |z|=<p <7,
He npeeocxoauT mMax |f(2) 3 |z|=Sp; [II 128.]

156. (ITporomxenne 3amayu 152.) ITycts # — HeJs0e NONOXKHUTENb-
Hoe yucao. CynlecTByeT Takasd QYHKUHA W, (r), 3aBUCAILAS TOJNBKO OT 1
ur, Osr<<l, uro a8 kKaxkJ0# oysruud f(z) 3agauu 151
B Kpyre |z|<=<r BLINOJHSETCS HEpPaBeHCTBO

[ (2) | < 0, (7).

157. ([Tpozonxenne.) ITycTh 71— €10 TOJNOXKHTENBHOE YHCJIO,
n=2. CylecTByeT TaKas 3aBHCAIIAS TOJLKO OT A INOCTOSTHHASA Oy,
4yto And xaxjofl ¢ymskuuyu f(z) sanauu 151 BHINOJAHACTCS BEPaBEHCTBO

la, | << w,.

[MycTh @, —HaHMeHbIIast U3 3THX nocTosiHubX. Torxa
1 (ng1ett
On < g T )

158. (ITponomxenue.) Vmeem

2n

37 | 17 (re") a0 <
0

[155.)

1—7°

2
1) Jra rpannua <—Z—n2.
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159. ([Iponosxenue.) Vmeer Mecto cirieymolliee yTOYHEHHe Hepa-
BEHCTBa 3ajaud 157:
n=< o, <en.
160. das dyHRUHH
f@)=z4a2%+a2®+...Fa,a*+...,

B eIHHUYHOM Kpyre |z[<C1 OIHOJHCTHBIX M N0 MOJYJIO MEHBIUHX,
‘yeM M, HepaBeHCTBO 3ajau¥ 146 MOXHO YTOUHHTH cJjelywolldm obpa-
soM: M =1 (paBeHcTBO TOMBKO Js [(2)=2) u

ja, <2 (1 — )

Korzma jaocTuraeTcss paBeHCTBO? [HpHMeHHTb 146 k e i /Sllf OF ]
161. Ilycts dysruuaA
f(2)=z4a,2+a,2®+...+a,2"+...

perysspHa B Kpyre | 2| <1 u otoGpaxaeT ero-mHa o6/acTb, 3B e 3 J0-
o6 pas3H Yyl OTHOcHTeNbHO HyseBod Touku [II1 109]. Torxa

la,|<n (=2, 3, 4, ..).
PaBeHCTBO HMeET MECTO TOJBKO JUis PyHKuui BHaa
f(&)= —Tz) . 0 BelLeCTBEHHO,

162. Ilycty dyHkuusa
f(R)=z4a2tas®+...+a2" ...

peryJisipHa B €JMHHYHOM KpyTe |z| << 1 u oro6paxaer ero Ha HekoTo-
pyto Beiny Kayto obaacts [II1 108]. Torza

la, <1 (n=2, 3, 4, ..).

PaBeHcTBO HMeeT MeCTo JHIIL AJA (l)yHKIlHi'I BHJA
f(Z) 1_eiaz
NpH 3TOM KDYT II€PeXOAHT B IOJYIJOCKOCTb, KOTOPAasH COLEPMHT
HYJIeBYI0 TOUKY M TPAHHYHAs NpAMas KOTOPOil OTCTOMT OT 3TOH TOYKH
Ha pacCTOSHHe 5
163. Ecom dyHkius f(z) peryaspHa H OJHOJMCTHA B €IHHHYU-

HOM Kpyre |z|<C1, To Bce Kpyru |z|<<r mpu r<<2—13=0,26..,
0TOGpaXkaloTCs C €e NOMOIbI0 Ha BHNYKJbE 061aCTH. ITO YHCIO

2 — /'3 —epanuya evinyKka0CHU — HE MOXKET GBITH 3aMEHEHO MEHDLIHM. -
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rTABA 3
CMEWAHHBIE 3AJAYH

§ 1. Varia

164. Ecn oynkuus f(z) B momoce O0=<Rz=<n peryJspHa,
OfiHO3HayHa H OrpaHHUUYeHa u obpalllaercs B 3TOH HOJOCE B HYJb
B TOYKAX 21, 29, ++vy Zns +o« (2n =X, iYy,), TO JHOO pPAL C HOJOXKH-
TeJIbHBIMH 4JICHAMH

e 19lsinx, +e|%lsinx,+... e 1 ¥nlsing, +...

cxomures, Ju6o f(2)=0. [111 297.]
165. Ilycre xoadpduuuent f,(z) oxHOponHOrO JHHefiHOTO IHbDe-
PEHIIHAJIBHOTO ypaBHEHHS

Y+ @y + @)y P 4.+ a (@) y =0

ABsiercs: uesofl dyukumest. s Toro ytobel M 06U E HHTErpadn
3TOro ypaBHeHus Obl1 meso#l QyHkuueit, Heo6XOAMMO H JOCTaTOYHO,
yTOObl LeabMH GYHKNUAMH ObLJIH BCe OCTasIbHbIE Ko3abdunueHTs! f, (2),
@ @)

66. ITyctb ¢ynkuMs w=@(z) peryJspHa (BO3MOXHO MHOTO-
3HayHa) B KoJblleBof obJjacth 0<|z|<p, p>0, u yLOBJETBOpALT
B Hell TOX/ECTBEHHO YpaBHEHHIO BHJa

Fy(@)w'+F1(@) 0 +...+Firy(2) w+Fi(2) =0

rie Fy(z), F1(2), ..., Fi1(2), F,;(2) peryjapHLl B HEKOTOPOH OKpecT-
HOCTH TOUKH z==0. EcJju" cylllecTByer CTemeHHOH psn ¢+ az—-...
Tako#, uT0 QYHKUUA (@ (2) —Cp— 12 — Co22 —...—Cpq2" 1) 27" orpa-

HUYeHa B OKPeCTHOCTH TOUKH 2=0 j1s GeCUHCJIEHHOTO MHOXKeCTBa
3HaYeHHuH n, T0 @ (2) peryJspHa B OKpecTHOCTH Toukk z=0 u ¢(2) =
=6yt izt 22+ et ...

167. Ilycty Qynkuusa f(z) peryasgpHa u OJHO3HayHa B 06JacTd
R=]z|<< oo, R>0. Torga cylllecTBYI0T Takue Lesoe yucjo p =0,
uenasa ¢yHkuHsa G(2) u cxo;mumﬁcn npu |2|=R creneHHo# psx

PE=S 4 S
4yTO .
FR)=27G (@) e (R<|z|<co).

[Ipn onanOBpeMeHHOH 3aMeHe KakK B MpeNNoJIOKEHHH, TaK H B yTBep-
XJIeHHH HepaBeHCTBAa R <<|z]|<Too Ha R <{|z|<C oo Teopema cTaHO-
BHTCSA y2Ke HeBepHOi.

168. Ilycts [(z) =f (x4 iy) — mepoMopdHas mepHOIHYECKas
dyHKuysa ¢ nepuogoM 2w, umeollasg B nojoce 0=z <<2m jmib
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KOHeYHOe uucJO HyJded u momiocoB. O6o3nauum uyepes M (y) maxcu-
MYM H depe3 W(y) =~ MUHHUMyM MoOAyJasA f[(x+4iy) mna O=<x=I2m.
Ecmu

lim sup mlry#<l WM liminfm—lrﬁ—@—>—-l,

ly|—>oo ly| =

10 f(2) HaBepHOe fBJgeTCH paLHOHAJBbHOH dyHKHuell ot 7.
189. llycts f(2) —aHamTHuecKas GyHKUMA, z=X--i{y, H KBaj-
par ee MOLyJa

F@ = y)

ApasieTca anrebpaHyeckofl QyHKiuell OT BellecTBEHHLIX NepeMeHHBIX
x u y. Torna f(z) cama sBadercs anrebpanyeckoli dyHKIHeH OT z.

170. He cyumectByer aHaJuTHYecKOH QyHKINM, PEry/IsspHON BAOJD
BEIIECTBEHHOH OCH H NpHHUMawile# JIJ1s BelleCTBEHHbIX 3HAYEHHH
TlepeMEHHOrO Bce 3HaueHHs BHYTPH (UKcHpoBaHHOTO Kpyra. Kopoue:
He CyHIECTBYeT «aHajuTuyecKol kpusoi [leano»,

171, VccnenoBaTh, cyliecTByeT Ji £+ 1 aHainTHYECKHX (YHRUHH
f1(2), F2(2)y .-+ fn(2), [(2), OTSIMUAOLIUXCA APYT OT Apyra He MPOCTO
Ha NOCTOSHHBIE MHOXUTEJH, PEryaspHsXx B HEKOTOpOH 06-
jgacTd B H CBSA3aHHEIX B HeH COOTHOINEHHEM

@+ @ . [ (@) =] (2) |

172. Hccrenosath, CymecTBYIOT JIH JiBe aBaJIHTHIECKHe (YHKIMHK
f(z) 1 g(z), HE TOKIECTBEHHO MOCTOSIHHbIE, PEryJAPHLIE B HEKOTODPOH
obsiacTH B H CBA3aHHLIE B Hell COOTHOILEHHEM

|8 (2) | =%} (2). [I11 58.]

173. ToBopsaT, uto f(2) U g(2) UMEIOT OAHHAKOBHE A-TOUKH, €CJH
(QYHKIUH
f@—a = g@—a
g@)—a " [@)—ea

ofe OJHOBPEMEHHO HBJISIIOTCA LEJLIMH,
Haittu 1e pas/nyHble neble GyHKIHH, 06/1a/al0lie OAHHAKOBBIMH
-, b- u c-toukamu. (TIpu 3TOM, KOHEUHO, mpeanoJaraercsi, uto b ==,
'c—+’-a, a*b.)
174. CymectByer i uenass ¢ynxuus G(z), yLOBJETBOpSIOmMAsH
YCJIOBHAM

GO0)y=a, G (1)=a, @ @2)=a, ..., GW(n)=a,, ...,

rae INOCI/IeNIOBATeJbHOCTD @g, Gy, Gy, ... 3a7iana MPOH3BOJIBHO? (TTo
noBOAy aHAJIOTMYHOH HHTEepNOJIALMOHHOH 3ajaud AJIf MOJHHOMOB CM.
V175, V176.)
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§ 2. 06 cpHom npueme J. Jlanpay

Ecau TeopeMy, yTBepxkaamomyiwo, uto ¢yHkuus f(z), peryaspHas
Y OJHO3HAayHast B obsacTH 2B, NOCTHUraeT CBOETO MAaKCHMyMa IO Mo-
JyJI0 HA TPaHHIE, Mbl XOTHM BbIBECTH HeIllOCpeJCTBEHHO M3 HHTerpana

Komu
=1 FQ 4
F@) =5 § L a
L
(rre z 3axkjroueHO Bo BHYyTpeHHefi obsacTH KpHBOH L), TO MBI MOXKeM

paccyxiarh cienyiomuM ofpazom. Ilyers |f({)|<<M na L, Torza

M di
F@ <5z | |25 =Km,
L

rfle mnocrosHHast K 3aBHCHT TONbKO OT KpUBOH L W MOJOXKeHHs
TOUKH 2, HO HE OT crmeuHasnbHoro BhiGopa ¢yekuuH f(z). Ho teneps
5Ty Irpy6yIo OLUEHKY MBI MOXKeM YJAydYiluTh, MpuMeHss ee K [f (2)]?,
rje n— Ilejoe M0JOXKUTEJbHOE YHCJIO:

1
If (2)|I" << KM™, |f(2)] << K"M.

Bepst n—-co, MH nonyuuM B npegete |f(z)|<< M.

STOoT HHTepeCHHH MeToJ JoKasaTe/bCTBa MOKA3LIBAeT, UTO I'pyOChle
OLEHKH MOXKHO HHOIJa Ipeo0pa3oBaTb B TOYHLIE, eCIH HAJJIeXKallnM
o6pasoM BocmoJb3oBaThest HX' ofmHocthio. [E. Landau; om.
M. Riesz, Acta Math., 1. 40, ctp. 340, cHockal), 1916.]

178. Ilyers F(2)=ay+ a2+ a,2%+...+a,2"+... peryasapua
B Kpyre [z|<<R. lloaoxum M (r)=|ae|+|ay|r+|as|r*+...
..t |an|r*+... Torna

MA<MA<FEM(+8) 6>0, r+5<R).

176. (Ilponomxenue.) Ilycts MM, (r) umeer To XKe aHauenHe ISt
[f ()]?, xakoe M (r) umeer naa f(z) (n=1, 2, 3, ...). Torga

1
lim [M, (r)]7 =M (r).
. n—oo

177. llonyuurs ¢ momompto 11 123 HOBoe [OKa3aTeNbCTBO Teo-
pembl Anamapa o Tpex kKpyrax [II1 304].

178. [okasath cienywomee oGobuweHue Teopemu 160. Ilyets o,
HMeeT TO Ke 3HaYeHue, YTO M B 3ajaye 157; Toria- B NpeamoJoxe-
HUAX TeopeMbl 160 uUMeeT MeCTO OLEHKa

la,| < o, (1 — M),

179. Ilycrte Teopema C. H. BepHurtefina 0 TpHrOHOMETpHYECKHX
nojgoMax [VI 82] u3pectHa B caenyromell HeTOYHOH (opMe: Cymiect-
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Byer Takasi a6comoTHast mocrosinHas K, K> 0, uro mas tpurouo-
METPHYECKOro INOJIMHOMA 71-To nopsigka @ (%), He NMpPeBOCXOASLIEro MO
MOZYJ/II0 E€AUHHMLEI, BHIIOJHSETCS HepaBeHCTBO

lo" (M) |<n+K.
Kak or 310# OLEHKHM NepeATH K TOYHOH OLEHKE
[o" (8)|<n?

§ 3. MpamosmHeliHoe NPHOIHKEHHe K CYHECTBEHHO 0co00li Touke

180. CyuecrBytor ueJbe GpyHKIHMU, BO3pACTAIOLIHe C IPOU3BOIBHO
60/IbIIOH CKOPOCTBIO, KOTAAa 2z — CO BJOJb HEKOTOporo Jiyda. Tounee
ropopsi, Kakosa Obl HY 6blna GyHKUUS @ (), NOJOKMTEJNbHAS H MOHO-
TOHHO Boapacraowias npu x>0, Bcerfia Haiifiercs nesias QYHKUUSA

g (2), IpUHMMAIOWIAS BEUIECTBEHHbHIE 3HAYEHUsS! [IPH BELUECTBEHHBIX 2
H YIOBJeTBopsolas npa x =0 HepaBeHCTBY -g (x) > ¢ (x). (111 290.)

181. Cymectsyior Lenble (QYHKUHH, KOTOPBIE IIPH 2—-CO BHOJb
MOJICKHUTE/IBHON BelleCTBEHHOH OCH CTpeMsTcsl K HYJIO, a BAOJB Beex
OCTaNBHBIX Jyuell, HCXOAAIUX W3 Hauaja, —K GecKoHeyHOCTH. MoxeT
JH BecTH cebfl TaK LeJjas paldOHagbHad (QyHKUUSA?

182. CymecrByor Lejnle TpaHCUEHJEHTHBE (QYHKIMH, CTpemsi-
muecss K 6eCKOHEYHOCTH BAOJb BCex JyueH, HCXOIALIMX H3 Havasa.
MoxeT s 310 crpeM/jeHHe K OecKOHEYHOCTH ObiTb PaBHOMEpDHHIMP

183. Cyuwecrsyior nesnsie QyHKIHH, KOTOPBIE BAOJL BElIECTBEHHOM
MOJIOKUTEIHOH OCH TIPHHUMAIOT BEIieCTBEHHBE 3HAYCHUS H CTPEMATCA
K -+co, a BIOJb BCEX OCTaJbHBIX Jy4eH, UACXOAAIIMX H3 HavaJa,
cTpeMsiTcsl K Hy/I0. Moxer JH Bectu cebs Tak Ueaas GyHKUHS Ko-
HEYHOro MopsjiKar

184. Cymecrsyior nesabe ¢yuknud == 0, KOTOpble CTpeMATCA
K HYJ/IO BIOJL BCeX Jyyel, HCXONALIMX M3 HauaJa.

185. Cymecrsywr uensie ¢GyHKIHH, KOTOPHE BIOJb Jyuefl, BLIXO-
ISIHAX M3 Hayala B BepXHIOK (OTKPHITYIO) NOJYIJIOCKOCTD, CTPEMATCA
K 1, a Bnosb syuel, BHIXOAAIMX U3 Ha4ajJa B HUKHIOKO (OTKpHI-
TYI0) NOJMYNJOCKOCTb, cTpemsarcs K -—1. DBojee Toro, cxoxumocts
paBHOMEpHAa B KaXIoM yrje &<largz<m—g, COOTB. —T-4&<
<argz<<—e, e>0.

186. [lycrs niockocTs pasbura n JydamH, BHIXOASIIUMH H3 HY-
JeBoll ToukM, Ha n yrjoB. CymecrByeT uesnass (QyHKIHUS, KOTopas
B KaXJOM U3 3THX YIJIOB (C TeM Ke yTOYHEeHHeM, 4To u B 185) cTpe-
MHTCSl COOTBETCTBEHHO K aj, g, ..., (p, TI€ @y, Oy, ..., Gy — IPOU3-
BOJIbHO 3aJ@aHHBE KOMILJIEKCHLIE YHCJIA.

187. PazobbeM kakuM-HHOY b 06pa3oM JyuH, BEIXOASAIINE U3 HyJle-
Bofl TOUKM, Ha ABe Kareropuu. CyinecTByeT Ji A KaXIOIO TaKOro
pasbuenns Lesas QyHKLus, KOTopas BJOJb JyueH Ieppod Karero-
pUH CTpPeMUTCS K HYJIO, & BJOJb Jyuell BTOPOH — K GECKOHEYHOCTH?
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§ 4. AcAMnTOTHYECKHe 3HAYEHHs Ueibix DYHKUMiA

Ecmu nenas dyHKuus g(z), He TOMKJIECTBEHHO IIOCTOSIHHAS, CTpe-
MHTCS BJIOJIb HEKOTOpOH HempepHBHOMH, yxoasuwed B GeCKOHed-
HOCTb KPHBOH K Ipefiely @, TO 3TOT Ipejiesl @ Ha3bIBAeTCH acumnmo-
muueckum 3ravenuem GyHkuyn g (2). Hanpumep, 0 ecTb acUMnNTOTHYECKOE
3Hauenne GyHRUUU €7,

188. 0 u co gBASIOTCH eIHHCTBEHHLIMH ACHMIITOTHYECKHMM 3Ha-
yeHUSAMA (QYHKLHUH €°.

El I
189. 'l/?, — ]/5 H cO ABJSIOTCH €JMHCTBeHHLIMH acUMIITO-
x2 .

2
THYECKUMH 3HayeHUAMH GYHKLIHH Se 2 dx.
: 0

190. llesas ¢yHkuus nOpsAAKA 7 (1 — 1e/oe IO0JOKHTE/bHOE)
z2n+l zantl

3 (2n+1)+ Bl@nF1l)

HMeeT B TOYHOCTH 271 Da3/IHYHKIX KOHEUHEIX aCHMITOTHUECKUX 3HaYeHHH.
191. Ilycte mnoc/ienoBaTeNbHOCTh NOJOXKUTEbHBIX YHCEN g, dy,

Qg +vy Qm, ... BBIOpPaHa Tak, YTOOHl PN

p4

g@)= V% E amzjgme_%zdx
m=0 0

pPABHOMEPHO CXOIMJIcA B KaXKAoH KOHeuHOH 061acTH IVIOCKOCTH 2 H
NpeACTaBJAAJ, TaKMM 00pa3oM, HeKOTopyio neayio GyHKUHIO g (2).
[MMonaraem, manpuwmep, a,=exp(— ms™).]

Tlokasatb, 4TO MHOXECTBO aCHMITOTHUECKHX 3HaueHHH OompeleJseH-
HOH TaK LieJol QYHKUMH g(z) MMeeT MOIHOCTb KOHTHHYyMa. Tounee:
BCe 3HayeHUs BHIA

> emm  (Em=-+1 nmm —1)
m=0

ABJISIOTCS ACHMIITTOTHYECKUMU,
192. Ecau nenass QyHKuus CTPEMHUTCST BAOJb 7 Jydel, BEIXOIs-
IMX W3 Hayaja, K 7 Pa3/MYHbIM KOHEUHBIM IpejesiaM, TO ee MOpsLoK

GoJibllie UM paBeH %

198. oo sBJAfeTCH ACHMITOTHYUECKUM 3HaueHUeM JJIA KaxkIoH
1eJoH He TOXKAECTBEHHO MOCTOSHHOH (GYyHKUHH.

194. KoMmniexkcHoe 4nC/IO @ Ha3LIBACTCS UCKAOUUMENbHBIM SHAYE-
Huem (B cmbicsie 1Tukapa) nenoi dyukimn g (z), ecan GyHKUUA g (2) —a
MMeeT TOJMIbKO KOHeuHoe unc/o HyJe#. ITokasaTh, 4To €C/1H HCKJIIOUH-
TeJIbHOE 3HAueHHe CYIIECTBYeT, TO OHO SIBJAETCH aCHMITOTHYECKHUM
3nayeHueM (YHKIHY,
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§ 5. JaabHeiimue npuaoxenus meroga Pparmena-Jlungenéda

198. Ilycre ¢yuruus f (2) HeOrpaHUUEeHHO IPOAOJIKAaeMa B Kpyro-
BoM Kosblle O<<|z|<<l. Ecau npu artom f(2) u Bce ee mpousBol-
mpe f' (2), f’ (2), ... ocratlorcs OrpaHUYeHHEIMH, TO f(2) OLHO3HAuHa
B yKa3aHHOH o6JjacTd U pery/spHa B Touke z=0.

196. Ilycrs g (2) —uenas dyuknus poxa 0 M & — Hamepey 3ajaH-
HOe TOJOXKHTeJbHOE uHc/0. Ilokasath, 4TO Ha BCeX OKPYKHOCTAX
C JIoCTATOYHO OOJIBIIMMH pajvycaMy

lg(2) | <eeizl
N Ha HeKOTOpI:IX Opr}KHOCTHX C HpOHSBOJIbHO 60J’II:IHI/IMH pazmycaMH
g @) | >eell,

197. IIycte M (r) — MakcuMyM u m (r) — MHHAMYM MOAYJIS I1€JIOH
(GYHKUMU HAa OKPYXHOCTH |z|=7r. Ecan

Inln M (r)
=M

lim sup —

r— oo

1
/] 2.<?, TO TOrJa TaKxKe

. Inlnm (r)
llﬂsgp g =M [196, III 332.]
188. Ilycts Ay, Ay, Ag, ..., Ay, ... — NOJIOXKUTENBHEIC YHCIA U PSR

1 1 1 1
'}q+'}‘_2+—}\':+.-.+7\';+..-
pacxopurcst. Ecom ¢ynxuus h(f), co6CTBEHHO HHTErpUpyeMasi B HH-

tepBasle 0<<f{=<C 1, ynOBJIeTBOpSET YCJOBHIO

1
(Prh(tydt=0 (n=1,2,3,..),
0

T0 h(f)=0 BO BcsAKo# TouKe HempephlBHOCTH f. (OG06IeHHe TeopeMbl
1
11 139.) Stzh( ) dt sBIseTcs aHaJMTHYeCKOH QyHKUHel oT 2, III 298. ]

169. HyCTb g(2) —nenaa TpaHCUeHIeHTHasi (QYHKUHA nopﬂm{a
A<5 ¢ Ko3(pHUHEHTaMHU, OTIHYHLIMH OT HYJs, U IPOCTEIMH HY/JIAMH
w;, wz, ciey Wny oo (WpsEw;, ecau kqél). Ecm dyukuus h (1),
COOCTBEHHO HHTerpupyemass B HHTepBade O=<f<<l, yaAOBJeTBOpSAET

YCJIOBHIO
1

{g()h(H)dt=0 (n=1, 2,3, ..),
0

10 h (f)=0 BO BcsAKOM Touke HempeprBHOCTH Z,[I1 139.]
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200. Ilycts g(2) —uenas TpaHcleHnenTHast GyHkuus poga O,
AMeIollasfl JHLIb BeleCTBEHHEIe W NPOCTHe HYJIH Wy, W, Wi, ...,
Wy, ... Ecan GyHxuus h (£), co6CTBEHHO WHTEIpHpYeMas B HHTepBaJie
O<<f{=<C 1, ynoBJeTBOpSiET YCJOBHIO

1
{g@)h()dt=0 (n=1,2,3,..),

0

10 h(f)=0 Bo BcsKOH TOuke HempephiBHOCTH !, [MoxXHo, Hanpumep,

nosoxuth g(2)=J4()z) nm cosn}/ 2.
1. Ilosoxum

gt 2t 24t =F (2),

¥ IIYCTh CYLIECTBYIOT JBe TaKHe I0JIOXKHTeJbHble NOCTOSHHEE p H M,
4TO

1) nocnienoBaTebLHOCTL @y, 7Y, @72, ..., @,p™", ... OCTAETCS
OrpaHUYyeHHOH H

2) |F(2)|<<M npu Bcex BelleCTBEHHbIX 3HAYeHUAX 2.
Torza ans Bcex BelllecTBeHHBIX 3HAYeHHH 2 HMeeT MeCTO TaKke He-
pPaBeHCTBO

[F" (2) | <pM,

npHueM paBeHCTBO AocTHTraercd Juwb 1as F (2) = A cospz - Bsinpz,
rie A u B —mnocrosinasle. (OGobmenne teopembt VI 82.) [III 165.]

202. (IIpononxenne.) IlycTh d — paccrosinie TOUKY 2 OT Belle-
ctBeHHOH ocH (d =|Jz ). Tlokasars, uto

| F (2) | << Me®®.

(Ananor Teopemn III 270.)

203. Ilycry nenas ¢ynkuus G(z) yAOBJIETBOPSIeT TeM e yCJo-
BusAM, 4YTO W QyHKUuA F (2) B 201, 4, KpoMme TOTO, ABJAETCS HEUET-
Hoit: G(— 2)=—G(z). Toraa npu BemecTBCHHLIX 2

I@ < pM.

PapencrBo Moxer jfocTHraTthes JuWb Anf GyHKuuu G (2) =cM sinpz,
lc|=1, u npu 2=0. (Ananor Teopemur VI 81.) [III 166.]
204. (I[Iponomxkenne.) Brsecrn 201 uz 203.

1
205. Tycrs nenas ¢pynxuns f(z) nopsaaka A, A=, orpaHuyena
BJOJIb TOJIONHTEbHOH BellecTBeHHo# ocu. Torna A/ BCAKOrO IoJo-
XKHTEJLHOrO € MNpPH X, CTPEMSAIIEMCS K - O 110 IOJOXKHTE/BHBIM

3HAYeHWsM, HMeeM

lim x-*¢f"(x) =0,
x— 400



OTAEJNATHIH
PACIPEJAEJIEHUE HYJIEA

FTABAI
TEOPEMA POJJIA U NMPABHJIO AEKAPTA

B nacrosime#l rjiaBe MBI paccMaTpUBaeM BellleCTBeH H bl € hyHK-
[¥H BELIeCTBEHHOIO IlePeMEHHOTO X; B HYaCTHOCTH, BEINEeCTBEHHBIMU
npeAnosaraioTcd U KO3bpHIHMEeHTH ag, a;, s, ... PACCMATPHBAEMBIX
TOJIMHOMOB @+ @ X+ @pX® ...+ a,X"* U CTeneHHbX PANOB Qo+ a,x -
+ a,x?4-... HaJjee, B Clyuae, eClM He OTOBOpEHO INPOTHBHOE, BCe
BBOJMMble (DYHKIMH NpPeAIONaralTcsa B YKa3aHHHEIX HHTepBaJax aH a-
auTHYecKUMHU. OIHAKO YTBepKIaeMble TeOpeMbl HYXKAal0TCA JHILb
B HeGOJLIUOM H3MEHeHHM HJH JaKe BOBCE HU B KaKOM [IPH 3aMeHe
5TOr0 IpeAmnoJiokeHust Oosee cnabblM, HanpuMmep IIpH TpeGoBaHUH
CYIIeCTBOBAHHA ITPOM3BOAHHIX JO HEKOTOPOTO NOPAAKA BKJIOUHTEJBbHO.
Bciony B panbHefiiueM HYJM CYHTAlOTCA NO CBOEeH KPAaTHOCTH.

Jlanee Mbl paccMaTpHBaeM IIOCJIENOBATeNbHOCTH @y, Q;, Qg ...
BelleCTBEHHBIX 4uCeJ, COAepiKallde KOHEYHOe Wy GeCKOHeUHoe MHO-
HKECTBO WIEHOB; MHOPSAJOK 4YJeHOB HMeer CYLIeCTBeHHOe 3HauyeHHe.
WiHaeke m HasbiBaercss Mecmom nepemeNvl 3HAKA, €CJH

U1 << 0, m=1,
Jaubo ecJau
am-l = am_2 ... = am_,k+1 = 0 u am_kam < 0,

m=k=2. B nepeoM ciayuae a,-, 4 d, BO BTOPOM Q1 H @, 06pa-
3YIOT nepemery 3raka. UHCNO mepeMeH 3HaKa (= 4HCJO MeCT Iiepe-
MEHBl 3HAKa) HEKOTOpOH IOC/eJ0BaTeIbHOCTH OCTaHeTCs HeH3MeH-
HbIM, €C/IH YJIeHBl, paBHble Hy./0, OyAyT ONYIIEHE, a OCTaBlUHeCH
4JIHEl COXPaHAT CBOe B3aUMHOE -pacCIIoJ/IoXkKeHHe.

§ 1. Hyan dyHxumii, nepemMensl 3Haka nocaeaoBaTeabHOCTERH

1. IlocaepoBaTtenasuocTu
aO) alv azv ey O M Qg Qp-1s Augy 2> Qy
of6najaloT OJHUM H TeM -3Ke YHCJIOM NepeMeH 3Haka.
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2. Tpu BbHUEPKMBAHWH YJIEHOB MOCIEAOBATENLHOCTH YHUCJO TIepe-
MeH 3HaKa He YBeJHYHBAETCH.

3. Tlpu BcTaBKe MexkIy 4JeHaMH IOC/ENOBATEJIBbHOCTH JIOGOro
KOJIMMEeCTBA YJIEHOB, PABHBIX HYJIO, YHCJO IEpeMeH 3HaKa He H3Me-
HseTca. TOYHO Tak Ke 3TO YUCJAO He H3MEHUTCSH, €CJH PSAIOM C HEKO-
TOpHIM 4JIEHOM IOCJIEI0BATEbHOCTH BCTAaBUTb HOBBIH, OAHOIO C HHM
3HaKa.

4. TlocaenoBate/bHOCT Gy, Qg+01, Gy +ays -ovs QpytGny @,
ofnafaer He GOJBLINM YUCIOM IepeMeH 3HaKa, YeM I0C/eJ0BaTelb-
HOCTD @y, Qy, Qg «--» Qn. .

8. [lycrh GeckoHeuHast OC/ENOBATENbHOCTE (g, Qpy Qgy - vvs Apy oo

HMEeT JIMIIb KoHeuHOe uuncao W nepemen 3uaka. [lokasarb, 41O
06pa3oBaHHast C €€ MOMOLIBIO IIOC/eN0BATENAbHOCTD

n

Qy QG+, ap+20044a,, ..., ao-}—(l)al—}—(;)az—}—...—l—an,

Takke 00nafaeT JMIUb KOHEYHHM, IPHTOM He GOmbluuM, yem W,
YHCJIOM NepeMeH 3Haka. [4.] :

HameruM Ha NJIOCKOCTH NIPAMOYTOJbHBIX KoOpAMHAT TodkH (0, a,)
(1, a), 2, ay, ..., (n, a;), ... ¥ COCAUHAM HX B IOCJEJ0BaTENb-
HOM IOpAJKe NpSMOJHHEHHLIMH OTpe3KaMH (TOpH3OHTaJIbHHIE MpOEK-
MM KOTOpHIX, TaKHM o6pasoM, Bce paBHbl eauHuue). Ha moJyvato-
leMCsI YepTexke Upe3BHMAliHO SICHO BLICTYIAIOT BCe MecTa IlepeMeHH
snaka. Ha xpuBo#t y={[(x), usobpaxawolleli BeleCTBEHHYIO aHaJH-
THYECKYI0 QyHKUMIO [(X), HyJH 3TOH GYHKOMM HE BHICTYIAOT TaK
OTYETJ/IMBO, HGO JaKe PH CaMOM TOYHOM YepTerke He BCETAa BO3MOXKHO
OT/IMYUTE MEXAY CoOOH HYJM KPaTHOCTH 2 M 4 HJH HYJH KPaTHOCTH 3
HOHT A

6. B unrepBase, B KoTopoM BCoORy @(x)>0, dynkuuu f(x)
u f(x) @ (%) HMEIOT OJHA H TE XKe HYJH.
« Ecmu py>0, p,>0, p,>0, ..., TO NOCJEROBaTEJLHOCTH

Qpy A1y Qg oo H QoPgy QyP1s AoPay +oe

MMEIOT OJHH M T€ e MecTa IepeMeHbl 3Haxa.

8. Ilycrb 3sHavewus f(x) B ToYkax g M b OTJAMYHLI OT HyJs.
Torma unreppan a<x<Cb 6ylner cojepxkarTb UeTHOE MJH HeYeTHOe
YHCJIO HyJeH 3ToH (yHKIMH, CMOTPA 1o ToMy, OyayT Ju f(a) H f(b)
HMeTb OJIMHAKOBBIE HJIM K€ IPOTHBONOJOXKHHE 3HAKH.

9. Ilycte @; u a, oTmmHL oT Hyad. OrpaHnueHHasi UMH 4acTb
TI0C/Ie1OBATENbHOCTH &y @iy «-., A4y, @ OyHeT UMETb HeTHOe HJIH
HeyeTHOe YHCJIO NePeMeH 3HaKa, CMOTpsS IO ToMy, OYAYT JIH a; ¥ a
HMeTh. ONHHAKOBLIE HJH Ke pa3Hble 3HaKH.

10. (Teopema Ponns.) Ecnu a m b—Ba coceiHHX HyJs GYHK-
udd f(x) [1. e. f(a)=f(b)=0, f(X)5=0 mpu a<<x<<b], TO
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B uHTepBase a < X< b npousBoiHas f'(X) HMeeT HeyeTHOE HYHCJO
HyJell (caenoBaTesbHO, [0 MEHbIIEH Mepe OLHUH).

1. Ecu j+1 u B+ 1 cyrb cocelHHe MecTa IepeMeHbl 3HaKa
IocJIe1oBaTeIbHOCTH @y, Gy, @y, ..., TO DPa3HOCTHAH MOcJeJoBaTe/Ib-
HOCTh

aj+1“‘aj‘, aj‘+2'—aj+1, cevy ak_ak_,l, ak+1—ak

¥MeeT HeUeTHOE UMCJO TEpEeMeH 3HaKa (CJeN0BaTesibHO, IO MeHbliei
Mepe OfHy).

12. Ecau B uHTepBaje a, b dyHkuusa f(x) umeer N HyJeii, TO
f'(x) uMeer B 3TOM Xe HHTepBaJe camoe MeHbillee N — 1 HyJeil.
Teopema crnpaBei/uBa He3aBHCHMO OT Toro, Oyjer JiM MHTepBan a, b
OTKDBITBIM, 3aMKHYTbIM MJ/IH IIOJYOTKPHITHIM; OH MOXeT jJaxe IpH-
BOJHMTBCS K OJHOH TOUKe.

13. Ecau nocienoBareJbHOCTE

Qy, Ay, Agy oo, Qy

umeer W nepeMeH 3HaKa, TO COCTaBJ/JieHHasi U3 Hee pa3sHOCTHAas MocJe-
JI0BaTeJbHOCTD

— Qg Qg—Ayy vy Qp—Qny

6yleT uMeTb camoe MeHbllee W — 1 mepemeHy 3HaKa.
14. Eciu f(x) B KOHeyHoM HHTepBaje a < X < b umeer N HyJeil
U yIOBJIETBOpSIET OJHOMY H3 YCJIOBHIf

sgnf(a)=sgnf (a) %0, sgnf(b)=—sgnf’ (b) =0

10 f' (x) umeer B ToM XKe HHTepBase (@, b) He MeHee N HyJeii. Eciu
BhINIOJIHEHB! 0o6a ycJoBHd, TO f' (x) B (a b) Gyger uMerb HX He MeHee
ueMm N+ 1.

15. Eciu KoHeuHas moc/eloBaTelbHOCTh

Qgy Ay Ay ovy Qg
umeeT W mepeMeH 3Haka, To o6pa3oBaHHas U3 Hee [10CJ/EJ0BATE/IbH OCTh
ao, (11——00, az—al, vy a,,—-a,,_l, —a,,

Gyner umetb ux He Menee W+ 1. (3a HCK/IOYEHHEM TOrO0 TPUBHAMb-
HOrO cJiyuasi, KOTJia BCe YJeHHl a, I‘IOCJIeILOBaTeJ'IbHOCTH paBHbLI HYJIO.)
16. Eciu HT_ f{x)=0, To f’ (x) Mexmy @ U + oo umeeT He
X — [ee]
MeHblee KOJHuecTBO Hysel, ueM f(x). (To ke, KoHeuHo, 6yjer cupa-
BEJUIMBO, €CJU BMeCTO oo B3AThH — oo )
17. Ecom lim a,=0, TO0 OeckoHeuyHas I0CJeJOBATEIbHOCTE
n— oo

ao, al—ao, a2'—a1, ceoay a,,—a,,_l, “ue

obnafaer OGOJBIUMM YHCJOM IepeMeH 3HaKa, 4YeM IlepBOHAYaJbHAS
[10C/1e10BaTe IbHOCTh
Qgy 1y gy vvvy Qpy oos
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18. Ilycts f(x) uMeer B unrepBatie 0<<x<C oo N uynet. Toraa

GyHKIHA
af (x) 4 (%),

T/ie ¢ BellieCTBeHHO, OyJeT WMeTb B STOM HHTEpBaJe IO MeHbliel
mepe N — 1 nyuiedi; 6oJiee TOTO, eCJ1H BHIIOJHEHO yeaoBue lim e*4f (x)=
X 40
=0, To ykazaHHas ¢yHKUHS HMeeT MUHUMYM N HyJef.
19. Ilycrb GeckoHeuHas! IOCJIENOBATENbHOCTD Gy, g, gy v vy Ay oo

umeeT W mnepemeH 3Haka. Toria mocJ/eioBaTeNbHOCTH
Qdy, Oy —Qyy Oy — Ay, «vvy Olp—CQn gy «ney

rie o >0, uMeeT 1o mensulell mepe W nepeMen 3Haka. Ecnu, Kpome
TOrO, BHIOJHEHO ycioBhe lim a,0"=0, T0 yKasaHHas mOCJIe10Ba-

n— oo
TeJLHOCTh BMeeT Jaxe MuHMMyM W -}-1 nmepemeny 3sHaka.
-20. Ec/mu ¢pyukuus f (x) uMeer B unrepBaje 0 << x << co N HyJel,
€ .

TO (DYHKLHS S [ (x) dx umeer B TOM xe uHTepBaJe He Gonee N HyJeH.
0
21. Ecu  10C/eJOBATEIBHOCTD dy, @y, day +vvy Qn, ... HMeET W
nepeMeH 3HaKa, TO IIOC/IE/IOBATeJbHOCTD

ay, aotaq, qgtaitag, ..., gpta a4t Fa,, ...

HMeeT He Gojiee W mepemeH 3Haka.

§ 2. UameneHHsa 3Haka GyHKnHH

Mgu roBopHM, uTO GyHKIMA f(X¥) B HEKOTOpPOM HHTEpBaje coxpa-
Hfem 3HAK, B JBYX CJyyasix, a HMeHHO: 1) ec/M OHa NOCTOSTHHO << 0,
2) ecnn ona nocrosHuo ==0. Ilycrb wuHTEpBaN @ << x << b pasneseH
Ha Z -1 nomuHTepBasoB TaK, yro 1) dyHKuua f(x) He obpalliaercs
TOXKJECTBEHHO B HyJb HH B OJHOM H3 3THX HHTEpBaJOB; 2) B KaxX-
JIOM "OTAEeJLHOM HHTepBaje OHA COXPaHseT MOCTOSHHLIH 3HAK H 3)
B KaXABIX ABYX COCEJHMX MHTepBasax f(X) ¥MeeT NpOTHBONOJOXKHLIE
3HakKu. Torja roBopsT, 4To B HHTepBane a << x < b f(x) umeem Z usme-
newuti sHaxka. Tlpu mepexone 4epe3 HyJb HeUeTHOro IOPSAKA aHAJH-
THuecKas (YHKIMA IpeTeplieBaeT H3MeHeHHe 3HAaKa, IPH Nepexojfie
Yepe3 HyJib YETHOro Nopsiaka — HeT. IloHsTHe H3MeHeHHS 3HAaKa OKa-
3bIBAaCTCS IOJIE3HEIM M IPH M3YyYeHHH MHOTHX HeaHa/IMTHYECKHX
GyHKIM.

22, Ilycrs ¢yuruus f(x) OTMMUHA OT HYJS W MMEET IOCTOSH-
HBIli 3HAK KaK B HEKOTOPOH OKPECTHOCTH TOYKH @, TaK H B HEKOTO-
poit okpecrnocry Touku b. Ilokasarb, uto B uHTepBaje a<<x<<b
GYHKIMA HMeeT YeTHOe MJIM HeueTHoe KOJHYECTBO M3MEHEHHH 3HakKa,
cMoTps mo toMy, Gyayt JH f(a) u f (D) uMeTb OJMHAKOBLIE HJH IKe
IPOTHBOIOJIOKHEE 3HAKH. '
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28. Ecas ¢yHkums f(x) umeer B untepBate 0 << x << co Z u3me-
X

HeHUH 3HaKa, TO (PyHKUHA Sf(x) dx UMeeT B TOM JXe HHTepBaje He
0
Goslee Z u3MeHeHHH 3HaKa.

24. Ilycte Z —uncno u3MeHeHu#l 3Haka M N —uucjo HyJeH
¢byHKIAM [ (%) B OJHOM M TOM JKe OTKPHITOM HHTepBase. ITokasarb,
yro torja N — Z 6yJeT HeoTpUllaTeJbHHM UYETHBIM YHCJOM.

25. Ecam f(a)=f(b)=0, to B unTepBane a << x << b NmpoU3BOA-
Hasi [’ (X) UMeeT HeyeTHOe YHCJIO M3MeHeHuH 3HaKa.

26. Ilycrb BelllecTBeHHbe Uncaa 4A,, 4,, ..., A, He paBHb HYIO
Ha,<a,<<...<<a, B HexoTopnix c/lyuasx MOXHO yTBepXIaTb, YTO
Apo6HO-panuoHaabHasA GyHKIUA

Az

Fo =2 A

UMEeT JIMIUb BEUIeCTBEHHbBIE HYJIH. B YaCTHOCTH, 3TO0 HMEeT MeCTO
B CAEVIOIUX JABYX cjyyadax:

1) A; >0, 4,>0, ..., 4,,>0;

2) A;>0, 4,>0, ..., A1 >0, A3 >0, ..., 4,>0,

A+ A,+...+4,<0, I<k<n.
27. TpuronoMeTpHieckuit NoJMHOM

An
x—a,

f(x)=a,+a,cosx+4a,cos2x+...+a,cosnx

C BelleCTBeHHbIMHM Ko3(duuventamun a,, a;, d,, ..., @, HaBepHoe
HMeeT JIHWBb BelleCTBeHHble HYJH, €CJAH BHIIOJHAETCS HEPaBeHCTBO

lag|+1ay |+ a4+ any | < a,.

§ 3. Tlepsoe pokasatenabcTBO npasuna dekaprta

Tlon nepemenamu 3Haka W Mecmamu nepemenbt 3Haka MNOJHHOMA
Gt ax+ax?4.. . Faxt
HJIH K€ CTeNeHHOTro psja
oyt ax+ax?+azx34...

NOHHMAIOT MepeMeHn! 3HaKa W MeCTa NepeMeHbl 3HAKa KOHEYHOH HJH
6ECKOHeUHOH IOC/IeJ0BATENBHOCTH

Qy, @y, Qg ..., Qn, COOTB. Qg, Gy, Qgy O3y +es

ero KosdpdbuuueHTOB.

28. Eciu o N0J0KATENbHO, TO moJuHOME P (x) u P (ax) HMeloT
OMHAKOBOe HHCJIO IepeMeH 3HakKa.
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29. OGo3nayum yuc/ia nepeMeH 3HaKa MOJHHOMOB
P(xX)=ay+ayx+tax*+...+ax”,
P(—x)=aqy—axtax—...+(—1)"a,x"

yepes W+, coors. W-, Ilokasarp, uTo
Wr+ W-<n.
80. Ilycrts o >0. Ipu nepexone OT NOJHHOMA
Gyt mx +ax®+.. . apx”
K TOJHHOMY
(@—x) (@t axtaxi+...+ax") =
=aa,+ (e a, —a) x+ (o, — a;) x* ... — azxtt!

uMCJI0 TepeMeH 3HAaKa BO3pAacTaeT W NPHTOM HAa HEUeTHOe YHCJIO.
[Ana caywas a=1 cm. 15.]
31, Ilycte @ > 0. Tlpu nepexone OT CTemeHHOro psna

Gyt ayx+ax?taxd+...
K CTeNeHHOMY pANy
(@—x)(ap+apxFapx®Fazx®4-..)=
= oty 4 (aa, — ap) x - (aa, — a;) X2+

YHCJIO TepeMeH 3HaKa He yMeHplilaercsi. Dosee TOro, oMo HaBepHOe
BO3pacraeT, eCJH nepBOHAYaJdbHLIH pAA Gy ax+ apx®-... cxopuTcs
IpH X ==o.. :

32. Ilycts o> 0. IIpn mepexole OT CTeNeHHOro psAa

Ay axFax2 +azx®+-...
K CTETEHHOMY DANY

(a4 x) (@pF ax +a,x2Fagx34-.. ) =
=aay+ (aa, +ap) x4 (aa, +ay) ¥ ...

YHCJIO nepeMeH 3HaKa He MOXKET BO3DaCTH.
33. [1pu nepexone OT cTeneHHOro psjla

GoF-ax -a,x%*Fazx®4-...
K CTENeHHOMY pAay
Sfai st A+ (@ +a) x4 (@ +ay+ax) ¥* ..

l1—x

YHCJI0 NepeMEH 3HaKa He MOXKET BO3pacTH.
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34. Ilyctb o> 0. Ilps nepexone OT cremeHHOro psina
a0+-‘l’ ; + 2 x2 + B

K CTENEHHOMY DSy

a a D a + ( )ala"“l—}- +a,
% [ . e 8 2 5 n
€ (“0+11x+21 ) Z al x
YHCJ0 IIE€pEMeH 3HaKa He MOXKeT BO3DacCTH.
35. Ilycts py, Poy +-.» Pn— HOJOXKUTEIbHBIE unCaAA. IT0JIOXKHM
ayx? ‘ anx" L
2t ozt G e T T B E e G
=Ay+ A A x4,
(rs nocratoyHo MaJBIX X psA cxoautest). IloxasaTs, uTo uHcso mepe-
MeH 3HaKa B KOHeuHOH HOC/eAOBaTeJbHOCTH @y, &, Qg ..., 4, GYJAET

He MeHblle YHCJa IepeMeH 3HaKa B GECKOHEYHOH IOCJel0BaTe/IbHO-
ctu Ag, Ay, A,, ... [Tlonnas unayxuous, 31.]

86. ([Ipasuro 3nakos dexapma.) IlycTb N — YuCHO NOMOKHTENb-
HEIX HYyJIeH IMOJHHOMA Q- ayX - apx* ...+ a,x" u W —uncsio nepe-
MeH 3HaKa B NOCJeoBaTebHOCTH ero KosdhduuuentoB, [Tokasarh, 4To

W —N=0. [30.]

37. (Ilpogomxenne.) W — N ecTh ueTHOe YHCJIO.

38. Ilycrb p — paauyc CXOAMMOCTH CTENEHHOTO PAAa @+ ax +
+ @x%+..., N —uHcso ero Hysedl B uHTepBaie 0<<x<<p u W—
YHCJIO NepeMeH 3HaKa B I0C/eJ0BaTeJbHOCTH KO3(P(GHLHEHTOR 23TOro
pszaa. Ilokasath, uro

N<W.

3HaYHT, B YaCTHOCTH, ecjH W koHeuno, T0 N Takxe KoxeuHo. [Ha-
pany ¢ 31 NpHMEHHTL HeKOTOphle CBeleHHA H3 TeOpHH (YHKUHI. ]
39. Crenennoii psn

He UMeeT HyJeil B cBoeM Kpyre cxoiumoctH. (ITocnenoratenbHocTh
ero Ko3(pQUIHEHTOB HMeeT OJHY IlepeMeHy 3HAKa — TeopeMa 37 Ha
CTeNeHHble psfpl aBTOMATHYECKH He NepeHOCHTCA!)

40. (ITpopomxenne 3ajaun 38.) Ecam p=co HJH XKe p KOHeUHO,
HO pAn ay+ap+a,p*+-... pacxoaurcs, To pasHocte W — N mpej-
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crapiseT co0ofi HeOTpHIaTe bHOE 4YeTHOe YHCA0 (3leCh MpeAnoJa-
raercs, 4to W KOHeYHO).

41. OGosnauum HauMeHblee M3 BelllecTBEHHBIX wdHucea §;, &, ...
..., E, uepe3 &, a Hauboabinee — yepes E,. Uucao Hyaell nojuHoMa

G0y (x—E)Fap (x— &) (x—E) .. Fa, (x— &) (x=E&,) .. .(x —E,),

Jexalllux B HHTep‘Bane o< x<Cco, qu60 paBHO, Jub0 Ha YeTHOE
YHCJIO MeHbllle YHCJ/a NepeMeH 3HaKa B IOCJAeJ0BATeJ/bHOCTH

a09 alv a2, seey an,

a YuCJO HyJeH 3TOro NOJHHOMa, JeXallMX B MHTepBaje — 0o <l
< x <&y, TOUHO TaK ke Jub0 paBHO; JHOGO Ha YETHOE YHCJO MeHblile
YHCJa NlepeMeH 3HaKa B I10C/e0BaTelbHOCTH

Qyy — Qyy oy — A3, «.., (—1) Q5.

(TTpu &, =§;=...=E, paBHOCHJbHO 36, 37.) [35.]

§ 4. llpumenenns npasmna Jekapra
42. TpancuenjeHTHoe ypaBHEHHe
X x2 x"
i 4o oo =0,

rae A — MOJIOKMTEJIbHAA IpaBUJbHAf JApo0b, HMeeT eIHHCTBeHHbI
[OJIOKHTEIbHbIH KOpeHb; C BO3pacTaHHEM 7 3TOT KOPeHb MOHOTOHHO

BO3pacraeT A0 GeCKOHEeYHOCTH.
1

-1

43. Pyskuma x° (e"-—l) NOJIOKUTENbHOIO IIEPEMEHHOTO X
npy x—0 H X—cO CTPEMUTCS K HYJ/MO, a B HNPOMEKYTKE Mexay
HyJJeM H GECKOHeUHOCTbIO HMeeT OJHH MaKCUMyM H BOBCe He HMeeT
MHHHMYyMa.

44. Tlyctb paanyc CXOAMMOCTH CTeNEHHOTO pfAga Q-+ ax -
4 apx*+... 6yner ==1. Ilokasars, 4TO YHCJIO HYJNEeH 3TOTO CTeleH-
HOro psja B HHTepBajde O<Cx<<C1 He IpeBHIIaeT 4KCJAa NepeMeH
3HaKa B TOCJIE0BaTeJbHOCTH

Qo Qo+, G+a1+0ap, ooy Gttt 0, .

45. YpaBHenre
<11-9)x+ (f—g)xz + <%>x3 4. (Lg)x“:O,

A

n 7
rie ( ?) — cumBoJ JlexaHapa *), UMeeT TOJILKO OJHH MNOJOKUTEIbHHII
A\

*) To nosoay cumsona Jlexanapa cM., nanpumep, M. M. Bunorpagos,
OcHoBHl TeopHu uHces, H3j. 8-e, T'ocTexusnar, 1972.
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KOpeHb, WMEHHO x==1. [YpaBHeHHe — BO3BpaTHOe, TaK YTO JOCTa-
TOYHO HCCJeJoBaTh HyJH B HHTepBate 0 << x << 1, npumenss 44, 33.]
46. YpaBuenue 162-ii crenenu

<163>x+<163>x +<163>x3+ +<}g:2a> ¥ =0

HMeeT POBHO NSATh NQJOKHTENbHBIX KOPHeH, pudeM BCe 3TH KODHH —
npocthie. [Mcenenosats Touky x =0,7.]

47. (JonosnHenne K 36.) Ecad  moauHom otaxd.  Laxt
HMEET JIHINb BelieCTBeHHBle HyJH, To N =W,

48. Ilyctb vy, Vg, ..., vV, — LeJble HHead, 0<Sv<vy,<<...<V,,
panee 0 <oy, <a,<<...<<a, [Tokasarb, uto

LV

V

1 n
al a? .. oa

Vi 'V hY

1 n
@yl @y %4 1>0.
V. v, v

1 V2 n
ol ok ...oa

(Jror ompegpenutesb ABafeTcs 0GoOLieHHEM onpesesnuTess BaHpep-
MOHJa, moJgyuawomeroca nmpH v;=0, vo=1, ..., v,=n—1.) [[loka-
3aTh CHauaja, yTO OIpejieJuTe/b He paBeH Hy.Jno, 36.]

49. Tlyets ¢y=%0, ,%0 1 2m nocaAefoBaTeNbHHX KO-
3pdULIHEHTOB NOJAHHOMA @ -}-a,;Xx+...- ax" paBHBLl HYMO (M — LeJoe
[OJIOXKUTeJIbHOoe), TOoria NoJHMHOM HMeeT IO MeHbiled Mepe 2m MHHU-
MBIX HYyJeH.

50. [Iycts nosuHoM P (X) HMeeT JiHilb BELIECTBEHHHIE HYJH,
npuyeM P (0)=1, P (x) 5% const. Ilonoxum

1
o= 1 +b1x+b2x2+...+b,,x"+,..
Tomunombr 1 4- byx - byx® - ...+ by, ¥¥™  HMeOT JHIUb MHHUMBLIE

HyJaH. [49.]
B1. Ilyctb m—uenoe uucho, Gosbillee UJH paBHOE elWHHIle, H

S (%10 Xgs ooy x,,)=2x11x22...xnﬂ,
rie CyMMa DACIpPOCTpaHEHa HA BCe CHCTeMbl HEOTPHIATEMbHLIX LEJHIX
uyucea Iy, ly, ..., lp, YIOBJETBOPAIMIUX COOTHOIIEHHIO
Lty 1, =2m.
[Tokasarb, 4TO ofHOpOAHAS CUMMeETpUuecKast PyHKIUA S (X1, Xqy ..., X,)
7 BEUIECTBEHHRIX INEPEMEHHHIX X;, Xg, ..., X, ABJAETCS NOJOKHTeILHO

onpeje/ieHHOH, T. €. GoJblle HyJs NpH BCeX CHCTeMaX 3HAYEHHMH X,
X3y vy Xp, KPOME Xy =Xp=...=X,=0,
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82. Ilycts nomuHOM P (x)=Xx"-}-... uMeeT JHlb IIOJOXKHTEb-
Hele Hymu. [Tokasarb, 4TO B paanomennu

1 1 B,
o 7T xn+1 + ot

Bce Koadxpunuents B,, Bp.y, ... NOJOXKHTENbHEL.

§ 5. [lpumerenus TeopeMbl Poans

83. INpoussoanast mnoJvHOMa HMeeT He Gosblue MHUMHEX HYJed,
YeM CaM TIOJIMHOM.

54. Kpargbe HyJu HpPOM3BOJAHOH MOJIHOMA, HMEIOLIEro JHIIb
BelleCTBEHHLIE HYJIH, ABJSIOTCSH TaKkKe KPATHBIMH HYJ/SIMH CaMoro Io-
JIMHOMA.

55. Bce npou3sojnbe IOJMHOMA, HMEIOLIETO JULIb BelleCTBEH-
Hble W NIPHTOM IIPOCTHE HYJH, TAKXKE€ HMEOT JHWb BemecTBEeHHHE H
IpoCThle HYJH, IMpuyYeM KaXAbiH HyJb (v--1)-d NpousBoaHOH JeXHT

MKy ABYMS COCEIHHMH HYJSIMH v-H TPOH3BOJHOM.
1

86. INociepoBarenbHble npou3BoAHble GYHKUMH (1 - Xx?) 2 umeror
JMIIb BElleCTBeHHble H IPUTOM IIPOCTHE HYJIH, MpUUeM KaAbli HY b
v-i TPOM3BONHOH JICKMT MeXAy ABYMA COCeIHHMH RyaaMmd (v - 1)-ii.

57. To xe, 4To B 56, uMeeT MeCTO U AJS IOCJeAOBATeJbHEX
npouspoaublx GyrKuMH X (14 x%)~L

58. Noaunomu Jlexanapa, Jlareppa u JdpMmura MoxkHO omnpeje-
JIUTb IIOCPEJICTBOM (popmy.n

1 dn

Pr(x) = 2"nl dx" (x2 0y el (x) = p gm €%
-z 1 dan %
e ZH,, (X) = il e 2

[VI84, VI99, VI100]. IloxasaTb, HcXomsi H3 3TOTO OmpeleJeHHf,
YTO yKa3aHHBIE MOJMHOMEl HMEIOT JIHLIb BellleCTBEHHHE H IPUTOM IPO-
CTHE HYJM, PAClOJIOKEHHbe COOTBETCTBEHHO B HHTepBajax

(=1, +1), (0, 4 00), (— o0, + o).

(V197, V199, VI100.)
59. Ilycth g — uenoe uucao == 2. [Nonoxum

dn-l [ %91 Qr(® dr Tl
dxn (l—l—xq) =t € =€ Ri(%).

IposeneM B IJIOCKOCTH KOMILIEKCHOTO NepeMEHHOTO H3 HauaJja Koop-
IMHAT g nydefi, AesAlINX HOJHBIH yroJa 2m HA g paBHHIX wvacTed,
IpHYeM OAHHM H3 ITHX Jydell IycTb CJyXKHT NOJOXKUTE bHAS BellecT-
BeHHas moJyock. [JoKa3arh, YTO HYJIH NOJHHOMOB Q, (X), R, (X) Jnexar
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Ha 3TUX JyuaX W pacrnpefeseHbl Ha HHX COBEpLIEHHO OJHHAKOBO, IpH-
yeM He COBRAJAIONIME C HAYaJOM KOODIHHAT SBJSIOTCS IIPOCTHIMH,
(HacTHbl#i cayuall g =2 pacCMOTpeH yxe B 57, 58.)

60. Tlycro u, v—ienble ydcaa, 0=sp<<p+v=n. Iloxasars,
YTO HH OJUH U3 NOJHHOMOB

v v v =
tut (V) e+ (3) @ oo (V) Gyt g
1 \2 v—1
He uMeeT GoJblle MHHMbIX KODHEH, ueM HOJMHOM
n n n
a0+ (V) ae+(5) a4 (" @t anrr

(O6o61uernue TeopeMel 53.)
61. Ilyctb a, Gy, ..., G, — NOJOXKUTETbHBE YHCJA, He BCE paB-
HEle Mexny coGoli. ITosoxum

x4a)(x+ay) ... (x+a,) =x"-+ (';) Myt (;) mix"2 4. 4 mt,

rie my, My, ..., M, NOJOXKHTeNbHHL. OUeBHAHO, m, ecTb CpejiHee
apu(MeTHUECKOR, a M, — CpeliHee TeOMETPUYECKOe UHCE Oy, Uy, ..y Qe
Ilokasare, uTO

my>m,>mg>>...>> 0, > M,

62. Iycts o BeliieCTBEHHO, P (x)— IpoH3BO/bHbIH MOJIHHOM. [To-
KasaTh, YTo NOJAUHOM oP (x)4 P’ (x) umeer He OGoJblile MHHMBIX
HyJeH, 4YeM mepBOHauYasJbHbIA mojauHOM P (x). (O6obileHue Teo-
pembl 53.)

63. Ecau ypaBHenue

Gt axax . taxt=0
MMeeT JIHIUb BelIeCTBEHHbIE KOpHH, TO IOJHHOM
P (%) + ayP’ (1) +. .. a, P (x),

rne P (x)— npoU3BOJIbHLIA IOJMHOM, MMeeT He GoJiee MHUMBIX HyJeit,
yeM caM nojuHoM P (x).
64. IlomuHoMm

P (x)—

P (x) , PV (x)y PV (y
ot T TEr o T

uMeeT He 6oJjiblile MHUMBIX HyJeH, weM caM nmojuHoMm P (X).
65. Ecin ypasuehue

atax+taxt+...4ax"=0
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¥MeeT JIMIUb BellleCTBeHHble KODHH, TO TeM XKe CBOHCTBOM 00JajaeT
H ypaBHeHHe

G+ 5+ g R

66. Ilycts P (x)—nonuHoMm n-ii cremeHu. Ecim BelllecTBeHHoe
4UCJIO O JeXKHT BHe HHTepBaJja [— n, 0], 10 aP (x)- xP’ (x) umeer
He GoJ/biue MHUMBIX HyJeif, yeM P (x). (O6o0lienne TeopeMbl 53, OT-
JayHoe ot 60 u 62.)

67. Ecim Bce Hyan noauHoMa Q (x) BellleCTBEHHBlE H JieXKaT BHe
unrepBana [0, n], To ypaBHeHHe

aQ 0y 4+a,Q (1) x+a,Q (2) 2 +...+a,Q (n) x* =
HMeeT He Gonbille MHUMHEIX KODHefl, 4eM ypaBHEHHe
Qo+ ax+apx® ..+ a,x*=0.
68. Ilycte 0 << ¢ << 1. Tlokasath, uTO ypaBHEHHe
Gyt agx+ apg*x® .. F gt =0
HmeeT He OoJibllle MHHMHIX KODHeH, uweM ypaBHeHHe
a,,—}-alx—l-azxz—}-_ coitaxt =0,
69. Ilycte g > 0. INokasaTb, YTO ypaBHeHHe
200+ (9 + g7 a4+ (g + g7V . A (V7 o gV ) g =0
HMeeT He GoJibllle MHUMBIX KODHeH, ueM ypaBHEHHe

Gyt ax -+ apx® . -t =0

70. Ecin xpusas y= f(x) nepecekaer HEKOTOPYIO NPAMYIO B TPEX
pPasMMYHbIX TOYKaxX, TO MeXJY KpaHHHUMH TOUKaMHU IlepeceyeHHs Haxo-
IMTCH IO KpaliHeHl Mepe oJlHa Touka neperua KPHBOI.

71. Ecan nanHas QyHKUHA COBNAfaeT ¢ HEKOTOPHIM IOJUHOMOM
(n—1)-# cremenn B n-+1 TOuKe, TO n-f NPOH3BOAHAS 3TOH QYHKUUH
ofpalljaeTcsi B HyJb IO KpalHeH Mepe B ONHOH IPOMeKyTOYHOH TOUKe,

72. Pasgocts

(14 x) (l—l- w20 oy 4o )'”((;ll:lt;_i-mxn-l)’
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rae o= 0 — BellleCTBeHHOE IIOCTOSIHHOE YMCJO, OoGpalmaercsi B HYJb
B touke x=0 u GoJbile HH B onHoH Touke MHTepBasia (—I, <0).
7 3. Ocratok 1oka3aTe/bHOTO psija
xn xnt xnte

n_!+ IS + (n+2) T

He ofpalllaeTcl B HyJJb HH IpH KaKOM BeIIECTBEHHOM 3HaYeHHH X
Kpome x=0.
74. Tlokasarp, 4TO #-51 YaCTHUHAsi CyMMa NOKasaTeJbHOTO psifia

[N R B

JUGO COBCeM He HuMeeT BellleCTBEHHHIX HYyJeHd, /160 HMeeT TOJBKO
OJMH, CMOTpSL 1O TOMYy, GyJeT JIM 7 YeTHHIM UJIM HedeTHHIM.

75. Iycre nomusoMsl Py (x), Py(x), ..., P;(x) =0 u umeior
COOTBETCTBEHHO cremenut my— 1, my—2, ..., my—1, nauee ay, a,, ...
..., & — OTJIMUHBIE APYT OT APYTa BellleCTBeHHHe YHca. [Tokasare, yTo

g (x) =Py (x)e®* + Py (x) e¥* .. .4 P, (x) "

umeeT camoe Gojbliee my--my+-...4m; — 1 BemecTBeHHLIX HYJeH.
76. Ilycts o, <oy <<...<0,, B, <Py <<...<<P,. Torza

Py P gPn

P L

>0,

I )

eanBl' eanBz . eaan

(O6obienne Teopemsr 48.)

§ 6. Jokaszateanctso mpasuaa Jekapra,
nprHapaexawee Jlareppy

77. Tycts ay, @y, ...y Gny M, Ay, ..., A, — BellleCTBEHHBIE YHCTA,
M<<A<<A<<...<<h,. OGo3HauuMm duepe3 N UHCJO BEILIECTBEHHLIX
HyJeil uesoll yHrUUU

F(x)=a @ + ad" .. .4 a,e

H uepes W —uMCIO mepeMeH 3Haka B TNOCJENOBaTeJLHOCTH &y, O, ...
., Q. Ilokasats, uro W — N npexacraBjsier coGOH HeOTpULATENbHOE
yerHoe yucyao. (Orauusoe oT 41 o6oGuieHWe TeopeM 36, 37: 3ame-
HUTb €* Ha X.) -
HoxasareabcTBO, bes HapyweHHs oOGIIHOCTH MOXKHO IpH-
HATb, YTO BCE UKCIA dy, Oy, ..., @n OTJIMYHL OT HyJas., Urto W —N —
UeTHOe, yCMAaTPHBaeM H3 TOrO, YTO IPH X — — OO TJIABHLIM ABJISETCS

yneH @;eM*, a ApH X — J-co — UJieH a,,e"ﬂ". [8,9,37.]Uro W —N =0,
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JIOKa3biBaeM NOCPENCTEBOM NOJHON WHAykUMH, ot W—1 k W, ¢ no-
Motllblo Teopembl Posins [pewenue 75]. B camoM aene, ecju HeT HHU
OJLHO® rmepeMeHbl 3HaKa, TO, OYEBHIHO, N Tak:Ke PaBHO HYJIO, U Teo-
pema, TakuM obpa3oM, BepHa. IlpumeM, YTO OHa BepHa 1.4 CJayyad,
korpa umeer mecto W —1 mnepemena 3Haka. Ilo npeanoJoxenuio,
F (x) umeer W nepemen suaka, W ==1. Ilyctb a1 Gyner onxo H3
MecT nepeMeHbl 3HaKa, | =S <7, Qulg.,<<0. BHbepem Hekoropoe
YHCJIO A B HPOMEKYTKE Ay << A< Ay y U paccMOTpUM (YHKIMIO

Fr (0= T 0N 0 —d) e g (g — 1) o+

+ gy (hgug — A) €t - da, (A, — L) €5,

OGo3nauuM uyucjao HyJseit sTofi ¢yHxuuu F* (x) uepes N*. HMmeem
[6, 12]

N¥*=N-1.
Ianee, o603HAYHM UYUCJIO NEpeMeH 3HAKA B NOC/EOBATEBHOCTH ee
KoapduuneHToB  — ay(A—2y), —ays(A—A,), ..., —ag(A—2,),
Qgs1 (Mas1—M)s ooy @n (A, —2) uepes W¥*. OueBuiHo,

W*=W-—1.

Ho corsiacHo npeAnONOXeHHI0O WHAYKUUH (CNpPaBefJUBOCTE TeOpEMb
g W—1) ,
W* 2 N*c
Orcropa noayuaeMm
W=N,

uto U TpefoBaJoch AOKA3aTh.
Brina u Heo6XOAMMOCTb 3apaHee IPUHUMATB, UTO BCE @y, O, ..
., O, He paBHbl Hymo? MoxHOo aM O6plIo Obl BHOpaTh A=2X, HJH
;\'Z}\’(H-l?
78. Tlycth A <Ay <Ay <<..., lim A,=oc0. [lokasartb, yTo pAz

n—00

Hupuxne
oM e M e

BHYTpH CBoeH 06,1aCTH CXOIMMOCTU (HEKOTOpOH OrpaHWdueHHOH CJieBa
HOJIYIIJIOCKOCTH) MMeeT He GoJibllie BelleCTBEHHBIX HyJell, 4WeM Iocie-

1OBaTeNIbHOCTb  KOSD(HIMEHTOB @y, @y, ..., (n, ... MMEET INIEPEMEH
3Haka. (O6o6meHue TeopeMmbl 38.)
79. Tlycts ay, g, ...y Ay Aq, Agy o.., Ay — BellIECTBEHHEIE YHCIIA,

YIOBJIETBOPSIIOINHE YCJIOBUAM
n=2, a,*0 (v=1,2, ..., 1), M<h<...<AhA,.
Tyers, nanee, 10T HOM
PX)=a; (x—=A)"Fap (X =)™ .. .+ a, (x —A,)"
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(m — nesioe MONOXKUTENbHOE WYHCJI0) He 06palllaeTcsl TOMXAECTBEHHO
B Hysb. [lokasare, uTo uHc/io NV BellecTBeHHEIX HyJed moJjuHoMa P (x)
He TpeBOCXOAMT uucJa W IepemeH 3HaKa B MOCJeJOBAaTe/IbHOCTH

Qy Qg Qgyovvy Quoyy Gy (—1D™ay. [77, 14.]

80. Ilycty Z —v4qucio HaMeHeHHH 3Haka &yHKuuu ¢ (A) B MHTEp-
Baje 0 <<A<C oo u N —uuCc/I0 BeleCTBeHHBIX HyJeH HHTErpa’a

F (x) =°§ @A) e d,

0

IMokasars, uto N<< Z.

B uncio N BXOAAT, KOHEUHO, JRIIb HYJH, Haxolsiuecs BHYTPH
06J1aCTH CXOAHMOCTH (HeKOTOPOH OrpaHHYeHHOH C/leBa IOMYIIJIGCKOCTH).
[He npeneasHbiM mepexonom or 77, a HajjeXallum [OepeHOCOM Mmpo-
BEJEHHbIX TaM J0Ka3arteJlbCTB!]

81. HMurerpanu

[oe]

{fande=M, (n=0,1,2,3,..)

0

(mpeamosiaraemMsle CXOISIIMMUCSH) HA3bIBAIOTC MOMEHMAMY (GYHKUMH
f (x). Paccmorpum ciywai, Koraa He Bce MOMeHTHI paBHBI HyJio [1I
139, III 153]. Ilpumem, nanpumep, uro M, =0, H noa0KHM

) a,= M, ecan M, =0,
2) a,=—sgna,,y, ecm M,=0u a<y,
3) a=—sgna,,, ecm M,=0u n>u.

(PexkyppeHTHOe oIpeliejieHre IIOC/JEAOBATEIbHOCTH d,; CHavaja Hajo
onpefleNuTh 3HaK a,.) IlokasaTh, 4TO YUCJO H3MEHEeHHH 3HaKa (yHK-~
DMH f(X) He MeHblie YuCJa IepeMeH 3HaKa B I0OCJEAOBATebHOCTH
@y, @y, Qg ... (11 140 npeacraBasteT coSOH uwacTHHIH CJayuali  5Toro
HpelJIOKEHHs.)

82. (Ilponomxenue 3anauu 80.) UuCI0 MONOKHUTENBLHEIX HyJed,
Jexaumx BHYTpH o6JjacTu cxo;mrocm, HE I@PEBOCXOAMT 4YHCJA

H3MEHEHUH 3HaKa (YHKUUH CD(?»)=S(p(x) dx. (Ananor Teopembr 44.)

0
83. (Ilpomomxkenue 3anaun 78.) UHCIO IOJONKHTENbHLIX HYJeil,
JEXKAWUX BHYTPH 06JACTH CXOJMMOCTH, He IIPEBHIIAET YHCAA IepeMeH
3HaKa B IIOCJIe0BATE/bHOCTH

ay, G4ay yfa,t-as, ...
(O6o6iuenrie Teopembr 44.) [80.] |
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84. Yucno noJoXuTe bHBIX HyJell (pakTopHaAbHOrO pAAA
Nay 2la, 3la,
@+ +x(x+1) +x(x+1) (x+29) T

JexXalllnX BHYTPH ero 06sacTH CXOAMMOCTH, He MPEBOCXOTHT YHC/Ia
NnepeMeH 3HakKa B INOCIEN0BATeJbHOCTH

Qo Gy+ay, t-a,+ay, ...
[OHO He npeBOCXOMMT jJaxe YHCJIA HYJell CTeneHHOro psja

f(0) =ap - aye4-apt ...,
neXalllux B uHTepBate 0<Cx<1; 80, 44]

85. [lycro k03(pQHUHEHTH Py, Py, Pgy +.. CECKOHEYHOTO (HEOGpHI-
BaloLleroca) pazxa

F(x)=po+ prx+pax®~...,
HMEIOIIEro painyc CXOAHMOCTH O, HeoTpHUaTeJbHbl, [1ycThb, naJjee,
A1y Qgyvevy Qny Oq, Clgy o, O, BELIECTBCHHBI H
<oy <o, <. ... <o, =< L.
Toraa umcno Hynelk QyHKuuH
A F (0X) - aoF (X)) - . .+ . F (@),
Jexamux B HHTepBate 0<Cx<Cp, HE IpeBHILUAET YHCJAA NepeMeH
3HAKa B IOCJEJ0BATENLHOCTH
Quy At Qnyy An-FOpy 0y, .o
-y Qg —l“an—1—l~...—{—ag—l~ ay [38, 83].
86. (ITporosxenne.) Ecomm 0<<B; K Po<<...<<P, u a,P, eme
3aKJI0YEHO BHYTPH Kpyra CXOAHMOCTH psifa F (x), 1O

Foapy) FlouBs) ... F(iBp)
Foahy) F(aBs) ... Flagfp)

F@nfy) F@nB) .o F (@)
(Otciona Ge3 Tpyza BhTeKaeT 76.)

0.

§ 7. Ha uem ocHoBbiBaeTcs npasuio Jlekapra?

W3 36, 41, 77, 84, 85 sABCTByeT, YTO pacCMaTPHBAEMHIE B HHX
nocaenoBatesbHOCTH QyHKUKH

1, X, X2, X3, ' vy
1, x——gl’ (x_gl)(x_gﬂ)’ R
e, ersr, ehs®, cees
1 1 1
1’ ';’

‘ (D) xEFDEFY
F{oyx), F (oyx), F (aesx),
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06/1aKal0T CaAeayIoMHM OOLIMM CBOHCTBOM: YHCJO JIeXaliuX B HEKOTO-
pOM OmpeJiesieHHOM HHTEepBaJie HyJsell BCAKON JiHHeliHOHl KoMOMHaUUU
U3 3THX (YHKUMH C HOCTOSSHHBIMH KO3(PUUHEHTaMH He MpPEBOCXOIHUT
yHcJa MEepPeMeH 3HaKa B IIOC/CAOBATE/LHOCTH B3ATHIX KO3(D(pHIHEHTOB.
Ha vyem e OCHOBLIBaeTCs 5Ta MNpUMEHHMOCTH mpaBusaa Jlekapta
K CTOJIb pa3HOoOGpasHbIM MOCJIENOBATENbHOCTAM (PYHKIMH?

87. IlycTs nocsenoBaTeIbHOCTD (PYHKUMH
Ay (), ha (%), ..oy hn(x)]

cienyer npasuay JleKapTa B OTKPHITOM HHTeppaje a<<x<b, T. e.,
TOUHEe ToBOps, 06/afaeT cJeAyIOUHM CBOHCTBOM: KakoBa Obl HH Ghlyia
NOCJIeA0BATENIBHOCTD @y, Qo ..., O, BEUIECTBEHHLIX YHCeN, He Bcex
pPaBHBEIX HYJO, YUCJO HYJeH JUHeHHOH KOMOUHAIH

alvhl (x) _l~ a2h2 (x) _l“ e _l“ anhn (X),

Jexaluux B HHTepBate a < x<b, He NPEBOCXOAUT YHCJA TEepeMeH
3HaKa B NIOCJENOBATENbHOCTH @y, Oy «.., Qe

[ToxasaTb, yTO TOrZa MOCJIEIOBATENBHOCTD Ay (X), Ay (X), ..., 1, (x)
NOoMKHa 0o6/1aJaTh CJEYIOLHM CBOHCTBOM: ompeaeanTesn Bponckoro
[VIL, § 5]

W[hh (x)’ th (x)’ hVa (x)’ trry h\'l (x)]v
00pa30BaHHHE [/ BCEX CHCTEM UEJBIX YHCeJ]
Vi Vayeee, vy (v < v, << L.y =2 1),

He JO/KHEI ofpaullateCsl B HyJb B HHTepBase a<<x<<b. Kpome
TOrO, JOGHIE [BA M3 3THX OmpenenuTesell, HMEIOLIME OAHH H TOT Ke
NOpSJOK, AOMXKHEL HUMeTb M ofumi 3mak., (I=1, 2, 3, ...—uucjo
ctpok). {TIpuHATE BO BHHMaHHE KpaTHOCTb HYy.ed.]
88. (ITpopomxenue.) B uwacrtHoCcTH, A/ MPHMEHUMOCTH MpaBHAA
Ilexapra Heo6X0oAHMO, YTOGEI B HHTepBaJe @< X< b OTHOLIEHHs
hy(x) 75 (x) )
hi()" Ay () ' "TT hpg (%)

OblJIY BCE NOJIOMKUTENbHBL H JHOO Bce MOCTOSIHHO YOhIBaMH, JHGO BCe
HOCTOSHHO BO3pacTaJiy.

89. (ITpomosmkenue.) Ilyetb | <Ca=<n. IlepeyucnennsiM B 87
YCJIOBHSIM, HajlaraeMbiM Ha Ompele/nTesH BpoHcKoro, 0JHOBpeMeHHO

¢ hy(x), hy(X), ..., hp(x) YIOBIETBOPSIOT Takmke #— | QyHKuUH
__dnK ___dh _ dhey
Hl_‘ de_lg_—’ H2——E\¢h—a’“" Ha-l—_a; he !
_ ‘liha_n' _ d hﬂ.—f _ d hn
H(l""dx Tee 3 ey an2—&;¢ fg ! Hﬂ-l—a}}g'

[VII 58.]
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90. ([Tpopomxenue.) IlpuBenennoe B 87 HeoGXOAHMOEe YC/IOBHe
NpPHMeHHMOCTH NpaBuia Jlekapra siBJsieTCs TaKxKe NOCTaTOYHbIM [77].
91. [IpoBepHTb BbINOJHEHHe KpuTepHs 87 A PacCMOTPEHHEIX
B 77 dynkuuii €%, &%, ..., .

§ 8. OGoGwenusa Teopemsl Posis.

92, llyers 0<<a<<b. Ecau f(x) obpamaercst B Hysb B n 1
TOUKe HHTepBaja [a, b] u Bce HymH mosmHHOMA q¢ -+ a X +ax%4...
...~} anx" — BelllecTBEHHbIE, TO B HEKOTOpPOH BHYyTpeHHell Touke §
HHTepBa/la a, b HMeeT MecTO paBeHCTBO

aof () +arf ) +aof" (§) +...4-asf (€)=0. [63.]

93. (O6o6uienne Teopembl Possisi Ha OZHOPOAHLIE JHHelHHble
Anddepernuanbhbie BulpaxkeHus.) [Tycth auddeperiuansHoe ypasHe-
HHUe A-T0 TOopsijKa

Y+ o () gV + 9, () Yy 4 n () y =0, (*)
umMeer n—1 pemenudt Ay (x), Ay(x),..., h,yy(x), yHOBaETEOpPSIO-
IIHX B HHTepBase a<<x<Cb ycJaoBUAM

by (x) B (x)
h 0, ! . 0, ...
@>0 o Kel™
B R o AP ()
hy(x) Ry .. AT (x)

>0. (*%)

By @ W) . BT ()
Ecnu B wunTepBaite a<<x<<b mexur n-+1 uHynas oéyeKuuu f(x),
TO B 5TOM HHTEpBaJie CyLIECTBYeT Takas Touka &, UTO

F) (8) 4 @1 (B) 15D (8) + 0o (B) F9 () +-...
ot @B E=0. [VII 62]

94. ([Tpojomxenne.) YTBepKieHHE TeOpeMHl COXpaHsSieT CHIY H
NP 3aMeHe NIPEANOJIOKEHHST MeHee CHJAbHLIM, HMEHHO, 4TO f(x) coBna-
Jaer B n-1 Touke C OQHUM M3 pellieHHil AH(PepeHnHaIbHOTO ypaBHe-
#us (*). (ObobuieHune TeopeMsl 71, OTHOCsIIEHCA K ypaBHeHHIO ¥ = 0.)

95. (O6oGuienue nudxbepeHUHATLHOA TEOPEMBl O CpefHeM 3Haue-
HHH Ha cucTeMmy (QyHKHEH.) OTHOLUIEHMe OMNpelefuTeNeH

Fola) i) .o fi(xn) Py (%) @1(%2) .o P1(xs)
falx) Ffalxd) . fal(xa) . Q2 (%) Qa(x2) ... Qalxn) ,

.............................

fatx) faed oo fn (%) Pn (x1) Pa(ta) oo @nixn)
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rae x; <X, <<X3<l...<X,, MOXHO IPHUPABHATH OTHOLUIEHHIO OIpe-
JenuTenet
&) F&) o IPTVEY| o @) 9fE) . P TVE)
fa€) FiE) o ITTVEN | [9,E) @)C) o oF TVEY

...................................

faC) T o T TVED | (0.E) 0nC) o o TPEY

ecad ydcaam &y, B,y ..., &, TIpUAATH HalJeXKalHe MPOMeKYTOUHbIE
3HAYCHU S

Evl:xl’ §1<§2<x2! §2<§3<X3,..., En‘1<§n<xno

96. Ilycts x; < x,<<...<< %, Ilokasarh, uTO

fila) fulx) oo fr (xp)
fo(x) falxa) .o fal(xn) | —

..............

fr(x) Fa(xa) oo frn(xn)

1 1 1 G AE) - D)
Xo Xn ’ n -
(%) (o) | |R@) BED - 776

..................

JERENNEH eyt

n_
rae &;, &,,..., &, — HEKOTOpble uYuCJa, YIOBJIETBOPSIOUIME HepaBeH-
CTBaM, MpUBEJeHHHIM B KOHIE Mpeisilyliedl 3ajiauy.
97. Iloxasarn, 4TO

i ) _
R (ty—x1) +o. (Cy—2y_1) (Fy—2yp1) - (Xy— ) (n—D17

rae £ — Touka, 3aKJOYeHHast BHyTPH HaHMeHbUIErO HHTepBasa, COLep+
JKalllero MONapHO Pas/MuHble TOUKH X, Xoy ..o, Xn.
98. Ilokasarh, uTO

Feean =) Fet-e= DB+ et (=2 B =
o (1) = A0 @),

rie & 3ak/moueHo Mexay x M x-+-nh (A MOKeT NpUHUMATb U OTpH-
uateJpHsle 3HaueHHs). B uactHOocTH, mpu n=1 uMeeM OGHLMHYIO
TEOpeMy O CpelHeM 3HAaYeHUH.

99. (OrmuuHoe or 95 ofoflieHie TeOpeMbl O CPEJHEM 3HaueHHH
Ha cucrembl ¢yHKRUHHA.) Ilycts dyuxumu /f;(x), Ay (%), ..., hyq(x)
yIOBJIETBOPSIIOT HepaBeHCcTBAM (**) 3anauu 93, f(¥) — NpousBosbHas
GyHKIHSA H X, <X, <...<C X,. [Iokasarb, 4TO cyulecTByer Takoe g,
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X < E << x,, uTO

Vo (%) hy (x2) v By (%)
hz (xl) ha (x) vee B (xy)
Sgn .. . RN 5

hn i (xl) h n-1 {"3) hn_i(xz)

R Y N Y % :
B ® @ .. BTOE)
h®  RE . BTV

Y4 O I

By © By @ AE V@
AR (S BN @,

[[Tonmolt mnAyKuuel; NPUHATL BO BHHMaHue 89.]
100. [loxasats 76, ocHoBHIBasick Ha 91,

FJIABA 2

FEOMETPHYECKHE CBOMCTBA HVJIEH MOJIHHOMOB

§ 1. Lentp TaXKecTH CHCTEMbI TOUEK
OTHOCHTEJBHO HEKOTOPOH TOUKH

101. TlIycte 2y, 25, ..., 2,— NPOH3BOJbHBIE KOHEUHBIE TOUYKH
KOMIJIEKEHOH MJOCKOCTH M B KaxXJAOH M3 HHX COCDEIOTOYEHA COOT-
BETCTBEHHO HEOTpHIATENbHas Macca My, My, ..., My, TIE M;4-m, -

+...4+m,=1. ITokasaTh, YTO NpH KaXJAOM /JHHEeHHOM npeoGpasora-
HUH KOMIJIEKCHOH MNJIOCKOCTH, OCTaB/AIOLEM GECKOHeUHO YIasNeHHYIO
TOYKY HENOABHXHOH, IIeHTD TSAMKECTH { S5THX MacC TakKXKe MoJ-
Bepraercs TOMY e IpeoGpasoBaHuto. HHHIMH cj0BaMu: ecau CO-
CPEJOTOYHTb MacChl 1, B COOTBETCTBYIOLIMX TOYKax 2y, B KOTO-
pbie mepelyiM NpH Npeoc6pasoBaHHM CTapble TOYKH 2y, TO LEHTP
TSXKECTH 5TOTO HOBOTO pacClpele/ieHHsT MacC IOnajfaeT Kak pas
B Ty TOYKY [, B KOTOpYIO NepeXOJIHT HpH Ipeofpa30oBaHHH CTaphlit
LEHTD TSXKeCTH (.

B nocrenytomem (102—156) noj «Toukoi» KOMIJIEKCHOH MJIOCKOCTH
Gy/JeT MOHMMATbCs JIOGas, Oe3pas/IMUHO KOHeYHas UJH Ke GeCKOHEUHO
yJlaJeHHasi TOYKa; TOJ «OKPYMKHOCTBIO» — OKDYIKHOCTb HJIH I siMas;
nocaeHss OyneT PacCMaTPHBATLCS KaK OKPYXKHOCTb, TNPOXOASIIas
uepe3 GeCKOHEYHO YAaJeHHYI0 TOUKY; HOJ «KpyroboH o0.1acTbio» —
3aMKHYTasi o00JacTh, OTpaHHYeHHAsi «OKPYXHOCTBIO», T. €. Jubo
3a8MKHYTasi BHYTPEHHAA, JHOO 3aMKHYTas BHELIHss# O6J/acTb OKpPYX-
HOCTH, JIMGO 3aMKHYTasi MOJYIJIOCKOCTb, CMOTPA IO ToMYy, OYIeT Ju

3 T. Iloaua, I'. Cere, u. [1
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GeCKOHEUHO YyIaJeHHasd Touka Ju60 COBceM He cojepiKaThesi, JHOO
CO/epXKaTbCsl BHYTPH, JHOO HAXOJIMTbCS Ha TpaHillie 5TOTO «Kpyray.

102. Ilycts faHBl TOYKH 2y, Zg, ..., 25, 2, TPHUEM 2 OTJHYHO
OT BCeX 21, Zsy -++ , 21, B TO BPEMs KaK CpeiH IIOCJEAHHX MOTYT
6uTh n coBmajatoumue. [TycThb, naJjee, JaHLl MacChl

my=0, my=0,..., m,=0, m+my4...4+m,=1

TpeGyercss HahTu Takylo TOuKy &, 4TOGBI MpH JIMHEHHOM Mpeobpa-
30BaHHU IJIOCKOCTH, INepeBojsiuieM # -2 TOUKH

21y 2oy vy Zny 2 C
COOTBETCTBEHHO B TOUKH
21y 23y oeey 2my 005 Oy
LEHTp TSKECTH Macc fM,, COCPeJOTOYEHHHIX B TOukax 2y (v=1, 2,...
..., ), momna’a Kak pa3 B .
CyuiecTByeT GeCYHCIeHHOE MHOXKECTBO JIMHEHHBIX MpeoGpa3oBaHuil,

nepeBOAsAmIUX 2 B OGeckoHeyHOCTb, (OfHAKO TOYKAa § He 3aBHCHUT
oT BhIGOpa Mpeobpa3oBaHus,

Touka {=={,, oAHO3Ha4HO ompejensiemMass B 3ajaue 102 cucremoil

TOYEK 2y, 22y ..+, 24, COCPENOTOUCHHLIMH B HHX MAcCaMH iy, M, ...
vees My, (MyFmy+...+m,=1) u 3agaHHON TOYKOH 2, OTVIHYHOH
OT BCEX 21, 29, +.+, 25, HA3BIBACTCH UEHMPOM MANECMU CHCTEMEI
TOYEK 23, 29y ..., & C MACCAMH MMy, My, ..., M, OMHOCUMENbHO 2.

Eciu 2— 6eckOHeyHO YyaajleHHast TOyKa ©0, TO L, =~{s, COBNajaer
C OGHIKHOBEHHBIM LEHTPOM TSIMKECTH.

103. Dyzem 6pats B (PUKCUPOBAHHBIX TOYKAX 2p, Zgy +--y Zn
camble pas/uuHble pacrpenesieHuss Macc ¢ obmeii cymmoit 1. ITokasars,
YTO UEHTPHI TAXKECTH {, BCEX TaKHX paciipelesieHuH, B3sThle OTHOCH-
TeJbHO HeKOTOpOH TOUKH 2z, He COBNajaiomed HH C OZHOH H3 zj,
Zgy ++. Zn, 3ANOJHAT HEKOTOPYIO 06Mactb &, OrpaHUYEHHYIO AYraMH
«OK pyIKHOCTeI,

104. [1ycts &, —onpeneneHHbIll B NpelbAyimell 3ajaue «Kpyro-
BOI» TIOMMIOH H W;, W,— JBE €r0 TOYKH. PacCMOTpUM «OKPY3KHOCTDY,
TNIPOXOJSAILYIO uepe3 w,, w, H 2. ITokas3aTh, 4To Ta u3 ABYX Ayr w,,
w,, KOTOpas He IPOXOAHUT Yepes z, COepKUTCA B &,, HHLIMH CJIOBAMH,
yto o6nacTb &, «BbIIYKJa» OTHOCHTENbHO 2. (Mbl GyleM HaseBaTh &,
HaumeHbulel «8bINYKAOL» OmHOCUMeAbHO 2 obaacmeto, codepacauers
MOYKLL 21, Zgy vy Zn.)

105. Ecimu Bece TOUKM 25, 2,,..., 2, COAEpPKATCS B HEKOTOPOil
KpyroBoii o6nactu K, a Touka z—BHe K, TO «KpyroBoi» noJiurox &,
3agaun 103 neJuKOM comep:kuTtcss BHYTpU K.
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1
Eca B TOukax 21y 295 +++y 2y COCPEJIOTOYCHEl P A B H BI€ MAacChl e

TO Qz HA3HIBAETCSl HEHTPOM THAMKECTH CHCTEMBl CaMHX TOUCK 24, Zg, ...
.y Z5 OTHOCHUTEJBHO TOYKH Z2. B HHXKeCAeAYIOINX 3ajauax HMeTCA
B BHAY TOJIbKO TaKHE LEHTPLI TSKECTH.

106. Tlycrb [, —IUEHTP TSXKECTH TOUEK 2y, 29, ..., 2, OTHOCH-
TeJIbHO TOYKH z. [ToKasaThb, UTO KaxJas «OKPYHKHOCTb», HPOXOsasi
yepe3 2 u L,, pasjgeiasieT TOUKH 2y, 25, ..., 2, MEX1y cobOii, T. e.

JuGo KaxKaas M3 JBYX KpYLOBEIX oO6JacTel, onpelenseMblX paccMma-
TpHBaeMOH «OKPYKHOCTbIO», COAEPKHUT BHYTPH XOTs Obl OAHY H3 TO-
UEK 2y, 29, ..., 2, JINGO BCE 5TH TOYKH JIeKAT HAa CaMOH «OKPYKHOCTH?,

107. (TTponomxenue.) ITycTb BCE TOYKHU 2y, 2y, ..., 2, COAEPIKATCS
B HekoTopo#i kpyroBoil ofuactd K. Ilokasarb, YTOTOUKH 2 U (,
He MOryT O1HOBpeMeHHO Jexar BHe K. Eciam oxsa u3 Hux,
Hanpumep 2, Jexur Bue K, To TOraa JApyrasi, g, OyAeT Haxo-
IMThc BHYTPH K, 3a HCKJIOUEHHEeM TOro cjyyas, KOrja BCe TOUKH
21y 29y ++., 2p JIEKAT Ha TpaHule K: B 5TOM ciydae H §, 6yner Haxo-
JHTBbCA Ha TOM 3KE€ «OKDYKHOCTHY.

108. PaccmoTpuM BCe BO3MOXKHBIE CHCTEMBI UHCET 29, 23, v+ Zn)
MOTYIHX IPHHUMATH JHIIb £ pa3JIMYHBIX (HKCHPOBAHHEIX 3HaueHuH wy,
Wy, ... Wp. [lOKa3aTh, UYTO [LEHTPHl TSXKECTH BCEX TAKHX CUCTEM,
B34THIe OTHOCHTEJIBHO TOYKH 2, He COBMajaroiell HU ¢ ofHOH U3 TOYeK w,,
Wy, ..., Wy, JEKAT BCIOAY TJIOTHO B HaHUMeHblIeH 06JacTH, «BLINYK-
JIOH» OTHOCHTENBHO 2, cojepxKallled TOUKH Wy, Wy, ..., Wp.

109. IlycTs TOUKH 24, 25, ..., 2, (UKCHPOBAHEI, a MepeMeHHasl
TOUKA 2 CTpeMHTCS K 2z;. K KakOMy Hpeje/bHOMY INOJIOXKEHHID CTpe-
MHUTCSI UEHTP TSKECTH (, CHUCTEMBl TOYEK 2y, 2, ..., 2, OTHOCHTE/JIBHO
TOYKH 2P

1M0. lentp TamectH [, CHCTEMBl KOHEYHBIX (DHKCHPOBAHHBIX
TOYEK 2y, Z9y ..., 2, OTHOCHTEJbHO IIEPEMEHHOH TOUKU 2 MOMeT OHThb
pasJyioeH /sl JOCTATOYHO OOJBLIMX 2 1O YOLIBAIOLWIUM CTENeHsM 2.
Bryucaute nepBoie ABa 4sCHAa pasJIOXKeHHS.

§ 2. UeHTp TaAKeCTH MOJHHOMA OTHOCHTENHHO HEKOTOPOH TOYKH,
Teopema Jlareppa

B nocrenytomem (111—156) non wenofi panuoHanbHOR QyHKuHeH
(IOJIMHOMOM) 71-i1 CTereHH Mbl IIOHHMaeM He PaBHYIO TOXIECTBEHHO
Hy0 (QYHKLIHIO

F) =a+ (1) az+(5)az+. 4,2 ) an 2 +aen,

Ilpu atom KoadxpuuueHT a, He oGs3are/bHO OTJIMYeH OT HyJsl. B ciy-

uae, ecqu a,==0, Mbl 6yjgeM TOBOPHTb, YTO # €CThb TOY H a fl CTENEHb

nosuHoMa f(z). Ecn a,=a,3=...=0p3=0, a,.r5=0, TO MHI
3*
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6yneM ropopuTh, 4YTO f(2) UMEET TOYKY 2 =00 HyJEM KpaTHoCcTH k1).
B 3roM noHHMAHMH KamxJaas ueJas panMOHanabHas (QyHKUHA n-ii cre-
NeHH UMeeT BOOOLIE rn HyJel, H3 KOTOPHIX HEKOTOphbie MOTYT JieXKaTb
B GeckoHeuHoCTH. Takum o6pasom, ¢yHkuuell f(z) onpeaensercs
B KOMILIEKCHOIH TJIOCKOCTH HEKOTOPAS CHCTEMA TOUCK 2y, 2y, ..vy 2 —
HyJell sTof ¢dyHKnuu., M o6paTHO, KaXJOH CHCTEME TOYEK MOKHO
OTHeCTH HEKOTOPYIO LEJYIO palHOHaNbHYIO (QYHKUHMIO, KO3bbHUHEeHTH
KOTOpOH OInpefesieHbl C TOYHOCTEIO A0 MHOMKHTENS IPONOPUHOHab-
HOCTH., Mot wacTo OyJAeM OTBJIEKAThC OT 5TOrO  HECYIECTBEHHOTO
MHOXKHTENIs1 M TOBOPHTb MPOCTO O MOJHHOME, HMEIOUIEM HYJAMH 2y,
29y vivy Zpe

111, TTox ueHTpom TsKecTH { uesofi panuoHaNbHOH (yHKUHMH
NOHUMAIOT NEHTP THKCCTH ee HyJeH. BolpasuTb neHTp TsxkecTH f(2)
OTHOCHTEJIbHO NepeMeHHOH Touku 2: 1) uepes f(2) u f' (2) u 2) uepe3
Kosbdunuents f(2). PaccmoTpers ciyuan z=o00 H f(2)=2".

112, Tlycrs { —nenTp TskecTH [ (2) OTHOCHTeNBHO 2. Jlaa TOrO
yToObI f(2) UMena JHUIb BELIeCTBEHHBIE HYJH, He0OXOAHMO U JOCTa-
TOUHO, 4YTOOBI TpPH BCeX 3HaUeHUSAX 2 MHHUMBIE YacTH 2 U { uMelu
IPOTHBOMOJIOXKHEE 3HAKH, JHOO 06e OJHOBpPEeMEHHO HCYe3asH (2 == oo
IIPHYHC/IAEM K BEIIECTBEHHEIM HYJIAM).

113. OrHocuTe/NbHO KakOH TOYKH 2 MJIOCKOCTH OeCKOHEWHo yia-
JIeHHAsl TOYKa SIBJISIeTCS UEHTpoM Tskectd GyHKumu f(2)? YTo 03Ha-
YaloT JJig 5TOH TOUKH Teopembt 106 u 1072

114. Ilycrs f(2) —nosMHOM TOYHO# cremenu 7, K — Kpyroas
obJacTh, cojepiKauias HyJu nosuxoMma f(z), u ¢ == 0. ITokasats, uTo
Hy/IH TpOW3BOXHOH OT TPAHCUEHAEHTHOH (GYHKUHH e %/ f(2) Jexar
Jmbo B K, /6o’ B K-+ne, T. e. B KPYroBoH 08/acTH, ToJayyaeMoi
3 K mnapanjeJbHBIM CMmelleHHem Ha Bekrtop nc. [Cm. III 33; pac-
CMOTpPeThb UEHTP TSKECTH f(2) OTHOCHTENBHO OJHOTO U3 HHTepecylo-
IIMX Hac HyJeil. ]

115. Ilyctb 2, — 0fMH U3 HyJleli MO/IMHOMA 7-H cTeMneHH f (2), 1azee
X (x5=2,) xomewHo u ['(x)=0. Torma f(2) uMeer B KaxkjIOM Kpyre,
IPOXoAslleM Yepe3 TOUKH ¥ H X — (n— 1) (2; — ), MO MeHbleH Mepe
OfMH HYJIb.

116. Ilycto f(2)—noauHom #n-H cTeneHH, Bce HYJAH KOTOPOrO
no wmoaymoz==1. Ilycrs, nanee, @; M &, —TaKHe MOJIOKUTEIbHEIE

YHCsa, YyTo nvg?# 1. Torpa Bce Hy/u Qynkuun o,zf’ (2) — a,f (2) no
_1)

1) TTpn BBefeHHH HeCOGCTBEHHBIX 3JIEMEHTOB H YNOTPeGJIEHHH OIHOPOIHLIX
KOOPJMHAT, YTO HaXoAHJoChb Obl B MOJHONW rapMOHHH C IPOEKTHBHLIM XapakTepoM
paccMaTpHBACMBIX 3[eCh BOIPOCOB, BCEX JTHX CHELHAJIbHbIX Da3bACHEHHH OTHO-
CHTeNBHO GEeCKOHEUHO yLLaJIeHHOI"’I TOMKH MW CBA3AHHBLIX C 3THX OTACJBHBIX pac-
CMOTpeHHH pa3jMyHeX C1ydYaeB MOAHO OpLio Obl M36exkaTh BOBCE,

Mony/mo == Min (1, | 1 —n%—

2
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117. Ilycte f(z) —mosmHOM n-fi CTemneHH, Bce HYJH KOTOPOTO
feKat B KPYTOBOM Kouaplie r<<|z|<<R. Ilycrtb, nanee, o; u oy —

a

nro0ble MOJIOXKHTE/IbHbIE 4HCAd, A KOTOPBIX n—a—l;& [. Torna Bce
2

Hy/ OyHKUMH a.2f" (2) — osf (2) MexKaT B KpyroBOM KoJbue

r Min (1, ]l—n% ’l)é\zigRMax(l, /l—n% ’1).

118. Ilycte 2, — 0fMH W3 KOHEYHHIX HYyJeHl nesofl panunoHanbHOH
GYHKUMH n-i# cremenu f(z). Ilokasarb, YTO LEHTpP TSAXKECTH OCTaJlb-
HblX #— 1 Hysell f(z), B3sTblfl OTHOCHTEJIBHO 2;, pPaBeH

o 2(=DF ()
S R

Kak HY:XHO H3MEHHTb 3Ty (OpMyJy, €ClH 2; — GECKOHeUHO yJaJseH-
Hasl ToOuKar

119. TlommHoM 3pMuTa 7n-ro  NOpsAKA YIOBJIETBOPsET IHpde-
peHIHaJbHOMY YPaBHEHHIO

F'(&)—2f (&) +-nf (2) =

[VI 100, pemenue x)]. ITokasatb, ocHOBHIBasCh Ha 118, uto nmosu-
HOMBl DPMHTa HMEIOT JIHIUb BemiecTBeHHele HYJ 1 [VI 100, permenue u)).
[PaccMOTpeTs THNOTETHUECKHH HYJb ¢ HauGOJblled He paBHOH HYJIO
MHHMOH YacTbio. |

120. [TosuHOM n-f CTeneHH, yJOBJETBOpSOWMH AudipepeHnHalb-
HOMY YpaBHEHHIO

(I =22 f"(2) = 22f" (2) +-n(n+1)f(2) =0

(mosmnoM JlexaHipa n-ro mopsika, cMm. VI 90), nmeer Juiup Belie-
cTBeHHBIE HyJ. (VI 97.)

121. Teopema Taycca [III 31] paBHOCHJbHA Caefytouleil: ecau
BCe HYJIM NOJHHOMA [ (2) JexaT B Kpyre K, To U HyJ/IM ero npousBoj-
HO# f'(z) ;mexar B K [113]. YcTaHOBUTH, BepHa HJM HeBepHa cle-
Aviomiasi Teopema: ecjd BCe HYJH NOJKHOMa f(z) JiexaT B ABYX
Kpyrax K;, K., T0 ¥ Hymd NpOU3BOJHOH JexaT B K, wm K,.

N

IMyets Ky 0 K, —Ba Kpyra WM Jaxe ABe JoOble prI‘OBbIe
oGsactu. COBOKYMHOCTb TOYEK
— m2g-F 1921
m-tng
Tae n; U f,— QUKCHUPOBAHHBIC IIOJNOKHUTEJbHbIE YHCNA, & 2y H 2

HesaBucumo JApyr OT Jjpyra npoGeratoT cootBeTcTBeHHO K; H K,,
YCJIOBUMCSI HasblBaTh cpedueti obaacmyio KpyroBuix obmacteil Ky u K,



70 3AOAYH

H CHMBOJIMYECKH O603HayaTh
K= Ky + Ky
T omtny
K BroaHe onpelensercs 3afanuem Ky, K,, #; u ny. [Cv. H. Min-
kowski, Werke, . 2, ctp. 176, Leipzig, B. G. Teubner, 1911.]

122, Ilycte K; u K,—ABa Kpyra ¢ ILEHTpaMH COOTBETCTBEHHO
U 2y U pagMycaMH ry; H r,. [lokasaTb, 4TO TOrja
K= mKy+ 0Ky
g1y

GyJeT TOXe KPYroM, eHTp KOToporo 2\ M pajuyc r ONpeiessiorcs
paBeHCTBaMH

10)

21

2(0) — nzg + np2" ;= nyra+ ngry
m+ta, ! ny4ny
Kpyru K;, Ky v K uMerotr 00wuii LeHTp HoA00HA.
123. Ilycts K, v K, — 10JYRJI0CKOCTH € Mapa/eNbHEIMH Kpa-
1 2

sIMH, OHA M3 KOTOPHIX COAepXKUT Apyryio. Torga «cpeanss 06/acTb»
K=”1Kz+”zﬁ

fy 41y
ToXKe 6y JieT NOJIYNIOCKOCTBIO, Kpak KOTOpuil napaseseH Kpasm mJocKo-
crefl Ky 1 Ky U JeqUT pacCTOSIHHE MEX1Y HHMM B OTHOLUEHHH 11y : H,.
124. Tlyets f(2) =] (2)f,(2), Tae fy(2) — HOJHHOM n,-f CTeNeHH,
a fy(2) —TONUHOM n,-# cremenH. IlycTb, jajee, BCe HyJH MOJHHOMA
JeKaT B KPYroBo¥ o6sacTh Ky, a Bce HYJIH NMOJHHOMA [, (2) — B KpY-
roBof obsacT K,. Torfa Hysu npousBoiHol [ (z) Jjexar aubo B Kj,
JH60 B K,, JH60 B «cpelHel 06/acTHy

K=n1K2+n2Ki
n+n,

(3necy TMOA CTemeHsIMM TNOJIMHOMOB f; (2) u f, (2) mOHHMAOTCA HX TOY-
HBI€ CTENeHH.)

125. Ilyctb f(2) — KpoGHO-panyoHabHast (YHKUHS, YHCIHTENDb

H 3HaMeHaTelb KOTOPOH — B3aUMHO npocthie, Ilycth, Aajee, ee HyJaH

(mosocel) B YHCAe ny JeXaT B Kpyropoli obsactd Ky, a MOJIOCH

(ays) B uMche #,—B KpYroeoi obmactd K,. (Mbi paccmarpuBaeM

JIUIIb KOHEUHBIE HyJH H momochl.) [lycth, Hakowmeu, n, 5= n, Torza

HYJIM TIPOU3BOAHON f' (2) mexkaT uau B K, uim B K, U B o6JacTu K,
06pa3oBaHHOH TOUKaMH

__TuRe—ne2y
n—ny

Tle 2y ¥ 2, MpoOeraloT HE3aBHCUMO JApYr OT ApPyra COOTBETCTBEHHO
K; u Kj; B cUMBOJMueCKOM 0G03HAYeHHH:

P4

K= MmKe—nKy

ny—ny

.
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Ecay n,=n, u kpyrobele o6aactu K, n K, He mepecekaiorcs, TO
Bce HYAH IIPOM3BOJHOH [’ (2) Jaexat 60 B Ky, au6o B K,.
126. [lycTs Bce KOpHH ypaBHEHHs

[(2)=a,

rie f(2)— MaHHBIH TOJMHOM, JeXaT B HeKoTopom oBaie *) O,. IToka-
3aTh, YTO BCe TOUKH @, A/ KOTOPBIX 5TO GyIeT HMeTb MECTO, TaKikKe
6yAyT HAaxXOAUTbCA B HEKOTOpPOM oBaje O,.

127. Tlycts f (2) — HEKOTOPBIH [IOJUHOM, IyCTh, Aalee, ero a-TONKH
(aynu nosMHOMa f(2) —a) Jexar B Kpyroeoi oGaactu K;, a ero b-
TOYKH — B Kpyroso#l obnactu K, Ilycrb, Hakodew,

mb-+nya
c=—"—"=
ny-+ng
rie n, Y 71, — NOJ0XKHUTeNbHEIe yncna. [lokasaTs, 4TO ¢-TOUKH NOJHHO-
Ma f(2), He Jexaliue HM B K, HU B K,, Jiexar B «cpefiHell oGacTi»

_ mKa+n:Ks
K ni-Fny °

[#, U 7y MOXKHO NpEANOJIArarb LEJLIMH. |

§ 3, IIponsBoaHasi TMONHHOMAa OTHOCHTEIbHO HEKOTOPOH TOYKH,
Teopema T paiica

[on npouseodrod nenoft paunoHatbHOH QyHKUUY 7n-# cTeneHd f(2)
omrocumeasno mouky G, camBonueckrn Agf(2), Mbl 6yieM NOHHMATb
InpH =00 OO6LIKHOBEHHYIO IPOW3BOJHYI0, a IIPH KOHEYHHX 3Hade-
HUAX § -~ BrIpaxeHHe

Aif @) =(E—2)[' (&) +nf (2);
A¢f (2) ecTb nevsas paunoHajbHas QyHKUHA (n— 1)-# cremenu ).

128. Ilycts koabduuments: ¢yHkuuu f(2) (B samucu crp. 67)

GyayT
Qoy A1y Ay vovy Qns
- Af (2)

Kak sannwmytes n kospdunuertoB QyHKIHH - ?

129. TlokasaTs, uto onepauus Agf(2), rie { npousBoJAbLHO, JH-
HeliHa: ecsH f;(2) ¥ fa(2) — ABa mOJHHOMA n-# cTeleHH, a ¢; B C;—
NIPOU3BOJIbHBEIE MOCTOAHHbIE KO03(hdUIHEHTHI, TO

A [af1 (2) - cof s @) =il 1 (2) + G Acf (2).

*) Tlog oBasnoOM 37ech MOXHO HoAPasyMeBaTh JoGoe BHNYKJOe MHOKECTBO
TOYeK.

1) TIpn ynoTpeG/eHHH OJHOPOJAHEIX KOODAHMHAT 3TO 06pasoBaHHE HASHBAKOT
nepaoii noaapod, y cTapulx aBTOpOB Takxke émanant; cM, Laguerre, Qeuvres,
T. 1, cTp. 48, Paris, Gauthier-Villars, 1898.
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130. [lycte f(z) =g (2) h(2) — pasjoxkenue noiuuoMa f(z) n-
CTeleHW Ha JABa MHOXHTensl g(z) H h(2) COOTBETCTBEHHO CTelleHed
u I, k+1=n. Tlokasarb, YTO NpH BCeX 3HAUYEHUAX {

Aif (2) =g (2) Ath (2)+-h (2) Aeg (2).

131. Ilycts f(z) —nmomuHOM n-#t cremenu; {; W §, — IPOU3BO/Ib-
Hble mocTosiHHBe. [Tokasare, yto onmepaunu Agf(z) u A.f(z) nmepe-
CTAaHOBOYHbLI; HHBIMH CJOBaMH,

Ay [Auf ()] = A [Acf ()] = Az Agf (2).

132. [lokazath, uro A¢f(2)=0 Torga u ToJBKO TOTAa, KOIAa
BCe HyJIM HoJaHHOMa f(2) coBmajaior c .

7
k

TMox npoussodrnoti cucmemoil cucteMsl 1 TOYEK 2y, oy ..., Zn OT-
HOCHUTEJIBHO (714 1)-# Touku { MOHMMAIOT 71 — | HyJe# zi, 23, ..., Zn—y
bynruun Agf (2), rae f(2) — noJMHOM n-H CTeNeHH, UMEOUIHA HYJIAMH
21, 29, .., 2, HYJH CYHTAIOTCS COrJIacHO OO6lleMy OIpesie/IeHHIO
(ctp. 68). IlpousBoiHast cucteMa BIOJHE ONpEJe/IeHa, 338 €1HHCTBEH-
HBIM HCKJ/IIOYEHHEM TOTO CJydad, KOTAa Bee #+4 1 TOUKH 2y, 24, ..., 24,
{ coBnazaor (cm. 132).

138. Ecau { KoHeyHo, TO B NPOH3BOAHOM CHCTEME OTHOCHTEJBHO
TOUKH [ cojepKarcA BooOlle TOUKH YeThipeX POAOB:

1) KoneuHele oTiHYHBIE OT 2y, 25, ..., 24, { TOYKH, OTHOCHTEJBLHO
KOTOPEIX LEHTPOM TAXECTH CHCTEMBI 2, Z5, ..., 2, CJYXKHT Kak pas g,

2) Orivunble OT { KpaTHbie KOHEYHHle HyJaH (QyHKuHH f(2), Kax-
JLH YMEHbUICHHOH Ha €JIHHHIY KpPAaTHOCTH,

3) Camo. { smimub B TOM cJiyuae, KOrla OHO ABJAAETCA HyJeM f(z),
M TOrjJa C TOH e KparHOCThIO.

4) Touka co, JHOO ecju OHa fABJAETCS MO MeHblled Mepe JABY-
KpaTHbIM HyJleM f(z), Mu60 ecJH OHa COBCEM He fABJSETCH HYJEM
f(2), HO 3aTO { ABNAETCH OOBLIKHOBEHHBIM, T. €. B3ATHIM OTHOCHTE/BHO
TOYKH OO, NEHTPOM TSKecTH f(2).

134. Bcsakasa kpyroBasa 06iacTh, TpaHHLA KOTOPOil MPOXOAHT
uyepe3 TOYKY { U OJHY H3 TOYeK MNpPOU3BOJHOH CHCTeMbl, COJAEPIKHT
M TOYKH IepBOHAUAJIBHOH CHCTEMBI.

135. Beskas kpyroBast 06/1acTh, cojepxalias TOUKH 2y, Z,, ...

.y Zp M HE COJepxKaulas TOUKH {, COJepKHT TaK:Ke BCe TOYKH IIpo-
H3BOAHOH CHCTEMBI CHCTEMbI TOYEK 2y, Zp, ..., Z, OTHOCHTEJNBHO {.

186. IlpousBoanas cucTeMa CHCTeMbl TOUEK 2y, Zs, ..., 2, OTHO-
CHTEJIBHO TOYKH { 3aK/OYaeTcsi B HaUMEHbLIeM BbITYKJIOM OTHOCH-
TeJbHO { KPYTOBOM IIO/JIHIOHE, COACPKAWEM 24, 29y ++., Zn. (O6006LIe-
nue Teopemsr 111 31.)
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137. Ecqn f(z) n-i crenenu, 10 (A¢)*'f(2) Gyner nepsoi cre-
neHH. BbIUHCTHTD elMHCTBeHHBIH HyNb QyHKUHH (Ay)™Yf (2).
138. Iycts

f()=a,+ (n) a2 + (n) a2 ...+ ( i > Ap_y2" 1 a2t

— NMPOU3BOJIBHLIN TIOJHHOM #-# cTenenn u Cz, vevy Cn— mpous-
BOJIbHBIE TOYKH KOMILJIEKCHOH IIJIOCKOCTH. HOKaSaTb qTo BbIpaXkeHue
A (Cli Cz» see Cﬂ)f( ) AZZ Acnf (Z)

npe}ICTaBJ'IHeT co6oi CUMMeTPHYeCKYIo (:I;)yHKuH}O nepeMeHHbIX i, Lo, ...
vvs Cny JUHEHHYIO OTHOCHTEJIBHO KaXK[OH U3 NEpeMeHHBIX; HMeHHO:

(gl, Toy - Cn)f(z)—aoZo“‘alEl‘i‘azZz‘i‘ DI Y 1 3

rie ¥or 21» 22, cvey D1y Xup— 3JEMEHTAPHBIE CHMMETpHYECKHEe (PyHK-
ouH oT Cl’ sz ey Cn
o= 1,

_41'_§1+C2+ +Cm
22 - glCz + C1C3 + e + Cn—lCm

Zn =5ila. Cne
Ecan us uucen &y, &y, ..., Ln CKaxkeM, k MoCTeIHHX (M TOJBKO OHH)
JexaT B 6eCKOHEYHOCTH, TO HYMKHO MOJIOMXHTD
Zo=21=---=2k-1=0’ 2= 1, Zk+1=§1+cz+‘--+c,q~k,

Dkia= ClCz“*" C1C3+ ot Qn-k_lén_k, veey D= ClCz vooCnone
139. Ilycte

f(2)=a,+ (';) a2+ (;) a2 4. (nil ) Qp 2™ a2t

— NPOU3BOJILHLIA TOJHHOM r-H CTENeHH C HYJAAMH 24, 25, ..., Z, H
n n 2 n _
g(z)=b0+<l> b12+(2> b,z —}—...—}—(n_1 )b,,_lz" 14-b,2n
— IIPOU3BOJIbHBIA TIOJMIMHOM #-H CTeleHH ¢ HYJAMH Cj, oy vy Cpe

Bowueauts A &gy Gy oooy G) F(2) B A (2, 290 ...y 22) 8 (2).

Ecau 06a nosmHoMa 3ajaun 139 cBsisaHbl APYT C APYTOM TaKHM
oGpasomM, 4TO

AQo & vy B)f(2) =
HIH, 4yTO TO e [peluenne 139],
A2y, 25 ... s 22) g (2) =0,
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TO OHHM HasplBaloTCsl anoafpHeimy. HasBanwe umeeT CBOUM OCHOBa-
HHeM ofpaieHne B Hyab n-f noaspel Ag Ay ... A [(2). Ycaosue

anoJsIpHOCTH TaKOBO:

aobn— 1) @ibrea (5 ) aabag — o (=11, 7 st
1 (—1)"ab, = 0.

[139]). Cucremsl 2y, 23, ...y 22 ¥ &gy L5y ...+ G, TaKXKe HasbiBalOTCH
B3AUMHO ANOAAPHLIMUL.

140. VicTo/KOBaTh reOMETPHUECKH allONSIPHOCTD 23 M {;, a TaKkKe
Z]_» 22 H €1a €2'

141. Haiitu cucremsl &y, Ggy ..., $,, anodsipHBIE K CHCTEME KOPHEH
JABYYJIEHHOTO YypaBHeHus 2" — 1=0.

142. Ilycts 24, 25, ..., 2, — OpOU3BOJIbHAsT cHcTeMa ToueK. Cy-
IeCTBYEeT 7 CHCTeM COBIAJAlOIIUX ToueK &, &, ..., {, amossipHbIX
K 3ajaHHoOf cHcTeMe. OnpefesuTb HX,

143. TlosuHOM n-ii cTeleHH

f(z)=1—2-4cz"

anojiiped K MOGOH cHCTeMe 4Hces, CyMMa KOTOPBIX paBHA #, a Ipo-
H3BeJeHHE — HYJIIO.

144. Ilycts f(2) — mobofi nmonHHOM £1-1 CTeNEHH, BCe HYJH KOTO-
poro Jjexar B Kpyrosod obmactu K. Ilyers, Jamee, &y, &y, ..., G
(k<< n)— moGele ToykH, Jexamue Bae K. [lokasartb, yTo Bce HYJH

w

nosnuHoma (n—k)-i crenenn Ag Ay ... Agf (2) Takke aexar B K.

145. [Iycte noJsunoMbl #-H crenend f(2) U g(2) B3auMHO amo-
JsipHbl. [Toka3aTh, 4TO KaXKjas Kpyroras o6JacTb, cOjAepxKaiiasi BCE
HyJH OJHOrO IIOJIHHOMA, COJepXKHT Mo KpaliHeHl Mepe OAMH HYJb
JApYroro.

146. Ilyctb nonunomel n-#i cTeneHu f(z) ¥ g(z) B3aumuo armo-
JapHbl. [lokasaTb, YTO HaHMEHbLIHE BBINMYKJble NO/IHIOHBI, COJEpPKa-
IHe COOTBEeTCTBEHHO Bce HYJH f(2) wam g(z), HMET mo MeHbIIeH
Mepe ofHYy ofmyw Touky. Boofuie: BcsikMe JBa HAHMeHBIIHX «Bbl
IYKJBIX» OTHOCHTEbHO OJHOH H TOH Ke TOYKH KPYTOBBIX IIOJIMTOHA,
COJIepXKalHX COOTBETCTBEHHO BCe HY/MH f(2) MAH g(2), HMelOT IIO
KpaiiHeli Mepe OJHY oOIIyIO TOUKY.

147. TlomuHOoM

1 —z4-c2n

BCerJa UMeeT HYJb B Kpyre |z|=<2.
148. IloauHoM

l—2zt-czm

Bcerja MMeeT HyJb B Kpyre |z—1|=1.



OTAEJ ITATLIF, TJIABA 2, § 3 75

149. IToxazars, uyto (k-I- 1)-u/eHHBIA NOJHHOM
1 —z4-c22teg s ol (= <, << vy <. << V)
pcerja HMeeT HyJb B Kpyre

IS T

g, 3HauuT, B Kpyre |z|=Ck. (O6o6wenne TeopeMbl 147.)

1590. Eciu nosunoM n-it cremeHn B ABYX Toukax a u b (a=£b)
npHHUMAeT OJMHAKOBBIE 3HAYEHHsl, TO €ro NMPOH3BOAHAs HMeeT IO
MeHBIUEH Mepe OAHH HYJb B Kpyre, HMEIOLIEM LEHTPOM CepeiHHY OT-

bl

peska ab u paxHycoM —9—;—

KOMIIEKCHOH ofsacTH.)
151. Ilycts

f(2)=a+ <’11> a2+ <g> a2+ .+ <nf ] ) Q12"+ ap2t

— TIOJIUHOM 71-f1 CTeTIeHH, BCce HyJ/IH KOTODOTO JIeXaT B KPyroBoH o0JacTy
K, nanee

g(2)="b,+ (’f) bz - (g) b,2? —}—1 o (nfl ) bp—y2t 1 b2n

— NOJIMHOM n-B cTeneHd ¢ Hyaamd Py, By ..., Pr. Tlokasars, uro
KaX(blil HYJIb Y COCTABJIEHHOTO MYTEM UX KOMIO3HIHHY NOJHHOMA

h(z) =aybo+ <'11> abiz + (g) ab, 2+ ...+ (n ﬁ 1 ) Apybp g2+ apbpzt

HMCET BHJA

T
ctg-. (AHanor Teopemsl Poana s

y=— Pk,
rle v-— Haalexalle BoIOpaHHBIH HHAEKC, a k— HajJjexXallle BbIGpaH-
nasi Todka B K (IpH 3TOM mojlaraeM co-co=0c0 K .00 = Heompe-
JeJIEHHOCTH).

§52. Ilycrp Hyau noJuHoMOB n-f creneHd f(2) u g(z) Jexar
BCe B eIMHHYHOM Kpyre |z|=<1 H NpHTOM NO KpaHHedl Mepe y of-
noro—B |z| < 1. Torza ¥ y noJuHOMa, MOJYUEHHOIO H3 5THX JBYX
NOCPeACTBOM KOMIO3HIMH [151], Bce Hyau OyIyT JexaTb BHYTpH
Kpyra jz|<C1.

§53. Ilyctb Bce HyJM TOJIMHOMA f1-# cTeneHH f(z) Jiexar B Heko-
TOpOil BLINYKJOH 3aMKHyTOH ofsacty &, cofep:Kalled HauaJo KOOp-
hunart- Tlycrb, fAanee, TIOMMHOM TOH Ke CTemeHH g(2) HMeeT JMiib
BelllecTBenHble Hy.IH, Jeaumpe B HHTepBase [—1, 0]. Torza # y mo-
JIHHOMA n-f cTeneHH /i (z), COCTABJIEHHOTO TOCPEJCTBOM KOMIIO3HIHH
[151] wus f(z) u g(2), Bce myan GyayT comepkaThcsi B obiactH K.

» Eciu Bce Hysu mosuHOMa #-# cTeneHH

fE@)y=a,+ <'11> a;z-- (g) a2t ... (n_'f 1 ) Qp g2 14 a,2”
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JISKAT B BeLIECTBCHHOM HHTEpPBaNe —a, @, BCe XKe HYJH IOJHHOMA
n-# cTelleHU

n n n
g@=bo+(1)bz+(5) b2+ b, baazr b2
— B uHTepBaste —b, O (man 0, b), To Hy U NMOJMHOMA 7-ii CTeneHH
n n n _
h(z) =a0b0+(1) a1b1z+<2) by ... +- <n_1 )an_lb,l_lz" 1L a2
JeXxar Bce B HHTepBane —ab, ab- (a, b—nonoxkuTe BHEIE YHCJA),
158. [lycrb Bce Hy/H TOJHHOMA #-H CTeneHH
Ay + a2+ a2t .. .- ap2®
— BeI[eCTBEHHble, a BCe HYJH MOJHHOMA A-H CTeneHd
bo+byz b2 .. . |- by2"
— BellleCTBEHHLIE H OJHHAKOBOTO 3HaKa. Torja Bce HYJH MOJHHOMA
aybo +aibz -+ b2+ .. -a,b,2"

— TOYHO TaK K€ BeIIeCTBEeHHble (Z=00 NPHUHCIAETCA K BeLleCT-
BEHHBIM HYJIAM).

188. [Ipu coxpaHeHHH MpelNONOMEHUH 3anaun 155 Bce HyJH
TOJIHHOMA

apby + la bz +2lab22+. . .- n!a{,b,,z"

— TaKxKe BellleCTBeHHELIE.

FJIABA 3
CMEWAHHBIE 3AJAYH

§ 1. Ipudauxenne Hylded TPAHCUEHIEHTHBIX (PYHKUHHA
HYJSMH PalHOHAJNbHBIX

187. [Tokasarb, HCXOAS H3 COOTHOLUEHHS
. iz \"? .
lim 1—}——; =cosz-J|ising,
n—o
YTO COS2Z H SinZ He HMEIOT MHHMBIX KOpHeH.
188. ITokasaTb, HCXOAA H3 COOTHOUIEHHSA
. 22 \n
lim <1———) =2,
n
n — oo

YTO HH OiHa H3 TPOM3BOAHBIX OT (YHKUMH €°2° He HMeeT MHHMbBIX
HYy.JIeH,



CTIAEJ MAThIY, TJIABA 3, § 1 77

159. ®yukuus Beccens
Jo(5)=1~— m'( > + 2mr <#>4—‘3!I3_!(‘;‘>6+"'

He HUMe€eT MHUMBIX HyJeH. Iloka3aTb 3TO YeTHIPBMS Pa3/MYHBIME CIO-

cobaMH, UCXOJS U3 CHeAYIOUHX YeThlpeX PasIH4HKX IIpeACTaBJeHHH
5TOH (PyHKLHHU:

. . 2 \n 22_4 2
a) J, (z)=n1Lmoo(—1)”( 1+{;2) P, (z—:?;i) [VI 85],
6) Jo (z)=nlirrolo L, (ﬁ) ‘ [VI 99, pewenue 6)],
T
B) Jo (z)=§lﬁ Se"“*“’dﬁ [111 148, 56],
—
1
1) Ty () == l;(;s—_z!tzdt [111 205].

180. Lenas ¢ynkuus
F(2)= 1+ +(2qv+(3ql+

rle g — [eJaoe YHCao =2, He MMeeT MHUMbIX HyJefl. Omupasicb Ha
59, MOXKHO JaTb 3TOMY JBa pasJIHYHBIX ,ZLOKa3aTeJIbCTBa

161. Ilyctb 0 =0, 0 Koy <<y, <<y <.. Hpﬂﬂ——l—- —|— ot
cxonutesi, Tlokasarh, uTo UENYH TPAHCLEHJEHTHYIO qyyﬂxumo

g =e=(1-Z)(1-F)(1-F)-

MOXKHO NpEeACTaBHTbL B BHAE Npelieda HEKOTOPOH nocJ1IeJ0BaTE/ILHOCTH
NIOJIHHOMOB, HMEKOUIHX JIKIIb BEUICCTBECHHLIC IIOJIOXKHTEJIBHBIC HYJH.

1862. ([Iporosxenne.) Hycn,
g@ =14+ g By,
[Tokasatb, YTO NOJUHOMBL

14+ ('11) a2+ (\'21) a2z2+...+<nfl )an_lz"—l—l-anz"

(n=1, 2, 3, ...) HMeOT JHUIb BeUIeCTBEHHEE NOJOXKHTEIbHEIE
Hym [63].
163. (IIpogoskenue.) B unreppate 0 <<x=<a,
gn)<l
H B006Ule

LT abgr b ey e <g () <
<1+ﬁx+ x2+ +(§)‘2n’;’ A (m=1, 2, 3, ...).
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[Takum obpasom, B uaTepBane 0 << ¥ =Co, GyHKuust g(x) 0OBEPTHI-
BaeTcsi CBOMM psifloM Maksnopena; 55, 72.]

164. (ITporomxenne.) Ilyctb o << 1. [Tokasark, yto nesast GyHK-
UHA OT z, ONpejessieMasl HHTErPaJioM

[ee]

{ e=g(— ) coszt dt,
0

HMeeT JHIIb BelllecTBeHHble HyJH [63].
185. Ilycts «, B, By, Py Bs, -..— BelllecTBennbie yHcaa, == 0,

. 1

v==0, 0 pa1 = -+ a3 + ... cxonurca. IloxaszaTh, uTo LE/AYIO TPaHC-
PAR B3 T B yio P

UEHAEHTHYIO (YHKLHIO

F4 2
G (2) = e~az+02 [ _i>efil(1 —i)e’ﬁ‘a...
\ Bl i
MOXHO TOTA2 INIPEeACTABUTH B BHJe Mpelelia HEKOTOpOH mOC/eloBa-
TEJBbHOCTH IIOJJHHOMOB C BEINECTBEHHBIMH JIHIIL HYJAMH.
166. (Ilponomxenue.) Ecin

by bya, b
GlR)=1+4j 2452+ 2+,
TO
htbnp1>0 (m=1,2,3,..). [49.]

167. (Tporomxkenue.) Ecom G(2) He HMeeT HONONKHTEJBHBIX
HyJelt U Gy, @, Gy, ..., @y — BElECTBEHHBIE YHCJA, TO TMOJHHOM

2,G(0)+a,G()z+a,G(2)22+...+a,G(n) 2*
He MOXKET HMeTb GOJibllle MHHMBIX HYJefl, YeM MOJHHOM
A+ a2 4 a2+ . . an2.

[68, 69 —uacTHbe cJyyan 3TOH TeopeMsl. |
168. [lokasarb, ocHoBhIBasick Ha 167, uro ¢yHKUHA DBeccens
Jo (z) He uMmeeT MHHMbIX Hysed [II 31].
188. Ilokasate, ocHOBbBaachb Ha 167, uyto wnenas QyHKuUHSA
3agaun 160 He HUMEeT MHHUMBIX HYyJIeH.
170. Unuterpaa
o __,tu
{ e7" cosztdi=F,(2),
2 :

rfe o —Leaoe 4eTHOe YHC/I0 == 2, npeicTaBhsieT cofoil Lenywo ¢yHK-
IHIO, He HMeOLIYI0 MHHMBIX HyJeH. [167.]

171. (Ilponomxenne.) Ilpu «w>>1 uuTerpan Bce elle npeicTas-
JIsieT COOOH 1eMyl0 (YHKIHIO; eC/H & He SBJASETC S YETHBIM LEIBIM
YHCJIOM, TO 3Ta (DYHKUMA HMeeT JIHIIb KOHEYHOE YHCJO BelleCTBEHHHX
HyJed,
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172. VpaBHeHue
tgz—2=0

MIMEET JIMIUb BElIeCTBEHHbIE KOpPHH. [26.]

173. Ilycts B untepBane 0=<t<<1 dyHkuua f () asaxnsl nud-
depeHuupyema, npuyeM f*(f) HenpepniBHa, ganee f(f)>0, f' (f) <0,
f"({)<<0. Torza uernas uenas QyHKuus

1
F(2)={f(t)cosztdl

0

umeeT GeCKOHEYHOE MHOMECTBO M NPUTOM BelleCTBeHHHIX HYyJeil. (IJro
yTBepxKjeHHe cBA3aHo ¢ Teopemod IIl 205, omHako OT/IHYHO OT Hee,)
[26, 111 165.]

174. Tlycts ¢ (f) coGcTBeHHO WHTerpHpyema B HHTepBasie 0<<
=<t=1. Ecm

1

Vlo@dt<l,

0

To uesaf GyHKuus

1
F(z)=sinz— ¢ (t)sinzt dt

0

HMeeT JMIlb BeuiecTBeHHble Hy . [27.]
§75. ITycts dyHKuMA f(f) BellecTBeHHAa H HMeET HelpephlBHYIO
IpPOH3BOAHYI0 B uHTepBale O=<f=<< 1. Ecim

|f(1)|>§|f’ (0| dt,

To nenas (yRKOMA
1
F(z)={F(t) cos 2t dt

0

HMeeT JIMINb BeleCTBEeHHble HYJH, (YC/IOBHE BRITIOJHSETCS, B YacTHO-
cry, ecad f(0)=0 u f' ({)==0 B untepBase O0=<f=<1; cm. 111 205.)
178. Lleras ¢yHkuus

F(z)=l+%+%+§+...+§2+...,

Tle ¢==2, paBHO KaK M BCC YACTHUHBlEe CyMMBI €e CTENeHHOro psjia
MMeeT JIHLIb OTpHLATe/bHbe BelleCTBeHHbe npocThie HyJ . [I11 200.]
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177. Ilycts dyHKmMs f(f) noJoXKHuTE bHA M HMEET HeNpepHBHYIO
i

npou3poaHyto B HHTepBane 0 < t<C1. Ilycth, nanee, Sf(t) dt cyie-
0

CTBYeT. IlokasaTh, 4TO onpene/isieMasi HHTerpaJioM
1

([ (tye*dt=F (2)
0

nenas GbyHKUHS He HMmeeT HyJell:
B moJyiiockoctd §2=0, ecmn f ({)>0,
B moJiyiiiockocTH 82 =<0, ecan f' (£) < 0.
[dokaseiBaercss He Kak III 205 npejesbHuiM nepexonom us III 22,
a uesecooGpa3HbBIM TepeHeCeHHeM CaMOro J0Ka3aTesbCTBA TeOPeMsl
IIT 22,
178]. Hokasate III 189, ocHoBbiBasich Ha 177.
179. Ocratok nokasaTesbHOrO psifa
zn+1‘ zﬂ+2 zn 3
(-1 T (2 (n+3'+
He ofpalllaercs B Hy/Jb HH B OJHOH TOYKe MOJYMJIOCKOCTH Kz=<<n
(n=1, 2, 3, ...}, kpome z2=0. Cnyyaii n=0 npeicTaBigaer UCKIO-

YyeHHe: BCe HYJIH Je:KaT Ha TPaHUYHOH NpAMOH NOJyniIockocTH f2 <<
<0, 1. e. Ha ocH y. (Orcioga Jerko BeITeKaer 73.) [177.]
oo

188. Eciu Z

n=0

F2)=ay+aiz+a2?+...Faz ...

— nenas bynxuus. O6osnayum HyaH F(2) 4epe3 2y, 2oy vvvs Zny -ves
TlokasaTtb, uTO psij

@na |2

CXOJHTCH, TO

1 1 1
mEtEE Tt

CXOMHTCS.

i81. Econ Bce HyJH HeKOTOPOTO IIOJHHOMA C BelIECTBEHHBIMH
KO3(HIHEHTAMH — BEUIECTBEHHbIE M MPOCTBIE, TO MEKIY ABYMA
COCeHHMH HYJISIMH FOJIHHOMA JIEXHT JIHIIb OJMH HY/b €r0 MpOH3BOA-
Hof. BepHa 4 3Ta Teopema Takke AN UEJBIX TPaHCHEHACHTHBIX
dyHKIUE?

182. Ilycts

F(x)y=etl®,

rae H (x) — nomiHom cremedu ==3. Iloxa3aTb, 4TO NO KpaiiHef Mepe

O/Ha U3 JBYX HNepBbIX MNPOH3BOAHLIX d—F H &or

ax ie UMeeT He TOJIBKO
BellleCTBCHHEIE HYJIH,
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§ 2. TouHoe omnpeneneHne uMcaa HyJqel
npd nomowH npasuaa ekapra

[TonnuoMOM m-ii cTeneHH
f(@)=a,+az+ a2 +...+ane™

C BelleCTBEHHEIMU KOYpOUUUEHTAMH 4y, Gy, 43, ..., Qm (A F~=0)
TIOPOKAAIOTCS CNEYIOLHE TPH CONPOSONOAUOUUX NOAUHOMA, 3aBHCH-
lIpe OT TapameTrpa o:

P(z, o)=agtaz+az(z—0)+...+azz—0)...[2—(m—=1)0],

RQ(z,0)=ay[l+2z—(m—=1)o][l4+2—(m—2)0]...(1+2z—0)(1+2)+
+a[l4z—m—-No][l+z—(m—=2)0]...l+2—0)z+
+a[l+z—(m—-1No][l+z—(mMm—-2)0]...2—0)z +

+am_1[1+z—(m—l)m][z—(m—Z)m]...(z—m)z+
tan[z—(m=1)o]l[z—(Mm—-2)]...(z—0) 2,
R(z,0)=ay[l —z4+(m—1)o][l—2+(m—2) 0]...(1—240) (1—2) +
+o[l—z4(m—=Do][l-24+(m—-2)0}...(1—2+0)z+
+a[l—z4+(m—=1o][l—-24+(Mm—2)0]...(2—00)z+

tapq[l—2+m—-1Do][z—=(m—=2)0]...z—0)2 +
tan[z—(m—1)o][z—(m—2)]...(2—) 2.

TIpu onHoBpeMeHHOH 3ameHe 2 Ha —2, ® Ha —® H a4y HA (—1)Va,
(v=0, 1, 2, ..., m) Q(2, ®) nepexozur B R (2, v).

183. Nosoxum

() ebe = 2 PP (k>0),
F2)(1—2) 1= Z Uz_}'&‘#km BYZ"  (k—uenoe >m—1),
n=0
+m—1 hm
f(2) (14 2)*- Z - (Zk nlmk i CP2" (k—mnenoe =1).

k
Boipasuts xosdunmentst AL, B, CP uepes conpomoxrnaiomue

noanHomel P (2, ©), Q(2, ©), R (2, w) noauHoMa f(z).
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184. [loxasats dopmyany
PG+ SE T g
=p<%f_<;’+l>3<—;>§ =T
0>0, —1+(m—Do<<Rz<O0.

Haiitu anasoruunsie opmyssl 119 P(z, o) 1 R (2, o).
185. OGosnauum uncjo HyJell Mo/HHOMOB

[(2), P(z, 0), Qz, 0), R(z, w)
B OTKDHITOM HHTepBaJe o <<z < b COOTBeTCTBEHHO uYepe3

b b b b
8.(1) }at Dar E}] M

rae

IToxasaTh, 4TO HUMEOT MeCTO HepaBeHCTBa

85 < Po° §2 o= B o,
1 0 0
Fo<<Q0, Tl =0 1L (n—1 o
I —1 0 0 1
880<§ﬁ0+(m )(D, 8—l>m—ooy 8—w>mfo+(m—l)m

B NpeANOJIONKeHHH, 4TO © => 0; BO BTOPO#H CTPOKe, KPOME TOro, J0JXKHO
OuTh (Mm—1)®<<1 H, HakoHell, B IOC/JEIHEM HEPaBEHCTBE IEpPBOrO
cTonbua o= ! JOJIKHO GHITh meJHM YdcaoM. [38, 80.]

186. (ITpogosxense.) Ecuy eme mnpepnoJoXHTh, 4TO Ha KOHIaAX
COOTBETCTBYIOLIEro HMHTepBaJja (T. e. B Toyke z=0, uau 1, vau —1)
Gbyukuus f(2) He obpamaercss B HyJb, TO IO TOBOAY HEDaBEHCTB
npeIbiynel 3azaud MOXKHO J00aBHTb, YTO DA3HOCTL O0GHX yacTelt
IIPeICTaBJsIeT CO0Oi YeTHOe YHC/I0 (BO3MOXHO paBHoe HyJno). ITouemy
Her HeOoGXOAHMOCTH BBOJHTH HOBHE TIPEINOJIOKEHHS OTHOCHTE/BHO
TOYRU 2= -} co?

187. Tpu crenenHslx psiga 3agaud 183 06sajanT CJEAVIOLIAMH
CBOHCTBaMHU:

1. Oun cozepxar He MeHble NepeMeH 3HaKa, YeM MOJHMHOM f(z)
1IMeeT HyJiefl COOTBeTCTBeHHO B HHTepBanax (0, 4 <o), (0, 1), (0, 4 c0).

2. C Bo3zpacTaHHeM k UHCJ/O IlepeMeH 3Haka He Bo3pacTaer.

3. Tlpu focraTouno GoJplioM K YUCJIO IlepeMeH 3Haka Cp aB-
HeTCs C YHCJOM HyJel f(z) B COoTBeTCTBYIOINEM HHTEpBaJe.

188. Ornecem BelleCTBEHHOMY [OJHHOMY m-i CTeneHH f(z)
B KauecTBe YETBEPTOrO COIPOBOXKJAWLIEr0 IOJHHOMA

J @ 0)= fimo)—(7)flim—1) o] 24
+ (3 Flm—2) 0]z —...+ (—=1)"f (0) 2,
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b o
rie ® > 0. OGo3nauum aHansornyno 185 yepes J; uHc/I0 HyJel NOJH-
Homa J (2, w) B OTKphITOM HHTepEane a<<z<Cb. Tlokasarh, 4TO
HMEIOT MeCTO HepaBeHCTBa

1 0 0
82@<301 %—OO<S?O, 3“023—00-

Ecau, xpome Ttoro, f(0)=£0, f(mw)=£0, To pa3HoCTH ABYX 4YacTel
3THX HepaBeHCTB GYAyT UeTHBHIMH YHCJ/aMH.

189. Yucsio Hysell BellleCTBEHHOrO NOJHHOMa m-H cTeneH# f(z)
B HHTepBaJe mm < z < 00 He TNpeBBILIAET YHC/Aa HyJeH NOJHHOMA

AF )+ () AmF @ 2+ () A2 (0) 224 .+ F(0) 27

B uutepBane 0 <<z << 1. 3nech
AT (0)=

=1 wo) = ()71 = Dol +(3) Flv =D o] = ..+ (=17 (O)
(v=0, 1, 2, ..., m).

§ 3. [lpoure 3anay, OTHOCAIIHECH K HYJIAM MOJHHOMOB

190.') Kaxablli NOMMHOM MOXKHO NpPEJCTaBHTh B BHJE OTHOLLe-
HHS ABYX TaKHX I[OJIMHOMOB, YTO B 3HaMeHaTesJe BoBCe He OyJeT
COJep3KaThCsl epeMeH 3HAKOB, a B HCJAHUTe/e HX OyJeT POBHO CTOJBKO,
CKOJ/IBKO Y 33JaHHOro MOJHHOMA MOJOXKHTEJNbLHBIX HYyJeH.

191. Tlycts nosuHoM m-fi creneHH f[(x) obJajaeT CJeIyoOLINM
cBOHCTBOM: KakoB Obl HH Owul nosimHoMm P (x), npoussefenue P (x)f(x)
COIEpKHT IO MeHblllell Mepe Ha m NepeMeH 3HaKa GoJjblle, 4eM caM
P (x). Tlokasarp, wro Ajs 5TOro HEOOXOJHMO H JOCTATOYHO, YTOOHI
f (x) uMes JMIIB TOJNOXKUTSJAbHLIE BelleCTBEHHbIE HYJH.

192, Tlycrs noausom [(x) ob6nafaerT chaelyloHmHM CBOHCTBOM:
KakoB Obl HH Obl1 nosuHoM P (x), P (x)[(x)- P’ (x) numeer He Gosble
MHHMBIX HyJel, uyem cam P (x). Tlokasarb, uto Assi 3TOro Heob-
XOIMMO H JOCTaToyHo, uTolbl f(X)=a—bx, rje a NIpPOH3BOJLHO,
b=0.

193. lNosunom f(x), o6aanaiolyil TeM CBOHCTBOM, UTO YpaBHe-
nue f(x)-+p=0 A1g BceX NOJOKUTEJbHBIX p HMeeT JHIIb BellecT-
BeHHBbIE KODHH, MOXKeT GbITh caMoe OoJjbluee BTOpPoH crenmenu. Eciu
BCe KODHH YypaBHEHHH yKasaHHoro BHJa OyJyT BenlecTBeHHble HU
NPHTOM OJHOIO 3HaKa, TO f(x) OyleT mepBOH CTEeNmeHH.

TeoMeTpHueCKH 3TO OYEBHJHO; HAHTH JOKA3aTeNbCTBO, HCXOJsIlee
U3 HHBIX [PHHIUNOB.

1) B sagauax 190—195 umeloTcsi B BHAY NONMHOME € BeIUECTBEeHHHIMH KO3(-
duueHTaMH.
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194. Ilycts a,, a;, a», by, by, b, —BemwecTBeHHble uncaa. Iloka-
3aTh, UTO BbIpayKeHHe

adbs — ay,b10, + aya,b — 200,600, - a1byb, — aya,b,4b, - a3
TOrZla ¥ TOJHKO TOTZA OTpUIATeIbHO, Korfa 06a TOJHHOMA
f()=ap*+ax+ap, g(x)=bpx*+bx+-b,

HMEIOT BeLIECTBEHHBIE W TPUTOM IPOCTHE HYJH, DasielwiolHe Apyr
Ipyra, T. e, Jexallue Tak, YTO MeXIy AByMS HyJsMH OJHOTO IIOJH-
HOMa COJIePKHTCSI OJMH M TOJBKO OJHH HYJb JADYTOro.

195. T[lycts P (x) —noMHOM, HMeOWHi JHIIbL BellecTBeHHbIe
uyad. Torxa, BooGuie TroBopsi, He CyLIecTByeT HH OJHOTO IepBO0O-
pa3HOTO 1O OTHOIIEHHIO K P (x) mosuHOMa, KOTOPbIH MMes Gbl JIHLIb
BellleCTBeHHBle HYJM. TouHee roBOps, NMycTh # — TOYHAs CTENEHb IOJIH-
HoMa P (x); mycTh, JaJjee, a — Takoe BellleCTBEHHOE YHCJO, /A KOTO-
poro noauuoM (n-}1)-ii creneHy

Q)= P (x) dr

UMeeT MaKcHMaslbHOE YHCJO BelleCTBeHHHIX HyJeH, Torga MOxHO
yTBepKJAaTh JIHIIb, YTO 3TO MaKCHMaJbHOe YHCJIO

=2 npu n=1,

=3 » n=2,4,06,8,...,

=4 » n=3,51709,...,
1 CoJibllle HUYEro yTBEep:KIaTh HeJb3s, HOO MpH BCeX 3HAYCHHAX N
MOXHO yKasaTb Takue P (x), A1 KoTopuix OyJeT jaocTuraThesl pa-
BEHCTBO.

196. Ilycts L —MakcumyM MoAyJeH KoapdHUMEeHTOB noJHHOMA
[@=2"4apzt14a,2" 2. . Fa,

H 2y, 25, +.., 2,— HYJH 3TOro noJsuHoma. Torja

A1z ) (A t|2z]) . (I |2a) <2 VRFTL.  [II 52.]
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[NOJIHHOMbI H TPHUTOHOMETPHYECKHE
[MOJIMHOMBI

§ 1. Moannomet YeGonuera

TMosoxuM cos ¥ =x; toraa
. 1 P sin (n41) &
T, (x) =cos a0, U,,(x)=an+,(x)=—— n=0,1,2,..)

sin &

6yyT TOJIHHOMBI n-H CTeneHH OT x (noauromsr Yebbiuiesa); HaHBLIC-
mH# Koahduuuent noiuHoma T, (x) pasen 2771, a noauHoma U, (x)
paseH 2" (n=1, 2, 3, ...).

1. Bece nyan nomusomos T, (x) u U, (x) — BeluecTBeHHBlE, OTJIHYHB
Ipyr OT JApyra H JexaT BHYTpH uHTepBaia [—I1, 1]. Onpegenuts
3TH HY.JH.

2. JlokasaTb COOTHOMIEHHS

Un (x) = xUn—l (x) +7T, (%)

3. Ilokasats, uro moauHoMHl T,(x) u U,(x) yAOBJETBOPSAIT

caefyowHuM AuddepeRIHaIbHBIM Y paBHEHHSIM:
(1—=x%)Ts(x)—=xTr(x)+nT,(x)=0,
(I =x)Us(x)=3xUpL(x)+n(n+2)U, (x)=0,

4. Tloxasars, uro T,(x) u U, (x) yaOBJETBOPSAIOT COOTHOLIEHHAM
OPTOrOHAJIBHOCTH

1
§ﬁ%;Tm<x>T,.<x>dx=o, |
N (m, n=0, 1,2, ...; m=n).
§ VI—2Un(9)Un(x)dx=0

—1

BBHIUHCHTE 3TH HHTETpaJdsl NpH m=n,
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5. Ilokasarb, uto
Trz (x) . (—I)Vl
Viee 1:3:5..@2n— dxn(l )2,

(=) (nd-1)  dn n+
VI=2 Un (=155 w1 =)

—

8. Tlokasath, uto ecau f(x) umeeT B uHTepBate —l<<x<Cl
HeNpepHBHYIO 7-10 NPOH3BOJAHYIO, TO
J

S f(cos®)cos nd dd =
0

a
1 .
m S f(”) (COS 'l(}) sin® @ dd,
0

7. Tlokasars, uto npu n=1, 2, 3, ..., —l<<x=<<1, umeior
MecTO HepaBeHCTBA

T, <1, |U,()}<n+l.

B nepBoM M3 HHX paBEHCTBO JnocTHraercs poBHO B n-+1 Touke,
a uMeHHO B n— 1 Hyasx nosunoma U, ,(x) H, KpoMe TOro, Ha KOH-
nax, T. € Aagd x=—1 u x= 1, Bo BTopoM paBeHCTBO JOCTHIAeTCH
TOJIBKO Ha KORBIax.

§ 2, OGiupe cBefeHUS O TPHrOHOMETPHUECKHX MOJMHOMAX

Tlon MPUSOHOMEMPULECKUM NOAUHOMOM N-TO NOpAJKa IOHHMAIOT
BbIpaKeHue BHAA

g(®)=MA+Arcos 4 p,sind+ A, cos 20 +p,ysin204...
«oo b Ay cos nd 4+ py, sinnd.

Ecin Bce [, paBHBl Hy/J0, To g(8)—noiuxom n-ro nopsiika no
KOCUHYcam, eCJH Ke Bce A, paBHBl Hymo, To g(8)—nosurom n-ro
nopsiiKa No CUHYCAM.

8. Besikufi OJMHOM n-ro MopsiKa 1O KOCHHYCaM MOXKHO IIpej-
craButk B Bufe P (cosd), rae P (x) —nosuHoMm n-it crenenu. O6part-
HOe TaKXe BepHO.

9. BeskHi NOJHHOM £-ro NOpsiika IO CHHyCaM MOXKHO mpejicTa-
BUTH B BHZe sin® P (cos¥), rae P (x)— nosmHom (n—1)-H cre-
neHd. OGpaTHOe TaKKe BEpHO.

10. IlpousseneHne ABYX TPHUrOHOMETPHYECKHX MOJHHOMOB M-T'0O
H n-ro IMOpSIJKOB eCThb TPHIOHOMETPHYECKHH IOJHHOM (m -+ n)-ro
nopsiKa.

11. Besxuft TpHroHOMeTpHUECKHH NOJHMHOM 7-TO NOPSAKA

g(8) =27+ 2y cos B+ pysin @42, cos 28+ p, sin28 ...
«..+ A, cos nd 4 p, sin nd,
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HMEIOIMH JIHIUb BelleCTBEHHEIE KOS(QHIHUEHTH, MOXKHO MpeJCTaBHThb
B (opme
g () =G (€),

rae G(z)=u,+uz+4u22+.. .4 ty,2** — HEeKOTOPHIH TOJHHOM 2n-ii
CTeeHH, He HW3MeHsSOmHUics, €eCcJaH, 3aMeHHB 2z Ha 27!, YMHOMKHTb
ero Ha 22" 4 OJHOBDPEMEHHO 3aMEHHTh BCe KOS(DMUIMEHTH COMpSKEH-
HBIMH:

G (2) = flgn + fan 12+ fan 92 . . . F-Bo2? =2G (27Y).

BuludC/auTb KO3hDOUIHEHTH iy, Uy, Ugy «vsy Ugn.
12. O6patno, ecmu G (2) —mosmHOM 2n-% CTemeH#u, yAOBJETBO-
PSIOUIMH TOXKJIECTBEHHO A/ BCEX 3HAUEHHH 2 COOTHOIIEHHIO

222G () =G (2),
TO
EinG (%) =g (9)

€CcTb TPUTOHOMETPUYeCKHH NOJNHHOM £-TO TOpsiAKa oT ¥, HMeromui
JIMIIb BelleCTBeHHEIE KO3(DhUIIHEHTH.

13. Ilycte G(2) —nmosmHOM 2n-# CTelleHH, YJOBJETBOPAIOMUE
YCJIOBHIO

227G (2 = G (2).

Kar pacnpeneneHel ero HyJH B KOMIJIEKCHO#l MJOCKOCTH?
14. TpuroHomeTpuuecKHHl TNOJHHOM A-TO NOPSsiIKa

g(0)=hy+A;cos @+ pysin® 44, cos 20 L py sin 20 ...
..+ A, cos nd 4, sin nd,

rae Ko3(puUYeHTH BelleCTBeHHbIe, TIPHuYeM A, U [, He paBHBI OJIHO-
BpeMEHHO HYJIO, MMeeT pOBHO 21 HyJeH, ecld paccMaTpHBarb Bce
KOMILIEKCHbie 3HaueHHa U M CcUMTaTh HYJH MO MX KpaTHOcTH (U H
¥+ 2n He paccMmaTpuBalOTCS KaK pas/HUHEE).

15. Onpellenuts BCe TPUTOHOMeTpHUECKHE MOJHHOMEI 7-T'0 NOPsiIKa

g(8) =M+ A, cos O -y sin @+ Ay cos 20 4y, sin 24 4-....
«oot A, cos nt4-p, sinnd

C BenieCTBeHHbIMH KOS@)Q')I/IL{HGHT&MH, YIOBJETBOPAOMUE TOXKACCTBEHHO
npH BCCX 3HAYEHHAX & H ﬁ COOTHOMIEHHIO

3 el el 1)t
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§ 3. CneuManbHble TPHTOHOMETPHYECKHE MNOJHHOMbI

. 2n4-1
1 sin — )

16. 7+cosm‘}+cos2m‘}+...+cosm‘}=—ﬁ,
2Siﬂ—2—
sin—;—ﬁ‘cosn-gl_lﬁ‘

cos ¥ 4-cos 20 4-cos 30 ... cos nd = ,
sin -
2
cosﬁ+cos3@+cos5ﬂ+...+cos(2n—1)0:52%,
sin%ﬁsinnglﬁ‘
sin®4sin 284 +sin3¢ +...4-sinnd =
sin —
2
sind |, sin39¢ sin 5& sin 2n—1) 9 sin nd \2
17. o T e T sme T emo =<sinﬁ>'

Yro orciofla BhiTeKaer mpH U =0?
18.

n—-éi—l-ncosﬁ—l-(n—I)cos?ﬂ-l—...-l—cosnﬁ:7 5

sin -
2

sin (n+1)2>2

19. Onpenenuts Hy/JH TPUTOHOMETPHUECKHX IOJIHHOMOB

%-{—cos ¥ J-cos 20 4-...4-cos nt,

cos 94 cos 28 4-...4-cos nd,
cos ¥ +cos 30 4- cos 58 4-...+cos (2n— 1) 0,
sin®+4sin20¢4...4sinnd,
sin ®+sin 30 +...+sin (2 —1) 9,

""2'1 +ncos ¥+ (n—1)cos 20 +...4 cos nd.

20. [1oxa3aTb TOXKJIECTBO

cos ¥ 4-cos 20 +...4-cos nﬁ:%sin (n—l—l)ﬁctg—g———coﬁ%ﬁ.
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21. lNokasatp, 4TO cymMa

sin ¥ +sin2¢ +... 4 sinnd +_~°‘1‘L(”i1)_

HeoTpHiuaTenbHa npu 0<< & << m,
22. Cpennre apudMeTHuecKHe OTPe3KOB psifa

%+cosﬁ-{—cos%—[—...—[—cosnﬁ-{—...

HEOTpHIlaTeNbHbl TPH BCeX 3HAueHHsXx & M C BO3pacTaHHeM 1 PABHO-
MEDHO CTPEMSTCS K HYJI0 BO BCSKOM HHTepBajle £<C ¢ <<2n—¢
(e > 0).

23. TpuroHOMeTpHUYECKHH TOJHHOM

sin 2{} sin 3\‘}

A(n, 9)=sin®+——+ 4. +sxnnﬁ

B HHTEpBaJe O< ﬂgn HMeeT MAaKCHMYMBI B TOUKax
T 7 T : b4 [+l
n—]—1'3n+1’5n+1""’ (Qq_l)n-}—l (q—[—Q—D
(v TOJBKO B HHX) U MHHHMYMBI B TOUKax '

2n 2n 2n 2n
Tt ‘,3;,---;(9—1)7

(1 ToJBKO B HHX).
24. (Ilponomxkenne.) Makcumymbl nojuHoma A (n, 9) B uHTep-
paje O0=C¥<Cn MOHOTOHHO YyGBIBAIOT, TaK yTO aGCOJIOTHBIE MaKCH-

n
7). [20]
25. (IIporomxenne.) C Bo3pacTaHueM n MaKcumym A (n, %)
MOHOTOHHO BO3DACTaeT, IpHUEM

MyMm Jnsi Bcero HHTepBasa 0 << ¥ <Cm pasen A (n,

n

lim A (n, ;%)= [ B2 a0=1,8519...
0

n—oo \ ﬁ

26. TpuroHoMeTpHuecKH# MOMHHOM

B(n, 1,})_C()Sﬁ_J‘_c0521‘)_J‘_coefiﬂ_J‘_ 4+

B uHTepBase 0 =< <7 UMeeT MaKCHMyMBI B TOUKax
0, 2% o2 n =
e P P2
(1 TOJBKO B HHMX) H MHHHMYMBI B TOYKax
27 2n 2n 27 n-1
n+l’2n+1’3n+1"“’qn+l (q-—[ 2 ])
(1 TONBKO B HUX).

cos n'&
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27. (Mpononxenne.) HaumeHnbuee snauenue nosuHom B (n, 4)
IpPUHHMaeT INpH

17 2
="t [21.]
28. Ilpu Bcex 3Hayenusix n U ¥
B(n, ﬁ)-—COS’l’)—l—COSQ’& +co;3ﬁ+”.+co;nﬁ =_1.

§ 4. U3 Teopuu papoB Pypbe
ITycts f(1¢) — nepuojnueckas GyHKUHS C nepHojioM 25T, COGCTBEHHO
HETerpHpyeMast B uHTepBase 0= ¥ << 2n. Ynucaa

27

21
=§‘_S (®) cos n® d9, bn=2—lﬁgf(ﬁ)sinnﬁdﬁ
1]

(n=0, 1, 2, ...; by=0)

Mbl GyjleM HasblBarb Kodgguyuenmamy Pypee, a dopmanbHo obpa-
30BaHHBIA DAL

ay+ 2a; cos 0 426, sin 04 2a, cos 29+ 2b, sin 26 +...
...+2a,cosn®+2b,sinnd ...

— padon Pypee dynxuuy f (). Ecau f (§) — dysruns ¢ orpanueHHbIM
H3MeHeHHeM, TO 3TOT DS CXOAHTCS H HMEeT CymMmy

[B40)+F (8—0)
3 .

29. Ilycrs ¢dynkuusa f (%) — nepuosuueckas, f(&+2n)=Ff(9).
Kaxoe u3 BuinMcaHHBIX ypaBHeHuH (MJH map ypaBHeHHI)

1) f(—0)=F(®),

2) f (=) =—F(9),

3) f(+n)=—F (D),

4a) =0y ={(), fd+n)=—f(9)
46) =8 =—F(®), [(E+a)=—F(D),
5) F(&+a) =f(B)

XapakTepusyeT KaKoro-iu6o poja CHMMeTPHIO KDHBOH y={f(x).
IlokasaTb, YTO Ka)KJ bl W3 3THX POJOB CHMMETDHH BJ/e€YeT HCUYe3HO-
BeHue 6ecqncneHHoro MHO}xecTBa KosbdunueHToB Pypbe QyHKuMH

F(9).
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30. Kakop Gyner pax ®ypee AJg TPHIOHOMETPHUECKOTO IIOJHU-
HoMma f (0) n-ro mopszka?
31. Ilycte n ¥ v—Leable NOJOXKHTEbHEIE uHcga. [TokasaTs,

4TO
g

2—15 S (2cos %)ncos(%— v)ﬁdﬁ=(:)-
—

32. Tlyctp nocseoBaTeIbHOCTD
Qy, @y, by, @y, byy .oy Gy, by, .o
06/1a/1aeT TeM CBOHCTBOM, YTO «TPUTOHOMETDHUECKHH psl»

@y 2a, cos ¥+ 2by sin ¢ 4 2a, cos 20 -+ 2b, sin 20 ..
..--2a, cos nd -+ 2b sin nd +

PaBHOMEPHO CXOJMTCA IPH BCeX 3HaueHusax ¢ M, Takum ofpasom,
IIpe/ICTaBJIsIeT HeKOTOPYIO HelPePhIBHYIO NePHOJHUECKYI0 QyHKLHIO f ()
¢ mepuogom 2m. Kakos 6yper pﬂ,n Pypoe an1a ¢yuxkunu f(4)?

11N sin 2ns —[x] ana vemeamx x,
33- -5 - T Z n = 1
T 5 AJS HeNblX X.
2 4 W os20 8 N\ sintd
COS &1 sm“n
84. sind|=2 -2 ¥ =2 Yoo
n=1 n=1
88. Yucna

n
Pl
2 in m&
prn:?glm_nm_ldﬁ (m=1,2,3,..)

(maxopdliMecs B TeCHOH CBSI3H C TaK Ha3blBaeMLIMU KOHCHMAMMOMU
Jle6eea psiza Pypbe) MOHOTOHHO BO3PACTAlOT BMeCTe C BO3pacTa-
HHeM m. A UMeHHO, UX MOXKHO NDEICTaBHTb B BHJE

L1 1
o — — —

ey T3t
Pm=r 2 A1 .
n=1

[Bmecto |sinm®| mojctaBHTh ero pas/oeHHe H3 34 H IpuMe-
uuth 17.]

36. TIlycte ¢yukmus f(9)-—mepuoinyeckass C MepUOJOM N H
«JeTHasiy, T. €. TOXKJECTBEHHO NpH BCeX 3HaueHHAX U HMeeT MecTo
paBeHCTBO f(— ) =[(®). Ecau B unreppane 0 << ¥ << xt f (¥) BuinykiIa
CBepXy, To ee pax Pypbe HMeeT BHA

Co—C1 €08 20 — ¢y cOS 40 —...—c,cos2n0 —...,

rje Bce KoahduUMEHTH ¢, €3y ..., Cp, ... HEOTPHIIATEJBHBL.
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87. Ecmu dyuxuns f(9) mpelwgywell 3amaud yAOBJIETBOpSET
eime ycaoBuwo f(0)=0 u, xpome TOro, And HekoToporo p >0 BHIpa-
kenue 0-2f(9) orpa}mqeﬂo TO TOC/IeJ0BaTeLbHOCTD

S L) gy (m=1, 2, 3, ..)
0
MOHOTOHHO Bo3pacTaeT BMmecTe ¢ m. [OGoGmeHne Teopemsl 35.]
88. Ilycrs M, —makcumyM QyHKIHH

T(n, 9)= |51nﬁ[+]s1n2ﬁ1+151n3ﬂ|

| sin m‘)|

oo

O OTHOLCHHIO KO BceM 3HaueHHsM . Ilokaszate, yTO

n n
2 1 2 1 2
X v<M<i Yotz [34, 28.]

v=1 v=1

§ 5. HeotpuuateapbHble TPHTOHOMeTPHYECKHE MNMOJHHOMbI

898. Ilyctb xy, Xy, Xy ..., X,—IPOH3BOJbHblE KOMILICKCHBIE
yucaa (xo5=0, x,5=0) u ¥ Bemectsenno. Ilokasats, uto

| %o+ 22+ %022+ 5,20 2 (z=¢")

IpejCTaBJsaeT HeOTPUIaTebHBIH TPHIOHOMETPUYECKUH MOJHHOM B TOY-
HOCTH n-ro mnopsiika. BeluucauTb ero xoshdhHIHEHTEH.
40. Bcsakull TpHIOHOMETPHYECKHH TOJHHOM 7-TO NMOpsJKa

g(8)=A,4+A;cos O+ p,sin®+ 24, cos 20 - p,y sin 29 4-...
o.M, cOs 0 -, sin nd,

NpHHUMAKOWHME b HEOTpHIATeNbHble 3HAYEeHHS, MOXKeT OBITb mpei-
craBleH B (hopme

g®)=|h@@) (z=€7),

rme A (2) = Xy + %2+ %522 3-.. .+ x,2" — HEKOTOPBIH  IIOJIMHOM  A-I
cremeny ¥ O BelleCTBeHHO, [Pa3/0KUTh paccMOTpeHHBIH B 3ajaue 11 no-
JuHOM ((z) Ha JHHEHHBIE MHOMXUTEJH. |

41. Bcsaxuil HeoTpHLATeNbHBIH IOJHHOM IO KOCHHYCAM MOMET
6LITh mpeicTaBJeH B BHJE

g =@} (2=¢?),

rae h(z)=x,+x24+%2*4...4+x,2" —nouHOM C BewecTBEH-
HblMu Koa(duiuenTamu H & BelLeCTBEHHO,
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42, TTokaszath, 4TO yKalaHHoe B 3anaue 40 mpencTaBjieHHe He-
OTPHLATEJBHOIO TPHTOHOMETDHUECKOro MOJHHOMA BO3MOXKHO, BooGie
rOBOPS, HECKOJBKHMH CIOCO0aMH.

43. llokasars, uyTo B 3amauve 40 cpef BceX MOJMHOMOB h (2)
MOXKHO BbIGpaTh OOJAJAIOWUA CAELYIOUHMHE CBOHCTBAMH:

) mpu |z2|<<1 h(2) OT7HUEeH OT HYJS;

2) h(0) — nosoxkHTeNbHO® BellleCTBEHHOE YHCJO.

[Tpeanonaraercs, uto g(9)=%0,

§ 6. HeorpuuatenbHbie HOVHMHOMbI

44. Beakywo ey pausoHaabHYH (yHKIHIO, HMEWIYI A1
' BCeX BEIECTBEHHBIX X HeOTpI/IL[aTeJIbHLIe 3HaUeHHS, MOKHO TpeJicTa-
sutb B ¢opme [A (X)*+[B(x)]’, rme A (x) u B(x)— uemwie paruo-
Ha/JbHble (YHKUHU C BeleCTBEHHBIMH KO(PQUIlHeHTaMH.

45. Besakyo neaywo pauHoHalbHyro QYHKIIHIO, HEOTPHIATENbHYIO
IS HEOTPHIATE/IbHBIX X, MOMHO TPeICTAaBHTH B dopme

[A )T+ [B (0)F 4 *{[C ()]*+[D (1)}

rze A (x), B(x), C(x), D(x)— uesnpe pauHoHa/bHbe (QYHKIHH C Be-
IIeCTBEHHBIMH KO3(PpuuHeHTaMH,

46. Beakywo nenyio panpoHanbHyo GYHKUMIO n-11 CTENeHH, HMero-
Iy B HHTeépBase —1=x={1 JUIIb HeOTpHUATe/bHBIE 3HAYEHHS,
MOXKHO TIPEICTaBHTL B (hopMe

[A ()P +(1—x%)[B(x)P,

rie A (x) u B (x) — uesple pansoHaabHble QYHKINE COOTBETCTBEHHO A-ii
B (n.—1)-i cTenmeHell, HMeIOlMe BenieCcTBEHHbe Ko3phHuNeHTH. [41.]

47. Beakywo uesayw panHoHasbHY0 OGyHKuHIO n-i ctenend P (x),
OpIHHMAULYl0 B HHTepBalle —l<Cx={1 J/HWb HeoTpHLATe/bHEE
3HayeHHst, MOXKHO MPEACTaBHTb B hopme

[A 0P+ =0 [BXP+1+x0[CH)F+ (1~ [DX)

¥ TPUTOM TaK, 4TOGHl BCe YeThlpe cJaraeMblX ObIIM camoe 0oJbliee
n-# crenend.

Ecmu P (x) —crenenn 2m, TO MOXKHO BBIOpPAaTb Takoe IpeACTaBJe-
Hee, npu koropoM B (x)=C (x)=0, A (x)— crenesn m u D (x) —cTe-
nenu m— 1.

4£8. MoxXHO /M KaxkIyIo Heayo palHoHaIbHY0 GYHKIHW A-H CTe-
Helé)ﬁ P (x), nonoxurensuyo B uHTepBane —1 < x < 1, npeacrasurh
B ¢opme

=S A (1 —x)* (14,

Tie A=0, at+f=<<n, o 4 P—neible HEOTPHLATENLHBIE UHCJIA?
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49. Kaxzas uenas pauuoHaabHass GyHKuus P (x), NONOKHTENb-
Hasg B uHTepBajse —1 <x<C1, MOxKeT OuITh mpejcTaBjeHa B (opme

Px)= 3 A(1—x*(1+xP,

rie A=0, o u § — uesable HeoTpuliaTeJabHBIe YHCTA,

§ 7. MakcMMyMbl ¥ MHHHUMYMbl TPMIOHOMETPHYECKHX NOJHHOMOB

50. Ilycmp
g(0) =M +2; cos O+ pysin -+ A, cos 28 -+ p, sin29 4.
eoot A, cos G-, sinnd

—HeOTpHI_laTeJ'IbeII':I Tpl’lI‘OHOMQTpH'—IeCKHﬁ NOJHHOM 7-TO mopsAjiKa cO
CBOOOZHBIM HJICHOM, paBHBIM €IHHHIE, T. €.

2n
1.
7”0”-‘% Sg('ﬂ‘)dﬂ=1‘
i
Toraa
g@<n+1,
PaBeHcTBO OyjJeT NOCTHIAThCS TOJBKO NPH YCJOBHH

gO) =g | L 22 b 2r f= 142 cos (8 — 0,) 4

n—1

1 .
+2n+1 cos?(ﬁ—ﬁo)+...+2;l—_|_—1cosn(ﬁ——m‘}o) (2 =¢l (B—"00)

u ¥ =17, (nm Boobme ¥ =90,+2kn, k=0, =1, =2, ...
51. ([Ipomomxenue.) ITokasars, uTo
Atun<<l.
PaBeHcTBO JOCTHTaeTcd JIHIUBE KOTZA

g(0)=1+4cosn (8 —93y).
852. (Ilponomkenne.) Tlokasars, uTo

2 2 - g T
A4 ui=<4cos FERL
83. Cpennee reomerprueckoe [I1 48] neorpuuareanHoro, He pas-
HOTO TOX/JECTBEHHO HyJI0 mosHHoMa g () ecth
2n

1
o Slng(ﬂ)a’ﬁ

PR = |h (0)|2=[h(0)]%,

rze g (9)=|h(¢'%) |*— onpenenennoe B 3anaue 43 «HopMaTLHOE mpes-
CTaB/IeHHe» noJuHoMa g (T).
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B4. Tlyctp HeoTpHLATENBHLIA HE DABHBI TOXKJIECTBEHHO HYJIO
MOJIMHOM 71-TO TOpPsiIKa

g () =A,+A; cos O+ p,sin 424, cos 20 +p, sin 20 +-....
..t Ay cos nd 4, sinnd
HMeeT B KayecTBe CPeJHero reomeTpHueckoro eauuumy. Toraa
g() <4
PaBeHcTBO J0OCTHraeTCsl TOJBKO [JsI TOJHHOMA

g (%) :(2 cos ﬁ‘z‘%)g"

¥ np# yeaoBun ¢ = &, (uan Boobuwe § =0, 2kn, k=0,+1,4+2,..).
55. (Tlponomxkenue.) Cpennee apudmeruyeckoe moaunoma g (%)
YAOBJIETBOPSIET HEPABEHCTBY
2n
1 2
b= o Sg(ﬁ)dﬁé( ”).
§

n

Korzia mocturaercst paBeHCTBO?
56. (IIpoxonxenue). [Tokasatb, yTO

— 2
]/7»;,+pv<2<n_:v) v=1,23, ..., n.

Korza 3gech GyJeT AOCTHUrarbCsl paBeHCTBO?

§7. TpuronomeTpHueckKiHi NOJHHOM Ge3 CBOGOIHOro uJjeHa
g () =M, cos O+ p, sin® -+ A, cos 20 + py sin 20 +...
ook Ay cos n8 + py, sinnd,
He paBHBIH TOXJECTBEHHO HYJIO, HE MOXKET COXpaHsTh [Js BCexX 3Ha-
uyenu# & nocTosiHHm 3HaK., Jlokasatb 3TO 6e3 NPHUMEHEHHS HHTe-
rpajbHOTO HCYHC/ICHHS.
58. Ilyctb yepes —m u M o0f603HaueHBH MHHHMYM H MaKCHMYM
TPUTOHOMETPHYECKOI'O NOJHHOMA 7-TO TOpSAAKa
g(8)y=»A cos®+p,sin® -+ A, cos 20+ pysin 20 +...
voot A cosn® fp,sinad, m=0, M=0. [57.]
Tlokasatb, 4TO
M<nm, m=<nM.

B59. TlepBas uHTErpajnbHas TeOpeMa O CPeHeM 3HAUEHHH MOKeT
GuITh /st TPHTOHOMETPHYECKHX NIOJHHOMOB yTOUHEHA CeAYolUM ofpa-
soM. Ecan g(4) — TpuroHoMeTprueckuil MOJMHOM 7-ro ToOpAjAKa C M-
HIMYMOM m ¥ MakcumymoMm M, To

M—m
n4-1"

21
M— |
m+n—+;n<2~n§g(ﬁ)dﬁ<M—
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60. [Tyctb —m ectb MuHUMYM, a M — MakKCHMyM TPUTOHOMET-
PHYECKOTO MOJHHOMA 1-TO MOPsiKa
g(®)=MA+rcos®+u,sind+Ar,cos 20+ p,sin28 4...

«.. Ay cosn®+p,sinnd,

Toraa nmbo m, au6o M Goavme yem )/ Az pi, PaBeHcTBO

m=M=Vh+p;
6yJeT BBIIOJHATBCA JHLIbL JJIST NOJMHOMOB
g (®)=ccosn(t—170,).

61. Croxxum 7 rapMOHHYECKUX JBHKeHHH, nepHOJbI KOTOPHIX
‘ 1

HaxojATCA B OTHoWleHusx 1: %:3: %; tbassl npon3BosbHLL [lo-
Ka3aTh, YTO MaKCHMaJbHas 3JOHTAIHA Pe3yJbTHDPYIOWEro ABUXKEeHHA
GyjeT caMoe MeHblllee paBHa cpejHeMy apudMeTHYeCKOMY aMILIUTY]
c/1aralollix TapMOHHYECKHX JBHKEHHH. ’

Bonpoc cBojutcss B 0603HaueHHAX 3aiayd 58 K J0Ka3aTelbCTBY
HepaBeHCTBA

M>yw+ﬁ+Vﬁ+%+m+Vﬁ¢ﬁ

n

(YTouneHune TeopeMel 50.)

§ 8. MakcumyMbl H MHHHMYMBI MOJHHOMOB

62. ITycts P (x)— noJuHOM n-H CTemeHH CO cTapiuuM Kosddu-
unentom 1. Tloxkasatk, uto mMakcuMym | P (x) | B uHTepBate —1 =<<x =<1

He MOXeT ObITb MeHble ueM Ecin B uHTepBae —1=<x<<1

P
I
| P (%) | <377

10 P (X) OT/IMYaeTcsl OT ompejeNeHHoro Ha cTp., 85 moauHoMma T, (x)
JHUIIb TOCTOSHHEIM MHOXHTeseM. [60.]

PaccMoTpHM COBOKYNHOCTH BCeX MOJHHOMOB n-H CTENEHH CO CTap-
wuM Ko3(duuneHToM 1, T. e. HNOJHHOMOB

Px)=x"+ax*+tax2+...4a,

¢ moGHIMH KOMIJIEKCHBIME Kos$duieHTaMu a,, Gy, ..., 4, Obo3Ha-
yum uepes W, (x, P) MHHEHMYM MakcuMymoB Bcex | P (x)| B uBHTepBase
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a=<x=<<PB. Teopemy 62 MOxHO Torja (opMy.MpPOBATb CIeNYIOWHM
o6pasoM: npu a=—1, =1 sror ¢<minimum maximorums

1
b (—1, 1) =gy

83. ITokasarn, yto
we (e B)=2 (%) 2 (1)

Taxkum o6pa3oM, IJIs CYLIeCTBOBAHHA NOJHHOMOB CO CTapUIHM Ko3(-
¢unuentom 1, mpoM3BOJLHO MaJfblX PaBHOMEPHO BO BCEM 3alaHHOM
HHTEpBaJe, HEOOXOZUMO M J0CTAaTOYHO, YTOObl AJHHA [ 3TOro MHTEp-
Baja Oblia MeHbllle YeM 4.

64. Ilycth mepemeHHast X MSMEHsieTCS B JABYX DABHEIX HHTepBa-
JaX, MOJYYAIOWMXCs MYTeM yAaJeHHst U3 HHTepBana o << x << f§ unTep-

Bajia AJHHBL d C HEHTPOM Oi-é—_ﬁ; d<<p —a=1[. Ilycrp, nanee, n, Gy-

JeT HUXKHSAS TpaHb MAKCHMYMOB BCEeX IOJUHOMOB n-H CTENEeHH Co
crapuiaM Koa(puiuentoM 1, B3ATHIX B 3THX ABYX MHTepBasax. Torza

}M=2cgmﬁ

n—1 n—1

d<l21_(5d2‘)7<unél<ﬂ;id2>7

NpH N YETHOM U

mpH n HevyeTHoM. [63.]
65. PaccMoTpuM COBOKYNHOCTb IOJHHOMOB n-H CTENEHH

Q(2) =2"4 b2 14 bzt +...+ b,

rae kosbdunnentsl by, by, ..., b,— IPOH3BOJILHEIE . KOMILJIEKCHEIE
yucaa. IlokasaTe, uro MakcuMyM |Q(2) | Ha eIHHMYHOH OKDYKHOCTH
|2|=1 He mMoxkeT ObITb MeHbIIE eIMHHIE W paBeH eJuHHIe JHUIb
g Q(z) =2~

86. Teopemam 63 1 65 MOXKHO JaTh CJEIYIOLLYIO TEOMETpHYe-
CKYIO HHTepIpeTarHio.

[Tycte B nnockocTd JaHel n GUKCUPOBaHHBIX ToueK Py, Py, ..., P,
n nepemenHas Touka P. Torza dynxuns

PP,. PP, ... PP,
3T0H TOUKH P (PPV—-paCCTOHHHe MeXK1y ToukamH P u Pv) HMeeT Ha
I \n
KaXJOM OTpeske JJHHBI [ MaKCHMyM He MeHbIle yeM 2(1) U Ha

KaxJJOoH OKDYXKHOCTH paZHyca r MaKCHMYM He MeHblle yeM 7", EJuucT-

BEHHbI BO3MOKHBIH NpelenbHLIH caydail Oyler Aasi oTpes3ka, Korja

Touku Py, P,, ..., P, pacupejeseHbl Ha 3aJaHHOM OTPE3Ke KaK HYJH
4 T. Iloana, T, Cere, y. II
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nosuHoMa YebGoimesa T, (x) [1] B untepsase [—I1, 1], a 119 okpyx-

HOCTH — KOTJa Bce Toukd P, P,, ..., P, cOBnazaioT c ee HEeHTPOM.
JlokazaTh, UTO 5Ta TeopemMa BepHa ¥ B TOM cJyuae, KOrja ToU-
ka P,, P,, ..., P, IpPOH3BOJbLHO pacnpeiesetsl B IPOCTPAHCTBE.

§ 9. Unrepnoasunonnas dopmyaa Jlarpanxa

Ilycts X%y, X5, .., X, — JiOOLIE OTJIHYHEIE DY OT Apyra BelIecT-
BeHHbIe WJH KoMIJeKCHble ymcya. ITosomum

f)=ag(x—x)) (x—2x3) ... (x—x,) (a,5%0),
f (x) — 1 f(x) — (x—x1) ... (= Xya1) (X —Xy1) oo (K —%p)
v F (o) x—xy Ky —%1) oer (Ky—Xyo1) (v —Xyy1) ... (Xy—Xp)

(v=1, 2, ..., n).

Torna xaxjpift nonwHoM (n— 1)-A CTenmeHM MoxKHO OyfeT BHIPa3HTb
yepe3 €ro 3HaueHHs B TOUKAX X, Xy, ..., X, CJELYIOHIUM OGDa30M:

P(x)=P () [ () + P (x2) fo (0) +- ..+ P (%) [ (%) *)

(unmepnoaayuoknas gopmynra Jazpanxca). TlonuHomsl f,(x) Gynem
Ha3bIBaTh (DYHOGMEHMANLHOIMIL NOAUHOMAMY HHTEPIOMSALHH.

67. Ilycrb mosunoM n-# crenenu
F)y=ax"+ax*'+...4a,x+a,

HMeeT OTJIMUYHLIE JDPYT OT JAPYra HYJH Xy, Xy ..., X,. lOrga

U_Zn % [0, ecmn Osk=n-—2,
k_v=‘1f'(xv)_ ay', ecan k=n—1.

Hanee npu k=n, n--1, ..., 2n—2 0, He 3aBUCHUT OT a,; ank—
= 2n— 1 oHo BeIpaxaercs JuHelHO uepe3 a, C KOS@(bHuHeHTaMH — a2
68. (Tlporomxkenue.)

n

2 kef = (x,) —xkf ®) _ 0, eum O<<k<<2n-2,
[F" (&) a,?, eco k=2n—1.

v=1

698. (ITporomxkenne.) Ilycts x;, X5, ..., X, OTIHUHBI OT O 1 —1,
JlokasaTb, uTo

21 (%)

Ty ey = D (—xx . x).
=1
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70. Iycts x4, X, Xoy ..., X,-—IPOM3BOJIbHBIE [EJbIE YHCAA,
Xy <Xy < Xp<...< Xp. IToka3arh, 4TO KaKAblili MOJHMHOM n-i CTe-
[eHd BHAA

taxrttaxt.. . Ja,
NpHHUMAET B TOYKAX X,, X1, Xs, ..., X, 3HAUEHHH, H3 KOTOPHIX no

KpaiiHeH Mepe OJHO IO a6COMOTHON Be/IMUKHE GOIbILe HIH paBHO & 5+

71. BosbMem B KauecTBe TOUEK HHTEPHOJSILUMM HYJH MOJHHOMA
T, (x) [1], 1. e. uncaa

xy=cos@v—1),- (v=1,2, ..., n).

Torja ¢yniameHTanbuble NOJHHOMHE OYAYT
(=) T2 T, (%
fv (%)= V

X —Xy
Taxum obGpasoM, kaxiwi noauHoM (n— 1)-& cremenu P (x) MoxKer
6LiTh NpEACTaBJeH B ¢opme

n

Pr)=1 3 (—1) 1V T=5 P (x,) 12

7 — %y
v=1
" 72. Bo3bMeM B KauecTBe TOUEK WHTEPIONANMH HYJH MOJNHHOMA
U,(x) [1], 7. e. uncaa

(v=1, 2, ..., n).

%, =cosv 2y v=1,2, ..., n.
Torza dbynpameHTaNbHblE MOJIHHOMBL GyRyT
1—x2U (x) ‘
fv (%) = (—1)v-1 n_!_lvx”_x v=1, 2, ..., n).

Takum o0pasoM, KaxIplii HoJdHOM (17— 1)-it cTemenu P (x) MoxeT
CpiThb mpejcraBieH B (opme

PW=m X DY (1—x)P (o) g2,

— Xy
v=1

73. Bo3bMem B KayecTBe TOYEK HHTEDIOJISHUMH HYJAM MOJMHOMA
T
2(x)(x*—=1), 1. e. uncsa Xy=CO0sV-- v=1, 2, ..., n—1),

a Takxe TOUKH X,=1, x,=—1. Torna q)YHLlaMeHTaJIbeIe NIOJIHHOMEI
Cyayr

f (x) (—1) Un- 1(x)(x2_l) (V=1, 2, . ﬂ——l),

fo (X)=§;IU,,_1(X) (X+ 1)7
Fa(0) = GL Uy (1) (= 1)

4=
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Taxkum 06pa3oM, KaXkJelii MOJIHHOM n-# creneHH P (x) MoXeT GLITh
HpeJICTaBJIeH B (opme

P(X)= Upt () [P (1) (x+ D)+ (1) P(=1) (x— D]+

n—1

+ % 2 (__l)vp(xv) Un-i(x) (x2—1) .

X—Xy
v=1
74. Bo3sbMeM B KauecTBé TOUeK HHTEPHOJHPOBAHUS KODHU n-i
2miv
CTemeHH M3 eJMHHUM &,=¢ " (v==1, 2, ..., n). Torza ¢yHlamen-

TaJIbHblE TITOJHHOMBI 6y,ZIYT

gy 7 —1 '
fv(x) vx——s_ (V=1,2,...,n).
Takum ofpasom, aias JwoGoro nosuHoma P (x) cremeHn #— 1 umeer
MeCTO pasJoXeHue
n
1 2 x"——l
T n x—-av

75. ITycte nosuuombl P (x) u Q (x) oGa n-it CTENeHH U Xy, X1, Xy, .-
...y X, —Tpou3BoJbHEEe n -+ | OTJHYHBIX APYT OT Jpyra UJAH YacTHYHO
COBMAJIAOIHX BELECTBEHHHX HJH KOMILIEKCHHIX uHuces. Ilokasare,
yto u3 n-t+1 ypaBHeHus
P(xg)=Q(x0)y P (x)=Q (x1), P"(xs)=0Q" (%), ... .

cos PO (1) = QU (x,)
BHITEKaeT TOXKASCTBEHHO
P (x)=Q(x).

76. [1na mobux n--1 uucen ¢, ¢y, Cyy ..., C, BO3MOXKHO U IIPU-
TOM eIMHCTBEHHLIM OGpa3oM MOCTPOUTL moJuHOM P (x) cTemeHu == n,
YOBJIETBOPSIIOIME  YCIOBUSAM

P0)=c¢y P' (I)=0¢;, P"(2)=0y, ..., PP (n)=c, [75].
IToka3arh, uTO 3TOT nojuHOM P (x) MoxKeT OBITb NpeJcTaBJjeH B popMe
Px)=P(0) Ag(x)+ P (1) Ay (x)+ P"(2) Ap (x) ...+ P\® (n) A, (x),
rae ' ‘

‘Ao(x), A (%), ..., Ay (x)

MPEACTABJSIOT COGOH UMCIEHHO BIIOJIHE OINpejieNieHHble, He 3aBHCsIlHe
OT MPOW3BOJIbHO 3afaHHBIX 3HAYEHHH

Co=P(O), Cl':P'(]), 'l“’ cn=p(n)(n)

[IOJIHHOMbB (B H3BECTHOM CMEICTe «DyHAamMeHTa AbHblE IIOJHHOMELY 3TOH,
CYWECTBEHHO OTJIMYHOHR OT JarpaHeBoH, WHTEPNOJANMH).
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§ 10, Teopemst C, Bepnmteitna n A. Mapkosa

77. [l COBOKYNHOCTH NOJHHOMOB (n — 1)-# cTenenu
P(x)=apx* ' a4 Ay,

YAOBJIETBOPAIOIUX B HHTepBajle —I <l x=<<1 HepaBeHCTBY
VI—£2|Px)|<l
HauboJiblilee 3HAYCHHE, KOTOPOE MOXKET NPHHUMATh KO3(MPUIHEHT | a, ],
paBHO 2771, T. e,
| ap | =< 271,

PaBeHCTBO J0CTHraeTcs TOTJLa M TOJMbKO TOrAa, Koraa P (x) =9yU,., (x),
rze |y|=1. [71.]

78. Tloayuutb U3 73 HOBOE JOKA3aTEJLCTBO TeOpeMhl 62,

79. TlonyuuTs u3 74 HOBOE J0KA3aTeJbCTBO TEOPEMHI 65.

80. PaccmorpuM Bce nomuHOMBl (n— 1)-#i cremenu P (x), yIOB-
JIETBOpAIlOLIMe B HHTEpBajde —1 << x =1 HepaBeHcTBY

VI—x|P@x)|<1
[Tokasarb, 4yTO B 3TOM HHTEpBAJE
[Px)|==n (—l=sx=1).

PagenctBo jocturaercst Juib aas P (x)=yU,_;(x), rze |y|=1, u-
npu x==1.

81. [loxaszarb caenyouiee 0000IeHHe BTOPOrO HEpPaBEHCTBA 3a-
Jaun 7. HyCTb

S(9)=p,sin ﬁ—l—pz sin 20 - puy sin 3¢ -.. —]—p,, sin nd

— mo60H TOMHHOM 71-TO NOPAAKA IO CHHYCaM C BelleCTBeHHBIMH KOXD-
¢uLHeHTaMHi, yJOBJIETBOPSAIONHI HEPABEHCTRY

|S(9)|=1.
Torna :
S(9)

sin® |

PaBeHcTBO J0CTHraeTcsl TONALKO AJs S(x‘}) =+ sinnd.
82, ITyctb TpHTOHOMETPUUECKHI NONHHOM A-TO MOPAIKA C Be-
LeCTBeHHBIMH K03(duLHeHPaMU

g (%) =2+ Ay cos O 4-pysin® A, cos 20 Py sin 26 +-.....
" vest-Apcosnt -, sin nd
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YAOBJIETBOpsieT IPH BCeX BeleCTBEHHbIX 3HaueHUsAX U HepaBeHCTBY
lg(0) <1

Torna
lg’" (0)[<n.

[PaCCMOTpeTb S(9) = g(ﬁO“’ﬁ)—g(ﬁo—ﬁ) 9= 0]

83. [lycrs nmosmHOM n-it CTeHeHH P(x) YIOBJIETBOPSIET B HHTEP-
Baje —1 = x=<1 HepaBeHcTBY | P (x)|=< 1. Torzma

| P (x) | = n*

PaBeHCTBO JOCTHTaeTcs TONBKO AJIA P (x) =yT,(x), |y|=1,x=F L.
[Paccmotpers P (cos §).]

§ 11. Hoannombt Jlexanapa M pOACTBEHHbIE MM

IHoaunomor Jlescandpa
P,(x), Py(x), Py{x), ..., Py(x),

2

OIpeNesIAIOTCS CJeNYIOUUMH YCIOBHAMHU:
1) P,(x)—nosuHOM n-i CTeleHH C BelIeCTBEHHLIMH Ko3PbuLHeH-
TaMu '), 1/1si KOTOpOro

1
SPn(x)x"dx=0 (v=0,1,2,...,n—1; n=1).
|

2)

-

[P, ()] dx = (n=0, 1,2, ..).

2
2n4-1
—1
3) Koabduument npu x* B mogudHomMe P,(x) (n=0, 1,-2,..)
[OJIOKHTeJIeH.,
[TepBoe ycsoBue OsHauaeT, YTO, KAaKoB Cbl HH OBLI MOJHHOM K (x)
(n—1)-#i cTenmeHu, UMeeT MeCTO COOTHOLUEHKE

1

{ Pr(x) K (x)dx=0

—1
Orciona cienyer, 4To ycjosueM 1) mosmHoM P, (X) OfHO3HAYHO Ompe-
JeaseTCst ¢ TOYHOCTBIC 0 TMOCTOSHHOIO MHOXuTess. JleHcTBuTenbHO,
nycts Pj(x) —IOJHHOM, YAOBJETBOPAIOMUA 3TOMY YCJOBHIO; TOrJa

1) ITpeanosokeHUe BellecTBEHHOCTH KObHHIKEHTOB MOMKHO OTOpPOCUTH, Haj-
JewallyM o0pasoM H3MeHHB eTany onpejesenud. CM, Takxe 98, 99, 100.



OTJEJ MECTOY, § !1 103

5TOMY K€ YCJOBHIO OyleT YyJIOBJeTBOPATb H aP,(x) —bP% (x) (a=~0,
b==0). BulepeM mnoctosHHbE a H b Tak, uyTo6n aP,(x)—bP}(x)
Ob110 MOJMHOMOM (n— 1)-H cTemeHu; TOrza #3 TOMK/IeCTBa

§ [P, (x) — bPE (] dx=a gl P, (x)[aP (x) — bP% (x)] dx —
—1 —1
1

—b \ Pi(x)[aP, (x) —bPj (x)] dx=0

=1

Oyner caefoBatb, uto aP, (x)—bPj (x)=0. Uz 2) crenyer, nanee,
yto |a|=|b|, a u3 3)—uro a=>s.

Hnrerpanbuble ycaoBusi 1), 2) MOKHO OOBeIHHHTB B CJjenyomieft
q)opMyne'

0, ecau m=~=n,
S Pn(x)P,(x)dx=] ¢ " Tm, on=0,1,2..)
ST e m=n

(ycJ0BHST OPTOTCHABHOCTH).
84. Ilokasarp, yt0 P, (X) C TOYHOCTBIO MO IOCTOSIHHOTO MHOXH-
Tessl paBeH n-# NpousBOAHOH OT (x%— 1)

1 dr

P (%) = gy g (

¥r—1)
(chopmyaa Poc)puaa)
85. (1P, (1) =
2 2
S e et e
88. [lonunom P, (x) MOxeT GHTb NpPeACTaBJEH B HHTErpajbHOH
¢dopame
' -
= g (x+Vx®=Tcos ) do

0

Py (x)=

(popmyaa Janaaca).
87. Mexny Tpems nocsefoBaTe]bHBIMH moJuHOMaMit Jlexannpa
CyLIeCTBYeT pexyppeHTHoe COOTHOLLEHHE

P, (x)=2=1 "lp 0 (n=2 3 4 ..).

xPn l(x)
88. CyuiecTByer eIuHCTBeHHBIi IOJHHOM n-ff creneHd S, (x)
C BellleCTBEHHbIMH KO3(XpUIHeHTaMH, YAOBJETBOPSIOIMH COOTHOWEHHIO
1
{ S.( K (x)dx=K (1)

-1
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I1s Bcex mnoamHoMoB n-ft crenmenu K (x). Ilpeacrasute S, (x) wu
(1 —x) S, (x) B Bune JHHeHHOH KOMOGHHALMH TOJHHOMOB JlexaHupa.
[[IpeactaButb Tak ke K (x).]

89. (Ipoxosmxkenne.) IoauHomu

So(x), S;(®), S;(x), ..., S, (%), ..

yllOBJISTBOP AT COOTHOWIECHHUAM OPTOrOHAJ/IEHOCTH

0, ecaH m=~n

1
—Sl(l—x)Sm(x)S,,(x)dx={n_-;-_ly cemt ey M 1=0,1,2,..

90. [Tokazats, 410 P, (X) YIOBJETBOPSET OXHOPOLHOMY JIHHeH-
HoMy jauddepeHIna bHOMY YpPaBHEHHIO BTOPOTO IOpsijKa

(1—x?) P} (x) — 24P}, () - n(n +1) P, (x) =0

91. Jlist JOCTATOYHO MAjiOTO @ HMEEeT MECTO Pa3JIOXKeHHe B CTe-
eHHOH pfAx

1
V1—2%w-Fuwt

(«pousBoAAINE psAn» A NOJHHOMOB Jlexannpa).

92. Bruisectu 84, 86, 87, 90 menocpezncrserno u3 91. (91 MoxHO
IPUHATD TaKXKe 3a Onpele/eHHe IOJHHOMOB Jlexkanapa W IpHTOM
3a OmpeneseHHe, 3aHHMAONIEE «LIEHTPaAbHOE TIOJIOXKeHHey, HGO OT Hero
K GOJIBIIMHCTBY CBOHCTB 3THX NOJHHOMOB BenyT Haubosee yaoGHble
IyTH.)

93. lokasars, uto P, (cos®) mnpencraBaser co6oii IOJUHOM IO
KOCHHYCaM C HeOoTpHlaTeJbHBIMH KoadduuueHtaMu., OnpeaesuTs 3Tu
Ko3dhpuuuenTsl. BolBecTH oTClIOAa HEPABEHCTBO

|P,(x)| =<1 (—1l=x=1).

=Py(0)+PL(x) W+ Py (¥) w4+ .+ Py (x) 0"+

Eciu n >0, paBeHCTBO JOCTHraeTcsl JHIb IpH x=1 uian x=—I.
94. [Tpu x>1 noc/enoBaTebHOCTD

Po(x), Pl(x)’ PQ(X),...,P,,()C),

MOHOTOHHO BO3pACTaeT.
95. CymMmma n nepBeIX TOJMHOMOB JleXaHnapa HeOTpHILATe/bHa
B uHTepBale —l=<x=C1:

Py (x)+ Py (%) + Py (%) +...4 Pr(x) =0.

PaBeHCTBO AOCTHraeTcsl JIMUIbL KOria n HewetHo w x = —I1. [IIT 157.]
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96. Ilpu yeTHOM n cymMMa n NMepBBIX NOJHHOMOB JlexaHipa
Py (x)+ Py (x)+ Py (¥) +... 4 Pr (%)

NOJIOXKHTe/IbHA TIpH Beex 3HaweHusix x. Ilpm n HeueTHoM 3Ta cyMma
NMeeT B TOYKe X = —1 eqMHCTBeHHOe H3MeHeHue 3Haka, [94.]

97. IToxasarb, yto n-ii nosnHoM Jlexkanapa P, (x) HMeeT JHIIB
BELIECTBEHHBIE ¥ TIPHTOM IIPOCTbIE HYJIH; BCe 3TH HYJH JexXaT BHYTPH
untepBaga [—1, 1]. [11 140.]

98. O6o6umnTh TeopeMsl 84—91, 97 Ha noaurnomst fkobu (runep-
reOMeTpUYECKHE TOJHHOMBDI)

PPP @, PP, PEPG), o PEP@, e (o B>,

onpefielisieMble CJEYIOWHMH YCJIOBHSIMH:
1y, 2) PP (x) ecTh mOMMHOM n-#t CTENEHH C BellleCTBEHHBIMU
Ko3hhHLHeHTaMH, Y0BJETBOPAIOUINA COOTHOIIEHAAM
1
{ (1—0" (0 +0°P5 P (x) P P (x) dx=
—1
0, ecau ms=£n,
={ 20481 T (nta+ DT (n4B+1)
2nt+-a+B+1T (n+ DI (ntoa+p+1)

eCJIH m=n
(m, n=0, 1, 2, ..)
(npn n =0 nocJeJHee BEIpaXeHHe N0/KHO OHITb 3aMEHEHO CJIeyIOLHM:
2a+6+1 M@ + 1) )
(@+p+2)

3) Koatbdumpent npr x* nomnoma P& P (x). mosnoxuresnen.

I1pn HexoTOpHIX cCrelMaJbHBIX 3HAYEHHAX @, [} 3TH MOJHHOMBL
IPUBOJATCA K yXKe H3BeCTHBIM noJuHoMaM P, (x), S,(x), T,(x) u
U, (x). ImMenno npu

a:o, 1, _‘é‘, %‘7
1 1
§=07 07 T o DL
1. 2n—1 .2 1
PP (1) = Py (0), sy Snlh — 5 L T ), 2 520U, o)
[Cm. cTp. 102, . 89, 4, 4.]

(Kosdpdpuunent npu T,(x) B cryvae n=0 3amenurs Ha 1.)
99. Pacnpoctpanute Teopems! 84, 85, 87—91, 97 Ha 0606uwen-
Hole noauromvt Jlazeppa

@, LY, L), s LPW), . @>—1),

oripefie/iieMbie CJCAYIOIUMH YCJIOBHAMH:
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D, 2) L® (x) ecTb mosmHOM n-fi CTENeHH C BelleCTBEHHLIMH KO-
huMeHTaMH, YAOBJCTBOPSIOMIUE COOTHOLIEHHSM
[oo]
[ e*xe L () LI (x) dx =
0

0, eca m=£n,
{ (m, n==0, 1, 2, ..).

INGES 1)(n+a>‘ ecm m=n

3) Koabdunuent npu x® B noauHome Ln (x) uneer smag (—1).
100. [loxasaTh TeopeMnl, aHaJordyune 84, 87, 88, 90, 91, 97,
IS nOAUHOMO8 I pmuma

Hyx), H (x), Hy(x), ..., H,(x), ...,

OTpefieNIieMbIX CACAYIOUWUMHA YCJIOBU IMH:
1), 2) H,(x) —noJHMHOM n-H CTeneHHd C BelleCTBeHHBIMH KO3h(H-
IIHEHTaMH, " YIOBJETBOPSAIOILUH COOTHOIIEHH AM

o g [0 ecay ms=£n,
Se_zy () Ho ( =y (m,n=0,1,2,..).
R ]l n.“ , €CJH m=n

3) Kosddunuent npu x* B mosuHome H,(x) umeer 3suak (—1)~.
101. [l onpenenennbix B 98 u 99 dynxumit Py P (x) u L (x)
HMeeT MeCTO IIpeJleIbHOe COOTHOIIeHUe

lim PP (1—e) =LY (x),

f—too

rie € IpH BO3PACTaHHH f CTPEMHTCA K HYJIO TakuM 06pasoM, yTo
lim &f =2x.
p—too

102. Onpesnenerntie B 99 u 100 dynkuun LS (x) u H,(x) ces-
3aHEl MeXAY COOOH COOTHOIIEHHSMH

e —3)(x
H2q(x)“‘1.3-5...(2q—1)Lc<z 2>(
(=t

! 2
Hypy (1) = mugﬁ (g) (g=0, 1, 2, ..).

§ 12, Ilpoune 3apaun Ha MaKCUMyMbl H MHHHMYMSbI TI0JHHOMOB

103. Ilyctb P (x)— moGo# NOMMHOM n-H CTEreHH C BellecTBEH-
HLIMH KO3(QuIMEHTAMH, YIOBJIETBOPSIOMME YCIOBHIO
1

([P()Pdx=1.
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Toraa B HHTepBane —Il =Cx=<1

n 1
P ="
PaBeHCTBO JOCTUTAETCs JUlllL JJI5

Pxy==t_—= V2 S, (x) [88] mpu x=1
14

P(x)= Sp(—x) upn x=—1

%
n—[—l
(n>0). [Huterpan or [P (x)]* nupencraBjser co6od KBanpaTHUHYIO
t¢opMy 0T n--1 onperessiiollMX NOJHHOM BeJMUYHH; MOCTapaThCs
BhIOpaTh HX TaK, YToOH 3Ta KBajapaTHuHas (opMma IPHBEJIACh K CyMMe
n--1 xBanpaTos. |

104. [lyctb P (x) — moBoil moJUHOM 7-H CTelleHH C BelIeCTBeH-
HBIMH KO3QQUIHEHTaMH, yAOBJIETBOPSIOUIHI YCJIOBHIO"

§ (I—=x)[P(x)Fdx=1.

-1

P=5 (") pni=5 Y (M.

3Ty rpaHunBl HeJb3sl NMOHU3UTD.
105. Ilycts P (x)— npousBONbHEI MOJHHOM H-fi CTEleHH C Be-
11eCTBeHHBIME KO03h(DHIHEHTaMH, YIOBJETBOPAIOUINH YCJIOBHIO

Torna

1
(=2 (1P [PPdx=1,

rme o« H P —rnoctosHume > -—1. OnpejleiTh MAKCUMYMEl 3HaYeHUH
|P(1)] u |P(—1)| nas Bce#l COBOKYNIHOCTH YKa3aHHBIX IIOJHHOMOB.
Kak BeayT cefs1 9TH MaKCHMYMBl 151 GOJIBIIMX 3HAueHHi n?

106. Onpenesnts MakcumyM 3Hauenusi | P (0)| njist COBOKYITHOCTH
BCEX MOJMHOMOB n-# cremenu P (X), YIOBJETBOPSIONMX YCJIOBHIO

o

{esx* [P ()P dx=1,

rme o —rnocrosiiHas >>—1. Kak Bemer ce6f 3TOT MakCUMYyM JJIs
GosbIINX 3HAYeHHH n?
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107. Onpenesmth MakcumyM 3uaueHns | P (0) | nnst COBOKYIHOCTH
TIIOJIHHOMOB n-# cTeneHn P (x), yIOBJEeTBOPSIOMMX YCJIOBHIO

X

o0 2
{ e Z[P(xPdx=1.
—C0
Kax Bezer ce6s 3TOT MAKCHUMyM M5 GOJBIIMX 3HAUEHHH 117

108. Ilycts P (x) — moMMHOM #-# CTENEHH, HEOTPHIATe/bHLIM
B uHTepBatle —l << x=<<1 W y/0BJETBOPSIOWN YCJAOBHIO

Torna
q_(@;ﬂ npH HeYeTHOM n, n=2q — 1,
P(l)=
E’zﬁ NpH YeTHOM 1, n=2q.

Anajornunas oueHka uMeeT Mecto u aas P(—1). D1u rpaHuusl He
MOT'YT OLIThb [IOHHIKEHLI.

109. TlepBasi uHTerpa/JbHas TeopeMa O CpeJHeM 3HAUEHHH MOXKeT
ObITh CHEIYIOWMM 06pa3oM yTOYHeHa [JIs1 I[OJHMHOMOB A-I CTeNeHH.
ITycth P (x) —nosMHOM #7-H CTENeHH, HMEOmHH B HHTepBale @ ==
< x<< b munumyM m u Makcumym M. Torza

1
b—a

b
SP(x)dx<M—Ma—m,

n

M—m
m - o = J
e npu HEYeTHOM n, n=2q — 1, umeeM
a=q(q+1),
a UpH Y4eTHOM 1, n=2q,
an={(q+1)%

110. Ilycts P (x)— HOJuHOM M-  CTeleHH, HEOTpHIATebHBIH
B uHTepBate —l =< x=C1 ¥ yIOBJETBOPAWINI YCJIOBHIO

1

{ 1= (14 %P P(x)dr=1,
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rie o u P —nocrosiHuee > —1, Toraa
1 T@+a+)Tg+a+B+2)
gutpry T DT (@4-2)T @) @+p+1)
P < IpH HEueTHOM n, n=2g—1,
=y I (g+a+2T (g+a+b+2)
20+pry D@41 T (@+-2) T (g+1) T (g4-p+1)
NpH YE€THOM 1, n =24,

OTH rpaHHlbl HE MOTYT OHITh IIOHMKEHEI.

Mensas mecramu o u P, noJsryuaeM COOTBETCTBYIOLIHE TpaHHIbI AJIS
P(—1).

111, Tlycts P (x) —nosMHOM n-#l CTeNeHH, NPHHHMAIOIMH IS
HeOTPHIATEJbHLIX X JHIIb HEOTpHIATE/IbHble 3HAUEHHS H YJOBJETBO-
PAONIUHA yCJIOBHIO

o
{e*xeP (x) dx=1,

0

rje nocrosgHHas o> —I1. Torga

F'(p+a+2) < [nD
< =[5|).
PO<=raryreraresy V=2
dra rpaHnNa He MOXKeT GHITh IOHHMKEHA.
12, ITycrs P (x) —nosuHOM n-H CTENeHH, HEOTpHUATE/IbHHIA A5
HEOTPHUATe/IbHbIX X H YIOBJETBOPSIOMWMI YCIOBHIO
[e o)
{e*P(x)dx=1.

0

Torga
P(0)< [g] +1.

113. (Tponomxkenne.) BooGe mpu moGOM HEOTpHIATENLHOM &
BLIIIOJIHAETCS HePaBEHCTBO

etP (F) < [12’] 11



OTIHEJ CEAbMOU
ONPEJAENIUTE/IN U KBAJAPATHYHBIE ®OPMbI

§ 1. Boiuucnenne onpeneanteneii.
Pelienue JAMHEHHbIX ypaBHEHMI

1. IlepenyMepyem 7 BepIIMH MHOrOTDAHHHKA B HEKOTOPOM OIpe-
JeJIeHHOM TOpAAKe M 3ala/luM 3aTeM OlpefiennTe]b #-T0 NOPsaKa
|@pp| CAELYIOIUMMH YCJIOBHAMM:

Ecau A-1 M p-51 BepIIMHBI MHOTOrpaHHHKA TPE/ICTABAIOT coboit
KOHIBI OJIHOTO M TOr0 Xe pebpa, TO aj, =a,; = 1.

Ecnn e 0OTpe3oK, COeIUHAIOIMH A-10 W W-I0 BEPIIMHEI, He fB-
JseTcss pe6poM MHOTOrpaHHHMKa, TO g;,=0. B uyacTHoCTH, a3, =0
IS BCEX A.

[Tokasath, 4TO "3HAUeHHe 5TOTO ONpeNeJ]HTEeNs He 34BHCHT OT
nopsgka Hymepauuu BepmHH. CoCTaBHTb M BEIYUCJHTH YKa3aHHLIE
onmpeienuTeS M AJaA TeTpa’dipa, rekcasiapa (T. e. kyba) M OKTasapa.

2. BHuHCIHTh

1 1 1 .1
by a a ... q
by by ay ... ay |

by by bs ... aq,

8. Jlokasarn ToxzeCTBO

ﬂ (af ag) (bj —by)

1 n >
i

a. -+ bu

&

v 2, e, *

H (‘ZA +by)

A

4. OGo3HaunM ONpese uTeNb KBaAPATHYHOH (OpMbI

n
e

nM=
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yepe3 D,. Iloxazare, uTo

D — [12r.. . (n—Nn1en
L TN NG TR T T

Boiyucaurs, kpome Toro, onpepemutens D, () KBaapaTuyHOH (GopMbl

2 Z x:,xfia (@>—2).

n——l 1,2 ...,n
5. (o, — b)) = H (n—vy® ]  (@—aw)(b;—0,).
v=1 j>k

6. TlocpeactBom npeoGpasoBanus onpepeautens |F (e;B,)| cBectH
JIoKa3aTesbCTBO TeopeMsl V 86 K Teopeme V 48,
4. Tlycrs f(x)=(ry~x)(ry—x)...(r, — x). Tlokasars, yro

rra a ,..a
I B SO B At
b b ry =727
b b b T

[[IpuGaButh X0 BceM n® 37eMEHTAM MNEPEMEHHYIO ¥; TOJyyaroumuics

TaKHM 06pasoM ompeneJuTenb GyAeT JuHeHHOH (QyHKuHe#d oT X H,
CJIeJIOBaTe/IbHO, ONpPEJCNNTCS 3aJaHMeM ABYX YacTHHIX 3HayeHHH. ]

8. Tosoxum A =ad —bc. Torna

9 (aA, bA, cA, dA)

6(a, b, ¢, d) = 3A%

IJie CTOAIlllee CJeBA BhIpaXKeHHE O3HauaeT (QYHKUHOHAJBHBLIA ompene-
JuTe b 9 KoGH.
9. Jloxasarh, YTO BEIpaXkeHHe

{ m n [
b omtT Tty

+
+

~3 3|~

nop mpnl U0, mk0, a0
l m n
7 owTwm P

Jeautcess Ha p— 2. OnpenesuTb ocTanbHbE MHOMXKHTENH.
0. Onpenenurenn

1, %, &3, oo, an—eml, xnmekl st | (v=1,2,..., 1)
KaK 3HaKOIepEMEHHasda LeJas paluoHa bHasA .(I)yHKUMH n 4yucea X,
X5y «o., X, ACGJMHTCA BO BCAKOM Cjaydyae Ha NpOU3BeJeHUE

1,2, ...,n

11 & —x)

>k
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[Tokasarb, yTO 4YacTHOe OT [€JEHHS ONMpefesJuTe s Ha 3TO IPOH3Be-
JeHHe paBHO ¢-H 3JeMeHTapHOM CHUMMETPHUHOH GYHKIMH A uucen

X1y Xgy vovy Xne
11. Ilycts uucaa a,, @y, Qs ..., @, BCE OTAHuHH OT HYJs. [oka-
3aTb, YTO TpH JMOGOM Z HMEET MECTO TOXKJAECTBO
PRI . T M s W
2] ar @ Qpg On-i
~4 oz 0 .. 0o 0
% n n-1 +
a =@qy2" a2t ... .
of o0 -2 , .. 0 0 02 A @™ A n
a1
a. -
0 o o0 .. ——2i
Ap-2

12. Cucrema ypaBHeHHi

— Q3% - QX3 = by,

a3x1 - a1x3 == b2,

— QX+ QX = b,

X1+ AsXy - asxs =¢,

THe @y, Gy, a3, by, by, bs, c— BelIECTBEHHLIE YHCJIA, COBMECTHA B JIBYX
pasmiuHbIX cayyasx. [Ipu 5ToM B ofHOM ciTyuae HEH3BECTHBIE X, X,
X3 COBEpIlleHHO HeONpeJeseHHbl, BO BTOPOM JOJKHEI HMETb COBep-

IIEHHO OmpejesieHHble 3HAYEHHS.
13. Iycts uenas QyHKUUA

14z et 323+ ...
HMeeT JIMIIb pasjHuyHble MeXAy COG0H HYJIH @y, Qpy vvvy Quy oovsy
<l <la | <. . <|a,l <.
PaccMoTpuM cucreMy n ypaBHEHMH
14-a,ul (m) +a9u<ﬂ) +.Fatuld =
14 agu;") + a2 .. Fatu™ =0

1 4-a,u® fa2uf ... 4-au® =0
KOTODBIMH BIIOJIHE onpeestorcs u{?. TlokasaTh, 4TO NPH CXOXMMOCTH
1 1 1 . .
pata — -+ —+...-F—... limu{® cymecrByer, oaHako He
| @ | [az | la, | n-»00

00513aTeIbHO  paBeH ¢ (U =0y, Uy=0(,, ...
peiteHut 6 eCKOHEUYHOH CHCTEMEI

14 avty + afuy +.. =

SIBNACTCA OO HHUM U3

v=1,2,3,..))
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14. [lyctb B cucreMe ypaBHEHHH

C1121+ C1929 + .. .+ Cin2n =0,
CorZ1 - Cpo2a-F .. ;- €202, =0,

Cn1?1 + CnoZs T+ Cunzn = 0

KO3()pUIMEHTEl H HEU3BECTHbIE IIPEACTABJAKT COOOH KOMIIJIEKCHBIE
qHCIa
Cpn == -+ ib}.;u =X + iym

rie @, by, Xu, Yy BellecTBEHHHL. UTOGBI 3TH ypaBHEHHs JONyCKaju
He TOJIbKO TPUBHA/JIBLHOE HYJIEBOE pellleHHe

21=2,=...=2,=0,

HeoGXOMMMO H JIOCTATOYHO, YTOObI ONpENeNHTeNb |Cyy |* b paBeH

HYJIO. DTO Jaer ABa ypaBHEeHH A MeXK1Y 2n? BellleCTBeHHBLIMH BeJH-
YHHAMH @y, bpy. C JIpPYro#i CTOPOHBI, 3ajaHHble ypaBHEHHS MOXKHO
NPEACTABUTL B BHJE CHCTEMBl 271 OJHOPOAHBIX JIHHEHHEIX ypaBHEHHUIT
C 21 BeleCTBEHHLIMU HeH3BeCcTHeIMH. Ho Torna HeoGXOAHMEIM H J10-
CTaTOYHHIM YCJOBHEM HAJHYHS HeTPUBHAJBHOrO peiieHuss OyAeT
ABJATLCA OOpallleHHe B HYJb HEKOTOPOrO BeleCTBEHHOTO ONpPEeAe/H-
Tessl, IO JaeT OAHO ypaBHeHHe Mexiy a., b, Kak coraaco-
BaThb MeXjy coOof 3TH j1Ba pesysbTaTa?

15. Bce mectb u/eHOB B Pa3JOKEHMM OIpPEJENHTENsT TPETbETo
nopsiAKa He MOTYT OHITh OJHOBPEMEHHO IIOJIOMHTEJbHEL

16, IlpaBuno passnoxenns onpeneuTe st COCTOUT U3 ABYX uyacTel:
nepsas 4acTb yKashiBaeT, M3 KaKHX 3JEMEHTOB COCTAB/AIOTCS IIPOM3-
BeJCHHA, TOrJA KaK BTOPOH 4YacTbio ONMpPEAEJNSIOTCA 3HaKH Nepei mpo-
H3BeJleHHAMH, O6pa30BaHHLIMM YKa3aHHBIM 06GPa3’oM.

B cayuae ompenesmTesneli BTOpOro nopsijika BTOPYIO 4acTb MOXKHO
IpeIcTaBUTh B BHAE CJAEAYIOLIEr0 TIPOCTOrO NPaBHJa:

Kaxpgomy H3 3jneMeHTOB

ay Qe
Qg1 Aoy
MBI CONIOCTAaBJISIEM COOTBETCTBEHHO 3HAK

+ +
— .

Tor1_1a KaXXAbId 3JeMEHT IIpou3BeJieHMs, COCTABJEHHOro COIJ1aCHO
HepBOﬁ YacTH IpaBHJa, HY2KHO B3#ATb C COOTBETCTBYIOLIHM 3HaKOM.
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Tlokasatb Tenepb, YTO AHAJOTHYHOE NIPABHJO IS OIpeleluTesed
BBIle YeM BTOPOTO IOPSAJKA HEBO3MOXKHO; HHBIMH CJIOBAMH, HEBO3-
MOXKHO 7% 3JIeMEHTaM ONpPEAEJHTENIS TaK NOCTaBHTb B COOTBETCTBHE n?
(UKCHPOBAHHBIX 3HAKOB, 4TOOB Y BCeX IIPOM3BEACHH, COCTaBJICHHBIX
COTJIACHO IE€PBOH 4YacTH OOMEro npaBHJa pasJioXeHHs, HO C yueToM
COOTBETCTBYIOLIHX 3HAKOB, NOJNYYa/jCs B HTOre Hajjexamuil 3HAaK.

§ 2. Pa3jioxeHHe PAaLHOHANbHBLIX (YHKUMHA B CTEHEHHbIE PSMBL

B 3agmauax 17—34 paccMaTpHBAIOTCA OIpeJeJUTeNH, OGHYHO Ha-
3bIBAeMEIe onpedeaumersmu IaHKeAs WIH peKyppermHoimu:

Qp qnii CGpyz oo- Qpurei

Anii Anig Opig - Qpyy (r)
Anig niz OGniqg -0 Quyirgl = Az
Anir-1 Gnir Ongrsn oo0 Quior-a

cocTaBJ/ICHHbI® H3 KO3BhHIMEHTOB CTENeHHOIo psiia
Gt az+a,22 .. . ta2t ...

17. TlycTh cremeHHOR pAx ap+ a2+ a,22+... TpeacraBisieT
pauHoHaIbHYI0 QYHKUHIO, Y KOTODOH 3HAMEHATeJ]b HMEET CTeneHs (,
a YMCJIHTENb — CTeneHb p— 1 (mpexnoJsiaraercsi, YTO YHUCJHTENb H 3Ha-
MeHaTeJ/lb — B3aHMHO IIPOCTBbIE; CTeneHH — Toynnie). [lycTh, pasee,
d=Max (0, p—q). TlokasaTb, 4TO

A(q-l—l) A(a*l) A(dqi-zl)— —

18. Ilycte d, g —HeoTpHIATe/bHEIE MeJble YHCaa. Eciu

(@) @ (7) )
Ad :;‘_—.0, Ad+1:)&01 A-7 ‘]:)&0 Adq+3#0v---,
1 1 1
A+, Ay;q>=o, A9 =0, ...,
TO CTeNeHHOH pan MOXKeT OLITD NpEJACTABJICH B BHJAE OTHOWIEHHA IBYyX
INOJIMHOMOB, H3 KOTOPBIX CTOALIME B 3HaMeHaTeJie HMEET CTeleHb q,

a B uHcaHTese --creneHb =-qg-+4d—1. [HccaenoBaTh 3aBHCHMOCTB
JHHEHHBX GopM

L, () = @uXo + QriaXs - QnioXo . o o Grag¥y.]

19. A(Y)A(’) A(’+1)A(’—1) (A(’) )2
20. Ecmm

AGTY S AGEYZ AYID = AGED = = AYLD =0,

TO { OmpeleaHTENeH
ARy AR, AR, ..., A
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b0 BCE OJHOBPeMEHHO pPaBHBI HYJMO, JHG0 BCe OJAHOBPEMEHHO He
paBHbI HyJIO.
21. Eciu B TpeyrospHOR cxeMe

A AP AP AP AP s s s s
Al()»z) A(lz) A_(;) ® % % % %
Afj“) # % * Aﬁﬁ:;) * %®

s e AD A, Av, .

2

Aﬁ:+1)

& * * *

[IOCTPOHUTD Ha MPOHU3BOJNLHOM 3JeMeHTe (oIpefesdTese), Kak Ha Bep-
IHHE, OTKPHITHIY CBepXy NpPAMOM YroJ ¢ BepTUKaJbHOH GHCCEKTpU-
COi, TO BCE OMpENEJHTeNH, COlepKalluecs B 3ToM yrie, Oyayr ciay-
HKHTb MMHBOpDAMH oOMNpeesHTe/Ns, HaXOAALIErocs B BepIUHHE.

22. YcaoBuMca IOBOPHTH, 4TO B cxeMe 21

AP uw AY., ofpasyor ropH3oHTaJbHYIO Napy,
APy w AYTY o6pasyor BepTHKaaAbHYIO mapy,
A w AYTY obpasylor nmaronanbHyI0 napy,

ATV, u AYTP o6pasyioT TOuHO TaK Xe ZHATOHAMBHYIO mapy,
nakpect Jexamyio ¢ Ay, AFTY.

[Tokasate, urto

1) npu obpameHHd B HyJab JHAaroHasJpHOH napel ofpalyaercs
B HyJb H HaKpecT JeKalas ¢ Hell mapa;

2) npu ofpalieHUH B HYJAb TOPH3OHTAJNbHOH mapel ofpariaerca
Tak¥Xe B HyJab paclojoXkeHHas Jubo Haj, JaH00 noj He#l ropu30H-
TaJbHas 1apa;

3) NpH ofpaiuleHHH B HY,/Ib BEPTHKAJbHOH napel 06palaeTcs Takxe
B HyJb Haxojasuascs Ju00 cjeBa, qHOO CIpaBa COCeNHSS BePTHKAMb-
Has napa,

CaosictBa 1), 2), 3) COXpaHSAWOT CHJY TakxKe Ha HAKJIOHHOM Kpae
cxemul 21,

23. Ecom Jumb KOHeuHOe YHCIO oOmnpeiesuTesiell GecKOHEYHOH
nocJe0BaTe/IbHOCTH

{/ k k
Af,H'” Ai +1) A;z +1)

’ ’ 9 v

A.gk_i— 1)

3 e

OT/JIMYHO OT HyJIsl, TO CTeNEHHOH paAx ap-+az-ta2%-+...-}Fa,2" ...
TNpeACTaBJAAeT palHOHabHYI0 (QYHKIHIO, CTeNeHb 3HAMEHATENs KOTO-
pofi HE TpeBOCXOAHT k. [20, 18.]

24. Ecan b KOHEYHOE uHCJIO OlpeieuTesiell GeCKOHEeyHOH
TI0CJIEI0BATEILHOCTH

1 (2 3 n
AP, AP, AP, ..., AP, ...
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OTJIMYHO OT HyJsi, TO CTENEHHOH DAL @+ 24 a.2%+ ...+ a.z"4...
NpeACTaBasieT PALHOHANBHYI (PYHKLHIO.

25. Ecau /umbL KOHEYHOe YHCJO onpenenutesell - 6eCKOHEYHOH
CXEeMbI

2 (3) (4) 1
gl)) Ai)’ 2 A Aﬁln—*- )1 s

3 1 vy
1 @ @) (n
A(l)v AZ ’ 3 s“-sAn ? e
OTJIHYHO OT HYJIsI, TO, CTENEHHOH pAN @y+ a2 4 a2+ ...+ az"+...
TIpeJCTaB/AsIeT paUMOHANBHYI0 (GYHKIHIO.
96. TloxasaTh, YTO yKa3aHHHe B 3anauax 23, 24, 25 aocTaroy-
HHE YCJIOBHS palHOHANbLHOCTH (DYHKIMH, NpeicTaB/sAEMOH CTeleHHBIM

paaoM  a,+ @z + a2 4-... a2t ..., ABJAIOTCS TaKXKe HeoOXo-
JUMBIMH.

O GecxoneuHoli MaTpuIe

Aoy Qof G2 +en
Qyp an A ...

e s e s e s e e

TOBOPSIT, YTO OHA KOHEYHO020 pasea r, €CJM BCe cojepiKauiecss B Hefl
onpenesutes (r--1)-ro nopsaxa paBHsl HyJ M XOTS OBl OJHH OTIpe-
JenuTelb r-ro TOPSJKA He paBeH HYJIO.

Y GeckoneuHoH mampuyol Iankerss

Qy 01 Qg ...
a Q; ag ...
(‘g) Qy dz Qg ...

(@ =m,y,) ONpeneseHHbIA TOJBKO YTO paHI YCJOBHMCS Ha3kIBaTh
Takxe Opymmo-parzom. OGO3HAYUM Yepes r, DAHr MaT PULBL

ap Akl Opyg -os
(‘bk) Qpi1 Qpiz Apeg oo
Opie Opi3 Qhyg oo

LI e

nostyyaromeicss H3 &) BhlYepKUBaHHEM TI€PBEIX Rk CTONGLOB (HIH CTPOK).
Vinmeem

Ho=9, ro=r, re=rn=r,=...
MuHnMyM noc/e0BaTe/IbHOCTH YUCeN ry, Iy, Ty .+., HEOOXOAUMO
JOCTHTAOIMACS Yepe3 KOHEYHOoe YHC/IO IIaroB, YCJIOBHMCS Ha3olBaTb
HemMo-paxeom MaTpULbl &.
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27. Paur maTpuusl ) KOHeueH Torza M TOJbKO Torja, KOraa
CTEMEHHOH psll Q-+ a2+ a,2®+ ...+ ayz®+... TpencTaBaser paumo-
Ha/MbHYIO (GYHKIHIO.

28. Bpyrro-panr MaTpuubl § paseH MNOpSAKYy HoCAeLHEero
He oOpallaiolierocsi B HYJb ONpelenuTenss U3 GeCKOHEYHOH nOC/elo-
BaTeJIbHOCTH

A(l) ,Af)z), Af,a), Aﬁ“,

IlycTb TaKOBLIM sABJIsSIETCS Af)”); TOrJa HETTO-PaHr paBEH NOPSAKY
nepBOro HE paBHOIO HyJ/no ONpene/JINTeJIs1 U3 KOHEYHOHU ocJe0-
BaTe/JbHOCTH
(p) (p—1) (p—2) 1)
Alp, A-zp y Aap y eeay A( .

(Ecu Bce 3TH p omnpejenuTesNell paBHBI HYJIO, TO H HETTO-PAHT paBeH
HYJII0.)

29. Herro-paHr MaTpuusl §) B CJAyuae, eC/IH OH KOHEYeH, paBeH
CTeneHH 3HaMeHare/isl palHOHANBbHON (QYHKIUH, IPEACTAB/ISIEMOH PsIIOM
Atz a2 ... a2?+... Dra paunoHasbHas (yHKIusA GyrAer
IpaBU/bHOA JPOObIO TOrAa M TOJBLKO TOrja, Koraa OpyTTo-paHr pa-
BeH HeTTo-paHry: Ecau 6pyTro-panr Gojibllie HETTO-paHra, TO OH Ipe-
BOCXOJHT HA eIuHMNy creleHb uyucautess. (Hucaureab W 3HaMeHa-
TeJb panMoHaNbHOH (YHKIMH IIpeanoJiaraiorcsi, KOHeYHO, B3aHMHO
IPOCTBIMH; CTENEHb UYHC/UTENS — TOYHOH.)

30- q)yHKU.HH, NpeacTaB/si€éMas CTCIEHHLIM DAJOM
alz 022
Gt

TOrJa H TOJBKO TOTJAA YIOBJETBOPSieT OJHOPOJHOMY JHHEHHOMY aud-
(bepeHIHaIbHOMY YPaBHEHHIO C IIOCTOSHHBIMM KO3(DGhHLHEHTaMH, KOIa
BCE ONPEeJeNHTE/H

AP 4D AD - ae
332 HCKJIOUEHHEM HEeCKOJbKHX, PaBHHl HYJIO.
31. Ilycv Q,(z) —mosmHOM n-#1 cremenn, Q,(0)=1 (n=0, 1,
2, ...). TlosoXuM 17151 KParkoCTH
G+ a2+ a2 +...=[(2), Qu(2)(2) = O+ Orayz+ Or22® ...,
Qx(2) Q (Z)f(z) = e+ 0062 + Or0ae2* . ..
(kO @, ecTb OAHOPOAHOE JHHEHHOE BbIpaX{eHHe, COCTABJIEHHOE H3 @,

Quyy An-y o+ an—k~l)'
INoxasarb, YTO

a ,12

a, O ... Oty
ASH—H): Oy 510502 ... 010804

0r8r O0,018n4 ..o 0,058,
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32. Ilycts —+ + ... Oylmer CTeneHHOe pa3/OXKeHUe pa-

IIHOHAJNbLHOH HKLU/II/I Co 3HaM€HaTeJIEM 29— 29— 0292 — . —0,.
1 2 q

YucauTenb U 3HaMeHarTe b npeanoJaratorcss B3aHMHO TIPOCTLIMH. ITo-
KasaTb, YTO MaTpHIbI

Am Crmsi +o Omige1 ) 0000...0¢
Ay Crin - Qmig 1000...0¢4g
N PR _10100...0 ¢y
e ’ €= 0010..0¢cy5
nig-1 Omig - Omi2g-3 0000...1¢

CBs13dHbl COOTHOLICHUEM

A, =A6™ (m=0, 1,2, ..).

O6o3HaunM paHr GeCKOHEYHOH MaTpHILE

Q1o Qi Q1o ... Qg oo
(3)1) Qgg dog Q3 ... dap ...

Amo Omi Ome ++ Qap v

C KOHEYHBIM YHCJOM (= /m) CTPOK uepe3 r,; PaHr MaTpHIbl, HOJY-
yaiomieiicss u3 M BblUEPKUBAHHEM 7 TIEPBHIX CTONGLOB, — UEpPe3 7.
ViMeeM ro==ri=r,=... bymem Ttenepp limr, HasuBarL Hemmo-

n—c0

parnzom matpHubl M.
Marpuua I nmpuUHAANERUT CHCTeMe /M CTENEHHBIX PSOB

f1(2) =ay +apz +ap2® 4. a2 4.,
[2(2) = a0 +ap12 + a2 ...+ 202" 4.,

f ( )—amo+am12+am22 + +amnzn+

DtU psfbl HA3LIBAOTCA AUHEUHO 308UCUMBIMIL, €CJIH MOXKHO NoxoSpaTh

TaKHE TIOCTOSHHBIE C1, Cy +vvy Cmy THE |G|+ |Cof+4...4|Cm| >0,
YTO HMEET MeCTO TOXJECTBO

4y (2)+ Cofa (2) - Cufin (2) =

OHM Ha3bIBAIOTCSA KBA3U-AUHEUHO 308UCUMBIMU MeXKLY CcoGOH, ecau
MOXKHO TOA06paTh TAKHE TOCTOSAHHLIE €, €y .ovy Cmy |C1|+[Co|+ ...
«..t|em| >0, uTO CrpaBelIUBO TOXKAECTBO

af1(2) -+ cofs (2) 4+ - Cafm (2) = P (2),

rie P (2) — nonuHoM,
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YTBepKICHHA: «MEKAY CTENEHHBIMU. pAjfaMu [ (2), 2f (2), 2% (2), ...
..., @"f(2) npu HocraTtoyHO GOJIBLIOM 7 CYIECTBYET KBa3u-lIHHEHHas
3aBHCHMOCTb» H «f (2) — pauHoHanbHaA QYHKUUSI» PABHOCHJBHEL.

T'oBopsT, uTO f(2) NMpeNCTaBIACT arcebpauteckylo GyHKYL0, eCJH
Mexkay (m-1)? creneHHeMu pagamu z*[f (2)]’ (w, v=0, 1,2, ..., m)
NpH AOCTATOYHO OOJIBHIOM /17 HMEeT MeCTo JuHeHHas 3aBHCHMOCTD.
T'oBopsT, utO f(2) YyHAOBJETBOPSAET aseebpauueckomy Oupdeperyuaio-
HOMY YPasHeHuro r-To TIOpAAKa, ecau MexAy (m-F1)+% creneHubIMH
pAAaMu

2T IF @I [ @T...[1” @)

(m, v, vy Vg oony v,=0, 1, 2, ..., M) 1pu HOCTATOYHO GOJILIIOM M
CYILECTBYeT JIMHEHHAash 3aBHCHMOCTD. .

88. Ecin paHr MarpHIbl CHCTEMbl KOHEYHOTO YHCJA CTeNeHHBIX
PAJOB DaBEH 7, TO MEXIY 3TUMHM PAINAMH HMEIOTCA 7 JHHEHHO Hesa-
BHCHMBIX, BCE K€ OCTA/JbHLIE JMHEHHO 3aBHCAT OT 3THX 7 PsAJIOB.

84. Eciv HerTo-paHr MaTPMILL CHCTEMH KOHEYHOTO UHCJa CTe-
MeHHLIX PsJIOB PaBEH 7, TO MEXKAY STUMH pPsaMH MMEIOTCS 7 KBasH- -
JIMHEHHO HEe3aBHCHMBIX, BCE XK€ OCTa/IbHble KBasH-AMHEHHO 3aBHCAT
OT YKa3aHHLIX 7 PAAOB.

§ 3. MNonoxurtenbHsie KBanPaTHUHbE (OPMBI

35. Ecim KBaleaTHl{HbIe dopMel

Z Z GuXrXy  H KZ D) b,
=1lp=1

A=1p=I1
TIOJIOXKHTCJbHDBI, TO KBaIIpaTH‘{HaH @opMa

Z Z Appbrpi Xy
A=1u=1
TOYHO TaK e MOJIOXHTeJbHAa. Ecau, xpome TOro, oiHa M3 3THX
IBYX GopM sBJAETCA ONPENENEHHOH, a B MaTpuie APYrof 3JeMeHTHI
TVIABHOH JuaroHaju OTJIHYHBL OT HYJs, TO TPEThSl TakKe OYAET olpe-
JeJIEHHOH.
36. PaccMoTpuM CHUMMETPHUYECKHE MaTpPHUIIBI

) ai; a5 a
i Qg ... Oy e’11 e”12 ., e'1n
Qg Qo ... Oap e%i e%: ... e%n

* » 9 o s e . 2

.
fn1 a,m- nn el %2 oPnn

Ecan xBaspaTHyHasi ¢opma, onpefenseMas MaTpuuefl (a,), MOJOXH-
TeJbHA, TO NOJOXUTeJbHOM OyreT ¥ (opma, ompenesseMmas MaTpH-

ek (e”hu). Ecju, xpome TOrO, B MaTpHUE (@),) HET TOXK/IECTBEHHO
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COBTIANAIOMIHAX CTPOK, TO GopMa, onpenensiemas MaTpumeit (6%w), Gyzer
Jaxe omnpeneneHHoH. [V 76.]
87. Ilycts creneHHOH psinx

Pot pix 4 pex®4-...=F (%),

HMeloNInil HeoTpHIaTesbHble. KOIDOHIHEHTE, CXOMUTCS TIpH X =a;,
gy ---» Qny. ECaH KBaJpaTHuHAst ¢opMa, OnpeleseMas CHMMETPH-
YeCKOH MarpHiuell n-ro Nopsaxa (ay,), NOJOXHTEeNbHA, TO TOJNOXKH-
TeJbHOH TaKkxke OymeT dopma, npuHangdexamias Marpuue (F(ap))s
ecau, Kpome TOTOo, MEXIy Kos(pduiueHTamu pg, Py, Py ... HMEETCH
0 KpafiHeH Mepe n OTJAHYHBIX OT HYJsi, a4 BCe CTPOKH MaTPHIHI (aiy)
pas3IuyHeEl, TO NOCAEAHAA ¢opma GyHeT Aaxke olpele/eHHOH.

88. Ilycrp BemiecTBeHHLIE YHCIA dg, @y, Qgy .., (o 00JANALOT
CMeNyIoIMM CBOACTBOM: /A Jio6oro mosvHOMa f(x) CTENmeHH He
BHIIe 2r, HEOTPHUATENLHOTO M He paBHOIO TOMKIECTBEHHO HYJIO,
YIMEeeT MeCTO HepaBeHCTBO

aof @)+ 17 @)+ 51 (8) + oo g P (1) =0 (coots. >0)

npu BceX 3HAYEHHAX X.

ITokasaTb, 4yT0 HeOOXOJWMBIM H [OCTATOYHKIM YCJIOBHEM JJIs 3TOrO
AIBJISIETCS TIOJIOXKHTEJNBHOCTL (COOTB. IOJIOMKHTENBHOCT U ONpeJeseH-
HOCTb) KBaJpaTHYHOH (OPMbL

n

n
PIRPIT A
A=0u=90

89. Ilyctb uucna a,, ay, ..., @, (n==1) 06AaRAOT CJEIYIOLHMM
CBOHCTBOM: JAJis J0GOro TOJUHOMA f(X) CTelleHH He Bbllle #, HEOT-
PHLATEJbHOTO AJI HEOTPHLATE/bHBIX 3HAuUeHHH x W He paBHOTO TOXK-
JIeCTBEHHO HYJIIO, HMEET MECTO HepaBeHCTBO

aof (1) + 1 () + 5 F (1) oo+ 2P () =0 (coots. >0)

NpH JOOLIX HeOTPHLATEJbHBIX 3HAYCHHSX X.
[Toxasark, yTo AJ 3TOro. HEOOGXOAUMO M JAOCTATOYHO, YTOGH KBaj-
paTHyHEIe (GOPMBEI
=112
2 2

n n]
HIE
> 7S D YD W WPE P
A=0u=20 A=0 p=0
OblTH 06e TIOJIOMKHTEIBHEl (COOTB. TOJIOXKHTENBHO OIpe/e/eHHbI).
40. [lycrs uncna a,, ay, a,, ..., a, (n=1) obaajaor cienyw-
IIMM CBOHCTBOM: [IJ/1fl BCAKOTO TIONMHOMA [(X) CTemeHu <=1, HEOTpU-
LaTeNbHOrO B HHTepBase —Il=Cx<C1 u He paBHOrO TOXJECTBEHHO
HyJIO, BLINOJHAETCS HepaBeHCTBO

aof () + T () + 2 () ...+ LW (1) =0




OT/ACJ CLALMOLL § 3 121

npH JoObX X B uHTepBade —I1=<x==1. Ilokasath, 4To Torma He-
IPEMEHHO

a,=0, oy=a,=...=0q,=0.
41. [lycts ofe xBalpaTHulibie GOPMEI

n n n

n
Z Z @y X2 Xy Z Z bkmxivxu

A=0p="0 A=0pn=0

NMoJIOKUTeJbHEL. [Tos0XuM
v v
cy=ayb, + <1> @by + <2> Ashy-o ... - ayb,.

Torza xsaapatuuHas copma

n n

Z Z CoruXpXp

A=0pu=0

€yleT TakXe MOJOXHTEIbHOH H NMPUTOM ONpeleseHHOH, ecsi 1o Kpai-
Hell Mepe OJHA H3 JaHHBIX (OpM ompeneJieHHaf,
42. Tlycs

Ccy=agby (Y) by 4+ <;> by 5o ayby.

HOKaSaTb, YTO H3 IOJOXKHUTEJLHOCTH YeThIpeX KBaJpaTHuHbIX (pOpM

m—1lm—1

Z T XXy Z Z A1 X050
= A=0 p=0

"
Z

. m—lm—1
Z Z Dy.spXa X Z D) bty

A=0 pu=0

BBITEKACT TNOJIOKHTC/JbHOCTL JBYX CJCAYIOUIHX:

m—1m—1

Z Z Chn X2 Xy Z Z Crtpr1XiXpe

A=0p=0 A=0 p=0

Janee U3 NOJOXKHTENLHOCTH quprex (popM

m o
Z Z QXX Z Z Q1% X

A=0pu=0 A=0u=0
m m m m
2 2 ity DX kit
A=0pn=0 A=0p=0

BhITEKAET IIOJOKHTEJBHOCTh 06eHx GopM

m m m

m
Z Z CrpXaXps Z Z Crpr1 X2 X e

A=0pu=0 ‘ A=0 u=0
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43. TlycTb KOMNJEKCHBE 4YHCJa
Cos Copigs vo-3 €1y Coy Ciy wevy Cnogs Cns Coy=20y (v=0,1,2 ... #)

06/1a71aI0T CAAYIOUMM CBOACTBOM: ecsy MoO0OH TpHIOHOMETpHYECKHI
MOJHHOM TOPSIKA He BHILE 7 BHJA

g (@) =0, 42 (0ty cos § -+ fysind -+ o, cos 28 4o sin 20 4-...
voodagcosndBLsinad) = 3y

VN=—n

(Yv=Y—v=°‘v+i|3v» VZO? 17 29 ceey N1 ﬁ(]:())
HEOTPHUIIATEJCH U HE PaBEH TOXKIECTBEHHO HYJ/O, TO HMEET MCCTO
HepaBeHCTBO

n
— e
> ewve =0 (coots. >0).
y=—n
IMokasaTs, 4TO JJs 3TOrO HeoGXOAUMO H JOCTATOYHO, YTOGHI 3pMH-
ToBa (fopMa

OblJIa TIOJIOKHTEbHOH (COOTB. IJOJIOKHTENBHO ONpeje/]eHHOH).

§ 4. Cvemannbie 33734l

44. Dynem paccMarpuBaTh n* 5/1EMEHTOB @, ONPENENHTENS A-TO
nopsAika Kak He3aBHCHMble nepeMeHHble. Ilokasarte, uTo Mexay !
craraeMeIMH T @y dop, .. . Gnp, B PAs/IOKEHHH ONPENCIHTENS HMEETCs
mumb N =n?—2n--2 He3aBucHMBbIX Mex1y cofofl, m yKasatb N
TaKHX Y/CHOB, HePe3 KOTOPEIE BCC OCTaJbHbIE MOTYT OBHITH BhIpAKEHHI
palnoHaILHO,

45. OGo3HauuM uepes s; YHCJIO OTJIHMHEIX JPYr OT Apyra IoJo-
KHTEJbHBIX C/araeMblX B PasjOkKeHHH CHMMETPHUYECKOrO OIpeneuTe s
n-ro nopsika (C NPOH3BOJLHEIMH 3JCEMEHTaMH), a 4epe3 S, — COOT-
BETCTBYIOIIEE YHCJ/IO OTPHUATEJBHBIX cjaraeMelx. s s, =s;, 45, yxe
Kaan ykasan pekyppeHTHYIo GopMmyJy

n\
Snig = (14 1)8,— <2) Sn—g
ITokasarb, uTO 445 d, =S, — S, HMeET MeCTO peKyppeHTHas GopmyJa

dpay =— (n— 1) d, — (’2’) dy sy

H 4TO

3 a3
y B 3
lim n?s, _ ¢ lim (=hr1n2d, e 4

nooo nl VI?’ n—oo nl - 2 VR

1
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46. OGosnaunM uepe3 Oy YHCJIO OTJAMYHBIX APYT OT ApYyTa MoJjo-
KHTEJAbHHX CJATaeMBIX B Pa3/oXKeHHH CHMMETPHYECKOTO OIlpeNefH-
TeIs1 A-TO TOPSAKA |, |, Y KOTOPOTO BCe 3JeMeHTH IJJaBHOH qHaro-
Haau @ pPAaBHL HYJ/IO, a Yepe3 oy — COOTBETCTBYIOIIEE YHUCI0 OTpH-
yaTeJbHBIX cJaraeMbix. I1oa0xHM

’ ” ’ ”
Opn=0p+0n, O,=0,—0n

Torza
n\ n\
0'n+1zno'n‘]"no'nﬂ_ 2) On-gy 6,,+1=—n6,1—n6,,_1— 2/ 6n~2
"
L _1 3 1
. 2 4 . __ 11 2 4
lim 2% —° | llm( ) n6”=e‘.
n—oo Nl g% n—w n! 2Vﬂ
1,2 ..,n
47. O6osuaunm nponssefenne || (1, —xx) wepes A. Torza,
i<k

KaK H3BECTHO, Bblpa}KEHI’Ie BHJa
1
(D = E 2 = ¢ (x7‘1’ x}‘z’ e x7‘n)’

rje cyMMa paclpoctpaHeHa Ha Bce n! mepectaHoBox u3 1, 2, ..., n
U JJIs1 YeTHBIX TepeCTaHOBOK Oepercst 3HaK IVIOC, a AJIs1 HEYEeTHLIX —
MHHYC, OYyAeT CHMMETPHYeCKOH QYHKUMeH OT Xy, Xy, ..., X,. IloKka-

34Thb, 4YTO €CJH
n
-I=
=1 T —x1%s... %'

v=1
TO TOorja
“1

2 , 1 *

(D: n 1, 2, ...
Ma—x I «(—x

v=1 >k

48. HYCTb XapakTeprUCTHUYECKOE YpaBHEHHE CHCTEMBI n® peiu-
UHH Gy

aii—z2 Qfs v Qin
%)= I B ]=0
227 (2] App—=2
umMeeT KOpHH 04, O, ..., O, He Bce paBHple HyM0. OGosHaumm

uepe3 Y, (2) aarefpanvyeckue JIONOJHEHUS 3JEMEHTOB  Ompene,u-
Tensi ¥ (2). JJokasaTk, UTO XapaKTepPHUCTHYECKOE YpPaBHEHHE BeJIMUMH
You (2) HMeeT KODHH
1.() -
Co=""= (o=1, 2, ..., n).

ap—z
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49. Jluneiiuple npeoGpasoBaHus
X n
SIn &It Xq

Sai Yp= (r=0, 1, ..., n),
ntl qzosinnj_‘1 (p—q+o)

rae o NpoH3BOJLHO, 06pasylT TPyNOy B TOM CMEICJE, YTO
SuSp=Sasp.
80. Ilycte g (%) — TpUrOHOMETpHUYECKHH ITOJMHOM C BelleCTBEH-

HBEIMH KO3(DpHIlHeHTaMH NOpSAKAa He Bhlllle 7. YKasaTbh, KAKHUM ycJI0-
BHSIM OH JOJKEH YAOBJETBOPATH, 4TOOB! JIHHElHBle Mpeobpa3oBaHHA

St yp=2xqg(,hf—l(p—q+a)) (=0, 1, ..., n),
g=0 ,

rje o TPOH3BOJBbHO, 06pa3oBHIBAH TPYNNy B CMbicie 3adaud 49.
81. (ITponosmxkenne.) Omnpenenntens npeoGpasoBaHus S, ToXje-
CTBCHHO paBeH HYJIO, 3a TeM CeIMHCTBCHHBIM HCKJIIOUeHHEM, KOTAa

1 sin(n+1)6 )
g =iy — [49];

B 3TOM CJydYae OH TOXKJIECTBEHHO paBeH eiHHHIE.
82. ([Tpomomxenue sanaud 49.) TlpeoGpasosanue S, opToroO-
HaJIbHO, T. €. TOXKIECTBEHHO I BCEX Xy Xy, Xay «o.y Xn

GGt =gttt

JluneiiHoe npeoGpasoBaHHe

y1=a11x1+a12x2+~'-+a171xn+”- ’
Yo =0 X1 F AosXo + o AguXnt+. .0,

I T )

Ym = Amy Xy AmgXo . F QunXn - .+

T S T R R I Y

Has3bIBACTCH OPIMOSOHAALHbIM [9TOT TEPMHH 4acTO OTHOCAT H K COOT-
BETCTBYIOWIEH MaTpHUE (Gnn)], €CTH HMET MECTO COOTHOLIEHHS
A Y am Fam +...Fae F...=1 (m=1, 2,3, ..),
@101+ Bobyo + Balus T+ o Gt .. =0
MFEp, A, p=1, 2,3, ..)
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H OJHOBpPEMEHHO COOTHOMLICHUS
a,tfa,+a,+...fa, +...=1 (=12 3,..)
Ap i+ Aoy + apdau+ .. .+ @+ =0
Asem; A, p=1, 2, 3,...).

Ananoruyno OIipeJednsieTess OpTOTrOHAJbHOCTDL GeckOHeyHOH 1O BceM
HanpapJCHUAM MaTpUIlbl

oy Oy oy oo s B o1 Comy 00 Coms 1o oo Qogygy oo

.................................

.................................

53. Yucna Pubonawun 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, ... onpe-
JeNATCa yenoBuaMa Uy =0, uy =1, uy,ttupy=u,, (n=0, 1, 2,...).
Ilokasatb, yto JIMHEHHOE mpeobpa3oBaHHe

Ui X1 UgX en UpXp—UpXp1 ]
Yn= 181+ 22+ - Un¥n—Up¥nyi (n=1,2,3, ..)
Vun”n+z
OpTOrOHAJBHO.
54. JluneiiHoe npeoGpasoBaHue
. [es]
Sl AT X v
= Z ey m=.., =2,-1,0,1,2,..),

n=—oco

rje o — He NeJoe BelleCTBEHHOe YHCJO0, OpTOPOHaJIbHO.

§ 5. Onpenenurend cHcteM (QYHKUHIH

Onpedeaumenem Bpowckoeo WM 6poMckuaHom cucTeMbl QyHKOu
f1(x), f2(x), ..., fr(x) HaspBalOT onpefenuTeNb

fily G &) .. ;0 ()
Fo 0 F6 fr® o (0 (0) =W (), Fa)sevns Fu ()]

...................

fo@ @ fr@) . TV

55. [Ipn MOGLIX MOCTOAHHEIX Gy

W (cufi+crofa-te oo FCinfn  CofitCoofa -+ FConfas oon
ey Cn1f1+cn2f2+---+cnnfn)=
='CMLI,11'W(/:1’ fz: veey fn)
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$6. Tlokasatb, uTO

W[fl fz( ( )) R fn((p(x))](=

nn—1)

=[¢ @] * WL, L.O),.... )]

rJe B TpaBol YacTH Hano HOACTABHTL Y = @ (X).

87. W((pflv (szv TR (an):q)ﬂw/({c’l» f‘z’ o fﬂ)- .
58. i—W/(fl, [ f,g:W/[(i%), (f%), , (f}—)]

f]_ \f.l
d W (fl’ vy fll—zv fll) —
59. dx W (flf [ERI fn-2» fn~1) B

- W (firooos [nd W {fis oon s fray fris fn)
' [W (fli (AR fﬂ~27 fn 1)]?

60. Ecu W(f;, fo ..., fn-1, f2) OOpaimaercss B HyJb BO Beex
Toukax uHTepBana (a, b), a W{f,, fo ..., fr-y)—HH B 0IHOH, TO
MOXKHO VyKasatb n— 1 TaKuX IHOCTOSIHHBIX €, Cgy ..., Cn.y, UTOOBI
BO BceM HHTepBaJe (@, b) co6/0aaIoch TOXKAECTBO

[a () =eifL (X)Feof p (1) oA Cnafa (%),

61. Ecm [, (%), fo(x), ..., f2(x) cyTb n JMuHEHHO HE3aBHCHMbBIX
HHTErpasoB OAHOPOAHOIO JMHeHHOro AuddepeHHUaNbHOTO ypaBHEHHS
n-ro nopsjka

YO+ e (09D 4 0 (1) g o n (1) y =0,

TO JJIS KaXKJOH (QYHKUHM § MMeeT MECTO COOTHOMNIeHHe

Y 0y (1) 5V 4 @y (1) 5D o g (1) = ft}lfz}z'.‘:.i‘f”fn)y =

‘62. (Mponomkenue.) IMonoxnm
1= W, flz,w/ln W(fl’ f2)=“72, CER) W(Iclv fz’ cee fn)= W,
Torna Ans Bcex QyHKUHE y MMEET MeCTO COOTHOHICHHe

Y+ o ()Y 4@ () g g (N y=
_ W, {W,L_l »g[,_w‘é 4/ wi dAy>
=W, de \W, oW, " dx| W W, dx KWOWZ dx Wy, }

D10 npeicTaBJeHne JHHEHHOTO JH((DepeHUHAIbHOrO BHIpaXKeHHs,
npenoJararwliee 3HaHue 7 He3aBHCHMBIX HHTEI PaJsioB, HMEeT CXONCTBO
C pasJoKeHHeM Ha MHOXKHTEJIH NOJMHOMA A-H CTeNeHH, NpejnoJsarao-
ILHM 3HAHUe A er0 HyJeH.
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63. Iycts f,(x), fo(x), ..., fn(x)— BewecTBeHHBIe (YHKIUH,
HempepbIBHLIE B MHTepBase a, b. [lokasaTh, 4TO ompegeuTeNb

b

§Fa () fo () dx

a

AMp=12 ..,n

HeoTpHIaTe/ieH, TpuYeM ofpallaeTcs B HyJb TOrJa H TOJIBKO TOTZA,
Korna Mexay GyHKuuamu fy (x), fs(x), ..., f. (x) cyuiecrByer JnHefl-
Haf 3aBHCHMOCTD.

64. (Ilpoxosmkenne.) Onpeznenurennb

b b b
Ay dx —{ hfedx —\Afndx
¢ b b . . ¢ . 1117
— Rofy ax SR+ Fmax . —{Pofnax
..... LA LRI,
— { Fafrdx —\ Fufa dx o SR+ -1 dx

HEOTpHUATENEH, mpuyeM ofpaiiaeTcss B HYJb TOTAQ U TOJBKO TOTAa,
koria GyHRuEE [y (%), fo (%), ..., fn(x) oTimuaroTCcA ApYyr OT Apyra
JMIIb TOCTOSHHEIMH MHOMHTENISIMM  HJH, HWHBIMH CJIOBAMH, BCe
SIBJISOTCSI KPATHHIMH OJIHOM M3 HUX.

65. ([Ipomosxenne.) Onpenenutessb

b
S f (x) fy () dx

e MRr=1,2 ..,n

HEOTpHIaTesleH, TNpuueM ofpamaeTcd B HyJb TOFAAa H TOJBKO TOTJa,
Korja Kakue-HuOynb ase u3 GYHKUHH fi (x), f5(X), ..., fa(x) TOKIE-
CTBEHHO COBINAJAIOT.

66. Huxecnenymomas TeopeMa NpeicTaBaseT coboli oGolbuieHue
TeopeMbl, YTNOMAHYTOH 1o onHoMy nosoxy I'ayccom B ero «Theoria
combinationis observationum» [Opera omnia, T. 4, crp. 12, om.
IBe mnocjenHue crpoku B Art. 11].

Nyets f(x) mas x>0 npexacraBasier co6oH GYHKIUIO HEBO3pa-
CTaloNyI0 HEOTPHIATEJBHYI0O M BMECTe C TeM HE PpaBHYI0 TOXKJECT-
BeHHO Hymo. IlycTb, nasee, BCE uHCAA @, Gy ..., G, PA3JIHUHBI
MeKay cofoft. ITokasark, 4To (pu AOMYIIEHHH CYUIECTBOBAHUA BCEX
BXOAALIUX HHTErpaJjoB) ONPEASTUTENb

(@t a,H 1) 25 () de

0 AMRr=1,2,...40
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HeoTpHUATeNeH; OH ofpaulaercss B HyJb TOrjJa H TOJbKO TOTJAa,
KOrfAa f(x) mpeAcTaBaseT CO00H KyCOUHO-TIOCTOSHHYIO (PyHKUHMIO C He
Gosee ueM n — 1 TOuKOH pasphiBa.

Tlyete ¢yukuust f(9) cobcrBeHHO HHTEerpHpyeMa B HHTepBaje
0<< 80 <2n u umeer pag Pypee [VI, § 4]

f(8) ~ay+2 i (@, cos n® b, sin nd).
n=1

DpMUTOBB (POPMEL

Tn (f) = Z Z cu—?»thu’

A=0u=0
o6pasoBaHHble TTOCPEACTBOM UHCeN
Co=0y Cn=0+ib, c,=c,{n=1,2,3,...),

MbL Gyznem HaseBaTh gopmamy Ténauya (Toeplitz), npuraanekauMu
bynkuun f(9). (Cum. 43.)

67. O6pasoBarb ¢dopmpl Témunmua, npuHaAnexaumue QyHKUUAM
f@)=c=const., f(8)=a,+2(a,cos®+}b,sin®),

I—r2

f(ﬁ)zl—Qrcosﬁ—}-rZ’ 0<r< If

68. Eco dynkuus [ (9) nonoxurenpHa B uHTepBade 0 << O <
<2m, 1o Bce <opMbl T€nanua HOJOXKHTENBEHO OmpelesieHHBl. BoJee
Touno: ecan f(¥) B unreppase 0<< ¥ << 2m 3akjoueHa B rpaHHLAX
m<<f(0)=<M, To TOrZA H

m<T,f)<M,

B [PEANOJIOKEHHH, YTO NEPeMEHHBIE Xg, X1, Xy ..., X, NOAYHHEHH
yeaoeuo T, (1)=1. PaBeHcTBO MOXKeT ObITh ZOCTHTHYTO JIMIIb B TOM
cayuae, ecau f(¥)=const. y xaXI0# TOUKM HerpepbLIBHOCTH.

69. Buunciuts onpenenuteas D, (f) dopmul 7, (F) ans by HKuui
3ajgaun 67 M mOKaszaTb, 4TO ecud f(U) BCIOAY MOJOKHUTEbHA, TO

n

1
Eglnf(ﬂ)dﬁ

lim "'yD,()=e =6 ().
n — oo
70. ITycrs f (%) — TPHroHOMETpHUECKHIi HOJHHOM TIePBOTO NOPsIIKa
u h—mnapamerp. Ilokaszatb, urto ompeneauteas D, (f—h) dopmb
Ténmmua T, (f—h), nmpuHapnexamedt ¢yakoun f(9) —h, npeiacras-
aaer coboll Heayl pauuoHadbHYyl0 QyHKUuIo (72 1)-ii cTenenu or k,
MMEIOIYIO JIHIIL BelleCTBEHHBIE HYJH. BLIUHCIMTB 3TH HYJH.
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71. (MIpomonkenue.) Bee uym hyn, Ayny ..., Hon ONpedenHTENS
D,,(f—h) pacnonomenm MeXAy MHHHMYMOM H MaKCHMYMOM (yHKUHH
f(9), e. ecaH m<<f(8)<<M B wunrepsane [0, 2m], TO Takke
mghw,\M (v=0, 1, 2, ..., n). Hanree, 11a moboit pyukuuu F (1),
coGCTBEHHO HHTeI‘ppreMOH B MHTepBaJe m=Ch<< M, uveer MecTo
COOTHOLICHHE

2

o Flhow)+F (hip) ot F () 1

lim Vo bF U bt P i) _ L ()]
Q

72, Ecn 3pmutoBa ¢opma

n

n
D oni (Cy=cy)
i

A=0u =
NOJIOKUTE/ILHQ ONpeZesienHad, TO BCE HYJIH MOJHHOMA

&) (41 C; e Cp
1 Cy Cy e Cpg
C2 C.1 (47 Cn-2
Const Cong2 Copag 41
l F4 22 Fig

JieXKarT BHYTPH €AHHHYHOTO Xpyra.



OTOEJ BOCBHMOM
TEOPHSA YHCEJ

FTTABA 1
TEOPETHKO-YHCJIOBLIE ®YHKIHH

§ 1. 3agaun Ha ueJable 4ACTH YHce]

ITycts X — eulecTsenHoe uucsao. Yepes [x] o6o3HauamoT yeayw
4acmsy 4hCja X, T. €. LeJoe YHCJO, YIOBIeTBOpsiollee HepaBeHCTBAM
[x]=x<[x]+1.

Tak, Hanpumep,

[1]=3, [2]=2, [—0,73]=—1.

1. Ilycte 7 — uenoe, x — nponseoabuoe. Toraa

[x+n]=[x]+n.

2. B pasnoxkeHnMu onpelenHTte s 7-r0 TNOpSIKA NpPOHU3BEIEHHE
YJICHOB, CTOSLIMX B JAHArOHa/lfAX, COCeJHHX C IJIaBHOIl JHAroHa/bo,

HMeeT 3HaK (— 1)[E .

3. [2x¢]—2[x]=0 wm 1,
CMOTpS IO ToMy, OyieT JH
x—[x]<—;— 18441 2-;—.

4. Femn 0 <<a <1, 1O
[x] - [x—a]=0 nm I,
CMOTpSl IO TOMY, OyieT JH
t—[t]l=a wm <a. \

1
8. B npernosokeHnu, YTO X He HMEET BHJA n+- (n— ueJoe),
BLIPa3HTb GaHXKAaHlWee K X LeJoe YHCJO MOCPEACTBOM cHMBOMA [ .
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6. [x] MoxHO GBIO 6B Ha3BaThb LeJbLIM YHCJIOM, 6MHKaHIMHM
cieBa K X. Brlpasute mocpeicTBoM cuMmBoja [ ] uesoe uHcao,
6anKalfimlee cnpaBa K x. (3aMeHa JaHHOro uucsaa G/MKaHHIHM
cnpaBa LENBIM YHCJIOM — OOBIUHBIH TIpHEM MeJKHX TOProBhEIX pac-
4eTOB.)

7. [«]+[B] mibo=[a--B], mbo=[a+p]—1,

] —[B] mbo=[e—B], an6o=/[cx—p]- 1.
8. [2a]+[2p] =[]+ [=+ B+ [B]. ‘

9. [lycts # — uesoe noJoxKUTeNMbHOE uyucso. Toria

[x]—}—[x—}—%] —}—[x—l—%] 4 ...—}—[x—}—n_l] = [nx].

n

18, Ilycts n—uesoe NMOJOKMTENBHOS YHCJIO, X NPOH3BOJBHO.

Toraa
)19,

1. Ilyete m—uenoe mnoJoxutesnsHoe uucao. [Jokasare, uTO
HauBBICIIEH CTeNeHBIO 2, cojepKatielicss B

[(1+1/3)],

ABJserca 2ml,

§ 2. Moacyer ueanix TOuex

12. Tlycte @ u 7 —uejible T[OJOKHTENbHEE HHCIA. HHCAo Tex
n
u3 uncea 1, 2, 3,..., n, KoTopnle HeJsics Ha @, PaBHO [;]
13. Cxoabko HyJseli uMeeT QYHKUMS SinX B HHTepBaje a << X <
<< b? CKOJIBKO B HHTepBate a<< x << b?
14. Jlycrp O <<a=<<m. Ofosnauum yepes V,(x) uuciao nepemeH
3HaKAa B TOCJE10BaTeJbHOCTH

1, cosa, cos2a, ..., cos(n—1l)a, cosna;
TOr A
N~ O n T

18. Ilycte 6 —uppaunonanbHoe uucao, 0<<6<<1 u g, paeHO
HYJIO WM €IHHHUE, CMOTDPSI MO TOMY, PABHBI ME#1y cOGOH HJH XKe
pasmauunel yucaa [#0] u [(n—1)8]. Iloxasath, uto

lim Gi&t-tgn 5.

n—co n

18. Omnpeieauts uncio N(r, a, o) Hyjeit uero# Ppynxuuu & —
—ae'® B xpyre |z|<<r (r, @, & — BelleCTBEHHLIE TIOCTOSHHLIE YHC.IA,
r>0, a>0).

b
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17. Ilyctb ¢ u b—nensie uncna, f(x)— dyuxuns, onpejesneH-
Has W TOJIOXKMTEIbHas B HHTepBaJe a << x << b. Baipasutp nocpesct-
BOM cHMBoJa [ ] uHclo yesbix modex (TOYeK C LEJOUHCAEHHBLIMH
kKoopauHaTaMi, 1 28), HaxoAsUXCH B 057acTH, ONpelenseMol Hepa-
BEHCTBaMH

are<<b, O0<<y<f(x).

18. Ilyctb p W ¢—B33aUMHO TMPOCTHE LEJBE MOMOKUTENIbHLIE
apcna. Jdokasarh nyTeM nojcdera Lenblx Touek Gopmyny
ﬂ_] [9_0] [@_g] [(p—-l)q]z(p—l)(q—l)
[p+p+p+'“+.p 2 :

19, Ilyctb p M ¢ — HeueTHHle B3aUMHO TPOCTHE LeJbe M0J0XKH-

-1 , og—1 .
Teabubie uncaa. OGosHaunM 2 5= =P, q—r,— = ¢'. Tlokasare, y1O

-

[+ E)+ ) +(3]+ 2 42] -

20, Ona npocroro uwxeJa p Buaa 4n-+1 umeer mecto dopmyna
pr—1

WA+ VIV 3+ 4] ) 5| =T

§ 3. Opna Teopema diopMaaLHON JOTHKM M €2 TPHMEHeHUS

21. Ilycrp gavo N mofwix ofvektos. Ilycts N, —unciao Tex u3
HUX, KOTOpbIe 08/127a0T HEKOTOPLIM CBOHCTBOM ¢, Ng—UuHC/IO TeX,
KoTOpble 06/afaloT ceoiictBoM B, ..., N, coOTB. N;, —HuuCI0 TeX,
KOTOpble 00/1aJal0T CBOHCTBOM %, COOTB. A. AHA/OrHUHO NycTb Ngg,
Nayseovs Nagy, ooo s Nggy . wa 0003HAUAIOT YHCJIO TEX M3 ITHX O5beK-
TOB, KOTOphie OJAHOBpeMeHHO 006JajalT CBOHCTBaMH o H B,
COOTB. ¢ H ¥, ..., COOTB. &, P ® y,..., cOOTB. &, B, ¥,..., ®* H A
Torna yncao o6BEKTOB, KOTOPHIE H e 051ajalT HH O 1 H U M H3 CBOHCTB
a, B, ¥»...., ®, A, DaBHO

N—=Nyg—Ng—=Ny—...—~N,— N+
+NGB+NG‘,’+"'+N‘/~7\,—
— Nopy—-- -+
iNaﬁv o A

22. Tlyers jano n o5bekToB (n>>1) 1 TyCTh CBOHCTBOM ¢

06.1a1al0T BCe KpOoMe NepBOTo, CBOMCTBOM P — BCE KPOME BTOPOIO, ...

., CBOHCTBOM A — BCE KpoMe Toc/elHero, n-ro orekra. Uto 1aer 21
B 3TOM cJy4ae?

23. Ckonbko 13 n! ulEKOB B Pa3/OKEHHH ONPEILsMTeNsT n-T'0
nopsizka 06paulaeTcss B HYJb, €C/AH TOJOMHUTh BCE 3JEMEHTH IaB-
EOH auaronaln paedsiMH Bymo? [Cu. 21: csoficTBoM o of.aapaior
YJEHH!, COACpPIKAIINE MHOXKHUTEIeM ay;, H T. A.]
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24. Ilyctb a, b, ¢, ..., k, [ —B33lMHO IIPOCTHE IEJILIE TOJOMKH-
TeabHBIE upcga. CKOJMbKO M3 YH en 1, 2, 3, ..., 7 He JeJUTCH HY Ha
ONHO H3 3THX uucea a, b, ¢, ..., k, l? [12.]

28. Ilyctv p, g, r, ... CyAyT pa3JuyYHbie MPOCTbIE MHONKUTEH
ypcaa n. YHCA0 YHCes, MEHBIIHX 7 H B3aHMHO NPOCTHIX C HHM, PaBHO

n(l__, (1—4(1--‘!" .

r)

310 uucno obesHadator ofbluso @ (n). I[Tpu sTOM moJsaraercs, mo
onpeneneHnio, ¢(1)=1; taxum oGpasem, ¢ (1) npeICTaB/IseT YHCJIO
B3aHMHO MPOCTBIX C 7 4uCeJ A0 7 BKJAIYHTEJAbHO; n==1, ufo 1
B33aHMHO TIPOCTO CAMO C cOBOIi.

28. Ilycts paHo N npousBoJbHBIX 00BEKTOB, MOTYIIHX, KaK B 21,
ofsaiaTb CBOHCTBAMH o, B, ¥, ..., #, A. [lycTb Kam10My OTAENLHOMY
00BeKTy NpUMHCAHO HEKOTOpOE YHCJOBOe 3HaueHie. OGO3HAYHM uepe3
W, cyMMy UYHCJIOBBIX 3HaueHuli TeX OGBLEKTOB, KOTOpbIE 06Janalor
CBOficTBOM ¢, yepe3 Wy cyMMy YHCJIOBBIX 3HaueHHIl OOBEKTOB CO CBOM-
creoM B u T. A. Anajoryuno Oyaem oGosnauath uepes Wop, Way, ...

oy Wapys «oor Wapy -.. 2 CYMMY UYHCJIOBBIX 3HaueHMIi TeX O6BEKTOB,
KOTOpble OJHOBpeMeHHO 00s1a1aI0T cBOHCTBaMH o H P, COOTB. @
g7,.., COOTB. &, f ny,..., cootB. &, B, ¥,..., ¥ u A Ilycrs,
Hakomnell, W — cyMMa YHCJIOBBLX 3HaueHHH BCeX OGBEKTOB. TOrka cyMMa
YHC/IGBLIX 3Hauenui 06LeKToB, He o6MaaloiuX HY O I H | M M3 CBOHCTB
a B, ¥, ..., %, A, OvIer paBua

W Wy Wo— Wy—...— Wy— W, +

+ Wuﬂ+ Wa\*+~ sk Wnl,—

— Wopy— ..ot

& Wy ... [21.]
27. Tlyctb 74, 73y ..., Fq(n)— B3AHMHO IIPOCTHIC C 72 YHCJIA, MEHbD-

wHe, ueM n (n>1). Ioxasarts, urto

3 a s —1
ri—i—r;—{—...—{-r;p(n,— ”)< + M r...),

rae p, ¢, r, ...— DA3JIHYHBIE NPOCTHEIE MHOMHUTEJH /1, @ V — HX UHCIO,

§ 4. YactH u peqntenn

Tlyets 1 — nenoe HeorpuuaredbHoe uscsao. [lod «yacTbrio» n Mul
OyZLeM IIOHHMATb BCAKOE IeJI0e HeOT pULlaTeJIbHOe YIIC/I0, KOTOpOe MEHbIII
Han paBHo #. YHcaa 0 u n HasblBaoTed «HGCO5CTBCHIILIMH TaCTAMHY
uncaa 2. Yueao O colepHUT B KauecTBe H4acTH, U NPHTOM HecOOCTBEH-
HOH, JHIIL caMo cebd.
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Tlycts n— uence mojoxkuTeabHce uucsio. [lon «aenutesneMs . Mbl
GyaeM TMOHHMATh BCAKOE LENOe IMOJIOKITeJTbHOe YHCJA0, Ha KOTOpOe n
JenuTca €e3 ocratka. Yncaa 1 U n Ha3nBawICs «HeCOOCTBEHHBLIMH
gemutesnsiMuy. HUHCaO 1 COZEpKHT B KauecTBe JeJHTeN]sl, H HPHUTOM
HecOGCTBEHHOTO, JHIUb CaMo cebs.

TlycTs m u n— Uessie HeOTpHLlaTeabHble yucaa. ITox Haubosbiuei
ofllel 4acTelo #m M 7 Mbl HOHHMaeM WYHCJO, Cojlepikalllee B KayecTBe
CBOEll yacTH BCAKYHI OOULYI0 4YacTb uHcesa m U n. I10 Oyaer MeHbIlee
(He OoJiblllee) M3 uMCeJ M W 1 WJAH, B CHMBoJax, Min (m, n).

Tlyctb m U 1 — peJble MOJOKUTEbHbE YUCAa. T1oa HaubombIIHM
o6UI¥M JeJqHTeJIeM M MW 7 TOHHMAIOT YHCJAO, cOjepsKaliee B KayecTBe
CBOEro JesuTe]st BCIKHH ofLuH JeanTesab YyHCeJI M U #. Ero Cimso-
JYecKn 0o603HavawT (m, 7).

IMox Min(l, m, n, ...} mOHUMAIOT BOOGLLE HaWMeHbIIEe H3 YHCEN
L, myn,..., nox (I, my n,..)—ux HauGOJBIUK{ OBLHI AeIUTETb.

CylllecTByeT HaMMEHbIEe YHCAO, COzep:Kalllee B KauecTse yactei
OJHOBPEMEHHO M H N, HMEHHO HauGoJbllee (He MeHbllee) M3 3ITHX
upces. CumBosnuecky: Max (m, n).

CyuiecTByeT HauMeHbIllee UHCIO0, CojAepiKalllee B KauecTBE JeJHTe-
Jel OJHOBpEMEHHO m W N1, HMEHHO HX HaHMEHbliee oflilee KpaTHOe.

Ilycts ag, dy, @, ...— NPOU3BOJIbHEIE uucaa. Ioj Z a; IOHUMAIOT

zgn

CyMMy, PacnpOoCTpaHeHHYIO Ha BCE 4acTH Yuc/a A (BKJAouas v Hecol-
cTBeHHble wactd 0 u n):

n
Dla= dla.

1<n =0

Tlycte @y, @, @s ...— NPOH3BOMBHEIE wicia. Ilox 3, noHH-
ton
MaiOT CYMMY, PacfpoCTpPaHeHHYIO Ha BCe NeJuTe/H uHcaa 7 (BKJOYas
u -HecoOcTBeHHble fesutean 1w n). Hampumep,

Zat=a1+az+as+as-
6

28. Tlycts a, b, ¢, ..., k, | —nNpOH3BObHbIE HEOTPHIATEbHbE
uesblie ydcaa. Yimeem

Max(a, b, ¢, ..., &, )=a+b+cH...+ b+ 1—
—Min(a, b)—-Min(e, ¢)— ... —Min(k, )+
+Min(a, b, ¢)4-...—

D R .

HMin(a, b, c, ..., k, ).
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29, Hanmentuee obiiee Kpatice M LeJLIX TOJOXKHUTEIbHBIX YHCEJ

a, b, c,..., b, | MOXHO IIPEJCTaBUTb CIEIYIOLIM 05pasoM:
M=abc...ki(a, b)*(a, o)t...(k, ) (a, b,o)...(a, b, ¢,..., kB, )X,
30.
1 0 0 0. C|2 P11 1. 1
I 1.0 0 . 0 L2 2 2 . 2
(|t Vo6 1233 .3
111 ol |1 2 3 4 4
1 111 .. 1 1 2 3 4 ... ntl

3neck OOWHIt 37EMEHT MEPBOro omnpejeautens m,, =1, Koraa w sp/is-
ercst yacTbld A (coOCTBEHHOH HJH HecOGCTEEHHOH), H paBeH HYJIHO
B TPOTHBHOM cCJydYae, BO BTOPOM Onpejesdresne OGWIUE JEMEHT ¢y
paBeH uHcay OOIIMX YacTed wilcenr A W W, T. €. HauMeHbIUEMY H3
ugcesqs A+1u p+1 (A, p=0,1, ..., n).

31. Ompeneautenb, OSWHH 37eMEHT KOTOPOTO ¢y, PABEH YHCIY
OOWMX AeJHTe el UHCes A H [ HJH, MH=IMH CJ0BAMIl, YHCITY JeIuTesel
HanGoJblUero ofwere Jeautens uncea A H p (A, u==1, 2, ..., n),
paBeH eluHUILE.

32. Ilycts qg, ai, ..., 4, — IPOU3BOJLHEE YHCJAA H
v 1
Ay= N a; (v=0,1,..., n).
HE=Y

IMTokasaTtph utO

A, Ay Ay A A,

Ay, AL A A, A,

Ay A Ay Ay A

Ay A Ay Ay ... AT G- Gne

A, A, A, A, A,
3nech oOLiHiT 3JeMEHT ¢, ompejesnHTeass paseH A,, rie r=Min(}, p)
(A, n=0, 1, ..., n). (Ocobwenne Toxaecra 30.)

83. Ilyctb ay, a,, ..., a,— TIPOU3BOJLHbIE YHCIA U
Av=Ya (v=1,2,..., n).
[RY

Ilokasarp 4TO

4, A 4 4, 4

4, 4 A 4z Azm

Al Al Aa Al A Iy )

A, A, AL AL . Ay, |T %%l Gae
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3nech OOWMH 3/EMEHT ¢y, Ompeieturens paseH A,, rie r=(}, p)
(A p=1, 2, ..., n). (O6obweHne Teopemsl 31.)
&4. Ecau ay, a;, a,, ... IPOH3BOJBHL H

Ar=Na (n=0,1,2,..),

tsgn
TO, OUEBHUIHO,
a=A4Ay ay=4A,—-N;, ay=4,—A, ..., a,=4,—-A4,_,, ...

Ilpn npOH3BONBHREIX @4, @y, O3y ... H
A,=da (=123, ..)
tn
HMeeM

a=A4;, @G=A,—4,, ar=A5—4,, ay=A;-A,
a5=A5—A1, a6=A6—A3—A2+A1,...

H BooOLe
=X pnHA, ©r=1,23,..),
tin T

rie p(n)—odyHkuuna Mébuyca (cM. ompeneneHne Ha crp. 137).
88. ITycrp ¢ (y) — npon3sobHaa QyHKuKA, ONpeeNeHHas B HHTep-
Bane O0<y=<<l, u

gw=§w@y

f(n)=v_2 (%)

(r, n)=1

rne nocJjeansad CyMMa pacnpoCTpaH¢Ha HZ 3HAa4YeHHA r, B3aHMHO IIpo-
CTLie ¢ A KW He NIpeBoCXoisumue . Torga

Fm=Yuwe(t) =Xtz 0.

tin tin

386. Kak u3sBectHo,

21ty

n ! 2y,
1] ix—e™ )=x-"—1.
v=1

TTos10KHM

2nir

11 (x -e—"—‘) =K, (x),

(r, n)=l
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re TpOoH3BelleHue pacrnpocTPaHEHO HA 3HAUYeHHS 7, B3aHMHO HPOCTHE
C n ¥ He NpeBoCXOnsillMe n (n-# NMoJMHOM JeneHuss xKpyra). Hyasmu
nosyHoMa x"— 1 cay:kar Kopuu n-H CTeNeHd H3 eIMHHIE!, HY.19Md
nonaHoMa K, (x)—npHMHTHBHLIE KODHH n-H CTeNEHH H3 eau-
Hulpl, Jokasatk ¢opmyay

[ \u(l)
K,,(x):ﬂ(x’ -1 .
tn
87. Tokasarb, uto
2mir
Z er =H(n)’

(r,n)==

rie p(n) — ¢yuxkuus Mé6uyca.

§ 5. Teopernko-uncjobbie QYHKUAH.
Crenentvie psiapl H paaul Jupuxae

TTon meopemuro-yuciosod ¢yuxuHed [(n) noHuMawT ¢GYHKIHIO,
onpenesedHylo s UenBIX 3HaueHuit n=1, 2, 3, ... aprymenra.
B 3rom ofieM CMBIC/IE 3aJaHHe TEOPETHKO-UHCJAOBOH (YHKLHH» paB-
HOCHJBHO 3alaHHI0 [POHU3BOJIbHON OeCKOHeUHOH YHCJIOBOH moc/enoBa-
TeJNbHOCTH. HiKe MEI IPHBOANM HEKOTOpPHIE U3 TAKHX (PYHKUHH, HMEO-
ige 3HayeHHE B TEOPHM YHCEN:

¢ (n) (pyuxyua Idaepa): UACAO YHUCeJ, He NPEBOCXOASILHX 7 H
B3aWMHO NPOCTHIX ¢ 71 [25];

T(n) =Z 1: uucno menuTesell umHcaa n;

n
o(n) :Z t. cymma fiesuTeled upcaa n;
t.n
Oy (n)::Z {*: cymMMa o-X cremeHeH Jeautesed uucaa n; oy (n)=
ton
=0 (n), o (1) ="1(n);

v (n): YHCJIO Pa3IHUHEIX NPOCTHIX MHOMXHTeJNeH dYHCIa #;

wi(n) (pyukyus Mébuyca): n(l)=1, u(n)=0, ecau n geautcs
Ha KBajpaT Kaxkoro-ubo Len10ro uHcaa (Kpome eAHHHLE), H W (1) ==
= (—1)"\") B oCTalbHHIX Cayuasx;

L (n) (pyaxyua Juyeuraz) h(1)=1, & (n)=(—1*, rtae k- unciao
IPOCTEIX MHOXKHTENeH 4uc/a 71, 3aCUHTBIBAEMEIX COOTBETCTBEHHO CBOeH
KpaTHOCTH;

A (n) (Ppyrryua Manzoaedma): A (n)=Inp, ecau # — uenasi CTeNeHb
npocToro uueaa, n=p™; A(n)=0 B ocTaJBHBIX CJaydasX.

38. Cocraeutb tabauilel yKasaHHelX (PyHKUHA oT n=1 10 n=10.
(Ina o4 (n) orpaHHuYHTLCS 3HayeHusaMH a==0, 1, 2
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Hapsay co creneHHHMH pAjgaMH

0
gtz a2 4. a2t = D) anet

n=0

Mbl OyaeM paccMmatpuBaTk padel Jupuxaie

[oo]
a5+ a2 4. Fans4...= D) an .

n=1

CreneHHele psAbl CY»KAT MOUIHEIM OpyIHeM B a TIH THBHOH (cm. I,
ra. 1), paael [upuxjge — B MYJABTHHJIHKATHBHOH TeopuH
ygcena b).

[Tpoussesenne (no mpasuay Kows) AByX CTeneHHHX PSJIOB

o0 [oo] [oo]
a2t b= ) 2t
k=0 =y n==-0
onpenensieTcst GopMy.oit
o= D, agby= D) ab,_s [124],
k4i=n T

rze t mpoferaer EBce YaCTH yucJa 7, BKJMmouad H HecoScTeeHHble O
u n. Ilpoussegenne (no npasuay Hupuxie) LByx pagoB Hupuxae

D ak Dbl =] ens

E=1 =1 n=
onpenensercs ¢opmyJaoi

Ca== ) apby= th a,bu,:_,

kl=n

rge t npoberaer Bce IendTesIH YMCJIA 71, BKJAIOUaA H HeCOGCTReHHHIE
I un.

[Tonaraa Bce K03 HUMEHTH CTENEHHOTO PsAja paBHLIMH €IHHHLUE,
NoJ1y4aeM TEeOMETPHUEeCKHH psaX

1424224 2n ... = ll_z .

Tonaras Bce xoadxpuuueHTH pAjga JupuxJe paBHEIMH eJMHHLE, NOJY-
uyaeM 03ema-gyHKyL0

1525435 b . basd..=C(s).

1) B Hacrosiulell ryiaBe MBI COBEDIICHHO OTBJIEKAeMCH OT BOMPOCOB CXOAUMOCTH.
B cnyuae aGcomorHoii cXOQHMOCTH BCe BHIKJIaAKH 3aKOHHH,



OTAEN BOCHLMOM, ITABA 1, § 6 139

89. Uucno uacreit n paBHO Z l=n+1. Yucno jgenuteneil n
is\n

pasHo 3} 1==1(n). Hueem
iin

o]

20 (n+ 1)2"=-(l_1_—z)2, Z T(n) =7 (s)

n=1

40. n-it ko3ppuurenT B pasioxeHHU TPOU3BEAEHHA
I o o
T Z a,z”, cootB. {(s) Z a.n=s,
=0 n=i

paBeH

> a, cootB. 4.
tn

in

41. Ilokasarp, uTo
1
Tpzf2e  fon, . ?
pD) I 4p@)2s+p@)3 s+...fpnn)ns4...=
1 1
B S R G R U R 3 P

l—2=

42. Tlycrs, kak B 32, > a,=A, (n=0, 1, 2, ...); Torda

tsgn
Ao+ Az+A2 4. F A ) (1 —2)=
=qy -tz a2 et
Tlycre, nanee, kak B 33, Za,zA,, (n=1, 2, 3,...); Toraa

tin

(A11‘5+A22“+...—[—A,,n"—‘l—...)~(;,L(1) 17541 (2) 25 ...
cetpmr ) =0l a2 A aan L

§ 6. MyabTHIIMKATHBHBIE TeOPeTHKO-YHC/OBLIE (BDYHKUKH

TTod myasmunaukamusyol TeopeTHKO-uuc/a0BOR GyHKuued f(n)
NOHMMAWT OYHKHHIO, Takywo, uTo f(l)=1, yloBieTBOpAWOUY0 LI1d
B3aUMHO TIPOCTEIX 711 ¥ A YPABHEHUIO

f(m)f () =Ff (mn).
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43. Ilokasarb, uTo
n*, g (n), 2™, u(n), (n), @(n)

— MyJIBTHIIJIMKATHBHEIE TEOPeTHKO-uHcaoBoie ¢yaxumn, [Has ¢ (n)
ACronb3osate 25.]

44, [lycms n =pf’1pf2 pffV, TAE Py Pas -+, Py — OTIMUHLIE APYT
OT JApyra HpocTele yucJa. Torzaa

(k. 41
l—pl ( 1 ) . 1

k 1 &, 1
_pg‘(a'*') ]_p:‘( v 1)

Oq (n)= e 5
L—pf 1—p§ l—py
B YacTHOCTH,

l_p 1+_l 1 — p 2+-1 l—ﬂiv-{_l
0(n) =

I—py ‘—‘Pz o t=py

T(n)=(k+1) R+ 1)... (kv 1).
45. Ilokasarte, uto npu n > 30
@ (n) >t (n).

46. Ilycts q, b, ¢, d, ..., k, | —uentie NONOXKUTENBHEE UHCAA,
M — ux Haumenbluee ofiiee KparHoe, (a, b), (a, ¢), ..., (a, b,0),...,
KaX OOBYHO, — HanboJbIIHH OGMIKi ne/uTe b upcen a u b, coOTB. @
H¢ ..., COOTB. a, b uc,...Ecmu f(n)— myaptunnukatusHas QyHK-
4d, TO

FM)fa, b))f (@, €) ... [k, D)f (@, b, ¢, d))...=
=f@f®)...F()] (@ b, 0)...

(Aprymentamn ¢yHKUMH f(n) B mpaBod uacTH CJayxKaT HauGoJbline
oflHe Je/utesd BCEBO3MOMKHBIX KOMOMHAUHH H3 HeueTHOro yHc/a
uycen1 a, b, ¢, ..., k, 1.) [29 npexactaBifeT cofof uacTHHI cayyaf,
koraa f(n)=n.]

47. Ilycrs f (n) — MyJbTHIINKATHBHAS TEOPETHKO-YHCI0Bas Gy HK-
und. Toraa

S‘ f(nyn—= II =+ F@pe+F ) =+ p> ..,

n~l

rae GecKoHeuHoe NNpou3BEACHHE PacnpoCTPaHCHO Ha BCe IIPOCTHIE
YHCa p M PaCKpHIBAETCS TaKUM Oﬁpa%OM 4TO COCTaBJAAKTCA TOJLBKO
NPOU3BEACHHA H3 KOHG‘-IHOI‘O yucJa MHOXKHTeNeH, OTJIHUYHBIX OT- 175,

48. [(s)= ﬂ —
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49, [TokaszaTh, 41O

[o2]

Z 0a (n) s =L (9) L(s—a), 2 2vmn-s = L8,

n=1 n=1

A(n n“-—c(%) cp(n yn~s —E6= ). 43, 44, 25.
L’ L

50. O6osnaunM uepes a(n) HaHGOJbLUMI HeUeTHHH AeJHTENDb
qucja n. ITokasats, 4ro

1_21 s

a(h)l-*+a@)2-54...Fa(n)ns+4...= —o= —=5 L(s—1).

B1. Tloka3zars, yro

Amns=52,
i

T8

l npu n=1
52. t = !
;;.M) {0 npu n>1.

53. Zﬁ'(t)={ I, ecan n ecTb TOYHBHIR KBadpar,
tin 0, ecau n— He KBazpar,
54. D o(t)=n.
tin
[ G I ()
55! ;—t ‘—_n—o
8§6. D A(f)=Inn.
tin
&y G2 o G
87, |&1 @2 - B —g()g@)...0(0).
ml (w2 .. (nn

58. PaccMoTpeM Bce BO3MOXKHBIE Da3foXKeHHS n=af UYETHOro
4Hcaa 7 Takue, 4TO ¢ — HeueTHoe (BKJoyas o= 1), f — uetnoe. [Toxa-
3aTh, 4TO DPA3HOCTb

2p—2a

n
paBHa cymme JetuTeedl uHCia 5.
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859. Ilycte f(n) 1 g(n)— MyJIBTHIIHKATHBHLE TeOPETHKO-UHC/IO-
Bue ¢yskuMy. Toraa TEOPETHKO-UHMCA0BAA GyHKUHA

hiny=YFtg ()
t.n

TaKxe MYJIbTHIIJIHKATHBHA,

60. Uucio pa3fHYHBIX NPaBHJABHBIX 3aMKHYTBIX A-YTOJBHHKOB
paBHO —;- o (n).

61. CymMa Bcex MOJONKUTENBHBIX MPABHABHEIX ApoGeil, MMeX
B HecoxpaTHMO# ¢opMe 3HaMeHaTeJb n, PaBHa —é—q}(n) (n=2),

62. Ilyctb a, b, c—uenable TMOJOXKHTENbHHE YHCAZ. EcJu
(a, b, c)=1, 10 MeXLY ¢ ApobsmMH :

g atb at2 at=1s

C’ C’ ¢ y ottty c

b
HMeeTcsl cfp((bc)) HecokpaTuMbix. EcqM (a, b, ¢)>1, T0o BCce yKasaHHbie

ApOoGH, OYEBHIHO, COKPATHMBI.
63. CxosbKo HeCOKpaTHMLIX HMeercA cpefu n? ApoGeft

-

—lo =0 = —

rof w2 | 1 po| =

| L w8 ol

INFEISICIN

ale s 3=~
.

64. OGosnaunm uepe3 @ (n) YHCAO HECOKPATHMBLIX CPelH CJEIyiO-
WHxX n? Apobeil:

14+i 142/ 14ni
TA T T
241 249 24-ni
n y n 1 ) n s
n+i n-t+2i n-+ni
n )y n ? 1] n .

R —_— ib o
(i=V—T1; Apo6b q—_%l— Ha3ulBaeTCA COKpaTHMoOH, ecau (a, b, n)>1,
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H HecokpatuMoifi, ecru (a, b, n)=1.) Oyukuusa @ (n) obaagaer cre-
AYIOIMHMMH CBOHCTBAMH:

O(mD(n)=D(mn) ana (m, n)=1, O(l)=1, (1)
O (p*) = p* — p?®-2, ectu p —mpocToe uneao (k=1, 2, 3, ...);
1
‘I).( )—nz(l——z><1 qz>\ }7)..., (2)
rie p, ¢, r, ...— PasAHYHEIE MPOCTHIC MHOXKHTENH YHCAA H;
3D () =n (3)
tin
< s 2(—=9

Iokaszate cpoiictBa (1), (2), (3) HesaBucumoO apyr or apyra,
HCXOIs HEMOCPEICTBEHHO H3 omnpeleneHus. [TokasaTb, KpOMe TOrO, 4TO

(=4, =M, B)=4),
@H=M), W=, @=0)".

& 7. Paapl JlamGepra H pOACTBEHHBIE MM

65. U3 toxiectBa

s) i a.n—* i

n=1

rie a,, a,, as, ... 1 Ay, A, As, ...—n0CToAHHBE KOXpPPHUHEHTH,
BLITEKaeT

bl | —x
n=1

=) ©
V 2nX" = y Aqxn
Aﬂ!

H 06paTHo (B neBoit wactu BTOPOTO DaBEHCTBA CTOHT TaK HajblBae-
MBIl pad Jlambepma.)
66. Toxzectsa

£ (1 =219 3 agns = 3] Bons,

n=1 n=1
3 3

Q" n
2 = X B
n=1 ne=|

PaBHOCHABHEL.

3) To ectb u3 (1) cneaver (4), u3 (2) cmeayer (4) u r. 1.
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67. [Mycts Mexxay YMCHAMH @, Q,, a3, ... U Ay, A, A,
HMeeT MecTo TO K& COOTHOlUeHHe, YTO ¥ B 3afaye 65. Toraa

o0 o 4
H n . x\e ]E x?
(—51n—>"= <1——2—2) n,
X " neJu
n=1 n=1

68. Ilycts Mex1y UHCAAMH @;, dy, d3, ... W By, Bs, By, ..
HMeeT MECTO TO JKe COOTHOLUEHHe, UTO K B 3ajade 66. Toraa

G | (=

n=
69. ITokaszats, uTO

iu(n)x" N @ (m) x*

[ —xn

n=1

ABJIATCA paL[HOHaJIbe[MH byskuuamu or x. Kaknmu HMEHHO?

70. Z }”l(n)x =y x40 B
n=1

71. [Tokasats, urO
[vo)

(v
QR 2 st 1442
[+x7 = x—24, e = Y 0=

n=1

n=1

72. ¥ x(n)%=

== 20— 2 A2 B = 3 bt
n=1

rie b,=1, ecnu n--KpBaapar, b,=—2, ecqM 7 — YABOEHHHIH KBai-
pat, H b,=0 BO BCceX OCTa/JbHBIX CJyyasX.

[ve)

xn 1—{-—x
73. ZI‘D(”) = = YT

o 142x 162242234 x4
Z O (1) i = ¥ [64].
n=1
| v 1 ! 14
74. Zt(n)x”-——ilf_xn— +x+ + +i_+x91—_+';3+...

n=1 n=1
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o

mﬂ " X" x x3
15. Z o (n)x" = Z nl—-x”:(l—x)i-{—(l-—xz)z_*-

n=1 n=1

2 - 5ys 7
+ (1— x3)2 +. Tiiix21x5—i7-ic’+
Hoxa3arenu creneHell B nocseiHed JpoGH COCTABJIEHBI IO rt\opmyfe
(3’a2 == £). [1 54.] BulBectn oTCiofa peKyppeHTHYIO GOpMyay 1Js o(n).
76. 3uayeHue Bb]pax(emm

it

qx~+ 1—('x3+"'

He H3MeHseTCA IPH NepecTaHOBKE 4HHCeJd p H (.

X x? x3 x4
1 sttt tigst=

X x3 x8 x7?
1= 1—x3+1-xé“1'—x7+"‘

X X x? xi x8
78. l-——x=1—x2+l——x4+l x5+1 x16+"'=

X f 2x2

= 15« “‘1+x-+1 ' x4+1+x3+

§ 8. JlanvHefiive 3ajayd Ha TOACYET LEABIX TOYEK
78. [lokasats, uto
t(l)—}-r(?)—}-...—}-r(n)=[»¥-]+[-i]+...+["3].
[OGe uacrn npencrasnﬁ}o'r YHCJIO UEJbIX ToueK, 3aK/09eHHuIX B GHType
x>0, y>0, xy=<nh.]
80. Iycts v=[} n|. Iokasars, uto
T +r @+ b =2 f] 2[5+ F 2[5 ] -
81. Ilycrs
> ok s Y bl = 3 catt™s.
k=1 =1 n=1
Torpa Mmexny cyMmami Kosdduuuentos
a1+a2+~"+aﬂ:Aﬂ’ b1+b2+---+bn:Bﬂ,
o+ct...Fe, =T,

1) PasoGpannyio B 3ana1ax 28—42 aHaNOTRIO (4acTh, ACMHTEIb) MOKHO Gel10 &l
3]ecb MpPOC/eNHTb HECKOABKO Jajblle.
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HMeeT MecCTO CJeaVIollee COOTHOLUEHHE:

n n

T,= ;:]1 a,BH =3 bSAH.

82. ITokasarp, yTO
= B (][] (5] )
p=n

rie CyMMHpOBaHHE paCNpOCTpaHsAeTCs Ha BCe IpOCThHie 4YHCIA p,
He npeBocxoxdlte n. [[Tpumenuts 81 x npousselenuto Iunpuxie

—'(s) =§]]A (k) k—sgl I-5.]

83. B ofosnauenusx 3ajaud 81 HMeeT MeCTO TAKXKe COOTHOILEHHE

v

I‘,,=Z a,B[i]—{-Zv_] bsA[ ]—A\-Bv,

n
_ r=1 r s=1 s
rie v= [Vn].
Ir'1ABA 2
HEJIOYUCIAEHHBIE NMOJHHOMbBI U LLEJIO3HAUYHBIE dYHKILHH

§ 1. lenoyncieHHocTs H LEJN03HAYHOCTH TIOIHHOMOB

MMonuuom
Px)y=apxm™tauxm- 4. ta, x+a,

HAa3LIBACTCA YLIOUUCAEHHEIM, €CJIH er0 KO3DPHIHEHTH a,, @), @, ...
.y Om_y, O HPeICTABAAIOT cO0OH nenple uucia. [lomuuom P (x)
HasplBaeTCA yero3Haunsim, ecad 3Havedns P (0), P(l), P (2), ...

...y P(n), ...— ueasle yucaa. LlenouncaeHHHH NOMHHOM BCeraa Leso-
3HaueH.

84. [ToauioMm

tx—=NEx=2)...x—m+1) [%
1.2.3..m - <m
— [&/103HAYHBIH, OJAHAKO HE HEJOUHC/ACEHHH, ecad m==2.

85. Kaxawit noauHoM P (x) CTeneHH m MOXHO NpeACTABHTH
B ¢opme

PO =b(%) 40,7 )b [])

IMoarHoM P (x) sABAfETCS LEI03HAUHEIM TOrJa H TOJIBKO TOraa, Koraa
BCce KO3PPHUHEHTH by, by, ..., by, bp—ueane uncaa,
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86. Ecan nosuxom P (x) cTeneny m — ueJIO3HAUHBIH, TO NMOJHHOM
m!P (x) — HeJoUHCIEHHbIH.

87. Ecau nenasi pauxoHalbHas# QYHKUHA CTeNeHH m NPHHHMAaeT
Hesble 3HaueHHs A8 m--1 nocjeloBaTeNbHBIX LEJBIX 3HAa4YeHHH
nepeMeHHOMN, TO CHA NpPHHHMAeT [ejble 3HauyeHHA s BceX Booble
LeJLIX 3HAaYeHHH NepeMeHHOH.

88. Kaxnuit HeyeTHH i nosuHoM P (x) cTenenH 2m — 1 MOXHO
npeicTaBHTL B opMme

X I m—1
P (x)=01\1>+ C2<x-3{— >+ 03<x-+5-2>+-"+ Cm <x;—m_l >.
[TonuHoM P (x) Torga M TOJBKO TOIJA LEJO3HAYHBIH, KOrja Bce Koag-
GULHEHTH €, €5y «.., Cp-1, Cm~ LI&JIBIE YHCJA.
89. Kax1bil yeTHE 11 nOJHHOM P (x) cTeneHH 2m MOXKHO Ipel-
CTaBUTL B Gopme
x [x x x4 1) x (x4+m—1
P(x)=d0+d1T<l>+d2?< B N 71 Wy ).
[ToanxoM P (x) Torza H TOJBKO TOrAa LEJIO3HAUHEIH, KOrja Bce Koag-
¢unkenTH dy, dy, dy, ..., dp_q, dn— Leasle YuCIa.

90. LlesounceHnrie NMOJHHOME CTeneHH m, abCOMIOTHOe 3Haue-
HHE KOTOPHIX PaBHO elHHHNe npH m-+ 1 pedblX 3HAuUeHHAX, CyLie-
CTBYIOT, €/ m<<3, U He CyHIecTBYIOT, ecqH m=4. [VI 70.]

91. Eciu nenas pauuonasnbHast GYHKUMS CTENEHH m NpPHHHMAer
palLHOHaNbHEIe 3HAUeHHA NpPH m-+ 1 UenHX 3HaueHusix X, TO Bce ee
K03(bbHIHEHTE PALMOHANBHEL,

92. Ecau npobHast paunoHanbHass QYHKLHA BO BCeX MOJOKHTENb-
HBIX [IeJbIX TOUKaX TNpHHHMAeT paruoHa/bHbE 3HAueHHS, TO OHA
npejicTaBJsieT co6ofl OTHOLIeHHE JBYX B3aHMHO NPOCTHIX [1eJI0YlCJeH-
HBIX NMOJHHOMOB, [Pewaronium o6cTOsiTeILCTBOM SBJASETCH parHOHA/b-
HOCTb KO3((HIIHEHTOB. |

938. Pauuonanvuas GyHKuMsi, NPHHUMAOMIAs LeJble 3HAYEHHS
JJ1si GeCUKC/IEHHOr0 MHOMKECTBA LieJblX 3HaueHHH apryMeHTa, siBJigeTcs
yeaoll pauvoHaNbHOH GyHKmHeH.

§ 2. lenosHauydble (yHKUHH H HX NPOCTHIE IEJHTEH

94. B uuci0BOl noc/el0BaTe1bHOCTH
2141, 201, 241, 2641, ..., 22741, ...

BCe YJieHB! — NONApHO B3aHMHO npocTeie. (OTCIOla, MEXKIYy INpOuMM,
BRITEKAET, UTO YHCJA0 NPOCTHIX uHces GecKOHEYHO.)
95. B apudMernueckoil nporpeccru
a, atd, at+2d, ..., atnd, ...,

rje a H d— uejsle uucaa, d = 0, cofepKutcs GECKOHENHOe MHOMKECTBO
Y/JEeHOB, HMEHIHX OIHH H Te K€ NPOCThHE MHOKHTEJIH.
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896. Kaxjnil uieH nocaeioBate bHOCTH
5 11, 17, 23, 29, 35, ..., 6a-—1, ...

o6./1a7l2eT NPOCTHIM MHOXKHTeJeM, KoTopulh = —1 (mod 6).
97. Ilycte P (x) — uejo3Haunbiil nojnHoM. Moryr Jv Bce d4JeHH
nocJ/le 10BaTelbHOCTH

P(l), P2, P®), ..., P(n), ...

npeacTaBaATh cobofl mpoctwie yncaa? (Kak sameTns Diigep, B cayyae
nosuHoMa P (x)=x®>—x-|-4] npocTuMH oKa3bBaloTcsi mnepBeie 40
Y/IeHOB. )

®ynxuns f(x), obaanaouias TeM CBOHCTBOM, YTO BCe 3HaueHHA

FO, F), 7@, ..., F(n), ...

SBJSIIOTCS [eJIbIMH, Ha3bBaeTcs yeaosnatroti. Hanpumep, dyHkuns 2%
ueno3HayHa. [IpoGuast pauHosasnpHasds QYHKOHA He MoxeT OHTb
uesosnaunoit [93]. TlpocToe 4MCAO p HA3BIBARTCH npocmwbim  Oesume-
sem enosHaunoi QyHKUME f(¥), ecsH CYLIECTBYET Takoe LeJoe YHCJIOo
n (n=0), uto f(n)=£=0 n f(n)=0 (mod p). 2¥ o6rajaer OJHHM
eIHHCTBEHHEIM NpocThiM JeaurtedeM 2. CorgacHo 94 dysruus 2% 41
HMeeT GecyHc/eHHOe MHOXECTBO NMPOCTHIX JedHTeJeH.

98. [TonuHoM x*4 1 HMeeT NMPOCTHIMM JeJHTENSsMH uucaa 2, 5,
13, 17, ..., T. e. 2 u HeueTHrIe NpocTLle yncnaa Bula 4n+ 1. Hu oaHo
NpOCTOe YHCJO BuAA 47143 He MOXKET CJYMXHTb NpOCTBIM JeJHTe]eM
YKa3aHHOTO MOJIHHOMA.

99. Onpenenuts npocTsie AeaHTeIH NMoOaHHOMa x2 - 15.

100. Kakop O6bi HM OGblT 3ajaHHBIl HENPHUBOAMMBIA MOJHHOM
BTODO# CTeNeHH, CyLIECTBYeT GecUHC/IeHHOe MHOKECTBO IPOCTHX YHCe,
He SIBJISIIOUIHXCS €r0 ITPOCTHIMH JEH TeIsiMH.

[[oka3miBaercss NmMyTeM IpPHBJEYEHHS JTOBOJBHO IMyGOKHX BCIOMO-
rateJbHBIX cpefctB. CM. cHocky K 3ajaue 110.]

10%. Ecinm uenosHauHsll TNOJHHOM, He DaBHBHIH TOXIECTBEHHO.
HYJIIO, HMeeT pallHOHaJ/bHLI HyAb, TO BCe NPOCTHIE YHC/AA, 3@ HCKJIO-
yeHHeM, ObiTb MOKET, HECKOJBKHX, SBJSIOTCS €ro MNPOCTHIMH Je/IH-
TeNISIMH.

102. Bce npocthle yHc/aIa CJIYKAT NMPOCTHIMH JETHTEJASSMH  TOJIH-
Homa x% — 11x*436x% — 36, ne oGnajaroniero BOBCe palHOHAJbLHEIMH
HYJISIMH.

103. Heuernsie npocThie JeJHTENH m-TO NOJHHOMA JeJeHHs
kpyra K, (x) [36] aubo neast m, au6o =1 (mod m). [104.]

04. Ecou nmpocroe uncso p (p >>2) He JeJuT m H

Kn(@ =0 (mod p),
TG @ — B3aHMHO IIPOCTOe C p H NpHHaAIexHT (mod p) nokKasarenwo m.
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105. CymectByer CecKOHEUHOe MHOXKECTBO NMpOCTHIX YHCEN BHAa
6n — 1. [PaccMoTpeTb pasnoXkeHHe Ha HPOCTbIE MHOXKHTENH YHcsia
6P —1, rne P=5-11-17-23-29.41...— npousBefieH#e yKe H3BECT-
HBIX TIPOCTHIX Yucesa BHAa 6n—1.]

106. CyuecTsyer GecKOHEUHOE MHOKECTBO NMPOCTHIX YHCEJ BHAA
4n—1.

107. llenosnaunasi dynkuua ab*+-c¢, rae a, b, ¢ — pessie 4icaa,
a#0, b=2, c# 0, umeer GeCKOHEUHOE MHOXKECTBO NPOCTHIX Je.H-
Tejelt. [ab¥-c¢ DepHOAMYHA NO HEKOTOPOMY MOAYJHO 7, B3aHMHO
npoctoMy ¢ b; afcosmoTHOe 3HauenHe 3TOH QYHKIHH BO3pacTaeT [0
6eCKOHeUHOCTH. |

108. llesosnaunbii nosuHoM P (x), He TOXKIECTBEHHO MOCTOSH-
Hblfl, o6nanaer GeCKOHEYHBIM MHOMKECTBOM IPOCTHIX JeJHTE/eH,

108. VYTBepxaeHuo, colepmauleMycsi B TeopeMme 108, MOXKHO
NpuAaTe TakKoi BHA: ecaH P (x)— neJo3HauyHelH HE TOXKJECTBEHHO
NOCTOSIHHEIH MOJMHOM, TO BCE UJIEHBl IOCJIeJOBATEbHOCTH

P(0), P(1), P(2), ..., P(n), ...

Hellb3s COCTABHTbL M3 KOHEYHOrO YHCJIA NMpOcThiX umcesa. Moxer s
KaKaa-HHOyAb 6€CKOHe U Ha s YyacTb 3TOH NOC/eJ0BaTeAbHOCTH OLITh
COCTaBJIEHA H3 KOHEYHOrO YHCJA NPOCTHIX YHCEN?

110. [Tycte m — uenoe noJoxuTe bHOE yHCa0. B apudmernueckod
I1pOrpeccHu

1, 14+m, 14+2m, 14-3m, ...

coepKUTCs OecKOHeuHoe MHOMKECTBO NpOCThIX yucesa?),

111, [TycTb 1es03HayHble HOJIHHOMB P (x) 1 Q (x) B3aHMHO IIPOCTHL.
Toriza CyUIeCTBYIOT TPOH3BOJNBHO GOJBILHE [eJEe YHCaa 71, 06Jalan-
IiHe TeM CBOHCTBOM, YTO HauMeHbluee ofiuee KpaTHoe uucen P (n)
H Q(n) comep:KHT NPOCTHlEe MHOXKHTENH, He BXOAALIHE B HX HaHGOJb-
wui oOlWMH JAeauTens.

112. [lycte P(x)—HeNpHBOAMMBIH [EJO3HAYHLIH NOJIHHOM
(cM. crp. 150). Torma cyilecTBYIOT NPOH3BOJIBHO OCOJbILNHE LEJHE
yucsaa n, obaajarouie TeM CBOHCTBOM, UTO B P (n) no Kpaiiuell Mepe
OJIMH NPOCTOH MHOXKHTEJb P BXOJHT B IeEpPBOH CTeneHd, T. €.

P(n)=0 (moedp) u P(n)==0 (mod p?).

118. [lycts P (x)— uel03HAUHHI MNOMHHOM, HAaHMeHbIiasd
KpaTHOCTb HyJeH KoToporo paBHa m. (Bce mpocrbile MHOMXHTEH,
Bxoasiuite B P (n), 3a HCKJ/OYeHHeM, OLITb MOXeT, HeCKOJbKHX,
JOJXHBI TOrja BXOAHTb HO MeHbLueH Mepe B m-fi crenenu, n=_0,
1, 2, ...). CyulecTByIOT NpOH3BOJIBLHO GOMblLIHe Ledsie 4yucaa n, obja-

1) Teopemst 105, 106, 110 sBaSIOTCS YacTHHIMH CAy4asMH CJieAyiouled BaxKHOM
TeopeMbl, AOKa3aHHOH JlHpHXJe: B Kaxa0h apHdMeTHUECKOH NpOrpeccEd, NepBuil
yJleH H DPa3HOCTh KOTOPOH B3aHMHO MPOCTHI, COAEPNKHTCA GeCKOHEYHOE MHOMXECTBO
OPOCTHIX YHCeJ.
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Jatollge TeM CBOHCTBOM, YTO IO kpalHell Mepe OTHH MNpOCTON JenH-
TeJb BXOJAUT B P(n) He 60nee ueM B m-H cTenmeHH.

114. Ecan uenas pamHoHaibHas ¢yHKIMA P (X) 419 Kaxjaoro
LeJIOTO IOJOXHTENbHOIO 3HAauYeHH X NPHHUMAaeT 3HaueHHe, paBHOE
KBaApary LeJoro 4xcsa, 10 P (x) mpeactas/seT co60H Keajpar 1nesoH
pamuoHa bHOH GYHKUHH. (AHaJOruuHas Teopema HKMeEeT MeCcTO H A
BHICLIHX CTeneHeH.)

1158. Ilycte by, b,, ..., by — paziuunbie [e.ble NOJOKHTEbHbIE
ugena (0<<b, <<b,<C...<bp) u Py(x), Pylx), ..., Pp(x)— ueno-
yyc/eHHble NOMHHOMBL. Ilokasarh, uTo QyHKLHS

Py (x) bl 4Py (x) bi+...+ Py (x) b3
HMeeT GeCKOHEUHOE MHOKECTBO TpOCTHIX AesHTereil,

§ 3. HenpupoaumMocTh MONHHCMOB

TToqHHOM CTENEHM 71 ¢ pauHoHaNbHBIMH KO3DdHUIHEHTaMH Ha3bl-
BaeTCH Npueo0umbis, eCJH OH MOXeT GbIThb IIpe]CTaBJIeH B BuJE MpO-
H3BeJeHUs JBYX IOJHHOMOB CTENEHH MeHbLUIeH, 4eM 7, ¢ PalHOHAJb-
Hb'MH Ke KoadpuineHtamu. Kaxawil nosnHoM 1160 npHBOAHM, JHEO
HenpusoOum; B NEPBOM CJyuae oH HpeicTaBJ/sieT cOGOH npoH3BejeHHe
HEIPHBOAUMEIX MOJHHOMOB.

116. Besxu#i npHBOIMMBIA I€/I04HCAEHHBIH MOJHHOM MOXKeT 6HTh
npeicTaBjqeH B BHIE NIPOH3BEIEHHS L e TOUHCJEeHHK X Xe NOJH-
HOMOB HH3ILHX CTeneHed.

117. LlesouncNeHH b MOJHHOM [ (X) He MOMeT o6pallathCst B HYJb
HH B OfHOH nesod Touke, ecan f{0) u f(l)— HeueTHole umcaa.

118. [lenouncsenHbl nonuHoM P (x) n-ii CTeneHd, NpHHHMAOWHE
B 7 pAa3JHYHBIX LEJBIX TOYKaX 3HAUCHHHA, OTJHYHEE OT HYyJs H IO

n i\
-[z ]}
abcOMIOTHOH BeNNYHHe MeHbIUHe, YeM —————n—/—, nenpuBouM [V170].
o' [3J
119, ITycrb d — HauMeHbIIee PACCTOSIHHE MEK 1Y LENEIMH TOUKAMH,

yKasaHHbIMH B 3afiaue 118. Toraa npuBeAeHHYK B 3TOfl 3ajaue Tpa-
HHLY MOXKHO 3aMEHHTb CJeAYIoLIeH:

(4"l

120. Ecau uesouncienH=fit nmoauHom P (x) npu 6ecKOHedHOM
MHOMeCTBE [eJblX X INpPHHHMaeT 3HAueHHH, HAB/AIOMHECH NPOCTHMU
YHC/IAMH, TO OH JO/KE€H ObIThb HENpPHBOAHUMBIM H Haubo.IblMH o6IMH
JeJIMTe/Ib COBOKYIHOCTH €r0 KO3 uuUeHTOB A0/UKeH GhITh paBeH eiH-
HHIlE. 2TO CYEBHJHCE MNOJIOXEHHe He MONeT ObiTh O6pallleHo: MOJHHOM

X(x—(nl41))x=2n4+1)...x—(n—n! 1) fnl=x+...
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HENPHBOAHM M, OJHAKO, €CAH 7 =3, He PaBeH IPOCTOMY YHCJYy HH
NpH KakoOM LeJOM 3HAueHHH X, '
121, [Toaunom

(x—a) (x—ay)...(x—ap) — 1,
rie a,, a,, ..., @, — Pa3NHuHsle IEJHE YHCIa, BCeraa HempUBOAHM,
122. (ITpojonxenue.) B Kakux C1yyasx HOJHHOM
(x—ay) (x— ay)...(x— )+ 1
6y1eT NPHBOIHMBIM?
123. ([Ipononxenue.) TloauHom
(x—a) (x—ay)*...(x—an)*+ 1
HENPHBOAHM.
124. ([Tpogonxenue.) [MonuHoM
(x—a)t(x—ay)t...(x—a,)t+1
TakXe HeNPHBOIHM.
125. ([Ipororxenue.) Ecnu F(2) =24+ Az3 Bz 4+ Az 41 ectb

NOJIOXKHTENBHO Onpefie/€HHbIH HelpHBOAUMBIH LeNOUHCTEHHBbIH MOJH-
HOM, TO IOJHHOM

F((x—a))(x—ay)...(x —an))

NPHBOAHM JHIIb B TOM Clyuae, ecad F(z)=2z*—2z*41 (12-fi moau-
HOM JeJIeHHS Kpyra) H
(¢ —ay) (x =) ...(x—ap) = (x—2) (x—a— 1) (x——2)
C LeJLM .
126. (IMponomxenue.) ITomuHoM
A(x—ap) (x—ap)* ... (x—a )+ 1,
rme A —1e10e I[0JOXKHTENbHOE YHCIO0, NMPHBOLKHM JAINb B TOM CIy-
A o
uae, eclH 4 FBJFETCH YeTBEPTOH CTENEHbIO LEJOro YHea.

127. [Tycrb P (x) — nesounc/IeHHsIf MOJHHOM U MYCTh CyIIECTBYET
1€JIce U¥CJO 11, YROBJIETBOPSIONICe CEAYIOMMM TPeM YCJAOBHAM:

1

1) vyam noinHoMa P (x) nexaT B HOJYMJIOCKOCTH Rx<n —

2 ’
2y P(n—1)s=0,
3) P(n) ecTb mpocToe YHCIO.
Torza noautom P (x) HeNpHBOAHM.
128. [lycm

pP=Qyy...0n=ayl0" 10" ta,

— [IpOCTOe HHCJIO, 3aMHCaHHOe Mo jecATHuHOH chcTeme (0<<a, << 9,
v=0, 1, ..., m; gy==1). TlokasaTre, 4TO NOJTHHOM

A"+ x4 o Xt an
menpusoanM. [127, 111 24.]
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129. Ilyctb r u s— HeueTHble HPOCTBIE YHCJA, YAOBJAETBOPSIO-
IlHe COOTHOLUeHH SIM

r=1 (mod8) u (;)z(f,/\,:l

TakUMH TDPOCTHIMH YHCJIAMH ABJSIOTCS, HanpuMep, r==41 u s=15,
Torga moJHHOM

V7 =Vs)c=Vr+Vs)x+Vr=Vs)x+Vr+Vs)=
=xt—2(r+s) 24 (r—s)P=

= (X4 r—s)P—4rx?= (1)
= (x*—r45)* —4dsx? = @)
= (x2—r—5)?—4rs (3)

B OOBLIYHOM cMbICJIE HENPHBOAHM, ONHAKO, KaK MOXKHO 3JeMeHTapHO
nokasath ¢ nomouiplo dopmya (1), (2) u (3), «npuBoAHM» (UMEHHO,
MOXeT ObiThb DPas3fioXeH Ha JiBa MHOXHTE]A BTOPOH CTENeHH) IO
AwoboMy MOAY IO M,

Irn1ABA3
TEOPETHKO-UHCJIOBbIE CBOACTBA CTEMEHHBIX PHJ0B

§ 1. MojiroToBuTeNbHbE 337aYd 0 GHHOMHANBHBIX Kod(pHIHEHTAX

130. IlpoussencHue JIOGLIX /M MOCAEIOBATENbHHIX [EbIX UHCEN
Jeadrcs Ha mil.

131. lpoussenenne m nociefoBaTeNbHBIX MeJbIX YHCEd B apud-
METHYECKOH I[POrpecCHH [JeNHTCH Ha ml, ecH Pa3HOCTh MpPOTPECCHH
B3aUMHO mpocra ¢ ml,

132. PasnocTHoe mnpousBeleHHe JIOOBIX /M PasJHYHBIX LeJbiX
yuces BCETJAa JEMHTCS Ha PA3HOCTHOE IIPOII3BeJeHHE MePBBIX /1 LEabX

L2 ...,m
HOJOKUTEABHEIX YHnCesa. (PasHoCTHOe NMpou3BeleHHe H (xe—x))
i J<k
m Bequunil xy, Xy ..., Xy COCTOHT H3 —2—m(m—-1) MHOKHTe el )

[Pewenne V 96.]

183. [is kakux uetsiXx n uucao (n—1)! He Jenutcs Ha n?
Hns kakux He jenutcs Ha n*?

134. Onpezeants nokasateb BHICIIEH CTENEHM NPOCTOTO YHCJIA P,
BXOJAlIEH B nl.

1358. Cxoabkumu Hys MM 3aKaHynBaeTca yucsao 1000!, 3amucau-
HOe 10 JECSITHYHOH CHCTeMe?
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186. Ilyctb g 1 b— ueible noJoXHTesbHbE uncaa. Tora mpo-
usseferne (2a)! (2b)! meawurcs Ha a!(a-b)! bl.
An)!
1837. Ecau h u n— uelble NOJNOMHTENbHEE UMCIA, (}% -

1eJjioe 4ucJo.

§ 2. K Teopeme JiiseHwTeiina

CreneHHoH paA
aotazta,*+... faz"+. ..

HA3LIBAETCA PAYUOHAALHO-YUCACHHbIM, €CIH BCe ero KoabbUIHeHTH! ag,
Q4 Qgy -+ Qny .. PALHOHANBHBL, U YEAOHUCAEHHBIM, €CJH BCE KO3(-
GUNHEHTH ay, Oy, Ay, ..., U, ...— LETHE UYkcaa. PanuoHa/bHO-4HC-
JIEHHBIH cTelneHHOH Al MOXHO NpeicTaBHTb B Gopme

P EALE S SRR S RTET

Tae Sg, t,,-—uenble pauHOHabHBIE YHCIA, (S, f) =1, =1, s, —
YpCJNTeNb, !, — 3HaMeHaTeNb n-ro KOypduiHeHTa,

138. TIlycts s— uesoe uKe/0, §— LEN0E MOJAOKHTENLHQE HHCIO,
(s, f)=1. TToxasarp, 4TO 3HaMcHATeAH KOIPHHIHEHTOB paLHOHAIBHO-
YHCJEHHOTO CTEeNEeHHOTO pﬁ;La

(14 2)7 = Z 5 (‘}-1)...(;—n+1)iﬁ!

n==0

COLEpKAaT JHUIL MPOCTHE MHOXKITENH, BXOIAlHe B f.
188. Ilycrs p— mpocroil MHOMHTENb unCaa { H p%, p, p%,

, p*1, ...— BHICIIME CTENeHH P, BXOASIUIME COOTBETCTBEHHO B f, t,,
ti, «ouy tny ..., T !, — 3HaMeHATEb 7-T0 KOIPUIHEHTA pas/ioKe-
S
Husg OuHoMa (l--2)% B cremeHnod psag, (s, #)=1. BuuncauTs
.a,
lim =2,
n

n—w

Oyuxnus f(z) HasuBaeTcs aacebpauueckod, ecad OHa TOXAECT-
BEHHO YJOBJETBOPAET YyPABHEHHIO BHja

Po@f @F+P.@f @) *+...4+ Py (@@ +Pi(2) =0

rae Py (2), P, (2), ..., P;(2)—nonunomer, P, (2)3£0.
HpaBHanyxo Toqu 3pEeHUs AJd ouemm YaCcTHLIX pe3ybTaToB
aagau 138, 139 jaer caepyioias ofmias meopema Idserwmeiina:
«Ecau pauyOHanbHO-UHC/IEHHEIH CTENEHHOH DSy

2+ a,2% +az2 4. a2 -
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npexncTapaser ajnre6paHuecKylo QYHKLHIO OT 2z, TO CYLIECTEYeT Takoe
uenoe yucao T, uto paAg
a,Tz+a, T2+ a; T3 .. .+ a,Trz" 4. ..
AB/seTcd [e104HC/IeHHBIMy, [153.]

140. Hafitn wnaumenbiiee penoe umuedo 7T, obaanamloulee TeM

S
cBOHCTBOM, 4TO EBce Koad¢uumentsl pasa Aaa (1 -+7Tz)? sasasiorcs
LEBIMH  UHCJIAMH.

141, Jloka3aTb Teopemy Siizenwreiina 115 TnpocTeiiiero ¢ayuas,
Korja psii NpeaCTaBJsieT PayUoHaibHyo OyHKLUUIO.

ToBopsaTr, uto psA
S
P P S SOV G
o 4 b,

C pALHOHANBHEIMH KO3PQPHUHEHTaMH (S,, I, — Lease, 1, 2= 1, (s,, f;)=
=1) ynosnerBopsieT ycaosuro Ilzedumelina, ecIn CYWECTEYeT TaKoe
uesaoe upcao T, uro T geamtca Ha f, npu n=1, 2, 3, ...

142. Eciu pBa pauyoHATbHO-YKC/EHHEHX CTeNeHHBbIX psna f(z)
H g(2) YIOBJETBOPSIOT YCJOBHIO DHzeHIUTEHHa, TO 3TOMY XKe YCJo-
BHIO YAOBJIETBOPSIIOT TakKe s ibl

@) +g@), Fa—g@), [()g),

a Kpome TOro
2_(_(22)) (ecin g(0)=%0) u f(g(z)) (ecau g(0)=0).
143. Ec/u paunonanbHo-uHC/NeHHble PSilbl

At aztalt. a2, by bizb22 - b bt

YIOBJETBOPAIOT YCJIOBHIO Dif3eHWITeHHa, TO eMy Y, 10B/€TBOpseT Tak-
xe psif
agby +abiz +aby2? - dabzr -
144. Tlokasarb, yto ycsoBHe DizeHIUTeHA PABHOCHJIBHO OJHO-
BPEMEHHOMY BBINOJIHEHHIO JABYX CIEIYIOLIHX YCJIOBHH:

1) 3nameHatesn ty, t,, fy, ..., f,, ... COLEPKAT JHLUIL KOHEUHOE
YHCIO Pa3JHUHEIX NPOCTBIX MHOMKHTEJeH.

In¢
2) Ornowenne —= orpanuyero (n=1, 2, 3, ...).
1458. Paznoxuts 1o creneHsaM z (yHKLHH

i 1 1 1
1—z+2—z+4—z+"'+2’1—z+""
e s BN e Y
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Y10BI€TEOPAIOT JIH IONYyuYeHHElE CTeNneHHble psAnel ycaoBuam 1), 2)
3anauyd 144? feasworcs au anrefpanueckKUMH GQYHKIOHH, NPEACTaB/IsA-
eMBle 3THMH pPALAMH?

148. [unepecomempuueckum padom HasblBaeTcsl psd

[e]
C = Vo@D (etn—D-PE+DH...En—1
Flo, B, v 2)= ZO 172 ... hFn—1) "

n=—
Ecin o v P pamHoHa/lbHE, 0JHAKO HE OJHOBPEMEHHO LeJbe, H Y —
1e10e MOJOXKHTEeIbHOe YHCJIO, TO MOXKHO HaHTH Takoe [ejoe MO0JO-
Kutenbroe yueao T, 9ToGH Bce KO3h(HUKEHTH riNepreoMeTpHuecKoro
pana 6ul1H ueaniMH. (Hanpumep,

2‘51 a Z z(2 +‘) (g+n=1)}

o) V=) (T—2xY) 1—zx)_ 1.2...n z

He siBasercss aiareSpaudeckoli Gyukumedt [I 90]: ycioBue 3Jiizen-
wrediHa Heo6XOAMMO, OIHAKO HE JOCTAaTOYHO 1S TOro, 4tobh
¢dyHKuMa Gbna anareGpandeckoi.)

147. [lyctb %4y, P4y 1 @, B, ¥ He Bce ONHOBPEMEHHO PAIlHO-
HaJbHbI, OJHAKO BCe KO3DOHUHEHTH TIHIIEPreoMeTPHUECKOro psna
F(x, B, v: 2) paunoHa/dbHEl. Torjla o u P ABIAIOTCA KOPHAMH HEKO-
TOPOTO HENpPHBOAHMOIO KBaJpaTHOTO YpaBHEHHS C PAaUHOHAJIbHEIMH
K03(bdHHEHTaMH.

48. B ykasaunoMm B 3anave 147 cayuae F(x, B, v; 2) He npex-
cTaBJseT ajdreGpaudeckoll GyHKUHH OT 2. JJ0KasaTb 3TO, OCHOBLIBAfCh
Ha TeopeMe JiiseHIuTeliHa.

§ 3. K noka3sarteabcTBy Teopemn! JiizeHlTefiHa

149. PaunonanvHasg ¢yHKUHA, Bee KOIPQUUMEHTH Pa3/IOKEHHS
KOTODOIi 1O BO3DACTAIOUIHM CTEeNeHsM 2 PalHOHAJbHH, NpeJcTaBaser
cofoli OTHOLleHHe JBYX MOJHHOMOB C palKOHAJbHBEIMH KO3tEHIH-
eHTaMH.

180. Ilycte pauxoHanbHO-uHCHEHHBIH psal f(z) ymoBreTBOpser
YPaBHEHHIO BH1a

Py () [f @ +P @ [f @OF 4.+ Py () f () +Pi(2) =0,

rie Py (z), P,(z), ..., P,(z) —nonunomet, P,(z)==0. ITokasars, uto
f(z) ymoBIETBOpsIET TaK¥e HEKOTOPOMY YPaBHEHHIO TOTO Ke Buia,
B KOTOpPOM YKasaHHbe IOJHHOMH KMEHT Kod(pHUHEHTaMH 1€ Jbie
palHOHAaJbHBE UHCA.

181. [Tycre pauHOHaJIbHO-YHC/ICHHBH st

y=day+az+a,224... Fa2"+
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ynoBjersopsaer aiarebpanueckoMy Au(depeHIHanIbHOMY YpPaBHEHHIO,
T. €. YpaBHEHHK) BH/a

Rz, y, ¢, Yy, ..., yr)) =0,

rie R —uenas pausoHanbHass OYHKUHS OT CBOHX r -2 apryMésTos.
Tlokasare, 4To Torja y YIOBJETBODSIET TaKKe ypaBHEHHIO

R*G yo ¢y oy vy y)=0,
rie R* —uenast paunoHaibHasi OYHKUHMS C UeJABIMH  KoahdHIU-
€HTaMH,

- 182. Ilyctb odyskunn f(2)=cotciz+c22 ..., Fy(2), Fi(2),
Fo(2), ..., Fi(2) (Fy(2)=£0) peryasipHsl B HEKOTOPOH OKpEeCTHOCTH
ToukH 2=0 ¥ cBsI3aHH MeXJy cO0OH ypaBHeHHeM

Fo@QUF@QY+F @ @) ..+ Fa (@) f(2) 4 Fi(2) =0.
Torna mpu HEKOTOPOM /1 CTeNEHHOH PAA
[* () =tm+Cma2 +Cmig2? 4. o0

YAOBJCTBOPAET ypaBHeHi'0 BHJA

Go @) [[* @QF+G @ @ +.. .4 Gea () [* (2) + Gr () =0,

rie k<<I, Gy (0)=G,(0)=...=Gp ,(0)=0, Gpy (0) %0, Gy(2)==0
U Gy, (2) npeictamaser cofOH palHOHANbHOE BhIpameHHe C IeJbIMH
KO3hpHIIHEHTAMH OTHOCUTENBHO £ (2), F1(2), ..., F1(2),2,Cor Cps - ooy Cir1)

JeNeHHOE, BOSMOMKHO, Ha HEKOTopyl cremenb z; »=0, 1, 2, ..., &
(TeopeTnxo-pyHKLHOHANbHAA TeopeMa, MOATOTOBAANUIAS K 3adayam
153, 154.)

153. Ecnu ans painioHanbHO-YHCAEHHBIX CTENEHHBIX psijoB Py (2),
P, (2), ..., P;(2) Bunonssercs ycjoBHe JDfiseHiuTellHa, a paLHOHAJbHO-
yucJeHHsIH cTeneHHoll psaA f(2) TOXKIECTBEHHO YAOBJETBOPSeET ypas-
HEHHIO

Py@[f @Y +Pi@[F@F ...+ P 1 (@ (2)+ P (2)=0,

T0 218 psifa f(2) Takke BLIMONHEHO ycJoBHe DHzeHINTEHHa.

154. [lycs s,, t,— ueane, (s,, t,)=1, {,==1 u P, —HauGoanb-
IHH NPOCTOH MHOXKHTEIb, BXOJAALLHI B f,. ['oBOpAT, 4TO CTENEHHOH
paa

8 So S
ST P S SR S P N R
A 4 t ty

p
yaosaeTsopser ycaosuro Hebbiuesa, ecsiu OTHOLGHHE —* OrPAHHUYEHO,

In P,
- OTPaHHYeHO (n=2,3,4,..).
Kak ans yenopusi YefsineBa, Tak H s yCI0BHA T'YPBHIA HMCIOT
MECTO TeopeMbsl, aHaJorHuie Teopemam 142, 143, 163 gas ycaosus

DiiseHwTe i A,

H ycaoswo I'ypsuya, eciii OTHOLIEHHE
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§ 4. Uenouncnennbie cTeneHHbie PAAB PalHOHANALHBIX DYHKURI

188, Llenounciennstii creneHdol psia
aytazt o224+, a2t ..

HA3BIBACTCH NPUMUMUBHOIM, €CTH ero KOIDDHLUHEHTH g, @y, Ugy -..
v.es Un, ... HE HMEIOT HHBIX OGMIMX JesuTesell KpoMe efuHHusl. [loka-
3arb, YTO NPOM3BEJeHHE ABYX INPHMHTHBHBEIX CTEIeHHHIX psiJoB CHOBa
npeacTaeiser co6of NPHMHTHBHBIA CTENeHHCOH psii.

186. Ecnu crenennoit paa

ayt+ a2zt a2 . a2t

¢ ueJsIMH KO3¢(HUHEHTaMH NpeiCTaB/sieT PalHOHANbHYIO Y HKIIHIO,

TO 5Ta mnocJefHss MoxeT CHITb NpejcTaBleHa B ¢opme 0((2)) , rIe

P(2) u Q(2)— noauHoMBl C LEJILIMH Ko3pduumeHtamu u Q(0)=1,
[155.]
157. Iycrs

b= 0 alazas + 102 + 103+ + 10”

— MOJIOXKHTETBHOE YHCJO, HE INIPeBOCXOASIILee €AHHHLE!, 3aliCaHHoe
no jecaTHuHOB cHereMe (0=<<a, =<9, v=1, 2, 3, ..)). Llesouncaen-
HHH cTeneHHO# psij

a2t a2 a2t bazt..,

NpeACTaB/seT PAlHOHAIBHYI0 QYHKLHUIO TOrAa M TOABKC TOrJa, KOraa
6 — panHoHaJbHOE YHCO.

58. Ilycte GeckoHeuHast NOCJACAOBATENBHOCTD g, Gy, gy ...
«ves @y, ... COCTABJIEHA JHIIb H3 KOHEYHOIO YHCJIA PA3JKUHBIX UHCe.
Crenensoil pan

Ayt azt a2+ a2t

OyJeT NMpPeacTaB/IsTh PalMOHAIbHYIO (YHKUHIO TOIZA H TOJNBKO TOria,
KOrja TOCJefOBaTeNbHOCTE €ro KO3hHUHeHTOB, HAauHHAA C HEKOTO-
poro ujgeHa, 6yaer NepHOAMYECKOH,

158. Ilycth [— nesoe HeoTpHLATENbHOE YHCIO U P (2) — 1edo-
yuC/IeHHbIH nosHHoM. Toraa B crenedHoM pasjoxkeHun P (2) (1 —z)-+1
KO3hOHLUeHTE ABAAIOTCA LeJHMH YHCJIAMH H 06pasyiT HepHO LH-
YeCKYI HOCJAICBATEIBHOCT 10 JIOGOMY TNPOCTOMY MOAYJIO p;
JJHHA NepHojia PaBHA HEKOTOPOH CTemeHH p.

890. Ilycte D — uedoc uco, He Jedasileecs Ha 3ajaHHOe HeyeT-

Hoe npocroe ukcao p. Torna xosadodHUHEHTH B Pas/IoXEHHH APOGH
(D—1)z , A
T Do) (1= — UePHOMIuecKHe N0 MOAYMO p H AIHHA TepHoAa

ABAsETCS (COOCTBEHHBIM WJIH HeCOOGCTBEHHBIM) ACIHTeseM uncaa p— 1,
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161. Tlycte D u p—Te ke umcJsa, 4To W B 3ajaye 160. B cre-
NEHHOM pasJokeHHH BhipaxeHHA (1 — Dz%)'! KO3(PPHIMEHTH — NEPHO-
IMUYecKHe no moiyo p. JivMHa mepuoza BO BCeX CAy4asx fABJAeTCA
geaureneM 2 (p — 1); oHa sBJasercd JeauTeneM p— 1 HJH HEr, cMOTDA

no Tomy, 6yier Ju (%)z—}—l i —I1.

162. IMocrenoBatensuocTs yuces dubonayun (VII 53) — nepuoan-
yeckas no Jio0oMy MoAyJ 0. BhUHCIHTE AJAHHY neproja AJd Beex
MPOCTHIX YHCes, MeHbumXx, uem 30.

163. Ecau pauxoHasnbHas QYHKIHA NpeICTaBJAETCH LHEeNOYHC/IeH-
HbIM CTENeHHEIM PAJOM, TO KO3(QHUHEHTB 3ITOTrO Psjia, HayyHas C He-
KOTODOIo, —NMepUHOJHYECKHE N0 J0GOMYy MOAYJIO Al

164. Crenennoii psaa, npeiacTaBisooulnil ajsre6paqueckKyro QPyHk-

1 - L
LHIO Tap=r HMeeT wueasle Ko3pduuueHTel. ITH KO3(DDULHEHTH He
— 42z

ABJAIOTCA NMEPHOJHUYECKUMH HH MO KAKOMY HEYeTHOMY IPOCTOMY MO-
aymo. (Teopema 163 He MoxXKer OITH pacnpOCTpaHeHa Ha afrebpan-
yeckne (GyHKLHH.)

§ 5. Teoperuko-yHKUHOHAMLHBIE CBOHCTBA
[EJOYHCICHHBIX CTENeHHLIX PAN0B

168. Panuyc CcXOIMMOCTH HeOOpHBAIOWEroCH [EJ0YHC/IEHHOTO
CTeNeHHOro psiga Beeraa == 1.

168. HeofpuiBarowmiics wuesoyHcieHHb CTeNneHHOH pAA, ¢Xxoid-
WMACH BHYTPH €IMHHYHOTO Kpyra, He MOXKET NpEeJCTaB/IATh OrpaHH-
YeHHYIO B 3TOM Kpyre (yHKLUHIO.

187. Ecnu nesoyuc/eHHbH CTeNEHHOM psJ NpPEeACTaBJsieT anres-
panuecKyl0 HpPpaLHOHAIbHYI (YHKUUIO, TO €0 PajlHyC CXOAUMOCTH
MeHbllIe eJlliHHIIEI.

168. Bepxuwowo rpaHnny | B TeopeMe 167 HeJb3st 3aMeHHTb
Menbwel. MHbiMu cloBamu, kakoBo Gul HM GbLIO €0, Bcerga cy-
LIECTBYET LEJIOYHCICHHIH CTENeHHO! psijl, NPeACTaBJIAIOMHU areGpan-
YeCKYI0 MPPALHOHANBHYI0 QYHKIMIO H HMEWOMHHE paZHyC CXOLHMOCTH,
Gosbliui, yeM | —e,

169. IIycts KosbduuHeHTH NOMUHOMA

Px)=ay +apx+...+a,qta  (q%0, r=1)
BelllecTBeHHEl. AHajluTHUecKas (yHKIHA, onpelensieMas psjioM
[P O)]4+[P ()] 2+ [P @)] 22 +...+[P (W] 2* +...,
Oyaer pauMOHaJbHOH TOrAa H TOJbKO TOrAa, KOTJa NepBLie r Kop-
$HUHEHTOB a4, ay, ..., G, panuoHanbHel. (Cm. 11 168.) [I 85.]

170. Eciu 1noc/eloBaTesIbHOCTb LEJEX HEOTPHLATENBHBIX YH-
ces a;, Qy a3, .., @, ... OTPAaHHYEHAa U COAEPXKUT OGecKOoHeuyHoe
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MHOJKECTBO YJIeHOB, OTJHYHBIX OT HYJS, TO Pl

z 22 27
Wittt =t

He MOXKeT NPEACTaBJATh pPanHOHAJAbHYIO quHKL[HiO.
'7il Pﬂﬂ

2 n
all—;+a2-l—i§+...+anﬁ+...,

K03ddHLIMEHTE KOTOPOro NOAYHHEHE! TeM Ke YCJIOBHAM, YTO H B 3a-
naue 170, Tax:ke He MOXKET NPeACTaBJATb paNHMOHAJBHYIO QYHKIIHIO.

§72. OGosnauum uepes Q, cymmy nudp uucna n. Hanpumep,
Qs =14347=11. ITorasarb, 4TO CTeNEHHOH pAx

Quz+Que2 + Qe +... - Q2" ...

HMeeT eJAHHHYHYIO OKPYMHOCTb CBO€H eCTeCTBEHHOH rpaHuIell.

123. Ilycts JorapudMel BCEX LEJ:IX IOJOMNKHTEJIBHBIX YHCE
1, 2, 3, ... 3anucasbl OAHH MNOA APYTHUM B NOPANKE BO3PACTaHUSA TaK,
YyTO0bl NPH 3TOM EIHHHLEI OAMHAKOBSIX -pPaspAloB CTOSH B OIHOM H
ToM 3Ke croabue. ITokasaTts, uTo cTeneHHOH pSX, HMEOLIKI B KauecTBe
KoapdHLHerTOB UHDPE JI060ro cToabLa, HMeeT efHHHUYHYIO OKPY K-
HOCTb CBOEH eCcTeCTBEHHOH rpaHuuei.

HHbIMH cioBaMH, INIycTb B JeCATHYUHOM pasnoxkeHud uucea Inl,
In2, In3, ..., Inn, ... j-a undpa copara or 3zansaroii 6yleT CoOT-
BercTBesHo d;, dy, dsy ..., ds, ... Toraa ananutvueckas QyHKums,
onpejiesieHHas CTENEHHLHIM PSHAOM

diz+d22--d23 ... d,2n -,

HMeeT CBOell ecTeCTEeHHOH rpaHuUefdl OKpyXHOCTh |2|=1.

§ 6. Crenendrie psipel, uenoyHcaeHHHe B cmuichte [ypBHua

CrenesHoli psan
ay a a
R TR ST A PP =i

Ha3LIBAGTCH YLAOHUCACHHBIM 8 cmbicae Typsuya, Kparko: «Bes0ilcieH-
rom (H)», ecnu ay, a, @y, ..., @y, ...— Le]BIE pAHOHAABHEE YHCAA
[A. Hurwitz, Math. Ann., 1. 51, crp. 196—226, 1899].

174. Ecn dyukuua f(2) uenouncaenna (H), to Takxe

dF (2) z
%(ZZ—’ " S H(2) dz
]
neJouncaeHHsl ().

178. Ecu f(2) u g(2) uenouncaennn (H), TOo Takxe

f)+g@), [()—g@), [(@)g(2)
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nenounciennsl (M), a npu g(0)==1 ewe u oTHOWweHHE

@
g2

uesouncaenHo (H).
178. Ecou ¢ynkmua [ (2) uemourcnenna (H) u f(0) =0, To Taxxe

[f @1

m!

uenouncaenno (H) (m=1, 2, 3, ...) [174].

177. Ecnu f(2) u g(z) uenouncaennsr (H) u f(0)=0, To dynk-
us %% (2)] Takxe uenouncneHHa (H).

1 ®ynknua @(z), 0AHO3HauUHO onpeienseMas AnddepeHuuans-
HEIM YpaBHEHHeM

(%2 =1-[e @1
H HaualeHEIMH ycaoBuaMH @(0)=0, ¢ (0) >0, pasnaraerca B cre-
neﬂﬂqﬁ psin, menouucneHHu# (H).
ToeOpAT, 4TO jBa CTENMEHHEIX DPAJA

D Sl S e T

bo+ 2+ ke +~z"+ o
HeJa0uHCIeHHEIX (), cpaBHHMBI MO MOAYJIO m:
G+ Pttt it =

0-}—“ z+ z?—}— +-~z"+... (mod ),

020

ec/IH HX KO3pdHIHEHTH YIOBAETBOPSIOT CPaBHEHUSAM

ay = b, (mod m), a,=0b,(mod m), ..., a,=b,(mod m),

178. (e — 1)352(§+§}+;}+...> (mod 4).
189. Ilpu BcsAkoM mpocToM p

20-1 2200-1) T 23p-n

(e — 1) 1E_<(p_l)!+ = + G + .. )(modp).
181. Ilpu KaxIoM COCTaBHOM m, NPEBOCXOAsLIEM 4, MOJyYaem
(e —1y»1=0 (modm).
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182. Bepnyrauesn: uucia B, onmperensiiores Kak KosdpbHIHEHTHI
B Pa3JioXKeHHH

0
2 2 (=B,
éz_—lzl——Q——}— ——(z—l)l———ch (I 154).

HmeeM

1 1 1 1 1 1 1
Bl':_:—«‘v=1—>-——-—, :—m:—l—}—-— ~—--—}—-——’

6 2773 2730 2T 3T
Bi=gp=1-y =5 =7 Bi=g=—l+3+3+5

5 1 1 1 691 1 1 1 1
Bi=g=l-7— 5~ B=gm=—l+ts+s+s+7+m

7 1 1 3617 1 1 1 1
Bi=g=2—5— 75 Bs=5p=6+3+3+5+17
BoofG1ie

1 1 1 1 1
By=Gut (1) (g4 5+ o+ 5tyt )
rie G,—uejoe umeyo, a 2, 3, a, P, y, ...—IpocTele YHCIa, Ha
eJHHHULY NpeBOCXOjAliHe KaKOH-HHOGYAb A€JHTEJNb
vpcaa 2n. [Pasnokurk cHauala 2z, 3areM [0 BO3pacTalolluM

cremensaM e? — 1 u mpumenuts 179—181.]
183. Koadduuueunrn C, p;ma

z
et —1

n
2471

P (2) | @t

rie ¢(z) — byHKnuA 3afauu 178, paIlHOHaJbHE, TPHYEM 3HAMEHATE/IH
UX He JeJATCH HH Ha OAMH KBajpaT, KpoMme efHHHIbI, H CoJepiKaTr

JHUIIb TPOCTEIE MHOXKHTEJH, KoTophe ==1 (mod 4). [Pasnox{mb CHa-

4
uala z, 3aTeM — - N0 BO3PACTAIOUMM CTENEHAM cp(z).]
184. [duddepenunanpHoe ypaBHeHUe

(dSﬁ(z ) =4[ () — 49 (2

oﬁnaaaeT BIIOJIHE OHNpejeseHHBIM HHTeI‘paJ'IOM BUla

P2)=5 + 2 o ?

(P (2) ectb uacTHasi SMJMNTHYECKas, TaK HasbiBaeMasi «JEeMHHCKATH-

yeckas» (QyHKUHS; napasie/orpaMMOM NEpHOJOB CJIYIKHT KBajapar).

Kospduuuentst D, paunoHa/JBHB, UpHYEM 3SHAMEHATeJH HX He
6 TI. Honna, I'. Cere, u. II




162 3AOAUH

JeJSATCS HM Ha OJMH KBajJpar, KpoMe €IHHHIH, H COJepiKaT JHUb
NpoCcTble MHOXHUTeJH, Kotopeie =1 (mod 4). [[Toxkasars, uto §(z) =
= [@(2)]* (183). Pasnoxutb CHauaja 2%, satem z?[@(z)]* mo BO3-
pacTalolluM CTeleHaM ¢ (2); =22, kak OyHkKuusa or @(2), YJAOBJETBO-
pSAeT HEKOTOpPOMY JIMHeHHOMY audepeHnHasbHOMY YpPaBHEHHIO BTO-
poro mopsaxa.] ,

185. Ecau crenenno#fl paxn 2 %z", nesnouncaenusi (H), yaos-
n=~0

JETBOPSIET OJHOPOAHOMY JIHHeHHOMY AnddepeHIHaNLHOMY YpAaBHEHHIO
C TOCTOAHHBIMH KO3¢(uiueHTaMu, TO IOCJAEAOBATENBHOCTD @y, Gy,
Qay «vvy Quy -.. KOAOOUIHEHTOB 3TOrO pfAla — NEpUOAHuUECKad IO JIO-
6oMy MoOnyJIO, HauMHas C HeKoToporo mecrta. (lIIpumepamu 3Tomy
cayxar yxe 179, 180.)

186. Crenennoii psn

p=1+ 7+ 5+ o ) S

TIOKA3bIBAET, YTO Teopema 185 He MOxeT OHIThb HEMocpeJCTBEHHO pac-
TIpOCTpaHeHa Ha OJHOpOAHEIE JHHeliHble AnbdepeHIuHabHbE YpaBHe-
Husl, KOSQQUUMEHTAMH KOTOPEIX CJIYIKAT NOJHHOMBI.

187. Ecam cremensoii PAA Lo TpaHCUeHneHTHOR GYHKI KN g (2)
uesoyuciaer (H), To mMakcumym moayJaa ¢yHkuun g(2) (IV, rn 1)
VAOBJIETBOPSET HEPABEHCTBY

limsup M(r) e V7 =—=

room |

l

'Fl !

§ 7. 3HayeHHS CTeNMEHHBLIX PANOB, CXOASIUHXCA B OKPECTHOCTH
TOYKH 2 =00, B LEJIOYHCAEHHBIX TOYKaX

188. Ilycrs pan
bm2™ +bpg2™ . bz by + '+ '+ ’+

pacroJIOKeHH b 110 YOBIBAOUM CTElleHsAM 2z, CXOIUTCS BHE HEK OTO-
poro xpyra, u uuciaa by, by, ..., b, panHoHanbHb. Ecau stor psn
HpHHHMaEET 1eJeie 3HaueHusa 74 66CKOH€’-IHOI‘O MHOXeCTBa [eJbIX
3HaueHUH 2, TO b, palHOHAJLHO K

by=b,=bg=...=0.
(060611Le}me TeOpEMbI 93.) [Hurwitz-Courant, crp. 30%).]

189. P
] 2 V9 V2 5V2
V222+ I=V2+ " — s + Tog — 2oasr T -+

*» 'ypsun, ctp. 46, Typeuu—Kypanr, crp. 37.
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IPUHHMAET pEeJbie 3HaueHHsA AN OECKOHEYHOr0 MHOMKECTBAa LeJbIX
3HaYeHUH z2.

190. [oxasats, 114, ocHOBhiBaAchL Ha 188.

191. Ecom ne Boioay pacxojauuiica pan

by, by | b_
F(2)=0p2"+bpm 2™ ...+ b2+ 0+ + 3+ F+ ..

APUHHMaeT Lesble 3HaueHHA NpPU BCeX JOCTAaTOUHO GOJBLIAX Le/bIX
3HaUeHHAX z, TO F () ABAfAETCA LEJO3HAUHHIM MONMHOMOM.

192. Ecim ABa mosuHOMAa MPUHMMAIOT LeJble 3HaueHHs B OJHHX
U TeX e TOYKaX KOMILIEKCHOH 4YHC/JOBOH IJIOCKOCTH, TO JIHGO KX
cymMMma, JuGo PasHOCTE ABJdeTcA IOCTOAHHOK. (JT1a NocrosiHHad, pa-
3yMeeTcsl, IpeAcTaBisger coboi neaoe 4HcaIo.)

193. Ecim nosuHOM g (x¥) NPUHHMAeT BelECTBEHHble 3HAUeHHS
BO BCEX TOUKAX X, B KOTOPHIX APYrofl NOJHHOM [ (X) NPHHHMaeT 3Ha-
yeHHA M3 HEKOTOPOro JABYCTODOHHe-HEOTPaHHUCHHOTO MHOMKECTBA Be-
HIECTBEHHBIX YHCEJ, TO MOJMHOM g (x) BOOOLIe BCIOAY BelECTBEHHHIH,
pa3 ToJBKO BewecTBeH NosueoM [(x). (Ecau f(x) HeuetHo# cTemenu,
TO AOCTATOUHO HPEfIONOKUTE JIHILIE, YTO MHOXKECTBO OJHOCTOPOHHE-He-
orpaHuuenHo.) MIMeHHo, Toraa HMeeT MeCTo TOKAeCTBEHHOE COOTHOLLIEHHE

g=9(f),

rie ¢(y) — NOJHHOM OTHOCHTE/bLHO y C BELIECTBEHHBIMH KO3ppHIHeH-
tamd. (Ortciona, Mexay mpoduM, Jerko caexyer 192.)

FrJ1ABA 4
OB AJITEBPAHYECKHX LEJbIX YHCGIAX

§ 1. AareGpauuveckne ueqbie uncaa. Hoas

BemuecTBeBHOE WM KOMILIEKCHOE YHCJO o HaswlBaercs aseebpau-
4eCKUM, €CM OHO CJYKUT HyJeM HEeKOTOPOTO HEeJOUUCJIEHHOTO IOJAH-
HoMa [crp. 146], T. e. ecan NpH HEKOTOPHIX LE/bIX DPanmUMOHAIbHBIX
Ay, Oy Qgy oovy Oy (@y5=0) UMEET MECTO paBEHCTBO

aot a4 gt ta, ot a,=0,
Ecin a,=1, TO o Ha3HBACTCA yeabiM areefpauyecKkum YHCJIOM HJIH,
KOPOUe, «11eJ16IM YHCI0M», KaK MBl 6ynem roBopute B 194237, Cyect-

BYIOT, CJCAOBATEJbHO, HPPALLHOHAJbHLIE U KOMIJIEKCHBIE UEAbIE YHUCIQ,
palHOHaJbHEIMH EJIBIMH UHCJIAMY ABJAIOTCS OOLIK HOBEHHIBIE 1ieJIble UHCa

ey, —3, —2, —1, 0, 1, 2, 3, ...

Eciu o u P — anreGpaudueckue uucaa, TO aireSpapgeckumu OyayT
TakKe 4HCaa

OL'l"B’ OL_B: OLﬁ, ‘O‘;_;
6*
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anreGpanueckne umcia o0pasyiorT nose. Eciu npu sTomM o H f — me-
Jble anreGpanyeckHe UMCJa, TO HEJBIMH GYAyT U

a+tp, a—p, of.

[lenvie uncia o6pasyloT obaacme yeaocmu,

194. Ecom o —uenoe, 10 u o — nenoe.

195. Ecim 7 u s— pauMoHa/bHbe uncaa H r-+-s) —I1 —neroe,
TO 7 U § DOKHbI ObITh L €JBIMH PANHOHAJbHBIMH.

196. Eciu 7 1 s— pauuoHaieHbe uncaa # r-+s ) —5 — neaoe,
TO 7 U S AOMMKHO GBITb LEJHIMH PalHOHAIbHBIMH.

197. Ecan r u s— pauuonanbuble uvcaa u r-+s) —3 — neoe,
- T0 2r u 2s Jomxnubl OHTH LE/IBIME PalHOHAIbHBIME H 27 = 25 (mod 2);
OAHAKO CaMH 7 W § MOTYT ¥ He ObiTh LEJEIMH.

Anrebpanueckue uuc/a, SABJIMIOLHECT HYJASMH ORKHOPO W TOLO XKe
HeNMpHBOJAUMOTO noauHoMa [crp. 150], HasbiBawOTCSH Conpadtcer-
Hoimu. AnreGpanueckne wMcia, SBJSIOMKHECT HYJISAMH HEIIPUBORHMOIO
NOJMHOMA £-H CTefleHH, HAa3BBAIOTCA CcaMH anreOpanyecKUMH 4uc-
aamu n-ii cmenenu. PanwoHasbHbe HHCJa CYTh UYHCIA TEpBOi cre-
NeHH H CONpsi:KeHbl JUIIb caMu ¢ co0ofi.

198. Cyumecryer Jumb OrpaHHYEHHOE KOJHUECTBO MEJBIX HHCE
3a7aHHOMH CTENeHH 7, COAEpKAlUMXCA BMECTE CO BCeMH CBOMMH COIIpS-
XKeHHbBIMH B (DUKCHPOBaHHOM Kpyre |z |<Ck KOMINVIEKCHOH HYHCJIOBOH
NJIOCKOCTH.

199. EUHCTBEHHBIM 1IEJBIM YUCJIOM, COIEPKAUMMCS BMeCTe CO
BCEMH CBOHMH COTPSIZKEHHLIMH B OTKPBITOM €1HHHYHOM KPYyTe, SABJSETCS
HYJIb.

200. Ilycrs Bce HyJd TMOJAMHOMA C NEJBIMH PalHOHATbHEIMH
‘KoahduIueHTamMy ¥ CTapIidM Ko3bguiMenToMm 1 JekKaT B 3aMKHYTOM
equHnuHOM Kpyre. OnuH M3 3THX HyJedl JOJKeH Jexkarh JuGo
B LEHTpe, MU0 Ha Tepudepuu eIUHUUHOrO KPyra; B NOCIEIHEM CIy-
yae OH SIBJIAETCH KODPHEM H3 eIMHHIE! [T. €. OAMH U3 HyJeH AO/KeH
VIOBJETBOPATb YpaBHeHHIO BUAa X" =x*, rae A, k—ueJbe pauuo-
HanbHee, 0 <<h<Ck; 198].

201. Eciu nesoe 4HCI0 o CO BCEMH CBOMMH COMNpSIKEHHBIMH Be-
IMEeCTBEHHO W 1O MOAYJIO MeHbplie 2, To o =2 coszi;f, rie p ¥ g—
Lesble panHOHAJbHBIE YHUC/IA.

COBOKYIHOCTh YHCEN, TPEACTABUMBIX B BHjE PanyOHaJbHEIX DYyHK-
LIHA ¢ palHOHAJLHBIMH KO3h(uIlHeHTaMu OT HEKOTOPOro anarebpaute-
CKOIr'o uucJa 'ﬁ, Ha3bIBACTCHA a/leeépauqecxum nojem, WJIH 1POCTO «IIO-
JeM», H NPUTOM TOJIEM, HOPONCOEHHLIM HducAom U; CTENIeHb HOPOXKAAl0-
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wero yucaa U HaspiBaeTCA TakKiKe cmenewsto noas. Hampuwmep, mole,
NOPOXKACHHOE UYHC/IOM BTOpOﬁ CTECNEHU, HAa3bBACTCA KBaJpaTHYHbIM
K NPUTOM BELECTBCHHO-KBAaJPAaTHUHBIM HUJIH K€ MHUMO-KBaJpaTHUYHBIM,
CMOTpA FO TOMY, OVA€T JIH NPOU3BOAALLEE YHCJIO BEIECTBEHHBIM HJTH HeT.

202. UppanuoHalbHble [EJbE YuCIa

V_ly V_"‘?” V_5
NOPOXKJAAIT TPH pas/MYHbIX MHHUMO-KBaApAaTUYHLIX MOJA, B KOTOPBIX
geJqble 4ucJjga HMET COOTBETCTBEHHO BHJ

a0V —I, a+bl+V 3 41 bV =S,

rne a, b—ueasle panuoHaJdbHBE YHCIA.

203. MuoxectBo M KOMIUIEKCHBIX (B YACTHOCTH, BEILECTBEHHBIX)
4HCeJl HashIBAETCS «AHCKPETHOM 06/1aCTbI0 LEJIOCTHY, eC/H OHO 00/1a-
JlaeT CAeYIOUINMH ABYMSl CBOHCTBaMH:

1) Ecan §' u ' npunaanexar mHoxectBy M, tou §' 4+ 2", ¢ — ',
¢’l" mpuHaaneXaT 5TOMY MHOMECTBY.

2) Touka 0 He siBAIseTCA npeaepHOl TOUKOH MHO)ecTBa M (cormac-
HO cBofictBy 1) cama Touka 0={' — ' npuHajamexur mHoxecrsy ).

HuckpetHas o6aacTb LEJIOCTH cocTtouT Jub0 U3 Bcex, Jubo H3
YACTH MEbIX YHCeJ HEKOTOPOTO MHHMOTQ KBafpaTHUHOTO YHCJIOBOTO
no/is (Hanpumep, Jullb u3 uncesa 0, =6, =12, =18, ... nia gaxe
H3 OAHOTO eJuHCTBeHHOTo umucaa 0).

§ 2. HanGoabmuit oGWHA AETHTEND

[CoBopAT, uTO MEJ0e HUUCIO o Oeaumca Ha uenoe uucao ¥, ecau
CYLIECTBYeT TaKoe [eJoe HHC/aI0 % (yactHoe), uro a=ux¥. [oBopar
TakxKe, 4To «¥ ecTh JAEJUTEJb HHCIA o WU Ke « BXOAHT B o U
T. O. Llenble uucia, sBaAfOLMecs AeJIUTENIAMH uucja 1, HaspIBalOT
eOuruyamy, Yucao U Ha3BIBAIOT HAUGOAGUUM OGULUM Oesumesem m
UeJAbIX YHCeN Oy, Oy, «.., Oy, €CJAH CYILIECTBYIOT TaKuE 2m UeJbIX
UUCETT Kqy gy «evs Rmy My Moy ooy Ay, UTO

0 =20, =10, ..., Uy=2,0, -+t . Foh,=

HBa nenwnix uucaa o, P, HauGonblwn# OOCLMH JeUTENb KOTOPBIX
paBeH eIHHHIE, HA3KLIBAIOT 63AUMHO NPOCHIBIMU.

204. Ecu 6l MBI COTJIACHJHCL HA3BIBATH «IEJBEIMH UHCAAMH»
He JoGhie neJsble “ajre6pauyecKue uucaa, a JHb Te, KOTOPHIE MpH-

HaJJIeKaT NOMO, NOPOKAAEMOMY YHCIOM V—S, TO uncaa 3 u 1+

+ 2V —5 coBceM He uMenu Gbl B CMBICJe TIPHBEJIEHHOTO BbIle ONpe-
JeNeHAsl HauGoJbIero ofluero JAeauTe/Nst, T. €. B MHOJE, NOPOXKjae-

MoM uucaom V' —5 (u cogepxamem 3 u 142}/ —5), HEBO3MOKHO
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HalTH Takde NATh HEJbX uHcea «, P, 9, 8, ¥, KoTopmie yaoBjerBo-
panu Obl YpaBHEHHAM

3=a®, 1+2)—5=p0 3y+-(14+2V=5)8=1.
[UccnenoaTh Haumenbliee 3HaueHUe, MPHHAMAEMOE POH3BEICHHEM
(@a+b) =5)(a—bV —5), rne a, b—lensle panHOHATbHbe; 202.]
205. (Tlpoxomxenue.) Kpaapatn 32=9 u (142V —5)2=
=—19447) —5 obnagaior HauGoJbIIUM OOIIKMM JeluTeNeM AaxKe

NPH_OrpaHHYeHHH TOHATHA UEJIOro HucJa, NPHHATOM B 3ajiaue 204.
206. ([1pononxenue.) Haiith (He Jexaliyfi B 10Je, HOPOXKIEH-

HOM uHcjioM V —5) mauboabluuii ofIWHi AeqHTedb uHcea 3 H 1 -+

+ 21/ =5, [194.]

Huxecnenyioliie 325248 He TpeGyIOT AJS CBOEro pelleHHsl IpH-
MEHeHHs1 TJyOOKOH TeopeMnl, 4ToO JioOhie 1Ba Lesbix yhcjaa o6 Ja-
AaloT HeKoTOphM  HaHOojbmuM  ofwuM  Jeautegem [Hecke,
crp. 121 *)).

207. HanGoapluu#i oblwiuil  gemutens & UHCET ay, O, ..., Cp
feJUTCSl Ha mo0ofi oOlMH Ae/UTEb 3THX HHCEJI.
208. Ecoiw ¢ u 9 — aBa pasauuHBHIX HAuGOMBIUKX OOLIKX AeNH-

TeNsl YHCEN O, Olgy ..., Gim, TO YACTHOE i~ ABISETCS AHHHLEH.

209. Eciu ¥ — HauGoabiunit o6UUi AeMHTENE YHCET O, O, ...
vewr O, TO YO fABnfiercss HauGOJBLIIHM OOCIUM  ACJHTEJNEeM UHCE
YO, Ygy vy Ym-

210. Ecmv o B3auMHO mpocToe ¢ By, TO OHO B3aHMHO HPOCTOE
Kag ¢ B, Tak u ¢ y.

211. Ecan o B3auMHO npoctoe Kak ¢ P, TaK H € y, TO OHO
B3aHMHO TPOCTOE H C Py.

212, Ecin oo ¥ P — B3auMHO HpOCTHE, TO HAUGOJBLIHH OGLIHE
JefyTeslb unucen o M Yy OYIeT TakmxKe HauOOJbIIHM OOLIUM AeJHTEIeM
uyces1 o H Py.

213. Eciu 6 — naubodbiuuil ofwuil AesuTe b wncesa o | B, 10 8"
siBJIsleTcA HaubosbHM ODIIMM JAe/IHTENEM o H B’l IpH JIo0OM 1 =
=1, 2,3, ...

914. Eciu 6 — Haubopuni o0lui feuTeNb uHced o H P, TO

e
V8 (n=1, 2, 3, ...) ABadercs HanGOJbIUHM OOLHM AeiHTeseM YH-

cen Vo u VP.

215. Eciu m uucen «y, o, ..., 0, — IONaPHO B3aHMHO HPOCTHIE
H =00 ... Oy, TO 1 ABIAeTCH HauOGoJbIUMM OOLIMM ZEJIHTeNIeM m
L
ugeen £, K&
oy Qg Uy

*) ek ke, crp. 125.
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216. Beaxoe nemoe uncno o0 B3aMMHO IIPOCTO €O BCeMH
PalMOHAJBHBIME TPOCTBIME YHCJIAMH, 332 MCKJIOUEHHEeM KOHEYHOro HX
YHCsIa.

217. Tiycrs @y, @, ..., O, — HYJH TNOJIHHOMA
x" _}‘ alxn—-l'l"azxntz"l'i--'+an—1x+an:
rle  ay, Qgy .o+ Ony, Qp— LOEJble paluOHa/bHble uYHcJaa. Torna
O, Obgy +.., O OOJAJAOT HAUGOJMLIIUM OGILUM JeduTeeM 6 W mpu-
N’ (1] L ]
oM §=1)'d, rne N=n! u d—mnHaubojapmiuil o6yl AeIUTE b YHCEJ
¥y N N
i 2 n
al ’ a2 » e g an -

Tlon Hopmoii uncsaa o, npHHALIEXKaLero nomio n-# cremenn K,
cumBosMuecku: N (o), NOHHUMAIOT TNPOH3BEAEHHE £ CONPSKEHHBIX
¢ HuMm uncen [Hecke, crp. 81%*)]. CioBo «compsi:keHHbIE» HMeeT
3/1ech APYrof CMBIC/, YeM B MOSCHEHHH, MpeilllecTBYOMEM 3afaue 198
[Hecke, erp. 70 *¥)].

218. Ecim o u B npunaggexar K u o — gequreas B, 10 N ()
ectb Aesurenan N (f).

219. Ilycrs none K ofaanaer TeM CBOACTBOM, YTO BMECTe C Jio-
6bIMH BYMSI IEJBIMH YHCJaMM o U [ OHO COIEp:KHT U HX HauboJb-
HUH o6IIMIA JeJuTe/b B TOM CMBICJE, YTO B K UMEIOTCS NATH LEJBX
yucea o', B’, vy, 6, &, KOTOphie YIOBJETBOPAIOT DABEHCTBAM

a=c'®, p=pY ay+ps="7.

(310 uMeer mecto He scerma! Cm. 204.) TlokasaTb, 4TO AJA 3TOTO
Heo6X0AUMO M JAOCTATOUHO BHIIOJHEHHE CJelyioliero TpeGoBaHus:
ecd o ¥ P—ABa UHesblX uYucaa moaa K, He AeJALIMXCA OFHO Ha
Ipyroe, TO B 5TOM IOJIe CYLIECTBYIOT JBa TaKMX HEJHIX YHCJIA § U M,
YTO OJHOBDEMEHHO

0N (@E+P) <IN ()], O<IN(@E+pn)| <IN (B)

(Ecov @ u b— uenesle panuonagbHele yHcaa, |al>|b|, u b He sB-
Jsiercs AenaureseM aq, TO TpebyeMblM 3/7eCb CBOHCTBOM BBIDaXKEHHA

ot - pn obsanaeT ocTaTok or fesenusa a Ha b, T.e. r=a-1—b [%])

220. Jliofbie ABa HenabXx YHCAA MO, TOPOKIEHHOIO YHUCJIOM

V' —1, ofaanator HauGosbliuM OGLMM AEJNHTENEM, PUHAAJEKAUIUM
3TOMy Ke TOJIO.

*) Tekke, crp. 85,
**)Texke, c1p. 74.
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§ 3. CpaBnenusn

Ilycrs o, P, p— nensle uxcaa. [Henumocts pasHocTH o —f Ha W
BHIPaXKalOT, KAK U B TEOPHHU NEJbIX pAIHOHAJNbHBIX YHCEN, B BHJE
CpaBHeHHd

a=f (mod p).

221. OrHoueHne CPaBHUMOCTH MeXAy ABYMs LEJbIMH aJjreGpad-
YeCKUMH YHC/IaMH TO HEKOTOPOMY LEJOMYy anreGpaudyecKoMy MOAYJIO
KOMMYTATHBHO ¥ TDAaH3HTHBHO, T. €.

3 a=f (modp) creayer p=o (mod p),

ns a=4p, p=vy (modp) crenyer a =y (mod p).

222, 113

a=f, y=3 (mod )
clelyer

aty=p+96, a—y=p—8 ay=p5 (modp).
223. Ecm @ U p—B3aUMHO IIPOCThIE M [ He fABJSETCS €IUHU-

ek, To
az=0 (mod p).

224, Tlycrs. a, B, ...—ueabie uucaa, f(x, Y, ...)— IOJUHOM
C UeNLIMH pauHOHANBHBIMH KOI(DMUIHEHTAMH H p — PalMOHA/bHOe
npocroe uncqo. Toraa

(e, B, ...))p=f(x?, B?, ...) (mod p).
2285, Tlycrs
alv (12, vy Oy, (’)1) (’)2, A ] (’)m
(#0, 0,0, o,7wo, npn k£l &k, I1=1,2,3, ..., m
— Lesble uncJga. Torna He Bce uHcJga
o, 0f +ayof + ... oo
n

(n=1, 2, 3, ...)
MOryT ObITh HeabIMH. [BrifepeM HanleRau UM 06pasoM IIPOCTOE YHUCJIO p

H TOJIOXKHM n=p, 2p, 3p, ..., rp; 216, 224.]

22@6. Hysu noannoMa jetenus kpyra K, (x) [36] aBastorcs
TaKKe HyJsIMH MOJuHOMAa x7—1, T. e. UensiMH uucjamMd. OxHu

27
paBHH o'1, o2, ..., a'h, TIIe NOJOKEHO e ™ =a, @(m)=h u
iy T3y +eo, Iy OOPa3yWT TPHBEACHHYIO CHCTEMY BBIUETOB [0 MO-
LYJIO M, T. €. Iy, Iay +.., I'p=— l€JblE PAHOHAJIBHBIE YHCAE, B3AUMHO

[IPOCThIE C M W MOHNApPHO HECPaBHHMEIE MO MONLYJIO M.
SIBasierca nu mosuHoM K, (X) MPUBOAHUMBIM HJH K€ HENPHBOAUMLIM?
Peumenue. PaccMOTpDHM CpejH HeHNPHUBONUMBIX LEJOYHCIEHHBIX
MHOXHTesell fonuHoMa Ko, (x) [116] Muoxutens f(x), HMeOWHH
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HyJeM . Hynn mosuHoMma f(x), T. e. LeJble yHcsa, COMpSXKEHHEHE
¢ «, HMEIOT BCe BHJ of, Tle g—Lejoe, H HX UYHC/JO HE IIPeBOCXO-
IHT h [ecmn K, (x) npuBoauMM, TO MeHblle k). Bo Bcex ciyuasax Ans
J060r0 1eJIOro palHOHAJbLHOIO g

| ()| <2, (*)

Tak KaK MOAYJIM OTHeJbHEIX MHOXKHTeJel nosmHoMma [ (of), KaK AJHHEL
XOpA €IHHHYHOrO Kpyra, He IIpeBOCXORAT IByX. IlycTb Tenepb p —
npocToe uucjo. Tak kak f(o) =0, T0O Mbl moayuaeM [224]

far) = (f () =0 (mod p).
ecTb neaoe 4ucyo. Ero conmpskensole 6yayT TOWHO
f(a89) .
-

3nauur,

f(@P)
D

TaK XKe HeJbpIMM YHCJaMH BHJAA Ecnu, crano 6eits, p > 2%,

o P
TO BCE YHCJA, CONpSAXKEHHbIE cf—(;—l, GyayT B cuJly HepaBeHcTBa (*)

Mo MOAYJII MeHbllle EIMHULL, H cJjenobatenabro [199], .f(af)=0
YTO U IOKAa3bIBAeT, 4TO af fABIsefcAa HyJeM nosuHoma f(x).

ITo Teopeme Hupuxse [cTp. 149, cHocka] kaxaas W3 @(m)=h
nporpeccyil

ro ri+m, rn+2m, ...,
ryy ro+m, ro+2m, ...,

I, rh+m, rp4-2m, ...

CONePIKNT GECKOHEYHOE MHOXKEeCTBO MNpoCTHX uHce . CreloBaTesbHo,
MOXXKHO YKa3aTb IPHUBEEHHYI0 CHCTEMY BBIUETOB MO MOAYJIO /M, <O-
CTOSIHLYI0O HCKJ/IIOUHTENBbHO H3 NPOCTHX uuces, 66sbumux 2%, Ho torna
COrJIaCHO JOKAa3aHHOMYy BHIIE MHOXHTeNb f(x) mnoauHOMa K, (X)

nMes Obi CBOHMMM HYJIAIMH BCE HYJH o'f, o2, ..., o'* 3Toro noJu-
HOMa, T. €, Obl1 OBl TOHl ke cremeHH, uto U K, (x), H, cjaenosa-
TeJbHO, BooOlle coBmaj Obl TOXKAGCTBEHHO ¢ K, (x). Takum oépasoM
JIOKa3aHo, 4TO IOJUHOM K, (X) HEIpHUBOANM.

227. Jloxasath HENpHBOAUMOCTL HOJMHOMA K, (X), He omupasch
Ha TeopeMy JMpHXJE O NpOCTBIX YMCJaX B apHPMETHUeCKOH mpo-
rpeccuM. DTy TeopeMy MOKHO OCOHTH INpH NOMOINY, npaBja, OoJee
rpOMO3JKOro, HO 3aTo U 06oJiee 3/EMEHTAPHOrO IOCTPOEHHUS IIPUBE-
JEHHOH CHCTEMBl BLIUETOB IO MOAYJIO 1.

§ 4. TeopeTHKO-UYHC/IOBbIE CBOHCTBA CTENMEHHBIX PS/IOB

228. Eciu pasjokeHus PAlHOHAJLHON (GYHKIHH KaK M0 BO3-
pacTaiolliuiM, TaK W 1O YOBLIBAIOWUM CTENEHAM 004 palHOHAJbHO-
YUCJIeHHBl, TO MOJIOCH 3TOH (yHKuMH, oranunele ot 0 # oo, sBJA-
I0TCS eMHUIAMH (B CMBICJE TEOPHH ajre6paHdyecKHX UYHCEJ).
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229, Tlycth cremeHHoH psj, pacho/oKeHHBIH MO BO3paCTAOMUM
CTEMEHSIM apryMeHTa, CXOAMTCH B €IMHHUHOM Kpyre M NpeicTaBJseT
ApobHyI0 pauuoHanpHylo GyHkunio. Ecau ero KospduuueHTH ABJA-
I0TCH LEJbIMH pPalMOHAJIBLHBIMU YKCJAAMH, TO IIOJMIOCHl €r0 paBHb!
KOpHSIM K3 efiuHuLEBl. [156, 200.]

230. Ecou psg

T - ST

C LeJbIMHE aNre0panyecKHMH KOIDOHUIHEHTAMA Gy, Ty, gy wov s Opyonn
NPEACTaB/ACT palHOHaNbHYI0 (YHKUMIO, TO MNOJIOCH 3TOH (GyHKIUHH
TakXKe GyIyT UeabIMH ajre6paudecKUMH YHCJIAMH,

231. Ecmm
al) Clz, vy C’lm, "01’ wzr reey ‘Dm
(ak;&oa wk;&oy (Dk?&(!)[ npH k#l, k,l:-l,Q,...,m)

— nenple  anareGpauueckue uucaa, TO KO3(XpHUHEHTH B PasiOKeHHH
BBIpaXKeHHA

+ 1—(1)22 SRRl prryrs l—mmz

MO CTEMEHAM 2 TOYHO TaK K€ SBJAIOTCS LEJbIMH alreGpandecKuMH
yycnamd. 310, OAHAKO, HE HMEeT MecTa AJIs1 Pas3JioxeHus, INoJydae-
MOTQ OTCIO[a IIOUJEHHBHIM HHTETPHPOBAHHEM.

232. Ilycts dyHkumua [(2) NpeACTaBJASETCA PalMOHAaNbHO-UHC-
JIEHHBIM CTENEHHbIM PHAOM W IIpou3BoaHas ee [’ (2) — paunOHaJbHAdA
¢dyukuua. [lokasaTb, uro caMa f(2) panuoHa/bHa, €C/JH ee CTeleH-
HOH DfAA YAOBJETBOPA€T YCJOBHIO OifseHIITefiHa, Y TPaHCUEHIEHTHA
B IIDOTHBHOM CJy4ae.

233. Ilycrs anreGpaudeckasi ¢yHkuus [(z) onpejesneHa ypas-

1—-(1)12

HeHHeM
Po)[f@F+Pi[F () '+ ... +Pri (@) [ (2)+Pi(2)=0
rie Py (2), Py(2), ..., P;(2) —nomvHOMBI ¢ a/dre0panyecKUMH K03g-

dunventamu. Ecan  « — adre6panueckoe 4HCI0, TO K03b(HIHEHTE
B pa3lioxkeHuu f(z) Mo CTeMeHAM z— o GYAyT TOUHO TaK Ke anrel-
pavuecKniMd uucaami. [B uacTHocTH, ecaiu 2= o — peryJasipHas TOUKa
¢yHKIHY [ (2), TO f(a) ecTb axarefpavueckoe 4uCIO.]
» Lleagana pauuwonanpHass dyHkuus F (2, y) ABYX HEpeMEHHBIX

2, Y C pauuoHaJbHEIMH K03(QdUUHEHTAMH HA3LIBAETCH Henpusooumou,
€CJIM.OHA He MoXeT OBITb NpeACTaBJeHA B BHAE NPOH3BEAEHHS JBYX
1enblx OYHKIKHA ¢ palMOHAJBHBIMU KO3)UIHEHTAMH, UMEIOLIHX HH3-
IIyI0 CTEHEHb OTHOCUTENBHO Y.

Ecau F (2, y) HenpuBozumMa, TO au60 HH OAHO, JuOO Bce peilie-
HHS yDaBHeHUs

F(z, 9=
ABJISIIOTCA paLU/IOHaJIbeIMI/I (byHKU.HHMH oT 2.
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[Bonee toro: nu6o HE 0AHO, MHGO BCE PELICHUA CYTh [e€Jible
panmHoHa/bHee GyHKOUH OT z. Clenyer NpHHATL BO BHHMaHue 233
H IVIaBHYK XapaKTepHYI0 OCOGEHHOCTh HENPHUBOAMMBIX YpaBHEHHI:
HX KODHH MMEIOT CKBEDHYIO MNpHUBBIMKY XORUTE B OCTH WEJOH ceMbel.
CMm. Hecke, crp. 64, Teopema 49 *).]

235. Eciu crenexHoe pasiioxeHHe aareGpanueckoll  GyHKUMH
uMeeT anreGpaudeckue Ko3ppuuHeHThI, TO 3TH TOCJEAHHE BCE COJEP-
’KaTCAd B HEKOTOPOM KOHEUHOM noje (T. €. T1oJie, TOPOXKJISHHOM
OI[HH]M eIMHCTBEHHLIM anrefpanyeckuM 4ucjoMm, cM. cTp. 164). [151,
152.

286. (ITpojomxenne.) Ilyctb paccmarpuBaeMblii CTENEHHOH pSiA

Gyner
oyt a2 ta2?+ ...

Torpa CyLUiecTBYeT TaKOe [€J0€ YHCIO0 T, YTO BCE UMC/Ia O4T, Gt
osT3, ... ABIAIOTCA UeJLIMH (0000IieHHe TeopeMbl Jfi3eHuTeiiHa).
237. Tlycth pacrioNoXeHHslt N0 yCHIBAIOUMM CTENEeHAM 2 PAf

, ay , a a.
2™ 2" L a2 _|_a0_|__2.1_+_272_|_,§1_|_

CXOJMUTCA BHE HEKOTOPOTO Kpyra M TPUHHMAET [eJble palHoHaJLHbe
3HAUeHUA AJ151 GeCKOHEUHOI'O MHOXKEeCTBA [eJbX palyoHa bHBIX 3Ha-
ueHuit z. Ecin Bce KOIODHULHEHTH! @y G gy -y Ay, Qg A 3y Doy - ..
palHOHaNbHEl, TO pAl IpeicTaB/feT LNyl PamHoHaNbHYIo QyHKIHIO
(o6peBaerca, 188); ecad xoaddHUHEHTH! BCe INPUHAIVIENKAT OLHOMY
U TOMY »K€ KOHEUHOMY MOJI0, TO Psij IpeACTaBJsieT ajrefpanyuecKyio
dyuxuuio (mpumep: 189).

FrIABA 5
CMEWIAHHBIE 3AJAYH

§ 1. Mlrockas kBagpaTHas ueaast peHieTka

238. TpeyronbHHK, BEepIUMHH KOTOPOrO fAB/ISIOTCS LEABIMH TOU-
KaMH TJIOCKOH KBajpaTHOH pelleTKH, He MOXeT ObITb paBHOCTO-
POHHHUM.

239. 1o Kakoil TOLIMHBL NOJXHBI BLIPACTH CTBOJB! B IPaBUJIbHO
3acaxeHHOM Jece, HMmewolieM ¢opmy Kpyra, uToObl OHH HOJHOCTBIO
34CJIOHMJIM BHJ U3 LEHTpa?

Tlycts s —3aiaHHOE Lef0e MOJMoXKUTENbHOe uyucao. OmnumieM Bo3je
KaxJI0H LeJoH TOUKYU p, ¢, YIOBJIETBOpsoLiell HepaBeHcTBaM | =< p? +
+ ¢*=<s® Kak U3 MLEHTpa, OKPYXHOCTb paauyca r. Eciu r nocra-
TOYHO MaJjIO, TO HMEIOTCH BbIXOAsALHe K3 HYJ/EBOH TOUKH JIyuH, HeE

*) Texxe, crp. 69
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rlepecekaollde HH ORHOIO H3 ONMUCAHHBIX KPYrOB (JIeC HMEET «Hpo-
CBETbI»); TAaKHX Jyuefl yxKe Oosiplle He CyLIeCTBYyeT, KOrAa r A0CTa-

TOYHO BEJHKO (NPH r= - KPYTH COl’IpHKaca}OTCH>_ Iyete r=p—

3HaueHue, pasjeidiollee 3TH JBa cjydas (rpaHuia «IpoCcBeYHBaeMo-
ctiy). Torma

1 1
—_— —,
| S p< s

240. IposeneM B MJOCKOH KBaApAaTHOH TOYEUHON pelLIeTKE M a-
KCHMAaJbHO WIHPOKYIO MNpiAMylo GECKOHEUHYIO «JI0pOry», COCTa-
BJAIOLUIYI0O C OCbI0O OpAMHAT Yyroa arctgx. O6o3Hauass MWHpHHY 3TOH
JOpOTH uepe3 ¢ (x), ompelesuts f(x)=q(x)})/ 1+x2.

41. [IBe neibie TOYKH X, Yy ¥ X', y Ha3bIBAIOTCS CPABHHMBIMH
N0 MOAYJO 71, €CJH

x=x" (modn), y=y (modn).

Cpenu mobpix kn?-}-1 pasiuuHbIX LEJBIX TOUEK BCETAa CYLIECTBYET
k-1 cpaBHUMEIX MexAy co0oH HO MOLYJIO .

243. Tlyctb B MJIOCKOCTH, Ha KOTOPYIO HaHec€Ha mJjockas KBaj-
paTHas pelleTKa CO CTOPOHAMH KBaJAparoB, PaBHBIMH €AMHHIE, JIEXKHUT
o6sacTh ¢ (KopAaHoBo#) miowansio F. Eciu paxke objactb 3Ta He
COREPXKHUT HH OJHOH IEJOH TOUKH, TO TeM He MeHee ee BCErAa MOXKHO
TaK TNEepeiBHHYTb IapaJulesibHO camol cefe, YToOLl Ha Helf 0Ka3aJjoch
[F]4+ 1 nespx Touex.

243. llensie Touky, Jexalye B 3aMKHYTOM IepBOM KBaJpaHTe,
o0pa3yioT CcYeTHOe MHOXKECTBO, T. €. cyulecTByeT ¢yHRuHA f (X, y),
onpefieJieHHadA AJA LeJblX HEOTPHUATe/NbHLIX 3HaueHHH x U y H obua-
jaoouiasi CJIefyIOWUMH AByMA CBOHCTBAMH:

1) f(x, y) npunumaer 3Haueuus 1, 2, 3, 4, 5, ...

2) f(x, y) —vHDBeKTHBHas, T.e. €wId X, Yy, X', Y — LeJssle ynucia,
x=0, y=0, X' =0, y =0, x =X+ (y—y')*>0, 10 [(x, y) %
=[x ¥').

CymectByer jaxke neJasA payguoHaabHada dyHkmua f(x, y),
TlepeHyMepoBLIBAOLIas [eJble TOUKH, T. €, 06Jajalouas CBOHCTBAMU
1), 2), a umenHo GyHKuHA

f(x, y)=%(x2+2xy+y2+3x+y+2)=(x"f‘g+l>+x+1,

a Takxe GYHKUMA, NOJyvaloulasacsd H3 Hee, ec/H IMOMEHAThb MeCTaMH
x 4 y [ykasanHasd OGyHKUUSI TOCJENOBATe/NLHO [epeHyMePOBLIBaeT
Hesble TOYKH Ha NPAMOJHMHEHHBIX OTpe3Kax

x+y=0, x+y=1, x+y=2, ..., x=0, y=0].
Ilycrs f(x, y) —uenas panuoHaAbHasd (QYHKIUA CTENEHH A1,
OO 9 =00, 1)+ (x 9+ ... +0mlx, y),
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rie @u(x, y) o603HaYaET OJHOPOAHYIO LEJYI0 PALHOHATBHYIO (QYHK-
uuto cremeny . Ecnm [(x, y) nepeHymepOBLIBaeT [e/bie TOUKH, 1O,
OUEBHAHO, @n{x, ¥) =0 npu x=0, y=0. Ec ¢, (x, y) >0 npu
x=0, y=0, x4 y>0 u f(x, y) NepenymMepoBHIBaeT LeJble TOUKH,
1o QyHKUHA f(x, y) umeeT cTemeHb m=2. [Uucao wenplx TOUEK,
3aKJ/JOvaUXcd B 06JacTH, OlpaHUuYUBAeMOHl JMHHeA yPOBHA
f (x, y)=const., cBA3aHO ¢ NJIOWAABID 3TOH 00JACTH. |

1 1 1
244. Bynem paccMaTpHBaTh KBaIpal 5 <X<f-t-, 5 <Y<

1 -
gn—l—? KaK LIaXMaTHYI AOCKY € 1% mo/isiMH, T. €. pasje/liM ero

NpAMbIMH, Napa/ie/bHEMY OCsIM, Ha A% paBHBIX KBaApaToB (MoJeit)
KaXJblil IJIOIAAb0, paBHOH enuHHue. «[IpoGiema n ¢epsei» cocToUT
B CleAyowmem: H3 1% LesblX Touek, o0pasyoliHX LeHTpH n? moJel,
TpebyercAa BHIOpaTb N HEABIX TOUEK (Xi, Y1), (X2y Yo)s +vvs (Xns Yn)
yaosaerBopsioinx 2n (n— 1) HepaBeHcTBaM

XuF= Xy, YaFoYve Xu— X FEYu—Yv Xu— X F=—(Yu—Yv) (RFEV);
n,v=1, 2, ..., n
3ameHsis HepaBeHCTBA 6oJee OrpaHUYHTEILHBIMA YCIOBHAMH — <He-
CpaBHEHH AMH»
XFEXy YuFE Yy Xp— Xy FEYu—Yv Xy— XyFE— (yu —yy) (modn),

0Ka3aTh, YTO 3TH TOCJEJHHE TOrJla H TOJBKO TOTAA HMEIOT pelleHHe,
KOTAA 1 — B3aUMHO mpoctoe ¢ 6.

§ 2. Cvemannbie 3a1auH

245, Tlycts ry, 1y ..., FgUSy, Sy ..., S, — ABE TOJHBIE CHCTEMBI
BbiueToB mod ¢, rie g — HeueTHOe MpocToe uucao. Toraa g uucesr rq8;,
F9Say .. FySqg H € MOTYT 06pa30BLIBATh NOJHOI cHCTEMBI BbIueToB mod g.

46. Tlycts p% rne a==1, —HauBblclIadA CTeNeHb, B KOTOPOH
HEYeTHOe TIPOCTOE YHC/IO p BXOAUT B uncao #. ITokasaTh, uTo

1F A3 L, +n%z_;” wmn 0 (mod p%),
CMOTPS N0 TOMY, Aeaurca v A Ha p—1 uam Her (A=1, 2, 3, ...).

7. [lycTb p — HauMeHblllee MpPOCTOE YWCJIO, BXOASLiEE B A.
Toraa cyulecTBYIOT JBe TaKHe IOJHBIE CHCTEMHl BhiUeTOB mod 7

Fiy Fas eoes Fny
S1y Sgs s Sny
4TO Kamjaas u3 p—2 CTPOK
ry+ s, ro-+ Sy, eees PntSn,
r1+ 284, ro+2s,, eery Tnt2s,,
r1+(p—2)sl, ’z'l“(P“‘Q)Sz: ey fn+(P—2)Sn
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TaK#e NpejcTaBiaseT cofofi MOJHYW cucTeMy BhiyetoB. UTo Kacaercs
CHCTEME

f1+(P—1)S1y r2+(p—1)s2r'--y rn'l"(p_‘])sm

TO OHA HHKak He MOXeT OuiTh MOJTHOH cucTeMod BbideroB mod fi.
248. Kaxnas crenenb MoxKeT ObITh NPEACTaBJIEHA B BUJE CYMMBI
CTOJILKHX HOCJIENOBATEIbHEIX HEeueTHBHIX UHCEed, CKOJBKO €IUHHII CO-
JIEPKHTCH B €e OCHOBAHHH.
249. Yncio us paga 2, 3, 4, ..., n (n>>2) TOTAA H TOJLKO
TOTAA — B3aUMHO TPOCTOE CO BCEMH OCTa/lbHBIMH, KOTJa OHO Tped-

o n
craBisier coCoH mpocToe 4MCaI0, MpeBocxoAfuiee 5. (HUTO  Takoe

uiCaA0 BCErja CYIIECTBYeT Npu 7 >2, 06bio RokasaHo YeGbileBEIM.
Cum. Cobp. cou., T. I, ctp. 63, CII6, 1899.)
250. Yacruunnie cymmul

1 1 1 1
Treg+st-t+y

TapMOHHYECKOTO psiia He MOIYT ObIThb LeJbIMH HpH n > 1. Jro cpasy
Xe mosyuaercs u3 teopeMbl UeOwimesa [249], no moxer 6bithb JoKa-
3agHO 1 6es3 Hee.

251. Cymma aByx wuav GoJblllero uucia HOCJeZ0BaTeJ b-
HBI X WICHOB rapMOHHYECKOro pfpa, T. €. CyMMa BHIa

1 1 1
ot (=123, .05 n<m),

HE MOXeT OBITH IeJBIM YHCIOM; €ClIH TpPeNCTaBUTb ee B BHJE Heco-
Kpatumofl Jpobu, TO 3HaMeHareb OVY/JeT YeTHLIH, UUCJHTEJNb — He-
YeTHBLIH.

252, Ecin nenoe NOJ0OKHTENLHOE UHCJAO A JEJAHTCT Ha BCe
unC/ia, MEHbIIWe WM paBHbE } 71, TO n ecTb Jaubo 24, aubo aenu-
TeJb 3TOTO UHKCJA.

IloKa3aTb 3JIeMeHTapHBEIMH CpejicTBaMu Gojee OOLIYI0 TeOpPeMy:
KaKoBO Obl HH OblIO @, O0<<a << 1, uMeeTCS JIHIIL KOHEYHOe UHCIA0
NeJblX HOJOXUTENbHBIX YuceJ 7, AeNALMXCS Ha Bce umeaa 1, 2,
3, ..., [n%].

283. llycte Q — npocroe unci0, He ABsoweecs aeaurenem 10P.
Cpennee apudmernyeckoe nupp B IepHOie AeCATHYHOH ApobH, B KO-

TOpylo pasnaraercs -, Oyler Toraa M TOJbKO TOraa pasHO 4,5,

KOorja AJHHa nepuona NpeAacTaBl/isieT coboll yeTHOE UYHCJIO.

284. Yucio n=2"+1 (h==2) B TOM M TOJNbBKO TOM CJyuae
SIBJISIETCA TPOCTHIM, KOTAa

n—1

3 ? =—1 (modn).
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255. [loxasarb cnpaBeiuBOCTL CJelylomiell TeopeMbl, BBHICKa-
3aHHOH JfJepoM B KauecTBe MPEATIOJONKEHHS:
JHopaHToBO ypaBHeHUE

dxyz—x—y—12=0

He MMEeT DelleHHil B MOMOXHUTEeJ bHL X HelblX YHcaax X, y, 2, L.

256. Eciu g —mpocroe uneso =11, TO CyUIECTBYIOT MOJIOXKH-
TEJbHBIE HEUeTHble MPOCTHIE UUCJA Py, Pg, P2, Ps» BCE MEHBIIHE, UEM
g, HO He 00s3aTe/bHO pa3JIHUHEIE, yAOBJIETBOPAIOLUIHE COOTBETCTBEHHO

YCIIOBUSAM
3= ()=
e (5=
[(.’;i) H T. 1. — CHMBOJIBI .He;KaHlIPa-]

257. [ecaruuuas apoGhb
0, 23571113171923

(Bce MpOCTHIE YHC/IA BHINIHCAHBI OAHO 3a IIpyI‘HM) HppauHOHa/IbHa.
[249, 110.]
258. Yucio

1 1
=gy g b g+ g

HpPalHOHAbLHO.

2859. Uucio ¢ He TOJNBKO HppaUMOHaAbHO, HO H HE sIBJAETCH
KBaJApaTHYECKOH HpPaUHOHANLHOCTBIO, T. €, He MOXeT YyIOBJETBOPSATH
HUKaKOMY YpaBHEHHIO BH/A

ae-beltc=0
rie a, b, c— uenvle uxciaa, HE BCe PaBHBIE HY.JIO.
260. Echu O nocmosanwaa  Jidsepa-Mackeponu C=—T"(1)

6bl1a palHOHaJMbHBIM uucaoM, To IV (n-}-1) aomkHO 6bli0 Gbl GHITDH
BeJBIM YWC/IOM MPU BCEX AOCTATOUHO GOMBINKX UEJHX fl.

261. Heussectno, o6sajaeT JH YHCJIO T TeM CBOHCTBOM, UTO
cpenHee apuMeTHUECKOe IepBLIX 72 €ro JeCATHUHBIX 3HAKOB CTpe-
mutcs K 4,5, Ojpnako, ecqn m obsajaeT 5THM CBOHCTBOM, TO HM
ofnajaer Takxke 4 — .

262. Ilycrs g, 0603HAUaeT 3HaMeHarTesb n-TO uucaa DBepny.u
B, [182] Iokasarb, 4TO

qi19:93 --- 9 __ 1
,}}Pgol/ @n)! =79

283. Ilycrs Teoperuko-unc/oBas GyHKuMs f(n) MyJbTHIIMKA-
THBHA [cTp. 139] u cTpemurcsl K HY/MO, Koraa 7 CTPEMHTCA K GecKo-
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HEYHOCTH HO MPOCTHM YHCJAaM H HUX cTeleHAM. B Takom
cayuae

lim f{n)=0,

n—oco
€C/IM N CTPEMUTCH K OECKOHEUHOCTH HO BCeM BooOIie HeJEM NoJjio-
JKUTEJBHBIM YHCJIAM.

2064. TIpu BCAKOM NOJIOKUTENLHOM &

ni-8 ' T(n)

~ lim =0, lim
n—oo (1) n—co N

=0.

265. [Iycrs nesouucIeHHbI KBaApaTHH TpexuieH ‘ax?+bx-+¢
npejICTaBJeH LEeNOH TOUKOH a, b, ¢ B TpexmepHOH KyOuueckoi yucio-
Boi pereTke. OGO3HAUHM YHCJIO LeJBIX TOUEK, COAepXKallHXcs B Kybe

—n=sa=n, —n=b=in, —n=lc=n

H TpeiCTaB/soOMKX TMPHBOAMMBIH TpexuseH, uepes r,. [loka-
3arh, 4TO

lim ——2— =0.

n-oo 2n+1)°
(HenprBOAMMOCTb KBaJpaTHOTO TpexuJjieHa MpeicTaBJsgeT B HEKOTOPOM
CMBICJIE «HOPMaJIbHBIA Cayuaii».)

266. «BepositHocTb» TOTO, YTO UEJTOUMCJIEHHBIH MOJMHOM 3aJaH-
HOH cTeleHu IpPUBOAMM, paBHa Hymo. TouHee roBopsi: HycTb /i —
uenoe 4uca0, A=2, u r, 0003HauaeT YHCIO. Ueseix Touek (A 1)-
MEpHOTo IPOCTPaHCTBA, JeXaliux B Kyle

- —n<a0 ﬂ, —ﬂ<al I’l, s ey —‘néahén

¥ TpeACTaBJSIOMMX I PHBOAHUMEIE TOMHHOMBI QX +apxm + ..
. +a,. Toraa
r»=0 (n*1n?n).

(O6oGienne H yTouHeHHe Teopembl 265.) [II 46.]



IPHJIOKEHHE
OTHOEJI NEBSTHHU
HEKOTOPbIE TEOMETPUYECKHUE 3AJAYH

1. Eciu 6pocuthb TsKeNblil BBIIYKJBIH TOJH3AP C IMPOH3BOJIBHHM
BHYTPEHHUM paclpeaeleHHeM Macchl Ha TOPH30OHTANBHYIO TJIOCKOCTh, TO
OH OCTaHeTcsd Je)aTb HAa OJHOH W3 cBoMX rpanefl. MHpiMH cJoBami,
g mo6ol Touku P, cojepikaileficd BHYTPH BbINYKJOTO IOJM3APA,
Hafizlerca (110 MeHblIefl Mepe) ojHAa TIpaHb I Takafd, YTO OCHOBaHHe
IepHeHUKyApa, ONYIeHHOro u3 P Ha miockocth rpandu F, Gyzer
JieXKaTb BHYTPW 35Toll rpaHd. I1aTb YMCTO TeOMeTpHUecKOe NOKa3a-
TeJNIbCTBO, HE3aBHCUMOE OT BCAKHX MEXaHWYECKHX IIPEeACTaBJEHHI.

2. Ecim Ha XpyrJao#i naolajike CCHIIaHO JaHHOE KOJHYECTBO 3epHa,
TO MAKCHMAJIBHBIH «HaKJIOH» TI0Jyuarowecss Kyuu OyAeT Tor/la HauMelib-
UM, KOTA2 3Tofl Kyue npujaHa ¢opMa NPAMOIO KPYrOBOTO KOHYcA.
Hokasarb cieyiollyo TeopeMy, ABIAIOLLYIOCS aHaNUTHUYeCKOi nepedpa-
3HPOBKOH yKa3aHHOTO (haKTa:

Tycrs dyHrmMA f (x, y) 061axaeT 0GeHMH YAaCTHBIMH TTPOH3BOAHBIMH

a ! a ’
So=F(x, 9 =T 9

Ecmu f(x, y)=0 Ha rpauuue egunHuuHoro Kpyra x2J-y°<<1, 10
B eJMHHYHOM Kpyre HMeeTcsl TOUKa &, 1, B KOTOPOil

VIEE WP FHE oF 9>4 § {76 9 dxdy,

[pHYEM JIBOMHOH MHTerpaj pacHpOCTPaHeH M0 eIHHHYHOMY KpYTy.

3. Ecau MarepuanbHad TOYKa, HPOXOAS B €IMHUIY BpeMeHH €]u-
HUIY JJIHHE, MEPEXOAUT OT COCTOSHHSA NOKOA K COCTOSIHUIO MOKOSA, TO
rae-uubyab MeXKAy ABYMS 3TUMH COCTOSIHHAMH OHa AOJ/DKHA HCHBITaTh
ycKopeHyde, 1o aGcoJOTHOH BeJIMuMHE HpeBbinaioinee 4. [late aHam-
THUECKOE HCTOJKOBaHHe 3TOMy Gakry.

4. Ecin kpuBas BCIOAY BLINYKJa OTHOCHTesJbHO Touxu O, TO OHa
3aHUMaeT yroJ 3penus, menbluu# 180°, eciu Xe oHa oTHOCHTE/bHO O

*) D70 H ecTh «HaKJOH».
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BCIOAY BOTHYTa W NpOCTHpaeTcd B OECKOHEYHOCTh, TO YTOJ 3PeHHd,
3aHHMaeMbIll e, Oyner Goablie 180°.

ITycte O — nofoc mOJAPHOH CHCTeMBl KOOPAUHAT 7, @ H r=le®—
ypaBHeHue KpuBo#, npuueM [ (x) UMeeT HenpephLIBHLIE IEPBYIO U BTOPYIO
OpOU3BOAHLIE. BrIUHCIEHHe pajuyca KPHBHU3HEI MPUBOAUT K CJELYIOLIHM
JBYM TeOpeMaM:

1. Ecin f(x)>0 B wuntepBale a=ix=<g--m, TO CYILECTBYeT
Takasi Touka § (@ <<t <<a-m), uro

FE+1 (€ >0.

2. Ecan f (1) >0, f(1)+F () >0npn a<x<b u f(a)=f (5=
=0, T0 b—a>m.
Ioka3saTb 5T TeOpeMBl YHCTO aHa/JUTHUYECKH.

IlycTs maHa 3aMKHYTaA BBIIVKJIAA IIOCKasd KpuBasi € ¢ HempepLiB-
Ho#l KpuBu3uof. ITycrs, nanee, h (¢) ecTb onopHas GYHKOUA KPHBOH ¢
(COOTBETCTBEHHO OTpaHHuYeHHOH KPHUBOWO ¢ BHIYKJOH ofmactu &, oM.
u, I, crp. 133), r () — panuyc KpUBU3HEI 3TOH KPHUBOH B TOYKE, IAE

yraoBoit kKoa(puuMEHT KacaTeJbHOH paBeH (p+~321. Oyurmua ki (g)
HMeeT HeNpEepHBHBlE MEpPBYID KW BTOPYIO INPOH3BOAHLIE, r () Hempe-

peiBHA. MMeem
r (@) =h(¢)+h" ().

Ina miowanu f obiaactH, orpaHHuyeHHod xpusoi € (r. e. ofaa-
ctd R), B AnA AjauHel [ kpuBo#A ¥ MMET MecTo (OpMY.JbE
21 2n

Vh@r@de, 1= r(de.

e .

~n
il
o] —

5. Ha 3amkHyTOHl BHINYKJOH KPHBOH C HENPEPHIBHOH KPUBH3HOM
CYLIECTBYIOT BCeria MO MeHbllled Mepe TPH pas3juyHblE Mapsl TOUEK,
ofJlajalolide TeM CBOfICTBOM, YTO KacaTesbHbe B OfeHX TOYKaX OJHOH
U TOH e mapbl Napaj/esbHbl, a KPHBH3HA KPHBOH OJMHAKOBA.

©. Ecin Bumyksas KpuBad AJMHBL [, 0XBaThIBAIOULAS MJOLIAAE f,
MOXKeT CBOOOAHO KaTHTHCA 10 BHYTPEHHEH CTOPOHE HeKOTOpPoH Apyro#
KpUBOH IHHBI L, oXBartbiBawouled miaowalp F, To

IL <2 (f4-F).

ITyers B mpocTpaHcrse X, y, 2 1aHA 3aMKHyTas BHINTYKJad MOBepX-
HOCTb §§ C HeIpepriBHOH KpuBH3HOH. Buipaxenue xcosa-f-ycosf -+
+zcosy, rie cosfatcos?f4-cosiy=1, umeer B BHIYyKJIOH obia-
cry {, OrpaHHYeHHOH HOBePXHOCTBIO §, HEKOTODHIH ONpeAe/eHHBIH
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MakcuMmyM h(a, B, v). Bemuuuna h(«, B, y) sABAfeTcs QyHKuMeH
HanparJeHua o, P, Y W HasblBaeTcs onoprod Gyukyued obnactn K.
Ilrockocts

xcosof-ycospd-zcosy—h(x, B, y)=

€CcTb KacaTeJbHadg NJOCKOCTh (0MOpHAA NAOCKOCHb) TOBEPXHOCTH § U
NPUTOM Takasd, HOpMaslb K KOTOpoil, HanpaBieHHasds B CTOPOHY ot &
HMeeT HampaBJAIONHe KOCHHYCHI cosc, cosP, cosy. Ilyers r u r' —
rflaBHEIE palMychl KPUBH3HHI B TOUKe KacaWud. Bemuuusw A, r, ¢/
MOXKHO MpEeACTaBJATh cefe KaK (YHKIHH TOUKH ©, ABUXKYyllefica no
MOBEPXHOCTH eAMHHUHON cdeprt. OHU ABAAIOTCA HENMpephIBHEIMH (YHK-
nuaMd or ®. Hna of6bema v, IJIOMWANN 0 H HHTErpana m OT CpelHeH
KPUBU3HBI TIOBEPXHOCTH § MMEIOT MecTo (GOpMY.Jbl

v=% S S hrr' do,

0= SSrr d(o——lQ«SS (r+r') do,

=—«SS A Yy dmzs Shd(o

rfie UHTerpupOBaHHe pacHpoCTpaHseTcss Ha eAuHMuHylo chepy H do
0603HAYaeT 3JEMEHT ee IOBEpXHOCTH.

7. Ilycth 06beM, NOBEPXHOCTb M MHTErpal OT cpeiHeH KPHBH3HBI
AJA JABYX BBIIYKJBIX INTOBEpXHOCTeH OYAyT COOTBETCTBEHHO U, 0, m
uV, O, M. Ecau nepBag H3 5THX MOBEPXHOCTeH MOKeT CBOGOAHO
KaTUThCA 110 BHYTPEHHEe!H CTOpPOHe BTOPOH, TO HMEIOT MECTO HEPABEHCTBA

mO + oM < 12rn (V 4 v),
mO0—oM =< 4n(V —v).

8. 3aMkHyTas NOBEPXHOCTb, MOABEPTHYTas BCECTOPOHHEMY DaBHO-
MEPDHOMY [aBJIEHHIO, OCTaeTcs B paBHOBecuH. IlnA o6OCHORaHUS 3TOrO
(daxTa RoKasaTh cleaywomue QOpMyJibl, CIpaBeIuBbie ANA BCEX 3aM-
KHYTHIX IIOBepXHOCTeH:

{{cosads=0, {{cospdS=0, {{cosydS=0,
§§(@ecosy—2zcosp)dS=0, {{(zcosa—xcosy)dS=0,
§§(xcosp—ycosa)dS=0.
3nech cose, cosP, cosy OGO3HAYAIT HaNpaBIsOMHe KOCHHYCHI

BHeIHe#l HopMa/, dS — 3JeMeHT IVIOWAAH.

9. Eciu Ha Kaxabi s1eMedT dS 3aMKHYTOH TBepAo#l MOBEPXHOCTH
C HEnpepbLIBHOH KPUBHM3HOH JEHCTBYeT HalpaBleHHasl 110 BHYTpeHHeH
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o 171 1
HOPMaJIH CHJIa BEJHYHHOH B 7<AR_ + 7?“) dS, rze R,, R,— rnaBHble
1 2

pajHyChl KPHUBH3HBEI, TO NMOBEPXHOCTb OCTAETCH B PaBHOBECHH.
10. (Ilpozonxerue.) Ecnu BenyuyBa CHJBL, ACHCTBYIOIEH Ha 3Je-

. 1
MeHT dS B HalpaBJeHHH BHYTpeHHell HOpMalu, paBHa R—R—dS (T.e.
X2

IIpOTOPIMOHANBLHA TayccoBOH KPHBH3He, a He, KaK Bbllle, cCpeiHeH
KPHBH3HE), TO MOBEPXHOCTb TaKkKe OCTAaeTcd B PAaBHOBECHH.

11. Ha xaxnoe pebpo k£ TBepaoro monusipa JAeficTByeT cunia K,
IIpHUJIOKEHHAs] K LEHTPy pe6pa, NeplneHAUKY/IdApHad K 3ToMmy pelpy
1 Jekallad B IJIOCKOCTH, AeNdileil BHYTpeHHU yroa MexAy IpaHsIMH,
BeTpeuaoliumuca B pebpe &, mononaMm. Bennuuna cuibel K paBHa

l \cos % ’, rie | — anuHa pebpa & 1 o — YIOMAHYTHIH TOJILKO YTO BHYT-

peHuni yroa. Hakouely, cusa K Hanpas/ieHa BHYTPb HJIM BOBHE, CMOTPA
0 TOMy, ABJdeTcs JH pebpo % BBINYKJLIM WM e BAABJEHHHIM, T. €.
a
2" -
Cucrema cusl K ocrapBider noJusip B PaBHOBECHH.
12. Eciu Ha Kaxaell sneMeHT ds 3aMKHYTOH TBepAO# NpOCTpaH-
CTBEHHOH KDUBO¥, MMelomeR HelpepsiBHY0 KPUBH3HY, AeACTBYeT cuia,

coo6pa3HO 3HAKy COS

S
paBHad no BeJUYHHE P rjie r—panuycC KpUBH3HBI, H HanpaBJ/ICHHad

B MNOJIOXKHTEIbLHYIO CTODOHY TIJIaBHOH HOpPMalH, TO KpHUBag OCTaeTcs
B paBHOBECHH. '

13. [TycTe M3 Hayana KOODAMHAT NMPOBEJAEHH! €AHHHYHbIE BEKTOPLI,
NapaJiie/IbHbe HAllPaBJEHHIO KacaTeJbHOH B pasiHuHbIX TOUKAX Henpe-
pEIBHO AupepeHupyeMOl HPOCTPAHCTBEHHOH KpuBOf. KOHUBI 3THX
€/IMHHYHBIX BEKTOPOB OIHCLIBAIOT Ceheputeckyio unouxkampucy Tmpoct-
paHCTBeHHOH KpHBOH. Ecnn sTa KpuBasd 3aMKHyTa, TO ee chepHuecKas
HHAHKATpHCA MepecexkaeT BCE TIJIaBHbie OKPYXKHOCTH eHHHUHOH cdephl.

14, Tlycts dyukuus f(x) ompegeneHa B KOHEYHOM HHTepBale
a<<x==b W YROBJETBOpSIET B HEM CJEIYIOUUM YCJIOBHAM:

1) f(x) nonoxurenbHa BHYTPH W paBHa HYJMI0 Ha KOHLAX HHTEp-
Bana [a, bJ;

2) f(x) B uHTepBane a< x<Cb uMeeT HempepbBHbIE MEPBYIO H
BTOPYI0 NPOH3BOJHEIE;

3) f'(x)>-+oco mpu x—>a, f (x) >—oco npu x—>b.

Ilpu sTux npeinosoxeHudax QYHKOUA :

" (%)
o+ @rE ! ¢

He MOXKET OCTaBaThCAd MOHOTOHHOH BO BCeM HHTepBajie a << x < b, 3a
UCKJ/IIOUECHHEM Cydas

F=Va—ab—x, F@E=—57F "
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15. Ha 3amMkHyTOH MOBEPXHOCTH BpALIEHHS! C HENPEPHIBHOH KpH-
BU3HOH BCer/ia CyIIeCTBYIOT JB€ DasjHuHbie Napa/eny C OfHHaKOBOH
rayccoBol KpHBH3HOH.

16. Ilycts a, b, ¢ —cropoHbl, o, B, y— yriu (B paguanax) Hego-
TOPOTO TPEYrOJbHHKA; @ JeXUT NPOTHB o, b — npoTHB P, ¢ — OPOTHB .
Torjxa

.o ao+bf+cy Iyt
3< at+b-tc <2'

PaBeHCTBO ¢JeBa MMeeT MeCTO TOrJa M TOJBKO TOTAA, KOTJa TPeyrob-
HHK DaBHOCTODOHHMH, a CIpaBa — KOTAA TpeyroJbHHK BHIPOXKIAETCs
B CJOXKEHHBIH BJBOE OTpe30K. :

17. Ilycte &y, ky, ..., kg— OJHHDL CTH pebep TeTpasipa H o,
Clgy +.., Olg— COOTBETCTBYIOIIHE YTJBI MEXNy TPaHfAMH, BbIpaxKeHHbIe
B pagnaHax. Torxa

a < kyay -kttt . - Rgtty
3 kyt-bot-o. A

YKasaHHBHE TpaHHILl He MOTYT OBITh COJHIKEHbI.

18. Ilycre P PP, — npAMOYroJbHbiH TPEYroJbHHK C NPSAMBIM
yraom B P,, P,P;— nepneHauxyasp us P, na PyP,, TouHo Tak xe
P,P,| P,P,, P,Ps| P,P; n 1. &. Hafitu npegeannyio Touxky lim P,.

n—-o

19. [ycts B npocTpaHcTBe AaHwl fise okpyxuoctd K u K', kaxnas
B BHUJe HepeceucHHs LIAPOBOH MOBEPXHOCTH C INIOCKOCTHIO:

(K) »*+¢+22+ax+by+cz+d=0,
.~ Ax+By+Cz+D=0,
(K') 2+y+2+a'x+by+c’z2+d =0,
A'x+B'y+C'z+D =0.

A
<5

Haiiti nenyio pandoHanbHYI0 (YHKIHIO OT 16 BeillecTBEHHBIX KO3(dH-
IMeHToB &, ..., d, A, ..., D,a’, ..., d', A’,..., D', Kotopas Gui1a 6bl
OTpHIIaTeNbHA TOrAa M TOJBKO TOTAAa, KOrfAa ofe OKPYKHOCTH CIie-
OJeHBl, T. € HAXOAATCS B TAKOM B3aWMHOM MOJIOXKEHMH, YTO XOTS
¥ He UMEIOT OGLIHX TOYeK, OfHAKO, OYAyUn MaTepHann30BaHHl (CKaXeM,
M3TOTOBJIEHBl M3 TIPOBOJOKH), He MOTYT OBITh yHaJsieHEl APyT OT Apyra
Ha JOCTAaTOYHOE pacCTosHue Ge3 paspbiBa.

20. Ilyctb X,;, X,, X;— mpoekTuBHHE KOOpAHHATHL TOYKH Ha
MJIOCKOCTH H X, onpeneseHo cooTHoweHHeM X,+ X;+ X,+ X3=0.
B TpexmapamerpuyeckoM ceMeHcTBe KOHHUECKHX CeUeHHH

RoXi + M X3+ A X3 + A Xi =0

CYLIECTBYeT ABYyXNapameTpHyecKoe MoJceMeficTBo KOHHYECKHX CeyeHuit,
BLIPOXKJAIOUIMXCS B Napbl ODSIMbIX, NPHYEM KaXK1asd TOYKA IJIOCKOCTH
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CNYUT ocofolt Toukoh (BepiuuHoH) TakoH nmapul. Hafitu neTerpaipibe
KpUBbIe 3THX mnap npsimbix. (Bo Besko# Touke P uCKOMOH KpHBOH
KacaTelbHas KOJIKHA COBNAAATh C OZHOH W3 NDSIMBbIX Tapsl, HMeroLiedl
BeplukHOR P.)

21. Tlycrb Touka P onuchiBaer naockywo kpueylo. Ilycth, ganee,
0 — pafuyc KpuBH3HbB B Touke P, M oTpe3ok HOpMand B P, 3ak/io-
YAOIWMHCT MEXAY OCAMU MPAMOYrOAbHOR CUCTeMbl KOOpPAUHAT, HMeer
auey v. OnpelenuTh Te KpHBHE, [ KOTODHIX O H v Haxojdarcs
B JaHHOM OTHOLUEHHH:

p=2nv,

IlocTosinHas # MOXeT CYMTATLCs TOJOXKHTENLHOH, TaK Kak # mnepeH-
JeT B — f1, eCJH TIOMEHATh pOJISIMH X H 4.

Ilpu wesoM 2 OAHO U3 pellleHHH nmoaydaercs B BHAE PaunMOoOHaJb-
HOH KpHBOH mopsika 2n, uMeloliel ¢ GeCKOHeYHO yAaNeHHOH npaMoH
2n-KpaTHyIO TOUKY nepeceueus. [BBecTu B KauecTse nmapaMerpa yrod T
MeXLy OChbl0 X W KacaTeJbHod B P.]

22, CemeficTBO IOBepXHOCTEl BTOPOro NopsiiKa

F(xl’ X2y Xs) t)Ealxit + a f+ aaxi_t—tzo (0<a1<az<a3)

by~

X3

c nmapamerpoM ¢ HMeeT orubaiomylo nosepxHocTs [ mopsaxa 10 u
kjaacca 4. OmpeaeauTh JUHHH KPHUBH3HH noeepxHoctH H. [CocTaBuTth
nuddepenuaibHoe ypaBHeHYe, CBA3bIBalOLLee ONUH U3 PafHyCOB KPH-
BU3HBI NMOBepXHOCTH H ¢ mapamerpom {.]

23. (Ilpono/xenne.) BruiBecTH HapaMeTpHUecKoe MpeiCTaBJeHHe
noBepxHocTy H, B KOTOpOM NapaMeTpHuecKUMH JHHHAMH Gblid Gbl
JUHHH KDHBH3HbI. DTH NOCJEAHHE TIPEACTABAAIT cob0il anrefpanuecKue
KpUBHe 12-r0 mopsApka.

24. (ITpopomxenne.) IloBepXHOCTH LEHTPOB KPHBH3HBI IOBEPX-
Hoctn H W mapalsiesibHbe MOBEPXHOCTH CJAYKAT TaKkKe OrHOAIOLUMH
NOBEPXHOCTAMH HEKOTOPOTO CeMeHCTBA I0BEPXHOCTEH BTOPOro MopsiAKa.

25. Ilyers F(x, y)—HenmpephiBHasd (YHKLMS, NEPHOAHUECKAS
C MepHoAOM 1 OTHOCHTeNBHO OGeHX NepeMEHHbIX X, y:

Fx+1, y=F(x, y+ 1)=F(x, y).

Ilycth, kpoMe TOTO, DYHKUHA F (%, §) ofJajaer TeM CBOHMCTBOM (gocTa-
TOYHO MPERIOJONUTE, HampHUMep, YTO OHA YJOBJAETBOPSET YCJOBHIO
JIlumuuna), 4ro wepes KaAyl0 TOUKY IVIOCKOCTH NPOXOAMT OfHA H
TOJNLKO OJiHa HEOTDAHUYEHHO NPOAOJKAEMas HHTETpajbHass KpHBas
IudbepeHIHanbHOT0 ypaBHEHH s

Torna ¢yukuun F (X, y) COOTBEICTBYeT TAaKOe YHCIO @, YTO A
KaXXA0H HHTerpajbHON KpHBOH y=f(x) pasHocTsb f(X) — wx ocraercs
OrpaHvyeHHON IpH BCeX 3HAUEHHSX X,



PEHIEHN A

OTHAEJI UETBEPTHI
dYHKLMHU KOMIJIEKCHOTO MMEPEMEHHOIO
CIIELIMAJIBHAS YACTDH

1. [OrnocutenbHo 1—76 cm. A, Wiman, Acta Math., 1. 37,
crp. 306—326, 1914; nanbmeiiiras JuTepaTypa ykasaHa B KHHTe
G. Valiron, General theory of integral functions, Toulouse, E. Pri-
vat, 1923. Cm. takxe 1. c. I 110.] Peub uler o MaKCHMAJbHOM
YyCJIe HOC/eOBaTeNbHOCTH

1 r I_L Lr r ___f_ r
Y1 12 T2 e e
r r r
Muoxurean Tr G e e ybriBaioT. Ilpu
r _ r -
—n~;l>n—_l_T, T. e. n=xr<<n+1,

o rt
MAaKCHMaJbHEIM 4YJE€HOM CJAYXHT f1-U 4YJeH R HOE)TOMy

[r
M(r): r]|) f)——[/’]
2. Tak Kax Bce KO3DHIMEHTh NOJOXKHTEIEHE, TO
M(r)=¢, N(r)=
3. p(r)= (2ﬂ—l-1)1 npu 2n(2n+1)<<r=<(2n4+2) (2n+3),

v(r)=[VW~I]N ]gr_.

4. Tak xax KoahdUIHEeHTH HMEIOT YepenyoUHecs] 3HaKH, TO MaKCH-
MyM MONyJsl HOCTHTaercsl A OTPHIATeNBHOIO 2.

M(r)———el/z;—i;ﬁ, N(r)=[—lii]w v
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5- v ( )= 0.
6. N (r)=0.
7. |a,|r* cayxutr maxkcuMaJbHbIM YjeHOM JJa 3HaueHuH r, mpe-
BOCXOJSLIHX BCE yHCaAAd E
n—1i

9 sy

&)
n

n ay

an

An_i
n

8. Ilo ocHoBHOK TeopeMe anrebpel W BCJAEACTBHE TOTO, YTO NpH
|2]—oco Momyab moguHOMa ~ |a,| |z |

9. Uro BTOpoil mpenes paseH GecKOHeYHOCTH, BbITekaeT us I 119,
1 120. 13 HepaBenctBa p (r) ==| @, | r* BuTeKaer, fajee, eciu a,+0, yto

lim inf ln“(r)zn, T. e. lim dnp(n)
Inr Inr

r—o0 r—+co

= OQ,

10. IlepByio nosoBuHY yTBep:KIeHHs MAOKa3blBaeM TaK ke, KaK
nepBy MoJoBHHY Teopems! 9. [lo moBogy BTOpO¥ MOJOBUHBI CM.,
Hanpumep, 2.

s p (r) = py (7%), Vi (r) = kv, (rF).

HugekcoMm ujieHa @,2'* cunTaercd, €CTeCTBeHHO, nk.

12. M, (r)=M(r®), Ny (r)=kN(r?).

18. 1. Ilpu 2n—DN2n<<r*<(2n+1)(20+2)

ren
v(nN=2n~r, p(r):—(%—)!,
v (r) on 1 1

= —— ~— =1,

Inpu@r) = r 1 I 2 n 1
<1r1 I S - {inxd
0

r r

2n—1)2n (2n+1) 2n42)
2. HpH _—I—"' érz < ———4——_'

. 1 @
< v =2m2r, w() =5 G,
v{r) . 2n 1 1 =1
Inp(n ~~ 2r 1 1 2 2n Ing 71 T
7’—(11'] ~27+ll'] —27+..+11'1~§r—) T §lnxd

Kasanock 6bl eCTeCTBEHHbIM CTapaThes J0KasaTh TeOpeMy, comepka-
Uyl 5TOT NMPUMED M [0 aHaoruu ¢ 14 3Byyallyio NPHMEpPHO Tak:
«Ecan f(2z) —nenast ¢oyHKuus u py (r), COOTB. Vi (r), — MAKCHMAJ/BHBIH
wieH, COOTB. LEHTpaJbHbIH HHAEKC, pasioxenus (f(z))* (a ue f(2%),
Kak B 11) 1o Bo3pacrawlyum creneusm z, k=1, 2, 3, ..., 10

. Vi (f’
71—121 Inpyg ()

He 3aBHCHT OT k». OnHako B TakoH ofilelt ¢GOpMyJHpOBKe 3Ta Teo-
peMa He BepHa [mpeJes MOMKeT BOBCE He CylIeCTBOBATb), XOTS H BepHa
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IPH HEKOTODBIX ClelHaJbHbIX MPERNONOKEHHSIX, HATPHMED B NPEAlio-
JOXeHHusIX Teopembl 67 [68]. Cm. Takxke 59, 60.

V4. My (r)=(My(r))*, Ne(r)=~kNy(r).

15. [19.]

16. N (r) ectb uncnosasi Gynknus, cm. II, ra. 4, § 1.

17. Ilycts v(ry) =1==1, Toria

{ I—1 r
wiry) =laln=laln r2=u(r1)r_i.

18. [11I 280.]

19. Tax KaK MakCHMaJIbHBIH YJleH CYIeCTBYET, TO CYIECTBYIOT
"TOUKH, 3aKJ/IOHallgecss OAHOBPEMEHHO BO BceX II0JYIJIOCKOCTAX
n=nk+In|a,| (n=0, 1, 2,...). Muoxectso & s3tux TOUEK mpoO-
crupaercsi B GECKOHEYHOCTh W KaK 06liast 4acTb GeCKOHEUHOTo MHOMXKe-
CTBa BEITYK/JIBIX 06/1acTell (MMEHHO NOJYIA0CKOCTeH) caMo NpescTaB/IsieT
coGoll BHITYKJAYI 06jacTb. DTy 06/1aCTh OrpaHHYHBAET CHIrlsgf TIOJIUIOH

)

¢ ypaBHenuem N=Inp (). [IpaBas npousBoAHaﬂ-'—i—hl(;‘EL Cy1ect-

ByeT Tak’e B BeplUMHAX M BCIOLYy paBHa v (¢%). IlpomsBoguas —Ky-
COMHO TOCTOSIHHAS (DYHKIHS M BCJENCTBHE BBIIYKJOCTH HHUIAE He
y6uiBaer. Orcioja caexyert 15.
20. [I1I 304.]
21. Ilycts 0<<r<<r'. Ofe mapwl ToYexk
(Inar, Inp(ar), (nr, Inp(r))

(Inr, Inp(r)), (nar’, lnp(ar’))

JeXaT Ha rpanuue obnactu & [pewenue 19]u npuTOM nepBasi OXBa-
THBaeT BTOPYIO. ILeHTPH COeAMHAIOMMX UX OTPE3KOB (CEeKYIIUX) HMEIOT
obiyro abenpecy
Inart+Ins _ Ilnrd-lnar’
2 - 2 ?

a AJs OpAHHAT BCJeACTBHE BHITYKJOCTH [19] HMeeM

Ilnp (ar)-+lnu(r') ~ Inp (N +1np (ar)
2 = 2 °

22, U3 20, xak 21 u3 19.

23. [l1s monnHOMOB YTBepXKAEHHe OueBHIHO [perenue 7]. s
CTEMEHHbIX PAJOB C GeCKOHEYHEIM PAfHYyCOM CXOJZHUMOCTH v (r) JNOJIKHO
6e3rpaHHUHO BO3DACTaTh, TaK KaK NPH m<Cf el |a,| r™ OyIeT mpes-
SofJeH II0 BeJHUHHEe UYJIeHOM |@,|r”, KaK TOJBKO r CTaHeT GOJbLIe yeM

<|amw>ﬁ'

lan]
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[ycts w(or) =|an|(ar)™ toraa Ww(r)=|ay|r™ u, crenoBareibHo,

w(ar)
u(r)

== a™m,

Ho m— oo npu GesrpaHHYHOM BO3pAaCTaHUH 7.
24. Vckomuil npefes CyllecTBYeT W MeHble eAHHHOb AJA
KaxJ0H Uesoil GyHKUHUH, He cBojsllefica K moctosunofi [22]. Ecau

OH MOJNOXWTEJNEeH W paseH af, rie k— HaJJexalHuM o6pa3oM BrIOpaH-
M (g—ntl
Hoe uucJgo, k>0, T0 Toraa ——M(@T))z af u, 3HAUMT,

M(awm)y<otM(l) (a=1,2, 3, ..).

Ho 310 mokasbiBaer, 4To lesas (pyHKIMA TpeacTasJsieT cofoH MOJH-
HoM creneHd ==k [8, 10]. Iaa MoJHHOMOB yTBepiK/€HHE OUEBHJIHO.

25. Cpexu unced p,, Py ... Oyler paBHo Hymo v (0), T. e.
uu ozamo, ecan v (0)=0. Ilycts &, ecTb abclcca BePLIMHLL NTOJHTOHA,
orpaHuynBaomero & [pewenue 19], B KOTOPOH CXORATCA CTOPOHH C
yrJaoBuIMH KoabdumuentaMu m u n, m<<n. TOTAA Ppmiy = Pmip =--.
i =Pp1=Pn=~6€%, U |Q,|r" CAYXHUT MaKCHMA/bHEIM YJCHOM MeX-
Iy paccMarpHBaeMof BepliMHON M Oamxxadiuell cocenHed cmpasa.

26. Cpexu uucea ry, ry, ... Oyzer paBHo Hymo N (0), 1. e.
HH ofHO, ecan N (0)=0. Cm. 16.

27- Pn=1, p)?_—_Qn (2%—‘— 1), p2n-1=5p2_n=1/(2n_1)2n.
28! wl‘—:—%l—, w2=—I;—L, w3=——f2[—, ceny rn=(2n._1)i2[;
w,,:r,,:nmz; r2n_1=r2u=(2n-—1)%_

29, Umeem p,<<R (n=1, 2, 3,...). B unrepnase [0, r], r <R,
JEXHT JHIIb KOHEYHOe YHCJAO0, a MMEHHO V(r) YJ/eHOB MOCJeNOBAa-
TeJbHOCTH Py, Pss P3» ... TOUKOH CTYILIEHHS 3TOH NOCJEN0OBATETbHOCTH
MOXKeT ObiThb TOJBKO IpaBuii Kouen uurtepsata (0, R).

30. IlocnenoBaresbHOCTL HyJeHl He MOXKET MMETb TOYKH Crylie-
HHSI BHYTPH Kpyra CXOJHMOCTH.

31. JoxasateJnCTBO NPOBOAMM METOJOM MaTeMaTHYECKOH HHIYK-
IHH, paccMaTpHBasi MOCJENOBaTe]bHO HHTEpBaJbl, Ha KOTOPHIE pa36u-
BAIOT YHCJOBYIO TIPAMYIO TOUKH 0q, Qg ... it O0=Zr<Cp, umeem
n(ry=\ay]. Tlyetb O=<m<Cn u posb HauCOJbLIETO YJNeHa NEPEXO-
IHT OT |Qm|r™ K |Q,|r" JlomycTHM, YTO B HHTEPBAJE Opm << r << Pm.q

‘aﬂ.‘rm m
f[N=——=1q
m() PPz - Prm @l 7,
H, 3HayHT, lamlzﬁ%:. Tak xak |a,|r* BcTynaer B posib Hau-

GoJIbLIEr0 YJEHA B TOUKE 7 =0mi1 = Omig =...==Pp1==0, [25], ToO,
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cJiejoBatesbHO,

W (Pmn) =] m | Prr1 =] an | Pn=1Gn|Pni10m:10mi2 -+ Prs
|a, | = lam | — 2]
T PmiPmiz e Pn P1P2 -+ PmPrmit - On

Hp(=|a,|r 1a p,<<r <puy, 4. H Tp. 1.

32. Hepasencrso HMencena [I11 120]. PapeHcTBO He MOXeT
JOCTHUTaThCSl HH JJIs KaKoH He TOXKIECTBEHHO IOCTOSIHHOH nesol
(yHKIIHU.

83. 1o jocTHraeTcsi UHTErpHpPOBaHHEM (C HEKOTODPEIMH IPENOCTO-
POKHOCTSIMH) COOTHOLLIEHHS

dlou(ry
r—dr—-——V(r),

JIOKa3aHHoro B pelieHun 19.
34. PasHocHabHO Teopeme 32, Tak Kak Bejencrtsue 11 147

\N_t") dt=N(r)Inr— S InrdN (r).
o 0

88. OGosnauum mpefes cjepa uepes o, npelies] cnpapa — yepes p
U TIpUMEM CHadazda, 4To o KOHeyHo. [lycts e > 0. Ilpu aocratouHo
Gonbmux r umeeMm v (r) << r**¢, nagnee |ay|<<1, cieioBarenbHo,

m (r) < v n < rr(l+8,
Inlnp(7) Ininr
Tlnr <ate+ Inr
Orcrona p=<a. Ho, ¢ apyroii croponn [33],
2r
S YO gt =1np @2r) —Inp(r).

r

Has pocratoyHo Gosbwux r p(r) > 1, crenoearensuo,
v(r)In2 <lnp(@r),

T. e. a=<f. Ecin o GeckoHeyHo, TO TepBas NOJOBHHA JOKa3aTelb-
CTBA H3JHIIHS.
36. Cu. BTOpYIO MOJOBHHY J0Ka3aTeJbCTBA TeopeMbl 35. [34.]
37. Ilycts a,=1. Mmeem [33, II 147]
—rhvin+ Y e =Rl T v dt=R{t  dinp () =

0<pv<r 0 Q

=kr*inp(r)+R{EFinp () de.

o .



188 PEWIEHHS

o0
Ecnau uuTerpan St*"—l Inp(f)dt cxoaurcs, 1o lim r*lnp(r)=0

1 r—o

n
[II 113], u, smauur, cymma Y, (ov “—pn %) orpanuvena[l 78]. Ecan

v=1

o0
pAn Y pn * cxoauTes, TO [OKa3aTeIbCTBO MpOILE.
n=1

38. [G. Valiron, Bull. d. Sciences Math., cepus 2, t. 45,
crp. 258 —270, 1921.] B npexnonoxenun f(0)=1 u oGosnaueHusx
3agaud III 121 noayuaeM, kak B 37,

"N+ Y A=k InG() +k2§ T In @ (t) dt.

0<rv<r 0

M3 nepaBenctBa O (r) << M (r) 3akmouvaeM, Kak B 37.

—(=Mv )+ 3 (I—p)i=

py<r

=k+1){(1—brv @) dt [11147],

Oe_/}\ Oy

(1—ry lnp(r)-l-kg(l—t)k Hnp(®dt=\(1~2)" v () dt [33].

[lycrs ao=1. Muterpanbt B mpaBbiX 4YacTAX OIMHAKOBO BelyT
cebst mpu r— 1. Eciu BTOpolt M3 HUX CXOAMTCH, TO

lim (1—=rflnp(r)=0

r—-1—20

[IT 112] u cymma Z [(1 —py)¥*t — (1 —p,)*1] orpanuvena [I 78].

40. [F. u R. Nevanllnna, Acta Soc. Sc. Fennicae, 1. 50,
Ne 5, 1922.] Tak xe orHocutcs K 39, Kak 38 x 37.

4%. [J. Hadamard, Journ. de Math., cepus 4, 1. 9, crp. 174,
1893.] Tlpsimas, npoxoasmas vepes Touky (1, —In|a,|) ¢ yrioBeM
ko3bduuneHtoM Inr, uMeeT ypaBHeHUe

n=—1Inja,|+E—=nlnr

M OTcekaeT Ha ocu 1) otpe3ok —In(|a,|r"). Cpegu Bcex 3THX mps-
MBIX ONOpHasi TpsAMas NepeceKaeTcsi C BepPTUKa/AbHOM OCblo B HauboJee
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uu3koit Touke. CjelOBaTe/ILHO, OTPe30K 3TOH NpAMOH Ha BepTHKaJ/b-
Hoil ocH paBeH —Inu(r), abcuucca BepUINHbI, B KOTOpOH OnopHas
npsiMasi kacaercss objacty § (MM caMOil NMpaBOH M3 3THX BEPINHUH,
ecqH HX HMeeTcsl HECKOJIbKO), paBHa v (r), yruioBoH Ko3hdUIHeHT
rpaHMYHOro oTpeska obsacti &, 3a-
KJIOYAIoIerocst Mexay abcuyccaMy
n—1 u n, pased Inp, H3 pu-
CyHKa SIBCTBYET, UTO Inp,,;==Inp,
H YTO TIpH @y == 0 7

—In|a,|=—1In|a,|+

4+ Inp;-+1npy4-...-F Inp,, -

ecad Touka (n, —Infa,|) aexur . , s
Ha rparuune obiact & [31]; ecau g Q

omopHas TpsMas IOBOPayHBAaEeTCs
BOKPYrI BeplIHHbl ¢ albcuuccol n
TaK, YT0 ee YTIVIOBOH xo3(pduIHeHT 7
uaMmensiercst or Inp, o Inp,., 1
10 Torma Inp(pua)—Inp(pn)= 7
=n(lnpp,—1np,), u 1. I

lan,|r™ BCTymaeT B poOJb HauGOJLLIETO YJ/€H3, HauuHas
C HaMMeHbILIero 3HaueHus r, YILOBJETBOPSIOIIErO HepaBeHCTBaM

lao | <<[am!|r™, lajir<|an|r, ..., |Gpa|r™ P <<|Gm|r™.

ODT0 3HayeHHe r PaBHO, CJEAOBATENBHO, Py Ha pHCYHKe peluenus 41
yIJI0BER KO3(QGhHIIHEHTE

—In|a, |[+In]ay| —In|a,|+In)a] ~In]ay| +1Inas]|
n—0 ' n—1 v n—(n—1)

BCE HE INIPEBOCXOAAT YIJOBOH KO3bduuMEHT Inp,.
438. Pa3 g, CIyXXHT MakCHMaJbHHIM YJEHOM JATS1 HEKOTOpOro r
(r>0), 10 a,5+0. Toraa, kaKk 6pl0 1MOKa3zaHo B pewesud 31,

]aol | an
O1P3.-.Pn’ | Quyg

la,|=

(n=1,2 3,...).

-1
= Ppi1 == Pp = ‘ Z—
Ha pucynke pewennss 41 Bce ToukH (n, —In|a,|) Jexar wa rpa-

HHIe, HEPaBEHCTBO

—lInla,,|—In] an+1|
2

—In|a,|

BHIpaKa€T BBIIYKJIOCTD.
44. Kpusas y=o'x% x>0, BeIyKJa CBepXY, TaK KaK Yy =
= (o — 1) x*2<C0; orciofia BhiTeKaeT [43] yTBepKeHHE OTHOCHTEJbHO
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v(r). Boipaxenue olx®+4xInr, rre x — nepemennas, x >0 u dukcu-
POBaHO, JHOCTHTeT CBOEro MakCHMyMa TIpH

x=(—In r)-li—“ (*)

U B 3TOH TOUKEe DAaBHO

(t—1) X = (@'=1)(—1Inr) IOLT“

Ecan, crano Owith, (*) npuHHAMaeT nesoe 3HaueHue £, TO H-H UleH

paseH ele -1 n% y gpngercst MakCHMAJbHEIM [BTOpOE HOKa3aTeNBCTBO
YTBEPIKAEHHS] OTHOCHTEJBHO v (r)], ¥ DpHBeleHHOe A4 W (r) acumnTo-
TUYECKOE 3HaueHHe fBJSETCA TOYHHLIM (B TIPOTHBHOM CJydae OHO
HECKOJIBKO (OJIbIe TOYHOTO 3Hauenus p(r)). Uro acumnrornueckoe
PABEHCTBO MMEET MECTO, CJEIYeT U3 COOTHOLIEeHHS

R @ 1-1) (1)@
llm T a = 1.
n-—w e&ban

45. losaraem —Inr=1t U cpaBHHBaeM pacCMaTpHBaeMblil P
C MHTerpajom

[ee]

o O L * | —a %
Sea x-udxw]/mt T3 " exp (=% l—aj [1T 208].

\ @
0

[Tepexon o1 pAaa K wuHTerpany jaer OowMOKY TOpsAKa MaKCHMalb-
HOro useHa psfa [cm. 11 8]; oTHOUIEHHe 3TOTO NOC/IEAHEr0 K HHTErpaJy
2
5T~ T
¥vMeeT NopsfoK T2 — o
nepexos.

1 o
[44]; 3TuM M OGOCHOBBIBA€TCS] YKa3aHHbIH

¢4
46. Kpusass y=oaxInx BhOyKJa CHM3y, TaK Kak Y’ = - >0.
Bhipaxkenne —oaxlnx+xInr, rae x—nepemensas, x>0, u r
quxcuposano, rocturaeT Makcumyma npu o(l4-Inx)=1Inr. Ecau x
IpH 3TOM DpPHHMMaeT [€/Joe 3HayeHwe, paBHOe 7, TO n-A uJeH
ABJAseTcH MakcuMaJbHeIM., Ecau xe x=n-+¢, 0=<f=<<1, 10

r=(e(n+1),

1
nonepn — pnd (1 _|_ tnA-l)na ~ % (n+f) — exp (ae-lr—a-);
nno »

Pn=mf\’(”€)“ [34.]

47. [46, 45, 1T 209.]



OTHEJN YETBEPTHIH 191
48. JocratouHo wuccneroBaTh paccMmaTpHBaeMBI  psix B OJHOH

adib Touke, Hanpumep z=0 [III 251]. Ilycts g(2)= E kA

n=20
[e9)

TOTZa HYXHO HCCIeNOBaTh DAL D, G, VMeem
n=20

M(r)
re°

|an

a) Nyers [ <1, 1. e. M(r)<<Ael"®r A>0,e>0,1l+e<].

n
Has I =g Tonydaem

la,| < An! (,%) (142,

o0

u, clepoBateqpHo [I 69], psn D) a, cxofurca. 3HaueHue r cienyer
n=20

nono6path TakMM 06pasoM, utobel QyrKuHA An! r-"elt+®)”  ofpamanach

BMHHHUMY M.
[ee]

6) Ecu 1>1, To psig Y, @, He MOXET CXOAHTECS. B mpoTHBHOM
n=0 i
cayyae Mpl MMend Ol |a,|<< K, caeposaresbHo, |f (2)|<<Kel?!, uyto
HpOTHBOpqu/lT npe,rmonomcﬂmo I>1.

B) Ecmn =1, 10 pag Z @, MOXeT KaK CXOJAHThCS, TaK H pac-
n=20

XoAuThbCsi. BriGepem, Hampumep, @, Tak, 4Tobu a,>0, lim n}/'a_,, =
n— o

=1 u pan Z a, cxonuncs. Torpa I=<1 [6)], nanee M (r) >—r"

AJA BCex . I'IpH n=[r] nonydaem, uto /=1, T. €. l—l BriGepew,

. C Jpyro#f CTOpOHHI, @, Tak, uto6bl lim a,=0 u psj Z a, pacxo-

= n=0
Auacsa. Torma [<<1 [6)], ranee /=1 [a)], caenosarennno, ./=1.
49. N (r) paBHO uHCay ILEJHX TOueK B Kpyre |z|=<r. ViMeeM
0;=1, wy,=1i; TaK Kak iw npoberaer OZHOBpPeMEHHO C W BCe NEPHOAHI,
T0 '

o (in) = io (u); (*)
cutl)=—e" (u+%>a(u), outi)y=—e" (u+%i) o (1)
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3aMeHas B NEPBOM YPaBHeHHH 4 Ha iu—1 M yMHOXas MNOJydeHHOE
TakuM 00pa3oM ypaBHEHHe Ha BTOpoOe, MoJydaeM

(Ml + o) u+ 2i (— M+ ing .

o(iuyo(uti)=e [i (ui)] o (u).

Orcriona BeaeficTBHe paBeHCTB (*) M 10, — 1,0, = 21  NOJyyaeM
TOC/IeOBATENbHO ,

m=Iin="n,
n Adas J'HOébIX HeqdblX uucea my, My

. T 2 2
. T — iny) & (mi 2)
o(utm+tim)="=+o(u)e = fma) &+ g (it ma)

OrpanuunMcst 3HaueHUsIMH 4 =0, JexamuMH B napaJjJenorpamme
nepuojoB, oxpaTbBawlleM Touky u=0, Ilojaras z=u-m;-im,
1 Geps mj - mj— oo, GyeM HMeThb

|2P~mitmi,  Info(R)|~F 2%

sinVz
Ve

50. Urto6el BHuMcauTh W(r) AJs

, 3aMeqgaeMm, 4YTO €CJH r

H 71 CBA3aHbLI HEpaBEHCTBaMU

2n]/1_+;<1/7<2n]/<1+%><1+2%> *)

A TOJIOXKEeHO ]/r=2n-|—t, TO TIpH Ge3rpaHUYHOM BO3pacTaHuH #
t ocraercsi orpaHHueHHBIM. B uHTepBane (*) B cuay 3

V’r_2n 1/7_2"
W =Gy e ™

1
— 2n +—
2n-V 2n (2n) 2g-an

__12_%1/71 A,
= 7 (L) e

3
1 =2 —
M(f)Nmf 1oV lnu(n~Vr.
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i1/
s 1_ z cos 2 (cos 2)? e i ef o (2)
Ve
Tn, Ll K . — —
on 1 2 2 "
N (r) 2 2 2 1 0
v (r) 7 7 e I -
N(r) 1 2 2 1
In M () B g W W 0 2
v (r) 1
np () -5 1 1 1 1 —
oMo | or | oy
V 2 Inp (1) u () 2 2 2 -
InN (r) 1
Y 2 L ! L - 2

Bb[CTyHaIOLU,He B 5TOf TabsHlle 3aBUCHMOCTH YaCTHYHO Pa3bACHAKTCA
nocJedyIomuMy TeopeMaMu.,

B1. p(r) <<M (r) [onpenenenne]. Ecmu lim sup

r—co

% KoueuHo, A <CP, TO A1 focTaTouHO GOJIBLIKX O |y, | p" é,u(p)<e"ﬁ,
1

Inln w(r)
T

clefoBaresibHo [pewtenue 48, a)], Geps p=(%_>ﬁ’ OyeM UMeTh JJis

n n
B\ B BrBE
JOCTETOYHO GOJIBIINX 11 [a,l|<(—nﬁ—>ﬂ, [a,,|r"<<~('inr—)'3. ITosoRUM
2ep =k; Tormal)

krﬁ n
M(r)<< ) |aa|r"+ 2 |a,| < (krP 4+ 1)p(r)+ }_] 2 8,
n== n—*krﬂ—{-l n=keB
b
1) B nactosiulell raase Noa Z ¢, TPH JIOOWX @ U b, @ << b, Kak UeJHX, Tak
n=a
1b]
H  HetleJBiX, TNOHHMaercd }_‘cn—~0[a]—}—c[a]+1+ —}—c[b]_l—}—c[b]
n—_La

7 T. Noana, T, Cere, u. 11
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52. [51, 35, IT 149, I 113]
53. Ecim nopsifok paseH A, To corsacHo peuenuio 51 npu € >0
H JOCTATOYHO GOJBbIUIHX r

krh+e ©

=( 3+ M )nanr"<
a=1 g ph €y
prhte

n
< krh+e E a,rt+ Z n-2 B <krief(r) 4+ &,
n=krE L
rie %k, k' — moctofHHBE, OTKYJAa

lim sup -ln—(r’u%t—(r);ﬂ<h+s,

r—oo

rle & cKoab yrogHo mano. Ecau, ¢ japyro#f cTopoHsl, mpu r>>r,
rf" (r)f(r)™* << r®, 1O uMHTerpupoBaHHEM TMOJy4aeM, YTO IPH r>>r,

Inf () <-“4+C.

rae C — HekoTopasi NOCTOSIHHASA.
84. Tlpu gocratouHo GOJBIINX ¢ HMeeM

b (r) <M (r) <kr+p(r),

rie A —nopsagox H &€>>0 [pewenne 51].
8. Ilycrs o BuiGpano Tak, uro o ([ —1)>1. Ilpu jocrarouto
Gompuiux ¢ umeeM M (f) > 1° [10], cienoBarebHo,

(1) M) << M (H)2+ < t-ou-D),

INo moBony /=1 cp. vactHelil cayyall f(z)=e€*. B stom cayuae
nHterpan B II1 156 pacxonutes.

56. [A. Wiman, l. c. 1.] Kak 681 Mano Hu Gul10 € > 0, cyiue-
CTBYIOT TaKHe CTeleHH:le PAJE

14+byrd-bri ...+ b+ ..

C KOHEYHBIM PajiiyCcoM CXOJHMOCTH H MOJOMHTEJBHLIMHA K03hdulyeH-
Tamu b,, 4yto, 0Go3HAuas yepe3 AN UEHTPaNbHbIH WHIEKC, HMeeM

o]

1
b — -8
bv_zn oo <<[ln (b.5")]*

v=0
TNpH BCe€X ITIOJIOXKHTEJBHBIX 3HAUEeHHAX Y, NOCTATOUHO OMU3KHX K rpa-
[eo]

HHLe Kpyra cxogumoctd [45). st mesofi GyHKUHH ) @,2* (1peano-
n=0
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jaraf, 4Io a,=1) B TOUKe r, C KOTODOH CONpPSIKEHO Y B CMBIC/E
I 122, BulosHsAETCSE HEPABEHCTBO

davlr o b
lay|r* — buy™
ans scex v=0, 1, 2, ...; 3HauuT, B yacTHOCTH, 151 v==0
buy* <l an|r*
B TaKOH TOyKe r W BLINoJHAeTcs TpeOyemoe HepapencTBo. [lpennoso-
weHne q,=1 He Hapyllaer oOIIHOCTH,
57. [A. Wiman, L. c. 1.] Iycrs A< p<A+e=. Toraa [52]
JUISL JIOCTATOYHO OOMBIIUX 1
Inn<Plnp,,

c/IefioBate/ILHO,
1
——o
Pt (n— 1)n-10 g e~ %@ > nb e %o,

YtBepxKaeHHe BhiTeKaeT Temepb H3 I 118 u 47 takum ke oGpasom,
Kak 56 u3a 1 122 u 45.
88. [Iycms

timsup X0 — 1im sup 12—, [11 149];

r— o0 lnr —~ 0 "n

torfla A=<1. M3 51, 36 sBcTByer, uTO mopsloK ==A. UTo oH BmecTe
C TeM == A, TOKasbiBaeM cCJAeAywoluM obpa3oM. Mmeem

Mi<|c|r IOOI (1+an).
n=g-+41

Ecmu A =1, To o 3a7laHiK TIOJIOKHTENBHOTO € BHIOGHPAEM LeJ0e YUCIO

(22}

N rax, uto6el N > ¢, 2 —rl—~<s. Torpa
n

n=N-1
N
M(r)<ic!r9 ]] (I—l——rin_)‘egl', “Ei’lpyﬂ%r(r—)‘él'
n=g+1

Ecin A<<1, 10 BHOHpaeM CTONb Majioe TOJNOXKHTENbHOE 1), UTO

1 1
A4+n<1; Torma [T 118] ans pocratoyno GoJsuioro 7 <
n

n7.+ﬂ

K sorapudmy dyuguuu H(l—l— s ) npumensiem 11 37.

n=1

PR

7w
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59. [Ilo nosogy 59—63 cm. Takxke G. P&lya, Math, Ann.,
T. 88, crp. 177—183, 1923.] Mpl MOXKeM, HHCKOJbKO He Hapyluas
oBIHOCTH, TPHHATH KaK 37ech, TaK H B 3ajauax 60—§5, uro f (0) =1.
Torpa umeem [31, 1I 159]

np() _ 1 o -
'V(I‘) - 'V(f) Z ln pn S ]nx ax.
ppsr 0

Ilpumepn! B 13.
60. Kak 59; Bmecto Il 159 npumensiem 11 160,

6. TVl(—r) g 1n(1+ "j’:’

€2. Kak 61; npumensem II 161 Bmecro II 159:

o <wer X (145

n=1

) ~ SO In (1 4x 71«_eff") dx.

©3. Cornacuo 32
1 1

lim sup l—?V—jz/lﬁzlim sup -N—l(;j Z 1n~r’—2 S Inx~ *dx[II 160].
r—>w r—>co rn<’ n i)

©4. Coraacuo III 121

1 1 ' \2
I B Sk v Z (T
9 () \Wo_, rRST
6 ()
Ho B cuny II 159
1 2 (.2 A
. \
lim — Z (i"—\ =§‘x?~dx=n o
r-—co N \r) r / fv‘i"h
rnsr 0
s nosHHOMOB CyMMa r; OCTaeTCsl OrpaHHYeHHON,

<7

65. Kak 64; smecro II 159 npumensem 11 160.
88. [lycrs f(2)= ) a,2"; torza [I1I 122, III 130]

n-=0

(o o) (=]
3 2 S2on
M= a,ltr, m()= %
n=0 n=0
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[o]
2
TMonoxuMm g (z) = 2 La_’l‘_ll 22 g (z) Gymer TOoro ke mopsfka A, yro
n=

u f(z), TaKk Kax

LOE <g ()< M)
[35, 51]; mpumensieM 53 k
M) g’ ()

EXCEZIC

€7. 1) |a,|<r*M(r) <r"e", ecnu TOMBKO r>>1,, THE 7, HE

n
abe \g
3aBUCHT OT #. [IpaBasi YacTb JoCTHUTAeT CBOCIO MHHHMYyMa (—T>°‘

1
EAL
npa r=|\-=".

2) TlpuBol¥M J0Ka3aTeqbCTBO A CJAyiuass IPOM3BOJLHOIO MHOJO-
JXUTENBHOTO £ W TpH JOCTAaTOYHO MajoM &, (DTOro BNOJHE JOCTa-
Toyno!) Ilo mpeanosioxeHuIo,

=" < M (r) < ex (e, *)
Orciona 4 H3 HepaBeHCTBA
(@ P+l rrtlgPrit..<[MN]
[1II 122] BeiTexaer [II 80]

m \\2 m m
(Z ‘an\f"/\ < D 1Y | an P rin < mebeitenr®,

n=1 n=1 n=|

m k 1
Z‘an|nkru<m +2ea(l—|—34)ra. (*-k)
n=t

[Tosox um AJs1 COKpall€Hu A
[+1

ocara(l—a) ! 3aar . © .
X=X, 2 =X X=X
1 aar® (1+¢) 3car®

M3 atoro onpenenenns u (**) BRITEKaeT, 4TO IpH JOCTaTOYHO GOJb-
1
k4
wnx r, xorpa (6oar®) 3 < expla(e?—e*) r],
SV aa|ntrr < et Mgy i < pr e,

T1e CyMMbl B JIEBBIX uacTAX MOXKKHO Oblio OBl B3ATh OT JOOOH HeoT-
pHUATeNbHOH HUKHeH IpaHuuel J0 JMOGOH BepxHeil, He 1IPeBOCXOAfA-
el 6xar®, TlosToMy Mbl MOXKeM (YTO HMeeT peluaioliiee 3HayeHue)
3aMeHUTh 7 B ofenx YacTsX HepaBeHCTB — B nepBom Ha r(l—2), Bo
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BropoM —Ha r(l+A) (A— durcupoBaHHoe umciao, 0<<A <), ne
MeHdd IPaHHIl CYMMHPOBaHUA. 3TO JaeT

(1 _}\’)aara(l-—e) Z‘l |, Inkr < e:z(l—l—e')(l—k)ara;
(14-pyearate W g | pkpn < galey 4B,

Orciona, npuBjexkas nepBoe (A0 CHX NOpP He HCIOJb30BaHHOE) H3
HepaBeHCTB (*), moJyuyaeMm

(M1 3 o e <
<exp[—a(l—e®)rida (14 (1 —2)°%r*—aar®(l —e) In(l —A)],
(M0 5" e |t <
<exp[— a(l—&%)r*+4a(l+€) (14+A)*r*—aar® (1 +e€)In(l+1)].

Ho pasnoxenne no Bo3pacTaioliMM CTeNeHAM & U A JaeT

—(1 =)+ (1) (11 —a(l ) In(lxh)=
=T R—det...=— % 4. <0,

eCIH TOJbKO QA==€ H € CTOJb MaJo, 4TO pasnoxxeHue CXORZUTCa H
3HAK CyMMEbl pslla OIpe/e/IfgeTCs 3HAKOM UJeHa HaWHHU31IeH CcTerneHy.

I
TeM caMbM JIOKa3aTebCTBO, MOCKOJBKY peub HIET 0 3 H 2”,

sapepmeno. """ He urpaer Hukaxodl pomm. JeficTBHTeNbHO, ecan
e<C3h << 3, 3ah = be, umeeM Ha ocHoBanHun 1)

Zm n"lanlr”<2m B (abeﬂl) an k(3aar ) E 11 i

YTO NpH r—> 00 KaK OCTATOYHLIA 4JjeH CXOAAINErocs psia CTPEMHTCS
K HYyJO.

68. Ilycts umeer Mecto coorouwenue (1). Torxa dyuruus Gyner
KOHeyHOro mnopsjxa [51], otkyna Beitekaer (2) [64]. CoorHowenue (3)
TakKe JOJ/DKHO BBINOJIHATHCS; AEHCTBHTENbHO, €CAH OBl v (r) Aas
NPOM3BOJILHO GOJIBIUKX 3HAUEHMH r BEIXOAMJIO 32 TPaHHIB aar® (1 — &)
4 aar*(l4-¢€), To 415 3THX 3HaueHUH NAO/KHO OBLIO OBl BEIIOJHATLCH
TakXe HepaBeHcTBO In p (r) < InM (r) — 8r® [67], B npoTuBOpeune ¢ (2).

Ecin umeer MecTo (2), To yHKHMA OyleT KOHEYHOTO Mopsaka
[51], oTkyaa Bhitekaer (1) [54].

Eciu, nakownern, HMeeT mecto (3), To, mpexmosaras, 4to g, %0
(3T0 HUCKOJMBKO He HapylliaeT OGIIHOCTH), BLIBOAHM (2) ¢ momompio 33,

89. 1) a, ybusaer. Ilycts

m—l<or’(l—g)<m<n<oaar(l +e)y<<n-+1,
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e 0<<e<<{l, Torma cornacHo 67 2) mpu focTaTouHo GOJBIUHX

0<<f(r)~ Z ayrY < ef (r),

v=imn

Amr™ - 2e0ar® >f (r) (1 —e), a,r™- 2ezar* <f(r) (1 +e¢).

m
3aMeyas ele, 4TO 1nr~—1nm~~1nn H 1_,_8 HoJyqaeM
oTCcra
na 1 14¢ 11—¢
lim inf 2o -1 limsu —i<——~—.
s oo ml m= a l—g’ ,_,Oop nn - alde
ai a a o -
2) Ecan aiza—?zaiz..., TO BCAKUH WiIeH a,r® AJA HajlJjexa-
0 1 2

ero SHayeHua r CTaHOBHTCA MaKCHMaJbHbIM umdexoM [43].
11y

[ = — 1
Orciona cJienyer, 4To B BhIPaxeHHH In‘\n"‘a;)=alnn+;1nam

mojjiexalleM HCCJAeJOBARMIO, YHCJIO # MOXKHO 3aMeHHTb Ha v (r). Takx
KaK Qy(n ¥ “)=pt(r), TO COrJIacHO 68 umeeM

1 v (r) Inp(r) 1 1
= Inv(r)4+—= v() Inav(,)——ln - -]-T(T—>Eln(oca)—|—~o—‘.
o0 o0
70. Kak B ) nfa,r", Tak H B 3| @,r* UHTpaJbHas YacTb, T. €.
n=1 n=90
CyMMa YJIeHOB C HHJeKcaMH, 3aKJ/IOueHHHMH Mexay oaar®(l —e) H
aar® (1 4¢), raaBeHcTBYeT Haj Bcell OCTanbHOH uacTelo psla [67].
48, Yactuoift cayyalt teopembl 70: k=1. Bes mpexrnosoxenus
peryJIsApHOCTH TiosydaeM 53.
42, 113 1 94 u 70:

[e=] © o0
3 aum 37 aurn D) nkbyrn
n=10 . n=1 n=1
) S ' 3] .
(BorPye 37 b, 3 nkburn (BorB)E D) burt
n=0 ne=1 n=0

73. 3anenas r uva ) r, npuxoguM x 72:

I 1
tn = g o=

- Vr
f(r):cosinN%—,

1 ! !
=, b=1, b=— —, §=—m.
p=: 2 :

aln! 24 °

B camom nene, corgacuo oparyae Crupaunra [11 205, takxe 11 202]
n _ 2n)! . _~1_:_
b, nl22a V an
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zﬂ

74. Tosoxum @=e!. Torza npu x—++oo

eV-}—e') -}—...—,— o
H‘u + &5 21)1 T 3;)! +- ] ~ et

Bepem x=zr7’. Vmeen [I1 31]
a(a+1)(a+2)...(a+n—I)N%n“"n!;

caeoBare/ibHO, C TOMOLLBIO (bOpMyJIbI CTHpJIHHI‘E] HaxoAlM

P)P@)...Pm ) T (b;) T(Bs) ... T (b)) (2)1:215 A+zg_1
Q (1) Q (2) . Q (ﬂ) an F (al) T ((12 I'(ap) .

[TpumeHsieM Tenepb 72.
75. Ha ocuopanud BbIYHC/IEHHH, TPOBEICHHLIX B pelleHHH 74,
a takxke dopmysael Crupaunra u I 94 nosayuaem

php P(n) e~
“FZ a() Q(2) a0

TIT ()T b))  ~L
T (@) T(ay) -- r(ap 2 n

n=!
3ameHsiss noc/aeqHUH pAX HHTErPaloM

e} } Ix ,1 X
At LAl «~+A+I

Sx 2 e; de=1 2 e[’ %:f,

i

a 3TOT MHTerpan Ha ocHoBaHuu 11 207 — BbipaxeHueM
Hlia o

Syamlet) T et

MLl M TIoyuaeM TpeGyemylo Gopmyay. Tlepexon or pana k uuterpaay
OpPUBOAUT K OLIMOKe NOpAlKa MaxkCHMaJbHOro wieHa psja [II 8]
1 \ix
BblpaXkeHue (er’x*l) HMeeT NIPH (PHKCUDOBAHHOM r MAKCHMYM el’
oAl 1
MakcHMaJbHpld uslen Oyier nopsaka r ¢ eirt . u, 3maudT, OTHOLIe-
1

"'C,, 8

HHE €ro K WHTerpany —rnopaiaxa r 2; teM caMblM yKa3aHHLIH nepe-
xo1 oGocHoBaH. [45, 47.]

76. Mul MOXKeM NPUHATH, H3MEHAA VI 3TOTO, eC/H HY#HO, JIHIIb
KOHEYHOe  uHca0  kospduIHeHTOB, uTo ap=1, ai>a,a,,



OT/ALJ YETBEPTBI¥ 201

(r=1,2, 3, ..). Torza [43, 31] p,="""1 u
n

hmnlnpg*l— hmnln[l —I—/ % —lﬂ:l

n-rco n n-»om \Cp-1p11 AC
In In pl-l—ln -|—1n‘7-|— ~1n )p,, :
y Pn Poot _y o [I 70; 52].

Inn A

1"|—*2“"|—*3"—}'---"|—~E

2) Ecan p,=<<r <<ppy, TO

"
v(r)=n, p(r)= Piba b
[25, 31] u
(=1 1n 5 Pr_4 (n— 2)1n""-1+ Al
lnu(r)__ r Pn- 14 !
o =0, t — F~ 0+
[1 67].

3) Ilyets pp=<r<<pPpsy, >0 (ananornuno B caydae [<<C0).
Torna

1 amlr"”_ rl .
a,rt Pni1Pniz -+« Patl
—(=1nbtres | pPrt
4l n+l Pral-1
(-—-D+(—2)F...4+1 1 x?
NO n ) —K—N—Q}v.

CymMMma nuiolllafielt NpsAMOYrobHUKOB paBHA
M@ M@
EOVYE wOVinp@)
IJIOLAAb TOJ rayccoBoii KpuBoit pasHa }/ 2mh; cM. 57.
77. Tak xak NpOH3BOAHAA (yHKUWH, OIHOJNHCTHON B HEKOTODOIl

c6aacTu, B 3TOH o6JMacTd BClOAY OTJAWYHA OT HYJsS, TO BCE HYJH
noJIHHOMA

14 2a,2 - 3a22 ...+ na,zvt

NexaT BHE efuHHuHoro Kpyra. [lostoMy Moaysab HX NpOH3BEACHHSA
Go/ibilie MJH PaBeH €IHHMIE.

78. Ilycts 2; W 2, — NPOM3BOJLHLIE TOYKH €IHHHYHOIO Kpyra
|2} < 1. Tlonomum wy=F(2,), Wy="F(2:). Ectu ¢[f (2] = o[f ()],
T. . @(wy)=¢(w,), TO JOMKHO ObITb W;= W, H, 3HAUHT, 2y =2,

« @(2) BO BCAKCM cayyae peryjaspHa B €IHHUYHOM Kpyre

|z2j<<1, H60 B 3TOM Kpyre ’I—if) peryjidpHa H OTJMYHA OT Hy.JA.
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Kpome toro, ¢(z)— neuetHan ¢yHkuus, ¢(—z)=—@(2). Ilyctp
Tenepb ¢ (2,) = @ (2,) A1 HEKOTOPHIX TOYEK 2; H 2, €AUHHUHOIO Kpyra
|z| << 1. Torna f(zi)=f(z3) u, 3HauuT, 2i=2;. Bo3moxkHOCTL z; =
= — z,==0 OTIafaeT, Tak Kak ToTLa Mbl UMEJH OB ¢ (2;) = — ¢(2,) #=0.

80. [¢(2)]* —vuernas ¢yHxkuus, T. €. QyHKuua or 22={; nycrp
[e(2)F=F(0). Iycrs Temepp aas HeKotophlx (; M &, [§]<<1,
G, | << 1, nmeeM f (&) =F(C,). BrGepeM z; u z,, 414 KOTOPLIX zi=1{;,
23=1_,. Torna Gynem HMeTb

[0 @) ]P=[e@)] ¢@)=Fe(z)=0eFz2),

W, 3HAUUT, 2, ="t 2,, {;=20,.

81. TpumeM, uTo OOWMM ueHTpOM KpyroB & H f CIyxkHT TOuKa
z=0. Ilycry paamyc kpyra & pasen R, pamuyc kpyra f pasen r
(r<<R) u otobpaxenHe ocyllecTBaseTcs (GyHKIHEH

w=[f{@)=a+taz+ta22+...-Fa.2"+...
Mmeem [II1 124]

|G |=n >} n|a. PR*™, |gl=n > n|a,*r*, |R|=0R?, |f|=n/,
n=1\

n=1

(o]
°R? Z n|a,|? (R2"2—r2n-2)
A n=2
= = = =0.
Z n|a,|? r2nt?
n=1
PaBeHCTBO MOK€T UMETb MECTO TOJBKO TOTAA, KOTAA dy =0y =0y =...
...=0. Ynorpebaerroe 111 | & | Bbipakenue He cofepxutca BNII 124,
TakK Kak TaM MpeAnoJarajocs, YTO OTo0paxKarwollas (QYHKIMA pery-
JsipHa Ha rpaudne f. OIHAaKO MOXKHO [I0Ka3aTh NyTEM IpeIe]bHOrO
nepexoja, yto 3Ta (PopMmy/aa cnpapelsuBa B 6osee OOMMX Ipeiioo-
JKeHMAX, TIPeJCTaB/sAsA TaK HasbIBAeMYIO GHYMPEHHION HOPAAHOBY MEPY
ofnactu . Ilpu BeskOM JApyroMm MepooilpeleseHHH TeopeMa Okula
OHl TIONABHO CIIpaBe/JIuBa.

o 2 D \
82, |®|=n(a[PR?+2]a, R3] a PR ...

cootn|a, PR .. ) =0 |? R?* =na’R2.

O06o3Hauyenys u AajbHEHLIHE pacCyXJeHHs, Kak B 8l1.

83. Ilycrs paccmarpuBaeMoe KpyroBoe KOJIbLO OINpejessercs
HepaBeHcTBaMH O <Cr<C|z|<C{R H OTOOpaxKeHHE OCYyLIECTBJAETCA
¢byHKuuel

@
9]

(o]
W= > a2

n=—co

O6pasnl Bcex OKpyxXKHoctefl |z|=const. 06XOAATCA OIHOBpPEMEHHO
C 3THMH OKDYXKHOCTAMH B IOJOMXHTeIbHOM Hanpas/aenun [IIT 190] u
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conepxar ¢ B cBoefl BHyTpeHHe#l ofGnactH [pewenne III 188]. M3
[T 127 3akmodaen (Mol HOJOXKHTENLHSL!):

G=n > nla PR ll=n Y nlafr K] =ar? |f|=ar,

= -0 n-—=--00

rie nox |®| nonumaercs BHYTpeHHAS H NOX |g|— BHeWHss XKopla-
HOBa Mepa [pewende 81; mpu ApYyrHX MEpoonpezeseHusx Tpedyemoe
HEpPABEHCTBO BBHINOJHACTCA TeM Oogee].

Ocrapasis B cTopone caydail | g|=0, umeem

[oo]
2R? E nla, |2 (R22— r2n-2)

16! 8] n=To =0
lai 180 °O =
E nlaﬂ. '2 r2/1+2
n=-—o

160 Mpu HeJBIX 3HAUEHHAX A, 3a HckoueHuem O 1 1, n(R¥*-2—r2-2) >0,

84. Tlyctb UEHTPOM pACCMaTPHBAEMOTO Kpyra C/AYXKHT TOYKa
z=0 u orofpaxeHne OCYLIECTBJISETCH MOCPEICTBOM OGYHKUHH @ =
=f@) =az+a2>+...Fa.2"+...

1) TlpumeM, uto f(z) HempepblBHA Ha TpaHHIE KPYra; Tak Kak
z o
GYHKIYA f(T) BHYTPH Kpyra peryJsdpHa H (BCJEICTBHE B3auMHOH

0/HO3HAYHOCTA OTOOpaxeHHs) OTJIHYHA OT HYJIsl, a Ha €ro rpaHule
TIOCTOSTHHA TI0 MO/YJN0, TO OHa fBJsercs nocrosuuol 111 142, 111 274].

2) bes orpasMuHBaoOllero OGIHOCTL NPEATIOJNOKEHUS HellpepbiB-
HOCTH Ha TpaHHLE pacCyXKJaeM Tak: COrJacHo 82 B LEHTpEe Kpyra

(.= or=1,

H TaK KakK COOTHOLICHIE MeXTY 2 H W B3auUMHO, TO TakiKe

/([2\ 2 1
‘ = = 1,
\ CE

\di.lj)o
snauut, |f' (0)|2==1 u, caenopateanto [82], f(z)=F'(0)z.

5. 3apucumoctbh M€y 06OHMH KPYTOBBIMH KO.IbLAMH B3aHMHa.
TTostoMy B HepaBeHCTBE 3ajaud 83 B NPHMEHEHHH K HalleMy CJyualo
HY2KHO B3fTh 3HaK papeHcTBa. CsenopatenbHo, oToGparKenue Hpej-
CTaBJfIeT IOBOPOT BOKPYr LEHTpa H TOMOTETHIO HJIM, BCJEICTBHE
COBMAJieHUs TpaHil, NpocTod nosopot. [Hanpaeaenve of6xofa cyluect-

1
BCHHO: OTOOpaMeHHe KPYroBOro Konibua -5 <<[z|<{2 Ha Kpyrosoe

1
KOabIO & < |w | <{2 TOCPEJCTBOM COOTHOLIEHHS 2W@ = | He ObLIO Gbl

y3Ke TPOCTBIM IOBOPOTOM.
86. Eciu 6bl CyIWecTBOBAIO JBA OTOOPAXKEHHs, TO Mbl MOTJIH Obl
CHaya/jla NEPEHTH TOCPEICTBOM OJHOTO H3 HHX OT €IMHHYHOIO KpyTa
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K oGaactH (B, 3areM mocpejicTBoM OOpalleHHs Apyroro — oGpaTHO OT
obnacth & k eauHuYyHOMY Kpyry. B coBokymmocTH 310 jpajio bl
0TO0paKeHHe €IMHHYHOIO Kpyra Ha camoro cefs ¢ COXpaHeHHeM
LeHTpa, T. €. moBopor [84] u mpurom nopopor Ha yroa 0, Tak Kax
F (0)>0.

Jloka3aHHOE yTBEPKICHHE COXPAHACT CUJIY M B TOM CJy4ae, ecilu
BMecto ycqopuf [ (0) >0 npumucats aprymenty f' (0) npousBo/bHOe
(PHKCHPOBAHHOE 3HAYCHUE.

7. Oyuguis w={(z) B3aHMHO OJHO3HAYHO OTOOGPaANKAET €1IH-
HHYHBIH Kpyr |2|<C1 cam Ha cebq, f (0)=1w,, argf (0)=a. Ho 10
XK€ camoe jaeT JuHeiiHas QYHKuHA

wy-+eltz .
%=w0+(1—|w0{2)6’a2—|—...,

cienoBatennHo [86], oHa coBnazaer c¢ f(z). Ilonaraem
_— &’oemia = Zo.
88. [[lo noeony 88—96 cm. P. Koebe, J. fiir Math., 1. 145,
crp. 177 —225, 1915; cm. takke E. Lindeldf, Quatrieme congrés

des math. scandinaves a Stockholm, 1916, crp. 59 —75, Upsala,
Almqvist & Wicksells, 1920.] Hckaouenne cocTaBasioT TOYKH 2 =a

H z=-- (TOYKH DPa3BETBJICHHS), KOTOPHIM COOTBETCTBYCT JHIIbL IO

. o 1

OfHOH TOYKe TJIOCKOCTH W, UMeHHO w=} an! u w==——. Paspe-
Van

masg OTHOCHTECJbHO 2, MoJaydacem

2 Va—(+la)w,

z=wn e
l+|al—2mVaw

TaKHM 06pa3oM, 1) HY:KHO BHOparh Tax, uyTo6ul 11/ a >0. Ho oamo-
BpeMeHHas 3aMmeHa ) a u v Ha —)/a u —1 ocTapiser cooTHolle-
HHE B CHJC.

89. [lo npennosoxenuio, |a|<< 1, 1. e. $ He coBmajaer ¢ Kpy-
rom |z|<Cl. Ecau 2z nexXuT B eIMHHYHOM KpYre, TO B 3TOM e
Kpyre Jjexar o6a ofpa3a 3ToHl TOYKHM z, OIpejejeHHule B 3ajgaue 88
[IIT 5]; onu oramymel Apyr ot Apyra, ecau z=~a. Ho oBpas Touku
z=a, 1. e. w=}an? [88], ne npunasexur mu &*, un G**,
a ABJsAercAd uX OOIeH rpaHHuYHON TOYKOH.

90. B nacrosimenm ciayuae BuGpano a > 0; crajo Guith, V ¢ >0,
n=1. O6passr @w* 1 w"* TOUKU 2 CaAyXKAT KOPHAMH yDaBHEHUSHA

(l1+a)w—2YVa(l+2)wt(14a)z==0.

EciM 2z JMeXHT Ha paspese, T. €. 2 BELIeCTBeHHO, a <2< 1, To
(14a)?2—(1+2)2a>0, crano 6wrh, W* 0 W** HUMEIOT CONpPAMKEH-
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Hble -KOMIIIEKCHBIC 3HaueHHsd, W TaK Kak w*w** =z, 10 | 0* | =Vz.
3SHauHuT, Gamkafllefl K HyJ 10 TOYKOH Ha JIMHMH, B KOTOpylo orobpa-
Jaetcss paspes, cayxut } a. 310 M ecTb uckomas GJMKaiuias rpa-
HHYHAA ToOuKa, MO0 TIpaHMYHBIC TOYKH, JICKANIHE HA OKpPYIKHOCTH
|z|=1, orobpaxaloTci Ha TOYKH OKpYxKHOCTH |w|=1. O6aactb,
B KOTODYIO TEPEXOJMT NpH oOroOpakennu Ké&6e eIMHHUHHIE KpyT,
paspe3aHHBIAl BJOJb YKA3aHHOTO OTPE3Ka, MMECT BHJ JYHHOTO CepIa;
yray B 360° BOKpYr KOHNA BBIp€3a COOTBETCTBYyeT B o6Jjactu KéGe
yroa B 180°.

O1. Ecau ofpashl w; H W, TOYEK 2; U 2, OKPYXKHOCTH |2|=a
PaBHOYJAJIEHB! OT HYJEBOH TOYKH, T. e, 00a JieKaT Ha OJHOH M TOH
XKe OKPYKHOCTH |w|=const., T0 U3 CoOoTHOWENHS

w __ t+a—2Vaw

z 2Va—(14aw
BHITEKACT, UTO 3TH TOUKH W@y H W, JeKar TakXkKe Ha OKPYKHOCTH
1+-a—2Vaw
2Va —(1+aw
T. €. CAY¥XKar TOYKaMHM NepeceueHus 3Tux JByX OKpyxkHocreid. Torna
TOUKH wW; H W,, a TAaKKE 2Z; H 2, Pacrio/iIoKeHbI CHMMeTpH‘{HO OTHO-
CUTEJIbHO BellecTBeHHOH ocH. CleloBaTesibHO, KOTHA TOYKA OGXOAUT
NOTyOKPYXKHOCTE |2|=a, J2==0 no HampaBAeHHI0O OT 2z=-a

K 2=-—4a, TO pPaccTofiHue ee o6pasa w oT Touku w =0 H3MEeHsEeTCs
MOHOTOHHO M TPHUTOM, KaK 3TO BHITCKAET H3 MOCJELHEro ypaBHEHHA,

MOHOTOHHO YOHIBaeT. w=Va, o6pas ToukHu z == -} a, 6yzer HaunboJsee
yAa/ieHHOH, a

= const.,

o=t 5 —a-VETTa),
o6pa3 TOYKM 2z=—a, — OauKafllell rpaHHyHOH TOYKOH oB/acTH
Kége.
92. Ilo dopmyse, mpuseseHnofl B pelieHHH 88, »:; ABJAeTCA
¢byugumneii or w, orobpaxaiomeit kpyr |w|<<1 cam Ha ce6s [I11 5);
3T0 o3Hauaer, yto npu |w|<< 1 Gyger ’%‘<1, lz| < |w].

93. Kpyr |z|<|a|, uenukom cojxepxamuiics B obaactn @,
npeo6pasyerca B 006/acTh, COAEPKAMYIO KpYI paauyca, GOMbIIEro,
ueM |a| [92]; nmosToMy |a;|>|a|. MOxHO Takke H HENOCPEJCTBEHHO
[91] nokasarb, 4TO

|Va 5T T
el (1ol +V 2T ap

94. BseleM BCIOMOraTe/bHBIE NEPEMEHHBIE 2, 21, Zg, «+-» Zn»
npoGeraioiue cOOTBETCTBEHHO obsactH &, &, G&,, ..., &,. Cornacuo
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pewieHuio 88 HMEIOT MeCTO Pa3/IOXKEHHS (BBIIHCHIBAEM TOJBKO IEpBEHIe
4,/I€Hb])

14]a]
=2 veay
Yoy T

I-Hal\
k4 +-.
5V

l—|—|a2\

2

3 2\Va1 2+

- I+la, 40

&np = 2|Vaﬂ__ll“n l+"'

Orciona
N PRESLINS ERP AR e

2l¥al 2V el " 2[Va o)
Tak xak [, (2) peryaspua B kpyre |z|<<|al u |f.(2){<<1, TO
F @) flal=<1

95. B cuny 94 GeckoneyHoe nponsse;neﬂne

(L B

[loatomy
lim (1—|Va,[)=0.

96. Tak kak orofpareHHe B3aUMHO OJHO3HAYHO H TOuKa 2=0
ocraercs HenoABHIKHON, TO (PYHKUMH

2z ’

z PRI

CXOmUTCH H =C

1
laf’

B oGsactu (B peryasipuel H OTJHUYHBL OT Hyjas. Moayau X B KaxjoH
TOYKe 2z BO3pAacTaloT ¢ Bo3pacTaHHeM HHjekca [92]. CaenoBarennHo,
(YHKIMH

5 @ ntn@_

2)=In"1*= n=2,3, 4, ...

'\4’1( ) z ’ 'lpn( ) fn—l (Z) ( ’ ’ ’ )
B o6s1acTH (® peryssipHBl M HX BEUIECTBEHHEIC YaCTH 110 0K HTE b HEL
Tlpy aToM JorapudMe GepyTcst Tak, yToOw! Y, (0) ObIIO BELecTBeHHO.
Ianee, BO BCeH ofaacru
R
la|

[ (2)
F4

=
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[TII 278] u, suaunr,
T (2) +Rpa () + ... + Ry (2) <<

Orcioga HEMOCPCACTBCHHO 3aKJ/wuacM, 4YTO BCIIECCTBCHHASL 4acTb psla
)

Z P, (2) cxoaurcd, wu, npumenaa III 257, III 258 (yuuThBag npu
n=1
atoM z = 0), 3aK/IouaeM TaKKe, UTo CXOAHTCA M MHMMad 4acTb. DyHx-
und f,(z) npuHuMaeT 3HaueHue w, |w|<<1, ecqu |a,|>|wl|. Ha
ocHOBauuH 95 otcioia caeyer, uro f(z)=limf, (2) TakXKe npunuMaer
n—oo
snavyenne w [IIT 201]. Uro f(2) omHosMcTHA, BBITEKAET M3 OJHOJIHCT-
HocTH GyHKUMH [, (2) [I1T 202].
7. HopmuposauHso#t oToOpaxatomeli dyHkuuedt cayxur [I11 76]
. — 2
fla 9= —|ap) ie.
Hineem
pP—laf®

rg= o

~
°

la 2—p®

r,= lim r, =co.

a— o0
T
99. IlocpencTBom BecnomorarebHOTO oToGpaxKeHusi { =2z % 3anan-

HbIH  yroJ mpeofpasyercss B BEpXHIOI MOJYIIOCKOCTh J¢ >0, Touka
a

a — B TOYKY ty=a%* TaabHeiiee orobpaKeHue

E—b

L~

npec6pasyeT BEepXHIOW NMOJYIJIOCKOCTh B KpYT |w | << 7,4, TAE r, Ompe-

JeJiseTcs U3 ypaBHemm

w=r,

=1.

Z2=4a

2=a »

dz

[Monaras a=|a|ée”, 0 <<a <<, umeeMm

r =2JL)-"\a|sir1r-{‘TE
R Gy °
100. Ilycrs f (2) — HopMupoBaHHas otolpaxarouas QyHKuus obJa-
cru B, cooTBercTBYyOLIAs TOuKe @, B ¢ (2')—To Ke AJA obaactn &'
v Toukn a'. Torma A~'q(hz+4 k) obnazaeT BceMH XapaKTepHLIMH
cBoficTBaMu Gyukuuy f(2), caenoBaresasHo, hle (he k) =f(2). Aua-
JIOTHYHO Ji/Is1 BHEIUHEro pajuyca.
101. Mo MOXeM NPHHATb, YTO peub MJAET O BelIeCTBEHHOM OT-
pe3ke — 2= z<<2[100]. HopMuposaHHoii oro6paxatoieli dpyHKuHeH,
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COOTBETCTBYIOMIE!H GeCKOHEHHO yaasneHHO# Touke, Oyner toraa [III 79]

+V =4 I
w:f(z):z—;—:g___z__%q__; — .
Ilpu z2=2cos® umeem w=¢%, 0<<O=<2n, 1. e |w|=1, F=1.
102. Ilpu oro6paxenun, ykasanuom B 101, aumnc ¢ dokycaMu
—2, 2 ¥ cymmoit oceft 4R =1 nepexoxHT B OKPYXKHOCThb |w|=R =
=+ [I11 80].
103. r,=2d. [II] 6 nmu uacrublit cayuail Teopemsl 99.]

104. [100.]

1
105. Orobpaxkenye { =z ~ npeo0Gpa3syer BHEIIHIOW 06/1acTh pac-

CMaTpHBAeMOH KPHBOH B IJIOCKOCTb, Paspe3aHHYI0 BOJib BeEINeCTBEH-

—1 —1 .
Horoorpeska — (a;+as ) <<z=<a;-+ay . Ilpu sToM BHewlHu# paguyc
ocraercsl HenaMmeHHbIM [104]; 1. e. [1061]

atar! tatd ! (o) (1+ag)

r= 4 4{11[12

2D . nd
106. r,=""sin ;. Ilpn noxasare/bCTBe Mbl MOXKEM NPHHSATS,
T

5 d) . Orobpa-

Keuue 2’ =¢ npeo6pasyer 3Ty MOJOCY B mo/lymiockocrb Rz’ >0,
a TOuKy @—B Touky ie’** [103, 104].
107. Onperenenne.

1
108. Tlpeobpasopanne {=-- BeaencTsHe Teopembl 107 mpHBOANT
3ajauy k 105; nonaras a, =bi', a,=0b,', monyuaexm
4brlb2_" _ 4b1b2
(O +0;7) (1467105~ (byr+bg) (1 +b105) 7

It .
4TO peub HieT O roJjoce |Sz\<§~, D=nn a:t<

rog=

2—2r
2—2y

109. Ilpn oroGpaxkennu §=
nuka K npeoGpasyercs B yroa

B, — 20 <arg{ <<y,

BHelIHAA 00sacTh ABYYTOJIb-

M TOUKa z2=co—B {=1. Jln9 BHYTpEHHErO pajuyca r; 3TOro yria
OTHOCHTEIbHO { =1 noayuaem [100, 107]
lze—2i

r = F

Kpowme Toro, Beiencroie 99

_2(i+2n— 0y

. T
ri - sim

8 12110,
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CienoBaTenksHo,
- [ 2o—2; |
T e n
R
rae n8==94,—0,. Ectn ¥, 0,=2n, 10 AByyroabHuxk K «CHMMET-

puueH», f=lz2—21!:1§—1; cM. cayyau U, =g [101], \‘}1:%-[97].

. _ 2—2
Npu ¥,=70, K npusoanrca K Ayre OKPYKHOCTH, r:%;
4 sin —-
2

BBOAA pajHyC KDHBU3HH P M LEHTpalbHHl yroa ¢ ayru K, 3amu-
ChiBaeM 7 TakXe B opme 7 ==p sin if— Iipu ﬂl=»g~, ¢, = mnosy-
2d
TR

110. HopmupoBannoit cro6paxalomeil QyHnxuueii, COOTBETCTBYIO-
mefi Touke a, cayxur [I1I 76]

yaercsl BHEIUIHHHA pajguyc NOJyKpyra ¢ auamerpom d, 7=

[ fl)

T rb f@)—F()

fas 2) _I@ 1@ ' n—i@e
ry 'y

r1e NOCTOAHHASA € ONpelensi€TCa H3 ypaBHEHHA

(dlen) o mie
i Jema T =@ F

Hveem r,=|c]|.
1
111, OroGpaxkenne [=--— 2 nepesouT yKasallHyl 06J1acTh

B INIOCKOCTh §, paspesaHHyi0 BAOJbL HHTepBajda —2, 2. IlosTomy
JICKOMOM oToGpaskaiolllell pyHKIHeR fABAsercs

= VE-4 1-22-V 1% w o

w=f (@) =y = T, =,

Cornacso 110 faA BEIIECTBCIHEX a
(i@
ro=|-—7~ =1—4a.

RESRCY.

- 1

B wacrnocr, ro=1. Koria a npoGeraer nureppal —oo, &, T0 7,

MOHOTOHHO Y(hIBaeT oT c¢o Jo 0.

112. Ha ocnoBannu 110. Koria e npuGmikaercs UsHyTpH K He-
Kotopo#t Touxke KpuBofi L, T0 |f (a)}| ocraerca orpanunyexusiM. Ilpn
stoM |f (a)| cTpeMuTcs K 1.

113, 3amensem B 110 b Ha @ v a Ha a-¢&, Te €- NPOH3BOJb-
HHH BEKTOp C MOxyJeM, cTpeMsaliuMcs K Hymo. Ofo3Hauasi yepes
((¢%)) BennuHHy, CTpPeMALLYIOCS K HYJIO He MepfenHee, uem e, 1meem

[F' (@+e) | =] 14 2ce -+ ((e%)) | = 1+ 2Rcpe + (7).
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CnezoBaTe bHO,
Tare = ra (1 — 2Rcye) 4 ({€%),

T. €. JJIs QOCTAaTOYHO MaJjblX |€| MMeeT MeCTO HepaBeHCTBO Nee =0
HesaBHcHMO OT arge. Orciofia 3akJjodaeM, uTto ¢, =0.

114. Uurepecyiomme Hac TOUKM JexaT Ha npaAMoH Ja = const.
[103.]

185. Vs Bupaxenus (*), crp. 26, a1t HOPMHDPOBAHHOK OTOGpa-
XKaiomed GYHKUHH NyTeM ero obpalleHus

z2—a=¢w =wtcw+cw+...,

rie ¢ (w) OAHOJMHMCTHA B Kpyre |w|<<r, u orofpaxaeT €ro Ha 00-
Jactb &, Torza ¢yHkuua

1n/q> (") = w4t 4oy 4. ..
1

OJHOJIHCTHA B KpyTe |w| <r;”_ [79] u mnpeo6pa3yer ero TouHO B 00-

nactb @',
116. Hneem [peutenne 115]

— 1
w=f(z)=<1—22n;2,!1/1_42n>n> s 7 =2,
(I+owm"
OTKyZa Jerko Buitekaer [110]
(] — oy | f(@ [t 11 (@)]" ]
re=(1 ‘f(a)l ) ) My @l s

2y

B wuwactHoctH, ro=1. Korza a npoGeraer orpesok argz=—-,

nST
0= |a <]/71‘, TO f (@) ONHCHIBAET pPajMyc CIMHHUYHOrO Kpyra, co-

o . o 2y
CTaBJAAKIINUHN ¢ NOJOXKHTEJBHOHU BEIICCTBEHHOH OCLIO yrovi T Hcko-

MBIl npelesn paBeH HYJ/IO JJIs BCeX 3HaUeHUH v.
117. IIpumenseM HagnexamuM ofpasoMm 115 K TUIOCKOCTH, pas-
pesaHHOH BJOJL BEIECTBEHHOTO OTpe3ka — B2, a2, Ilocnennuil umeer

2 2
BHELUHHU1 pajuyc a—i_—ﬁ- [101], caenoBaTennHO,

Vg

F= 5

F(z
18. Oyuxuna ¢(2) = f(<z)) peryasipua B ofaactn &, a Takke
B Touke z=a; ¢(a)=1. [Tyerp 0 <<e<<r,. Bosne Kaxmofl rpaHuy-
HOH Touku o6maacTd & cyllecTByeT CTO/b Majlad OKPECTHOCTb, UTO
AT BCEX cOAepxawuxca B Hell Toyek obiactd B MMeeT MeCTo Hepa-

BEHCTBO
If(2) | >ra—¢,
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M

—.
rq—2%

le@| <

Tem campiv B & [IIT 278] |q>(z)|<r£, B yactHOCcTH, | =|@(a)|<<

< rﬂ PaBeHCTBO uMeeT MecTO TOJbKO s ¢ (2) =1, 1. e, F (2)==] (2).
3
119. Ilycrs

f@=2—a+tc(z—a)?+...+c.(z—a)y +...
— HOpMHpoOBaHHas orofpaxaiomas ¢Gynkuud. Toraa dyskuua
F@)=2—ate,(z—aP+...+cu(z—a)y+...

C COTNpAXKEHHBIMH KO3(«pHIMEHTAMH TaK:e perysaspHa B objacty &.
ITycTb B caMoM jefe z, — NIpoM3BOJILHAA Touka o6mactu B u Fy (z —a)=
= f (Z)r Fl (Z_al)7 sy Fl—l (Z—al—l)v Fl (z_al)v e ay, Aoy o ovy j3—
HajylexanuM ofpasoM BheiOpaHHble Toukn (B, a,=z,— OTAE/bHLIE
3J1€MEHTHI, OCYLIECTBJSIONINE Mpojo/KeHHe f(2) 10 Touku 2, Torxa

[ (2) npu nomomy snementoB Fy (z—a) = f(2), F1(2—ay),. .., Fi1 (2—a,y),
Fy(z—a,) G6yner npojojxeHa 10 TOYKH d,=272, Takum odpasom,
f{z) peryaspHa B o6aacTH, TNOJYy4yeHHOH 3€pKa/bHBLIM OTPaXKeHHEM
ofsacti (B OTHOCHTE/ILHO BEIECTBEHHOM OCH, T. €, B caMol obJaactu &.

Kpome Toro, f(2) =f(2), crenoBarensho, |f(2)|<r, 8 ®. Coraacuo

118 umeeM Toria | (2)=F (2).

120. —f(—2) perynapua B @ u |—f(—2)|<r,. IMostomy
corniacHO 118 nmeeM — f(—z)={(2).

121. Ilycrs f(2), coorB. [* (2) — HOpMHpOBaHHasA oOTOOpaxarciuas
byukuusa obnactu &, coors. G*, coorBercrayloias Touke a. Torxa [118]

ro=Max|f (2)|=Max |f () |=Max |* (2) | = rZ.
(©) (%) (©%)

B oGoux HepaBeHCTBAX MOXKET J[OCTUIaThCs PABEHCTBO, OJHAKO HE
OJHOBPEMEHHO.

122, U3 121, npusumas Bo BHHMaHue 97,

128. [118, 121, 122.]

124. [III 309.]

125. [82.]

126. 111 126; cM. Takxke pelieHue 83.

127. [G. P61ya, Deutsche Math.-Ver., 1. 31, crp. 111, crocka,
1922.] O603nauumM BHEIHIOW KOPJAHOBY Mepy BHyTpeHHell o6nactu
Kpuso# L uwepes |L|, u BHyTpeHHiol — uepe3 |L|;. Torga [125, 126]

ari<|Lli<|Ll|. <unr.
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128. Ilycts f(2) —HopMupoBaHHAsA oToGpaxkalomas dyHKuu,
o P (z

COOTBETCTBYOLIasl 11yJ1eBoH Touxe. Toria QyHKu#uA [/_(z()])—k peryJasipHa
BO BHyTpeHHe# ofiactu KpuBoit L u pasua a, npu z=0. Analo-
I'MYHO 1JIf BTOPOTrO HEPaBeHCTBA.

129. Tlycts 2 = ¢ () — pyukuus, orobpaxaromias rpyr L] <<l
Ha BHYTpeHHIOIO of0Jactb KpuBofi L. Oro6paxeHde B3auMHO OfHO-
3HayHo M HenpephiBHO A1a |[|=<1 [crp. 27]. Tlpumensiem III 233

K fle(©)]

2 i
D __ D

130. W=
ED —e D

JlnuHa wuutepecytomed Hac ayrd paBHa 2m (1 —D-') u mMoHOTOHHO
BO3pacTaeT ¢ Bo3pacranuem D.

131. [K. Lowner.] Mer Moxem npuHarh, 4to Kak O, TaKk H
IeHTp Kpyra — oGpasa JexaT B HYJeBOl TOYKe;, IyCTb paluyc
nocseanero Gyaer r. OGosxauum uepes f,(2) oroGpaxkaiomyio (yHK-
nuio Kpusoil L, u uepes f,(z) —kpusoit L,. Torga dyukuus

2)

F(z) =Tt

@="%e

peryJspHa U OTJiHYHA OT HYJAd BO BHYTpEHHCG o6saacTH KpHBOH L.
Kpome Toro, na obuux zyrax xpuseix L; u L,

h@ =@ ]=r [F@)]=1,
TOTAA KaK Ha JOMOJHHTENBLHOH 9acTH Kpusofl L,
h@l=r, @< [FE)=L

Orciona crenyer, uto |F(z)| > 1 Bo BHyTpeHHeHR 06s1aCTH KPHBOH L.
Perynsapuas BerBb ¢yuxkuuu InF (2), BemecTBerHass mjas z==0, yjoB-
JETBOPSET IpeanofoxenussM teopemol 129. IlosToMy npu MOJOXKH-
TeqbHOM 00xoxe Kakoi-Hubyap ofielt Ayru kpuBhx L, u L, uaMenenue
Bupaxerus JInF (z) = J1nf, (2) — 3 Inf, (2) orpunaressHo.

132. [IycTb H30/IHPOBAHHLIH UHJIIHAPHUECKHI KOHIEHCATOP HMEET
NPOBOJIOYHYIO BHYTpEHHIO 06KJAaaxy. HedopMupyem BHEIIHIOIO 0G-
KJaJKy, HE Hapylas H30J50HH, Tak, 4To0b HOBOE MONEPEYHOe ceye-
HHE COJep:KaJIo cTapoe B BHJE 4aCTH, B HEKOTODHIX MECTax BbIAaBasCh
3a €ro npenens, B Apyrux —Her. Torga B 3THX TOCJIEIHHX MecTax,
TAe, CJIel0BaTeNLHO, CTEHKA KOH/IEHCATOpa ocTajach HECABHHYTOH,
TVIOTHOCTb  3JEKTPHYECTBA BO3pAcTaeT; 3TOT (akT MOXKHO clHe/arh
HATJISAHEIM H [IOCPEACTBOM cooGpaxeHHH (U3HYECKOro xapakrepa.

183. O6nacts $* oapnocnsisHa (3aMKHYTHIE TNPOCTHIE KPHBEIE,
coxepxaiuecs BHyTpH T*, jmekaT OfIIOBPEMEHHO BHYTPH L, K BHYTpH
L,). Orobpasum Ttakxke T* Ha €IHHUYHBLE! KpPYr Tak, 4ToObl NpH
stoM O nepelsia CHOBa B LEHTP Kpyra. B Huecneaylome# rabiie
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ykasaHa ofllas NJuHA AYr, NajaloluX NpH OTOGpaxKeHuH I, cooTs.
II, coor. IIl (BHyTpeHHas o6sacTb KpuBOH L,, COOTB. KPUBOH L,,
coorB. €*) Ha FpaHilly €IMHUYHOrO Kpyra.

,HJ'IHHBI Ayr eMMHHYHOH OKPYKHCCTH, COOTBETCTBYIOLIHX

I IT Il
BHJIMMEIM Jyram kpusoii L, | o4 — of
3aKPBITEIM  » » Liltyw — —
BHAHMBEIM » Ly|— o, o}
3aKPLITBIM ~ » » L,|— 1, —

CueBHTHO,
o+t =2n, o6,+1,=2n, oftoi=2n.
Corsiacro 131
oy =<0ay, 0}<0,
CnepnosaTe/LHO,
Ty=2 — 0, << 2 — 0} = 0 << 0y,
T, =2n—0,<<2n—of =0} << 7,

Ecan L, — OKPYXKHOCTB ¢ neHTpoMm B O, TO pe3ysnbTaT MOXKHO Bhipa-
31Th HECKOJbKO HETOYHO, HO 3aTO HaNJIAJHO CJEAYIOIHM 00pa3oM:
IpH OTOOpaKEHHH Ha KDPYr T€ 4YacTH TPAHHYHON KPHBOIl, KOTOpEHIE
gosiee OJAU3KO PacmoIOKEHBl K TOUKE, NEpPeXOpsillied B UEHTD, CHJ/bHee
pacTArHBalOTCA, YeM YacTH, Gosee JajleKo OTCTOSILIHE.

134. Ilpumem, uyro rpaHuna o6jactH B npeacraBiser coGoi
3aMKHYTYIO NIPOCTYIO KPHBYIO, NEPECEKAIOllyd OKPYKHOCTE |2 — | =

=p JHIb B KOHEUIIOM YHC/IE TOueK. Yjanas W3 B rpamiuy, Mol
HoJlyyaeM OJHOCBSI3HYIO o0f/lacTb, NepeceyeHue KOTOPOH C KPYIoMm
|z—{|<Cp uMeer OIHOCBA3HYIO 4actb ¥, cozepxkallylo O B KauecTse
BHyTpeHHEH Touku [pewenue 133]. Ilycre gy — coBokynmHas JJHHA
06w ed yacTH rpaHunml obaacty € u Kpyra |z—{|<<p. Torza

v+ = 2n.
[Ipu oroGpaxennn obaactH T Ha efuHHUHBI Kpyr |w|<<1 Touka O
NYCTh NEPEXOAMT B LEHTP Kpyra H COBOKYIHOCTb AYT, 3aCUHTAHHBIX

B py, —B COBOKYNHOCTb JYI Ha OKDYMKHOCTH C OOIUEH [IpOTsiKeH-
Hocteio 8. CorsacHo 131

d=<v.
Onpenensem ¢yHKuuo ¢ (w), peryasapuyro B kpyre |w|<<1 u ynos-
JETBOPAIOULYIO B TOYKAX AYT, 3aCUHTAHHLIX B O, YCIOBHIO
Rp(w)=1n4,
a BO BHYTPEHHHX TOYKaX INPOYHX AYT OKPYHKHOCTH — YCJOBUIO
R (w)=1na
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[11T 231]. Mmeem
20Rp (0) =8In A+ (2n~—-8) Ina
[TTI 118]. TTomoxum '
™) = O (w).
Toraa nosyuyaem
A\S ANY Alon—Q
|@(O)‘2n=a2ﬂ<_a_> <a2n<a> < 2:1:<a) .

Ecmu orobpaxenue obnacty € Ha Kpyr |w|<<1 ocyuecTsisercs
byHKUHeH

P)=w, P(E=0,
10 @Y (2)] Bayrpr & OIMIHYHA OT HYJA H Ha BCEX TIPaHHYHBIX

Toukax obsactH T, 33 HCKJIOYEHHEM KOHEUHOTO YMCJA, MO MOAYJIO
He meHblie yeM f(z). Orcioga caexyer [II1 335], uro

F@OI<[P[$ Ol =P (O]
O6pamas atu paccy:xaeHusa, nosayuaem u3 [1I 276 yacts Teopem 131,
133. CM. rtakxe pemenue 111 177.
135. /. (2) obpamwaercss B HYJAb TOJABKO B TOuKe 2 =0 (B3aHMHO
onHo3HauHoe oroGpaxenne). Ilpumensas 111 278 K dyukuuam 271, (2)
u 2f,(2)7Y, peryaapupiM B &,, Haxoaum, uto B G,

a
T< nel<T

nyCTb MOJIOKHUTC/JBHOC YHCAO €, ONPCICNACHO ypPaBHEHHEM

e, 1l
2

a ’
torga lim e,=0. Tonaras
n-—co
z [(z-—1l\e,

nE ) =
B Kpyre |z|<<1 umeem | ¢, (2)|<<1 [I1I 278]. U3 uepaBeHcTB

1 n

2l|5 = D" <Ih@I<|z]
mosiydyaeM cHadasa, 4To B Kpyre [2|<<C1 mpu n—- o0
@)1,
[TpuHumaeM BO BHHMaHHE HepaBeHCTBO [, (0)>0 u mnpumensem
11T 258 x In(f.(2) 2.
136. [L. Bieberbach, Berl. Ber. 1916, crp. 940—955;

G. Faber, Miinch. Ber. 1916, ctp. 39—42.] U1s III 126 Buirekaer,
Y10 A Kaxporo R>1

|b1|2 +

21172\2

+oll <,
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c/leJlOBaTeNIbHO, TaKXKe n-fi OTPE30K 3TOro psia MeHbllUe eIHHHIHL.
IMosaras R — 1, BHIHM, 4TO

|byP+2] by P4 |bep< 1.

[o-]

Tax Kak 3TO HepaBeHCTBO HMEET MeCTO IIPH BCIKOM A, TO Z nlb,P<<
n=1

< 1. Ecnu |by|=1, by=e®, 10 Torga b,=bz=...=0, 1. e. g(2) =

— 24 by+% [ 79].

187. [K. Léwner, Math. Zeitschr., 1. 3, crp. 69—72, 1919.]
ITpumenss HepapenctBo Kowwn [II 8], Haxome [136]

n+1 <l+2 |z|n+1Vn|b |=<

(l—l— VZIIZ|2n+2 T —L-
"= |22

Ecm g’ (pa)_ p ——=, 0>1, |&e|=1, To —b,e"*! nOoMKHO GHITH

.

BeIlleCTBEHHO H HEOTpHuATe/bHO, Jalee, Vn]b |=MA—7 T rje MHO-

I

o0

JKUTENb A, He 3aBHCALIME OT 1, OTIpefieIsieTcst U3 YPaBHEHHA Z n|b, 2=

=1
= 1. Hmeem ‘ "
_ _ p2—1 _ 1 1 1
h=p*—1, bu=—rrm g(z)'—z‘i'bﬂ_?(p—?)mz—l'

dra QyHKUUA OJHOJUCTHA B obmacTd |z|>1, Tak Kax npu |2|> 1

1—p2
pBZ—l + 1 ‘ <p)

bt | HOSTOMy

APt L pez, gD —g @) 05 |2[>1, [4]> 1 arta
[TpeoGpasoBanue

1) vy
ele@ =t —(p ) =G

NoKasbiBaeT, jajee, UTO eAHHHYHAS OKDPYXKHOCTh OTOGpaxKaeTcs Ha
HEKOTOPYIO KDYIOBYIO AYTY C LEHTPoM by +& (p — ) H pamuycoM 0.
138. [Ipunumaem Bo BHHMauue 120.
139. [G. Faber, 1. c. 136.] Cornacso 79 ¢yHKuus
1 1 1
5b 5 bi—g b



216 PEIIEHUSI

pery/isipHa u OJHOMMCTHA B oOaactd |z|>>1, cneposarenpno [136],

|%b |/1 Tonbko B ToM Cilyuae \ ; b0‘=l eciu Vg(z2)=z—|—i;-

rie B BellecTBeHHO, T. €. KOrja g(z)-—z—l—?eﬂ—l-

140. [L. Bieberbach, 1. c. 136.] HpHMEHHeM 139 x g(2) -4,
rie h— npousBosibHas rpaHHyHas Touka obnactH &. Torza uyJesas
TOUKa JIEXHT Ha rpaHuue o6pasa. KoHMOPMHEBIM UEHTPOM TsXKecTH
asjasiercst by — A, caenoBaTenbHO, |by— h|<< 2.

141. [Cvm. L. Bieberbach, Math. Ann., 1. 77, crp. 153—172,
1916.] Hmxuaa ouenka A1a D momydaercs kak B III 239, Bepxuas
ouenka —u3 140 creayiowuM obpasoM. Ecan A, u A, —rpaﬂutmue
ToukH obnacti &, To

|bo—hy|<<2, |by—hy|<<2, crenoBatesbHO, |A; —h2|<4
142. Ilycts d — paccrosHue MexAy ABYMS HENOABHKHBIMH TOY-
Kamu B D — npaMerp coepuHswomest ayru. Torza [141]
d<D<4r.
143. [K. Lowner, L. c. 137, ctp. 74—75.] HocraTouto A0Ka3ars,
uro |g (o )|<p—|—L, p>1. VYaanaa us & 1Ba KpuBO/IHHEHHBIX

OTpesKa, B KOTOpI.ne nepexofAT OTpeskH |1 <<z=<p, —p<<z<<—1
npu 0ToGpaXkeHuH g (2) = w, NoJAydaeM HeKOTOpYI o6/acth (B*, Ecau
MBI Da3pexKeM BHELIHIO KPYroByl o6Jaactb |[2|>1 or 1 1o p u
or — 1 10 —p, T0o nonyueHHas oGmacTb cMoxeT ObiTb OTOGpaxkeHa

eZI

Ha BHELIHIO KpyroByro obJacThb |§|> p [105] u Gymer umersb

[138] xoudopmublii ueHTp TAKecTH 0. K nonyqaeM?My TpH 3TOM

p
oTo6paKeHHIO BHElIHeld KpyroBoH 06./1acTH |§|>—2—p na G* mnpu-

MeHAeM 140.

144. [G. Faber, Miinch. Ber. 1920, crp. 49—64.] Tak xak
g(2)—=z B obaactu |2|>1 pery/lapHa M BCE€ rpaHHYHBIE 3HAYEHHSA
g(2) —2 nmo monymo <3 [140], To |g(2) —2|<<3 TaKxe BO Bceil

3

- objgactd |z|>1; III 280 pnaer toraa |g(2)— i\l_é_l' PasenctBo
ic

MOTJIO 6hI JOCTHTaThcs BooOIIe TOJNBKO JViA g (2) —z=e7, o BelllecT-

1
BEHHO, HO Torfa |g(z) —z|= [ 2] H» CHIETIOBATEJIEHO, PaBEHCTBO HHKOrAa

Z]
HE JOCTHraercs.

145. [K. Lowner.] Buewnuii paimyc 7 yxKasaHHOH B 3ajaue
KPUBOfl IpeBBIIAET BHEWIHMH paguyc OTpe3ka AMMHbL 2a [121] u
MeHbllle, YeM BHELIHHH pajuyc COAeprKalllero 3TOT OTPe30K 3J/Jumca,
cyMMma ocefi KOToporo crpemurca X 4, koraa a—2, 8- 0. Orcioia
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puiTekaer [101, 1062], uto #— 1 npw a — 2, § — 0. M3 119 BhTeKaer,
janee, 4YTO TPYU paccMaTpHBaeMOM OTOODaMKeHHHM JBe TIPAHUYHbIE
TOUKH, HaXOJsIHeECST Ha IIPOTHBOIOJIOXKHBIX Kpasx Bhlpe3a B 2= —d,
nepexoaar B z=-1 1 z=-—1, Tak 4To 0ojHA M3 IPAHHUHBIX TOUYEK
nperepneBaer cMmelienne l--a. Tlpu a-—>2 ono craHoOBHTCA CKOJMb
YIOJHO GJIH3KHM K 3.

146.[L. Bieberbach, l.c. 136.]Tlonaran { = i— nMeeM

(€)=[f(é"‘)]‘l=€—a2+“3g"3+...;&0

npu |C|>1 (139). lazl—Q TOTJA I TOJbKO Torjia, koraa g () ={+
42 °e‘°‘—|—g—, f(2)= emz sy O BELECTBEHHO.

147. [G. Faber, . c. 136, 144; L. Bieberbach, L. c. 136.
Teopema cozmepxuTted, NpaBla, 6e3 NPHBEEJEHHA TOUHHIX 3HAYCHUH
nocroAnunx, yxe y P. Koebe, Gott. Nachr. 1907, crp. 197—210.]
[Tycte R=1. ®ynKuua

0 _, !
=g =2 Hatg) 2+

OJHOMHCTHA B Kpyre |z|<<1, caeloBaTenbHo,

ag_l_"fll'|<2) }_}IL_|<|02‘+2<4 [146]°

[210T BapuaHT JoKa3aTedncTBa NpuHaaaexur ®. Xaycaopdy.] Pasen-
CIBO MMEET MECTO TOJNBKO AJA (YHKIUUH

f(2) = o=, G BEIIECTBEHHO.
(1--ef%2)

148. Ilycrs §=%, g () =[f @€ Y]?* [peutenne 146]. Tpumensas
140 x g ({), EaxoauM, 4To Aaf J0GOH TpaHNYHON TOUKH A

1 1 .
+ﬂ<2, ‘71~‘<\a2]—|—2.

[CM. Takxe peweHne 147.]
149. [Cv. G. Szegd, Deutsche Math.-Ver., . 31, crp. 42, 1922;
T. 32, crp. 45, 1923.] Ilycts Ay u hy— JBe rpaHHUHEBIE TOUKH o6nacm

® u arghy —argh, =mn. Tipumensia 147 « ——vf»( l)f(z), HaXogHUM, 4TO

T, €.

— =
EERIES

%

o
v >3

1 1
Tl ¥ 1]
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TeM campiM Mo Teopeme 08 apu(pMeTHYeCKOM H TFapMOHHUYECKOM cpell-
nux (yactb I, crp. 74) u noaasro |hy|-+|hyi=R. Korma umeer
MeCTO 3HaK paBeIICTBa TO JOMIKHO ObITH Mpemie Bcero [y =hy| =
R ; f(2)
= v =
=y b= 5 €7, H, janee, T 77 (@ (R—I—e‘az)" ¥,

¢ Bellle-

CTBeHHHI. JTa <})y1-11<111/1;1 B Kpyre |z|=<R ROCTHraer MOAyJs - Jiilb
A 2 =Re ., Orcroga 3aKI0yaeM, uTo

—i R%

et=—e" u f(2) = an-
[B ykasanHoM MecTe yTeepxjaercd, uto Max (|4, |h,!)=R. 3ame-

YyaHue, Yto yxe | Ay |+ |4, |>R nprHantexut T. Ra 6.]

180. [CM. G. Pick, 1. c. 151; nanee L. Bieberbach, Math.
Zeitschr., T. 4, cTp. 295— 305 1919; R. Nevanlinna, Oversikt av
Finska Vetenskaps-Soc. Forh., 1. 62 (4), Ne 7, 1919—1920.] IIycTh
|zol<< 1. Tlpumensiem 146 x dyukuuu

Z-12
9@ =A+Bf (2],
TaKk:Ke OJHOMMCTHON B eiuHUYHOM Kpyre |2z{<<1. IlocTosunnie A n
B onpenensiem us ycnopus ¢ (0)=0, ¢ (0)=1.

151. [[To nosoay 151, 152, 156, 157 cM. P. Koebe, 1. c. 147;
G. Plemelj, Verhandl. d. deutcchen Naturforsch., t. 85, III,
ctp. 163, 1913; G. Pick, Leipz. Ber., 1. 68, ctp. 58—64, 1916;
G. Faber, L. Bieberbach, 1. c. 136; cMm., KpoMe Toro,
T. H.Gronwall, C. R., 1. 162, ctp. 249—252, 1916.] Mneen

2

Inf (2)+1In(1—| 2] = S (;8 2z ‘>a'z,

2
—Tzp

rjle HATerpUpOoBaHHEe NPOU3BOINTCA BAOJL NPSMOJIHHEHHOIO OTpe3ka
or 0 po 2z, [z|=r<Cl. Orciona [150]

r

Inf @+n(—|zp)) = | Zrdr=2mn L

0

OtjeneHde BellleCTBEHHOH YacTH Jaer
14-r
—2in < in|f @) [+ In(l—r)<2in; L
y. ¥ Tp. A. OTiesenne MEHMOH uyacTH jaeT, Kpome TOro,

131 (2) <=2 1In

(Teopema 06 MCKAaXE€HHH yTJa NOBOPOTA NPl OTOGpaKEHHH).
PasenctBo me jocrturaercs. [L. Bieberbach, 1. ¢. 150.]
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F4

182. Us f(2) = (2) dz BrTexagr, uto [151]

0

r

z"<S(1 —p I =(1—

HuxHsas onenka Mopyss |f(2)| nosyuaercss ABOSKHM oGpasoM:
1) Tlyerb w— 6amKaiimias K HYJeBOH Touke ToykKa o0pasa OKpYH-
HOCTH |2 |=r u L — KpuBas MJIOCKOCTH 2, omﬁpa;xa}omaﬂc;: Ha OTPE3OK,

coepunsmomui 0 u w. Toraa us )w|—S‘f )||dz| BciencTBHe Hepa-
L

BeHCTBA | dz|==dr BbITeKaeT

c ’ ( 1—r _ r
|w|>§,f (z)]dr>§(l+r)3dr—(l+r)2.

2) OroGpaxaeM Kpyr | 2| << 1, paspe3aHH:ifl BJOJb BEHIECTBEHHOTO
OTpe3Ka, CoefuHswmero r u 1, HOCpeI[CTBOM oyukuun 2=g({)={+

+ b8+ 5,03 ... na kpyr || <( +f)2 [108] u mnpumeHsem TOria

147 x rpannunoil Touke f(r) oroGpaxenus w=_Ff[g (%]
158. [T. H. Cronwall, Nat. Acad. Proc., T. 6, cp. 300—302,
1920; R.-Nevanlinna, . c 161, crp. 17 criocxa.] [Tonaraem

;:zi u npumenaeM 143 x [ (L] Fa,.
154. [T. R ady, 3a11aqa Deutsche Math.-Ver., 1. 32, crp. 15,

1923.] Corviacuo 80 f (2) =1 g (2%, rae g(2) peryaapHa u OJHOJHCTHA
B €IHHHYHOM KpyTe Iz’<l Taxkum ofpasom, npu |z |=r [152]

=g = o
155. B ofosnauenusix sanaun II1 128 umeem
Jo)=a(tts) [154],
caenoBaTenpHo, Tak Kax f(0) =0,
an r
§ | (re®) | d® < 4m § o

156. Ilo teopeme Ko

") (2) — A
Fo( 2m § (g—z)”’rl
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IZe HHTETPHPOBAHME [POM3BOJAHTCA BJAOMb OKPYXKHOCTH |L—2|=p,
0<p<<l—|z|=1—r. Tlonumasa nox ®,(r) HAMMEHb W y 10 PYHK-
IHIO YKa3aHHOTO pOJa, HMeeM

o rp
0, (r) < or (I—r—pp2 "

187. [L. Bieberbach, Math. Zeitschr., 1. 2, crp. 161—162,
cHocka 5, 1918.] Hmeem

0y (0)_

0y = [156],
C/IEIOBATENBHO,
1 -
®n<p,_—l(q: O<<p <),
n—1
IMonaraem 3gece p= AT
158. 3amenan B 155 f(2) na V(2% [80] u r na V', nonygaem

| lf(rewndﬁ:gig Frew) do= 7

0
189. [J. E. Littlewood. Cm. Proc. Lond. M. Soc. (2}, 1. 22,
Ne 4, 1923.] Uro ©,==n, BbTCKaeT H3 paccMOTpeHHA QyHKuuH f(2)=

2

-
=== Z nz". BepxHas oueHka A4 ©, MNoJydaeTcs U3 Hepa-

H=1

BEHCTBA
e 1 R i 4% ! 158
|aﬂ|\m3 \f (re®) | d® < Ger—py [158]
1]
NpH r—T Hmeem
/ 1 n-1
|(1,,‘<*-W: kl —I_n_—f) n<en [I 170].

160. [G. Pick, Wien. Ber., 1. 126, crp. 247—263, 1917.] ¥VrBep-
KJeHHe oTHocHTeNbHO M Buitekaer M3 122 win u3 III 280, M3 pas-
JIOXECHHSA

R A ¢ fagf-1y 52
TR G =z4+{a,— 2 M) 22+ ...
3ak/I04aeM, jgajee, 4T0 |a, —2¢°“M-1|<<2 [146]. BniGupas 3j1ech
o= 4-arg a,, nojayuaem TpefyeMoe HepaBeHCTBO. PaBeHCTBO MMeeT
MECTO TOTJAa H TOJBKO TOTAd, KOIja
() - z
[lheisMf @F  (1eifep’
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p Bemectsenno. Torna sHauenus w=e“M-If(z) s3anoanusioT TY
qaCTb €LHIHUHOIO KPYTa, KOTOPAs COOTBETCTBYCT NpH OTOGpamCHHH

(1+ o =W [111] mnockocTH, pa3pe3anHofi BIOJb Jay4a arg W =o —f,

1
a5 <|W|<<oo. TlosTomy a ROMKHO OTL paBHO P; HacTH - <<
1 ——
<< W << - BbIpesa cooTeeTcTBYeT oTpesok 2M — 1 — 2V M (M —1) <

=< w==1. PaBeHcrno jocturaercsi, korja f(z) ocyllecTBJIS€T OJHO-
JHCTHOEe oToOpaKeHHe eJHHHYHOrO Kpyra Ha Kpyr paauyca M, pas-
pesaHHblfl BAOJb OTPE3Ka, HAYUIEIO OT INPOU3BOJIBHOA TDAaHHYHOH
TOYKH NEPNEHAUKYJSPHO BHYTPb Ha PacCTOAHHE

IMYM=-1T(VM—-VM=T1).
161. [R. Nevanlinna, Oversikt av Finska Vetenskaps-Soc.
Forh., 1. 63 (A), Ne 6, 1920—1921.] Cornacro I1I 109 dyukuus

z’;T(zz))—l+vlz+vzzz+...

peryJsipHa B Kpyre [z|<C1 W uMeeT B HeM NOJIOXKUTENBHYIO BelecT-
BeHHYI0 yacTb, CiefoBarenbro [I11 235],

NPHEr
2T <1

Orcioza 3aksmouaem [I 63], uro
ja,|=<n (n=2,3, 4, ..).

|a,|=n MoxKer ObITb JHIIb TOrjAa (H IPHTOM TOTAA yXkKe A/ BCeX ),
a
KOTJa L@ (Z) i+§,az ¢t BRLIECTBEHHO.

182.[ . H. Gronwall, 1. c. 151; K. Léowner, Leipz.
Ber., 1. 69, crp. 89—106, 1917.] Ecau f(z) ocyluectBiser otofpa-
JKeHHe Ha BBIYKJYI 006J1acTb, TO 06pa3s npH oTobpameHnu w ==z}’ (2)
Cyler spe3poo6Gpasen [1II 110]. Tewm campim [161]

zf’ (z)<(1—_§—z—)fz, T. & |a,|<<1 (=2, 3, 4, ...).

ja,l=1 Torna u TOJIbKO TOrAa (H NpHTOM TOTZA YK€ AJIA BCexX n),
Koraa zf' (z) = —1:3712—2, f(z) = =g, @ BewecTeeHHo.

163. [Cm. E. Study, Vorlesungen iiber ausgewihlte Gegen-
stinde der Geometrie, Heft 2, Leipzig, B. G. Teubner, 1913
R. Nevanlinna, 1. c. 161.] Hs 150 3aKJIOYaeM, UTo MNpH Jz|<r

A2 y)> =15
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,ZIJIH 3HaueHu#t r, HE NPEBOCXOASIIMX MEHbLIEr0 KOPHS ypaBHeHHs
—4r+1=0, npasas yacTb =—1. [II[ 108]
164. TTocpeacTBoM oTOGpaKeHHs T ={ BOIpPOC NPHUBOAHTCH
k 111297, Ecmu f(2)=£0, 10 paa

i (1_ ) |\
1

= e(n n)+l

nonxkeH cxoaurbes. Jlasee BO BCSAKOM cayuae y,— oo, Ho gns rno-
JIOXKHTENLHBIX I, CTPEMAIIHXCH K 0O,

el Xy 1 14-em2 —2e¥sin x 9 sin x
- — — ~ .
e?(x+zy)+[ 1 4e"2+2e7¥ sinx

AnanornyusiM o0pasoM ISl OTPHLATEJbHLIX 4 3aMeHAeM OGIIHil UieH
BBIITUCAHHOTO BHIIIE psijia yepes 2¢Ysin x.

185. [locraroyHocTh YCJOBHS BLITGKaeT M3 OGIUElH TeopeMbl Cy-
MECTBOBaHMA JUIS JiuHeHHbBIX Juddepenumanbibix  ypabrenu#. Ho
ycloBue TakKe HeoGxomumo. JIefCTBUTENBHO, MYCTb Uy, Ug, «ovy Up
OyAyT n JUHEHAHO HE3aBHCHUMEIX LEJAHIX QYHKLMI, YAOBJETBOPAOHX
3aJlaHHOMY ypaBHeHulo. Torza KoadduuueHTH f, (2) onpeaensiorcs H3
ypaBHEHUH

WP =h@ @ T ARy (=1, 2, ..., n)

Kak Apo6H, B UHCIHTENAX KOTOPBIX CTOAT wneable GYHKIMH; OOHHM
3HAMEHaTeNeM BCEX STHX Jpobed CHYKHT BPOHCKHAH (YHKIUH
Uy, Ugy vovy Uny T. €. g~ [ @ ae [VII, § 5], sHaunt — nenas yHKIus,
HE uMerouas HyJqei,

1866. na f0cTaTOYHO ManblX HEHYJEBHIX 3HaYeHHH 2 uMeeM

_* el § 1 2
R)=v12 T4Venz T FooF Vot 12T F v+,
A

rae ¢ >0, g—uenoe H g z9 Bri6paHa ONpejeleHHas BeTBb. K3
NPEANOJOKEHHS BHITEKAET CHayala, 4To IpH z->0 QyHKOHA @ (2)
OCTAeTCA OrpPaHWYEHHOH, CNeOBaTeNbHO, Y p=Y_pr1=...=7Y-1=0.
Kpome Toro, y,=c,. Ecau 6b ¢ GoJio Gofiblle €IMHHIM H He BCe
KOS(quHU,HEHTbI yl, Yar evvs Vg-1 OBUIA DABHBI HYJIO, CKameM 7V, =
vo=Y5-1=0, ¥s5£0, l<<s<<g—1, 10 npu z-—>0 QyHKRUHA

Z

-:=|m

(¢ (2) — o)

ocTaBajlack OBl 1O MOAYJHO GOJIbLIIE HEKOTOPOro (PHKCHPOBAHHOIO IIO-
JIOXKHTEJBHOIO YHCJa, OTKYyJa CJeaoBato G, 4TO

lim 24 (¢ (2) — ) = o0,
z2—~0
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a 3TO [POTHBOPEUNT npeanonoKeHno. CJlefoBaTeNIbHO, Y=Y, =
=Y, =0. Hanee y,=c¢;, 3aT€M CHOBA Y,u1 = Ygi2 =+ = Yog-1 =0
HT. A

167. Ecau dyuxuns f(z) perynsipHa W 0AHO3HAYHA B TONYOTK Phl-
TOM KDYTOBOM Koable R =I|z|<< oo, TO ee HyJU, HAXoASIIHecs B 3TOH
006J1aCTH, MOTYT CTyIlaTbCsl TONBKO B OeckoHeuHocTH. [loatoMy MOKHO
NOCTPOHTE LENYI0 (QYHKUIHIO g (2), KoTopas B YKa3aHHOH o06JacTy

HMeeT Te e Hymu, uto W [ (2). Torna ¢yukuus lnf(())éyzleTBoéna-

ctH R=<|z|<{oo perynspHa, OAHAKO HE HEOGXOAUMO OJHO3HAUHA;
BEILECTBEHHAS €e 4acThb OJHO3HAYHA, MHUMAf H3MEHHETCH MpH TOJO-
KHTJbHOM OGXOJAE OKPYXKHOCTH |z|=r, r >R Ha 2nim, rae m —He-
KOTOpoe Lienoe uucao, He 3aBucdamee or 7 [III 190, a=0]. Ilo-
3TOMYy pPa3HOCTb

i@

2@ —mlnz

In==
Oyzer B obnactH R =|z|<{co OAHO3HaYHa M peryJspHa H pasic-
raercst B 3710i obnactu B pag Jlopana

[ee]

—1
(z
lniﬁz))—mlnz= Z Cre® =7y (2) + Z Ca?t =7 (2) + ¢ (2),

n==—oo n=-—oo

rie v (z)—uenas ¢yEkuMa u pag P (z ) CXOAUTC TpH |z|=R.
Mo2HO ToNIOKUTE 2™g (2) €¥V*) =27PG (2). Ecan oTHOCHTENBHO (yHK-
uHH f(2) TMPEANONOKEHO JIMIIL, YTO OHa PEryJsipHA B OTKPLITOM KpY-
rOBOM KoJible R <C|z|<Cco, TO €e HyJH MOTyT CIYIIaThCsl TaKkKe
Ha OKDYXKHOCTH | Z2|=R

168. [lonoxuM e ¢ =w, CaeL0BaTeJbHO,
IeprHOAUYHOCTH QYHKUMH [ (2)

filnw) =F (w)

Bcenejactsue

ABASETCH OJHO3HA4YHOH (yHKOHeH oT w, uMelomell B obyacTh 0 <<

< | w| << oo JHUIb KOHEYHOE YHCJIO HyJef H nosocos. ClegoparebHo,

MOXHO TaK OIpefesuTh ARa moJuHoMa P (w), Q (w) U cxoAsuHics
o]

B YKasaHHOH 06JacTH CTeNeHHOH psii Y, Cw'=1(w) [peme-
n=—
nne 167], uro B 3Tol 06JacTH

f(w) =

O6o3naunM gyepe3 A (r) mMakciMyM Ry (w) Ha OKpyHHOCTH |w!=r H
yepe3 w, TOYKY, B KOTOPOH 3TOT MakcuMyM A (r) Rocruraercs. Hmeem

InM(y)—In|P (o) | +1n|Q (wy) | = A ().

P(U) (@)
@ °
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H3 mnpeanonoxenus CaeayeT, KpoMe TOro, 4To CYUIECTBYET TaKoe
qucsao 6, 0<<0< 1, uro
lw® nmpu |w|=1,

'yl =
InM(y) <e {]wlo npu |w!=<l.

Orciona 3axgiodaeM, uto A (r) r? orpannueno aas r>1u A(r)r?
orpanuueHo ansg r << 1. CoraacHo pewenuto 111 237 orciona cnejyer,
uto P (w) = const.

169. [H. A. Schwarz; no ycrho#t nepejade.] Ilycrb ¢ynKuua

fl)=a,4aztal ... +ae*+...

peryaisipHa u He TOXJAECTBEHHO NOCTOSTHHA B HEKOTOPOM Kpyre |z| <<p
C UEHTPOM B HyJeBoi Toyke. Toraa B atoM Kpyre TakikKe () yHKUHA

FQR)=aytaz+a,2t+...+az"+...

peryjdpHa H He TOMAECTBEHHO IIOCTOSIHHA, KPOME TOTO, JJIs1 BelllecT-
BEHHBIX X U Y, X®-4 42 < p?,

[e=TN oo}

OTOT psAA CXOAUTCS TaKkKe J18 KOMIJEKCHBIX X H Y C J0CTa-
TOYHO Ma/JbIMK MOJYJAMH. Tak Kak OH MpeACTaBaseT anreGpaHdeckylo
GYHKUHIO OT X U Y, TO HMEET MECTO, TOXKJECTBEHHO OTHOCHTEJIBHO X
H {, PaBeHCTBO

n

};,0 s (v, g [0 06, YF'= 3] Ou(x, Y [f (v +iy) Flx—iy)]" =0,

v=20

rge @, (x, y) — HEKOTOpHIE TMOJHHOMEI OTHOCUTENBLHO X Uy U D, (X, y) ==
= 0. Mn moxem npunATthb, 410 @, (0, 0) 540, H60 B NPOTHUBHOM CAY-
yae MCKHO Obl1o Obl BMecTo f(z) 3apaHee paccMaTpuBaTh [ (z — a)
C HajJJleKalie BbIGpPaHHBIM (.

[Tyctb nepeMenHas { orpaHH4Y€Ha €IUHHYHBIM KPyrOM M NOCTOSIH-
Hast { BHI6paHa CJEAYIOWUM 00pa3oM:

1) £=£0,

2) paccmarpuBaeMmbiit creileHHOH psg QyHRUIM ¢ (X, y) cxoAuTcd
wia | x| <\, lyi=<|t),

3) F (1) #0,

4) monusom D HE DAaBCH HYJIO TOXJAECTBCHHO

. 2
s Beex {. DTOMY yCJIOBUIO MOXKHO Beerja YAOBJAETBODHTL, HG6O CBO-
GOAHBIA 4/I€H 3TOro NOJMHOMA OTHOCHTENLHO L M { COBNAgaer co CBo-

GoAHbIM WIEHOM NoauHoMa @, (¥, y) W, 3HAUHT, OT.IHYEH OT HY.d.

Gt+ht =11
(S5 557)
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Torza B prre | << 1 TOXAECTBEHHO
1 t t——-l ¢

170. [E. Landau.] [TycTb yKa3aHHHIM B 3ajaye KPYIOM CJYKHT
enuHNYHbE Kpyr. OH COQep:KUT BELIECTBEHHDIH oTpe3ok —1 < w < 1.
‘PaccMOTPHM MHOMKECTBO TE€X BEIUECTBEHHBIX TOYEK 2z, B KOTOPBIX W ==
= f () BeLIECTBEHHO M TIO MOAYMIO MEHbUIE €IWHHUB. IDTH TOYKH
UMEIOT N0 KpaHHedl Mepe OAHY KOHEUHYIO IIpeAe]bHYI0 TOYKY 2,
B NPOTHBHOM CJy4a¢ HX ObLio Obl JIHIIb CUETHOE MHOXKECTBO, H, Clle-
JloBaTeNbHo, (GYHRUHA f(z) HE Morsa Obl NPHHHUMATb BCEX 3HAYeHHH
H3 orpe3ka —1 << w << 1, UMelowero MOLHOCTE KOHTHHYYMa. 3Haue-
Hue [ (2,) BEwecTBEeHHO, H TOYHO TaK K€ BELIECTBEHHO

f (Z)—llmf( _f(fzo) ,

H60 BEb MBI MOMKEM OIPaHHYHTLCS BLIGOPOM ANt Z TeX BEILECTBeH-
HLIX 3HAYEHHH, AJAs KOTOPHIX f(2) TakiKe BELIECTBEHHO. AHAJOTHYHO
y6exaaeMcsa B TOM, 4TO Bce Ko3DdDHLMEHTH B pasjoxeHud f(z) 1o
CTENEHSIM z — Z, BellecTBeHHH, IIpojomKas cremeHHON psjl, MBI Ha-
X0ouM, u10 QYHKUMA f(2) BeluecTBEHHA AAd BCeX BElECTBEHHHX Z,
UTO TPOTHBOPEUHT IIPEANOJOKEHHIO.

174, Taxkux ¢yHkuufi He cyuwecTByeT. ITycTb, B caMoM jene, Tpe-
OyeMoe COOTHOLIEHHE BBITIOJHEHO. EcaH f(2z) TOXKAECTBEHHO paBHO
HYJIO, TO TOTAA, OYEBHAHO, [;(2), fs(2), ..., [n(2) Takxe ToXmeCT-
BeHHO paBHbl HyMoO. Ecan ke f(2)=£0, To MBI MOXKEM INPHHSTD,
uTo f(z) B o6Gnactu B Boofuie He ofpaiuiaercss B HyJb HH B OAHOM
TOYKE (3aMEHSIA B TPOTHBHOM CJaydYa€ 3Ty 06JacTb HEKOTOpOH ee
uacTeio). Ho Toraa dyuxuuu f, (2)f ()~ perynspuel B B n dyHkuns

b (@ [ (2) fn (2)
ol Tl T e =1

JOCTHTa6T MaKCHMYMa TakxKe BHYTPH oOjacTH B; cleoBaTesbHO
[111 300},

fv@Ff@'=const. (v=1,2, ..., n).

172. Takux ¢yHKum# He cymecTByer. B camom jene, orpanu-
UHMCSL HEKOTOPOli yacTbio o6aactu B, B KoTopoit g(2)==0u Vg (2) =
= @ (2) —peryasapHag o¢yekuusa. Toraa |g(z)|=|9(2) 2. CornacHo
IIPEATIONIOKEHHIO | @ (2) |2 ABJAACTCA PeryJApHOH rapMOHHYECKOH (yHK-
uuedt, T. e. [II1 87]

(o )| @ (i) [ =00

B cuny I1I 58 orciosa BHTeKaeT, 4to ¢ (2) =const., g(z) = const.,
[ (2) = const.

8 T. Noaua, T. Cere, u. I1
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173. Tlycro K (z) —uenas dyuxuus; f(z) =@ u g(z2) =g

YAOBJIETBOPSIOT YKAa3aHHBIM YCJIOBHAM AJad a=1, b=—1, c=0, uo
el Rl 0,
e~ 1 ’ e‘h__;_l Y R 0T

CyTh nennle ¢yHKUuH 6e3 HyJjefl, JIByX pasqMUHEX HeAX (QyHKIUHA
KOHEYHOTO POAa, MMEICUHX OJHH H Te Xe a-, b-, ¢- u d-Touru, rjie
a, b, ¢ u d pasauunnl, BooOme He cymectByer [G. Pélya, Nyt
Tidsskr. for Math. (B), 1. 32, ctp. 21, 1921].

174. Onupascy Ha yXKe JOKa3aHHHE NOJIOXKEHWS, Jerde pelruThb
caenyioulyo, 6o/ee CHIBHYIO HHTEpPNOJSUMOHHYIO 3ajady. JlaHa Tpe-
yroJibHasi YHCJOBAas CXema

Qyo

Qs Qyps
Qag, oy oy

Halitu nenywo oyuxumo G(z), yIOBAETBOPAOILYIO ypaBHEHUAM
G (n)=vla,, (v=0,1,2,...,n n=01,2 3,..),

rae nla,,=a,. 1A pelieHnsd no/db3yeMca Lenol ¢dhyHKIueH

W(Z)=zﬁ[<1 _%)e%+_;_fl_j}n+1
n=1

[Hurwitz-Courant, crp. 123*)]. B oxpecTHOCTH TOUKH 2=r1
HMEET MECTO pa3JoKeHHe

1 1
V@ = Gy [Daotbm(e—n)+bm e —n)"+...

ot ban (2= . ],

bno == 0. Tlosaraem
anobnv + anlbn, V-1 + an2bn. V-3 + e + aﬂvbﬂo = Cny

0 nieM mepomopdHyn GYHKUMIO F (2), PerysasipHYIO BCIOAY, 32 HCKIIIO-

geHneM Touex z=0, 1, 2, ..., U Takyio, 4TO pasHOCTb
F(2) = (z—=n)y " ew=+Cuy (2 — 1) 4+ oA Cou (2 — 1)7]
ocTaercs peryJjaspHofi Takxe B Touke z=n, n=0, 1, 2, ... [Hur-

witz-Courant, crp. 108—111**)]. Torza nckomas uenas ¢GbyHk-
wsa G(z)=F () W (2).

* Typeun, ctp. 168. Typsru—KypaHur, crp. 127.
**) TypsHun, ctp. 147—16l. Typsuu~Kypaur, crp.l13—115.
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175. Ileproe HepaBeHcTBo oueBHpHO. M3 HepaBecTBa

M 8
\an]<_(r—f%)nl (n=0, 1, 2, ...)

BEITEKaeT, JaJjee,
o) \n 5
M<M(r+6) Y (r_’m) = IEE M (r o).

n=20

176. |[E. Landau.] Mmeem [175]

M () < M () < “E2 MG+,

NO3TOMY

\

M(r)<[M, (r)]%<(’ ] ‘5) M(r+8).

Bepem n—oo; 6 >0 npouspojbHo Mano, M (r) sB1seTC HENpephIB-
HOH GYHKUHEH OT r, KakK JEerkKo YCMOTPEThb H3 OIpeJeeHHA.

177. [E. Landau.] %ln M, (r) siBasgercs HEBOTHYTOH (yHKuHeH
or Inr [IT 123]. Tlpesesn HeBOrHYTOH KpUBOH NpeICTaBAseT COGOIT
TaKXe HEBOIHYTYI0 KPHBYIO.

178. [I. Schur.] Pynxuus
UM [eM 1 (2)] =2+ A+ A+ ..+ At .

B Kpyre |z|<C1 oaHomuctHa W no Mopymo Mesbure M2 Koasddu-
muent A, aBAfeTcs noJuHoMoM (n— 1)-ff creneHd OT € Co CBOGOAHEIM
Y/ICHOM @, H CTapuuM Koadxpuuuentom M-+, . TloactaBisis BMECTO &
HOCJEeJOBATeNILHO Bce KOPHH (71— 1)-H CTETeHH H3 €AHHMILL, CKJAaLbl-
Bas U NPHHHMAs BO BHHMaHHE HepaBeHCTBO | A, | << o, [M?], nonyyaem
©n [M?]
[+ M-a1e
3necy o, [M] ofo3nauaer BEPXHIOI rpalb MOAY.JIf |a,| B IpeAnoo-
Kenuax 3azaun 160, TloBTOpHOE NPHMEHEHHE 3TOI'C HEpaBeHCTBA
JaeT, Tak Kaxk o,[M]<< o,
r i
e —_— — M[-ni1
o, [M]< o, l I 14 Mo-atl2¥ @ (I — M%)

v=1_0

Q=

@+ Mg, | < 0,[M?], T e o,[M<

[pemenne I 14].

179. [Iyctb m — IpoU3BOJLHOE IeJI0€ TNOJOKHTEJILHOE YHC/IO.
Torga @ (m®) ABAsSETCA TPUTrOHOMETPUYECKHM IOJIMHOMOM MA-TO II0-
pAAKaE, V/JOB/ETEODAIOUIHM INpPENNoNoxeHHio. TeM cambiM IIpH BCEX
3HauyeHusix O BBINOMHSETCH HEPaBEHCTBO

|mg’ (m®) | <<mn+K, T.e. ](P'(ﬂ)i<”+‘/§'

Bepesm Teneps m—- co.
3*



228 PEMIEHUS

180. [H. Poincaré, American J., . 14, crp. 214, "1892;
cm. H. Bohr, Nyt Tidsskr. for Math. (B), t. 27, crp. 73—7§,
1916.] OmnpenenuM 1esnle NOJOMKHTENbHBIE UHCAA Agy Agy vovy Mgy oo
TaK, 4YTOOLI GBLIO

{ - \ra
h=1, >t (57 >0+ (0=2, 5, 4, ),

P yHRIHA

g<z>=(p<2)+1+z ()

ABJAAeTCA uejod; npu n<<x=<<n-+1, n==2, nmeem

xn
g =gn)>(727) "> 00+ D=0,
181. Ilpumep: Si[:/l»;_z = 1;%—1—%— ... UEJBIe palHOHAa/b-

Hble QYHKIWH (HE ABJAAIOUINECS TOXKIAECTBEHHO IOCTOSHHEIMH) CTpe-
MSATCSl 110 BCeM HANpaBJeHUSIM K GECKOHEUHOCTH.
182. [H. von Koch, Ark. i6r Mat., Astron. och Fys., 1. 1,

crp. 627—641, 1903.] I1pumep: e?-}-z. Tlpu AokaszatenbCcTBe HYMKHO
passuMarh jJBa cjaydas: —%<argz<% H %éargzé%ﬂ—. Pap-
HomepHocTh Hck/mouena. [Hurwitz-Courant, crp. 96 *).]

183. [Cm. J. Malmquist, Acta Math., 1. 29, cTp. 203—215,
1905.7 [II1 158, IIT 160.] Llensie ¢yHKUHM KOHEYHOTO NOpPSiAKA HE
Moryr ce6s tak Bectu [III 330].

184. [G. Mittag-Leffler, Verhandlungen des III. interna-
tionalen Mathematiker-Kongresses in Heidelberg, 1904, ctp. 258—
264, Leipzig, B. G. Teubner, 1905; Atti del IV. congr. internaz.
dei mat. Roma 1908, 1. 1, crp. 67—85, Roma, Tip. della Acc.
dei Lincei, 1909.]

eeE@ —e—£CD umm E(2)e £,

rae E (2) —dbynknus 3agaun 183.

85. Oynkmus E(2) [III 158] mubo coBcem He umMeer, Jubo
o6nafaeT camoe GoJblIee KOHEYHBIM UHC/IOM OTPHIATENbHBIX HYyJeH
[II1 160]. ITonaraem B IEpBOM ciy4ae

F(2)=E(2),
BO BTOPOM b
_ L)
F@)= (eto) @+ay) ... +ay ’
rie — oy, —dg, ..., ——0;—BCE HMeoUMecs B HAaJMUHH OTpHIA-

TeqbHble HYyJH GyHKIMH E (z). B ToMm u apyrom cayuae F(z) mpu

Y Typsru, crp. 136. Typsuu—Kypaurt, crp. 104—105,
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BELUECTBEHHBIX OTPHUATENBHEIX 2 BELECTBEHHA M COXPaHseT IOCTOAH-
HeIf 3Hak. CreloBaTtesbHO,

ig F(— ) dt=C+0;
0

cyllecTBoBaHHe uHrterpana Beitekaer H3 [I1 160. Heuernas wnenas
dyHKLIHSA

g(2)=C1 g F (2% dz
0

U NOCTaBJseT TpeGyeMblH npHMep, KaK HeTpyIHO TIOKa3aTh INyTeM
H3MEHEHHst KOHTypa HHTerpuposanus [III 160].

186. [G. Pblya, Interméd. des math., cepus 2, 1. 1, ctp.
81—82, 1922.] Tlyete 0<<a<<2n u g(z) —HeuyeTHas uenas QyHK-
uMs, MOCTPOEHHas B 3ajaue 185. DyHKuus

1+ (V7) e (V™)
2

—qeJasi ¥ OpH JOKHOM BRIGODE 3HAKOB nepes oO60UMH pafHKaiaMu
B yrae 0<<argz << 2n—a CTPeMHTCSl K eHHHLE, a B yIae 27— o <<
<argz<<2nm—kK Hy/mo. Ocraercs COCTaBHTh HaJjexallylo JHHEH-
HYI0 KOMGHHAIMIO TakKHX (yHKIHH.

o 4
187. Her, u60 MHOXeCTBO BCeX pa3bGueHHHl MMeeT MOINHOCTL 2,
BHICIUYIO, YeM MOIIHOCTh KOHTHHYYMA ¢, TOIJa Kak MHOXKECTBO Brex

1eJBIX QYHKIUME HMeeT MOLIHOCTD & —¢, 1. e. MommuoCTS KOHTHHYYMa.

188. [onycTtum, HanpoTHB, YTO CYLIECTBYET IPOCTHPAKOIIAACH
B GecKOHEYHOCTb HEnpephiBHAsA KpHBas L, BJAOJAB KOTOpPOH e cTpe-
MHTCH K Mpefeny, OTJIHYHOMY br Hyas u GeckoHedHocTH. Toraa ans
BCAKOrO NOJOXKHTENBHOrO € Ha KpHBOH L MOXHO yKasaTb TaKyio
TOYKY 24, UTO |arge? —arge®|<Ce An8 BeeX TOYEK 2 KpuBOH L, cae-
JYIOWNX 3a 2,.- Ecan e<C{m, TO BCJAEACTBHE HENpPEepHIBHOCTH apry-
MeHTa JOMKHO OhIThb Takxke |Jz—32,|< e H, cllefoBaTesbHO, HadH-
Hasg € 2y, L 3ak/moyaercs BHYTPU I[IOJIOCH LUMPHHOH B 2e, INapad-
NeNbHOft BelecTBeHHOH ocH. HO BHYTPH Takofi 10OJOCH 2 MOXKeT
CTPeMHTBECH K GECKOHEYHOCTH JHINE ABYMS CnocobamMH: JHGO Tak, yTo
e — oo, aubo Tak, yro e?—-0,

189. Pyukuus -

z x2 o) ( 1) ont
_'2_ — 1) 22n
Se de= Z nl 27@nL)

0 n=0

CTPeMHTCS K GECKOHEYHOCTH, KOIJa 2—> 00 BIO/b MOJOKHTENbHOM
WIH OTPHUATeJNbHOH MHHMOH ocu. OHa, jajiee, paBHOMEPHO CXOAHTCH

K V2 , COOTB, —]/2 , KOTJa 2—> 00 B yIje —-T<argz<—4-
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3n 5t
COOTB. ~- << argz=< -, . B caMoM jAefe, Hampumep, B MepBOM Cay-
It
yae, z=re®, r >0, (éﬁ 4, uMeeM
re'ﬁ x? r re’ﬁ x?

I

4
o : - cosQﬂ
H BTOPOH UJ€H IO MOAYJ/IO MEHBIUE YeM rg e do [peI_UEHHe
0

IIT 151]. Ecmu 6bl cyliecTeoBana NMPOCTUPAIOWAACS B 0eCKOHeYHOCTh
HellpephlBHasA KPHBAs, BAOJb KOTOpOH paccMmaTpHBaeMad (YHKUUS

cTpeMuaach 6bl K KOHEUHOMY Ipejeny, OTIHYHOMY OT +]/2 , 10

Ha JOCTATOUHOM VJaJeHHH 3Ta KpHUBas He MorJa Obl HMeTb Toyek
B YKa3aHHBIX yrjax H Ha MHMMOH ocd. Mbl morsu O6bl, Takum obpa-
30M, INpHHATb, YTO OHA UEJUKOM COJAEPIKHTCS, HanpUMep, B yrJje

3Z-< argz<~g~, Ho rtorpa ¢yHKUHA Oblna 6b1 orpaHHyYeHHONl B ofJa-

o o o T
CTH, 3aK/IOUAWEHCs MEXAy 3TOH KDPHBOH H JyYoM argz:“z [onu-

paeMca Ha Hekoropoe paciuupenHe teopembr II1 330, ornocsimeecs
K stoft mocaenxedt, kak III 324 x III 322], u, cnenoBareabHo,
RonxHa Obina Obl [I111 340] u BROAB yKasaHHOM KDHUBOH CTPEMHTBLCH

K l/% [Cm. A, Hurwitz, C. R., 1. 143, crp. 879, 1906 u

T. 144, ctp. 65, 1907.]
190. PaccmarpuBaemas GyHKUHS BAOAb 21 JyueH

argz=(2k—1) 5~ (k=1,2, ..., 2n)

CTPEMHTCSI K GECKOHEUHOCTH, a BAOMb GHCCEKTPHC 2n yryioB, ofpa-
3YeMBIX 3THMH JIYYaMH, CTPEMHTCS K KOHEUHbIM TIpeJenaM, a HMEHHO

BAOJb Jyua argz=k% K Tpeleny

ol sin (xn) k% 1 1\ . /a—1a
e g dx = —anr(F>Sln< — -) (=1, 2, ..., 2n).
0

xn \ 2
[IIT 152.] Janbiue paccysaaem, Kak B pemesnu: 189.
191, [F. Iversen, Ofversikt av Finska Vetenskaps-Soc. Forh.,
T. 58 (A), Ne 3, 1915—-1916] Ilyers 8, =2(l —e,), Toraa 9, —0
uau 4, cMoOTpA 1o TOMYy, OyJeT Ju €, = -+1 uau —I1. Koraa z crpe-
MHTCH K CO BJOJb Jyya

. )
—_— X m
arg z =2m 2 g
m=0
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To Torga aas m=0, 1, 2, ..,
arg28m=2n( 4ol 7“1 -+ )
Tak Kak 8, MOXeET IpHHHMaTh JuLIb 3Hauenust 0 u 4, To 28 mexur

b B
mu6o B yrae <0, T)’ JHbo B yrve <u, ~4~> H MMEHIIO B IIEpPBOM,

KOrsa €,= -1, U Bo BTOpPOM, Korjaa &, ==—1I1, ITosaras amas cokpa-

IEeHU A
ORTE

nveeM, TakuM oGpasoM [189],
Iim Y (28’") =&

Kpome toro, cymecrByer [pemenue 183] Taxoe umcio G, 4r0o Aas
BCEX z Ha YKa3aHHOM Jy4€ H JJI BCeX 3HAUGHHH m

[y (2")| <G.

ITycts Tenmepb €>0 U m CTOAb BE&IHKO, YTO Oyt Apot+ ... <<E.
Torga ¢yuruus

agy (2)+ay &)+ ... +a.y (")

IIPpH YKA3aHHOM BGLILIE criocoGe CTPEMJIEHHA 2 K OO CTPEMHTCHA K IIpe-

Aeay
€oo + &1 + s + Emlm.

OcTaTouHHl WieH No MOAY/I0 MeHbile (e mpu Beex z.

192. Ilycrb wuHTEpecylowas Hac Leiad (pyHKuHﬂ g(z) Gyzer
KOHeuHoro mopsaka , A >0, t. e. \g(z\|<Aerzf , £>0, A>0,
B>0, &, A, B—rnocrosuaee. Ilycrb, jnanee, limg(z)=a, xoraa
Z— 0o BJIOJb HEKOTOpOro ay4ya, H limg(z)=bs=a, rorga z— oo
BIOJb HEKOTOPOTO ApPyroro Jsydya (o6a BBIXOAAT H3 TOYKH z=0),
cocraBJisitomero ¢ nepeeiM yroa y. Ma III 330 [y=P — «] Burekaer,
uyro ecau (A-}-e)y<<®m, TO g(z) ocraercs OTPaHUYEHHOH B yrue
mexnay ofoumu syuamd. Ho rtorma coraacHo [1I 340 pomkuo OwLTO
OBl 6LITh @ =0b, YTO NPOTHUBOPEYHT MpelnoorkeHHo. CJeR0BaTeIbHO,
(A+e)y=mn. Tak Kak 3TO CHpaBejlHBO TPH JJOGOM TOJONKHUTETb-

. Fii A
HOM €, TO Ay==m, T. €. 7»2?. Ho B cuay npearnonoxeHus umeercs

N0 KpaiiHe#i Mepe OJHO y<~2»n£. Carenoparesnbo, 7»2%. {TTo moBony
Aanbuefimux obobmenuit cM. T. Carleman, Ark. f6r Mat., Astron.
och Fys., 7. 15, Ne 10, 1920.] ,

193. [Cu. F. Iversen, Thése, Helsingfors, 1914.] Ilycrs
g(2) —sagannasi uenasg Qynkuusa, z '[g(z) —g(0)]=h(z) He TOKAE-
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ctBeHHO rocrosiHHO.  (OGosnaunM udepes & HEKOTOpy}O 00/1acTh,
B KOHEUHBIX TpaHHYHBIX TOYKax KOTopoH [h(z){=1, a BHyTpH
|h(z)|>1. Touka z=00 MeXHUT Ha rpaHuie oéﬂacm ® [I1T 33%].
Baonb nuauu, aexamedl B & Wiad Ha ee rpanuue ¥ NpocTHparowmelcs
B 6eCK0HeqHOCTb, HMEEM

lg(@) =21 (2) | —1g(0) [ =]2] —]

194. Ilycte m—uucno uyned ¢ynkunn g(z) —a. Onpexensem

z

g@)~—a
PeryJsipHO BO BCEH IJIOCKOCTH 2, M 3aTeM MNOJHHOM camoe GoJjibluee
m-ti crenend @ (2) Tak, 4TOGH TAKIKE BLIPAKEHHE

7 (g2 — Q)

ObLIO peryssipHo BO BceH miockocTu z. Torza cywiectByet [193] mpo-
cTHpatoniasica B OECKOHEWHOCTh HENpephIBHAS KPuBasi, BOAb KOTOPOH
Ha JOCTAaTOYHOM YJaJIeHHH

‘ P ()

g@—a

noivHoM m-H creneHn P (z) Tak, 4TOGH OTHOLEHHE Or110

Q@ |>zim,

Tak xak TaM |Q(2)|<<Alz|?, |P(2)|<<B|z", rre A u B —novio-
KHUTEJAbHbIE TIOCTOSIHHBIE, TO

= Alzi™, |

Ig(Z)—a g(2)—a
195. [T. Carleman.] Ilyete |f(2)|<<M B xosmbue 0<<|z|<< 1.
HAast |zy| =~ wMeem nepaBencTeo Komm

lz|—A

>

iF

Tak Kak, no npeanosoxenuo, [(*(z) orpaunuuena, 1o [III 337]

B KOJIBLE 0<\z{s H, SHAWHT, B UACTHOCTH, B TOUKE Z=

f"” 70

|<71

|[[P (2) | << n!2"M.
CrnenoBaresbHO,

(1 (L
f(z)=f(--})+Lf>(Z~7i)+ +f—,§!—4>—(2— i)+

1 l
IpHYEM DSl CXOAHTCSt B Kpyre }z— 4 \<-5, a 3HauuNT H B HeKo-
TOPOM Kpyre ¢ LEHTPOM B TouKe Z =0,
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196. Ilycts w,#0 (v=1, 2, 3 «..) H

[ee)

e@=[J(1-2) & =H(1+|w )
v=] =
- M*(r)=g*(r), m* (r)=1g —r)\-
Torpa npu |z|=r, oueBHAHO,
m* (1) <|g (2) | << M* ().

b1, pasymeeTcsl, HHCKOJNBKO He HAapyHmHM OOLIHOCTH, €C/IH Npearo-
JIOKHM, YTO HMeeT MeCTO CaMuli He6GJarOnpusTHHIH Cayual, a HMeHHO
yTo Bce HyJH (YHRIHH g (2) BeLieCTBEHHH W OTPHILATENbHH, T. €.

g@ =11 (1+%)-
1

YTBepxKIeHHEe INacHT Toraa: g(r)<<e® mpH BCeX JOCTATOYHO G0/Tb-
Wux r u|g(—r)|>>e® npu npou3BoJbHO GOBILHX 7, TAE & — J0G0e .
Hanepen 3ajaHHOe NOJIoKHTeAbHOe uucjo., C nepBLiM HepaBeHCTBOM
CNpaB/JseMCA TaK Ke, KaK B pellleHHH 58 co cayuaeM A=1. [laa
J0Ka3aTe/IbCTBa BTOPOrO MpHMEHsieM K g(2) g(—2z) Kak (yHKUMH
oT 2% teopemy III 332. lnst mpousBOAbLHO GOJIBLIMX r HMEEM

lg(Ng(—r|>1, ]g(—r)|>g—2,)—>e:er.

197. [A. Wiman, Ark. for Mat., Astron. och Fys., 1. 2, Ne 14,
1905; cM. E. Lindeldf, Rend. Palermo, 1. 25, ctp. 228, 1908.]
IlpenmosoxkuM, HTO HYJH paccMaTphBaeMmoll mesol (QyHKUMH g (2),
Kotopasi, no Anamapy (ctp. 18), momkHa GbIThb  pOJ@ HYJb, BeILECT-
BeHHbl H OTpHUATeNbHbl [peiteHne 196]. PaccmorpuM  QyHKIHIO
g@e™ % B yrae —n <% <-4, rae ona peryaspra. OHa Henpe-
peBHA Ha —n << ¥ <<+ 7 W TpHHHMaeT Ha IIOJOXKHTENTLHOH Belle-
CTBEHHOH OCH TpPOH3BOJBbHO CoJbIIHE 3HaueHHs [npennosoxeHue
oTHocHTenbHO M (r)]. Ecav 6b oHa Obla orpaHuyeHa Ha BeleCTBEH-
HO# OTPULATENBHOH OCH, CKa)XeM, He NMpeBOCXOAHJAa eAHHHIB, TO OHA
6bia 6b1 BOOOMIe + orpanuueHHofi [III 332], uro, Kak BhiIue GbBLIO
ykasaHo, He uMeeT Mecra. CieloBarenbHO, AJIS HEKOTOPHX MPOH3-
BOJIbHO GoJIbIINX 3HAYEHHH r

m(r)e=r A= Ecosm(A—e) =1g(_r)e"‘(—r)7~—e |>1,

4. H Tp. A.

19@. [Ch. H. Miintz; cm. Math, Abhd., H. A. Schwarz gewidmet,
crp. 303—312, Berlin, J. Sringer, 1914; T. Carleman, Ark. for
Mat., Astron. och Fys., 1. 17, Ne 9, crp. 15, 1923.] B nonyniockoctu
Rz~ 1 HHTErpa

§ th (1) dt = (2)
0
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cxonutest u dysxuns f(z) perynspHa. Ins Rz=0 unurerpan Gyzer
1

co6CcTBeHHEIM M |f (2) | orpaHHYEHHDIM, |f(z)|<§ |k (t)| dt. Ecan Gecko-
0

HEYHOE MHOMKECTBO 4Hcea A, =<1, To oHM HUMeloT Ha oTpe3ke 0 =< z<< |
npelensHy TOYKY M f(z)=0; ecau Bce Ay, 338 UCKJIOUEHHEM KOHEY-

o0
—1
HOrO yHcaa, ==1, TO M3 PAaCXOJUMOCTH psifia D, A, TOYHO TaK e

n=1
cneayer, uyto f(z)=0 [III 298]. B ToM u Apyrom ciyuae f(n) =
1

= { th(t)dt=0, n=0, 1, 2,... [1I 139].
0

1
199. [T. Carleman.] ®Pynxkuus {g(zf)h(f)di—ueran u mo-

0
pAnKa <A, CJEJOBATENBHO, COTJIACHO NPEJNOONEHUIO TaKXKe (yHK-

1346571
1

g @)h()dt

VR =y
~— pesaf W Topsika = A. HyCTb M (r) — makcuMyM | g (2) | Ha OKpYXK-
HOCTH |2Z|=r. MHHHMyM 1y (2)] Ha OKPYXHOCTH |Zz|==r He Oyier

NPeBOCXOJHTD M(zr) th (¢)|dt+ S |k (f)] dit, rie 0<<o << 1, oL CKOMb

yroaHo 6JH3KO K euuhnue H, CJIeLlOBaTeJ'IbHO TIpU 7 — CO CTPEMHTCH

K Hymo [24], Torza Kak OH jo/xKeH Gbwl 6bl ObTh [cM. 197] neor-

paHHYeHHbIM. 3HAYuT, Y (2) TOMKIECTBEHHO NOCTOSHHA H HMEHHO PaBHa
1

nymo. CregopatenbHO, Bce Ko3((pHUHEHTH cpyHKuHHS g(zt)yh (t) dt

4}
1

paBHBI HYJIO, H, CTajJo ObITb, COTJIACHO npezmonox(eﬁmogt”/z (H) dt =

0
=0, n=0, 1, 2, ... [II 139]

[ee]

200. [T. Carleman.] ITycts g (z)=H (1 — wi—), wy 5 0 (nocra-
. oy v
TOIHO  PACCMOTPETh  TOJLKO  5TOT ’ cayuyai). Torma |g(iy)|*=

= H <1 + e v > U3 stoit dopmyJrt BeiTekaer, uto lim 1glian|
v =1 Y —> 0 lg ("y) ‘

npu moctosHHOM &, 0<<a << 1 [24]. Tlosromy dynkuns
1
§ g (zh) b (t) dt

V(Z): g(z)—'
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BAOJb TOJIOXKUTEIBLHOR M OTPHLATEJbHOH MHHMBIX OCEH CTpEeMHTCA
K Hy/Jio. KpoMe Toro, corjlacHo IpeANo/oXKeHHIO OHa —nedad. Ha
BCEX JOCTaTOYHO GONBIIMX OKPYIKHOCTAX |z |==r umeeMm |g(z)|<<e®¥
U Ha TMpOu3BOJbHO GonblinX |g(2)|=>>e " [196]. Kpome Toro, mpu
BCEX JOCTATOUHO OOMBIUMX 7
3im
e u ’g(re 4 )

o)

>,

JeficTBHTENBHO,
- 2 |2 had 2 21& 4
4 r2 cos r

e@e—ar=[l[1-5[ =11 [1- "5+ 5)=1

va=1] M v=1 v v

b1 3n

Hpﬂ 0=T) T-

[Tpumensiem 111 325 B c/lerka usmeHeHHOM BHJE K GyHKUMHU v (2)
B ofenx mnoaymnockoctsix Rz=0 u Rz=<0. Ilpeanonoxkenue 1)
HyKHO 3Jechb pacunputb B cMbicie 111 323; Bmecto sywa & =0 Gepem

3n
Tenepb 13_-4 cootB. $=—=. [3aknoynTeNbHOE 3ameyaHHe B pellle-
Huu 11 325.] ITonywaem, uyTo Bo Bcelt milockoctd |y (2) | << comst.
1.

n, 3Hauut, v (2)=const., y(2) =0. CaegoBarensHo, St"h (B di=0
0

ec/i B pas/IOXKeHHH g (2 E a,2". Kosbduuuent a,==0. Ho Tak
n=0

KaK KOPHH BeLIECTBEHHBI, TO U3 KO3(DULUEHTOB @, (Q,iy 10 Kpaki-

Hel Mepe OMMH OT/InyeH OT HyJa [V 166]. B sakiiouenue npume-

Hrem 198,

201. [S. Bernstein, C.R., 1. 176, crp. 1603—1605, 1923 *).]
s |a,|< Kp* BuTekaeT, 4TO

FE)|< Z Kpnlz\ = Kef 121,

n=20

Oyurpusa F (2) e'*? B ofoux yriax Ogﬁg—g H 5 T<d<=n yJIOB-

JIeTBOpSieT YCJIOBHSAM, KOTOphle aHajlorHuHbl YKasanubiM B [11 322,
H6o (x, y BellecTBEHHB!, Yy > 0)

|F (x)e**| <M, |F (iy)e™|<K.

* C. H. bepHuwTeiin, Co6paﬂﬁe coynnennit, 1. I, M3x. AH CCCP, 1952,
crp. 269—270.
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PaccMarpupag eile F (z) e P B HUMKHEH IIOJyIJIOCKOCTH, HaXOAHM HA
ocHoBanuu III 322, uro BO BCeli muockKocTH 2

|F (xig) | <Leo v,

rie L=Max (M, K). Ilpu BelleCTBEHHBIX 3HayeHHfX X NoOJy4aeM
[11I 165]

o iy ()]
Pl | weses v #(5)
sinpx |~ | sinZpx P (ox—nmE |
xR

o | F (x) cos px | N ! plF()cospr|+oM
= sin px + oM _2 (px —nm)z sin2 px - (M

T
Orciona 3ak/odaeM IPEXAE BCEro, 4To ’F' ( ?5>‘<9M' Ho Temneps
T€ XK€ PAcCyAJIEHHS MBI MOXKEM IIDHMEHHTb TaKke K (QyHKUUH

Flerang)

rie x,— BellleCTBeHHast NMOCTOAHHas, H6O

T
p| % — 5=
[P (e n— )| e T o,
Ecnu B (*) uMeer mecto 3Hak =, 10 (—I1)"F(an)=A (He3aBHCHMO
or ) w L(F@_ _ ed
T )" g sinpz /  sin?pz °

202. F’ (2) ectb QyHKUMs TOTO ®e THna, 4to u F(z). Ilocae-
JOBaTeJIbHEIM IIpHMEHeHHeM TeopeMuel 201 mosydaeM, Yro aj1sa Beex
BellleCTBCHHbLIX 3HAYEeHHH X

|F' (x)|<<Mp, [F'(x)|<<Mp? ..., |[F?®(x)| << Mp", ...
H, 3HaAYuT, '
F (i) < Y 200 s < pewt o,
n=20
203. Ycuoeua Teopembi 111 166 Bumonnsiores [pemenne 201].
CrnenoBatesisHO, /U1l BEIECTBEHHHIX 3HAyeHHH 2, p|z|<%,

oo
|G (2) | M sin pz plz|
@l 3 =My :
20|z |cospz . 0(<n+~é—)n) - 2pz cos pz 2p |z |cospz
G (2) , sin pz
[Tpu z=0 cunTaem —Z—=G 0y, —=1.) Ecan 31€cb nmeeT mecto

n-+ Al
3HaK =, TO (——1)"0(@)=0M (cl=1, n=0, 1, 2, 3, ...,
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i
=0). Ilpu plz|=- nHTepecyoliee HAac HEPABEHCTBO (daxe

CO 3HAKOM <) TPHBHANLHO.
204, Tpumensem 203 ¥ GyHKUMM

G(Z) =F(20+Z)"2“F(20_2),

z, BemiecrseHHo, (Cm. VI 82))
205. Iyctbh A<p << 2\, ®yukuua f(2)e? orpadnyesa Ha Jay-

yax argz=0 u argz =;—u u, caeposateabHo [III 330], Takxke B o6pa-
30BaHHOM HMH YIJie C pacTBOpoM 5. <2A =< . Haxoaum, uro ¢yHk-
uus f(2) (sinz")"! orpanxyeHa Ha ler{ax argz=——2% H argz=—2%,
4 TaK:ke Ha Jyrax OKpyxkHocrtell |2j”———<n+—-1—>u (n=1,2,3,..),

It
COAEPHAUMXCH B YyIe — 5o < argz< o . CnenoBarenbHo,

1 f@ _d8 dz( f@ >+ 2 (—U”f((rm)-'i)

2m sin {4 ({—2)? sin 2i 1—i 1\2°’
=1y (nn) (z — nm) “

rie HHTErpHUPOBAHHE MNMPOU3BOANTCA B TOJOXKUTEJNbHOM HanpaBJICHUH

a g
BAOJb TPaHHULBl OECKOHEYHOro CeKTopa —2—“~<argz<§-, |z|>p,
L @ 1 ’
npudem 0<<p<<m#. Tak Kak pal 3, n W cxomutca u [ (x)
n=1
orpanuyena npu x>0, To Ha ocHoBauuu ! 182 Haxoaum, uto [’ (X) =
= 0 (x*71), Korga x crpemuTcss K OECKOHEYHOCTH IO HHTEpBasiaM

1
Ve

<<n+ i) )r<x<<<n+1———) =128, 0,

C nomollipio aHasoruyHoR ¢opMmyJbl, ¢ 3aMeHo#l sin 2 Ha cosz", Ha-
xopuM, 910 [’ (x) =0 (x*!) TakmKe B JONOJHHTE/NbHHIX HHTEpBa/aXx.



OTHEJ MNATHHU
PACIIPEAEJIEHHE HYVYJIEA

1. [TTo noeoay Bcedt rmapsl oM. Laguerre, Oeuvres, 1. 1, Paris,
Gauthier-Villars, 1898.] $lcHo.,

2. Ilycts BBIYEPKHYT 4JseH a, = 0, mpHyeM, HanpHmep,

au_k % 0, au‘_k+1 ... au’_l = au,+1 == au,+[—1 = 0, aM_H # 0.
IocsesoBarenshocts @y, Ay, ..y @y-g Ousgs-.. OYAET HUMETH Ha JBe
nepeémMeHnl 3HaKa MEHbLIE, 4YeM II0CJAeJ0BATCAbHOCTDL &y, Qpy...y Qy-1y
Quy Quigse+ - ECTH

SgN @y p = — SgN Ay, = SgN &ysy,

¥ OJMHAKOBOE KOJIHYECTBO IepeMeH 3HaKa NpH ApYrHX KOMOHHAIKAX
3HaKOB. B ciyyae, ecau @, SfBJSETCA IEPBLIM HJIH MOCAELHHM
He paBHEIM HYJK YJEHOM, IpH ero BblYepKUBaHMH JIMGO IIpomna-

JeT OJHa InepeémMena 3Haka, Jubo  YHuca0 nepeMeH 3HaKa He H3Me-
HUTCA.

8. IlocsenoBaTenbHOCTD Qg Qyye. oy 'Quy Quigyees H o oy Quyeeoy Gy,
b, ayi15... GYAYT HMETb OJIMHAKOBOE UYHCJO IepeMeH 3Haka B CJCAYIo-
mpx Tpex caydaax: 1) b=0, 2) sgnb=sgna,, 3) sgnb =:sgna,,;.
ScHo!

4. IlocrenosaTeILHOCTD @y, Qo1 ay, 3, Q1+ Aoy Ay, Qo a3ye vy Qs
ay -+ Qui1y Qusqye .. OYJET HMETH CTOJIBKO XK€ IlepeMeH 3HakKa, CKOJbKO
H T0CJe[I0BATENbHOCTD dg, Ay, daye + + Q. - -, HOO, TIONATAA @, -+ 4,1y = b,
BHIMM, YTO JO/KEH BCTPETHTbCHA OfMH M3 TPeX CJydyaeB, N€PEYHCJeH-
HuX B pewenud 3. IlpuHATH BO BHHMaHue 2.

5. [A. Hurwitz.] KoangecTBo nepemeH 3HaKa He YBeJHUHTCA
npy nepeGupaHuu TabJHUbI TOC/eI0BATEILHOCTEH

Qy, ay, a as, ey Qg Qg oo
Qg Ao-+ay, a3-as, az-}-as, v Qg+ @, G Qg
g, Qo+ @y, G-t 20,4 ay, ay+2a,+as,. .., G420+, ..
Qo Qo0 ag+205-Fa, ayt 30,4+ 3a.4-as, ...

ceepxy BHH3 [pemenue 4]. Ho n-a cTpoka 3ToH TaG/HILI COBIAfaeT
C HHTEpecymolieli HaC INOCJeLOBaTeJbHOCTbI0O JO CBOEro H-ro 4jeHa



OTJAEJ NSATHIM 239

BKJ/IIOUUTE/TbHO. 3HAUHT, B 3TH X 7 UJeHaX He MoXeT ObiTh GoJble
yeM W nepemen 3Haka. Tak Kak n npOM3EOJIBHO, TC BCe J0Ka3aHo.

6. SicHo, TakXe Ans cayuasm KpaTHHX KopHeH.

7. Slcuo.

8. Tak kak f(x)—anHaanTuueckast (GyHKUMSA, HHTEpRAT 4, b
MOXKET COAEpXKaTh JIMIIb KOHeyHoe uucsao Hyned. Ilpu mepexone
yepes HyJb 3HaK f(X) MeHseTCA WJH HET, CMOTPSI mo ToMy, 6YAeT JH
paccMaTpHBAaeMbli HYJIb HeueTHOH HJIH YeTHOH KpaTHOCTH,

9. Slcuo. Cm. 8.

10. Ilycts € (e >>0) 0CTaTOYHO MaJjio; HMEEM

flate)=flate)—f@=¢ef (ate) O<e <e),
—fo—e)=f(b)—[(b—e)=¢f" (b—2) (<& <e).
Hs

sgnfla-te)=sgnf(b—e)£0
BLITEKAET, UTO

sgnf' (@a--&) =—sgnf' (b —e)s~0.
MpumensseMm 8 K f'(x) B uHTepBaje (a--e,, b —es). IlpuBenennas
(OpMyTHPOBKA TeOpeMsl PoJlig HMeeT TO NMpeHMyILecTBo mepef OObIIHO
u3saraeMofl B JudxbepeHIHa bHOM HCUYUCJAEHHH, YTO, OTHOCHACH K OoJlee

TeCHOMY KJaccy (YHKIHH, COAEPNKHUT M 60Jee TOYHBIH pe3yJibTar.
11. ITo npeamnonoxeHHIO

SEN A4y = SGN (Ajy — @), SEN Apyq = SGN (Apyy — W)

N3  sgnaj,=—sgnas,; 0 BHTekaer, u4ro Sgn(a,,—a,)=
== — SN (Qpyy — ) #=0. llpuMeHsem 9 K nocnefoBaTesIbHOCTH pas-
HOCTeH,

12. @) Ecau f(x) B Touke x=x, uMeer Hyab KparHocth N >0,
10 f'(x) uMeeT B Tolf »Ke TOuKe Hy./b KpartHoctH N — 1. I1o — Aaa
' cJlyyast, KOTJa MHTEepBaJ CBEJICH K OfHOH TOuKe.

B) Ilycrs Temepb  a<<b H Xy, Xo, ..., X;—Hyau GyHKUHH f(x),
@< Xy <Xy <Z...<< x;=<<b. Pazlie/luM 3aMKHYTbIHl HHTEPBAJ X << X << X,
Ha cjeaytoue [ wacreit: 1) Touky x; u 2) [—1 monyoTKphITEIX
HHTEPBANOB Xy < X=Xy, Xp << X=CX3 ..., X <<X=<X,. Ilpu mepe-
xoze ot f(x) K f'(x) B Touke x; TepsieTcs o U H HYJb [caydaii a)],
a4 B TONYOTKPBITEIX HHTEPBANAX Xy << X< Xgy ovny Xjog <X <X —
HU ofuH [10 u cayuail a)]. .

13. OGo3HauuM HHTepecymOliMe Hac MecTa NepeMeHbi 3HaKa Yepes

v+, ved-1, ooy vl OSvi<vp<<...<<vw==n—1. Toraa
Kaxkgass u3 W — 1 noamocnefoBaTebHOCTEH
Ay 1= CQvyy Ay 2— 0y 11, cony Oy 1y,
av2+l_av2v av:—{-—?'—av:—}—l, vy av3+1_av3,
Auyy 11— Gy _p Qv 1 +2 7 Qv +1 oovs Qo 41— Qo

6yZeT uMeTb MO MeHblUell mepe OfHY NepeMcHy 3Haka [11].
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14. Ilycrs sgnf(a)=sgnf (a) =0 1 x, x,, ..., X- — HyJH YHK-
wn [ (x), a <x; <x,<<...<x;,<<b. PazoSpeM HHTEpBAT a < X< Xy
Ha TOAHHTEPBAJEI

QX=X X <X Xy ooy X < X=X
ITpu gocratouHo manom € >0 nMeem
—f—e)=f)—f—e)=ef (x,—m) (0<n<e),
OTKYZa, MO MPEATO/OKEHHIO,
sgnf’ (@) =sgnf (a) =sgnf (x; — &) =—sgnf’ (xy —m) 5= 0,

c/eoBarenbHo, f'(X) MEX1y @ M X;— 1 HMeeT MO KpaHueii mepe
onuH uyab [8]. Ilo moBody TOYKHM X; M JAPYrHX IOJAHHTEPBAJOB CM.
pewernue 12, IToxoGHEIM Xe 06pa3oM JOKaskBaeM, 4To ecad sgn f (b)=
= —sgnf (b))% 0, To B uHTepRane x;<<X<Cb mnpubaBasercs eile
OJHH -HYJb TNPOH3BOAHOH [’ (X).

18. IIpuzepxkuBaemcs ofosHauentii 3anaun 13. [Toc1e10BaTenpHOCTH

ay, ay — Qy, . RS ] av1+l_av,$
av“ﬁq ot av“,/, (ZVW+2 — aV\V+1’ ceey Qp— Qg 4, —Qa,

npubaBasioT Kaxjas elle Mo OJHOH MepeMeHe 3HAaKa K IepeMeHaM
3HaKa, cofiepxkauiumca B W — | 1moanocieopare1bHOCTAX, PaccMOTpeH-
HeIX B 3ajaue 13. JleHictBuTe/NbHO, NYyCTh @ —NEPBHII HE pas-
Hpifl HYJI0 WIeH MepBoH MOCJeJOBaTenbHoCcTH, Torja 0= a<Cvy,
SEN (Aq — Ag-1) = SEN A = — SN Ay, 1.1 = — 5N (Qy, 4 1 — Qy,);  TpiiME-
HsieM 9. AHaNOTHYHO PacCyKNaéM OTHOCHTEIbHO BTOPOH W3 Halucau-
HBIX TIOCJIeOBaTe/bHOCTEH.

16. B ciyyae GecKOHEYHOTO KOJHYECTBA HYJRH VTBEpKIEHHS
acuo [10]. Tlycrh Teneph x; — mocjefnuii Hyab ¢yHKUMH f(x). Toraa
f'(x) 6yser uMeTb B HHTEpBaje a==x ==X, caMoe 0oJblllee Ha OIH

Hysab Mesbiue, yem f(x) [12]. Tak kax limf(x)_—:g f(x)dx=0, 710
X — 0 xl

f’ (x) He MOXeT COXPaHATBb B HHTEpBaJe X; < x < 00 NOCTOSAHHHI 3HAK.

17. B cnyuae GecKOHEYHOrO KOJIMYECTBA IIePEMEH 3HaKa YTBEp-
xnenue scHo [11]. IlycTe Temepb NOCJeNOBATeNBHOCTL @y, @4, s, ...
umeer W 1epemeH 3daka M vy 1 —TocnesHee MecTo NepeMeH:l
3Haka. Torja mociefoBaTeNbHOCTD

Aoy A1 — Qg weny Oy —Qyy

Gyner cozepmaTb no MeHblleil Mepe W mepemen 3Haka [pelleHue 13,
15). Hanee,

SEN Ay iy == SN (Ay g — Cyp) 75 0.
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Fo Tak Kkax GeckOoHEeUHbIH psi
aVWHLl + (av\v+2 - aV‘V—H) + (a\’ wis T a\fwi-2) + cee T 0’

- T0 WIEHBl €ro, OTJIHYHBIE OT HYJS, HE MOTYT GHTh BCE OJHOTO 3HAKA.
8. [Ipumensem 12, coore. 16, k ¢yHkuun e**f (x) [6]; mpous-
BoaHas ee ecTb €™ [af (x)+f' (x)].
19. PaccmaTpiBaeM INOCTeZOBATENbHOCTH

ay, a, eery Qg cery
dy, a4, a2, cee,  Quott, R
Qyy GO — 0y, Q22 —ait, ..., Q" —a, 2™ ...,
Qult, QO —Qy, Qth—ay,  ..vy @0 —Qpy,

U npuMeHsieM 7, sarem pemexus 15 u 17, 3ateMm cHoBa 7.
20. ITonaraem {f(x) dx=F (x); Torma F(x) u F' (x)=f(x) B
5 .

OKPEeCTHOCTH clpaBa oT Toukn x¥=~0 HMeIT OJHHAaKOBEH 3HaK, [14.]

21. TIlonaraem aq,+ a1t a,+...+a,=A4, (n=0, 1, 2,..) u
NpUMEHSIEM NEPBYIO TMOJOBHHY TeopeMsl 19 (MpHHAB @ =1) K nocne-
nosatenbHoctd Ay, Ay, Agy oo, Ans o

22- HCHO.
X

23. HenpepoisHas KpHBas y=Sf(x) dx coctout u3 Z-1 wmoxo-
0
TOHMBIX NyT. Ilepeas ayra HauwHaercs B Touke x =0, y=0, Tak uro
Ha Heli He MOXKeT NPOH30HTH NMepeMeHbl 3HaKa. Kaxaas u3 ocTa/lbHbIX Z
AyT MoxeT camoe GoJiblliee Of@H pas nepecedn OCh X, Nepei]s ¢ OZHOH
ee CTOpOHHI Ha JApyryiwo. (1o Jerko yTOUHHTh.) a8 aHaNHTHYECKOH
dyskumun f(x) cMm. eue 20, 24,

24. ITycrte unrepsan 6yger a<<x<<b. Ecau dyukuus f (x) — aHa-
JHTHYECKasi, TO CYIecTByet . Takoe € (¢ >0), 4To f(x) 5= 0 npu a<<
<x< ateunpy b—e<<x<<h [8, 22].

25. Cm. 10, 24,

p

6. f (x) = 5o T8 Q) = (x—ay) (r—as) ... (x—an) 1 P (x)—
BELECTBEHHBIA MOJHHOM CTemeHH =<n— 1.

1. Ilpu jpocratouso manom >0 umeeM

sgnflay+e)=+1, sgnf(a,—e)=—I;

cnenopatenbHo, f(x), a 3HauMT, M P (¥) HUMEIOT HYJb B HWHTEpBaIe
q<<x<<a, [8]. Tak KaK 3T0 paccyxkJeHHe COXpaHfAeT CHJAY U 114
OCTaJIbHBIX HMHTEpPBA/IOB, TO IOJYYaeM, UTO B HHTEPBaNax ay<< X < a,,
Q<L X<y ..y Qpo<<X<<ay ; NONHHOM P (X) MMEET B COBOKYI-
HocTH n — 2 Hyas. Ho ocramomuiica elle OfuH HyJb JoJkeH ObTb
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TOrJa TaKiKe BEIIECTBCHHBIM, HEO TOJHHOME! C BEINECTBEHHBIMH K03(-
(bunMeHTaMH ¥MEIoT JIMILL NONapHO CON P AK€ HHBI e KOMIJIEKCHbIE

HYJIH.
2. Kak # BhilIe, NOKa3nIBaeM, 4To f (X) B KaKJ0M H3 #— 3 HHTEp-
B2JIOB (al’ a2), (612, a3)’ T (ak—z’ ak»l)» (ak+1a ak%»‘z)a R (an-h an)

UMeeT 1o ofHOMy Hymo. I1pH jocraTouHo MagJoMm & >0 H JOCTaTOYHO
GompuioM ® > (0 HMmeeM

sgnf(—o)=—sgnf(a, —e)=sgnf(a,4¢)=—sgnf (o) =

Orciofia caenyer, 4TO ¥ BHYTPH HHTEPBAIOB (—o0, @) U (@4, —00)
HMeeTCH Takxke Io Hy/mo [8].
27. Vmeem

FO>0, F{E)<0, F{Z)>0, ..., {{Z)>o0.

Cnenopatensho [8], f(x) B nonoce 0<< Ry << 2w umeer 27 BeHleCTBEH-
Heix HyJaeli. Ho Goabuiero komuuecTsa Hynefi f({(x) B 3Toit mosoce
uveTb He Moxer [VI 14].

28. Cu 7. )
29. Ilycts qy=a,=...=0a, 1=0, a,==0. Byjem o603Hauath
uepes apx* W qux' JBa uNeHa, AU KOTOPHIX
70, Gpy=app=...=0a,,=0, q,%0,

Pxy=ax*+.. .. Fattaxt ...

Takum ofpasom, o ecTb uacTHOe 3HaueHue 2. Ecam [— k Heuerno,
TO mapa aux*+aq,x* npuBHOCHT eauuuny saubo B W+, qaubo B W-.
Eciu [ —F vetno, To o7 apx*+a;x' nubo obe Benuuunst W+ u W-
nosiyyaroT N0 eauHune, saH6o obe wuuuero. Orclofa cleIyeT, YTo

npu a, =0 1
(n—a) — (W W)= (1 —k— 1)+ 3" {1 —k—[1 —sgn (aa)]}.

ZI pacIpoOCTPAHAETCS] HA HEUETHHIE l—k Z”—-Ha yeTHble, JeficT-

BUTEJIbHO, n-—oc=2 (l-—k)—{—Z” -k KaKBZ,TaK HBZII
BCE YJIEHB — HEOTPUIATE/bHBIE,

30. 3amensem x Ha ax [28] u npmverﬂeM 15.

31. [G. Pdlya, Arch. d. Math. u. Phys., cepus 3, 1. 23, ctp. 22,
1914.] M3 19 BLITEKaeT emle HECKOJBKO Goubuse: JJIs1 CIIPaBelJIHBOCTH

BTOPOTO YTBEPXK/EHHA BMECTO CXOZHMOCTH ) @& JOCTaTOMHO YK,
n=0
uyrobbl lim a0 = 0.

A—~»CO
32. [Ipu a=1 Burekaer us 4. Cm. 28.
33. ToxnecrBeHHo ¢ 21. BriTekaer Taxxe u3 31.
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34. [Laguerre, 1. c. 1, cTp. 22. B ;10Ka3aTesbCTBE HMEIOTCH
npobessl.] Tlpn =1 BeiTekaer u3 5 [28].

85. Ecau cpen uucen ay, @y, Qy ..., G, JHIIb OJHO, CKAXKEM dg,
TJMYHO OT HYJsl, TO Bmpame}me cJeBa npusoamcn K [POH3BEJEHHIO
ST S B ).
PiP2...Pa < Pi + + P2 + +

X x2
( +p—a+—£+...).

Psia, TOJyYyaloLIMica B pesyJ/bTaTe NepeMHOMKEHHA, OYEBUIHO, COBCEM
He OyJeT cojepikaTb IepeMeH 3HaKa. IIpumeM Telepb, UTO Teopema
JIOKa3aHa A1s BceX NOC/eJOBaTesbHOCTEH, COoAepIKallUX OJHHM (HEHY-
JIEBHIM) YJIEHOM MeHbllle, YeM HHTEPEeCyiollas Hac MOC/e10BaTeIbHOCTh

Qgy A1y Qg -y Gy, 11YCTh @, OyAeT mNepBHI HEHYJAEBOH 4JEH 3TOMH
nocJjejoBaresbHocTH, 0 << a << n. ITonoxum
Ay 1X Q10X a,xn"%
O a-+1 Q52 . n —_
T ei—% T Ban=2 Gan=a T T Gan=n. 52—
=04 Bx4 B,x® ...
O603HauuM YHCJO TNEpeMeH 3HaKa B ITIOCJEA0BATeJbHOCTH
Qoy Qi vovy Quy Qoiry +oey Qg yepes {a},
0, ausy Gaigy -0y Qn » { }s
Ay, A, A, A L » 1A},
0, B;, B, B, ... » { IR

CorsiacHO TpeanosoXeHuo
{B} < {b}.
ITycts ag Oyner neppelfi HeHyJeBol uJeH Toc/ieloBaTelbHocTH O,
Qgi1y Ogrgs -+-y Gy TOTAQ .
—sgh (aqay)

{a}={b}+—-

Ho nmepBuifi HeHyJeBoif uieH mnocaenoBatesabHocTH 0, By, B,, ...
COBMaJaeT Mo 3HaKy C ag. I103ToMy uYMCJIO TiepemeH 3HaKa B TOCJE-
JOBaTeJIbHOCTH @y, B, B, Ba, ... paBHO

—sgn (aqap)

{B} —l— —
Tenepn

Ao+ Apx+ AP+ ) (pr— ) (P2 — %) ... (pa— %) =
=x*(ag+ B+ Bpx®4..)
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clesioBatesibHO [31],

sgn (aqga
{A}<{Bl+____(“_f3’_
Orciona {A} << {a}, u. u Tp. A
36. HyCTb ey, Gy, ..., Oy — NOJOKUTEJNbHEIE HYJIH NOJHHOMA

Px)=aytax+...+a.x"
P (x)=Q (%) (21— x) (g — %) ... (ay — %),

o

rie Q(x) —mosmuHOM (7 — N)-fi cTemeHu C BeIECTBEHHBIMH KO03(h(du-
unentamu. Ho reneps y Q(x) KoaMuecTBO mnepaMeH 3Haka =0, y
Q(x)(y—x) oo =1 [30], v Q(x) (o, —%) (3 —x) OHO =2, ...,
HakoHer, Vv Q(x) (¢, —X)(g—x)...(ay—%) oHO =N, u. u Tp. A.

7. Ilycte a, 6yler mnepBHil H a,— IOC]EIHHI HEHY/1EBOIT
KosboduuHeHT moauHoMa P (x), a << ® (HHTepeC NpeAcTaB/IfeT JHUIb
cryuall a << o), ganee 0 <CE <o <o, <<..<say<< X <<co. 114§,
JOCTaToyHO G/H3KOro K Hy/o, H X A0CTaToyHO GOJBLIOr0, OYEBUIHO,

sgn P (8) =sgna,, sgnP (X)=sgna, I8, 9]

B coenumennn ¢ 36 mogyuaem: ecan W =1, To Takse u N =1,
Brnpouem, 3To HETPYAHO YCMOTpeTh H HenocpenactseHHo [II1 16].
88. [Laguerre, 1. c. 1, crp. 5.] Ecat W koHEUHO (a TOJIBKO 3TOT
cnyuall Hac 3jech H MHTEpPeCyeT), TO BCe HeHYJeBble KO3huUUeHTLE
JOMKHBl COXPaHATb, HAauMHAsA C HEKOTOPOrO @, TOCTOAHHEBIA 3HAK.
Otciofia cneiyer, 4YTO ®-5i [POM3BOAHAA CTENEHHOro psja Boobnie
He ofpauiaetcss B HyJb B HHTepBase 0 < x <, 3HAUUT, B 3TOM HHTEp-
BaJle CTETCHHOH pfAJ HMEET JHIIb KOHEUHOE UHC/IO MOJICKHTEIbHEIX HY-
Jefi [12]; o6o3HauMM HX uepe3 oy, @, ..., Cy. 10r[a CTENEHHOH psj

Ao+ a1x-+asx2-+... o o
) (=) (g =) 0O

6yaeT npeicTaBaATh QYIUKURIO, PEryJApHYIO B KPYIC CXONHMOCTH pAjia
Qo+ axta,x*4-..., H, 3HauuT, O6YyJeT CaM CXOMHTBCIA B TOM Ke
kpyre [Hurwitz-Courant, crp. 49,266 *)]. Uncno nepemeH 3HaKa
B psge . by bux+ byxt ... HeOTpHUIATEJbHO, H YTBEDPKIEHHE TEO-
PeMHl BEIBCJAMTCS TENepb H3 BTOPOTO ciaydas Teopemsl 31 COBEpLIEHHO
TakHM ke obpasoM, Kak 36 H3 30.

39. Pamuyc cxonumocTn paseH enuunile. CrenenHofl psg npy x=0
HMeeT 3HaueHHe 2, a NIpPH X = | — 3HaueHue

SN S N L

Takum obpasoM, uuciao HyJdeli B uHTepBane 0<Cx <1 -—uernoe [8].
Ho, ¢ apyrofi cropoHsl, oHo He npeBocxoZuT eanHHust [38). CregoBa-

HUnmeem

Y Typeuy, ctp. 75 u Kypaur, crp. 92, 'ypeuu—Kypanr,
crp. 62, 341 —342. )
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TebHO, OHO PaBHO HYyJ/O. Takie M HeNMOCPeACTBEHHO BHIHO, UTO JJIA
BCEX KOMILIEKCHBIX SHAueHH#l Zz BHYTPH eAWHHYHOIO Kpyra |z |<<l1

>2—ﬁ'—‘§._3'...:l.

40. Ilycrts a,—nepBuil HeHy/nepoll Ko3hduHUHEHT U ® — MOCIE]-
HEE MECTO NMepeMeHHl 3Haka. Torda ~

lim x% (a4 ax+ayx®+...) =ag,

x—0
11m0 (@+ax+tax*+..)=-+4co-sgna, [8, 9].
X—>p— .
41. |C. Runge, cm. 1. c. 31, ctp. 25.] Cyuait nysaeit < g, 3a-
MEHOH X Ha — X IpPHUBOJMM K CJy4ar Hyjae#i =&, a noc/e1HHH 3ame-
HOHl X Ha x-+const. — K TOMy 4acTHOMY C¢Jy4aro, Koraa 5, > 0. B stom
YacTHOM CJAy4Yae MoJaraem

aa+a1(x—-1)+az(x—§1)(x—§2)+ A =Bk —8) .. (6 —8n) _
(x—8&) x—&2) .. (x-—-gn)

a
=0+

3
U .
R (a—f—*fc*)('alr—%)--‘(é—%)

TlonyyeHHBI cTeneHHOH psAl CXOAHTCH MpH x >>E, U obsajgaeT Bcemu
Tpe6yeMEIMU HYJISIMH, YHCJIO HX HE NpEBOCXOAHT YHC/A NepeMeH 3Haxka
B nocsenoBatespHocTH Ay, Aq, A, ... [38], mocienHee ke He mpeBoc- -
XOJAMT 4MCJa TepeMeH 3HaKa B [0C/IeJOBATEIbHOCTH g, dy, O, - ..

.y Qpy, A, |35, 6, 7], uTo u TpeboBanock AoKasaTb. UTO pasHOCTH
MeXIy OOOHMH 4YHCJaMH HE MOXKET OBITb HEUYeTHOH — JOKasHiBaeM,
Kak B 37.

42. [lnsa cTeneHHoro psiza

= (=W ab =

B ofosnauenuax 38, 40 umeeM W =1, caezoBatesbro, N =<1 [38],
Janee, Tak Kak p=o0, 10 1 —N -—uerHoe [40], cneﬂoaaTequo
1 — N =0. Ilycrs X, 6yJeT T€NEPh eANHCTBEHHBH HYJ/1b QyHKIMY [, ().
ITpu npoxoxieHnn x uepes X, sgnf,(x) mepexomur or +1 K —1
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[pewenne 40], cnepoBarensHo, npu f,(a) >0 Takxke x,—a>0. Ho
npn $ukrcHpoBaHHOM a lim f, (@) = (1 —2) e*. Tax Kak a IPOU3BOJEHO,

n=»>oo

To orciofa lim X, = oo, Hakowern,
n—o
xﬂ xﬂ .
—1 —1
fr (¥n-1) = fa-y (Xa-1) + nn! = nn! >0,
T. €
Xn > Xp-q-
43. x5(e*—1) HuMeeT OJMH MHHHMYM H HH OJIHOTO MakcHMyMa,
u6o
[ee]
s (o — 1) = 6 (56 — 5 — xo*) = — x-b 5=n n
o [0 (e —1)]= —x° (5 — 5 — xe¥) = — P ,

n=1

a 3TOT psAJ HMeeT JIHIb OJHO MECTO IepeMeHbl 3HaKa, HMeHHO n=06
[38, 40]. (3axon usayuenus Iliranxa.)
44. PaccvaTpiBaemble HyJM TPHHaAJERaT TaKkKe psdy

(1—=x)ytaptaxtax+ ...)=
=ay+ (@ +ar) x+ (@ +a,+a) ¥*+ ... [38].

45. [Cu. M. Fekete, Rend. Palermo, 1. 34, ctp. 89, 1912.]
[NosmHoM HmeeT HynemM x=1 u npn ymHOXKeHHH Ha (I —x)™% naer
CTENEHHOH pAJl ¢ HeOTpHuaTeJbHBIMH KoatbduuueRTamu.

48. [G. P6lya, Deutsche Math,-Ver.,. 7. 28, crp. 37, 1919.]

TTonoxum
163
v
f(x) = Zl (Tﬁﬁ) xV.
V=
ITpouaseneHue
(1= f () =2+ =P —xf— .. — x5 T80 L 14x67 .

oo 1634191 4 1634162 (1 — x)-1

HUMmeeT JBe TepeMeHnl 3Haka. Orciofa cJefyer, YTO YHCJIO HYyJeH

B uHTepBane 0<Cx <1 JomxHOo Otk pasHo O mim 2 [38, 40]. Uto

OHO paBHO 2, yGexjpaeMcs caeayiouum obpasom: npu 0 < x << 1 umeem
10 ’

v )5S
x-lf(x):_z (m)x"‘l—xlo—xu—~x12+x13+x1“+x1"—i— <

v=1
< i (TZS%) V1 x18 (1 — x) 2,
v=1 ’

noc/lefHee ke BhlpaxeHne npu x==0,7 Gyzer paBHo —0,00995...
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47, Tlyctb N~ —unciio oTpHuaTtenbHeIX HyJe#, Nt — uncio noso-
JKHTEJBHBIX HYyJeH, 3HayHT, B 0003HAUEHMsX peleHHs 29 n=N"-+|
4+ a4+ N*. Hmeem [pewenue 29]

n— (W +at+WH=NW"-W)+@W+—W)=0

u [36]
N —W~ <0, Nt—W+<0,
C/I€/l0BaTebHO,
T—W =0, N*t—-W+t=0,
g, U Tp. A '

48. Ecau 6bl onpenesnuress Gbl1 paBeH HyJiO, TO COOTBETCTBYIO-
masi OJHOPOJHAs CHCTeéMa HMeJa Obl HETPHBHAJBHBIE DEIICHHS, T. €.
cylnecTBoBadd Obl TakHe 71 BeUIECTBEHHBIX UHCEN Cp, Cgy «.ey Cpy
ai+ci+., .+ ¢ >0, uto noaHHOM

e e g

ofpamaics 66 B HY/Ib QAA X =04, %y, ..., O, 1O 3TO IIpOTHBOpE-
ypt Teopeme 36, W60 MOCJEAOBATENBHOCTL KO3(DOUIHEHTOB COJAEPIKHUT
He CoJiee n OTJIMYHEIX OT HyJsl Y/€HOB, 3HAYHT, HE MOMKET MMeThb
n nepemMeH 3HAKa, H TeM MeHee VYKAa3aHHBH IOJHMHOM MOMKET HMETH
7 TIOJNOXHUTENbHBIX KOpHEH o, Gy, ..., Oy. VITAK, ONpejenutenn He
paBeH Hymo. Ecan n=1, on Gonbme Hyas. [IpeAnosoXxuM, 4To TOro
JKe BMJAa ompeneauresns (n— 1)-ro nopagka Oogblle HyJasd., bygem
CYUTaThb @, NEepeMeHHHM. [aK KaK IIpH BO3pacTaHHH &, OT Q,-4 1O
-~ co onpejeanTeNb HE paBeH HYJIO, TO OH COXPdHsIeT TIOCTOSIHHLINK
sHak. Ho npu @, — -4 oo 3xak onpenejurens, GyJeT COBNAiaTb CoO
3HAKOM €ro [VIaBHOTO MHUHODA, SBJISIOUIETOCs OINpeAe/HTeNIeM TaKoro
&Ke BHJa, HO (n— l)-ro mopsixa. CienoBarenbHO, COIVIACHO IIpEAIO-
JIOXKEHHI0 3T0 OyJer 3HaK IUNOC,

49. Cornacuo 36 uMC/0 BeUIECTBEHHHIX HyseH B 0GO3HAUYEHHSX
pelrenus 29 GygetT MeHmlie Wi paBHO W~ 4o -+ W™, crenosarenbHo,
YHCJIO MHHUMBIX HyJIEH GOJIbILE HJH PaBHO

A=W +at+WH)=3"(—k—1)+ 3" {{—k—[1—sgn(aa)]}

Ecmu a0, 50, appi=0aps=...=pign=0, T0 I —k ub0 HeueTHO U
=2m-1, mi6o weTHo H ==2m -} 2.
50. [Laguerre, 1. c. 1, ctp. 111.] Hmeem

p (x) (1 + b1x+ b2x2+- . -+ b.z,,,xz”’) =] — b2m+1x2m{—1+ .

Bripaxenne B npaBOd YacTH HE PaBHO NOCTOSIHHOW, HOC P (X) He ecTh
nocrosiiHasi. C/e10BaTelbHO, 3TO €CTh TOJHHOM, HaBepHOEe HMEIOMIHil
2m muuMbx HyJeil [49]; Tak xak P (X), O NPEINOJOKEHHIO, HMeeT
JIHIIb BEIECTBEHHHE HYJH, TO BCE 3TH MHHUMHE Hme ROMKHb! NpH-
HajnexaTh noJHHoMy 1--byx+ byx® 4., .4 b, %"

51. [J. Grommer, J. fiir Math., T, 144 CTp 130—131, 1914.
Has  momumoma P (x)=(l —xx) (1 —xzx)...(l — X,X) HMeeM [50}
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bom=3S (X1, X3, ..., X,). Ecou 60 by, OBIO HENOJOKHUTEALHO, TO
noauHoM 14 byx+ box® 4., .+ b,,x*™ He MOT OBl HMETh 2/m MHHMBIX
KOpHEH.

52. [TepBoe A0Ka3aTenbCcTBO. SIBCTBYET U3 NpejCTaR.Je-
HHA uyepe3 HyJau moauHoma P (x) [51].
Bropoe aokasateancTpo. [IpAMeM Aas ynpomweHus, urto
Px)=(x—a) (¥—ay...(x —a),
e
O<<a;<<a,<...<a,.
Torna [VI, § 9]

cTano OhiTh,

Paccmorpum nosHOM p-fi cTeneHH (p

al P(x) ) i1 .

=3 b =0 = Byt L, )
v=1

L, (x) ofpamiaerca B HyAb JJIf X =40y, dy, ..., A, H, CJIEIOBATENBHO

[36], umeer mo MeHbluell mepe s nepemed 3Haka, Ho yHcao ero Koap-

duunentoB << n-- 1. Caefosareasno B, > 0.

58. Ecan 15 nosMHOMa CTeNeHb, YHC/IO BELIECTBEHHBIX HYJeH
H YHCJIO MHHMBIX HYJeil OyAyT COOTBETCTBEHHO P&BHH #, f, L —~f, TO
ISl ero INPOH3BOJAHOH Te e BejauuuHbl O6yayT =n—1, r—l [1‘)]
sn—1—(r—1).

B4. Ilycte nomunom O6yzer n-# cremenu. Kpome n—1 HyJef,
CYILIECTBOBAHHE KOTOPHIX JOKa3aHO B pelleHHH 12, mpoH3BOJHAA HeE
HMeeT HHKaKHX JIPYTHX.

55. [53, 54.]

56. [Tonoxum

1 1

A+ T=Qu () 1+ 7,
Torna
Q) =1, Quua (1) =—(2v+ 1) xQ () +(1 4+ Qi (1).

Caezosarenblo, Q, (x) ecTh NMoJAHHOM v-H cTenenu. [Tpumem, uto Q, (x)
HMEeT v BEIIeCTBEeHHHX OTJMUHHX JApPYyr OT JApyra HyJed. Toraa
Qvs1 (x) 6yZET HMETHb MO OJHOMY HYJ:O0 MEXK1Y KaxiIbIMH JAByMs HY-
asmu Qy (x) [10], Mexay —co H HaHMEHBIIMM M3 Hyaed Q (x) H
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mexay Hauboapwum H - co. Kpome stux (v—1)42 Hyne# uHbIX
HyJaell NOMHHOM Q. (X) HMEThb HE MOXKeET.
B57. Xox J0kasarenbcTBa — TOT ke, uTo B 56. BosmoxkHa Tak:xe
H HENoCpejCTReHHAs INIpOBePKa, TaK Kak 71 KOPHEH ypaBHeHHA
-1 x (=l 1(n—1)!( 3 n L )=0
x40 x—0r

dx T 1T+x2 2
HMEIOT C/EAYICLIHE 3HAUYEHHS:
7 3n @n—1) =
ctgso, ctgg-, .on, ctg o —.

58. [lna H,(x) nokaspiBaercsl, Kak B 56, B OCTaJbHHX ABYX
cIydasix TPe6YITCs HeKoTophle Monubukaund [16].

DyHKUMH (1 —x%m e*x"; e
HMEIOT HYJMH B Toukax x= —I1, +1; 0, 4 oco; —o0, 4 oo,
COOTBETCTBEHHO MNOPALKA n, n; n, ©0; co, 0.

89. Q,(x) umeer crenens 7 (g — 1) [MoayyaeM ¢ MOMOUIBIO PEKYP-
peHTHO#H Gopmynn, Kak 56]. [lycth p, — UHCIO NONCKHTENbHBIX HY-
JgeiA H v, —KparHocTh Hyas x=0. k3 cooTHoLeHHA

(130 220 (w0t — et g e ) = Q, (3)

noJy4aem

vi=g—1, vo=q—2, ..., vg=0, voyu=qg—1, ...
204
I T. 1. C mepuofoM ¢. Tak Kak, jasee, NOJOXHB ®=e 9 , UMeeM

Q. (0x) = ©'"Q, (X), TO KaXAOMY HYJIO, JexalleMy Ha IOJOXKHTEb-
HOH BellECTBEHHOH OCH, COOTBETCTBYET aHAJOIHYHO PacloJIOMEHHBIH
HyJb Ha KaxJoM H3 ¢— | ocTanbHHX Jyued.

[Tycts Tenmeph TeopemMa BepHa JJifi HEKOTOPOTO 7, TOTAA

Vot gpa=n(g—1).

Tak xak (n—1)-a mnpoussopmas ot x¢1(14x9)! mpu x=+co
ofpaiaercs B HyJb, TO [16] puiy==pn, € vy =0; po=pa+1,
ecnd v, >0. 1 B ToM U B Apyrom caydae
Vot gPan<<n(g—1)+g—1=vatg9p.+q—1,
Va—Vayi+g—1 _{Pm ecH v, = 0,

= Va—VardiTq—1
Pra=<Pnt q pr+1, ecau v, >0.

HOSTOMY 3HaAK =2 Hy}KHO BCOAY 3aMEHUTL 3HaKOoM paBeHCTBa, H
Varr -+ gpr =@+ 1) (g—1).

Ilo "moBopy mnpocToTel HyJefl cM. 55, 56. AHaNOrHYHO NPOBOAMTCH
JoKa3aTesbCcTBO 11 R, (x). BBedennsie ¢ Jydell npeAcTaB/sioT co6oit
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1
CHMMETpPaJ/JHu COCeAHHX MNOMIOCOB (YHKUHH T za» TeM OTamuaio-

mpecs OoT APYrux JIy“IEI:"I, NIpOXOJAILHX 4Yepe3 HavaJo KOOPAHHAT, YTO

BIO/b HuX (yHKUHsA e* HanGosee GbicTpo yomBaer, (Cv. G. PSlya,
Math. Zeitschr., 1. 12, ctp. 38, 1922.)
60. [Ipn nepexoge or

a, + (T) a;x + (g) X+ Faxn

n n
ax" + (1> a1 (2> ax" ... ta,
UNCIO MHHMBIX HYJIeH He H3MeHSeTcs, IpH Iepexoje K
—1 n—1
n [al—]— (" 1 )a2x+ ( 9 >a3x2+. . .—[—a,,x"“‘l]

— He yBesnuuBaercs [53].
61. Yrounss teopemy 60 [cM. 54], HAXOAMM, UTO IOJMHOMEI

2 2 2 2 3 n—94y2 n—1 n
X2+ 2mx+md, mxt+2mix+md, ..., my T 2ml T ix4-my
HMelOT BelllecTBeHHBle H IIPHTOM mpocmvie HyJaH. Ilostomy

2 2 [ 3 "n—3q n—2mn
m>md, mi>mm, ..., m*2>mr=im?,

OTKYy/Jia NOCJeJ0BaTeNbHO MOJydYaem

& 3 N —9 n—2mn
m>m, mi>mmi, ..., mir=2>mr=imn,

62, ITpuBojuTCca K MCC/IeIOBaHHIO HY el QYHKIHY e-%% ‘% [e®*P (x)]

[6, 16]. h ‘ ,
63. He napymas OGLIHOCTH, MOXKHO TpPeANoJOKHTE, YTO a, = 0,
ITonoxum

Gyt apxta Pt Faxt=a,(x +oy) (¥ + ). (xFan);
3ajfaya NpPUBOJUTCS TOrJa K HCCEJOBaHHMIC HYyJed QyHKUHH

4

—a,x 4 (o, —a, )x d
a,e dxe nTn Ixdx

e(B2a— %)% ad; 1P (x).

IToBTOpHOE mMpHMeHeHue 62.
64. Ilpenenbuniii cnyyaii Teopembl 63; NpHHUMAsi-Bo BHHMaHHE
III 201 u nonarag n=2m, uUMeeM

x2\m
a0+a1x+a2x2+...+a2",x2’"=(1—H) —>e

npu m—» oo,



OTZEJ MSTH 251
65. U aux*+ax"14 ...+ a, uMeer UMb BelleCTREHHbIE HY.IH,
cJefl0BaTe/NbHO, Takxe [63]
d2xn

1 dxn
(anx"+an gy T e gm +---)=

aﬂ xn n-1 -2 n-2 _\_
i ol e Ty (rz 1)! X g X T

66. IToaunom
oP (x) 4P’ (x) = x 1 £ [P (1)] = = (— 2)1 % 1 [(—0)* P (4]

of/afiaer He MeHBIUHM (COOTBETCTBEHHO) 4HcaoM Hymae#l >0, =0 u
< 0, yeM nosinHoM P (x). ,ZleﬁCTBHTeJIbHo, npu a<<—n lim x*P (x)=0
[16] # npu >0 11m X*P (x) = o
67. [Laguerre 1. c¢. 1, crp. 200.] Ypasuenue
y (0F0) 40y (140) x40y 2+ ) .., (0 o) 27 =
HMeeT He MEHbIIE MHHMBIX KOpHeH, 4eM ypaBHeHHe
Ayt x+axt+.. . Faxt =0

[66]. 3neck Q(x)=x+ca. IlpnvMeHsieM NOBTOpHO.
» [lpenenpHell ciaydall Teopembl 67. Ilosaraem

Q) = (1+ 552" > =,

69. [Laguerre, 3anaua; pemenue —G. PSly a, Interméd. des
math., 1. 20, crp. 127, 1913.] Ilycrb o BewecrBeHHo. [ToJHHOM

_ aV x\™ o 'l/;)”'
Qe =(1+212" ¢ 12l
HMeeT JIHIUEL BellleCTBEHHblE OTPHIATe/bHEIE HYJH, UMEHHO [57]

S L P Y™t A LR ML

Ilpu q=e" ypaBHeHHe 3aJaul ABJAETCS IpeJenbHBM CAYHaeM ypaB-
HEHHS

aQ(0) +a,Q (1) x +a,Q (2) ¥ +.. .+ a.Q(n) ¥ =

Korlla m—co [67, 111 201].

70. Tlonaraem @ (x)=[(x) —a—bx, O (x) =D (x,) = D (x;) =0,
X, << x, < x3. Torna @’ (x) uMeeT TMO OJIHOMY HYJIO B KaXKJOM H3 HH-
TePBAJIOB X; << X <= Xy H X, <= X << X3 [10], u, caefoBatesbHo, B (X) ==
= " (x) UMeeT OJHO H3MeHCHHe 3HaKa Mex1y X, U X3 [25].
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71. TTo npeanoJyokeHuo,
DOx)y=f(x)—aqy—ax—...—a, x*1!

(@9, @y, ..., Qyq—TIOCTOSIHHEIE KO3GOdHIHEHTH) HMEET B HHTepBase
a<tx<<b n+1 nyas. IlpuMenss nocaegoBaTesbHO # pas 10, Haxo-
JuM, YTO BHYTPH YKa3aHHOI'O HHTepBaJsa CyllecTBYeT TaKas Touka E,
aro O (€) =) () =0.

72. PaccmatpuBaemast pasHOCTb uMeeT B Touke x =0 7 cobna-
pawomux HyJdeld. Ecau 6bl oHa nMesna B HHTEpBate — 1 << x < oo ernle
omuH, (n-4 1)-# Hysab, To B 3TOM HHTepBaje Jo/KHA Gblna Gl ofpa-
marecst B Hyap ¢yskuds (14 x)*» [71], uro HeBepHO.

X x2 xn—1

783. PasHoctb e~ 11— — 57 —...— (A1 HMeeT B Touke x=0
HyJb KpaTHOCTH A, Torfja Kak e* Boofile He uMeeT HyJeil. ¥YTBepx-
JleHHe BBITEK2eT M3 71 TeM XKe IyTeM, 4TO M 72; BIIpoyeM, IO Cylle-
CTBY OHO paBHOCHJABHO ToMy (akTy, 4T0 (YHRuHA ¥ npu x<<0
00BepTHIBAETCS] CBOMM CTeneHHBIM psifom [I 141].

74. [J. J. Sylvester, Mathematical Papers, 1. 2, ctp. 516,

Cambridge, University Press, 1908.] Jlocrarouno rnokasarb, 4To
X x2 xn '
1+j|‘+v§!‘+ ---+,7=fn(x)

HE MOXKET HMeTh JByX COCeJHHUX OTpHUaTedbHH X HyMeH. [led-
CTBUTEJILHO, ecyid OBl @ U b OblIM TaKoBBIMHI, TO Mbl HMeJNH Obl

fo@=Fa (@ + 5 =0, fa(b)=Fa(b)+55=0,
sgn fr (a) =sgnfr (b) % 0;

frn(x) uMena 6bl B uHTepBale a<Cx< b cormacHo 8 wuerHoe, a co-
raacuo 10 HedeTHoe uHuc/ao HyJei!

75. Tlpn /=1 acno. Ilycts Teopema Nokasana A caydas /—I1
nokasarenbHelXx ¢ysxiuii. Ecan g (x) umeer N u

ml dm; @
— X — X
g () ="7 g (] = g () — Pr(x)]
dx ! dx *

N* pellecTBeHHBIX HyJeH, TO

N¥*=N-—m, [12].
Ho, ¢ mpyro#i croposs, B g* (x) BXogar quumib [ — 1 ToKasaTenbHEIX
¢dysxuui [c nokasarensaMu (@; —ap) X, ..., (@4 — @;) X; OTHOCHTE/IBHO

cTeneHel BXOJAIIMX MoJHHOMOB cM. 62]. Otcioja COIJacHO IPejnoJo-
KEHUIO TIoNyyaeM

my+my+...Fm_—1=N*
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76. [Cm. G. P61y a, sanaua, Arch. d. Math. u. Phys., cepus 3,
1. 28, ctp. 173, 1920.] Ecom 6Bl onpenefurens ofpauialca B HYJlb,
70 COOTBETCTBYIOHas OJHOPOJHAA CHCTEeMa HMesa Obl HETPHBHAJbHOe
pellleHHe, T.e. CyIIeCcTBOBaJH Obl TakHe 7 BElIECTBEHHBIX YHCeJ ¢,
Cr oens Cny CiFCi.. 42 >0, uto nenasn QyHKuuA

e 4 P Lt cefe®,

ye GYAyUH TOXKJAEGCTBEHHO paBHOH HYJIO, oOpamianack OH B HyJb LJIA
=0y, Qg ..., Op. HO 3TO IpOTHBOpPEUHT NOKa3aHHOH B 75 Teopewme,
Mo KOTOPOH TaK NOCTpPOoeHHas (YHKHUA HMeer camoe Goublloce 1 — 1
BelllecTBeHHBI HyJab. Ilo noBoly 3Haka cm. 48.
77. [Laguerre, 1. c. 1, cTp. 3.]
o0

78%). Psx Tdupuxaer ) @6 MOXKHO BHYTpH ero 0B/acTH
n=1
cxonuMocTr Aud¢epernpoBaTh NOUEHHO; ClelyeM Ge3 BCSKHX H3Me-
HeHHH XOly J0Ka3aTesbCTBA TeopeMbl 77.
79. [J. J. Sylvester, 1. c. 74, cp. 360, 401; cm. 1. c. 31,

erp. 30.]

1. Eciu ay, @y, ..., @,—BCE ONHOIO 3HAaKa H M -YETHOE, TO
W =0 u, oyesuAHO, Takke N = 0.

2. Ecov a4, @y ..., @, —BCE OJHOIO 3HaKa M M — HEUETHoe, TO

W=1, H TaKk KaK
P’ (0) = may (x =M™t az (x— M) a, (x—A)m 1]

HII1e He ofpaulaercd B Hyab (cM. caywail 1), to N=<1 [10].

3. Tlyeth aq0041 <0, 1 =<a<n, u Teopema JoKasaHa AJIs Cjydas
W —1 nepemenbl 3Haka. Ilycts P (X) =box™ 4 byxm14- ... - b,.
Brifepem A Tak, 4TOOBl Aq<<A<Agyy, P(A)5=0 u by4-Amby =0
B TpeANoJoKeHHH, 4To by == 0. IlonoxuMm

P(x)(x—Am=F (x),

(x —A)™1F (x) = af (x =A™ 1. Fan (x = A,)™ 1= P* (x),
e av=mM,—MNa, (v=1, 2, e n). Uucao nepemeH 3Haka
B NOCJIelOBaTeNbHOCTH af, ai, ..., an, (—1)™1aj paBHO

W*=W-—1.

Ofo3nauas uepe3 N* YHC/IO BellleCTBEHHBIX HyJeil mosuHoMa P* (x),
OyeM uMeTb, MO TIPEIINOJOKEHHIO,

W*=N*,

1) B pewennax 78, 80— 84 HeoOXoaHMHe PAcCMOTPEHHS BONPOCOB CXOIHMOCTH
He TMpPOBOAATCA, OAHAKO PE3yNsTaT HX HeNoab3yeTcsi. Tlo MOBOAY HX PaccMOTPeHHi
oM., Hanpkmep, E. Landau, Minch. Ber., 1. 36, c1p. 151, 1906.
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3a. Ilpu by=£0
1' F(\’) —_ bo -
B = T By 7 O
Torpa nu6o sgnfF(x)=sgnF’(x) B OKPeCTHOCTH TOYKH ¥ = — CO,
nu 60 sgnF (x)=-—sgnF’ (x) B OKPECTHOCTH TOUKH x = -} oo, [Ipume-

Hisg /6o 14 K (— oo, A) (HauaexaiuMm o6pa3oM) H OJAHOBPEMEHHO
12 ¥ (A, +o0), mbo B cayuae HeoOXOAUMOCTH HaoGOpOT, B TOM H
JpYyIoM CJIyyae ToJydaeMm

N¥=N-—-1.
36. npﬂ b0=b1=.-.:b5_1=0, bs#o
lim f®» __ 1
x—c0 XF'(x)  s§°

Tenepb mpu x—>—oco umeeM sgnfF (x)=sgnf’ (x), npu x-—>-+co
umeeM sgn F (x) =—sgn F’ (x). Ipumenss 14 k (— oo, A) 4 (A, +00),
noJyuaeM Jaxe, 4to N*¥ = N.

80. [Laguerre, 1. c. 1, c1p. 29; cm. G. Pédlya, C. R., 1.156,
ctp. 996, 1913.] Ecmu Z =0, 10, oueBuino, W =0, [lycTtb Teneps
Z>0 u Ay—oOUuil KOHel IBYX COCEIHHX HHTEPBAJOB, B KOTODPHIX
¢(A) uMeeM INOCTOSIHHBIE, HO NPOTHBOMNOJOXKHBIE 3HAKH [cTp. 49].
Torna yneso n3MeHeHHH 3HaKa QYHKUHH

o*(RM)=R—21 @ (%)
Gyner Z* =7 —1. Yucao N* myne#t ¢yHKuuu

F* (x) = e 2 [eF (0] = | o* (1) e vdh
1]

6yaer Conplie nan pasHo N —1 [12]. Hasnbplie mpumMeHsieM paccyx-
JEHHE O MCTOAY IOJIHOH HHIVKIHH, Kak B 77, 79.

81. [Cu. L. Fejér, C. R., 1. 158, crp. 1328 — 1331, 1914.]
Uncno N BellleCTBEHHBIX HyJell (QyHKuHu

F(x)= §Of (Htx dt = o§ et fleh) et dh
0 —0

He MeHbIIE YHCJA NepeMeH 3HaKa B I10C/el0BaTebHOCTH gy Ay, Gy ...
B ueM yOexpaemcsa mnpsmuiM noicueTom [8, 9]. B cayuae 1 umeem
F(n)=a,, B cayuaax 2, 3 F(n)=0. Beibop npeaenoB uHTErpupoba-
Hust (0, oo WM — o0, 00) He OKashBaeT BJHAHHA Ha JloKasaTeJb-
ctBo 80.
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82. HurerpupopaHneM Mo 4actaM IoJydaeMm

[e2] [os]

{ o) e dh=1x{ D) e* dr
0

0

B CJyuyae, ec/H MHTerpal B JeBoH dacT# cxoaurcs H x>0 [80].
83. Cymmupys no yacram, momyyaem

Z Qe = Z @+ ayt.. .+ ay) (7 — e hut®),
n=1 n=1
ecid pAd B J€BOH uacTH cxoputcd H x > 0. Ilosoxum
o(A)=a,+ay+...Fa, mpu A, =<A<<h,, (n=1,2,3,..).

Torga paccmaTpHBaeMblii psil NMPHHUMAeT BHJ,
A

il n+1 o) R
x D atagtota) | edi=x {oM) e an,
a=1 a e

n

Uuncsio u3MEHEHHH 3HAKa KYCOYHO-TOCTOSHHOH QYHKIHH ¢ (A) paBHO
YHc/ly IIepeMeH 3Haka B Noc/eJ0BaTe/IbHOCTH 4y, 4, +a;, a; + a3+ as, ..
[80].

84. lmeem

[os]

nla, N T®T(tl)
2 YD) . ) _n}; S Toadna) =

n=1

—Z gtxl1—t)ndt—§tv1f(1—t)dt—§e~’~xf(1
n=0 0
[80, 24, 44.]
85. [Laguerre, 1. c. 1, cTp. 28.] TTosoxum

P =an{ ) " am (oo et )

\ Xp

Torna 6yzer cymeCTBosaTb camoe Gospbmiee n— 1 wesoe yuciao k&,
AJ19d KOToporof =0 [75, Taxxe 48]. Tlostomy paz

ZaFocvx Zpk(a +apk ... aof) it =

V==

M8 T

= il (k) x*

k=0

Il

HE MOMET TOXJECTREHHO ofpalllaTbes B Hyab. IlpuMenss 38, 8, 83,
HOJy4aeM, YTO YHC/IO TOJOXHTENbHBEIX HyJeH ¢yrxuud @ (x) He npe-
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BOCXOJHT YHCJa NepeMeH 3HakKa B IocaefoBateasHocTH pof (0), pif (1),
pof (2), ..., 4HC/IO TIONOKHTENBHEIX HyJeH dyHKUHM f(x) He npeBoc-
XOJHUT YHCJa IIEPEMeH 3HaKa B IIOCAEIOBAaTeJbHOCTH @, Gn + Gn-q,
Gt 1+ an-g ...

886. Oynxuus Buja

o F (xBy) +-6F (xBs) +. .. cnF (xBr)

He Moer HMeTb Gojee n — 1 mojoxurtenbhoro my.as [85], caenora-
Te/bHO, HABEPHOE He MoxKeT o6pallaTbCs B HYJb NpPH BCEX 3HAYCHHAX
X=ay, %, ..., %,. lenepp paccyxkpaeM, Kak B 48, 76. Moxuo
[OKa3aTh, YTO ONpeJeaHTes b GoJbllle HYAS., ITO yTBEpXKIEHUE B CIY-
yae o,= [, BHTE€KaeT Ha OCHOBAaHHH TEOPHH KBaJpaTHYHHX (HOpPM
H3 TOTO, YTO

Z Z F (o) X34, = Z Pi (ofx, ok, 4. aky ) =0,

A=1p=1
87. Ilpumeym, uto npaBujo [lekapTa IpUMEHHMO.
1. Ilycts
v, <v,<vs<<...<w;=<<n

toraa W {hy, (%), ... Ay, (x)]#0 B unreppane a<<x <7 b. [leficTBu-
TeJbHO, ecad OBl 3TOT BpOHCKHaH oOpallaicsi B HYJb B HEKOTODOI
TOUKE X = X,, TO MOXKHO OBblJIO Obl HAUTH [ TIOCTOSAHHBIX . C1y Cpy -+ y Cry

-3+ .4 ¢i >0, yAOBJIETBOpPSIOMUX CHCTEME OAHOPOAHBIX YpaB-
HeHHH

Chy (%) Gy, (x0)  +..Fahy (%) =0,
ahy, (%) F6h, () 4. Fahy () =0,

@ s & s s s s e % e ® 6 8 e e 8 . m e & e s e e s a0

el (%) +ehlT o) 4 ekl (1) =0

W, SHAYHT, GYHKUHSA Cifiy, (x)—{—c2 v, () +.. .+ chy, (x) nMena  Gol
B TOUKe X, HyJb [-ro nopsiika. Ho 3To MPOTHBOPEUHT TOMY, 4TO KO3(-
(PMLHEHTH ¢;, Cy, ..., € MOTYT HMeTb caMoe Gogbliee [ — 1 mepemeny
3HAKa.

2. JokaxeM, HampuMep, 4TO Bce BPOHCKHaHH (7 — 1)-ro mopsjxa
umeror o6mui 3Hak. Ilyceth a<<Cx,<<b; onpenenuMm ay, Qs ...,
M3 CHCTeMbl ypaBHEeHHH

ahy (%) el (%) + . anhy (%) =0,
ayhi (Xo) + ash; (%) + .. ashi (x) =0,

L T R T S S S T A )

ah" ™ (%) +ah ™ (k) ...+ @bl TP (%) =0,
ah ™V () Fahy TV (x) F . @ TV (k) = 1
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clpefeHTe b KOTOpOH He paBeH Hy w0 (cM. 1). PyHkuus
a3ty (%) F @hy (0) + . aaltn (%)

BHYTpH HHTepBana [a, b] umeer n—1 Hynp (MMeHHO HyJb (n— 1)-ro
nopﬂ;n{a B TOUKe X,). Ilo3TOMYy TNoOC/Ie10BaTENbHOCTE KOS(BDHIHEHTOB

...y O, VMEET B TO‘IHOCTI’I n—1 nepeMeny 3HaKa. [10JIOKHM
(—-1)" W Ay (x5}, Ay (Xg)y «vvy hn(Xp)]=W. Toraa Bce uHcna

aIW::‘W (h'.’.-‘ h37 hn)v —a2W=W(h1, h31 cery hn)v
aSW:-'W(hl, hz, h-l’ ey hll)? s

(1. e. BpoHCKHaHH (1 — 1)-TO mopsAAKa, B3SITHE B TOUKE X =x,) 6yIyT
HMETb OJHHAKOBHIA 3HaK, 4. ¥ Tp. [. '

88. Ilpusnak 87 aaa cayuaes [=1, 2 o3Hauaer, ut0, ¢ OfHOH
CTOPOHBL, hy (%), Ag(X), ..., hn(X) HMEIOT OAHHAKOBBIE '3HAKH, C APY-
rofl CTOpPOHEI, TakXe

2 d h,
(hlv 2) ldx "/;f—, W(h2, ha) hz—*‘f cee

HIMEIOT OJUHAKOBHE 3HaKH. B 3TOM MOKHO YOEIHTHCA TaKXKe H Hero-
CPECTBEHHO.

89. Iycrs [sn—1, l=v,<... <V, <<V <...<V,<<n.
Hwmeem [VII 57]

14 (hvly hvzy ceey hv}-_, hm hv!’+1' veny hvl) =
hvl hvz hV- hV~ 3 th

et g T g T )T

141
a'W e T

} . r ! h . ’ ) ’
—h’+‘W[— ”%1> AN i
= flg, hv ) esey _‘\‘/la/ y \ /la ceoy ha .
90. Ilycrs npaeuno Jdekapra IpHMEHHMO K cucteme 72— 1 JolHIX

GyHKnui, yAOBJETBODHIOMMX YCIOBHSM, HaJOXKEHHRIM Ha COCTaBJIeH-
Hhle H3 HHX BpoHCKMaHul. IlycTe QyHKOMA

F (x) = ayhy (%) 4 ashy (X) +-.. .+ h1n (%)

umeer N Hynefi BHYTpH HHTepBana [ae, b], a mnocnenoBaTenbHOCTH
KO3(dHUHEHTOB @y, s, ..., 4, HMeeT W Tepemen 3naka. Cnyuafl
W =0 scen. Ilyctp Tenepp a-1—Kakoe-HHOYAb MECTO MNepeMEHEE
3gaka. B o6ospaueHHax 89 umeeM

d F()
& hy )

d h ha_ d h d h,
=ala;,;j+...+aa.wlgk oot gy sty |y, &
=—aH(X)—. .. —aqg- 1o 1(X) F e Ho (¥) +. .. Fa,H oy (x) =F*(x).

9 T, Ioaua, T. Cere, 4. 1I
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Ecmu N* —uyucno uynelt dyuxuwu F* (x) B uHTepBane a<<x<<b u
W* —uicsio mepeMeH 3HaKa B IIOCJIENOBATEbHOCTH
— Q1 — Qg vvey —Ag-1s Qat1y o0y Gay

WaIH, 9TO TO ke [3], — B IOC/I€A0BATEILHOCTH

‘—al, ——-612, ceey _aa-l, '—aa, aa+1, seey a,,,
10 [12]
N¥*=N-1, W¥=W-—-1.
BpoHCkHaHH, cocraBaennee U3 GyHruuil Hy(x), Hy(x), ..., H,y (),

yioBAeTBOPSAIOT yciaoBusM 87 [89]. [losToMy no npuHUMIY IOJHOH
HHIYKIHH

N*<<W*,
91. Hmeem
1,2, ..,n
W (M, &, ..., dn) =ttt F)r TT  (,—2)>0.
i<k
92. B ofosnaueHusix pelueHdss 63 umeeM
—ax 4 (¢ —a x4 _d(a_axd
ane T e AU e 1) “IF (x)

=a.f(x —}—a1f () .. af™ (x).

Ilpumensiem 12 n pas, 6 n-+1 pas.

93. [G. PSlya, Tsans. American M. S., 1. 24, crp. 312—324,
1922; em, H. Poincaré, Interméd. desmath T. 1, cTp. 141—144,
1894] Ipumensis (bopmyny VII 62, ﬂoxasbmaew Kak 92.

94. Ilpeinonoxenne paBHOCHIBHO TOMY, UTO HMEET MECTO TOXK-
JIECTBO

A (x) + @y () AP (x) 4 @y (x) B B (1) - @ (1) B () =0,

H pasHocTh f(x)—h(x) B ykasaHnoM uHrteppate n--1 pa3 ofpa-
maercs B HyJab. Ilpumensiem 93 K dyukuun f (x) — 7 (x).

95. [Cm. H. A. Schwarz, Gesammelte Mathematische Abhand-
lungen, T. 2, erp. 296, Berlin, J. Springer, 1850; T. J. Stieltjes,
Oeuvres, T. 2, ctp. 110, Groningen, P. Noordholf, 1918.] Ilpunu-
MaeM, uto | (x,)|~0. O6o3HaunM uepe3 @ 3HaYeHHE OTHOIIEHHS
[P (6) [0 (%) | Pymxuns or x

[Fo () T (60) +ov P (Xna) Fre () | — Q1 e (%) Pr (X2) -+« Qi (Xn1) Pr (X) |

00palllaeTc B HYJb B TOUKAaX X=X, H Xx=X,. [lo Teopeme Ponus
6yJeM HMeTb

|fk (xl) fk (xz) '--fk (xn—l)fl’e (nn) |—
— Q1 @p (x1) ®r (X2) .. Pr (Xuoy) Pk (Ma) | =0,
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i (S
xn~ 1 < Tln < xn-

3aMeHUM Tenepb B JEBOH YacTH 3TOro ypaBHeHWA X,_, Ha Xx. [loJy-

gajortaacs GyHKnHMA or x Oyjaer ofpalliaTbcsi B HyJb B TOYKax

X=Xp-g H X=X, U T. 1. 3aTeM 3aMeHHM 1), 4epe3 x U T. A. Takum

o6pasom, nocie [(n—1)+ (n—2)+...+2 -+ 1]-kpaTHoro npHMeHeHHH

teopeMel Posss Ml TipujieM K TpefyeMOMy COOTHOLIeHHIO Ans Q.
96. Uacruuil cayuaii teopemu 95 npu

¢(x)=1, @ (x)=x, (pa(x)z_—xz, viey (Pn(x)zxngl'

HOCpe}ICTBOM CJIOKCHHS CTPOK TIoJNydaeM

1 xy Xy Xz ... Xp
1n-12n-23n-3 | (n_. 1)1 .................

97. Yacrnmii cayuaht Teopemb 96:
L) =1, fo(x)=x, fs(x) =%% ..., faq(x) =22
98. Yacrunil ciayualt teopems 97:

X1=x, X=x+h, xs=x-+2h, ..., x,=x-+((n—1)A.

99. [L. c. 93.] HepaBencrBa 93 (**) npu 7 =2 Aaior JHIb OJHO
yeaosue: h(x) >0. Ilo Teopeme o cpeHeM 3HauyeHUH

SR S 1 o Y (C R 3 IO et 2 3 )

h{a) B | ) fixg) hx  h@x) REEIFE) FEI
ITonaraem

d hy(x) _ d h,_i(x) d [

dx h1(x)_'H1 (X), e Ay hll(x) =Hn_2(X), EW=F(’C)'

Q#



260 PELWIEHUS

Ilocne (n— l)-KpaTHoro mnpuMeHeHHs TeopeMsl Posig mnosnydaem
[pemenne 95]

hy (%1) hy(x) oo B (xp)
1 Iy (1) ha (x2) ... By (xp)
P () ) oo B ) s () B () e Bt ()
[ D) & o Flxn)

1 o ... 0
Hy @) ... HiEn-1)

_ (x” _ xn-l) (xn—]_ — xn_2) e (x2 - xl) . e Tt y
ﬁ;%f&)]) HpaEs) - HyaGniy)
1A

T PG e F G
The X, <E <x,<E<<...<x,,<%, ;<x, Ilpeo6pazyeMm BpoOHC-
KHaH, CTOSIUHH B NIPABOH 4acTH JOKa3s5IBAEMOro COOTHOLUEHHS, COrJac-
Ho VII 58. ¥cioBus 93 (**) dynkuuamu H, (x), Hy(x), ..., Hpy (%)
yRoBserBopsitorcs, [89.] Ecan Mpl npumeM, 4TO TeopeMa JOKasaHa
aasi n—1 dyukuun H, (x), Hy(x), ..., Hpy(x), F(x), To u3 yka-
3aHHOrO mpeobpa3oBaHusi GyJeT BhITEKaTb, YTO OHa CHpaBelIHBa
TakKe 1ia n Gysruf Ay (X), hy (X), ...y A1 (x), f(X).
100. YactHui#t cayuail Teopembl 99:

By(x) =e™ (v=1, 2, ..., n—1),
f(X)zean' Xp =20y ('_1,..—_.1’ 2’ ces n).

CoorBercTBy!OlINEe BPOHCKHAHBL NOJMOXKHUTENbHE [91].

101. JlunefiHple npeoGpa3oBaHUs TMJOCKOCTH Z B MJIOCKOCTh Z',
ocTaBafiomHe GECKOHEYHO YAaleHHYI0 TOYKY HEMOIABHKHOM, HMEIOT
B/,

Z'=aZ+4b.
H3 cooTtHomeHn#
L=mz +mzyt+...+Mazp (My+my+...+ma=1),
2i=az;+b, zi=az,+b, ..., zp=0az,+0b, -
U =mzi+myzit...+ mazn
NoJ1yYaeM

t'=af+0b.

102. Ilycts cHavana 2, 2z, 2, ..., 2, KOHeyHH. Tpebyemoe
npeo6pasoBaHHe HMEET BHA

Z'=ij+b (a==0).
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U3 cooTHoLIEHHH

’ a a a
21:21—2+ba 2;=22—Z+b, sy zﬂ:z_n—‘jvb
U=mzi+mzzt...+mazn (Mg+my+..4my=1),
r a
U=v—+b
nosiyuaem
L f, .
e A *)

nesaBucuMo oT @ u b. Ecau z,=o00 AN HEKOTOPOrO v, TAK YUTO 2
KOHEUHO, TO v-H uJeH B paBodl wacTH Qopmynsl (*) nponanaer. Ecin
z == 00, CNEJOBAaTe/bHO, 2;, 25, ..., Z, KOHEUHE], TO Npeobpa3oBaHHE
TNPUBOJMTCA K NOBOPOTY M PaCTAXKEHHIO W { cOBMajaer ¢ OOLIKHOBEH-
HBIM TIeHTpOM TsikectH [101].

103. IIpu 2=oco sicro. Otciofa B pe3yabTaTe JMHHEHHOrO 0TOOpa-
JKEHHS TIoJyqaeM: NPAMBIE, NPOXOASLINE uepes 2;, 2, (2; = 2), oTO6pa-
JKAIOTC B ¢OKPYZKHOCTH®, NPOXONSALIME UEPe3 2;, 2, H 2; Kaxkpas
Takas OKPYXKHOCTb OTPAHMUMBAET JBE€ KPYroBele 06nacTH; BEIGpach-
BAIOTCA BHYTPEHHHE 00/1aCTH BCEX TaKHX KPYTOBBHIX 0GJjacTefl, KOTOPHIE
He COAepKAaT HH ONHOH TOUKH 24, 2y, ..., 2,. OcTaplascs HEBHIOpO-
IIeHHOH 3aMKHYTasl YacTh IJIOCKOCTH W cocTaBjsieT kak pa3 &,. Ecan
BCE TOYKH 2y, Zgy .., 2n, 2 JICKAT HA OJHOH <«OKDYXKHOCTH», To &,
IPUBOAUTCA K AYre 3TOH «OKPYIKHOCTH», COAEPKKAIUEH 2y, 29, vevy 25
H He cojepxKalleli z.

104. Cm. 103 wiIn k€ HEMOCPEJCTBEHHO C MOMOLIBI0 OTOGpakKe-
HUSL GUrypHl, COOTBETCTBYIOIIEH CJIydalo & == 20,

105. [103.]

106. O6obuenne cayyast 2= oo NOCPEACTBOM JHHEHOrO oToGpa-
KEHHUSA,

107. Ecmu Gl 2 1 {, o6e nexanu BHE K, TO «OKPYKHOCTb», NPO-
X0JIALLas uepes 2 U §, BHE K, He pasziensyia Obl TOYKH 24, 2gy «vv, 2n—
B nporuBopeyne ¢ 106. Ecmu 2z gjexur sme K, a {,—Ha €ro rpa-
HHLE, TO TpHMmeHAeM 106 X «OKPyXKHOCTH», TpOXOAALIEH uepe3 z W
. u Kacawoefics ussse K.

1
108. Tax Kak Tenepb BCe Macchl paBHbI —-, TO corviacHo 102
LeHTp TSMXKeCTH §, ompenenserca Gopmysoit

1 1 1
Qz—z:7(21—2+22—z+ +z —z)
i 1
= + nwz—z_}- o

nw—2z

nw,—2z°'

TA€e Yepes Ay, My, ..., Ny OGO3HAUCHO YHCJIO TEX U3 TOUEK 2, Zs, ... Za
KOTOpbIE COBIAJAl0T COOTBETCTBEHHO C W@, Wy, ..., Wp. TOUKH W,
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Way «vvy Wy, 2 TPEANIONATAIOTCS KOHEYHEIMM. HO panuoHabHEIMH Mac-
n n
caMH —l 7}, cee -nk MOXKHO aNMpOKCHMHPOBATh C IPOU3BOJBHOH CTe-
nebeo TOYHOCTH mobpte &£ Macc ¢ cymmoli 1. OTHOCHTENBHO CIy4aeB
Wwy=00 WIH z=00 CM. pewenne 102,
108. K touxe 2;, TakKe B TOM cJyuae, Koraa z;=o0. CMm. Qop-

Myny B pemenun 102,
1
110. Tax kak Tenepb BCe MaCChl PaBHEl —, TO CONvacHO 102

HMeeM
n
C=Z— 1 =
2—2; + 2—2 et 2—2,
n n
2 —z2.)2
212+ . 2z, +112=1 v2=1( o v L+
n 2n2 z
111. CornacHo pemwensio 110
n—1 n—1
. 2 n-1
e a1+<nT1>azz+<n;1> azz2 -+ ... F-apznt
-€CJIH 2 KOHEUHO, H C:—ﬁn’—l, €CJIH 7z =0C0; MpeANoJaraercs, 4YTo
a

n

NOMUHOM [ (2) 3amucaH, Kak Ha c1p. 67. Ilns cayuas [ (z) =z* umeeM
=0, yto n camo mo cebe sicuo [107]. Jlarepp wHaswBaer { «mpomus-
BojHOH Touko# TOukH 2» [l. c. 1, crp. 56].

MM2. [Laguerre, 1. c. 1, ctp. 61.] Ecmu Bce HyaH QyHKUHH
f (2)—BelllecTBEHHBIE, TO KX MOXKHO PACCMATPHBATH KAK JIEXKALIHE B 3aMK-
HyTOHl HuKHeH (BepXHeH) NMOMYIJIOCKOCTH, BHYTPH KOTOPOH JOJIXKHA
CONEpPKAThCs TaKXKe {, €CIH MHHMas YacThb TOYKH 2 TIOJNIOXKHTENbHA
(oTpuuaTenbHa), 3a HCKJIOYEHHEM TOrO CJIyyas, Korja Bce HYJH [ (2)
coBnanaioT [107]. Ecau ke f(z) HMeeT KOMMIEKCHBIH HyJb 24, TO 2
H { ONHOBPEMEHHO npnénmxa}orc:ﬂ K 2z, [109] u, creloBaTenbHO, HX
MHHMBIE YacTH B JOCTAaTO4MHOH OJH30CTH TOUKH 2 HpHHI/lMa}OT OJIHH
H TOT JKe€ 3HaK.

113. Ha octoBanuu 111 3ax/mouaem, 49T0 1pu a, 5= 0 §=oo Torja
U TOJBKO TOrJa, KOraa z €CTb HYJb MpoH3BojHo# [ (z), He coBna-
JalolUA HU ¢ ONHIIM HyJjeMm camod Qyukuunm [(z). Kaxkjaa npsmas,
NPOXOAALIas 4epe3 TakoH HyAb NPOH3BOAHOH [’ (2), pasjenser HYJIH
¢yHKuMA f(z) [106], u, 3HaunT, BCsKAasg KpyroBasi o6;aacTh, NOKDHI-
Baollas Bce HYJH QyHKUHE f(z), colep:KUT B cefe TakKe HYJH NpO-
usponnofi f'(z) [107]. Takum o6pasom, kak u3 106, Tak u u3 107
NOJIy4aercqa HOBOE JoKasaTenbcrBO Teopembl [aycca [III 31]; B wact-
HOCTH, H3 107 3Ta TeopeMa BHITEKA€T HA OCHOBAHWH TOTO 3aMeuaHHHd,
4TO HanGOJbILEH OOLICH YACThIO (MJIH «epeceyeHnemM») BceX COGCTBEHHO
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KpyroB (T. €. KpyroBuX oOJjacTeli, He cojepxalluX co), NMOKpPHIBa-
JOILHX TOYKH 2y, Zyy ..., 2p, SBJIACTCS HAHMEHBIIHH BBHIITYKJBIH TMOJH-
roH, OOTATHBAIOLIHH 3TH TOYKH.

114. Ecau x ectb nyab QyHKIHE e_F(—’lcz)—}-f’ (z)) u f(x) =40,

a CJIEIOBATeNIbHO, H [’ (X) 5% 0, TO ueHTp TAXECTH [ (Z) OTHOCHTENBHO X
[111] 6yner papen
M
*—m = * ne=_¢.

Fcau 6H TOuKa x He nexkana HH B K, Hu B K-+ne, 10 x u £ o6e
HaxoJAWIMch 6K BHe K, YTO, OXHAKO, corjacHo 107 HEBO3MOMKHO.

M8.[J. v.Sz. Nagy; cm. L. Fejér, Deutsche Math.-Ver,, 1. 26,
crp. 119, 1917.] Tlycrb 2z; koneuno. [lomaras f(2)=(z2—2,) g(2),
GyaeM HMerb (x —zy) g (x)+ g (x)=0. llentp Taxectn { ¢yHxkuuH
g (?) OTHOCHTeJLHO X omnpegenutTcsi Toraa no gopmynae [111]

_ (n—1g@) __
§~x——‘g,—(;c)—- =x—(n—1)(z,—x)
[106]. Ornocurensro z; =00 cm. 111 31.
MO. [Laguerre, 1. c. 1, crp. 56, 133.] Ilycthb 2 — onun U3 Hyaei
oyuruun o,2f (2) —a,f(z2) ¥ f(2) %0, crenoBatejbHO, 2z KOHEYHO,
f (2)=£0. Lenrp Taxectd [ (2) OTHOCHTENBHO 2 GyHeT

e 7] e/
§=z—n—1z=<1—n4>z.
Cly Cla

Ecau 6wl FI05TOMY HMEJO0 MECTO HEpPAaBEHCTBO

2] <Min(1, l—n%_l>,

TO JOJMKHO Obio 6bl ObITh Takxke |{|<C1 B mporusopeune c 107.
117. [116.]
18. [Laguerre, 1. c. 1, ctp. 161.] Urobsl uuTEpecyomuii HAC
IEHTP THAMKECTH BOOGLIE HMEJN CMBICJ, HEO6X0IHMO, YTOOLl 2; OBLI MpoO-
crbiM HyJeM. [Monmaras [ (2) =(z—z,) g (2), umeem

[' (2 =g (), [" (z2) =28 (21)s
u ueHtp tskectH [111] pasen
(n—1g(z)
g’ (=1)
Ipu z; = co ocTaNLHBE HYJIH AOMKHL GBITH KOHEUHH, 4, =0, a,_; 7 0.

[lentp Tsxectu Torga [111] pasen —%g"—‘z.

n—1i
MM9. [Laguerre, 1. c. 1, crp. 142.] Ilo OTHOWEHUIO K THIOTE-
THYECKOMY HYJIIO 2, =0 - [} ¢ HauGosmbied MHHMOH dyacTeo >0
HEHTD TSXKECTH OCTaJbHBIX H-—1 HyJeH uMen GH MHHMYIO HacTh,

21—
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merbuIylo, yeM B [107]. C npyroii cTopoHsl, H3 AH(pepeHIIHaILHOrO
ypaBHeHHA npH P >0 B cayuae f(z;) =0, clel0BaTeNLHO,

['(z)#0, " (z)+0,
Mbl uMeaH Gl [118]
2(n—1)F (2) 2(n—1) 2(n—Np
a2l =3 (a - 20 s + 205l > .
120. Ilpu f(z) =0, z,=a-+iB, >0, Mbl uMenn Gsl

3<21_2(n—1)f’ (z,))zs( 1_i__(ﬂ—l)(z —1))

P (z1)
=B+ (n— )<ﬁ+az+52) >B.
Cu. 119.

121. Hesepna. Ilycth as£b u K;, K,—jBa xpyra c IeH-
TpamMH COOTBETCTBEHHO B @ H b, PafuyChl KOTOPHX HACTOJBKO Mansl,
YTO 3TH KpPYrH HE COJEpXKAaT TOUKY a_—;_b. JlocratouHo paccmoTperhb
toraa [ (2) =(z—a)(z—b).

122.

s 1201 (g of?) 4 (o)
ny+ny man, n,—+n,

Vmeem
© _ LON. (O _ 0
(=2 =N =(r—r) (ry— 1) =1, 1,
128. Ml MoxkeMm npuHsTh, uTo K; # K, — noaymiockoetd Rz = ¢,
u Rz ==c,. Toraa

My2s 1 Ma2i — MCa ol
== .
Ny o 0

C nomollbio HajJexXallero Bblﬁopa upcen 2; M 2, MOXHO JOGHTBCH,

n 2 .
yTo6Ll CpejHee 3HaueHHe iﬂ”—_‘Fﬁﬂ ObLTO PaBHO MOGOMY YHCIy ¢ C Be-
LIECTBEHHOMN YaCThIO
mc ; M’"_ﬂﬁ.
ny -1y

124. [J. L. Walsh, Trans. American M. S., 1. 22, c1p. 115,
1921.] ITyctb z—omun u3 HyJed QyHKUHU fi{2) fz( )-Hl( )f,( ) u
nputoM z JexuT BHe K; u K,. Takum oGpasoM, f;(2) %0, f1(z) 540,
f2(2) =0, f3(2) 5= 0, z xoueano. OGO3HAUMM UEHTP TAKECTH [ (2) OTHO-
CUTENILHO 2 uepe3 {; H HEHTP TAXKECTH f, (2) OTHOCHTEJBLHO 2 uepes (,.
Hmeem
ni (4)

THe o T he
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¢, nexur B K, §,—8 K, [107]. Ho orciona
— il -+ a6y
fytng °

125. [J. L. Walsh, |. c. 124.] TTonaraeM anajsoruuo 124

4
F(2) L
f2(2)
Ecan z ecTb HYJb npousBoiHof f' (2), nexawmnil sue K; u K,, Hasee,
{; H §y — LUEHTPBl TSAXKECTH COGTBETCTBEHHO f,(z) W f, (z) OTHOCHTEJBHO
TOYKH 2, TO NpI n; % n, GyieM HMeTb [124]
e —nali
m—ny °

d =

[lpu ny==11, Ml ODOJAyuYHaH OLl M3 Hallero NPeANoJOKEHHs, 4to §;, =
= {,, UTO HEBO3MOXHO, ecq¥ K; U K, He UMeIOT O6IIHX TOueK.

126, [R. Jentzsch, Arch. d. Math. u. Phys., cepus 3, 1. 25,
crp. 196, 1917, ecm. M. Fekete, Deutsche Math.-Ver., 1. 31,
c1p. 42—48 1922.] Tlyctb a ¥ b—jBa unena, WIS KOTOPBIX Bee
uyau pasuocrell f(z)—a u f(z)—b mexaT B O,. HyxHo noxa3arh,
YTO €CJH ¢ JIEXKHT Ha OTpe3Ke, COENMHSIONEM @ H b, TO Bce HYJMH
pasHocTH f(z) —c¢ Takxke Jexar B O,. [Onpe,ue.neﬂne BBITYKJI0CTH! |
Ho nymu dyskuun F(2)=[f(z) —a]”[f () —b]*, rne m u n - nomo-
JKHTeNbHLIE LEJAbie 4Hcaa, HaBepHoe JexaT B 0. Hmeem

F @)= (m+n) [ () — a2} () — 11 (2)[f ) — 222,

m--n
na-+mb
OTKYJa BCe HYyJHM PasHOCTH f(z)——;n—:l_—,—l- TaKXKe JOJKHBI JIeXaTb
na--mb
B 0, [III 31]. Ymucaa T rexar BCIOZy IUIOTHO Ha OTpe3Ke,

m--n
CoefMHsIOWEM @ U b, Korga m KW n npoberaT He3aBHUCUMO JAPYT OT
Apyra BCe Me/be nonommenbﬂme 3HaYeHusl.

127. Ilpumensem 124 x F(2)=[f () —a]™[f (¢) — b],, [pewenue

126].
A;f @
128. KoapduuneHtsl mnomuHoMa —— GYAyT
at+aln,  artasd, a2+03‘a» ooy @y,
Han
ala aza a.’ii ceey arn

CMOTPA Mo ToMy, OyneT JiM { KoHeuHO MaH OeckoHeuno. Taxum ofpa-
30M, AJA KOHEYHOro {
n—1

C=af @+nf@=n Y (")) @+andz"

v=0
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129. Crenyer 43 onpenesenus.
130. Tlpu {=co TpusmanbHo. IIpH 2z =400 nomyuaeM

g [E—2a &)+ 1h@]+h([E—2) g (2)+kg(2)]=
=({E—2)[g@h @ +g (2h()]+(k+)g@h ().
131. Ecin §; u §, o6a paBHE GECKOHEYHOCTH, — HENOCPEICTBEHHO

scHo. Ecam ofa KOHeuHBl, TO BHITEKAET U3 CUMMETPHYHOCTH BHIpa-
JKEHHUSsI

G—alG—aF @+nf (2] +(n— DG —2)F @) +nf(2)]=
=G-2G-a@+0-1E+E-29] (@+n(n—1)f(2)

otHocHTenpHO §; M . Ecau, Hakonen, {;={ xoHeyHo, {,=o00, TO
BHITEKAET H3 COOTHOIIEHHS

[E=af @+nf@] =C—2f @)+ (-1 @).
[IpefCTaBUTL TaKXKE B TEpPMUHAX CHMBOJIMUECKOrO HCUHCJCHHS 3a-
naan 137,

132. Ecin {=co, 10 u3 f' (2)=0 BrTEKaer, YTO [ (2) — KOH-
CTaHTa, T. €. BCE ee f Hysel paBHbl GecwoHeunoctd. Ecim § KoHeyno,

TO pellieHHeM OJHOPOJHOIO JHHEHHOro AHddepeHUHaIbHOIO ypaBHEHHS
MepBOTro NOpAJKa

E—2)["+nf(z)=0
gyzer f(z)=c(z—{)", rie ¢— NoCTosHHAA.
» [lycth 2’ — TOUKa MpPOH3BOAHOH CHCTEMBI.

1) 2’ KoHeuHa, f(2')s£0, 2" 5= {, 3Hauur, Takxke [’ (z') 5= 0. Vmeem
g:z-%z—,} [111].

2) 2’ xomeuna, f(2')=0, f@@)=E—2V¢(2), ¢(z')0, 2’ L.
Torna (2 —2') #+*A¢f (2) npuBogutcs npu z=2" K k({—2") ¢ (2’) 54 0.

3) =0, J@=@@—0"¢(), ¢(=+*0, k<n Tora
(z—C)™* A¢f (2) npuBogutcs npu z={ Kk (n—k) ¢ (L) 0.

4) Ecat a0 ¥ apg+a,5="0[128], 10 {=—"2L [111],

184. [Ipu {=oo0 cm. III 31. Ilpu koHeuHom { paccMaTpuBaem
crydaH, nepeuncaeHusle B 133. JIuGo { ecTb LeHTp TsxKecTH f (2) oTHO-
cutenbHO 2', Kak B 1 u 4, u torja npumenumo 106, smbo 2’ cama
ABaAeTc HyJeM [(z), W TOrAa 2’ JEKHT B YKAa3aHHOH KpPYromoi
00JacTH, a UMEHHO Ha €e TpaHHlle.

135. Brurekaer u3 107 nOCpeiCTBOM TeX K€ PpacCykIeHHuH,
kakumu 134 BeBoaurca us 106.

186. Ha ocxoBanuu 135. PaccmarpuBaemsiii KpyroBoHl MOIHTOH
NpeiCTaB/asAeT CO00H HauboJbliylo OGILYI0 HYacThb BCEX KpYTOBbIX
o6JacTed, CoOAepXKalUX 2y, 2, ..., 2, M He comepKawmux { [pelie-
nue 113].

187. Eciu {=co, 10 ypaBHenne [\ 1 (z) =0 jpaeT Ju60 O6BLIKHO-
BeHHBIH LEHTD TAMKECTH QyHKuHH f(2), JaH60 oo, JHOO HHYEro ompe-
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TIeTEHHOTO, CMOTpSl MO ToMy, OyIeT JH TOYHas cremeHb f(z) n, n— 1
u Ke ==n—2, [lycTe Tenepn { KoHeuHo, DyjmeM TroBOpHTH, YTO
m [es]

. m\ o
TOJHHOM M-# CTeneHH Z <v )bv.zv H CTEIeRHOH pan Z cyuy co-

v=20 N=—00
NpAXKEHb, H CHMBOJIHYE€CKM 3aNHCHBAThL:

bo+<nll)b12+<rg>b222+---+bmzm/\'"+C'1u_1+c°+clu+""

ecan ¢g=by, c;=">byy ..., Cn=">p, €4, C-q, ..

v Cmi1s Cmigy .. IPOH3-
BO b HBL Toraa nmeem [128]

F@)=ap+ (1 )@z (5) a4 g
Nag - ate -+ au? - .. +a,,uﬂ
P @=nlat ("7 az+("5 a2 4. a2t A
A (ao+a1u+a2u2+...+a,‘u")-z,
Acf @) =1 [(@+ad) + (" T ) @+ at) 2. ot @y 00 2] A
A (ao”}"dlu—}—...—}—anuﬂ)n(l+,§,>’
"If(Z)/\(ao+a1u+...+anuﬂ)n(n—1)...2<1+A§»>"'1,
A7 1@ =n g+ ("7 ek (") @l g
+[al+<nl—1‘)a2§+<”2— >ad§2+ e 1] >

Orciona BujauM, UTO HHTEPECYIOMUM HAC HYyJeM 6yIeT HeHTp Tsaxe-
ctd ¢yHKuUH f(z) oTHocutessHo § [111].
138. Cornacuo peweniio 137 npu KOHEUHBIX &y, Loy +vvy Cn

Ay Ay Ay T @A
Anl (ao+alu+...+anu")<1 —}-%)(1 _}_%)(1 +fuﬂ>
B OCTAJIBHBIX K€ CJaydasx
AtlAsz Aéﬂf @ N\
An! (ao+a1u+...+anun)<1 +%><1 +§Z> ( FRowY k>_1’S
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[Tpn k>2 Heo6XoAMMO MNOBTOpHOE INpHMEHEHHe TeopeMnl 135,

T. e, noJHas vHAyKuusl. O603HAYHM paccMaTpHBaeMblfl MOJIHHOM 4Yepes
[ (z). Torna

Af (@) =vp— (Ve—1) 240 (Ve — Vo) 2% 4 ... €y (Ve — V1) 2Vig-
ITo Kpaiinefi mepe OJHa TOYKA NPOMU3BOJHOH CHCTEMBI JIEXKHT B KPyre

Vg V3 V-1 Ve
Izlé('\@"‘l V3—-l .."vk—l_l) ’Vk——l *

Uto6bl yGeiuTbCA B 3TOM, 3aMEHACM 2 Ha - lu H NpHMEHSEM K MO-

Jy4awouleMycsl yPaBHEHHIO OTHOCHTEJIBHO i npennonomenne HHAYKLYH,
Hmeem

O e (S VI[RURI I R
3ameruM, uto (k- 1)-unenusiit mosuHOM
—g) =1—z+...

o6/1a7aeT eIUHCTBEHHEIM HYyJeM k.

150. [J. H. Grace, l.c. 145, crp. 356; cM. Takxke P. J. Hea-
wood, Quart. J., 7. 38, crp. 84—107, 1907.] Ilyctb

v

Fa=at ("7 ez ("] e e

— NPOU3BOAHAA PACCMATPHBAEMOr0 MOJHHOMA. Torza

Sbf(z) dz=aibns—("7 " Jabrat ("5 Jarbust .

(=1 1an by =0,
rae by, byy ..., b,y COXPAHSIOT NOCTOSTHHBIE 3HAYEHUS JJI BCEX MOJH-

HOMOB f (2), T. €. HE3aBHCHMO OT H3MEHEHHS KO3(Q(HUHEHTOB 4y, dj, ...
vevy Gpog. TEM CaMBIM NOJIMHOMH (11— 1)-fi cTeneuu f(2) u

g(2)=bo+<n_ll> blz-l—(”;l) b2t 4. .. b, 32"t

anoJisipHEl. S1BHOE BhIpAZKEHHE 11 g (X) monyuaeMm, nonaras, B YacT-
HOCTH, ay=(—1)"x""1, 1. e. f(z) = (x—2)* 1. U3 pasencrBa

n

b
9= | (r— 2y dp = =t
a
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noJy4aeM HYJH QYHKIUH g( x):

L= i g (v=1, 2, ..., n—1).

Ipumensem Tenepn 145.

151. [Cm. G. Szegd, 1. c. 145, ctp. 35.] Ecan y=0, 10 subo
MeKAy HyaaM# [ (z), au60 ME&KLY HYJASAMH g(2) JONKHO CONEP:KaThCA
z=0. Torxza yrBepxzaenne facuo. (s f;=p,=...=p,=co HyxKHO
noJoxuTh £=0: 0.co HeompeleneHHo.) AHAJOTHYHO paccyxkjaeM H
mpH  y=o00. Ilyctb rtemepp Y340, co. Torga mnoJuHOMH f(2) H
2"g(—yz 1) 6yayr anoaspubl. CienoBaTesbHO, CpPefH HyJeH mocies-
Hero, uMeHHo —vypyt (v=1, 2, ..., n) (npunuMaeM —y-0-! =oo0,
—v-c01=0), cornaco 145 no Kpahuneli Mepe oiuH JexHur B K,
T. e. — Py =£k.

152. [151.]

188. [I. Schur, em. G. Szegd, 1. c. 145, crp. 37.] Tycrb
f — nepeceyeHHe BCEX 3aMKHYTLIX KPYTOB, COAEpKAllUX HA4a0 KOOp-
JUHAT ¥ Bce Hyaum ¢yHkuun f(z). CornacHo 151 KaXIeli HYJIb Y
KOMIOHHPOBAHHOTO TOJHHOMa HMeeT QopMy Ok, rie O=<%<1, a &
gexur B K. Ho Ttorma y nomKHO Jexath BO Bcex K, c/eLOBaTesbHO,
takxke B K.

154. [Ilo nosony mocraHoBKH Bompoca cm. Laguerre, 1. ¢ 1,
crp. 199200, 1898; G. P6lya, Interméd. des math., t. 20, c1p.
145—146, 1913. G. Szeg6, 1. c. 145, c1p. 38 u J. Egervary,
l. c. 145.] 3amenseM g(2) Ha g (b2) wim g(— bz), cMOTpsi mo TOMY,
OynyT Ju Hyan g{z) mnexath B —b, O wmau B 0, b, 3aTeM npume-
usiem 153.

185. [E. Malo, Journ. de math. spéc., cepua 4, 1. 4, crp. 7,
1895.] Corsacuo VI 85

Q@ =141 et (3 2t (2 f ot han=
=(1—2P.(F2),

2

re P, (x) oGosnauaer a-#i monuHoM Jlexauapa. IToatomy Q, (2) umeer
Jumb  orpuuatenbubie Hyau [VI 97]. Komnonnpyem cnauana nepseiit
noJuHOM ¢ Q,(cz), a 3aTeM MOJyHalonHiCsA NOJHHOM

a0+(T>a1z+(.’2‘>a2z2+...+anzn

CO BTOPBIM, B KOTOPOM HEOOXOJHMO 3aMeHHTb 2 Ha dz, mpuueM ¢ u d
BLIGHpAIOTCA TakK, 4YToObl BCE HYJIH COOTBETCTBYIOUIMX ITIOJMHOMOB
nmexany B uHTepBase —I1, 0. Ilpn sToM B 0GOMX cjydadx Npume-
ufem 153, 0eps 3a & B NEPBOM CJydae BEPXHIOW, BO BTOPOM-—
HIDKHIOIO (3aMKHYTYIO) NOJYIJIOCKOCTh, Torza nosydaercs, yTo HYJIH



268 PEWIEHUS

1389. Iycts &, &, ..., {, Bce KoHeunsl, T. e, b, % 0. Toraa [138]
Sv=(—1{," \”;nv v=0,1,2 ..., 1)

n——-v

CJIeIlOBaTeJIbHO y

A G oos W@ =4 [acbn = (]) abua () aabna —
-U+F4W%%Q%JAJ—DWM}

Ecmu xe kB u Toneko k mocneaHux u3 gy, &g, ..., &, paBHBl Gecko-
HeyHoCTH, TO [138]

n

s

- (v=¢k, k+1, ..., 1, b, p5£0),
( \bn—k .

By (— 1)+

cJIe10BaTesbHo,

A(gh CZv ceey gll)f(z)=

) Cl)_bl o (A AL RN S AR AR
k)

o (= 1) (nj 1) Qb+ (— 1) a,,bo]

[mpu k=n cnegyer umtath: (— 1)*a,]. Takum o6Gpa3oM, BO Bcex
cay4asx

Ay, &y -y Cn)f(z)=7"f[aobn \/ >a1 n- 1+k >az n-g —
v (= 1t (n_l)aﬁ L (— 1)"anb0],

e Ajt=(—1)* <Z> by U bp_p— HaUBBICUIMH OTJIMMHLIA OT HYJSA
KoapduitrenT GyHkiuu g (2). Mmeem

}"FIA (Cls ng AR | gn)f (Z) = }"_EIA (Zl’ Z2’ R ] Zn)g(z)-

140. AnonapHocTh Touek 2y M {, O3HayaeT, uto z; ={;. Anoasp-
HOCTh Map 2y, Z; U §;, {» 03Hauaer (3a HEKOTOPHIMH JIETKO Bbijensie-
MBIMH HCKJIIOYEHUSIMHE), UTO

(=) @—W+E=G @G- =0, H=E=b__

T. €. o0e Taphl pacrosoXKeHsl Ha OJHOH M TOH K€ OKPYKIOCTH U
IPHTOM TapPMOHHYECKH OJHA MO OTHOLIGHHIO X APYTOH.

II
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141. Coraacmo 139 3,—X.=0, 7. e &, &, ..., & BCE KO-
HeYHBl K

Clgz---anl-

142. (=2, 2,, ..., 2,
143.

A(Cl’ Cz’ ey Cn)f(2)=20~%+02n=
=l_£l+€2++€n +C§1C2---C

n e

144. lloBropHo mpuMeHHTb 135.

145. [J. H. Grace, Proc. Cambr. Phil. Soc., T. 11, crp.
352—357, 1900—1902; cm. G. Szego, Math. Zeitschr., 1. 13,
crp. 31, 1922; J. Egervary, Acta Univ. Hung. Francisco-Jose-
phinae, 1. 1, ctp. 39—45; Math. & phys. lapok, T. 29, ctp. 21—43,
1922.] MNyere 24, 24, ..., 2, JN€XKAT BHYTPH, 4 §;, sy ..., [r— BHE
kpyrosoit obnacth K, panee Ay Ag,... A f(2)5£0, Torna xak yxe
A Ag,... A, Ag, F(2)=0, k<<n—1. Cornactio 144 nymm Ay Ag,...
... Ag, f(z) raxke nexar BHytpn K, a mo 132 Bce OHHM JOJIKHBI
COBNAJAThL C TOUKOH . 4; CACNOBATENBHO, NOCAENHSAS JEXKHUT BHYTPU K.

146. [145.] Eciu gBa BBINYKJIBIX [OJHIOHA HE HMEIOT OGLIHX
TO4EK, TO CYLIECTBYET NpfAMasl, pasjensioulasi 3TH JBa MOJHMIOHA.
Taxoli npsMoli Gyner, HanpHMep, CAYXKHTb TNEPNEHIMKYJIAp K cepe-
JHHE JTHHUH KDAaTYaHIlIero PACCTOSTHHS MEXKAY MOJHIOHAMH.

147. [E. Landau, Ann. de I’Ec. Norm., 1. 24, c1p. 180,
1907.] [148.] ‘

148. [A. Hurwitz; cm. E. Landau, 1. c. 147.] Cornacuo 143
paccMaTpHBaeMBlii NOJIHHOM AmnoJIsiPeH MOJHHOMY C HYJSMH

25y

Ly=1—e® (v=1,2, ..., n);

nocsefHne Jexar B Kpyre |z—1|=<1 [145].

148. [L. Fejér, C. R., 1. 145, crp. 459, 1907; Math. Ann.,
1. 65, ctp. 413—423, 1908; Deutsche Math.-Ver., T. 26, ctp. 114—
128, 1917; cm. Takxke S. Sarantopoulos, C. R., . 174, crp. 592,
1922: P. Montel, C. R., 1. 174, ctp. 851, 1220, 1922; Ann. de
PEc. Norm., cepua 3, 1. 40, crp. 1—34, 1923.] Ilpn k=2 npume-
naem 135, rae nonomeno =0, lMeem

Ag(l—2z+402%) =v, — (v, — 1) 2,

V. o
OTKyJa TNpOU3BOAHAA CHCTEMA COCTOUT H3 TOYKH v 22 H KpaTHOH
,—

o Vg
GeckoHeuHo yjajenHofi ToukH. I[JosTomy BHE Kpyra |z|>V 21 He

—
MOTYT COAEpKAaThbCs Bce HYJH (QYHKUHH 1 —2z 4 cy2ve,
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paccMarpHBaeMEIX IOJHHOMOB JIEXKAT BCE OIHOBPEMEHHO B BepxHeh
W B HHXKHEH 3aMKHYTOH NOJyNJOCKOCTH. BriTekaer rtakxke ns 154
C JABYKPATHHIM NDHMEHEHHeM TeOopeMel 65,

186. [[. Schur, J. fiir Math.,, . 144, ctp. 75—88, 1914.]
JlokasaTesbCTBO BEACTCS aHAJOTHYHO 155, MpHUeM onupaercs Ha To,
yrto mosiuHoMH [VI 99]

() 5+ () a4+ () e + o

\ n!
HMEKT JIHUWIEL MNOJIOKHUTE/bHEIE BEUIECTBCHHLIC HYyJIH.

iz\n
1857. Tak Kax HyJIH BHIpAXKEHHS <1+7> JeXar B MOJYILIO-
ckoctH J2>0, To Hy/mH HOJHHOMOB

n\ 22 n\ z* :
1~<2>H§+<4>—n—4—...—>cosz

~— pelllectenHeie [1IT 25]. TIpunumaem Bo BuuManue IIT 203.
Y 2\n
158. YrBepikieHue BLITEKa€T W3 TOTO, YTO i( 1 ——%) HMeeT

dzv
JIMUIb BEIIECTBEHHEIe HysnH [68] W npu (HKCHPOBAHHOM v H 1 —- OO
. . dve=? .
B KaxXJOH KOHEUHOH OO6MacTH CTpPeMHTCH K — [Hurwitz-

Courant, crp. 63 *)] [T11 203].

199. a) A. Hurwitz, Math. Ges. Hamburg, Festschrift, crp.
95, 1890.]

{1+ P (B =
=1=( (5 + VG - () (5] +

P, (?) umeer JMLIbL BeLIECTBEHHBIE HYJH, JeXallye B HHTepBajte —I,
+1 [VI 97].

9 L"(’*z;):l“%ﬂLm%(l -;;)—
"2“7“6’%273(1“,12)(1—%)-!-

L,(z) umeer JHIIL NOJOXKHTEJIbHBE BeuiecTBeHubie HyJaH [VI 99,
pelierne H)).
B) Caepyer 13 COOTHOIUICHHS

n
S dd 2ni

Sn® —iz 1 ]1at
~ V14-2

*)Typsuun, crp. 91. Typsun—Kypanrt, crp. 71,
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[111 148]; nocpeacTBOM #1-KpaTHOTO AHQQEpEHIHPOBAHHSA H  3aMeHb
1IepeMEHHEIX 110.TydaeM

1 5{[ (1 + iz sirﬁ)—nfld{}:

21 n

1 7
1 z\n n 2\ Ty 1 ¢ :
— o R ot o — iz sin ¥
= )Qﬂ<z)(1+nz) A 4
npH n—00; Q,(z) €cTb paccMOTPeHHBEIH B pemenHH 56 MOJHHOM,

00/1ajAoMKH UL BelleCTBeHHbIME HYISIMH.
1

r) [Tonyuaem wus III 205, nonmarasa f({)=(1—) 2. a), 6), B)
OIIUPAIOTCST HENOCPEJICTBEHHO, I) He uHenocpeactsenso Ha IIT 203.

160. [G. Polya, Tohoku Math. J., 1. 19, crp. 241, 1921.]
ITonoxuM

(22 =, =R
dzn=1 1\ z9—1 (z9—1)n° :

Torpa Hyau nosunomoB Qn(2) ¥ R,(z) pacnojarawTcsi Ha § HCXO-
AAUMX M3 Hayajla KOOPAMHAT JydaX, AENAMMX BCIO IMIOCKOCTb Ha ¢
pPaBHBIX YIJOB, M3 KOTOPHIX OJHH JEMHUTCA IOJOMXKHTENbHON Bellect-
BEHHON noJyocbkio monoqam [59]. Ho wHyan dyuknuu F(29) nexar Ha
TEX XKe nyuax, HOo

001 (gn-gk)t 29k
R @k

}?qn (2) @zq ==

——q—] — —_ .
Ronleg ™7 Jetare

_n
(gn)!

_ Y gl e gntk k1 B2\
- Zo I SR T (142

qk\ 29 \ 29k
e+ >qk>1‘*k_0W“F(zq)

npu n— oo [III 203]. Bropoe noka3aTenbCTBO ONEPHPYET AHANOTHYHO

¢ Q,(2).
161. [G. Pélya und I. Schur, J. fir Math.,, 1. 144, crp.
€9—113, 1914.] ITonoxum

(1 _Cf/:z )k<1 _,><1 ~&;> (1 *‘(;‘)“Pk()

v
mcem lim P, (z) =g(z) DpaBHOMEDIIO BO BCAKO{l OrpaHUYEHHOH
k-0

06J1acTH.
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162. [J. L. W. V. Jensen, Acta Math., 1. 36, ctp. 181,
1912.] TIyctb paccMOTpeHHHIH B NpeAbIAYLIEM PEIUEHHH MNOJIHHOM

Py@)=ap+qte+St . 422

Toraa [Hurwitz-Courant, crp. 61—64 *)]

lim a,, = ay,
k-0

H NOJHHOM
ap dz ayp d2n
A"+~ 1 — + 22| a2z +o=
— n n n-1 n n—2
= Qgp2" -} 1) %12 + o ) Qo +...4a,
Al

HMeeT JIHIIL BelllecTBeHHbie HysH [63]. IlocpencTsom nepexojia k npe-
jeny npH k—-oo [III 203] u 3amensl z Ha — TojyuyaeM, 4TO HYJH

pPacCMaTpHUBACMbBIX TIOJJHHOMOB BEUI€CTBECHHBL Yro OHH, KpoMe
TOro, NOJIOXKHTC/bHBI, BBHITEKACT M3 TOrO, YTO B PA3JOXCHHUH

@
g(—z)zl—ﬁ—z—}-ﬁ—zQ—...

BCce KO3()OhHUIUEHTRl, OUCBHJHO, TOJIOXKHTENbHEI, CTAJ0 GbITh,
<0, a,>0, a3<<O, ... [47].

163. U3 161, 55 (c nexoroptiM usmenenuem) u I11 201 priTekaer,
YTO HH OJiHA NPOM3BOjHATA OT g(x) He ofpallaeTcss B HyJb B HHTEP-
Bane — oo < x<<a,. Orciofa, Kak H B 72, 3aK/IOYaeM, 4yTO Pa3HOCTb

O api -1
g(X)—ao—'"“’ x—...—mxn
B HHTEpBaJle — oo<CX=Iq;, KpoMe TOukKH x=0, HuUlJe HE Ofpa-
waercsi B HyJb. C/e10BaTe/bHO, 3HAK €e COBMajlaeT B uATepeaste 0 <
< x <@, CO 3HAKOM a,. [I 144.]
164. Bupaxenue

[ee)

2 ¢
— S e~ " cos 221 dt
Va
0
MOXKHO PacCMaTpHBaTb KaK TIPEAeJ TOCJEJ0BATeNLHOCTH NOJHHOMOB
JMUIb C BElleCTBEHHBIMH Hyaamu [158]. Orciona cienyet [63], ecau

p >0, uto

e =

dn — 2t 2 Cf) .
e —p—s— 7 =V—RS e * (14 4pt?) cos 22¢ dt
1]

* TypsuL, ctp. 88—92. T'ypsuu—Kypanr, ctp. 69—72.
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PMEeT JIUNIb BelilecTBeHHbiEe HysaH. IToBTOpsisi 57O paccyKjaeHue, TpHu-
%0JIUM TOJ 3HAKOM HHTErpaja K IMOJHHOMAM, 3aTeM, Nepexojs K mpe-

aeny [161], X g (2).
165. [L. c. 161.] Onpezesum nenoe yucno m, Tak, 4TobHl, NOJa-

rag B+ +Pi '+ ... +Pe ' =B MH B Kpyre |z|<k nmMenn

[+ e
Torjga
fim (1= (1= 22 (1= ) - (1- ) = 0@

PABHOMEDHO B KaXJIOH KOHEWHOH OBJaCTH.
166. [loxasuBaeMm, Kak B 162, 4TO IOJHHOM

L+(] )bz (5 ) bazt o b

HMEET JIHIUb BELIECTBEHHBIE HYJH. HOSTOMy, €CJIH OH B TOUYHOCTH CTe-
NeHH 71, Y HEro MoryT o0palliaThCs B HYJb JBa COCEJHH X KO3p-
¢uuuenta [49]; G (2) TpaHCLeHJeHTHa; onpejenaseM n>>m-+ 1 Tax,
qro6u b, == 0.

167. Ilo npexnonoxennio, B, <<0(v=1, 2, 3, ...). Ilycts Vo>
>n]/a; MOJIOXKHM

2 \k
= =) -5 - () e,
B=B-+pr 4B ... +-B5 .
Ilpu nepexone or ypaBHEHHA
Gtz +a2*+ ... +az"=0

K ypaBHEHHIO
@+ a,eBz -+ a2 4 .. taenBar =0

YlICI0 MHHUMBIX KOpHeli He H3MeHAeTCf, a Npu janbHefimeM nepexoge
K yDaBHEHUIO

a,Q (0)+a,Q (1) Bz +a,Q (2) e2B22+ ... +a,Q (n) e"Bzn =0

OHO He Bo3pacTaer [67]. Temepr Oepem k-=co [III 201].
168. Pyuxuus

—FTZITI)—=eCz<1+il) e_%<1+—;—>e—;... <1+%>e“nE
uMeer ¢Gopmy 165 ¥ HyaH €€ OTpHLATENbHBL. Tak Kak NOJHHOM
-5 -

S B )= S - -2
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2
HMeeT JHINb BELIECTBEHHBIE HY.H, TO [167, G(z)=[F<—;2g+l>]“]
TO K€ OYHeT CUpaBeIIHBO M AJAd NOJHHOMA

1 1 2\ 1 \4 1 .
- Tem(z) Frmw e (-] = e

npu n—oo [II1 203]. Kax BujuM, 65 ecrb TakxKe YacTHLIH cayuait
TeopeMul 167. :

169. [L. c. 160.] Ecan ¢ — uenoe mno/J0KHTEIbHOE YICHO, TO
OTHOIIEHHE

e+l G(Z)

I'(gz4-1)
npeacTaBaser coGoil Henyro QyHKUHIO, HOO IOMOCH YHCIUTENS —-g—,
2 | 2
- Tq’ ... COIEPIKATCS MEXKY NOMIOCAMH 3HAMEHATENS — —, — —, ... ,

npuyem ¢QyHKiHa umeer dopmy 165 [pemwenue 168]. ITpumensiem 167
K 31oH ¢yHKUHH G (z) ¥ NOTHHOMY

(123 =1+ (1= )+

3arem Gepem n—oo [III 203].
170. [G. P61y a, Messenger, 1. 52, crp. 185—188, 1923.] Umeem

aly (2) =

2%+ 1
© L (k4-1)T

_ Rt 22k o 22k ( >

Z (= D" G “5 ettt dt = Z (—D* % T @& +1)

[pumensiem 167 k nofumomy
(1—5) = Z(—I ( T (=51

" uesofi. GyHKUHH
2z z+1
F<2+I>F( 2q >'—G(Z)
FE+1) -

(x=2q, g—muenoe). 3atem mnepexoanm X npeleny [IIT 203]. dyuxk-
una G (z) — uenasd, uGO IOJIOCKH

—2, —4, —6,...; —1, —(14+29), —(1-|—4q),

UHCJIMTES COAEpKATCsS CPeAH MOJIcoB — I, — 3, ... 3HaMeHa-
T4, hpOMe TOlO G (2) umeer dopmy 165 [pELLIEHHe 168] PyHKIHA

F,(z)= ——~e ¥ BOOOLUE HE IIMeeT HyJed,
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171. Ecm a2, 4, 6, ... 1 x crpeMurcs K -+ oo, mpoberas
pellecTBeHHBl ¢ 3HaUEHHS, T0 11m x4 Fo (x) 5= 0 [I11 154]. TToyuu-

TeNbHO, 4YTO QYHKIUA Fg (x) an cc#? HMeeT Gecunc/eHHoe MHOMXKe-
ctBo HyJseii [l. c. 170]; Takum o6pasoM, npu a=4, 6, 8, ... oHa
uMeeT OeCUMCTICHHOE MHOMKECTBO BEIIECTBEHHBIX HYJIEH H HH OJHOrO
MHHMOTO, B JPYTHX € CJIyyasx — KOHEYHOe YHCJO BELIECTBEHHBIX U
fecuucJIeHHoe MHOXecTBO MHUMBIX. Cm. IIT 201,

172. [Cauchy, Exercices de mathématiques (anciens exercices),
1826, Oeuvres, cepus 2, 1. 6, crp. 354—400, Paris, Gauthier-Villars,
1887.]

) [A. Hurwitz, 1. c. 159.] 3a uck/ouenneM Kopus 2z =0 peub
HIEeT B HY/JAX MepPOMOpPQHON (yHKIHH

1 /1 1 1 1
clgz— = 11m\m+.,,+z+2n+ e i

n—00
1 , 1
ey alls METR TTLH)-

ITop 3HakoOM mpejena CTOMT NpaBHJbHAs APOGHO-pallioOHaNbHAA (YHK-
{5, YHCAUTENb KOTOPOH HMEeT CTeNeHb, MEHBINYIO HJIH DPAaBHYIO
2n— 1. Mexay 2n HynaMH 3HaMEHATeNs JEXHUT 271 -- 1 HHTEPBAJOB,
II B KaXJOM H3 HHX COJEPXKMTCA IIO OJHOMY HYy/MIO yucautens [26].
CnenoBatenbHo, UHMC/ANTENb B TOYHOCTH CTeNeHH 21— 1 M He HMeer
MHUMBEIX Hyseli. [lepexopum k npezeny [III 203).
6) Hwmeem
1
z2cosz(igz —z) = {¢sinzt dt.
0
Teopema III 185, otHocsiafca K IOJMHOMAM IO KOCHHYCaM, MOXeT
OHTh pacOpoOCTPaHEHa W HA MOJHHOMBI MO CHHYcaM (Z0Kas3aresbCTBO
To xke). OTCIoZa NOCpPEJCTBOM PEENbHOr0 Nepexosia nolyyaeM aHaaor
Teopemel 111 205, KoTopelfi ¥ NpPHMEHSIEM K HHTErpasy B IPaBOIl 9acTH.
B) Hmeem

1
2z3¢cosz(tgz—2)= S (1 — #3) cos 2t dt.
0
Teopema 173 1mo3BOJISieT yTBEPKIaTh, KPOME BELIECTBEHHOCTH, TaKKe
CylllecTBOBaHHe GECKOHEUHOTO MHOMXKECTBa HYyJei.
173. [IByxparHoe HHTETPUPOBAHHE MO YACTSIM JAeT
1
2°F (z) =zf (1) sinz —f"(0) (1 —cos 2) -+ S f’ (¢) (cos z— cos 2f) dt,

0

OTKyJa BBHITEKACT
Fl@Em—1)n]>0, F(2mn)<<0 m=1, 2, 3, ..),
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C/IeIOBATEIbHO, CYUIECTBOBAHME GECUHCICHHOTO MHOXECTBA HYJeH,
Hmeem F ( )>0 ITosToMy npaBusbHAA APOGHO-palBoHaNbHAA QYHKIMUS

. F(—21) F(—m) , F(O) F)
(—1r z—]—nn + o 24+ %  2+a + z —z—n+
F @2 F
+ e+ (I

UMeeT 2n — 2 BEUIECTBEHHHIX W caMoe OoJbluee JBa MHHUMBIX HYJA
[em. 26]. Tak kak oHa cTpeMmHTCs K % [em. III 165], To [III 201]

F(2) mu6o He mMeeT HM OJHOro, JubO HMMeeT 1Ba MHHMBIX Hyasd. Ho
F(2) ectb uernasa Qyukuus; €cyau Obl OHA HMEJa POBHO JABa MHHUMHIX
HyJisl, TO OHH GblIHM Obl YHCTO MHUMBIMH, OAHAKO IJIS BEIIECTBEHHOIO Y
HMeeM

Fig)= | () £H""dat>o.
0
1
174. dccTaTouHO paccMOTpeTh Cayuai S|cp(t)|dt<l [I11203].

0
Torpa 1/a JoCTaToyHO OOJbIIOTO LEJI0ro A

1 1 1 2 . 1 n—1
o)+ g lo(2) el )<
caeg0BaTe/IbHO, q_)yHKU.Hﬂ
nz 1 1> k: 1 %>51 2z
sm——»licp(n 1nn~———cp(— n-— ...

1 n—1\ . (n—1z
...——E(p( = >Slﬂ T

He HMeeT MHHMbIX Hyne#i. [[lokaspiBaeTcsi TeM e paccyikIeHHeM, uTo
u B 27.] Tenepp n—-oo [II1203].
175. OcraBnsigs B cropoue TpHBHaanmﬁ cayvait f (1) =0, umeem
1

s be()cosztdt_-smz—S L sinztdt [174].

176. Monyin uneHOB psiia MOHOTOHHO BO3pACTAlOT OT Hayajb-
HOTO usleHa | J0 MaKCHManbHOI'O YJM€Ha M 3aTeéM OT MaKCHMAJbHOIO
wieHa Jo 6ECKOHEeYHOCTH MOHOTOHHO yOwiBaoT [I 117]. ITycTe n — uent-
panbpHBIA MHAEKC, T. €. (— Xx)" a ' 0603HAYACT MaKCHMAJIbHBIA YJeH

A 2=—~—X, X> 0. Tor11a Ha OCHOBAHHH BBLILICCKA3aHHOI'O
(_ l)n F (__ )C) — xna—nz — xn—la—(n—l)2 + xn-2a—(n-2)2 _ .
V. g (nil)2 +xn+2a— (n2)2 >

> gt — xn—la— (n-1)z __ xn+la—(n+1)2’
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Ecai x=a*, 10 n— uedTpaibHslit uaaexc [I11 200]. [Toayuaem
(—1)*F(—a*) >a" —2a"—1=0.

Te xe COOﬁpa?KEHHH C COOTBETCTBYIOUIHMH H3ME€HEHHAMH pacnpo-
CTPAHAIOTCA TaK:KE€ Ha YaCTHYHLIE CYMMBbI
x2

Fu(—=n=1-2 45— (1),

s
HAXO0JIHUM
Fn(0)>0, Fn(—'az)<0, Fn(_a4)>0, ey (__l)nFn(___aqﬂ)>O

(20 BTOPOM HEpPABEHCTBE NIpH n =2, a=2 3HaK < CJeJyeT 3aMCHHUTb
3HAKOM =), OTKYyjJa BhiTekaer, uro F, (X) UMeeT Jnib BEIECTBEHHLIE
H TIpPOCTble HYJH H NPHTOM pPOBHO IO OJHOMY BHYTpPH KaixkJIOro H3
uureppanoB (—a?, 0), (—at, —a?), (—ab, —a%), ..., (—a*, —a*>*?).
Tlepexoxa k mnpezeny [IIT201], nonyuaem TpeSyeMulii pe3yJbTar
ornocutensHo F(2). (Cm. III 200.)

177. [Cm. G. PO6lya, Math. Zeitschr., 1. 2, crp. 355 — 358,
1918.] TlpeoGpasoBanne NOJHHOMA Py pi2+-. ..+ pa2™ B jlOKasarelb-
cree Tteopemul 11 22 mnpejcrasnser coGoll B CYIECTBEHHOH UacTH
CyMMHpOBauHe 10 9acTaM. PyHkuua F (2) He HMEeT BEIECTBEHHEIX
pynet. Ilyers ' ()>0, z=x-t+iy, x=0, y>0, ef (H)=F,( t),
ciesoBatenbHo, Takke fy (f) >0, fi (f) > 0; nycrw, nanee, 0<‘L’ <1
Hurerpuposanne mo yacTaMm aaer

T

iyF (2) — iy §f1 (t) €4 dt = f, (1) " —f, (0) — Sf; (f) e dt,
T 0

OTKYJA
T

YAGYLE]

0

ylF@)|+y

Sf eiy’dl‘l>f1(1)—f1(0)—

T

- T
TpaBass uwacTtb paBHA Sf{ () dt— SfI()e"yf dt’ U Ipu BO3pacTa-

HHH T Bospacraer [III 14] Bropo# ln[eH B JIEBOH yacTu mpu T—> 1
crpemutcs Xk Hymo. Ilostomy y| F (2) | > 0.
178. Vimeem

1

2 1
1 S e~ du =y S e==1f 2 dt,
z 2
0 0

—

Tak xak f 2 yGwiBaer, 1o [177] B obnacte R (—2%) << 0 He coxep-
KUTCA HyJEH.
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179. Uneem
1 22
RS e e o Y Y RS u+3)+
<) I
AT (DT (kD) _ ) 2
ZO [T T+e+2a f 20,11 § Pl=gtdi=

=Sez’(l—t)“dt—ge(zu [¢f (1 — t)]*dt; p>—1.

Ho B wunrepane 0<Cf<<1 ¢ynxuusa e (1 —¢) Bospacraer (npoaud-
¢epernupoats). Ilostomy [177] nyan psna

npu u>0 JIeXKaT BCe B NOJYIIOCKOCTH Rz > u,
npi —1 << p << 0 nexar Bce B MOJYMIOCKOCTH Nz < 4,
npu p=0 JexaT Bce Ha npsimol Rz=0.

B Hawe#t sanaue p=n — nenoe,

180. a) [G. P6lya, Ens. math., 1. 21, crp. 217, 1920.] Oun-
paeMcs Ha cierywouyilo BaxHyio Teopemy [I. Schur, Math. Ann.,
1. 66, cTp. 489 —501, 1909]: kopuu ;, @y, ..., ©, ypaBHEHHSA

2— i —ays ... — Qi
— Qg R— 03 «v.. — {yy =O
— Ay Ana S—0Qny

YAOBJIETBOPSIIOT HEPABEHCTBY

o P +lo P4 o, P< Z Zia;u,

=lp=1
OTCIO,ZIa, ofo3pauasn HYJH IOJHHOMA

ay+-az 0,22 4. ta,zt

l1epe3 Z1ny 22,,, vevy Zpny Noamydaem [VII 11]
1
|zl 2 T o |ZZ 2 +“._l—|2nnl2é
a; |2

<2(|af+

Q

0,12

a| Tt

-1 ay |2

Qn-2

-

Q1

[Mepexoaum k npexeny [III 201].
6) [G. Valiron, Bull. d. Sc. Math., cepus 2, 1. 45, crp. 269,

1921.] Ilonaraem |a, a3 |=1,, n=1, 2, 3, ... Taxk xak lim{, = oo,
n—o
10 43 Ly, Iy ...y Ip, ... IE€DECTAHOBKOH MOMKHO MOJYYHTH MOHOTOHHO

BO3pACTAOLLYI0 NMOCAeNOBATENBHOCTD lnyy lnyy Loy oovy Ilp,

lméln3§lna\---<ln‘)§...
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mveem

: — %] |9 | _
la | =, =177, . . (r=1,23,..).
O6osnaunm uepes M (r) makcumym |F(2)| npu |z|<<r u uepes
1 (r) — MaKCHMaJbHBIH ujleH Bcloay cxopsuerocs psa [IV 29]

Iao|+'—”ﬂz+,‘”"‘ 2p..=D ().

M3 npepnonoxenus, coorBerctBedHo u3 IV 37, IV 54, IV 38, Bhite-
KaeT TOoC/eA0BATENbHO CXOAHMOCTb BHIPaXMEHHI
o [se] o0

E les S r3de, @) r3dr, { M) r-3dr, Y] e, 2

p=1 1 1 p=1

3tor croco6 AOKAa3aTebCTBA, B MPOTHBOMOJIOXHOCTD H3/IOKEHHOMY
B 1. a), MOKeT OBITb paclpoCTpaHeH Ha MOKa3aTe/H, OTJIHYHLIE OT
IBYX.

zﬂ

181. Her. Tlpumep: f(2)=(2%—4)e3, f’(z)=—§—z(zz~1)e?.

H. M. Macdonald (Proc. Lond. M. Soc., T. 29, ctp. 578, 1898)
yTBEPXKIal NPOTHBOINOJNOXKHOE *).

182. [G. P6lya, Arch. der Math. u. Phys., cepus 3, 1. 25,
crp. 337, 1917. Pewenne—H. Priifer, tam xe, cepus 3, 1. 27,
crtp. 9294, 1918.] Tlycte H' (x)=g(x). YTBepxkieHue 3anauu
CONEPAKUTCA B cjaeayowied, 6ojee TOYHOH, Teopeme: €CJaH IMOJHHOM
n-i cTeneHd g(X) WMEET JMINL BELIeCTBEHHBIE HYJAH, T0 G (x) =

= [g(x)?+ ¢’ (x) umeer camoe GoJjbluee #-1 BelleCTBEHHBIH HYJb
@2n>n+1 mna n=2). Ilycts x5, Xy, ..., Xp— pa3IHuHBIC HYJH
noJiLIHOMa g (X),

g(3) = a (x— )™ (x - x)"™.... (X — x,)"

a) Hyneit G (x), ABAAIOUIHXCS ONHOBDEMEHHO HYJsAMH g (x), 6yaeT
n—k.

6) BemecTBennblit Hyap G(x), HE ABAAIOUHUicA HYyJeM g (x), yao-
BJIECTBOpSiET yPaBHEHHIO

’

a\2g’
& el nn (28 =,
g g/ a

Ecnu, clefoBateqbHO, MMEETCH 1O KpaHHEHl Mepe OnHH TakKo#l HYIb,
To a— BeiecTBeHHoe. Fo tenepn

4 g_’) - (g;" _ ’g,’)z -
gdx<g2 o g) (g
my g ny _(g’

2
R R R R ¢ Ok E) <0

*) DTHM BONPOCOM 3aHHMalcs yxe Jlarepp, cm. Oeuvres, T. 1.
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Hymu g(x) pas6uBaior BellecTBeHHYI0 och Ha k-1 wunTepBanos.
B kaKIOM M3 3THX HHTEPBAJOB KpuBad y=g' (x)[g (¥)]? moHOTOHHA
U nepecekaer mnpamyio y=-—1 camoe Gosbliee OAHH pas. Takum
ofpa3om, OOIIee KOJHYECTBO NEPEUHC]EHHHX B NI. a) u 6) HyJeH
nomuroma G (x) 6yner << (n—k)+k-+1.

183. limveem

AP =P(%, £, BY=0(%. 4). CP=R(%. 4)-

Bripaxkenue 15 B%® ocraercs B cuse TakXKe Ipu Helejslx 3Haue-
Hugx k>m—1.
184. lnveem

Q(z, v) 1
Y

(O]

npy o >0, Rr<0;

r(@+z 1,
e r(“‘””‘}ﬁmz‘)‘)r(%jos ol _t)é"’f(—»}—) dt

nmpy © >0, Re>14(m—1)w;

npu ® >0, Rz<<0.

1856. [Cum. Laguerre, 1. c. 1, ctp. 23; G. Pélya, sanaua,
Arch. der Math. u. Phys., cepusa 3, T1. 24, ctp. 84, 1916.] Tpu
HEDABEHCTBA NepBOro crosbua noayvaiorcs 43 183, 38, 8, wuernpe
ocTanbHbIX — U3 184, 80 (3ameHa nepemeHHEIX!), 24.
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186. Mo yxe mpeanonoxumi, uto @, ==0. Ilycts sanuch cl|p
03HAYAET, YTO BELIECTBEHHBLIC YHC/IA & H  HMEIOT OJMHAKOBbI 3HAK.
Torna

f (— oo)IP (—c0), F(O)IR (0),
f(=oo)lR(—1+(m—1) w), [ ()P (0),

fF(—DIR (— o), F(DIQ (4 o),
f(=oo)(=D"R (1 +(m—1)0),  [(+0)IR(1-+(n—1)a),
[ OIP (0), F(=DI(=1)"R (+ ).

FO)Q ),

187. [Laguerre, 1. c. 1, crp. 13—25; M. Fekete und
G. Pélya, Rend. Palermo, 1. 34, ctp. 89 —120, 1912; E. Balint,
Diss., Budapest, 1916; D. R. Curtiss, Annals of Math. (2), 1. 19,
ctp. 251 —278, 1918.] | caenyer u3 38, 2—wu3 34, 33, 32, 3—us
183, 24, III 201, npuuem npuHUMaeM BO BHHMAaHHe, uto P (2, 0),
Q(z, w), R (2, ®) HeNMpepbIBHLI O ® H

. R
Pl 0)=] @) Q@ 0)=(1+2F (15 R, 0)=(1 — 2/ 25
Bropasi 13 1OKa3aHHLIX TEOPeM TEOPETHYECKH IIO3BOJISIET TOYHO OMpe-
neanTh wHCAo Hydel [(z) B unTepBane O<Cx << 1. YUro 3TOT MeTOI

yacro GpiBa€T TIPAKTHUECKH TI0JE3€H, MOKasblBaloT 3azaun 45, 46.
188. [G. Pdlya, 1. c. 80.] U3 dopmy.sl

g (Z—T)'f({)(’ VT ¥ (—*1)"'”@’\);"(?) _

= —m =
o\ o ) v=0 0

=o{ J (70, 0)ettmo d,
0

cnpasegnuBofl 111 Rz >mao [VI, § 9], BuTekaer Fnp << Jp [80, 24];
13 aHaJOrH4yHoH (bopr\f(ynbx

[ee]
—m mlf (— "
(=" mlf(—2) =0 \ g-hmo J (6’"('3, (D) e d}\”
_,z/ g_‘_l i+nl
o\ o 0
cripapegnBoil Aas Rz >0, BuTexaer TakuM ke ofpasoM FL,< 37,

HaxoHel, H3 onpejeneHus J(z, w) caenyer [36], uto 32 . me mpe-
BOCXOIHT YHC/JA NepeMeH 3Haxa B nocaeposateabHoctd f(0), f (0), ...
, [ (nw). 3amedaeMm, HaKoHel, yTO (CM. peuieHHe 186)

f(—=oo)i (=D J (1, ®), F(O)I(—1)"J (++o0, @) (—oo, w),
f(m, o)IJ (0, w), F(+co)lld (1, o).
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189. Haxomnum [188]
J(1, ©)=Amf(0), J' (1, ©) = —mA™-1f (0),...

Orciona paccMarpuBaembiii moanHoM pased J (1 —z, ©).
190.[H. Poincaré, C.R., . 97, crp. 1418, 1883; E. Meiss-
ner, Math Ann., 1. 70, crp. 223 —235, 1911.]

142k
f@) =L 5

Bu6upaem k nocratouno Goabuum [187, 3].
191. VYcioBue pocrarouno [30]; nas noxasaTesnnhcTBa HeoOXoaH-
MocTH BuiOMpaeM P (x) = (1 4 x)*, rae k2 nocrtarouno sequxo [187, 3].

1 d 1
192. VYcaoesne aocratouHo, ubo e—or+-zox I P (x) exx— 7’”2)

nMeeT He Gosiee MHHMEIX HyqeH, yeM P (x) (1okasareiabcTBo, Kak B 58).
J1a1s1 10Ka3aTeIbCTBA HeOGXOAHMOCTH BHGHpaeM cHauamda P (x) =1-}-ex,
noayuyaeM, 4t0 (1--ex)f(x)+e u [e—0] f(x) umeror Juub Berect-
BeHHHIC HYJH. 3aTeM BhiGupaem P (X) =/ (x); Toria npHXOmHM K 32K-
JIOUEHHIO, YPO cTeneHb f(x) paBHa JaubGo HYyJ0, JHOO eAHHHIE.
B nocnepneM cayuae, Korjga, cTajgo ObITh, f(x)=a— bx, nojaraeM
cuoBa P (x)=Ff(x); Bcerna (@ —bx){a—bx)—b>0 nmpu b<<O.

198. [G. P6lya, sanaua, Arch. d. Math. u. Phys, cepus 3, 1. 21,
crp. 289, 1913. Pemenne—G. Szegd, tam xe, cepua 3, T. 23,
crp. 81—82, 1915.]

194. lnrepecyolilee HAC BHIPaXKeHHE MPECTaBJISET COOOH pesyb-
TAaHT NOJHHOMOB [ (X) u g(x), T. €. pasHO bof (By) f (Bs), Tae Py, Po—
HyJv noJauHoma g (x). Ecan B, — He BeliecTBeHHOE, €TaJI0 ObITh, P2 =f;,
TO pe3yJbTaHT OyJeT HeoTpHuareneH. Ecam f,, P, — BeluecrBeHHble
H pe3yJbTaHT MeHblle HYJS, To sgnf (By) =—sgnf (B.) =0 [8].

195. Cayuait n=1 sced. Ilycts n=2. O603Hauas HYJU IOJH-
Homa P (x) uepe3 xj, Xs, X;<=IXp, OIpelelsieM @ TaK, YTOGHl GblIO

x1+xlz
2
a=<<{xy, S P (x)dx=0. TakuMm o00pasoM JOCTaToYHO DPaCCMOTpPEThb

a
cayuait n==3. Ilpumem cHayana, YTo MepBble TPH U3 HYJeH Xy, Xo, ..., X,
noauHoma P (x), Xx;=< Xy <{...<< X, OWIMYHBL JDYr OT 1pyra,
Xy << Xp << x3. OmnpeniennM Takoe O, UYTOGEL GBLIO Xy < Xp— 6 < Xy <<
X6
< X+ O << x3 M S P (x) dx=0, 3aTeM a TaK, 4To6bl GbLIO @ < X, U

Xy —8
X — 06

S P (x) dx=0. Torna nomunoM @ (x) HMeeT Bo BCAKOM Caydae HyJH
a

X=a, X=x;—08, x=x,4-6. Eciu kpoMe Toro, n — HedeTHOE, TO
CYlileCTBOBAHHE YETBEPTOrO BeLeCTBEHHOrO Hys TIoquHOMa Q (x) obec-
TeunBaeTcs TeM, YTO MHHUMBIE Hyau BXoaar B Q(x) momapro. Ecau
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reniepb P (X) MMeeT HyJb KPaTHOCTH m==2, TO NOCTATOYHO BHIGPaTh
5TOT HYJIb 3@ @, YTOOL Q (X) UMeJ No MeHbliel Mepe m-+ 1= 3 Hyneil.
3HaK paBeHcTBa OyZeT MMeTb MECTO, HaNpHMEp, ANA

P(X)=x(x~1)?(x—2)%(x—3)2. ..(x— "—2_ 1>2, 1 — HeyeTHoe,

Px)=(x—1)*(x—2) (x—3)2--.(x— -g—)z, 1 — YyeTHOe.

196. [I. Schur;cm. C. Siegel, Math. Zeitschr., 1. 10, crp. 175,
1921.] TocpencTBoM nepeMHOKEHHS HEPaBEHCTB
2n
-2*1:::- S In [ em—zv ldO
142y =<2 Max (1, |zy)=<<2 © (v=1, 2,..., n)
[1T 52] nosyuaem

1
n L

2n
o 3 In| f(e1%) | a0 ) o0
Il +lzp<2e 0 <2”\/2~53|f(e"")|2dﬂ=

v=1 0
=2V TH [, [ P+ Fanl
[11 69, 111 122].




OTAEJI LIECTOM
AOJIMHOMbI U TPUTOHOMETPHYECKHE ITOJIMHOMbI

1. T, (x) umeeT Hy M cos (2v — 1);1 U, (x) umcer nyu COSV g
(v=1, 2, ..., n).
8. Buitekaer U3 COOTHOLICHHH
cos(n41) % =cos®cosn®—sindsinnd,

sin(n-41) ¢ =sin® cos ¥4 cos ¥sinnd.

3. BeoauMm B muddepeHuUaNBbHBEIK YpPABHEHHAX

d2 cos nd d? sin n® .
=—n?cosnd, —gE = n?sin nd

dd?
HOBYIO HE3ABHCHMYIO INepemeHHyo cos & =x. (HactHeli ciayuyait Teo-

pembl 98; CM. peluenue X.)
4. TTonoxuM x=cos ®. Torga paccMarpHBaeMbI€ MHTETPajbl Tpe-

oBpasyrcs B
14 n
Lo = S cosmd cos n dd, uy,,= S sin (m--1) O sin(n+1) ¢ do.

0 0

Orcrojia
lon=Umy=0 1pH m=n,
npu n>0,

a
tnn =Upp= 9

t00=:|'5, Llc,o: g

YKa3aHHOe B 327a4€ YCJIOBHE OPTOTOHAJIBLHOCTH ONPENE/seT IOMH-
HoMEL T (%) 1 U, (x) ¢ TOYHOCTBIO O TIOCTOSIHHOrO MHOXKHTENA. OHO

PABHOCH/IGHO yCOBHIO
1 1
S T ™ K (x)dx=0, coors. g VI—2U,(x) K (x)dx=0

(Y

/T —
1llx2 <

Aas BCEX TOMHHOMOB K (x) (n— 1)-it crenenu (cm. crp. 102).
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5. YacrHull caydait TeopeMmel 98; cM. pelueHue a).
6. [C. G. J. Jacobi, J. fur Math., 1. 15, crp. 3, 1836.] Tak
1

n—--
gak Bce TpousBogHbie oT (1 —x?) 2 uHmxke n-ro nopsnka ofpama-
10TCsl B HYJb B Toykax x=—1 ¥ x=1, o u3 5, UHTErpupys no yac-
1AM, TOJYUYaeM

1 1 1
T, (%) _ 1 > (n) )
Sf(x) Vl—-xzdx— 1-3-5...(2n—1) S ) (1=x%)" 2 d.
—1 -1
7. |cosnd|<1 (n=1, 2, 3, ...). Pasencrso nocruraerca Juib
aas n®, kpatueix n [1]. Janee, Bropoe HepaBeHCTBO BEIBOAHM MOCpen-
CTBOM MOJIHOH MHAYKUHH H3 COOTHOIUEHHSA

sin(n41)9 sin n®
D =CoS 1+ CcosY e

31eck paBEHCTBO JOCTHraercs Jauiub And |cos & |=1.
8. cosv® ectb mosuHOM V- cTeneHu or cos ¥; cos¥d ecTh MOMH-
HOM V-TO NOpAJKa N0 KOCHHycCaM.

sin (v4-1) & v ]
9. —-——(si:—ﬁ) €CTh TOJAHHOM v-H cTeneHH ot cos¥; sin & cos¥ &

ecTh MOJuHOM (v 1)-ro mopsjaka 1o CHHycaMm.

10. cos pdcos ¢&, cospd sin g9, sin pYsingd, tae p u g— neavie
HEOTPHIaTeJbHLIE UYHCHAR, INPEACTABJAKT COG0H TPUrOHOMETPHUYECKHE
IOJHHOMEI (P - ¢)-ro mopsiaka.

1. Hmeeum

v

2V . V—2zV
cosw‘)=————g—, sinv® = 55—,

o7 z=e®  (v=0,1, 2,.., n.

[MoacraBiss 3T BblpaXeHds B g () m ymHOXKasa Ha €%, noayuaem

(Z) — }"ozn + 2[ zn+v + Zn—v) + pv (zn+v — g~ V)]

Vimeem
= ligy_y= X EHEY  (y20, 1, 2, ., n—1);

Janee u,=»A,. Ecan g(9) touno n-ro nopsgka, 1o G (z) 6ymeT TOUHO
2n-fi cremend (M He Gyner ofpaiarbcd B HyJb OpH z =0). O6patHoe
TaKXKe CIpaBe/l/IuBO.

12. Ilycts G (2) =upt 241,224 ... +u,,.2*. Torza

Uy=fpmy (v=0, 1,2, ..., 20),

TaKk 4YTO U, — BELUECTBCHHOC H

n—l . n—1 .
g (ﬁ) —y,=ein? Z (uveivﬁ + Uy, e (2n-v) 13) = 2R Z ue {(v-n) @
v=0

V=0
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npeacTasisgeT co6olt TPUrOHOMETPHYECKHH IMOJHHOM 71-TO NIOPSIKa C Be-
IECTBEHHBIME KO3 (PHIHeHTAMH.

13, Ilycte 2, — oranyHbll o 2=0 Hyar momnHoMa G (2). Torna
"G (25")=0, T.e. G(z') =0, Tak uro 7z;' (a 5To—HE uTO HHOE,
KaK pesy/]bTaT OTpa)KeHusl TOYKH 2, B ENHHHYHOM Kpyre) TakKxKe
apasercss HyJaem noauHoma G (z). C momoubio AuddepeHurpoBanus
noJiy4yaem aHaJIOFHllHO, YTO €CJH 2y €CTh HYJIb KPaTHOCTH R, TO TAKOBBIM
xe 6yueT u Zo . Hamee, ecmi G (z) mmeer z=0 Hyjem KpaTHOCTH &,
TO TpH nepexoma K 227G (2°1) cTeneHb TIOHH3HTCH POBHO Ha k epnHHI
[T. e. 22"G (2~ 1) paccMaTpHBaeMbll KaK IOJMHOM 2n-i cTereHu, GyjeT
UMETb R HyJNeHd B GecKOHEeYHOCTH].

Takum 03pasoM, HyJH nonuHoMa G (z) pa3HBaOTCA Ha Mapsl,
TaxkHe, 4YTO HYJb, BXOASLHH B OJHY H3 HHX, SBJSETCH pPe3y/bTATOM
OTPaXKEHHS ADPYroro B €IHHHYHOM Kpyre.

14. OGosuauum nyau nomunoma G (2), onpejesnensoro B 3anaue 11,
Hepes 21, Zgy ... Zon (2v=0; v=1, 2,...,2n). Torna HyJu TpHIOHO-
METPHYECKOrO NoauHoMa g (%) 6yayT

By=lnz, 0<RO <2 (v=1, 2,...,n)

15. B ofo3nayennsax sanaun 11 10/3KHO HMETH MECTO TOXKIECTBEHHO
sl Bcex o ¥ P cooTHoLIeHHe

an
L Ul Z gt % ”)( ) (l_")( R, ): 3 yeiten @),

k, 1=0 k=0
Ho
i ei(l—/z)%_% N RC +1 1 npu k=/,
= = (=1t
v=o e = k£ L
1 _eL n--1

CaejoBaTesblo,
2n
(n-1) Za el en) (@-B) L Z Prrtlguget ko) ot (nD B —
/z#

an
= 3] uel k) (@ B),
B=0

OueBHIHO, Yy == 0 151 YETHOTO U Y4 5= 0 47 BeuerHoro [/ — k. Tak
KaK cymMMa
on
F Ykzukuze‘ (ko=1B)
k —

k-‘l
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JOMKHA ABAATHCS TIOJHHOMOM OTHOCHTENbHO ¢ (*B), 1o oTclona 3aK.i0-
yaeM, uto Upu; =0 A4 HeueTHHIX [ —AR H, KPOME TOro, 4TO

(n+1) ui =,

OTKYZa
1
=0 wuam —n——}-l'

Takum 06pas3oM, WHTEpECyIOlHe Hac TOJHHOMBI XapaKTepH3YIOTCS
CMEAYIOIHMH YCJOBHIMH!

1. -Oun npeacTaBisioT co60H MOJHHOMBI IO KOCHHYCaM H COAEPKAT
yjenbl AM60 MUIND C HEUETHBIMH, JIHGO AHIIb C UETHBIMA KPaTHbIMH .

2. JleficTBUTENBHO COAep:Rallliecs B HAX WJICHB HMEIOT BCE OfUH

4 TOT Ke KosdpuuueHr 3a HCKJIOUEHHEM CBOOOJHOTO w/ieHa, KO-

2
n4-1’
TOpblH B Caydae, €cqu OH HMEETCd, paBeHn_i_1
TarkuX TPHIOHOMETPHUECKHX MOJHHOMOB GyZer

ol 7)ol

IIpumep.

2(8) = 1 sin(r?+l)ﬁ. [16.]

n-1 sin &

186. IlojoxuM z=¢" Torma nepBas cymma Oyier paBHa

?ﬁ(%‘l“Z-l—zz—l— -l-zn}:ml_zz(l;—girkl:
—R¢ ‘;3+enfr "(”+—;)0

_is '
2<e 2—39>

AHAJIOTHYHO BBIYHCIIsEM Apyrue Tpu cymmel. MoxHo MpOBECTH J0Ka3a-
TEJBCTBO TAKKE NyTeM TONHOH HHAVKIHH,

7. V3 nocaegueit ¢opmyasl TpeaplAyllel 3ajatn mojydaem, UuTo
paccMaTpHBaeMoe BLIPAXKEHHE DABHO

21

p [ sinndsin _sinadsin (n41) 9\
sin ¢ \ 1‘) sin ¢ :
sin —2

(/Tubo HenocpencTBeHHbIM Bhluucaeruem.) Ilpu O =0 orcioga noay-
yaercs, YTO CyMMa 7 NEpPBLEIX HEUCTHBIX UHCEJ paBHA n?,

10 T. Moaua, I. Cere, u. 11
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18. Kom6umupys 16 u 17, nonyuaem

2—1— Z( +cos O+ cos 28 .. —l—cosvﬁ)

3 stleﬁ_l sin(n—l—l)%—\2
- _2_.—6_—7 % |
=0 Slﬂ—z— Slﬂ-z—
19. Us 16—18:
2
D Vg v=1 2 ... 2
2 _ .
2)v7,v=1, 2,...,n—1u(2v—1)n+ =1, 2, .., n+1;
B) vor, v=1,2, .., 2n—1, 2n+1, .., dn—1;
2 2
4) v ;n, vn—_:;l, v=1, 2, .., 1
5 v%, v=1,2, ..., 2n, BCe ABYKpaTHLIE, 32 UCKJIOUEHHEM V =H
u v=2n,
6) v i_], =1, 2, ..., n, Bce ABYKpaTHbIE,

80. 13 16, 2 un 1.
21. PaccmanHBaemaﬂ CyMMa paBHa

n--1
Z sin vO - Z sin v

= ~31n2(n—l—1) ctg2. [16.]

28, [L. Fejér, Math, Arm., 1. 58, crp. 53, 1903.] U3 18.
23. [Cm. T. H. Gronwall, Math. Ann., 1. 72, crp. 229—230,
1912.] Coraacno 16

- n+ ]
dA(n, ®) sin 1‘) cos
dd sin v
2

I1o BhIpaxenue obpamiaercss B Hyab B MHTepBate 0= ¥ <<m anub
B VKa3aHHLIX B 3ajaye TOUKaX, NpHUEM HEPeXOAHT B 3THX TOUKaX IO-
TIEPEMEHHO OT NOJIOKHTEJAbHLIX K OTPHUATEIBHEIM H OT OTPHUATENbHBIX
K MOJOXKHTEJNbHbIM 3HaueHUsM. OHO o0panliaercs B HYJb TaKkKe TNpH
O =m, ecau n—uernoe. OnHako Touka x=1, y=0 sABAseTCs 1EH-
TPOM CHMMETPUH 15 KpHBOH y=A (1, Xx), CJIeqoBaTeJbHO, B Heil HeT
HH MHHHMYMa, HH MaKCHMYyNa.

24. [D. Jackson, Rend. Palermo, T. 32, crp. 257—258, 1911;
T. H. Gronwall, 1. c. 23, crp. 231; pasencteo Max A (n, ¢) =
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<n, iH) Goio Hafijeno L. Fejér'om, cM. D, Jackson, 1. c.].
CoraacHo Gopmyse 20

/ / . fad .
a{n, (2V+1)n+1) Aln, @v=1) ;%)=
@+ 1 (2V+1)n—j_—l
dA ki) > . )
= S %—Zdﬁ< S sin(n4-1) Gctg 5 dd =
2v—1) ”q__n @v—1) 7
v 7

- n+l' 1 9letg  —ctgot 2ET ) g
== S sin(n+4-1) (cg-é-—-cg 5 )

@v—Dh ”_‘H

v=1,2,..,9—1;, n=3).

B nocnenmrem uHterpase sin (n-4-1) #=<0, a BrpakenHe B CKOOKax
E1g

TNOJIOKHUTENbHO, TaK Kak ctgx B wHTepBase 0 <X < -y MOHOTOHHO

yO6biBaeT.
258. [L. Fejér; cm. D. Jackson, 1. c. 24, ctp. 259; T. H.Gron-
wall, 1. ¢. 23, crp. 233.] Coraacho 24

A(”’ n+1)>‘4§ 5= Afn—1, 7).

Ilo moBony ’}LroriA n, +1> cm. 11 6.

28. [W. H. Young, Proc. Lond. M. S. (2), 1. 11, crp. 359,
1913.] Coraacuo 16

a1
dB (n, ﬁ)__sm 9 sin 5 ) [19 03
48 a inE ) ' ]
S

27. [W. H. Young, 1. c. 26.] Ilycte n=3, =, ‘A—uenue,
1/x<x<[2i] Torza [21]

_?i
8o 1) - B(n )= ) Ll

- § <sin 84 sin204 ... —l—sinnﬁ+w>dﬂ<0.
11

*

"
10+
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28. [W. H. Young, 1. c. 26.] Coraacro 27
B (n, m), €cJ¥ 1 — HeueTHoe,
Min B (n, 0)=

T
B(n, nn+1>, ecyIi 71 — YeTHoe.

B nepBom ciyudae HMeeM

Bin, W=l bty Loy

n—l
ITpu HEYeTHOM n==5 HMEEM JRaxe

13 1
Bo BTOpOM cayuae

B{n nify)=B(n+1, nyy +1)‘nT1’
T, €, TIPH YETHOM n =4 HMeeM

B< ,lln+1) 1+n+1 ﬁz—l.

Ipu n=2
o on 1 4m 1 1 3
B<2, -§—>=cos3—l—2cos3 —7—T“_T>_l'
29. B mnxkecaenywouem n=0, =1, &2, =3, ..., Mp orMeuaeMm

0c060 Te 3/EMEHTHl CHMMETPHH, KOTOPLI€ HE MOTYT GbIThb NpPHBEJEHLI
B COBMaJEHHE BpalleHHsMH B cefe TJIOCKOCTH KPUBOH y={ (x).

1) Ipsmbie ¥ =21 ¥ x=(2n — 1) SABAAIOTCA OCAMH CHMMETDHH;
by=b,=b;=

2) Touku x_2/m 0 x=(2n—1)n ocH abcupcc y=0 ABAAIOTCA
HEHTPaMH CHUMMETDHH; Gy =0; =0, =03=...=0,

3) KpuBas y=f(x) npuBoIuTCA B COBNAJEHHE Cama C COGOH FOpH-
30HTa/bHBIM CMCUICHHEM Ha T ¥ TIOCJEIYIOUHM OTPaKEHHEM OT OCH
afeuce (och abCLHCC — «CKOJB3AIAA OCh OTPAXKEHHSY); @y = Ay = by,=
=a=b=0,=by=...=0. '

4a) BeprukaJbHEIE NIPAMbIE X = ATl ABJSKTCA OCAMH CHMMETDHH;

1 e
TOYKH X = (n -+ 7) m, y=0 sABAAIOTCS UEHTPaMH CHMMETpHH; b, =
= b =by=...=0, qy=0,=a,=...=0.
46) BeprukaibHbE NPSAMBEIE X = (n + ) T SIBJSIIOTCA OCAMH CHM-

MeTpHH, TOUKH X =73, y=">0— HEHTPaMH CUMMETDHH, Qy=0; =0, =
=a3=...=0, by=0,=bg=...=0. (C yuCTO reOMETPHUECKOH TOUKH
3pEHHS] HUYEro HOBOIO IO CPaBHEHHW ¢ 4a.)

5) Tlepuogom siBasieTcsl y»Ke TIIOJOBUHA 27; @y =by = 3= b=
=a;=0bs;=...=0. CuMmmerpus COCTOHT JIMIIb B HHBAPHAHTHOCTH
TP TOPH3OHTAJIbHLIX CMEIIEHHAX Ha Uedple KparHoe 5. (C gHCTO
reoMEeTpHYECKOH TOYKH 3DEHHS — HHKaKOro HOBOTO BHJA CHMMETPHH
N0 cpaBHeHHIO C ofliiuM psazom dypee.)
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- (KpoMe NSITH Nepeync/IeHHbIX, CYIECTBYIOT ee B2 (MOAYYaloUIuXCs
OTpaKeHHeM OT OCH X), C/I€J0BaTelbHO, BCErO CEMb THIIOB CHMMETPHH
A5 NEPHOAMYECKOTO «BOPIOPHOrO y30pa», T. €. CeMb pasjHUHbIX
rpynn ABIXKEHHH, TIEPEBOASAIIMX HEOTPaHHUYEHHBIH pSJ - PaBHOOTCTOS-
KX TOYEK U TIPOXOASIVIO uepe3 HuX IVIOCKOCTh B CaMHX cefs.)

30. 211 nepBrix Koahduuuenros dypue monuHoma f(¥) cos-
NajalT ¢ COOTBETCTBYIIUMH  Ko3GMHIHMEHTAMH 5TOro MOJWHOMA
(B o603HaueHUAX 3afaud 11: qo=2»2y, 2a,=A,, 2by,=p,, v=1, 2, ...
..., h), BCE OCTa/JbHBIC PaBHHl HYJIO.

31. lmeem

D
_mZ() (z=v)e _ 2( Jeos(§ —v)o. [111 117,]

32. yMHO)KaH Ha cos nd, cootB. sinn® (n=0, 1, 2, ..)) u uHTE-
rpupys B npexeaax ot 0 1o 2m, nosyuaeM, 4to Kos(duuHeHTs Dypbe
¢byHKUMH [ (9) coBmanawT ¢ aq, &, by, ay, by, ..., T. €. yro paa Oypee
byukiun f () copmajaer ¢ 3a4aHHBIM TpurOHomeTpuquKHM pszoM.

88. PacknappiBaeM (QYHKUHUIO, 3aJaHHYI0 PaBEHCTBAMH

n—
—— npu 0<% < 2n,
f(ﬂ)={ > P

npu &=0,
B psaf @ypoe.

84. Tleppulil pAx NoayuaeTcss B PE3YJAbTATE HENOCPEACTBEHHOTO
BEIYHCJICHUA Kostp(pHuHeHTOB ®ypoe. Ilosaras B vem O =0 u BpIYU-
Tasl NOJyueHHBIH TakHM 06pasoM psl, NOJY4YaeM BTOpPOl.

85. [G. Szegd, Math, Zeitschr.,T. 9 crp. 163, 1921 ]COI‘JIaCHO 34

16 . sm?mm‘)
T 2 —IS sin @ 0. - [17.]

8©6. Uro usenn ¢ CHHycaMH, a TakXKe WIEHH C KOCHHYCaMH, CTO-
SIIUMH Ha HEUeTHBIX MeCTax, OTCYTCTBYIOT, BbITeKaer u3 29, 1), 5).
Hanee, uMeéMm
2

T J
1 2
~= Sf(ﬁ) cos 2ndd =2 S F (9)cos 200 dO =
0 0

=% Vo) (s - o)

: M 0) [ 4 T — 0)]cos2n0 40

Ot’=§|:\

—f

n

—
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Ho B unTeppaze (O, i ) oueBuaHO, c0s2n% > 0. C zpyroi cTopowsl,

s moGoi dyuKuMH f(x), BHITYKJAOH CBEpPXY B HHTepBale a, b,
mpH a<<x—v<<x—u<<x+u<<x+ov<<b umeem

(v—l—u)f(x—v)—l—(v—u)f(x—l—v)

f(x‘_u)> %0
f(x—l—u)) U"“l‘)f(x—v);v(v‘l‘u)f(x"‘v) [H 74],

C/I€[I0BATENBHO, YTO TEOMETPHYECKH TAKKE SICHO,
flx—o)—flx—u) —Flx+u)+fx+0)<0.

87. Jloxa3aTeJbCTBO KaK JJsi YacTHOro ciayyasi 35 C NpHUMeHe-
HHEM Teopembl 36.
38. B oGosnauenusnx 3anau 26—28 umeem [34]

n n o0
2 1 B(n, 2v®) _ 2 1, 4 1
I'(n, '&)_? 27_-2 T e 7+F 24v2—1—
v=] v=1 v=1 v=1
ol . 2
=z 2vts
v=1
Hanee,
1 ¢ 2 &1
L R 0=z 2+
0 yv=1

39. Iosoxum z=¢' u
| Xo -+ x12 4 X022 -F .o 4 x,2" \2=7V0+7»1cAosﬁ+ulsinﬁ+
Ay c08 20 -} 1y sin 20 ...+ A, cos n® -, sin nd.
Toraa ‘
Do= %o P4 |2 P4 | X [P [ 20 P,
5 Oy i) = 58y b Xy o Xans (=1, 2, oo, n);

byt iy =2x0%, 0. (Ilpu xy=x,=x,=...=x, NoJyyaeM HOBOE
J0K a3aTenbcTBO (opMyJnl 18.)

40. [F. Riesz, cm. L. Fejér, J. fiir Math., 1. 146, ctp. 53—
82, 1916.] Onpenenennpii B 3agaue 11 momunom G (2) COCTOHT u3
CAEAYIOUHX TPEX MHOMHTEJIEH, H3 KOTOPHIX OAHH WJHM JB2 MOTYT H
OTCYTCTBOBATH [13]

H(Z—Eu) H(Z—zv)( ) ',

u::l v=l
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rie k424 r=2n; k, |, r —ueabe HeOTpHUATENBHHIE yHCAa, | §,| =
=1, 0<|zy|<< !, u=1, 2, ..., kB, v=1, 2, ..., | u c—npous-
BOJIBHOE KOMILTeKcHoe yucao. Hyaam §, = e’ nonunoma G (2), nexa-
WM Ha TPaHHIE eJHHHYHOTO KPYyra, COOTBETCTBYIOT Hyad U, nosu-
HoMa g (%) B BelecrseHHoM HHTepBanle 0<C O« 2n. M npuroM, Kax
MOXKHO  y0enuTbesi AH(ppepeHUHMPOBAHMEM COOTHOWIEHHA g (8) =
= 719G (¢'%), xaxpomy Hymo {, =e’n nominoma G (2) COOTBETCTBYeET
Hyab O, momuHoma g () ¢ Tolt ke KparHocThio. Tak Kak g (%) =0,
TO KaXIbH Hya b §, 1O/MKEH BXOIATh C YETHOH KpaTHocThio. IlycTh
TOrZa

i
H (z—8) = H (2—Lu)%

pu=1 u=1

Otcrona caepyer
k

g(ﬁ)ZEg(ﬁ)\:JG(em)|=|clH | ei® — |aH|etT;zvlz
=i =1

L]

41. [40.] B srom cayuyae noauHoM G (2) HMEST BELIECTBEHHbIE
KO3(UIIHEHTL], TaK 4TO KOMIIEKCHbIE HYJIH , H 2, SIBJISIIOTCS NOIMAPHO
CONPSKeHHBIMH.

42. JTo6oii JuueiHbIH MHOXKHTEIb 2 — 2, NOJAHHOMA /i (2) MOMKHO
3aMeHuTh Ha | —Z,z, 00 Ha OKDYXKHOCTH E€IMHHYHOrO Xpyra |z —
—2o|=|1—2%yz| [IIl1 5]. Tlpu 3TOM 2,, B YacCTHOCTH, MOXKET OLITb

PaBHO HYJIO.-

43. CnocofoM, yKkasaHHBIM B pelleHHH 42, MOXKHO H30aBHThCS
OT .BceX HyJeft A (z), MEHBIIHX NO abCOMOTHOH BeauyHHe, udem I.
YCAOBHIO 2 MOXKHO YJAOBJETBOPHTL YMHOXKEHUEM Ha HEKOTOPYIO MOCTO-
AHHYI0O v, |yl=1. U torna u3 Il 274 BriTeKaer, YTO 3TOT TOIHHOM
' (z) 0AHOSHAUHO OIpeneJeH.

44. PaccMarpuBaeMas Ienaas JpaLuionanbias byHKIMA pasaa-
TaeTcsi Ha MHOXHTENM BHAA (X — Xg)*+ Y3, IIe X,, Y, — BEUIECTBEHHLIE
ypcia. Temepb NMpHHIMAEM BO BHHMAHHE TOMKIECTBO

(P14 g1) (P3+¢3) = (P2 + 4202)" + (D192 — P2g0)™
45. PaccmarpusaeMas pesaas pauMoHadbHas (yHKLMA pasiaa-
raercd Ha MHOXKHUTeEAH BHIA

(x — x0)2 Y4 (%o, Yo — BELECTBEHHLIE), X + Xy (¥, ==0).
[IpuHEMaeM BO BHHMAHHE TOXKIECTBO ’
[Pi+4gi+x (i) [pi+ g3 +x (r34-si)] =
=[(p1+qi) (P2 +g3) +x* (r1 + s0) (r2 +s3)] +
+ x[(pi+¢1) (ri+3) + (ri 1) (P2 4 g3)]-

Hanee npuvensiem ABaxIbl TeopeMy 44.
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406. [M. Fekete.] OGosHauum paccMaTpuBaeMblii MOJIHHOM Yepes
P (x). Tlpumensiem K P (cos?) teopemy 41 H nprHEMaeM BO BHHMa-
Hue 8, 9. HMmeem

P (cos®)=|A (cos®)+i B(cos ) sin ¥ %

rpe A (x) ¥ B (x) —noAMHOMBl C BE[IECTBEHHBIMM KO3thHIIHEHTaMH.
47.[F. Lukacs.] ITycts P (x) — noaunoM creneru 2m. Coraacuo 41

P (cos®) = | () P =| e-"% (e) %
e~imOp (¢i%) = A (cos 0) 4 i D (cos ) sin ¥,

rie h(2) —noaMHOM 2m-H CTENEHH C BEIIECTBEHHLIMH KO3(pHIHEH-
Tamu, A (x) crenenu m, D (x) crenenn m— 1. Ecau P (x) crenenu
2m--1, To umeem

P(x)=(x—a) P (x)=(x+1) Py (x) +(—a—1) Py (x),

HJIR
Px)=PB—x) P (x)=(p—1) Py (x)+ (1 —x) Py (%),

rne << — 1, cootB. =1, 3areMm K P;(x) mpuMeHsieM Tpeabiaynine
paccyXaeHus., :

48. [Ch. Hermite, 3anaua, Interméd. des math., 1. 1, cTp. 65,
1894. Pemenne—J. Franel, E. Goursat, J. Sadier, Tam xe,
1. 1, crp. 251, 1894.] Her. [eiicTBUTENbHO, B NPOTHBHOM CJyyae
MOKHO OLwio 6bl HamHCaTh

Bte= 3 A ) (124 (14

rie €>0, A(e)=0, o u P npoberaioT Bce LEILHE HEOTPHULATENb-
Hble YHucaa, Aas Kotopulx o--P=<<2. Takum o6pasom, npH mdwofoM &
B 3TOH CyMMe GyJeT COHEp:KaTbCsA POBHO LIECTb UJeHOB. IloJaras
anech x =0, noayuyaem, yto A (¢) orpaHnHyeHo Aas 0 <Te=< 1. By,ueM
Tenepb Tak NpHEIHKATh € K HYJI0, 4ToOb cyliecTBoBaj lim A (g) =

H NpH TOM BO BCEX IUECTH YJCHaX; TOTAA B npe,aeJIe HOAyUHM

= A (1—=x)*(14x)P.

Ho npu x=0 3T0 TOXAECTBO HEBO3MOXHO.

49. [F. Hausdorff, Math. Zeitschr.,, 1. 9, crp. 98—99,
1921.]

ITepBoe pemenHe, JlocTaTOYHO PACCMOTPETh CJEAYIOHIHE JBA
YaCTHBIX CJaydas:

1. P (x) — nunefiHad q)yHKuHﬂ'

P)="C0 00— 20

(I+x).

2. P (x) — NOAMHOM BTOPQH CTENEHU:
P(x)=a+2b{l—x)4c(1—x)? ¢>0, ac—b*>0.
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ViveeM mpu JofoM ueaom p =2

9P (x 2() (1 = x)" (14 %P~V +

426 (1—x)2 2( (1=t (0

¢ (1—x)? 2( ) X2 (14 x)P-

= vfp(p 2)\,)! FO) (1 —x)Y(14x)P-v,

v=0
fV)=ap(p—1)+4b(p—1)v+dev(v—1)=
=4cv®4-2 (26p — 2b — 2¢) v - (ap® — ap)

KaK TIONMHOM BTOPOH CTENEHW OTHOCHTENbHO v GYIeT MOJOKHTENLHO
onpeeaeHHbM TIPH J0OCTaTroyHo GOJBIUHX p, KMEHHO NPH p, YAOBJET-
BOPSIOIINX HEPABEHCTBY

4c (ap® —ap) — (2bp — 2b — 2¢)* =4 (ac— b?) p®4-...> 0.
Bropoe pemweHnune. BeeseM HOBOe mepeMeHHOe 2z MOCPEACTBOM
ypaBHEHHUS
(142 (142) =
Ilycte P (x) —nosnuuom n-it crenesu. Torma H
P(iE) 42 =F@)

Takxe OyneT MOJMHOMOM n-B CTENneHH, npHueM npu 2z>0 6yzer
f(2) > 0. CunenoBarenbHo, ps1 IOCTATOUHO GOJBLIOrO I1IEIOro p OyAeT
HUMETE MECTO Da3foKeHHE

FRU+ar-r1= 3 Ag,
- a==0

rie Bce A,=0 (¢=0, 1, 2, ..., p) [pemenne V 187]. A otciona
OyneM .HMETh

)
1—x\ (1 +x\n
P ()= F(1) () =20 2 Aa L= 12
B50. Ilepsoe ,aoxasaTeJIbCTBo [L. Fejér, C. R., 1. 157,

ctp. 506—509, 1913; Bonpoc 06 yC/IOBHSIX HOCTHXKEHHS PaBEHCTBA
He pa36HpaeTCﬂ] Tlon0)HM

Ho

. I+ze Oy
Q(x)=n+1-— E—ﬂ,ﬁv—\’nia_tl

V=1l—ze‘ v

v=1, 2, ..., n).
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Torpa fem. 111 6] npu |z|< 1
R <n+1,
Janee [cM. BTopoe NOKa3aTeabCTBO],
Q@) =1422+42224...+ 22"+ o 2"+ Grig2t 24 ..
Takum ofpasom, TIpu 0 << r << 1 umeem
Ao rr+ A2 A=
2

g(®) (1+42rcosd+...42r"cos nd) dd =

-1

I
to
) -
Ol i} Oy

I

2m
1 . !
5 | e@@Quet)dd < (nt 1) gz {e®dd=nt1.
0]
Iast monyuenusi Tpedyemoli omenku g(0) ycrpemasem r k 1. Pac-
CMaTpHUBaeM, aaJsee, g (¢4 0,), rae &, duxcuposano.
Bropoe nokasarteanctBo. [L. Fejér, C. R, 1. 157,
erp. 571—572, 1913.] Hocraroyno noxasats, uto g (0) << n -+ 1. Iosno-

2n

KHM ﬂ\,:vn—_ﬁ v=0,1, 2, ..., n). Toraa
n ' n
Y cos kby= ) sinkd,=0 (k=1, 2, ..., n),
v=0 v=0
TaK Kak
21t
fn ) =t
- 2
v=0 e n+1

HUmeem, caegosaTesbHoO,
gO+g@)+g(®)+...+g@)=n+1,

T. e. g(0)=cn-1. Has Toro yroObl MMEAO0 MECTO pPABEHCTBO, HEOG-
X0aHMO, 4ToGH g () =g () =...=g (9,) =0. Tak rax g (%) =0, 10
2n
'av:\ln—_,_'i (Vzl, 2,...,71)
6yAyT ABYKPATHbIMH HYJAMH. DTO YC/IOBHE BMECTE€ C HauadbHbIM
YCJOBHEM A= 1 BTOJHE OJHO3HayHO onpeleasier g (9). [18.]
Tperpe nokasateabctBo. [L. Fejér, 1. c. 40, cTtp. 65—
66.] CoraacHo teopeme 40 BCAKHA TPHTOHOMETDHYECKHH IIOJIHHOM
g (¥) paccmarpuBaemoro THna Moxer ObiTb IPEACTaBIeH B dopme

g(0) =|x+ 52+ x22 ... x,27 |2 (z=¢Y),

ho= %o Pty P [0 P 2o P = [39.]

rue
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ITpuMensis HepasencTBo II 80, moayuaem, uTo AS1 KaXKAOIo 3Haue-
ma U=

0
g <<(n+1) (% P+ % P+1x P4 .4 ix. ) =041
PaBeHCTBO JOCTHI&EICs JHIb TpH X, =ye~ V% (v=0, 1, 2, ..., #n);
=y

B1. [L. Fejér, 1. c. 40, crp. 73.] Hmeem
An i = 2x,%,

2 %oTn | <[ Xo P4 | xa P <[ X0 [P [ 21 P o[ X [P =1

PageHCcTBO GyaeT MMETb MECTO JIHIUb 4J18 CAYYAN Xp ==X, ==...== Xy =

i
Ve

=0, |X|=]|x,|= T. €. Korja

1 e
g(®) = 5| 1+yein? p,

rae |y|=1. o
B2. [L. Fejér, 1. c. 40, crp. 79.] Coraacuo 39, 40 3agaua
NPUBOJUTCSA K OTBICKAHHIO MAaKCHMyMa BbIPaXKEHHUs

4] %%y + X1 X+ oA Xni X P

MpH JONOJHHTENBHOM YCJOBHH | Xp Z4-[xy 4| x, 2. .. | x, P=1.
Mol MOXKEM OTPAHHYUTBCH BEUICCTBEHHBIMH Xo, Xy, Xg, ..., Xn. Makcu-
MYM BLIpaXKe€HHA

2| xoXy F XX o X 1 X |

6yrer paset [cm. Kowalewski, crp. 275] HauGosbiuemy no aéco-
JOoTHOIT BesHuuHEe HYmMo onpeneauteas D, (f—h) 3amauu VII 70 npu

' 7
f(9)=2cos ¥, 1. e. pasen hy, ,=2C08; 7.

B3. Ilyctb h(2)=c(1+2.2) (142,2) ... (142.2), |2y]<<1,v=
=1, 2, ..., n, ¢ BellecTBeHHo M GoJjbwie HyjadA. CorgacHo I1 52
2n
1 .
%5 In| 1+ ze®f dd =0,
0

c¢aenosaTesbio,.
21

1 »
EES Ing (%) do =Inc.
0
B54. Bce TpuroHometpuueckne MOJHHOMbL g (U) WHTEpecyoulero

Hac Tana HMEIT BHJA
g (ﬂ') = 1 h (eiﬁ) lzy
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rne h(2)=(13422) (1+22) ... (1 +2,2) = xgF 32+ 2,22 ... - x,27
H 2y, Z3, +.., 2, HE32BHCHMO JpyI OT Jpyra IpoGeratT BCE KOM-
IJIEKCHBIE 3HAUYeHHs, IO MOAYJ HE NPEBOCXOAsALME EAHHHIKLL. [lo-
3ToMy npH |z|<<1 umeem

B @) < (141 =2~
Pasencrso JOCTHTaceTCsd JYIIL B TOM cnyqae Korpa BCe 2, paBbe

Mexay Cco6oi, |2y |=1 Hu, Kpome TOro, z=72,.
55. Mueem

h(z) L(14-2),

csie0BaTeNbHO,
2 2 2
R e P e P S R I Y e (4
[T 32]. OrHocuTenbHO AOCTHKEHHS] PABEHCTBA DacCyxkiaeM, Kak B 54,

B6. Kak B 55: .
| R+ ipy [ = 2| %Xy + X1 Tvrr F o A Xuv ¥ | <

<2[e)0)+ ()0 30+ + G2 =201

57. HepBoe JokasarteabcTBO. Ha ocHoBanuu 40 u 39
u3 g (%) =0 u A =0 BbITeKaeT
g () = xo+ %70+ x,30 4 - x,e0 | 2,
| X PA- {2 B[ %, P o[£ 2 =0,

T. €. x0=x1=x2=--.=xn=0.

Btopoe pokasateabctBo. [L. Fejér, 1. c. 50, sropoe
nokasatenpcTBo. Kak u Bo BTopom JOKasarejbCTBe B peweHud 50,
3gKMIoUaeM, 4T0 TpH
2n
O, =v

;1—_,_—1 (V=1, 2,...,’1)

6yneM UMeETb

g0)+g(0)+g@W)+...4g(8,) =0,

g0)=g(B)=g(B)=...=g(8,)=0.

Taxum o6pasoMm, g (8) umeer nyaum 0; O, &, ..., ¥, u npurom
BeaeacTeue ycaosus g (9) = 0 Bce — aBykpartHble, CoraacHo Teopeme 14
orcrofia caenyer, yto g (%) =0.

Tperbe aokKasaTeabcTBOo. Iloanas wHAyKumus. Ilpn n=1

A, cos ﬁ—l—ulsim‘}=]/mcos(ﬁ“ﬁ'ﬂ)’ tgﬁo:%’
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i CIpPaBeLJHBOCTL YTBepXKJeHHS oueBHAHA. Tak kak g(84)=0, 10
npu #>1 ¢ynkuns

g* () =g—@+—§M=x2 cos 20 + p, sin 20 +
+ A cos 40+ pysin 48 4. 4 Ay, cos 2p8 -y, sin 2pT,

n o o
rie p= [»], npencrapisier cofofl HEOTPHUATENbHEBIH TPHTOHOMETPH-

yeckuil TOMWHOM p-ro TMOPAAKA OT 28, He HMEIOLHil CBOGOJHOTO
yrena. U3 g* () =0, g (%) =0 Burexkaer, yto Takxe g(¥)=0.
58. [L. Fejér, 1. c. 40, crp. 67—68; 1. c. 50, BTOpoe NOKa-

3aTeJbCTBO, CTp. H73—574.] Ecam g(\‘})_?so T0o m>0, M >0 [57].
g +m M—g(®)
IlpumensieM Teopemy 50 K S-———, COOTB. ———.

59. [L. Fejér, 1. c. 40, ctp. 69.] Ilpumensiem Teopemy 58
K TPUTOHOMETPHYECKOMY HOJIHHOMy

g(® ——Sg (8) do.
60. [L. Fe]er 1. c. 40, ctp. 80—81.] Iycrs g () == const.
g (®)Fm M—g (0)

[TpumeHeHHe TeopeMbl 51 K , COOTB. , Jaer

ot M—hg
V}\r/z+}ln<7‘fo+m V}‘IO+HZ<M'—7\/0,
VALt +un<——-<Max (m, M).

61. [O. Szisz, Miinch. Ber., 1917, crp. 307—320.] Coraacno
Teopeme 40 MOKHO IOJIOXKHTh

M- (choévm‘}+uv sinv) =|x+ X2+ 22 4. x27 |,

v=1
z=¢"% Orcrona [39]

VA s <<2(xo|[x |1 2] Xoa |- o [ Xuoy } 24 )
w=1, 2, ..., ).

Tak xak, panee, M=|x, 24| x 24... 4| x, % TO

D VMt m<
v=1
<(x|+[xl+.  FGLP—0%62+ a0+ 6P <
<(n+h)M—-M=aM. [II 80.]

62. 1. JI. Ye6umen, Cobp. cou., T. I, cTp. 387—469, CII6,
1899; cm. L. Fejér, 1. c. 40, ctp. 81—82]ECJm P (x) umeer nuLUb



302 PELIEHUS

BellleCTBeHHEe KO3hdUUMeHTH, TO NpHMeHseM TeopeMy 60 K Tpu-
roHOMeTpHYecKoMy mnoauHoMy P (cos ¥)=2'"cosnd4-...*). Ilycts
Tenepb P (X) ¥MeeT NpPOU3BOJLHBIE KOMILJEKCHBIE KOS(DDHLIHEHTEL.
Torpa, oTlenss BeilleCTBEHHYIO W MHHMYKO YacTH, MBI pa3o0beM €ero
Ha JiBa TOJHHOMA C BelleCTBEHHEBIMY KoshdunueHtamu:

P (x) = Py (x) Py (x).
3nech Koaq)(bHuHeHT npu x* y P;(x) 6yzer cuopa 1, a P,(x) Oyzer

(n=1)-i crenenu. M3 coornomenus | P (x) 2 =[P, (x)] —|—[P (x)]* BBI-
TeKaeT, YTO B HHTepBaje — I =S x =1

Max [P (x) | = Max |Py (x) | =

2n—1

ILns Toro 4tolbl 34ech. JOCTHIAJI0CH PaBeHCTEO, HeoOX0J MO, 4TOOHI
Py (x) =2v"T, (x) 1, KpoMe TOro, B Ka¥KJOH TOuKe, B KOTOpoil | P, (x)|
JIOCTHT aeT MakcUMyMa (T. €. B n-1 Touke), ToMKHO OHTH P, (X) =
otkyza P,(x) =0. Heckonbko cHuiabHee, 4eMm Hpelleﬂbelﬁ c.nyqaﬁ
B III 270,
o 2
63. Ilpu suneiinom npeoGpasopaniid m(x—oc)— 1 =y unTep-
Bal o="x=<f mnepexomur B HHTepBaNl — l=Cy=<1, nanee, P (x)
—a\n
npeo6pasyerca B <ﬁTa) Q(y), rae Q(y) TaK ke BLIPAXKEHO yepe3 Yy,

Kak P (x) depes x.
64. Mo Moxem npeamosoxutb, 4ro P >0, a=—f, d<<2f.
ILng moboro H3 «JIONYCTHMBIX» MOJHHOMOB P (x) nmeeM
P®)+(—1)rP(—x) [ Q(x*) npu uernom n,
2 xQ (x?) np¥ HeueTHOM 1,

n
rie Q (8) — nonwnom creneHd [7] or §=x> co crapmiM Ko3hdH-
uventoM 1. Korna mepemennas x npoGeraer /0G0 W3 HHTEPBAJOB

_“6<x< '—'_g) %

= x==f, TO nepemenHas § npoferaer.unreppal
(a7l
[4V<g<p® Tem camon [63 2( L)) 6
2 <E=<fp* Tem cameim [63], nojaras 2\——— =pu, Oy-
JeM ¥IMeTb
Max | P (x)|=
= Max P(xH-(—;)"P(—x)

= Max|Q(®) |=
|

d d
=5 Max|QE) = 5w

*) PekoMenpyeM UnTaTesio BEIBECTH OCHOBHOE CBOHCTBO MoJMHOMOB UeSLimera
T, (x), dopMyaupoBanHoe B 3Tofl 3ajaue, HemcCpPeiCTBeHHO, He obpawiasch X TpPH-
TOHOMETPHYECKHM NOJHHOMaM (OT l'IpOTHBHOI‘O)
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cMOTpA 1O ToMy, GyIeT JH 7 4eTHO WJH HeueTHo. Ta Ke OUEHKa

ocraeTca B CHJe ¥ A W, C mpyroft ctoponn, mycTb Q4 (E) Gyner
n

TIOJIMHOM CTETIEHH | 5| €O CTapuINM kospdunuenrom 1, AnA KoTo-

poro Max|Q, ()| =p [62, 63]. ITonoxum P, (x) =Q, (¥?) umn xQ, (x?),
cMOTpA MO ToMY, OYZeT Ju n 4eTHO uid HeuerHo. Torja GyaeM HUMeTb

=K,
< Pu,
CMOTpﬂ o TOMy, 6y11eT JHU A YeTHO HJH HEeyeTHO.
B mepBoM cayuae p, GyJeT SOCTHraTbCHA H TPHTOM TOJAbKO M/

P (x) = P, (x). HeficrButensHo, eciu Max|P (x)|=p, To cornacHo (¥)
Oyner Takxe

= Max Py 9

Max| BP0

—_—p,,
¢l1eJI0BaTENbHO,
P(x)+P(—
(V)+2 (=x) = Q, ().

Hanee, GyneM UMeTb
I P (xy)+ P (—xv)
2

=
n d
B »-2—-}—1 pA3JHUYHBIX TOYUKAX X, HHTEpBaJa 5 =<x=-f. Ho Tteneps

2
Pv)+P(=xv)| _~[P(x) [+ P(=*v
2 = 2

)y,

u‘=[

orkyaa P(x,)=P(—x,). TeMm campim noaunoM (n— 1)-fi crenenu
P (x) — P (— x) ofpamaercd B HyJb B n-}2 TOUKax, CJEHOBATEJBLHO,

P(x)=P (—x)=Q, (x3) = P, (x).

85. Ilycte M =Max|Q(2)| npu |z|=1. TpuroHOMeTpHYECKH I
nonudoM (n-+ 1)-ro nopsjxa

R (1457 ¢Q "))

HEOTpUUATE/IeH, HMeeT CBOGOAHEI uleH | W uleH HauBBICLIEro MO-
1
pAlKa -5 COs (n+1)9 [51]. Cm. I 269.

66. Eciu touka P mpoGeraer Jo6oit oTpe3ok NpsMol g, a Py—
JMo6ag hEKcHPOBAHHAS TOYKA IIPOCTpaHcTBa, To PPy= PPy, e P,
O3HadaeT IipoekuMio P, Ha g. TakuMm oGpa3oM, HHTEpecywIliHil HaC
«minimum maximorumy» MOXKeT JOCTHUTATLCd JIMIIb JJIA TeX CHCTEM

Touek P,, P,, ..., Pn, KOTOPble JI€XaT B OZHOM IJIOCKOCTH C 3ajaH-
HBIM OTpPe3KOM, COOTB, KPYTOM.
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67. !i3 unrepnonsunonHot dopMynst JlarpaHxa nonyuaem

k k k
LA e x5 [l f(x)
f'(xox—xﬁ'f(xo)x—x"F S o

k=0, 1,2, ..., n—1).

0, onpejensieM cpaBHeHueM Kosddunrentos mwpu x*1. IHanece, npu
k=0 umeem, pasiarag mo yGblBaiOLIUM CTENEHSAM X,

l=Ff(x)(opx 1+ 0ox 240,034, ).

PaccmarpuBas _kosdduunuent npu x#-1, nonayyaem peKyppeHTHYIO
opmy.ry
yOnin+a0nin 1+ aOn +2,0, =0 (h=0),

TaK 4YTO HMEEM

Xk =

Qp0,  + @105 =0,.
Qy0nq + 010, + a0, =0,
QoOan-o+ NO0sp3-+.. .+ 0y 10,4 =U,

o031 + 105p-9 .4 an 10n-5 -+ y0p-y = 0.

68. [I. Schur.] Ilycts Hyau momusoMa f(x)-+¢& GYAYT Xy = X, (g)

(v=1, 2, ..., n); OpH AOCTATOYHO MaJOM & OHH MPEICTaBASIOT COGOM
,amb(bepeﬂunpyeMue ¢yukuud ot &. Mmeem x,(0)=x,, ZAanee i3
flee(8)]+e= NOCPEACTBOM  JAH((pepeHLHpoBaHHA  NoJaydaeM
F(xy) %y (O): . IlpumensieM K f(x)-+& Teopemy 67, auddeperny-

pyeM Mo € u nonaxae\I sareM £=0.
69. [lonaraem B (*) (ctp. 98) P (x) =x"f (x Y4 (—1)"1xx, ...
v Xof(x) 1 x=—1. Toraa

P(x — _PEDH_ .
anﬂwo_"%n (D) (1) 2y . X

70. Ilyctb P (x) — paccMaTpHBaeMupIll OJMHOM,
J(x) = (x = xo) (x — x1) (x = xy) ... (x — Xp).

M3 ToxzectBa
n
2 xv) X ——xv

cpaBuHBafA KoO3DDHUMEHTE! NpH x", TOJyyaeMm

!M::

\1\) ’
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OTKy/a
S
: gMzo e

rne M —HauGoJblnasg u3 aGcomoTHEIX BeqwmuHH | P(x,)| (v=0, 1,
2, ..., n). ViMeem panbiue
[ (xv) | =1 (xy— %) (xy — xl)\- ey — Xy) (g — Xppa) oo (X — X)) | =
=vl (n—wv)!,

. 1 . 1 on
DT D=
v=0 y=0

7 T, (x,) = (— I)HVl" = (=1, 2,..., n).

AV
72. U;(xv)=(—1)"—1€i;1; v=1,2,..., n).
AV

73. [Cm. I. Schur, Math. Zeitschr,, 1. 4, crp. 273—274, 1919.]
Mpu v=1, 2,..., n—1 nmeem

I:;} [Un-l (x) (x2 — 1)]:L=xv = U;z—l (xv) (x';’; — 1) — (_ 1)"n;
Janee,

[;; [U s (%) (62— 1)]]x=+l=i2Un_1 (== 1)=2n, coorB. (— 1)*2n.

74. [3‘% (x" — I)LBV

75. TlocnenHee ypapHeHHE YTBEPKAALT, UTO CTAPUIHE YJIEHBl OGOMX
IOJMHOMOB PABHEI Mexay co0of. Torjaa U3 mpeilocneIHEro ypaBHEHHUA
3aKJ0YaeM, 4TO TakxkKe BTOpHIE UW/IEHH coBlajaior, U T. 1. Huaue
TOBOpA: TOJOXHM

Px)=aux"+ax14+...+a,0x+a,

H 3a1aJuM NPOU3BOJBHEE YHCHA Cyy C1y..., Cpe 1OTNA H3 ypaBHEHHH -

=net'=ne;t (v=1, 2,..., n)

pin) (xn) = n!ao =Cpy
Ppin-1) (x,,-l) = n!adx,,_l + (ﬂ’— 1)!(1]_ = Cn—1y
P’ (x1) =naget =14 (n— ) ;x?=2 ... an =0y,

P (xp) = QoXy + ax} ! FooiF o Fan=c
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KO3pOUUMEHTEl @, @y, @3 ..., @, TOCAEIOBATENbHO OIpeJeNsTCs
OJHO3HAaYHO. '

46. [G. H. Halphen, Oeuvres, T. 2, ctp. 520, Paris, Gauthier-
Villars, 1918.] A, (x) BnoaHe onpepenserca ycaOBHAMH

An(Q)=A, () =AL@Q)=...=A0 " (n—1)=0, AP (m=1.

Ouepnpano, A, (x)=1, A;(¥)=x u BooSule A,(1-+x) ynosaersopaer
BCEM YCJOBMAM, HAJIOKEHHBIM Ha HoanHoM A, (x). CienoBarenbHo,

A (x)= Ay (x—1).

M3 stoft pekyppeHTHOH dopMYyJIEl NOCPEICTBOM MOBTOPHOTO HHTELPH-
pOBaHNA IOJyyaem
An(x)=

x(x—n)r1
n!

(n=1,2,3,...).

TMocaenyromas nposepka JudepeHINpOBaHIEM COBCEM NpocTa, MHBIM
criocoboM To ke aokasaHo B III 221.
77. Vi3 TeopeMsl 71 B ee 0GO3HAUEHHSX HMEEM

n
on-1

o= X (— )Y TZR P (xy),
v=1
on-1
C/IefloBaTeNbHO, |, ]<< ——n= 27-1 DaBeHCTBO JOCTHUIAeTCA 3l€ch

TOrJa M TOJBKO TOrJa, Korja
VI=8P(x)=(—1)1y, |yv|l=1 (v=1,2,...,n).

STHMH 7 -yCJoBHAMH nNoauHOM (1 — 1)-fi cremenu P (x) onpenensiercs
opHosHayHo. Tak Kak, ¢ Jpyrod CTOPOHEBI, 3THM YCJOBHSM YJOBJET-
BopsieT YU, (x), To P (x) HeoGxomumo pasHO YU, (x).

78. CpaBuuBasi uleHbl BBHICIUMX CTENEHeH B MHTEPIIOJAANHOHHOH
topmy.te 73, MoaydaeM AAd BICIIEro Koshpuuyenra ¢, noauHoMa P (x)
HpejcTaBaeH e

n—1
on-2 on-1

ty=" [P()+(— 11 P (= DI+ Y (— 17 P (x,).

v=1

Ecnu, cnenoareabso, | P (x) =<1 B unteppane —l=<x=<1, 10
on-2 on-1  on-t
|ao|£72+—n—(n—l)—2 .

PaBencTBO HMMeeT MeCTO TOTA ¥ TOJBKO TOrfa, KOrja

P(l)z'\” P(—l)z(———-l)”?, P(x\‘):(—l)v?’ 'lel
v=1,2,..., n—1).
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Arumu n-4 1 yenosuamu P (x) onpenessercd OAHO3HAYHO. TaK KaK,
oaHako, U 9T, (x) yJIOBJETBOPSAET 3THM YC/IOBUAM, TO P(x)=9T,(x).
9. Ilycrs P (z) —monnHoMm (n— 1)-H cTeneHd co CTapumM KOSCIJ

duuHentom a,. Toraa [74]
n
1
Q= Z evP (ey).

Ecau, caefoBaresbHo, |P ( 2)|\ npu |z|=1, 1o
< ! =]
|aol\‘;'n~ .

PaseHcTBO GyIeT HMeTb MECTO TOJAbKO Toraa, Korjga P (e,) =78,
(v=1, 2, ..., n), |y|=1, 1. e. nna P(z)=yz"—1.

80. U3 Teopembr 71 Tpu x;,=c0S,-<< x <1 ToayuaeM

2
n
Tnlx) _ Th (%)
X=Xy - (1

1
1P (0 < = Uy (),
v=1
T e. cornacHo 7 |P(x)|=<n. PaBencTeo jocruraerca Julb A4
Px)y=vyU,,(x), |vy|=1, x=1. AHanoruuHoe NOJOXKEHHE H IpH
—l==x=<x,=—x. Ecmn xe x,<<x=<<x;, n>1, 10
— . T 2 1
]/l—x228m%>g-2£n=7.
81. [CM. M. Riesz, Deutsche Math.-Ver., 1. 23, crp. 354,
1914.] Tlpumensem teopemy 80 K moJuHOMY
S (9
P(x)="P (cos &) = >, 9.
82. [S. Bernstein, Mém. Belg. 1912, ctp. 19 *); em. M. Riesz,
l. c. 81; yxkaspiBaemblil 3zece mpueMm mnpuHagexut Fejér'y. Cum.
M. Fekete, J. fiir Math., 1. 146, crp. 88—94, 1915.] CoraacHo
Teopeme 81

|S" O =g (B) | =<n.

83. [A. A. Mapxkos, Hse. Akal. Hayx, T. 62, crp. 1—24,
1889.] IlpumensieM Teopemy 82 x P (cos9) n 80 x n1P'(x). Papen-
CTBO MOXKET MMeTb MeCTO, JHIb Koraa n ‘P’ (x)=yU,.(x), |v|=1,
T. €. Korga P (x) =c+yT,(x), rie ¢—mnocTogHHas. 3 HepaBeHCTBa
e E9y|=<1 nonyuyaem c¢=0.

84. Uurerprpys mo 4actaM, mnosyyaeM

| (ot o) e § R
1

*) C. H. Bepunwrtefin, Cobpanue counnennit, 1. I, Hax. AH CCCP, 1952,
ctp. 25,
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HGO Bce MpPOM3BOAHBIE OT (x%— 1)* HU3LIEro yeM n MopAjAKa B TOYKAX
x=1u x=—1 ofpawarotca B Hy/lb, OTCIONA BEITEKAET, YTO BHINOJ-
Haetcs ycnaosue 1) [(erp. 102) M TouHO Tak ke ycsoBue 2), TAaK KaK
BcaejcTBUE ycnoBuA 1)

1

) o= 0 o [ ) e
1 —1

1
2n)!
= g § (1= dx.
—_1 .
Yenosue 3) oueBiaHo. Kosdduuuent npu x* B nonunome P, (x) 6yzer

. (2n)
kn = g vy -

85. /3 Teopemer 84 mo mpasuay JleiiGuina nonayyaem

v=
86. Hmeem [III 117]
%?W@W?eﬂ"(l/"?‘ Y Eeao-

n n—*k

-] (BT e e
B0 (5 e

n

BUEEr e e

L v=0

87. Tlyctb k, — kosdpduuient nmpu x" B moiuHoMe P, (x), k, =
=§,fi+3;2 [84]. IlpencraBuM mnonmsom (n— 1)-# cremenu P, (x) —

by e )
— xP, (x) B BH/ie JIMHeHHO! KOMJHHAIMH TIONHHOMOB JlexaHjpa:
(Al

Py (x)—

n1(X) =Py (X) +¢1Py (0) . o4 €oq Py (%).

Yenosue 1) (CTp. 102) naer
Cp=01=...=Cp-3=0,
U3z P,(1)=1, P,(—1)=(—1)" [85] nmonyuaeM c,-y U Cpy.
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88. Eciu 6nl cyuwecreoan eme nojaunoMm Sy (x), obaanaroluil
TeM 3Ke CBOHCTBOM, TO MBI HMEJH Obl

1

[ [Sh (1) —S3 (]2 dx=

1 1
§ Su ) [Sh(x)—Si(]dx— § Sk (x)[Sa(x) — Sk (v)]dx=

—1 —1

=8, (1) =S5 ()= [Sa (1) = Sz (1)] =0,

i

1. €. S;(x)=S, (x). IomoxumM teneps

'
n

Sa(¥)= D sPy(x), K(x)= Zn_] 1Py (%),

v=0

Jnas Toro urobbl ypaBHEHHE

n

§ S,,(x)l((x)dx:i —2~vi_—lsvi‘v=K(1)= ¥
—1 v=0

v=0

ynomemopmocr; TOXJECTBEHHO I BCeX fy, ¥y -.vy fn, HEOOXOAHMO,
ov-+1
YTOOH S, = -

, T. €..

0 () o Py (1) o Py () F oo 2l P

2
1
S,, (X)_'Q—

Py (x).
Iycrw, nagee,
(I —=x) Sp (x) = ePo (%) + Py (%) F ..+ 18P (%) + UnssPrss ().
M3 ypaBHeHui
§](1——x)S,,(x)x"dx=0 (v=0,1,2,...,n—=1; n=1)

3aKJIOudeM, 4T0 Uy=4;=...=U,-;=0. Tlomaras 3arem x=1 u
x=—1 n s3ameuad, yTO

Pa(l)=1, Pp(—1)=(—1),
Sa()=LFL, S, (=)= (=1,

noJy4aem

Sy (x)= Z v P, (x) = ’1‘;1 P, (—“)l:imi x)

(opmyara Kpucmogpgeas).
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89. Ilonaraem B 88 K (x) = (1 —x) x¥. Toraa Gyzem HMeTb
1

{ (1—x)S,()x"dx=0 (v=0, 1, 2, ..., n—1; n=1).

=1

Hanee [pemenne 88]
1

| (1—2) [Sy () dx =

1

=’1-52—1 S‘ [pn( n+1 x) (2

2

)dx_—.

12 1 o 1
— okl 2t S[Pn(x)]“d =211,

90. MuterpupoBaHue IO YacTaM JHaeT
1

22 (1= x3) P (x) dx=— g (1 — 2P, () vx*-1 dy =
-1 l R
= | Pw

-1

C oy =

A (=) dx=0 (v=0, 1, 2, ..., n—1),

2 (1= 59 Pl (1)) =Py (1),

rje ¢— NOCTOsiHHAS. DTy INOCTOSIHHYIO ONpejelisieM, HalpuUMep, Cpas-
HUBAA YJEHBl n-Ii CTENEHH.
: 1

91. Koadduuuent npu w” B pasiokeHnd (1 —2xw-tw?) 2
M0 BO3PACTAIOLIAM CTETNEeHsAM w GYAeT BO BCSKOM CJyyae MOJHHOMOM
n-ii cTENmeHd OT X C MOJNOXKHTENbHBIM CTapIiuM  KO3PPHUMEHTOM
[ctp. 102, ycnoBue 3)]. Obosnauus ero uepes P,(x), OyleM HMeETb
TOXKIECTBEHHO OTHOCHTENBHO ¢ H U

1

Z Z S Py, (x) Py (x) dx - u'v' = gl V1—2xu+u2dij1—-2xU+02=

E=0l=0—1

un‘

Vuv —Vuw 2n4-1

[ctp. 102, ycnoBus 1), 2)]. TlpouspoidAwuit psAI MOMXKHO BEIBECTU
TakKe HenocpeicTBeHHo u3 84 [IIT 219].

_1n 14+V o 2
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92. a) Unraem III 219 B ofpaTHOM HampapJeHHH.

6) [II1 157.] B oGparHoM HanpaBJeHHH BLIYHCAEHHE IPOU3BOJHUTC
ClefyoluM 06pasom:

[ee] T
Z —:t—s (x+V ¥ =T1cos )" do- w"——:;s
n=0 0

x—|—Vx2~—1 cos @) w

Ho npu jocTaToyHo Maibix © M x>>1 3ToT mocleinuil HHTerpas
1
paed (1 —2xwtw?) 2 [III 149, n=0].
B) [Moaoxum F (x, w) L P, (x) w. Toria

) [P () = (21— 1) P 109+ (1= 1) Py (6] 071 =

n=2
—(l-—2xw+w2)a + (w—x) F=0.

[¢<)

r) 3 [(1—x%) Pr(x) = 2xP (x) +n(n+ 1) Py (x)] wr =

92 (wF)
owd

0.

I

0F oF
=(1——x2) %) —2x?x— 4w

93. U3 91 BuiTekaer
1 o r
V1 2cosd-wtw: Vi—ebw Vi—eido

N % —1 \ 21 1
= ( Z __2 N - = )e:kowk) (2 e - @—1) e«ilﬁwl>_
E=0 : =

Orciopa, nepemHoxas [l 34] u cpaBHHBas Koadduuuents, O6yilem
HMETDb
P, (cos ¥) = gog, cOS n¥ 4 g1g,-y OS (n —2) 0

+ 82gr-2COS (1 —4) B +...+ gug, cOs 1T,
rie A KPaTKOCTH MOJMOKEHO

1.3...(2n—1
g=1, g=—p =D (=1, 9,3, ...

Orciona
|Pp(cosV) | < gogn+g18n-1-+8:8n-ot ...+ guGo=Pa(l)=1.

PapeHCTBO MOMKET MMeTb MeCTO TOJNLKO B TOM ciaydae, kKorpa nd,
(n—2)%, ... Bce OJHOBpPEMeHHO OYIyT YeTHHIMH HJH HEYeTHBIMH
KpaTHBIMH T, T, €. ToJbKO nipu U==kx, rje k— meloe,
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94. ITonoxuM xn=l+§, £ >0. Torza

L Y [Pal) — Py wr = e L
n=1

V(l_w)z_ng l/l—%ZT:ww_)‘A
=14 Z ) ((13&3)2 -

Crenennoit psjg w (1 —w)?=w+ 2w?4 3w 4-... uMeeT JuIb MOJO-
AKHTEJbHBIE KOID(OHIHEHTHL. -

95. [L. Fejér, Math Ann., 1. 67, crp. 83, 1909.] Cornacuo 17
u III 157

Py (c0s 8) + Py (cos B) + P, (cos 8) +...+ P, (cos 8) =

. t\2
=3’§, (sm(n—}-l)—§> i
T sin—;-VQ (cos & —cos §)

96. Ilpu x=1 P,(x)>0. Ilpu x<<—1 sgnP,(x)=(—1)" u
| P, (x)| = |P (—x) | MOHOTOHHO BO3pacTaeT BMecTe ¢ n [94]. P, (—1) =
= (=1)"

97. qaCTHbIH cayuait Teopemnt 11 140 gns a=—1, b= 1,
f(x)=P,(x). MoxHo JApyruM crocofom: u3 84-u V 58, uau u3 85
nv 685, wag u3 90 u 111 34, unu ke u3 90 u V 120.

98.

a) (1= (14 0PPE P () = SV (1 _ yasn(1 - g)bem),

Kos¢duunenr npu x* B P® P (x) naerca paseHCTBOM
A <2n+a+5)

o amwere(E B ()

V=0
OTKYyJa

(— PP =("EP), PP =("Fe),
5 PP ()=

= 5 S(X+Vx2—1coscp <l—|-]/_""}‘1 eztp .

(1+V ) d,
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rie X JeXuT B JI0G0H TOUKe NJOCKOCTH BHe muTepmana [— 1, 4 1].
Ilpu 3TOM JJA KBaAiparHLIX KOpHell, a Taxke a-X H B-X cTemeHed
GepyTcsl T€ BETBH, Ha KOTOPHIX 3TH KODHH, COOTB. CTENEHH, NPH
x>1 u ¢=0 nonoxuresapnl; npu Rx=0 o KOJKHO UMETbL HLEJOe
suauenue (B mpousBosabHO), npu Rx =<0 P AOMKHO UMETDL HETOE 3HA-
yeHile (o0 NMPOU3BOJALHD), NpH MHUMBEIX 3HaueHHAX x QopmyJa crpa-
BelBa Ge3 orpaHHueHHH.

r) PP (x) =(4% Px4 B P) PE2R () — C PP (x),
Al p _@Gntot+f) @rtotB—1)
S 2n (n+4-o+p) ’
g b o2 —f 2ntatp—1
"7 2 (rtotp)@tatp-2’
o B (o= @e+p—1) @ntatp)
" n(n+a+p)(@nta+p—2)
n) Myers SY B (¥) — moJMHOM An-fi cTemeHHW, OfJajAOLWIUE TEM
CBOMCTBOM, 4TO J/1g JioGoro nosaunoma K (x) n-ii crTeneHH
1

{ (1= (140° S5 P () K(x) dx =K (1);

(n=2, 3, 4, ..).

n -

0, B) ry vto+p4l Tvt+atf+l)  pep,,

> (x)_Zo W T )T+ Y 0=
V=
@8 ()t pap

_ 1 pgadl  Tayatpry el Wi g P

T2 2nta+Pp+2 @D @+p+1) 1—x
(popmyaa Kpucmogpenas).
1

& {(1—0™ (1+0°SHP @) S P (x)de=

-1

0, ectt m==n,

={ 2-o-p T(nt+o+2T (nt+otp+2)
[T @+ DHE@r+ad-p42) P(r+DT (n4-p4+1)
ecsu m=n, m, n=0, 1, 2, ...

) (1= PP (1) + [p— o~ (B4 2) ] P P (1) +
+nntatp+1)PE P (x)=0.

(I—w+VT—2xwtw?)*x

x(1+w+VT—2x0t )’ =

:Péa, ﬂ) (x‘)_*_PYZ. [3)] (X) w_*_P;OC,\ﬂ) ()L) w2+” '+P‘(1(Z, B) (x) wn+” )

) 20+ ‘
3) ———
) V 1—2xw+ w?
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#) Hyxan nonunoMoB $IKo6H — BelllecTBEHHBIe, IPOCTEIE H JieXkKaT
BHYTpH uHTepBana [— 1, 1].

IlokasarelbCTBa aHAJOTHYHBL IpHBeleHHBM B 84 —91, 97. Ilpu
JoKasaTeJIbcTBE B) 3amHChHiBAaeM cHayajga 6) B ¢opme

n

p(aﬂ) 2<n+o><n_v><x—x> (f'—ﬁiy:

1
-7,

MHTET pUPOBaHUe MPOH3BOAUTCH BIOJb OKPYIKHOCTH | 2| =2|x% — 1 |
NOIHTer pasibHast QYHKUHA pery/adapHa BHYTPH H HelpepblBHA HA 3TOf
OKpYxKHOCcTH (n=1).

’ an
a) e—* xO‘L,(“) ( ) m 3\’,—" g Xynta,

Kos¢duupeHT npu x* y nomumnoma L (x) ecTb

k=500

nl

6) =Y (1 &,

v=0

OTCI0/1a
(e _[(nt+a
L,,)(O)_( " )
r) al® () =(—x+2n+a—1)L® | () —(r+a—1)LO , (x)
(n=2, 3, 4, ..).

(02 Y o o
1) Tycrs S (x) — noamHOM £-if crenenH, o6MafaloLLHii TEM CBOi-
CTBOM, 4To A8 moboro nonuHoMma K (x) n-# cremenu

[s]

{ e x*SiP (x) K (x) dx =K (0).

0
Torna
: 1 9 — 21

(@) (O.C) n—'—a—'—l n n_'_a_'_l n-1
Sa” (%) P(oc+1 2 T T+ % ,

(popmyara Kpucmodppeas).
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o]

e) § e= *x%+1 8@ (x) S (x) dx =

{O, eciu ms=£n,
=1 o+l (ntasl\ _ (m, n=0,1, 2, ..).
I‘(——oa—}—l)( " ) eCyiH m=~n

X) xL@" (%) F (41 —x) LY (x) +-nLP (x) =0

xw

1—w

3) a e_—-)a+1 =L® (%) +LOx)w+ LY () 0 ...+ L) 0 ...

u) Hyau (o6o6lIeHHEIX) IOJHHOMOB Jlareppa — BeulecTBeHHbE,
MOJIOXKHTENbHEIE H TPOCTHIE.

JlokaszaTe/bCTBa aHAJIOTMYHBE! NIpUBEeneHHEM B 84, 85, 87 —91, 97,

100.
a) e_% Hu(x)

1 gn -2
Saam € -
Orc¢iona mocpencreom auddepeHHPOBaHUA MONYYaEM
Hy(x)—xH, (x) =(n+1) Hyq (%),
OTKyja BhITEKaeT, YTo y moJiHHOMa H, (x) Koa?pobnuneﬂf OpH x" ecTb
h=E0

nl
r) nH,(x)=—xH, (x)—H,,(x) (n=2, 3,4,...).
1) Hycte S, (x) — noauHoM n-# creneHd, obnajamoliyd T€M CBOH-
CTBOM, 4TO AJf Jio0oro MoJuHOMa n-# creneHd K (x)

© =
§ e Su(K(9)dx=K(0).
Torza
2v)! — )P¥ 2p+ 1) H,p,
Su ) =172 Z( )Y fzv\;)l Hyy (%) = (Vi)l “;3;.) szl(x)

rie p= [5] (¢popmyra Kp ucmogbgbe/zﬂ).
X) , Hy (%) — xHy (x)+nH, (x) =

—_—— - ;

3) e TT =Hy()+H () o+ Hy (w0 4... 4 H,(x) v+

v) Bce HyJaM TOJIHHOMOB JpMHTa — BeIlECTBEHHBIE H TPOCTHE.

JlokasarenbctBa a), r), A), 3), H) aHaJOTHUHLI IIPHBEJEHHEIM B 84,
87, 88, 91, 97; x) BHITeKaeT U3 a).
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101. Caeayer u3 pemenus 986); uMeHuo, monaras

il 2
—r=1- t=1—+,

HMEEM
. n+B Py (=x)n
pim (n )= =

[peme-HHe 99 6)].

. o . x? 1 .
102. S e_?Lg“7>(%)x2k+1dx=o (¢=0, 1,2, ..., g=1),

— 0

TaK KaK NOAHHTErpa/bHOE BHIPAXKEHUE MPeACTaB/AseT cOOOH HeUeTHyIo
q)yHKumo U

S e (%2) X% dx =

— &0

k+§§ey(_h>(y)y Zdy=0 (k=0,1,2, ..., g—1)
0

1
(~2)
COTJIaCHO OmpejieNieHuio moJauHOMA L, (y). CnenomarennHo,

1
),
L, <7) = const, Hy, (x).
AHaJorHYHO TOKa3blBaeM, YTO
xL( )(—)——const Hy,py (%),
IMocToAHHEIE MHOMHTENM OMNpEeNesoTcd MyTeM CpaBHeHHA KOI(hH-

IHEeHTOB OpH x27, coorB. x%¢+1 [pewenne 99 a), 100 a)].
103. [lonaraem

Pog= 3 n)/ E
y=0

Torna

—

{ [PWPde=8+8464 ... +ti=1,

—1

Hanee, coriacuo 1180

PWP=< g ; SEL P 2 2EL (P, .
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PapeHcTBo mnpu TNPOH3BOJIBHOM X =X, JAOCTHTaeTcA 3JeChb JHUIb TPH

yCJTOBUH
2v4-1 ’
m~ty/ tlp)  (v=0, 1,2, ..., n),

rie ! ompeneasercs Tak, 4TOObI BEHIOJHAIOCH YCJAOBHE

B+t464 ... Fi=1.
CM., Kpome Toro, 93,
104. [Toaaraem

Pw=3 4 L5 5.0,

v=0

Torna
1

{ =) [PWFde=8+t+86+ ... +=1 [89].

—1
Janee, coraacuo I1 80

[Pl < Z t;’ Z v-[—l[S Z v+1[Sv(x)]2°

v=0 wv=0

Hmeem [pemuenne 88]

12 1
S (=2, s, (1) =1y 25

[paunnsl JOCTHramTCA HPH tv=t]/7%1— Sy (&1 (v=0, 1, 2, ..
.., 1), TJe { B ofouX cAyyadx onpenensercsi TakK, UYToObl BHITOJ-
HAJNOCh YCJIOBHE
t+ti+t+ ..o Ft=1
105. Mmeem [103, pemenne 98 1)]
@, B 1 ntod-1
Max [P ())=S"" ()= 2078 et pi2
Y D(ntoa+-p+2) nt1 (o B 11y _ plo BY
Xt b T (e PR (D= PP (1),
M3 pemtenus 98:k) u 6) Nonyuaem

@p 1y nntatBt+l) pep gy retatp4]) fnda
Py P (1) = 2(a+1) PP ()= 2 (@), ( n)

1 CNeloBaTeJIbLHO
Max [P ()PP =S P (1) =

1 P (n+a+2)T (ntatp+2)
WWH T @+ )T @+2T (a+)T (1+B+1)
n2otz

2a+ﬁ+; T@+)T (@+2) °
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Janee
Max [P (—DF=S** (1) =
_ ! Tint+B+9l (nta--p-+2)
2048 T4+ DT B-+2T (o 1) T (n4a+1)
1 neb+e

e TR+ T (D)

IMpu =1, B==0 nonyuyaem 104,
106. ITonyuaem Tak ke, xkak B 103 [99],

— <l ) T(nta-+2) nott
Max [P (0)]F = S2" (0) = Ter)l @+l @+l ~TorDT @@L

107. Vmeem [103, 100]

—Nptr (92 I3 ,

Max [P (0)] =S, (0) == CEE 3., (0) =
— 1 1.3...@p+1) p—ﬂi

Vin 2.4..20 2 |

Coraacuo 11 202 '
Max [P ()] =S, (0)~ . V7.

108. [F. Lukacs, Math, Zeitschr., 1. 2, crp. 299, 304, 1918.]
UacrHplil cayuait nHepasenctsa 110 aag o= =0. Tlpn noxasarenn-
crBe onuparbed Ha 103, 104, no He 105,

109. [F. Lukéacs, 1. c. 108.] [locraToyHo J0Ka3aTh OJHO K3
3THX HepaBeHCTB: 3aMeHasl P (x) Ha — P (x), noayuum apyroe. [lanee
moxkeMm TpHHATE, yto M =0. Ilycts a << &< b, Toraa [108]

3
PO=--\Pwd, PEH=2 ES P (x) dx.

Orcioa ciefyet

b b

PEO=2 (Pwar, M< 2 (Pwax
110. Tlonaraem [47]

P(x)=[A P+ 1—=x)[BXF+(1+x)[CHOP+ 1 —-x)[D ],

rie A (x), B(x), C(x), D (x)— nosiHOMEl COOTBETCTBEHHO CTeneHefl

I e e L R
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Monaras  S@® (1) =8*P®  cornacuo 105 umeem

PUO=MAMF+2[CMF <
<SFP§ (1—x)*(1+x)P[A )] dx+
—1
+ 287 40 § (1—x)% (1 +x)PL[C ()P dr <
—1
1

<Max [S§P, 2878V § (1= (14 2P P (x) dr <<

-1
<Max [P, 25 A+D],
111. Tlonaraem [45]
P (x)=[A ()*+[B ®)]*+x{[C ®)P+[D ®)F},

rie A (x) u B (x) — mOJHHOMBI CTEHEHH [iﬂzp, C(x) u D{x)—cre-

n—1 )
TIeHH [ _ ] TTonaraa S (0) = SY”, cornacko 106 mmeeM, caeno-

BdTE€NBHO,
PO)=[AOF+[BOP<SS{e*x*{[AXP+[B W]} dr<
0

< S\ e*x*P (x) dx = Sp”.
0

112. Yacruuil cnyuail nepasenctsa 111 npu o =0.
113, IIpumensiem 112 K NOJIHHOMY

P (x+¥)

\ e P (x+E)dx
0

Hyeem

oo o0

P(g)g([g—]—k 1) S e* P (x4-8) dx=<[%]—|— 1) et P (x)dx<

0



OTHOEJI CELbMOH
ONPEAEJIMTEJIMN H KBAJAPATHYHDBIE ®OPMbl

1. TlepecraHoBKa HOMEPOB JBYX BepIIMH CBOJMTCS K OJHOBPEMEH-
HOH MepeCTaHOBKE mapbl CTPOK M mapel cToJ6uos. [lpunuchiBas mnpo-
THBOITIO/IOKHBIM BEpPIIMHAM OKTa’jipa HOMepa, oTjHyarolliHecs Ha 3,
TOJIy4aeM OTIPEAEHTEND

_—0 = = O
—_— = = O
[P
—— O = = O
—_ = O =

Onpegenntens g TeTpasipa paBeH — 3, Aad KybGa pasen 9.
2. YMHOXKaeM NepBYIO CTPOKY Ha — @y H CKJajblBaeM cO BTOPOH.
TTocpencTBoM MOMHOA HHAYKUHH TOJydYaeM

(@1 — b)) (@y—by) ... (@ — bn).

3. [Cauchy, Exercices d’analyse et de phys. math., T. 2,
2-e usgx., crp. 151—159, Paris, Bachelier, 1841.] BoiuntaeM mnocsex-
HIOO CTPOKY W3 BCeX mpeinrectByiomux. Toraa 3 cToAON0B BHHOCATCA
33 3HaK OMNpPEJENHTENs MHOKHTENH .

1 1 1 1
Aty ' ap+b" 7 aytbya’ aptby,’

a U3 CTPOK — MHOXKHTEJH
An—0Q1, OQn—0gy oovy Qn—0CQpy, L.

B ocTarwueMca OIpEIENTENIE BHIUHTAEM HOCﬂe}lHHﬁ CTOJT6eH 3 Bcex
NpeauecTBYIOIIMX W BBIHOCHM H3 CTOJI6HOB H CTPOK COOTBETCTBEHHO
MHOKHTENH ’
bn_bl» bn""‘bzy vy bn _'bn—l, 1,
1 1 1 1
artbn’ aytb, " a0y’
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Toraia octaercs TJIaBHBIH MHHOp, HMEIOWIMH TOT K€ BHA, YTO H 3a/]aH-
Hbf OMpefesuTenb, TOJBKO TNOPSAKOM Ha EIWHHIY MEHbIUE. JaTeM
NpUMEHseM MNOJHYI0 HHIYKLHIO. ’

4. Yactamii coyualt sagaun 3 ana ap =4, by=p-+ta. Hmeem

. »  TE4+a)P@+a)..T(ntl1a)
Di(@=[12!... (=D vy T ray T @i L)

5. TlocTpounoe nepemuoxenne [cM. takxke II 51, VIII 2] onpege-
JiTeNied aaer

= = ("7 a2 ("5 = (=1 x
X |1, by bpy ..o, DR
6.
“P‘o P1oy Pz'lf oo it Be ﬁf ,
npe e )
hpo P1%g paoirt ... { I Bn B}Jl ‘I
G ] | 55 B
R DA R D ]
vt oV .. oV [3:’11‘ B)’lz [3:’/:

CyMMHpOBaHHe paclpOCTpaHseTCs Ha BCe TPYNNLl HEOTPHUATEIbHEIX
LEJBIX YHCEN Vi, Vay .00y Vpy, 0=y <v,<<...<<v,. Bce cnaraemnle
nocieAHel CyMMB HEOTPULATENbHEL. LCAM CpeH YHCeNl Py, Pi, Pas -+
no xpafiHefi Mepe # He paBHHL HYJIO, TO B YHCJE CJaraeMelx OyayT
TaK3KE TIONOKHTEJNbHbIE,

7. [A. Hurwitz; cm. O. Holder, Leipz. Ber., 1. 65, ctp. 110—
120, 1913.] Bowurem B onpegemmrene D (x), NOJyYyeHHOM B pe3yJib-
Tare NPHOABJEHHSs X KO BCEM 3JIeMEHTaM HCXOJHOTO ONpenesNHTeNs, nep-
BHH crosbell U3 Bcex TNocaenyoiinx. Torza x OCTaHeTCs TOJBKO
B NepBOM CToJI6le, W nostoMy D (x) €cTb JHHefiHad QyHKUHA OT X,
D(x)=D+-xA. Tlpu x=—a u x=—>b D (x) npuBogntcsd K NpPOH3-
BEEHHIO 3/IEMEHTOB TJIABHOH JHATOHANH:

D—Aa=(ry—a)(ry—a)... (rn—a) =] (a),
D—Ab=(r;—=b)(ry—0b)... (r,—b)=F(b).
B cnyuae b=a [M. Roberts, sagaua, Nouv. Ann., cepus 2, 1. 3,
crp. 139, 1864] ompepenntens paseH f(a) —af’ (a), 410, BHpOUEM, H

HENIOCPEACTBEHHO HETPYAHO YCMOTPETD.
11 T. INonaua, T. Cere, u. 11
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8. [T. Muir, Amer. Math. Monthly, 1. 29, crp. 12, 1922.]
Boofiie umeem
P fl' fz e fn
99 Of O  Ofn
Oxy dxg Oxy " Oxy
0 (fi, Pfas oevr Ofr) __q)n—l Je ifi ?f_z 9fn
0 (X, %oy eeey. Xp) Oxg Oxy Ox; " Oxy |°

0p Oft Ok Ol
0x, Ox, 0x, " "~ Oxp

B npumeHeHHH K HalleMy CJIydalo omnpeienuTesb paseH A%, yMHOXKeH-
HOMY Ha

ad—bc a b ¢ d
—d 1 000

b 0010
—a 0 0 0 1

9. [3anaua, College d’Aberystwyth; Mathesis (2), 1. 3, crp. 79,
1893. Pemenne —Retali u ap., Tam ke, crp. 172.] Paccmarpusae-
MbIH ONpeAeNHTETb B C/Iyyae BELIECTBEHHLIX [, m, A NPHHAAJNEKHT
KBaaparuyHoli ¢opme '

0 —2) (@4 >+ 29 +2 (%-{-%-l—%) (x4 my+n2),
npH p=2 paBHoO#

o(f+L+2) (k) = | 2
=g [(7+ 0t (mtm+ {5+ n)e]
_.% (ll—— l)x—l—(%— m)y—l—(%—— n)z]z.

Takum o6pa3oM, paHT €€ NpH p=2 MeHblle 4eM 3 (OH paBeH 2, 3a
HCKJIOUeHHeM TOro CJaydas, Korja [2=m?=n?% Toraa oH paseH l).
[Tonaraem, ganee, p=(p—2)-+2 u pasnaraeMm Mo cTeneHsM p — 2.
[Tonyyaem '

(O=2P+@2+2+2)(p—2)*+

r Lt

. + [ (o~2)+0=
mwtT 2

=P—2°+6(p—2+(9—P) (p—-2),
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rae

P =[G+t ) B+ 4n).

m~
JBa oCTaJlbHLIX MHOKHTEJA CYTh

o-+1-VP, o+1+VP.

10. OnpenensieM 3uavenwe HeusBectHoll (—1)7-1S, u3 cucremst
yPaBHEHHH

(— 118, 4 x, (—1)*2S, 4+ %) (=0*2S, L+ xS =1
v=1, 2,..., n).

11. 13 cooGpaxenuil HenpephLIBHOCTH MOKHO OTPaHHYHTLCS C1yUaeM,
KOTZa [OJHHOM @n2" a2 1-+...+a, uUMeer n pasJUyHBEIX HYJeil.
(OGo3HaunM KakoH-MHGO U3 ITHX HyJEH uepes 2 U MOJOKUM

Qg1 =Xy, Q2" 2=xy, Q2" P =Xy, .0y Qo =Xp_9y Apn-y =Xp_1.
Torga uucaa Xg, Xyp +ves Xng yﬂoaneraopﬂror onHopom{oﬁ CHCTEME
aj Qn. 1
<2+710*)xo+7x1+_“ o T 1=0,
ay a,
— E;—xo—l—zx1=0, ——ﬁ-xl—l—zxz:O, veey — a” 1 x,,_2—|—zx,, 1=0,

ONpEeEJHTENb KOTOPOH AO/KEH ObiThb paBeH HyJmo. Takum oGpasoM,
NpeJ/IOKEHHEIH ONPEAEUTENb TIPEACTAB/IAET COOOH TMOJHHOM A-H CTe-
IIEHH OTHOCHTEJNBHO 2 CO CTAapIUHM KoahdHUHEeHTOM 1, HMEIOLIHI TE XKe
HYJH, YTO H 2"+ a2 4. 4 a,.

12, [leso CBORUTCS K HCCJIEIOBAHHIO PaHra MarpHiy

0 —ay a, 0 —ay a, by

a 0 —ay s % 0 —a; by
—a, e 0 7\ —a aj 0 b3)°

a; a, ay as a, a; ¢

TlepBast M3 3THX MaTpHI, COACPIKHT UeTHIpe onpenenmenﬂ TpPeTbero
NopsiiKa CO 3HAYEHUAMH COOTBETCTBEHHO

o @+ a+a), —a(ai+a+a), as(ai-l-af:i-l—a%), 0;

OYeBHZHO, OHa HMeeT 6o paHr 0, ju6o paur 3. B mepBoMm ciydae
YCJIOBHEM COBMECTHOCTH ABAsTCSt by =b,=b,= ¢=0, Bo BTOpOM
b, + by 4-a3b; =0. Eciiu uethipe ypaBHEHHS COBMECTHLI, TO B Ilep-
BOM CJY4a€ X;, X,, X3 COBEPIIEHHO HEOMPEIETEHHEl, BO BTOPOM — HMEIOT
BIOJIHE ONpPEJeJNeHHHE 3HaueHus. [IpH 3HAKOMCTBE C BEKTOPHEIM YMHO-
JKEHHEM pe3yJbTaT OYEBHJEH.

11+
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13. MMmeeM ToKASCTBEHHO MO 2

1+ugn>z+ugnz2+...+u,<f>zn=<1 ——Zi> 1 —§:>...<1 —i}.

\ 2 an

o]
2
Tak kak GEeCKOHEYHOE NPOU3BEAEHHE I I (1 ——&—> paBHOMEPHO CXO-
- n
n=1
JUTCS B Ka)KJOH OTpaHu4eHHOH 06JacTH, TO TO 3KE€ MMEET MeCTO H A1
[10CJ1e10BaTeJIbHOCTH [IOJIHHOMOB

Ifuz a4 uMet (n=1, 2, 3,..).
Orciofa BBLITEKaET, YTO
1i (N =
i =t
cyumecTByer Ana Beex k (k=1, 2, 3,..) n
oo
l+u12—|-u2z2—|-...—|-u,,2“—|-.'..=[I( —ai> [1 179].

n=1

Ira dyHKIKA, BOOOIIE roBOpfA, OTJAWYAETCH OT 3aJaHHOH MHOMKHUTE-
neM e¢9 | e g(2) — uenas GyHKuHS.

14. Mel nosyyaeM (MMEIOTCS B BHAY ONpPEIEIHTENH 21-T0 NOpAjKa,
a He 2-ro, ¢ aaeMeHTaMu ||, [— b, [Oanls [Ganl)

(@y) (— bxu)| — | @utibp) (— by tian)| _
(bay) (@) () (@)

(@0 ?;}f)?u) (a;,LL(Q ibku)\ = |y, + by |- | aap—iby | = A%+ B2,

rae nosoxkeHo |y, +iby,|=A+iB, A u B— pemecrsennse. Obpa-
IEHHE B HYJb CyMMbl A% B? paBHOCHJIBHO OHOBpPEMEHHOMY OGparne-
nuo A U B B HYJB.

19. [G. Rados, 3anaua, Math. és phys. lapok, 1. 15, cp. 389,
1906. Pemenne —M. Fekete u ap., Tam xe, 1. 16, cp. 310, 1907.]
TlpouspeneHune ClaraeMuX Qp1Qy9s3, Qq90s3ls;, A3z 03, PABHO IO abco-
JIOTHOH BeJIMYHHE M TNPOTHBOINOJOXKHO 110 3HAKY NPOH3BEJEHHIO TPeX
OCTaJIbHbIX. '

16. [G. P61y a, 3anava, Arch. d. Math. u. Phys., cepus 3, T. 20,
crp. 271, 1913. Pemenne —G. Szeg0, Tam ke, cepus 3, 1. 21,
crp. 291, 1913.] Ecnu 6bi e, Obiiv TpeGyembie 3HAKH, TO COTVIACHO
TUIIOT@THYECKOMY 3aKOHY MBI HMeJH Obl | €y |, u=1,0,..,n=#! B IIPOTH-
BOpEUHE C HepaBEHCTBOM Ajamapa, COTvIaCHO KOTOPOMY |&;,

112

TS R

<n? [Kowalewski, crp. 460], u6o, Haunnas c 1 = 3, n* < (n!)%
BrnpoueM, [OCTaTOYHO [O0Ka3aTh HEBO3MOXKHOCTb JIMIIb JIJI1 ONpeje-
Juteniell Tperbero mopsaaxa [15].
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17. Ilyctb snameHarennp 6yfer 29 — 2971 — 2?2 —... —c,. Tlpo-
H3BeACHHE
(@t @zt a2 4. 4 ae”+..) (79— 29— —¢p)

ecTb He UTO MHOE, KaK MOJHHOM crenenH p — 1. TlosToMy B pasJoxe-
HIH 3TOTO INPOU3BEJEHHA KO3QdHUUHEHT npu 27+

Ap— Qp1C) — Qpigly— v oo — Oy gCqe =0 *)

npi n=p—gq, p—qg+1, ..., ecit p=gq, u npu n=0, 1, 2,
ecid p==q. VM3 cobmectHoct ¢-}1 JMHeHHEIX ypaBHenu# (*) mpu
n==~k, k41, k—}—2, ..., k4 q Burexaer, uto AYTYV=0.

18. Uz ATV = A(‘”#:O BBIT€KAeT, UTO L., (x) JHHEHHO 3a-
BHCHT OT L, (%), ,Hl(x) cers L,,+ql(x [Kowalewski, crp. 53].
[ostomy npu n=d L, (x) JuHefiHO 3aBHCUT OT Lg;(x), Lgi; (),

y Laig-1(x), v ypaBnenue L, (x) =0 yjoBaeTBopseTcs OGLIHM pe-
UJeHHeM g ypaBHEHHH

Li(£)=0, Lgu(£)=0, ..., Lgsgq (x)=0

Tak kak AY) =0, TO 5TH ypaBHEHHS WMEIOT PeLICHHE BHAA

Xo=1, Xy=—0, Xy=-—Cy ..., Xg=—0C4.

Ho 310 o3Hauaer ofpalleHHe B HYJb KO3pdHUMEHTOB NpH 27,
z¢*ds1 . B NPON3BEICHHU

(@tazta?4..) (29— 20— 22—, . —¢,).

19. [Kowalewski, crp. 80, 109.]
20. B cuny teopembl 19 U3 NPeANOJIOKEHUS BHITEKAET

2 2 )
(ADy 2= ADAD, , (AD ) = AL AL,
2 ( AD Y2 4@
. (4 Sfilrz_) AP oA (AP = AR Ay

TakuM o6pasoM, oOpalleHHe B HYJb OJHOTO M3 { paccMaTphBaEMbIX
onpenenuresiel ¢-ro HOpsAAKa BJeUeT OOCpallleHHe B HYJb KaK[IOoro
cocennero onpejeautens. Euie Harasauee —us 22.

21, Scuo. Tlpumep: AP.

22, [A. Stoll.] 1) Butekaer us 19, 2), 3)—u3 19 u 1). Cre-
oyer oGpaTHTb BHHMAHHE Ha «KPecToOGDA3HOE» pacHoJIOKeHHE MATH
onpenenutesnell 3anaun 19 B cxeme 21. Jlyia gokasaresnbcTBa CoXpate-
HHuf B cHsie CBOHCTB 1), 2), 3) Takke Ha Kpae CXeMbl NPHNHCHBAEM
., TepeA Gy, 4y, Ay, ... ¥ COOTBETCTBYIOWMA HAKJAOHHBIE pAL TMepen
cxemoit 21. i

23. [Cu. E. Borel, Bull. d. Sc. Math., cepusa 2, 1. 18,
crp. 22—25, 1894.] Ecin B mepBoit CTPOKE CXeMbl 21 COAEpKHTCA
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JULIb KOHEYHOE YHCJO 3/EMEHTOB, OTJHYHLIX OT HYJs, TO CTENEHHOH
PAR Qo+ @2+ a,22 ... NPUBOAMTCH K L0 H pauHoHanbHOH QyHK-
U{Hd., B ocTajbHBIX caydasix B pe3y/bTaTeé NOBTOPHOTO IPHMEHEHHS
paccyskieHusi 3ajaust 20 nosyvaeM, 4TO CYLIECTBYIOT JBa TaKHUX Le-
JblX yncaa d U q, 1=Cg<Ck, A1 KOTOpHIX BLINOJHAKTCA NpPEANo-
JOKEHHS 3ajayH 18.

24. [L. Kronecker, Monatsber. d. Akad. Berlin, 1881,
crp. 566—567.] IlocpeacTsoM noBTOpHOro mnpuMmenenus 22, 1) npu-
BECTH K 23.

25. [G. Pélya, Math. Ann., 1. 77, crp. 507, 1916.] Ilocpen-
CTBOM MNOBTOPHOTO NpHMeHeHHs 22, 1) nmpueecTH kK 23. YCJOBHA, Ha-
JlaraeéMble Ha ONpejenuTesqH B 3ajavax 23, 24, 25, nepesecTH Ha ALK
cxemnl 21. '

26. Cm. 27.

27. Ecin padr KoHeueH, TO BCE ONpenesHTeTH 3ajauu 23 414
JOCTaTOYHO GOJBINOrO0 2 o6palanTCsl B HYJb H, CJIELOBATeNbHO, CTe-
NeHHOH psiJi NpejCcTaBIsieT palHOHaNBHYIO dyHKuuK. [1ycTh, 06paTHO,
CTENEHHOH psAA NPEACTaB/SET palMoHAIbHYI0O GYHKUHI0. Byaem npH-
JepXKHUBaTbCH 0603HAuUCHHH 3afauu 17 ¥ paccMOTpuM JHHekHY0 $opMy

A (%)= Ao+ AniaXs+ GpigXo+ .

¢ MPOM3BOJbHEIM (OZHAKO HE GECKOHEUHO GOJBUIMM) UYHCJOM NepeMen-
HBIX, Beaencrsue ypasneHuli (*) pewenus 17 6yaeM UMeTb

A= Cl}“n+1 + 02}“/1-%2 +.o4 Cq}"nJ.-q

ms n=d, d+1, d+2, ..., nostoMy ¢opmel Ag, Agigs ooes hasy
(v=¢q) 3aBuCAT OT ¢ NocJexHUX W3 HUX. Tak xak, TakuM o0pasoM,
MexKAY MoObiMH ¢-+1 H3 3THX dopM CylllecTBYyeT JuHefiHasi 3aBHCH-
MOCTb, TO BCE cofepxalldecs B )y ONperesuresqu nopsaka ¢-- 1
paBHBI HYJIO.

28- CmM. 29.
29. [lycrb, coracHO NpeAnoJoKeHHI0 3ajaud 28,
AP =0, APTV_AP+EY_ A0 +0_
A(p) A(p—l) A(p—a) A(tr—l—n__o’ A(q)—q-l-l?&O
ITpumeM 4715 ONpeReeHHOCTH, YTO

0<g<p.
M3 atdx npeanoJoxkennii, IpHHUMas BO BHUMaHHE IOJIOKEHHE BhIIIE-
CTOALLMX ONpejeauTeNed B cxeme 21, mosayuaem corjacHo 22, 1), uto
(@ - (q)
Ap—q?’:O, A q-l—l#:o A 0+2#=0 (*%)
g+1
Af,qul#—'o, A(l] '_1)'—-0, A(q_—,_ql)_i_1=0,
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HHpiMH CJIORaMH, B OKaHMIEHUN GECKOHEYHOH TpaneuyeBuIHoi, cocTos-
el JMIOb U3 KYJeH noJochl B cxeme 21 BCe onpefesuTeNd OTJIHYHLL
oT HyJil.

CorgacHo 23 crenedb 3HaMeHaTeNs =X ¢; CM. BTOPYIO CTPOKY B (**).

CorsacHo 17 cTeneHb 3HaMeHaTe]d ==¢; CM. IIEPBYIO CTPO-
Ky B (:}'*)

Herro-panr << panra MaTpuisl §,_,, C1eJ0BATEILHO, << ¢ COTVIACHO
pelienHo 27. _

HeTto-panr ==¢; cM. NepBYyIO CTPOKY B {**).

CoraacHo 18 crenens udcautenas =< q-+(p—q)—1; cm. (¥*).

CoraacHo 17 crenenp uucaurens >q-+(p—qg—1)—1, Tak Kak
AYTY =2 0.

Paur matpuupl §,., PaBeH TOYHO ¢, C/IEJOBATENbHO, PaHT ), BO
BCAKOM caydae << g-+(p — g).

BpyTTo-panr, paBHBEIH paHry &, Oyzer ==p, u6o AP £0.

30. [E. Beke, Math. és term. ért., 1. 34, ctp. 25, 1916.] Yka-

[es]

3aHHOE CBONCTBO CTENEHHOH pin 2 %lﬁz" HMeeT TOrAa M TOJNBKO TOT-
co ’ n_.O

Ia, Koraa pdn 2 a,2" TpeicTaBJsieT palHOHabHYIO QyHKuMO. [24,
n=0 '

26.] B ofoux cayuasx pedb HIET 00 OAHMX H TeX e peKyppeHTHbIX

dopmyaax MexAY KOIPPULMEHTAMU @y, Gy, Qg ...

31. [G. P61lya, Proc. Lond. M. S. (2), 1. 21, crp. 25—26, 1922.]
CrnoxeHneM cTpok H cros6uoB. Ilo moBopy cayuas Q, (2)=(1 —2),
n=0,1,2, ..., em. Kowalewski, crp. 112.

32. Tak KaK uYHCJHTENb HMeEeT cTeneHb =-¢—1, TO anC, -
"I— an+10q-1—}—an+ch_2+.. .—}—a,l+q_1cl=a,,+q (n_——o, 1, 2,‘ ...). TaKHM
06pa3oM, B pesyJbTaTe YMHOXEHHS A-H CTPOKH (CTOJGLA) MATPHIIBL
U, Ha p-fi cros6en marpuusl & mosmydaeM amupip-1, M p=1, 2, ..., g,
H caenoBareabdo W@ =Ny, '

33. Ilycrb paHr Gyger r u

Qiv; Qivg -« Qiv,

Qavy Qovy «oo Qavp £0
’
a,.v'l a"VZ ves Qpy,

Osvi<v,<...<v,. B ¢fy (2) +cof, (2) +...4¢f, (2) =0, To0,
B yaCTHOCTH, Koa(hdumuentsl mpu 2'i, 2%, ..., 27 B ;eBo#i uacTu
JOKHBL OBITb PaBHEL HYJO. ITO [JAGT r OJHOPOAHBIX JIMHEHHBIX
VYpaBHEHHH C HE DABHLIM HYJIO ONpeNeUTENeM, OTKYAA ¢y ==Cp==...
c..=0,=0. Eclu m>r, TO NOJMaraeM @QywX;-+ QovXy--...+ax, 4
~+ @r1, vXry =Ly (x). JloGoe yucno ausefiHbX Gopm Ly, Ly, ..., L,,

N0  MNpemosoXKeHH0, JHHEHHO 3aBHCHT OT Lvl, va' eeey Ly,
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[Kowalewski, crp. 53]. CymecTByer cHCTeMa 3HaueHHH X; =c;,
Xo=Cgy vevy Xr=Cry Xp.y=-—1, YJIOBJETBOPSOILAS YDABHEHUAM

Ly ()=0, Ly, (x)=0, ..., Ly (x)=0. (*)

Has stofl cucteMul moGas dopMa L, (x) obpauiaercs B HYJb, T. €.
TOX/JIECTBEHHO OTHOCHTEJLHO 2

aify (Z)+02f2 (Z) 4. of (2) =frn (Z)

34. U3 33 n ompepenenufi. B uacTHoCTH, NpHHHMaeM BO BHHMa-
HHE, YTO CYIIECTBYeT Takoe N, 4TO MaTpHlbl, MoJyvawmuecs ua Wi
(ctp. 118) nyTtem BhiuepkuBanua N, coors. N 41, N 42, ... cron6uos,
BCce HMEIOT OJMH M TOT K€ PAaHT, a MMEHHO HeTTO-paHr MaTpuier M.

85. [I. Schur, J. fiir Math., 1. 140, crp. 14, 1911.] Hdoxa3a-
TEJbCTBO H3JIOKHM INpH 60J1e€ OrpaHUYHTENbHBIX TPEINOJOKEHHSX.
CymecTByeT Takas OpTOroHajbHas Marpuua (f,,), 4To nepsas dopma
ZOMycKaeT pasnomeﬁne

Z Z Xy Xy = Z hy v1x1+lv2x2+---+l\'nxn)2,

=1pn=1 v=1

rae My, hyy ..., H,— TOJIOMKHTENbHER, OJHOSHAYHO ONpefesseMbie hop-
MOM UHCIA — 66 COGCTBEHHbIE 3HAUEHHA [Kowalewski, crp. 275].
N3 papencrs

n
= Z hvl\ahlvu (7\/, n= 1, 2, ey n),

v=1
nosarass A= Min (hy, hy, ..., hn), noJslyyaem

Z Z a}\ub}\ux}»xu=2 h JIZ Z bAu wAXa) (l\‘uxu)}B

h=1 pu=1 A=1p=1

=h Z Z bmx;xﬂz lvhlvu) B (byyxi - booy -+ o o bruxn)

A=1pu=1 v=1

36. 13 (bopMyJIbI

oC n n
a, 1 k
2 Y = Y LY Y o,
= A=1p=1

A=1npn=1 k=0
B cusy 35 BHITEKAeT MepBas YacTb TEOpeMbl. DBCJEACTBUE IOJIOXKH-
TEJALHOCTH (OPMBI HMEEM

Z Z akuxhxu §i+§§++§%y
A=1n=1

E=oixy b odt, ..o,
E=aix +oc.§xo +. . .—}—a[ﬁxm

l !
= af >x1+a x2+ +az>x,,.

rge
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Ecan B matpuue (a;,) HHKakHE ABE CTPOKH HE COBIAgalmT, TO OYAYT
u o ! "
pa3NHYHBIMH MeX1y cofofi M BCe n [-MEPHLIX BEKTOPOB (Cy, ocv,

ey 2 (v=1, 2, ..., n). CrepoBarenbHo, MOXHO nofodpars ! Ta-
kux uncen p’, B’ ..., ), YI0BJICTBOPSAIOIIIX YCIIOBHIO B+ B2 +...
e pO2=1, ur0 Bee n uHcen po=0o,B +ap’ +. ..—{—oc()ﬁ(’) v=
=1, 2, ..., n) OyAyT Mex1y CcoGoil pasJHUHb; HJH reOMeTqueCKH

npoexmm N pasIHUHBIX BEKTOPOB Ha enMHHuHbIE Bektop (B, B”, .
, B1Y) Bce wmexny coboii pasnuumby; Had (B, B, ..., B“)) JERUT

BHE ONpefeneHHbX — n(n—1) naockocreit. Hainexamum oGpasom

BeIOHpasl OPTOTOHaJbHOE Ipeobpa3oBaHHe NEPEMEHHBIX &y, Egy 44vy &t
B NIEPEMEHHE 13, Mgy ..., T7);, TIPHUEM

M =PpE+B"E+. ..+ PG =V T Yexe o VaXns
noJiyyaem

n n

3D genx=nit+ni+.. =

A=lp=1
Z Z V?Vuxkxu'{" Z Z aMLx;Lxu,

A=lp=1l A=lp=1

o6e Gopmbl B paBo# yactH == 0. PasHocTb exp (p1y. - i) — €xp (vavw)
COCTaBJSETCST M3 TIPOM3BEACHUH CTETEHeH BEJIMUHH YiY. U arg C TIO-
JIOXKHTEJIbHBIMH Ko:a(bcpuuneHTaMu Orciofa Ha OcHOBaHHH 33, aHanlo-
CHYHO JIOKA3aHHOH YK€ IepBOH YacTH YTBEPHKACHHUS, BHITEKAeT, 4YTO
BTOpas d;opma B IIpaBOA YacTH paBeHCTBa

Z Z e M*x;xu Z Z e’ L‘X}mu—i— Z Z bmxkxp.
imlp=1 N=ip=1

T0JI0XKUTENbHA; TIepBas Jaxe onpefeseHHa [V 76].

37. Ananoruuno 36 [35, V 86]. Urto orpanudenuss He W3JHILHH,
1—1
ybexxnaeMcsa Ha IPHUMEpe MaTpHIb .

388. [R. Remak, Math. Ann., 1. 72, crp. 153, 1912; cm.
takwe A. Hurwitz, Ttam xke, 1. 73, ctp. 173, 1913.] Tak xak
OJHOBpeMeHHO ¢ f(x) Takxke [(x-x,), rae x,—moboe 4ucio, yioB-
JIETBOPSIET YCJIOBHIO 3aJa4H, TO BLICTABJEHHOE TPEGOBAHHE NPHBOJUTCS
K CJeRyIOLEeMy:

A () =af (OH— LF(0) + f” 0)+.. + J-f (0) =0 (coors. >0).

Corsacdo VI 44 noCTaTouHo IOMOXKHTH

f(x):(to-l—tlx—l—...—{—t,,x”) = Z Z t? uxA'H"

A=0p=0



330 PEILEHHUS

NpH NPOU3BOJIBHHEIX [, tl, %, «.., t,. Torga
Z Z A x"+” t;j = Z Z aMut;j
A=0p=0 A=0p=0

39. [Cv. G. P61ya, Math. és term. ért., 1. 32, cTp. 662—665,
1914.] Tak kKax OlIHOBpeMeHHO ¢ f(x) ycaoBuio 3axauy yjaoBJAETBOPSALT
" (x4 x%), %==0, T0o BbICTaBJEHHOE TpeGOBaHHE MPHBOIHTCS K CJIe-
JyIolmeMy:

A(f)=a°f(0)+%f' (OH'%J" O+ ... -I-%f‘") (0)=0 (coors. >0).
Ionaraem [VI 45]
F)= (ot tx+ .. F 0P x (gt x4+ o0 g7,

SHEES!

Torna
. P P g—1lg—1
Z Z paptaly + Z Z Q1 the
A=0pn=0 A=0p=0
40. Ilonaraem, BO-MepBbIX,
g—1qg—1
fx)=(1—x) Z D) bl (x— 1), x=1,
A=0p=0 ’
BO-BTOpBIX,
g—1lg—1
(x ) (142 3 3 by ek ), x=—1,
A=0pn=0
rue
n-1
=[]
Torna corslacHo NpeAmO/IOKEHHIO HOTYyYaeM
g—1g—1 g—1lg—1
— Z Z Gty =0, Z Z Bpaprafafn =0,
A=0p=0 A=0p=0
OTKYJla @y =0y, = ... =3 =0. B cayuae HEUETHOr0 n yTBEPKIEHHE
JoKa3sago. B cnyqae UETHOTO 7 JIOJI2KHE! €LIE BLIMOJHATHCS HEPABEHCTBA
ay (to+bx+ ... FHxPY Ha,t; =0, (1)
ay (1 = x%) (uptupx 4 ... Fupxp )2 —a,up =0 2)
IpH BCeX 3HAUEHHAX &y, Iy, euey Loy Ugy Uy oony Upy, THE p=—;— H
—1l<<x=<<1. Monaras B (1) fhy=t=...=t,,=0, {,=1, x=0,
nonyuyaeM, uro a,=0. C jpyroit cropoHsl, nosarag B (2) x=1

Up- =1, moayuaeM, 4to a,=<0.
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41. [Cm. 1. ¢, 39, cTp. 665—667. CMm. Takxke M. Fujiwara,
Toéhoku Math. J., 1. 6, crp. 20—26, 1914—1915.] OGe cucreMst
SHAueHHH ap, @, Qo ..y Qon H bo, by, ..., byn 00121AIOT CBOKCTBOM,
(opMyJIHPOBaHHBIM B 3ajaue 38. Ecau f(x) ynoBrerBopsieT yC/I0BHIO
3ajaud 38, TO

f* (0 =af (9 + 7 fU+ ) g O ()

TAaKKe YJOBJETBOPAET 3TOMYy YCJIOBHIO. 3HAYHT,

Baf* ()35 F¥ () F 32 ¥ () . B ) () =

= Cof (x)+%f' (x)+ W CIE R éj{;, fn) (x) =0 (cootB. >0)

npy BCeX 3HaueHusX X. C/Ien0BaTeqbHO, H CHCTEMA Cp, Ci, Cay eey C»
00/1aaeT TeM Ke CBONCTBOM.

42. [Cm. 1. c. 39, cTp. 667—668.] Ilomyuaercss u3 39, kak 41
u3 38. ITonaraem 7 =2m, cootB. n=2m-1.

43. [Cm. O. Szdasz, Math. Zeitschr, 1. 1, ctp. 150—152, 1918.]
Tak kak BMecte ¢ g (¥) Takke g(ﬁ—{—ﬁo), NpH NPOU3BOJMLHOM O,
VIOBJIETBOPSAET YCJOBHIO 33a1auyl, TO TpeGOBaHHE 3afayH PaBHOCHJABLHO
C/eTYIOEeMY:

n

A@= D =0 (cootB. > 0).

y=—n

Tlonaraem [VI 40]
g (0) =X+ 1,0+ %20 4 L. - xein? B,
Toraa

4 (g) = Z_] Z_] @M% 7, = Z. Z. Cu-rXn T

A=0pu=0

44. [I. Schur, sanaya, Arch. d. Math. u. Phys., ceppmS T. 19,
. 276, 1912, Pewerie — G. Pélya, Tam xe, cepus 3, T. 24,
CTp. 369, 1916.]

45. [I. Schur, sanaua, Arch. d. Math. u. Phys., cepus 3,
T. 27, crp. 162, 1918.] Cm. 46.

46. [1. Schur, sagaua, Arch. d. Math. u. Phys., cepus 3,
T. 27, ctp. 163, 1918.] PaccmarpuBaeM COBMECTHO 4YeThIpe CJydas:
a) ONpeNeNHTeNIH TNPOU3BOJbLHE; 06) 3JEMEHTHl TJIaBHOH JMaroHalu
PaBHBI HYJIO, BCE TPOYHE NPOU3BOIBHBI; B) ONPEACTHTETH CUMMETPHYHBI
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[45]; T) onmpenesHTeNI CHMMETPHUYHBI H 3J1€MEHTHI TJIABHOH [uaroHani
paBHbl HyJio [46]. BBeaeM oGo3HayeHHS, YKa3biBaeMble B CJE1YyIOLIEH
TabJuIe:

Uucsno He3aBHCH- HHCAO PA3THUHBIX
MBIX 571€MeHTOR craraeMblx

TIONIOXK M- OTpHL a-
TEeNbHLIX TENBHBIX

7 r
a) n° Sp  Sn Snt+-Sn=S, Sn—Si=D,
r L4 14 14 N

6) n—n Ea Zn En—l—z;,z:En Erl—‘_f’leﬂ
n2--n ” ’ ’ ”

B) _2'_ sn sn Snt-sn=s, sn—sn=d,
n2—n r ’

r — on on on-01==0, 0n— 0=y

KasxnoMy uieHy pasioKeHWsl Qyp Gop,...Cur, MBI CTAaBHM B COOTBET-

I 2..
CTBHE MOJCTAaHOBKY (kA k Z) Ecan Takol useH CONEepIKHUT IPOH3-
1 D rae n

BEJICHHE Qgpdpy . .. Tndrg, TO COOTBETCTBYIOIIAs NOJCTAHOBKA COAEPKIT
OHKJA (ofy...%A); ecuau pacCMaTpUBAaeMEIH YJeH BXOJAUT B PasokEHHE
CHMMETDHYECKOTO OINpeAeJnTeNs], TO IOJCTAaHOBKA, COOTBETCTBYIOLLAS
JIpyroMy, paBHOMY eMy uJeHy, Oyaer coaep:kartb JH OO0 nuka (afy...
«..%A), U 60 obpaTHbBI UHKA (Ax...YyPa).

UHCa0 MOACTAHOBOK 7 371eMEHTOB, COAEPIKAlIUX &, ONHOUJCHHBIX, &,
JBYYJICHHLIX, ks TPEXUJEHHBIK, ... LHKJOB, Kak H3BeCTHO [cMm. J. A.
Serret, Handbuch der hoheren Algebra, 1. 2, ctp. 188 —189,
Leipzig, B. G. Teubner, 1868], paBuo

nl
k151, g1 2R, pot3Rs |

=Zkihohy o

rae 1k, -2k, 4-3k34-...=n. YMHOXKas 310 uucao Ha -1 mam — 1,
CMOTpPl TO ToMy, OYAYT JIH pacCcMarpHBaeMble NOJCTAHOBKH YETHBIMU
WU HEUeTHBIMH, I0JyyYaeM

1
etk k7, e e
( ) Rikaks ... kl”kl . k2| (___ 2)/?2 . k3!3k3 . k4' (__ 4)/64 .

[Kowalewski, crp. 16] (uyxuo gna Beruncienus D,, A,). Ecau
NOJACTAHOBKH, [OJyYalolikecs OfHa W3 Jpyroil 3aMeHOH HEeKOTOpPLIX
UMKJIOB 06 paTHH MH, PAaCCMATPUBATh Kak TOXKASCTBEHHLIE, TO YHCJ/IO
pasauyHbLIX GyJeTr

n!

O— ky— By — By — — : :
RyllRe . py12ke . potghs . g 18k

L hykgks ..
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(HYXHO JJl BBIYHCACHHS S,, dp, O,, 0,). OueBunHo,
Sp= ] Zrtsts ...,
So= " Zossy o
Dy= Y (—DeuththtZypp .
Ap= Z* (— Dt ket bt Zopp, ey
Sp= D, 27 = k=T o, s
=N 2t — k=L, .,
dy= D (— 1)t tat @b —hem e Zppp
— Z* (— Dt bt 2=k —t—Zop |
37€Cch CyMMBl Y| PAaCIpOCTPaHSIOTCS HA BCE CHCTEMBI T10JI0 KHTe/IbHbIX
uynces KRy, Ry k3, ..., YNOBJETBOpslOIIYE YCJIOBHIO Ry -+ 2k, 4
-+ 3k3—|—...=n, a CYMMBI Z* —Ha Te U3 HHX, AIS KOTOpBIX k=0
(u, sHauuT, 2k,-4-3k3--...=n). Umeem

Snxﬂ 2 xkl x?,’?z i x3k3‘
nl T il M gyt 2ke gt 3R

i 2” (ke o g3
= R 2 T Z 1 2ks 't T
- I_Okl e ko ) 3
¥ %8 . x3
XX 4R 1
=g¥¢2 .3 ,, .= 2 3 =1 =l4xt+x24...,

0TKyAa S,=n!, 4TO NMOXKET CIYXKHUTb NOATBEPHKICHHEM IPABUJLHOCTH
II3JI0KEHHBEIX coo0pazkeHHi. TeM 3Ke crocofoM Nosyuaem

x2 x?
n S L
Dpxt _ *=3 T3 =14x, D,=0 119 n=2

n=20

(acno),

2.0 Tnx x22 +{33—+ e
al 1—x?
n=20
. 11 (— 1)
W=1_1_!_|-§!—--...—|- m [VIII 23],
n _’i »_x
EAM —e 2T T T (e, A,=(—1)r(1—n)
n==90

(4aCTHBIX cayyait TeopeMbl 7 NPH ryj=ry=...=r,=0, a=b=1).
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Janee

2 xt 1 [x3 xt x | x?

2 Snx"=ex+3+3(§+?+~->= 1 o',

- nl |

® x2, 1 /x3 xt x x?
n

n=20

*® x2 1 [/x% xt x | x*

Z Xt e'2—+§(§+?+ > 1 e—E-i-“’

n=20 ! Vi—x

*© x2 1 /x3 ) x4 x xt

Z an”_e ot (5 >=V1~ﬁe—2 7
n

n=20

Uerbipe nocjeauux pfAla YJOBJETBOPAIOT COOTBETCTBEHHO an(ie-
PCHLHANBHBIM Y PaBHCHUAM

2(1=x)y'=2-%)y, 2(1+09§=02—-1)y,
2(I-0y=x@2—-xy, 2(14+%y=—x2+xy,

OTKY/Za H BHITCKalOT TPeOyeMble pPEKYPpPEHTHLIE COOTHOIUCHHA. AcHM-
OTOTHYeCKHE (opMyJiHl Moayuaem M3 1 178, mosaras :

__I_x_z x_z _£_|_x._2 _x_ =
[(x)=e? " *, cootB. €2 4, e 2%, e 2 4,
1.3...@n—1) 1.3.. (2n—3) (—1)n-1
b, = —, COOTB. 1)=-1
" 5.4..2n  Vin' =1 2.4, )
2Vw .n?

[IT 202],
g=1, coorB. —I.

47.[1. Schur, 3anaua, Arch. d. Math. u. Phys., cepua 3,
T. 27, ctp. 163, 1918.] INonaraem
1 —
= 1 —xix3...%, P-
Torna

Zi(P(x;\,l, xk ) seny x;\, )=
n

= I—X1X2 2 _l)n—v [M(T)(x”l’ Ky eovs x“n—x)]’

rie cymMMma 3, pacrpoCTpaHAeTCA Ha BCE MEPECTAHOBKH NMEPEMEHHEBIX X,
Xps ooy Xy—1y Xyp1s -..y Xn U 3HAK ONpEJENsieTC TaK Ke, Kak [ad
cjaraeMbiX B JIeBOH YacCTH.
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CJTE}_IOBaTeJIbHO, B NPEATIONIOKEHHH, YTO YTBEPXKACHHE CNIPABEASIHBO
aada n— 1, TOXJECTBO, KOTOPOE MBI AOKA3LIBAEM, MOXKHO MpPE€ACTABUTH
B TakKOM BHJIE:

n
1 e
AD= I =X1%3... Xp, 2 (1) Ay Dy,

v=1

rie A, u @, o6pasoBaHbl H3 Xy, Xgy «vey Xy-1s Xyi1y ey X, AHAJO-
THYHO TOMY, KaK A U @ —H3 Xy, X,, ..., X,, npuuem @ npepnona-
raercsi B3ATHIM B (opMe MPOH3BEJEHHS, CTOSILIEr0 B KOHIE 3ajauH;
@, cojepxar MeHbLIEe KOJHYECTBO MHOxHTensed. TlpuMenseM renepb
V1 69, npuuHMas Bo BHUMaHHE ypaBHEHHS (B 00O3HAaUGHHAX H Iped-
nonokenusix sagaun VI 69, ap==1)

Ay 1 (=11

A= (o1 —2y) .n. (Kymg —Xv) Gy —Xyig) oon (Ky—x,) — F (xy) '’

%!‘= (I —=xy) (1 —xyxy) oo (1 = 2xpty—y) (1 = Xpiay) .. (1 — XXy} =
_ 55
- 1+xv

48. [P. Epsteiﬁ, 3anaya, Arch. d. Math, u. Phys., cepus 3,

T. 8, crp. 262, 1905.] M3 cucrembl paBeHCTB ap¥y = >, @y (A=1,

p=1
n

2, ..., n), NpUHHAMAs BO BHHMaHI/Ie; uT0 ) Gyae (2) = 2o (2) +
A=1

+ 8% (?), THe go=1 mpH pn=0, g,=0 npH p=£0, noayyaem

CHCTEMY PpaBEHCTB

(0p—2) KZJXKXMI (2) =x4% (2) (=1, 2, ..., n).

49. [M. Riesz.] Cu. 50.
80. TpeGopanue 3aayH PaBHOCHUIBHO YCJIOBHSM

ig(% (p—v+o))e(Frv—a+B)) =2 (1 (o —a+a+8).
v=0

Cm. VI 15. B 3ajaue 49 (mocne 3sameHnl X, Ha (—1)’x, u y, Ha
(—1)? y,) monyuaem
1 sin(n41) 0
gd)= n-1 sin &

51. Onpenesnrenrs D (o) mnpeo6pasoBanus S, YAOBJAETBOPsET
tbyxmuuomamomy ypaBHEHHUIO

D () D (B) =D («+P).
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Kpome TOro, oH BemecTBeH, HenpepsiBeH H MEPHOAHYEH (C MEPHOOM
2n+4-2). Cnenosatensro, D (o) =0 wuau 1. TlepBuifi cayuait mnmeer
MeCTO TOrfa H TOMbKO TOTAA, KOrza CHCTeMa JIHHEHHBIX YpaBHEHHI

n
I
Eg&ﬁj@-q»%=o (p=0, 1, 2, ..., n)
q=0
UMEET HEHYJieBoe peineHHe. A 3T0 GyIeT BO BCAKOM Clydae HMETb
MeCTo, €CJIH Xg, Xi, «.., X, YLOBJIETBOPSIKIT ypaBHEHHIM
n ikq a1 n -—-ikq a1
Dxe =0, ¥ xe rTI=0, (*)
g=20 g=0

rae k npoferaer BCe Te 3HaueHHS, A KOTOPHX KoddhduimeHT B g (T)
npu cos k% ormuuen or Hyss. (Ilpu k=0 ykasaHHoie ABa ypaBHe-
HHSl npuBoaaTcsl K oiauomy.) Corgacuo pewenuto VI 15 2 umeer au6o
TOJIbKO 4eTHble, JHO0 TOJbKO HEUETHHIE 3HAUCHHS, CJELOBATEIbLHO,

1
YHCJIO YKa3aHHBIX KO3(hUIHEHTOB 6yneT << | |- [%] COOTB. =< [n ) ]

B neprom ciyuae uncio ypaBHenuii (*) Gyzer <1+2[% <n+1,

BO BTOPOM CJyyae oHO Gyaer g?[#] =< n+1. Papeucreo goCTH-
raercs JIMmb B CJyuae, KoOrja
1 sin(r+1)¢
e =T o [49]

Y 1 YETHO, COOTB. HEYETHO. 3a HCKJIOUYeHHeM 3TOro CJayuas, YHCJIO ypas-
HeHuii (*) 6yqer Bceraa MeHbue 72 - 1, T, e, uicsa HenspecTHelX. CegoBa-
TeJbHO, DENIeHHsl YKa3aHHOrO poja CyLIECTBYIOT.
B 49 nomydaeM nocTOSHHOE 3HayeHHe onpeaenuTessi, 6eps o — 0.
82, [M. Riesz.] Iosoxkum
1 sin(n4-1)%
gt)= n1 sin ¢ )

Peus nger o cymme

n n

(=D g (o =kt [T —i+ o) =
p=0k, (=0

= 2 (— 1)+ 3%, 2 g(nj—l (k—'a—p))g(ﬂil (p+ oc—l)).
kI=0 p=0
Cornacuo VI 15 ona paBHa

)k Tk —
(—1) g [ (e =)

0

A=

k,
n
H, 3HAYHT, 3, yj HE 3aBHCHT OT a. [losaraem remepp a=0.
p=0
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53. [I. Schur.] HyxHo gokasarb clefyiomue paBeHCTBa:
(Ui-uz+. . A un - un =ty

ui—}—ui"}‘ . +u;ll = Uplni1y
Up i of 1 1 1 )
g2
Unit uz \unun-}‘z Upi1¥n .3 Upioln. g +-
1 1 1 )
_ u 0
Upyo + "+1<u/z+1”n+3 + Upiollpia + Upislinis 4
(n=1, 2, 3, ...
3 ompeieneHHs 4uces u, MoJydaeMm
n n n—1
Z Uy — Uy-y) = Z Uylyry — Z Uyllyyy = Upllni,
v: v= ’ V=l v=1

T. €. BTOpPO@ paBCHCTBO. Ilepsoe mosyuaeTcs W3 BTOPOrO NOCPENCTBOM
3aMEHBL U,yq == Uppg — Un. JAMEUAEM, JlaJiee, UTO

1 1 1

Unln,z Uniilnis Uniollpia

1 1 1 ) 1 ( 1 1 )
—un+1(un Unsa + Upyg \ Unyd Up-s

I

1 1 1 1
( — ) F= .
Upis \Upsio Upia Uprilly

54. [E. C. Titchmarch, Proc. Lond. M. Soc. (2), 1. 22,
Beim, 5, 1II, 1924.] Ouepnpso,

~+ oo

2 <7»+r1——oa - p—}—llz——oa):O/

n=—om

(As=py Ay p=..., —1, 0, 1, ...). Kax uspecrHo,
~+ oo

1 S 1 n \2
2 m= 2 (n—oa)2=<sinoc:c)'

n=—w n=—ow

55. TeopeMa YMHOKEHHs OIpefeauTeNeH,

56. Crnoxenue crojbLoB.

57. Ilpasuao Jlei6uuna ans (uv)®, cioxenue crosi6LOB.

58. ITosoxute B 57 ¢=F".

59, [locse BhINOTHEHUA AU(PEPEHLHPOBAHUS NOTYYaeM B UHC/H-
Tene OINpejeHTe b BTOPOTO TNOPAAKA, UMEIOMIHH B KauyecTBe SJeMeH-
TOB onpeienutenu (n— 1)-10 Nopsjxa — anrefpaHyecKkne AONOJHEHHS
onpepeaurens W (fy, fs, ..., ) [Kowalewski, crp. 80, 109].
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60. Onpenensiey n—1 QyHRUHIO @ (X), @y(X), ...y @pq(x) H3
n— 1 ypaBHeHUSs
oif1 ,+ ®fs Aot Ouafa1=Fr
@1 Tofs A FOafra =1,

.........................

Ot T ST b e 5 = T,

ONPEIEUTENb KOTOPHIX He paBel Hymo. Corsaco 59 u mpeanoo-
2KEHUIO
APn-1 — da W (ir ooe’s fnoos [n) =0
dx dx W (fi, <oy Faeas Fro1)

1 aHaJIOrH4Ho

Wi?‘Péz---= (Pr’z—-zzo.
61. lckmouaeM ¢, @nq, ..., @, 1 U3 7|1 ORHOpORHOrO ypas-
HeHHsI
(Pnfl'l"tpnflf;'l".-.—l—-q]] in‘—l"_l_l.fi") =0,
(P”f"_l—cpn"]f”l+"'+(P1f§1'l—1) _I"']-’fgl)\ :0,

PuY + Puorl . Ay V1 (g = L) =0

H BBIUHCHAsEM L uyepes HyJH ONpeAEJIUTEs,
62. ITonaraem

y:‘yﬁ! W(fl! y):'ylv W(fl’ fz’ y)=y21
’ W(fl’ fz* teey fm y)=Yn

Torza corsacuo 59
4av, W)W d¥:_ WY, d Ypi_ Wauly

) veey T

dx W, Wa

de: W%’dxwz W3

Orcioga on pe,ZIEJIHEM . [61.]

63. [J. P. Gram J. fiir Math., 1. 94, crp. 41—73, 1883.]
VKasaHHOMY OIpefeJMTeNI0 COOTBETCTBYeT KBajgpaTHuHasi dopma

b
§ [taf1 () - £af s (0) - - Lof (O] di.

I10T MHTErpas HEOTPUIIATEIEH W PaBeH HYJIO TOTA2 H TOJbKO TOTAA,
KOrla BO BCEM HHTEPBale @ <=X<=b HMEeT MECTO TOXKLECTBEHHO
tLf1 () 4-tafs () .o - Eafa () =0. CMm. Takxe II 68,



OTAEJ CEAbMOM 339

64. [G. P6lya, samaua; Arch. d. Math. u. Phys., cepus 3,
T, 20, crp. 271, 1913.] CooTBercTBylOLlast KBaapaTuuHas ¢opma

@ B ) [ )P (B ()2 (P (0] —
—[t4f (0) F tf (1) A L ()2} i =

b1, 2 ...,n

=0 3 [ x) =t (P dx

a j>k

R

posoxuTenpHa. Oua ofpamaercst B Hyas npu fi-+6H+...+4>0
TOTZa U TOJNBKO TOTAa, Koria f, (x)=#p(x) (v=1, 2, ..., n), rae
¢ (X) He 3aBHCHT OT V.

65. [E. H. Moore, 3amaua, Amer. Math. Monthly, 1. 24,
crp. 293, 1916. Pememne—~C. F. Gummer, Tam xe, crp. 293,
333—334 (xak ykasano ua crp. 333, mepBoe peuieHHe Ha CTp. 293
HENpaBWbHO).] {36, 63.] Ecmu coBnajaroT, HampHMep, /ABE NEpBLIE
CTPOKH, TO HMEeM

b
gy, U@ OF dx
Eﬁ=e" =1, [i(x)=[(x)

66. [G. P61y a, 3anaua, Arch. d. Math. u. Phys., cepust 3, 1. 28,
. 174, 1920.] Benencreue 11 112, II 113 umeem

<a,+ap.+1>s it f () de=xF W (0|7 — x"ﬁ” wtldf (x) =

=— <§o Tt gr ),

0

TJe nocnefHHil uHTErpa; B3AT B cMblcne Cruarbeca. CreloBaTesibHO,

Z Z ah‘i‘au‘l‘l)s K0T (0 dx - b8, =

A=1lp=1
— @i tax ) x df () =0
0

Ecau f (x) —xycouHo-nocTosiHEast QyHKIUSA H CYUIECTBYET MO MEeHbuIefi
Mepe A TOYEK C OTPHLATEJIbHBIMH CKayKaMmi, TO IOCJCAHHH HHTErpas
EIO)KGT] 06paTHTBC B HYJb JHUIbL TOTAa, xoraa th=t=...=1,=0
V 76

67. [Tlo nosony 67, 68 cM. O. Toeplitz, Gott. Nachr, 1907,
crp. 110—115; 1910, crp. 489—506.] das-

f()=a,42(a,cos ¥ b;sind)
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noJyuaem
T.()=ao(| % P+]x1 P4 120 B)
4+ 2R (ay - iby) (xp%y -+ 2%, . oo X1 7).

s
9) — 1—r2 .
it )_1—2rcosﬁ—}—r2—_
=142rcos¥--2r2cos 20 ... 2r* cos nd . ..
noJyyaem
T.(h= 3 3 sz
A=0pu=0
68. lmeem

21
1 ,
C"_%OS f () ein® 49 (n=0, =1, =2, +3, ...

CrnezoBarenbHo, Aas dopmel Ténnnua T, (f) ©MeeT mecTo nmpejacTaBieHHe
2
1 , _ .
To ()= g5 { 19)]x0-F e e 0. o z,e-70  d0,
0

YTBepmneHne BHITEKALT OTCIOAA, eC/IH NPUHSTL BO BHUMaHUE PABCHCTBO

2n
T,(1) ——-% S‘ [ X - X170 J- xpe 20 Ly e-in? 2 G =

0

=% Px P X

69. [Tlo nosony 69—71 cM G. Szegd, Math. Ann., T. 76,
ctp. 490 — 503, 1915; Math. és term. ért., 1. 35, crp. 185 —222, 1917;
Math. Zeitschr., 1. 6, crp. 167 —202, 1920.] Haa [(9)=a, -+
+ 2 (aycos ¥ by sind) umeem

@ oiby 0 .0
al—ibl' Qo a1+ib1 . 0

Dﬂ(f)z 0 al—ibl Qo
0 0 0 wes llp

Pasnarasa onpenesnurens no nocseaHel CTpoxe, nojaydaeM OTCIOAa PeKyp-
peHTHYO (QopMyJTy

Dy (f) =aDur (N — @ +6)Dr2 () (n=2, 3, 4,..),

Dy (f)=a0, D1 ()= a%)— (a%—{— b%)
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[lycte o M [ —KOpHHM KBajAparTHOro ypaBHEHHA
x2=qx — (ai -+ b).
[TpuMeHss NOJHYIO HHAYKUHIO, NOJydyaeMm
[D1 () —Do (1) Bl &” —[D; () =Dy () ] B* ,

@~

ecm o=,

D,(f)=

ag \n+1 .
) , ectn o =p.

(n42)arl=(n+2)prt! =(n42) (7

B cayuae, xoraa
1—72

f(ﬁ): 1—2rcos§--r27

HMEEM
1 . ...m
r 1 r 1
Dn(f): ror 1 Lme
rn ,-71_1 ,-IL“Z . 1

Buiunitasi r-KpaTHYIO BTOPYIO CTPOKY M3 NEpBOH, r-KPaTHYIO TPETHIO
13 BTOpOIl U T. A., noiydaeM D, (f)=(1—r)".

Ecan dyskuusa f(4)=ay-+ 2 (a, cos O}, sin ) nosnoxutennha,

To o H f nonoxureabhu, o = B. IlycTe, ckaxkeM, a > >0; Toraa

V' D, (f) =a. Bo BTOpoM caIyuae 3T0T npefen pasen 1 —r2%,
FedmeTpnqecxoe cpeanee [II 48] G (f) dyurumm ap-+2 (e, cos ¥ -
-+ b,sin¥) B unTepmane [0, 2n] coBnajaer ¢ reoMeTpPHUYECKHM Cpej-
M QyskuuE qo—2V @b cos $ =a (14 p*—20cos V), rme p
onpegeneno ycaosueM ) ai--bj=oap; 0=<<p<1, ay=a (1+p?. Io
nosoay & (1--p%2—2pcos ) cm. 11 52.

70. BcaeactBue Toro, uro D, (f) —onpenenutens Idpmura, BCe
nysau onpeaeantens D, (f — A) BeleCTBEHHB B NPH | Xg [2--| %1 |2 -
oo |x, =1 pacnosoxkensl MEXIy MHHUMYMOM H MaKCHMYMOM
Goput T, (f) [Kowalewski, crp. 130, 283]. CnenoBareneso,
corsziacHo 68 oHu MMeEIOT BHJA

h=a,—2V a4 bicos @ 0<<op<<m).

Orcropa, savensass B peuenud 69 Bcrony ay, Ha a,— h, ToJyyaeMm

Dy (f )= (@) T SneEe

sin @
Iostomy uyau onpenemutenst D, (f—h) 6yayt
+1

h _a0—2]/a1—|—b1cos ars® (v=0,1,2, ..., n).
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71. Cn. 79
F(hﬂn)‘,‘p(/lln)"‘---‘,‘F(hnn) —
n-1
I n
=ﬂ+lv20 ( _2Val+blcosv—,l:2 >—>
] v |
-+;§F(ao—21/a;+bicosﬁ)dﬁ=2;§F[f(ﬁ)]dﬂ.

YKasauHoe B 3ajaue CBOWCTBO 4YHCENR iy, MMEET MECTO HEe TOJBLKO
B 3TOM 4YaCTHOM clyyae, korja f(U) mpeicrasiser coGoit TpHPOHO-
METPHYECKHil [IO/IMHOM [EpBOTO MOPSAKA, HO 1 BOOGMIE 1A JoCOM
cofersenno uHrerpupyeMoit ¢yukuuu f(9). [Cv. G. Szegd, 1. c. 69.]

72, TlepBoe pemenue. Mu 6yneM NOJAB30BATLCS CACAYIOMHM
cuMBOJIMYecKuM crocoGom sammcd [em. M. Riesz, Ark. ior Mat.,
Astron. och Fys., 1. 17, Ne 16, crp. 1, 1923]. Ilycte

n n
f2) = Z I
A=0p=0

T1e @), — NMPOU3BOJBHLIE YHC/IA, Mu Gyaem Torma mucaTh

n
Z akuc}\—‘u-

Tax, nmpeanosoxeHUe 33/ayd 3aNHCEIBAETCS TEIeph CJAEAYIOUHM 06pa-

30M: €CHM MOJIHOM Xy X2 -+ x,2% 4. .. x,2" HEe paBEH TOXKIECTBEHHO
HYJI0, TO

%04 216+ X027 .. x>0,
OGo3HaynM IIOJMHOM, paccMaTpHBaeMbldl B 3anaye, yepes P (2). IlycTs
2, Oynet oauH H3 ero HyJeH, P (2) = (2 —2,)Q (z). Tlonoxum
Q (C)_Q ((—;) = CO,
QG (@) e=C,
Q)R e=Coy
rae Q (2) — mosmHoM, conpsikenubiit ¢ Q(2). Torma NpH NPOH3BOMb
HHX Xo, Xy, | Xo[2|% >0,
Co (| %o [P 21 [F) + Cyo ¥y 4 Ci¥ox, =
=Q (C) Q@) (1 % ‘? | xy |2 oy - eXoxy) =
=Q(¢) (% +x:0) Q (¢) (X0 + %,0) > 0.
CrenosarensHo, |C;| << C,.
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Ho tenepn
P({)c'=0 (v=0,1, 2, ..., n—=1),

C/eJI0BATENbHO,
c—2)Q ) Q(c)=0,
_QQ@c_G
QQE) G
Bropoe pemenne. Cornacuo oxuoit teopeme C. Carathéo-

dory [Rend. Palermo, 1. 32, cTp. 205, 1911] cywectBylor Takue 2n
yHces

0

P1s D2y =<y Py
€1y €5y -ovy Epy
y1o py=0, ley|=1 (v=1, 2, ..., n) u
Ckzplﬁf—l-pzﬁg‘l'---‘l'PnSﬁ (=1, 2, ..., n).
Vimeem
c—h=p+Fp:+...Fpn

rie h ofo03HayaeT MHHHMYM paccMarpuBaeMoll B 3aiaue GopMul Ipu
JIOTIOJIHHTENBHOM ~ VCJIOBHH | %o |2+ [y 2.4 | %, 2=1. B Hawem
cayyae h > 0. Orciofla BLITEKAET

n—ln—1

Z Z C?»-uxlfu =h (‘ X0 12+ I §o1 ‘2 +.. + } X1 iz) +

A=0un=0

n .
+ Zl Pv]x0+x13v+--~+xn—1ac_l IZ,

V=

n—1n—1
Z Z C}rp.ﬂx}\)_(u =h (xoxl + X1X5 + Lo + xn—zxn—l) +
A=0pn=0

n
+ Z vav[x0+x18v+---+xn—183—1 lz,

v=1

CRie/l0BaTeNbHO,
n—1n—1t n—1n—1
DD Cepntai | << DT DY oy
A=0 p=0 A=0 n=0

B NIPEANOJNOMEHHH, YTO HE BCE WHCAA Xg, Xy, ..., X, ; DPaBHH HYJIO,
Ho nawe ypaBHeHUe MOXKHO 3amucaTh TaK:

Icl-ll-\-l — 200 Ay p=0, 1, .., i—1 = 0.
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Ecau, crano ObITb, 2,— KOpeHb MOJHHOMA, TO CYUIECTBYIOT YHCJA

X4y X1y +.+s Xpy, HE DABHLIE OAHOBPEMEHHO HYJMO, YAOBJECTBOPAIOLINE
CHCTEME YpaBHEHHH

n—1
D (Creqsr — 2oCry) =0 A=0,1, ..., n—1).
p=0
[Tosryuaem
n—1n-1
Z Crmp 1 X3 X
A=0u=0
%= Tazi o |zl <L

Z Z Ch-p XX,

A=0u=0



OTIEJI BOCbMOH
TEOPUS1 YUCEJ

L x+n—1<<[x+njx-+tn, x—1<[x+n]—n=<x;

CJIe\0BATEILHO, TaK KaK [Y-}-#]—n ecTb uenoe 4yucao,
[x4n]—n=[x].
2. HyxHo nokasatb, 4T0
—1
(n— 14 (1 —2) ...+ 1= g[{;] (mod 2).

Ipn n=0, 1, 2, 3 yGexnaemcs B 3TOM NPAMHEIM nojacyeToMm. Ilpu
nepexoie xe OT n K n-+4 ofe 4YacTu YBEJHUMBAIOTCA HA YETHOE
YLCJI0.

3. Ecm x—[x]<%, 10 0=<2x—2[x]<<1. Econ x—[x];a%,
10 1=<2x—2[x]<<2. Cornacuo 1

[2x — 2 [x]] =[2x]— 2[x].
4. Ha ocuoBanun 1, TaK xe Kak 3.
5. Ha ocuosannu 3
[2x] — 2 [x] - [¥] =[2x] — [x].
6. lckomoe uenoe uuCiO 1 YAOBJCTBOPSIET HEPABEHCTBAM
n—l<x=n, T € —n—x<<—n-1,

CleloBaTeNLHO, n=—/[—X].

7. 0<a+tp—[a]—-[fl=a—[a]+B—[B]<2,

—l<a—P—[a]+[f]=a—[a] - (B —[B]) < 1.

8. Ha ocHoBanuu 1 npu HM3MeHEHHWH o M [} Ha ueNOE yueJIo 066

YacTH W3MEHSIOTCSl  HA paBHBlE KOJWYECTBA. []03TOMY JOCTATOYHO

NoKasarh Teopemy Aas cayuasi O=sa<<1, O0==f << 1. B sToM cayyae
T€OpeMa YTBEpPKJaeT, HUTO

[20]-+[26] = [+ B].

Ecmu [a-$]=0, To nokasuBarb Hewero; ecau e [a-+P]=1, 10
c---f=1, 3naunT, MO KpaiiHed ME€pe ONHO U3 OGOHX CJAraeMblx,

CKameM &, == ; CIEIOBATe/LHO, [2a] - [28] = [2a] = 1.
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8. [Ch. Hermite, Acta Math., 1. 5, crp. 315, 1884.] Mocra-
TOYHO paccMoTperh caydait 0<Cx<< 1 [pewenue 8]. Ilycre & ompe-
JeNeH0 TaK, YTO

x-]-k—;—l<1<x+%. T. e. — k=[nx —n]=[nx] —n.

Torna ofe wacTH paBHBl 11— k.
10. Mur MoxeM npuHATh, 4T0 0 << x <C 1 [peumeHue 8, peutenue 9].
ITpu 0 << x<< 1 B npagofl wactu crout 0, Janee

- [nx] < nx, [”]<x<1 [[%‘l]zo.

1. [J. J. Sylvester, 3agava, Nouv. Ann., cepus I, 1. 16,
crp. 125, 1857, Peumenuns—E., Prouhet, Lebesgue, tam xe,
cepua 1, 1. 16, crp. 184, 262, 1857.] '

[+ V3™ =(1 + V3™ (1 -V 3™,

\2 o
ngo —1<<(1—13)""" <0 u B mpasoil YaCTH CTOMT LieJoe YUCIO.
ITonyyaeMm, najee,

(+V3)@+2v3)"+0-V3)a-2V3)"=
=2m{(1+V§)(2+V3)’"+(1.—1/3)(_2—1/5)"’}.
Bripaxkenue B ¢GHIypHBIX CKOOKaX HMEeT BHJ

2@ +bV3)+A+VI) W3 +2(a—bV3)+(1=V3)(—V3)",

rae a, b —neanie pauHOHAJbHLIE YHC/AA, H, C/JAEA0BATEIbHO, COAEDPKHUT
TOJILKO MEepPBYIO CTeneHb yucsa 2.
12. UurepecylolyMy HAC YUCJIaMH SBJISIOTCA @, 2a, 3a, ..., ka,

rae ka<<n<<(k+1)a, caenoBarensho, k= [ o ] .
MoxHO TNOCTAaBHTL BOMPOC TaKKE CIEAYIOUIMM 05Pas’oM: CKOJBKO

s 1 2 n

cpean ApoGeir —, —-, ..., - UEJBX WHCRN, T. €. CKOJBKO LEMBIX
n

YHCe COACPKHTCA B mHTepBase 0 <Jx=<-?

a b
13. Yncso nenelx uncel B HHTEpBale —< X << — paBHO [pee-

Hue 12]
_2] - g].
i} n]’
YHUCJIO LIEJIBIX YHUCENT B HHTEpBAJE ——f;<x< —_ % paBHO

[==l-1-4l



OTAEJ BOCbLMOYI 347

14. [J. Konig, Math. Aan., 7. 9, crp. 530, 1876. 3anaua;
Nouv. Corresp. Math., t. 5, ctp. 222, 1879. Pewenue —R adicke,
tam ke, T. 6, crp. 82, 1880.] Tlpu a=0 u a=mn yTBepKjIeHHE
OYEBHJHO; MyCThb, cTado Obith, 0<Ca <Cm, Torpa ABa cOcenHHK YsieHA
NOCJIEROBATEBHOCTH HE MOTYT OJHOBPEMEHHO 06pallaTbes B HYJb.
Ecmn fBa cocelHHU X u/JeHa cosva, cos (v 1) a o6pasyior. nepe-
MeHy 3Haka, TO MexAy v U (v 1)a JeXUT TONbKO OfHH HYJB
¢yHKUuH cosx. Jlpa HecoceAHHX uwieHa cos(v—l)a H
cos (v 1) @, Tak:ke MOryT o6pas3oBhIBaTh IepeMEHY 3HaKa, a HMEHHO,
woraa cosve=0. Taxkum o6pasoM, V, (o). paBHO uHcay HyJel QyHK-
UM cOSx B unteppajde O=<=x<no, T. e. YHCAY HYJell (yHKUHUH
sinx B HHTepBaJse

I

: - =
5 no <X =< o .

370 uucho paBHO —[—é——n%] [13].
15. g,=[n8]—[(n—1) 6].
16. N(r, a, )=0 npn r<|lnal; N(r, a, ®)=I1—k npn
r=|lna|, rze ,
af2n<<Vri—(na<<ad2(+4+1mn,
at2kn<—VrP—(na? <a-t+2k+1)a,

T. €. B 3TOM CJyyae

V(a1 [ VP = |y [ VA=T0G |

20 2

Cm. II1 73.
:7- [F@]4If @+ DI+[F @+2)+ ... +[f (6— DI+ (0)].

« JleBass uacte jaer [17] uHCJI0 UeAWX TOYeK B 0OJaCTH
l<x<p—1, O<y=< —%‘x. Bo BceM npsaMOyroinHHKE

l<<x<=p-—1, 1l<sy=g—1

aexur (p—1)(g—1) uensix Toyek. OHH pacno/IoKeHbl CHMMETPHYHO

OTHOCHUTEJIbHO TOYKH x:%, y=—g— H HaXoAATCA Kak Bhoille, TaK H

HiKe TPAMOK y=7‘07—x B O/IMHAKOBOM YHCJ/e; Ha CaMOH e NpaMoi

X HeT HH OAHOH, MO0 TOYKa 3TOH NPAMOH MOXKeT OblTh 1EJI0H, JHIIb
KOrjJa X — leJloe KpaTHoe p.

19. [Gauss, Theorematis arithmetici demonstratio nova, 1808,
Opera omnia, 1. 2, crp. 1—8; Gottingen, Konigl. Ges. der Wiss.,
1863; G. Eisenstein, samaua, J. fir Math., 1. 27, crp. 28I,
1844.] Peub uper O ueaniX TOMKaX B NpPAMOYTOJbHHKE

lx=<p', l1==y<q'.
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Ofiee KoauyecTBO HX paBHO p'q’. Tlepeeie p’ uneHoB B JIeBoil
YaCTH JAIOT YHCJO LEJNBIX TOYEK, JeRallHX HHKe NPSIMOil yz%x,

r

HOC/E/HHE ¢ WJCHOB —UHCJO LEJBIX TOYEK, JeXalluxX Bhllle 3TOi
npamoit [17].

20. [V. Bouniakowski, C. R., 1. 94, c1p. 1459—1461
1882.] TIlycrb nepemennas X npoﬁeraeT 3Havenus 1, 2,
NepeMeHHast y NpH  3aJaHHOM X — 3HAYCHHA [l/ (x— l)p ]—l—l
[VE=Dp|+2, ..., [Vxp]. Tlonoxum r=r(x, y)=xp—y*
Torga 0<Cr<<p u —r ecTh KBagparuyHeli Berer mod p. Tak xar
—1 — TaKXke KBajpaTHYHLIH BLIYET, TO TO XKe UMEET MeCTO U AJd r
Tak kak 4n=p—1, TO YUCIO BCEX 7 PaBHO

2 Wl -lVaE=—DpD=0V

x=1

YTO COCTaBJSIET CTOJBKO K€, CKOJBKO BOOGIUE CYUIECTBYET KBajlpa-
THYHBIX BbIYeTOB mod p. [anee, Bce r pasauyHBL: H3 Xyp— Y =
= X,p— Y5 BBITEKaeT, YTO p BXOAHT MHOXKHUTEIEM B Yi—Y;=
= (y1+Ys) U1—Ys), T. € Y=Yy, U, CTENOBATENLHO, TAKKE X;=X,.
Cymma Bcex r

n Vo]

> rixog)=p X x(Vapl-[V&E=T)p)—-
=1 —’[thl ¥=1
- 2!/ = 2 [Vipl+@a+1)p[Vapl—5 @n+1) (4nt 1)

y=1 =

paBHa, CTaJjo ObITh, CyMMe BCeX HAMMEHbIUHX TIOJ/JOXKHTEJbHBIX KBaj-

—1
pPaTUYHbIX BbIYETOB mod p, T. €. paBHa P 1 p.

21. [J. J. Sylvester, C. R., 1. 96, crp. 463, 1883.] Ilycrs
n—4HCJO CBOHCTB @, P, Vv, ..., %, A. Ecin HerkoTOpbIH O0O6BEKT
umeer k us 3THX cBoitcte (I \k/n) TO B CyMMY, TIpHBCJEHHYIO
B 3ajJaye, OH NPHBHOCHT POBHO

) )= e o

enunul,. Eciu, nanporus, 00beKT HE of6najaeT BooOlIe HH OJHHMM H3
cpoiicte @, B, ¥, ..., X, A, TO OH BHOCHT POBHO €JKHHIY, a HMEHHO
B Neppoe cJaraemoe N. Tlo mOBOAY JoKasarenbCcTBa 3TOH TeOpEMEHI,
TpHHaj/Iexaleil co0CTBeHHO K (OpMalbHOM JIOTHKe, METOZOM Mare-
MaTuyeckoil MHAyKuuu cM., Hanpumep, U. Yule, An introduction
to the theory of statistics, Ch. 2, London, Griffin 1916.
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22. N=n, Noy=Ng=...=n—1, Nyg=Nyy=...=n—2, ...;
no.1yyaem

n—<’f)(n_1)+<g)(n—2)—...+(—1)n<z) (n—n)=0,

Tak Kak OOBLEeKTOB, He o0jalaolliX HH OJHHM H3 CBOHCTB o, B,
¥y --. s %, A, HE cymectsyer [I 37].

23. [B zpyroit dopmyauposke, Kak «jeu de rencontres, y Mont-
mort A. de Moivre. Cm. Euler, Opera omnia, cepus 1, T. 7,
crp. 11, Leipzig und Berlin, B. G. Teubner, 1923.] O6uiee uuncmo
uJIeHOB B pas3/oXKEHHH omnpenenures paBHo nl. Ywucno uneHos,
cofepXKalliuX a,y, paBHO (n— 1)!, comepXamux a,,ay, paBHO (1 — 2)!
¥ T. A. 3HAYMT, COTJIAaCHO 21 HCKOMOE YHCJI0 DAaBHO

at=(1) =01+ (3) =21 = 5) (= 4o (=11 () =
—n(1-g+g—gz++ 55

n!

(Cm. taxxe pemenue VII 46.)

24. Yuciao qyucesn, HE TMpeBOoCXoAsfInuX 71 U ASJAIUXCA Ha a

(cBOficTBO ), paBHO [%] [12]. Yucrno pensmuxcs OAHOBDPEMEHHO

Ha @ u b (cBoficTBa @ W f) paBHO HHCJY Jejsuguxcsa Ha ab, T. e,
n
Lﬁ]' u 1. A. TTosTomMy [21] HCKOMOE YHCJIO DaBHO

a[2] =[] - [2] - [2] - [2]+
ela] e[+
e
S

25. [Euler.] ITonaraem B 24 g=p, b=gq, c=r, ... Uckomoe
UHCJ0 paBHO

n—;—F—T— o+
n n
+p‘q+_pT+ -
n
Thgr T
+n ..........
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26. [loxa3uBaercs pacCykICHUSIMHU, aHAJOTHYHEIMH TPUMEHEHHBIM
K YacTHOMYy cayyaio 21, rie BceM OOBEKTaM NIPHNHCAHO 3Hayenue 1.

27. Iipumensem 26. O6vexkTnt —vyucaa 1, 2, 3, ..., n, CBOHCTBO
@ — JIeTHMOCTb Ha p, CBOHCTBO P — ;aeaMMocTe HA ¢ W T. A. [lox
YHCJAOBHIM 3HAYEHH EM OGBEKTA HOHHMAEM . KBAJPar COOTBETCTBY-
omero uucaa. HMveem

W= 2 B e = 2OEDCIED
~An4Br?4-Cn+D, A=y, B=-

Wo=p+ @+ @2+ (5 ) =
o{a(z) 403 w5 4] .

Wap=p'¢* [A(pq>3+3(b%>2+ ﬁ"}—D]""

CaenoBaresibHO, MHTEpECyOlllasi HAC CyMMa paBHa
An®+Bn?+-Cn4-D—
e

e pela(E] 4003405 4 0]

.........................

.........................

g JA (P ) + B ) 4 Ot +\D]=

rne
a:?<l—21%+227177— l'ipqu )z
=20 3fl- ) e
b=B(1—21+21— il):
(

=t U= (=gl —r)..= 52D por



OTHEJ BOCHMO¥ 351

28. Tlycte N=Max(a, b, ¢,..., &, [). TIpn N =0 noxasbiBarb
neyero. Ilpu N >0 npumensem 21 x umcnaam 1, 2, ..., N B Kauecrse
OOBEKTOB. 37eCh CBOJICTBO ¢ COCTOMT B TOM, YTO YHCJO SIBJSETCH
yacThio yucia a (T. e, << a), CBOUCTBO f — BXOMKJCHUE Kak 4acTh B b
H T, A. Yucrno 0OBEKTOB, HE O6JajalomUX HH OJHUM H3 CBOHCTB O,
B, ..., oueBHAHO, paBHO HyJO. IlepenocuM N B Apyryi CTOpOHY.

29. Ilycrb p —Kakoe-HUGYAb NIPOCTOE YHCJIO H

a=p*’, b=pbl’, c=p¥c ,..., k=pk, [=p,
rne a, b, ¢,..., K, ! yxe ne jmensarca ua p. Tlokasarejem cre-
neHd p B JeBoH vactH clyxut Max(a, B, y, ..., %, A), B NpaBoH
YacTH
ad-Bp+v+...4+%x+4—Min(a, p)—Min(a, y)—...—Min(x, A)

+Min(a, B, v)+

CornacHo 28 3TH BHIpakeHHs DaBHHL Mexay coGoit. Tak Kak 310
HMEeT MeCTO AS JI0GOT0 INPOCTOro YHC/Aa p, TO MBI H IOJTydyaeM
TpeGyemoe yTBepxaeHue. Cum. 46.

30. [oxasbipaetcs C MOMOLIBIO YMHOMKEHHs 1O CTPOKaM.

31. Onpenenurenn 3anayd paBeH KBajpaTy ONpenenuTens, O6Lni
3JEMEHT KOTOPOTO 1), PABEH €IHHUIE, €CJH | — JeMUTeNb A, H paBeH
Hy/JI0 B IPOTHBHOM c.nyl{ae. BosBecTd B KBajmpar, NepeMHOKas
M0 CTPOKaM.

32. Ilepemuoxkaem N0 CTPOKaM ONDEREIHTENH

1000 0] a0 O O O 0
1100 0| lag a 0 0 0
1110 ol . lag a a 0 ... 0
1111 anﬂlazaa 0
1111 I ey ag ay a5 n

1 0 0 0 0 ag 60 0 O 0
11 0 o ol loy ¢z 0 0 ... 0
1 o 1 0 0 ag 0 a3 O 0
110 1 ol |ag as 0 a5 ... 0]
I nye Mps Mpa oo L a ... .. vee @y

TAg 7, HMMEET TO XK€ 3HauyeHue, yto U B 31; BTOpO# onpegenurenb
Nonyyaerca M3 MEpPBOTO 3aMEHOH Ty, HA dyMyy.
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34. TlepBas mosoBHHA TpHUBHaabHA. LIycTh p, g, r, ...— POCTHIE
MHOXKHNTEIH bucaa n. [lpumensem 26 k fenurenam ¢ gucaa a. Tlpu
3T0M OOBEKTY ! NpPHIHCHBaeM 4YHCJIOBO€ 3HaueHwe ;. CBONCTBO o

n
COCTOHT B TOM, 4YTO JEJUTENb BXOJUT HE TOJBKO B #1, HO U B ?,

o n
CBOHCTBO [}, —uTO OH BXOJAWT HE TOJBKO B 7, HO H B 2o AT A
CyMMa YHCIOBHIX 3HAUCHHH, TNPUIHCAHHBIX TeM JEJHTENSIM f, KOTOpHIE

n n n
He BXOJAT HH B -, HH B —, HH B -, ..., paBHa TOIla

Du—Da—3 a—
in f| = (-
p q

+ D a+ 3.
P n

pq

—_ Z a,—...—!—

corsiacHo ornpejesenuo Gynxkunu p(n). Ho elnHCTBEHHBIM JenuTeseM,
He 06/1aJal0IUHM HH CBOHCTBOM o, HH P, HH ¥, ..., SBJASETCT #, U
€My TIPDHNIMCAHO 3HAYE€HHEC ap.
35. [A. Hurwitz.] CorsacHo 34 n0CTaToYHO TOKa3arb, 4TO
=21
tin
3

1 2 n
Ho sro oueBuaHO: MPHBOAS APOGH - -, -~ s ... , - K HECOKparu-

MoMy BHAYy, DOJydaeM apo6H Buia »;—, rie r=<t, (r, {y=1, {— nenm-

TeJb YHCIa A, NPUHUEM Kamnyro OfUH pas.
36. Iloaoxum B 35
P(y)=In ( x — e?my);
In

torpa g (n)=In(x"—1), f(n) K, (x) u, crenoBaresbHo,

InK, (x) = n(f)In( xt——l)
t|n
37. TlomoxuM B 35 P (y)=e>"¥; Torga g(l)=1, g(n)=0 mupu
n>1, crepoBaTenbHO, '

ll

2nir

fimy= D3 e =p(n).

(ren)=1
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38.

no| e(m Ty | o) | G | v | mim | A | eA®
i 1 1 1 1 0 1 1 1
2 1 2 3 5 1 —1 —1 2
3 2 2 4 10 1 —1 —1 3
2 3 7 21 1 0 1 2
5 4 2 6 26 1 —1 —1 5
6 2 4 12 50 2 1 1 1
7 6 2 8 50 1 —1 —1 7
8 4 4 15 85 1 0| —1 2
e 6 3 13 91 1 0 1 3

10 4 4 18 130 2 1 1 1

398. Ha ocuoBanun npaBu/a ymMHOkKeHHs Ko, COOTBETCTBEHHO
HupuxJje, c™m. crp. 138, a,=b,=1.

40. Ha ocuHoBaunu npasusa yMHOxkeHUs KoM, COOTBETCTBEHHO
Hupuxne, cMm. crp. 138, by=1.

41, Yactuuii cayuait dopmynsl 42 npu

A0=A1=A2:A3:.-.: 1-

42. Ha ocuopanuu npaBuia yMHOXKeHHs Koum, coorBeTcTBeHHO
HupuxJje, u 34.

43. Eciu m u n— B3alMHO NpPOCTHIE, TO BCE JENHUTENH [IPOH3BE-
JEHHS mAn TMOJYYalOTCS OT YMHOXKEHHS Ka[IOro JeJNHTeNsl uucia m
Ha KaxAplfl jenuteqb uucaa n. Ilostomy

M D= D 1,

1y | m Ly | 14 timn

O (M) 0q (1) = 0y (mn).

Has ¢ (n) yTtBepxaeHue BbuiteKaer w3 25, Jlaa apyrux (yHKuui
yrBepxkieHue oueBuano. Iasa f(n) =n%, A(n) coorHoweHue f(mn) =
= f(m)f(n) HUmeer MecTO He TOJBKO NPH B3AUMHO NPOCTHIX, HO H
BooOLIE TIPH BCeX m H 1.

44. Cornacio 43 JOCTaTOYHO paccMOTpeTb cayuaét n= p*, rje

p —npocroe uucjo. HenurenaMu apasiorcs Toria 1, p, p?, ..., pf,
¢JeoBarte/bHO,
1 — p& (k41
O (n) = 14 pob. e = e

45. PacrnosoxuM 3HAYECHHs OTHOUIEHHA

TPk k41
")  pFL(p—1)
12 T. Hoauna, T, Cere, 4. 7II
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B BHAE TaGauupl ¢ XBYMs Bxoaamu. B mnpusaraemoil Tabauue Henpa-
BUJbHEE JPOOH BBIACJCHBI KHUPHBIM ILPHPTOM:

x | 2 3 4
2 3 4 5

o I I B S

3 2 3 4 5

2 6 18 5%}

5 2 3 4 1 5

4 20 100 500

3HayeHHs YKa3aHHOTO OTHOWEHHSI YGHBAIOT TNPH BO3pacTaHHH
KaK p, Tak ¥ Kk (nDpoandepenunposats!) u crpeMarca K ny/mo. Tax
TN
KaK q)((n)) — MYJbTHIVIMKaTHBHAA (QYHKOUS OT 7, 10 AEJNO CBOAUTCA
K DPashiCKaHHIO BCeX NPOU3BEACHHI, HMEIOMIMX 3HAYEHHE == 1, MHOXKHU-
TEJH KOTOPHIX (B 4YHC/e, G0JBLIEM H/IH PaBHOM €AHHHIE) NpHHAANEKAT
PasIHYHHIM CTpOKaM TaOAHUbl. TakuX [NpPOM3BEACHUH HMEETCS
mumb 10 cooTBercTBenno uucaam n=2, 3, 4, 6, 8, 10, 12, 18, 24,
30; BmecTe ¢ n=1 3TH YHCJA AAOT BCE PRHICHHS HEPaBEHCTBA

(1) = ¢ (n).

46. [locTaToyHO pacCMOTPETh OJHO JIHIIb GUKCHPOBAHHOE NPOCTOE
YHCJO P U MYJBbTHIJIHKATUBHYIC (GYHKIHIO, CBSI3AHHYIO C P CIEAYIO-
muM o6pasom: f(n)=g (k), Korra p*— BhiCias CTeneHb p, colepxa-
masaca B n, g(0)=1, B ocTaJpHOM g (k) — NpOM3BOJbHAA PYHKIHI
nokasarensi k. Bce MyJbTHIIHKATHBHBIE QYHKIHH MOTYT GBITH COCTaB-
JICHBI [IyTEM YMHOXKEHMs u3 (yHKUui Takoro Buaa. Ho ajasa Taxko#
GYHKUHH TeopeMa rJacuT

gMax(a, B, v, 8, ..., %, A)gMin(a, B))gMin(a, v)...
...g (Min (x, A))g(Min(a, B, ¥, 6))...=
=g()g(P)...g Mg Min(x, B, v))...

rae o, B, ¥, 68, ..., %, A— HeoTpHIATEeNbHEIE TI0KA3AaTENH HAHUBBICIIHX
cTeneHedl p, BXOASALMX COOTBETCTBEHHO B a, b, ¢, d, ..., k, [. A 510
NpEACTaBJACT COGOH oGobuieHne ¢GopMyJabl 28, KoMycKaollee aHaso-
THYHOE JI0Ka3aTeJbCTBO, C TEM OTJNHYMEM, 4YTO IIPH 3TOM HYXKHO
HCnoab3oBate He 21, a 26, npumHcHBasg paccMaTpHUBAeMOMY Kak
(1)6'beKT YHCJAY M YHCJAOBOE 3HayeHue Ing(m)—Ing(m— 1), npuuem
ng(—1)=0.

gi7. Kaxnoe uenoe MOJMOKHTEIBHOE YHCAO MOMKET GHITh OLHHM
H TOJbKO OJHHM CMOCO60M TMPEACTABJIEHO B BUAE MPOU3BEJACHHSA CTe-
NeHed MPOCTHIX yHces. TakuM o6pasoM, MO caMOMY 3aKOHY o6paso-
BaHHUA paccMaTpPHBAaEMOro GECKOHEYHOTO NIPOM3BEAEHHS MBI NOJydaeM
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o - ko k

Kaxaui unen f(n)n”°, roe n=pip;z, ..., ka, OIMH ¥ TOJBKO OAHK
% — k —k —

pas, a mmenHo Kak f(p1) p. "1* f(ph) p7 " .. f (p v)p s Teopema

COBEPUIEHHO PABHOCHUJbHA CBOHCTBY MYJBTHIVIMKATHBHOCTH (PyHKIHM

n).
A 48. [Euler, Introductioin analysin infinitorum, t. 1, Opera omnia,
cepus 1, 1. 8, crp. 288, Leipzig und Berlin, B. G. Teubner, 1922 *).]
fty=1 (n=1, 2, 3, 4, ...) — MyJbTUIIUKATHBHAS (pyHKLmﬂ [47].
49. Bcnenctaue MyJIbTHH.HHKaTHBHOCTH HMeeM

o _ (1_ a)l s_|_(1_ a)p—s_|_(1_p3a)p-2s_|_m _
Z Oa (1) n°* l_[ 1 —p@ -

- H(l—p*) ==’
p

nEiIQV(n)n-S——H (14205 4+2p 24+ 2p35 4. )= p (::—Z:i;a’
nilh(n)n-szn(l_p,s_}_p_?s_p33_}__“): . _11?“;/1;_?’
3 v =Tl 134 o -
= Tt‘pi_s-
p

BO. [E. Cesaro, 3agaua, Mathesis, 1. 6, ctp. 192, 1886.
Pemenne —Mantel, Tam xke, 1. 8, crp. 208, 1888.] a (n) — myubTH-
niukatuBHaa QyHKoudA, nostomy [47]

Yamns=Tl{l+a@ps+a@)p>+..]=
n=1l p
=(1=42542%40) [T (14p=+p2 094, ) =
p>2

1 1 !
T 12" 1 —pl-s*

p>2
51. Bcaencrsue 48

) __Wptlng
L(s) e 1—pS°
p
52, 3o Dlpmas=1.
n=1 n=1

\——
*) JTeounappg Ditnep, Beenenine B aHanu3 6eckoneuno Maaux, OHTH, 1936.
12+
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PagHocuabHo BTopoll ¢opmy.ae sazaun 41. 52—56, 58 MOKHO J0Ka-
3aTb Takxke 6€3 NOMOMIH psaoB lupuxJe.
53. Ha ocuoBauun 49

o0 o0

i (=D ns D hnyns

n=1 n=1 n=1

54. Ha ocuoBanuu 49

Z n-ns= Z n-s Z @ (n) n-s.

n=1 n=1

55. Ha ocuosannu 49
dians pmns= Y on)ns
n=1 n=1 n=1

TOT K€ pe3yapTar mnosyuaem, npumensas 34 kK 54. PasnocuibHO
¢opmyse 25.

56. ~v0=(-%5)t0,

T. €.
Zlnn n—S—ZA(n Z ns.
n=1| n=1 n=1

57. Vs 33, 54. [pyrue uacTHble cayyau ¢opMmyJsl 33 Mmoay-
yatoress H3 52—H6,

58. [Jacobi, 3anaua, Nouv. Ann., 1. 11, ctp. 45, 1852. Pe-
menne — A, Dallot u gap., tam xe, 1. 11, crp. 126, 186, 1852.]

Do =143 4554 . =(1—27)L(s),
DB =2 4467 L =275 (),
¢JieqoBaTebHuo,

EEB—c) ) =3 o = B F ot =
=(1=29)LE 2o L— )~ (1 —2) 5 (=27 L) =

=255 L~ )= 3] o (m) (@m)-.

m=1

59. Cornacuo 47 dyuxuusa A (n) MyJbTHIIMKATHBHA, €CIH

n(l’s—i—h O ps+h(@P)p =4 ...)= i hin)n=s.

n=1
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Ho B HaileMm ciyyae

IS+ ps+h(p)p>+ ... =
=(1=+fP)p?+F P p ¥+ ) g p+g(P)p*+ ..0),
OTKYJa ¥ BHITEKAET YTBEPIKIEHUE.

60. Tlyctb BepunHB BHIMYKJOTO TNPaBUJIBHOIO A-YPOJbHHKA
B NMOpfAJKe wuX cjenoBanus Oyayr A;, A,, As, ..., A, Orpesox,
coefviHAOMNN BepiiuHnl A, U A;, DDHHALJIEKHT HEKOTOPOMY Mpa-

n
BIJBHOMY (BBIMYKJOMY WJH 3BE3Q4YaTOMY) ~YIONbHHUKY, TAe t=

o n
= (n, I—k); OTKJajbBast yKasaHHbIH OTPE3OK — -Pa3s, Mbl BO3Bpa-

maeMcsl K HCXOJHOMY NyHKTY. TeM caMbM U3 KaxkAOH BEpIIHHBI
HCXOAHT NpH =1 ¢ (n) OTpesKoB, NpHHALICKAUX pPa3JUYHBIM -
VIOJbHUKAM; 3TH MOCNEJHHE UMEIOT, CJIEJ0BATENBHO, B COBOKYMHOCTH
1

5 ne (n) cropox.

n—#ék
n

k
61. Eciu - HECOKpAaTHMO, TO HECOKPATHMO TaKkKe . Oce

Apo6H B CyMMe COCTaBafIOT 1.

62. [G. Frobenius; cm. A. Errera, Rend. Palermo, 1. 35,
crp. 110, 1913.] Iyers (b, ¢)=d. Ecan (a, b, ¢)=1, 10 cokparu-
MBIMH G6YAyT JHLb T€ IPOGH, YUCIUTENh KOTOPHIX JEJHTCS HA MPOCTHIE
Yyucsa, BXOJAMAIIHE B ¢, HO He BXOAsInue B b, a sHayuT — u B d. Otciona
ClIefyeT aHaJOTHYHO TOMY, Kak B 25, 9YTO YHCJIO HECOKPATHMEIX

ApOOEH CII(I__‘II)

Nee J -ttt e
R =i

Ho ¢ (bc)=dg (%C), 6o be u 2 CO/lEPIKAT OJMHAKOBHIE MpOCTHIE

d
MHOKHTEJIH; KpOMEe TOro, Corjacso 46 (p<%>(p(d)=(p(b) p(c).

63. o ()+2[e@)+eB)+ ... +o(n)]
64. (1) Yncno cTo6U0B, B KOTOPHIX MHHMEIE YacTH YHCJAHTENs
UMeT ¢ 71 (GUKCHPOBAHHHIY HauboOJbLUHE OGWMH JEJUTENb f, PaBHO
/n
G-
; \\\ t
PaBHO YHC/IY YHCEJ, MEHBIIHX YEM 7 M B3aHMHO MPOCTHIX C ¢, T. e,

>. B kaxjgoM M3 3THX CTOJOLUOB YHC/I0 HECOKPATHMBLIX ApoGeit

paBHO %(p (t). Tiostomy uHMCIO BCeX HECOKpaTHMBEIX JApoGell Gyner

PaBHO
¥ cp(ﬂ—’}w(%)

t|n
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M [IpeJcTaBJfAeT, CJIelLOBaTe.TIbHO [43, 59], MyJbTHIVIUKATHBHYIO cpym;-
uwio. Ilpy n=p* uuelO COKpaTHMBIX Apoeil paBuo p*~t-p**, wm,
3HAYHT, YHCJO HECOKPATHMBIX paBHO p2 — p-2,

U3z popmyaer @ (n )—2 (p(t)%cp(%), MEXY HPOYHM, BbITEKAET

tln

cpasy takxe (4), uto umeem

fee] o0 _1 s
2 V=Y g@ks Y o@)io=2E=0. 2020 ),

n=1 k=1 =1
(2) Brirexaer us 21, kKak 25.
(3) Unucno apoGeH, uUCAHTENb W 3HAMEHATEJb KOTODHIX MOXHO

n n
COKpAaTHTb POBHO Ha f, PaBHO CD(-t—). CyMMUpYsl IO BCEM —-

qaeMm a
w=Xo(y)=Y o0

tin tln

U3 (4) scaencrsue 47 Brirekaer (1) u obpaTHo.
H3 (4) Burekaer (2) u o6parHo. B camom nene,

nony-

N3 (4) na ocHOBaHMM npaBU/ia YMHOXKEHHSI pAAOB JIMpuXJ€ BbI-
Tekaer (3) U obparHo.
65. 13 nepBoro ToxkzaecTBa umeeM

An= Zah

tln

Y13 BTOpOTO
© 00 oo
apXxn
Z e = Z U (XL MM ) = Z (2 as| x".
n==1 m=1 n=1\l|n
66- HMmeem

(1= 25 L (6) = 15— 2 -85 — 4= .

IlepBoe TOXKHECTBO naer, TaKUM 0OGpasoM,

Bn=Y(—1)"au,
t

t|n
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a BTOpOe
[s 0] [s 0]
_an¥" @y (X — 32 x| ) =
l—*—x’l - m .. —_—
n= m=1
Z (Z (—Df1a, >x"
n=1\|n
67. 3amuceiBasg A, B ¢opme A,,=Za, H OGLEAUHSAA MHOXKH-

tin
TeJIH € IIOKasaTeaeM a,, NIoJydacM B npaBoﬁ YacTH TIPOHU3BeJCHHE

1— \am(l— x2 arn(l_ x2 m
~n-) VT @m)zaz \ (3m)2 n2 tete
KOTOpOMy B JE€BOH COOTBeTCTByeT a.,-81 CTECHNCHDb YJiCHa

sin = (1 = 53 (1 ~myrs) (1~ ) -+
€8. Cm. peutenue 66:

[ee]

2 \(—nHkT x x
H(l '—*—'——(knf).znz) =—27Ctg—27.

69. 113 65 ua ocHoBaunu 41 u 49 BHITEKAeT, YTO K HHTEpPECYIHOlLHE
p .
Hac QYHKIHH CYTb X H 75+

70. [Baschwitz, sanava, Mathesis (2), T. 3, crp. 80, 1893.
Peutenne—E. Cesaro, rtam ke (2), 1. 3, crp. 205, 1893; L a-
guerre, Oeuvres, 1. 1, ctp. 216, Paris, Gauthier-Villars, 1898.]
Hs 65 u 49.

71. Us 66 ¢ nomompuio 41, 49.

72. 13 66 ¢ nomousio 49. Corsacho I 93 cymma psna

Y i)

n=1

npy x—1 crpemutrcs K —oo. Ecau OBl yAasoch A0KasaTb aHaso-
° [ee]

THYHOE YTBEpKIAEHHE NI psifa Z A(n) X", T0 TeM CaMbIM Gblia OBl
n=1
AOKa3aHa W3BECTHAS runotesa Pumana o Hyaax G-bynKuuu.
73. Cv. 64, 65, 66.
74. Comac;xo 39 65

[o0} o0}

Z T(n) x"= Z T_’i_';—,—n-zx 4 xt 4L+

e = N IRV NI SR ST
43480 x12 - L

...............
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CymmupyeMm psifl 1O WIEHAM, CTOAIMM CHNpaBa H HHKE KaxIoro
JHATOHAJBLHOFO 3JeMeHTa x, x4, x?, ... CMm. Takxke II 32.

75. [Euler, Opera omnia, cepua 1, 1. 2, crp. 373, Leipzig,
B. G. Teubner, 1915.] Cornacuo 49, 65

[o0) [o0)

2 cr(n)x"=2 n—%: x4+ x4+ B4 24+

n=1 n=1
24220 L 2484248 - ... -
4 3x% 4348 - 3x94- 322+ ...+

..................

Cymmupyem sToT 1BOfHOH psaa mno croibuaMm. C JApyro# CTOPOHHI,
paccMaTpHBAaEMbll pAA NpeACTaBJiseT COGOH (C TOYHOCTBIO A0 MHOXKH-
TEJIST — X) JIOrapu(pMHUUYECKYIO NIPOU3BOAHYIO OT 3ilJlepoBa NpPOH3BEACHH A

3E24k
(I—x)(1—=xH{1—x% ... (1—x").. Z (—DeEx 2 [I 54).
YMHOXKAA Ha 3HAMEHaTeNb 1—x—x2+x5+x7— ... U NpHpaBHIBas
KO3()pHUHEHTHl NDH OAHHAKOBBIX CTENEHAX X, NOJyYaeMm
o(ny—o(n—1)—on—2)+o(n—>5+oc(n—-7)— ... =0.

-

g =

3k2 + k 342 + =
CneBa CTOAT BBIPAXKEHHA (—1)k0<n — T> 0 ="
rje BMECTO He ompejesieHHoro eme cumsoja o (0) B cayuae ero mno-
sIBJIEHHS] CJEAYET IOCTABHTDL YHCJIO 7.

[o0)

76. 2 1—qxn 2 2 prgramt = 2 l—p\:’"'

n=0 m=0n=0 m=0
77. 3amensiem B 76 p na x, ¢ Ha —x% x Ha x2
X
78. B pasnoxenud Apo6H - COAEDXKATCH B KayeCcTBe IOKa-

-0

o o X
3areJsied CTENEHCH HEYCTHBIC YHCJIa, B DAasJIOKCHHH IlpOﬁH T —

ypcsa, AeaAlldecs Ha 2, HO He Ha 4, B pas/okKeHWH JpoGH T —

uncsa, gessiuecs Ha 4, Ho He Ha 8, u T.a. Cm. pewenue [ 19,
Il TaKKe HIpaeT poJb pa3fHeHHe BCEX YHCEN COOGPAsHO COACPXKa-
melcss B HUX BBICHIEH cTemeHd ABOHKH. MuTepecylomee Hac TOX[e-
CTBO INOJIYYaeTCsAd TaKkKe IIOCPEACTBOM JIOrapHGMHUYecKoro aHdpGepen-
upposanus u3 1 164. Bropoe toxkaecTso Mosydaercs H3 66 uam xe
HOCPEACTBOM JiorapupMuyeckoro AuddepeHunpoBanns u3 peuenns [ 14,

79. [Cu. P. G. Lejeune-Dirichlet, Werke, 1. 2, c1p. 52,
Berlin, G. Reimer, 1897.] Vkasaunbie UE/IBE TOYKH MOXKHO MOACYH-
Tarb ABYMfA DPa3sMUYHBIMH crnocoGaMu. UHCIO umeelX TOYeK Ha rHnep-
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6one xy==k péBHo T (k); nonaraa k=1, 2, ..., n ¥ cKIanwBas,

fIoy4aeM JeBYIo uacTtb. UHCIo LesbIX TOYEK Ha NpsAMOH x=£k, Ia-
o ‘n

pajyIeIbHOH OCH Yy, PaBHO [? ; nonaras k=1, 2, ..., n u ckaa-

IblBasg, nosgydyaeM npaByio yactb. Cu. II 46.
80. Ykazauupe B 3amaue 79 Lenble TOUYKH MOMKHO TNOACYHTATHL
TagxkKe, 0eps UHCJO LEJbIX TOYEK B 06eHX INoJocax

I=x="v, xy==n u l=Sy=v, xy=_n

H BBIUHTAs H3 HETr0o 4YHCIO LEJBLIX TOYeK B KBajpare l=Cx=<Cwv,
l<<y=Zv, 1. e +~2 [B obnactu x>v, y>>v, Xy=_n He coiep-
JKUTCA HH ONHOH wenoif tToukH, uéo (v+1)>>n.]

81. Ilpunnumem xkaxkpo#l nenoit Touke (B, /) B obaactu x>0,
y>0, xy=n «uncynoBoe 3HaueHnue» apb,. IlogcueTamu, aHaJoOTHY-
HbIMH TIPOBEJEHHHIM B 79, DOJAyYaeM pasjMyHble NpeACTaBAEHHS st
CYMMBl «UHIOBBLIX 3HaueHHi» I';, BCEX YKa3aHHBIX [EJbIX TOYEK.

82. Ilonaraem B 81 a,=A(n),b,=1; torna ¢,=1nn u B,=n,
I',=Inn!, ciegosareinsHo,

nnt—Y ab =
nn rgla [r]

83. [80.]

84. bunomnanbuble KOA(PQHUMEHTH SBJISIOTCS LEJbIMH YHCJIAMH.

[oe]

sofi]= Y 8wl

1 pssnm=1

L

X
<m) ABJSIETCA UEJBbIM TakiKe H A OTPHUATENBHLIX HeJblX X, 060

(—x)z (_1)m<x-}—m—l>'
\m m
85. Oysxkunn 1, x, x°, ..., ¥* MOXHO TNOCJIELOBAaTeIbHO BbIpa-

3uTb B BHJE JHHEHHbIX KOMOHWHALHH € DOCTOSIHHBIMH K03h(hHLHEH-

—1 —1) ... (x— 1
TaMH yepe3 1,—’;—, -x(%—)-, cee s xr—1) n'(x ntl) . Koappunuenrn

bg, by, «o.y by *) OnpenessnoTCs H3 ypaBHEHHH
P (0)=by,
1\
P (1) =bn+(,) by
2 2
P (2) =bp + (1) bm‘l + <2) bm—zs

P(m)———b,,,—l-('ln)bm_1+ +<Z:)bo.

*) TlocnenoBatenbHble (HO B 06GpaTHOM TNOPfAAKe) KOHEUHBIE PA3HOCTH TOJIH-
noma P (x), B3aTele B TouKe x==0. AHaJOIHYHHE 3aMe4YaHHs MOXHO CAenaTh H
OTHCCUTENBLHO 3aiay 88 u 89.
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Ecm P(0), P(l), ..., P(m)—ueasle yucia, To, KaK MOKA3bIBAIOT
IpliBEiIeHHbIE YpaBHEeHHs, W by, by, ..., by OYAYT UeJbIMH YHCJIAMH.
L]

87. Mol MOXeM NpHHATH, YTO TOYKaMH, B KoTopeix P (x) npH-
HHMaeT COTrJIaCHO NpENNoNONKEeHHIO LeJble 3HayeHus, cayxar 0, 1, ...
.., M; TOrJa YTBEPXKICHHE BHITEKAeT M3 peiueHHsa 85.

88. [G. P6lya, Rend. Palermo, 1. 40, ctp. 5, 1915.]

x+m—1 - X (x2—12) (x2—22) . [,v—(m——l)]
(Qm—l ) @11

Kosdxpunuentsl ¢, €5 ..., Cn TOCIEIOBATENBHO ONPELENAOTCA H3
ypaBHeHHH

P(l)=¢,
P@=ali)+en

PQB)=¢ (?)“‘Cz <§> + 3,

[Pemenne 85.]
89. [JosmuoM cremeHn 2m

(x;nmjl)_l 0o, ..., 0,00 .., 0 1

npu )
X=—m, —m+1, ..., =1,0,1,..., m—1, m
H, crano ObiTh, Iejo3Haden [87]. Jasee,

P (0) = d,,

P(l)=dy+d;,

P@)=dotdy T(})+du

[Peruenne 85, 88.]

90. [G. P6lya, Deutsche Math.-Ver,, 1. 28, crp. 31—40,
1919.] Coraacro VI 70 nenouncieHHuil noaHHOM P (X) = agx™ +
+axm 4 .. tam, aO;!:O, B m-+ 1 pasjuuHBIX LeEJBIX TOYKax
npnnmvlaeT no MEHbIEHi Mepe OJHH pa3 3HaueHHe, KOTopoe 1o MO-
LyJTO >2m \a0|/2n’,. Ipy m=4 umeeM —2”1”!,—>1. Jdna m<<3
MOXKHO YKa3aTh CJeyioliye MpHMepBI:

=1, P(x)=x s x=—1, 1,
m=2, P(x)=x(x—1)—1 s x=—1, 0, 1,
m=3, PX)=x+D)x(x—2)+1 gma x=-—1,0,1, 2.
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91. M3 untepmonsiunonHoit dopmynas JlarpaHxka, cm. ctp. 98.
92. [TepBoe pemenune. Ilycrs HHTepecyrowas Hac QyHKUHS
P .
6yner R (x)= T TRe P (x) n Q(x)— B3aNMHO [IPOCTbIE MOJHHOMEI
U r—cyMMa HX cTeneHe#f. Jlnsn cayuas r =0 TeopeMa TpHBHANbHA.
[IpenonokuM, 4To creneHs P (x) He Huke cTemeHd Q(x) [B mpo-
THBHOM cJy4ae Mbl B3siiH Oul R (x)™* Bmecto R (x)]. Ilycts nmas
HEeKOTOpOro IeJoTo NojaoxurensHoro a @ (@) s=0. Torlda oTHOuUleHHe
P palloHaAbHO H ——-(R( ) — P(a)> G
Q(a) x Q(a) Q)
pal{oHalbHyI0 (QYHKUHIO, NPUHAMAOLYI0 palHoHa/AbHEIE 3HAYEHHUA
IJIS TeJNBX X, X > q, NPHYEM CTEeNeHb YUCIUTENs

_P(9Q@—Q(xP(a)
P =—Fer—-a

npexcTasnaser coboi

MeHplile 4eM cTereHb P (x), Tak 4to cymma creneneél P* (x) u Q(x)

MeHbllle CyMMbl cTeneHed P (x) u Q (x). YTBepxkleHHe NoJyyaercs
Ternepb METONOM MaTeMaTHUeCKOH HHIYKIIMH.

Brtopoe pewenue. Ilycty uHTepecyiollasi Hac PyHKUHA OyLeT

P (x) "

R (x) =00 M P (x) 1 Q{x) — B32aKMHO NIPOCTLIE IOJHHOMBI CTeNeHe |

cooTBeTcTBEHHO m M n. Ilyerb, namee, B Toukax x=0, 1, 2,...

., m-+n 3ta QYHKUHA NPHHHMAaeT palHOHAJLHblEe 3HAYEHHS Iy, Iy,

Tas «.us I'min. Paccmotpum cucteMy m-+n-+ 1 oJHOPOIHBIX JHHEH-

HBIX YpaBHeHHH

Uyt uk+uk®+ .+ upk™ —vgr, —
— Uyrpk — Ukt — L — vkt =0 (k=0, 1, 2, ..., m+n)

¢ m-+n-+2 HeH3BECTHBIMU Uy, Uyy ...y Umy Ugy Upy +-es Upe HBYM
pellieHHsIM 3TOH CHCTeMbl COOTBETCTBYIOT JBe Naphl MOJAHHOMOB P (x),
Q(x) u P*(x), Q*(x), rae P(x) u P¥*(x)—crenenu =<m, Q(x) u
Q% (x) —cTelleHH =Z 1 TaKHe, UTO

P()—rQ (k) =0, P*(k)—rQ*(k)=0 (k=0, 1,2, ..., m+n).

Ho u3 ofpatnenns B Hyap Gynkuuu P (x) Q* (x) — P¥ (x) Q (x) cremenu
= m-+n B toukax x=0, 1, 2, ..., m-+n BbITeKaeT, YTO OHa TOXK-
JecTBeHHO paBHa Hymo. Tak Kak P (x) 1 Q(x) — B3aUMHO IpOCTHIE,
T0 P (x) JOMKHO Reauth P* (x), 1. e. P* (x)=cP (x), Q* (x) =cQ (x),
¢ —nocrostiHas. CleloBaTesibHO, YKa3aHHASI CHCTeMa HMEEeT, C TOY-
HOCTBIO JO MHOMKHTEJSl NPOMNOPUHOHAJBHOCTH, JHINL OJHO pelueHue.
Ee panr paeen, Takum o6pasom, m-+n-+1, u, 3Hauut, B MatpHue
CHCTeMBl COLEpXKHTCA NO KpaliHell Mepe OJMH olipeleliHTeNb MOpsiiKa
m-+4-n-+1, He paBHblt HyJ0. Ho Bce sneMeHTH MaTpHubL ABJISIOTCA
pauroHasbHEIMU uncaami. ClefoBaTeNbHO, Cpelld PelleHnil iy, U, ...
vy Umy Uy U1y ., Up OYAYT CONEPIKATHLCH [IEJOUHC/IEHHLIE.
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Deilo 661 JOCTATOYHO TIPEANOJONHTL, 4TO R (x) NpHHEMaeET
panHoOHaJbHblE KOHeYHble 3HaueHuss npH m-++n-+1 pasaHyHBIX
PALlHOHAJIBHEIX 3HAYEHUAX X.

93. Hprepecyoman Hac pykuus f (x) [peuwenne 92, cM. nocnen-

Hee 3ameyanue] P
PaBHa Gy

HoMbl. Ho Torza moxHo HafiTH Takoe Lenoe uucao g, 4to gf (x) =
=G (x)4r(x), rae G(x)~1eJOYHCHEHHB i NOJHHOM, & r(X) —
NpaBHJIbHAST paUMOHaJdbHAsT ApoOb. PyHKUUA 7 (X) AOTKHA NIPHHUMATh
nenble 3HAUYEHHA B OeCKOHEUHOM MHOXKeCTBe Lesdblx Touek. Ho Tax
KaK lim r(x)=0, To, HauMHas ¢ HekKoTOoporo x, OyJeM HMeTb

rie P (x) 1 Q (x) — uesOUHCIeHHBlE TIOJIH-

|7 (x |<1 caefoBarenbHo, r(x)=0 wu, 3Hauur, r(x)=0, wubo
pamHoHanbHass (YHKIHSA, HE paBHas TOXIECTBEHHO HYJi0, MOXKeT
ofpalarbCss B HYJb JHIIb B KOHEUHOM YHCJIE TOYEK.

94. U3 cpaBHenus

2m=—1 (mod p)
HMeeM
9%m =1, 22m 1 1=2 (modp),

m ¥ k— 1eble NOJOXHTENbHBIE, P — HeUeTHOe npocToe uncao. Orcwoza
BLITEKAET, YTO YHCJIO NPOCTBIX YHCeN, He NPEBOCXOASIIMX X, BO BCsI-
KoM cayuae ==const.-Inlnx.

95. [G. P6lya, Math. Zeitschr., 1. 1, crp. 144, 1918.] Mu
MOXeM IpeNNoJoXUTh, OT6pachiBasi TPUBHAJbHBIA ciyvyafl a =0, uro
(@, d)=1, d=1, a>d. Uucaa

— 2 (ae@)v
n=- (a 1)

SBIAIOTCA LEeNBIMH Nipu Beex v=1, 2, 3, ..., a uucna
a+nd = q®ld)v+1

coZiepIKaT JHIUL NPOCTHE MHOXKHTEIH, BXOASLIHE B 4.

96. [1pousseneHne uncea BHaa 6n -+ 1 npeacrasasier cofoit YucI0
CHOBa TOTO e BHUJA,

97. [Goldbach; ecM. Euler, Opera omnia, cepus 1, 1. 3, c1p. 4,
337, Leipzig, B. G. Teubner, 1917.]

I[Teppoe pemwenue. [Tycts [85])

Plrm)=by(3 )46, " )+ o b (])+ bm
=P(n),

raie b, nmosoxuTeNbHO H 7 BHIGpPaHO CTOJIb OGOJBIIMM, YTO INPOCTOE
yucao P (n)=p 6oabiie yem m u P (p+n)>p. [P (x) Bo3pacraer
10 GecKOHEYHOCTH H NDHTOM MOHOTOHHO, HAuHMHas C JOCTAaTOYHO
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Goapiioro 3Hadenus x.] Torza mpu x=p Bce WjeHB! GYAYT HEeJUTHCS
Ha p, U p OvIeT BXOIHTH COGCTBEHHLIM MHOXHUTeseM B P (p-+n).
Bropoe pemernue. Ecau P (x)— NOJUHOM CTelleHH m, TO
m! P (x) Oyler uenouuciaeHHBIM HosuHoMoM [86]. IlycTe npu meabix
MO.IOXKHUTENbHBIX 3HaueHHsix @ U b umeem P(a)=p u P (b)=q, rae
p, q—TpocTele uHcaa, > p>m. BubepeMm c=a (modp), c=1b
(mod g). Toraa m!P(c)=0 (mod pg) u, cnegosarensro, P (c)=0
(mod pg).
8. HeueTHoe mpoctoe uyHCJIO p SBJsiETCS] NPOCTHIM LeJHTeleM
nonunoMa x*+1 Torga M TOJNBKO TOrAa, KOrja

50T

99. Ilpocroe unciao p, p=#2, 3, 5, ABasiercsl AendTeseM INOJH-

2 —15 —1\/3\/5
HoMa x%-+ 15 Torja M TOJLKO TOrAa, KOrla (T = (T )=
= 1. Tak Kkax

ST, ()=en ). (5)-(0)

<§>Ep (mod 3), <E> p? (mod 5),

T0 (_15) )(’3) =1 Torga m TOJBKO TOTA2, KOTZa p JHGO COAEp-
HKHUTCA OﬂHOBpEMEHHO B 0bOeHux nocJ1e10BaTeJbHOCTA X
/ , 7, 10, 13, 16, 19,
4, 6,9, 11, 14, 16, 19, 21, 24, 26,

JIH60 HE COAEPMHUTCS HH B OLHOM M3 HHX. MICKOMBIMH mpocThIMH zesu-
TesIMH cayKaT 3, 5 H BCe mpocThie yHcna Buua 15x+y, tme y=1,
2, 4, 8.

'IOO. IMonnnom ax®+ bx -+ ¢ HENpHBOIHM TOrJa W TOJBLKO TOTAA,
Korga b? —4ac He siBasiercs KBazpatom. [lycts p He geaut b2 —4dac.
W3 cpasuenus

4a (ax® 4 bx+c) = (2ax+ b)> + 4ac— b2 =0 (mod p)
/62— 4ac

BEITEKA€eT, 4TO =1]. Ilo 3aKoHy B3aHMHOCTH, NPHMEHEHHOMY

Kak B pewienun 99, u Teopeme [lupHxJse o NpoCTHIX YyHCHax B apHd-
MEeTHYECKOH MporpeccHu [cM. NpHMedanHe K 3ajaue 110] cyliectyer

b2 — dac)
GecKOHEYHOE MHOXECTBO NPOCTBIX YHCEN p, IS KOTOPBIX (T)

= — 1. C nomowpio Go/J€e TOHKHX CPEICTB 3Ty TEOPEMY MOXHO pac-
[IPOCTpaHHTh HA HENpHBOAHMBIE NIOJHHOMLI J0G0H ctenenn. Cm. G. Fro-
benius, Berl. Ber. 1896, I, ctp. 689—703.

101. Ilocne yMHOXEHHst Ha HEKOTOpOe LeJOoe YHMCJIO0, HEe paBHoe
HY/I0, Mbl MOXEM 3alHCaTh paccMarpHBaeMblii INOJHHOM B BHJE
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(ax + b)Q (x), rze a, b—uenve, a0, Q(x) nenosnauen, Q(x)=£0.
Ecau p—mpocToe 4HcJ0, He BXOJsllee B 4, TO CYyLIeCTBYeT Oecyuc-
JEHHOE MHOXeCTBO X, J1Js1 KoTophix ax+b=0 (modp), 1. e.

(ax+ ) Q (x) = 0 (mod p).
102.

x5 — 11x14-36x2 — 36 = (x2— 2) (x* — 3) (2 —6).

Tlpn p>3 pageHcTBa <%) = <%) = <%) =—1 He MOTYT OJHOBpe-
MEHHO BBHINOJHATHCA, HEO <%) <%> <%> = 1.

103. 13 104 cnexyer, uto m BXOZHT MHOXKHTeseM B p — 1.
104. U3 pasencTsa
wm—1=Kn(x T] KW

tlm,i<m

[36] BbiTekaer, uro a™—1=0 (mod p), ciegoparTenbHO, a B3aHMHO
npocto ¢ p. Ecau 6bl a He npHHaasexano nokasaremo m (mod p),
TO Mbl HMesH Obl o — 1 =10 (mod p) yxe A1 HEKOTOpPOTO COGCTBEH-
HOro jesurenss ¢ yucaa m. Tak Kak

x—1=T[Kr @),

1an

TO TOTjJi@2 1o KpaiiHell Mepe elle ONMH MHOXKHTeIb TOJHHOMA X™ — 1,
kpome K, (x), neauacs 6et Ha p. Mbi Umenn Gbl TeM caMbiM a™ — | ==
=0 (mod p*) u TouyHo Tak xe (a+ p)y*— 1=0 (mod p?), 4TO HeBO3-
MOXHO, Tak Kak (a4 p)*— l=a" — 1 +mpa™-1 (mod p?).

105. 6P — 1 o6G1ajaer mpocThiM MHOXKHTesqeM Buia 61— 1 [96],
3TOT TOCAENHHA He MOXeT BXOIHTb MHOXKHTE€NeM B P H, ¢Tano GuiTh,
OT/IMYEH OT BCeX YK€ H3BeCTHBIX NpPOCThX uucesa Buaa 6n — 1.

106. Cnm. pewenne 105.

107. [G. Pdlya, J. fir Math., 7. 151, crp. 19—21, 1921.]
Ilyete py, P2y +-os Pr> Gus Goy ., @ —TIDOCTBIE JEJUTENH (DYHKLHH
ab* +c¢, npruuem B b BXOAAT MHOXHTENEM Bce ¢ W HH onHo p. Torza
KaXJoe ¢ JOMKHO OYZeT BXOAHTL TAKXKE B ¢; ecad qS"——BbICIHaﬂ
CTeneHb, B KOTOpoH ¢y BXOIHT B ¢, TO qsv npH x> P, Gyner Takxe
BhICUIEH CTemeHbio, B KoTopoil ¢, BXoguT B ab*4c. Ilycte x, —
nesoe uYucao, Ais Kotoporo ab®+4c¢=0, u p(:lu—BblCIHaH CTeneHb,
B KOTOpOH p, BXOAUT B ab* - c. Ilonaras

(,,(pf;ﬁlpgﬁ‘...pgﬁl)

:r,
O6yzeM HMeTh 17151 BCeX neanix x=0wuw p=1, 2, ..., k

X, rx __ +1
ab™ " " Le=ab*o4cx£0 (mod pz" )
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Ecan 6bl Tenepb UHCAAMH Py, Pg, -«vs Piy Gyy oy «ovy Gy HCUEP MBI~
BaJfichb BCe NpocThble Jeautenu GpyHKuuH ab*-+e¢, To 0as Bcex Jno-
CTaTOuHO GOJNBLINX LEJLX X GbIJO Obl

abv x40 (modpi* ™), (mod p3* ™), ..., (mod gt "),
|abxotix el < pliplt. .. pirging . gl

T. €. QYHKIA ab*-}-¢ Obi1a Gbl OrPaHUMYEHHON, YTO Ha caMoMm Jene
H2 HMMEET MecTa.

108. Kaxnbiil He TOXIECTBEHHO TOCTOSTHHAIN LEJ03HAYHBIH MOJH-
HOM HMEeT IO KpaliHei Mepe OJMH NpOCTOH AENHTeNb, HGO OH NPHHH-
maer 3payenuss 0, 1, —1 JMmB B KOHe4HoM uHcae Touek. [lycrhb
P (x) ectb uenouncieHHbil mosuHOM [86], P(a) =050, u H3BeCTHH
yKe ero IpOCTbie NENHTENH Py, Pay ..., P;. TOTA2 TIOJHHOM

b P (a+bpyps... pix)

ARNAETCS HEJOUYHCAeHHBM M == 1 (mod pyp,... p;) 119 UeAbiX X H HMe-
eT, TakuM o6pa3oM, XOTs Obl OANH MPOCTON JeJuTeNb, OTJ/JH Y HBI # OT
P1» Pay + .+ s Pyy HO TAKOBOH CJIYIKHT IIPOCTBIM A€IUTENEM TakKe 415 P (x).
MoxxHO JoKasath M MeTOnoM, NpuMeHeHHBIM B 107 [cm. 1. c¢. 107].

109. Jla, eciu P (x) — nuHefiHasi QYHKUHS HJIH CTeNeHb JMHEH-
HOll pyHKUMH [95], H, KaK MOMKHO N0Kas3aTh C NOMOUIbD Gojee TOH-
KHX CPEICTB, HH B Kakom Apyrom cayuae. CM. 1. ¢. 95 u C, Siegel,
Math. Zeitschr., 1. 10, ctp. 204—205, 1921.

10. [J. A. Serret u ap.; cm. E. Landau, Handbuch der
Lehre von der Verteilung der Primzahlen, crp. 436, 897, Leipzig
und Berlin, B. G. Teubner, 1909.] [108, 103.]

111, CymectByoT 1Ba TaKHX [EJOYHCTEHHBIX IONMHOMa p (X) U
g (x), utro p(x) P (x})+q(x)Q(x) =m0, rae m— nenoe uucao. Cue-
noBarensHo, (P (n), Q(n)) pemur m, torga Kak P(x) u Q(x) umewor
npocThie JenuTesnd, He Bxogaue B m [108].

112, IIpennonoKuM CcHayana, yto MNOJHHOM P (X) — 1enodncieH-
Hblll. P (x) —B3aumHo npoctoii ¢ P’ (x). CymectByer 6ecKoHeuHoe
MHOXECTBO MpOCTBIX JeNHTeNed p moauHoMa P (x), AJs KOTOPBIX

P(n)=P(n+p)=0 (modp) u P'(n)=£0 (modp) [I11].

Tak kak P(n+4p)— P (n)=pP’'(n)(mod p? [130], 10 oGa umcna
P (n), P(n+p) He MOTyT OLHOBPEMEHHO IEMUTbCS Ha p?. B obluiem
cayyae paccmarpusaem m! P (x), rme m ectb crenenb P (x).

M3. yers J (x), J1(x), Jo(X),...— pasnHuHbIE HENPHBOZHMEIE
MHoXuTeau P (x), pacnoJoKEHHbE B IOPSJKE BO3paCTaHHs HX Kpat-
HOCTH, TaK 4TO

P ) =[J QI [J @1 [, (..., m<my<my<...

Cymecryer [111] GecKOHEYHOE MHOXKECTBO MPOCTHIX AejuTesNell p
noiuHoma J (x) Takux, 4ro u3 J (n) =0 (mod p) HeoGx01MMO CleTyer,



368 PEIIEHHSA

uyto J' (n)=£0, J,(n)=£0, J,(n)=£0, ... (mod p). Torga ogHO H3 ABYX
yucea J(n) u J{(n+p) mesutcs JHIIb Ha nepByio creneHs p [112]
H, CJEIOBaTeNbHO, OJHO H3 ABYX uucesn P (n) u P (n-p) —anup Ha
p™ M HH Ha KaKyio Gojiee BBICOKYIO CTeNeHb p.

114. [Ch. Brisse, 3anaua, Interméd. des math., 1. 1, crp. 10,
1894; R. Jentzsch, sazaua, Arch. d. Math. u. Phys., cepus 3,
T. 19, cr. 361, 1912. Pemenne —W. Grosch, Ttam xe, cepus 3,
1. 21, ctp. 368, 1913; cm. Ttakxke cepus 3, T. 25, crp. 86, 1917.]
Ecan P (x) we npencrasnsier coGofi TouHo# k- cremenu, TO Cyluect-
BYIOT T@KOE 1leJIoeé YHCJIO & M JBa TaKHX UEJNOYHCJAEHHBIX INOJHHOMA
Q(x), R(x), uro a*P (x)=[Q (x)]* R (x), rre Q(x) mMoxeT OBITb PaBHO
equHHIe, a R (x) Bo Becex caydasix oGJajaer HyJeMm KpaTHOCTH, MEHb-
el k (310 SBCTBYeT H3 passiokeHHss P (x) Ha HENpHBOZHMBIE MHO-
xutenn). CylecTBy:OT NPOU3BOILHO GOJblUINE LENbE f1, IJ5 KOTOPBIX
R (n) menutcs Ha npocroe uHcao p, He peqsack Ha p* [113]; cneno-
BaTeJbHO, HU R (n), HU P (n) He npenctaBasoT TOUHOH k-# cTeneHH.
Ipyroe pewenne —p 190.

1158. OGobwenne merona, npumerensoro B 107. [Cm. 1. c. 107,
crp. 19—21.]

116. [Gauss. Cum. Hecke, ctp. 14, 78%)]

17. [Gauss. Cm. Nouv. Ann. de math., cepus 1, 1. 15,
crp. 383, 1856. Peuenne—De Rochas u gp., tam xe, cepus 1,
1. 16, ctp. 9, 10, 71, 1857.] Ecam f(2) =0, a—uemoe, 10 f(x) =
= (x—a) ¢ (x), THe ¢ (x)— uenoyucieHHbli noanHoM [116]. M3 uucen
—a, 1l—a oaHo, u mnosromy u3 uucen f(0)=—agq(0), f(l)=
= (1—a)p(l) no Kpaiineii Mepe oOIHO, — YeTHOeE,.

118. [L. c. 90.] [yers f(x) =apx™ +ax™t+...+an, 2y 70, —
HEJIOUHC/IEHHBIN MHOXKHTENb NMOJHHOMA P (X) ¢ HaHBBICILEH CTENEHbIO M.
Torza

n—[%]<m<n.

CorslacHO Tpenmo/IONKEHHIO NOMMHOM f(X) HOMKEH TpHHUMATL B 1,
cJIefioBaTeNILHO, camMoe MeHblee B m -+ 1 Toukax uesble 3HaYeHHs, MO
MOZLYJ/IO MEHBIIHE, YeM
n—| 2
21/ m!

2’1_\%] \:27;'

W3 unrepmonauuonHofi ¢dopmyner Jlarpanxka (ctp. 98) BuiTexaer
toraa [VI 70], uto |aq|<<1, T. e. a,=0, B mpoTtusopeune c npei-
nonoxennem. Cum. 1186.

119. [L. c. 90.] BumousMmeHeHHeM MeToja J0Ka3aTelbCTBa TEO-
pembl 118.

*»Texke, crp. 19 u 82.
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120. [P. Stdckel, J. fiir Math., 7. 148, crp. 104, 1918;
G. Pd6lya, 1. c. 90.] OGosnauyas yka3anHbIH NOJHHOM uepe3 P (x),
MMEEM IIpH BCEX IeJBIX X

Py=x(x—1)(x—2)...(x—n+1)=0 (mod n!) [130].
Henpugogumocts P (x) BeiTekaer H3 119, Tak KaK

< g v

VKasaHHBIH HeNpUBOIUMBIH INOJHWHOM TNPH BCeX X JOenutcs Ha nl.
310T MHOXKHTeNb n! fABJASETCA HaAHGOJBLIMM, KaKOH TOJBKO BOOGLIE
MOJKET HMETb TNpH BCEX X [IeJOYHCJEHHBIH TOIMHOM n-fi CTeneHd
¢ B3aHMHO NpocThiMU KosdpdunuentTamu [86]. Ipyro# npornBopeuaniuil
npumep [A. 1 R. Brauer’s]: noinmsom x*4 105x- 12 penurcs npu
BCEX MEJBIX X Ha 2, ABJIASCH BMECTE C TEM 110 H3BECTHOMY K PHUTEPHIO Dii-
seHuITefiHa HENMPUBOAHMBIM, OH He MOXKeT NpHHUMATb H 3HaueHuil = 2,
160 1O TOMY XK€ KPHTEPHIO NOJHHOMBI

x*+105x 410, x*4+105x+ 14
TaK’Ke HENpPHBOIHUMBIL.
121. [I. Schur, samaua, Arch. d. Math. u. Phys., cepus 3,
T, 13, crp. 367, 1908. Pewenne—W. Fliigel, tam xe, cepua 3,

T. 15, crp. 271—272 1909.] Ecan ¢(x), ¥ (X) — ueIouucIeHHRIE
noJHHOMBI [116] 1

(t—a) (x—ap)...(x—a,) —1=¢(x) P (%),
TO MOMKHO 6biThb ¢ (a,)=—1(ay) =1 npu Bcex v=1, 2, ..., n.
Ho ecau 6ol noauHoMbl @(X), ¥ (X) H, 3HAUWT, TAKKE HX CyMMa
@ (x)+P(x) Obln cremenn =-n-—1, 1o 3Ta cymma @ (x)+ P (x),

ofpaluasick B HyJlb B 1 TOUKax, IOMXKHa GblL1a Obl OBITH TOXKIECTBEHHO
paBHA HyMlO, M CJEI0BATENBHO, Mbl HMe/H Gbl

(x—a) (x—ay)...(x—az) — 1 =—[@(x)],
YTO HEBO3MOJKHO BCJIEICTBHE pAasJuuusl 3HaKOB Yy Ko3hdULHEHTOB
upa x".
122, [L. c¢. 121.] Ecan ¢(x), ¢ (¥)— IeJOYHCICHHbIE HOJHHOMBI
crenend =< n—1 u

F)=x(x—a)(x—ay)...(x—apq)+ 1 =0 (x) P (x),
re 0<<ag,<<a,<<...<<a,,, TO TaK Xe, Kak B 121, 3ak/ouaeM, 4T0
)=y, FEy=[ex], n=2m,

rre m— neaoe. Ho

1y 1 2a,—1 2a2~—1 2a,_1—1
Flg)=1-g == S
1 1 3 4m—3
él——i g <0

13 T. Iloaua, T. Cere, u. I
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npu m==3, cregoBaresHo, F (x) He moxer ObiThb KBajpaTtoM. Jlannb-
Hefilee Hcc/eI0BaHHe HeoGXOAMMO JHLib B cayuae F ( —;~>>0. ITonn-
HoMm F (x) npuBOAMM (M, 3HAUHT, ABJSETCA KBaapaTofw) JHIIb B CJe-
IYIOUHX IBYX CAy4Yasx:

m=2, n=4, a,=1, a,=2, aq3=3,

m=1, n=2, a, =2.

123. [I. Schur, 3agaua, Arch. d. Math. u. Phys., cepus 3, 1. 15,
crp. 259, 1909.] Ecau ¢ (x), ¥ (x) — DeOUHCNEHHBIE NOJHHOMSL COOT-
BeTCTBEHHO cremeHed 2, [ ¥ ecnd, KpOMe TOro, cTapuinil KoshdHiueHT
MOJIMHOMa2 @ (X) MOJIOXKHTEeH U

(F—a)? (x—ap)’... (x— @)+ 1= (1)} (x),

TO Toraa ¢ (x), P (x) MOJNOKHUTENLHBI AJI51 BCEX BELUECTBEHHLIX 3HAUEHHH
% ¢la)=v@a)=1, ox)=x*+..., YX)=x'+..., B+1=2n.
Ecnmu kb < I, 10 ¢(x) =1, u6o ¢ (x) npuHHMaeT 3Hauenne 1 B n=k+}1
ToukaX. Ecin k=1[=n, to monausom (n—1)-fi crenenn o (x)— P (x)
ofpalaercsi B HyJb B 7 TOYKax, H, CJAeJ0BaTesNbHO, TOXKIECTBEHHO.
Ho ToxnectBo

I=[o®F—(x—a) x—a)...(x—a)=
= [0 (0)+(x—a) (x—ay). . (x—a,)] [0 (x) — (x — @) (x — @y). . (x — )]

HEBO3MOXKHO.
124.[1. Schur, 3agaya, 1. c. 123. Pemenste — A. u R. Brauer’sl.]
IToJqoxuM

Po(x)=(x—ay) (x—ay)...(x —ay).

Ecnn 66l monuHOM pg (x) + 1 GBI IPUBOAHMBIM, TO €00 MOXKHO GbIIO GbI
npejacTaBuTh B opme

po (¥) + 1 =[1—po (¥) p-1 ()] [1 — po (£} p1 (%], (M

rae p-y(x) ¥ py(x) — HENOYHC/IEHHEIE TIONHHOMBL CO CTApLIHM KO3(hH-
muentom — 1. M3 (1) Burekaer

P (¥) = —[p-1 (¥) - P1 ()] o (¥) + 1 (%) i (x) 1 (),

P-1(%) + p1 () = — po (x) 1 (x), @)
rAe t(x) — HEKOTOpBI LeJOUHCIEHHBIH nosmHoM. Criel0BatesnbHo,
Pi (x) = (X) + p-1 (x) py (%) )

Ecnn rtemepr crenend n_y, n; NOJTHHOMOB p_y (x), py (x) paBHEI, TO H3
paBenctBa (1) BbiTeKaeT, uro n_,=n,=n. [lpupaBHuBas TOrAa
crapiue KO>pQUUHEHTb B paBeHCTBe (2), 3ak/moyaeM, 4TO f(x)=2.
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M3 (2) BuiTekaer, nanee, uto P, (ay)=— p;(a,) H, 3HayuT, No ¢op-
myaze (3) pi(a,) =2(v=1, 2, ..., n). Ho 310 HEBO3MOXKHO, H60 Py (Av)—
ueable pamHoHasgbHele uncaa., Ilyers, crano Gbith, n.y>>n,. kimeem

1=pi () pi(x) (mod 1—py (x)po(¥)).
M3 toxkiectBa (1) BeITERAeT MOITOMY, YTO

ptx)+ 1=pi(x)+pi(x) pi () =0 (mod 1— p; (x) py (x)),
pi(x)+1=[1—py(x) po (][l = py (x) py ()], 4)

rie p,(x), Kak B ToCKeAywomeM BooGWEe p; (x), I (x), o3Hauaer
HENOYHCIeHHbIN noauHoM. Ilpu BeiBoze (4) u3 (1) Mb He omupanuch
Ha CBOHCTBA KOpHEH TOJHHOMA p, (X); MO3ITOMY IOJyYaeM IO aHaJOruu
¢ paBsencrBamu (4), (2) u (3)

pi (%) + 1=T1 = pa (x) Py (O] [1 = P2 () Pria (9], ()

Pr-1 (%) + proaa (X) = — pa (x) 15, (), (6)

phx) =46(x)+ pra (%) praa (¥) (A=0, 1, 2,..0). ()
Hck/mouenye MoaMHOMa Py, (x), COOTB. le (x), u3 (6) u (7) nmaer

—t () )+Ph_1(x)
& 1 o pi®
= b (X) =hoy(X)=...=1(x).

Crenenu 1, MOJHHOMOB Py (x) NOCTOSHHO YOBIBAIOT Ha OJHO M TO K€
yucsto, H60 u3 (D) BCJCACTBHE HEPaBEHCTBA N_y >, BLITEKAEET

Pi (x) +I-"3‘:+ 1 ()
1—pj, (%) prsa ()

2 =Myt My, Ma— M=M=y, <.

[osToMy mHMeercss MNepBLI TOXKIECTBEHHO paBHbIH HY/IO IIOJII/IHOM
Pyig (x). Tlonoxum p, (x)=y. M3 (7) npu A=v mnonyuaem y*>=¢(x),
crenoBarenbio, u3 (6)

p\z—l(x)_'_y3 Dv— (x)~—pv-1(x)y —'pv(x) P4 ...

H3 coornowmenus (6) BhTekaer, Jajee, YTO BCE p, SIBJSIOTCS TOJNHHO-
MaMH OTHOCHTENBHO Y, p; (X) = g (¥); IpH 3TOM B KaXX0M [OJIHHOME g3,
Bce MoKasaTe/H CpaBHHMBI IO MOAY/MO 4. [TosTomy BMecTe C o TaKKe ic
sBIfeTcs 'KOpHeM ypaBHeHHA ¢ (y)=0. 3a uckmoueHuem gy (y) u
Gv—1(y) BCe @i (y) YMEIOT OTAMYHBIE OT HyJS M, 3HAYHT, TAKXKe He
BemecTBeHHEe HYJAH. To e #MeeT MeCto H I1a pj (x), TaK Kak y(x)
HMeeT palHOHaJbHbE KO3hgduuueHThl. Tak Kak pg(X) HMEeT JULIb Be-
IECTBEHHBIE HYJH, TO v JOJKHO ObITh DABHO €IMHHIE WJIH HYJIO.
IlepBasi BO3MOXKHOCTb OTIAj@eT, TaK Kak TorAa Oblio Obl Py (x) =
= — p} (x), YTO HEBO3MOXKHO, HOO BCE HYJIH TNONHHOMA P, (X) PA3/IHYHEL.

13+
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125. [A. u R. Brauer’ni.] Tak xe Kak u B 124, moaydaem psag

L€/IOUHCIEHHBIX TIOJIMHOMOB p.; (x), Po{%), p1 (%), ..., YAOBJETBOPSIO-
LiHX YpaBHEHUAM

Flpa ()] = {1 —ps (%) pa-1 ()} {1 — pa(x) prsa (%)}, (1)

Pr1 () 4 Pasa (¥) = — pr (0) £ (x) — 4, 2)

pr(0)+Ap () +B=t(®X)+ () pra® (=0,1,2,..), (3)

rie ¢(x) 0003HAUYaeT HEKOTOPHI [EeNOUHC/IeHHbIA MMOJAHHOM, HE 3aBH-
camit or A. Ecam. p;(x) H p,(X) HMEIOT OAHHAKOBYIO CTENEHb, TO
aHaJOTHYHO TOMY, Kak B 124, monyuaem

pla) ==L VA —4BT8 (=1, 2, ..., n).

CnenoBareabHo, J0MKHO ObTh A2 —4B--8=C?% HHo ecau Obl 3TO
OLi0 Tak, To NMoauHoM F {(2) Obli Obl TPHBOAHMBIM:

F(z)={32+—21~(A+C)2+l}{zz—i—%(A—-C)z—}—l}. )

Ecau n_, > n,, To NycTb CHOBA Py, (X) — NeEPBbL NOJHHOM, TOXK/e-
CTBEHHO paBHBI Hymo, W p,(x)=y. Toraa Gynem umeTb

t(x)=u(y)=y*+ Ay+B,

U py(x) =gy (y) GyayT LEJIOYHCICHHLIMH TOJHHOMaMH OTHOCHTELHO Y.
IToswHoM ¢4 (y) BMeECTE C P, (X) UMEeT JHIIb Pa3/HYHEIE LENOUHCAEHHbIE
Hyal by, by, ...y b Npu y=0by(u=1, 2, ..., m), nonaras ¢, (b,)=
=D}, OyleM HUMETDb

qi (bp) +Agy (by) +B=u (b)) =by 4 Ab, -+ B (5)

[u3 (3) mns A= 1], cregoBaTenbHO,
u (bE) = b+ Abfi + B = u (b) = b -+ Ab, + B. (6)
Takum obpasom, su6o b =b,, 6o by=—A —b,. Ho reneps

Go (b = qu11 (b)) = 0, bi=aq (b)) = Civ (byi), Tak kKak g, (y)=y. Hs
g1 (0y) = Gvarrr (OR)s @ria (Bu) = Gy-n (i) W (2) BBHITEKaeT, uTO
Grv2 (bu) =—A- ‘77»+1,(b1}) u (bu) —qx (bu) =
=— A — gy (b3) t (b)) = Gy (b)) = Gy (B)
A=0,1,..., v=1),
H, cJeJoBaTelbHo,
by =gy (b)) = q, (b})). (7)
Te b,, nns KoTopeIX b= by, yIOBJETBOPSIIOT COOTHOILUEHHIO

9. (y) =y, )
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T€ XK€, I KOTOpHX bj=—A—b,, YIOBIETBOPSIOT COOTHOILICHHIO
Gy =—y—A. c)
Ilpu v> 1 ypasuenus (8) u (9) 6yayt crenenu m— 2. Crajo 6biTh,

no kpaiiHeii Mepe 1Ba U3 b,, CKakeM b; U b,, yIOBJETBOPSIOT ypas-
neHuio (8) M no kpaiiHell Mepe IBa, CKaxeM by u b,, — ypaBHeHuo (9).

Tak Kak bg=£b,;, TO MBI MOXKEM IPeINOJIOKHTD, UTO by 7= — 5 H, 3Ha-
yut, by~ b3. Ho Teneps coraacHo (7)
qi (b)) —qi (bs) _ bi—bs . qi(bH—3qi(bs) _ by—bs

ba—bl o ba—‘bl b?;—bl - bg—bl
SBAAIOTCH IeJbIMH  YHC/aMy;, cJeloBarenbHo, bi— b=t (by—b)).
3HaK -+ He rolMTcsl, TaK Kak bj =4 bs. Takum 06pasoM, MH NOJYYaeM

bl=% ¥ aHaJOTHYHO b, = 3;'173; caenoBarensto, by =b,. Ho

5TO HEBO3SMOMKHO. 3HAUHT, ‘
v=1, g =—y*+Ay+B)—A=—(f+Ay*+By+A).

Vs pasencrBa b, +by+by=—A=0b,b,b; npu Hapnexameii Hyme-
pamyH nosaydaem, 4to by =1, by,=2, by=3, wm b;=—1, b,=—2,
y=—23, ua b=—0b,>0, b;=0. B mnepBbix AByX Ccilyyasx

noaunoM F (z) =2 6254112226241 6yner cornacHo (4) NpHBO-
ZHMBIM, B TIOC/IEIHEM TOMHHOM F (2) = 2% — biz® + | 6yzer NoMoKUTeNLHO
onpeleNeHHsM Julib npH bi = 1. 3Hauwr,

Fe)=2'—22+1; b =1, by=—1, b3=0;
GoW)=—yl=D+D=p ) =]] (x—a).

v=l1
y(x) Moxer copepxkarh JHIIb OIHH JUHSHHHI MHOMXHUTENb, TaK Kak
B NPOTHBHOM cay4ae y(x) ¥ y(x)—1 umean 6bl He TONBKO UEJIOYH-
CleHHble KOpHH ay. CJenosaresbHo, :
po(¥) =(x—e) (x—e—1) (t— . —2).

B stom cayyae noaunom F[p, (x)] meficTBHTEILHO NPHBOOHM.

126. [A. u R. Brauer’nl.] CM. pewenne 124, 125. PexyppeHTHEE
GopMyJibt GynyT 3[€Ch TaKOBBI:

Api (%) + 1 =[1 = pa (%) pa-y ()] [1 — s (%) Pars ()], .
Pie1 (X) + pasg (X) = — pa (%) £ (%), 'ieTHI})JII; A
Api (%) =t (%) + pa-1 (%) prss (%)
S P+ 1=[1= o (0) Pra (] [1 = o (%) pasa (), ]
npH

Pr1 () + prsg () = —pa (%) - j;“ t (%), l HEYETHBIX A.

% PO = 100+ Per () P ()
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p1 (%) B py(X) — IENOYHCICHHBI® TIOMHHOMH CO CTAPUIMMH KO3(hdHUIHeH-
Tamu, ckaxem A_; W A;; ocrajbHBEIE P (X) HE O06f3aTE/ILHO LEIO-
uMcaeHHbl. HecmoTpss Ha 3TO, B cayyae n_,>>1f; 3aKJ04YaeM, Kak
B 124, 125.

B cayuae n.,=n, U3 peKyppeHTHHIX (OpPMYyJ/ BLITEKAET, TaK KaK
A A =A>0, ut0

[P () — pr ()P =p5 (0) (Ay— A1) —4 (A + 4)),
{P-1 (%) — py (%) + po (x) (Ay— 4} X
X AP () = pr () — po (¥) (A, — A))} =—4 (A1 +4)).

U3 nepasencrBa A_;A, > 0 Beirekaer, uro A+ A, = 0; oba wmHo-
KHUTEJs1 B JIEBOH UACTH TIOCTOSIHHBI; cTapiinii Ko3hdHIMEHT B NepBOM’
MHOXHTENE 6Gyner, TakuMm obpasom, 24_, —2A4,=10. CnenosareqbHo,

A=Ay, [pa(®) —p ()] =—84,, 24,=—C,
A, =—2D% A=4D"

O6parHo, noanHom 4D%2% -+ 1= (2D*%2+2Dz+-1) (2D%*—2Dz+ 1),
T. €. IPHBOJIHM.

127. [O6oGlenne onHoro 3ameyanusi, npuHajgaexamero O. Gme-
liny, em. P. Stédckel, 1. c. 120, crp. 109—110.] ITycrb ¢ (x)—
LEOUYHCIEHHBI MHOXHTEIb ToJHHOMa P (x) = ¢ (x) P (x) [116]; Torna

TaKKe BCe HyJH NOJIHHOMA ¢ (x) JIeXar B MOMYIJIOCKOCTH Rx<ln —-5.

Orciona cneayer, 4to Icp(n ——;«~ t>,<(cp<n ——;——l— t)| apu t>0.
Tak kak ¢{n—1)5=0 n uenoce, 10 |p(n—1)|=1 1 ¢ (n)— nenoe,
|o(n)| > 1. Ananoruuso aas ¢ (x). Ho toraa P (n) nmeno Gul cober-
BCHHBIE JEJHTENN ¢ (n) M P (n), YTO NPOTHEOPEUHT MPEATIONGKEHMUIO.

128. [A. Cohn.] Ilpumenum 127 ¢ n=10 [III 24].

129.[D. Hilbert, Gott. Nachr., 1897, ctp. 53; nokasarenbcTso
A. Hurwitz’a.] Yucna Vr, Vs, Vrs, Vr+Vs, Vr—Vs—
uppauroHanbpbie. [103TOMy B KaKIOM JIMHEHHOM MHOXHTese Ko3dhu-
[UeHTH 6y1yT HAXOOWTBCA B MPPAUMOHAJBHOM OTHOWIEHHH, H TO XKe
OyleT HMEeTb MECTO B KaXJOM MHOXKHTE]e BTOPOH CTelleHH, NoJayuae-
MOM KOMOMHHDOBaHWEM [BYX JHHEHHBIX MHOxHTeneH. CreloBaTesbHO,
pacCMaTpPHBaeMblii MOJMHOM HENpPHBOIMM B 06mMHOM cMEice [cTp. 150].
Ecain umeer mecto dyHkUrOHANBHOE cpaBHenne [Hecke, crp. 11—12%)]

P () = (£ + a5 +a;) (2 +asx+a;) (mod ),
P () = (24 byx 4 by) (2 + byx +-by) (mod b)

*) I'ekxke, crp. 17,
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u (a, b)==1, TO CyIIECTBYIOT TaKHe UYHUCJAA Cy, Cy, C3, C4, UTO
cy=ay, (moda), c,=0by (modb) (v=1, 2, 3, 4),
P (x) = (x*4+cyx +¢,) (¥ + cax +¢) (mod ab).

’

TakuM 06pasoM, NOCTATOYHO [OKAa3ath pAa3OKUMOCTH MO MOAYJIAM,
NPEACTaBASIOMHAM COO0i1 CTENEHH NpPOCTHIX YHCEJ. r ABJIAETCH KBaxpa-
THYHBIM BbiYeToM mod 8, caepoBatenbHo, Takke mod 2% npu JoGom n;
P (x) mpencraeneHo B paBeHctse (1) B BHIe Da3HOCTH ABYX KBazpa-
ToB mod 2" H pacnajaercs NO3TOMY Ha JBa MHOXUTENs BTOpOH cre-
nend. Besencrsue (2) P (x) npusogumo modr®, seaepctBue (1) — mod s™.
Ecan p—npocroe uucno, p+#=2, ps=r, ps, T0 N0 KpafHeH Mmepe
r N rs

OJHH H3 CHMBOJIOB (-), (—), <7> 6yzer paBeH epuHHIE, HGO
INMEVZE) =15 cmorps no tomy, Gymer au [ —), (<) wm —r—s->-—l
o/\p/\p) P Y, B¥A p/'\p p/
(1), (2) nam (3) 6yzer nokasbiBaTh pasyoxumocts mod p”?. OcHoBaHus
AN BO3MOXKHOCTH TakHX INpHMepoB cM. y Frobenius’a, 1. c. 100.

afa+) ... (a+m—1) _ (a-l—m—l).

m! m

[84, peruenue 136.]

131. I[lycte paccuarpHBaeMble yncna 6yayt a, a+d, a+2d, ...
eeey at+(m—1)d wu (d, ml)=1. Torma cywecrsyer Ttakoe d',
(d’', ml)=1, uro dd’=1 (mod m!). Ilonaras ad’ =a’, umeem

dma(a+4-d)(@+2d)...(a+(m—1)d)=
=ad @+1)@+2)...(a"+m—1) (modm!) [130].

132. [K. Hensel, J. fiir Math.,, 7. 116, ctp. 354, 1896.]
[Pewerne V 96.]

133. a) n =4 uan npocroe yucao. [eficTBHTeNLHO, €CIH 71 — COCTAB-
Hoe, n=ab u a<<b<<n—1, 1o (n—1)! neaurcs uwa n. Ecau n ectn
KBanpaT NpOCTOTO uucaa, n=p* u p>2, 10 n—1>2p u (n—1)!
CHOBa jJenuTcs Ha p?.

6) n=328, 9, p, 2p, rae p-— npousBoJbHOE NpocToe yHcao. Ecin n
He uMmeerT Bdia p, 2p, p* u n£8, 16, To n=ab, rae 3=<a<<b.
JIlu6o uucna a, 2a, b, 2b Bce pasnMuHBL, JIHGO BCE pa3JHYHbI YHCAA @,
b, 3a, 2b; B TOM W ApyroM cayuae M3 2b <! n BhTeKaer, 4To (12— 1)!
nenurcsi Ha a*b?. Tenepb

[p2p—1 ]zp_1>4 npu p=5,

[2'1;1]+[2”4—1]+[2n8‘1]+...=2”—1—n>2n npa n==4,

W, TakuM 06pasoM, BCAeIcTBME 134 ocraiorcsi JMIIb NEepeyHcIeHHEe
CJIy4aH.
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134. Coryacio 82 ucKOMBIA NOKasaresnb paBeH

n n n n
1]+ ] =2
rje cyMmMa OfpHBaeTcs Ha [-M WieHe, I KOToporo p!=<n << ph+l,
135. [E. Lucas, Théorie des nombres, 1. 1, crp. 363, Paris,
Gauthier-Villars, 1891.] Beiciiag creneub pecaru, getswasi 10001,

HMeeT, OYeBHIHO, TOT JK€ NOoKasarelb, YTO M BLICHIAS CTENEHb MSTH.
Drot nokasaresb paseH [134]

)5 2 (] -

136. [E. Catalan, Nouv. Ann., cepus 2, 1. 13, crp. 207, 1874;
E. Landau, tam xe, cepus 3, 1. 19, ctp. 344—362, 1900.] ITyers
p— MpOCTO@ YHCJIO, v — LEJoe MOJOKHUTENbHOe, NOJOXuM ap ¥ =da’,
bp™v=1>0'. Toraa pocratouno [134] nokasarb, uto

[2a']4-[2b"] = [a']+[6']+[a" +b'].

Cum. 8.
1837.[F. G. Teixeira, C. R., . 92, ctp. 1066, 1881; M. Weill,

Bull. S. M. F., 1. 9, crp. 172, 1881.] Hocrarouno [134] moxa-
3aTh, UTO

(B[ (2] [T+ [+ (5]

rje p— MNpOCTOe YHCJIO.
a) (h, p)=1, h2[%

[i’é];n[%]—}—[pi] v=1, 2, 3, ..).

6) h=p*h', (1, pp=1. Torma B neBoHl M NpaBoi 4acTHX nep-
Bbie ¢ UJICHOB OTNAfaloT, H yTBepXIEHHe NpPHHHMaeT BHJ

h'n h'n k' h’ n n
R B T /A { - [y i) (R IS (i 'y [y (R
[+ = (S el + ]+ ]
Cum. a).
138. Ilycte m!=tM, rge T COEpPXKUT JHIUIL Te HPOCTHIE MHO-
Kutenu, Kotopbie BXxoaat B ¢, u (M, f)=1. Ilycrs #' =1 (mod M).
Torpa anajoruuso ToMy, kak B 131,

tmg(s—1ty(s—2t)...[s—(m—1)t]=
={'s(t’'s—1)...[t's—(m—1)]=0 (mod M).

189. Coraacuo 134 u 138
‘an:ﬂa+[§—]+[i]+[ﬁ]+..., lim % — o L,

p? jod naco p

] p’—+ 1, cienoBaresbo,
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140. Ecimn t=p*¢Pr¥ ..., tne p, q, r, ...— pa3iUYHBIE [POCTBHIE
gucaa, 10 T = p*igbti v+l [ [139], ubo

noc—l—[»;—]—|—[p—n.z—]+...<n<oc—|—plj>én(a+l),
nB—I—[%]-[—[—q%]—I—...<n(5+l), L HT. I

141. Umeem [ (2) = g—((zzl, Q( );&O P(z) u Q(z) — monuHOMEL
¢ neasimu koabduunenramu [149]. Q(0) f[2Q (0)] moxkHO no cokpaite-
Hun Ha Q (0) mpeicTaBUTL B BHAE OTHOILEHHSI IBYX LEJOYHCJEHHBIX
TOJIMHOMOB, IpHYeM 3HameHaTe/b B Touke z =0 MpHHHMMaeT 3HavyeHHe 1.
CM. Kowew peiueHnsa 142.

142, Ecan [(2), g(2) yIoBIETBOPSIOT YCJIOBHIO Dfi3eHwTeiHa, T0
flz2)—FO) un g(z)—g(O) _MOKHO TaKxe€ OJHOBpEMEHHO npeofpa-
30BaTh B IEJOYHC/CHHEIE DPslbl NOACTaHOBKOH Tz BMECTO 2, BHIGHpas
HaJseXamuM o6pa3oM Leaoe noJoxurenbHoe T .

Ecau F(2) u G(2)—uenouyncAEeHHLE pslbl, TO LEJOYHC/IEH-
HBIMH SIBJSIIOTCH Takxke psawl F (2) 4G (2), F(2) —G(2), F(2)G(2) n,

nakonel, F[G(2)], ecin G(0)=0, u = F@ - ecnn G(0)=1. B camom

G2)’
nene, ecay
G =1—az—az?—...=1—H(2),
rie @y, @, ...— lI€1be Yucaa, To QYHKUIHUA
[GOI*=[1-H@E@]*'=14+H@@+[HROP+[H )P+

pa3anaraercsi B pfJi M0 BO3pacTalOmMM CTENEHAM 2 C LEIbIMH Ko3(hH-
LIUEHTaMH.

143. Crenyer u3 onpenenenus.

144. [Cv. G. P6lya, Acta Math., 1. 42, crp. 314, 1920.] ¥cao-
Busi 1), 2) HenocpeICTBEHHO BHITEKAIOT M3 yCloBHA DfiseHiureiiHa. Yto
OHH, 00paTHO, HMEICT €ro CBOMM CJIeACTBHEM, yOesKaaeMcs CeaYOUM
o6pasom. [lycrb

In ¢,

< A n=1, 2, 3,..)
H TIpOCTOH MHOXMTE]b p BXOIHMT B f, DOBHO v, pa3. Torza
n_ VA
n Inp<A4, n <]n2_B'
Oéosnaqaﬂ yepe3 P Npou3BeNeHHE MpOCTHIX YHCEs, BXOAAWMX B 4,
ty, t3, ..., Mbl MoKeM nonoxHrb T = P*, rie k — uesoe uucno, k> B.

JlelicTBHTENLHO, KaKAWHA MHOXHUTENL p Npou3BeieHusa P Bxoant B T
poBHO kn pa3, a kn>wv, npu n=1, 2, 3



378 PEMEHUS

-] -]
145 Y 2, Y
= ontl _ | ’ W ’
n=0 n=1
ty, 1 .
rje ?2 = -2—";, ¢Je10BaTeNibHo, U, — HeUeTHoe. HepBbII/I pAa yaoBnae-
n

tin
TBOpsier ychaosuio 2), Ho He 1) [107], BTOpO# — ycaoBHiO 1), HO HE 2);
HH OJHH He VJIOBJETBOPSIET TNOJHOCTBIO YCJOBHK 3JH3eHiUTeliHa,
HM OJMH He IpeACTaBaseT aiarebpandeckodl (yHKIHH.
146. [lonaras

oo

o0
(1—-2)°%= Z ap2®, (1 —2)Bvi= 2 bn2",

n=0 n=0

IiMeeM

Syl B—yt2 B—1
Pyl Boyt? B P Bov 2=

{8

Apbriy-12" [140, 143].

n=0

ITo nosoay AajbHEHILNX HCCaEeNOBaHHM H uTeparypul cM. A, Errera,
Rend. Palermo, T. 35, crp. 107 — 144, 1913.

147. Oryowenne [ABYX NMOCJEI0BATENbHBIX K03QhUIIHEHTOB paBHO
(@+n) @B+n (a+x) B+x)

TFwtm (T5x) (yx PAMOHATLHO —TpH
x=0,1,2,..., 10 af, o+ n y— paunoHansHeie unicra [92].

148. Ilycts as~0 BuiGpaHo Tak, uto a{®-x) (P +x)=ax® 4
4+ bx+tc, rae a, b u c—ueasie uncaa. Ecau 6wl F (2, P, y; 2) 6110
asnrebpanueckoll dysxuues, To [144, 1] xaxJoe mpocroe 4HCIO p (3a
HCKJ/IOYEHHEM, OBITh MOMKET, KOHEYHOTO HX 4HCJAa) LOJIKHO OhLic OBl
GHTH TPOCTHIM [eJHTeNeM KBajpaTHoro tpexwieHa ax®-+ bx +c¢. Gu.,
onHako, 100.

149. YacrHeit cayuall Teopemsl 150,

150. YacrHeili cayuait Teopemsr 151.

151. [Cm. E. Heine, J. fiir Math., 7. 48, ctp. 269 — 271, 1854;
Theorie der Kugelfunktionen, 2-e usz., erp. 52 — 53, Berlin, Reimer,
1878.] ,

I[lepBoe nokasateabcTBO. PacemoTpuM — KoabduilHeHTH!
¢yuguuu R. Ecan sta GyHKuUMS HE paBHa TOMKIECTBEHHO HYJIO, TO
€e MOXKHO MNpeacTaBuUTh B (opme

Ry+oyRy 4R+ ...+ Ry,
rie Ry, Ry, R,y ..., R;—uensie panvoHanbHble (QYHKLUUH OT 2, Y,
Yy, ..., y") ¢ paunoHaIbHbIMH KodpduimeHTaMu U 1, oy, ¢y, ..., oy

PaulHOHAaNbHO HE3aBUCHMBI, T.€. H3 COOTHOWEHHUS Ny + 1,0, -}
+ ngag ... moy =0 ¢ pannoHaNbHBIMH KOIDOUUHEHTAMH Mg, fiy,

Ecan ==y, P~y H
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Ny <+., N; BBITEKAET, UTO Hg==fl; = Ay =...=H;=0. Ecmun B R,, Ry,
S Rl BMECTO . §J TOJCTABHTH  CTEMEHHOT Pl @yt az+...
+a,,z"+ TO TOyyaTcsi COOTBETCTBEHHO CTEMEHHHIE psibl

Z Wen (v=0,1,2,..., ) ¢ paunoHa bHEIMH KO3JXPHLHEHTAMH tﬁ;’),

CpaBHEHHe kosdpuumentos npu 2* gact {0 4+ add +.. . 4ot
[oe]

n
U "

T. €.
2, ..., L

Brtopoe gokasaTtenscTBo. PaccmMoTpum KoIQEHIMEHTH Y Y.

CoorHowenre R =0 o3Hauaer, 4TO CTENEHHbIE Pkl HEKOTOPOrO KOHey -

goro uncaa GyHxumit Buga 24y (y W ()=, .. (") aunelino 3aBHCHMBL
[ctp. 118]. BeolpaxkaeM onMH H3 3THX CTeNEHHBIX PSNOB JIMHEHHO
yepe3 JApYrue, JHHEHHO He3aBUCHMBIE; HEOOXORHMBIE JJIS1 TOTO NMOCTOSTH-
HEHle MHOXKHMTENH B CUJIY CHCTeMB! ypaBHEHull (*), NpuBeLeHHOH B perle-
uuu VII 33, cocramsieHs! U3 KO3xpHUIIHEHTOB CTENEHHOTrO psija Al Y
panHoHaJbHO H, 3HAYHT, B Ha[lleM ¢/yYae palHoHaJbHEL

152. [E. Heine, 1. c. 151, ctp. 50.] JJuckpuMHHAHT ypaBHEHIis1
I- cTeneHW OTHOCHTENbHO W

2
=0, Tak yro Yty
n=0

2*=0 npu v=0, I,

! -1 —
Fo(@w'+F (@) w1+, . +F () wtF(z)=0 (*)

npencrabaser cofGofl 1€70e PallHOHAJbHOE BHPaXKeHHE OTHOCHTEJBHO

Fo, Fiy ..., Frq, F; u sBAseTCSH, CNE€N0OBaTeNbHO, AaHAJUTHUECKOH

¢dyuruyel, peryaspHoii B HEKOTOPOH OKPECTHOCTH TOYKH 2==0, Ecau
OH TOMK/JECTBEHHO paBeH HYJIO, TO NPH INOMOIIHM PalHOHAJIBHBIX oOrle-
pauuil MOKHO COCTaBHTL YyDaBHEHHE, KOTODOMY YAOBJETBOpseT f(z)
¥ JIICKPHMHHAHT KOTOPOrO YiKe HE OYIET TOXKAECTBEHHO PABEH HYJIO.
ITpeaAnosoXyM TOTOMY, 9TO YK€ JHCKPHMUHAHT ypaBHeHus (*) me
paBeH. TOX[ecTBeHHO Hymo. Torma cymiecTByeT [ pasanyHbIX GyHKIHUH
w,=[(2), @,..., W, PETYNAPHBIX B HEKOTOPOM KPYTOBOM KOJLIE
0<]z|<<p, p>0, BO3MOXKHO, MHOTO3HauHHIX H YJIOBJETBOPSIOIKX
ypaBHeHHI0 (*); B TOouke z=0 OHM MOTYT HMETb are6paHyecKyo
ocobeHHOCTh. Ecan Kakasi-HHOyIb QYHKuus ¢ (z), MOCTpOeHHas, Kak
w,, obJanaer TeM CBOHCTBOM, 4TO

(p(2)—co—cC1z—...—Cpq2¥ L) 2"

B OKPECTHOCTH TOYKH 2= 0 oCTaercst OrpaHHuYeHHEIM [J1s1 TPOH3BOJIbHO
Go/pIIMX SHAYEHHH 7, TO MMEeM ToXJecTBeHHO ¢ (z)=7F(2) [IV 166].
PaccMOTpiM HEKOTOpOE 3HaueHHe mi, IJas Koroporo [—1 ¢byHKuus

(W), —Cp—C1Z2—...—Cpq2™ ) 27" A=2, 3,..., 0

AIBJISIETCST  HEOTpaHHUEHHOH B okpecTHoctH Toukd z=10. [lonaras
B ypaBHeHHH (*)

W=Co+ ez +.. .+ Cng2™ 27y,
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MBI TIOJTy4HM ypaBHEHWE OTHOCHTE/NBHO Y TaKOro XK€ Bula, Kak H (*);
nyTeM JeneHHs Ko3()QUIUEHTOB Ha HEKOTOPYIO CTEIieHb Z Mbl MOXeEM
NPENCTaRHTL 3TO ypaBHEHHE B (opMe

Go(2) Y+ G (2) ¥t +... 4+ Gy () y+ G, (2) =0, (**)
rae ue nce uuenaa G, (0), G, (0), ..., G-, (0), G, (0) paBuel Hymo. Ecan
Gy (0)=G,(0)=...=Gp(0)=0, G,(0)=~0, To ypaBHeHue (**) umeer

[xoTss GBI MO «mOArOTOBMTENBHOH Teopeme» Beiiepumrpacca *)| [—h
pelleHH{i, OrpaHHYEHHBIX B OKpectHocTH To4KH 2=0. Ho (**) umeer
Ha CaMOM JleJle JIHIIb OJHO pellieHHe, OrPAaHHYEHHOE B OKPECTHOCTH
TOURH 2=0, @ MMEHHO Cp—+ Cpis2+Cmro2®+...; CJCHOBATENLHO,
—h=1, h=[—1, 4. n Tp. n.

153. [L. c. 151.] Msl moxem npuHstb, 4to Py (0)=P,(0)=...
=P, (0)=0, Py()=a=0 [152], Py(@), P(2), ..., Pi(2)
LIeIOYUCTICHHB, H B [ (2) =cy+ ¢12 - 22 4. .. ¢y == 0 n uesoe. [Tonaras
z=0, monyunm ac,+ P;(0)=0, tak yro P,(0) peautcsa nHa a. Cnepo-

BaresbHo, a 1P, (az) wenouucnenso, A=10, 1, 2,..., [, 4, B YaCTHOCTH,
a'P,;(0)=1. ITosTOMy MBI MOMKEM IOJIOMHUTb
l
fla2) =Q () + Q. () [f (a)P +...+Q @) [f (a2)]', (*)
a1P; ) (az2)
rie @, (z)= ~ @1, (@) CHOBa 6yleT LesodYncaeHHbIM [pewenne 142],
-1 ¥

A=0, 2, 3, ..., luQO0)=0 gan A=2, 3, ..., . U3 ToxkzuecTBa
(*) myrem cpaBHeHHs1 KO3((dHIUEHTOB NOJy4YaeM, 4TO a"C, €CThb Lenas
pauvoHasbHas (YHKUHSA OT ¢, a&, 0%, ..., ",y M, 3HAUUT

[peKyppeHTHOE 3aK/oyeHHE], — 1es0e YUCo.

154. Ilycts P (2), Q(2), Q,(2), Q3(2), ...— paunoHaJbHO-YHCIEH-
HElE CTENeHHbIE PSABI, H TOJOXKUM Y = ¢y + €12 +¢,22 ... Ecan nmeer
MECTO OJHO H3 ILEeCTH ypaBHEHUH

=P (2)+Q(2), y=P(2)—Q(2), y=P(2)Q(2),

P((Z)), npuuem Q (0)=1 [142],

[Q(2)], npuyem Q(0)=0,

@+ Q@) ¥+ @ P +...+Q (2) ¥, npuuem
Q:(0)=Q(0)=...=Q(0)=0 [152],

TO ¢, ABJAAETCS OJHO3HAYHO OIIPE/EJIEHHLIM PAIHOHAABHLIM YHCJIOM,
pallHOHaAbHO- H 1 €J10 COCTABJCHHHM H3 Koadduuuentos npu 1, z,
2%, ..., 2" B pasnoxeHusnix ¢yukuuit P (2), Q(2), Q:(2), ..., 3Hauur,
MOXKET COJEepXKaTh B 3HAMEHATe/e JIMIIb Te NPOCThIE YHC/a, KOTOpHIE
BXOIAT B 3HAaMeHaTeNH YKasaHHHIX Kosdduumentos. [Cm. 1. c. 144.]

I

[

Y=17
y=P[Q
y=Q

*y Cu. . T'ypca, Kypc matemartueckoro ananmsa, T. 2, ra. XVII, § 355,
OHTH, 1936, nau B. B. Ill a6 aT, Beegenne B xoMmJeKcHull ananus, 4. I, § 8,
«Hayka», 1976.
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155. [A. Hurwitz; oM. G. P 61y a, Math. Ann., 1. 77, ctp. 510 —

512, 1916.] IlycTs p — npocToe 4HC/I0, BXOASIIEE BO BCE ), = Z ayb, .y,
v=0

1o He BO Bce a,, n=0, 1, 2, ... Ilycre, ckaxem, ay, ay, ..., @51 =0,
a,==0 (modp). M3 c,=apb, (modp) BriTekaer Torga, 4ro b,=
=0 (mod p), H3 ¢;.; =a;b, = 0 (mod p) BHITEKaeT, uto b; = 0 (mod p),
U3 Cprp=apb,=0 (mod p) Boitekaer, uro b,=0 (modp), u.r. A.

156. [P. Fatou, Acta Math., 1. 30, ctp. 369, 1906. [Ipusenennoe
ajlech perieHye npuHamnexuT A. Hurwitz'y, em. G. Pdlya, 1. ¢. 155.]
JlocTaTOYHO [OKa3aTb TeopeMy AJs NPUMHTHBHBIX CTENEHHBIX Dsi0B
f(2) =ay4 a2+ a,2®4-... [155]. Cornacuo 149 f(2) = g((;) , rae P (2)
U Q(2) — UeNOUHC/ICHHEBIE, C B3aKUMHO IPOCTHIMH. KO3(M(DHIIMEHTaMH.
O6puiBatolHiicst creneHHOH psAx @ (z) TPUMHTHBEH; JeHCTBHTENDLHO,
eciin Obl ero Ko3hdHLHEHTH HMeNH obWH# AeJuTeNb f, TO, BCJELCT-

pue paseHcTBa P (2) =t% f(2), t BXoauno GBI mesmuTEeNeM H B KO3(-

dunmentsr pAga P (z). OnpemesuM xBa UEJOYHCIEHHBIX MOJHHOMA
p(2), g(2) Tak, urobun p(z) P(2)4q(2)Q(z)=m=£0, m— uenoe,
Ionaras g (2)+p(2)f(z) =R (2), nmeeMm m=Q(2) R (z). 3pmecw psaxn
R (2) — uenOuuC/CHHBIH H HENDHMHUTHBHBIH, eCIH m==—+1 (B mpo-
THBHOM cJydae m Gbl10 OBl [155] Takxke NPHMHTHBHbLIM); ero Ko3d-
$UIHeHTET BO BCeX CaydaAx Jgenaarcs Ha m. M3 papencrBa 1 =

=Q(0) R—;lo)— BHITekaer, uto Q (0)==1,

157. IIpu pauuoHajsbHOM 0 TOC/EIOBATeJLHOCTh @y, Qy, 3, ...,
HauHHasi C HEKOTOPOIO MECTa, — NEPHOAHYecKas H, CJeloBare/bHO,
byukuus [ (2) =a;24-a,2% ... 4 a,2" ... pauuoHanvua. [lpu uppa-
uHoHanbHOM 8 f(z) He MOXeT ObiTb pauHOHAJIBHOH ¢yHKIHEH, no
torga [149] ona npeacrapisana Obl co6OH OTHOIIEHHE ABYX I@IOUKC-

1
JIEHHbIX TNOJHMHOMOB, U CJENOBATEJIbHO, YHCJIO f<ﬁ)> OBLIO GBI PaLHO-

HaJIbHBIM,

158. [Cv. E. Landau, Nouv. Ann., cepus 4, 1. 3, c1p.
333—336, 1903; R. Jentzsch, Math. Ann., 1. 78, crp. 277, 1918.]
To, uyto (YyHKUHSI, TpeacTaBJjseMast pSAIOM, TIOCAeJOBaTEIbHOCTD
K03(DDHIHEHTOB KOTOPOIo — NEPHOANYECKAas!, ABJSACTCS palHOHAJBHOMH,
noJiyyaercsl G6e3 Tpynaa (reoMerpHueckas nporpeccus). O6patHo: NMycTh
Qy, @1, @5, ... MOTYT NDHHHMArb JIMIIb /M PAa3jHYHBIX 3HAYCHHH W
NycTh 3HaMeHarTe/b pauHOHAJbHOH (yHKIHMH Oyzaer paseH | --1z +
41,22 4-...4-I,2%. Torma npu Z0CTaTouHo GOJBIIMX £ Q- 11, +
4+ Lay ot ..+ L2, =0. Tak Kax CyIIECTBYET JHIUb mM* pasnHuHBIX
KoMOunauuil 3HaueHHH KO3DMUIHEHTOB @, 4, p-9y ..., Qp gy TO CY-
IECTBYIOT ABa YHCJAA M, Vv, W<V=Ip - mF, TakuX, 41O

G 1=y, Quo=Qy g s Qi p=0yp.
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Ho Torma W q,=a, H, CJAeN0BaTeJbHO, TaKXKEe
Oui1 = Qyi1y Quizg =dyigy <o

159. Kosadpduuuentsr psia
(1—=2)"1= Z (l-l;n) 2"

ABJAIOTCS TIEPHOMHUYECKHMH TIO MoDOMY NpocToMy Moaymawo p. Ecan
p>1, 10 Il —B3auMHO TIpOCTOE C p, U

n+)(n+2)...(n+D)= :
=@n+p+)an+p+2)...(n+p+l) (modp).

Eenn p<<l, N'=poL, (L, p)=1, To ("‘l_faﬂ)E(?)'(modp), 6o

CHMBOJIHYECKHE «UHCAHTEH» STHX OHHOMHAJBHBIX - KO3D(HIHEHTOB
cpaBuumbl  mod pe+l, TlocnenoBaresbHOCTh KOIPGHIMENTOB B psje,
TIOIYYaeMOM TIPH YMHOXKCHUH Ha P (2), HaumHas ¢ HEKOTOPOTO MecTa —
NIePHOINYeCKasl.

[oe]

(D—1)2
160. D= Z (D" —1) 27,

n=1
Ecmu k — Haumewbluee gucno, a8 Kotoporo D == D" (mod p), 1. e.
Dt =1 (mod p), To k BXOZHT MHOXKMHTeneM B p— l.

o
— 2y-1 __ ny2n
161. (1—=Dz%)1= ZODZ .
n= .
Jdauna nepnoja k sBjseTcs 4HeTHbIM yucqoM, k=2k'; k' ectp
HaHMEHbIIee [EJ0e MOJOXKHTeNBHOE UHCIO, A1 KoToporo DF ==
=] (mod p). Tak kak DP1==1(mod p), T0 k' BXOZHT MHOXHTe/EM
B p— 1. Jlanee npu HEUeTHOM p HMEEM

-1

p
D2 =1 (modp),

—1
eC/IH (Pp_): 1, u, 3nauuT, TOTjga kB’ BXOAHT B 32—; 1 o6paTHo, ecu
\

D¥ =1 (mod p) u k' sBasercss nemuTeseM ;—(p— 1), To

p—1
D? (mod p).

i

162.
p 2 3 5 7 11 13 17 19 23 29

Jnuna neproga 3 8 200 16 10 28 36 18 48 14

- - - 10 - - 18 — 28
8§ — 48 — 168 288 — 528 —

p—I1 -
p?—1 3
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M3 nmByx uucen p—1 u p*—1 B sr0ii TabaMue paHo p—1, Korza
p—1 ectb KpaTHOe AJHHE nepHoja, u p* — 1, Korna KpaTHbiM JJTHHDI
nepuona spasiercst p*— 1, Ho He p — 1. Mmeer yim Mmecro nepBwIfl HAH
BTOPOH cJiy4ail, 3aBHCHT OT TOFO, fBJASETCH JIH p KBaApPaTHYHBIM
phiuetoM (mod5) uam Her., Uucjao 5 cocraBiseT HCKJIOUEHHE.
Cm. A. Speiser, Transact. American M, S,, 1. 23, ctp. 177, 1922.

163. Ilyctb a, —K03PPULUKENTE HHTEPECYIOUIETO HAC pa3Joxe-
nus. Torma 1s5 AOCTAaTOYHO GOJBIUMX 1

a,+ l1an—1 + lzan et t Ly =0;
Ly Loy .ry Iy —uensie [156]. Tak Kak CyUIECTBYIOT JHIIb m* pasiud-

HBIX CHCTEM Qy_q, Uy-gy +..y Qy-p, HE CPABHUMBIX IO MOAYJIO M, TO
CyllleCTByIOT TaKHe Ba 4Hcgaa W, v, 4TO
Q1 =0Qyy, GQo=0yg, ..., Qp=0ay, (modm), p=F=v.
ﬁgsioma TaKXe @, =a, H, CJIEJ0BATEJbHO, @4 = Qysy, ... (modm)
164. [G. P6lya, Téhoku Math. J., 7. 22, ctp. 79, 1922.]
Hmeem
1 © 9
(1-477= Y (’")zm.
m
m=20

[lyctb p — HEYeTHOE NPOCTOE YHCAO M p’~!—ero BHICUIas CTENEHb,
Bxogawas B (2k—1)!, k=1, r=1. U3 134 3akmouaeM, 4o

[2p" 2p)
(%) =22 50 (mod p).

C npyrof CTOpOHH,
<2p’) 2 2pr—12p7—22p7—3 2p7—294-22p"— 24—{—1(2(p’—q)>
-7 ’

P 1 p’2 pr—bL pr—17""" pr—q+4-1 pr—qg+4t \ p'—gq
—92(2q— 1)1( r "))—o (mod p), ( (P —q‘”)—o (mod p)
mpu g=1, 2, 3, ..., k. Taxk Kak k, a NoTOMy u r MOIYT GHITH CKOJib

yrogano GoJbLIHMH, TO B TNOC/EI0BATENBHOCTH KO3(PODULHEHTOB, NpHBE-
JEHHBIX TI0 MOAYJIO p, CONCPKATCS CKOJb YTOAHO JMHHHBIE KOHEUHbLIE
N0C/IEJ0BATENBHOCTH HyJIEH,

165. [Ipn z=1 ofiwuii uneH HE CTPEMUTCS K HYJIO.

166. [P. Fatou, Acta Math., 7. 30, cTp. 368—371, 1906.]

[Tycrs f(2) = Zanz" Torma pan |aP4|ay 2.4 a2+

n=
JomxeH Obll Gbl [III 122] cxoaurbes.
167. [P. Fatou, 1. ¢. 166.] CornacHo 150 paccMaTpuBaemas
anreGpandeckasl QyHKUHS YAOBJETBOPSET YPABHEHHIO BHIA

Po@f @ +P @@+ AP (@) [ (@) +Pi(2) =



384 PEUIEHUS

rae P, (2), Py (2), ..., P;(2) uMeiOT 1enbie palnoOHaNbHbe KOIhbHIHEH-
Thl. OTciofa BeITEKaeT, 4To y= P, (2)f (z) yAOBIETBOPSET YpaBHEHHIO
— — I
Y4+ Py@ Yy 4+ Py(2) Po(2) Y 4. ..+ Pi(2) Py (2) =0
Yy He MOkeT o6GpaiaTbcsi B GECKOHEYHOCTh HU [JIS KAKOT0 KOHEYHOTro
z, u60 B NPOTHBHOM ciaydae y' B JIeBOH yacTH NepeBelIHBaJO Gbl BCe
OCTajIbHBIE CJlaTaeMble W ypaBHeHHE He MO0 Ohl yIOBJETBOPATHCS.
Onnako y=Py(2)f(z), no npeanojoxeHulo, SBASETCS HEOGPHIBA-

IMMCSl [1€/I0YHC/ICHHEIM CTeNeHHbIM psaoM [166].
168. [F. Carlson, Math, Zeitschr., 1. 9, ctp. 1, 1921.]

1 \ 2

— n\ in
—ii (n)z ?
V1—4z ngo
| — npon3BOJAbHO GOJIBILIOE 1IE0€ YHCJIO.

169. [G. Polya, sanaua, Arch. d. Math. u. Phys., cepus 3,
T. 23, crp. 289, 1915.] Ecan Bce xosdduuueHtnl @y, @4, ..., Gry
pauoHa/bHel, 1o uncaa P (n) —[P (n)] — nepuoanueckue [158]. Ilycts
Teneph He Bce KO3MDUIMEHTE! PaIMOHANBHbL, H NPEANO.T0KNM, 4TO (HYHK-

uus f(z), onpenescHHas YKa3aHHbIM PSAOM, palHoHasbHa, Mbl MoKeM
NPHHSATD, YTO gy HPPALHOHAABHO; B NPOTHBHOM C/Iy4ae pacCMaTpHBaeM

m) 2 [P (kn)] 2%,

(e—1)—
BLIGHpas kB Tak, 4TOOH dpk” OLIIO 1LEeJbIM H, CJIE,I[OBaTeJIbHO,
[P (kn)]|=aok'n” 4 [a k-1 4- . ],
[Ipumensis 1 85, nosyuaem

H .~y ‘ [P(n’)] !
A, a1 0= i =

[ -I-f'(zem)-I- -I-f‘(ze

UTO HEBOSMOXKHO, Tak Kak [149] npegen B JeBo#l wacTH HojXKeH GbITh
PALMOHANBHBIM.

170. [Cv. D. Hansen, These, ctp. 65, Kopenhagen, 1904;
G. P6lya, sapgaua, Arch. d. Math. u. Phys., cepus 3, 1. 27,
crp. 161 —162, 1918; Proc. Lond. M. S. (2), 1. 21, crp. 36— 38,
1922.] Yro Hesab3sl NONPOCTY OTKA3aTbcsl OT OTpaHHYEHHS, HaJQGKEH-
HOTO Ha KO3(pXpHUHEHTH a,, NMOKa3biBaeT 69.

171. [L. c. 170.] Cu. 71.

- 172. Umeem Q,—Q,y=1—94,, rae A, ectb uucjao HyJeh
B KOHIE JECSTHUHOro NpeicTaBjenus uucaa rn. ChaejoBare/bHO,

[ee)

(1—2) E Qne" = E (Qr—0Qny) "=

n=1 n=1
2 210 21000
-9(; +.)-

=71z 2.10—}— 1_2100+1_21000
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OynkImst

210 21000

f(z)‘_—l_,z'%' 1_210+ 1_._2109+ 1__21000+

HMeeT cBOeHl eCTeCTBEHHOH rpaHMUEH OKpYxHOCTh |z|=1. JleficTu-
TeJbHO, z=1 ecTb ocofag Touka [ lim f(z)= - o], nanmee takxe
z—+1—-0

2miv
z=e"" ,v=1,2,..., 10m—1, aBxrsiercsa ocoboit TOUKO, H6O (PyHK-
uus, nojyyaeMas IpH OTGpAChIBAHWHM MEPBHIX #11 UIEHOB, NMEPEXONHT
B f(2) npn samene 2" ma z, Torga KaK OTOPOLIEHHHIE UJIEHH DEry-
JASpHBl B KopHAX 107-i1 creneHH W3 eIWHUUL, HE ABJAOLIKMXCS KOp-
Hamu 10™-1-i creneHwu.

173. [G. P6lya, samaua; Arch. d. Math. u. Phys., cepus 3,
T, 25, crp. 85, 1917, Pemenne—R. Jentzsch, tam xe, cepus 3,
1. 27, ctp. 90— 91, 1918.] IIpumenenne teopembl Ajamapa O «Ipo-

[ee]

nyckax» *) Kk ¢yukman (1—2) Y 2"
n=1
174. Judtepennuposanue 3aMeHsieT MNOC/IEN0BATERBHOCTh KO3G-
buuMeHTOB ay, @y, @y, Gy, ... HA @y, Ay, dy, Q4 ..., UHTETPHPOBAHHE
B yKasaHHBIX npepenax—Ha 0, ag, ay, @, ...
178. 1lo nosoay yMHO}KeHHH CM. I 34. Ecmu

g(z)r——l—}—%— 22—}— —}— A —h(2),

10 A (2) uenoqncneHHo (H) paBHO Kak H

g(lz) 1--}1(2 l+h Z)+[h 2)]2+[h z)]3

176. Ecm %’!]—HeJIOHHCJIGHHO (H), T0 TO e CcHpaBerIuBO
[174, 175] u ortHoCHTENBHO
(2)pme

S” - ”ZW—W-

177, g()=bot e+ 24 imamy

gl @=bot [T+ QP+ 4 [F 1"+

uesouncyaenHo (H) wa ocrHoBanuu 176,
178. Boofme: ecin y onpenensieTcs audxpepeHnHanbHLIM  YpaB-
HEHHEM BHJA
’ "y _ p dy &y dnly
= < Yy ---"def>

*y E. Tutumapu, Teopua dynxuui, Foctexusaar, 1951, crp. 253,
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Y HauaJbHHIMH YCJOBHAMH Y=mg, Y =my, ..., y"V =m, , B TOUKe
x=0, npuuem P —uesasi pauuoHasbHass (YHKUHSA € MEJBIMH KO3(0-
buuneHTaMK u Mgy, My, ..., M,y — UeJbIE YHCTIA, TO BCE IPOH3BOAHEIE
OT Yy LEJOYHCJACHHE B TOuke x=0, T. €. Yy HMEeT CTeleHHOH psn,
uenouncsenHri (H). B nanHOM ciyuae

'=—2¢% 9(0)=0, ¢ (0)=1.
I79l (ez—l)3=e33——3e22+3e2_1=

- 2 - 3 2n+3 = i —1) z";(mod4).
n=2 =2
180.
(= 1)prl=2r14 . . = _]), 2P-14 ... (mod p)=
=e(p—1)z_<Pl—1)e(p-2)z+( ;1>e<p~3)z_...— (p__ )e’-]—l_
_ i (p— e — (”1_1) (p—2 J;!(”;l) (p—?)”—..,—<Z:;) .
n=1\

B nmnepBo#i cTpoke HcnoJb3oBaHa TeopemMa Buabcona (p—1)!=
=—1 (mod p). M3 rtpervefi crpokH (rze, KcratH, npearoJiaraercs,

zn
yTo p==3) BHTEKaeT, UTO KO3DODHIMEHTH NpH -7 — NepHOAHYeCKHE

mod p ¢ nepuogom p—1, n=1,2,3, ..., p—1, p,... Teneps
eme pas Bo3Bpalllaemcsl K MNEPBOIl CTPOKe.

181, U3 176 u 133 wim u3 I 41 u 133.

182. [Teopema K. G. Ch. v, Staudt’a u Th. Clausen’a.
Hokasatenserso cM. B J, C. Kluyver Math. Ann., 1. 53,
crp. 591 — 592, 1900.] Hs

z—ln[l (e =1)],

z e~—1)2 (65—1)3

sop=1-"g 4+ it

BhiTekaer [179 — 181], uto
' z 1 /22 Fal e
r=e@—§ (g ta it )=
1 zP1 22p-2 2303
—§?<(p—1)!+(2p—2)!+(3p it

rje g(z) — psax, uejgounchaeHuelfl (H), 1 cymma Z pacnpocrpaHeHa

p
Ha BCE HEYETHBIE IIpOCT:le uyHeaa p=3, b, 7, 11,
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dz . o 2n\ @it
183. e =2 ()
A 2n ¢ [p @)1,
0@ Zo(n> 21 (4n41)  @nml "’

(4n)! penmtca na 2% [134], a Takxe Ha 4n--1, ecm 4n4-1 He ecTB
npoctoe gucyo [133]; [q)(f')]! uesourcaenno (H) [178, 176].
184. 13 puddepenuansuoro ypaBHEHI/IH 3agaun 178 mosydaem

[ (= -

1
CIel0BATENBHO, —5 = £, nanee

dz2 2z

. (_ 3d2

e Vi-g'' dp

= 2.

B KauecTBe HHTerpala z%, yJAOBJETBOpsoLlero npu ¢ =10 HayaJbHLIM

dz2
yCIOBUAM 2% = g = 0, HaxomuMm

m

9
. 2 G H, e
23/‘)(2)—((P(2)> = Z @n-1) @n4-1) “a@nr

G,=3-7-11...4n—1),H,=2-3-4.6.7-8...(4n—2) (4n—1) 4n. Eciiu
2n4-1=—1(mod 4), To 2n--1 Bxozur mHoxuTeseM B G,. Ilycts
2n+1=1 (mod 4) u 2nd-1=ab, a>1, b>1; ecn a=b==
=—1 (mod 4), 10 yuciaa a ¥ b BXoAAT MHORKHTeNsAMH B G, H H,
H, cjenoBaTesbHO, ab Bxoaut B G,H,; ecniu xe a=b=1 (mod 4),
TO CpeiH MHOXHTeNell uucaa H, comepxkarcs kKak 2a, Tak 4 4b.
Iosromy 2n4-1 quwe Torna we BXomut B G,H,, Korja oHO ABjseTcs
npocTeIM uHcIoM M ==1 (mod 4); To Xe umeer Mecro H aiasg 4n--1.
Bnpouem, 2a41 1 4n-+1—B32HMHO TIPOCTHIE, CJIEOBATENIBHO, €C/IH
OHH 00a B OTAEIbHOCTH BXOasT B G,H,, TO BXOOHT U HX NpOH3Bee-
Hue. BoJsee riy6okne u Tounble pesyJsbTatel cM. Y A. Hurwitz’ a,
1. c., ctp. 145,

185. [Manshefiiee y M. Fujiwara, Toéhoku Math. J., 1. 2
crp. 57, 1912.] Crenennoit psan

[ a
a0+ﬁ~z+2—f A R At
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TOrNa ¥ TOJBKO TOrAa YAOBJeTBOpsieT AHpdepeHnHaNbHOMY YpaBHe-
HHIO YKA3aHHOTO BUIA, KOTAA A 412 4,2t +-.. . 4-a,2" 4. .. saBjsercs
pauvoHanbHOH (yHKuHed. M To m apyroe €BA3aHO ¢ OTHHM I TeM e
PEKYPPEHTHBIM COOTHOLLEHHEM MEXKAY KOI(PPHIHEHTaMH dg, @y, da, ...
Cum. 163.

186. [G. Pd6lya, Toéhoku Math. J., 1. 22, crp. 79, 1922.]
Cwm. 164; y ynosaerBopser [l 48] auddepeHnuaJbHOMY ypaBHEHHIO

xy’ 4 (1 —4x)y' —2y=0.

187. [S. Kakeya, Tohoku Math. J., 1. 10, crp. 70, 1916;
G. Po6lya, tam xe, 1. 19, ctp. 65, 1921.} Ecan -

a .
g(2)=: Z T’!'z" Ha,5#0,
n=20
TO
n en
a 21, M n annz’ﬁ—"\’?.
|an ] () n! n! VY 2an

PaBeHCTBO JOCTHTaeTcd, HallpuMep, AJis (DYHKU,HPI

(o] 2"
4
g (Z) = Z @mr:

188. [Th. Skolem, Videnskapsselskapets Skrifter, 1921, Ne 17,
Teopema 8.] ITycrs g —obwui 3HaMeHaTeb palMOHAJAbHBIX 4Hcea by,
bgy ..., b Torma pan

b_i b_
gho+EL 4 B 4 —gby+1 ()

22

TakKe NPHHHMaeT LeJhe 3HAaYeHH B PaccMaTPHBAEMOM GECKOHEYHOM
MHOKECTBe LeJbIX 3HaueHu# z. Tak kak limr (2)=0, 10 gb, HoMXKHO

Z —> 0
OBITH CKOJIb YroAHO OJM3KHM K [EJbIM YHCIaM, T. €, JOJNXKHO GHITb
uessiM. TlostoMy Takxe r (2) DpPHHUMAeT UEJble 3HaYeHHS IS GeCcKo-
HEYHOTO MHOMKECTBa LeNbX 2, H Tak Kak lim r(2)=0, 10 r(2)=0

zZ— 00
1711 GECKOHEYHOr0 MHOMKECTBA [NEJBbIX 2, oTkyaa r (2) =0, n6o ¢QyHk-
uus r(z7') perynspHa B HEKOTOPOM 3aMKHYTOM Kpyre € HEHTPOM
z-=0, paBHa Hy/JI0 B OECKOHEYHOM MHOMKECTBE TOUEK 3TOrO Kpyra
1, CJeLOBaTe1bHO, TOXKACCTBEHHO paBHA HYJIO. _
189. VYpasnenue y?—22°=1 nmeer OeCUHCIEHHOE MHOMECTBO
pemleHuH B UEIBIX YHCJAAX, KaK 3TO SIBCTBYET H3 (hOpMY.JI

B2V =t V2, -2V =y,—2z V3,
(9—8)*=yn—22z,

(Yny 2, —uemsie, n=0, 1, 2, 3,...).
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190. [J. Franel, Interméd. des math., 7. 2, cTp. 94, 1895.]
Ecau ne/M0o3HauHbi M, C/I€0BAaTe/NbHO, PAlHOHAIBLHO-UHCIEHHDIH NOTH-
HOM

P(x)=aqux"+ax*14...4a,

NpH BCEX J0CTAaTOYHO GCOJBIIMX LEMHX X NPHHHMAeT 3HAUYCHHS, paB-
Hble k-M CTENeHAM leJblX YHCesJ, H, OQHAKo, caM He ABJsercs k-H
CTEMEHBbI) HEKOTOpPOro NOJHHOMA, TO TeMH K€ JByMsl cBoHCTBaMH
o0/1a7aeT U IOJHHOM

P(x+ll)P(x—l—lg)...P(x—}—lk):_aé?xﬂk_l_blxnk—l_l_”

rie uessle uyucaa ly, ly, ..., I BeOpansl Tak, uro P (x-}-1y), P (x-}-1a),. ..
., P(x4-1;) ne umeor ofmwux wuHysgell; nyctb [ <<l,<<...<<Il,
W pasHoctd l,— Iy, ls—15, ..., Ix— ;4 nocTaTouno Besnku, Ho Toraa

palHOHAMbHO-YHC/IEHHBIH CTENEHHOM psx
b,
VPRI PG ) PaT )=
_aox”]/l‘l‘ T o= At - et xR L

NPHHUMAET LEJbie 3HAUYeHHA A/ BCCX JAOCTAaTOYHO GOJDBIUMX LETBIX X,
He SBJSASCH CaM pauHoOHAJIBHONR (YHKIHEH, 9TO TNPOTHBOPEUHT TEO-
peme 188.

191. [HokazarenncTso H. Priifer’a. [lanbrefinmne peaysbrarThl
em. 1. ¢, 188.] Ecin kospduumentst b, by, ..., by Bce patmo-
HaJgbHBEI, TO npuMeHsieM 188. B npoTHBHOM C/Iy4ae MbL MOXEM IpH-
HATb, 4TO b, uppaunouasbro. (Ecau Out by, bpyoy, ...y by_pyy ObIN
paunHOHAJbHBEI, UMesl OOLIMM 3HaMEHaTeJeM g, TOTAa Kak bp_p ObLIO bl
yKe HppalHOHaJIbHBIM, K==1, To MBI paccMOTpenH Ol

g[F (2) — bpz™ — byp_2™t — .. . — bpp 2™ 1))
Mm-s1 pasHoCThb
Flem)—(7)F(em—1)+() F e+m—2)—

| e (= )" F @) = mlby+2

TaKKe LEJO3HAuHa I[pH J0CTAaTOYHO OOJBIIHX MEJBX 2, a OTcioja
corsacHo 188 BhITeKaer, UTO by, PalMOHAIBHO, B IPOTUBOPEUHE C Tpea-
T10JIOJKEHHEM.

192. [G. P6lya, sanaua, Deutsche Math.-Ver., 1. 32, crp. 16,
1923, Pemenne —T. R ad 6, tam xe, 1. 33, c1p. 30, 1924]Ho IIOBOAY
JokasarenbetBa no metony 188, 191 cm. 193. HyCTb f(2), gz)—
paccMarpHBaeMble TOJHHOMBI. L[enble GyHKRUMY

e2ﬂi/(z) _ 1, e2ﬂig(z) —1
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06J1aZal0T ONMHAKOBEIMH HYJISIMH, ObITH MOXKET, TOJbKO pPa3JHyHON
KpaTHOCcTH. MIX KpaTHbie 11y COAEPHATCs COOTBETCTECHHO CpeaH HyJel
nojuHoMoB [’ (z), g (z). Tlostomy GyHKLHA
, e2nifia) |
g (Z) e2nigz)

SIBJSIETCA 110 U WMeeT JIHOIb KOHEYHoe YHCJIO HYJeH, HpHTOM OHa
KoHeuyHoro poaa. CunenoBaTesqbHO, OHa paBHa k(z)e ”“’, rae k(z),
h(z) — nosunomel. M3 toXkzaecTsa

g @) g2nif(z) g (&) =Fk(2) el 2)+2nig(2) _ [ (2) ghl2) -

cnenyer, uro ogHa w3 OyHRuMH h(z) - 2mnig (2), A (2) paBHa const.,
apyras pasHa 2mif (z)--const. [CM. G. Po6lya, Nyt Tidsskr. for
Math. (B), 1. 32, crp. 21, 1921.]

193. [G. Pick, sanaua, Deutsche Math.-Ver., t. 32, crp. 45,
1923, Pentenne —G. Szego, tam xe, 1. 33, crp. 31, 1924.] Ilycrs
m— CTeneHb NOJHHOMA Y=/ (X) H n—cTeneHb NOJHHOMA Z =g (X).
Torpa npu jgoctaTouHo GOJBIIHX |Y| HMeem

1
r=ay"ta+F+5+
1 ym yn‘b
2= bug T b ™ e bk +-;+

m

y y

3

1
Te 1751 Y™ MOryT ObITh B3SITBl BCE #1 BeTBEi.
CornacHo mpeanonoxenuio psasl Jlopaua

n 2v '
3 obemYE (v=0, 1, 2,..., m—1), (1)

k=—oc0
paBHO kKaK u psiant Jlopana
n 2v+1

3 bee Y& (v=0,1,2,..,m—1), ()

k=—c0

NPHHUMAIOT BeUIECTBEHHbIE 3HAueHHs, Korga Y, W Y, mnpo€eraor
KaX¢/I0€ HEKOTOPYIO NI0C/IE0BATEbHOCTD TOMOKHTEbHBIX YHCEJT, HMEO-
Iylo NpefesqoM GEeCKOHEYHOCTb, T. €. UHCJIa |

. 2v 2v+l

bke mkn’ be m kgt (VZO, 1, 2”m—l)

— BellleCTBEHHBIE, cJefoBaTeqbho, b, =0, Korja k& He JEJHTCS Ha .
[B cayuae HeueTHHIX m JOCTAaTOYHO paccMOTpeTh JHWE Psibl (1).]
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[ostoMy gx)=o(y)+P(y1), roe ¢(y)—HEeKOTOpEH mNOJHHOM
oTHocuTenbHO Y, P (y-') — crenenno#i psix Ges cBoGoAHOro ujeHa, oba
C BeILIECTBEHHBIMH KO3PHUMenTamu. 3HauuT, NOJHHOM g (X) — @ [f (x)]
NpPH X — CO CTPEMHTCS K HYJIO, T. €. g(x) — ¢ [f (x)] =0. B npeano-
JOXKEHHAX 3afiaud 192 ¢dyekuHs, ofpatHas IO OTHOLIEHHIO K MHOJH-
HOMY @ (y), Takxke Jo/mKHa GbiTh mojunomom. [lostomy ¢ (y) Gyaer
neppodl crenenn. Kpome Toro, kak ¢ (y), 1ak H obpaTHasi QyHKLuS
JIOMKHBL GHITH Le/O3HAYHEL.

194, 13
a*+ a4 ... ta, a2t a,=0

V&) +a(Va) ™+ ... +ai(V @)+ a.=0.

195. Cayuaii s=0 TpuBHa/TeH; NycTs, cTaJ0 Gbith, S==0. Ecan

r+sV/ —1 ynoBieTBOpsieT YPaBHEHHIO C UEABIMH PAIHOHAMbLHBIMH
K03dhHIHeHTaMyd H CTapLIMM KodppuuuentoM 1, To 3TOMy XKe ypaBHe-

HHIO YAOBJETBOPACT H CONPAKCHHOE KOMILJIEKCIIOE YUCJIO f—SV— I;
3HAulT, OHO — TAKIKeE IL&JIoe. HOSTOMy HEJIBIMH  ABJAKOTCA H 4YHCIa

(r4sV=1)+0—sV=1), @+sV=1—sy =1)

OHH, KPOME TOrO, pallMOHAaJbHEL. KoadbuureHnts nominoMa
(x—r—sV =Dx—r4sV =D=x2—2rx+r2+4s
SBJISTIOTCS 1103TOMY OCBIKHOBEHHAIMU [e/dbIMH ducTaMu. Tak kak r2--s?,
2r — neqble, 10 Hennie Takxke 4 (r24s%), 2s. Tlonmoxum 2r =a, 2s=b.

Cpasnenue o>+ b*=4(r*+s*) =0 (mod 4) He MO X eT UMETb Mecra
B CJAEAYIOIHX Tpex cJydasix:

a=1, b=1, a=1, b=0; a=0, b=1 (mod 2).

b
Tostoxy pomxHO ObTh a=b=0 (mod 2), T. & rzg, S=5 —

caenyer

LeJhble. )
196. Kak s 195, nosnyuaeM, 4to Ko3pHUHEHTH NOJHHOMA

(x—r—sV =5)(x—r+sV —5),
T. €. 2r i r*-}bs? a 3HauMT, TakxKe b (2s)®=4 (r?-}-5s?) —(2r)?, —
nenwe. Ecau Ovl, 0HaKo, palMOHAJbHOE YHCJAO 25 HE OBIIO IE/bIM,
TO B SHAMeHaTesdb gucaa (2s)* Bxoaus Obl KBaA paT NPOCTOrO UHCTA,
1 oH me Mor 6ul cokpatutbesi ¢ 5. CiepoBaTesibHO, 2s=b — Heoe,
TOUIIO TAK Xe 2r = a — uesoe. Jlaaplle 3akJiouaeM, Kak B 195, ucxoas
13 CpaBHEHHH
A+ =a?+5b=4(r*45s*)=0 (mod 4).

197. Kak B 195, 196, mosyuaeM, uto 2r u r®-4-3s%, a 3uaumr,
ToKKe 2r=a, 2s=b—ueane. Yto a=">b (mod 2), nokaseBaiOT
CpaBHEHHS

(a+b)(a—b)=0a?+3b*=4(r*43s>)=0 (mod 4).
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I -5
7‘(—1—]—]/——3.) ABJAETCA UeJbIM YHCJIOM, Kak HyJdb IoJHHOMA

X2t x41.
198. [lycrs oy, @,, ..., 0p — CONpSIKEHHBIE HEJbIE YHCIA, | &y | << &
npu v=1, 2,...,n, H

x—a)(x—ey) ... (x—a,) =x"Fax" ... 4 a,.

n
Torpa lav\<<v>k", v=1, 2,..,, n. Takum ofpasoM, CyLIECTBYyeT
JIHIIb OrPAaHHYEHHOE UYHCJO CHCTEM BO3MOMKHBIX 3HAUGHHH UEMbIX
PALHOHAIBHBIX UYHCET @y, Oy, ..., Uy

199. CoxpansieM o6osHauenusi perenusi 198. CorsacHo npexmno-
JOXKEHHIO | @, |=|ey®, ... @,|<<1, ciaepoBarenbuo, a,=0. Eaun-
CTBEHHBLIM HEMIPHBOAMMBIM IIOJHHOMOM CO CTAPIIHM Ko3QdHiHeH-
ToM | ¥ 6e3 CBOGOAHOrO wjieHa sIBJISIETCA X, B

200. [L. Kronecker, Werke, T. 1, ctp. 105, Leipzig,
B. G. Teubner, 1895.] ITycTb uHTepecyroIHil HAcC TTOJMUHOM OygeT F (x),

M ero Hy/JH (C y49eroM KparHOCTH) Oy, Gy, ..., Q. [10J0KHM
h h I
(x—al)(x—al)...(x—an)=Fy(x),
h=1, 2,..; Fy(x)=F(x); Fy(x) uMeer mejsble pallHOHA/JbHbIC
kospduumentsl. B 6GeckoHeuHOH nocaenoBatenpHOCTH Fy(x), Fy(x), ...
«ews Fr(x), ... cCONepXKUTCS JIHIIb KOHEYHOE YHCJIO PAa3JIHUHBIX IIOJHHO-
Mo [198]. Ecmu Fp(x)=F,(x), 1<<h<<k, To cucrempl a!, al,..
cnabon a’f, ok, ...,af coBnaJaloT ¢ TOYHOCTBIO A0 Mopsaka. Eciu

af=af, To BCE, UTO HyXHO, yXe no0Kaszano. IlycTb mpH Hajjexa-
meH HyMmepalHH
h— k. oh—gk b gk o= ok
alt=al, al=at, .., o}  =af oaf=ak
Torza
14 -1 -2 I-2p4 -1 4
ol =t =l = =af W=l h=al.

R | —1 ] -

201. Vpaswenne x*—ax--1 wHMmeer, Mo NpearosioXeHuo, IBa
KOMILIEKCHBIX KOpHS ¢ modysiem 1. Ilycts ¢y, ., ..., &, — paccMa-
TPUBAEMBIE CONpSKEHHBIE YHCAA, Oy = . [loauHOM

(P—ox+ 1) (a4 1) ... (R —ax1)

HMEET IleJble DPALMOHAJbHBIE KO3()(HIHEHTHl, H BCE €r0 HYJH HMEIT

moaysab 1, T. e. cyTb KOpHH H3 emunuUp [200]. Ilycts Kopenb u3
2ip

eLUHHIB!, 06PAIIAIIUE B HYJIb NEPBBIH MHOXUTENb, OYIACT € 7 ; HMeeM

4nip 2tip
e 7 —ae 9 +1=0,
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202. Yiucna noss, nopoxAeHHOro upcioMm & BTOPOH CTemeHH,
umetoT BHA r+sU, rae r, s paumonansusl [Hecke, Teopema 53,
ctp. 68%)]. Cp. 195 —197. Pasencrso

V =3=a+b}) =5
C paIJ.HOHa.IIbeIMH au b HE MOXKET HMEeTh MECTtd, TaK KaK H3 Hero

3 o N
BBITEKAJIO OBl a=10), b= 'l/g, a 3TOT NOCJENHH KBaJpaTHBIA KOpPEHb,

KaK H3BECTHO, HppalHOHajeH. TO Ke pacCyKIeHHe IOKa3bIBAeT, 4TO
BCE TPH TOJS pa3JHUHbL.

203. [G. P6lya, Proc. Lond. M. S. (2), 1. 21, crp. 27,
1921.] Ecan MBI IpeABapHTENBbHO OCTaBHM B CTOPOHE TpeGOBaHHE OTHO-
curespHO L'’ T0, Kak u3BecTHo [Hurwitz-Courant, crp. 134—
138**)], naa M umerorcs MUUIL CEAYIOUHE JBE BO3MOMKHOCTH:

a) M cocrout u3 unucesa nd, n=0, X1, =2, ...;

B
6) M cocront us uncen mA--nB, A=£0, - He BELIECTBEHHO,
m, n=0, 21, 2,
Ecsu MBI TETepb NpHCOBOKYNHM €llle TpeGoBaHHe OTHOCHTebHO 'L,

TO B ciayyae a) Oynem umerb A?=nA, 1. e. ecin A =£0, 10 A =1,
rie n— HEKOTOPOE [eJOe pauHOHAJbHOE uYHCIo. B ciyuae 6) UMeeM

AB=IA+1I'B, B*=mA-+m'B, AB*=nd-+4u'B,

I, 'y m, m', n, n' —uenpie panuoHajbHble. VcKmouas M3 3THX Tpex
JUHeHBLIX ypaBHeHHil 1, B, B2, nomyuaem

mA* - (lm' —I'm—n)A=In"—1'n.

In" — I'n npuHamaexur, crano Obith, M; ecnn In" — 'n=0, 1o Im’' —
—I'm—n NIPHHAIEKHT 9‘1 Ecnu, nanee, n 3To 4HC/O PaBHO HYJIO,
10 m=0, m" =B =0, 1 m" NpHHALJEKHT M, Bo Becex cayuasix M
co;Lep}KHT [[eJIbI€ pAIHOHAJbHbIE UHC/JAa MOMHMO HyJAs. Eciu R=rA4 -
-+ r’B ectb HauMeHbILEE H3 HHX NO aGCOJIOTHOH BEJIHUHMHE, TO r H
r’ —B3aumHo npocteie. Ilycth §, s’ —mejble palUOHAIbHBIE YHCJHA,
takue, yto r8’ —r's=1. Torna S =sA-4-s'B ecrb YHCJIO H3 MHOXKE-
crBa M, a Kamkg0e YHCJIO 3TOr0 MHOMKECTBA MOXKeT ObIThb mpencra-
BJIeHO B opme pR+-gS, p, g=0, *1, *=2,...; § BO BCAKOM
clyuae He BellecTBEeHHO. MmeeM

S2=pR+g8.
204. s 3= (a—}—b]/ —5)(c+dV =5) crenyer
— (@4 5b?) (4 5?).

*) ek ke, cTp. .
*»TypBHY, CTp 196 202. Typsuu—Kypaur, crp. 149—155.
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3HAUWUT, BOSMOXKHH JHIIb C/Iyyau
@45 =1, 3, 9,

a, b==*+1,0, =2, =1, 3, 0.

BTopo#i #3 HUX HCKMIOUaeTCs, 6O B 3TOM ciydae GbIIo OBl ¢ -+ 5d% = 1,
a3zx+2+) —5. Uuco 3 umeer gump geauresn =1 u =3,
Touno Tak ke nosyuaeM, uto 12 V=5 umeer Juib gesuTeH = 1

u =+ (14271 —5). TakuM 06pa3oM, HauOOJBIIMM OOLIAM JeTHTEIEM
Morjio 6bl GuTh JHWb yHceao 1. OnHako paBeHCTBO

3(d+DV =5)+(1+2V =5)(c+CV —5)=1
HEBO3MOXHO, TdK KaK H3 PaBCHCTB

3d+4 ¢~ 10C=1,
3D+42c4+ C=0
BHTEKaM0 6bl 3 (— 2d 4D+ 7C) = — 2, 4TO HECOBMECTHMO C LIETOCTHIO

uwucen d, D, C.
205. B none cozepxarcs cneayroume nequresy uueaa 9: 1, 3, 9,

24V =5, 2—V =5 [204]. Ha ocuoBanuu 196 Haxogum, uro
— 19447 =5 He gequrces Juulb HAa '3, 9 M 2— ¥ —5, Torza xak
Ha 241 —5 neantes:

—1_9+4V——5=(2+V?5)( 2431 —5).

ITocrapaeMca Tenepb ompeaeauts E=x+4u) —bun=y+o}) —5b
TaK, YTOGHI BRINOJHSJIOCH PaBEHCTBO

9 +(—19+41 —5)n=2+1"—5.
TocienoBatesibHbIe NIPEOGPA30BAHNS AIOT
@=V=B)t+(—2+3V =3)n=
2x+5u—2y—15v=1, —x+4+2u-+3y—20=0,
x=2u+3y—2v, Ju+-4y—19=1.

Tak kak HauGoJbUIMA obwuii Aenutens uncen 9, 4, 19 geHcTBHTENBHO
paBeH €juMH{UE, TO 3afaya pa3pelluMa; HalpHMep, MOXHO B3ATb
u=1, y=—2, v=0, x=—14:

9(— 4+V 5)—(—194+4V =5)2=24+V —5,
—19+4V3=(2+V?))(—2+3VT5).
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206. ITpunumas Bo BHUMauHe 194 u TPH NOCTEIHHX PaBEHCTBA
B pewenun 265, nosyyaem

3V 5= 44V =9)-
__(1+2V—_5)]/—19+4§_;‘—5 2=V 25V =5,

24V
3=V 2+V =52V —5,
142V =5=) 24V =5 =243V —5.

Hau6onplumit o6wuii AeJHTETb yHcesn 3 H 142V —5 paBeH, Takum

o6pasom, V2 +V —5.
207. U3 papencrs o, =16, @y =20, ..., Om =y H

b F-cphe - .. F oy =T
(onpenenende HauGoapluero OSUIEro AEJNHTE/S)) BBITEKAaeT

= (Vif +Veha -+ oot Vi) 6.

’

4 &
208. O6a uactabiX -g- u -3 ABasiores neabivy [207] u, caeo-
L 1.

BATEJbHO, 'EJHTEISMH €IHHHIb, TaK Kak —gT-——

209. Ymuoxaem Bce m-+ 1 paBeHctBa B OnpexeseHHH HaHGOJbL-
mero ofuiero genurenst (cTp. 165) una y.

210. Pasencrso oo’ 4 fyf’ =1 MOXKHO nepenwcaTh TakKe B BHAe
oz’ +B (B'y) =1 nm xe ez’ 4y (Bp') = 1.

211. Yacruuil ciyualt Teopemsl 212,

212, HauGoabwnii oGMMA AenuTesb § UHCeT o H y BXOAMT HeMH-
TeJieM H B By. M3 paBeHcTs

PR’ =14aa’, 7y =084x2"

BBITEKACT

By (B'y) =04 (84" J-ax'a).

a .
213. s H % — B3aUMHO NpocThle [onmpene/iente!, cm. Takxe 209],

o \n B \n
nostoMy [211] B3auMHO HPOCTEI TaK¥Ke ( 5 ) . (5—> ; CJIeJIOBATEJNbHO,
AY

6" ABjsieTcsl HauGOJbIIMM OOLIMM JeruTeneM yucesa ar, fr [209].
214. V& sBJAETCS E/BIM uHcsIoM; eM. 194, M3 paBeHCTB o = %'6,
p=p'6, aa" 4 Bp" =06 moayuaem
n -— n -7n — n — n .AA,n_ —
Va=ya@ s VE=VEVS,
n

Valya e yBE) -
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215. Ilpu m =2 oueBuano. ITpoBOAKM MATEMATHYECK VIO HHAYKIIHIO
or m K m—+1. l’chrb

1+ 7”"{" + m=1

H Qi B3aHMHO IIPOCTO C KaXKABIM H3 YHCET Oy, sy, +.., Oy TOMA
Oy B3aHMHO TIPOCTO TaKXKe C yfly ... 0, [211]. Iloacrasisiem
B Mg+ Mo, ... o =1 3Hauenue

Onii | O i
Ami1 = P"arr;.l 7”1"{" pZZHI 7”2"{" o + Har::l }Vm-

216. Bcsxoe ueioe yucio @ == 0 yA0BJETBOPSET ypaBHEHUIO BHAA

Uy == (A1 F Ao+ ... +"),

A€ @i, @, ..., Gy, Qp—TUejble palHoHaNbHBE H a,7 0. ITycThb
P — palHoHaJbHOE TPOCTOE YUCJO0, H € BXOAMLIEe B a,. [ToAcTaB/sieM B
au+tpo=1

3HaueHHe @, W3 ypaBHEHUs, ONPENEeNsIOLIEero o.
217. [D. Hilbert, Die Theorie der algebraischen Zahlkorper,
Deutsche Math.-Ver., 1. 4, crp. 218, 1897.] Us af =d"by, rae

b, — mesoe pallMOHa/NbHOE, BBITEKAET, 4YTO a,=0B,, rae P, — ueJsoe.
ITycTp o — /MoGoe M3 gHces] Oy, Qg ..., Ay 1OrIA

a4 8B+ S . 8B =0,
(5] +Bu(5) 7 +B(5) "+ +Ba=0

H, CJEeIOBATEJBHO, %—uenoe [Hecke, crp. 79, Teopema 62 *)].

C Apyroki CTOPOHBI, TaK Kak dy, @, ..., 4y — UEJIbIE DAL HOHAJ b HBI €
YHCJa, TO CYIIECTBYIOT TaKHEe LEJBbIE PALHOHAJBHBIC YHCIA €, Cgy « v vy Cpy
9TOo
N N N
N 2 3 n
C]_a1 +C2a.3 +C3a3 + see "!"C,tan =d.
Ho a;, a,, ..., a, SBAAIOTCS ONHOPOOHBIMH (HYHKIMAMH OT Gy, g, +.s
«vsy Oy JlO3TOMY
N N N
n k
ey +ear +eas® ... Fcan = Z Crige -1y 1105 ..o,

rae Cp,r,, . #, — UeJbl€ PAUPOHAJBHBIE UHCHE, Rit+ky-... + k=

Jens o6e qacm paBeHcTBa
Bk k N-1
1 -—
E:Chka“'kna’l mgz...ann—é 6

*)IF'ekke, crp. 83.
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Ha 6V —1! u npHHHMas BO BHHMAHHE, YTO O BXOJHT MHOMXHTEJEM B &,
Oy v v .y O, TIONYUAEM

03171"1‘052724"-- -+C‘n7n=6’

L€ Y1y Var -+ VYn — LeIpIE unHcma., CM. Takxke 214,
= 13 P =y nonyuaem anajornunbie paBeHCTBa AJIS1 CONPSIKEH-
Hblx uuces. [lepemHoxenue ux naer N (B)=N (@) N (7).

219. [G. Rabinowitsch, J. fiir Math., . 142, ctp. 153—164,
1913.] Heo6xoxauMoCTh: ecaH HanbGosbluuil ofIUHA Jenurens &
uhces o H P CYWeCTBYeT, T. €. eC/H
a=a?® Pp=p0d, ayd-pé=7,
npHueM o H P'—He eguHuuwl, 10 [N (&) |>1, |IN(P)|>1, u 12K
kak N (@)=N(2)N (¥), N B)=N()N (9), 70, crenosarejbHo,
0<|N(B)|=|N(2y+PBd) | <<|N ()| 1 Takxe <|N (B)].

JocraTodHoCTh: NycTh § U 1) MpoGEraT BCEBO3MOKHMIE MaPhI
NpHHaAJMeRaluX MO0 LEJbX 4Hcesa, AJIA KOTOpbIX JIHHEHHas dopMa
af -+ Pn ornndHa or Hyxas. CpegH BceX NOJYYaeMbIX IIPH 5TOM LEJBIX
paUHOHAMbHLIX MOJOXKHTEAbHBIX uHcesn | N (af4-Pr)| Gymer umersbes
HauMeHblllee, cKaxkeM, | N (a&q-- fng) |. [TosoxuMm agy - Pn, =0, creno-
BaTeJIbHO, ¥ £ 0. 3necy HyXHO passuuarh JBa Cayuas:

a — Jeanrens O; nonaraﬂ ¥ =19'a, Gyiem nmers |N(9)=
= IN(ﬁ’)l | N () |>|N(oc | C Ipyrofl CTOpOHBI, MO CaMOMYy
BHIGOpY uHcia 9, |< | N(l ca+0-B)|=| N(a)}. 3nauur,
[N (0)|=|N ()], N(ﬁ’)zi 1, 7. e. 9 ecrb emuHupma H O B CBOIO
oyepenb SIBJSETCS JEIHTEJeM YHCAA CL.

2) o He ecthb gesqutenb U, Ecau 6bl U O He ObLIO Je/HTENEM o,
TO MBI MOIVIH Obl B CHJIYy TpeGOBAHHS TEOPEMBl ONMpPEAENHTDb & H 1) TaK,
yrobbl 6bl10 O<<|N (aE +01n) |<<|N (¥)|; HO 5TO NMPOTHBOPEUHT BBI-
Gopy uucaa ¥, u6o of4-0n=oa (&4 ngy) - Pnn, Takxke sBASETCS
9HCJIOM CEMEHCTBa, M3 KOTOporo 6blio BuiGpaHo O = oy - Brg. Takum
o6pa3oM, B 00oHX cayuasx O sBJAseTCS JeJHTEeM o0 H HA TOM XKe
ocHoBauun jenureneM P. Crenopatenbno, & ecTh HaHGOJBIIHA OGHHH
LeNUTe b,

220. Ilycrs o, f— HeJIbIe yHcsa TOJS, HE JEJsHiHecs BZpyr Ha

apyra, A N f) <N (@). % €cTb UHCJIO NS, OIHAKO HE NEJIOE; TI03TOMY

% —=r4sy =1, tae r, s paUHOHAJbHEI, OIHAKO HE OHOBPEMEHHO

uesbie [202]. OnpenenuM ABa meJbIX pallMOHAJBHBIX 4HCIa R u S 12K,
1

urober |r —R|<=, [s—S|<<5.r—R, s—S He paBHb OnHOBpe-

MEHHO HYJ/IO, TO3TOMYy, Hojarag y=r—R4+(s—S))y —1, Oynem
HMEThb

O<N@=(r—RP+(s—SP<— 4+~
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IMosoxkum & —p(R+ SV —1)=8§; coracHo cBoeMy OINpELe/eHHO
6 — nenoe. C Apyrofl CTOpOHHI,

§=p(r4sV/ —1—(R+SV=1))=Fv;

CJIEN0BaTe/IbHO,

NO=N@NE)<=+5NE@<4N@.

Ipu E=1, n=—R — SV — 1 TpeGopanue Teopembl 219 BrIOTHAETCS.
221. Kak B TeopuH HEMBIX PanHOHAILHLIX YHCES.
222, Kak B T€OpHH LEJBIX PANUOHANBHBIX YHCEJ.
223. Uz aa,+-pu; =1, =0 (mod p) purekaer l=aa,=0
(mod p), T. €. w ecTb Jeurenb uyucia 1.
224. ToBTOpHO NpPHMEHsEM CPaBHEHHE

(B+7)7 = B+ pprty+ 28D prayz 4 9P = pr 447 (mod p),

OYEBHJHO, BRINOJHSIONMEECs /sl MOOHIX ABYX LEJBIX 4ucea P, y.
225. [G.Pdlya, J. fir Math,, 1. 151, crp. 7, 1921.] OGo3ua-

UM ONpeAeIuTeNb l(!)l|k =1, 2,.., m 9epe3 A, Ilycts p — paumoHaibHOE
IpocToe YHC/IO0, B3aHMHO HpOCToe KaK ¢ o, Tak u ¢ A [216]. Torga
M CpaBHEHHH

01 + o8 +.. . anon =0 (mod p)  (r=1, 2,..., m)

HE MOryT OJHOBPEMEHHO BBINOJHATLCS. [IeHCTBHTENIbHO, H3 HX OJHO-
BPEMEHHOrO BBHINOJIHEHHS BhITeKasao Obl [222, 224], uto

a, | 0f? | =, A" =0 (mod p),

TOria Kak, c JApyrofi cropomel, a,A? B3aumHO npocTo ¢ p [211];
OJHO Apyromy npoTHBopeuut [223].
226. [Cv. 1. c. 227.] Peuwenue cM. Ha ctp. 168—169.

227. [F. Mertens, Wien. Ber., 7. 117, ctp. 689—690, 1908.
Cm. K. Grandjot, Math. Zeitschr., 1. 19, ctp. 128—129, 1924.]
OGo03HaueHHsI — T K€, 4YTo H Ha CTp. 168—169. Ilycts P 6yaer
NPOU3BENEHHE BCEX TPOCTHIX UYMCEJ, He NpeBocXomsimux 2%, ¢ — nau-
6osbuInil fesmTens P, B3aHMHO NPOCTOf € #11, 7 — NPOH3BOJIBHOE YHCIIO,
B3auMHO npoctoe ¢ m. IlycTb, KpOMe TOro, y €cTh COBMECTHOE pelle-
HHE CpaBHEHHH

y=r (modm), y=1 (modi).

¥ B3aHMHO NPOCTO C /M H I, CIEIOBATEJBHO, C P 1 COIEpPHKHUT, TaKHM
06pa30M, JIHHIb TPOCTLE MHOXKUTENH, 6Ombline, gem 27,

Metonom periennsl 3ajaud 226 HaxoZum, YTO A/ NPOCTOTO MHO-
xuteaa p uueaa y Oyner f(e?)=0. Ecmu y>p, T0 Te xe paccy-
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XKICHHSA NOBTOpAEM A/ IIPOHM3BOJIBHOrO TIPOCTOTO MHOXKHTEIA g

9HCJIa %; nosyuyaeM f(x??)=0. Ilpomo/mxas Tak Jajee, NOJydyaeM,

HaKoHell,
f(e?)=[(2)=0,

CJIeZI0BaTeNbHO, f(x) HMEeT CBOMMH HYJsMH BCE Yucaa o'f, o'2,..., o'k,
1 noromy f (x) == K, (x).

228. PaccmarpuBaeMasi panuOHaJbHAasi (QYHKUHS TNpEACTABJISET
cofofi OTHOLIGHHE [BYX paLHOHAJBHO-UHCJEHHBIX MNoJHHOMOB [149],
IpUYEM KaK TIEpBHI, TaK H NOCTEJHHHA HE paBHBIA HYJI0 Ko3ppHIHEHT
3HameHnaresns pasen =1 [156].

229. [P. Fatou, C. R, 1. 138, crp. 342—344, 1904.] Besen-
CTBHE CXOJHMOCTH B €IHHHYUHOM Kpyre MOIyJH BCeX NOJIOCoB == 1.
B cuny 156 npousseleHue 3THX MoAyJed =<1, cnepoBaresbHO, BCe
OHH paBHBl €JIHHHIIE, H CTApUIHA Ko3h(ULIMEeHT 3HaMeHaTens paBed -+ 1.
Tenepb yTBepKJeHHe BEITeKaer M3 200. 157 npexcraBnser 4acTHbLI
cayuat.

230. B cuiy 235 Win TAakKKe Ha OCHOBAHHH HETIOCPEICTBEHHBIX
coofpaxenufi, anajornudpix 149, paccMarpuBaemas GyHKIUMS Tpej-
cTapjsier coOOH OTHOILEHHE [BYX TOJHHOMOB, KO3(PHLUHEHTAMH KOTO-
pBIX C/yXKaT Lejple aarefpanueckHe YHc/a; KoHeuHoMy oo K,
B KOTOpOM COIepKarcs 3TH YHC/IA, NPHHALIEKAT TaKKe Oy, Oy, oy ..
3amensisi Bce Ko3(Q(QUUHMEHTH COOTBETCTBYIOIIUMH YHCAAMH H3 ToJed,
COTIPSIKEHHBIX ¢ K, ¥ MepeMHO:Kas NOJYUeHHBIE TakuM oOpasoM cre-
NeHHbIe PsABl 10 NpaBuay KoluH, MBI NGJTy4uM ClIpaBa LEIOUHCJICH-
HbIl CTEeNeHHOM psj OTHOCHTEJNBHO 2z~1, a CJeBa — palHOHAMBHYIO
(YHKIHIO, B YHC/HTEIE H 3HAMEHATeJe KOTOPOH CTOST LEJIOYHC/IEHHbIE
NOJMHOMBI, NpHUEM IIOJMHOM B 3HAMEHATeNe CO CTapliMM Ko3dhduiu-
entoM 1 [156]. 3nauur, HyJH 3Toro 3HaMeHaTeNss OYAYT LEJILIMH
anre6paHYeCKUMH YHCIAMH.

231. [Ipyroe TojKOBaHHE Teopemul 225.

232. [G. P6lya, 1. c. 225, crp. 3—9.] TlocpeacTsoM pasiozke-
HHS palHOHAJbHOH (GYHKIHH f’( ) Ha 3/emeHTapHBle JpobH (CcBs3aH-
HOTO € HEKOTODBLIMH TIPEJOCTOPOKHOCTSIMH: HE BBOAWTb HpPPALMOHA/b-
HocTefl!) yTBepXKIeHHe NpHBOAUTCA K 231.

233. Ml MoxeM NpuHATH, 4YTO asireGpanueckas QyHKuus f(2)
ABJIsIeTCS 1eJIOH; AefcTBHTENbHO, Py (2) f (2) yZOBIETBOpPSeT ypaBHEHHIO
YKasaHHOro BHAA co crapuiiM Koaddumyentom 1. Mer MoxeM, nanee,
NPHHATE, YTO Z=@ €CThb DEryJsApHast TouKa LeJNOoH anrebpanueckof
oyukupu f(z): ecan sTa (blyHKIlI/IH pasjioxkeHa I10 BO3PACTAIOIHM CTe-

NMeHsM BBIPaXeHHs (z—a)™ (e M — HaTypajbHOE HYHCJO), TO moJa-

raeM z=0--{™; IpH 3TOM TOYKA DAa3BSTBJICHHS 2z =@ Npeobpasyercs

B peryJspHyio Toury (=0, HOBOE pas3joKeHHE IO CTEMEHSAM { HMeer
1

Te e KOSDQHIHMEHTE, UTO W NPEKHEE MO CTENEHAM (2 — &)™; 3aiaH-
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HOE YpaBHEHHE IOCJ€ 3aMEeHbl z Ha o -- (™ npeobpasyercsi B HEKOTO-
poe Apyroe ypaBHeHHE TOro K€ tuna. Ecan
fR)=a+a(z—a)+...dan@—a)m+
TO QYHKLHUSA
(z_a)—m [f (Z) _ao-'a]_(z —'a)—. . ~"'amA1 (Z'“"'a)m_l] =
=yt Apir (Z —‘O!)—l‘—.:‘-(p(z)

pery/ifipHa B TOUKe Z=a H YAOBJIETBOPSET yDaBHEHHIO, I'te Koaddu-
IIHEeHTaMH HHTEpecYIOWNX HaC MOJMHOMOB CJIYKaT JiHHIb anareGpanuec-

KHE YHCI4, €CJIH TOJbKO [0Kas3aHOo, 4YTO qq, i, ..., Qp-y SBJIAIOTCA
ameépanquKnMH YHCJHAMH: HYXKHO J0Ka3aTb, 4TO
U= ()

ABJASIETCH  anre6fauyeckUM UYHCJIOM. T€M CaMbiM BCS TeopeMma IpUBO-
JUTCH K BBIACICHHOMY YacTHOMY ee CJydalo; 3TOT NOCJENHHHA, OfHAaKo,
OquHILGH, TaK KaK MOXHO 3apaHee NpPearlo/oXHTh, U4TO HE BCe NOJH-
HOMBI (z) P,(2),...,P;(z) nensrca ma z—a. [Hecke, ctp. 66,
TeOpeMa 51

234. [H. Wey .] Iycrp ypaeuenue F (z, y)=0 obnagaer pauno-
HAJBHEIM pemleHueM [ (z). Mpl MoxkeM 6€3 BCSKOIO OrPaHHYCHHS OBIIL-
HOCTH TNPEANOJOXKHTD, UTo f(2) ecrb Lesnas ¢yHKUMS [pemenne 233].
Kosddunpentst 3T0# QYHKUHH ABASIOTCS a/are6paHyeCKHMM YHC/IaMH
[233], nDpuHamJekallUMH OZHOMY H TOMY e KOHEUHOMY TOJIO
[Hecke, crp. 67, Teopema 52**)]; nycrb cTeneéHp ero Gyner n.
3ameHsiss KO3(DDHUHEHTH MNOJMHHOMA f(2) CONPSKEHHBIMH UHCJIAMH,
nosiydyaeM TOJHHOMBI fq(2), f5(2), ..., [n1(2). ¥YpaBHeHune

W=F@)Y—hHE) ... —fr(@))=

HIMEeT palHoHaNbHBIE KO3(ppuiMeHTB H obsafaer OoOWHM KOpHEM
C HenpHBOAMMBHIM ypaBHeHHeM F (z, y)=0. IlosToMy KOpHH 3TOrO
nocjeqHero cogepxarcs cpem f(z2), f1(2),..., farq(2) u sABASIOTCH,
CJ1eI0BaTeibHO, PallMOHAJBHEIME (YHKIHAMH OT Z.

235. Ecm pan y= a4 240,22 4-... npeacrabiser asred-
pauueckylo QYHKUMIO H O, @, Oy, ...— adredpandeckue uucnia, TO
3TOT P54 YOOBJAETBOPSIET HEKOTOPOMY YypaBHenHio F (2, y)=0, rae
F (2, y) — uenas pauxonanbHas QyHkuus, F(z,y) =0, canarebpau-
yeCKHUMH Kospduunuenramu [151; oba noKa3aTeabCTBA MOI'YT
GHITH pacnpocTpaHeHbl Ha paccmarpuBaemelfl cayuwait]. Kosdduouenr

Gy, %1, Xy ..., HAUMHAS C HEKOTOPOTO, PEKYPPEHTHO ONpejesiorcs
us ypaBHeHHH BUaa
_ P (® 2Py () v | 2P3(2) vrq 2P (2) vy *
=20 Tow Y toe Ut t o Y *)

*y Texkke, crp. 70.
**) Tekke, c1p. 71,
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rie Y =dyu+ anq2 -+ ... ¢ Hagnexaime BbGpaHHBIM M, P, (2),
P,(2), ..., P,(2), Q(2)— nonuHomp! ¢ anrebpaHyeckuMu KoaduuyeH-
ramu i Q (0) =0 [152]. CnenoBatenpHo, Bce KOS(PHIHEHTHI paiHoO-
HaJIbHO 3aBHCAT OT KOHEYHOI'O YHcJsa adre6paHyeckux uyucea [Hecke,
crp. 67, Teopema 52 *)].

236. anbHeiimee ucnojb30BaHue ypaBHEHHS (*) pelneHHs. 235,
ayaJIorHyHoe MPOBOAMMOMY B 153.

287. [Th. Skolem, Videnskapsselskapets Skrifter, 1921, Ne 17,
Teopema 41.]

238. [E. Lucas, Bull. S. M. F,, 1. 6, crp. 9, 1878.] Ilycrs x,
Y, E, m— Lesble yucaa ¢ HauGOJIBLIMM OOHIMM JesuTeneM 1 H

P4y =84n = x5+ Yy —n)
Torna
2(xE+ym) =2+ y* =877
R+ P+ =4(xE+ym) =0 (mod 4).

Tak KakK x=y=E=1=0 (mod 2) HCKJIOYEHO, TO OCTAeTCH JHIb
BO3MOXHOCTb ¥ == y=E=n==1 (mod 2). Ho 310 npoTHBOpeunT ypas-
HEHHIO

Bty =x—E)24(y—n)?

60 ero JeBasi H INpaBad YaCTH OKa3hBAlOTC HEeCPaBHUMBIMH IO
Monyo 4,

239. [G. P6lya, Arch. d. Math. u. Phys., cepust 3, 1. 27,
crp. 135, 1918; mpuusTas 3pech pefakiud JOKa3aTeJNbCTBAa MPUHAA-
Jgexxut A. Speiser’y.] HasoBem uenyio Touky p, ¢ npUMHTHBHOI,
ecld OHa BMAHA M3 HYJEBOH TOYKH, T. €. €C/lH p H ¢ — B3aHMHO Ipo-
cteie. Ecav umeer mecto cooTHoWeHue pv—qu =1, 10 ofe TOukd p,
g ¥ u, v TIPUMUTHBHH, H [apaj/eorpamM, NOCTPOECHHBIH Ha COOTBET-
CTBYIOIIHX pajHycax-BeKTOpaX, HMeeT mjomanb 1 (OcTajbHBIMU AByMs
BepiMHaMH napajjejiorpamma ciayxar 0, 0 u p-+u, g -+ v); Ha3oseM u,
v JIeBHIM COCEJOM TOYKH P, § U P, —NIPaBblM COCEJAOM
TOYKH U, ¥. ['OBOpS 0 AH arOHaJaHu TIOCTPOGHHOTO Ha 3THX TOYKAxX
napaJiiesiorpaMma, Ml GyAeT MMeTb B BHAY JAHArOHajb, BHIXOASILYIO
H3 HyJeBoH Touku. Eciau Auaronanb napasnsenorpamma, nocTpoeHHOro
Ha TOUKaxX p, ¢ H U, v, UMeeT MJIHHY d, TO p, ¢ U 4, U JIeXKaT OT

Hee Ha OJMHAKOBBIX PACCTOAHHAX ~-. KaXaan mpumutipHas uenas
TouKa HMeeT GeCKOHeYHO MHOTrO JIEBHIX COCELEH, Bce OHH JeXaT Ha
OfHOH TpPAMOH M NPUTOM HAa PaBHEIX PACCTOAHHAX.

1) 1, 0m s—1, 1 sBagiorca cocexamu. JluaroHanb NOCTpOEH-

HOTO Ha HUX NapaJuieiorpaMma uMeer ARy )/ s2-- 12, Dta quaroHass

*) Tekke, cTp, 71.
14 T. Ionua, I, Cere, u. It



402 PEWEHUYA

MOXKeT GhITh 3a/lepKaHa B CBOEM NPOJOJLKEHHH JIHIIb lprmM paguyca p
¢ mentpoM B 1, O wiu s—1, 1. ITostomy p= Vars

2) Mcxona U3 npou3BOJBHON NPUMUTHBHOH LEJNOH TOUKH P, ¢, JexKa-
mel B Kpyre x2-4 y? << s?, OTHICKHBAaEM CaMOTO KpaHHEro us ee
JeBLIX cOcenefl, Jexamyx B 3TOM Kpyre; mycTb 3To Gyaer p’, ¢’
(3uauut, p’ 4 p, ¢’ 4 g nexuT yxe BHE Kpyra x° -+ y?=<s%). Takum xKe
obpasom nycTh p”, ¢" GyZeT caMblil KpaiiHuii JeBblit cocen Touku p’, q';
p”, ¢ —camplil KpaliHuit JeBeii cocen Touku p’, ¢” ¥ T. 4. [Tocne
HEKOTOPOTO YHCJA 71 WIArOB MBI TIPHXOAMM K TaKoﬁ TOUKE p("), q(”),
qzo Igapameﬂorpawmu nompoe}mue Ha p,gup,q,Hap,q n

q, Ha pnY) gl y pln) | g(n) | MOTHOCTBIO NOKPBIBAIOT KPYT
x2+y = 1 L[HamHaJIb MapaJIiesiorpamma, focTPORHHOrO Ha TOUKaX p,
g up', g, Goablie s, pacCTOSHHS TOueK p, ¢ U p’, g’ oT 3TOH AHa-

rOHaJsiM MEHbIIE R Ecan TIO3TOMY MNbl OITHIIEM BO3JIE KaxKaoHd TOUYKH

r 14 l v
p,q; 0, q s ... p, ¢ Kpyr panuyca ~» TO KamIplft JyY, BBHIXOAA-
uwuit u3 Toykd 0, 0, GyleT 3ajep:KaH ONHHM H3 3THX KpPyros, a AHa-
ronany — paxe asyms. CreropartensHo, pl—-

240. [A. J. Kempner, Annals of Math. (2), r. 19, cTp. 127—

136, 1917.] IlycTs X pauHoHanbHO, DPABHO %, rie p, ¢ — NpHMH-

THBHas nesas Toyka [pemenve 239]. Eciu ykasaHHas jopora HmeeT
touky O, O Ha cBoeM TpaBOM Kpae, TO cipaBa OHa OPaHHYEHa Mps-
mofi, coepunsmomen 0, O u p, g, cneBa — npsAMOH, Ha KOTOPOH JiExKaT
JIEBEIE COCEAH TOYKH p, ¢ [pewenwne 239]. lllupuna noporu pasHa

BEICOTE TapaJsiesiorpamMma miomand 1 ¢ oceoBamneMm } p*-+ g%, T. €.

1 p
aBH ———
P Vet

=q (~> Tem cambiM
q

(5 =5V 15 =+

B cnyyae uppanyoHasbHOro x umeeM f(x) = (x) =0 [II 166]. (11 99,
IT 169.)

241. CoepunuM Bce Le/ble TOUKH, CPaBHHUMBIE 10 MOAYJIO n,
B oauH Kiacc. Torpa nosyuyutcs n? passauuHeix KaaccoB. Ho &n? 41
OG'BEKTOB HeNb3sl TaK paclnpeienuTb Io n? KieTKaM, YToGhl 1o Kpaii-
Hell Mepe B OJHOH He oKasanocb 6osee yeM k OOBEKTOB.

242. [H. F. Blichfeldt, Trans. American M. S., 7. 15,
crp. 227 —235, 1914; W. Scherrer, Math. Ann., 1. 86, ctp. 99,

1922.] PaccMorpum pemmeTky co CTOPOHAMH KBajipaToB + T € CoBO-

X
KYNMHOCTb YHCEN 4, %, rae x, y, N —uensie ydcaa. IIycTh 2y TOuek
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5Tofi pelmeTKH NajanT Ha o6JacTb ¢ miaomaznsio F. Toraa A}im z—"::F.

-0 ¥-
Ilyete F>[F]. Cpean zy Touek cymectsyer [F]-+1 cpaBHUMMBIX
mod N, ecin N pocratouno sequko {241]. OrGupasd ux (HoJjb3yschb
1eM, uro N —co), NpHXOauM K TpefyeMoMmy pesyabTaTy. Cayuah
F =[F] npuBoauTcsA MO HENPEPHIBHOCTH K y3Ke Pa300paHHOMY; MOKHO
PaccMOTPeTh M HCIOCPEACTBEHHO, HaLIexKamuM o6pa3oM H3MEHHB Ipo-
BCACHHEIE PACCY K AEHHUS.

243. [/lamsreiimne pesysbTatel M. y R. Fueter und G. P6-
lya, Zirich. Naturf. Ges., 1. 68, ctp. 380, 1923.] [Tycts N — 11es10€
uneao, N > 1..B yacTu n/iocKocTH, TAE OHOBPEMEHHO yoBACTBOPSIOTCA
TPH HEPaBeHCTBA

flx, y=<=N, x=0, y=0, ' (*)

JeKAT B cUAy ycloBmit 1), 2) poBHO N uEIEIX Touek, T. €. TOuek,
I/ KOTOpBIX X M Y — leJbie yncia. [lepBoe u3 nepaBeHcTB (¥) MOKHO
3alHCcaTh CJICTyIOUIHM 00pa3on:
1 1 1 1 1
P <XN m, yN 1n>+N m (Pm—]_(xN m yN m)_l_
2 1 1\
+N ’“cpmAg<xN o yN_ ™ )+ o=z,
OGosnauum yepes F njotanb o6aacTH, BbACIAEMO HEDaBCHCTBAMII
i
Oom(y, y)=<1, x=0, y=0 (*%)
1 1

(F, 110 TIPEATIONIOKEHUIO, KOHRYHO), H PACCMOTPUM Touku XN ™, yN m
C LeJBIMH X, Y (3TH TOYKH 0OpasyloT OHYEHb MEJKYIO DELICTKY).
2

B oSaactu (**) gexur npubausutesbHo FN ™ Touek 5Tofi MesKofi

PELIETKH; 3aKJouyaeM, YTO YKHCJI0 TOYECK pelleTKH CO CTOPOHaMH I,

3aKJoyalomuxcess B oGnactd (*), npu GeckoHeyHo Bo3spacrawomeMm N
2

acHMITOTHYeCKM paBHO FN ™. Ho, KakK ye CKasaHo, YHCJO 3THX

TOYEK B TOYHOCTH paBHO N. M3 acuMNTOTHYecKoro COOTHOIUCHHS
2

FN™ ~ N
3aKJII0YaEM, YTO
m=2, F=1.
244. [Cv. W. Ahrens, Mathematische Unterhaltungen und

Spiele, 1. 2, crp. 364, Leipzig, B. G. Teubner, 1918.] ITycrs uersipe
YUCJIOBBIE CHCTEMBI

X1y Xas ey Xy
Y1» Yoy covy Yo
X1 — Y1 Xo — Yo, covs Xp— Yns
x1+.’/1’ x2+y2’ LR xn+yn

14%
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o6pa3yioT mosHylo chcremy BeueroB mod n. ITosarast x, —yu=r,,
Yy = Sy, IPHXOIHM K NpOCTEHIIHM ciyyasm p=2, p=23, cooTB, p=5
TeopeMsl 247,

245. [A. Hurwitz, sagawa, Nouv. Ann., cepus 3, 1. 1,
crp. 384, 1882.] 748y, 79Say ++vy 7¢Sq, OUEBHIHO, He ofpasyeT NOJHOMH
cucreMul BelyeToB mod g, ecoi 7 =53 =0 (mod ¢) u a=~p. IIpumem
No3TOMy, uTo re=s5,=0 (mod ¢); Toraa

Tyl os Fg =883 ... Sgq=1-2... (g—1)=—1 (mod q)
W, 3HAYMT,
7181 798y vvn TggSqq=1£1-2 ... (¢—1) (mod g).
Depa npuBencHHyi0 cHcTemMy BbveToB I, 2,...,g—1 B dopme g,
g, ..., g%' (g—npumuTuBHBI KopeHb mod g¢), BHAHM, uTO Halla

TeopeMa MpejcTaB/fgeT cobofi 4acTHeIA caydald Teopemnl 247 mpu n =
=qg—1, p=2.
246. [A. Hurwitz.] HocratoyHo paccMOTPETb CYMMYy
S=142"+ ... 4 p*

Eciu A we KpatHo p—1 ¥ g— npuUMHTUBHHH KopeHr mod p, TO
gh—1 He meautcsi lla p; M3 CpaBHEHHH

g8=g+@E 2+ 3+.. +@)=Ss,
S(g*—1)=0 (mod p%
BoiTekaer, yto S=0 (mod p*). Eciu A xpatHo p—1, To cpaBHeHHE
P2 L (p)=—p*! (mod p)

Buno/IHseTcA npu o = 1. [TycTb OHO BBINOJIHAETCS [pPH HEKOTOPOM C.
Torna

1*+2i‘+ v (P =
r
= 3 [(1+kpoP 4 @4 kp? + ...+ (P +hpM =

k=10
p—1

—1
=S P ) e S R (L2 4 pa0-D) =

k=0 k=0
Ep(lh‘l‘%“"--“l‘,vuk)+7VP°°-Eﬁg—i(lh‘l-}-%‘l—}-...+p°°(7“'1))z
=—p® (mod p*").

247. [A. Hurwitz, ed. 1. c. 244.]
1) Ilonoxkum r,=s,; Toraa

(r+9)=@2n, (+29)=@r)y ..., r+(p—2)s)=((p—1)7)

GyayT NonmHbIMH cucreMamu Buiweros mod n, u6o wueaa 2, 3, ...
..., p— 1 —B3auMHo npocTHE C 1.
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2) Ecin p=2, cenoBatesbHO, f —YerHoe, H ecJa# G6H (7), (),
(r-+s) OXHOBpeMEHHO fBJSJIHCh MOJHBIMH CHCTEMaMH BBIYETOB, TO M
HUMeJIH Ol

rntrntodrnn=ststodsp=(rt-5) F(ratsg) ..
b (ras) =142+ 4n=20E0 =% (modn),
OTKYy1a
(180 +(ra+5) +.. 4 (rat-5) =0=5 (modn),

YTO, OUEBHJHO, HEBO3MOXHO.
3) IMycrs p — Heuertoe u p* — BhICIIAsA CTENEHb p, BXOASAUAS B 1.

TTonoxxkum
1P-1+2P'-1+...+n1’_—1 =S

Ecmu 6w (), (s), (r+5), ..., (r-F(p—1)s) aBaAIUCH OJHOBPEMEHHO
NOJIHBIMH CUCTEMAMH BBIYETOB, TO Mpl HMeJH ORI

an (ry+ksy)P1=S (modn)

v=1

H, CJIeJ0BATC/]BHO, Nonarass anasd CoKpalieHud

n

p—1 — =Gt —
( o >Z o %% = Sg,

v=1
TpHULIH OBl K CHCTEME CpPaBHEHMi
kS, +E*S,+...+ kP28, k1S =0 (modn)
(k=1,2, ..., p—1).
OnpesenuTeab 3TOH CHCTeMbl COCTaBJEH M3 MHOXHTeJeH, 6émbmux O

¥ MEHbIIHX p, H, 3HAYHT, B3aMMHO mpocT ¢ n. Ho oTciopa Mul
HOIYYHaIN OLI, HaKOHEL,

$;=8,=..=85,,=5=0 (modn),

yTO HEBO3MOXKHO, TaK KaK S He JeauTCs Ha p* [246].
248.
n — yeTHoOE:

n%=n-nel= (no14 1)+ (214 3) 4.+ (n2 2t fn— 1) +
(1 — 1) (19 = 3) . (17— 1);
11 — HEYETHOE:
1o = ot (1 2) o (1 4) o (10— 1)
(13t = 2) 1 (1% — 4) + oo (L — ).
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249. Kaxipifi coG6CTBEHHBIH JeuTeNb OJHOTO M3 uucen 2, 3,
4, ..., n COACPKHUTICA B 3TOH K€ YHCJAOBOH MOCJAEA0BATENBHOCTH,
3HAYMT, HHTEpECyoLlee HAC YHCIO JOMKHO ObIThb NPOCTHIM. ¥ MHOXKAA

n
Ha 2 qUC/I0, MEHBINEE MJIH DABHOE -, MBI IIOJAYHa€M YHCJAO U3 yKa-v
33aHHOH 110C/1e,10BATEbHOCTH; 3HAYUT, HHTEpECYIoLIee HAC YUCJIO ROJI2KHO

n
OLITh OOJIbIIE 5

250. Ilo teopeme YUeGbumeBa: nycrtb n1>>2, p— IpoCToe YHCIO,
n;'p>—g~r. Torpa

1 1 1 1 M  N4+pM
1+“2’+--'+"E+---+71‘='E+'1V—TN—,
rie (M, N)=1, (p, N)=1, otkyra (pN, N-+pM)=1. IpoSp ne-
coxparuma. bes teopembl UeGnimea: cum. 251.

281. [J. Kiirschak, Math. é phys. lapok, 1. 27, c1p. 299—
300, 1918.] Mt Gynem roBOpHTBH, YTO o €CTb «CTENEHb HETHOCTH
yyucaa n», ecad n JeJauTcss Ha 2%, Ho yxkKe He JAeJuTesd Ha 2%,
2%, 3-2%, 5.2%, 7.2% . .-—uucaa CTeNeHH YeTHOCTH o. Mexny
HUMH Jexar u4ucaa 2-2%, 4.2% 6.2%, ..; takum o6pasoM, MeEKLY
JIOGBIMH JIBYMS YHCJIaMH OJMHAKOBOH CTENEHH YETHOCTH JIEXKHT YHMCJIO
Gonbime# creneHd vetHoctH. [lostomy cpeau umcen n, n-+1, ...

., m—1, m UMeeTcs B TOYHOCTH O A HO C MAaKCHMAJLHOH CTENEHBIO
yeTHOCTH W. MHOXuTEnh 2% B 3HAMEHaresne He COKpallaercs.

252. [G. Pélya, sanaua, Arch. d. Math. u. Phys., cepus 3,
1. 23, ctp. 289, 1915. Pemenue—S. Sidon, Tam xe, cepus 3,
T. 24, ctp. 284, 1916; nanaraemoe HiIke pelUeHUE NPHHAJEKHT

A. Fleck’y.] Hocrarouno paccmoTperb caydait &=, FIe k—uenoe.’

o
Ilycrs n penutest wa 1, 2, 3, ..., /n] M, 3HAYWT, TaKKE Ha Hau-
MeHblllee ofwee kpaTtHoe V stux unees. Ilyers, panee,

b
pr<=V'n < puy, V=phPle...pi,

rae p, ofo3Hayaer v-e npoctoe uucao. Ilokasarens my ONpEALIAETCH
ny, k— m, -1 e~ o2m
HEpaBeHCTBOM p, “=<7) <ph AT, B u4acTHOCTH, 1/n <p, * A=

7" ’
=1, 2, ..., L. Tlepemnoxas Bce 3TH NOCJEIHHE HEPABEHCTBA, MOMY-
1

yaem n* << V2. 13 nNpemnoJomeHHs BhITEKaeT, aajee, uTo V<n,
TAKHM 06pas3oM, OKOHYATEJBLHO

l ke
=<2, VA <pw n<pk,
Hanpumep, npu k=2 umeem n<<49. K pesyabrary 24 NpHXOIuM,

nepeGupast 3TH 3Havenust 7. Ilpy k=3 HaHGOMBIIMM JOMYCTHMBIM
3HaYeHHeM A n cayxur 420.



OTHEJI BOCbMOFT 407

253. [L. Kollros.] Ilycts HauMeHbIUHE MOJIOKUTENbHEIE BEYETH
uucen P, 10P, 10°P, ... (modQ) 6yayT p,, pi» Pg» -... Ecam

P
6 = a,a1a2a3 ceey

Tie ay, 4, @3, ...~— JCCATHUHBIE 3HAKH, TO
Po Pr
o= 0,0,a,05 ..., 61— = 0,0,0504..., —Q— =0,a,a,05 ..

Orcioga BmITEKACT, YTo AJIMHA Kparyaiillero mepHoja [ paBHa IIOKa-
3are/io jecATH nmo Moaymo Q, T. e, 10f=1 (mod@Q) u BCAKas
HH3Wad creneHb fecard == 1 (mod Q). Ecau [ — uvernoe, [=2A, crano
6eith, (104 —1) (10*+1)=0 (modQ), o 10*=—1 (mod Q), caeno-
BareJbHO,

Po P ;
-+ o= 0,0.0,05 ...00, ...+ 0GB - Ay ... 3, =0,999 ...,

T. e,
g+ aa=9, a+3m=9, ..., ;,+a;=9.

Ecnu Hanmporus, [-— HEYETHoe, TO, OUEBHIHO,
ata+t ... +a _9_
{ 7 2°

254. [E. Lucas; cv. A. Hurwitz, Interméd. des math.,
1. 3, cTp 214, 1896] :

1) Ecom 3= 1 (mod n), 3nauur, 32 =1 (mod n), T0 3 npn-
Hagjexur (mod n) K noKasaremo 2" = n — 1, Ho nokasaresb siBasiercs
JesNHTeNeM yucaa @ (n), 3HauuT, @(n)=n—1. Orciopa caeayer,
yto ¢ (n)=n—1 H A — IIPOCTOE UHCJIO.

2) Ecan n=2"4-1 ectb npoctoe yucno, h=2, o n=1 (mod 4),
160 h 1O/MKHO ObIThb YeTHBIM, = 2v. (B npotuBHOM ciiyuae Gbiio Gbl
22414 1=4v.24+ 1=0 (mod 3).) Ilo 3akoHy B3aUMHOCTH

n—1
3 n 4v 1 2 . 2 _ /3
<7{> — <~§> = <__3 ) = <?> =1 3? = (7> (mod n).
2585. [Euler, Opera Postuma, 7. 1, crp. 220, Petropoli,
1862; G. Pdlya, 3anaua, Arch. d. Math. u. Phys., cepusa 3, 1. 24,

CTp. 84 1916. Pemenue—QG. Szegd, ram ke, cepus 3, T. 25,
CTp. 340 1917.] Ecou Obl x, y, 2, ¢ ObLIO peLIEHHeM, TO YHCJO

4zt +1

QT =4zx—1

Goto 6Bl LEJBIM, T. €. .
(22t)* ==z (mod 4yz — 1).
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Tlyctb 2 =2%2", a==0— nenoe, 2" — HeueTHoe. Torxa

( —z )_ —1 20 ( 2
dyz— 1) \dyz—1)\4yz—1 ) \4yz2—1)"

TlepBoiii MHOXKHTenb paseH —1. Tperu#l MHOXKHTENb paBeH

’ ’

e

Bropofi MHOXHTeNb, ecln o=2k-+ 1, k#=0— nemoe, 2=22", paBen

<4y22_1) = (8y2712___1> =1,

u ectn oo=2k, k= 0—nenoe, paBeH
1
(4y2~1>= L.

—2
(4yz—1)=_1

B IPOTHBOpEYHe C BBIMHUCAHHKIM BHILIE CpPaBHEHHEM,

256. [G. Po6lya, sanava, Arch. d. Math. u. Phys., cepus 3,
1. 24, crp. 84, 1916. Cm. Gauss, Disquisitiones Arithmeticae,
crp. 125; Opera omnia, 1. 1, crp. 94—95, Gottingen, Konigliche
Gesellschaft der Wissenschaften, 1863. Pemente — P. Bernays.]

1) g=1 (mod4). Ecmu p—rnpocrofi gesutesp uucaa g—4, To
q p

(?> = (—q-) = 1; ucrnosb3yercss To, 4TO ¢ > 5.

Jlanee, OMKHO CYLIECTBOBATh HEYETHOR NPOCTOE YHCIO p << ¢, AJIS
KOTOpOI'0 (%) = <%
BCE HEYeTHBIC YHCJsA ¥, MCHbIUME YeM ¢, 3HaYHT, ¥ BCE YETHBIE YHCJIA
g—u 4, HakoHel, Bce BooOmwe yucra 1, 2, 3, ..., ¢—1 Oblau Gu
KBaJpaTHYHLHIMH BHYETAMH YHCJA (. .

2) g=—1 (mod4). Ilo kpafinci Mepe OfHH NPOCTOH AGMHTENb P
yucaa ¢ — 4 takxke =-—1 (mod 4); a1 Hero <i> = — % =1.

1

2a) g=T (mod 8). U3 uernipex uyucen qé" ,qg_g’ q—'é%, q—';;g
OfHO M TOJBKO OJHO HMeeT BuA 4n--3; OHO oGsanaer HpOCTHIM Je-
JUTENEM p TOIO XKe BHAa M mpuToM p<<g, ecad ¢ >7. VimeeMm

i R

26) g==3 (mod 8). V3 ABYyX HeueTHHX Yucen ——";—l H illg OfHO U

TOIbKO OAHO OyJer puja 4n-+3; OHO 06.ajaeT HPOCTHIM JETHTENEM P

TOrO K€ BHJQ, U p < ¢, €cNH ¢ => 3; umeeM (—Z) = <_71> =—]=— (%)

Hrax,

>=—1. JefcTeuTeIbHO, B NPOTUBHOM CJyYae
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257. [G. P6lya, sanaua, Arch. d. Math. u. Phys., cepus 3,
1. 21, crp. 288, 1913. Pemenne—O. Szdsz, G. Szegd, L. Ne-
der, tam xe, cepua 3, T. 22, crp. 366, 1914. Cu. W. H. Young
and Grace Chisholm Young, The theory of sets of points,
crp. 3, Cambridge, University Press, 1906.]

[Tepsoe pewenue. IlycTe n—1enoe MoJOKHTENbHOE YHCIIO.
CyliecTBYIOT NMpPOCTHE YHCJA, B JECATHYHOM IIPEACTABJIEHUH KOTOPHIX
COZEpIKHUTCS [0 MEHbLIEH Mepe s HyJeH, CaeAyolHX OXHH 3a APY-
ruMm. [Apudmernyeckas mporpeccus 107+1x 1 conep:kuT GeckOHeyHoe
MHOKECTBO npocThix yuces, 110.] IlostomMy ykasanHas jecATHyHas
Jpo6b He MOMeT CBITb INEpHONHYECKOI.

Bropoe pemwenune. B cuay teopemnl UYeGwmmesa [1. c. 249]
CYLIECTBYeT N0 KpaiHel Mepe 0jHO IPOCTOE YHCJIO, HMEIOLLee 3ajaH-
HOE YHCJO JEecATHYHHX 3HAaKoB. Lcin ykasaHHas ApoGb TepHOjHYe-
CKasl C NepHOJIOM &y, Gy ..., &, R==2, To BHOHPaeM r cTOJAbL GOMb-
UMM, YToOBI ITIPOCTBIE 4YHCAa C kr uudpamu Jexand 3a nudpoit a,
nepporo nepuona. IlycTe x 6yjer HauMmeHbliée M3 TPOCTHIX YHCEJ
¢ kr nudpamu. Toraa BO3MOXKHLI ABa Cayyasd:

1 2 ’ r

1) x=ma, ...G40 ... Q... 010, ... G,
1 2 r

2) X=QuOpg - QpyQs .. Qp oo Qi oo Gyl ... Q;, [ > 0.

B repeoM cayyae mnpejnosaraeMoe NMpocToe YHCAO X JAEJHJIOoCh Obl Ha
aya, ..., BO BTOPOM —HA Quylpp ... Gy ... a!
258. 13 dopmysnr Tefiiopa nonyuaem
0

1 1 1 n
e=1+g+o+ . tytamm 0<t<l

.
n=0,1, 2, ... Eciu 6bl e GblJIO pPaBHO < (r, s—ueanle NOJOKH-

TeJIbHBIE B3aHMHO IPOCTHIE YHCJHA, S$==2), TO, NONOMKHB 1 =8 H YMHO-
JKasg ofe uacTH Ha 8!, Mpl MOJAYYHJH Obl, YTO

1 1 i es
! —_ _— e ——— — —_—— = ——
S‘(e l—i7—35 s!) s 1
ecth uesoe unciao., Ho
0
e’ e
O<qr<s<L

259. Eciu Obl 44 HekoTophlx nenwix 4, b, ¢ (|a|-+1b]>0)
YAOBJETBOPAJIOCH ypaBHeHHE ae-+bel+4c=0, To dopmyna Teisopa
s QyHKIUH ae* + be™* nana Gl

" . ] -0
_ a+(—=1Vb  aer—(—1)2be 7
—t= Z T (1) » 00, <,

v=20
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n=0,1, 2,... llycts n==3]a|+|b|— 1 Bebpano Tax, 4TobHl 3HAK
uacsia (—1)%b cosnmagan co 3HakoM uuena —a. Torza [cm. 258]

aee” — (=l be” %

n+1
6e110 661 neaeiM. Ho
) —0 8 -9 ,
lajen+|ble * _ |ae—(=1)Pbe " 3laj416]
0< n-1 - ni1 < 1 <.

260. [A. Hurwitz.] Ilpn nemmx n
'y ' (1 1 1
T(n)  T(Y +1+ 2 +‘3‘+'“+
CnegoBarenbHo,

I (nt D=nl (1 + 5+ 5+t —C).

261. n+(4—n)=3,9999...

262. [G. P6lya, sanava, Arch. d. Math. u. Phys., cepus 3,
1. 27, crp. 161, 1918.] Murepecyiomee Hac BbipaeHHE paBHO
[182, 82]

1
n—1"

fror 31y -2 A gt

rae J] pacnpocrpaneno ma Bee mpocThie yHC/a, MEHBIIHE HIH PaBHEIE
p>2
2n+1, ], —H#a npoctsie wHCaa, YROB/ETBOPSIOLLME HEPABEHCTBAM

3<p<V 2n, [ |, —#a npocteie uncna, yaOBIETBOpAIONUIHE HEDABEH-
crBaM V' 2n<p<<2n+1. Ecu n— oo, 10

o= g+ e+ -

— 2
Ipu p>1/2n umeem [%ﬂ = [pij
pAL ¢ YGLIBAIOMHMH WIEHAMH,

2 <[p2—,i1] B [?pﬁ]/\} <[W‘2;”]].< V‘2’2;—1 )

p>l/2_n

] =...=0. Kax 3Hakouepeaywumics

Orciona noayyaem
2n

1<, <(@n+ 1)V7~1,
1

n
15— 1.

H CJIeL0BaTebHO,
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Tlyets m=a,+a,p+ a.p*+ ... + a;p' — HatypaJibHoe unC0, 3amH-
CaHHOE B p-HYHOH cuCTeme, cTasno OHTb,

O<ag=<<p-—1, A=0,1,..., 1 a,>0.

_[ﬁ]_zg
P p’

mn
P
m m dy ay
p el =t

Torza

Crnoxenune 570l GECKOHEYHOH INOC/IEJOBATEbHOCTH pPaBeHCTB JaeT

e R I e R - R P

rocsieiHee — BeseAcTBHe Toro, uto /Inp << Inm. CnexoBatensHo, Mpu
3<p<Von
2n on n In 21 21n 2n
p[P— 1]—— [?]—[F]— mgplnp +1 <phr =(2n),
1
I<]], <@, 1]7-1

263. [G. PS1ya, Gott. Nachr., 1918, crp. 26.] Corviacho mpen-
TIOJIOXKEHUIO CYIIECTBYET JIHLIL KOHEYHOE YHCJIO CTeneHeil IpPOCTHIX
gucest p'@, ana Kotopeix |f(p'®)| = 1. Ilycts npoussenenne | | f(p'%)
6yzer paBeo C. KakoBo Oul Hu Gbuio &, 0 <& << 1, cymecTByer onsThb-
TAaKH JIMIIb KOHEYHOE YHCJIO CTENEHEH IIpoCTRIX uucea p”s”, ans
KOTOpBIX

7 (o) | =e| C I

CienoBaTesIbHO, Kaxk/Joe HaTypasjbHOE YHCJIO 7 33 KOHEYHBIM UHCJIOM
HCKJ/IIOYEHHH CONEPKHT ‘B CBOEM pAasJOXKEHHH [0 HpOCThIM YHCJAAM
N0 MeHbIIEH mepe OAHy CTENeHb IpOCTOro ymesaa P, aja KOTopoH

[F(PA) [ <e[C|™.
Torga

[F() | =IF(p°q®. . .PA) [ ={F ) [F (@) ... [ (PA)]...<
: <IC|-e|C[*=e.

264. [Ipuvenenne teopemsl 263 [25, 44]. Cu. 45.

265. Tpexunen ax?-}bx-c NMpHBOAHM TOrJa M TOJBKO TOTIA,
Korfa b%*—4ac paBHO KBajdpary u? uesnoro uucna. OueHum r,. Ilpexie
BCErO MBI OCTaBHM COBEpLIEHHO B CTOPOHE KOOPAMHATHHE ILIOCKOCTH
(@=0, b=0, ¢=0), KoTOpEHIE MOTYT NMpPHUBHECTH B r, CaMO€ GOJIbluee
3(2n+4-1® enmmnu. Takum obpasom, b Moxer IpPHHHMATL 21
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3HayeHuds —n, ..., —1, 1, ..., n. [lpn GuKCHpoBaHHOM b JO/KHBI
BBIIOJIHATBCST HEpaBEeHCTBA

b? —u?=4dac=—4n?, u®<<4n*+ b*>< bn?,

TNO3TOMY 4 MOXET NpHHHMMaThb camoe Gosbiuee 271/ 5n 3Hauenuit, u? =
= b® mepomyctumo. Ilpun ¢uxcupoBauHbix b u u, b*—u?=4ac, a

b
IIpHHUMaET 2t (L—T_> 3HAYEeHUH; HMH C YXKe BIIOJIHE OIpejesisercs.

Takum ofpasoM, oGo3Hayasi yepe3 T (n) Haubosbilee u3 yucena T (1),
T (2), ..., T(n), uMeeM

ra<<3@n+1242n-275n-2T (n?).

Ho t(n)-n-t—0 AJs Kaxnoro q)pxxcnpOBaHHoro e>0.[264].
266. Ilycts k>0, (>0, k+1=h,

o (x) =0y fo x4 ... +05kxk,
B =PBo+Bux+ ... +Bu¥

—JIBa UeJOYHC/JEHHHIX TOJHHOMA, B IIPOU3BEJEHHH  KOTOPHIX
o (x) P (x)=A (x) Bce KOI(DOULHUEHTH IO MOAYJIO He NpPEBOCXOAAT 1.
[lycTb, Kpome TOTO, O, O, g, B; OTVIMUHEI OT HyJf. Tak Kak yucio
YKA3AHHBIX B 33jaue TOJIMHOMOB, JUIA KOTOPBIX =0 um a,=0,
Oyler mnopsiika n”, TO JOCTATOYHO I0KA3aTh, UTO HHCTQ JOMYCTHMBIX
CHCTEM (%, Oy, ++-s Cky Bor P1s -.-» Bi) paBHO O (n* In?n).

- Iyctb x1<x2<...<xh OyAyT h HaUMEHBbIIMX HaTypaJbHBIX
upces, Aasi Kotopeix A (x) HEe paBHO Hy/mo. Toria, OYEBHAHO, Xp <<
< 2h. Hanee |a(xy)|, |P (xy)|— uesmble monoxutejbHble yuciaa, 05a
Bxoxsiuue B | A (xy)|. CnenosaresnsHo,

o (1) | << A (1) | < {1+ @0 + @2+ ... +@h)}n
(v=1, 2, ..., h).

Taxkoe xe HEPABEHCTBO HMEET MECTO M JIA B (xy). Orciona nmo uHTep-
nojsuHoHHOR dopmyne Jlarpanxa (ctp. 98) BhITeKaer, yTo Bee K03¢-
(QHIMEHTEl NMOJHHOMOB ¢ (x) u P (¥) MO MmoAy/MO MeHblie Yem Crn, rie
C 3aBUCHT TOJBKO OT A. MMeem, nanee, 1< oo | =<, 1<<|apfy|=<
=< n. Yucao JOMYCTHMBIX cuCTeM (04, o), COOTB. (2, Pi), 6yZer
nosromy [79, II 46] pasro O (nInn), 3nauur, uncao cucrem (o, Po,
o, B;) Oyaer paBHo O (n*In’n) ¥, HaKOHel, HCKOMOE YHCJIO PABHO
O (n*~1n=1p2In%n) =0 (n" In% n).




TIPUJIOJKEHHE
OTIOEJ OEBSITHHU
HEKOTOPBIE TEOMETPHYECKHE 3AXAYH

1. Touku moBepXHOCTH NoJH3Apa OGPa3yIOT 3aMKHYTOE MHOKECTBO
£, Tak YTO pacCTosiHWE TOYKH P OT pasnuyHbIX Touek O JOCTHraeT
MHHHMYMa. 3TO MHHHMAJbHOE PacCTOSHHE MOXKET JOCTHTAThCsl TOJBKO
B Takoll Touke M MoBepXHOCTH, The mpsmas, coefunsiouias M c P,
TNepreHAuKYyJIsiPHa KO BCEM Halpa BJICHHsM, BHIXOASAUMM U3 M 1o nosepx-
HoctH ©. IlosTomy M He MOMKeT HAXOAUTLCS HH B BEpUIKHE, HH Ha
pebpe NOBEPXHOCTH, a JOJXKHO JieKaTb BHYTPH KaKOH-IH60 TpaHH.

2. [G. Pélya, Téhoku Math. J., 7. 19, ctp. 1—3, 1921.]

3. [II 121.]

4. [Cm. H. Dellac, Interméd. des math., t. 1, crp. 69—70,
1894; cm. Taxxe H. Poincaré, tam xe, T. 1, crp. 141—144, 1894.]
IMonoxuM A cosx-+ Bsinx=u, rae A, B —nocrosuysie. kMeem

S Du= (" Hu—f ) = (Fu—fu);

orCloa CICAyeT
a+m

1. S [f" () +F (x)] sin (x— @) dx =] (@) +f (a+7) >0

b
2. S[f” (*)] sin (x — a) dx=f" (b) sin (b — a).
Ho ' (b)< 0 [pewenue V 10]; ecnu 6ul 6bLI0 b—a<<m, To JeBas
yacTb 6bma OBl MOJIOXKHTENbHA, a NpaBas HeOTpHIaTe/bHa.
5. [W. Blaschke, 3anaua, Arch. d. Math. u. Phys., cepus 3,
T. 26, crp. 65, 1917. Pemenwe—G. Szeg0, Tak ke, cepud 3,
T. 28, cTp. 183—184, 1920; cm. Takxke W. Siiss, Deutsche Math.
Ver., 1. 33, crp. 82—33, 1924.] Ilycrs

h(g)~ %‘1+ 2 (hn cOs g+ k, sin ng)

n=1\
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ecTh psg Dypse (pyHKumI h(g). Toraa r(p) umeer psg DPypoe

f(CP)N—~—l— 2 (1 —n?) (h, cos np -+ k, sinng),

n=1

u6o BCaeAcTBHE nepuoiuyHocTH GyHKuHH A () u A’ ()

2n 27 B
S r(p)eir®do=(1—n? Sh(cp)e""‘Pdcp n=0,1, 2,..).
4] 4]

Hanee

PO =1 @)~ 3] (1= ) [~ (1] e COs 1+ s ) ~

~2 i [1—(@2v+ 1)¥][rgni1c08 (2v 4 1) @ 4 kyyia Sin(2v + 1) @] [ 11 141].

v=1

6. [G. Pd1lya, 3anaua, Arch. d. Math. u. Phys., cepus 3, 1. 27,
crp. 162, 1918.] Ilyers H (M), h(¢) —onopuuie ¢yekunu, R (D),
r () — pamuychl KpHBH3HBI yKa3aHHBIX KpuBbIX. Torja
27 27

[ (D) = h(@)][R (D) — 7 (¢)] dD dp=

70

{ [H @) 4-h (9) r () —h (9) R (D) — H (D) 7 ()] dD dop =
0 0
=2n.2F42n.2f —IL—LI.

[\-]

¥
T

Cornaceo npexnonoxenuto H (@)=h (¢), R (®)=r(p) A1s BCEeX map
snayenui @, ¢. CrefoBaTenbHO, NOCJACKHES BBIPAXKCHHE HEOTPHLA-
TeJILHO.

7. [C. Pélya, szanava, Arch. d. Math. u. Phys., cepus 3,
T. 27, crtp. 162, 1918.] Ilycte H (Q), h(®)— omopHbie QYHKILHH,
R(Q), R"(Q), r(®), r' (v) —riaBHble pagnychl KPUBH3HbI YKA3aHHBIX
BbIHyKJIbIX HOBerHOCTeﬁ. Toraa

(§14 (@ w)][R R (Q) —r(0) 7' (0)]dQ do =
SS[H R(Q )R ( )+h( )r ( )r (@) —h (@) R (Q) R (Q)—
—H( )r )] dQ do =47 -3V 4-4n - 3v — mO — Mo,
§§ 1 (@) —h @R <9)—r<co)] [R' <9)—r' (0)]+
+[R @) ][R (R) — r (0)]} dQ do =
={{{2H (@ ) (Q)R"(Q)— () () ()+2H(Q)r(w)r’(m)+
+[R(Q)+R" (D]h (o) [r (@) + ]—2h JR(QR'(Q) —
—[r(w) r (w)]H(O)[R( R"(Q)]} dQde =

6-4nV —6- 4m—l—2Mo+2M-20——2m0—2m-20.
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Cornacuo NpefioNoKeRUo
H(Q)=h(e), Min[R(Q), R"(Q)]=Max[r (), ' (w)]

A Bcex nap 3Hauvernd R, o. CnejgoBaTesnbHo, 06a BBITHCAHHBIX
JBOMHBIX MHTETpajsa HEOTpULATENbHEL
8. B ¢opmyse Taycca

SS(Xcosa+ycosﬁ+2cosy)ds;.gs (%Jrg_‘yﬁr%g) dxdydz

noJaraem
X=1, Y=0, Z=0, cootB. X=0, Y=—2, Z=y.

9. Cu. 10.

10. [Cv. Nouv. Ann. de Math., cepus 4, 1. 16, crp. 140,
1916.] PaccmoTpuM mNapa/ielbHYI0 NOBEPXHOCT Ha DAcCTOSHHH 0,
TOUKH KOTOPOH TaK CONpSIKEeHBl ¢ TOYKAMH 3aJaHHOH IOBEPXHOCTH,
4TO B COOTBETCTBYIOIMX APYT APYTy TOYKax Hopma/pb obuad. Koop-
JHHATH, HANPaB/SOLIHE KOCHHYCHl HODMaJH, IVIaBHBIE PaiuyChl KpH-
BH3HBI M 3JIEMECHTHl IIOBEPXHOCTH B CONPSXKEHHBIX TOUKAaX 3a]1aHHOM H
napaJsiieIbHOH K Hell moBepxHocTefl GyayT COOTBETCTBEHHO pPaBHBI

X, Y, 2z, x-+tpcose, y+pcosP, 24pcosy
coso, cospP, cosy COos 0. cos B cos y
Ry, R, Ri+p, Ry+p
(R1-+p) (R3+p)
ds Td&

Tlpumensis 8 XK mapaJdaenbHOH MOBEPXHOCTH, NoJdyyaeM
{§eosalt+8 (14 £)as—0, ...,
SS(ycosy—;cosﬁ)<1—|—R%><1+}%>d8=0,

PaccMarpuBas p Kak IICPEMEHHOE U TNIpPHPaBHUBAA Ko3(pHLHEHTSH
npu p?, p, 1 vymo, cHoa nosyyaem 10, 9, cooTs. 8.

11. CoBepumiaeM npefenbHbI mepexos H3 9, WAH npumeHseMm 8
K «lapanjejbHOH NOBEPXHOCTH» MOJHM3Apa U paccMaTpHBaeM Ko3dou-
LHEHTH TNPH P, HWJH K€, HAKOHEL, CJeAYIOUMM o6pasoM: passaraem
cuny K Ha JBe KOMNOHEHTHl 0 TPAaHAM INOJH3APA, CXOAALIMMCA Ha
peGpe k; mosyuaemas NIpDH 3TOM HOBAasi CHCTEMA CHJ OCTaBJsAeT Kaxk-
AyIO I'PaHb B OTJAEJAbHOCTH B DaBHOBECHH, II0 aHAJOTy TeopeMbl 8
JUiA TIJIOCKOCTH,

12. [G. Pélya, 3agaua, Arch. d. Math. u. Phys., cepus 3,
1. 25, crp. 337, 1917. Pemenne — K. Scholl, ram xe, cepusa 3,
T. 28, crp. 180, 1920.]
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ITeppoe pemenue. Ilycrb KOOpAMHATH H HANpPapJAIOLIHE
KOCHHYCHl IVIaBHBIX HopMaJiell GYAYT COOTBETCTBEHHO

dx dy d%
& M=rgg, n=r

X Y, 2 Il=r= e N=Tgas

TIpH ONHKCHIBAaHHU KPuBO# s uameHsiercs or 0 go L; X, ¥, 2 1 uX IIpo-
M3BOAHBIE MPHHUMAOT NpH s=0 M s=L oJHHAKOBLIE 3HAuEHHUS,

Hmeem
¢ ds Ld : L
§17 §d2ds-—[ L:o,

(ny—mz)7= g (y&—z@> ds=[y‘—15—zdy}§=0.
0

ds? ds?

Oy

Bropoe pemweHue. CemefictBo chep ¢ pagHycoM p ¥ TOYKaMH
KPUBOH B KayeCTBE LEHTPOB HMEET OTUOAIOWIEH «KaHANbHYIO TNOBEpX-
HOCTb»; IpUMEHSIeM K Hell 8 ¥ 3aMeHAeM CHCTeMY CHJ, ACHCTBYIOIIHX
Ha TIOBEPXHOCTb, CHCTEMOH CHJ, AEHCTBYIOIHX Ha KPHBYIO.

18. [K. Lowner.] B o6o3Hayenusix nepsoro peulenus 3ajauu 12
TeKylllye KOOPAMHATH CpepHuecKod HHIHKATPHCEL HMEIOT BHJI

__dx _dy _dz
b=% =% (55
Hmeem
L L L
{eds={nds={tds=0
0 0 0

.CnejoBare/lbHO, BOOOLIE AJs MoGOH CHCTeMbl BeleCTBeHHBIX YHces o,

B, v i
§(a§+ﬁn+v€) ds=0

CyulecTByioT No MeHbluell mepe ABa 3HAueHHsA S, AI KOTOPHIX al -+
+ ﬂn-l—vc 0.

[K. Lowner.] Benencrsue  yeaosuss  3) F(X) mpuHMMaer
KaK B6Jm3H TOYKH @, TaK U BOJM3H TOYKH b oTpHuaTesibHbIE 3Haye-
HusA. Eciu 661 nosTomy F(x) Oblia MOHOTOHHOH, TO TOIJA Mbl HMENH
6o F(x)<<0, f"(¥)<<0 Bo Bcem uHTepBaje a<<x<<b. Ilycrp E,
a <& << b, —enuHCTBeHHEIH HyJb npousBoaHoil [ (x), Tak uto [’ (x)
or a jo £ nomoxkurenpHa W oT & jgo P orTpuuarenvHa. Murerpan

SF(x AP () dv=— 4 e (*)
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CXONHUTCS, ¥ BCJEACTBUE YCJOBHS 3)
b t , b
SF@F@f 0 de={F@)f@)F (x) dx+§F(x)f(x)f' (¥) dx=0.

Orciona caefyer, NOCKOJABKY BCE MHOXKHTEJNH COXPaHSIOT MEXAYy a U &,
COOTB. MeXay & H b, NOCTOSIHHBIH 3HAaK, YTO

b

g
F o) [0 F () dx-+-F ) 0O () de=
=(F)—F) L 0, a<y<i<x<o,

1. e. F(x)=F(x) =—c¢, ¢>0. 3nauut, F(x)=-—c B uHTepBaJe
Xy << X< X,. 13 AByX NOCJGNHUX pAaBEeHCTB CJEIyeT, YTO

? (F (x) = F (x) F)F (@) dx 4+ § (F (x) = F () (0 F' (%) dx=0.

Tak Kak 06a MOJUMHTErpaJbHBIX BBHIPAXKEHHS HMEIOT OAMH H TOT XKe

NOCTOSIHHBIH 3HaK, To F (%) =-—¢ BO BCceM HHTepBaje a < x<b.
H3 (*) noayuaem
Fer _ 1 1 ' —_—
—cT g T Ty Ty er W= —ZL_WV[{L’

rIe 3HaK -+ NpHHHMaercs B MHTEpBaje @< X< § H 3HAK — MPHUHH-
MaeTcs B HHTepBante E<Cx<<b. Bo BCem HETeppasie HHTErpHpOBaHHS
JIOJKHO BHINOJIHSITHCS HepaBeHCTBO [f (x)]2 << ¢, MHTerpupoBanue faer

x—a=Ve¢l— l/‘ [ O a<x<E,
b—x=)c¢c1—Vc )P _§<x<b.

U3 wenpephIBHOCTH  (yHKIHU f(x BhITEKaeT, 4ro §—a="b-E,

g:“jb; zanee [f(E)]?=c™, ubo B nmpoTHBHOM cuiydae Avddpepe-
nUpoBaHMe MO X jamo 6bl 1=— 1. CaenosarenbHo, E—a=7)c1,
OTKyja .
1
o= (E—a)p = (b —a)?
"

fx)=V (x—a) (0 —x).

15. [K. Lowner. Cm. Takxe dopmyasl (89) B H. MlnkOWSkI,
Ges. Abhandlungen, T. 2, ctp. 263, Leipzig und Berlin, B. G, Teub-
ner, 1911.] Ilycts MepuauanHas KpuBas 3aJaHa ypaBHeHUeM y = [ (x),
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a==x<<b. Jlna suiyucaenus rayccosoit kpusu3He K (x) = K (x) K, (x)
B TOYKax IapajuiesH, COOTBETCTBYIOIIEH JaHHOMY 3HAUCHHIO X,
3aMeyaeM, Y10 MEpPHAHAHHOE CeycHHEe JaeT B KayecTBC ORHOH U3 IVaB-
HBIX KDHBH3H

Kl (x)= f” (x) i ]
A+ @12
Bropasi e TJaBHasd KpuBH3HA mnosyyaercs [meopema Mense; oM.
W. Blaschk e, Vorlesungen iiber Differentialgeometrie, 2-e uzn., . 1,
crp. 57—>58, Berlin, J. Springer, 1924*)] nyTem yMHOXKEHMA KpH-

BU3HBl COOTBETCTBYMOMIEH Napajsield Ha KOCHHYC yrja MexAy Io-
CKOCTBIO 3TOTC CEYEHHS H HOPMAJNbIO K TNOBEPXHOCTH:

K, () =—1 . 1
? f VIFF @R
f(x) ynoBnerBopsieT ycioBHSIM Teopembl 14.
6. [ITo J. Kiirschédk’y.]

B—v@—0+(r—a)c—a)+(a—p) (a—b) =0,
a(tc—a)+pleta—b)+vat+b—c)=0.

17. [G. P81y a, 3anaua, Arch. d. Math. u. Phys., cepus 3, 1. 27,
crp. 162, 1918.] O6o3naunm peGpa 3aMKHYTOTO BEITYKJIOTO MOJMM3APA
yepe3 ky, Ky, ..., Ky, BHYTPCHHHE YIJIBl NpH 3THX pebpax, obpaso-
BaHHBIE CXOAFLIMMHCS B HHX TDAHAMH, —HYEPE3 O, Clyy «..y Cipe
Mepoit M cOBOKYNMHOCTH BCeX IJIOCKOCTEfl, IepeceKarolux MoMH3ap,
6yner

M=y [ —oty) ey (01 = ) ey o (= ) o]

[G. P6lya, Wien. Ber., 1. 126, ctp. 319, 1917.] B xauectse npe-
JeJBHOTO CJydasl NOJydaeM, YTO Mepa COBOKYMHOCTH BCeX IJIOCKOCTEH
B IIPOCTPAHCTBE, MEPECEKAOMX BHIYKJLIH IIOCKHH MOJHTOH, paBHA

T
5 Xmepumerp sroro noaurona. OOpaTumcst Tenepb K TETPasapy,

m =06, IlycTb nuomanau 4eThipex rpaHed sToro Terpasipa Gyayt Uy,
U,, Us, Uy, Mepa COBOKYIHOCTH BCEX IJIOCKOCTEH, ME€peCceKaomux

TeTpas3ap, He 3ajeBas €ro nepBod TpaHu, OyleT paBHa M——gﬂU1

u T. A. IlycTb mepa COBOKYNMHOCTH TeX ILIOCKOCTeH, KOTOpHIE mepe-
cekaloT Bce ueThipe rpauu, Oyzer 7. Toraa

M:(M_%Ul)+(M—i;-UZ)+(M_%Uﬂ>+(m_%u4>+r

*) B. Baswke, [duddepenunanrcnas reomerpust, 1. I, OHTH, 1935,
crp. 100—101.
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TpeGyemoe HepaBeHCTBO IOYYaeTCst MyTeM MpeoGpa3oBaHUs Hepa-
BEHCTBA

0<T <M.

Bripaxenne, crosiiiee B cepervHe 3TOr0 HepaBeHCTBa, NpHOH-
JKAeTCs K €ro KpafHHM 4JeHaM, Korja TeTpasip CTATHBAercs B OTpe-
30K: K TIPaBOMYy, KOTJa K KaMIOMy KOHIy OTPE3Ka CTPEMATCH IiBe
BepLUHHLl TETPasApa, K JIEBOMY — KOTAA K OJHOMY M3 KOHIIOB OTpe3Ka
CTpeMATCH TPHU BepLIMHEL

18. [E. Steinitz, 3anaua, Arch. d. Math. u. Phys., cepus 3,
T. 19, crp. 361, 1912. Pemenne —W. Gaedecke, tam ke, cepus 3,
1. 21, crp. 290, 1913.] Ilomectum P, B HyJeByl Touky, P,— Ha
TOJIOKHUTEIbHYIO BEmIeCTBEHHYIO 0Cb, P; —Ha MOJOXHTENbHYIO MHH-
MyIo ock. ITycte runorenysa PP, umeer anuny d, d >0, yroa P,P,P,

It
paBeH o, O<a<—2—, BekTop P, P, NpeicTapnfgercid KOMIIJIEKCHBIM

uucsiom 2z, (n=0, 1, 2,..); P_;=P, Janee, nycth z,=r,e%,,
r,>0, 0<%,<<2n. ry, 7y, s ... OyAyT HMETb COOTBETCTBEHHO
3HayeHHs

dcose, d, dsine,dsinecose, dsin?ecose,

dsinfacos?e, dsindecos?a, ...,

a O, 9, ¥, ...—3HayeHUA
It = n 3n
0, n—e, o 5 = G T, 2n—a,7, 5 — O 0, m—a, ...

3ajaua NPUBOAHTCA K BHYHCIEHHIO CYMMBI GecKOHeyHoro psiia

Zwtatz+..t+.=
21+ 2923124 dcos® o sin? o . dcos?asina
=2+ 1 4 cos? e sin o = 14 cos?a sin2a +i I4-cos?e sinZex *
19. [[Io A. Hirsch'y.] Itycrs Py, P,, P;, P;— ToukH, B KOTO-
pelX MpsMad nepeceyeHHs oO0eux IJIOCKOCTeH BCTpeyaer 3ajaHHBIE
LIapOBEle MOBEPXHOCTH. ¥YKa3aHHas IIpsiMasl HMeeT ypaBHeHHA

—D —Ax C B —D —Ax
__‘ —D'—A'x C’l __|{B"—D'—Ax
v= B C P EETTB oo
B C’ |B’ c

IMoAcTaBHB 5TH BbIpakeHHS B ypaBHeHUs IIAPOBLIX IOBEPXHOCTEH,
NoJAy4YHM KBalpaTHble YpaBHEHHS

A+ Ax+A,=0, A +Ax+A;=0, (1)

M3 KOTOPHIX TIOCJEZ0BATENbHO IIOJydaeM KOOPAMHATH X Touek Py, P,,
P;, P;. AHanornyHeiM 06pa3oM MosyyaeM ypaBHEHHS, AOCTaBJAAILIHE
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COOTBETCTBEHHO KOOPAYHATLHI Iy H 2 3THX TOYEK!:

By?+By+B,=0, By*-+By-+B,=0, @)

C?+Cz+C,=0, C22+Cz+C,=0. &)

3nech \
B C 2 CcC A ]2 A B |2

AO=A6=BO=36=C =Cs= —l_ CI AI —l_ A/ B’ ‘.

BI CI

210 BhHIpaXKeHHe TOTAa H TOJBLKO TOTJa PaBHO HYJIO, KOTJa IJIOCKOCTH
napasienbHel. Tlyerb A, B, € GyayT coOTBeTCTBEHHO pe3yJIBbTAHTHI
ypasuenuii (1), (2), (3). Torza cymma A-}B-+4 € yronersopser
TpeGOBaHHIO 3aJauH.
~ a) Tlycrb, B camoM Jene, ofle OKPYIKHOCTH cielieHH. Toria napa
touek P,P, Gymer pasiensitbesi mapoii Touek PiPj To Xe mMeer,
CJIEJIOBATENbHO, MECTO M JJIf IIPOEKUHMH 35THX TOUEK Ha KaXAYyl0 H3
KOODAMHATHHIX OceH, 3a HCKJIOYEHHEM, ObITb MOXKET, OJHOH OCH HJH
JABYX, eciu npsMas PP, nepneHauky/sfipHa K HUM: TOTAA BCE NPOEKLHH
CJIMBAIOTCA B OJHY TOUKY. Kak gpcTByer M3 B3aUMHOTO pacCMONIOXKeHHs
KOpHe#i KBajpaTHeIX ypaBHeHu# (1), (2), (3), Bce pesyabrantsl ¥, B,
€ Bo BCcSIKOM cJyyae OTpHUATENbHE (B KpafHeM cJiydae ‘OfHH HJH
JBa paBHH Hyumo) [V 194] w, 3Hauur, oTpuuarteJbHa M HX CyMMa.

6) Ilycte, o6patHo, ¥ +B-+ € < 0. Torpa no xpaiineli mepe ofuH
U3 TpeX pesyJbTaHTOB OTpHUATesNeH; nycTs, ckaxeM, A <C0. Toraa
A,>0, Ag> 0, cnemoBare/ibHO, MJIOCKOCTH HE MAPAJJIENbHBl, H TOUKH
P, Py, P{, P3 oaHo3HayHO onpejenensl. IIpoekuusi napel Touex PP,
Ha OCb X pasfeisier aHaJOrHYyHyl mpoekuHio mapsl PPy [V 194],
H TO K€ HMeeT MeCTO M JJis- CAMHX TOYeK.

20. [A. Hirsch.] OcoGasi Touka (x;, X;, Xs) KOHHUECKOTO CeueHHs

3 3
> Z ars X, Xs=0
r=1s=l
YIOBJIETBOPSIET ypaBHEHUSIM
AyiXy Fayexs Faprs=0  (v=1, 2, 3).

[G. Kowalewski, Einfilhrung in die analytische Geometrie, crp. 202,
Leipzig, Veit, 1910.] B Hamem cayuae, mosnarasg X,-}- X, -+ xg=—x,,
nony4aeM AgXo=AjX; =MAyX, =AgXs H ypaBHEHHE HHTEPECYIOLIEro HAC
BBIPOJHUBIIEroCsl KOHHUECKOTO cedeHHs (maphl MpsMbIX) Gyjer

X1 X%0X3 X§ + XXX X3 + 20X, X5 X3 -+ X, %, X5 =0,

npuueM X,+X;+X,+ X5=0. Tlyers dx, (v=0, 1, 2, 3), dx,-
+dx, -+ dx,+ dxs =0 — s/1eMeHT HHTErPAILHON KPHBOI; TOTAA, Nosaras
v =X, + dx,, HaXoxum

X1Xp s (dX0)® -+ xoXpXs (dxy)® -+ XgXyX3 (AX,)* + XXy, (dx3)? = 0. (1)
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1o u asasiercs auddepenuManbHBM YpaBHEHHEM HCKOMOTO cemelcrsa
KPHBLIX. 3aMeHa NEepeMeHHbIX X, =Yy AaeT

(Yothry293)? [(dyo)? + (dyy)? + (dy,)* + (dys)*]1=0, (1)

OTKYAa TIpeX/Je BCErO B KAUECTBE 0COGOTO pEeIIEHH s NMONydyaem
xy=0(v=0,1,2,3). O6mee peueHHe NOJyyaercs U3 ypaBHEHH}

(dyo)®+ (dys)® + (dyz)* + (dys)* =0,
yit+yityatyi=0,
Yodyo - 11dys + Yady, - ysdys = 0.

Hckmouasn y,, noayuaem
(90dyo)* = (3 + y2+ 3 [(dyn)* + (dyo)® + (dys)] = -
= (ydyr + Yoy, + yadys)®
H, 3HAYHT,
(Y2dYs — yadys)* + (ysdys — 11dYs)* + (11dys — yady,)* = 0.
ITonoxum
21 = Yolls — Yoy, 22 ==Ysti — th¥ss 23="Y1ys— YaY1»

TJe WTpHXH o0003HauaT AH(depeHuHpoBaHke 1o mapamerpy. Torna
Zyrzr"—_‘o9 Zyrz;zor
> z2,=0, >12,2/=0,

NpHYEM CYMMHUpOBaHHe MpousBoguTcst mo r =1, 2, 3. Orcrona 3axJo-
UaeM, UTO 2;:25:23=2,:2,: 23, 32 HCKMIOYEHHEM TOIO CJyuas, KOTJa
2):2,:23=Y; Yy Ys. Ho B 3TOM moCaenHEM cayuae y, =0, YyTO CHOBa
IOPUBOANT K X, =0. B ofmem ciyuyae HHTErpHpOBaHHE JaeT

@)

21:R9128=M1 1 o I Ug,

W, — NOCTOsiHHEE, Wi+ pj -+ u3 > 0, sHauur, BeaedcTsBHE ypaBHeHHH (2)
Wity - Moty + Msys =0. Tlonaraa pi=x, (r=1, 2, 3), nocme ocBofo-
JKJCHHSA OT HpPPalHOHANLHOCTEH TIONYUaeM

(e + %Xy +X3)® — 2 (%iX] + %325 + %543) =0,
Ml + %2 + Ka == 0.
D70 ypaBHEHHe TIPEACTABISET CeMeliCTBO KOHHUECKHX CEYEHHH, BITHCAH-
HEIX B YeTmipexcropoHHuk X,=0, X;=0, X,=0, X3=0. [eicrau-
TeJbHO, YpaBHEHHE KacaTeqbHOH B TOUKe (X, X,, X3) OyJer

(a2, -+ RoXo -+ %3X3) (% Xq %o Xy + 13 X5) —
— 2 (3, X uix Xy + %5%3.X3) = 0.
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Ilpu %,, %, %3, OTIHYHBIX OT HYJs1, GEPEM BMECTO (X;, X,, X3) TOC]E-
AOBATEIBHO (%1, %a, %3) (0, %3', %3'), (', 0, x5"), (", %", 0).
21. [A. Hirsch.]

__x Y
V="snt + costT '
%=pcosr=2n(xctgr+y),

dy .
2 =psint=2n(x+ytgT).

Hckaouenne y paer

d2x 2n dx 2n
di? ~ smtcost E‘E_-‘_ SinZ v x=0.
BeoguM cHauaja #=—1g%®T B KadeCTBE HE3aBHCHUMOIO, 3aTeM § =
1 .

= xy 2 B KauecTBeé 3aBHCHMOIO nNepeMeHHOro, Mel moJyuaem TOTZa
JudxpepeHuralbHOE YpaBHEHHE

u(l—w) G+ [z —n—(g+1-n+1)a]E -5 (1-nz=0,

KOTOpPOMY YZIOBJETBOpfAET runepreomerpHueckuit psg [VIII 146]
E=F(5, 1—n, 5 —n, u).

OtuM 3ajaua NPHHOMNHANBLHO paspeiuiena. Ha ocHoBaHWH TOJyYeH-
HOTO MBI MOXKEM TENepb, B YaCTHOCTH, PacCMOTPETh BOMPOC O PaLHoO-
HaJbHBIX peleHusx., UTo6ul NMOJyYHTL WX, BBEJEM B KauecTBe HOBOH
3aBHCHMOH NepeMeHHON z=x (tgT)™, a 3aTeM B KauecTBe HE3ABHCH-
MO#l mepeMeHHOH v=ictg2t. D10 maer auddepeHuHaNbHOE ypaBHEHNe

(1~09 92 90 % Lp(n—1)z=0,

OJIHHM H3 YaCTHEIX pELIeHUH KOTOpOro fBjsercs z=~P, ,(v) (n=1,
2, 3,...) [VI 90]. Mu noayuaem, TakuM 06pasoM, BLIpaeHHS

x = (I tg vy Po (i cltg21),
y={(itgt)" P, (i ctg 21),

paunHOHAJbHBIE OTHOCHTENBHO tgT. B yacTHOCTH, pu n =1 noaydaem
B KauecTBe YaCTHOTrO pelleHHst mapabosay

tg2t—1

x=1tg1, y= 5

y 2y=x*—1,
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22. [A. Hirsch.]
1. YpasHenue mnoBepxHocTH H mojyuaeTcsa ImyTeM HCK/IOYEHUs £
H3 ypaBHEHUH
F=0, (1)

3
oF _ x5 _
ot 21 (av—12 1=0. @)
V=

Sanuuiem (1) B gopme

t— (X ay) 04| 3 (oo + )| 2 —
—[aaaas+ 3 (@ a) 5| 14 Y apasxi =
= A+ 44,88+ 64,22+ 445t + A, =0,

Tie MHAEKCH NIPH CYMMHpPOBAHHM UHKJIMYECKH UePeNyITCs, H NyCTh A.
6yner NHMCKPUMHHAHT NOJYUYEHHOTO TOJHHOMA OTHOcHTeNbHO f. Torna
A =0 Gyzer ypaBHennem nosepxHoctd H. Ho Tenepn, monaras

]2=A0A4—-4A1A3'+3A3,
Ay A1 Ay
A; Ay, Ag
Ax Ay A4

I,= = A A4, 4+ 24,4,A,— AL — A A2 — A4,

[Cesaro, crp. 387 *)], 6yaeM umeThb

A= 27]}=
=27A% (4,4, —4A,A5) + 5445 (A,4,4,+ 24,4,4, — A, A3 +Q,

rie Q camoe Gosbluee creneny 8. IloaTomy cTapminil uleH AUCKPH-
muHanta A 6yzeT coBmajaTh CO CTapII¥M WIEHOM BbIpaXKeHUs:

2743 (34,4, — 243),

T. €. OyZer paseH
27 < Zﬁx‘f >3 [ 22 £ 2 QylaX — .;_ <2 (@ as) xi>2] _
= — e (D [ Dt +2 Y —a) (@ — a9 ],

2. Tlycte dx;, dx,, dxz— JUHEHHBLIH 3/€MEHT MOBEPXHOCTH
torza [(2)]

3
xy dxy
2 L =0, 3)

V=]

*) Uesapo, u. I, crp. 501,
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Orciofila 1 HaNpPaBJsIOIHX KOcHHYCOB X, X,, X3 HaLIexammmM
06pa3oM OpHEHTHPOBAHHON HOPMATH K NOBEPXHOCTH H mnosayuaem

X, = av"jt =1, 2, 3). (4)

KoopauHarhl KacaTelbHOH IJIOCKOCTH B TOUKE Xj, Xy, X3 OYAYT HMETb
BHJ

Xy
%Xy + X%, Xo + x3X;

ty = v=1, 2, 3).

Benencreue ypapuenust (1) x,=t{(a,— ) u, (v=1, 2, 3). Iloacras-
Jsas TH 3Hawenust B (1), (2) ¥ Hckaouas f, mosyuaem

\ 2

;3 3
(Z avui) —4 > uy=0.

=1 V==

3. Tlyerb p (5= 0) —onMH U3 rJIaBHBIX PaJHyCOB KPHUBHU3HLI MOBEPX-
HocTH I B Touke (xy, X,, x3). Toria JuneiiHblli 37eMEHT BJI0Jb COOT-
BeTCTBYIOUIEH JMHHM KDPHBH3HBI Ha [ yJOBJETBOpPSIET YyDABHEHHIM
[W. Blaschke, 1. c. 15, cTp. 63 *)]

de,+pdX,=0 (v=1, 2, 3)

HAH cOTJacHo 2

Xy
diytpdl it =0 (v=1, 2, 3). ©)

BesiencTeue ypaBHEHHS (3) OTCIOJla BHITEKAeT

2 =Ty = (©)

310 — KBajlpaTHOE ypaBHEHHE J/151 ODOHX I'JIABHEIX PafUyCOB KPHBU3HEL.
OHO MOeT OBbiTB B CHJly TOXKIECTBA
111 R S

@atp) o @ o a g atp
u ypasHerHi (1), (2) 3anmucaHo Tak:
- 0 6
Zm—(f—9)= . (6')

v—=1

*) B. Baswke, Hdubdepenunansuast reomerpust, T. I, OHTH, 1935,
crp. 107,
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KoM6uunpya noaumit AuddepeHuuan jeBod uyactd ypaBHenus (6')
¢ (5), nmonydaem

3
X2 _

Pemenue ypapuenusa (7), Hosydarollieecs NpPH NPUPABHHBAHHH HYJIO
IIEPBOTO MHOJKHTEJNS, HE TOAMTCS: OHO O3Hayajo O, YTO YpaBHEHHE
F(x, y, 2, A)=0 o6nagaer AByMsl Da3JHUYHLIMH JBYKDATHbIMH KOD-
usamu £, t—p (p==0), uTo HeBO3MOXKHO, WO F (M) UMeeT HeueTHO®
KOJMHUeCTBO HyJell Kak B HHTEpRaJe (@, 4,), TaK H B HHTEpBaje
(@., a3). CaenoBate/IbHO, BJOJAL JUHHH KPHBH3HLL, COOTBETCTBYIOMEH p,
nmeem p = 3¢ 4-const. Jlpyroft panuyc kpusussu [(6)] pasen ¢4 const.

[TosyueHAHBIH pe3yJbTaT MOXKHO HHTEPIPETHPOBATh CJACAYIOUUM
ofpasom: €CJIM W==#, W=y O3HAYAIOT KOPHH YpaBHEHHA

2.

3
x'V
Z (av——t)z(av w) =0 nam 2 av_w—-&'=0, 8)

TO JHHHU KPHUBH3HH OYyIyT UMeTbL ypaBHeHHS u = const., v=const.
[Tapamerpel #, v SBJSIOTCS TeMH JBYMA KOPHSMM ypaBHEHHS
F(x, y, 2, w)=0, KotopelMH 3TO TOCJEIHee o6nagaeT Hapsiay
C JBYKDAaTHbIM KOpHEM w=1{.

JIuHusT KPHBHBHBI 4=, JEXHUT Ha TIOBEPXHOCTH f== U, NOBEPX-
HOCTH cemelCTBa KacaloTcsi orHGaromiei nosepxnocm H Bpoab csoux
JIMHHH KpPHBH3HEL

23. [A. Hirsch.] B cuay 22 (8), (2) umeem

% _ (—uw(u—v)
(a—102  (ar—ap) (@1 —as)’ *"'

KomGunupys 3to ¢ 22 (1), moayuaem
2t4+utv=ata,ta

X, = (@ —u) (@1 —7) <a1+'u+0—(aé+az+as)>,

(a1 —ay) (@1 —ay)

OmnpegneneHne ToueK NepecedeHHst JHHHM KpHBHU3HH v = const. ¢ MJo-
CKOCTBbIO TMPHBOAUT K YPaBHEHHIO BHJA

3
C+ Z oV ay—uutb)=0
v=1

rae Co, @y, by, Cy— IOCTOSIHHBIE, UTO TOCJE OCBOGOMXKIAEHHS OT HMppa-
IMOHAIBHOCTEH IPHBOAUTCA K Y PaBHEHHIO 12-H CTereHH OTHOCHTEJIBHO U,
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~ 24. [A. Hirsch.]
1. Tlyers &, &y, &3 — KOOpAWHATH [EHTPa KpPHBH3HBE!L, COOTBET-
cryrowiero p; toria [W. Blaschke, 1. c. 15, ctp. 63, (47)*)]

B=xtoXy=x28 (v=1,2,3)

[22 (4)], cnenoBatensHO [22 (2), (6)]

2 (av—‘+9)2 i

8 _
@ ter

V=

[lentpanbHass noBepxHoctb Ana H fBjsercs, TakuM ofpa3oM, OrH-
fagllell NOBEPXHOCTBIO CeMEHCTBA 3JTHIICOMJIOB

2 (av—s>2 1=0.

2. Tlyctb h — mocTosiHHAA U
Ty= Xy hXy=x, ‘”t‘” w=1, 2, 3).
Toraa [22 (1), (2)]

3 =2
. —
2 (ay—E-4h)2 *
v=1

3 %

2 t+h =t+h.

v=1

[NapannenbHas noBepXHocTb A1 H Ha pacCTOSHHH h ABASETCA, TAKHM
o6pasoM, Oruamwled TOBEPXHOCTBIO CEMEHCTBA MOBEPXHOCTEH BTO-
poro mopsjxa
3
=2

X
Y E=st2n

v=1

25. [E.E. Levi, C.R., 1. 153, ctp. 799, 1911.] ITyers %" — %',
Y —y cyTb OefHl€ uMcna, TOrAA 4epe3 Touku x', ¥ u x”, y’ Tpo-
XOISIT PaBHbIE H DPABHODPACIIOJOXKEHHEE, T. €., IoJydyaemble ApYT H3
ApyTa TNpOCThIM CMElLIeHHeM, HHTerpasbHee Kpusele, PaccmoTpuMm

*) B. Baawxke, Oudbepenunanstas reometpud, T. I, OH’fI/I, 1935, erp. 107.
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HHTETpaJbHYI0 KPHMBYIO' y=f(¥), NpPOXOASlyld uYepe3 HayaJo KOop-
auHat [r. e. aas koropo# f(0)=0], u obe KOHIPY3HTHBIE ¢ HEH KpH-
BBle, INPOXOAALIME Yepe3 LEABE TOUKH x=m, y=[f(m)] u x=m,
y=[f(m)]4 1. Tak xak xABe pa3nHuHbLIE HHTErpasbHbe KPHBEE HeE
nepecexkaroTcs, TO

[F(m)]+f () <f(m+n) <[f )]+ 14+f(n) (m, n=1, 2, 3, ..).

Ilccnenopareapsocts f (1), f(2), ..., f(n), ... ypoBjeTBOpsieT Tpea-
nonoxkeuusM 3ajgaud 1 99.. JloGaBHM, UTO HA TeX Ke OCHOBAHHAX

[f (—m]+F@n) <[ (n) <[f(—nm)]+1+](2n),

1 f () f(=n) f(2n) 1
__n'< n + —n -2 on <7

v ganee |f(x)—f(x])|<<M, rone M—makcumy™m ¢yHxuuu | F (x, y)|
B KBagpate O0=x=<<l, O<<y=<<l.



NMPEIMETHBIA YKA3ATEJIb

I. Onpegencnusi. Teopempt. PopMmyan

Anre6pauyeckas ¢ynkmusa 119, 153
Anre6pavueckue umcna n-ii crenehu 164
— — conpsxeHHble 164, 167
Anre6pauyeckoe nose 164

— uyeqo 163

— — penoe 163, 165

Anonsprocti ycnosue 74

Anoagpuocts nap touek 268

~— TNOAuHOMOB 73, 74

— Touex 268

AcuMnroTHueckoe 3HaueHHe QYHKuuH 43

Bepryanuess uucia 161

bBeprurreiiha TeopeMa O TPHTOHOMETpHYE-
cKHX monuHomax 41, 42, 101

beccener dynkuun 77

Bpyrro-panr 116

BannepMonaa onpeneantent 54
B3auMHO anoJspHhe CHCTEMbl 74
BpoHckoro onpepenurens 125

Tankens matpuua 116

— onpenenurens 114

Taycca TeopeMa O HyJASX NpPOM3BOAHOM
nonuHoma 69

T'unepreomerpuueckuil paa 155

I1aBHag xopaa o6nactu 36

Typeuua ycaosue 156

Jenutenn necobcTBenHHe 134

Henurens 134, 165

J3zera-pysxuusa 138

JupuXxse IpaBuio NepeMHOXEHHSA PAAOB
138

Jupuxye pags 138
— Teopema 149
JuckperHas o6aactk ueaocTH 165

Egunnus 165
3akon uanyyenus [Tnanka 246

HeHceHa KepaseHcTBo 187

Vismenenve 3naka 49

Hurepnonsuuonnas ¢opmyaa Jlarpan-
xa 98

VickmouuTtenbeoe 3HauYeHHe (B cMucae
Iukapa) 43

Kébe obnacts 24

— TeopeMa O JIMHeHHOM HCKaxeHuu 36

Koncraure JleGera 91

KoHopMHEI paguyc BHEIIHMH, BHYT-
pernuii 26

— HeHTp TAKecTH obnactd 34

Koun npaBusio nepeMHoxerus panos 138

Kosddunuentst Pypre 90

Kpucroddens dopmyna 309, 313, 314

Kpyrosas o6aacte 65, 66

Jlareppa ofo6uiennble noauEoMb 55, 105
Jlarpauxa uHTEproAsfnHOHHAs GOpMyJa
98

Jlam6epra pan 143
Jlannaca ¢opmyna 103
JleGera koucrauThl 91



TIPENMETHRIAI YKA3ATEJIb

Jlexkanapa noansoMsl 55, 102, 104 ’
JInysunns ¢ynskuusa 137

Maxkcumanpueiii wien 9
Maxcumym moayas 9

Manronbgra dysxnus 137
Marpuna larxens 116

— oproroHanbHas BeckoHeunas 125
Mé6uyca ¢ysxuus 137

Mecro nepemensl 3Haxka 46
Momental pyrxuun 60

Haubonbmas obmwas uactb 134

HanGonpmmii o6muii nenurens 134, 165

Haumenpnas «Buinyknas» o6nacte 66

Haumenpinee ofmee kparsoe 135

HenpusopuMass menas pamgoHanbHas
dyHKIMa ABYX NepeMeHHbIX 170

HenpuBoxumeiii noansHom 150

Hepaperctso Vlencena 187

Heco6erBenspie genurenn 134

— yvacty 133

" Herro-paur 116, 118

Hopma 167 .

Hynu nonusoma 68

0651acTh «BLIMYKNas» 66

— Ké6e 24

— pamgoHanbHoctd 164

— nenoctn 164, 165

Oeran 71

«OxpyxHOCTEY 65

Onopuas nmockocTs 179

— npsmMas 15

— ¢yuxuns 179

Onpeneanteny pekyppentipie 114

Onpenenurensr Baupepmorna 54

— Bposckoro 125

— Tankens (pexyppenTHwii) 114

OprtoronasbHas GecKOHegHasi MarpHIA
125

OprorodanbHoe npeobpasoBanne 124

Oproronansaue QyHxuun 103

Tlepemena 3Haka 46

TepemuoxXeHHe psagos, npasuio Jupuxie
138

— —, — Koum 138

TlnanKa 3aKkoH uanydyenus 246
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IMonuuoM penerus xpyra 137.

— Henpupogumbiii 150

— npupogumeifl 150

— ueno3dauHnl 146

— penoudcieHHRR 146 -

ITonuHoMe! anoasipuue 73, 74

— Jlareppa o6o6iesrse 55, 105

— Jlexangpa 55, 102, 104

—, — npousBoadmuii psg 104

— conpoBoxaomue 81

— Yebnimena 85

— 3pmura 55, 106

— S$ixobu 105

Ioasipa nepsasa 71

Topsnox mesoit ¢yHKunn 17

IMocrosiunas Dinepa—Mackeporu 175

ITpeo6pasoBatue opToroHansHoe 124

TlpumuTuBHasg Touka 401

Tlpou3sonHas OTHOCHTENBHO TOUYKH 71

— cHcTeMa ToYeK 72

IMpousBonsmyil psi monuHoMoB JlexaH-
npa 104

ITpocToil fesHTeNb HeNO3HAYHOH (YHK-
uau 148

Padr GeckoneyHoil Matpuue 116
PexyppenTHsie onpegenutesu 114
Ponpura gopmyaa 103

Ponna Tteopema 47, 48

Psip_ runepreomerprueckufl 155
— JlamGepra 143

— Qypre 90

Panui Oupuxne 138

Cumson Jlexanznpa 175

Cpenuss obnacte 69, 70

CreneHHO# pAA PalHOHaJbHO-YHCIEHH BT
153

— — penounclenunit 153

— — — (H) 159, 160

Crenennple psAAsl KBa3HJHHeHHO 3aBH-
cumbie 118

— — JIHHeHHO 3aBHcHMHEe 118

Crenenb moas 164, 165

CymMa pmesurenteii 137

Cipeprueckas uHjukarpHca 180

Teopema DepHuwTefiHA O TPHTOHOMETPH-
ueckux nojunomax 41, 42, 10!

— Taycca o Hy/ngX NMPOH3BOLHOH MNOJH-~
HoMa 69
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Teopema Iupuxie 149

— Ké6e o suneiiHoM uckaxenuu 36
— Ponns 47, 48

— Diizenmrefina 153, 154

— —, ofobwenne 171 :
Teoperuko-uncaoBas ¢ynxkuus 13
Ténnuua dopma 128
TpuroHoMeTpuuecKuii nonuxoM 86

Ycnoeue amosisipHocTH 74
— T'ypeuua 156

— YeGnimera 156

— Difisenmreiina 154, 155

duborayun uucia 125

Popma Ténnuua 128

$opmyna Kpucropdens 309, 313, 314

— Jlannaca 103

— Poppura 103

dyHaaMeHTANILHEE TOJHHOMBEI HHTEpHO-
aanuu 98

®yukuun Beccens 77

— oproroHanbpHeie 103

~— HeJble poja HyJb 18

OyHKIMA, aCUMAOTOTHYECKOE 3HaYeHHe 43

— Jluysuana 137

— Maunronsara 137

— Mé6uyca 137

— MYJALTHNJIMKATUBHasg TeOpeTHKO-4HucC-
JoBast 139

— HOpMHUpOBaHHas oTofpaxKawomas 26

— omnopHas 179

— pojaa nyas 18

— TeoperHKo-yHcaoBag 137

— menas 9

— HeJo3HavHas 148

— Ditnepa 137

NPEJMETHBIA YKA3ATEJDB

®ypre xostpduuneHrTH 90
— pan 90

Uenas dyxxuus 9

— vacTh uykeaa 130

Uenoe anreGpauueckoe uucio 163, 165

llienoznaunas ¢ynxruusg 148

llenosuaunniii nonuHoM 146

Ll esouncnensptit noaudom 146

— crenennoit psax 153

— (H) crenennotl psax 159, 160

Lenvie anre6pavyeckue uucjia B3auMHO
npocthie 165

— TOuKRH 132

— —, cpaBHHMbIC To MoayJio 172

— tyHRUMH poja Hynap 18

LIeHTp TSKECTH CHCTEMH OTHOCHTENLHO
TOuKH 66

— — 1eslofl paRHoHanbHOH GyEKIHHE 68

LlenTpanbuplii Hugekc 9

Yacre (yucna) 134
Yeluiniepa NOAHHOME! 85
— vycnosue 156

Uncna bBeprynnu 161
— ®ubonauyn 125
Uucno genureneii 137
— uyne# 10

JitseHmTefina Teopema 153, 154, 171
— ycaoeue 154, 155

Diinepa dyuKuua 137

Spmuta noaunomsl 55, 106

flko6n nmoaunomu 105

II. Temm

Huxe npuBoasTcs rpynnwl 3ajau, CBASAHHEIX MeXAY cofofl Mo TeMe, HO
PacriofloKeHHbIX  pa3po3HeHHo *). PuMcKuMu mHdpaMH YKa3aHel oTZenn!, CAelywo-
« IIMMM 32 HUMU KHDHBHIMH apaGCKHMH —— HOMepa 3ajad.

Apudmernyeckoe, reoMeTPHIECKOE H rap-
MOHHMYECKOe cpeluue: V 61,

Apudmernyeckoe, reoMETPHYECKOE H rap-
MOHMYECKOe CpeiHHE AHANHTHYECKHX
®yHKuMl Ha OKPYKHOCTAX U Kpyrax:

IV 64—66 (CM. Taxxke «@opmyna

Hencenay.)

Beprysnnesn uucaa: VIIT 182, 262.

Beccenesrl dynkmuu: 1V 73; V 159, 168.

bunomuanbuele ko3ddunuenth. Teope-
THKO-uHCI0BBIE cBofictBa: VIII, ri. 3,

§ 1—2.

Brinyknoe oroGpawkenue: [V 162, 163.

*) CM. TaKxe 3ajjauH Ha Te e TeMbl B NepBoil YacTH.
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lFamMa-pyskuus: V. 168 — 170.  (Cu.
TaKKe «DliepoBa MOCTOSHHAM H
«@opmysa CTHPIHHTa>.)

TFapmonnuecknii psix: VIII 250, 251.

3peaoobpazHoe otofpaxenuer 1V 161.

MakcuManbutlil YeH CTeN€HHOro psfa:
V 176, 180.

O6sepTriBalomye psgsl: V 72, 73, 163.

MokasarenpHelit  psi, NOKasaTeNbHast
dyuruua u wueno e 1V, 1, 2, 13,
27, 188; V 42, 73, 74, 179; VIII
179, 180, 258, 239.

TMonuromst penedns kpyra VIII 36, 98,
103, 104, 110, 226, 227.

TMonxHom: JIe)KaHlea u ap.: V 58, 119,
120, 159; VI, §§ 1 8—1 2,

Teopema Taycca o HyJsiX NPOM3BOAHON
noauroma: V 113, 114, 121, 124,
125—127, 134—136.

Teopema Uesapo 0 CTeneHHHX pfAAax:
IV 67, 70—75; VIII 72, 169—171.

Teopemer 0 cpenneM 3mauenuu, ofoblue-
Husi ¥ anaiorun: V 92—100, 150;
VI 59, 109; 1X 2, 3.

dopmyna HeHceHa U cBsizaHHHE C Hew
sagaun: 1V 32, 34.
Qopmyna CTHpnanra: IV 50.

QyHKUHYE BHIA Sf(t) cos zt dt: V 164,
[+3
170—175.
$yuruuu Touku: VI 66.

®yuxuus pacnpenenenus Iaycca: IV 76,
189, 191; V 178.

Lndpl B cHcTeMaTyyecknx apo6ax: VIII
172, 173, 253, 257, 262.

dinepopa noctoskuas: VIII 260.



