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NPERHUCJIOBHE

[MonsTHE «aJrOpuTM» JABHO YyKe CTANO NPUBBIYHBIM HE
TOMBKO JJIi MATEMaTHKOB: OHO SABJSETCS KOHILENTYasbHOHR
OCHOBO# Pa3HOOGPA3HBIX MpONECCOB 0OPABOTKH HHGPOPMAIUH;
HMEHHO HaJMyde COOTBETCTBYIOLIHX aJITOPUTMOB U obecnedn-
BaeT BO3MOXKHOCTb aBTOMATH3alMH TaKMX Ipoueccos. Bmecre
C MaTeMaTH4ecKofl JIOTMKOH TeOpusl aNropuTMOB ofpasyer Teo-
perudecku (yHZaMEHT COBPEMEHHBIX BBIYHCIHTEJBHBIX HAyK
(cM. [Cemenos, Ycnenckuii, 1986] ).

He Bcerga R0CTaTodHO OTYETVIHBO OCO3HAETCSH, OAHAKO, UTO
caMo CJIOBO a/20pums CONEPKHT B CBOEM cocraBe npeoGpaso-
BaHHOE reorpapuueckoe Ha3BaHHE, 4 HMEHHO CJIOBO X0pesM.
Tepmun «aaroput™» o643aH CBOUM NPOUCXOXKAEHHEM BEJIHKOMY
yueHOMy cpenHeBeKoBoro Bocroka, ube umsi — Myxamman
H6H Myca an-Xopeamu (mpuuem «aj-Xopesmu» osnauaer «Xo-
peamuen»). OH xun npu6H3uTeNbHO 6 783 no 850 rr., u 1983 r,
Gbl1 BEIOpaH, 4ToOB! OTMeTHTh 1200-JieTHE CO JAHA €ro poxne-
uus. Ero kparkas Guorpadmsi, cocrablennas B X B., Hauu-
Haercq Tak (uutupyeM no [Bynrakos, Posendennbn, Axmenos,
1983, c¢. 81); «An-Xopeamu. Mms ero — Myxamman uby Myca,
a npoucxoxaenue us Xopeama». (Panee nucasu anb-Xopesmu.)

[To naTuHckUM nepenoXeHUAM HAMMCAHHOrO Ha apabCKOM
A3biKe apudMeTHUeCKOro Tpakrara an-XopesMu ?) Cpepme-
BekoBasi EBponma sHaKoMuslach ¢ HHIMACKOR NOSHIMOHHOH
CHCTEMOH CYHC/IEHHST M G HCKYCCTBOM CYeTa B 3TOH cHCTe-
me °). B nartunckux HasBaHuax cocrasaeHHnx B XII B. us-

1y B uasBanum STOf CTaThM MaTeMaTHuecKasl JOTHKa TPaKTyercs B
IIHPOKOM CMEICHe, BKJOYaOMmeM B ce6a H cOOCTBEHHO MaTeMaTHYeCKyk
JIOTHRY (IOHAMaeMyl0 KaK TeOpHA (OPMaJH30BAHHLIX A3LIKOB), M TEOPHIO
27TOPUTNOB, :

) Pycckult mepeBoA-TOrO TpakTaTa (¢ JaTHHCKOR pYKONMHCH, apabCKas
ne coxpaHmaach) nomeumen B [Xopeamn, 1964, c. 9—24] u B [Xopesmu,
1983, ¢, 5-18].

3) Hanpumep, C aATOPUTMOM CIOXKEHHS «CTONGHKOMY — cM. (OpMYJIn-
POBKY 5TOro anroputMa B [XopesMu, 1964, c. 13} man B [Xopesmu, 1983,

c. 9—10] (cootBercTBylomui TeKCT BocnpousBeleH Takke i [HOmkepuw,
1976, c. 5l1]).
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NOXeHHH TpylNoB an-XopesMH ero UMs TPaHCKPUGHPoBanocs
KaK alchorismi win algorismi, a OTHOCSIIHIACS K TOMY Xe BeKky
JIaTHHCKHI nepeBoll ero apHMETHUECKOro TpaKTaTa HauHHAJ-
ca caosamu «Dixit algorizmi», T. e. «Ckasan an-Xopesmm».
Orcrofa u NOWIO CJOBO «alrOpHTM» — CHadana AJs 0603Ha-
YyeHHsl NECATHYHOH NO3UIMOHHOH apudMETHKU U aJrOpPHTMOB
nuppOBHIX BEUHCHEHUH (T. €. MepPBbIX aJrOPUTMHYECKUX MHPO-
IeAyp, HMeIOLUHX Je/10 ¢ CHMBOMAMHU; BeAb R0 TOTO CUHMTAMH Ha
CYETHOH JOCKe —— abake), a 3aTeM Ais oGo3HaueHHs NPOU3-
BOJIbHBIX aJITOPHTMOB.

KpynHefimnit aMepuKaHCKUi CHENHaNHCT N0 NIPOrpaMMHPO-
Batuio Jl. 3. KayT Tak HauuHaeT nepByIO raBy CBOeil MHOIO-
toMHOl MOHOrpadun «The art of computer programming» (uu-
THpYeM 1O pycckomy usianmio [Kuyr, 1968, c. 25]); «[lous-
THE aJITOPHUTMA SIBJISIETCH OCHOBHBIM NPH COCTaBJIEHHH JIOGOro
BHIa nporpaMm A OBM, m mosTomy MBI HayHeM G TLIATE/b-
HOro aHaym3a 3toro nousarus. CaMo no cebe CJOBO aJITOPHTM»
(algorithm) oueHb MHTEpecHO! Ha mepBBIA B3rASK MOXKET IO-
KasaThbes, GyATO KTO-TO HaMepeBasici Hamucarh CJOBO «JIora-
pucdM» (logarithm), HO nepenyTan mopsOK NePBBIX YETHIpEX
6yks. [...]Ono mpousomno oT UMeHH aBTOpa U3BECTHOro apab-
cKoro yue6HMKa no MareMaruke — Abu Ja’far Mohammed
ibn Misa al-Khowérizmi (okono 825 r.), osnagatomero «Oreir
Ixadapa ') Maromer, chiH Moucesi, ypoxeHel XoBapuaMmay.
B Hactosilee BpeMsi XOBapHusM — 3TO He(OJMBILOH COBETCKHMH
ropof XuBa»., K npuBeleHHOH nHTATE YMECTHO CHeaTb ABa
3ameuanus: 1) IpuHsTOE pyccKoe HasBaHHe «XOBapH3Ma» —
Xopesm, 2) XuBa—ato He Xopeam (XoBapuaM), a ropox, pac-
nosioxeHHbl B Xopeamckom oasuce; ¢ 1920 no 1923 rr.— cro-
auua Xopesmckofi Hapomno#t Coserckoit Pecniy6nukn, ¢ 1923
no 1924 rr.— cronuna Xopeamckoit Coserckofi Conuajiucry-
ueckoll Pecny6nuku, HblHe — pafloHHHI eHTP XOpesMCKO#
o6nactu ¥Y36ekckoit CCP.

CoBpemerHnas Xopesmckas o6yactb ¥30ekucrana (obaacr-
HOM EHTp — ropof YpreHy) sABNAETCA €CTeCTBeHHOH Hacuel-
Huneit apeBHero Xopesma, OCO3HABaeMOro Kak KOJbIOeNb Mo-
HATHS anropurMa. Kasanoch ecTeCcTBeHHEIM, YTO HMEHHO Ha
3TOH 3emJ/le JOJIKHO NMpOU30HTH OOCYy:KAeHHe OCHOBHBIX Npo6-
JieM, CBA3AHHBIX ¢ aJropuTMaMu. Pasymeercsi, 4tolbl uaes o6
OpraHu3alH TAKOrOo OGCYXIECHHS CTala pealbHOCThIo, ObiNa
Heo6XoauMa COOTBETCTBYIOIlAsi MHHUMATHBa. Takylo HHHIHA-

1) Jipyrue HCTOYHHKHM HMeHYIOT al-XopesMn oTuoM Abnamiaxa, a
Han60Jjee PaHHHE HCTOYHUMKH BOBCE He CONEpXAaT yKaSaHHA, Yelt OH OTen
(cm. [Byarakos, Posendenba, Axmefos, 1983, ¢, 9) — B. Y., A.C.
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THBY B3s/IH Ha ce6s yxe ynomanytsiit Jonang Dpsut. KHyT H
Anppeit Ilerpopnu EpmoB. Ocerbio 1978 r. onm mnocialu
COPOKA CBOUM KoJlJleraM U3 OJMHHAMUATH CTPaH MHpa NHCHMO,
B KOTOpOM INHCAJIH:

«He TaK JaBHO cpeiu HEKOTOPHIX MATEMATHKOB H HPOrpaM-
MHCTOB (K HHM OTHOCATCS M aBTOpBI 3TOrO NHCbMa) BOSHHKJIA
HIesl OCYIIECTBJIEHHS CBOEro poja HayyHOro NaJOMHHYECTBA
K MecTaM poOXJeHusi U IOHOCTH AJb-XOpe3MH, BbII2IOMIErocs
MaTeMaTHKa CPeIHHX BEKOB, NABIIEr0 CBOE HMs CJIOBY «aJro-
purM». Kak noxckasmBaer ero uMs, AJib-XOpesMH HPOH30-
et u3 XOpesMCKOro 0asuca, 3HAMEHHTOrO Odara IUBHJIN3A-
IMH, OGOTATHBIUEro YeJIOBEYeCTBO IeJIOH IJesfod sameya-
TeNbHBIX (QUIOCOPOB, YUeHBIX H M03TOB. Ec/H XKe Mbl BCnoM-
HHM, 4TO HauboJiee H3BecTHbIE PaGoTEl Alb-XopesmH He TOJIbKO
NpHBENH K HalleMy CJIOBY «aJITODUTM», HO H YTO CJIOBO «a/reG-
pa» Takxe o0s3aHO CBOMM HPOHCXOXKIEHHEM HA3BaHHUIO €ro
raaBHo# pabordl [...], To cTaHer siCHO, YTO MEPCHEKTHBA mOCe-
WEHUsT STHX MecT GyJerT UCTOYHHKOM OCOOBIX YYBCTB JOGOro
matemariKa [...] Xorenocs 6bl yrayGuTbCs BO B3AUMHYIO JHC-
KYCCHIO 1O NOBOZLY (yHIaMeHTaNbHLIX NMPOGJEM MATEMATHKH H
BbIUMCIUTENBHOTO jena. HaMm npelcraBnsercss, 4to NpUpPoOna
OyCTHHH M JbIXaHHe HCTOPHMH, CBOMCTBeHHblE MeCTy mpoBefe-
HHA KoHdepeHUuH, NMPEACTABAT HaM ocoOblil LIAHC OTBJEYbCs
OT NOBCEAHEBHOM paboThl, OKpYyXKaiolleil Hac AoMa, NOMOTYT
COCPEROTOUUTHCH U NPUAAAYT HAIUMM PasMbILVIEHHAM GOJbUIYIO
¢dunocopckyo ry6uHy U JaJbHO30PKOCTbY.

Hunumatusa A. I1. Epmosa u 1. 3. Kuyra Gbia noanep-
®KaHa Axagemuelt Hayk CCCP (u npexne Bcero ee CHOHPCKHM
otzenerueM) 1 Akanemueit Hayk Y3bekckoit CCP. B pesynbrare
¢ 16 no 22 oktsabpst 1979 r. B ropoze Y prenye cocTof g CUMIO-
3UyM «ANTOpHTMBI B COBpPEMEHHOH MaTeMaTHKe U ee IpHJIoxKe-
HHAX» NpH 26 coBeTCKUX H 13 3apybexHblX yYacTHHKAX. B aeHb
OTKDBITHSI CHMIO3HYMa COCTOSNacCh LEPEeMOHHS 3aKJMajKH na-
MATHHKA an-Xopeamu. Pabouue 3acenanus npoucxopuau 17,
18, 21 u 22 centabps. CUMIO3HYM 3aBepILHJICH «aJrOpHTMHYE-
CKHM BeuepoM» C JINYHBIMH BOCTIOMHHAHHSIMH OJIHOTO M3 OCHOBO-
NOJIOXKHHKOB TeopuH BouucauMeix ¢yekmui C. K. Kiaunn Ha
TeMy «K ucropum ¢opMHpOBAHHS HOHSATHS BbIYHCIMMOCTH».
Jasbuefiue nogpoGHocTd o cumnosuyMe cM. B [Epmos A,
VYenenckuit, 1980], [Cemetos, ¥Ycnenckuit, 1980], [EpmosA.,
1980], [Epwos A., Kuyr, 1981, c. 11—V u c. 466—487],
[Epwos A., Kuyr, 1982, u. I, c¢. 4—7 u 1. 2, c. 309—315].

B nporecce nOAroToBKH K CHMIO3NYMY OIMH M3 €10 OpraHu-
satopoB A. I1. EpiuoB npeaioxus, YTo6bl Ha cHMIO3HYME GbiaI -
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cIenaH, KaK OH NHCAJ ONHOMY U3 aBTOPOB B Mae 1979 r., «3a-
rAaBHBIH JOKJaZ Ha TeMy uto-HHOyAb Bpoze ,Bripawomuecs
MaTeMaTHYeCKHe OTKDBITHS, CBSI3aHHbIE C NOHSTHEM aJropHT-
ma“y. Ilens poknaga, no sameicny A. I1. EpiuoBa, cocrosiia B
TOM, YTOOHI «ZaTh HAUYaJbHBIH 3apsAf YYACTHHKaM, KaK 3MOKHO-
HaJbHBIH, TAK H [O3HaBaTeJbHBIHAY; ClenoBafo, OTobpaB He-
CKOJIbKO BHIJAIOIMXCS Pe3yJIbTaToB, «PaccKasarh HX CYLIHOCTDb
Ha maiblax, T. e, OOBACHUTD, a HE IOKa3aTh, H CAENAThb K HUM
TeXHHUeCKHi, Merogosnorudeckuii u ¢uiocopckufi KoMMeHTa-
pui». Tako#t goksag u Oblt mOpydeH aBTOpaM 3ToH KHHIH.
On cocrosicss 17 cenrsibpa 1979 r. nox HaspanueM «Uro naer
Teopusi anropuT™oB (OCHOBHBIE OTKPHITHSI B OG/NACTH TEOPHH
ANITOPHTMOB 3a NOCJEAHUE MOJBEKA)».

B cBoeM JoKJ/iaze aBTOPHI NONBITAMUCh BBIAEAHTD T€ MOMEH-
TH B Pa3BUTHH TEOPHH aiTOPHTMOB, KOTOPBHIE MOXHO OhlIO Ghi
KBaNuHUUMPOBATh KaK OCHOBHBe OTKphiTUA. [lpn 3TOM B Ka-
yecTBe OTKPBHITHS MOTJIO BRICTYNaTh M (OPMHpOBaHHE NMOHATHSA,
¥ 0Ka3aTeJIbCTBO TEOPEMEI, M CO3JAHHE TEOPHH, H Jaxe Nogra-
HOBKa npoGnemel. Takux oTkphitnit 6b110 oCHapyxero 18 (4ro
zano nosog J. 3. Kuyty, npeicenatenbcTBOBaBleMy Ha JO-
KJafle, 8aMeTHTh B IUyTKy, 4TO caM mnepeyeHb 18 oTKpEITHH
obpasyer caMmocTostenbHoe, 19-¢ oTKphithe), ORHOBpEMEHHO
Gblla NPEANPUHATA NONbITKA OYEPTHTb OCHOBHLIE NMPHJIONKEHHH
TEOPUH AJNFOPHTMOB BHYTDH TEOPeTHYECKOH H  MPHKMARHOH
maTeMaTiku, PaKTHUECKH 33 OTBEIEHHBIE JOKNafYHKaM MOJITO-
pa Yaca OHH YCIIeJIH pacCKa3arh TOMBKO NEPBYIO 4acTb JOKIAAa,
NOCBSIUEHHYIO OTKPHITHSM; BTOpas 4ACTb, MOCBSLIEHHAsI NpPH-
JIOKEHHAM, OCTajlach NpeACTaBJIeHHON JHIUp B BHIAE KPaTKHX
TE3UCOB Ha CTEHZe.

Pacmpernnii TeKcr ofenx dactell joknaza Obul sareM
onyGJIHKOBaH Ha aHIVIMHCKOM si3blke B Bufe crarbi [Ycmen-
cku#i, Cemenos, 19811 B Tome [Epwos A., Kuyr, 1981], conep-
Kallem Marepuansl cumnosuyma. IlepepaGoTaHHbIA H ZOmOJ-
HeHHBIH pycckuii nmepesop [Ycnenckuii, Cemenos, 1982] storo
tekcrta Obu1, Aanee, ony6GAUKOBAaH B POTANPUHTHOM H3JaHUH
[Epwos A., Kuyr, 1982].

Korna Becran Bompoc 06 H3IAHWH ypPreHYCKOro NOKJNala B
BUZe OTJeJNbHOH KHHrH, aBTOPbl OKASAJNMCh MEPE] HEJIEerKUM
BeiGopoM. C 0ZHOM CTOPOHBI, BhICILAs IPABJA, BEPOATHO, COCTOA-
Ja Gbi B TOM, u4ToObi HanmcaTh Bechb TEKCT 3aHoBo. C apyroi
CTOpOHEI, 3Ta 3ajiaya norpe6oBasa 6bl CTONILKO BpeMeHH, UTO,
cKopee Bcero, crafia Gbi HeOCYIIECTBHUMOMH, K TOMY ke 32 STO
BpeMsi caMa TeOpHsI AJTOPHTMOB, HaAO AyMarb, WiarHysaa Oul
naneko Bnepel. I[IparmaruuecKue coofpaxenns noGepunsn, H -~
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ecsy He yYuThiBaTh JonosneHde, KHAra Onyia HamucaHa nyTeM
CPABHHMTEJIbHO He3HAUMTENLHOTO W3MeHeHHsi crarbd [YcmeH-
cknit, CemenoB, 1982]. JIoBoioM B MONb3y TAKOrO peLieHHs
MOCJTYKHJIO B TO, 4TO TEKCT Ha3BaHHOH CTaTbH OKasa/cs J0-
BOJIbHO «yCTOHUMBEIM» H y aBTOPOB He NOSBUJIOCH OLLYLIEHHT,
YTO B HEM Haj0 MeHATh YTO-MHOO CyIIeCTBEHHOE — HE roBops
y¥e 00 H3MeHeHHH CaMoro nepeyHsi OCHOBHBIX OTKPHITUH H OC-
HOBHBIX mnpuyoxennit. IlostoMy nonpaBKm HMeaH TJaBHOH
Ie/BI0 yu4ecTb HEKOTOPhle Mocjefnue gocTHxeHus, Kpowme To-
ro, B KHHre nosiBUNacbhb HOBasi TeMma, BbiHeceHHas B J[lonoJ-
HEHHe. -

ABTOpEI — MaTeMaTHKM M NHCaJH CBOX KHHry AJis MaTe-
MATHKOB (XOT$l CTapaluch He yNycTUTh U ¢usiocodCcKue acnex-
Tl Tembl). ITo3TOMy, BO3MOM(HO, HECKOJILKO 32 KaApOM» OCTa-
JIoCh crepyiollee oOCTOATENBCTBO, KOTOPOE OHH XoTenu Obl
chopMyHpoBaTh 31ech B IBHOM BHJe! NOHSTHE AJTOPHTMA SIB-
JIAETCA HE TOJLKO UEHTPaJbHEIM MOHATHEM TEODHH QJITOPHT-
MOB; He TOJIbKO OAHUM M3 IVIaBHHIX NMOHATHHA MareMaTHKH BOOG-
1ie, HO OZHHM H3 [VIABHBIX MOHATHH coBpemenHof Hayku. Bonee
TOTO, CerofHsi, C HacTylJieHneM 3phi HHPOPMATHKH, ANIFOPHT-
MBl CTAHOBATCH OJIHMM H3 BaxHeHIHX (akTOpob IMBHJIN3ALMNH,

MHorue JoCTHKeHHS TEOPHH AATOPHTMOB HMEIOT OfiieMaTe-
MaTUYeCKHH H, BOSMOXKHO, ofleuesoBeuecKuil HHrepec. ABb-
TOPHI CTPEMHJIUCH NO3TOMY K TOMy, 4TOOb! JaHHBEIH TEKCT Gbut
NoHsATEH MOOOMY MareMarTHKy, a He TOJBKO CIELHANHCTY B 06-
JIACTH TEOPHH AJITOPHTMOB. ’



OBO3HAYEHHS H TEPMHHOJIOTUY

N — narypasibHEIi psj, T. €. MHOKECTBO BCeX HATYypalb-
Heix uncea {0, 1, 2,...?;

N+ — MHOXKeCTBO BCEX MNOJIOXKHUTEJbHbIX HATYPaJbHBIX UH-
cex {1, 2, 3,...};

Q — MHOXKeCTBO BCEX PANHOHATIBLHHIX YHCET;

Q* — MHOXKeCTBO BCEX IOJOKHUTENbHBIX PANHOHAJLHEIX
yuces;

b* — MHOXecTBo Bcex cJI10B B ajdasure b;

E — MHOXKeCTBO BceX JABOHUHBIX cJIoB, T. e. B={0, 1}*;

{ — MHOXKeCTBO BceX GeCKOHEUHBIX JBOMUHBIX IOCJIEN0-
BaTeJbHOCTEH; :

A~ B o3Hauaer, uro NpH JIOGbIX 3HAUEHHAX NEPEMEHHbIX
BoipaxkeHns A U B OZHOBpeMeHHO onpejeseHbl HJIH He ONpeje-
JIEHBI M, €C/Id ONpejeseHbl, TO HMEIOT paBHble 3HAueHus (OpH-
Mep: X—X2vy—y HCTHHHO, 4 = z% JIOXKHO);

A f B o3Hauaer, uTO CyIIECTBYET TAKOE HATYPaJbHOE YHCJIO

¢, uto HepaseHCTBO A<C(B-}-¢ BbINOJNHEHO AJS BCeX 3HAYEHHH
NepeMeHHbIX, JUIS KOTOPbIX BeIpaxeHus A H B onpeneseHb;

A X B o3Hauaer, UTO CYIIECTBYET TAKOE HATYPAILHOE UHCIO
¢, uro HepapeHcTBO A<(B-c BbINONHEHO AJsl BCeX 3HaueHHH
nepeMeHHBIX, /ISl KOTOphIX BhipaxeHnss A u B onpepesnexsr;

A = B osnauaer, uto A SB n B3 4;

A = B osHauaer, uto ASB n BXA;

f: A — B nau f ecth | ozHauaer, uro 06/aCTb Onpenese-

oTo6paxenne (byHk- | HHA f €CTb MOIAMHOMKECTBO MHOXKe-

nus) u3 A n B ctBa A, a MHOXECTBO 3HaueHuiH f

ecTh IIOJIMHOXKECTBO MHOXecTBa B;

f ecTb 0T06pa>xeﬂne}osﬂaqaeT, yro 06JaCTh Onpejesne-

MHOKEeCTBa X Hus [ ects X;

f ecTb oToGpamkeHHe | O3HAYAET, YTO MHOMKECTBO 3HaUCHHH

Ha MHOXecTBO Y } f ects Y;
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F (X; Y) — muoxecrso Bcex dynxmuit u3 X B V;

Com (X, Y) — mHOMKeCTBO BceX BBIYMCIMMBIX QYHKUME H3
X BY (M §1.7);

¥ — MHOXeCTBO BceX mOAMHOMeECTB MHOXectBa W

Gen (W) — muoxecTBO BCeX INOPOAHMBIX NOAMHOMKECTB
mHoxectBa W (cm. § 1.7);

uncoBast ¢yskuus — ¢yukoust 13 N B N;

YHC/IOBOE MHOMECTBO — noaMHOXecTBo MHOxecta N,

ciI0BapHas GyHKUHS — (YHKIAS U3 MHOXKECTBA BCEX CJIOB
B HEKOTOPOM ajipaBrTe By B MHOXKECTBO BCeX CJIOB B HEKOTOPOM
andasure b,

CJIOBapHOE MHOKECTBO — HEKOTOPO€ MHOMKECTBO CJIOB B He-
KoTopom andasute B;

petumas mpobsiema — npobsieMa, HMEIOLIAs pellieHue;

& — xanacc Bcex QyHKUHH (B TOM YHCJIEe BCeX NPEIHKATOB),
BLIYMCJHMHIX 32 NOJMHOMHAJbHOE BpeMs, a TaKXKe KJace
BCEX MHOXECTB, 3aJaBaeMBIX mMpeaMKaTamu us &P (cm. §1.7);

'P — KJ1ace Bcex MHOMNKECTB, NOPOXKAAEMBIX. 3a IOJHHO-
MHaJabHOe BpeMs (cM. § 1.7); .

0 — HauMeHbWAs CTENEHb HEPa3PellMMOCTH, HJIH THIOPUH-
TOBa CTeneHb paspellMMeIx MHoMecTB (cm. § 1.11).



BBEJAEHHE

[lopasuTenbHO, KaK MHOTO JaeT Teopus anroputMoB. C ee
MOMOIIBIO MNPOSICHAIOTCS TakHWe ¢yHAaMeHTa/IbHBIE NOHSTHS,
KaK J0Ka3yeMoCTb, CJIOXKHOCTB, cayualiHocts, Boofie B Teo-
pHH aArOpHTMOB (KaK, BO3MOXHO, H BO MHOTHX APYTHX CJy-
YasiX) OTKPBITUA COCTOSIT He CTOJbKO B IIOJYYeHHH HOBBIX pe-
3yJIbTATOB, CKOJIbKO B OCHADYIKEHHHM HOBBHIX MOHATHII U B
yTouneHuu crapux. A, M. MaabueB nuwer B 310it cBsasu; «Cuc-
TeMa NOHATHH H SISHIK He SIBJSAIOTCS UEM-TO BHELUHUM AJsl Mare-
MaTHYECKHX TEODH#, a COCTaBJISIOT ONHY H3 ONpeaesiomux
yacreit ux» [Manbues, 1966, c. 72].

Pa3puTHe TeOpHH aJTOPHTMOB CTaJKHBAETCS 6 TPYAHOCTHIO,
BLI3BAHHOM TeM, 9TO aJTrOPHTMHI €aMu MO cefe CYTh OGBEKTHI
BEcbMa creuHduUecKoro Tuia H 06JajaloT CBOACTBOM, HETHIHY-
HBIM JJIs1 MaTeMaTHYecKuX OOBEKTOB, a HMEHHO CeMaHTHUECKUM
CBOHCTBOM «HMMETb CMBIC/]». B 5TOM OTHOIIEHHH TEOpHS aJiro-
pPHTMOB nono6Ha MaTeMaTHUeCcKO# JIOTHKe, UbH TeopeMul U ¢op-
MyJIEL TaKKe HMEIOT cMiIc]. CMbICa TepMa HJIH QOPMYJIH «yKa-
sarejieH». TepM yKasbiBaer Ha (T. €. o6o3Hauaer) Bemb, a $op-
MyJia — Ha ¢akr. CMBICA aJITOPUTMA «MOBEJIUTENIEH»: aJNTOPHUTM
ROJKeH ObITh HenosiHeH. Takum o0pasoM, TeOpHsi, H3ydaouas
aJITOPHTMBI, - MOXKET TPAKTOBAaTbCH KaK CBOEro poja JHMHIBH-
CTHKa IOBEJIUTEJIbHLIX TNpeJJIoRKeHH. MareMaTHKu ellle He
NpUBLIKIN 06pallaThest HaiJexkKaliM o6pasoM C JIHHTBHCTH-
YeCKHMH oOBeKTaMH, HecymuMu Ha cebe cMbicat. [TosTomy npu
CO3JaHMH AafleKBATHOH TEOPHHM AJTOPHTMOB HaNDaBJISIOULYiO
POJIb ROJKHA HUTpaThb CEMaHTHKA, UUCTO MaTeMaTHUYeCKUH HOX-
XoA IJIst 3TOH UedH HemocTatouyeH (ecad CUMTaTb, YTO YHCTO
MareMaTHUecKHH MOAXOJ He HAOJMKEH HCHOJB30BATH — B Ka-
YecTBE TEXHUYECKOTo NMOHATUS — HOHATHe cMhicaa). B Teopuio
anropHTMOB BXOJMUT, Ha PaBHBIX IIpaBaX G NMOHATHEM aJlOPUT-
Ma, elne W noHsitHe ucuncaeHudA. [loxo6HO TepMmam, dopmynam
H aJITOpUTMaM, HCUMCJIEHHS TaKXKe SBJSIOTCS HOCHTENAMH
CMBICJTA! OFHAKO CMEIC/ HX HE (yKa3aTeJsieH» H He «IOBeJIUTe/eH»,
a «pasperuiTenieH»,



14 BBEREHUE

ITostomMy camoe TeopHi0 aJrOpPHTMOB — B TOM BHJE, Kak
AUCIMIOJMHA C TAKHM HasBaHHeM CJOXKMJIaCh K HAaCTOsIIEMY
BpeMeHU — Oblio 6bl NpaBUJIbHEE HMEHOBATh TEOpUeH airo-
PUTMOB U HCUMCJIEHU (COYeTaHHE TEPMHHOB «alTOPHTMbL H HC-
UHCJIEHHS», XOTA U MOHMMAaeMbIX B HHOM CMBbICJe, BIEpPBLIE IIO-
ABusoch B coynHenuu 3. Wpénepa «O6 anroputMax U HCYHC-
Jenusix» (em. [pépep, 1880])).

B coorBercTBUM € ycTaHOBUBLIEHCS MaTeMaTHUeCKOH Tpaiu-
el TeopHs aJArOPHTMOB He OXBATHIBAET aJIFOPHTMELI, B3aHMO-
ZleHCTBYIOIHE CO CpeRoH (B 4acTHOCTH, C 4eJIOBEKOM B AHAJIOrO-
BOM peXKHMe), ajJrOpHTMBl, HTpalolHe APYT C APYroM, U T. A.
ABTOpBI CO3HAIOT, YTO YK€ NPHLLIO BpeMsi PacipHTb chepy
PaccMOTPEHHA TEOPHH ANTOPHTMOB, BKJIOYHB B He€ aJrOpHT-
MBI YKa3aHHLIX THIOB, HO OCYIUECTBHTb STO PaClIMpeHHE IIOKa
He B COCTOSIHMH. B KHHTre paccMaTpHBAalOTCSt TOJIbKO aJrOPHT-
MBI, NIpejHa3HauYeHHble NS NOJYUeHHSI HEKOETO pes3yJ/ibTaTa Io .
HCXOJHOMY JAHHOMY, T. €. &JICOPUTMBI, BLIYHC/SANOUIME Ty WY -
HHYI0 (QYHKIHIO.

Teopus anropuTMOB H HcuucjeHH#l MOKeT ObITb pasjesena
Ha JBe yactH. ITeppas yacrb ectb 06mas TeopHs, HMeIOMAs IeJI0
CO CTPOEHHEM aJITOPHTMOB M MCUHC/IeHHE camux mo ceGe. Bro-
pas uacTb npezcrablsieT coGo#l NpHKIAIHYIO TEOPHIO, KOTOpas
HMeeT JeJo ¢ npobJiieMaMHd, CBSI3aHHBIMH C NOHSTHAMH aJro-
PHTMa H HCUHCJICHHS H BO3HHKAIOIUMH B Pas3JHYHLIX 06JacTsaX
MaTeMaTHKH. B COOTBETCTBHH € 5THM KHHTa COCTOHMT H3 ABYX
yacrefi: «OCHOBHEIE OTKPHITHS OOIIE# TEOpHH aJTOPDUTMOBY H
«OcHoBHBI®e MaTeMAatHYeCKHe MPHUJIOKEHHS TEOPHH aJIrOpUT-
MOB»,

XoTs aBTOPH! M CTapasuch NPOCAEIUTb HCTOPHIO BOSHHKHO-
BeHHs TOTO MJIM HHOTO NOHATHS, TepMHHA HJIH Pe3yJbTara, UM
3TO He Bcerga yaaBajoch. [Tostomy Gubiauorpaduueckue ccbli-
KH MOT'YT M He HMeTb NPHOPHUTETHOTO XapaKTepa, 4 YKashulBaTb
JIMIb Ha MCNOJNb3OBAHHBIE HCTOUHHKH MHGOpMauHu.

ITpu ccblIkax Ha pasavuHble KHHTH H CTaTbH B KBaJparHole
CKOOKM 3ak/oualores: ¢amuius aBTopa (B HeOGXOAUMBIX CJIy-
yasX TaKxXe H UHHOHAJA) H TOfX NyOJMKAUMH; NPH CCHIIKE C
GoJiee TOUHBIM aJPeCcOM — HAa ONpeJeJNeHHYI0 CTPAHHLY HJH
TEOpeMy — COOTBETCTBYIOIIAast CTPaHHIA MJIM TEOpeMa YKasbl-
BaeTcsl BHYTDH TeX e KBajpaTHHIX CKOGOK.

OnpeneJiseMele TepPMHHEL (2 TaKXKe TepMUHBL, 0603HaYaloLHe
nepBHYHbIE, HeoNpenesseMble MOHATHSA) BBbIAEAEHBI KyPCHBOM
(OKpyKalolmuil TEKCT, CJIeJ0BaTEeNbHO, MOXKHO BOCIPHHHMATh
KaK onpefie/ieHHe); BEIIEJEHBl KYPCHBOM TAaKXKe HMeIoIue Tep-
MHHOJIOTHYECKHH XapakTep «cOGCTBEHHbIE MMEHA» TeOpeM.



YACTDb I

OCHOBHbLIE OTKPbITHSl OBIEHM TEOPUH
AJITOPHTMOB

B o6imefi TeOpHH aJTOPUTMOB MBI BRIIRJISIEM QeCKPUNRIMUBHYIO
CTOPOHY, 3aHHMAIOWIyoCH JIHIbL BONPOCAMH O HANMYMH WJU
OTCYTCTBHH aJTOPHTMOB H HCUHCJEHHH, NPHBOAAIHX K 3ajaH-
HOll mesu (Ho Ge3 OIEHKM 3aTpaT Ha ROCTHXKEHHE 3TOH nesu),
H 0 cnoco6ax 3aJjaHus 3THX aJrOPHUTMOB M HCUMCTICHUH, U Mem-
putecKyto CTOpOHY, 3aHMMAIOUIYIOCH OLEHHBAHHEM CJIOMHOCTH
NPOLECCOB BLIYHC/IEHUS U NopoxzaeHUs. [TousiTust MeTpuyeckoi
TEOpPHH aJTOPHTMOB €lle He CJOXKHJHChL B €UHYIO H CTPOHHYIO
CHCTEMY.

OcHoBHEIEe OTKDBITHS, CBSI3aHHHIE ¢ OOWMMH MOHATHAMH aj-
FOPUTMA U HCYUHCJEHHS, TAKOBBL

1. OGmee noHsTHE AAropHTMa KaK CaMOCTOsTeNbHOE (OT-
JeNbHOe) IOHSITHE,

2. TlpepcraBuTesibHbIe BHIYHCAUTENLHbBIE MOAEH,

3. OGuiee moHATHe UCUUC/AEHHS KakK caMocTosiTesibHOoe (OT-
IeslbHoe) NOHATHE.

4. TlpescraBuTe/IbHEIE MOPOXKIAIOINE MOZEJH.

5. BrisicHeHue cBsiseil MeXJy aJAropUTMaMH M HCUHCJICHHS-
MH.

6. BpeMsl ¥ eMKOCTb KaK CJIOXKHOCTH BbIYUHCJIEHHS H NOPOXK-
JeHU S,

7. Boiuucaumele GyHKUHH H DOPOJHMBIe MHOXKECTBA; paspe-
INMMBle MHOXKECTBA; NepeyHC/IHMbe MHOXKECTBA.

8. IloHsTHE p-peKypcHBHOH (YHKOMH.

9. BosmMoxkHOCTL apuMerHueckoro H Jaxe auodasro-
Ba MpejCTaBJeHHs JIOGOT0 NePeUHCIHMOro YUHCJIOBOTO MHOXKe-
CTBA.

10. IMocTpoenue HepaspemtuMoro HOPOAMMOrO MHOXKECTBA.

11. Tlpo6nema ceopumoctu Ilocra.

12. TToHsATHE OTHOCHTENLHOTO AJTOPHTMA, HWJH aJrOpHTMa
C OpaxkyJom.
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13. IlonsTue BrgucimMoil onepauuu.

14. TlousTHe nporpaMMer; NporpaMMel KaK OOBEKTH BBIYHC-
JIEHHUS H NOPOXKAEHMUS.

15, IMoHstie Hymepanuy H TeOpHs HyMepauuil.

16. Hauano cospanys MHBapuaHTHOM, WM MallMHHO-HE3a-
BHCHMOMN, TEOpHH CJIONKHOCTH BEIUHCJEHHH.

17. TeopHs CJIOKHOCTH H SHTPONHH KOHCTPYKTHBHBIX 00BeK-
TOB.

18. Yno6HEle, HJIM 3KOHOMHBIE, BBIYHCJIHTEILHBIE MOAEIH,

Yacrb T conepxut § 1.1—1.18, Kaxapiil U3 KOTOPBIX MOCBS-
IIeH COOTBETCTBYIOMEMY OTKPHITHIO U CBA3aHHEIM C HHM BOIIpO-
cam, a Takxke § 1.0, mOCBAMEHHEII W3J0XKEHHI0O HEKOTOPHIX
npeABapuTeJbHbEX NOHATHH. s GosblIHHCTBA TEPMHHOB Mec-
TO, TIe OHH BBOJSITCS, JIETKO yCMOTPeTh U3 Ha3BaHUH maparpa-
¢oB; BoT Haubosee CyLIECTBEHHbIE HCKIIIOYEHHS: IOMATHS HOP-
Mbl, HOpPMHPOBaHHOTO aHCaM6/Isi H OTPaHHUYEHHO-HCKaXKAIOIEro
oro6pakeHus BBogsitcs B § 1.6, MOHATHS BLIUMCIUTENIBHOM, pe-
3yJILTATHBHOMN, yHUBepca/ibHOil, ryaBHOH (MHaye réjeseBoii)
A ontuMmaabHo# ¢yHkuuft — B § 1.14.

Panu 3koHOMHH MecTa, OJHAKO, B KHHTe He NPUBOAATCA (3a
HEKOTOPBIMH HCKJIOUEHHSIMH, O KOTOPHIX CKA3aHO HUKe) ompe-
JesieHUsE KOHKDETHBIX BBIUHC/IMTENbHEIX H MOPOXKAAIOUHX MO-
Jesiei — HOpMaJIbHLIX  anropHdgmoB Y) MapkoBa, KaHoHH4Yec-
kux cucrem Ilocta u HopmaabHblx cucrem Idocra u 1. m.;
3TH OnpefesIeHHs, TaK Ke KaK U oNpejesieHHe p-peKypCHBHBIX
(vHaue — YaCTHYHOPEKYPCHBHEIX) QYHKIHMH, MOTYT OBITH Haii-
IeHBl B yueGHOH U NonyJsApHO# JuTeparype ¥) HIH B TeX opu-
FHHAJIbHBIX paboTax, Ha KOTOPBIE Mbl CCHIIAEMCS; ClellHa/IbHbIE
' KOMMEHTapHH N0 NOBOAY TepMMHa «MamuHa Toiopuhra» cm.
Huxke, B § 1.6.

YnomsHyTee HCKJIOYeHHS — MamHHel Kosmoroposa u ma-
munel [énxare, onpenesenust Kotopuix npusopstcsa B § 1.2,
a Takxe OIpefesIeHHble PasHOBHIHOCTH MawME Tholopuira,
onuchiBaemble B Jonoanenuu. McnonbsyeMelii HamMH TepMHUH

1) Hanucanua «aJroputM» M «aaropudM» sBASIOTCS ONHHAKOBO Npa-
BulbHEIME. B npoumiom Grito n&nnam nucath ¢airopHdm», ceffuac sce
Yailie NUIMYT «anrophT™». A. A. MapkoBy HanucaHHe Yepes «T3» He Hpa-
BHJIOCH, H TIOCKOJIBKY HMMEHHO OH H306pesi HOpMaJjbHble aJropudMel, MBI
cOoXpaHAeM LIS HHX €ro, aBTOPCKOe HanncaHue uepes «sd». K Tomy xe
HanucaHWe «HOPMaJbHHIE aJrOPHTM» MOMVIO Ol BHI3BaTh NPEACTaBJ/IeHHe
© NPOTHBOTIOCTABJIEHHN HOPMaJbHHIX 4JTOPHTMOB HEHODMAJILHBIM, YEro Mkl
xoTelIn Gn u3bexarb.

%) Hanpumep, nonyasipHOe u3noxenue Maurne Thioprura (a Takxe ps-
Ra JADYTMX BOTPOCOB, 3aTparmBaeMbix B Hamefi KHHFE) MOXHO HalTH
B cTathe [XonkpogT, 1984]. :
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«BHIYMC/IUTEJIbHAS] MOJEJIb? MOXKHO NOHHMAaTh HHTYMTHBHO, op-
HAKO OH MOXKeT paccMaTpHBATLCS H B HECKOJBKO 60JIEe TOUHOM
3HAYEHUH — KaK CcOOHPAaTeNbHOE CYIECTBUTENBHOE IV 060-
3HAUEHHs JOOOT0 M3BECTHOTO CeMeHCTBa ONHOTHIIHBIX BbIYUMC-
JuTeJabHBEIX YeTpoiictB. Hanpumep, Bce MamnHel Kosamoroposa
COCTaBJISIIOT OBHO TaKoe cemeHCTBO, Apyroe ceMeicTBO COCTaB-
JIIOT BCE MHOTOJIEHTOUHEIE MaIMHEL THIOpHHTa, TpeTbe — BCe
OJlHOJIEHTOUHbIE MAaliMHbl ThIOPHHTA; MBI HMEEM 3J€eCh, CIENO-
BaTeJbHO, TPH BBIUHCAHTENbHBIE MOAeau. Bce opHoseHTOUHBIE
MamHHLL THIODHEra ¢ GHKCHPOBAHHBIM JIEHTOUHLIM aJIpaBHTOM
TaKxe 00pasyloT BLIYHCINTENbHYI0 Mofedb, COBOKYNHOCTb
Bcex MamiH KosmoropoBa Hax KOJMOrOPOBCKMMH KOMILIEK-
caMH, pasMeYeHHuIMM OYKBaMH u3 (PHKCHPOBAHHOrO ajpasH-
Ta, TaKxke MOMKeT paccMaTpuBaTbcs KAK BbIYHCAHTENbHAS
MOJEJIb.

AHanornyHo oGCTOMT L0 H C TEPMHHOM «IOpOxKalomast
Monenby. B § 1.18 repMuHoM «wbimucaumenrvuan modesv» 0603Ha-
yaercs He Jiio6as MofeNb, a JUIMbL BEIOpaHHAas M3 HEKOTOPOTO
OTPaHHUEHHOrO (BIPOYEM, IOCTATOUHO INHPOKOTO), HO 3aro
6osiee opMaJbLHO ONMHCAHHOIO KJacca. 31ech e OrOBOpHMCH,
YTO IIOHATHE BBIYHCJIUTENLHOR MOJENH, yNOTpeGlseMoe Hamu
B TOM e CMBICJe, 4TO M, Hanpumep, B [Cauncenko, 1981], ue
UMeeT HHUUero oflIero ¢ MNOHSTHEM BBHIUHCJIHMTEILHOH Moge-
JH B TOM CMHIC/IE, KaK 3TO HcIoss3yercs B [BaxBaios,
19771.

§ 1.0. NpexpaputenbHble TNOHATHA TEOPHH aNTOPATMOB:
KOHCTPYKTHBHble OOBEKTHI H mX aHcambin,
JOKaJbHble CBOHCTBA H JOKaJNbHble HeHCTBHUSA

1.0.0. «Bo BceM cOBpeMEHHOM MATEMaTHUYeCKOM MBILIJIEHHH
GoJIblIoe MEeCTO 3aHMMAET pasiiueHHe MEXKAY ,KOHCTPYKTHB-
HBIM“ H ,,HEKOHCTPYKTHBHEIM*»,— nuiuer A. H. Kosamoropos B
npenrcaoBud [Koamoropos, 1954]. Hdasee on ormeuaer: «Jlio-
60e HATypPaJNbHOE YHCJIO MOXKeT ObiTh B NpHHIHIIE 3afaHO KOM-
CTPYKTHBHO B BHJE

141414, +1».

3nmech HAIVIAAHO MPOSBJISETCS PasjiHdde MexRY HATypalb-
HEIM YHCJIOM KaK KOJIHYECTBEHHOH CYIHOCTDIO (HEKOHCTPYKTHB-
HbIM OGBEKTOM) M €ro 3ajaHHeM B BHJE NENOYKH EIUHHIL H
IUIIOCOB (KOHCTPYKTHBHBIM OOBeKTOM). sl TEOpHH anropur-
MOB 3TO PasJIHuHe HMEET He CTONBKO uaIocodCcKul, CKOMLKO
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TNIPaKTHUECKH# XapaxTep: aJrOpUTMBEI MOTYT HMETb AEJIO TOJIb-
KO C KOMOHHAUWAMH 3HAKOB, T. €. TOJHKO C KOHCTPYKTHBHBIMH
00BeKTaMH, MOXHO ycMOTpeTh HEKYIO TOHKYIO PaSHUIY MeX1y
TeOpHel AJITOPHTMOB M TeopHel BHIYUCAMMBIX (YHKIHH! IIO-
CHeHAS HMEET ei0 He TOMLKO ¢ 00BeKTaMH, KOHCTPYKTHBHLIMU
B NPSAMOM CMEIC/Ie, HO U C OGBEKTaMH, HMEIOHMH BCErO JHIUb
KOHCTDYKTHBHBIE 3a1aHlst,— HanpHmep, ¢ HATyPAaJbHBIMH HJIH
panMOHANBLHEIME YHCHAMH (31 pauMOHAILHBIX YHces KOHCT-
PYKTHBHBIMH 3alaHHSIMH CJTyKat IpoGu, H BHIYHCIUMOCTD PyHK-
IMH OT PauHOHAIBLHOIO apryMeHra ofecrneurBaercsi HaJdHYHEM
ajiropuTMa, JAIOMEro paBHEle pe3yasratel npu obpaborke,
cKaxeM, npobeit 3/7 u 12/28).

A. T1. EpwoB cnpapeg/IiBo BKJIOYaeT MOHSTHE KOHCTPYK-
THBHOTO OOBEKTA B OCHOBH TEOpETHYECKOro NpOorpamMupoBa-
Husa — cM. [EpmioB A., 1977, § 2.1]. 310 noHsTHe caenyer npu-
3HaTh He TOJbKO OCHOBHBIM, HO M mepsuuHbM. CTpPOro rosops,
OHO MPHHALJIEKAT HE CTOJBKO TEOPHH aJrOPHTMOB, CKOJIBKO
BBefGHHIO B 3Ty TeopHio. Kak HamucaHo B OFHOM CTapoM
yuebnuxe: «IlpegmeroM JJisi BBeHEHHS B HAayKy OOBIKHOBEHHO
Ha3HaualoT npedsapumenbHble O HEl NOHAMUA, T. €. TaKUe I0-
HSTHS, KOTOphie HE MOTYT BOHTH B COCTaB caMOH HayKH, OfHa-
KOX CYIIECTBEHHO K Hell OTHOCATCS H HeOOXORMMO €l0 HPEXMNo-
JIaraloTcsa».

Bce MONBITKH ONpeNesIUTh NMOHSTHE KOHCTPYKTHBHOIO 00b-
€KTa — M Halle H3JIoKEHHe He SBJAeTCS HCKJIOUECHHEM — He-
H36eKHO YKJIOHSIOTCS JHGO B CTOPOHY PacIvIbIBYATOTO OMHCa-
HHf, JUGO B CTOPOHY ONpeje/ieHHs] YaCTHHIX BHJAOB KOHCTPYK-
THBHHX 00BekToB. Kak Bce HeompenesisieMble HMOHSITHSI, OHO
ycBauBaeTcss Ha mpumepax. K takum mpumepam Mp! cefivac
nepeiizem.

1.0.1. HepBbie npuMepbl KOHCTPYKTUBHHIX 00 LEKTOB: CJIOBA
u Aepesbs. Han6osee n3yueHHBIMH KOHCTPYKTUBHBIMH 0GheKTa-
MH SIBJISIIOTCS CJIOBa, COCTaBJIeHHBIE W3 6YKB KaKOTo-jH6o Ko-
HeuHoro andasura B, Kopoue — ca08a 8 b, eme xopoué -—
B-ca0sa. CnoBa yacto CJ1y:XKaT OCHOBHBLIMH OGBEKTaMH IIPH IOCT-
POEHHH TEOpHH aJITOPHTMOB; HauGoJsee NocJaefoBaTeNbHbIf NpH-
Mep Takoro IOCTPOEHHS — TEOPHS HOPMaJIbHHIX airopudmos
MapkoBa (cM. monorpabuio [Mapkos, 1954], rae caosam mo-
cesmeHa a1, I). IToHsTHe c/10Ba BCTpevaeres, ¥ IPHUTOM B ajl-
rOpUTMHYECKOM KOHTeKCTe, yKe y A, Tys B [Tys, 1914] — cm,
unxe npobasieHue K § 1.3. Omnaxo Tys ocosHaBan cymecrBo-
BaHME KOHCTPYKTHBHBIX OOBEKTOB OoJsiee ofwero BHIa, 4eM
CJIOBA, @ UMEHHO HEKOTOPHIX APEBOBUAHBIX 06pa3oBaHHUil (CM.
[Tys, 1910]).
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Jpyroit TpasiuUOHHEI HPUMED — MATPHUEI G LEOTHCIIe -
HbIMU KO3((pHIMEHTaMH, 3aNHCAHHEIMH B KaKOH-THGO cHcreme
CUHCJ/IEHHS,

Haxoneu, Tperuil BakHublii npumep obpasyior (b, k)-me-
peBbs. Ilyetb b — andasut, £ — HarypaasHoe uncio. Torma
(B, k)-Oepesom Ha3biBaeTcsi AEPEBO CO CJEAYIOMIHMH JONOJHH-
TesqpHBIMH cBofictBaMu. OfHa U3 BEPIIMH BhijesieHa M Ha3BaHa
KopHem (TaKOe JlepeBO HA3LIBAETCS KOpHesuim); Ha Beex pebpax
3a1aHa OPHEHTAaUHf, TaK YTO B KaXKAYl0 BepIUHHY M3 KOpHS
BEJeT OPHEHTHPOBaHHLIA myTb. [lpeamonaraercsi, uTo Kaxzaas
BeplIIMHa fepeBa NoMmeuyeHa ojHol U3 GykB aadasuta B u pia
Kaxno# BepLIMHB BCce HCXOAsAllMe U3 Hee pebpa noMeue-
H Da3JHMUYHBIMH YucIaMu H3 MHOXectBa {1, ..., k}
(Tak d9TO0 HCXOZAIIMX peGep INpH JaHHOH BeplUHHE He
Gogee k). o

OueBnjHo, Kaxnoe B-cnoBo MoxkHo cuutath (B,1)-neperom
¢ KOpHeM B nepBo#f GyKBe CJIOBa.

Anre6panveckxu#t npumep. [lycrb sapano xo-
HeYHOe MHOXKecTBO B (yHKUHOHANBHBIX M NpeaMETHHIX HMEH
(cuenamypa ), npudem saseHmHocme (UUCJI0 aprymenToB) GyHK-
HUOHAJbHEIX HMEH He NMpeBocXofuT k. Toraa BcsKOMy SaMKHY-
TOMY TEPMy CHTHaTypel b moxkHO cllefyromuM obpasom nocra-
BUTL B coorBeTcTBue (B, k)-zepeBo. Ecim o — mpexmerHoe
uMsa u3 B, eMy craBuTcst B COOTBETCTBHE JIepeBO H3 ORHOI BEp-
IIHHBI, NToMedeHHOH a. Ecau f ecTh n-MecTHOE dyHKIMOHANLHOR
ums, f,. . .k, CyTb TepMel, To TepMy f(f;,. . .,f,) CTABUTCA B
COOTBETCTBHE JNepEBO C KOPHEM, IOMEUEHHBIM f, U3 KOTOpOTO
BeyT n pebep B KOPHH REPEeBbeB, NOCTABJIEHHLIX B COOTBETCT-
BUE TepMaM fy,. . .,fn; pebpa 3TH 3aHyMepOBaHBl 4HCJIAMH OF
1 mo n.

Ha mHOxecTBe 3aMKHYTHIX TEPMOB MOXKHO 3aJaTh CTPYKTYPY
anre6pol (cBoGopHOM anreGphl, NMOpOXKAEHHOHA curHarypolt bB;
noapoGHee o6 sToM GyJeT rosoputhes B joGaBjaenud K § 1.3).
Hanpumep, cBoGomHeli rpynnous ¢ ofpasyliomuMu a H bu
onepanue o BKJanpiBaeTcss B MHOxectBo ({a, b, o}, 3)-ne-
peBbEB.

HakoHel sameruM, uto anrebpy, cBoGoaHylo B MHOrooGpa-
3UM BCeX acCONMATHBHLIX TPYNNOUJOB G eXHHHLEH, T. e. cBo-
GoHy10 NOJYrpyIIy; TaK:Ke MOXKHO IpPEACTaBJATh cooTosmed
H3 KOHCTDYKTHBHBIX OGBEKTOB: ee MOXKHO PacCMaTpHBaTh Kak
MHOKECTBO BCEX CJIOB B aJipaBute 06pa3yloWux.

1.0.2. KoHCTpPYKTHBHbIE O0'bEKTbI: MONBITKA OGLIEro OmM-
canus. B nonbiTkax pasbACHUTHL Halle NOHHMAaHHE TOro, 4YTO
TAKOEe KOHCTPYKTHUBHBHI 06BEKT, MBI HauHeM ¢ GoJiee LHPOKOro
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H TaKXe HeONpemesseMoro MOHATHSA ~— MOHATHS KOHEUHOro
o0BeKTa.

Koneunoui  o6wexm — 510 00BEKT, O KOTOPOM MO2KHO
MBIC/IHTb, HE NpuBJieKass aGCTPAaKUMK aKTyanbHOH GECKOHEUHO-
ctd (cM. [Haropuwifi, 1977 r.]), T. €. 06BEKT, KOTOPEIA MOMKET
OLITh Kak Gul Mpe’bsiBiIeH NEeJHKOM (pasymeeTcs, Bce CKasauHoe
HHUKaK He NIPETEHAyeT Ha poJb ompeneseHHs, a CKopee mpen-
CTaBJisier cOGOil NOBTOpPEHHE OFHOTO H TOTO ke). BaxHO oTMe-
THTb, 9TO KOHEYHOE MHOXKECTBO KOHEUHBIX OOBEKTOB SIBJISETCS
KOHEUHHIM OfbekToM. KiaccuuecKdil mpuMep KOHEYHOTO 00b-
€KTa — KoHeuHuIll rpad.

Hekoropsle u3 KOHEUHBIX OGBEKTOB ABJSIOTCS KOHCHPYKIMUG-
Hoimu o6vekmamu. MbL CUNTaeM, UTO KA/l KOHCTPYKTHBHLIH
OGBEKT COCTOMT M3 KOHEUHOrO MHOXKECTBA JEMEHTOB, IpHHAL-
JeXAMUX KaMAbli K OFHOMY U3 KOHEJHOro uMc/a THMOB (TaK,
CJIOBO «CJIOBO® COCTOMT M3 5 GYKB, oTHOCAUMXCs K 4 THNAM) U
CBSI3aHHBIX HEKOTOPHIMH OTHOLIEHHSIMH TaKike M3 KOHEUHOTO
yuclia THNIOB (Tak, GYKBHI CJIOBA CBI3aHBI OTHOIIEHMEM YHOps-
IOUeHHOro cocencrsa). Takum 06pasoM, KOHCTPYKTHBHHIH 00b-
eKT HMeeT pacysIieHeHHOe (ZHMCKpPETHOe) CTPOEHHE H COCTAB/IEH
H3 OTIEJbHBEIX 3/IEMEHTOB, KaK MOJeKyJa H3 aToMOB. Mbi npes-
foJlaraeM jaJjiee, uTO I/l KOHCTPYKTHBHOTO O0BeKTa 3alaHa
(He MoxXeT OHLITDH 3aJaHa, & Yy XK € 3alaHa) HeKoTopas
«BHYTpEHHsIl CHCTeMa KOOPAHHAT», MO3BOJSIOLAST ORHO3HAYHO
JIOKAJIN30BaTh JIIOGOH €ro 3JeMeHT.

Taxoit BHyTpeHHefi cucTeMofi KoOpAMHAT 06JajaeT CJIOBO
(MOHO TOBOPUTEL O BTOpOH GYKBe cJIeBa), MaTpUla (MOXKHO ro-
BOPHTb O NepeceyeHHH BOCbMOH CTPOKH M TPeThero cronbua),
(B, k)-nepeBo (MoxkHO 3a7aTh MyTb OT KOPHS K JaHHOH BEpILH-
ne). Taxofi cucremofi KoOpAMHar He o6JanaeTr HH KOHEYHoe
MHOKECTBO, B3ATOE caMo 1o ceGe (pa3ymeercsi, Ha HEro MOXHO
HaJIOXKHTb BHYTPEHHIOIO CUCTEMY KOOPJAMHAT, YIOPSAOUMB €ro),
HH KOHeuHbId rpad (M Ha HEro MOXKHO HAJOXKHTL HEKYIO CHCTe-
My, YKa3aB NOpANOK o6X0la BeplivH). B AByX nocleNHux mpu-
Mepax B paccMaTpHBaeMblil OOBEKT MOXKHO BBECTH BHYTPEHHIOIO
CHCTEMY KOOPZMHAT, HO BBECTH HEOJHO3HAYHO, TaK 4TO AO BBe-
JeHHs Takofl CHCTeMB! Mbl He B COCTOSIHHM YKasaTb «afpecy
HHTEPECYIOIEro Hac 3JeMeHTa.

ToBopst 0 cucreme KOOPAHHAT, €CTECTBEHHO TpeGoBaTh Ha-
JIMUHS «Haua/la KOOpAHHAT»; TAKUM 00pasoM, B KaXKAOM KOHCT-
PYKTHBHOM OGLEKTe HEKOTOPLIA €ro 3JeMEHT BblfiesleH Kak Ha-
YaJLHBIH — 3TO0 TOT 3JIEMEHT, C KOTOPOIO HAUMHAETCS «uTe-
HUe» oObeKkTa (mepBasi 6ykBa CJIOBa, TEPBHIA 3JieMEHT NEpBOH
CTPOKH MaTpHiul, KOpeHb jepeBa U T. A.). Mimenno Hamuyue y
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KOHCTPYKTHBHOI'O OOBEKTa BHYTPEHHeH CHCTEMBI KOOpAaWHaT
ofecneyrBaeT BO3MOXHOCTb €ro BBOAA B BBIYHCJIHTENLHOE yCr-
poOHcCTBO.

3a uckmouennem [Kpuuuurufi, 1977a, §2] u [Kpuuun-
kufi, 1983, § 2.2], rae npemnaraercs onpefeseHHe TaK Hashi-
BAEeMOT6 KOHCTPYKTHBHOI'O 3/ieMeHTa, B JINTEpATYpe BCTPEYaloT-
¢ JHWb KpPaTKHe NOSICHEHHS K MNOHATHIO KOHCTPYKTHBHOTO
o6bekra — cM, [[lanun, 1962}, [Mapkos, Haropubii, 1984,
§ 11, [Manus, 1980, rn. I, § 6]; B mocaenueit paGore TepMuHOM
«KOHCTPYKTHBHEIH OOBeKT» O003HAuaeTcst TO, YTO Mbl 06O3Ha-
YU TEPMHHOM «KOHEeUHBHIH O6beKT». Mbl yOexueHHl, uTo aJ-
FOPUTMBI TPeGYIOT UMEHHO KOHCTPYKTHUBHBIX OGBEKTOB H HE MO-
TyT ONepHpoBaTh HENOCPEICTBEHHO KOHEUHBIMH 00BEKTaMH, He
ABJFIOIUMHCS KOHCTPYKTHBHbIMH. TOT ¢aKT, YTO KOHEUHhie
OOBEKTH MOTYT OHITb ;3a1aHBl KOHCTPYKTHBHO, MOKa3bIBaeT
JHib, YTO AJAS HHUX CYHIECTBYIOT KOHCTPYKTHBHBIE 3aJaHMA
(exunOOGpPasHbIE JJIs KAKJOIo KJacca «0ZHOPOXHBIX MEXIY CO-
60il» KOHEUHKX OGBEKTOB) H 3TH KOHCTPYKTHBHbLIC 3aJlaHHA AB-
JIAIOTCSE KOHCTPYKTHBHBIMH OObeKTaMH. Kaxauifi Tako#t KOHCT-
PYKTHBHBI OGBEKT eCThb HCXOAHEIA KOHeYHBIH OGBLEKT, AONOJ-
HEHHBIH TEM HJIM MHBIM CIIOCOG0OM BHYTpPeHHe#A cHcTeMoH KOoop-
JIuHAT; BBUAY MHOroo6pasusi STHX CnocoGOB y OJHOTO H TOTO
e 06beKTa MOMKET GbIThb MHOIO pasfuuHblX 3ajganuil. FimeHHO
C TaKHMH 32JaHHSIMH H DabOTalOT aJrOpHTMEL,

TpennonoXuM, 4TO aJropuT™ paGoTaeT COIJIaCOBAHHBIM
ofpa3oM, T. €. B NPHMEHEHHH K 3aJlaHUfIM OJHOro M TOTO XKe
BbIJIA€T B KayeCTBE Pe3yJ/ibTaTa CHOBA 3aJaHHS OJHOIO H TOro
xke. Torza MOXHO MPHHATb TEPMUHO/IOTHYECKOE COIVIAIIEHHE U
FOBOPHTH O BBIYHCJMMBIX QYHKUMAX HaX oOBEKTaMH, HMEIONIH-
MU 3ajanus (CM. Havyajlo Hacrosimero naparpada). I'oBoputsb
K€ — OPH OTCYTCTBHH TAKOIO COIJIAIIEHHS] — O BRIYUCAMMBIX
byHKUMsX, a TeM Gosiee 06 aJropHTMax Haj KOHEUHHMH 00DbeK-
TaMH Kak O 4eM-TO camoO co6oifi pasyMmelomeMcsi, KaK 9TO cie-
Jdano B [éndung, 1971, § 1}, Ham npexcraensiercss Henpaso-
MepHBIM.

1.0.3. JloKanbuble cBOfiCTBa U JIOKaabHbIe AelcTBust: Hedop-
MaJabHoOe H3J0keHue, [IpennosoxuM, uTo B KAKJOM U3 paccMat-
pPHBaeMBIX KOHCTPYKTHBHBIX OGBLEKTOB BHIIEJIEH HEKOTODBIH Or-
PaHHYeHHHI YUacTOK. («akmusHas dacme» cornacHo [Kommoro-
pos, 19531), cocrosimuii u3 HadaJbHOro JeMEHTa M BCeX «I0-
CTaTOYHO GH3KHX K HeMy d/IeMeHTOB». TaKoe Bbiie/IeHHEe MOXKET
€BITb OCYIIECTBJIEHO, HANMpHUMep, €clId Ha OOGBEKTE KaKHM-TO
00pa3oM 3afiaHa MeTPHKA, TaK YTO MOXKHO F'OBODHTb O PacCTosi-
HUH OT ORHOIO 3JIEMEHTa IO APYroro; TOrja akTHBHasi 4acTb
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COCTOHT M3 BCEX 3jieMeHTOB (M, pasyMeeTcsl, HMEIOHXCH Cb»
3ell MEXIy HUMH), KOTOpHIE yJHalleHBl OT Hada/JbHOro He GoJsee
YeM Ha (UKCHDPOBaHHOE YHCJIO, Ha3bIBAEMOE MOKA3AMEAeM A0-
Karemocmu wny paduycom axmusroll uacmu. Tak, 175 CAOBa
€ro aKTHBHAs 4acTb — 3TO Hayajlo cJoBa; IJIMHA ITOrO Havya-
JIa 3aBUCHT OT BHIOPAHHOTO NOKa3are/is JJOKaTbHOCTH — painy-
ca akTUBHOH dactu. B ofmem cayyae aKTHBHYIO YaCTb MOXKHO
MHTEpNPerupoBaTh KaK Ty 06/acTh KOHCTPYKTHBHOTO O0BEKTa,
KoTopasi o6o3peBaercs HabMogaresieM N yCTPOACTBOM, HaXo-
JSIMMCA B HayaJbHoM 3aemeHTe. OueBHJHO, YTO IpEACTaB-
JISIIOT CNelHaNbHBIA HHTepeC CBOHCTBA KOHCTPYKTHBHOTO OOBCK-
Ta, 3aBHCSAIIHE TOJBLKO OT aKTHBHOR YacTH 06beKTa. [ToCKOJMBKY
OpH JaHHOM pajuyce BO3MOXHO JHIIb KOHEYHOE YuCJO aK-
THBHBHIX YacTell (Ha MHTYHTHBHOM ypOBHE 3TO fICHO, J1Sl KOH-
KPeTHBIX BHIOB KOHCTPYKTHBHOTO OOBEKTA, paccMaTpuBaeMbIX
HUXKe, 5TO JIETKO NPOBepsieTcsl), KaXKIOe AOKAAbHOE COOLUCHBO
MOXHO 327aTh KOHEYHHIM MNepeyHeM YAOBJETBOPSAIOUWIUX eMy
aKTUBHLIX dacTefl.

Jloxanrsroe Oeticmsue coCTOUT B 3aMeHe aKTHBHOH YacTH pac-
CMaTpHBaeMoro O0bEKTa Ha HEKOTOpPHH Apyroft «kycok». Kak
IIPOMCXOJUT 9Ta 3aMEHA H, B YACTHOCTH, KaK HOBBIfl KYCOK O]~
KJIeHBaeTcsl K ocTaiollefics HeH3MeHHod «HeaKTUBHOH» dYacTH
06pa6aTteiBaeMoro o6bEKTa, pasyMeercs, TpebyeT pasbsCHeHuH.
Ja mocTaTouHo IWHPOKHX KJ4acCOB KOHCTPYKTUBHHIX 0GBEKTOB
STH Da3bsiCHEHUS OYXYT CHEJAaHBI HUXKeE. '

1.0.4. Koamoroposckue Komiiekcel. [Toxxon, corsaacro Ko-
TOPOMY KOHCTPYKTHBHbBIH OOBEKT NpejcTaB/sieT coO0H KOHey-
HOE MHOKeCTBO 3JIeMEHTOB, CBS32aHHBEIX KAKHMH-TO OTHOIIEHUA-
MH, OpHYEM U 3JEMEHTHI, ¥ OTHOIUEHHS MOTYT ObITb OJHOIO U3
3apaHee YKa3aHHOTO KOHEYHOrO 4HCJAa THHNOB, NMPUHAIJNEKUT
Koamoroposy (cM. [Koamoropos, 1953}, [Konmoropos, ¥Ycnen-
ckuit, 1958]); BMecTo TepMUHa «KOHCTPYKTHBHBIA 06BEKT» KoJ-
MOrOpOB YHOTPeGAsiNl TEPMHH «COCTOSIHHE» (aNrOpHTMHYECKOro
npouecca).

Peanusanus 3T0oro noZXoxa NPUBOAHT K NMOHSTHIO KOJAMOro-
poBckoro b-komnsekca. TouHoe onpemesieHHe 3TOrO NOHSTHS
6ynzer npuBegeno Huxe. Cefiuac MBI MOSICHHM, KakMM o6pa3’oM
OCYIIECTBJSIETCS NEPEXOX OT KOHCTPYKTHBHHIX OOBEKTOB Kak
«KOHEYHBIX MHOXKECTB 3JIEMEHTOB, CBA3aHHBIX KaKHMH-TO OTHO-
IIEHHUAMH», K KOJMOTOpOBCKHM b-kommekcam. Ecau u ane-
MEHTHI, H OTHONIEHHsS H306pakKaTh B BUJAE BEPUIHH HEKOTOPOro
rpada, coenuHsisi pe6pamMy BepillMHbI-OTHOLIEHH S C BePLUIHHAMH-
3/7eMEHTAMH H TIoMeyast KaXkAylo BEepUIMHY CHMBOJIOM COOTBET-
CTBYIOILIErO THIIA, NMOJYYHTCS pasMedeHHmfi rpad, T. e. rpad,
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BepILHHEI KOTOPOTrO noMedeHsl 6yKBaMH HEKOTOPOrO KOHEYHOro
a/npaBuTa.

Mzl co3HATENBHO YIPOCTUNH KapTHHY, HA caMoM JeJie nepe-
X0l OT 00BbeKTa K H3o06paxaioleMy ero rpady 9yTh CJIOXKHee;
pebpo He HJET HENOCPEJCTBEHHO OT OTHOLIEHHS K SJIeMeHTY.
MeKay OTHOIICHHEM H 3JIeMEeHTOM, YYACTBYIOIMM B 3TOM OTHO-
IeHHH, pACNoJaraioTCs e ABe POMeXKYTOYHEIE BEPUIHHKEL, 110~
MeueHHble HATypafibHBIMH YHCAaMH. IDTH 9HCJIa YKasbIBaloT
COOTBETCTBEHHO NOPSAIKOBHIA HOMEp 3JeMeHTa CPefy Bcex aJe-
MEHTOB, CBSI3aHHELIX JAHHBIM OTHOLIEHHEM, H IOPSAKOBHIA HO-
MeD OTHOIIEHHS CPEIH BCeX OTHOIIEHHH, B KOTOPHIX y4acTBYeET
Jaspbifi saeMeHT. O6a 3TH YHC/IA CUMTAIOTCS OIPAHHYSHHBIMH
CBEPXY HEKOTOPHIMH 3apaHee BHIGDAHHLIMM YHC/IAMH, IO3TOMY
NobaBJeHue COOTBETCTBYIOIMMX CHMBOJIOB OCTaBAsieT ajaput
pa3sMeTKd KOHEYHBIM. .

IIpn atoM oOKasbiBaercd, 9TO NOJNYYEHHHIH pa3MeYECHHBIH
rpad obsajmaer OCOOBIM «KOJMOTOPOBCKHM» CBOHCTBOM: MJISt
[IPOM3BOJILHON BEPIUMHEI BCE COCERHHE C HEI0 BEPIINHEL HMEIOT
pasHble IOMETKH. BepiiiHa, cooTBercTBylollass HadyaJbHOMY
3JIeMeHTY, 0ObABMASETCA HayaJbHOA BepUIMHOH M, TAaKHM o6pa-
30M, rpad OKasbIBaeTCsi HHHUHAIBHBIM. B c/lydae CBA3HOIO
rpada (a TOJbKO Takue rpagbl Mel 6yJeM paccMaTpuBarhb) HHH-
IMaJbHOCTb M CBOHCTBO «KOJIMOTOPOBOCTH» OGecIeurBaeT BO3-
MOXHOCTb BBEJICHHS BHYTPEHHENl CHCTEMBl KOOPAMHAT: Kakaylo
BepUIMHY MOXHO OJHO3HAYHO 3aJaTh, YKAa3aB LENOYKY [TOMETOK
BeplInH, BCTPeYAluXCH HA NYTH H3 HavyaJpHOH BepIUMHE B
3agaBaeMyio, TAK Mbl OPUXOXMM K MOHSITHIO KOJMOTOPOBCKOTO
KOMIJIEKCA: KOAMO20POSCKULl Komnaekc Had aagpasumom B,
HIH Koamoeoposckuti B-xomnaexc (xopoue, B-xomnaexc}, ectb
CBSI3HUBIH VHHLIHAJIBHLIA HEODUEHTUPOBAaHHHIA rpad, BepHIMHLI
KOTODOTO noMedYeHbl GyKBaMH KoHeyHoro aJjgpasuta B u Koro-
pblii 00Mazaer KOJMOTOPOBCKHM CBOHCTBOM,

TpeGoBanHe CBS3HOCTH KOMILIEKCA SIBJSIETCSI OCHOBHBIM
OT/HYHeM CHOPMYJTHPOBAHHOTO TOJBKO YTO OmpeleNeHHs OT
onpeseennsi U3 paGorsl [Kosmoropos, Ycmenckuii, 1958].
Ormerum Takxe, yTo B omiudue oT [KosamoropoB, Ycmes-
ckuit, 1958] M He TpefyeM, uroGhl MOMeTKa HayaJbHOH Bep-
IHHBI OTJIMYaJach OT-INOMETOK APYTHX BEPIIHH KOMILIeKca, a
culTaeM, YTO HagaJibHas BepilliHA Jo/KHA ObITh Bhe/TeHa Ka-
KHM-TO JPYTHM CIOCOGOM.

Kak BriTekaer us camoit koucrpykuuu Kosmoroposa, Besi- -
KHH KOHCTPYKTHBHbIHA OOBEKT (€C/AM NOHMMATD €ro Tak, Kak Mo-
HuMaer KOJIMOI‘OpOB) ecTecTBeHHO H3o0paxaercs B BHIE He-
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KOTOPOro KOJIMOTOPOBCKOTO KoMmJeKca. Hanpumep, BOT Kak
nsobpaxkaercss B BUe KOMILIEKca clloBo aba:

OROSON 0N 0RO0N0

Havanvran
Oeputura

3nech GYKBBI 1 M J1 O3HAYAIOT COOTBETCTBEHHO «BNPABO» H
«BjeBo». Takum o6pasom, B-cioBo u306paxaercss B BHAE KOJ-
Moroposckoro b’-kommexca, rae b'=b U {1, n}.

1.0.5. (B, k)-komnaekchl, [Iyctb 3ananst andasur b u Ha-
TypaJbHoe yHcao k. Caenyiomui KOHCTPYKTHBHEIH 0GBEKT Ha-
spiBaercs (B, k)-xomniexcom: nuunManabHEi (T. €. ¢ BbLAENEH-
HOH HaYa/IbHOH BEPIIMHON) KOHEYHHIH OpHEHTHPOBAHHKLIN rpad,
ABJSIOMUACS CBS3HBIM (A1 OpHEHTHpOBaHHOrO rpada cpsaa-
HOCTb 03Ha4aeT, YTo BCSKAst BePIIMHA JOCTHKUMA H3 Haya/IbHOH
10 HEKOTOPOMY OPHEHTHPOBAHHOMY NYTH) H HMeIOILUA CAefyo-
WYIO pa3MeTKy Ha CBOMX BepIIMHAaX U pebpax: BCe BepIlHHbBE
nomevYeHs! OykBaMH U3 B, ¥ 1715 Besikofi BEpLIMHBI BCE HCXOS-
e U3 Hee pebpa NOMEYEHH! Pa3/IMYHEIME HATYPaJbHBIMH 9HC-
Jamu u3 mHoxkectsa {0,. . ., k—1} (oTciofia BhHITEKaeT, 4TO HC-
XOAsilasi CTeNneHb JOGOH BepIUMHLI He NMPEBOCXOAHT k).

Mmuoxkecrso Bepumn (B, k)-komnaekca U Gyaem o6osHa-
uath wepes v(U).

Kaxnoe cioso B andasure B Jerko uso6paxaercsi B BHIe
(b, 2)-KoMnIeKca, Kak MoKasbiBaeT MPUMeEP:

Hayanswaa 0 /]
eepuuna

3uech H306pakeHo CJ0OBO aba.

Kaxapiit konmoroposckuii B-komnseke crepyomefi npoue-
nypolt npespainaercs B (B, k)-komnneke, rae k — uncao 6yks
angasura b. Byxksnl andasuta HymepyioTcsa uuciaamu or O
Ao k—I1, KaxJoe (HeOpHeHTHPOBaHHOe) peGpo DB-kKommJekca
3amMeHsieTcss Ha /B2 OPHEHTHPOBAHHEIX G NPOTHBOMOJOMHBIMU
OPUEHTALMSAMA, KaXKJOMy BOSHHKILEMY ODHEHTHDOBAHHOMY
pebpy DpHCBAHBAETCS B KayecTBE €ro YHCJIOBOH NOMETKH HO-:
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Mep OYKBBI, CTOSIIIEA P TOH BEpLIMHE, B KOTOPYIO BELET pac-
cmatpuBaeMoe pedpo. :

YactueiM ciyyaem (B, k)-KOMIIEKCOB SIBASIOTCS CTPYKTY-
pbi [llésxare us [[llénxare, 1980] (cm. Huxe AoGaBieHue K
§ 1.2). Crpykrypa lllénxare ects (B, k)-KoMmmiexkc, B KOTOpoM
13 KaXKIOH BEPIUMHBLI HCXOAHUT POBHO £ pebep, a andasut b ——
ONHOOYKBEHHEIH .

1.0.6. AncamOan. M3 npeppiayinero H3JO0KeHHA MOXKHO
ObIJI0 3aMETUTb, YTO KOHCTPYKTHBHBIE OOBEKTHI BeAYT ceba Kak
«cTajpHbpie» 00pasoBanusi. JlefiCTBHTENBHO, OHH E€CTECTBEHHBIM
06pasoM TPYNOHPYIOTCA B CKOIJIEHHS, COCTOSIHE M3 BCex
«CXOLHBIX (MM OXHOPOJHHIX) MexAy colofi» 06bekTOB. OnHO
TaKoe CKOMIeHue 06pasylor NpH GUKCHPOBaHHOM b BceBo3MOX-
Hole B-cioBa, ppyroe, npu ¢uxcupoBaHHelX B ¥ k,— BceBos-
MoxHbie (B, k)-KOMnJIeKchl. DTH CKOIJIEHUA eCTECTBEHHO GbLIO
Obl Ha3BIBATH «CTaJaMH», POSIMH», KOCAKAMH», CTASMH» U
Jaxe «BHIBOAKaMU». Mbl, OJHAKO, NpPENNOYHTaEM Ha3HIBATH HX
ancambaamu (B [Ycnenckuit, Cemenos, 1981] — «aggregates»)s
3TOT TepMHH GoJiee HeHTpaJieH u MeHee 300JorudeH. Mbl He 6y-
JieM NOJb30BaThC TEPMHHOM (IPOCTPAHCTBO KOHCTPYKTHBHBEIX
00BEKTOB», TAK KaK ero JIETKO CIyTaTh C TEPMHHOM «IPOCTPaH-
cro» u3 [[éndunn, 1971, § 1], o603HauaOMUM COBOKYNHOCTD
KOHEYHBIX (He 00si3aTeJIbHO KOHCTPYKTHUBHBIX) OOBEKTOB,

OrmerumM, 4TO JafeKo He BCAKOe paspewnmoe (cM. § 1.7)
[IOAMHOXKECTBO aHcaMbJ/is cjejyer cuuTaTh aHCaMOJeM, ©O--
CKOJIbKY aHcaMbJib IOJ/DKeH BKJIOYAaTh B cebGsi Bce 00BEKTH JaH-
HOTrC (BOCTaTOYHO NPOCTO ONpejensiemoro) Tuma. Hanpumep,
MHOXKECTBO BceX D-cJI0B, A/uHa KoTopbIX ecTb IOJHBIA KBaj-
par, He ofpasyer ancaMmbis. B 5ToM 3aKJ/odYaercsi eile OfHo
OTJIMYHE H3J1araeMoro 34€ech NOAX0Aa oT uaJjoxeHHoro B [[IIén-
Qunn, 1971, § 11, rae, no-BHANMOMY, BCAKOE pa3pemINMOE MOJA-
MHOKECTBO NPOCTPAHCTBA CAMO eCTb MPOCTPAHCTEO.

IToxoxe, 4To NOHsSTHE aHCaMONsl siBAsieTcst GoJiee mepBuY-
HbIM, YeM MOHSTHE KOHCTPYKTHBHOTO 00BEKTd,— OGBEKT MOXKET
BOCIPHHHMATBLCS KaK KOHCTPYKTHBHBI TOJNBKO B paMKax He-
KOTOpOro aHcambas.

st kaxaoro KoHeuHoro angaputa b u KaxI0ro Hatypass-
goro qucna kB MOXKHO yKasaTh CJERYIONUE OCHOBHEIE aHCaM-
JId.,

1. Ancambas B-cros. Eciin B cozepxur 6omee oguol 6yk-
Bb, aHcaMb/ib bD-ClOB HasbIBaeTCS CA0BAPHOIM aHCambiem
(#ap B); B cyuae ecnu andasut B siBasietcst 0XHOGYKBERHBIM,
aHCaMO/b B-c/loB eCTECTBEHHO OTOXKACCTBIASAETCA € HaTypajb-
Hbim psagom N. o
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2. Ins npoussonbubix KoHewnoro B u HatypambHOro A
ancanbas (b, k)-Oepesves. )

- 3. Ancambao xoamozoposckux B-KOMNALKCO8, WIN KOAMOZO-
poscruti B-ancambap. ’

4. Ancam6/b BceX TaKHX KOJMOTOPOBCKHX B-koMiuiekcos,
Y KOTOPHIX CTeneHb KaxA0H BepUIMHbI HE NPeBOCXOINT k.

5. Ancambas (B, k)-komniexcos, unu, Kopoue, (B, k)-an-
cambas,

6. Pacuupennoui ancambre H-cros. OH cocToMT H3 BCeX
usobpaxenuit B-cnos B Buge (B, 2)-koMnJeKcoB (cM. nmpUMep
BBILIIE), HO C HCKJIOYeHHeM TpeGOBaHUs, YTOOH HadyaJbHOH Bep-
HINHO# CTAHOBUJach NMepBasi 6YKBa C/I0Ba) paspeniaercs, 4To6sl
MmoGas BeplinHa Oblia HAuaJbHOM.

Jst panbHeAmero MoxHO CUMTATh, YTO MOHSTHE aHcaMOG/dA
(2 BMecTe ¢ HUM M NOHATHE KOHCTPYKTHBHOTO OGBEKT2) MON-
HOCTBIO 3alaeTcsl CIENAHHBIM TOJBKO YTO MEPEUYUCACHHEM H, Ta-
KHM 06pa3oM, fBJSIETCSl TOYHO ompefefeHHbIM. Mbl Obl HE Xo-
TeJIH, OJHAKO, MOJHOCTBIO YHHUTOMXKATh XOTS M PacCIIbIBYATOE,
HO MHTYHTHBHO SICHOE M IJIyGOKOE COAEp:AHHEe STHX IOHSTHH.

Mexny mobeiMd JBYyMS aHCaMOJAMH CYIIECTBYET B3aUMHO
OJHO3HAYHOE COOTBETCTBHE, KOTOpoe 3amaercst (B OOOHX Ha-
NpaBJeHUsX) aJropuTMaMM; TaKOe COOTBETCTBUE HAa3bIBaeTCs
usomopusmon ancambielt. B sTom CMbicsie Bce aHcaMGJaH H30-
MOPGHLL.

Mrt yxe BUIeNU, YTO MEXKAY aHCAMOJSIMH HMeIOTCSl HEeKOTO-
phle  ecTeCTBeHHBIe BJIOXKEHUS, Hanpumep ancambiar b-cioB
eCTeCTBEHHO BKJajplBaercsi B ancaM6b (b, 1)-nepesbes. Jlerko
BHJETD, UTO JI0GOH U3 PacCMOTPEHHBIX aHcaMmOJell BKJalbIBaeT-
ca1 npu mopxoxsmux b u & B (B, k)-ancambiub. Ilostomy npu
NIOCTPOEHHH TEOPHH aJIrOPHTMOB MOXKHO ObLIIO GBI OrpaHHYUTHCA
Jauiis (B, k)-ancam6ismu. Tak MBI B NOCTYIIHM B CJAERYIOUIEM
paszene NpH CTPOrOM ONPEJENEHHH MOHSATHS JIOKaJbHOTO Jei-
crBusl (HeOpMa/bHO 3TO MOHSTHE OBLIO YK€ Pa3bSICHEHO).

Hexaproso npousBeseHye aHcaMm6jefl JIerko BKJaiblBaeTCst
B HEKOTOPHIH HOBGLIi aHcaMOJib. MHOMKeCTBO Kopmenxcett (T. e.
KOHEYHBIX NOC/efOBaTebHOCTEN) 9JIEMEHTOB XaHHOrO aHCaMO-
JSl TakXe JIerko BKJaJbIBaeTcsi B NOAXOASINUA aHcamban. Kak
MBI y2K€ OTMeYasd, KOHeYHOe NOAMHOXKEeCTBO aHCaMOGJis He siB-
JISIeTCSl KOHCTPYKTHBHBIM 06beKTOM. UTOGH aJIrOpUTMBI MOTJIH
paboTaThb C TaKHMH NOAMHOXKECTBAMH, NMOCJAEIHUE CrepBa Hajlo
KOHCTPYKTHBHO KaK-TO 337aTh — HanpHMep, NOCPeACTBOM KOp-
Texkel; TOTZ2 HAKO OrPaHUYUTLCH TOJbKO T2aKHMH anropHTMaMH
HaJ KOPTEXKAMH, Pe3yJbTaThl KOTOPLIX HE 3aBUCAT OT NOPSAKa
yjIeHOB Koprexel. B pmanbHeiimem, ropopsi o6 aaropurmax u
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HCUMCACHHAX, PalGoTAIOMUX € KOHEYHEIMH IOAMHOIKECTBAMR
ancam6aeit, Mbl 6yJeM CUHTaTh, 9TO BCE COOTBETCTBYIOUIUE COT-
JIALIEHUS] YK€ NPHHSTHL,

1.0.7. JlokanbHbie cBONCTBA M JIOKaJdbHBIe aedcTsus: ¢op-
MaabHoe onpegencHue. Ilycrb ¢ukcupoBanst andasur B u Ha-
Typa/bHOE YMC/IO 2. Mbl cefiyac ompejesiuM MOHATHS JOKa/b-
HOTO CBOHCTBAa M JIOKaJbHOro neficTBusi B ancambie (b, &)-
KOMILIEKCOB, CJIeJysi JaHHBIM Bbille HeopMasbHBIM pas3bsicHe-
HHSIM STHUX IOHATHH. Do/lee TOYHO, MBI ONpeNeNHM NOHATHS
7-NOKaNLHOro CBOHCTB2 U r-JIOKAJMLHOTO ACHCTBUSA, TAE 7 €CTh
HEKOTOpOE HaTypaJibHOe 4HCJo ([oKasaTesb JOKaJbHOCTH;
9eM OH MEHblIe, TEM CBOMCTBO HJH JeACTBHe <«JIOKAJbHEE»).

Jlokanrohoe ceolicmsa. JanHoe Hamu Bbie HehopMmalbHOe
pasbACHEHHEe NOHATHs JIOKAJBHOTO CBOMCTBa (KaK CBOHCTBa,
3aBUCSIIETO TOALKO OT AKTUBHOH YacTH KOMILIEKCA) CTAHOBHUT-
CA TOYHBIM, €CJHM XaTb TOYHOE ONpefeseHHe aKTHBHOR YacTH.
Hmenno, HaszoBeM r-okpecmuocmoro aansoro (b, k)-komniekca
(B, k)-xoMnexc, COCTOSIMAM U3 BCEX BEPIUHH HCXOAHOIO KOMII-
JieKca, JOCTHXUMEIX H3 HayaJbHOA NO OPHEHTHPOBAHHHIM MY-
TAM AJHHEL He 6osiee 7, ¥ BCEX COERHHSIOIUX STH BepIIMHK pe-
6ep. Tenepn r-soxarsroim ceoticmsom (B, E)-komniexcos maso-
BeM JioGoe cBoiicTBo (B, k)-KOMIJIEKCOB, 3aBUCSIIEE TOMBKO OT
HX r-OKpecTHocTed. B panbHefimeM ynoMuHaHHSI mapameTpoB
B, k u r 6yayt onyckarscs, e/ 3HAaYEHHS! 3THX NapaMeTpoB
AICHEI M3 KOHTeKcTa (Tak 4To, HampHMep, Mbl GyJeM TrOBOPHTHb
[IPOCTO «JIOKAJbHEIE CBOACTBA», He YKa3biBasi HU B, Hu &, HU 7).

JIokarenvie deticmsus B (b, k)-ancambae 6yxyr npeoGpaso-
BrIBaTh Hekoropeie (B, k)-koMmaekce B (B, k)-komnaekch. [da-
JiM TOYHOE OmnpejieieHHe, OTpaxalouee NaHHOe Bhile Hedop-
MaJIbHOe ONHCaHHe sToro mnoHsTuf. Jloboe r-noxkanssoe (b,
k)-feficTBHe 3anaeTcs YKa3aHHEM 4YHC/Ia 7 H CTPOUKH

U—<W, v, &,

rae U n W cytb nekorophie (B, k)-KoMmmnJekcsl, p ecth oTo6pa-
smenue us v(U) B v(W), 6 ecTb MHBEKTHBHOE OTOGpaXKEHHE H3
v(U) B v(W) (nanomunM, uto v(G) ecTh MHOMKECTBO BEpIUHH
KoMmaekca G).

IIpumenenue r-nokanwHoro (B, k)-neficreus x (B, k)-koMmi-
JieKCy S COCTOMT B CJIENYIOMEM NEepexofe OT KOMIekca S K
Komnnekcy S* (npu srtoM cHavana GOPMHUpPYErcst BCrOMOra-
TeJbHHIA KOMILIEKC S');

1) r-oxpecrHocTs Kommekca S oToxaectsisiercs ¢ U (ecau
STO BO3MOMHO; €CJAH HeT — XEeHCTBHE HenpHUMEHHMO). ITO
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OTOXKIECTBJIEHHE NPOUCXOZHUT OJHOSHAYHO B CUJY ONpENeNICHHSA
KOMIJIeKca;

2) BepmmnamM KoMmieKca S’ 0GBABASIOTCS BCE BEPLIMHEL
Kommsiekcos S\ U n W;

3)ectub € U, a€ S\ U, B S 6b110 peopo (a, b) uy (b)onpe-
zeneno, 10 (a, v (b)) craHoBuTcs pe6poM B S’ C TEM ke HOMe-
poM, xotoprifi uMeslo B S pebpo (a, b) (Kak pe6po, BHIXOAs-
mee us q); .

4) ecia a € U, b€ S\ U, B S 6n10 pebpo (a, b) u 6 (a) onpe-
AeneHo, 1o (b (a), b) craHoBHTCS pPeGpPOM C TaKUM e HOMEPOM,
Kako# umeJso pe6po (a, b) (uHBEKTHBHOCTb 8 rapaHTHpyeT pas-
JIHYMe HOMEPOB Y BCeX pebep, BHIXOISIIHX M3 OXHOH BepIlM-
eI S');

5) HavansHast BepmuHa W oOBsBIsiercs HayaJbHOH Bep-
wHOR S’, ¥ U3 S' BHKUABIBAIOTCS BCE BEPIUHHEI, He JOCTHXKH-
Mble U3 HayaJbHOH, BMECTE C BEAYIIHMH M3 3THX BepUIMH pel-
pamu. To, uro moayunsoch, u ecTb S*.

Onpenenenyne pesysbTara NpUMeHeHHs r-JioKaibsoro (B,
k)-neiictBusi Kk (B, k)-kommJiekcy 3aBepmeHo. Kak u B ciayyae
cBoficTe, ynoMuHaHus B, r 1 & MEl 6yseM onycKaTb, €c/IH 3Ha-
YeHUsSI COOTBETCTBYIOIMX NAPAMeTPOB SICHBI M3 KOHTEKCTa.

MoxHo paccMmaTpuBaTth JOKaJbHbIE AEfiCTBHS, He BHIBOIS-
mye 3a npeedn 3aJaHHOro nogancambas (T. €. NOJMHOKECTBa,
aBasiiomerocss aicambaem) (b, k)-ancam6nas. B cuay chenas-
HEIX BBIIle 3aMEYaHHH O BJIOKEHHH OfHUX aucambiedl B gpyrue
J060#1 U3 SBHO NepeyHCAeHHEIX HaMH aHcambseHl ecTb Nojau-
cam6nb noaxoxsimero (b, k)-ancambns. Hanpumep, MOXKHO Tpe-
SoBaTb, YTOGH JIOKAJbHOE JAefICTBHE HEe BHIBOAWJ/IO 3a Ipeesbl
ancambass B-cqos, T. e. GuI0 AeficTBHeM B STOM aHncambOue.
Torga sto 6yner meicTBHe, cocTosiiee B 3aMeHe HayaJsa CJI0OBa
Ha Jpyroe Hayasno. MoxXHO TpeGoBaThb, YTOGH! JefiCTBHE He Bhl-
BOZMJIO 32 mpejesbl pacligpeHHoro ancam6asi B-cmo. Torza
310 GyIeT AeHCTBHE, COCTOSIIEE B 3aMeHe 32JaHHOIO0 BXOXJe-
HHfl NOAC/]OBa Ha HeKotopoe csoBO. HakoHen, MoxHO TpeGo-
Barb, yToGbl AeficTBHE HE BHIBOAMJIO 3a MpEnesbl KOJIMOTOPOB-
ckoro B-ancambng. Torza Mel mpHXOAMM K HOHSATHIO KOJIMO-
ropoeckoro b-neficTsus.

Kozrmoeoposckoe r-sroxassroe B-Oelicmsue 3apaercs ykasa-
HHEM YHCJIAa 7 U CTPOUYKH

U -_— <W’ Y>,
rae U, W cytb B-KOMIIEKCE], 2 ¥ €CTb B3aUMHO OZHO3HAUHOE

oro6paxenue u3 v(U) B v(W), obnajaiomee caeayommumu
ceoficTBaMu: 1) y cOXpaHsieT IOMETKH, 2) A/l BCAKOH BepillnHb
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a, AJ1st KOTOPOH Y (a) onpexesieHO, MHOXECTBO NTOMETOK NPH Bep-
[UHHAX, COEAUHEHHBIX B W pe6poM ¢ y (@), CONEpXKHUTCH B MHO-
JKeCTBe TNOMETOK NPH BepillMHAX, coequHeHHHX B U pebpom c
a. TlpuveHeHye JokajdeHoOro AeficTBust K B-xoMmnsekcy onpexe-
JseTCs TaK e, KaK B C/lydae Npou3BOJbHLIX (B, k)-KoMILIeK-
COB; NpH 5TOM B KauecrBe § Mbl GepeM otoGpaKeH#e, CoBnajao-

uee ¢ y. \

§ 1.1. OGmee noHATHE aJropuTMa
KaK caMocTofiTenbHoe (OTAENbHOE) NOHSATHE

1.1.0. CambiM IVIaBHBIM OTKpBITHEM B HayKe 00 ajJropuTMax,
6e3yc/OBHO, O6LLIO OTKpPHITHE CAMOTO IOHSITHS aJropHTMa B
KauecTBe HOBOH ¥ OTHeJbHOH CyImHOCTH. Mbl XOTHM NOAYEpK-
HyTb, 4TO 3TO OTKDHITHE CJIeAYyeT paccMaTPHBaTh KakK OTHAe/b-
Hoe, HE CMEIIMBAsl €ro ¢ OTKPHITHEM NPEACTABHTENbHBEIX Bhbi-
yucauredbrnx mozenefi (Triopunra, Ilocra, Mapkosa, Koamo-
ropoBa), 0 KOTOphIX noxer peysb B § 1.2. Muorzaa omuGouxo no-
JIATaIoT, YTO MOHATHE aJrOPATMAa HE MOXET OHITh YAOBJETBODH-
TENBHO BOCHPHUHATO B OTPLIBE OT TE€X HJHM HHHX (opMasJbHBIX
KOHCTPYKUUH, ¥Mes B BUAY OPH STOM NPENKAE BCEro BHIIIEHA3-
BanHEe Mojiesau. OHAKO 3TH KOHCTPYKIUH GhIM NpPENIOKeHEl
Kak pas IJsi YTOYHEHHsl, HJIY ajJeKBaTHOH ¢opManusanuy, of-
IEro MHTYUTUBHOTO NOHSATHA anropurMa (a BepHee CKa3aTb,
NOHSATHS BBIYHCAMMOH QYHKIIMH); CaMO € 3TO MOHsTHEe, Ta-
KHM 00pa3oM, NPH3HABAJOCh CYLIECTBYIOWHM HE3aBHCHMO OT
(2 B HCTOPHYECKOM IVIaHe — CYWIECTBYIOIIUM J0) YKa3aHHBIX
topManusaui. ,

Kak ykaswiBaa I'énenn B [[énens, 1958], onpoc o Tom,
NPaBUJLHO JIU ONpefieseHHe BRIYHCAUMOCTH GYyHKuuH no Thio-
PHHTY, He HMeeT CMBIC/Ia, ec/Id NOHSATHE BHIYHCIHMOH GYyHKIUH
He SIBJSIETCH HHTYUTHBHO NOHATHBIM anpuopH. [loxoGrasi cu-
Tyauus JOCTATOYHO TUNHYHA: ofllee UHTYUTHBHOE MOHATHE,
CKaxeM MOBEPXHOCTH, HMeeT CMBICJ HEe3aBHCHMO OT JedHHU-
UKH, NpejnaraeMeiX ToroJjordedl uad AudxpepeHnHaNBHON reo-
MeTpHell; pasHHNA JHIIb B TOM, YTO NOHATHE MOBEPXHOCTH H3-
BECTHO C aHTHYHHIX BpeMeH (OHO BCTpedaercsi B NEPBHIX CTPO-
KaX eBK/IMAOBHX «Hauas), a NoHATHE alropHUTMa NOSIBHJOCE,
no-euiuMoMy, Juiis B XX Beke.

Jlns ucTopUKOB MaTeMaTHKM GBLIO Obl MOYYHTENBHON 3aja-
Yeil mpocsefUTh BOSHUKHOBeHHe M (OPMHpPOBaHHe (KOTOpOe,
BO3MOXKHO, elle HE 3aBePIUHJIoCh) MOHATHS adroputma. EBkaup
H an-XopesMu NPEATOKHIH IepBble NPHMEPHl AJTOPHTMOB,
NPHMeHsieMBiX cerogHs. Urto Kacaercsi oOLIEro MmOHSATHUS aJjro-
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putMa — 3bQeKTHBHOH BHIYHCJHTENBHON npolenyphbl, TO eIBa
JIY He camble paHHHE NPHMEPH HCNOJIb30BAHHS TAKOTO NMOHATUSA
BCTpeyalorcsi B nepBoil uerBepru XX Beka, B paborax Bopess
(1912 r.) u Beiina (1921 r.). Bopens [Bopeas, 1912, c. 1611
BHIIC/ISIET «BBLIYUCJEHHS, KOTOpPble MOTYT OHITH peajbHO OCy-
I0EeCTB/IEHB» U NOAYepKKBaer: «$5I HaMEPEHHO OCTaBJISA0 B CTO
pone 6OJIbI_IJy10 AJIN MEHBbIIYIO HpaKTI/I'IECKle JJINTENABHOCTD;
CyTb 3/leChb Ta, YTO KaXKHasf W3 STHX Onepaudit ocyliecrsuMa B
KOHEUHOe BpeMs IpH NOMOLIM JOCTOBEPHOTO M HEIBYCMBICJAEH-
noro Merofa» (c. 162; nepesoan sammcrsyem u3 [Measenes .,
1976, c. 100]). Beinp (cM. [Befinn, 19211) npu ofcyxzenun
nouatua «functio discreta» sBHO BHIAEAsiET CpPEIM NPOU3BOJIb-
HBIX COOTBETCTBHH adroputmuyeckue, O6a OHH, IO CYLIECTBY,
NPHXOZAT K NOHATHIO BbiuHcauMod yHkuuH (a Bopenp —
-naxe K Ttepmuny «fonction calculable», mpaBga, oGosHaua-
IOMEMY HECKOJIbKO MHOe aJNrOpUTMHYecCKoe TMOHSATHE; CM.
Hike §2.4). '

B noknane [Uépu, 19361, npencraBnernom B 1935 r., Uépu.
YBEPEHHO NOJb3yeTcsl TEPMHHOM «3(Q(}EKTHBHO BHIYMCIHMASL
(effectively calculable) dpynkuus», cuurast ero oGIMENOHATHBIM
1 NpeAIEeCTBYIOMUM KaKo! Gnl To HY Guijo dopManusauuu. OT-
METHM, 4TO B PaHHHUX AHIVIOASHLIYHHIX COUMHEHHSIX MO TEOPHH
anropurmoB (cM., Hanmpumep, [Twiopunr, 1936], [Twiopusr,
1937a] u oco6enno [Toiopurr, 1939, § 21) Tepmun «effectively
calculable» oTHOCHTCS K HHTYHUTHBHOMY MNOHSITHIO, a TePMUH
«computable» — K QYHKIUSAM, BHIYHCIEHHE KOTOPHIX OCYILECTB-
JISleTcsi HeKOTOpOfi BHIYUCTUTENBHOR MOJEe/bio, B cOBpEeMEHHBIX,
ny6GauKanusx TepMuH «computable» oTHocHTC K KaXIOMy U3
STHX NOHATHH, TOrJa Kak TepMuH «calculable» He umeer mwupo-
KOTO PacnpoCTpaHeHHs.

ITonsiTue ajaroputMa, MOZOOHO NOHSTHAM MHOMXKECTBA H Ha-
TypaNbHOTO YuCJa, OPUHALIERKHT K YUCAY NOHSATHH CTOJb
(dyHIaMeHTaNBHBIX, YTO OHO He MOXKeT OhITh BHIPAXKEHO yepes
JIpyrue (B 4aCTHOCTH, TEOPETHKO-MHOXKECTBEHHLIE), a8 HOJ/KHO
paccMartpuBarthCst Kak Heonpegeisiemoe. JIHb KaKk NOSCHEHUS,
a He KaK onpejie/leHHs] CJEAYeT PacLEeHHBaTh (GOPMYJTHPOBKH -
THnA «AJrOpHTM — 3TO TOYHOE NpEANHCaHHe, KOTOPOe 3ajaer
BBIYMCJAMTENbHBIH Npolecc, HauyuHAOWHUACH C NPOH3BOJIBHOTO
(vo BoIGpanHoro H3 UKCHPOBAHHOR I/ JaHHOIO AJNropuTMAa
COBOKYMHOCTH) HCXOAHOIO JAaHHOTO H HaNpaBJeHHHH Ha noJy-
YeHHE MOJHOCTBIO ONPENENSeMOr0 3THM HCXOXHHIM J2HHHIM pe-
ayawTata» (cp., Hanpumep, [Mapxkos, 1957}). Oxnako u nogo6-
HBIX MOSICHEHMH JOCTaTOYHO AJISi YCTAHOBJEHHUS HEKOTOPLIX CO-
JepeKaTesIbHbIX (PAKTOB, HAIPUMEP TOro aKTa, 4TO HE Kaxjas
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¢yHKIHA € HATYPAILHEIMH apryMeHTaMH M 3HAYeHHSIMH Moxer
GhiTh BBIYHCJICHA KaKUM-IMO0 alropHTMoM (MOCKOJIBKY He Cy-
HIeCTBYeT HECYETHOE KOJIHYecTBO mpeinucannit). Bonee ray-
Goxoe M3yueHHe Tpefyer NalbHeRmMX yTOuHeHHHA (CM. Takue
yrounenua B [Koamoropos, 1953], [Koamorepos, ¥cemenckuii,
19581, [Pomxepc, 1967, § 1.11, [Kuyr, 1968, § 1.1], [Vcnen-
ckut, 1970), [Ycmenckuit, 19771). KosaMoropos muiuer:

«Mbi oTrpaBsiisieMcs OT CJelyIOlHX HarJIsAaHbIX NpeAcTaBe-
HHR 006 aJropuTMax:

1) AnropurM T, npHMeHeHHBIA KO BCAKOMY «YCJOBHIO»
(«HayaJbHOMY COCTOSIHHIO®) A M3 HekoTOporo MHoxecrBa O
(«o6mactH npuMeHHMOCTH» aJroputMa [I'), naer «peleHune»
(«3aK/MIOYHTENBHOE COCTOSIHHe») B.

2) AaropuTMHYecKH# Iporece pacuJeHsieTcss Ha OTAe/bHbE
1Iark sapamnee orpaHHYeHHON CJIOKHOCTH; KaXIpIH LAl COCTOUT
B «HeNOCpeACTBeHHOM nepepaboTKe» BO3HHKHIErO K ITOMY LHAary
cocrofinus S B cocrosinne S*=Qr (S).

3) Ilponecc nepepaGotkn A°=A B A'=Qr (49, A' B
A2=Qr (A1), A% B A*=Qrp(A4?) ¥ 1. A. npomoskaeTca A0 TEX
nop, NoKa Ju60 He mnpousoiiner Gespesy/ibTaTHas OCTaHOBKa
(ecau oneparop Qr He oNpeAeseH JIST NOMYYMBLIETOCS COCTOS-
HHS), JHO0 He MNOSIBUTCAA CHFHAM O NOJNYYEHHH «CpeLHeHHS».
IIpu 3TOM He HCKINOYaETCS BO3MOKHOCTL HEOTPaHHYEHHOrO Ipo-
JIO/DKEHHST nporecca (eciM HHKOrja He MOSBHTCS CHTHAl O pe-
[LICHHH),

4) Henocpencreennas mepepaGotka S B S*=Qp(S) npo-
M3BOJHMTCS JHIIL Ha OCHOBaHUH HH(pOpPMAalMM O BUJE 3apaHee
OrpaHH4YeHHON «aKTHBHOH 9acTH» COCTOSIHMA S H 3aTparHBaer
JAHIWB 3Ty akTHBHYIO uacte» ([Kosmoropos, 1953]).

®opmyanpoBka Konmoroposa cogepiKHT ABe CyIeCTBeHHbIE
uieu. [leppas 3 sTHX HAeR — uAes umepamusHocmu aaropur-
Muueckoro nponecca. PopMyaHpPOBKa mpexsiaraer ofliylo cxe-
My JeTepMHHHpPOBAHHOrO mpeoGpa30BaHus ONHHX OGBEKTOB B
Ipyrue — cxemy, COIMIaCHO KOTOpOH BCsIKOe Takoe npeobpaso-
BaHHE MNpeNCTaBisAeT coGOf pe3ysbTar MHOFOKparHoro mpHMe-
HEHHS ONHOHA M TOH e, PUKCHPOBAKHOM ;NS JZaHHOro npeol-
pasoBaHHsl, CPaBHHTEJNLHO NMPOCTOH ormepanuu (HasbiBaeMoH y
Kosmoroposa «orepaTopoM») HENoCpeACTBeHHO!H nepepaboTKH.
B nopmanbrom anropngme Mapkosa, Hanpumep, orepauus He-
HOCpe/CTBEHHON nepepaGOTKH 3ajaeTcs CNHCKOM Nap CJIOB-
(A1, Bi),. .., (A,, B,); npuMeHenne omepaimyn K cioBy P
3aKkmoyYaeTcs B 0OHAapyXeHHH TOr0 HaHMEeHbLuero i, AIs KOTO-
poro A; uMeer Bxoxzenue B P, H B 3aMeHe CaMoro JieBoro K3
TaKuX BXOxzueHu#i Ha B,



Hpyras cymecrsennas upes dopmyauposkn Konmoroposa
BLIDaXKeHa B €€ TOC/AeHEM NYyHKTe; 3T0 HAES J0KAALHOCTU KaXK-
Horo orgensuoro mara. B [Kosmoropos, 1953] (cM. Takxke
[Kommoropos, ¥Ycnencknfi, 1958]) npensoxkeno, no CyImecTsy,
ofuiee NOHsATHE JIOKAJNBHOMN OonepanuH (CaM TePMHH «I0OKa/lbHas
Onepamysy, BHpOYeM, OTCYTCTBYeT B YKasaHHBIX NyOJuKa-
uuax: KosMoropoB roBOpHT O «HEmOCPEXCTBEHHOHA nepepaGoT-
Ke»). JIOKasbHast onepamusi COCTOHT B yAaJleHHH 3apaHee orpa-
HHYEHHOrO «KYyCKa» oOpaGarteiBaeMoro oGbeKTa (COCTOSIHHs)
Y 3aMEHe STOro yAaJseMOro «KycKa» Ha APYroft «<kyCox», ompe-
IensieMbIA B 3aBHCHMOCTH OT IepBoro (totHee o6 3roM Oyaer
ckasano B § 1.2 npu onpenelleHHn onepatopa HelocpeacTBeH-
HOH mepepa6oTKu Ansa MawmE Kosamoroposa).

Bce Bhunc/auTeNbHEIE MOZENMM C JIOKAJbHEIM Npeobpasosa-
HueM HHOpMaUHH JIErKO MOTyT GbITb OMHCAHB B KOJIMOrOpPOB-
CKHX TepMHHaxX. MBI GyZeM Ha3bIBaTb HX MOOCAAMU KOAMOLOPOS-
cko2o muna. Mozenn Ilocra m ThiopuHra — NMpHUMEpH! TaKHX
Mozfeseit. C Apyro#i CTOPOHEI, MOZENH G HeJOKaJbHLIMH Llara-
MH, TakHe KaK HOpMaJbHble ajropudmel Mapkosa (cM. [Map-
koB, 19511, [Mapxkos, 1954]) uaH MaloUHE C NPOHSBOJBHBIM.
pocrynoM kK namatu (cM. [Axo, Xomkpodr, ¥Yabman, 1974],
[Cancenxo, 1981]), TpeGyior npelBapHTeNBHONO PacIIeNJIeRHs
KaXXJOro CBOErO IIara Ha JIOKaJjbHeie Ware (ocymecTsiseMble
JIOKAJIbHEIMH OMEPAlMAMH) H, Clle10BaTe/IbHO, He ABAAI0TCS MO-
IeNIMH KOJIMOTOPOBCKOIO THIIA.

Jast Toro 4TOGH! 3a/aTh BRIYHCIUTENBHYIO MOIEND C JIOKAJb-
HEIM mpeobpa3oBanneM HHQOpMaUNH, HYXHO KOHKDETH3HPO-
BaTh BcTpeuatouryecs B gopMyauposke KosmMoroposa moHATHA
«COCTOSIHHE», <«HEeNOCpPeACTBeHHas mepepaGoTKa», «aKTHBHas
YacTh», CHIHaM O peeHHH», 3aMETHM, MEXIy NpOYHM, UTO
ciaenys KosamoropoBy, cOCTOSIEMEM MaulMHBI TbIOpHHTa Mbl
ROJKHBI CYHTaTh He TO, 4TO HEpeZKOo HasblBaloT ee (BHyTpeH-
HuM) cocmosHuen (cM. [Mapxos, 1970, § 51), wan  xougpueypa-
yued (cM. [Kaunu, 1952, § 67]), a To, uro B [Kmunu, 1952,
§ 67] naspano cumyayued (situation), unn noanod xongpuzypa-
yued, DTM CUTyauuH, HJIH [OJHble KOHQHIYPAaUHH, MAlUHHBI
TrioprHra ecTecTBeHHO GBIIO 66 Ha3KIBATh TaKIKe «NOAHbBIMU CO-
cmosnuamu», (OrmeruM, yto B [Manbues, 1966, § 12] repmu-
HOM «COCTOSIHHE» HJIH CHHOHHMHUHBLIM TEepMHHOM «KOH(Hrypa-
uusi» 0603HagaeTcsi, B KOJIMOrOPOBCKOM AyXe, HMEHHO TOJHOe
COCTOsIHHE, WK NOoJHas KoHurypamus.) Urak, kaxnas Monedn
npefnoNaraer CBoio KORKPETH3AIHIO KOIMOTrOPOBCKHX MOHATHI,

B [Koamoropos, 1953] npennoxena naubosee obuias cxema
TAKOM . KOHKpeTH3alHH. JT1a CXeMa MOXKET paccMaTpHBaThes



KaK ajieKBarHas (OpMalHsauus TOYHOro MOHSTHS AATOpHTMa
(npu pabore C MOAENAME € HEJIOKAIbHEIM IPeoGpasoBaHHEM -
hopMalHH HYXHO PasGHTb HeJIOKaJIbHblE WIAard Ha JIOKA/MbHEe,
KaK ObWIO 3aMEYEHO Bhille).

Boiyncairensuyio Mosielib, onmpenensemylo stofi HauGosee
ofuell cxeMo#i, Mbl HashiBaeM mawiunanu Koamozoposa (Tounoe
onpenenenne 6yner mawo B § 1.2).

Mul BuppM, uTO OCulee MOHSATHE AJrOPHTMA OMHPAETCs Ha
HEKOTOPHIE MpeBapHTeJIbHbE MNOHATHS — MpeXie BCEro Ha
NMOHATHE COCTOSHHS aJArOPHTMHYECKOrOo Mpolecca H IOHSTHE
HEMOCPeACTBEHHOH nepepaloTKu; 06a 3THX MNOHATHS yTOu-
HAIOTCA Ha ocHoBe Marepuana § 1.0: cocrosHus CyTh KOHcr-
pYKTHBHEIE OOBEKTH, a HenocpeCTBeHHas nepepabotka (B cay-
yae JIOKaJbHOro npeo6pasoBaHHs HHPOPMANHH) 3a7aeTCs Ha-
6opoM JIOKa/IbHEIX AeficrBuii (cMm. § 1.2).

Cocrosinye BeYHC/eHHs (B cMEicTe Koamoroposa) Ans mpo-
H3BOJILHOH BRIYHC/IMTENBHOR MOJIE/IH MOXeT He GhiTh Hemocpen-
CTBEHHO KOHCTPYKTHBHLIM 06beKTOM. Jlas Mammun Toiopuira,
HanpHMEp, ee MOJHOE COCTOSHHE B KaX/blll OTAENbHEI] MOMEHT
BpEMEHH BKJIOYaeT B ce6s1 mHMOPManMIO O 3alHCH Ha JeHTe, O
TOJIOKEHHH TOJMOBKH H O BHYTPEHHEM COCTOAHHH; A MaIIHHGL
INocra Hajo 3HaTh 3anKCh HA JeHTe, MOJNOXKEHHE I'OJIOBKH H aj-
pec, HH HOMep, NOAMEXKANIedl BHIMONHEHHIO KoMaHnbl. Ilyrem
NOAXONSIHX COTJIalieHHH 0 croco6e KOAHPOBaHHS MOXHO, Ofi-
HaKo, O(OPMUTL KaXKIOe TaKoe COCTOsSIHHE B BHJE KOHCTPYK-
THBHOTO 00b€KTa H, GoJsiee TOro, B Buae 0GBEKTa 3 HEKOTOPOTro
eIUHOro (AJ1 pacCMaTPHBAEMON BRIYHC/AHTENLHON MofesH)
atcaMbast.

PaccmorpuM, HanpuMep, MamMEL THIOpHHra ¢ AaHHHEIM pa-
Gounm andasutoM A. Torna, sakonupoOBaB KaxkJoe BHYTpeHHee
COCTOsIHHE B BHJAE HEKOTOPOro CJIOBa NOAXOASLIEro aidaBHTa
b, se nepecekaiomerocsi ¢ A, BBelisi CrenHaNLHEIA CHMBOJ AJIs
0003HaYeHHsI TMOJNOMKEHNS FOJOBKH H T. A., MOMXKHO O(DOPMHTH
Kaxjo0e COCTOsIHHEe MallHHLI B BHJE CJIOBA B HEKOTOPOM (HKCH-
poBaHHOM ajipaBuTe (BRJOyawomeM aJjdaButel A, B H, ecan
HY2KHO, ellle HEKOTOphIe 3HAaKH) MJIH B BHIE KOMINEKca HEKOTo-
poro ¢HKCHPOBaHHOTO KOJMOropoBCKOro ancaMbis. Ecin Mur
paccMaTpHBaeM B KauyecTBe BHLIYHCIHTENbHOH MOJENH MalIHHBI
Toropuura ¢ He HKCHPOBAKHHLIM 3apaHee paCoynM aihaBUTOM,
10 JOJIXHBI ZOrOBOPHTBHCS O crocobe KogHPoBaHHs 6YKB npOH3-
BOJILHOTO a/1paBHTa CJIOBAMH HEKOTOPOro GHKCHPOBAHHOrO aJ-
¢:aputa 1 T. . Bo Beex caryuasix Takoe «IOTPYKEHHE» MHOMKECT-
B4 MOJIHBIX COCTOSIHHA MAaUIHHBI B HEKOTOPHIN aHcaMGJib JIerkKo

2 B, A Yeuenexudt, A, JI, Cemenon
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OCYHIeCTBHTh, H B HanbHefilmeM Mbl OyZeM HpeAnofaratb ero
BbINOJTHEHHEIM,

1.1.1, X — V-anroput™bl, [Tonnoe omHcanue BcAKOro ai-
ropuTMa HauMHaercs ¢ TOro, 4ro (HKCHPYIOTCS ABa aHcamb-
a5 — caHcaM6ap X JOMYCTHMBIX HCXOZHBIX AAHHEIX (MJH p0ny-
CTHMBIX BXOZOB)» H «ancaMOJib Y JONYCTHMEIX pe3yJbTatoB (MK
AONYCTHMBIX BEIXOZOB)», AHcamGab X Ha3uiBaercs aucambiem
6x0008, a aHcaMb1b Y HasnBaercs axcambiaem evixodos. ITpous-
BOJIbHEIl a/irOpHTM ¢ aHcaMG/ieM BX0ZOB X H ancaMbJieM BbIXO-
JoB Y Kparko HasmiBaercss X—Y-aarzopummom., WmMeercs B
BHJY, 9TO MH HbITaeMcSl NPHMEHHUTh X —Y -aJIrOpUTM K KaxKz0-
My a/leMeHTy X M 9T0, €CJIH Pe3YJIbTaT CyIIeCTByer, OH NpHHAal-
aexur Y. O6racmoto onpedescrus, WA 00AQCIOIO RPUMEHUMO-
cmu, aNropHTMA SIBJSETCS MOJAMHOMKECTBO aHcaMO/s BXONOB;
STO IMOEMHOZKECTBO COCTOMT H3 BCeX TeX BXOROB, A/ KOTOPHIX
aJropuTM BhIZaeT peaynbTar. Kaxzneifi ajaroputM sajgaer GyHK-
IHIO, ONpefeJieHHYio Ha ero o6/1acTH NPHMEHHMOCTH! 3HayeHHe
GYHKIEM Ha apryMeHTe X PaBHO peay/bTaTy ajrOpHIMa NpPH
BXoge x. IIpo Takyio QyHKUMIO FOBOPAT, YTO OHA BLI4UCAAEICA.
paccMaTpHBaeMbIM aJrOPHTMOM. [IBa airopHTMa Has3blBalOTCS
SKBUBANCHMHbIMU, €CTH UX 06MACTH ONpefeseRHsl COBMNAjaloT H
IJif KaXAOro BXoja u3 3Tofl ofmed oOMacTH COBNajamT COOT-
BETCTBYIOLIHE Pe3y/bTaTHl; 3KBHBAJIECHTHbE aJrOPHTMEI, TAKHM
006pa3oM, BHIUMCAAIOT OZHY H Ty e dyHkumio. Ilyets A u B
CyTh HEKOTOpble MHOXKecTBa. Ec/n 06/1acThb onpenesiesns aaro-
putMa U ABIfETCA NOAMHOXKECTBOM MHOXKeCTBa A H Kammpil
pesyabrar ¥ npusagnexur B, 10 amroputm U HaswiBaercs
anroput™Mom u3 A B B (numems «3: A—By).

Pesyabrar npuMenenus aaroputMa ¥ K McXomHOMY JaH-
HOMy x o6osnauaercs U (x). Takum 06pasoM, 3KBUBAJEHTHOCTD
aaroputvoB ¥ ¥ B Moxker Obite sanucana xax A (x)~B (x).

§ 1.2. MpepcraBuTeNbHble BLIMHCAMTENLHBI® MOENH

1.2.0. OrkphiTHe, oOcyxaaeMoe B 9TOM naparpade, 3a-
KJ/IOYaeTCsl B yKa3aHHH TOYHO OUEpYEHHOrO M NPEICTABHTE/Nb-
HOro KJacca aNropHTMoB. [lpedcmasumensrocms 03Hadae:
cyliecTBOBaHHe TakMX aHcamGieit X, Y, uto paccMaTpuBaeMbli
KJ1acC COJIepKHT aJIrOPHTM, 3KBHBAJIEHTHBIA (T. e, onpejessio-
muid Ty ke QyHKnuMio) oboMy sapaHee 3amaHHomMy X-—-Y
aNropuT™y.

Tlpo6aema cymecTBoBanMs TaKMX KJaccoB IyGOKO HeTpu
BHaJibHa. ANpHOpH He OYeBHAHO, YTO NPEACTaBHTE/BHBIH KJact
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a/ITOPHTMOB MOXeT GpiTh ONMHCAH B TOYHBIX TeDMHHAX M TPaKTo-
BAaTECS Kak MPEAMET H3yuyeHHs TPaIMIHOHHOH TeOPETHKO-MHO-
JKeCTBEHHOH MaTeMaTWKH. lIcTOpHYecKM NepBhIMH NpHMEPaMH
TAKHX KJIaCCOB C/y2KaT KJacchl aJrOPHTMOB, OCYIIECTBJSeMBIX
Ha BBYUCAHTENBHBIX Mojedsix Toiopuura (cM. [Teiopunr,
1936], a Taxxe yrounsiomyio Kputuky B [[Tocr, 1947]) u Iocra
(em. (Mocr, 1936]). Bosee nosmuue npumepbl — HOPMAJIbHBIE
anropudMel MapkoBa H aJrOpPHTMEI, OCYLIECTBASeMEIE Ha Ma-
wuHax Koamoroposa (anroputvbt Koamoroposa).

1.2.1. Mamnube Kosmmoroposa. O6patuMcs K uuTare us
[Kommoropos, 19531, npuseaentol HaMu B § 1.1. Onpenenetne
mamns Kosmoropopa (Kak ¥ BooGIIe BCSKOH BEIYHCIHTEABLHON
MOJeIH, B TOM 4HuCJIe G HeJIOKa/IbHEIM peoGpa3oBaHueM HHGOp-
ManKH) 3aKJI0YaeTcsi B KOHKDETHSAUHH BXONSAMMX B 3Ty IW-
Tary MOHATHH.

CoCTosHHSIMH OGDBABJIAIOTCA KOMINIEKCH! K3 HEKOTOPOro aH-
camG/is1 KOJIMOrOpPOBCKHX B-KoMmiiekcoB. duKcHpyeTcs HEKOTO-
pBI MOKa3aTesb JOKAJbHOCTH 7; TeM CaAMBIM BO3HHKAET MMOHf-
THe r-NloKaJbroro peiicreus. na mamunor I' ykaswiBaercs
onepamop Henocpedcmeennoll nepepabomxu Qr . Oneparop He-
nocpeAcTBeHHol nepepaboTKH 3ajaeTcsi KOHEYHHIM HaGopoM
KOJIMOTOPOBCKHX r-JIOKQJIbHBIX JREHCTBUN G NomapHo pas-
JAWYHBIMM JIeBBIMH YacTsIMH B  3aJalOlIMX 5TH JelCTBUS
CTPOYKaX.

IIpumenenne oneparopa K KommjieKcy S COCTONT B pHMeHe-
HHM TOro (POBHO OZHOTO) JeHCTBHA M3 3TOro Habopa, Koropoe
OKAa3EIBAETCA NPHMEHHMEIM; eCJIH HH OJIHO U3 JeHCTBHE Hempu-
MEHHMO, TO H ONEpaTop HeNPHMeHHM. 3afaBaeMble TAKHM 00pa-
30M NpeoOpasoBaHHA KOMIVIEKCOB MBI M GyheM HashBaTh 40-
KaabHoimy onepayuamy (B UHETYHTHBHOM CMBIC/JE 3TOT TEPMHH
yxe noasasics B § 1.1). Tenepp MoxkHO cKasartb, YTO B MalUH-
Hax KoamoropoBa HemocpeAcTBeHHass nepepaboTka SBISETCS
JoKaJIbHOH onepanyell. Pa6ora MalHHEBI 3aK/Ouaercs B 0Cae-
JOBaTeJLHOM mepexoie OT HayaJbHOro cocTosinua A° X cocros-
Huio Al=Qp (A%, or cocrosinusa A! K coctostnuio A?=Qr (4?)
U T. X, NOKa He BO3HHKHET CHTHaJl oKOHuanufl, TpeGyercs,
4T0GBl MOSIBJEHHE CHrHaJla OKOHYaHHs 33aBasloch JOKAJbHEIM
ceoficTBoM. EeaH CHrHaM OKOHYaHHS BO3HHKaer Ha COCTOSI-
Huun A", onepatop Qr NpHMeHseTcs ellle POBHO OXHH pas, aJ-
FOPHTMHYECKHil IPOLECE MpeKpainaercs H COCTosHHe An+i=
=Qr (A”) o6bsaBasercs pesysapraToM paGoThl MalMHbLI IPH HC-
XOZHOM jaHHOM A° .

Kosmoroposcku#i moJxol npHBOAMT (NPH HECYILECTBEHHBIX
H3MEHEHUAX B TEXHHYECKHX JeTaNfAX) K aaropurMaM H3

2%
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[Koamoropos, Ycnenckuii, 1958]; N3/10KeHHIO STHX aArOpUT-
MOB b1 nocBsileH § 3 ra. 1 monorpaguu [[irymkos, 1964].
Onpenenenne Ko/iMoroposa €cTeCTBEHHO NPHMEHHMO H K
anropurmam, obpaGarsiBatolum (b, k)-gkommiekcnl. JIs1s sToro
HYXKHO 3aMEHUTb B ONpeJie/ieRHH Oreparopa HemocpeacTBeH-
HOM mepepabGOTKH KOJIMOropOBCKHe ieficTBH Sl Ha NeHCTBHSA B aH-
cambine (B, k)-komnnekcos. C neopmaapHO# TOUKH 3pEHHS OC-
HOBHOE OTJIMYHE MOJIyYaeMbiX TaK aJrOpHTMOB OT aJifOPHTMOB,
3aziaBaeMblX ONHCAHHBIMH Bhime MammHEamMH Kosamoroposa, co-
CTOHT B HCMOJIL30BAHHH OPHEHTHPOBAHHEIX Tpados (¢ npous-
BOJILHBEIM YHCJIOM pebep, BXOAALINX B BepPUINHB! rpadoB ogHOro
ancaMbasi). Mimes B BuRy 3TO coolparkeHHE, MhI 3aKpemsieM
3a MOJIyYaeMbIMH BHIYHCIHTENbHHIMH YCTPOHCTBAMH HasBaHHe
«opuenmuposantsle mauunvi Koamozoposa.

B 1970 r. [lléaxare (cm. [Uéuxare, 1970]) npeanoxus Bel-
YHC/AHTEBHYIO MOZEJIb B BHAE <MALMUX ¢ modupuyupyemold na-
mamoion (310 mpeitoxenuptit B [Cancenko, 1981, ra. 3, § 1,
n. 11 nepeson Tepmuna Lllénxare «storage modification ma-
chines», coxpamenno SMM). Bo seenennn x crarse [[lénxare,
1980] llénxare nuier: «Kax Ham GBLIO YKa3aHO MHOTMMH KOJI-
neramy, KosmMoropos u YcneHckuil BBeJiH B paccMOTpeHUE Ma-
INHHHYIO MOZEeNb, BecbMa GIH3KYIO K MalHHHAM ¢ MOZHOUIHDYe-
MOfl maMAThio, 3HaunTENbHO paneey. Mawunst [Henxaze MOXEO
paccMaTpuBaTh KaK CrnelialibHblfi  BHE OPHEHTHPOBAaHHHIX Ma-
mun Kosmoroposa (HecKosbKo mofpoGuee o6 stom Oyner cKa-
3aHO HHXKe), H MO3ITOMY ISl OG03HaueHHs STHX MalHH B 0030-
pe [Cnucenko, 1981] ncrmosnssoBancsa TepMuH «aseopumaol Koa-

. Moeoposa — Illénxaee» (Torma Kak s oGO3HAUeHHsS MatuHH
KonMoropoea B [Comcenxo, 19811 ucnonbsopalics TepMuH
«areopurmmel Koamoeopusa — ¥cnerckoeoy). BosmoxkHO, GBLIO
6kl IpaBHJIbHEe Ha3kIBaTb OPHEHTHPOBaHHbE MAaHHK Kosamoro-
poBa (a Tem campM B aaroputMbl I[lIénxare) aszopummanmu o
ROAYAOKAAbHBIM npeobpasosanues UHpoOpmayuu: IeHCTBHTE/b-
HO, MPH OCYLIECTBJIEHHH OXHOrO miara paGoThi aIrOPUTMA BHOBb
NOSIBHBIHASICA BEPHIHHA MOMKET OKAa3aThCsl KOHIOM CKOJb
yroaso GoJsibiIOro yucjaa pebep.

Onpegenenne MamuH ¢ MoambuUMpyeMOH HaMATHIO, HJIH
maumn Ulénxare, npuBoauTcss Hamu B J0GaBJEHUH K HACTOS-
meMy naparpacgy. Brpariie, 6CHOBHEE OTJIHUHS 5TOH BHIYHC/IH-
TEeJABbHON Mozesy OT OpHEeHTHPOBAaHHEIX MamHH KoJmoroposa
'COCTOAT B CleflylomleM: 1) nomeueHel pe6pa, a He BEPIIMHEI;
2) KOMaHMBl SIBJISIOTCS CHENUAJbHEIM BHAOM KOMaHI OpHEH-
TUPOBaHHBIX MamHH KoaMoropoBa; 3) Ha KOMaHiax 3ajaHa
ynpasJaomas CTPyKTypa ¢ MOMOILBIO JIHHEHHOIO ymopsjoue-
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HusA KOMaH[ H oepaToOpOB Nepexona; 4) HMeIoTcs BXOXHAA H BHI-
XO/lHas JIEHTBI (Ha KOTOPBLIX 3aMHCHIBAIOTCS CJIOBa B al(aBuTe
{0, 1)) u cOOTBeTCTBYIOIHE KOMAaHJBL.

Boie yxke orMeyasoch, 4YTO OMNpeResieRHe aJFOPHTMOB,
npendoxennoe KoaMoropossM, 6LI10 MpH3BaHO OXBATHIBATL BCE
ApyTHE BHIB aAropHT™MoB. M neficTBurensno, Mamuub KosamMo-
ropoBa HeNoCPeACTBEHHO MOJENHPYIOT paboTy ApyrHX M3Bect-
HBIX BHJOB /JITOPHUTMOB C JIOKaJILHBIM IpeoGpasoBanueM HHpop-
maunu, JIis aIropuTMOB € HeJIOKaIbHLIM NpeoGpasoBakneM HH-
¢dopManuH, TAKHX, KaK HOPMaAbHbIe anropHGMul AN MalIHHE
C MPOH3BOJIBHEIM JocTynoM K namatu (cM. [Axo, Xonkpogr,
YabMman, 1974]), tpeGyercs npenpaputenbHoe pasbuenue ux
[IaroB Ha JIOKaJILHBIE INarH.

Tesnc 0 Bo3aMOKHOCTH NP SIMOro MOJETHPOBAHUSA AJArOPHTMOB
¢ JIOKaNbHEIM NpeoGpasoBaHreM nubopMalluu MamuHamu Koda-
MOrOpoBa MOXKET Ha INepBHIH B3rJIAJ BHI3BATb BO3paXKEHHS.
JleiicTBHTENIBHO, CyIlecTBOBaHHe Mmammubl KoJmoroposa, He-
MOCPEACTBEHHO MOJeNUpyomel MawnKiy ThiopuHra ¢ mjoc-
KOCTHOH NaMsIThIO («IJIOCKOH JIeHTOH»), He sBjigeTcs caMooue-
BUAHBIM; JOKa3aTe/JbcTBO TAKOTO CYIeCTBOBaHUsA TpebyeT Bechs
Ma TOHKHX nocrpoern#l. Tak o6CcTOHT Heno, Hanpumep, MpH
KOHCTPYHPOBaHHH MaumBbE KoJMoroposa, pemaiomeii 3ajiady
«0 pAacrno3HaBaHHM caMomepecedelHs] IVIOCKOH TpaeKTOPHH»,
cM. [Ky6unen, 1972]; eyumiecrBoBaHHe ke MauHHB TbhlopHHra
¢ NJIOCKOH JIeHTOH, pelualollleil 5Ty 3ajady, OYeBHJHO.

Heno aneck, 0AHAaKO, B TOM, YTO B JAEHCTBHTEJbHOCTH Ha
BXOJ paccMaTpHBAaeMOH MallMHB ThIOPHHra G MJIOCKOH JIEHTOH
noflaercs He TOJBKO apryMeHT, HO H HeoGXOxuMas 9acTb pabo-
yell maMsTH, T. €. MJIOCKOCTH, CTaHJapTHBIM 06pa3oM pasOHTOH
Ha KJeTKH. D10 pastHeHHe H BO3HHKaiollee B CHJIy Hero OTHO-
LIeHUe COCEJCTBA KJAETOK MallliHa MOXKeT HCIIOJIb30BaTh B CBOEH
pa6ore, Ecain Ha BXOX MawHHLL KOo/MOropoBa noiaBaTh BMecTe
C apryMeHTOM COOTBETCTBYIOLIYIO YacTh INIOCKOCTH, PasGHTOH
Ha KJeTKH, TO MOAETHPOBaHHEe MaumMHbl THIOpHHra MalIHHOH
KosMoropoBa CTaHOBHTCSI OYeBHIHHIM. TeM He MeHee Jaxe H
Ge3 mojaum Ha BXOoj MaioHue KoJMOropoBa ydYacTka MJIOCKO-
CTH MOJENHPOBAHHE OKAasbIBaeTCs B HEKOTOPOM, YTOUHAEMOM
HUKe, CMbICJIE BO3MOXHBIM — MamHHa KoJMoropoea OKasbl-
BAETCS B COCTOSTHUM «IOCTPanBaTh» HYKHbIE YUaCTKH [IaMATH 1O
XONly BHIUHCJIEHHS; KK 9TO nedaercsi, moxasaso B [[émxare,
19801,

1.2.2. ®dopmanbunie 3amanus. Kaxjaas BEUHCIHTENbHAs
MOJieqIb BJeyeT 3a cofoi cyluecTBOBaHHE, OnpeleseHHoro, cre-
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nuGHIHOTO A 9TOR MozeNu Kiacca (GopMarbHbly 3a0anul an-
FOPHTMOB, KOTOPbie MOryT GHTb peaNH30oBaHHl B STOH MORENH.
Hanpuwmep, roeops n1s Hauala HECKOMbKO Ipy60, AJds HOp-
MaJlbHEIX aniropHgMoB MapkoBa poib ¢opMalbHOro 3ajaHHA
HrpaeT CXeMa HOpMaJbHOro ajropudmMa, Jis MamuH TelopHH-
ra — CHCTeMa KoMaHA, I MauwmH Ko/aMoropoBa — MHOXe-
crBo KoMmang, Bufia U—(W, y). JaiabHeiiiee yrouHeHHe MOHSA-
THA $OPMaNbHOro 3afiaHus MPeANoJiaraer, YTo yKasaHHbIE CXe-
MEI, CHCTEMH H MHOXeCTBa H306pa)keHH B BHAE KOHCTPYKTHB-
HbIX OGbEKTOB.

Hame noHstHe ¢opManbHOro 3aiaHus coBnajaer, MO Cy-
HIECTBY, C NOHATHEM H306paXkeHHs aAropHTMa, 0ObACHEHHOM B
[HaropHmit, 19776} caexyiomuMm obpasoM: «AJaropurma usol-
paxenye — KOHCTPYKTHBHBIH OOGBEKT ONpeneseHHOro BHAA...
cofiepxauiuil B ce6e 3aKONMPOBAKRYIO MO (PUKCHPOBAHHEIM JJif
aJirOPUTMOB J@HHOrO THNA MpaBuJaM NOJHYH HHPOPMAEUHIO
06 3ToM anropurme. OGHUHO onpejeNeHHe H300paXenus auro-
putMa ¢opMyJHpyercs TaKHM 06pasoM, YTOGHE NPOLEefyph! mo-
JyueHHs H306pa’keHHs aJropHTMa No HCXOAHOMY aJrOPHTMY H
BOCCTAHOBJIGHHSI HCXOHNHOrO aJropHTMa 0o H300paKeHHIO
aJrOpUTMa OCYIIECTBJASIHCH O BOSMOXKHOCTH Gojiee IpOCTOY.
B zefiCTBHTENILHOCTH VISt TOFO 9TOGB! OGBACHHTL KaKylo-116o
BBHIYHC/HTEJIBHYIO MOJIENb, AOCTATOYHO NPENBABHTD ONpeleseH-
HH Y Husepcarsroli Peyenm, KOTOpsIH M0 KaxAoMy fopMasib-
HOMY 3aJaHHIO H IO KaXIOMy BXOAY MMO3BOJISAET MOJYYHTH COOT-
sercTByiowuli Beixon. (Cp. dopMynuposky k3 [Kpunnukui,
1977a, § 0], TONKYIOIIYIO0 MOHATHOCTh AJFOPHTMA «KaK 3HaHHE
TOro, 4YTO HO/KHO ObiThb CAENAHO JJISl €ro HCMOJMHEHHsA, T. €.
KaK HaJU9HE aJrOpUTMa BHINOJHEHHS aJropHTMas,)

Ecnu gpopManbHbe OMHCaHMS H HCXOAHEIE JAHHBIE PA3YMHBIM
o6pasoM 3aKOAHpOBaHbl, napa {($popmajbHOE OMMCAHUe, UCXOA-
HOe JAaHHOE) npeBpallaercss B 5JeMEHT MOAXOASIUEro aHcamb-
Jis1, @ Y BUBepcaabHbIl Pellent npeBpamaercs B HHTEPIPETATOP
HJAH Jaxe — B Clyyae npeiCTaBHTe/NbHOH MOIENH — B yHH-
pepcafibHEIfl aaroput™ (cM. §1.14).

B coOTBETCTBUM ¢ TONBLKO YTO CKA3AHHBIM, BCS JECKPHITHB-
Haf TeopHs aJrOpUTMOB MOMKET PACCMATPHBATLCA KaK TeopHs
€IMHCTBEHHOTO YHHBEPCANBLHOIO aJIrOPHTMA, MNOCTPOCHHOIO Ha
OCHOBE onpefe/ieHHOH npencTaBUTeNLHON Mofeau. Kasanock 6,
pas/luyHble YHHBEDCAJbHbIE aJrOPUTMBI MOTYT NPHUBOAHTH K
PasIHYHBIM TEOPUAM aJropuTMoB. OKashBaercs, OXHAKO, 4TO
3TO He TaKl TeOpHs aJropuTMOB eAHHCTBeHHa. Iloxreepxnie-
HHeM 3TOH eNUHCTBEHHOCTH cJyxKar meopema Podwepca o6
usomopdH3me réieseBblX Hymepaumit U meopema Myunuxa



§ 1.2. NIPEAGTABMTENDBHBIE BbIYUCIAHTENBHBE MOIEIN 39

06 n30MOphH3Me BBIYUCIATENBHBIX CTPYKTYp. Ilompobree o6
aTUX TeopeMax Oymer cKasaxo B § 1.14.

OtMeTuM T€ OCOGEHHOGTH, KOTOpPBLIE OTJIMYAOT (opMalbHOe
3aJaHHe aJTOPHTMA BHIYMCJICHHSA Ha NAHHOH MOJEJH OT HHTYH-
THBHOTO MOHSITHS aJrOpPHTMa KaK mpeanucanus. Ilpexnae Bce-
ro, KaKk yxe ynoMrHalJoch, GopMaJbHOE 3ajaHie JO/KHO ObITh
KOHCTPYKTHBHBIM OGBEKTOM; NpPEANUCAHHE KE MOXKET TPaKTO-
BATBCSl KaK CMHLIC/ TOBEJHTEILHOrO TeKCTa (TeM He MeHee, KaK
MOKA3BEIBAIOT NPHBEJEHHbIE BhIllle NPUMepH, GOpMaibHLIE 3312~
HH#, Jaxe /IS OJHOH U TOH e MOje/, He NpUHajaexar, Boo0-
ILE TOBOPs, HHKAKOMy eIHHOMYy ancam6mo). Janee, dopmass-
Hoe 3a/laHHe Kacaercs TOJIBKO OllepaTopa HerocpefcTBeHHO!H me-
pepabOTKH, B YaCTHOGTM BXOAHAS H BBIXOAHAsi NPONIELYPH!
(cM. HH¢e) He BXozar B opMasibHoe 3afaHue.

Hakonen, Bce npeianHcanus (maxe ecu HX INOHUMATh Kak
TEKCTHl, a HE KaK CMBICJEI TEKCTOB), ONHCHIBAIOIIHE BbIUHCJIE-
HUsl Ha JaHHOH MOJE/H, MOTYT COAEpIKaTh HEKOTOpYylo OOuLyio
nHpopmaumio. Hanpumep, aias HOpMaapHOro ajaropudMa Map-
KOBa K TakKoH HMHQpOpPMalUMM OTHOCHTCH yKasaHue O TOM, YTO
(opMysa MOACTAHOBKH NPHMEHSIETICA K caMOMY BXOXREHHIO.
Juas maume TeiopHHra npefmucasne cofepxuT o6bscHeHUe 110-
HATHH «JIEHTay, «TOJOBKa», «CABHI BJEBO» H T. A. ECTeCTBEHHO,
sTa ofias HHGOPMALH MOKeT He BXOJUTb B GopMasbHOE 3a]ia-
HHE KOHKDETHOIro aJIrOpHTMa.

1.2.3. Npeacraputennnpie mMogemu. Ilyers X, X', YV, V' —
ancamGu. B cuiry usoMopdusaMa ancamGiielt KaxkAplH Mpesacra-
BUTEJbHBIH KJacC ajroputMoB H3 X B Y aBTOMaTHYECKH IIO-
pOMAaeT MpeAcTaBHTE]bHBIA Kiace aaroputvoB u3 X* B Y.
[TosTOMy A1 AeCKPUNTUBHOH TEODHH aJropUTMOB (HO He AJIf
TEOPHH CJIOKHOCTH H He JJIst KOHCTPYKUMH CrellHa/bHBIX aJro-
PUTMOB) AOCTATOYHO M3y4yaTh TOJbKO X—Y -aJIrOpHTMB A/
1pOUSBOJBLHEIX, HO (uKcHpoBanHbX X 1 Y. B yacTHocTH, MOX-
HO mpegnoJararb, yro X=Y. B kauecrse X, Jajee, MOXHO
B35iTh MHOXKeCTBO BCeX CJIOB B KakoMm-auGo aJjdasure (B cay-
yae OZHOOYKBeHHOro ajipaBHTa 3TO MHOMKECTBO MOXKET MHTep-
npeTHpoBaThcsi Kak MHoxecTBO N Bcex HaTypasbHBIX YHCeN
(cp. [Pomxkepe, 1967, § 1.10])).

[lycte 3anana BeUMCAMTENBHA MOIENb H MYCTh XunY
cyTb ascaM6/u. JloroBopuMcs 0 Kakofi-1u6o 6x00Hot npoyedy-
pe (Wi npasuse Hawaaq), ¢ MOMOIBIO KOTOPOH J0OGOH 2/1eMEHT
x € X BBOAMTCH B MOJZEAb B BHJAE HaYaJbHOrO COCTOsiHHA (Ha-
npumep, o ToM, Kak uucao n €N npeoGpasyercs B HaualbHOE
cocrosinue MamuHbl ThIOpHHra — O TEPMHHE «COCTOSIHHE» CM.
Boime §1.1), u 0 Kakoir-1uG0 6bIX00HOU npoyedype (WK
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npasune usgieHerUus Pe3yAbIMAMa), ¢ NoMOLIbIO KOTOPOH u3 3a-
KJ/IOYMTEeNLHOIO COCTOAHMS H3Bjegaercs dJeMeHT y €Y, Mo
npejnoJaraeM, YTO 3TH NPOUEAypni mpeolpasylT OGBEKT Jio-
KaJbHEIM 06pa30M — B KOJIMOTOpoBCKHX TEPMHMHAX OHH Npex-
CcTaB/IsioT COG0H OAHOKPATHOE NpuMeHeHHe NOAXONAUIHX JIO-
KanpHbIX onepamuii. Torja moGoe momycruMoe mJisi JaHHOH
Moze (OpMalbHOE 3allaHHe ajaropuTMa 3ajaeT CACAYHIM
anroput™ H3 X B Y: Geperca sjemMenT x ¥ BBOAHTCA B BuAE Ha-’
yaJbHOrO COCTOSIHHS, K MOJNYYHBLIEMyCs HayaJbHOMY COCTOS-
BHIO NpHMenaercd GopMasbHOe 3afaHne, NPONECC MPUMEHEHHUs
npojoJKaercs J0 TeX Nop, MOKa He BOZHUKAET 3aK/MIOUHTEIbHOE
COCTOSIHHE, H3 Hero HaBJeKaercs . TeM CaMbIM C BHIYHCJIHTE b~
HOM MOZENLIO B LEeJIOM OKa3bIBaeTcs CONMpsIKeHHEIM HeKOTOpHIX
KJI1acC anroputMoB 3 X B Y (KOTOpHIH B CHIY IPENJIOXKEHHOI'o
onycanus ABIgeTcs TOYHO ouepyeHHHM). B JanpHeiilueM, pac-
CMaTpHBas BHYHCJHTEIbHBIE MOJeNH, MEl 6yneM, AJis ymopoue-
HMA H3JIOXeHHs, (UKCHPOBATL COOTBETCTBYyWOIHE ancamban
X uY, npr sToM MBI He GyAeM yNOMHHATH O BXOXHOH H BHIXOA-
HOM npolleflypax, CYUHTast, YTO OHM ONpenEseHb! BBIYMCAUTEN b~
HOlt MOJeJbl0 H aHcamGJsMH BXOIOB M BBIXOJOB.

Hrak, nycTe AaHa BbIUHCJHTeNbHas MOZeNb ¢ aHcambiaem
Bx0on0B X H ancaM6JieM BeIX0f0B Y. Ec/in KJace aaropuTMoB u3
X B Y, cBsA3aHuHBI C 5TOH MoAeabio (M, CJAENOBAaTeNbHO, TOYHO
oyYepueHHbl), ABJAETCH NPEACTABHTENbHEIM (B TOM CMBIC/E, YTO
Ans Kaxnoro X—Y-aqroputMa Hailercs SKBHBaJEHTHEIH eMy
a/JIrOPUTM H3 3TOrO KJacca), AaHHas MOZe/b HaskiBaercs X—
- Y-npedcmasumenvroli. Mopenb HasbiBaeTcsi npedcmasumens-
HOil, ecn OHa ABJgeTcss X —Y -npelcraBuTe/NbHOR I HeKoTo-
pbix X, Y. Beuucaurensusie Mogenu Totopunra u Iocra cayxar
HCTOPHYECKM [€PBBIMH HOPHMEpaMH HPEeRCTABHTENbHHIX MO-
Jened. (Mawnssr Tlocra aeasiorcs N——&-npeucralamenbﬂmmn,
a MamHHB! ThIOpUHra — X—Y -npelcTaBuTeJbHEIMU, ecnn X
H Y — caoBapHbeie ancamGiu.)

Mauniubr Thiopusra ¢ GUKCHPOBAHHBIM JIEHTOYHBIM a/ihaBy-
TOM H NPOU3BOJIbHBIM YHCJIOM BHYTPEHHHX COCTOSIHHH Takxke
00pa3yioT npeicTaBHTeNbHYI0 Mouetb. [Ipumep HempeacraBH-
TEJIbHON BBIYHC/AUTENLHOM MOJeNH — MAWMHE ThIOpHHTa ¢
(GHKCHPOBAHHBIM JIEHTOYHEIM afihaBUTOM U (UKCHPOBAaHHEIM
UHCJIOM BHYTPEHHHX COCTOSHHH. PasyMeercsi, BCeBO3MOXKHbie
(opueHTHpOBAHHbLIC HJIH HEOPHEHTHPOBaHHbIE) MalUMHLL KoJmo-
ropoBa TaKxke COCTaBJIAIOT NMPEACTABUTENBHYIO MOAedb, Bodee
TOTr0, BCE KOJIMOrOPOBCKHE MalMHE!, paGoTalonye B MOAXOns-
mem ancambie B-xoMmmniekcoB, o6pasyior APeJCTaBUTeIbHYIO
MOZeNb, €CH angasuT B copmepxuT He MeHee YeTHpex GYKB,
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BaxHo MNOHMMAaTb, YTO MNPEACTaBUTENbHEIE BHEIMHCANTENb-
HBIE MOZIE/IH He SIBJSIOTCS QOpMaNH3aunAMH NOHATHS aJrOPHT-
Ma: OMH TOJIbKO 006eCneunBaloT NOAbEe3AHbIE NYTH A5 GOpMaJIH-
3aLMH NOHSTHS BBIYHCAHUMOH (IIOCPEACTBOM KaKOro-in6o aaro-
puTMa) dyHKuMH. B camowm nese, eciim Obl MBI OGBSIBHJIH, 4TO
aJropHTMaMH ABJAIOTCH TOJBKO Te, KOTOPbIE Peali3yioTcs Ma-
wHamu ThiopHHTa, To HOpMaJlbHble anropudMel MapKkoBa HeJlb-
351 Obi10 OBl PaccMaTPUBaTh KaK ajIrOPUTMbBI, H I HUX MHI He
cMoryiH Obi H3MEpAThb, CKaKeM, CJI0XKHOCTb BHIMHCJIEHHS,

Maumner KosvoropoBa MoryT paccMarpuBarhbesi, TAKUM 06~
pasoM, B JABYX acrneKkTax:

1) KaK ofina K3 IpeACTaBHTE/bHLIX BBIYHCJNTENBHBIX MOJE-
Jeir;

2) Kak MaTeMaTHYecKoe ompefeeHue OOLEro NMOHATHA al-
FOPHTM2 — B TOM CMEICJIe, UTO JII060H aJrOPHTM € JIOK2JIbHbI-
MM LIaraMH HeIOoCPEACTBEHHO NOANAAAeT IO 3TO OnpeleseHHe
(3TOT BTOpOH acmeKT Bhigeasier MamuHel KoJsiMoroposa cpenu
BceX NPOYHX IMpeNcTaBHTeNbHBIX MOZenei).

1.2.4. Te3uc Ye€pua. YTBepKIAEHHE O NPEICTABHTENLHOCTH
TOYHO OUEPYCHHOrO KJacca aarOpUTMOB (T. €. O TIPeACTaBHUTEb-
HOCTH COOTBETCTBYIOLUEH BEIYHC/INTENBLHOA MOJE/IH) COCTABJSET
colepxaHue meduca Yépua s 3TOro KJjaacca MM JJIs 3TOH
mozenu. TakuM o6pasoM, MBI IOHHMaeM 3TOT TESHC B 1IUHPOKOM
cMeicsie (Kak B [Pomkepe, 1967, § 1.7]). Tesuc Uépua B y3rom
CMBICJIE YTBeDXKAaeT, YTO BCAKasd BhMMCAMMAfd QYHKIHS C Ha-
TYpaJbHBIMH apryMeHTaMH H 3HaUeHH SIMH YaCTHYHO peKypCHBHa
(cm. [Komun, 1952, § 63]). Dty dopmympoBKy, CTporo rosops,
caefoBaso Obl HasBaTh TesncoM Uépua — KimHH, mocKoabKy
nepBoHavanpHas ¢opmyJanpoBKa Uépua roBopHT JHIlL O BClO-
Ly onpefeNeHHbIX BBIYHCAHMBIX (YHKLUHAX H YTBEpKAaeT HX
obmepexkypcusHocts (EM. [Koman, 1952, §60]). Toiopunr B
| Teiopunr, 1936] u Iloct B [Iloct, 1936] yrepxkpator, uro
KJlacC BCeX BCIOLY OMpeje/eHHBIX (QYHKIMH, BBIMHCIHMBIX B
cnpeneNeHHOH MOJE/IH, COBIIaJAeT C K/JaccoM BceX BCIOAY ompe-
JleJIEHHBIX BBIMHCAMMBIX  GYHKIMH (18 QHKCHPOBaHHBIX aH-
cam6ieit). [lostomy Tesnc Uépua moxeT ObITh Ha3BaH TE3HCOM
Totopunra, uau tesucoM [locra, nan tesncom Uépua — Thio-
punra — [locta. Becnomunas poab Kaunn B dopmyanposannu
3TOr0 Te3Hca — MepeXof K YaCTHUYHOPEKYPCHBHBIM  (YHK-
LM SIM,— MOXKHO TaKxKe HashiBaTh ero tesucom Uépua — Teio-
punra — [Tocra — Kanau. .

1.2.5. Ssbiku nporpammupoBanusi. Poab apeksatHbIX ¢op-
Ma/iu3aunil MOHATHS alAropuTMa MOT'YT HIpaTh M TaK HashiBae-
Mbl€ s3bIKH I[IpOrpaMMHpPOBAHHA; JEHCTBUTENbHO, 3TH A3BIKH
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MOT'YT ObITh MCINOJB30BAHBL AJif 3ajatis TOUHO OUEPUCHHOTO H
DpefCTaBHTENbHOIO KJacca airoputmoB. IIpu sToM He Kaxanik
OCMBICJIEHHBIN TEeKCT Ha s3blKe NPOrpaMMHUPOBAHHS HYMKHO 06s-
8aTeJibHO MOHMMATh KaK aJrOPUTMi CYHIECTBEHHO JIHIIB, YTOORE
KaXJEI# anropurM Mor ObITh 3amucad Ha s3HKe.

JAna MaTeMmarHKa, 3aHUMAIOWIErocs TeOpHell aNTOPHTMOB;
CPEIH SISLIKOB NPOTPAMMHPOBaHUST HAUGOMBIIHE HHTEpEC npel-
CTaBAsIOT JiMCn MakKapti H anron-68 Ban Beiinraapiena,
MoOXHO CTPOHTb M TaK Ha3piBaeMble a6CTPaKTHHIE SI3BIKH IIPO-
rpaMMHpPOBAHHS, BHICTYMAIOIHe B KauyeCcTBe MaTeMaTHYECKHX
Mojietell peasibHBIX A3BIKOB NPOrPaMMHPOBAHHS; STH aGCTPaKT-
Hble 3bIKH, B CBOIO OU€pelb, TAKME MOXKHO paccMaTpHBaTh KaK
¢opMasibHBIe ONHCAHus NMOHATHA ajroputma. Cpeau abeTpakr-
HBIX 3BIKOB NPOTPaMMUPOBaHHs BHIIENsEM SI3HK ONepaTop HbIX
anropurmos A, I1. Epuoea (eM. [Epmios A., 1960}, [Epmos A,
1962]); 3TH anropUTMBI 10A HA3BAHUEM «BEIYHCIHTEbHEIE a/ro-
PUTMBI» GBITH H3JI0XKeHH BlepBHE B Qepane — mapre 1958 r.
B moknaze A. Il. Epmosa na cemunape I1. C. HoBukoBa u
C. A. SInoBckoft B MOCKOBCKOM yHHBEpCHTETE.

JoGaBaenne K § 1.2, Mawnnan Llénxare

3mech MHI MPUBOAMM MOJPOOHOE ONHCAHME 3THX MAIIMH,
ciaenyst [HIénxare, 1980]. Cocrosmust Kamuo#i MauMHBI $IB-
JISIOTCSl  KOHCTPYKTHBHBIMH OOGBEKTaMH OINpeNe/IEHHOTO poja.
HauneMm ¢ onucanus 31uX o6bekToB. Kak MBI yXke 3aMeuasn,
a10 (B, k)-KOMNeKcHl, y KoTophiX andasut B cocrout U3 onHol
GyKBH (TeM CaMbIM MOXHO CUHTaTh, 4TO BepPLIHHH KOMIJIEKca
He TOMeUeHH BOBce) M H3 KaMAoH BepLIMHBI BHIXOAUT POBHO
k pebep. llénxare wasmBaer ux A-ctpykrypamu. Ilpusenem
onpenenenne A-crpykryprl us [[llénxare, 1980]. Ilycry saman
KoHeunuifi andasutr A. Ero smemeuTHl HasmiBaiOTCs Hampabiie-
HHUSIMH (MMeeTcsl B BMJY aHaJOTHs C HANMpaBJNEHHSMH mepeMe-
lleHMs TOJIOBKH MaluuHb! ThiopHHra) H HIpalOT PoJsb, aHAJNO-
rHYHyio pond 4ucen 1,..., k—1 B onpenenennu (B, k)-kKomn-
JIEKCOB. A-crmpyxmypa — 3TO KOHEUHBIA OPHEHTHPOBAHHLIA
rpad, u3 KaxmJIof BepIMHBI KOTOPOTO BBHIXOAHMT OXHO M TO XKe
KOJIHYeCTBO pebep, NOMedeHHBIX B3aHMHO OXHO3HAYHHIM OGpa-
30M 3/1eMeHTaMu A; OflHa U3 BEpIIMH BhHIAENIEHA M HasHBaeTCs
HaYa/IbHOA BEPINMHONA, U/ LEHTPOM, A-CTPYKTYpHI, H Bce Bep-
IUMHBL JIOCTHXKHMBL [0 OPHEHTHPOBAHHEIM NYTAM M3 5TOTO
HeHTpa.

Tosopa Heckombko Gosee dopmanbyo, A-cmpykmypa —
o Tpoiika (X, a, p), rae X — KoHeuHOe MHOXKeCTBO BepLIKH,
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a€ X —uentp, p={paja € A} — cemeiicTBo oro6paxkenuss X
B X, npuyeM p, (X¥) — 3TO BepLIHHA, B KOTOPYIO U3 BepIIHHH
x uaeT pe6po, noMederHoe HanpasiaesHeM o. OGo3HaYMM Yepe3
A* MHOXeCTBO BCeX cJioB B alldasure A, yepes [J — mycroe
cioso. Ja seakoll A-crpykryphi S=(X, a, p) otro6paxkeHue
Agt A*—>X ompelleneHo cienyiomuM o6pasom:

AS (D) =4a,
As(Wa)=p, (As(W)), a€d, WeA

Ecnn Ag(W)=x, To W HaspBaeTcsl aipecoM BepLIHHEL X (B
A-crpykrype S). Onpenenerne A-cTpyKTyphi TpeGyer, UTOOLI
Bce BepIIMHBEI MMeJH ajipeca.

Mammna Hléuxare nveer BXOAHYIO H BbIXOAHYIO JIEHTH G I'o-
JIOBKaMH Ha HHX, Ha JIEHTaX 3anHChIBAlOTCA CJoBa B andaBuTe
{0, 1}. Kpome Toro, umeiorcsi pabouasi namsaTh, KOTOpas B
KHIEIA MOMeHT paGoOTBI MallMHBI ABJSETCA HEeKOTopoH A-
CTPYKTYpO#, H, HaKOHel|, NporpaMMa — KoHeuHas NocJeoBa-
TeJLHOCTh KOMAHJ ONHCHiBaeMbiX HHXKe THROB. Kaxkaas ko-
MaHja MoOKeT ObITh JIHOO onepauueH, J#60 NpoBepkoil, aHGO
ocraHoBoM. Cwmblc KOMaHHAB! ocrmanos oueBuieH. Onepayuu
NOApasfeNgioTcs Ha olepauuy Hak BXOXHOH JICHTOH, BHIXOAHOMH
JIeHTOH H paboueit mamaTbio. Onepauus Haj, BXOAHON JeHTOMH
OflHa — CJABHI TOJIOBKH Ha OJHH CHMBOJ Brpaso. Onepauuit
HaJ BXOJHOH JleHTO# ABe — mevarh cuMBovia O man | B KoHIe
y’Ke HaleyaTaHHOro Ha BEIXOJHOil JieHTe CJIoBa.

Onepauun Haj pa6ouelr namATbio GHIBAIOT OJHOIO H3 TpeX
THIOB., MBI ONHIIEM, KAK KOMaHIH KaxJIOro H3 TUIOB npeod-
pasylor A-ctpykrypy S=(X, a, p) B HOByl0O A-CTpYKTypy
S=(X, a, p).

1. KoManza noGaBneHHs HOBOH BepiimHu new W, rie
W € A*, Hosoe MHOMKeCTBO BEpIUHH COCTOHT H3 3JIeMeHTOB X
U emle OJHO! — HOBO# — BepluHHEL, 0Go3HauuM ee y. [lns BeeXx
8 € A nonaraem ps (y)=a. Ecin W=[], 10 a=y u npu Bcex
6§ €A, x€X 3nauenne ps(x) 3ajaercd Kaxk CoOBHajawoumee ¢
Ps(x). B TepMuHax teopun rpados: K Hmeiomemycs rpady xo-
GaBsAeTCs HOBas BEpPLUHHA, OHA OOBABJAETCA HaualbHOM, M Bee
pe6pa, KOTOpLIE NO/KHBI BBIXOAHTL H3 STOH BEPIUMHHL, BElyT
B cTapylo HayanbHylo Bepmuny. [lycrs Tenepn W umeer Buj
Ua, rae U € A*, a € A. Torza a=a, pa(As(U))=y; ana Bcex
z€X, 8€A, ecmn z5=A5(U) nmm 8@, nomaraeMm p;s(2)=
=ps(2). B TepMuHax TeopuH rpados: A06aBIAETCS HOBask Bep-
niya, Bce pefpa M3 Hee HAYT B HAYalbHYIO BEpLIMHY, OAHY H
Ty K€ H B CTApOM, U B HOBOM rpade, 2 B HOBYIO BEPIUHHY BeJeT
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pOBHO OIHO pe6po, 9TO PeGpO NOMEUEHO HANpaBJeHHeM o H
HCXOJJUT U3 BepLIMHBHI C aJpecoM U.

2. Tlepenoc nauanbroit Bepuuubr set [ fo V. Ilonaraem
a=Ag(V), k X oTHOCHM BEpILIHHEI, IOCTHXHUMHE H3 BEPLIHHB @
no nytam, onpexeasiempiM cemeiicrsom p. Ilocnte sToro onpere-
JiseM p Kak cemeiictso {py|a € A}, rie p, nojydaercs cymxe-
HHEM p, Ha X,

3. [Tosopor pe6pa set Ua to V, rae U, V € A*, a € A. Tlo-
JaraeM a=a, p.(As(U))=Ag(V), ve Mmensds ps(z) npu IApy-
rux O, 2. B TepmMuHax TeopHH rpadoB: eNHHCTBEHHOE BO3MOXK-
HOE OT/IHYME NosyYalomeiics A-CTPYKTYpHI OT S COCTOHT B TOM,
uTo pebpo, NoMedeHHOe HaNpaB/IeHHEM O, BelleT H3 BepIIHHbI C
anpecom U B BepuiuHy ¢ afipecoMm V, a He B Ty BeplIHHy, Kyaa
oHO 1To B cTpyKType S. [locie aTOTO0, KaK H B KOMaHI€ BTOPO-
r0 THI2, OCTaB/JSEM JHIIb NOCTHXXKHMblE BePIIHHBI H COOTBET-
CTBEHHO CyXaeM OTOOpa)KeHHS ps.

[Mocne BhMOJNHEHHS omepauyH NPOHCXOIUT NepeXxol K Bhi-
MOTHEHHIO Cllefylolneil B IporpaMme KOMaH/bl; €C/IH TAKOH HeT,
TO MallliHA OCTaHaBJIMBaeTCH.

Bceakas nposepra nmeer sup if P then p else v, roe p, v —
HatypaJbHEe YHC/a, He MPeBOCXoAAlue Yicia KoMaHf B Npo-
rpamme, a P — mpegukar oJHOro U3 CJeAylomuX ABYX BHIOB

1) Ag(U)=Ag(V), uto 03HauaeT coBNajeHHe BePIIHH C aj-
pecavn U u V A-crpykrypn S;

2) input =P, uro o3nauaer coBnajeHHe CUHTHIBAEMOrO CHM-
Bosia ¢P, rae P ectb O it | MM CHMBOJ KOHIA BXOZHO JIGHTEHI.
B pesyabprare BbilloJIHEHHs] NPOBEPKH IIaMAThL HE MeHsercs H
NPOHCXOJHUT Ilepexo] K KoMaHJe, MMelolieil B IporpaMme HO-
Mep n, ecid P ucTHHeH, H K KOMaHZe, HMelolnell Homep v,
ecu P joxen,

Pa6ora MalnHb! HauMHAeTCs1 C BHIMONHEHHS NepBoil KOMaH-
JBI IPOrpaMMBbi, rOJIOBKa Ha BXOJHOM JIeHTe CTaBHTCA Ha [epBbiil
CHMBOJI, NaMATh NpeAcTaBsier coboil A-CTpYKTYpy € emuHCT-
EEHHOH BepUIMHOH — LeHTPOM.

§ 1.3. OGee moHATHe HCUHCJACHHSA
KaKk caMocTosiTenbHoe (OTHe/MbHOE) NOHATHE

1.3.0. O6nee nousaTHE UCHUCACHUS, UTH OeQYKMUBHOL cuce-
Mol Y), cTONb ke QyHAAMEHTANbHO, KaK H TIOHSITHE a/JropuMa,
H JO/DKHO PacCMAaTPHBATLCA OTAENBHO OT KaKMX Obl TO HU GbliIo

1) Cm. [Macaios, 1986),
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dopManbHEIX yTouHeHuit. [ToHATHe HCUMCIEHHs oTpaxkaer y
0600IaeT HHTYHTHBHOE HpeNCTaBIeHHE 00 HHIYKTHBHOM [Q-
poxpiennn MHoxecrsa ([em. Macnos, 1967], [D66unxaya,
19701, [MacnoB, 1979]). MareMaTHuecKHe HCTOKH NOHSTHS
HCUMCJIEHHST BOCXOAAT K JpesHoctH (cM. [SInoBeckas, 1962]),
HWrpel ¢ 4eTKHMHM npaBUJIaMM: [NaXMaThl, AOMHHO, MaIIKOHT,
pas/IH4HbIE KapTOUHbIE HIPH ObIH, BEPOATHO, NEPBHIMH peallb-
HBIMH TpuMepaMu Hcuncaenuit. (Pasymeercs, paccMaTpusas
HIpY KaK HCUHCJIEHHE, MBI IOJIHOCTBIO OTBJIEKAeMCs OT €€ «Hrpo-
BBIX» 2aCIIEKTOB — COCTA3ATENbHOCTH H IIPOYEro,— & HHTEpe-
Cyemcsl HCKJ/IIOUHTENBHO €e, TaK CKa3aTb, «I0pHIAMYECKOl CTOpo-
HOi» — BO3MOXHOCTBIO COBepIlaTh AeHCTBHSA, BBINONHAEMEIE 110
onpefesieHHEIM NIpaBHJIaM.)

JnddepennnansHoe HCYHCIeHHe H HHTErpainnHoe HCUHCe-
HHE MOTYT CYUHTaTLCH HPHMePaMH HCYHCIEHHH, eCH TPaKTo-
BaTh HX KaK MPOLEAYPEH], I03BOJAIOMHE NOPOKIATh BepHbie
paBeHCTBA BHAA

dF () =f(x)de n §[(x)de=F (x),

OTIIPaBJAACh OT HCXOIHBIX, HJIH «TaGMHYHBIX», PaBEHCTB H IpH-
MeHsisl TaKHe MpaBHJa, Kak MnpaBuio auddbepeHuHpOBaHH A
CNOXKHON (YHKLHH, NPaBHJIO HHTEIPHPOBAHHS MHO YaCTSM
H T. M. 3HAYHTEJBbHYIO POJb B Pa3BUTHH OOLIEro MOHATHS HC-
YHC/IEHHS CHITpa/i HCUHCJIEHHS MaTeMaTHYeCKOH JIOTHKH, HJIH
aoeucmuseckue cucmempl. TlepBrie JlorucTHuecKne CHCTEMB! MO-
aBumicy B KoHue XIX Beka B paGore ®pere (cM. [Dpere,
1879)).

O6uiee MoHATHE UCUHCIEHHS MeHee IoNyJsipHO, YeM ofliee
NOHSITHE aJIOPUTMA; B YaCTHOCTH, COBCEM He H3ydeHo oflee
NOHATHE HCUHCJEHHS G JIOKaJbHBIM NpeoGpasoBaHuneM HHGOD-
MauuH. BO3MoxKHO, IPHYHHA TaKOH NUCKPHMHHAUMH — B JaB-
JICHHH BLIMHCJAMTENLHOH NPakTHKH. TepMuHOJOrHS, OTHOCH-
mascs K HCUHCJAeHH M (32 HCKJIIOUeHHEeM OTHoCHAIeHcs K cllen-
aNIbHEIM BHA2M HCUHCJIEHH), HE YCTOS/Iach, H aBTOPHI JOJIKHBL
6eutn asuposath MexAy CHM/ION TEPMHMHONOIHYECKOro
HoBatopcrBa U XapuOIoH TepMHMHOJOIMYECKOH NyTaHHIEL.

[py6o roBops, HCUHC/IEHHE €CTh KOHEUHLIH CIIMCOK «paspe-
WUMEeNbHbIXY  NPOBUA, HASHIBAEMBIX TaKXKe Noposcoarouiumi
npasuramu (cm. [[Hanun, 1955, § 11) uan npasusramu evisooa.
OTH npaBusla pa3pelaloT NEPeXOAUTH OT OJHHX KOHCT-
PYKTHBHEIX OOBEKTOB K JPYruM (B TO BPeMs Kak IIpaBuJia ajr o-
PHTMA N OBeJNeBalTP COBEpUIaTh TAKHE MEPEXOAbI).

THIMYHBIM NPUMEPOM «Pa3PElIHTENILHBIX» IPABHJ CIyXKaT
MpaBu/ia LWAXMaTHOH MIphl, MpHYEM B POJIH KOHCTPYKTHBHBIX
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00BeKTOB, KOTOPLIMH MPABH/IA ONEPHPYIOT, BHIGTYMNAIOT LIaX-
MaTHBIE NO3MLHH, CHabXKeHHbIE YyKasaHHeM o0 oOuepefHOCTH
Xolla H euie HEKOTOpOH NONOJHHTENbHOA uHpopManuel ).

IMosuuuio, KONOJHEHHYIO Beell HEOGXOMMOA Aa NMpHMeHe-
HHS npaBu/l Mrps!l HHGOpManued, €CTeCTBEHHO HAaBhBATL CO-
cmosnuem uepbl. VIMeHHO COCTOSIHHs Hrphbl CleLyer pagemar-
pHUBaTb KaK Te KOHCTPYKTHBHbIE O0OBEKThbl, Hajl KOTOPEIMHU CO-
BepllIlOTCH ONEPAlH 1IaXMATHOTO HCYHC/ICHUSA.

Jpyroit npumep — urpa gomuto. Cocrossue naphl 31ech
cnaraercs Hs pacnosiokeHHs Kocrefl Ha croste, MHQopManHu
0 HaJM4YUH KOCTell y UTPOKOB U B Kyde M uHdopmanuu o6 ode-
pegHoctH Xofa. Kak M B 1laxmaraX, NpaBu/a Jai0T BOBMOXK-
HOGTH NEPEXOAUTb OT paccMaTPHBAEMOrO COCTOSHHMA K ONHOMY
H2 HeCKOJIbKHX HENOCPEACTBEHHO CleNYyIOmHuX,

INofo6HO TOMY KaK alropuT™M 3ajaeT a.azopummudeckuti,
HJH gbiuucAumenstoill, npoyect (T. e. nponecc paGoTsl aAropuT-
Ma), KaxAoe HCUHCJIEHHE 33a€T UCHUCAUMENbHIE, HITH NOPOXC-
Oalowjudi, mpouecce, T. €. NpOLUEece paGoTH HCUHCJAEHHA. DTOT
n&ouecc pasbuBaercsi Ha OTHeNbHBle wazy (3Manst COTVIACHO
[(Hanun, 1955, § 1]). Kaxasii mar COCTORT B IONYYeHHH HOBOTO
00BLeKTa U3 yKe NONYYEHHHX K Hadaly 3TOro mara o6beKToB;
HoyyeHHe HOBOro O0BeKTa OCYIIeCTB/sETCA TyTeM IpHMeHe-
HHS INPOH3BOJBHOTO «paspelluTesIbHOTO» TNpaBHia; BXOAd-
ero B naHHoe ucuyucienne. OGBeKTH, K KOTOPHIM NMpUMEHsieT-
Csi MPaBUJIO, HASKIBAIOTCS €r0 NOCHLAKAMU. 3aMeTHM, 4TO NpH-
MeHeHHe OZHOTO 1 TOTO Ke TPaBUJia K OLHHM H TeM Xe I0CHITKAM
MOXeT JaBaTh PA3HEE Pe3yMAbTarhl; NPaBHIO MOXET IpHMe-
HATbCA pasJu4HBM ofpasoM. (Hanpumep, nmeercs npasuio
XOAd NEIWIKH — HO OHO MOMET NPUMeHATHCH K PasHHM Me-
Kam.) OnHako, eciid QUKCHPOBATL NPABUMO M TOCHIIKH, THC/IO
PABMUYHBIX pe3yNbTaToB OKashBaeTCd BCerfia KOHeYHBIM.
Hna xaxnoro mpaBuja 4uclO nochiok ¢ukcuposano. Ecin
Bee TaKue 4YHCJIa OrpaHHYEHBl YHCJIOM k, HCUHCTEHHE Ha3bi-
BaeTen k-nocoiaoutvim. Bee mnpuBelleHHHE NPUMEPH UTP SB-
JISHOTCA 00HONOCOLA0YUHbIMYU HCYHC/IEHU AMH.

OrpaxkeHueM HHTYHTHBHOrO IpeACTaBieHHs o8 ofbeKTax,
nosydyalomuxcs B npouecce paboThl HCUHCACHAA, ABSCTOS NO-

1) {[Maxmaruwét Komexe CCCP, 1969, cr. 15] umenyer sty gomoquu-
Te/IbHYIO HH(QOPMANMIO «BHYTPEHHUMH BO3MOXKHOCTAMH NoO3uluky, a {[lax.
marubifi Kozexe, 1981, er. 12} — «BOSMOKHOCTAMA Arpey. [eso B TOM, yTO
SHaHHS ONHOA TOJbKO MO3UIHH, T. €, PaCHONOKEHHS (HrYp Ha JOCKe, H
Aaxe OyepefHOCTH XOJA HEJOCTAaTOUHO I NpPUMEHeHHs HPaBHJ HIDH:
#e00X0uMo, HanpHMep, 8HAThL elle, XOLMJ JH paHee KOPOJIb # Koe-4TO
apyroe,
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HATHe Jonycmumoeo (BMsi J2aHHOTO HCUHCIEHHS) O6bekra.
OnpefiesieHne 3TOr0 NOHATHA HHAYKTHBHOE.

Ecnu o6sekt b monyqaerca us gy, . . ., 4y NPpUMEHEHHEM Of-
HOTO H3 «Pa3pEIUNTEIbHBIX? IPaBUJ HCUHCJICHUS U eCln ay, . . .
-+ «y Ay ABJIAIOTCS JONYCTHMBIMH 06BbeKTaMu, TO H b 06bABsIer-
Cfl JONYCTHMBIM; 3TO eCThb Iuar HHAYKTHBHOrO OHpEeNeHHS.
Hauano uHAyKuMY 06ECTIeUNBARTCS HYAbNOCOHLI0YHbLMY TIPABHIA-
MH: ecli b yIOBJIETBOPAET TAKOMY IIpaBHay (T. e. moJydaercst
[IpAEMEHEHHEM STOTO MNPABHJA <H3 HUYeroy), T0 b ofbaBisgerca
FonycTaMbiM. Ec/iM HyJbNOCKIOUHEIX NPABHJA HET, MHOMXECTBO
JONYCTUMBIX OOBEKTOB OKasbiBaeTcsl NycTHIM. B maxmarHoit
Urpe HyJAbNOCHIOUHEIM ABJIAETCA NpaBHJo, 3ajalolmee Havyalb-
HOe COCTOfIHNE, T. €. HAYaAbHYIO O3HIHIO ¢ COOTBETCTBYIOUINMH
HaYyaJbHEIMH «BHYTPEHHHMH BO3MOXKHOCTSIMH» (OYepefHo# XOx
3a 6eJIbiMK, KOPOJIb He XOLUJI H T. A.). B JIOTHCTHUECKHX HeuHcTe-
HHAX B CHAY HYJBIOCHJIOYHBIX OpaBuA 0GbABIAIOTCS HOKa3ye-
MBEIMH aKCHOMHI.

Bceakoe ncunciaenne paboraer ¢ 0O6bEKTaMH HEKOTOPOro aH-
cambna W, HasbiBaeMoOro paboueti cpedoli ucuncaenus. Bee co-
CTOSIHHSl HCUHCJHTeNbHOro mnpouecca Jexar B W. CoBoKyn-
HOCThL BCEX BO3MOXHBIX COCTOAHHH HIpHl (maxmar, MOMHHO)
JIETKO MOrpykaercs B noAxoAsumuil aHcamGnb. PaGora mcuue-
JIEHH$ 3aK/ouaercsl B 06pa3s0BaHHM BCe HOBBIX H HOBHIX JOMY-
CTHMBIX 3JIeMEHTOB pabodell Cpefihl, HAH JONYCTHMBIX COCTOA-
Huf. TlpuHOMNHaAbHAA PA3HHIA MeXAY aIrOPHTMHYECKHM H
MCHUCNTENbHEIM TIPOIECCaMH JIEXKHT B ClexyloweM. B asaro-
PHTMHYECKOM IIponecce Kajoe BO3HHKAOIlee COCTOSHHE Of-
HO3HAYHO MpeAonpeNiesIeHo NpeAllecTBYIOUHM X0A0M IIporecca,
B HCUHCJHTEJBHOM e Ipolecce BO3HHKaolee COCTOSIHHE
SIBISIETCST BCETO JIHIIb OJHUM H3 MHOTHX BO3MOXHHIX JIONycKae-
MbIX NpEAIIECTBYIOIMM XoIoM npouecca. Ecan HoHATHE Bpe-
MEHH CBSI3HIBATD ¢ uepefloBaHueM coOuTHi (a cobnitHe 34eCh —
nosiBJIeHHE HOBOI'O COCTOSIHHA), TO MOXKHO CKasaTh, YTO B alro-
PUTMHYECKOM MpOLECCe BpeMs TeyeT JMHeHHO, 8 B HCUHCIIH-
TeJBHOM Mpolecce — Pa3BeTBJEHHO.

Heropuio nosBlieHHss NAHHOTO JAOMYCTHMOTO COCTOSIHHS B
HCYHCJITEIBHOM ITIPOLIECCE MOXKHO 3alleyarvleTb B BHIE 0C000-
ro o6beKTa, Ha3HBAEMOTO BBIBOJOM, ITOT 06BeKT MOKHO Mpel-
CTaBJsTh ceGe Pacmo/IoKEHHBIM B IpocTpaHcTBe. Botgod par-
HOro JIOIYCTHMOro COCTOfIHHSA X — 3TO JAEPEBO, BO BCeX Bep-
IIMHAX KOTOPOro HaXOJATCH KAaKHe-TO JAOMYCTHMEIE COCTOSIHUS
H BCeM BepIUMHAM IOCTaBJ/leHbl B COOTBETCTBUE NpaBujia HCIHUC-
JIEHHS TaK, 9YTO:

1) B KopHe HaXoJUTCA X H
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2) nns Beakofi BeplIHHBI U JiepeBa, €clM Y — COCTOsIHME,
HaxoJlAlleecss B TOH BeplUHHE, A Yy, . . ., Y5 — Bce COCTOAHHSA,
Haxolsflllyecs B TeX BepIIMHAX, KyJa HAyT pebpa u3 U, TO ¥
MONTy4aeTcst U3 Y1, « « «» Yp 1O NPaABHIY, COMNOCTABJICHHOMY C
BepLIHHO v,

(Takum 06pa30M, NOMETKH Ha JIHCTbAX JepeBa MOJyUEeHE! B
CHJy HYJBIOCHLIOTHBIX NpaBuJ.) Jlasa OXHONOCHJIOUHEX HCYH-
c/leHHil MoAlydaeMple T2K BHIBOJBI OKA3LIBAIOTCA HENsAMH.

[Tponoskass yTOUHATL HalIM NPeNCTaBJeHHs 06 HcYHC/Ie-
HUAX, ME OGHapyxHBaeM, UTO KOHEUHLIH CIIHCOK «paspellH-
TeJILHLIX» NPaBHI 06pa3yeT XOTH U BaXKHEHIIYIO, HO JIMLIb OJHY
H3 cocTaBHHIX dacredl ucyucieHHs (oH cocrapliser, TaK CKa-
8aTb, «AAPO» HCUHC/EHHS — MOJOGHO TOMY, KaK oneparop He-
TIOCPEACTBEHHOH nepepaGOTKH COCTAB/sET «AJpO» anropuTMa.

Bropoft cocTaBHOB yacThIO CAYHHT HHCTPYKUHA O pasiene-
HHH 3JIEMEHTOB Ha OCHOBHbie U gcnomoeamentiole. Hanuaue sTux
JBYX COCTABMEIX 4acTeil BO BCSIKOM HCYHCJICHHH BHO OTMEYeHO
B [Ilefitun, 1964]. Mp Gylem HaseiBaTh 3Ty HHCTPYKLHIO npa-
8UNOM BblOEAEHUS OCHO8HOLX cocmoaruti, Heo6Xo1HMOCTE B TaKOM
npaBiJie BEI3BAHA TeM, YTO HAc MOTYT MHTepecOBaTh He Bee
JONYCTHMbIe COCTOSIHHS, 4@ JHIIb COCTOSTHHA CHEeLHaNbHOro
puja (OHH-TO M Ha3pIBAIOTCA OCHOBHBIMH), TOrJA Kak Jpyrue
COCTOSIHHM S PacCMATPHBAIOTCA JIMIIb KaK BCOMOrare/IbHOe cpetl-
CTBO JJ1s MOJYYEHHUS OCHOBHBIX cOCTOAHHMH. PoJsb npaBuia BbI-
JeJieHUsT OCHOBHBIX COCTOSIHUH /17 MCYHCJEHHMA aHaJOraYHa
pOMH CUTHAaJMA O MOJNYYeHHH PpellleHHst AN a/JrOpHTMOB.

Haxonen, Tperbeii cOCTaBHON 4acTbl0 HCUHC/IEHHS sBJET-
CHl NPABUAD U3BACHEHUR pe3yAbmama, WIAH 8oixo0Has npoyedy-
pa. Ota npouenypa aHaNOrHYHA BLIXOZHOH Hpouenype us § 1.2,
Brixongnas npouenypa npeobpasyer Kampoe OCHOBHOE COCTOS-
HHe B HEKOTOPHIK 06BbeKT. PesysnraT MpHMEHEHHS BBHIXOAHOH
NpOUEAYphI K MPOU3BOJIBHOMY JONYCTHMOMY OCHOBHOMY OGBEK-
Ty HAasblBaeTc pe3yAbmamom, WUIAH 6bix000M HCUHCIIEHHS.
[Ipo Bcaxkul Takoil 06bekT GyAeM TaKke IOBOPHTH, YTO OH
nopoxcoaemea ucwucaernuem. TIpo MHOXeCTBO BCeX OGBEKTOB,
NOPOXKJAEMEIX MCHHC/IEHHEM, TAKKE OyleM TOBOPHTL, 9TO OHO
noposcdaemcs ucqucreriuem. JIBa HCUHCICHHS SKBUSAAEHMIHOL,
ecJlH OHH MOPOXKAAIOT OJHO H TO e MHOXecTBO. IIpennonaraer-
€4, YTO MHOXECTBO, MOPOXKIaeMoe HCUHCACHHEM, PacIIOIOKEHO
B HEKOTOPOM aHcaMbiie — aHCcambAe 8bix0008 PACCMaTPHBAEMOr0
ucuncaenus, INosicHuM Bee ckasaHHOe Ha JBYX NpHMepax.

IMMaxmaruweit npumep. Leas — nocrpoenne mc-
YHCJIEHH S, OPOXKAAIONETo BCeBO3MOKHBIE NAaTOBHIE I03HLMH Ha
IaxMaTHOH MOCKe, B KauecTse «pa3pelIMTE/BHBIX» MpaBHJI
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GepeMm npaBusa Hrpel B maxmartel. OCHOBHBEIME OOBABJIAEM Ma-
TOBBIE COCTOSHHA (3ZeCh BaXKHO BCHOMHHTB, YTO B COCTOSIHHE
Wrpbl BKJIOYEHA M OuepeNHOCTb X04a). BhiXoiHas mpouesy-
pa — IePexol OT COCTOSIHHS K NO3HIMH (T. €. OTGpachiBaHHe
Bcefl HOMOJMHHTENLHOH HHGOpMANUH).

JJoruectuuecku# mnpumep. Iem — nocrpoe-
HHE HCYUCJEHHS, MOPOXIAIOEro BCeBOSMOXKHEIE NOKasyeMple
GOpMyYJbl KaKOH-MH60 (QUKCHPOBAHHOH JIOTHCTHYECKOH CHCTe-
mbl (MHaye — (opmaJibHOR akcHoMarHuecKo Teopuu). Ilyers
b — andaBuT 3TOH cHCTeMbl. Mbl mpefnoJsiaraeM H3BECTHLIMH
o6bluHBie ‘paBua 06pa30BaHHs (OHH Xe NpaBUJa HOCTpoOe-
HHA) U npaBuJa NpeoOpa3oBaHHs (OHH 2Ke IIPaBUJia BBHIBOAA),
COIVIaCHO KOTOPHIM nepemeHHbe (1), TepMsl (T), dopmyast (¢)
1 JloKasyemble GOpMYyJIbI (A) BHIIENSIOTCA CpPeaM BCEeX CJIOB B
andasute b (nockonbxy b KoHeneH, a KOJMHYECTBO NIE€PEMEHHBIX
GeCKOHEYHO, MepeMeHHble CYTh HEKOTOphle CJI0Ba, a HE NPOCTO
6ykebi). Tenmepn crpoum Hame Hcuucienue. CoCTOSHHS B HeM
¥MeloT BHJ (a, b), Iie a ecTb OfHA U3 GYKB «II», «T», ¢«» HJIH <1y,
a b ecTb cloBo B B; Bce TaKue cOCTOAHNSA BKJAABIBAIOTCH B NMOJ-
xoafmylo paGouyio cpeny. OcHOBHBLIMH OGBABAAOTCH COCTOS-
uns BuAa <J, b>. [IpaBuio u3BeueHus pesyabraTa — Nepexon
ot (A, b) K b. PaspemuTennusle NpaBula NOJyYalOTCs OYEBHA-
Ho#t MojubHKauell YIOMSAHYTHIX Bhle IIPaBHJ 0Opa30BaHUA U
npeobpasopaunna. Tak, mpaBuiy, raacsieMy, 4To BCAKas Iie-
peMeHHAs eCTb TepPM, COOTBETCTBYeT OJHOIOCHIIOUHOE NIPaBHUIO,
paspelnaioiee nepexoj OT JIOGOr0O COCTOAHHA Bupa (n, b)
K COCTOSIHMIO (T, b) ¢ TeM xe b; npaBUAy 32KJ/IOYEHHS COOTBET-
CTByeT IBYIOCHLIOYHOE NPaBH/IO, paspellaiomee Iepexoi OT
(m, bs) m {m, (b—>b.)) K {(m, b,). AKcCHOMaM COOTBETCTBYIOT
HYJILIIOCKIIOUHbE MPaBHJA; IJs BCAKOH aKCHOMB! b paspe-
[IAETCSA «H3 HHYEro» CKOHCTPYHPOBATb NOPOKACHHBIR OGHEKT
(m, b). IlpaBuso cynepno3uUHMH TEpMOB, Jalouiee IO TepMam
ti 1 {, HOBBIAL TEPM 4, MPHBOAUT K IBYIOCHIIOYHOMY INpaBHJY,
paspemaiowieMy nepexof ot (t, #;) 1 (1, £,) x (1, u). Ecau cpeau
npaBusl npeoGpasoBanus 6blI0, CKaXeM, TPABUNAO TIOACTAHOB-
KM, KOTOpOe 1o JoKasyeMoH dopmyJie f, mepeMeHHOH X u Tep-
My ¢ IaeT HOBYIO 0Ka3yeMyio GopMyy g (Ip:ACcTaBISIOLYIO Co-
00t0 pe3yJIbTaT NMOACTAHOBKY f B f BMECTO BCEX CBOGOJHBIX BXOXK-
IeHHii nepeMeHHOH x), TO B Hallle HCUHCJICHHE JOMXKHO OBITHL
BKJIIOYEHO TPEXMOCEIOUHOe NpaBuJo, obecneuHsaiomee BO3-
NOXKHOCTb [epeXojia ot cocrosnui {1, f), (u, x), {r, )k cocros-
uuio {(n, g).

[ocnenuuit npuMep moxaseiBaeT, YTO HET HEOGXONMMOCTH B
IDUHYANTEIBHOM OTHECEHHH NOPOXAAEMBIX OOBLEKTOB K TOMY
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uiu mroMy tHny (cornacuo [anun, 1955, § 1]) uau x Tof Han
HHOH cTynesH (CoraacHo [Macno, 1979]): nudopmanuio o Tune
of'beKTa MOKHO <yIpATATH? BHYTPb HOAXONSIMM 00pasoM Bbl-
GpaHHOTO COCTOSIHHA. Taxk, BMecTo TOr0 9ro0HI MOPOXKAATD OT- -
JENHHO TePMBI H OTAEMBbHO (HO G IOMOIBIO TEPMOB) QOpMYJIHL,
MBI COBMECTHO NMOPOXKAaNu OGBEeKTH BHaa (T, b) u (P, b).

OJiHH 43 NpaBHN, 00pas3ylomMX HCYHC/IeHHe, 3aJlal0T Te HJH
uHble npeoGpasoBanus (UAH, Kopode, SIBJAITCA npeobpasoBa-
HHSIMH); TAKOBHl NpaBuJia BbIBOJA, NPaBW/IO H3BJAEYEHHA pe-
ayabrara. Jlpyrie mpasuiia sajalor CBoficTBa (WJH, KOpOYe,
ABJSIOTCS CBOKCTBAMH); TAKOBBl NPABHJIA BbIIEJACHHS OCHOB-
HBIX COCTOSIHHH,

Yro MOXKHO CKasarh O MPHPOJe BceX 3THX npasui? B o6-
liem c/1ydae, N0-BUAUMOMY, HHYETO, KpOME TOrO, YTO OHH JOJK-
HB! GbITb JOCTATOYHO MpOCThl, AHANOTHYHO OGCTOMT JHeJIO H B
clydae aJropATMOB — B OOLIEM Clyyae Mbi HHYErO He MOXKeM
CKazaTh O NPHPOJE NPaBHJA HENOCPEACTBEHHOH nepepatoTKH
HJIH NIpaBHJIa OKOHYaHuA. OJHAKO 4719 arOPHTMOB KOJIMOTOpPOB-
CKOrO THIa, T. €, aJTOPHTMOB G JIOKAJBHBIM NpeoGpasoBatHeM
HHQOPMAIMH, MBI MOXeM CKa3aTh, 4TO NEpBOe U3 3THX MpaBUJ
IpeicTaB/seT CO0O0I0 JIOKaAbHYI0 ONEpanuio, a.BTropoe — JIo-
KaJIbHOE CBOHCTBO.

CxopspiM 00pa3soM Mbl NOXOHIEM H K HCHUCHACHHSAM ¢ JO-
KaJibHEIM npeoOpasoBaHueM HHpopMauuH. THIHYHBIA npHMep
TaKUX HCUHCHCHHH — QCCOYUAMUBHNIE UCHUCACHUR U epamma-
muxy MateMaTHuyecKOh JIMHI'BHCTHKH (cM. Jo0aBJjieHue K Ha-
crosmemy naparpady, a takxke [Kaunu, 1952, § 711, [[aag-
kuf, 1973, [Tnagkuit, 19771, [Croukui, 1980]). DoapunucTeo
JIOTHCTHUECKH X HCUHCICHHUT He ABAAIOTCA MCUMCIECHUAMY G JIO-
KaJIbHBIM TIpeo6pa3oBanueM HHQOpMAUMHi NPaBHJIA BHIBOAA B
HHMX, KaK IIPaBHJO, HEJOKANbHBI (CM. BbIlle JIOPHCTHYECKHH
npumep). OfHaKO, KaK H B cjlydae aJrOPHTMOB, HEJOKaJbHbIE
[Iar¥ MOXKHO pacIIEeNHTh Ha JIOKaJbHHE, T. €., [0 CyINecTBy,
3aMeHHTh OJIHO HCUHCJIEHHe (HENOKa/lbHOE) Ha Apyroe (0Kalb-
HO€), SKBHBaJeHTHOE HexoAHoMy. O6LIHE BUJ| HCYHC/IeHH S  JIO-
KaJNbHEIM mpeoGpasobandeM nHPopManun (MAH HCYHCNEHHS
KOJIMOTOPOBCKOI'O THIA) JIErKO TOJYy4aercss KOHCTPYKuHeH mo-
poXJAalomel MoJle/iM, aHaJorHYHOHd MammHaMm KoJimoroposa.
Cefluac MBI K 9TOMY H IepefijieM.

Hrak, naem onpenesieHHe NOHATHSA UCHUCAEHUR € NOKOAbHOIM
npeobpasosaruen unpopmayuy UM, APYTHMH CJIOBaMH, uc-
YUCAEHUS KOAMO20p08CKo20 muna. Pabouefi cpenoi Gynem cuH-
TaTh HEKOTOPRIA aHcambab (B, k)-KOMIIZIEKCOB MK KOJMOIOpOB-
ckux B-kommieKcoB, Ot BHIXOJHOH HPOLEAYpPL! Mbi TpedyeM,
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urToGHl OHa MNpeACTaBlsJia COGOH JIOKANbHYIO Omepaumio {cm.
§ 1.2), ot npasuJia BblACNEHUA OCHOBHHIX COCTOSHHH — YTOGR
OHO ObLIO JIOKaJlbHBIM cBOHCTBOM. Kaxnoe H3 «paspeiuyres-
HBIX» TPABHJ JOMXKHO OHTH JIOKAJbHBIM JEHCTBHEM B TOM
cMBIC/e, Kak 3710 Obljio onpeneneno B § 1.0.

Otne/IbHOrO paccMOTPeHHs TpeGyer ciayuall HYJbIOCEIOY-
HBIX pa3pellnTe/IbHbIX NIPAaBHUJA — IPABHJ «BLIBOAA H3 HHUCIO»,
Heno B ToM, 4TO JMOKa/MbHble AEHCTBHS MOTYT NpUMEHsTbCA K
KOMILIEKCaM, 4 TO «HUYTO», K KOTOPOMY MpPHMEHSAETCS HYJIb-
TIOCEIIOYHOE [IPABHJIO, HEe eCThb KoMIJeKke. Mul GyjeM cuurars,
YTO KaXKJ0€ HY/IbIOCEWIOUHOE MPaBUIO OGBABNSIET KONYCTHMBIM
(T. . «paspeuraeT BHIBECTH H3 HHYEro») HEKOTOPHH (PHKCHPO-
BaHHEIM KoMmjlekc. Takum o6pasoM, AODYCTUMHMH B CHJY
HYJBIOCHIIOYHHIX NpaBHaA OyAeF JIMIIb KOHEWHOe YHEI0
KOMILJIEKCOB (He GoJIbIle, YeM HMEETCS HYJbIIOCHIIOYHBIX M1pa-
BHJ).

B ciiyuae k-nochlIOUHOTO npaBusia npu k21 «paspemu-
TeJIbHOE» NPABHJIO, KAK yXKe OTMeualoch, JOJIKHO MPEACTaB-
nsaTh cofoft JoKaneHoe AeiicTBue (B cmpicae § 1.1); Hago ToMk-
Ko (npH &> 1) KOPTEX KOMIIEKCOB @y o . .3 (x; K KOTOPOMY
IpHMEHSIETCA NPaABUJO, COEPBA IPEACTABHTb B BHAE OJHOTO
KoMIlziekca (HOBOro, «0osiee Goraroro» aHcamGis — KaK 3TO
ykasaHo B § 1.0). :

[Ipocroe, HO cywiecTBeHHOE 3aMeuaHuel Kaxipllt ancamBin
nopoXxaaeTca HEKOTOphIM HCUHCHeHHEM (& 3HAYAT, U HCUMCTe-
HHEM KOJMOTOPOBCKOIO THIA). _ .

C nomolgbio o6mero MOHATHA HCYHENIEHHS MOXKHO ITyGxke
OCMBIC/IUTh MHOTHe (PyHIAMEeHTANbHBIe MOHATHS H Pe3y/bTAThl
MaTeMaTHYECKOH JOTHKH. B yacTHOETH, BHAMEHHTas meopema
T'édeass 0 noanome yTBEpKIaeT, YTO BCe HCTHHHHIG (GOPMYJIH
JOTHKK NpefHKATOB NepBOro HOpsiiKa, T. €. BCe 3aKOHH 3/ie-
MeHTapHOH JOTHKHM NPeAUKAaTOB, MOTYT ObITh HOPOXKAEHLI He-
KOTOPhIM HCHHCJIEHHEM; HMEHRHO B 3TOM — CYTh TEOPeMEL.
C uncro matemMaTHyecKoH TOYKH 3peHHsI KOHKPETHOE HOCTpoe-
HHe TakKoro o6JaJaioero «CBOHGTBOM NOJHOTHR HCYHCJAEHUSA
HMEeT yXKe BTropoCTeneHHoe SHaueHHe (yAOBJETBOPSIOIHX
YCTOBUIO TEOPEMEI MOMHBIX HCUHCIEHHH — GecKoHeYHOe KOJIH-
yectBo). (C TOUKH 3PEeHHsT HCTOPHH HAyKH INpPEJCTABJIsET HHTe-
pec Tor dakt, uTo NOJHOe HCYHCAEeHHe MpeJUKaToB OLLIO yra-
JaHO JIOTHKaMH 32 HeCKOJLKO JecATHIeTHR 10 Teopemmt I'é-
Aens.)

Hpyras suamenutas Teopema I'énens — meopema 0 Henoa-
Home — yTBepIKAaeT; YTO MHOXKECTBO BCEX HCTHHHBIX QopMy.n
apudMeTHKY (a SHAUHT, H MHOKECTBO BCeX OOUIE3HaYHMbIX dop-
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MyJl JIOTHKH NpEAHKaToB BTOPOTO MNOPSAKA) He MOXKeEr ObTh
NOPOXKAEHO HHKAKHM HCYHUC/ICHHEM.

Ha 6a3e moHATHS MCYHCJEHHS, 1O CYIIECTBY, MOXHO H3J0-
XUTb Bcio (MO KpaliHe#l Mepe, NeCKDHITHBHYIO) TEOPHIO alro-
putmoB (cM. [Hlefitnn, 1964]). _

1.3.1. Ucuncsenus co BxonoM. B sakioyerue naparpapa —
06 HcuucJieHusX co BxogoM. KaxJoe Hcuuc/enue MOXHO pac- -
CMaTpHBaTh He TOJABKO KaK MHCTPYMEHT VI 00pa30BaHus He--
KOTOPOI'O MHOX(ECTBa, 2 MMEHHO IIOPOXKAAEeMOro MHOKECTRa, HO
H KaK HHCTPYMEHT A/ npeoGpa3oBaHHS ORHHX MHOXECTB B
apyrue. [Tycrs, B caMoM fesie, gaHo Hcuucrienue © c paGoueit
cpenoit W, muoxkecTBoM OcHOBHBEIX 06BbekToB 7T W H Nmopox-
JaeMBIM MHOXKECTBOM P, JiexallluM B HeKOTopoM ancambie Y.
duxcupyeM HekoTophlii ascam6ab X — ancaMmG/ib BXOAOB —
H HEKOTOPYIO BXOAHYIO POLEAYPY O, IPE0OpasyIOLLYIO SAEMEH-
o1 X B aneMeHTH! W (B ciyuae Hcuuc/IeHHH ¢ JIOKaJbHEIM IIpe-
00pasoBanueM HH(QOPMAaLUH OT NPOLEAYPH o Tpebyercs, YTOOH
oua OhIa JOKaJbHOH Omepanueri).

PaccMoTpuM Teneph npousBo/ibHOe MHOXKecTBO A X M
coorBerctayiomee a(A)cW. OOGbaBHM Bce 3JMEMEHTHI U3
a(A) RomyCTHMBIME — C TeM, YTOGH 5TH HOBHIe JONYCTHMBIE 3J18-
MEHTBbl BKJIIOYH/IHCH B HHAYKTHBHBIH Nponecs o6pasoBaHHs A0-.
nycrumeix  asementoB. Hlar umaykuum, Takum ofpasom, ue
MeHSeTCsl, HO MeHfeTcs Hayajo HHAYKUHHMI [ONYCTHMBIMH
OOBAB/ASIOTCS He TOJLKO PE3yJbTaThl MPUMEHEHHSA HYJ/IbIOCH-
JIOYHBIX IPAaBHJ, HO U Bce aeMenTh HS o (A4), Hosoe paciuupen-
HOE MHOXECTBO HONYCTHMBIX OGBEKTOB 0003HauuM uepe3 Q 4.
K anemenram nepeceuenusi Q o N} T npHMEHAEM PABHJIO U3BJIE-
YeHus pesyJssTaTa H nosaydaeM mHoxectso P 4D P. Ilopo6Has
CUTyaLHsl HMEET MECTO, B YacTHOCTH, KOrJa K (opMasbHOl ak-
CHOMATHUECKOH TeOpHH A0oGaBisoTCS aKcHoMui (A), KoTophle.
npeo6pasyioTcsl 9ToH TeopHel B PaCUIHPEHHOE MHOXECTBO T€O~
pem P 4; croco6 BBOAA o 3heCh — TOXAECTBEHHOE peoGpaso-
BaHHe.

Onucannasi TONMBKO YTO MPONEAypa 3aJa€T HEKOTOPYIO Ol
panuio, npuBoaAuyo or A K P 4; 3T0 P 4 ecrecTBeHHO 0603Ha-
uuth cumBosoM §(A). B nocnensem ofo3HaueHHH B 3Haue
nue cumBosa € Briouena uHdopManus O NPoUEAype BBO-
za a; Tak nouuMaemoe (& Ha3HBAeTCA UCHUCAEHUEM CL
8xo0oM.

Kaxknoe ncuucnenne co BxogoM € 3azaer, TakuM o6pa3oM.
cooto  ucuucaumensuyro onepayuro: A—G(A). OxassiBaercs
YTO KJACC HCYHC/HTeNBbHBIX ONepaulud COBNAJAET C KJAcCoM,
BBUMCAUMBIX onepamuit (cm. § 1.13).. '
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TMocpeacTBoM HcuMclenufi co BXOZOM MOMHO TakKe saja-
Bath OuHapHeie orHomenusi. Mmenno, ucuucienne € sanaer
oTHOIlIEHHE

Re={<x, y> | €({x})d4}.

Bcsikoe 8amanHoe TaKHM 00pa3oM MHOMKECTBO I18p MOXKET GBITh
NOPOXKAEHO HEKOTOPHIM HCUHCIEHHEM.

NoGasnene kK § 1.3. AnreGpaumueckwe RpHMepHI

TMoustHe HcYMCIEHHA HMeeT IMyGOKHE CBA3H ¢ anreGpoil.
Mul 0603HayuM ceffyac TPU JIUHHH TaKUX CBA3EH.

Bo-nepBrix, akcHOMBI, 3ajaiolie TOT HJH WHOM BHZ aJ-
re6panyeckHX cucreM (NOJYIPynm, KOJEN, YNopsaZOYeHHRIX
rpynn 4 1. A.), 3allMCaHbi, KaK NPaBUJIO, Ha Y3KOM (HHaye —
9/7eMEHTapHOM, NEPBOro IMOPAJAKA) A3LIKE JIOTHKH NPEeIHKATOB.
3THM akcHOMBI aareGphl OT/AHYAIOTCH OT AKCHOM TOMOJOIUH,
dopMyHpyeMbie B f3bIKE TEODHH MHOXECTB HJIH B IIpefH-
KaTHO# JIorHKe Bblcliux TunoB. [lostomy, B cuay Teopems I'é-
JeJIS O TIOJTHOTE, MHOXKECTBO BeeX 3JieMeHTapHHBIX (T. €. 3aIHCaH-
HBIX Ha TOM K€ 3/IeMeHTApHOM A3bIKE) CAeACTBHH TeX WM HHBIX
ajre6pauyecKMX axcHOM (CKa)KeM, aKCHOM TE€OpPUH IpyII) Mo-
®eT OBIThb MOJIYYeHO KAaK MHOXKECTBO, NOPOXKIAEHHOE HCUHCIe-
HueM npenukates. IlocnenHee Hafio Nnpd 3TOM NOHMMATH Kak
HCUMCJIEHHE CO BXOAOM H HA BXOJ NOAABaThb KaK pa3 paccMar-
pUBaeMble aKCHOMBI (30€Ch CICACTBHE aKCHOM TEOPHH IPyni no-
HHMaercsl KaK YTBEepXKAEHHE, BEpHOE BO BCeX Ipynmnax).

Bo-Bropbix, HEKOTOphI€ HCUMCJEHHS, HCTOPHYECKH BO3HH-
KaIolllue BHE CBA3U ¢ anreGpofi, a uMeHHO HOPMyTHpYyeMEIe HUXKe
accouuaruBHbie Hcuncaenusa Tys, HMeIOT scHoe aareGpanyeckoe
conepxanue, (Kak Ml yBHAMM, BCAKOE acCOMHATHBHOE HCUHMC-
nende B andasute B 3amaer Ha MHOXecTBe cioB anldasuta b,
paccMaTpHBaeMOM Kak MOJYrpynna, HEKOTOpyio KOHTPySH-
1H10.)

Hakosen, B-TpeTbHX, AJIA HEKOTOPHIX KOHEYHONOPOXKAEN-
HEIX ajrefpaHdyecKuX CHCTEM (a HMEHHO IJIsSI BCEX CHCTeM, 3a-
1aBaeMBIX KBa3UTOXAECTBAMH, CM. HHXKE) yJaeTcsl Henocpei-
CTBEHHO IOCTPOHTL OYEHb NMPOCTOE HCUHC/IEHHe, TMO3BOJAOMEe:
[ONy4aTh Bee CJEACTBHS H3 KBA3HTOXKAECTB (B YaCTHBIX CJy-
YaAX U3 TOXKIECTB, H3 PABEHCTB), 3aJal0LIUX PacCMaTPHBACMY!O
cucreMy. (3pech cileCcTBHE MOHHMaeTcd KaK yTBepiKienue, Bep-
lloe Bo Bcex anre0pauyecKUX cucTeMax JaHHOTO BHAA, HMEto-
LMKX NaHHOE MHOXECTBO OGpa3ylomiuX, M NO3TOMY TEOpemy
Ténens aBroMaTHYecKHM o6pasoM HPHMEHHTb He yAAeTcs.)
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Ilamee MBI He GyneM Kacarncst HameueHHO# Bhillle NEPBOH
JIMHUH, Pa3BHTHEM KOTOPOH sBNsercs Goabinas 06MacTb Mate-
MaTHYECKOH JIOTHKH — TEOPHUS MojeNel, 8 COCPeOTOYHMCH Ha
BrOpOi M Tperbedl. HauneM Mul ¢ ucuncenuit Tys, NpHBEAIHX
MX OTKDHIBaTe/s K MOCTAHOBKE aJIrOPHTMHUECKHX MpoGIeM aj-
re6pel, 0 KoTopelx nofiger peus B §2.1. Tys paccmaTpuBaer
KOHeYHble psAl 3HakoB (Zeichenreihen), MosmyanuBo mpeano-
Jlarasi, 4To OHH HemycThl; B AajbHefilieM 3TO OTPaHHIHTENLHOE
apepnonoxkenne Oui10 oTGpomieHo. MOTHBHPOBKH paccMoOTpe-
auii Tys Oeln dutocodckue — on HHTEpecoBascA criocobaMu
¢dopManbHeIX sanHcelt monwatuit (Begriffen) u Bo3MoKHOCTEHIO
KOMOUHATOPHBIX npeoOpa3oBanuii OAHHX NOHATHH B JpyrHe,
skBuBaieHTHoe (cM. [Tys, 1910]).

Mel uasIoXkuM nocrpoents Tya, moAb3ysick BMECTO TEPMHHA
«psJi 3HAKOB» COBPEMEHHBIM TEPMHHOM «CJIOBO B asndapute b». .
Ty> HauHHaEeT ¢ TOro, YTO BEIMHCHLIBAET JiBa KOPTEXAa HEnmyCThIX
cnos A B B, cocrosiuye coorBercTBeHHO M3 cloB Aj,. . .,A,
u Bj,. .. B, IlBa cnosa U u V B andasure b. naswiBarorcs
sxeusasermroimy (OTHOCHTENbHO Naphi A, B), ecan AJIs HeKo-
toporo m =1 cyulecTByeT TaKas NOCJAeLOBaTe/bHOCTL CJIOB
Ciye o sCpy uto Cy=U, C,=V n paa Raxaoro i=l,...
..., m—1 uafigercs rakoe j € {1,. . .,n}, uro C; .y noxyuaercs
u3 C; 3ameHoi HEKOTOporo BXoxAaenust A; Ha B; niu 3aMeHO#
HeKoToporo BXoxueHusa B;ua A;. [Iponunarensusii 9HTaTeNb
yxke coobpa3ua, uto Tys m306pen HCYHCICHHS HEKOTOPOTO
CrenuaibLuoro Buja co BXoZoM. [IpaBuJO McUHC/IeHHS IVIaCHT;

ecmu U — ponyctuMoe cJIoBo U nipu Hekotopom j € {1, ..., n}
coBo V nonyuaercs us U 3aMeHON KaKOro-TO BXOmAeHHA A,
Ha B; unu B; na A;, to V ponycrumo.

Hrak, B HCUHCNEHUH NPHCYTCTBYET OAHO OJHONOCHLIOUHOE
HPaBHJIO, XOTS 3TO NMPABHUJIO MOXHO OO OBl pa36HTb Ha He-
CKOJIbKO, BBEJlS CBOE NPABHJIO 3aMEHE IVIA KaXKAOro OTAENbHOro
j. Ocraerca pasoGparbes, 9To 3mech Gyaer pabouefi cpenoi,
OCHOBHBIMH COCTOSHHAIMH H BRIXOAHOH Npouenypoil. Pabouas
cpexa npocra — 3To ancamtap B-cioB, Bece COCTOSHHS OCHOB-
Hbie, BBIXOJH&s Npouefiypa, Kak X BO BceX ajireOGpaHyecKuXx -
npuMepax, KOTophle Mbl GyzeM paccMarpuBaTth, TPHBHAJLHA, -
OHa He MeHseT O6beKTa.

Tak 'sajaBaeMble HCYHCIEHUS] HAa3HBAOTCA Telepb acco-
yuamusHeimu ucuucrenusmy (cam Tys He ynorpebasn 3toro
TePMHHA), a ONpefie/ieHHAN BhILE SKBUBAAEHTHOCTb Ha3bIBAET- .
csl SKBHBAEHTHOCTLIO B 33J@HHOM accOUMATHBHOM HcYucle- .
Hud (cm. [Haropumit, 1977al). 1o orHoeHHE 3KBUBAMEHTHO-
CTH 9BJfleTcd KOHI'pY3HIMeHl Ha nojyrpynne bB-caos, T. e.
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BBIACPKMBAET YMHOXEHHe CIIpaBa M CleBa Ha JIEMEHTH 9Toj
nosyrpyunsl. PaKTop-noJyrpynna no 3TOMy OTHOLICHHIO Ha-
sbiBaeTcA NONYTPymIol, sagaHHOH cucTeMol o6pas3yromux B u
CHCTEMOH ONpeleNsIomUX cooTHOme i A;=B;, j=1,.. .,m.
3ameuareJbHBIE M npoctoll PaKT COCTOUT B CJELYIOLEM,

JBa npoussefenns oO0pa3yoluX paBHH B 3TOH NMOATpYINe
TOTZA U TOJABKO TOL/1a, KOTJa OHM PaBHhI BO BCeX MOMYrpynnax,
B KOTODBIX BHINONHEHBI COOTHOMEHHR Aj;=B;, j=I1,...,m.
BoJlee TOro, nonyunBilascs KOHIPYSHUHS HAa Noayrpynmne B-
CJIOB MOXKeT OHiTh NOPOXKJAEHA BecbMa NMPOCTHIM HCUHCAECHHEM.
BrlnHineM HCUHC/IEHHE, CTPEMACh IIOPOAHTH MHOMXKECTBO, CO-
crosiiee M3 BceX TeX paseHcrs U=V, m1a koropux U u V
KOHTPY3HTHBL. [IpaBHJ/Ia HCUHCAEHHS TVIACST:

1) U=U ponyctumo pmasi moGoro U € B*;

2) eciu U=V ponyerumo u U'=V' npu Hekotopom j€
€ {1,...,m} nonyvaercs u3 U=V saMenoii HeKOTOPOI'O BXOXK-
nenusi A; na B; nmu B; Ha A;, 10 U’'=V* nonyerumo.

OctanbHbie KOMIIOHEHTHI HCUHCEHHS BOCCT2HABIHBAIOTCA
Ges TpyzHa.

B panbneiimeM koHcTpyxkuust Tys oGobmanach B JByX Ha-
npasJeHusX. [lepBoe HanpaB/eHHe HayHHaercs G OTKasa OF
CHMMETPHYHOCTH HCUHCJIEHHSA, T. €. B [IepeXofie K HCUHC/IEHHIO
CO BXOAOM CO CJELYIOIHM NPaBHJIOM:

ecii U — ponmycruMoe CclIoBo H INpH  HEKOTOPOM | €
€{l, ..., m} cioBo V noayuaerca us U 3aMeHOl KaKOro-1o
Bxoxpesus Aj; ma By, To V — ponyctumo. -

Bce ocraibHoe, Kak B cucreMax Iy3. [loayvatores Tak Ha-
spiBaeMuie noaycucmeme. Tys, Beenenunie B [[ocr, 1947],
YaCTHBIM CJIy4YaeM KOTOpPHIX fIBASIOTCA cueTeMbl Tya. 3arteMm
OBIJIO BBefleHO pasjieslenue ajidaBuTa B Ha MHOMKECTBO OCHOB-
HBIX M BCIIOMOTAT€JbHEIX CHMBOJIOB, ¥ OCHOBHLIMH CUHTAJIHCh
TOJIBKO COCTOSTHHS, SIBJSIOLIMECS CNOBaMH B a/jipaBHTE OCHOB-
HBIX CHMBOJIOB. EC/IH K TOMY ke nepedTH K paccMOTPEHHMIO Hc-
yucjieHHH 6e3 BXoJa, HO 3aTO, JOIOJHHTENBHO, 6 OJHHM HyJIb-
HOCKEITOYHBIM [IPaBUJIOM, TO NMOJYYUTCA ONpEAe/IeHHe rpaMMaTHK
(em. [Tnapkuit, 1973], [Crouxnii, 1980]).

Bropoe HanpaBiense — 310 0GOOIIEHHE CHTyauud Ha Go-
Jee MHPOKUHA Kaace ajarefpanvyecKux CHCTEM, 4€M MOJYTpyll-
IBl, ¥ Ha GoJjee MIPOKUE Kjacc COOTHOWIEHHH, YEM paBeHCTBa
npouaBeneHuil obpasywomux. Ho TyT HaMm npuaercsa cnepsa no-
3a60THTBECS O TEPMHHOJOTHH.

Anre6pauyeckde CHCTeMB; aare0pel. EcTectBeHHBIM HCTOU-
HHKOM 38134 H NoJieM NpHJAOKEHHH TEOPHH aJTOPHTMOB OKa-
3piBaetcst ajire6pa, [lonpobnee o6 3THX 3ajayax M NPHJOKE-
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Husix MBI CKaxkeM B § 2.1, cefiuac xe, roBopsi 06 HCUUCTIEHUSX,
Mbl OGBSICHUM, OTKYAa HCYKCIeHHs GepyTcsi B anrebpe. Haunem
¢ yuCTO aflrebpanueckux onpenenenuii. Cuenamypoli HasbiBaeT-
Cs1 MHOXKECTBO CHMBOJIOB, pa3fHToe Ha JBa NOAMHOMKECTBA:

1) MHOXECTBO (DYHKYUOHAALHBIX UMEH, AN KaXKIOrO U3 KO-
TOPHIX YKasaHO HarypaslbHOe YHCJIO — BAAEHMHOCHLb (qncno
apryMeHToB); _

2) MHOKeCTBO npeduxamubix uMer, AJjis KaXIOro U3 KOTO-
PHIX TaKXKe YKa3aHa ero 8aieHMmHOCb. :

HmeHa BaleHTHOCTH A Ha3bIBAIOTCS TAKXKE H-MeCHHbIMU
(byHKuMOHAMBHBIMH, NPERHKATHBIMM) uUMeHamu. DYyHKNHO-
HaJbHBle MMeHa BaJeHTHOCTH HYJIb Ha3hIBAlOTCS Takxke nped-
memuoimu umenamu. CATHATYpHl, eC/H HE OrOBOPEHO NMPOTHB-
Hoe, Gyaem IpeanoJjaraTh KOHEUHHIMH,

Anzebpauneckoll cucmemotl cuenamypbt 6 HaskIBaeTCs [POH3-
BOJIbHOE HENYCTOe MHOXKECTBO M — HocHTeNb ajnre6paHyeckoi
CHCTEMBI — BMeCTe ¢ OTOOpakeHHeM (Ha3blBaeMBIM MHTEpIIpe-
Taluedl), CONOCTaBJIAIOIIMM C 3JleMeHTaMH CHTHATYPHl HX 3Ha-
ueHusl (B onpesnesseMoli anre6panueckoll CHCTeMe): 3HaueHHEM -
n-MeCTHOro (PYHKIHOHAJLHOIO MMEHH CTYXKHT rn-MecTHas olle- -
pauusi Ha M (3naueHue npPeAMETHOro MMeHH — 3JemeHT M),
3HAYEHHEM N-MECTHOTO NPEAMKATHOIO HUMEHH CJIYXKHT n-MeCcT-
Hoe oTHoweHue Ha M. Ecau B cursarype npuCyTCTBYIOT TOMb-
KO mpefliKaTHbIE H DPeAMeTHhIe HMeHa, afreGpanuecKas CHCTe-
Ma Ha3bIBaeTCsl PeAAYUOHHOU, eCU TOJBKO (YHKNUOHANLHbIE
(B TOM uHCj€ NpeaMeTHHE) uMeHa, ajrefpavuecKas cucTema
Ha3bBaeTcs onepayuonrot. QnepanuoHHBe CHCTeMbl Halbl-
BaIOTCA TaKKe aszebpamu. -

Samkuymuul mepm DBAHHOH CHTHaTypsl O Omnpeaensiercs .
TaK: NycTh f €cThb n-mecTHOe (QYHKIMOHAJAbHOE UMS H3 O, "
TOTAA:

npu n=0 f — 3aMKHYTHH TepM,

npu n>0, ecnu . . ., b, — 3aMKHYTHIE TEPMBI, TO H
f(ti.. . .,t;) — 3aMKHYTHIHl TepM.

Taknm 06pa3oM, 8aMKHYTHIE TePMBI — 3TO HEKOTOpPHIE KOH- :
CTPYKTHBHEIE OOBEKTH, a HMEHHO CENMaJbHOTO BHJAA CJIoBa B -
aldaBuTe (PYHKNHMOHATBLHBIX MMEH, JBYX CKOOOK M 3amsaTod. =
BoJiee ecTecTBeHHO NpeACTaB/IATh 3aMKHYThIE TepMBI B Buze (B, -
k)-nepeBneB, tAe b — andaBuT PyHKUMOHANBLHEIX MMEH, kb — i
MaKCHMaJbHAsl BaJEHTHOCT (PYHKUHMOHANBHOTO MMEHH (CM. -

§ 1.0). :

B nansuefiiieM Mbl peariosiaraeM, 4To B CHrHarype Henpe- .
MEHHO IMPUCYTCTBYIOT NPEAMETHBIE HMEHa U NOTOMY MHOXKeCTBO*
BCeX 3aMKHYTHIX TePMOB PaCcCMaTpHBAEMOH CHTHATYpPHI Hemys
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cro. B TakoM c/lyuae MHOXKeCTBO BCeX 3aMKHYTHIX TEPMOB Aay-
HOH CHT'HATYpBI O JIETKO NIPeBPaTHTh B alnreGpandyecKyio cHcre-
My 37Ol cursarypsl. /g 3TOro Hy>XHO 3HaueHHEM BCAKOTO
n-MecTHOTO (PYHKIHOHAJILHOTO UMEHH f W3 ¢ 0GBABHTE:

npu n=0 — camo f;

npH n > 0 — otobpaxeHue, nepepabarbiBaioliee BCAKui Ha-
6op ti,. . by B (). . otn).

3HaueHUsIMH BCeX NPeJHKATHBIX HMEH OGBABHM TOMXKAECT-
BEHHO JIOXKHble OTHOWIEHHUSA. [losyuenHyio anreGpanyecKyo cH-
CTeMy Ha30BEM 6060010l arzebpauueckoll cucmemod, nopoxc-
denroll cuznamypoti 6. TakuM 06pasoM, T0, 4TO OGBLIYHO HA3KI-
Baercsl cBoGOAHOH aJsreGpofl CHTHATYPH p ¢ OGpasyOUHMH
ay,. . .,a;, MBl HasbiBaeM cBOOOAHOH anre6poil, mOpOXKAEHHON
cursarypot o=pU {ay,. . .,q;}.

ToHsATHEIM 06pa3oM (MHILYKTHBHO) AJIst BCAKOH CUI'HATYpPHI
0, BCAKOro 3aMKHYTOTO TepMa f 3TOH CHIHAaTypHI H BCAKOH aji-
re6panueckoll cucTeMbl B 3Tofi CHrHaTyphl OlpesieJieHO 3Haye-
uue ¢ B B. Ilycrb cucrema B TakoBa, UTO BCAKHR 3JeMEHT ee
HOCHTeJISl AIBJISI€TCS] 3HaYeHHeM HEKOTOPOro 3aMKHYTOI'O TepMa
cursatypnl 0. Torna B HasbiBaetTcs aazebpaudeckoll cucmemotl,
nopoxcdertoll cuznamypoti ¢, Takum o6pa3oM, NpOU3BOJLHAA
rpynmna c o6pasyomuMH ay,. . .,q; ABASETCS B Hawell TEpMHHO-
JIOTHH a/ire0pantiecKofl cHCTeMOf, MOpPOXKAEHHOR CHrHaTypol
{ai,. . .,a;, ©,7'}, a Takke curHatypoi {e, aj,...,q, o, t}
Besakasg anrefpaudeckast cuHCTeMa, NOPOXKIGHHAs CHIHa-
Typoll ¢, sBjserca romoMopdHsIM o6pa3oM CBoOOAHOH asre-
GpaugecKofi CHCTSMBI, MOPOKAEHHON CHrHATYPOit O.

PaBenctBa. PuKCHPYEM HEKOTOpylo cursatypy o. Pasen-
cmgamu CueHamypsl © GyleM Ha3blBaTb BbIPaXKEHUS BHAA

t=s,

rze ¢, s — 3aMKHYTble TepMbI CHTHATY PRI 0. SQMKHYMbIMU QIMOM-
HoiMu opmysamu cUrHaTypbl ¢ OyjeM HasplBaTh paBeHCTBA
3TOH CHIHATYPBI, & Tak)Ke BCe BhIpaxkeHus Buaa p(fy,. . .4,
rjle p eCTh n-MeCTHOe NpeJHKAaTHOe HMd, li,. . .,f, CYTh 3aMK-
HyTble TepMbl CHTHaTyph! 0. IlycThb 3ajaHa COBOKYNMHOCTH pa-
BeHCTB S M 3aMKHyTas atoMHas ¢opmyna F. Byaem roeopurs,
yro F sBRsiercsi (CemaHmuueckum) caedcmsgliem COBOKYITHOCTH
S, ec/1u BO BcsKOH asirebpanuecKoi CHCTEME, IOPOXKAEHHOR CHT-
HaTypo#t o, B KOTOPOH BBIIIOJHEHb! BCE JMEMEHTH! S, BHIIOJNHE-
Ha Takke U F. 3aMeruM, uTo 3A€ch, KaK ¥ Jajblile, Halle M0-
HATHE CJEACTBHA PACKOAUTCA CO CTaHAAPTHBIM.

[Mpu cranpapTHOM NOHHMAaHHH CJ€ACTBHE oNpenesseTcs
IpU NOMOWHM KJacca BCeX anreOpauyecKux CHCTeM AaHHOH
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curiarypul. g Hac e B JaHHOM KOHTEKCTE BaXKHbI HMEHHO
CHCTEMBI, IOPOKAEHHELIE 3TOH CHrHATypOH, TOMHKO OHH H IPHHH-
MaioTcsl B DPacuerT NPH oNpejesenHu ciaefcTsud. (Bmpouew,
HMEHHO B C/lydae pPaBeHCTB Hallle DOHATHE CTEACTBHA paBHO-
06BeMHO CTaHAAPTHOMY, B aHAJOTMYHOH CHTyalMH G KBasH-
TOXKAECTBAMH Jiejio Gyaer O6CTosTh He Tak.)

O6osuaunm gepes C (o, S) Knace Bcex anre6panyecKux cH-
CTEM, NOPOMKJEHHBIX CHIHATYPOM O, B KOTOPHIX BHINOJIHEHB BCE
paseHcTBa M3 S. Ilo onpefesenuio, B Jo6GoH anreGpandecKon
cucreMe, npuHagfdexamesi C(o, S), BRINOJHEHbI TaKkKe U BCe
cnepcrBus u3 S. OkaspiBaercs, B C (0, S) cyllecTByeT 1 €1UH-
cTBeHHa Takas cucrema U (o, S), B KOTOPOH cpeny 8aMKHYTHIX
aTOMHBIX (hOpMyJ1 BHIIOJHEHH! TONBKO CACACTBUS H3 S; Bee ke
ocraJjbHble cucreMbl H3 C (0, S) ABATIOTCA roMoMOpdHEIME 00-
pasamu A (o, S). CucreMa ¥ (o, S) HasuBaercs arzebpauteckod
cucmemoti, nopoNcOeHHOU cuzHamypoll ¢ U 300GHHOU COBOKYN-
Hocmbto pasercmg S. Bra cucrema, B CBOIO Ouepellb, ABJASETCS
¢akrop-cHcTeMOll cBOGOAHOH asre0panyeckoil CHCTEMbI, I10-
POXKIEHHOR CHTHATYPOH O MO CiefylomEeMy OTHOLIEHHIO KOH-
TPYSHIHMH: JBa 3j€MEHTa CBOGOAHON CHCTEMBI KOHTPYSHTHBI
TOTAa U TOJIBKO TOrfia, KOTAA PAaBEHCTBO MEXAY HHMH ABJSETCS
CJIEACTBUEM COBOKYIHOCTH S.

To, uto oObIyHO Ha3wBaoT aszebpoli cuznamypel p ¢ obpa-
SYIOUUMUY Qy,. . .,Q; U COBOKYNHOCIbIO ONPedesOUUX COOMHO-
wenutl S, MBI, B CHJy JAHHBIX ONpeAeNeHud, HaspiBaeM a.-
eebpotl, noposxcderroil cuznamypoii p U{ai,. . .,a;} u dadanHoi
COBOKYNHOCMbIO S.

Tlyctb Teneph COBOKYMHOCTb S KoHeuna, Torpa anareGpau-
geckasi CHCTeMa, 3ajaHHasi COBOKYNHOCTHIO S, YacTO HaskIBaeT-
¢ KoHeuroonpedesernoll. Mel Takxe GyneM HCHOJNB30BATh 3TOT
TepMuH. B 2TOR cHTyaumM MHOMECTBO BceX ceMaHTHYCKHX
ciefcTBHE H3 S (a snayMT, H COOTBETCTBYMOWAA KOHIPYSHIHUS)
MO2KeT GbITh IOPOKAEHO HCUHCIEeHHEeM, OYeHb IIPOCTO MOJYYaio-
imuMcs U3 coBokynsocty S. [lpaBuna aroro ucuucienus ta-
KOBBI:

1) nonyctumo BesKoe paBeHCTBO [=f;

2) ecu paBeHCTBO {==S JONYCTUMO, & PAaBEHCTBO U==U WJIH
U=y NpHHAIJIEKUT S, TO PaBEHCTBO, MNOJyualleecd H3 [=s
3aMeHOH HEeKOTOPOro BXOXKJIEHHS u Ha U, AONYCTHMO.

Jaa noasoro 3ajauns HCUHCAeHHS HYXKHO yKasath paGo-
qyi0 cpepy, NpaBHJIO BhIAEJNEHHS OCHOBHBIX COCTOSIHMH, Bhi-
XoHy!0 nponenypy. B HaureM ciyuae Bce oY O4eBHAHEL pabo-
yag cpefa — joixojawmi  amcamMOab,  copepxawui  Bee
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paBeHCTBa ZAHHOH CHTHATYPHI, BCE COCTOAHHS OCHOBHHIE, Byy-
XoJHasl Nponenypa ocTaB/feT MOoGOH OGBEKT HeH3MEeHHbIM,

B onncaHHOH CHTYamHH 4acTO HCIOMb3yeTcA H JPYTOe uc-
gucaenye (Ha 3TOT pa3 HCYHCAEHHE cO BXOAOM), CB3aHHOE C CO-
BokymHocteio S. Ero paGoueil cpefioit siBasiercss KakoH-muGo
ancaMmGab, cofiepKalllifi MHOXKECTBO BceX TEPMOB CHTHATYPH
0. PaspelunTenibHOE NPaBUJIO €I0 TAKOBO: €CJAH PaBEHCTBO U=V
WM U==U NpHHALJIEXKUT S, TO B JONYCTHMOM 3JIEMEHTE MOMKHO
3aMeHHTb BXOXKJAEHHE & Ha v. JIerko mpoBepHTh, 4TO TepMH #; H
f, Jiexar B ORHOM KJacce YNOMAHYTOH B npeasiayueM aGsane
KOHTDYSHIHH TOTZA M TOJNBKO TOrJa, KOrAa fy NPHHAANIERHUT
MHOXeCTBY, NOJyYaeMOMYy NPHMEHEHHEM pPacCMOTPEHHOrO He-
upcaenns K {f;}.

YcranoB/eHHbIE 8aBUCHMOCTH MEXAY NMOHSITHAMH CEMaHTH-
4yeCKOro CJEJCTBUS M BBIBOJAHMMOCTH B HEKOTOPOM HCUHC/AEHHH
ABJSIOTC HIVIIOCTPAlUAMH KaK K POPMYJNHPOBKE, TaK U K Me-
TONly AOKa3aTe/lbcTBAa Teopemul ['€fiesss 0 noJHoTe.

ToxpnecTsa H KpasuToXJecTBa. MTak, Mul onucaiu, 4TO Ta-
Koe 3ajiaHHe aJreGpaHyecKofl CHCTEMB! KOHEUHOH COBOKYII-
HOCTBIO PABEHCTB H B YeM COCTOMT HCUHCJHTE/LHBIA CMBIC/T Ta-
Koro sajpanns. OmHakO BcTpedaloTcst CHTyallMM, Korja ajre-
GpandecKHe CHCTEMbl 33aHai0TCA HHaye, CKaXeM COBOKYNHOCTHIO
moscdecrng. Hanpumep, cBoGojgHasl rpynna ¢ aABymMsa o6pasylo-
IHMH, T. €. HeKoTopad anirefpa, NOpOXJeHHas cHrHaTypoi
{e, a, b, o, €1}, 3ajlaeTCs1 COBOKYMHOCTBIO TOXKJAECTB

(xoy) oz=xo (yo2),

xoe==x,

eox=x,

Xo (x~1)=g¢,

(x—Yox=e.

ToxnecTBa apagiorca Gosee OGMIHM BHAOM COOTHOIICHHH,
ueM paBEHCTBa; B HUX HapsAy ¢ NPeAMETHBIMU HMeHamH (B YacT-
HOCTH, CHMBOJIaMH 0O6pa3yIOLUIHX, €C/TH 3TH CHMBOJIBLI BKJIIOUEHDI
B CHTHATypy) JONYCKalOTCS M NPEAMETHhIE NepeMeHHEIe, Mpo-
Geramoue HocuTedbh ajreGpaHyeckoH CHCTEMEL.

Eme 6o7ee ofmuil, yeM TOXKIECTBA, BUI COOTHOWEHH{ BO3-
HHMKaeT, KOrja BhIIOJMHEeHHEe HEKOTOPOro CBORCTBa TpebyeTcs He
OT BceX 3JEMEHTOB aJjire6panueckoll CHCTEMBl, a TOJABKO OF
yAOBJIETBOPAIOMUX KaKHM-TO ycaoBuaM. Hampuwmep, Hekoro-
pas yropsiioueHHas rpynna CHrHatyphi {e, a, o, =1, >} Moxer
ObiTh 3a/laHa TaK!

1) ToxmecTBa rpynmnbl; BbIITHCAHHBIE BHILIE,

2) x=x,

) xzy&yzi=xzy
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) x> y&y>r=x =y,

5) x>=y=>x0z>yoz,

6) x =y=20x>20y,

7 az=e.

MasbueBy npuHaAJIEXKHT ONHCAHHE LIHPOKOro KJacca al-
re6pauyecKux cHCTeM, IS KOTOPHIX KOHCTPYKTHBHOE 8aiaHue
nocpenctsoM ¢oOpMyJT HEKOTOPOrO f3bIKa TeCHO CBA3aHO CO
CTPYKTYpO# anrebpanuecKodl cucTeMul. Dosiee TOUHO, MalslblIEB-
CKHe COOTHOLUIEHHS (KBa3HTOXNECTBA), KAK Mbl YBHIHM, Npe-
craBasioT co60li MPOCTO HHAue 3anHCAHHbIE NMPaBHJa HCYHCTE-
HUA, NO3BOJAIOIIETO NOPOKAATh KOHI'PYSHIMIO, ONpenessio-
Ly HYXHYIO aaredpy.

Cetiuac e, ciaenys [Mansues, 1961], [Masnsues, 1970],
IajiM cOOTBeTCTBYIomue onpefiejenus. Ilycrs dHKcHpoBana
KOHEUHas CHrHatypa o. Beiille, roBops 0 paBeHCTBaX, MHI onpe-
JeNIUNY 3aMKHYTBIE (T. €. He cofiepKaliye nepeMeHHbIX) TepMbl
H SaMKHyTHEe aToMube Gopmyias. Tenepr Mbl BBeneM Gonee
WHPOKHE KJacchl OOBEKTOB.

Tepmb: OTIHYAIOTCS OT 3aMKHYTBIX TEPMOB TOJIBKO TEM, YTO
B HX COCTaB MOTYT BXOAMTb TaKHM e o6pasoM, KaK npeaMer-
Hble HMeHa, ellle U IepeMeHHble (CHENHaIbHO NOoJ06paHHEIE KOM-
GuHALMH CHMBOJIOB) H3 HEKOTOPOro O€CKOHEMHOIO CIIHMCKA.
Amomroe opmyor OTIHYAIOTCA OT 5aMKHYTHIX aTOMHBIX GOp-
MyJ TeM, YTO B UX ONPENEJIEHHH POJib 3aMKHYTHIX TEPMOB HT-
pator TepMmbl. Ksadumosdecméom (B 3alaHHOH cHTHAType O)

HAa30BeM BCAKOE BHIpaXeHNEe BHJA C/E\®C=”Dr rre ©® —

KOHEeYHOe MHOMKECTBO aTOMHBIX ¢opmyna, a D — 310 atomHas
dopmyna. Konxpemusayuell readumoxcOecmsa Ha3oBeM BCH-
Kuli pesy/bTaT NOACTAHOBKH KAKHX-HHOYAb 3aMKHYTHIX TEPMOB
BMECTO BceX MEPEMEHHBIX B KBA3HTOKAECTBO. 3aMeTHM cpasy
e, 970 TOXKIECTRO, T. &, NpocTo atomHad (opmyna D (B ua-
CTHOCTH, PaBEHCTBO), BO BCAKOH aarefpauueckoll cCHCTEME 3K-
BHBAJGHTHO KBAaSHTOXJAECTBY X == x=>D),

ToBOpAT, 9TO KBa3HUTOXKAECTBO BLHIIOJNHEHO B alre0pauuec-
KOH CHCTEME, €CJIM B 3TOH cuCTEME BHINOJHEHA KaXKnas ero KoH-
KpeTusanuus. 3aMKHyTasg aToMHasg Qopmyaa F HasbBaercs
{cemanmuneckum) caedcmsuem COBOKYIHOCTH KBAa3HTOXKIECTB
S, ecsin Bo BesiKOH ajrebpanyeckol cucTeMe, OPOKAEHHOM Cur-
HaTypo#i O, B KOTOpPOH BHINOJNHEHE] BCe KBA3UTOXKIECTBA H3 S,
¢opmyna F Takxke Bbino/HeHa. byaeM rosoputs, uro aszebpau-
yeckan cucmema B s3adaemca cosokynrocmoro Keasumooicdecms S,
ec/iy JJ1s1 BCSIKOH 3aMKHyToft aTOMHOH (QOPMYJIEI HCTHHHOCTL ee
B B 9KBHBAJICHTHa TOMY, YTO 3Ta QOpMyJa sABJiseTcs CIEACT-
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BHeM coBokymHoctH S. B ciryuae, xorna S cocTont U3 paBencra
(MM SKBHBAJIEHTHBIX MM KBa3WTOXJECTE), 3TO OTpefiefieHHe
COBMIZJideT ¢ JAHHLIM BhIlE olipejesieHHeM aare0panyeckoil cu-
CTeMbl, 3afIaHHOfi COBOKYIHOCTBIO paBeHCTB. KEcjH COBOKyD-
HOCTb S KOHeuHa, TO 3aflaBaeMas el0 ajrefpandeckas cucrema
Ha3bIBAETCA KOHeYHO3Q0AHHOU.

OxasbiBaercs, Vs BCAKOH COBOKYIHOCTH KBa3HTOXKIECTB S
CYWIeCTBYeT ¥ eJMHCTBEHHA NMOPOXKAECHHAS CHTHATYpOH O al-
reGpanueckas cucrema ¥ (o, S), 3agasaemas 3ToHl COBOKYII-
HOCTBIO; NIPHYEM BCAKAs cucTeMa, MOPOXKMAEHHAs O, B KOTOPOH
BbINIOJIHEHEI BCe KBA3UTOXK/ECTBA H3 S, ABJAETCA rOMOMOPPHBLIM
oGpasom cucremur ¥ (g, S).

Paccmorpum npumep. Ilyers coBokymHocTe S COmEpKUT
TOXK/ECTBA TPYINILI ¥ ellle HEKOTOPhie NOIOMHHUTEbHEE PABEH~
CTBa B CUTHATYpE FPYINB C KaKUMH-HHGYAb 0oOpasylowumu,
Torzaa B o6ulunol TepMunonorus U (o, S) ecty rpynna, 3auau-
Has (WIH oNpefeNeHHas) STHMH o6pasyloIMMU U PaBEeHCTBAMH,
Ecyi 4#C/I0 paBeHCTB KOHEYHO, MBI, B COOTBETCTBHH € OOLIYHOM
TepMHHOJIOrHeH, Oy[ieM HashBaThb TPYNNy KOHEYHOONpPEeieIeH-
HON. AHasIoOrHYHasi TEPMHHOJIOTHS HCTOJb3yercs s [oJay-
rpynmn, KoJel H T. M.

IMycrs Tenepp coBokymHocTh S KoneyHa, a CHrHarypa He
COZIEPIKUT NPEAUKATHBIX HMeH, T. €. ajdrebpanueckue CHCTeMbI
ABAAOTCA adarebpaMi. Mbl ONHILEM HeKOTOpoe HCYHCJeHue,
TI03BOJISIIONIee TIOyYaTh BCE CAEACTBHA H3 S, H OJHOBPEMEeHHO
NOTyYuM ONMCaHHe anrebpnl, 3afaBaeMOfl COBOKYNHOCTHIO S.
Tour# Ta Ke KOHCTPYKIMSA FOAUTCA H B Ciydae JOOBIX KOHeu-
HBIX CHI'HATyp, HO Mbl €e He TIPHBOAHM H3-32 €€ IPOMO3IKOCTH.

IpyBeneM npasu/ia UCYHC/ICHHA; B HHX Mbl IHLIEM TOCHIIKH
Haj 4eprofl, 3ak/IOuUeHHe IOJ YepTol M MNoOjpasyMeBaeM, 4TO
BCSIKOE TIPABHJIO HAYHHAETCs CJAOBaMH «iJis JOLIX TEpMOB p,
g, r, S.»

[MpaBusa, orBevaomye ONPeAENEHHIO KOHID YIHLHH!

D=

t=s
9 =
=5, §=r
3) I=fs=r,
l=s, U=V
) pesy/IbTaT saMeHbl B [=§ /M000ro’

BXOX/IEHHA 4 HA U

[Mpasuio, obecneunBaiomee BHIMOJNHEHHE KBaSHTOXK/IECTB
u3 S: AN BCAKOH KoHKperusaluh u=v, &. . & w=v,—>
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~>lUj 4 1=Up41 KBaSHTOXECTBA H3 S
Ui==U], - <., Up=Upg
Upri=Ug+1

O6o3naunM depe3 I cpoGoauylo ajirebpy, MOPOXKAECHHYIO
CUrHaTypoii 6. BrimicanHoe Bhillle HCUHCTIEHHE 8afaer GnHapHoe
orHowenne Ha Ui TepMbl U H U HAXOAATCS B 3TOM OTHOLIEHHH,
€C/H PABEHCTBO U==0U JONYCTHMO., DTO OTHOIIEHHE, KaK JEerko
BUJETDb, ABJSETCA KOHIpy3Hiuel, T, €. S3KBHBA/ICHTHOCTbIO, CO-
xpausoliefics Npy onepaunsix us o, Gakrop-aire6pa anreGpol
9 mo 3TOM KOHIPY3HLMH M OKashlBaeTcs anre6pod, 3aflanHOH
COBOKYTIHOCTBIO S.

§ 1.4. MpeacTraBuTelbHLIE MOPOXAAIIHE MOJENIH

OtxkpeiTHe 37eCh COCTOHT B CaMOH BO3MOXHOCTH MNpejb-
SIBUTb KJ1aCC HCUHCJEHHUH, OHOBPEMEHHO TOYHO OYEPUEHHRIH H
npedcmasumensoil, T. e. COiepKamui HcYHcieHHe, 3KBHBa-
JieHTHOE JIIOGOMy Hanepen 3afaHHOMy Hcuncaeuwo. (100wt
Onith GoJiee TOUYHBEIMH, Mbl AOJIKHBI ObTH OBl rOBOPHTH He O
NpeACTaBHTENbHON, a 06 Y -npeAcTaBUTEIbHBIX MOPOKAAIOUHX
mozensx. Ilycrb Y — HekoTophiit ancambib; MOPOKAAMONIAS
Mojedn HaskiBaercsl Y -npedcmagumensrol, ecltd Jjasa JJoboro
HCYHC/IEHHsl, TOPOXKAAIUIEro IMOAMHOXKECTBO aHcambus Y,
CYILECTBYET HCUHCJIEHHE JaHHOH MOJENH, MOPOXKAAIOMWEE TO XKe
noavuoxecTso.) Ilousitne nopoxkpaoniefl MOeJaH BO3HHKAET
TaKHM e 00pasoM, Kak H MOHsATHE BHIYHCJIHTENLHOH MOMIEJH.

Kauonnyeckne cacreMul Ilocra npezcrabiisior co6oi caMblit
paHHuil NPUMEpP NpeJCTaBHTENLHOMN -MojienH. OnHaKO KaHOHU-
ueckue cucrmemol *) (eM. [Tocr, 1943), [Macsios, 1964], [Muuckni, -
1967, § 12.5 u § 13.2]) ABAsAI0TCA HCUHCICHHAAMH C HEJIOK aJIbHLIM
npeo6pasopanneM HHQOPMALHH — B IPOTHBOMOJIOXKHOCTE HOP-
maroroim cucmemanm ®) Ilocra (ecM. [Tloer, 1943], [Mapxkos,
1954, ra. VI, § 4], [Macsios, 19641, [Munckuit, 1967, ra. 13]),
KOTOpble TaKxKe 06pasyloT NpPeACTABHTENBHYIO MOPOXKAAIOLLYIO
MOJIe/Ib, HO @ JIOKaJdbHBIM mpeobpasoBanneM HHQOPMALHH.

Eiue ofnu npHMep NpejicTaBHTeNbHON MOJENH — IPaMMaTH-
ku (em. [Caapkudt, 1973], [Crouxuii, 1980]). Hauuoe B § 1.3
omycaHue HCYHGHEHHH KOJMOTOPOBCKOIO THHA MOXET TaKKe
paccMaTpHBaTLCSi KaK HeKOTOpasi  NpeicTaBHTeNbHAas IOPOXK-

;) §K{z]nouuttecxue ucuucarenys N0  TepMuHONOrHW [Macnos, 1986,
L, 2, .

. ;) §Hzolpua/zbuw.u ucuucrenunm 00 TepMuuOJOorHE [Macnos, 1986,
i £ . .
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Jlalomas MOfeanb (cp. ckasauuoe B § 1.2 0 ABYX acnekrax, B Ko-
TOPBIX MOTYT pacCMarpuBathCs MauthHn Kosmoroposa), ¥rt-
BepKiieHHe O NPeACTaBHTENLHOCTH TOYHO OYepuYEHHOro KJjacca
HCUNC/CHUH (T. €. O NPEACTABHTENLHOCTH COOTBETCTBYIOWIEH
HOPOXKAAIOIEN MOAEIH) cOCcTaBjser cofepxaune mesuca Ilo-
cma JJia 9TOro KJjacca Hau s 5TOA mozenad. Haspauuwiil Te-
3uc 6ot BHIEpBele CHOPMYJIHPOBAH IJi HOPMAJLHEIX CHCTEM B
[IToct, 1943). Tesnc ITocta urpaer Ty e posb AJIs HCUHCIe-
HU#, yto ¥ Tesuc Yépua ana anropurmoB. OH TaK XKe, KaK H
tesnc Uépua, MOXKET CAYRWTbL OCHOBOH I/ BKMIOUEHHS Je-
CKPHUNTHBHOH TEOPHH A&JrOpDHTMOB H HMCUHCJEHHH B OOLIYHYIO
TEOPETHKO-MHOXKECTBeHHYI0 MateMarthky (cM. [Llefiruu, 1964]).

Jdas ncuncieHufi, Kak H AJsA aJrOPHTMOB, MOXHO Onpelie-
JINTh TIOHSITHE (POPMansHO20 3a0aHUA W YKa3aTh AN Kax 1ol
nopoxjatotnest Mofen cBoll ¥Yrusepcarsvroil Peyenm. Ins ouk-
CHpPOBaHHOH NOpOXJalolWel MofieqH YHuBepcaibHuifi Penent
HO3BOJIsieT TIOPOAHTL Bce NAPEHI, 0OpasoBaHHBEe (GOpMaLHBEM
3aJlaHieM HEeKOTOPOro HCYHCJeHHs paccMaTpuBaeMOH Mojenn
U TIPOH3BOJBHLIM BBIXOJAOM 3TOro nucuucienns. Ilocie coorser-
CTBYIOIEH KOIHPOBKH YHuBepcaibHulll Peuenrt npespamaercs
B yHuBepca/bHOe HcuuciaeHue (cMm. § 1.14).

§ 1.5, BbiicHeHMe CBsizefl MeXay aJropuTMamMM
H MCYHCJACHHSIMH

1) Jas Kaxaoro ajropurMa CymecTBYeT HCYHC/eHHe, Mo-
poxjaioinee o6JaacTh ONpelieiIcHHsl 3TOro ajiroputMa. Boiee
Toro, 2) s Kaxaoro airoputMa 9 MOXKHO ykasarb HCYHC/Ie-
HHe, TIOPOXKAAIONIEe Te H TONLKO Te Naph! (¥, y), LI KOTOPHIX
A (x)=y. C npyroft CTOpoHH, 3) A KaXKIOTrO HCUHCJIECHHS Cy-
LLECTBYeET aJIFOPHTM, 06J1acTh OnpefiesieHHsi KOTOPOro COBMNafaeT
C MHOXKECTBOM, NOpPOXKAAEeMbIM HCXOJAHHIM HCUHCeHHeM, H 4)
Kaxjoe MCYHCAeHue, nopoxpaomee yHupopmHaoe (1. e. dyHK-
LHOHA/ILHOE) MHOXeCTBO nap (X, y), MOxeT OuTh Npeobpaso-
BAHO B a/rOPHUTM, NEPeBOAAMMI KaXKAbA X B TOT y, AT KOTO-
poro napa {x, y) MoOpoXzAaerca HCYHCJACHHEM.

Janee, 5) pia Kaxnaoro aJropHIMa, pacnosHarouiero npH-
HaJJIexkHOCTh K KaKOMY-JTHGO MHOMeCTBY, PaCHOJOKEHHOMY
B HEKOTOpPOM aHCaMGJie, CYILECTBYeT HCYHC/EHHE, TOPOXAalo-
mee 3T0 MHOMecTBo. Haxonen, 6) xaxioe HCUHC/CHHE MOXeT
GLITh 3aMeHEHO aJITOPHTMOM, pesyJbrTaTaMH KOTOPOro CayXKar
B TOUHOCTH T€ OOGBEKTHl, KOTOphie MOPOMKAAIOTCH HCXONHBIM
ncuncaenneM. Bosee Toro, 7) npu yCJIOBHH, YTO TaKHe OODBEKTH
Boofle CYUleCTBYIOT (T. €. YTO HOPOMKJAEMOE MNOKEeCTBO He-
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11yCTO), BCErfa MOMKHO NOGUTLCH, YTOOHI OG/IAcCThiO ONpefesie-
HUS MOJYYAlOIEerocsi ajropuTMa CJyXXHJ HarypajibHeld psA.

Ham xotestocs 6H elle pa3 NOAYEPKHYTh, YTO NMOHATHA aj-
TOpHTMA H HCYHCJEHHs1 OHHMAIOTCS aBTOPaMH B caMoM O0ueM
HedpopMasbHOM CMBIC/Ie. MHOTHE TeOpeMBl TEOPHU aJIrOPUTMOB,
B UACTHOCTH BCe TeOpeMbl 3Toro naparpada, MOXHO chopmyJin-
poOBaTh H JOKa3aTh, HCNOML3Ys TOJNLKO HHTYHTHBHOE HOHHMa-
HHe, 6e3 CCBUIOK Ha BLIYHC/ANTEbHBIE MJH HOPOXKIAOLIHE MO-
Je/H, XOTfl, KOHEUHO, OHH MOrYT ObITh AOKAa3aHH W ANA MOJI-
XOASIUMX BRIYHCIAHTEABHBIX MOfedefi. OTa CHTyalHA B HEKOTO-
poii CTeleHy THIHYHA] MHOTHE TeOPEMB! O MHOXECTBAX HJIH Ha-
TypasbHbiX 4uCIaX MOXHO cdopMyJsupoBaTe H J0OKasaTb Ge3s
obpalnenns K KakHM-1u6o (popMa/ibHEIM (B 9aCTHOCTH, AKCHO-
MaTHYeCKHM) TIOHATHAM.

INTonerTaemcst Tenepb BBIACHHTH IVIyGUHHBIE NPHYHHBL, NPH-
BOASIIHE K HAJHUYHIO CTOJb JKECTKUX CBA3ed MeXAy aNAropHr-
MaMH H HCUHCJIEHHSIMH.

HauneM ¢ ToOro, 4TO NMOHATHE AJrOPHTMa CBOAMTCS K TMO-
HATHIO HcupcaeHHs. TlogyepkHeM, YTO 3[eCh MBIl HMeeM B BHIY
He CBeJieHHe TIOHATHSA BBIYMCAUMOCTH K HOHATHAM NOPOAHMO-
CTH WJIH NEepevlcaHMOCTH, & CBelleHye MOHATHS NIPOH3BOILHOTO
aJICOPHTMIYECKOrO Ipolecca K IMOHATHIO IOPOXKAAIOIEro Npo-
necca. CeeZieHlie 3TO HMeeT MeCTO B CHJIY CJeAylolux coobpa-
xennfi. B § 1.3 o6psAcHANOCh, KaKHM O6pa3oM MCUHC/IEHHE CO
BXOJIOM IIPHMEHSJIOCh K MHOXECTBY OO'beKTOB NMOAXOAILEro aH-
cambsisi. UtoObl onucarb alrOpuT™M B TEPMHHAX HCHHC/IEHHH CO
BXOZOM, HYXKHO! NPHMEHHTL 3TO HCUHC/IEHHe K OJIHOMY BXOZ-
HOMY 3JIeMeHTY (a TouHee, K OJAHO3JIEMEHTHOMY BXOJZHOMY MHO-
3KeCTBY), O0eClIeuNTh JeTepMHHHPOBAHHOCTL TAKOrO Ipoiecca,
T. €, OJHO3HAYHOCThE KAXKROrO CJAEAYIOWEro Ilara, oGecHeynThb
OJHO3HAYHOCTL MOMEHTa OCTaHOBKH Nporecca.

J/1s HCunc/ieHHs co BXOAOM, CONOCTAB/SEMOro TakuM obpa-
30M C NPOHU3BOJBLHEIM AJTOPUTMOM, OKAa3hBaeTcs BepHEIM clle-
Ayiolnee; Bee NpaBuja 5TOrO HCUHC/EHHSs OAHONOCHUIOUHBIE, K
OCHOBHOMY COCTOSIHHIO HMKaKoe NPaBHJIO HeNPHMEHHMO, K
BCTIOMOraTe/JIbHOMY COCTOSIHHIO NpHMeHHMO He 6oJsiee OHHOrO
IpaBufa, ¥ NpyMeHeHHe NIPaBuJa AaeT ONHO3HAYHO OlpeieseH-
Hplfl pe3yJsTar.

Hrak, Bce aqropuTMbl MOTYT TPAaKTOBATHCA KAK CleNMalb-
HOTO BHUJIa HCUHCJIEHHSI CO BXOJOM. 3aMeTHM 3fiech e, 4TO Tak
HasblBaeMble HefemepMUurUPOBAHNbIE ar2opummbt TAKIKE MOJy-
Ygl0T eCTeCTBEHHYI TPAKTOBKY B TepMHHAX MCUHCJEHHH co
BxofioM. UwmenHno, HeaeTepMHHHPOBAHHEIA AJITOPUTM — 3TO
HCYMC/IeHHe co BxofoM €, A KoTOpOro BCe MepeuHC/eHHbIe
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Bhillle YC/IOBHS Ha HCYHCTEHHE, CTABSIWEEC B COOTBETCTBHE ay.
TOPHUTMY, BBHIO/IHEHBI CO CJIeLYIOMHM HCKIIOUEHHEM: K BCIOMO-
raTeJILHOMY COCTOSIHMIO MOXKeT GbiTh HPHMEHHMO JIO60€ Yucio
npasui, PuKcHpyeM HeKOTOPOE OCHOBHOE COCTOSIHME € H pac-
cvotpuM MHOXecTBo {x[e €C({x})}. D10 MHONKeCTBO HasHI-
BaeTCs MHOMKECTBOM, PACNO3HUBAEMbIM HeLeTepMHHHPOBAHHLIM
anroput™oM @,
akuM o6pasoM, caMo TOHATHE aJTOPUTMAa BO3MOXKHO CBe-
CTH K TIOHATHIO HcunceRHa. O6paTHOe CBefeHHe HMEET MeCTo
JIMUlb B CMBICJIE CBENEHHS MOHATHS NOPOAHMOrO MHOMKECTBA K
MOHATHIO BbIUMCAHMON (yHKuHH. [Tpouecc mopoxaeHus o6nex-
TOB 33JIaHHLIM HCYHC/IEHHEeM Pa3BOpavydBaerTcsi Kak OH B BeT-
BsllleMcA BpeMeHH;, npoGieMa COCTOHT B TOM, UTOOH NepeitH
OT BETBALIEroCsl BPEMEHH K MOC/EOBATENLHOMY, B XOAe KOTO-
poro HeKOTOPHIl GECKOHeUHLIH aNrOpHTMHYeCKMH mponecs mo-
CTelOBATE/ILHO BOCIIPOH3BEfieT Bce OGTBEKTHl, MOPOKAAEMEIS
JaHHBIM HCUHCTEHMEM, H TOJBKO HX,

STOT npomece MOXHO NPeACTABNATE KaK MOCIeH0BaTeibHoe
Jo6aBjierHe K (MepBOHaYaJbHO INyCTOMY) CIHCKY 3J€MeHTOB,
OTHOCHTENILHO KOTOPHIX VK€ YCTAHOBJEHA HX IMOPOLHMOCTD,
HEKOTOPLIX HOBBIX 5JleMeHTOB. [Ipomecc oKaskiBaeTcsi BO3MOXK-
HEIM B CHJIY KOHEUHOCTH 4UMCJIa HPaBUJ BCAKOTO HCUUCAEHHS H
BO3MOXHOCTH a/FOPHTMHYECKH MOCTPOHTL IO AAHHOMY Ipa-
BHJIY H CIIHCKY HOCBHIIOK CNHCOK BeceX (a ux o0ssaTellbHO KO-
HeYyHOE uHCJO) De3yJILTATOB IPHUMEHEHHS paccMarpHBaeMOro
npaBuJia K 9THM MNockliiKaM. Pacliolaras onucanueM mporecea,
HEeTPY/HO CKOHCTPYHPOBaTh, HalpHMep, aJrOpPHTM, KOTOPHIf
nepepabaTbiBaeT BCAKOEe HATypalbHOE YHCHO 7 B n-# 3JeMeHT
CIHCKA 3JEMeHTOB, NOPOXIAJeMBIX pacCMaTpPHBaeMbIM HCYHC-
JTeHneM (cp. Teopemy 7) M3 NepeuHs B HayaJsie HaCTOSILEro na-
parpada).

B cuny ckasanuoro tesucel Uépua u Ilocra He He3aBUCHMEL:
13 Tesuca Uépua p/isg HPOM3BOJILHON BLIYMC/IHTENEHOH MOXEIH
BbiTekaer Teauc [Tocra i1 HeKoTOpO# MOpoXKAAIOWEH MOAEIH H
obparno — u3 rte3uca [Tocra nusa 6o nopoxpatomes Moaeau
BbITeKaeT Te3uc Uépua Aas HeKOTOPOH BRIMUCTIUTENBHOA MOLIENIH.

§ 1.6, BpeMa M eMKOCTb KaK CJIOXHOCTH BBIUHCJACHHSA
H NOpOXJAeHHS

1.6.0. Kaxgoe peanbHoe BLIYKC/EHHE OCYLIECTBJIsieTCA:
a) B ¢usuyeckoM Bpemenn, umes: ONPENENECHHYIO JIHTENb-
HOCTb;

3 B. A. Ycnencka#t, A. JI. Cemetos
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6) B ¢usudeckom [IpocrparcrBe, 3aHMMas OIpeleTeHHOE
MecTo. .

Yrobul PopMaau30BaTh HAllH MHTYHTHBHBEIE NpeNCTaBAEHHS
O LJAHTEJLHOCTH H MecTe, MBI JIOJIKHBI NpeXKae BCero GHUKCHpo-
BaTb HEKOTOPYIO BLIYHCJMTENBHYIO MOAEIb. 3aTeM Mbl AOJIKHbI
YKa3arh cnocob H3MepeHUs JUIMTEJIbHOCTH BbiYHC/IEHHSA Ha 3TOH
MoOJEJH U cnoco® uaMepeHysi 3aHHMaeMOro UM MecTa, ITH Mepsl
AJUTENBHOCTH M MecTa CyTh (QYHKIHH OT BXoja (T. €. HCXOl-
HOro JaHHoro) Beiucaenusi. OHH HA3HIBAIOTCA @pemeHem W
emrocmoio, Cllefiys TPaAMIUK, MBI HPEANOJIATAEM, UTO 3HAUCHU S
BpeMeHH H eMKOCTH SIBJIAIOTCA HATypPaNbHBIMM YHCIaMH,

Tlpu onpeneneruH MOHATHI BBHIYHCAHMON (PyHKIHH H MMOPO-
Iumoro MHoxecrBa (cM. § 1.7), Kak W J1s Beell OCHOBHLIBAIO-
meiicsl Ha ITHX MOHATHAX JeCKPHNITHBHOH Teopuwu, BHGOP Bhi-
YHCAUTENALHON MOJe/IH He HrpaeT CylieCTBeHHO# poisH. MHaue
0GCTONT JieJI0 B METPHYECKOH TEOpHH HpH ONpefe/eHHH CJIOXK-
HOCTH BBIUHCJIEHMS H NMOpPOXKAeHHs, Pasnuuubie MOAETH MOTYT
OTpaKaTh CYECTBEHHO PA3/IHUHEBIE ACTIEKTHl PeasIbHBIX BhIYHC-
JINTEJBHBIX H NOPOXKAAIOWHX TPOUECCOB H NOTOMY NPHBOAHUTH
K pa3/iiyHLIM BpeMeHHhIM H eMKOCTHhM (yHKmuaM. B gacr-
HOCTH, B (a6CTP aKTHBIX) MALHHAX TOH HJH HHOH BLIMHCIHTE b=
HOH MOZie/TH MOT'YT BIAENATLCA BXOJIHOE YCTPOUCTBO, ClyKamee
JJIsi CYHTHIBAHHS BXOZA (HCXOJHOrO JAHHOIrO), H BEIXOAHOE yCT-
pOHCTBO, C/yKalee AJIA NOCTeNleHHOTO BLIMMCHIBAHHA BBIXOAE
(pesyanrara). Ecau Takue ycrpoiicTBa Bblesenbl, MeCTO, 3a-
HUMaeMOe BXOAOM H BRIXOJIOM, OOBIYHO He YUMTHIBaeTCs IIpH
olpefieJIieHHH eMKOCTH. TakuM 00pasoM, BeUNCTIeHne, CKaXKeM,
TOXAECTBEHHOH QYHKUUH X > X MOXeT (NPH pasyMHO# opraHu-
3anHH BLIYHC/IEHHH) HMETh HYJIEBYIO Wil O/H3KYIO K HYJIO eM-
KocTh. Ec/u ke BXOAHOE H BBIXOAHOE yCTpoiicTBa He Bbie/e-
HBl HJIM, JaXe NPY WX BblleJeHHH, PasMepsl BXOAZ U BHIXOJ2
YUHTHIBAIOTCA INIPH MOACYeTe eMKOCTH, BBIYHC/IEHHE TOXAeCT-
BeHHOH QYHKIHH He MOXeT HMeTb eMKOCTh, MeHblllyio, YeM 5TH
pasMephl.

1.6.1. Mamnum Tolopusra. Béapliag wacTe BceX Tnony-
UeHHLIX K HACTOALIEMY BpeMEHH pe3y/LTaToB O BPpeMeHH M eM-
KOCTH OTHOCHTCS K MHOTOJIEHTOUHBIM MawinHaMm TelopuHra.

B nomuMaHuy TOro, YTo TaKoe Aaxe oObYHAA OLHOJIEHTOU-
Hasl MamuHa TeiopuHra, B auTepatype HabJIofaeTcs pasHoGoil.
Cam TeiopuHr B cBoell suamenutoil cratee [Tniopunr, 1936]
He AaJ JOCTATOYHO TOYHOro OmucaHMs cBoed Maumunbl. Ha sto
o6parui suumaunue IToct B [[Tocr, 1947], npepioxusmmnii ceoo,
yKe COBeplleHHO CTPOryio, (POPMYJIHPOBKY MalMHLl THIOPHHTa
(se cmemmBath ¢ mammHolt ITocra, oM. [Yemenckuf, 1980]).
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[Toct npusHad, 4T0 €ro GopMyAHPOBKA OTIHYANACH B NeTaisx
oT (He copMyJHpPOBAHHOrO sIBHO) NMOHUMaHHA ThIOpHHra; B
Y4CTHOCTH, Y MamnHu TrlopuHra B dopMmyauposke ITocra nen-
ta GeckoHeyHa B obe cropornl. B [[Tocr, 1947, mpuioxkeHue)
INocr numwer: «[IpwHHMas BO BHHMaHMe 4YacThie YNOMHHAaHMsA
ThlopuHroM Hagaja JIEHTH!, 4 TAKXe TO, KaKuM CIIocoGoM ero
yHUBepcaJibHas MallHHa coBepulaeT ABHXKeHMe BJIEBO, MBI JOra-
JibiBaeMcsl, YTO JieHTa ¥ ThiopHHra — B OTVINYHE OT Hallel JeH-
Thl — TIPEACTaBJsAET COGOH OAHOCTOPOHHE GECKOHEUHYIO LUTYKY
(affair), npocTupalomyocs BIpaBo OT HAYaJbHON KJETKH».

HmeioTes u mpyrue, MeHee CYmECTBeHHHE pacXOXKAEHHs,
HpHCYmHe pasiuyueM GdopmyaupoekaM. Tak, B ykKasaHHOHA
tdopmyauposke ITocra (oHa ke npuHfAita U B MOHOrpaduu
[Majbues, 1965]) 3a ouH umiar ro/ioBKa MoOmxer Jin6o Hameya-
TarTh OfMH CHMBOJ, JuOO CABHHYTHCS HA OJAHY KJeTKY, HO He
MOJKET COBepIIHTL 06a AeficTBHs cpasy; B opmyaupobre Kiau-
Hu u3 [Kuaunu, 1952, § 671, caenytomeii B 3TOM ITyHKTe MEpBO-
HavyaasHOH (opMysanpoBKe ThiopuHra, oba fleficteus (ABHKE-
HMe M NeYaTh) COBMEUIAIOTCs B ofHOM Iuare. B nananHefieM,
roBops 00 odHosenmouHoli mawune Toopunza, MBI GylieM IMeTh
B BuAy Mamuny u3 [Kannn, 1952, § 671, 1. e. Mammny ¢ ogHoi
noreHunaNbpHo GecKoHeuHol B 06e CTOPOHHI JIEHTOH U He HMelo-
LYo BXOAHLIX M BLIXOEHEIX YCTPOHCTB; HCXOJHOE JaHHOE 3a-
NHCLIBAETCH Ha 3TOH eIHHCTBEHHOH JieHTe, H Ha Hell XKe ofpa-
ayercs pesyJibTar.

Bo Bpemena Toiopunra u [Tocra aberpakTHhie MAIHHE ObUIH
TOMEKO OJNHOJMeHTOuHBIMH. KaK yxke oTMedaoch, Tenepb NpH
HCC/IeJOBAHHY CJIOKHOCTH BLIYHC/EHHH OCHOBHLIM OGBEKTOM
AABJIAIOTCA MHOFOJIGHTOYHbIE Malkubl Thiopuura (cM. [Yenen-
ckuft, 1960, § 14, n. 3], [Xonkpodr, Ynbman, 1969, § 6.5 u
§ 10.21, [Axo, Xonkpodr, Yasman, 1974, § 1.61). B kaxno# us
TaKHX MaliiH HMEeTCsi OfiHA WJH HeCKOJNbKO Pabo4HX JIEeHT M
1O OZIHO# roJIOBKe AJIA KaXJOH JieHThl; STH roJIOBKH MOryT JBH-
ratecsl B 06e CTOPOHBI, YHTaTh U NHcaTh. CaMH e JeHThl MOTyT °
6biTh MM6O ABYycTOpOHHE GeCKOHEUHEIMH, KaK B [YcneHCKui,
19601 u B [Xonkpodr, Yabman, 1969, § 6.5], uau xe 6ecko-
HeuHBIMH TOJILKO BIpaBo, Kak B [Xonkpodr, Yaeman, 1969,
§ 10.2] u B [Axo, Xonkpodr, Yasman, 1974},

Kpome Toro, MoxKeT MMeTbCSH, @ MOXKET W He HMeThCA BXOA-
HOe YcTPOHCTBO B BHJE BXOMHON JIEHTH! ¢ YHTalomed (Toabkol)
rosioskoit. Tak, B [Xonkpodr, Yipman, 1969, § 10.2] npu o6-
CYXKIEHHU eMKOCTHO!M CJIOXHOCTH paccMarpHBaercs MallHHa C
BXOJHOA JeHTOH (HasBaHHAsi B YKasaHHOM KHHIe «MallMHOH
pucyrka 10.1»), a npu oGCyxAeHHH BpEMEHHOM CIOMHOCTH —

3¢
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Mamyua Ge3 BXOJHOM JIeHTHI (HasBaHHAA «MAIUMHOR pPHCYHKa
10.2). TooBKa HA BXONHO# JIEHTe MOMET UMeTh Pa3pellleHHbIM
KaK JBYCTOpPOHHEE JBHXeHHe (KaK B [Xonkpodr, ¥abmaH,
19691 u B [Axo, Xonkpodt, YabmaH, 1974]), Tak ¥ OAHOCTOPOH-
Hee (TOIBKO BIpaBo) ABmxenne (kak B [[Iéuxare, 19801).
B nocieHeM ciaydae roBopaT O 6e3BO3BpaTHOM BXOJHOH JieH-
te. Hakonen, MOXHO TpeGOBaTh Ha/IHYMsi BLIXOAHOH JIEHTHI,
roJJOBKa Ha KOTOPOH — TOJBKO NHMIUyIias H JABHXKYLLA’CH
TOJBKO BIIPpaBo. (IToNbiTKa yHnopsjoyeHus TepMUBOJAOIYH, OTHO-
camelfics K MamuHam Twiopuura, npelnpunsta B § 11.3.)
BBujy ckazaHHoro ciepyer AOrOBOPHTLCA, YTO MOHHMAETCA
B JaibHeHuieM TOoJ MHoroJeHroyHo#t MawmnHoit Teiopunra.
3a ucKiodenneM 0co60 OroBOPEHHBIX ClTy4YaeB, Mbl IIPHHHMAEM,
410 MmHo2oNenmounas mawuna Toropurea nveerT GecKOHeUHLIE
_TOJIBKO BIIPaBo paGoune H BHIXOAHYIO JIEHTbI H BXOAHYIO JIEHTY
- ¢ ABYCTOpOHHe ABHxyweiics rosoekoit. (Takum o6pasom, MHO-
ro/leHTOYHasi MalwyMpa ThlopuHra ¢ ORHOH paboued JieHTOH —
STO He TO Xe caMoe, YTo OfiHOJMeHTOuYHasA MammHa Thiopunral)
INepefinem Tenepn K H3JIOXKEHHIO HEKOTOPHIX HOHATHI U pe-
3yJbLTATOB, OTHOCAUIUXCA K ONPeJeleHHbIM TOIBKO YTO MHOIO-
JIEHTOUHBIM MarunHaM TeiopuHra. 3aTeM Mbl OGCYAHM BO3MOX-~
HOCTb pAacNpOCTPaHeHHs 3THX ONpejeJeHHH H pe3yJbTaToB Ha
Jpyriie BLIYNCIHTEbLHEIE MOAEIH.
Hrak, mycrs 3afiaHa HeKOTOpas MHOTOJEHTOYHas MalllMHa
Toloputra. Bpemenem ee paborbl (Ha AAHHOM BXOZE) Hasbl-
Baercsl YHC/O LIATroB, BBIMNOJNHSEMBIX MALIHHOA A0 TOJyueHHS
pesyavrara. Emxocmeto paGoTbl MalUHHBL (Ha JNaHHOM BXoJe)
_ HasbIBaeTcsl MakCHMaJbHas JJIMHA HCIOMB30BAHHOIO yuYacTka
Ha paGo4uX JieHTax (MaKCHMyM Oepercs MO BceM paboynM JieH-
TaM H N0 BCeM MOMeHTaM BblYHC/JeHMs). Koy Belumnc/ieHne He
3aKaHYHBAETCS, BPeMsl H €MKOCTb CUMTAIOTCA OeCKOHeYHBIMH.
[Mepsoiii ke BONpoC, BOSKUKAIOWMA B CBA3H C 3THMH OIpe-~
JieJIeHNAMH, TAKOB: CYILECTBYIOT JiM KaKHe-HHOYZbL CBf3H Mex-
1y BpeMeHeM H €MKOCTbIO? DTH CBsI3H JIerKo HaHTH: SICHO, UTO
" HHKaKOe KOPOTKOE BBIUHC/CHHE He MOXeT HCIOMNL30BaTh CJIUII-
KOM GOJIbIIYIO BHYTPEHHIOIO [IAMATh H YTO HHKAKOE 3aKOHYKB-
lieecs BRIYMC/AEHHE ¢ HeGOMBIION eMKOCThIO B HeOOMBIINM BXO-
OM He MOXeT GHTb HpOIOKHTENbHbIM. VIMeHHO, AJa Jio6ol
. MHOTOJIeHTOYHOH MauInHe! ThiopHHra CymMEcTBYeT TAKOe YHCJIO
k, uto emMkocte S H Bpema T (npu paGote Ha Ji060M BXOfIE)
YJOBJETBOPAIOT HepaBeHCTBaM S<k+T H (eciu | ecth miuHa
Bxofia H T<<oo) T<CkS+e,
- HerpusuajibHas TeopeMa, CBA3HIBAIOMAN BPeMsi H eMKOCTb,
, TakoBai Jia mo6o# Gpynkuus T Kaxae npeuxar (7. e, QyHK-
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IHA C ABYMA 3HAUEHHAMH), BBIYHCASEMBIN Ha KakoH-HHGyap
MHOTOJIGHTOYHO#t Malinte TelopHHra 3a BpeMs, He HPeBOCXOAN-
wee 7 (x) log T (x) OpH UCXOOHOM [AAHHOM X, MOXeET OHITbL BHI-
YHC/IEH Ha HeKOTOpOH (BOSMOXHO, Apyro#l) MauinHe C eMKO-
cTolo, He npesocxofauer T (x) (cM. [Xonkpodr, [Tayas, Baau-
ant, 1977]). OTMeTHM BaXKHYIO PasHMIy MeXAy STOH TeopeMmoit
H ByMsi NpeIbIAyIYMH OLEHKAMH: OUeHKH CBf3bIBAIOT BPeMs
H eMKOCTb BBIYMC/IEHHSI Ha OIHON U TOH ke MauMHe, a TEOpeMa
FOBOPHT JINlib, UTO €CJIH BpeMs paboTsl HEKOTOPOH MalliHK He
Gosbiue T (x) log T (x), To CywecTBYeT Apyras MalliMHa, BHIYHC-
JIIIOILAs! TOT 2Ke NPEANKaT ¢ eMKocThio T (x) (XOTH, 6LITH MOKET,
H c GOJNBIINM BpeMeHeMm).

Hutepecen Takxe BOHPOC O TOM, KakuM o6pasoM H3MeHe-
HMe uHC/Ia JIeHT BJIHseT Ha OucrpojefictBre Maumy. QueBUAHO,
uTo JMobasa GyHKnMa, BbIMHCAMMas Ha R-JIEHTOYHOH MalllHHe 3a
BpeMa T (x), BbIMHCINMAa H Ha m-JeHTOYHOH MallHHe MpH
m>k 3a TO e BpeMs (HYKHO MPOCTO He HCIOJMb30BATE JHUIHHE
Jents)). To Ke camoe MOXKHO CKasaTh, KOHEYHO, H MPO
emkocTe. TaxkuM o6pasoM, MOXKHO CKas3aTh, UYTO BbLIYHC/IH-
TeNIbHAS CHJIA MAWIHR He YOhBaeT ¢ yBe/JMUYeHHEM YHCJA
JIeHT,

OkasbiBaercdl TaKKe, YTO pas3/IMyHs BO BpeMeHH BBIYHCTe-
HUSi Ha MallHHax C Pas3HbiM YHC/IOM JIEHT He TaK YK BeSHKH:
mobas QyHKumns, BelYNCIgeMas Ha KakoH-AHOO MHOrOJEHTOY-
HOll MalMHe 3a BpeMsi, He npeBocxofstnee T (x), MOXKeT ObITh
BhIYMC/IeHa Ha MalluHe ¢ ojHOH pabouet JleHTOR 32 BpeMsi, He
npeBocxojisimee ¢-7T (x)%, Thie ¢ — HekoTopas KoHcraHta. C em-
KOCTBIO fie/To OGCTOHUT ellle Npoiie: BCAKasa (GyHKuus, BbIUHCIAE-
Masi Ha MHOTOJIEHTOYHON MallfHe C €MKOCTbIO, He IIPEeBOCXOJs-
we#t S (x), MoxkeT GbITh BHIYUC/IEHA Ha MallliiHe ¢ OJHOH pabGoueft
JIEHTOH C eMKOCTbIO, He npeBocxoaselt ¢-S (x), rae ¢ — HeKo-
TOpasi KOHCTaHuTa.

1.6.2, Bpemsa. OGcynum Tenepb BO3MOXKHOCTL ONpejieieHHs
MOHATHH BpeMeHM U eMKOCTH BbIMHCJEHHH IJis APYTHX BBHIYHC-
JUTeNbHEIX Mofesiefi. HauwmeMm ¢ NMOHATHA BpeMeHH Kak GoJsee
npocroro. [Iponecc BhUKCIeHHs BO BCEX M3BECTHbIX BbIYHC/IH-
TeJIbHBIX MOAENSX COCTOMT H3 OTAENBHHIX wwaroB, CaMeli mpo-
CTOH OTBET Ha BOHPOC O TOM, YTO TaKoe BpeMs, 3akJ/iodaercs
B C/JeAyIONIeM: BpeMs ecTh WHCJIO LIaroB B Npoiiecce BhIYHCTE-
Husi. Takas xapakTepHCTHKa BbIYHC/AEHHs Oblia BIEpBHIE HC-
cnefoana Ilefitunbmy (cM. [SImosckas, 1959, c. 44—45]).
ViMenHO, OH paccMaTpHBaJ YHCIO (HENOKaJbHKIX) 1maros pabo-
Tl HopMasbuoro anropugma. HMcecnenosauus Ilefituna, noso-
JKeHHble HM B HOsiGpe 1956 r. Ha cemunape I1. C. HoBukosa
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i C., A. SIHoBcKO# B MOCKOBCKOM yHuBepcutere, GbUTH €1Ba
JIH He CaMBIMH TIePBbIMH HCC/IEHOBAHHSAMY 1O METPHYECKOH Teo-
pHM aJNTODHTMOB BOOOHIE.

CooTBercTByeT Jii YHC/IO WIArOB HHTYHTHBHOMY TOHSTHIO
IJIMTeJbHOCTH Bhiwucnennss? C onpenesieHHoOH TOYKH 3peHHS —
HeT., JleficTBHTE/LHO, B NMPaKTHYECKHX BLIYHC/IEHHAX Pasiny-
HBIE AT HMEIOT PasHyo J/INTeJbHOCTs. KpoMe TOro, IpH Teo-
PETHYECKHX PACCMOTPEHHAX TaKOH CIIoco6 HaMepeHHST BPEMEHH
(Kak 4pciia MAaroB) NPUBOAHT K CJACAYIOWIEMY liexelaTebHOMY
s(bexTy! MBI MOXKeM NEepPEeCTPONTh BhIYHC/CHHE, OFbeUHAs He-
KOTOpLIe NOc/e/loBaTe/IbHbIE WIATH B OMH MaKpollar, u 1moJjy-
UHTH ¢HOBOE» BhIYHC/eHHe, KOTOPOE Ha caMoM fiefie sBJ/IseTcs
CTapLIM, HO HMeeT MeHblllee YHCJIO WIAroB. 10T 3dheKT HCNoib-
8yercsi B TaK HasbiBaeMofl Teopeme O JWHelHHOM YCKOPeHHH
(cM. cnenyromui naparpad). Bostee TOUHO 6BLI0 6B OTIpENENATE
BpeMs KaK CyMMY AJiuTe/bHoCcTell maroB, Takas TOuKa 3apeHHs
HCHIOL3YeTCs, HanpuUMep, IPH H3YYeHUH BBIYHCIHTENBHBIX
MOjiesiell ¢ HeJIOKaJIbHBIM npeoGpasoBanHeM HHPOPMALHH, B
YaCTHOCTH MallHH C TPOM3BOJILHLIM AOCTYNOM K NaMsaTH (CM.
[Axo, Xonkpodr, Yabman, 1974, ra. IJ).

B cnyuae mopesneit ¢ lokansHEIM IpeoGpasoBanyem uugop-
MalHH pasHHIA MexAy OCOHMH ONpeieNeHHsIMH BpeMeHy —
KaK YHMC/IA IUArOB H KaK CYMMBI HX JJIHTENLHOCTEN — He Tak
yX Beqvka; A1 GUKCHPOBAHHOIO aJrOPHTMa OHH, OYEBHHO,
COBMAZIAI0T C TOYHOCTBIO 10 OTPAHHYEHHOTO OTJAENEHHOTG OT
HYJI7 MHOXHUTeNsA., VIMEHHO ¢ 3TO# TOYHOCTHIO H POpMyNUpyeT-
cs1 GOJIBLIMHCTBO TeopeM O BPeMeHH BHIYHCJIEHHS (CPeaM yIio-
MUHBAIOWHKXCS B 3TOM 0630pe TeoPeM JIMIIb TeOpeMa O JduHeHHOM
ycKopenuH, cM. § 1.7, npencraeiaser coGOM HCKIOYeHHe).
Onpesesine BpeMf BLIYHCACHHS A Pa3AHYHBIX BBIMMC/THTE/b-
HEIX Mojiesledf, eCTeCTBEHHO HONBITATLCA CPABHHTL BhHIYHCIEHUS
OLHOH H TOM Xe (PYHKIMH Ha PasHEIX BRIYHCIHTENLHBIX MOJe-
aax, (das mawnH ThlopUHra ¢ pasHLIM YHCJAOM JIEHT TaKoe
CpaBHeHHe NMPOBOJAHJOCEH Bhillle B 3TOM MNaparpade.) [Ipusenem
ele HECKOJNLKO pesyJsbTaTOB MOAOGHOTO pOJia.

(1) Beagas QyHKuys, BBIMACARMAs Ha MHOFOJIEHTOUHON Ma-
wyHe Toiopuura 3a BpeMs, He GoJibluee Yem T (X), MOXeT GHITh
BbIYHC/IEHA MaulHHOK KoJsiMoropoBa 3a Bpems, He Goiibiuee yem
¢+-T (x), rae ¢ — HeKOTOpasi KOHCTAHTA.

(2) Bosee Toro, Besikan QyHKiNS, BBIMHCINMAA Ha MauiyHe
TeiOpHHTa ¢ MPON3BO/MLHBIM YHCIIOM PAGOYHX JIEHT HPOH3BOJb-
HOM pasMepHocTH 3a Bpems, He npesocxofismee T (x), MOXer
OuITb BHIYHC/IEHA MammHol Ko/Moroposa 3a Bpemsi, He Npesoc-
xofifmee ¢+T (x), TAe ¢ — HEKOTOpPasi KOHCTaHTa,
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(8) Bearas cnoBapHas GyHKIHA, BHIYHCAHMAS HA Mamuge
KosnmMoropoBa 3a BpeMsi, He mnpeBocxonsulee T (x), npuueym
T (x) He MeHbIle AJIMHBI BXOAA X, MOKET ObITh BHIYHC/AEHA Ha MHO- -
TOJIEHTOYHOH MaluHe ThiopHHra ¢ opHO#A (OZHOMEPHOH) paGo-
ueil JICHTOH 3a Bpems, He npeBocxopdmee ¢-T (x)*5, rie o —
HEKOTOpas KOHCTaHTa.

Pesyabrar (3) BbiTeRaer, B u9acTHOCTH, U3 GoJee TOHKOM
ouenku T (x)? log® T (x), umerowefica B [Cnucenxo, 1981, ra. 3,
§1, o, 3L

Pesyaibrar (2) apigerca ycuJenueM (NOYTH TPHBHAJIBHOIO)
pesyavtara (1). Hpyro#t pesyabrar, GAM3Kui K pesy/bTary
(2), cBAsbIBaOLU# MauuHb ThIOpPHHra C aJIrOPHTMAMU KOJIMO=
ropoBcKoro Tuma,— TteopeMa Illénxare o BOSMOXKHOCTH Moje-
JHPOBaHUA B peallbHOe BpeMs (OnpejesieHHe cM. B JoGaBJeHUH
K HacrosleMy naparpady) BesiROM MaumiHbl ThiopHHra ¢ 6es- -
BO3BPATHOM BXOJHOH JICHTOH H MHOIOMEPHOH NaMAThIO NOAXO-
pamedt MamuHo#i Ilénxare — pokasan B [Iléuxare, 19801,
Kak ormeueno B [Citucenxko, 1981, ra. 8, § 1, n. 1], avanoruunnit
pesyJbrat MoKeT GbITb NOJTyYeH H JJIS MOAeNHPOBaHHS MallUH
Teiopunra ¢ 6Ge3BO3BpaTHOH BXOZHOH JIEHTO M MHOrOMEpHOMH
namaATBIO MaillnHaMH Kosmoroposa — ¥Ycnenckoro. M3 pesyiib-
TaroB pa6otsl [[puropses, 1976] BoiTekaer HEBO3MOXHOCTH
06paTHLIX MOJEUPOBaHHUIA.

1.6.3. Emkoctb. [lepefizem Tenepb K 00CY:KAeHHIO Da3Iuy-
HBIX CIOCOGOB ONpejesieHHsi eMKOCTH BbluMcaeHHs. Cutyamus
8ech, NnoXanay#, eme Gosee cJOXKHAS, 9eM ¢ MOHATHEM Bpe-
menu. Ho mepBoe penienne npu onpefiefleHUd €MKOCTH NpH-
HUMaeTCs OJNHO3HAUHO; €MKOCTb (JNaHHOTO BLIYHCJIEHHSA) —
5TO MaKCUMa/lbHHIH pasMep NMaMATH, HCIONL3YeMOH NPH Bbl-
YUCAEHUH. JTO COfEepKare/bHOe NpeJCTaBJICHHE IOpOXKAAeT
IBa Bompoca.

1. UTo HYXKHO CYUTATh NMaMSThIO, HCMOML3yeMOH B JlaHHBIH
MOMEHT BEISHC/ICHHA?

2. Kak usmeputb 5Ty namars? Uro ecth ee pasmep?

B paborax mo CJOXKHOCTH BHIYHCJEHHH BCTpeyaworcs ABa
pasiMYHBIX OTBeTa Ha nepBeiit (Gosee npocrtofi) Bonpoce. Ilpoc-
TEHIIHH OTBET COCTOMT B TOM, YTO MaMAThbIO CAUTAETCA BCE CO-
cTosiHHe BhMHCTeHud. [IJIS TaKuX BBLIYMCAMTENbHBIX MOAENEH,
KaK O/IHOJIEHTOYHbie Maunubl ThiopHHra (6e3 BXOAHBIX M Bbl-
XOAHBIX JeHT) uau ajropurm Koamoroposa (onsfTb-Takd 6e3
BXOJZHBIX M BHXOJHBIX JIEHT), STOT OTBET — EAUHCTBEHHO BOB-
MOXKHbIfi. OFHAKO /I peasibHBIX BbIYMCJECHHH YacTo MpencTas-
JISieT MHTEpPeC OllEHKA pasMepa TOJBKO paboueii maMaTu. I10-
My cOOOpaKeHMIO COOTBETCTBYET BbizesleHne paboueit mamarw,
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BXOAHBIX ¥ BHIXORHBIX JIEHT, KaK 3TO CReNaHO B HPHBEAEHHOM
BHIE ONpefe/JeHHH E€MKOCTH JUIfi MHOrOJIEHTOWHBIX MalliMH
Triopunra. Ecin BouciauTenbHas MOJeIb NPEAYCMATPHBAET
TaKue JIeHTH (WJIH, I'HIOTETHYCCKH, Kakue-tuoo Jnpyrue ycr-
poficTBa BBOJA H BbIBOJAZ), TO IPH BEIYHCIEHHH EMKOCTH €C-
TeCTBEHHO YYHTHIBATH TOJBKO paboYylo maMmsTh, CuuTas, 4TO
TOJBLKO OHA MpeAcTaB/seT cofofl MamaTh, HCIOMB3YEMYIO NMDH
BhIYHCJCHHY.

Tlepeitnem Teneps Ko BTOpoMY, 60/I€E COKHOMY BOIPOCY —.
0 cnocobax H3MepeHHs! naMaTH. Mbel OOHApyXKUBaeM, 4TO laxe
B NPOCTEHIUHX C/Iy4asX BO3HHKAET MHOTO PasHbIX CnocofoB
ompeneNieHHs pasmepa IaMsTH, ¥ TPYIRHO peHTb, KakHe Jyd-
1le, KaKHe XyXe. ITa MHOXKECTBEHHOCTh BO3MOMXHBIX PeLIeHHH
OTpamaer Cywecrso JAena. [IpOMJIIOCTPUPYEM Haiy MbICIb
cnenyomum npumepoM. IIpeanonoxuM, 4ro Mbl XOTHM onpe-
JeNUTh, YTO TaKoe pasMep AaBTOLMCTEPHEHI, H KoJjebjeMcsi, Ha
KaKOM H3 MapaMeTpoB — JJTHHE, IHPHHE, BLHICOTE HJIH BMECTH-
MOCTH — HaM ocTaHoBHThcs. CKOpo Mbl OOHApYyMKHBAEM, 4YTO
KaxJan H3 3THX XapaKTEeDUCTHK CYIIECTBEHHA B Hal/eXKalleM
KOHTEKCTe: BhICOTA OnpejiesiieT BO3MOMKHOCTB IIpoesja Moj
MocTami, IJIHHA — BO3MOXKHOCTE pPa3BEPHYThCA B TyNHKe
u T. 2. Kaxercs Gonee mpaBuJIbHBIM BOOOLIE CHHTATh PasMep He
YHCJIOM, @ BEKTOPOM (M3 HECKOMbKMX KOMIIOHEHT) M npH3HATh,
uro Jrobas MOIrOHKA ero Ioj 9HC/I0 MCKYCCTBEHHA.

AnanorsuaHo HameMy «aBTOMOGHJILHOMY» NpHMepy 006CTO-
UT JEN0 M C BbIMHCJHTENbHBIMM Mojensmu. Hanpumep, ans
mamuH ThIOpHHra ¢ ofHOH pabouell JIEHTOH HEACHO, JOJIKHbE
JI¥ Mbl Y9HMTHIBATH TOJNBKO MIMHY 3allHCH HA JIEHTE WJIH elle H
yBeJanyeHne oOmeMa 3a cyer (UKcauuu MOJoXKEHHA paboueit
rOJIOBRH. $IBHOe yKasaHHe [0JIO¥KEHHA TOJIOBKH MOXKHO OCy-
IeCTBUTh, 3a1aB RBOHTHOE CJIOBO C AJHHOH, PABHOH NpPHMEPHO
Jorapugmy MIHHBL CNOBa Ha JEHTE, HO NO-TIPEKHEMY HEACHO,
HYKHO /i NpHGas/ATh 3TO THCMIO K AMMHE 3alIHCH HA JIeHTE.

Jpyras HesicHOCTb CBAi3aHa C TeM, JOJIKeH JiH 06beM 3aBH-
ceTh OT anidaBuTa: OJHHAKOB JIH, HanpHMep, PasMEp JeCATH-
OYKBEHHOr0 CJIoBa B JBYX- M TpexGykBeHHbIX andasurax,
Benb 0ueBHAHO, 9TO MOKHO «JeHIEBHIM CIIOCOGOM» COKPaTHTh
JJIMHY K2XJAOIO CI0Ba B MUJIIHOHE! pa3, OGBABUB HOBLHIMH GyK~
BaMH JJIMHHBle KOMGHHaNHH MpexXHHX GYKB.

Ilpu mepexofie K cayuaio MHOIHX JIEHT BOSHHKHYT JOMOJI-
HUTE/bHBIE NPOGMEMBI: HYKHO JIM CKJIaAblBATh JVIMHBI 3amHcei
Ha JIEHTaX, HJM CIejyeT YMHOXKATh MaKCHMYM JJIHHBI 9THX 3a-
mHcedl Ha HX KOJHYECTBO, HJIH, MOXKET ObITh, HYXHO YUHTHIBATh
ele PasHHIY B ManpaBJAeHHAX CABHIa IOMIOBOK Ha JeHTax 07
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HauaabLHOTO MoNoxenus u T. A. [Ipu nepexone K Muoromepro
NaMATH BO3HUKAIOT €ule GOJbHIHE HEACHOCTH, CBf3aHHbe, B
YaCTHOCTH, C OTCYTCTBHEM eCTECTBEHHOH peasM3allH TakKoit
NaMATH B TpeXMepHOM MpPOCTPAHCTEE.

B ciayuae HeOPHEHTHPOBAHHBIX KOJMOIOPOBCKHX KOMIJIEK-
coB Bompoc 06 of6beMe (PU3HUECKOH peasi3allHM KOMIJIEKCOB
nayuaics B padore [Konmoropos, Bapsauub, 1965]. 3a cuer
HEeCYIIeCTBEHHOr0 Oc/JabseHus (GOPMYJNHPOBKH, pPe3yJbTarhl
u3 [Kommoropos, Bapapunp, 1965] Moryr 6bTh H3A0XKeHbI
B cneaywomedt HarasnHoi dopMe. PHKCHpyeM HeKOTOpBIA aH-
caM6/ib KOJIMOTOPOBCKHX KoMmleRcoB. [lpennonoxuM tenepb,
YTO BepIUMHEI KOMILIEKCZ peanu3yiorcss iapaMi eJHHHYHOrOo
Inamerpa, a peGpa — CHOGKHMH TpPyGKamu Toke QHKCHPOBaH-
HOI'O M NPHTOM JOCTaTOYHO Masoro Auamerpa. 10TAa MOXKHO
TaK BEIGpATh auamerp Tpyl, YTO IJiS HEKOTOPHIX NOJOXKHTENb-
HbIX JEHCTBUTEIBHBIX YHCEN ¢ H d BBINOJHEHH! CAEAYIomHe yc-
J0BUs: 1) BCAKHA KOMIVIEKC C /1 BEPIIMHaMU MOxeT ObiTh pea-
NM30BaH BHYTPH chephl panuyca c) n; 2) o6bem Jio6oit peann-
3allMy MOYTH BCAKOTO KOMIVIEKCA C £ BepIUHHaMH He MeHbille
dnV/ 1 («ouTH BCAKOIO» O3HAYAET, YTO OTHOIIEHHE KOJHYECT-
Ba KOMIIJIEKCOB C 3THM CBOHCTBOM K KOJIHYECTBY BCEX KOMII-
JIEKCOB € fi BEPIIMHAMH CTPEMHTCH K eQUHUIIE NIPH CTPeMJICHUH
n K GeCKOHEYHOCTH).

M3 ckasanHoro BujiHO, 970 pa3yMHui#l BeiGOp crnocoba Mof-
cyera pasMepa HCIONb3YeMOR NaMATH B GOJLUIMHCTBE CJay9a-
€B — 3ajaua, He HMelomas OFHO3HauHOTO peleHHs (a mopof,
6LITh MOXKET, H BOBce Hepaspemumas). HekoropeiM yremeHueM
MOXKET CIYXKHTh TOT (aKT, YyTO pas/IU4HbE CIOCOGH! Onpejele-
Hus MOHATHS pasMepa AJI OXHOro Kaacca 06heKTOB AatoT 6au3-
KHe 1o 3HAYeHHsIM eMKOCTHEIe pyHKuMK. (Hampumep, uia MHO-
FOJIEHTOYHBIX MamMH ¢ GURCHPOBAHHLIM YHCJOM JIEHT BCE yNO-
MHHaBHIHeCH CrocoObl MOjcueTa pasMepa JXaloT GyHKIHH, CBS-
3aHHblE OTHOLUGHHEM ~i-.)

MMpakruuecky NPUXOMUTCA BBIGHPATh KaKyw-HHOYAb OAHY
YUC/MOBYIO XapaKTePHUCTHKY — HampuMep, AJIHHY c/oBa (6e3
yuera MOIHOCTH aidaBHTa), WM 4YHCJIO BEpUIMH KOMIIEKCa
(6e3 yuera umcia peGep M andasBuTa pasMETKH), WM MaKCH-
MalrHYI0 JIHHY 3amudcelt Ha paGounx JewraX MamHHbl (Ges
yuera 3amuCeil Ha JAPYrux JeHTaX H NOJOXKeHUs TONOBOK) —
B KauecTBe Cypporara «HCTHHHOro pasMepa». IlepBofi u3 rakux
«CypporaTHEIX» XapaKTEPHCTHK, BCTPEYAIOWHXCA B JIHTEpary-
pe (xora 4 He Mg KaKOH-THOO0 BHLIYHC/IHTENLHOH MOJENH, a B
HECKO/ILKO HMHOH cuTyanuu), Obuia BBeneHHas B [Tpaxren-
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6por, 1956} aauHa orpeska BHIYHCAMMOCTH QYHKIHH, 3aJaHHON
pPeKypPCHBHOH cxeMofi. [Tof OTPE3KOM BBIYMCJIMMOCTH NOHHMaJ-
Csl OTPE30K HaTypasibHOro PAAa, CONEpKalHil BCe YHCNa, KOTO-
pble MOLYT BCTpeTHThCA B Ipouecce BbMHCTeHHA QYHKIHH
N0 3afaHHOH cxeMe npu (GUKCHPOBAHHBIX 3HAYeHHAX apry-
MEHTOB. .

CywecTByer Jau Booflue «MCTHHHBIN pasmep», HJIH XKe €ro
TIOMCKH MONOGHH! noucKaM (hu1ocodckoro KaMHa? Buirb MoxeT,
uMeercss GOMbIIAA COBOKYNHOCTb (HCTHHHRIX pPasMepoB» —
HO Torja Kakosa oHa? OrBernl Ha 3TH BONPOCH! HedcHHl. BHITh
MOXKeT, MoJIe3HO Ghlo OBl HauaTh C IMOMNBITOK BBECTH NOHATHE
a6CcTPaKTHOrO pasMepa Ha Pas/IMYHBIX aHcaMOaAX (a BOSMOXK-
HO, H Ha UX MOAMHOXECTB2X).

1.6.4. Hopma. Mo monelraeMcsl cefizac BHICKa3aTb HEKOTO-
pbie — JajeK0 He HCUepmbIBaomie — COOOpaKeHHs M0 3TO-
My noBony. UroGbl HOgYepKHYTh, YTO MBI HBITAEMCS OTPa3HTh
JIHHIb HEKOTOpbie acleKThl HHTYHTHBHOIO NOHATHS pasMepa,
BMECTO CJIOBA «pa3Mep» GyAeM roBOpuTh «HopMa». B mpoBoau-
MOM HHXKE NOCTDOEHHU IpeAnoJjaraercs, 4To HOpMa ompejese-
Ha Ha BceM aHcaM6ne. DTO NpeAroJioKeHHe BHOCHT JOBOJLHO
CYIleCTBEHHOE OTpaHUYeHHe.

B camoM jene, paccMOTpPHM, HalpHMep, TPeXJEHTOYHBIE
MamuHel  ThiOpHHTra ¢ (PHKCHPOBAHHRIMH ajdaBuraMu (pabo-
YHM H BHYTPEHHHX COCTOSTHuH). BceBO3MOXKHLIe IIOJHBIE COC-
TOAHUA pabouedl maMaTH TaKuX MallHH JIErKO BKJAAJBIBAIOTCA
B HOAXOAMAILH# KOJIMOropoBcKuit ancambas W u obpasylor He-
Kotopoe mnoamuoxecrso E sroro aHcam6ns. Ecau nomumars
pa3sMep (TOJIHOT'0) COCTOSTHHA padoueii NaMATH KaK MAaKCHMalb-
HYIO M3 BJHMH 3aNHCaHHBIX Ha JIeHTe CJIOB, TO, OYEBUMHO, Ta-
Kasi HOpMa eCTecTBeHHBIM 06pasoM ompejeseHa Jumb Ha E
H BCcAKOe ee pacmpocrpaHeHHe Ha Bce W HOCHT NOBOJLHO HC-
KyccrBeHHbii xaparrep. OxHako aBrophl elie HE YYBCTBYIOT
ceOd TOTOBHIMH pACCMATPHBATH HOPMEI, ONpelesIeHHbIE He Ha
BceM aHcambne (XOTs MOHMMAOT, 4ro 3T0 OBIO GOH pas-
YMHO).

Hrax, uro xe rTakoe aHcamGiin ¢ HOPMOH, HJIH HOPMHPOBaH-
HBEIH aHCaMO6JIL?

IMycrs X — HekoTOpeIA aHcamGib, a n — HEKOTOpas BClo-
Iy ompejenenHad QpyHRuug ux X B N. @yukuus n 6yuer Ha-
3eIBaThesa Hopmotl Ha X, ec/ln OHa o6JanaeT CAeAYIOUIHMY CBOji-
CTBaMH.

(H1) Yucno ssieMeHTOB X, MJSI KOTOPHIX £ (X)<m, paBHO
27 ¢ TOYHOCTbIO I0 OrpAaHHYEHHOI'O OTAENEHHOIO OT HYJMS MHO-
xuTeNd.
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(H2) Cyuwecrsyer anroput™, aawomui no T1060MY uucny ;m
CITHCOK BCEX 3JIEMEHTOB aHcaMOns X, A KOTOpPhIX nn<g
<m.
Hopmuposanneui ancambas ecrs mapa (X, n), rae X —
aHcambib, a n — HopMma Ha X,

1.6.5. Tpumepst Hopmuposannbix ancambied. Ilycrs nan
CMoBapHbLA aHcaMO/b (HanOMHUM, UTO B aidasuTe CIOBAPHOTO
aHcam6i1st IO/ HEI ObITh 10 KpajiHell Mepe 1iBe pasHbie OyKBbI).
B kauectse onHOH H3 HOPM Ha 3TOM aHcaMbie MOMKHO pac-
cMaTpuBaTh (YHKUHMIO, NpPONOPLUMOHAJBHYIO JJHHE CJOBa;
NpH 3TOM KO3(HIHEHT NPONOPHHOHANLHOCTH CHENYeT Bhi-
Opatb C TaKMM pacyeroM, 4YToObl BHIIOJHANOCE TpeGOBaHHe
(H1). Bosee Toato, nycts andasut B coctout 3 k 6yKB, £=>2.
OnpenennuM GYHKIMIO 71, NONOXKHUB

n(x) = nenas 4acts wucaa [(aauna ciosa x) X log.kl.

Jlerko npoBepuTh, 9TO ONpeNeNieHHas TaKHM 0GpasoM Ha
ancambne caoB aipasuta B dyukuus AefictsuresnbHO Gyaer
HOPMOH,

B § 1.17 mu 6yzem paccmatpusats N Kak HOpMHPOBaHHEIH
ancam6nb. Hagensem ero rakoft HopMo#t: HOpMa uucaa X pas-
Ha Ueso# yactu BeanunHbl log, (x-+1). (HerpyrHo nposephits,
yro cBofictsa (H1) u (H2) neficTBuTeIbHO BBINOJIHEHH.)

1.6.6. OrpannuyeHHO-HCKAXKAIOWIME OTOOPAXKEHHS H H30-
mopdusmbl. IlycTh pgaHBl gBa HOPMHpPOBAHHEIX aHCaMOast
(X1, ni) 1 (X, ny). Mbl GyneM roBOPHTB, 9TO OTOGPaxeHHe
fi Xi~>Xq ABNACTCA 02PAHUMEHHO-UCKANAIOWUM, €CIU BBHIION-

HeHO ycuoBHE Aqff (¥1)) S fa(%y). B3auMHO OAHOBHAYHOE COOT-
BeTCTBHE MEXny aHcaMGaamu {Xy, ny) # (X, 112}, OCyLIECTBIA-
eMoe (B 06e CTOPOHBI) BHIYHC/AHMMBIMH OTpaHHYeHHO-HCKaXKaro-
LMMH OTOGPaXKEeHHsIMH, MBI GYZeM HasblBaTbh WU30MOpPUIMOM
Hopmuposanusix aucambaeti, Herpymuo pnoxasath, 4To Bce
HOpMHpOBaHHbie aHCaMOIH H30MOp(HBI B 3TOM CMEIC/E,

1.6.7. Xonoannrenbusie TpeGosauns K Hopmam. SIcHo, yTO
(bYHKIHH, YROBJETBODSIOUIHE ONpPEAENEHHIO HOPMEI, 00pasy-
10T BeCbMa LIMPOKHII KJacc U 4TO Cpefu HOPM HMeloTCa GyHK-
MK, MaJo OTPAXKAIOUIHE Hale HHTYHTHBHOE IpeACTaB/eHHe
o pasmepe. ITosToMy HMeer CMBICH pacCMaTpuBarb He Bce HOp-
Mbl, a JIMIIL T€, KOTOPbiE 06/1a/a10T HEKOTOPHIMH JONONHHTE b~
HEIMH CBOHCTBaMH. Mpl cefiyac mpuBeleM HECKOJBKO NpHMe-
POB IONOMHUTENLHEIX CBOMCTB, KOTOpbie, OBITh MOXKET, HMeeT
cMBIC/ TpeGoBarh OT HOpMHI Ha aHcambae (B, k)-kommiexcos
WIH KOJMOTOPOBCKHX KOMIIJIEKCOB.



76 YACTh NNEPBAS. OCHOBHBIE OTKPEITHSA

(1) HenpephiBHOCTb: IpHMEHEHHE OJHOTO JIOKaNBLHOrO
ZeHCTBUA NOJKHO YBe/IMUMBaTL HOPMY KOMILIEKCa He Goliee
4eM Ha (PUKCHPOBaHHOE 9HCJ/IO, 3aBHCHALEE OT OnepallH, HO He
OT KOMILJIEKCa, .

(J12) CBsi3pb ¢ 9HC/IOM BEpPLIMH: YHC/IO BEPILIHH KOMILJIEKCa He
NO/MKHO TPEBOCXONUTh HOPMBI, YMHOXEHHOH Ha HEKOTOpYIO
KOHCTAHTY, He 3aBHCAILYIO OT KOMIJeKca.

CymecTByIoT HOpMHI, y0BAeTBopsitomue TpeGopanuam (J11)
v ([12). Jas nmocrpoeHnsi Takoh HOPMbI ROCTAaTOYHO BHIOparh
nojxojsinee HHUIMAaALHOE (ONHOMIOCHIOUHOR) HCUHCIEHHE, pac-
TOJIOXKHTD BCe KOMIJIEKCH! B NOPSAKE BO3PacTaHHs MHHUMAJb-
HOro umcja HIaroB, HeOGXOAHMOro AJIA HX MHOpOXKAEHHA (CP.
CO CIOKHOCTBIO MOPOXKAEHHs, cM. 1. 1.6.8), u cuurars Hop-
MOil RKoMIIIeKca JiorapudM ero nopsaxoBOro HOMepa.

Hetpyano nokasats, 4ro eC/l HOpMa Ha KOJIMOTOPOBCKHX
KOMIIJIEKCaX ynoBJerBopser Tpebosanuam (A1) n (J2), TO
HopMa cJI0B (paccMaTpUBaeMEIX KaK YaCTHBIH CIyyafl KoMm-
JIEKCOB) OT/IHYAETCA OT HUX NIMHBL He GoJiee 9eM Ha MYJLTH-
NVIHKATHBHYIO KOHCTZHTY H HOpMa KOJMOTOPOBCKOI'O KOMILJIEK-
ca (¢ TOYHOCTBIO 0 OTPaHHUEHHOIO OTAENEHHOrO OT HYJsS MHO-
JKHTe/s) HaXONUTCS MeXAY THCJIOM BepIIMH H KBajpaToM 4HC-
Ja BepmuH. (Bonee TOHKUI aHAMN3, HCHOMB3YIOUMH pesylb-
tarsl {Konmoropos, Bapsnuns, 1965], nossosnser 3ameHuTDH
KBajpaT 4Hc/a BepIIMH Ha 9HC/IO BEPIIMH B creneHu 3/2.)

1.6.8. CroxnoctH nopoxpuenus. IToLOGHO COOTBETCTBYIO-
UM HOHATHAM VIS aJrOPUTMOB, MOHATHA BPeMeHH H eMKOCTH
(mopoXAeHns) MOMHO MNBITATHCA ONMpeleNATh M JJIA HcUncie-
HHH, canTas (A1 ORHONOCHLIIOUHEIX HCUHCIEHHH), 9TO BpeMs
MopokJieHuA (MpU GUKCHPOBZHHOM BHIBOJE) €CTh YHUCJO IIAroB
BBIEOJA, 8 EMKOCTh — MaKCHMAJBbHEIH pasMep BCTPeYalomiMXCs
B 3TOM BhIBOie 06BeKTOB (cM. [[nankui, 1973, ra. 2, 71). Mox-
HO CUHTATH, YTO YHCJOBLIE 3HAYEHHST BpPeMEHH M €MKOCTH CaMH
NOpOXKNAIOTCA B Xofe BeBoAa. JononuurenpHse adpdekTs Bo3-
HHKAaIOT 13-32 TOTO, YTO MOMKET CYIIECTBOBATH HECKOILKO CHO-
co60OB HOPOXAEHHUS] OJHOTO H TOTO ke 00beKTa. 3a C/I0KHOCTD
€CTECTBEHHO NPHHATH MHHHMYM MO BCeM CHOCOGaM MOopoxKie-
HUA,
1.6.9. d¢ddexTusnbie anroputmbi. Hakonen, BaxHyo 06-
JIACTh TEOPHH CJOXKHOCTU COCTaBMAIT MOCTPOCHHE KOHKPETHBIX
30pEeKTHBHBIX aNrOpHTMOB 1JIS PeleHHs YacTHBIX 3ajad H J0-
Ka3aTelbCTBA TOFO, YTO 3TH AJITOPHTMEL HMEIOT 3afaHHYIO
OUEHKY CHOXKHOCTH (T. e. MeHCTBHUTENBHO S(PdeKTHBHH). Ira

065!%()1“: OTHOCHTCS K NPHKJAZHOA TEOPHH aJrOPHTMOB (CM.
§ 2.8).
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No6Gasnenne K § 1.6. Mopenuposanne B peaibHoe Bpems

[lpuBenem onpeneneHne MOXeNHPOBaHUA B peallbHO® Bpe-
Msi — B TOH GOpMe, Kak 3T0 onpeleneHue npusegeHo B [IIen-
xare, 1980]. Hapsany ¢ mammuamu IlIénxare, onHcaHHBIMH B
§ 1.2, Gynem paccMaTpHBaTh MamHHEI ThIOpHHTA ¢ MHOrOMep-
nofi mamareio. Ilpeanofiaraercs, 9ro Kaxaas Takas MalluHa
MMeeT BXOAHYIO H BBIXOJHYIO (OZHOMEpHEIE) JIEHTH, JBHMKEHHE
rOJIOBOK IO 3TUM JIEHTaM OJHOCTOPOHHEE, C BXOXHOH JICHTHI
BO3MOXKHO TOJBKO YTeHUEe, Ha BLIXOJHYIO — TOJIBLKO 3allHCh.

Paouas mamare MoxeT couepiKaTh NPOH3BONLHOE (UKCH-
pPOBaHHOE YHCAO MacCHBOB PUKCHPOBAHHONA pa3mMepHOCTH (JIeHT,
nnockocrefl ¥ T. A.), TOMOBKH HO 3THM MaccHBaMm CnocoGHbI
nepe/IBUraThes 3a OAMH mar Ha OJHY K/IeTKy B Jio6OM Hanpas-
JieHuH. Bo BCAKOM BBIYMCNEHHH TakOH MammHbl Thiopuwura,
TaK Xe KaK H BO BCAKOM BhiuucaeHuu Mamuun Ilénxare,
BBIIGJIAIOTCA MOMEHTHI C/IBHTA BXOAHOH JIEHTHI B MOMEHTHI [e-
4aTH g;qepe,zmoro CHMBOJIA HAa BRIXOAHYIO JeHTY). ITycrs Tenepn
9 u B — aBe MalIMHBI ¢ BXOJAHBIM M BHIXOAHBIM aJ(aBHTOM
{0,1}, Kaxzas U3 KOTOpHIX MoxeT ObITh MaumHHOH TohropuHra
C MHOrOMEpHOH NMaMATLIO W Ge3BO3BPaTHON BXONHOH JIEHTOH
iy MamuHo#i I[lJénxare (HamoMHHM, YTO W ee BXOAHaa JIeHTA
(e3B0O3BpaTHa).

Bynem, B coorserctsuu c [ILlénxare, 1980}, rosoputs, uto
mawuna A 6 pearvroe spems modeaupyem mauiuny B, ecnu
BHINOJMIHEHO Caepyiomee ycjaoBue, Ilycre aiA BCAKOIO HCXOA-
HOT'O JaHHOTO X, Ha KotopoM B koHuaer pabory, f<<...<lf,—
TaKasi MOCJeNOBaTeJIbHOCTh MOMEHTOB BpeMeHH, 4TO =0,
!, — MOMEHT OKOHUaHuS paGOThl MawMHbi, a fr, .. [y —
BCe MOMEHTHl BpEMEHH, B KOTOpbie MamiHa B npousBoxua
CJIBUT BXOJZHOM JIEHTHI MJIM 3aNMCh HA BHIXOAHYIO. Toraa aoyik-
Hpl CYIIECTBOBATh TAKHE MOMEHTHl BPEMEHH T,<lTi<l ...<Tp,
ur0 T,=0, T, — MOMEHT OKOHYaHusi PpaGoThl MalHHLL A
apryMeHTOM X u INpH BcakoMm i=1,2,..., p BHIIONHAIOTCH
YCJIOBHA:

1) npu BHINHC/AEHHH C HCXOAHBIM J@HHLIM X 4acTh ITOrO X,
npouuranHas Mamunofi ¥ K MOMEHTY T;, COBNAnaeT ¢ 4acTbio
x, DpOYMTAHHON MalHHOH B K MoMeHTy 4

95 TIpY BHIHCHEHHH C HCXOAHLIM IAHHEIM X 9acTh Pe3yJibTa-
Ta, HaneuaTawHas MamuHOH ¥ K MOMEHTY T; COBIajaer o
49acTI0 peayJIbTaTa, HanleyaTaHHOTo MauHOH B K MOMeHTY #;

~ 3) ana mexoroporo ¢, sasucsutero ot A u B, Ho He oT X,
HMEeT MeCTo
' =T SC(t—1-1)-
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Ws stux ycnoBuil, OUEBMIHO, CIEAYET, 4r0 MallHHA A
BhIGHC/ser Ty xe QYHKIHIO, YTO H MallliHa B, WM HEKOTOpOe
npofoMKenHne 5TOH (QYHKUHM; IDH STOM BpeMs BhIMHCIEHNA
ai MamwHb 2 HE ITPEBOCXONMT BPeMEHH BBIYHC/ICHUSA B,
YMHO}KEHHOI‘O Ha KOHCTaHTY C.

§ 1.7. BbiuHCAHMEIe (QYHKIMH M NOpOnHMble MHOXECTBA;
niepe4HCIUMEIE MHOKeCTBA; pa3pelliuMbie MHOXECTBa

Bomucauman  ynxyus — 370 QyHKIUA, KOTOpas  BHI-
qUC/AeTCs KakuM-Mn6o anroputMoM, CJIOBO «BIYHC/SETCS»
noHumaercd, corjacto § 1.1, cnenyiomuM ofpasoM: mpu IpH-
MEHEHHH K KaKOMY-HHGyJb BXOZY BBEIYHC/SIOUMA aJrOPHTM
JIOMKEH He TOMbKO AaBaTh pe3yJsbTaT, COBIAJAIOUMH CO 3Ha-
yeHueM GYHKIMH Ha 3TOM BXOZE, KOJb CKOPO T2KOe 3HaueHHe
CYILeCTBYeT, HO M He JaBaTh HUKAKOTO pesy/bTaTa BOOOLLE,
KOJIb CKOPO QYHKIMA He OlpeieseHa Ha fanHOM Bxogze. Ilycrs
A u B — nogMHOXecTBAa COOTBETCTBYIOLIMX aHcamOaed; no-
cpexncreom Com (A, B) 6yzner 0603HauarTses Kace BCeX BhITHC-
aumbix GyHKRuHHA u3 A B B. Takum o6pasom, Com (4, B)<
& (A, B). na nponsBonbHeIX aHcambaed X, ¥ u X — Y-
NpeACTaBUTE/NLHOH MOAENH MOXKHO, KOHeuHO, (opMannHo on-
penenuts Com (X, Y) Kak xnacc Beex ¢pyuruui us & (X, Y),
BBLIUHC/IHMBIX Ha 3TOH MOHENIH.

ITopodumoe MmHOICECME0 —— 5TO MHOIKECTBO, KoTopoe IO-
pOXHaeTcss KaKUM-MHGO HCUHCIeHHeM (ONATb-TaKH B TOM CMbIC-
Jie, YTO MOPOXKAAIOTCS BCE JIeMEHTHl MHOXKECTBA M He MOpOXK-
naercsi Huuero suimnHero). Kakpmii ancam6iae nopoguM, ITo-
HSTHE NOPOXHMOro MHoxecrBa (generable set) BBest m usyuan
B KayecTBe (pyHIaMEHTANLHOI'O NOHATHS JIOTHKH H MAaTeMaTHKH
Tocr (M. [TToct, 1944]); on, BpoueM, N0/IL30BAICH TEPMUHHOM
«OpOXIeHHOe MHOXKecTBO» {generated set). Iycte A — noz-
MHOXKECTBO HEKOToporo ascam6asi. Kiacc BceX NOpOZMMBIX
noxmHoxecrs MHoxecTBa A o6osnagaerca Gen (A4). Takum
obpasoM, Gen (A)c24, Ilns kKaxpoii Y-mpeicraBHTeNnHOH
nopoxpaomeid mozenn xnacc Gen (Y) MOXKHO ONperenuTh
dopMabHO KakK KJ/acc BceX MHOxkecTB u3 2Y, Koropnie Moryr
OBITH MOPOMKJEHBI Ha 5TOH MOJENH.

MHOXKeCTBO HasBIBAaeTCs paspeluuMoim, HIH PaCcro3Hasae-
MbiM, €C/IH OHO COJIEPKUTCS B HEKOTOPOM aHcamGiie u JJis He-
ro cymecrByeT paspewatounit anroput™. Axropurm U Ha-
3bIBAETCA PA3PeUlaiolyuMm areopummon M9 NMOAMHOXKeCTBa A
ancaMOnsi X, eclu MHOMXKECTBO JHOMNYCTHMbIX BXogoB s U
cosnajiaer ¢ X u ¥ orseuaer Ha Bce Bonpochl THna «IIpuHae-
XKuT JU x € X MHOxectBY A?» [lpobGseMa OTBICKaHHS TaKoOro
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aJrOpHTMA HashplBaeTcsl NPOGJEMOll paspewierus Mia A (cum.
§ 2.1). Tarum 06pa3oM, MHOKECTBO Pa3PEIHMO TOTAA H TONBKO
TOTZa, KOrja ero npo6Jjema paspemieHus pemmnma (T, e, MoxeD
OBITE peilleHa, UMeeT perleHHe).

PaccMorpenne NOHATHH NOPOAHMOrO H PaspeiiuMMOIo MHO-
HeCcTBa CIOCOOGCTBYET SHAYUTENILHOMY MPOSCHEHHIO LEHTpalib-
HEIX TOHATHH M, Pe3y/bTaTOB MareMaTHYeCKo#n JOrukd. Tak,
BaxKHeluee TpeGOBaHHe, NMpEeRbABAsEMOe K JIOGOH pasyMHOM
¢opManusaluu NMOHATHA AOKA3aTEJbCTBA, COCTOMT B TOM, 4TO-
Obl MHOXKECTBO BCEX JIOKa3aTeJbCTB HAHHOH JIOTHCTHYECKOH
CHCTeMbl OHIJIO paspellliMeIM MHOXecTBOM. Teopemel I'éaena
0 TOJNHOTE H HeNOJHOTe YyTBepXJaloT, MO CYILIECTBY, NOpPORHU-
MOCTb OJHOTO MHOXecTBa ¢OpPMyJ M HENOPOAMMOCTb JAPYIOro.

TlouaTus BeiuucAMMON (PYHKUHH, MOPORMMOTO M paspelly-
MOI'0 MHOMKeCTBa TECHO CBfi3aHuI Apyr ¢ ApyroM. OnHy u3 raas-
HBIX TAKHX CBsi3ell BhIpaXKaeT KPUTEPHH paspellHMOCTH MHO-
KecTBa; MHOXKecTBo A, pacrnonoxensoe 8 aHcambne W, pas-
PEIINMO TOTAA ¥ To/IbKO TorAa, Korna A € Gen (W) n W\ A €
€ Gen (W). OueBupHO, 9T0 Pa3pelIHMOCTE MHOMKECTBA 3KBHUBA-
JIeHTHa TaK:Ke BbIYMC/IHMOCTH ero XapaKTepHCTHUeCKOH (yHK-
uud. JIpyrae cBA3H ABIAIOTCS NPOCTHIMH CJEACTBHAMH yKa-
3aHHLiX B § 1.5 cooTHOeEHuil MeXAy aJITOPHTMaMH H HCYHC-
JIEHHAMH.

Tag, GYHKIMSA BbMHCAHMA TOTAZ M TONBLKO TOrAaa, KOrxa
OHa, paccMaTpuBaeMasi KaK MHOXKecTBO map, nopopuma. [lo-
STOMY NMOPOXHMOCTE MOXKET GbITh HCIOJIE30BAHA NJIA Ompejesne-
HHSi TOHATHS BHIUMCAUMOH QYHKIHMH. 3aMeuaTeNbHO, 4TO TaK
H 06CTOAJIO JeN0 ¢ NEepPBOHAYaJLHBIMH ONMpENCNEHHAMH 3TOrO
noustus. Ileperie (XpOHOJNOTHYECKH) ABa BapuaHTa (opmans-
HOTO ONpeAesieHHs NOHATHA BBIYHCAMMOH QYHKIHH KaK pas u
3aKMI0YJHCh B OTOXAECTBAeHHH (mpepnoxeHHoM UYépuem,
cM. [Uépu, 1936]) sbramcanumbix GyHRUMEA ¢ QyHKuMAMH, 0O~
poXjaeMuIMH (KaK MHOXKECTBO [ap) HCYHC/AEHHEM CrelHasb-
HOrO BHJAa. B nepBOM BapHaHTe HCNONbL30BANOCH HCUHCIEHHE
A-xousepcun Uépua — KiuHu, BO BTOPOM BapuaHTe — HCYHC-
nenue Ip6pana — épena. B cBoo ouepens, NOpPORHMbBIE MHO-
KecTBa MOTYT ORITB ONpeNe/eHbl:

1) KaK 06/1aCTH ONpejeNieHHa BEMUCTUMBIX QYHKIMI;

2) KaK 06JacTH 3HaYeHHH BBIUHCIHMBIX QYHRUHIE;

3) KaK MHOXKeCTBa, ABJIOUIMECS MYCTHIMH MM 0BJacTaMH
SHAUGHHH BCIOAY ONPEJEJNEHHBIX BHIYHCIUMBIX QYHKIHA.

10 no3BOJAET NPH H3JNOKEHHH TEOPHH aNTOPUTMOB BooOie
06XOMUTBCH 6e3 MOHATHA HCUHCHEHHA (TAaK Hesaer, HalnpuMep,
Pomxepc B [Pomxepc, 1967]).
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IlBa moGeIX GeCKOHEYHRIX NMOpOAMMEX MHOxectsa W u W’
H30MOP(HEL: CYMECTBYET OXHO-OZHO3HAUHOE BHIUHCIHMOE 0TOG-
paxenne u3 W Ha W', BBIYHCITHMOCTb 3TOrO OTOGpaXKEHUA Blie-
9eT BRMHCJAHMOCTH 06partHoro oto6paxeHus. [IpH TakoM u3o-
MOpdH3ME KamIoe MOPOAHMOe (COOTBETCTBEHHO Pa3peltiMoe)
NOAMHOXKeCTBO W COOTBETCTBYET HNOPORMMOMY (COOTBETCTBEH-
HO paspemuMmoMy) moxampoxkectBy W'. 310 coorBercrsHe HH-
AYIHpYeT OueBHIHOE B3aHMHO OZHO3HAYHOE COOTBETCTBHE MEXK-
xy Gen (W) u Gen (W'). .

Mycte teneps X usomopdro X', a Y usomopduo Y'; cor-
JIAaCHO 3THM H30MOpOHM3MaM, KaXAasf BeIYHCANMAA (QYHKIHA
u3 X B Y coorsercTByer BeiuucauMoit ¢pynkuun u3 X' B Y,
taK, yro Mexay Com (X, Y) u Com (X', Y') Takxke BOSHHKaeT
€CTECTBEHHOE B3aWMHO OJHO3HayHoe coorsercTBue. CiejoBa-
TEJIbHO, NP M3YYeHHH MOPORMMBIX MHOXECTB H BBRIYMC/IHMBIX
dYyHKUHA MOXHO QUKCHPOBAThH CcrelHalbHEIE MOPOAHMBIE MHO-
xecrea W, X, Y u paccmarpuBark TOMbKO mojmHoxectBa W
u dynknun u3 X B Y. Yacro N¥ Gepercs B kauectee X u W, a
N — B kauecrse Y. [Ipu Taxkom nogxofe HpexMeTOM TEOPHI!
BBHIMHCAUMBIX (DYHKIHMIH OKa3bIBAeTCs CeMEACTBO BBIYHCIMMBIX
dyuxuui tuna NS —N (as Beex s).

Kaxpasn ¢pyukuus, npusamnexamas U & (N5, N), Hase-
§=0

Baercs uucao08oti. VsyueHnue BBIYMCAUMOCTH YHCAOBBIX QYHKIM i
Wrpaer LEeHTPaNbHYIO poJb B 06l TEOPHH anropuTMOB. AHa-
JIOTHYHBIM 00pa30oM MpH PacCMOTPEHHMH MOPOJHMMBIX MHOXKECTB

@
MOXHO OTPaHHUHTLCH MHOXECTBaMH H3 U QN:; STH MHOMecT-
$=0
Ba TaKkxe Ha3bIBAIOTCH 4UCA0BBIMUL.

INopasutensHo, 4TO KJace BceX BHIMHCAUMBIX (B HHTYHTHB-
HOM CMBICJIE) 9HCIOBBIX QYHKIHMH JONYCKaeT TOYHO® MaTeMari-
4eCKoe ONpejesieHHe, W JaKe MHOTO TakuX OlIpejeneHuf,
A. T1. Epwos B [Epmos A., 1982a] paspenser atu onpepene-
HHA Ha aJrOpUTMHYECKHe, JOTHYecKHe, QYHKUHOHaJbHBE H
apudvernyeckne n numier: «CraJKHBasfCh C PasHOOGPa3HBIMM
onpejesieHUAIMH BBIYHCIHMOCTH, Mbl OOGHapy»XuBaeM, 4TO 3TH
onpeleseHns He 00bACHSIOT HaM, 10YeMy OHH OKa3biBalOTCH 3K-
BHBaJIEHTHBIMHY.

B § 1.1 mpi, 00 cymecTsy, 3aHUMANUCh alTOPHTMHIECKUMH
omnpeaeneHunMy, B § 1.8 safiMemes pyHknuoHanbHEM, Kaxnoe,
BooOine, ¢opMannHOe OINpefie/ieHHe BBIIEATET CpPeH BCeX
GYHKUME 1aHHOLO BHAZ HEKOTOPBIH MOAKJace — Hanpumep,
cpenu BCEX GHC/IOBBIX (DYHKUMHA BHIZEIAIOTCT 4aCTHIHOPEKYp-
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CHBHBIE. YTBepxKJEeHHE, 4YTO BbUIENEHHBIA MOCPEACTBOM pac-
CMaTpUBaeMOro onpesieJieHus NOAKNAcC COBMNALaeT ¢ MOAKMaac-
COM BceX. BBIUMCAUMBIX (PYHKUMA JaHHOrO BHAa, o6pasyer Te-
auc Yépua (usm tesuc Uépua — Triopunra — [Tocra — Kau-
HH, cM. § 1.2) ans paHHOrO ompefeseHus.

B [TTocr, 19361 Iloct HasBal yTBep:kAeHHE O COBNAJEHHU
ABYX KNaccoB (YHKNHH (PEKYPCHUBHBIX M BBIUHCHUMBHIX) «pa-
Gouell rumoresoi» U RoGasua: «B peficTBuTENbHOCTH paora,
npopesnanHaa Yépuem u ApyruMu, npuBesa K TOMY, UTO 3TO
COBMajieHNe yike Hepepocso cragvio paGouedt runoresnl. Of-
HaKO 3aMaCKHPOBATh 3TO COBNaJeHYe, BKIIOYUB ero B OTpesee-
HHUe, 3HaUUNo 6Ll CKpbITh (aKT (yHIAMeHTaNbHOrO OTKPHITHS,
Kacalolerocs orpasuueHHoctH cnocob6Hoctu Homo Sapiens
K MaTeMarH3alHuH, M 3aCAOHHThL OT Hac HeoGXOZHMOCTb IOCTO-
SIHHOH NpOBEpKH 3TOr0  COBNANEHH».

Tepeuucaumoe MHOMECBO — 3TO JUGO MHOXKECTBO 3Ha-
YeHHil BCIOAY Onpefie/leHHOH BLIYMCAUMOM (DYHKUMH HATypalb-
HOro aprymeHra, iu60o IyCcTOe MHOXKeCTBO. B CHJy yTBepxze-
Hua 7) u3 § 1.5, Kaxkxoe nNOPoIHMOE MHOKECTBO NEPEYHCIUMO,
Takum o6pasom, o6e Teopemnr ['énesisi, OTMeueHHBIE BHIile,
MOXKHO chopMyIUPOBATL B TEPMHHAX NEPEUHCIUMOCTH H He-
HepevHCAUMOCTH COOTBETCTBYIOIMX MHOXecTB, [lo npuuunam,
OTMEUEHHBIM BBIIE, U3ydeHHE NepevyHcJUMBIX 4 K € JI O B B X
MHOKECTB NpejcTaB/ifeT cleluanNsHEIH HHTEpEC,

PaccmotpuM Temepr MeTpUUYECKME AacleKThl BBENEHHHIX B
JlandoM naparpade nouaruit. Bee Berucaumbie GyHKIMYH MOXK-
HO KJaccuuUUPOBaTh MO «TPYAHOCTH» UX BHIMHCJIEHHA (a BCe
NOPOAMMBIE MHOXKECTBA — IO «TPYAHOCTH» HX NOPOMXKAEHHS).
CrpemJienne K Takoil KiaaccHduKauuu GbIO OXHUM K3 OCHOB-
HBIX MOTHBOB BBeJleH! sl NOHATHH BpeMeHHOH ¥ eMKOCTHOH CJIOXK-
voct. s 3apaHHOM BHLIMMCJAMTEJbHOH Moleau Y 3aJaHHON
«BepXHeH OIeHKU CJOXKHOCTH» ONUH KJacc TaKo¥ Kaaccuduka-
nuu obpasyror Bce GYHKIMM HJM NPefuKarthi, AJIs KOTOPHIX
CYIIECTBYET aJrOPHTM UX BBIUHCJAEHUS CO CJIOKHOCTBIO, He
npeBocXofsmell JaHHOH ONEHKY.

B KxauecTBe OuEHOK, Kak IpaBHJO, pPaccMaTpPUBAIOTCA
GyHKIMY, 3aBUCAIME TOJABKO OT JIMHBI CJOBa-apryMeHTa;
B 4aCTHOCTH, HHTHPYEMbIe lasiee TeopeMbl GbLIH T0Ka3aHb! MMeH-
HO A5l TaKuX GYHKIUH (TeM He MeHee MHOTHE H3 HUX CHpaBej-
JIUBBI H 6€3 3Toro NpeAnosokeHnus). Mol He BUAMM CMbIC/IA B
TOM, 4TOOHI 3apaHee CyKUBaTb TaKMM 00pa3oM KJjacc OieHOK
(em. Takxke § 1.17). muny cnoBa x B Hactosiem Daparpade
MbI 0Go3HauaeM I (x).
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Bcee .onpenenesus u TeopeMe! 3Toro maparpada OTHocATCA
K BpeMeHM H EMKOCTH BBbIYHCJEeHUI Ha MHOrOJIEHTOYHRIX Ma-
umHax ThlopuHTa, OnpejeleHve KoTopbiX jgasajock B § 1.6.
JIume B camoM KoHIe, o6CyxKaan Kaacchl P U NP, Mbl yIoMsi-
HeM HeKOTOpble JPYrue BRYUCAUTENbHBIE U MOPOXalliue Mo-
ReJiu.

INpexne yem chopMyaupoBaTh TEOPEMBl O BDEMEHH H eM-
KOCTH BBIYMCJIEHMH, JaZuM HeKoTopeie ompeneneHud. B ka-
YyeCTBE BePXHHX OLEHOK MBI 6yZAeM no GoJbllel yacTH paccMar-
pHBaTL KOHCTPYHUDPYyeMble (10 eMKOCTH HJIH BPeMeHY) GYHKLMH.
Bcroay onpeneneHHas ¢yHKuua f, apryMeHTH KOTOPOH —
cjoBa KaHHoro andasuTa, a 3HaYeHUS — HaTypasbHHE YHCAa,
Ha3LIBAeTCH KOHCMPYUpyemol no epemexu, eclu CYILECTBYeT
MHOroJleHToYHas MaluvHa TploOpyUHra, BpeMsa BHIUUCJAEHUS KOTO-
poil Ha Bxoje X coBnaiaer c f(x). Pagymeercs, aHamoruuHoe
OlpeneseHHe MOXKHO AaTh M IJif JIOCOH APYro# BLIUMCIHTENb-
HOH MOJENH, 3aMEHMB MHOTOJIEHTOUHHle MamuHnl TplopuHra
Ha MalInHel 3ToH Mozesu. Mbl onpefeauis KOHCTPYHPYEMOCTD
o BPeMeHM TaK, Kak 310 clejaHo B [Axo, Xonkpodr, ¥Yib-
maH, 1974, ynp. 11.1].

Hpyroe onpeneneHue KOHCTpyHPyeMocTH (NpUBoAfwiee K
IApyromy, Xorfi H OJM3KOMYy NOHATHIO) opopMylupoBaHO B
[Cincenko, 1981, rai. 1, § 1, n. 1} ¢pyHKkuus HasbiBaercs KOH-
CTPyHpyemoll IO BpeMEHH, ec/JM BpeMS ee BhLIUMCJICHHA Ha
Jo60M apryMeHTe He NIPEBOCXOJUT €¢ 3HaYeHHs Ha 3TOM apry-
menTe. B [Axo, Xonkpodr, Yasman, 1974, § 10.1]1 onpegens-
eTcq TaKKe KOHCTPYUPYeMOCTh o eMKOCTH; BCIORY ONpeneseH-
Haa GYyHKOHA, apTyMeHTHI KoTopod — clioBa JaHHOro adda-
BHTa, a 3HaueHUsd — HaTypasJbHble YUCJIa, HasblBAaeTCH KOH-
cmpyupyemoil noemxocmu, ecy CyIIeCTBYeT MalliHa, eMKOCTh
BBIYMCJIEHN A KOTOPO# Ha BXOZe X coBnajaet ¢ f (x). 3amerum, uto
NOHATHE KOHCTPYUPYEMOCTH II0 €MKOCTH HCIOJNL3YeT B CBOEM
onpefieleHUY MOHATHE eMKOCTY BBIYHCJIEHHS, a 3TO NOCJejHee
-MMeJIO y Hac TOYHOe onpeieseHHe TONLKO /15 MHOTOJEHTOUHBIX
mauH ToiopuHra,

B dopmynnpyembix jganee Teopemax GyneT UATH pedb O
KOHCTPYHPYeMOCTH (GYHKIMH ¢ HATypaJbHbBIMH apryMeHTaMmu,
M1 npegnosiaraeM NPU 3TOM, 4YTO HATYPaNbHBIH aPTyMEHT
1 nojaeTcsl HAa BXOJ MAIUMHEL B BUJe n-GYKBEHHOro CJIOBA B Of-
HOOyKBeHHOM alidaBute. Takum o6pasoM, HanpuMep, KOHCTPyH-
pyemocrs dyukunu Tt N-N no emkocrn nast BhuucanTesIs-
Holt MOJEJM «MHOTrOJIEHTOYHbIe MaiiuHL ThlIOpHHTa» o3HauaerT,
yTO CyUIECTBYeT (meTepMUBHUpPOBaHHas) MamkHa ThIOpHHTa,
BXOAHOH asaBUT KOTOpO# OAHOGYKBEHHLIH, M pabora 3ToH
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MalIMHB Ha BXOJZHOM CJioBe JIOGOH MIHHBL n 3akaHumBaercs
npuuem T (1) paBHO MaKCHMaJbHO! M3 AMHH HCNIOMBb30BAHHMIX
y4YacTKoB Ha paBoumux JeHTax.

Kak u cregoBano oxHEaTh, LMAroHajibHas KOHCTPYKLMs
TI03BOJISIET CTPOUTDb CKOJIb YTOZHO CJIOMKHbIE BEIYUCIUMEIE (Y HK-~
uud (1 Jaxe npeaukars). Bosee TouHo, Ans Mo6o# BCioxy
ONpeJleJICHHOM BLIYMCAHMON (QYHKUMH @ H3 CJIOBapHOro aH-
cambns X B N Haiizercs Takoe paspelnMoe MHOXECTBO CJIOB
A, 4TO BCSKAs MHOrOJIEHTOYHas MawMHa ThiOpUHra, pacmoa-
Halolas MHOXKECTBO A, Jy1st Beex X € X, KpOMe KOHEYHOro 4mc-
713, 6yzeT NpH paGoTe HaXx MCXONHBIM JaHHHM X 3aTPAYHBATH
BpeMs K €MKOCTb, peBocxogsmue ¢ (x) [Tpaxten6por, 1967,
ra. 11, § 5, Teopema 14].

[NpunnunuanbHas BO3MOXKHOCTL KJacCudHKalHu obecne-
YMBaeTCs TaK HashiBaeMBIMM meopemamu o6 uepapxuu. Teope-
Ma o6 vepapXuu LIS 3alaHHON CJIOKHOCTH (BpeMeHH /M eM-
KOCTH) YKa3blBaeT, KAKOe YMEeHbIUIEHUE BepXHEH OEHKH CJIOXK-
HOCTH TNPUBOAMT K YMEHbINEHHIO KJacca QyHKuu# (WIx npe-
AHMKAaTOB), BHIUMC/MMBIX C TaKoM CJOXKHOCThlo. [lepBasi Teope-
Ma 06 uepapxuu npuHajiexkutT LlefiTuny H KacaeTcsi BpeMmeHH
pa6oTbt (YHCsIa mAaroB) HOPMANbHEIX -anropHdMOB (cM. [SIHoB-
ckasq, 1959, c. 45)).

Bee nmpuBopuMble HiKe TeopeMel 06 HepapXHH OTHOCATCH
K CHOXHOCTY BBLIYHMCJIEHHH Ha MHOTOJEHTOYHBIX MamiMHax
Tolopunra (B 4acTHOCTH, NOX KOHCTPYHPYEMOCTHIO [0 Bpeme-
HY MJM eMKOCTH NOHUMAaeTc KOHCTPYHPYEMOCTb Ha 3Toft
MoOZiesIM), XOTHl, pasymeercsi, aHAJOTHYHLIE BONPOCH MOIYT
ObiTh  cpopMysIHpOBaHM M AJA  Jaioboft Apyrod BhMHCHM-
TEJBHOH MOJEJH, KaK TOJNBKO OYAYT Onpexe/ieHnl NIOHATHA Bpe-
MeHH M eMKOCTH BBIYHCJEHMH Ha TOH MOEeH.

Teopema 06 MepapxHH MO eMKOCTH COCTOHT B CJeAYIOLIEM
(cM. [Ceiipepac, 1977]). Tlycts S — HekoTOpas KOHCTPYHpYye-
Mas mo emkoctd dysruMs N —N u nycrs S; — npoussoabHan
dyHKIHA, YAOBJIETBOPAOMAA YCJIOBHIO iﬂ%%:o; TOTAA
CYIIECTBYEeT MHOXKECTBO CJIOB, PAcHO3HABAEMOE C EMKOCTHIO
S (I (x)) u He pacno3HaBaeMOe C €MKOCTBIO, OTPAHUYEHHOH HYHK-
nvefrt S; ({(x)). Takum o6pasoM, Xapakrepuctudeckas ¢yHK-
M 3TOro MHOMKECTBAa NMPUHAMJIENKUT KJacCy, ONpPEleJeHHOMY
BepxHe#l oneHkolt S (I(x)). OrMerum, uTo MOGOE MHONKECTBO,
pacnossaBaemoe ¢ emrocTwio o (log log [ (x)), pacnosnaBaemo
¢ Hy#aeBoli emkoctbio (cM. [Xonkpodr, Yapman, 1969, Teope-
ma 10.8]). 310 o6cTOATENBCTBO HE NPOTUBOPEUUT CHOPMYJIH-
poBaHHOM TONBKO YTO TeopeMe o6 HepapXuM, Tak Kak He Cy-
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IIeCTBYeT HeOrPAHHUYEHHBIX KOHCTpYUPYEMbIX IO  eMKOCTH
byukuuii S, aaa kKoropuix S (x)=o (log log [(x)).

Teopema o BpeMeHHOfl HepapXHHM BHINIAZAT CJIEAYIOUWIHM
ob6pasom, Ilycts T — HekoTOpast KOHCTpyupyemas 1o BpeMeHH
¢yskuua N—N u T (n)>n. Ilycrs, nanee, T; — HekoTopas
dynkuua N —N, yrosnersopsowas ycuoBuio

lim Ti(m log Ty (1) _
n>w T(n) ‘

“Torza cymecTByeT MHOMKECTBO CJIOB, pacio3HaBaeMoe C Bpe-
meHeM T (I (x)) ¥ He pacnosHaBaemoe C BpeMeHeM, OrpaHHYeH-
seM Ti(! (x)) (cm. [Celidepac, @uuep, Meitep, 19781). Ins muo-
rux GyHKOuH, OpelcTaBJsIONMX NPAKTHUeCKUHA HHTepeC, Ha-
NpuMep MOJUHOMOB ¥ SKCIIOHEHT, B NpedplAyliell Teopeme
MOKHO 3aMeHUTh log Ha log*, rae a —¥pousBosibHOe MOJOKH-
TeJIbHOE yMeso (eM. TaM xe). HeussecTHo, MOKHO JIH 3TO cle-
JaTe B ofiiem ciayuae.

«[Tpegen TounocTH» KiaaccHHKAUK BHIYMCAMMBIX PyHKIIH
TI0 BpEeMeHH BBIUHCJICHUH AAeT meopema 0 AUHEUHOM YCKOPEeHLLL
(cp. [Xonkpodr, Yasman, 1969, § 10.3]), xoropyw mis pac-
CMaTPHBaeMbIX HaMH MHOIOJIEHTOYHBIX MaluMH ThIOpHHra c
BXOZHBIM H BHIXOZHBLIM YCTPOHCTBAMH MOXHO U3JIOXKHTH CJe-
AytowiuM o6pasoM. [lyeTe ¢ — NPOU3BOJBHOE NOJOKUTEILHOE
uucao. Eenu ¢ysknus f moxer GbiTh BhIUKC/IEHA 3a BpeMs,
orpanudensoe ¢ysxkumesi 7, To 0Ha MOXeT ObITH BRIUMC/IEHa U
3a BpeMs, orpanuuenHoe ¢ynkuuest max {c7T, (1-+¢) ({(x) +
+1(f (x))) }; 3mech | — annHa cioBa. [Tepsas Teopema o JnHel-
HOM YCKOPEHHH (AJIi HOPMAaJILbHEIX anropH(pMoB) Obina moJy-
vena LlefituseM (cm. [SnoBckas, 1959, c. 441, [Ue#run, 1971,
Teopema 2). :

IloTpe6HOCTH NPAKTUKH CTUMYJIHPOBAAY H3ydeHUE KJIaccoB
QOYHKUMH, MMEIOMMUX OTHOCHTENbHO HeGOJbIIYIO CJOKHOCTh
BhIUMCJeHYsi. MOXHO, CKaxeM, paccmarpuBaTh Bce DYHKIMH,
BLIMHC/AMMbIE Ha MHOTOJNIEHTOYHBIX MailiuHaXx TbIOpHHTa 3a
JuHefiHo 3aBHcAINee OT JJIMHH BXoAa Bpemsa. (O6bluHO HX Ha-
36IBAIOT TPOCTO QYHKYUAMU, GLIMUCAUMBIMU 3a AUHElHOe 8pe-
M5, B aHAJIOTHYHEIX CUTYanMIX B JaJbHEHIIEM MBI TaKxKe Gylem
OIYCKAaTh CJIOBA OT AJHHE! Bxogay.) C apyro#l cTOpoHbl, BpeMs
BBIUNC/ICHHA GOJIBILIMHCTBA NMPAKTHUYECKU MHTePECHBIX QYHKUHEH
€ NOMOIIbI0 H3BeCTHRIX ajJropUTMOB OrpaHUyeHO He JIMHEHHOH
¢yBKIue, a noNMHOMOM. BpeMsl BRIYHCIEHHA CYNEPIIO3UIIUH
JBYX TakuX GYHKUHUHA, KOHEYHO, TAKIKE OrPaHHYEHO HEKOTOPBLIM
IOJMHOMOM; CTENEeHH TAKHX NOJHHOMOB MOTYT OBITH MPOU3BOJMb-
HoiMu, Takum 06pa3oMm, MBI NPUXOAUM K ONpefesIeHHI0 OLHOTO
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H3 CAMBIX BAXHLIX K/IACCOB BEIYHCIIHMBIX QYHKUHH, a umenno
KMacca . Knacc P COEEPIKMUT Te M TOJLKO Te (cnonapam‘é)
GYHKIHME, KOTOPHe BBIYHCAMMEl 32 NOJMHOMHMANbHO OrpaHu-
genHoe (OT AJTMHLI BXOZa) BPeMs Ha MHOTOJIEHTOUHBIX MallHHAax
TrlopuHra.

To e oGo3Hauenue McHosb3yercst A/l COOTBETCTBYIOUEro
KJacca npepukaroB (1 MHoxectB), cM. [Axo, Xonkpodr, ¥Yib-
maH, 1974]. Kak mb! Bugenu B § 1.6, mobast cioBapHas QyHK-
sl U3 Kjacca.J MoxKeT ObiTh BRIUACIEHA Ha MHOrOJIEHTOYHOM
mamHe ThlopuHra ¢ ofiHo# paGoueit eHTOH 3a BpeMs, He mpe-
BOCXOJAIlICE HEKOTOPOro HOJUHOMA; IOITOMY NpH onpefele-
HHH KJacca 5 MOxKHO ObuIo GBI OrPaHUYUTHCA TOJLKO TAKUMH
MalUuHaMH.

Mei onpefieuaiy, Kak 3To ofbIYHO U jejaercs, Kjace P
LJst caoBapHEIX GyHKug#. OIHAKO CTOJIb 2Ke eCTECTBEHHO MOX-
HO BBecTH KJjacc P njs ¢yHkuuii us X BY, et X u Y —
aHcamG/iM KOJIMOrOPOBCKMX KOMIleKcoB (o6a — OpPUEHTHPO-
BaHHHIX MJM 00a — HeopueHTHpoBaHHBIX). MMmenHo, Kiacc
X —Y — P (nns puxcupoBanusix X u Y) ofpasoBaH BceMH
GyHRIMAMH, BelyHeauMbeiME X — Y -ajroputmamu KoJmoropo-
Ba 3a Bpems, He NPEBOCXOAsINee NOJMHOMA OT 4uC/Ja BePIIMH
BXOXHOTO KOMIUIeKca. BosHUMKalomy# KJjacc He H3MEHMTCH,
€CJY 3aMEHHTh B NPHBEJEHHOM ONpelejieHUH YHCJIO BeplIHH
KOMIUIEKCa Ha HOPMY KOMIIeKca — MPU TOM YCJOBUM, UTO
paccmaTpuBaeMasi HopMa oGaamaer csoficrsamu (I1) u ([12)
u3 § 1.6. deso B ToM, 4TO BCE TaKHe HOPMBI NOJMHOMHAJBLHO
CBf3aHHI ¢ YUCJIOM BepIIMH (OHH — € TOYHOCTBIO 10 MYJBTHILIH-
KaTHBHOH KOHCTAHTH — HE MeHbile 3Toro gucja ¥ He 6oJblie
ero KBajpara).

Taknm oGpa3om, Mhl NPUXOAUM K ONPefesIeHHIO Kjacca P
AJs GYHKIMH, apryMeHTaMd H 3HaueHHsIMM KOTOPBIX CJIyKar
KOJIMOTOPOBCKHE KOMILJEKChl. Tak Kak cJjoBapHble aHcam@iu
€CTeCTBEHHO BKJIAXBIBAIOTCA B NOAXOAAIIME aHCAMOJIH KOJIMOro-
POBCKHX KOMIIEKCOB, MBI MOJIy4aeM 1/ CoBapHbIX (QyHKIMA

_JiBa OTpefieJIeHusl — HUCXOJAHOe, B TePMHHAX MHOrOJIEHTOYHBIX
MmamwuH ThIOpHHTA, H HOBOE, BO3HHUKAIOILEE NPH OTOXKJECTBJe-
HUM CJIOBApHBIX (GYHKIHH H COOTBETCTBYIOILMMH (DYHKLHAMH
Ha xoMmJeKcax. Kak u cJez0BajIo 0:KHAATh, OHY OKa3bIBaIOTCH
3KBHBAJIEHTHLIMH. B HTore o6osHavenye $ Ml 3aKpelviseM 3a
obbequHeHHeM KnaccoB X — Y — P, BOSHHMKAIOWMX INIPU BCe-
BO3MOXHBIX aHcamb6nax X u Y.

BaxHylo pofib Urpaer TaKKe Kiacc MHOXKECTB, mopoxjiae-
MBIX OZHONOCHITOUHBLIMH HCYUCIeHUAMH KOJIMOTOPOBCKOrO THIIA
8a MOMYHOMHANBHO (OT YHCJ]A BepIUHH MOPOKIAEMOro 3JeMeH-
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Ta) orpaHnueHnoe uyucho waros. (Bes H3MeHeHUs BO3HUKAlO-
MEro KJacca MHOXECTB MOXHO 3aMEHHTh YHCJIO BEepLIHH Ha
KaKylo-1160 HopMy Ha aHcaMm0Je KOJMOTOPOBCKHX KOMIUIEK-
CoB, yroeneTBopsomyio yemosuam ([11) u (I2) u3 § 1.6, cp.
CKa3aHHoe Bhlle.) AToT KJacc obo3Hauaercs o P. TpaauinuonHo
KJacc f'P onpejensercsa /s CJAOBapHLIX MHOKECTB KaK KJacc
MHOXECTB, paclo3HaBaeMBIX 3a NOJUHOMMaJbHOE BpeMs Ha
TaK Ha3bIBAaEMHIX HeJeTepMHUHMPOBAHHBIX MaiuuHax ThlOpHHra
(orciona mneppas GykBa oGo3HaueHus of'P); cm. [Axo, Xon-
Kpodr, ¥Yaeman, 1974, § 10.2].

Jns cnosapHEIX MHOMKECTB MOXeT GHIThL JaHO H Apyroe on-
penenenue KJjacca of’ P, paBHooGBEMHOE TPaRUIUOHHOMY . MIMeH-
HO, (UKCHpYeM CTaHJAapTHOE BJOKeHUE JAHHOrO CJOBapHOro
ancambssi B aHcaMG/Ib HEOPHEHTHPOBAHHBIX KOJMOTOPOBCKUX
KOMILIEKCOB H OTHECeM K RJ1accy oJf'P 7e,c/IoBapHbLIE MHOXECTBA,
KOTODbie TPU 3TOM BJIOKEHUH NepeXoiAT B MOAMHOXKECTBA dH-
caMO6Jia KOJIMOrOPOBCKHX KOMIWIEKCOB, NpHHajA/Iexaiue Kjiac-
cy N P. Hakonen, MOXHO ONpefesMTh KJacc CIOBapHBIX MHO-
KeCTB U3 of"F KaK COCTOSIUH U3 BCEX MHOMKECTB, MOPOKAAEMBIX
rpamMmatiKamy XoMckoro THRa 0 3a NOJIHHOMHMAJNLHOE YHCJIO
IIaros.

OnuceiBast cutyanmio Gosee feTalbHO, MOXKHO, pasyMeercs,
KaK 4 B cllyyae KJjacca &, onpelesuTs CHayanla Kaacc oV’ P nist
KajKJoro OTHeJbHOro aHcaMbis, a IOTOM B3ATh B KauecTBe
NP obbenvBeHue NOJYYEHHBIX KJacCoB.

C TOYKH 3pEHHA «IPAKTHYECKOIl», «OJHHOMHANLHOMN» Teo-
PHH aNTOPHTMOB H HCYHCIeHUH KMacCH P H of' P nofo6Hb! Kiac~
CaM paspeunMbIX H IOPOJAMMBIX MHOXKeCTB, [IpiMeph MHOKeCTB
H3 KJacca J:

1) mpoH3BOJILHBI KOHTEKCTHO-CBOGOAHBIH s3bK (cM. [S1H-
rep, 1967], [Banuanr, 19751); '

2) (aas Besixoro d) MHOMXKeCTBO Map H30MOPGHHIX rpados
€O CTeNeHAMH BepUIHH, He npeBocxogamwumu d (cM. [3emasuen-
Ko, KopHeenko, Toimukesuu, 1982]);

3) MHOXeCTBO BCEX CHCTEM JHHEHHLIX HepaBeHCTB C IeJbIMH
KoappunenTaMy, paspellMMBIX B JeHCTBUTENBLHHIX (a cieno-
BaTeJbHO, U B PANMOHaMbHBIX) yuciax (em. [Xauuss, 19791).

[pumepsl MHOKECTB U3 KJjacca oy

1) MHOMKecTBO BceX BHIMOJHUMBIX (GOPMYJ JIOTMKH BbICKa-
suBanuit (B [Venenckuii, Cemenos, 1981] BMecto 3TOr0 npume-
pa GbIT yKa3aH Apyro#, onm6oYHkIH);

2) MHOXECTBO BcexX nap M30MOphHEIX rpadob;

3) MHOXeCTBO BceX JIMHEHHBIX HepaBEHCTB C LIEJBIMH K03d-
¢unHeHTaMH, PaspeiiMbIX B IIEJABIX YHC/IaX.
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Met xoTesu Gbl 3aMeTHTE, YTO MHOTHME HPAKTHYECKH Ba)xm:;
npobiieMbl NpUHaNIexaT NP (B TOM CMBICIE, UYTO MHOMXECTBO
O00BEKTOB, YAOBJETBOPAIOIIMX YCAOBUAM NPOOGJeMbl, IBASeTCS
MHOKeCTBOM H3 Kjacca f'P). SlcHo, uto PN P. [Ipobiema,
BEPHO JiH, 4To P=N'P, aABIsdercH BaKHelulel HepelleHHO
npoGiaemoit. Bonpoc o coBhnajeHUM 3TUX KJaccoB BechMa Ba-
JKeH, OH MMeeT CllefyiOllee COAEpXKaTe/IbHOE HCTOJIKOBAHHE:
«OTHOCATCA JIM NPAaKTHUECKH BO3HUKAIOWIME 3ajaud (3ajavd
KJ1acca of'P) K Kijaccy peaipHO pellaeMbix (K Kjaaccy P)?»

Bornpoc o coBnajeHHH KJaccoB P U f'P MONKET CTABHTHCH
OTAGJNBHO /Il KAXKIOTO CJI0BapHOro aHcaMGJasa M 1/ KamJoro
ancambma KOJMOTOpPOBCKMX KommiekcoB. Ho, Kak HerpyaHo
BUJETh, YTBEPAUTENbHOE HJIH OTPHUIIATEJLHOE PelleHHe 3TOro
Bofpoca /IS JoGoro K3 CJOBapHbEIX aHcambiell (andaBHT Kax-
JOr0 U3 HHUX, HAaOMHHM, COJEPIKHUT He MeHee ABYX GYKB) HJR
I Ji:o6oro U3 TaKMX KOJMOTOPOBCKHX aHcamGJedi, asgpaBHT
KOTOPHIX COJAEPKUT He MeHee Tpex 6yKB, a Yucjo, OrpaHuuy-
BaloIee HCXOASALLYIO CTENeHb BEPIUMH, TaKxkKe He MeHblle Tpex,
BJeYeT 3a coboil ero peiueHue (B Ty jKe CTOpPOHY) M AJf Bcex
YIOMAHYTHIX aHcambJes.

§ 1.8. Tonstue u-pekypcuBHON GQyHKUHH
Kax cka3sano B § 1.7, usyuenue xaacca { Com (Ns, N) ss-
s

Jifierca BaxKHOH 3afauel. 3TOT Kjacc onpejeisercd Kak KJjacce
BceX BBIYHCAHUMBIX YHUCTOBBIX GYHKuMA. BhluMcIUMOCTE 31eCh
NOHHMAETCA B MHTYHTUBHOM CMBIC/IE Ha OCHOBEe HedopMasb-
HOT'O MAareMaruueCKOro NOHATHS aJropurMa. MOKHO CYMTATh
(cM. § 1.7), 4To K H3YYEHMIO TONBKO UYHUCMOBEIX BHIYHCIAUMBIX
GYHKIMA CBOXMTCH BCA NECKPUNTHBHAS TEOPUS BBHIUMCTHMBIX
GyHKRIUH.

3ameuareNbHbBIM H HEOXKUAAHHLIM (aKTOM SIBJISIETCS TO, 9TO
kaacc U Com (N*, N) moxer 6biTh omucaH B 4UCTO HYHKIHO-

$

HAJBHBLIX TepMHHAX (€3 MCHOJb30BaHHA BBIYUCJIUTENLHBIX HJH
NOPOMXAAIOMUX Mozenell. ITo OTKphITHE NpHHaiAexRUT Kanhu.
Wmenno, Kiminy o0Hapy:KuJ, 4TO MOHATHE BHIYUCIUMOH Teope-
THKO-YHCM0BOH (yHKIUY coBnajgaer no ofheMy ¢ BBEJEHHEIM
UM NOHATHEM W-pekypcusnoll pynxyuu (cM. [Kmuru, 1943)).
Ynorpe6ass TEPMHH «-peKyPCHUBHEIA», MBI CNefyeM, HampH-
gxe]i, mosorpadpusam [ Xepmec, 1965, ra. 31, [Maprus-Jiép, 1970,
6l.

n-pexypcugras GYHKIUA ONpeNeNsercss KakK 4ucaoBas
HKUusA, NoJlyyaeMas H3 HeKotoporo puKCHpoBaHHOro Habopa
\ p
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npocrefimmMx WMCXOZHBIX (QYHKuuA c NOMOILBIO  TIPHMEHEHU ]
(B mpon3BoJbHOM yMcJIE) NMPOCTEHIMX Onepaiyi, TaKxKe Bbl-
OpaHHBIX H3 HEKOTOPoro ¢MKcupoBanHoro Habopa (cm. [Xep-
mec, 1965, ra. 31, [Manbues, 1965, § 21, [Ycnenexuit, 1960,
m. 2.3, n. 2.7 u n. 3.5]). DTUMH HCXOAHBIMH PYHKIMAMHU CIYKAT
KOHCTaHTa Hy/Mb H QYHKIMS cAefoBaHHa Xb>x-1; aTumu one-
pauHsMH SBJISIOTCA NMOACTAHOBKA (B LIMPOKOM CMBIC/IE, KaK B
[Ycnencku#, 1960, n. 2.3]), npumuTHBHAsA pekypcus M MHHU-
Mu3anus (HasHBaeMas TaKme p-omneparopom). 1oT (akT, uTo
BO3HUKaIOIlee MNOHATHE (W-PEKYPCHBHOCTL (PYHKIHH) OKA3bI-
BaeTCsl SKBUBAJCHTHBLIM IIOHATHIO BBIYMCIUMOCTH, LeJaeT BO3-
MOXKHBIM H3y4YeHHe NMpPUHIHMMAJBHO HOBOH C JIOTMYecKoH ToY-
KY 3peHHS KOHUeNUHH BBIYHCIMMOCTH CTAHAAPTHEIMU TEOPETH-
KO-MHOXKECTBeHHBIMU N alire6panuecKuMH MeTOJAaMH.

Koneuno, cucrema ¢hysruuil ¥ onepauuii, Bxogsinas B onpe-
JefieHne (-pPeKypPCUBHOH (YHKIHHU, He fABJseTcs eAUHCTBEHHO
BO3MOXKHOH. Hanpumep, c ToukY 3peHHS NPaKTHYECKOIo Npo-
rpaMMHpOBaHNs eCTECTBEHHO B KauecTBe Haopa onepauui
B3ATb BCC oNepaupyy, 3ajaBaeMble OINEPaTOPHBIMH CXeMaMH,
HaGopu! nmpocrefimux ¢ysxiinéi, nossossiomue B sT0f curya-
IIMY TOJYYMTH BCE BBIYMCAUMBIE (PYHKuMH, nmocTpoeHs! B [Ep-
woB A., 1960]. EcrecTseHHo BO3HMKaer 3aaya HaXOMKIEHUA
yCNIOBUH, NPU KOTOPHIX 33JaHHaf cucreMa GyHKHUH U onepa-
LIYH NO3BOJSeT NOPOJMTL Bech KJAcC BBHIUHCAMMBIX (yHKuuH
(4 He NMopomUTH HUYEro JHIIHero). JjiA ciayuasi, Korja cHcTe-
Ma onepaunuii COCTOMT M3 BCeX ONEPATOPHBIX CXeM (Ipyrumu
C/loBamMH, U3 BCeX CTAHNAPTHHIX CXEM Mporpamm), 3Ta 3ajaua
nocrasnesa 8 [Epwos A., JlanyHos, 1967]. O pewenun ee
yactHoro cayuas cM. B [Hemomuswmit, 1972], (Henomusmui,
1972a].

B nanmbHefimeM MeTOA, MCHOJB3YEMBIH NPH ONpeReNeHHH Y-
PEeKypCHBHEIX (DYHKUMH, MOCHYKUJ OCHOBOH /IS TIOCTPOEHHS
paxa uepapxuil BEIMUCAMMBIX QYHKUMH. ITU HepapXUU He Hc-
NOJIL3YIOT HOHATHA CJIOXKHOCTH BbIUUC/CHHS; B HUX OOJbliMe
KJIacChl ONpeeJIfloTcs Yepe3 MEHbUIHE KJacCH, (uKCUpOBaH-
Hble GYHKIIMH U KaKue-THG0 ONepanyy, TaK YTo Kax sl cleny-
IOIUHE KJacc MoJiyvyaeTcs NyTeM Ao6aBieHUs K TpelblAylleMy
HeKOTopoH YHKIMH U NPUMEHEHHS — B TOM HJIH HHOM YHclle —
HEKOTOPHIX omepauyii. 3ameuaresbHO, OJHAKO, YTO eCTeCTBEH-
HO TIOJTyYaeMble TIPH 3TOM KJIacChl OKa3blBalOTCH TeCHO CBs3aH-
HBIMH C KJlaccaMH, BO3HUKAIOWIMMU B TEOPUH CJIOKHOCTH BhHI-
yncaenudt (cm. [Myunux A., 1970]).

Ecau B onpegeseHuy nepeuncauMoro MHoxecrsa u3 § 1.7
¢JIOBO «BRIUUCTHMas» 3aMEHHTD Ha «p-PEKYPCHBHAAY, HONYTUTCSH
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onpejesneHHe PeKypPCHBHO-TIEPEYUCTHMOrO NOIMHONKECTBA Ha-
typaisHoro psga N. C noMompbio npocrefimero H3oMopdHsma
mexay N u N® onpenemesne pekypCUBHOH MepeyHCIUMOCTH
pacrnpocTpaHsiercs M Ha nopmsoxecrBa N mpu s>2.

§ 1.9. BosmoxkHOCTb apH@MeTHUYECKOro
H jaxe jauodaHTOBA MpeEACTABIACHHS
J060ro NepevHCAHMOr0 4HCJIOBOTO MHOXECTBA

Apudmernueckufi, uIM HOJHHOMHANLHBIH, TePM — 3TO BEI-
paxkeHue, INOJyYeHHOE MpY IMOMOMU ONepalHil CAOKEHUS H
YMHOXEHUSA U3 HaTypasbHBIX UHCEJN M HATyPaJbHBEIX IepeMeH-
HHIX, T. €. NIOJHHOM € HaTypajbHBIMU Kosdduimnenramu. [onn-
HOMHA/BHOE PaBEHCTBO — 3TO PABEHCTBO JABYX MOJHHOMHA/Ib-
Hbix TepmoB. ITosMHOMHANBbHOE PaBEHCTBO C 1 NEpPeMeHHBIMH
onpenensieT HEKOTOPOE f-MECTHOE OTHOIIEHHe Y TeM CaMbIM
HEKOTOpoe MHOXKeCTBO ToueK B N*. D10 OTHOWEHHE H 3TO MHO-
JKEeCTBO HasbIBaloTCsl noauromuarstsisu. OTHOIIEHHA, NOJIY-
yaolpecs 43 NOJUHOMMaILHBIX OTHOUIEHHH NpPUMEHEHHEM
JIO6OT0 YMCJA JIOTHYECKHX CBA30K ¥ KBAaHTOPOB (COOTBETCT-
BEHHO MHOXKECTBa, MOJYyYalomuecs U3 NOJUHOMUANBHBIX MHO-
JeCTB onepauysMu OOBeNMHEBUf, NepeceuyeHHs, NOMNONHEHUsS
H TOpPOEKTHPOBAHNUSA), Ha3bIBAIOTCA apumemuqecKumu. )

Bcakoe pekypcuBHO-TepeuucaHMoOe, a CJefoBaTeNIbHO, H
BCAKOE NEPeYHCIUMOe MHOMXECTBO HATYPasbHBIX YHCeN HJIH
KOpTexel HaTypajbHbIX uydces] GUKCHPOBAHHOH AJIMHEL ABJS-
ercs apudmernueckuMm, 3roT akKT sBISeTcH CNEACTBHEM OJ-
Horo npeiJioxennst I'€nens u3 ero crarey [[épens, 19311, a
HMEHHO NpejJioxenus V, yTBepxJalouero apu(MeruyHocTb
NPUMUTHBHO-DEKYPCUBHBIX OTHomeHu# (cM. Takxke [Kimnm,
1952, § 49]). Ceitaac sicHo, 9To apuMETHYHOCTD NEPEUHCIHMBIX
MHOMKECTB Cpasy BeleT K HeNoJIHOTe apu(MeTvku (BBUAY Ha-
JIMYHS NEepPeYUCcaUMOro MHOKECTBA HAaTYDAJbHBIX YHCeN C Here-
peuHcTUMBIM JoNoJHeHUeM, cMm. Huxe § 1.10).

Ecmy npu nosydeHUM ONMCAHHBIM CrI0COGOM OTHOLIEHHA
UJIM MHOXKECTBAa M3 MOJMHOMHUAJLHOIO OTHOILIEHUA WM MHO-
JKeCTBa YUCIOMB3YIOTCA TOJBKO KBAHTOPH! CYIIECTBOBAHHSA HJH
COOTBETCTBEHHO TOJNBKO ONepauuy IHPOCKTHUPOBAHUA, TaKoe
apu(MeTHUeCKOe OTHOLIEHME WJIM MHOMKECTBO HasbiBaeTcs Ou-
ogarnmossim (cM. [Matuscesuy, 1979], [Maruscesny, 1979al).
B 1953 r. Hetisuc B [deiiuc, 19531 BricKasan rumoresy, 4To
BCAKOE NEPEeYHCAUMOe YUCJIOBOE OTHOIIEHHE (COOTBETCTBEHHO
YHCJIOBOE MHOMECTBO) fiBjfiercA AMO(aHTOBHIM. 3ta rumnoresa
NOATBEPAHNACD.,
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O6 wucropuu ee AokasatenbcrBa Maruscesuy B [Maruscey
Buy, 19798] mumet: «B 1961 r. 6puio gokasano (cM. [[eitsuc,”
[Tyfuam, Po6uncoH, 19611) Gosee caGoe yTBepkIeHue: Kax-
1oe TNepevrc/IUMOe MHOMKeCTBO ABJAeTCA I0Ka3aTeJbHO-AUOS!
aHTOBBIM MHOMECTBOM, T. €. NI Kaxaoro nepevyHCaIuMOro :
MuozKecTBa YN cymecTBYIOT Takue Bhipaxenus K u L, nocrpo-
€HHBIE H3 HATYPa/bHBIX UHCEN U NEePeMeHHBIX @, iy, « « « & C
IOMOLIBIO CJIOXKEHHS, YMHOMKEHHS M BO3BeJicHHS B CTENEHD, 9TO :
a € M roraa v TOMLKO TOrAa, Korja nokasatenpHO-JHo(aHToBO
ypasHeHUe K =L Pa3speulimMo OTHOCHTEJNBHO 2y, . . ., 2,. [loc/e
3TOro AJIA JOKa3aTenbcTBa rumortesnl [efiBuca ocranoce yka-
3aTh CNoco6, MO3BOJAIOMME npeo6pa3oBaTh HPOU3BOABHOE
OKa3aTeLHO-ANO(QAHTOBO ypaBHeHHe B HeKOTOpoe AHodaH-
TOBO ypaBHeHHE, MMEIONIee UM He UMelollee DEIleHUsl OJHO-
BpemeHHO ¢ HuM. Bbuto gokasano ([Po6uscon, 1952]), uro ra-
Koe npeofpa3oBaHue BO3MOXKHO, e€CJH cymecTByer AnodaHToBO
ypaBHeHUe

G(u, Uy 25, oeey zk)=0:

obsagarouiee cJAeayONUMY IByMs cBoHcTBaMu: 1) B moGom pe-
IIEHHU 3TOro ypaBHeHHs U<Iu®; 2) s JMoGoro ¢ CymecrByer
peilieHHe, B KOTOPOM v >’ (Npo TaKOe ypaBHEHHE TOBOPST, YTO
OHO UMeeT 3KCHOHEHHHANBHBIH PocT).

[Ipumep nuohaHTOBA ypaBHEHHS, HMEIOUIErO JKCIOHEHIH-
aNbHBIl  pocT, KOTOPHIf BrepBhie GbT MocTpoer B [Marusice-
Bug, 1970}, 3aBepIUUJ J0Ka3aTesLCTBO THMNOTE3L! O AHObAHTO-
BOCTH NEPEYHCTUMBIX MHOMECTB (IIOJHOCTBIO JOKA3aTeNLCTBO
runortesst [efiBuca uanoxeHo B [Maruscesuy, 19721, [Manun,
1973]). O6parHoe yTBep:KIAEHHE O NEPEYUCHUMOCTH AHOPaHTO-
BBIX MHOZKECTB HOKasbiBaeTcs Jerko. TakuM ofpasoM, Kiacc
NepedanCIUMBIX MHOKECTB COBNAAaeT ¢ KJacCcoM AHOQaHTOBHIX
MHOZKeCcTB», -

Teopema 0 AMODAHTOBOCTH MePeuHCHUMBEIX MHOMKECTB Cly-
KUT HE TOJLKO YCUJICHHEM pe3yJbTara 06 uX apudMETHuHOCTH,
HO OJHOBPEMEHHO H CJEAYIOWIEro pesyJbTata; Jofoe nepeuHc-
JIUMOEe MHOKeCTBO, pacrosioxeHHoe B N¥, MOxHO mnpexcTaBHThb
KaK MPOEKIUIO PAa3pemuMoro (310 paspeuimoe MHOXKecTBO
MOKHO 6paTh Pa3MEPHOCTbIO Ha eURBHILYy GOJbIIe, T. €. U3 gHC-
Ja nogmuoxkectB NS+3; B ciyvae NoJyMHOMHAJLEOIO MHOMKECT-
Ba, NOJJIEKAIIErO NPOCKTHPOBAHHUIO, HNOCTATOUHO NOBHILEHUS
pasmepHoctu Ha 9, cm. [Maruacesuu, 1977], [Marusicepun,
1977al).

M3 rteopeMel o AHOGAHTOBOCTH NEPEYUCHUMBIX MHOMKECTD
JleTKO TOJMYY4eTCsl ellle OfHO 3aMeyaTeNIbHOe NpeJcTaBleHHe
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77151 MHOXeCTB sToro Kaacca (cm. [HefiBuc, Maruscesuu, Po-
GuHCOH, 1976]); BcsiKoe NepedHCIHMOE MHOMKECTBO HaATypalb-
HBIX YHCEN MOKHO NpPENCTaBHTh KaK MHOKECTBO BCEX HEOTPH-
LATENILHBIX 3HAYEeHH# NOAXONAMEr0 MHOTOWIEHA € HEJLIMH
K03(puIHeHTaMHi, NepeMeHHEle KOTOpOro mpo6eraloT Hary-
panbHBIH pAm.

Apudmernunocts, a TeM Gosee nHobaHTOBOCTS J1HOGOT0 MOPO-
JHMOTO MHOXKECTBA HATYPAaNbHBIX YHCEN HEMOHCTPUPYET OCO~
Gyi0 poJib Onmepanuii CJAOXKEHHS H YMHOMEHHS B MaTeMaTHKe
(cp. ¢ Teopemofi TennenGayma B § 2.5).

§ 1.10. MocTpoenHe Hepas3peLINMOro MOPOAHMOrO
MHOXeCTBa

Takoe MHOXKECTBO MOXKET GBITH NOCTPOCHO B NPOH3BONILHOM
aHcambae X. ®unocodckas SHAYUMOCTH Pe3yssTaTd COCTOHD
B BBISICHEHHH COOTHOIIEHHSI MeXIY NOPORHMOCTHIO H paspe-
IIMMOCTBI0, @ HMEHHO B YCTAHOBJICHUH CYIECTBOBAHUS HCUMC~
JIEHHS, JJIS KOTOPOTO HHKAKHM aJTrOPUTMOM HENb3A Onpejle~
JUTh, OymeT JIH NpOHM3BOMLHBIA 3JMemeHT H3 X Koraa-nu6o
nopoxneH. IlpakTuueckas 3Ha4UMOCTb BHITEKAEeT U3 TOro (peHo-
MeHa, YTO BCE eCTeCTBeHHO BO3HHKAlOMe B MaTeMaTHYecKoH
npaxkTuke npobnems! paspemeHus (T. e, npo6aeMsl NOCTpoe-
HHSl paspellaloNUX aJrOPHTMOB) CYTh NPOG/IEMbl paspeuieHns
JJIS TIOPOIMMBIX MHOXKECTB (pasyMmeeTcsi, B CaMofi TEOpHH all-
FOPHTMOB H HCUHC/JEHHH, a TAaKXKe B MaTeéMaTHJYecKofl Joruke
BCTpeuaiorcsl npo6ieMs! Pa3pellieHls U MHOTO, BHICIIETO POZa).

YkazaHHei ¢GeHOMEH dacTH4HO OOBsAcHAercsA, ecaH ofpa-
THTb BHHMaHHe Ha cJefylolmee CBOACTBO TeX MHOXeCTB, IJIA
KOTODBIX MareMaryuecKas npakTHKa CTaBUT BOIpoc 06 HX pas-
PELIMMOCTH: X TOTAA H TOJNBLKO TOTAA NPHHANJIEKHT MHOXKECTBY,
KOTJa CYyLlecTBYeT @, CBSI3aHHOE C 3THM X 8apaHee 8aJaHHLIM
BBIYHCJIHMEIM OTHOLIEHHEM; SICHO, 4TO BCAKOE TaKoe MHO-
®ectso nopoaumo. Ilycrb, Hanpumep, X — puodaHToBO ypas-
HeHHe, 2 W — €r0 penieHHe B HATYPAaJbHEIX UHCHAAX; OYeBHA-
HO, @ CBI3aHO C X BBIYMCIUMBIM OTHOWEHueM (o nape (x,
@) MOXKHO BBIYHC/INTH, ABJISETCS W PelleHHeM LI X WJIH Her);
MO3TOMY MHOXKECTBO BceX IMO(AHTOBHIX YpaBHEHHit, paspe-
IIMMBIX B HATYPaJIbHBIX YHCIAX, NOpOAEMO (HO, cM. § 1.9, He-
paspewiumo).

Hpyro#i npuMep: X — paBEHCTBO JIBYX TEPMOB B CHTHAType
IPYyNmel, a w — BHIBOJ STOr0 PaBEHCTBA B COOTBETCTBYIOMIEM
WCUHC/IRHHH U3 Jo6aBienna K § 1.3; mockosbky no mape (¥,
W) MBI MOXEM BbIUHC/IHTD, ABJIAETCA JH @ BHBOJOM A X HIH
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HeT, MHOMecTBO BceX PABEHCTB, BEPHHIX B paccMarpuBaeMon
rpynne, nopoauMo (paspewiiMoO OHO HJM HeT — 3aBHCHT OT
rpynnel, oM. § 2.1).

CymecTBoBaHHE HEpaspelluMOro NOpOJMMOro0 MHOXKECTBA
HJIH, YTO TO K€ CaMO€, OPOAUMOTO (IIepeuHCIHMOr0) MHOXKECTBE
C HENOPOIHMBIM (HEMepeyHCJIHUMBIM) AONOJIHEHHEM PABHOCHIb-
HO CYIIeCTBOBAHWIO BLIYHCIMMOH (DYHKIMY, He IPOJOIKaeMOH
RO BBIYMCAUMO BCIORY (T. e. Ha X) omnpefeJeHHOH QYHKIMY,
K Takoe MHOXKeCTBO, M Takas GYHKUIHMsS ype3BLHIYAHHO NMPOCTO
CTPOATCSA JMAarOHaJbHLIM METOAOM (cM., Hampumep, [Koamo-
ropos, 1954]).

Hrak, npomezypa mopoxpeHusi MHOxectBa Pc X Moxer
He CONpPOBOXJIATbCA MPOLEAYpoii paspemlenus. Eciu ke cy-
mecTByeT oOnpexeseHHas Ha X Bbyucaumas OyHKuuA, A1d
BCAKOIO 5JleMeHTa X u3 P OrpaHMYMBAIOMAs CJOXKHOCTH €ro
IOPOKACHHS, TO C NPOLEAYPON MOPOXKAEHHS MOKHO CONOCTa-
BHTL TIPOLERyPY paspelieHHus.

CTECTBEHHO BO3HHKAET BONIPOC O COOTHOMIEHHH CJOXKHOC-
TH NOPOXKAEHHA H CJIOXKHOCTH pa3peileHHs1 OLHOIO H TOI'O IKe
mHoxkecTBa. Ilepexons k o6cykneHHIO 5TOr0 Bompoca, (pHKCH-
PYeM HeKOTOpbIH CJIOBAapHHI aHcaMmbslb, B KOTOPOM H Gynem
paccMarpuBaTbh NOPOIMMBIE M paspellyMble MHOXKecTBA. Puk-
CHPYeM TaKie BbIYHCAHTENLHYI0O MOJeNb — OJHOJICHTOUHbIE
Mamyuel TwiopHHra Ge3 BBIXOAHOH M BXOIHOM JIEHT (TaK 4TO
HCXOJHBIE NAaHHbIe U Pe3yJbTaThl 3alHCHLIBAIOTCA U YMTAIOTCH
Ha €NUHCTBEHHOM JIeHTe) W HCYUCAUTENBHYIO MOJeNb — IIO-
poxjaloniie rpamMmatuku THna O (OHHM ke IPOCTO rpaMMaTHKH
no TtepMuHosoruu [Cmankui, 1973]). Onpenerum Bpems Bhl-
qucneHns (B JaHHOM CJyyae — DAaclo3HaBaHWd) M BpeMs NO-
POXIEHHs KaK unC/O Waros (BeMUC/AEHHS H NMOPOXKIEHUS CO-
OTBeTCTBEeHHO). OnpefeNnM eMKOCTb BHIYMCICHHS KaK MaKCH-
MaJBHYIO IJIUHY JeHTsl B BHIMHCAeHHH. ONpPeNeNHM eMKOCTb
BBIBOJIA B IPAMMAaTHKe KaK MaKCHMalbHYIO JTHHY CJIOBA, BCTpE-
qatouierocs B 31oM BeiBofe. OnpelennM eMKOCTbh NOPOXKIEHU A
9JIeMeHTa ¥ B FpaMMaTrKe W/ HauMeHbIIYI0 €MKOCTh BHIBOJA X
B STOH rpammaruke. Torza GYAyT BepHHI clefyiomue yTBep-
XJEHNS, CB3bIBAONINE BBEeJEHHLIE CIOXKHOCTH paspelleHus K
HOpOXKJEHHUS.

(a) Becakoe MHOXKECTBO, paclo3HaBaemoe Ha Hamedl Bbui4AC-
JIATEJILHON MOJENH Co BpeMeHeM, He GoswiiuM T, H eMKOCTHIO,
He Gonbmet S, mMoKeT ObITH NOPOXKIAEHO HEKOTOPHIM HCYHCJIe-
HHeM Halllell nopoxKiaiollellt MOneNH ¢ BpeMeHeM, He GOMbIIHM
¢T, u eMKoCTbIO, He Gonbedl ¢S (roe ¢ — KOHCTaHTa, He 3aBH-
cAMaa OT Pacro3HaBaeMOro 3JeMEHTa).
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(6) IMyctb 3apano HekoTopoe HeunceHye I Hamelt nopoxpa-
omelt momeau. Torma aas sapmaum: «[Jo cnoBamM a, & u YHCHy
k y3Harb, cyuecrByeT au B I' BHBOZ b U3 a, B KOTOPOM [YIMHEL
BCEX MPOMEKYTOYHLIX DPe3yJbTaTOB He NPEBOCXOAAT k» Cyle-
CTBYeT AaJIOPUTM Hamleli BBIYMC/IUTENLHOR MOAENMH, KOTOPLIR
peiaeT 3ajayy C eMKOCThIO, He IpeBocXonsuiedt ck?, rue ¢ He
3aBHCHT OT a, b, k. ,

JlokasaTeNbCTBO yTBePKACHHA (a) MOYTH TPHUBRANBLHO. YT-
Bepx/eHue (6) B HeCKOJIBKO HHOM dopme BbLI0 He3aBHCHMO 10~
kasano Capuuem (cM. [CaBuy, 1970]) u (8 1970 r.) LlefiTuaepM
(cm. [Henomusiuuit, 1974]). GopmyanpoBKa U H0KA3aTeNLCTBO
teopemsl CaBuua — Ilefitina wumetorca B [Axo, Xonxpodr,
Yabman, 1974, rteopema 10.1]; nmpu6nnsurenbHas ¢opMynan-
pPOBKa 5TOH TeopeMbl TAKOBA: MHOMKECTBO, NMOPOXKIJeMOe € eM-
KOCTBIO S, MOXHO PaCIO3HABAThL C eMKOCTBIO S2.

Hmeercs xaacc alropuTMOB 1 COOTBETCTBYIOUIHE eMy Kaace
HCUUCNEHHIl, /1A KOTOPHX eCTeCTBEHHO ONpefelsieMbie KJacchl
«IOPOIUMBIX» U «Pa3PeiUMBIX» MHOXKECTB COBNAAaloOT, ITOT
KJIacC — KOHEYHO-aBTOMATHBIE ANITOPHTMHL H ucyucaenuda. On-
HAKO JJI51 Hero OKasblBaeTcs BO3MOXKHBIM J0Kas3arsh HecOBIafe-
HHe NOHATHA KOHEUHO-GBMOMAMHOL paspeuumocmy ¢ MOHSITH-
eM KOHedHO-asmomamuoli nopodumocmiu B APYroM, KOJKHUECT-
BeHHOM cMbic/ie. X0Ts I BCSAKOro KOHeYHOTO aBTOMara, Io-
poxjalomero (Ha BbIXOfie) HEKOTOpPOE MHOXECTBO CJIOB, H
CYIIECTBYET KOHEeUHH aBroMar, paspemaiomuil (pacrnosHato-
1A Ha BXOZE) TO K€ CamOe MHOXKECTBO, HO GHIBAlOT MOPOXK-
Laiolle aBTOMaThl, 1Sl KOTOPHIX IPH TIepeXOjie K pasperaro-
11eMy aBTOMAry 06s3aTeJIbHO NPOUCXONHT 3KCHOHEHIHANLHBIH
poct o6bema (T. e. yuca COCTOSHUI) BHIYHCAUTENbHOTO YCTPO#-
crga](cm. {Epwos 10., 1962], [Kopnenesuu, 19631, [Jlynanos,
1964]).

§ 1.11, TpoGaema csopumoctH [Ilocta

OTKpBITHE COCTOMT 3AeCh Npexkae Bcero B CaMOR NMOCTaHOB-
Ke npoGemsl.

HMsyuasn HepaspemHMbie NOPOJMMEIE MHOKECTBA, BO3HHKALO-
(e B MaTeMaTHYeCKOH [paKTHKe, MOXKHO Obl0 OGHAPYKHUTH,
YTO MX NPOGAeMHl paspellleHHs1 (3aBeflOMO HEpelHMbIE) B He-
KOTOPOM CMBIC/e CBOAsiTCA APYT K Apyry. [lopuepksem, uro
pedb HAET He O BCEX MBICAMMBIX HepaspellHMbIX MOPORHMBIX
MHOecTBax, a Jullk 06 HCTOPHYECKH BOSHUKLIUX (BKIOYad
BCEBO3MOXXHEIE KOHKpETHhe NpHMePhl «IHarOHaVIbHBIX® MHO-
JKECTB). '
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B cuny ckasaHHOrO HepewaeMocTb npoGJeMs! pasperenus
IJIS1 MOOGOr0 TAKOTO MHO}KeCTBA MOXKHO CBECTH K HEpellaeMoc-
TH «3TAJOHHOU» Npo6NeMbl paspemeHds I/ KaKoro-a1ubo Hs
JHaroHaJbHbIX MHOMKECTB; MMEHHO Takoe cBeleHHe — B Npd-
MO# MJIH KOCBEHHOH (hopme — OCYIIecTBASANIOCh H [POAOIIKALT
OCYHECTBNATLCA B MaTemaTudeckoll Juteparype. Bceraer ec-
TECTBEHHas npo6JeMa — HOCHT Jii JAaHHOe sBJEeHHe YHHBep-
CaNbHBIH XapakTep, T. €. 1efiCTBHTENbHO Jd Bce NPOOJIEMBI pas-
PEILeHHs NI BCeX MBLICJHMBIX TEPeyHCJAUMBIX Hepas3peliMbIX
MHOJKECTB CBOZMMEL APYT K APYTY; pa3yMeercs, CJIOBO «CBOJH-
MBI Hy:KHaeTcst IPH STOM B JOJIKHOM YTOYHCHHH.

Sra npo6rema, u3BecTHas TeNeph NOA Ha3BaHHeM npobremot
ceofumocmuy, OblJla BMeCTe C COOTBETCTBYIOUIMM YTOYHEHHEM
npennoxena [TocroM B 1944 r. B noknage [[Tocr, 1944]. B tom
xke pokaane Iloct ykasan HepaspeiuHMble TOPORHEMBIE MHOXKECT-
Ba, /IS KOTOPLIX €CTEeCTBeHHBIH clocol JoKas3aTesNbCTBa HX
HepaspemmMmocTy He TpeGyer ofpauleHust K STaNOHHOA npo6-
JleMe (3T0 OHJIM NMepBHe NpPHMeph NOJOOHHIX HEeOOBIYHHX [0~
Ka3aTeJIbCTB Hepa3pewinMOCTH MHOKecTB), Pasymeercs, 3T0
He pemajo npobJaeMy CBOAMMOCTH — TeM GoJee, 4TO AJs MHO-
I'UX H3 ykasaHHux [locroM mHOxectB camomy [Tocry B [Tlocr,
1944] u ero nocneposatensm (cM. [Pomkepc, 1967, § 9.6])
yAaNock HafiTH TpajuLVOHHEIE 0KA3aTebeTBA HX Hepaspeln-
MOCTH, ONHpaloUIiecs Ha OTCYTCTBHE PeIleHHS Yy STaJOHHOMH
npo06eMbi, )

TIpoGnema csBomumoctH Ilocta mosyuuia oTpuLaTeNbHOE
pemenue B paborax A. A. Myunuka (cm. [Myunux A., 1956],
[Myunuk A., 1958]) u ®punbepra (cM. [@punbepr, 1957]):
OB NOCTPOEHBI Hepa3pelunMele IOPoJHMEIe MHOXKECTBA C He-
3KBHBAJIGHTHEIMU Tpo0JieMaMy paspelleHus (H TeM CaMbM —
TIOPOJMMOE MHOXKECTBO, Hepa3pellnMOCTh KOTOPOro MOMKeT
OBITH YCTAHOBJIEHA JIMiHb METOJAMM, OTJHYHBIMH OT JHaro-
Ha/IbHOrO; O JuaroHanbHoM Meroze cM. [Illens, 1979]) Y.

YToyHeHHe NOHATHS CBOXMMOCTH Uil MPOGJIEM paspeleHus
npeacTaBaser cobofi camocToATeNbHYIO 3ajauy (KoTopas siB-
JIFETCs npennochlKoi 1 ¢opmaabHOR NOCTaHOBKH NPOGJEMb
ITocra), pewenryio Ilocrom B [[Toct, 1944]. dns nponssonb-

) B pemennsnx Myunnuxa u ®punbepra 61 OTKPHT MeTOX TpPHO-
pHTeTa, CHIrPaBIIM{ BaXKHYIO POJb B JanNbHefiiieM pa3BHTHH TEOPHH al-
roputMoB. Ilpusuunuanbuo HOBoe pemenue npobiembl ITocta mosmyueno
A. Kyuepoit (cm. Kutera A., An alternative (priority-free) solution to
Post’s problem, cm. Mathematical foundations of computer science.
1986,— Springer (LN in computer science, V. 233),— P, 493—500).
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Heix npobnem A u B cBopumocts B X A 03HauaeT HedyTo 6OMb-
1ee, YeM IPOCTO HMIVIMKALUIO «A HMeeT pelleHuey = «B nmeer
pelieHHe» (3Ta MMILIMKALKWSA TPHBHAJNBHO HCTHHHA, KOTAA 06e
npo6JieMbl ONHOBPEMEHHO peIlMMbl HJN HepemuMbl). Ecnu A u
B — npoGnemsl, T0 cBefleHne B kK A o6pa3yeT HOBYIO, CAMOCTOS-
TeJIbHYI0 NpOGJeMy; Ha 3TO OGCTOATENLCTBO BrepBuie ObLIO
ykasaHo KoamoropoemM B [Koamoropos, 1932] (cp. § 2.2).
B cnyuae, xoraa A ¥ B cyTb npo6JeMbl paspelleHus, npejcTas-
JsieTC  eCTeCTBEHHBIM ClIeyioulee NOHHMaHHe — OHO 6buIo
npennoxero ITocrom B [TTocr, 1944]. Iyers X u Y — ascam6-
au, Pc X, QcY, a A u B — npoGnembl paspellieHus 1Js co-
otBerctBeHHO P u Q.

Csodumocme npobaemer B k npobaeme A niv, APYrAMU CJIO-
BaMH, CB00UMOCITIL 1O PASPEWILMOCTYL MHOXCECMBa Q K MHOMCecH-
8y P osnauaer, corsnacuo [Tocty, Hanu4ne HEKOTOPOro €quUHO-
ro crnoco6a npeoOpasoBasus HHPOPMALHH O NPHHAIMEKHOCTH
HJIH HenpHHAIJNEKHOCTH K P BCEBO3MOXKHBIX 3JeMeHTOB X
B UHGOPMALHIO O MPUHALJIEKHOCTH MJIH HENPHHALJIEKHOCTH K
Q 3azaHHOrO NpOW3BOJbLHLIM 00pasoM siemexra Y. Hanwuuue
TaKoro crnocoba 1no3sojser 3pHeKTUBHO NaBaTh OTBET Ha Ji060
BONPOC BHIA «y € Q?», NOJNb3ysACh FOTOBLIMM OTBETAMH Ha BCE
BONpOcCH BUAA «x € P?» Ceodumocms no paspewimocmy TToct KoH-
KPETH3HPOBAJl B BHJE TaK Ha3LIBAEMON mobiopuH2080t €600umoc-
mu, unu ceodumocmu no T eiopuney (cm. [Pomxepc, 1967, § 9.41).

Tounoe onpenenenne csogumoctd no ThiOpUHTY (M, TaKUM
06pa3oM, CBOAUMOCTH 10 paspetiuMocTy) GyIeT HaHO B CJENVIO-
iweM naparpade. 3Hecb ke Mbl OrpaHHYHBaeMcsl HedopMalb-
HBIM TOHATHEM CBOJUMOCTH 110 Pa3pellinMOCTH.

Tlpo6nema Tlocra crumynupoBana fea GOMbILMX Hanpabne-
HHs HccllefoBaHuit. [lepBoe U3 HHX NbITaeTcs OTBETHTb Ha CJle-
Aywoiui Bonpoc: «Moxxer nH npoGiema [Mocra 6HTHL peileHa
meronamu [locta (uanoxeHHbIMH B ero noknaze [[loct, 19441)?»
1, GoJjiee TeXHHYHO, «MOXHO JH Merozamu [locta mocTpOHTH
HeNnoJIHOEe IePEuHCAHMOE HepaspeinMoe MHOXKeCTBO?» (MHO-
JKECTBO HASHIBAETCS MOAHGIM, €CIH OHO NEPeYUCIIMO H K HeMY
TBIOPHHIOBO CBOJHMTCS JIoGoe MepedyHCIMMOe MHOMKECTBO; TaK,
BCE «IHMAaroHaJInHBIE» MHOMKECTBA NOJHHL.) TTOCKONBKY «MeTOnEL
Toctas MOryT noHuMarbcsi Kak B Gosee y3KOM, Tak H B Gonee
IIMPOKOM CMBIC/Ie, B pesyJibTaTe YTOYHEHHs BO3HHKAIOT IBa
pasMHYHBEIX BONpOCa. ‘

1. CymecrByer /i Takoe HeflyCTOE CBOACTBO NEPeYHCIHMBEIX
HepaspeliiMbIX MHOXKECTB THIIA MAJIOCTH («IOYTH-KOHEUHOCTHS,
eM. [Pomxepe, 1967, § 12.6]) nononHerHs, uto moGoe yIAoBJCT
BOPSIOIIEe STOMY CBOHCTBY MHOXKECTBO HENOJHO?
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2. MoxHO i cHOpMYMUPOBaTh, H NPHTOM (€3 HCIoML30Ba~
HHSl MNOHATHS1 <TBIOPHHIOBA CBONMMOCTb», TaKOe HeMmyCToe
CBOMCTBO NEPEUYHCNHMBIX HepaspeluuMLIX MHOXECTB, 4YTO JIO-
Goe YNOBNETBOPSAIOIICE ITOMY CBOHCTBY MHOMECTBO HENOJNHO?P

Cawm TToct paccMaTpuBas pasiuuHpie NOHATHA THNA NMOYTH-
KOHEUHOCTH [JONOJNHeHHA (IIPOCTOTY, FHIEPNpOCTOTy, THIep-
THNEPTIPOCTOTY), HO HH ONHO U3 HUX (M Haxke Gojee CHJbHOE
NOHsATHE MAaKCHMAaNbHOCTH, BBeleHHOe BHOCHeACTBHH Ppua-
6eprom) He 0Kasaloch NPUTOAHLIM LJsI YTBEPAMTENLHOIO OTBe-
Ta Ha nepsrlil Bompoc. (CymecTBOBaHHE NOJHBLIX MaKCHMANb-
HBIX MHOKeCTB Jiokasano B [E#rc, 1965].)

TNonoxuTenbHE OTBET HA BTOpoil Bonpoc Aan MapueHKoB B
[MapuenkoB, 1976), moxasas, uTo nepeuucauMble Hepaspelly-
Mble MHOKeCTBA C HEKOTOPHIM CBOHCTBOM (a HMEHHO ABJSAIOMIHE-
Csl OZHOBPEMEHHO NOJyPeKYPCHBHEIMU H O-THIIEPTUNEPNPOCTHI-
MH JJIs1 HEKOTOPO# MO3UTHBHOH SKBHBAJEHTHOCTH &) HE MOT'YT
ObITh NMOJHBIMH; CYLIECTBOBAHME TAKWX MHOXECTB ObLIO paHee
ycranosneso [érresoiM B [[érres, 1973]. '

IlepBoe nampaBieHue TeCHO CBA3aHO C H3y4YeHHEM TOTO,
KaK B0oOOi(e MOXKET GBITh YCTPOEHO MOPOAHMOe (TepedHCTHMOe)
MHOXKeCTBO, PaclooKeHHoe B KaKOM-11u60 GHKCHPOBAHHOM aH-
camGlle (HampuMep, CKOJb «ILJIOTHO» OHO MOXKET 3amnoiHATb
ob6pemiiomee NPOCTPAHCTBO H KAaKOB 3amac NepevyHCIHMBIX
MHOZKeCTB, COAEPIKALUNUXCS B ero AONOMHeHHH). B cOOTBeTCTBHH
CO CBOMM YCTPOHCTBOM IepeYHCHMOE MHOXKECTBO MOXKeT ObITh
OTHECEHO K TOMy uwJu uHOMy kaaccy (cm. [Pomxkepc, 1967,
§ 8.7]). Tlepeuncaumoe MHOKECTBO MOKET ObITh pa3peuLiMoiMm
(ecsiu ero ponmoJHeHHe NepeuHCINMO), HIH npoCcmbim (€CTH €ro
JOMNOJHEHNe X0TsA ¥ GeCKOHEYHO, HO He CONEPKUT GECKOHEUHBIX
NePeYHCIHMBIX NOAMHOMKECTB), HIH KpeamusHoim (€cly mobas
nporpamma, cM. § 1.14, n1060re nepeyncIHMOro NOIMHOXKECTBA
€ro JONOJNHeHHs MOxeT ObiTh 3(deKTHBHO Npeobpa3oBaHa B
3JIEMERT, NPHHANJIEKAHA JONOJHEHHIO, HO HE 3TOMY NOAMHO-
xmeetBy) H T. A. OIHMM 43 LEHTPalbHHIX pe3yJ/LTAaTOB
sBlserca meopema Maiixurra (cm. {Maixunn, 1955}), yrsep-
MKAAIOILAs, YyTO JIOGkIe Ba KpeaTHBHLIX MHOXECTBA MOTL'YT OLITh
MOJNyueHbl OHO M3 JAPYroro BHMUCAWMOH INepecTaHOBKOI
obpemMtomero ancambis. ‘

Bropoe HanpaB/eHHe 3aHNMAETCH TAK HasLIBaeMBIMH Cene-
Hamu Hepaspewumocmu. Ha COBOKYNHOCTH BCeX MHOXKECTB,
PacroNOKEHHBIX B JaHHOM aHcambie (MMH Ia)ke B Pa3JHYHBIX
TaKHX aHcaMOJaaXx), 3afaeTcs OPennopsioK, a HMeHHo P2=(Q),
ecsin nmpofieMa paspelleHus 1 MHOXecTBa () CBOAHMTCA K
npo6seMe paspewierus i MHOXKectsa P (T. e. Q ThIOPHHIOBO
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cBomHTCA K P). Knacchl 3KBHBa/IEHTHOCTH 3TOrO MpeRNopsiaxa
HA3BIBAIOTCS MOIOPUHE0BLIMU CIENEHAMY Hepaspewumocmy (Ko-
poue — CMENEeHAMU HEePABPeuUMociy, WIH MoloPUHE08bIMY
cmenenamu, unn T-cmenenamu). Bee paspeiuHMele MHOXKECTBA
o6pa3yloT OfHy TBHIOPHHIOBY CTeNeHb, OHa oGo3Hadaerca 0
1 HasbiBaercs1 HyJleBolt. ThlOpHHIOBa cTeNeHs HaskBaeTCs nepe-
qUCAUMOL, eCTH OHA CONEPXKHT XOTA GHl ONHO NepedHCIHMOoe
mHOXKecTBo. CyHIeCTEOBaHHE HepaspeliHMOr0O NepedyHC/ANMOro
MHOZKECTBA O3HAYaeT, YTO CYHIECTBYeT N0 KpaiiHeli Mepe ojHa
HEeHyJieBas Nepeyuc/uMas CTelleHb; BONPOC O TOM, CYILECTBYIOT
JH N0 KpafiHe# Mepe IBe TaKkHe cTeneHH, o6pasyeT mpobjemy
cBoguMoctH [Tocta, Ha camom mene MHOKeCTBO BCeX Nepeumc-
MUMBIX cTeneHell GecKoHeuHo, x0T H c4eTHo ([Myunuk A.,
1956, Teopema 2]; cm. Takxe [Pomxepe, 1967, § 10.2]).

Ha TbiopHHroBEIX cTenmeHAX BO3HHKAeT eCTECTBEHHHIH Yac-
THYHHA NOPANOK, OTHOCHTENbHO KOTOPOTO MHOIKECTBO STHX
creneneil o6pasyeT 6epxHiot0 noaypewiemxy (KOHTHHYaJAbHOH
MOULHOCTH). Y CTPOKCTBY 5TOM NONYPEIETKH NOCBAIIEHO GOME-
110e KONMWuecTBo ucciegoBannit. Havano Guino momoxeHo cOB-
mectHO# craTeedt Kounn u [Nocra [Kuunm, TMocr, 1954]. Bro-
pHIM BaXHBIM 3tanoM ObIIH YNOMUHABIIHECA Bbillle paGOTHI
A. A. Myunuxka u Ppuabepra. B kauecrse TpeThero aramna Mox-
Ho ykasatb KHury [Cakc, 1963]. Cefiuac npo6nemaruka, cBsi-
3aHHAas C BepxHel noJypemeTkoll 7-cTeneHell, NpoyHOo BOMIIA
B MoHorpacguueckyio ¥ 0630pHYI0 Jqureparypy: cm. [Pomxepc,
1967, ra. 13}, [ésduman, 19771, [Apcnanos, 1986, ra. 3I,
o6zop [Mop, 1981], nocBAIEHHBIA 3MEMEHTAPHBIM TEOPHSIM
5TOft MOJIypeIeTKH U ee MOACTPYKTYP, a Takxke o63op [Coap,
1978], cnemyanbHO MOCBAIIEHHEIR NEPeYHCINMBIM T-CTeNeHsIM.

Bot pBa pesynbrara 13 o6cyxnaeMOH 061acTy, NpecTaBas-
IOL[{ecs aBTOpaM NPHHUMNUAJIBLHBIME: 1) cpeiH HeHyJeBbIX
T-creneneil cymecTByoT MHHHMalbHBe (cM. [Pomxepc, 1967,
§ 13.5) u [Wéucpunn, 1971, § 11]; 370 ecTb uacTHell ciayuail
teopemsl 4 u3 [Cnexrop, 1956}, xoropas s moGoit T-creneHd
a YTBEPKIAeT CYIeCTBOBAHNE — W NPHTOM «HE CJHILKOM 60Jb-
ILIOTO» — MUHHMA/JALHOTO 3JeMEHTa B YacTUYHO YMNOPANOYeH-
HOM mnoaMHOXecTBe {c|c>a}); 2) B uacTHYHO ymOpAJ0YeHHOM
HOAMHOMXKECTBE HeHYJIEBbIX NePeuHCAuMBIX T-CTeneHedl HeT M-
HEMaJbHBIX 3JeMeHToOB (cM. [Myunuk A., 1956, Teopema 3]
u [Poxxkepe, 1967, ynp. 10—111). TIpu usyuenuy sepxHeii nosy-
peitetku T-crenenefi pasiauuarT rI06ajbLHYI TEOPHIO, H3Y-
uaponyo obuine cBofictBa T-crenenefi,  JOKaIbHYIO TEOPHIO,
KoTOpas usydyaer T-crenenu, pacronoxennee umxe 0' (taxk
o6osuauaercsi T-cTeneHb KPeaTHBHOTO MHoxecTBa). JIoKanb-

4 B, A, Yenencxknit, A, JI, Cemenon
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Has TeOpHA npeJcTaBjser OCOObH MHTEpPec MOTOMY, 4YTO Onay
OXBAaTHIBAA TEOPUIO nepeuucauMblx T-cTeneHei, Mo CYIIECTBY
BKJIIOY2eT B ceGf H BCIO TEOPHIO NEPEYHCIHMBIX MHONKECTB,
MeToz 10KA3aTENbCTBA B JIOKANBHOH TEOPHH JIOBOJILHO CJIOXK
#ul. Tak, Cakcy (cm. [Cakc, 1961]) mpuuiock HCMONB3OBATH:
MeTOZ NpPHOpHTETa, uTOGh NOJAYYHTh MHHEMAJbHY© 7T-CTe«
MeHb, PacnoNoxeHRyo Huxke 0°, a Kynepy (cm. [Kynep, 19721)—
H300pecTH TaK HasblBaeMEIHl METOA MNOJNHOH amnpoKCHMaliH,:
uro6Bl AJ1A JI060H HeHyJseBOH nepeunciumoil 7-CcTeleHH a Mo-
CTPONTH MHHHMANbHYIO HeHyJeBylo T-CTemeHb, pacnoJioxKeH-
uyio Huxe a, [Tocsentue pesysbTarhl, OTHOCAIIMECS K JIOKAJb-
Hoit Teopun, cm. B {[llop, 1981a] u [Apcaanos, 1985].

OTMEeTHM B 3aKJIIOueHHe, 4To Hapsify ¢ T-cBoxrmoctsio [Tocr
BBeJl H IpYTrHe BHAK CBOAMMOCTH; HEKOTOPHIE CBA3aHHbIE C HUMH
pesyabTaThl MOxkHO Halitu B [[grres, 1979

§ L.12. TlousTHEe OTHOCHTENLHOrO AJFOPHTMA,
HIH ajropHTMa € OPaKyJioM

YTo6bl MOJAYUHTE ONpefesieHHe aJropuTMa ¢ opakysaom A,
HaZo CJeLYOMHM 06pasoM HM3MeHHTb (GOpMYJHPOBKY Kosmo-
ropoBa u3 § 1.1. Opakya A — 9T0 HEKOTOpPOE MHOXECTBO B Ka-
KOM-TO ancaMmGne. Aseopumm € opaKyrom HMeeT BOTIPOCHOE
yCTPOfICTBO — HEKUil BCHOMOTaTeNbHEIH aNrOpUTM J, Onpefe-
JeHHBil (T. €. JalOMMA pe3ysikTar) Ha MHOXKECTBE BCeX BO3-
MOXHEIX cocTogHM#t S. Kaxuplill war npouecca, 3aiasaemMoro
AJIFOPHTMOM C OPaKyYJ/IOM, OlIpefielIfeTcsl He TOJbKO BOSHHKIINM
K 9TOMY IIary COCTOSIHHEM S, HO H MCTHHHOCTBIO YTBEPKICHHSA
J(S)€ A. Takum o6pa3oM, omeparop HENMOCPEICTBEHHOH Ie-
pepaGoTky Qr , Aarowyii caenyomee cocTosHie S*, OKasHBaeT-
cs1 Tenepb (QyHKIMER OT ABYX apryMeHTOB — OT S H OT uHCaIa
b, npunHMaloliero 3Hayenye 0 uau 1 B 3aBUCHMOCTH OT TOTO,
BepHO JH cooTHoweHue J(S) € A. Aaroput™ ¢ opakysom A
Has3bIBaeTCs TaKxe aqzopummom omHocumenrsro A (cM. [Pogn-
xepe, 1967, § 9.2]).

TosaTHE aNropuTMa C OpPaKyJIoM 0Ka3afloch BaXKHBIM C METO-
JoJloryyeckoit TOuKH 3peHus. Meso B TOM, 4TO TEOpUs aNrOpHT-
MOB H HCUHCJIeHH 1, KAK U MaTeMaTHuecKasd JOrHKa (IoHUMaeMast
no Uépuy Kak Teopus (OPMaNHSOBAHHBIX S3LIKOB), (op-
Manu3yer HeKOTOphIE CTOPOHE! JeATENLHOCTH desoBeKa (B OT-
JHuMe OT APYTHX MaTeMaTHUYeCKHX JUCHHININH, KOTOpbie dopMma-
JI3YIOT HEYyTO He IpezmnoJarawoliee HempeMeHHOTO NPHCYTCTBU
yesioBeKa). B 9acTHOCTH, TEOPHS a/irOPHTMOB HCHOJB3YET [0-
HATHE atemenmapHoll onepayuu. TIOHATHE 3JIEMEHTADHOCTH ~=
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CYUWIECTBEHHO «ueJioBeyecKoe» moHATHe. To, uTO afeMeHTapno
IJ1s 4eJIOBeKa, MOXKET OKa3aThCsd HesJMeMEHTapHEIM NS APYTHX
CYIIECTB, H Hao6opoT. MOXKHO CYHTATh, YTO YEJNOBEK, OCYIHIECT-
BJsil BHIYHCJEHVE, HelpephHBHO 00paliaercs K HeKOTOpOMY
OpaKyay, TOJNbKO OPaKyJl 3TOT OTBeuaer Ha CTOJb «3JIeMeHTap-
Hbie» BONPOCH (THNa «TOXAecTBEHHBI MM HET 3TH JABA CHMEBO-
Jiag»), 4TO Naxe He 3ameuaercd. MoKHO NpeicTaBHThL cebe Go-
Jiee MOILHEIH, YeM y YeJOBEeKa, 3anac BRIYHCANTENbHBIX CPEACTB,
noApasyMeBaiowlkil, B YACTHOCTH, OOpaileHHEe K HEKOTOpOMY
HETPUBUANBHOMY (C yeJloBeYeCKOol TOYKH 3peHHs) OpaKyJy (xo-
TOPBIH B paMKAaXx 3THX CPEICTB He OCO3HAeTCs CKopee BCEro, Kak
BHEWIHHH OpaKyJl, a NPU3HAETCA YaCThbiO CAMHX STHX CPEACTE).

BrickasaHHbIe COOOpaXKeHH A NOATBEPIKAAIOTCS CASHYIOUIMMH
NONBITKAMH aKCHOMAaTHYECKH ONpeJe/IuThL NOHSATHE BLIYHCIHMOM
$yHKUMH.

Ananusupysa HOKasaTeJbCTBa, BCTPeYaiolllnecs B TEOPHH
BBIMHCJAUMEBIX (YHKIOHH, MOMKHO 3aMETHTh, YTO BO3MOXKEH — H
Kaxe HHOrma Henonbayercs (nanpumep, [Pomxkepe, 1967]) —
clenyiomuii cnocob paccyxiennii. CHayana ycTaHaBJAHBAIOTCA
HEKOTOphie OCHOBHEIE M HHTYHTHBHO OUYEBHIHHIE CBOficTBa
KJ1acca BRIUMC/IMMBIX QyHKUHME, a 3areM TpeGyeMbie yTBepKie-
HHs BHIBOAATCA U3 HHX. (TTompoGree 06 atoM cM. B [YcneHckui,
1974, § 81, [Ycnenckuii, 1982, § 51.) ChopMymupyem ynoMmsHy-
THe BbIle OCHOBHLIE CBOHCTBa kJacca K BceX BhIMHCAHMBIX
9HCIOBHIX (PYHKIHI.

(1) Akcuoma QYHKYUOHANLHOIX KOHCMAHM.

Knace K conepKHUT Bce BBIYHCAHMEE YHC/IOBBIE PYHKLWH.

310 CBOMCTBO NMpHMEHseTCs TOrAa, KOrga B XOIe JoKa3a-
TEJILCTBA HYXHO YCTAaHOBHTb NpPHHALMEXHOCTh K K Kakoii-
m160 KOHKpeTHOH GYHKIMH. Ero MOXKHO 3aMeHHTL Ha

(1) Knace K comepxut koncrauty 0 n QyHxumuio ciiefosa-
nu.

(2) Axcuoma onepamopHbix KOHCMAHM.

Knace K 3aMKHYT, OTHOCHTe/ILHO ONepaTopoB MOJCTAHOBKH,
peKypcHH H MHHHMH3AIHH.

310 CBOHCTBO NPHMEHSIETCHA, €CNM U3 YTBEpIKAEHHA O INpH-
HagJexxHoetd K K Kakux-To (QYHKUUHA HYXKHO BBIBECTH YT-
Bep:KJcHHEe O NPHHAAJNEKHOCTH K K HeKOTOpo# Apyroil pyHk-
MM, BHpaxalomelica dYepes nepsuie. B cBAsSH ¢ akcHomamu
(1) u (2) ecrecTBeHHO BCrOMHHTD § 1.8.

(3) Axcuoma npomoxoara.

Jlna seako# gynkuun f U3 knacca K cymecTByor

I) MHOKECTBO HaTyPaNbHEIX UHCeN E, XapaKrepucTHYecKas
(yHKLMs KOTOPOIO JIEXKHT B K;

A®
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11) ¢yuxuuu a u b, onpesesesHble Ha Beex slemeHrax E,
npuHagiexamue K ¥ yIOBJETBOPAIOUME YCJIOBHIO: 3HAYEHHE
¢yHKIMY [ Ha 4nciie ¥ PaBHO y TOrJa M TOJNBKO TOTAA, KOTa
cylIecTBYeT Takoe g u3 E, uto a(g)=x u b(g)=y.

Cojepxare/pHas HHTepNperanus 3TOH aKCHOMBI TaKOBa.:
ME npefnosaraeM, 4To WIS KakIOTO BBIYHC/EHHA CYIIECTBYET
ero NPOTOKOJ (3amuck), NpeacTaBasiowufi co60H mociaefoBa-
TeNLHOCTh CMEHAIIMUX APyr APyra COCTOSHUE aJrOpHTMHYeC-
koro npoiuecca (cM. § 1.1). Muoxectso E eCThb MHOXKECTBO KO-
JIOB BCeX TaKuUX NPOTOKOJOB. B cayuae, Korga K ectb mpocro
KJIacC BCeX BLIYHCAMMBIX YHCAOBHX (PyHKUMH, MHOXKECTBO BCEX
NPOTOKOJIOB Ppas3peliuMo, H, CJIefOBaTelbHO, XapaKTepPHCTH-
ueckas ¢pynkuusa E B atom caygae npunapiexut K. OyHKuuu
au b BHENAIOT A3 KOJa NPOTOKOJIA HCXOJHOE JaHHOE H pesyilb-
TAT BbIYUCHEHHS.

(4) Axcuoma yrusepcaroroll pynkyuu.

B knacce K cymectByer nBymecTHas (PyHKuus, yHHBep-
calbHasg NS BCeX OAHOMRCTHHIX yHKuMA u3 K («yHHBEpCalb-
socte» U (x, y) o3Hauaer, uro Vf€ K3xVy f(y)~U (x, y)).

B KauecTBe OCHOBAaHNS TEOPHH BBLIMUCIMMBIX QYHKUHH STH
aKCHOMBL HAMHOrO GoJiee oueBHAHBI, ueM Tesuc UEpua, B camom
Jene, OHH He MO3BOJIAIOT YTBEPKAATH, YTO HEKOTOpHIE (pyHKIMH
HeBHIMHCAHMEL, B npoTHBONONOKHOCTL 3TOMY HanboJsee Heoye-
BHUAHAA 4YacTh Te3uca U€pua yTBepiKpaer, uTO (QPyHKIHH, He-
PHYHC/IHMBIE HA MOJEJH, HeBEIYHC/HMEI H KAKUM OBl TO HH OBLIO
obpazoM.

Kpome IpYrHX nNpeHMYWECTB aKCHOMAaTHYeCKOro MOJXO-
Jia — HanpuMep, 3aMeHBl CJIOKHBIX IPAMBIX KOHCTPYKUHI
KOPOTKMMH aKCHOMAaMH — YKaxeM JBa CJIeAYIOHX NpeHMy-
mecTBa. [lepBoe COCTOHT B TOM, YTO NAHHLIE aKCHOMBI HE TOJb-
KO GOJlee QUEBUAHLI, HO TaKxKe W MeHee TeXHHYHbl, YeM Te3HC
Yépua. Bropoe npeumyliecTBo (M HENOCTATOK) COCTOUT B TOM,
YTO aKCHOMATHYeCKas CHCTEMa MOXKeT HMeTh (M HMeeT) pas-
JIMYHBIE MOJENH.

JelicTBuTeNILHO, uYeTHIpe MepeyHC/AEeHHBE BHIUE AKCHOMBE
BHLIOJIHEHBI HE TOJbKO JUIA KJacca BCeX BBIYHCIANMbBIX (PYHK-
nHi, HO H I/ JOBOro KJaacca BeeX (pyHKUMH, BBIYHCAUMBIX C
IaHHRIM opakyJsioM. TakuM o6pa3oM, Bce TeOpeMEl, BHIBOAUMBIE
13 (1)—(4), BbINONHEHEI VIS JIOGOT0 TAKOTo Kaacca. 10 06bac-
HSIET BOSMOXKHOCTB CPeAAMUBUSQYUUY MHOTHX TeopeM (CM.
[Knunn, 1952, § 58, teopema X; § 65, Teopema X X1V u t. 1.)).
Y nao6opor, TONBLKO Te TEOPEMbl, KOTOPHE CAEAVIOT H3 aKCH-
oM (1)—(4), MOkHO pensTHBH3HPOBaTh. JIEHCTBUTENLHO, Kak
nokasao B [Ulens, 1980, mo6oit knace Gpynkuuf, yaoBaeTBO-
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PSIOIHA 3TUM aKCHOMaM, B AeHCTBHTEJIbHOCTH €CTh KJacc BCex
(GOYHKUHHA, BHIYHCAHMBIX C HEKOTODPHIM (PHKCHPOBAHHBIM opaky-
JIOM (cp. Takxe n. 1.14.4).

Takum 06pasoM, MbI BHAHM, 4TO C YHCTO TEOPETHYECKO
CTODOHBI MOHATHE &JITOPHTMA C OPAKYJIOM NO3BOJIfAET peiATHBH-
3HpOBaTh Teopuio aiaroput™oB (cM. [Pomxepc, 1967,°§ 9.3)).
C Gosiee TMpakTHYECKOH CTODOHBI OHO MO3BOJSIET JaTh TOYHOE
ofpefielie. ve OOLIEro MOHATHS CBOXHMOCTH MO Pa3pelIHMOCTH
H, CJICAOBATENbHO, AaTh TOYHYIO HOPMYJHPOBKY PyHIaMEHTaMb-
Hoi mpoGiembt cBeguMoctd (cM. § 1.11). eficTBHTenbHO,
Terlepb MOXKHO BBECTH CJefylollee onpesieiende. MHoXecTso Q
ceodumes no Toopuney (ceodumes no paspewiumocmi) K MHO-
KecTBY P TorAa u ToJIbKO TOrja, KOrjia CyllecTBYeT OTHOCHTeb-
HBbIH aJITOPHTM, BHIYHCASIOMHA XapaKTePHCTHYECKYIO QY HKIKIO
MHOXeCTBa () OTHOCHTEJLHO MHOMecTBa P, HJIH, B OpakyJib-
HBIX TePMHHAX, CYIUECTBYyeT aJropuTM C Opaky/ioM P, BbidHC-
JAAMKE 3Ty XapakTepHCTHYecKyw dyHKUHIO. [loHsiTHe ajaro-
pHTMa C ODaKyJIOM H caM TEPMHUH «OpaKyJ/» BrepBhie NOsSiBU-
nuce B crarbe ToiopuHra [Teiopunr, 1939], mo sroit npuyuse
Hocr sBen B [IToct, 1944] repmun «cBofuMOCTs M0 ThHIOpHHTY»
AN 0603HaueHHs CBOAMMOCTH MPOGJEMBI paspellieHHsi caMoro
ofuero BHpa,

BakHbIM ¥ eCTeCTBEHHBIM YaCTHBIM CAYYaeM CBOXHMOCTH M0
TolopuHry AIBAAETCA CBO0UMOCIL 304 NOAUHOMUAAbHOE BPEMSL.
(Ona onpegensercss 3afgaHueM MNOJWHOMHUAMLHOTO — OT JIJIH-
HBHI BXOZla — OFpaHHYeHHs Ha BpeMs pabOTHl aJiIFOPUTMA C Opa-
KyJsiom.) EcrecTBenHO NOCTaBHTH HMPOGJEMYy MOJSHHOMHAJILHOM
N0 BpeMEHH CBORHMOCTH: BCE JIH MHOXECTBa H3 KJacca NP\ P
cBoifiTcH JAPYT K JAPYry 3a No/fMHOMHanbHoe Bpemsi? (Koney-
no, ecnn ' P=2P, 10 npobieMa TPHUBHAAbLHA.) 3aBEHOMO CBO-
AATCA APYT K ApYry 3a MOJHHOMHAaJbHOE BpeMs MHOTHe Tpei-
CTaBHTENH KJacca of'P, BOZHHKIIME H3 MaTeMaTHUYeCKOH NpaK-
THKH; K KaXXIOMy H3 TaKHX NpeAcTaBuTeseH Bce MHOXeCTBa
13 NP cBogsitcst 32 noJMHOMHAALHOE BpeMs (cM. [Axo, Xonk-
podr, Yaoman, 1974, ra. 10]). Heussectno, copsaTca Jiu 3a
MONIHHOMHAMBHOE BPEeMS BCE MHOMKeCTBa H3 N'P K MHOMXKecTBY
Bcex map u3oMopdHsiX rpados (cp. § 1.7, Bropoit npumep mito-
wecrsa u3 NP).

§ 1.13. ToHsaTHe BHLMHCIHMOH oOMNepalyH

[Mon onepauweil noHumaercs GYHKIHS, apTyMENTH H 3Ha-
YeHUA KOTOPO#l CyTh MHOXeCTBAa. B TO Bpems wak ofbiuHast
eptuncanman Gynkinsa sgdexTHBHO JacT N0 OANOMY KOHCIPYK-
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THBHOMY OOBEKTy JApYroil, BbIUHCIHMas onepauda AO/DKHZ
s(xpeKTHBHO AaBaTh MO OJHOMY MHOXKECTBY KOHCTPYKTHBHBIX
06BEKTOB Ipyroe; roBopsi HeopmajbHO, 3pEeKTHBHOCTb €c<
TECTBEHHO YCMAaTPHBaTh B TOM, WTO omepaius oGecneudBaer
npouecc MOPOXKICHHS Pe3YJIbTHPYIOWEro MHOXECTBA, KOJb .
CKOpO 3aJlaH NMpOLecC MOPOXKAEHHH HCXOLHOrO MHOMKECTBa; KaK ™
CJICJICTBHE 3TOTO 06CTOATE/LCTBA, BHIUHC/AMMAs Onepauns nepe-
BOIMT MOpOHMMBlE MHOXecTBa B nopopuMbie. CkasaHHoe ec-
TECTBEHHO BOIUIOLIaeTCsi B HHXecJenyioliee ¢dopMalpHOe oI~
pefieieHHe BHMMCAHMON onepanuu (cM. [Yenencknit, 1955, a
Takxke [Pomxkepc, 1967, §9.7], roe Bol9HCHHMBbIE OnepanHA
Has3pIBAIOTCA ONEPamOpPaMlU  nepeduciesusi, B OpHUTHHaNE —
«enumeration operator»).

ITyerb X u Y — [iBa NpOM3BOJBHBIX MHOKeCTBa, Xp-—
MHOXeCTBO BceX KOHeYHBIX MOAMHOXKecTB MHo:kecTBa X . Ilycrs
Raiee R — mpou3BoJibHOE OTHoweHHe Mexny Xp u Y (T.e.
NpOM3BOJILHOE MOAMHOMKeCTBO npoussenenuss XpXY). On-
penenuM otobpaxenue @ mHokecrsa 2X B MHOXecTBo 27 dop-
myJAofi

@O (A)={y|3ID(Dc A& <D, y>€ R)}.

Orobpaxenue O, nonyyaemoe Takum o6pasoM, 6yieM HasbBaTH
R-oro6paxenuem 2X B 2Y, Beskoe R-orobpaxenne @ moHo-
ToHHO! (A'D A)=>0 (A")o® (4). Eciu X cocTouTt U3 3yemeH-
TOB HEKOTOpPOro aHcambs, TO 37eMeHTHl MHOKecTBa Xy CyTh
KOHeuHble O6BEKTH; B CHAy cAenaHHuX B § 1.0 cornawmenuft,
HMeeT CMBICA roBopuTb o nopoxumoctH R. Tak Bot, ecin X,
Y u R nopomuvbl, R-oroGpaxeHue 2X B 2Y HasmiBaercs 6bi-
yucaumoti onepayueil (n3 2% B 2%). Slcuo, yro ecan A € Gen (X)
n O — prncanmas onepaunsi, 10 @ (A) € Gen (Y)). B co-
OTBETCTBHH O HamlHM HedopMa/ibHBEIM [pelCTaBNeHHEM O Bbl-
YHCAHUMON omnepauly, mpouece npeofpasoBaHHs OZHOTO MHO-
JKeCTBa B Jpyroe MOXKHO OMHCaThb CjaeAyiomuM obpasom. Msi
OJHOBPEMEHHO TMODOXKIaeM KOHeuHbie MOAMHOXKeCTBa HCXOJ-
HOTO MHOXectBa A U 3/ieMeHTH! OTHoweHHs R. Besaxruit pas,
KaK nepBas KOMIIOHEHTa MOPOXJEHHOTO 9JleMeHTa OTHOMIeHHS
R coBnajaer ¢ NOPOXAEHHBIM KOHEYHbIM MOAMHOXECTBOM MHO-
xKectBa A, MBI 3achl/laeM COOTBETCTBYIOULYIO BTOPYIO KOMIMO-
HeHty B MHOxecTBO O (A4).

B nmelficTBUTENIbHOCTH Bbillle MBI OMpEJENH/IH TONBbKO OfHO-
MeCTHble BbIYHC/AHMbIE ONepanlH; MNOHATHE MHOTOMECTHO! BBbI-
YHCJIHMO# onepallHH MoXKeT OLITh Olpefie/ieHO COBEPUIeHHOo aHa-
JIOTHYHO (HJIM CBEJEHO K) MOHATHIO OAHOMECTHOH BBEIYHCAMMOMN
onepainu. :
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B TepMMHax BuIgHCABMBIX OTiepallill 1erko MoryT ObITh onpe-
LeJleHbl BHIYHC/MMBIE onepatophl. Ilon omepaTopoM MbI NMOHH-
maeM GyHKIHIO, apryMeHTaMH W 3HaY€HHAMH KOTOPOH CJy»KaT
GbyHRUHH. Onpefeliedne BLIYHCIAHMOro oneparopa c¢M. B [Poa-
zkepe, 1967, § 9.8], rue sTu oneparopsl Ha3BaHH YOCHIUUHOPE-
kypcuervimu («partial recursives); npuayMasiuuil 5TH OnepaToph
KyMHH HasbiBaJ HX 4QCHMUYHOPEKYPCUBHOIMU (DYHKYUOHANAMU
(«functional»), cm. [Knuuu, 1952, § 63, 64). Has npoussossHol
onepauun @, orobpaxkaiomeit 2X%¥ B 2VXV| onpepennm ome-
parop ¥, ocymecrBasiouiuii orobpakenue uz & (X, Y) B
& (U, V): oneparop ¥ onpeziesien Ha ¢ynkunu f€F (X, Y)
TOTZAa ¥ ToJbkO Toraa, korna @ (f) € F (U, V), u B aroM cayuae
¥ ()= (f). Oneparop ¥, monyueHHHl TakuM oGpasoM Ias
nopogumelx X, Y, U, V u seunciaumoro @, HaswiBaeTcsl 6ot
YUCAUMBIM, WK 4QCMUYHOPEKYPCUsHoiM. SIcHO, 4TO eclH f€
€ Com (X, Y), 10 ¥ (f) €Com (U, V). HacTneHOpeKY pCUBHBI
onepatop HashIBAa€TCA PEKYPCUBHLIM, €C/IH OH olpeiesieH AJS
Kaxao# pyHkuun us & (X, Y).

3ameyareNbHO, YTO MHTYHTHBHOE INOHATHE BBHIYUCAHMOR
onepanuH He NOTpeGOBao Ang cBoedl QopMaNU3auuu HHKaKHX
HOBBIX TOHATHH, KpoMe MOHSATHA aNropHTMa; 3T0oT (QakT emie
pas MOATBEPXKIAET €eMKOCTb H YHHBepCalbHOCTb IOHATHSA aJl-
ropuTMa, 3aMeyaTesbHO TaKKe, YTO MOHATHE BBIYHCAHMON One-
pauHH coBnafaer no o6beMy ¢ HOHATHEM HCYHCAHTENLHOH ofe-
pamuu (cM. 0. 1.3.1): 70T PaKT MOATBepKAAET EMKOCTb H YHH-
BepCasibHOCTb MOHATHS HCUMC/NEHUs. 3aMeuaTellbHO, HaKOHell,
YTO BBLIYUCJAHMBIE OMEpAalHH ABAAIOTCA HelpPEepHIBHBIMH OTOG-
paXeHHAMU — B NPEANOJIOKEHHH, YTO NMPOH3BO/AbHAA CHCTeMa
MHOXeECTB &7 paccMaTpuBaercst Kak TOMOJIOrHdeckoe NpocTpaH-
CTBO C HEKOTOpOH ecTeCTBeHHOH TomoJornei. 3ra TONOJOTHSA
3afiaeTcs TaK Xe Kak H B [Ycnenckuil, 1955] u [Pomxkepc, 1967,
ynp. 11—35], a uMeHHO: AN BCAKOTO KOHEYHOTO MHOMeCTBa
D nonoxum Gp={A|D<A € J } 1 COBOKYNHOCTb BCeX TAKHX
6p 06bABUM 6a3oii TonoJorki. EcrecTtBeHHOCTH Tako# TONOJO-
THH 3aKJIOJaeTcsi B TOM, 4To «6anu3kuMu» (T. e. IPHHAAJIEXRA-
LMMH OIHOH U TOH e 6a30B0fi OKPECTHOCTH) OGBABAAIOTCS Te
MHOXECTBa H3 & , KOTOpLIe XapaKTepH3YIOTCA ONHOH H TOH XKe
KOHeyHoi uHdopMaiued (1. e. HHpopManued 0 NPHHALJIEKHOCTH
K MHOXeCTBY (HKCHPOBAHHOTO JJifl NaHHOH OKPECTHOCTH KO-
HEUHOTO NepeyHsl 3JeMeHTOB).

C TOMOIIBI0 BHUHCAHMBEIX Onepaiuil JIETKO ONpeiensiorcs
BBIYHC/IUMOCTD OAHON (DYHKIMH OTHOCHTENLHO APYFOM M ThIO-
PHHTOBa CBOJMMOCTL MHOMXECTB: g BBHIYHC/INMA OTHOCHTEJNBHO [,
ecJH CymECTBYeT BhMUCAHMAs onepauus, nepeBofsmias f
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(kax MHOKeCTBO nap) B g (KaK MHOXECTBO Nap); MHOXeCTBO Q.
cBogutcs N0 THIODUHTY K MHOMXecTBy P, eCc/iH XapaKTepHCTH-;
veckass QYHKIHA MHOXKeCTBa Q BbIYHCHHMA OTHOCHTEJBbHQ)
XapaKTePHCTHUECKOH (QYHKIMH MHOxecTBa P (W/H, Henocpei-
CTBEHHO B TepMHHAaX olepanuii Haj MHOXKECTBAMH, €C/H Cy~.
IIeCTBYIOT TaKke BbiYMC/IUMble onepauud @y u @,, yro Q=
=®; (P, P), Q=D, (P, P), rae P u Q cyrb fonosineHus kK P:
H Q B COOTBeTCTBYIOMHX aHCaMOIaXx). ;

OznuH H3 HauboJiee MPUHIHNHAILHBIX (AKTOB, OTHOCSIHX~:
€l K BLIYHCJIHMBIM OllepaluaM (B 4aCTHOCTH, K YaCTHYHODEKYp-
CHBHBIM OmeparopaM), YCTaHaBJHBaeTcsi B TaK HasblBaeMOH
meopeme 0 HenoGBUNHOL mouKe, WIH nepeol meopeme 0 peKkyp-
cuu Xaunu (cm. [Pomkepc, 1967, § 11.6]). Dra teopema yr1-
Bepxjaer, yro ypasheHHe V¥ (A)=A, rze ¥ — Bbmuucaumas .
ofiepauisi, HMeeT MUHHMaJlbHOE pelueHHe (4TO BepHO I BCSA- .
Ko#l MoHoTtoHHON W), M 3TO pemeHHe mepeuncanmo (a ecan ¥ -
K TOMY 2Ke eCTb peKypPCHBHBIf OniepaTop, To 310 pellieHue eme H
yHHQOPMHO, T. &, ABJAETCA BBIYHCAMMOH (YyHKLHEH).

TlepBas Teopema O PeKypCHH NO3BOJISIET €CTeCTBEHHBIM 00-
pa3oM 3afaBaTh NMOPOIHMbIe MHOXKECTBA (B YaCTHOCTH, BBIYHCJIH-
Mble QYHKHHH) C TIOMOLIbIO BIYHCAHMBIX onepauuii. Ilpu sTom
OfliCaHHe BHIYHCAHMOI ONepaluH PaccMaTpHBAeTCsi KaK QPHHHT-
Hoe 3afiaHue MHOXKEeCTBa HIH QPYHKIHHM, ABAFIONeHcs HENONBHK-
Holi Touko#i omepauuu. ITocnenHee OOGCTOSATENBCTBO MOC/YXKH-
JIo OfHOH M3 OTNpaBHLIX ToueK Anf padoT Makkaptu n CkoTTa
N0 MaTeMaTH4YeCKOH TeOpHH BoiducHeHu# (cM. [Mawnua, 1974,
r1. ).

Becbma niiofoTBOPHBEIM OKa3afoch H3YueHHE ClielHasibHbIX
CHoCOGOB 3afaHys BbIYHCAHMBIX ONEPATOPOB — TaK HasbiBae-
MbIX cxem npoepamm (cM. [Jlakxsm, Ilapk, IMarepcon, 1970}).
BaxHefiune KNacCH CXeM MpOrpaMM TaKOBbI: PEKYPCHBHble
cxemer Jle Bekkepa — Ckorra (cm. [Koros, 1978)), cranpapr-
Hbie cxems! A. I1. Epmosa (cm. [Epmios A., 1973)), crpykrypu-
poBanHele cxembl [aymkoBa (cM. ([ymkos, 1968], [Cemenos,
1978]). Besi Teopusi cxeM mporpaMM Hadajaach Co cxesm S Hosa
(cm. [SInoB, 1958], [Epwos A., 1968], [Epwos A., 1977, §8.5]) —
CTaHLAPTHEIX CXeM ¢ ojHOH nepemeHHoH. Pa6oTsl ['mymkoBa no
CTPYKTYPHPOBAHHBIM CXeMaM MporpaMM COCTaBJISAIOT pasfien
CO3NAHHOH MM TEODHH CHCTeM aJrOpHTMHYEeCKHX ajrebp
(cm. [Taymxkos, Leditaun, IOmenko, 1978]). Sra Teopus nosso-
JIN/1a HCTIONB30BaTh ajirebpauyeckue u JOTHYECKHEe MeTombl AJist
U3yUYeHHS CXEM MporpaMM M MOCJYXKHJIA OCHOBOH pJi MHTeH-
CHBHO Pa3BHBAIOUICHCA IUCHUIIHHBI ~= OPOTPAMMHON JIOTHKH
(cM. [Baaues, 1979)). R
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Brlunciumete onepaiuH NPHBOASAT He TOMBKO K Ofpenese-
HHIO CBOIMMOCTH MHOXECTB KOHCTPYKTHBHHIX OGDBEKTOB, HO
TaK¥Ke H K HeKOTOPhIM BapHaHTaM Tpe/CTaBAEHHS 0 CBOAMMOCTH
coBOKymHocTefi TakuX MHoxecTB. Ilycrs A, B — coBokyn-
HOCTH MHOXECTB, NpHYEeM SJieMeHTaMH 3THX MHOXECTB fBJAIOT-
cfl KOHCTPYKTHBHuIe 06bekThl. Torga, no onpegenenuio, B caa-
60 ceodumes K A, eciu 1j1a Kaxjaoro A € A cymecTsyer BblUHC-
auMasi onepauus © rakas, yro @ (4) € B; coBokynHocTh B
CuabHo c800umca K A, eciv CYLeCTBYeT BbIYHCJAHMAas onepa-
uusa @ rakas, yro O (4) € B pna xaxnoro A € A. B Tom cay-
yae, KOTJa COBOKYNMHOCTH A H JB COCTOAT H3 BCIOXY OMNpenesieH-
HBIX YHCJIOBBIX GYHKUMH, NOHATHE CHJAbHON CBOXUMOCTH H CJa-
60fi CBOXMMOCTH OBLIM NpEIJIOKEHE! COOTBeTCTBeHHO Mejnsele-
ebiM (B [Megsenes IO., 1955], [Megsener 0., 1956)) u
A. A. Myunukom (B [Myunuk A., 1963]), nostomy cuabHYIO
CBOIMMOCTb MOXKHO HaseiBaTb ceodumocmoto no Medsedesy, a
cjiabylo CBOAUMOCTb — céo0umocmoro no Muyunuky; Mbl Bep-
HeMcsl K 3THM CBogHMocTsiM B Konlle § 2.1. CymecTByioT Takune
IiBe COBOKYMHOCTH BCIOAY OnpejefeHHbIX (pyHKUu#, YTO OfHa
M3 HHX CBOAMTCH K Apyro#l cnabo, HO He cuibHO (cM. [Myu-
HHK A., 1963]). Knacc Bcex cOBOKYNHOCTel BCIOAY ONpeneJieH-
HbIX YHCMOBHIX QyHKUHKE, c/1abo (COOTBETCTBEHHO CHJBHO) CBO-
ASIUXCA APYT K APYry, HasbiBaercst c4ab0td (COGTBeTCTBEHHO
cuavroll) cmenenvio mpydrocmu (cm. [Measenes 10., 1955],
[Mengezes 10., 1956], [Myunuk A., 1963)).

ITycts A, B — (cnabHBe HMHA cnabble) cTeneHy TPYNHOCTH;
no onpepeneHiio A<(B, ecnn HeKOTOpLIfi 3/eMeHT CTeneHd A
(CHJIHO HJIH COOTBeTCTBEHHO €J1a60) CBOJMTCA K HEKOTOpOoMYy
snemeHTy creneHd B. (3amerud, uro B [Myunuxk A., 1963,
c. 1331, 29-a ctpoxa cBepxy] nmpu BBeeHUH 3HaKa ¢<(» JOMyIle-
Ha oreyatka: BMeCTo «B ci1abo cBogutcs K mpobiaeme A» cie-
nyer uutath: <A cmabo ceogurci K mpoGaeme Bv). CunbHere
CTeneHH TPYIAHOCTH, YaCTHYHO YMOPAJOUYEHHbIE OTHOIIEHHEM
CHJABLHOH CBOJHMOCTH, 00pasyioT pellleTKY, KOTOpas HasbiBaer-
csi pewemxoti Medeedesa (cm. [Pomxepc, 1987, § 13.7)). Bepx-
HAS mnoJaypeweTka T-creneHell BJAOXKeHa B pemerky Mexsene-
Ba: /A 3TOro Kaxjiyio T-CreneHb A cjlefyerT OTOXIECTBHTb
C CHJILHOH CTeNeHbl0 TPYLHOCTH OAHO3/IEMEHTHOM COBOKY THOCTH
gynxuuit {y}, rae y, ecTb xapakTepucTHyecKas GYHKIUHA YHCIO-
BOro MHEOXKecTBa A, a A ecTb MPOU3BONLHOE MHOXECTBO, HMelo-
mee A cBoeit T-creneHbio.

CnaGbie CTeneHH TPYAHOCTH, YacTHYHO YHOpdaoueHHsle OT-
HoleHeM caabofi CBOXMMOCTH, TakKe o0pasyloT pelleTKy,
KOTOPYIO MOXHO HasBatb peurernxoi Myunuka. Vmeercst oue-
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BHIHOe OTOOpaxkeHHe pellleTKH MezpesieBa B pelleTKy Myunn-
Ka, W 3TO OTOOpa)ieHHe OKasbiBaercsd roMoMOppu3MOM (cM.
[Myunug A., 1963]). lna Kaxnolt us pemerok HaHMeHbINHM
snemMenToM O ABJASIeTCS CTeNeHb TPYAHOCTH, COZepKauias Bh-
YHCMUMYIO (PYHKIHIO, a HaHOOJbUWIHM 3JeMeHTOM 1 sABJAfercs
cTeneHb TPYAHOCTH MYCTOH COBOKYMHOCTH. DTH pelleTKH GYAyD
HCTOJMb30BaHH B § 2.2,

§ 1.14. TlonsiTe nporpaMmpi: NporpamMMbl Kak OOGDBEKTH
BLIYMCJIEHHS M BOPOXKAeHU S

1.14.0. CymecTBeHHbIM 3TanoM B Pa3BHTHH TeOpHH ajro-
pPUTMOB ObIIO OCO3HaHHE TOFO, YTO AJIrOPHTMBI H MCUHC/IEHHSA
uMeior GopMasibHble 3agaHus (cM. Bouue § 1.2, 1.4) ¥ uro 31U
¢dopManbHele 3afaHHs (TOYHee, HEKOTOPHIE MX 3alHCH) CaMH
MOTYT CJHYXUTh OOBLEKTAMH aJrOPUTMHUECKHX H HCUHCIAHTENb-
HBIX npeoGpasoBaHuil. T0 OTKphiTHe OblIo cresaHo ToeropuH-
rom B [Teiopunr, 1936]. B stoM naparpade Mel o6cyauM Bo3-
HHKalomHue B CBA3HM G STHM IIOHATHSA «CMOCOG NMpOTrpaMMHPOBa-
HUs» H «nporpaMmar.

1.14.1, Cnoco6ut nporpammuposanusi. COBOKYHNHOCTb Bce-
BO3MOXKHBIX (pOpMasIbHEIX 3aiaHufl, ecrecTBeHHO BO3HHKaoWas
NpH paccMOTpeHHH GHKCHPOBAHHON BBIUHCAHTENbHOH (HJH
nopoxjaioulell) Mouenu, He o6s3aTelIbHO JIEXKHT B KaKOM-HH-
6yab oxHom aHcambae. TlostoMy s/1eMeHTBI 910/ COBOKYNHOCTH
He MOryT, BooCUle TroBopsi, HH HONAaBaTbCsl Ha BXOX KaKOro-
Jn60 OFHOrO ajropHTMa, HH NOPOXKAATHCH KAKUM-IHGO ONHHM
HcuncneHdeM. Urto6bl GopManbHbie 3ajaHust BO Beelf HX COBO-
KYHHOCTH MOIVIM ORITh BXOJAMH HJIM BHIXOJAMH aJrOpHTMa HJIH
HOPOXKAATHCA HCUHC/ICHHEM, 3TH 3aJaHHs Hajo TNpenBapHTeNb-
Ho 3anucath (3aKOAMPOBaTh) Tak, YToGHl MONYYEHHHIE 3aMHCH,
HJH KOZBI, NpHHajJexall KakoMmy-HHGYIb OfHOMY aHCam6IIi0.

HMeHHO TaK oOCYImecTBAsieTCs Nepexof OT H3o6paxeHHil
HOpMaNbHBIX anropudMoB K 3amHCAM STHX airopudMos (CM.
[Harophsiit, 19776]): uso6paskenusi CyTb cjioBa, HO He IPHHAN-
JIeXalie HHKaKOMY €AHHOMY CJoBapHOMY aHCaMOaio, Toria
KaK 3anuCH CyTh CJIOBa B JBYXOykBeHHOM alpabute. Takas
npejBaputeibHas 06paboTka He HYKHA I/ peaibHHX fA3bI-
KOB NpOrpaMMHpOBaHHUs, TJie ONHCAaHHEe AJrOPUTMA TpeAcTaB-
JIieT co6oH CJIoBO B HEKOTOPOM o6lIeM AN A3HHOH BbIYHCIH~
TeJIbHOR Moje/n afipaBuTe fASpIKa NporpamMmupoBaHusi. OHa
He HYXHa H A5l MaliMH KoJiMoropoBa Haj OpHeHTHPOBaHHBIMH
HJIM  HEOPHEHTHPOBAHHKIMH KOJMOIOPOBCKHMM KOMIJIEKCAMHU
¢ (PHKCHDOBAHHLIM a/paBUTOM pa3MeTKH: $OpMalbHele 3aja-
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HHUA BceX TaKuX MamuH MOXHO NpeAcTaBHTHL cefe JexXamumu
B OIHOM M TOM e aHCaMOGiie.

C mpyro#i cropoHBbI, MepeXoi K 3amHCAM Heo6XOIuM, Ha-
npuMep, s MalwkH Toiopudra. QPopMasbHOe 3ajaHHe aJi-
rOpUTMa BBHIYHCIEHHS Ha TakOH MallliHE MOXeT COIepKarh
CHMBOJIbL (B JaCTHOCTH, 0603HaueHHs BHYTPEHHHX COCTOSIHHIA),
YHCJIO KOTOphIX 3apaHee He orpaHuMdeHo. HauGosee ecrecrBeH-
Hbll BBIXOJ — CYUHTaTh STH CHMBOJL KOMOMHAUHSAMH G6oJiee
NPOCTHIX, APHHAMIEXKALUX YKe K OrpaHHYeHHOMY afidaBuTy.
Tak 3710 1 HenaeTcs B MaTeMaTHIECKHMX TEKCTaX, TAe AJs 0603-
HayeHHs] COCTOAHHA MAIUMHBI THIOPHHTA MOXKeT HCNOAb30BaTh-
csl, CKaxeM, CHMBOJ @jgq4.

Hrak, nycrs ¢ukcHpoBaHAa HeKoTopas BhLIMHC/AUTENbHAS
mozens. Ilyere Takxke (QUKCHpPoBaHB BXOAHOA aHcam6ab X u
BBIXOfHO# aHcamb6ib Y. Toria BosHHKaeT HeKOTOpoe ceMeficT-
B0 X — Y-anropuT™MoB — ceMeHiCTBO BCEX Te€X aJrOPHTMOB,
KOTOpble Deajlu3yloTCsi KOHKDETHbIMH NpeACTaBHTeNAMH jAaH-
HOW BBIYHCAHTENbHON Mozead. Hampumep, eciu Hawa Bbi-
YUCTUTENbHASE MOJENb ~— TPEXJIeHTOYHble MallHHbl ThIOpHHTa,
a X u Y — ciioBapHble aHCaMG/in B HEKOTOPHIX aJipaBUTaX, TO
KaX/I0d KOHKpeTHOH TpexseHTouHON MawmHe ThiopuHra (xa-
paKTepu3yeMOH CBOHMH JIGHTOYHBIMH aJdaBHTaMH, COBOKYII-
HOCTbIO BHYTPEHHHX COCTOAHHI H CHCTeMoH KOMaHA) COOT-
BETCTBYeT HeKOoTOpHlit X—Y -anroput™. Ho ux caMu sTH npen-
CTaBHTeJH (B NpHMepe — TpeXJeHTOYHble MaluHbl ThiopuHTra),
HH QopmasibHbIE 3aJlaHHsi COOTBETCTBYIOIMHX AaJTOPHTMOB ellle
e MpeicTaBAslOT COO0H KOHCTPYKTUBHBIX OGBEKTOB KaKOro-
Au60 eHHOro aHcaMOAs M TeM CaMbiM He MOryT CHAYXHTh
00BEKTaMH aJNrOPUTMHYeCKHX npeobpasoBaHuil. [lostomy Ham
clieflyeT JOTOBOPHTbEA O TOM, KaKuM o6pasoM ¢opMmalbHbie
BaJaHHA CJeAyeT HMorpysurb B Heroropbl aHcambiab. Takoe
norpyxeHue Mbt 6ylieM HasbiBaTb CROCOOOM NPOPAMMUPOBAHUS
(81 JaHHOH BBIYMCJNTEJbHOH MOZeNH).

INoguyepkHeM, 4TO AJIA OXHOK M TOH Ke BbIYHCIHTENbHOM
MOZEJH H NPH OJHHX M TeX e BXOAHLIX M BBIXOMHBIX aHCamG-
J1X BO3MOXKHBI pasjinuHbie croco6bl nmporpammypoBaHus. Ha-
npuMep, AJIg PaCCMOTPEHHOro Clydasl MailiH ThIOPHHIa MOX-
HO MO-pa3HOMY JOFOBOPHTLCA O ClocoGe KOIMPOBaHHS BHYT-
PEeHHHX COCTOAHHE (YHCJIO KOTOPHIX 3apaHee He OrpaHHYeHo)
C TIOMOILBI0 KOHeYHOro HaGopa CHMBOJIOB; TpalHUHOHHas 3a-
IIHCh BPOUE «J,q,» (CM. BBIIIE) OTHIOANL He fABJETCS eIMHCTBEH-
Hoft BosMOKHO#. BBeseHHOe NoHATHe «cnocob NporpaMMupoBa-
HHsI» MOXKHO 0603HayaTh O60Jlee NOMHBIM TEPMHHOM «CIIOCO6
NpOrpaMMHPOBAHHUS AJIFOPHTMOB» — JJIf OTVIHYHA OT paccMmar-
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pHBaeMOro HHXe Crnoco6a NpOrpaMMHpPOBAHHA BBEIYHCAHMBIX
byHKuUA.

C Kam/piM CIOCOGOM NPOrpaMMHPOBaHKsl CBSi3aH HEKOTOPbI
ancaM6/ib — NpozpaMmubil atcambap RaMHOro crnocoba mpo-
rpaMMHpOBaHHA, 3JEMEHTHI KOTOpPOro paccMaTpPHBalOTCsi Kak
KoJpl (opMaNibHBIX 3ajaHHii COOTBETCTBYIOIHX ANTOPHTMOB H
HasbiBaloTCs npoepammami. Boobute roBops, He BCe 3JI€MEHTH]
IporpaMMHoro aHcam6/s fABAAIOTCA porpaMMaMH, OAHAKO MpH
BCeX pasyMHBIX CHocoGax NpOrpaMMHPOBaHHSI MHOXKecTBO P,
BCeX NpOrpaMM SIBJSETCS paspeliNMbiM HOAMHOMKECTBOM HPO-
rpaMMHoro aHcam6isi P. MOXHO YCJOBHTbCA TPAKTOBaTh BCS-
KHH 37IeMeHT U3 P Kak nmporpamMmy, paccmaTphBas Joboe p u3s
P\ P, B KauecTsBe NpOrpaMMbl aJirOPHTMa ¢ MycTOH 06MACTbIO
npuMeHUMOCTH. Tak Mbl u OyAeM MOCTynaTh B JajibHeHLIeM.

Besikuit alropuT™ BBIYMC/AEHHS Ha JaHHOM MOJENH HMEET
nporpammy B P. Ora nporpaMMa COJEpMHT MHHHMAJbHO He-
06XOAUMYI0 HHGpOpMAUHIO, KOTOpasi OT/IHYaeT AaHHHHA aJjro-
DUTM OT BCeX APYTHX afATOPUTMOB BblYHCJICHUS HAa paccMaTpH-
BaeMoil MozeJiu (HO He BKJIoYaer HHpopMmauuu o crocobe rpo-
rpaMMupoBanusi, ofulefi AAs BCEX aJrOpUTMOB MOAENH) H
[OJIY4aeTCsl HEKOTOPHIM «IIPOCTHIM H eCTeCTBEHHLIM» 00pas3oM M3
(OpMaNbHOTO 3aJlaHHUs AArOPUTMA. TOT HNPOCTON H eCTeCTBeH-
HBIE 06pa3 COCTOHT B BhIABJAEHHY B (QOpMajbHHX 3aJaHHAX
fosee «MeKO», «BHYTPUKJETOUHOM» CTPYKTYpH, NOrpyKawo-
1eM Bce (opMasbHble 3ajaHus B ONUH OOWHI aHcaMOmb.

Tonstue cnocofa NporpaMMHpPOBaHHSA He AIBAAETCA TOYHbIM
MaTeMaTHYeCKHM TIOHATHEM (KaK M MOHSTHE BbIYHCJHTENLHOH
mozeau). MEl monbiTaeMca cefiyac ykasaTb HEKOTODPbie CBOHCT-
Ba, KOTOPHIMH JO/KeH o6/afarth KaXXAbH pasyMHbifi Crioco6
nporpammupoBanusi. C s1off nenplo monpofyeM OTBeTHTb Ha
CHIeRYIOUME BONPOC: KaKHe MaTeMaTHYeCKHEe NOHATHSA CBA3aHbl
B HalleM ApeACTaBJIEHHH C TEPMUHOM «Crocob NPOrpamMmipoBa-
HHA»?

IMpexae BCero — H 3T0 yxKe OTMeYasoch — ClIocob Mmpo-
FPaMMHpPOBaHHS Tpejnofaraer ¢UKcauHio, NMOMHMO BXOZHOIO
ancam6asi X M BBIXOZHOro aHcam0isi ¥, HEKOTOPOTO TpeTbero
ancamons — aucambna nporpamm. [Hasee, crexyer Kak-To
OTpasuTh HAllK MPEeACTaBJeHUs O crocofe NpUMeHeHHs AaHHOil
nporpaMMel K faHHoMy aprymeHty. Ham npezncraBnsercs, uto
JOCTatouHO (M, MOKeT ObiTh, MCYEPIIEIBAIONIE) [IOJHO NPEACT aB-
JicHHe 06 5TOM JaeT TpexmectHas pyuxuusa A (p, x, £), aprymes-
TAMH KOTOPOH SIBJSIOTCA NpOrpamma p, HCXOJHoe JaHHOe X
Il HaTypanbHoe YHCHO (MOMEHT BpeMmeHH) f, a 3HaueHue pPaBHO
(MOJIHOMY) COCTOAHMIO BBIYMC/HTC/BHOTO NPOLLCCa B MOMEHT
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BpeMeHH { npu paboTe MallHHLI ¢ NPOrpaMMoll p Ha MCXOxHOM
HanHoM x. PaccmorpeHue 3To# QYHKUHM Npearofaraer, pasy-
MeeTCsl, YTO BCce COCTOSIHHA BBIYHC/HTENBHONO Mpolecca Cle-
JiaHBl, KaKk 370 onucaHo B § 1.1, alemMeHTaMH HeKotoporo aH-
cambns (Takoe NOrpy:KeHHE MOKET, KOHEUHO, TPOMCXOIHTh
pasHbiMH criocobamu). Takum oOpasom ofnpepeneHHyl0 (yHK-
o A ecTecTBEHHO Ha3BaTh 6bMUCAUMEAbHOE ynKkyueld ISt
3aJlaHHON BBIYHC/AHTENBHOH MOZENH (¢ (QUKCHPOBaHHEBIM CIO-
COGOM MOTpYyKeHHA ee COCTOSHHH B HEKOTOpHIH aHcaMm6ib) H
8aJIAHHOrO criocofa NPOrpaMMHpPOBAHHUS,

B repmunax selyncauTesnpHOR GYHRUHH A MOTYT ObiTh Bbl-
PaXKeHEl B HEKOTOpble APYTHEe MOHATHA, CBS3aHHble ¢ BBIYHC- -
JquTesisHOfl Mopennio. Hanpumep, BXoxHasd mnpolleAypa €cTh
IO cyulecTBy orobpaxenue x> A (p, x, 0). Hanporus, Bexoi-
Hasi mpouefypa, TaK Ke KaK H MPaBHJIO, onpelejsiollee Mo-
MCHT OKOHYaHHu# paloThl, JOMKHA ObTh 3ajaHa NOMHMO Bbl-
uncauTeabHoOH GyHKuHH. MMeHHO, MpaBHJO OKOHYaHHS Npel-
craBjifieT cob6oil mpepukaT I1, 3ajaHHBIi Ha MHOMKeCTBE BceX
BO3MOXXHBIX COCTOAHHI BHIYHCAMTENBHOrO Mporecca (MHOXKeCT-
Be, 3/leMeHTaMH KOTOPOTo ABNAIOTCA 3HaYeHHS BRLIUMCIHTENb-
Hofi GpyHKuuH A), a BbIXoAHas npouesypa — oToOpaxeHue R
5TOr0 MHOXKeCTBa B BbiXoAHO# aHcambab Y. BBeis ath noHs-
THf, Mbl MOXEM Ofpelie/ITh TeNepb, HANPRMEP, BpeMsi paboThl
JAaHHON mporpaMmsl p Ha AaHHOM apryMeHTe X KaK HauMeHbllee
ancqo ¢, npu xoropom A (p, x, f) o6aagaer ceoiicrom I1, 3na-
yeHue R (A (p, x, t)) npn s10M f eCTECTBEHHO CUHTATL Pe3yJibTa-
TOM paGoTHl NporpaMMbl p Ha HCXOXHOM JAHHOM X.

BriyucaurensHele GYHKUHH, €CTeCTBEHHBIM 06pa3oM MOCT-
POEHHBIE IO H3BECTHBHIM BHIYHCAHTENBHBIM MOZeNsaM, o6aanaior
HEKOTOPBIMH OOIMMH CcBoiicTBaMH. OTMETHM CBOHACTBO «Hempe-
PHIBHOCTH MO f», yrBepKiaiollee, 4T0 obvext A (p, X, 1-+1)
MOXet ObiTb NoNyueH u3 o6beKra A (p, x, £) HEKOTOPO# JOKAJb-
Hoii onepauuef (u, crano 6biTb,— €CMH NPHHATH CBOHCTBO
([L1) u3 §1.6,— Hopma o6wekta 4 (p, x, {-+1) 6Auska K HOpMe
o6bekra A (p, x, f). [Ipyroe nono6Hoe CBOHCTBO — HelpephiB-
HOCTb BXOJHOH NpOLERYpH — yTBEpXKIaeT, 4To OJH3KHM IMa-
pam (x, p) u (x', p’) DOMXHBI COOTBETCTBOBATH G/H3KHE 3Haue-
uust A (p, ¥, 0) u A (p’, «', 0). INpenukar [1, kak npasuio, se-
NsieTcA JIOKaJbHBIM CBONCTBOM, a (yHKIHA R — JoKanbHOH
onepaiues.

Bruto Gl HHTEpeCHO MOCTPOUTh «AKCHOMATHYECKYIO» TEOPHIO
cnoco6oB NpOrpaMMHpoOBaHHsA, T. €. OOBABUTH AaKCHOMaMH
KaKHe-TO CBOMCTBA BHIUHC/AHTENbHOH QYHKIMH, nNpaBujia OKOH-
YaHUA H BBEIXOAHOH IpoleNyphl (B T0M YHCJIE, BOSMOXKHO, YiK@
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yKasaHHBIE) M BLIBOAHTH W3 HHX pasindHbie chaeictBus. Ho
KaKue HMEHHO CBOMCTBA CJleflyeT CUHTATh AKCHOMaMH, KakHe
CIeCTBHS BHIBOAHTH, Aa H BooOllle MOXHO JiH 3Ty NpOrpaMmy
OCYLIECTBUTh — 00 9TOM rOBOPHUTH eliie PaHo.

ITosToMy MH orpaHHumMCsl JHLIb YacTblo HHPOPMALHH O
cnocobax MporpaMMHpPOBAaHHSA — HMeHHo, He OyJeM HHTEpe-
COBATbCS BCEM NPOLECCOM BHIUHCJAeHHS, a GylieM HHTepecoBaTh-
csi ToABKO pesynbTatoM. ['oBopsi Gojiee TOUHO, CBAXKEM C KaX-
IBIM COOCOGOM MpOrpaMMHPOBAHHS IBYMeCTHYIO (YHKLHIO
U(p, x), aprymMeHTaMu KOTOpOH SABJIAIOTCA nporpamMMa p H
HCXoHHOe NaHHOe X, a 3HaueHHeM — pesyJibTaT NPHMeHeHHHA
IIPOrpamMBl p K HCXOXHOMY JaHHOMY X. (Bbilue OblIO CKa3aHo,
KaKMM ofpasoM 3Ta QyHKUMSI MOXET ObITb BbIpaXkeHa uepe3
A TTu R:

U(p, )= R(A(p, x, MIT{A(p, x, D)),

TZie CHMBOA Ui HMeeT CMHICA <HaHMeHbiuee {, TaKoe 4TO».) Ta
(YHKuUS He onpezessieT OXHO3HAYHO CIOCO6 MpOrpamMmupoBa-
HHA (B ee TepMHHAaX, HanpHMep, HEBO3MOXKHO CHOpMYyNUPOBATH
YTBEpKIEHHA, KacalouiHecss MPOMEXYTOUHBIX COCTOSTHHH, BO3-
HHKAIOI}X NpH paGoTe MalIHLI ¢ JaHHOH nporpaMMof Ha JaH-
HOM O6BEKTe, HIIH BpeMeHH paGOTH MalIKHbI ¢ JaHHOH Oporpam-
Mofl Ha AaHHoM o6bekre)., dyHKuMio U ecrecTBEeHHO HasBaTh
pesysvmamuoll GyHKuNeH JaHHOTO crocoba NporpaMMHpoBa-
HHA.

1.14.2. YHuBepcalibHbie aNTOPHTMb! H YHHBepCAdbHBIE (PYHK-
ouM, YTo MOXKHO cKasaTh O CBOHCTBax pesyibTaTHON (yHK-
wun U?

IMepBoe cBoiicTBo dyHKUHHM U COCTOHT, KOHEYHO, B €e BbI-
gncanmoctTd. Cllefiyss nporpaMMHCTCKOH TpajMuyH, BBIYHCJISIO-
wMi ee aJropuTM CJAeRYeT HasBaThb uHmepnpemamopom (MH-
TEPOperaTopos — NPH ONHOM H TOM 3Ke Crocobe NnporpaMMHpo-
Banud, T. e. Aag ofHolt # To#l e U,— MOXeT 6hTh MHOTO, HO
BCce OHH, KOHEYHO, S5KBHBaJIeHTHH).

Ho cux nop Mbl He npejnoNaraiin NPeACTaBUTeNbHOCTH pac-
cMarpuBaeMoil Mopenu. CpenaeM Telepb Takoe MNPeArnoJioxe-
HHe: sICHO, YTO HanboJsiee HHTEPECHBl H BaXXHbI HMEHHO NpejcTa-
BUTENbHBIE BHUHCAHTENbHEle Momenu. Hrak, mycts mopens
X — Y-npencraBurenibHa. B s3TOM Ciyuae mHTepnperarop Ha-
SHIBACTCA YHUBLPCAALHLIM QA20PUMMOM, a BTOPOE CBOHCTBO
pe3ysrTaTHOH (GYHKUMH COCTOHT B ToM, 4To BeAkuf X —
Y-anroputm Moxer GbiTh 3aflaH HeKoTopoit nporpammoii, Chop-
MyJHPYeM 3To CBoiHcTBO (Y HHBEpCcalbHOCTh A1 Moaenu) Gonee
TOUYHO! '



§ 1.14. TIPOrPAMMA KAK OBDBEKT BBIYHCJIEHHS 111

(YM) nas moboro X — Y-anroputma ¥ cymecrbyer ra-
Kast nporpamma p € P, 4T0 Jjis BCeX X € X HMeET MeCTo ycjioB-
Hoe pasencreo U (x)~U (p, x).

Caofictso (YM) H Bbpaxkaer, KOHEUHO, TO 0GCTOATENLCTBO,
YTO paccMaTpHBaeMast MOJiesb NpPeACTaBHTeNbHA., 3TO CBOMCTBO
He Npeanosiaraer, OBHAKO, «3(PQeKTHBHOro» HAXOXKAEHHT p
no A. CioBo «ipeKTHBHOIrO> B3ATO 34eCh B KABBLIUKH, TaK KAK
HYXJlaeTcsl B YTOYHEHHH — BeAb anroput™ ¥ He npencrapasi-
eT Co0olt KOHCTPYKTHBHHI OGBEKT. DTO CIOBO MOKHO YTOYHHTD
CENYIOMUM 06pasom. Paccmo;lpnm ceMeiictBo anroputmos 9,
sananHoe napamerpunuecku: A, (x)=A((i, x)), i€/, roe A —
HEKOTOpHIH anroput™, a / — nopogumoe MHOXecTBo. OKashi-
BaeTcs, 4TO (DPH BCeX Pa3yMHBHIX cnocoBax NporpaMMHpoBa-
HH5l) NpPOTpaMMy, COOTBETCTBYIOULYIO airoput™y 9,, MOMXHO
o@pekTHBHO Haiitu no {. ChopMmyaHpyeM Teneps 3TO CBOHCTBO
(I'éneneBocts mist Monenu) Gosee TouHo:

(TM) nns kaxporo nopoaumoro Muoxecta / M Kaaoro
anroputMa A: IXX—Y cymecrsyer amroputm D: I P ¢
obnactbio onpefenenus /, wis xoroporo A (i, 1)) U (D (i), x)
npu Bcex x€ X, i€ /.

Ceoiicteo (I'M) npejcraBiasieTcsi COBepUICGHHO eCTEeCTBEH-
HbIM. B camom fieste, noctatouHo B3sITh B KauecTBe D anropurm,
KOTOpbl#l B NPUMEHEHHH K i MPOCTO BbIAAET nporpammy X-—
Y-anropurma: «o6pasyii napy (i, x) u npuMeny K et anrropurs,
BeiuncaAsiomui Us.

osicunm emuien  yreepaxaenus (I'M). ToBops Hedopmaib-
HO, OHO YTBEPXKJAeT, YTO HMeeTCs Cnocol ‘mpaxcaayuy mnpo-
rpamm Jio6oro APyroro cnoco6a NmporpaMMHpOBaHUSI B Npo-
rpaMmel Hauero cnoco6a nporpaMMHpoBaHHS. B ranHo# Beime
¢opmynnposke A u 3anaer ITOT «APyroily cnocob nporpammu-
poBanus, | — ero nporpammubi#t ancaMbib, D — mpancas-
mop, CyIeCTBOBaHHE KOTOPOI'O YTBepiKAaercs,

Bce ecrecTBeHHO BOBHHKAIOUHE CMOCOGH MPOrpaMMHPOBa-
nus obaajaor ceoiicrom (I'M). D10 cBoficTBO MOXHO paccMar-
pUBaTh KaK YTOUHSAIOLlee Hallli MHTYHTHBHBIE NpPEACTaBJeHHUS
o crioco6ax nporpaMMHpOBaHHsA NOAOOHO TOMY, Kak Teanc Uép-
Ya YTOYHAET HAIUM HHTYUTHBHBIC NpPEACTABJIEHHUS O BHIYHCIH-
moctu. Ilpu HeopmanbtoM MOHHMaHHH crocoBa Nporpammu-
poBanug Tesuc (CM), Tak ke kak ¥ Te3uc Uépua, Henb3d fo-
Kas3aTb B OOBIYHOM MaTeMaTHYeCKOM CMEBIC/JE; HO €ro MOXKHO
NOATBEPIKAATb, PACCMATPHBAS Pa3/UYHBIE NPeJCTABHTENbHBIE
BHIYHCIHUTENbHEE MOJENY H PasjilyHble TOYHO ONHCAHHLIE CHO-
cobpl nporpamMmupoBauus. (Bawxnoe pasavune: tesuc Uépua
faeT TOYHOE ONMCdHMe KJacca BHIYHCIUMBIX (YHKUHH, B TO
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BpeMA KaK 3AeCh Mbl HMeeM JIHIIb «BepXHIOI0 ONeHKY?» AJIs KJaac-
ca Bcex crnoco0oB nporpammupoBanus!) YTBepKAeHHE O TOM,
yro cBoiicTBO ('M) BhINONHEHO ANl HEKOTOPOro KOHKPETHOro
cnocofa MNPOrpaMMHPOBaHuA (CBA3AHHOrO C PEKYPCHBHBIMH
GYHKUMAMH), COCTABJAET COMepPIKaHHe KJHHHEBOH § — Hi—
n-meopemvt (T04Hee, s — l—I-Teopemn), cm. [Pomxepe, 1967,
§ 1.8]. O cBasu s — m — n-Teopems! ¢ NPOrpaMMUCTCKUMH
nonatuaMu cm. [Epmos A., 1981], [Epmos A., 1982, n. 3.2},
[Epos, 1984].

Bce ykasaHHBIE CBONCTBA pe3y/bTaTHHIX (yHKuu#, co-
OTBETCTBYIOIMX H3BECTHHIM crnocoGaM NporpamMMUpOBaHus,
MOXHO 06paTHTb B TpeCOBaHMs, Hak/JaipiBaeMble Ha IIPOH3-
BosibHYI0 ynkuuio V. Mbl npuxonum Torga K CJAeAyIOmUM Ofi-
pefeneHu M.

Iycte X, Y, E — HeKOTOpbie MHOXKECTBA KOHCTPYKTHBHBIX
00beKToB, V — Boiaucaumas GyHrnus us E X X B Y. OyHxumio
V nasoseM yrusepcarvnoi pynxyueti dra X, Y ¢ uxOexcroim
mHoocecmeom E, ecnu Il Hee BHINOJIHEHO TaKOe YCJIOBHE:

(¥) ana kaxgoro X—Y-anroputva ¥ cymiecTByeT Takos
e€ E, uto ana Bcex X € X BBIONHEHO YCJOBHOE PaBEHCTLO

Ax) >V, x).

ITycts X u Y — ancam6au. CymecTBoBanye yHHBepCabHo!i
BBIYHCAUMOH (yHKuH aig X, ¥V ¢ HHAEKCHbIM MHOXKecTBoM X
HeMeJVIEHHO MPHBOMMUT AMaroHaJbHBIM METOIOM K TAKOMY Bax(-
HOMY pesyJ/bTary, KaK CyllleCTBOBaHHE NODOIUMELIX Hepaspe-
HIHMBIX MHOXecTB, cp. § 1.10.

1.14.3. TnapHsle, WM F€jeNeBbl, YHUBEPCANbHBIE DYHKIH:!,
Boiuncaumyio dyskurio V us EXX B Y HasoBeMm eédesesorl,
WU 2a08r0l, ynkyueld 0ra X, Y ¢ UHOCKCHOIM MHOMECMBO s
E, echu 17 Hee BBINOIHEHO TaKoe YcJOBHE:

(') ans Kaxaoro NOpoIMMOro MHOXKeCTBa [ M AJIs KaKAOTo
anroput™Ma As I X X—Y cymecrsyer anroputm O: I —E ¢ 05-
Jactbio onpefenenus I, ana xoroporo U ({i, )~V (D (i), x)
npn Bcex x€X, (€.

(Ouesunno, ycnosue (¥) sbitekaer us yeaosus (I).) C no-
MOIbI0 BBEJCHNBIX ONpPEfeNeHHH MOXHO nepedopMyaHpPOBaT:
CKasaHHOe paHee — U BepaxeHHoe B cBofictBax (YM), (M) —
TaK: Aas Jo6oro cnocoba mporpaMMHpPOBaHUsl Pe3yJbTaTHAs
dyukuus U siBisercs ynubepcasisHol U Jaxe réfeneBol dyii-
uveit ansi X, Y ¢ MHOeKCHbIM MHOxecTBoM P (sfech X, Y u
P — BxXonHo#t, BHIXOAHOH M MPOrpaMMHE ancamban). na
npousBonbHEIX ancambielt X, Y, E cymectBylor ¢yHKuu:,
obnajaromue ceoficteom (Y), Ho He CBOHCTBOM (). 2m



§ 1.14. IPOTPAMMA KAK OB'BEKT BBIUHCJIEHHS 13

(YHKUMH, OJHAKO, He COOTBETCTBYIOT HHKaKUM Crioco0am
NPOrpaMMHpPOBAHHST H KOHCTPYMDYIOTCS € IIOMOULBIO ® HCKYC-
CTBeHHOro npHeMa.

[lycts mo-npexxHeMy (UKCHPOBaHa BBIYUCIHTENbHAS MO-
IeJb ¢ cooTBercTBYIOMUME ancambnamu X, Y, P u xakoii-imGo
crioco6 TPOrpaMMHpOBaHHs ANs 3TOH MojenH. PaccMmorpum
Kagylo-1u6o Buluucaumyto dyuknmo f ua X B Y. Jlio6as npo-
rpamma moboro X — Y-anaropurMa, BblYHCAsoOmero f, Hasbl-
Baercsi npozpammoti pyskyuy f. Mbl nonydaem TeM caMbiM He-
KOTOpOE COOTBETCTBHE MEXAY 3JieMeHTaMH P H BBIYHCJHMEIMH
GyHKIMAME, OpPU KOTOPOM KaxAOMy p€ P COOTBETCTBYET
¢yuknus f ¢ nporpammoii p.

TFoBopsi ¢opmaibHO, 3TO COOTBETCTBHE eCThb HEKOTOPoe
noamuoxkectBo npousBefenus PXCom (X, Y). Ouesnaso,
OHO MNOJTHOCTBIO 3ajaeTcA pesynabraTHoll ¢yHxuuedn U, Tlo
91Ol npuudHe camy 3Ty pe3yJbTaTHYIO QyHKIHIO 4acTo Ha3bl-
BaIOT CNOCOBOM NPOSDAMMUPOBARUS WU MEMOOOM NPO2PAMMUPO-
sanus — cM., Hanpumep, [ Konmoropos, 1965, § 31; npu stom,
NOJYEpKHeM e€Ille pas, HMEIOT B BHIY COOTBETCTBHE He MeXK-
Ly TporpamMMami H aJIrOpHTMaMH, a MEeXAy NporpaMMaMy
H BHYMCISEMBIME STHMH ajropuTMaMi QYHKUHMAMH (Tak 4TO
Gonee TOYHEIM ObWIO OB TOBOPHUTH O cnocoGe NPOrpaMMu-
poBaHHS BBHIYHCAUMEX ¢yHKuui). Camo ykasaHHOe COOT-
BeTCTBHE prH>[ TakKe HaBbIBAIOT CHOCOGOM NPORPAMMUPOSI-
nug, Witak, mu pasanuaeM cnocoOul (METOABI, CHCTEMEBI) Npo-
rpaMMHPOBAHHS ANTOPUTMOB W BO3HMKAIOLIME Ha HX OCHOBe
cnoco6ul (METOHE!, CHCTEME]) NPOrPAMMHPOBAHHSA BRIIHCIAHMBIX
¢yuruuii. Kak yxke oTmeualoch, cnocoObl NPOrpaMMUpOBa-
HHf (YHKUHHA BBIAGAOTCA CPEJH BCEBO3MOXKHBIX (DYHKHHH
u3 PX X BY Tewm, uto oHH (Cpey NPOYHX, HE NMOJHOCTBIO, OHITH
MOJKeT, HaM H3BECTHRIX CBOHCTB) O0/1ajaloT CBOHCTBOM Iéfe-
JgeBocTH, [losToMy yKasaHHOe CBOHCTBO IénesieBOCTH — AJs
noJXonsiuiero ancaméns £ B KauecTBe HWHIEKCHOTO MHOXKeCT-
Ba — CaMo MOXKeT GbITb NpemJioKeHo (H, AeHCTBUTeNbHO, ObIIO
npenioXeHo B nokdazax [Yemenckuii, 1956], [Ycnenckni,
1956a}) B KauectBe ¢oOpManbpHOrO ONMpeAeteHHs MOHATHS CHO-
co6a NpoPaAMMUPOCAHUS BLIMUCAUMBLY DYHKYUT (1 TEM CaMbiM
KOCBEHHO — B KauecTBE ONpeJeJICHHS] [OHATHA Apo2pamisl
Pynryuu).

CorsiacHo 3TOMy oOfnpenefeHHI0, crnocof NporpaMmMHpoBa-
HHSl OTOMJAECTBJISIETCS ¢ IVIaBHOH, HJH T€ReJIEBOH, YHHBep-
casibHOl (yHRuHe#H. ['é1eneBnl yHHBepcaipHble Gynruuyu (Toy-
Hee, CONpsiKEeHHble C HUMH TéienieBn Hymepauuu, cm. § 1.15)
co BpeMeHeM HaYa/lH TPAKTOBATbCA B COBPEMEHHHIX KypHajax
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MO BHIYHCJIMTENbHON MaTeMaTHKe B KaueCTBe «IIPOCTHIX MOJe-
Jeli A7 A3HIKOB NpOrpaMMHpoBaHus», kKak B [XapTmanuc,
Befikep, 1975), win Aaxe npocTo OTOXAECTBMSATBLCA C «CHCTE-
MaMH INpOTpaMMHpOBaHHs» («programming sysiems»), Kak B
[Mautu, Bunkabman, $ur, 1978f

COBOKYNHOCTb BCeX CrocoGoB NporpamMMHpOBaHHA (OTOX-
JECTB/SIEMBIX ¢ TéAeNeBHIMH YHUBEpCANbHBIMH  (HYHKIHUAMH
npH ¢ukcHpoBaHHEIX X, Y, E) oKaspiBaeTcsi HenepeuHciy-
moit [dywckuii, 1975] — B TOM TOYHOM cMBICHE, 4TO He o6Ja-
JaeT BHIYHCAHUMON Hymeparyelt (o Hux — B § 1.15).

PasBuTHE TEOPHH AJArOPHTMOB NOKa3aslo, YTO HH KOHKPET-
HEI BEIGOpP BBIYMC/INTENbHON MOJENH, HH KOHKPETHBIH BhIGOD
cocofa nporpaMMupoBaHust (npu (HKCHPOBAHHOH MOIENH)
MOYTH HE BJMSAET Ha TO, KaKHe TeOpeMbl O BBIYMCIUMBIX (YyHK-
IMAX H HX OporpamMMax OKaXKyTCs CHpaBelJiHBLIMH; MBI I'OBO-
PHM «II0YTH», HMES B BULY HEKOTOPBIE HCKIIOYEHUA, CBA3AHHbIE
C moHATHeM ofbeMa (MM HOPMBI) MPorpamMb! (CM. 00 3TOM
nanee). TakuM o6pas3oM, MOKHO YTBEpPKAATh, UTO (B IIMPOKHX
npeleniax) BO3MOXKHA eJUHAas TeOPHsi COCOGOB [IpOrpaMMHpOBa-
HUA BBIYHCAMMBIX (yHKnuH. OOBAcHeHHe 3TOMY SBJCHHIO
BawT meopema Myunuxka o6 usoMopusme BBIYHCAUTETHHBIX
CTPYKTYD, KoTopas OyzieT chopMy/iipOBaHa HECKOIbKHMHU CTPO-
KaMH HUXKe U meopema Podxcepca o6 usomoppuaMe réfeieBrIx,
HJIM TVIAaBHBIX, HyMepauuH, Kotopas Gylier chopMyaHpoBaHa B
§ 1.15. Ua Teopemur Popkepca BhiTekaet, uto ecid X, Y, E —
npousBoJbHEIE aHcaMbiH, a Vi U V3— poH3BoJIbHEIE TE1eTeBE
¢dbyuknun ana X, Y ¢ HHAEKCHBIMY MHOXKECTBAMH COOTBETCTBEH-
Ho E; u E,, To He TOJIbKO CYINeCTBYIOT aArOPUTMBL <TPaHCAANUHY
B 00e CTOpPOHBI, YTO, OUEBHHO, BEITEKAET U3 ONpefelleHus ré-
JleIeBOCTH, HO MOXKHO BhIGpaTh 3TH aArOPUTMBL TaK, 4TOOBI
OHH BBIYHCJIANH B3aHMHO ofOparHbie (PYHKUMH! CYIIECTByeT Ta-
koit usoMopduam e aHcambielt Ey u E,, uTo AnsA JiobuX e € £y,
% € X BBINOJHEHO YCJIOBHOE PaBeHCTBO

Vﬁ (8 (e)a X) ~ Vl (e’ X)-

1.14.4. BouucanrenbHble CTPYKTypul. IlonAtHe epmuuc-
aumensrotl cmpykmypot BBeieHo AH. A, MyuHuKOM B cTaThe
[Myuuuk AH., 1985], rae ckasanuo:

«PsipoM aBTOpOB BRHICK@3bIBaJlach TOYKA 3pEHHHA, COIVIacHO
KOTODOH TEOpHUS aJrOpHTMOB eCThb TeOopHs OJHOro, YHHBeEp-
canbHoro, anroputMa (cm. [Ycmenckuli, Cemenos, 1982]).
TlpuBonuMan HUXKe TeopeMa SIBIAETCH TOYHBIM MaTeMaTHuye-
CKMM TNOATBEPKACHHEM STOro T€3HCa, » Hs/araembie B 3ToM NIy HK-~
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Te MOHATHS ¥ pe3yJabraThl NpHHagiexaT AH., A. MyuHuKY H
B3fITHl M3 HHTHPOBANHOMN CTaTHH. :

B Teopuu anropuTMOB NPHHUMNHUANbLHBIM fABJIAETCA pac-
cMoTpeHre yacTHUHBIX GyHKuu#i. Ilosromy spech Gynmem pac-
CMaTpHBaTh CTPYKTyphl (anre6panyecKue CHCTEMBI) ¢ 4acTHY-
HBIMH OllepalisiMi, CTelHaJbHO 3TOro He oroBapuBas. Uepes
f. 6yzem oGosHauatb yHKuuio Ayf(x, y), T. e. OMHOMeCTHYIO
GYHKIHIO, TONTydaeMyo pHKcanHel nepBoro aprymesra Bf (x, y).

Iycrs F(x, y) — HekoTopas rnaenas (réuenesa) yHHBep-
canpHaf ¢ynkuusa us N B N. Torna napy (N; F) Hasosem gor-
YUCAUMEABHOL  CIpyKmypol.

Teopema Ax. My4ruxa. Bee BbHCAHTENbHEIE CTPYKTYPH
H30MOPQHEL.

Koneuno, He ofs3atesbHO TpeGOBaTh, 4YTOOB! HOCHTENeM
cTpyKTypH Obi1 HaTypanbhbiii psig N. B Kauectse TakoBoro
MOXKHO B3fiThb JI000H aHCaMOJIb KOHCTPYKTHBHBLIX OGBEKTOB.
ITycts (N; F), (N; G) — KBe BLUHCAUTENBHEE CTPYKTYpPBI. YT~
BepIKIeHHUE TEOPEMEI COCTOHUT B CYUIECTBOBAHUH TaKoH GHEKLUH
h: N-N, uto F(x, y)=20Gh(x), h(y))=h(z). OxasbBa-
ercsi, BCerAa CYIeCcTBYeT Aaxe BbIUHCAUMAA A (BRIYHCIUMBLR
usomopusm). HMuage rosops, Iépn BesikoM ¥ u3 N po/mxHo
GbITh BeMOMHeHO  F,=h"*0 G, ., oh.

EcTecTBeHHO, BO3HHKaeT Bonpoc: 9ro GymeT, €c/iH B Teope-
Me AH. MyyHHKa BMeCTO BHIYHCJAHMOCTH PaccMarpHBaTh OTHO-
CUTENbHYI0 BRIYHCAHMOCTb, T. €. BBHIYHCJAMMOCTb TPH TTOMOIIH
anroputMa ¢ opakyJsioM? OkasbiBaeTcs, Bce CTPYKTYpHI, OT-
BEYaloUiie OZHOMY H TOMY XK€ OpPaKyJy (MJIH SKBUBAJECHTHHIM
opakynam), W3oMopdHE! (puyeM ¢ H3OMOP(HH3IMOM, BHIYHCIU-
MBIM OTHOCHTEJIbHO TOTO XKe Opakyna). HMuave rosops, peus-
THBHM3YeMa cama Teopema Myutiuka (cm. [Myunnx An., 1985]).

Hazogem A-goiqucaumenvroli cmpyrmypoli CIpyKTypy, onpe-
IeNieHHe KOTOPOH MOJNYYaeTcsi U3 ONpefie/ieHHS! BBIYUCUTEND-
HOH CTPYKTYphl 3aMeHOH BHIYMCAMMOCTH Ha BRIMHCIUMOCTb C
opakyJyioM A. MoxHo nokasatb, 9TO NpH HeBbiyHCIHMOM A A-
BBLIUHC/IUTENBHA CTPYKTYpa He u30MOp(dHA M jaxe He 3Je-
MEHTapHO 3KBHBaJIcHTHA BbIYMCAHUTEbHOR CTpyKType (6e3 opa-
Kyna).

Ilycrs @ — HekoTOpOe CBOACTBO CTPYKTYP PaccMOTPEHHOM
curuarypsl (C eAHHCTBEHHON ABYMECTHOH YacTHYHOH (yHKuHel;
MBI PACCMaTPUBAaEM JIHIIb CBOHCTBA, YCTOHUUBLIE OTHOCHTENLHO
usomopdusMa cTpykTyp). Torna B cuny teopembt An. Myunuka
Iiist KaxJjoro opakyna A qu6o @ ucTHHHO A BceX A-BEIYHC-
JIUTENBHBIX CTPYKTYp, nubo @ JoxHO A1 HuX BeeX. Tem ca-
MbIM BO3HHKAIOT TPH BO3MOXKHOCTH:
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1) ® ucTHHHO AAA A-BEMHCHNTENBHBIX CTPYKTYP NpH Jio-
G6om A;

2) @ noxuo AN A-BbIYHC/MTeNbHBIX CTPYKTYP MpPH JIO-
Gom A;

3) @ UCTUHHO AN OFHHX A-BHIMHCAHTENBHBIX CTPYKTYD
H JIOXKHO AJIsl IPYTHX, ¢ Apyrum A.

B cinyganx 1) u 2) @ ecrecTBeHHO HA3BaTh PEAAMUBUIYEMO
UCIUKHOIM WIIH PEAAIMUBLIBYEMO A0NCHBIM CBOUCMBOM, a B Cy-
yae 3) — Hepeaamususyemvin. OxaspiBaercs, GONBUIMHCTBO
€CTCCTBEHHLIX YTBePHKJIEHUH TEOPHH aJropUTMOB OTHOCHTCH K :
penATHBU3YeMbIM CBOHcTBaM., Mbl YBUAMM cefiyac, YTO MOXHO
0e3 ane/NguHH K TOHATHIO BBIYHCIHMOCTH OTHENUTh PEAATH-
BU3YeMO HCTHHHBbIE YTBEpXKIEHHS OT PEAATHBH3YEMO JIOXKHBIX.
Hnsa storo nam noHagoGutca HIrpa, KOTOPYIO Ml ceffdac omn-
penenum corsiacio [Myunuk AH., 1985).

Hrpa. B urpe yuacrBytor 2 urpoka — [Ipupona (I) u
Marematuk (M). Kaxapiit U3 UrPOKOB NOCTENEHHO CTPOUT CBOIO
ctpyxrypy Bua (N; F), rae F — uactuunas gynkuus NXNsN.
(Ipu atom Bmecto N MOXKHO B3Thb J11060€ CYUETHOE MHOMECTBO.
CrpoeHue HarypallbHOTO psifia He HcHoJdbayerca.) B Hauase
urpbl F=(¥; Ha Ka¥JOM Liare MOPOHCXORHT HOOMpeneseHHe
GyHKIMA B KOHEUHOM yHc/ie ToueK. MI3MeHATh onpejefieHHbIE
panblile 3HaueHus yHKUMH Heab3s. Mrpoku nenaror Xoiel no
ouepenn. TaknM ofpasom, npaBusia XoXa BCeraa OQHH U Te XKe,
BO3MOJKHEIC XOZB! He 3aBUCAT OT XOJ0B IPOTHBHUKE. Pasinuue
MEXAY KOHKPETHBIMH HrpamH onpefensercs ¢yHKiued Bui-
urpnima (97a QyHKIHSA, KaK MBl YBHIHUM, COOTBETCTBYET TOMY
CBOHCTBY, HMCTHHHOCTb KOTOpPOTO XOYeT YCTaHOBHTh Marema-
14K). [Tyctb ¢ukcuposano cpoiictBo @ cTpyKTyp pacemarpu-
BaeMoro kJacca. Toraa B D-urpe BuurpniBaer [Ipupona, ecnu
OHa MNOCTPOHJIA TaKyl (yHKUMIO v, a MaremMaTHK — TaKkyio
¢$YHKIHO W, YTO

(BIT1) @ noxua B (N; v);

(BI12) cymectByeT Takoe uucio e, YTO v, BCIORY OLpefiesieHd
H M5 JOGOro X BBUIOMHEHO WUy™=Vv, (x)-

B nporusHoM ciyyae (ecnu Ilpupopa He BbIUrpHIBaeT)
BRIMrpEIBaeT MarteMmatik.

Kak Mbi BuauM, ot cBoiictBa (O 3aBHCHT TOJbKO ycJoBUE
(BITl), Ho oHo He 3zaBmcuT oT p. Ycaosue (BIN2) osmauaer,
YTO HyMepauMsl OJHOMeCTHBIX (YHKUHH, mocTpoeHHas Mare-
MaTHKOM, CBOAHTCS K HyMepauuWH OJHOMECTHBIX (yHKuui,
noctpoenHo#t Ilpupomoli, npuyem cama cBojfwas QyHKUUSA
Takxke Mocrpoena Ilpupopoi.
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Crnenyrouiee yTBepKACHHE NO3BOJAET OTACAHTb PENATHBH-
8YeMO MCTHHHBIE yTBEDKACHHA OT PEeJATHBH3YEMO JIOXKHHIX B
TepMMHAX ONUCaHHOH HIphl ecin O peNATHBH3YeMO HCTHHHO,
TO CyLleCTBYeT BLIMIDBINHAfA crparerusa i1a M; ecan @ pens-
THBH3yeMO JIOXKHO, TO CYIIeCTBYeT BHIUTPHILUHAA CTpaTerus
ana I

Sro yTBepKJeHHEe BHITEKaeT U3 caenyiomedt Teopembt [Myu-
UK Au., 1985].

Teopema. Himetor MecTo caepyromue SKBUBaieHTHOCTH (B —
[IPOU3BOJILHOE MHOXKeCTBO HATypasibHuIX quces; B<{;A o3Ha-
yaeT paspemMMocTb B otHOCHTeMbHO A):

a) (ceofictBo @ BhIMOAHEHO A1A BeeX A-BBIYHCIHTENIbHBIX
CTPYKTYp, AIA KOTOpHX B< ;A) © (cymecTByer BLIMIPHILIHAS
crpaterusi anfg M B (D-urpe, ‘BBIUHCAHMAs OTHOCHTeNbHO B);

6) (cBoticTBo @ NIOXKHO aJisi BeeX A-BBIMHCANTENbHBIX CTPYK-
TYP, AJfl KOTOpbIX B<{;A) & (CymecTByeT BBIMIPHINHAS CTpa-
terus g IT B @-urpe, BHIUHCAMMAn OTHOCHTeNbHO B).

Sra TeopeMa RaeT CXeMy J0Ka3aTe/bCTBa PENIsTHBH3YeMOH
HCTHHHOCTH HEKOTOPOI'O CBOHCTBA: HYXKHO MOCTPOHTHL BHIYHC-
JIMMYIO BBIMTPHILIHYIO cTparernio ana M B D-urpe. AHanus
0ObIYHBIX ROKAa3aTeJbCTB TCOPHH aNrOPUTMOB MOKA3bIB4eT, YTO
GOMBIIMHCTBO HX JIETKO YKJafblBaeTcss B 3Ty CXeMy, npHuem
OCHOBHYIO 4aCTh JI0Ka3aTe/bCTBa COCTABJISET OMUCAHHE CTpaTe-
I'u4 4 IPOBEPKA TOTO, YTO OHA BLIMIPHIIHAS; BRIYHCAHMOCTh €€
yCTaHABJMBAETCH JIETKO,

B npuBeaeHHOM HHXE CJICACTBHH CJOBA &...JJs BCEX A0CTa-
TOYHO GoJbLIMX A» O3HAYAIT «CYLIECTBYET TaKOe MHOMKECTBO
BcN, gro... aaq Bcex Ac;g,r V15 KOTOPHIX B A».

Caedcmsue. ViMelor Mecto ciepyiollde SKBHBaJEHTHOCTH:
(cBoitictBo @ BHIMOAHEHO 1A A-BBIYHCIHTENBHBIX CTPYKTYP
npu pocratoudo Goablinx A) € (CymecTBYeT BhIMIPHIIIHAS
crparerus ajas M B D-urpe); (cBoiictBo @ moxHO ans A-Bhi-
YHCIUTEJNBHEIX CTPYKTYP NpH joctatouHo Gonaswmux A)e
& (cymecTByeT BHUrpuinHas crparerust fas [1 B @-urpe).

OTMeTHM, Y9TO OTCIORA H H3 TEOPEMb! O JeTePMHHUPOBAHHOC-
TH GOpeNieBCKHX HIP BbITeKaer c/efyiouuii pesyabtat Mapru-
Ha: eciu @ — GopeneBcKkoe CBOKCTBO, To MuGo @, nubo oTpu-
nanue @ BHINOJHEHO AN BCeX A-BBHIYHCAUTENBHBIX CTPYKTYP
IpH NOCTaTOYHO GosblHX A.

1.14.5. JxoHOMHEIe 10 HOpMe, HJH ONTHMAJbHLIE PYHKUHA,
TpeGosanue rénejesocty (I') He HakJafbiBaeT HHKAKHX orpa-
niyennii Ha anroput™ ©. B uactHocTn, HOpMa ob6bekTa D (f)
MOJKET 3HaUWTeJBHO NpeBHIIaTh HOpMy 06beKTa {. MBI MoxkeM
CTPEMHTLCA HCKJIOUHTb TaKYH) BO3MOXKHOCTb M MoTpeGoBarTh,
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9TOGBI BRINOMHAJIOCH HepaBeHeTBo 1 (D (i) é n(i). (Pasymeercs,

BCE CKa3aHHOE HMEeT CMBICJ TOJIBKO B TOM cayyae, ecyiu [ u E
ABASIOTCS HOPMHPOBAaHHbIMH  aHcam6nsivu.) HepasencrBo
n(D (i) —} n (i) osnadaer, 4To D (i) He COJEPKHUT «HHUETO UJIH
IIOYTH HHYEro JHIIHEro» N0 CpaBHEHHIO ¢ .

Hazum cooTsercrBylompe onpeneienus. Ilyctb E — HOp-
MHpOBaHHLIH ancaMGiAb. Byaem HashlBaTh BHIYHCIHMYIO (QyHK-
wito Vi XX E—Y onmumanrvrod, unn sKoHomMHoOd no Hopme,
€CJIH BBHIIIOJIHEHO TaKoe CBOHCTBO:

(O) nnq BcsiKOro HOpMHPOBaHHOrO aHcCamGist I M BCAKOro
anropur™ma ¥ 1 I X X—Y cymecTByeT OrpaHHYEHHO-HCKaXKato-
upit anroput™ Di I-E ¢ obaacteio onpenestenus /, ajs Ko-
toporo A ({i, xN=V (D(i), x) npu Beex x€ X, i€ 1.

3aMeTHM, YTO MOCKOJIbKY MEXKAY JIOGEIMH JBYMSI HOPMHPO-
BaHHBIMH aHCaMO/ISIMH CYIECTBYET (OrpaHHYeHHO-HCKaKalOIH i)
H30MOpdHU3M, TO BMECTO CJIOB «AJIsi BCSIKOTO HOPMHUPOBAHHOTO
ancamb/s» B STOM ONpEREeJCHHH MOXKHO Obwio Obi (6e3 name-
HEHHS KJacca ONTHMaJbHBIX (QYHKHMil) FOBOPHTb O KaKOM-TO
¢$uKCHPOBaHHOM HODMHPOBAaHHOM aHcamGie, Hanpumep ol aH-
camGJie JIBOMYHHX CJIOB. 3aMeTHM TakXe, 4Yto cBoiictBa (V)
- (I); Kak HeTPyRHO NpOBEPHTb, HBJIAIOTCH CJEACTBHUIMH
cBoricrBa (O). (To oGerosaTenberBo, yto B cBojicte (O) MHOXe-
cTBO | sIBJISIETCA HE NPOH3BOJBHBIM NOPOAHMBIM MHOMKECTBEOM,
a aucambieM, Kak JIETKO NPOBEPHTb, HECYLIECTBEHHO,) '

INepsuift ke BOnpoc, BOBHHKAIOMMH B CBASH C 3THM OnNpese-
JIeHHEeM, TaKOB! a CYUIECTBYIOT JIM BooOwLle onTHMaJIbHble (yHK-
uuu? OxasbiBaeresi, YTO OTBEFT Ha 3TOT BOMPOC MOJIOMKHUTENIEH!
ONTHMANBHYI0O (YHKUMIO HETpYAHO NOCTPOHTH, HCNOMb3Ysl
ugen Konmoroposa us [Komnmoropos, 1965), 310 noctpoenue
MoxHO HaiiTu B [Aradonos, 1975, c. 44] uaun B [HInopp, 1975]
(8 pabore Illxoppa pacemMarpHBaioTCsi HE ONTHMAJLHEIE YHH-
BepCa/ibHble (YHKIHH, @ TaK HA3bIBaeMble ONTHMAJIbHLIE HY-
MepaiMH, HO 3TO pasinuue HecymiecTBenuo, cM. § 1.15).

Hpyroli HHTepecHBHl BONPOC, BO3HHKAOMHUA B CBS3H ¢
NOHATHEM ONTHMANbHOCTH, TAKOB! NPUBOASAT JIH H3BECTHBIE
criocoGBl IPOrpaMMHpPOBAHHA K ONTHMaJbHHM QyHKIuaAM. Kak
NpaBHJIO, BOSHHKAIOIMHE PE3YJbTaTHHE (HYHKUUH OKa3hIBaloT-
ca uneonTumatbHEIMU (cM. [Aradowos, 1975, c. 45]).

Mer yxe ynomuHadd Bbillle TeopeMy Pojxepca o6 usomop-
¢usme rénenespix HymepauHi. OKasbiBaercs, YTO aHajoOrHu-
Hasg TeopeMa — 06 H3oMopdusMe MOGHIX ABYX ONTHMANbHBIX
HyMepanuil — Takxke HMMeer MecTo; oHa aokasada IlHoppoM
(cm. § 1,15). V3 nee BbiTeKaET, 4TO A1 JOOBIX ABYX ONTHMATb-
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HBIX TéfeJIeBLIX YHHBEPCANbHEIX QyHKIME Vi Vy s Xu v
¢ HHReKCHbIMH MHOXecTBamu Ej u Ej, cyuiecrByer tako# (orpa-
HHYCHHO-HCKAXAOUM#) H30MOpQH3M & HOPMHDOBAHHHX aH-
cambaeit E; u Eg, uTo A5 JIOOKIX e € Ex H x € X BbINOJIHEHO ye-
JIOBHOE pAaBEHCTBO

Velu(e), x) =Vile, x).

IlIpencraBnsiior HHTEpec M Apyrue TpeGoBaHHs, KOTOphIE
MOXXHO DBITaThCsl HAMOXKHUTD Ha I'éfle/IeBbl YHHBEPCANbHbIE (ByHK-
uMH. MoXHO XOTeTb, K npumepy, urolbl TpaHcasTop D Gwin
BOCTaToOYHO OBICTPO paboTaloliUM aJIrOPH TMOM, HANPHMEp Tpe-
GoBas Obi He GoJjee yeM mosiMHOMHaNbHOro BpemeHH. (Cm. 06
stom B § 1.15 B CBfA3H ¢ NOHSTHEM MNOJHHOMHAJIBHO TVIABHOH
HyMEepawHH.)

1.14.6. TlporpammupoBanue ucuucaenuii, Bce cxaszanuoe
BhIlLE 06 aJIOPUTMAX H HX IPOrpaMMaX MOXKHO NOBTOPHTDb H AN
ucuncnenufi. C KaxzaeiM cnocoGoM NporpaMMHPOBaHHS (s
DaHHON MOPOXKAAIOEH MOLENH H AaHHOro ancambns Y) Oyumer
CBfi3aH TOrfa OporpamMubifi ancam6ab P H MHOXectBo Uc
<P XY, cocroamee u3 tex nap (p, y), 411 KOTOPHIX y NpHHAJ-
JIEXXUT MHOXECTBY, MOPOXKIEHHOMY HCUHCJIEHHEM ¢ TIpOrpam-
MOH p. DTO MHOXECTBO (KOTOPOE €CTECTBEHHO Ha3BaTh pe3y.b-
MAmHbLM MHOMECMBOM JAHHOTO Criocofa NPOrpaMMHpOBaHUs
HCUHC/IeHH ) OKasRIBAETCA TOPOJMMEIM, HCUHC/EHHSI, €ro Io-
pOKJaIolye, €CTeCTBEHHO HA3bIBaTb YHUBEPCAADHIMU UCHUC-
AeHuamy Ji JaHHOTO crocgfa nporpaMmupoBanus. Herpyauo
cpopmysmpoBath anansord (Y'), ('), (O') tpe6osanuii (¥),
() u (O) ana npou3BOJLHOIO NEPEUHCIHMOro NOAMHOXKECTBA
VCEXY; Kak 4 B cjaydae aJropHTMOB, MHOXKECTBd, COOTBET-
CTBYIOUIHE H3BECTHBIM crocobaM NporpaMMHUpOBaHHs, YAOBJIET-
Bopsitor TpeGoBanuaM (Y') u (I').

[onsiTHe yHWBepCaNbHOrO MCYUC/ICHHSI MOXKHO NOHHMATh H
B GoJice LIHPOKOM CMBIC/IE, BBEl HEKOTOPYIO KOZHPOBKY map.
Hmenno, nycTe 3ajaH HeKOTOpHIl cnoco® KopHpoBaHus nap ¢,
comocTaBJAIOMUA ¢ Kaxzoll napoi (e, y) HEKOTOPHIH 3JeMeHT
ancam6na konoB Z. Torga ¢ KaXauIM HCUHC/IEHHEM, HOPOXKAAIO-
UM o6beKTH aucambiis Z, GyZeT cBA3aHO MHoKecTBo VC E XY,
cocrosilliee U3 TeX nap {e, y), Kox ¢ ({e, ¥)) KOTOPHIX MOPOKLA-
ercsi 3THM HCUUcaenHeM. EC/H 3To MHOXKeCTBO o0/1anaeT CBOH-
crBoM (¥Y') (T.e. A BCAKOro NOPOAMMOIO MHOXKeCTBa S
o6bekToB aHcaMbasi Y cyuwieeTByer Takoii oObeKT e € E, uro
cBoiictBa Y €S M (e, y) € V paBHOCHJbHBI), TO HCXOJHOE HCe
HHCICHHE MOKHO HA3DaTk YHEBEPCANRNEIM B WHPQKOM CMBIC/AL.
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MHuorue norucruueckue cHcteMnl (HCUHCJICHHE NPEAUKATOB,
(opManbHas apudMeTHKa, aKCHOMATHYECKASA TEOPHUS MHOXKECTB)
OKashIBAIOTCA YHUBEPCAJbHBIMH HCUMC/ICHHSIMH B TaKOM WIHpoO-
KOM NOHHMAaHHHU. DTH yHHBEpPCaJbHble HCYUC/ICHHS NOABHJUCH
B MaTeMaTHKe 10 GOpMHPOBaHUA OBIEro MOHATHA HCUHCTIEHH,
INockonbky BCIO (ZeCKPUNTHBHYIO) TEOPHIO MCUMCJIEHHH ROMNy-
CTUMO TPaKTOBATb KaK TEOPHIO KaKOro-HuGyIb OQHOIO YHH-
BEPCa/IbHOrO HCYMC/IeHus (Cp. ¢ TpakToBKo#t B § 1.4 TeopHn
a/IrOPUTMOB K&K TEOPHH ORHOTO YHHBEpCAJNBHOrO aJroputMa),
MOXKHO CUMTaTh, YTO YTOUHEHHS NOHATHS MCUUC/EHHA U obumiast
TEOPHS MCUUCJAECHHH BOSHHKJHM panblne, 4eM ofllee [NOHATHE
ucyncrienus. B aToM — cBoeoGpasue pasBaTHA NOHATHSA HCUHC-
JIEHHs, OTJMYAIONIEe 3TO pa3BUTHE OT Pa3BUTHUS IOHATHA aJ-
ropuTMa (Befib BCE AJTOPUTMBI, BOSHHKINHE B MaTeMaTHKe A0
co3naHus ofileli TEOPHH aNrOpPUTMOB, HH B KAKOM CMBIC/IE HE
MOT'yT pPacCMaTpPHBATLCH KaK YHUBepcajbHbel).

OrMmeruM Tenepb CBA3b MEXAY choco6aMy NporpaMMupoBa-
HUs1 aJrOPUTMOB H cnoco6aMu porpaMMHPOBAHHS UCUHCIEHU .
Ilyctb 3apan cnoco6 nporpaMMHpoBaHHsi aATOPHTMOB C BXOJA-
HpIM aHcambieM X H BRIXORHBIM aHcamGaem Y, a Takxke croco6
MPOrpaMMHpOBaHHs HCYHCNeHHH ¢ aHcamGiaeM X XY. Toraa
Kakpas BhUMCHUMasa ¢yHKIMA U3 X u Y HMeer Kak BhIYHCIH-
Te/bHbIE NPOrpaMMbl, TaK H (paccMaTpHBaeMas Kak MOPOAHMOE
NOAMHOXKECTBO MHOXKECTBAa X X Y) NOpoKAaiomue nporpamMmel.
Bosuukaet sonpoc: MoXHO /1 3(PEKTHBHO NEPEXORUTH OT NIPO-
rpaMM ORHOTO THINA K MporpaMmaM Apyroro THmna (RJs TOH XKe
dyukun)? OTBer, KaK M CJIEOBANI0 OXHIAATb, OKA3BIBAETCS
NOJIOXKUTENLHBIM — TaKasi BO3MOXKHOCTb ofecneynBaercs CBOf-
cteoM (I), crmpaBepnuBeiM 711 cnocoBa nporpaMMupoBaHHs
aJrOpHTMOB, M ero aHa’oroM (I''), cnpaBepJMBLIM RIS CIIO-
co6a nporpaMMHpPOBAHHA HMCYMCJIEHHH.

1.14.7. IipeoGpasosanusi nporpamm. BsBenenne mnoHATHS
crrocoBa nporpamMupoBalts (a Ha aGCTPaKTHOM YPOBHE — Mo-
HATHS T€fleVIeBoll yHUBePCaIbHON QYHKIHN H COOTBETCTBYIOME-
ro MOHATHA A/ MHOXECTB) No3BoJseT cPopMyaHPOBATh psift
BaXKHBIX DE3YJILTATOB TEOPHHU anropuTMmoB. IIpuBemeMm ceifuac
HEKOTOphle U3 HHX.

Bmopas meopema o0 pexypcuu, npuHagnexamas Kiaunu
(cm. [Pomxepe, 1967 , rai. 11]), yTBepakaaer, 4o HeBO3MOKeH
alropuT™, npeobpasyiomul BCAKYIO NPOrpaMMy BBIYHCAHMOM
¢yHKUHH B nporpamMMy COBepLIEHHO APYTOH (T. €. OTIMYHOKH OT
HCXOJHOM) BHIUMCANMON (DYHKIHMH; aHAJOTHYHOE yTBEpIKIeHHE
Cnpasej/MBO AJf NpOrpaMM NepeuucIMMBIX MHoxecTB. (Ha
€aMoM Je/le CIpPaBeVIMBO Jlae HeCKOJIbKo GoJiee CHJBHOE yT-
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BepKJeHHe, nospossoiee «3PPeKTHBHO» HAXOAUTD LIS BCAKOTO
npeo6pasyollero NporpaMMbl alroputMa Ty Nporpammy, Ko-
TOpasi MepeBOJHTCA UM B IIpOrpaMMy TOH ke CaMOH (QyHKIUH,
OnHAKO BO3MOXKEH aJITOPUTM ¢ OPaKyJIoM, 06/J1aJaiomUi TOMb-
KO 4TO onucaHHHIM cBoicTBoM. Bosee toro, B [Apcnanos, 1981]
HalifieH CJEAYIOWHMH KpuTepuil: nepeuucauMoe MHOXKeCTBO A
TOrZla ¥ TOJBLKO TOTA IOJHO, KOrla CYIEeCTBYeT aJrOpHuTM ¢
opakyJioM A, npeoGpasyiolluii nporpammy o060 BIYHCIHMOR
(YHKIMYE B nporpaMMmy Apyro#i (pyHKuHH, OTJMYHOK OT 3ajaH-
noil. anbHelie 06OGWEHHS ITOrO pe3yJibratra NO3BOJAIOT
chopMynupOBaTh aHAJOTHYHBIE KPUTEPUH JJ1A LIMPOKOro KJac-
ca MHOMXKeCTB apudMmerHyeckoi wuepapxuu (cM. [ApciaHOB,
1985a], [Apcnanos, 1986]). :

EcrecreeHHO 3ajaTbcs BONPOCOM, KaKHE CBOACTBA BbIYHC-
JIUMBIX QYHKUHH (MM NOPOAMMBIX MHOXKECTB) MOXKHO aJTOpUT-
MHYECKH pacnosHarb NO HX NpPOrpaMmaM; OKasa/loCb, YTO HH-
Kakue, KpoMe TpuBuanbHbiXx (cM. [Pafic, 1953], [Vcnenckui,
1955a), [¥Ycnenckuit, 1960]). 3ameuaresnbHO, 4TO 3TOT (PakT
OKasaJics CJIeJCTBUEM TONOJOTHYECKON CBA3SHOCTH CHCTEMBl BCeX
IOPOJAUMBIX MHOMKECTB M CHCTEMbI BCeX BBIUHCAMMBIX QYHRIUK
IpU TOH ecTecTBEHHOH TONOJOrMH, KOTOpas YyIOMMHalach B
§ 1.13. B camom jene, MHOXECTBO BCEX NpPOrpaMM MHOXKECTB
(nau QyHKuMi), YAOBJIETBOPAIOIIUX (a TaK:Ke He yIOBIETBOpSA-
IOLIMX) KaKOMY-JIH60 CBOACTBY, alrOpUTMHYECKH pacno3HaBa-
€MOMY IO NporpamMmam, NepeuucyauMo; ¢ APYyroi CTOPOHHI, JIO-
6asi COBOKYNHOCTb MHOMKECTB MJIM (D)YHKUMH, AJIA KOTOPO# Bce
nporpaMMel UYJEHOB 3TOH COBOKYNHOCTH 00pasyloT nepeduc-
JIIMO€ MHOXKeCTBO (Takasi COBOKYIHOCTb HAa3blBAeICs BroAHe
nepequcaumoli), oKasblBaeTcss OTKPLITOA B YKa3aHHOH TONOJIO-
ruu (cM. [Ycnenckufi, 1955al).

Ilycth uxcupoBaH HeKOTOpHIH cnocol mporpaMMHpOBaHHA
ncuncnenuii. Torma Kaxnasa BoluuciuMmas onepaumus @ oue-
BUJIHBIM 00pa3oM NPHUBOAHUT K aJrOpUTMY, NEPEBOIALEMY KaXK-
Iyi0 nporpaMMmy MNOPOXKIAEHHs Kakoro-iu6o MHoxectBa A
B HEKOTOPYIO POrpaMMy HOPOXKIEHUS Pe3yJbTHPYIOWEro MHO-
xkecrBa @ (4). Teopema o toM, uto J0Gas BNOJNHE NEPEUHC/IH-
Masi COBOKYIHOCTb MHOXKECTB OTKphITa B Tonosoruu us § 1.13,
CNYXUT TaKXKe LI YCTAHOBJNEHHA CJELYIOomero NpUHLHNHAb-
HOro pesyJbTara (06paTHOro K yNOMSHYTOMYy B Haudase 3TOro
ab3ana oueBHAHOMY (aKTy): MOOGOH ajrOpHTM, NepeBoiAmHH
BCAKYIO NpOrpamMMmy B NporpaMmy xe, NpUYeM TaK, 41O IpPO-
rpamMMbl OJHOrO M TOIO € IepeBOAATCS B NPOrpamMMsl OXHOTO
M TOTO e, COOTBETCTByeT HeKOTOPOH BBIYMCIMMOI onepantH
(e, [Ycmenckuit, 1955a), [Maiixuan, Wlenepacon, 1955])..
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Bonee Touno, nyers X u Y — nepeunciinmbie MHOXeECTBa, F -
(uactuuHoe) orobpaxenue u3 Gen(X) B Gen (Y), 3agaBaeMoe
(B pasbsicHsieMOM HMKe CMEIC/J€) BhUMCAMMON (yHKIUEH ¢
Ha mporpammax: ecnu p —— mporpamma Ansi A € Gen (X) u
F (A) ne ompeneneno, 10 @(p) He onpegeneno; ecan F(A)
ONpeZesIeHO, TO @ (p) ompeleseHO H MpejcTaBJsieT coboi npo-
rpammy 41s F(A). B ToMm ciyuae otoGpaxenne F MoxeT OBbITh
npg}l}o.nx&eﬂo B0 BblUMC/AMMOH omepauuu, orofpaxaromed 2X
B 27,

To xe camoe BepHO M AJIsf YAaCTHYHBIX OTOGpakeHUH H3
Com (X, Y) B Com (U, V), ansi nporpamm BLIYHCIMMBIX (GYHK-
nuii M BHIYMCJMMBIX omeparopoB. CXojHas Teopema BepHa U
AJI a/IrOPUTMOB, KOTOpble NMPHMEHUMH! K Jiofoli mporpamme
BCIOAY onpefiesieHHON QYHKIMH ¥ JaloT B KayecTBe pesyJibTara
nporpamMMy JApyro#i BCIOAY ompeferieHHOH ¢yHKUNH, 3aBHCA-
el TOILKO OT mepBofi (HO He OT TOoro, Kakas U3 ee Nporpamm
B3fTa): MOGOMY TaKOMY alI'OPHTMY COOTBETCTBYeT BBIYHCJIH-
Ml onepatop (cM. [Liefitun, 1962, reopema 2]).

§ 1.15. TonaTHEe HyMepalHH H TeOpHS HyMepauuii

1.15.0. Hymepayued (unu, 6oee TOUHO, 4UCA0B0L Hymepa-
yued) MuOXECTBa M HaskiBaercst RPOH3BOJILHOE OTOGPAKEHHE O
NPOH3BONIBHOIO  MHOXECTBa ECRJ Ha M, ecam mpu stoM
a(e)==m, T0 € Ha3LIBAaeTCHA O.-HOMEPOM, HJIH HOMEepoM, 3Je-
menta m (cM. [Yenenckuir, 1955a), [Yenencku#i, 1960, § 111,
[Manenes, 1961, n. 2.1, [Manenes, 1965, ra. 1V]).

MHoxecTBO E Ha3hiBaeTCsi OCHOBaHUeM HymepauuH o (Kak
B [Ycnenckuii, 1960]) wiu momepuoim muomcecmsom (Kax B
[Manbues, 19611, [Maneues, 1965]) uymepanuu a. Ecmu E=N,
Hymepauus HasbIBaeTesl Hamyparvroi, Xax B [Ychenckui,
19601, unu npocmod, xak B [Manbnes, 19611, [Manbnes, 1965,
n. 9.11. Uuorpa (uampumep, B [JlaBpos W., 1982]) tepmun
«HyMepauMsiy ymorpefisercs Kak CHHOHUM TepPMUHA <HMaTy-
panbHas HyMmepanus». ECAH KamAplfi 3/€MEHT MMeeT TOJBKO
ouH Homep (T. e. o BJISIETCS B3AHMHO OJHOSHAYHBIM COOTBET-
CTBHEM), HYMEpallisl HasbiBaeTest Hymepauued 6es nogmoperui
Wi o0HosHaurold Hymepanue#t (cM. [Manbues, 19611, [Manb-
ues, 1965, n. 9.11). Hymepanus naswiBaercs paspeuiumoi,
ec/iM CYIeCTBYeT aJrOPHTM, KOTOPHIH IPUMEHHM K MoGof na-
pe aneMenTOB M3 E M faer OTBET Ha BONPOC, SBISIOTCH OHH
HJIM HeT HOMEpaMH OFHOFO H TOro e sjeMeHta us M (cm.
[Maneues, 1961]). -
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Tpu ecrecTBeHHOM 6oJee LIHPOKOM NOHHMAHUH MOHATUA Ay,
Mepayui OCHOBaHHEM HYMepanHH MOXET CIAYXHTh J060e Hofs
MHOXeCTBo JoGoro ancambisa. OnpesiesieHHs] OJHO3HAYHOCTH
¥ PaspeluMOCTH HyMepanuii mepeHocsTcs Ha ofui ciIydak
Ge3 namenennii. B posin HaTypadbHHX HyMepalHi BHCTYOAlOT
B 3TOM CJydae HyMepallHH, Y KOTOPHIX OCHOBaHHEM CJay-
JKHT Becb aHCaMONb. Takne Hymepalyii HASHIBAIOTCS MOMAAb-
HoLMU.

ITycts Hymepanun @ H i OZHOTO H TOrO e MHOXECTBa
HMEIOT COOTBETCTBEHHHIe OocHoBaHHA E u F; OHH HasmiBaioTCA
usomopproimu (cM. [Manbues, 1961, n. 2.1], {Epmos IO.,
1977, rn. 2, §1]), ecnu JJis HHX cyulecTByer H3oMopdusM,
T. €. TaKoe BhIYMC/IHMOE B3aHMHO OJHO3HAYHOE COOTBETCTBHE
f mexny E u F, 4ro ajs BcAKoro e€ E BBINOJNHEHO o (g)==
= (f (¢)). 'oBops 0 sbruUCAUMOCTIL COOMBEMCMBUR [, MBI HMEeM
B BHUJy, YTO OTOOGpaxeHHUs f M [~! ABJAIOTCA CYXKEHMSAMH He-
KOTOPHIX BBIYMCJIUMBIX ¢YHKIHA Ha MHOXKecTBa E u F coor-
BercTBeHHO. QueBHIHO, BcAKas HyMepalus HM30MOpQHa HEKO-
TOpO#i UNC/IOBOM, a BcAKASA ToTajdbHasd HyMepanusa usomopdHa
HEKOTOpOH HaTypasbHOH; MO3TOMY, €C/IH mpeHeGpeub H30Mop-
(QHAME, MOXHO OTPAHHYHTbCA YHCJIOBBIMH HyMepanusMH; B
YACTHOCTH, HM3yUeHWe TOTAJNIbHEIX HyMepauu# MOXKHO 3ame-
HHTb W3YUeHWeM HaTypaNbHBIX Hymepauuil.

[Ipumepsl Hymepauui.

1. Oro6paxenne, OTHOCSIIEE KaxIOMY HMEHH H3 HEKOTOpPOH
COBOKYIHOCTH MMEH ero AeHoTar (T. e, npeaMer, HOCAUMH 3T
ums; cMm. [Yépu, 1956, § 011); ato raaBras guiocodckas MOTH-
BHPOBKa TEODHH HyMepalHi.

2. Jlast puKcHpoBaHHOrO cnocofa mporpaMMipoBaHus 0To6-
pameHue, OTHOCsIllee Kax/I0H mporpaMMe 3aJiaBaeMylo €io Bbl-
YUCJUMYIO QYHKUMIO HIM 3aaBaeMOoe €0 NOPOJHMOe MHOXKECTBO
(eM. [Yenenckufi, 1956], [YVenenckuit, 1956al); sto raaenas
MaTeMaTHYeCKass MOTUBHPOBK2 TEODHH HyMepauuii.

3. Cucrema ofosnauenuii gusi opiuHanoB (cM. [Pomxepc,
1967, § 11.7]); 370 rmaBHas HcTOpHYeCKash MOTHBHPOBKA TEOPHH
HyMepanu#. :

Bce nepeuric/ieHHEE PHMEpPBI NPeACTaBAAOT co0oit, BooOie
roBopsi, He TOTajbHEIe HyMepaunuH. Hymepanus H3 BTOpOro
npumepa MoxeT ObITh IpeBpalieHa B TOTAJNBHYIO C MOMOLIBLIO
npremMa, YKasaHHOro B Hadase § 1.14 H nosBoOJISIOMETO Kaxbli
3JIEMEHT MPOTPAMMHOrO aHcaMGJs pacCMATPHUBATH Kak npo-
rpammy.

Anre6paunueckufi npumep. Kammufi us Bh-
lienpHBefeHHEIX TpeX NPHMEPOB JaeT, KOHEUHO, HE KaKYIO-TO
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OJlHy HyMmepalHio, a neayio cepuio Hymepauuit. Cpemu «bn-
JocodcKuX» Hymepauuit mepBOf cepuM HMEIOTCH HyMepanuH,
uMelolHe ACHLH anreGpaHyecKuit cmpici. Peub HAET O HyMe-
pauusix KOHeYHO NOPOXAEHHBIX aareGp. Ilycth HeKoropas
anreGpanuecKasi CHCTeMa KOHEYHO TMOpPOXKIEHa, T. €. HMeeT
KOHeYHOe 4HCI0 00pasylomyuX U KOHeuHyio curuarypy. Ilycrs
andaBHT B CONEPKHUT Bce HMeHA ay, 4,, . . . 06pasylomuX, Bee
BMeHa f, g, ... CHIHaTYPHBIX omepauuii, JieBylo H INpaByO
cKOOKH M 3anfrywo. B aHcam6ie B-cjoB BosHHKkaer noAMHO-
3KECTBO BCEBO3MOXHBIX 3aMKHYTHIX (T. €. He CcofepxKallux
nmepeMeHHRIX) TepMOB Bula g(a;, f(as, a1), a;) 1 1. m. (cp. jo-
faBnenne X § 1.3). Kaxneiii 13 Takux TepmMoB 0603HauaeT He-
KOTOpbIA (¥ NPHUTOM TOJBKO OAMH) 3JeMeHT Hawell ajrefphl,
npuyeM pasHbe TEPMBI MOT'YT 00O3HauaTb OIMH H TOT XKe 3Je-
meHT, Tem He MeHee OOBIYHO TOBOPAT «3/eMeHT f[(a,, ay)», a
HE «3JIeMeHT, 0003HaueHHBI uepes f(a,, a;)»; Takoe CIOBOYIOT-
peGreHie NOKasbIBAeT, YTO Mbl HCIOJb3YeM BhIpameHHe «f (aj,
a,)» Tak, Kak HCHoJb3yloT UMs o6berra. Htak, TepM «f(a,, ai)»
cliefyer paccMaTpUBaTk KAaK MMs1 HEKOTOPOro 3JeMeHTa anre-
pbl (SIBJASIOIErocsl, B CBOI0 OYepelb, JEHOTATOM 3TOro Tepma);
OZHMH H TOT 3Ke 3/JieMEHT MOMKeT UMeTb MHOro umeH. [TocKonbKy
&, 5, . .. Cyrb oOpasyiomue, oToGpameHue, CONOCTABMIAI-
[ee ¢ KaxAbM TePMOM ero JIeHOTar, IpejcTaB/ser cofoi Clopb-
exunio, T. €. 0ToOpaKeHue Ha BeChb HOCHTE]Ib paccMaTpHBaeMoi
anreOpanueckoll cHcTeMbl. Takum o6pasoM, yKas3aHHOE OTO-
OpakeHHue ecTh HyMepalus HOCUTEJs; JOMyCcKasl BOJBHOCTL pe-
4, o6 3TOH HyMepalMHu roBOPSAT KaK O HyMepanuu caMoi anire-
Gpanueckoli cucrempl. Cuenys MainbueBy (cm. [Manbnes,
1961, m. 4.1]), 3Ty Hymepanuo OyzeM Ha3LIBaThk CraHOapmHoL.
(Crporo roeops, B [Manbues, 1961] cranfapTHOil Ha3sbiBaercs
HE caMa TOJNIbKO UYTO NMOCTPOEHHAs HyMepaLus, a HEKOTopas
usomopbHast el uhciaoBasg Hymepauud.) OueBHIHO, YTO OCHO-
BaHHE CTAHJApTHOH HyMepauuH NOpoIuMoO (NePeynucsiiMo) H
naxe paspemvmMo,

Hywmepanus o HasblBaeTcsi N03umusHot; eclu NOPORMMO
(=nepeyucauMo) Kak ee ocHOBaHUe E, Tak U NOIMHOXKECTBO
Rc E* peex Takux nap (e, e;), AT KOTOPBIX 0 (g;)=0. (e,)
(cm. [Manpues, 1961, m. 2.11).

Anrebpavueckuili mpumep (IpOONKeHue).
ITycTs anreCpauuecKas cucTeMa He TOJIBKO KOHEYHO IOPOKIE-
Ha, HO H KOHEYHO 3aJjaHa, T. €, 33[laHa KOHEUHbIM YMCJIOM KBa-
3uTox71ecTB. Kax Ml Bupe/#t B RoGasnennn K § 1.3, nopoxunmo
MHOYKECTBO BceX Takux map (fy, f,), UTO TEPMEI f; H {, paBHbI
B paccMaTpHBaeMod CHCTEME, T.e. 0603Ha4alT OfHH H TOT
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e aneMenT. [lostoMy cTaHAapTHas HymepauHs BCAKOH Ko-
HEYHO 3aJaHHON a/Jre6paHueckOf CHCTeMBI NOSHTHBHA.

Iyct o u p — nBe Hymepauuu Muoxecrsa M. IIpo dyHk-
1Mo, Koropas mo JoOoMy o-HOMepy JIoGoro sieMenta M3 M
JlaeT KaKo#-To P-HOMEp TOTO XKe 3JieMeHTa, FOBOPST, YTO OHa
ceodum o x P (cm. [Ycmenckui, 1960, § 111, [Mansues, 1961,
n. 2.2]). ToBopsar, uro o csodumcs no Koamozoposy X P, ecau
CYILleCTBYeT BHluHCIHMAs GyHKNUA, cBojawasn o K f. Harownern,
IBe HyMepaluH Ha3blBalOTCH IKEUBANEHIMHBIMU OMHOCUHIEADHO
KOAMO20POSCKOU €600UMOCII WM, KODOUE, IKBUBQNCHIMHbIMU
no Koamozoposy, eciu oHH CBOAATCH APYT K npyry mo Koumo-
rOpOBY.

B cutyanuu, xorfla He pacCMaTpHBalOTCA MHBIX BUJOB CBO-
JUMOCTH U 5KBHBaJIEHTHOCTH, C/10Ba «110 KosMoropoBy» onycka-
1otcsi. VIMEHHO TaKas CHTyauusi HMEeT MECTO B HACTOfIEM Ia-
parpade, H noTomy Mbl 6yZieM FOBOPHTHL NPOCTO O cgodumocmu
H axsusasrenmrocmu nymepamu, (B § 2.5 nam npefcrout pac-
CMOTpeTb ¥ Jpyrue BHABl CBOEMMOCTY H 3KBHBaJEHTHOCTH.)

OrHolueHHe CBONMMOCTH 3aJaeT Ha COBOKYIHOCTH BceX
(4ucJIOBBIX) HyMepauuit GHKCHPOBaHHOTO MHOMecTBa M mpex-
nopAnok. TeM caMblM Ha COBOKYIHOCTH BCeX KJ/acCcoB 3KBHBa-
JIEHTHOCTY BO3HHKaeT YacTHUHBIN mopsinok. YacTuyno ymops-
JIOUeHHO® MHOMKECTBO KJIACCOB 3KBHBANEHTHOCTH OKa3biBAeTCs
npu 9TOM sepxHeti noaypewemrol. To Ke NOCTPOEHHE MOKHO
npofiesiaTb TOJBKO JJIs HaTypaJbHBIX HyMepauui. B stom ciy-
yae Mbl TakKe IOJYYHM BEPXHIO TNOJYpeLIeTKy, KoTopas,
OYeBH/JHO, H30MOP(HO BJIOXKEHA B [IEPBYIO.

Hpness a6crpakTHOro usyuyeHusi Hymepauuil Oblia BrepBole
BHICK23aHa (B CBsSI3H ¢ H3yueHHeM CHcTeM 0603HaueHHH 1Js op-
auHaJsioB) KonMoropoBeiM B teBpane 1954 r. Ha pyKOBOZHMOM
UM ceMMHape [0 peKypCuBHOH apu¢merHke B MoCKOBCKOM
ynuBepcutere (HMeHHo, KosMoropos chopmynupoBas obuiee
[OHSATHE YWCJHOBOH HyMepalHyl H IOHSTHE CBOJHMOCTH HyMe-
pauuit). S1a unes nojyynsia pasBHTHe B HcCIeLOBaHUAX Maib-
neBa (coOpaHHbiX BnocaescTBuy B (Masibnes, 1976]) u ero yue-
nuka [O. JI. EpuoBa. Monorpaguu [Manbues, 1965] u lyEp-
wos [O., 1977] noALTOXHBAIOT 5TH UCCAENIOBAHHSA,

Teopuio Hymepanuii MOMHO CUMTaTb HOBOR CamMOCTOSTEb-
HOH 06JIaCTBIO MaTeMaTHKH, POMAEHHON TeopHeH aJropuTMOB.
CaMoCTOATeJIBHOCTb 9TOH HOBo#l ofJjacTH ONpaBlbIBaeTCs Ha-
JApukeM B Hell riy60KMX MaTeMaTHUeCKMX Pe3yJbTaToB, Kak
NOYTH OUYEBHJHBIX, TAK U COBEPILEHHO HEOXHIAHHBIX ¥ HETpH-
BUa/ibHBIX. BOT mpumep pesyJibrata MEPBOTO THIIA! TOTalbHaf
HyMmepalHs GeCKOHEUHOIo MHOMECTBa ABJAETCA paspeluMoi
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TOrJa ¥ TOJMBKO TOTZa, KOFZA OHA SKBUBAJEHTHA HEKOTOPOH
OIHOSHAuHON TOTaMibHOR HYMepaLuHH TOrO K€ MHOXEeCTBa
(cm. [Epuwos 1O., 1977, ran. 1, § 3]; Mal couwieMcs Ha 3TOT pe-
3ynbTar Huxe, B § 2.5). A BoT npumep pesyJbrara BTOPOro TH-
nai 175 moGbIX JBYX HEOJHO3JIEMEHTHBIX KOHEUHBIX MHOXECTB
BepXHAA MONypelieTKa KJIacCoB SKBHBAJICHTHbIX HaTypaJbHBIX
HyMepauHii OZHOrO MHOKecTBa M3oMopdHA BepXHeli noJaype-
[IeTKEe KJAaCCOB SKBUBAJIEHTHBIX HATypaJbHBIX HyMepalH#
npyroro muoxecrsa (cM. [Epmos 0., 1977, npunoxenue I1]).

HaunGosee paspaGotaHa TeOpHs TOTAJbHBIX HyMmepanui
(cp. [Epmos IO., 1977, c. 12]). Ilpn nepexoze K HETOTaNbHBIM
HyMepanusiM BO3HHKAIOT HOBbIe 3(rpeKTHl: cCyllecTByer, Ha-
npuMep, paspellnmasi HyMepauusi 6€CKOHEYHOTO MHOXKeCTBa,
HE 3KBHUBAJeHTHas# HHKaKOH OJHO3HAYHOR HyMepauuH (CM.
[Ienn, 1981]). Kar ykasauo Beiwe, Jisi TOTaJbHLIX HyMepalui
3Toro He GLIBaeT, NOSTOMY HyMepalHs C TaKUM CBOHCTBOM He
9KBHBAJIEHTHa HUKaKoM ToraabHOH. [pyrHM npumepoM HY-
mepaluil, He 5KBHBAJNEHTHBIX TOTANbHBIM, CJAYXKAT HyMepaluH
KOHCTPYKTHBHOI'O KOHTHHYyMa, paccmaTpuBaembie B § 2.4. Oc-
HOBaHHSl 3THX HyMepauuil HenepeyHcJAUuMbL: AeHCTBUTENLHO,
KAaK JIerKO BUJeTb, BCAKasg HyMepalHs ¢ mepeuyucauMEIM OCHO-
BaHWEM 3KBUBaJ€HTHA TOTAJNLHOH.

1.15.1. Boiuncaumole Hymepauuun. DBosbllioe KosnuuecTBO
NOHATUHE ¥ pe3yJibTaToB TEOPHH HyMepaluMii BOSHUKJO M3 H3y-
yeHHs1 HyMepalH#f, CBS3aHHBIX CO Cnoco6aMy NPOrpaMMHpO-
BaHus (CM. BTopofi u3 npHBeAeHHHIX npuMepoB). Hekotophie
M3 5TUX IOHATHH, 1O CYLIECTBY, yke 00CyXKAaJAHCh B MpelplLy-
mem maparpade. leso B TOM, YTO HMeeTcs: ecTeCTBEHHOe B3a-
HMHO OJHO3HAUHOE COOTBETCTBHE MEXKIY TOTAJbHBIMU HyMe-
pamuamyu cemeficrs ¢yukuufi u3 X B Y c ocHoBaHueM E
v ¢yuknuamun u3 Ex X B Y. VMenno, xaxpofi dyukuun F
u3 EXX B Y coorBercrByer HyMepanusi, NPH KOTOPOH
o6nekT e € E spasercs HoMepoM ¢gyuximu F,: x—(e, x). B 06-
paTHYIO CTOPOHY: KaxJO# TOTaNlbHOH HyMepauHu COOTBETCTBY-
er QpyHRUHA, OTHOCSAIas nape (e, x) 3HaueHue GyHKLIHH G HO-
MepoM e Ha sS/aeMeHTe x. Ecnnm paHHas yHKUMA W JaHHas
HyMepauys COOTBETCTBYIOT APYT APYFY NpPH ONUCAHHOM TOJBKO
970 B3aUMHO OJHOSHAYHOM COOTBETCTBHH, TO Mbl GyleM Hasul-
BaTb HX conpsanmernoimi. Tenepb MBI MOKeM NEPEBECTH HEKO-
TOopble BBeleHHHE B § 1.14 MOHATHA Ha ASHK TeOpUH HyMepa-
muft. Ilyerys X, Y u E — HeKoTophie aHcamGiy.

1. ToranbHas Hymepanus o cemeiicTBa ¢yHKuuit us X B
Y c ocHopanueMm nymepauu¥ E HaseiBaercs sviuucaumoti (cm.
[Ycnenckuit, 1955al, [Jlaepos H., 1977]), ecnn conpsixkeHHas
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¢ Hell ¢pyHKIMsA, T. e QYHKIUA, conocTaBidmomias nape {e, x)
3HayeHHe pyHKLHUH C HOMEPOM e Ha 3JIeMEHTE X, SABJAETCH Bhl-
YUCJIUMOH.

2. ToranpHas BbUMCAMMas Bymepamust cemeiicTea Com
(X, Y) c ocHoBaHHeM HyMmepauuH E HasbiBaetcd 24asHotl (CM.
[Vemenckuii, 1955a), [Venenckuii, 1960, § 111), uan eédeaesod,
ecJii conpsiKeHHas ¢ Hell QyHKHHA ABJsercs régelieBol yHH-
BepcaJibHOM (yHKLMel; KaK JIETKO BHAETb, 3TO 3KBHBAJIEHTHO
TOMY, YTO BCsKasil BbIUHCJIHMas HyMepamusa cemeficrBa Com
(X,Y) cBogutcs K Heil.

. 3. Ilycre ancam6np E HopMHpOBad. Torga HMeET CMBICT
rOBOpHTb 06 OnTUMAaJbHBIX HyMepanusax. VIMeHHO, ToTanbHas
BBIUMC/IMMAsi HyMepauus ceMelictBa Com (X, Y) ¢ ocHoBanueM
Hymepauuun E HasplBaeTcs OnmMUMAAbHOR, WIH UWHOPpOsol,
UJIH JKOHOMHOL N0 00seMy HOMEPOg, eCV CONPSIKEHHAs C Hel
GhyHKUMS ABAAETCA ONTUMAJILHOM Tréfenesofl yHuBepcasbHOR
tyngurelt; KaK Jerko BHJETb, 5TO 3KBHBAJIEHTHO TOMY, 4YTO
BCsiKas BblYMC/INMasi Hymepauus cemeficrBa Com (X, Y), oc-
HOBaHUE KXOTOpOfi #BJsieTcd HOPMHDOBAaHHBIM aHcaMOJeM,
CBOZHTCSl K He#l ¢ mOMOMmBIO Or'paHHYEHHO-UCKAKAIOMIEro aj-
FOpUTMA.

Kak BUIHO H3 3THX omnpefe/ieHHi, BCAKas MaBHas HyMe-
pauus BBIUHCINMA, a BCAKAas WHOPpPOBA HyMepauus — IJiaB-
Hast. Kak ormeuasoch B § 1.14, onrumalibHeie réleneBpl yHH-
BepcaJibHble QYHKIMH CYIIECTBYIOT; TEM CaMBIM CYLIECTBYIOT H
IIHOPPOBE! (H, TeM 60Jee, TIaBHBIC H BBIUMC/INMbIE) HyMepauuu
cemefictBa Com (X, Y).

PacnpocTpaHuMm Tenepb BBeJeHHBlE MOHSTHS Ha HECKOJIBKO
Gosee oOmME caydafi. FiMeHHO, jamuMm onpeneseHNs BBIYHCIIH-
MOH HyMepanmuu JAs ChAydast HyMepanuii, He SBJSIOMHXCH
TOTANIbHBIMH, @ TaKXe onpefefieHHe IJIaBHOH Hymepanuu [1)is
cyvas He 00s13aTeIbHO TOTAJbHEIX HyMepanuii He o0si3aTeJbHO
Bcero cemeiictBa Com (X, Y) (a aulib HEKOTOPOrO NOJIMHOKE-
cTBa). Ity onpexeneHns GyAYT TaKOBHL

1. HyMepauus o cemeiictBa ¢yHkuuii u3 X B Y, ocHoBa-
HHeM KOTOpOH sBJseTcs NOAMHOMKecTBO E* HEKoToporo a-
cambas E, HasblBaercs soiucaumoll, ecin E* noporumo H QyHK-
wis u3 EXX B Y, craBAmas B COOTBETCTBHE Mape (e, X) 3Ha-
yeHue PYHKUHUHU C HOMEPOM € Ha apryMeHTe x B TOM cllyuae,
ecsy e € E', v He cTaBAilash B COOTBETCTBHE HHUETO, eCu e{E "
SIBJISTETCS] BBIYUCJIMMOM.

Hast cnyuas TorasIbHEIX HyMepamuii- 9T0 OmpenesieHue,
OUEeBHAHO, COBNajaer ¢ JaHHLIM Bemue ompefeneHueM 1. Pas-
HUna Mexay ompegesenusaMu 1 ¥ 1* He QUeHb CYLIECTBEHHA;
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KaK Jlerko BHJETh, BCSIKas BBHIYMCAMMAs HyMepauHs 3>KBHBa-
MeHTHAa HEKOTOpOH TOTAJbHOM BhIUMCJIMMON HyMepauud (Cp.
CKa3aHHOE BhiILIe 0 HYMepauusaX ¢ NepeuncNuMbIM OCHOBaHHEM).

2'. BriunciuMass HyMepalusi © HEKOTOpPOro CeMeicTBa
ScCom (X, Y) uaswiBaeTcss 24a8Hoi, wna 2é0esesoll, €ciu
BCfIKasd BbIYMCJAMMAsT HYMepalusi 3TOrO ceMelcTBa CBORHMTCS
K Hef.

B cuny cKkasaHHOro sbliie 06 5KBHBaJIEHTHOCTH BCSIKOH BblI-
YMCIMMOH HyMepautH HeKOTOPOH TOTaNbHON BBHIYHCAMMOH HY-
Mepauuu, HeBaxHO, OyleM JH Mhl TpPeGOBaTb CBOAMMOCTH K
0 BCEX BBIYHCAMMEIX HyMepauu# HJH TOJBKO TOTajbHHIX, [1o-
3TOMy ONpejeJieHHe 2 SBJNAETCA YacTHBIM CJydyaeM ompejese-
uus 2’. Cemeiticrso ScCom (X, Y) MoxeT o6sanath BuIUHC/IH-
Mot HyMmeparel, HO He o6JiajiaTh IJIaBHOH: TaKOBO, HampH-
Mep, CeMefiCTBO BCeX NPUMHTHBHO-PEKYPCHBHBIX (yHKLH
Ha N B N (em. [Epmwoe 0., 1977, ra. 1, §2]).

Bce ckasaHHOe Bblle MOXeT GbITh MepeHECeHO Ha CJydail
HyMmepanu#i ceMeHCTB NOPOAMMBIX MHOXKeCTB (BMECTO BbIUHC-
AHMbIX GyHKIumi). [IpuBeneM cooTBercTByIOUIHE (HOPMYJHPOB-
ki, Ilycte W n E — neroropeie ancambmu. Hymepamus o
HEKOTOpOro NojAMHOxKectBa S MHoxectBa Gen (W), ocHosa-
HHeM KOTOpoH sABJseTcs mHoaMHOxecTBo E'cE, HaswBaercs
soiucaumotl, ecnn MHOxecTBo E' W MHOXKeCTBO

{<e, wp|e€E', weal(e)}

nopojuMel. BrludcinMas HyMepamusi o HEKOTOPOTO CeMelcT-
Ba ScGen (W) nasbiBaeTcs 24a8r0l, WU 280enesoti, ecnu BCA-
Kasl BLYHC/ANMAs HyMepaLus 3TOro ceMeficTBa CBOJAMTCA K HeH.
Ilycte Tenepr ancam6iab E nHopmupoBan. ToranbHas Bhiumc-
JuMasi Hymepauusi cemeficrBa Gen (W), ocHoBaHHeM KOTOpOH
cayxuT E, Ha3biBaercs ONMUMAALHOL, WM WHOPPOBOL, WM
SKOHOMHOU no 067emy HOMEPOS, €CIIN BCAKAsl BHIYHCIUMAS HY-
Mepalsl STOro ceMefiCTBa, OCHOBaHHe KOTOPOH sIBJSETCs HOp-
MUPOBaHHBIM aHCAMOJIEM, CBOAUTCA K Hel ¢ MOMOLIBIO OrpaHu-
YEHHO-MCKAXKAIOIEro BBIYHCJINMOTO OTOOPAXKEHHA,

Kaxpan eruucaumas Qyskumua us X B Y moxer paccmar-
pHBatbcsl KaK nopomumoe noamuoxkectso X X Y. Ilostomy ny-
MepalKiy CeMEACTB BHIYHCANMBIX QYHKUHH MOryT paccMatpu-
BATbCA TaKXKe M Kak YacTHBII BUA HyMmepalu# ceMmeficTB mno-
POAMMBIX MHOMXECTB U YTBEp)KJEHHE 0 BLIMHCAHMMOCTH HEKOTO-
po#f Hymepauui HEeKOTOPOro CeMeHCTBA BBIYHCIHMBIX QyHKILI
MOXKeT TOHHMATbhCSl ABOAKO: JHOO B COOTESTCTBHII C HAIIHBIM
rpite onpesenenneM 1, AnGo KaK YTLep:kieHue O BBMHCH!N-
MNOCTH HYMEDAIUH COOTBETCTBYIOWEIo CeMeHCTBA HONOUMLIX



¢
§ 1.15. IOHATHE HYMEPALIHHY U TEQOPUS HYMEPALIMK -129

MHOXeCTB. Jlerko NpoBepHTb, YTO 3TH JBa MOHHMAHHS paB-
HOCHJIbHBL. DTO 3aMeyaHHe MOXKHO OTHECTH K IOHATHIO IJiaB-
HOH HyMepauun ceMeHCTBa BHIYMC/IWUMBIX QYHKUHMi! 3/eCh TaK-
e BO3MOXKHBI jABa NOHUMAaHHA, H OHH TaK¥Xe PaBHOCH/bHLI
(K mrHOppoBEIM HyMepauMsM CKa3aHHOE He OTHOCHTCH, TaK
Kag, rosopsi O IIHOPPOBOCTH HyMEpalHu, M MpEANoJaraem,
4TO OHa fABJferca Hymepauuei Bcero Com (X, Y) unm Bcero
Gen (W).) ChopmymupyeM Tenepb ynomuHaBmuecs B § 1.14
Teopembl Poxkepca u llroppa.

Teopema Podxcepca. Ansi mobuix ancambaeit X u Y réne-
JieBa nymepanus MHoxectBa Com (X, Y) enuHncreenHa ¢ Tou-
HOCTBIO JI0 H30MOpGH3Ma, OCYHIECTBJAEMOTO BHIUHCJIHMBIM
B3aHMHO OJHO3HAYHBIM COOTBETCTBHEM MEXAY OCHOBAaHMAMU
nymepannit (cM. [Pomxkepc, 1958], [Masbues, 1963, Teope-
ma 7.1], [Manbues, 1965, § 9, Teopema 5)).

ARanoruuHoe yTBepiKIeHUE BEPHO JJisl réfeJeBbX Hymepa-
uuit MHOxecTBa Gen (W) mpu JuoGoM aHcambiae W,

Teopema noppa. Anst mobeix ancaméaesr X u Y wroppo-
Ba HyMepaums MuHoxkecrBa Com (X, Y) enuHCTBeHHa ¢ TOU-
HOCTHIO JI0 H30MOpGH3Ma, OCYLIECTBJSEMOr0 BBLIYHCIHMBIM
B3aMMHO OJ{HO3HAUHLIM OI'paHHYEHHO HCKaXKawluM (B ofe cTo-
POHbI) COOTBETCTBMEM MEXJY OCHOBAHMSIMH HyMepaluii (cM.
[uopp, 19721, [Wropp, 1975)). :

AnanornuHoe yTBepx/eHue BEPHO U JIJIA1 IIHOPPOBLIX HyMe-
paunit muoxecrsa Gen (W) npn moGoM ancambiae W.

3aMeTHM, 4TO U B OmpeJlleNleHHH FréjesieBofl HyMepauuu, U B
OnpeJleNeHUy IIHOPPOBOH HyMepauMH, TaK e Kak H B Teope-
max Pomxepca u lllHoppa, Ha caoxHOCTs BeruucaeHus QyHk-
LMK, OCYlleCTBAAIIeH CBelleHHe HyMepaluii, He HaKJ/ajblBa-
ercsl HUKaKHX orpaHHuenuit. OHO H3 caMbIX €CTEeCTBEHHBIX Tpe-
6oBanH# MOAOGHOrO poja COCTOUT B NpHHALIJERKHOCTH CBOAfA-
weit dyHxnuu Kaacey J. [IpHHAB ero, Mbi IPHXONHM K TAKOMY
ompefieNIeHHIO.

4. Tlycte o ecTh ToTaNbHas BEIUHC/AHMas HyMepauus ce-
meficrBa Com (X, Y), ocHOBaHHeM KOTOPOH CIYXHT CJHOBap-
Heii aHcamOib., HyMepanusi o HashIBaeTcA NOAUHOMUAALHO
2aa8H0l (WA NOAUHOMUAALHO 260eresoli — «polynominal time
Godel») cornacno [Mauru, Buukaoman, Jur, 1978}, ecnn Bes-
Kas BblUHCJAUMasi HyMepauus cemeficrea Com (X, V), oc-
HOBaHWEM KOTOPOH CJYKUT cJOBapHblfi aHcaMObJ/ib, CBOXHTCSA
K Hell ¢ noMmomeio GyHKIHH U3 KJacca P.

310 nousTHE BnepBhie npuBefeHo B pabore [XapTmamuc,
Befikep, 1975]. B a10#i xe palore nocTaBagHa cleylouias
npo6JieMa; BMeeT JIH MecTo aHaJor TeopeM Pomakepca i lnoppa

5 B. A. Ycnenckuft, A. JI. Cemeuos
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ANl OJIKHOMHAJBHO TJIaBHEIX Hymepauufi. Bosee Touno, Bep-
HO JIM, YTO HOJIMHOMHAJBHO FJIaBHas HyMepauHs eQuHCTBeHHa
C TOUHOCTBLIO N0 H30MOP(H3MA, OCYUIECTBJ/ISEMOIO ¢ MOMOIIBIO

BbIUMCAHMOr0 B3a¥MHO ONHO3HAUHOIO 0TOOpaKEHH, IeKamero

BMecTe ¢ 06paTHBIM K HeMy B KJacce P, (CyluecTBOBaHUE [TOJIH-
HOMMAJbHO IVIaBHOH HyMepaiH JIerko A0KasaTh.) J1a Mpo-
61ema ocraercss OTKpmiro#t, B [Maurn, Buukabman, HHr,
1978, Teopema 2.6 (a)] nokasano, uro eciu P=JHN'P, TO OTBET
Ha NOCTABJeHHHH Bonpoc — yTeepAurtensHui. Hpyro# uac-
TUYHBI pe3yJIbTaT B STOM HanpaBsieH:H noayded B [Xaprmanuc,
1982], rze fokasaHo, 4TO Bce MOMUMHOMUANILHO [VIAaBHHE HyMepa-
MM, ofGNajaompe HEeKOTOPEIMH JONOJHMTEeJbHBIME (Ha Hali
B3IVISil, MaJlo eCTeCTBeHHBIMH) CBOfCTBaMH, MOT'YT OLITb TIOJy-
YeHBI OfHA M3 JAPYTO# C NMOMOLELIO H30MOpH3MA ONHCAHHOTO
BhIILIE THNA.

CoopmyupyeM Tenepsb JBe CePUH Pe3yJAbTATOB, THIHYHBIX
JUIS TEOPUH BBIYMCJHMBIX HyMepauuil.

PesyJipraThl IepBOi CEPUH KacaioTcsl CYIECTBOBaHHS H KO-
JIHUECTBa (PacCMaTPHBAEMEIX C TOUYHOCTBIO O SKBHBaJEHTHOC-

_TM) ORHO3HAYHBIX BHIYMCJAHMBIX HyMepaudil TOro HJM HHOTO
ceMefiCTBA NMOPOAMMEIX MHOXECTB (B 9aCTHOCTH, BBIYMCJHMBIX
¢ynkunh), Ecin cemefictBo KoHeuHO, npo6JeMaTvKa CTaHOBUT-
csa TpuBHaipHOH. [lns OGecKOHeYHOro ceMeficTBa BCAKas €ro
-OflHO3HAUHAs BhIYUCAMMas HyMepanus SKBHBaJNeHTHa (M Jaxke
H30MOpP(HA) OHO3HAYHOH BBIUMCANMOA HarypasibHOH HyMepa-
IMH; NO3TOMY IIPH H3y4YeHHH HyMEpanui ¢ TOUHOCTBIO JO 3KBH-
BaJICHTHOCTH 0e3pasaHyHO, pPacCMaTpHBAaTh JiU BCe HyMepalHu
HJIH TOJILKO HaTypaJibHBIe.

HccaenoBanu st B 310i 06J1aCTH Hauaauch co cratbi Ppundep-
ra [®punbepr, 1958], B KoTOPOi OBIIM HOCTPOEHH! OAHO3HAUHBIE
BHIYHCIMBe HyMepanud cemeiictB Gen (W) u Com (X, Y).
(Takne HyMepanuu, Kak Herpy4HO BHZeTh, He MOTYT OBITb
riaBHbIMU.) Bo3HHK Bonpoc 0 uncne OJHO3HAYHEIX BBEIYHCIMMBIX
HyMepauuit sTHX ceMeHCTB (C TOUHOCTBIO IO 3KBUBAJIEHTHOCTH),

Cnepsa Ilyp-9a ycradosuiaa, urto ans Com (X, Y) srto
KoJnyecTBo He MeHee ABYX (cm. [[Typ-3n, 1964]). 3arem Xyro-
peuxufl (cM. [Xytopeukuit, 1969]) oGuapyxuia, uto oHo Gec-
koHeuHo u Has Gen (W), u aaa Com (X, Y). OcraBancs Bo-
npoc, KaKHM 3TO KOJIMYECTBO MoxkeT SuITh BooGuie, T. €. A1
NPOU3BOJILHBIX CeMEfiCTB NOPOAUMBIX MHOXECTB ¥ BLIYHCJAMMBIX
¢yHKUMA. F3BecTHB! ObIIH JIAIUb NMPHMEPHI CEMEHCTB, IS KO-
TOPHIX 3TO KOJIMYeCTBO PABHO GECKOHEYHOCTH, eAUHHLE (TaKoi
npUMep CTPOHTCs 6e3 Tpyxa) H Hy/o (IpuMep cemeiicTBa, AJs
KOTOPOTrO BBIYMCJMMEIE HyMEPalMH CYMECTBYIOT, HO Cpeld
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HHX HET OXHO3HAYHBIX, MOXKHO HalTH, HanpuMep, B [Epmos IO.,
1977, . 1, §61). B 1972 r. MapuenroB (cM. [Mapuenkos,
1972)) mokasan, uTO jjs cemeiicrBa BCIOZY ONpee/eHHBIX
(onpenenieHHbx HA BeeM X) QYHKIWM YMCIO [ONAPHO HESKBH-
BAJICHTHBIX OXHO3HAYHBIX BRIYHC/IHMBIX HyMepaiiii MOXKeT ObITh
paBHO JimGo enuHuUe, JiH6O GeckoHeuHoctH, Kak ycTaHOBHJ
Tonuapos (cu. [Tonuapos, 1980}, [Tonuyapos, 1980a]), cymrecrt-
BYIOT CEMEHCTBA TIOPOJMMBIX MHOMKECTB H BbIUMCHHMBIX YyHK-
H{H, 7151 KOTOPBIX YHCJIO HESKBUBAJIEHTHBIX OJHO3HAYHBIX BbI-
YHCAHMBIX- HyMepanui paBHo Ji0GOMy Hamepes 3ajaHHOMY Ha-
TYpaJbHOMY HHCAY.

BTopas cepus pesy/bTaTtoB CBA3aHAa ¢ M3yuyeHueM aJjres-
PaHyYeCKOT0 CTPOCHHSE BEPXHUX NOAYPEWemoK, KOoTopele obpa-
30BaHE! OTHOIUIEHHEM CBOIMMOCTH HA KJACCAaX SKBUBAJEHTHBIX
BBHIUHC/IHMBIX HYMepalmui pasjiMuHeX CceMeHCTB NOPOZHMBIX
muoxectB. Ilpupenem HaubGosiee ofmpe pe3yJbTaThl O TaKUX
noaypeuieTkax. Beskas Hemycras mosypelieTKa BhIYHCIAHMBIX
HyMmepaunuii Ju60 OJHO3JMEMEHTHA, Jau60 OeckoHeuHa (CM.
[Xyropeurnit, 1971, cneacrsue 1]); ecam noaypeieTka Bbl-
YHCJAHMBIX HyMepaumuii colepuT OoJiee OIHOrO 3JeMEHTd, TO
ona ue.spnaserca pewwerkoi ([CemuBanos, 1976, teopema 1]).

[1aBHBIE HYMepaiMH, H TOJLKO OHH, TIPEACTaBJSIOT COB0H
HauOoJIplllMe 3JIEMEHTHI [OAYPelWeToK BHIUHCIMMBIX HyMepa-
IKH, OITOMY HAaHOOJBIIHNX 3JE€MEHTOB MOXeT H He OblTh! KaK
yKe OTMeuanoch, CeMefiCTBO BCeX NPHMHTHBHO PEKYPCHBHBIX
(GyHKIu He UMeeT riaBHOH HyMepaimuu (6oJee TOro, Kak AO-
ka3aHo B [Mapuenkos, 1972, Teopema 3}, nojypemerka BCeX
HyMepauuii Juoforo ceMeficTBa OGIEPEKYPCHBHEIX (YHKUMIL,
coflepkamas Go/lee OZHOTO 3MEMEHTa, He HMeeT HaHOOJILLIEro
3JIEMEHTA).

HcenenoBasiuch B MHHHMMAJbHBIE 3JEMEHTHL TOJYPEHIETOK.
HcropruecKn NEpBHMH [pHMepaMH BHIYHCAHMBIX HyMepauui,
ABJAIOMHAXCA MHHHMAJLHBIME 3JIEMEHTaMH COOTBETCTBYIOMHX
MoNypeilieToK, OblAH OJHOSHAUHLIE BRIYMC/IMMEIE HyMepanuu
pana cemeficts. KoHCTpyKIHH TaKuX Hymepauuif Jyisi OCHOB-
HeIX cemefictB, Hanpumep A1a Gen (W), oxasanuch BechbMa
HerpuBuanbHbiMu (cM. [Manbues, 1965, m. 7.4]). B [BoioruH,
1973, ciaexcTeHe TeopeMn 1] mocTpoeH NpHMEp CEMEHCTBa
TIOPONMMBIX MHOMKECTB, NOJypeilieTKa BRIYMC/IMMBIX HyMepaii
KOTOpOro HemycTa, HO HE MMEeT MUHHMAJIbHBIX 3JIEMEHTOB.
B [Epuos 10., J1aBpos, 1973, sameyanue 1} Haiiiensl anreGpau-
YeCKHe MHBAapHAHTHl, NO3BOJHBIINE A0KA34aTh HEH30OMOPGHOCTH
NOJTY PEIUETOK BBIYHCAHMBIX HyMEpauHil JUis psijia eCTeCTBeHHbIX
CeMefiCTB: TaK, STHM MeTOJioM AOKAa3aHO, YTO NONAPHO HEeH3O-

5*
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MOPOHH MOMYpeleTKH BHYMCAUMBIX HyMepauufi cemeiicrs
{Q, {O}}1 {g) 0}9 {0’ 1}}’ [T ] {ﬂ, {0}’ eeey {0! 1’ ehes n’}}’ v
C npyrofi croponsi, B [denncos, 1978, caencreue 3] nokasaHo,
YTO NOJIypEmeTKH BHIUMCAMMBIX Hymepamuit cemeiicts {o, {0},
oo, {n}}u {@, {0}, ..., {m}}usomopdus gns mobbix m, n€ N.

1.15.2. HymeposaHHble MHOMecTBa. MHOXeCTBO, paccMar-
pHBaeMOe BMECTE C KaKo#-HGo cBoell Hymepanuel, Ha3hLIBaeTCst
sanymeposantoim, Kak B [Ycmenckudr, 1955al, [¥Ycmenckuil,
1960}, unu nymeposannsim, kak B [Mansnes, 1961], [Manbues,
1965], MHOXXECTBOM; €C/IH HyMepanHus HaTypasibHasi, MHOXKeCT-
BO HA3LIBACTCA Hamyparbro (3a)HyMepoBaHHBIM.

Hanuuyne y muoxecrBa M HyMepauuu no3sosisieT FOBOPHTD
0 BRIYUCJHMOCTH GyHKUuH B3 MF B M U 0 paspemiMMOCTH MOX-
MHOxecTB M® (oTHoCHTENBHO AaHHOA HyMepauuu). Mmenwo,
dynkunio f: M*—M ecrecTBeHHO HA3bIBATD B6I4UCAUMOL OMHO-
Cumensvro Hymepayuy v, €Cly CYLIECTBYET TAKAs BhIYHCIHMAS
dyHRupa @, uto

V(g ooy e))F(v(E), +ony V()

151 JOGHX ey, ..., ex € E, rie £ — oCHOBaHHe HyMepauuy v.
Paspewuumocms Pc M$ osHauaer CylieCTBOBaHHE TaKOM Bbl-
ypenuMoit GYHKIMH 7, 4TO JJSA BeeX ey, ..., €,€E

Vi), ooey VE)OEP = (efy -.., €)=0,
V(e ooy VEDEP=Y (6 -on, e)=1.

Hatypanbno HyMepoBaHHble MHOXKECTBa 06pa3yioT €CTeCT-
BEHHYIO Kameeopuro, B KOTOPOH OHH BHICTYNAIOT B POJIH O0BEK-
T0B. Mophusmom ¥3 HaTypalbHO HYMEPOBAHHOI'O MHOXKECTBa
M; (c Bymepanuefi 0,;) B HaTypasibHO HyMEPOBAHHOE MHOXKECTBO
M; (c nymepanueit ¢,) HaseiBaercs otobpaxenne p: M,—M,,
AJS KOTODOTO CYIIECTByeT BCIOAy ompenenenHast Ha N Bwi-
gucauMan GyHKIMA [ Takas, uTo Po;=d,f, Paj H3BecTHBIX
CBOACTB HYMEPOBAHHRIX MHOMKECTB yjaercs cGopMy/IHpoBaTh B
TEOPETHKO-KaTeropHuX TepMunax (cM. [Epuwos 0., 1977, ra. 2]).

MoxHo paccMaTpuBaTh U Kateropuio, 06pasoBaHHYIO BCEMH
HYMEpPOBaHHLIMH, a He TOJbKO HATypa/NbHO HYMEPOBAHHBIMH
mHOoecTBaMu. [Ipu TakoM noaxone Mopdu3aMaMu HYXKHO, TO-
BUIMMOMY, CYHTATh T€ OTOOpAXKEHH 1 |\ HYMEPOBAHHOTO MHOXKe-
cTBa M; ¢ Hymepanuedl o; B HymepoBanHOe MHOKeCTBO M, C
HyMepauueR «@,, I/Ig KOTOpBIX CYLIECTBYET TaKas BHYHCAMMASN
¢ysRUMA [, A8 KoTOpOH IpY BeexX X, NMPUHAAMENKAIUX OCHO-
BaHMIO HYyMepallMH g, BO-IIEPBBIX, ONPENEJNEHB 3HAYeHUS
f(x) u a5 (f(x)) 1, BO-BTOPBIX, BEIMOMHEHO PAaBEHCTBO 4 (f (X)) =
==p (0 (¥)). Bosnukarolas kateropus B JHTepaType He U3y-
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yanach, XoTd; 10 MHEHHIO aBTOpOB, €e H3yueHHe He MeHee ec-
TECTBEHHO, YeM U3YUYeHHE KaTETOPHH HATypanbHO HyMepOBaH-
HBIX MHOKECTB. )

1.15.3. Onepauuu Haj HyMepoBaHHbIMH MHOXeCTBamMH., Cy-
leCTBYIOT HEKOTOPBIE €CTeCTBEHHBIC OlIepalliH, NO3BOJIsSIOIIHE
nostyyarb M3 ONHHX HyMepoBaHHBIX MHOXKeCTB Jpyrue. K mx
YHCJly OTHOCATCS ONEPaLHu npamoe0 npoussederus, CYNCEHUA,
KOpMEKCHOe0 pacnpocmpanenus w (pakmopusayiy, HCIoAb3ye-
Mble B 1. 2.5.1. Tonbko uto mepeuncieHHbIe YeTHIPE OTEpalHy
JOCTaTOYHO OYEBHAHBI, BOT HX (JOPMAJBHBIE ONpENENCHHS,
Iycts o n f cyTb Hymepanuu MHOXECTB A B B 6 OCHOBaHHAMH
E u F. Torna; " ,

1) npamoin npoussederuem nymepaunit ¢ u f HaswiBaercs
HyMmepanust ¢ MHOxecTBa A X B, uMmeiolmlass ocHoBaHue EX F
H 3ajaBaeMas (opmyJioi

(e, N=<afe), B()>;

2) HyMmepauus § Ha3BIBACTCS KOPIMENCHOLM POACRPOCTPAHEHU-
en nymepaunn @, ecin B=A", F=E” u B(<ep, ...y €pD)==
=0 (ey), ey @(€p)>; 37ecH A”, E® CyTh COOTBETCTBEHHO
MHOX@CTBA BCEBOSMOXKHBIX KopTexefi Hag A u Hax E;

3) Hymepauus [ Ha3bIBAETCA CYxceHueM HYMepanuu o, eciu
Bc A, F=o0~* (B) u P ectp cyxenue o Ha F;

4) nymepauHs [ HasblBaeTCA pakmop-Hymepayued Hymepa-
UHH €, eClM CyllecTByeT oTobpaxkeHne fi A—B ¢ obaacrtsio
onpenesienns A u obaacTeio 3HaueHuit B, I/ KOTOpOro f==
=foa. :

§ 1.16. Hauasno cospaHHsi MHBapHaHTHOH,
WM MaimMHHO-He3aBMCUMOM, TEOPHH CJOXKHOCTH
BBIYHCJIEHH S

ITon nHBapHaHTHOH TeopHeH CJOXKHOCTH NOHHMAeTcsl Ta-
Kas, De3yJbTarsl KOTOPOH (OpPMyJMHPYIOTCS HE3aBHCHMO OT
BBHIGOpA TOH HJIH MHOH BBIYHCJIHTENIBLHOH (HJAH HOpOXKJAIONIet)
MOJNeNH. 3]ech BO3MOXKHBEI TPH NYTH.

IlepBBlfi — MOHCK TAKHX IIHPOKO IIOHHMAeMEIX OIEHOK
CJI0XKHOCTH, KOTOphI€ HEe 3aBHCAT OT BLIOOpPA BLHIYHCAHTENBHOH
mozesu. B § 1.7 yxe mwa peur 0 TOM, UTO IPH ONpeAeSeHHH
KjJacca & MoxHO (0e3 M3MEHEHHs KJacca) paccMaTpHBaThb
pasHsle BBHIUHCIHTENbHBIE Mojesd. Ilo CymecTBy, mpu ompepe-
JeHHH KJjacca J° Mbl HCIOJIb3yeM He OJHY BEpPXHIO0 OHEHKY,
a KJacc BepXHHX ONEHOK, OTVIMYAIOMXCA JPYr oT Apyra mpe-
06pasoBaHHAIMH HEKOTOPOro CeMeHCTBa.
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Bosee TOUHO, paccMOTpeHHe OLEHOK CJIOKHOCTH @ TOYHO-
CTBiO JI0 TMpeoOPa30BaHMs M3 JAHHOIO ceMedcTBa npeobpaso-
BaHKH o3Hayaer caenyiomee. CAoxHOCMAHbUL KAOCC 3AJACTCS He-
KOTOPOH CHCTEMOH OIEHOK, MpHYeM JJIf MOOMX ABYX OLEHOK
@, f u3 paccmarpuBaemofi CHCTEMbl CYIIECTBYIOT TaKkue mpeos-
pasosanus U, V us ¢purcupoBaHHoro MEoxecrsa, uro a< lUof
u B<Voa (TaK, BCe HEBLIPOMK/EHHBIE NOJMHOMBEI HOJMYYAIOTCsE
OIMH U3 APYroro BOSBENEHHEM B OTpPARHUECHHYIO H OTALNIECHHYIO
OT HyJas cTenenb). QyHKUHA CYHTAeTCA NpHHAAjeKamed K
JIAHHOMY CJIOXKHOCTHOMY KJacCy, €C/Id CJOMKHOCTb €@ BhIuHCJIe-
HHA MoxKeT ObiTh OrpaHHYeHa Kakoii-HUOYAR OHEHKOH u3 pac-
cMaTpHBaeMoH cHCTeMbl. B COOTBETCTBHHM CO CKa3aHHbIM BhIlle,
P MOXKHO ONpeNeNuTh KaK KJace QyHKUHHA, BpeMsl BHIYHCACHH A
KOTOPBIX JIHHEHHO OrpPaHHYEHO C TOUYHOCTBLIO JIO BO3BEJCHHA B
OrpanHYeHHYIO H OTACJEHHYIO OT HyJs CTeNeHb.

Bropo#i nyTe — nomeitaThCs KakKHe-TO IapaMmeTpel Npej-
_CTaBUTENS BBIYMC/IHTENLHOA MOJENH BKJIOYHTL B KaueCTBe ap-
TyMEHTOB B CJIOXKHOCTHYIO OyHKuuio. Yerkas H cojepkarels-
Hag dopmaausanys 3THX [apaMeTpoB IIPEACTABJISNET 3HAYH-
_TeJbHbIE TPYAHOCTH, JI0 CHX IOP B KauecTBe TaKUX Napamer-
pOB paccMaTPHBAJOCh YHC/O JICHT H MOIUHOCTL adaBHTa MHO-
rONeHTOYHHX MamwuH# Toiopuara (cM., Hanpumep, {Ceidepac,
1977)).

Tperufi nyTb — akcuoMaruueckuit. Bamom B {Biom, 1967]
NPEJJIONHJI 1BE aKCHOMbI, KOTODPHIM YAOBJAETBOpsieT Jiobas pa-
3yMHAas CJIOKHOCTb BBMYHCHICHHS; B 3THX aKCHOMax NOHATHE
CJIOXKHOCTH BhIUHC/IeHHS OPMAIH30BaHO B BHJE NIOHATHS MepHI
COXKHOCTH.

HOns duxcupoBaunoit raaBuoit (mis X, Y ¢ HHICKCHBIM
mHOKecTBoM E) dynkumu V: EXX—Y mepod croxmcrocmu
HasbiBaercs BhiYMcauMas Qynkuus C: EXX—N, yaos-
JETBOPAIOLIAS CAEAYIOUM ABYM axcuomam bLawoma (oM,
[Baom, 1967]):

1) V(i, x) onpeneneno & C(i, x) onpeneaeHo;

2) muoxecrso {{I, x, PIC (i, x)=y} paspemmMo.

[lpumepamu Mep CNOXKHOCTH ABASIOTCH BPEMS H €MKOCTb
BLHIYHCJEHHA Ha MammBax Telopuura, omucanuele B § 1.6,
TaK e KaK W MHOTHEe Jpyrue BapHaHThl MOHATHH BpPEMEHH H
-emkocrd. B [Bimom, 1967] fokasanst nBe sameuarenbHble Teope-
Mbl O Mepax cjoxkuocTH. [lpuBeneM uX dopMyaHpOBKH.

Teopema 0 pexypcusHoil cesi3l PABAUMHBIX MED CAOJICHOCML,
ITycrs Cj, C;— nBe Mephbi CNIOKHOCTH (M1 ONHOH M Toil iKe
rfaBHO QynkuuM). Torja CymiecTByeT Takas BHIUHCAMMAg
pyuxudsa D i X XN->N ¢ obnacreio onpepenenus X XN, gro
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ans Beex i€ 1 nepasencrso Cy (i, x)<<D (x, Ci (i, X)) Beinonme-
HO JJia BCeX ¥, Wi Kotopsix V (i, x) ompemeneHo, Kpome
KOHEYHOro MX 4HCJIA.

Teopema o6 ycxoperuu. Ilycrs C — Mepa CJAOKHOCTH U
nycTs R — BCiOLly onpeje/ieHHass BLIYHCAHMAs QpyHKuusA u3s N
B N. Torga cymecrByer Takoe paspeluuMoe NOAMHOMXKECTBO A
MHOKecTBa X (XapakTepHCTHYecKasa QYHKuHMs KOTOporo o6o3-
Hayaercs jajiee uepes J 4), 4To s Joboro i € E, 1A KoToporo
V (i, x)=%4(x) Tpu Bcex x, CywecTByer TaKoe j, uto V (j, x)=
=Y¥4(X) mpu BCeX x, U MJS BCEX ¥, KPOME KOHEUHOIo uHCIIA,
HMeeT Mecto HepaBenctso C (i, x)=R (C(j, x)).

Teoputo BJsiroMa mMoxHO paccMaTpuBaTh KaK «IECKPHIITHB-
HYIO 4aCTb» METPHYECKO!l TEOPHH aNropHTMOB. [eficTBHTENb-
HO, MOHATHA H METOJR noixona Baioma oyeHb GAUSKH K KJAaC-
CHYECKOU JNECKPHITHBHOH TEOPHH aJTOPHTMOB.

Koneuno, upesBnuatinas obmHocts akciom bioma Braeuer
olpesiesieHHble Hey 00CTBa: UeM LIHpe KJAacC MeP CJOXKHOCTH,
YAGBNETBOPSAIOIIHX 3TUM aKCHOMaM, TeM MeHbIIe MOXKHO O HeM
cKasartb. - [IpuBeeM npuMep OJHOrO H3 BO3MOXKHBIX JIOIOJHH-
TeJIbHEIX TPeOOBaHMH, NPEIBABAAEMBIX K MEpaM CJIOXKHOCTH.
Kaxketca ectecTBeHHHIM pacCMaTpHBATL B KAa4eCTBe CJOXKHOCTEH
TOJILKO TakMe QYHKIHH, CAOXKHOCTh BHIYHCICHHS KOTOPHIX He-
BeJIYKA, HAaMpHMepP He IIPeBOCXOJHT 3HAYEHHA CaMOM CJOXK-
HOCTHOH ¢ynkuun., Moxuo (mpu Y'=N) no6aBuTb TPETHIO
AKCHOMY K aKCHOMATHKE CJIOXKHOCTH:

‘ViEIij(C(i, x) =~V (i, x) &V (j, x)=C (i, x))-

Tague cAOXKHOCTH, Kak BpeMs H eMKOCTb JJ/isl MHOIOJIEHTOY-
HEIX MaiuH THIOpHHTA, YIOBJIETBOPSIOT 3T0H aKCcHOME (M axke
ee 3((deKTHBHOMY BapHaHTy, B KOTOPOM j aJrOPHTMHYECKH
naxonutcsa mo i). B [Xaprmannc, Xonkpodr, 1971, § 4] mepa
CNOXKHOCTH HasblBaeTcsi yIOGHOH (proper), ec/i oHa yJOBJeT-
BopsieT «3heKTHBHOMY» BapHAHTy TPETbEH aKCHOMBI.

1.17, TeopHsl CJIOKHOCTH
H SHTPONHH KOHCTPYKTHBHBIX 00beKTOB

O6uuit NOAXOX K IOHATHIO CJOMHOCTH KOHCTPYKTHBHOI'O
06HeKTa KaK MHHHMAaJAbHOro 06’peMa ONHCHIBAIOLIEl 3TOT 06BEKT
nporpammsl pHHaiexnt Koamoropoy (cM. [Kosmoropos,
1965]). (HesaBucumo, x0T U B MeHee ICHOM BHJE, aHajorud-
Hele HueH Oblin BhickazaHel CoJsiomoHoBbiM B {CostoMOHOB,
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19641.) B xoe pa3BHTHs TOFO NOAXOJA BHIACHMJIOCH, YTO pas-
JMHYHBIM HHTYHTHBHBIM NPEACTaBACHHAM O COXKHOCTH COOT-
BETCTBYIOT Pas/IHuHBIE TOUHBIE OMpeseseHHs.

Ha HHTYHTHBHOM ypOBHE YKa3aHHble pasiHyHfl BOZHHKAIOT
0 CAeRYIOHUM IpHUHHaM. JI0GoH KOHCTPYKTHBHBIH OOGBEKT
(1ampumep, CI0BO) MOXHO PaccMaTpHBATh Kak COOOIIEHHE O
HEM €aMOM, a MOXKHO PacCMaTpHBaTh KaK COOOLIEHHE OJHOBpe-
MeHHO 000 Bcex 0oOBEKTaX, B KAKOM-TO CMbIC/e ero copep-
xamux (HanpuMep, o6o BCexX NMpoAoJKeHHAX cnoBa), IIpu BTO-
pOM TIOAXOJie €CTECTBEHHO CUHTATh, YTO IPOrPaMMa, OIHCHIBAIO-
L1ast 0GBEKT, MOXKET 33/]aBaTh He 06713aTe/IbHO B TOYHOCTH €10, a
JIMIIL KAKOE-TO ero IpOAOJIKEeHHE.

AnanoruyHsle COOGPaXKEHHA OTHOCHTEIBLHO COOTHOLUCHHSA
YacTh — I[@JI0€ HMEIOT MECTO H JJ1A CaMHX ONHCAHHHA OGBEKTOB.
B uacTHOCTH, €C/IM ONMCAHHE M HEKOTopas €ro 4acTb 3afaiorT
KaKHe-TO 06'beKTHI, TO, IPH HEKOTOPOH TOYKe 3peHH 1, 3TH 00beK-
Thl HE MOTYT HPOTHBOPEUHTh APYr APYTY, OHH JOJXKHBI ObiTh
corsnacoBadbl. Taknm o6pasom, Ha paccMaTpyBaeMoM ancamose
JOJKHO OBITH 3aJaHO OTHOIIEHHE «COIJIACOBAHHOCTH». [IpH-
MEp OTHOIICHHS COIVIACOBAHHOCTH: «OJHH H3 IBYX OOBEKTOB —
yacTh JApyroro». ECTeCTBeHHO mpeAnoJarath, 4TO OTHOILIEHHE
COrJIaCOBAHHOCTH PAa3peilinMo.

B cBere cKa3aHHOTO, B JAHHOM IIYHKTE TEPMHUHOM «aHCambab»
0603HauaeTCd MNPOH3BOJBHBIA aHCaM0Jib, pacCMaTPUBaeMblii
BMeCTe C 33JJaHHHIM Ha HEM IPOH3BOJLHLIM paspellluMbM OU-
HapHBIM OTHOIICHHEM, HA3LIBAEMBIM OMHOWEHUEM CO2AAC06AH~
nocmu. Tlyers X m YV — ancamGau. PaceMorpum cienyromee
ycJioBKe, Haaraemoe Ha OTHOlIEHHE R MeXJy 3/ieMeHTaMH aH-
cambaeit X u Y: (x u x* cormacosanel) &R (X, Y)&R (x', y')=
=-(y u y' cornacoBanbi). Ilpou3BoiinHOE IEpEUHCAHMOE OTHOLIE-
Hue R Mexny ancaMbasamu X u Y, yIOoBJAeTBOpAIOIIEe STOMY yC-
JIOBHIO, HA3LIBAETCS Cnocobom onucanus (3AEMEHTOB H3 Y
niocpeacTBoM 3yeMeHTOB u3 X). OOBeKT X HaswiBaeTrcs onica-
Huenm 00beKTa y IpH crnocobe R, e umeer Mecto R (X, y).

B ranpHeiiieM meHTpaNbHYIO pOb GyAYT HIPATh aHCAMOMH
‘N u E — ancambnu omucannii. 3pecy uepes N o6osnauen
aHcam6/b HATYpaJbHBIX 4HCEN C OTHOLIEHHEM paBEeHCTBa B
KayecTBe OTHOLIEHHSA COIVIACOBAHHOCTH, a uepes E — ancaMGan
Bcex ci1oB B andasute {0, 1} co creayomum OTHOMmIEHHEM CO-
FIaCOBAHHOCTH: CJIOBA COIVIACOBAHEI, €CH OJHO M3 HUX — Ha-
4aJio Apyroro. Ha sTux ancaMG/iAX 3ajaHbl HOPMEL: B B Hop-
MO CJIOBa cyuTaeM ero AuHy, B N Hopmoil uncia x cumrtaem
HEJIYIO YaCTh Ydcna log, (x-+1) (3TH HOPMBI MBI paCCMAaTpHBANH
B § 1.6). HT00H noRYepKHyTH, YTO MBI paccMaTpHBaeM He Mpo-
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)

u3BOJIbHbIe HOpMe! Ha E u N, a HeKOTOPLIE KOHKpeTHble, MBI
OyZleM HashiBaThL STH HOPMEI 06Bemamu B 0603Ha4aTh 6YKBOH [,

Hrax, nycrs X — 3To onun u3 ancam6aeir N wm E, nycrs
Y — npoussosbHuIf aHcaMOb B NycTh R — Kako#-nu6o cro-
co6 omucauusa. CroxcHocmuio Kp(y) ofbeKTa y npH crocobe
onucaHHA R Ha3BIBaeTCsl HAHMEHBLIHH OGLEM OMNHCAHHS STOrO
obnexTa (eC/iu ONHCAHUS HE CYIIECTBYET, TO CJOXKHOCTh paB-
Ha oo). Ilycre, nanpumep, X=N, ¥Y=E, a R cocTout u3 Bcex
nap Buaa {x, y), rie x — nporpaMma KaKoro-to HOPMa/JbHOro
anropupMa A: N—{0, 1}, a y — navaabHBIi OTPE30K HOC/]E-
nosatensnoctd A (0), A (1), A(2), . . .; rorna Kz — 310 BBe-
Jennasi MapkoBuM (cM. [Mapkos, 1964], [Mapxkos, 1967]) cox-
HOCTBb paspelleHHs.

Kak ycranosun Konmoropos 8 [Kosnmoropos, 1965], cpenn
Bcex CrocofoB omucanus R (npH ¢uKcHpoBaHHBIX X n Y, y
Konvoroposa X=Y=N) umeerca onmumarenoiti R,, T.e.

TaKo#, 4to A BCsiKoro crmoco6a R BoimonneHo Kg, éKR.

Jis panHux ancambaell X, Y cioxHocts o6beKTa y npH Ipo-
M3BO/JILHOM (HKCHPOBAHHOM ONTHMAJbHOM CII0COGE onHcanus
HaspiBaercst aumponueld K (y) storo o0peKTa; AJ1s TOro urolhl
ABHO yKasaTh ancam6iu X u Y, rosopsar o6 X—Y-snmponuu.
TakuM o6pasom, X—Y-sHTponHsa ecTb OTOGPaXKEHHE MHOXKe-
crea Y B NU{oo}. Komneuno, ansa nanneix X, Y cymecrsyer
MHoro X—Y -surponufi. OnHako Bce 3TH GYHKIHH ACHMIITOTH-
YeCKH 3KBHBAJICHTHH! 9TO 3HAUMT, YTO A5 JIOOHIX ABYX X—Y-
sutponuit K' u K"BBINOJHEHO (aCHMNTOTHYECKOE) HEPABEHCTBO
1K' ()—K" (y)] 5 0. C TOUHOCTBIO 0 STOH SKBHBAJIEHTHOCTH
X—Y-surponus emuHcTBeHHA. PaKTHYECKH CAMO NOHATHE 3H-
TPONUH ONPENEIEHO ¢ TOYHOCTHIO 0 3TOH 3KBHBaJEHTHOCTH.

Octiosran remma (nouru oyesuanasn), na moGok BLIYMC/IH-
ot dyuxumu f u3 N B N sepro, uro (N—N-surponus f(n)) 2
:f\ (N—N-sutpomus n). B ofwmem cayvae nycts U, V — npo-
H3BOJIBHEE aHcambau, E — cnocof omHcaHHsi SJeMeHToB V
ocpencTBoM aseMentoB U; Torza mepaseHCTBo (X—V-3u-
TPONHS U) % (X—U-3ntponns ) UMeeT MeCTo YIS MOOLIX 4, v,
LJ1s KOTophix BhimodHeHo E (u, ).

HanGonee usyuen cnyuaft, Korja He Todsko X, Ho u Y
poiGupaercs u3 uucna ancambneit N, E. Ilpu KoMGnuauunu
JBYX BO3MOXHOCTEH AJs X C ABYMs BOSMOXKHOCTAMH JJIA Y
MONIyYaloTCsl ueThipe sHTponuH: N—N-SHTpomus, HJIH npo-
cmas koamozoposckan sHmponus (cM. [Konmoropos, 1965]),
N—E-sutponus, umu sumponus paspewenus (cM. [3Bonkuw,
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Jesun, 1970)), E—E-5HTpOnus, UAH MOHOMOKHAA IHMPONUR
(cm. [Jlesun, 1973]), E—N-surponusi, nau npedurcHas sH-
mponus (cM. [Jlesun, 1976]). 5
Mexay 3THMH SHTPOIHAMM HMeeT MeCTO PsiJi COOTHOLEHHH,
Jlnst ynoberea Hx GOPpMYNHPOBAHHMSA yKakKeM B ABHOM BUJE OJHH
OrpaHHuYeHHO-HCKAXKAIOMMA H30MOpdH3M MexIy HOPMHpO-
sannpiMu ancamOasimu (N, ) u (B, ). Msomopdusm sToT Ta-
KOB: HYJIb <> NyCTOe CJZIOBO, OfHH «> 0, 182 « |, Tpu < 00,
.. .; APYTHMH CJIOBaMH, YHCJY X COOTBETCTBYeT CJIOBO, IIOJY-
yaeMoe M3 JBOMUHOH 3anmucH X-+1 oTGpachiBaHHeM HauaNbHOH
eanHubl, COOTHOIUEHHS MEXIY SHTPONHMSAMU MBI NPEACTABHM
B BUJIE TaGaHIbl, Bce paccmatpuBaeMbie SHTPONHH CYTh OTOG-
paxenns B N, ux obnacrsiMu onpepesenus ssasiorcs N uim
E, oanaro, mojb3yACh NOCTPOEHHBIM TONALKO 9TO H30MOPGH3-
MOM, MbI 6yJeM paccMaTpHBAaTh BCE SHTPOIHH KakK OTOOpa:Ke-
Hus E—»N. HasBanue surpomun numewm nepen K. Jlia moGhix
nByx QysKumit f u g GyHKuMa f CTowT B Tabauie JeBee g

TOTJIa H TOJMBKO TOTAA, KOTAA BHIOAHEHO f = g.

nek | NNKC1 BNK i1y 510g, 1

Kak HeTpyaHO npoBepUTH, BCE YeTHIPE YKa3aHHBIE B TabjaHe
3HTPONHHU OTVIMYAIOTCS APYT OT Apyra He Gosee yeM Ha ¢ log, [ (%),
rje ¢ — HeKOTopas KOHCTAHTa; 3Ta OlEHKA He MOXKeT GhITh Cy-
IECTBEHHO yJyYlleHa! CYLIeCTByeT GeCKOHEUHO MHOTO CJIOB X, .
s kotopuix NNK(x)—EEK (x) = ¢; log, [(x), a Takke Ge-
CKOHEUHO MHOro CJoB Y, aa Kotopulx EEK (y)—NNK(y) =
=c1loga [(y), Te ¢i— HeKoTOpas NMOJNOXKHTENIbHAA KOHGTAHTA.

B KayecTBe mpuMepa APYFHX CBOHACTB SHTPOMHH YKaeM
Ha MOHOTOHHOCTH MOHOTOHHOH 3IHTDOIHH, €CHIH CJOBO X sIB-
Jsercs HagasioM ciosa y, 10 BEK (x) < EEK (y).

OnHuM H3 NPHMEHEHHH MOHATHA SHTPONUH SABJAETCA BO3-
MOXKHOCTb «3HTPONMHHHON» XapaKTepH3alHH TAKHX NOHATHH-
aHTHIONOB, KaK BBIYHCJAHMOCTb H chAyuaiiHocTe, MHTYHTHBHO
BBIYMCIHMAsA MOC/CNOBATeILHOCTL 331aeTCsl HEKOTOPHIM 33KO-
HOM, T. €. CJIOXKHOCTD €€ HaYaNbHEIX OTPe3KoB orpannyueHa. Ecun
TeNeps 3Ty UHTYHTHBHYIO CJIOMKHOCTR NOHHMAaTh KaK MOHOTOH-
Hy10 3HTPOMHIO, NIPHBEICHHEIE COOOpaXKeHHs NEPEXOAT B Cle-
AYIOLLYIO TeopeMmy.

Teopema. IlocnenoBaTe/IbHOCTD BHIUMCAHMA & MOHOTOHHAS
SHTPONHA €€ HAYaJbHBIX OTPESKOB OlpaHUYeHd & SHTPONHUdA
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paspellleHus ee HauaJbHHIX OTPE3KOB orpaHnueHa (eM. [3Bon-
KHH, JleBun, 1970, Teopema 2.2]).

Huryurusno, cryyaliHas noc/lefoBaTelbHOCTD He 061ajaer
HUKAKHMY 3aKOHOMEPHOCTSIMH — CJIO3KHOCTD €€ HAYaJbHBIX OT-
pe3xKoB MakcuManibHa. [loHHMas Mo-mpeKHEMY CJAOXKHOCTh Kak
MOHOTOHHYIO 3HTPOIHIO, MOXHO PAcCMaTpPHBaTh NpelbiiyLIyIO
¢pasy Kak ollpellefleHHe ciaydaiiHocTH (CM. o6 stom § 2.6).

Buino 6bl oueHb nHTEpeCHO BBECTH NOHATHE SHMPORUL € O2-
PAHUMCHUAMU HA CAONCHOCMb BbHUCAeHULl — MOHATHE, HaMe-
yenHoe Kounmoropossim B [KosmMoropos, 1965]; nekoropsie mno- -
NBHITKH Takoro popa uMeiores B [lnopp, 19771

Hapsany ¢ sutponuefi KOHCTPYKTHBHOIO 0GBbEKTa paccma-
TPHBAETCS YCJIOBHAsS SHTPONMSA OJHOIO 0GhEKTa OTHOCHTEILHO
apyroro. Jas ee onpepenenust K ancamGiam X u Y poGas-
JsieTcs ellle OAUH aHCaMG/b — aHcaMbab ycioBuit A. ®akrrtH-
YeCKH YCJIOBHAS SHTPOMHS H3YyYadach TOABKO npH X =Y =A=
=N (cM. [Konmoropos, 1965]). B stom ciyuae cnocoG ye-
JIOBHOTO ONHCAHHA R ompellessieTcs KakK NPOH3BOJLHOE nepe-
yucanMoe oTHowerne Ha X X Y X A, yaosiaerBopsiolee yCJI0BHIO
R(x, y, )&R (x, y', a)=>y=y'. Ecin R ectp croco6 yc-
JIOBHOTO ONUCAHHMSA, MOXHO BBECTH CJEAYyiollee NOHATHE H
oGosHauenue — ycaosryro caoscrocms Kpg(yla) obvekra y oT-
HOCHT&JIbHO OOBEeKTa a mpu cnocobe onucanus R.

Ilo onpenenenuio, Kg(yla) ecTe MHHEMANBHHE 13 06BEMOB
Te€X X, AJI1 KOTOPBIX BhImoJiHeHO R (x, y, a). Cpeau BCeX cro-
Co60B YCJIOBHOI'O OIHMCAHHS HMEETCA ONTHMaJbHBIH, T. €. Ta-

Ko# croco6 Ry, 4TO 11 BCAKOTo crocoba R BeinosHeHo Kg, é

»j Kg. B uacrHOCTH, ONTHMAaNbLHBIM ABAsETCA JMOOOH crocol
R,, nonyuenHblfi cooTHowenueM R, (x, y, )&V (x, a)=y, rie
V — HekoTopas onmTUMasbHast rénenea GYyHKIHA JiA aHCaMO-
geil A, Y ¢ unnekcueiM MHOXKecTBOM X (cM. §1.14). YcenoBHas
CJI0XKHOCTh [IPH ONTHMAJBHOM Crocofe OIMCAHHS HAa3bIBAeTCs
ycaogroll sumponuet] u o6osnadaerca K (yla). Ecnn B ycioB-
Ho#i suTponuH K (yla) npom3BojabHEIM 00pa3oM (PUKCHPOBATh
@, TO TOMYYHTCA NPOCTad KOJMOTOPOBCKas 3HTPONHA, INpH-
yeM BCe TMPOCTHIE KOJMOTOPOBCKHE SHTPONHHM MOTYT OBITB IO-
JIyueHbl U3 YCJOBHHIX SHTPONHE Takum crnocobom. HMmenno Tak
u Oblia BeelieHa KosamoropossiM ero npocras surponus B [Kou-
moropoB, 1965].

VYKe uMes B paclopsKeHHH NOHNTHE SHTPONHH, MOXKHO C
HOBOM TOUKHM 3DEHHS NOCMOTPETh HAa CBOHCTBO SKOHOMHOCTH
(rio HopMe; cM. § 1.14). EcrecrBenno Tenephb noHuMarb TpeGoba-
HHE «p He COIEPIKHT HHUYEro JIMIIHEIo N0 CPABHEHHIO C {» TaK!
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(npocTasi KOJMOTOPOBCKAs) SHTPOMHS P MOMKET IPEBOCXORHUTDH
SHTPOMNHIO | He GoJiee YeM HA KOHCTAHTY, HE 3aBHCAMYIO OT i.
OkaspiBaeTCsl; yYTO MpH TAKOM TOHHMAHHHM BCfKas IJaBHAs
VHHBEpCA/IbHAS (PyHKIMS ABNACTCA SKOHOMHOH (TeNephb yxe He
1o HopMe, a no sutponur). Iodyuaem chenyomiee CBOACTBO,
KOTOPBIM OGMafiaeT Miobas IVaBHAfA yHHBepCa/ibHas (YHKIKA
Vi EXX—=Y:

(®3) nna xkaxzaoro ancamona I H Kaxuoro anroputma As
IX X—Y cymectByer Takofi amroput™ &: [—E ¢ 06nacThio.

onpenesermst I, uto % (G, xN=V (@ (@), 9 v NEK (3 () 3
}NIK ({); 3necb TpH ONDEJNE/ICHHH IHTPONHH Mbl CUHTAEM,
wTo OTHOLIEHHE coracoBaHHOCTH Ha E u I coBlajaer. ¢ OTHO-
IIeHHeM pPAaBeHCTBa.

B 4acTHOCTH, JJisi /oGO M3BECTHOH BLIYHC/HTENLHOH MO-
zean u Jo6oro H3BeCTHOro crocofa NporpamMMHpoBaHHA pe-
3yabTaTHAsS (DYHKIHA ABISETCA SKOHOMHOH 1O SHTPOMHUH IPO-
rpamm, T. €. o6J1afaeT CBOHCTBOM (9J) ¢ MPOrpaMMHHIM aHCaMG-
JdeM B Kauecrse E.

BBeneHHE NOHATHSA SHTPOIMHH CJIOBA IO3BOJSAET N0-HOBOMY
B3IVISAHYTb M Ha BOIIPOC O C/IOXKHOCTH Paclio3sHaBaHH sl MHOXECTB.
Besikast CJIOXKHOCTb, B TOM UHCJe BPEMs BBLIUMC/IEHHSA, €CTb
(yHKUHA aprymeHTa airopurMa. MoXHO CUHTaTb, YTO OJUH
aNTOPUTM paboTaer JNOJbIE APYroro, €Cd JJI BPEeMEHHBIX
yHKUMH BBINONHACTCA COOTBETCTBYIOIIEE HEPABEHCTBO B KaX-
pofi Touke, Ilpu TakoM NOAXOJE, OJHAKO, MOXKET OKa3arhCs,
YTO aJIrOPHTMbI, IIPeJHA3HAUEHHBle AJIS PACIO3HABAHUA ABYX
TAKHX MHOMKECTB CJIOB, KOTODbE NOJIy4aroTCs APYr M3 Jpyra
neperMeHoBaHNeM GyKB, HMEIOT HECPaBHUMEIC CJIOXKHOCTH.

B To ke BpeMms SCHO, YTO 3TH aJrOPHTMBI, MO CYIHECTBY,
IpeJICTABASIOT CO6Of ONMH M TOT e aaropuT™. HUrolwl pac-
IIHPHTH OTHOLIEHHE PABHOM CNOMHOCTH BRIYHC/ICHHS W HA Ta-
KHE aJrOPHTMBL, C/10Ba FPYNNHPYIOT B KAACCH IO HX ANTHHAM H
CTPOAT HOBYIO CJIOXKHOCTHYIO QyHKIHMIO, epexons K MaKCHMy-
My B KaxpoM kaacce. Onmako u 3To He peiuaer mpoGiemy.
Craxem, eCTH KO BCEM CI0BaM HEKOTOPOro MHOXKECTBA JBOUY-
HBIX CJIOB TpHmHcaTth B KoHue 100 Hysnell uan kaxiayio OyKBY
B CJIOBE NOBTOPHTb ABaMJbl, MOXKET IOJYYHTLCA MHOXKECTBO,
pacnosHaBaemMoe Ipolue HCXoxdoro. MoxKHo, ofHaKo, MOCTY-
OHTbL HHAue: OTHECTH K OAHOMY KJacCy He BCe CJIOBA NAHHOM
JVIMHBI, a BCE CJIOBa JNAHHOH SHTPONHH ¢ KAKHM-u00 GHKCH-
POBaHHEIM OFPAHHYEHHEM HA CHOXKHOCTb BbIYHCTEHHH (CKa-
eM, paccMaTpHUBaTh BHIUMCJEHHS B peaiibHOe BpeMms). IT0
NPHBEJET K TOMY, YTO CJOMXKHOCTHbIE (PYHKUHMH I/ MHOXKECTB
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HHTYHTHBHO  OAMHAKOBOH CJIOXKHOCTH OKaXyTCA  GIU3KH-
MH. -
Kax yke roBopHJIOCh, PacCMOTPEHHOE MOHATHE SHTPOIHH
OTIPEJieJIeHO C TOYHOCTBIO JI0 aCHMNTOTHYECKOH SKBUBAJIEHTHO-
ctH. Ec/i ke MBI XOTHM I'OBOPHTL 06 SHTPONUH HHAHBHAYyalb-
HOro KOHCTPYKTHBHOTO O6BeKTa KaK O KOHKDETHOM 4HC/e, He
YAOBJETBOPAACh YTBEPKACHHAMH, NEJaCMBIMH «C TOYHOCTBIO
J0 OrpaHuyYeHHOro CJ1araeMoroy, TO HaM IPHAETCH CPeNH OMNTH-
MaJIbHBIX Croco60B OmHcaHHs BLIOPATh KaKOH-TO OJHMH H Npo-
BO3IJIACHTb €r0 «eJHHCTBEHHO NMpaBHJLHLIM». KaKoB Xe po-
3eH GbITb 5TOT «eMHCTBEHHO NPABUJbHEINN crioco6 F? Tpexne
BCEro, OH JOJ/2KeH Ka3aThCH HaM «eCTeCTBEHHBIMY; XOUEeTCH, Kpo-
Me TOro, YTOGH! JJ1s1 JTIOGOro APYroro CTob XKe «eCTeCTBEHHOIo»
crocoba onucalua (G HepaBeHCTBO Kyp<K41C, BhiTekalomee
U3 onpefeNieHHs ONTHMAJBHOCTH, BBIIIOJHAMOCH G KaK MOXKHO
Menbllell koHcTanTolt C. B samerke [Jlesnn, 1977] npeanaraer-
¢l HEKOTOPblH KOHKDPETHEIH crocol OnmHcaHHs, npHYeM AekJa-
pHUpyeTCsi er0 eCTeCTBEHHOCTh H BbIpaiKaercs yBEepeHHOCTb B
TOM, 4YTO JJ/1 APYTHX eCTeCTBeHHBIX crocoGoB onHcaHHs YIO-
MAHYTas KOHCTaHTa He NPEeBOCXOAUT HECKOJbKHX coteH. H3-
JIHHIHe TOBOPHTDb, Pa3yMeeTcs, YTO TAKOro poia yGexneHHOCTH
CYXIEHO NOKa OCTaBarbcs CyGBEeKTHBHLIM OLLyIIEHHeM, IIO-
CKOJIbKY HHKAaKHMHM CPEACTBaMH YTOYHEHHS IOHATHS eCTeCT-
BEHHOIO crioco6a OMNHCaHHsI MblI He pacroJjaraeM.

§ 1.18. ¥YpoGHble BLIMHCIHTEIbHBIE MOJE/H

Cefiyac MbI JanMM eIMHOOOpa3Hoe ONHCaHHE HEeKOTOpOoro
KJlacca BHIYHC/IMTENbHBIX Mozeded. g 3TOrO HauHeM ¢ HpH-
Mepa — MHOTOJIEHTOYHBIX MauwliH TriopHHra ¢ BXOZHOH H
BBLIXOAHOH JIeHTaMH. .

Henocpencreernoe Hab/moJeHHe NOKa3blBaeT, YTO TaKast
MallMHAa HMeeT ynpasaswoujee ycmpoticmso (Nporneccop), KOTo-
poe MoXXeT HaXOJHTbCA B TOM HMJIH HHOM COCTOSIHHHM H3 KOHed-
HOTO MHOXKECTBa COCTOSHMH, OHO B3aHMOJeficTByeT C UHgop-
MAYUOHHBIMY Ycmpoticmeamu — BXOLHOH, BLIXOXHOH H paboueli
JeuTamH. BsaumofeficTBHe NPOHCXOIHT MOCPEACTBOM OTAAUH
npHKa3aHWil M NOJYYEHHS OTBETHbIX cHruanos. HaGop mpu-
Kasauuil JJ1a BXoAHOH JeHThl TakoB: «Hasepol», «Hanpaso!»;
nJis1 paboyedt JIeHTbl — BROGABOK K 3THM JByM — «Ileuarait al»
(anst Beex a M3 angaBUTa JIEHTHI); AJI BBIXOXHOH JeHThl — «[le-
yaralt @ M Hanpaso!s CHTIHaJBl OT BXOAHOH H paGoueil JeH?D
TaKkoBul: «BHXy a» (W1 Bcex GYKB COOTBETCTBYIOmEro ajda-
BHTa); OT BHIXOJAHON JIEHTH CHI'HAJIOB HE IOCTYIIaeT.
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Sra XapTHHaA MOXKeT GuiTh 0606IeHa # Ha APYTHe THME! BHI-
YHCTHTENLHBIX Mofiesied, B yacTHOCTH, BHJHO, YTO Xapakrep
PasNHYHBIX MH(POPMALHOHHEIX YCTPOHCTB MOXET ObITH COBEp-
iIEHHO PA3/IHIHbIM, CKaxeM, BXOLHOE YCTPOACTEO MOXKET ObITh
JIeHTO#, a paGouas naMaTh (CoCTosiHHE padoyero ycTpolcTsa) —
KOJIMOrOPOBCKHM KoMmmJiekcoM. OnHcanHasi cxemMa HarJsiHO
OTPAXKAeT ¥ BHIEJEHHEe DPA3JIHYHBIX YCTPOACTB B peasbHBIX
OBM. B 3Ty cxeMy MOXHO BHecTH (MBI TaK M CfeJaeM) H elle
OflHYy OCOOGHHOCTH peaybHBIX OBM — Haluuue mnporpammsl,
nonasaemoit H3BHe. [lJ17 3TOr0 HYKHO JHUIL TOGABHUTH €e Of-
Ho uHGOpMauHOHHOEe YCTPONCTBO, aHAaJOTHYHOE BXOJHOMY,—
npozpammroe.

Bonee dopmanbHO, aHANOrHYHO TOMY, KaK 3TO CAETAHO B
[Tlayas, Ceiipepac, Cumon, 19801, nndopMmaunoHHOe yCTpoii-
CTBO MOXHO ONpei@HTb Kak Habop, COCTOAIHA H3 MHOMXeCTBA
COCTOSIHHH — ITIOAMHOXKECTBA HEKOTOpOoro aHcambhsd, aldasH-
Ta NpuKasaHu#, ajJdaBHTa CHIHaMOB H GYHKIHH npeofpasoBa-
HHs uH(OpManKH, oTHOCseH BCAKOM mape (mpHKasaHHe, coc-
TOsIHHe) napy (HOBOe cocTosiHHe, cHrHatl). Tenepb, onpeae/aus
yIpas/sioliee yCTPOKCTBO KaK KOHEUHBIH aBTOMAaT C MOAXO-
AALMM BXOOHbIM M BEIXOAHBIM afipaBHTaMH, MOXKHO OIpeje-
JIHTb BHIYHCIHTENBHYIO MOJE]b, BCE NPENCTaBHTENH KOTOPOM
pasinualorcs JHIb YIPaBIAOLYMH YCTPOHCTBAMH, 4 BXOJ-
Hoe, BBIXOJHOe, pabouee H INporpamMMHOe YCTPOHCTBA Y HHX
OfiMHAKOBBI. [l NOJIHOTO OMHMCAHHS BbIYHCIHTEJNHHOA MORENH
HYXHO 33/aTh €llle HayaJIbHble COCTOSIHHA BBIXOAHOTO H paGo-
4ero YCTPOHCTBAa, BXOLHYIO H BBIXOAHYIO mNpouedypsl. Omxuu
aNropuTM BLIUMCJIEHHA Ha NaHHOA MOJENH OMNpenensercs (PpHK-'
canMedl yIpaBIsOWEro ycTpoficTBa H (HAYaJbHOIO) COCTOf-
HHMA NIPOTPaMMHOIO YCTPOHCTBa.

TakuMm 06pasoM, OfHY BBIYHCTHTENLHYIO MOAEAb 06pasyIoT,
HalpHMep, Bce MallMHB! ThIODHHTA, Y KOTOPHIX HMEeTcst BXOJ-
Has Jenra o anpasurom {0, 1}, nporpamMmuas Jenta ¢ anpasu-
ToM {a, b, ¢, d, e, f, 3k}, ABe pabounx c andasuroM {a, b, 1},
ele ofHa paboyas «IJIOCKas» JeHTa ¢ aldaeutoM {/, e, m} u
BEIXOJHast Jienta ¢ andasHToM {0, 1}. B To e BpeMs e e
(QHKCHpOBaTb, CKaxeM, ajpaBHT pabouell JIEHTH IS MalIMH
TolopHHTa ¢ OfHON paGoyell JIEHTOM, TO EAMHOH BbLIYHCIHTENb-
HOA MOJeJIM H3 paccMaTPHBAaeMOTo KJacca He MHOJyYHTCH.
(Panee Me! MOHHMAJIH TEPMHH «BRIYHCIMTENbHAA MOZAE/bY HHa-
ue, paspemias H Takue MOJENH.)

Bpems BbluHC/IeHHS A1 BCAKOIO YCTPOHACTBA OMHCAHHOTO
THNIA MOXKHO ONPENENHTL KaK UHCJIO WIArOB BHUHCHEHHS. EM-
KOCTb BBIYTHC/ICHHS Onpelle/IiM Kak MaKCHMAaJbHBHIA 0GBeM pa-
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Goyell mamsATH, npu yCMOBHH, 9TO HA COCTOSHHAX 5TOH MaMmsTi
BBeJeH 00GheM. B aHANOrMYHOK CHTYamMH MOXKHO ONPERENIHTH
H 00BeM mpOrpaMMeL.

Koneuno, nouiydamolllasics MOAe]p He obs3aHa OHITh mnpern-
CTaBHTeJbHOH. Jlerko, HampHmep, IOCTPOHTb MOAE]b B OIH-
caHHOM cefiuac cMbIc/Ie, COCTOSIYIO H3 BCeX aBTOMAaToB C Mara-
3MHHOA MaMATHIO.

Bceaxo#l BBIYHC/AUMTEILHON MOAEIH paccMaTpHBaeMOro HaMH
KJ1aCcCa €CTECTBEHHO COOTBETCTBYET IOpOXKAAIoas MOJENb, Ho-
Jy4aiomasncs NepexofoM K HeJCTePMHHHUPOBAHHLIM yIpaBJsto-
IMHM YCTpOHCTBAM.

HazopeM BHIUHCIHMTEIbHYIO MOAEAb ONHCHIBAEMOTO B 3TOM
naparpage THna (Co BXOAHEIM, BEIXOAHEIM, NPOrPaMMHBIM H pa-
6ouHM yCTpoOlicTBAMH) YOobHoU, eclii Ha aHcamGJe, H3 KOTOPO-
ro OepyTcsi NporpaMMEl, 3ajaHa HOPMa H CYIIECTBYeT Takoe
ynpasJsiomee ycrpoficTBo (3To# MozenH) A, YTOo MO BCAKOMY
APYroMy YIIpaBAfioOeMy yCTpoOHCTBY B Tof ke MOIENH MOXKHO
yKa3aTh TaKylo OIpaHHYEeHHO-HCKaXKAOWYio GYHKIHIO A (Tpali-
CJISITOP), 4TO:

a) pesynabrar npumenenns A x h(p) 1 x paBeH pe3yJbTary
npHMeHeHHs B K p u.x uaH 06a 3THX pe3yJIbTaTa He OnpeaesieHsl;

6) BpeMs BbluHcAeHHs A HA aprymeHTtax h(p) H X He npe-
BOCXOJMT BPeMeHH BHIYHCJeHHs B Ha p M X, yMHOMEHHOTO Ha
KOHCTaHTy, He 3aBHCHILYIO OT P, X;

B) eMKOCTb BbiYHCJHeHH A Ha apryMeHTax A(p) H x He
NPEBOCXOAHT €MKOCTH BBIMHCJEHHS B Ha p U X INIIOC KOH-
CTaHTa, He 3aBHCAIAfA OT p, X.

CeoficTBO B), pasyMeercsi, IpeAnojaraer, 9To ONpPeesIeHo
NOHsITHE 06beMa JUJifl COCTOAHUH pabouero yCTpoHcTBa.

Y106HOH BBIYHCIHTENLHOH MOJENBIO OKa3blBaloTcsd MHOIO-
JISHTOYHBlE MaiHHbI THIOPUHTa ¢ (PHKCHPOBAHHEIM UHCJIOM pa-
GourX JIEHT ¢ (QUKCUPOBAaHHLIMH ajpaBHTaMH (TZe HOPMO# Ha
CJIOBaX CJYXKHT HOpMaA, OnHcaHHas B § 1.6,— JInHa, yMHOXEH-
Hast Ha Jorapupm uucna GykB aidaBHTa), a TaKXKe MOMEIb,
NOJyYalomascs, ecld BhGpaTh B KauecTBe paboyero yCTpOi#-
CTBO, COCTOSIHHAMH Kotoporo asjsiorcs (B, k)-KoMIiekcy Hiu
KOJMOropoBCcKHe B-KoMIUIeKchl Hajl (PHKCHPOBARHHBIM aJdaBi-
TOM — NpH YCJIOBHH, YTO BhiOpaHHas A/ H3MEpeHHS ofbeMa
paGoueii mamMAaTH HOpMa Ha KOMIUIEKCax YAOBJETBOpSET Tpe-
Gosanusm (1) u ([12) u3 § 1.6. B kauecTBe BXOAHOrO H BHIXOJ-
HOIO YCTPOMHCTB HPU 3TOM MOMKHO GpaTh JICHTH HJIH YCTHOMCTRA,
pa6oTatomse ¢ KoMmIiekcamMH (Haj GUKCHPOBaHHHIMU aJi(aBil-
TaMH).



YAGTDH 11

OCHOBHBIE MATEMATHYECKHE HNPHJIO)XEHUS
TEOPHUH AJIFTOPUTMOB

B § 1.1 ynomuRranuch aJropuTMel, H3006peTeHHble 32J0JITO
10 TosIBJIeHHs o6lero nousTHs anropurMa. OAHAaKO HMeHHO ¢
NOSIBJIEHHEM 3TOro OCILEro NOHATHA CBsi3aHO BO3HHKHOBeHHE
meopuu anropuTMoB. [efACTBHTE/IbHO, 4TOOB! NMOCTHYDL 3TY TE-
OpHIO, HEAOCTATOYHO YMeTh 00pamiathCsi ¢ KOHKPETHBIMU IIpH-
MepaMH aJITOPHTMOB; HeOOXONHMO BOCIPHHSATb O0iiee NOHSTHE
aJropUTMa.

OrpoMHoOe YHCJIO TeopeM, NpeAIoNarariiX NocTPOeHHE TeX
WJIH WHBIX a/JTOPHTMOB U BCTPedarciiiXcs B Pas/MYHBIX obna-
CTHX MaTeMaTHKH, He TpeGyeT JJIs CBOero NOHMMaHHHA oOmero
IOHATHA ajaropuTMa. [103TOMY 3TH TeopeMbl He GYAyT paccMa-
TPUBATHCA KaK NPHHANIEKAINHE OPHIOKEHHUSAM TEOPHH alro-
puTMoB. IlocTpoeHHe KOHKDETHOrO aJIOpPHTMa MBI OTHOCHM K
TOfl O6JIACTH MareMaTHKH WJIH BLIYHC/AMTENbHOH NPAKTHKH, K
KOTOpofi IPHHAIEKUT peiiaeMas 5THM aJTOPHTMOM 3ajaya H
METOfbl KOTOPOM MCHOMBL3YIOTCH HNPH MOCTPOSHHH aJrOpHTMa
(BopoueM, B OTHEJBHBIX cJydasix aToH 06JacThloO MOXeT OKa-
3aThCi H caMa TEOPHS aNrOPUTMOB). B IPOTHBONMOMOMHOCTD
3TOMY TEOPEMa O HECYIIECTBOBAHHH alropuTMa obpainaercst K
Hlee BCEro KJaacca aJrOPHTMOB B LEJOM H, CJeOBaTeJ]bHO,
fIBJIAETCA TEOpPeMOH TEeOpHH aJrOPHTMOB.

Tlono6upiM Xe 00pa3’oM MBI He paccMarpuBaeM B Kayectbe
NPHJIOKEHHH TEOPHH aJrOPHTMOB OLEHKH CJIOXHOCTH KOHKpET-
HbIX aJrOPHTMOB, €CJH TOJbKO OHH He ObUIH NOJyYeHbl NI
IpENCTaBUTEIbHON BBIYHCJHTENbHON MofenH. Tak, B aTofl ua-
CTH He OyIyT paccMarpHBaThbCsl TeopeMbl o6 aiarebpanueckoh
CJIOKHOCTH (32MeTHM, YTO HEKOTOPhHIE HX CJIEACTBHA — Ha-
npuMep, HEKOTOPHIE TeOpPeMbl O CJIOMHOCTH BBIYHCJEHHS Ha
mamnHaX ThlopHHra — MOTYT W INIpHHAAJIEXKATb K HPHJIONKE-
HHSAM TEOPHH aJNTOPHUTMOB).

Mbl paccMarpuBaeM 37ech TOJIBKO MaTeMaTHYecKHe mpH-
JIOKEHHST TEOPHH aJITOPHTMOB, OCTaBJ/IsISl B CTOPOHE €€ NpHJIOKe-
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HH#, cKaxeM, K Guosioruy (TakHe, KaK omucaHue pedJeKcos B
TEPMHHAX OTHOCHTENbHBIX aJTOPHTMOB, TPAKTOBKY T'€HETHde-
CKOTO KOJla KaK IpOrpaMMbl, NOHHMaHHE MaKPO3BOJIOUHH Kak
NOPOXKIAIOMET0 Npolecca —— OTHOCHTeNBLHO STOH mocienHeH
TeMbl cM., [Macios, 1978]), x ncuxomoruu (cM. [Macios,
1979al), K TeopuH ynpapneHHs (IPH TOM, YTO BeIyLiHE CIeNHa-
JIHCTE! B O6G/IaCTH 3TOH TeOPHH IPOSIBISIOT BCe BO3PACTAIOHH
MHTEpeC K BeChMa OTBJICUeHHEIM Ha NepBBIil B3TVIAM KOHIEIHAM
TEOpHH aJroputMoB — cu. [IlerpoB, ¥YnaHoB, ¥YabsHos, 19791),
K a3blkoBefeHHo (cm. [[nmamguit, 1977al, [Conankuii, 19821,
[Manun, 1981)).

OcHOBHEIE MaTeMarHyecKie NMPHJOXKEHUS TeOpHH aJrOPHT-
MOB, KOTOpPBIX Mbl 3J€Ch Kacaemcs, TaKOBbI.

1. HccnepoBanne maccoBeIX MpoG/eM.

2. TlpusoxkeHus K OCHOBaHHSIM MareMaTHKH: KOHCTPYKTHB-
* Has CeMaHTHKa.

3. Tpunoxennss K MarteMaTHYecKOfl JorHKe; aHamu3 ¢op-
MaJ/IH30BAHHEIX S3EIKOB JIOTHKH M apH(MeTHKH.

4. Boluuciumbifi anasu3.

5. HyMepoBaHuHble CTPYKTYDHI.

6. IlpunokeHuss K TEOPHH BepPOATHOCTEH; OIpeleNeHHs
clydailHOH mnoCJ/ef0BaTe/bHOCTH.

7. TlpunoxeHus K TeopHH HHPOPMANHH: aJrOPHTMHYECKHI
NOAX0J K IOHSTHIO KOJHYECTBa HHGPOPMALHH.

8. OueHkH cJoXHOCTeil DELIEHUS OTHENBHBIX 3akad,

9. BiusiHue TeopHH aNTOPHTMOB Ha aJrOPHTMHYECKYIO
NPAaKTHKY,

CooTBercTBeHHO 3TOMY NepeuHio yacrb 11 cocrout u3 9 napa-
rpagos.

Wwmerorest, BopoueM, NMpHJOXKEHHs, He NOANAAAIOIMuE MOJ
yKasauuyto pyOpukanuio. C OLHOrO Takoro npHMepa Mbl H Hau-
HeM. B § 1.9 Guint ormeuen clenylomui pesyJsTaT ofwmiel teo-
PHM  QJTODHTMOB: IPOM3BOJbHOE MePEYHCIUMOEe MHOXKECTBO
HaTyPalbHbIX YHCEN MpeACTaBHMO B BHAE MHOXKECTBa BCeX Ha-
TypaJbHBIX 3HAUeHHH NOAXOASINEr0 MHOrouseHa. YacrHple
CJIy4aH 3TOTO YTBEpPKAEHHHA (NIl KOMKPETHBIX MNepeHCAHMBIX
MHOKeCTB) MOI'YT PaccMaTpPHBATLCS KaK (aKTbl TEOPHH HHCeJ,
U HEKOTOpble H3 HHX 0Ka3alHCh HEOXKHIAHHBIMH LISl CleLHatu-
CTOB B 3TO# 0oGnacTi MartemaTHKH. CpelH TakMX YacTHBIX CJy-
93eB — CYLIECTBOBaHHE MHOrOUJIeHa C UeJMBbIMH KO3bhHLHEHTa-
MH, MHOXECTBO HaTypaJbHbiX 3HAYeHHH KOTOpPoro (IpH HaTy-
pafbHBEIX 3HaYeHHsIX NEepPEeMEHHbIX) COBNAJaeT €O MHOMKECTBOM
BCeX MPOCThIX uHcesM, OAMH TaKOH MHOTOWIEH MpHUBeseH B
[Meiteuc, MarusiceBuu, PoGurcon, 1976], u ero 3anuch 3anu-
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MaeT JIHIIb HECKOJILKO CTPOK 1). B Tolt xe paGoTe ormedaercs,
YTO MHOTHE KJIacCHYecKHe NPoGJeMbl TEOPHH UHCeN, TaKHe Kak
npoGnema depma, npoGrema I'ospabaxa H TUIOTE3a PumMana,
MOryT GHITb IepeopMyJIHPOBaHH Kak mpoG/ieMbl CYHIeCTBOBA-
HUAl pelleHHs NMOAXOAAIIEro AHo(aHTOBAa ypaBHEHHH.

§ 2.1. HccaeoBaHHe MaccoBbiX npobaem

2.1.0. OcHoBHble noHsTHA. Aszopummuneckas npobiemo ——
aTO NnpobJeMa NOCTPOEHUsS! aNrOPUTMA C 3alaHHBIMH CBOKCTBa-
MH (HanmpHMep, aJropHTMa, NepeduCJsIOWEro AAHHOE MHOx(e-
CTBO, HJH a/JrOpHTMA C JAHHOH OIEHKOH CIOMHOCTH, pellaro-
HIero JAaHHyl 32iauy). YacTHRIM clyyaeM aJropHTMHYECKUX
npo6JieM SABJIAIOTCH aNITOPHTMHUIECKHE MacCOBble IpobJeMbi (Ta-
KOBLIMH He SIBJSIOTCA 062 TOJIBKO YTO HPHBENEHHBIX NPHMEPA).
(ANTOpPHTMHYeCKHE MAacCOBHIE NPOGJEMBI HHOLAA Ha3bBAlOTCH
HPOCTO «alNrOpHTMHYECKHe MNpofieMel», Kak, HamnpHMep, B
[Ansim, 1977], uau npocTo «MaccoBble NPOGJIeMbl», KaK, HalPH-
mep, B [AnsH, 1982]). IlousiTue aJrOPHTMHYECKOH MacCOBOH
11po6JieMbl BO3HHKJIO Ha OCHOBE PacCMOTPEHHS MacCOBBIX Npo6-
neM. Maccosbie IpoGieMbl 06pa3yIoT OCHOBHOE IoJIe P HJIoHKe-
HHSl TEOpHH aJrOpPHTMOB; GoJlee TOro, HMEHHO OHH H BRI3BAJIH
K JXH3HH CaMO NOHATHE aJrOpHTMa.

Edunuunan npobaema coctoHT B TpeGOBaHHU NPENbSIBUTD
OOBEKT, yI0BJIETBOP AIOMIH i ONpe/ie/IeHHbIM YCIOBHAM H Ha3biBae-
MBI pewenuem NpoblieMpl; pewums HpobieMy — 3HAUHT YKa-
3arb Taxkoil OOBEKT; €C/IH pEelleHHe CYINeCTBYeT, T. €. eC/IH Npo-
6reMy MOXKHO pelMTb, NpobieMa HasbiBaerTca peuwtumoll (dH-
Tare/lb 3aMeTHT, YTO MBI ynoTpe(/sieM CJIOBOCOYETaHHE «pe-
muMas 1npobJieMa» BMecTO GoJiee TPAJHLHOHHOrO, HO MEHEE TOY-
HOTO CJIOBOCOYETAHHA «paspeminMasi npobrieMas).

Maccosan npobaema npeicrasnsier coboll cepuio (Kak mnpa-
BHJIO, GeCKOHEYHYI0) €iMHHYHBEIX NpoGJeM H COCTOHT B TpeGoBa-
HHH peIiuTh BCE 9TH IPOGJIeMbl; NOHHMaH|e TOT0, YTO XKe HMeH-
HO CYHTaeTcsi pellleHHeM MaccoBoH npoG/ieMEl, HyXnaeTcs, pa-
3ymeeTcsl, B yToYHeHHH. [lpHMep enZMHHUHOH NpoGIeMbl: AJIst
ypaBHeHHs x*—x—1=0 HalTH panHoHa/JbHOE NPHOJHIKEHHE K

}) Kak ykasano B [Crenanos, 1984], posmoxen Muorowien ¢ ueanMa
xo3bdunuentamu, uMeiomufi crenesb 25, 3apucsuuil oT 26 nepeMeHHLIX,
Tpebytomuil A5 ceoefi sanucy b 325 cuMBONIOB B 06aajaOWKf Caenyio-
[EM CBOFCTBOM: MHOMKECTBO BCEX MPOCTBIX UHCEJ COBINAJaeT ¢ MHOXKECTBOM
HOJOKHATS/IbHHX 3HaYeHufl 3TOTO MBOTOWIeHa, HNPHHUMAaeMBIX B IEJHIX
TOUKaX,,
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ero OTPHIATeNTbHOMY KOpHio ¢ TouHocThio 107°. TIpumep mac-
COBOH NPOGJeMsl: B TOH K€ CHTYalHH I Jo6oro n HalTH pa-
UHOHANbHOe NpHO/IHKEHHe C TouHocThio 107,

Hpyro#t npumep enHununofi npobieMbl — npobiema paspe-
weHus 1A MHOXeCTBa A, pacnoJoxeHHOTO B HEKOTOPOM aH-
cambsie W; npoGJieMa COCTOUT B Tpe6OBaHHH yKasaTh paspemaro-
LU aJrOPHTM AJIst A; cyllleCTBOBAHHE peilieHHs («pelliaeMoCTh,
«PelIIMocThb») 3710t NpoBieMbl, KOHEUHO, SKBHBAJEHTHO paspe-
wumoctu A (cp. § 1.7).

Crenytomnit npumep (efMHHYHOA NpoGaeMbl) — npobrema
paspewiumocmu AN MHOXKecTBa A; 310 TpeGoBaHHe JaTh OTBET
(«ma», «Her») Ha ponpoc: «Paspemmmo jqu A?» Opyroit nmpumep
MaccoBoii NpobieMbl — Maccosas npobiema paspeuumocmy JJist
Gen (W) u ans pUKcHpoBaHHOTO crnocoba NporpaMMHpOBaHHs
MOPOAMMBIX NOAMHOXKECTB aHcamOna W; mpoGJieMa COCTOMT B
TOM, 4T00bl 06eCleUHTh OTBeT Ha Kamzpiil Bollpoc: «SIBJsercs
JIH MOAMHOIKECTRO C IPOIrpaMMofi NOPOKAEHUS p PA3PENIHMbIMP?
K coxaneHnio, TepMHHEI (@ IOTOMY M MOHATHS) «IIpobaeMa pas-
peilleHHs», «IpoGJeMa pa3pellHMOCTH», «MaccoBasi npobi/ema
Pa3peliMOCTH» 9aCTO CMELIHBAIOTCS APYT ¢ ApyroM. To xe ca-
MOe BepHO AIS CIeAYIomedl TPOMKH TePMHHOB (M MOHATHI):
«npobsieMa OTJleNleHHs», «IpobieMa OTAEJIHMOCTH», «MaccoBas
npoGiieMa OTHeTHMOCTHY . Takoe cvmelueHue TeM Godiee IPHCKOPO-
HO, YTO B pAZie CIyyaeB 4eTKOe Pa3jHUYeHHe CYIECTBEHHO IIPo-
SICHAIET CHTYallHIO, KaK 3TO BUAHO HAa mpuMepe OGCYKAACMBIX
B 0. 2.1.4 pesyapraToB u3 [Myunuk, 1965].

TIpuBeneM Teneph HEOGXONUMEIE ONpELeNeHHsl, CBSI3aHHbIe C
3anaueit otgenenns, Ilycts A, B cyTh NOgMHOXKecTBa aHcamMb1s
W. Omolersrowjan ynrxyus pns napel (A, B) — sto Bciony
onpeniesienHoe oTo6paxenne W B {«za», «Her»}, nIpHHHMalOILEE
3HayYeHHe «Ja» Ha BCeX sJeMeHTaX A M 3HaueHHe «HeT» Ha BeeX
anemeHTax B.

IIpobrema omdesenus fis napst (A, B) cocrour B Haxox-
JIEHHH aJrOpPHTMa, BBIYHC/IAIOUIErO OTACIAIIYI0 QYHKIMIO A5
3TOl mnapel. MuoxecTBO A, B HasbBalOTCA OTHAEAHMBIMH, €C/IH
TaKoM aNropuTM cyilectByer. Exunuunas npobaema omdea-
Mmocmu ajs napel MHOXecTB (A, B) — a10 npobrema INOJMYy4HThH
oTBeT («na», «HeT») Ha Bomnpoc: «Otaesumsl au A, B?» Maccosas
npobaema omdeaumocmu st Gen (W) pis GHKCHpOBAHHOTO
cnocoba NporpaMMHpPOBAHHA COCTOHT B TOM, - YTOGHE 06ECII€UHTD
oTseT Ha Jo6oit Bonpoc (151 JMo6oi naphl IOpOKAAIOIHX. fpo-
rpamm): «SIBJISIOTCA JIH NOPOJHMBIE MHOMKECTBA C OPOXKAAIOM H-
MH IporpaMMaMH p; H p, OTAeIHMBIMH?» Hagonen, npobiema
npodoasicenus ans dyukuuu f uz X B Y, roe X, Y — ancam6-
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L)
JIH, COCTOHT B HAXOMXJEHHH a/lropHTMa, BBIYHC/SIOWEro Ta-
Kyl ¢yuxkumio u3 X B Y, KoTopasi C/IYXUT INPOACJIKEHHEM
dyukuuy [ Ha Bech aHcamGap X. [lpemocrabisieM YurTaresio
caMoMy cOpPMYJIHPOBATh €AMHHYHYIO H MAacCOBYIO 1pobaembi
npodonskaemocmu.

[Mousitue MaccoBoil npo6/eMbl HECKOIBKO PACIIbIBYATO, H €C-
TeCTBEHHO MNOIHTAThCS HalTH ero (JopMasbHHI 3KBHBAJEHT.
OObruHEIt croco® HaXOxAEHUA TAKOIO SKBHBANEHTa 3aKJIo-
yaeTcst BO BBeIEHUU NOHATHA aleopummutieckoll maccosold npob-
sempt, UToBH! 3a7aTh aJrOPUTMHYECKYIO MAacCOBYIO npobGiaeMy,
clenyeT yKasaTb:

1) nopoaumoe MHOmecTBO X (MHOXKECTBO BONPOCOB, HJIH
eMMHUYHBIX TIPOGJIEM);

2) noponumMoe MHOKECTBO Y (MHOXKECTBO OTBETOB, HJIM €/Hd-
HHYHBIX pelueHui); U

3) nmoxmHoxkectBo Ec X (orpaHnyeHHe Ha BOIPOCHI);

4) nommHOXecTBO Rc X XY (OTHOLIEHHe «BONpPOC — OT-
BeT»), HJIM BOIPOCHO-OTBETHOE OTHOIIEHHE,

Torna npobsema COCTOHT B TPeGOBaHHH HANTH aJITOPHTM U3
X B Y, npeoGpasytomuil Kaxuwlfi Bonpoc « € E B OTBET
BEY co ceofictBoM {(a, §) € R. B npumeseHHOM BbllIE NpPH-
Mepe ¢ KBapaTHbBIM ypaBHEHHEM

X=N, Y=Q, E=X, R={n,r>]||r—=x,] <107,
Tae X,—TpeOyeMblii KOpEHb}.
Hpyro#t mpumep: X=N*XN?,
Y=Q, E={a, b, ¢, ny|b*—4ac>=0},
R={Ka, b, ¢, n>, ry||r—x,| <1077},

IIe Xo— HaHMEHBIIHHA KOpeHb YypaBHeHHsi ax?--bx-c=0.

3aMena maccoBo#l NPOGJEMBI Ha COOTBETCTBYIOMYIO aJro-
PHTMHYECKYIO MAacCCOBYIO IpoGJeMy I103BOJSET INIPEACTABHTh
HefiCHOe MOHSITHE R BHJAE TOUHOTO Omnpesne/eHus. B yacTHocTy,
BO3HHKAIOT TOUHBIE NOHSTHA AJNTOPHTMHYECKHX MACCOBBIX IPO-
GeM paspeilHMOCTH H OTHeJHMocTH. KpoMe Toro, ykasaHHas
3aMeHa IpeBpamaeT MaccoByl0 npobGjeMy B eNMHUYHYIO.
JelicTBHTeIbHO, aJITOPUTMHYECKas MaccoBas npo6jeMa 3axJio-
YaeTcs B TPeGOBaHHH NDPEACTABHTL eJMHHUYHBIA OOBEKT, ABJS-
IOIGHACA peleHHeM, a HMEHHO alropHTt™M (cp. mpoG/eMbl pas-
pelleHHsT H OTAEJNEHUS BHIlUE).

Pasymeetcsi, HalHuHe pellleHHA Y Kaxa0d eAMHUYHON 11po6-
JIEMBl M3 COCTABJSIOIMX JAAHHYI0 MaccoBylo npobiemy, T. €.
Ha/Muhe Ui Kaxpaoro o u3 E takoro P, uro (@, f) € R, eme
He O3HayaeT HaJMUufA PELICHHA Y COOTBETCTBYIOWLel aaropur-
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MHYecKoH MaccoBo#t mpoGirembl. Hanpumep, ecnn dukcuposan
Cr10c06 MporpaMMHPOBAHHS, TO VIS KaXXOH NPOrPaMMEBI Bbi-
YHCTHMON (PYHKIMH CYILecTBYeT nporpamma Toi ke QyHKIuH,
HMeIomas MHHHMaIbHBIE O0BEM; OAHAKO He CYLIECTBYeT al-
rOpUTMa, JAIOmEro No KaxKJo# NporpamMMe 3KBHBaJEHTHYIO
nporpaMMy MHHUMAJbBHOTO 0ObeMa.

Bor tpn xapakrepunix npumepa us [Marusicenu, 19741

ITpumep 1 (cMm. Takxke [Maruscesuu, 1974al). Eme B
1908 r. Tya pokasas, 9To M1 KaMIOH HENPHBOAMMOH GHHap-
HO# GopMbl F He MeHee ueM Tperheil CTENEHH ¢ LENBIME Ko3(-
(HuHeHTaMH clpaBejIHBO yTBepXKieHHe (Bce NepeMeHHHE —
HETOYHCIIEHHbIE);

YadBVaVy [F (x, y)=a=|x|+]|y]| <B].

INonapo6usioch, oxnako, 60 Jer, uTo6bl AOKAa3aTh HaluuHe aJ-

roputMa, gaiwowero B mo F u o (cm. [Befikep, 1968]).
[Tpumep 2 (cm. rakxe [deiiBuc, MarusiceBua, PoGun-

con, 1976]). Vmeer mecto Teopema Pora (cm. [Por, 1955])

VOVrasvVpVyg [q > s»le—gl >q‘3"],

rZe O — anreGpanyeckoe, r — NOJOKHTEILHOE PalHOHAJIbHOE,
Ps 4, S — LeJible 4HcTIa; B TO e BpeMs He U3BEeCTHO HHKaKOro
criocoba i HaxoxaeHHs s 1o O u r.

Npumep 3. Matusicesuy B [Maruscesuu, 1974al mo-
CTPOMJI NOJIMHOM A ¢ LeTOYHCIeHHHMH KoadduHeHTaMH, IJIs
KOTOPOT0

VodpVyVz;... V2, [A (@, 24 .., 2,)=
=y+¥=>ytz+...+2,<p]

(szecw a, B, y, 2y, . . ., 2,— HaTypalbHbE YHCHA), HO HEBO3-
MOXEH aNropHTM rojaydeHus P mo a.

Kaxpas npobneMa paspereHus SBISETCS alTOPHTMHYECKOR
MaccoBolt npoGaemoit. JeklictBuTeapHo, nycte W — aHcamGib
u AcW. Torza npo6nema paspeiueRHst ajs A umeer (Kak al-
ropHTMHYecKas MaccoBas npoGJjema) W B KauecTBe MHOXKeCTBa
BonpocoB H To e W B KauecTBe OorpaHHYEHHs Ha BOIPOCHI;
MHOKECTBO OTBETOB — 3T0 {«a», «HET»}, H BONPOCHO-OTBET-
HOe OTHOUIEHHE — 3T0 MHOxkecTBO {{w, «lar)| w€ A} U {Kw,
caem)| w € W\ A},

MHorHe aJrOpHTMHYECKHE MAaccoBble NMPOGIeMbl MOTYT OBITH
nepeopMyIHpoBaHE! Kak NpoObJeMBEl paspelleHHs WJIH CBele-

_HBI K TakHM npoGremam (a HMEHHO K INpoGsieme paspelueHHs
- AJ1a 06J1aCTH onpefeieHHs! NOAXOAsAEH QYHKUMH WIH K npo-
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Gieme paspellleHns i caMofi (GYHKIMH, DaccMaTpuBaeMOH
KaK MHOKECTBO).

dukcupyeM, K npumepy, ancam6in W, Hexotopyto W-
NPEACTABHTENBHYIO NOPOXKAAIOMYI0 MOJETs H ee aHcaMG/b
nporpamM, ckaxkem P.

Torna arcopummuseckas moccosas npodrema paspeuiumocmiu
ana Gen (W) ectb npoGieMa pas3pemeHus AA8 HEKOTOPOro Mok-
MHOXKeCTBa MHOXeCTBa P, a HMEHHO 1A MHOxecTBa {p|p sB-
Jisiercs NporpaMMofl paspeliMoro MHOXKeCTBa ). Aszopummii-
yeckan maccosas npobarema omdeaumocrnu st Gen (W) ectb
npobaeMa paspellleHHst AJAsi HEKOTOPOTro NOAMHOXKECTBa MHO-
xkecTBa PX P, a uMeHHO g1 MHOXecTBa {(p;, pa)|MHOMXeECTBA,
NOpPOIMMEIE TIOCPEICTBOM IPOTPAaMM p; H P, OTAETHMH }.

OnHaxko NOAJMHHAs# SHaYHMOCTL NpoGJieM paspelleHHs ol-
penensieTcss HX rHOCEOJIOTHYECKHM acleKToM: 3TO CyTb Npobie-
MBI pacro3HaBaHHs cBOHCTB. LleHTpanNbHOH, XOTA 3aBeoMoO
HEepEeIHMOH NPo6/IeMOli pa3pelerts SABJseTcs Takas npobaema:
N0 NPOU3BOJILHOMY MaTeMaTHYeCKOMY YTBEP:KAEHHIO ycTaHo-
BHTb, BEPHO OHO HJIH HeT.

Kaxk yxe 6b1710 0TMedeHO B IpeamOyie K STOR 9acTH, OCTPOe-
HUe aJIrOpHTMA, CAYXKalero pemeHyeM TO# HJIH HHON alropur-
MHYECKOH MaccoBoH IpoOJieMb!, He fBJfETCH HPHIOKEHHEM
ofieft TEOPHH aNFOPUTMOB, a NpHHAMLIEKHT TOH 00JacTH Mare-
MaTHKH, X KOTOPOH OTHOCHTCA paccMarpHBaeMas MaccoBast
npobjema. MaremaTHKa NOJIHA TaKHX aJrOPHTMOB.

C apyro# cTopoHsl, ec/IH TaKOTO aJITOPHTMA HE CYIECTBYET,
J0KasaTe/JbCTBO €r0 HeCcylmecTBOBaHHS HPHHANIEKHT IpHIO-
XKeHHsM ofulefl TEOPHH aJrOpHTMOB. MHOrHe TaxkHe TeopeMbI
HeCYIeCTBOBaHHA ObLIH JOKa3aHbl A1 NpoGJeM paspelueHns,
NOCTaBJIeHKBIX, KaK NPaBHJIO, 4Js OPOAHMBIX MHOMKECTB (3TOT
speT paswsacHsercst B § 1.10). Bor npocroit mpumep npoGie-
ML paspelllenns (oH npHHagTexkuT Yépuy, cm. [Uépu, 1936]):
NO NPOH3BOJLHOMY HATYpalbHOMY 7 ONPENEHTb, CYUIECTBYIOT
JH TaKue NOJOXKHTEJNbHBIE HaTypalbHHE X, Y, 2, UT0 2'==
=x"-y", OTHOCHTENBLHO PEaeMOCTH 3TOoHl NpOGJeMbl HHYEro
He H3BeCTHO;, OYEBHJHO JIMIUb, YTO MHOXKECTBO BceX TeX A,
JJISl KOTODHIX OTBeT — «Ja, CYIIECTBYIOT», HOPOZHMO.

[Nonyaspuas sKCKypcHs B 0GAACTh PEIINMbIX H HEPELIHMbIX
MaccoBEIX IpoGneM npexnpuHATa B [Ycnenckuil, CeMmeHoB,
19851. O630p paGot 110 3T0i TEMATHKE, BHIIOJHEHHBIX B MKOIAX
Hoeurosa 1 MapxoBa, gaH coorsercTBenHo B [Afan, Makanun,
1984] u [MaTuscepnu, 1984].

[lepBble nOKa3aTeNbCTBA HEPEIIMMOCTH AJTOPHTMHYECKHX
MaccoBbIX NMpoGJeM oTHocATest K 1936 r.; oHM 6blIM onyGMIHKO-
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Bansl Uépuem um Toiopunrom B [Uépu, 19361, [Uépu, 1936al,
[Uépu, 19366] u B [Toiopunr, 1936}, [Toiopunr, 19371. Sru
Hepeliaempie NpoGaeMbl ABJIAIOTCA NpobJeMaMH paspelleHHs U
CBfI3aHBI ¢ NpPEeLJIOKEHHBIMH 3THMH aBTOpPaMH MpejCcTaBHTeIb-
HBIMH TOPOXKJAOLHMH (B BHIe A-KOHBepcun U€pua) u BhIumC-
JUTeJIbHBIMEA (B BHJe MaiiiH THIOpHHra) MOIEAIMH; OXHAKO
yxe Yépu samernsn (i 06 5TOM TOBGPHT CaMO Ha3BaHHE €ro
ny6aukaunu [Uépu, 19361), yro Tem campiM Bo3HMKaer Hepe-.
IIHMas Maccopan mnpobnema BHYTPH 5JeMeHTapHOH TeOpHH
ynces.

2.1.1. Cemb Hepemumbix nmpobaem. M3 yncna naunbosee 3a-
MedaTesIbHBIX HepelUHMBIX Mpo6JieM pa3pelleHHs MBI BhLIEIAEM
CIEeAYIOUINE CeMb IO NPHHUKNY (HI0COMCKOH 3HAYMMOCTH HAH
HarJIARHOCTH GOPMYJIHPOBKH.

1. IIpobrema pacnosnasanus ucmurHocmy Gopmya sie-
menmaproll apugmemury. T GOPMYJIBL CTPOSTCS C TOMOLIBIO
apHdMeTHYECKHX JeHCTBUH (CJIOXKEHHH M YMHOMKEHHs), JIOTH-
YeCKHX onepauuii (JIOrnyeCKHX CBS30K H KBaHTOPOB) M 3HaKa
paBeHCTBa H3 KOHcraHTHl (0 M HATypaJbHO3HAYHBIX NepeMeH-
seix. Ilpo6nema cocrout B TpeGoBaHHWM HaHTH aJrOpHTM, KO-
TOpHIH 1O BCAKOH Takoi gopmyne onpelenas Osl, HCTHHHA OHa
Ha HaTypa/JibHOM PARY HAH HeT. HeBO3MOXHOCTH TAaKOro ajro-
pHTMa HeMeJVIeHHO CJelyeT H3 CYIHECTBOBAHHSI Hepa3perHMo-
F0 TNepPeyHCAHMOr0 MHOXKecTBa HarypasibHbiXx yucen (§1.10)
H TOTO, YTO TaKoe MHOXKECTBO fBJIfAETCH apHpMETHYECKHNM
§ 1.9).

2. Ilpobaenma paspewenus 0as A02UKL NPeOUKAMO8 nepeoeo
nopsdka (das Entscheidungsproblem) — cM. Huxe, §2.3.

3. ITpobrema covemaemocmu Ilocma. Ilycts nano KOHeuHOE
MHOXKeCTBO V map cJIOB B HeKoropoM asdasute. HasoBeM 3To
MHOMECTBO Couemaemvim, eI JJia Hekotophix map (Aj, Bi),
(Aq, By), . vy (As, By) us V Buinonusercs papeHcTBo Aj. . .
... Ag=Bj. . .B,. Tpebyercs 1o BCAKOMY KOHEUHOMY MHOKe-
ctBy V map ciop B 1anHOM ajdaBuTe aJITOPHTMHYECKH YCTaHO-
BHTb, COYETAEMO OHO WJIK HeT. Ty npobiemy nocrasni [locT B
[Tlocr, 1946] u B 7Ol Xe craThbe mMOKasasl, YTO COOTBETCTBYIO-
IIero adropuTMa He CYLEeCTBYeT, €C/H TOJBKO aidaBuT COAep-
KT 6oJiee ONHOH GYKBH (B Clyyae OXHOGYKBEHHOrO ajhaBHTa
npo6Jiema pelnMa). ¥ CHJIEHHE STOro pesyJbrara, QHKCHpYIO-
ulee grcsno 3nementoB V, cMm. B [Mapkos, 1954, ri. VI, §9],
IJie I0Ka3aHo, YTO aJIrOPHTMa HeT yiKe NpH YHCJe 5/leMeHToB V,
paBaoM 90 (i Jo6oM HeonHOGYKBeHHOM aldanute).

4, Ilpobrema sxeusarernmuocmy cA08 JJIsi acCOLHATUBHOIO
ucyncnenna. [lpunagnexamee Tys moHsITHe acCOLHATHBHOIO
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ncuHcieHns (sBenenHoe B [Tys, 1914] ) 6biio ompefnesieHo B
nobasnennn K § 1.3, Ilycts, B 0603HaYeHHsIX STOrO A06aBJICHNHS,
durcnpoBanm gBa Koprexka A u B. B [Tys, 1914, § I1] dopmy-
JUpyeTca cJeiyiomias MaccoBag npofiema, HasBaHHag Tam
«3afaueii (I)»; «Haiity merox, NO3BoJIsIIOMMH NPH NOMOLIH KHC-
guciumoro (berechenbare) uncia omepanuii Bceria peluaTsb,
6ynyrT ¥ OSKBHBAJNEHTHH JBa NpPOW3BOJILHBIX psifia 3Ha-
KOBY,

Jlpyrumu cnoBamu, npoGiema — /s ZAHHOTO ACCOLHATHB-
HOTO HCYHMCJIEHHS! — COCTOHT B IOCTPOCHHH aJrOpHTMa, pac-
TNO3HAIOMWEro Mo BCHKOH rnape B-c/oB, SKBHBaJGHTHH JIM 3TH
CJI0Ba B JaHHOM HCYHCJIEHHH HJIM HeT. B cusly ckasaHHoro B
Io6aBnennu K § 1.3, ara npobieva coBnajaer ¢ mnpoGaemoi
pacrosHaBauHsi paBeHCTBA CJIOB B HOJYIrpyIIe C MHOKECTBOM
obpasgyomux b, 3anaHHOR COBOKYNHOCTBIO paBeHCTB A;=B;,
j=1, ..., n (cm. [Haropnmtit, 1977al). Cam Ty> B cBoeii 3ana-
de (I) momuasnBo mpeimosaraeT BCe aJeMeHTH KopTexell A H

HemycTeIMH CJioBamn. OnHaxko otmeasHo (B [Tys, 1914,
§ I11]) Ty crasut aHanornyHyio npobiemy — «3agauy (I1I)» —
i ciydasi, Koria A COCTOHT K3 eNWHCTBEHHOro CjioBa R, a
B — B coBpemMeHHO! TepMHHOJIOrHH — U3 IYCTOro C/10Ba A, dra
nocjaejHss npobnema oxasajach pewnmon, cM. [AxsH, 1966,
ri. 111, § 3, Teopema 3].

Cy1iecTBYIOT aCCOLHATHBHBIE HCYMCIEHHS C HEPEIUUMOH npo-
6rieMoll 5KBUBa/IeHTHOCTH. IlepBBie TakHe HMPHMEPE! MOCTPOMIH
B 1947 r. HesaBHcHMO MapkoB SCM. [Mapxos, 19471, [Mapkos,
1947al, [Mapkos, 1954, ri1. VII) u Tlocr (cM. [Tloct, 1947)).
IlepBoHayasbHble NPHMEPH, OXHAKO, GbLIH JOBOJBHO [POMO3J-
kumu. B [Uefitun, 1958] npusenen ciepyomuil npuavep acco-
UHATHBHOIO MCUHCJIeHHS B NATHOYKBeHHOM ajidaBuTe, Npobiie-
Ma 3KBHBAJIEHTHOCTH JUIi KOTOPOTO He HMEET pelleHHs (CooT-
BECTBYIOIIUE APYT APYTY 2JIeMeHTH Koprexkell A u B coelnnens
3HAKOM DaBeHCTBa, KaK B 3aflaHud moJyrpynnsl): 1) ac=ca,
2) ad=da, 3) bc=cb, 4) bd=db, 5) eca=ce, 6) edb=de,
7) cca=ccae.

B [Maruscesuy, 1967} ykasaHo acconuaTHBHOE HCUHCJICHHE
B JABYOYKBeHHOM aJsipaBHTe C TpeMsa ONMpPeIessiIOHHMH COOTHO-
IIEHUAMH M HepelmMMoi npoGjemofi 3KBHBAJEHTHOCTH;, B Ca-
MOM JJIHHHOM H3 STHX COOTHOLUEHHH B JIEBOH 4aCTH COCTOHT
cnoBo 13 304 6ykB, a B HApaBoll — cjaoBo u3 608 6yke. s
aCCOLMAaTHBHEIX HCYHCIEHHH ¢ JBYMsl COOTHOLUEHHAMH MaJlo
uTo H3BeCTHO, JIJIsi accounaTHBHBIX HCYHCICHHH (COOTBETCTBEH-
HO TOJIYTPYNI) C OZHHM ONPeSJISIONMM COOTHOIIEHHEM pa3pe-
WAlmU# aJropuT™M CYIIECTBYET B IUHPOKOM KJacce ClyyaeB
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(cm. [Ansan, 1966), [Anan, Oranecsin, 1978]) u ectb Hajexkna,
4yTO OH CyIlecTByer BCeria.

MoxHO orpaHHUHBaThb pPacCMaTpHBaeMBIl KJace accouua-
THBHEIX MCYMCJIGHHH ¥ HHEIM NyTeM, Hexkesd COKpauiasi YHcio
onpenengiomux coorHomennl. Ocobrlii HHTEpEC NPEACTaB/IAeT
clyyafl, KOIZa COOTBETCTBYIOUWLAS HAaHHOMY aCCOLHaTHBHOMY
HCUHCJIEHNIO TOJIYIpyNna ABjsiercd rpynnofi. YacTHeIM ciy-
yaeM TAKHX HCYHCJCHHI SIBJIAIOTCH UHBEPCUBHBIC WCHUCACHUS
(em. [Haropwsri, 19778]; apaBUT KaxIOro TAKOIO HCYHCISHHSA
HUMEET BHJ 4y, sz, . » «, Qn, @55 3%, . . ., a3, ¥ B 4HCJIO OI-
peleNigiomuX COCTOAHKMN 06513aTe/IbHO BXOIAT, AJA KakKIOIO I,
«TPHBHAJIbHBIEY COOTHOWEHHS @;a7'=A u A=a;i'q;). B 1952,
HosuxkoB (cm. [Hosukos, 1952], [Hosukos, 1955]) moctpomni
TIEPBBIA MPHMED MHBEPCHBHOTO HCUMCJIEHHSA C HepemuMON npo-
G1eMOl SKBHBAJIGHTHOCTH; STOT NPHMEp Jiaj OTBeT Ha NEpBYIO
3 nocrap/eHHsix B 1912 r, M, Jenom npo6ieM — Ha npobiaemy
TOXKJECTBA AJI1 KOHEUHOONpeJeseHHEX Ipynn (a HMEHHO Ipo-
JEMOHCTPHPOBaJl HEeBO3MOKHOCTb PELNTh 3TY Npobiemy).

5. lpobaema npedcmasumocmu mampuy. Ilo onpenenennio
marpuua U mpexcrasnMa gepes marpuuy U, ..., U, -eciu
IJIT  HEKOTOPBIX ri, . .., I+ BHINOJHsETCH paBeHCTBO U=

¢
=[] Ur,, Hanee paccmarpupaiotcsi KBaJpaTHbie MaTpHILhE
i=1

nopsilika n ¢ ueariMH Koadduurenramu. O6ujas npobrema nped-
cMAaBUMOCTY COCTOMT B TpeOGOBaHHM YKasarh ajJrOPHTM, IIO-
CPEACTBOM KOTOPOro MOXKHO GblIO Obl y3HaBaTh A4 JIOGOH CHC-
tembl Marpau U, Uy, . . ., U, nopsaaka n, npeacrasuma Jau U
yepes Uy, ..., U,. Kax ycranosun Mapkop (cm. [Mapkos,
1958]), o6mas npobiema MPeACTaBUMOCTH AJIs MaTPHI, NOPsA-
Ka 1 He HMeeT pemieHHs npu n>4 (8 cuay [[Marepcon, 19701,
CM. HIHKe, YHCJI0 4 MOKHO 3aMEHHTH Ha 3).

Yacmuasn npobrema npedemasumocmu Jis GUKCHPOBaHHBIX
marpun Uy, ..., U, COCTOHT B TpeGOBaHWH YKa3aTh alrOPHTM,
HOCPEACTBOM KOTOPOTO MOMKHO ObwIo.Gb! y3HaBarh AJla JI0GOH
marpuls U, npeAcrasuMa an ona vepes Us, . . ., U,. B [Map-
kOB, 1958] BeImHCHIBatOTCA 27 MaTpHIl IIECTOrO NOpALKa, AJis
KOTODHIX yacTHas mpo6JieMa NPeACTaBUMOCTH OKasklBaeTcs He-
peuimofi. Mpyras wacmuaa npobrema npedcmasumocmu Mat-
PHIL COCTOHT B TOM, 4TOObI /I PHKCHPOBaHHOMH MaTPHIIL yKas3aTh
aJlTOPUTM, MOCPEICTBOM KOTOPOrO MOXKHO OBUIO Y3HaBaTh Jif
mo0bix Matpuy Uy, . . ., U, npeacraBuma n U gepes Uy, . . .,
U,. B [Ilarepcon, 1970] nokasano, 9ro sTa 4acTHas npoGiema
HepewnMa, ec/il U ectb HyseBasi MaTpHIla TPeThero mnopsika.
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6. Hecamas npobaema Fuasbepma. Jecsiras u3 23 npobiem
Tnnpbepra (1900 r.) dopmyarpyercsa Tak: «10. 3anaya o pas-
pemmMocTi jauodaHTOBa ypaBHeHusi. IIycTh 3allaHO JnO(paH-
TOBO ypaBHEHHe C IPOH3BOJIbHBIMH HeM3BECTHBIMH M LEJBIMH
panMOHAJLHBIMH YHCJIOBHIMH Ko(xpuipeHTaMH. YKasarh CIio-
co6, NpH MOMOILH KOTOPOTO BOSMOXKHO MOC/Te KOHEYHOIo 4HC-
Jla onepauMii yCTaHOBHTb, pa3pelUnMo Jid 3TO ypaBHEHHE B
LesbIX palHOHAIBHHX uncaax. 11 ., .» ([CuasGepr, 1935,
c. 3101). HeBo3MOKHOCTb pemieHus ecATOR NPOGJIeMbl CIACIYeT
U3 cOyeTaHus ABYyX (HakTOpOB: a) CyLIeCTBOBAHHS HepaspelliH-
MOTO IIepeyHCJHMOrO MHOXKECTBa HarypadbHBIX 4HCEN (CM.
§ 1.10) u 6) ZHOGaHTOBOCTH BCSIKOTO NEPEYHCINMOTO YHCIOBOIO
mHoxecrBa (cM. § 1.9). Ocraercs OTKpHTEIM BOIpPOC, Kak y3-
HaTb 1O NPOUSBOJLHOMY AHOGMAHTOBY ypaBHEHHIO, pa3pelliiMo
JII OHO B PauHOHANbHLIX (He 00s3aTEJLHO IEMbIX) YHCHaX, H
MOXKHO JIH 5TO Y3HaTh BooGuie (T.e. BO3MOXKEH JH COOTBET-
CTBYIOIRHH &JrOpUTM).

7. Ipobaema moodecmsa sremermapHolx QyHKyuld Belle-
CTBeHHOro nepeMeHHOro. OnpesienuM KJjacc TepMoB T HHIyK-
THBHO: X (IepeMeHHast HKc), 7t (YHCJO «IH») — TEPMEI; eC/H U,
v — TepMei, TO (u-+v), (u-v), (uiv), siny, ﬁ)ul — TepMsl
(B [Ycnencknit, Cemenos, 19811 B pesyJibrare Oornedatkd TepM
(«-v) mponywmen). Ilpobrema mocTpoeHHs ajJropHTMa, y3Ha-
folero no AByM tepMmaM u3 Ty 3a1aioT JIM OHH OJHY H Ty Xe
(DYHKUHIO OAHOTO BeleCTBEHHOrO NEpPeMEHHOro X, HepeuHMa.
(cm. [Maruscesuy, 1973]). MoxHo chopmyaHpoBaTh Psif
JPYIUX HEpelUHMBIX Npo0JsieM, Kacaloluxca QyHKIMA BellecT-
BEHHOI'O MepeMeHHOro. TakoBO# sB/sercs npobseMa cyulecrBo-
BaHH A BEIIECTBEHHOID KOpHA y QYHKIMH, 3afiaBaeMOl TepMOM,
aHaJIOTHYHEIM TepMaM 13 T', HO ¢ HCNOJIL30BABHEM JOTIOHUTE b-
HO NpOHSBOJBHEIX DAlMOHAAbHBIX KOHCTaHT H 6e3 HCIOJB30-
BaHHs1 JeJiennsi H abGcosoTHOM BeauunHbl (cM. [Yaur, 1974)).
HpyriM npumepoM siBJsieTcs npobyieMa CyRIeCTBOBaHHA Y
(YHKIKH, 33aJJaHHOH TepMOM H3 HEKOTOpOoro (pMKCHpOBaHHOIrO
KJacca, nepBooGpa3Hoil, 3afaBaeMoli TEPMOM TOro Ke KJiacca.
Sra npobseMa HepemHMa JJIsl PasAHYHBIX KJacCOB TEPMOB
(cM. [Puuapacon, 1968]). Takum obpasoM, yxe oGHYHOE HH-
TerpaJibHOE HCHHCJICHHE NaeT BOSMOXHOCTb MOJyHeHHS Hepe-
IIHMBIX aJITOPHTMHYECKHX HpobJeM.

2.1.2. Maccopnie npobaeMbl B MareMardke. MaccoBble
npo6JieMbl BO3HHKAIOT BO BeeX o6acTaX MateMatiku. Haunbosee
¢dyHIaMeHTaNbHEIE H3 HHX — 9TO Npo6GJieMbl BHISICHGHHS HC-
THHHOCTH yTBepXACHHH, GOpMy/IHPYEeMBIX B HEKOTODOM MaTe-
MaTHYeCKOM fi3bike. PeaJibHBIE MaTeMaTudeckye SISBIKH BeCerfa
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JONYCKAIOT PAacCMOTPEHHE HATYPAJbHHX dHCeNl ¢ OOLIYHLIME
onepanuaMu Hajl HMMM (4 KaK HpaBHJO, ellie H NEpeMeHHHe
MO0 MHOXecTBaM H (PYHKLHAM), NOITOMY {CM. NEpBYI0 H3 CeMH
HeperIMMEIX npoG/ieM) BO3HHKAIOUME IIPH STOM MHOXKeCTBa
HCTHHHBIX (OPMYJAl OKa3HBAIOTCA HEPaA3PCIHHMEIMH.

Takum o6pasoM, BOIpOC O Pa3pelIIMOCTH MHOXKECTBa HC-
THHHBIX (OPMYJ HEKOTOPOH JIOrHYeCKOH TeopHH OKa3blBaercs
HETPHBUAJILHREIM, TOJbKO €C/H BplpasHTeNbHble CPeACTBa H
OOBEKTEl DACCMOTPEHHS 3TOH TEOPUH BecbMa OIPAHHYEHHI.
B wactHOCTH, 0TKa3 OT aBroMaTHUYecKH IPHBOAALICTO K HEpas-
PeIMMOCTH HCIO/Ib30BAHH A NPEAHKATHBIX U QYHKUHOHAABHBIX
NepeMeHHbIX GaKTHIeCKH NPHBOAKT K TOMY, YTO paccMaTpuBae-
MBI MACCOBHE ITPOGJIEME KacaloTCs aJrebpangecKuX o0BEKTOB.
s 31010 ecThb U Apyras npuuMHA; A0 B TOM, YTO BO MHOTHX
BaXXHBIX CJyuasXx anreGpaudeckHe OOBEKTbI JOMYCKalOT €cre-
CTBEHHOE KOHCTPYKTHBHOE 3ajaHHe, IO3TOMY BONPOCH O HHX
JIETKO (OPMYJIMPYIOTCSE B alIrOpHTMHYecKo#i ¢opme.

Hrak, HerpusHa/bHble pesysbTarhi O paspelIHMOCTH HJIH
HePa3pEIHMOCTH JOTHYeCKUX TeOpHil OTHOCATCSI, B OCHOBHOM,
K 5JeMeHTapHBIM TeOpHAM asreGpauyeckux cucrem. Hanbosee
TOHKHE M3 HHX Kacaiorcs ajlrefGpaudecKiX CHCTEM, PACHONOKeH-
HbIX BOJIH3H TPAHHIB MEKAY PaspelliMOCTBIO ¥ Hepaspeuld-
MOCTBbIO, BaxKHe#lHe GaKThl OTHOCATCA K XOAY 3TOH TpaHHUM
Cpels ToJieH: HepaspeliMa SJEMEHTapHas TEOpHS IOJs
pausonanpHbIXx uncen {cM. [PoGumcon, 1949]), paspemmma
SJIeMCHTaIIBHaﬂ TEOpHA NOAA JeHCTBUTENBHEIX 4HCea (CM.
[Epmos IO, 1980, ra. 5, § 5, npeanoxenue 1]) u sJieMenTapHas
TEOPUR INOJA p-afuueckHx uucea (mpu JuobGom p) (cm. [Ep-
woB 0., 1980, ra. 5, § 5, npennoxenue 4]).

s gpyrux anre6pauuecKHX CHCTEM BO3HUKAOUIME S/IeMeH-
TapHble TEOPHH, KaK NpaBHJO, HepaspeilMbl (Tak OGCTOHMT
AeNo, B 4aCTHOCTH, AAS TPYNH, KOJEL H MHOTHX KJacCOB 9THX
anrefpandeckux cucreM, cM. [Tapcku#t, Mocrosckufi, PoGun-
coH, 1953]); manpumep, Hepaspeliuma 3JeMEHTapHAs TEOPHH
KJlacca BCeX IPOCTHIX: KOHeyHnIx rpymm {cM. [Epmios IO.,
1964al). K memsorum uCKI04eHHAM OTHOCATCH abesieBbl rpyn-
B H BEKOTOPBIE KJACChl YNOpsSOYeHHBIX MHOMecTB (cM. [Ep-
wos 0., 1964], [Pabun, 1969]), a Takxke mpOU3BOJLHEIE CBO-
Gonusie anre6pH (310 crenyer u3 [Manbues, 1962, Teopema 5]).
[TogpoGurie TaGmupe, cyMMHpyiOilhe pPe3yJLTATH © Hepas-
PELUMMOCTH M Pa3peliiMOCTH SJeMEHTapHBEIX TEOpHH, HMeloTCs
B [Epwos 0., Jlaspos, Taiimanos, Taiwiun, 1965] u [Can-
KannaHasap, 1978] (B mocsenneii pabore NPHUEOASITCS TaKke
CBeJleHH O HEKOTOPBLIX HedJeMeHTapHHIX TeopHsax). O paspe-
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LIHMOCTH JIOTHYECKHX (He 00513aTeJIbHO 3JIeMEHTapHBIX) TEOpHH
cm. takke [Cemenos, 1984], [Cemenos, 1986].

Ecmn Mpt xotnM cdopmylinposarsh aaroOpHTMHYECKyIO Mac-
COBYIO NpOBJleMy, Kacaloniylocs 3/eMeHTOB Kakoil-n6o anret-
PanyecKoH CHCTeMbI, TO HEOBXOAKMO CONOCTaBHTh C STHMH 3Jle-
MEHTaMH HeKOTOPble KOHCTpYKTHBHHE OGBEKThl. OIJIEMEHTHI
(HKCHPOBAHHOK CBOGOZHON KOHEUHONOPOKIEHHO! aJjireGpaH-
YeCKOH CHCTeMB! MOXKHO CUHTATh yaKe JIeKallliMi B MOAXOAALLE
BbIOpaHHOM CJIOBapHOM aHcaMOse (uJu aHcambie [epeBbeB,
e, § 1.0 u nobasnenne x § 1.3). B obeM ciyuae, ecin Kakasi-
T0 (He o00si3aTesIBHO CBOOOJHas) anrebpanyeckas CHcTeMa
KOHEUHO MOpOXKIEHa, T, €. HMeeT KOHeYHYI0 CHTHATYPY H KOHEY-
HOE YHCJIO 00pa3yIouy X, BCAKHI ee 9/IeMeHT MOXKeT OHTh ONATh-
TaKH 3afaH HeKOTOPBIM KOHCTPYKTHBHBLIM OOBEKTOM — BHIpa-
JKEeHHEeM 3STOTO 3JieMeHTa Yepe3 obOpasylomue (repmom). Ilpu
5TOM, OJHAaKO, pasJIHyHBle KOHCTPYKTHBHBIE OOBEKTH MOTyT
3aJlaBaTh OJMH H TOT e dJIeMeHT. Bo3HHKaeT a/irOpHTMHYeCKas
npo6ema pacrio3HaBaHHS pPaBeHCTBa, T.e.— LJ1g 3aJaHHOH aJ-
re6panyecKoil CHCTeMb! — BHISICHEHHS TOTO, 3aJaI0T JIM 1Ba Ipo-
H3BOJIHO BbIOpaHHbIe KOHCTPYKTHBHBIE 3aJlaHK A OXMH H TOT Xe
sJ1eMeHT cHcreMBl. Kak yke oTMeyasioch, Vi HEKOTOPHIX MOJy-
IPyNI H AJIsi HEKOTOPHIX I'PYNN 9Ta npobiieMa oOKasbiBaeTcs He-
peumMoii — Jaxke ec/M OIPAaHHYHTBCH TOJBKO KOHEYHOOIpe-
JleJIeHHBIMH TPYNIaMH W NOJNYTPyIIaMy,

SlcHo, yro cama NOCTaHOBKA AJrOPHTMHYECKOH HpOGJeMbl
pacrnosHaBaHHsl paBeHCTBA CYIIECTBEHHO 3aBHCHT OT TOro, B
KaKOM KJlacce KOHCTPYKTHBHBIX 0OBEKTOB, 3a/lalOli X 3JIeMeHThE
(bukcHpoBaHHOH anrebpanyeckOH CHCTeMbl, 9Ta npobjema CTa-
BHTCS, T. €. [/ Iap KakiX HMEHHO OOBbeKTOB HIIeTCH COOTBET-
CTBYIOUIHH aJroput™. MOXKHO CYMTaTh, YTO KOHCTPYKTHBHBLIMH
3aJlaHHSIMH 3JIeMEHTOB fIBJIAIOTCE BCEBO3MO XK HE € Tep-
MBI, COCTaBJIeHHbIe 3 0Opa3yIOUMX ¥ CHTHATYPHBIX ONepauui.
OnHako He MEHee eCTeCTBEHHbI H TaKHe NMOJAXOMB!, IPH KOTOPBIX
KOHCTPYKTHBHBIMH 3aJaHHSMH [PH3HAIOTCH TOJBKO H € K O-
TODBH € H3 TEpMOB.

IIponyunoctprpyem ckasaHHOE Ha NpHMepe rPyNms! ¢ 06-
pasyromwmmi a, b. Ilpobnemy pacnosHaBaHisl paBeHCTBa MOXKHO
CTaBHTDb NpH CJIeLYIOUHX BapHAHTaX MOHHMaHHU A TOrO, YTO eCTh
KOHCTPYKTHBHOE 3ajlaHie 3JIeMeHTa IpyIbl.

1. KoHcTpyKTHBHOE 3ajaHHe eCTb NIPOHSBOJILHBIH TepM, coc-
TaBJICHHBIA N3 06pasylomNX, ONepalll YMHOKEHHS, ONepalu
ofpameHis W CKOGOK, HaNpuMep TepM

(b(a~5))* (ba).
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2. KoHCTpYyKTHBHOE 3ajlaHH€e eCThb «GeCCKOGOUHHI TepM», a
HMEHHO Tako# TepM, B KOTOPOM onepauus oOpalieHHs NpHMe-
HSIETCH TOJBKO K 00pasyioluM, a Bce JIeBEle CKOOKH COGpaHbI
B HayaJle TepMa H IOTOMY BMeCTe C IpaBbIMH ONYIEHH B
3amucH.

[pumep: b—*ab—ba.

3. KoncrpyxktnBHOe 3ajaHHe €CTb HECOKDATHMBI TepM»
(unave — sJieMeHT CBOOONHOH Ipynmbl ¢ 06pasyloWuMA a, b),
T. €, TaKol GeccKOGOUHEIH TepM, B KOTOPOM HHKaKasi 006pasyio-
Iasi He CTOMT pAJOM ¢O cBouM ofpamennem. [Ipumep:
b—aa.

4. (Tonvko ns abesneBbix rpymml) KoHCTpyKTHBHOE 3a-
JaHHe eCTb «yNopAnOdYeHHHH TepM» (MHaYe — 3JEMEHT CBO-
Boanoit abesieBoft rpynnet ¢ ofpasyoumEMi a, b), T. €. Takoi
HECOKPaTHMEIH TepM, B KOTOPOM Bce GYKBHL @ HAYT BHEpeIH
Bcex OykB b. Ilpumep: aab=t.

Kax7piit 43 5THX BapHaHTOB NIOHMMAHHS KOHCTDYKTHBHOTO
3aJlaHis NPHBOAUT K CBOEMY BAPHAHTY aJrOPHTMHYECKOH Npo-
O/ieMbl pacmo3HaBaHHA paBeHCTBa. B HalleM TeOpeTHKO-rpyl-
NOBOM NpHMepe CyleCTBOBaHHE PelleHHs y /moboro H3 BapuaH-
TOB NpOG/IeMBb NIPHBOJHT K PeIUeHHIO i Jo6oro Apyroro Ba-
pHaHTa.

TToneiTaemcs jaTh MaTeMaTHYeCKyl0 KapTHHY TOrO, Kak 06-
CTOHT /IO C NOCTaHOBKOH (ToJIbKO C TMOCTAaHOBKOM!) ajroput-
MHYeCKOH npo6JiemMb! paBeHCTBa B OflieM BHJE, T. €. /1S NPOH3-
BOJILHOH KOHEYHONOPOXKJCHHOH ajireOpanyiecKoil CHCTEMEL, T. €.
CHCTeMBI, NOPOXKIEHHON KOHEYHOH curHarypofi o, MOXKHO Cul-
TaTh, YTO 3JeMEHTaMH BCHKOH Takoil cucrembl B sBJsIOTCH
KMaccel NOAXOASMMM o06pa3oM BLIOpaHHOH KOHTpySHHHH b
Ha ¥ (0), rae A (o) — cBoGonHas ajnrebpanyeckas CHCTEMa, IIO-
poxJeHHas CHrHaTYpoH ¢ (cM. foGabsienue K § 1.3). IIBa Tepma
u3 A (0), npHHALIEKAIME OJHOMY H TOMY XKe KJAcCy KOHIpY-
SHIMH, Ha3BIBAIOTCH «paBHbIMH B B». Abcomomuasn npobrema
pacnosHasarus pageHcmsa B B COCTOMT B OTHICKAHHU AJITOPHT-
Ma, Pacno3HalOIIero 1o Jo6uM AByM TepMaM 13 U (0), paBHH
ai onx B B. OfHako BOZMONKHBI H OTHOCHTEJBHBEIE NPOBJIEMbE
pacnosHaBaHusi. UroObl MOCTAaBHTL OMHOCUMEAbHYIO npobaemy
pacnosrasarnus pagercmsa B B, Hauo Be6parb: 1) Hekoropoe
nonvuoxecrBo £ (0), sneMeHTH KOTOPOTO HA3HIBAIOTCH
NpusedeHHbIMU MepMamu, 0 2) HEKOTOPOE BBIYHCIAHMOE OTO-
Opaxenne h mHoxecrBa ¥ (0) B E, HassiBaeMmoe npoyedypoli
npusedexus, ipHyeM Taxoe, aro ¢ 1 i (f) paBHsl B B p1s Joboro
tcU(o). (HampuMep, B TpeThbeM BapHaHTE HAIIEro0 TEOpE-
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THKO-TPYNIIIOBOrO IpHMEpa NPHBEIEHHBIE TEPMBI — 3TO He-
COKpaTHMBIE TEPMBl, a Npouelypa NnpHuBeJeHHS NPHBOJUT Kax-
IBIl TEPM K HECOKPATHMOMY BHZY.)

Ilpo6nema pacnosHaBaHHsI paBeHcTBa B D OTHOCHTEJBHO
E ¥ h COCTOHT B OTHICKAHHH aJIrOPHTMA, PAclO3HAIOmero pa-
BeHCTBO B B 1o moCbiM ABYM npuBeleHHHIM TepMaM. [lpu
HaJIO>eHHBIX Ha E u h TpeGoBaHUSX CylllecTBOBaHHE pelUeHHd
y OTHOCHTEJILHOH IP06JieMBl PaBHOCHJBHO CYILLeCTBOBAHHIO pe-
lweHus y abco/moTHOH mpobnembl. Ha Bce ckasannOoe MOMXKHO
MOCMOTpPETh C TOYKH 3peHHs TeOpHH HyMepaum# (cm. § 1.15).
3anaunne asiemeHTOB B TepMamu W3 YU (0) ecTh He UYTO HHOE,
Kak CraHjaprtHag Hymepauus cucremb! B. [TosTomy Hajmume
petlenr s y abcoJOTHOH Npo6/ieMbl pacno3HaBaHHsA PaBEHCTBA
O3HayaeT INpPOCTO paspemmMocTh 310H Hymepauuu. [aiee,
KaxJaa OTHOCHTEeJIbHAsi mpo6seMa, TodHee, KaXIoe yKasaHve
E ¥ h TaKiKe NPHBOJMT K HEKOTOpOH HyMepaln v CHCTeMH B,
a MMGHHO K HyMeépanuHu ¢ ocHoBaHueMm E. Hymepaius v 3aja-
erca TaK: KaxJIoMy TepMmy (€ E cTaBuM B COOTBETCTBHE TOT
KJacc KOHI'DYSHIHHM D, B KOTOPOM STOT TepM Haxoputcd. B
CHJIy HaNlOXeHHHX Ha E u h orpanMYeHHR HyMepauus v DKBH-
BaJsieHTHA 1o KoJsIMoropoBy cTaHAapTHO# Hymepauui (npuyem A
CBOJUT CTaHZAPTHYIO HYMEpamHIO K v); [I03TOMy OHH 00e 0ZHO-
BpeMeHHO paspellHMbl HJH Hepa3peluHMBL.

IIpob6nema pacnosnaBasus paBeHCTBa (/IS JaHHOH ajre6pa-
HYEeCKOH CHCTEMH) SIBJSAETCH NpeicTaBHTeNeM GoJIbLIOro KJjac-
ca npo6JieM, COCTOAIIMX B PACNOSHABAHUH PA3/IHYHBIX CBOHCTB
5JIEMEHTOB CHCTEMEl, IIap TAKHX 5JeMEHTOB (KaK B cJydae pac-
II03HABAHWS p&BEHCTBA), TPOEK M T. L. Pa3yMHO OrpaHHYHTBCH
CBOHCTBaMH, UMEIOMMMH aJjrebparndeckuil cMbici, T. €. gopmy-
JMpyeMbIMH B ajirebpanyecKHX TepMHHaxX. Uro 510 TaKkoe, 6yAeT
yrouHeHo B § 2.5 npu onpejeneHnH NOHATHA ajreGpaHyecKH
KOPPEKTHOH aJIrOPUTMHYECKOA MaccoBoil mpoO6JieMEL.

Pasymeercs, MOXKHO HHTEpecOBaTbCH  pAaCHO3HaBaHHEM
CBOHCTB He TONBbKO 3JIEMEHTOB KaKOH-HHOYIb ajreOpauyeckol
CHCTeMBl, HO H CaMHX cHCTeM (mepBhle CBOHCTBa eCTecTBeHHO
Ha3BBAaTh (BHYMPEHHUMUs, a BTOphle — «8HewHumuy). s
TOro 4TOGLl PaCCMOTpPETh COOTBETCTBYIOIIHE MAacCOBBiE NMPOGIe-
MBI, HYXXHO CONOCTaBHTb KOHCTPYKTHBHBIE OOLEKTHI YKE He o
37ieMeHTaMi CHCTEM, a C CaMHMMH CHCTEMaMH. DTO €CTeCTBEHHO
Jesaercs B cjaydae, Korjla anqrebpanyeckasl CHCTEMa 3sajaercs
TIOPOIMBIM (B YaCTHOCTH, KOHEUHBIM) MHOMKECTBOM COOTHOIIe-
Hui (PaBeHCTB, TOXJECTB, KBa3HTOXKJAECTB, CM., A0OaBleHHE K
§ 2.3). Mmenno 3aanue KOHEUHHIM MHOXKECTBOM ONPEeIeJIsIOUH X
COOTHOLIEHHH (a KOHKpeTHee — paBeHCTB) Mul H OyJeM cefiuac
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MMeTb B BHJIY mpu OOCYXKIEHHH BHEIIHHX CBOHCTB ajreGpanuye-
CKOH CHCTEMHI,

Baxuefiiuum npumMepoM BHEIIHEro CBOHCTBA ABJSETCH H30-
mopdus 1Byx anreGpanyueckux cucreM. JIJg KoHeYHoompene-
JIeHHBIX Tpyno npobjeMa pacno3HaBaHMs H3oMopduH (Tak
HasblBaeMas TpeThsl npobaema Jlena) 6blia nocrasnena [enom
B [Hen, 1912} napsay c npo6iemoit pacrio3HapaHHs BHYTpeH-
Hero0 CBOHCTBAZ — paBeHCTBAa JBYX SJIEMEHTOB 3aJJaHHOM
rpynnbl. HepemmMocTb npo6ieMbl paclio3HaBaHHA H30MOpguH
KOHEUHOOMNpEJeNeHHBIX TIpYyNn BhITeKaeT H3 KOHCTPYKIHH,
HCHOJIb30BAHHON IIPH NOCTPOEHHH IPYMNMBI C HepelnMol npob-
JIEMO# pacro3HaBaHHs paBeHCTBa.

HaGpocoxk noxasaresibcTea HepaspeluHMOCTH NPOBJAEMBI H30+
Mopdun zas rpynn copepxutcs B [Hosukos, 19581, Gosee
NOAPOGHO 5TO JAOKasaTeNbCTBO HaJoxkewo B [Apsn, 19731
Bosee toro, i KoHeYHOONpEAENCHHBIX TpPYNI HepeluHMa H
YacTHast npobsemMa H3oMopduH: /s NPOM3BOJNBHOH KOHEYHO-
onpefieJieHHO rpynnut Fy HEBO3MOXKEH aJrOPHTM, pPacrno3Haio-
WK # N0 3aJlaHKIO IPOU3BOJILHON KOHEUHOOpEEIeHHOM I yIIIIbL
F, usomopdust F u Fo unu ger (cM. [Anan, 1955], [Axsn, 1956],
[Apsta, 1957)). U obwas, u yactHasi mpoGseMst H30MOpGHH
NPUHAJJIEXKAT K YHCIY poOJeM pacrio3HaBaHHs UHEAPUAHMHbIX
(T. e. COXpaHMIOMUXCA NpH H30MOpHU3MaX) CBOHCTB aJsrel-
pauuecKux CHCTeM H HX Koprexkeil. Bor eile wHBapHaHTHbIE
cBoficTBA rpymm «OHTH abeseBo», «OLITh KOHEYHOH», «OHITh
IMKJIMYeCKOiT», «ORITh MPOCTOii», JIJI Kamaoro us aTHX CBOHCTB
npo6JieMa ero pacro3HaBaHH IO 3aJlaHHI0 KOHEYHOONpeXeeH-

'HOH rpynne HepemmMa (cM. [Apan, 1955], [Azam, 1957)).
Bce nmepedncieHHBIe CBOHCTBA I'PYNH SIBISIOTCT MAPKOSCKUMU,
onpejeenne cedyac Gyzer AaHO.

HusapnanTHOE CBOHCTBO NOJYrpy i (COOTBETCTBEHHO rPYIIN)
O Ha3bIBACTCH MAPKOBCKUM, eClM, BO-IIEPBBIX, HMEETCH KOHeu-
HOoOmpeleaeHHasa noJyrpynna (rpynmna), obsajaiomias CBOHCT-
BOM @, H, BO-BTOPBIX, HMeETCs1 KOHEYHOOMpene/IeHHas oMy TrpyH-
na (rpynna), He BJOXKHMast HH B KaKyl0 KOHEUHOONpEJEJIEHHYIO
noayrpynny (rpynmy) co csoficTBoM ¢. KakoBo 66l HH GBUIO
MapKOBCKOe CBOHCTBO, aJIrOpPHTMHYecKas npofieMa €ro pac-
no3HapaHusi Hepellnma. Hursi mojyrpynn 210 ycraHOBHJ Map-
kKoB (cM. [MapxoB, 1952, n. 11.1], [Mapkos, 1954, ra. VI,
§ 111), mast rpynn — Anan (cM. [Aasn, 1957a), [Ansn, 19576],

- [Anan, 1958]). OnHO M3 clefcTBHI 3TOrO pesynsraTa AnsHa
yCTaHaB/HBaeT CJACAYIOULYIO JONOJNHHTENbHOCTL MEXKAY BHYT-
PEHHHMH ¥ BHELIHHMH CBOHCTBAMH - KOHEYHOOIPENEIEeHHEIX
rpynm: myctb K — Henmycroll 3aMKHYTHI OTHOCHTENBHO. M30-
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MOPGH3MOB KJIaCC KOHEUHOONpe e IeHHbIX TPy, TOr/la B KJac-
ce K viMeercs rpynna ¢ Hepelmimoii npo6JiemMoil pacriosHaBaHH s
paBenCTBa, HJH npo0JeMa NpHHAIEKHOCTH KOHEUHoONpele-
JeHHOH rpymnbl kjaaccy K ‘mepemmma (cm. [Anxsm, 1973)).
HecMoTps Ha OOH/IHE HepelUMMbIX CBOHCTB KOHEYHOONPEAe/IeH-
" HBIX TpYII, AJI5 HEKOTOPHIX eCTECTBEHHLIX CBOHCTB CYLIECTBYET
pasperaiomuii aIropuT™, NPHMEPOM TaKoro (BHELIHEro) CBOH-
CTBa fIBJIAETCH CBOHCTBO «COBIajaTh €O CBOMM KOMMYyTaH-
tom» (cMm. [Ansm, 1957a)).

OrMeTHM, HaKoHel, ellle ONHH KJacc npobiewM, Jexamui B
«IIPOH3BeJleHVHy BHEIUHHX H BHYTPEHHHX mnpo0JieM,— 310 TaK
HasniBaeMple ofmpe (IPYTHMH CJIOBaMH, PaBHOMEpHBIE) INIPO-
Bnembt. O6miasi mpo6JeMa CTaBHTCS A/ HEKOTOPOro Kijacca
ajire6panyeCKNX CHCTEM H COCTOHT B OTHICKaHHH 0DIero Merojia
pelleHHsI HEKOTOpOH BHyTpeHHeH mNpoGJseMbl AJIs1 BCeX CHCTEM
9TOro KJjacca, T. €. aAropuT™Ma, KOTOphIfl N0 3aJaHHIO CHCTEMbI
K HCXOZHOMY JaHHOMY BHyTpeHHefi mpo6Jemsl, OTHOCHIleiCs
K 3TOH cHcreme, JaBaJd Obl OTBeT Ha BHYTpeHHIo npobie-
My.
IIpumep: obwas npobieMa pacnosHaBaHHS paBEeHCTBA Aisi
TpYII COCTOHT B TOM, 9ro0bt 10 3aJaHHI0 BCAKOH rpyNNBl H nape
ci0B B aidaruTe 0Opas’yioWMX 3Tol IPYINH, ONpPENesHTh,
paBHHL JIH 5TH cJIOBa B 5T0H rpymnme uju Her. Pasymeercs, eciu
HEKOTOpas BHYTPEHHAA npobieMa HepelnMa JJis OAHOH alre6-
panyecKoH CHCTeMBI 3aJlaHHOro KJacca, TO COOTBETCTBYIOIAf
obmwasi mpobiieMa TaKkke HepelMma; AJst OOJBIUHHCTBA OOLIK X
npo6JieM zeso 06CTouT HMEeHHO Tak. OIHaKO CYIeCTBYIOT eCTe-
CTBEHHBIC INpoGJeMbl, AT KOTOPHX CHTyalHs HHasl.

HmenHo, paccMOTpHM CJIAYIOULYIO BHYTPEHHIOW NpobieMy:
«[lo BcAKOMY 3JIeMEHTY X NOJYTpPYHNE ¢ eIMHHIEH y3HaTb,
CYLIECTBYET JIH TaKOH 5JIEMEHT Y, UTO X} PaBHO B NOJYrpyIme
eluHHIe», OTa mpobieMa pellNMa IJsS KaxuoH KOHeYHOOmpe-
JeJIeHHOH NOJIyrpynmbl ¢ COKpauleHneM, 0IHaKo obuiasi npooie-
Ma B KJlacce BceX KOHEYHOONpeJeJeHHBIX NOJYTPYII ¢ cOKpa-
weHneM Hepewnma (cM. [Axsin, 1955al). O gpyrux aaropuTi-
yeCKHX npo6ieMax aJrebpnt cMm. [Ansu, 1973], [Anan, 1977],
[Ansn, Maxanun, 1984], [Marusacesnu, 1984], [Uangiep,
Marnyc, 1982].

Ecrp eme oana obJsacth, B KOTOPOH C MareMaTHYeCKHMH
OOBeKTAMH H3YUeHHs eCTeCTBEHHO CONOCTAB/AIOTCS HX KOH-
CTPYKTHBHBIE OnHCaHHs. JT0 — KOMOHHATOpHasi TOMOJOTHS,
rie ¢ nojusApamu (B YaCTHOCTH, TPHAHTYJHDYEMBIMH MHOIO-
00pa3usiMH) COMOCTaBJSIOTCS 3alHCH HX Tpuanryasmmi. Koxs
CKOPO TaKO€ COMOCTAaBJIeHHE OCYMIECTBJIEHO, JellaeTcs OCMBIC-
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JIeHHOM mpo6nema romMeoMOpGHH, aHAJOrHYHAs NpobieMe pac-
N03HaBaHHA paBeHCTBA CJIOB B rpylIie HJH Hp06J18M8 H30MOp-
¢un rpynn. Cornacso [Mapxos, 1958al, 06ujas npobaema eomeo-
MOphuu BAs TOJHSAPOB (COOTBETCTBEHHO IS TPHAHTYJHpye-
MhIX MHOrooGpasuii) ecTb mpoGjiemMa pashicKaHHsi ajirOpHTMa,
pacrosHalouiero jis JoGHX ABYX MOAHSAPOB (COQTBETCTBEHHO
MHOrooGpasuil), 3ajlaHHBIX CBOHMH TpHaHryJsiMAMH, romeo-
MOpHBI JIH OHH; 4aCMHbie npobaembl 20MeomOpghuU BO3HUKa-
0T, €CJH HaJIOXKHTb Ha pacCMaTpHBaeMyl0 napy NOJH3ApOB
Kakoe-aHGO orpaHHYeHHe, HaNpHMEpP yKa3aTb HX pasMepHOCTb
UM (HRCHpOBaTh TEpBHE WieH maphl, Hekoropnle 3 aTHX
npoGsiem GLIM ZaBHO pellleHbl, HanpHMep mpobiaemMa romMeoMop-
¢uu apymepHBIX MHorooGpasufi. Kak ycramosusn Mapkos,
o6as npoBiema roMeoMOpdHH He HMeer pemenuss 6oJee TOro,
IJsi BCSKOro n>>3 MOXKHO yKasaTh TaKoe n-MepHO8 MHorool-
pasue, yro mnpoGneMa romeoMopduH MHorooGpasuii 3ToMmy
MHorooGpasuio HepemmMa (cm. [Mapxos, 1958a], [Mapxkos,
19588]). B [Mapkos, 19586], [Mapkos, 1962], [Byn, Xaxen,
Iosnapy, 1968], [Xaxen, 1973] stn pesysbTaThl yCHJIHBAIOTCH,
yTOUHAKTG H obobmaiorca. [Ipobiema romeomopmun Tpex-
MepHEIX MHOrooGpasHi OCTaercsl OTKPHITOH.

O HeTpHBHAJIBHKIX aJIOPHTMHYECKHX MpobieMax B APYrHX
o6JacTAX MaTeMaTHKH Mano 4ro uspecrso. (Vmoraa y cnemua-
JIHCTOB HMeercs sfiBHOe ollylLleHHe 3DpeKTHBHOCTH HEKOTOPOro
DOCTPOeHHsi; B TO e Bpems NoNbITKa cHOPMYJIHPOBATH COOT-
BETCTBYIOLLYIO aJrOpATMHYecKyio npobneMy Jii6o BooOlle HH
K yeMmy He HpHBOIMT, 16O e NPHBOAMT K HepemuMof npoGie-
Me H TeM CaMbiM — K HeajiekBaTHo#i dopmynHposKe.) Bcee xe,
Kacasich Jpyrux objacrefi MaTeMaTHKH, BHAEHM JABa lipuMepa
u3 TteopHu JuddepeHnHaNbHEIX ypaBHeHHI: HepelllaeMOCTb
npobaeMsl CYUIeCTBOBAHHA pelleHHs, ONpENe/NeHHOro Ha OT-

eske [0, 1] y cuoreMbl aubdepenunanbHEX ypaBHeHHH (CM.
FAzmep, 19691), u hopmy/HPOBKY anAropUTMUUEEKOMN IPOGNEMEL
o6 ycrofiunBocTH (CM, YApHO.[Ile, 1976]).

IlpuBegem eine aBa npumepa npocro GOpMyJIHpPYyeMBIX ajiro-
PUTMHYECKH X MACCOBBIX MPOOJIeM, KaCalomMUXCsl NeJEIX YHCed.
Iepsas nocrasaena B [Canomaa, Controna, 1978]¢ 110 nenoyuc-
JIeHHO!l MaTpHlle y3HaTh, cyLIeCTBYeT /MM CTENeHb, HMelomas
HyJ/b B fipaBoM BepxHeM yray. Jlna marpHu 4 X4 pacrnosHaio-
wuit anroputM mocrpoe Bepemarnubiv (cM. [Bepemarus,
1985, Teopema 4]); cyluecTByer Ji ajaropuT™ B obmieM cayyae,
HeH3BeCTHO. 3aMeTuM, uTo Anf Giu3KOH 1o (GopMyJHPOBKE
npoGieMsl <10 LeNoYHCIeHHOH “MaTpHile A M IeJOYHC/ICHHBIM
BEKTOpaM X H Y y3HaThb, CymecTBYeT JiH TaKoe i, 9to Aix=y»,

6 B. A. Yeueuckuft, A, JI. Cemenos -
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HeAaBHO Gblna Zokasama pemaemocthb, cM. [Kanuau, Jlunton,
1980].

Bropas npo6/iema Kacaetcsi KOMMYTATHBHbIX HCYHC/ICHHH —
TaK HasHIBaeMBIX CHCTEM BEKTODHOro ciioxeHus (vector addi-
tion systems). OHa Gmia mocrassena KapnoM n MuJiepoMm B
paGore IO NapajielbHLIM cxXemaM mporpamv B 1969 r. (cm.
[Kapn, Muaaep, 19691). Ina kpaTkocTH npuseaeM MyJIbTHIVIH-
KaTHBHYIO GOpMYJIHPOBKY mpoOJeMbl, B KOTOPOH HCIOJIb3yeTcs
TOJILKO 'YMHOMKEHHe H OTCYTCTBYeT CJIOXeHHe, XOTf ajIHTHB-
nas gopMyaHpoBka H GoJsee ecrecTBenHa. Ilyerb 3ajgano Ha-
TypaJibHOe YHCIO @ U KOHeYHOe MHOXecTBO V paiuoHaslbHbIX
uncest. HartypanbHoe uHc/Io HasbiBaercst Oocmuscumbim (LJs
JaHHBIX @ H V), ec/lH OHO COBIAaJAeT ¢ a Wy NoJydaerca U3 J0-
CTHKHUMOTO yMHOXKeHHeM Ha 3JjemeHTt H3 V. Tpebyercs ysHars,
ROCTHXHMO Jii JauHOe uucao b. B 1977 r. Caceproyr H Tenuu
OGbSBHJM O pellleHHH 3TOH aJrOpHTMHYecKO NpoGjeMbl Hpu
moOhiX ¢puKCHpoBaHHuX a i V (cM. [Caceproyr, Tennu, 1977]).
OnHaKo JlaHHoe HMH ONHCaHHE aJropHTMa SBJISETCH IPOTHBO-
PEUUBLIM; €CllH TBITaThCs YCTPAHHTD IPOTHBOPEUH s, TO OKasbl-
BAeTCHA, YTO NOJyYaeMule allCOPHTMBL IPABHJIBHO paboTaloT
TONBKO B TPHBHAJNBHHIX C/IydYasix, H He BHAHO, KaK MOXHO
610 Gbl HempaBHTH jento. [Iporpecc B HampaBleHuH yacTHY-
HOrO peilleHdsi NPo6aeMbl JOCTHXKUMOCTH GblJ NOJIyYeH B
[Xongpodr, [Mancro, 1979]. Hakoueu, B 1984 r. Maiip omy6-
JIMKOBaJl JI0KA3aTeNbCTBO CYIECTBOBAHHS aJrOPHUTMa, pemiaio-
wero npoGnemy JocTixkumoctd — cM. [Maiip, 1984]. B nas- -
BaHHOH CTarbe YKashlBaercsi, 4TO INpeABAPHTE/NbHBEIA BapHaHT
JoKasaTesabcrBa OB ONyGAHKOBaH aBTOpOM B TpyAax 13-ro
exkerogHoro cumnosunyma «<ACM STOC» ) (1981 r.)} otmeuaercs
TaKke, U4TO 32 BpeMsi pelleH3dpoBaHus crarbH [Maitp, 1984]
Kocapaio <S. R. Kosaraju)> ony6aukoBaj Apyroft aaropHt™
J/is pelleHHs TOR ke 3alaun (B Tpylax 14-ro exeropHoro
cumnosnyMa <ACM STOC», 1982 r.). Hcropun pemuenns mpo-
GneMbl JIOCTHXHMOCTH moCBsillleHa 3amerka [Miosnep, 1985],
cofiepaKalliasi TE3HCHl BLICTYIUIEHHS aBTOpa Ha KOJUIOKBHYMe
10 TeOpuHM BHIYHCAHMOCTH, cocrosiBiieMcss B [JJIP B 1983 r.
B aroii 3amerke nokasarenscrso Caceproyra u TeHHu xapakre-
pH3yeTcs Kak oliGouHoe, a onyGankoBauHoe B 1981 r. noka-
3aTe/bcTBO Malipa — Kak OYeHb CJI02KHOE H HHKEM He mpoBe-
peHHoe; OCHOBHOH aKIEeHT jesaercst Ha nyGmixauun Kocapato,
ynoMsiHyteie Boime. CM. takxke [Mioasep, 1983].

1) Sympesium on theory of computing,
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Haw mepeuenb Mbl 3aKOHYHM HauGoJiee HarAsAHEIM OPH-
MepOM OTKPHITOHl aJirOpHTMHUECKOH npoGieMsl. [Ipumep cBssan
c urpoit ¢Kusub», naobperennoii Jlx. Kouseem, cM. [I"apauep,
1970—1971], [¥Y33epenu, 1978, ra. 2]. ITosuuus 310# Urphl —
6eckoneynblit et 6yMaru B KJaeTky. Kierka moxer GuITh myc-
Tof M/ TIOJHOH (B APYTO# TEPMHHOJIOTHH ~— MEPTBOI HJM XKH-
BOI COOTBETCTBEHHO). IT0JHEIX KJIeTOK (siueeK) B HOSHIMH MOXKET
GbiTh TOJIBKO KOHEYHOE 4HC/I0. ¥ KaXIOo# KJeTKH BoceMb (oye-
BUAHHX) cocejiei — ueThIpe CONpHKAcaloTcst ¢ Hefl MO CTOPO-
HaM H YeThlpe — IO yrJam:

Uil
.

XoJl HIPHI COCTOUT B OJIHOBPEMEHHOM H3MEHEHHH COZAEpPIKUMOro
BCEX TeX KJIETOK, K KOTODEHIM IPHMEHHMO OJHO M3 CJefyHomux
HPABHJL

1) poxnenue HoBOf sueliku: mycras KJeTKa, HMelomast
POBHO TpeX IOJHHX cCOcelled, CTaHOBHUTCH MOJHOM;

2) cMepTh siueliku: NoJHas KJeTKa, HMewomas GoJjee Tpex
NOJHEIX cocefiefl, CTAHOBHTCS NyCTo# (YMHpaer OT TECHOTHI);
ToJlHas KJerTKa, HMelolllash MeHee NBYX IHOJNHHIX cocenelf, cra-
HOBHTCS ITyCTOH (yMHpaeT OT CKYKH).

Taxkum o6pasoM, cxaxeM, ITyCThie KIETKH C OJHUM IOJHEIM
cOCelloM OCTANTCs MYCTHIMH, a NOJHEE KJIETKH G ABYMS HOJIHBI-
MH COCeASIMH OCTAlOTCA NMOJHEIMH. Kak MBI BHJUM, B Hrpe 3aHSAT
OIMH mapTHep (MOXHO CYHTaTh, YTO H HH OJHOTO), HHKAKOrO
KOHIIA y Hee HeT. TeM He MeHee ecTecTBEHHO cYMTaTh, YTO Hrpa
3aKaHIHBAETCH, €CJH BCE KJeTKH CTaHOBATCA IYCTHIMH, H B
3TOM CJyyae HashlBaThb NO3HUMIO, ¢ KOTOpPOH Hrpa Hayajaach,
«BeIMHpalowei». HenasecTHo, cyliecTByer JH ajropuTM, pac-
HO3HAIOUWMA 10 HPOH3BOJBLHON IO3HLUH, BLHIMPET» JH OHAa.

2.1.3. Maccosbie npoGrembi B cmbicie Mensenesa. Haue
NoHHMaHHEe TepMHHA «MaccoBas npobiema» 6113Ko K [Mapxos,
1954, ra. V, npeambyaal. Bosee ofiuee H abcTpakTHoe IOHH-
maHue GblIo npeanoxeno Mexseaesrim B [Meagenes 10., 1955]),
[Meggenes 0., 1956]. Ilo MenseneBy maccosas npobrema —
3TO IPOHSBOJILHOE ceMEHCTBO BCIOAY ONpelesieHHbIX QYHKIHHA

I3
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u3 N B N, u Maccosas npoGiema naswiBaercs (aJropuT™MHYec-
KH) paspellnMOi, eC/IH OHa COAEPKHT BRIYHCAHMYIO QyHKIHIO.
Taxum 06pasom, MaccoByio IipoGaemy 4 (B cMbiciie MezBezesa)
MOXKHO paccMaTpHBaTh Kak NpobjeMy HaXOXACHHS BbIYHCIH-
Moft GyHRUMH B ceMelictBe . KoHeuHO, Her HEOOXOXHMOCTH
orpanuuuBatbes dyukuusmu u3 N B N, moxno paccmarpu-
BaThb BCIOZY ONpEJeieHHble (3TO CYiecTBeHHO) QyHKUMH H3 X
B Y A4 npou3BOJLHEIX aHcamGaed X, Y.

Bceaixas ajqropuTMHueckasi MaccoBast npoGiema (B crapoM
CMBICAIE), ¥ KOTOPOH MHOMKECTBO BOIPOCOB X €CTb HEKOTOPHIH
aHcam6ap U E (orpaHuyeHue Ha BONpoOCH) paBHO X, Moxer
paccMarpHBaThcd KaK MaccoBasi ipoGiieMa B cMbic/le MeziBezeBa,
cocrosiiasi U3 TeX QyHKUMH [, onpese/eHHbIXx Ha BceM X, And
KOTOpHIX <X, f(¥)>€ R npu Bcex x€ X (3aecr R — Bompoc-
HO-OTBETHOE OTHOIUEeHHEe). Takoe TOJAKOBaHHe JAONyCKalwor; B
YACTHOCTH, INpOGJEMBl pa3peleHHs H OTAeJeHHS.

1. Ilpobreme paspewerus pis mMuoxecrsa Ac X coorser-
CTBYeT ceMefcTBO, cocTosilliee U3 eAuHCTBeHHOH (yHKUHH @
tago#, uro @ (x)=1 Aaas Beex x€ A u @ (x)=0 pas x€ X\ 4
(rak 9r0 @ — xapaxrtepuctHueckas (ynkuus ans A).

2. Ipobreme omlerenus Ansi napsl Muoxecrs <A, B>, rae
AcX, BcX, coorBercTByer cemefiCrBO BceX OTHeJSIONHX
oyukuuit g (A, B) (byHKuHs ¢ HaspiBaeTcsi OTAeJsomedi
aas (A, B), ecin oHa onpeneneda Ha BeceM X H @ (x)=1 gis
x€A, p(x)=0 ans x € B).

3. Ilpobaeme npodorncenus ans dyukuuu f us X u Y coor-
BETCTBYeT ceMeficTBO Bcex (pyHKuMil 3 X B Y, onpezneseHHbIX
Ha BceM X H CJAyXalliX NPOJOJ/LKeHHSIMH (QYHKUHH f.

OnHako He BCfiKas €CTECTBEHHO BO3HHKaollas MaccoBast
npobiema B cMbiciie Me/iBezieBa ecTb pesyabTaT MOZOGHOIO
HCTOJIKOBAaHHS HEKOTOPOfl aJrOpHTMHYECKO#H MaccoBO# mpo-
6nembt. Hanpumep, s kaxzoro wenycroro mMHoxecrsa A =N
MOXKHO PAaCCMOTpPEThb npobiemy nepeducierus SToro MHOKECTBA,
COCTOAIIY!0 M3 BceX Beiogy omnpenenennbix Ha N dyHkumi,
o6nacTs 3HayeHHH KOTophIX ecTh A (oyeBHAHO, 3Ta MpoGJeMa
paspemmMa o MexBeneBy B TOM H TOJILKO TOM ciydae, KOraa
A nepeuncanmo). [Ipobaema mepeuncieHHs He MOxeT ObITh
nojlyyeHa OIMHMCaHHLIM BhIlIe CHOCOGOM H3 aJrOPHTMHYECKOH
MaccoBOH mpoGaeMbl. (DTO He yAUBUTENbHO, TaK KaK 3alaya
«IepeyHc/IuTh AaHHOE MHOMXeCTBO» He IpefcTaBHMa B Bule ce-
pHH OT/e/bHBIX 3ahad.)

~Tlyers A, B — MaccoBble npoGremul B cMbicie MejBenesa.
s caaboii (a ciiepoBaTebHO, K H3 CHJILHOMA) cBOAMMOCTH (CM.
§ 1.13) B K A Buitexaer, yto ecu o paspewmnma, To H B pas-
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petiuma, I[lo sToft nmpuuuHe cnalyi0 H CHJIBHYIO CBOAMMOCTb
u3 § 1.13, MOXKHO HHTEpPIPETHPOBATh KaK CBOAUMOCTb IIPOGAEM.

2.1.4. O nosb3e NPaBUILHOH TePMHHOJOTHH. 3aKOHYHM
naparpad OAHMM TPHMEpOM YeTKOTO pas3iUuYeHUs NOHATHA M
TepMuHOB. B nepom a6saue u3s [Myunux, 1965, § 2] roopurces;
«TeopeMa 1 TMOKa3biBaeT, YTO HE/Nb3s CBECTH NpobJeMy paspe-
[IeHHS HEePeKYpCHBHOrO MHOXKECTBa K IpoGJjeMe OTAENHMOCTH
IepeuUCIMMBEIX MHOXKECTB ‘B CMEIC/Ie aJTOPHTMHYECKOH CBOJH-
MocTH... OfHaKo, KaK Mbl JIOKaXeM Jajee, MOXHO CBeCTH Ipo-
Gnemy paspellieHHsi MmoGOro nepeyHCIHMOro MHoxecTBa E_
K IpobJieMe OTIeNHMOCTH JBYX IepedHCIHMBIX MHOXeCTB
E*, E" B ciiepyiomeM cMuiciie ,,.» (3TOT CMBIC Jajiee pasbac-
Hsercs)). B TepMuHoOJIOrHH JaHHOrO 0630pa OCHOBHLIE pe3yJib-
ratol [Myunuk, 1965] MOXHO H3JOKHTH Tak: Teopema 1 y1-
BepXKfaeT, YTO HHKaKas HepeluHMas npoGiema paspellleHHs He
MOXKET CHJIBHO CBOJUTBCS K HpoGueme oTHeJIeHHS A/ Napel He-
nepeceKaouIMXcsi NOPOAHMBIX MHOXECTB; H3 JoKasare/bCTBa
TeopeMbl 2 BRITEKaeT, 4TO aJrOpHTMHYecKas MaccoBas npoGie-
ma paspemnmoctd mas Gen (N) ceoguress mo paspemIHMOCTH
(cM. § 1.11) x anropurMuyecKoit MaccoBOH npoGsieme OTHENH-
moctu i Gen (N). (AHanoruyno, ofiMH U3 pe3yJILTaTOB 3a-
Metku [Iymekufi, 1969] Moxep Gurre chopMysNHpOBaH TaKi
BCAKas npoGieMa paspellieH! st IOPOJHMOr0 MHOXKECTBA CHIBHO
‘SKBHBaJleHTHa npofJeMe NPOAONIKEHHS HEKOTOPOH BLHIYHC/IH-
Mol JyHKIHH © paspellHMBIM IrpadHKOM.)

§ 2.2. TpusokenHss K OCHOBAHHSM MaTEMATHKU:
KOHCTPYKTHBHAsl CeMaHTHKa

BosnukHOBeHHE NOHATHS aJrOPHTMa H PasBHTHE TEOPHHU
CTHMYJIHPOBAJIHCh, HapALy O NMPaKTHKOH, Sak/loyalouleHca B
pellleHHH MacCOBHIX Npo0iieM; TaKxke H yMO3peHHSMH, a HMeH-
HO IOMBLITKAMH OCMBIC/HTbL COUETAHHE KBAHTOPOB Vx3dy. O6a
Ha3BaHHHIX aclleKTa TeCHO CBS3aHLI! C ORHOH CTOPOHBI, ecilH
MaccoBasi npoGiemMa HMeeT pellleHHe, TO 3TO O3HayaeT, 4ro (V
enuuuuHas npoGnema) (3 pelllenHe); ¢ APyrod CTOPOHHI, 060-
CHOBaHMe YTBepXKIeHHsi, HauWHawomerocs ¢ VxJy, cocroun
B IpEeNbsIBJIEHHH AN KaXJOro x COOTBETCTBYIOIIETO y, T. €.
B pelleHHH HeKOTOpO# MaccoBO#i IpoCJeMbl.

[Monnmanue 310l mocieNHel MaccoBoii nmpoGieMbl Kak ad-
FOPUTMHYECKOH sBJISIETCA OIpeResioHM P pa3paboTke TaK
Ha3bIBAEMOTO KOHCMPYKMUBHO20 HANPASAEHUA 8 mamemamuke
(cm. [Mapkos, 1962a], [Manun, 1962, BBefieHe i npuioKenue],
[Iauun, 1970], [Kymmsep, 1973, Beepenuel]), nomb3yiouierocs
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0cooft, «KOHCTPYKTHBHOH» JOTHKOH paccyXklenmit. B srofi
JIOTHKe, B YaCTHOCTH, oGocHOBaHHe cyxAeHHs Vx(A(x)V
V 1A (x)) cBasbiBaercsi ¢ IOCTPOEHHEM aJrOPHTMA, YKa3biBalo-
Wero /s KaxIOro X BepHHIH WIeH NU3BIOHKUMH (4 NO3TOMY
IpH HepaspemHMoM A 3TO CyXJIEHHE JIOXKHO).

IMpu TOM, 9TO KOHCTPYKTHBHasl JIorHKa OIHpaercd Ha
NOHsATHE AJNFOPHTMA, ONepHpOBaHHE C aJrOpHTMaMH B pamKax
3TOH JIOTHKH IpeANoJiaraer, B CBOIO ouepesb, OrpanHueHue j0-
nycKaeMbIX JIOTHUECKHX CpeAcTs. B yucsio TakuX cpexcrs Map-
KOB BKJIIounJ (cM. [Mapkog, 1962, c. 11]) cienyromye 5Ba npuH-
nuna: 1) ecaH mpeanoJokeHHe O HEOrpaHHUEHHOH NPOJOJIKae-
MOCTH TIpoliecca npuMeHeHHsi anropurma ¥ x cjaosy P ompo-
sepriyro, To ¥ npuMeHHM K P; 2) ecan Ana cBoiicrsa P ume-
€rCsi aJTOPUTM, BHISCHAIOIIME AN BCAKOrO HaTypaabHOIO 1,
o6J1afiaeT JIH OHO 3THM CBOHCTBOM, H eCJIH ONpPOBEPTHYTO Ipel-
ToJIOKEHHEe O TOM, UTO HH OJHO 1 He o6nagaer cBoiicTBoM P,
10 HMeeTcsi n co coficrBoM PB. Ilocnepuuii npuHuMn BrepBse
cpopmymupoBan B [MapxkoB, 1954al; B [Mapkos, 1956] om
Ha3BaH «IEHHHIPAJCKHM NpHHUHIOM», 2 B [Mapkos, 1962a] —
«METOJIOM KOHCTPYKTHBHOFO mozGopa» (cM. [rakxke Kymnep,
1979)). '

MoxHO, OIHaKO, 3aHHMaTbcs H3yYeHHeM KOHCTPYKTHBHOH
JIOTHKH, TIOJb3ysich OOLIJHOM, ¢KJacCHYeCKOH» JIOTHKOH (cp.
[Hosuxros, 1977]). Tako#t mogxox 6wwi nameuen Kosmoropo-
BoiM B [Kosmoropos, 1932] (KonMoropos mucan 06 HHTYHUHO-
HUCTCKO! JIOTHKe, HO pasiiyHe MeXAY UHTYHUHOHHCTCKOH H -
KOHCTPYKTHBHO{i JIOTHKaMH B JJAHHOM cJlyyae HeCyleCTBeHHO).
IToaxox KoJsMoropoBa COCTOMT B MCTOJKOBAHHH KOHCTPYKTHB-
HOH JIOTHKH KaK /A02UKU 3adas AU npobaem; CYIeCTBEHHO, YTO
ANs MoGHIX ABYX 3aa4 A u B # B KauectBe 0coGo# 3372 pac-
cMarpuBaercsi 3ajaya ceefenus B x A (cp. § 1.11).

Sror o6uuil NOAXOK NO3BOAAET, B YaCTHOCTH, HHTEPIPETHPO-
BaTh NpONO3HLUHOHAMbHEE (POPMYJIEL KaK BbIpaKeHHs JJIsi 3a-
Jau (a He pAs yTBepXKJAeHHH, KaK B TPaJHLUOHHON JIOTHKe):
OpH TAaKOH HMHTEpIIPeTalyH 3HAYEHHSAMH NPOMNO3HIHEOHAIBHBIX
nepeMeHHHIX fABJIAIOTCH 3afayd H COOTBETCTBEHHO MOHHMAKOTCH
NpONO3HIHOHAJEHEE cBASKU: A AB o3Hauaer «pewmtb H A,
H B», A\/B — «pewnth Xorst Obl OfHy W3 3ajau A uan B»,
A—>B — «cBectH pemtenue B K pemennio A», 7| A — «upeano-
JIOXKHB, 4TO peuleHne A JaHO, NOAYYHTb NPOTHBOpEUUE».
AHanoruyHO HHTEpPIPETHPYIOTCH H NpelHKaTHee (OpMYJIbI.

HauGonee monso KoMMoropoBcKufi MOAXOZ BomjomeH B
nouaTHu peasusyemocmu no Kaunu (cM. [Kaunu, 1952, § 821,
[Hosukos, 1977, ra. V, §7]). PealusveMocTHas ceMaHTHKA
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Kauny moxer GpiTh caenylomum o6pasoM H3/I0XeHAa B Bupze
ceMaHTHKH 3ajau. Kaxnas apudmerHueckas (T. e. HpHHajJle-
Xamas shemedtapHoll apudMernke) dopmysa HHTepIpeTHpY-
eTcsi Kak 3a1aya HaXOXKJEHHH HeKOTOPOro KOHCTPYKTHBHOIO
o0BbeKTa, Ha3bIBaEMOro peaju3anueii GopMyJIE H KOAHP YIOUWIEro
HH(POpMAUHIO O ee KOHCTPYKTHBHOR MCTHHHOCTH; dopMyJa Ha-
3bIBaeTCsi peasli3yeMoH, ec/li OHa HMeer peanusauuio, Ilpu
3TOM, HanpuMep, s GopMyJibl Ge3 CBOGOAHHIX NEepeMEHHEIX,
uMeowefi Bua VxA, ee peamusauuedl cyuraercs mporpamma
aJropuT™Ma, JAIoLero o Jo60My 3HaueHHIO IEepeMeHHOH X

peaju3aildi0 NOACTAHOBKH 3TOr0 3HaYeHHS B BMECTO X;
peanusanue#t dopmyant Buza A—B (rze A 1 B — ¢dopmyanl
Ge3 cBOGOAHEIX ITepeMeHHbIX) CYHTACTCS] IPOrpaMMa alrOpPUTMA,
_iepepabaTeIBalomiero BCAKYIO peann3anuio A B HEKOTOPYIO pe-
asnisanuio B.

Jasee onpeaensiorcs pealH3yeMocTb U HeONPOBEPXKHMOCTD
npeJKaTHuX (H, B 4aCTHOCTH, NPONO3HIHOHAIbHEIX) POPMYIL.
Mvenno, npefuxatHas <¢opMysa HaspiBaercsi  (coraacHo
[[Tnucko, 1978)):

1) neonposepacumod (B [Hosuros, 19771 — peanusyemoii)
ecJIH JJlsi KaXKNOHK NOACTaHOBKH apuMeTHUeCKHX GopMys BMe-
CTO ee NPEeAHKATHHX (B YaCTHOCTH, HPONO3HIHOHAJLHEIX) OYKB
CYHIECTBYeT peaJH3alMs pesyJbTHpYyloWell apHpMeTHYeCKOH
popMys;

2) pearusyemott (B [Hosukos, 1977] — sdpdektuBHO pea-
JIH3yeMoil), eclH CYLIeCTBYeT ajJrOPUTM, YKasbiBalOWHMH AJs
KaXKAOW TaKo# MOJCTAHOBKH peaH3alHio pesyJbrara.

CyiecTByIOT IpefHKaTHbIE (HOPMYJIBI, SBJAIOINHEC HEONpo-
BepKHMbIMH, HO He siBMoLiuecsi peanusyeMeiMu (eM. [Tlmucko,
1976], [Ilmicko, 1978]); MoxHO JH HaifiTH TaKyio dopmyiy
Cpei NpOMNO3UIHOHANbHbIX — HenspecTHO. [lanun B [Hlanun,
1958], [Mlanun, 1958a] mozBepr KpuTHKe KJIHHHeBY KOHIen-
nuio peatusyemoctu (Kaunu obcyxzaaer oty Kputiky B [Kou-
HH, 1960]) u npefToKHI CcBOH COGCTBEHHBIN BapHaHT KOHCTPYK-
THBHOM CEMaHTHKHY; 9TOT BapHAHT CBA3bIBAET KOHCTPYKTHBHEIE
3aflayd He CO BCEMH CYXJEHHSIMH, a JHIIb G HEKOTOPHIMH H
onHpaerci Ha TaK HashlBaeMbli aJrOpPHTM BLISABJIEHHS KOH-
CTPYKTHBHOH B8aJayd (a TakxKe Ha aJrOPHTM MAXKOpHPOBAHHS
apupmerndeckux cyxzenuit, cm. [Mlanun, 1973]).

. Jlpyrum ytounenueM 3aMeiciia KoJMoropoBa CHyXHT BBe-
neunas B [Mengezes 0., 1955], [Mensezes 0., 1956] ceman-
THKa NPONOoSHIMOHANBLHLIX ¢opmys. TlofoGHas Ke ceMaHTHKa
Gowia BBeflena B [Myunux, 1963]. [epBas ceMaHTHKa OCHOBaHa
Ha CHJIbHBIX, a BTOpasd-— Ha cJabHX CTENEHAX TPYAHOCTH, Jas
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TOro yToOh! OPEACTABUTHL KAXKAYIO H3 CEMaHTHK KaK CEMAHTHKY
npoGneM, Heo6xoaumo BeroMHEHTb (M. § 1.13, § 2.1), YTo cuilb-
Haf (COOTBETCTBeHHO c/aGas) cTemeHh TPYAHOCTH IpejcTaB-
asieT coGoit Ki1ace 3KBHBAJIEHTHHIX MacCOBLIX NPOG/IeM B cMbiC-
Je Mezsenesa, ecqi 3KBHBAJIEHTHOCTBIO fpobieM CYHTATh HX
CHJIBHYIO (COOTBETCTBEeHHO c/1aGyi0) CBOAMMOCTE JPYT K JAPYTY.

Hrak, Bo3pMeM perlerKy MezBeneBa uiy peilerky My4HHKa.
Jus npoussonbHoro E u3 BuiOpanHOH pemerkd HPONo3HilU-
OHAJIbHEIE CBSSKH CjAelylomuMm oGpa3oM HHTEPIPETHPYIOTCH
KaK onepalyn Ha HadanbHoM cermente Se={X|0<X<E}
3TOH pelleTKH: KOHBIOHKIHA A\ KaK U, ZH3DIOHKIHS \/ Kak
N, uMoaukangs A—B ecrt nHauMeHpIUHH 3/eMeHT (JOKAasHl-
Baercsi, Uro Takoi cymecrsyer) muoxecrBa {CIB<LAUC}
HakoHel, |A ecrb A—E. Bcskasi Jlokasyemass gopmysa HH-
TYHLHHOHHCTCKOTO IPONO3HIHOHAIBHOIO HCYHCJIEHHS TOXAECT-
BEeHHO OpHHHMaeT 3Hadenue O Ha mobom Se. Hanee, TOABRKO
Zas pererkd Menseaepa: npu E=1 nas ¢opmyJ, He colepxa-
KX OTpHIAHUS, MMeeT Mecro TeopeMa IoauoTH (cM. [Menase-
zes 10., 1962]): Bcsakas QopMyJsa TaKoro BUJa, TOXKAECTBEHHO
paBHas 0 Ha S;, jOKasyeMa B HHTYHIHOHHCTCKOM IIPOIO3H-
HHOHAJBHOM HCUHC/IEHHH; Jyisi GOpMYJI, COAepKalHX OTpPHIa-
HHe, 3Ta TeopeMa IOAHOTHl OYeBHAHLIM 06pasoM Hapyluaercs
(B mpotHBOpeuHH co ckasaHunM B [Pomxepc, 1967, § 13.11:
dopmyna 1AV ] TA ToxkzecTBeHHO paBHa HYJIO, HO He JO-
Kasyema), 4 3a7aua 0 TakoM BeiGope E, 4roGhl TeopeMa NMOJHOTH
uMesNia MecTo AN BceX (OpPMyJ HHTYHUHOHHCTCKOI'O IIpO-
NO3HLMOHANLHOIO HCUHCJeHUus, ocTaercss oTKpurroil. Vmeer
JII MECTO KaKas-H00 reopeMa o MOJHOTE AJS pemieTKH Mydy-
HHKa, HEeH3BeCTHO.

T'oBopsi 0 KOHCTPYKTHBHOH JIOTHKE, Mbl OTPaHHUHBAIHCH
J0 CUX IIOp JIMHIb CYXAEHUSMH — HX KOHCTPYKTHBHBIM IIOHH-
MaH{eM H YMO3aKJIOUeHHSMH, BEIYLIUMH K KOHCTPYKTHBHOMY
000CHOBAHUIO HX HCTMHHOCTH (C/IeLyeT 3aMeTHTb, BIIPOUEM,
YTO B KOMCTPYKTHBHOH JIOTHKEe IOHATH CYyMKJeHHe — SHauHuT
HOMSITh, UTO siBJIsieTcsl ero ofocHoBaHueM). OAHAKO JIOTHKA 3a-
HUMAETCst eIne H NOHATHAMH, H KOHCTPYKTHBHOE OCMELIC/IeHHe
NOHATHH TaKKe JOJKHO COCTAB/SATH NpPeIMerT KOHCTPYKTHBHOH
JIOTHKH. TIOCKOJILKY HCTOKH COBpPEMEHHOFO KOHCTPYKTHBHOIO
HanpaBlleHHs1 B MaTeMaTHKe JieXaT B HHTYHIMOHM3ME, Obul
IIPEANPHHAT PAJ NONHTOK HHTEpNpeTalliH HEKOTOPHX HHTYH-
UHOHHCTCKHX IIOHSTHH Ha OCHOBE a/JArOPHTMOB: B YaCTHOCTH, Ta-
Kasl nonuiTka ocymectsiaeda B [Kmunn, 1952a] mas 6payspos-
CKOro nouatnst Muoxecrsa M B [Yemenckuii, 1957, § 7] pna
BEH/IeBCKOrO NOHATHA (YHKLHH.
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Cneuuduyeckyio o6nactb NPHJOMEHHH TEOPHH aJropur-
MOB K KOHCTPYKTHBHM3anHH NMOHSTHH cocTaBlsieT ucc/eloBaHue
onpejie/leHH#l ¢ TOUYKH 3peHHH HX KOHCTPYKTHBMOCTH. Kon-
CMpYKMuUsHbIM  YCAOBHO Ha3bIBaeTcs TAKOe onpefeleHne, B
KOTOpoM oIpeliefisieMoe CBOHCTBO CBSi3biBaeTcd ¢ HaldHuHeM
HEKOTOPOH KOHCTPYKUMH] TAKOBO oNpejeseHHe NepedrcaTHMOro
muoxectsa. C Apyro# CTOPOHE!, oNpe/ie/ieH e HellepeuH I MOTro
MHOKECTBA HEKOHCMPYKMUBHO B TOM CMEICJE, YTO COCTOMT B
IIPOCTOM OTPUILAHMH HAJHUHS COOTBETCTBYIOMIEH KOHCTPYKLHH.

OxasblBaercsi, 4To B psje CaydaeB cpeiu BceX OGBEKTOB,
He oGMajialomux cBofictBoM A — «06BeKTOBR He A»,— ypaercs
BhIIe/IHTh OOBEKTH, He obAajalomye cBoiictBoM A B HEKOTOPOM
KOHCTPYKTHBHOM CMEBIC/IE — «O0BEKTHl KOHCTPYKTHBHO (MJIH
a¢dexTuBHo) He A». FIMeHHO, OGBEKT ¢KOHCTPYKTHBHO He
A» — 3710 TaKOH 0GBEKT, A1 KOTOPOTO CYIIECTBYET aJTOPHTM,
OTJINYAIONIHi ero oT JIo6oro o0nheKTa, 06Jafalomero CBOHCTBOM
A. Hampuvep, B [Ycnenckuit, 1960, § 131 pasGupatorcs kowu-
cmpykmususayuy onpedeseHut! He KOHEYHOrO MHOXKeCTBa, He-
HepedHcNMMOr0 MHOXKecTBA H HeOTHeNHMOM Napbl MHOXECTB,
a B [Ycnencku#, 1974, § 9] BBonuTcs o6Lee NOHATHE MHOMe-
crBa, 3{xpeKTHBHO OTJIHYHOIO OT MHOMKECTB 3aJlaHHOro cemef-
crsa. Haxonen, npoGieMy ecrecTBeHHO HashIBaThb 3¢eKTHBHO
(MK KOHCTPYKTHBHO) HepeWIMMOH, KOJb CKOPO CYIilleCTBYET
aJITOPHTM, OTHICKHBAIOIHK A I KakAOro KaHJKJara B pellleHHs
HPHYUHY, NIOYeMy 3TOT KaHJUAAT He sBJseTcs B JeficTBHTE/b-
HOCTH pelleHHeM; ZAJid TaK HaShIBAEMBIX NAPAMEMPUHECKUX
npobaen B [Mexsenes 10., 1969] ator ofwmuii ¥ pacmibBYATHL
3aMHICeAl KOHKpeTH3HpYyeTcss B TOUHOM IOHATHH 8ghexmusro
onposepxcumoll napamerpuyeckolt npobreMsl.

§ 2.3. Mpunoxkenus K MATeMaTHUYECKOH JIOTHKe: AHAJM3
()OpMAIH30BAHHBIX A3LIKOB JIOTHKH H apH(METHKH

B [Yépu, 1956, § 071 mamemamuueckas roeuka, WM cumeo-
AUMECKAS M02UKA, WA Ao2uCmuKa, OupeledeTcs KaK «IpeaMer
¢opmanbHoOi JIOTHKH, H3y4YaeMEll METOAOM MOCTPOeHHs dopma-
JIM30BaHHBIX s3bIKOB». Cpenu (OPMAIH30BAHHBIX A3BIKOB BhI-
JeNSIOTCS YHCTO JIOFHYeCKHe fASLIKH (IIPONO3HIMOHAJbHHE H
npeauKaTHele), A3BIKH apHOMETHKH 1 ASHIKH TEOPHH MHOXeCTB.
ITpeduramnosle 36ikt, KaK dJMeMeHTapHHEH (OH Xe Y3KHH HJH
NepBOro MOpsifika), TaK M Hed/leMeHTapHple (pacmMpeHHbIe
HAH BEICIIHX TIOPSIAKOB), CAyXaT AAs GHOPMaJbHOA SalucH
CBOHCTB MareMaTHUeCKHX (IIpexkfie BCEro aareGpaHyecKHx)
CTPYKTYD, B 4aCTHOCTH JJI aKCHOMATHYECKOIO OlHcaHHs pas-
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JHYHBIX KJaCCOB TaKHX CTPYKTYp. Ssviku apugpmemuru ciy-
XKar It OMHCAaHUsl HarypajJbHOro psja (KOTOPHIE Bpsif JH
MoxkeT OBIThH 3afaH AKCHOMATHYECKH H, BO BCAKOM Cllyuae,
JloJKeH OdeBMIHBIM 00pa3oM paccMarTpHBaThbcsl Kak Mpepule-
CTBYIOIMME KaKUM-JIHGO aKCHOMATHUECKHM pacCMOTPEHHSM).
S3viku meopuu MHOJCECMS He MMEIOT OTYETIHBOH CEMaHTHKH
H DpejHasHAYeHH! JJIH 3a0HCH Pa3/IHYHBIX aKCHOMaTHYECKHX
Teopui.

B rex cayuasx, KOrjia 9T0 OCMBICAEHHO, Al GODMYJ 53bIKA

- ompesiensieTcsl MOHsATHE HCTHHHOCTH (HA TOM HJIM HHOM KJjacce

06CTyKHBaeMbIX STHM $I3BIKOM CTPYKTYP) H CTaBUTCH aJIrOPUT-
MHYecKas MaccoBasi mpoGaeMa pacliosHaBa¥Hst HCTHHHOCTH, HJIH
CEMARMUYECKAs npobiema paspeienua: ToCTPOUTD ANTOPHTM,
pacnosHatomuii 1Mo GopMyne s3blKa, HCTHHHA OHA H/M HeT.
Jlnst AspIKoB, 061a/AI0NIHX JOCTaTOYHO GOraThIMH BHIpa3SHTENb-
HHIMM CpeACTBaMH (2 UMEHHO JOCTaTO4YHO GoraThIMH A/ TOrO,
uToGHl BLIPa3HTh, B PasyMHOM CMblcle, KakoOi-lu6o Hepaspe-
IIMMBL TpeAHKar), ceManTHyecKkas npobiema paspelleHus oKa-
3niBaeTCs HepeminMoh. HepermaeMocTs ceManTHYeCKO#H IpoGeMbl
paspelieHust AJs #3biKa apUQMETHKH, COJepiKaliero pa-
BEHCTBO, CJOXKEHHe H yMHOXeHue, oTMeualjach Bemie’ B § 1.
371ech Mbl 3aMETHM TOJHKO, YTO HepellaeMOoCThb 3Toi NpolJeMsl,
T. e. HepaspemUMOCTb MHOXKecTBa HCTHHHBIX GOpMyJ apH(Me-
THKH, SIBJISieTcss TPHBHAJBHBIM CleACTBHeM HeapHdMeTHYHO-
CTH YKa3aHHOTO MHOXKECTBa, a 2Ta HeapHOMeTHYHOCTD, B CBOIO
ouepesb, mpejcTaBJseT cofoll npocToe mpuMeHeHHe K JaHHOMY
CNyyaio U3BeCTHOHR TeopeMbl TapcKOro 0 HEBHIPA3UMOCTH IOHS-
THS HCTHHHOCTH B f3LIKE CpEICTBaMH TOro ke s3nKa (cM.,
nanpumep, [Ycnenckuii, 1982, mpunoxenue Bl).

Ecan ans sisbika apHQMETHKH eCTeCTBEHHO paccMaTpHBaTh
HCTUHHOCTh Ha OAHOH CTPYKType (Ha HaTypajinbHOM pAny), TO
AN IpeAHKaTHEIX ASHIKOB €CTeCTBEHHO paccMaTpuBaTh HCTHH-
HOCTb Ha BCEX MBICJIMMBIX CTPYKTYpax, MM HCTHHHOCTL IIpU
BCEBO3SMOXKHBEIX HHMTEpIpeTauysax; TaK HoHHMaeMas HCTHHHOCTD
HaspBaeTcst o6uesHauumpcmero. s paciiipeBRHBX NpeiHKar-
HBIX I3LIKOB caMO NOHHMaHHe OGLIe3HAYHMOCTH HaTalKHBaeTCs
Ha CephbesHHie TPYAHOCTH TEOPETHKO-MHOXKECTBEHHOro Xapak-
Tepa. JIMs y3KOro npefMKaTHOTO si3nKa (HHaye — f3HIKA
9/leMeHTapHON JIOTHKH IPelMKaToB) IpoGJeMa pacllo3HaBaHHA
OOLIE3HAYMMOCTH INIpHBJIeKala INPHCTaNbHOE BHMMaHHe MaTe-
MaTHYECKHX JOTHKOB HaumHas ¢ 1915 r. (cm. [Uépu, 1956,
§ 491); sra npoGnema, nonyunsmas HasBauue «das Entschei-
dungsproblem», HasBana B [Tuns6ept, Akxkepman, 1938, ra. 111,
§ 12] raasHOK npoGnemol MaTeMaTHyeCKOH NOTWKH, B cmiy
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Teopemul I'énentsa o noasore, das Entscheidungsproblem pas-
HOCHJIbHA npobJieMe pPacrno3HaBaHHA JOKa3yeMOCTH SJeMeH-
TapHBIX NpeAHKaTHHX GOPMya (NPH NOAXOZSAIIEM NMOHATHH JO-
Kadyemocru). B 1936 r. Hepemaemocrs das Entsheidungsprob-
lem Guina HesaBHcHMO ycraHoBjieHa Uépuem u Twiopunrom
(cm. [Yépu, 1936al, [Yépu, 19366], [Toiopunr, 19361, [Trio-
punr, 1937]). AHanoruunbie pe3yJAbTaThl HMEIOT MECTO H AJs
peaii3yeMOCTHOH CEMaHTHKH NPeAHKaTHHX dopmya (em. § 2.2):
HEBO3MOXKEH HH a/ITOPHTM, PaCNOSHAIOMMH pealli3yeMoCTb Ta-
KHX (OpMyJI, HH aJTOPHTM, PAcNO3HAIOWUHA UX HEONpOBEpKHU-
MOCTDb. ITH pe3yJIbTaThl cIeLYIoT ua Teopem [lnucko: 1) Muoxect-
BO BCEX peaNH3yeMbIX NpEJAMKaTHBHIX (OpMyJ He sABJAeTCS
apupmernyeckum (cM. [Iliucko, 1973}, [ITaucko, 1977]);
2) MHOKECTBO BCEX HEONPOBEPIKHMLIX NPEXHKATHHX (GOpMYJH
He sBAsiercss apudMernueckum (cM. [[liucko, 19761, [ITaucko,
1978]). OTHOCHTEJILHO PA3pelHMOCTH ¥ apHOMETHYHOCTH MHO-
JKecTBa peaju3yeMBIX H MHOXKECTBA HEONPOBEPKHUMBIX Mpo-
HO3UIHOHANHEHKX GOpMYJ HUYEro He H3BeCTHO.

Hapsany ¢ npo6neMofi paspemenns A MHOXKECTBA HCTHH-
HBIX pOpMya, NpeicTasasioweil cofoil mpoblieMy NOCTPOSHHS
aJropuTMa, eCTEeCTBEHHO CTaBHUTb MNpobJieMy HOPOKACHHS
5TOr0 MHOXKECTBA, NIPeACTaBAMIOILYI0 coboli mpobiaemy mocrpo-
€HUA HCYHCTeHHsA: Tpefyercda NMOCTPOHTH HCYHCIACHHE, NOPOXK-
Jaloliee Bce WCTHHHBIE ¥ TOJNBKO HCTHHHEIE (GOPMYJH (B 3K-
BHBAJIeHTHHIX TEPMHHAX: IIOCTPOHTH JIOTHCTHUECKYIO CHCTEMY,
B KOTOpOH AOKashiBaioTcs B TOYHOCTH Takue dopmyisnr). Teo-
pema I'édeas 0 noanome naetr NOJNOKUTENBHOE pelieHHe 3ITOH
npo6JeMul Il A3bIKA 5JEMEHTApPHOH JOTHKH NpeIHKaToB, a
meopema T'édean o HenoaHome — OTPHIATE/IbHOE pelleHHe
3TO# NpobJieMHl AJis A3bIKA 3JIeMeHTapHo# apudMeTury. Bximo-
UeHHe TeOpeMbl O HenoJHOTe B KOHTEKCT MOHSTHH TeopeTHue-
CKOro NporpaMMHpOBaHHsl ocylecreieno B [[nymkos, 1979].

Teopemy O HenoJIHOTE€ MOMKHO BOCIPHHHMAThb KaK YHCTYIO
TeOpeMy HecymiecTBoBaHus. OJHAKO yXKe NOKa3aTeNLCTBO (a B
KOCBeHHOH ¢hopme — naxe ¢opMyupoBka) caMoro Iénens s
[Fénenn, 19311 copepxkut anroput™, nossossiomui no J6oMy
HCYHCJIEHHIO (JIOTHCTHUYECKOH CHCTEME) YKa3aTh OTJIHUHE IIOPOXK-
JaeMOro 5THM HCUMCEHHEM MHOXKecTBa (T. €. MHOXECTBa BCex
Gopmy1, fOKa3yeMbIX B 3TOH JTOTHCTHUECKON CHCTEME) OT MHOXe-
CTBa BCEX HCTHHHHIX GOpPMYJ] aphH(METHKH, T. €. yKasarhb sJje-
MEHT OJHOTO M3 5THX MHOMECTB, He NpHHaIJIeXKallluli Ipyromy.
SIcHO, UTO 5TUM CBOWCTBOM <aghhexmusroll 2éderesocmu» (cp.
[¥Ycnencknit, 1974, § 10]) obaanaior B TOUHOCTH Te A3BIKH, Y
KOTOPBIX MHOKECTBO BCeX HCTHHHBIX (OPMyJ 3(eKTHBHO OT-
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JuHO (cM. §2.2) oT BCex MepeuHcAHMBIX (T. €. IOPOAUMEIX)
TIOZIMHOMKECTB MHOXKECTBa Bcex (opMyJ.

€BO3MOKHOCTb BBECTH JJISi KaKOro-1u60 ASblKAa ajeKBat-
HOR, T. €. PaBHOOGBEMHOE MCTHHHOGTH, MOHATHE JOKa3yeMOCTH
(a sTa HEBO3MOXKHOCTb H COCTABJISieT NpEeAMeT TeopPEMh! O He-
NOJIHOTe JUIS1 PAacCMaTPHBAEeMOTo f3HKa) TeCHO CBfizaHa C IO-
HATHEM HEOTJENHMOCTH (XBAa MHOXKECTBA HeomdOeaumbl, €CHH
OHH He ABJAIOTCA OTACTAMBIMH, cM. §,2.1). Kak nogmernnu Kan-
ud (cm. [Koinm, 1952, § 61]) u Koamordpos (cM. [YcneHckui,
1953) uan [Venencknit, 1953al), ecniH HMeIOTCA ABAa WeOTHEJH-
MBIX MHOXecTBa (OpMYJ Kakoro-au6o ssblka, NpHIEM Bce
(GOPMYJIBL HS TePBOTO MHOMKECTBA HCTHHHHI, a BCe (QOPMyJBl U3
BTOPOrO MHOXKECTBA JIOXKHHI (B TOM CMBIC/IE, YTO HCTHHHBI HX
OTPHUAHHUsA), TO JJI pacCMaTpUBaeMOro f3bika HeJb3s BBECTH
HENPOTHBOPEYHBYIO JIOTHCTHYECKYIO CHCTeMY, SIBJAIOLLYIOCS
nonHo# (T. e. TakoH, B KOTopoHt Bce HCTHHHBIE GopMYJE! GKa-
3bIBa/IECh OBl JI0KAa3yeMBIMH).

10 06CTOATENLCTBO MO3BOJAET [10MYIaTh €TOPEMHI HENOJIHO-
TH, U3berasd PacCMOTPEHHS C/IOKHO YCTPOEHHOTO MHOMXKECTBa
BCEX HCTHHHBIX opMyJI (conepraero 1 Takie GopMyis, yera-
HoBJleHHe HOTHHHOCTH KOTOPHIX BCTpEYaeT TPYXHOCTH), a orpa-
HHUNBAfCh NOCTPOEHHEM KAaKOTO-THGO MHOMKeCTBAa ¢3aBelOMO
HCTHHHHEIX» (JOPMY/ ¥ KaKoro-NHG0 MHOKECTBA «3aBEHOMO JIOXK-
HbIX» GOPMYys — TaK, UTOOBI STH ABA MHOXKeCTBa ObLIH cpas-
HHTE/ILHO TPOCTO YCTPOEHEI, HO BCe XKe HeoTAeNHMbl. (Pasmuu-
Hble BapHaHThl KOHCTP YKTHBH3aUHH NOUSITHS HEOTAEIHMOCTH —
cm. [Venenckui, 1953), [lmyapan, 1958], [lmyasan, 19601,
[Wmynpsn, 1961, ra. V, § 1 u 121, [Vcenenckuit, 1960, § 13] —
€CTECTBEHHO NPHBOJAT K COOTBETCTBYIOIIMM BapuaHraM sddbek-
THBHON réjeneBocTu.) Annapar HEOTAENMMOCTH MOXeT OblTh
OpHMeHeH H JUIS YCTAHOBJIEHHA HepEIaeMOCTH CeMaHTHYECKHX -
npobaem paspewenns (cM. [Tpaxten6por, 19531). :

Bcio TeOpHIO NOKas3aTelbCTB MOXKHO DaccMaTpuBaTh Kak
BetBp NPUKJIAAHON TEOPHH aJArOPHTMOB H Hcudchennit. M peno
TYT He TOMBKO H HE CTOJbKO B Pe3yNbTaTax, CKOJLKO B HCXOJ-
HBEIX HJIEeHHBIX npepnochinKax. CaMu NOHATUS GOPMAIBLHOTO JI0-
KasdtenncTBa M JoKasyeMofi (OpMy/bl, paccMaTpHBaeMeie BO
BCEH HX OOHOCTH, ONHpAIOTCA Ha (yHAAMEHTATbHbIE Npel-
CTaB/NeHHA aJTOPHTMHYECKOrO MWJH HCUHCIHTENBHOTO Xapak-
Tepa. 37iech BO3MOKHEL Ba NMOAXOAA (pasyMeercsi, SKBHBAJICHT-
HBbIX), OTHAIOLIHE, COOTBETCTBEHHO, NPHMAT MOHATHIO HCUMC-
JIEHHSA WJIM NOHSATHIO aJTOpPHTMA.

ITepBhifi NORXOX COCTOHT B TOM, YTO NOHSATHE HOKa3yeMo#
(opmyJIl BBOAMTCA HenocpelICTBEHHO, 6e3 HCMOJb30BAHHA N0~
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HATHA JIOKa3aTe/lbCTBA: (OPMYJAa Ha3HBaeTcs AOKasyeMoii,
€CJIH OHA MNOPOXKAAETCA PACCMATPpHBAEGMOH JIOTHCTHYECKOH CH-
cremoil, JlokasaTenpcTBA BBOASTCS INOTOM Kak  TPOTOKOJLE
(samucu) nopoxkjenuil, UTo xe Kacaercss camMoro TOHATHSA JIO-
THCTHUECKOH CHCTEMBI, KaK OHO NOHHMAeTCs, HanpuMep, B
[Uépy, 1956, § 07] umu B [Munckuit, 1967, § 12.21, 1o Tpynuo
OTJIMYHTE 9TO NOHATHE OT OBIIEro NOHATHS HCYHCACHH A — MOXK-
HO NPOCTO CKa3aTh, YTO JIOTHCTHYECKHE CHCTEMBI — 3TO TaKHe
HCYHCJ/IEHHs, KOTOPBbIE OPHEHTHPOBAHBI HA MOJNyYeHHe GOPMyJI
B (opMa/ii30BAaHHEIX $isbIKaX (W 5Ta HANpaBJEeHHOCTh OTPaXKa-
€rcst B CONYTCTBYIOWEN TePMHHOJIOrHH).

Bropofi NOXXOX COCTOHT B TOM, UTO CNEPBa BBOAMTCSH MOHS-
THE JOKA3aTe/NbCTBA, & 8aTeM Uepe3 HETo ONpENeNseTcs NoHITHE
Jokasyemolt ¢opMysnl. OcHOBHOe, 4o Tpefyercs OT HAOKasa-
Te/NbCTBA NPH TaKOM NOAXOHE,— 3TO 4TOGH! CYIIECTBOBAN aJl-
FOPUTM, OTJHYAIOMMA [O0Ka3aTeNbCTBA OT HEJOKAa3aTe/hCTB,
T. €. YTOObI MHOXKECTBO BCEX HOKA3aTeNbCTB OBIIO PaspelinMuIM;
s10 TpeGopanue obocHopano B [Uépu, 1956, § 07]. Paccmarpu-
BaeMbIHl NOAXON €CTECTBEHHO NPHBOAUT K NOHATHIO JEAYKTHKH
(cM. [Yenenckuit, 1974, § 31, [Ycnenckuit, 1982, § 1, n. 3.3]).
Hedyxmuxod Hap andasurom B paccmarpuBaemoro sismpika Ha-
spiBaercsi npousBoabHas tpoiika (I, D, 8), rae JI — npous-
BONLHHIA andasuT (andaBuT XoKasarensbcTs), [ — NpoH3BOJb-
HOEe paspemMMoe MHOMKECTBO ¢/10B B andasure [ (MHOXKeCTBO
BCeX JOKasaTeNbCTB) H O — Takas BeuHCAMMas QyHKUMA
(byHxuuw BbIASNIEHHSI JOKAa3aHHOrO), KOTOpas onpenejeHa Ha
BCSAKCM 3/1emeHTe U3 D u sHaueHHsiMH KOTODOH CJ/Iy2Kar cJioBa B
andasure B. Te caoBa B B, xoropsie NpuHaiIeRaT MHOXKECTBY
8 (D), HasmBaworca 00Ka3yembiMu OTHOCHTENBHO NAHHON Je-
AYKTHKA. TToHATHE BERyKTHKH MOXET TPaKTOBAThCA KaK yTou-
HeHue HauboJsiee oOlIEro HHTYHTHBHOIO NpejcTapieHus o dop-
MaJibHOM ROKa3aTeNlibCTBe. -

3ameTnm B 3ak/oueHHe, 4TO, Kak mnojdepkuyro B [Uépu,
1956, § 07}, ucnospsoBaHHe aJrOPUTMHUECKHX TNpeICTaBe-
HUf Tpe6yercss He TONBKO NPH BBEJCHHH NOHATHA AOKas3yemo-
CTH, HO ¥ Ha Gojiee PaHHHX CTajgMAX H3yueHHd (OpMaaH30-
BaHHBIX ISHIKOB, B YACTHOCTH NpPH oHpefeNieHUH NOHATHSA (npa-
BUAILHO TOCTPOEHHOM) GopMyInl,

§ 2.4. BomuucauMerit asaau3

2.4.0. Pannas wucropusi: bBopeap ® Toiopunr. [loustue
BHIMUCAUMO20 OelicmBUMEeAbHO20 WUCAQ B SbIMUCAUMOT (PYHKYLL
GelicmEUMENbHOZ0  NEPEMEHHO20 BOCXOIAT K cratbe DBopens
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[Bopens, 1912]; B 3TOfi e craThe HaMEUGHBI H HEKOTOpHIE
'OCHOBHbIE (aKThb! BRIMHCIEMOrO aHanu3a. Pasjen 11 ykasanuoi
crathu HasbiBaercst «Buumncnumuie ancaay (Nombres calculab-
les) u HauMHaeTcs coO CMELYIOUIEro onpeeeHHs: «Mbl CKaxeM,
YTO YHCJO G BHIUUCAHMO, KOJb CKOPO A NPOH3BOJBHOIO Lie-
JIOTO 1 MOXKHO NOJYUHTH PalHOHa/IbHOE UHCJIO, KOTOpoe OTJIH-

1 o
4aercs OT & MeHee ueM Ha —». Cle/laHHOe B 5TOH POpMYAHPOBKE

NpHMeYaHHe O «HOCTOBEPHOM M HEHBYCMEICJICHHOM MeTofie» Mo-
JyueHus (OHO NIpOLHTHpOBaHO HaMH B § 1.1) ne ocrasager com-
HeHuil, uro Bopenp HMen B BuAy camyio oOImyI0 KOHILENLHIO
anrzopummuneckott gowucaumocmu. Cefiuac Mpl 6Bl CKasasu:
«[deficTBATE/BHOE UHC/O & BHIMHCAUMO, KOJb CKOPO CYILECTBY-
€T aJITOPHTM, HAKOLIUH 10 BCAKOMY LeJIOMY MOJNIOXKHTe/IbHOMY 1

1 .
panHoHalbHOE npuénumeune K & ¢ TOYHOCTBIO RO 71_»'

Hanee Bopeanr ykasbiBaer, YTO €C/IH ABA BEIYMCIHMBIX YHC-
712 He paBHBI, TO HX HEpaBeHCTBO MOXKET ObITh PaHO HJIH MO3LHO
oOHapyKeHO nyTeM noxfopa RocTaTouHO GAM3KHX palHOHAJIb-
HBIX npuGIMXKeHu#l (XOTS TOYHOCTb, ¢ KOTOPOH Heo6XOAUMO
6parb Takne NpHOJNHXKEHHS, H He MOXKeT ORITh NpeJBufeHa 3a-
panee); ecJi XKe ABA BHUMCAXMBIX 9HCJa PaBHBL, TO NONBLITKa
O6HApyKUMTh HX PaBEHCTBO MOMET HATOJKHYThCH Ha Hepaspe-
mumble TpyaHocry (difficultés insolubles). CoBpemennas dop-
MyJaHpoBKa: «KakoBo 6l HH OBUIO KOHCTPYKTHBHOE HEHCTBU-
TeJIbHOE UHCJIO Y, HEeBO3MOXEH ajlrOPHTM, YKa3blBAIOHIMH s
Ji000ro KOHCTPYKTHBHOIO AeHCTBHTENLHOIO YHCJA X BEpHbL
uieH JU3BIOHKUMH (y=y)V (vs=y)» (IKywmmep, 1973, ra. 4,
§ 1, Teopema 3]).

Paspen II1 craren Bopens HasmBaercss «BhuncauMble
byHKuMH ¥ QYHKUMHE C acHMITOTHYECKHM OIpEje/NeHHeM»
(Les fonctions calculables et les fonctions & définition asymp-
totique). Bykpannrnas dopMyanpoBra raacur; «OyHKIHA Bbl-
YACAMMA, KOJb CKOPO €e 3HaueHHe BBIYHCIHMO IS KaXAOro
3HaueHHd apryMenta», OnHaKo B NOCTeRYIONIMX KOMMEHTAPHAX
Bopeib, no cymecrsy, TpeGyer Halluuns aaropuT™Ma, NO3BOJAI0-

1
IEero N0 @ H 1 BHMHCIHTH [ (0t) ¢ TOUHOCTBIO -+ NIOAICHAA NIpH

9TOM, YTO «33/aTh BEIYHCIAMMOE YHCJIO & — 5TO NPOCTO 3akaTh
METOH TMOJYYeHUs 6 ¢ NPOM3BOJILHOH TOUHOCTHION,
CoBpemenHoe onpenesieHHe BBIUMCAUMOR (YHKIMH Bhluuc-
JINMOTO ICACTBHTE/ILHOTO [IEPEMEHHOT0 (CM. HHIKE) MOXET no-
STOMY TDaKTOBarbCsi KaK yTOuHeHHe onpexeneHus Bopens.
(IlpaBusibHee Guislo Gbl Ckasatb, BIPOYEM, 4TO ORHOBPEMEHHO ¢
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yTOUHEHHeM NPOHCXOMUT H OTPAHHUEHHE 06J1acTH OnpeneneHys:
«COBPEMEHHbIe» BHIUHCAHMBlE QYHKIME PAacCMATPHBAIOTCH JHINp
Ha BEIYHCIUMBIX NEACTBUTENbHHIX uuciax.) bopens dopmysmnu-
PYET X YTBEPXKACHHE O HENMPEPHIBHOCTH BBIYHCANMON OYHKuun
(moKasTeNLCTBO STOrO YTBepKAEHHA ObLIO HANNEHO JHILL B
1956 r. LlefitunbiM, cM. Hike). OH numeT; «OyHKIUA He MOKeT
ObiTh BEIYHCIUMON, €C/IH OHA He ABJfETCS HenpepblBHOH, Mo
KpaiHeH Mepe AJs BHIUMCAHMbIX 3HaYeHHH aprymenta». «Bonee
TOrO,— yKaskiBaer Bopeab, — HyxHO npeanonarars u3Bect-
HOH Mepy HelpephbIBHOCTH QYHKIHH, TO €CTh HHGHHHTESHMAND-
Hblit NOPAJIOK (B OGOGIEHHOM CMBICIE) H3MEHEHHS GYHKUUH B
CpaBHEHHH © HM3MEHEGHHEM aprymedras. Ecid noHumars 3Ty
«MepYy HenpepLIBHOCTH» KAK BBIMHCIUMEIN PETyNATOD HeNpephIB-
HOCTH (CM. HHJKE), MOKHO 8aKJIIOUHTh, uTo Bopesip uMen B BuRy
He NpPOCTO HEIPEPhIBHOCTb, HO BHIYHCIHMYIO HENPEPEIBHOCTD.

Cucremaryueckoe pasBHTHE BBHIMHCJIMMOTO aHajius3a Ha oc-
HOBE TOUHBIX aJrOPHTMHUCCKHX NPEICTABJEHH HAuaJoch CO
crarveit Toiopunra ([Teopunr, 19361, [Toiopunr, 19371). He-
TOPHS 3TOTO pasputua npociexeda B [Kywmnep, 1973, Beese-
Hue, m. 2].

2.4.1. Kouctpykrusuplii ananus. ITybnuxanun B obcyx-
zaeMoli obs1acTi MOXKHO OTHECTH K OZHOMY M3 ABYX HampasJe-
HUH. 3a NepBbIM U3 HHX MBI COXDaHSeM Ha3BaHHE «Bo/ULCAUMbLI
QHaAU3», BTOPOe OOBIUHO HA3LIBAETCS CKOHCMPYKMUBHLILL aHa-
au3y, OOBEKTHl, H3ydaeMble B NepBOM HanpapB/eHWH, HOCAT
Ha3BaHUA «BBHIUUCAUMBIE UHCAA», «BBUHCAUMBIE (PYHKOHH® H
T. II.; 00BEKTHI BTOPOTO HANpAaBJCHHS HA3bIBAIOTCA «KOHCTPYK-
TUBHBIE YHCJA», ¢(KOHCTPYKTHBHBIE QYHKIHU® U T. I.; K COXa-
JIEHHIO, 5TO pasjieJieHHe TepMUHOJOTHH He Bcerga coO/ofxa-
ercs.

Pasnuune MexAy HanpaBleHHAMH COCTOHT B CJAEAYIOLIEM.
Boiuncaumelfi aHanu3 BhieAsieT Cpefd TPaRHIHUOHHBIX OObek-
TOB aHaau3a — uuceNl M (PyHKUHH — BBIUUCAHMEIR, T, €. CBSi-
‘3aHHBle ONpejieNieHHBIM o6pasoM ¢ anroputMamu. KOHCTpYK-
TUBHBIH aHAMH3 paccMaTPHBaeT BBIUHCIUMEIE UHCAA H QYyHKIHU
He Kak 4Yactb OoJiee OOIIHPHOH COBOKYIMHOCTH BCEX UHCEN H
¢yHKUHA, a camu no cebe. Dosee Toro, NOHATHE NMPOTPaMMEL
yycsa UK GYHKIHK ABAAETCA AJA HEro HCXOHHBIMI KOHCTPYK-
THBHBEIM YMCJIOM HAsBIBAeTCH TO, UTO B BEIUMCJAMMOM aHajuze
Ha3hIBAETCH NPOrpamMmoll BHIYMCIMMOIO YHCJa, 8 KOHCTPYKTHB-
HOli ¢yHKuMel — T0, UTO B BBHIYUCJIHMOM aHa/H3e 1lashiBaeTcs
nporpaMMoll BeIYHCAHMOH (DyHKIMH; Ha KOHCTDPYKTHBHBIX
qHCMaxX H KOHCTPYKTHBHBIX (DYHKIHMAX 8aTeM BEOJHMTCS OTHO-
IICHHE PAaBEHCTBa, O3Haualoilee, pasyMeercs, HE COBHajeHHe
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COOTBETCTBYIOWMX KOHCTPYKTHBHHIX OOBEKTOB, a COBNajeHHe
3anaBaeMBIX MMH YHceNl H (QyHKIMA.

Takofi crnocob H3J0XEeHUsT NO3BOJsAeT I'OBOPHTL HENoCpexn-
CTBeHHO 06 aJrop{TMax HAaX KOHCTPYKTHBHBIMH UHCJIAMH H
KOHCTPYKTHBHBIMH (pYHKUHAMH, SICHO, 4TO NOHATHA U pe3yib-
TaThl BHIUMCJAMMOTO aHalu3a H KOHCTPYKTHBHOTO aHau3a 6es
TPYAA NepeBoAsATcs Apyr B xpyra. Clepyer, OAHAKO, OTMETHTD,
4yTO B COIEpKAHHE NOHATHS «KOHCTPYKTHBHEIA aHa/u3», Kak
NIpaBHUJIO, BK/AJBIBAETCA ellle ¥ TPeGOBaHHe HCTIONL30BaTh TONb-
KO KOHCTPYKTHBHYIO joruky (cm. [Kymmep, 1979al).

2,4.2. Hayanpible nousarud, Hauanbuble NOHATHSA BHIYHC-
JIUMOTO aHAJH3a TAKOBHI.

1. Boucauman nocrefo8amerbHocms pAYUOHAALHBIX YUCenr;
3TO MOHATHE HE HYMKAAeTCA B KOMMEHTApHAX.

2. Butqucaumo cxo0auancs (HIH 6b14UCIUMO PYHOaMeHMAAb=
Has) nocaedosamessHocms, JTO NOCASLOBATeNBHOCTh, 06/1aAal0-
Wasi BHIYHCTHMEIM PeryNATOpoM (yHAAMeHTANbHOCTH. Peeyas-
mopom pyndamenmarsrocmi (HIH pezysamopom Cxodumocmu e
cebe) ana nocaenoBateabHocTH {a,} HasbiBaercs Takoe 0To6pa-
wenne h Muoxectsa QF B N, uro |a,—a |<le npu mobbix p
u ¢, Gonbmux h(e). Cormacko [Mapkos, 1954al, [Mapkos,
1958r], mnocnenOBATENLHOCTL HA3LIBAGTCA PE2YAAPHO CX005-
welics, eCly &5 MOOBIX m U 7, TAKHX 4TO M<n, CoOMoaaercs
ycnoBhe  |a,—a,|<2-®. OueBHzHO, Kaxlasds BRYHCTHMAS
BHIYHCJIHMO CXOIMLIASICS NOCHENOBaTeNbHOCTh OG/afaeT Bhl-
YHCJAHMOH e peryiasipHo cxopsinefics MOANOCAEROBaTEb-
HOCTBIO.

: 3. Buwmucaumoe Oeticmsumenvuoe 4ucao. CymiecTByerT He-
CKOJIbKO SKBUBAJECHTHBIX ONpeReNeHHH 9TOro NOUATHSA:

1) onpepencnue Bopens, yTrouHeHHOe ¢ NOMOILLIO NMOHATHA
anropurMa (CM. BHIe);

2} onpenenenus Triopunra us [Toiopunr, 19361, [Teiopunr,
1937] — nepBoie onpepenieHns, HCNONL3YIOMHE KAaKYl0 OB TO,
HH GBITO BHUHCIHTENLHYIO MOAEIH (#a B Boobile NepBLIe CTPO-
Ive, B MATEMaTHYEeCKOM CMEIC]E, OMNpele/IcHH);

3) onpenenetine [nexepa u3 [[lnexep, 1949]: neficrBuresnn-
HOE YHCJIO BRIUHCJAHMO, €CJIH OHO €CTh Npeles BHIYHCJAHMOHA H
BBIYHCJINMO CXOAsAMIEHiCA NOCJAAOBATENLHOCTH PanHOHANBHBIX
qKCce;

4) onpezeneaue MapkoBa u3 [Mapxos, 1954al, [Mapxkos,
1958r], nepenoxeHHOe B TepMMHAX BLIHCIHMOIO aHa/M3a:
JeHCTBATENBHOE THC/IO BHMHCIHMO, €C/IH OHO €CTh Npenes Bbl-
'YHCIHMOH peryJsapHO cxoisiledcss NOCNEHOBAaTeNBHOCTH pa-
LHOHA/ILHBIX YHCen;



§ 2.4, BRIUNCJIHMbBIAI AHAJINUS : 177

5) onpesienenne «no JAeReKAHAy»: ¢ BEUHCTUMO, €CIH Kaw-
zoe us MHoxkecte {r€Qjr<<a} m {r€Q|r>a} nepeunciumo.

MHOX&eCTBO BCEX BBIYHCIHMEIX JEHCTBUTENBHLIX THCENT Ha-
3BIBACTCS BHIMUCALMBIM KORMURYYMOM. :

4. ITpozpamma svucrumozo deticmaumensrioeo wucaa. Onpe-
JesieHHe 3TOro NOHATHA MOXKeT OBITh JIerko NOJYUeHO Ha OCHOBE
Mo00ro U3 NepeuHC/ICHHbIX OnpeleNieHHH BLIYHC/INMOTO YHCJA.
Hanpumep, onpenenenne Bopens npuBomar k Takomy ompe-
JeNICHHIO NMPOTPaMMbIi NPOrpaMMON yHC/ia o HA3KBAeTCS 1po-
rpaMMa anropuTMa, KOTOPHIA N0 BCAKoMy e € QF maer pamuo-
Ha/lbHOE e-mpubauxkeHue K o. HyxXHo uMeTsh B BHAY, 9TO OXHO
H3 onpefelieHni TriopuHra, cBA3aHHOE C Pa3/IOKEHHEM TUC/A
B GECKOHETHYIO AECATHUHYIO po6b (STO onpepeenue TpeGyer,
yTO6Hl NOCHAENOBATENbHOCTE NECATHUHBIX 3HAKOB GhLIA BHITHC-
J1Ma), NPHBOJHT K «AypHOMY» CriocoGy NpOrpamMMHpOBaHUA,
HE 3KBHBANCHTHOMY Cnioco6aM, BOSHHKAIOUIMM U3-APYTHX onpe-
Je/leHH#; H NOTOMY 3TOT cnocof ME He GYZeM pacCMaTpPUBATH.
Bce ocranpHuie crnocoOhbl; Bo3HHKalomue Ha ocloBe npuBeeH-
HBIX ‘BhIIIE OnpenesieHHHl, OZHHAKOBO XOpOWIH, H Nepexof or
NpOrpaMMEI YHCJIa NPH OBHOM crmocoGeé K Nporpamme Toro e
qncsia Npy APYroM cnocofe OCYIIeCTBIAETCS aJrOPHTMHYECKH
(uMBIMH CJIOBaMH, BO3HHKaIOIIHE HyMepauHH BEIHCIAHMBIX Bel-
CTBUTEJILHEIX YHCENM UX NPOrPaMMaMH SKBHBAJIGHTHHI B CMEIC/E
§ 1.15). Cefivag MsI H3J0oXKHM GonNee NOXPOGHO onpexeeHHe
NporpaMMel, OTNpPAaBJAACH OT ONpeneeHUuss BHIUHCAHMOIC YHC-
aa no llnekepy. ®ukcupyem Kakue-1160 ABe NPesCTABHTENb-
Hble BBLIYHCIHTEJNbHEIE MOJNENH, OCYLIECTBJSIOUIHE COOTBETCT-
BeHHO Bpluncyienuss Gyuxuuéi u3 N B Q u u3 Q 8 N, u coor-
BEeTCTBYIOWIHe cnocobb1 nporpammupoBanus (cM. § 1.15). Cne-
nys WManuny (cm: [[Wauun, 1956), [Mlanun, 1962]), nasosem
BetyeCmeeHbim JYNAeKcom; WK NPOCTO JynAaekcom, BCAKYIO ma-
py {pi, pa), B KOTOPOH p; €CTb Nporpamma HeKOTOPO#i NOC/eA0-
BATEJBHOCTH PAlHOHANBHBIX YHMCEN, a Pa €CTh NMporpamMMa He-
KOTOPOTO peryJsitopa CXOZMMocTH B ceGe sToff mociesoBatesn-
Hocrd. Beakufl pynseke, TakdM o6pas3oM, safaeT HEKOoTopyio
BBIUHCTTHMYIO M BBRIUHCAHMO CXORALLYIOCA NOCAEKOBaTeJbHOCTD
PaIMOHAMLHBIX YHCEJ H, CJACHOBATEbHO, BRIUHCINMOE HeHCTBH-
TEeJILHOE UHCJIO0, ABJAAIOIEECS NPeNesioM 5TOH NockefoBaTe/lbHo-
CTH; paccMarpHBaeMuIl AYNJEKC HA3bIBAETCA Npozpammoll
5TOr0 umcjaa. BeIo 6Bl HeHpPaBHJIBHO HA3KIBATL NMporpammoit
YHCJIa TOJMBKO NMEPBHI UIeH RKymJieKca, TIOCKOAbLKY S5TOT NepBhi
uleH eme He HeceT MRGOPMANHMH, YO3BOJIAIOUIEH BHIMUCIATH
9UCJIO ¢ NPOU3BOJBHOM TOUHOCTBIO. [lefAcTBHTENBHO, HEBO3-
MOXKeH aATOpHTM, JAIOWiMi 10 NMPOM3BONbHOR mporpaMMe npo-
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H3BOJILHOI BLIUHCJAHMOH nocliefoBaTe/ILHOCTH, KOTOpast BhIUHC-
JHUMO CXOAUTCS, NIPOFPAMMy Karoro-IH060 PEryJasropa CXOBH-
MocTH B ceGe 3Toll mociefoBarensHoctd (cM. [Hefran, 1962a,
§ 3, caencreue 31, [Kymnep, 1973, ra. 4, §2, Teopema 2]).
OroGpaxkenue, OTHOCALEE BCAKOMY AYIVIEKCY 3ajaBaeMoe
HM BBIYMCJIUMOE AEHCTBUTENBHOE YHCJIO, CAYKHT DPHMEPOM
HyMepauuH (NpH IIFPOKOM NOHMMaHHH, cM. § 1.15) MHOXecTBa
BCEX BBIUHCAMMBIX JeficTBure/bHEIX unces. OcHOBaHHE 3TOH
HYMEpaIuy — MHOXECTBO |BCEX BEMIECTBEHHRIX AYIJIEKCOB —
Ha3bIBAEGTCA KOHCMPYKMUBHOIM KOHMUHYYMOM; OHO Herepe-
YUCAUMO; GoJiee TOTo, A Jo60ro NepeuHcIHMOro MHOXKECTBA |
AYNJIEKCOB MOKHO yKa3arh BHIYHCAUMOE AEACTBHTEILHOE UHCIIO,
He HMeollee Nporpammel B stoM MHOXKecrse (cM. [Kymmep,
1973, . 38, § 41, [Vcnenckuit, 1960, § 12, teopema 11]). Ilpu
3amMeHe ORHOH Naphl NPEACTABHTENLHHIX MOZeJeH Ha JApyryio
nepexos OT NPOTPaMMBI BHIYHCAHMOIO JAEHCTBHTENBLHOIO UHC/IA
OTHOCHTEJILHO HCXORHOH NMaphl K NpPOrpaMMe TOTo e YHCJa OT-
HOCHTE/ILHO HOBOH Tapsl OCYHMIECTBAsSeTCA aAJNTOPHTMHUECKH:
5TO BHITEKAET M3 BO3MOXHOCTH TPAHCHASIHH, O KOTOpoH roBO-
pusnocek B § 1.14.

5. Bomucaumas QyHKYUS eviucaumozo Oeidcmeumensrozo
nepemernozo. JIAs NPOCTOTH OrpaHuuuMcs (GyHKUMAMHE OBHOro
nepeMenHoro. Yanaraemoe ompefiefieHHe eCTb HECYIIECTBEHHOE
H3MeHeHHe onpefeseHuss Mapkosa ua [Mapkos,. 1958r] (y Map-
KOBAa — «KOHCTPYKTHBHAs (DYHKUHS BellleCTBEHHON MNepeMeH-
Holi»). [Ipexke Bcero (UKCHpyeM HeKOTopoe NOHATHE Nporpam-
Mbl BEIMHCJARMOrQ 4Yucja, HanpuMep, B BuAe xynaekca. OyHk-
IUSI U3 BBIYHCAHMOIO KOHTHHYYMa B BRIMHCIHMBIH KOHTHHYYM
Ha3bIBACTCHA GbMUCAUMOLL, KOJIb CKOPO CYLIECTBYEF afiTOpHTM,
Kotopuifi; 1) naer no BesiKo#l mporpaMMme apryMeHra nporpam-
MY COOTBETCTBYIOILETO 3HAuUeHHS GYHKUMH H 2) He JaeT HHKa-
KOro peayJprara A1 OG0 Nporpammbi BLIMUCIHMOrO AeficT-
BHTEJILHOTO 9HCJIA, He IPHHAAJMEXAUIero 061acty onpeleieHns
GyHKIHH, '

JanbHeRimue NOHATHA CBA3aHH ¢ AudkpepeHuupoBaHueM M
HHTEIPHPOBAHHEM BEIMHCIHMHIX QYHKIHH BHYHCAHNMOrO JeficT-
puTesbHOro nepemensoro (cM. [Kymmep, 1973, ra. 6, 7]).

2.4.3. I'nasnbie pesyabrarbl, Cpeiy pe3y/abTaTOB BhIUKC-
JHMOTO aHuIH3a HaHbGoJlee sameuaTeNbHBIMH SABIAIOTCA Clle-
lylomue zBa.

1. {Tpumep Llnexepa (Iem. Mnekep, 1949]) moHoroHHO# Or-
paHHuEHHOH BHMHCANMON MOC/AEN0BATENbHOCTH PalHOHAMBHBIX
uiceN, He CXOismelcss HH K KAKOMY BHIUHCANMOMY YHCIHY.
[ocrpoenne llnexkepa 6biio BNOCTEACTBHN 3HAYHTENBHO YIPO-
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‘meno Paiicom (cm. [Pafic, 19541, [Ycnenckuit, 1960, § 12, . 3],
[Maprun-Jlép, 1970, § 16], [Kymmep, 1973, ra. 3, §3l).

9. Teopema Bopers — Lleimuna (cm. [Bopens, 1912,
pasg. 1111, [Le#tun, 1959), [He#itun, 1962, ra. V, Teopema 3))
O HernpepslBHOCTH H JaXKe BbIYHCIHMON HENpEepPHIBHOCTH Bhi-
yucauMOH QYHKIHH BbIUHCIUMOrO JeHCTBHTENBHOrO NepemMeH-
Horo. IlycTb [ — GyHKIMA ReHACTBUTENHLHOrO NMEPEMEHHOro C
obaactblo onpeneneuus E u x, € E. Dynguus h, orobpaxkaromasn
Q+ B Q%, HasbiBaercs pezyaamopom wnenpepvisnocmu QyHK-
vy f B TOUKE X,, €CJH

(Ve€ QYY) (Vx € E)[{x—x,| <h(e)=|[(x)—[(x0)| <e].
HenpepsiBHOCTE | B TOYKE X;, OUEBHAHO, PABHOCHJbHA HaMH-
YHIO PEryNsATOpa HENPEphIBHOCTH B Xoj SbI4UCAUMAS HENpPepbls-
Hocmb | B X, IO OTIPEAENIEHHUIO 03HAYAET HANMUYHE BLIUHCIAUMOrO
peryastopa. Teopema bopena — llelituHa yTBepxhaer, 4yro
BCsIKasi BBIUHCAMMAA (QYHKIHS BBIUHCIHMOTO NeHCTBHTENBHOIO
[IEpEeMEHHOr0 BBIUMC/IMMO HeNpephiBHA B KaXIOH TOUKE X,
cBoefi o6acTu onpenesieHus; 6osee Toro, &M 3ajiaHHoH f npo-
rpaMma pery/astopa Moxker GObITh anTOpPHTMHUeCKH Hafiiesa
no 51 orpamme umucsa X, (em. [Kywnep, 1973, ra1. 5, § 2, Teope-
Mma 2l).

2.4.4. AppexTHBHO MeTPHUECKME MPOCTpaHCTBA. V3BecTHo,
YTO MHOTHE NOHATHA W Pe3y/bTaThl TPajdIUOHHOIO aHaMu3a
nepeHocaTcs C JeACTBHTENbHOHA NIPSMOH Ha MeTpHuecKHe Npo-
cTpaHcTBa. AHATIOTHYHO® PA3BHTUE HMEET MECTO U B BRIUHCJIH-
mom ananuse., Tax, teopema DBopens — llefitnna gBasercs
yacTHBIM cJayuaeM Gosee ofbmeit meopemwvt Lledmuna — Moc-
xosaxuca (cm. [Kymmep, 1973, r. 9, § 2, Teopema 11]) o ne-
NPEpLIBHOCTH BCAKOrO BHIYMCAHMOTO YaCTHYHOrO orobpae-
HHSL H3 ORHOTO 3ppEeKTHBHO MeTPHYECKOTo NpocTpaHeTBa B
Jpyroe (npH coGMIONEHHH HEeKOTOpPHIX YCJOBHH, Hajlaraembix
Ha mepBoe NMpOCTPaHCTBO, cM. Hmxe), K moHsTiuio adderTuBHO
METPHUECKOTO NPOCTPAHCTBA MBI cefiyac M nepehpem.

Sppexmusro mempuueckoe npocmparcmeo (cM. [Horuma,
19661, [Horuna, 1978, ra. II]) — sro MerpHueckoe npoct-
PaHCTBO, paccMaTpHBaeMOe BMECTe ¢ HeKOTOpo# cBoell HyMe-
panued, npuueM tpefyercs, 4TOOGLl pacCTOAHHE MEXAY JIIOObI-
MH JIBYMSI TOUKaMH 3TOTO INpPOCTPaHCTBA ObLIO BHIYMCHAHMEIM
IeHCTBUTENBHEIM YHCJIOM H 4TOOBl CYLIECTBOBAM AJITOPHTM,
Haomui NporpaMmy TOro 4uciia o HoMepaM ToueK. D10 NoHs-
THE, TI0 CYMIECTBY, SKBUBANICHTHO NOHATHIO KOHCMPYKMUEHO20
sempuueckoeo npocmpancmea, seegenHomy Mlamunnm  (cM.
[[anun, 1962, § 9], a rakxke [Hefrun, 1959], [Le#irun, 19621,
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H TIOHATHIO PEKYPCUBHOZ0 MempuuecKoeo NpoCMpPAnHcmsq, Bee-
fennomy MockoBakucoM (cm. [MockosakHuc, 1964]); nocaen-
Hye JBa NOHATUS PA3NUUAOTCA MexkAy co60H JIHIIbL TeXxHHYe-
CKHMH JeTalaMu, ¥ IOMHHAaBLIasACs Boime TeopeMa Llefituna — -
MockoBsakuca 6bl1a fokasaHa lIeHTHHBIM M COOTBETCTBEHHO
MoOCKOBaKHCOM HMEHHO /Il KOHCTPYKTHBHBIX H COOTBETCTBEH-
HO DeKYPCHBHBIX NPOCTPaHCTB.
eKypcHBHOE npocrpaHcTBO MockoBakuca (KaKk ¥ KOHCT-
pyxrusHoe npocrpanctBo Illanuna) cocrout u3 KOHCTpYKTHB-
HBIX OOBEKTOB C 3aAaHHEIM M3 HHX OTHOLICHHEM 5KBHBAJIEHTHOC~
ti. OHO npespamaercs B 5(peKTHBHO METPHUECKOE NpOCT-
PAaHCTBO, €CIH CKJIEHTh SKBHBAIEHTHBIE OOBEKTH! TaK, YTO TOU-
KaMH HOBOTO NPOCTPAHCTBA OOBABIAIOTCA KJAcCHl SKBHBAJICHT-
HOCTH, @ KaXKABIH H3 HCXORHBIX KOHCTPYKTHBHHIX OOBEKTOB
o6bABAseTCs: HOMEPOM COIepaKallero 5ToT o0beKkT Kiaacca. Bri-
YHC/IMMBIA KOHTHHYYM ¢ HyMepauHe# 4quces, 3alaBaeMoA MX
nporpaMMaMi, CJIYHHT NPHMePoM 5(HEKTHBHO METPHUECKOro
NpOCTPAHCTBA, a KOHCTPYKTHBHBI KOHTHHYYM — NpPHMEPOM
KOHCTPYKTHBHOIO METPHYECKOro npocrpascrsa. Hpyroft npu-
Mep: 5(eKTHBHO METPHYECKOe NMPOCTPAHCTBO BCEX BbIUHC/IH-
MBIX NOCJE[OBAaTeNbHOCTEH HATypasibHEIX 4Hcell ¢ 63pOBCKOi
METPHKO! (COOTBETCTBEHHO KOHCTPYKTHBHOE METpHUECKOe Npo-
CTPaHCTBO INIPOTPAMM TaKHX MNOCJEROBaTeNbHOCTEH).
[pounmocrpupyeM Ha npumepe Teopemnt Lefituna — Moc-
KOBaKHCa HEKOTOpBie XapaKTepUCTHKH 3(D{EKTHBHO MeTpHue-
CKMX TpOCTpaHcTB. YcioBHA, TpeGyeMble 3TOH TeopeMol M
ofecneunBaiole HenpepsiBHOCTb, COCTOAT B TOM, 4TOGH Mpo-
_CTPaHCTBO, Ha KOTOPOM 8afaHo 4acTHYHoe otobpakeHue, ObIIO
1) sippexruBHO cenapaGenpHbiM - 2) 3¢peKTUBHO NOUTH NOJ-
HeM. Sexmusnan cenapabessrocms (cornacno [Horuna,
1978, ra. I1], y MockoBakuca — pekypcusHas cenapabesbrocmes,
y 1lanuna, Hefitnna, Kywunepa — npocro cenapabessrocms)
03HauaeT HaJyude MEPEUHCAUMOTrO MJIOTHOTO NOXMHOMKECTBA,
Sppexmugnan nowmu noswoma (y Kymmepa — cnabas nou-
HoTa, Y MockoBakuca — ycjioBue (A)) osHauaer Hajuuyue an-
FOpPHTMA, KOTOPhIH 10 nporpaMme BBIYHCAHMOH HoCTeoBaTeNb-
HOCTH TOU€K NPOCTPAHCTBA M 1O NporpamMMe BHIYHCIHMOTO pe-
ryasropa GyHZAMEHTANLHOCTH 3TOH TNOCJAeNOBaTeIbHOCTH Ja-
er nporpamMmy npefesia NOCNeHOBaTeJbHOCTH B clydae, €CJH
TaKoOBOH cymecrByer. O6a NMpUBENEHHLIX BHiLE NPHMepa Npo-
CTPaHCTB ABAAIOTCA H 3pPeKTHBHO cenapabe/IbHEIMH, H 3-
(eKTHBHO TNOYTH MOJIHLIMH.
~ 2.4.5. 3ddexTusHo TONONOrHUECKHE npocTpaHcTBa. dann-
HeHmnM o6o0lueHueM ABMsETCA NOHATHE IPPeKmUsHO monoaos
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2u4ecK020 NpoCmparcmeq, BBEJEHHOE M H3yueHHoe Horumofs
(cm. [Horuua, 1966], [Horuna, 1969], [Horusa, 1978, ru. I11J).
S¢heKTHBHO TONOJNOIHYECKOE NPOCTPAHCTBO — STO TONOJIOTH-
yecKOe MPOCTPAaHCTBO, paccMaTpHBaeMoe BMECTe C ABYMsS HyMe-
paisiMH, NepBasi H3 KOTQPHIX HYMEpPyeT caMO MpOCTPaHCTBO,
a Bropasi — ero (TomoJoruyeckyio) 6asy, Tak 4T0 M HPOCTpaH-
CTBO, H Ga3a mpeAnoJaraloTcsa CYETHHIMH; TPebyercs, YToGhl cy-
IIECTBOBaJ aJIPOPHTM, KOTOpHIH 1O HOMepaM ABYX 3JIEMEHTOB
6asbl A u B u Homepy ToukH x € A\ B naer Homep Takoro 3ne-
MeHTa 6asul C, ut0 x € Cc AN B. [lns s¢pekTHBHO TOMONOrU~
YeCKHX IPOCTPAHCTB BBOJATCA eCTeCTBEHHbC 5(deKTHBHBIE
aHaJIOrd aKCHOM OTaeJuMocTH B cMuiche Xaycnopda (cm. ([Ho-
ruHa, 1978, ra. IV]); B KaxpaoM TakoM aHaJjore TpeGyercst Ha-
JMyHe aJirOPHTMA, JAIOUIEr0 HOMepa OTAENAIOHX OKpPEeCTHOC-
tefi. OOHHM U3 OCHOBHEIX PeSyJILTaTOB SIBJSETCS MOJyUCHUE
ycnoBuii, HeOGXOAMMBIX H JAOCTATOYHEIX JJIf TOTO, YTOOH 5ddek-
THBHO TOINOJOTHYECKOE NMPOCTPAHCTBO OblIo aghghexmusro mem-
pusyemvin, T. €. sbbeKTHBHO roMeOMOPPHEIM 3(pdheKTHBHO Met-
puueckomy mnpocrpancrsy (cM. [Horuna, 1966}, [Horuua,
1978, ran. VI). [ipyro#t pesyabTar COCTOMT B NEpEHECEHHH Ha
s(ddeKTHBHO TOMOJIOrHUeCKHe NpocTpaHcTBa Teopembl Llefi-
THHa — MockoBakucd (cM. [Bafin6epr, Horuna, 1976]).

2.4.6, OtyacTH BuYHCAHMBIA aHamus. Hapsay ¢ BuuMCIH-
MBIM aHAJIH30M B CTPOIOM CMEIC/Ieé BOSMOXEH M, TaK CKasarhb,
€OTYACTH . BEINHCTHMEI» aHaMu3. DTOT TEPMHH Ml NpHJIaraeM
K aJrOPUTMHYECKUM KOHCTPYKLHSIM, XapaKTepPHSYIOIHM MHO-
3ecTBa OGLIYHBIX AEACTBHTENBHBIX uMces. Tak, cpesu OTKphi-
THIX MHOMeCTB NefCTBUTENbHON NpAMOA MOXHO BHIIENHTD
ShpexmueHO OMKpbIMble MHOXKECTBA: MHOXECTBO HashlBaeTCH
3(peKTHBHO (KOHCTPYKTHBHO, PEKYPCHBHO) OTKPEBITHIM, €CJIH
OHO €CThb OGbeIHHEHHe NepeducCHMON CHCTEMbHl HHTEPBAJIOB C
pauuoHaJbHEIME KoHKaMu. [Togo6Has «addeKTHBH3AMHSIY MO~
MeT OWTh NMPOM3BENEHA I CaMBIX PAs/HMYHBLIX THUIOB MHO-
MecTB: ANs GopeneBcKMX MHoxectB (cM.  [Maprun-Jiép,
1970, § 30]), ana npoexTHBHHIX MHoxectB {(cM. [Pomkepc,
1967, ynp. 15—8l) u 1. A. (nonyaspHoe u3jJoxeHHe cM. [Ve-
nexckuii, 1985, §2, 0. 9, u §3, n. 71).

K cdepe oTyacTd BRIYHCAUMOrO aHajli3a OTHOCHTCA H MC-
cnefioBaHHe OGBIYHBIX (GYHKIMA ASHCTBHTENBLHOrO IE€peMEHHOo-
ro, o6JajaloKX TEMH HJIH UHBIMH QJITOPHTMHYECKHMH CBOFCT-
BaMi Tuna BeuucauMol ammpokcumupyeMoctd (cM. [Ilnekep,
1949], [Knaya, 1961, § 7)) unu BRUUCAHMOH HENPEPHIBHOCTH
(cm. [Knaya, 1961, §8l). Hepenxo ans Takux ¢ysxuud, o
ACHCTBUTeNLHBIMH aPTYMEHTaMH H 3HAuCHHAMH, TaKke ynor-
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peGasior TepMHH «BRIYHCAMMBE (YHKIMH». Pasymeercs, Bbl-
YHCAUMBIE (DYHKUHH OT4ACTH BRIYMCAHMOIO aHajlu3a He €cTh
BbIYUCAKMEIE (QYBKIMH B cMbicte § 1.7. OHM OTIHYHBL H OT
BBIYHCJMMEIX (PYHKIHH BHIYHCIAHMOrO aHa/iH3a, ONHCAHHBIX B -
n. 2.4.3, MOCKOJABbKY MOTYT OBITh -OnpefieieHnl HE TOJNBKO B
BBHIYHCTUMEIX TOUKaX. CHCTeMaTHYeCKoe H3yyeHue TakuX QyHK-
nuit Havastock ¢ 1955 r., ¢ pa6or Mxeropuuka u Jlakomba (cM.
[Txeropuuk, 1955), [[xeropuuk, 19571, [Jlakom6, 1955]). Bor,
HampuMmep, ONHO H3 BO3MONKHBIX ONPEAEJIEHHH BBHIYHCIMMON
¢yHRuuM, orobpaxaiomell orpesok I B R: ¢yHKuuaA f Bhuunc-
JIHMa, KOJIb CKOPO CYIIECTBYIOT TaKHE BHIYHCIHMEIE (B CMEICIE
§ 1.7) ¢yHRuHH @: KJXQ —Q u P: N=-N, wro mna Bcex
n€N, r€Q, x€R BumoanseTcA HMIVIHKALHS

|x—r| <1 (n)==|f(x)—@(n, r)| <10~"

(em. [Tlyp-3n, Puuapac, 1983, n. 11). A Bor THOHYHBIA pe-
3yJbTaT 3TOH TeopHH (CM. TaM e, H. 2): ec/ld BBIMHCIHMAas
¢yurnus Ha la, b] npunagnexur kiaaccy C, ee neppasi NpOH3-
BOAHAS TaKkKe BBIYMCJAMMA (NPH TOM, YTO NMPHHAJJIEKHOCTL K
C' HefocTaToOYHA JJSI BHIUMCIHMOCTH NPOM3BOAHOM).

Pasymeercst, «OTYacTH BBIYHCJHMBIH aHalK3» He OrpaHH4H-
BaeTcsl JeHcTBHTENbHOR mnpsivoll. Ilonsatus sddekTHBHO OT-
KPHITOro, 3pQekTHBHO-Gs H T. I. MHOMKECTB OCMBICJIEHHBI IJifl
JIo60ro TOMOJIOTHYECKOTO NPOCTPaHcTBa ¢ HyMmepoBaHHoll Ga-
soii. B [Kysnenos, Tpaxrten6por, 1955] sty noHaTusa, B mpu-
MeHeHHM K mpocTpaHcTBY bspa, ucnoabsylorcs Al HccIeno-
BaHHS BBIYHC/IMMBIX (YaCTHYHOPEKYPCHBHBIX) OMEparopoB (CM.
rakxe [Ycnenckut, 1957, § 11]).

2.4.7. dddexkTHBHO NpeHeOPEXHMEIC MHOKECTBA. 3alMeMCs
tenepp ShQeKTHBU3ALMEH NOHATHA MHOXKECTBa AeHCTBHTENDb-
HBIX YHCET, HMEIOWIEr0 Mepy Hy/b. Taxkue MHOXKECTBa HA3HL-
BalOTCA Takxe npeHeGpexumbiMi, Cpesy BCeBO3MOXKHEIX Iipe-
HeOPEXHMEIX MHOXKECTB BBLAENSIOTCH 3(peKTHBHO (KOHCTPYK-
THBHO, PEKYPCHBHO) INpeHeOpeXHMble MHOMKECTBa KaK MHO-
xecTBa 3QxpeKTHBHO HYJIEBOW Mepbl; MHOXECTBO 8exmusro
npenebpexumo, eclin MOXHO 3p(deKTHBHO yKasaThb COJepiKa-
miee ero 3(peKTHBHO OTKPBITOE MHOXECTBO CKOJb YLOXHO Ma-
J0fi Mephl. boslee TOYHO, MHOMKECTBO HashlBaercst 3{pEKTHBHO
npeHe6pexXUMBIM, €CH CYIIECTBYeT AJrOPHTM, KOTOPEIH IO
Kaxjomy €€ Q* naer mporpaMMmy NOKpHIBaiOUieHl MHOXECTBO
NIEPEUYHCIHMON CHCTEMB HHTEDBAJIOB © palMOHANBHBIMH KOH-
LaMH, CyMMa JUIMH KOTOPBIX MEHBILE &; 3aMeTHM, 4TO 3Ta CyM-
Ma; B cuaty npumepa llInekepa, moxer u He 6BITH BHIMHC/IHMBIM
YHCJIOM, '
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Kak o6wsipiieno B [Sacnasckui, Hefitun, 1956] u nokasano
B [3acnasckuit, Llefitun, - 1962], BbiUHCIHMBIE KOHTHHYYM s1B-
asiercst 3pPeKTHBHO NPEHeGPEXRHUMBIM MHOXKECTBOM. '

OcHOBHO# pe3yJIbTat B 3To# 06MacTH — meopesma Mapmun-
Jléga (cm. [Maptun-Jléd, 1966al, [Maprun-Jléd, 1970, § 351):
cyumecTByeT 3{xpeKTHBHO NMpeHeOpPEe:KHMOe MHOXKECTBO, ABJSIO-
meecsi HanGOMBINKM, T. €. COAepKamee B KauecTBe MOAMHOMXKE-
cTBa Jo6oe sdpderTHBHO MpeHebpexxuMoe MHOXKecTBO. (Orcioza
HEMENJICHHO BBHITCKaeT ymoMsHyTtas 3¢deKTHBHass npeHeGpe-
XKHMOCTb BBIYHCIHMOrO KOHTHHYyMa: B caMOM JeJie, KaxKJoe
OIHOJIEMEHTHOE MHOXKECTBO, COCTOSILIEE U3 BHIUKCAHMOro Jefi-
CTBUTEJILHOTO yucia, 5pdeKTHBHO NpeHe6pexkuMO, a 3HAYHT, H
o0beIHHEHHEe BCEX TAKHX MHOMKECTB CONEPXKHTCS B HauOo/b-
wem 3(pdekTHBHO npeHeGpe:kuMom MHomecte.) JlonosHeHune
K Hau6oJbnieMy MHOXECTBY SdheKTHBHO HyJleBol MepEl — MHO-
KeCTBO 3((EeKTHBHO MOJHOH Mephl — Ha3blBaeTCsl, COIVIACHO
[Maprun-Jled, 1970, § 35], KoncmpyxkmusHbim HoCcumerem mepsi.

Teopema Maprun-Jléda u npepfioxeHHoe ee aBTOPOM Ji0Ka-
3aTe/ILCTBO COXPAHANT CUJY B ofumel cuTyamuy, KOTOpYIO MBI
cefiyac OITHILEM.

.CnepBa jajuM IBa OINpeleNeHHUs.

1. Ilycte M — 3aHyMepoBaHHOE MHOXKECTBO ¢ HyMmepamuel
o ¥ OCHOBaHHeM HyMepanuu E, nycrtb p — QyHKuua U3 M B
BHIYHC/IHMBIY KOHTHHYYM; [ HasBIBAeTCH 6bi4UCAUMOl, KOJIb
CKOpO CYIIECTBYET aITOPHTM, Aawomuli Mo BesikoMy n € £ npo-
rpammy uuchaa p (e (n)) (cp. ¢ onpefenerueM BuaHcaHMol QyHK-
LM BBIYMCJIHMOrO JEHCTBHTENILHOIO NepeMeHHOro U ¢ omnpejie-
JIeHHeM paccTosiHust B 3Q(EeKTHBHO METPHUYECKOM NPOCTPAHCTBE).,

2. Ilycte @ — HaTypaibHass HyMepallsi CHCTeMBl MHO-
WectB M u nyctb p — ompefelieHHas Ha M BeilecTBeHHO-
3HaYHasi QYHKUHA; MHOXKECTBO A HasplBaeTc sggheKmusHo
nperebpexcumbim, €CIH CYLIECTBYET AJNrOpPHTM, KOTOpPBIA AJs
Kaxaoro € € Qf paer mporpammy Takoro HOpOZMMOrC MHOMKe-
crBa KN, uro cemefictBo muoxkectB {a (k)|k € K} ofpasyer
noxpuiTHe s A H kgkp,(a ®) <e.

. Obujan popmyruposka meopemv: Mapmun-J/Iépa. Tlycrs
M — cueTHas cHUCTeMa MHOXECTB ¢ HaTypaJbHOH HyMmepaiueil
0. ¥ NyCTh W — BHIYHCAHMAA (YHKUuA M3 M B BRIYHCIHME
KOHTHHYYM, BClofly onperneinexHas Ha M. Torma cymectByer
HauGosibilee (MO BKJIOYeHHIO) 3(deKTHBHO NpeHeOpeRuMOe
MHOkeCTBO. (B 0O6BIYHBLIX NPUMEHEHHSAX TeopeMul M — cuerHoe
NOJIYKOJIbIO MHOXKecTB B cMbicile [Konmoropos, ®omun, 1976,
ri. 1, § 5, a p aBaserca mepoit Ha 5TOM MOAYKOJBHE.)
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§ 2.5. HymeposaHHbie CTPYKTYphl

2.5.0. HymepoBaHHasl CTpyKTypa — 3TO MaTeMaTHyeckasi
CTpYKTypa (B IUHPOKOM CMEIC/Ie, Kak y BypGaku), paccMatpu-
Baemast BMecTe ¢ Hymepamue#t (cm.  § 1.15) onmoro us cocras-
JAOMUX MHOXKECTB WJIH € HYMEPAIMSIMH HEeCKOJNbKHX TaKHX
muoxectB. TIpumep: addeKTHBHO TONOMOrKYeCKoe POCTPaHCTRO
(cM. § 2.4) aBasieTcss HyMEpPOBAHHBIM TONOJNOTHYECKHM IIPO-
CTPAHCTBOM, MOCKOJIbKY UMEeT HyMepalHMIO MHOMECTBA CBOHX
TOUEK H HyMepalHio TONOoJoruyeckoil GaskL

Unrepec K HyMePOBaHHBIM CTPYKTYypaM BLISBaH KeJlaHHEM
AaTb (KOHCTPYKTHUBHBIE) MMEHa pacCMaTpHBaeMbIM (HE KOHCT-
DYKTHBHbIM) o6beKTaM, JlJst mpumMepa paccMOTPHM OpAHHALL K
cucTeMbl 0603HaveHufi AJIsi HHX. B KauecTBe TakOBBIX CHCTEM
me1, crenys Knuuu (lem. Poaxepe, 1967, § 11.7]), 6yaem pac-
CMaTpHBaTh HyMepallii MHOXECTB OpAHHAJIOB, o6/ajalouine He-
KOTODLIMM €CTeCTBeHHbIMH CBofictBamu, HmenHo, cucmemotl
qbo3Hauenull HasbIBaeTC HyMepanHsi HEKOTOpPOro HadalbHOro
oTpe3ka OpAHHAJIOB, o6Jalalouias CAENYIOIUMH CBOHCTBaMHU}

1) éymecTByeT aJrOPHTM, ONPELENAIOmMUA MO0 BCAKOMY HO-
Mepy opAHHaJa, KaKoH H3 TpeX cJeHYIOIHX CIydaeB HMeeT Me-
CTO: OpJHHAN paBeH HYJIO, HMEET NpeflIeCTBeHHHKa, ABIACTCH
HpeneNbHBIM;

2) cymecTByeT alropHTM, KOTOPHIA 10 HOMEPY BCAKOrO op-
IHHAIa, UMEIOIEro NMpefiecTBeRHIKa, YKasslBaeT OJUH U3 HO-
MEPOB 3TOro NpeleCTBeHHHKa;

3) cymecTByer aNroputM, KOTOphifi 1O HOMEPY BCSIKOro
NpenesbHOro opAuHala Jaer mporpaMmy TakoH moc/enoBaTedb-
HOCTH HOMEPOB GDAMHEAJIOB, UTO NOCJEAOBATe/NLHOCTD OpAHHAIOB
C 3THMH HOMEpaMH BO3pacTaeT ¥ CXOJHUTCH K HallleMy npeaenb-
HOMYy OpAMHamy.

Camast ‘mpoctast cucTeMa OGO3HaYeHHH — TOXAECTBeHHas
HyMepauusl HaTypasbHBIX 4yKces] (paccMaTpHBaeMBIX KaK OpAH-
Habl). UyTh GoJiee CJIOKHBIfI IPUMED CHCTEMBI 0603HaYeHHH —
HyMmepanusl BceX OpAHHAJIOB, NPEACTABUMBIX KaK 3HayeHHe I1o-
JIMHOMA C HaTypaibHbIMH KOSMPHOHEHTAMH OT ®, STHMM CaMbl-
MH HOJIHHOMAaMH.

Bpensi nmoHaTHe CHCTeMBl 0Go3HAueHHH, MHI MoJyyaeM BO3-
MOKHOCTb BBECTH TNOHATHE KOHCMPYKMUBHOZ0 OPOUHANQ — Ta-
KOTO opAnHa/ia, KOTOphIfi HMee? HoMep XOTs Ol B OXHOl cHcTe-
Me obo3Hauenufi, Mul BHIHM, KaK TeOpHs HyMepalHu#l No03BO-
JIfleT 1aTh onpefiesieHHe BAXKHOIO H €CTECTBeHHOIO KJacca OpAH-
HaJloB.

Kak pokasan Kmutn (M, [Pomxepe, 1967, § 11.7]), cywect-
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ByeT MaKCHMaJlbHasi cHcTeMa 060O3HaueHHH, TO ecThb TaKas CH-
crema 0603HaYeHHH, B KOTOPOH KaX/bili KOHCTPYKTHBHEIH Op/u-
Han uMeer Homep. (Mmeercst u apyroe omucanue KOHCTPYKTHB-
HBIX OPAMHAJIOB. ODJAMHAN KOHCTPYKTHBEH TOrJia H TOJIbKO
TOrZa, KOrZa OH SIBJAETCA MNOPSAKOBBIM YHCJIOM HEKOTOPOro
paspelunMoro nopaaka — cM. [Pomxkepc, 1967, § 11.8.)

OcoGeHHOCTbIO KJacca KOHCTPYKTHBHBIX OpAMHAJIOB Kak
HYMEPOBAHHOr0 MHOXECTBA ABJSETCA TO, YTO HCTOPHYECKH
nepeoe onpeseeHue 3Toro Kjaacca (akTudeckn ucrosb30Baslo
obuwee NMoHsATHE Hymepanuu (B'TO BpeMsi Kak, HampuMep, aj-
re6pauyeckue YKcaa, O KOTOPBIX OYAeT MATH peub AaJblie, No-
ABHJIMCh, pasymeercs, 6e30 BCAKOH CBASU C HyMepalusaMM H
BooGme Teopueli anroputMmoB), MMmeHHo paccMmorpenue 3TOro
KJacca nmoGyxunno KosMoropoBa chopmyiHpoBaTs ofuine ompe-
JesleHusl YKC/IOBOH HyMmepaluu U CBOAMMOCTH HyMepauu# (cM.
§ 1.15).

PaccmoTpuM TeNepb HEKOTOPhIE APYTHE €CTECTBEHHO BO3HH-
Kalolue HyMepoBaHHBEIE CTPYKTYphl. Hanpumep, y MHOxeCTBa
Com (X, Y) (cm. § 1.14) umerorcs Hymepanus, BO3SHHKAIOL(HE H3
croco6oB nporpaMmupoBanus. Hpyrofi mpumep: cTaHpapTHas
HyMepalHsi 371eMeHTOB KaKoH-1160 KOHEYHO3afaHHOH afre6pul
(nanpHMep, FpyNIE) MocpencTBoM TepMoB (cM. § 1.15). B siux
JBYX HpHMepax MbI BCTpeuaeMcs ¢ HyMepanusaMy IporpaMMHOro
THIIa M CTPYKTYPaMH ¢ NMO3UTHBHBIMH ONepalHOHHO-BERIYHCIIH-
MBIMH HyMepaLHsMH.

2.5.1. Hymepauuu nporpammuoro tuma. Hymepayus npo-
2pammnO20 THNA — 3TO HyMepalusl, KOTOPYI MOMKHO MoJy-
YHTb M3 CII0COGOB NMPOrpaMMHpPOBaHHS ¢ MOMOMBIO TeX Onepa-
nuii, Koropble GbliM onucannl B koHue §1.15, a uMenwo:
1) npsiMoro mpousBeneHus, 2) KOPTEKHOIO PaclpocTPaHeHHs,
3) cyxenus u 4) dakropusanun. Hanomuum (cMm. § 1.15), uro
KaxIehi criocof nporpaMMupoBaHus BHISHCIHUMBIX QyHKBHA K3
X B Y MOXKHO paccMaTpMBaTb Kak HyMEpalHIO ceMedcTBa
Com (X, Y), a kaxauli cnoco6 mporpaMMUpPOBaHHst OPOAHMEIX
noaMHoxects W — kak Hymepanuio cemefictBa Gen(W); agecn
X, Y, W — nexkoroprie ancam6iu. Tunuunbiil mpuMep Hymepa-
IDHH TPOrpaMMHOTO THIIA — HYMEpauHs BBLIYHCIHMOIG KOHTH-
HyyMa MNOCpeAcTBOM AymjekcoB (cM. §2.4).

H3BecTHO, YTO HEBO3MOXKEH ANrOPHTM, KOTOPHIAl MO ABYM
nporpamMmaM yCTaHaBJAHBaJM Gbl, SIBASIOTCS JIH OHH NMPOrpamma-
MH OfHOH U To#t ke BbHCAHMOH (yHKIHH. [TosTomMy ecatn o —
HyMepallisl IPOrpaMMHOrO THHA, TO (3a HCKJIOYEHHEM TPHBH-
aNbHBEIX BBIDOXKJAEHHBIX C/Iyd9aeB) He CYLIECTBYET ajiropHTMa,
KOTOPBIi N0 [POH3BO/ILHLIM 5/1MEHTAM /1 H f OCHOBAHHA Hy-
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Mepaiyy paciosHaer, HMeeT JI4 MeCTO PaBgHCTBO a (m)=a (n):
HyMepallusi o OKasblBaeTcst HepaspeluMoH B cmbicie § 1.15.
Bonee toro, €cjii B NOCTPOCHHH HyMepalMH y4acTByeT Cyike-
HHe, OCHOBaHHE HyMePallH OKa3biBaeTCsi (B HEBBIPOMAEHHbIX
cilyyasx) ‘HepaspelMMbIM, & CKOpee BCero — U Herlepednciy-
MBIM: HelepeyHcJINMO, HallpHMep, MHOXKECTBO BCEX HPOorpamm
BCIOAY onpeneneHHHX QyHKUHH M3 X B Y.

2.5.2. Ksasucranpapruoie Hymepanud. [1pumep HyMepaniu
ApYTOro, HEXENH NPOrpaMMHEI, THNA — 9TO CTaHJapTHAd
HyMepaliHsi 3JeMeHTOB IPOH3BOJNLHOH KOHEYHONOPOXKACHHOM
anre6pel (cM. § 1.15). Bee yuacTBylomue B CHrHaType omepa-
[lUH, OYEBHIHO, OKA3bBAIOTCs BBIUYHCHHMBIMH (cM. § 1.15) o1-
HOCHT@NBHO 3ToH Hymepamuu. Ecnu anre6pandyeckas CHcCTeMa
He TOJIbKO KOHEYHO IIopoXKAeHa, Ho H KOHEYHo 8ajaHa, To, Kak
Mbl 3HaeM (cM. § 1.15), crannapTHas HyMepamus ee 3JIEMEHTOB
TepMamy MO3WTHBHA (HO pa3peliMMa TOJILKO MpH HalHYHH pe-
IeHHs y Tpo6/eMbl pacno3HaBaHHA papeHcTBal). JTOT Bax-
HEfi anre6papyeckuli NpHMep MOKAasbiBaeT POJIb HO3HTHBHBIX
HyMepauuil ¢ paspellMMBHIMH OCHOBAHHMSIMH H BbIYHCIHMBIMH
CHTHATYpPHBIMH omnepauMsiMu. Ilo-BuaumoMy, HMEHHO Ha TakHe
HyMepalkH JODKHO ORITh OGpalleHo IVIaBHOE BHHMaHHE IIpH
u3yueHHH HYMEpOBaHHBIX ajre6p. (3aMeTHM, 4To Takas HyMe-
paiisi MOXeT M He OHITb KOHCTPYKTHBH3aumHed, CM. HHXKe.)
Tloatomy OHH SaC/y:KHBalOT TOro, YTOGLI Jarh HM KaKOe-HH-
Gyap CHennajlbHOE Ha3BaHKe; aBTOPH, OfHAKO, He CMOINIM TpH-
AyMaTb XOpollero HasBaHHf, YZIOBJeTBOpsomero TpeGoBa-
uuam u3 [Mansues, 1966, c. 721 u [Epmos A., 1977, c. 76l.
MozkeT ObITb, HasbIBATb 3TH HYMEPANMH KBA3UCMAHOGPMHOIMU?

Bor ewe npumep aareGpanueckofi CTPYKTYpPhI, HMerouel
HEKOTOPYIO €CTECTBEHHYI0 HYMepalHio, O0KashiBaloUlyiocs
«KBasHCTAHAAapTHOM», DTO0 MHOXECTBO aJireOpaHyeCcKUX Be-
ILECTBEHHBIX YHCeN, 3aHYMePOBaHHOE ¢ TOMOIIbIO NOJHHOMOB
¢ Hesbivi Kodddunrentamu. OTHOIEHUS paBeHCTBa H NopsiiKa
OKasBBAIOTCH paspellliMbIMH, a Omepalyi CJIOXKEHHS U yMHO-
JKEHUS —- BHIIHCAHMBIMH OTHOCHTENILHO 9TOH HyMepaluu. MuI He
BXOAMM B TeXHHYECKHE JeTaly NOCTPOeHHS! HyMmepanHH anreG-
paugecKux YHCeN 6 TaKUMH CBOHCTBaMH; OrPaHHYMMCH YKasa-
HHEM Ha TO, YTO, TI0 CYIIECTBY, HMEHHO Takafd HyMmepalHs OIlH-
CHIBAeTCA B OGHIYHLIX JIOKASaTe/LCTBAX GUETHOCTH MHOXKECTB
ajare6panyeckKux 9ucel.

2.5.3. Konctpykrususanuu, Msnoxennsi npumep mog-
BOMMT Hac K MOHSATUIO HyMEpOBaHHOH M, Aaliee, KOHCTPYKTHB-
HOH anre6pauyeckoldl cucTeMbl. TeopHs HyMepOBaHHEIX H,
Ipex/ie BCero, KOHCTPYKTUBHBIX aire6pandecKux cucreM Ouiia
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ocroBana MassueenM B passuta 1O, JI. Epwopbim (eM. [Magp-
- ues, 1961}, [Epmos 10., 1973], [Epmor 10., 1974], [Ep.
mos 10., 1980], [Conuapos, 1979]). ‘

I[Tyctb 3amana curuarypa {=, Pi, Ps ooy fiy fa ...},
rae =, Py, P,, . . . CyTh NIPEIUKATHEIC CHMBOJH, f1, fg, « o . —
(GYyHKUHOHA/bHHe CHMBOJH. EcTecTBeHHO paccMaTpHBaTh Ta-
KHe CHI'HATYDHI, JJISI KOTOPHIX BaJCHTHOCTb }) CHMBOJIOB P,
u f; >bbekTHBHO Haxogutcsl no {. [IAs TakUX CHTHATYpP MHO-
JKECTBO BCeX GOpMyJI JIOTHYECKOTO sI3blKa (CKaxKkeM, HEepBOro 1o-
psiiKa), €CTeCTBEHHO pacTo/ioKeHHOe B NOZXOISIIEM CJOoBap-
HoM aHcambie, paspemuMo. ’

Urak, nycrs o — curuatypa onucaHHoro tuma. Ilycrs,
Janee, M=(M, o) — anreGpauveckass cucreMa (a. CHCTeMa).
[Tapa (I, v), roe v — HarypaJbHas HyMepamuA MHOMKECT-
Ba M, wuasbiBaercs nymeposanuotl a. cucmemoii. O603HAYHM
yepe3 O’ CHCHaTypy, moJjydaeMyio JoGaBleHHeM K O CHM-
BOJIOB KOHCTaHT &, Ci, . . . DyAeM cuuTath, 4T0 3HaueHHeM (MH-
TeprupeTaunei) KOHCTaHTHl C¢; siBasieTcss v ({) AJds Beex (€N,
HaszoBem HyMepoBaHmylo a. cucreMy (IR, v) rowcmpyxmue-
Hoti a. cucmemotl (MM PEKYPCHBHOHA a. CHCTeMOH); €C/H MHO-
KecTBO OeCKBAaHTOPHHIX NpeJIoKEeHHH CHIHATYpPH ¢, HCTHH-
HbIX B a. cucreMe (M, ¢'), paspewnmo, HyMepauus.v HasH-
BaeTcsl B 3TOM Cllydae KOHCmpyskmusHod nymepayuell (cM.
[Manbues, 1962al) unu  xoncmpyxmususayuer anre6pauvec-
koit cucremu SN. B ciydae KOHeUHOH CHrHaTypbl HyMepamus
TOTAa H TOJILKO TOrAa sIBJsIETCH KOHCTPYKTHBH3alHeH, Korza
BCe CHrHaTypHBle GYHKIHM BBIYUCIUMBI, @ BCe CHTHATYpHBIE
NpefnKaThl, BKJIOUAA NpEAVKAT paBeHCTBA, paspelluMHEl OT-
HOCHTE/IbHO 3TOH HyMepanuu (B CMBbIC]E, Pa3bACHEHHOM B KOH-
e § 1.15). Anre6pauueckas ciHeTeMa Ha3bIBaeTCs KOHCHIPYKNLU-
ousupyemorl, eciu y Hee CyIIECTBYeT KOHCTPYKTHBH3alus,
Jnst cryyast anreGp moHsTHe (HO He TEDMHH) KOHCTPYKTHBH3H-
pyemoii asre6panyecKoil CCTEMB! BIIEPBbie NMOSIBUJIOCH B pabote
Kysnenosa (y Kys3Henopa — «obuiepekypcuBHas anreGpay,
cm. [SIHoBckas, 1959, c. 79]). Ecan Temeps roBOpHTH He O
GeCKBAHTOPHBIX NPENJIOKEHUAX, @ O JIOOBIX INPeAJIoKEeHUX
(73bIKa TepBOro MOpsiiKa) CHCHATYPHI 6, TO MOJyYHTCS OMpe-
IeNleHue CUAbHO KOHCMpYKmueHot, anrebpandyeckoll CHCTEMEI,
CUNBHOL KOHCMpPYKMueusayuu W CuAbHOd KOHCMPYKMueu3u-
pyemocmuL.

1y Mbl mpunHCHIBaEM CHMBOJY 8d¢HMHOCTb M, €CJH OH 0Go3Hauaer
npeanKat way QyHKUMIO OT n apryMentoB. (TepMuH «BaJeHTHOCTb? Ka-
HETC NPEANOYTHTE/IbHEE PEXYIHX Va3 H YXO TePMUHOB «3aPHOCTLY WJIH
«MECTHOCTDY.) : .
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flcHo, uTO CHJIBHAs KOHCTPYKTHBH3HDYEMOCTb &, CHCTEMBI
BJIEYeT Pa3pElMMOCTh JJIeMeHTapHOH Teopuu sTofl anreGpau-
ueckol cucreMel, OGparHoe, Booflie rOBOps, HEBEPHO; 3JIe-
MeHTapHasl TEOpHs CNOKEHHs Ha HecTaHHApTHOM HaTypalibHOM
psilly paspeludMa, Ho COOTBeTCTBYIomasn ajreGpauyeckas chc-
TeMa HE TOJILKO He ABJAETCH CHALHO KOHCTPYKTHBH3HPYEMOH,
HO Jaxe He KOHCTPYKTHBU3HpYyeMa B CHJY IOJyJeHHOro B
[TBepcko#, 1982] ycunenuss Teopemn TenneH6ayma (cM. Ko-
Hell AaHHOro maparpada).

OueBufHO, KaxkAas KOHCTPYKTHBH3allUsl AIBJIseTCs paspe-
wuMoll Hymepanmefi. Jlna anre6p ¢ KoHedHOH cHrHaTypoH
KOHCTPYKTHBHOCTb HaTypa/bHOH HyMepamuH pPaBHOCHJIbHA
BLIIONIHEHHIO MABYX TpeGoBanuiii TpeGOBAHUSA BHIYHCIHMOCTH
CHrHaTypHBIX Onepauuti (OTHOCHTe/ILHO HYMepanuu) U TpeGoBa-
Husl paspewmmocTH Hymepauuu. Hspecrno (cm. § 1.15), uro
Kaxkias paspellMas HaTypajipHas HymepamHs GeCKOHEYHOIro
‘MHOKECTBA SKBHBAJICHTHA HEKOTOPOH OJHO3HAaYHOHA HaTypasb-
Hofi Hymepauun. [Tostomy eciu GeckOHewHast adreGpandecKas
cHcTéMa BooOIIe JONMyCKaeT KOHCTPYKTHBH3aUMIO, TO OHa JO-
MyCKaeT W KOHCTPYKTHBH3AIUIO, SBJSIOUYIOCS OAHOSHAYHOH
HyMepauueti,

B caydae KOHEYHONOPOXKIEHHOR aire6panuecKolt CHCTEMEL
€CTeCTBEHHO paccMOTpeTh €e CraHHapTHYI0 Hymepanuio (cm.
§1.15). KoHerpykTHBHA /i cTaHAapTHas Hymepauus? He oGsisa-
TeNLHO: YXKe OTHOLUGHHe paBeHCTBA MOXeT OKa3aThCs Hepaspe-
wuMsiM. FIMEHHO BBHRY Takofi BO3MOXHOCTH OOCYyXKNaBiasics
Buile B § 2.1 aaropurMmugeckas npo6iema pacnosHapaHus pa-
BEHCTBa 3/IEMEHTOB CTPYKTYPhl MOMET OKasarhCsi HEpeluMOi.
OznHaKo etJH CTPYKTypa KOHCTPYKTHBH3UDYyeMa, TO CTaHZapT-
Hasl HyMepalusA KOHCTPYKTHBHa. /i1 KOHEYHONOPOXKACHHBIX
anreGp paspelinMOCTh CTaHJAPTHON HyMepalky paBHOCH/ILHA €@
KOHCTPYKTHBHOCTH H, CJI€I0BaTe/bHO, PABHOCHJ/IbHA KOHCTPYK-
THBH3HPYEMOCTH paccMaTpuBaeMofi anre6pul. (Bnepswie ato 06-
crositesiberBo otMeTua Kysnenos, cM. [IuoBekas, 1959, c. 79].)

BceBosMOXKHBIE KOHCTPYKTHBH3aLlMH JaHHOH ajare6pauye-
cKo#l cHcTeMB! 06pasyloT BEPXHIOI IMOJYPEIIeTKY OTHOCHTENbHO
KOJIMOrOpOBCKO! CBOZHMOCTH; B CJy4ae, €clii ajreGpayvueckas
cucTeMa KOHeYHO NMOPOoXKIeHa, a yKasaHHas MoJypelieTka He-
mycTa, B STOH NOJNyPeINeTKe €CTh HauMeHbIUHHA SJIEMEeHT — 3TO
craHpapTHas Hymepauus. (Pasymeercsi, mefantHuHee GbLIO Ghl
rOBOPUTL He O CaMHX KOHCTPYKTHBM3alHAX, a O KJjaccax
SKBHBaJIEHTHBIX KOHCTPYKTHBH3allui.)

2.5.4. PaciinpeHHsi KOHCTPYKTHBHBLIX cTpykTyp. HcToku
oflleli TeOpuH KOHCTPYKTHBHBIX CTPYKTYp J€XaT B TEOPHH
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KOHCTPYKTHBHbHIX Tosiefi (cM. [Pa6un, 1960]), rne, B actrocry,
OBJIO BBEJEHO MOHATHE AomycTHMoi (admissible) omHo-oxmo-
aHagHOH HyMepauHH KaKoH-JMGO anrebGpsl: JONYCTHMOCTL 03-
HayaeT, 4TO ONEpanHsM aireGphbl COOTBETCTBYIOT BHIYHC/IHMEIS
GyHKIMH Ha HomMepax. Jlis Kinaccuueckol TeOpHH 1oJlet BeckMa
TUOHYHBIM fIBJISIETCS PACCMOTPEHHE Pa3MYHBIX pacIUMpPEHHuH.
B cayvae KOHCTpYKTHBHBIX CTPYKTYP BO3HHKAeT €CTECTBEHHEIN
BOIPOC O BO3MOXKHOCTH NPOJO/IKEHHS KOHCTPYKTHBHM3anHM Ha
pacluipesue. . o

Bo MHOrHX BaxHHIX ciayuasx JoGas KOHCTPYKTHBH3aHsl
HCXOIHOH CTPYKTYDH HZOMYyCKaeT Takoe Mpopo/ikenue. Hanpu-
Mep, BCSIKasi KOHCTPYKTUBH3alUs IOJS NPOJOJMIKAETCS Ha €ro
anre6panyeckoe sameikanue (cM. [Pa6un, 1960], [Epwos IO.,
1980, ra. 6, § 1, npeanoxenue 6; caencrsue 1 Teopemn 2]),
TO 3Ke BEpPHO LJIs1 BEEecTBEHHOTO 3AMBIKAHHS YHOPALOYEHHOrOo
nons — |Epwos 0., 1974, . 3, § 1, npennoxenne 10; § 4,
teopeMma 3]. B ciryuae npousBosbHoro ajnreGpauyeckoro pacuim-
perust F’ nons F Beo6XomuMoe U AOCTaTOYHOE YCJIOBHE NPOAOI-
’KaeMoCTH KOHCTpyKTHBH3alMH V! N->F 10 KOHCTPYKTHBH3a-
MK 1o F' COCTOMT B MEPEUHCIHMOCTH MHOXKECTBA TeX MHOTO-
unenoB f € F [xl, koropeie umeior kopers B F* (em, [Epos 10.,
1980, ra. 6, § 3, Teopema 4]). Onnako, KOHEYHO, BOIPOC O NPO-
JOJKAEMOCTH KOHCTPYKTHBH3alHH HHTEPECeH HEe TOJLKO MIf
none#t, Hanpuwmep, mis Beako# TOKaMbHO HUABIOTEHTHOR IPyH-
el 63 KpyUeHHs ee KOHCTPYKTHBU3ALUs NPOAOTKAETCA 10 KOH-
CTPYKTHBH3auuH ee momonuenua (cm. [Epwos 0., 1974, ra. 3,
§ 3], [Epuos 0., 1980, rx. 6, § 3, Teopema 2]).

Boo6uie, nmycrs 3afaHa crpykrypa I, ee KOHCTPYKTHBH3a-~
s v B paciuupenue atofi crpykrypsl ', Cymectsyer au npo-
IOJKeHHe KOHCTpyKTuBH3amuu v Ha MM'? B mmpokom kiacce
CHUTyalHH, B YaCTHOCTH MJISt BCeX NPUBEIEHHRIX BhIllle NpHUMe-
POB, TMOJIOXHUTENLHBIfI OTBET HA 3TOT BONPOC MO3BOJISIET JAATh
meopena Epuiosa o sdpe (cm. [Epmos 10., 1972], [Epmos 10,
1974, ra. 3, § 9], [Epwos 0., 1980, ra1. 6, § 3]).

2.5.5. AnreGpaHyuecKH KOpPPEKTHbIE MAacCOBLHIE NpoGAeMEl.
Pasymeercs, ec/iu Hymepalust KOHCTPYKTHBHA, aJITOPHTMHYEC-
Kasg mpoGseMa paclo3HaBaHHfl DaBeHCTBa 3JIEMEHTOB (3ajaH-
HEIX HOMEpaMH B 3TOH HyMmepaiHH) peiuHMa 110 ONPeNeNeHHIO.
Onnako u B 3TOM Cllyyae APYTrHe aITOPHTMHYECKHE MacCOBLie
npoGaeMnl, GopMyJiupyeMule JJia BaHHOH CTPYKTYpH B anareG-
PanyecKHx TEpPMHHaAX, MOTYT OCTaBaThCsl HepemaeMbiMu. Bos-
HUKaeT BOIPOC, YTO TaKoe BOOOIIE ajirOpHTMHYECKas MaccoBas
npotJaema, popmynupyeMas B aare6pandecKuX TepMHHAX, HJH,
KaK Mbl Oy/ieM FOBOPHTB, a/ire6panyecKH KOPpeKTHas a/ropHr-
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MHYeckast MaccoBasi mpobiema. B crmeflyromem a6sane Mbf Ha-
Jeemcsl IIPENJIOKHTb aJeKBaTHoe onpelieeHne (mpHdeM He
TOJILKO AJISl KOHCTPYKTHBHBIX, HO JJIsi MIPOH3BOJILHBIX HyMepo-
BaHHBIX ajlreGpanyecKHX CHCTEM). :

duKkcHpyeM Kakyo-Tu6o HyMepoBaHHYIO ajareGpauyecKyro
cucreMy. Ilycte M — ee HocuTelb, OGosHauuM 4epe3s M™ mHo-
JKeCTBO BCeX Koptexell Ham M. JIns mo6oro noiMHOMKECTBa
Pc M” mOXHO MOCTaBHTH aJTOPUTMHYECKYI0 MacCOBYIO HpO-
6neMy Ap: HalTH alropuT™, pacmo3HalOwHi no HoMepaM
flf, « .y Ny IEMEHTOB Qj, . . ., O, IPHHAIJICKHT JH KOPTEX
(@i, « .. a) nogmuoxectBy P. Hasosem P ycmotiuuesim, ecnu
OHO COXpaHSIeTcsl NpH aBTOMOp(H3MaX, T. €. €CJIH Ajs JMoboro
aBroMop(H3Ma @ Haiefi anre6panyeckoil CHCTEMEL HMEET MECTO
a (P)=P. Ilpobaema A, Ha3uiBaercsl aszebpaudecKu Koppexm-
Holl, eciM oMa MOCTaBieHa s ycroiuubBoro P. Urak, anre6-
panvyecKu KOpPpeKTHasl aJrOpHTMHYecKass MaccoBast npofJema
(coxpamerno — AKAMII) ectb mpoGneMa NOCTPOEHHS alro-
pHTMa, Pacrlo3HAIOMIETO 10 HOMEPaM KaKHX YTOLHO 3JIEMEHTOB
anre0panyecKoH CHCTEMBI, TPHHANIEHKHT JIH KOPTEX STHX 3Je-
MeHTOB INPOH3BOJILHOMY, HO (DHKCHpPOBaHHOMY YCTOHYHBOMY
MHOKecTBY. MBI paccMarpuBaeM nonstie AKAMIT kak orpaxe-
HHe HallpX HHTYHTHBHEIX NpejcTaBleHHH o (BHYTpEHHHX, CM.
§ 2.1) maccoBhix mpo6ieMax, cOpMy/IMPOBaHHHEIX B ajreGpau-
YeCKHX TepMHHax.

Ha coBokynHocTi BceBo3MoXHBIX AKAMIT gna dukcupo-
BaHHO#H ajire6panyecKoll CHCTEMbI BBOAMTCS €CTECTBEHHRIA npes-
nopagok: AKAMIT A’ cnoxnee, yem AKAMIT A* (a A* npo-
e, yeM A’), Koslb CKOPO NpU BCAKOH KOHCTPYKTHBH3AIMH, TPU
KoTopo#i pemrmMa A’, HempemeHHo pemnma U A”. BriBator Ju
npoGIeMBl pasiHYHOH CHOXKHOCTH, T. €, HESKBHBAJICHTHHIE OT-
HOCHTEJILHO TOJIBKO 9TO BBEJEHHOrO mpeanopsaxa? 10T Bol-
poc Ghi1 3afaH OZHHM H3 aBTopoB I'ondapoBy. B otserHOM
mucbMe mocnenHero ot 1 mions 1981 r. 6b1 ykasaH mpumep
peasiuuonHof cucremnl ¥ aByx ee AKAMIT pasnuunoft cnox-
HOCTH. YKasaHHas cCHcTeMa Ohjla CeHHAaJIbHO CO3aHa ¢ [eJIbIo
OTBETa Ha yKasauHBIH BONPOC, H ABTOPAM HEHSBECTHO, BO3MOK-
HO Jii OGHAPYXUTb 3TOT 5(}eKT B ¢pealbHO CYMECTBYIOUMX»
anre6pauuecKux cucreMax. '

2.5.6. AaropuTMHueckwe pasmepbl. AsreGpauueckH Kop-
peKTHast aJropuTMHYeCKas MaccoBasi mpob/ieMa, pewuMas npu
ONHOH HyMmepaluM HaBHol anre6pauyeckod CHCTEMBI, MOMET
OKasaThbcsl HepelMMOH Mpu Apyrofi Hymepauuu To#l xe ai-
re6panueckoll cHcTeMbl, Masbues (cM. FMa.nbneB, 1962a))
' cAefal TOHKoe HaGaiofeHue: OH OOGHapy:KHJ, UTO YyKasaH-
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Hasi BOBMOXHOCTb peanusyercs Name AAf KOHCTPYKTHBH-
sanuii. Mmenno, B [Manbues, 1962al uccaemoBana apu-
THBHas TPYNNa CYETHOMEPHOrO BEKTOPHOrO NPOCTPaHCTBa
Q" Hax noseM Q panuoHalbHHIX uucesd. B HassaHHOft paGore
s1a aGeJieBa rpynna o6o3HaueHa uepes R H OTHOCHTEJBHO Hee
YCTaHOBJIEHO CJIEAYIOmEe: IS TPyNnu R, ajJropuTMHuecKast
npoGiemMa JIMHEHHOR 3aBHCHMOCTH HMeeT pellieHHe NMpH OZHOM
KOHCTPYKTUBUSAUMH U He HMEeT pellleHHs npH Apyro#. Jame-
HEHIIMH aHaMH3 M0KA3bIBAET, YTO MOXKHO Jaxe OrPaHHuHTHCS
npoGJiemoii JIHHeHOK 3aBHCHMOCTH ABYX 3JeMeHToB. Takum 06-
Pa3oM, NpH OJHOA KOHCTPYKTHBH3ALHKH IPYNNH R, CymiecTsyer
aJITOPUTM, PAacnosHaloOWHUH 10 HOMepaM NPOHSBOJLHHEIX JBYX
9JIEMEHTOB 3TOH afAHTHBHOH rpYyNNbl, NMPONOPUHOHANLHE OHH
(¢ panuOHaNBbHBLIM MHOXKMTeJNIEM) WJIH HeT, a JJs OPYrofl KOH-
CTPYKTHBH3AlMU TAKOrO aJropHTMa He CYLIECTBYET.

Hrak, ana rpynnnl R, CymeCTBYIOT KOHCTPYKTHBH3ALUH
CTOJb pasnuyHble, uTO BoamoxHa AKAMII, peummasi npu on-
HOH KOHCTPYKTUBH3AllMH U HepaspemuMas npu Apyroil. Bos-
HHKaeT NOHATHE NpPOGJEMHOr0 pasjHuusi KOHCTPYKTHBH3AUUH
(1, BooGine, HyMepalLu#): IBe HyMepaluuu ajireGpandeckol cuc-
TeMEl npobaeMHo pasauurei, ecii cymectByer AKAMII, pe-
IIKMasi IIpH OJHOH HyMepauuu 4 Hepelwmmas npu apyro#i. Ta-
KuM 00pasoM, MaJbleB Haimlesi nepBhlfl NpuMep IIpOGJIEMHO
paslMYHBIX KOHCTPYKTHBH3amHMH; HEHHOCTb 3TOr0 INpUMepa
B TOM, YTO M COOTBETCTBYIOILasi anreGpaHuyeckasi CHCTEMa M
AKAMII, npoGaeMHO pasiuuaiomasi KOHCTPYKTHBH3ALHH, He
OblTM MOCTPOGHHl HCKYCCTBEHHO, a 0o0e OHLIM OOHapy:KeHb B
MaTeMaTHIecKoH AeACTBUTENLHOCTH.

EcrecteeHHO HasBaTh JBe HyMepauuu npobiemHo 3Kkeuea-
ACHMHbIMU, €CTIE OHH He SABIAIOTCA NPOGJEMHO pas3IHUYHBIMH.
SlcHO, 4TO OTHOLIEHHe MPOGJEMHOA 3KBUBAJEHTHOCTH HyMepa-
uuil Kpynsee, u/g rpy6ee, OTHOLICHHS KOJMOTOPOBCKOH 3KBH-
BaJIEHTHOCTH, H3BeCcTHOH HaM u3 § 1.15: ecnu jBe Hymepauuu
5KBUBaJleHTHH! 10-KoamoropoBy, onu, OYeBHAHO, H NPOGJEMHO
SKBHBaZNeHTHbl. Mex1y 3THMH IBYMS OTHOIIEHHSIMH SKBHBA-
JICHTHOCTH MOXHO paclOJIOXKHUTb ellle HeCKOJbKO 3KBHBAJIeHT-
HOCTeH, TaK W/IH HHaYe OTPAXKAIOIHX aJTOPUTMUYECKYIO IPHPO-
Ay paccmaTtpuBaeMoli anreGpauueckol cucteMel. Kaxkpas us
3THX SKBHBaJIeHTHOCTEH, 3a MCKIIOYeHHEeM OJHON (3KBHUBaJEHT-
HOCTH 110 MaJbieBy), NOJMydaeTca CHMMETpPU3aluell CooTBercT-
Byloliero OTHOIleHus cBoguMocty. K ONHCaHMIO STHX OTHOLIe-
HHU# CBOJMMOCTH MEL ceifuac H mepefifem.

Hrak, ¢ukcupyeMm Kakyio-mu60 aarebpanyeckyro CHCTeMy
C HocuteleM M H paccMOoTpuM pas/AHUHBE ee HyMepamuH.



192 YACTb BTOPASI. MATEMATHYECKME INPHIIOXEHHS

Ha cosoKynHOCTH 3THX HyMepanuit Mbl cofupaeMcs onpeAeuTh
nATh OTHOLUEHHH CBOJMMOCTH. ‘

Haunem ¢ HamomuHaHus ceogumoctu no Komvoroposy.
[lo onmpenenenmio, Hymepauns & ceodumca no Koasoidposy
K Hymepauuu P, KOJb CKOPO CYILECTBYeT aJrOpHT™, KOTOpHIH
no Jo6oMy c-HoMepy mo6oro saementa u3 M naer f-momep
Toro xe saementa. JApyrumu crosamu, o cBogutca mo Ko.:Mo-
ropoBy K P, €CIM eCymiecTByeT Takas BHUHCAUMag (YyHKUHS
f, uto Pof=c.

ByzneM roBopHTb, 9T0 HyMepanus G asmocsodumcs K HyMe-
paunH B, KOJb CKOPO CYLIECTBYeT TaKoi aBroMOpdH3M ¢ pac-
CMaTpHBaeMOH anreGpaHdyecKoil CHCTEMBbI, YTO OOG CBOJHTCS
no KoamoropoBy x B.

Jaa onpeneNeHds JaabHeAIHX CBOAUMOCTeH HY:KHO Hapsi-
Ay © NPOHSBOJIBHOM HyMepaiHell v MHOXeCTBa M paccmotpets
-ROPTEXKHOE paclpocTpaHeHHe v 9Toft Hymepauuu. Ecin Pc

. &M=, 1o v=1(P)=N~; rosops B naabHeiinem o XxapaKTepueTH- |
deckofi pyHKHUH MHOXKecTBa v™!(P), MB HMeeM B BHAY JIHGO
dyukumio, ompepenennyio Ha N, ym6o (9o Gespasanuno) -
¢yHKOMIO, onpelielleHHYI0 Ha HEKOTOpoM aHcaM6iie, BKJIIOYAIO- '
wem N>, :

. Byllem roBopHTb, 4TO HYMEpPalHs & PASHOMEPHO c80dUMCSA
K HyMepauuu f, KOJIb CKOpPO CYHIECTBYeT TaKOH BBIYHC/IHMBII
onepatop (B cmbicie § 1.13), xoropeift mas JpGoro yerofiuu-
Boro PcM”™ npeofpasyer XapakTepHCTHYECKYIO (YHKIHIO
MHoKecTBa B~ (P) B XapaKTepHCTHYECKYIO PYHKUHIO MHOXKECT-
Ba o~} (P). (B cratse [Ycnencku#i, Cemeno, 1982] pasHomep-
Has ¥ IporpaMMHasl CBOAHMOCTH 0 HeJ0GMOTPY copMmyHpo-
BaHhl ¢B IPOTHBOMOJMOXHYIO CTOPOHY».) :

DukcupyeM Tenepbh HEKOTOPHIH cnocol NMporpaMMupoBaHus
H GyJieM rOBOPHTb, YTO HyMepamHs O NpocpammHo ceodumes
HyMepauuy f, KOJb CKOPO CyINEeTBYET aJropuTM, obrafatouHi
CJIeAYIOMHUM CBOKMCTBOM! BCAKHH pas, KaK p OKaSHBaeICs Ka-
KO#-IH60 Nmporpammoil XxapaKTepucTHYecko! QYHKHHH KaKoro-
160 MHOXKecTBa Buia B~ (P), rae P ecTb Kakoe yrofHO yCToH-
YuBOe MOJMHOXKECTBO MHOXecrBa M®™, aaroputM Jaer pesyib-
TaT B NPHUMEHEHHH K p U STUM Pe3YJhLTaTOM OKashiBaeTcs OfHA
H3 [pOorpaMM XapakTepHCTHUeCKOH (yHKHUH MHOXKecTBa
@~ *(P). B cuny B3auMHOA TPaHCJAHPYEMOCTH CrOCOGOB hpo-
rpaMMupoBanus (cM. § 1.14), oTHOUIEHUe npOrpaMMHOE CBOAHU-
MOCTH HE 3aBHCHT OT Bhi6Opa CNoco6a MporpaMMUpOBaHus.

. Hakouen, ckaxewm, yro Hymepauus o npoGaremio ce00umcs
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K Hymepauus B, ecan Bcakas AKAMII, umelomas pemenue npu
HyMepauuHu B, HMeeT pelicHHe H TIpY HyMepauuu o, :

Beirio/IHeHHe KaxA0ro u3 BBeJECHHBIX OTHOLIEHHH CBOXHMO-
CTH BJIeUeT BHINOJHEHHE CJEAYIONIEro — MO MOPSiAKY Halero
nepeduc/IeHus — OTHOLIEHHS: U3 CBOJMMOCTH HyMepamHi no
KonMOropoBy BHITEKa€T HX aBTOCBOJMMOCTb, HS NpPOrpaMMHOM
CBOJMMOCTY — IIpobJemHast 4 T. I, Jlallee, Kaxnoe u3 OTHOIIe-
HUi{l CBOZMMOCTH pe(NIeKCHBHO H TPAaH3UTUBHO, U MOTOMY ero
CHMMETDH3aLMsA NPUBORUT K CBOEMY OTHOLICHHIO SKBHBAJEHT-
HOCTH Ha HyMepauusx. FIMenHo, ABe Hymepawuu K8UEANCHMHbE
no Koamoeoposy (COOTBETCTBEHHO, ABMOIKBUSANCHMHYI, POB-
HOMEPHO  IKBUBANEHMHLL, NPOSPAMMHO IKBUBAACHMHLL, NPO-
O2eMHO 5KBUBAACHMHbBL), €C/IM KaxkIas U3 HHUX CBOMUTCH MO
KoJsMoropoBy (coorBeTcTBeHHO, aBTO-, PaBHOMEpPHO, BPOrpaMM-
HO, npo6aeMHo) K Apyroii. Ma sksuBanenTHocTH 110 KoJsmoropo-
By CJEAYET aBTOSKBUBAJEHTHOCTb, H3 aBTOSKBHBAJEHTHOCTH —
paBHOMEPHAst 3KBHBANEHTHOCTh, H3 PaBHOMEpPHOH — Hporpamm-
Hasi, M3 NporpaMMHoi — npoGieMHasi. MexXAy 3KBHBaJeHT-
HOCTBIO MO0 KOJMOropoBY H aBTO3KBHBAJIGHTHOCTRIO MOMKHO
BCTABHTh €elle OJHY SKBHBaJIeHTHOCTb, KOTOPYIO MBI 6yJeM Ha-
3bIBATh JKausareHmuocmoro no Manroyesy.

byneM roBoputh, 4T0 HyMepauuu @ U P sKsusaseHmHsl no
Maunoyesy, KOIb CKOPO CYIECTBYET TaKod aBroMopdusm o,
4To 0oo H [} sKBUBa/eHTHH 110 Ko/aIMOropoBy. DTOT BHZ 3KBH-
BaJIeHTHOGTH BBesl MaubueB B [Maanues, 1962al. U3 sksuba-
JeHTHocTH N0 KoJaMoropoBy chegyeT 3KBHBaJeHTHOCTh IO
MaunbneBy, a U3 5KBHBaJIeHTHOCTH 10 MaJsbneBy — aBTOIKBH-
BaJleHTHOCTb. HecoBnaneHue skBuBasenTHOCTeH mo Kouamoro-
poBy K 1o ManbueBy ycraHoBHJ MaabieB B Ha3BaHHOH CTaThbe,
a HecOBNaJieHHe SKBHBAJEHTHOCTH 1O ManblieBy ¢ aBTO3KBH-
BaJICHTHOCTbIO — ['OHYapOB B NMHChMe OJHOMY U3 aBTOPOB OP
31 nekaGps 1985 r.

OrpanuunMcst Tenepb KOHCTPYKTHBH3AUUAMHA H B JaJabHel-
weM OyZeM paccMaTpHBATh BCe BBEJEHHbIE OTHOLIEHHA SKBHBa-
JIEHTHOCTH TOJBKO HAa KOHCTPYKTHBHu3anusax. Torjpa Jierko oG-
HAapY*HTb, YTO S5KBHUBAJNEHTHOCTb MO MaJiblieBy cOBHajaeT ¢
ABTOKBHBAJEHTHOCThIO. [103TOMYy — B NpHMeHeHHH K KOHCT-
PYKTHBH3ALHSIM — SKBHBaJIEHTHOCTh 110 MaJ/lblieBy MOXHO Ha-
3LIBaTh ABMOIKBUBAACHMHOCMSIO, B JuTeparype, ciefys [Mamnb-
neB, 1962al, Tak u mocTynaioT; MbI TOxe GyZeM TaK MOCTYNaTh,
HecosnaneHue B o6ieM cayuae 3KBuBaJIeHTHOCTH 1o KoJsmoro-
POBY U aBTOSKBUBaJeHTHOCTH 06Hapyxu1 ManbueB (cm. [Manb-
ueB, 1962a}), a HecoBnafiense B ofINeM clydae aBTOIKBUBaeHT-
HOCTH U npabJieMHO# SKBHBaJeHTHOCTH O0Hapymulsi ['oHuapoB

,7 B, A, Veonenckuf, A. JI, CemeHon
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(cM. [Comnyapos, 1983], rae npo6ieMHast SKBHBaNEHTHOCTb Ha-
3BaHa «alre6paHueCKOl SKBHBAJIEHTHOCTDHIO?); TOBOPS © HECOB-
NajieHuy B o6lueM cayyae, Mbl HMeeM B BUJy Hanuuue airepau-
YeCKHX CHCTeM, IS KOTOPHIX pacCcMaTpuBaeMble SKBUBaJeHT-
HocTH He coBnajaior, CyuiecTByer Ju ajarefpanuyeckas cucreMa,
AJIsi KOTOpPOHl paBHOMepHas SKBHBAJEHTHOCTb OTJHYAeTcst OT
nporpaMMHOH HJIM IPOrpaMMHasi OT NpoG/eMHOH, HEH3BECTHO
(37O HEH3BEeCTHO Jaxe, ec/iH paspelldTb paccMaTpHBaTh 3TH
SKBHBAJEHTHOCTH He IJIsi KOHCTPYKTHBHSAauMii, a st mpou3-
BOJILHBIX HyMepamu#).

AnreGpandeckHe CHCTEMEI, He HMEIOIHE HETPHBHAJAbHbIX
aBTOMOpP(QH3MOE, Ha3HIBAIOTCH aecmKkumu. Bee BBejeHHBIE 3K-
BHBaJIeHTHOCTH COBMANAIOT HA MHOXKeCTBe BCeX KOHCTPYKTHBH-
samuil (maxke Ha MHOXKeCTBe BCeX Da3pellMMbIX HyMepauw i)
JnoGofi KecTKol amreGpanyecKoii ciucreMsl. UHco KJaccoB 9K-
BUBAJICHTHOCTH, Ha KOTOpble pa30uBaercsi MHOXKEeCTBO BCeX
KOHCTPYKTHBH3alMi, ecTeCTBEHHO B 3TOM CJydae HashlBaTh
QR20PUMMUYECKUM PA3MEPOM pacCMaTpHBaeMoli anrefpamyec-
Koii cucreMbl. B ofiieM caydae, He NPEANONAralomiEM XKeCTKO-
CTH, MOHSITHE aJTOPHTMHYECKOrO pasmMepa pacnajaercsi Ha OsitTh
noHsTHi:! 1) Koamozcoposckut pasmep; 2) masvyesckutl pasmep,
HIn asmopasmep; 3) pasromepruil pasmep; 4) npospammHolil
pasmep; 5) npobremupit pasmep. TTousiTue aBTrOpasmepa BBeJ
r uayuns Fonuapos (cm. [Tonuapos, 1980}, [Tonuapos, 19806}).
B [lonuapos, 1981] aBropasMep HasBaH <aJropHTMHUYECKOH
Pa3MepHOCTLIO»; B HalleM MOHUMAHHH 3TO OJHH H3 aJTOPUTMHU-
4eCKHX pasMepog.

Ha6op, cocraB/ieHHEI H3 DATH aATOPHTMHYECKHX pa3MepoB,
XapaKTepusyeT paccMaTpuBaeMylo aJreGpaHueckylo CHCTeMy
¢ TOUKH 3pEHHS PasHOOOpasHs ee KOHCTPYKTuBu3amui. [Tpu
M3yuYeHHH 3TOH XapaKTepHCTHKH €CTECTBEHHO BO3HHKAaeT cJe-
Rylollasi mpobieMaTHKa, NOApasje/isieMass Ha YacTHYIO H 06-
Y10,

Yacmnaa npobiemamuxa cOCTOUT B BHIUHCJECHHH aJropHT-
MHUYECKHX pasMepOoB KOHKPETHHIX aJjire6paHuyecKHX CHCTEM.
Jas rpynnet R, Hanpumep, KOJIMOTOPOBCKHI pasMep KOHTH-
Hyajen (cM. [Maabues, 1962al), aBTopasmep cuerHo-GeckoHe-
sen (cv. [Hyprasun 19741, [Hyprasun, 1974a, Teopema 1)) u
npoGaemHblf pasmep Toxe cuerHo-GeckoneueH (cM. [I'onmuapos
1983)).

Obwas npobaemamuxa COCTOHT B BHISICHEHUH TOTO, KaKue
Habopul NATH yHce] MOryT GbITh HA6OpaMH NATH aJrOpPUTMHYe-
CKMX pa3mepoB anrefpaHyecKux cHcreM. B pamkax aro# 06-
mefl Npo6/IEMaTHKH H3BECTHO caexyiomiee, ABTopasMep JoGoi
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anreGpauvyecKol CHCTeME He GoJsiee ueM cuereH (CM., HampuMmep,-
[Tonuapos, 1976]). B TO Xe BpeMs KOJNMOTOPOBCKHII pasmep
Moxer OHITb ¥ KOHTHHYaJbHEIM, Kak ycTaHOBNEHQ B OCHOBHOH
teopeme H3 [['onuapos, 19801, mis moGoro KapauHata %<&,
CYLIECTBYET ¥eCTKO@ YaCTHYHO YNOpAA0YeHHOe MHOXKECTBO aB-
Topa3Mepa % (BBHAY MKECTKOCTH 3[€Ch MOXKHO FOBOPHTb IIPOCTO
06 anropuTMHYecKoM paaMepe). B To ke Bpems misi qoGoro
KapiuHana %< 2% cyllecTByeT peJsilHOHHAs CTPYKTypa KoJ-
MOropoBcKoro pasmepa % (cM. [['onuapos, 1980, caemcrsuel).

Jns nponssodbHOll PuKcHpOBaHHOH anireGpaHueckol cu-
CTeMbl OYEBHJHEI HECTPOTHe HepaBeHCTBa; (HMpPOGIEMHBbIH pas-
Mep)<< (rporpamMuLlii pasMep) < (paBHOMEpHHIH pasMep) <
(aBropasmep) < (KosmMoOropoBckuil paamep).

EcrecrBenHo BO3HHKaIOT cjefylompe XBa BONpoca.

[TepBriii Bonpoc. BeiBaloT iy anreGpanyecKye CHCTEMBI, M
KOTOPBIX OJHH U3 3HAKOB «<(» MOXXHO 3aMEHHTb Ha ¢«<»? 3/IeCb
H3BeCTHO JiHIIb caelyomee: 1) cymecTByioT anreGpanuecKHe
CHCTEMBI, JVIsi KOTOPHIX MOCMENHHIT U3 3HAKOB ¢<C» MOXKHO 3a-
MEHHTb Ha «<» (TaKOBa, HaIpHMep, H3yuaBascd MaiabLeBbIM
rpynna R,); 2) cylliecTByer peJsiiuOHHas aJjreGpauyecKas
cucrema, HMewomas MnpobJeMHBI pasmep 2 M aBTopasmep N
(npumep TaKo# CTPYKTYpH NpHBENECH B JHYHOM COOOLICHHH
I'onuapoBa ofHoMy H3 aBTOpoB oT 6 HioHs 1981 r.).

Bropoit Bonpoc. Koraa sHak «<{» MOKHO 3aMeHHTb Ha 3Ha-
Ku «=»? Kak yXe orMedasioch, Bce 3HaKH HeCTpOroro Hepa-
BEHCTBa MOXHO 3aMEHHMTb HA 3HAKH PaBeHCTBa B CJydae KecT-
Koil anrebpandeckoil cucrembl. O4YeBHIAHO TaKiKe, YTO NepBLie
TPU 3HAKA MOXKHO 3aMEHHTb Ha 3HaK paBeHCTBa B CJyuae, KOI-
Aa aBTOpasMep paBeH efiMHHIe. AJre6panyecKne CHCTEMEl aBTO-
pasvepa eaumuna Maubues B [MaanueB, 1962a] nassan as-
moycmotiuusbimu; B TOi xe paGore oH ormeThJ, 1o ansa peN
BCcAKas MOJHAs p-NpUMHTHBHAA abejeBa rpynna KOHeUHOro
paHra siBjigerca aproycroiuuBofi. Kpurepu#i aBTOoycTOoiuMBO-
CTH ]/ KOHCTPYKTUBU3HMPYEMBIX GyneBblXx anare6p HaliieH
B [FonvapoB, 1975, Teopema 5]: 3TOT KpHTEPHii COCTOMT B KO-
HEYHOCTH a/ireGpel. A BOT JOGONEITHEIE YC/IOBHS, AOCTaTOYHbIE
A toro, urofh KOHCTPYKTHBH3HDYeMas pesslHOHHAs
ajrefpanueckas cHCreMa HMeNa OecKOHeUHbi aBTOpasMep:
CTPYKTypa JO/KHA HMeThb KaK CHJBHYIO KOHCTPYKTHBU3AIHMIO,
TAK ¥ KOHCTPYKTHBH3aUHIO, He SIBJSIOMYIOCA CUJAbHOH (cM.
(Tonuapos, 1975a, caexcrsue 3.6]).

2.5.7. KOHCTPYKTHBHbie H KOHCTPYKTHBH3HPYEMble MOJENH.
B knaccuuecko# Teopun Mojeneli neHTpaibHOil npoGieMoil AB-
JisleTcsl BhIsICHeHHE CBsideil MeXXly CBOACTBaMU KaKoro-jii6o MHO-

7%
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_xecTBa GopMy1 S H YCTPOHCTBOM KJ1acca BCEBO3MOXKHRIX MoJe-
Jdefl gnst S. AHaJorHUHO, B TEOPHH KOHCTPYKTHBHHX MoOZenef
HHTEpecyioTcsi yCTPOHCTBOM KJacca BCeX KOHCTPYKTHBHBIX
HJIM KJ4cCOB BCeX CHJIBHO KOHCTDYKTHBHBIX MOJEJeH MHOXKe:
cTBa S. (KoHcmpyKmugHAA UIH CUABHO KOHCMPYKMUBHAS Mo0esb
ANs1 S — 5T0 KOHCTPYKTHBHAs HJH COOTBETCTBEHHO CHJIBHO
KOHCTPYKTHBHAf HyMepoBaHHAas ajarefpauueckas CHCTeMa
(M, v), Takag 4ro WM ectb mMozenb A1 S B OGLIYHOM CMBIC- .
Jie — T. e, Bce opmyJel u3 S ueruaHel B M.) Ecau S ecTh Teo-
pusi, T. €. HeNpOTHBOpeUHBas COBOKYIHOCTb (OPMYJI, 3aMKHY-
Tasi OTHOCHTENBHO CJIeJCTBHH, TO HEOOXOUMBIM H JOCTATOUHLIM
YCJIOBUEM HaJMUUs y S CUJIBHO KOHCTPYKTHBHBIX MozeJIell Ca1y-
MUT paspelliMoCTh S (HeOOGXOMUMMOCTh OYEBHEHA U OTMEUYEHa
BbilLe, 0 foctatouHoctd cM. [Epmos 0., 1974, ra. 2, § 3, npex-
noxenue 1], [Epmos 10., 1980, ra. 6, § 2, npexnoxenne 3]).
TpeGoBaHue, 4To6s! S 06pa30BLIBAIO TEOPHUIO, T. €. OBIIO 3aMK-
HYTEIM OTHOCHTEJNBLHO CJEACTBHH, SBJASETCS CYHIeCTBEHHBIM:
MOXHO IpelbABHTh HENpPOTHBOpeuMBOe paspellnMoe, Aaxke
onHO3JIeMeHTHOE S (T. e., NoNpocty, ¢opmyly), He ZONYCKat0-
lee KOHCTPYKTHBHBIX, T€M I1ade CHJILHO KOHCTPYKTHBHBIX, MO-
neneit, IlepBole npumephi HeNpPOTHBOPEYUBHIX  GOpPMYyJ, HE
HMEIOUHX KOHCTPYKTHBHBIX Mojesel, OhliM HpeNoKeHbl B
[Kpaiisenn, 1953] u [MocroBckuit, 1953}); Gosee Toro, Tako
npHMep MOXHO HaiTd cpean GOpMyJ1, CoJlepKaliX BCEro TOJMb-
KO OflMH, M NpUTOM GuHapHEIK, mpegukat (cM. [Pa6un, 1958]).
Kaxppli H3 Tpex nepeyHCIeHHRX NPUMEPOB NOJYYaJcad KOHb-
IOHKIHe# noAaxozasiiell CHCTEMBl aKCHOM T€ODHH MHOXKECTB, Ofi-
HaKO TakHe [IPHMEphl BO3MOXKHHI H Ha UHCTO apH$MeTHUECKO
ocHoBe (cM. [MocroBekuit, 1955], [Bayp, 1974], [Epuwos IO.,
1974, ra. 1, § 2], [Epwos 10., 1980, ra. 6, § 2]).

CylecTByIiOT TEOpHH, BCKasd cYerHass MoOZedb KOTOPEHIX
CHIIbHO KOHCTPYKTHUBH3HpYyeMa; KaK [10Ka3blBaeT YIOMSHYTOE
Bhile npeanoxenue us [Epwos 10., 1974, ra. 2, § 3] u [Epuos
10., 1980, ra. 6, § 2], Takok siBAsieTcA BCsIKasi paspellliMast T€0-
pus, KaTeropuuHast B c4eTHOH wmomHoctd. OKaswiBaercsi, 4TO
TEM Ke CBOHCTBOM objajlaeT U Bcskas paspeillimasi TEOpHS,
KaTerOpuuHast B HeKoTopofi HecuerHoli wmoumoctH (cm. [Ep-
mos 0., 1974, ra. 3, § 1, c. 74]). BriBaer u unave, oHH cyer-
Hble MOJle/TH JaHHOH TeOopHH JONMYyCKAalOT KOHCTPYKTHBU3ANHIO,
a apyrue — Her. B uactHocTH, st moGoro nZ=>3 cyinecTByer
noJIHasi paspelliMasi TeOpHs, HMelollas TOYHO 7 [OHapHO He-
n30MOPGHBIX CUSTHHIX MoZeJseli, U3 KOTOPHIX KOHCTPYKTHBU3H-
pyeMa TO/IbKO OfiHa (IpHYeM 3Ta MOJEeJ]b CHJIbHO KOHCTPYKTH-
susupyema) (cM. [[Tepersrbkun, 1973]). CymecTsyer nosinas



§2.6. HYMEPOBAHHBIE CTPYKTYPBI 197

paspellluMasi TeOpus, YHCIO CUJBHO KOHCTPYKTHBH3UpYeMbIX
MoJieNell KOTopo#H (pasymeercs, ¢ TOYHOCTBIO 10 H30MOp(H3Ma)
paBHo AByM (cu. [Muanap, 1979]). ,

Kak ormeuaer Mocroeckufi B cBoem o63ope {Mocrosckui,
1966, Jekuus 6], «He BIOJIHE sICHO, YTO BbLISHIBAaeT TaKoe cBoeal-
pa3Hoe MoBeJeHHe pas/HYHbIX aKCHOMAaTHYeCKHX Teopul, mpe-
nATCTBYS OJHHM H3 HHX MMETb PeKypCHBHBIE MOJeNH Boofiie,
a JpyruM — umerb GoJlee OfHOH TaKOW MOJeMH».

2.5.8. Mozenn apudmernku. IToxany#, oqnum ua HauGonee
NPHHUMIMAMBHEIX BONpPOCOB MaT€MaTHKH ABJAsieTcss BOIPOC O
TOM, CKOJILKO CYIIECTBYeT PasIUUHEIX (T. €. HeH30MOP(HHIX)
' KOHCTpYKTHBHEIX MOJie/iel aKCHOMAaTHYeCKO# apuMerHki.
[on agcioMaTnueckofi apudMeTHKol Mbl NOHHMaeM OGBIUHYIO
CHCTEMY aKCHOM JJIsi CJIOJKeHHst ¥ YMHOXEHHs, BKJKYasw aK-
cHOMHYI0 cxeMy HHAYKuuH. ITo Kpaiinefi Mepe 0JHa KOHCTPYK-
THBH3HpYEMast MOJeJb ¥ TAKOH aKCHOMAaTHUeCKOH CHCTEMH! Cy-
IeCTBYeT — 9T0 OObIYHLIA HaTypaJNbHHH pHAX.

Kax usBecTHO, y akcHoMaruueckofl apu¢MeTHKH cCyliecT-
BYIOT HecTaHjapTHele (T. e. He H30MOp(dHEIe HaTypaJbHOMY pSi-
Jly), B TOM QHCJIe CUETHBIC HecTaHZApTHHE Mofean. Hecrannapt-
Hble MOJENIH CYUIECTBYIOT y JI0GoH (naxe Hepaspelunmoii) cH-
CTeMbl aKCHOM apu{MeTHKu — JIHIIb GBl aKCHOMBI OblaM 3aIH-
CaHH! Ha 3/ieMeHTapHOM (y3KoM, 1-ro nopsiaka) fselKe H BhIpa-
JKaJMd yTBepXKJIeHHsS, HCTHHHble B OOBIYHOM HaTypaJlbHOM DAXY
(HampuMep, B KaueCTBe aKCHOM MOXKHO B3fAThb Bce (OpPMYJIBL,
MCTHHHBIE B HATYpasibHOM psiiy). IT0 00CTOATENBCTBO eCTecT-
BeHHO HHTeDHPeTHpOBaTh KaK HEBO3MOXKHOCTh OmHcCaTh Hary-
paJbHbIH psAJl HHKaKoH cucremoft akcuom. Onnako, eciid orpa-
HHYHTHCS JIHIIL KOHCTPYKTHBU3HPYEMBIMH MOLEJSIMH, CHTyalH
Kapi{HaJNbHO MeHseTcs: JJIsi aKCHoMaTH4ecKoH apH(DMeTHKH
BO3MOXKHA TOJBKO OIHAa, C TOYHOCTBIO O H30MOp(H3MA,
KOHCTpYKTHBH3HpYyeMasi MOJleslb: OCBLIYHBIH HaTypaJbHBIA PSAA.
910 yrBepxkIaerT TeopeMa TeHHeHGayma, o0bsiBleHHas B Ka-
yectBe Teopemsl 4.3 B [Ckort, 1961] (ZOKa3aTe/NIbCTBO HMeETCS B
[Kosn, 1966, ra. 1, § 11]). Bor koporkast dopmyHpOBKa Teo-
pembl TennenGayMa: HHKaKas HecTaHJapTHas MOJe/b apudme-
THKH B CHTHAType CJOXEHHS H YMHOMXEeHHS He fBJSeTCs KOH-
cTpykruBusdpyemMoli. BBuny QyHAaMeHTalbHOH 3HAYUMOCTH
3TOi Teopemu copmyaupyem ee Gosee sBHO.

Teopema Tennerbayma. PaccMOTPHM KaKyio-Mubo CUETHYIO
MOZeNb aKCHOMaTHYecKoi apudMeTukH, B KOTOPOH JAByXMecT-
Hble QYHKUMH S H p CJyXKaT COOTBETCTBEHHO HHTepIpeTalxed
8HAKOB «-+» U «-» (T. €. JJIs1 § U. p BHIIONHSIOTCS 0OHUHEIE aK-
CHOMBY, BHIpaXKalomi{e CBOHCTBA CJOXKEHHs U YMHOXeHHU,
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BKJIO4as% AKCHOMHYIO cxeMy Huxykumuu). Ilycrs cymecrsyer
TaKas OJHO3HaYHas HarypajibHas HyMepalHs v HOCHTENS MO-
Jend, 4t0 QyHKuuH f u g u3 N B N, sajnaHHbIE paBeHCTBAMH

v (f (m, n)=s((m), v (n),

v(g(m, n))=p(v(m), v(n)),
BoiynCAMMH. Torla paccmatpuBaemast MoAeNb H30MOp¢Ha Ha-
TYpajAbHOMY PARY.

Kak goxkasano B [ Tsepcko#i, 19821, a5 cymecrsoBaHus yxa-
8aHHOrO B (OpMyJIHPOBKe TeopeMbl H3omOpdH3Ma AOCTaTOUHO,
4TOGH X0T5 Obl OfiHa U3 QYHKUHE [ 1 g 0Ka3anach BRIYUCAUMON.
Jpyrumu cnoBaMH, He CyWIECTBYeT OJHO3HAYHOH HyMepamMh
HECTaHNapTHOA Mojelu apu(MeTHKHM, OTHOCHTENBHO KOTOpOH
obe dyukuuK 8, p (TennenGaym) uiH paxe xors Obl OnHA H3
Hux (TBepckofi) Oblmu Obl BHIYMCAHUMEBIME (ONpeje/IeHHe CM. B
§ 1.15). Ilockonpky BcAkasi paspellliMast HyMmepauus Gecko-
HEYHOrO MHOXKECTBA SKBHBAJeHTHA ONHO3HAYHOH, Me CYIecT-
ByeT H paspellliMONl HyMepalliM C TaKUMH CBOHCTBaMH.

TakuM o6pasoM, Bech 3pdeKT HeCTaHRAPTHBIX Mojesell 06b-
SICHAETCH TeM, UTO MEI JIOMyCKaeM HeBLIYHCIHMbIE S U p B Ka-
4ecTBE HHTEpNpeTaunit Ajs «+» 4 «-», Eciu e orpaHHuMTBCS
paccMOTpeHHeM TOJBKO BBIYMCAHMEIX <CJIOKEHHS» H (yMHOXKe-
Husi» (a pasBe ObIBAIOT Jpyrue?), HeCTaHAaPTHEIE MOJACH HCue-
3aI0T, H, KO BCeoOHIEMY YIOBJICTBOPEHUIO, HATYPAJbHBIN Pl
OKa3bIBAaeTCsA TIOJHOCTBIO ONHCAHHEIM aKcHOMaTudeckoft apudg-
MEeTUKOi.

§ 2.6. IlpniokeHns K TeOPHH BEPOATHOCTEH: onpelnejeHHs
cayyaitHoHl moCAeNOBaTEJIbHOCTH

2.6.0. PaccmoTpnM GecKOHeuHLIe NMOC/IeNOBATENbHOCTH, CO-
CTaBJeHHble U3 6YKB KaKoro-/H60 KOHeyHoro andaBuTa, Hanpu-
Mep JBOHYUHBIE IOCJeNOBaTe/bHOCTH. Hala HHTYHLuS Bolfeas-
_ €T Cpel TaKHX NociefoBaTeNIbHOCTel cayuaiinule. Tpaguuuon-
Hasg Teopusi BeposiTHOCTeH OKasbiBaeTcs OeCCHJIbHOH mepen
nonobHOH 3afiaueii: OHa He B COCTOSIHHH ONpeNeNHTh, 4TO Ta-
KOe HHIMBHJyaJbHas clydyaliHas MOC/Jea0BaTe/IbHOCTL. Teopus
BepOATHOCTeH BooOlle HHYEro He yTBEPXKAAeT HU MNPO KaKyw
OTJe/IbHYIO NOC/Ie0BaTeIbHOCTb, @ TOJBKO IPO COBOKYIHOCTH
TaKuX nocnenpoBarennHoctedl. Ecan B Teopuu BeposiTHOCTel M
TOBOPAT «BO3bMEM CJYyYaiiHYIO NOCAENOBAaTEJAbHOCTbY, TO 3TO
BCero JIMIIb BOJBHOCTb pedH, «abus de langage» no Byp6aku:
KOrZa B JaJbHefillleM NpO STy «B3sTYIO» IOC/EOBATENbHOCTh
HeYTO YTBEPKAAETCA, TOUHBIH CMBICA AEJIAeMOTO YTBEepXKIeHHS
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COCTOHT B TOM, YTO HEKOE€ CBOACTBO BBIIOJNHACTCA AJA «IOAAB-
Jsollero GONbIIMECTBAY IOCHAEI0BAaTEbHOCTEH.

B TO Xe BpeMs sCHO, 9TO 3ajada JarTh MaTreMaTH4ecKoe
onpejeNeHne NOHSATUIO «C/lyuadHas NOC/eloBaTe/IbHOCTbY BaX-
Ha 4 C METONOJOTHUYECKOH, ¥ € NMPaKTHYECKOH TOYEK SpeHH:A]
roBopsi O NPaKTHYeCKO! TOYKE 3peHHs, Mbl HMeeM B BUAY NpeX-
Jie BCero ucnosb3oBanxe merofia Monre-Kapso. Brepsuie sTa
3ajaua 6biia paccMoTpeHa ¢oH Musecom B [Musec, 1919]; o ero
HOAXO/le K ONpelleNICHHIO NMOHATHS CAYYaifHOU moc/jenoBaTelb-
HocTH (B TepmuHoJorun Museca — «Kollektivs) cm. ganee.

Onno u3 HanGoJee BRIJAIOUWKXCA NPUMEHEHUN TEOPHH aJro-
PHTMOB COCTOHT KaK pa3 B TOM, UTO 3Ta TeQPHS IpejJaraer
onpenelienve MHAMBHAYAJbHOH CJAyuafiHO# nocjefoBareibHO-
CTH — OlIpe/ieNieHHe, KOTOpOe, NO-BUIHMOMY, MOXHO pacCMar-
pHBaTbh KaK OKoHuaTenbHOe. Mbl HMeeM B BHIy oOllpefeneHue
cayyaiiHoctd no KosMoroposy H paBHOCHJBHOE €My onpefie-
JieHde caydahnoctd no Maprun-Jlépy. Otu onpenenenust npu-
BOZATCH HHIKE,

K noHaTHIO Ca1yYaiiHol noc/e0BaTeIbHOCTH MOXKHO HOJOATH
€ Tpex ctopoH. MBI Ha30BEM 3TH MOAXOIBI “ACHOMHbIM, CAONC-
HOCIMHBIM U KOAUHECINBEHHBLM.

YacroTHslfl noAX0A OCHOBAH Ha TOM, UTO B CAy4YaiiHOil nocJle-
JIOBAaTe/IbHOCTH JIOJMXKHA cOOGMIONAThCss YCTOAYMBOCTH 4YacToT;
GoJlee TOro, 3Ta yCTONUMBOCTD JAO/IKHA HMETh MECTO U JJs JIo-
Goli «3aKOHHOW» MOANOC/AENOBATENbHOCTH paccMaTpHBaeMOi
noc/ieZloBaTeIbHOCTH. Tak, B CAyualiHOH ABOMYHOH mOC/ENO-
BaTeJbHOCTH, B KOTOpoil 3Haku O u 1 mosAB/SIOTCS HE3aBUCHMO
H C paBHEIMM BeDOSITHOCTSIMH, 3TH 3HAaKd JOJ/KHBI ObITH pac-
npefiesienb] PaBHOMEPHO He TOJBLKO B caMoil [oc/efoBaTeNIbHO-
CTH, HO U B JiI0OOH H3 MOANOC/eNOBaTeJIbHOCTEH, BBHIACACHHOM
KakHM-HHOyIb npaBudsoM. Takum o6GpasoM, YacTOTHRIK NOJ-
XOJl oTpaxaer TpeGoBaHue, 4TOGR B cJiydaiinofi [ocJefOBa-
TEJLHOCTH OTCYTCTBOBAJH KaKHe-Nu00 BhipaxkeHHElE 3aKOHO-
MEepHOCTH.

CJ/0:KHOCTHBI NMOJXO0J OCHOBAH Ha TOM, 9TO CJyuaiiHag mo-
C/Ie/loBATEJNBHOCTh JO/MKHA HMETh CJOXKHOe CTpOeHue, a HMeH-
HO SHTPOIMH €€ HauaJbHHIX OTPe3KOB JO/IKHH OHTh JocCTa-
TOYHO BeJIMKH,

Haxownen, KoJuYecTBEHHHIR NMOAXOJZ OCHOBaH Ha TOM, 4TO
CJAy4afHBIX MOC/eNOBaTe/IbHOCTEl OYeHb MHOTO, a HecJy4dafi-
HBIX — OYeHb Mano. BoJiee TOUHO — B TepMHHAX TpafMHHOH-
HOH Teopuu BepoOSATHOCTEl — NOCJAEAOBATENBHOCTE CJAyYaiHa
C BEPOSITHOCTBIO €UHHIIA; NTO3TOMY STOT IOAXOX MOXKHO ObiNO
Obl Ha3BaTh TaKKe <TEOPETHKO-BEPOATHOCTHLIM» HJIM <TEOpe-
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THKO-MEDHBIM», HMed B BHAY, YTO paclpefiesieHHe BepPOoATHO-
¢Teli — 9T0 NpOCTO ME€Pa Ha NPOCTpPAaHCTBe BCeX IIOCAENO0Ba-
TeJbHOCTEH. ‘

[lepeuncnennbie TpH copepkaresibHble NMOIX0A3 KOHKperH-
3UpYIOTCS B H3JaraeMbiX HHKe TOYHBIX aJrOPHTMHYECKHX
onpenenennsix. Ho crnepBa — HexoTophie KommeHrapuu. [Ipex-
Je yeM JaBaTh OGelaHHbIE aNrOPUTMHYECKHe Onpefe/ieHHs, OT-
METHM, 9TO HOHATHE CAYYalHOCTH OUYeBHJHEIM 00pPa30M 3aBHCHT
OT 3aJ]aHHOTO pachpeeleHHs BepOsSTHOCTel Ha MHOmecTBe
BCeX JBOHMYHRIX MOCJeNOBaTeJbHOCTeH (VIS MPOCTOTHI MBI pac-
cMaTpuBaeM TOJIBKO ABOHUHEIE NocienoBarenbHocTH). [Tocneno-
BaTeJbHOCTh CO 3HAUMTEeNbHBIM Npeofpa3oBaHHeM HyJefl 3aBe-
IOMO HecJydafiHa [IPH OJHMHAKOBBIX BePOATHOCTAX MNOSBJICHHS
0'u 1, Ho MOXeT OKa3aThCs clyuyalHOH B JPYrHx CHTyalHfX.
B KauecTBe NONYCTHMBIX pacnpefie/ieHHii BepOATHOCTE! B 3TOM
naparpade paccMaTpUBAIOTCH TOJBKO BBIYHCAHMEBIE pacrpene-
JeHust. Bomucaumoe pacnpedenerue eseposmrocmeli Ha Q —
3TO BHIYMCAHMAas Mepa Ha {2, MOJYHHEHHast yCAOBHIO p(R)=1;
Mepa p Ha Q HasbiBaercs 86iUCAUMOL, €CTIH CYLIECTBYET asiro-
PHTM, JalOmKui 10 BCSKOMY JBOHYHOMY cJoBY x € E nporpam-
my uucaa p(l,), rae

.= {0 €Q|o aBasercs npogomxenuemM x}.

Ipocrefimuii Kaace BHIYHCAUMEIX pacrpefenennii o6pasyior.
BHIYHCAHMBIE GepHYJJIHEBbl Mephl. DepHyiiuesa mepa BO3HHU-
Kaer, ecii O u 1 nosABJSIOTCSt HE3aBHCHMO C BEPOSITHOCTSIMH p.
H ¢: TOrJla, ec/id CJ0BO X € E COAePKUT m HyJel U 1 eIHHHI,
p(L'y)=p™g*. Ecnu BepOATHOCTH p W § CyTh BHYHCJIHUMbIE NEH«
CTBUTEJIbHBIE YHCJA, OepHyJAHEBa Mepa SABJASEICH BhIYMCIH«
mofl, BakneAmmi yacTHBIfi cayuafl BHIYHCAMMOH OepHyJiHes
BOfi MepH — pPasHOMepHas OepHyJIieBa Mepa, JJIsi KOTOpOi
p=47—-%: pT,)=2"t0,

Ecau o — nocsieioBaTelIbHOCTb, TO 4epe3 ® (f) 0603Hauaers
cst ee [-#f uneH, a depes (w), — ee HaYaAbHHIA OTPE30K JIHHb
n, T. e, c1oBo @ (0o (l). . .0 (n—1). i

Mrl nepexojuM Tenepb K BapHaHTaM onpefieJeHus caydai
HOCTH, BOIVIOLIAIOMMM Ha OCHOBE TEOPHH aJrOPHTMOB H3VIOA
XEHHBIE BHIIIE TPH MOAXOJA. '

2.6.1, YactoTHnlil mopxopa. DTOT MoAxon Obll npeasoxes
don Musecom B [Muzec, 1919], [Musec, 1928]. OH npumenn
TOJLKO B CJyyae GepHyJIMeBOH MepEl, H HesCHO, KaK ero nepe
HECTH Ha NpOH3BOJIbHLIE pacrlpefieseHHs BeposiTHocTeH (Xa
Ha BLIYHCJUMEIE pacrpeneneHns).
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[yctb ¢ukcupoBaHBI YHCIA p H ¢, JeXauwye B HHTepBale
0, 1), u p+g=1. Beckoneunas ABoHYHast MOCIEROBATENILHOCTD
« HasblBaercst cay4alinod ne GepHyNJIHEBOH Mepe, COOTBETCT-
Bylollledl AAHHBIM P H ¢, €CJIH JJIs1 JI060H GeCKOHEYHOM mocaeo-
BATEJIBHOCTH X, NONYYEHHOH H3 @ C MOMOULBIO HEKOTOPOrO Jio-
NyCTHMOFO MNpaBHsia BhIOOpa, cpedHas wacmoma eOuHUYy 6
¥, T. € Hpelen

lim x(0)+---+x(n—l)’

n-roo n

cymiecTByeT H paBHa ¢.

B npusenenHoi hopMyaHpoBKe MHOroe TpeGyeT YTOYHEHHS.
ITpexze BCero HyKHO OGBACHHTDL, YTO MBI Ha3LIBA€M MPaBHJIOM
BEIGODA H KaK C IOMOIIbIO NPaBHJ BEIOOpPA H3 OZHOM MOCIENO-
BaTeJIbHOCTH MNOJAYYHTb Apyrylo. JlaauM dopmaibHbie onpefe-
JICHHSt COOTBeTCTBYIOUIUX MOHATHH. YCJIOBUMCs HasblBaTh
npasuaom 6vibopa moboe OTOOpaXeHHe, COMNOCTABJAsIOUee ¢
Kax/JIoH OGECKOHEUHOH MOC/ENOBATENLHOCTBIO HyJeH H €IMHHIL
HEKOTOPYIO (BOSMOXKHO, KOHEYHYIO) I0C/Iel0BaTeIbHOCTD HaTy-
pabHBIX YHCeNA. DTy NOC/IeA0BATENBHOCTb MEI GyjieM paccMmart-
pHBaTh KaK IOC/I€0OBaTeILHOCTE HOMEPOB 4JeHOB, BhIGHpae-
MBIX M3 MCXOIHOH nocJjeiosatreanHOCTH. Bosee ToyHo, mycTb
JIaHO MpaBHJO BHGOpa F H MOCJeAOBaTeNbHOCTh HYJMeH W efH-

wuy o, Ilyere n(0), n(l),. ..— nocnenoBareNrHOCTb HATY-
panbHBIX YHCeN, siBJAsIOmAncs 3HauenueM F na a. Toraa nmociue-
nopatesasHocTh a (n(0)), a(n(l)) ... Mp GyzeM HasbiBaTh MO-

C/IeI0BATEABHOCTRIO, NoAyueHtod ¢ nomoupro F uz o, Taxkum
o6pasoM, ¢ KaXAbiM NpaBUAOM BHIGOpa €CTECTBEHHO CBsi3H-
BaeTcsl OTOOpaKeHHE MHOMKeCTBa Q GeCKOHeUHBIX MOCHef0Ba-
TespHOCTER 0 M 1 B MHOXKecTBo E UQ KoHeUHbIX H GeckoHed-
HBIX mocaefoBartesbHoctelt 0 1 1. HasBaB BceBo3MOKHEIE BCIOAY
onpejenennble oto6paxerus Q@ B EUQ mpancdopmnayusnu,
MOXHO CKa3aTh, YTO Kax{IOMy INpaBuJy Bbl6Opa COOTBETCT-
ByeT TpaHchopMalHsi, NepeBOAsiasi IOCIEA0BATENLHOCT O
B I10C/Ie0BATENBbHOCTD, MOTYYEHHYIO H3 O C MOMOIIBIO MPaBHJIa
BhiGopa F,

Wrak, MEl OGBSICHHJIH, YTO TaKoe IPaBUJO BhIGOpa H Kak ¢
€ro NOMOILBI0 H3 OAHON NMOCJENOBATENBHOCTH IONYYHTH ApY-
ryio. Ocranoch Tenephb BhUIEJAHTH CPeAM NpaBHa BeiGopa Oo-
nycmumpie — ¥ JaHHOMY BhIIe ONpeleNIeHHIO caydaiinoctu Oy-
ACT npujaH TOYHBIA cMBICA. CyIeCTBYIOT pasIHYHEE BapHaHTH
TaKoOro BhlAeJIEHHS] — H, CJIeAOBaTeNbHO, PasiuyHble ompese-
JIEHHSE CIYYaHHOCTH B paMKaX 4acTOTHOro noaxoga. Yem mmpe
KJacc ponmyerumbix mpaeus BhGopa, TeM GoJbiue TpeGoBaHu
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npefnaApIAerca K clAyyalHOM MocJef0BaTENBHOCTH H TeM yxe
noNMyYaercst KJaace cayYalHbiX NOCAENOBaTENbHOCTEH.

Ocranoch Jarb TOYHLIE ONPENCNEHHA PASIHYHBIX KJAacCoB
FOMYCTUMBIX MNpaBua Bei6opa — d opMasnbHOE ONpPENENEHHe -
Pa3IMYHLIX KJAcCOB CAydafiHBIX Moc/eoBaTe1bHOCTEH B pam-
Kax YaCTOTHOrO NOAXoja Gyjer saBepiueHo. HO MBI OTJIONKHM
HX, a cefiuac JafuM Hekoropeie HebopMmaibHEE KOMMEHTApHH
(B 4aCTHOCTH, MCTOPHYeCKOro Xapaktepa). TouHBle onpejene-
Hust GyJyT AAHBI TIO3XKeE, H KaJoe H3 HUX OyJeT HauMHaThbCs
caoBaMu: «OnpegeneHue ciaydafiHocty 1no Musecy —. . »

Hamu kxoMMeHTapuH HaYHEM C TOrO, YTO PACCMOTPHM He-
CKOJIBKO NPHMEpOB NpaBHJ BHIGOpaA, KOTOpbiE OKaXyTcs J0-
NyCTUMBIMH IPH JIIOGOM H3 NPHBOAHMBIX Aajiee ONpeleseHHH.
IlepBoe mpaBHJIO CTAaBUT B COOTBETCTBHE JIO00H MOCIIEAOBATEb-
HOCTH HyJiefi M eguHHL nocjiepoBatedsHocts 0, 1, 2, 3, . ..
C ero noMompeio u3 JoGofi nocnefoBaTeIbHOCTH IMOJyYaeTcs
OHa cama, Tak 4YTO 3ajaBaeMas HM TpaHCHOpMAUHSA ~— TOXK-
JeerBeHHass, UyTb Gojlee CJOXKHO YCTPOEHO BTOPOE NPABUJO,
crassiiee B COOTBETCTBHE JIOOOH NOC/ENOBATENLHOCTH Hy/IeH H
eIMHHI nociefoBatenarHocts 0, 2, 4, ... CooTBercTByIOLIAN
TpaHchopMals COCTOMT B BbIOpAchIBAHHH BCeX 4JE€HOB o (i)
C HEYeTHBIMH i.

TlpuBegeM Tenepb nprmep NpasHaa BeIGOpa, 3HAUEHHE KOTO-
pOro Ha IOC/NeJOBATE/NbHOCTH @ SAaBHCHT OT 3TOH MocjefoBa-
TEJNLHOCTH! KaxAol mnoclefoBatespHocd 0= (0)o (1), ...
CTaBUTCA B COOTBETCTBHE BO3pACTalOWiasi MOCJENOBATENLHOCTD,
COCTOSILAS U3 BCEX TeX N, AMsi KOoTOpHX o (n—1)=0. CoorBer-
CTByIOIasi TpaHChOpMallid TAKOBa: B3AB HCXOZHYIO NOCHENO-
BaTe/NbHOCTL Hy/lefl ¥ €JIUHHL, HYXHO OCTaBHTb B HeH UJEeHH,
HylHe nocse HyJjef, a ocrajbHble BEIYEDKHYTb. A BOT Hpu-
Mep mpaBHJa, He siBAAIOWErocs AONYCTHMBIM HH NIPH KAKOM H3
NpHBOJMMBEIX HHJKE ONpefe/fieHHH AONYCTHMOCTH: 3aMeHUM B
OMHMCaHUH NPEIBIAYIEro npaBuia Beibopa ycaoBHe «o (1—1)=
=0» Ha ycaosue «w(n)=0». Toraa coorBercrByiomas Tpasc-
dopmanus Gyler orobpakartb JMOGYIO NMOCAENOBATENbHOCT B
[0C/EI0BATE/AbHOCTb W3 OJHHX HyJeli (KOHEUHyIO, ecyd B HC-
XOZHOH NOC/]eAOBATENLHOCTH ObLIC KOHEYHOE YHCJIO HyJeil).

Heropuyeckn nepBoe ompefeseHHe [OMyCTHMOrO NpaBusa
BEIGOpa Gbl10 npesnioxeno A, Uépuem B [Uépy, 1940] (ero dop-
MYJHpPOBKY MOXHO Halitn Takxe B [Maptuun-JIédp, 1968] u B
[Kuyr, 1969, n. 3, 5C, onpeaenenue R5)). Honyctumeie mo
Uépuy mpaBusia Bbi6Opa CTaBST B COOTBETCTBHE SJEMEHTaM
HEKOTOpBIe BO3PAacTAioUHe NOCJENOBATe/IbHOCTH HaTypadbHBIX
uces. [lostomy cooTBercTByIOmME TPaHCHOPMALMH COMNOCTAB-
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JIAIOT ¢ KaXAOH MOCReNOBATENILHOCTBIO €€ MOANOCHAEA0BATE Ib-
HOCTb, TOJY4YaIOUIYIOCA U3 HCXOAHOH or0pachiBaHHEM HeKOoTO-
puix uieHoB. [Ipu sTOM OCTaBieHHBIE YNEHB! HAYT B TOM XKe
nopsAAKe, B KOTOPOM OHH IIH B HCXOJHOR MOCJENOBATENbHO-
cti. Bonpoc 06 ocTaB/ieHHH HJIH BBIOPAachiBaHMK ARHHOTO YJeHa
N0CAeI0BATENILHOCTH pelaercsl aJrOpUTMHYECKH B 3aBHCHMO-
CTH OT SHAYeHHH MpPEALIAYINUX YJIEHOB I0C/IeA0BaTeNbHOCTH.
BosHuKalolee MOHATHE CJAyYailHOCTH (TOYHOE ONpejeieHHe
KOTOPOTro OyAeT ZaHO HHKe) Mbl 6y1eM Ha3hiBaTh CAYHAIHOCMbIO
no Musecy — Yépuy.

Hezocratku storo onpegeneHust AeMOHCTPHPYIOTCS ABYMS
npuMepamu. [lepBhiit mpumep cogepkuTcsi B MOCTpoeHusix Bua-
asi (cm. [Maprtun-Jléd, 19681, [Kuyr, 1969, n. 3.5, ynp. 31},
[SIko6c, 1970]). VMenHo, U3 HHX BHITEKa€T CYLIECTBOBAHHE
cayuaiinoil no Musecy — Uépuy nocnepobarensHoct (npu p=

=q= —;—) , MoGoi HayanbHBIH OTPE30K KOTOPO# COAEPKHT 60Jb-

1Ie HyJiefl, 4YeM eAuHun. 310, NO-BUAMMOMY, NPOTHBOPEYHUT Ha-
Wwefi HHTYHIHH; KPOME TOrO, Mepa MHOXeCTBa MOC/eN0BaTe/b-
HocTe#t ¢ TaKHM CBOfiCTBOM paBHa HyJuo. Bropoit npumep Obla
nocrpoer JlaBasuaom B [JlaBmsum, 1966, § 3], ykasaBumMm
cayvaiinyio (no Musecy — Uépuy) nociiesoBaTesibHOCTb, CTa-
HOBSILLYIOCH HecAyyaliHO# nocjie BRIYHCIAUMOH mNepPecTaHOBKH
€e WIEHOB, JTO TakxkKe NPOTHBOPEUMT Hallell HHTYHILHH.
Kosmoropos B [Kosnmoropos, 1963, sameyanue 2} npeajo-
XU MoAuGHUMPOBATh onpefejenHe Uépua, pacumpus Kiaco
HOMyCTHMBIX mpasusi BhiGopa. IlomyctiMoe B cmbicae Koamo-
ropoBa NpaBUJO OTHOCHT KaXKIofi NOC/IEAOBATENLHOCTH HEKO-
TOPYIO KOHEUHYI0 HJH GECKOHEYHYIO [10C/IeL0BaTeJbHOCTD
k(0) k(1) k(2)... npuuem dyskuus k& uuvekrusHa (k(i)+
sk (j) npu i~j), HO He 06s3aHa ObITH MOHOTOHHOH (B ciayuyae
onpegenenus Yépua k monoronna). TouHoe onpenenenne Aony-
cruMoctd no Koamoroposy cM. nmke. Banarogaps stomy pac-
MHPEHHIO NPHMep, aHaJOTHYHEIA mpuMmepy JlaBasHAa, craHo-
BHTCS HEBO3MOXKHBIM (ca1ydaiinas mo KosmoropoBy mnochieno-
BaTeNBHOCTh, KaK HETPYAHO HOKasaTb, OCTaeTCs CJAyJaiHOR
noc/ie BBIMMCAHMON NEepPeCTaHOBKH ee 4YJIeHOB). MOXHO JiH Mo-
CTPOHTH aHaJoOr NpuMepa Buiist Ansi TAKOro onpereneHus JAo-
nycTuMoctH, HeuspectHo. Ompenenenne Koamoroposa 6wlio
BINOCJEACTBUH He3aBucumoO HafimieHo JlaBmsngoM (cM. [Jlas-
asHA, 1966a, ¢, 4991). ITosToMy cooTBercTBYIOIMi Kiaace ciy-
YafHBIX [OCAefOBaTeNbHOCTEH Mbt 6yAeM HaspBaTH KJaccoM
cayuatinbsx no Musecy — Koamoeoposy — Jlasasudy — mocinie-
JioBaTeJIbHOCTel . :
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Cxozsoe onpefienenne cayuaisoctn npuBomur . Kayr
[Kuyr, 1969, n. 3, 5C, onpexesenne R6]. B [Ycnencrui, Ce-
MeHoB, 1981] pasHuua MexAy onpefeeHHeM R6 Knyra u onpe-
AenenueM Museca — Koamoroposa — JlaBisHia Obina ne 3a-
MeueHa aBTOpPaMH, B pesyJbTate 4ero cayyaiinpmu no Mu-
secy — Kosmoroposy — JlaBnsuay ommGouHo OHUIA Ha3BaHbI
MOC/NENOBATENLHOCTH, YIOB/IETBOpsIOmHe TpeboBaHHAM Ompe-
nenenuss R6 Kuyra. IlocienoBarebHOCTH, YAOBJETBOPSAIOMIHE
onpegencnuio KHyra, Mpl Oyiem HaswBaTh Cayuatinoimy nO
Musecy — Knymy.

Bcesikass cayuafinas nmo Musecy — Koamoroposy — Jlas-
J3HAY TOC/IeA0BATENLHOCTL fIBJAETCS clydafiHo no Muse-
cy — KHyry; Bcsikas mocnef0BaTebHOCTD, caydaiiHas no Mu-
secy — Kuyry, caydaiina no Musecy — Yépuy (cm. [Kuyr,
1969, n. 3.5 C)). He Bcsixas cayyaiinas no Musecy — Uépuy
NOC/AE0BATENLHOCTD clydaiina nmo Musecy — Kuyry: 310 cae-
ZyeT M3 CyLleCTBOBaHMS npuMepa JlaBjasHia W H3 TOro, 4TO
caywafiHoctb no Musecy — KHyTy coxpaHsercs npu BEIUHC-
aumol nepectranoBke. CyIecTBYIOT JIH INOCHEIOBATENBHOCTH,
cayvaiinele mo Musecy — KHayTy, HO He cayyaiiHele no Mu-
secy — KoamoropoBy — JlaBisnay, aBropaM HEH3BECTHO.

B xauecTBe NPHMEPOB «IMIHPHYECKHX CAyYafHBIX NMOCAE]0-
BareanHocteli (empirische Kollektive)> Musec paccmarpuban
noc/eloBaTeNLHOCTH, BOSHHKAIOUIME B a3apTHHIX Hrpax (npu
6pocanun Kocrefl M T. m.). OrcyrerBue mpasuaa Beibopa, no-
3BOJISIOWErO NOJYYHTh NOCELOBATENLHOCTE C «aHOPMAJbHLIM»
pacnpefieleHueM HyJed H enuHML, Musec HHTEpIpPETHPOBAN
KaK «HEBOSMOXKHOCTb CHCTEMBI Hrprel». PopMyaHpoBKa onpene-
JeHuH cayyaitHocTH no Musecy — Uépuy u Musecy — Koa-
mMoropoBy — JlaBisHgy B Tepmuuax urp uMeercs B [[ens,
1982, § 3 u 6]. ,

Ho cux nop Mul o6Cyxnanu pa3fuyHEe YaCTOTHEIE Onpefe-
JIeHHs1 cJyd4afiHOCTH, He NPHBOASt TOYHHIX GopMyJHpoBOK. Te-
nepp HacTajo BpeMst HX npusecTH. HamoMHuM, 4TO AJIS ompe-
JeJNeHHsT TOFO WM HHOTO BapHaHTa C1y4afiHOCTH HeOGXOAMMO
yKa3aTh, KaKH€ NpaBujia BeIOOpa CUHTAIOTCS JONYCTHMBIMH
(npu aTOM BapHaHTe).

Meui npexnonaraeM, YTO Ha MpocTpaHcTBe 2 3ajaHa BBIYHC-
AuMas GepHyJJHEBa Mepa H BepOSTHOCTH NosiBaenust 0 u 1
paBHBl p M ¢ COOTBETCTBEHHO. ’

Onpederenue cayuatinocmu no Musecy — Yépuy. Nonyctu-
Moe npaBusio BuiGopa Cg 3afiaeTcs paspeliuMbiM NOAMHOXKECT-
BoM S E. 3HaueHHeM 9TOFO NPaBuJa Ha MOCAEKOBATENBHOCTH |
o OyzeT BO3pacTaiomas NocJAeA0BaTeNAbHOCTb £, KOTOPas BKJIIO-
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yger T€ M TONLKO T€ HATYpPaNbHHE YHCAA N, st KOTOPEIX
(0), € S. Takum 06pasoM, MOCAEROBATENBLHOCTh  HA3LIBAETCSH
caysaiinot no Musecy — Yépuy, ecnu AJast BCSKOLO paspeliu-
Moro mnojMHOXectBa SCE, A/is KOTOPOTo NOANOCAENOBATE/b-
HocTh @5, MoslyueHHas U3 ® ¢ nomouwpio Cg, GECKOHeUHa, Cpeli-
HAISl 4aCTOTa €AMHHMIl B 3TOH NOANOCAENOBATENBHOCTH CYIECT-
ByeT H paBHa ¢. : '
Onpedenerue caywatinocmu no Musecy — Koamozoposy —
Jlaeasndy. TlpuBojs 3710 onpefiesieHHe, MEI CO3HATENLHO OT-
KasplBaeMCsi KOMMEHTHPOBATh COJEpIKATEJbHBI CMBICA JOMNYy-
ctumbix no KosamoropoBy — JlaBasuny npasus. Takue Kom-
menTapuu MoxHo HaHTi B [lllenn, 1982, § 6]; cnenyer umers
B BUYy, YTO QyHKUMH, ofo3HayaeMble HaMM Jajee uyepe3 [ u
g, Tam o6o3Hauennl uepe3 G u H. Hrak, Bor dopmansHoe onpe-
Aenenne. Jlonmyctumoe npasuio BeiGopa K, . 3ajaercst aBymst
BBIYHCAUMBEIMH (yHKUHAMA fH g u3 E B N. 1061 IPHMEHHTH
€ro K NnocJIeoBaTeNbHOCTH ©, HaJlo BHayaJsle o6pa3oBarb noce-
AOBATE/IbHOCTb £ C MOMOINBIO PEKypPeHTHOH GopMyIbl

k(n)=f(o(k(0) 0k (1))...0(k(n—1)),

npuMeHsieMol Jo Tex nop, noka k(0),. . .,k (n) ompenefensl u
pasauynbl. Kak TonbKO NOSBHTCS TepBoe Takoe N, uto k(n)
HE onpeleneHo HJAH coBnafiaer ¢ k(s) mpH HEKOTOPOM S<n
(ecan Taxne n BOOOILE CYILECTBYIOT), npouecc o6pasoBaHAs MO-
C/IefOBAaTENLHOCTH R NpeKpalaercs; B 9TOM cJayyae k OKasbl-
BaeTCsi KOHEUHOMH (a HMEHHO N-YJEeHHOH). 3areM HYXKHO HCKJIO-
YHTb HEKOTOphle WIEHBl H3 NOCHefioBaTeNbHOCTH £ (He MeHsst
nopsifKa ocraBiMxcs). VIMeHHo, HYKHO OCTaBHTB T€ H TOJBKO
1€ uneHsl k(m), s Kotopux g(w(k(0)). . .o (k(I—1))) onpe-
Zenexo npu Beex <Kmu g (0 (2(0). . .0 (k(m—1)))=0. Iloxy-
YeHHast NOCAENOBATENbHOCTD R' OylieT sHaueHHeM JOMyCTHMOro
no KoamoropoBy — JlaBasuay npasuna Ky, , wa nocnenoBa-
TeNbHOCTH ®. TakuM o6pasoM, NOC/eNoBaTeNLHOCTE © HAasbl-
Baercst cayuaiinod "no Musecy — Koamoeoposy — Jlasasndy,
€C/IH A5t BCAKUX BBIYHCAMMEIX QyHRumét f u g, ANA KOTOPBIX
[0C/Ie10BaTeIbHOCTE, MOJNYYeHHAS U3 ® C [OMOIIBIO IpaBuaa
K;, ,» GeckoHeuna, CpefiHsisi 4aCTOTA €IHHHIl B STOH MOC/EA0-
BaTe/JIbHOCTH CYLieCTBYeT M paBHa ¢. _

Onpedenenue cayuatinocmu no Musecy — Knymy (onpene-
Jenune R6 B [KuyT, 1969, n. 3.5C]) nonyuaercs H3 oupenene-
Husi Museca — KosmoropoBa — JlaBisHia, ecan paccMaTpu-
Bath TOJMBKO BCIOAY OlpejeicHHble GYHKUHH g H COOTBETCTBYIO-
mpe UM npapuna. (PyHxkuuA f no-npeXxHeMy MoxeT OHITh He
BCIOLY ONpee/ieHHOH.)
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2.6.2. Kakum xoieH ObITb Kaacc BCeX AONMYCTHMBIX mpa-
BHJ BbiGopa? Mel Bunend, KakHM o6pasoM ONpelefifieTcs 1o-
HATHE CIyYaliHOM MOC/ef0BaTeNLHOCTH, €C/d BbIGPAH HEKOTO-
PHIl KJ4acC npaBHA BhiGOpa, OGDSIBAEHHBIX CONycmumbimu. -
EcrecrBenno xenatp (na 310 yKaswBaa eme on Musec), yro-
6bt DpHMeHeHHe JONYCTHMOrO MpaBu/ia BeGOpa K cayyaiHON
NOCJIEA0BATENBHOCTH (C/IyYaitHOM OTHOCHTENILHO Z @ HHOT O
KJiacca JONYCTHMBIX NpaBuJ) AaBajo Gbl 1160 KOHEYHYIO Noc/Ie-
JIOBaTeILHOCTb, JHG0 NOCNEN0BaTeILHOCTh, KOTOpas HMeeT He
TOJILKO 3aJaHHBIH Opefen 4acroT (Y4TO rapaHTUpyercs ompefe-
JieHHeM C/y4aiiHOCTH), HO M caMa sBjsercs ciydafiHOl OTHO-
CHTEJIbHO TOrO 2Ke KJacca mpaBui). 3T0 Tpe60BaHHE OYEBHIHO
BHIMIOJIHEHO, €C/IH KJAace TpaHCHOpPMAUHH, COOTBETCTBYIOLMX
JONYCTHMBIM NpaBHJaM BHIOOpa, 3aMKHYT OTHOCHTENHHO KOM-
no3uwuu. [3ro osHavaer, yto Ans BeARuX Tpauchopmauui Ts u
T'5, COOTBETCTBYIOIHX JONYCTHMBIM IPaBH/IaM BbIGOpa, CyIecT-
Byer TpanchopManusi T3, COOTBETCTBYIOIIAsi HEKOTOPOMY AomYy-
CTHMOMY NpaBHJy BHI6OpA H Takas, 4To T3 €CTh KOMNO3HUHUSA
Ty u Ti, T. €. Takast, YTO pe3y/AbTaT NPHMEHeHUsi TpaHcpopma-
mun T’ K mo6oit nociIe;oBaTeIbHOCTH ©, Ast KOTopoit Ty (0) —
6ecKOHeYHast mocjenosaTensHocTh, coBnajgaer ¢ T,(Ty(w)).]
B camom zedie, ecln Kjace TpaHehopMaukfi 3aMKHYT U eciiH ¢
TMOMOLIBIO IONYCTHMOTO NMpaBHJa BHIGOpA U3 CyuaiiHO# mocie-
JOBAaTeNILHOCTH @ IOJYyYaercsl MNoc/leoBaTeIbHOCTL @, TO
©; TaKKe CJaydaiiHa; JZeHCTBUTENBHO, JMI06asi MOCAeLOBATElb-
HOCTb @3, KOTOpAasl MOXeT ObiTb NOJY4eHa H3 ©; C [NOMOILLIO
JONYyCTHMOTO PaBHAa BHI6OPa, HMEST HAAJEXKAIMYIO CPEAHIO
4acTOTY, TaK Kak MOXKeT ObITb (B CHJy 3aMKHYTOCTH) MOJIydyeHa
¢ MOMOIIbIO AOMYCTHMOrO NpaBHJA H HENOCPEACTBEHHO H3 ®.

Takum 06pa3oM, pasyMHO NPELBSBAATH K KAACCY AOMYCTH-
MBIX npaBuJ BeiGopa Takoe TpeGoBaHHe:

(T3am) knacc TpaHopopMaLHMil, COOTBETCTBYIOMMX BCEM JiO-
NYCTHMLIM MpaBuJiamM BeiGopa, Ro/ukeH OHITh 3aMKHYT OTHOCH-
TeJIbHO KOMITO3HUIIHH. '

Mel cefiyac cpopMyaHpYyEM HEKOTOpOE ZOCTATOYHOE YC/IOBHE
i 9TOTO.

OnpesenuM noHATHe KOMNO3HUMHM AAsi OpaBun BeIGopa.
[ycre zanbl Tpu npasuda BeiGopa Fy, Fyu Fs. Mbl xoTuM onpe-
AeNuTh, YTO O3Hayaer, 4To Fy ecTp KoMnosuuus npasusa F,
H Fy. Ilycth ® — NpoH3BoJbHASE MOCAEAOBATENBHOCTh, H3 KO-
TOpofl ¢ moMmoIkIO npaBu/ia BhiGopa Fy mosyuaercs GecKoHey-
Hasi nochefioBarefbHocTe @', Ilyetb Fij(w)=k, F;(0')=|,
Fy(0)=m, rne k, I, m — n0CNeA0BATENbHOCTH HATYDAAbHBIX
uncesn. [TpoBepuM, Brino/HeHo Ju paBeHCTBO m=~kol. Ecan oka-



§ 2.6. ONPEAEJEHHSA CJAVUARHOCTH 207

KeTCs, YTO 3TO PaBEHCTBO BHINOIHEHO L/Isi BCEX @, H3 KOTOPHIX
C MOMOMIBIO Fy MOMYYAIOTCS GeCKOHEYHBIE NOC/E0BATENLHOCTH,
TO MBI 6yJieM [OBOPHTB, 9T0 F, sBJIsieTcs KOMNO3HINeRH npaﬁim
Fs u Fy. )
Jlerko mpoeepuTb, uro ecau F; sBAdercs KoMmosHugeit
. F, n Fy, 10 Tpanchopmanns, cooTBeTCTBylomasi Fg, siBjAsieTcs
KoMIo3uUHedl TpaHopopmamuit, coorsercreyiomux F, u Fi.
ITosToMy, €cliH BBLINOJHEHO YCJOBHE.

(B3am) anst MmoOHX AONYCTUMEIX NpaBHA BhiGopa Fi
H F, cymecrsyer jpomycrumoe npasuno BeiGopa Fs, sB-
JsIoIeecss X KOMIO3HLMEN,

TO BRINOJIHeHO M TpeGosanue (T3am) u, cnenmoBarenbHO, U3
cAy4aiiHOH MNOCAEAOBATENBHOCTH C MOMOIUBIO JAONYCTHMOrO
NpaBH/Ia MOMET HOJYYHTBhCSE TOJBKO CAydaiHas. _

TpeGoBanne (B3aM) BHINONHEHO A KJacca AOMyCTHMBIX
no Yépuy npasua. Hns xaacca npasua, aonmyctuMbix no Koa-
MoropoBy — JIaBAsHAY, 2TO He TakK: Kak jokaszaHo B [IleHs,
1982}, ne Brinosneno (B3am) u naxe (T3am). Jro eme He o3Ha-
Yaer, 4T0 npHMeHeHHe gonyctumoro no Kosmmoroposy — Jlas-
JoHJy npaBuia K cAydahiHoir no Musecy — KoamoropoBy —
JlaBisHAY nOC/KENOBATENBHOCTH MOXET Iarhb He CJaydaiHylo
(no Musecy — KoamoropoBy — JlaBiasay) mnociexoBarefb-
Hocth. (Tak ;MM 9TO Ha camoM jJefle, aBTOpaM HeH3BECTHO.)
OmHako cayyaliHOCTH pesyJabraTa NPHMEHEHHs] AONYCTHMOTO
npasu/ia BbI60pa K CAyYafiHOH MOCJENOBATENbHOCTH NEepecTaeT
OBITh OUEBHAMOH.

DroT Xe HeNOCTAaTOK NMPHCYIL H YNOMSIMYTOMY BHIIE Ompe-
nenenuio Knyra, Tak uto, no HaiueMy MHEHHIO, €CTh OCHOBaHHA
He COI'IacHThCs ¢ 3aMmedaHneM KHyra o ToM, 4TO ero onpegese-
HHE «yJIOBJIeTBOPseT BCceM pasyMHBIM (uiocodcknM TpeGoBa-
HHSIM, NPEelbABISIEMBIM K MOHATHIO CJAYYafHOCTHY.

INonbiTka chopmynupoBaTh ONpejeleHHe AONYCTHMOCTH,
3aMKHYTOE OTHOCHTE/BLHO KOMNO3ubuH, npepnpunsta B [[lens,
1982]. Tlpexzae ueM H3JOKHTL ONpelesieHHE, OTMETHM JBE €ro
ocoGenHocTH. [lepBasi H3 HUX COCTOMT B TOM, YTO paccMaTpH-
BAIOTCsi He NpaBHJia BuOOpa, a Cpasy TpaHcpopMmauuH: onpe-
JensieTcst TMOHATHe AONYCTHMOH TpaHcopmanmu. drto He Me-
maer AaTh olpenesieHHe CAydalHOR Nnoc/aea0BaTeIbHOCTH (Bexb
B ofmeii cxeme Museca (aKTHYeCKH HCHONB3YIOTCA HE Camu
mpaBusia BLi6Opa, a JMIIb COOTBETCTBYIOLIME HM TpaxcdopMma-
IMH) U CTaBUTh BONpOC O BumoaueHun ychosus (T3am), oaxa-
" KO OT/jajsieT OT MepBOHAYaNbHOro 3aMbicia Museca n He mo3Bo-
JISIeT NMOCTaBUTbh BONMPOC O BHIMOJHEHHH YCJoBHs (B3am).
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Bropas 0cOGEHHOCTb COCTOHT B TOM, YTO Pa3yMHOe ompeje-
JieHHe CAy4adHOCTH NMOJy4aercst JUIb AJisi paBHOMEpHO# Gep-
HYJJIH€BOH MepHI (NpH HepaBHOMEPHO# Mepe c/yyaiiHbIX nocJe-
JOBaTeNbHOCTEH He OKa3hiBaeTcsi BOBCE). 3aTO B 9TOM CHTYalUH
BO3SHHKAET KJace CIyYalfHbIX NOCHeNoBaTeNIbHOCTEH, COBNaAl0-
Imi ¢ KnaccoM cyyaiiHeix no Maprun-Jléby nmocaenosatelis-
Hocrell (00 3TOM Kjacce cM. HHKe), MOXKHO JH Jarb TaKoe
onpejesieHHe JONyCTHMOR TpaHchOpMaLH, YTOOLL OHO TPHBO-
JUJI0 K KJacCy cnavadHblXx no Maptun-JIédy nocnepoBarelin-
HOCTEH U /I HepaBHOMEPHoH Mepbl— HeHsBecTHO. [IpuBeneM
TENEpL onpefesenne AomycTuMoil TpaHcdopmauu u3 [[ens,
1982] (ram TpaHchopMalMn Ha3BIBAIOTCA NpasuAaMu 86i60pa).

Beenem Ha EUQ: 1) oTHomweHne nopsaka, cumrtasi, yrto
x<]yY, ecliM X eCTb Hayajo y; 2) TONOJOTHIO, CuuTasi GasOBBIMH
OTKPHITHIMH MHOXeCTBaMH MHoxectBa [,={y€ B UQx<y}
JUisi BCeX KOHEUHbIX x. BCIofy onpesenieHHoe HelpeprIBHOE 0T0S-
paxenne Fi B UQ—EUQ HasoBeM BLIYMCIMMLIM, €CJH MHO-
HKecTBO TeX Map (¥, y) KOHEUYHHIX MNOCIENOBATENBLHOCTEN, HJIs
KOTOPHIX y< F (), nepeunciaumo, U PeryJsipHbIM, €CJH AJd
Mmo0oi KOHEYHOH IOC/EN0BATeNBLHOCTH Yy paBHOMEpHas Oep-
HyJunieBa Mepa MHoxectBa {o € Q|F (w)>y} ue npesocxogut
Mepel MHOXecTBa [, T. e. udcia 27'%, rae [(y) — nomHa 4.
Honycmumoldt mpancgopmayueti HasoBeM orpaHuyenue Ha Q
PO 3BOJILHOI'O HENPEPLIBHOTO BEIYHCJAHMOrO Pery/isipHOro OTo-
OpaxeHns. YTBEepKAEHHE O TOM, UTO [PH TAKOM ONpEIE/IEHHH
JOIyCTHMOCTH KJace CyuyalHEIX NOC/efoBaTe/bHOCTEH COBla-
Jaer ¢ KjaaccoM cayyafineix no Maptun-JIédy nocienoBarens-
HOCTeMH, MOXKHO JIEFKO BbiBeCTH H3 pesyabraroB [[Huopp, 1971];
oM. takxke [Illens, 1982, § 91. -

2.6.3. CoXHOCTHBI MOAXOA. DTOT NOAXOA, [PEAJIOKEHHDIH
KoamoroposeiM B [Koamoropos, 1963), [KonMoropos, 1965],
[Koanmoropos, 1969] cBsisan ¢ marepuasnom § 1.17. Koamoropos
HCXOIuJ M3 ApefCcTaBjieHHst 0 Tab/uue caydyafiHBIX YHCeN Kak
O JVIHHHOH, HO KOHEYHO# MOCJIeI0BATENLHOCTH SHAKOB (118 Ha-
IJISIIHOCTH ABOMYHBIX), CTO/Ib GecropsloYHO YCTPOEHHOH, 4TO
OHa HE JOMYCKAaeT NPOCTOrO ONHCAHHS — CJIOKHOCTH TAKOro
OMHCaHHsA JOMKHA OHITH JOCTATOYHO BEIHKA, 2 HMMEHHO GJM3Ka
K JyinHe nocienosarestbHoctd. CayuailHocTs GeCKoHEYHOl Mo-
C/IeJIOBATEILHOCTH 03HAYaeT JOCTATOYHO ORICTPBIH POCT 3HTPO-
IHA HavyaJbHBIX OTpesKoB (cM. [Kosamoropos, 1969, m. 2j).
Oxasasnoch, OfHAKO, 9TO ONPEAE/]EHHs CAYYaiHOCTH GeCKOo-
HEYHBIX NOCJIENOBATENBHOCTEH HYXKHO HCIO/IB30BAaTh HE MpO-
CTYIO KOJIMOTODOBCKYIO SHTPONHIO, a MOHOTOHHYIO SHTPOIHIO.

Onpedeserue cayuatinocrnu no Koamozopogy. PaccMorpum
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CrepBsa Clydail paBHOMEPHO# GepHyJ/ineBol Mephi. Hanomuum
(em. I, §1.17), wro ais smo6oit © € Q umeer mecro EEK (@)n) S

< o o
+ n. TlocnenosarenbHocts @ HaswiBaercs cayuaiinott no Koa-

#oeoposy, ecan EEK ((w),) % n. B caydae npou3BOJILHOTO Bh-
UHCJMMOTO pacHpeieseHHsi BEPOATHOCTEH W MOXKHO J0Ka3aTh,
uyTO I J1060# o € Q

=m < 1

BEK ((0),) = —log, u (I (o))
(cm. [Jlesun, 1973]). B atom ofwem ciyuae nocseoBaTess-
HOCTh @ HaselBaerca cayuaiinofi no Koamoroposy, ecan

EEK ((@)n) 2 —logyp (T' wy)-

B sTOM onpenenenud Ge3 H3MEHEHHS BO3HMKAWIMIErO KJacca
CJAYyYaHHBIX TOCAENOBATENBHOCTENl MOXHO 3aMeHHTh S—2-
sutponuio Ha E—N-3HTponuio, HA3BAB NOCJAENOBATENBHOCTD
cayvaiinofl, ecan

ENK ((0),) 3 —1og, 1 (T (w)-

B uacrnoctn, eciim p — paBHOMEpHas GepHyJuHeBa Mepa (Be-
posiTHOCTH nosBjeHHst 0 1 1 paBHBI), TO NOCJENOBATENALHOCTD
Oyner cayuaiHof, €U BBINOJIHEHO /MoG0e U3 SKBHBAJIEHTHBIX
cBoficts: EEK ((0),) 2 n nn ENK ((0),) 2 n (cm. [BbiornH,
1981, cnencreue 3.2]). OxHako jaxe B 5TOM NPOCTOM cJydae
HEJIb3A 3aMeHUTb ES—Z-3HTponHio Ha N—N-3uTpomuio: He-
BO3MOXKHa IIOC/IE0BaTeNbHOCTE ®, st KoTopoii NNK ((u))n)%

Zn (cM. [Maprun-Jiéd, 1966], [3sonkun, Jesun, 1970, Teope-
Mma 2.6], [SfIxoGec, 1970, n. 2.2]).

2.6.4. KomuvecTBeHHbIH, W/ TEOPETHKO-MEPHBIH, MOKXOM.
10T noaxof Gbla paspaboran Maprun-JIépom (cm. [Mapruu-
JI&p, 1966al, [3soukuu, Jlesnn, 1970, § 4], |9xobe, 1970,
§ 4]). B [3Bonkun, Jleun, 1970, §4, n. 1] nocae yxasanus
HEKOTODBIX TPYZHOCTeH, CBfI3aHHBIX C YACTOTHLIM TOJLXOXOM,
ormeuaerca: «B 1965 r. Il. Maprun-JIédpy ynanock, OCHOBHI-
Basicb Ha Hzesix A. H. Kosmoroposa, aaTh cBoGOJHOE OT IO-
JOGHEIX TPYAHOCTEH OMNpENeNiCHHE CAyyalHOH NoCAenoBaTe/b-
HoctH. Mnea A. H. Konmoroposa cocrosiia B TOM, 9TOGHL «He-
CAyvalHLIMH» CYHTAThL T€ NOCTENOBATE/ILHOCTH, B KOTOPHIX Hab-
JIIOJAETCS JOCTATOYHO MHOIO 3aKOHOMEPHOCTEI, Tle NMoj| 3aKOHO-
MEPHOCTBIO IOIpasymeBaeTcsi 4/000e nposepsemoe C8oUCMB0
nocaed0BaMeAbHOCU, NpULylyee AUWL Y3KOMY ux Kiaccy (RO-
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CTaTOuHO Majomy no mepe)». CriydadHBIMH, TaKUM 0Gpasow,
npejjiaraercss CYHTaTh MOC/AECAOBATENBHOCTH, NpHHAMNCKAIHE
WUPOKOMY KAaCcY MOCHeRoBaTeIbHOCTEH, HMEIOIHX JOCTaTOYHO
Manio 3aKOHOMepHOCTeH,

HMHaue roBops, npu KOJHYECTBEHHOM MOAXOAE CHydaiHOH
0o0nABAsieTCA BCAKas MOCJHEJOBATE/NbHOCTb, KOTOpasi BHIAEP-
KHMBaeT HEKOTOPHIE HCMLITAHHS HA CAyYalHOCTb, Ha3blBaeMble
TectamH. Tecni — 5TO NpocTo pasbuenne Q Ha MHoxectBo E
eIMHHYHOH MepEl H MHOXecTBO F HYJeBO#i Mephi: .

EUF=Q, EnF=g, w(E)=1, p(F)=0.

Snementn E HasniBalorcs soidepxcasuumu tect. Ecnu norpeGo-
BaTh, YyTOOHl cJaydaifiHas InOC/e0BATeNLHOCTh BHAEPXKHBaJA
JIOGOH TECT, TO OKaMeTCst, YTO CAyYafiHBIX MOC/EI0BATENbHO-
crefi He OblBaer. MaptuH-JIé) npeAndkua MO3TOMYy OrpaH-
nThCs 5PdEKTUBHEIME TE€CTaMu, T. €. TaKUMH, B KOTOpeIX F
HMmeer sdxpekTHBHO HyJNeByio Mepy. Teopema MaptuH-JIéda o
CYLIeCTBOBAHAH, B cJyyae BbIYHCAHMON Mephl [, HauGosbIIero
MHOxecTBa 3¢dekTdBHO HyneBofi Meprl (cM. Brime § 2.4) no-
Kas3biBaeT, YTO CYIIECTBYIOT I[IOC/IeJOBATENbHOCTH, BbIfiepKH-
Baiomye JM060d 3QPeKTHBHBIA TeCT, HMEHHO U3 TAKHX IOCAECA0-
BAaTeJbHOCTEH M COCTOMT KOHCTPYKTHBHBI HOCHTENb MepHI.

Onpedenrerue cayuatinocrmu no Mapmun-JIégy. Ilycts Ha Q
3a/laHO BBIYHCAHMOE pacnpexenenue pepositHocreil. ITocneno-
BaTeJIbHOCTh HasbiBaeTea oayualnold no Mapmun-Jlégy, ecau
OHa BhlflepxuBaer MoGoit shdeKTHBHEI TeCT UMM, Y9TO TO XKe
camoe, ecld OHa NpPHHAAJEKHUT KOHCTPYKTHBHOMY HOCHTEJIO
MepEI.

Ecin nocnegoBarenbHocTh CiydaliHa no Maprtuu-JIépy or-
HOCHTE/IbHO PAaBHOMEDHOH GepHyJ/ueBOH Mephl, YacToTa HY-

Jiell B ee HauaJbHBIX OTPe3KaX CTPEMHTCS K 5 ; AEHCTBHTENBHO,

M3 J0KasaTe/bCTBAa TeOpPEM TEOPHH BEpOSITHOCTER MOXKHO H3-
Bleub 3(xpeKTHBHBLIA TECT, OTBepraioliil Bce TaKue mocJeno-

1
BATE/IbHOCTH, Y KOTOPBIX 5Ta YacToTa He CTpeMHTCA K . Bo-

Jee TOoro, B OGepHy//HEBOM Clyuae BCsKAas NOCJENOBATEN b=
HOCTB, cAyYafinas no Maptun-Jlédy, sBasercsa cayuafivoft no
Mugecy — Uépuy (cM. [Aradonos, 1975, n. 5.1]) u zaxe cay-
yaiinoft no Musecy — KoamoropoBy — JlaBmsuny (cM. [lens,
1982, §9, c. 36, nocne GopMyaupoBKH Teopemul 1}).

2.6.5. CoOTHOIEHHS MEXAY Pas3/HYHBIMH ONPENETCHHAMH,
3ameyaTelibHBEIM 06pa30M 0Kas3ajloch, YTO CJAOKHOCTHEIR H T€O-
PETHKO-MepHbIl MOAXOAL MPHBOAAT K OJHOMY M TOMY Ke KO-
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HeyHOMY pesyJbrary. KIMeHHO, MMeeT MecTo crienyiowas oc-
HOBHasi Teopema (cM. ee ¢opmysupoBky B [JleBun, 1973, Teo-
pema 2], [luopp, 1973, Teopema 3], [luopp, 1977, Teopema
4.21 1 poxkasarenscreo B [UHlnopp, 1973), [Boiorun, 1981,
teopema 3.2]).

Teopema. Ilns moGoro BEIYHCIAMUMOLO paclpeseseHus Be-
POSITHOCTEH NOC/IeI0BATENLHOCTE TOTAA M TOJBKO TOrZa CJy-
vaiiHa no Maptun-Jlédy, xorma oHa cnyuafina no Koswmo-
TOpOBY.

Takum obpasom, onpegenenus Maprun-Jlépa u Kosamoro-
poBa 3aalOT OIMH M TOT XKe KJiacC nocJsegoparesbHocTel. bo-
Jiee IHPOKHA KJiace 00pasyior NOC/AeNOBaTeIbHOCTH, Clyyal-
Hple 110 Musecy — KosmoropoBy — JlaBnsnay: Bcsikas ciy-
yafinast no Maprun-JIédpy nocienoparesbHOCTh cayyalina H IO
Musecy — Kosmoroposy — Jlasisuay (kak yzxe oTMeyasoch),
a ofpaTHOe, KaK BhTeKaer H3 cpopmynuposannbix B [Koumo-
ropoB, 1969} pesyarrartos, HesepHO. MIMeHHO, Kak yTBepxKaaer-
cs B [Kosnmoropos, 1969, n. 2, c. 61, cyuiecTByer clyyaliHas no
Musecy — Koamoroposy — JlaBisnay — moclieioBaTe/IbHOCTh
o=0(0) o(l)..., zaa KoTOpOH

- NNK ((0),) L log, n

(aBTOPH JIOJDKHHI CO BCefi OTKpOBEHHOCTBIO NPH3HATHCHA, UTO
He yMeroT CTpoUThL Takofi npumep). Takas nocnenoBaTe/IbHOCTD,
KaK JIeTKO BHAETb, He Moxer OnTh clyvaiHo#t no KoJamoropo-
By (a TeM caMeiM H 110 MaptuH-JIédy), Tak kak N—N- u E—E-
SHTPONUH CJIOBa X OTJIHYaloTCsi He Gosiee ueMm Ha C log,; [(x),
rie [ (x) — pauHa ciosa x. (Hanomunm, uro, rosops 06 N—N-
3HTPONHM 0B, Ml HMeeM B BHRY N—N-sHTpomuio Haty-
paJibHBIX UHCeJ, COOTBETCTBYIOWIMX CJIOBaM IpPH BSaHMHO
OJIHO3HAUHOM COOTBETCTBHY, OomHcaHHoM B § 2.17.)

MeI npHXofUM, TaKUM 00pasoM, K crenyomel Tabauie, OT-
paxaiouiedl COOTHOLIEHHs MEXAY PAsMHYHBIME BHIaMH Caydali-
HOCTeH:

TOCJIeIOBaTeNLHOCTH, caydafinpie no MapTun-JIéhy =
= [ocJIeJ0BATEJLHOCTH, cJyvafinbie 1o Koamoroposy 5= o
=& ¢ 10C/eoBaTeIbHOCTH, CJydyalHbe
no Musecy—=Kosmoropopy ~—Jlapnsuay <
C mocJIe0BaTeLHOCTH, chyyaiinbe no Musecy —Kuyrty 55 <
= C NOCHeNoBaTeNbHOCTH, caydafinsie no Musecy —UYépuy

B 310fi Tabnnue oTMeYeHB! Bce H3BECTHBIE aBTOpaM paBeHCTBa H
CTPOrHe BKJIIOYEHHMsl; COBNAjaer Jii KJAace CIydadHbiX mo Mu-
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secy — KoJsmoropoy — JlaB/sHay TOC/AENOBaTeNbHOCTEH €
KJIaCCOM * TocJIeNOBATe/ILHOCTeH, caydaiiHuX 1[0 Musecy —
KHyTry, KaKk yKe oTMeuaJoch Bhlllle, aBTOPaM HEH3BECTHO.

Jlnst mo6oro BLIYMCJHMOTO PaCIpeeseHis BepOoaATHOCTe! Ha
Q kJjacc mociefloBaTeabHocTel, cayyaliHpix no KoJamoropoBy
win no MaptuH-JIedy, o6baBiserca HCTHHHBIM KAQCCOM CAY-
4aiinbix nocaedosameivHocmeri, a 3JIEMEHTHI ITOTO KJjacca —
HOINTUHHO CAYHQAUHOIMU NOCAC00BAMEALHOCTAMU.

Jasi paBHOMepHOro GepHyJIHEBOTO pachpeieieHHs mpel-
npunsras B [llenn, 1982] nombiTKa yTOYHEHHS ONpeeneHHs
Museca Taxke mpHBOIUT K 3THM MOMJIMHHO CHyYaHHLIM 110CHe-
zosarenbHocTsiM, Onuako yrouserue w3 [Ilens, 1982] ocHosa-
HO Ha NOHATHH TpaHCpOpMaUuH, a He Ha NOHATHH NpapHJA
BbiGopa (cM. Bhiue). CyHlecTByer JH KJacc npaBuJ Bblifopa,
NPUBOASALINY K HCTHHHOMY KJiaccy ciMiMiaiiHEIX 1OC/IeN0BaTeb-
Hocteft Xors OHl 11 paBHOMEpHOTO GEpHyJVIMEBOro pacmpene-
JieHHs1 — HeusBectHO. HecyllecrBoBaHHE TAaKOIrO KJiacca Iipa-
BUJI BBIGOpa O3HAYaJso Gbl, YTO YACTOTHBIA MOAXOJ (O KpaHHe:
Mepe B paMKax 3aMbicia Museca) He B COCTOSIHHH JaTth aj€kK-
BaTHOE OlpejelieHHe Cay4YaldHOCTH.

2.6.6. KoHeyHble nOCASAOBATENBHOCTH C TOYKH 3peHHSA Cly-
vaiinoctH. Ilose3aHo sICHO cosHaBarb, YTO — IIPH JIOOOM H3
NepevHcIeHHbIX OnpeliesieHnii — ecld npHnucarh K clydai-
HO#i TOCJIEOBATEJNbHOCTH CriepeqH MHJJIHOH HyJeH, cHOBAa Mo-
JYUHTCA CayvaiiHas nocsenoBarenbHOCTh. I103TOMYy K mpakTH-
YyeCKOH HHTEepIIpeTallil TOHATHSA CAyYafHOH NOC/Aen0BaTebHO-
CTH npHUMEHHTENLHO K MeTofy Monte-KapJo ciienyer orHOCHTD-
€l C OCTOPOXKHOCTEIO: Belb MOXKET CTaThCs, YTO HCHOJIb3yeMas
B 3TOM METOAE MOC/eNOBaTeJbHOCTL (BCJM NOJATaTbCs Ha ee
cyyaBHOCTE H HY Ha 4YTO GOJee) Kak pa3 i HauuHaercs C MHJI-
JIMOHa HyJIeH.

IlosroMy B mpHKJagHOM acnekre HauGoJiee CYHIECTBEHHO
NOHSATHE CNyYaHOH KOHEYHO! 1OC/Ne0BaTeNbHOCTH (V1S KOTO-
poro moHsTHe ciyuafiHofi OeCKOHEYHO! MNOCHAeNOBATENLHOCTH
CJIyKHT, TaK CKa3arb, «alpOKCHMaluell cBepxy»). JTO NOHA-
THe HamedeHo KosmoroposeM B [Koamoropos, 1963] (cM. rak-
xe [Kuyr, 1969, n. 3.5E]). B [Kosmoropos, 1965, § 4] no 3to-
My TOBOAY TOBOPHTCS (TOA CJIOXKHOCTbIO TOHUMAETCS CJIOXK-
HOCTh OTHOCHTEJILHO OINTHMAJBHOIO criocofa ONMCaHHS — TO,
YTO B HalleM TeKCTe Ha3BaHO 3HTpomue#): «['py6o rosops,
3[ech peusb HieT O caexymomeM. Eciiv KoHeuHoe MHOXecTBO M
H3 OueHb 6OJIBIIOrO uKcJa 3JeMeHTOB N Jomyckaer ompexele-
Hye 1pH HOMOILH NpOrpaMMbt AJIHHEL IpeHeGpeKUMO MaJoH 1o
cpaBHeHHI0 ¢ log, N, To mouTH Bce sJieMeHTH M HMEIOT CJO0XK-
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HocTb K (x), 6nuskylo K logs N. Dnementhl x € M s70it c0xH0-
CTH M PaccMaTpHBAOTCA KaK «CJyYalHBIE» JIEMEHTH MHOMKECT-
Ba M». B gauyectBe npHMepa pacCcMOTPUM MHOXeCTBO M, co-
CTOflIllee H3 BCeX MOCJAENOBATENILHOCTEH HyJlefl H eMUHHI JJTHHEL
k. 3ro MHOxecTBo coiepxkur N=2% sneMenToB; uro6u 3anarb
€ro, JOCTaTOYHO yKasarb k2, MIsl 4ero Heo6XogHMO OKOJO
log.k NBOMYHBIX 3HAKOB (4TO0 MajoO o cpaBHeHHio ¢ log,N=
=Fk). Tlouru Bce sJemeHTEl M HMEIOT CJIOXKHOCTb, GJHSKYIO K-
log.N, 1. e. X k. TakuM o6pa3oM, B COOTBETCTBHH C IpHBEALH-
HOH TONBKO uro muraroit us [Kosmoropos, 19651, mocaenosa-
TENLHOCTh M3 K HyJeH ¥ eIMHHIL eCTECTBEHHO PacCMaTpHBaTh
Kak TeM 6oJiee «ciyuyafiHylo», ueM GOJHIKE ee SHTpPonHs K K.

PasyMmeercst, noHATHE SHTPONMU ONpPEJENEHO, MO CYLIECT-
By, C TOYHOCTBLIO JI0 OrPaHHYEHHOTO ClAraemMoro, # ot BeIGOpa
TOTO HJI WHOIO ONTHMAVILHOTO criocofa OmucaHMs 3aBHCHT,
HACKOJIbKO CJAYYaiiHO# OKaxkeTCs JaHHasd KOHEYHas Tocjeno-
BaTeJbHOCTb: TOC/IEOBATENbHOCTb, <«NPAKTHYECKH cJyuai-
Hasi» TIpH OJHOM ONITHMaJIbHOM cIiocobe OmMCaHHsA, MOMKET OKa-
3aThCs «COBEpIUEHHO Hec/ydafiHoi» mpn mpyrom. OpHako pas-
HHIIA MeXZy SHTPONHUSMH, COOTBETCTBYIOHHMH JBYM Crioco0aM
OTIHCAHHS, OCTaBafACh OTPAHUYEHHOH, CTAHOBHTCH C YBEJHYe-
HHEM UHCJIa k BCe MeHee H MeHee 3aMEeTHO 10 cpaBHEHHIO C k.

3aBHCHMOCTb CTeNeHH CJyyailHOCTH OT BbiGOpa cnocoba
ONUCAHUS MOMET PacCMaTPHBATHCS KAaK apryMEHT B INOJbL3Y
XKenaTeIbHOCTH QUKCAUMH KaKoTro-HHOYAb OXHOrO eIHHCTBEH-
HO NPaBHJIBHOTO criocofa ONMMCAHHS U PAaCcCMOTPEHHS COOTBET-
crByollieii emy sHrponud. OfHaKo, KaK nuier KoJMOropos B
[Kommoropos, 1965, c. 10], «coMHuTEeNEHO, YTOOH 3TO MOXHO
Oe10 cfienaTth Ges sBHoro npoussosa. Chepyer, ogHako, Ay-
MaTb, YTO pasfiyYHBle NPEACTaBJSIOLIMECs 3JeCh pa3yMHbIe
BapHaHTH OYAYT NPUBOIHTE K OUEHKAM CJIOXKHOCTelH, «pacxo-
HAMKMCA Ha COTHH, a He IeCATKH Thicad 6ur». TpeGoBaHus, KO-
TOpble CJIefyer NPeNbsABATb K «pasyMHOMY» CrocoGy onmca-
Hua F, DOJKHBI, TO-BUANMOMY, BKJIOYaThb CIpPaBeLJIHBOCTD
YTBEpKACHH S

Vx (Kp(x) < Kg () +C)

CO CpaBHMTENBLHO HeGoJbluuMu C I BO3MOXKHO GOJbluero
yrcJia ecTecTBeHHBIX cnocoboB omucaHus (. Hekoropwe npei-
JIOXKEHHs TIO BhIGOPY TaKOro pasyMHoro cmocofa HMelorca B
Vleun, 1977].

TaxkuM o6pa3oM, BHIGpaB €rnoco6 ONKCAaHHS KOHEUHBIX IIO-
CJIefloBaTeIbHOCTE, NpeAcTaBJSIOMHUACA HaM 6ojee WJH Me-
Hee pasyMHBIM, MBI [OJIy4aeM BO3MOXXHOCTb C TOH JKe CTeneHbIo
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PasyMHOCTH FOBOPHTH O TOM, HACKOJBKO Ta WJd HHAs KOHKper-
Hasl KOHEUHasl [OCJIeIOBaTe/bHOCTh CJIyyaHHa.

Peanpuo B meroge Monte-Kapsno HCIOJB3YIOTCS HMEHHO
KOHeyHhIe TOCAeN0BaTeAbHOCTH, MOXKHO CUMTaTh, YTO NPAKTH-
YeCKHM KpHTEpHEM «CJAYyYaHHOCTH» KOHEWYHOH MOCJ/efoBaTe/Ib-
HOCTH KaK pas CJYXHT YCNeIHOCTh €€ MCHOJIb30BaHHS INPH
pacuerax 1o merony MonTte-KapJo; Gojiee TOUHO, YCNEIUHOCTD
HCIOMb30BaHHA /Mo60#A ciydyaliHOM KOHEUHON mnocsenoBaTe/b-
HocTH B Merone MonTte-Kapsio ecrecTBeHHO BKJIOHATE B YHCIIO
TpeOoBaHU!, NPEABABAAECMBIX K NPAaKTHUYECKH T'OAHOMY IOHA-
THIO cIyuyaffiHOCTH. A TOrja OTOXIECTBJEHHE CJAyYaHHBIX KO-
HEUHHIX TIOCJeJOBAaTeNbHOCTEH CO CJIOXKHO YCTPOEHHHIMH, T. €,
HOCTIeOBATE/ILHOCTSIME, CJIOKHOCTE KOTOPBIX OTHOCHTENLHO
HEKOTOpOro «pasyMHOro» criocofa OmMCaHus OJH3Ka K HX LJH-
He, omnpasjaHO.

HeficrautenbHo, npu pasyMHOM crocoGe omucanus F BH-
COKasl CJOIKHOCTb KOHEUHOM INOC/SIOBATENIbHOCTH MOMKET CJYy-
JATH apr'yMeHTOM B NOAB3Y TOTO, YTO €e HCIoJb3oBaHHE B
KOHKDETHOM BBbIHHCJICHHH 1o Metony Mownre-Kapno pact xopo-
umi pesyJibraT. Begp nmOCHENOBATEILHOCTH, Adioliye NpH HC-
NOJIb30BAHHH HX B BEIUKCJAEHHH N0 MeTofy MoHre-KapJo mo-
XOH pesyJbTaT, COCTaBJSIOT HHYTOXKHO Malyilo 4acTb BCEX
nocneoBareNbHOCTE (3T0 OCHOBHOE TpeGOBaHHE, IIPELBSB-
JsieMoe K BBIYHCIEHHAM IO 3ToMy Meroxy). Iloaromy BcsaKas
¢IVIOXas1® TIOCTENOBATeIBHOCTh AONYCKAET TaKOe NpoCToe 3ajia-
HHE: CHauaJla YKasblBaercs, YTo OHa «IoXaf», a 8areM yKashi-
Baercsi eeé TMOPSJAKOBBHIA HOMEp cpelH BecexX «ITOXHX» Hociaezo-
BatesbHoCTed, [lna yKasaHus HoMepa mOHAZoOHTCA CpaBHH-
TeJIbHO MaJIO BOMUHBIX 3HAKOB, TAK KaK YHCJIO IIJIOXHX» mocJe-
JoBaresbHOCTe!l cpaBHHTENbHO Mano. Takum obpasoM, O
«IA0X0H» NOCAENOBATENbHOCTH 2 ee CNOKHOCTL Kj;(2) HeBesKa
(3meck G — TONBKO 4YTO PACCMOTPEHHBI €roco0 OMHCAHHS @
TIOMOIIBIO  «NPOCTHIX 3afaHuM»). [lockonbKy croco6 omucanus
F «pasymen», MOXHO HajesTbcsl, 4TO npu HeGosbumoM C H
JoboM X BhUIOJNHEHO HepaBeHcTBO Ky (x)<CKg(x)+C. B atom
cJlyuae OKaxkercs, 4TO CJOXKHOCTb (OTHOCHTEJIbHO F) /oOo# no-
CJIe10BATENIbHOCTH, Jaolliefl TMIOXOH pe3y/bTaT IpH HCNOJb30-
BaHHH ee B BRIYHCJIeHHSAX 110 MeTofly MoHre-KapJo, HeBesnika.

B saxJitoyeHHe NpHBeJEM CaefyIollee 3aMeUaHHe, BLICKa3aH<
Hoe KosMoroposuwiM B siHBape 1965 r. B ero myGJHYHOMN JieK-
UMH B MOCKOBCKOM yHHBEpCHTETE: IONbITKA OCHAPYKUTL BbI4
COKOpASBHTYIO BHe3eMHYIO NMBHJIM3ALHMIO, OCHOBAaHHAs Ha
nepexBare COOCIIEHHsI, NpeAHaS8HAUYEHHOrO AJisi Toll e camoH
HJIH NOROOHOI LHBUJIMBAIMH, CKOpee BCero, ofpeyeHa Ha mpod
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paJ. B caMoM Jiejie, eCyii NUBUJIH3aLMA BHICOKOPA3BUTA, TO OHA
ymeeT SKOHOMHO KOJHMpOBATb, ee cOoObuieHHe HmeeT GOJIbIIYIO
yIeNbHYIO CJOKHOCTE (T. €. CJIOXHOCTD, [EJeHHYIO HA JUIHHY
COOOIIEHHA) ¥ HOTOMY HPAKTHYECKH HEOTJHUMMO OT cayyail-
Ol I110C/Ie0BATE/NLHOCTH CHTHAJOB.

§ 2.7. TipunokeHHss K TeopHH HH(OPMALHH!
aJrOPHTMHYECKHT moaxof,
K TIOHATHIO KOJIHYeCTBa HHpopMauuu

Ouenb X0Uercs yMerb OTBEYaTh Ha BOIPOC, CKOJIBKO HHGOP-
MaLMH HeceT TO MJIM MHOE COOOIIeHHe, T. €. KaK-TO H3MepAThb
Koauuecmso ungopmayuu. ECTeCTBEHHO U3MEPATh 3TO KOJHYE-
CTBO JJIHHON HauGoJee JKOHOMHOrO ONHCAHUS pacCMaTpHBaeMo-
1o COOOLIEHHA: C 3TOH TOUKH 3pEHHS KOCMHYECKoe COOOIIeHHe,
o6cyKIaBiIeecs B KOHLE NnpeApynlero naparpada, Hecer 60/b-
wylo HeQopManyio — npubianKaomyocs K MaKCHMMaJbHO
BO3MOXHOR 0OpH [JaHHOH [luHe coobweHus. Pasymeercd;
caMm BHIOpaHHBLIfi CTIOCOO ONHCAHHA JOJKeH OBITb JIOCTATOUHO
KOHOMHBIM, T. €. JaBaTb JJIs BceX COOOLICHHH KaK MOXKHO
GoJiee KOPOTKHE OMNHCAHMSA.

Kpowme Toro, sror cnoco6 ZoJ/KeH MO3BOJATH OJHO3HaYHOE
1 3¢dekTHBHOE BOCCTAHOBJEHHE COOBIMIEHH A 10 €r0 OTHCAHHIO.
TeM caMblM MBI IIPHXOZMM K CHTyauuH, omucanHoi B §2.17:
KOJIHYecTBO MHPOpMAUMH B COOOILIEHHH — 3TO €ro SHTPONHUS. |
Hamomuuy, yto B §1.17 MbI BBeTH pasHble BUABL SHTPONHH, pas-
JHYaBIIMXCSA, B YaCTHOCTH, aHCAMOGJIAMH OmicaHuii. 31ech Mbl
OyJieM HCIoJIb30BaTh B KayecTBe aHCaMOJs onucaHui aHcaMbJb
N wnmi (40 SKBUBAJNEHTHO B CHJIY HAJHUYHS YKa3aHHOIO B
§ 1.17 uzomopdusma Mexxay N u E) ancam6ib IBOHYHEIX CJIOB

B, mpu TOM, YTO OTHOIUGHHE COTJIaCOBaHHOCTH Ha I Gyger
Teneph He TE€M, KOTOpOe paccMarpuBatock B § 1.17, a orHoIe-
HUeM paBeHCTBa, T. e. TakuM ke, kak Ha N. HanmomHum Te-
nepL onpejefieHre mpocToll KOJMOTOPOBCKOH 3HTPONHH, JaH-
Hoe B §1.17.

[Iycre Y — ancambib coobuieHn#, T. €. IPOCTO HEKOTOPLIK
aHCaMGJib, 3JIEMEHTHl KOTOPOrO Mbl HABRIBAEM COOGU{EHUAMU.
Cnocob onucanus — 310 nepeuncsMoe orHoenne RcNXY,
obniafiatoniee TeM CBOKCTBOM, 4TO ecaH (1, y;) € R u {n,y,) ER,
TO y;==y,. VlHaue roBops, crnocob onHcaHHs NOHHMAETCs B CMBI-
cie § 1.17, mpuyeM OTHOLUGHHE COrJIACOBAHHOCTH, 3aJaHHOE Ha
KaxzaoMm u3 ancambrei N u Y, cosnazaer c pasescrsoM. Ilo-
SToMy no Teopeme KoJsmMoroposa cpeirt BCex Crioco60B OMiCaHH 5
Cymectsyer onTuMaJbHeE, O6GBeM (HamoMHHM, 410 0GHEMOM
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Yhcia X Bjech HaselBaeTcsi lieJlasi yacTb uyHcIa log,(x-+1))
CaMOT0 KOPOTKOro ONHCaHHA O6beKTa Yy € Y IpH KaKoM-JH60
(UKCHPOBAaHHOM ONTHMAJBHOM Croco0e Ha3hIBAETCS NPOCTOH
KOJIMOTOPOBCKOH 3HTpomniell ofbekta y € Y (B § 1.17 sroT Tep-
MUH TpHMeHsNca Jumb K clyvalo Y=N) u oGosHayaercs
NYK(y), a xopoue — npocro K (y). Urak, KOJHYecrso HH-
dopMauy B COOGIIEHHH y OKA3LIBAETCH ECTECTBEHHBIM H3Me-
PATE IPOCTOH KOJIMOTOPOBCKOH SHTpONHEH 3TOro COOOILEHHS.
Tax posHukaer anropuTMmuecKasr TeOpHS HHpOPMALHMH (CM.
{Bapamunn, 1977)).
3amernM, YTO KOJHYECTBO HHGOpMAuuH B Y ONPEAENeHO
JIUIUL C TOYHOCTBIO O aARMTHBHOH BeJHuMHBI nopsgka O(1).
B camoM nesie, BOBMOXKHHEI pasjiHYHBIE ONTHMAJbHbIE CHOCOOHI
R; u R,, npuBOAsIHe COOTBETCTBEHHO K sHTponuam Ky u K.
Onnako B cunty ckasamtoro B § 1.17 1Ky (y) — K ()| 0.
Hasiee, paccMoTpuM KaKylo-u60 OfHO3HAUHYIO BHIYHCIH-
My HyMepauulo aHcamGas Y, T. e, Buuncaumoe (1—1)-oto-
6paxxesne N nHa Y. BcrmomHHM ocHOBHyIO Jemmy us § 1.17
0 cooTHOWIeHHH MexAy X — U-surponuest u X — V-3urponu-
eil; B cuJly STOH JIeMMEHl, eClH m eCTh HOMep cooGueHHs y,
10 INNK(m) — NYK(5)| 0. Takum 06pasoM, KOIHYECTBO
uHopmanuy B cOOOLIEHHH COBNAJaeT C KOJAWYECTBOM HHGDOp-
MauMg B ero Homepe (COBmajaeT ¢ TOYHOCTBIO [0 BEIHYHHBI
nopaaka O (1), HO Befb H caMO KOJIHYeCTBO HHPOpMAIMH Ompe-
JeJIeHO C TOYHOCTBIO JO BeJIHYMHEl 3TOrO nopsiaka). 1o xe
paccyXieHue NPHMEHHMO H K ONpeNeseHHI0 KOJHYECTBa WH-
dopmanun B nape {yz, y.) € Y X Y. Ilycrs W —rakoh ancambib,
yro YXYe<=W. Konuuecrso mudopmamuu B {y;, ¥,) MOXKHO
onpeesith Ju60 Kak N — W-snrponuio camoit 3roil mapwr,
Ju6o XKe paBHOCHJBHEIM 00pa3oM — kakK N — N-surpomnio
HOMepa 3To# maphbl (3TH ONpefeseHHs NPUBOJSAT K BeJHUHHAM,
pas/HyaloNMC Ha OrpaHHYEHHOE CJlaraeMoe).
Anzopummuneckan meopus ungopmayuy Obla OCHOBaHA
Konmoroposem (cm. [KosMoropos, 1965]) ¢ medybio HpUAaTh
TaKUM HHTYHTHBHBIM IOHSTHSM, KaK <«KOJHYeCTBO HHGopMa-
HHH» H «HTPONHS», TOUHBIH CMBIC] B NIPUMEHEHUH K HHJHBH-
AyasnbHeIM oOBbeKTaM. B TpaanuuoHHoR (OcHOBaHHOH Ha Bepo-
SITHOCTH) meopuu utgopmayuu, ocHoBanHoi IenHonom, stu
HOHATHSA, KAK H3BECTHO, NPHMEHSIOTC K CJy4YallHhIM OGbek-
TaM, T. e, roBops GoJee CTpOro, K CJAyYafiHbIM BeJHUHHaM.
Hcropyyeckn Cc/I0OXUBLIYIOCSI BEDOSTHOCTHYIO TEOPHIO HH-
¢dopmanyu npasusibHee ObLIO GbI HAsSHIBAaTL «meopuell nepedadu
ungpopmayuu» (cM. [Jo6pyuwmn, Ipenos, 1979]) uau «uamema-
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muudeckoll meopueli ceA3u» TO Ha3BaHHIO OCHOBOTOJArarolei
cratb llennona [ennon, 1948]: Bemn sra TeopHs He oXBa-
THIBA€T BCeX (TPEeXKIe BCEr0 CeMAHTHYECKHX) acCleKTOB IIOHf-
THA HHbOpManHH. HesICHO, HACKOJIbKO 3TH pas3/iuiHBE aCIIEeKTh
MOTYT ObITb OXBa4€HB! aNrOPHTMHYECKO! Teopuelt HHoOpMa-
uuH. Bo BeakoM ciyyae, mpoGiaeMbl CBA3H 370l TEOPHH C Ce-
MaHTHKO¥} T0Ka Jaxe He nocrasieHsl. (O6cyxaeHie HEeKOTOPBIX
6inanexamux npobaeM Havaro B [Manus, 1981].) PeaabHbie
JOCTHXKEHHS aNrOpHTMHYECKON TeOopHH HH(QOpMAaUMH OTHO-
cATcAd K AByM HamnpaBJjieHusiM. IlepBoe COCTOUT B BHIICHEHHH
TOTO, HACKOJIbKO (OpPMyJbI, IOJYYeHHBI® IS CJy4afiHBIX Be-
JIMYHH, OKAa3LIBAIOTCA CHpaBEelJIMBLIMH TPHMEHHTEALHO K HH-
JAUBHAyaJbHLIM o0BeKTaM. BTopoe 3aK/odaercsi B yCTaHOBJe-
HHH COOTHOIIEHHI MeXAY KOJMOTOPOBCKOH H IIEHHOHOBCKOMH
IHTPONH AMH.

Wanoxum ocHoBHEie K3 3THX Joctikenuit. Corgacuo [Koa-
MoropoB, 1969], HcxonHbIM noHATHEM TeopHH HHGOpMaNHH
(KaK BEPOAITHOCTHOH, TaK ¥ aJrOPUTMHYECKOH) fABJIAETCA YyC-
A08HAA SHMponus o6beKTa y NpM 3alaHHOM obmexkre x. OHa
o6GosHadaeTcsi H (y|x) U HHTEpHpETHPYETCA KAK KOJHYECTBO
uHpopmanyy, HeoGXoAuMoe AAA 3ajaHus obbekra y B obcra-
HOBKe, Korja OOBeKT X yxe 3aiaH. [anee ompenensiorcs:

1) (GesycnoBhas) saumponus oGBeKTa y; OHa 0603HaUaeTcs
H (y) un onpenenserca paserctBoM H (y)=H (yle), rze e —
KaKOM-TH00 «3aBeIOMO 3aJlaHHBIN OGBEKT»;

2) Koausecmso ungopmayuu, comepxaiieiica B OOBEKTE X
06 o6pexTe y; OHO ob6o3Hauaercs I (x ! y) u onperenserca pa-
BeHeTBoM [ (x : y)=H (y)—H (y|x).

B anropuTMHYeckoi TeopuH HHGHOpMaUMH X H Y CyTh KOH-
CTPYKTHBHEIE OOBEKTbl, B BEPOSITHOCTHOH TEOpHH — CJyYai-
Hbi€ BEJIHYHHBI; YTOOB MOAYEPKHYThL 3TO 0OCTOATENBCTBO, B MO-
CcJief[HeM CJlydae BMeCTo X M y Gyaem mucarb § ¥ v). Jlius npocro-
Tol 6YZeM npeAnosarath, Yto & U 1) NPHHHMAIOT JHIOL KOHEY-

HOe yKcJI0 3HaueHuit. I1ycts § npHHHMAaeT SHAUCHHS X1, +..p Xp
C BEpOATHOCTAMH Py, ..., Dp» A N — 3HAUCHHSA Yi, ..., Yn
C BEPOSITHOCTAMH G, ..., §y; TYCTh, JAJIE, r;; €CTb BEPOSATHOCTD

TOrO, YTO OJIHOBPEMEHHO E=x;, =y;. TOrla, N0 ONpeeNeH O,
I’U
Hm|E)=—2,ry log, -
i

Janee, (weHHOHOBCKasi OesycnoBHas)) 3Hrponusa H(n)=
= — )\ g;1log, q; Moxer OuiTb OmpelesieHa, CornacHo 1), Kak

H (nle), rie € npuHHMaer OJHO-eJHHCTBEHHOE 3HaueHHE; OKa3bl-
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Baercs, 4To H () ecTb cpefHee YHCIO ABOHYHBIX 3HAKOB, HeoO-
XOMMoe Iiia safianus ofHoro 3uauenus 1. Haxowen, I(E :y)
onpeseisiercs B cooTBercTBHH ¢ 2). M3 sTuX onpenenenufi cpasy
cllefyer, 4ro

H(n|n)=0, - (P1)

IE:n) >0, - (P2)
I(E:m)=1(n:§), (P3)

H (<, w)=HE)+H®n|E) (P4)

(sHaueHnamu cayyafigo#t BenmuuHel (§, 1)) caAyxkarT nHapel
(x;, ¥;), IpUHKMAeMble G BEPOSTHOCTAMHU 7yj).

B anropurmmyeckofi Teopud HHPOpPMAaLMH B KauyecTBe
H (ylx) Geperca K (ylx). Yro Takoe K (ylx), 6bl10 pasbscHEHO
B § 1.17 (mepexox ot N K npoH3BOJLHOMY Y C paBeHCTBOM B Ka-
YecTBE OTHOIUEHHS| COIVIACOBAHHOCTH He COCTaBJseT TPYyAa).
B ToM e myHKTe oTMeuasoch, uTo npu Purcanuu x B K (ylx)
MBI TIPHXOJHM K INPOCTOi KOJIMOIOPOBCKOH 3HTPOIHHI

K=K (yle).

Wrak, u B anropurmuueckoii Teopud omnpegenenue H (y) (=
=K (y)) uepes H (ylx)(=K(ylx)) npoucxomur cormacHo I).
Janee, corgacHo 2), BBOZHTCS KOJHYECTBO HHGPOPMaLMH
I(x: 9)=K ()—K (y1»).

Tlpu mepexome X anropurTMuyeckoil rTeopuu uHGOpMaLUu
COOTHOIUEHHE BEPOSTHOCTHON TEOPHH IIPETEpIieBalOT HEKOTO-
pble H3MEHeHHs, KaK OYeBHJHBIE, TaK H HeodeBuaHue, Ouepuj-
Hbl€ M3MEHEHHs BBISBaHLI TeM, HTO «8ce INPEAJIOKEHHS aJIro-
pHTMHUYECKOH TeopHu HHDOpMauMH B HX obmed dopmyJ-
pOBKe BepHHI JIHIIb C TOYHOCThIO A0 4neHoB Buiaa O(1)» [Kox-
MOI(‘X%OB, 1969]. Ilostomy (P1) u (P2) samensiiorca na (Al)
H ):

0<K (y]9)30, (A1)
I (x:y)20. " (A2)

HeoueBuannie H3MEHEHHS COCTOSIT B TOM, YTO B aJIrOPHTMUUE-
CkuX aHajorax paseHcTs (P3) u (P4) nossasercs norapudmu-
Yeckas TOTpaBKa:

I(x:y)=1(y:x)+0 (log, K {x, p>)), (A3)
H(<x, ) =H(x)+H (y]| )+ 0 (log, K (<x, y>)). (Ad)
llesHOHOBCKHE MOAXOA MOXKHO CJIEIYIOUIMM OGPasoM TpH-

MEHHTb K HHIMBHAyaNbHOMy cJioBy A: MOXKHO DacCMOTPeTb
310 A KaK OfHO M3 SHAQUeHHH HEKOTOPOH CNyyaHHOH BesHUM-
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HH [ M BBIUMC/IMTH SHTPOMHIO {, MpHYEM [ ecTeCTBeHHO 3alaTh
TaK, 9ro6e A Gpuio «THNHYHOMH» ee peasusaunueii. Hanpumep,
MOXKHO CHHTATh, 9TO GyKBHI C/loBa A He3aBHCHMLI H HMEIOT Be-
POSITHOCTH, paBHBEIE HacTOTaM HX NOsSBJeHHs B A.

Tlycts paccMmaTpuBaercs CJIOBO AJIHHBI £ B n-GYKBEHHOM
andasure. Torna { umeer n® snauenuitu H (C) B k£ pas Gonblue,
yeM 3HTponusa H (1) cnydalHOH BeNHYHHBL 7}, ¥ KOTOpPOH 3Ha-
yeHHAMH cJyxar OykBbl andaBuTa, a BepOSTHOCTAMH 3STHX
3HavueHHi — yactothl G6ykB B cioBe A. SDurponnio H=H (n)
€CTECTBEHHO HasBIBATb WIEHHOHOBCKOU yOeabHod sHmponuet
cnosa A. Ee cozepxare/ibHLIA CMBICH NPOABAALTCS, HAOPHMED,
B cjefyomeM. PaccMoTpuM Kako#-mi60 cnoco6 no6yKBeHHOro
KOJMPOBaHUA CNOB B N-OyKBeHHOM andaBuTe NOCPEACTBOM JBO-
HYHBIX CJIOB, IIO3BOJIAIIOLME OJHO3HAYHO BOCCTAHABJHBATH
c/oBa 1o uX KojgaMm. Ecnu Tenepb 3aMeHHTb B A Kaxaywo GyK-
BY Ha ee Kol u3 E, To Bce A B [e/IOM TaKKe 3aMEHHTCS Ha He-
KOTOpOe CJIoBo U3 & miauns k*. OrHowenue L=~k'[k ecTb «KO-
sdpuuHenT yATUHEHUSY,

HssecrHo (cM., HanpuMep, [TIpoxopos, 1973], [/leBenmreitn,
1974, reopema 8]), uro Bceria LZ=H u uro BO3MOXKeEH TaKoi
croco6 xopupoBaHus, npu KoropoM L<{H-1. ITosromy uncno
k- H MOXKHO CUMTATh «UCMUHHOL 080utnoll Oaunoti» cioBa A, uin
€r0 WeHHOHO8CKOU cA0CHOCMbI0 (G0MNee TOYHO — INeHHOHOBCKOH
1-cIOXHOCTBIO; €CIH KOIMpOBaTb He OTAeNbHHE OYKBH, a
cpasy napei coceHHX OYKB, YUHTLIBAS YACTOTH! ABYOyKBEHHBIX
COYeTAHHH, Mbl HPHXOAMM K HIEHHOHOBCKOH 2-CJIOXKHOCTH H
T. A.). YAelbHasl IIEHHOHOBCKas 3JHTPONHA cjoBa A moxkaskl-
Baer, TakuM 00pa3oM, JOJIO IICHHOHOBCKOH CJIOXKHOCTH, npH-
xonsmefics Ha OfHy OYKBY C/IOBAa, H €e eCTeCTBEHHO CpaBHH-
Barb C YAEJAbHOH KOJIMOTOPOBCKOH 3HTpONHeH TOTo XKe CJIOoBa.
VMeer Mecro cllefyiolllee OCHOBHOe HepaseHcTBo (cM. [3Bom-
kuH, Jlesun, 1970, teopema 5.1), [Bapsmuub, 1977])s

K <y lout,
rie H — yzenpHas IUeHHOHOBcKAas SHTpomHs cioBa A, 3Ha-
MeHareJb & ecTb JJIMHA CJIOBa, & KOHCTAaHTa C, 3aBHCHT JIHIIb
oT yucjia O6yKB B andaBuTe H OT BRIGPAHHOrO NpH Ompenee-
HHH SHTPONMH ONTHMAaJbHOrO crnocofa OMHCAHHMS.

Jpyro#i pesysbraT o cBA3H KOJMOTOPOBCKOH U UIEHHOHOB-
CKO# SHTPONMH OTHOCHTCA K Ha4YaJbHBIM OTpE3KaM ClyyafHBIX
nocyaefosarespHocTelt, Ilyers nana ciydaiiHas Beqwumna §,
BHa4YeHHSMH KOTOpO#i fBJsiOTCA OYKBbl JAHHOTO KOHEYHOTO
antaBuTa, TPHYEM AJIA KaxkIo# OYKBbl BepOSTHOCTb IPHHATH
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ee B KaueCTBe SHAUEGHHS eCThb BBIMHC/AHMOE (HalpUMEp, pamHo-
HaJbHOE) Ym0, PaceMOTprM NpOCTPAHCTBO BCeX GCKOHEUHBIX
nocjleoBaTeNbHOCTEH, COCTABJAEHHEX H3 OYyKB paccMarpyBae-
MOTO anhaBuTa; B NPEJTIOJNOKEHUH, YTO OYKBBl NOSBJISIOTCA
HesaBHCHMO, § 3aJaeT BLIUHCIHMYyIO Mepy Ha 3TOM NpPOCT-
pancTBe (GepHY/NIHeBY B ciydyae ABYOyKBEHHOro asidaBura).
Cpemd TOC/ENOBATENbHOCTEH  BBUIGAIOTCS Ccayyaiinbie (1o
Maprun-Jlépy uau, uro sxBuBanentHo, 10 Koamoroposy, cM.
npempAylini naparpad). LennonoBckylo surponuio H ()
MOXHO TPaKTOBaTh KaK «yAGAbHYIO IIEHHOHOBCKYIO SHTPOINHIO
~ ClIyualHOR mocnenoBartesbHocTH». OKasblBaercs, YTO MJIs JHO-

6ofi cayyalHOH IOCJCJOBATEJILHOCTH ® YIAC/AbHAS KOJMOrO-

[Q) o
POBCKAA 3HTPONHUA K ((m) ) HaYaJbHBIX OTPE3KOB 3TOU TOC/IEN0-

BaresibHOCTH cTpemutcs K H (E) (cM. [3Bomkus, Jlesun, 1970,
dopmyaa (5.18)], [Aradowos, 1975, § 5.5, c. 134], [Bap-
3muub, 1977]).

§ 2.8. OueHKM CJOKHOCTH pelieHMS OTAEIbHBLIX 3ajay

2.8.0. B sto#t oGnacrty TEOpHH aJrOPHTMOB ECTECTBEHHO
BHLIGJIAIIOTCS 3afjay¥ INOJYYeHHs] BepXHHX H 3afaud [OJdyYe-
HHS HHXKHMX OLEHOK. Merojpl pellieHHs 3ajay 3THX ABYX
KateropHi COBEpIUEHHO Pa3NMUYHBL.

2.8.1. Bepxuue oueHkd. BepxHss oueHKa crpourcs cie-
IylomuM ofpasoM. YKasbiBaercsi HehoOpMasbHBIH aJIrOPHTM
BBIYMCJICHHSA TpeGyeMolt pyHkuuM f. 3aTeM sToT anropur ¢op-
MaJu3yercsi B BHJE aJiPOPUTMA BBIYMCJIEHHS HA HOAXOAsAHIEH
MOJIGJI M JOKa3bIBaeTCs, YT0 CJIOKHOCTh (BpeMs HJIH €MKOCTh)
BHIYHCJICHHSA JJIS 3TOr0 aJilfOPHTMAa He NPEBOCXOAMT 3HAUCHHS
noxaxojsAmel GyHKIMH ¢ Npy BCEX 3HAUEHHAX aprymenra. Jta
GyHKIYA B OOBABJAETCA BepXxHel OUEHKOH CJIOXKHOCTH BBEIYHC-
JeHusi GyHKuHH f.

EcrecrBeHHO XKeJlaTh HOJIyYath TAKHE OLEHKH CJIOXKHOCTH
BBIYHCJIEHH ], KOTOpble COOTBETCTBYIOT BEIMHCJ/HTENLHOH IIpakK-
tuke, O6palLascs K obcyxaapluuMes B § 1.16 ouenkam «c toy-
HOCTBIO JI0», MBI OGHApyKHBaeM, 4TO CTOJIb IUHPOKO NOHHMAe-
Mble OUEHKH HE BIIOJIHE YZIOBJETBOPHTEJBHH C NMPAaKTHUECKOH
TOUKY 3DEHHS M MOTYT PACCMATPUBATbCsl TOJLKO Kak rpyOnle
npubHXKeHHs K peajibHOMY mnoJoxeHuio seitielt. Ilpu srtom
OHNEHKH «C TOYHOCTbIO [0 MYJBTHINIUKATHBHOM KOHCTaHTED
XYXKe OLIGHOK «C TOYHOCTBIO O aJJHTHBHOH KOHCTAHTED U T, 1.

Ha nepBoiit B3TJIsiA MOXKET IOKAa3aThCs, YTO MOJYYUTH «ab-
COJIOTHBIE OLIEHKH» H HEeBO3MOXKHO, Befb HMEET MeCTO TeopeMa
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o JMHeAAHOM ycKopenus, cM. § 1.7. MHeso, omxHako, B ToM, uro
1IpH «YCKODEHHH» BHIYMCJICHHS, aBaeMOM 5TOH TeopeMoi, pac-
TeT CJOKHOCTb KaXJOTo Mara BuluHC/IeHHA. ECaH ke orpaHu-
YHTb CJIOXKHOCTDb OTAEJILHOTO IIara BbIYHCJIHTENBHOr0 Mponecca,
TO TeOpeMa O JIHHEHHOM YCKOpeHHH yxe Henpumenuma. 1 zeii-
CTBHTEJIbHO, B MPHHUMIIE BO3MOXKHEI a(COJIOTHBIE OLIEHKU Bpe-
MEHH BBIYHCJIEHHS, KOrja MOoCJeRHee NMOHHMAeTcss Kak cyMmMa
JVIHTEJILHOCTEH OTHAeNbHBIX waros (eM. § 1.6), npuuem atn -
TEJILHOCTH OL€HH BAIOTCS CJI0KHOCTBIO COOTBETCTBYIOMHX 11AT0B;
KOHCYHO, HMEHHO TAKHE€ OLIEHKH HMeIOT HauGoJbllee NPaKTH-
yeCKoe 3HaueHHe.

C TOuYKH 3peHHs BpeMeHH BLIYMCJEHHS CaMbIMH MPOCTBIMH
ABAAOTCH QYHKLUHH, BpeMA (T. €. UHCJO 1HAroB) BBIUHCJCHHSE
KOTODBIX COBIIafiaeT ¢ TOUHOCTHIO N0 MYyJbTHIIHKATHBHOH KOH-
CT&HTHI C Pa3MEPOM apryMeHTa H, GoJsiee TOro, YHCJO 11aros pa-
0OTbl MAIUHHBI MEXAY JABYMf MOCJENOBATEJNbHBIMH CABHIAMH
BXOJIHOH TOJIOBKH OrpaHHYEHO HEKOTOPOH KOHCTAHTOM (Mbk
CUHTaeM, YTO BLIYHCJCHHE MPOHCXOAHT HA MHOTOJICHTOUHBIX
MalnHHax ThbiopHHra ¢ Ge3Bo3BpaTHOH BXORHOH JEHTOH (CM.
[PaGun, 1963], [Posenbepr, 1967]). Takoe BuludcsenHe Ha3Hl-
BACTCS 8bIHUCAEHUEM 8 peaabroe 8pems. Kak BbIICHHJIOCH B MO-
CJIefHHe TORBl, CPeAH 3afay, pellaeMblX B peasibHoe BpeMs, HMe-
10TCSl MHOT'HE HHTEepecHble 3afaud, CBfidaHHhE ¢ HAeHTHOHKa-
uHed cioB (B YaCTHOCTH, 3ajadya paclO3HABAHHS CHMMETDHH
cnoBa, cM. [Cucenko, 1977]); npasaa, 1 HauGoJee BaXKHBIX
H3 9THX 3384 NMOCTPOCHHBIE AJTOPHTMbI He SIBJSIOTCA alTOPUT-
MamH KoJamoroposckoro tuma (cMm. [Cimcenko, 1977al, [Can-
cenko, 1978]). IlpexncraBasier uHTEepec nepexon OT TaKHX
ajaroput™MoB K anaroputMaM Kosamoroposa.

Crenyiomuit kaacec o0pa3ylor HOJHHOMHAJbHBIE BEpXHHE
OIIEHKH BpeMeHH BBIUHCJEHHS, T. €. OLEHKH, B KOTOPHIX BpeMs
OIPAHHYEHO KaKHM-JHOO MOJNHHOMOM OT AJAHHBI HJH HOPMEL
Bxoha. Tpu mpumepa MHOXKECTB, paCHO3HABAEMBbIX 33 MOJIHHO-
MHAJIbHO OrpaHHYeHHoe BpeMsd, Obiin yxke npubefeHsl B § 1.7
NpH OOCYKAEHHH Kaacca P. BoJbIIMHCTBO NOJMyYaeMbiX AJIs
GyHKUHE H3 Kiacca P OLEHOK — 3TO OUEHKH «C TOYHOCTBLIO
Io», KaK MPaBHJIO, C TOUHOCTHIO A0 MYJ/IbTHINIHKATHBHOH KOH-
cTaHThi. B 3TOM OTHOINEHHH XapaKTepHbl Ha3BaHHA NMyOJHKa-
UK, OTHOCAIHXCA K YNOMAHYTHIM NpHMEpaM: B 3THX Ha3Ba-
HHAX BCTPEUAIOTCS BbIPAXKEHHS aATOPHTM C JHHEAHBIM Bpe-
MeHeM», «MeHee ueM KyOHUYecKoe BpeMs», «IIOJHHOMHAJbHBIHA
aJITOPHTM».

OLEHKH «C TOYHOCTHIO A0» HHOTAA IIOPOKAAIOT NapafoKcalb-
Hylo curyaunio. Jlis kakoi-HHOYAb 3afaud fafbHefHd 1po-
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Ipecc B HanpaBJEHUH HaxomAeHH: CoJee «3pdeKTHBHOrO aJro-
PHTMa» MOXKET COCTOATH B MEpPexoie OT aJrOpHTMa ¢ BEPXHEH
OLIEHKOH BpeMeHH PaGOTH C;n% K aJrOPHTMY C BEpPXHEl OLEeH-.
KOH BpeMeHH pabOThl Cyn®:, The ;< 0;. OfHAKO HPH ITOM Cy
MOXeT GbITh HACTONMLKO GoJible Cj, YTO AJIf BCEX MPaKTHYECKH
MBICJTHMBIX APIyMEHTOB CTapbifl airopuat™ adpexTHBHEH HOBO-
ro. IloyuHTe/ibHa B 3TOM OTHOLIEHHH CHTYaUus C OJHOH M3
BAXKHBIX BEPXHHX OIIEHOK — OIIEHKOH CJIOKHOCTH YMHOMEHHSH
MarpHl. (UTo6H He 3arpoOMOXAATh H3JOXKEHHe, Mbl OyAeM ro-
BOPHTBH O uHcse apH(MEeTHUeCKHX onepaudil, HO KapTHHa AJA
BHIYACJACHHA HA IPEICTABHTENbLHOH MOIEJH KOJMOrOpOBCKOTrO
THOA aHajdoruuHa.) Kmaccuueckuil adropdt™ JaeT OMEHKY
cin® Ja MatpHu n-ro nopsaka. Aaroputm lrpaccena — onen-
KY con®'® (eM. [Axo, Xonkpogr, Yabman, 1974, n. 6.2]). Ana-
Ju3 paboThl STOr0 aJAropHTMa NOKa3biBaeT, YTO NPH HEKOTOPOH
OpPTaHH3alliH BLIYHCNEHHH €ero HCIoJb30BaHHE XAaeT BLITOAY
110 CPaBHEHHIO C KJIACCHYECKUM aJrOPHTMOM, HauHHAg C MATPHIL
14-ro nopsizka (cM. [@uwep, 1974]). B nocnennne roapl Guiiu
NpenJoXeHsl anropHTMbl, JAINHEe BO3MOXKHOCTD MOHH3HTh
nokasarens 0T 2,81 no (npu6ansutesibHo) 2,5, OAHAKO OFHO-
BpPeMEeHHO MYJIbTHINVIHKATHBHAS KOHCTAHTA B MOJIyUeHHHIX OLleH-
Kax pacrter TakuM o0pa3oM, uTo «3(peKTHBHBIN» METOJ, OKa3bl-
BaeTce JIyuIne KJIaCCHYECKOro TOIbKO AJ1f MATPHIL aCTPOHOMHue-
CKoro nopsanxa (sasefoMo Gossinero 101°), KoHeuHo, MOXHO
HafearbCs, UYTO HOBHIE METOALI COlepXAT NPOAYKTHBHEIE MaTe-
MaTHU€CKHE HICH, KOTOpEE B HaJibHEHIIEM CMOTYT IIpHBECTH
K TMOJIYYEHHIO AEHCTBHTENIbHO OCMBICJIEHHHX C NPHKJIaAHOI TOY-
KH 3peHHsl aJropHTMOB.

Uro Kacaercs eMKOCTH BBIYHCJICHHR, TO C MPHKAALHON TOY-
KH 3pEHHA HauGOJbIIHHA HHTEPEC NPeACTABSIOT M0JAHHOMHA b~
HBle (OT AJIMHBI aprymeHnTa) oneHKH. OXHAKO eC/IM Takas OLleH-
Ka He COIPOBOXK/AETCs MOJHHOMHAJNBLHOM 2Ke OLLeHKOH BpeMeHH
BBIYHCJIEHH ST, TO C MPAaKTHUYECKOH TOYKH 3pEeHHs H OHa ABJseTCs
COMHHTEJIbHOH, BeAb HOJNHHOMHAJNLHAA OLEHKA eMKOCTH aBTO-
MaTHYeCKH jaer (cM. § 1.6) AHIB SKCHOHEHIHANBHYIO OLEHKY
BpeMeHH . I/l MHOTHX BaKHbIX PYHKLUMHA HX BRIYHCIEHHE MOXKeT
ObITh OCYIIECTBJIEHO TaK, YTO eMKOCTh OrpaHHueHd KakoH-nu6o
crenenbio JorapugMa AJMHMHBI aprymeHTa, a BpeMs (MpH TOM
*e BbIYHCJIEHHH) OTPAHHYEHO MOJIHHOMOM.

Ilo-BunuMOMY, BepXHHE OLIEHKH CJIOKHOCTH, He MaxopHpye-
MBI IOJIMHOMAMH (T. €. SKCIOHEHLUHANBHLIE H TOMY MOKOGHEIE
OLEHKH) CJIeflyeT pacCMaTpHBaTh He KAaK NPAKTHUECKH 3HAYH-
Mbie, a KaK (BMECTe ¢ COOTBETCTBYIOIMMH HHKHHMH OLEHKaMH)
TNO3BOJAIOLIKE C YHOTO TeOPeTHUYECKOH TOUKM 3peHHs pacKJac-
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cnHIHPOBATb PelIHMEIE aJITOPHTMHYECKHE MPOGJEMEL N0 «CTe-
IeHH CJIOXKHOCTH pemleHns». O TaKo#l KinaccHPHKaUMu AJH aro-
PHTMHUECKHX npo6aem Teopuu rpynn cM. [Kaunonuro, [arrep-
nam, 1973].

2.8.2. Humnue onenku. Kak Mul yxke oT™Meuaay, CHTyalHUs
¢ HHXKHHMHM OUEHKaMH NPHHMLHNHAJLHO OTJIHYaercd OT CHTYa-
UMK C BEpXHHMH, ¥YCTAHOBHTb HHXKHIOIO OLleHKY — 3TO 3HAUHT
JIOKa3aTh, YTO HHKAKOH aJropHTM BBIUHCJEHHS1 HAa NAHHOH# MO-
JIETH He HMeeT CJOXHOCTH BBIYHCJIEHHS MeHbIle 3aJaHHON
byHRUMH . OCHOBHBIM METOLOM ITOJyYeHHS HHXKHHX OLEHOK
ABAACTCA AHAaroHadusauka (0 Apyrux noixomax cM. [Cimcen-
ko, 1981, ra. 3, § 2]). IIpumepamu Hcnomb3oBaHAS METOAA AHa-
TOHAJIH3A1HA 1/ HOCTPOEHHS MHOXKECTB C 3aJaHHBIMH HHXKHH-
MH OLEHKaMH CJIOXKHOCTH SBJISIOTCA TeopeMbl 00 HepapxuH
(cM. § 1.7).

JuaronanpHbie KOHCTPYKUHH OBWIM HCIIONIB30BAHBI TaKXKe
[pH AONYYEHHH HHIKHHX OLEHOK IJIf CIOMHOCTH paspelleHus
Joruueckux Teopuit (cm. [®eppante, Pakos, 1979]). B kavecte
EO3MOXHBIX OLEHOK paccMaTpHBANHCh (QYHKIHH OT IJIHHBL
¢dopmyast. Okasaloch, UTO JJAs MHOTHX (MOXKHO CKasarb, JIs
COJIBIUKHCTBA) JIOTHYECKHX TEOPHII HMEeT MECTO SKCHOHEHUH-
anbHast HHXMHAA OLEHKA CJIOXKHOCTH (BCe paBHO KaKoi, Bpe-
MEHHOH HJIH €MKOCTHOH) paspemieHHs. A st Takoil TeopuH,
KaK cjaGas MOHajutecKas TeopHA CleAoBaHHA BTOPOro fio-
psiika, meJao obcrout «elle Xyxe», Haspanmasa TeopHs ectb
TEOPHS CTPYKTYpH C HocuresieM N ¢ eqHHCTBEHHOH CHrHATYp-
HO#l PyHKUHEH — npubaBJeHHeM €XHHHILI, HO 3aTO C Jomyile-
HHEM KBAHTOPOB HE TOJBLKO MO HaTyPaJbHBIM HHCJIaM, HO H IO
KOHEUHBIM MHOMeCTBaM HaTypaJbHBIX uHcesa. XoTa [ 3TOH
TEOPHH H CYLIECTBYeT paspeluaolui (T. e, pacnosHalomui uc-
THHHOCTb (QOPMYJI) aJTOPHTM, B NPaKTHUYECKOM CMHICJE OHA
OKa3blBaercss HepaspelnMOH: AeHCTBHTENBHO, KaK II0Ka3aHO
B [Meitep, 1975], ansa 0600 paspemarollero ajJropuTMa ero
(Bce paBHO Kakas) CJOXKHOCTb HE MaXODHPYETCs HHKaKo#

.2n
CBEPX3KCIIOHEHTOH 2° ¢ QUKCHPOBAHHBIM UHCJIOM 3TaMed.

AnanoruuHbifi pe3ysbTaT HMeeT MeCTO JJISi 3JEeMEHTAapHO# Teo-
pHH CBOGOAHOI TpynHmBl XOTS BOHPOC O PaspelmiHMOCTH 9TOH
TEOPHH OCTAeTCS OTKPHITHIM, OHA «NPAKTHYECKH HEPaspelndmar,
AJSi Hee He CYILECTBYET paspeHlalollero ajdropuT™a CO CBEpX-
SKCMOHEHIHaNbHOH (¢ PHKCHPOBAHHEIM UHCJIOM 3TaxceHl) BepX-
Hefl ouenkoil Bpememn M emkocTH (cM. [Cemenos, 19801).
[MonynapHbii OuepK pemIdMBIX MACCOBHLIX IIpoGJeM, He obiia-s;
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JAOMUX, OfiHAKO, KAKHM Obl TO HH OHJIO <IPaKTHUECKHM» pe-
wwaiomuM aaroputmom, cm. B [Croxmeiiep, Yangpa, 1979].

B TeopHH CNIOKHOCTH BCe XK€ €CTh HHXHHE OUEHKH, NOy-
UeHHBIe He NMaroOHaJbHBLIM METOZOM. JTO, HalpHMep, KBajpa-
THUHBIE HHKHHE OLCHKH AJIsl 3ajay THNA HIEHTHQHKALHU CJIOB
TpH YCJIOBHH, UTO B KauecTBe BBIUHCIHTebHON Mojeln Gepercs
opHoMeHTOuHast MamnHa Toiopusra. Jois 3ajaud pacnosnasa-
HAS CHMMETDHH CJIOB Takas onenka Ha#iaena B [Bapsarnb,
1965]. [pyroi npumep — 5TO YMHOXKEHHE YHCeN NPH yCIOBHH,
YTO OUEpeiHOil paspaA pe3ynbraTa JoJKeH BhAABAaThCH «10CTa~
tounio pano» (cm. [[larepcon, Pumep, Meftep, 1974]). Otno-
CHTEJILHO EMKOCTH OTMETHM (ynomuHasulyiocst B § 1.7) HHXKRIOW0
OLIEHKY /IS €MKOCTH DPacCIlO3HABAHHS MHOXECTB, He ABJALO-
IUXCA pACMO3HABAEMBIMH C HYJeBOil eMmKocTbio, KHTepecHo
Gb10 GBI TOJYYHTH COOTBETCTBYIOLLYIO OLEHKY AJIfi BHIYUCIECHH A
dyHKuHI (2 He TOALKO AJ1s NPENHKATOB) H, C APYrOi CTOPOHEI,
IVl eMKOCTH MODOXIEHHR (@ HE TOJMbKO AJIs paspelleHHs)
MHOXKecTB. IIpu 3ToM, KoHEYHO, Hao COOTBETCTBYIOUHMM 00pa-
30M ONPENeNHTh 3Ty eMKOCTb nopoxeHusi. C HeKoTopOl TOYKH
3peHHs Bce MepeulC/IeHHbIe «HeIHaroHajbHbie» OLEHKH HMEWT
«HEraTHBHEL» CMBICT — OHH II0Ka3blBAIOT, YTO paccMarpHBae-
Masi BbIYHCAHTENbHAsA MOAeNb HEJOCTaTOYHO YHHBEpCaJbHA
C TOUKH 3peHHS CJIOXKHOCTH BbIUHCJICHHS.

3amernM, HaKoHell, YTo cOOGpaxkeHHsa of OleHKaX «C TOu-
HOCTBIO JI0», BLICKa3aHHbIE B CBA3H C BEDPXHHMH OllEHKaMH, HMe-
IOT He MEHBINHHA CMBICA H B NPHJIOKEHHH K HHKHHM OLEHKaM.

§ 2.9. BimsHMEe TeOpDHH AJrOPUTMOB HA AJIrOPHTMHUECKYIO
HPAKTHKY

2.9.0. B Hacrosee BpeMsa OOJBIIHHCTBO #ABHO cgop-
MYJHPOBAHHBIX H HCIIOJb3YEeMBIX YeJOBEKOM B €ro JeATelb-
HOCTH aJIrOPUTMOE — 3T0 nporpammel Ajas OBM (cm. [Kayr,
19741, [Kuyt, 1974al). O Macwra6ax «aJropuTMHUYECKOi» fed-
TeJIbHOCTH 4eJIOBeYeCTBa BaXKHO CYAHTD 110 BOSHHKAIOUIHM B Hell
opranusauuonHsiM npoGiemam (cm. [Bpyke, 1975]). Takum
o6pasoM, mporpaMMHpOBaHHE — 5TO aJTOPHTMHYECKAsd IpaK-
THKA, TEOPETHUeCKoe NpOorpaMMHpPOBaHHE — 3TO (IIpH WIHPOKOM
MOHHMAHHH TEPMHHA) BCH TEOPHA AaJrOpHTMOB (HampHMep,
teopeMy I'énenst 0 HeNONHOTE MOXKHO pacCMaTpHBaTh Kak Teo-
peMy TeopernyecKoro mporpammHpoBanHs, cp. [[nyukos,
19791).

O6wenpuunTo, ofHaKo, APyroe MOHHMaHHE TEPMHHA «Teo-
PETHYECKOE NPOrpaMMHpoBaHHe» — Kak 00/1acTH TeOpHH anro-
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pHTMOB, KOHLEHTpHpYIouleficA BOKPYr B3aHMOOTHOMIEHHS HpO-
rpamMMbl KaK YHCTO CHHTAKCHYECKOr0, HEHHTEPTIPETHPOBAHHOrO
o6beKTa M cofiepanusa (CMBIC/A, 3HAuUeHHs) mporpammul, Ko-
HeuHo, AJI TEOPETHYECKOro mPOorpaMMHDOBAHHSA XapaKTepeH
HHTEpEC K MOPOXAEHHBIM MPAKTHKOH TeMaM, KOTOPHIX HE Ka-
canach KJaccHuecKasi TEOPHSl aJropHTMOB, TAKMM Kak Hapas-
nenbHoe nporpammuposanue (cM. [Kotos, 1974]) unu crpykry-
pul fansbX (cM. [Ckort, 1970]). Tem He Menee «obuiasn yacTb»
TEOPeTHUECKOr0 MpOrpaMMHPOBAHHA H TEOPHH aJrOPHTMOB
Be/MKa, H KJacCHuecKas TEOPHA a/JrOPHTMOB OKasasla Gece
clopHOE BIHAHHE HA INpOrpaMMHpoBaHHe. JT0 BIHAHHE, Of-
HaKO, COCTOAJIO HE B HCIIO/Ib30BAHHH KaKHX-HOO TEOPEM, OHO
HOCHJIO CKopee HAeHHBI Xapakrep. [loneiTaemca npociefuTs,
KaK OHO MPOHCXOAHJIO, NEPEUHCIHB COOTBETCTBYIOWHE Pe3yJIbe
TaThl H TIOHATHSA OOWIE# TEOPHH AJrOPHTMOB.

2.9.1. OCmee noHsATHE AATOPHTMA U BO3MOXKHOCTD €ro dop-
ManH3auMu. B BBIUHCINTENBHOK NMPAKTHKE BAXKHYIO POJb CHIl-
pajio OCO3HaHHE TOro, YTo Jo6as BRYHC/IHTENbHAA MaIlHHA
(ecqu HrHOpPHpPOBATL (PU3HUECKUE PeCypChl) MOXKET BLIUHGJIATD
Mo0yI0 BEIYHCAUMYIO QYHKUHIO H HHKAKas MalWlHHA He MOXeT
BLIYHCAIATh HEBLIYHCIAHMYIO. TaKKe BaKHYIO, XOTA H He Bceria
OZHO3HAYHO MOJIE3HYIO PONb HIPAJO yTBepKAeHHE O TOM, UTO
BCE 3a/jaul, PEILAeMble YEJOBEKOM, MOryT GhITh pelneHsl 10J-
XOJSALIHMH AJIrOPHTMaMH, B yacTHOCTH Ha OBM.

2.9.2, CymecrBoBaHHe HepelIMMBIX ANFOPHTMHYECKHX HPO-
OJem B MaTeMaTHKe H HEPellaeMOCTh MHOFHX eCTeCTBEHHO BO3-
HUKIIHX npobaem. O HEKOTOPHIX 33/]auaX CTaJIO 8apaHee H3BECT-
HO, YTO HCKaTh HX IIONIHOE H ToYHOe pelneHHe Ge3HanexHO M
HY>KHO BbIpabaThiBaTh peaHCTHUECKHH MOAXOX, OCHOBaHHBIN
Ha O0TKa3e OT NOJHOTE, a6COMOTHO JOCTOBEPHOCTH HJIH Y€ro-to
eme. Koneuno, pasge/ieHne 3azay Ha peIUMMBbIE U HepeIHMBIE -
HMEeJIO H OTPHUATEAbHBbIE MOCJACACTBHA, BO3HHKJO HCKYMIEHHEe
paccMaTpHBaTh BCAKYIO pEIIHMYIO 3afauy KaK NpaKTHYeCKH
peliaeMyo, OYTH PEINEHHYIO, eCJH He CeroxHs, TO NpH Aajb-
HeflleM MpPOrpecce BRIYHCIHTENBHOH TEXHHKH.

2.9.3. NoasjeHne pa3iHYHbIX NOHATHI CIOMHOCTH BBIYHC-
JeHHs1 W TOpoKAeHHSA, B03MOKHOCTH cTpororo a6GTpaKTHOrO
ofnpege/eHHsl TOr0, YTO TaKoe CJOXKHOCTH BLIUHCJIEHHS, CTHMY-
JIHPOBaJIO Pa3paGoTKy SbPEKTHBHBRIX AJrOpUTMOB H JANO BO3-
MOXKHOCTb HX OG6BbeKTHBHOrO cpaBHenns (cM. [Cincenxo, 1981]).
Bodapbiuoe mpakTHuecKoe 3HaueHHe HMENO ONpefeNeHHe KJacca
NP u poxasaTeNscTBO NOJNHHOMHANBHOH 9KBHBAJIEHTHOCTH
MHOTHX ¢mepeGopHbiX» safau. 10, HApALY C SKCINOHEHIHAJb-
HbIMH HHXXHHMH OLEHKaMH, pa3’pyUINJIO HJUIO3HIO, O KOTOpOil

8 B. A. Venenckait, A, JI, Cemcuon
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rOBOPHAGCh B NpeApiAyleM aG3ane; BLHIACHHIOCH, YTO OZHOTO
TONBKO CYUIECTBOBAHHS 2ATOpPHTMA, PEMIAONIEro TY HJH HHYIO
MaccoByl0 npobaeMmy, JajeKo He A0CTAaTOYHO JAs HPAKTHKH.'
Tem cambIM ellle pas NOATBEPAMJIaCH BAKHOCTH HECTAHNAPTHBIX
(3BPHCTHUECKHX, NMPHOIHMEHHHX H T. /i) noxxofos (cm. [Pa-
6un, 1974]). C apyro#i CTOPOHBI, TEOPETHYECKHE alrOpHTMBI,
JJs KOTOPHIX OBIH JOKasaHbl «XOpOUIHE» MNOJHHOMHAIbHEE
BepXHHE OlEHKH CJIOXKHOCTH, HAalLIH HPAKTHYECKHE I[PHJIO-
JHEeHHU .

2.9.4. HeanropurMuueckoe ONMHCAHHE BLIMHCIHMBIX (YHK-
nmii (u-pexypcusHble QYHKIMH, ncuncieHne Dpbpana — [éne-
A5, HCUHCJIeHHE A-KOHBEPCHH, HENOABHXKHBIE TOYKH BbIYHCIH-
MbIX OHEPATOPOB H T. A.; 0630p H KJaCCHQHKAIMIO TAKHX OlH-
cannit cm. B [EpuoB A., 1982a]). Heaaropurmuueckoe (ne-
npolleAypPHOE) ONHCaHHe BhIYHC/AMMEIX QY HKUHMH 0Ka3aM0Ch BaX-
HbIM CPEACTBOM IporpamMupoBanusi. Hauunas o asbika smcm,
COOTBETCTBYIOIIME KOHCTPYKUHH BOIJIH BO MHOTHE f3bIKH [PO-
rpaMMHPOB3EHA, KPOME TOrO, HEaJropHTMHYECKOe OlHCaHHe
ABJIAETCA OCHOBOH MHOTHX (hOPMAJIbHEIX ONpeneNeHHH ceMaH-
THKH OpPOT'PaMM.

2.9.5. BruucaurenbHbie M nopoxjgawmue mofesu. OcHos-
HYIO POJb B IIPOrpaMMHPOBABHH HIPAlOT HE CaMH MPEACTaBH-
Te/bHBIE MOJETH, a HX (yXKe HenpeACTaBHTE/bHbIE) MOAHdHKa-
HHM H OrpaHHuYeHHsi. THHHYHBIE NpHMEDPHl TaKMX OrpaHH-
YeHH#l — MarasyiHHBle aBTOMaThl H  KOHTEKCTHO-CBOOOXHBLIE
rpaMMaTHKH. KOHTEKCTHO-CBOGOAHBIE TPAMMATHKH WIMPOKO
HCIONB30BANHCh AJASI 3afJlaHHA CHHTAKCHCA ASHIKOB IPOrpaM-
MHPOBaHHsi, HaguHas ¢ airoJa-60; nmpH omHCaHum anrona-63
noHazobuiaca Godee ofWuii BHA HCUHCJIEHHH — rpaMMaTHKH
BaH Befinraapaesa.

VMeHHO HEmPeACTaBHTENIbHOCTL, OPAHHYEHHOCTb MOAeed
U N03BOJIAET B KaKOHA-TO CTENEHH MCIIO/b30BaTh HX MpH CO3ja-
HuH 3(QEKTHBHLIX aNropdTMOB 00pabOTKH nporpamm, Mpexnie
BCEr0 aJTOPHTMOB TpPaHCAAUMH. PasnooOpasue pasJHUHBIX
NpeACTaBUTENbHBIX BHUHCAUTENLHEX Mofesel, KoTopoe C Tou-
KH 8peHds oOWe#l TeopHH ajropHTMOB MOXET II0KAa3aThCs H3-
JIULIHHM, OKA3LIBAETCH BECbMa OCMEIC/ICHHBIM C MPAKTHUECKOH
TOYKH 3PeHHs: Beib AJsi IPAKTHKH BOHPOC O CTENEHH yaolcTBa,
€ KOTOpOi#l TOT HJH HHOH AJrOPHTM 3aMHMCHIBAETCA HA A3bIKE
IpOrpaMMHpPOB2HHS, OKa3blBaeTcsl KH3HEHHO BaXkHEIM. Pocp
YHcJa A3BIKOB MPOTPaMMHPOBAHHA B KoHue 60-x — Hadanme
70-X ronoes (peus HAET O COTHSAX H JaXKe ThICAYAX 5i3bIKOB, CM.
[CemenoB, Cemenosa, 1974]) no3BoJIAI TOBOPHTH JAXKE O «BABH«
JIOHCKOH Gaune» B mporpaMMHDOBAHHH, )
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2.9.6. TpakroBKa NpOrpaMM KaK OGDBEKTOB BBHIYHCJAECHHHA,
®on Hefiman 6bin nepBeiM, KTO BBed 3T0 (yHAAMeHTasIbHO®
OTKPBITHE TEOpHH AJrOPHTMOB B aJTOPHTMHYECKYIO MPAKTHKY
(cM. [Hefiman, 1963]). TIpuaman xpanumoit 4 MOAUPHLHPYeMoi
nPOrPaMMEI CTaJl OXHOM M3 OCHOB CHCTEMHOrO HPOrpaMMHpPOBa-
uus. HeorpemyeMeIMH 9acTAMH Kaxioh OBM aBAAOTCS KOM-
NAJATOP H APYrue KOMIOHEHTH OMnepaluMOHHOH CuCTeMEl, OpH-
¢HTUPOBAHHLIE HA MOZM(HKAUMIO M BHIMOJHEHHE MPOTpaMMm
norpebuTedell. Mammua ¢ JIeHCTBYIOMUM HHTEPIIPETATOPOM
ecTb B TOUHOCTH YHHUBEPCAJbHBLIH aJlOPUTM B CMBIC/IE TEOpHH
anropuTMoB. JlanbHelMM pa3BHTHEM STHX HAeH ABHJIACh KOH-
Henuus cMmewaHHoro Buiuncaendna (cM. [Epwos A., 1982]),
MO3BOJIAIOINASA 6 €IHHON TOYKH SPeHHs BIrJISHYTh Ha MHOTHE
K2:KYIIHecs pasjiHuHbIMH cnocoGel 00paGOTKH mporpaMm H
JaHHBIX.

2.9.7. PaccMoTpeHHe mporpaMM Kak o0bEKTOB NMOPOXKASHHU s
(KaK H pe3yJbTaTHl O JOrHYECKHX HCYHC/ICHHAX) GTHMYJ/HMPOBa-
70 pasBuTHe QOPMANBbHLIX CHCTEM, NMpPeAHasHAYEHHHIX AJIS JO-
KasaTeJALCTBa yTBepxnenuit o nporpammax (cM. [Xoop, 19691,
[Henomuamui, 1979]). Baxuefiinui kiace Taknx yTBepixie-
Hui 0Gpa3yioT YTBEPKAEHHS O TaK HasbiBaeMOH MPaBHJILHOCTH
nporpaMM, T. €. 0 TOM, 4TO paccMaTpHBaeMasi Iporpamma «je-
Jiaer, 4TO Hajor.

2.9.8. Cmeuannple BuuncacHus, [loyuHTeAbHEM NpHMepOM
B3aUMOJICHCTBH S TEOPHH aJATOPHTMOB H BHIYHCIAHTEIbHOMR HpaK-
THKH apisierc pasBuras A. Il. EpmoBuM ¥ ero yueHHKamu
TeopHf CMeliaHHHMX Boiuncaenuit [Epmos, 1982], [Epmos,
1984]. M1 KocHeMcst camMoro Hadana arofi teopun. Haunem
C ABYX SaMeuaHMH.

1. ITycTs apryMeHTami a/ropuTMa Cayxar naps (%, y).
Torzaa ¢ukcanus x zaer aIropuT™ ¢ apryMeHToM y.

2. Ilporpamma anaroputva, nonyyaeMoro (Qukcauued x,
MoxeT ObTh 3(heKTHBHO HOCTPOEHa MO DporpaMme nepBOHE-
YaJIBHOTO AJATOPHTMA, eC/H HCIOVIB3YEMHI CnoCO6 HpOrpaMMH-
pOBaHHs — TJIaBHBIA.

Sty 1pa 3aMe: aHHsA CONEPKATENLHOH TEOPHH aJIrOPUTMOB
COCTABJSIOT TaK HasbiBaeMyio s—m—n-teopeMy. O Heli Mmbl
yxe roopmas B n. 1.14.3. Ormerum, 4r0 QHKcalus OFHOTO
uieHa MapHl MOXET PaccMaTpPHBaTbCA Kak THNMYHLIE IpHMEp
cyeHHs 06JacTH HCXORHBIX JaHHhIX. [lonydaembifl npu sTOM
aNropHTM Ha3blBaeTcs CheltHanHsaunueii HCXORHOro.

S—M—N-TOpEMa MOXET PaccMaTPHBaTbCsi KaK TeOpeTHye-
CKOE NOJTBEpXKIEeHHe HACH aBTOMAaTHSAaUUH IpOrpaMMHpOBa-
Hug, JlefCTBATENBHO, KaK Mbl BUJAMM, HMEETCS ABTOMATHYECKM

8*



228 YACThH BTOPASl. MATEMATHUECKHE i‘lPPIJ'IO)KEHP!ﬂ

€noco6 nosyyarh W3 OGWEero ajropHT™Ma €ro CnelHasH3auuio.
3ametuM, OfHaKO, 4TO QOPMYJTHPOBKA TEOPEMbL HE JAeT KOH-
KPETHOro peuenta cneipanusannd. IloneiTka xe HaBiedn ad-
FOPHTM CHELHaNH3aUKH U3 OOBIYHOrO JOKAa3aTeNbCTBa S—m—n-
TEOpeMbl, KOHEUHO, He NPHBOAUT K yAOBJIETBOPHTENLHOMY pe-
8yJbTaTy. D10 JOKasaTespcTBO riacHT: «Bor Tpebyemas mnpo-
rpamMma: 00pasyd H3 X H y napy M IpHMEHH K Hell mepBoHaYab-
HbIft alropHTM». B TO ke BpeMmsa cojepKaTelbHO NMOHHMaeMas
HeJb CEHHaNU3a1HH COCTOHT B NMOJyYeHHH anroputma, Gosee
s(eKTHBHOIO uYeM MNepBOHAYAJNbHBIH, OOWHMHA, OT ABYX apry-
MeHToB. CMBIC/ OrpaHHYeHHs OOJAcTH apryMeHTOB KaK pas H
COCTOHT B NOJyueHHUH Gosee adpeKTHBHOTO (T. €. 60Jiee SKOHOM-
HOTO NO BpeMeHH H eMKOCTH, ¢ 6ojiee KOPOTKOH Nporpammoit
H T. A.) alropHT™Ma. -

Uro6ui HalTH TeOpeTHUYECKHe OCHOBaHHA AIA ClelHanH3a-
‘WHH, npuBoAAlleii K Oosee 3(xpeKTHBHBIM ANrODHTMAM, YXke
HeZIOCTaTOUHO OrPAHHUHBATHCH KauecTBEHHON TeopHeill aJjro-
put™MOB. HyxXHO GHKCHPOBaTh KaKOH-AHGO A3BIK [POrpamMmH-
poBaHHA. BosbMeM, Hanpumep, mpOCTOH €CTECTBEHHBIH A3bIK,
B KOTODOM NpPOrpaMMbl CTPOSITCA H3 3JeMEHTAPHBIX KOMaHJ H
NpPOBEPOK C MOMOMILIO OCHOBHBIX KOHCTPYKLUHH CTPYKTYPHOTrO
OPOrpaMMHPOBAHHA: MOCHAENOBATENAbHOrO BLIIONHCHHA, pas-
BeTBJICHH A U NOBTOPeHHA, C TEKCTOM NpOorpaMMbl Ha TaKOM fA3bl-
Ke (KOHCTPYKTHBHBIM OOBEKTOM) MOXKHO BBITOMHATL Pa3JHUHbIE
onepaind. MoxHO, CKaxkeM, NOINCTaBUTh B 3TOT TEKCT H3BECT-
HOe 3HAUEHHE BXOLHOH IepeMEHHOH, 3aMeTHTh, 4TO B CHJY
JIOXKHOCTH KaKOH-anG0 mpoBepKH HEKOTOPYIO KOMaHAY He [o-
HafoOHTCA BHINOJHATH H BHIKHHYTBH 3Ty Komanay. Jlpyrofi
BapHaHT — BCE apryMeHThi (QYHKIHH OKa3aJHChb H3BECTHHI,
MOKHO BBIYHC/IHTE 3HaueHHe QYHKINH B YIIPOCTHTD BLIpakeHHe,
ee cozepxauee. Onepautn Hall TEKCTOM HPOTPaMMBbl, O KOTOPEIX
MBIl ceil4ac TOBODHJH: ycTpanenne GHKTHBHOR BETBH BblYHCJIe-
HUA U NOACTAHOBKA 3HAUYeHH A PYHKLHH, OTHOCATCA K UHCAY TaK
HasblBaeMbIX pefyKuHuil, Kak Mel BUAMM, NpPH peLyKUHH TEKCT
HporpaMMEl B KaKOM-TO CMBICHIe, ynpoinaercs. C Apyro# cro-
POHBEI, NIpPOrpamMMa MOXKET COfepKaTb KOHCTPYKUHIO MOBTOpe-
HHf. B atom cayuyae ObiBaer mosie3Ho mpeo6pasoBaTh TEKCT
KOMaHJH MOBTOPEHHR B Gosiee NJIMHHBEIA — Pa3BEPHYTh €ro,
BbiJIe/INB 11€PBOE ITOBTOPEHHE, 32 KOTOPHIM ONATH NOHJET KOMaH-
Ja TIOBTOPEeHHA. ¥YCJIOXKHEHHe TeKCTa IIPOTpaMMbl TIPH pa3Bep-
THIBRHHH MOXXET KOMIEHCHPOBATLCA NMOCAERyIOmed penyKuyei.

Tlpouneccet peaykuun u pasBepTHIBAHHSA 3aJaI0T OUEHb MPO-
CTO€ M €CTeCTBEHHOe HCUxcJIeHHe CO BXOAOM, IIpHYEM Ha BXOJ
NOJiaeTCsi MepBOHauaJbHash AporpaMMa ¢ 3ajaHHBIMH 3Haue-
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HHAMH HekoTopwix nepeMenHnX. IIpomecc cnenuanusanuu
npeacTaBisercs KaKk BEIBOL B HCuuc/eHHH. PesysbsraTom pago-
Thl HCUHMCJIEHHS CO BXOZOM sBJIsieTCst CIlelHaH3anisa HCXOA-
HOM Mporpammbl. B HacTHOM caydae cneuuasnsaliis MOXKET
COCTOSITh H3 OJIHOr0 OO'BEKTa — pe3yJbTata paboThl IPOrpaMMbl.

Beakuit mpouece mepexofa OT allOPHTMa K €ro ClenHastH-
3aUHH ¢ HCMOJL30BAHHEM OIHCAHHBLIX omepalui peiyKuHH H
pa3BEePTHIBAHHSA HA3BIBAETCH CMEUAHHbIM eviiucaenuen. Enunoe
paccMOTPEHHe MPOLECCOB BHIYHC/ICHH S, KOMIUJIAIMY (epeBoaa
Ha MALIMHHBIA A3bIK) H BBINOJHEHHA NPOrpaMM fBUJIOCH OXHHM
H3 MOLIHEIX [PWHUHNOB COBDEMEHHOTO MNpOrpaMMHpPOBaHHA,
B KaKOH-TO Mepe No3BOJAIMUM YCTPAHHTh IPAHHLY MEXIY
YEJIOBEYECKHM — «IIPEASKPAHHBIM® MHPOM H MaiNHHHBIM —
«3asKpaHHEM» [Kymmupenko u ap., 1985], [Berenun, 1985].

2.9.9. MeTonsl nporpaMMupoBaRHs. 31ech HMEOTCS B BHAY
METOIbl IOCTPOEHH S AJTOPHTMOB H A0Ka3aTeNIbCTBA HX NIPaBHJIb-
HOCTH, MOABHBIUMECA BHYTPH TEOPHH ajaropHTMoB. HauGoJsee
I0Ka3aTesleH B 9TOM OTHOINEHHH TpHMEP CTPYKTYPHPOBaHHOIO
nporpammupoBakus. OCHOBHEIE ONepaToprl 06pas3oBaHHs CTPY-
KTYpHPOBaHHEIX MporpamM (HocjenoBare/bHOE BBITIOJNHEHHE,
pa3BeTBJeHHe, NOBTOpeHHe) OulIH BBeNieHH B Hauane 50-x
roJIoB TPH ONHCAHHH HOPMaJbHBIX anropudmos Mapkosa (cM.
[Mapkos, 1954, ra. [11], [Haropueri, 1977]). OnHoBpemenHo
ObIM JaHbl HeTPHBHAJbHBIE NMPHMEPHl HHAYKTHBHOIO JOKasa-
TEJLCTBA TPABHJLHOCTH MPOrPaMM, MOCTPOEHHBIX G MOMOILBIO
3THX OMNEepaTopoB (B YACTHOCTH, NMPOrPaMMHl YHHBEPCAJNbHOIO
aaropuTMa, T. €. HHTepAperaropa). B aGcrpakTHOH, anrefpau-
yecKoit (opMe OTlepaTophbl CTPYKTYPHPOBAHHOI'O HPOrpaMMHpoO-
BaHHs OBLIH BBEJEHH B CHCTEMax aJTODHTMHYECKHX aJjre6p
TnymKoBa; OXZHOBpeMEHHO ObIH PAcCCMOTPEHBI COLEpIKaTesb-
Hbi€ C TOUKH 3peHHS NPaKTHYeCKOro nmporpaMMHpOBaHHSA HpH-
Mephl TIpeoGpasoBaHHs NpOrpaMM H JOKasaTesnbcrBa HX Mpa-
BusbHOCTH (cM. [Taywkos, 1965)). B 70-e roast crpyKrypHpo-
BaHHOE NPOrPaMMHPOBAHHE CTaJ0 OLHHM M3 HHCTPYMEHTOB
npakTHyecKoro nporpammucra. IToxasare/bHEHE NPHMEPH B3a-
UMOJCHCTBHS AJrOPHTMHYECKOH TEOPHH H aJTOPHTMHUYECKOH
NpaKTHKA B OGJACTH METONOB H #3bIKOB MPOrpaMMHpPOBAHH
npocexusaorcs B [Epmos A., 1977], [JlaBposC., 1984],
[Teryry, 19841

2.9.10. IlporpamMmupoBaHHe KaK BTOpasi TIPaMOTHOCTD.
«..Mbl CaMi )KHBEM B MHpe OPOrpamM, MOAYAC He CO3HaBas
storo» [Epmos A., 3senuropofckni, 1979, ¢. 47]. Y6wicrpsio-
lieeci PasBHTHE BBHIUHCAHTENBHOH TEXHHKH H IIPOrpaMMHpO-
Banus GyJeT BKJOYATh B aJrOPHTMHYECKYIO NPAKTHKY (KOTO-
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pas, B CBOIO ouepenb, GyLeT COCTABIATH Bce GOJBLIYIO YacTb
pasyMHofl AeATeJBHOCTH ueJIOBeKa) Bce 6ojiee IMHPOKHE Kpyr
HIel TeOpHH aropuTMOB (W TPeGOBATb OT TEOPHH AJTOPHTMOB
HOBBIX OTKDHITHIA).

AnropuTMHuecKHe KOHUENMIHH HrpaloT B npouecce ofyue-
HHS H BOCOHTAHUA COBpPEeMEHHOro YeqaoseKa QyHAaMeHTalbHYIO
poJib, CPaBHHMYIO JIHIIb C POJIBIO MHCHMEHHOCTH (0TCI0Aa Mpen-
noxenssift A. I1. EpmoBbiM TepMHH «BTOpas rpaMOTHOCTBY,
cm. [Epmwos A., 3senuroponcku#t, 1979}, [Epmos A., 1981a]).
B03MOXHOCTh OOyuYeHHsi YUYAIIHXCA HAYalAbHOH IIKOJBI IpO-
rpaMMHPOBAHHIO Ha 6a3e a0CTPAKTHBIX BBIUHCAUTENHHEIX MOZE-
Jeli (He TOJBKO AJA IOATOTOBKH HX K Oynyileil npodeccuH,
HO H JJI pasBHTHA CHOCOOHOCTH K ¢OPMaJIbHOMY MBILIEHHIO)
obcyxnaerca B [Ycnencknit, 1979, ra. 1, §5].

Coryacio [Epmwos A., 3sennropoackuit, 1979, c. 48},
«IIpOrpaMMHPOBAHHE... €CTb CIIOCOOHOCTh BLIPA3HTh JI00OH
«IpaBHJIBHBIY IPOLIECC CPEACTBAMH, HOCTYIHBIMA VI NepefadH
MallHHe», T. €. TpexKJe BCero airopuTMHIECKHMH CpPEeCTBaMH.
[MoaroMy «MBI €CTeCTBEHHO NPHXOXUM K mHpobJieMe (yHmaMenTa-
JIM3alHH TPOrpaMMHPOBAHHSI, BbHIIEJEHHS B HEM HEKOTOPBIX
«HaTypanbHbX» cyumnocrefl» [Epmos A., 1981a, c. 81]. Cucre-
Ma «HaTypaJbHBIX CYLLHOCTefl» IporpaMMHpoBaHHA OpMUpY-
ercsl TOJ CHJbHBIM BJIHSHHEM CHCTEMBI OCHOBHBIX NOHSITHI Teo-
PHH aJrOPHTMOB H HCYHC/IEHHil (BIIpoueM, H 3Ta MOCJemHAA
CHCTeMa HCHBITHIBAaeT BaHAHHE mepBoil). «CyMMa 3HaHHi 1O
3THM BONpOCaM JOJDKHA IOXBEPTHYTHCA TIRATEJIBHOMY KOH-
LeNTyaJIbHOMY aHAJNH3Y H B OOBENHHEHHH C MaTeMaTHYeCKHMH
H JHHIBHCTHYECKHMH KOHHENUIHAMH cTaTh (QyHIZAMEHTaJbHOH
KOMIOHEHTOH ofbero obpasobanusi» [Epmos A., 1981a, c. 18].

2.9.11. MartemaTHuecKasi JIOTHKa M BBIYMCJHTENbHASl Tex-
Huka, ONHH H3 CaMbIX BHIJAIOIUXCA NPOrPaMMHCTOB HALIEro
spemend O. JlefikcTpa B HeZABHO oNyGJHKOBAHHOM CTaThe
[Iefixcrpa, 1986] HasbiBaeT GaecTsIKMM NPeaBHCHHEM CIELYIO-
liee BbICKAa3BIBAHHE JAPYroro M3BeCTHOI'O CIELHaNHCTa, aBTopa
Asplka auen k. Makkaptu, cpenannoe ewe B 1967 r.: «Pa-
3YMHO OXHJATh, YTO CBA3H MEXILY BHIYHCJHTENLHOH TEXHHKOM
H MaTeMaTHUeCKOi JIOTHKOH OKaKyTCsl CTOJIL XK€ IIIOIOTBOP-
HBEIMH B CJEAYIOWIEM CTOJICTHH, KaKHMH OblJIH CBA3H MEXIy
MaTeMaTHYeCKHM aHAJH30M # (H3HKOH B CTOJIETHH HpENHAY-
wem». Eme oxnma monmiTKa anHanMsa 3THX cBsi3ell npejpnpH-
nsta B [CemenoB, ¥Ycnenckuit, 1986].



‘NOMOJHEHUR

O BEPOSITHOCTHbBIX AJITOPHTMAX
(KAK MCIOJIb30BAHUE CJIYYAHHOCTH
NO3BOJIIET YKOPAYHUBATD BbIYHCJIEHHS)

Hacrosamee JononHeHue MOCBALICHO 3ameyaTenbHbiM pdeKTaM, BO3-
HHKAIIUM NIpH BMelllaTeJIbCTBe CIyyast B NeTePMUHHPOBAHHEIH aJArOPUTMH-
yeckHH npouecc, BuiAcHAercs, UTO TaKoe BMEWIATEJABCTBO MOXHO «0Gpa-
TuTh BO OJaros. JomoJnenne HamucaHo Tak, YTOOH SaHHTEpeCOBaBUIHICA
JanHoll npoGnemaTurolt umrarenb (HanpHMep, CMELHANUCT IO TEOPHH Be-
poATHOCTeY) MOr UMTATh €ro0 He3aBHCHMO OT OCHOBHOTO TeKCTa KHHIH.

Honoanenue cocTout B3 Tpex naparpados. Ileperift umeeT BBORHBIA
xapagTep. Bo BropoM naeTcs 0630p IJIaBHBIX De3yJbTaToB, CBA3AHHBIX
O BLIYHC/JCHHIMH Ha BepOATHOCTHHIX Maluuax. B TpeTeem naparpade
NPUBOAATCA HeoGXoAuMue (hopMasbHEIE OMpeneneHus.

§ A.1. NpensapureabHble 3aMeyaHHA

B naileM noscefHeBHOM NMOBEAECHHH MEI BCE BPEMS CO3HATE/IbHO HJH Gec-
CO3HATeNbHO NpeHeGperaeM MaJOBepPOSTHHIMH COOMTHAMH H NOJYy4aeM OT
groro 3aMeTHHH Buurpem. TpyAHO Jaxe BoOGpasuTh, BO YTO MpeBPaTHA&Ch
6hl HalUZ XHE3Hb, €C/E MBI NOCTOSHHO YUHTHIBAAU OHl BCe TEOPETHUECKH BO3«
MOKHHE, HO MaJOBepOfITHHE ciyuyan. MaTeMaTHueCKa® Teopus storo (yH-
IaMeHTaJbHOro s(rpeKTa — HaJMYUA BRIATPHILUA. OT NpeHefperRenus Mallbl-
MH BepOATHOCTAMH — B ero (shdexra) noasoM oOneMe HAaXOAUTCA 8a mpe-
JesaMH BO3MOXKHOCTell coppeMeHHOM Hayku. OAHAKO MOMHO MOMBITATHCA
HayaTh CO CpaBHHTENBHO NpocTHX Mofeneli. Bor oxuu npumep.

IIpeAno/ioxuM, UTO Ha PACCTOSHHH OJHOIO Iiara OT Hac JuGO BJAEBO,
au60o BNpaBo (MO MHI He S8WaeM, BJeBO WJIH BNPaBOl) MONOKeHa samHcKa ¢
HeH3BEeCTHEIM HaM vucjoM. CnpamHBaeTcst, CKOJIPKO Hafo cieaaTh ILIaros,
YTOOH Y3HATh, YeTHO OHO WJM HeueTHO? SICHO, UTO rapaHTHPOBAThH OTBET
MBI MOKEM, TQJIBKO HMesl BO3MOXHOCTb CReNaTh TPH wara (OXHE BJEBO H,
ecsad TaM HET 3aMHCKH, ABa BnpaBo). Ecau Hac ycTpauBaeT OTBET C BEPOAT-
HOCTBIO 1/2, MOCTATOYHO HYJN HIaroB: He JBHrafch ¢ MeCTa, Mbi npuberaeM K
KpeGUIO U NOMy4aeM Pe3yabTat, AOCTOBepHHI ¢ BepoaTHocThio 1/2, Orpa-
HUuHM ce6a ofHuM Imarom. ORa3nWBaeTCs, Mbl MOXKEM BHIOpaTk TaKkylo cTpa-
Teruio, UTONPH NIOG6OM PeaJsbHOMNONOXKEHHH 3aNHCKH
BePOATHOCTb IPaBHAbHOTOG OTBeTa GyAeT 3/4. JIaa 5TOro Hajo MOCTYIHTb TakK:
)kpe6ueM onpefesseM, HATH HaM BJIEBO HJM BNPaBO, H €C/H He o6Hapyxn-
BaeM 3aITHCKH, CHOBa MpuberaeM K KpeGuIo — Ha 9TOT pas, uToGkl NPOBO3IJIa-
CHTh YeTHOCTb HAW HeYEeTHOCTb.

IprBepeHHH npUMep NOKa3LIBAeT, UTO GEPOAMHOCMHbE (WIH cMmoxa-
CMUMECKUE) apeopUmMbe, T, €. 2JITOPHTMH, NPelyCMaTpHBalOue BO3MOX-
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HOCTB— Ha OnpeJe/IeHHbIX sTanaX cBoelt paGoThi—o 06 pameHu A K XK P e-
6 110, MOryT JlaBaTh 3KOHOMHIO BO BpeMeHH pPaGOTHl (T. e. B YHCJE Liaros)
82 CyeT 3aMeHH a6CoJIIOTHOR JOCTOBEPHOCTH pesyJ/ibTaTa AOCTOBEPHOCTHIO €
BLICOKO#t BepOSTHOCTbIO. Koweuno, BeposTHocTk 3/4, mosydeHHas B npu-
Mepe, 3TO elle He OUeHb BHICOKasf BEPOATHOCTD, HO 3TO TOAbKO MpHMeD: Gosee
€JI0XKHBIe KOHCTPYKIMH MO3BOJSIOT YBEJHUYHBATh 3Ty BEPOSITHOCTS.

CKkasaHHOe MMeJO HeAbio OGOCHOBATh Ty MEHICAB, YTO PaspaGoTKa ma-
memamuueckol meopun 6ePOAMHOCMHOIX AA0PUMMOE — 3TO UPE3BbIvali-
¥o aKTyanbHas 3ajlava. HasBaneas TeopHs saTparusaeT riayGuHHble Ipo6-
NeMH NOBEleHHs Jiofiell M MalUHH W MMeeT HDaKTHYeCKHe NEpCNeKTHBEL.

Kak u B OGLINHON TEOpHH ATOPHTMOB, B TEOPHH BEPOATHOCTHHIX aJro-
PHTMOB MOYKHO BBIIEJHThH JECKPUNTHBHYIO (KaueCTBEHHYIO) # METPHUECKYIO
(C10XHOCTHYIO) CTOPOHEL 3apoxAeHHe JecKpUNMUBHOL MEOP UL 8eDOANHOCIT~
HblX @A20pUMMO8 MOXKHO OTHecTH K 1956 r,, korga IlennoH ¢ coaBTopamu
ony6anROBaJ U3BECTHYIO cTaThio [Jley u Ap., 1956). B sr0il cTatbe ycTanas-
JUBAJOCh, YTO NPH Pa3yMHEIX ONpeje/leHHAX NOCPeNCTBOM BePOATHOCTHBIX
aATOPHTMOB MOXXHO BHIYHCJAWTb B TOUHOCTH TOT e 3amac QyHKuMi, 4To #
NOCPEACTBOM OGHYHHX, AeTepMHHHDPOBAHHBIX aaroputMoB. IlosTomy mpue-
JleqeHHe BePOATHOCTY He MPUBHOCHT 4ero-aubo HOBOrO B JAECKPHNTHBHYIO
TEOpHIO aAropuTMOB. HHaue o6CTOMT Xeio B MeTPHYeCKOM cayuae. ¥Yxe B
NepBLIX NY6AUKALHAX MO MeTPUYeCKOH TeOpHU BEpPOATHOCTHLIX aATOPHTMOB
{Funn, 1974], [Tpaxrten6por, 1974] Guii MPOLEMOHCTPHUPOBAH BRIATPHILL
BO BpeMeHH BHUYHCACHU S, KOTOPEIA MOXKXHO MOMYUHTE, SKCIAYaTHPY A Cllydaii-
BOCTb MPH MNOCTPOEHHH aJTrOpHTMoB., B repBoft u3 sTuX nyGamxannit
nocrpoenl Takue AsHK L w dynrmusa f(x), uzro 1) maa moboro £>0 cy-
MECTBYeT BepPOATHOCTHAR MalluHa TelopuHra, pacmosHalowau L ¢ Bepo-
ATHOCTbIO 1—€ 32 BpeMa £(x); 2) ecau ¢’ (x) — BEEMSI paboTH JeTepMHUHHPO~
BanHofi MamuHE ThiOPHHra, pacnosHawomwe! L, To Ana 6GeCKOHEUHOro
MHOKECTBA X BHNOMHsETCH £'(X)>> £(x) (TouHnle onpejenenus cM. B § I1.3).
Bo BTOpO#l NOCTpOEeHa Mapa ASHIKOB, OTACNHMBIX Ha BEPOATHOCTHRIX Malliu-
nax Toiopuura 3a BpeMs const n-log n u Takux, UTO HX OTJeJieHHe Ha Je-
TepMHHHPOBaHUEIX Mamuuax TeiopuHra Tpebyer Bpemenu const .n?

Hlo-sunuMomy, 1974 r. u ClefyeT cuuTaTh rofioM SapOXIeHUS mempu-
4eCcKol meopul BEPORMHOCMNGIX AAZ0PUMMOG. STY TEOPHIO BPAA AU MOXKHO
cunTaTh yxke chopMupoBabiuefics: MPOLECC ee CTAHOBJEHHS COBEPIAETCH
Ba HallUX riasax, Pemalomuil BKaaj B 5TOT Npoliecc BHECAH HCCJeN0BaHuS
JaTBHiCKOrO MaTeMaTuka P. B. ®peiisanza.

MoryT Bo3pasuTh, uto eme B 1944 r. don Hefiman u Yaam Havaan npu-
MeHAThb AJA pelieHdsa Ha DBM npuRIaiHEIX 3afay smemod Camucmuieckuy
ucnoimanud, on xe memod Monme-Kapro. Kak uspectHo (cM. [Mapuyx,
1976], |[Epmakos, 1971], eToT MeTox ucno/b3yeT NOHATHE CAYYaRHOCTH LS
OCymeCTB/IcHns BhivucaeHull. Ho Befib ¥ nepBHe aaropHTMu GhIM NOCTpOe-
ubl eme EBRAuioM # an-XopeaMu, Torga Kak obuiee nonAMmuUe anropuT™Ma u
meopus anTOPHTMOB MOABHAMCH JAMIUB B ABajlaToM Beke. Kpome Toro, Ha
KOHUENTYAJbHOM YPOBHE MeTOJH CcOBpPeMeHHON TeOpHH BepOATHOCTHRIX
anropuTMOB OTAMYATCA OT MerogoB MonTe-Kapao mo KpanHeit mepe B
CNeAYIOHUX TpeX acnekTax.

Bo-nepBhIX, BepOATHOCTHBE aaropuTMb Monte-Kapno ayame gerep-
MHHHDPOBaHHBIX (T, €. He HCIOMBb3YIOIHX IMOHATHE CAyduaHHOCTH) aliropuT-
MOB, U3BeCTHEIX K ZaHHOMY MOMEHTY, HO HH PO OJHH M3 HHX He JOKa3aHO,
YTO OH Jyullle BCeX MBI CJlHMBl X JACTEDMHHUDOBAHHEIX aJITOPHTMOB,
B coBpeMeHHO!N TEOPHE CTPOATCA TaKHe BEPOSTHOCTHBIE AATOPHTMH, KOTO
" pHe UMEHHO JIy4me BCeX MHCJAUMB X JeTePMHHUPOBAHHHIX, IPUBO-
ZAmEX K TeM JKe pPesyabTarTaM. .

Hanee, Bo-BTOpHIX, MeToznl MoHTe-Kapiio NpHMEHAIOTCH B 00CTaHOBRE
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HENpPEPHIBHOA CPefBl, W peub BCerAd HAET O NPUOIHIKEHHOM BEIMHCJIEHHH,
Cpesa, € KOTOPOfl Mul GyZem HMETb Jes0 — BCErAa JUCKPeTHa, H Peub BCeraa
pleT O COBePLIEHHO TOYHHIX BBIYUCAeHHAX. DBojiee KOHKpeTHO, paccMaTpu-
BAIOTCS! BHIYHCJCHHUS!, Ha BXOJ KOTOPHIX NOJAal0TCA CIOBA KaKOro-Ju60 GukcH-
pOBAHHOTO aaaBuTa, @ Ma BEIXOZE MOAYYAIOTCA Hyab WM eAWHHUA.

Haxkonen, B-TpeTbHX, B Merofe MoHre-Kapso npuMeHeHHe BBIYHCITH-
TelbHBIX MallHH, KaK 3TO HM napafoKcaJbHO,— He [JaBHoe, [JapHoe —
5T0 HeKOTOPHI! Qu3HuecKHi mpouecc, OCylUIECTBAAEMEIR II0 3aKOHaM CTaTH-
cruxu (cM. [Ueruos, 1976]), a Mamuubl HcnoabsyloTcs Julib Kak yAoGHOR
CPeACTBO IJIt MOenupoBaHus sToro mpomnecca. (ITpuMep: BHuncaeHue
onpeiefieHHOro HuTerpaia Mero oM MonTe-KapJso cocTouT B MOJle/IHPOBaHHH
Ha MalluHe cJeAylomero (uamyeckoro npouecca. Ha Muinenn pucyercs
reoMeTpHYecKasa Gurypa, Iaomags KOTOpoH BEIpaXKaeTCs MCKOMEIM HWHTer-
panoM, ¥ Aafiee MHieHb GoMGapaupyercsa Apobbi0 — ROCTATOYHO MeJKOH, B
JOCTaTOYHO GOJBIIOM KOJMUECTBe W C PaBHOMEPHEIM pacnpelefieHHeM Bepo-
ATHOCTH NoNafanus.) B pa6orax ®pefiBaifa U ero npefinecTBEHHUKOB a6
CTPaKTHEIE BEIYHCAUTeAbHEIE MaIHHE] CAYKAT He CPEACTBOM MOJeNHPOBAHHS
HENPephIBHLIX (HSHMECKHX NPOLECCOB, & HCIOJIHATEIAMH XHTPOYMHBIX
aArOPHTMOB, CMeLHaNbHUO PaspaGOTaHHBIX aBTOPaMH 4JIf ZOCTHIKEHUS CBOUX
uenelf, T.e. AAA IKOHOMHOTO BHIYHCACHHS pacCMaTpPHBaeMHX (yHKnui.

B pa6orax mo BepOATHOCTHOH TeopuH — Kak 3TO H OGWIENPHHATO B
MaTeMaTHYeCKOW TeOPHH aJrOPHTMOB —— HCHOJL3YIOTCA HE peaibhpie, a
aGcTpaKTHEE, HICANH3HPOBaHHHIC BHIUHMCIHTeNBHEE ycTpoficTBa. B Ka-
yecTBe TaKUX YCTPOACTB DUrYpPHPYIOT yCTPOHCTBa ABYX THIOB: 1) KOHeunbie
asmomamst u 2) mawunst Towopunea.

TloHATHe KOHEUHOro aBTOMaTa OTpaxaeT B alCTPakTHOA (opme mpel-
cTaBJieH#e 00 HCMOJHUTENe aJropuTMa € pa3 R HaBCerja OrpPaBHuYCHHEIM
o6neMoM namaT, ITonarue Mamuun TrlopuHra oTpaxaeT npejcTapaexnue o6
HCHOJHHTENEe ¢ KOHeYHHM B KaXK[pill OTHAEJbHEIA MOMEHT, HO TIOTEHIiHAJbHO
HeorpaHuyeHHEM oGBeMoM naMaTH. OOCHIYHbIe KOHEYHHe aBTOMATH H Ma-
muH ThiopHHra paoTaloT JACTEPMHHUPOBAHHO; B BEPOATHOCTHOR TEOPHH
Hapsfy @ TakuMH OOLIMHEIME YCTpOHCTBAMH PacCMaTpHBAIOTCHA TAKXKe H UX
BEpOSTHOCTHHE &HaJorH.

Oranune BepOATHOCTHOrO YCTpoficTBa OT AeTEPMEHHPOBAHHOTO COCTOUT
B TOM, YTO MpOrpaMMa NpeAyCMaTPUBaeT CIEHHAJNBHYIO KOManRy: solpa-
THCh K XpeGuio»., OT pesyibraTa oGpalleHHs K XpeOuI0 3aBHCHT, KaKas
KomaHAa OyJeT HCROAHATBCS Ha ciedyiomeM ware. Cam xpe6uft MOXHO
npeACTaBAATH ce6e KaK pe3yabTaT AaTunKa clyyaiiHodt 6yKbei, BuGHDaeMol
U3 KOHEUHOro afapHTa; 5TOT JAATYMK paboTaeT MO CXeMé HE3ABHCHMEIX
WCIBITAHHE C PABHOBEPOATHEIMH HCXOZdMH. JlocTaTouHO OrpailMyuThCA
ZBYOYKBEHHEIM aidaBuTOM: Bee TeopeMul u3 § 1.2 0CTa10TCA MIpH 9TOM Clpa-
BeJJYBEIMH.

Hacrosmee JlonomneHne MOCBALWEHo MpoGleMaTHRe, CBA3aHHOA ¢ Be-
POSITHOCTHEIMY MamuHaMu Thiopuira. B cuay CKasaHHoro, paGoTy Takofi
MamuHBL MOXCHO TpefCcTaBaATh cefe ciaedyioum obpasoM. Hmeiorca nse
KOHKYpHpy!Ol#e BeTBY NporpaMMbl, ¥ MaliyHa nepel KaxIhM CBOHM
113rOM C BepPOATHOCTBIO 1/2 BHIGHPAET OAHY U3 HUX B KaueCTBe PYKOBOACTBA
K gelicTBHIO. 3aMeuaTe/bHO, YTO NPABHILHEEA PeaynbTaT MOXKET NOMyyaThes
NP 5TOM <O CKOJb YTOAHO BLICOKON CTeNMeHbIO JOCTOBEPHOCTH.

Mawuna Teoputea (To4Hee, OLHOFOIOBOUHAS MalHHA THIODHHIE) —
STO yCTPOHCTBO ¢ KOHEUHEIM YHCJIOM cocToaHull (8HYMpPEHHUX cocmosHudl
Mawunl), CHOCOGHOR MepeMelaThCs N0 MPOCTPAHCTBY BHEWHEH MaMsATH K
MelgTh 3alHCauHbEe B A4efiKaX 9TOro mpocTPaHCTBA CHMBOJILI KOHEUHOro
angasuta. Y IBHKeHus, W 3aMeHA CHMBOJOB MPOTEKAIOT Mo nporpaMme —
TeTepMHUIVPOBARHO 419 JeTepMUHHPOBAHHEIX (OCBIYHBIX) MALIHH, C MPHBJE-
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YeHHEM CJyuafl AN BePOATHOCTHHIX MaumH, HanGosee IpocToll, HO focTa-
TOUHHIY IS OCYLIECTBJICHHA /MOOHIX aJropHTMOB BHI BHeluHell maMaTE — -
KOHEUHas B KaXKJkIH MOMEHT, HO PacTylias 1o Mepe Hago0HoOCTH i pasbuTas
Ha flueltKu jenta (pafouas senma). PasiuaHeie BHAR MallMH Telopunra
pasauvaotes Mexay coboff croco6oM Nofaun BXOLHON HHGOpMALUH, KaKo-
BO}t BCerfa sBAsieTCs HEKOTOPOR CJIOBO,~— 2 HMEHHO TeM, 3aNIHCHIBAETCA i
9710 CJI0BO Ha paboueli Jente (aas mawun Towopunea 6es exoda u ewixoda: .
MTBB) uau e Ha oco6oit BXOILHOH JieHTe ¢ BO3MOXKHOCTBIO UHTAIOINErO
yCTpOACTBA CUMTHIBATE 5TO BXOJHOE CJIOBO, MpHYEM TOJbKO ClI€Ba HaIpaBo’
(odHocmopotinue mawuno: 1-MT) nan xe B o6e CTOpPOHBI (J8ycmoOpoHHUe
Mammne: 2-MT). Bcee aTH, a TaKXKe HEKOTOPHIE Apyrue DasSHOBHAHOCTH, BO3-
HHKaIOllHe B CBA3H CO Chellnasbuolt opraHusanuesl Buxola (rawunst Toio-
puraa co axodom u gbexodom: MTB) nogpo6ro paswbscusiores B § 1.3,

Met orpanuyuBaeMcs (GyHKUUAMH, OnpejesieHHBIME Ha MHOXECTBE BCeX
CJIOB KaKoro-au6o KoHeYHOro anadaBuTa W NpUUUMAIOmMuMH 3HadeHus 0
Iy 1, T. 8, XapaKTepUCTHUECKAMH QyHKIUAME MHOXKeCTB (MOXKHO MOSTOMY
CuUTaTh, YTO MB 3aHUMaeMCs PacmoSHaBaHWeM MHOXECTB CJIOB), W TaKoe
orpaHHYeHHe C TOMKH 3peHust OOIIHOCTH oMNpejelieHHs HeCYIIECTBEHHO, 4 C .
TOYKH 3peHHS OT6Opa MaTepHala LfIst M3JAOMEHUS BMOJHe OmMpaBAaHO.
B caMom JeJie, 5To OrpaHHYeHHe M03BOJIAET U3y uuTh abdeKTE, Bo3HHKaIOMUIHe
TIpH  CONOCTaBJIEHUH BEePOATHOCTHEIX MalliH € JeTepMHHHDOBAHHEIMH,
B YHCTOM BHJE, 6e3 HONOJHUTENbHEIX 006CTOATE/NBCTE (BLI3BAUHMIX, CKameM, ©
BeIHYHHOA 3HayeHHs OGyHKUUH). .

OcHoBHas Ueab — H3YYUTh, KaKOR BBIUTPHIL MOXET OHTh AOCTHTHYT |
npH NMepexofie OT BuuMcHeHut GyHRuuf Ha HeTepMHHHPOBaHHEIX MalMHAaX
K BBIYHCJEHHIO WA BePOATHOCTHHX MalIKHAX — MpHYEM CO CKOJAb yIOZHO
BEICOROf BEPOSATHOCTEIO (B pacCMaTpHBaeMBIX HaMu NOCTaHOBKax, KaK JIeTKO
34METUTh, yBEeJIWYEHHE BEPOATHOCTH He MeHseT #nopaiKa BHIMIPEIIIA%).
EcTecTBeHHO CHpOCUTb, B KaKuX TepMHHAX ONpenesNsfeTcs CaM BHIHTPHILL. .
EcTecTBeHHO OTBETUTD, YTO BEIMIPHIL ONMpelle/ifeTcs KaK yMeHbMeHHe MepH
caoxaoctd, K Bolpocy o Mepe CHOKHOCTH, KaK H3BECTHO, BOSMOXKHH JBa *
noAxoka. ,

IMeperifi COCTOWT B TOM, YTO paCCMaTPHBAaeTCH (A0HCHOCIG CAMOTO.-
Qr20pumME — WanpuMep, o0beM NPOrpaMMbl MamMHK TeiopuHra, T.e.
NONPOCTy MpPOH3BeLeHHe KOJMYECTBA BUYTPEHMHHX COCTOSHHA MaIIMHEI Ha
KOJUYeCTBO GyKB paGodero angasuta (KoTophA B ofmeM cayuae mupe,
uexean anpaBuT BXOAHONM).

Bropolt cocpefoTauuBaeT CBoe BUHMAHH@ HA CA0JCHOCMU TpoLiecca
bMucAeHUd — HaNpuMep, Ha BPeMeHH BLIUCASHEH (spemennda ca0xcHOCMb
HIH, KOpOue, spess) WK Ha O6beMe BHEIIHeR MaMATH (MEHMOUHAR CAOXKC-
HOCMb WAH, KOpoue, eMKocmib).

Hacgro/nbKO H3BeCTHO aBTOpaM, COBpeMeHHas TeOPHS OrpaHHuHBaeTCs
BTODHIM NOAXOJOM, He yAlends, K COXKaleHuIo, HUKaKOro BHUMaHHA NePBOMY. -

MoxxHO BHICKa3aTh elie OfHO COKaseHue, OTHOCAIeeCA Ko Bcelt Teopuu
CIOKHOCTY BHYHCHeHHN — KaK /i BePOATHOCTHEIX MalUWH, Tak H I
JeTepMUHHDOBAHHEIX. J1eJI0 B TOM, Y4TO OleHKH CJIOKHOCTH BHMUCAEHUs (Bpe~
MeHH WJIH eMKOCTH) HOCAT, KaK NpaBHIO, acHMATOTHYeCKuA XaparTtep —
HpH TOM, 4TO BPeMA H €MKOCTb PacCMaTpHBaloTCA KaK QYHKIHUHM OT AJIHHEI
MoJaBaeMOro Ha BXOJ apryMeHTa, U caMa 97Ta SJAMHA yCTpeMisiercs K Gec-
KOHeUHOCTH. BHUrpHIl B CJIOMKHOCTH, JOCTHraeMbill NIpYU Hepexofie OT ONHUX -
(«XyRumnx») aArOPHTMOB K APYTEM (¢AYUIHM»), TOXE OLEHHBAETCH aCHMIITO- -
THYeCKH, Ecam, CKameM, BepXHAS OUEHKA BpeMeHH WMeJa MOPAXOK n?,.
The # — JAJMHa nojaBaeMoro Ha BXoJ CJIOBZ, a HOBAst ONEHKa TOro e Bpe-
MeHH (AM1f KaKof-aun60 (GUKCHPOBAHHON 3ajay¥) CHIEHA N0 NOPAAKa:
n:ln n, 10 5T0 cuuTaerca (u He Ges ocHoBaHuil) GoabiuM ycnexoM. Ho Begs’
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pce 3TH OLERKH HeficTBYI0T ¢ MyJbTUIIHKATHBHLIME KOHCTaHTAMU € U Ha-
yuHad C HEKOTOPOro n,. KoHcTauTa ¢ B ng MOryT OHITh CTONbL BeJHKH, UTO
JIf CTIOB pealibHOM JJIMHEI NPEXKHWA (aCHMITOTHYECKM XYAWMME) aAroput™
Jiyuilie HOBOTO (aCHMMTOTHYECKH Jyulllero),

Opuum u3 maubosiee 3aMeuaTeNbHBIX AOCTHKEHHI TEOPHM sIBJIseTCSH
teopeMa (pefiBaiia O TOM, 4YTO BpeMs NMOPsAKa n?, HYKHOEe JMA Paclo3Ha
paHHsl CHMMeTpHH CJIOB LIMHEI n Ha AETEPMUHHDOBAHHEIX MaIUHHAX, MOXK~
HO 32MEHHTb Ha n+ln N JMIs BePOATHOCTHHIX MAMHH — TPHYEM CO CKOJB
yTOAHO BHICOKOH BepoRTHOCTHIO 1—¢. Ho npu yMeHbmenun & pacryT ¢ u ny,
B OOPANOK pocTa pyukuui c(g) u n,(€) nNpeicTaniser Gonbinol uwATEpEC.
K coxaleHHI0, 3TOT BONPOC elle Be HCCaefoBaH. OrCyTCTBHE COOTBRTCTBYIO-
WHX Pe3yJabTaTOB TeM GoJjee JOCAJlHO, UTO BEPOATHOCTHHIA NOAXOX MO CBoef
npApoJle CBf3aH ¢ 3aKOHOM GOAbIIMX HuceN, T. &, ¢ Goabmumu n. Ecam
BHTEPECOBATBCA BLIMHCJACHHAMH C BBICOKOA CTCHEHBIO BEePOSATHOCTH, TO
MOXKHO OXKHJaTh, YTO PealbHLI BRIUTPHIL BO BpeMeHU H eMROCTH He GyfeT
BMETh MeCTa npu Madeix n. Bo BCAKOM ciyuae, ompejesieRHe pasMepa n,
npH KOTOPOM B MpPHHIHMMNE BO3MOMKEH BEIUIPHII OT OPHMEHEHHS CTOXaCTH-
YCCKHX a/ITOPUTMOB, HpPeACTaBJaseT BaXKHYIO 3sajauy.

M, HakoHen, mocsiefnee 3aMevanue. Us ynomuHasweiics cratek [Jley u
Ap., 1956] BHITeRaeT, 4TO Ha BepOATHOCTHHX MamuHaX ThIOPUHr'a MOKHO
BLIYHCARTb Te H TOJAbKO Te GYHKUMH, KOTODHE BBIMHCHASIOTCA Ha JeTepMH-
HEPOBAHHBIX MamuHaxX. TeopHa NOKasbiBaeT, YTO A1 HEKOTOPHIX BaXKHHIX
GyHRKOuA nepexol OT JeTePMHHHUPOBaHHHIX MAWIMH K BEPOATHOCTHLIM JiaeT
311aYHTebHYI0 3KOHOMHIO BHIYHCAUTENIBHEIX pecypcos (BpeMeHH, eMKOCTH),
OcTaeTcss HEH3BeCTHHIM, ORIBAIOT AU HeTPUBHaJdbHEle GYHKIMH, I'fe TaKoif
5KOHOMHH MOJYYATh HeJb3si (TpHBHAJbHEIC, KOHEYHO, OBIBAIOT, HampHMep,
KOHCTAHTHI).
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Ipexge ueM nepeitTu K 0630py OCHOBHBIX Pe3YAbTATOB TEOPHH, CJe-
JyeT clefiaTh OAHO NPUHHMMUAJNBHOE 3aMeuanHe, CJOXKHOCTL — 6yAb TO
BpeMS WM eMEOCTb — BHIMHCJICHHH HA JeTePMHHUPOBAHHBIX H BEpPOATHOCT-
HBIX MamXHAX JOJKHa (3TO BH3BaHO CYIECTBOM Aedial) MOHMMATbCa no pas-
HoMy. A ReTepMUHHDOBAaHHOH MAIlMHEI — STO UHCJO 1DAroB HAH 06BbeM
BHeiHell MaMaATH, 3aTpaueHHble Ha 06paGoTKYy apryMeHTa BOJOTE JO MOSB-
JleHus pesyabrata. Ho y BepoATHOCTHOA MalUWHKl CaM Pe3y/bTaT [o Mpo-
IUECTBHY JAHHOIO YHCJA IIAroB WY MOCAe 3aTpaThl JAHHOTO o6beMa NaMsATH
BO3HHKAET JIHIb C TOK WM HHOH BepOATHOCTHIO. [losToMy caMa olueHKa
CJIOKIIOCTH HOCHT BepOATHOCTHLIA xapakTep. CyTh Jesia TakoBa (mogpoCiee
cM. § J1.3). ToBopsr, 4TO MalliHHa BRIA&eT PE3yJALTAT (BLIXOR) ¥ AJst apry-
MeHTa (BX0Ad) X CO CJOXKHOCTBIO (BpeMeHHOH, JIeHTOUHOR) m U ¢ BepoATHO-
CTBIO p, €CAM NpH NMOJaue Ha BXOX X, C BEPOATHOCTHIO, He M eH b 1l e #,
4eM p, HaCTynaeT cefyioniee cobbiTHe: MAIKKE, HSPACXONOBaE H e 6oJee
WeM m «eQHHAIL CAOKHOCTH® ((1aroB, fAY€EK JEHTHI), OCTaHABAMBAETCHA C
pe3yabTaToM y. MalHHa BHIMHC/AET BCIOAly OfpelesenHylo QyHKUHIO y=
== (%) cO CJAOKHOCTBIO M (X) ¥ BEPOATHOCTBIO P, ECIH OMa LI KAKAOIO X
BEIYHCASET @ (Xp) CO CAOKHOCTBIO /M1 (%) B BepoaTHOCTbIO p. TakuM o6pasom,
LA151 BepOSTHOCTHON MAlUMHB CJOKHOCTb HE BOCCTAHABAHBAETCA OJHO3HAYU~
G — jake npu HRCHpoBaHHON BeposTHOCTH p. Ecau m — caoxuocts n
m > m, To m' — Toxe CJIOKHOCTb (C TOM e BEPOATHOCTHIO p). Peub no-
5TOMy BCerfia HJeT O BO3MOXKHOCTH — I/Ifl AaHHOTO p > 1/2 — Tagoii Ma-
LIHHb M TaKOH CJOKHOCTH, KOTOpHIC 00€CeYnBaloT BHUKC/ICHHe HHTepeCyio-
ueit Hac yHnrUHMH,
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O CNOKHOCTH BHYHC/IeHHA KOHKpeTHbX QYHKUAN Malo YTO H3BECTHO
Haxe AJIA BbMYC/AeHH] Ha JeTepMHHUPOBAHHEIX MallMHax. 3/eChb HOXYYHJI
npH3HaHue pesyabTaT Bapaauus, noayienHsit B 1963 r. u onyGnUKOBAHHbIA
B [Bapsguns, 1965] o BpemenHO#i c/IOMKHOCTH PaCNoO3HaBaHUA CHMMETDHH.
TpeGoBanoch HaiiTy BpeMs TAKOTO DANOSHABAHWsA; HHade [OBOPS, TpeGoBa-
50Ch HaliTH BpeMst BHUUC/IeHUs XaDaKTEPHCTHYECKOH QyHKIHE MHOXECTBA
BceX CHMMETPHYHEIX cJ0B. BapsiuEb noKasa®, 4YTO 3TO BPeMA HMEeT
nopagox n?, The n — AAHHa CJoBa. DTO SHAYUT, YTO

1) cyulecTBYIOT TakOH aJropuTM Pacno3HapamHMs CHMMETPUH Ha Ma-
mvHe THIODHHTE H TaKas KOHCTaHT& Cy, UTO JJIA BCEX CJIOB QJIHHHI 71 BpeMs
paGoTH MAMUEL He NPEBOCXONAT Cz*n> (STOT GaKT NONYYWTh HETPYAHO);

2) 15 J1060r0 aNropUTMa PacnosHaBaHHA CHMMeTPHH HaRAyTCA Takad
nojoxKUTeNbHAs KOHCTaHTa ¢f ¥ TaKoe HaTYypaibHOE M, YTO AAS KakAOro
n>ng HalgeTcs CI0BO AJIMHEL 1, IPH Moflate KOTOPOro Ha BX0Z BpeMs paGoTh
GyZeT NMpPeBOCXORUTH Cj«n%. (10T gam‘ noJyunTh TPYAHO, O H oGpasyer
OCHOBHOE CofiepKaHHe TeopeMnl bapsfuns).

Ozua u3 TeopeM dpefiBanga NosBojAeT NPH Nepexoje OT AeTEPMUHHPO-
BaHMBIX Mamug ThIOPHHTA K BEPOATHOCTHEIM CHUSUTD OLeHKY n? Jon-Inn.

Teopema [PpetiBang, 1979). Jas moboro &> ( cymecTByer BeposT-
HOCTHaH Mainuua THIOPHHTA, KOTOPAst PaCNo3HaeT CHMMETPHIO CJIOB B aida-
sute {0, 1} ¢ BepoATHOCTHIO 1—& 3a BpeMs, mO MOPAAKY paBHoe 72°1n n.

[IpuMeuanue. JIge GYHKUHH HMEIOT 00uH U mMom dwe Nopadox,
€l MX OTHOMIEHHE OIDAHHYEHO CBePXy M CHH3Y MOJOXKHUTEAbHEIMU
KOHEUHBIMH KOHCTaHTaMu, MaiuuHa, 0 KOoTopo# ujer peus,— 310 MTBB
(roqgee,sonﬂoronosoqﬂaﬂ OZHOJMIEHTOUHast MaluMHa Ge3 BXOja W BHIXOAa,
em. § J1.3).

Metoa noKasaTeabCTBa CHOPMYJNHPOBAHHOR TeopeMb HMeeT HAOCOD-
cKyo ray6uny. OH Ha3BaH ee aBTOPOM MemoJom UHEAPUAHMOE U COCTOUT B
caelyiomeM, [Ipeanonoxum, 4To 3allad ORUH 06beKT H APYrof, OTHOCHTEb~
HO KOTOPOI'O MBI HE 3HaeM, TOT K€ 5TO, YTO M MEpPBEIH, WIM HET. éHpuMep:
nepphifi 06BEKT ~— ON)eAeJCHHEIA Yes0BeK, BTOPOH 00beKT — H300paXKeHHs
Ha GOTOCHUMKe; TPeSyeTCs ysHaTh, ABIAETCS JIK BTO usobpaxenue usobpa-
JKeHHeM HHTePecyiolero Hac JAxua). MoXHO NHITaThCA TaK yCTaHABAHBATDH
CoBNaJieHHe uAM HecoBNafileHWe o6HEKTOB: BhIOpPaTh HEKOTOPHIE NPOCTO BhI-
ync/seMble QYHKUMYE ¥ CPaBHEBATh MeXKIAY CoGofi sHaueHHA STHX yHxiui
Ha 9THX o6bexTax. PasyMeercsl, As TOXACCTBEHHEIX OOBEKTOB BCe COOTBET-
CTBeHHBIE 3HayeHud coBnafyT. OHH MOT'YT COBNACThb U JJ1fl Pa3AHYHBIX COBeK-
TOB, HO 970 MaJsioBeposTHO. ([Tpu oToxAecTBIEHHH Ye0BEKa 6 HOTOCHUMEOM
B KaueCTBe TaKHX (PYHKUMA GepyT HeKOTOphle KapaKTepHHIE YepellHble pac-
cTosinus.) B npolecce A0KasaTelbCTsa TeopeMH COBHAJEHHE HJIM HeCOBNa-
HeHU® ABYX HHCEJ YCTaHABAHBAETCH MOCPELCTBOM H3YUEHHS COBHAfeHHS
HI¥ HECOBMaJeHHsA MX OCTATKOB MO 1eKOTOpPOMY (OJIHOMY eAMHCTBEHHOMY!)
mozyJ1o. KoHeuHo, 0CTaTKH MOTYT COBNACTh, a HCCAGLYyeMule HuCTa OKasaTh-
cs paMuHBIMH, HO aBTODP IOKA3BLIBAaeT, 4TO IIPH Pa3yMHOH OPraHH3anHH
cayuafl Hor o noafopa MOLyns y PasiuulbIX YuCes C BHICOKOH Bepo-
SITHOCTBIO OKaXKyTCH Pa3JANYHBIMH H OCTaTKH.

. O6cyxnaemas TeopeMa (Touree, ee npegsap uTeIbHbIA BapuanT us [@peit-
Baag, 1975), rae eMecto In n crosano 1n? n) npencranaser coGoft mep By 10
(HCTOPHUECKH) TeopeMy, IJe OTHOCHTeNbHO KaKofl OBl TO HH GRIIC KOHKpeT-
HO# QYHKIHN NOKa3aHO, YTO BEPOATHOCTHbIE MAIIMHE! BHIGHCJASIOT € aCHMI-
TOTHYECKI! GHICTpee ACTEPMHHHDOBAHHBIX.

EcTecTBeHHO BOSHHKaeT BONPOC, HeAb3st JH NOPAROK n.ln n, Haiijien-
HbI g pacno3raBanus CHMMETPHUH Ha BepPOATHOCIIBIX MalinHax, eme

yMenbiunTs, OTpunaTedsHedi OTBeT Ha S5TOT BONPOC JaeT cJaedylowas
YeopeMa, ’
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Teopema ([Ppeiteany, 1975], [Ppeitany, 1979]). Mycts 6<<1/2 ¥ mycers
HeKOTOpast BeposTHOcTHast MamuHa Triopunra (MTBB) pacnosnaer cum-
metpuio caios B andasure {0, 1} ¢ BepoatHocTho 1—¢ 32 BpeMst £(x). Toraa
CYHIECTBYET TaKaa KOHCTaHTZ ¢2>0, uTo J/1s1 GeCKOHeUll0 MHOTHX X BEINOJ-
HAIeTCS

t(x) >c|x|-logy| x|, rne | x| — gnuna cnoBa x,

Onue u3 NHOHEPOB TEOPHUH BRIYHC/EHHMH Ha BCPOSTHOCTHEIX MAIIMHAX
ToiopuHra —— aBTOp OAHOM W3 MepBBIX TeopeM Ha 3Ty Temy — JUk. [naa
BuifBHHYT (cM. [Fmima, 1974] runotesy, wro mpeMMymecTBo BO BpeMeH:
BBLIYHC/JICHUS BEPOATHOCTHHIX MaLMH nepejl AeTePMHHHPOBAHHEIMU He MOXKeT
CKa3BIBaThCA AJIA JIOUTH BcexX (T. e. BCeX, KPOMe KOHeUHOro uucsa) apry-
MeHTOB. CHTyalust ¢ PaCNO3HOBAHMEM CHMMETDHH, Ka3aJoch Gbl, MOJTBEPXK-~
Raer 3Ty runoresy. IeACTBHTeJbHO, Aaf GeCKOHEYHO MHOTHX CJIOB — Ha-
IIPUMED, COCTORLIMX H3 OJHHX HYyJIeH — HHKaKasd BepOATHOCTHAA MaliMHa
He MOMeT paGoTaTh GLICTpee JeTeDMUHHPOBAHHOH (eCaH, pa3ymeeTcs, pac-
CMaTPHBATh JHMIb BHIYHCACHHS C BEDOSATHOCTHIO, Goabimelt, yeM 1/2). Onnako
runotesa ['wiima OxasbiBaeTcst HeBepHOMH; 9TO YCT4HOB/IEHO B CJIeflyioielt
TeopeMe. SI3piK F, 0 KOTOPOM rOBOPUTCS B TeOp2Me, COCTOMT M3 BCeX TeX
¥ TOALKO TeX ¢1I0B P B HeKOTOPOM QURCHPOBaHHOM ORHOOYKBEHHOM aida-
BHTe, A1 KOTOPHIX HafilyTcst HaTypadbHEE 4 ¥ U CO CJejylomuMH CBO#-

cteamu: 1) O<Sv<u; 2) mauEa caoBa P paBHa 2%3%-fp,

Teopema ([Ppefinann, 1975], [®pefivang, 1979]). (1) CymecTsyer Be-
poaTHOCTHaa MamuHa Thiopunra (MTBB), KoTopas 4aa CKOAL yTORHO Ma-
JIOTO NOJOKATENBHOIO € € BEPOATHOCThIO 1—& pacno3naeT A3kIK ' 32 Bpemd,
no nopspky pasHoe |x|-log,log, Ixl, rie x| — pauna pacnosnaBaemoro
caoBa. (2) daa mo6oéi gerepMurnpoBaHHOH MamkHu Teiopunra (MTBB),
pacnosxawomeit A3uK F, cymecTByeT TaKast KOHCTaHTa ¢ > 0, 4T0 4Ad BCex
X, KpOMe KOHEYHOro 4ucia, BpeMs paGoTH MalIMHBL H2 X HE MeHbllUe, 4eM
c-lxl -logyixl.

Takum o6pasoM, ObiEaloT GYHKUHH, AaS KOTOPRIX NPEHMYILECTBO B
GLICTpofefiCTBHH BePORTHOCTHHIX MAIIMH mepel AeTePMHHHPOBaHHEIMH JO-
CTUraercst AIS MOYTH BCeX apryMeHTOB.

Crepyiomufi pesyabTat KacaeTCs TORKOTO BOMpoca: He BHI3BAH JIH
a¢pekt GHCTpoAeCTBUESA BePOATHOCTHEIX MALIHH paspellleHHeM aBaTh, XOTH
¥ C MaloH BepOSITHOCTBIO, HeMPABHABHEIE Pe3yAbTaThl HAH Xe He JaBaTh
peayabraTa Bosce. OKa3EIBaeTCs, YTO HeT, He BEI3BaH, JlaBaltTe orpanuyuMces
«moursimus (MO OTHOLICHHIO K BRYMCAAEMON (YHKIHH @) BepOATHOCTHHIMH
MaiMHaM#d, 8 HMeHHO MAIIHHAMHY CO CJeLYIOIHAMY ABYMS BONOJHHTEAbHEIMH
CBOMCTBaMH: BO-MEPBLIX, MAMKHA AJIs KaXKAOIO apryMeHTa ¢ BePOTHOCTHIO 1
KOHyaeT paboTy ¢ BhIauefl HEKOTOPOrO Pe3yJ/ibTaTa; BO-BTOPHIX, €C/IH Ma-
[IHHA BEIRa/a Ha apryMeHTe X DPesyabTaT y, To y = @ (x). B [dpefipang,
1979a} cTpoutcsa GyHRLUA @ (BCIOLY onpefielieHHAss Ha MHOXKeCTBe BCeX CJIOB
HeKoTopore anadaBuTa M MPHHEMAMOWIas JTHmb 3HaueHna 0 Wau 1), ¢ TeM
CBOfICTBOM, 4TO HHKaKaa AeTepMHHHPOBaHHAR MallMHa THIOPUHra He MOXKeT
BRIYKCJIATD €€ 33 BPEMS, MeHblliee 0 NOPSAKY, YeM le"/ 2,V logx], rae |xi—
AMHHE CJI0BA ¥, FIHHME CI0BaMH, IS BCAKOH AeTePMUHHPOBAHHON MAaIIMHB
Toiopunra (MTBB) nafizercs Takas Koucranta ¢0, 4To A1 6eCKOHEYHOro
KOJMUeCTBa cJI0B OyJieT BLINOMHERO HepaBeucTeo ! (x)> |xl3/ 2V log|x|, rae
{(x) — BpeMa BHIYHCAEHUS QYHKIUU ¢ HA apryMeHTe . A 3atem pas aroit
Ke ¢ OpeiiBaqioM OHAa NOCTPOEHA TOYHAR BEPOATHOCTHAA MalluHa
(MTBB) co caexywomuM cpofictBoM: Aas mo6oro x M st moGoro &0
BEpOATHOCTb TOTO, YTO MamHHA Npy pafoTe Ha X S3aKOHYUT paGoTy 32 BpeMs
O (Ix! -log |xl), npesbumaer l—e,
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Takum 06pasoM, BHSB/AETCS INaBHasA JPHYMHA GLICTPOAeHCTBUA
BEPOSITHOCTHHIX MaIIiH TI0 cPABHEHHIO C eTepMUHHPOBAHHBIME, DTa NPHYA-
Ha 3aK/I0YaeTCHA He B BOSMOKHOCTH (XOTA Gbi U MaJiOBEPOSITHOM) HOAyUenus
HeNpaBHJIBHOTO pesyjbTaTa, a B TOM, YTO JJIs BePOATHOCTHOH MAMMUH
BO3MOKHE! Dag/IMyHEIe Deanusauiuy ee paGoThi (Ha OQHOM H TOM Ke apry-
MenTe); U BepOATHOCTb TOrO, UTO Cpelld STHX peaausallufl HafijgyTCa cpas-
HHTeJbHO KOPOTKHE, MOXeT OHTB CjefaHa JOCTATOYHO BEICOKOH.

Bonpoc Bepua au runoresa I'mana ana TOUHBIX MaiidH?

Caepyromue ABe TeOPeMbl MOKA3HBAIOT, YTO MepeXof K BepOATHOCTHBIM
BHIYMC/ICHHAM IPHBOLUT K BHHUIDHILIY He TOABKO BO BPeMeHH, HO # B NpO-
CTPAaHCTBE, @ HMEHHO — B JIEHTOYHOH CJOXKHOCTH (eMkocTu). B ofenx
TeopeMax PacCMaTPHBaIOTCA MamHHH ThiOPUHra ¢ BXOJHOH JeHTo: B mep-
Boff H3 HUX — OJHOCTODOHHHE MamUHEI, BO BTOPOH — ABYCTOPOHHHE.

TeopeMa 00 ofHocTOpoHHHX Maumuax ([®pefiBanx, 1981z, nm. 5,
[Ppeiiang, 1983]). CymweciyeT Takas ¢yHKIOUA ¢ U3 MHOXKeCTBa CJIOB B
muoxectso {0, 1}, uro

1) ana awboro &3>0 cymecTByeT BEPOATHOCTHaA OAHOCTOPOHHAA Ma-
muna THIOPUHTA, BHUHCIAIOWAS Q C HePOATHOCTBIO 1—€ 1 ¢ eMkocThIO log,lxl,

2) s moGofi feTepMUHHPOBAHKOH OJHOCTOPOHHe! MamuHE ThIOPHHT A,
BRIYHCJISIONIEH Ty Xe (@, Haifijiercs Koucrauta ¢>0, Takas 4To s GecKo-
HeqHO MHOTHX CJOB X eMEKOCTb Gyjer npeBnmaTh ¢:lx],

OkasuBaeTcs, B 9Tofi TeopeMe (pasyMeercs, s Apyro#i ¢) BMecto [x]
MOYKHO NOACTaBUTh 10g,| x|, HO HeIb34 HU A5t KaKoR @ noicTaBuTh log,log, %],

HakoHell, TeopeMa O ABYCTOPOHHHX MamuHaX u3 [PpefiBang, 1583]
OHEeHHBaeT €MKOCTh, ¢ KOTOPOH BEIMUCAAETCSA XapaKTepHCTHUECKas (hyHKRUNA
MHOKecTBa c/0B Bufa {0717}, 3To MHOXECTBO HEPETYJAPHO, U MOSTOMY Ha -
JeTepMHHHPOBAHMKIX YCTPOMCTBAX €MKOCTh He MOXeT ObiTh OrpaHHueHHOH.
H3BecTHO, 4TO /1S NeTEPMUHEPOBAHHLIX ABYCTOPOHHHX MaiuuH ThiopHHra
OHa HMeeT MOPAKOK In n (pesyabrar X apTMaHuca ¢ coasTopaMi, cM. [CTupHs,
Xapt™anuc, Jlbioue, 1970]). Teopema o JBYCTOPOHHHX MAamIUHAX JaeT pe-
SyJbTaT, KOTOPEIi TPYXHO HaspaTh HHadue, KaK MOPAasHTENbHEIM: A/ Bepo-
ATHOCTHHIX ABYCTOPOHHUX MaIlHH éMKOCTh BHIYHC/ICHHS YKa3aHHOH GyHKIUH
MOXHO cuuTaTh KoHcTaHToH! ([IpaBia, sTa KOHCTaHTa pacTeT C MOBRILERHEM
BGpOﬂTH;)CTH T0ro, YT0 NPaBHAbHBIN pe3yabTaT CyleT NOAYUeH C STOH eM-
KOCTBIO,

§ 1.3. Popmanpnbie onpegenenus

Srot naparpad EMeeT BCnOMoraTeabHblt Xapakrtep, B HeM npusoxsaTcs
TOYHBEIE OfpefeseHHsl TEPMUHOB, HCNOJb3yeMHX B JonoaHenuu, Pepakius
OCHOBHEIX onpejencHufl npuHagnexur P. B. Qpeitsanpy.

Mui orpanuyuBaeMcs GYHKIUAME, OnpeleeHABIME HA MHOXKECTBe BCeX
C/IOB HEKOTOPOro KOHEUHOro anadaBuTa W NPUHAMAIOWUME JHUMb 3HAYCHUS
0 u 1. Kaxjas Takaa QYHKIHS NOAHOCTBIO XaPaKTePHSYETCA NOAMHOMKECT-
BOM CJIOB, Ha KOTOPHIX ée aHaueHue paBHO 1. [IponeRypy BeGuCAeHAS TaKoil
(YHKIEY MOXHO pAcCMaTPuBaThb KaK OPOUEAYPY PACIO3HABARHA 3TOro
noxMHoxecTsa, [1po C/I0BO, Ha KOTOPOM GYHKIHA PaBHa |, TOBOPAT, UTO OLO
npunumaemes, 0po CloBo, Ha KOTOPOM ¢GyRKIHA paBia 0,— 9TO OHO omsep-
eaemcs.

B Teopum pacnosmaBaHus NpPOMSBOJIBHOE MOAMHONKECTBO MHOMKECTBA
BCEX CJIOB B KaKOM-JHGO andaBuTe (B TePMUHOJOTHH 3TOH KUUTH CA0GAPHOE
MHOMCECITIE0) TIDHHATO HASLIBATD ASHIKOM, STy TepMUEOVIOTHIO Mul 1 HPHHUMA~
em B JamuoM JHononuenmm, )
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Zemep munuposannas 00HO02020604HAR  OOHONEHMOYHAR Mawuna Teow-
punea Ge3 exoda u ewxoda — s10 nsrepka (X, S, g1, qs, I}, rae
)2 — KoHeyHHlt pabouuil ashasum (6YyKB Ha JeHTe), BKIOUAIOWUN CHM-
BOaX A;
S — KOHeuHBIt aNDaBUT GHYMPEHHUX COCHOAHUT;
gi — unuyuareroe cocmoanue (g € S);
. gs — cmon-cocmosnue (gs € S);

I — MHOXeCTBO uHempykyud, uau xomand. Kaxkpas MHCTPYKUHS AB-
aseTcs nenoukoll cumpomoB m3 XX SX{—+}XSX XX {C, R, L}. Ilepsue
IBa CUMBOJIZ HHCTPYKIHU HasLiBalOTCA €e 4e60i wacmolo, a NOcAesHUe ABA
CUMBOJIa — €€ npasod uacmewo, Tpebyercs, yToGu AAA moGofil HeNnoYyKH U3
XX (S\{gs}) B MHoxecTBe / Hammach ofHa ¥ TOAbKO OXHA HHCTPYKIMUA C
TaKofl JIeBOH YacThio.

Y 3Tolt MaiMHB UMeeTCH OAHA 2eAMA, MO KOTOPoil nepeaBUraeTcs OgMa
20208Ka. B HauaNe pa6oTH HA 3Tofl JIcHTe HANlNCAHO PacCCMATPUBAEMOE CJIOEO.
JleHTa GecRoHeuHa B 06e CTOPOHHI, U BCe AYEHKH, He 3aHATHE JAHHHIM CJIO-
BOM, 3alOJHEHH CHMBoaaMu A. MammuHa HayuHaeT paGoTy B COCTOSHHH gy,
TOJIOBKa B HayajJe paGOTEI PaclOAOXKeHa Ha MepBOR c JeBOl CTOPOHE! GyKBe
paccmaTprBaeMoro caoBa. ITycTb Ha ouepeiHOM mare PaSOThl MailiMHBl COCTOfA-
HHe paBHO ¢, € S u ronoBka obospesaeT 6yKBY ¥ € X. IlycTb MHOKecTBO [
CONEPHKUT HHCTPYKIMIO X¥]p—>qg % C. TOrRA MamiuHa Ha STOM L1are NepexofuT
B COCTOSIHHE §+, 3aMeHseT GyKBY ¥ Ha X', ¥ ecad {=R, To roJjoska jpu-
raeTcs Ha OfiHy fueliKy ExpaBo, eciim {=L, 10 jBUTaercst Ha OAHY AYeHKY
BJIEBO, H €C/IH (==¢, TO OCT&eTCH Ha MecTe, BaxHO OTMETHTb, UTO BEIYHC/ICHHA
He 0053aTeJIbHO NPOXOAAT TOJAbKO B TOH 4aCTH JIEHTH, KOTOpas NepBOHa-
yanabHO ORlIa 3aHATA JBaHHEIM CJOBOM. MamuHa KoOHuaer paGory, KOTRa
BhIpabaThiBalonieecss HOBOE BHYTpPeHHee COCTOAHME PaBHO ¢g. JlaHHoe cloBO
npuHUMAeMCS, eCTH B MOMEHT 3aBepiueHHsT paGOTH roJoBKa 0603peBaer |,
HENOCPEJICTBEHHO CJIeBa W CMpaBa OT KOTOPOfl croMT no Gyxse A. HauHoe
CJIOBO 0MBepeasmcea, eCAy B MOMEHT 3aBepIlieHHs paGoTs roJoBKa 0603peBaer
6yxBy 0, HemocpeJCTBEeHHO CJieBa H CMpaBa oT KOTOpofi crout no Oykee A.

ToBopar, uto Mamuna pacnosdaem 3wk L, ecnu sTa MamaHa Npuuu-

Maez Bce CJIoBa U3 a3tiKa L u oTBepraer Bce CJAoBa U3 fonoaHeHus L s3ml-
Ka L.

Jlemep Munuposanian 0OHOACHMOYHAR 00H02020804KHaR mawuna Teto-
punea ¢ exodom u epixodom — 910 mecrepka (X, Y, Z, S, gi, I), rae

X — KoHeuHHl 6x00#0d aagasum (GYKB Ha BX0Ae), BKJOYAIOWUHA CHM-
poa

}#—— KOHeuHRlll pabouuit argasum (6yxB na paGouelt JeHTe), BKAKOTAIO-
wuft cuMBOT Aj;

Z — KOHeuHbH euix00Hotl asgasum (BYKB Ha BEIXOJE), BKJIOHaIOmHH
cumpoa A;

S — KoHeuHblfi anQaBUT GHYMPEHHUX COCIMOAHWI,

g{ — UHHUHaJBHOE cocToAHue (i€ S);

I — MHOXKeCTBO uUHCMpyKkyud, uin koMand. Kaxpas MHCTPYKIHA sB-
Aserca UenogKoll cuMBosioB H8 XX Y X SX {—}XSXYXZX{C, R, L}.
[Tepehie TPH CHMBOJIZ HUCTPYKIHH HaSHIBAIOTCA ee 4es0ll 4acmbio, a Mocsel-
HHe ueThipe CHMBOJa — ee npaeoi sacmeto. TpeGyercs, 4Tobml Aas moGoit
nenouks U3 XX Y XS B MHoecTBe | HAamAach OZHA ¥ TOJBKO OAHA HH-
CTPYKUHUA C Taxofi JeBoH 4aCThIO.

"V STof MamMub HMeeTcs ofHa GecKoHeyHast B 00e CTopoHH! pabowaA
Aenma, Yo KOTOPol NepeBAraeTcs oiua 20406ka. B Hauale paGoTh MamuHa .
HaxOJHUTCH B COCTOAHHH gy, Ha BXOX l'lOCTyI'(aET nepsas 6yKBa paccmanH-y
BaeMOro copa, paGoyast aewta mycra. [afee, Ha BTOpOM iiare Ha BXOR
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HoCTynaeT Bropast 6yKsa CJIOBa, Ha TpeTbeM Iuare — Tpetbst M T. . [Tocie
NOCTYINIEHHST Ma BXOJ Moc/egHelt GYKBH C/IoBa HAYMHAIOT MOCTYNaTh CHM-
Boib #k. TlycTh Ha ouepepnoM imare paGoTH MaIUMHEI COCTOSHWE PaBHO
g, &S, ronoBka 06ospesaer GykBy y €Y H Ha BX0Jl IOCTYNaeT CUMBOJI ¥ € X.
Ilycts MuoxkecTBo / COAEPIKUT HHCTPYKUMIO xyqp — Gry'25. Toraa Mamu-
Ha Ha 9TOM liare NEPeXOBHT B COCTOsIHHE gpr, 3aMeHfeT OYKBY y Ha Y,
BHA2€T Ha BHXOR 2, B ecau {=R ({=L), T0 ronopka ABHTaercs Ha OJHY
siueliKy BnpaBo (BJEBO), M ecnu =c, TO ocraercst Ha Mecre. [laHHOE CI0BO
npuKumMaemcs, eCad MePBHt OTIMYAOWHICK 0T A CHMBOJ, BBbLJAHHBIE Ma-
WHHOR Ha BHIXOJ IOCJe MOCTYIUIEHMA Ha BXOR MocseRHell GyKBbl BXORHOIO
cioBa, paBeH 1. CJI0OBO omsepeaermcs, eclid 3TOT CHMBOJ paBed 0,

Hemepmunuposarnas  o0nocmopornan  mawuna  Tolopunea — 310
ceMepKa (X, Y, S, g1, Fa, Fr, I}, TR

X — KoHeuHwlt sxo0Hod asrgasum (GYKB Ha BXOLHOH JNeHTe), BKJO-
uaiomwuil ceMBOX Ff;

Y — koueuHm# pabouuil argasum (Gyks Ha paGouefi JeHTe), BRJIOYAIO-
HiHA cHUMBOT A;

S — xoHeunmfl andaBUT GHYMPEHHUX COCMOAHUL;

gi — uHuyuasbroe cocmontue (§1&S);

F, — MHOXeCTBO npununaowux cocmosnuil (F,=S);

F, — muomxectso omsepeatouyux cocmoanuii  (F.=8S);

I — MmHOXecTBO uncmpyryud, uiu xomand, Kaxpaa uHCTpYRuus fAB-
asercs memouxoli cuMBodoB Ha XXYXSX{—}XSX{C, R}xXYX{C,
R, L}, npuueM, ecin nepBHi CHMBOJ HHCTPYKUHH paBeH =, TO mecToil
CYMBOJ 3TOH MHCTPyKUuH paBeH C. IlepBele TPH CHMBOJA WHCTPYKUHM Ha-
3HIBAIOTCA €€ /660f} 4acmblo, a MOCJeLHHe UYeTHpe CHMBOJE — ee npasodl
uacmeto. TpeGyercs, uTo6el st JioGofl menoukd H3 XX Y X (SN (FqU
U F;)) B MHOKecTBe / HamAack OfHa M TONBKO OAHA HHCTPYKIHSI C TaKOH
JeBOH 4acThio.

VY aTofi MalMHE HMEIOTCS Be AeHTh. OfHa U3 HHX 6¥00HAA, HA KOTOpOi
HallHCZHO paccMaTpHBaeMOe BXOJHOe CJIOBO, W JXpyras — pabouas, He-
IIOCPeJCTBEHHO Noc/Ie nocseHel! GyKBH CIOB2 Ha BXOAHOM JeHTe HamucaHa
oaua 6ykea . Ha Kaxnoft Jente pacnonoxeno no oxuoli 2os0exe. Mamnna
HauuHaeT pabOTy B COCTOSIUMH Gy. 1 010BKa BXOLHOH JeHTH B Hauyale paGoOTH
pacnonoxeHa Ha nepBof 6yKBe BxojHoro chosa. Pabouast JieiTa B Hauade
pa6oThl IyCTa, T. &, BO BCeX ee fAvefikax 3amucaHH CHMBoJhl A. ITycTh wa
OYepeAHOM imare paGoTEl MalHHEL COCTOSTHHE PaBHO g, € S, roJoBKa BXoj-
HOH JleHTHl 00o3peBaeT GykBy x€ X, ronopKa paGouedl JeHTH 0Go3peBaeT
6ykBy yE€Y, ¥ nyCTh MHOXKECTBO J COACPIKUT HHCTPYKIHIO XYGr—>qk+ Crtf To.
Toraa Mal¥Ha Ha STOM Llare MEPeXOAUT B COCTOSIHHE fy; ecau Lj==R, To
rOJIOBKa BXOAHOA JICHTHI JBHI'a€TCS MO JeHTe Ha OJHy AUefiKy BIpPaBo, a
ecyiu §;=C, T0 ro/loBKa BXOJHOH JEHTH OCTaeTCs Ha MecTe; BMeCTO GyKBLi y,
ofo3peBaeMoit Ha paboueil JeHTe, MaliWHa neyataeT GYKBY y', 4, ecid [,—R,
TO roJI0BKa paGoyefi eHTH JBUraeTcs Ha ONHY siYeliKy BNpavo, ecau {,—=L,
TO — BJIEBO, B echu {,=C, TO ronoBKa pa6ouefl JeHTH OCTaeTCs Ha MecTe,
Mamuna KoHuaer paloTy, Koria BHPaGaTHIBAIOIIEeCs HOBOE BHYTPeHHee
coctosinge npunagiexut F,{J Fp.. CnoBo npurumaemes, eciu sT0 COCTORHMR
npHHaIeRUT Fg, W omsepeaemes, ecay — NpPUHANLIERHUT F,,

Jemepmunupogannas dsycmoponnas mawuna Toropunea — 3T ceMep-
Ka (Xy Y’ Sr qi: Fav Fr, I)a l'ﬂe

X — xoHeuHHit anpaBHT (6yKB Ha BXOZHOM JeHTE), BKMoYalonisil
CHMBOIH b u 3

Y — xoueuusilt exodnod argasum (GyKe Ha paGouedt JeHTe), BKAIOYAIO-
wHd  cuMBOJA  Aj

S — RoHeuHwift palouus asasum eHyMPeHHUX CoCIOANILT, v
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N
“gi — uHuyuassroe cocmosrue (q; €S); :

F, — Muoxecrso npurumarouwux cocmoanul (F,<=S);

F, — MuOXecTBO Omeepearowyux cocmosnuii (F,=S); ’

I — Muoxectso uHcmpyxkyuil, uian romand. Kaxpas uHCTPYKums
ABAAETCH LENMOuKOH cuMBOAOB M3 XXYXSX{—}XSX{C, R, L}x
XYX{C, R, L}, mpuuem ecnu neppuil cHMBOJ WMCTPYKUHMH DaBen H,
70 wecToH cUMBOJ 5Toft MHCTpyKuuu npunafaexur {C, L}, a eciu nepswit
CHMBOJI MHCTPYKUHH paBeH h, TO 1UECTOH CHMBOJ 3TOH MHCTPYKUMH NpH-
nagrexut {C, R}. Tlepsble TPH CHMBOJa MHCTPYKLHM Ha3HIBAIOTCH ee
22604 4acme0, a mochefive YeThipe CHMBOAA — ee npasod uacmsio. Tpe-
Gyercst, yToGbl AJds JmoGofi nenouku u3 XX Y X (SN (FgU F;)) Bo MHOMKE-
cree I Hamsach oOf@a M TOJMLKO OfHAa HHCTPYKHMSI C Takoft JieBOH
YacThIO.

VY a10ft MamuHLL HMelOTCS ABe JAeHTH. OfHa M3 HHX 6X00HAA, HA KOTO-
poit HanMcaHO paccMaTpHBaeMOe BXOJHOE CJIOBO, U JApyras — paGo4as.
Henocpeactsenuo nepen nepsofi OykBo#i BXOAHOrO €JI0Ba HanucaHa OfHa
6yKkBa p, U HENOCPEACTBEHHO NOcJe ero nocjieaneft 6yKB HanmucaHa ONHA
Gyksa 3. Ha Kaxpuolt Jiente pacnofioxeHO 10 OAHOH roJoske. Mamuua
HaykHaeT paboTy B COCTOSIHUH §y. T'0/I0BKA BXOLHOM JIEHTH! B Hauajie paGoTh
pacrosioXeHa Ha nepsofl GykBe pacrnosHaBaeMoro ciosa. PaGouas JeHTa B
nayade paboThl Iycra, T. €. BO BCeX ee siyefikaX samucaubl CHMBOAR! A.
Tycrb Ha OuepefHOM luare PaGOTH MAIIKHE! COCTOSIHKE PaBHO g € S, ronos-
Ka BXOAHOM JIeuTH ofo3peBaer 6ykBy x € X, rosioBKa paGouelt JeHTH 06o3-
peBaer 6ykBy y €Y, u mycTh MHOXKecTBO / CONEPMHUT MHCTPYKUHIO XYqg —
—qpe Gy’ o, Toraa MawMua Ha 5TOM Iare NEPEXOAHT B COCTOAMHE (p-;
ecitn {;==R, TO ro;ioBKa BXOJHO# JIEHTH! IBUTA€TCs N0 JICHTE HA OJIHY SuelKy
BIIpaBoO, ec/ii §j=L, T0 — BJEBO, u, eciin §;==C, TO r0JIOBKA BXOLHOMN JIEHTH
OCTaeTCsl Ha MecTe; BMeCTO OYKBH y, 0603peBaeMoii Ha paGoueil nenre, Ma-
muHa neyataeT GYKBY 4, H, ecaH %2=R, TO roJioBKa pafouell JeHTH! ABU-
raeTcs Ha OfHy siuefiky Brpaso, eciu {,=L, T0o — BaeBo, H ecnu $,=C,
TO rosioBKa paGoueil JeHTH ocTaeTcs Ha Mecre, Mamuua Koxuaer pafory,
KOrJia BHIPAGaTHIBAIOLIEECS HOBOE BHYTpeHHEE COCTOSIHME HPHHALMEKHUT
F,UF,. CnoBo npurumaemcs, echii STO COCTOSHHE NpHHALIEXKHT Fg H
omeepeaemca, echu -— NpHHajJAeKuT Fp.

[is BceX paccMaTpHBaeMBIX HaMH MaIUKKE TOBODSIT, YTO MAMIMHA
pacnosnaem s3eIK L, ec/in sTa MawHHA NPUHHMAeT BCE C/OBa 3 f3bika L
¥ otBepraer sce cjosa us L. .

B JlonoaHenuu paccMaTpuBalOTCS ABe pa3finuHple (HauGoJiee NOMyJIsp-
HEIE) Mephl CJAOKHOCTH BHYHCIEHUH Ha MamnKaX ThiOpHHAra: 6pema pabomet u
ACHMOUHAA CAOXCHOCMb (JUVIMHA HCMOJIb30BaHHOH wacTH paboueil JeHTh).
TToCcKOABKY H3YueHHE STHX Mep CJIOMCHOCTH KakK QyHKUHA OT BXOAHBIX CJIOB
3aTPyAMMTEbHO H3-3a, BOOGIIE roBOps, GOJBMOro pasépoca KX 3HaueHui,
OGLIYHO H3YYAIOTCS 60A€S CrAAMKEHHbIE CJIOKHOCTHRE XapaKTePHCTHKA «B
xyameMm ciyuae». Tag, uepes t;n (x) MB1 GyzeM 0GO3HauaTb BPeMsI pPaGOTH
Mamunel 1t Ha chose X, a uepes fy (n) OGyzem o6osHauaTh MaKCUMYM {3y, (x)
110 BCEM BXOZHBIM ¢JI0BaM x (B AAaHHOM andapuTe), JJIHHA LOTOPHX He Mpe-
socxonur n. Uepes s;R (x) Gymem oGo3HAuaTh WHMCJAO HCNOJBL3OBAHHLIX
siueek Ha pabouell JeHTe, a uepes sy (1) — MaKCUMYM 9TOH BEJHYHHEL MO
BCeM BXOAHBIM cJloBaM (B KanHoM andasHre), AJiHHA KOTOPBIX He NPEBOCXO-
4T n. Bee ofeykaaBiluecs: pesy/ibTaThl OTHOCUJMCE TOJBKO K YHC/IOBHIM
QyHKUAAM fyy (1) B sy (7). Tak, Hanpumep, Brpaxenue «Mawmuka it pado-
TaeT B AuHelinoe speMay, O3HayaeT, YTo CyeCTBYeT TaKoe ¢> 0, YTo Anist 3cex
n BHNONHAETCA Iy (n)=<con.
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YacTo paccMaTpuBAIOT ¥ OAHO Chenudpuyeckoe OrpanuyeHHe BpeMeHH

paGoTel MaIMH, D10 paGoTa B pearvroe spems. TIpu Takol paGoTe MamrHHL! B
Ka/[bl MOMEHT Ha BXOJ NOCTyMNaeT oyepefuast 6yKpa BXOAHOrO CJIOBA, M Ha
BEIXOJl TIOR2eTCst OTBET, NMPHHAANEXKHT MM He NPHHAJJMEKMT pacuo3HaBae-
MOMY SI3BIKY CJIOBO, IOCTYNHMBIIee Ha BXOA A0 CHX HOP.

IycTb ¥ — oMK M3 THIOB MallKH, PaCCMOTPEHHBIX B 3TOM Taparpade.

Onpefeneune sepoamrocmioy Y-MamnEE OTIMYACTCS OT ONpenesenHs
JerepMusnpoBantol  Y-MammHK Tem, wro B JeBO uyacTH HHCTpYKuuH
NosIBJISIETCS elie OJMH CHMBOJ ~—— BBIXOJHOE 3HaueHHe JaTuHKa CJOydaiubixX
YHCceJl C KOHeYHHM afJ(aBuTOM, KOTOPHIH Ha KaxJoM mare paGoThl BbiiaeT
CBOU BHIXOJHBIE 3HAUCHUSI PABHOBEPOSITHO ¥ He3aBHCHMO OT 3HaueHHH, Bbl-
JaHHEIX HA Lpyrux marax, TpefoBaHue, uTOGBI AJISl Kax/A0o% BOSMOXKHOM
JeBoft YacTH MHCTPYKIHM (JOTOJIHEHHOH Tereph €lle ORHHM CHMBOJIOM) BO
MuoxecTBe / Halwiach OAHA M TOJNLKO OJHA HHCTPYKLHMS C Takoil JieBoH
9acTbio, COXpaHsercs. :

Peasusayued pa6oTe! BeposiTHocTHOR Y-MamHHH HasbBaeTCs nocaeko-
BaTEABLHOCTh BBINMOJHEHHBIX HHCTPYKUMH.

Jist Kaxjoft aaxanuuBaromeficss peasysanus paGoTEl BEPOSITHOCTHOH
Y-MamKuHE MOXKHO IMOACYMTATH BEPOSITHOCTb S5TOH peanusanuu. Beposir-
HOCTh pesyJ/bTara y npH paGoTe MamuHm St Ha x — 3TO cCyMMa BepOSTHO-
creft Tex peanusaumii pabotet N Ha X, NPH KOTOPBIX BHIPaGaThHIBAETCS pPe-
syantar Y. BeposruocTb pesysbtaTa y 3¢ apeMAa f(x) (COOTBETCTBEHHO, €
AEHMOYHOL caoscHocmeo g (X)) npu patore MamuHH It na x — 570 CyMMa
BeposITHOCTe TexX peasu3anuit paGoTh S} Ha X, MPH KOTOPHIX BpeMsi paGoTh!
ve npesbiaer f(x) (COOTBETCTBEHHO JIEHTOUHAS CJ/IOXKHOCTH HE MpeBHIUAeT

x)).
8¢ ByneM rosoputhb, yro BepositHocTHast Y-Mawmnua Nt pacnosnaem siamx L
¢ geposmuocmoero p, ecir St npu paGorte ua JIIOGOM X C BEPOSITHOCTHIO, He
MeHbIIefl YeM p, BHJAET pe3yJbLTaT

1, ecn x€L,
0, ectn x€L,

CL () ={

ByneuM roBoputs, 410 BepositHocTHas A-Mamuua N pacnosnaem asvig L
€ US0AUDOBANHOL MOMKOL Cevenusn, €C/H CYLIeCTBYET Takoe uueao p>1/2,
uro Nt pacrosnaer L c BeposTHOCTBIO p.

Bynem rosoputs, yro BeposivHoCTHast U-mamuna T pacrnosuaer ssbK
L sa spems f (x) ¢ 6eposmuocmero p, ecau N npu paGoTe Ha J060M x C BEpO-
SITHOCTBIO, HE MeMbIIeR YEM p, OCTaHMaBJHMBAETCS He NMO3MKe YeM 3a BPEMS
f(x) ¢ pesyarratom Cf (x).

ByZem rosoputh, 4To BeposTHoctaasi U-Mamuna N pacnosnaem a3bIk
L 3a epens /i(x) C USOAUPOBARHOE MOHKOL CeteHus, eCllH CYLIeCTBYeT TaKoe
qucey10 p>1/2, uro Mt pacnosuaer snswik L 3a speMst f(x) ¢ BEPOSITHOCTHIO
p.

Byzxem rosoputh, uTO BepositHoctnas U-Mammuua Nt pacnosnaem sswK
L ¢ aenmounod caoacriocmoro g(x) ¢ éeposmuocmsro p, ecau It npu paGore
Ha JIo60M X C BEPOSITHOCTBIO, e MeHbIuell YeM p, OCTaHaBJIUBaeTCs, H3pac-
XofoBas He Gosibie YeM g(x) siueek paGoueli JeHTHI, C pedyabtatoM Cf (x),

ByzneM rosopurb, uTo BepostHocTHast H-mawuua S0 pacnosnaem s3bIK
L ¢ 2enmounod cr0scrocmero g(x) ¢ USOAUPOBAHAHOL MOUKOL Cedenus, ecli
CYIIECTBYET TaKoe YHCIo p>1/2, wro I} pacnosnaer L ¢ aeurounodt ciox-
HOCTbIO g(X) G BEpOSITHOCTBIO p.

Onpenenenne nedemepmunyuposarnoid Y-Mamuasl MoayyaerTcss U3 onpe-
ZesenHst AeTepMHHHpOBawHOil -MaliwHbl OT6pacHiBaHHEM TPeGOBAHHUA, -



§ I.3. ®OPMANLHBIE ONPEAEJEHHS 243

yToGH /i1 KaxJAof BosMOxkHOH J1eBOH 9aCTH HHCTPYKNMH MHOXeCTBO [
COZiepIKA/I0 OJHY W TONBKO OJHY HHCTPYKLMIO C TaKok JieBofl uacthio.

Peaausayued paboth HefleTepMunuposBanHoft U-Mammubl HasHBaerca
MOCJEA0BATELHOCTS BHIMOAHEHHEX HHCTPYKIHR.

Hepetepmunuposannass U-mamuna N npunumaem NaHHOE CJAOBO X,
€CJIH CYILIECTBYET TaKasi peasiu3anus paGoTs )t Ha ¥, KOTOpas 3aKaHYHBAET-
csi pesyabratom 1.

HenerepmunupoBasnas Y-mawuna Tt omseepeaem naHHOE CJOBO, eciam
cyilecTByeT TaKas peajiusallus paGotl It Ha ¥, KOTOpasi 3aKaHYHBa-
ercs peaysbratroM 0

Heperepmunnposannass U-Mawuna Nt npurumaem sisuix L, ecau oua
npHHEMaeT Bee cJioBa M3 L M TONIbKO 9TH CJIOBa.

Henerepmunnposannas Y-Mawmua N pacnostaem sSeIK L, ecau oua

npHHHMaeT Bce c¢josa M3 L, orBepraer Bce ciiosa H3 L, M He cyllecTByer
TakKoro cjosa, kotopoe It npu oxHoll peasuzanuy NpPHHHMAET, a NPH ApYy-
rof — oTBepraer.

Heperepmunupopansas Y-mamuna M npunumaem ssuik L sa epems
f(x), ecnu pns ymoGoro caosa x@L cymecrsyer peanusanust paGoter N Ha
X, KOTopas NPHBOAWT K pesyawrary 1 3a uMCiIO maros, He Goauree
yem f(x), u Hu AAst Kakoro x €L He cymectyer peanusanu#t paGorer It Ha
X, KOTOpnie NPHBOAMJN OH K pesyabrary 1.

Henerepmunuposannast Y-vawnna I} pacnosHaer ssuk L sa spema
F(x), ecnn s smoboro cliosa x CymecTByeT peanusauns paGotu it Ha x,
KOTOpasl MPUBOAMT K pe3yJbTary Cr (x) 3a 4HcJo WIaros, e Gosbillee ueM
f(x), ® HYE LA KaKOro x He cywmecTsyeT peaiusaiuft paGotst £t Ha x, Kovo-
phle npuBojuaX OW K pesyabTary, oTauuHoMy oT Cr(x).
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KOHTHHYYM BHMHCAHMHER 177

— KOQHUCTpYKTHBHHIT 178

Koudpurypauus 32

— nonHas 32

Kopenb (o Aepepe) 19

KopHesoe Jepeso 19

Koprex 26

Koprexnoe pacnpocrpanesne Hy-
mepanun 133

KpearnpHoe MHOXecTBo 96

anreGpan-

CHJIb~

anre6pandeckas

Jlenra 67, 239

— pxogHas 240, 241

— pabouan 234, 239, 240, 241
JluneftHoe Bpems 84, 241
Jloruka 3agau 166

— MareMaTtHuecKas 169

— cHMBoJsiHYecKas 169
Jlornctuka 169

JlorucTuyeckas cucreMa 45
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Jlokanbuas onepalus 35
JlokanoHoe neficteme 22, 27
— cBoiteTso 21, 27
JIoKanbHOCTH NOKasaTenb 22

Maitxunia Teopema 96

Manbuesckui pasmep 194

MapKoBcKoe UHBapHaHTHO® CBOHCTe
Bo 159

Mapruu-J/léba Teopema 183

Maccopas 1npoGyema 146

—_— -oa.nre paHyecKH KOppeKTHas

19

— anropmrMaveckas 148

— B cMBICIe Mejisefiena 163

- otgenumoctu 147

— paspeminMocTH 147

MareMaruueckass Jorika 169

MaumHa BeposiTHOCTHaA 233

— — «rouyHasg» 237

Kommoroposa 33, 35

~— opHeHTHpOHaHHas 36

HefieTepMHHHpoBaHHas 242

¢ MogubHIADYeMOit namMATbio 36

Toiopuura 66, 233

- 0€3 BXOAa H BHIXOfla 234

— aBycTOpOHHAS 234

— JleTepMHHHpOBaHHas By
cropoHHsA 240
~— — — OJJHOTOJIOBOUHASN, OJHO-~

JeHTOuHas, 6e3 BX0oAa ¥ BRIXOAA
239

————— CO BXOJOM H Bt
xonoM 239

— ~— — opHOCTOpOHHAs 240

— — MHoroJleHrounas 67

~— — OfiHOJMIEHTOuHas 67

~— ~— OJJHOCTOpPOHHSS 234

~— — CO BXOJAOM K BHIXOJOM 234

— [lénxare 36, 42

- MalliHHO-HE3aBHCHMAs TeOpPHA

caoxuoct 133
Mensegseba peerka 106
Mepa Gepryasuesa 200
~— pryucauMas 200
~— paBHoMepHasl Gepryaauena 200
— caoxHOCTH 134
Meroj, nusapuantos 236
— Moure-Kapno 214, 232
— npHopHrera 94
-~ nporpaMMuposaHus 113
=— CTaTHCTHYECKHX HcHuTanuft 232

_ MerpuyecKas T¢OpHA aropuTMOB 15
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MsuoroslenToudas MamuHa ThlOpHHs
ra 67

MHoxecTBa HeoTfenuMuie 172

Mnuoxecrpo apudpmernyeckoe 89

— npuodanroso 89

— 3anymepoBaHHoe 132

— KpeartusHoe 96

—_ lilgTypaJleO- (sa)nyMepopannoe

2

HepaspemmMoe nopojumoe 91

HoMepHoe 122

HyMepoBaHHOe 132

nepeuncinMoe 81

nonnnoMuansuoe 89

noJsHoe 95

nopogumoe 78

npocroe 96

paspeltumoe 78

— pacnosnaBaeMoe 65, 78

— pesyJabratHoe 119

~— caoBaptoe 12

— uncaosoe 12, 80

— sgxpekTusno orkpuroe 181

- — npenebpexxnaMoe 182

Mogenn apudpmernxu 197

MozienupoBaite B peajJbHoe BpeMsi
71

[ O I I

Mogens suuncnHTeNbHEA 17

— —— KOJIMOTODOBCKOI'O THma 32

— — npexcrasutebHasn 34, 39

— — ¢’ JOKaJbHEM mnpeoGpasosa-
HueM nHbopManun 32

- — YyRoOuaa 141

— :13 X ~— Y-npencrapatentHas

— TNOPOXKAALWAA NPeACTaBHTE b
Hasi 62

— — Y-npejcraBurennnan 62

— (048 mHOMCECMEA POPMYA) KOHS
CTpYKTHBH3HpyeMas 196

— KoHcTpyKTHBHadA 196

— (l:ﬂlleO KOHCTPYKTHBH3KpYeMas
96

~— — KOHCTpyKTHBHas 196
MoHoroHnHas suTponns 137
Monre-Kapao meron 214, 232
Mopduam 132

Myunnka pewerka 105

~— Teopema 115

Harypancnas symepanus 122
HarypansHo
" MHOMecTBo 133 -

(sa)aymepoBaHHOe

JIPEJMETHBIfI_ YKASATEJb

Harypansubiit psj 11 ,

HeperepMuHHPOBaHHASA MamHHa 242 :

HejeTepMUHHPOBEHHER aJroOpHTM
64

Heonposepxumas ¢opmyaa 167

Heorgenumuie MHOXecTBa 172

HenocpencreenHoit nepepaGoTRH
oneparop 35

Hepaspemumoe mnopogaMoe MHO-
xkecTso 91

Hepensrususyemoe cpolfictso 116

Huxusas ouedka 223

Homep 122

HowmepHoe MHOXecTBO 122

Hopma 74

HopmaneHad cHcreMa 62

Hopmanbroe ucumcienne 62

Hopmupopanauil ancambab 75

HopmapoBaHHbix aHcambneit #3o-
mopdusm 75

Hocatenr Mepn
183

Hyasnocrhoydoe npasuno 47

Hylwliggauun aBTOIKBHBAJIEHTHHIE

KOHCTP Y KTHBHBIH

nsomopdube 123

npobieMHo SKBHBasNeHTHHE 191
nporpaMMHo 9KBHBaJeHTHHE 193
pPaBHOMepHO SKBHBaJeHTHHE 193
3KBHBaJIeHTHble no Koxamoropo-
By 125, 193

~— — 1o Maasueny 193
HywMepanuit csogumocte 125

— Teopus 122

Hymepauusa 122, 123

— 6es nosTopeRult 122

-— BHuHCaBMas 126, 127, 128
régenepa 127, 128

raaBHas 127, 128
KBaaucTaHpaptHas 186
KOHCTpyKT#BHas 187
Hatypasbuas 122

OAHO3HauHag 122

ontamanbuas 127, 128
nosuTusHas 124
NOJMHHOMBaNIbHO TéflenieBa 129
— rJapHas 129

nporpamMmuoro THma 185
npocras 122

paspeuramas 122

craHjapTHas 124

ToTa/NbHaA 123

yucyopas 122

uHopposa 127, 128

P
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TNMPEJMETHBIYI YKA3ATEJIb 281

Hywmepauus skonomnas no obbeMy
HoMepoB 127, 128

HywmepoBannan anre6panveckas cH-
crema 187

~— CTpPykTypa 184

HywmepoBannoe MHOXecTBO 132

O sunefinoM ycxopeHHH TecpeMa 84

O nenopprkHofl Touke Teopema 104

O6 uepapxun Teopema 83

06 yckopennu teopema 135

OGnacts onpegenesns 34

— npHMenuMocTH 34

O6was npobnema romeomopduu 161

~— (opMyJaHpOBKAa TeopeMm Map-
TuH-Jl1éda 183

O6eanaunmocts 170

O6meKT ponycTHMB 47

— KoHeuHnld 20

— KOHCTpyXTiBHHE 20

O6wem 137

OrpanHyeHHO-HCKaXKawmee OToGpa-
XeHue 75

Onno3taunan Hymepanus 122

Onxosnentounas Mamuna TBiopuura

OJHONOCHACUHOE HCUHC/AeHne 46

Onuocroponnsas mMamuna Telopuura
234

Onepatop BRYHCAHMBI 103

— HENOCPEeACTBEeHHOH nepepaGoTKH
35 ' ’

— nepeurcaexns 102 .

— pekypcHBHH#E 103

— YacTHYHOpeKypCcHBHHA 103

Onepaunonnas aare6pandeckas CHs
creMa 56

Onepauns BuigncauMan 102

— HCUHCAHTeAbHas 52

— JIOKaJbHasa 35

Onucaunne 136

Onpepenenre KOHCTPYKTHBHOE 169

— cayualiHofl nocjiefoBaTeJbHOCTH
198

— cayyafinocrn mo Koamoroposy
208

— — 1o Maprus-Jlédy 210

— — no Musecy — Knyry 205

— — no Musecy — Koamoropo-
BY — Jlapasuny 205

— — mo Musecy — Uépuy 204

OntaMaibHas Hymepauus 127, 128

OntumanpHasd GyHxuus 118

OnruManbHbifk cnocol onncauug 137

Opnaunan KOHCTPYKTHBUBIA 184

OpuenTHpoBaHHas Maminbva Kommo-
roposa 36

OcnoBanne nymepaunu 122

OcnoBHoli anement 48

OTB2epl‘aTbC$l (o caoBe) 239, 240,
41

Orsepraomee cocToanue 240, 241

Ornenenus npoGnema 147

OrgennMocTH npoGiema 147

Ornensiowas Gyskuns 147

OrHocHTeNbHAA TPOGAEMa pacio3s
HaBaHHA paBeHcrsa 157

OTHOoCHTeNbHE aaroput™ 98

OrHowenne apudMeTHueckoe 89

— nuodantoso 89

— MOJIHHOMHAJbHOe 89

— coryiacoBaHHocTd 136

OrobpaxeHHe . OrpaHHICHHO-HCKae
xKatomee 75

OruacTu BHIYHCAHMEA aHann3 181

Ouenka pepxuag 220

— HHXHAA 223

MapaMerpuyeckas npoGiema 169

IMepBas Teopema o pekypcuun 104

Tlepeuncnenus onepatop 102

— npobnema 164

Tlepeuncnumas creneudb 97

Tlepeyncnumoe Muomxecrso 81

TlosutHBHasA uymepanus 124

TlokasaTes1b JIOKAJbHOCTH 22

Tosunomnanbno régeneBa HyMepas
uus 129

— rJaBHasg HyMepauus 129

INonHHOMHAJBHOE MHOXeCTBO 89

- oTHomwmexue 89

TloanxHoMuaabHER TepM 89

Tlonuaa xoudurypauus 32

TlosHoe MHOXecTBO 95

— cocroaune 32

INoaycucrema Tys 53

TToposumoe MHOXecTBO 78

Hop%nnmocm KOHEYHOAaBTOMaTHaA
9

INopoxparbesl HcunchenneM (o6
ofBeKTe, MHOKECTBE) 48

Iopoxpatommee npasuic 45

INopoxpatomuit npouecc 46

Topoxpennasa cursarypofi o aare6-

_panteckan cucreMa 57
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Mopoxkpenuas curnarypot u sagan-
Hafl COBOKYNHOCTBIO DPaBEHCTB
gs ajrefpaHyeckass  CHCTeMa

Mopanok pocra ¢dyHkuun 236
[MocsiefoBaTeIbHOCTE  BEIYHCIIEMO
cxofismasncsa 176

— ¢yupamenrajasHas 176
peryaapHo cxopswasca 176
cnyuaiinas 198

— no KonmoropoBy 208

— no Maptuu-Jlédpy 210

— no Musecy — Kunyty 205
— no Musecy — Koamoropo-
By — JlaBasuny 205

— no Musecy — Uépuy 204
[Mocra Teauc 63

[Mocrinka 46

INpasuao Beibopa 201

<~ BLIEICHHS OCHOBHBIX c€OCTOA-
Huil 48
H3BJIcYeHHs pesyabrara 40, 48
#auana 39
HYJABNOCHLIOUHOe 47
nopoxamee 45
paspemutesisHoe 45
. IlpepuxaTHoe uMa 56
ITpenmerHoe HMa 56
npelnscgannmoc'm MaTpHll npoGrema
TpencraBHTeNIbHAA
Haa Mojeaw 34, 39
— nopoxpawomas Mojedb 62
. [IpepcTaBnTenbHREN KJjace ajropuT-
moB 34
— — HcuucaeHnit 62
IMpetuxcnan surponnsa 138
TlpaBepeHubil TepM 157
- Ipumep Inexepa 178
ITpunnMath (A3nK) 243
— 3a BpeMsa 243
Ilpunaumarecsi (o cuose) 241, 243
IIpunuMatomee cocrosune 240, 241
IMpoGnema anreSpaHuecKH KOPPEKT«
Has 190
— afropuTMHdeckas 146
— T'uavbepra, pecaras 154
— romeoMopdun ofmasn 16]
- - gacTHas 161
— ROCTHXHMOCTH 162
— MaccoBan cM, MaccoBas mpoGies
Ma
~ oTjeqaenus 147 -

Fr1rad

BEIYHCJIHTE b

JIPEAMETHEI YKASATEJD

TlpoGnema otaenumoctH 147

— mapaMeTpuueckas 169

— — 5(ppeKTHBHO ONpOBEPKUMASA |

169

nepeuncjaeHus 164 ,

HpecTaABUMOCTH MaTpHI, 153

npoac/nkeHua 147

paspewenns 147

— ceMaHTHueckas 170

paspemnMocTd 147

pacnosHaBaHu s HCTHHHOCTH Gop«

Mya 151

— papeHcTBa alcoJiotHas 157

— — OTHOCHTeJbHaA 157

pemnmas 12, 146

cogumoctu [locra 94

couetaemoctH [locra 151

TOXKAECTBA JEMEHTADHHX QyHKs

uuit 154

— 3KBHBAJIEHTHOCTH ¢JI0B 151

IlpoGnemuaa csogumocTbh 192

— 9KBHBaJeHTHOCTb 193

TpoGiemHoe pasnuune 191

TIpoGneMuLilt paamep 194

Tporpamma 108

— BRIYHCJHMOTO JeHCTBHTEJIBHOIO
yucaa 177

— ¢yrkuay 113

Hpor%ammuponanne
11

HCYHCJIeH Hit

TlporpamMmupoBanus Merox 113

TporpaMMHEas cBoguMoCTb 192

- 3KBHBaJeHTHOCTL 193

Tporpammuoro Tvina HyMepauusa 185

TIporpammuoe yctpoiicteo 142

TIporpamMmuuit ancam6ab 108

— pasmep 194

Tpopoikenns mpoGieMa 147

ITpoctas KOJAMOTODOBCKas  SHTDO~
nus 137

— HyMepauus 122

Ipoctoe MuOXecTBO 96

ITpocTpaHcTBO METPHUECKOE KOHCT-
pyxrusnoe 179

-~ — pexypcHBHoe 180

— sdexTHBHO MeTpusyemoe 181

— — MeTpHueckoe 179

— — TOmoJoruyeckoe 180

Tpoftegypa npusenenns 157

np;ix\ége NpoH3BejeHHe HyMepanuit

PaGouas cpena 47
PaGouunit andasur 239, 240



NPEIMETHBIMI YKASATEJIb)

Papencteo curuatypsi 57
PaB;&l;aepnax GepHyanueBa Mepa

— cBogHMocTb 192

— 9KBHBAJICHTHOCTb 193

PaproMepupiit pasmep 194

Papuyc aktupHOR dacTH 22

Pasnuune npobraemnoe 191

PasMep ajaropuTMHuYeCKHiE oM. AJa-
ropHTMHUeCKHH pasMep

Paspemiatomut asiroputm 78

Paspemenus npoGaema 147

PaspemnMas Hymepauus 122

. Paspemnmoe MHOXecTBO 78

— 1—52‘omocm~enbno HyMepamdu

Paspemunmoct nipoGrema 147

PaspeminMocTs  KOHEUHOABTOMAT-

" Has 93

PaspemuTtennuoe npasusio 45

PacniosuasaeMoe MHoxecTBo 65, 78

PacnosHaBaHHS HCTHHHOCTH  ¢op-
MyJa npoGaema 151

PacnioanaBath (A3wkK) 239, 241

— 33 BpeMA C BEpOATHOCTHIO 242

'—w — ~— ¢ H30JHDOBaHHOH TOUKOHK
ceueHHa 242

— ¢ BEpPOATHOCTBIO 242

— ¢ H30JHDOBaHHOR TOUKOH ceye-
HHA 242

— C JIGHTOYHOH CJIOXKHOCTBIO C Be-
posiTHOCTbIO 242

— — —— — C H30JHpOBaHHOH TOY-
Kot ceueHuns 242

PacnpesienieHHe  BepofATHOCTER Bhi-
yucanmoe 200

Pacunpensniit ancambip B-caos 26

Peanuzauus 242, 243

PeanunayeMas ¢popmyaa 167

PeanusyeMocts mo Kannm 166

Peaspnoe BpeMsi 242

PerynsApHO CXOJAIIAACA MOCTIEn0-
BaTeNbHOCTb 176

Peryastop HenpepuBHoCTH 179

— cxopuMocTH B cefe 176

— ¢yHAaMeHTaAbHOCTH 176

Peayasbrar 48

PeayabratHast pyuxuns 110

PesyJabTarHoe MHOXeCTBO 119

PexypcusHas anrefpanueckast CH-
creMa 187

— cenapabenbrocTb 180

‘PexypcHBHOE METPHYECKOE NPOCT-
pascteo 180

PexypenpHnift onepatop 103

283

Pensarusnsannsa 100
PensiTHBH3YeMO HCTHHHOE CBOHCTBO
116

~— JoxHnoe cpoficteo 116

PessngoHuas aarebpandeckas Cu-
creMa 56

Pemenue npobnemu 146

Pemetka Meppenesa 103

— Myunuka 105

Pemuman npoGrema 12, 146

Popxepca Teopema 129

CpoGonnas ajreGpanyeckad ¢HcTe-
Ma,5 7nopomneﬂnax curyartypoit
g ’

CeonumocTi mpoGaeMa TTocta G4

CBOJMMOCTb MAaccoBHX mpoGjeM B

cMeicte MenBeneBa 164

MHOXECTB 3a NOJHHOMHAJbHOE

spems 101

— 1o paspemumoctn 95, 101

— no Toopurry 95, 101

uymepanuit 125

— no Koamoroposy 125, 192

— npobaemuas 192

— nporpammuas 192

— paBHOMepHas 192

npoGaem paspemenns 95

COBOKYIHOCTEl MHOMECTB 1O

Meapegey 105

— — ~ 1o Myunuky 105

— — — cusbHasd 105

— -— — caabas 105

CpoiicTBO «BHemlHee» 158

«pHyTpennee» 158

nHpapuaHTHOe 159

Jaokajienoe 21, 27

Mapxosckoe 159

nepensTuBH3yeMoe 116

penstHBH3yeMO HcTHHHOe 116

— JoxHoe 116

«o(pexTunHOR régenesoctis 171

— r-Jokaapnoe 27

CeMaHTHKa KOHCTpyKTHBHasa 165

CeMaHTHYeCKasl npobaeMa paspe-
wenns 170

CeMaHTHUECKOE cJeicTBHe 57, 60

Cenapabenprocrs 180

— pexypcusHas 180

— abdexTusHan 180

Curuarypa 19, 56

CHJbHAs KOHCTpyKTHBH3ammua 187

— KOHCTPYKTHBH3HpYeMocTb 187

Pririrrrnt
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CunbHas cpoguMocts 105
— cTemeHb TPyAHOCTH 105

Cuiblo KOHCTpYKTHBH3HpYeMast
Mogesn 196
— KOHCTpYKTHBHasA  anreGpande-

cKasl cucrema 187
CHMBOJIHueCKas JIOTHKa 169
Cucrema anrefpanuecKasi cM. AJ-

re6paHuecKas CHCTeMa
— JeAYKTHBH2A 44
— KaHOHHuecKas 62
— JorucTHueckan 45
— HOpMaJsbHaa 62
— ofo3Hauennft 1)1 opAHHANCB 184
Curyanud 32
Cnabas nosnxora 180
— cpojumocts 105
— creneHb TpyAHOCTH 105
Cnepersue ceManTHuecKoe 57, 60
CnoB 9KBHBaNEHTHOCTb 54
CnoBapras dynxnua 12
CaioBapHOe MHOXKeCTBO 12
Crosapsblil aHcambanb 25
Cnoso 8 B 18
— pmsomnyHoe 11
CnoxunocTHO#t Kjace 134
Cy1oXHOCTb BHUHCHCHHH 65
— — BpeMeHHA 234
— — JleHTOYHaA 234, 242
-— KOHCTDYKTHBHOrO oGvexkra 137
— — — ycaosyas 139
— nopoxjenus 76
C.uquasﬁnaﬁ ACC/Ie0BaTeAbHOCTD

9
— - KoJHYecTBeHHHH noxxog 199,
209

-~ — cHOoXHOCTHOR noZxon 199,
208

- — TEOpeTHKO-MepHn
199, 209

— — gacToTHht mofxox 199, 200

Cayuaitnoerb o Kosamoroposy 208

— 10 Maprtuun-Jlépy 210

— 10 Musecy — Knyty 205

— no Musecy — KoumMoroposy —
JlaBnsugy 205

— 10 Musecy — Uépuy 204

CumenmianHoe BRUHCEHHE 227

Cocrosnne 32

— BHyTpennee 32, 239, 240, 241

— HHHUHajgbHOE® 239, 240, 24]

—- oTtBepraiomee 240, 241 .

— [0JHOe 32

— npuuHMaomee 240, 241

Cnoco6 onucanus 136

NOAXCR

Cngcoﬁ ONTHMaNbHE

137

— mnporpaMmuposanusa 106, 113

— — BHYHCAHMHX GyHkmui 113

CranpapTaas HyMepanug 124

CraTHCTHYECKHX HCHBITAHHA MeTon
232

Crenens HepaspemumoctH 97

— — nmepeunciauMas 97

— — Toiopunrosa 97

— TpygHocTr 1056

— — cuapHag 105

— — caabaa 105

Cron-coctosague 239

Croxactrueckuii anroput™ 231

Crpykrypa BoyucaHTeNRHAS 115

— HyMepopaHHas 184

Cyxenne HyMepauun 133

Cxema mporpamM 104

— Slnosa 104

OIlHCAHHA

Teauc IMocra 63

— Uépua 41

TenredGayma TeopeMa 197
Teopema Bopeas — Uefituna 179
— [égens o menommore 51, 171
~— — 0 moJjHoTe 51, 171

— Epmosa o sifpe 189

Maiixuana 96

Maprun-Jlépa 183

— ofwas Gopmyanposka 183
Myunnka 115

O JHBeH#HOM ycKOpeHHH 84

0 HemoXBHXKHOH Touxe 104

O DeKypcHBHOR CcBS3H pasiHy-
HBIX Mep ¢JoxHocTH 134

O peKypcHH, BTopas 120

— — nepsad 104

o6 uepapxun 83

— 06 yckopennu 135

— Pogxepca 129

— TennenGayma 197

- [lefituHa ~ MockoBakuca 179

I I IR A

TeopHsA aJrOPHTMOB JECKPHOTHB-
Hag 15

— — MerpHYeckas 15

~— uHpopManuu 216

— — ajropuTMHYecKas 215

— HyMmepanuii 122

— CJIOXKHOCTH HHBapHauTHaa 133

— — MAaIWHHO-He3aBHCHMas 133

Tepm 60



NPEAMETHBIR YKASATEJNb

Tepm apudmernyecknit 89

— 3aMKHyTHit 56

— NOJHHOMHaJLHuH 89

— npHBejeHHHA 157

Tecr 210

ToxpecrBa snemex-{rapnux QyHK
null npobiema 154

ToxJaectso 59 -

ToranbHas Hymepauna 123

«TO;;I;H» BePOATHOCTHAA MailHHa

Tpancasrop 111
Tpancasuus 111
Tpancopmanus 201

' — pomyctuMas 208

- Tolopuura mainna 66; 233
ToiopHHroBa cBORHMOCTE 95
— crenedb 97

— — wuepaspemnmoctd 97

Yno6Had BHUHCAHTENABHAA MOJEHb
141 -

Yuupepcanbras Gynxuus 112

— — gnd X, Y ¢ HUZeKCHHM MHO-
xecTBoM E 112

YuHBepcadbHui agroputy 110

Ynpaeasiomee ycrpoiictso 141

YeaoBHas CJAOMHOCTL  KOHCTPYK-
THBHOro ofbekra 139

— sutponus 139, 217

Yerofluasoe mogMHOKecTBO 190

VYerpoiticrso mubopMannonnoe 141

— nporpamMuoe 142

— ynpasasomee 141

Pagropusanua Hymepauni 133

@axkrop-HyMepanusa 133

dopmansHoe 3aganne 37, 63

@opmMyJa atoMHad 60

— 3aMKHyTafl aToMHas 57

— HeonposepXHMas 167

— peanuzyeMas 167

Q@yHKUHOHAJ 4YaCTHYHODEKYPCHB-
Hetit 103

®yHKUHOHANBHOE HMA 56

®yHKuHA BEUHCAEMAA 78 N

— — 3a auHelfiHoe BpeMa 84

— — OTHOCHTeJBHO HyMépauuu 132

— -—— OTYaCTH BBIYHCJIHMOTO aHa-
Jn3a 182

— BHUHCAHTeNbHAA 109
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Dynkuus répenesa 112

~— ryasHaa 112

— g X, Y ¢ HHAeKCHBEIM MHO-
kectBoM E 112
KOHCTPYHPYeMas N0 BpeMeHH 82
— 10 eMKocTH 82

ontuManbuas 118

orgeasiomasn 147
pesyaerarHag 110

caoBapHas 12
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Yépua Te3uc 41
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219
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inoppoBa HyMmepauus 127, 128

IlInexepa npuMep 178

DKBHBAJEHTHOCTH CJIOB NpoGieMa

OKBHBAJNEGHTHOCTD AATOPHTMOB 34

~— nyMepauni 125

~— ~— OTHOCHTEJIBHO KOJIMOrOpOB-
ckolt csoguMoctu 125

— — no Koamoroposy 125, 193

— — no Maanuesy 193

— — npobaemuas 191



286

OKBHBAJIGHTHOCTL HyMepamuil mpo-
rpamMMHas 193
— -— paBHoMepHas 193

- cJoB 54

OxovoMHas 0o HopMe GyHKIHA
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— [0 ofbeMy HOMePOB HyMmepauus
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DnemeHT BCrOMorarenbHui 48

— ocHOBHOH 48

Aurponna 137

— MoHoToHHas 138
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— OTKpHTOe MHO)ecTBG 181

— mnpeHeGpekuMoe MHOxecTBO 182

NPEOMETHbBIA YKA3ATEJIb

D¢dexTHBHO TONOJAOTHYECKOE PO~
crpaucTso 180

«pdexTHBHOR TéNeseBOCTHY CBOH-
cteo 171 ’

Asuk 238

~— apupmeruxu 170

— mnpeaukaTHui 169

— TEOpHH MHOXecTB 170
fAswKH nporpaMmupoBanus 41
SIHoBa cxeMa 104

k-nocmnounoe HeuucheHHe 46
n-MecTHoe UMA 56

r-noKkaanHoe Jeficreue 27

— cBofictBo 27

r-OKpecTHoCTh 27

§ — m — n-teopeMa 112

T-crenens 97

X — Y-anroputm 34

X :()Y-npe;lcrasmenbﬂax MOHeNb

Y -npepcraputesibias MOAeaAb 62
A-cTpykrypa 42
p-pekypcuBHag dynxuusa 87
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