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NPEAUCJIOBHE ABTOPA.

Yme npu Geraom B3rasge Ha nepehle Traasbl Kakoro-su6yan
KYpca KJacCCHYeCKOTO pBaJ¥3a BaM HeH3MeBHO 6pocaerca B raasa
o480 obcroaTeancTso, OCHOBBBIE HOBATHA CH3YaAa BBOAATCA LO-
cpeAcTBOM ompeAeienuit BecbmMa obuero xapaxrepa; BO Hemocpes-
CTBeHHO BCA€J 32 APTHM NPHBBOCATCA OFPABMYEBMSA, CYAKHBAIOLIHE
061acTs mCCA€JOBABHA; M TOABKO Gaarcaapa ATEM OrpaBMYeHHAM
CTAHOBATCA BO3MOKHEIM HDPOJBHBYTHCA CKOABKO-BHOYAb ABAEKO
B NOCTPOGHHH PA3AMYBRIX TeOPHH, COCTABIAIINX MATEMATH YECKYIO
BayKy.

Ho ® rTamoM cayyae mBAAeTcA 3aROBHEIM NONLITATLCA, BO3BpA-
WAACh K NepPBOHAYAAbHEIM OmpejeAeBHAM, H3BAEYh H3 BHX BCe
BO3MOMKHKIe MHTEPeCHBhIe CJA@ICTBEA, COXDAaHAA 32 ATHMH Ompese-
AeBEAMH, BACKOABKO BO3MOXKHO, HX obmul xapakrep. Taxmm obpa-
30M MBI MOMeM HOCTAaBMThH cebe 3ajauy — HOCTPOHTL, HApPAAY
¢ aHAAW30M RJIACCHYOCKHM, HHYIO, BOBYK BeTBb aBalu3a, KOTOpAaZ,
pasymeercs, 6yseT cyliecTBeMHO OTCTaBaTh OT mepBoli B orBOWe-
HEH KOJHYECTBA NOAYYeBHRIX DPe3yAbTaTOB, HO B3aMeB TOTo Gyser
cosaasarh npeaaomenns Goapmelt obmBocTa.

K aroit o6iacrm MareMaTMk®m OTHOCATCA MHOFOYHCJIGHHEIS Yike
Temeps paboTEl mOCJAe BHX COpPOKA JeT, IOCBAIJEHHbIE: Pa3phiBHBIM
$yurgnaN; GysKyEAM, He HMEOLIHM NpPoW3BOAROH; QyRkpuAM,
HMEOHJEM NPOM3BOAHBIE BCeX NOPAAKOB, HO He Pa3araloQIMMCA
B paj Taliaopa; warerpuposannio Bo3MoxEHO Ooxee obyiero xaacca
¢ymepnii; obmemy onpezereBmio 3amrmyro#f maocko#t kpumsoit
BT A

Ho BecbMa 3ame4aTesbHO, YTO H KiaccHueckuii amaim3 me mo-
mer obofitucy 6e3 paccMOTpeHHA BOHPOCOB, COCTABAAIIIMX Hpei-
mer profi Bropofi BeTBm amaim3a. OcobemmocTm BCeBO3MOEHOrO
pOAR, PazpeiBEl H T. A. MOABAAWOTCA, NOMHMO BOXH HCCJIGA0BATEAA,
B Takux HpobG.iemax, rie om oxorHO 6 OT Hux OTKazaics.

dro yTBepmAesHe, MeEJy NPOYHM, ONPABABIBACTCA H HCTODH-
yeexH. Tak, Iloas sw0-Bya-Pefimon, B upesncioBrn x cnoemy ¢uio-
codexomy TPyAy mo Teopmm QyHRgmil, FOBODHT, 4TO K JETaIbHOMY
amaisgy nosarea QyHKumE OB 6Bla npHBEIEH KeldBHOM SCHO
OpWEBTNPOBATLCA B TEOPHH HHTETPaXOB JH(ePERZHAIBHEIX Ypas-
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uennit sroporo nopazka. Iosnanuony, u I'eopr Kamrop 6uia npu-
BeAeH K CBOMM O0mHAM NOHATHAM TEOPHH MHOKECTB KeJlaBHeM
06061guTs HeKOTOpBIE PpE3yALTATHI, OTHOCAIIHECA K TPHTOHOMe-
TPUYECKMM PAAAM.

C Touxkm 3peBMA NPMAOKEHHH MOKET NOKA3aTbCA mNpemze-
BPeMeHHEIM CTaBHTh BONPOC O BO3MOKHOM NPAKTHYECKOM 3HAYe-
HER Taroro poja ucciezopaBmil. OjHakKO MH MOZeM OTMETHTS,
YTO NMPH MATEMATHYECKOM OMMCAHMH ABAGHUHE NPHPOZBI HOCTOABHO
HMEIOT AeA0, cMOTpA no0 obCToATeAnCTBaM, TO C HempephIBHOI
cpezow, TO C AMCKPOTHHIMM MOMeHTamH. Pasymeercs, peds maer
TOABKO O HpubiumeBMAX; HO B TOM-TO M Ae10, YTO TaKOIrO pOAa
npuOIRAKEBHA C. OAMBAKOBHIM YCHOXOM AAl0T HaM, B OABHX cAy-
Yasx — CIIOIIHAA CPeja, B APYrHX — OTAe bHbIe MOMeBTH. Hexoro-
phie TeOpHH (HIMKM, XHMAM ¥ MHHEPAIOTHMM NPEACTABAAIOT H3-
BOCTHYI0 QHAIOTHIO C MATEMATHYECKHM NOHATHEM Pa3pHIBBOCTH.
Bo BcAkOM cayyae, B IPOTMBOBEC NpeEHeMY MBEHHIO, K CHACTBIO
Temeph OCTABACHHOMY, HHYTO HE JaeT HaM NpaBa YTBePKAATE,
6yaro cupmpoza me xeiaer cxaukoBy». Ilpwm TakoM moiomesmm Be-
me#t He aABaAeTcA A O0A3AHHOCTBIO MATEMaTMKA DPHCTYIHTH
K m3yuesmio, in abstracto, coornomennil, nmeoWHx MecTO MemAY
ATHMH JBYMA TOHATHAMH, HODPEPLIBEOCTHIO H Pa3PHIBHOCTHIO,—IIO-
BATHAMH, KOTOPHIe, 6yAy4u NMPOTHBONOAOKBBIMH APYr JPYry, CTOAB
TEeCHO Apyr C Apyrom cBaAsanm? Brite mMomer, 310 0110 bvI campim
BepHBIM IYTéM K TOMY, YTOOB HOArOTOBUTH HOYBY A1 HOABACBUA
HOBO# MaTemaTHuecrolt ¢pu3uKH, B KoTOpoil poss rHDOTE3N OBiaa 651
CBEACHA K MHBUMYMY.

Hacroawas pa6ora cozepmur B cebe mMarepuaa serunit, ymranm-
seix muO0 B 1904 r. B Collége de France mo Bompocy, Bxoxs-
meMy B KpPyr Tex HcCAeZOBaHME, O ROTOPHIX A TOABKO YTO TO-
BOpH.

Cozepmanwe M nAsB KBUTH MOTYT OBITh OYepueHH B ABYX
caopax. [locraswe ce6e 3asauy mailtm Bce paspeiBBHEe (YBKUHH,
KOTOph1® MOryT OHITH NpeicTaBIeHH HOCPEACTBOM PAAOB Hempe-
puBpnx Qysxpu#l, A nogpobEO Mccaeiyio Bce HOHATHA W TEOPHH,
KakMe MHEe BYHKHBI 218 TOTO, 4T0ObI mOAyuynmTs moaHOEe pemenne
proil ‘3azayM, m B TOM NOpPAJKEe, KAK OHM BCTPEYANTCA HA ATOM
“myTH.

Cirezys mpuwBgMNY, OPMBATOMY Y#&e BO BCEX BBIIEAIIAX B CBET
KHATaX HACTOAWIEro co0pamms, A DpPeANOJArad M3BECTBHIMH YHTA-
TeAI0 IMIb caMble OOHIYBEIe DOHATHA (BKAOYas WOBATHA MOII-
HOCTH M CYETHOTO MHOKECTBA, PAacCMOTpeBHHIe B KEAT® DBopeis
Lecons sur la théorie des fonctions); 00ATOMY MHE HPHXOAHTCA
noapofHo H ¢ CaMOro Havaia PaccMATPHBATHL PasAMUBbIe TEOPHH,
‘OTHOCAINIAGCA K TOY6YHBIM MHOKECTRAM, Tax, A H3y4Yal0 mocaezo-
BaTeIBHO NORATHA MHOMOCTB 3QMKHYTHIY, COBepINGHBLIX, BHTAe HE
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DAQTHHIX, MPOM3BOJHKIX MHOKECTB BCeX MOpAaKkOB. Jas ayumero
BRIACHOBMA ITHX P83IMYHBIX NOBATHH MHe NOKa3a10Ch YA06HEIM
CHayaJ1a OCTAHOBHTBCA CO BCelo MOZPO6BOCTLIO Ba cAydae AuBeHEBIX
MHOXECTB, Ieé HMeoUIne MecTO 0bcToATEeAbCTBA MOTYT OBHITH mpea-
CraBJeBHl ¢ M3BECTHOI0 BarifAfHOCTHIO.

B aTHX Hccaez0BaBMAX MHEe NPHIIAOCH BBeCTH NpHBaziemaliee
Kasropy nomarme tpadcdmmuraoro umcia. Jro mosarue, byayum
BOBHIM B MaTeMaTHKe, DOAAI0 yxe noBOZ K ¢maocodckmm cnopam;
npmYMBO0 3TOro, 6e3 commeBuA, ABAAETCA TO, YTO, OPH H3BECT-
BoM cmocobe ero mcroaxoBamma, 0BO mpuobperaer kak 6w Be-
CEOABKO TAaHHCTBeBHLIH xapakrep. BcmomBmM, 4TO Beib HEuTO
aBaJOrM4YBOe NPOH30WLIO B CBOE BDPEMA H C MHHMBIMM YHCAAMH.
A TBepAO BeEplo, YTO B JABHOM cAydae, Kak u B Apyrux mozo6mmix
CAy4aAX, MATEMATHK HMEET HOJBYI0 BO3MOKHOCTh CTaTh HA TBEp-
ayl0 DOYBy. JTO A DLITAIOCH MOKA3aTh BO BTOPOH riape, LEAHKOM
noceAmessofl grot reopun. IllpmmaToe MHOIO H3.I0KeHMEe B CBOEM
ofuieM maaBe COOTBETCTBYeT TOMY, koTopomy caezosax Kamrop
B CBOMX mocJeiBMX paboTax; A B3MEBMA €ro AMIIL B TOM CMBICAe,
YTO COXPaHHA MCKANYMTEIbBO NYHKThI, HYAKHBIe MBE A1A TEX MpH-
J0xeBMil, Kaxue & uMea B BHZY; C apyro#t cTOpOBH, A cTapaica
ODOACHHTb M3J0MEBHe NPNBEAGBHEM KOHKPETHRIX HPHUMEpOB,

Pa6ora, cea3anBas ¢ HameyarasmeM BaCTOSIIMX JeKyuui, Oniia
Ada MeHA 3HauyuTeabHO obieruena Giarozaps momoimH, oxaszaBBO#M
MHe OZHMM M3 MOMX cAymaterel, r. Jammya, koTopmi B3s.ax Ba ceba
e6 pesakTupoBaBme. Bmpamaio emy moio rayboxyio npusBaTean-
HOCTb.

Hapux, 22 centabpa 190%,






Faapa I

HEPBBIE UCCAEZOBAHUA O PA3PBIBHBIX @‘YHKHHHX.
I. OPOCTEHIIUE TIPHUMEPHL.

1. Kaaccuueckmit npmmep paspeiBEBIX (yBKuuid, pasaaraio-
IUXCA B PAAH BenpepmiBHEIX (YBKUHH, mpescTaBARIOT HAM HEKO-
TOpsie TPUTOHOMOTpH4ecKHe pAibl. Mbi 6yzem ormpaBaaThCa oT
COOTHOLIeBAA ‘ L9 - bn.

5

K 2 58 n—l-lz'n
g +3)=g—5+5— .+ F, )

KOTOpO€, RAK PTO NOKA3MBAETCA B TE€OPHA GYHKUnH KOMIIEKCHOIO
HepeMesnoro, CnpaBejIHBO OpH YCAOBHH |5 |=1, 3~ — 1. Jesax
YacTh HANMHCABHOTO PABEHCTBA NMpPH PTOM TpeAcTaBAAeT cobol0 Ty,
BeTBL Jaorapmdma, Koropasa obpagaerca B BYar mpH 5=0 m Be- '
NpepEIBHO HM3MEHAETCA OPH HenpepHIBHOM NepeMeyIeBAM TOYKH,
usobpamalomelt wucao 5, BRYTPH M Ha OKPYEHOCTH Kpyra CXoAm-
'MOCTH (Beé HpPOXOJA mPH 3TOM uepe3 TOYKy 5= — 1).

Moxomnm

. H=¢e m:,

npayeM ¢ Mbl Gyzem mbicauTh zeHCTBHTEABHRIM YHCAOM, DOZYR-
HEHBHIM YCAOBHAM

—rnlr <R
Mu momemM HanmcaTs:
3=cosx -} ising,
OTKyARQ
3" = cos nz -} isin nx.

Toura, msobpamalomas umcio z, Moxker 3aBWMATh Ji06oe moao-
HeBHe Ha OKPYHHOCTH Kpyra CXOAHMOCTH, Kpome z=—1; no-
ATOMY MKl HMEOM: >
n+1 €O8 N -~ sin ne

"

Ig(1 5= Y (—1)



C apyrofi cTOpOHH, MBI MOZEM BANMCATH:
COS — ¢sSm——1.

T
IHipn aTom cos 5 HOJORHTeLeR, n6o x 3ak1109eB0 MeEAY — 7 B - T.

T
=

14 23=2cos 5

@
CaexoBareanBo, Moayss umcaa 1z pases 2 cos 577 @ apryMest

z
TOr0 e YHCAA PaBeH ?4—2 kz. Ho B Takom cayuae Bce 3Bage-

Bua  Gymxgun g (14 z) moryr Omrs zamm caexyiomett ¢op-
Myxoii: :

g -|-z,)=Lg(2cos—;—>—[—i<%+ 21:1:),

rae Lg ospasaer zeficTBHTesnmmit sorapudm, a k ecTs Mpou3BOAb-
BOe LeA0e YMCIO.

Ycramosus aro, npupaBEseM Apyr Apyry kOpdmpumenTH! mpu
i,B obenx uacrax pasencrsa (1). Mu moxyumm, 9ro mpu yCAOBHH
— 1< o< H A4 HEKOTOPOro geioro k

! sinz  sin 2z

T
-2‘+2k1t=-1——-—§—+...

llosarans =0, mn y6emaaemca, uro k=0. CaexoBaTebHO,

4.0 )
OpH yCA0BHHM
—r <z T

Yrobur goBecTn 10 xoHga mccaejosaBme PyHrgum, m3obpamae-
mott pazoM, crosmum B npaBofi wactu pasencTBa (2), MBI 3aMETHM,
4T0 KaxAslfl waedm ATOro paga ectTh mepmogmyeckas QYHKpuA ¢ me-
puoaom 2 r. Takmm 06pazom Mbl MOZEM CYHTATH CYMMY ATOro paza
W3BECTHOH B XamaOM M3 MBTEPBAIOB:

s <3In, In<®hR ...,
—a>e>—3n, —3Ir>c>—D5ir,...

Ocraerca paccMoTpeTs, Kak Beser ceba pAs, KOTAA & DPABHO OABOMY
u3 umces =®, 3%, 5w, ..., —=® — 3x,—bx,.,. Mwm Benocpea-
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CTBEHHO BHMAMM, YTO B PTHX CAYYaAX Bce YAeHnl paza obpagaworca
B Byab. Takmm obpazom mm ybemaaemcs, uto paz

_ 2 - sin no
n
CXOAMTCA HPH 11000M 3HAYeHWH UEPEMEHHOr0 I, HO 9TO CyMMA
ero ecrtb paspoiBEad ¢yBrguA f(z). I'eomerpuueckm oBa u3obpa-
KAETCA B BUAE CASAYIOMHX APYT 33 APYroM NpAMOJMBeHBBIX OTpe3-
KOB M H30JMPOBAaHHBIX TOYeK (uepT. 1).

2. CraBeM Temeph Ha BeCKOABKO WHYIO TOUKY 3peBHA. Jazagum
Hanepes kKakYwo-iubo paspmBBY0 ¢dyEkgmio f(z) M DombiTaeMca
u306pa3uTs ee mpH mOMOmY pAAA, BCC YAEHBl KOTOPOro Oniam Omi
HenpepbiBEBIME yBRumsMu oT x. [Ipemae Bcero a yrsepmaaio,
YTO 3ajaya PTA PAaBHOCHABHA 3ajaue 0O OTbicKamuM Taxofi mno-
CAeJ0BAaTeAbHOCTH Be-
npepsiBEBIX  QyBrpmi Y

1l ey Tyyeeey
aag xotopolt npn ar0bom
3BAYCHUH T, MEPEMEB-
BOro r Mmul mmeau 6pr:

- Y
Jim [ @)=/ (=) e .

uro Mnt 6Gyaem BhIpa-
HATh KOpOYe, TOBOPH,
4TO  HOCAe)OBATElb-

Yepr. 1.
BOCTD fi, foso v ey .-
uMeer cBouM npezesoM Gyukpuio f. B camom jsexe, ecam mam Aam
pax u;+uy 4 ... 4%, 4 ..., 4IeHH KOTOPOr0 CYTb HENpephiB-

Bble GYBKUMH, TO MOCAEAOBATEABHOCTH CYMM Uy~ ...,
KOTOpble Takie CYTb HENPephiBHbE (YHKUHHM, HMEET CBOMM Dpe-
AexOM cyMMY [ AAHBOTO pAA3; ¥ 0OpaTHO, ecAH CYMECTBYeT mo-
C1640BaTEALBOCTD [y fy, - .., f, ... HempepriBBEX (ymrynii, Hmelo-

10aA CBOBM npezeioM (QYHKOmio f, TO, mOJaras

uy=fp wy=fo—fi, vg=fo—far--
MBl TOJY4YaeM pAJ HenpepuiBBbix QYHKIHH, CyMM8 KOTOPOro .ecrb
bysrpus f. ‘

B kauecrse mpumepa mb1 paccmoTphM dymruuio f(z), ompeze-
aepByio 113 — 1 =o= -1, roropasa pasHa HY.II0 J1A BCeX 3Bave-
untt mepemeEHOro r, kpome sHauemus £ =0, 11 kKoroporo oma
pasBa ejummge. Ilycro 7 ects kakoe-ambo peé10e mnoOsOHHTEND-
HOEe YHCI0; OnpejeJuM HenpepmsHylo GYHRQUIO f , moaaraa

fo= 0
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e
n
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I,

Aan w == 0 noxomum f =1. B xamaom me u3 1Byx HHTEpBuUIOB
1 0 0 1
(-—n-, ) u (0, | Mb 3acTaBmM dysxyao f msmeraTbCA an-

He#fHO, T €. MOJOKHUM

[, @)=14nzr paa— 15—

A
8

1A
v@

(A

lIA
BES

[, @=1—nz ana O=c
Onpeaerennan Takum obpazom Qysrums f, oueBmamo Hempepripma.

A yreepmaaro, yro 21a 1060ro 3HAYEHHA T B PACCMATPWBAGMOM

rm-repnaae
lim (€)= ().
7 => oo

B camom aese, BO3MOKHEI zBa Caywas:
Hepsniir cayvuwt. =0. B arom caysae f, =1 xaa xr0boroz,T.e.

aaa aoboro n mb mMeem f = f.

Bmopow cayuait. + 0. Toraa cymecrByer Takoe ea0e OAOKM-
TeAbHOe YMCAO P, 4YTO HNPH 7 > p MBl HMeeM: :

1

— <z I

n
CaezoBateasno aaa n>p

fn () =0,

yem Tpebyemoe u z0kazamo, n6o B promM cayuae [(x)=0.

3. Cpanum memay cobolo oba paccmoTpeBEEIX mpHMepa. Mei
BHAHM, 4YTO CylgecTBOBaHHe pa3pmBBnX ¢yaxynit, asasownxca
npejeaMn GyHRYWHE BenpephBHEIX, ropa3io 6oJee NpAMEIM myTem
obmapy®mBaeTcA Bo BTOpOM UpHMepe, BemeiH B mepBoM. B cpA3m
C 3THM SBIAETCA YMeCTHBIM BECKOAbKO OCTAaBOBUTHCH HA TeX ABYX
pa3amyBbix cnocobax, KaKHMM BBOAWTCA B MATOMAaTHKe HOHATHE
($pysrgun.

B nmepsom npumepe mMbl uCXOAHAW OT OOBIYHOrO IpHEMA, COCTOA-
mero B TOM, urofm nepBeBavaJbRO OmpejeauTh HebGoAbmoe
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xoanu¢cTBO mpocrelmmx (yBxpmii M BBECTH AIA BHUX YCJIOBHBIE
0603Aa9€BHA, a 3aTeM PacCMATPMBAThL BCe BOBbie M HOBHI® KOMGH-
pagiH 3THX OepPBRIX mpocrefimmx ¢ymkymii.

Bo Bropom npumepe Ba ofmee nomarme ¢ymkgmu =me 6Obrio
nalomeso HEKakux orpaBmuennit, Mu 3abormamcy amme o Towm,
yT0bBI paccMaTpuBaeMbie Bamp (GyBkuHE OBlAM 0JHO3BAYHO Ompe-
AeAeHBl JAA paccMaTpHBaeMbix 3BaueBHft NepeMEHHOro, mMpHYeM
cnocob aroro ompeseieBma mor 6piTh BriOpam coBepmenno npo-
113BOABHO.

C apyro#t cropouml, npumep psxa

n41 sin nx
PICE I

MOKa3blBAeT, 9TO AAKe ecAM Mbl CTAaHeM Ha TEpPBYI0 M3 JABYX YKa-
3aBHBIX TOYeR 3peHHA, Mbl PaHO HIH NO3AHO UPHAEM K He0OXo-
AMMOCTH paccMarpuBarb (GYBKUHH, NOBEJeHHE KOTOPHIX NpPeACTa-
BIAET TE HIM WHBIE OcobemBocTu. B wacrHocTH, & pTOMY DpH-
BOAMT HAC pacCMOTpeBMe PHA0B, K KOTOPbIM MBI B CBOIO 046-
peab Heu3bexHO IPHXOJMM, BBOAA B MaTEMATHRY MOHATHE Ipejeia.

4. Tor mpHeM, KOTOPHIM MBI BOCHOAb30BaiUCh BO BTOPOM HPH-
Mepe, ¢ ycmexom MokeT OuiTh nprmenen k awobofi dyBxunm, mmerno-
me#t ToAbKO OBy TOWKY paspmiBa. B camom zeae, mycrs f(z) ects
¢ysrpus, onpeieseHHas AIA a=T =0 W WeODPEPHIBHAA BO BCOX
TOYKaX ATOTO HHTEpBaJa, 33 HCKAIYEBMEM TOYKM x = c. Paccmo-
TpHM HWHTepBax (c—a,, c—@ ), TA€ a €CThb HOJOKUTOAbHOC
YHCJAO0, CTPeMALIeecA K HYII0 mPH HeOTPaHMYeHHOM BO3PACIAHHE 7.
Mt ompeseamm ¢ysrgmio f, caeayommm oOpasoM: mHO.I0EMM
f, =[ a1a aoboro smaueBma x B murepsaie (a,b), Be mpHuazIe-
Kamero maTepaiy (c—a, ,cta ), m 118 r=c. B xamzom me
u3 ABYX WMHTEpBaloB (c—a , c) u (¢, c | a ) Mbl 3acraBuM QyBE-
uuio [, m3menAThea anmelino. Ecam 6p1 TOYKa ¢ coBmazaaa ¢ ox1-
Hofi M3 Touek @ mam b, To Bam npumaock 6m1 paccmoTpers JHIIB
OAHY M3 ABYX NOJOBMH WHTepBata (¢ —a,, cta, ). Jerko ybe-
AMTBCA, YTO ompejesenmas Takum obpasom ¢ymruma f mempe-
phiBEa H HMEeT CBOMM npejeaoM ¢ysrpuio, f.

1. OCHOBHBIE TEOPEMbl O ®YHKUIHAX, ABAAIOLINXCA MPEAE-
JAMMY HENPEPBIBHBIX ®YHKIUI.

5. Mp1 crasum cebe peabi m3yueBMe paspusHur fyHEYUL,
HBAAIOLIAXCA RPeIesamu fyHKyui Henpepuenuir.

Ilpy aTomM MEI B mepByI0 OuepeAb OTPaHMYHMMCA PacCMOTPEHHEM
QyBxyuil, 3aBHCAIHX OT 041010 MOAVKO REPEMENHOI T, KOTOPOE
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MOZeT NPHEAMATH BCe 3HAUOBHA, NPHBALICKAIIHE HEKOTOPOMY KO-
nevnomy wBTepBaxy (a, b); aaxee, mm Oyzem mpeamoaararh paccma-
TpHBaeMble BaMH QYBKUUH OPAHUYEHHHIMU, T. €. 3AKJIOYOHBLIME
MeEJY KOBEYHbIMA HpejeJaMH.

Ilpexae Bcero Mn BeckoJbKO mpeobpasyem 3azauy 0 nocTpoennn
T0CA60BATeALBOCTH BenpepniBBhX (ymkguii, crpemameiica x pas-
pusnolt dymkymnm f(z) (t. e. mmeomedt Ty dyBXRyMIO CBOMM mpe-
Aea0M), : .

JAonycram, uro dyrkgua f(x) ecTs mpezes MOCIEAOBATEALBOCTH
BenpepuiBBNX (yBRUuMi

fl(a")? fz(m),- vy fn(il?),. ..

Muomecrso ssavemnit pysxunit f (), f,(z),..., fn (x),. .. MBI MoO-
#MeM HHa4ye PACCMATPMBATL KaX MHOKECTBO 3BadenHH Bexoropot
dyBKgum OT ABYX HEPEMEHBLIX, T W 7; HA MeCTO HEPEeMEBHOro n,

y NPUBAMAIOIIEro TOABKO LeAble 3BAYCHUA,
4 MBI Temepb NOACTABMM NEPeMeBBOe y, W3-
| A 8, MeBalomeecA HenpepeiBHO. Mbr BBezem
Bexotopyo dysxumio F(r, y), mozunsus
4, g, €€ B HEePBYI0 oOueperb CACAYIOUIHM YCAO-
2 Bn BuAM: 2ix y =0 oma goamma obpamarscs

1
o4 5 X B dyuxpmio f (), a z18 y =-———B dysx-

Yepr. 2. gaio f (). Hsobpasum reomerpmuecknu

ofaacTs 3Bauenmnii mepeMeHBHX T H Yy

(uepr. 2); = u3MemAeTCA B NpOMEeEYTKe MemAY UHCAAMH a H b

KOTOpbie COOTBeTCTBEBBO M3obpamaiorca Toukamu A m B; y npm-

HHMA®T BCe 3BAYeHNA, 3AKAIOUCHHBIC MEKAy HyJeM M - ejH-
HH[IeI0,

Mn oTmeuaem npnm.;e A B, 4,B,..., AB,. .., cootBer-
1
cTeylomue opamuaram 1, —-,. . TR TR

, @yargmua F(z,y), no onperesenmio, cosmajaer ¢ QyBEUmed
f(x) ma oTpesre AB mc dymxymei f, (r) ma orpeske 4 B,.

A yrsepmaao, uro ompesesesme dysxpum F (z, y), wmomer
ObiTh z0moaBeno Taxmm o6pasoM, uToOnl OBa OKazakACH Henmpe-
PBIBKOI0 1O OMHKOWEHUID K COBOKYMHOCMYU O6OUT NEPEMEHHBT BO BCEM
upamoyroabenke ABB A, 3a HckaioueBmem orpe3xa AB.

B camom zese, aas TOr0 yTOGHI ATOTO AOCTHrHYTH, IOCTATOYHO
aonoaautsr onpexexenme ¢ymxymn F(z,y) caeayiommum obpasom.
Ilycrs wa ramaolt mpsmoli x =gz, napasseanBoit OY, pymxunsa
F(z, y) auneino 3aBHCHT OT y B NpPOMEXYTKE MeKAY KAMABIMU
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1

1 :
AByMﬂ nocteiopareirBbIMH  3HAUGHHAMN BHJA T nepeMeHnoro ¥,

1 1 '
rakuM obpagom zan Py =y=-- 6yaem umers:
F(z, y)=ay+-B

rae o B B cyrs QYBKEAM OT OZHOTO TOJBKO ZT; 3TH QYHKUUH
ONpezeAA0TCA YCAOBUAMM:

f(w _+B7 fn+1(w)—n+ —l"ﬁ o= W*l)({n’f’-

= datnymn for-
OTKyAR MBI TOAyYaeM ALA ~ =y él =t dae b 'h’/'”:
1 n o-ll,i‘i\ { i ."z(a/
: ,T i ,‘:';I—
F(x =nn-4+1

o=t 0=+

-+ ‘!xwl”

+( )fn+1(m)} N (”“.

= e \rlg ;’—- Lo

-

Tem campim ¢ymkpuna F ompeseseBa BO BCeM UPAMOYrOIbHHK® 41.u
ABB,A;,. fl yreepmpao, 410 PTa q)ym:gnn AOBAETBOpAET mOCTa- '
BACBHOMY YCJOBHMIO HeNpepHIBHOCTH. ofi Touke, opamBaTa

KOTOpoH HE ecThb YMCAO BHAA ) HempepIBHOCT byargun F

caeayetr m3 ee Bmpameana (1). B Touxe me, pacmoiomenBolt Ha
oamoM M3 oTpeskoB A B B ¢ysruna F nopuanmaer obiee 3BaueBue
ABYX pa3iuuBHIX Beipaxeunii, KoTopnie oba BempepHIBHEI M Ko-
TOpble cooTBercTBeMEO M3obpamaor ¢yBkpmo F mo Ty m Apyryio
cropomy otpesra A B ; takmM obpaszom d¢ymruma F Benpeprinsa
0 OTHONEBHIO K COBOKymHOCTH 06ouX mepemenBrix B ai06o# Touke
PTOrO OTpe3ka, a caejoBaTersHo H B aioboli Touke mpaAMOyro.n-
ouka ABB A, xpome, 6pTh MOMeT, OTpe3ra AB.

Haromey, fynkyva F(z, y) Henpepsisra omuocumeisko y 6 Aw-
6o mowke M ompesxa AB. Raa Ttoro urobei B atom ybeamtnres,
HaZ0 MOKa3aThb, YTO OPH NDOCTOAHBOM T =z, H Opu y — 0 pysx-
pua F(zy, y) umeer csomm npeue.nou seanunBy F(x, 0)=f(z,)).

Hyecrs, B camom gexe, M,, M,,...M,,... cyr» Toukm c abec-

1
LHCCOI0 T), DACHOIOKEBHHIE Ha OTpesKax y_.~(qepr. 3). Mu

NPeANOaraid, 9TO  NOCAEAOBATEABHOCTH fyy foy-.., fipnt. uMeeT
- o) L4
cBOmM mpezeioM f; WBaue rosopa, F Tor—- | CTPEMHTCH K flzy),
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KOTZa n Heorpanmuenno sospacraer. Ho ecam touxa M’ umeer
opaMHATy ', CTPeMAUIYIOCA K HYJI0 1O KAKOMY YTOAHO 38KOBY,
10 AAf KamJOTO 3HAYGEMA i BafileTCA e MHCTBEBHOE [ei0e YHCIO
7, YAOBACTBOpAIOIIee HepaBeHCTBAM:

-

T _

W PTO YWCAO 7 BEOrpaBMYEBMO BO3PACTAeT, KOrxa j CTPeMHTCSH
K BYJIO.

Tarx kax ¢yBkuma npu nocrosuEoM m,meﬁuo H3MeHAeTCA
OTHOCHTEABHO ¥, TO JHAYEHHE ee NMPHM y=—7 B3aKAI0UYEeHO Mex1y

1 . 1,
3HAYEBHAMH €e NpH y=— ny=—. Tak kax F| x,, m)n

1
n-+41
. 1 .
Flag, — ) mmeor npesesom [(zy), TO orciopa caesyer, uro u

F(xy, y') crpemntca x f(x,), 1. e. k F(zo, 0).
Taxum obpasom B a060# TOuUKE M
y orpeska AB ¢ysxkums mempepmBBA OT-
HOCHTeABHO .
At M6 MIpeanosomum  Temeps, obpatHo,
4 u: 4TO HAM AaHA HeKOTOpas ¢Qysxgnsa
2 218, F (z, y), obaazalogan caeiyiomuMEA
Ba cBoffcTBaMu: Koraa x H3MeBfercA B Be-
KOTOPOM uBTepBaie, H3obpamennem
a4 My Y KOTOpPOro ca AB -
ymnT oTpe3ok 4B, a y m3
memaerca ot 0 x0 y,, dysruus F(z,y)
epr. 3. HOHPEPLIBHA OTBOCHTEABHO COBOKYN-
HOCTH ofomx mnepeMeEEEIX  BCOAY,
kpone Touex ocu OX, B Kakxoff H3 KOTOPHIX ORa HenpephiBAA
orsocHTeAsBO y. Sl yrBepmaalo, yro B Takom cayuae QyBRgEA
f(z)=F (=, 0), xoropan momer OmTh m paspuiBHOH, aBAAeTCA
npejeaom QyEKyHii BenpepsBHHIX.
B camom seae, BosvMem karywo-1m6o mocaezoBaTeAbHOCTH yOBI-
BAOMUX W CTPOMALINXCA K BYMIO 3BRYCHUH ¥: ¥, Yo, . .5 ¥,,- - - 11O~
AOEHM

F(z, y,) =, (@.

B enay mamux npepmoiomenwufi, kamaas w3 Qysxyui f, (z) menpe-
puiBRa. Jasee, paccmarpmBas kakyo-au6o mpamymw = T, mapai-
a0apBYI0 OCH Oy, MBI 38KAI04@EM, HA OCHOSBABHH BeNPEPHIBROCTH
¢ysxynu F(z, y) ormocuTeabBO y B TOuke (z,, 0), uro mocaezo-
BaTeabHOCTD umcex F(z, y), F(xy, ¥4,), ..., F(x, Y,)... mMeer
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npeac1om E(zy, 0), 7. 6. ut0 nocacaosareasrocts [, (€o), [3(%o),. . -,
[ (#)- - -, HMeeT mpexeaom [ (z).

Tak Kak pro muMeer mecTto A4s aoboro wx, To dymkyusa f(x)
ecrh Tpejex HenpepuiBHBIX (yBRund [

910 paccymaeBue moxmo 0606mmETs, 3amenss ock OX xakorwo-
anbo kpusolo, BoobGpasum cebe, Banpumep, dyrkuuio, onpeseien-
Hyl0 BHYTPM H Ba OKDYKHOCTH HEKOTOPOro xpyra pajmyca R
(wepr. 4), u gonmycTum, 4TO (PYHKMA BTA HenpepelBHA B Kamjof
soyrpennell Touwe Kpyra, a Ha OKPYKHOCTH cro ofaajaer caesylo-
igum cBoficTBoM: 3mauesme (QymrumM B TOouke M’, zBmayigedica no
pazmycy OM, cTpemurcs X 3uauenHIo ee B TOYKe J, korza Touxa
M' crpemurca x Touke M (HempepbIBEHOCTL no Hopmaam). B xa-
YecTBE KOOPAMHAT KakoH-IHOO TOUKH KpYra Mbl npuMeM ee ap-
ryMmenT v B ee paccroamme r or pesTrpa 0. fas r <R ¢pysxgua
F(r, ¢) BempepriBBa OTBOCHTEIBHO COBOKYIN- .

BOCTH NepeMeBHbIX (r, 7); A1 r =R ¢ynxk- M

uns  F(r,¢,) HempepeiBHA OTBOCHTEABLHO I

PaccMOTpuM OKPYEBOCTH, KOBUEHTpHYeCKHe

AaBBO#, pasAychl  KOTOPBIX 1, T,,..., )

Iyy.-. CTPOMATCA K R, HenpepniBHO BO3pa-

cras. Jerko ybeamrsca, yTo mocCIes0BATEADb-

uocts ¢pymrpnit or ¢: F(r,, ¢) umeer cBomM

npezeom ¢yskuuio F(R, §). > e

Peglomupyn crkazaunoe, Mo SUJUM, U0 Yepr. 4.
3a,1a4@ 0MBICKANUA TOC.16,108AmeAbHOCTIY Henpe-
pueHuT PYREyul, wnewuer ceoumn npeseiom Aawkyio Pyniyuio (),
onpejereknylo na ompeske AB, cosepwerno puerOCuUIBHG 3uA0ME
omsickakusr marxol Pyriyuu F(x, y), obpawmaroueica 6 Ppyukyuio [(x)
mu y =0, KOmopaa 66l 6b KERPEPLIBHE OTMHOCUINEILHO COBOKYNKOCIIL
NejeMEKHRT (T, Y) 6 KadcioN mouke nprMoysosviuka ABBA,, 3a
UCK.MIOUeHUue N monek ompesna AB, 6 xadciol U3 KOMOPWT OHA A0.1HCRG
6vimy HENPCPBIBHA MOAKO OIMROCUTIEABHO Y.

Jazauy oreickaBHA Takofi dymkpwu F(r, y) aaa sasnoHt Qymk-
pun f(x) mm Oyaem HasmBath npobaemoio (4); caeraem Temepp
HEeCKOJBKO 3aMeuaBmil orBocmTeipBO pro#t mpobaemsl

Ecan mam m3BecTHO Kkakoe-ambo oaBo pewrenme F, prolt mpo-
61eMb1, TO H3 Hero Mbl A6rk0O DOJYYHM CKOABKO YFOAHO HOBBIX
pemesnit. Aaa proro xocrarouso mpubaBute x dysxpmm F; aio-
Oyio ¢ysrguio ¢(z, y), HenpepnBEyl0 B Ka)io#f TOuKe npamo-
yrosbEuEa (BRJAOYAA TOYKHM OTpeska AB) OTHOCMTEaBHO COBO-
KynBOCTH mnepemMeBEHIX (7, y) u obpaigaiolgyloca B BYyAb Ha OT-
peske AB. ‘

3dsas ozBo pemenme F(r, y) npobaemm zaa dymzyum f(x),
Mbl MOMKeM BHIBECTM H3 Bero Apyroe pemenue Fy, mpauem {yBk-
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gas F, momer NpHBHMATh HA KOHType HPAMOYroJbHHKA (XpOMe
cTopoHBl AB) xl0bkie Banepes 3ajaBBEuie 3uavenns. B camom peae,
BO3bMEM NpPOU3BOIBHYIO TOYKY C (4epr. 5) BEyTpH Bamero mps-
'MOYrOAbBMKA H COCIHHHM €¢ DPAMBIMM JHHHAMHU C Toukamu A n B.
B tpeyroasnnke ACB noxomum F, =F, BHe me ATOr0 Tpeyrosn-
HMKa Mbl IpHEAMaeM 32 F, npoussoibHyl Henpepeiuyio QYHRQHIO,
NpABMMAOIIYI0 3ajaBHbIe 38aYeHuA HA komType ACBB A A.

O606man ary npobiemy, MBI MOmeM 3ajaTh Hamepeg H 3Hade-
Bua @yskgun F, Ba Kako#-iubo xpueoi#t, nporexaromeit BRyTpm
IPAMOYroJbHHEA M coesuBsiomeil Toukum A m B”.

6. Jonycmum, wmo sannun Pyrnxyun f(x) onpeaeiena ko om-
peske AB (uepm. 6) w wmo mesicay moukamu A u B umeemcn ma-
kar mouks C, wmo na Kadcaom u3 ompeskos AC u CB Pynwyus
[(x) ecms npeses nocaeposamerviocmu renpepuwsnux Hywkyut. A

y
4 & A A
c
o g Fx o4 T B %
Yepr. 5. Yepr. 6.

ymezroicaaio, wms 8 makom cayvae @ynxyua f(x), paccmamrusaeman
Ka eécem ompesne AB, ecmb npezex mek,mipow RoCAEL08uMmeABHOCTIU
nenpeg viehnT Prynryud,

Urobr1 B aTOM ybesmrnes, zocTaTowHO mOCTpomTh QymKuuio F,
yAoBAeTBOpAOMYI0 ycaoBuaM npobaempr (4). ‘

ATOI0 Uesbl0 MBI 334afMM MPOM3BOABHO ' 3uadeBna ¢Qymr-
usr F Ba orpeske CC;; B CmAy clesaHHBIX npexnoaomennh Mol
MOKEeM jaiee AONMOJIHWTH ONpeAcsenne (ywkuum F B kamiow u3
upamoyroasuukos ACCiA; u CBB,C, takim obpasom, urobn ycao-
BHA 0pohaembl (A) Gviau BHINOAREHH! B KAKAOM M3 ITMX DpPAMO-
yrOAbBMKOB B OTAGALHOCTH; HO B TAKOM CAyuae oHM OyayT Bmimox-
HeHBl W BO BCeM npsmoyrosbnuxe ABB A,.

Aoxazamnas Teopema moxer GuTb pacupocTpanena Ba cayuaf,
Kor28 OTPe30K AB passeinerca Ha aoGoe KOHedHOE 4HMCAO OTPE3-
KOB, T. e.: ‘

Ecau pynwyun f(x) 3agana na ompeske AB u ecau smom om-
Pe30K MOOICHO [ A36UMY KG KOHewHOe wUCAD OM) e3K.68, Ka KUNCAOM U3

* Pasymeercs, 3aiaBaembiili pax 3mavemnéi B 06owx caydasx AOXReH
61iTh HeupepuBHBYM, (lpun. pes.) S "
23 CM' *)
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nomope - Pynxyua [ REAREMCA Npelesd.n NOCAed08amebKOCTIN Hellpes
] BIBHOLT  PyRKywil, mo amum oace ceoucmeom Pyuxyur [ obiaiaem
© HG 8CEM AQHHOM OmpesKe.

B cusy pesysvmama n.5 omcioqu ciegyem, 4mo 6CAKGA PYMKYUR,

UMEIOWAR AUWD KOHEUROE YUCAO MONEK PA3PHIAE, ACAREIMCA Rpeieron
#0CHA08 MEILHOCTIY Henpep tiehux Py HKyun.

7. Mb1 pacopocTpaBAM Temepb ATOT pe3yAbTarT HA HEKOTOPHI®
pysrgun 6Goaee caomxmoro Tmna;, obparmmca B mepsylo ouepexs
K cAeiylolleMy NpUMEepy, B KOTOPOM paccmMarpuBaeMas (QyBKQHA
uMeeT 6ecKoBEUYBOe MHOKOCTBO TOIER pa3phIBa.

Ilpeactrasam cebe Qymrumio, ompeseseBHylo AAs BCEX TOYER
orpeska (0, 1) caeaylownm ofpasom: 1) oma paBma HyAI0 BCIOAY

RPOMG TOYEK i, 7, ey -;‘l‘,. ‘e 0; ﬂ; B

4 "
2) B kamaofi e m3 3THX TOUeK 3HA- e
YemHe ee PaBHO EAHEHMLE. c

Moxer 4 ompejeseHuas TaKmM
obpasom ¢yBxuna OwmTsr mpexcTaB-
JeHA B KayecTBe Npesesa MOCAEAO- 4
BaTeAbBOCTH HenPephIBEbIX QyBKunii?
Bonmpoc ptor pemaerca yrBepau-
TeAbHO, KAK IMOKA3pIBaeT TeopeMa, KOTOpYylo Mbl celiuac o-
RamKeM,

Ho ppemae 3amerum, yro ecau Touka C Jexur Mexzy A m B
(upuyem AB ects orpesok (0,1), To orpesor CB cozepmur aMmb
KOH@YHO® YWCAO TOYeK pasphiBa ompeseaeRHod Bawm Qyskpwm, n
cae0BaTeAbHO HA HTOM OTpPe3Ke Bamwa GpYBKEHA ABAAGTCA mpeseAoM
HOCIe30BATEALHOCTH BenpephBBbIX (GyHKguM.

Ecau Pynkyun [ onpezesene na ompeske AB (vepm. 7) u ecau,
Kakoe 1 68 nu 6waa movka (', 3axawouwennan mewciy A u B, na om-
peaike CB janHuR PYHKYUR AGARCMCA RPelei0M HeKomupod nocielu~
8amelbKOCIY -HEMPpepblennx Pynxyul, mo u Ha eécem ompedke AB
AaRRUR PYRKYUA Modicem 6vimb npejcmasieli KAK Nnpejer KeKOMO-
POl ROCAEA08QIM?ALHOCTRY HEnpePUBHUT Pyriyuil. ’

B camom gexe, paccMorpmm Karyo-im6o moc.ez0BaTesbHOCTD
Towek C,, C,,..., C,,..., CTPEeMAIAXCA K TOUKE A, npuyem jzo-
MyCTHM, 4TO Kamjad M3 PTHX TOYeK JOXKMT BJIEBO OT Hpejme-
creyiomefi. IIpoBeaem orpeszox AB, u ormernm Ha Hem Toukm C,’,
C/,..., C,,..., NPOERINAMYU KOTOpHX Ha AB caymar zamHbIe

toukn C,, C,,..., C,,... Mbl onpejesum B NPAMOYroAbEHK®

ABB,A; ¢ysruuio F(z, y), xortopas 6yier yi0BIeTBOPATL BCeM
ycaosuam npobaemer (A) no orsomesuio K zampo#t ¢Qymrpum
f(x). C-arolo ueiblo MW npemAe BCEro 3ajaruM Kaxylio-aubyas
byBkuio, HenpepsIBAYI0 OTBOCHUTOIBHO COBOKYNHOCTH MepeMeH-

[

Yepr. 7.

2 Bsp. Teopua paspusENX $yuxuuk, 17



HuIX (2, ) B kamaoft Touke rpeyrossmnra A4 B, u mpunumatomgylo
sBauenue [(A) B Touke A.

Jaree, mm onmpezersem ¢ynxpuio F gaa r1OYex rTpamegmm
C,CyB\B, npmuem ¢yHkyus ymxe ompeiereBa Ha cropomax (B
n C/B, prolt Tpameguu; Taxoe onpejeieBue BO3MOKEO B BHAY TOTO,
uto QpynKrpua [ Ha oTpeske C,B, coriacBo npesnoI0KenNIo, ABAAETCA
mpeseAoM DOCJIEI0BATEALHOCTH HempepniBEbIX (yBxpmit.

Jaxee, wmp1 onpegersem (ysruuw F xiA TOYEK Tpamepus
C,Cy C/ C,, npuuem GyBRMA 2Ta yHe ompesedesa XAA ‘Tpex
U3 CTOPOH ATOil Tpameuum; 3aTeM MbI HOCJIEJOBATEAHO ONPEACINM
¢ysrpuo F 11a TOYER BCex aHAIOTHYBBIX Tpaneymil, OCHOBAaBHHAME
‘KOTOpBIX #BaAIoTCA oTpesku (, C,, Cy Cs,...

Ilpeanoaaras pror npouecc OPOAONEEHBBRIM neorpaanqenno,
MBI TeM camblM onpeieamm ¢yuxymio F B xamaolt Toure mpamo-
yroabuuka A A, B, B. Jra ¢yuxpus, oueBuAHO, HenpephBEA BO BCOX

TOYKaX DPAMOYrOAbBHMKA, Kpome, OmTH

40 0 G 8 wmomer, Touek orpeska A B. Ilo orso-
0, o0, O IeHHI0 K y HOCTPOeBHaA QyBKEHNA, KAK

! PTO ABCTBYET H3 CAMOro NOCTPOeBMSA,

Yepr. 8. BenpepblBHAa H B Ramjofi Touke oOT-

pesra AB. Taxmm obpasom dymkpma F
MOAHOCTBIO PemiaeT NOCTAaBAGHHYIO 33zady.

8. ConocraBaaa TOABKO 4TO NOAyYeHHbIE Pe3yabTaTh (mm. 6 u 7),
MBI NPHXOAAM K AOKA3ATEABCTBY CJAEAYIOMIEr0 HOAOMEHMA:

Teopema I. Ecau fynryus f(x) onpeserena ka ompeswe AB u
€CAU KA 3MOM OMPe3Ke CYW,ecmEyeml KOHEWHOE YUCA0 MAKUT MOYeK,
wmo na awbom ompesne, corepicauemcs 8 AB u ke coxepacaugem Hu
oanow u3 mux movek, [(T) ecmy npeier NOCAEA06AMEAbHOCINY Kemye-
puswux Pynkyull, mo u Ha ecem ompeske AB Ppynnyun f(x) ecmv
npejes HeKOmMOPod ROCAEI06aMELLHOCIIY HeMPEPHSHOT yrKyutl.

B camom zexe, nycrs 6yayr C,, Cy,...,C, Te TOUKH, O KOTO-
PHIX MieT peur B t})opuy.mpone TEopeMbl (qep'r. 8). B mpome-
Kyrkax memay Toukamm 4, Cy, C,...,C, B orMernM kakme-
Bubyas Touku Dy, Dy,..., D 10 Tem cameiM oTpe3ox AB pacoa-

aaerca Ba KoWewnoe wumcao orpeskos AD,, D,C,, C\D,...,

D, ., B. Ha xampom u3 aTMX OTPe3KOB BHIIOAHAIOTCA YCAOBHA

nociezHell TeOpeMH, mpuueM COOTBeTCTBYIOMaA To4Ka D B Kamaom
OTzeAbHOM caydyae urpaer poap Toukm B. CaezoBareabmo, Ba Kam-
AOM M3 3TUX OTPe3KOB PYBKUMA [ ecThb mpejea NOCAGAOBATEILHO-
cTu HenpepsiBBLIx ¢ysxguii. A Tak Kak PTMX OTPE3KOB HMeeTCA
AMmb KOHeYHOe YMCIO, TO B Ba BceM oTpeske AB dymkuyma f (z)
ecTh OpeAed  HEKOTOpoH  moc.aes0BaTEABBOCTM HEUPEPHIBHAIX

t])ynxunﬁ



L HPRMEHEHHE 3AEMEHTOB TEOPMH TOYEYRBIX MHOKECTB.

9. A1a Toro u4robn mojofirM X mpuiomeBmAM ITOH TeOpeMBI,
HaM BeobX0zumMo BBECTH HEKOTOPHIE OCHBOBHBIC NOHATHA TEOpHH
MBOXKECTB.

Ilpesesvnnie movku. Paccmorpum Kakoe-anb0 ToueuBOe MHO:KE-
creo P, pacnosomeBnoe Ba npamoaumelinoM orpeske AB. Mm Gy-
AeM Ra3wiBaTh TOYKY M npegetsnoro moukolo mmoxecrsa P, ecam
BeAkuE OTpe3ok, coAepmanii BuyTpm cebs Touky M, coaepmur
sEYTpN ceba no mMemburelt mepe 0ABY TOuky mMHOmecTBa P, OTAMY-
By or M.

Kopoue roecpa, B awbom coceactse Touku M mafigerca Touka
mBomecTsa P, oramumaa or M.

Jamerum, 4ro ecam Touka M ecTh mnperesbHAA TOUKA MHOZKE-
crea P (Be3aBHCHMO OT TOrO, NPUHAJAEHHT AU OHA ITOMY MHOHE-
CTBY HAR HeT), TO BCAKHH OTpe3ok, 3akaiouaiomuit BEYTpH ceba
TOYKY M, BOODEMEHHO COAGDEMT O6eCKOHeUKOe MHOHNCECMEO TOYEK
mBoxecrsa P. B camom zeae, ecam 6m kakoii-Bubysb m3 Taknx or-
pe3koB cojepxa. B cee JHIMb KOBEUHOE YHCIO TOYER MBOmECTBA P,
OTAHYHBIX OT TOYKM M, TO OzHa karas-imfo M3 3TUX TOYeK .Je-
masa 6p1 Oamixe k TOuke M, memeanm Bce zpyrue; oboszmaumm
uepe3 & paccrosmme Memay pTolt rouxod um Teuko#t M. B raxom
cayuae Bcakmii oTpesor, sakarovariuuii BEYTpH ceba Touxy M wu
nueolguil 2IHBY MeHbmYl0, Hexeau , He cogepmaa O6m BEYyTpH
ceba mn ozBoli Touku mMBomecTBa P (kpome cawolt Tourum M, ecam
OHa HpHMHAZAEXKHUT MBOXKecTBY P), H, c1ej0BaTeibHO, B CMAY J8H-
HOro HaMu onpejzerenns, touka M me 6b1a 6n1 nmpezeabHOIO TOY-
Kolo MBOmecrBa P.

C apyroft cTopoBm, ofpaTHOE npezIOEEeNMe ABAAETCA CaAMO-
OYeBHAHBIM; CA040BaTebHO, JAHHOE HAMH ONpeje]eBHe PABHOCHILHO
creaylomgeMy: Touka ‘M Ba3blBaCTCA 7PEJeibHOi0 MOYKOI MBO-
mecrBa P, ecam apboii orpesok, sakanuanowmuit BEyTpH cebn
TouKy M, cojzepmut OeckOReyHOE MBOKECTBO TQUeK, IpHBajllema-
mnAx MHomecTsy P,

Ilpousgoanme mroxcecmea. Mmb1 OyaeM BasbiBaTL MPOU3LOAHHLMN
MHKOdCecngoM TOUYeUHOTO MBOmecTBa P m o06ozmauats yepes P! MBO-
eCTBO BCeX NpeAeibBhIX TOYeK MBoixecrsa P.

3amkxnymue mroscecmsa, Mu1 6ysem HagpiBaTH TOY@YHO® MHO-
HECTBO 3aMKHYMbM, ©CAM OHO COAGDHHT BCe CBOM HpejeJbHble
TOYKM, T. €. 6CAM BCARAA HPeAeJbHAA TOYKA JAHBOrO MBOXECTBA
NpHBAajIeKHT 6MY.

Paccmorpuym, Banpumep, ¢ 0AROH cTOpOBM MHOEECTBO TOYeK,

1 1
abcgucch KOTOPHIX CYTh COOTBETCTBEHHO FIVIRRrL
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C Apyrofl CTOpOEBI — MHOXKECTBO TeX K TOeK, NPHCOeAUHAA K HU
euse TOURY My.Jb. Kamaoe 3 TMX ABJX MHOKECTB MMEOT TOUK
nyab csoeit ejnHCcTBeHHOH npezeabHOH TOYKOH. Orcioaa caeayer
YTO BTOPOE MHOMKECTBO 3aMEHYTO, & NEpBOE HCT.

¢ 2 10. ITpoussognoe muodcecmeo P* 1106010 mouewnow MmHodceCHEa

ecmb 3GMEHYMOE MHOMNCECTIB0. .

Apyrumn cioBaMu, MHOmecTBO P! cosepmut Bcej CBOW mpe-
AeAbHBI® TOYKH.

Iycrs M ecTs npoM3sa0ibhaR TMpejeibHad TOYKA MEHOKECTBA Pt
(sept. 9). A yrsepiaato, uro Touka M 6yseT mpesesHOI TOUKOI
u 111 mpomecrsa P. B camom sexe, Bcaxmil oTpesox M M”, zaxiio-
yawoyuii peyTpu ceba Touxy M, cosepxur HecumcienHOe MBORe-
¢TBO TOYER MHOmecTsa Pl Bblﬁep,eu’ Kakylo-1u60 ojmy u3 2THX
TOYeK, Aexaiyio exympu orpeska M M ‘. Tak kak Bmﬁpa,nnla,m -TOYKA
ectb npejeibBas | 47 MHOXKECTBA P, 10 B OTpeage M’'M” coaep-

a " )
 —

M M M €4 o C
. YepT. 9. Yepr. 10.

Ty

I.n.lt

#urTca OeCKOHEUEOe MHOKECTBO TOYeK, NpHBajIexalinx MHOXe-
crsy P. CaezoBatessBo, Touka M ecTb npejesbHas TOYKR MHOMe-
crBa P.

Toueunoe muoacecmeo P, nomewaroueeca Ha ronexnom ompesxe AB
u cojepolcauee 6ecuucieHHOe MHOJCECIB0 MOYEK, HENnPeMEKHO UMEBM
10 Menbwelt mepe OAHY TPEIeAbHYI0 MOUKY.

B camom aese, nyct» Toura ( ecTh cepeimma oTpeska AB
(uepr. 10); no mempmeli wepe oisa u3 i8Byx noiosun AC, CB
AOAKHA cojepxarTh OecumCIeEBOE MHEOMECTBO TOYEK, NPUHAjAEHKA-
wax muoxectsy P. Mycrs pro 6yaer nososuna AC. OrBocHTEIBHO
mee Mbl OyzeM paccy®jarp Tak e, KdK PaccyBAaid OTHOCHTEABHO
orpeska AB. M noayyum BexoTopeii HOBHIE OTpesok, Halpmmep
C,C, cogepxamuii 6ecuncienHOe MHOKECTBO TOUEK MHOMmecTBa P
M AIMBA KOTOpPOro paBHa OAHOHl uersepTnm AAWHE oOTpeska AB;
C PTHM OTPe3KOM MEI NMOCTYNaeM aHAIOTHYHO NpEABIAYIIEMY H T. 1.
Mer noaydaeM HEOrPaHWYeHHYI IIOCIEANBATeIbBOCTh OTPO3KOB,
kamAbl# M3 KOTOPHX COAGpPHMT OecuMCIEHHOE MHOKECTBO TOYeK
MBOMeCTBAa F; JeBble KOBUbl PTHX OTPe3KOB HHKOrjza He mpubim-
MAIOTCA K TOYKe A, mpaBble — HWKOrJa He MOryT mpubimmarsca
K TOuke B fi1umbl OTpe3koB npm proM crpemarca k Hyawo. Orciosa
cIeiyeT, 4YTO JAeBbe M NpaBble KOHUBI ITHX OTPE3KOB CTPEMATCH
K OJHOMY M TOMY XK€ NpeieJpHOMY NOIOKEHHIO. JTa TOYKa, NO
CaMOMy CBO@MY OHpejeJeHHIO, J0AEBA OHITH MpeseJHHOK TOYKOKO
muoxectsa P, ubo Bcakmil orpesok, saksiovaionmuil BHyTpH ceba Ty
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TOYRY, COAePRAT GecHmCueHHOE MAOKECTBO TOYEK, NPARALISKAMAX
mBoxecTsy P.

U3 groro npeatomenus ™Mbl Temeph BHIBEAEM TaKOE CJEACTBHE,

Ilycts AaHO WPOM3BOJLHOE MBOKECTBO P, pacnoloxesHoe Ha
otpeske AB; ecam oTpesok a3, cocraBiaomuil yacTs oTpeska AB,
HE COJePKRHT HM OAHOH TOYKH HPOU3BOABOrO MHOKecTBa P!, T0 OH
MOKRET COACPKATh JHWb KOHEYHOE YHCJO TOYeK MHOMKecTBa P
B caMoM jexe, ecam On1 orpesok af cozepmas €eckomeunoe MHo-
MECTBO TOYeK MHOKecTBa P, om joxmen 6ma O6b1 cozepmarh mpe-
AeAbHYI0O TOYKY BTOr0 MHOKECTBA, a PTA MOCIE HAA NPHHAAJCEKAT
MHOXKECTBY P,

Ecam orpe3ok a me cozepxur HM 0AHOH TOUKH MHO®ecTBa P!,
TO MBI YCAOBHMCA T'OBOPHTB, 4TO B OTpe3ke a3

P =4,

Mut momeM Temeph JOKa3aTh caeiylomylo Teopemy: Ecau muo-
owcecmeo P movex paspusa gywryuu f(x) maxoeo, wmo nyou3eoznoe
muoscecmeo Pl cocmoum w3 koweunoro wucaa movek, mo gynkyus f(x)
ecmb npejes NOCIeJ06aMeIVHOCIY Henperbienyic Gvuryud.-

Iycrs B camom aese My, M,,..., M, cyTb TOuKHM, cOCTaBAAI-

mue mMHOKecTso Pl. Ilpumenas reopemy I m sameuas, uto B d1060M
HHTEpBale, He COjepmamieM HH OJHOH w3 Tovek My, My..., M ,
Gyskuma f(x), wuMeAn JIWIIL KOHEYHOe 4YHC.IO TOYEK pa3pbiBa,
asaserca (u. 6) mpejerom mOCAEJ0BaTEABHOCTH HENMPEPHLIBHBIX
¢ynrguil, Mbl 3akdi09aeM, 4TO u Ha BceM OTpeske AB (dymx-
uua f(x) ecTh npejex nociei0BaTEILHOCTR HenpeprBEEIX QyBRyHii.

PaccuoTpu¥ B kKawecTBe npumepa MEOXKecTBO P, cocraBienmoe:

11

SR ERRRE
n, CIej0BaTelbBO, HMEOIOUWX npesesbnylo rTouky 0, wu
1 1 1 1 1 1

2) u3 Touex —2-—{- > -é——lf—-z—, ‘e ,§+?L,.. ., WMEIOUINX Tpe-

1
A€IbHYI0 TOYKY —5-. MmomecTso P! B 2amHOM ciyuae, OUEBHIHO,

2

1
coctouT H3 TOoYek 0 5 Ha ocoBamum mnocsesgmelt Teopembr

1) m3 Touek, mmeomnx csBommm abcgmccamm wuincaa
1

.—,'.ll,
2”

dyHRQUA, paBHAA Hylio, BCIOAY, 32 ACKIIOYEHHEM TOYEK MHOMKe-
crBa P, B KOTOpHIX OHA paBHAa eJWHHUE, BBAACICA NPEAEIOM NO-
C1e10BaTEAbHOCTH HeNpephBHbIX (yBryuii.

11. Ilpouseoanuie mmoxcecmea evicusur nopsakos. Jouycrmm, wro
mpoxecTBo P! cocromT n3 HcckoHeymoro MHOXecCTBa Touex. B Ta-
KOM cIyyae OHO WMEOT HPON3BOJHOE MHOKECTBO, KOTOpOE MEl Oyiem
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o6o3mavars yepe3 P2 W BasbIBaTh NPOUIEOZHLLM ILHONCECTEO.MN emo-1
P00 NOpAAKG MO OTHOMEBHIO K MHOXeCTBY P.

Tak xax mmomectso P! samkHyro (m. 10), To MHOXECTRO Pz ‘
UeANKOM B HEM COAEPEHTCH, 4TO Mbi Oyiem obozmawars rak *: ‘

Pi= P2,

IocTponM Teueps mpUMEPH] MEOKECTB, WMEKIMNX npomno.mue
MHOXKeCTBa BTOPOT0 MOpAARa.

/ 1

IonsiTaeMcA NOCTPOUTh TAKOE MHOXKECTBO, YTOOBI TOYKa —2-

npuHajiemala ero BTOPOMY npousBojuomy P2. Aia proro MHOKe-

cTBO P! goaxuo cojepxaTh beckomeunoe MHOKECTBO TOUEK, HMelo-

10ce TOUKY —;- CBOCI0 NPEAeILHOI0 TOUKOIO. ITycrs ato 6yay-r, Ha-

1 1 1 1 1

S g g g

AOANHBl CTPOHTH HOBBIE TOYKI, NPEAGALHBIMH TOYKAMH KOTOPhIX
cayxuim 6p1 Bce Touku MHOmecTBa P'. PaccMoTpum B mepsyio

npuMep, TOYKK -;——{— Mpr  Tenmeps

1 1
odepess maTepsaa oT 1 a0 5—}——‘—1— H noctpoum B. Hem OeckoHedy-
HYl0 NOCJej0BaTC.ABHOCTH TOYGK, UMEOmHX cBoeil npejesbHOH

TOYKOH Tquy-—;--i-—i—. Ilycts a10 6yayr, manpumep, TOUKH

(4 4)4t (1+1')+L SHEE e

2 ' 4 8’ \2 " 4/ 16’ 2 ' 4 ont e
Hoaobumm xe 06p330u, B KaxkjoM Hu3 OeckOHeyHOr0 MHOme-
1 1

1 .
CTBAa WUHTEPBAIOB C 1;ongamu———-}——é—n, -—é—+A-—2—ﬁ¥l~~Mbl HOCTPOHM
GecroHeuHnylo MOCJIEA0BATEALHOCTH TOUCK, PACTNOAOKEHHYIO HO OT-
HOUIEHWI0 K JaHHOMY HHTepBaly Tak, KaK NOCAeA0BATeAbHOCTD

1 1 1
5 F» - | PacmoIoKeHa OTHOCHTEABHO HHTEpBAIA ,1.

’
O6osmaunm uwepes P moiyuaemoe raknm 0(pPa3oM MHOKeECTBO. -
1 1 1 1
OueBHAHO, YTO KAKAAM W3 TOYEK —, -~ | ..., —+ —,
2" 2 -4 2 2
eCThb npeae.lbuaa TOYKA MHOMkecrBa P N, cIej0BaTe.JbHO, HNPHHAZ-

o e e

* Mm noone yciosuMea mucath P33 (), ecan Muomecrso P ocodepiur
BCe TOYRN MHomkecTBa O, u P> (), ecin Muomectso P COACPKNT Bce TOYKM
MHOKECTBA () U CBEPX Toro, 110 Menbulell Mepe, oAHY TOURY, He MpuRasle-
5KaNyl0 MHOKEcTBY ¢
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eENT MHOKOCTBY P!, DTH TOUKM B CBOIO OYepelb WMEIOT CBOEK
MpeAesbHO TOYKOIO TOUKY 5, KOTOPaA, CAeJ0BATeAbHO, NPHEALLL-

wuT MHOKecTBY P2. Takum 06pa3om MBI HOCTPOMM TakOe MHOKECTBO
P, BTOpoe nNpOU3BOJHOe KOTOPOr0 COJEPKHMT Hanepes 38 aHHYIO
TOYKY.

Dynnyua, obaasaromas mem c6slucmeon, wmo MHoMHcecmso P ee
MOUEK PA3PHBIT UMEEm 6MOpPOe npoU3BIAHOe MHOMCecmeo P2, cocmon-
upee U3 KOKeUHO1D YUCAY MOuek, AB.1A°MCA npejelom nocaeqoeamern-
nICMU HENPEPUIGRNT PyHKYUL.

B camowm jexe, nycTs MEOKecTBO P2 COCTONT H3 TOYEK MMy M, .
Kamasiff uHTepBas, cocrasamomuil vacth nurepsaza AB u me
cojepmamutt mu oanof us tovex My, My,..., M , moxer cosepmarn
IRIb KOHEYHOE YHCAO TOYeK MHOKecTBa P!, M cAe40BaTEAbLHO
(n. 10), dynxyna f B Takom mmTepsate Gyser nperesom mocrezo-
BaTeAbHOCTA HenpepuBEbIX (yHKyHi;

a orcioJa, B cuay Teopemnl I, caeryer 4

CIIPaBeJJHBOCT, HAIIErO YTBEPRACHHA. M My M, M
12. Caesys HaMeueHIOMY nyTH, 1eIKO
crpours Bce Gosee m Goiee caomHbie Yepr. 11.

paspriBHEIE pyHRUHA, 0606man noraTHE ‘
NpOH3BOAHOTO MHOXKeCTBA. MBI yCIOBUMCA HA3bIBaTh MHOKECTBO,

npoussogHoe Ot P’ npouseoansiu MKOdCECMEOM ROPAIRA ¥ OT MHO-
xecTBa P u obozmauars ero yepes P'; Takum obpasom MBI mociezo-

¥

BaTeJbHO OnpejeiscM paj MHOKecTs Pl, P2, ., P'| ..

Ilokamem Temeph, YTO yMesA NMOCTPOMTh MHOXKECTBO, AAA KOTO-
poro P’ cymecrByer, Mbl BMECTe C TeM CymMeeM H IOCTPOHTH MHO-
mecteo, &1s ®otoporo P’ T cymectsyer m cosepmmr manepex
3azaHmEYyi0 TOYKy M.

3azagnm cebe Geckomeumylo nocaejoBareanmocts TOuek M,
M,,.. . y M. .., cTpeMAmmnxca K To4ke M (qep’r. 11).

B kam10M u3 HHTEpPBaIOB Mn M n41 TOCTPOHM MHOKECTBO, HMEIO-
mee MPON3a0iHOe MHOMKECTBO HOPAJKAa v, Il NPHUTOM Tak, YTobml
pTO mocJeimee coiepmaso Touky M,. Toraa mMHOMecTBO BCex moO-
CTPOEGHHBIX TOYeK 6yAeT HMeTh NPOM3BOAHOE MHOKECTBO HOPAJKA v,
coaepxamee Toukm M, M,..., M ,... Tax xak aTo mocaeimee
MHOMKeCTBO MMeeT TOUKY M cBoeii mpeseanmoii Toukoi, TO mepso-
HayaIbHOE MHOXKECTBO He06X0imMMO HMeeT NpOoH3BOJHOE MHOKECTBO
nopAaka v 1, m pTo mocaesnee corepmur TOuKy M.

B orsomennn x paspeIBEBIM (YHKUAAM Mbl MMeeM CAeyIOYIO
Teopemy:

Beakan gynnyus, o6.iaaiomar men ceoiicmeon, wmo muodcecingo P
ee MOUeK PA3PB6n UMeem NpOuUBOIHOC HKONHCECTNBO NOPAIKE v, COCTROA-
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wee U3 KoHEUKOW WUCAAL MIUCK, ABAAEMCA RPEAeAOM TOCACA06:LMCAb
wocmu Kengepviennix Gywryuw. Ipm proM v ozHavaer soboe HaTy-
paJbHOE 9IHCIO. *

Jdonyctum, YTO Teopema yme AOKa3aHa AAd BCEX HATYPatbHBIX
4Hced, He NPEBHIMAMIHX HEKOTOPOr0 WYHCIA V, W NMOKAaKeM, 4TO
B TaKOM cJydae TeopemMa BepHa W AiA uymucAa (v—-1).

Iycrs mmomectso P’ cocromr us touex M, My,..., M,
B aobom muTepsase, He coaepmamieM BE OJHOH M3 3THX TOUEK,
MHORECTBO P’ MOKET MMeThb JHIIh KOHeYHOe YHcio TOouyex. B TakoM
MHTepBale, CJeJOBATEAbHO, AaHHAA (YHKUWA ABIAETCA NpPeseiAOM
HOCAez0BaTeAbHOCTH HenpepriBabIX QyHkuut. Mpwmenas reopemy-1,
Mbl y0emgaeMcs B CUPaBejIMBOCTH HANIEro yTBepmACHUSA.

13. Herpyiuo mOCTPOMTL MHOMKECTBO TOYEK, uMelouee npOuU3eol-
Hble MHIHCECTNBA 6CET TL0JIA,IKO6.

Buibeper Ha sanmHOM oOTpe3ke NpPOM3BOABLHYIO TOUKY M W mo-
CTpOMM mocieioBaTeinaocTs Touek M, M,, M, ... (vepr. 11),
cTpemamuxcad K Toyke M. Jas KamIOro HATypaIbHOrO YHCJa v

Y mocrpoum B muTepsate M My, , MHOKECTBO, mMeloulee npOH3BOA-
HOe MHOMKECTBO nopsjxka v, ¥ 0603Haunm yepes P coejuaeHHe BCeX
nOCTPOoeHHBIX Tawum obpasom mmomects. Sl yrsepmaawo, 4TO 2TO
MHOMECTBO WMeeT MPOU3BOJHBIE MHOKECTBA BCEX NOPAAKOB; B CAMOM
Aele, 321aBas v NPOM3BOALHO, MBI BUAAM, YTO NPOH3BOAHOE MHOMe-
CTBO MOpAAKA y CYIIECTBYeT B Ka®A0M u3 mHtepsasos MM . .,

M, M ... Takum obpasom uHomecTso P’ cymecTtsyer ® co-
Aepxur TOuKy M, kakoBo 6p1 Hu 6piao v. ITo aToMy moBoasy mpea-
CTaBAAETCH YMECTHHIM JOKA3aTh CAEJYIOUWIYIO TEOpeMy:

Ecau muoscecmeo P, pacnoiodsc:wroe Ha HeKOMOPOM  KOHEUHOM
Ompe3ke, UMEEN N)0U3E JARbLL MK, JCECME'L 6C6T RUPALKOS, MO Cyuje-
cmeyem Ry MeHburdl Mepe OAKG MOUKY, RJUKGIAHCAWAR 6CEM  MHO-
orcecmeun P’

Mut goxamem caesyomee, eme 6osee obmee npeasomenme:

Ecau na nexom ipom komewwom ompeske 3uzam: nocierosameis-
wocmb Py, Fo ..., P,... 3uMEHYMbX MHOMCECTS, YA08ACMBIPAIOWUT
YCA0BUAN :

Pi=Py=Py=...=P

MO Cywecmeyeim, no Menbuled nepe, 0Ha MOUKG, BPUNAIICHCAUWAR 6CCM
muodcecmean P .

"B camom aeae, orpe3ox AB, no upemo.w:xenmo, COAEGPAHT TOUKH
mHOmecTBa P, RakoBo 6b1 um 6pl10 v; pasbusas orpesok AB ma
asa orpeska, AC m CB, mbm nenocpeactsenno y6exaaemca, uro
no xpaiimei Mepe osun H3 BHx obaagaer Tem we cBoHcCTBOM;
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NOBTOPAA 3TO paccymjeHWe, MBI NOAy4yaeM HNOCAEJOBATEJLHOCTD
MHETEPBAIOB, Kaxibifi w3 koTOpHIX 00uazaer ykazaHHBIM CBOHCTBOM.
B aroit mociesoBaTesbHOCTH Kamanli WHTEpBai COJEPEKHTCA B mpe-
ABIAYIIeM, W, pasyMeercd, pasAeAeHMA Bceraa MOTyT OuITh BhIGpanHEl
TaknM 06pa3omM, uTOGH AAMHBI AOCTPOEHHLIX MHTEPBAIOB CTPEMH-
auce k Hyawo. Ilpu pThx ycaoBHsx nocTpoennsie mHTEpBaIbl 6yayT

uMeTh eAWHCTBEHHYI0 06mylo TOYKky. JTa TOYKa JOMKHA MPUHAAIe-
' math BceM MHOxecTBaM P, b0 pTH MBOMECTBa 3aMKHYTHI.

14. Mut Gyasem obosmauars yepes P” MHOMeCTBO TOYeK, mpH-

HajleXKaMUX BCEM NPOH3BOAHBIM MHOXCCTBA P; 3TO MHOMECTBO P®
Mbl YCAOBHMCH HA3bIBAaTh RPOU3COAHWLM MHONHCECTIEOM NOPAAKG & OM
muodxcecmea P.

Y106b1 MOAYEPKAYTH, YTO MHOKECTBO PTO HO CBOEMY ompeje-
JEHHIO ©eCTh COBOKYNHOCTh TOYeK, 0Omux Bcem MHOmecTBaM P!

P2 .., P, .., up Gysem mucats:
PP=D(P, P, .. P,..)

M TOBOPHTH, 4r0 MHOKecTBO P ectb nauborswud obwud seaumed
MHOKecTB Pl P2, .., P, .. '

Iokasenm, yto P° ecTb 3aMkHymoe MBOMXECTBO,

Boobme, ecau P, Q, R,... cyThb 3amkiymsie MHOXKECTBA B KO-
Heunom uau GeckOHeuHOM 4YHMCJAe, TO MHOKECTBO S HX obmuX Touyek,
ecid OHO CYUIECTBYET, eCTh MHOKECTBO 3amkiymoe. B camom zeze,
BCAKAasA NpeicibHAA TOYKA MHOMeCTBa S ecTh BMecTe C TeM npe-
AeIpHAA TOYKa kamjoro u3 mHoxects P, Q, R,..., ciejoBaTeibno,
NPHHAAJGKHUT KamAOMY M3 HHX, 3 3HAUYHT NPHHAZICKHUT W MHOMKe-
cTBy S. -

Ecau nexomopbiii unmepea., COCMAGAAIOWUN YACMY AGKHOW uKmEp-
6a.4a, He COAEPHCUM MU 04KOU mouku muodcecmea P° mo cywecmeyem
makoe HAMYPAIbHOE WUCIO v, wmo MHONcecmeo P’ umeem 6 amox
UNmep6ale Aub KOHEUHOE YUCAO MONer.

B camom zese, ecam 611 vHTEpBal o COAEPKAL TOUKH KAKAOrO
u3 MHOMecTB Pl P2, .. P'.. . 10 om poimen Onia Obl, Kak wMbi
3HaeM, cOJlepKaTh NO MeHbIIcH Mepe 0AHY TOUKY, NpHHAJIEKAILYIO
muomectsy P*. CieioBareipbHo, cymlecTByer MHOXeCTBO F’, He
HMeloIee BOBCe TOYEK B 3TOM HHTepBase. B rakom cayuae,
0YeBHAHO, W BCe MHOMKECTBA, ciejylourne 3a P’, obiajaioT Tem e
csolicrBom.

Takum obpazom mmomecrsa P!, P:,. .., P, .. pacnajaworcs Ha
ABG KaTeroOpMM; OAHH W3 HHX HMEIT TOYKH B WBTepBase af, ApYy-
rue Takux Ttoyer mne mmeorT. Cpesu nocaegnux Hafizerca oaHO
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oupejeseHHO® MHOMKECTBO C HaMMEeHbWMM HHAeKcoM . Ecam aro
He ectb P!, 10 ofosHaunum ero wmaexc uyepes v-I-1. Ouesmano,
MHOZecTBO P’ WMeeT TOUKW B WHTepBaie of, M HPHTOM YHCIO
TaguX Touck koHeuno, u6o P’ 1’ Takmx Towex yme me mmeer.
Kacarearno paspmeebix QyRrguil Mnl uMeeM cieiyloImyio Teo-

pewmy:
Ecxu pynkyun f onpeserena ua ompesxe AB, u muodcecmeo P ee

mouek paspwea maxogo, ymo P” cocmoum u3 konewnow wucia mouex,
mo @ynryus f ecms npeses nocael08amesbKOCIIY HENPEPHIBHBT Py HKYUL,
B camom jexe, B aioflomM WHTepBale, He cojepalleM HH OfHOM

Toukn MHomecTsa P”| pymruuMa [ ectb Npeses moCael0BATeAbHO-

cru HenpepsiBabix (yskgult, n6o B Takom wHTepBase mekoTopoe P’
HMeeT Aumb Kopeymoe ymcao Tovek (m. 12). Hawe yrsepmiennme
m0oATOMY MOKeT GHTH J0KasaHO npuMeHeHWeM Teopembi I.

15. Ilpogosxuym eme Aatee 06o6meHHe TMOHATHA NPOU3BOAHOIO
MHOReECTBa. .

Herpyano nocTpouTh Takoe MHOECTBO, AiA koroporo P* me
TOABKO CYWIeCTBYeT, HO coAepmur OeckoHeyHO MHOro Touex. Jaa
arofi geau Beibepem Ha orpeske AB Gecxoneunymo mociesoBaTetn-
Hoctb Touek M,, My,..., M, ... (sepr. 11), crpemammmxca & me-

koropoit Touxe M, m B xamaom uurepsate M, M ., noMecTum

MHOKeCTBO, A1f kOTOporo P cymectsyer W coaepxur touxy M -
CoesuHenneM Bcex mOCTpOeHHBIX MHOKecTB Oyser Takoe Mmome-
cTBo P, a1a xotoporo P” CyWIeCTBYeT ¥ COAGPHKET BCE TOYKR
M,M,. ..M ... Orciosa Ml BmamM, 4T0 P” MMeeT HpOHM3BOAHOE
MHOXeCTBO, coaepmamee TOouky M. 3JTo mnociexmee Mbl Gyzem

obosmavare wepes P°t' (pasymeerca, sro ofosmauenme mnmeer
4HCTO yCAOBNmE xapakrep).

Mui MoxeM Jazee HOCTPOMTH TaKoe MHOKECTBO P, uT06H
B CBOIO OYepejzh MMeJI0 NPOM3BOAHOE MHOKECTBO, KOTOpoe Mul Oy-

aem obosmauate wepes P° T2 Boo6we rosops, ompeseaun MHOme-
CTBO P""H, ub Oyzem ofosmavars ero npom3sojHOE MHOKECTBO

Pw-l—l

* TIpu aTOM MBI CCBIIAEMCA HA TO. YTO BCAROe MHOECTBO A HATYpainh-
HBIX YHCeX COACP/KAT YMCI0, ROTOPoe MCHbINE BCeX OCTAJAbHLIX.

B camom zede, ecan ymcio 1 nmpnuaxieRuT MHOKECTBY A, TO OHO, 09e-
BHAHO, N OyAeT HanMeHBIWAM N3 ero sieMenToB. Ecau 1 ne MpuHAAIemnT,
A 2 NPHHAAICKHUT MHOKECTBY A, 10 2 u 6yieT HaumMCHLIMNM 3IEMEHTOM.
Ecan Hn 1, HH 2 He npuHaxiemaT MHOAECTBY A, Mbl MCOBITHIBACM 4YnCI0 3
n T. A, MOKa ue Aolizem A0 yncia, npuHajiemaigero MHomkecTBY A. Hpn arom
MBbl BCerja nmpmieM K Jelnm nocie KOHEYHOr0 Yncla ‘HONBITOR; n6o, ecdm «
ecTh TIPON3BOIbHOE IHCI0, BXOAALIEE B MHOXKECTBO A, TO HYARHOC HAM YMcAQ
HONBITOK BO BCAKOM cIydwae He HNPeBOCXOANT .
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q9epe3 P°1t '+ Tag xax Bce aTh MHOKecTBa 3auxny-rm, 10 HEob-
XOANMO

PP=petlmpetis =pt

Ecan MHOxecTBO P° T° koropoe ects mpoussosmoe or P mo-
pAAKa v, CymeCTBYeT NDH BCAKOM HATYPasbHOM v, TO, KaK MBI
smaeM (m. 13), cymecrsyior TOuYKH, NpHHAjIeXKAlIWe BCEM DTHM
waOmecTBaM. COBOKYMHOCTh TakHX TOYEK eCTh 3aMKHYTOe MHOXe-

cTBO, KoTOpoe Mbl oGozHaumm uepes P’ » X2 , n Oysem nmcarb:
PP =p(pet Pt Pt )

Urober mocTpouts MBOKECTBO, A KOTOPOro CyWIeCTBYeT
P° X% M1 oumpaeMCH Ha BO3MOKEHOCTHL HOCTpoeHHs B Xiobom oT-
pé3Ke MHOKECTBA, HMEOWero npou3sojnoe P +h,

PaccMOTpliM NOCJEJ0BATEILHOCTD TOUYEK My Myyo s Mpse ey
crpeMAlINXcA K HexoTopolt rogre M. JaA KamA0r0 HATYpasbHOTO
h mbt momMecTum Ha orpeske M, M, ., MHOKECTBO, EMeigjee Mpo-
mssoguoe P°1". Coesmmenme mcex HOCTPOEHHbIX WHOKECTB €CTh
Takoe MHOKecTBo P, Axa koroporo P” " cymecrsyer npuBcakom
a caegosatessno u P°*° cygectsyer u cosepmmt Touky M.

" Toaobmbin e obpazom MHomectso P” X? moxer mmers npoms-
BOAHOE MJIH Jaje DAl NOCIEAOBATEJBHBIX NPOM3BOAHBIX; MBI YCAO-
BHMCA NOCAe]02aTe bHO 0003HAYATH WX C NMOMOIMIBIO WHAGKCOB

0X 241, oX242..., 0X24v...

Ecan mnomectso P°”’ sMeer npomssoguhie Bcex KOHEYHBIX
nopsakos, To obuwylo uacrts ux Mel obozmawmm uepes P <2

O606man aroT npopgecc, MbI NPHXOIAM L ONMpejedeHHI0 MHOMe-
“crea P°7F rae hom vV — NPOM3BOILHbIE HATypaibHEe WHCIa,
T'oBopa TouHO, M1 npw aToM BBOAUM caeryiomme o6o3BaveHRA;

Ecan mumomecrso P* " yxe onpeseseno, to P***t! o3na-
yaer ero npomssojHoe Muomectso; P* X+ 1! ¢crs mpomasosnoe

s
or P*X 1 pCFD ecry MHOmecTBo TOYEK, KamAaA W3 KOTOPHIX
npnnaa.&emnr BCEM MHOKECTBaAM

.

u))(). 3 n -1 w Xk v

P P I youe
lIe.lecooﬁpasnocn ATHX ompejexeHMil ompaBabiBacTCA TEM, 4TO

MOKEO (JaRTHYECKH NOCTPOHTH MHOKECTBA, HMEIOIINe NPON3BOAHbBIE

rakux nopaakos. Ioabzyace Bce rTemm me CTpeuamumncn K Touke

M rouxamn M, M,,..., M ,..., 5 NpOMERYTKaX MeKAy KOTODPBIMH

¥



Mbl MOMefIaeM MHOMECTBA yie M3BECTHOH mam ROHcrp)l(nnn, MbE
HOCIe]0BATEARHO IOCTPOHM:

a) Muomecrso, nmeiomee P° <" T +1 yyeq nomponn MHO-
mecrso, mmelomee P”"*T%: y cieosaresnBo, aas jammoro 3Eave-
HEA ), MHOKeCTBO, mMelomee npu 1ioboM v nponssosnoe P XAty

" 6) Jaa proro e 3HayeHHA L MHOKECTBO, WMelogiee NMPOW3BOA-
Hoe P°X¢+D,

N
B) MaoxecTso, nmewouee P°"* npu aobom ).

Tax xak Ramioe W3 npomssogmmx P°, P°X% . p2>x
3aMKHYTO W COAGpPHMTCA B Tpeibiaymem, To (m. 13) cywectsyior
TOYKH, HpWBAjIexamue BceM ATHM MHOmecTBaM, (OBOKyDHOCTS
TaKHX TOYeK Mbi OGo3mawmM wepes P”, Tak uTo

P =D, PP PR,

. 2 R
3amernm, uro Tem campim P” Gyzer u MHOMECTBOM TOYEK, UpH-

: ¥
Haztemamgmux Bcem P° 7 *" kakoBm 6m1 HE 6pram v u L, mbo

peX0G+1D gory muromecTso _TOYEE, npnuauemamnx BCEeM P'” ><7
P XH“ cety PP7F Mlpu prom BHOARE BO3MOXEHO, UTO unome—
ct80 P*° B CBOIO OuYepPeAb COJGPHHT OECYHCJERHOe MROKECTBO
TOYeK, a CAeJ0BATEIbHO HMeeT nponsso.moe MHOXKECTBO WAH [e-
bt pAA MPOH3BOAHBIX MHOKECTB.

PesoMupys »T0 mOCAei0BaTEABHOE oﬁpaaonanne MHOMECTB,
3aKOHOMEDHO depejylolImxcA APYr 3a APYroM, MpI KOHCTATHpYeM
cAejyiolmee: Kamabiii pa3, Koraa OJHO W3 PTHX' MHOXKECTB HaMu
NOAYYeHO, MBI oOmnpejeiseM cieiylollee KAk ero NPOH3BOJHOe.
IlpumMensa ATO mpaBHAO, MbI moaydaeNy Oeckomeumyio mociesoBa-
TeAbHOCTh MHOKECTB, KaiA0€ H3 KOTOPBIX COAGPHKHTCA B NpeAbl-
aymem, u obpasyem COBOKymHOCTh OOIIMX TOYEK BceX ATHX MHO-
mecTs. Takum obpasom a4s oOnpejeseHna Bce HOBBIX M HOBBIX
TPOM3BOAHEIX MBI MMeeM JBa CYIECTBeHRO pasiHyHEIX mpopecca.

Ilpesxae yeM nofitm Aaree, saM Heo6xoauMoO yrayOuTsL Te HOBbIE
NOHATHA, KOTODHIE CBA3AHbI ¢ ATAM /JBOHCTBEHHBIM TPOPECCOM.
JTO0 M COCTaBHT uesb caexyiomel raasbl.
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l'sasa 1.

BNOJHE YNOPAAOYEHHBIE MHO/KECTBA M TPAHC-
PUHUTHBIE YUCJA.

1. IOHATUE BHOOJHE YIOPAZOYEHHOIO MHOMKECTBA.

16. Aas o6o3maueHns nociej0BaTeIbHOr0 4YepeJOBABRHA MBO-
‘JeCTB, BBeAeHHBIX B 1. 15, MEI NOAB30BAAHCH HEKOTOPHIMH HOBBIMH
‘CHMBOJaMH, yA00CTBO KOTOpPHIX OCHOBHIBAIOCH HA TOM, 4YTO OMH
BEChMa ACHO YKa3biBaJH HAM 1OCJEA0BATEAbHbIH NOPALOK onpesesse-
MbIX MHOKECTB; 3T0ro 6s110 66t ropasao Tpyssee JOCTHIHYTE, NOJb-
3YACH B KaY€CTBE HHACKCOB OJHUMH TOALKO HATYPaibHBIMH YHCIAMH.

BBesennrie BamMm  CHMBOJBI
npescraBamior  coboio  nepene 4 Py 8
mpancunumnsie wucia Kamropa, — ——r—r—r——u
Mmn monsiTaeMca Tenepr TOYHEe Mo My My M
0XapaKTepH30BaTh ITH 9YHCIa Ha
APYTHEX HpHMepax, rae HPpHXOAHT- Yepr. 12.
€A C HHMH HMeTh JeJo. ,

Paccmorpum  OeckoHeuHylo mOciejoBaTesbHOCTh TOuYexk M,
Mooy M, ... (wepr. 12), pacmosomenHsix Ha orpe3ke AB
Tagum obpaszom, sro M, ecerqu sexwcum npacee, nemean M,. Mu
3HaeM, YTO NPH TAKOM PACHOIOKEHHH BCe PTH TOUKH JEXKAT BAEBO
or nx npegeibHoli Touknm P. Bribepem eme xakyw-imbo TOuKy Q,
Jexkag yio BnpaB0 OT P, ® pacCMOTPHM COBOKYNWHOCTh TO¥eK
My,My,..., M ,..., P, Q; ycAoBHMCA FOBOPHTH, YTO H3 ABYX TOUEK
aTolt COBOKYNBOCTHM Ta, KOTOpad pacnoAOKeHa JeBee Apyroi, mmeer
6osee muaknl paHr, m nocrapaemca BBeCTH A4A BTHX TOUEK 060-
3HAYeHHA, KOTOphle YKa3nBaim Grl Ha MX B3aWMHOE pacnofoxenue.

3azava pTa 141 Toex My, M, ..., M ,... paspemaerca Temu
WHAEKCAMH, KOTOpPHIe MBl npunmcatu pruM Toukam. Urobmr pac-
npocrpamuTh »T0 06O3HaueHWe u Ha TourRH P m (), Mb obozHa-
q9nmM P yepe3 M, yCAOBHBINHCH NOMHMTE, YTO pAEMEHT C HHACKCOM ©
WMeeT paBr BhicIHH, Hedean paeMeHT C JoOBHM BATypalbHBIM
ungexcoM v. Touky Q M ofosmaumm uepez N YCJOBHBIIHCDH

. . w-1?
pa3 Hascerza, uro M 41 HMeeT paHr Bolcwnil, Hexean M . Taknm

P

1
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oﬁpaaom, 3HaM MHAGRCH ABYX TOMEK HAEry MHOKECTBR, MBI TeM
caMbiM OyaeM 3HaTh MX B3aMMHOE pPacHOJOKEBHe.

PaccMoTpum Temeps, Hapazy ¢ yie OTMeYeHHBIMH TOUKAMH,
ele nocaezopareasHocts Todex N, No,..., N ,... c BozpacTaio-

wumu abcguccaMu, pacno.aomennbix Mexay Toukamu P u Q u cTpe-
Mamuxca K touke Q (ueprt. 13). AonmycTum, yro HaM KelaTeApHO
BBeCTH eiuHooOpasHble 0603BaueBus A4A BCeX HOCTPOCHHBIX TOYEK,
U DPUTOM Tak, 4TO6m 0003BagYeHNA PTH NPAMO YKa3biBaIu HAM HA
MX B3aHMHOe pacnosoxenue. Jaa arofi geanm Ham gocraToumo obo-
38ayuTh TOuky N, wepes M 4o @ TOUKY 0, pacnoioxeHnyio npa-

Bee Bcex apyrux, — 4epes M . ,.
Herpyano nocrpoutrs u 6oasee caomHbie MuomecTBa. BozbMenm
Ha oTpeske AB OeckoHeuByl0 NOCAEAOBATEABHOCTH  TOYeEK
4 P Vv 8 ) ¢ 8

M M, M, NN, AP A P
- - - -

Yepr. 13. - Yepr. 14.

P,Py,..., P,,..., crpemamuxca k touxke ( (uepr.14). B xamsom
ugTepsate P, P, , mOCTPOMM NO0CAeA0BATEABHOCTh TOUEK C BO3-
pacralogiumu abcumccamu, CTpeMAmuUXca K npaBoMy Kougy P,
aToro ueTepsaia. BaammHoe pacmosomenme aBYX A06BIX M3 uncAa
NOCTPOGHBHX TaKuM 00pa3oM TOYEK C HOXHOKW ACHOCTBHIO YKA3hI-
saeTcAa npu cieiyomeli cucreme obozmauemmtt. Mmn o6ozmauaem
CI6BA HANPaBO TOYKW, pacnoioxeHHsle Mexsy A u P, depes
M,My,...,M ..., Touky P, —uepes M ; TourH, ZeXKaU[He MEXKAY

Py n Py, — uepes My, Mypoysoey M\, , TOURY P, —yepes
mez’ HT. A N

Touru P, P,, P,,..., P,,... npm prom O6ysyr obozmauenms
coorsercrsenno uepes M, M, o, M o qreeey Moy, Touxa Q,

pacnoaoxeHHas npasee Bcex Touek P,, byzer o6ozmauena yepes M. .

17. Apyro#t mpumep npescraBiser HaM paccMOTpeHHE 70CA€10-
eameashocmett Kamypaskbix wiuced. Ilog pTuM mMeHeM MBI Gysex
pasyMeTh MHOMKECTBO HaTYpaibHhX YHceJ, PacCHOIOXKEHHBIX B He-
KOTOPOM ONpejeJeHHOM BOPAAKE:.

A, ay,y..., B ogees
PaccuoTpuu Aa€ noCAei0BaT€AbHOCTH HaTYpadbHBIX 4nce.d:
Gy, ag,..-,(l",-A‘

by bye vy b, yeney



koroptte Mur olozmauhm coorsercrsenno uepes S, m S, Mut
yCIOBHMCA TOBOPHTb, 4YTO TOCIGAOBATEJBHOCTH S, 6v3pacmaem
cu.abKee NOCASIOBATEABHOCTH S;, €CAH CYIIEeCTByeT TaKoe YuCIo P,
“TO NpH 2 > p BeAkuit paz b, >a,.

Boo6ige rosopsa, ABe nOCA€I0BATEABHOCTH KeCPABHUMb, T.e. HH
0AHa M3 HHX He BO3pacTaeT CHabHee jpyrofi.

Mu nokamem, MTO eCau KAM AGHO CUCTHOE MHONCECMEO MOCIEA0-
eamebHoOCmell, MO BCELAQ MONCHO ROCMEOUMb ROCAEA08aMEIbHOCTD,
803DACMAIOWYI0 CUIbKEE, HEHCeAU KANCIAR U3 AAHNBIT.

O6o3HayuM JaHHEBIE 1OCAEIOBATEALHOCTE COOTBETCTBEBHO depe:s
813835042925, 5+ ¢+, @ Kam4pllt 13 pIEMEHTOB — IOCPEACTBOM LAPhI
upjexcos. Mbr moayunm rakum obpazom Oesrpanmumyio B ABYX
HanpapieHuax Tabimpy paementos:

Sy @y Uy oeey Bipsyvee
Syy Gyry Gyyy covy Byyy oo

I I R R R S R

v
ASn’ Upgy By =+ anp’ ot

D N N N I T R A R PR A Y

Mui Tenepsh MOCTPOHM HEKOTOPYIO HOBYIO TOCA€40BATEIbEOCTD L,
paemenTnl KoTopoil Mbl 6ysemM obozmauars wepes by, by,..., b, ...
3a b, Me npuMem pexoe 4YHCIO, cAesyiomee 3a a;;, 3a b, —
geioe ymcio, cieiyiomee 3a BanboAbIIMM M3 Yucex @, W dyo; 32
b,—uesoe umcio, csepylomee 3a Haubosbmmm u3 umcers a,,
By evvsy By .
HocaesoBarespnocTs L TeM caMbiM BnoaHe onpesesena. S yrsep-
Xjal0, YTO OHAa BO3pacTaeT cu.ibHee, Hemesn .aobas U3 AaHHMIX
nocaejosaressHocrelt. B camom seae, cpaBHHBaA S" " L, MBI BHAUM,

YT0, HaYHHaA C 2-ro 4Yi1eHa

bn-!-p > a1z,n+p’
yeM M AOKA3hIBAGTCA HALIE YTBEPHJOHHE.
IIprMennM JOKa3aHHYI0 TEOPEMY K CACAYIOIQHM NOCAEI0BATEIDb-
HOCTAM, M3 KOTOPHX KaxJas Bo3pacTaeT CHAbHee mpeaniiymei :
S, 1, 1,..., 1....
S 2, 2,..., 2, ...

D R R R R I A N R I

N

ny M My oeeey My ol

D R R I N I A I R I Y
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Jaxe ne ofipamasch k Toabko wro walizenmoMy npasnay,
HEnoCpeACTBEHHO 3aMe4YaeM, 4TO NOCJeJOBATeAbHOCTSH
1, 2, 3,...,p,..

BO3pacTaeT cuipHee Bcex BanucaHHBIX. Urobn oTMETHTH TOT (akr,
4TO PTa HOBAaA NOCAEA0BATEJHHOCTH BO3PACTaeT CHABHEE, YeM Ka-
®pan M3 mocrejoparTesrBocTedl S, Mbl ee o6ozHaymm vepes S,

paccMaTpuBas © B M3BECTHOM CMBICA® KaK WHJEKC, npeBbimaloywuil
BCe HaTypaJbBbie 4HCJA.

Yr0bb1 HOCTPOHTH NOCAEAOBATEJILHOCTH, BO3PACTAOLUIYIO CHJIb-
Hee, yeM S , J0CTATOYHO YBEAHWYHTh HAa eAUHALY Kamjbil paemenT
mocrejosatesbaocT S . Mpl rakmm obpazom moayyaem mocaeso-
BaTeJbHOCTD

2, 3, 4,...
BO3pACTAOIIYI0 CHIbHEE, HeKeIH Kamiad W3 noc.lezlonare.unocreﬁ
Sy Seyeeey Sy, Sr ® xompyxo Mbi 0603maunM uepes S

Boobyie obosmaumm uepes S, mociesoBateabHOCTH

n-4-1, n—{—2,..., n-p....
MocaesosaTeasnoctn S FPTRPRR S, PR obpasyor beckomeu-

mbpifi pAA, B KOTOPOM KaXjad mNOCIEA0BATEILHOCTh BO3PACTAET
cuapHee mpesmectsyiomeil. Mil MOKeM NOPTOMY HOCTPOMTH HOCJe-
A0BATEALHOCTB, BO3PACTAIOMYI0 cHAbHee kamaoli u3 Hux. Taxosa,
Hanpumep, 6yser mocaejoBaTesbHOCTH

2, 4,6 8,...,
KOTOpYIo Ml 0GosHaumM depes S . ,.
JdroT npoyecc Mbl MOJRQM opoAoskaTh u zaiee. Mul o6ozBauum

COOTBETCTBEHHO -yepe3 S 3219 Smx2+2, cees Syyey .- TOCIE-
A0BaTeJLHOCTH

3, 5, 1, 9,
A, - 6, 8, 10,
v—f—z v+4 v+ 6, v-{—8

L T L]

IIoc.ae.aonaTe.xmocn
3, 6 9,12,...,

BO3pacTalollyio CHJbHee BCEX HANMCAHHbIX, MBI 0603HaYMM yepes
waa'
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Boobuge, -06o3Haums uepes Smx>_ 110¢.1eJ0BaTEALHOCTS
LXh, 253X ..,

u depes wal 4, TOCIeZ0BATRALHOCTD

13X A4y, 2 Ay, 3X h-Fv,. .

Paccmorpnm, Hakomey, nociejosBateAbROCTH S, wa2,..;,‘
S
B

mxrt

o e Py s e e .a

, 2\, 3% 41

9 oo

DY Y o . e e

HenocpesctseHHO sacHO, YTO cuabBee Kaxiofh u3 mux Gyzer
BO3pACTaTh NOCAEAOBATEABHOCTS

292
1, 4, 9,..., 8,

KOTOpYyI0 Mhl ofo3Haymm vepes S ..

18. Bce paccMoTpeHHHI® 0 CHX NOp NpHMephl — HPOH3BOXHLIO
MHOMeCTBa, BhiOpagHble Ha OTPe3Ke TOYKH, IOCIEI0BAaTEAbHOCTH
HATYpaJbHBIX 9HCed — MMET Mexasy coboio To ofugee, yTo B Ka-
JKAOM M3 PTHX CIy4aeB NOPAJOK PacCMATPUBAEMbIX HAEMEHTOB
ABAAETCA COBEPIICHHO ONpeJeiCHHbIM,

Ilpn BBejeHMn HOBHIX PAGMEHTOE HaM Kamibll pas mpmxosumJoch
pasauyarh JBa ciyyas. B nepsom ciyuae mMb mMesm B CBOeM
pacnopAKeHdN MHOMKECTBO YHKe NOCTPOEHHBIX PJIEMEHTOB, Cpesu
KOTOPHIX O0AWH WMes Hamphicmufi pamr. B aToM caywae Mm npu-
COEIMHAIH HeKOTOpstH HOBRIH pi1eMEHT, paHr KOTOPOro, N0 yCI0-
BuIO, 404%eH 6b1a npeBnimarh aTOT crapmufi W3 JoToAe BCTpeuas-
muxca panros. Bo BTOpoM cayuae cpeinm HOCTPOEBHBIX PIEMOHTOB
He OKa3hIBaiOCh TaKOro, PaHT KOTOPOro mpeBbimax 6n paHTH BCex
OCTaJBHBIX, ¥ MBI NPHCOeiHHAJH HOBHIH pJeMeHT, NpMMHCHIBaA
ATO cBOHCTBO €ro pamry, no OnpeieACHHIO.

JTH paccymieEus H MeTOAn MBI 1eneph 06o6uwm, crapasch
crarh Ha BO3MOXKHO 6oiee obyiyio TOUKy 3peHmA. JIEMEHTH Tex
MHOXKECTB, 0 KOTOpHX Oyier uTTn peynr B HacToAmed riase, MbI
cebe Gysem mpejCTaBAATL KAKHMW YroAHO MaTeMAaTHYeCKHMH 06BeK-
TaMn : YHCIAMH, TOYKaMH, QYHKUMAMH, DOCIEAOBATCILHOCTAME K T. 4.

Ynopajouennvie muoocecmea. JanHoe MHOKECTBO, COCTOAMIEE M3
KaKHX YrogHO »JEMEHTOB, Mbl 6yieM HA3bIBATL YROPAJOUEHHOIM,
€cil HAMH BBEJGHO COTJAlleHHWE, B CHJY KOTOPOrO PAEMEHTHI

3 Bap. Teopus paspuBENX $yRKuuA. 33



HTOr0 MHOMKECTBA pacuoJaraioTcii B OnpejeleBBOM nopsiKe, 1OA-
YHHALIEMCA clejylolmum TpeGoBaHMAM:

a) U3 aByx 1100bix paeMeHTOB a M b JamBOTr0 MHOMECTBA OJWH
HenpeMenHO MMeeT paHr Hu3mui, Hemesm agpyro#t; mm ycaosmmca

nHCaTh
a=<b wmam b>a,

¢cA paHr pJeMeHTa « HWKe paHra piemeHta .

6) Jaa Tpex 1106w1X paemeHTOB a, b, ¢ M3 coorromennd a-<b
n b << c BoiTekaer, 4ro a=<c.

Hanpumep MHOMeCTBO Bcex AelCTBHTEAbHbIX YHCEX CTAHOBHTCA
yUOPAJOYEHHBIM, €CIH MBI YCIOBAMCA NPUNUCHIBATH HE3wHil panr
MeHbmreMy u3 AByx 4ucea « u b. Ilpn TOM me ycaoBUM MHOXOCTBO
BceX payMOHaIbHBIX wdcel, 3akalowenHnx Mesiy 0 m 1, Tarme
CTAHOBHUTCA YNOPAAOYEHHBIM.

Payguomaibupie uncaa wuHTepBasa (0, 1) MoxHO Takmxe ynops-
AOYMTH, pacnoJards MX B NOCIEA0BATEALHOCTDH, T. €. NPHBOAA HX
B cOOTBeTCTBHE HalypaipHbIM uuciam 1, 2,...,v,... Jro MOKHO
. clelaTh, BampHMep, Tak: cHayaia B3ATH uyncsa 0, 1; sarem, mocaie-
AOBaTe.IbHO, BCe HECOKpaTHMbe Jpobu, 3HameBareim EOTOPBIX CYTh
2, 3, 4,...,n,..., pacnosaras npu »TOM Apobm c OJHMM H TeM Xe
3paMeHaTeieM B NOpAJKe WX BO3PACTAHHMA, T. €.

1 1 2 1 3 »
2033 T A
M1 MomeM 0603HAYHTE PTH HHCAA gepe3

Uy Qgyevny Bpyens

B TOM noOpAjKe, B KAKOM MBI HX BCTpeYaeM MPH TOJABKO UTO onmn-
CaHHOM 1mpolecce. .
YcaoBumcsa Teneps, ecam HaM AaHBI JBAa PajHOHAJIbLHBIX YHCIAA

a, ® aj CYATATh HU3MHAM paHr TOro H3 HHX, KOoTOpO®E HMeeT

MeHbIIHHE uBjexc. Biarojapa promy coriameHuio MHOZECTBO pa-
OROHaIbHBIX ynces Mexay 0 m 1 craHOBHTCA ynopAAOYEHHbIM.

Hoso6ue mnoocecme. ABa ynopajouennbic MHOKOCTBA Mbi yCXO-
BHMCA HA3LIBATh NOA06HbIMU, ©CAW MeXAy UX pAeMeHTAMH Cyule-
CTBYeT B3aMMHO-04HO3HAYHOE COOTBETCTBHE, COXpaHAIIIEE NMOPALOK
atux pJaementoB. l'osopa moxpobmee: nycTs paemeHTaM @, b ogHOrO
MHOKEeCTBa COOTBETCTBYIOT diemenTH a’, b’ apyroro; Ttoria u3
a=<b aoamuo caegoBars a’ <b’, u obparso.

JakoH, onpejeimomuii co60l0 B3AUMHO-0JHO3HAYHOE COOTBET-
CTBHE, B PTOM CJAyYae Mhbl 6yaem HA3BIBaTbh HAA0NHCEHUem OFHOTO
MHOKEeCTBa Ha Jpyroe. ,

Jea mnosxcecmea, nozobrbie mpemoemy, noi06uB MeHCAy C€060I0.
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B camoM seie, nycTs Kaiaoe M3 AByX MHOxecTB A m B nozobmo
muomecTBy C. Ilo npejnmosomennio cymIeCTBYIOT JBa B3aMMHO-O4HO-
3HaYHBIX COOTBeTCTBHA — NEPBO® MEXKAY AIGMEHTAMH MHOMKECTB
A u C, BTOpOe Mexay pAeMeHTaMH MHOXecTB B m C, npuyem, ecan
2deMeHBI @ W b COOTBETCTBYIOT PAEMEHTy c, a pAeMeHTh a’ u b’ —
aaemMeHTy ¢/, To W3 coormomenna ¢ < ¢’ caeqyer, uro a<a’ u
b <b’, m obpaTHO — Kamgoe M3 ABYX NOCIEJHHX COOTHOMIEHHH
uMeeT CBOMM caeicTeueM coornomenne c—c’. Takum obpasowm,
€CAH Mbl JCAOBHMCA CYMTATH COOTBETCTBYIOIIHMH JpYr ApYyry ABa
TaKUX pIeMEeHTa MHOMKecTB A m B, KOTOpbE COOTBETCTBYIOT OAHOMY
H TOMY e pieMeHTY ¢ MHomecrsa C, To m3 b<b" byser caeso-
Bath a<a’; ubo m3 b<b" caeayer ¢<c’, OTKysa B CBOIO Oue-
peas Brrekaer a—<a’. CiesoBaTesbno, HTO COOTBETCTBHE AeHCTBH-
TeAbHO ABAAETCA BAJOKOHHEM.

19. Broane ynopagovennme muoxcecmea. ¥ nopaxo9eHHOe MHOIKe-
CTBO MM 6yaeM Ha3BIBATL 6RO.KE YNOPAJOYEHNbIM, €CAH BCAKOE MHO-
HeCTBO, COCTaBAAIOLIee 9YacTh JAHHOT'O MHOKECTBa (B TOM 4YHCIe
W CaMO JaHHO® MHOKECTBO), COJepHKHT HavaJbHBIH pieMeHT, T. e,
TakoHi pJeMeHT, paHr KOTOPOro HMe padra BCAKOTO ApPYroro
aJeMEHTa PTOI'0 MHOKECTBa.

IlpuMep MHOEeCTBAa yHOPAZOYEHHOro, HO He BHOJHE YHOPAAO-
YEeHHOro, HpeJCTABAAET HaM COBOKYNMHOCTh BCEX PpalHOHAJIBHBIX
unces Mexay 0 m 1, ecam MK yCIOBHMCA CYMTATh BU3MIHM PaHr
TOrO M3 ABYX TAKHMX YHCeJ, KOTOPOe IO BeiHyHHe MeHbpme Jpyroro.
B camom zese, ecam mbl 06o3HaumM »TO MHOMeECTBO uepes E u

HazoeeM E’ wacth ero, COCTOAILYI0 W3 MHCe., N, 6HUAIOUUT — ,
TO BCe 4YHCJa, npuHajiemamue MEOKecTBy E’, 6yiyr mnmers

bopmy —2—--|—a, rae ¢ pagHOHAILHO H MOAOKHTEIbHO; HO, KaKOBO

1 «
651 HU 6B110 «, paBr 4HCJa —2—-1——2— , TaK&Ke NpHHALIEKALIOrO

MHoxecTBY E/, Huke, Hemean panr Yucaa i——]—a Orcioza cae-
, y ’ ) p 2 ° .

Ayer, 94T0 MHOiecTBO E’ He mMeeT HayaibHOrO PIEMeHTa, a Cae-
A0oBaTelpHO MHOMKeCTBO E He ABAfeTCA BHOJHE yHOPAAOYEHHBIM.
B kavecTe mpmMepa BHOJHe yNOpPAAOYEHHOrO MHOMeECTBa pac-
CMOTPHM TOCI€10BATEALHOCTb TOUeK A, Ay ..., 4, ,..., pacnoso-
JeHHpIX Ha npaMosuneHHOM orpeske AB Takum obpazom, uTO
Kajaan M3 MHX JeKHT npasee npejmecTsyiomeil, Ycaosumcs npm
ATOM CYMTATh PaHT KamAoif W3 PTHX TOYEK BHIE PAHroB BCeX
TeX, KOTOpble J€HAT BAABO OT Hee; TOTAa M3 ABYX TOYEK BhiCImi
panr 6yzer mmeTh Ta, uHzexc kotopoii Goasme. Ilpu sTOM BeAKas
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YacTh JAEMOro MHOIecrsa Oyser mmerh Hauaibubilf psement, ubo
B0 BCAKOil n0cAej0BaTeibHOCTH BATYPaJLHbIX YHcex BaifgeTca 0AHO
HaMMEeHbIIee.

Mbi Temeps HECKOJBKO YCAOKEHWM PTOT NpHMepP: PacCMOTPHM
Toukn Ay, Ay, A4, A A Lo A, TAR b — JaEHOe
HAaTypaJbHOe YHCIO, pacnotoxenHoe Ha otpeske AB (uepr. 15) cae-
ayiomum obpagom: aaa awoboro n Touka A ., sexur npasee 4, ;
A  — npasee 4,.,5 4,,, upasee A4,,,_, E=1,.2...h).
Ycaosumcs onpesesTs PaBr THX TOYEK B COOTBETCTBHH C HOPAA-
KOM, B KOTOPOM MBI HX BCTpeyaeM, mpoberas orpesox AB caesa
Hanpaso. fl yreepmaalo, uTO JaHHOe MHOMecTBO E, ynopaaoueH-
Boe TagEM cnocobom, 6yser Bnoame ynopszoueHmmM. B camom
aeae, nycrs E’ 6yser npomgsoabras yacts MBOMecCTBa E; HOKameM,

4YTO OHA COAOPKHT HaYaIbHBIH DJIEMEHT,
Ao A,n8  Bosmommbl gBa cAydas.

* Z 42 P = Hepenit cayvan. Mromectso E’ co-
" . AEPKET TOUKH C HATYPaibHBIMH HHAEK-
Yept. 15. caMH; B PTOM cayyae Ta W3 PTHX

TOYeK, KOTOpa# WMeeT HauMeHbWHi
WHJeKC, HecommeHHO Oyjier mmers pamr Huzmuil, Hemesu Bce
Apyrue TOYKM MHOXecTsa E'.

Bmopott cayuad. Maoxectso E’ He cogepsuT TOYeK ¢ HATypanb-
HBIMA WHAexcaMu. B pToM cayyae 0HO COCTOHMT, OUEBHAHO, IMINb U3
KOHEYHOTO YHUCJa TOYEK W, CAej0BaTeAbHO, HMEET HavalpHBIH aJre-
MEHT,

Hoao6arim e 06pasom HeTpyano ybesuThCA, YT0 MHOMKECTBO TOYEK

My, My,...,M,..., M. .. M M

wXAF2 ) w??

nocrpoeHHoe Hamu B 1. 16, Gyser Bnosme ynopazoyemHBIM, ecCaH
Mbl €ro YNnopAj04HM NO TOMY e NPHHUHNY, YTO B NPEAUIECTBYIO-
1WeM npHMepe. ‘
Apyroit npumep npeicTaBiAIOT HAM NPOW3BOAHBIE MHOKeECTBA
AaHHOrO TOYeyHoro MHomecrsa P. Mb1 ompezeaum MHOmecCTBa
- '

1 w W XA v w?
P P2 PY,. . PO .., P R

ge o 0y

KOTOpHIe MBI Teneph MOMeM paccMaTpHBaTh Kak 24eMeHTBI He-
KOTOpOro HoBoro mmosecrsa H. M3 AByx npom3soimbIX MROXKeECTB
Mbl YCIOBHMCH CYUMTATh MMEIIIHM Hu3mui pamr To, KoTopoe 6br10
onpeieaeHo paupme apyroro. Ilpm Takom cOrJamieHEAH MHOMXe-
cTB0 H CTaHOBHTCA BNOJAHE YROPAACUYEBHEIM,
Hakonen, paccmorpum Bce 6oaee cmabHO BO3pacTaOLIHe NOCAe-
J0BaTEeIbHOCTH:
Sy Sy 0y 8,500, 8., S

w 0 X et

5 S

w??
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mocTpoenHble no THNy . 17, m npuMeM HX 33 PAeMEHTHl HEKOTO-
poro HOBOrO MBOiecTBa H. JTO MHOKECTBO CTaHOBHTCA BIOJHE
yuopAioYEHHbIM, €CAH Mbl YCAOBHMCH, YTO W3 ABYX HOCAEA0BATELb-
Hocrell Boicmuil paHr umeer Ta, KOTOpas BO3pacraeT CHAbHEe.

II. CPABHEHHE BIIOAHE YNOPAAOYEHHBIX MHOKECTB.

20. Tlocae TOro kKak ATHMA nNpUMEpPaMu NOHATHE BIOAHE YMO-
pAAOYEHHOr0 MHOKECTBA CAEJAHO AOCTATOYHO ACHBIM, MBI NPHCTY-
naeM K MccIeJoBagHI0 Bompoca 0 nmoiobuum m Boo6me O B3amMHOM
CPaBHEHWH BUOJAHE YNOPAAOUYEHHHIX MHOMECTB.

Ecau muoscecmeo E enoane ynopraioueno, mo u 6CAxoe MHodNCe-
cmeo E’, cocmaganioujee ewo uwacmb, GyAem 6noane ynopAL0ueHHBLM,
ecau Mbl YCA08UMCA COTLARAMb AaA DAeMenmog wnogcecmes E' mom
CAMbl¥ ROPAJOK, KAKOW OHu uMeIuw & MHONcecmee E.

B camom jeae, BcAkoe wmBHOXKecTBO E”, cocTaBasomee 4YacTsh
MHOXKecTBa E', ecTs BMecTe C TeM 4acTh MHOMXecTBa E m, caezo-
BaTEJHHO MMeeT HavaibBHH paeMenT.

Ompesox. IlycTs @ ecTh mpomssBoabHBIH paemeBT MHOKecTBa E.
YcaoBumca HazmBaTh ompe3kom mmodcecmea E, onpezernembim s.ue-
MeHmoM @, MHOXKEeCTBO A Bcex Tex pIeMEHTOB MHOmecTsa E, paur
EOTOPBIX HWKe, HeXKelH PaHI pJeMeHTa d.

Muoxectso A 6yaer Bnosue ynopAiOYEHHBIM, €CAW 3a €ro pae-
MEHTAMH MBI COXPaHHEM TOT NHOPAJOK, Kakofi OBM WMeAH B MHO-
mectse E.

Hycrs @ u @’ cyTs ABa pasiMyHBIX PJIEMEHTa MHOXecTBa E;
ecan a < d/, TO OTpe3ok A, ompeseiseMmbiii aremenTOM «, GyAer
OTpe3koM TOro oTpeska A’, Koropsii ompeseiserca paemeHTOM «';
Takum 0of6pasoM u3 268yT )asiuuneir Ompe3Kos 04HOW0 u MO0 dice
610ANE YIOPAJOYEHKOW MHONCECTIER OJUK 6CELAL CAYHCUM OMPeIKOM
a7 yr0t0.

Ecau mnosxcecinsa E w F nogobust mexcgy cobow, mo ompesku
A u B, coomeemcmeerKo Onpe1eiAemble 8 HUT J6YMA COOMBEMCIE HUUMY
Ay ALYYY SAEeMERMAMU, MAKIHCe NOA06KB MedHCAY CO6OK).

Msi nokamem, 4TO HalO®eHHe, B CHIY KOTOPOro MEOKecTBa E
u F cramoBarca nozo0HBIME mMexAy cobofo, BMecTe C TeM jaer
HaM HaJoxeHWe OTpeska A Ha orpe3ok B. B camom sese, npu pTom
BCAKOMY dJeMEHTy «' OTpPe3ka A NPHBOAHTCA B COOTBETCTBHE He-
Koropuift paement 6’ muomectsa F, koropmii meobxojumo npuHa-
JemuT oTpesky B, nbo m3 o’ <a ciaeayer, uro b <<b. loso6ubM
xe o6pa3om BCAKOMY pJeMeHTy OTpe3sKa B COOTBETCTBYeT HEKOTO-
puifi paeMeHT OTpe3ka A, W PTO COOTBOTCTBHE MEXKAY PAeMEHTAMH
ABYX OTPE3KOB ABAACTCA @3qumuniu. [Jaree, A yTBepmaaiw, 4TO
coorsercTsMe ATO NpeAcTaBaser cobolo masoxeHne, u6o coormo-
wenne a’ < a” MemAy AByMa pieMeHTaMH OTpe3ka A Bieder 3a
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cobow coorsomenme b < )" MemAy COOTBETCTBYIOUIMMH .JeMeH-
tamn orpeska B. Takwm obpasom orpeskn 4 u B mozobmm mexmay
coboro.

Urak, ecau gea enoine ynopAAOUEHHBT MHKONCECTEA TOA06KB
Meorcay co60i0, MO KadHCAwl OMPe30K 0AHO0 U3 HUT NOJ06ek Kekomo-
pomy ompesky ALy2010. ' ‘

21. Bnoane ynopasouennoe muodcecmeo E ne mooicem 6vimy nozo6-
HbLM OJHOMY U3 CEOUT OMEE3K08.

TlokaseM, 4YTO AOMyCKas BO3MOKEHOCTh HAJOKEHHWA MHOMe-
crea E Ba ojuH u3 ero orpe3skoB A, Mbl Heu3bemHO npHXOIMM
K HPOTHBOPEYHIO. .

Ilycrs oTpesok A ompejeasercd pJeMEHTOM (. JTOT PAEMEHT a,
paccmaTpuBaembiif Kak piement maoxecrsa E, coorsercrByer He-
KOTOPOMY PAEMEHTY a; OTpe3ka A; NDH PTOM, N0 CaMOMY onpe-
AeseHnio OTpe3Ka, a; < a. Obosmayum uepes A, oTpesok MHOMe-
crBa A, onpejesseMbll pIEMEHTOM a,; KAK MBI TOABKO UTO BHAEIH,
orpeskn A m A, mozobmr Memgy coboio.

Mer cHOBa mOBTOpAEM TO Ke caMOe paccymjeHue, JIeMEHT a;
MHOKecTBa A COOTBETCTBYeT HEKOTOPOMY DJAEMEHTY a, MHOMe-
cTBa A,, PaHT KOTOPOro HHHe, HeXKeIH PaHT pieMeHTa a,. ITyers A,
ecTh OTPe3oK, oupeseisemmii aiemenTom a,. Orpeskn 4, u A,
noz06mn Mexay coboiwo. flcHo, 9TO 2TO paccymieHme MBI MOKeM
HPOJOIKATE CKOABKO yrojHo zasexo. Takum oOpasom ME moay-
yaem OeckoHeuHylo NOCAeJ0BATEABHOCTh PIEMEHTOB MHOKECTBA
E:ayaq ..., a,,..., KOTODA® He MOJCEM COAEPHCAMb HAYAILHOL
saemenma, wHO paHr KamiOro M3 ee PIGMEHTOB HHKe, UeM pamr
npeAmecTeyomero, JTo 04eBHAHO CO33aeT IPOTHBOpedHe.

JaMeTHM, YTO ecAM JAHHOE BNOJHE YHNOPAAOYEHHO® MHOMKECTBO
cojepmuT GeckoHeYHOe MHOKECTBO PJAEMEHTOB, TO B HeM Hempe-
MeHHO Hafijerca Takas 49acCTh, ROTOpas noJ06HAa caMOMY MHO-
KECTBY.

Paccmorpum, Banpmmep, MHOMeCTBO HaTypaipHHX wmcea 1, 2,
3,..., n..., pacnOAOKeHHHIX B mOpAAKe BoO3pacTaHua. MHoxe-
crBo uuces 4, 5,..., n43,... Oyser emy mogo6aprm; uTOORI
B 2TOM Y6eAMTHCA, JOCTATOYHO BCAKOMY YHCAY 7 NEPBOro MHOMe-
CTBA HOCTaBHTb B COOTBETCTBHE YHCIO 7 -3 BTOPOro MHOKECTBA.
Mozobubim e obpasom muomecrsa 1, 2,..., n,... w 2, 4, 6,.. .,
2n,... nojobun Mexay cobowo, npuyem BTOpOEe ABAAETLA YACTHIO
nepBoro.

22, U3 nocseneli TeopeMbl Mpl BhIBeAeM ABa BaKHBIX CISJCTBHA.

Ecau panw gea enoane ynopajovennwir muosxcecmea E w F, mo
Kakoi-aub0 0mpe3ok 0010 u3 unx modcem Ouimb mog06en He Godee
uem OAMOMY OMPeIKy APyL010.

B camom aeaze, ecam 6n1 orpesox A mmomectsa E 6Gnis mozoben
AByM Da3iMvBBIM OTpe3kam B m B’ muomecrsa F, To oTpeskm B
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u B’ 6brau 661 nojobmm mexsy cobolo, yTo HeBo3MOKHO, n60 OsHH
A3 WHX, KaK MBI 3HaeM, CAYKHT OTPE3KOM Apyroro.

JAea nozobrux mexcay coboio enoine yNOpAAGUEHKbIT MHodCecmen I
u F mosym 6wmbv narodrcenwt apye na Apysa moavko oAHuM cnocobo.u.

B camom gexe, ecam Gn CcymecTOBai0 ABa Pa3AMYHBIX HAJO-
BeHHud, TO N0 MeHbell Mepe 0AWH dAeMEHT a MHO#KecTBa K B pTHX
HaJOKEHHAX COOTBETCTBOBaA Obl ABYM DPAa3iMyYBBIM pIeMEHTaM b
u b" mmomecrsa F. Ho B trakom cayyae orpesok A (ompesersemurii
pAeMEHTOM ¢) mHoxecTBa E 6ha 6n1 wojzobem AByM pa3imyEbIM
orpeskaM B u B’ mBomecrsa F, 410 HeBO3MOXKHO, KaK MBI TOJAbKO
gyT0 ybeamauco.

23. Ecau E w F cyrb ABa BnoJHe yNOPAAOYEHHBIX MHOMECTBA
m ecan oTpe3ok A mHomecrsa E, onpezesnembifl paementom a, mo-
aoben oTpesky B MHOxecrBa F, onpejeaneMoMy paeMeHTOM b, TO MbI
YCIOBHMCA Ha3biBaTh DAEMEHTbl ¢ W ) B3AHMHO rOMOJOrMYHBIMU,

JameruM, uro, ecam TOsbKO MHOXecTBa E m F 06a aefictsu-
TeAbHO CYUIECTBYIOT, TO B HHMX BCeria MOXKHO HaliTH mapy romo-
JAOrMYHBIX PJEMEHTOB: JJIA ITOr0 JOCTATOYHO B3ATH HavaJdbHbIe
2deMEHTH 060nMX MHOMKECTB.

B vacTHOM cayuae, xoraa mmomectsa E m F mozobum mMemay
cof0l0, MBI 3maeM, YTO OHH AONYCKAalOT EJHHCTBEHHO® B3aHMHOE
maJoxenne. /Jpa psemeHTa, COOTBETCTBYlOWmINE APYr APYTY B HTOM
HaJoxeHnH, 6ysyr B3amMHO rOMOIOrHYBEIMH, BGO, Kak MBI BHAEJN,
COOTBETCTBYIOIIWE MM OTpe3kH noJobHbr Mexay coboio.

Ecan mBomectBa E m F npom3BoasHBI TO:

I. Kaorcant saemenm a muoorcecmea E umeem ne Goree 0amo10
10MOA0UNKO0 emy daemenma 8 muoxcecmee F. B cavom sexe, ecan 651
ux 6nao aBa, 10 orpe3ok A 6e1a 6m1 nozobem iBYyM paszimuBEIM
orpeskaM MpOxecTBa F, yro HeBo3MoxEHO (m. 22).

II. Ecau s3emenm a muoscecmea E u saemenm b mmoxcecmea F
83GUMHO B0MOAOIUUKYY, MO 6CAKOMY dAemenmy « MHoducecmesr E, pam
KOMOPOO HUNCE PAMIG DIEMEHMA d, MaKHCe HIAUIEMCA 30MOLOVUWUHHLE
emy saemenm e muodcecmse F.

B camom zese, orpeskm A m B nozobun memay coboio. Jie-
MEHTBI, COOTBETCTBYiolgHEe ADYT ADYry NpH B3aWMHOM HAaJOKOHHH.
orpeskos A u B, 6yAyr B3aHMHO rOMOJOTHYHBI, €CJH HX paccMa-
TPHBATh KaR DJEMEHThI MHOmKecTs A W B; caejoBaTeibHO, OHH
6yayT romosoruyHN ¥ NPH YCAOBHH, 4TO Mbl HMX pacCMaTpHBaeM
KaKk pJeMeHTHI MHOXeCTB E u F. ' .

III. Ecau saemenm a muooicecmea E ne umeem 10m0408U%H0L0
cebe aaemenma & muodcecmee F, mo smo oice camoe umcem mecmo
u 248 6CAK0W siemenma o - muodcecmea E.

B camom gese, ecam 6n1 jaa o’ umedca romosormyHbIl paeMeHT
B mHomecTBe F, 1o B cuay mnyHkrra II 10 ke camoe umeso Oul
MecCTO M A pIeMeHTa a.
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IV, Muoowcecmeo mex saemenmoe mnodcecmee E, sas Komopwe i
UMEIOMCA 10MIL0MWLKBle daemeninbl 8 wnoocecmse F, aub6, coenagaem !
¢ muodcecmeom E, aub) cicmasrnem ewo ompe3dok.

B camom jgeie, ecam mmomecTBo E COAepEHT Takme 2AeMEHTHI,
KOTOpbIM HET IoMOJIOrMYHBIX B MHOXectBe F, To cpeim pTHX
PAGMEHTOB J0MkeH WMOThCA TakQH, paHr KOTOpPOro HWKe PaHIOB
Bcex apyrux. O6oszmaunm sTOoT 24eMeHT uepe3 a. Beakmii paemenT,
KoToprif MeHbme @, mMeer TIOMOJOTHYRLIE pieMeRT B MHOMe-
crse F, u maobopor, Beakmit paement, KoTOphiti 604bme @, coraacmo
nyakry III, rakoro romozoruumoro paemenTa me mmeer. Takmm
06pa3oM COBOKYMHOCTH Tex 3AeMeHTOB MHOXKecTBa E, 148 ROTOpHIX
B Muo®ecTBe F mallgyTca roMoJorHYHBIE PJEMEHTLI, COCTABAHOT
HeKOTOpHME oTpe3ok MHoxecrsa E, onpejieisemnil piemMenToM a.

V. Ecau 18 éni1ane yropajoueknnix Muodcecmea E u F makoew,
UM 6CAKOMY DALMEKILY OJHOW U3 HUT HAWIMCA 10MOL RUUHBE 3Ae-
MEKM 6 JpY0Mm, M) Iy 460G MHOWHCSCING t INHJ 16K B MEeHCIY coburo.

Umenno, a yTBepxAao, 4TO COOTBETCTBHE, CBA3ZLIBAIONI®® APYT
C ApYroM 2Ba TOMOJOrHYHBIX PJEMEHTA, -4BAAGTCA HaJOKEHMOM.
Aaa proro A0CTAaTOYHO MOKa3aTh, 4YTO, €CIH O H a’ CYTh ABa a10651x
paemMeHTa MaoxeécTsa E, a b v b’ — cOOTBeTCTBeHRO TrOMOJOrHY-
HbI® UM pAeMeHTH MEomkecrsa F, To m3 coorsomenns a-<a’ cire-
ayer b<b’.

Otpesok A’ wmuomecTsa E, onpeieasemuifi saemMeHTOM a’, n
oTpe3ok B’ wmmomecrsa F, onpejeasemmi paementoM b', mozobmm
MemAy coboro. Tak kak oTpesox A ecTb OTPe30K N0 OTHOMEHHIO
k A’y To y MEOxecTBa B’ maitserca mogobubii emy orpesok B,.
Ilpu aTom B, ecrs eamncTeemunifi oTpesok muomecrsa F, obiazalo-
muil aTaM ceoéicteom. Ho orpesok A noxoben orpesky B, mbo
paeMeHTH @ u b mo ycaosuio B3auMuo romoiorsusbl, Caezosa-
TeAbHO, B cosmajaer c B,; noaromy B ecTh 0TPE30K MHOKECTBE B,
b, caezosaresbno, b—<b’, "

PaccuoTpnn Teneps ABa npou3BoAbHEIX BOOJHO YNOPEIOUEHHDIX
MHOXKECTBA. 31ech BO3MOKHMI gBa cayyas: ambo Beakuii paement
Ka®Joro W3 JaHHbIX MHOKECTB HMeeT TrOMOJOTHYHbIH daemenT
B APyroM MHOKeCTBe, H TOr1a JaHHbe MHOKeCTBA MOX0OHEI Memyy
cobor, coraacuo nyukty V; ambo B ojHOM M3 JAHHBIX MHOMKECTSB
Haltyerca nmo xpaiimefi Mepe oxmm paement, me mmewmHA romoxo--
THYHOTO J1eMEHTA B APYroM MHOKecTBe, PaecMOTpHM 3TOT cayvalt -
nozpobmnee.

AonycTuM, 4TO MHOKOCTBO K COASPEHT TAKHE DICMEHTHI, A%
KOTOPHIX HET TOMOJOTHYHEIX BO MHOMectse F. B cmay mymkta IV
COBOKYNHOCTh T€X PA6MEHTOB MHOMKECTBA E, A4A KOTOPBIX HMEIOTCH
TOMOAOTMYHBIE PJIEMEHTHI B MHOMECTBe F, cocTaBifeT HEKOTOphiil
orpe3ok A MaoxecTsa E, onpeseanemniit paementom a. fl yreep:kaiamn,
4T0 BCe PAGMEHTRI MHOKECTBA F MMEIOT TOMOJOTHMYHBIE PJIGMEHTLI
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B MEOXecCTB® E (npumueM uWOCAeiHH®, Da3yMeeTcs, BCe NpPRHALIe-.
AT OTPe3Ky A); B caMoM jede, B NPOTHBHOM CAy4ae DAeMOHTHI
mMHOKecTBa F, MMelolIne roMo.10rHYHbIe dIeMeHTh B MHOKecTBe E,
cocrasuan 6n, Ha ocmosamuu mymkra IV, mexoTopmii orpesox B
mmomectsa F, onpejeisempii HEKOTODHIM pAeMeHTOM b; MHOXe-
crea A m B npu arom Gpiam 6br TakoBmi, uro M0G0k paement
01HOro H3HUX WMed Obl roMosoruyHEfl PAGMEHT B IPYroM; B CH.IY
nyakra, V onn 6uam 6u1 moxobuer Memgy coboio, BcaegcTeme uero
« m b 6pam 6b1 B3aEMHO-rOMOJOrHYHBIMH PJIOMEHTAMH, 4TO
HeBo3MOXKHO, W60 paeMedT b N0 yCAOBHIO HO WMEET rOMOJOIHY-
Horo paemenrta B MHOxectse E. Mrak, MHoxkecTsa 4 u F TakoBhi,
uTo A060# paeMEHT 0jHOro M3 MHX MMeeT roMoioruyHblli premedT
.B_Apyrom, m, cieloBareapHo, MHOKeCTBO F nozobmo otpesky A
maoxecTsa E. — Takum obpasom mbl mpmxoamm k ocHoBHOH Teo-
peme, KOTOpas H COCTaBA&®T KoHeuHbif pesysprar Bcell mpejme-
creylomell gemm paccymaemwmii:

Teopema. Jea enoine ynopagouennx wnoxcecmea E u F aubo
noJ06Kb. MedHCIy c06010, 160 0AH) U3 HUT NOJO6HO HeKOMOPOMY Om-

Pe3Ky A]'yi0:0.

III. CYETHBIE BIIO.JTHE YIIOPAAOYEHHBIE MHOKECTBA.

24. Ecam Bnoane ynopaiouennoe MuoxecTso E nozobuo orpesky
Apyroro BIOJ4He yNOPAJOYEHHOro MHOXecTBa F, TO MBI ycAoBHMCA
Ha3bLIBATh MHOXKECTBO F, mo cpaBHeHHIO C MHOXKeCTBOM LK, Go.ee
NPOTMANCEHNBM.

Honpobyem crpours Bce 6oaee m Goaee mporamesnnie BnoaHe
ynopazouennsie MuoxecTsa. K aromy Mel mpmiem npm nomoigs
caeayomgux obmmx npogeccos, KOTOPEIME MBI Y#&6 NOJb30BAIHChH
B HEKOTOPHIX YACTHHIX CAy4aax.

INpogecc nepsnii. Ecau mam jamo Bnoame ymopaiouemnoe
MHOKOCTBO, COlepiKayiee DJIeMEHT g, PAaHr KOTOPOro NMpPeBHIAET
paHrE BCex APYrHX PAGMEHTOB, TO MHI moayunm Gozee nporaxen-
HO®, BNOJHO® YNOPAAOYGHHOE MHOKECTBO, NPHCOSJMHAA K JAHHOMY
MHOXROCTBY d4eMEHT ), paHr KOTOPOro IO YCJOBHIO HpEBHIMAET
paHr JieMeHTa a.

Hosoe muoxkecTBo 6yler BnoJHE yNOpEZOUEHHBLIM; B CAMOM
Ae1e, BCAKaA YACTh ATOr0 MHOMKECTBA, 6CAM TOABKO OHAa HO CO-
CTOMT W3 SIMHCTBEMHOIO PJEMEHTA b, COIGPKHUT PAEMEHTHI MEPBO-
HayaJbHOI'0 MHOKECTBA; CPeAu HHX Halijerca OAMH, paHI KOTOPOro
HEHARe PAHCOB BCOX OCTaJIbHbIX; H, Pa3yMeercs, aTo CBOHCTBO om
coxpaHuT 3a co60i0 W B BOBOM MHOKECTBe. '

‘B ravecTBe mnpmMepa, MAJOCTPHPYIONIEr0 ATOT NpPORECC, MBI
npnseteM obpazoBamme MHOMecTsa, cocToamero 3 v-i-1 piemen-
TOB, H3 MHOKeCTBA, COAGPKAIIero MM ¥ PAGMEHTOB,
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Moaoburim yme o6pazoM, OTmpaBARACH OT MHOKECTBA PIEMEH-
TOB, OTM@YeHHBIX HHZOKCAMH

2
1, 2,...v,...,0,

MbI yMeeM yAe CTPOHTb MHOMKCTBO, COLOPIKALLee BCO ITH DAEMOH-
TH, ¥ KPOMO HHX e[Ie pJeMeHT ¢ WHiekcoM (o —-1),

Mpogecc BTopoi JonycraM, 4yTO HaM yia10Ch NOCTPOHTH
N0CA6J0BATEAbHOCTH BIOJHO YNOPAIOUEHHHIX MHOMKECTB 4, 4,,. . .,
A,..., OOJYMHOHEYIO CJA@IYIOINeMY YCAOBHIO: MHOMKECTBO 4,

€CTh OTPO30K MHOKeCTBA Ay, MHOKECTBO A, 6CTb OTPO3OK MHOMe-
crBa Ag m T, 4; Boobme, MHOKEcTBO A ecThb OTPe3OK MHOEe-

crea 4 41 B YTBePRIalo, 4TO B TAKOM CLyyae Mbl MOKeM mo-
CTPOHTh HOBO® BIOJHe YHOPAJOUGHHO® MHOKeCTBO B, mo oTHO-
MeHHI0 K KOTOPOMY Kamaoe n3 MHOmecTs A Oyier cayxurs or-
peskom., Jag profi pgeam MBI HOCTyNaeM CJA@IyOIMIMM oﬁpasou:
cuadata OepeM Bce paeMEHTHI MHORECTBA A,; 3a HHMHW NOMeIIaeM,
B HX INIOCAeZ0BaTeAbHOM NOpAIKE, PIEMEHThl MHOKeCTBa A,, He
BXOAAIINWEe B MHOMKECTBO A,; J1alee — PJeMeHTH MHOEOCTBa Ag He
BXOAfIIAe B MHOKECTBO A, W T. 1. A0 Oecromeunocta. Iloayuae-
Moe TakHM o6pazsoM MHOmecTBo o6ozmaumm uepe3 B. fl yreep-
KAal0, YTO ATO MHOKECTBO 6yieT BmoAHe yNOPAZOYEHHBIM, €CAH
MbI BBeAeM cieiyiolime coraamenna: 1) ecam jgsa paeMeHTa ITOro
MHOXKOCTBA NPWHAJAGHAT MHOMKECTBY A, npHYeM HH OJHH W3
HUX He NPHHAJAEKHT MHOMKECTBY A, _;, TO COOTHOMEHH® UX
PaHroB TO e, KakuM oHO Obla0 B MHOmecTBe A, H 2) zaa ABYX

PAGMEHTOB, BBeIGHHBIX B MHONKECTBO B AByMS pasiMuHHIME Ome-
papguAMH, NOPAIOK pAaHrOB ONpeIeAASTCA NOPAAKOM ATHX Ome-
panmi.

Mu z04KHEI TOKa3aTh, 9TO BCAKAs vacTh B’ wmmomecrsa B
uMeeT Hauaipubil paement. Obo3maumm uepes A, coBoRymBoCTH
TeX PJGMeHTOB MHOMeCTBAa B’, KoTophle NpuWHajieKaT MHOKe-
cTBY 4, '

Ecam mHOKEeCTBO A He mnycToe, TO CPejH ero PIAEMEHTOB
naiigerca TaKoH, paHr KOTOPOr0 HHKEe PAaHIOB BCeX OCTAJbHBIX
PIEMEHTOB MHOWOCTBa A;, a CJeI0BATEAbHO M BCOX OCTaIbHBIX
paeMenToB MHOmecTBa B’. Ecam muomectBo A] mycroe, a Mmo-
HeCTBO A, COJEPEHT XOTb OAWH PAOMOHT, TO HAYaJbHHIH psemenT
mEomecTBa A orBevaeT Bamemy yrsepxienmio. Ecaum mmose-
crea A m A] oba mycTm, ro MBI OOpamgaemcs K MHOmecTsy Ay,
u 1. A Ilpososxas aTH paccymRieHmus, Ml HOCI® KOH@YHOTO 4HCAA
maroB HeNPeMeHHO NPHAeM K HeKOTOPOMY He NYCTOMY MHOMKe-

'

CTBY v HaYaAbHbIH paeMeHT KOTOpOro 6y;10’l‘ BMECTEe ¢ TeéM Ha-
4aibHBIM DIGMEHTOM MHOXKeCTBa .
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Takam obpazoM MHoxkecTBo B Bmoase ymopaioyemo. JameTHM,
YyTO OHO HE MOMeT COAepKaTh TAKOr'O PAGMEHTA, PAHr KOTOPOro
npesocxoind 6n paurm scex npounx. B camom aeze, scarmit ero
PAGMEHT @ BBEJeH B JTO MHOMKOCTBO HIPH NOMOIUM Omepagun
HEKOTOPOro paHra v. JieMeHThl MHOKecTBa A,  ,, BBOMMBI® Cle-
Ayolnelt onepagmeif, Bce Gyay-r HMeTb padr seicmui, mexedm a.

B kauecrse npamepa paccMOTPHM MHOK@CTBa, Kaxi0e H3 KO-
TOPHIX COCTAaBAHET OTPE3OK CJAEIYIOMIero, NpHYeM Mbl ZONMYCTHM,
YTO MHOKECTBO A COAGPEKHT vV DIGMEHTOB, W,CA6J0BATEAbHO, BAe-
M@ETH ero Moryr OmTs npmseaeuu BO B3aMMHO OJHO3HAYHO®
coorsercTBue® ¢ umcaamm 1, 2, ..., .

Torza npumMenesmeM Hamero BTOpPOro Hpogecca Mhbl NOJydYaeM
MHOKECTBO, dJEMEHTHl KOTOPOro MOryT OwiTh mNpUBeseHH BO
B3aHMHO-0JHO3HAYHOE COOTBOTCTBHO C YHCAAMY

1,2, ..., v...
Jazee MbI ymeeM yie CTPOHTB MOCAGI0BATEALHOCTH BIOLHE YHO-
PAA0YEHHBIX MHOMKECTB C TAKHM pacyeTroM, 4To0bl pJeMeHTh MHO-
KecTBa A, NPHBOAMINCH B COOTBOTCTBHO C CHMBOJaMH

1, 2,... ...,

2J6MEHTH MHOXECTBa A2—-c CHAMBOJAMH

1, 2,..,v...,00+1,.. . ;0ty, ...,
B BooGuge psemenTh MHOKecTBa A, (rie A — aoboe matypaismoe
YHCA0) — C CHMBOJAMH

1,2,...,v,0,0 04y 0 X A—1),...,0 X (A—1)7y,..

Ilpumenss mam BTOpOH# mMpogecc k aTofk mocAez0BaTeAbHOCTH
MHOMECTB, MBI IOJAy4YAeM MHOXeCTBO, PA@MEHTHI .KOTOPOI0 MOryT
6bITH MpHBEAGHEI B COOTBOTCTBH® C CHMBOJAMH:

1, 2,...,v. 0,0, 0 X Ay,

rge v M ) OPHEHMAIOT BC® UeJble NOA0RHTeAbHbIE 3HAYGHHA,

Ilpogecc Tpernii. Hvea Bnoasme ynopazoueHHO® MHOMe-
CTBO, H® COAePKalIee TAKOr0 pJIeMeHTa, paHr KoToporo 6mia 6w
BLIME DAaHTOB BCEX APYTHX PAGMEHTOB, Mbl NPHCOSIMHAGM HOBBLIH
AJIEMOHT, PAHI KOTOPOrO MO YCAOBMIO MPEBLIIAET PAHI KAKAOTO
U3 PJEMEHTOB NEePBOHAYAJBHOr0 MHOKEOCTBA.

flcmo, uto coxpamss Bce WMEOIIWOCA COOTHONIOHHA MOXZY
pauraMu P4eMEHTOB, Mbl MOAy4YaeM B pe3yabTaTe BIHOJHE YNOPHZO-
4eHHOEe MHOMECTBO.
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- Hanpumep, k zByM MHOKecTBaM, NOCTPOGHHBIM B JBYX IOCA@A-
HHX NpHEMepax, 2AeMeHThl KOTOPhIX COOTBOTCTBEeHRO cHabenn
HHJIeKCAMU

1, 2,00 0,%...
n

B2 0090000 XNy,

Mbl MOKEM OpPHCOEIHHHTb N0 OAHOMY PAGMEHTY, HHJEKC KOTOPOro
Gyaer coorBercreemHo o m w2 .

Kaxapii u3 Tpex ommcaHHRIX mnpopeccos, GyAyd4nm npuMesseMm
K CYOTHRIM MHOMKECTBaM, CHOBA NPHBOAAT HAC K CYETHOMY MHO-
KOCTBY.

JTO ABAseTCA OYGBHIELIM B CIyuae NEePBOro M TPeTHEro UpPo-
geccos, 60 B 06OMX PTHX CIyYasX K JAHHOMY CUOTHOMY MHOMe-
CTBY NpHCOAMHAGTCA TOJBKO OAWH pJIeMeHT. B caywae Broporo
npogecca mnpejaoKeHHe HANle CAelyeT H3 TOro, 4TO, KAK H3BECTHO,
COeIMHEHHN® CUOTHOrO MHOKECTBA CYETHbIX MHOKOCTB CHOBA Npej-
crasaaer cofoo cueTHOe MHOMKECTBO.

25. Tenepr MBI mPOBEJEM A4A CYGTHBIX BNOIHE YNOPAIOYEHHBIX
MHOOCTB HCCAef0BaBHe, B W3BECTHOM cwbicie oDparHO® mpeami-
aymemy. Mpr mokaxeM, 4TO Takoe MHOKECTBO MOMKeT Bceria OmTs
MOJy4eHO M3 MeHe® NPOTAKeHHBIX MHOMKECTB NpPH NOMOIIH ODH-~
CaHHBIX Tpex NMpoLeccos.

Koria mam 3ajamo cueTHOe BIOJHE YNOPAAOUEHHO® MHOIKe-
cTBO E, MBI MOeM pa3imdaTh iBa Cay4as:

llepevii cayuai. Mmuomectso E wmmeer Takol paement, panr
KOTOPOTO BhimIe PaHros BCeX MPounx ero paementos. O6osmaunm
ATOT PAGMEHT 4epe3 ¢, a COBOKYNHOCTH BCOX OCTAAbHbIX PAGMOHTOB
uepes E'. flcuo, uro mHOmecTBO E Momer OmiTh moayueino m3
MHOKOCTBa L' mocpeicTBOM mnepBoro WAH TpeThEro IpOLeccos,
CMOTPH IO TOMY, COJePHKHT JH MHOZKecTBO E' paeMeHT HamBLICIIOro
paHra WA HeT. ,

Bmopou cayuai. Muoxecrso E He mMeeT. 21eMOHTA, PAHT KOTO-
poro 6pia 6m1 Boime panros Bcex ocraibbix aaementoB. Mul mo-
KajKeM, 4YTO B TOM caAyyae MHOKecTBO E Momer 6miTh moayuemo
OPUMEeHEHUeM BTOPOro mpogecca.’

Tak kak MuomecTBo E M0 yCAOBHIO CYGTHO®, TO PIEMOHTHI €ro
Moryr 61:Th pacmo.omensl B MOCAE40BATEABHOCTH

U1y Boy gy eeey@ yeeny )

T. €, NPHBeIEM BO B3aMMHO OJHO3HAYHOE COOTBOTCTBHE C COBO-
RYNHOCTBIO BCeXx HaTypaipHEIX umced. G gpyro#i cropomsi, Tak
KaKk 00 YCJAOBHI0O MHOXKecTBO E He mMeeT pJeMeHTa HAWBBICMEro
padra, TO AJA BCAKOro ero pJemeHra Halierca Apyr_oii, pamr
KOTOPOTO BbiIle.
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Hauses ¢ aaemenra a,. Hocaesosaressmocts (1) coxepxur
6ecumcaennOe MHOMKECTBO 246MEHTOB, PaHT KOTOPBIX NpPeBHILAET
paHur paemenra a,. Brifepem cpesm mux TOT, KOTOpHIE B mOCZe0-
BareapnocTn (1) mmeer manmenpmuil mmjexc; nmycTh 210 Gyaer a, .
fcno, uto X, =2, m uyTo pamr aiemeHTa a, BhIWe pamra ai6oro
H3 PAGMEHTOB, NPeiMecCTBylOIAX eMy B mocieioBareabBocTm (1).

B mocaezosareabHocTH

Oy Gypee

nycrs a, Oyier mepsmii paemeHT, paHr KOTOPOr0 NPeBOCXOJHT
3

PaHr pAeMeHTa 4, . JTOT HIEMOHT @, HWMeeT B MHOKECTBO E pamr,

mpesslimaoIAii paEr KamIOro H3 JAGMEHTOB, IPeAUIECTBYIO-

lgux @, B N0CABI0BATOALHOCTH (1). Pror mpogecc MbI MomeM

npojo.:karh Heorpammyenso. IIpm pToM MBI moayyaem Gearpammy-

HYI0 [0CJ640BaTeAbHOCTh PAOMEHTOB:

a1-<a)1-<a)‘3-<...-<a;,)-(..., 2)

npuuyeM Kaxib#h w3 paemenroB PTofi mocaejoBaresbmHOCTH (2)
uMeeT paHr Buicmmil, mexesm Al06ofi assement, npeamectsyiolmuil
emy B mocaejosareabnoctn (1); kpome Toro, mMer umeem:

)‘«»+1>')‘» =

A yrBepmxao Temeps, uro Aaa Ja06oro paemMeHETa MHOKe-
ctea  E B mocaezosarearnocTs (2) maiigyrca paeMenThl, mpephima-
ogue ero mo paury. B camom xese, Boibpauunifi paement mempe-
MeHHO BCTpeTHTCE B mocaejosaTreasnoctn (1); ecam Mm1 ero
o6osmauum wepes a ,TO A, -V, W B TO ke BpeMA paHr aie-
MeRTa @, ., Npephmaer pamr Joboro u3 pAeMenToB, Mpeimect-
ByIOUIEX eMy B mocaejgosaTespHocTH (1), m B uacrmocTH, caejosa-
TeAbHO, PAeMEHTA a,

Mu Buaum, TakuM obpagom, uro ecan E ecTh cueTHoe BuoAHE
yUOpAJOYeHHO® MHOKOCTBO, TO W3 HEr0 MOXKHO H3BJEYb HOCAE0-
BAT@ALHOCT, PJAEMEHTOB, DPAHI KOTOPHIX HENPECTaHHO BO3pacTaer
TakuM obpa3ou, uTo a1 Jwboro paemenra mmomecrsa E B aroi
NOCAeI0BATEAbHOCTH HafigeTCa pJeMEHT BHICUIErO PaHra.

Orciosa Mbl 3aKkAl04aeM, YTO MHOMkeCTBO E MoxeT 6uite €o-
CTaBieHO NPUMEHeHHWEM BTOPOrO W3 HAMIMX NPOLECCOB K MEOXKe-
CTBaM MeHee NpOTaxeHHbIM. B camom gere, o60o3maunu yepes 4, co-
BOKYNHOCTh TeX PJ6MEHTOB MHOMecTBa K, paHr RoTOpbix HEXeE
pamra piemenTa @;, 4epe3 A, COBOKYNHOCTh TeX SAEMEHTOB MHO-
xecrsa E, paHr KOTOPhIX HMKe paHra pJeMeETa a,, W T. X
Raxioe w3 aTmx MHOmECTR MeH@e NPOTAKEHHO, HOXeAW MHOXKE-
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crBo E, ubo cocraBiser ero orpesok. Bropo#t mpogecc, Gyayunm
npuMeHeH K 2T0#l mocaejoBaTeJbHOCTH MHOKOCTB, NPWBOAWT HAC
K MHOZecTBY E.

My, Takmm oOpasom, BWIHM, 4TO Tpex ONHCAHHBLIX HAMH
npogeccos AefiCTBETeIbHO J0CTaTOYHO, 4TOOM mocrpomTh Ji0boe
CYeTHO® BNOJHE YNOPAIOUOHHO® MHOMKOCTBO, OTNPABAAACH OT
MHOKOCTB MEeHee NpPOTAKeHHBIX.'

26. IpoBesennoe HaMH HCCABIOBAHAES BCTOCTBEHHO NPUBOJHT HAC
K CASIyIOIOUM ONmpejeieHAAM: BIOAH® YHOPAJOYEHHOE MHOMKECTBO
MOXKeT COAepPKATb DIGMEHTH ABYX POJIOB; aiemMeHT a MuI Oyzem
HA3LIBATH PJGMOHTOM 7EY60l0 POAA, eCAM OTPe3OK, Oonpeze.reHHbIH
ATHM DPJEMEHTOM, COAGDKHT AEMEeHT RamBricero panra. B mpo-
THBHOM cay4Yae Mbl §yleM HA3pIBaThb @ PAEMEHTOM 6MOpPO0 POId.

Kak Ml BRgesn, 148 BCAKOrO pJeMeHTa @ BTOPOro poja Mbi
MOxeM mHalTH B ompejesseMOM HM OTpe3Keé A TaKyo mocaeioBa-
TOALHOCTh PIEMOHTOB @), Gyy. .., A ..., UTO

a <a,<...<a,<...

n 4ro A48 awboro saementa orpeska A B aTofi mocaesoBaTexn-
HOCTH ‘Halgerca paemenT, mpesocxoAalmuil ero mo pamry.
MuomecTso E npm 3TOM HECOMHEHHO COAGDPHHT 2AEMEHTHI,
00 paHry NpeBOCXOJANINe BCe @, H CPeAH PTHX PIEMEHTOB pie-
MEHT g uMeer caMbil mwmakuii pamr.
HOycre Teneps, o6parno, Ham 1aHO HEKOTOpPOe BHOAHE YHOPA-
AoveHHO® MHOKeCTBO E, m Mb1 paccMaTpmpaeM KaKyko-imbo moc.xe-

A0BATEALHOCTH
a,<a,<... <a,<...

PAEMEHTOB dTOTO0 MHOKecTBa. JomycTHM, 4ro MHOMecTBO E co-
AGPKHUT DAGMEHTHI, PaHT KOTODPHIX NpPEeBLIMAET pAaHTH BCeX @,
Cpeam Bcex paemenToB, obiajaommx aTaM cBofcTBOM, HMeeTCS
0iMH C HAMHA3WHAM panroM; o6osmaumm ero uepe3 a. Hycrs mam
H3BECTHO, 4T0 a’ < @; B TaKOM Ciydae A Jyreepxaao, 9TO Hai-
AeTCA TaKO® HATypaibHO® 4MCA0 v, 4T0 a' <@ ; B CAMOM Zeue,
B NPOTHBHOM cAydae Mul HMean 6w a ~a’ mpm awbom v, m, cae-
AOBaT@4bHO, NHO ONpeJeJeHHIO 3AeMeHTa a, aubo ¢<a’, aubo @’
COBIAJAET C @; TO W APYroe NPOTHBOPEYHT HAMEMY IPeFNOAO0-
KOHHUIO.
TaraM obpasoM nocaezosaTesbHOCTH

4, <a,<... <a,<...
W pIGMOHT @ CBA3aHLI APJr C JPYroM CAeAYIOMIMMH YCIOBHAME:
1) ¢y <a npn Beakom v m 2) ecam o’ <a, To mailzerca Takoe v,
uro a’ <a,.
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B aToM cayyae MbI ycAOBMMCA IOBOPHTE, 4UTO 2IEMEBT @ HB-
AROTCH NPEICALHBIM IICMENIOM AAS PIeMEHTa ¢ UPH HeOrPaHH4eB-
HOM BO3PACTAHHM v, & TaKMKe, YTO NOCAGAOBATEABHOCTD Gy, d,. . .,
a,...ABAAGTCA (PyHAaMeNMAILHOIO NOCAEA06AMEILHOCTIbIO, OTpese-
agrommell paemeHT «.

Bamuo mccaeqoBarh, OpH KakHX YCAOBHAX ZBe (yHIaMeHTatb-
Hble NOCAeJ0BAaTEJbHOCTH ONpeiesanT cobo 0gHH W TOT ke mpe-
Aeapubiil paement. B aTOM cayvae mm OyieMm masmBaTh WX 3Keusa-
ACHMKBAMY.

Heo6xogumoe u gocmamounoe yciosue AIA IKEUSUAERMHOCTYU A8YT
10C.1€ 108G MeADKOCTIET COCIMOUIR 6 MOM, WIMOOb JAA KUHCA010 SAEMENTA
410608 U3 HUT 6 APyl NOCAEA08AMEALKOCTIU CYUECTE08AL 3IeMERTT,
nPECOCTOAAWUY €10 NO Paky.

B camom gexe, paccmoTpum gBe QYHJAMEHTAIbHBIX MOCAEZ0BA-
TeJbHOCTH:

al'<“2'<' . '<av/‘<' T
by < by b <

JAaa z0KazaTeabcTBa HeOGXOAMMOCTH HAIIEro yCJAOBHA 3aMETHM,
4T0 ecAW OHO HO BHINOIHEHO, TO CyUIecTByer, mampumep, raxolt
paement b, ut0o @, <b , npm BCAKOM v (ACHO, YTO HH OJHH pJe-
MeHT @ He MOxeT cosmajaTth ¢ b,, mbo B Takom cayuae wmu
nmean 6bt a +1>‘bw)- Tarum obpazom ambo b ,>-a,amnbo a w b,
cosnajaor, Orcioaa a fortiors caexyer, u4To b)>-a m mnocaejosa-
TOAbHOCTH HE PKBHBAAGHTHHI.

Ho mame ycaoBme m gocraroumo. B camom jgese, ecam jas
Kamaoro e maiizerca takol paemenr b, uro a <b,, TO acHoO,

uro b)-a, npu mobom v, m, caegosareasno, aubo b a, ambo b
n a cosnajaor. IlogobubiM xe o6pazom Mb mokaxeM, urto ambo
a>-b, anbo a u b cosnazaior. GonocraBass TH PE3yAbTAaThl, MhI
BHAHM, YTO ¢ W b Heo6X0AMMO JOAMEHBI COBHAJZATh.

IV. TPAHC®UHBUTHBIE YHUCJAA.

27. B npeaurecTBYIOIIAX PacCyKAeHHAX HAMH PYKOBOAWAA OCHOB-
Hag WieA B3AHMHOIO PaCHOJOKeHHA PJeMEHTOB MHOMeCTBa. T04bKO
Ha PTOM B3aHMHOM pacHOJOMKEHHH MBI COCPEAOTOYMBAAM HAmIe
BHUMaHHE, COBEDPIMIEHHO OTBJERAACh OT NPHPOABI PacCMAaTPHBAEMHIX
paemenTos. Teneps MbI BBeieM HOKOTOpble HOBhIe moHATHA H 060-
3HAYeHHA, WMEIOIIHE LeJpl0 1aTh HaM BO3MOXKHEOCTb HIPHIHCHIBATH
onpezeieHublil paHr KaxAOMY PJGMEHTY BNOAHE YHOPAAOYEHHOIO
MHOXKECTBa,
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PiementapHa# TEOPHA HATYPAIbHBIX YHCE NPECALAYET ABOSKYIO
3aja4y: BO-NePBhIX,. PACCMATPUBAS KaKyl0-1ub60 KOAJeKUMIO KaKHX
YrOAHO NPeIMETOB H COBEPUIEHHO OTBAGKAACH OT WX TIPHPOABI C TeM,
4To6b BHAETH B HHX TOABKO HEKHME TOMKJIeCTBeHHbI® Mexiy coborio
SAHHH[IE, Mbl NPHXOAAM K MOHATHIO HATypaipbHoro 4mcia. Bo mro-
pyio ouepeib, mOCAe TOr0 KAaK PTO MOHATHe HAMH YCBO®HO, MbI,
B eaax yiobcTea, BBOAWM )Af PAa3AMUABIX HATYpaibHbIX HHCeJ,
Do kpafimefi Mepe AAA HEKOTODPHIX M3 HHX, HAAMBHAyaJIbHbie HAa3Ba-
Aua B o6o3pauenms. '

Iloxo6mpiM e o6pazoM 1JA BUOAHE YHOPAIOYEHHBIX MHOKECTB
HAN npeicraBaAerca yio0HEIM, B geisx mpmianua Goinmefi ompe-
AGAGHHOCTH NOHATHIO PaHra, BBeCTH HEeKOTOpPbiHd HOBHIE TepumH
M B COOTBETCTBMM C PTHM DAcCyKJaTh TaK, Kak ecaum O6p1 Bcaxmil
PJIGMEHT BHOAHC YNOPAJOYEHHOTO MHOKOCTBA MMeJ Pa3 HaBCeria
onpesesenanii panr. Mbl yxe BHAeaW, ITO HATYypaibHBIX YHCOL
HaM AIA ATOR Qeau Hei0CTATOYHO; MOATOMY Mbl K HAM NPHCOAH-
HMM CHMBOJAB! HOBOrO pOja, KOTOphie Mbi OyieM Ha3bIBaTh mpanc-
punumnomu wncaamn, Ilomarne, koropoe rakum obpazom BozmM-
KaeT mpA PacCMOTPOHHH BHOJHE YNOPAZOYGHHBIX MHOMECTB, MO~
206HO0 TOMYy Kak NOHATHE HATYPaibHOrO YHMCJA BO3HMKAeT NpH
PACCMOTPeHHH KOJJACKUHME KakMX YrogHO NpeiMeTOB — ecTbh HOHA-
TH® KOKeYK00 WAM MPanCHuKUmuot0 nopaskosow wucia, Kamgomy
PIGMEHTY BIOAHE YHOPAAOUEHHOI'0 MHOMKECTBA Mbl NPHIHUCLIBAGM
onpegesenuniii paur, npejcraasomnii co6o0 KoHeYHOS HAH TPaHC-
¢nunTHO® MOpAAKOBoe umcao. IlopToMy aTM BBOJMMBIE HAMH IO-
PAAKOBBI® 4YHMCAA ZOAKHBI OBITH TakoBbI, 4TOOBI ABYM pasAMuUHLIM
pJeMeHTaM OJHOTO M TOroO e BMNO.AHE® YHOPAI0UeHHOTO MHOMKECTBA
COOTBETCTBOBAAH XBA Pa3AMYHBIX MNOPAAKOBHIX YHCJAA; NPH BATOM
MBI, €CTeCTBOHHO, CYHTaeM, 4YTO HNOPHAKORO® UHCIO d, COOTBET-
CTBYIOLIE® PAEMEHTY HH3IIEI'0 PaHTa, MeHbIle MOPAAKOBOrO 4MUCIA
B, cooTBeTCTBYIOMEr0 PAGMEHTY BmICIIErO pamra, 4To Mbl Oyiem

. obozmavath Tak: a << B. B gByx mozoGmsIx memy coboro Bnoame

‘£ yHOPAI04eHHHIX MHOKECTBAX ABA B3AHMHOIO MOAOIHYHBIX PAGMEHTA
AOKHBI DPacCMATPHBATHCA KAK WMMEIIWe OJWH W TOT Ke -paHr,
H, CJA@10BaTeibHO, WM JOLKHO COOIBOTCTBOBATH OJHO M TO KO
DopaikoBoe umcio. Tak xak MOPAIKOBBIE YHCIA, MO ONPEISIHHMIO,
0603H29410T PAHrH PAEMEHTOB BIOAHE YNOPAAOYEHHOTr0 MHOMKECTBA,
TO caMu OHH 06pa3yloT MHOKeCTBO BHOAHE YNOPSAOUEHHOE.

Ilocae Toro kak HaMm yCBOGHO NOHATHE TPAHC(HHHTHOTO YHCJIa,
‘Oyaer ymecTmBIM B geaax yiobcrsa pas HaBCeria YCTaHOBHTH. Ha-
ssanus W 06o3mauenns, no kpatimeil Mepe 218 HEKOTOPHIX Tpauchm-
HUTHBIX YHCEL

"28. Cpeam mopaiROBHIX 4MCeA, NPORAS BCEro, AOARHBI BCTpe-
4aThCA BCO HATYPaJbHHE YHCJIA, TAK KaK BCAKAA KOHOUHAA KOIA-
JeKJHus TPeIMeTOB, PAacHOA0KeHHHX B ONpejeieHHOM IOPAAKS, AB-
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1AieTCA BIIOAHE ynopAZoveHHbIM MuOKecTBoM. M1 Gyzem cumrath
pll,! HAaTYPaJbHBIX 4YHCeJ HAUYMHAIIHMCA C HYJ4 HAH C @IVHH[HI,
cMoTps 1o obCcToATeABCTBAM.

Mwn 6yaem roBopuTh, UTO MHOKECTBO HATYPAAbHBIX YHCEX
(smecte ¢ umcioM (- B HEKOTOPHIX CJYYafX) COCTABARET nepPsud
KJAaccC MOPAIKOBHIX 4YHces. Bce nmopajskospie wumcCaa, OTAHYHEIE OT
HY1d H OT HaTypaibHBIX 4xcea, Mhl Oyiem Ha3wiBaTh mpakcPu-
HATHBLRY.

Mb safimeMca Temm TpaHCEHHTHBHIMH YHCJAMH, KOTOpHIe He0b-
XOJMMBl 148 ONpeJeJeHWA PAHrOB BCEX PAGMEHTOB B CYUEMHHT BNOA-
He ynopssoyeHmnx muomectBax. CoBokymHocrs aTHX TpamcHBHUT-
HBIX 9Hced Mbl OyseM maspIBaTh 6mMOPHLLM KAACCOM NOPAIKOBBHIX
quced.

Tak manpumep, cuMBox ®, BBetenBuit B raase I, npejcrasaser
coboro TpaHcmEETHOE 9MCAO, NpPHAAZJEKAINE® BTOPOMY KJaccy.
Ceepx Toro, aTo ecr» HamMeHbHUIE® YHCAO BTOPOro Kaacca, ufo
BO BCAKOM BNOAH® YNOPAA0YeHHOM MHOMKeCTBe, cojepxamgem Oec-
YHCAGHHOE® MHOMKECTBO PAGMERTOB W Cpejn HHX TaKHe, KOTOpHI®
He COOTBETCTBYIOT HWKAKAM HATYpaibHblM YHCJAAM, — TOT M3 ATHX
nocaezHnX, KOTropull mmeer campii mu3knli pamr, coorBercTByer
4mCcay .

Mer Teneps MoKeM nepeHecTH Ha TPAHCHHHUTHBI® YACIA PO3YAb-
Tarpl, NOAy46HHBle HAMH OTBOCHTEAbHO CUOTHBHIX BHOJHE YNOpPA-
AOYEHHBIX MHOKOCTB, H B YaCTHOCTH — Pa3jeleHH® PICMEHTOB Ta-
KOro MHOMecTBa Ha gBa poja. IlopaakoBoe umcao mbr 6yiem Hazs-
BaTh YHCAOM 7€P6O0 PoJa, eCAM OHO Ompejeisercds Kak Hemocpea-
CTBEHHO CcJeAywlIce 3a JPYrHM YHCIOM, ONpejleieHHBIM paHee.
Hopaarosoe uncao emogorw posa Mer OGyiem onpeseaaTs caesyomnM
o6pa3zom: mycTs HaM JaHO CYETHO® MHOMXECTRO A NOPAAKOBHIX UMCed
nepsoro HAW BTOPOro kaacca. Ecam MHOXKECTBO 3TO He COASPEHT
YHCJa, NPeBHIAKNIIEr0 BCe OCTAaAbBRI®, TO MBI BBOJHM KOBOE
TpaHCHHHTHO® UMCAO, KOTOPOE MO ONpejeseHUIO NMPEBHIALT BCE
uncJa MHOKeCTBa A, HeMOCPeACTBeHHO cAeiys 3a HuMu. Mm yxe
3HaeM, YTO M3 MHOKECTBA A MOKHO H3BJeyb MNOCAEZOBATEALHOCTH
unces

0 <ap<...a <... 1)

obaajaomgyio TeM cBOHCTBOM, 4TO 14f KamKAOrO YHCJIA, BXOAALIro
B MHOKecTBO ‘A, B pToffi mociejosaresbnocTn Hafizerca wmcao, ero
npesnimanomee. Yucao @, KOTOpoe Mbi Temepb BBOIMM H KOTOpoOe
0 ONPeJeAeHUI0 ABAASTCA YHC.JOM, HOMOCPEICTBECHHO CaejyoIIHM
33 BCCMM YHCIAMH mocaegosaTeapHocTH (1), Mpr Gyiem masmiBaTh
NjejeAbHblM wUCA0M YHCAA ¢ NPH HEOTPAaHWYGHHBOM BO3PaCTaRHH Y,

STO YHCA0 NPHHAXNIGKHUT BTOPOMY uac(:y, ub0 mMp Momem mo-
CTPOATH cyeTHO® BIOJAHE yOoopaxovYeHHoe MHOKECTBO, pa3anyHbIO

4 Bs p. Teopus paspeIBHRX QYERUHI. 49



PIGMOHTH KOTOPOrO COOTBETCTBYIOT BCEM HWCAAM MHOMKECTRA
n 4Hcay a.

JABe mOciIez0BaTeALHOCTH NOPAAKOBBIX wuHced Tuna (1) mmero
0fHO W TO Xe NpejeibHOe YHCJIO, IPH YCAOBHH, UTO IAA Kaxioro
uncaa ai000fi W3 aTHx ABYX mociejosateasmoctell B apyroft mocse-
10BaTeIbHOCTH HAH1eTCA WHMCIO, @ro HpeBhIMAiIIee. JTO ABARETCA!
HeNOCPeACTBOHHBEIM 'CISACTBHEM AHAAOrHYHOrO NpPeAIOKEHHA 144
maOXKecTB (m, 26). ‘

Ecan zan0 cyeTHO® MHOXKECTBO A umceJ, NpWHAZASKAAX Nep-
BOMY M BTOPOMY KJaccy, TO CYIIeCTBYIOT YHMCJAa, HE BLIXOAAILHE 3a
npejeAbl ITAX KJAAaCCOB W NPOBBIIAIONIAE BCe YHCJA MHOMeECTBa A.
B camom jese, ecam MHO®OCTBO A COZGPKHT YHCAO0, MPEBbIINA-
I01ee BCe OCTalAbHBI®, TO YHCJO, HONOCPOICTBEHHO 3a HHM CJeay-
olIee, AOKasbiBaeT Hame yTBepxienne. Ecam xe mmomecrso A
TaROr0 4HMCAa He COAEPKHT, TO TOIbKO uTO ommcammmil mpogecc
AaeT HAaM BO3MOXKHOCTL NOCTPOHTH HOBO® YHCJAO, NPEBHIIAIIES
Bce 9YHCJa MHOMKECTBAa A M Takme NMpHHAZIeKalIee BTOPOMY KAACCY.
JT0 npejsoxkennme NMOKA3LIBAGT, UTO MKONCLCMEO 6CET UCEA 6MOPOLO
KAQCCa Ke eCmb CUEMHOE MHONCECTE0.

29. Tenepr Mbl H3A0KHMM OCHOBaHHA CHCTeMH 06o3mauennii
aan mepsbix TpaucdumamTHbix yucex®. [locse wumcea 1, 2, ...,
Yy..., COCTABAAOIDUX mNepPBhfi KkJacC, MBI NOMEIJAeM YHCIO ©;
IpH 3TOM, NO ONpejeieHHI0, ® >y NPH BCAKOM v, H

® = limv.
V> o

3a umcaOM ® CAeAYIOT uHCAd
. Yoot 042, 04y,...,

A npejeioM 3ToH nmocAejoBaTeAbHOCTH ABJAAETCA YucAo w X 2, dan
o -2, '
Bcaex 3aTeM Mpl moMenaeM 4ucaa .

oX 241, ,0X 24y, ...,

'Y .

lim [0 X 24v] =w X 3.
¥ > o

" B reopun Kanropa aTu 0603madeHnas ABIAIOTCA CIEACTBHEM omperese-
HUA HEROTODBIX AeficTBuH, HpoM3BOAMMBIX Hajz TPAHCHAHATHBIMU THUCIAMH,
KaK-TO: cIOMeHMe, ymHomxeure m T. A OTHIOAL HE OTPHQaa AUTEpeca HTOM
TeopmH, HO BMeCTe ¢ TeM PYKOBOAACh TeM coobpaskeHneM, 4Yro AAa Hamei
ueiu rtpaHcduHMTHHIE wmcra HY&HBl HMCKIOIMTEIbHO ¢ TOYKH 3peHAA HX
B3QUMHOr0 pPacllolomends, Mbl H30Pain HECKOIbKO MHOH clI0cob6 HM3XoMeRAd,
B KOTOPOM MB! BCce BHHMaHHE COCPeAOTOYABAeM HCKIOYHTEIbHO Ha STHX
TIOPAAKOBBIX B3aHMOOTHOMIEHHAX MeXJAy TPaHCPHHATHBIMA YACIAMH,
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Boobue,
lim [o- A —1)+v] =0 L
¥y =>»

TakaM nyrem Mb oﬁpeae.meu yncaa o X A-v, rze A m v npu-
HUMAIT BCEBO3MOKHBI® BaTypaibHble 3uaueHHus. B aToM mHOxecTBE
HOT YHCJa, mpessialomero Bce ocTaibHbie, IlopToMy MbI B HeM
moxeM BpIOpaTh (yHZaMeHTaJbHYIO NOCAEI0BATEAbHOCTH; TAKOBOIO
6yaer, manpumep, HOCAEI0BATEALHOCTD :

o, 0 X2, 03X 3,...,0XA...
[lpesearuoe 4HCa0 prTofi mocaejoBaTeAbHOCTH MBI 0603Haumm
uepe3 w?:

limo X } = o2
A > co

Bcaex 3a umcaoM o2 MBI moMelIaeM YHCIA
o241, 024-2,. .. 024y,...
lim (02 +v) = @ + o.

yH>

K noJaraem

azee, & umcay o2 -1-o mMm npunbasiseM eAMHH[Y H T. 4. W mOJ4a-
’ y y

raem
lim(e? 404 v)=w2to X2
Y —>» 0
INposoaxas 2TOT npoyecc, MH ONpefeANM BCe UHCAA BHAA
m2+w>< A-}v, rae A ®m v IpEHAMAIOT BC® HATypadbHhI® 3HaYeHHA.
IIpeaeasHoe umMCAO ATHX YHCeJ NPH HEOrPAHHYOHHOM BO3PACTAHHE
A mbl o6ozmaumm uepe3 o2 X 2.
Jasee, Mbl paccMaTpHBaeM YHCAa BHAA:

02X 240X A4y
H noJaraem
lim (02X 240X )=e?X3.

A > co
Mposoaxas PTOT MPOUECC, Mbl ONPOJGAMM BCe YHCAA THIA
L]
2 w2 X 2, .., 02 XA\,
H NOA0XHUM

Iim @2 X A= 3,
X >co

Jaxee, nog06H0 TOMY KaK MBI COCTABAAAM MHOrOYJAeHbI BTOpOH
CTemeHH OTHOCHTeJbHO ®, MEl Temnepnr GyizeM cocraBiATh MHOrO-
yienn crenedm 3, 3aTeM 4, .., u,...:

-1 ’
A= 0" o5+ o o +t...toa_ +4a,
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rAe d CyTb H3TYpaibHbie YACI3, A3 KOTOPHIX HEKOTOPHIe (HO TOALKO
me o)) MoryT OniTe myssmr. UTobwI cpasHuETH wHCa0 A ¢ amalormy-
HBIM YHCIOM

B=®v[30—'rmv—lpl+- cofof_ +8,

B pemATh BONPOC O TOM, KaKoe W3 HHX Goibme, MBI MOCTyNaeM TakK.
Ecag p >v, 10 A>B; ecam p=v u a,>f;, To A>B; ecan
W=V H ay=[03;, TO Mbl CPABHHBAGM CJejyOIIWe YJIeHHl TaK, KaK
Mbl cpaBHuBain nepseie. Ecam a, oTamumo ot Hyas m a, > f,, 10
A>B u T2

Teneph MbI MOXKeM CYHTaTh ONpejedeHHbIMH Bce TPaHCHHHMT-
HbI@ YHCJa, KOTOPble 0603HAUAIOTCA NMOMOIIbI0 MHOTOYAGHOB C Ha-
TypaibEBIME KOPPHYMEATaMH, DPACHOJOKERHHIX NO CTENeHAM o,
M3 mBoxecrsa Bcex PTmx umced Mbl BhbepeM (yHiaMeHTaAbHYIO
N0CJA810BaTeJbHOCTE

. x
o, . <o ...
H 10J0KuUM
. I8 w
lim o =o0".
A >
Ilpemye uem HTTE jazee, Mbl HECKOJBKO CHCTeMAaTH3ApYeM

BBeleHHbI® 30 cHX mop obo3BaueHus.
B uymcie paccMOTpeHHBIX yRe HAMH YHCeJ MbI BCTPOUYAJH YHCAA

TAma o', rie y 66110 KaKMM-1M60 YHMCJIOM, ONpejeJeHHBIM DaHee,
Toraa umcsa, caeiyomue 3a ', ONPeseIAOTCA caeiyowuM o6-
pasom.

Hocae yncaa o' Mb1 moMeigaen yEcAa BHia o' }-a, rie a mpo-
Geraer Bce umcaa, membmme, Hemean o'. Cpeau aTuX uHMced Buia
o'+ a mer Hamboabmero. Ymcao, HEMOCPOACTBCHHO BCEX HX mpe-
Bbimalomee, Mbl obozmaumm weped o' X 2. Jaxee,Mbl moMemaem
umcia Buia o' X 24 a, rae a cHOBa mpoGeraer Bce uMCIA MeHb-
mme o'. Boobme, ompeseans umcio o' X A, MBI paccMaTpHBaeM
BCO UHCJAA BHAA ® X A + a, rge o < m7, ® npejeabHOe YUCA0 ATOro
MuOKecTBa 0603mavaem uepes o' X (A 1). Haromeq, pacemarpu-
BacM COBOKYIIHOCTh Bcex BBejleHHmX TakhM obpasom umces; mpe-
AeapHOE ymcao X Oyjer o' X o mama’ T, '

Tak, nocie o Mbi BBesenm umcaa Buga o” --a, rie o TPHRU-
MaeT BCe 3HAYCHHA, MeHbMe o, jaiee, ymcia BHJa @ X A - a,
rie \ NpUHHMaeT BCe HATyPaibHbIE 3HAYEHHH, H, HAKOHE[, — YHCAO
0* 17, TIponssoas Tor me pax mocrpoemmit ¢ umciom o” T Mu
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mpujeM K- 9Hcay o tig . 1., Boobme — k umcay ot mr, A,
npuveM mokazaTeim GyryT u4epeloBaThCA B NMOPAAK® CAMHX TpaHC-
(UBHETHBIX yuces. .

JamMeTHM, HaKomey, 4TO ©CIM HAM NPHXOIHTCA PacCMAaTpPHBATh
HOCAeJ0BaTeAbHOCTh YHCed

o el <oV < L,
OTKYJAa caeaye'r, 410
al<a2<-°'<a~,<...,

TO MpeJ1eAbHOe YHUCAO PTOH MOCAEIOBATEABHOCTH (YHC.I0, Henmocpea-
CTBeHHO NPEBOCXOAAlEe BCe ee ddeMeHTH) Mbl ofozmavaeM uepes

o™, 3akomHOCTH 3TOrO onpejleieBHA BbITEKaeT W3 TOro, 4TO
ecAd ABe NOCJeJ0BATeAbHOCTH

Qyy Fgye e ey &y, Ly,

B Bar-- By, .,

ompezeAl0T OAHO W TO X6 YHCI0, TO YHCAO w’ > MEHee YHCAA w
ecau v Brbpamo Tak, uro a <8, m obpaTHo; caejoBaTeabHO

nocaej0BaTeéAbHOCTH oY u mBV’ onpejeasioT 0RO W TO XKe YHCJO0.

TakuM 06pa3oM mocde o” MBI PacCMaTpHBAeM 4YHCJAa, KOTOPbie
CyTh CTeNEHH YHCJa ® ¢ NMOKAa3aTeAdAMH, NPeICTaBAAIIIHME cobolo
MHOTOY.JeHBI, PACNOI0KEHHDbI® NO CTONeHAM 4YHCIa ®; NPeJesbHbIM

uHCAOM 118 pTHX umcex Gyrer o .

Obpatum BuEMamme, YTO BCAKOe HOBOe BBeJOHHOE HAaMH COI.Ia-
leHH® TO3BOIAET HAM CTPOMTh M 0603Hauars HOBbI® TpamcUHUT-
Hble WHCIa, HO Kamiwi# pas smmb B cyerHoM umcae. B jammmiil
MOMeHT Mbl HayymiHch ofo03mayaTh MHOKECTBO TpPaHCHHHTHBIX
YHCOA, B KOTOPOM MBI HMEeeM (yHIAMEHTaAbHYIO IOCIeZ0BATE.Tb-
HOCTb !

.w (v pas)
w w® o
0, & , o ye ooy (0]

Urober obozmaunth npexessHOe umca0 aTOH mMOCAGIOBATEB-
HOCTH, HaM npumJoch Onl BBecTH HOBLii cHMBOa. M BmimM, Ta-
KHM 00pa3oM, yTo, yCTAaHOBHB ONmpefeleHHYI0O CHCTeMy corJamie-
HHi, MH Bcerja MomeM e pacIIHpHTh; HO HaM HO y1aerca Ho-
CTPOMTH TakoH cmcreMbl, koTopas mossoamaa 6pi HaM ycTamoBHTH
ofo3mavenns a1m BCeX TPaRCQUAMTHBIX YHCeA BTOPOro KJacca.
Pagymeercs, aTo ofcroaTe ncTBO He MemaeT HaM BeCTH pacCyikAe-
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HEf, Kacalo[gnecs NPOH3BOABHKIX TPAaHC()HHATHBIX uHced BTOPOro
KAacca.

30. U3ssecTHo, CKOAb BaKHYI0 POJb HIPaeT B MaTOMATHKe CHO-
co6 ZokazaTeAbCTBA, OCHOBAaHHBIA HA TaK Ha3biBaeMOM NPHHHNE
NOJHOH WHIYKQWHA; 3TOT NPHHQHKN NO3BOAAET YTBOPHKAATh, UTO He-
KOTOPOe NPejJ0KeHHe CNPAaBeAIMBO AA% J0GOro HAaTYpaibHOroO
4ymcAa m, ©CAH H3BECTHO, 4TO 1) OHO cCnpaBegamBO A18 NepBHIX,
HauMeHbmuX 3Havenud n m 2) Oyayum CHpaBejJHBBIM 148 BCeX
HATypadbHbIX YHCeA, MEHBIIHUX, HOKEAN 7, OHO CIPABEALMBO H JAR
uncaa n. Mul Temepp YCTAHOBHM 3HAAOIHYHBbIH NPHHAN 144 YACOI
nepBoro H BTOPOro Kiacca.

Teopema., Eciu 6 popmyiupoeky Hekomopoio RpesiodHCeRur
6TOJUM CUMBOL O, 3HAUEHUR KOMOPOIO MOWYM RpPOGEIamy 6C10 COGOKYT-
HOCTb WUCeL Nepeoto U 6IMOPOI0 KAACC, MO RPeiiodCeHue Iamo 6yiem
A0KA3AKO AAA 6CET IMUT 3HAueHU CUMBOAA G, KOAb CKOpO MB NOK.-
acem, wmo: 1) npesrosicenue 3mo cnpagesiuso AAA NeLEHIT 3HAuEHUL o
(m. e. a=0 wiw a =1) u 2) wmo npesiodcenue 3mo, 6yryvu AoKka-
3aKO JAR 6CET WULeL oy MEHBUUT KeKOMOPOLO OnpeeieHKO YUCIA o Tiep-
6020 UM 6mMOpPO0 Kiacca, GyJem Chpasesiuso u AAA MO0 ¥uUCIA a.

B camom geae, yomycrum, urto oba ycaosmsa Buimoamembr. S yr-
BepEJAI0, YTO B TAKOM CAyYae NpPeIJOKeHHe CIpPaBeIANBO A48 BCOX
umcea a HMEPBOro u Broporo Kaacca. AeficrsmresnHo, ecam 6wl aTO
6n120 He Tak, TO goaxmbl Oelam 6u1 cymecTsoBaTh 4YHMCJIa, AAA KO-
TopuXx npejsoxkenne mesepuo. Illyctr mammennrmee H3 Hux GyzeTry;
B cHay ycaosus 1,y He MomeT OrITh MepBEIM NOPAAKOBLIM YHCIOM.
CiregoBaTeabHO, CYUIECTBYIOT 4YHCJAA, MOHbUIHG, HeKeJW Y, H AJA
BCeX PTHX 4YHCel NpejJOReBHe CNpaBejimBo, B cmay ycaosua 2,
0HO Z0aXHO OHITL CNpaBejAMBO H AAA YHCAA Y, UTO NMPOTHBOPe-
9HT HALIEMY NPeiNoI0KeHHIO. )

IlpakTHYeCKH, NPH IOKA3aTEJHCTB® TOrO, YTO BHINOAHEHO YCAO0-
BHE 2, IPAXOAUTCA WHOrAa PA3JMYATh JBA CAyYas, CMOTPA IO TOMY,
OyaeT am a umcaoM mepporo mAm BTOPOro poa . :

'31. Mu1 Teneph 6erao KOCHEMCA KecuemWbiT BIOAHE YHNODRAO-
4yenHnx mMuoxkecTB. Ilyéts E ects Takoe muOxecrso. Mmu npexae
BCOT0 3aMOTHM, YTO BCAKO® CYETHO® BIOJHE YNOpAJOYeHHO® MHO-
mecTBO F mojo6uo meroropomy orTpesky mmomecrsa E, ubo mmo-
mectBo E, Oyayum wecuerHbiM, He MOmer OwTh nozobmbiM mm
mHORecTBY F, HM Kakomy-2u60 W3 ero orpeskos.

A yrBepmaato, 4TO BCAKO® UMCIO MEPBOr0 MAH BTOPOro Kiacca
obozmauaer cofor paHr 0AHOro W3 paeMenTOB MHOKecTBa K.
B camom jsese, mycts aro umcao Gyser a. MuomecTBo umces < a
eCTh CYeTHO® BHOJHE YNOPAJ0YeHHOe MHOKECTBO H, CA16J0BATeIbHO,

* Mb1 ycaoBUMCA Aif BCAROrO HOPAAROBOrO YHCIA ¢ mepBoro poia ofo-
3HavaTh uepes ¢« — 1 HemocpeACTBEHHO NpejmecTRyOIIee €My YHCIO.
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noA06HO HEKOTOpOMY OTpe3Ky MHomecTRa E; paement MuoxecTna E,
oupereasiomuii co6o0 aTOT OTpPE3OK, 0UEBHIHO, WMEOT DaHr a.

JonycruM, 4To cpeim 7.JeMEHTOB MEOKecTBa E mMenTCa Takue,
KOTOphIe onpeseasoT cobolo mecyermnie orpeskn. Obozmauum we-
p03 « TOT H3 PTHX JJIEMEHTOB, paHr ROTOPOFO HHKe BCex Apyrux,
m yepe3 A —onpesessempii mM OTpe3oK. JTOT OTPe3ok A ¢cTh
HOCUeTHO® MHOKeCTBO; HANPOTHB, BCAKAH oTpesor A’, ompesesse-
muii aaemenrom @’ < a, Gyser cuermhiM MuOXecTBoM. Kak M
TOAbKO 4YTO yheimamch, 0TPesok A COABPHHMT BJIEMOHTHI, COOTBOT-
CTBYIO[IH® BCCM YHCJaM NepBOro M BTOPOTO KJaccos, m obparmo,
pcAkmil paeMenT oTpe3ka 4 WMeeT CBOMM PAHIOM HEKOTOPOE YHCJIO
nepsoro mam BToporo Kiacca. Takum o6pa3om nMeeT MOCTO B3aMMHO
0AHO3HAYHO® COOTBETCTBHE MeKAy PJeMeHTaMH oTpeska A, c ogmoii
CTOPOHBI, H YACAAMH NEPBOro W BTOPOro KIaccos — c Apyroii.

Mu1 npeinoaoxnan, 4T0 MHOKECTBO E COAGPKAT pAGMEHTEHI, HE
BYOJAIOHe B OTPe30K A; B YacTHOCTH, pJeMeHnT a. Pamr atoro
paeMeHTa HeNOCPeICTBOHHO IpeBbIMIaeT BCe YHCJIA NEPBOro W BTO-
poro kaaccos, a MOTOMY ecCTeCTBeEHO 0003HaYHTH ATOT paHr mo-
CpPeACTBOM CHMBOJ3, KoTophifi Oyier, mo ompejeieHmio, NepsbHIM
TPaHC)WHUTHBLIM YHCJIOM, NpPEBLILAIIIAM BCe YHCJA BTOPOro
k1acca. O6osmaunm ero wepes @ m Gylem masmBars @ nepssimM
TpaucUHHTHEIM YHCAOM TpeThero Kaacca. YTo6nl BBIpa3nTh TOT
¢dakT, 4TO a ecTh YHCAO NEPBOro HAW BTOPOro KJAACCA, MBI MOMOM
nucars a < Q.



Taasa III

JUHENHBIE TOYEYHBIE MHOKECTBA.

I, IPOU3BOJHBIE MHOKECTBA BCEBO3MOKHbBIX HOPAAKOB.

32. MpumenRny Temepb K TOYEYHHIM MHOMECTBAM HOHATHA
W pe3yAbTaThl IAaBbl 1I.

B raase I Mm Bayumanmco cu*pom*n MHOKeCTBA, MMeIOIIue mpo-
H3BOJHBIE MHOMeCTBa mopagkos 1, 2,..., v,..., m)\—[—v, cen, ©2

Tenepr MBI MOXeM 0606mnn HoRATHS NPOU3BOJHOrO MHO-
secTBa. J4A BCAKOTO TOUOYHOrO MHOKOCTBA, PacNOJOXEHHOr0 Ha
npAMOIuHeHHOM OTpe3ke, Mbl ONPeleANM MPOU3BOIHOE MHOKECTBO
nopaika a, P, rae a osmavaer 41060e YMCAG MEPBOro HAM BTOPOro
kaacca. Jaa toro 4robser pTo onpesesense morio OpiTH npuMeneno
K J1060My uHCay mepBoro m BTOPOro KAacca, J0CTATOYHO, COrAacHO
o6obmennoMy npuaguny WHAYKQHH, YCTAHOBATH PTO ONpEJeiCHH®
A48 o =1 m NOKa3aTh, KAK OHO (popMyAUDPYeTCA AJA UHCIA G, OCIH
Ax1g Bcex uHced a < a OHO Yme YCTaHOBAGHO.

Ho P! mamm yxe onpeseseso. UTobmi yi1oBaAeTBOpHTH BTOpOMY
ycaomio, Mpl Gysem pasamuaTh IBA cAydaA: eCAH G ©CTh YHCAO
mepBoro poja, T. . 6CAW OHO HMEeT HeNOCPeICTBEeHHO npeure-
cTByomee emy umcio o — 1, To M onpejcasem P° kak npoms-
BOAHO® MHOKECTBO OT MHoxectsa P* ', Eean e a ecTs umcao
BTOPOr0 Poja, TO OHO CAYKHT NpPeseAbHBIM YHCAOM HEKOTOpoi
O0CA6A0BATRABROCTH uHCeAd o) < ...<a < ... M1 opea-
MOJaraeM ONpPeJeleHHe YKe YCTAHOBACHHBIM JAf KamAOrO H3 PTAX
quces, BecnomBumM, uTo mpe aTOM

Pr= P°‘2 =...=P"=

=

Mu oupepcasem P kax COBOKYMHOCTb TOYeK, npnaauema;gnx
BceM MuomxecTsaM P. Moxuo Takme ckazaTh, 4TO P ecth coBo-

xynuoc'rb TOYeK, NpHHALIEKAIIHX BceM MHoxecTsaM P°, 1ia ko-
TOpHIX a < a.
Raoics0e npouseosnoe Muoducecmeo 3amKrymo.
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Mo yxe 3maeM, 4To dTO cnpaBerauso jas Pl. Jomycrmw, uro
Hame YTBep:KAeB¥e BOPHO AJA BCeX YHCO., MEHBIIMX, HEXeINn d,
7 NOKakeM, YTO B TAKOM CAyYae OHO CNPaBeJJHBO H A4A YHCJAQ.
Ecau a ecTh YHCAO mepeoro poja, To P* samrmyro, Gyiyun npoms-
BoqubIM MuoKecrsom or P* ', Ecan e umcao o — BToporo posa,
10 P’ 3aMkHyTO Kak ofmmas uwacTh 3aMKHYTHIX MHOMecTB P
P ..., PPl (n 14),

33. Tlokamem, uTo KakoBo 6n HE 6bl10 uHCAO a mepBoro
HAH BTOPOrO0 KJacca, CYUIeCTBYIOT TOY@YHbI® MHOMKECTBA, HMeIo-
mue NPOW3BOAHEI® MHOKeCIBa HOPAIKA a, H BMECTe C TeM pas-
priBHBI® (YHKUIWH, MHO}KECTBA TOYeK pa3pbiBa KoTOphix obiajaior
aTHM cpoficTBom.

Bce aTto 6mixo mamm nokagamo a8 o=1. Ilycrs Bce Bamm
YTBEPJCHHA CNPABEJIWBH JAA BCeX YMCOA a', MOHBINIHX, HEXKeJH
HEKOTOPO® ONpejeleHH0e YHCJO a; MOKaMeM, 4TO B TaKOM CAyuae
OHH CnpaBeiWBpl H 18 ymcia a. JomycTuM cHavaia, YTO a ecTh
uyncao nepsoro posa. Paccuorpmm nocieioBaresbHocTh TOueK M,

My ..., M,..., crpemammxca K Ttouke M (uepr. 11) rag,

YTO Kamjas M3 HAX pacHoJoxesa npasee npeseizymeli. B xamgom
u3 unteppatos M M, 1 TMOMECTHM MHOKECTBO, WMeloLIee OPOH3-
BOJHO® NOpAiKa a— 1, 9TO MBI NO NpPeNOA0KEHHI0O MOKEM C1eJaTh.
Obozmayan wepes P coesmHenme BCeX NOCTPOGHHBIX MHOXKOCTB,

MKl BHAHM, UTO B aobom coceacrse Tourm M mafigyrca Toukm mHo.
mectea P} caejoBaTeanmo, Toura M ABASETCA MpeABABHON TOuU"
Kolo 218 Muoxecrsa P*”', a noTomy MHoZecTBO P cymecrByer u co-
AepxuT TOUKy M.

Paccmorpum Tenepsr caywa#l, Korja a ecrb 4HCJIO BTOPOTO PoAa,
T. 8, KOr4a OHO ABJAETCA NPEJeAOM NOCIeI0BATeAbHOCTH 4YHCed a,

Agyevey Gyenn

Bosbmem cmoBa mocieiosareapHocts Touek M,, M,,... .M. ..,

crpemaiguxca K Touke M (uepr. 11). B wumrepsase MM, no-
MeCTHM MHOKECTBO TOYeK, HMelojiee NDOH3BOAHO® NOPAAKA d,
B umATepBase M,M; —MHOKECTBO, HMeIOIee NpPOW3BOIHO® MO-.
paika ag, W T. A, Oﬁosuaqan qepea P coeimnenme BCex mOCTpOeH-
HBIX MHOMKECTB, Mbl BHIHM, UTO B COCeiCTBe TOYKHM M mafiayrcs

Toykm ao6oro B3 Muoxects P*. CaejoBareapHo, Touka M npm-

HagIeKAT KaKAOMY H3 MHOxecTB P“, a 3maumT MmoxecTBo P
CyWIeCTByeT W COAGPXKHT Touky M.

PaccMoTpuM Temeph (YHKUHIO, PABHYI0O HYAK BCIOLY, KPOM® '
TOYeK TOr0 HJAH IPYroro W3 NOCTPOGHHBIX HAMH MHOMKECTB, H paB-
Hylo ejuumye B Kamxoli m3 prux Touer. Torjza Kaxjias W3 PTHX
Towek Oyier TOUKOW paspmiBa AAA mMOCTpoemHo#t QyHKgHEEm, a cJe-

57



A0BATEeAbHO MHOKECTBO TOYOK pa3puiBa 3.0 Qywkpmm wumeer
OPOH3BOAHO® MOPAIKA O.

34. Ecau xakoe-imbo m3 mpoH3BOAHBIX MHOXECTB COCTOMT H3
KOHeYHOro 4HCAA TOYeK, TO CJeiyiolIee MPOH3BOAHO® ABIAETCH
nycteim. OGparmo, ecam OAHO W3 MPOM3BOIHEIX MHOKECTB OKa-
3bIBA@TCA NYCTHIM, TO CPeAM NPOH3BOAHBLIX MHOMKECTB HeIpe-
MeHHO HaHjeTca Tak0®, KOTODOe COCTOMT JWINb K3 KOH@YHOro
4nmcia TOYeK. B camoM jJede, CPeAM NYCTHIX NPOM3BOAHEIX MHO-
MOCTB JAHHOr0 MHOMKeCTBa P WaligeTca 04HO ¢ HaMMEBbMHM WH-
AercoM, KoTopuii Mbl obozmaumm uepes a. Al yrBepmaarw, uro a
me MOmeT OniThb YHMCAOM BTOPOro poja; ieficTBHTesnHO, B pTOM
cayuae oBO Griao 6b1 nMpeiesOM mOCA@IOBATONBLHOCTH &y, Gy, ...,
@,y ..., IPpUYEM HHE OJHO W3 MHOXKecTB P He aBasmercas my-
CTHIM; CJ@10BaT@AbHO, MHOXecTBa P™ wmmeloT ofmae Touku
(n. 13); no mHOmecTBO P* KAK Pa3 ecTh COBOKYNMHOCTh ATHX obmmx
TO4YeK W, CAe40BaTeJbHO, He MOKET OniTh mycTmiM. Hrak, a Heol-
X0AHMO €CTh YHCAO NepPBOro poja, a moromy P sBiserca mpoms-
BOAHBIM OT MHOXecTBa P*~', KOTOpO® MOPTOMY AOAKEO COCTOATH
H3 KOHOYHOro 4YHCJAa TOYeK .

Dynkyua f(x), onpeserewnar Ka Koneuwom ompeske AB, ecrb
npejes nocie 08amesbHOCTIY HERPePRSKUT Py nkyull, ecau MHosHCecmeo P
ee MoK Pa3pHi6a MAKOBO, UMO OJHQ U3 €10 NPOUGOIKNT MHO-
scecms P* cocmoum u3 KOKeXHOW WUCAQ MmoveK.

Teopema ara A0kazama mamm zas a=1. Ilycre oma cnpasei-
AUBA JAR BCeX YMCex o', MOHBIIAX HOKOTOPOr0 YHCJIA a; MOKAKEM,
4TO B TAROM CJAydYae OHA BepHA W J4# yucia a. ' °

Iycrs mmomectBo P* cocromr n3 Towek M ,M,,..., My Mu
moxeM npumennts Teopemy I. B camom zeae, B kamAoM mHTepBaie,
He COjepmalleM HA OiHOH TOUKH MHOmecrsa P°, HexkoTopoe MHO-
mecTBO P*; rae o’ < a, Kak MBI BHJeIH, HMeeT JMIL KOHOYHOE
uKca0 To9ek. B aTom muTepmase, caegoaTesrHo, ¢ysxgua f ecTs
npeled mOCASI0BATOsbHOCTH HenpepniBHbIX (yarguid. Ipumensn
reopemy I, mMb1 3akaruaeM, 4ro ¢yuKgEA [ ecrs mpejed mocre-
A0BaT@AbHOCTH HenpepuBubiXx Qymkguii m Bo BceM wATEepRase AB.

II. COBEPIIEHHBIE HUTAE HE IJIOTHBIE MHOKECTBA.

35. Bce MRORecTBa, KaKRe MBI CTPOMAH 10 CHX NOP, HMEIH MOXKAY
coboro caexyomee ofmee cBoficTBO: 4% KamAOrO M3 HHUX OKA3HI-
BalHCh NYCTHIMH BCe MPOM3BOAHLI® MHOMECTBA, HAYMHAA C HEKO-

* Hpﬂ 3TOM ABJIfeTCA BeChbMa CylleCTBeHHBIM nmpeAnoloxEenne, 9T HCX0A-
H0© MHOecTBo P Inomeljaerca HA KOHEYHOM OTPE3KeE,
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Toporo WHAGKCA, mnpeicTasiasuero cobow uwHCI0 mepsoro mam
BTOpOr0 Kaacca.

A yrBepxaaro, 9T0 Bcakmil muTepsaa A, cozepmaguiica B maTep-
paae AB, coxepmmr B cefe apyroit mmrepsai p, B KOTOpOoM Her
mu oxHOH TOYKH Takoro mmomecrsa. B camom zese, mycrs maTep-
Bad AB coaepxMT TaRoH mHTEpBaA A, YTO BO BCAKOM MHTEpPBaJe |, 33-
KJI0YGHHOM BHYTPH A, maiiiyTca Toukm AamHoro muoxecrsa P. Barom
cJayvae BCe TOYKH HHepPBaJa A J04KHbI NIPHHALIGHKATD NPOU3BOJEOMY
mEOkecTBy P!, a caejoBaTeAbHO W KAKAOMY M3 MHOMKOCTB
P2 .. P, PY Booblme — KamIOMy W3 [POH3BOJHBIX MHO-
MECTB; 3HAYAT, HH OJHO H3 PTHX MHOMNECTB HO MOMeT OnTh
nyCThIM. ‘

JTO 3amMeyaHue UPWBOJHT HAC K CAGAYIOUIEMY ONpPOJeJeHHIO: MBI
Ha30BeM MHOXeCTBO P nuize ne niomnvim B orpeske AB, ecau Bca-
Ku# mHTepBal, cojepmamguiica B muTepsase AB, coxepxuT B cebHic
Apyroii mETepBa1, B KOTOpOM HeT HH OiHOH TOukm MHOMecTBa P.
Kak mn y6eamamch, BCAKO® MHOMKECTBO, OJHO W3 IPOMIBOIHBIX
KOTOPOrO MYCTO, ABAAGTCA HHAI1e HO NIOTHBIM.

Caezaem Temeps Apyroe zamedaume. B KaxioM M3 nOCTpPOGHHBIX
HaMH OpHMEpPOB HH OZHO H3 NPOM3BOAHEIX MHOMKECTB AAHHOIO
mBOxkecTBa P (ecaH He rOBOPHTH O NMyCThiX) HE MOrJ0 COBHAJATh
CO CBOHM NPOH3BOAHKIM MHOZecTBOM. B camom gese, ecan 6l aTo
CAyYHA0Ch, TO BCE MNOCASJYIOLIHE NPOH3BOAHLIE, OYEBHAHO, TAKAKE
copnazain Obl ¢ 3THM DPOHM3BOIABIM MHOKECTBOM, H, CA8Z0BATEALHO,
HH O0JHO W3 HHX He MOrio Obl OkagaThcA myCTHIM.

36. IlycTs mam jaHO 3aMKRYTOe MHOXecTBO P, He coBmajaouiee
CO CBOMM NPOM3BOIHBIM MHOXeCTBOM. PaccMoTpuM Te ero Touky,
KOTOphIe HEe BXOJAT B NpOom3BoaHoe MHOmecTo. IlycTs A ecTh 0gma
u3 aTEX Toyek. Tak Kak oBa me sBaseTca mpeicanrHOH Toukol Aas
MHOXKecTBa P, TO cCymecTByeT Takoil HHTepBax, KOTOpHIH COJepPKAT
BuyTpu ceba TOUKYy A, HO Be COAePKAT HHKAKHX APYTHX TOYeK
muoxecTsa P. Mul ckaxeM B pToM ciyuae, 4T0 TOUKa A ecTh
usoauposarnas mouxa muoxecrsa P. Bo Bcex paccMOTpeHEHIX Hamu
nmpuMepax Kaxioe M3 MOCAeI0BATeABHHIX NPOH3BOJHLIX MHOKECTB
COJOPEKHUT TOUKH, HCYS3AIMINe DA Nepexoye K cIeiyloleMy npoms-
Boguomy. CaexoBarespuo, MaoxecTBo P coAepmKHT MeHee TOUeK,

nexean a06oe m3 mmomects P', m, Boobiyge, a0boe mpomssosHoe
MHO%ecTBO MeHee OoraTto Toukamu, Hemxeim Ji06oe emy npeame-
cTBymILee. A

Ho cymecTBylotr m Takme MHOMKECTBa, KOTODPb® COBNAZAOT CO
cBonMu npom3BoAEniMA. TakoBo, manpumep, MHOXKECTBO BCeX TOYOK
Kakoro-au6o orpeska AB (BkJouas KOHUBI).

MnuoxecTso, coBUajaoiee CO CBOHM HpPOM3BOJHBIM, MH Gyzem
Ha3bIBaTh cosepuienntim. O4eBHAHO, UTO BCAKO® COBOPHIOHHO0® MHO-
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KEeCTBO 3aMKHYTO. YCJOBHMCA HA3bIBATh NIOMKbLM 6 Cefe BCAKY
MHOXECTBO, Kaiiad TOYKA KOTOPOTO €CTh JJA HEro NpeAeibH
Touka. Takmm o6pasom, 141 Toro, 4yTobbI JaBHOE MROiecTBO ObI
coBepmenHsiM, He00X0AHMO M A0CTATOYHO, uTOGbH OHO 6bLAO
1) samxmyTRIM ¥ 2) niormbIM B cebe.

37. M mokamem Tenepb, YTO CYIIECTBYIOT COGEPUICHHbIE ULl
Ke NAOMKblE MKOJCeCMea, W TMPOBEAeM NOApoOHOE HCCIeA0BARME PTUX
MHOKQCTB.

O6ozmaumm uepes E mmoxecTBo Bcex touex orpeska (0, 1).
Yrabm onpeseauTs WRTepecyiollee HAC MHOXKeCTBO P, mb1 cHavala
onpejeimM MHOKECTBO TOYeK oTpe3ka E, He npmBajle:mammux MRO-
KecTpy P,—MHOKECTBO, KOTOpPOe MBI o6oznaunM uepes E—P. Pa3-
geamM orpe3ok (0, 1) Ba Tpm paBmhle 4acTH NOCPEACTBOM TOYeK

1 2
gHg ® orbpocuM BCe BHYTpPEHRHMe TOYKM CPeAHEro M3 Tpex TO-
ayvaiomuxca orpeskos (uepr. 16). Jasee, kaxaniii m3 ABYX ocTaB-

' MIAXCA OTPe3KOB 0,—1 n g, 1) Mb
0 Y ¥ 1 3 3

% % % % AeXHM HA TPH PABHBIE YACTH H B KaKJOM

. cayyae BpiOpacriBaeM BHyTpeHHHE TOUKH

Yepr. 16. cpeanefi vacrn. Y mac ocrairca 4ernipe

HHTepPBAJA, C KAKABIM N3 KOTOPHIX MBI

nocrynaem TakBM e obpasom, m T. 2. 20 Gecromeumocrm. Mnr

onpejedseM MHO®eCTBO E—P Kak COBORYNHOCTb BCeX 6RYMPEHHUT
TOYEK MCKJIOYeHHBIX HAMMW HHTEpBA.OB.

Yrober mosseprayTs n3ydenuio ceoficrea Touex MEOmecrsa P,
u300pasum abcuuccnl Touek mMHOxecTBa E B BmAe TpPOMUHBIX ApO-
Oeii. Takum obpasom kamaoe yncdo , 3aka0uennoe mexay O m 1,
n300pasuTca B BHze paja

a a a
A R

rae kaxpoe ¢ ects 0, 1 mam 2.
Uncaa a;, @, d@s,... NOCIEAOBATEILHO ONPEAEAAIOTCA TaK:
4uCA0 @; A0XEHO 6bITH TakoBO, 4TO6HL, moasaraa

a2
3 )

XTr ==

MBI MMeJan :

0=z =<1.

1 2 \
B caysae, korga = mam z =, cucremMa umcei (al,a'l)

3 3

moxeT Onito Bmbpama Asyma pasimambiMm cmocobamm. (Jroft
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geonpeieIeHHOCTH Mbi MOriH 65 m30eRaTs, NOATHHAL T, YCIOBHAM
0=z, <1.) Bo Bcex cayyaax, mocae TOro Kak =z, HailzeHo, MBI
(OCTYNACM C HHM TagK K@, KAk paHee mocTynatu ¢ . Mst BrOn-

;

g+ T
3
n r. A Ecam DpH aTOM HHM 04HO M3 UHCed T, HE OKAKETCA PaBHBIM
uyldio, TO HAIl MPOUecc HMKOI'Aa He HPHAET K KOHLY.
Uncaa, 444 KOTOPHIX 9TO pa3i0meHue obpbIBaeTCA HA KOHEYHOM
qHcde 4XeHoB (T. e. 4XA KOTOPHIX BCe @, RAYMHAA C HEKOTOPOIO,

cyTh HYIH), BMeOT dopMy —33,7, rze p — pgexoe ymcao. Ho Bce arn

paeM a, TakmM ofpasoM, uro z, = , opuuen 0 ==z,=1

uMCIa AOMYCKAlOT W xpyroe, Geckoneunoe pazsomenue. B camom
1616, TaK Kak

2 2 2
l=gtmt g5t

TO Mbl HMEeM HampHMep:

a, ay 1 a, a, _, 2 2
§+§+---+'377=§+~-+ 3;._,"}“ 3h+1+3h+2 4.

Ecan wncao = ne mmeer ¢GopMbI —3’%, TO YHCAA Ty, TyyTg,. ..

Bce Jexar ewympu orpeska (0, 1). CaegoparespHO, 14A TAKHX YHCEL
Mbl HHKOTAa He MOXKeM HATOJKHJThCA HA HeonmpeAeleHHOCTh. Becko-
HeYHOe Pa3JoReHNe TAKOro YACIA BCeria ABAAETCA eJWHCTBERHBIM.

B npopecce onpeaesennsa mmoxecrsa E—P Mb1, B nepayio ove-
peab, HCKIIoYnJIH uncaa, Aaa Kotopux g, =1 m 0 <z, <1. Ilpu
BTOpO#l OmepayMn MBl HCKAOYNAN 4HCIA, 214 KOTOpHIX @, = 0 wan 2,
a,=1n 0<w,<1. Ilpn n-ofi omepaynu MBI MCKJIOYMAN YHCIA,
AXA KOTODHIX HH OAHO B3 YHCel a,, Gy..., @, , He pasEo 1,
MexAy TeM Kak @, =1 u 0 <z, <l

B ofmem, caezoBaTeannO, Ml HCKJA0UHJH BCO TOYKH, B TPOWY-
HOM DAa3.I0ieHHM KOTOPHIX, KakoBo Ob Hu 6bia0 3TO pasiomenwe,
no Menbmefi mepe ma oAHOM Mecte crouT umdpa 1.

MgBoxecrso P cocrour, ciejoBaredbHO, H3 TOYeK, He YAOBJe-
TBOPAOMHUX 3TOMY YCJOBHIO, T. . H3 TOYeK, 6 MPOUYKOM PA3A0XCE-
nun Komopux ece yugps paskst 0 usu 2 (np;m PTOM HEKOTOphie W3
TOYek MHOMecTBa P MOryr 6HTbh mpesCTaBA€RBI M pa3JoKeHHeM,
cozepxawuM pudp 1, aums 6p1 HapAsy ¢ PTUM HmMesOCh H ApY-
roe pasaoieHue, B KOTOpPOM aTa Iudpa orcyrcrayer.)

llepefizem Tenmeps k wm3yuemmio cmoficre muomectsa P. ITo0
MHOXKECTBO NpekAe BCEro COJePKHT BCe TOYKH €, ABXAIONIMECH
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KOHUaMH ACKJOYSHHRIX HATEPBaiOB. B caMoM j646, ROROOM HHTEp-

BaJd, MCKJIOYEHHOr0 npu n-0if omepaguu, CAYHHT TOYKa, AJA

koropoii Kamaas m3 (n—1) nepseix gudp ecrs 0 mam 2, mpmyem
1

wn_l =-§- namn §-, CMOTpA NO TOMY, HM@eM Ju Mpl AeJO0 C JeBBIM

MJH NpaBbIM KOREOM WATepBaia. B mepeom cayuae mpr mmeem Gec-
KOHeYHOe, a BO BTOPOM — KOHEYROEe pasJomense, csoboamoe OT
uudpsr 1, BcaescTene wero BIATAA TOYKA NPHHAZIGKHT MHOKe-
crey P.

A yreepxaao, Y4TO KamKAAA TAKAA TOUKA ABIAETCA npeaeanbnof
Adf ApPYrmX TOYek e. B camom jese, paccMoTpmM TOYKYy @, ABAA-
I0MyoCcA JeBHIM KOHUOM WHTepBada, MCKIOYEHHOro npu n-off ome-
payun (uepr. 17). Illocae profi omepagum ocraerca nessibpomen-
HbIM MHTEpBaJ, N0 OTHOMEHHIO K KOTOPOMY TOYKA @& CAYKHT Npa-
BoIM koHUOM. Ilpm caeayrome#t (n |- 1)-ofi omepayuu, sTor maTep-
BaJ AeJMTCA HA TPW YACTH, CPefHAA M3 KOTOphIX BmibpachiBaeTcs.

Ilpasuiii komey a’ proii cpeameit wacrm,npea-

¢ | craBamommii coboio TOYKy THmA e, OTCTOMT
L—W-W-W——'a, # OT TOYKH @ Ha pACCTOAHMH OAHOH# TpeTu
npexnero uatepsaia. llpumenan caeayomyio

epr. 17. OMepayui0c K NHTepBaly ad’ W NPOAOIKAR

aTOT Tpoyecc 0eckOHeYHO, MBI MOJyYaeM
NOCJAe40BaTeIbHOCTh TOYEK THNA ¢, CTPEMAIIMXCA K TOYKe @, 4eM
Hame YyTBepKAeHMe u AOKa3aHO. Touka ¢ ABAAGTCA NpeAeAbHOI
JWIIb C 0AKOY COPONB, AMEHHO CO CTOPOHEI, NPOTHBONOIOKHOR TOMY
B3 HCKJIOYEHHBIX HHTEPBA.10B, KOHJOM KOTOPOTO OHA ABAAGTCA.

Bcex mCKJ04YeHHBIX MHTEPBAIOB HMEOTCA CuemHOe MHOKECTBO,
nb0 npu kamjgofi omepayMm MbI HCKJOYAAM KOHEYHOe YHCIO HX.
CaexoBaTesbHO, MHOKECTBO TOYEK ¢ eCTb CYETHOE MHOMKECTBO.

A yrBepmaaio, uro MEO®EcTBO P cOzepHMT TOYKM, HE NPHHAL-
Jemamue K YMCAy TOYeK e; TakoBbiMm 6yayr Toukm, uszoGpamae-
Mble OecKOHeUHRIM TPOMYHBIM PA3JOKEHHEM, COACPKAIAM TOJBKO
pudpsr 0 u 2, npayem Ta M Apyraa BCTpPevyalOTCA B PTOM pa3ao-
menun Oeckomeuynoe umci0 pa3. B camom zeae, pa3iomenue Takoro
4ncia eJWHCTBEHHO M He COAepxMT nudpn 1, BCaescTBme Hero
TAKAA TOYKA He €CThb TOYKA ¢ M He NpPAHAAJOKAT MHOKECTBY
E—P. Ceepx Toro, rakoso 6s mm 6b110 n, nocie n-ofi onepagmu
BpIOpaBHAA HAMA TOYKA JeXKHT BHYTPH OAHOTO H3 COXPAHMBIIHMXCA
WHTEePBAJOB.

Yrobn npmeecTn npmMep Tako# TOYKM, BO3bMEM UHMCIO, B pa3-
aoxennu koroporo pudpsl 0 m 2 nocrejoBaTelbHO HepeAYIOTCH,
Iro ecTh uHCIO



Boasmem Teneph aiobyio m3 Takmx touek l. Sl yreepmaaio, uTo
Touka ! ecTh mpejesbHan AJA TOYEK MHOMKecTBa P W IPHTOM ¢ obeus
cmopok. B caMom gexe, simHE KamKAOro H3 WHTEPBAJOB, OCTABIINXCA

1
mocie n-of onepaymm, pasma 3 a KOHGHI TAKOr0 HATEPBaJa npn-

nagaexar maomecTBy P, Ho Touka / HenpeMeHHO JeE&HT BHYTpH
TaKOr0 WHTepBaJa, YeM Hamle YTrBepHKAGHHEe H AOKa3blBAETCA.

Haxomeqy, kamzas Touka MmoxecTsa P BXOAAT B OAHY ‘H3 ABYX
paccmoTpenunix mamu kateropuli. Caejomareismo, mmomecrso P
naomuo e cebe.

A yrsepmaaio, yto MHOmecTBO P 3amrmymo. Urobm B prom
ybeanTsca, J0cTATOYRO mOKA3aTH, YTO BCAKAA TOYKA M, me npu-
Hajgsemamans mMEoRecrsy P, ue 6yzer mpesesvmoit Touxo# jaa pTOrO
mpomecrsa. Ho takan Toura M ecTs ofS3areibHO GRYyMpennAA
TOYKA OAHOTO M3 HCKIOYeHHbIX HHTEPBAJOB, M, CJei0BATEJbRHO,
B Gammafimem cocejcTee ee He maligerca Bu opmHOH TOYKE MHO-
mecrea P.

Urak, mBomectBo P maorHO B cebe m 3amkmyro. CiezoBa-
TeabHO, P ecTh coseputennoe MHOKECTBO,

A yrsepmaalo, 4TO MHOKECTBO P Ruige He niomuo B WHTEpBaJe
(0, 1). B camom jeae, Bo3bMEM B PTOM WHTOPBAJ® NPOM3BOIbLABIH
orpe3zok af AxuAbl A. Ilocae omepaymu HyMepa n, ecam TOJBKO B

AOCTaTO4YHO BEJHUKO, AAMHA —3—;00'1‘88]]]“!03 HHTepBAaJOB CTAHOBUTCA

menee, Hemean A. Caes0BaTexnno, 0Tpe3ok af He06x0AUMO COAepERT
B cebe mATEpBaJ, Bce TOYKA KOTOPOr0 ABIAITCA HCKIOYEHHBIMH.

Hccaeayem momBocTs Mmaoxectsa P. PaccMorpum mBomectso (/)
Tovyek I, mau, Kak Mn nx OyseM Ha3bIBaTh, TOYEK BTOPOro poaa
muomecrsa P. Paccmorpum, ¢ zpyro# cropomsl, mmoxectso R To-
yex, ocralomuxca Ha orpeske (0, 1), mocae Toro kak mu orbpocmm
M3 PTOrO OTpe3ka MHOmecTBO A TOYeK, abCyMCCHI KOTOPHIX HMOIOT
dopuy 7,
MBICIATh HanucagHoH no zBomunoif cmcreme. Jro 6yayr, ciejosa-
TeJbHO, Pa3JOEeHHA BHAA:

. oy a2 Gn
SHm ot t

rae Bce a cyrs 0 waum 1, npuyem kamaam H3 PTHX ABYX undp
BCTpe4aeTCA B pa3iomenun OecuncIeHROe MHOKECTBO pas.

Moxno ycTaHOBATH B3aMMHO-0AHO3HAYHOE® COOTBCTCTBHE Me-
Ay ToukaMm [ m TouKaMu mMEOXecTsa R. JOCTATOYHO yCIOBHTHLCA,
uro 3mavenmio a,=0 6yser coorsercTroBaTh 3Havemwe a, =0,

n abcpgmccy kamaofi m3 Towex MmomecTBa R Oysem

v
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a 3mavennio g, =2 —j3mavenme o, = 1. CaesosaTeanmo, pTH ABa
- MHOZECTBA HMEOT OJWHAKOBYl0 MomuocTs. Ho MEOxkecTBO R MBI
noxyymau, Beibpaceisas u3 MHOMecTBa E, mmeiolero MOIIHOCTH
KOHTHHYYMa, HesoTOpoe cuerHoe Mmoxecrso A. Takmm o6pasom
mEOxecTBO (/) mMeeT MOIMHOCTh KOHTHHyyMa A, TAK KAaK TOYKMA e
(rouxn mepsoro posa) mmoxkectsa P ofpasyior cueTsoe MBOKECTBO,
TO, OYEeBHAHO, MHOKECTBO P HMGET MOIJHOCTP KOHTHHYyMA.

38. Paccmorpnm rtenepnr obume ceofictea HMrze He NJOTHRIX
coepmenHbIX MHOKecTB. Ilycrs P ecTh coBepmeHHoe MHOMECTBO,
HUCje He NJIOTHOEe Ha HEKOTOpOM OTpesxe AB (a=z=<1b). Obo-
3HaunM 4yepe3 E mmomecTBo Bcex TOYek aroro orpeska. Ilycrs M
eCTh OAHA M3 Touek MHOxecTsa E-— P, m o — ee abcyucca. Tax
KaK MHOXeCTBO P 3aMKHYTO, TO TO4ka J He mMokeT OBITL ero mpe-
aeabaoi0 TOuKOK (vepr. 18). CiepoBareavmo, moxmo mafiTu mATEp-
Baa, cogepxamuii Bayrpm ceba Touky M m me cojepxammuit Bm

oaBofi Touku mmomecrsa P. Moimxker cay-

A M 8 4YATBCA, YTO MHOXECTBO P MMeer TOYKH,
' M M ' afcgucchl KOTOpbIX MeHee, Hexelu I
' IMycts o’ ecrs Bepxmmii mpesex abcgucc

Yepr. 18. Taknx Ttodek. Torza BO BCAKOM cayuae

z’ <z, Touka M’, abcumcca xoropoit
paBBa &', NpuHAjJeKAT MHOKECTBY P, u60 OHa ABIAGTCA mpejesb-
goft TouYko# jaA TOouek MHOMecTBa P.

Iozobmnim e obpasom mb1 ybemaaemca B CyOIeCTBOBAHHMH
takoli Tourun M” mumomecrsa P, abcpmcca Koropoli «” mBamerca
HAXHAM @npeserom abcgmec Tex TOouek MHOKecTsa P, KoTopwie
pacnoJoxenbl TpaBee TOYKH M, ecA TOIBKO TaKWe TOYKH CY-
mecrayior. Takum obpazoM Touka M JemmT BHYTPM HEKOTOPOI'O
natepsasa M’ M’, obiazasoigero caesyomgumu Asyma csoficTsamm:
1) v 0AHa U3 BHYTPEHHHX TOYEK PTONO WHTEPBAA He NPHHAZJIGKHT
mAOxecTBY P m 2) Toukm M u M’ npumajaexar MHOmecTBY P
(3a MCKAI0OYGHAEM TOrO cAy4as, KOrAa 04HA H3 HUX COBNAZAET C OJHOI
n3 Tovek A wam B). ‘

Byaem obosmavarr wepes ) maTepBaini, obiajzaromme PTAMH
AByMA csoficrpamu. JBa pasiMuEBIX HETEpBaJa A He MOTYT HH Ie-
peKpBIBaTbCA, HH AakKe CONPMKACATBCA JAPYr C ApyroMm. B camom
AeXe, B MEPBOM CJIy4ae OAHH W3 KOHOB OfHOrO0 M3 STHX WHTep-
BaX0B poaxen ObL1 Ge1 Jexars BHYTPH Apyroro. Jra TOUKa, MOMe-
[DanladcA BHYTPU OJHOTO M3 MHTEPBAJOB A ;M MOTOMY OTAHYHAA
or A v B, He Momer mpnHagiexaTh MHOxecTBy P; HO pTO mpo-
THBOPEYAT TOMY, YTO 3TA TOYKa ABIACTCA KOHIOM APYTrOro MATep-
Bada A Bo BTOopoM cayuae o6mmii xomey AByx mHTOpBai0B OBLI 651
u301MpOBaHHOH Tourol mMHOmecTBa P, YTO HeBO3MOHHO, TaK Kak P
©CTh COBEPHICHHOC MHOMKECTBO.

64



He Momer cAy4uTbcd, 4TOOB! MHTepPBAZOB A HMeA0Ch Xuilp KO-
HeuHoe umcio. B camom jete, B raxoM cayuae Ml mMeau bl Ha-
pAAYy ¢ HHMH CTOJbKO ke (TOuHee. Ha eymauuy OoJee uam Meuee
MIH CTOIbKO e) HHTepPBA.IOB, BCe TOYKM KOTOPHIX NPHHAAIOKAIA
Ob1 MHOMecTBY P; 3T0 Ke HeBO3MOkHO, n60 MHOKecTBO P HurAe
ne mi0THo. Taknu ofpazoM MHTepBAaiOB A HeNPEMEHHO HMEeTCA
Gecroneynsoe MBOHECTBO.

C apyrofi cropomsi, aTO MHOMKeEcCTBO cuemuoe. B camom zeie,
kakoBo Opr AM Gbrro a >0, MMeerca AuMmb KOHEYHOE YHCIO WHTEp-
Ba10B A, AIMHA KOTOPHIX MPEBOCXOAMT a, nb0 ATH HHTEpBAIBI B3a-
IIMHO He llepel(PbIBﬂIOTCﬂ. Paccmorpum Tenepb 1nocaexoBaTedb-
HOCTB @y, 3. .., @ ,... NOJOKHTOABHBIX HHCEJ, CTPeMAMAXCA

k Hyalo. Bosbmesm cmavasa Te m3 MHIEpBaIOB A, ZAMHBI KOTOpPBIX
NPeBOCXOAAT 0., 3aTeM Te M3 OCTABIIMXCA, AIMHBI KOTOPBIX mpe-
BOCXOAAT Gy ®M T. A. MBI WOXYYHM CHYETHYI0 MOC.IEA0BATEIbHOCTbD,
B KOTOpo#l kKamimii m3 WHTepBa.1oOB A 3aliMeT ompeseseHHOe MecTo,

Hakoneq, Bcaknii mETepBat, cocrasaarmuili 4acrb oTpe3ka AB,
A0a3KeH COAGPHATh HOKOTOPYIO YaCTh OFHOTO M3 MHTepBaJoB A, ubo
B HeM JOKHBI COAGPIKATHCA TOYKH, HO NPUHAAJISKAINHO MHOKECTBY
P. 910 mnocaeanee ofcroareabcrBo Mbl OyieM BblpaKaTh, rosops,
YTO MROKECTBO MHTEpPBAaJAOB A 6crojy miomno HA oTpe3ke. AB.

Takum obpasom, ecau P ecmb cosepuiennoe mnodcecmso, xuige He
niOMHOE 6 HEKOMOPON UKIEPeade, MO 6 IMOM UHMEPSALe CYUWECTEYem
6CI0AY NIOMKOE MHOJCECTBO Ke Ne] eKpbleaioWuTcA APyt C APYIOM Uk-
Mepeasos, COAEPHCAUUT 6Ce Me U MOADKO IMe MOYKIU, KOmO ble Ne 1)t~
Hagievsicam muoxcecmey P.

39. Iycrs Tenepn, o6patuo, na oTpeske AB gaH0 cueTHOE MHOXKe-
CTBO MHTEpBaJOB A, He HMeOIIUX NODAPHO HH OOWHAX TOYek, HH
obigux konyos. fI yreepmaao, uro MHOKecTBO P TOYeK, He mpu-
HAAA€KALIMX HA OAHOMY H3 STHX HHTCPBAJIOB, €CTh COBEpIIeHHOE
HHrze He IMI0THOe MHOecTBO. Ilpm AaTOM MBI J04:KHBI TOJIBKO OrO-
BOPHAThCA, UTO B CAYy4Yae, 6CIM 0oiBa H3 TOYek AB cayxuT xKoHgoM
0AHOro W3 WHTePBAIOB A, Mbl 6yseM cCuuMTaTh €e DpPHHAAIEKAIE
ATOMY HHTEpBaJy.

Ilpeaxae Bcero, mmomectso P 3amkmyro, m6o Bcakasa TouKa,
He npuHagiexamai €My, ABAAGTCA BHyTpemHel Touko#l ozmoro m3
MHTepPBAIOB A, a CI40BATEILHO HE MOXeT Ob1Th mpeseinHoit Toukoi
MBHOKecTBa P,

Yrobm nokazars, 4To P ecrb cosepmenHOe MHOMKECTBO, HaM
ocTaercs, caeinBaTebHO, ybeanThca, uTo 0oHO naoTHO B cebe, T. €.
He myeeT M304mpoBadHLIX Touer. Ecam Opt kakas-ambo m3 ero To-
4ex K 6pi1a m3oaupoBammOii,To 0Ha 6br1a OnI 3aKal0ueHa B HEKOTO-
pom nurepsase HI, B Koropom kpome TOuYkH K mer mHHu ozmoit
ToukH MHOxecTBa P, Paccuorpmm orpesor I K. U3 Bcex ero Touex
04Ha TOabKO TOukKa K npumajtexur mmomkectsy P. CaezoBartesbno,

5 Bs p. Teopusa paspwBRBIX GYRKUHH. i 65



cymwectsyer taxoft mnrepsas A, xoropmil cojepxur orpesox HK m
umeeT TOYky K oauum u3 csonx kouyuos. Iozobupim xe oGpaszom
Ml y6esmmca, 4To Touka K ABAHOTCA OJAHWM M3 KOH{OB ApYroro
uHTepBala A, cojgep;amero oTpe3ok kI, Jsa moiyueHHBIX Hamu
nHTOpBaJa A uMeoT oOmu#i Kowey, YT0O NPOTHBOPCYHMT HAWEMY
npeanoxoxenmo. CiezosatespbHO, TOYKAa h me moxer ObiTL W304m-
posangoil, a 3gaynT P ecTh coBepmeHHOe MHOXECTBO.

Hakomen, maomectso P murie Hé nmioTHO Ha OoTpeske AB, mbo
MHOKECTBO WHTePBAXOB A BCIOAY NIOTHO HA PTOM OTpe3Ke.

Uurepraisi A, COBORYNHOCTh KOTOPHIX BCeyea0 Ompeieiser co-
6010 MBOxeCTBO Py, Mbl 0yieM BAa3nlBATH CHMEHCKHLMU UNMEPEALAMU
mBoxecrsa P.

Paccmorpum Tenepp croficrea Touex mmomecrsa P. Ilepmyio ka-
Teropiio PTHX TOYEK COCTABJARIOT KOHLH mHTepBaJoB A. B camowm
AeXe, Hi OAWH W3 PTHX KOHLOB He NPUHAAJIGKAT HA OJHOMY H3 HHTep-
BaJoB \. fl yreepiaaro, 4To Kpome HEX MHOMKecTBO P COAGPEMT
emge apyrme Touxu. YrobnI s0KA3aTH TO, MBI MOKAMKEM, UTO COBEp-
wenHoe MBOxecTo P me moxer OGnirp cuermrim, Cmavaxa Mur go-
KaEeM CJeiyOIIYI0 JeMMy.

Ilycmo aawo cosepuernoe mnosicecmeo P, pacnoaosicennoe wa npa-
Moauneitnom ompeske AB u nycmbv o ecmbs unmepsad, cosepica-
wuilca 6 ompeske AB u cozepocawuil enympu ceba no kpailkeid mepe
oaky moury muogicecmea P. Ilycms, ¢ Apyrol cmoponw, M ecms ne-
Komopas onpejeiennan mouka muodcecmea P. Toiaa moswcwo waidmu
uNmer6as a3, CKOAb YI0AKO MAA0U ANUKbL, 3GKMOUERHBY € uKmep-
sate of, we codepacawun mouku M, no cozepocawuil no kpaunei mepe
04Ry mouky muodicecmeéa P.

B camom aese, maTepBaa of, cogepxamuii BEyrpm ceba TOuUKY
MaomecTsa P, meobxoammo cojepxur OecuncienHOe MHOMECTBO Ta-
KAX TOYek, mOo muomecrso P niorHo B cebe. CaepomarednHo,
MOXHO yKa3aTh TOYKy M; mmoxecTsa P, oTimuHYI0 OT TO4KH M u
npuHagiexamylo uatepsasy a3. Ho B Takom cayuae aiwboit socra-
'TO4H0 Maablif MuTepBaJ, copepxamuii Touxky M, A0KasbipaeT Hame
yTBepEienne.

Ilokaxem Tenepn, uTO cOBOpmeHHOe MHOMOCTBO P me MoxeT
6u1Th cueTHBIM.

Ecan 6m mpoxectro P 6110 cueTmnimM, 10 Mbl Moram Obl 060-
sHa4ATh ero Touxku uepes My, M,,...,M ,... Bossmem kakoii-1mbo
uaTepsad af, cojepmamguit Buyrpu cebs, no kpaiimeli Mepe oamy
TOYRY mBOecrBa P. CorsacEOo zokasammoff JemMe, MBI MOKeM
HafiTh BEHYTDE uHTepsaia af wuETEpBax o B;, He cosepxamuit
Touku M,, mno cosepmawnii BuyTpm ceba Apyrme TOYKH MHO-
mecTsa P; sazee, B umTepBase o, §, Mn momeM mafiTi NATEPBRAL ayf,,
He copepmamgnil Toukn My, no cojepwamn#t BEYTPHE cebr apyrme
Toukm MAOxecTBAa P, m T, 1. Takuu o6pa3om Mbl onpeseanm 6Gecro-
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HeyHyi0 MOCI6J0BAI6IbHOCTs HHTOPBAXOB, KaRALIH M3 KOTOPHIX
¢048pKUTCA BHYTPH OpPEANIECTBYIOIEr0 H COAGP#KHT TOYKH MHO-
secrsa P, npuyem murepBax o He cOAepKHMT HH OAHOH H3 TO-

aek My, M,,..., M. Ilpu pTom muuro me Memaer Ham ehiGHpaTsh

v

AIH -MHTepPBAIbl TAK, 9TOOH AJMHBI HX CTPeMuauch K By, B ra-
KOM CJAyYyae CyueCTBYeT esMucrsedHaa Touka H, umpwHasiexaman
sceM HHTepBaJaM «f, M, CcXefoBaTeibHO, OTAHYHAA OT BCEX TO-
uek M. Touka H npumasaemur mmomectsy P, ubo, mo camomy ee
nocrpoenuio, B .10boM ee coceacrse HafifyTca Toukm MHOKecTBa P,
i, CAe40BaTeibHO, OHA ABIAETCA mpeAesbHOH TOYKOH mMuOKecTBa P.
TaguM 00pasom, MHEOKECTBO P COA¢PKHT TOYKY, OTIMYHYIO OT Ka-
#aoft u3 Touex My, My,..., M,..., 4TO NPOTHBODPEYHT RameMmy
npesnodoxenuio, Urax, mmomecrso P jeficTBuTeabHO He MOker
ObITH CYETHBIM H MOTOMY AO.KHO

COAGp:KATh eulc APyrMe TOYKH KpoMe

KOHIIOB HHTEpBAJIOB A. 9 9. 9

Takum 06pagom, cosepmennoe Mmro- PRPAY —
JHcecmeo. ke modxcem O6vilnb CuemHbIM; ' "
Cuemmoe MHOJNCCCMBO Ke MOJCem 6Gbimb Yepr. 19,
COBepULe HRBLM.

Ilycrs BaM AaHO HHrze He DIOTHOe COBepIIeHHOe MHOKECTBO;
pPacnoioxuM ero CMexHbie HHTePBAAbl B NOCAEA0BATEABHOCTb A,
Ay..vy A,y .. Ecam MBI HCRay0uuM B3 oTpeska AB n nepshlX uH-
TepBadoB A, TO Hauboibmaa ZaMHa Kakoro-inbo M3 ocTaBmHXCA
WHTepBaJOB Heo0X0AMMO CTpeMHTCA K HyJi0 C BO3pacTaHmeM n.
B camom zete, B mpoTHBHOM Cay4ae AAHMHA ATA NMOCTOAHHO NPEBO-
cxoauia Obl HEKOTOpoe NOCTOAMHO® YHCIO o, MW HA OTpeske AB
MBI uMedu ObI MHTepsas AMHHBI a, HH OAHA M3 TOYEK KOTOPOro He
apaaiack Obl HCKAlO4eHHOH, BcieicTBHe Yero MHORecTBO P me
morxo 6nl OniTs HEHrze HEe NJIOTHBIM,

B cymecrsoBanmm TOYeK BTOPOro poja (T. €. OTAMYHBIX OT
KomyoB HATepBaIoB A) MoxkHO ybeaurbcs w gpyrum nytem. Ilycrs g
M d COOTBETCTBEHHO O3HAYAOT JeBble M NpPaBhle KOHQHI HHTCP-
BaJOB A; COTrJacHO CAeJAaHRBIM HAMH NPesNO.i0KeHHAM KacaTedbHO
HHTepBaiOB A, BIEBO OT KamAoii onpeseaemnmoil TOYKM g u BApaBoO
or kaxgolt onpejexennolt Toukm d mmeerca, B aoboit Gamzocr,
becuncaiemnoe MHOKECTBO KAK TOYeK ¢, TAK W Touek d.

YcranoBupmu 310, BbIGEpeM BIEBO OT TOYKH §; HEKOTOPYIO
Touky d, (4epr. 19). BupaBo or d, BO3bMeM TOYKY g, Tak, 4TOGLI
oHa aemasa Jesee TOUKH g,. Ilpu atom MBI moaumHAEM JTOT BHI-
Oop cume Tomy yc.a0Buwo, 4TOGH nMeTH:

dyg, < El‘—éf& .
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Masee, Bo3bMeM TOUKy d, BXeBO OT g, TaK, 4robsi

d
d2g2 < 12y2 ,

u T. & Msbr noayuaem Ttakum obpazoM ToukM g, d, gy, dy...,
CieAyllUIne APyr 3a ApyroM cJeBa HanpaBO B TAROM NOPAAKe:

dyy doyo ooy Ay Gpoeo ey 995 9y

JAipup nHTEpBALOB ¢,d , d. g, 41 CTpeMATCA & HYXIO. 3nayur
N0CJeA0BATOABHOCTH TOMEK ¢, W g, WMel0T 061y npesetbHYIo
TouKy. JTa TOoukKa, OyAyuu mpeseipmOH A1a MHOmecTBa P, meobxo-
AMMO NPHHAJIEKHT 3TOMY MHOKecTBY. C(sepx TOro, oma sBaserca
1peseabHOI0 ¢ 06euT CMOPOK W, CAAOBATEIbHO, OTAMYHA OT TOYOK
THNOB ¢ u d.

40. Yrobp1 yRa3aTh OAHO M3 NPHJIOKeHH{I NOBATHA COBepmEeHHOrO
HArZe He NJIOTHOTO MHOKECTBA, BepHEMCA K pa3pbiBHbIM (yHK-

’ paaM. 3zech HMeeT MeCTO

y caeayomee TpelJOXKeRne.

e o B Pyukyus f(x), pasnas

%/J§\§ eJuURUYe 8 MOYKAT COBePULeH-

N\
\\\\ KOw Hurle Ke NAOMHOIO MHO-
NN B, acecmea P, pacnorodcennoro

§ \\\§ Ka ompeske AB, u paskas
% KyMmo 60 6cex APYwuT MOYKAT
R 2 ot —§—X 3MO0 ompesxa, ecmb npejet

n0Cie106aMebKOCTIU  Nenpe-
poignslr ynryud.
Yepr. 20. Kaxaan Touwa MHOKe-
crsa P ecTh TOuRa pa3pbiBa
profi dyuxumu, B60 B coceicrse awboii 10uku MEOmecTBa P ume-
IOTCA TOYKH, He NPHUHAAIeKA[IAe STOMY MHOKOCTBY.

M momem zouycTHTH, 4TO TOYKA A W B mMpUHaAJGKAT MRO-
#mecTBy P, mbo B mpormBHOM cayuae mp1 3aMemmau Onl ux Kpaii-
BuMu Toykamu A, m B, mmoxecrsa P. Pagymeerca, ecau Hama
bysxgna ecrp npesex mocCaej0BATEJBHOCTH HempepbiBHEIX (yBK-
uait B orpeske A, B;, 10 oma obiagaer Tem me cpoiicTBOM
H B oTpeske AB.

My nocrpomm &ymxumio F(z,y), cooreercTByOiIyl0 AaHHOM
¢ynxumu f(x) B cupicae m. 5. Mol nosomnm npexae scero F(x, y)=1
Ha Kaxaofi npamoit, mapaisespmoft ocm OY, mposesenmoii uepe3
OAHY W3 TO4YeK MmokecTsa P m orpasmyesHofi mpamown y=1;
B YACTHOCTH — HA KAaXAoM H3 orpeskos AA, m BB, (weprt. 20).

Jazee, M1 3amyMepyem Bce CMeRHBIE WHTOpPBAaibl MHOXeCTBA P
B KakoM-mnOy1» onpesesennom mopsaake. Ilycts C,D, 6yaet nepebiit
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n3 atax maTepsa.os. Nposesem npameie C,C,” u D,D/'. B mpawmo-
yroavauke C,DD/’C,’ mmi momem mocrponts ¢ymkgmo F rak,
urobn1 Oma yiosxersopara ycaosuam npobaemsl A (m.5). B camom
sexe, ma orpeske C D, ¢ymkuua f(r) umMeeT TOAbKO ABe TOYUKH
paspbisa, umenno roukm C; u U,. Ilposesem zazec orpesok A, B,

npamot y= —-. B kaxgom n3 mnpamoyroasmmkoB A,C,"C/ A,

u D,"B,B,D,” mpi nosaraem F = 1. Pyargus F (x, y) HenpepsiBHEA 0THO-
cuTeabHOo oboux mepemenHuIX B TOH 064acTH, r4e MBI ee 20 CHX mop
oupeseanan. Ilposoamum remeps ee onpescsenne. Bozpmom BrOpOi
cvemnbiit uarepsat C,D, n nocrpoun npamMoyroasauk Col),C,' D,/ cro-
pona Cy’D_ xotoporo sexnt Ha oTpeske A,B,.3navenns ynxunu F
B 3TOM NPAMOYroabHHKe, 1050680 npamoyroavunxy C,D,D,'C/’, moryT
6u1Th BIOpauRI yr0BAeTROPMIOMIMMH YCaA0BHAM HpoOsemsbl. [lycrs A4B,

ecTb OTpPe30K npAMoii y=-g. Bo Bcex o6aacTax, Jemamgux Bhime

otpeska AgB; m rae ¢ymkgma F eme me onpejerena, Mbl Temepsh
noxoxumM F:==1. Ilpumenas pToT mnpouecc CHOBa W CHOBa, MbI
onpegeaum (yskguio F Bo Bcex TOYKAx Halero OCHOBHOrO MPAMO-
yrOAbHHKA, HOpWYeM AJA Kaxaol orsespHOH TOUKM Qymkgma F
ompejeAeTcA mOcCAe KONewwoto dIncaa onepaguii, B cmay aroro
¢yscgua F B xamaoli Touke DPAMOYrodbHHKA HeNpepblBHA OTHO-
CHTEeAbHO COBOKymHOCTH ofonx mepemenmbix. UTo Racaerca mempe-
poiBHOCTR QyExpun F ormocmreanno y B Toukax ocm OX, ro He-
NPephIBHOCTH ATA NPEiKje BCOr0 HECOMHEHHA B TOYKAX MHOMCCTEA P,
nb6o ¢ynkgma F nocrosmma Ha npamoii, nposesenHo#l yepes Taxyio
To4Ry napatzizeanmo OY. Kamaaa me TOUKa, He npuHajIeKalad
MHO#ecTBY P, COAepKMTCA BHYTPH OJHOTO H3 CMEKHLIX HHTEP-
satos C D. Onepagua mymepa v ompeaeiser maMm gynkgmio F B co-

cescree maTepsasa C D, m B cuiay pToro mocrpoennsa ¢pysxuua F

HenpepbiBHA OTHOCHTEJHHO y B KakA0H TO4YKe PTOrp OTpeE3Ka.
Takum obpazom ¢ymkgna f ecTs mpeges MOCAEAOBATebHOCTH
HenpepnisAbIX (ynaxynil.

1I1. OBINEE MCCAEAOBAHUE 3AMKBYTBHIX MHOKECTB.

41. BepHeMcAa K TeOpHH TOYeYHBIX MHOZKecCTB, 4T0obH jOmOA-
mats ee. Ilpemae Bcero yxamem Heckoabko cBoficrs, o6mmx BceM
COBepmMEHHBIM MHOMKECTBAM Kak Hurje He NJOTHbIM, TAaK H JIA-
menspM pToro npusHaka. Ilycts P ecTs cosepuiennoe MHOEECTBO,
Pacnoioxennoe Ha NpAMOJmHe#HOM oTpesre. Msr Bmjeam (m. 38),
49T0 BCAKAA TQYKA, He NPHHAJJeRAIIas MHOEecTBY P, cogepmrcs
B HOROTOPOM HHTOPBAJIe, OAHH TOIbKO KOHJYE KOTOpPOTO HpHHAA-
demaT MEOmecIBy P; Nm m B ofmmeM ciyuae ycaoBEMCA Ha3LIBATh
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3TH HHTODPBANBI CMENHCHOLMY UHMEPERIaMu MHOMECTBa P; wmuteppat
ATH B3AUMAO We NEPeKpbIBAIOTCH, & CJeJOBATEIbHO WX HMeeTcC
4n60 KoHeuHOe umcao, au6o cueTrHOe MHOKECTBO.

O6o3uaunM Temepv 4depe3 P npoussosswoe auneltkoe moueunoe
Muoscecmeo. M1 onpejesnin yke ero mpom3BOAHbIe MHOMecTa P%
rae o« o3gayaer Mwloe UMCA0 MEPBOrO WAHM BTOPOro KJacca.

A yreepmaaw, 4TO eciu Hexomopwd unmepear AB npu awbom a
codepoicum mouku MHoxcecmea P°, mo on coze;olcum u makue mouku,

KOmopbie npukaiexcam ecem Ge3s uckawvenus mrodcecmear P°. B ca-
MOM jese, ecau OTpe30k AB wmpl pazseamm ma ase yacrm AC m CB,
TO no MeHbmeH Mepe oAHa m3 PTMX AByx uacrteli Gyaer obaazars
TeM e CaMBbIM CBOHiCTBOM; mpoJo.xas PTOT mpouecc, Mel HOIyYaeM
6ecrxomeunylo moc.aei0BaTEAbHOCTD HATepBaiOB, M3 KOTOPHIX Ka-
RAbIH, 6ygy'm_aalmlo‘len B TpeAbiAymeM, o6aazaer ToM xe csoii-
i ' cTBOM, 4TO W ocuosHoff orpesok AB;

R 3 [} ~ NpH PTOM MBI MOKeM, OYeBHAHO, pac-
AN T, NOPAAWTBHCA TaR, uToObl AJMHBI PTHX
WHTepPBAJIOB CTPEMHMJIUCh K HYJI0; TIpH

Yepr. 21. pToM ycaosmm Oyjzer cymecTsoBaTh

. eAWHCTBeHHAA TOYKa, o6mas BceM mo-
CTPOGHHHIM MHTEpPBAIAM; ATAa TOYKA €CTh NpejesbHAA TOYKA AdA
“amAoro M3 MHOKecTB P° u, ciepoBaTesbHO, NPUBAAIGHHAT Kam-
domy u3 mmx. Ecrectsemno o6o3naunts wepes P° MHOXeCTBO TOYeK
UpWHBLJEKAAX, KaKiad, Bcem MHOmEecrsam P°. IT0 MHOmECTBO
P® Mnl 6yzem Ha3zbiBaTh MpPOM3BOABHIM MHOXECTBOM MOpAjka @ or
mHOM)ecTBa P.

Muoxectso P sankwymo, n6o ono mpeacraBaser co6oiw cOBO-
KynHocTh of6mMAX TOYeK HeKOTOpoHi cCHCTeMbl 3aAMKHYTHIX MHOMKOCTB
(m. 14). ’

B maTepraire, me cozepmamen Hu OJHOH TOYRHM MHOKOCTBA P
Bce MEOxecrsa P, maumBas ¢ HOKOTOPOTO ONpeAeAeHHOTO MBAGKCA,
AOAXHBI OKAa3aThCA mycThiMu. B camom aede, ecau On1 aTOT HHTEp-
Bax cozepxad, mpu Jwobom o, Toukm MEOKecTBa P, TO, Kax MHI
BUACAA, OH He0OXoammo soamen Obi GBI cojepmaTh W TOYRH MHO-
mecrsa P,

Aasa gamgoro unrepsasa CD, He cosepxkamiero BHYTpH ceba BRn
oano#t Toyrm mmomecrsa P°, cymecTsyer Takoft mEzexc x < Q,uro
HH OABA M3 BHYTPeBHUX Toyek mBTepsasa CD He mpAHAAISRHT
muoxecTBy P°. B camom seze, BosbMem mexmay C m D kakyio-anbyan
Touky E (uepr. 21). a mexmay E u C smbepem kaxyo-mufivab
nocxeA0BaTeAbHOCTh TOYek Cy, C,,..., C,..., CTpeMAIUXCA K TOY-

v

ke C; raxamii m3 mmrepnasos C\E, C,C),..., CC _,,... yroBie-
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TBOPAGT YCAOBHAM mpejmecTsyiomero npesroxenna. CaegoBaTeasno,
AdA RKAOro u3 Hmx mafizeTca Takofi mHAzekc a, 4TO MHOmecTBO P
He HMeeT HM OjHOH To4KH BHYTPH PTOTO HETepBaJa; NYCTh 3HTH
MHAGKCHI CYTh COOTBeTCTBEHHO 0, dg,..,, G ,... MbI 3Haem, 4TO
CyHIeCTBY@T YHCIO HEpPBOr0 MJH BTOPOrO KJacca, npeBpimaiolee Bco
aTh yncda. Paccyxaana rakmm xe 06pa3om oTHOCHTEIBHO OTpe3ka ED,
Mbl B KOHQe KOHUOB ybemjaemcs, YTO cymiecTByer Takoif HHABKC a,
AMA KOTOpPOF0 MHOecTso P me cosepknTt Hm 0xHOH TOUKm SHympu
nepBOHaYaJIbHOr0 mHTepBaJta CD. o

Al Temepr yTmepiialo, 4TO MHOXKECTBO P~ He MOXeT cogepmarh
M301APOBAaHHBIX TOYeK. B ‘camom sete, 1aa Beakoli Takoit roukm M
Mt morau 6p1 mafiTm Takoit cosepmammii ce BEyrpm ceba mmTep-
sax CD, xoropuii He CcOJCpKHT HHMEKAKHX APYrAX TOUEK MHO-
mecrsa P°. Ho B rarom cayuae cywecrnyer Taxofl mugexc a’, uro .
mHOmKecTBO P* He coaepinT U 0AHOH TOYKH BHYTpH mETepsaia CM,
u rakofi mmgexc o”, uro MEO)ectso P*’ me cojepmur Bu ogHOH
TOYKH BHyTpH murepsata MD. Ob6o3zmauaa uepe3 a mauboabmee m3
AByX 4mced o W o', Mbl BHANM, 9TO MHOKeCTBO P* me coaepmur
B nHTepBase CD Hu oxnOHl TOYKM Kpome Toukm M; a oTcioza cae-
ayer, uTo Touka M me momer npumaiiemarb mmomecrsy P*t!
a C1ej0BaTEIbHO M NMOAABEO He NpHHALIeXMT MEOmecTsy P°, uto
NPOTHBOPEUHT HaleMy NPEANOJOXKEHRIO.

Taknyu o6pazom MmoxecTso P°, 6yfyunm 3aMKHYTHIM, B TO KO
BpeMa mioTHO B cefe; caegoBaTeabHO, P° ecmb cosepuennoe mHo-
arcecmso.

Orciosa caeayeT cymecrBoBaHHe MHOMECTBA CMEKHBIX HHTep-
BaJ0B, SARJI0YAOIIUX BHYTPU ceba BCIO COBOKYNHOCTb TOYeK, He
npHHAAIEKAMIUX MHOKECTBY P°. DBram nateppatam C,D,, ...,
C,D,... COOTBETCTBYIOT 4Hcdad ay,... a,... Takam obpazom, uro
mHO®ecTBO P He COJePKHT HH OAHOH TOYKM BHYTPH HHTep-
sasa (' D . CaesosaTespbHO, Mbi MOmeM HafiTH Takoe 4HCAO a, 470

mHOKecTBO P* He cozepxuT B cefe BHYTpeHHHX TOYEK HA OZHOIO
M3 ITHX MHTepBSIOB H, CJeA0BATEJbHO, COCTABAAET YACTh MHO-
secrsa P°; a Tak Kak, c apyro#f cropommi, Mmoxecrso P°, xaw

MBI 3HaeM, COCTAB.IAET YacTh MHOxecTBa P’, TO aTH ABAa MHOKe-
crea Heo6xoiuMO A0LKHBI coBmazaTh Mexay cobowo.
Takum obpazom 241 mpou3moibHoro Mmoxecrsa P aubo cpeau

npon3BosHbIX MHOKeCTB P mmerorca mycroie, an6o, ecam Hu 0AHO

O
M3 HHX He MyCTo, CYUEeCTBYeT Takoe cOsepmWeHHOe MHOKecTBO P,
YTO BCe MPOH3BOAHBIe MHOKECTBA, HAYHHAA C HEKOTOPOro 3Have-

2 .
HHA a, COBNajamwT C P. B nepsoOM cC.Jay4Yae, KOrjza HeKOTOphble H3
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Npon3BOJHBIX MHOKECTB NYCThI, MbI MOKeM Cra3aTh, 4yTO COBOKYN-
HOCTH o6;gux TO4YeK BCex NMPOHM3BOAHBIX MHOKECTB €CTh nyCTO® MHO-
mectro. Mo ycaosuMca CHMBOJIH3UPOBATHL 3TO OﬁCTOJITe-’IBCTBO co-

ornomenued P°—0. Toraa, B 06oux cayyasx, cymecTBylOT Takme

uncaa o, uro P*=P°. Cpeam umcea a, YAOBAGTBOpAIIIMX PTOMY
yCA0BHIO, MMEETCA OAHO HaWMEHbINEe, KOTOpPOe Mbl 0003HAYMM 4He-

pes B. Toraa mnr mmeem: P=P° u P> P° npa « <f. Mno-

KecTBO PB CcoBnajaer CO CBOMM NPOM3BOJAHBIM MHOMKCGCTBOM, 7. €.
3T0O — MHOXKOCTBO anbo COBEpIICHHOE, anbo nycroe; ecam xKe a <

< 8, T0 MEOKecTBO P* 06A3aTEJbHO COACPKHMT TOYKM, He MpHHEAL-
toxagme mmomecty PP,

42. Tlycrs mam jaBo 3amxnymoe muomecTso P, RoTopoe MbI,
B geaax ejudcrsa ofozmaucnuil, 6yiem Takme obozmauath yepes PO,
Kakag-ambo Touka M »Toro mHomkecTsa anb0 NpUHAIIEKAT BCOM

MHOKeCTBAM P° B B TAKOM cayuae MPMHAAMGKMT W MHOmecTBY P,
abo oma pTuM cmofictBoM me ofiazaer, m B aTOM cayyae HaM
Heobxogmmo Temepr paccmoTperh Aexo moapobmee. Cymectsyior,

cAe10BaTeAbHO, TaKWe 4YUCJA o, 4YTO MHOKeCTBO P’ He cojepxmt
Ttourm M. Ilycrp ¢ ecTh HawMeHbmIee M3 PTHX YHMCEA; Y HE MOMKOT
6oiTh wmcaom Broporo poja; B camom aere, ecam Op1 pTO OBLIO

TaK, TO TOYKAa y, NpUHAAIeKAIOAA DO YCAOBHIO BCEM MHOKECTBAM Pq,

npn « <Y, npuEajiexasa 6o m mBomecTsy P'. Takum oGpasom y
eCTh 4YMCIO0 mepBoro poza; mooxmMm y — 1=23. M ecr» m3oampo-
PARHAX TOYRa MHOMecCTBA P’; ApYrHNU ciosamm, Touyra M npumas-
JGKAT MHOMKECTBY PP— Pt fcmo, urto Mmomecrsa p—pt!
) 5"“, ecan 3 =3, nme umerT Mexay cobowo obmmnx Touex;
B CaMoM Aele, mycTh, Bampumep, § < 3'; rouxa M, 6yayum msoampo-
pagHoll TOuko#f mMmomecTa P, He MOKeT npmHazIexaTb HA OX-
HOMY H3 CJeAYIOIOWX NPOU3BOAHBIX MHOKECTB, W B YaCTHOCTH —

’
MHOKECTBY P Ilosyyennnii HAMA pe3yJ»TaT MBI MOMeM BbiPa3nTh
COOTHOmEHNEM: -

P=3sP—P+ty4+ P 3=01...<9), M)

rae 5 mpoberaer Bce 3mayenna, MeHpmme Q, MAM, €CAH YIoAHO
BCO 3HAYGHMA, MeHbIIWe, HekeAW [, TAe § eCTh UHCIO, Oupejesen-
noe saMm Buime. Hanmcasman ¢Qopmyira osmauaer, 4UTo Kamaas

TO4YRa MBOmecTBa P° npmmasiexmr an60 MHOKeCTBY P°, ambo ox-
Homy u3] mEOxecTs P — P 1!, 3amerum, maromeq, uro mpm 3<B
u somecteo P — P! ge momer 6mre nycreiM. B camom aese,
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B DTOM cayyae Mb umean 6bl PP=P 1" Muoxecrro P’, cosna-
Aaolmee CO CBOMM NpOM3BOAHBIM, coBNagaizo Okl m co Bcemm mo-
CACIYIOIIMME NpPOM3BOJHBIMM; HTO Ke HeBo3MoxHO, Mbo & < B,
MOKAY TeM Kak 3, Do OnpejeaemHio, ©CTb MepBoe YNCIO, YiOoBJe-
TBOPAIOIIGE PTOMY YCJIOBHIO.

43. B mamu paccMOTpeHHA Mbl BBEAeM Temepb MOHATHe MOm-
HOCTH.

YCJOBHMC)I Ha3bIBaTb MHOKECTBO 0 U30AUPOBAKKBIM, €CAA KaAKAAA

ero To4Ka m3oamposana. TakoBo Kamj0e W3 MHOKCGCTB PP —pr

A yrBepmialo, 4TO BCAKOC HM3OAMPOBAHHO® MHOKECTBO eCTh
cyeTHOe MHOXKecTBO. B camom gese, 11a kamjpoll Toukm M m3oau-
POBAHHOTO MHOMecTBa () CYWeCTBYeT HHATepBad, coAepxamni
Toyky M u He cojepmamuit Hu oxmoif gpyrofi Toukm muomecrra (.
Unave rosopa, paccrogsauwa OT Toukm M A0 APYTHX TOYEK MHO-~
mecTBa () MMEWT nosodcumershylo HmKAl©0 rpads 2p, Iocrponm
unTepsal nanubl 2y, nMelomuil cepeinny B Touke M, m mposejom
AHAJIOrHYHOE MOCTPOeHne Jasn Kamjolh Touxm muomectBa (. Ove-
BHAHO, ABA TAKMX HMHTepBala He MOFYT B3aMMHO MEPOKpPHIBATHCA,
u, C1eJ0BATEJbHO, BceX MX — cueTHoe MHOMxecTso (m. 38). Tak kak
kamabil M3 PTHX MHTEPBAIOB COAGPKHT AMMb OAHY TOYKY MHO-
wecrea (), To () TaKkmke ©CTh CUETHOE MHOKECTBO.

Takam obpazom, B dopmyse (1) ramapii wren cymmbr Enpea--

crapager cobowo cuermoe mmomecrBo. Tax kak cymma pra cogep-
1

AT CYETHOE MHOKECTBO 4YJIEHOB, TO E (P8 —Pt ) npeacTaBaaer

coboro cuernoe mmomecrso. C apyrofi cropomsl, coBepmenHOe
MHoxecTBo P, ecaum To.abRO 0HO CYLIeCTBYOT, 6CTh, KAR MbI 3HaeM,
HecueTHO® MHOMecTBO. Taknm obpazom:

Bceakoe sauknymoe muodc:cmeo ecmy aubo cuemmoe MHONCECTEO,
AU6GO COeJuKENUE CUETMKOIO MKOJNHCECTMBA U COBe] WEHHOLO MHONHCECTSA.

44. Vnoraa Ha3BIBAIOT NPUGOJUMbM MHOKECTBO P, 14 ROTOPOro
P® ecrs mycroe Mmomectso. Beakoe NMPHBOANMOE MHOKECTBO ©CTh
CYeTHOe MHOKEeCTBO.

Ecam mBOMecTBO P 3aMKRYTO, TU, KAK Mb BHAEIH, BCAKag He
NPHHEAJJEKAMAA eMY TOYKA COACPKHTCA B MHTOpPBAJe, OJHU TOIbKO
KOHgBI KOTOpPOro mpumajrexar muomecrsy P. Mpl n B aToM cayuae
Oysem Ba3miBaTbh 9TH MHTEpPBAIBl CHMEHCHOLMU UNMEPEAAqMU MHOMKC-
crBa P. Jpa Takux HHTEDBAIA HE MOINYT MEPEKPBIBATHCA MEKAY
cobow, mo moryt mMeTh obmuit xoney. Ecam a10 nociesmee 06-
CTOATEALCTBO He BCTpevaercA, To P ecTs COBepmMENHO® MHO-
#ECTBO.

Herpyano ¢axriueckn mocTponts 3aMKHYTOe MHOKECTBO, HMEK0-

Igee mpOU3BOAHKE BCeX NOPAAROB, BEAKOYAA P’ u o KOTOpOTO

3



P* > P°, rze 8—a060e mamepeA 3218HHOE UMCAO TEPBOTO WJ
BTOPOTO KJacca. {
PaccmorpmM Aaa aTolf geam npoOR3BOAbAOE, COBOPMIEHHOS, HHIA

He nAoTHOe MHOMecTBO (. B kamamiii M3 ero cMemxabIX HHTEPBAAO

MOMECTHM NPABOAWMOE 3AMKHYTO® MHOKECTBO, NPOM3BONHOE IO
pAARa B KOTOPOro COAGPEHMT TOYKH, He MPHHAJIGKAMME MHOKE
crey Q. 9ro Mp1 ywe ymeem jgesatb. Ilycrs P ecTs coeammenu

BCeX NOCTPOeHHBIX MHOXOCTB. MmHOKecTBO £ MMeer PP =0,8 10
BpeMA Kar P > 0.

Caeayer 3aMeTHTDb, 4490 CYETHO® MHOKECTBO MOKET MMETh CBOUM
NpOM3BOAHBIM COBEPIIEHHOE HUIJe HEe MAOTHOS MHOKECTBO, & TAKHKe
A MHOXKECTBO TOJbKO 4YTO paccMOoTpeEBOro Hamm Ttmna. IlycrTs,
nsanpumep, ( eCTh COBepmeHHOe HArje HE NIOTHOe MHOKECTBO.
Torza coBOKYnHOCTD ROBIOB 6o CMeXKHBIX HHTOPBAIOB €CTh CUETHOE
MHOMECTBO, NPOH3BOAHEIM KOTOPOTO ABAAETCA MHOmeCTBO (.



Fzasa IV,

PYHRIIUM OT OAHOIO MEPEMEHHOTIO,
1. OIIPEAEAEHNA OBHIETO XAPAKTEPA.

45. Ilpomesennuiii HaMu aHAJIA3 TOYGYHBIX MHOKECTB Obld HEO6-
X0AHM, YTOOBI NOArOTOBAThL H3y4YeHHe TOH poam, Kakywo B CBOH-
cTBaX (YHKUIMH WrpaeT pacupejeleBne ee TO4ek paspsisa. Temepn
ABIAGTCA CBOGBDEMeHHBIM BBECTH HEKOTOpble HOBLIe NOHATHA, RaCaio-
Hecd HenpepeBHOCTH H Pa3pbIBHOCTH RAKMX YrogHo ¢(ynrygni,—
NORATHA, KOTOPbIe, KAaK Mbl YBHAHM, NO3BOJAT HAM YCTAHOBHTbH
HeobxoquMOe W AOCTATOYHO® YycJoBWe AIA TOro, 4Tobbl AamBan
paspbiBHAA ¢ymkgua 6Oviia mpejesoM TOCIEIOBATeAbHOCTH Heupe-
poiBHBIX GyBEKgHi.

B aammpit MOMeHT MBI OrpaEmYHMCA paccMoTpernemM (ymxynii
OT OAHOr0 eAMHCTBEHHOTO NepeMeH-

HOro, KOTOpble Mbl OpH TOM 6yzem

NpeinoAaraTh OyPaKUYERKOLIN. . P__¢ 4 o0 @
Mut GyseM npeAnOAaraTh, 9T0 PYAMK- ®& moeen o
uua f(z) onpesedena B MHTepBade (a,b), Yepr. 22.

T. €., YTO KAKAOMY SHAYGHHIO T, YAO-
BJAETBOPAIOMEMY YCAOBHAM 4 == =bh, COOTBETCTBYeT ONpejeJeH-
Hoe 3Havenne QyHEKgHH f.

Ilycrs CD ect» mpom3soabHuIl MATepBaJ, cosepxamniica B oT-
peske PQ, mzobpamalomem co6oo HHTepBas H3vweHEHHA NepeMeH-
Horo « (depr. 22). 3mavenns, npuEMMaeMble QyEkyued B TOUKax
uarepsaa CD, ob6pa3yloT MHOXKECTBO YHCed, KOTOPO® HMEeT Onpe-
Aerennyio sepxmwoio rpass M (f, CD), ompejedeHHyio HHMKHIOI
rpams m (f, CD) m, BaKkoHey, onpeseieHHOe koaebamme:

o (f, CD)= M (f, CD) — m (f, CD).

Paccmorpum npoussoisuyio TOouky A orpeska P(Q. Oxpyxnm
ee marepsaxom CD aauHp 2p, cepesnHa KOTOPOIO JGKHT B TOUKe A.
Jonyctnm, 4ro MBI 3aTeM 3aMeHAeM p HeKOTOPhIM MEHbIIRM YH-
caoM p’; maTepsas CD npm 3TOM 3aMOHASTCA HOKOTOPHIM MEHLITHM
nBtepsaioM. Illpm atom umcao M(CD), koropoe Mbl Takme Gysem
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oboanavars wepes M , He MOXKET YBeAMUHTHCA, A m HE MOKeT
YMOBLIIATHCA. HOBTOMy Mbl HMeeM:
= =m, 0 =0,
M =M, m=m, o =0,
Ilycrs Teneps p npummmaeT mocJes0BaTeJbHOCTh 3mAveHuil p ,
Pys-« -y Pyy---, yObIBAIOIINX B cTpeMamuxca K Hymno. Mbr moay-

4geM COOTBETCTBEHHO OOCKOHEeYHYIO N0CIeA0BATEIbHOCTh BOPXHMX
rpagefi, mojYMHEeRHLIX HepPAaBEHCTBAM!

M =M =..=M =...
p, ==llp = =, =

It uucaa crpemarca k nexkoropomy npeseay M (f, A) (koropuiii
ABAAeTCA, RAK M3BOCTHO, BX Huxmell rpansio); mbr Oyzem mazbi-
Batb M (f, A) murcumymon gynrsyuu f(x) 8 mouk: A.Ecam Ttemeps
CD ecth nyouse 1abkslit nAETEPBAL, coaepRamuil BAYTPH ceba Toury A4,
T0, TpH JocTaTouHo Goabmom 7, WETepsai AZMEHL 2p , HMeiomit
cepesnny B TOuKe A, cojepxmTcAa BHYTpM uaTepsasa CD, oTkyaa:

M(f,CD)=M, =M (f, 4).

Takum obpasom M(f, A) ABisercA HMKHe rpaHbI0 BCeX YH-
cea M(f,CD), rae CD ecrp awboit maTepsas, corepxammuii BRyTPH
ceba Toury A.

Yucio M(f, A) xapakTepmayercA cXeAyloImuMH JByMAa CBOfi-
CTBaAMHA:

a) Kaxoso 6m1 mm 6bi10 ¢ > 0, cymecrsyer marepsas CD, co-
Aepxamuii payTpm ceba TOYRY A M AJXd BCeX TOYEK KOTQPOTO

f<M(f, 4) +e

6) Kakoso 651 Bm 6pizo e >0 m kakoB 6s1 Bu 6p11 mETEp-
Bax CD, cozepxammuit Buyrpu ceba Touky A, B PTOM MHTepBaie
nalizerca Takas toura A’, yro

f(A)> M (f, H)—e.

Anazornunsim o6pazom mei onpejessem umcao m(f, A)— munu-
mym fyneyuu f ¢ mouxe A—xak Bepxuioio rpanp Bcex ducea m (f,CD),
rae CD —raxofi yrogso mATepBa., 'cojepxammii BHyrpm ceba
Touky A. O4eBnaHo, Mbl HMeeM:

m(f, A)= M (f, 4),

n6o m He mpespimaer [(A), KoTopoe, B ¢BOK O4ePeAb, He HPeBbI-
maer M.

B wacrHOM cayuae, korja dymrgma [ menpephiBR3 B TOUKe A,

MBI IMEOM: )
' M (f, Ay =m(f,'A) = (4),
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foaomuM BOOOITE
o (f, 4) = M (f, 4) — m (f, 4).
ATO YHMCIO o MBI Hazomem Koebanuen Fywkyuu [ ¢ mouke A. Oqe-
g0, ©==0. Cayuali HenpepsIBHOCTH XapaKTepH3yeTci ycJo-
sueM o =0; B Touke, rae ® >0, PyurunA pa3phiBHa.
46. Iloaynenpepoignocms. CaysaeMm, Heckoarko 6ouee obmum,
HEXeIH HeNnpephlBHOCTb, ABIAGTCA TOT, KOTA3 MbI MMEEM TOJbKO

f(4)=M(f, A).

B ofmem cayuae, ckoap 6m mago mm 6110 = >0, cymecrsyer
rakoli unTepBax (D, p1a aoboff Touku A’ xoroporo

fA) < M(f, 4)+-e,

3HAYMT, B AAHHOM CJY4ae MBIl HMeEeM:

f4) <f(4) -

JTO ecTs 0AHO M3 ABYX CcBOHiCTB, B COBOKYNHOCTH Aa0IIuX
nenpepsiBHOCTh. Mbl B 3TOM cayuae ckaxem, 4ro (ymkuma f(x)
ROXYKenpepbiena ceepry 6 mouke A.

AnazornymsiM obpasoMm, ecdm B coOTBeTCTBeHHO BhiOpamHOM

MHTOpBALe
f(4) > f(4) —v,

TO Mbl CKa}eM, 4T0 (QYHKUHA nosyHenpepsiena cru3y 6 mouke A.

B cayyae, xorza oba ycaoema BhinoamaoTcA, QyHkuua f ()
HenpeppiBHA B TOukKe A.

Mu 6yzem roBopuTh, 4TO (YHKURA 7ROLyNenPepHEHa céepTy
HId CHu3y B AQHHOM WHTGpBaJe, ecanm oHa ob.uagaeT cooTmercTBy-
I0[IAM  CBOfiCTBOM BO BCeX TOYKAX JTOr0 MHTEpBaJa.

Ycranosus aTH onpegesenua, paccuorpum Makcumym M (f, A)
Kakofi-an6o ¢pymeuun f(4), onpesesennoi B kaxgoli T0uke He-
koroporo- orpeska PQ. QOuesnimo, M (f, A) ects dymkpna or
A, ompeseaemmaa jgaAn BCex To4ek orpeska P(Q. Obozmaumm ec
dyepes ¢ (4).

A yreepmaalo, uTo Qymkyua ¢ (A) noayxenpepbisna ceepxy.

B camom zeze, mycrp A ecTr mpou3BOJbHAA TOYKA OTpeska PQ,
W & — npou3BoJbHOe moaoxmTespHoe uucao (vepr. 22). Ilo onpe-
Aeaennio pynkunn M (f, A) mb1 Mmoxem maliTu wurepsad (D, cepesnna
KOTOpOro HaXOAHTCA B TOYKe A M AJIA BCeX TOYeK KOTOPOro

M (f, CD) < M (f, ).

Ecam A’ ectn» awbaa Touka orpeska (D, To, no onpescirerni
bynkguu M, mb mmeem:

- M(f, A)=M(f, (D),
77



OTKyAa
M(f, A)<M(f,A) ¢

o(d) <9(4) 1 ¢
4TO W AOKA3blBaeT Halle YTBePMKACHHO.
MozobmeM ke o6pazoM aerko mokasarh, 4To QyHKUMA

¢ (A)=m(f, 4)

noJyHenpeppiBHA CHU3Y. .

Cymma xomeunoro yucia QyHEguil, nosyBenpepHBAbIX CBEPXY
B Touke A, rawke obasagaer prmM ceoiicrsom. OueBuamo, zocra-
TOYHO AORA3aTh 2TO TpEAIOKeHHme AJA caydaa ABYX ¢ymEKpuit f|
nf,. .

Ilo npeamoiomenmo, A1a xioboro e >0 mb Momem maiiTn sBa
unrepsasa C,D, m C,D,, xamApii M3 KOTOPHIX COAGPKHT BHYTPH
ceba Touky A (uepr. 23), npmuem zaa xobofi Toukm A' mepsoro

uan

u3 HEX
c 4 D f;(A')<f1(A)+‘5;
._2', 6 0 b a axa 6ot Toukm A’ BrOporo
Yepr. 23. f, (A7) < f, (4)+e.

Rossmem wunrepsaax CD, cosepxawuiica B RamaOM H3 HHTep-
saxos C D, C,D, n cosepmammnii BEyrpm ceba Toury A. Man
Jioboit ero Touku A’ BEImOJHAIOTCA 062 HaNMCAHHBIX HOPABEHCTBA.
Taxnu obpazom mp1 umeenm:

fi(A) +£,(A) < fy (D) +f, (4) 4 2¢,
YTO M AOKA3BIBAET HAIG yTBePKAEHHE.

3aMernm, Hakomen, uTO ecam ¢yskuna f noaymenpepriBHA
CBepxy, To ¢ydryua —f noiymempepniBHa CHE3Y, HOo W3 Hepa-

BEHCTBA
fA) <f(A)+e

= f(4)> —[(4) —e.

Koaebanue o (f, A) fynryuu f(x) ecms Gynkyus norynenpepnenas
ceepry; 8 caMom gexe, o(f,A) ects cymma ‘¢ymxgmi M(f, A) m
—m{f, A), Kax1an w3 KOTOPHIX MOJyHeIPePHIBHA CBEPXY.

Ecau fynnyun f(x) noaynenpepwena ceepxy ¢ unmepeare PQ
U ECAU G O3KAYAEM KAKOe YIOZNO WUCAO, MO MHONCECIEO MOUEK UK~
mepeata PQ, a1a komopux

caezyer

f=a,

3amxmymo,
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B camoM gese, nycTh A, eCTh npesesbHaA TOYKAa MNOCXeA0BA-

1eAbHOCTH TOuek A , A, ,..., 4 ,..., 218 KaEAOH H3 KOTOpPHIX

[(4,)=a.

B kaa0M HHICpBaJe, COACPHKALIOM BHYTPH coba TOUKY A0 , IMEITCA
toukM nocarezosareapnoctm A ,A,..., A4 ..., craio OnTh TOUKR,
A4 KOTOPBIX

f=a.

C.acaoBaTelsHO, MAKCHMYM (QYHKURE f B TAKOM HATEpPBaJle HE MeRec,
aexean a. Orcioza:

M (f? Ao) g a )
a tak Kak QyHEKUMA [ NOXyHempephHIBHA CBEpXY, TO
M(f) Ao) =f(Ao) ’

H, C1eJ0BaTe4bHO,

f(4)=qa.

B vacrmocTh, z4a Bcako#f Qymkpmm [ MHOKECTBO TOUYeK, B Ku-
TOphIX KoJebaHHe ee He MeHee AaH-

HOTO NOXOEHUTEAbHOTO YHCJA G, eCTh e 4
3aMKKymoe MHOMKECTBo. : et

47. Ham Tenepsp mpujercsa pasim- 6 & 8 0 D
4aTh MOKAY 00010 HEKOTOphIE KIACCH
paspoiBEBIX QyEKyHH. Yepr. 24 ,

AonyctaM, B KauecTBe mepBOro ciyuas, 4ro Gymkgua [ obaa-
AaeT Ccaeayommum cpoficrBoM: ckoap On maxo mHm 6pia0 e > 0,
B x0bom unTepRate orpeska PQ matiaerca Touka, B KOTOpOH KO-
aebanne QpyEkumn Menee, Hexeadw e, Mpl moKakeM, YTO B TAROM
cayyae B a1060oM nurepsale orpeska PQ maifiayrca Toukm, B Ko-
TOpbIX KOJebarme PaBHO HY.IIO.

Iycrs e, 5. .., €,,. .. 6CTh NOCIEAOBATEILHOCTD HOJOKHTEIb-
HbIX YHCeJ, CTpeMAIOMXCA K mytio. Bysem mcxoamr» or kakoro
yroauo unrepsasa CD (uepr. 24).

[lo npeamosoxenmio, 3 3TOM HHTepBaie nafigerca Touka A,
A48 koropoit

o(f, 4) <e,.

Ho ¢ynkyna o nmoaymenpepmsma csepxy. (iesoBaTeibHO, MBI
MOoxem naiitu mmrepsas C,D,, cogepmammit Touky A BHyTpH ceba
M 248 ao6oft Toukm 4’ kKoToporo

o(f,A)Y<o(f, )+ < 2%,
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B marepsase C,D, Mbl MOomeM B3aTh TAKYyl TOYKy A,, x1a K

Topoi
o (f, 4y < e,

B cuay noiymenpephiBHOCTH QYHKEHH © MBI MOKeM, Aa1e
HaliTa B aToM unTepBase rakoi uurepsas C,D,, xaa awboii Toukm 4

KoTOpOYO

o (fLA) < o (fd) F e < 22,

Mpoaoakan 210 paccyiKjenne, Mbl MOLy9aeM MOCLeOBATENLHOCTE
unrepsaaos C, D, Gy Dy,..., C D,,..., xamaplii H3 KOTOpHIX €O
AGDEKUTCA B npeablaylgeM, npudem Jaa awoboft Touxu A’ umrep-
Baza C, D, Mbl umeem:

o (f4) < 2e,

Tax xax kamapiif ¥MBTEpPBaI COJGPAHTCH B NPCAHIECTBYIOUIOM,
TO BCe PTH WHTOPBAJIHl UMeloT Imo Kpaiimei mepe oamy obuymno
TOYKY; NycTh OgHa u3 Takux Toyek Oyzer B. Koaebamme B aroif
TOYK® MeHee, HOKeIM ¢, KakoBO Obl Hm ObLIO 7, caesoBaTeIHLHO,
OHO paBHO HYJI0, 4eM HAWe YTBOPKAGHHE B JOKa3aHO.

Takam o6paszom B aTOM cAy4yae MMeOTCA BCIOAY NJOTHO® B WH-
TepBa1e PQ) MHOKecTBO TO4eK, B kamkaoll n3 xoropmix (ymrpus f
nenpepniBHa. Mur 6ysem HaspiBaTh Takyio QyHKQEuIO MOYeYHo Pas-
puignod. Ouernano, a1a Tako# GyHKYUAM MUKUMYM KOICOGHUR fa6EH
HYM0 80 6CAKOM UNMeEpSale, @& CIeJ08QIMEeIbHO U 80 6CAKOW IMOUKE
ompeska PQ, Mnb1 yxe 3HaeM, 4T0 MHOKECTBO TOYeK, B KOTOPBIX
Koaebanne ¢QyHkgHn He MeHee IO0.I0KUTOABHOrO ddCIA &, 3aM-
KHyTO. [MAs TOueuHo paspuiBaO# QYHKUMM ATO MHOKECTBO, IO
camowmy oupegesennio Takoi Gpyuxuum, surge ve niomuo. Ecau pynx-
uaA [ 3TOMYy ycaoBHI0 HE YAOBAETBOPAGT, TO TO 3HAYMT, UTO CY-
10ecTByer, ¢ ogHoil cropoHml, Takoit wumrepsaa AB, a c apyrodt —
TaK0€ NMOJOKUTEIbHOE 4HCAO ¢, YTO B 11000l Touke untepsasa AB

o= a.

Pyargan Takoro posa Mui 6yaeM Ha3BIBATL 1@} HIEKLLMU CRAOWD.

Takam obpagom ymxyma paspuisHa movewro wim  cniows,
CMOTPA 10 Tomy, ofpamaerca am BCiogy B BYAb MHHHMYM €0 KOJe-
Gauusa wam wer (mpm aToM HempepriBHble PYHKQME Mbl paccMa-
TPHBAGM KaKk vacTumil cayvait ¢pyukpuii Toueuno pazpriBHbIX).

B xavecrse npumepa dpynryum cnioms pasprsmOfl ynowsnem
hynrguo, Kotopaa ma orpeske (0, 1) paBna nyt/0 BO Bcex Toukax
C pauguoBaibHmMU alcyuccamu W ejuRuye BO BCeX TOYKAX,
abcpmecn KOTOpbix mppaguonaspunl, Ilyers 4 ecrp awlasa Touka
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,10oro OTpe3ka. B moGom coceacrse ee mmeworca toukm oboero
poaa, BCABACTBHE Hero

M(f’A)=1) m(f:A)=O) (D(f,A):‘:i. .

[Ipumepnl ¢yurpuit Toyeyno pu3pbLIBHLIX NPOACTUBIAIOT HAM
pce (PYHKQWH, KAKH® Mbl pacCMATpuBa.ill B INPeJ.1eCTBYWINX
rJaBix; B UYaCTHOCTH — BC® (PyHKUHUH, A4A KOTOPbIX MHOXKOCTBO
rouek paspeia mpuaogumo. Hbo a4 rtakoit ¢yakyum B awbom
naTepsare Haidaerca apy.oif mm.epBax, HO cojepmawnii Hu 0.HOH
TO IKI pa3pblBa.

B xavecTse Apiroro npumepa paccmoTpum (ymErguio, onpese-
anemyo va orpeske (0, 1) caesylommum obpasom:
mpu z=0u r=1,

f=14
1 .
np T = 5,
1
f= 9
1 3
npu T == x U T= %
1
f=-%-
Boobwie, B Touke z = L, ecau 2pobn HeCOKpaTBMa, Mbl [10J1araeM
2I
1
f=5

BO BCEX KO OCTAJbHLIX TOYKAX MBI NOJOXKHM
f=0.

Hoxamem, uro nocrpoesnas takum obpaszom ¢ymkgaa (mmero-
as TOYKH pa3psiBa B Jl06oM mHTepBaue) 6yser TOueuHo pas-
pbiBHA.

B camom aexe, merpyano ybeantnca, uro ara yHkygma uenpe-
p
2V

psiena B awoboif Touke, abcgucca xoropoir me mmeer Popmbi

5
AelicTBuTeapHO, B KamA0o# Tako Touke A
f=0.

6 Bs p. TeopHA paspHIBEHX dyRknuft, 81



fIycrs = — npousBoipHOe MOJ0KUTEApHOE YHCIO M Y —— TAKOEe H
TypaabHOe 4HCJIO, YTO

27<=.

Mot wmomem mafiTa uaTepsas, coaepmamnﬁ Touky A 1 He coxe
mamui HA oamofi w3 Towek -é- h=vyv—1.

B awboli Touke Takoro murepsasa

K aromy moxno eme npubaeute, uro QyHkgua [ noaysemped
puIBHA CBCDXY; B CAaMOM JeJe¢, AAA TOYeK, nozobHmix paccmorpen-
Holi Touke A, PTO YCAOBHO BBINO.HEHO B CHAY TOr0, 4T0 (YHK-
yua [ B TakMX To4Kax HenpepuiHa. B Touke sme A ¢ abeguccow

2"- Mbl HMEOM

-

1
=5

1
PaccmorpuM HHTEpBaJI AJUHBL o cozepmamuit rouky A’; B a0boit

TOYKE TAROrO HHTEpBaJa

k/,1

= 2\, )
OTKyaa u caeayer, 4to ¢yakuuas [ UOJyHeupepbiBHA CBEPXY
B Touke A’; caejosareibno, oHa obaagzaecT arum ceoficTBOM M BO
Bcem uatepsase (0, 1).

48. M1 moxaxem, 4TO BCAKAR NOJyHenpephiBHAA QYHKQAA TO-
4euyHo paspeiBHa. YOeanmca cuavaga, 4rto, et Pynnyua fir)
onpejesena ¢ unmepsate PO u ecanm mp1 obozHauam yepes ¢ pyax-
uuro M(f, A), mo Pynxyua p—f, RoTopas, OuYeBHAHO, HHUCA® He
OTPUUATEABHA, WU.Neem 8 Kaxcion mouke ompeska PQ munumym, pas-
B Ry A1,

B camom gexe, nycrs A ecth awbaa Toura orpeska PQ u :—
awboe morokareanmoe wncio. Tax kak ¢yBrgHA ¢ noayeempe-
pbIBHA CBOPXY, TO cymecTBYeT natepsaa CD, coaepma;guﬁ TO4Ky A
BuyTpu ceha u g1 awbolt Touku B Roroporo

¢ (B) < ¢ (4) -z
82



C Apyroizi CTOPOHbI, 110 ONpeseseHUIo dysruuM @, Mbpl MOKeM
s aoboil 6amuzocTu k Toyke A malitm Takyio TOuky B, aia Koropoii

f(B)>9(4)—-

Orcioaa creayer, uro B Jwobolt 6auzocrm k rouke A wmaiayren
TOYKH, YAOBJAeTBOpAoIHe 06ouM nocrapiennnim ycaosuam. llpo-
¥3BOAA TMOYACHHOE BHIYHTAHHE PTHX HCPABOHCTB, Mbl MOJYYaeM:

o (B)—[(B) < 24,

OTKyAa Mbl B 3aki0yaeM, 4to Qyuxuus o — f umeer B Touke A
MIIHHMYM, pPaBHBIH HY.IIO.

Tem e myreM Jerko NoKa3aTb, 4T0 3THM ke csolicTBom obia-
aaer ynkuna [ — ¢, vae y=m ([, 4).

YcraHoBHB 3TO, MOKAKEM Temepb, YTO BCAKAA IOJYHONPOPHIB-
uan ynryuua [ Toueuno paspeisHa. B camom aeue, B aToM cayyae
== [; cA640BATEIPHO, ® = © — ¥ == f — 4 B CHAY TOIBKO 4TO JO-
Ka3aHHOH JeMMBI MAHEMYM (QYHEEUM © paBeH HyJI0 B Kaxjzoi
TOYKE, OTKyAa M CJI@AYeT TOYEYHAsn PAIPLIBHOCTH QYHRUHM f.

49. Cramem Temepr HAa TOYKY 3PEHHA pacHOJOKOHHE TOYCK
paspniBa. Msb1 BHAEIH, YTO 6caAd o O3Ha4yaeT koJefanue Karoi-
an6o Toyeuno paszpeiBHO (ynkpmH, a & — Kakoe yrojHo MOJOKH-
TEIbHO® YHCJIO, TO TOYKHM, B KOTOpHIX ® = 8, obpasywT HArze HE
UJIOTHO® MHOMKECTBO, NPUYEM ATO CBOHCTBO MOKOT CAYKHTh B Ka-
4eCcTBO onpejeJeHHA TOYEYHO pazpbieBbx Qyurguit. Ilycrs G ecrb
MHOQJKECTBO BCeX TOYOK pa3pbiBa paccmaTpusaemoii dpyaxpam. Mo
Moxem Boofpamarh €ro COCTaBI@HHBLIM cJaexyoollnM ofipazom:
BO3BpMEM IOCJIEJOBATCIBHOCTb NOJOKHTOABHBIX YHCOI 8y, Og,. ...,
3.+, cTpemamguxca &k Hymo. O6osmaumm uepes G, coso-
KYNHOCTh Tex To4er orpeska PQ, B kotopnix o =3¢, Tem
caMbiM Mbl ONpeJeIAeM NOCIeJ0BaTeAbHOCTh Gy, Gy, ..., G ,.
3AMKHYTHIX MHOMKECTB, Ka)A0€ H3 KOTODHIX HHIrJe HE ILIOTHO HA
orpeske P(Q. CoesnHenye Bcex 3THX MHOKOCTB €CTb MHOMeCTBO G,
B camom zexe, a0basa Touka J0bOro w3 MHOMECTB G, ectb TOYKa

paapeiBa jangolt QyBKUHH W NOTOMY NPHHAZIEKHT MBOKECTBY G.
Obparno, ecan A ecTr Touyka paspeia, T0 B Hcii o > 0, a craso
6pth ¥ © > 8, npn Aocraroyno 6oabmom 2, BcIejCTBHE ° UEro
Touka A NpHHAZIEKHT MAOKecTBYy .

Tem campiM MBI NpUXOAUM K HEKOTOpOH HoBo#i Kiaccudpmkapnu
TOYEYHBIX MHOKECTB.

JauHoe MHOKECTBO Mbl HA3OBEM MHOKECTBOM nepeoll KamMerpuu
B oTpeske PQ, ecam oHO npescramager cobolo coesmHeHue cueTnol
10C.1640Ba16JbHOCTH MHOXOCTB, Kaikj0e M3 KOTOpPBIX HHIAE HE
ILI0THO B ATOM OTpe3ké. B npormeHOM cayvae Mbpl Ha3oBeM €ro
MHOKOCTBOM 6MOpPOl KAMewpuu,

6% 83
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YxameM HeKOoTOpnie CBoficTBa MHOkeCTB meppofi kareropmu.

Coegunenue KOKEUHOW USU CUEIHOW YUCAQ MROJCECME nepsowt Ka
mewpul ecimb MHOMHCECTBY MAKNHCE Nepeol Kamewpuy,

B camom jeue, MEOKECTBO mepeoil KATEropHu COCTOMT W3 CHOT-]
HOrO0 MHOXKECTBA HUrle We IIOTHBIX MHOxkecTB. Ho coesuHenue
CYOTHOIO MHOMKOCTBA CYOTHBIX MHOMKECTB CHOBa €cTb CYETHO®
MHOKECTBO. B wacTEOCTH, COGAHHOHHW® CUOTHOrO MAOKOCTBA MHO-
®ecTB nepsoif xareropuu.byseT moATOMY coejMHEHHEM CYETHOIO
MHOMKECTBA HACAE HO TNJIOTHBIX MHOKECTB.

Ecau G ecmb muoxcecmso nepsow kamewpuu 6 ompeske PQ, mo
8 A1060M uHmepsaie MO0 OMPEIKA HAUAEMCA MOYKA, HE Bpunajie-
acawan mrodscecmsy G.

B camom xeae, MHOxKeCTBO (' ©cCTh COBIUMEHNE CYETHOTO MHO-
MOCTBa HHIAC¢ He NJOTHBIX MHOMKECTB, KOTOPh® Mbl 0603mauum
yepes G, Gy...,G ... [Tlycrs ab ecr» aw0boit wuBTEpBaI
orpeska PQ. Tak xak mMuoxectso (; Hurje He nI0THO B OTpe3ke P,
TO B MHTepBale ab Hailgerca wurepmax a,b,, me coaepmammit
Hu ofnolf rouyku mHOmectsa G. Ilo anasormunmiM coobpaxeunsan,
B uaTepsale a,b, mailzérca mHTepBaa €,b,, He cozepmawmmit HA
osofi TOukH MHoxkecTBa G, W T, & Mbl TakEM OOpasoM mo.ay-
9aeM N0C.I6]0BaTeIbHOCTh HHTOPBAIOB @ by, ayb,..., @ b, ...,

rze Kamppili nHTEpBaI @ ), COAGPAMTCA B HPEAIIECTBYIOLIOM N He
coAepHUT HU OaHOH TOUKM MHOomecTBa G,. Ilyct» A ecrs TOuKa,

o6;gax BCOM PTHM MHTOpPBAJAM; OHA HE NPUHAAIOKHUT HHU OJHOMY
N3 MHOXKECTB Gn’ a cJejoBaTeAbHO HE MOKeT NpdHAAIEKATH W

mHomecrsy G. Hawe yrsepmaenme, Takum obpasom, sokazauo, n
MBI BAAUM, 4TO MuoxecTso E — G Touek orpezrxa P(), ue mpuHai-
1eKalUx MHOXECTBY G, BCIOAY ILIOTHO BO Bcem otpeske PQ.
Kpome toro, mpr Buaum, uro camo Muomecrso E no oTHOmeHuIo
K cebe me momer GwniTh MHOMecTBOM nepsoil kareropuu. Caegosa-
TeAbHO, OHO 6CTh MHOKOCTBO BTOpPOif KaTeropmm, Tak Xe Kak U
MEOxecTBO E— G.

Bearoe cuernoe muomecTso ecrb MEOXecTBO nmeppoff xarero-
pna. B camom zexe, omo npescrasaser cobowo coesuHeHne CYETHOTO
MHOKECTBA OTAGJABHBIX TOYEK, KAKIYI0 M3 KOTOPHIX MBI MOKeEM
paccMaTpuBaTh KaKk HUrAe He NIOTHO® MHOKECTBO.

Yr0bb1 moCTpoHTH MHOXECTBO uepBoll KaTeropuu, KOTOpOe
6b110 61 HECUETHRIM W BMECTe C TCM BCIOAY MLIOTHBIM, Mbl MOKEM
nocrynars caeayomam obpazom: Bozpmenm B untepnase (0, 1) cosep-
MeHHO® HUI'Je HO NJOTHO® MHOKECTBO, TOYKH KOTOPOr0 WUMEIT

0

'’
abcgmecnt Buga ) —, rie ramxaoe a, ects 0 wan 2. Paccmorpam

n=0"
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cueAHbBe HHTEpPBabl PTOI'0 MHOMKECTBA, KoTOpoe Mbi 0003HaumM
gepe3 G,; B KamiOM H3 ATHX HHTOPBA.IOB Mbl MOMECTHM MHOKe-
CTBO, PACHOIOKEHHOE OTHOCHTOILHO JTOr0 WHTEPBAJa TAK, Kak
MHOMKOCTBO G| pacnoJomeno ornocuresbuo uareppaa (0,1). O6o-
SHAYUM 4Y6pe3 (, COeJMHCHHO BCEX NOCTPOEHHBIX MHOKOCTB, BRJIIO-
yan MHOMecTBO G,. OueBmano, 4T0 G, €cTh COBEpUIEHHOE HHIA®
He IIOTHO® MHOKECTBO. C KamAblM M3 6ro CMEXHbIX WHTEpPBa.1OB
Mbl HOCTYIHM TaK 6, Kak IOCTYDAIH CO CMCAKHBIMH HHTOPBAIaMH
MHOXKECTBA G|, H COBOKYNHOCTb BCeX NOCTPOEHHbIX MHOKECTB 060-
3Ha4YHuM 4epe3 Gy. DTOT mpogecc Mul npoiotxkuM GesrpaEnyHo, N

obosnaunm yepe3 G coesnmeune Bcex MHOXKECTB Gy, G,,..., G ,. ..

MuomecTBo G ectb MHOxkecTBO nepsoil kareropmu. Sl yrsepikiaio,
4TO0 OHO BCIOAYy MA0THO. B camom agere, MakcmMaJbHaA AIMHA CMEK-

HOTO MHTOPBAIa AAA MHOXecTBA G, €cTh —-, An MHOKecTBa G, —
1 6 6 1. 9
3‘5, BOO me AJd MHOXKOCTBA n T_;_?l . orTa AAHAHA CT peMlch}l

K HYII0 NpH HeorpaHH4YeHHOM Bo3zpacrauunu n. (aejoBaTeIsHO, 41s
a1060ro MHTEpBaJa Mbi MoxeM HaliTH cToab 60.bUI0E YNCIO 7, YTO

MHOXKOCTBO Gy 8 cA6J0BaT€IbHO U MHOXKOECTBO G, HMOEeT TOYKH

B 3TOM HHTepBaJe, JTO e M 03HAYAET, YTO MHOKECTBO G BCIOAY
NA0THO.

I. YCIOBHE, HEOBXOAUMOE A4 TOrO, YTOGHl JAHHAA ®YHK-
1114 BHIAA MPEAEJIOM MOCJIEAOBATEJLHOCTH HEINPEPBIBHBIX
PYHRUMIA,

50. My MoxeMm Tenepb MPHCTYNHTh K WCCJIEJOBAHHIO TOX yCIO-
pult, KOTOpBIM NOAYAHEHb! (YHRUHM, ABJIAKIIHECA NpEACIbHBIMH
AR mocJaejosaTeabHocTell menpepriBabix QyBryuii.

demma. Iycms T o3uavaem muodcecmeo wuced, o06iaiarouee
mem ceoucmeonm, mo M (T)—m (T) > 2, rae M (T) u m (T)coor-
BETCTBOHHO O3MAYaOT BEPXHKII0 H HHKHIOK Tpanb MHOMiecTBa T
a A — HOKOTOpPOC NOJOXKUTOAbBOE 4MCcI0. Toiia ain 4106010 wucia a
razemcn makoe wucio b muoxncecmsa T, wmo |a—b) > ).

U3 ycaomua
M(T) — m(T)—2xk >0

[M(T) —a—X] 4 [@a — m(T) — ] > 0.
Tak xak cymma aTHx ABYXx cKOGOK NOJOKHUTEsbBA, TO, O MOHBb-
melt Mepe,04Ha M3 HAX JO.KHA MMETh NOJOKHUTEJIbHYIO BEAMYHHY,

Mycrs aTo 6yser nepeas ckobka; TOrza, mpm A0CTATOYHO MAJIOM &,
MBl OyseM nMeTb:

caeayer:

MTy—a—1r>e
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B cuxy onpesesenma wucaa M (T), mumoixecTso - T COZEPEKWT:
9dci0 b, yAOBIETBOPAIOUWICE® YCAOBHIO

b > M (T)—-e.

CkaagbiBad PTH HepaBeHCTBA, MBI MOIY4aeM
b—a >

Ecam 651 mbl wmean '

a—m(T)y—r >0,
TO aAAIOTHYHLIM HyTeM Mul naman 6w Takoe wucao b MHOmecTBa
T, uro
a«—b >k,

yeM mawe yTBepKACHUE M JOKA3AHO.

51. JonycTum Temeps, YTO HAM AaHAa MOCJEI0BATEALHOCTL He-
npepoiBubix Gynxunit fi, f5,..., [,..., onpejeJenHbIX Ha HEKO-
Topom orpeske PQ u crpemamuxca K ¢yurgnm f, KOTOpyio Mbl

aan upocrorsl 6ysem mpeauo-
¢ 4 4 0, Aarats orpanmyenpoit. f yrsep-

LI S \ kAaK0, 4T0 Pyukrnua [ TO4ewHo
P C e, D, D q > 1o &y f

paspuisna. Ilokasiem, yTo npea-
nosaras QyHKRUKIO [ Pa3pbIBHOIO
Yepr. 23. cnaoms, Mbl BHeusbexuo mpu-

XOAHM K NPOTHBOPEYHIO.

B camom zese, B pToM npesnosoxennu cyuecrsyer Tacoii orpe-
30k CD (uepr. 25) H Takoe MOJAOKHTEAbHO® YUCAO 2 ), UTO B KaMK-
Aok Touke A orpeska CD kosebanuc o (f, A) npesocxoaur 2k,
IMyers p <} ecTb HCKOTOPOE NOJOKHTEABHOE YHCI0; NOJIOKEM

h=u+ 4e
rae ¢ > 0. Ilyers A, ecTs nmpouseoasnas Touka orpeska CD. IMo-
crejosareasnocts  [i(Ao), fo(4p),..., [(Ag),... uMeer cponu

npeiesom f(4,). CaegoBareipno, CylecTByeT MATYPAILHOE YHUCIO
@, A4 ROTOpPOro

'fa (4o) — f(49)l < = 4D

4 Tax xax ¢ynkyua / wuenpepuiBma, To wuaifizerca nuTepsaa
C,D,, coaepmamuit Bayrpm cebn rouxy A, s3axs0uenHuii BHYTPU
orpeska CD u aaa moboii Touku A koroporo

If, (4) — f, (Ag)] <= @
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Ho xoaebamme dyskynu [ B orpesxe C,D, mnpesocxosmr 2h.
B cuay Jewmbr n. 50, cymecTeyer moaromy B umtepsare C,D, Ta-
ran TOYka A, 4ro0

I (A)) — [ (4Q)!> 1. 3)

IfocaeroBareasnocts f, (4,), [, (4,). .., f, (4;),... nMeer ceonm
upeaesom f(A)). 3maunr, momumo Hafltm rTaxoe HaTypasbmoe

qiicao B, uro
ifa (4,) — 4y <e. )

Ho dynkuua [, BenpepriBaa, BCICACTBHE Yero MBI MOKeM HaliTh
untepsaa Cy,D,, coxepmammii Bayrpn ceba Toury 4,, saxamoouen-
nslii B uarepsage C,D; n gas Bcex Touek A KoToporo

ll}i (A) - f[; (A1)| < (5)
Usepx 1oro, awban ‘rouka A wuarepsara C,D, yaoBiersopaer

ycaosuo (2).

Kom6unupya, c¢ oanofi cropomsl, coormomenua (1) u (2),
¢ apyrofi, — coornomenus (4) u (5), Mp nmoayyaem:

I, (4) — [ (do}] < 2,
Ife (4) — (4] < 2¢,

a comocTaB.IA ATU ABA HEDaBCHCTBA ¢ HepaBeHCTBOM (3), MBI mo-
Aydaem

[, () —f, (4) > 1 — 4e,
!la'lll, 4yTO0 TO Hie, d

() — [y (A)| > v (6)

910 mocaeznce HepaBeHCTBO BbiNOJHACTCH AJA Jiobofl Toukn A4
ovpesra ('y D,

G apyroii cropomsl, Mbl OTHPABIAINCH OT MOC.1€J0BATEAbIIOCTIE
[ [5-+w [,... Ho BCe mamm paceyxaemmsn cOXpaHAIQT CHAY,
eCAU MBI CTAHEM OTHDABAATBCA OT nocaeioBaTesbocTd f .
fy4ay- -1 PAE p— J10bOC HATYpAABHOE 9HCIO, W BMCCTE C TeM
samenny orpesox CD raxum-an60 coaep:kamumcs B HCM WHTEpBa-
aos. Taxum obpazom azn aoboro p mp B J0bom nHTCpRaZE,
saxgioueHHoM B orpeske CD, maliaem tako#h wmmrepsaxr C, D,, Bce
104k A KoTOpOTO YAoBaeTBOpsioT ycaopmio (6), rae o m 3 cyTh
HekoTOpbie HaTypaibHbie yncsa (oismue, mexean p. Aia Beaxoi
Takoll ToYkn A, CJ€A0BaTCAbNHO, BHINOINAETCA YCJIOBHE :

w[/ri-i—](A)’fp.'-g(A)"“]>P’) (7)
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rAe Jepasg uyacTh o3uayaeT coboio paccTosEME MEmAY I'paHAM
MHOKOCTBA YMCeJ, 3aKI0YeHHBIX B CKoDkax.
Taxum o6pasoM, KakoBO 601 gu Oblio p, MBOXKECTBO Gp T6
touex orpeszxa CD, AIA KOTOpHIX ycoBue (7) He BLINOIHAGTC
nusze He niomuo Ha orpeske CD. Ecam umcay p mpm bysem ioca
A0BaTEJIbHO JAAaBaTh 3HavYeHusd l, 2,. cey Yyeuuy TO COOGAUHOHHE
BCex MHOKOCTB G, Gy..., G ,... Oyzer muoxecTsoM nepsoit ka
TEropHM OTHOCHTEIBHO OTPE3Ka CD, a cacioBaTesbHO Ba 3TOM OT
peske Haligyrcs TOuKM, BE MpUHaileKauIMe MHOKOCTBY G. Iyer
y: 6yaer TaKkag TOYKA; TaK KAK OHA He NPWHALIEKUT HH OAHOM
U3 MHOXKOCTB G’p, 10 oma npu .mobom p yaosiersopaer ycaosumw (7)

HYro me 0YEBHAHO NPOTHBOPEYMT TOMY, 4TO f, (4) cTpeMuTCH

OmpeseJeHHOMY MpPejely, KOria v HEOrPAHMYIEHUO BO3PACTAOT.
Urak, scakas PyYHKYIA, ABIAOWAACA TNjEZEL0MN noc.ie208ame.1y-!
HICTU HenpepbieRuT (Y nkyuil, eCmy (PyREyua moveuno paspuienan.
Herpyauo mnposepurer 3To ycaoBue Ha:

A scex paccmoTpenHnix Hamn npumepax. G apy-

P a B ¢ . roff cTOpOHBI, MBI MOKEM Temepp Jerko
: yKasath npamMep QYBKILAN, KOTOpaA 32BEAOMO

Yepr. 26. He MoxeT GBITh Npeje.10oM 0C.1eA0BATEALHOCTH

. senpepuiBabix pynkpuii. Takowo 6Oyser, ma-
npuMep, GpyHRUMA, paBHAA Ky4/0 BO BCeX TOYKAX ¢ PalHOHAIb-
HuiMu abcguccaMu M ejukuye BO BCEX TOYKAX C MPPaIHOHAIbHBIMA
abcyuccamu, m60 dra (PYHKUMA CIIOMDb pa3pPEIBHA BO BCAKOM
HHTEpEBaJIC.

1I. PACOPOCTPAHEHHE MOAYUYEHHDbIX PE3YABTATOB HA CAY9AM
NPOW3BOALHOIO COBEPIHIEHHOI'O MHOKECTBA.

52. Ham npeicTOHT Temepb pacnpocTpaHdTh NOAy4UeHBbIE B Ha-
crosmeil rsase pesyastaTel Ba TOT cayyall, xorja BMecTo cnaom-
HOrO OTpe3ka Mpl MO0JaraeM B OCHOBAHHE HAMWIMX paccymjermit
Npod380.1bHO6 COBEPUICHHO® MHOMKECTBO,

IIpu sroM Mp1 yheammecs, 4ro 60JbWAHCTBO M3 ITHX PO3YABTA-
TOB COXPaHHTCA W 4YT0, CJIEZOBATOJIbHO, CBOHCTBO OTpe3ka Owumb
COGEPWENHBLM MHOMCECTIE0M BTPAA0 OCHOBHYIO POIb BO BCEM IIpei-,
IECTBYIOIIOM.

PaccmorpuM dymkguio f, onpejesensyio Ha COBEpIONHOM MHO-
mecTe H, pacnoaoxennom na orpeske PQ (uepr. 26). Ilycrs of-
ects Kkakoff-1u6o wurepsas, cogepmaiguit BHyTpH cebA TOUKM MHO-
mecrsa H.

3uavenus pymxgun f B Tourax muOmecTsa I, 3aKIOYeHHLIX
B OoTpeske 43, HMEWT ONpese.JeHHYI0 BEPXHIOW N HUKHIOW TpaHb
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n onpeaeienHoe koxehaHue, KOTOPLIE MBI COOTBETCTBOHHO ofo3Ha-

yuM 4Yepe3
M(f, H,a8), m(f,H,23)

o(f,H,af) = M — m.

[ycts A ecrb mpowssoipHas Touka MHomectBa H. PaccMoTpum
10CA€10BaTEABHOCTh MHTEPBAIOB o, (31,05 By, .., @, B, ..., K&KAbLH

13 KOTOPBIX COAEPHKHTCA B NPEABIAYIIOM H COAGDPANT BHYTPH ceba
TOuky A, UpndeM A1dHa HWHTEpBata « [ CTPEMUTCA K HY.I0 NpH
neorpanuyennom sospacrauun n. Uncaa M (f, H, o, 8,) npu Boa-
pacTaBMB 7 He MOryT ymesmumparbci. (JejosaTeabno, TH yYHcJIa
nMeloT HUEHHE npeses, koropuiil npn aTOM He 3aBACHT OT Bbpan-
nofi cucreMbl mntepsaios 2, 3,. JTOT npesca mu bysem HazpiBaTh
yarcumynom pyunyun [ 6 mouke A omuocumersuo muoxcecmea H u
obosravare uepes M (f, H, A). Anarornunnin ofpazom onpeae-
anerca munumym omrocumessio muoxcecmea H, m(f, H, A). Koae-
6anuem off, H, A) mu1 6yseM HazmBaTh pasHOCTb MEKAY ITHMH
ABYMJI UHCJIAMH.

IIpn movowu aTux onpegesennit Mbpl MOXKEM BBECTH HOHATHA
HCHPEPBIBHOCTH M pazpbiBHOCTH (YHKUHH B TOYKAX MHOmecTBa H
OTHOCHT@IbHO ATOr0 MHOKecTBa. Mbl cramem, uro yuxumna f xe-
npepuera 8 movke A omnocumeisno mnodxcecmea H. ecam o (f, Hy 4) =0,
B IPOTUBHOM CAy4ae Mbl Ha30BeM (YHREHIO [ paspuienolo 6 mouke
A omnocumeasno mnoxcecmea H.

Ecan  M(f, H, A)= [({1), TO Mbl CKaieMm, 410 ¢yHKUuUA [
noXYnenpepyiena ceepry B Touke A OTHOCHTEAbHO MHOXecTBa II; B
aTOM cayvae, Aas awoboro 2 > 0 moxuo mafiTn mETepBax «f, CoO-
Aepxawuii Touxy A Buyrpm cebs m jgas aw6oii TOYKM KoTOpOro
A’y oxmoBpeMenHo npuwastexayedk m mEoxecTBy H, Mbr umean 6bi:

f4") <f(d)+ =

u 06paTHO, 6CAN 3TO YCJORle BHIMOANCHO, TO B KAYeCTBE Cro CAei-
cTBHA MBI noaydaem M =f.

AuaJtordynHeiM 06pazoM onpeaseaseTca nOLyHeRpepuleHOCIy CHUIY.

Pyskyna o, pasuas M(f, H, A) B xamzoit Touke A MHOXe-
crea H, noayuenpepniBua csepxy (kakosa 61 nu 6piaa pynkuna f).

Pyuxyus, nolyHenpepeiBHas cBepxy Ha MHoxecTse I/ @ mm-
Hiuuym Koropofi ornocaTeasno H pasen nyaro B KaxAofi Touxke
Muoxecrea H, meobxoinmo obpamaercs B Hyab B BOKOTOPHIX TOY-
Kax mHoxectea H B KakAoM WHTCpPBaAC, B KOTOPOM COAGDKUTCA
xota 6m1 ogma rTouyka MuoxectBa II.

Jokaxem »T0 mocaeiumee nperroxenne. BospMem mocaezoBa-

TEABHOCTH HOJOKHMTEABNBIX YHCED 2y, Z5y. ., .5 E,. . -, CTPEMAMIUXCA
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k Bymo. B aio6om mmrepsase of (uepr. 27), cosepmamemMcs B OT-
peske PQ u cogepxammeM BHYTPH ceba Touku MHomecrsa H, M
MoxeM Baiita Touky A, muomecrsa H, s1a kcropoil

[(4) <e.

Tak kak wama (yHKUUA MOJIYHENpEPhIBHA CBepxy, TO cCylue-
CTByeT uWHTepBaa a, (,, codepxamuil BHYTpH cebs Touxy A, m ana!
aioboli Toukn A korqporo (npumajrexameii mmoxecrsy H)

[ (<] (A) 42 <2¢.

Iloaobnbin 96pa30M, BHYTpH MHTepBala o, B, Mnl naiizeM Touky 4,
A14 KOTOpOii

[ (4y) < ey,

i 3aTeM ONpejesHM MHTEpBal a,3,, coAepmammii Touky A, 3avto-
yeunnifi B unTepsase a,f,, W Aaa
aioboft Toukm A rotoporo (upm-

P a 4 4 B 0 ROTOpOro (npm
—t P i Hapaemamelt muoxecrsy H)

Yepr. 27.

f(4) <f(dy)+2,<2¢

u 1. A Mpl nocsezoBaTesnBo Imo-
Ayyaem MHTEpBasel o, By, . . .,
@, 8, .., npuyeM B aioboit Touke A mmoeersa H, zaxarouennoif
B uHTepBate @, f ,

[(4)< 2e,.

Tax wkax xamapli MHTepBa1 coAepKUTCA B mpejbIAyIeM, TO Bce
oun uMeloT mo Kpaiineit mepe oamy obmyio Touky. B rakoif Touxe
A Mpl EMceM:

[(4)<2e,

npu aoboM n, u, caezosarcasuo, [ (4).=0.

53. Cpeaun Qynxyuii, onpejeseHnnx Ha COBEPIIEHHOM MHO:Ke-
CTBE, Mbl MOKEM NpPOBECTH Ty K@ KaaccHPHKAQHIO, KAKYI0 MBI
UpoBCIH B cBOe BpemsA Axn1 (yHKuui, onpejeseHAbIx Ha OTpeske.
Heobxoaumo pazanyare Tpu cayvan. )

lleponit cayuan. Mansan Qydsuus nenpepusna B Kamaofi TOYKe
Muoxkectea H. Jro byzer Toraa, ecam o paBHO Hyaw B KaxAofi
TOYKe MHO;kecTBa H.

Haupumep, ncakan dyuknus, onpesesennan Ha orpeske PQ u
HenpepLiBHan B arom orpeske, (yZeT menpephIBHA M Ha BCAKOM
COBEPLILHHOM MHOKECTBE, PACNOINFEHHON 1A DTOM OTpE3Ke.
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Yrobel ykazate NpEMep HHOIO POAa, PAacCMOTPHM COBepHieH-
110e MHOMKECTBO, TOYKH KOTOPOro umewor abcumccent suaa

“
371’

rie Kamaoe d, €CTb 0 man 2. Ecan mm pasnM ¢yusunn [ xaxoe-

auf0 LOCTOANMHOE 3HAYEHHE BO BCEX TOYkax MHO;ectea H, a pme
2TOT0 MHOJKECTBA ONpeAC.IMM €e Kak yroiwo, To 1akaa (PyHRQuf,
pasymeerca, Gyier menpepmisna ma muoxecrse IH. Henpepwienorwo
pa MHOkecrBe H Oyser taxie QyHrums, paBHas ByJ0 BO BCex
roukax maomxecrBa II, demamnx Jesee TOukn A, U einHuue — BO
BCCX TOYKAX MiomecTsa H, fe;xamux npasee TOURHN A; UpH HTOM
A eCTh MPOU3BOIBHAA TOUKA, NPHHAAIEKAIIAR OAHOMY Ii3 CMCHA-
HbIX LUTEPBAIOB mMHOMKecTBA I

Bmopout caywail. ®ynxgua [ uMcer TOYKH PazpuiBa; HO BO BCA-
KOM HMHTOpBaJe, coiep:kajueM TOYkH MHomecrsa II, cywmecrsyior,
¢i0ab 661 Mazo Hm 6bl10 = > (), rarue rouxku MHOKkecTBa H, B KO-
topbix koaebasne ¢pymkuun f ornocnresbHo mHOsec1Ba H ne mpe-
socyoaut e. Tak kak koaebaumé ecyr (pynkuua noayuenpepbiBuan
CBepXY, TO BO BCSIKOM HHTePBa.Je, COAEPKAINOM TOYKH MHOKECTBA
I, nafigyTea TOYKH 3TOr0 MHOKECTBa, B KOTOphIXx w =0 n, cJse-
aopareabuo, ¢pyHkgua [ HenpepeisHa. B aToM caydae mbl, HazoBeM
(yurumuio f Toyeyno paspviBHoii ma muo:xectse H.

Bossmen uurge me naormoe cosepuiensoe Muoxectso [, pglc—

cMOTpeHHOoe B mpeasiaywienm upumepe. Ilyern f= o B TOURAX -

2 .1 1 2 7 . 6 S Ge

"o f= 5o B TOUKAX (-, g 1§ g > Boobme, b roukax ¢ abe-
P

UHCCOI0

3

1
noxoxuM [ == o - Hakoney, nycrs f=0 BO Bcex ocTaibHBIX TOY-

(rae apobb mecokpaTuma), npHAALIEKAWNX MuoKecTBY I,

kax maomecrsa H; Ouepwano, pynkuua f paspeisma B Kamaoil
Touke, rge [> 0, m BMCCTe ¢ TeM BO BCAKOM MHTepBale, COAep-
MameM TOYKM MHOkecTBa II; cpean Bux Haiigyrca taxue, ric o
He npesbimaer J060r0 uanepes 3aaHHOTO NOJOKUTEILHOTO
uncaa e, CaegopaTespno, yRKUAA TOYEUHO pa3phlBHA Ha MHOMC-
cree H.

Tpemu cayuaw. Ycaosue npeiblAymiero cJay4as He BbINO.I-
naerca. CaejonareapHo, cymecrsyer Tawoli mnrepsaa af, coxep-
Kamnii Toykn MHOXKecTBa /I, m TaKoe NOJOKHTEIBHO® YHCIO A,
uT0 koaebanme Qymxuun [ npesocxosur A B Jawboit Touke mAo-
#wectsa H, aemameil B nureppase of. B arom cayyae mpl craxenm,
910 QYHREUA paspbisna cnrowb,
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54. Teneps Mm1 o6obigam pas nouaTult, orHocAguxca K MHO-
mecTsaM. Ecam H ectp coBepuieBHO® MHOKECTBO, a K — mpOu3
BO.JPHO® MHOMKOCTBO, cOjepixalleeca B MHuoxecTse H, To BO3ZMOXKH
ABa cayvas:

Ilepsnit caywan. B xamiom marepsate, coAepKalieM BHYTP
ceba Touxu wmuomxecTsa H mailaerca apyro#t mmtepra, ob.aazaio
muit TeM ke ceoiicTBOM, HO HE coAepmaignit Hu oAHOH TOUKM|
MHOXecTBA K.

Bmopow caywaw. Cymecrsyer mutepsai A, cosepmawnit payTpu|
ceba Toukm muomxecta H m obaazaromuii 1em cmolictBom, uTO:
ncakmit Apyro#f muTepsas, cosep:amuiica B HeM M coaepmaymi
BHYTpH ceba TOYkH MuOomecTsa II, cozepmmT no menbmel mepe
0ZHY TOYKYy MHOkecTBa K.

B nepsom cayuae mp1 Gysem HazniBaTh MHOMKOCTBO K nuize He
niomueixw Ha muoxecise H. Bo sropom cayyae mp1 6ysem roso-
PHUTB, 4r0 MHO%ECTBO I BClOJy NAOTHO Ha YacTH MHOxecTBa I,
3akJ04yeHHo# B mHTepBaie A.

Hanpumep, MHOxecTBO Tex TOuyer MHoxecrBa H, B Korophmix
koJsebanne orBocaTe pHO MHOXKecTBa H Hekoropoli ToyeyHo pa3-
paiBHOH 'Ha aroM MuoxecTBe (QYHKIMM He MeHee HOKOTOPOro
yucaa o > (), ecTs MHOxKeCTBO, HUIAE He DIOTHOe HAa MHOkecTse H.
N ofparuo, ecam 370 yCAOBHE BRINOAHAETCA NPH Beakom o > 0,
TO AagHaA (QYHKQHMA TOYEYHO pa3pbiBEA Ha MHOXKecTee H.

PaccmoTpuM MHOKECTBO G TOYEK paspeisa Tako# ¢ymrguw.
Iycrs o), 0py...5 G,,... €CTh IOCAEIOBATEILHOCTD MOJOKHTEABHBIX

gncea, crpeMamnxca k Byso. MuoxecTro G ectb coepmnenne
BCEX MHOxEcCTB G, rae uepe3 G, Mbm obozHavaeM COBOKYIHOCTH
TOYEeK, B KOTOPBIX ®==0, .

Muomecrso, cosepmawmeecs B Mromecrse H, mbt Oysem mazei-
BaTh MHOXECTBOM nepeod Kametopuu OTHOCHMTEAbHO H,- ecam omo
upeicTaBaser cob0K0 COGAHHOHMO CYETHOFO YHCJIA MHOKECTB, HH-
raé He ILIOTHBIX HAa MHoOxkecTse -H. :

ST yrBepxaaw, uyro, ecau K ecrs MHOkOcTBO nepBoii RaTeropun
OTHOCH7TeIbHO MHOxKeecTBa H, TO BO BCAKOM HMHTEepBaie, cojepxa-
mem TOYkH Muomectsa H, cpeim artnx mocaesfiux mafiayrca rakue,
KOTOpbI® HE NpHHAAIeXAT MHOKECTBY K. ‘

B camom seare, nycts af ecrr kako#t yrogHo mHTepBaly, cojep-
mamuit Buyrpm cebs rouku msomecrsa H. Ilo npeanoaoxenuio,
mMBOKEcTBO K mpeacTaBaact coboio coesunenme cuernoif mocaeso-
BaTeAbHOCTH MHOXecTB K|, K,,..., K , Kaki0® H3 KOTOPHIX HH-
rAe He MI0THO Ha MuoxecTBe H. B mureppate of Mbi MoxeM no-
aTOMy Hafitw wuaTepBar o,B,, coaepmaignii BHYTpH ceba TOYKM
mMHoxecTBa H, o He cozepxammnii mwu opvolf Touku MBOXKEcTBa K ;
3areM, B uHTepBa.Je a3, — Takoil Apyro#t murTepsaa o, [, kKOTOpHIH
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coaepAuT BAYTPH ceba ToURM MHOmecTBa H, HO He cCojcpKUT Hit .

oaHo# TOYKA MHomecTBa K,, mw T. A Mpl nmoiyyaem mocaezoBate.n-

woCTh HHTepBa1oB o,f,, asfBy,..., a,B,,..., npwYeM uuTEpBaL
are .

«,3, CcOAepxamuiica BHYTpH MBTepBata a, L, |, COAGPEHT

ToYKH MHEOKecTBa H, HO He cojepxuT HH OAHOH TOYKH MHOKe-

crBa K. Jwobas obmaa Bcem aTHM mMHTepBaaaM TOYKa He npuHag-

JCKUT B OAHOMY M3 MHOKCCTB Kn, a Ccae10BaTéIbHO HE NpHHAL-
JeKAT U MHOXECTBY K.

Ilpusesem caesyolpuii npumep MHOMKECTBa, HHTAe HE MAIOTHOTO
HA HEKOTOPOM /pyroM MHoxecTse. BoszbMem coBepmennoe Mmo-

) a
sectso H, abcumechl Touek koroporo mmewr dopmy E .3_'.‘, rie
7

<

seakoe @, ecte 0 mam 3. B xamgom u3 cmexmHBIX HHTepBaI0B MHO-
ectsa H noMecTMM MHOMKOCTBO, PacHOJ0KeHHO® OTHOCHTEIbHO
ATOr0 MHTOPBaJa TaK, Kak .
caMo MHoO;ecTBO H pacmo- P ‘ 6L, 2 D g
JA0KEHO0 OTHOCHTOIbHO HH- c o A 4 00
repsadaa (0, 1). lycrs H, ecrs

COeAMHOHHE BCEX B3ATHIX Yepr. 28.

MHOMKECTB; oOd4eBugHO, H,|

ecTh cosepmenHoe MHoxecTBo. Sl yrsepmaaio, uro mMuoxecrso H
HACAC HO ILIOTHO Ha MHOxecTse H|,

B camom sere, paccmorpum kakoih-aubo wmmrepmax, cozep-
wamguit BEyTpH cebna Toukm Muomecrsa H,. IJror murepsau,
neobxoaumMo cojepxalmuii BHYyTpE cebf cMexHbIE HHTODPBAAbI MHO-
wecrsa H (MaM 4acTH TaKMX MHTEPBAJOB), COAEPKMT LOJTOMY H
TaKMe TOYKM MHOXecTBa H,, KOTOpHI® HE UpHBajleKaT MHOMe-
crBy H. Ho kaxaasa m3 Takux ToyeKk, B CHIYy 3aMKHYTOCTH MHO-
xecrsa H, cojepXuTcAa B HOKOTOPOM MHTepBaJge, HO coAepxalieM
uu ognolt Touku muomecrsa H. Orcioga m caegyer, 4T0 MHOMe-
c¢TBO0 H Hurze He mioTHO Ha MHOXKECTBE Hl.

55. Mul renepr 0606muM Teopemy, B KOTOpOH MBI yCTaHOBH.IN
neobxorumoe ceolicrBo Bcex Qynxumit, aBIAOIINXCA NpesSIBHBIMU
Adf mOcJAeAOBaTe IbHOCTEH HenpepbiBHBIX (yHKEHIi.

Ecau na cosepwennom muoocecmee H oupeierena nociesosameis-
nocmy wenpepuenvit GyHkyul fi, for. ..y [,,. .., uMerOWuUT NpeserOn
dynryuio [, mo 2ma nOCAEIHAA INOUEUHO DPAIPHIGKA NG MNOJICE-
cmee H. ‘

Me1 qoamHuB nmokazath, yTo PyHkuns fue momer 6mTH crIOMD
pazpniBHoOI0 .Ha MHoxecTBe H. Ecam 6n1 aT0 Onla0 rak, To zoamen
Obi1 651 cymecTsoBaTh Takoif mmrepsax CD (4eprt. 28), coaepma-
@uit BayTpE ceba Tourm MHOKecTBa H, M Takoe MNO.JOKHTEALHOB
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qucao 2\, uro B awboli 1ouke A MHomecrsa H, sakioyenHoBi
B uHTrepate (D,

o(f, H,4)>2),

CaeaoBatedpHo, B KaxAOM untepsate (D', xoTopmi coaepmurcs
B aarepBale CD W coaepHUT BHYTPH ce6A Toukun mmuoxecTBa H,!
MLl 0.KHBI ObLan 6b1 uMeTs:

o(f, U, C'D)> 2
BosbMenm gmca0 U, YA0BACTBOpAIOIIEE HEPABOHCTBAM

0 <w<h,

w4 4e. \

Ilycrs, ¢ apyro#t cropomml, mbl Buifpaim kakoii-inbo wnurep-
Baxa C'D’, cojepmamuit BHyrpu ceba Toukun wmuomectsa H, u
uycth A, —oaua u3 atux Ttouek. IlocaegoBateannoctn f| (4o),
fo(Ag)s. .., f,(Ao),. .. umeer npeseaom f(A,). Caexopareabno, Mbl
MoxkeM HaliTH Takoe HaTypaibBOe YHCIO O, YTO

[f.(Ao) — f(4o); <= (D

[lo npeanosoxennio, pynkygna [, HempephiBHA Ha COBEPHIGHHOM
mnoxecrse H. Tax rak Touka A, aexar ewymyu unrepsara C'D’,
TO MBL MOZKeM, cJejoBareasHo, HalTu unrepsaa C; D, cojepmamuii
euyrpu ceba Toury A,, coaepxammiica B uurepsare C’'D’ u gan
aoboit Tourm A kotoporo, mpuunasrexamelt mnoxecrsy H,

() — [ (4o) | <. @

3amenum Teneps wuurepsaa C; D, uurepsasom C; D), enympen-
Hum 1O OTHOUIGHHMIO K HeMy W COjepiKaiguM BHYTpH ceba TOuKy A,.
Juavenna ¢yBkuuu f B TOYRax MHoMKecTBa H, 3aRJIOYeHHBIX B
nurepsase C;D], obpasyor muHomecTBO, KOaAeGanme (T. e. pac-
CTOAHME MexX]y BépxHelh ¥ HuKHeH rpaHAMH) KOTOPOTO IpeBbl-
maer 2. Tlopromy, B cmay semmm m. 50, MBI MojeM yTBepKiaTh
cylectsosanme Takoil Toukm A, MHoxecrBa H, sakaoyenmoi
B uuteppare C.D], 11a KoTopoil

|F(4y) — f(Ae)| > M 3
Tax kar nocaejosareavnocts [, (4,), fy(4),.---, [,(4),... aveer
csoum mpegeiom f(A,), To cymecTeyer Takoe HaTypaarHOE 4UCIO [,

uTO
I (4) — f(4) ] <e. €]

1 [I0JA0KIM
=
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laee, B cuay menpephienocTn dynkyuu [, B TouKe A, Koropas
uaxogutca ewympu wuareppara C,D,, ubo npusasiexur wunrep-
saay C/D], mbr naxogum wumrepsax CyDy, coaepmamuil BHYTpH
cebn rouky A, coaepmamubica BHyTpu mutepsasa C,D; u gaa
gi060f Tourm A KOTOpPOTO, OAHOBPEMEHHO MpHHAzICKamed MBO-

wectsy H,
[[o(4)—f,(4) | < (5

Uz armx mepasencre mbi, moaobuo cayvaw n. 51, zaxaoyaem, yTo
aia awboi Toukm A wmuoxecrsa H, cozepmkameiica B umTep-
saae C,D,,

‘” [ll (A)7 fz(A)r .y fn (A))- . ] >
Ho Bce mamu paccysaedun COXpasAlT cHIy, HyAydH DpuMeHCHbI
& moc.esosareibHocTH f . fypan- -y TAC p—aioboe HaTypaibBOE
yucao. Takum obpasom jasm awboro p, B aiobom muTepaze C'IV,
3ara04enHoM B uHTepBate CD u cojepmamgem BHYTpH ceba Toukm
swnoxecrsa H, uafizerca unvepsaa C,D,, coaepxamuii BRyTpH
ceba Touku MHomecTsa I/, npudem x1s kaxaoi M3 HuX

‘”[fp_}_](A)a/;)_;_g(A),'»-] > e Q)
Apyrumu caosamm, cosorynhocTs G Touex Muoikecrsa H, me
yaosaeTsoparomux ycaosuwo (6), ectb MHOMecTBO, HATAE HE MIOT-
HO¢ Ha MHoMecTse II B uureppase CD. 3acraBuM p nmpmHEEMaTh

noouepegHo  Bce smavenusa 1, 2,...,v,... u obosmauum uepes G
coeannenue Bcex muoxects G. Torza G ecrp mHomxecTBO mepsoil

KaTeropun OTHOCHTeAbHo MHomecta H. CuiejoBareismo, cyue-
CTBYIOT TOYKM MilokecTsa [I, we npmnasiexamuo MEOEecTBY G. Ka-
mAgam Touka A nmpH BCAKOM p yaoBaersopser mepasencrBy (6). dto
€ UPOTHBOPEYUT TOMY, 4TO [, (A) cTpemuHTcA K OnpeseJeHHOMY
npejeay UpH HeOrPaHUYEHHOM BO3PACTaHMHU n.

Tarum obpasom ecakan @Pynkyua [, AGIAOWAACA NpeIeIOM nocie~
1060 MeALHOCTIY  HenpPePOSRLT PYyREYUl, IMOYeYHo PA3PHIGHA K 6CAKOM
COBEPUIEHHOM MHONHCECTIGE.

Ipneegem caexywomuii npmmep Qynkumu, KoTOpas 3aBeiOMO
He MokeT ObiTb mpejesoM 1OCAEA0BATEILHOCTH HENPEPHIBHBIX
¢yuryuii. Ilycts H ecTs HHMrie He NI0THO® COBEPUIEHHOE MHO-
KecTB0 M nycTh QyHKuua [ paBHa eJuHMUE B KOHPAX €ro CMex-
HbIX HHTEPBAJIOB I HYJI0 — BO BCEX OCTaJIbHBIX To4YKkax; Qpyuruua [
TOYEYHO pa3pbiBHAa Ha BCEM OTpE3Ke; HO OHA pa3pblBHa CHAOWIB
Ha muoxecrse H, ubo xoaebanme ee ormocurespno H pasno eam-
Huge B Kaxioff Touke aroro Mmuoxecrsa. CaeroBareanbHo, QPyHk-
uua [ He mMoxeT ObIThb NpejeJoM NOCAEAOBATEAbHOCTH HEHPODLIB-
apix Qynkpuii.
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1v. OTBICKAHWE JOCTATOYHBIX YCJAUBHUA.

56. Teneps mp1 goammunt cnpocuts cebs, 6yayr am mailgcuBbIe
HaME HeoOXogmmpie ycioBHA AIE TOro, urobumt Jammas QyHKgus
6br1a OopeaesoM pocaei0BaTeAbHOCTH  HEMpepLiBHBIX Pyuryui,
BMECT® C Te€M | AOCTaTOYHBIMH. JTOT BONPOC Mbl PACCMOTPHM BO
Bcell ero obmmoctu B caeayiomeil raase. 3iecr e Mpl Orpasu-
YHMCAl PacCMOTpenueM TOr0 4YacTHOro cayyas, Koraa Qyakgua f,
onpejeaennan wua orpeske (U, 1), npuHuMaer TOAbKO aBa 3maye-
aun: 0 a1,

JameruM, uro, KakoBo 61 HE 6blI0 coBepmennoe MHOmecTBO I,
uncsa M, m u o, ornocmpmeca Kk ¢yuxgan [ u muoxecrsy H,
MOTYT WMETh Ha ATOM MHONKeCTB® Toabko 3Hauyenusa 0 u 1, ubo
Gyrruua f e npunmmaer mmbix 3Bavennii. B wacTHOCTH, Tak Kak
o=1 B Ramgoli TOuke pa3pbiBa, TO MHOKECTBO HPTUX TOYEK He-
obxogumo zamkmyro. Jaa Toro, urobm Qynkgua f Gmaa mpesesom
[0CIeAOBATEALHOCTH HeNnpephiBHbIX (YHKpui, Heobxoiumo, 4To6H
082 0blIa TOYeYHO pa3phlBHA HA BCAKOM COBEPIIEHHOM MHO-
AOCTBO.

Obosmauum gepes P, coporynHocts Beex Touex orpesxa (0, 1)
U depe3 P, — MHOXecTBO TOYeKk paspriBa HYHKLHMH [, KOTOpOe, Kak
MBI 38aeM, 3aMkayro. Muoskecrso P,, B kamiaoli Touke KOTOpOrO
=1, a01ku0 ObiTh HuLle Ke niommsLM Ha MHOmecTBe Fp. B Kka-
KAOM M3 CMEXHBIX HHTEpBai0B MBOmecTea P, ¢ymxpnsa [ Hempe-
PEIBHA W, caesoBaresbHo, 1u6o Bclojgy paBHa Hyao, aubo Bcroay
pasHa eamsuge (B 06OMX Cayuyasx, 3a HCKAOYeHHeM, ObITh Moker,
KOHUOB JaHHOr0 MHTEpBaJa). JaMKHyTO® MHOMkecTBO P, Moxer
HMETh NMPOHM3BOAHLIE MHOKECTBA BCEX IOPAAKOB, COOTBETCTBYOLIMX
YHCAAM NEpPBOro W BTOPOr0 KJIACCOB; B TAKOM CJIydyae, OHO UMeeT
u upouzsognoe P,°, KOTOpOS, Kak MBI 3HaeM, ecTb COgepUIENKOE

maomecrso. Ha wmmomecrse P,° noatomy oymkuma [ zoaxma
6brTe Toueuno paspmiemoil. MBomecTso P, Touek paspmBa QyHK-

pun [ oTHocHTeanno MuomecTsa P\° ects moaToMy MHOmecTBO
(23
3aMKHyTOe M uArze me miotnoe Ha P,". Momer cayumrbes, dTO

[e)
MHOKeCTBO P, umeer npomssosnoe P, . B rtakoM cayuae Mmbi pac-
CMOTPUM MHOKecTBO P; Touer paspbiBa (pyHEuWm [ OTHOCHTEAbHO

“ @
MBO:kecTBa Py°, m 1. 4. Ecam muomxectso P, onpeseicHo u ecau

03 Q ay 4 -
MBO&eCTBO P ¢ cymecTsyer, To Boobwe uepes I, , Mb1 0bo3na
9aeéM MHOKeCTBO TOYek pa3pbiBa QPYHKUIMH [ OTHOCHTEALHO MHO-

O .
xecrsa P °. Moxer CIy4HTbCA, YTO YKazaHHblii upomecc 6yaer

npojoaxareca Gearpannuno. Toraa Mbr noayunm nocaesosarebBOCTb
mEomecTs Py, P,. . ., P, ..., Kaxka0e W3 KOTOPHIX 3@MKHYTO H CO-
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AepkuTCA B nmpespisymen. Mpr 3HaeM, 4TO B ATOM C.Ayyae CyHIe-
CTBYIOT TOYKH, OOIIH® BceM PTUM MHomecTBaM. MHomecTBo Ta-
KHX TOYeK, KOTOpoe, KaKk Mbi 3HAaeM, 3aMKAYTO, Mbl uvbosHAawuM
uepe3 P . Ouo, B cBOK oOuepesb, MOKET HMETH NMPOMIBOAHO® MHO-
XecTso nopaska 2. B rakom cayyae Mb1 0603HAUMM MHOKECTBO

Q
TOYek paspniBa (QyHrgum [ OTHOCHTEsbHO MHoxecTsa P uepes

Pw—l—l'

Onpeseanm renepr muomecrso P gaa awoboro umcra a nep-
BOTO HMJH BTOpOro KJacca. /JomycTuM, uTro ompejeseHue yxe
AaHO A1A BCeX 4mcea ¢, NpeAmecTBYoLIAX YHcAy a.

Ecan umcao o nepsoro posa, To P, ects, no onpejeJeHuio,
MHOKECTBO TOYEK pa3pbiBa (yHKUUH [ OTHOCHTEILHO MHOMKOCTBA
P2, :

Ecan xe a — uncao Broporo poja, To P ecrs, mo onpeaere-
HUIO, COBOKYIMHOCTh.BCOX TOYEK, 0010ux BceM MHomecTBam P, ain
roToprix o’ < 4.

Ecam cpean uynces a’, menbmnx, BeXeau o, Mbl BO3bMeM (yH-

AaMEHTaJIbHYI0 IOCAOJ0BATEILHOCTb @)y Goy. .., &,. .., HMEOIYIO
npezeJoM a, TO MOKHO Takke CKazaTh, 4T0 P ecThb COBOKYNHOCTDH
To4ek, obmux Bcem muomectsam P, P ..., Py

57. Mm joamabl Teémeps paccMoTperh OJmme onpexeleHHbIO
rakuM ofpazom muomectsa. Mul yBmAAM, 4TO moaydyaemmi psaj
MHOKECTB NpEACTaBIAGT MHOro obuero ¢ pAAOM NPOH3BOAHBIX
MHOXOCTB Kakoro-1n6o jamHoro MHoxecTsa. Mbt jJoramem cue-
ayiomee ofmee mpejsoxenne,

Ecau na nexomopom npamorunednom Ompesxe umeemca pAl MHO-
JHCECme, TNPUSEIEHKBIT 6 COOMBEMCmEUe C PAAOM WuCeL NEPEOLD Uil
emopot Kiacca, u ecau P =P, ecakuit pas kok o <a', mo cy-
wecmeyem ungexc (uucio) [, KGUUHAA C KOMOPOW 6Ce AAKNbe MHOMHCE-
Cmea cosnajalom medczy cobolo, m. e.

Po=Py 1 =P =+

BoamomBnl gBa cayyad. Bo-nmeperix, MomeT cayuurnbcs, 9TO He-
koropeie m3 muomects P, mycrtw. [lycre $—mammenbmuil mmaekc,
AJA KOTOPOTO ATO MMEET MECTO.

B rakom cayuae

PBZPB—j-l:"""-O'

Bo-BTOphIX, MOXKET CIyYHTHCA, YTO HA OAHO H3 MHOXECTB P,
He nycro. B aroM cayyae Moxmo mOKazaTh, 9YTO CylIecTByeT no

7 8 Q p. Teoprsa paspuBELX $yBKUMii. 97



meBbmeld Mepe ogHa TOuka, NpHHAZIeMAUIaR BceM MHOmecTBaM P

C aroi0 geabo Mb pasieanmm saHumit orpesok nomoaam. Toraa
ACHO, YTO DO MeHbmed Mepe ogHA H3 ABYyX moiosuum Oyaer co-
AepEaTh TOYKHW, NPHHAAISXKAINE MHOKECTBAM CKROJIb yrOJHO Bbl-
COKHX WHAGKCOB. )Ty HOJOBHHY MBl CHOBA AGJMM MOMOJAM M T. A.
My noayuaem nocaejoBaTespHOCTh MHTEPBAAOB, HMOKOLINX OAHH-
CTBEHHYI0 06mIyi0 TOYKy. JTa TOYKa obJagaer TeM cBOICTBOM, 4TO
B mobom ee coceacrse HallgyTca TOYKH, npuHAzIExKAITAE JH0OOOMY
13 MAomecTB P ; a Tak kak BCAKO® P 3aMKHYTO, TO MOJy4eHHas

TOYKAa BCOM WM NpPHHAJLIEKHT.

Oboznaunm yepes P, COBOKYyNMHOCTh TOYEK, Kakaad W3 KOTO-
PbiX OpHHAAISKMT BCOM MHOmecrBaM P,. DByiyuu coBokynHOCThIO
O61INX TOYeK CHCTeMBI 3aMKHYTBIX MHOKCCTB, MHOKeCTBO P, Takxe

samMEHyTO. /J4A KamAOro MHTEpBaJda, HO cOAepkaulero Hu ojuoil
TOYRM MHOxecTBa Py, CymiecTeyer Takoif MHJKC a, YTO MHOKECTBO

P He COJePKHUT B ITOM HHTOpPBAJIE HU OAHOI TOUKA; B CAMOM AoJe,

B NPOTHBHOM cJIy4yae saHHbIl muTepBaa cosepmas Obl TOUKM Ka-
®p0oro m3 MEOXecTs P, m, caejomareanno, joamen Obur 6w coaep-

MAThb TOYKHM MHOKkecTBa P,

PaccMorpum Ttemep» unTeppax CD, mu oaHa W3 GHYMpeRHUT
TOYEK KOTOPOro He npuHajaexuT Muoxectsy P,. Bosbmem B a1oM

HHTEPBAl® UPOM3BOIBBYI TOYKY K (uepr. 21) m nomectam B MH-

Tepsase EC cyeTHYI0 NOCJ@JI0BaTeAbHOCTh TOYEK, CTPOMALIMXCH

K Touke C. Jaa Kaxzoro W3 noOayYeHHLIX AHTEPBAIOB Haiizercs

Tawodl mApekc a, 4TO MHOMOCTBO P He COJAepKUT HH oaHol
(]

TOYKM B PTOM BHTepBale. PaccMOTPIM COBOKYNBOCTL 3THX “MCeT &

Mbl MOMeM HaliTH 4acio «’, mpeBbimaiogee Kamzoe u3 Hux, Mno-
xecTBo0 P, B TaKOM CJy4ae HE COAGPHMT HH OAHOH TOYKA BHYTPH

nuarepsasa CE. lloaobumim e obpason mbl maiiaem mHEomecTso P,

He cojepxaigee Hu ofHoli Toukw BHyTpH mETepBasa ED. Ilycrs a
ectb manboabmee m3 uucea «' u a’. Torsa muomecrso P_ue co-

AGPEKHUT BM 0AHOH TOukM BHYTpM uHTepBasa (D.
Muosxecrso Py, 6ysyum SaMEHYTbIM, HMEET LKOHEYHO® YHUCJIO

Han GQC‘HICJIGHHOC MHOXECTBO CMOKHbIX MHTEPBA.JAOB. ,Z[JUI Kamaoro
U3 HUX HaﬁAOTC)l, KaK Mbl BUJAEJH, TAROC YHCJAO0 Oy 49T0 MHOKEeCTBO

P“’l HE COJCpXUT B AAHHOM vYHTEpBale HH oaHoit TOYKH; Mbl MO-

XeM HaiiTa uncao o, npesmmaipomee BCe ATH wyucAd a,. Muoxe-
ctBo P, B Takom cayuae He Oyjer coaepmarb HH OAHOH TOUKH Hu

B OAHOM M3 PTHX cMeXHnXx uHrepsatos. Craio 6uiTe, BCe ero
TOYKH npuHagiexar muomectsy P,. Tar xak, ¢ apyroii cropouss,



MHOKECTBO Py cocTaBafeT 4acTb MHOxeCTsa />, TO PTH ABa MHO-
KecTBa COBMAJANT. :

Jaaee, u3 o’ >a caeayer P ,=P =P, unbo muoxecrso P,
COCTaBIAA 4ACTh MHOMecTBa P, BmMecTe c Tem cojepxur B cebe
waoxecTso P, Taxum obpazom mbl umeem:

P=F =...=P,

Hame yrsepmAienne AOKa3aHo,
3ameraM eme, YTO CpeAdm diced a, 418 KoTopbix P = Py, naii-

AeTCA HaHMeHbpIlee, KoTopoe Mbl obozmaumm ueped 3. B rtakom
¢ay4yae

P.’-1=P,«+l—""=P'.:’
HO
P3/>Pu,7
¢Can .
BB

Ecanm k ycaopuam Bamell TeopeMpl MEI HpUCOeIHHHM €O TO,
4TO K30 IMPOBAHHAA TOYKA MEHOXKEcCTBa P, 006A3aTeabHO OTCyTCTBYyeT
B MHOXecTBe P, |, TO MHOXECTBO Py, ecam ouo cyuwecrsyer, 6y-
16T COBEpINeHHLIM MHOKecTBOM. B camom zeae, ecam 6b1 MEOMe-
crBo P, =P, cosepxalo W30IMPOBAHHYK TOYKY A, TO 3Ta TO4YKa
He Moraa 6bl BXoguTh B MHOMecTBO P, =P, uro cossaer
nporusopeyne. Takum obpazom MmuomecTBo P, niormo B cebe;
a TaKk KaKk OHO 3aMKHYTO, TO OHO €C¢Thb COBEPIIEHHO® MHOKECTBO.

Hmak, 6 o60ux 603nodckbix caxywaax muedcecmsa P ece cosnazaom
Nexczy co60i0, HONUNGA C Hexomopowo unjekca (3, npuuem P, ecmb
aubo mycmoe, 1ubo cosepuernOe MHONCECEO,

58. Bepuemcsa k MHoxecTsaM P, ompejeseHHBIM HaMu B m. 56.
MuoxecTBa aTH 3aMKHYTH, M KaxJ00 U3 HHX COACPHKHTCA B Ipe-
aviaymen. Ilycrs 8 ecte maummempmuil MHAEKC, 417 KOTOPOrO

P=P,_ =..=P,

Hu oaBa usoaupoBammasa Toyka mHOxecrsa P He upnHasie-

o .
mur mMHOmectBy P, um Tem 6oaee mMBomecrsy P, o Caeaoma-

TeapHo, Py ecrs ambo nycroe, am60 COBEPIIOHHO® MHOKOCTBO.

A yreepxaao Temepb, 4YTO 6 cayuae, Kowa $yrryui [ moueuno
PASPUGHE HG ECAKOM COBCPUIEHHOM mHodcecmee, P, neobxoumo ecms
nycmoe muoscecmeo. Bcamom zese, ecam 6b1 oHO HE ObLIO mycThIM,
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TO, TaK Kak Py, =P, BCAKas TOYKA MHOKECTBA P‘3 Onraa 611
TOYROW0 pa3pbipa (yBEkyum foTHOCHTEARHO MHOMkecTma Py, 1. e.
¢yaruna f 6b1aa 651 cnsomb paspbiBHOW Ha MHOKecTBe Py

Iycts Teneps A ects npom3moabHad TOYRa orpeska P, Tak
kak P,=0, 10 ToyRa A He MOXeT NPHHALIEKATH BCEM MHOMeE-

cream P. Cpeam Tex u3 HAX, KOTOpble He COAEPKAT TOYKn A,
Hafizerca 0aHO ¢ HamMEHbIUMM WHAEKCOM, KOTOpbiH Mbl 0603HA-
YHM Yepe3 O; MPH ITOM 6=1. Ynecao ¢ me moxer ObITh uyHCAOM
sroporo poaa. B camom zexe, B aToM cayuae mHOmecTBO P, 6nLIO
6b1 cooxynmocTbIO TOuek, obmmx Bcem MHOmecTBam P unpma <é.

Tar kaR Bce PTM MHOKECTBA COJEPHAAT TOYKY A, TO M MHOKECTBO

P, aoamnao 6u1a0 6n1 coaepmath a1y Touky. MTak 6 — umcao mep-

BOTO poja; moaoxmm y==¢& — 1; Takmu obpazom cymecrsyer Ta-
KO€ 4HMca0 Y, YTO TOYKA A BXOAHT B MHBOKECTBO Px’ HO HE BXO-
AUT B MHOKECTRO P1 415 MHaYe TOBOPA, TOuKa A npuAajiexuT
MHOKECTRY P~(—P7+1' ITOT mHAEKC Y AJA Kamaot Toukm A
ABAAETCA BlOJHE ONPEeJCACHHBLIM; CISJOBATEAbLHO,

Py=Y1(P —P ), 0=1<f.

Paccmorpum Tenepn kakoe-ambo m3 MHOMKeCTB PY—P; 4+ Tae
7 <p. Tar KaR MHOEECTBO P.{ , 1 COCTAaBAAET 4ACTh MHOKECTBA

PTQ, TO Mbl MOMeM Haumcalb:
Q Q
PY—P7_:_] _(P7 —P.( )—|—(PT _'P7+1)'

Jazee, MBI MoaBepraeM pa3JOKeHMIO DepPBOE cJaraeMoe nparoii
vyactn, O6o3HaunM 3aMKHYTOe MHOKECTBO P uepes PY°.M|>1 3HaeM

(u. 42), 4r0
0 e \NY/p> vt
. P —P= Z(Px —FR

rae v npoberaer Bce 3sHayeBWin, MeHbIIHe HEKOTOPOTO ONpejeseH-
HOr0 YHCAa HePBOTO WJM BTOPOrO KJiacca, AW, €CIH YJrojiHO, BCe
3HaueHN A, meabne Hemean 2. Mui, Taknm obpasom, mMeem:

. . Q) v v 41 9_,
P‘/~P7+I_Z(P1—P'f' JHP =P )

Hmar, aiaa ecakowt mowku A muodicecmes P, nadigemca Aub0 cu-
CmeMa MAKUXT A6yx wucer Y, Vv NEPeot0 uMk 6mo0}0t0 Kiaccd, ¥mo

mouka A mpurajiedncum muodcecmey PT‘—P,"'H, Aub0 makKoe YUCKO

Y, wmo mouka A npunajgiexcum mnodcecmsy PIQ—P7 1



59. ¥YcraHoBur PTO, Mbl MOKEM Temephb AOKA3aTh CXeJYIONIYIO
TEOpEeMY.

Bearkaa @gynkyua f, moveuno paspbhiéRAA KA KAWCIOM COBEPULEHHOM
unogicecmse u npunumarowas e unmepsare (0, 1) moavko 3nauenus O
wiw 1, AGAAEMCA  WPEAEAON  TOCAEJOSAMEALHOCTY  HEMPEPHIEHHIT
PyrEyud.

Jo cmx mop MbI BCeria OPHBOAMAM 3aJayy OTHICKAHAA NOCJAe-
A0BAaTeALHOCTH HenpepuisHbIX (GyARUMil, HMeOWNX CBOMM Ipeje-
1oM kakyw-ambo jammylo QyEKgHIO, K TOCTPOEHMIO HeKOTOpoH
¢ynkgun F(x, y), onpesexsemoll B WM3BECTHOM NPAMOYrOJLHHKE
u nogumaeHHOH m3secTHLIM ycaosuam. Temeps mbr ykasem ipyroi
cuocob, mozsoasnomuit CTPOUTH MOCAEZOBATEALHOCTh HENPEPHLIBHBIX
q)ynxgnii fyy, oo sfp- ., cTpEMA-
muxcA K Aannol paszpeiBaoft ymkunm f.
JAomycrum, uyro ¢Qymkuma [ onpeaeieua
na orpesre (0, 1). Pynxgmio f; MbI mo-.
cTpouM Tak, uTobbl OHa m3MeHAJach
JuHEeHHO B RaXKIOM W3 HHTEPBAAOB

<0, %) H (—;" 1)' Pynrgns f, byser

U3MEHATHhCA JHHEHHO B XaxioM

A3 HHTEPRAJIOR <O, _}F>’ (%, ;) Yepr. 29.

o q-——--

1
i
]
|
]
i
]
i
t
1
1
1
a
n

N

/

(—%,%), (—i—, 1). Boobwse, pynxuns f, Oyier mu3menATHCH

o a
AnHEHHO B KaxkiOM H3 nmepna.uon(z—", ——;-T), rzea=0, 1,
2,..., 2"—1. ®Pymxgus f, nopromy Gyxer Buoame ompege-
N o,
J1emHOH, ecam MBI 3ajajuM ee 3HauYeHme B Kaxkjolf m3 Tovex ~2n .

Teomerpmueckm oma m3obpaxaercs Jsomamoii ammmeli, cocroaweii
u3 2" ssemven (wept. 29).

Hepeiizem Teneps x ompesesemmio Qpymxunit f, B 3apuMaomen
Hac caydae.

Bce crogmrca x oumpezesenmio seamyunnl f (H), rae H= PO

1 .
PaccmoTpnM WHTEpBaa A AAMHBI ry cepejmHa KOTOPOTO Ha-

Xoautcs BTOuke H, m obpaTmMcs k MHOKeCTBaM P u P,’, noctpo-
eanpM 144 Qpysxpmu f. O6ozmauynmm yepes O 1mc'rh Mnomecma
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P,

OTHOHOICHNEeM 01 _‘=D(PY", A). Maosxecrsa O7 , BAMKHYTBI M 10§

', 3AK1I0YEHHYI0 B WHTEPBale ’, YTO Mbl OyieM BrIpamaTh CO

PAZOK HX COOTBETCTBYeT MNOPAAKY MHOMECTB P7" B TOM CMbICAE
4TO . .

0 , ecan Y < 2

T = 1,
)

Ycranosur 310, paccMOTPUM B TepByI0 Ovepeib MHOKECTBA
07, oy TAe 7 NPUHHUMAET BCEBO3MOKHbIC 3HAYEHUA NEPBOrO M BTO
poro xaacca. PaccMoTpuM Te W3 PTHX MHOKECTB, KOTOphIe HO
nycrot. Cpean prux mHOmecTs ma#igzerca oguo ¢ Bamboabmmm mE-
aexcom. B camom aeae, Mbl 3Haem, 4TO, HaYHAAA C HEKOTOPOTO HH-]
Aexca, BCe MHOMecCTBa () ., mycTbl. Cpesm PTHX myCThiX HMEETCH
OAHO C HAWMEHbIINM HWHIEKCOM, KOTOpHhH Mbi 0603HaumM uepes d.
10 & He momer ObiTe wmcaom BTOpOro pora, mbo B TakoM cay-
vae ), , npeacraBasio O cobor cOBOKYmHOCTD TOYeK WHTeEp-
BaJja !, IPAHAIEKAIMAX BCEM MHOKECTBAM PYO npu Y < 6; HO HO Npea-|
NOIOMEHMIO KAMKA0C N3 DTUX MHOKECTB COACPHKAT TOYKN B WH-
TepBale }; a B TAKOM CJAYy4Yae, Kak Mbl 3HaeM, y HAX Heobxoammo
uMeloTcA obmme TOukm B MHTepBale ), M, CA€I0OBATEALHO, MHO-
mectBo (), | He Momer 6mTh nycrim. Hrak, ¢ ecTb wmcao mep-
Boro poja. Hoaoxmm h=206—1; cywecmgyem, taxum obpa3om,
wucto h, mapaxmepusyemoe mexn ycioguenm, umo snodicecmso O, o cy-
wuecmeyem, nedcay mew Kak unogcecmeo Qy ., mycmo.

PaccmoTpmm Temepn mHOMecTBa (), ., rAe Vv MOKeT O3HAYATH
a1060¢ 4HCIO0 MEPBOro WAm BTOPOrO KJacca, a Takke umcao 2, Mo-
KET CAYYUTBCA, YTO MHOKECTBO (), , CyulecTByeT; B INpPOTHBHOM
cayuae, paccyxaenme, nojobHoe TOABKO 4YTO DPOBEAEHHOMY, NOKA-
3210 6b1 HaMm, 4TO cymecTsyer Bamboaibumiee umcaio k, A1a KOTO-
poro mMHO#ecTso (), , He NyCTO.

Takum obpasom Mm Joka3aiWm cymecTrOBaBme ABYX ymucea h mk,
obiazaomux caegyomum cpoficrom: ecam k < 2, TO MHOMKECTBO
Q). ;. cymecTsyer, Mexay Tem Kak MHOXecrsBo (, , ., TYyCTO; ecanm
#e k= Q, To MmEOKecTBO (), , CYUIECTBYeT, 8 MHOKECTBO 0,
mycTo.

Yeramosme  aro, mp npumem 3a f, (H) nunumyn @yniyuu [
Kka wnoxcecmee Q, . Ilokamem Temeps, 4TO oOmpejeiCHHAA TaKMM
obpazom mociepoBaTespHOCTy QyHKUAH foo forevvs [ .. mmeet
csouM npejeiom Gyakgwio f, T. e., 4To B Mobofk Touke A oTpes-
xa (0,1) f,(4) wumeer cmoum mnpezeiom f(4). Mm 6ysem pasau-
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yaTh ABA CAYYas,COOTBETCTBERHO C TeM, HPUHAJICKHT JIH TOURA A
D v l N
o,uqomy M3 MHOMeCTB PT'-— P, 1 mam OAHOMY M3  MHOKECTB
P —P.
t
Ilepemz cayuait. Toura A OPAHAJICKAT HEKOTOPOMY MHOEKe-
1

CTBY PT, Pr "+, Jro o3zmavaer, 4ro A ecTb U301APOBAHHAA TOYKA
MHO:KeCTBa PYA'. Hraye rosops, CyuecTsyeT mHTepBaX |, COAEpPHa-
wuii BRYTpHU cebn Touky A u He coepsxamnit AU 04RO Apyrofi TouRH
MHOKEeCTBA P;’. Ecam n jocratouso Beamko, T0 ToOukH H — 2’-:‘-—
MeKAy KOTOPHIMH 3akiioueHa Touka A, croab Gam3km K melt, uro
COOTBETCTBYIONIMEe WM HHTEPBaibl ) QEIHKOM NOMEINAITCA BHYTPH
unTepsata y. Ilpm BEIOOABEHAM PTOrO yCAOBAA A yTBepEAAW, UTO
Mbl JOMXMHBI HMETb h=17 W k=v, N0 ompejeieHNi0 MHOKECTBa

0, ;» B camou Zese, HM OZHO M3 MHOKECTB, c.teaylo;gnxaaP

MOKET HWMeTb TOYex B MHTepBale kL, COjAEpHKAIEM TOUKY A u60
MHOHKeECTBO P’ nMeeT B 9TOM WHTEpBaJle eANHCTBEHHYI TOYKy A.
U3 sroli emnc'rnennoﬁ TOYKM M COCTOMT MHOKECTBO Q . A cxe-

A0OBATEJbHO, NPH AOCTATOYHO 6oabmIOM 7 MBI uMeeM Mﬂ obenx
Toyer H, MemAy KOTOpPHIMH 3aRAI0YAETCA .TOYKa A,

[,(H)=f(4),
A Tax kax MexaypTAMu Toukamu QyHRgHA f, WIMeHAeTCH aM-
Helimo, TO m

f, (&) =f(4),

orxyaa
lim f (4)=f(4).
7mn —>» oo

Bmopou cayvait. Touka A npwHajlexuT OFHOMY M3 MHOKECTB
Q@ Q
P.{ — P.{ e Ipu sToM PT ecTb COBepHIEHHOe MHOMKECTBO, a P./ T

eCTh MHOMXECTBO TOYeK pa3psiBa GpyHKIUN f Ha MHOKECTBE PYQ‘ Cae.
Aosareibuo, B TOYke A Qymkuus [ HempephIBHA OTHOCHTEIbRO
MHOKEeCTBA PY”. A rak xak ¢Qymkuus [ npmHUMaeT TOALKO 3HA-
yenns 0 m 1, o menpepuBHOCTL ee B Touke A Bieyer 3a coboiw
TO, YTO OHA HOCTOSHHA HA MHOll(eCTBePYQB coceacTe 3TOl TOYKRM.

C.leaona're.uno, MBl MOMeM YKa3zaTh WETEepBal p, coAepamamuit
BHYTpH cebn Touky A m B aioboff Touke A’ xoToporo, oamospe-

MeRHO NpnHajie;Ramel maokecTBY Prg, f(4")=f(A). Ecam n jo-
CTATOYRO Besuko, TO, mojiobmo mpesmaymewy, Jerko yGeawrpcs,
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4TO TOuKamM H z%, MOKJy KOTOPhIMH 33aKII0OYeHa Touka A4, co-

OTBeTCTBYIOT MHTePBaJbl A, JeANKOM NOMeINAMAecs BEYTPH NHTEp-
Baaa p. Ecamaro BLINOAHEHO, TO MO OHPeiesCHHI0 MHOKECTBA Qh X

MBI JOXRHBI npmm'n, h=17, k=0; B camom Aeie, B KamioM W3

9THX WHTEepPBaJOB A MHOKECTBO P cymec'rnyer, MeXKAY TeM Kakr
MHOKECTBO P‘( nycro. CJQAOB&TGJ]I}HO, Mbl JOXEHBI NPHHATDH

L) =m(f, 0, )=F(4)

B Kamaoh m3 ABYX TO‘leK H, mexiy KOTOPHIMHM 3aKXi0YeHA TOYKa A.
CiezoBareabHO, OPH AOCTATOYHO 6o.nmom n,

f,(4) =f(4),

1

OTKyaa

lim , (4) = £ (4).

Hmax, 6 wacmuom cayuae, koiza @yrkyun [ npurumaem morbKo
snavenun O u 1, Heobxojumoe u AOCMAMOYKOE YCAO8UE AAA MO0,
ymobh makas @Pyrkyua 6vAa TPeserOM TOCAEJ06AMEALHOCTIU NeTpe-
PUSHBIE HYRKYUL, COCMOUM 6 MOM, 4mobst OHA ObiAG MOUEUHO Pa3—
DHIBHA KO 6CAKOM COBELUEHHOM MHOMCECITEE.



Faasa V.

SYHRIHAU OT » NEPEMEHHBIX.
1. TOYUEUYHBIE MHOJKECTBA B IIPOCTPAHCTBE 7 U3MEPEHHMIA.

60. Mu1 cmosa ofpamaemca X BONpPOCaM, KOTOpPHe CAYKHXH
lIpeAMEeTOM HAmero MCCJEAOBaHMA B mpeAbiAywmlefl riase, HO cra-
HOBMMCA Teumeps Ha camylo obmyio Touky spemus, obpagascs
K cayyaio pymkyumii ot al0boro ymcia mepemMeHHBIX.

PaccuarpuBas xakyw-au60 (QyHKEMIO OT 7 NepeMeHHBIX
Ty, Tyy. .., T, , HAM YZ0DHO TOBOPHTD, YTO APrYMEHTOM ee ABAAETCH

Toura B npocrpancrse n uamepesuit. Ilosromy s nepsyro ouepess
HaM HAJJEKUT PACIPOCTPAHUTL HA TOYeYHbIe MHOKECTBA B TaKOM
NPOCTPaHCTBE ONpeJeJeHHA N Pe3yAbTaThi, YCTAHOBACHHBIC HAMH
A1A AMHEHHBIX MHOKECTB.

O6osmaunm wepes G, upocrpamcrso n m3mepemnii. Ilo ompe-

A€JICHHUI0O JTO €CTh COBOKYIHOCTbL BCe€X CHCTEM &), Ty, .. .,.’B”, rae

KaxjJoe IepeMeHHOe MOxeT NpuHAMaTh JXiobble koHewHble aefi-
CTBHTEAbHbIE 3HAYEHHA.

Mur HasbiBaeM TOYKY A npejeibHol0 mo¥Ko0l0 TOYEYHOTO MHO-
wecTa P, ecam BcAxkas cepa, mMeomas UenTp B Touke A, cozep-
SKUT TOYKY MHOKecTBa P, OTAHYHAYI0 OT TOYKH A; APYrAME CAO-
BaMW, ecIM BCakas Taxaa cepa cozepxnt HecunmcienHOe MHOMe-
ctBo Toyek MHOMecTBa F. Yepes P! mMbl 0603HayaeM COBOKYMHOCTD
npejeibHbIX TOYER MHOMeCTBa F; pTo ecTh ero npouseojuoe MHo-
orcecmgo. MHOKECTBO HA3BIBACTCA 3AMKHYMbHLM, €CAM OHO COAEPKHT
BCe CBOM mnpejesbHble TOYKA. BcAkoe npomssosEOe MHOKECTBO
3aMKHYTO. MHOKECTBO Ha3bIBAETCA NAOMHBLM 6 cebe, €CAM KamkaAan
ero TOYKa ABASETCA AAA Hero npeaeabHol, MBOMkecTBO Ha3bi-
BAOTCA CO6EJ UECHHbLM, €CAU OHO COBNAJaeT CO CBOMM NPOHU3IBOLHBIM,
T. €. eCAH OHO 3aMKHYTO W Ni0THO B cebe.

Haupumep, B upocTpamcTBe (, MHOKECTBO TOYEK, JeKauIHX
BHYTDH H Ha OKDYXHOCTH HEKOTOPOI'0 Kpyra, €cTh COBepIIeHHOE
MHOKEeCTRBO. COBORyIIHOCTb BHYTDEHHHX TO4YER Kpyra He MOXKeT
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6b1TH COBepICHBLIM NHOKECTBOM, KOO ITO MHOKECTBO HE 3AMKHY
HO PTO MHOMKECTBO ILIOTNO B cene.

CorokyuHOCTB TOYCK MpAMOANBEHHOrO OTpe3ka B NPOCTPABCT
G, eCTb COBCPINEHHOE MHOKECTBO,

IIpupesem eme caeayrournii npuMep coOBepMIEHHOIO MHOKECT
B npocrpanctee (. Ilycrs H ectb mmrae me nioTHOE coBepmie
HOe MHOKeCTBO, pacnoioxennoe ua ocm OX, a K — cosepuienns
HWric He NAOTHOE MHOKECTBO, pacnoioxenHoe ma ocn (Y, Yep
"KamAyW0 TOYKY MHOmecTBa H mposerem npamyio mapaiseipHo ()
a yepe3 Kamiyl TO4YKY MHOXecTBa K — mapaasisessno OX. Mm
JKECTBO TOYEK NMEPCCCYeHII DOCTPOCHHBLIX TAKNM 0O6pP23OM HpAMDI
€CTh COBEPHICHHOC MHOMECTBO.

Eme nopmmep COBepWICHHOrO MHOMKECTBA B MPOCTPAHCTRE
npeicTasiseT HaM CoCAMHEHHe BCeX Napaiseinunix OV orpesko
Aauun 1, HaumBaw@mMXCA B TOYKax MHomectsa H. !

llozobuo cayvawo amuefiamx mmomecrs (u. 14), aerxo y6
AWTBCA, 4TO COBOKNYRIOCIMD MONeK, O6WUT AGHHOU CUCTCME 3AMENY
mux mHodcecme (B KOHeunoM Mad GeckomeyHoM uucae), ecmp 3aMm
KHYMDE MHONCECMBO, €CiU OHO He NYCINO.

Bcaxoe n-MepHOE MIOKECTBO, €CAH OHO VIPGHUY’HO M COAEP
®AT OeckoHEYHOE MHOKECTBO TOYeK, WMceT mno Kpafimedt mep
OJHY mpejeaAbHYI0 TOYKY. JOKa3aTeIbCTBO NMPOBOAUTCA AHAIOTHMYHO
cayvalo anHefiumx muoxects (m. 10). Cieayer Toapko pasbuennme
Ha OTpPe3kH 3aMEHHTh pazbueHweM Ha napasieiennueibl, CTArH-
BalO@uecs K EIUACTBeHHOH omnpejeseHHoll TOYKe, KOTOpaa W
6yaer nmpegeapniofi Touko#t zamHOro MHONeECTBa.

Ecau mnoucecmea Py, Py, ..., P 3QMERYMbL % ecAu

nree

Piz=P,=... =P = ...
U MHOMC:CmBo Py 0tp iHUNCHO, MO Ccywecmsy m N0 KpaiiReiw’ Mepe 0IHG
mouka, 06WaA 6cem IMUM *MHONCECTIBAM.

Jr10 nDpeAlokeHMe TOXKE JOKAILIBATCA BHOIHC AHAIOTWYHD
ciyuaio angeHEEIX MHOMecCTB, 3aMeHssa pa3buenme Ha oOTpe3xm
pasbmenneM Ha mapaiiefcawneAbi.,

Ecam Mb1 oTKameMCA OT PHIOTE3bl OrPAHMYEHHOCTH MHOKCCTB,"
TO mpeaiomenne tepser cuay. Tax, manpumcp, ecam P, o3Hauaer
Junefinoe mMuomecTBo Touex ¢ abcumccamm v, v--1,v4-2,.

10 P, >P‘+1, mMHOKeCTBO P, 3aMkuyTOo (16O He vmeeT npeaem,-
HBIX Toqex.) i BMecTe ¢ TeM He CyecTsyer Toukd, obuieill Bcem
AaHBbLIM MHOKECTBAM,

61. Mbi remepnr pacmpocrpammM Ba caywait mpoctpamcrea 7
n3mepeHuii Teopemy n. 57 m ¢ 23TOK UeABI0 CcHAauvasa pac-.
CMOTPUM  HOBHIH mpogecc oOUpciCIERUA AAHHOTO  3AMKEBYTOTQ
MHOXROCTBA,
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liycts B ectb TOuKa, BCe 7 KOOPAHHAT KOTOpo# mmewoT (ropmy

2.
7

2r

rae d.'i—ne.loe yucao. Paccmorpum ky6 A, rpamm Koroporo
napasieJbHsl KOODAWHATHBHIM OIOCKOCTAM, C LUEHTPOM B TOYke B

b

H C AIWHOIO pe6pa—27_—

;- Buympewnumu touxamm aroro xyba

OyayT TOYKH, AAA KOTOPbIX

o, —1 L
oSS

Bce me Touku kyba (kax BHyTpemnue, TaK H Jeiayiue
na MOBEPXHOCTH) XapAKTepPH3YIOTCA JCIOBHAMU

=,
N 2]) - 1= 2])

Aas x0boii Toukm 4 w awGoro wucaa p cymecrsyer Kyb
yKa3aHHOro BHAAa, colepkammii sayTpnm cebs Touky A (u, BoOGIme
I'OBOPA, He ejHHCTBeHHbIH).

3dacrapuM Temeph p UPHHMMATL IOOYEPEAHO Bce HATYpaabHDIE
sHavennAa m o0o3HauyuM yepes (A) COBOKYNHOCTH BCEX NMOAydYaeMblX
TakaM obpazom obaacreii. Ilapamerpamn piementa mMHOZecTBa ()

ABIAIOTCA [eable YACAA P, 0O, %y ..., & . Takum obpasom mmo-

#ectro (A) mnpeacraBiser coboro cuemnoe mmOmecTBO obaacreil.

Ykaxem Temeps om0 csoficrBo drmx obaacreli, mmerouzee
O0CBOBHOE 3HayeHHe BO BceM Jaawvmeitmmem. Iycmv A ecmb npous-
601bN0AR mouka uw Y —ciepa c yewmpom 6 mouke A. Mol moxncen
6 Makom crywae wadmu obiacmsy A, cozepxcauyyto sKympu ceba mouxy A
w yelukom 3aKuoveHnylo ewympu cgepsr Y. B camom aeae, npm
aiobom p cymectByer obasacte A, cozepxamas BEYTpEm ceba
Toury A. Ecam p Beorpammyenmo mospacraer, To Hauboismee
nauepenne takofi obaactm crpemmrea k HyJI0.

Hycrs B npocrpamcrse G, Mbl WMeeM NPOH3ROAbHOE 3CMKHY-
moe mmoxecTBo P. Paccmorpum pazamunbie obaactm A. Mmnl mago-
Bem Jammyilo obJacTs A enewnel! no OTHOWEHMIO K MHOKECTBY P,
ecAm OHAa HE COAePXAT HHU OJHOK TOYKM PTOr0 MHOKECTBa.
Taknm obpaszom cpeau ofisacreli A mMb1 pasinuaeMm, ¢ 0AHOH CTOPOHDI,
obsacTH BHemHMe MO OTHOWEHHIO K MHOKecTBY P, ¢ apyrofi, —
obaacru, coaepskaigue WO MeHbmeli Mepe OJHY TOYKY MHO-
#mecrea P,
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Al yrBepiaare Temepn, UTO, 3HAA 6Ce 06AUCTIU, GHEUIHUE OMHOCU
meAbRO MHodcecmea P, mw mem camuim 3naem w muogcecmso P (obpar
Boe, camo coboro pasymeerca). Ilokasxem, uto, 3mas Bce obaacrn,
BHEUMIHHE OTHOCHTEABHO MHOMkecTBa P, Mbl 2xa aiobofi Touwm A
MOKeM PelIATh BONPOC O TOM, NPHWHAAIERAT JH OHA MHOMeCTBYy P
nan Her. B camom aele, Bbime MBI BmjeAm, HTO Mbl MOMeM
HafiTn mocxeaoBareabHOCTDb A, A,y ., .,Ap,. .., obracreft A, xamsan
M3 KOTOPBIX COAEPHHT BHYTPH CeOf TOYKy A W eIMKOM 3aKaio-
gaerca B npeabiyymefi, npuuem pebpa armx .obiacteii crpemarca
k Bymo. IIpm pTOM BO3MONKEHBI ABa Cayyas®

Mepenit cayvaw. Ramaaa mu3 obiracreit A, A, ..., Ap,. .. coaep-
AT NO Kpafimeii mepe 04HY TOYKY MHOKecTBa P, mpi ATOM yca0BuUY,
BcAkaa cdepa ¢ UeATpoM B TOuke A ColepKHT BHYTpH cebs
no xpalimeli mepe 0AHY TOYKY MHOMecTBa P; a Tak Kak 3TO MHO-
JKeCTBO N0 NPeINOIOKEHHUI0 38MKHYTO, TO OHO JONKHO COAEPKATH
TOuKy A. S

Bmopo# cayuwail. Hexoropnie n3 arux obaacreii me cozep:kar Hm
ospofi Toukm mmoxecrsa P. B 3ToM cayuae, ouesmamo, Touka A
He MOMeT HpuHajlexaTb MHOecTBY P. "

ITHM NpPOUECCOM, MEKIY HPOYMM, AOKABHIBAETCH, YTO BCAKOE
3aMKHYTOe MHOJKeCTBO MOKeT ObITh oOmpeseieHo npu TOMOLfiu
cyeTHOro umcaa ycaopuit. O6ozmaunm uepes G, — P cosokyugocTs

TeX TO4Yek INpocTpancTBa G, KOTOpPbie He NPHHAAAEKAT MHO-

#ecTry P. _
Mrooicecmeo G, — P ModcHO paccHampusams Kak CoejuHeHue 6Cex
obracmet (), enmewnuxr no ommowernurw K muoxwcecmgy P. B camom
AeJxe, KamAad TOYKa, NpUHAZAeKamaA Kakol-ambo u3 prux obaacreit,
HeNpeMeHHO upHHajlexnt MHomectBy G, — P. C apyroit cro-

POHBI, ecam TO4ka A He NpPMHALIEHKAT MHOKecTBY P,. TO cyuge-
cTryeT o6sacTe A, cozepxammas TOYKy A BHYTpu cebA W BHEWHAA
OTHOCHTeAbHO MBOkecTsa P. ’

Ecam 3aMkayTOoe MHOKECTBO () COCTaBAAET 4HaCTh 3AMKHYTOrO
MHOKeCcTBa P, To oueBwAHO, uTO BCSKaa obsacTs A, BHemHAA
OTHOCHTEAbHO MHOxecTa P, m nojaemo Oyazer sHemnelf armocm-.
TeabHO MAOxecTsa (. Jazee, ecam P> ( (3maumrt, cayvali cosna-
AeHWA WCKI0YeH), TO Heobxoammo cymecTByer 0obiacTh, BHeHAA
OTHOCHTEAbHO MHOKecTBa (), HO He BHEMHAS OTHOCHTEAbHO MHO-
wectsa P. U6o B npormeHOM cAyuae COBOKYNHOCTh BHEWIHHX
obaacreit a1s mmomects P m ( Gblia 661 0aHOIO W TOIO e, a cae-
A0BaTeJbHO W CaMble MHOMKECTBa PTH cOBnajaim 6w memgy coboro.

62. Paccmorpum Temeps cmcremy 3aMKHYTHIX MHOKECTB, COOT-
BOTCTBYIOIIUX YNCIAM MEPBOI'O M BTOPOrO KJIACCOB,

Py, Py Py ..y P,. .
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u nycrk npm o <o Mol umeem P = P . OGosnaumm, Boobume,
yepes A, (P,) muoKecTBO obaacteit A, BHemMBHX IO OTHOMMEHHIO
x muoxectsy P, . 3amermm, uro mmomectso Ay (P, ) cosepmmr
B cebe Bce paeMenTH mHOmecTBa A, (P ). Jaiee, 118 Toro utobsi
wnokecrsa Ay (P ) u Ay (P,) cosmagaam memay cobowo, meobxo-
AMMO M JOCTaTOYBO, 4TOOBLI Mbl WMeln

Pa+1=Pa’

Ob6o3znauum uepez C (P, ) cosokynnocTh oObaiacTeif, npmmasiemamnx
MHOmECTRY A (P +1), HO He OpuHAjIeHAmMMX MHOmecTBY AL (P ).
PacecmoTpuM nocaezoraTeabHOCTD

C(P,),C(P, ...,C(P),...

Kamxaoe mn3 prmx Beipamennii osmauaer cofiolo mexoTopoe
mHOmecTBO ofaacteii A, /[Ba A100bLIX M3 YTHX MHOKECTB JAHIIEHbI
ofmux pXEMEHTOB, Tak Kak Jaioboli paement mmomectna C(P)), mpu-
HAAMERMT “MHOKECTBY AL (P, +1), a cTaio OBITH W MHOMKECTBY
A; (P, ,) m, Bovbiue, scaxomy wmmoxectsy Ap(P,), ecan o' > a,
C1eA0BaTeAbHO, OH HEe MOET NpuHaziexaTs HA MBOKecTBY C (P, ),
uw; #dobme, kakoMy-amnbo u3 maomecrs C(P,,) upu o’ > oa. Taxam
obpasom aBa pazamumbix mEOMecTBa C(P) He MOryT MMeTb obummx
AJEMEeHTOB.

Pasanmymapie MHOXKECTBa C(P,), anmenanle nOMapHo o6umnx

PIeMEeHTOB, CYTh YacTH MBOkecrsa (A), cojepmKamero C4YeTHOE
uncio paementon. CaejoBareabmo, cpejm muoxkecTs C(P)) mmeerca

ne 6oasee cuermoro mmoxecTsa He mycrteix. I[lopromy, mo ompese-
IeHMI0 yYHCed OEPBOr0 W BTOPOro KJiaccos, mafiierca umcao B,
npepslmaolee BCe Te YMCJA o, AIA KOTOphX MHOXecTBo C(P,)

He nycro. Maoxectso C (Pﬁ), PaBHO Kak M BCe CJAeAyloliue 33 HHM,
oycro. Ho Mb1 3maeM, 4ro m3 cooTHOmenmH

CP)=C(P,, )=...=0

Mbl MOKEM 33aKAYUATDH, 4TO

Po=P . = ...

O6osmaunm yepes P, COBOKymHOCTh TOYeK, obumx BCeM MHO-
secrsaM P_. JokazamHoe HaMm npejioxenne MoxHO (opmyimpo-
BaTe» TakK.
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Cywecmeywin makue wuci@ o REPeot0 UAU 6MOPO KAACCA, UMO
P =P,.

63. JTor pesyibTar Myl AOUOAHMM CAGAVIOMNMA 3aMeYaHHAMH.

3amevanue I. Mycrs aanubie mEOMecTBa Py, P, ... yAoBAeTBO-
PAIOT cJAeiyloIeMy YCJIOBHMIO: eCAH & eCTh YHCJO BTOPOrO pOAa,
TO P ecThb COBOKYOHOCTb TOuYeK, ofiiux Bcem MHOmecTBaM P,
upu o’ < a.
- Paccmorpum Toraa kakyrio-anbo touky A muomecrsa P, Bos-
MO#HBl JBa cAyyaa: AnbO TOYKA A NpUHAJIEHKHT BCEM MHOMe-
crBam P m, crazo 6mreh, npuaajsexut maoxectsy P, aubo aro
yCiOBHE He BHINOJABAETCA; B HOCIEAHEM CJAy4yae CpPeAu MHOKeCTB,
He cojep:;kaminX TOYkM ‘A, HalljeTcs 080 ¢ HAMMEHbIIAM NHIEKCOM,
koTopellt Mbi 0603HAYNM uepes C; ATO O He MOKeT OmTh uyMCIOM
BTOpOrO poja, ub0 B Takom ciyvae TOuka A, NpUHAZIeKAMAA
BCAKOMY MHOKeCTBY P mpm a < G, mpusaziexasa 6wl W MHOMe-
crey P.. lloaowum ¢ —1=+v. Torza Touka A npWHAZIEKAT MHO-

HKeECTBy P7 — P_{ e Takmm o6pazom MBI MOAyyaeM COOTHOmMeEHHE:
- Py= E(P1 —P7+1)+P*-"

rae 7 mpoberaer Bce umcaa nepBOro u BTOPOTO KJACCOB (WAM, €CAH
yroamo, Bce uucaa<(, rie 8 o3HauyaeT HAMMeHbIIEe YHCIO, AAA
KoToporo P, = P,).

3amevanve II. Ecam, xpome npepmecTBYOMeEro YCAOBHSA, Mbl
eme umeem

P,=0

M ecim MHOmecTBO P, orpaHmueHo, TO HauMeHblee 4uC.JI0 G, YA0-
BJETBOpAOIIEe YCAOBHIO :

P,= PQ=0,

HE MOKCT ObITH yMCAOM BTOPOrO poja.

B camom zexe, ecam 6m 310 6bia0 TakK, TO ¢ 6p110 6B1 DpEsesOM
MOCAeAOBATEALHOCTH 9Hced 8y, Cy,..., O, ,..., TA€ BCAKOE 5 < O
Ho wmuosxecrsa Pos Py ooy Py s ..., byayun orpaBmuessbimu,

02 'Jn

3aMKHYTBIMH W He mycThiMl, Heobxogumo mmelT obmme TOuKH,
BCA@ACTBHE. 4er0 MHOKeCTBO P, He MoxeT O6biTh mycThiM. 3mauwnr,
8 mo He06X0 UMOCTH eCTb YHCAO NEPBOrO POAa; NMOAOKEM & —1=1.
Wrax, cywecmsyem makoe wucio ¥, wmo MHOdMCeCmEO P ne nycmoe,
@ MHOMCECTB0 P*r 41 Rycmo,

3amevanue I11. llycty sammble MHOMKECTBA YAOBAETBOPAIOT TOMY
YCAOBHIO, 4YTO 106AA U30AUPOBAKHAA MOUKG KAKO0-1ub0 3 UL
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OmCYTCIEY €L 8 Cleqylouen wRodcecmee. B aTom caysae A yTBep-
KAALO, UTU MHOMCECmBO P,, eciu mo.bko OKO He nycmo, ecmb cogej -
wernoe WHONCECTE0. B camom gede, 3aMKHYTOCTb MHOMCCTBA b,
caeayer U3 TOFO, 4r0, K4K Mbl 3HAEGM, OHO COBOAJAET C OAHUM H3
MHOKECTB Pp. Ecan 6b1 MBO®ECTBO P, coaepxaio u30aMposaHHYIO
104Ky A, TO p1a TouKa OblAa OBl M30IMpOBAHHOH B MHOXKECTBE 1’3’
a cAej0BaTeibHO He Moraa (bl npmHAjIEKATH MHOMKECTBY Loy =
== P,. Utak, P, ecTh COBEPUIEHHOe MHOKECTBO.

64. llpeamecTsyomue paccyxieana Moryr GbiTh NIpHUMEHERbI
K pAAy BPOM3BOAHBIX MHOMECTB jamHOro mmoxecrsa P. llpoussoa-
usie MHOMCCTBA P* OmpeseisloTca B MOJHOH aHaIOrMm O caydaem
aunelfiAbIX MHOMECTB. JTH MHOKeCTBa, Haungas ¢ Pl yi0BIETBO-
pawnT Bcem yciosuaM n. 62, a Takxke ycaosnam admeqanuﬁ 1wl
Takun obpasom, nce Npow3BOZHbIE MHOKECTBA, BAYMHAA C HEKO-
Toporo, cosnajawor Apyr c apyrom. Ilpm aTom mmokecrso P°, ecau
OHO HE NYCTO, €CTb COBEPUIEHBOE MHOKECTBO. ,Z[OII)CTEM, 4ro
mHOMecTs0 P samkAyTo, m nosomum P= P’. Toraa

P =3P —pthy L P

B cuay samevamun 1l mb1 BUJHM, YTO eCAH B HEeKOTOpO# orpa-
unyenuoll o6aacru mmomecrno P° OyCcTO, TO CYIIECTBYCT TaKoe
uHCIO ¥, YTO MHOXecTBO P mMecer Toukm B aroft ofaacrm, memxay
rem kak Muomectso P/ me cozepkuT B Heli mm 0180 TOuKH.
Muo:kectBo P’ umeer, CA€I0BATEAbHO, AHIIH KOHEYHOE YHCIO TOYECK
B paccmaTpuBaemofi obiacTwm.

65. Ycramosum Temepn paa oupeaeaennﬁ KacaloHuXCs CoBep-
UIeHHLIX MHOKECTB.

Ilycts P ecTp coBepmeHHOe MHOKECTBO B mpOCTpaHciBe G-
Ilyers A ectn a0bas Touka mmoxecTBa P m ¥ —cdepa, cozepxa-
was Touky A mEYTpH ceba. Mbr 3maem, uro cdepa L coaepmur
fecunciennoe MEHOKecCTBO Touek muomecyBa P. Mui Gysem HA3HI-
BaTb COBOKYMHOCTb TOMEK MHO}ecCTBa P, mpuHazrexamnx cdepe r,
yuacmkom muodcecmea P, onpesersembin cyieporo 5.

Muomxectso (), coaepxameecs B MBoxecTBe P, MbI Ha3zoBeM
luwde He NAOMHBLM K@ MHO¥cecmee P, eciu 60 6cAKOM Yuacmke MHO-
dicecmea P Hallgemca Apyioll ew YYacmoK, He COAepxicauuit Hu 0JHOU
nouku muoscecmea (). Ecam 210 ycaosme He BbIOJHEHO, TO Cyle-
creyer Takoit yvwacrok II mmomectsa P, uyro B Jl060M yuacrke
Muoxecrsa I cozepmarca Toykm mHOMecTBa (), Tak YTO MHOMKe-
CTBO ()! cozepmuT BCe TOYKM yyacrka II. B aTomM caywae mBoxe-
CTBO () BCIOAY MAOTHO Ha yuacrke II.
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Mn Ba3zpiBaeM MHOmeCTBO () MHOMKECTBOM nepeold Kamewpuy OT
HOCHTeJAbHO MHOMKecTBa P, ecan mmoxectso () npescrapaner cobo
coejMHeHWe CYETHOrO0 4YHMCAa MHOMKECTB, Huije He TNJOMHLT H
mHOkecTBe P. MHOMecTBO, HE fBAAOWeeCH MHOKeCTBOM NEPBO
KaTeropmu, Mbl 6yiem Ha3pIBATH MHOMKECTBOM 6MOPOl KAMEWOPUU. |

A yrBepmaato, uro eciu () ecmb MHOINHCECTEO NePEO KAMEWOPUU
omHocumesho MHodicecmea P, mo cywecmeyiom mouku mroscecmsa P,
He npunagiescawue muodcecmsy (). B camom gese, mycTs Kamgoe
n3 maomects Q,, Oy..., 0,, ... HArJe He IIOTHO Ha MHOKECTBE P
u nycTh Q ecTh coeamHenme dTx MHoxecTB. IlycTs ¥ ecTs Kakas-
au6o cepa, cozepxaman BEYTpH ceba Touku maoxecrsa P. Bayrpu
ee Mbl MOxeM HaliTu cdepy X, cojepmamyio TOYKN MHO#ecCTBa P,
HO He cozepXallylo Toyex MuoxectBa (;; BEyrpm L, — apyrywo
chepy L,, cosepxamyo Toukn MEOxecTBa P, HO He cojepikammyio
Touex muOKecTBa (,. Ilposoaxan 310 paccykaenne BeOTPAHUYCHHO
n Boibupaa cdepm Tak, uTO6bLI MX pasmychl CTpeMHMAECh K HY.IO,
Mbl JOAy4Yaem NpejetbHYI0 TOYKy B, npunaziemamyio Bcem cde-
pam ¥ ; B ecTtb mpejeibHAA TOYKA MHOMKECTBa P M, C1€J0BATEABHO,

NpPHHAJAEKUT PTOMY MHOKECTBY; ¢ ApPyrofi cTopomml, TOuka B He
upnHaziexuT HU OJHOMY W3 MHOMecTB () M, CIe10BATEAbHO, He

upuHajIeRUT MHOKECTBY (.

II. HEOBXOJUMBIE YCJAOBUA.

66. Teneps mb1 pacnpocrpanum Ha cayyafi Gpysxuu#i or meckoas-
KHX NEPeMeHHbIX oupejeieHns, YCTAHOBACHHbIE HAME AJA QyHKyumH
0AHOro He3asmcHMOro mepemenmoro (raasa IV, pazzex I). Mu
cpasy obpamaemca x (YHKUUAM, onpeseieHHbIM HA MPOM3BOILHOM
COBEPIMEHHOM MHOMKECTBE.

Ilycrs ¢yaxunsa [ oumpeserena Ha COBepIIEHHOM MHOMKecCTBe P
B upoctpancrse G,. Paccmorpum kako#i-ambo yuacrox II aroro
MHOxecTBa, B pagauumbix Toukax aroro yuacrtka ¢ywkgma [ opm-
HUMaeT pa3iMyHble 3HAYEHHS, COBOKYIHOCTb KOTOPBIX MMEeT ompe-
AeleHHbIC BePXHIOI M HIKHIONW TPaHM W onpejesenHoe xoiebamme;
ATH YmCAa MBI COOTBeTCTBeHHO 0Go3maumm uepe3 M (f, II), m(f, II)
1 o(f, [I). Bozsmen a0byro Touxky A mHOmecTBa P; OKpyxuM ee
cepoit L, mveromelt geatp B Touke A, m obozmaumm uepes Il yva-
CTOK MHOKecTBa P, onpeseanemsiii cdheporo L. Koraa paamyc cdeper £
cTpemurcs K mHyso, To qyskunms M(f, II) me momer Bozpactarts,
dyraruna m (f, II) ne moxmer ybmiBats, a caeiosatesnHo o (f, II) me
MOZET BO3pacTaTh. C.ueaonare.abno, 9TH TpPH BEJWYAHBI B YKa-
J8HHOM IpOUecce MMeIOT oOnpejeleHHble Mpegeabl, KOTOphIE Mbl
COOTBeTCTBeHHO 0bo3maumm wepes

M (f, P, 4), m(f, P, 4), o (f, P, 4).
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Mb1 Oyaem masbiBaTh QyBrumio [ Hempepbighoit B TOYKe A, ecam
0=70,"

" p(l.?pbwlt()ﬂ, CCAH

o >0.

Ecau II ects yyacrok mmoxecrsa P, onpejeisembiii karof-au60
cdepoit 3, cosepamelt BayTpm cebs Touky 4, TO

M(f, P, A) = M (f,1D).

Mb ckamxem, uro Qymkuua [ noiynenpepsiena ceepry B Touke A
OTHOCHTEAILHO MHOKecTBa P, ecau

M(f, P, A)={(A).

B arom cayuae, ckoan 6b1 Magzo mum 60 ¢ > 0, cymectsyer
takaf cdepa ¢ UeHTpOM B TOouke A, yTO, KakoBa Obl Hm 6blaa
touka A’ mmoxecTBa P, cozepmxamancs B pToli cdepe:

fa) <[(d)+-e.

O6parso, ecan pTO0 yCIOBHE BHINOXHEHO, TO
M=f

u (QYHKUMA NOJyHENpephiBBa CBEpXY.

Amaioruynoe onmpejeienne ycraHaBiuBaerTca 1ia pymkymii, mo-
ayaenpepwiBEbIX cHA3Y. Jan Bcakolfi ¢ymkumm [, ompeaeasemmofi
Ha MBEOxecTBe P, ¢ymkuma o (A)= M(f, P,A), noxyrenpeprisaa
CBepxy m (pymmnn UWA4) =m (f, P, A) noaymenpepsisHa CHH3Y.
Orcioza caeayer, 4T0 = M —m ecTb QYHKUUA, NOAyHENpPEePbIBHAA
CcBepxy.

Aaa pysxgun f, noaynenpepumoﬁ CBEPXY, MHOKECTBO TOYeK,
B KOTOpDBIX f==a, 3aMKHyTO, KakoBO 6b1 HW 6n110 o, B wactmocrn,
Ala  mpou3BOAbHOM (])ynnuun f MHOKECTBO TOYeK, B KOTOPBIX
® =0a, 3aMKHYTO.

67. Ecam dysxuns f onpeaeaena H3 COBEpIIEeHHOM MI0KeCTBe
P, T0 BO3MOXKHDBI TPH CAyyas:

Ilepsniit cayuai. B xkamaolt Touke mmomecTsa P

o =0,

— ¢ynruuA HenpephiBHA Ha MHOKecTBe P,

Bmopoit-cayvanr. B BexoToprix Toukax «.> 0 HMEIOTCA, CTato
ObiTh, Toykn paszpuiBa. Ho aonycrmm, uro aan atoboro ¢ >0 MHO-
JKECTBO TOYeK, B KOTOPbIX -

o(f,P,4) =3,

8 Bop. Teopua paspusAmX Jymkanfi, 113



‘Wusge ke mAomuo Ha MHOMecTBe P. Paccmarpumas’ Torja nocaeio
BATEABHOCTD 8y, gy ...y O, ..., CTPEMAIIAXCA K HYAI0 MNOJOKH

TEeABHEIX 4MceA, Mbl BUAHM, YTO MHOKECTBO TOMEK paspsiBa, OyAyd
COeAMHEHWeM CYeTHOr0 uWcAa HHUrAe HE NJIOTHBIX MHOKECT
eCTh MHOKeCTBO nepsofi kareropmm orHOCHMTeJbHO F.  3HauuT
na xobom yuactre mHOmecTBa P mallgyrca TOYRM, B KOTOPBIX
(pyarpms HenpepniBHA. :

B arom cayuae mbr HazoBeM QYBKUHIO [ mouewHo ja3pbienod HA

. mpoxecTse P. :

Tremun caywait. Pynxuna [, 6yayun paspoisaoit Ha maOKecTRE P,
He ABIAETCA TOYCYAO PA3PHIBHON; CAez0BaTeABNO, CYLIECTBYET TAKOE
00J0KUTeAbBOe umca0 o W TakoHt yuacTox [I mmoxectsa P, uTto
o==a B Kaxpoi Touke proro yyacrka II. B prToM cayyae mb
craxeM, uyTo GyHRuna [ paspwiena cniows Ha ydactke II.

68. Ecau nocserosameswocms  ymryui fiy fo, ooy f, oo o
ONPeACACHHOLE U NENPEPLIGKBLT KA COBEPUWERHOM MHOMcecmee P, umeem
ceoum npereron fynkywro [, mo M@ NOCACIHAA MOYENHO PAIPHIGHA
na mroocecmee P, ITpm prom mul mpeanosaraem Gpymxguio [ orpasm-
yennoil.

Mu 6ysem noan3oBaThCA BCe TeM e CrocoHOM JOKASaTEAbCTBA.
HokaeM, kak BhITexkaeT MpPOTHMBOpeYMe W3 AOUYIIEHWA,YTO (PYHK-
pua f pa3priBHA CHNAOmMB HA HEKOTOPOM YuyacTKe MHOKecrsa P.
Ilycrs cymecrsyer Takofi yyacrox H mmomecrsa P W Takoe IOXOs
KATeAbHOE 4HCI0 2), 4TO © > 2) B Kamaolh Touke MHOROCTBA
H. Ilpm atom ycioBum, pasymeercs, kosebamme Qymrguu [ ma
x06oM yuacTre wmmomecTsa H mpemocxoaur 2A. Bozemem kakoe-'
au60 noiommreinHOE YMCAO 1, MeHbIEe, HEREAW A, W NMOXOKHM

A=y-4e.

il

IMycrs p ecrs aw6oe  marypainaoe wmcio m H, — zoboit yua-
crok mMuomecrsa H. Ilycts 4, ecr» TOurRa MBomecTBa H, saraio-
yenRaa BEYTpH chepn L, onpezesmomedi coboio ysacrox H’. Tax
K3K  00CAeAOBATEABHOCTh [, (4o), [ 2(A°), ... HMeeT CBOMM

upeseaom f (A)), TO cymecTByeT Takoe HATYPaIbHOE 4MCIO & > p,
410 '

|f.(40) — f(4o) | <o

Tax rax ¢ymryna f menpepmBaa ma mmomecrse H, To cymge-

creyer chepa %, ¢ pentpoM B TOuKe A), COjpPRAIIAACA BHYTpH
chepnt L m rarad, wro aan siobo#t Tourm A yuacrra H, mumome-
crea H, ompesersemoro cdeporo L,

[ () —F,(4)| <e.
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3amenuM Téneps cdepy L, xomgearpuueckoto cheporo L,metis-
wero pagmyca. dra cdepa T, COzepKMT BHYTPM cebs TOuKY A,
muoxectsa H, obozmaumm uepes H, ywactox mmOxectsa H, ompe-
seademblii cdepoio L,; mo npesmoiomxenmio, Ha JTOM Yy4acTe
xoaebanme Qymkymn [ upesocxosur 2i. CiegoBaTedbHO, Ba ITOM
vuacTke Halizercs Touka A,, 41a Koropoii

|F(4))—f(A) | >

Touka A,, npurajsiemaman cdepe L,y HECOMHEHHO JAEHKHT 6HY-
mpu cfeput ¥,. Mp1 Momem mafiTH, Bo-nepmmx, umcio > p, xaa
KOTOpOro

lfp (Al)_f(Al)l<5>

a 3aTeM, NMOXB3YACh HempephiBHOCTbIO (ymrumm [,, —cdepy I,
¢ UeHTPOM B TOYKe A4,, 3akAloyeBHy0 B cepe 3, W Takyo, uTO,
o6ozmavan vepes H; ompeaeisembiii eio yyacTox maoxecTsa H, Mb
umeau 6m aaa aoboit . Toukm A proro yuacrka

fo (A)—f, (4)]<e.

Toxyyennnle HAMU NATh HEPABEHCTB CHpaBeJAMBEI 4As 11000
TOYkH A ywacTRa Hj, B cHAY TOrO, YTO PTOT YYACTOK COCTaBAAET
vyacTh yyacTka H,; orcioza Mb1 3akarouaem, 4To zia Jiobolt Toukm
A yvacrra Hg

|f (A)—f3 () >y,

11, CA€10BATEIBLHO,
“’[f],-}.l(A))'fp_,_g(A)’ el > 4}

Jaree Mbl 3aki0uaeM Tak: JAA BCAKOrO HATYpaJbHOTO YuCAAd P
aobolt yuacror H, mmomecrsa H coaepmur BEyTpm ceba Taxofi
yyacror Hg, BCe TOYRM KOTOpOro yaoBieTBOpsioT ycaosmio (1).
CoBORynHOCTb TOYex MHOXecTBa H, He YAOBIACTBOPAOWIAX JTOMY
YCAOBHIO, €CTh, C.Je10BaTeAbHO, MHOKECTBO Huije ke TAOMHOE
ornocureabno H. 3acraBasa p npobeiams Bce HaTypaibHbie 3Ha-
yenna u Oeps coesmHenme BCeX MBOKECTB YNOMAHYTOrO THNA,
MBI 1OAy4aeM MHOKECTBO nepeoll kamewpuu orsocuressno H. Ilo-
ATOMY CymIecTBYIOT TO4YkM A MAomecTsa H, He npuHajzxemamme
ATOMY MHOMKECTBY M, CJef0BaTeAbHO, NpM JI06OM p yA0BAETBODA-
omue ycaosuio (1); aTo ke mporusopeynt TOMY 06CTOATEALCTBY,
4To fp (4) crpemuTea x onpezesemHOMY npezesy NPH HeOTPaHH-
YEHHOM BO3DACTaHMHU P.

~ Wrax, dynxyua [ moueuno paspviena na 6cAkom cosepuUiEKHOM
MHOdICecmae.
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HI. AOCTATOYHBIE YCJIOBUA.

69. Mb1 Teuepsr moxaxeM, 4TO dTO HeobHXOAWMMOe YCAOBHE B TO
e ppeMa m pocrarouno. Jas aro#t geam mam yzobmo, osmaxo,
cieAaTh HeKOTOphle NpeiBapHTeAbHBIe PACCMOTPeHNA.

lycrs [ ecrs ¢ymxuma, ompejeseHnHas Ha NPOHU3BOABHOM CO-
BepUIeHHOM MHOMxecTBe P m HpUTOM OrpammyeHHad, T. e. HMeOman
KOHEYHYI0 BEeDXHIOIO rpanb M W KOHeYHYI HHKHIOK TPaHb M,
A yrBepmaaro, uyTo ecam QyHKuuUA [ eCTh mpejea INOC.IEAOBATE.Jb-
HOCTH HenpepblBEbIX (ysRumil, TO CymecTByeT NOCIEI0BATEALHOCTD
Henpepusabix Gyaruud f;, f,, ..., [,, ..., WMeolaa CBOHM
upejexom QYBKuUIO f W 6ce PYHKYuu Komopoil 3aKAIOUEHBL MEHCAY

u m.

IlycTs mam m3BecTHA MOCAGAOBATEABHOCTD @1y Pgy -« o3P, « - -
Henpepripanx (ymrymit, umelomux csoum mnpejesom dyarynio f,
HO He YAOBIETBOPAIOUIMX BbIMEYNOMAHYTOMY AOUOJHATEALHOMY
ycaosmio. lloramem, Rak B TakoM ciyyae cieiyer crpouTh QYyHK-
uuio f,, ROTOpas A01xHa 3aMeHuTh Qyakymo ¢ .. Bo Beakoil Touke,
rge m=o¢ =M, wmbn nosomum [ ,=¢ . B Tourax, rae o ,= M,
MBl NMOAOKHM fi=M; HAaKOHeY, B TOYKAX, [Ae © ==, Mbl MOAO-
wum [ =m. .

Ilpexae Bcero, m3 mempepviBHOCTH QyHEYUH ¢, cleayeT He-
npepeiBaOCTs Qymrgum [, 6o zas AByx AwObIX TOdek A m A’ Mu
nMeeM:

[fi(A) —f,(A)|=]5,(A)— ¢, 4)]

Ecau rouxa A’ CTPEMHTCA R TOYEe A, TO upaBag YacTh PTOrO
HEepaBeHCTBA CTPEMATCA K HYJI0, 4 CJEJOBATEJHHO TAKKE W JeBas.
Mokaxenm Temeps, 4TO B JI0G0H Touke A

Lim f, (4) = (4).

B camom jese, BozMORHK Tpm caywas:

llepsone cayuair. m < f(A) < M. B arom cayuae, npu J0CTaTOUHO
6oabmom i, m <o, (A) < M. Iopromy, npm Goxbmux 3maveHUEX
i, f{(A)=19,'4), orkysa u cAejyeT CIpABEJIHBOCTh HAMIETO
yTBEpEACHUA. '

Bmopow cayuai. Mycrs f(A)= M. B Takom cayvae gam awo6oro
e >0 maiigerca Tako#f mmaexc v, uto apu > v:

M—z <o, (A)< M+
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. yma ‘Ecan f (A)_-m, AOK838TELCTEO ana.mruuo
npomaymeuy Tarum /oﬁpasou Hame YTBEPKIOHHO cnpaneunno
BO BCOX: CAyJafiX. .

70, YecramoBuB pTO, oﬁpa’rumcn _Teneph K HEKOTOphIM . CBOH-
crnpx pannouepdo cxozamuxcs psioB. Ilycrs mbr. HMeeM pas
LOHEE N vy Uiny <., YAGHBI KQTOPOTO CYTH ¢yakgun, oupese-
ZeHAKE Ha HEKOTOPOM COBOPWIEBHOM MHOKecTBe P,  mycTs psa
cxoanrca B kamaofi Touke Mmomecrsa P. Mst CRaeM, uTO. |
AGRART PAJ PASHOMEDKO CTOAMMCA Ha MHodcecmse ‘A, eciu 2ig eA-
k00 ¢>0 u 248 ecakowo Kamypaibnoo wucia h naa,aemon maxKoe !
namypasshoe wiucid n > h, wmo :

I“n+l+un+2+ e <
. Jwb'oa mouxe .amoolcecmaa P, - '
- Hoxaran ¢

g _u1+u2—}—...—}—u

4 pﬁosnaqau uepes [ cymmy zammoro psaa, st Gyrem rénopnn, .
qro Q)ynngml f, pasmomepno crpemurca k ¢ymrgun f. Hasecriro,

YTO €CAE WIEHH! -PAAA CYTh HenpephiBHble (YHKUMH, TO W yms-
gus f Henpepmsaa, B camom zexze, mycTts A eer npom3soibHAR
TOYRA MHOKecTHA P U ¢-— NMPOM3BOABHOE IOIOMATEIBHOE HCAO;
'roraa cymec'rnyer Taroe HaTypasbHO® HHCXO 7, 4TO.

: Cf—fi<s \

Axa .no6aﬁ ToukM mMHOXecTBa P. B cmay neupepunnocm (bynxnn
f,-cymecTsyer Taram cgepa X ¢ UeHTpoM B TOuKe A, 4TO A
mﬁ(ﬁ m‘l}nx A4’ maoxecrsa P, sak1ovennof BEYTpH a’roﬁ cd)epn

|4 —Fu(B)] <e

| £ ) — ) |< e,
, ' y—f4) | <e,

If(4)—F4)) <3¢,

weu " goxasmnaercn HenpephBHOCTs (yHkguu f B TOUKe A

R4
*

.

Maxee uu1 ‘Hueem:
Or.x.y‘.m"-

%

\‘ ‘Onmpejgeldenre dTo, HECKOAbRO 60iee  IHEDOR0E, HEXeIH o6s1simos olp
Aelomue papHOMepHoll cxoguMocTH, 6pti0 BBeaeno Dini, nompuﬂ uaana.l
BTOT fipa:'rep cxo,auioc'm czoauNoCTIMO nyocmo pusHomeprod, W

=) ‘ “:7' s



W PRAG Bymo PPEACADS . THUCACKUBUNI EBNOCINCT . WEIPT
8, Mo ImuM: e osbﬂpmaow 0646 40ém » cym

exed GOHPuN: cAyHAl R wacTHOMY:

H;cu Ml HMBEH PIRHOMEPRO cxoaamnlci b

: R “|+”s+""+“p+“~
 Hosomax :
> »" =ul+u2+ cave +“'
-l’iécuotpuu nanoﬁ-.mﬁo cxoanignitcn: ;m u,~+- qgu}-. -0
4'¢ NOJOXRWTEILERIME U “yOupmayuin - naenam

edaRibM HAME NpeANOLOMOUNAM CYMOCIBYOT 1akDS. lt
8" YHCAO Py, UTO AN Beex TOWER MHOmeCTRA P |f -"-}-1
dee, cymecTyer TAKOE WHCIO P, > Py, Y0 KIE BCBX
i Mmomecrsa P |f, —f|<ay m BooGime, TaKGE 7, >>7, 6
i MCeX TOYeK unomec'rna P If,, —f <o, e Ilo.uoxmu L

B - .

.Uo=fp°) Y =fp,—fp;,’ vaey” U‘:r—-;-\-&‘;_-..f}‘—" o ‘.

‘ ’?:—_Tgi‘aa. R L

‘ | Uy ‘-—-if,‘ f,., 1=t fp‘—fli'};!fp‘_‘;_‘f*ﬂ'

‘I'Q'RZOMTOJBIIO S -
"N |U |<a,-r-a <2a,. -

nocpe.ac'rxenno, OYeBHAHO, ABIAGTCA . npeseson noc.leuosa'r’
TH Héupepesunx dysrpui. s - s
Taxum obpuson rocpesemedn COOmBEMEmBENNOE \
" AGHKO0I0" PAIG M ROCEM I@M. KUMbd FROM DAA gpquu W
"U,,..., Upeoo, WIeHS  KQMOPOW, HGYUKGA CO 6MOPOWD; . AP

2a,,l 2a2,... , 2% “ve

L

2;. Yrobu uo:aaa'n,, 4To cyuna f paaa (1) ecrs npeaea PNy
4bHOCTH HempepmBHmX (ynsiuil, Mbi, cA610B8TEABHO, uom
DXKHTH, YTO YJGHL. PTOFO PAAS U6 abcodTrOMY snAeREE)
COOTBOTCTBYOIQUX 4YJOHOB CXOIAUIErocs Pasa ::‘, a,,;_

dmareasaviuu  yseaawn. Tareu. oﬁpasol-




Ilo 1peInOIOKeH 0, CYUWECTBYOT MO CIeJ0BATEABHOCTD U
Uy,

u
R TR,
Uygo+*> Upp -+ HOUPEPHIBHBIX bysrguii, WMelomianm npejexom

(yBKUHIO u, W TaKas, 4TO aLA aoboro p
=
=
n CIeJ0BATeABHO
—_— =
o, —u, ,|=24q,
Hoxoxum:
. fi=ty ey
dyaxyus f; méupepmsaa. fl yrBepmaaw, YTO OHa CTPEMHTCA
k ¢yakygnm f npu i — oco. B camom jese, Mbl MOKeM HANMCATH:

f—/;:_—'(”1_“1,i)+(“2_“2,1)+ "'+(”i_”¢,i)+"¢:+1+
U o ene

Hycre 2e o3smauaer npoM3BOABHOE HOXOKHTEALHOE WHCIO.
lycrs marypaismoe umcio q Bmibpamo Tak, uTO ‘

2(“q+1+”q+2+“-)<3~

Ilycrs aazee i > ¢; pasobrem nalizenHOe HaMH 44 Pa3HOCTH
| — f, Bhipaxenue Ha JABE 4YacCTH, MepBaA M3 KOTOPHIX OYCThb CO-
AepEMT ¢ uepBhix yaenos. Iloiommm

(g — ) o (0 — ¥y ) A, —w, )=1

(M1 — ¥gpna) im oo (=) Fuy o, =
Toraa ’

f—fi=t+p

Paccworpnm cmavasa p. Yiems cocraBasiomero 3Ty Cymmy
pAsa no abCOIIOTHOMY 3HAYEHUIO MEHEe COOTBETCTBEHHBIX 4ACHOB
psaa

20, 1,120, 4. A20+40a, +a . ,+...<g
OTKYyAa ’
lp|<e.
PaccuorpBm remeps A. Jas onpesesennol Touykm A mHOK6-
ctBa P A crpeMuTcA K HYJ0 IPH HEOTPAHMYEHHOM BO3PACTAHMA i,
6yayum cyMMolo KOHeYHOIO YHCJa pasHOCTel, KaKaas W3 KOTO-

prix crpemntea K uymo. CiezoBareipHO, npm A0CTATOYHO 60XB-
mom i Mei Oyzem mmers: |A|<e.
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Takum ofpasom, axa awoboit Touku A mmoxectsa P, mpu
crato9no Goapmom i

| F(4) = f; (4) | <2

1o ozmauaer, ut0 [, (A) wumeer cmoum npesesom [ (A) o
ramaoli Touke A mmoxecrsa P. Caejzosareanno, ¢ymkuua f ectsn
npejel MOCAeI0BAaTeAbHOCTH HeNpPephIBHBIX (yRKpui.

JAoxazannyio TeopeMy mbl MO:eM (OpPMYIHPOBATH TaK:

Ecau nocaesosamervnoomy  fynwyus f f, ..., f, .., kaocaan
U3 KOMOPHLT ecmb NpeJel NOCAE08AMmesbKOCTIU KenpepbsKaiT §yHRKyul,
DAGHOMEPKO cmpenuinca Kk Pyrkyusu f, mo nocieiuar marce A8AAEMCA
npeseioM NOCACJ06QMebHOCIIVY KeTPEPLBHYT fyHKyul.

B camom jeae, moaaras,

u\o:fv_fv——-l’

MBI BHJMM, 4TO ()YHKUMA [ ecTh CyMMAa DaBHOMEPHO CXOAAMIErOCH
paza ¢pymkuuil, Kaxias U3 KOTOPHX eCTh Mpegel MOCIe10BATeAb-
HOCTH HenpephiBHHIX (yHKRUHUi.

Unaue rosopsa, szomyctum, uro ¢ymrgua [ obaazaer caexyio-
wmuM cBoficTBoM: ckoap Obi mMazo EM 6bia0 & >0, cymecrsyer
dyBsgyua o, ABAAOIZAACA NpPejei0M MOCIEA0BATEAbHOCTH Hempe-
puBHbx ¢yskyguék u orTaMuamasca or QYRKQUM [ MeHee deMm
va e. fl yreepxaaw, uTo B TakOM caywae QyHRyuA [ eorb mpe-
Aea mocaejoBaTeabBOCTH HenmpephisReX ¢ynkguii. B camom aexe,
utobsr B proM y6eAMTHCA, AOCTATOYHO PpAacCMOTPETh KaKyio-au6o
NOCAEAOBATEABROCTD &y eyyv ..y &, ... MNOIOKHTEALRBIX dHCE],

CTPeMALIUXCA K HYAI0, H ONpeieJuTh AAA KaMKi0r0 umMcia e, PTOH
noc1ei0BaTeAbHOCTH (p}nxgmo ©,» OTAMYAIOMYICA OT [ Meuee He-
HeJH Ha &, M ABAAKINYIOCA NpejelOM MOCAeZ0BATEALHOCTH Hempe-

puisHbIx Qynkpuit. It Gyakyun pasrOmMepHO cTpemATcA K QYHK-
guu f, u, ci1e10BaTeALHO, MBI MOKEM NDHMEHMTh TOABKO YTO A0-
K43aHHYIO TeOpeMmy. . _

B Buze camo#t kpaTko#t QopmMyAMPOBKM MBI MOXeM CKa3arb,
uT0 FYyHRKYUA, KOMOPAA CKOAD YI0IKO MAL0 OMAUNAETCA OM FyHKYUU,
ABAAIOWEUCA TIPeJeJOM TOCAEA08AMEALHOCTIL  HEMPEPHEKBX  PyRKyuil,
cama obrajaem >mum CB0UCMEOM.

73. B jaipmefimem wp1 6ysem mOAb30BATHCA HeNMpepHBHBIMH
$ynrguamMu, koTopsie Me Gysem CTPOMTH AHAIOTMYHO TeM (yHK-
UHAM OZHOrO MepeMeHHOro, Kakue Mbl paccMaTpuBaiu Beime (m. 59).
JdonycTum cHavasa, 4r0 peun uAeT O (PYHKUMAX, ONMpejesAeMbIX
BO Bcex TOuKax mpocrpamctsa G,. Ilycte p ects mpoussoanmoe

HAaTypaJarHOE 4HCJA0; paccmoTpum BCe TOYKH MPOCTPAHCTBA Gn, KO-
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rje o -—npou3BOJAbLHOE Le-

a
0opAuHATH! ROTOPLIX MMEIOT hopuy 9

10€ UMCIO0; 0603RAYMM COBOKYMHOCTh TARHX TOYeK depes §. Iru
TOYKH NMPeACTaBAAIT co60i0 Bepmumn mocTpoennoll B mpocrpan-
cree G, cern xybos, mpuuem xaxoﬁ-aq(iio ‘ky6 & pro#i cerm ompe-
jedaercA YCAOBUAMH —;% éwiéii?t— . Aaa onpexesenus Gynk-
uud, KOTOpYio Mbi zaaee obozmagum wepes [, Mb cHauaia ycra-
HOBHM ee 3HAYeRHA B TOYK3X MHOxecTBa S . 3areM, 4TOOM 3a-
BepIIHTH .6e ONMpCieeHHe BO BceM NpOCTpamcTee G, MBI MOTpe-
6yem, 4robbl B Kamaom H3 Ky6os & aTa QyEKUMA Oblaa .1unedHOl
no omuouteNwio K Kkagiczomy us nepemennviv. Tem campim ¢ymruna
ara Gyier BmOaAHe Ompeseleua.

PaccmorpuM, manpmmep, cayuali Tpex nepememmeix I, y, 3.
B xaxaom m3 xybos pymrgus f, umeer dbopmy:

A ays+ Agys +Ayjos+ A, ay 4 Ay o+ Agy 4 A7 5 A

BoceMp BxoaAlux B aTO BhIpaxeHnHe KOPQHUHERTOB BCOUelO
onpeaeIAlOTCA TeM, 49TO0 (bylmgnﬂ AO0JKHA ?IMCTB Hanepejx 3ajaH-
Hoe 3HadenMe B Kaxiofi um3 BochMu BepmuH Kyba.

Touxn mpoctpamctea G, mn 6yizem pazseiaTr Ha pasimuHble
xareropun. Tak, B ciyuyae n=3 mw Oyzem pasiuyaTh TOUKH
MHOkecTBA §, (BepuuHLI ky6o 8); TourM, Jexammue Ha pebpax
ky60B, HO He ABAAIOIIUECA BePIIMHAMM ' MOCAGAHUX; TOUKH, JeKa-
mue Ha rpamAx, HO He Ha pefpaY; W HakoHey — TOYKH, pacmo-
J0:KeHHb1e BHYTPH KYy60B.

B Toukax MHOMecCTBa S, smademme ¢ymkguu [ B3azaerca Ha-
nepes. B Touke A, sexaygei ma pebpe, smauémme Qymxguu [
onpezeldercA ee 3HAYEHMAMH B Bepmubax aToro pebpa. B Toure,
pacmosoxenuoit ma rpamu, 3maueHue Qymkymm f, onpeseisercs
ee 3HaYeHHAMM B YeThipex bepmunax aTo#i rpanu. Hakonew, B TOuKe,
3akal0ueHnoll BEYyTpu Ky6a, pTO 3HAavUEHHe YCTAHABAMBAETCA C NO-
mMomblo 3madeHuit pymruuu B BocEMM BepmuBax proro Kyba.

Moaoburim e obpasom u B obmem caywae mMp1 y6esaaemcs,
uTO 3mavenwe ¢yHKuuu f B TOuUKe A C KOOpAMRATAMH T,

Ty« ++) T, OUPEACAACTCA 3HAUEHUAMH To#l e QyHKQUH BO BCex Tex
@ Oy [
TOYKAX MHOXeCTBa § , KOPAMHATHI KOTOPRIX __ , < ... " yg0-
4 or ° op or
BAGTBOPAIOT HEPABOHCTBAM!:
I a, 1
. K3
T — —} <=. 5]
2 e -
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damerum, maromey, uTO 3Kauenue PHyHKYUU fp 6 mouke A 3aKAN
YEHO MeHCAY HAubOABWUM U HOUMEHOWUM U3 MET HANEHUt, KOmop
ew onperersom. Touku mmokecTsa S, yAOBIETBODAIOIIUE YCAO-
a0 (1), Mb Gysem Ba3bIBaTh MOUKAMU NOPAIKG P, COAIGHRHLMU
¢ moukou A. .
Ycaosme (1) MoxmO mamucaTh M Tak:
a,—1 a,+1

Ty NSy

Takum o6pasom, Bcakad TOYKa, CBA3aEHAX ¢ TOYKOH A,
ABAAETCA LeHTPOM Hexoroporo kyba A, coiepxaimero BEYTPH cefa
Touky A (n. 61).

- Bce cBoaurca k onpesesemuio 3HauemuA GpyEruuHM f, B Kampoft
Touke B mmoxectsa S . JT0 3maueHue Mbl OnpejeluM HA OCHOBA-
HHM COBOKYNHOCTH Bcex 3Havenul, mpumumaemnix ¢ynrymelt [

B xybe A, mmeomem QeHTp B TOuke B mzammy pebpa =1 -

G xamaofi obaacteio A My cBAxeM onpeieiennoe UHCIO
¢ (A) m sarem mnoasoxum aas Kaxaof TOuku B mmoxectsa S o
f, (B)=7»(d), mpumumas 3a A Ky6 c uemtpom B TOUKe B

M C ZAMHOI0 pebpa 2,,—,_1 . Aasa mpovux TOuer npoCTpaHCTBA G, MBI

3aTeM omnpejeiuM 3HaueHHA (YHKQuH [, BHINEONMMCAHHBIM CHOCO-
6om. A yrBepmaaro, 9TO MOCTPOERHAA TakuM 06pasom mocaezosa-
TeabRocTh Qymxgui [, f;,. .., p¢++ 0yaer cTpemurscs k (yHK-
gue  f, ecam uwucaa ¢ (A) 6byayr yaomaersopars caeayomenmy
ycaopmo: )

Ycaosue (a). Kaxosn 6o wu 6oriu mouxa A mpocmpancmea G,
U NOA0MCUMEIbHOE YUCAO &, CYyuecmeyem MaKaA cfepa T ¢ yenmpom
6 mouke A, wmo aia wo6ou obiacmu A, cozepacamenca cepe T
u cozepycauielt enympu ceba mouky A:

¢(8) -] <e. (a)

B camom 1ese, koraa p npesocxozut HeKOTOpOe 4YHCAO ¢, TO
Bce obaacTu, saxaouaromue BHYTpH ceba TOuky A u umeomue

1
axaumy pebpa, pasmyio 1 HaxoaaTcA BHYTPR cdepn L. Hauunan

C. pTOT0 MOMeHTa, 3uauenus GpyEKEEH f, B TOuRax mopsaaka p, cpsa-

BAHHALIX C TOUKOW0 A, cyrp umcia ¢(A), yi0BA@TBOpAIOIHE ycao-
BHIO (q). Ho seanumna f, (4) sara09ena Mex )y 3nasennaMu pynmk-
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R A<,

lim f-,(A)=f(A).
y_—»cb - . v
‘ _ mey MBI npemoaarun, aro q»_ymcnnn
Béex TOYKEX npoctpanctsa G,. Jomyctis - TOIbPS,
OfpeAcaéns TOBKO B TddRax *nponspoabHOrY
enBoro muokectsa P. B aron c1yuae aocraTouno. Gyset onjles
=Hcaa ¢(A) arn :rex u3 obaactelt A; Roropwie . cosepmat
~cebn -TOURE MEOmecTsa P. !I?ym:umo f, uu Gysem ompe-
, RAK PAHES, HO GTAHEM TeHEDb PACCMATPHBATH €. TOALKOD
sax cosepmennoro muomecrsa P, Ecau dmcia o(A) yrosse-
BT CAOBHIO (a), 70 f, Q-rpeun'rcn K f B Rams0#f TOYES uno-
Ba F, | U
A Baﬁuemcn 'renepx. onpeaesrennem wncex ¢ (4). Ilyc-rb £ eorx,
nudentind PyHKRURS, OUpeleleHHAA HA COBEPUICHHOM gMH
se-P B mpocrpancrse G, W TOYEYHO DA3PHIBHAA . HA :BCAKO!
PHICHBOM MHOXOCTBe. Ich-n,, c apyroi#t cropons, a ecTh mpC
AbEO®. HOAOHTEIbHOe uucA0. Mbl MOCTBPAEMCA ONMPOALIHTE:
pynxumo F; oppeseiennyio ma mmomecTsé P i OTAHIAN M yIOCK
‘pynrgun  Memee, Hemeam Ha o, W 2).umcaa ¢ (4), y.{onae'm
e yciosmio (a) orHocmTeasno Qyskgmm F. -
geasx egumerpun obosmavesnit, mul Teneps. oGoanaquu mm,
T80 P gepes- P,. Mur 8 Asabseitimem onpejesus: mposmecrea ;.
PP y: TA@ & — J10600 9HCxO - NepBOTO MAM BTOPOLO KAAC

H YCTAHOBHM c.deﬂymmﬂﬁ cor‘ameﬂlﬂ’ ;
& >0 ecrs wrexo - “mepsoro- poaa, 10 myers F emzy.

T Y

- *”[f, p A]%‘

2 ¢~I>P¢"

_Ec-m u ms 4mCIO BTOPOTO Pord, TO P onpuulwu ‘RAR
ynuocn _TOYeK, OofOHX BcemM WMHOEECTBAM P /; ugn m’




o ,ygoue-rnogmor ycmanu n. 62 |, npOue roro, yeappran 3‘#“" :
 wennf- I u IIL CaezoBaresrHo, wHORecTBA PTH, BAYWHAA C Hexe
“roporo mmiexca , cosuajaiwr C nexoropmu upoxmecrsom Py, opm

‘wu, B CHAY saueqanmx I, Mix Moxenm nanncan,.v— L
. Py=3(P, ——PH)_{_

" rge y upoberaer Bce SHaueHHA, MeHbMHe, HemesH [.
" B cnay sameuanua III, P, ects aubo cosepmennoe, au6o nyc

MHO0xecTBO. A y¥BOp:AaI0, 9TO B HAIIOM CAY9&e PTO OCTH nycToe MH

|ecro. B camoM zeae, ecam Gm oHO He 66110 mycThM, ,'ro coo

. HOmeHHe ; .
P —-P (= .—P N

' mpoTHBOpeuR10 651 uaﬁaennouy HaMu coo'rm)meumo P‘>PM
Cae10BaTeAsbHO, MKl MOKOM HAIHCATD: ’ o

Py=Z(P,—P, ).
I{mxaan 'ro-ma A mmomecrsa P, npuhauemm onpemennogg
* umomecrsy P —P, .. Muomecrso e P, —P, | MOBHO paaxoxnris

CAeAyIOmUM oﬁpaaou.
‘P~‘ — P7+1 = (P1 - Pj ) + (P$ - P'l+1)’ .~
TZe, B CBOIO 0OUEpeAb:

P—F =3(P, -P‘+‘),

‘MEAGKCA, HATHRAA C KOTOPOTO BCO PTH MHOXKECTBA MyCTHI . ,
. Taxum oﬁpasou MLl BRANM, 9TO Kamian TOUKA A Mnomec'rna Po

')m MHOXeCTB PY —P, 1 Tr c'z
Veramosue pro, onmpeseanm Ttemeps Qymkgmio F. B Foume. A

;upnnauemameﬁ 0AHOMY H3 MHOKECTB P —Pv+ » MBI no.&omnu.. -

FA)=f (4).




Al yrsepaaaio, uro B focsesHem cayuae:
I[—F|<a.

B camom aeae, B 10uke A, mpumrajremameil mmomxecrTBy P:, HO
He npHunrajiexaumell MHOXeCTBY P_( 41> MBI HMeeM:

o [f, P}, 4] <.
Ho w= M — m, npuuem m=F u m = f= M. Orcioza:
if[—F|=MN—m<a.
Takum o6paszom, MbI MMeeM BCIOAY:
[f[—F|<s.

Hepetizem Teneps & oupezesenmio umcea ¢ (A). Ilyers A—
kakas-1u60 u3 wamnx oGsacredl. O6oznauum qepes @, , MAROKECTBO

TOGeK, NpuHaileKaWuX MHOMecTBy P ® 3a¥Al09eHRHIX "B  06-
aacTu A, npuyem Bo3MoxEO v = . Mnomectea Q cyTh 3aMKHYyTbHI®
MHOKECTBa, Pacno.ao:ieHHbe B TOM ke MOpAAKe, 4TO H MAOKecTBa P
Paccmorpum chavara Bce muomecrsa (), ,, rae y mpoGeraer sce,
uucia MepBOro M BTOPOro Ka1accop. MHOmecTBa PTH YA0BAETBO-
paloT ycaosuam Teopemb m. 62 m samevamma 1I. B camom zese,
npu A0cTaTOYHO 60abwoM Y MAOKeCTBO Q. , mycTo, u6o mpm Y=
P‘T’ ecTh mycToe MHOmecTBO. Kpome TOro, aTm MHOMkecTBa OrpaHu-
uennl. CaejoBaresbHO, CymecTsyeT Takoe 9McaO ki, uro B obaacTu A
MHO®OCTBO (), , He NYCTO, MemAy TeM Kak ()., , eCTb HyCTO®
MHOKeCTBO. .

Onpeaeans Takmm obpazon umcao h, paccmMoTpuM Temeph MHO-
mecrsa @, ~ npu pasauumbix v. Ecam mRomectso Q, , mHe mycro,

nosomum k==2. B nporusroM ciyuae MHOmecTBa 0, , Haxoasrca
B ycaosuax 3ameuauns 1l CaejzoBaTesbmo, cCymecTsyer Taroe
YMCAO k, 9TO MHOKECTBO (), ,He MyCTO, B TO BpeMa kak (), ..,
ecTh MyCTOe MHOXeECTBO.

Oupegerns Takum 06pazom 111 BCex ciyuaes MHOKeCTBO () .,
MBIl HOJAT@EeM:

2 =m(f, 0, -

A yrBepmaai,’,uTo uncaa ¢ (A) ya0BAeTBOPAIT ycaoBuio (a).

B camom zeze, ecaum A ects mpou3BOAbHAA TOUKA MAOKecTBa P,
TO BO3MQMKHBI 1Ba cAy4asa:

Hlepenit cayvawr. Toura A NpUHAJIEHKAT OJHOMY H3 MHOKECTB

P;—P;“. B Takom caydae A ecTh M30IHpOBAHHAA TOYKA MHOKe-
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CTBa P;. Bosbuem kakyio-au6o cepy L ¢ menTpom B Touxe A, e co-
AepRamyl0 Kpome TOuKH A HM 0aHOH TOYKM MHEOKeECTBA P;. Ecan A

ects obaacTp, coszepxagiaa TOUKy A u 3aki0yenHas B chepe 3,
TO, 04EBHAHO, MHOXECTBO Q. , COCTOHT MB €AMHCTBeHHOH TouxM 4,

Mexay Tem xak (. . ,, ecTh myctoe muomectso. Caegosareanmo,
h=17, k=v, 1 MBI HMeeM:

o(8) =[(4)=F(4),
T. €. ycaoBue (a) BHINOJHEHO.

Bmopont caywan. Toura A npumajiexuT OFHOMY M3 MHOKECTB
PP— P . Mu noxomuau:
¥ 7+

F(4)=m(f, P}, 4).

Ecau 3azano npoussoannoe : > 0, To cymecTsyer Takaa cepa 3
c geatpom B TOuke A, 4T0, obozmauam 4depe3 II ywacTox mmo-

Q
xectsa P, ompesersemuit chepow I, Mp HMeeM:

m () > m(f, Py A)—e.

C apyrofi cropomml, Tak Kak TOYKa A He NpPHHAZIEEHT 3aM-
KHYTOMY MHOXKeCTBY P, , |, MOXHO yMeHbmuts paguyc cdeps I 20
TAKUX npejesos, YTO6H OHa HE cOjepiKala HH OAHOH TOUKH MHO-
mecrsa P, .. Ho B rakoM caywae, ecau xakas-am6o o6aacts A

cozepxuT TOuky A u 3akaovaeres B cdepe L, MHOMecTBO Q,{ o

e
COAGPHHT TOURY A, MexAy TeM KAR (., , €CTb NyCTOe MHOXKECTBO.
B cuay mamux ompejesennii, mp1 z0axHH BHOpaTs Q, k='=()_(’ o*
CaexoBaTe bHO, MBI HmOJaraem:

PB)=m(f, 0, ¢)

Ho Tak kak mBOZRecTBO 0, ,,cosepixamee TOUKY A, cocTaBafeT 9aCTh

yuactka II, To Beanunna m (f, 0, o) 3akaovena mexay m (f, Pf, A)

um (f, Pi,A)—e u, cireaosaTexsno, mexgy F(4) u F(4)—e.

Tagmm obpaszom
le(8)—F(4)|<e,
T. e. YCAOBHe (a) BHINOJHAGTCA M B PTOM caydae,
CaezoBatessno, dynrgua F ecTb npejer MOCAeZ0BATEABROCTH
HenpepsiBHBIX QyHkuuii, a 3maunt pTuM cBoficTBOM obxazaer M

¢ynxgus f. Taxum obpasom mp1 yGexaaemcs, uto maiizemmoe wamu
He06Xx0guMO® YCAOBUe BMecTe C TeM H AOCTAaTOYHO.
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1V. PACIIPOCTPAHEHME HA CJAYYAN HEOT'PAHHYEHHBI
SYHRIIUMN. :

75. B peaax m3bexamma 3arpysHeHuil BropocrememHOro xa-
paKTepa Ml A0 CHX HOP NpPeANmOJarain BCO paCCMAaTPHBaeMbIe HAMM
byaRURE owpanuuennbimu.

Mu reneps 0cBOGOAUMMCA OT pTOro OrpaHMYenHs, HpEdIeM GyseM
Aaxe paccMaTpuBaTh (YHKUHH, MOTyIHe NPHAHMATL H 3HAYe-
BEA | © H — co.

Mo onpexesemmio, M1 6GyieM cyuTaTh, 4TO-}-CO mpeBHmaeT
BCce jeficTBHTeApHBIe UHCIA, B TO BPeMA KAK — CO MEHbII® Kax-
aoro u3 Bux. Mm o6ogsmauum vepes R cosokynmoeTh Bcex peli-
CTBHTEJBHBIX 4Yuce, a yepe3 R’ — Ty xe COBOKymBOCTS, kK KOTOpPO#H
NPUCOeAHHEHHI elIe 4hcia —|- 00 M — CO. :

Mur cxaxeM, 4TO IOCAEIOBATEABHOCTD Uy, Ugy . ooy U, ;. . . UMEET
ceoum npejeiom - oo, ecau, KakoBo 6m mH O6na0 umcao A, Bce
YHciAa u, HAa4YMHAR C HOKOTOpOro, mpeBocxoiaT A. Mm zaem
AaHAJOTHYHO® ONpejeJeRHe AL HOCA@40BATeAbHOCTH, HMeromeft
npejeaoM — oo,

O6mee ompezerenue npezesa, J0MOJHERHOe TOABKO HTO yCTa-
HOBAGHHBIM COTJaMEHHEM, MOKHEO (OPMYIHPOBATH TaK: MOCASJO-
BAT@ALHOCTD %, gy ...y U%,y ... HMEET CBOMM MNPEAEAOM THCIO U,
(rae u, m Bce w, mpumaztexaT MromecTBy R’), ecam xaa x06bix

AByx umcea u’ B u”,y40BIETBOPAIOIIAX HepaBeHCTBIM u’ < U, < u',
CyHecTBYeT Takoe HATYPaAbHOE YHCIO p, UTO NPH 1 > P MBI UMeeM:

o < u, < s

Ecau @ynxuun, onpejeJenHad Ha KakoM-iH60 coBepmeHHOM
MHOMOCTBe, NPHHUMaeT B RamA0H Touke pTOro MHOMECTBa 3Ha-
yenme, mNpHHajXexamee MHOxecTBY R’, To momaTma Bepxmell m
aumnelt rparugsr prot Gynxguu Ba kKakom-am6o yuacrke, a craso
6uts M B EamoH-ambo TOuke AAHHOrO MHOKECTBa, COXPEAHAIOT
cmAy; HO Kamji0e H3 PTHX YHCeJ MOEeT HPH PTOM HHOrAa paB-
BaThCA | 00 mam — oo, UT06B! ycTamoBHTH BeAHYHBY KoJeGamma
dynxgau B kakom-im60 ywacTke Ham B KaxoH-au6o Touke, MbI
YcaoBumca, 910 Aaa 11060ro KOHEYHOrQ 9HCIa a:

o —uma—(— ) = 00— (— ) =} 0,
+ o0 —(+ ®o)=— 00— (—0)=0.

* HnTepecAo oTMETHTh 0AMH (DAaKT, OTTEHAEMBlii HamMM oMpeAreICHHEM
H KOTOpPBIH MHE NpPEeJCTABAACTCA Mai0 M3BOCTHHIM: NOHATHE IPEACAA HE Ipea-
HoiaraeT NMPeABAPHTEILHOrO ompexeseuna JeiicTBuil Max HppagnoRaILHBIMH
Ynciamu; AIA €ro yCTAHOBIGHHA HEO6X0AMMO TOAbKO MOHATHE 06 MppagHo-
HAaIbHBIX UMCIAX, COCTABAAIOIIMX BMECTe C YHCAAMH PaMOHAXBHLIMH YIlo-
PAIOYEHHOE MHOKECTHBO OnpeAcIeHHOro THMA.
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Ecau, npu coobaojesuu aTux ycaosuit, B Kakofi-im6o Touxe
o=0, To mnm Oyzem mazmBaTh Qymkpuo menpepniBHOf B prof
Touke. Pazinyenue mexay pyHsuRAMH, TOYEYHO MAH CHAOMIL pa3-
PHIBHEIME Ha JAHHOM COBEDPIIeHHOM MHOKECTBe, COXPaHAET NpH
ATOM ompejeseHHEIH CMBICJ.

Mu1 BuaAM, 4TO QYHKUMA MOMKET NPUHWMATL 3HAUEHHUA-}-cO I
— oo n mpu proM 6wiTE BCiogy nenpepriBHO#. Tem ue menee, Mb
coXpanMM TepMHH (YHKQHH HenpephiBHOH B cobcTBeHHOM cmbIcae
ca0Ba , 1A ¢QyBERuuil, KOReuHbIX B Kaxj0H TOUKe M TeM caMbiM,
KaKk Mbl 3HaeM, OrPaHHYeHHBIX HA BCAKOM OrPIHAYEHHOM MHO-
JecTBe.

76. Ilocmorpum Temepp, NpPH KAaKHX YCAOBUAX IPOH3BOAbHAR
paspmiBHas GyRRuMA MOxkeT OBITH mpeseloM MOCJe10BATEALHOCTH
KoHeuHbIX HenpepbiBHBIX (ymkguil. Mbi mokaxem, uto obmui
cayyalt MOXKHO mpuBecTH K C.Ayualo OrpaHudeRHbix (ynxgui.

Ilyets y ecTh mepememHas BeAuWunHA, MOryglas npHEHMATh
aobnie 3mavenus, npunagiexamue mpoxectsy R’. Mpi nocrasum
et B cooreercreue ipyrywo nepeMeHHyl BeAuwuuny z, Ompese-
Asemyio caeayiomum obpazom:

mpu 0 =y=+o =0,

‘ Y
npu — o =y =0 B= T
B nepsom cagqae % HeNnpepHBHO U, HeNPeCTaHHO BO3pacTas, M3Me-
HAGTCA OT A0 1; Bo BTOpOM — TawkXKe HenpepeiBHO H, Hempe-
CTaHHO Bospacraa,——-or—1 20 0. Oﬁoanaqnm COOTBETCTBEHHO 4epe3
R, u R, mBoxecTna

—l=z=1lu —1<z<1.

MuoxectBo R COOTBETCTBYET MHOMKCCTBY R’, a mBoxecTBo R, —
maomecTBy R

Mu Bmmm, aro u3 y' <y’ caexyer 3’ <z”, u obparmo. 0603-
mauum uepe3 T mpeobpasosamme, mocpescTBOM KOTOPOTO y mepe-
xoauT B z, B depes T~ ' — obparmoe npeobpasosanue, nocpescTsOM
KOTOPOT'O % HepexojuT B ¥.

PaccMOTpUM_MOCA640BATEABHOCTHY UCEA Yy, Yoy - oy Yppoe - -3 CTPO-
Mamuxca k uncay y,. lyers 3, 25..., 5,,...,5 cyTH uHCIA, CO-
OTBETCTBeHHO IOAyuaeMble N3 4YuCeA y C TeMH Ke MHieKcaMH
nocpeactsonM npcobpasosamua T; a yrsépxaaro, 9T0

lim By = %
N> o -
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B camom geae, mycrs ' wm 37 cyrs gBa aobmx uncaa, Aia

KOTOPBIX:

<5y < 2"
YIncaa y’ u y”, cooTBercTBenHO uOAyuaemble H3 3’ H 37 npe-

-1
obpazopanuem T ', yzosaerBopaioT HepamemcTBaMm
"

Yy <#h <y
Tak xak y, nvMeeT CBOMM npeieaoM ¥, 10 CYIHECTByetr takoe Hi-
TypaabHOE YHCAO P, 4YTO HpPHA # > p

<y, <y’
CaezoBaressHO, mpH 2 > P
’ - "
. b < 3y < Sy
1. e. lims =13, O6paTmaa Teopema 10xa3LiBaeTCA TEM ke myTeM.
Ilycrs ¢ymkuna { onpesesena Ha NPOH3BOILHOM COBEPHIERHOM
suomecTBe P; 3mauenne pymkpuu [ B xamaoli Touke aroro MEO-
xecrsa Mbt mogsepraem mpeobpasosamuio T. Mm noaywaem momyto
(pyRKQHIO ¢; YCAOBWMCA IOBOPHTE, YTO (QYHKUMA © NOIy4eHa mpe-
obpazosamnem T w3 dymkguu [ u uro, obparmo, dpymkpua [ mo-
aydaerca u3 dymkguu ¢ npeobpazosaruem T\ Pynkgua f npu
9TOM NpON3BOJbHA, & (YHKUHA ©-— OFPAHHYeHa H 3aKI0YAGTCA
mexay —1 m 1. A yrsepxkaaio, 94r0 QyHKUUA o HenpephiBHA
RO Bcex TOYKax HenpepuBHocTH ¢ymEkguu [, u obparno. B camom
aexe, ecau, Hanpumep, (yHkgua [ HenpepeiBRa B TOuke A, TO
ATO O03HavaeT, uYT0 1A J1060if mOCJesoBaTesbHOCTH TOYECK A,
Ay..., A ..., CTpEMAIKXCA K TO9Ke A, Mbl AMeeM:

limf(4,)=[(4).

Mas ¢ynxgau, noayuaemot m3 [ mocpeacrsom npeobpasosanua T,
MBI OTCIOAa 3aKJI0OYAEM, 4TO

limo(4,) = ¢ (4).

4

n

Ilycts Teneps mocaezosareanmocts Gymrgnit fi, fo,..., f,,...

umeer ceoum npezeaom ¢yuruuio [. llpamenum npeobpazosanne T
k kamaoft n3 pimx ymkgu#i. Me1, Takmm obpazom, moayyum mno-
c1ef0BaTEALHOCTh HOBBIX QYRRUMI ¢, 95,...,0 ,..., ©, OpHIEM
© — 9, n6o B 1060# Touke A M3 cooTHOmeHHA :

lim [, (4)=/(4)

n*

caeayer:
limo, (4)=9(4).
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lozobmnm ke obpasom aoxaseisaercs u obparnoe nperto
menHne, kacaomeeca (GyHrguit, moryvaemsrx mpeobpazonaunem T~
usz GymxgEH 2, 95...,9,..., 38KIOUEHHHX Meomay — 1 u 41|
¥ EMEOIIMX CBONM upejeioM PyHkUuu . §

77. YctaBoBUB 3TO, NOK&KeM, UTO BCAKAA QyBKUMA [ ABAACTCA
WAM He ABIAETCA NpejesOM MOCJIeJOBATEABHOCTH HeNpephBHbIX
({yuxynft, B 3asucnmoctu or Toro, obasazaer am PTuUM cBoilcTBOM
(pynkgua o, noayyaeman uz nee mpeobpasonannem T.

B camom zeae: 1. Ecau dymrkuuu fy, fy..., [,,... Benpe-
PHIBHBI, TO HempepbiBHLIMH OyAYT M TmOAyyaeMble W3 HHUX TO-
cpeacrsom mpeobpasosamna T Qymkgum @), 95,...,9,,..., U €cAn

nepssie CTpeMATCA K QyHKyuu [, 10 nocaernne Oyayr crpemMurncs
k ¢yskguu o. Takum oOpasom, ecau ¢ysruna [ ects mpezea
N0CAe]0BATEALHOCTH HenpepuiBHbIX GyHKuMit, To GyBKUMA © TaKke
obaazaer aTum cpoficTRONM.

2. JonycTeM, 4TO ¢QyHKUHA o €CIb NPEICd MOCIeAOBATEAb-
HOCTH HempepbpiBHBIX (YRKunii; Tax Kak ¢ 3akaoueHa mexyy — 1
u +1, To MBI MoxeMm zomycruTh, uro — 1 =o =:1. lommomum
byskguu 2, ,...,9,,... COOTBeTCTBEHHO Ha MNOJAOKHTeAbHBIE
WICAR Oy, gy, .., &,..., MEAbINE, He®ean 1 u cTpemamuecs K 1.
Paccmorpuy dymrgun 2,9, a9y, .., «,9,..., OHM UMEIOT CBOUM
upezesoM (PYHKEMIO 9 U YAOBAETBOPAIOT YCAOBMAM:

— &, =2, P, =%,

TaK 4T0 (PYEKQMA ¢ @ B3aKA0YEHA MEKAY ABYMA YHCAAMH, JemkA-
wumu  euympu uartepsasa (—1, 4-1). Pymkgua f,, woayvaemas
us 25 mocpeactsom npeobpazosamua 17!, ecrs mopromy Komeu-
nas wuenpepeieras ¢ymegwus, crpemamanscs k ¢yskgau [ npn
y— . .

G apyro#t cropomm, Ba 11000M COBEpIIEHAOM MHOMKECTBE
byskguu [ 1 o UMEOT OJEM H Te e TOYKM HempepHBHOCTH.
(razo ObiTh, OHM 0AHOBPEMEHHO ABAAKTCA TOYEYHO HAM CIIOD
paspuisapivu. .Ho a1a ¢pyrxgum o ToYeunas paspeiBHOCTh HA BCA-
KOM COBEPIIeHHOM MHOmeCTBE ecrb Heo0xoguMOe ¥ A0CTATOUHOC
yciosue aaz TOro, 9robbl oHa Ghiia TpezeAOM NOCISIOBATEAb-
HOCTH HenpepwuiBHbIX Qysaxuufi, Mpi Temeps BMAMM, 4TO PTO Ke
yeaosue coxpamser cuay w ais Qpyskgum [. Taxum obpazom met
vomem Gopmyanposars caeayiommyio obugyio Teopemy:

Aan mowo, wmoGu iawnaA npousosbHar fyrkyus (Koneunas wiu
fiecioneuHan) 6olaa npeseaon nocae 08amelvHOCTIN HeMPEPHBHLY: Y HK-
yuil, HeOOTOAUMO U JCTHAMOYHO, UMOGbL OHQ GbLIA MOUEUHO PUIPHIBHA
Ha 6CAKOM COBEPULEHHON MHONCECTIge,
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V. YACTHBIE C.1YYAMN.

78. B kauecTBe wuacTHOrO cIy49as OTMeTHM ()YHKUHHM NOJYHe-
npepeiBEbie. Jerko nokasars, YTO BCAKaA NOJYHEeNPEPHIBHAA
()YHKQHUA TOYEYHO PA3PHIBHA HA BCAKOM COBEPUIICHHOM MHOMKECTBE,
obobmas a0KazaTeancTBO 1. 48, MpoBeseRHOE AJA CAy4as MPAMO-
annefinoro orpeska. Orcioza Mbl 3akii04aeM, 4TO Takaa QyEKyRH
sceria ABIAETCA MpeleAOM MOCJIej0BATEABHOCTH HeNmpephIBHEIX
(pynxyui. . )

9710 06CTOATEILCTBO MBI MOMKEM J0KA3aTh He3aBUCUMO OT obmed
reopuu. Mpb1 HemocpeicTBemHO ompeieiuM umncaa ¢(A), RoTOpBIe
mpt paccMatpusainm B n. 73 Jomycram, uto jaumas ¢yHRumA mO-
JAyHenmpepHBHA CBepXy Ha coBepmeHHOM MHOxecTBe P. B rtaxom
cayuyae Mbl B Kaxjoi obaactu A npHMemM 3a cp(A) MakCcuMyM
bysxumm f B pro#t obaacru. H yreepiaaw, uro, kakoBo 61 mu
ob1x0 € >0, ycaosme

Q)= <= ()

BHIIOAHAGTCA B KamxioB Touke 4 mEOmectBa I, B camom aeae,
10 ompejesenuio GyHKy Ui, MoIyHeNPEPHBHEIX CBEPXY, CyHIeCTBYyeT
takaa cgepa I ¢ ueHTpoM B TOuke A, 4To A1A MoboH Toukm A’
muoxecTBa P, sakaouennoft suyTpnm chepm L,

[(A) <[ (4)+ =

lcan obaacts 3, cosepmamas To4Ky A, 3aKJI04eHa BHYTpH
cdepnr L, T0 uncao o(A) Oyzer mopromy 3akaioueno memgy [ (A)

nf 1) 4-s C.Ieaopare.lwo, Mb1 OyzeM nmersn:

[(4) <2@) < [(4)+ -

7). Bor eme apyroii upumep dymruni, caymamnx mpejesamu
nocaejosateapnocTell nenpepuiBrbx Gynxunit. Paccmorpum menpe-
puiBHylo ¢ymkuuio F(r) or oxmoro mepemennoro. Jomycrum, uTo
(pyuxyua pra nMeer npoM3BoARY, X0TA 6Bl TO.HKO OJHOCTOPOH-
HIO0, HANPAMED HPOM3BOAHYIO CHPABA; PTO OIHAYAET, YTO OTHO-
menuc

Fao-h)—F(r)
h

uMeer onpeaesemnniii npeje, koria h cTpemurcs K HYJi0 10 mO-
aomuTessuniM 3mavenmaM. llyérs atoT mpeses  Gyzer f(z). A
yTBepHaao, 4To ¢yskuna [ (x) ecTh mpejea Nnuc.aej0BaTEIbHOCTH
neopepuiBHKX (pynkpu#t (He uCKA0O4an nNpu ATOM Cayyad, KOraa
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f(r) moxer upHHHMarp suavesus -}- oo m — o). Bosemem mno-
CA@10BATEIbHOCTD HOJOKHMIEABNBIX YHCeN

Pyy Boyevey By
crpemsiguxca k mymo, Hoxosmum

(o —F(r
"
dynkpua [, (r) HenpepmBHAa M MMeeT CBONM Npeje.IoM (PYHRUEHMIO
[ (x), korza » HeOorpammuEHHO BO3pacTaeT.

80. UaBecrno, uT0 HenpepriBuas QyEKuUA [ B OrpanudeBBOR
obaactu moxer OmTh anmnmporcuMupoBaBa MHOrouiesom c aioboft,
HanepeA 3a1aBnof crenensio Tounoctu. Apyrumu ciosamu, ckoas 651
mato HH 6BLI0 2, cymecTByeT rakoif MHOrowiem P, uTo BO BCex
TOYKax jaHHoil orpamudvennofi ob.aacTu

=Pl <=

A yrsepmaalo, 4ro BeARAA (YHRUMA, ABAAIANCA NpPeEieIOM Nno-
CAeJ0BaTeAbHOCTH HempephiBHbIX QyHkpui, Moxker 6mTh paccwa-
TpHUBaeMa BO BCeM HpocTpaHcTBe (G, Kak mpejea mociejoBaTeb-
HOCTH MHOI'0YAEHOB WM, eCIH YrOAHO, Kak CyMMa pAAQ MHOI'O-
uyaesoB. B camom zese, paccmorpum (eckomeumylo mocaejosaTesn-
nocts obaacreit ¢y, c,..., C,,..., KaKjaA H3 KOTOPHIX COAep-
JKATCA B caegyouieil m koropeie ofiagalor Tem CBOHCTBOM, uTO
BCAKAA TOYKA MPOCTpaHCTBA (7, MpHHajIexuT BceMm obiacram, ma-
unnans ¢ Hekoropoft. G apyro#t cropour:, Brbepem kakyio-anbo
MOCAEA0BATECABROCTD 2}y €5y, . oy £,,. . . MOJOKUTEABRBIX A, YHCEA CTPE-
mawuxca k Byaw, Toraa mbl Moxem paliTu mnocaezoBaTeanuoctsb
P\ Py..., P, .. TaKMX MHOTOWIeHOB, u4T0 A4a awboro ¢

II/; (A) - Pi (A) i < &,

BO Bcex TouKkax obsaciu ¢, ()JueBHMAHO, MOC.I€10BATEABHOCTH MHO-
rouaesos Py, P,..., P ... umeer cBouM npeaeiom GyRKEHIO [ BO
Bcem mnpocrpancrse (/. (iezoBareapuo, paixl MHOTOYICHOB U
paAst HempepoLIBHbIX (DYHKUNHE NPeACTABARIOT OAME H TOT e Kaacc
dyaryui,

81. B npeamecrByiommem Mbl BCe BpeMA MMEAH eA0 C Pas-
pBIBHBIMM QYHERQUAMH HEKOTOPOrO 0COHOr0 poja — HMEHHO C TeMH,
KOTOPBIE cJaykaT nupejesaMd AAA INoOcAejOBaTeALHOCTell Hempe-
pumBHBIX Qymxuuil. Ycaosumca roBoputs, YTO HenpephiBHbIE PYHK-
QUM COCTABIAIOT /).1°60d kAace (pyuruuil. Pyarpwn, cayxamne
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npeAeIaMi  NOCIef0BaTe bHOCTeH HeupepsIBHLIX bysxyuii, obpa-
3y10T 110 ONPEJe.JeHHIo, nepgsiil KAACC.

* Cywecrsyior (ynkuun, koTopmie, Gyiyunm npesesbBEIMH Jan
nocierosateapocTeit Gpynkuuil nepsoro Kaacca, caMu dTOMy Kaaccy
ne nupunagiexar. PaccMoTpum, manpmmcp, B cayYae 0gHOrO0 He3a-
BICHMOrO mNepeMEeHROro, (Qyukumio f, paBHylo einHHMUe BO BCex
TouKax ¢ palMOHAIBMBIMK abcuuccaMM H Hyai0 BO BceX TOY-
xax ¢ uppaguonasbEbiMu  abcymuccamu. Oua we momer OwpitTh
(|yrkguedl mepsoro xaacca. Ho oma aBaserca mpeiesom mocaezo-
pare bROCTH (pyrkuuil mepsoro xaacca. B camowm geae, paccmorpum
¢ynguio [, paBayl Hyal0 BCloAy, Kpome TO4er, abcumucca KoTo--
poix MOxeT GpiTh mpescraBaena 1pobuio €O 3HaMeHaTeaem, He mpe-
BOCXOJAIIMM v, M €fHHH[e — B Takux Touxax. OueBHAHO, B Kam10ii
T09Ke [, MMeeT CBOMM mpejei0M [, KOrja v HeOrpaHHMYeHHO BO3-

pacraer. Ho ¢ynxuua f, umciomas animp KOHEYHOC YACAO TOYEK

paspbiBa, ABJAETCA, KAK Mbl 3HAEM, mpeje.a0M MOCAe;0BaTeAbHOCTH
venpeppiBRbIX Qymrguii. Pyurgno [ MM nmopTOMY MOMeM pac-
CMaTPHBATh Kak mpejea nocaeioBaresrHoCTH (ynxynil nepsoro
KJacca, WIl, ecaM YrogHO, Kak CyMMY pAja, xamapii uJem KoTo-
poro ectb pYHKEHA mepsoro kiacca, 3HAuuT, CymecTByeT ABofimoH
pAA MHOrO94eHOB X ‘\“B Pm.3 (r), cxoxsmpiica npH BCex 3MaYEHHAX T
I CYMMA®KOTOPOTO paBHa eJWHHMUE, €CAM T PapnoOHaILHO, M HY.AIO0,
ecAH T MPPAgNOHAILHO.

Ycaosumca ropoputh, yro ¢GpyHkguu, He NpUHaZIemalUe Mep-
BOMY KJacCy, HO ABAAIIIUECA NpejebHBIMA A1 (yHkuni nep-
BOI0 Kaacca, cyTh QYyRKgHu emopowo kaacca, Takum obpazom mbl
NPUXOAM K TeOpeTuueckomy pacnpejeienuio Gpyuruuii no xaaccam.
O6o6maa npejmecTByomue OnpejeJeHuA, Mn noayuyaeM QyHxmHu
kaaccoB 3, A,..., n...

Mur Moxem aame oupeieants nomATve (PYHKUMM KJacca «, TAC
o —.ai06oe uucio mepsoro uam nroporo kaacca. Mwi Gysem romo-
puth, uro Aannas (yskyuuA [ NPHAAJIERAT KAACCY ¢, eCAH OHa
CIYRHT npejeaoM uocaegosarearsocTH pyukundt fi, fo0..., f,.. .,
Ka}k1an W3 KOTOPHIX, B CBOIO O4epesb, ABAAETCA NpelesbHOH aas
pyarguii onpesesemnoro kaacca, HymMep Koroporo <o, H ecaH
cama pysrguA [ AU -OAHOMY H3 TaKMX KJACCOB He NPHUALIEKHT.

Hyers E osunauaer cosoxynmocTh (YRKgM# Bcex Kaaccos,
KOTOPBIM B KRayecrse IHAEKCOB COOTBETCTBYIOT 4H(.Ja IEPBOTO H
sroporo xaaccos. A yreepiaaro, uto muoncecmeo E cozepowum cce
C60U  mpelelbuble (ynkyuu, T. €., 9T0 ecAM NOCJIeZ0BATEIbHOCTD
[ty [95++ .y [,... umeer cBoum mnpegesom ¢yHKuHio [ M ecam BCe

(l)yungm: aToii mocaeioBaTe. bHOCTH LpUHAZIEKAT MHOKECTBY E,
r0 M QyHKUMA [ OPHBEALIEMUT PTOMY MROKecTBY. B camom zere,
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N0 npesnoAomenuio, Qynkguu [, fo...,[,... mpuragzremar co-|
OTBETCTBEHHO HOKOTOPbLIM KJAACCAM Gy, 0. .., G ... Mbl 3HAGM,]

YTO CJUIECTBYeT 4HCAO a NePBOrO MAM BTOPOr0 KAacca, MPeBOC-
x0aA1ECe BCe TH 4YHCJAa; CJA0BATeSbHO, PYHKUNA [ NPUHAAAGKMT .
au6o ‘k1accy o, an6o KakoMy-HHOYAb KIaCCy Hu3IIero MHAGKCa M,
BO BCAKOM CAy4ae, MPHHAAAGRMT MHOMOcCTBYy E.

Uarepecno cnpocurs cebsa, cymecrsyer au cpoiicTBo Qymrpmii,
coxpaHaimeecs B mpejede, T. €. Takoe, 4TO eCiu Bce (PyHRUMM
nocaeiopareabsocTu fi, fo,..., f,... aTEM cpolicTBoM oG.aazaioT,

To Gyaer mm obaazath u mpeseapnaa ¢ymkugus f. 3zeck Mp1 orpa-
HuuuMca (OpMyAuPOBKOH cAeAyiolIero mpealoxmenuA:

Iycts ¢ynkunma f ompeseseHa Ha COBepmIeHHOM MHOXecTBe P.
Ecan cywmectsyer ¢ysKuma ¢ mepBoro Kaacca, OnmpeieseHHAA Ha
mMAomecTBe P m oTamvaiommasca or QyHKuuu [ TOJBKO B TOYKAX,
COBOKYINHOCTb KOTOPHIX €CTh MHOMKECTBO MepBO#f KaTeropum OTHO-
cuteapno P, To pTOo cpoiicTBO coxpamsaerca B upesese. fcmo, uto
aTuM cpoficrBom o6asazaroT Bce Qymkuum waaccos () u 1. Caexo-
BATeAbHO, OHO UPMHAZIEKHT M BCeM (YHKUHAM, BXOAAUMM B MHO-
#ecTBo kK ™. u ’

* OTHOCHTEABHO JOKASATEALCTBA A OTCHIAAKD K Moell pabore — «Sur la
veprésentation des fonctions continues», «Acta Mathematica», t. 32.
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