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OT MNEPEBOJYMKA

TlepBoe wusmaHue 3T0#i KHMrH Beiuvio B Auraud B 1932 rony,
BTOPOE H3JaHHEe (HECKOJbKO OT/HYalomeecst OT NEePBOro — M. mpe-
JMCJOBHE aBTOpa KO BTopomy H3xaHuio) —B 1939 rony. B na/bHeir-
LIEM OHO ellle NepeneyartriBajIoCch (C HE3HAUYHTE/IbHBIMH HCIPaBJIEHH-
simu). Pyccxufi nepeeon Gvli1 cAe/laH cO BTOPOro aHIVIMfcKoro usia-
uusi 1 Beiwesa B 1951 roxy. Iast HacToswero BTOPOro H3JaHU s nepe-
BOJA €ro TeKCT OBV 3aHOBO MPOCMOTPEH H CBEpPeH C aHTIHHACKHM
OPUTHHAJIOM.

Kuura panucaHa KpynmHBIM MaTeMaTHKOM M, KaK YBUAHT YHTATe/b,
HCKYCHBIM mejaroroM. Ee HasHaueHMe yKa3aHO aBTOPOM B MPELHC/I0-
BMM K MNEePBOMY H3[aHHIO: TNO 3aMEICJy aBTOpa OHa AoJiKHa Obl1a
«TepeKHHYTh MOCT OT 3J1€MEHTAPHHIX YYeOHHKOB K CHCTEMATHYECKUM
Kypcam teopHu ¢yHKumiy, [Ipexnosnaraemasi moArotoBKa yuTaTesIsi —
sgamenuThll «Kypc umcToii MatemMaTuku» Xapau, KOTOpHi# HefdcTBH-
TeJIbHO SIBJSETCHA 3/1eMeHTapHbM yueOHHKOM. BBOZHas raasa I conep-
JKHT pasHooOpasHele CBeJeHU S, HYXKHble AJs1 JajdbHeHAlIero, Ho OTCyT-
ctBylomue B yvyeOHHKe Xapau. OcrajpHble ABeHAALATb IJ1aB pasje-
JieHpl Ha JBe YacTH, He YKa3aHHBIC B OIVIABJEHUH: BBeLCHHE B TEOPHIO
¢yukuMi ogHOro KommieKkcHoro nepeMenuoro (raaBul 11—IX) u BBe-
JeHWe B METPHUECKYI0 TeOpHI0 (YHKIHE ORHOrO JAelCTBHTENLHOTrO
nepemeHuoro (rsaBel X — X1I1). DTu yacts npakTHYeCKH He3aBHCHMBL
Jpyr OT JApYyra M HamHCaHbl COBCEM M0-DAa3HOMY, XOTS U C DaBHEIM
MmactepcTBom. BTopas wacte HeBesuka mo oObeMy, €e NMpPeAMET YeTKO
ouepueH, MaTepHaJ B YKa3aHHBIX Mpejesax H3J0XKeH J0CTATOUHO
N0JHO, JHOKasaTebCTBa y6enute/bHbl. B mnepeod uwactd npeamer
KaxKeTc HeOOBATHLIM, O NOJHOTE WUJM CHCTEMATHUHOCTH H3JI0KEHUSA
FOBOPHTb He NMPHXOAUTCSH, JOKA3aTe]bCTBA M Jayke ONpele/eHusi, He
JeKalpe Ha [JaBHOM HaMpaB/JeHHH, HepeIKo 3aMeHSIOTCA MOSCHEHH-
MM M OpUMepaMH; 3aT0 aBTOD HAXOJHT MecTO AJASl TOro, HYTOOH
MO3HAKOMHTb WYHMTAaTeJ C OCHOBHBIMH HIEesSIMH HECKOJbKMX (oJee
cneyMasJbHBIX Pas3leJoB Teopuu. Takas cBofoja H3J0XKEHUs AenaeT
KHHI'Y BecbMa8 HEeOOBYHBIM YUeOHHKOM.

YnomsaHyToe TIVIaBHOE HaNpaB/eHHe — aHAJHTHIeCKOe: aBTOD YYHT
npexje BCEr0 aHaau3y, B KOTOPOM OH MOAJMMHHBIA MacTep. ['eomer-
DHYeCKHE M TOMNOJIOTHYECKHE acMeKThl TeODHH aHAJIUTHUECKHX (PyHK-
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1l npeicTarBJeHBl MaJeHbKOH IJ/aBOH, NOCBSLLEHHOH KOHGOPMHLIM
OoTOGpPaXeHHsIM, H CTpPaHuiled, [NOCBALWEHHON DUMAHOBBLIM MOBEPXHO-
ctsiM. Tam, rje TOmoJorus BTOPraeTcsl B H3JIOXKEHHE MOMHMO BOJH
aBTOP2 M CO3AaeT OCJIOXKHEHHUS, OH CJefyeT KJaccH4eCKOH TpagulLuH,
T. e. npocte oGxoxut Bonpoc. Hanpumep, of6nacTu HuTAe B KHUTe
He I[PEANnoJarawTcsi OAHOCBA3HBIMH (3TOrG NOHATHSA HeT Boollig),
U3-3a2 4Eero HeKoTopble GOPMYJHPOBKH KaXyTCsl HEBEPHBIMH; HaA CaMOM
e JIeJIe OHHM CKOopee YKJIOHUHBH, TaK KaK B KHUIe HeT onpejeseHUs
o6nactH. IlopoOHbIX yMOJMaHHi, OCBALIEHHHIX Tpajuiliell U OTHOCH-
muxcsi K o00JacTaM, KDHBBIM, KOHTYpaM H T. II., B KHHTe HeMaJlo,

OTJMyuTeNBHOH YepTOH KHHMIM SIBJSETCS! CBS3AHHBIH CO cBOGONOH
H3JOMeHH sl HeOObIUHBH A1 yueGHMKA BbIGOD MaTepuana. 10T BHGOP
0ocoGEHHO UHTepeceH B NEepBOH vacTH, cozepxKaulelf, Hapspy co cra-
pPHMH, H TOJBKO YTO OnyOJHMKOBaHHBIE pe3ysbTaThl. CeroaHs, moytu
yepe3 NOJICTOJIETHS, KOrAa MepBOHAyYaJbHOE HasHayeHue yuyeGHHUKa
Tutumapwia npexncrtap/iseT CKOpee HCTOPUYECKHH HHTEpec, 3TOT BLIGOp
JeJIaeT ero LEeHHBIM JonoJHeHHeM K HaleH yweGHOH JuTepartype:
B HEM MHOIO TaKoro, YTO HEBO3MOXKHO HJH OYeHb TPYAHO HAHTH
B ApPYTHUX Kypcax.

OT1nMuns HacTosIEero M3JaHus OT auryuiicKkoro opUruHaJja HesHa-
yuTeJpHbl. [Ipy nmepeBoje HCHPAaBJAAIUCE TOJNBKO SIBHBIE MEJKHE IIPO-
CMOTPBl U ONeYaTKH. 1ONOJOrHUecKas HO3MIMSI aBTOPA, O KOTOPOH
yHTaTeab OblJI MpeNynpexieH Bhlllle, KOHEYHO, HE MOrJa ObITh 3THM
3aTPOHYTA; OHA NpeAcTaBafAeT cO00H OpranHYecK Yo 0cOGEHHOCTD KHUTH,
H UHUTATEJNIO MPHJETCA C Held MHPHUTbCSA. JIMTePaTyPHBIE CCHIIKH aBTopa
[0 BO3MOXKHOCTH 3aMEHEHHI CCBIIKAMH Ha pPYyCCKHE NiepeBOJbl; Bl poYeM,
CCBIIKM yueOHOro xapaxrtepa GoJmliell 4acTblO MOTEpsAad AR pyc-
CKOro 4HTaTess CBOE 3HAaueHHe, NOCKOJIbKY CTapble yYeOHUKH BLHILVIK
3 ynorpebJieHHs, a2 B XODOUIHX HOBLIX YueOHHKAX HET HeAOCTaTKa.

Jlenunrpag 1979
B. A. Poxaun



[MPEJUC/IOBUE ABTOPA KO BTOPOMY H3JAHHIO

Ilpn nmepeneyarke neppOro H3JaHUA B TEKCT ObLIO BHECEHO 3HAUM-
TeJbHOE UUCJO MEJNKUX HCIpaBJeHull ¥ yaydmeHui. S gosken nobia-
roJapHTb MHOTHX KOJIET, KOTOPHIE [IOMOrJIM MHE B IIEPECMOTPE KHUTH.
ExuicTBeHHOE KpYNMHOE H3MEHEHHe COCTOMT B TOM, UTC 51 BKJIOUHJ
B rnaBy VIII Kpatkoe BBejeHHe B TeODHIO MepoMOPhHLIX (PyHKIHMIL.
70 cTAaJO0 BO3MOXHO 6/1arofaps TOMY, UTO HEKOTOpBIE He CTOJIb BaX-
Hble pasgensl ObIM M3JI0XKeHBl 6oJee C:KaTO M Teopua ramma-hyHK-
My Gblia nepeHeceHa B ryaBy 1V, rae oHa cofep:xKuUT Temepb Gojee
noJiHoe Mccaenopanue dopmyJsl CTHPJIMHTA.

Jlougon 1939
E. Tumumapw

13 IMPEJWCJ/IOBUS ABTOPA K TIEPBOMY H3JJAHUIO

DTa KHUra BO3HHKJA H3 JeKUuH, KOTOphle A uuTaJ B MOCJACAHHE
TOJBl CTYAEHTaM YHHBEPCHTETCKOro KoJleaxka B JIOHAOHE  cTyaeHTaMm
yHuBepcuTera B JluBepry/ae. OHa COCTOHT M3 HECKOJBbKHX He OuYeHb
CBA3aHHBIX MeXJy co0ofl BBeAeHH#l B pa3JIHUHbBIE OTAEJBl TEODHH
yHKIMHA — KaK [efiCTBUTENBHOTO, TaK U KOMILJEKCHOrO mepeMeHHOro.
Sl nymawo, 49ro cpeiHeMmy CTYAeHTY CYIUECTBYIOLULas JIHTEpPaTypa 10
5THM BOIpOCAM MpeACTaBJAsieTcH TPYIHOH, H A HajeloCh, YTO 3TH
[VIaBbl MEPEKUHYT MOCT OT 3JEMEHTApPHBIX yueGHHKOB K CHCTEMaTH-
UYeCKHM KypcaM TeopHH (pyHKLHUH.

Ilpeanmonaraercs, 4YTO 4YMTATEIb 3HAKOM C 3JEMEHTAPHBIM aHaJH-
3oM. Ilon snemMeHTapHEIM aHaJU30M Mbl MOHHMaeM, rpy6o rosops,
TO, 4TO comepxurca B Kypce yucmot mamemamurxy Xapau. B ocrans-
HOM KHMI'Y MOXKHO 4YHTaTh, He ofpamasach K ApyruMm ydeGHHKaM.
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Topsnox u3yueHHs TyIaB B H3BECTHHIX Npejesax npouseoJed. Ilocaen-
HHE YeThipe TJIaBbl MOXHO YMTaTb M cpasy nocse raaesl 1. Ecau He
CYHTaTh OTAENBHBIX CCBUIOK BIepes, NpeiulecTBYIOmAas 4acTh KHHIH
OT HHUX He 3aBUCHT; HO To, 49TO OHM COJep}aT, eCTb TaKas XKe
HeoOX0JHMasi 4acTh CHapsXKEHMA COBPEMEHHOI0 aHaJHCTa, Kak cra-
pas TeopHs aHAJHTHYeCKHX (QYHKLHiL.

B koHue kaxjofl rsasbl uMmeroTcss npuMepsl. YacTe ux Tpebyer
Juib 6osiee HIH MeHee HeOCPeJCTBEHHOTO IIPUMEHEHHS H3JI0XKEHHOTO
B kHure. [lpyrue sipastorcs GoJiee TPYAHBIMH TeopeMaMH, He Haulex-
DIHMM MeCTa B OCHOBHOM TEKCTe; OHHM CONPOBOXKAAIOTCA YKa3aHUAMH
Ha €noco0 pelleHHd W CChIIKAMH Ha HCTOYHHKU.

Jlongion 1932
E. Tumumapui



r’m17ABA I

PAJibl, BECKOHEYHDBIE TIPOM3BEJAEHHWSA, HECOBCTBEHHBIE
HHTEIPAJIbI

Beenenne. B 3Tofl BeTynuTesIbHON rJlaBe Mhbl MOMNOJHUM TE€ CBe-
HAeHMs M3 3JeMeHTapHOro aHaJu3a, KOTOphble, KaK MLl [peiroJiaraem,
HMeEIoTCH Yy uuTatesad. B uacTHocTH, MBl OYJeM UMeTb 4eJI0 ¢ psjaMH,
YneHbl KOTOPHIX SBJAIOTCS GYHKUHAMM HEKOTOPOro I1epeMeHHOro,
¢ HHTerpaJjaMi, COJepXamHMi IepeMeHHLe IapaMeTphl, U ¢ MHOXe-
CTBOM T€X IpobJeM JBOIHOIO NpejeJbHOrO nepexoja, KOTOphe Tak
YacTo BCTPEYAIOTCH BO BCEX BeTBAX aHa/iu3a. 3a OTIPABHOH MYHKT
Mbl, Kak OBLIO CKa3aHO B Ipeluc/oBuH, GepeM Yucmywo smamemamury
Xapau, KoTopyw o6osHauaeM Oykeamu 4. M., u Bciony, rae 3T0
BO3MOXHO, CCBlJIaeMcsl Ha Hee.

Mpr OyzeMm n1OJB30BaThCS CJAeNYIOIIHMHM Ha3BaHUSMH U 0fO3Haue-
HHsIMH. EcJM B HEKOTOPOM pacCyKAeHHH BCTpeYaeTcst YUcJo, He 3aBu-
cAllee OT OCHOBHBIX IlepeMeHHHIX, TO OHO Ha3hIBaeTCsl IOCTOSIHHOH.
Jl1s 0603HaueHHs. abCOMIOTHOR MOJIOKHTENBHOH I[OCTOSAHHOH, He 06A-
3aTeqJbHO Bce BpeMsi OJHOH H TOH e, Mbl noJb3yemcs OykKBoil A,
YuraTenb MOXET BCTPETHTh YTBEDPMKAEHHA Bpole «f (x) << A, cnieno-
BareseHO, 2f (x) < A», KOTOphle CHaua/la HEMHOI'O CMYIIAIOT; HO CKOPO
OH K HuM npuBbiKHeT. IlocTosHHAs, 3aBHCAMmAA OT OJHOTO MJM
HECKOJbKHX MapaMeTpoB, OOBIMHO 0003HauaeTcA depes K.

Pasenctso f(x) =0 {¢ (x)} o3nauaeTr BOOGIIE, YTO |f(X)| << Ap (X)
0py 3HAa4YeHUSAX X, JOCTATOYHO OJIU3KMX K 3aJaHHOMY mpejedy.
B uactnoctH, nox O (1) moHumaercs orpanudenHast ¢pyHkuusi. Takum
o0pasom,

sinx=0(x]), x+12=0(1)
apn x—>0 H )
sinx=0(l), (x+1P2=0(x?

IpH X — 00,
OnHako paeeHcTBO f(x)=0 {p (x¥)} MOxeT 03HauaThb TaK¥ke, YTO

[f (%) | < Ko (x);

©O0bIYHO OBIBACT AOCTATOYHO SICHO, KaKHe napameTphbl HMEKOTCH B BURY.
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Pasencteo f(x) =o{g (x)} o3Hayaer, 4TO ('{—((%—»0, KOrpa x ctpe-

MHTCSt K 3ajaHHOMY mpefenay. Takum o6pasom,
sinx=0(x?), (x+D2=0(x3

npu x—-co. B uwactHocTH, nmoA o(l) moHumaerca yHKuus, cTpeMs-
ascst K HyJo.
f(x)

@ (x)

3anuck f(x) ~ @ (x) 0O3Hauaer, 4ToO — 1, Koraa x cTpeMutca

K 3aJaHHOMY Hpegeny.

Mbl nosbsyemca GykBoil & /18 0603HAueHHs NepeMEHHOH, KOTO-
poil MOXHO NpHAABaTh FPOU3BOJIBLHO MaJjbie 3HAUEHHA M KOTOpYIO
clelyer NpeacTaBdasiTh cebe Masoil.

ITox max{a, b, ...) Mbl MoHUMaeM HauboMbHIlee H3 uncea a, b, ...
H nop min(a, b, ...)— HauMeHbIIee U3 HUX.

1.1. PaBHoMepHas cxoaumocTh pgfa. Yutatesb foJixkeH ObiTh 3HA-
KOM ¢ IMOHATHEM cxo0auyezocs pada (4. M., § 76). Hame o6bunoe
obosHaueHye J/s GeCKOHEUHOTO pAja ecTb

Uyt tig o= D) Un= D, Un;

n=1

eclH CYMMMPOBaHHe INPOU3BOAMTCA He OT 1 0 ©o, TO ero npenesst
TOYHO YKAa3hLlBalOTCA. #-1 YACTHUHAA CYMMA pAAA €CTb S, = Uy Uy |
+ U,

Hanomuum cHadana onpegenenue cxogiMoctu. I'oBopat, uro pax
CXOIMTCA K CyMMe S, eC/IM A/s1 BCAKOro MOJIONKHTEJbHOTO 4HcJa &g,
Kak 6bl Malo OHO HHM OblIO, MOXKHO HAaHTH Takoe UHCJIO #H, (3aBH-
csiiee OT €), UTO

|§—8p| <<€ (n > ny).

JIpyruMu cJioBaMHu, S, CTPEMHUTCS K IIpefeJy S, Korja fi CTPEMHTCH
K GeCKOHEYHOCTH.

TlpepnosioxkuM Temepb, 4TO KaXAblH YJeH psijga siBaseTca GYyHK-
nueit peficTButesbHOro nepemeHHoro x. O6BMHO MpeRNOJaraercd, yro
06/1acTb H3MEHEHHs] 3TOr0 MepeMeHHOro eCTh 3aMKHYTbIl HHTepBal,
CKaXeM, a << x<Cb; HO 3Ta 06/1aCTb MOXKET ObITb ¥ OTKPBITHIM HHTED=
Ba/JOM a < X < b, nim BoOGINE HEKOTOPHIM MHOXKECTBOM TOYeK. Pac-

CMOTpUM DAL
Uy (X) +ty (X)+-...= X un(x)

M €ro n-10 4aCTHYHYIO CyMMY S, (x). KoHeuHO, 3TOT psiji MOXKeT GHIThH
CXOAAUMMCS] MPH ONHUX 3HAYEHHUAX X M PACXOAALMMCH NPH APYTHX,
Eciu oH cxXopuTcsi nmpH BceX pacCMaTpHBaeMblX 3HAueHHAX X, TO €ro
cymma sBasercs QYHKUMEH OT X, ONMpeje/leHHOH IPM BCeX 3THX 3Ha-
veyusx x. OGo3HauuM ee uepes S (x).
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Onpenenenue. logopam, umo pad Y un,(x) pasHoOMepHO cxo-
dumeca 6 unmepsase (a, b), ecaw 048 6CAKO20 NOAOHCUMENbHO20 HUCAQ
, KK Gbl MQA0 OHO HU 6bLA0, MOXNCHO HAUMIL MaAKOe 4UCA0 n,, 3a8u-
CAlee om €, HO He Om X, 4mo

|s(¥) —sn (x) | <

ona n>n, U 6cex 3Hauenuli x 8 unmepsase (a, b) *).

§IcHO, UTO paBRHOMEPHAA CXOAUMOCTL BJedeT 3a CO60U CXOLUMOCTH
np¥ KaXkKiIoM 3HaueHHH X B MHTepBaJe; HO, KaK Mbl MOKaXeM Ha
npuMepax, pAJ MOMXET CXOIMTHCA IIPH KaXKJOM 3HAUeHHH X B HEKOTO-
pOM HHTEpBaJe M He ObLITb DaBHOMEPHO cxoismumcs. Moxer cay-
UHTLCA, UTO, XOTA KaxuoH nape 3HaueHHH x, & OTBeuaeT TAKOE UHCJIO
Mg, UTO |S(x) —S,(x)|<Ce NpH n >y, 3TO YHCJIO #ly HEOrPAaHHUEHHO
BO3pacTaeT, Korja x npHOamXKaeTcs K HEKOTOpOH TOYKe HMHTepeaJa.
Psjg He 6yneT Toria paBHOMEPHO CXOAMTHCH.

ITonuepkHeM, 4TO pPaBHOMEPHAst CXOAMMOCTb €CTb CBOHCTBO, acco-
UHUPOBAHHOE C UHNEP8asoM (UM MHOXKECTBOM TOYEK), a He C OTje/b-
HOP TOUYKOH.

1.1.1. [TpusHaku paBHOMepHOH cxoaumocTH. Ilogo6Ho
TOMY KaK CYLIeCTBYIOT NDH3HAKH CXOAHMOCTH PAJAOB C MOCTOSTHHBIMH
yJeHaMHt, CYIIECTBYIOT M [IPH3HAKH DaBHOMEDHOH CXOAHMMOCTH pPSiIOB
¢yukuuit, Ilpocrefimuit 1 HauGoJee NOJE3HbIH MpPH3HAK, YKAa3aHHBIH
BefiepmrpaccoM, COCTOMT B CJeayrolieM.

Pad Yu,(x) pasromepro cxodumcs 6 uumepease (a, b), ecau
cywecmeyem maxod pad Y a, € NOAOHUMEAHbIMU NOCMOSHHbIMU YAe-
HaMu, 4mo | u, (x)|=<<a, 041 6cex 3HaueHull n u X.

Ilpexne Bcero, pan X u,(x) CXORUTCH NMPH KaXKJIOM 3HAYeHUH X
B cuay oObrHOro mpuumnuna cpasuenus (4. M., § 173, 191). Caezo-
BATEJbHO, OH MMeeT NpH KaxKJIOM 3HAYEHHH X OMNpeJeNEHHYIO CyMMY
s (x). Hauxnee,

[ (X) = 8n (X) | =] Unss (X) + thnsg (%) +. [ < Qnsg +Cnya -+ .o,

IpaByIO K€ 4acTb MOXKHO cZesaTb MeHblueH NPOM3BOJBHO 3a1aHHOTO
e, B3SB n OOMbIIMM HEKOTOporo ny,. Tak Kak 4ucia a, He 3aBUCAT
OT X, TO U N, HE 3aBHCHT OT X. DTUM TeopeMa JOKa3aHa.

3aMeTHM, 4YTO TeOpeMa OCTaeTcsl B CHJE, eClH |uU,(¥)|=<a, He
A gcex, a JuUlb AN 6cex Qocmamodno Gorbuwiux 3HAUEHHH .

Bonee ofumuii npusHak TOro ke THOA, KOTOPHIH TaKXKe IMOJeE3€H,
COCTOMT B TOM, 4YTO pAL X U4, (X) paBHOMEPHO CXORHTCHA, €CiaH
|ty (%) | << v, (x) 1 pal X v, (x) paBHOMEpHO cXoauTcA. JloKasaTelb-
CTBO MBI TIPEJOCTABJSEM UHTATEJI.

*) Bro onpenenerue ABMAETCS OLHOBpEMEHHO Ompefie/leHHeM PaBHOMEpHOR cXo-
AHMOCTH NOCAeNOBaTeNbHOCTH QYHKUHH S, (x) K GYHKUMH $(X) U B TaKOM NOHHMa-
HHH CHCTEMaTHYeCKH MCIogb3yerca B JaabHelimeM, (I7Tpumewanue nepeeoduuxa).
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o0
Mpumepus. (I) CrenennoRt psan 2 X" paBHOMEDHO CXOAMTCH OPH @ <-x<=b,

n=0
ecau—1 <a < b < 1. [Ilpunars 3a a, Goibuee u3 uyucea |a |, | b |7.]
[oe]

cos nx

& DABHOMEDHO CXOZMTCA B aoGom

(IT) TpHuronomeTpuyeckui psan 2

n=1
HWHTEpBae.
00

(I1T) Pax Oupuxsae 2 n~$ paBHOMEPHO CXOAMTCH TNpH @&<SS<<b, ecan
n=1{

t<a<<b.

[[Tonoxuts a,=n"% cu. 4. M., § 181. Cymma 3TOro BaXHOro psfa oGo3Ha-
qaeTcs yepes [ (s).]

— [os]

(1V) Pan {l—(l—:ﬂ)}2 =.2 G, (1 —x2)* paBHOMepHO CXOAMTCH NpH —1 =T
. n=0
= x<l.

(V) TlomoGHoe e onpenejdeHHe PABHOMEPHOH CXOAHMOCTH MOXeT GuTb ZaHO
[s o]

st TAKHX PSIOB, Kak 2 rtcosnf, riae OOWME uieH ecTb GYHKUUS ABYX HJIH
n=0

GonblIeTo YKCAAa TNepeMeHHBX (31eck r W 0). DTOT psii paBHOMEPHO CXOAMTCSA

B Ji060# nosoce 0=<r << b <<l mjockocTH nepemeHHHX r, 6.

1.1.2, Ipyrue npusHakKu. BcAKHH npH3HAK CXOLHMOCTH
CTaHOBUTCA NPH3HAKOM DABHOMEPHOH CXOAHMOCTH, €CJH €rO YCJIOBHA
YAOBRETEOPSIOTCS He3aBucuMo ot x. Hanpumep (4. M., § 175), psax
Yun(X) CXOOHTCSt IJIA 9aCTHOTO 3HAYeHUA X, €CJH CYIUECTBYET TaKoe
4HCJIO 7, MeHbluee ueM 1, uTO

Uns ()

=r
Up (%)

sl BceX 3Hauenuil n. Boofiie rosops, 310 7, NOCKONLKY OH ° cyIHIE-
cTByeT, Gyaer 3aBucerb oT x. Ilpeanmosoxum, ofHaKo, 4TO MBI MOXKeM
HaliTH r, YJAOBJETBOpsIOUEe yKa3aHHOMY YCJOBHIO MDH BCeX 3Have-
HUAX x. Torma paAX paBHOMEDHO CXOJAMTCH, €CJAH TOJbKO (hYHKuHUA
u,(x) orpanuvyeHa. J{eficTBUTENbHO, [OBTOPHOE HpPUMEHEHHE MPeIbl-
XYILEro HEPaBEHCTBA II0KA3LIBAET, UTO, €CJH | iy (x)|<< M, TO

[tn ()| << r" [y () | < Mrm Y

paBHOMEPHAA CXOAMMOCTb CJEAYeT, Takum: obpasoM, H3 HNPHHUMAA
CpaBHEHH 1.

Jpyrue npusHaku CXOZHMOCTH MOT'YT GBITh 1peoGpa3oBaHbl TaK XKe.
PaccmotpuM, Hanpumep, npushak Hupuxne (4. M., § 196). Anano-
FUYHBIA €My NPH3HAK DaBHOMEPHOH CXOAHMOCTH COCTOMT B CJIEAYIOUIEM.

TTycme  @p — NOAOKHUMEALHAA DYHKUUSL O N, MOHOMONHO Cmpe-
MAYAACA K HYyao npu n—>oo. Ecau cyuecmeyem maxas nocmosm-



1.1] PABHOMEPHAS CXOAVMOCTDH PAIA 13

naa A, 4mo
N

D ua(0)| <A

n=1

04 6cex srauenuid N u x, mo pad Y @au,(X) pasHomepHo cxodumcs.
Yurareab He BCTPETHT HUKAKHX TPYAHOCTeHl NPH NpPOBEAECHHUH
J0Ka3aTenancTea *).
Tpumepsi. (1) Ecan uHcna a, NOJOXKHTENbHB H NOCAENOBATENIBHOCTD dys dy, ...

MOHOTOHHO CXORHTCR K HyJio, TO psii ¥ a, Sin nx PaBHOMEPHO CXOAMTCH B KaKIOM
3AMKHYTOM HHTEpBaje, He colepwallieM KpaTHuX 2.

[BOCHOJ] b30RATLCH TOXAECTEOM

cos%x—cos (n—[—-;—) X
sin x-}-sin 2x4-... +sin ax=

2 sinl?x ]

s

(IT) TIpu Tex xe yCAOBUAX DPAR X A,X sin nxX PABHOMEPHO CXORMTCH B HEKOTO-
pOM HHTepBanle, conepxalieM Touky x=0.

1.1.3. Heo6xoaumoe u 10cTaToO4YHOE yCJHOBHE PaBHO-
MepHoOH cxoxuMmocTH. Pad Yu,(x) pasHomepno cxodumcs
6 MOM U MOALKO 8 MOM CAyHae, eCAl OAL 6CAKOZ0 NOACKHCUMEALHO20 €
MOXMCHO Hailmu makoe ng, 3a8ucauiee om €, HO He om X, 4To

[8m (%) — S, (X) | <<€
npu cex 3HaueHUAxX m u n, GoavuLux ng.
D710 COOTBETCTBYET «OOMIEMY NPHHUMIY CXOAHMOCTU® ANA COBIKHO-
seHHux psgoB (4. M., §§ 83, 84).
Kak u B c/ayuae OOCBIKHOBEHHBIX DRJOB, HETPYAHO NPOBEpHUTH,
YTO yCJIOBHE HEOOXONHMO; NefCTBHTEJNLHO,

| 8 (%) — Sn (-’C)|<|S(x)—sm(x)|+|S(x)_sn(x)|’

TAK 4YTO YCJOBHE BHIIG/JHEHO, €CJH PAJL PaBHOMEDHO CXORUTCS.
B cayuae OGbIKHOBEHHHIX PANOB JOKa3aTeNbeTBO JocTaTouHOCTH GoJee
1pygHo. OnHako Mocje TOro Kak A8 OOhKHOBEHHHRIX PSJOB 3Ta
TPYLHOCTH NpeojoJeda, A psnoB GyHKIuH OHA YXe He BO3HMKAET,
JleficTBHTENBLHO, [PEANOJOXHM, YTO YCJOBHe BhiNoJHeHo, Toraa,.
corjlacHo TeopeMe 00 OOGBIKHOBEHHBIX psiax, Pl X U, (x) cXouurcs
Iaa Kaxaoro x. I1ycte s (x) —ero cymma. Broifepem mo 3aaaHHoMy &
TaKoe f,, 4YTO

|s,,,(x)—s,,(x)|<s (m>n07 n>n0)-
OcTapias m HEeM3MEHHLIM, 3aCTaBUM A CTPEMHTbCA K GECKOHEUHOCTH.
Tax Kak s, (X) = s(x), TO MBl [OJYYHM HEPABEHCTEO
[Sm () —s(¥) | <<t

*) Cu. Bromwich, Infinite Series, usn. 2, § 44,
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B eIMHCTBEHHOM IMpEInoJJoXKeHuH, uto m > n,. ClegoparejbHO, CXO-
JUMOCTh paBHOMEPHA.

1.1.3.1. Caenytomas reopema *) o6 OZHOM KJacce TPUTOHOMETPH-
gecKuX pAgos paer GmecTAmMil mpuUMep NPUMEHEHUS MPEXBIAYUIErO
NpUHINA.

Ecau uucaa bn, noaoscumenonor u nocredosamessrocmo by, by, ...
MOHOMOKHO ybblaem, mo weobxodumoe u 0OCMAMOHHOe YCAOBUE PABHO-
Meproil cxodumocmu pada X b, sinnx cocmoum 8 mom, 4mo nb, — 0.

Uro6sl A0Ka3aTh HEOOXOAMMOCTb 3TOTO YCJOBHA, 3aMETHM, uTO
i3 1 **)
npu X=g n~[2~p—|-l]

bysinnx+b,ysin(n+ 1) x+4...+bysinpx>

>b'p(sinnx—|—...—|—sin px)>bp<ép_ l)sin %—n

o o 1 .
(HMEETCH no Kpaiieil Mepe 5 p— 1 4/ICHOB sin mx, y KOTOpBIX mx >

4
BEHCTBA CTpeMHTCH K Hymo mpu p—co. CrenosatennHo, pb,— 0.
Hast pokasaTesbCTBa AOCTATOUHOCTH YCJAOBUA HaM HYXKHO CJie-
Ayloliee NpeiJiokKeHHe, H3BECTHOe Kak JemMa AGeas.
Ecau by=b,=...=b,>0 u ora k=1, ..., n

m<a+a,4-...+a, <M,

1
> n). Tak Kak DSl paBlIIOMEPIIO CXOAMTCS, TO JeBasi 4acTh Hepa-

mo
mby << aghy +agb, +.. .+ axb, < Mb,.
TTonoxum s,=a;+...+as. Mb Moxkem Hamucate (cp. 4. M.,
§ 196):
ahy 4. A @nbn =018 by (S, —81) o A b (S~ Sp1) =
=81 (by— ba) + 85 (b — bg) +. .. 4+ Sn1 (bn—y — b2} + Szbas
Tak kax BTOpblE COMHOXKHUTEIH B NOCJeAHEH CTpOKE HeOTpHIATeJbHE,

TO CyMMa He YMeHbUIMTCS, €CJM Mbl HanulleM M BMECTO Sy, Spy «v4y Spy
a 3T0 JaeT AJs Hee BEPXHIO TPaHHILY

M (by— by) + M (by— bg) 4. . .- Mb, = Mb,.

TlonoGupiM ke o6pa3oM MOJyuaeTcs HMKHAA rpaHHna mby. tum
JeMMa J0Kas3aHa.

Bosepatumca K HameMy pagy. Tak Kak KaxXkiubli ero 4JeH ABJs-
eTcs HeueTHOH (QyHKUuel C mepHoIOM 271, TO MOXHO OrpaHMUMUTHCH
uHTepBajoM 0<Cx<<m. PaccMotpum cymmy

Sp, p=bpsinnx+...4-b,sin px,

*yChaundy and Jolliffe [I].
**) [x] ecTh menas yacTb yHeaa x,
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rae n H p 6oJibllle He CBsA3aHBl MeXAY coboil, Kak 3To ObIO BHILE.

[Monoxkum pu,=max (mb,), Tak 4ro p,—0. [lpy x=mn/n Mol npu-
mzn
MeHsieM JieMMmY AOens: Tak KakK AJs BceX 3HaYeHUH n H r

1 1
cos <n——) X —Cos (r +—) X
2 2 = 1

!
2sm?x sinix

sinax ... fsinrx|=

1 n sin 8
U TaK Kak <75 (Cl)}’HKHJ/IH —— MOHOTOHHO yGeiBaeT npu 0 <

1 8
sin 9

1
<6<7ﬂ:), TO
bpm
Isn,plgfgnb,,gun.

Ecmuy x<< ot/p, 10 sin0=<<6 u
180, p| << banx ... bppx << pppx << i,

Tlpn m/p<<x<m/n MBl NoJb3yeMcsi OOOUMHM 3THMH MNpDHEMaMH.
Mbl numeM |S,, p| <<y, kH—’skT1 pl W, NpHMeHsas JemMy Aless Ko
BTOPOMY 4JIeHY CIpaBa M BTODOH npHeM K I1epBOMY 4JeHY, HoJydaem

HepaBeHCTBO
|Sn, p | << RppX + == <<y [kx+ k+1)x]

Tlonaras B HeM k=[m/x], MBl BHAMM, 9YTO

S0, p | << (4 1).
Takum 06pa3oM, BO BCeX CJAY4asX |S, ,| << Apn, M OCTAETCA BCHOM-
HHUTB, 4TO @, — 0.

1.1.4. PaBHOMEepHAasA CXOAUMOCTh U HENNDEPBIBHOCTD,
Jo cuX nop Mbl He IIPHBEJIH HUKaKUX JOBOAOB B I0JIb3y OOIIEro pac-
CMOTDEHHUs PABHOMEPHO CXOAsiINXcs pagoe. CHU BaXHBl 110 MHOTHM
HpHYMHAM, U3 KOTOPHIX He BCe MOryT OBITh Ha3BaHel B 5TOH IJaBe.
Tlepras mpuuMHa 3aKJ04aeTc B CAeAyIOLIEH Teopeme,

Cymma pasromepro cxodsueocs psada Henpepovigrslx ynKyul ecme
HenpepuieHas QYHKYU.

Mel mosp3yemcss npeXHuMH OGO3HAUEHHAMM M INUIIEM S (x) =
=8, (x)+r,(x), Tak 4TO 7, (X) €CThb OCTATOK, MOJyuYawUHHACA MOC/e
VIAJEeHHA 71 [EepBblX uJeHOB psafa. Ecau x u x--h — pBe Npou3BO.Ib-
HbE TOYKM DACCMATPHUBAEMOro MHTepBaJa, TO

[s(x4+h)—s(x} =|s. (x+h) =8, (X)F+rp(x+h)—r,(x)]|<
< [Sn (X +h) =5, () [+ |rn(x+-R) |+ | rn
HaiigeM go 3azaHHOMY € Takoe n,, 4TO AJA BCeX 3HAYEHUH A
ll"n(x+h)|‘<5r ()| <e (n>ny),

b/h-ln
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H ¢uKcupyeM Kakoe-HHOYAb 3HaueHHe 7, VIOBJETBOPSIOLIEE 3TOMY
yeaoeuto. Kax cymma n HenpepnlBHBIX yHKIMWH, S, (X) ecTh Hempe-
puiBHast (yHKIUA. MB MOXeM MO3TOMY HaifiTH cTosMb Manoe O, 4ro

[sa(x+R)—sn () [<e  ([h]<<TH).
KoMOuHMpYs HanucaHHble HEepaBeHCTBA, Mb! MOJYYaeM HepPaBEHCTBO

[s(x+h)—sx)[<3e  (h]|<TH),

KOTOPO€ M I0Ka3blBaeT, YTO (YHKLUHSA S (x) HelpepbIBHA.

3aMeThM, YTO TEOpeMa OCTaeTCH BePHOH, eCJiH peub HAET O Herpe-
PHIBHOCTH B OTHETRHOH TOUKe X; JEHCTBUTENBHO,- Mbl MOJNB30BAMHCH
TOJLKO TeM, UYTO S, (Xx-+h)—S,{x) npyu h—0 u dUKCHpOBAHHOM X.
IToatomy mbl MCXeM chOpMYyAUPOBAThH PE3YMALTAT CAeAYIOUMM 06pasoM.

Ilpeden cymmor pagHomepro cxodsuiezocs psda pyuxyul, Kaxoas
U3 KOMOpPbIX CMpPeMumci K HeKomopomy npedery, pasen cymme psoa,
cocmagaeH o020 13 npedenos ynxyut *).

1.2. Pappl ¢ KoMIeKCHbIMH uieHamu. CTenexHble paiwl **), Teo-
pHAl PaBHOMEPHOH CXOAMMOCTH MOXKeT ObITb pacrmpocTpaHeHa Ha psibl
EHZIA

U () u ) +...,

rae oOmuR 4ieH u,(2) ecTb KOMIUIeKCHasi (YHKUHS KOMIJIEKCHOrG:
nepeMeHHoro z. MecTo paBHOMepHOH CXOIMMOCTH B HHTEpBaJe 3]€Ch.
3aHHMaeT PaBHOMEpHAsA CXOJAUMOCTb B HeKOTOpOfl 06JacTH mJocKoc-
TH 2, HanpuMep B Kpyre HJM KBaipaTe. YwurtaTeqr He BCTpeTHT
HHKaKHX TPyAHOCTell mpd pacmpocTpaHeHUM olpejeseHUil H TpH3HA-
KOB Ha 3TOT chayudaifl. Takxke ¥ TeopemMa O HeNpPEPHLIBHOCTH CyMMbl
paBHOMEpHO CXOAAULEroCA pAa HenpephiBHHIX (GYHKIMIT 1ePeHOCHTCH
Ha pALnl KOMIJIEKCHHIX (PyHKIHA Ge3 OCNOMHEHHH.
[ee]

Npumep. Pan 2 n~S, rae S— KOMIJIEKCHOe TnNepeMeHHOe, PAaBHOMCPHO CXO«
IHTCS BO BCAKOM "KO};e'-XHO}"i ofnacti, B KoTopoli Re(s)=a > 1. ®ynkuus {(s),
onpeaeserHas Kak CymMma 3TOoro psaija, HenpepblBHA BO BCEX Toukax o0JacTu
Re(s) > 1. [Cp. § 1.11, npumep (I11I).]

1.2.1. CtrenenHne paas. OauH 43 [OpPOCTEHIIHX CaAyYaeR
PAaBHOMEPHO# CXOAMMOCTH pAJa ¢ KOMIJIEKCHBIMH 4J/J€HaMH eCTb CJy-
yall crernennoro paga. Mot smaem (4. M., § 200), uto crenemnoit

[ee]

PAL D) a,2" umeeT paduyc cxodumocmy R (KOTOpHIi MOXeT GbTb,

n=20 .
B YAaCTHOCTH, HYJeBHIM HJIH GeCKOHEUHbIM), TaKOfl, UTO PAL CXOAHMTCH
npu |z|<<R u pacxogutcs mpHu |z|>R.

*) B peficTBUTENBHOCTH 3Ta (DOPMYAHPOBKA COAEPMKHT ONOJIHHUTENbHBIN MYHKT:
NOCJAEAHH} pAA CXOMUTCS. DTo TaKkme Jerko nokasuiBaercs. (ITpumedanue nepe-
6004uKa.)

**) g, M., § 197,
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Pad pagromepro cxodumca npu |2|<<R’, 2de R’ — awboe noio-
FcumenvHoe HUCAO, MeHbulee R,

JIeHCTBUTeNIbHO, NYCTb P — KaKoe-HHOYAb 4YHCJO, 3aKJI0UeHHOE
Mexxay R’ u R. Tak Kak pAX CXOAUTCA NPH 2==p, TO CYMIECTBYeT
takoe uucao K, He 3aBucsllee OT n, 4TO |a@,p"|<<K 114 Bcex 3Ha-
yenuit n. Takum obpasoMm, mpH |2|<<R’

n i n , R_’)n
nf <p> |<K<p )
Tlparasi 4acTe He 3aBUCHT OT 2 U ABJIsAeTcA OOLIUM UY/IEHOM CXOAA-
mefics reoOMeTpHUYEeCKOH MPOrpecCHH, TaK YTO MPHUMEHHM KOMILIEKCHbIR
anasor npusHaka § 1.1.1. CnenoBatensHo, psij paBHOMEPHO CXOAUTCS.
Mul nokaszanau, TakuM 00pas3oM, YTO BCAKHUH KpYT, BHYTPEHHHH
K KpYr'y CXONHMOCTH, sBJsieTcs 06JacTblo paBHOMEPHOH CXOLMMOCTH.

CaM Kpyr CXOAMMOCTH He 00s3aH ObIThb OOJACThIO pPABHOMEPHOH CXo-
IUMOCTH; GoJiee TOTO, HA €ro rpaHule paA He 00s3aH CXOZHTHCH.

|a,,z"| =

2n o
Opumep. Iast pana Z;ﬁ KPYr CXOLMMOCTH sBAsTeTCsl 006,1aCThi0 PaBHOMEPHOM

CXOAHMOCTH.

1.2.2. Teopema AGeasa. Ilpeapgymme paccMOTpPEHUSI OCTaB-
JIAIOT OTKPBITBIM CJEAYIONMH HHTepecHbH Bonpoc. [lpeamonmoxkum,
uyto6bl B3ATh MpocTedlIMA cayuail, YTO mepes HaMu BeIIECTBEHHBIHd
CTeNleHHOH pax

5’; ax" ()
n=20

¢ paauycom cxoxumoctd 1. Tlpeamosoxkum pasee, yro psin

D G (2)

n=10

cxonutcs. Byaer Ju B 3ToM c/ayuae HHTepBaJl DaBHOMEDHOH CXOAM-
MOCTH OpPOCTHpATbCA BIPaBO A0 TOUKH x=1? OrBer cKa3wiBaeTcs

YTBEPAUTCAbLHLIM.
© ©

Ecau pad ) an cxodumes u e2o cymma pagna s, mo pad Y, anx™

n=>0 n=20
pasromepro cxodumes npu 0<<x <<l u
[ee]
lim )] a.x"=s.
x—1 n=0

JlokasaTesbCTBO MpefcTaBJ/aseT co0OH HemoCpeACTBEHIIOE MpHMeHE-
aue gemMel A6ens (em. § 1.1.3.1). Tlonoxum s, p=a,+any+...
...}a,. Ilpu 3azannoM & MBI MOXKeM HaHTH CTOJNb GOJBIIGE n,, YTO
|Ss, p|=<€& npu ny=<<n<<p. Tak Kak 4ncna x" He BO3PACTalOT, €CJH
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O<x<1, 10, B cHaly JleMMul AGensi, NpH ny<<n << p
|@px™ ..o apxP | <<ext<<e O=sx< ),

a 9T0 H O03HayaeT PABHOMEPHYIO CXOIUMOCTb.
Bropasi yactb TeODEMbl MOJYYaeTcsl TeNepPb H3 TeOPeMbl O Herpe-
puiBHOCTH (§ 1.1.4).

Npumep. Hs pasnoxenns (4. M., § 220)

log(1+x)=x——;—x2+é—x"-—... (Jxl<)

1 I
BhiBecTH, uTo log 2=1 -5 -|-—3— —..
1.2.3. Teopema Tay6Gepa. Ilpamum ofbpauenneM BTopoOir
qyacTH TeopeMbl AGessi Oblio Gbl YTBEpPKAEHHE, UTO €CJH 0pH x—> 1

(%)= i ApX™ S,

n=0
o0

To pAA Y, @, CXOAUTCA K cymme S. UTO 5T0 yTBepMIeHHe He BepHO,
n=0
NOKa3blBaeT MPOCTOH MpHMeEp

Fo) = i (—1)xr=

n=10

1
x41’°

o0
B KoTopoM [ (x) > 1/2 npu x-»1, HO psaAA Z a, He CXOIHTCA.
n=0
Ecnau, OZHAKO, HAJOXHTb Ha KO3(xpHLUEHTH! @, JONOJHHTEJLHOE
OrpaHHueHMe, Kacamwlleecs MNOpPAJAKA HX BEJHUYHHB, TO OGPaTHYIO

TeopeMy MOXKHO J0OKa3aTb.
)

Ecau a,=o0(1/n) u f(x)—~>s npu x—1, mo psd Zan cxodumcsa.
0

K Cymme 8.
CuayaJla Mbl JIOKaXeM CJEAYIOUIYI0 NPOCTYI0 JieMMy *).
Jlemma. Ecau b,— 0 npu n—oo, mo

bo+by+...+ by,
—ln—l-l -0

Jis noKasatesbcTBa JAOCTATOYHO 3aMETHTb, 4TO, €ClIu |b,|<<K
npH BceX 3HAUGHUSAX n H |b,|<<e npu n>ny, TO NPH A >ny K

*) 4, M,, ra, 1V, Pasuble npumepbl, 16,
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n>(ny41) K/e
bytbyb oot by | [ bgFeetba | |Bagg et ba
n—+1 o n+1 + n+1 ==
(m+1)K | (n—ny)e
<Tor Tt <%

Uto6ul gokasaTb TeopeMy Taybepa, AOcTaTouHO HOKa3aTb, UYTO:
upu N=[1/(1—x)] 1 x—1

-] N
Za,,x"—Za,,—>0,
0 0

N

oo
T. €. Z ax" —Za,,(l — x")—>0. O6Go3HauuM 3TH CyMMHl Yepes S
N+1 0
" S, ¥ AJ1g 3ajanHoro & BbiepeM N CToJb GOJBLINM, YTO |ha,|<<e
npu n>N. OueBHzHO,

oo} o0
X e n g
1Sil=| X | < 7 X ¥ <mrma—s <
N1 N+1
Hanee, 1 —x"=(1—x) (14x+4... +x*) <<n(l —x), ¥ notomy

N

N
)
182l < (=) Y nlas| < Fnlaal.
0 0

B cuay JeMMbl npaBasi YacTb CTPEMHTCS K HYJIO, Tak 4TO M | S, | <e,
ecsiu N JOCTaTOYHO BeJIMKO, a Toraa |S;— S,| << 2e. DTUM Teopema
JOKazaHa.

1.3. Panpl, KoTophle HE cxopaTcs paBHOMepHO. o CHX mop yuTa-
TeJJb MOI AYMATb, YTO CXGJIHMOCTb BO BCEX TOYKAX HEKOTOPOroO HHTEp-
Bajia ecTb TO JKe caMoe, YTO pPaBHOMepHas CXOAMMOCTb. Mnul XoTUM
JIOKa3aTb NpUMepaMH, 4TO 3TO He Tak.

Mpumepnl. (I) Mbl MOXeM NOCTPOHTH PAA, AJNA KOTOPOro

1
s,,(x)=—rm (0==x=21),
nonaras
1
=Tz
un(x):‘_ 1_;nx - 1+(n1 1) = —X (n> 1).
—Dx  (I+4ax){14+(n—1)x}

Ora QyHKUHA S, (X) eCTb Kenpepolenas QyuKyus, CMPeMAUYAACA K PASPLISHOMY npe-
Oeny. JleHCTBHTEbHO, eciH x>0, T0 S,(x), OYEBHZHO, CTPEMHTCS K HYJIO NpH
n—co; ecau we x=0, 10 5,(x)==1 gna BceX sHaYeHuwil n, TAK 4TO s, (X) cTpe-
MHTCA K efnHMIle. Takum oOpasoM, cymMMa psja pasphiBHa B pAJL He MOXeT GHTb
PaBHOMEPHO CXOJSLIHMCS.
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[os]
(IT) Paccmotpum pan Y xe™n*. 3pech s,(0)==0, tak uwto s(0)=0, pu
=0
x>0 "
] —enx x
SR =x 7= SMW=7—=

H s(x) 1, rorna x—-0. CnenosarenbHo, GYHKUMS s(x) paspoiBHA, 4, Kax #
B NpefibifylleM NMpUMepe, PAX He CXOUTCH DABHOMEPHO HM B KaKOM HHTepBaje
€ koHpoM x=0,

Tocnextee MOXHO YCTAHOBHTB M HENOCPEACTBEHHO: eclH x=1/n, To s (L> —
n

1 xe1
—, <_n_ = -l—_m--»e‘l, TaK 4YTO PasHOCTb S (X)—s, (X) - He ABJfETca PABHO-
MepHO Manofl BOJH3H 3Hauenus x=0.
o0
(I11) PaccmoTperb nofo6usiM e ofpasom psij E x (1 —x).
n=0

(IV) Tem ke mpuemom, uto B mpumepe (I), MbI MOKEM NOCTPOHTb DPSiZ, AAA
KOTOPOTO 8, (X)=nx(l—x)» (0 <x=C1).

Ouesupto, s (0)=0. Kpome toro, ecan x>0, To n(l—x)*—0 npu n—->oo
(4. M., § 213). Caegoparensho, s(x)=0 gas Bcex 3Hauenuii x. TaxuMm o6pazom,
B 3TOM CJyuyae CyMMma psjia HenmpepbiBHa, OZHAKO pPAJi He SBJAETCS PABHOMEPHO

cxoftauimvcs. [IpocThiM ynpaxHeHHeM B AnGdepeHUHANbHOM KCYHCJEHHH SABJACTCA
itn

OTBICKAHHE MaKCHMyMa QYHKUHH S, (X); OH papeH H, TaKuM 0fpaszom,

( n
l+n
cTpexHTcq K e~ npu n—co (4. M., §§ 73, 215). CaenoBatenbso, Kak Gbl BeJHKO
HH Obl10 1, GYHKIHA 5, (X)— S (X) NPHHUMAET 3HAYEHHH, CKOJb YrofHO Oiu3kue
K ¢ 1, Takum o6pasOM, cXOZHMOCTh He PaBHOMepHa.

YuTareato cjeflyeT HauepTHTb rpapuk QyHKIHH s, (x). ¥V 3T0ro rpadpHka ecTsb
rop6, KOTOpbIA NMpPHOJNHMKAETCH K Hauajly H HeOrPAHHYeHHO YMEHbLUAeTCHA B LUMPHHY,
" HO He B BBICOTY.

3ameTnM, YTO CXOAMMOCTb MOXET NPHOOPECTH HJAH YTPATHTH PABHO-
MEPHOCTb MOCJE YMHOMEHHS BCEX YJIEHOB psjla HA MHOXUTEeNb, He
saBucamuit oT #. Hanpumep, ecau

S"(x):l_—ll-v—n? (0=<x=1),

TO |, (x)| =< 1/n, Tak uro psix paBHOMEPHO cXoauTes K HyMoO. Psx xe,
nodyyawomuiics M3 Hero mnocie yYMHOXKEHHS Ha 1/x, He sBJagercs
paBHOMeDHO cxoasmumes (npumep (I)).

C npyro#l CTOPOHBI, ecM Mbl YMHOXHM DaBHOMEDHO CXOAAMHMcA
pAL Ha OepaHuueHHbili MHOXHTENAb, HE 3aBUCAIHH OT A, TO psj,
NoJYYeHHHH B pe3yJbTaTe, OYAeT TaKXe DaBHOMEPHO CXOLHTbCA.
1o Jierko BLIBECTH U3 onpejieJieHHs DABHOMEPHOH CXOAHMOCTH.

1.3.1. PaBHoMepHas CXOLUMOCTb DAAOBC HOJOXH-
TeNbHBIMH YJeHaMHu. WMa npeabiiylminx npHMepoB SICHO, 4TO
paBHOMepHass CXOAHMOCTb PAfa HeNpepbBHLIX (QYHKUHH He fBAAETCH
Heo6XOAUMBIM YCJIOBHeM HenpephiBHOCTH ero cymwmbl. CyliecTyer,
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OIHAKO, MHTepecHBHl cayyall, xorja paBHOMepHAs CXOAHMMOCTb Pfla
K HENPEepBLIBHOCTh CYMMbI PaBHOCHJBHBI *).

Ecau Y u, (x) — pad ¢ noroscumesbHoimu AEHAMU, HERPEPLIBHbIMU
6 SAMKHYIMOM UHMePsae, MO HeoOX00UMbIM U OOCHQMOYHBIM YCA0BUEM
HENPepLIBHOCMU CYMMbL S (X) ABAKEMCS DPABHOMEPHAR CXO0UMOCMb pAda
8 9MOM UHMEPBAAL.

Mul f0/KHBI HOKa3aTh, YTO 3TO YCJIOBHE HEOOXOAMMO, T. €. UTO
ecyin GYHKIHA S(X) HenpepuiBHA, TO PSiA PABHOMEDHO CXOAHTCSH.

[Tonb3ysick Hamumyu OOBMHBIMM OOO3HAYEHHSIMH, 3aMETHM, YTO
GbyHKUHA S (x) — S, (X) HenpepwiBHA H, cJegoBaTeabHo (4. M., § 103),
1MeeT BEPXHIOIO T'PaHb, CKaXeM, €,, KOTOpas HOCTUraeTcss B HEKOTO-
poll TOUKe x, paccMaTpHBaeMOoro HHTepBaJja. IloCcTaTOYHO JAOKAasarh,
410 €,~>0; HelCTBHTEJbHO, TAK KaK UJEeHB psja NOJOXKUTENbHH, TO

[5(X) =8, ()| <<|s(x)— sy (x) | <ew

aas n==N u Bcex X; a 3TO BJeueT 3a co060H DPaBHOMEPHYIO CXOLH-
MOCTb, ecad ey~ O npu N — oo.

[lpepmonoxumM, HaunpoTHB, 410 €, He cTpeMuTcss K uyJaw. Tax
KaK &, MOHOTOHHO YOblBaeT (4JeHbI PAA NOJOXKUTENbHEI), TO &, UMEET
NOJIOKHUTEJNLHYI0 HHXKHIOIW TpaHb, cKaxem 8. Uuncna ke x, HMEOT
B HHTepBaJse npefetbHylo Touky (4. M., § 19), ckaxem E. [lycte N
CTONIb Beauko, 4to §(§) —sy (§) << 6. Torna, ecan E— BHYTpeHHSA
TOYKA HHTEpBaJa, TO cyuiecTByeT HHTepBaJa (§ —#h, &--h), B KOTOpoM
s(¥) —snv(x)<< b, a ecau E— KoHuepas TOYKa, TO CYUIECTBYeT HHTEp-
pal (§, &+h) um (E—h, E) ¢ atum cBoiicTBoMm. ClelloBaTeNbHO,
£,< 0 Ana 3HaueHu# n, nNpH KOTOPHIX |x,—E&|<CA. Dro nportueo-
peuHe 3aBepLIaeT JOKA3aTeabCTBO.

1.4. BeckoHeuHble mpon3BefieHHs, DeckoHeuHoe NpOH3BeleHHE eCTh
BuipaXKe€HHE BHJa

(I4-a) (I +a) (1 +ay) ..., ()
conepxaniee GeCKOHEYHO MHOTO COMHOXHTesell. Mbl o6o3HauaeMm ero
yepes

1T (1 +an.
n=1

Mgl npennosiaraeM, YyTo HHU OJIHO M3 uHcesJ a, He paBHo — l.
PaccMOTpHM YaCTHYHOE NPOU3BELEHUE

Pn= H (I+am).
m=1

Mui roBopuM, uto Geckoneuroe npoussedenue (1) cxodumcs, ecau pg
CIPeMUMCS K HEKOMOpOMY npedery, OMAUYHOMY OM HYAS, K020Q H —» OO..

*) TlogpoGroe paccmoTpenue Bonpoca umeerca y Hardy [11],
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Mu morun 6ul, KOHeuHo, AonycTuTb npefies O, Kak BCSAKHE ApYroi;

HO MBI YBHAMM HHKe, YTO BO MHOTHX CJYYasix 3TO ObL10 OBl HEYAOGHO.
Ecau npousBelleHue He CXONHTCH, TO T[OBOPST, YTO OHO pPacxo-

autcsi. Ecan p,->0, To TOBOPAT, YTO OHO PACXOAHTCHA K HYJIO.

Mpumepni. (1) TIpoussenenue

T GG Gl SR

(I1) Ecnu npouseenenre (1) cxomutes, to a, —0.

1.4.1. Mul HayHeM ¢ paccMOTPEHHH OBYX MPOCTHIX CJIYyYaes.

Ecau a, =0, mo npoussedenue 11(14-a,) u pad Y a, cxodamcsa
uAl pacxo0amcs OOHOBPEMEHHO.

Tak kak B 3TOM cayyae p, ecTb HeyObiBatouias (yHKIHA OT A,
TO p, CTPEMHTCSI JHOO K KOHEUHOMY Npenesy, JHO0 K NOJOXKHTENLHOM
6eckoHeunocTH. lasee,

Gt o Fa,<(14a) ... (1 Fa)serT%t - +ag,

Jlepoe HepapeHCTBO CTAHOBHTCS OUYEBUIHBIM, €CJTH PACKpPLITh CKOOKH;
[IDaBOE HEpPaBEHCTBO CJeldyeT H3 Toro, uro l4-a<Ce® npu mobom
NOJOXHTEJLHOM 2. BMecTe 5TH HepaBeHCTBA MOKa3plBaIOT, UTO p, H
@, ... - a, orpaHHYEHEl HIH HE OTPaHMYEHHI OJHOBPEMEHHO, H 5TO
3aBepIlaeT JOKa3aTeJbCTBO.
Ecau a,<<0 paa Bcex 3sHaueHu#l n, TO MHI NoJjaraeM a,==—b,
o0

4 paccMaTpHBaeM NpOH3BeJleHHe H(l — bp).
n=1]1
Ecau b,=0, b, =1 028 ecex 3navenuii n u pad 3 b, cxodumes,
mo npoussedenue 11 (1 —b,) cxodumes.
M3 cxopumocTH psna caelyer CyiiecTBOBaHHE CTOJb 6oJbioro N,
uro by +4byy -+ ... <1/2 u, B vactnoctH, b, <<1 npu n=N. Oue-
BHJIHO,

(1 _bN) (1 _bN+1)> 1 '—bN—bNﬂ,

(1=bx) (1 —byar) (1 —bnig) = (1 — by — basy) (1 = bysg) =
=1-by— bN+1 —bnig
u Boobmie

1
(1=bn) (1 —bya) oo (1= bp) = 1= by — ... —by >

Takum 006pasoM, OTHOILUEHUE pP,/pPy-; MOHOTOHHO yObIBaeT npu n >N
4 HMeeT MOJIOXHTEJIbHYI0 HHXHIWOW rpaib. CieloBaTesbHO, OHO CTpe-
MHTCSI K TOJOXKHTEJIbHOMY mnpefesy. [TockoabKy py-y 5= 0, 310 3aBep-
aer JOKasaTeabCcTBO.

Ecru 0<<b, << 1 0aa scex n, Ho pad X b, pacxodumcs, mo npo-
usgedenue 11 (1 —b,) pacxodumea K Hyawo.
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B camom geste, 1 —b=<e-?, econ 0<<b <1, T2K uTO
(1 —=b)(1=by) ... (1 —by) e 7%=+ ~Pa,

[TpaBasi yacTb CTPEMHTC K HYJIO, YTO H 3aBepiIiaeT A0KA3aTesbCTBO.

Takum obpasom, ecau 0<<b,<C1, mo npousgedenue 11 (1 —b,) u
pad0 Y b, cxo0ames uau pacxo0smes OOHOBPEMEHHO.

1.4.2, O6muit cayuait. Ilyere Tenepp a,— Ji06nie BemecT-
BEHHBbIE HJIH KOMILJIEKCHBE YHCJ/a, OTJAHYHBIE OT — .

Onpeneaenne. fIpoussedenue 1 (1 4 a,) naseaemecsa abcoaomro
cxofawumcs, ecau npoussedenue 11 (14-1a,|) cxodumes.

W3 nepporo upennoxenus § 1.4.1 caenyer, uro weoOxoOumoim
U OOCMAMOUHBIM  YCAOBUEM QBCONOMHOL  CXOOUMOCHIU  APOU3EE0CHUS
I (1 +a,) cayocum cxodumocmoe pada Y| ay|.

TToKaxeM Tenepb, YTO abCOMOMHO CX00feecs npousgedenue Cxo-
Oumcs.

Q603HauuM 4epes p, TO e YacTHYHOE [IPOM3BeJleH e, UTO U BhLLE,

n

u noaoxuM Pp= |] (14a.)). Tak kax
m=1

Pn—pr-1=(14a) ... (1 4-au1) G,
Pn_Pn*1=(1+‘a1 |) e (1+|an~1 ‘Han l’

TO |Pn—Pna|<<Pn— Ppy. Ecim npoussemenne II(l+4ja,|) cxo-
AWTCH, TO P, CTpPeMHUTCs K HEKOTOpOMY npejeny, TaK uTO pij
3 (Pp— Pp-q) cxopurca. Torpa, B cuay TeopeMbl CPaBHEHHS, CXO-
autess U pag X (Pp— Pn-1)s T. €. Pp CTPEMHUTCS K HEKOTODOMY mpe-
Jeny.

10T npejes He MOXKeT OHTb HyJeM. JleHCTBHTENbHO, TaK KaK paf
Yla,| cxonurcs u 14-a,—1, 10 pszn

Ylan/(1 +ay) |

Takxe cxoaurcs. CienoBaTesbHO (B CUJY TOJBKO YTO JAOKAa3aHHOrO),
n

npou3sBelieHne II (1——1—_—7_—”‘5—> CTPEMHTCS K HEKOTOPOMYy Tpezeny.
- m

Ho 310 npousBenenune paBuo 1/p,. CiepoBaresbHo, npees Npous-
BeJleHUsl p, OTJAMYEH OT HYJIA.

Npumep. ComuOXKUTeNn aGCOMOTHO CXOAALErocs NPOH3BEleHHs MOXKHO MPOH3-
BOJIbHO TepecTaBsiATh, He MEHAs 3HA4eHHS NpoHsBefenus (cp. 4, M., § 192).

1.4.3. JlorapupmGeckoHeuHoro npousBeaeHus. [lycts

[0}

H (1+as) =p;

a=1
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o
BEPHO JIH, YTO Z log (1 4-a,) =log p? 3necy log 2 —raaBHoe 3Haue-
n=1
Hue JorapudMma uyHcsa 2, T. €. 3HaYeHHe, MHUMAasi 4acTb KOTOPOTO
JeXuT Mexay —n u n (4. M., § 231).

Orger Gyjer, OueBHAHO, YTBEpPAHTEJNbHEIM, €CJH BCE YMHCIA d,
JeACTBHTEJJbHbl U MOJOXHTENbHB, IIOCKOJbLKY TOrAa Bce JOrapH(Mbl
MMeT cBoe oObluHOe apudMetnyeckoe 3nauenue. Ho B obmeM ciyuae
popMysia TpeGyeT MoRHbHKAIHH.

[Mycrs p, o6o3nauaer n-e wacTHYHOE NpPOH3BeleHHE, H NYCThb
Pn==pn€'®?, TaK YTO p, U P, CTPEMSITCA K MpeiesaM H TO XK€ OTHO-

CHTCSl K apPyMeHTY @,, €CJIH ero 3HaueHHs BbIOPaHbl HalJIexKaiuM
nbpasoM. [lycrth 1+a,,=r,,eteﬂ, rle —n<<08,<Cm; TOrja, Tak Kak

a,—0 upu n—>oo, 10 ¥ 6, >0 npu n—oco. [Nosokum

n
sn= 3, log(1+an).
=1
‘QOueBUAHO, "
S, = log p, -+ 2k,ixn, )]
rie k,—uesoe udcnao, u 2k,mw="0; + ... 4+ 8, —¢,, TaK uTO
2n (kn+1 - kn) = Brz+1 - ((Pn+1 - (Pn)

ITockosnbKy npaBas uyacTb CTPEMHTCSs K HYMO, NOPUH J0CTAaTOYHO
-60JIBILIOM 11

|25 (B — £n) | << 21

H, CJefOBaTeNLHO, K,y =£A, (HAIOMHHM, 4TO Bce B, — LeJble YHCJa).
Taxum 06pa3oM, R, UMeeT NPH AOCTATOYHO OOJBILOM 7 [OCTOSTHHOE
3HaueHue, ckKawmeM &, T. e. s,=logp,+ 2kin (n>n,). Cnenosa-
teabHo, Y. log (l+-a,) =logp 4 2kin. Cymma psjpa ecth, TaKum
06pazoM, HEKOTOpPOe 3HaueHHe, HO He 0053aTe/IbHO TJIaBHOE 3HAYEHHe,
JorapudmMa npOH3BeLeHHUs.

3ameTuM, 4YTO B XOJe J0Kas3aTesJbCTBA Mbl [OJYUHJIH A8 BCeX
JOcTaTOyHO GOMbILUX 3HaueHU#t N paBeHCTBO

(o8]

> log (1+a,) =logp —log py.
N+1

Ecin Mb HayHeM ¢ psAaa JorapuMOB H HOJOXKHM
[e9)
Y log(l+a,)=s,
n=|\

TO MocJje nepexofa K 3KCHOHeHuHagaM B gopmydae (1), Mul mogayuum
PABEHCTBY €7 = p,, TAK UTO Py —>p =¢’.
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NMpumepnt. (1) Ecan pain T a, u L|a, |* cxonatcs, To nponspelenne I (14-a,)
CXORHTCS.
[BocnoabsoBathes cooTHolenueM log (1 4-a,)=a,+0{|a, [?).]

(II) Ecan pamst 3ya,, Mad, ..., a2~ ¥ an| CXORATCA, TO [POH3e

penenne I (1-+a,) cxogurea.
(I11) Ecnu 4Kcna a, pellecTBeHHH M pall Y a, CXOZuTca, TO NPOU3BeleHHE
II1(14a,) cxoRnTc HJH pacXOAHTCA K HyJIIO B 3aBHCMMOCTH OT TOr0, CXOIHTCHA

WM pacxXoguTcs pan ¥ an.

(1V) TTpoussegenne l———l—_— l—I-—l_— l———]—.- ... pacxoanrcs,
V2 V3 Vi

(V) Ilokasare, 4TO ecau
1 1 1 1
Aop_1=— —F——, Qg,= -+ +
2t Vati' ™ Vatl nt1 (n+-1HVar1'
7o nponspezente II(l+a,) cxomuTca, xoTa o6a paga Y a, Y an pacxousarcd.

(V1) Ilpoussenenne I I (I+%> pacxoRHTCsA, HO NpOH3BENEHHE I I 1—!—%
CXOLHTCH.

o
(VII) Ecav pan ¥ | u, [ cxopuTes, To cxoauTes H npousseenue I (1—u,)e ®,
¢ »
o *n
e XKe pAl ¥ u, [3 cxomurcs, TO cXoBHTc Nponabesienue II(1 —u,)e R,

u4 - ut
[Ecin u—0, T0 (I—u)e?=14+0@w™?) n (I—w)e 2 =I1+0(3);
HM Ke MOXHO pacCcMOTpeTh pAzn Jsorapugmos, Kak B npumepe (I). Tlpouspeneunus
5TOro THna umeroT GoJiblioe 3Hauenne Aag taasn VIII v 6ynryT paccmoTpennl Tam
noJiHee. }

1.44, PapHoMepHad CXOAHMOCTL 6eCKOHEUHBIX NpO-
napedeHu . BeckoHeynoe npoussenenye

1T {1+ i)},

n=I

rne COMHO}KHTEJIPI-—-Q)YHKU.HH [epEMEHHOr0 2, BEUIECTBEHHOro HJIR
KOMITJIEKCHOI'O, HAa3EIBA€TCs1 DPABHOMEPHO CXOASIIUMCH B HEKOTOpOI’l
o6/1acTH 3HaYeHHH 2, ec/IM YyacTHYHOe npousseyeHue

n

pn(z)= H {1+um(z)}

m=]}

PaBHOMEPHO CXOAHTCA B 3TOH 06JacTH K HEKOTOPOMY Tpelesy, Hurie
He DaBHOMY HYJIO.

BoT npocrefiliiil pA3Hak paBHOMEPHON CXOAHMOCTH IPOU3BEAEH HSI,

ITpoussedenue T1{1+4u,(2)} pasromepno cxodumca e raxcdoil
obaacrny, ¢ kKomopod pad 3 |u, (2)| pasnomepHo cxodumca & oeparu-
uenHol Qynxyuu.

JoKa3aTeJbCcTBO COCTOHT B nepecMOTpe aprymenToB § 1.4.2 ¢ Touku
3peHHs paBHOMepHOCTH, IlycTb M — BepXHAA rpaHb cyMMbl 3| u, (2)}
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B paccMaTpuBaeMod ofJactd. Toria
{14H1u, (D) .. 1+ ua (2 |} <<elut@ i+ .ogeM,

o]

Tlonaras P, (2) = {1+ |um(2)|}, MBl BHANM, YTO

Pr(2) = Ppy (&) ={1+u; (2)

booedl 4Tt (2) [} un (2) | <<eM|uq (2)

CnepoBatensvuo, pan Y {P,(2)— P,—;(z)} paBHOMEepHO cXOLHTCH, H
JAOKa3aTeJbCTBO 3aBepliaeTcs TaK e, Kak B § 1.4.2.

Mpumeput. (I) Hpousseneaue]](l—%s), rie ® mnpoberaer Bce MpOCTHE

yHena 2, 3, 5, ..., PAaBHOMEDHO CXOAMTCA B KaxpoH Komeuynoidl obaacTH, B KOTO-
polt Re(s)=a > 1; neficTBHTeJbHO, 3TO BepHO AAd paAja Y| @S |, KoTophiil cocTap-
JieH ®3 wacTH uJeHoB psina Y |n~S| (§ 1.2, npumep).

3uauenne npousBelenus ectb 1/{ (s). Jle#icTBHTENbHO,

(1 =25 (s)=14+354+554...,
rje cnpaBa OMyINEHE! 4JeHH psila ¥ n~5 ¢ uYeTHHIMH n. [lajee,
(1—275) (1=3-5) [ (s)=1 +-5-5 - T=S - 11=s ..,

rlle cpaBa ONylleHbl 4JeHH C 7, JAeJAWHMHCA Ha 2 HAH 3. BooGue, ecnu @, 060+
3HAUaeT n-e TPOCTOE HHCJIO, TO

(1—27) . (1—a; )L () =141+ ...,

THe cIpaBa ONyILleHBb 4YJEHBl ¢ a, JeddllrMicd Ha OJHO U3 dHcel 2,3 ... [0
Tak Kak Bce 4ucJaa, He MPeBOCXOAALIHE O, CONCPXKAT TAKHE MHOXKHUTEJH, TO

[(1—=27%) ... (A=) L ()~ | < [(@p+1)5 [+ (05 +2)5 [+...,

a 5Ta CyMMa CTPEMHTCS K HYJO npu n - oo, CleloBarenbHO,
lim 1—27%)...(1 —0; )t (s)=1,

4TO M yTBEPKIAIOCh.
(II) Ecau Re(s) =2, 10

log [ (s) =— Z log (1 —@™%),

Npu4eM BCIOAY B3ATHL [VIaBHbIE 3HAYEHH# Jorapudma,
[M3 npeppiiyiiero nprMepa # cxazaHeHoro B § 1.4.3 Mbl BEIBOAMM, YTO

log £ (s) =— ¥ log (1 — 0=5) 4 2kisn, -

rie k—uenoe 9HCJIO, 3apucsilee prima facie ot s. Ecau 3nHauenue s BewecTBEHHO,
T0 k ecTh, ouyeBHnHO, 0. Kpome toro, eciu Re (s)> 1, To BelllecTBeHHas uacThb

gucaa | —o™s NONOKUTEAbHA, TaK UYTO €T0 apryMeHT 3akaiouen MEXAYy — -7 H

2

-é—n. Tlostomy npu Re(s) > 1 xaxgplit unen log (1l —@™5) uenpepuiBen, Cnegosas

TeJbHO, CyMMa psfa HeNpephBHa,
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ITogoGubiM ke obpasoM dyukuua log{(s) HenpepniBHa, ecaun Ref (s) >0,
B yactaoctd, 3TO BepHo npu Re (s) =2, TaK Kak 0pu Re (s)=0=2

ReC(S)B1-—2_0'—-3_0—...21-—2—2—3—2—...> l-——.'-—'.——...‘-——-o.

CnenoBatenbno, GYHKUH &k HempepbiBHA Npu Re (s)==2 u, takum o6pasoM, paBha
HyJIo Bo Beefi 3Toit o6nacT4.]

(I1I). Cxomumocte npoussepesnss Il (I-+-a,) we Baeder 3a cofoft cxoxHMocThb
npouspefienus I (1 +a,x), 32 uckmouenneM cayuaeB x=0 a1 x=1*).

(IV) U3a cxogumocty npoussenenusn II (14-a,) He caegyer papencrso

nml T +axm=]] A +an).
X~
[Xappu *) ykasan npumep, B KOTOPOM

lim [T (1 +anxm) =2 | | (1+an).
DT0T pHMep pPe3KO KOHTPacTHPyeT ¢ TeopeMoit AGessi O HeNPepEIBHOCTH CTENEHHBIX
psixos.]

gind .
V) Tlponssepesne [ }—— | He CXOAMTCA HH INpH KAKOM payHOHa/Ib-
P logn

HOM 3HAYEHHH 6/7T, HO CXOAUTCHA, ecaH /7 ecTb anreGpanueckoe yucso (4. M., ra. I,
npumep 36), He ABJsIOLIeECST DAUHOHAJbHBIM. T

[TIpo6neMa CXOAMMOCTH 3TOMO TPOH3BElEHH:A, NpepJoxenHas Xapau *), Guna
peileHa Jluttasypom **).]

1.5. CxopumocTh HecoGCTBEHHBIX HHTerpanas. Mul npeanoJaraem,
YTO yyTaTeIb 3HAKOM C 3JEeMEHTApPHLIMH CBOHCTBAMH HHTerpaJja
Pumana ot nenpepsisholl ynxkuun (4. M., §§ 161 — 169). Ecau dynk-
U f(x) HempeprlBHA B KOHEUHOM 3aMKHYTOM HHTepBaJe (a, b), TO

unTerpas Pumana
b

§F(x)dx

a

Bcerga cyuiecrsyer. Janee, npu a<Cx =< b cywectByeT HeonpeseseH-
X
HHi pHTerpana F(x)= Sf(t) dt, u ¢yHkuusa F(x) HenpepbBHA K HMeeT

a
f1pOU3BOAHYIO, paBHyIO f(x). Mbl mpeanosaraeM H3BeCTHBIMH OOBIIHbBIE
IIDaBH/Ia MHTETPHUPOBAHHS MO YaCTAM, MOACTAHOBKOR U T. ., a TAKKE
TeopeMbl 0 cpeaneM sHayenun (4. M., §§ 165, 166).

[Tpexge Bcero Mul pacnpocTpaHHUM OMNpefe/ieHHe HHTErpasia Ha
npocTefiliie paspeiBHblE (YHKIHH. [lpeamosioxuM, 9to HHTEpBaJ
(@, b) Moxer ObITb pa3bHT Ha KOHeYHOe YHCJIO yacTeH (a, x),
(%1, Xx5), ..., (xz, b) Takum o06pa3oM, yto (PyHKUHS f(X) HernpepbiBHA
BCIONy, KPOMe TOYEK Xy, ..., X5, TIPHUEM CYIIECTBYIOT I pENEJbl
Fxy—0), fg40), oov, F(%.—0), fF(x,+0) (4. M., § 100). Torza
uHTeTpa/l YHKUHH f(Xx) cyulecTByeT Ha KaxJOM 4YacTHYHOM HHTEp-

*) Hardy [5].
**) Littlewood [2].
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Bajlc 1 HHTErpaJ no BCeMy HHTEpBaJy onpeaensercs Kak cymma
HHTEr paJjioB MO YaCTHYHLIM HHTEPBaJNaM:

b X, X3 b ’
§fyde =S f(x)ydx +§ F () de+...+4 § 7 (x) dx.

a a II In

Hanomuum onpenenenue Heco6cTBeHHOro uurterpana (4. M., § 184),
Ecym ¢ynkuua f(x) maTerpupyema B HHTepBaJse (a, x) TpH JioGoM x 1

x
lim {f (@ dt=1,
x—»ma

TO TOBOPSAT, UTO HecOOCTBEHHLIH MHTErpaJ Sf(t) dt cxomutcs H ero

a
sHayeHue ectb [. ITonoGubmM ke oGpasom, ecin ¢dyHruus f(f) ctpe-

MHTCSI K  O€CKOHeunocT!!  MJH  KoJebjerca upH x—»c¢, HO
X

lim S,’ (@) dt==1, To Mbl nonaraeM WHTerpas ¢yHkKnuu f(f) no unrEp-

X a
Baay (@, ¢) paeuemm | (4. M., § 187).

Ha stu coryyan 6e3 BCAKMX TPYAHOCTeH pacnpoCTpaHAIOTCH mpa-
BUJIAa HHTET PHPOBAHHA 1O YacTsIM H TOJCTAHOBKOL.

HexoTtopbie npH3HaKH CXOXMMOCTH, TaKhe KaK NPH3HAaK cpaBHe-
HMf, IJs cjayuas, Korja OYHKOHA f(f) DOJOXKHTE/bHA, HMETCS
B Y. M.,§ 185.

[Tycry Tenepn f(f) —¢yHKUMA npou3BOJIbHOrO 3HaKa. Ecau oe
¢yukuny f(f) u |f(f)| vHTerpHpyeMnl B OAHOM H3 y3Ke YKa3aHHBIX

2]

CMBICJIOB B JIIOOOM HHTepBaJe (@, X) W HHTerpaj S |f ()| dt cxopgutcs,

a
o0

TO  HHTerpan Sf(t) di  HasbBaeTcs  abBCOMOMHO — CXOOAULUMCS

a
(cp. 4. M., § 203).
Abcomomuo cxodauwuiica unmezpana cxodumcs. efictBHTesbHO,
eca# HHTerpa ¢pyHKuMH |f(f)| cXopHTCcs, TO, KaK NOKa3blBaeT MpH-
SHAK CpPaBHEHHS, CXOAATCA H HHTerpaJbl ¢pyHKuHH

e =IfO|+F@®), vO=I[[O)—]@®
(o6e 3TH (YHKUHHHM [OJOXHTeAbHBl). CJefoBaTeNbHO, CXOAMTCA H
HHTerpast (PyHKUHH %{cp(t)~1p(t)}=f(t).
J10 npeAnoXKeHHe BepHO W B cJyuae, Korpa f (f) —HenpepuiBHas
KOMIJIEKCHas (YHKUHA: HYXKHO pPaccMOTPeTb NOPO3HbL ee HeHCTBH-
TeJALHYIO YacTb M e MHHMY(O 4acTb.

HnTerpas, KOTOpHIY CXOmHTCS, HO He CXOAHTCS aBCOJIOTHO, Ha3hl-
BAETCA YCAOBHO CXOOSUYUMCS.
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Haubosiee BaXXHple NPH3HAKH YCJOBHOR CXOAMMOCTH HHTErpaJjioB
ABJSIOTCA aHajoramH npu3nakoB Jlupuxsae u Alenss ajas pajos
(4. M. § 196).

Auanor npusnaka Hupuxae. Ecau gynxyun ¢ (x) umeem
HenpepulBHYI0 NPOUBOOHYI0 1 MOHOMOHHO Ybbisaem 00 HYAR Npu X —» 0o,
a QyHKyua

Fx)=(f () dt

O2pAHUMBHA, MO UHMeepaA S ¢ (x)f (x) dx cxo0umes,

a
ViHTerpupys no uactaM (3TOT npouecc fBJseTca AJs HHTErpaJion
anaJjoroM TOro «CYyMMHDOBAaHHS MO 4acTaM», € IIOMOLULbIO KOTOPOro
000CHOBRIBaeTCS NMPH3HAK [lMpHXJe), Mbl [0JyYaeM paBeHCTBO

X X
§ o)) de=o X)F(X)+§ {— o' ()} F (x) dx.

IlepBrifl ysen crnpaBa CTPeMHUTC K HYJIO NpH X —» 00, HHTErpaJ xe
crpaBa abCOMOTHO CXOAMTCS COrJIACHO MPH3HAKY CPaBHeHHs: (YHK-
uus | F (x)| orpannyena, ¢pyHKUuHa — ¢’ (x) HEOTPHLATEbHA, H

X

J i )} dx =0 (@) —o (X)>¢ ().

a

OTHM TeopeMa JOKas3aHa.

[oe] [20]
sin x Cos x
Mpumepni. (I) HMuTerpanst S de, S de SBJAIOTCA YCJAOBHO CXOAfl~
0 1

IHMMHCS,
(IT) ChopmynupoBaTh H HKOKasaThb JJ51 HHTerpajoB AaHANOr Mpuanaxka Afess,

YKaxkeM, HaKOHel, Heo0xodumoe u 0OCMAMOYHOE YyCaoeue CXOH-
[ee]
MOCTH HHTerpana Sf(x) dx; oHo TpebyeT, urolBl JA/1s 33JAHHOTO €

a
MOXHO OBLIO HalTH Takoe X, 4TO
Xl
| £ dx

X

<&,

ecin X' > X = X,. Ono Moxer ObITh OGOCHOBAHO TaK e, KaK COOT-
BeTcTByIOmIee yciaoBue piaa psaoB (4. M., §§ 83, 84), wiau BriBeseHO
U3 TOC/IeHEro.

Mpumeps. (I) BocnonbszoBarscsi 5THM ycrOBHeM [JIf H0OKAa3aTeJbCTBa TOrO, 4TO
abCOMIOTHO CXOIAMMACA HHTerpaj cXOUTCH.

(I1) Ilonysurh NPH3HAK CXOAMMOCTH JIHPHXJE ¢ HNOMOMIBIO 3TOMO NPHHIANA K
BTOpofi TeopeMbl O cpefneM sHauenun (Y, M,, § 166, npumepnm 11, 12),
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1.,5.1. PapHoMepHas CXOAUMOCTb HecOOGCTBEHHB X
HHTerpaJjoB. Tenepb MBI MOXeM pacnpoCTPaHHTb Ha HecOOCTBeH-
HEle WHTerpaJjpl NOHSITHE paBHOMEpHOH cxomumocTH. [lycts f(x, y) —
HHTErpupyemast QyHKUIHSA OT X B HHTepBaje a={x<<bnpua=<<y<p
u Jgio6oM 3naveduu b. Tlpemnosoxum, yto HHTErpaJ

o

(P(y)=gf(x: y) dx

a

CXOAMTCH AJ8 BceX 3HaueHuil y B HHTepBane (a, P). Imom unme-
2pan HA3bl6aemes PABHOMEPHO CXOOAUMCS, €CAll 05 eCAKO020 € MOMHO
Hatimu makoe uucao X,, S0Q8ucsujee om €, HO He Om Y, 4mo

X
e —§fix, ndrl<e (X=X,

a

[Momo6ubiM xe o6pazoM omnpenesercs paBHOMEpPHAs CXOAHMOCTb
JJIs1 MHTErpaJoB, KOTOpble SBJSIOTCS HeCOOGCTBEHHBIMH H3-32 TOTO,
UTO NOABIHTErpaJjibHas (yHKLIHS CTAHOBHTCH B HHTepBaJle HHTEr pupo-
paHusl OGeCKOHEeYHOH.

[lpocrefitunfi npH3HaK paBHOMEPHOH CXOAHMOCTH SIBJISETCH aHa-
gorom npusHaka § 1.1.1, otHocserocs Kk panam. [1pedvidyuuii urnme-
2pan 306e00M0 PABHOMEPHO CXO0UMCS, eCAl CYwecmeyem maxKas noao-
acumensHas Gynkyus g(x), He sasucawas om y, umo |f(x, y)|<<g(x)

o0

0451 6cex sHaueHUU X U Y U MO UHMezpan S g (x)dx cxodumcs.
a

DTO MOXKHO J0Ka3aTb TaK e, KaK yIOMAHYTYIO TeOpeMmy O psjax..

[Nono6uuiM e 06pazoM MOryT ObITb MORHGHUMPOBAHEI H IpYTHe
npussaku. Hanpumep, ecau B npuaHake Jdupuxie f U ¢ — GyHKUHH

0

OT X H Y, TO Mbl IPEANOJaraeM, YTO IPOH3BOJHAS 55;3 HenpepbIBHA,
YTO ¢ CTPEMHTCS K HYJI0 MOHOTOHHO M PaBHOMEDHO OTHOCHTEJNBLHO Y
u yto |F| MeHblIe NOCTOAHHOH, He 3aBHcsAmed oT X H y. Toraa

HHTErpaJjl oT f PaBHOMEPHO CXOLMTCH.

Mpuzepn. (I) Hcecaenosath cxogumocTs HHTErpasa

o

T (x)=\ tx-te* dr.
0

[Tlpeanonox¥M cHasaja, 49TO 3HAYeHHE X BeulecTBenHo. Murerpan cxomutes
Y CBOErO TpaBoro Mpefesa AJs BceX 3Rauenuit x (byHkmHs (¥+le~f orpaHHyeHa npu
J060M X, 4TO NO3BOJISIET CPAaBHHTL 3TOT MHTErpaj c wHTerpasoM ot 1/£2); Ho uTolHt
ofecneynTb CXONMMOCTb Y JIEBOrO KOHUA, HYXHO [MpeAnojoXHTb, uT0 x>0
4. M., § 187).

HnTerpasn cXoAKWTCs pPaBHOMEPHO B KaXKIOM KOHEUHOM HHTepBaJe @ =S x<<b
¢ a> 0. Urobul pokasaTb 5T0, Mbl paz6uBaeM HHTerpasj na JBa HHTerpaja, pacs
ppoctpadeHnble Ha uHTepBagn (0, 1) B (1, ©o0), M cpaBHUBaeM 3TH HHTer Pajul



1.5} CXONMMOCTb HECOBCTBEHHBIX MHTECPAJIOB 33

¢ HHTErpanamu
1 oo}
(eorde, ( e-1e dt,
0 1

KOTODHIE CXOASITCS H He 3aBHCAT OT X.
IMono6ueM e o06pasoM npH KOMIJEKCHOM X HHTerpaj paBHOMEPHO CXOAHTCH
BO BCAKOH KOHeuHOW o6Jsactd, B KoTOpoH Bciogy Re(x) =a > 0; meiicrBuTenbno,
ecqH x=§-+in, To [#¥71|=#5"1, 410 NMO3BOASET NOBTOPHTL MpefbIAYLIHE apry-
MEHTH. |
0

(I1) Huterpan S smxfy dx a6comotHo cxoputes npn 1 <<s << 2 u moGom g,
0
[Tpy (QHKCHPOBAHHOM 3HAUEHHH § W3 3TOrO HHTEPBana OH CXOZHTCSI PaBHOMEpPHO
8 J1060M WHTepBate 0 <o <<y << P.
OH cxonutest yeaoBHo npu 0<<s=<1, y >0 u paBHoMepHO Npu 0 <T ot <<y <
=P, ecit 0 <<s=< 1.
ITpu ¢dukcupoBanHoM y >0 on cxomutcs abCOMOTHO W PAaBHOMEPHO B JHOGOM
HHTepBasle | <Cs; = s=Cs,<(2 ¥ paBHOMepHO, HO He 46COMIOTHO, B JIOGOM HHTEp-
pajse 0 <<s; =s=1,

1.5.2. TeopeMa 0 HenpeprBHOCTH. B »TOM naparpade
MBI JIOKaXeM JJIsi MHTEerpajoB aHAJIOr TEOPEMBl, YTBEpKAAMOlIEH, YTO
CyMMa paBHOMEpHO CXOISILErocsi psiAa HelpepniBHbIX (PYHKHUHA He-
npephIBHA.

Hawm notpebyercs cjenyiomas teopeMa O HenpepblBHHIX GyHKIHAX
IBYyX MepeMeHHbIX, nopofHas TeopeMe O DYHKUHUSIX OZHOTO MEpeMeH-
Horo, mokasamnuo# B Y. M., § 107.

I[Tyeme f(x, y)—ynxyua om x u Yy, OnpeOeseHHAA U HeNnpepols-
HOaS 6 npamoyeosbHuke a<<x<<b, a<<y<<P. Toeda O0an ecaxoeo &
cywecmeyem maxoe pasbueHue NPAMOYS0AbHUKA HQ KOHEUHOE HLCAO
YACIMUYHBLY  NPAMOYLONbHUKOB Xy << X << Xpiy, Yy << Y << Yyaq, 4MO 041
abblx Osyx mouex (x, y) u (§, M), sexcauwux 6 OOHOM u mom e
HACMUYHOM NPAMOYSONbHUKE,

Ifx, p—FE M) <e.

Mbl fokaxeM 3T0 MeTOEOM mnogppasfesedus. [lpeamosioxum, uto
caM 3aJlaHHBII TPAMOYrOJbHHK He ofJazaer TpeGyeMbIM CBOHCTBOM.

1
Torpa, ecan Mbl pasfiesuM €ro NpsMbIMH x=7(a+b), =%(oc+ﬁ)

Ha yeThipe NPAMOYroJbHHKa, TO IO KpailHedl Mepe OAMH H3 HHUX
TaKxe He 6yaer 06JagaTh 3TUM cBOHCTBOM. [loMeTuM ero, ecju OH
ONMH; ec/IH e OH He OAMH, IOMeTHM OZMH H3 HMeIolUXcHd — u4TOOh
JaTb OrpejieJleHHOe NpPaBUJIO, PACNOJOXHM BCe YeThipe IPAMOYTroJib-
HHKa B oOlpejes]eHHOM Mopajgke (CKaxeM, JeBbl HHKHHE, JeBbli
BEPXHHH, NpaBblii HUXHHH, npaBblii BepXHH#), — H Bbl6epeM MepBbli,
He o6sagaloliuii TpeGyeMbiM CBOHCTBOM.

[Tocne sToro Mm TakuM e 06pa3oM pasfesdM Ha YeThipe 4acTH
BLIOPaHHHI NPSIMOYrOJbHHK H TPOXOIKHM 3TOT HpOLiecc Mojpasie-
JIeHHs] HeOrpaHWYeHHO, KaxJbH pa3 BhIOHpAs OAHY 4YeTBEPTYLIKY,

Q2 E. THTuMapix
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He ofnajawiiyld TpeOyeMbIM CBOHCTBOM. AGCIHCCH JIEBBIX CTOpPOH
BLIOpAaHHBIX TIPAMOYTOJBHHKOB O0pa3syloT BO3PacTaloyIo M0CJ/eN0Ba-
TeJIbHOCTb, a abcuuccl NPaBHIX CTOPOH — YOLIBAMOWIYIO MOCJEROBA-
TEJLHOCTb, TaK YTO KaXzaas H3 3THX [OCJEJIOBAaTEJbHOCTEH HMeer
npenes. ITOT mpefes — oOmMH, TaK KakK IJHHAZ CTOPOHBI CTPEMHTCS
K Hymo; o6o3HauuMm ero yepe3 X. [logoGHbM e 06pazoM opAuHATHI
BEpXHHX H HHXHHX CTOPOH BHIODAHHBLIX NPSMOYTOJbHHKOB CTpe-
MSITCS K HEKOTOPOMY npeneny Y.

BocnoJsibayeMcsi Ternepb TeM (PAaKTOM, 4TO (PyHKIHR f(x, y) Henpe-
poieHa B -Touke (X, Y). [lo 3ajgaHHOMY & MBI MOxeM HaiiTH Takoe §,
4To

Fo D—FX, V) <ge (x—X[<8, ly—Y|<?)

H 4TO, cJegoBarteJbHO, |f(x, y)—f(E, M) |<Te, ecau obe TOUKH (X, y),
(¢, m) nexat B KBagpate ¢ ueHTpoM (X, Y) u croponoii 26. Takum
0o6pa3oM, NPSAMOYrOJbHHKH, BbIODaHHBIE TIPH NMOCTPOeHHH, 06JanaioT
Tpe6yeMEIM CBOHCTBOM, €CJM OHH JieXaT B 3TOM KBajpaTe, a OHH,
HayMHasi ¢ HEKOTOpOro, JeHCTBHTEJBbHO B HeM Jexar. Mel nosnyuniu
NPOTHBOpeyHe, KOTOpOe H AOKa3blBaeT Teopemy.

U3 nHee ™Mbl BoBexeM caeaywlowuii BaxHBIH GakT: kakogo Gbt
HU 6bIA0 €, MONCHO Hadmu makoe 8§, umo

IF(, =76 n)<e,

ecau |x—8 <O u |y—n|<<8; & sasucum moaexo om e, HO He om
X, y, & uwau m.

PazofreM npAMOYroJbHHK Tak, uytoObl AJf JIOOBIX ABYX TOYEK
(¥, y) u (€, m) U3 OAHOTO H TOFO Xe YAaCTHYHOTO MNPAMOYroJbHHKA

ObIJIO BHITIOJIHEHO HepaBeHCTBO |f(x, y)—[ (&, n)|<%e. [ycts 6 —

JI/IMHA HauMeHblleHl H3 CTOPOH YAaCTHYHHIX NMPSAMOYTOJbHHKOB. Torzia
8 ectb HyxHOe umcs0. IleficTBHTENBHO, ecau |Xx —E| <O u|y—m|<
<20, 10 ToukM (x, y) ¥ (&, M) JexaT JuGO B ONHOM H TOM JKe YacTHY-
HOM OPAMOYrOJIbHHKE, JHOO B ABYX COCEAHHX NPAMOYroOJbHHKaX, H
B oboux caywasx |f(x, y)—F(E n)l<<e.

O6b1uHO 3TO TpesioKeHI:e (POPMYJHPYIOT Kopoue: (yHKyus Osyx
TEPEMEHHBLX, HENPEPLIBHAR 8 NPAMOY20AbHUKE (8KAIOMAR 2PAHLYY), pag-
HOMEDHO HenpepuleHO 8 HEM.

Tenepb Mrl MoXeM 3aHATBCA CBOHCTBaMH HHTerpaJja.

Ecau f(x, y)— pyniyus, onpeOereHHA U HenpepolisHAR 8 NPAMC-
yeoasHuke a <<x<<b, a<<y=<Pp, mo

, |
¢ (y)={F(x y)dx

ecme HenpepoisHan (pyHkyua om y 6 unmepsase (o, B).
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JleficTBHTEJIbHO,

ply+R—p )= S{f(x y+k) —fx y))dx,

¥ [0 3aJaHHOMY €& MBI MOXeM HalTH Takoe K, 4YTO
Ifx, y+R)—Flx, p)i<<e  (kI<<ky)
s Bcex sHaueHu# x u y. CrenoBaTelisHO,
PyF+R—oW) | <eld—a) (ki<ky),
4TO ¥ 3aBeplliaeT N0Ka3aTeJbCTBO.

Ecau pynxyusn f(x, y) wenpepoisHa 6 npamoyeorshuke a<<x<<b,
a<<y<<f npu aobom sHauenuu b u unmezpan

() ={7(x ydx

CXO0UMCA DABHOMEPHO OMHCCUMeNvHO Y 8 unmepsare (o, P), mo ¢ (y)
eCmb HENPEePLIBHAA PUHKYUS om Y 8 3MoM UHmepsase.
Mul MOXeM Hanucath: .

[ (y+k) — o )] if e, y+R)—F(x, ytdx| <

=

{f(x, y+R)y—F(x, yldx|+

Q e e hm8

+

(Fx, y+ k) dx)+
X

{F(x, o) dx
X

Mo 3agnanHOMY & MOXHO HafiTH Takoe X,, uro npu X > X, u nobom &
KaXIbli H3 ABYX MNOCJHENHHMX WYJIEHOB MeHblle g; ecyi e X ¢puxcu-
poBaHO, TO, B CHJy npeAbAyliel TeopeMmbl, MNepBbii YJeH Cnpapa
CTPEMHTCSL K HYJIIO BMecTe C k. JTHM TeopeMa JOKa3aHa.

B nociegHuX TeopeMax HelpepbliBHOCTb (GYHKIHH @ (y) B KOHIE-
BHIX TOYKax o M [ TOHHMaeTCs KakK OJHOCTODOHHSIR; HarnpHMep,

@ (y) > @ (@) npu y—>o cupasa.

[o.] [o2]
fpumepni. (I). Ecan muterpan S f (x) dx cxomutcs, TO Hmerpans e~%yf (x) dx
0
PaBHOMEDHO CXOJMTCA TIpH 0<y<B H, TaKAM 06pasoM, HenpepsiBeH NpH y==0.
[310 — ananor aas uuTerpajoB Teopembi AGens O crenmeHHMX paxax. Jokasa-
TEJIbCTBO MOxer OHTb NMPOBelleHO CJEeRyiOllHM 06pa3oM.

pL
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Ionoxum F(x)=S f(t)dt, Tak uyto F (x) >0 npu x> oco. Ilyctb |F (x) | <e
x
npu x> X, Torna
xl
{ foe=vdx
X

’

=}F(X)E—Xy—F (Xye  Xv_—y \ F(x)e*ydx|=
X

Xl
=< ¢-tetye \ e ¥y dx << 3e
X

npu X' >X>Xon y=0]

sin xy

(II) Hnrerpan S dx cxoauTcs npH JIOGOM y; OJHAKO OH HE CXOZHTCS

0
B OKDecTHOCTH TOYKH y =0 paBHOMEPHO, TaK KaK OH Da3phiBeH B 3TOH TOuke.
[Uto6p gmOKa3aTh 3TO, 3aMeTHM, YTO MHTerpan: (a) noctoszen npn y>>0
(nonaraeM x=u/y); (b) nojoxutesen nNpH y==1 (mpelcTaBjsieM ero B BHIE pina

nm
sin x

dx,
(n—1mn
¢ yOBIBAIOWIHME u/leHaMH NePeMeHHOrO 3Haka); (¢) sBasfeTcs HeyeTHOH (yHKumnei
oT y.
MoXHO [OKa3aib IIpAMO, HYTO OH He CXOAMTCA paBHOMEPHO, pDaccMaTpuBast
€OCTATOK»

[eo)

[oe]
S‘sin L Ssinu du
. 2

X u

M fnojaaras, HanpHmep, X =um/y.
3yauenne 3TOr0 uHTerpana Oyler Haflzeno noszxe (§ 1.7. 6).]

1.6. Boitabie psaabl. J1BOHHOH pAL COCTOMT M3 YJEHOB, PACHOJO-
JeHHBIX B JIBOMHOM MOPSIKE, T. €. UMEET BHA D, &m, n TAE KOKABIR
M3 HHIEKCOB m, n usMmeHsercsi oT 1 xo oo. He cymectByer eguHcr-
BEHHOT'0 CTOSHIETO BHE KOHKYPEHLIIMH METOJa CYMMHMPOBAHHS TaKOTO
psga, nopo6HOro «lim s,»-MeToLy, KOTOPEIM MOJL3YIOTCS JIA8 NMPOCTHIX
psaaoB. OO6pasoBEIBAaTL YaCTHYHBIE CYMMBl psila MOXKHO MHOMXECTBOM
Pa3JMYHBIX cHoco60B, M KaxibH cnocol naeT MeTOl CyMMHpPOBaHUs
psza. Mpl MoxeM, Hampumep, paccMOTpeTb «IPSIMOYTOJILHEIE» CYMMBI

M N

> D Gnn u 3acTaBute M u N cTpeMHTBCS K GeCKOHEWHOCTH
m=1 n=1
pasMnyHbIMH cniocofaMH. Mb MOMeM TaKxke paccMOTPeTb CYMMHI,
B3fATHE N0 TPEYTOJLHBIM O6JaCTAM, TaKHe KaK 3,  Om,,. Hako-
m4n<{N
Hell, Mbl MOXKEM IIDEBPATHThb ABOAHON psia B «NOBTOPHEIM» pall, oOpa3sys
[eo)

CHAYaJa CyMMB 3| Gn , H HaXOAs 3aTeM CyMMy 3THX CyMM.
n=1
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Mbi 3alHCHIBAEM STOT NOBTODHMIH PAL KAK 3, D) Gm,n; BHYT-
m=| n=1
peHHas cymMa JoJkHa OuTh HalineHa nepeod. OH Ha3biBaeTcs
«cyMMOH cTpok». Ecyu MBI BrifepeM nPOTHBONOJOXKHEIH MOPSALOK, TO
o0 o0

NOJTYYHM [OBTOPHHI AL ) Z Om, n, Ha3bIBaeMBIH «CyMMoOR CTOJIG-
n=1 m=1
1OBY.

1.6.1. [IBOHHEE PALAL C NOJOXHUTEJbBHBMH YJEeHAaMH.
Ecau oce unenst 0606iH020 psda noAONUMEAbHbL, MO 8ce memodsol CYM-
MUPOBAHUS PABHOCUAbHLL: AUOO Mbl ROAYMAEM KOHEHHbll npeder, O0OuH
1L mom Jice 60 écex cayuasnx, AubO npu A060x Memode CYmMMUPOBAHUS
PRl pacxodumca K noaoxcumerbrol becKoneyrnocmu.,

Ml foKaxeM 5TO, paccMaTpHBasi HMEIOIIHecs BO3MOMXKHOCTH.

Bynem naspBaTh Jitofoe MHOXKECTBO YHCJOBHIX map (m, n) obJa-
croto. Ilyets A;, A,, ...—moC/en0BaTeIBHOCTE KOHeuHHX ofJacTed,
KaxkJass M3 KOTODHIX COJEPKHT MpeLbAYILY0, H NycTh, Kak Owl
BeJUKO HU Onwio N, A, comepxut xBagpaT m<=<N, n<<N, ecya p
JOCTaTOYHO BEJHKO.

Bo3MOXHBL 1Ba cJIyyas: KOHEYHBE CYMMH

Qny, ny + O, nz+---+amk, Ry

BHIODaHHEIE U3 PAla NPOU3BOJBLHEIM 00pasoM, MOT'YT HMETb BEpPXHIOIO
rpaHb, cKaxeMm (i, U MOTYT He WMeTb ee. B nepBOM cJ/ayuae

> m, <G
A

4

IJis BCEX 3HaAueHHH p, ¥, ¢ APYrofl CTOpOHHl, AJS 33aHHOTO & MOXHO
HaliTH KOHeuHYyo cymMmy, 60Jbliyio G —e. Tak Kak A, cOnepXur Bce
YJeHBl 3TOH CyMMBbl, €CJIH p JOCTATOYHO BEJHMKO, TO 1IDH LOCTaTOYHO
Bob1IOM p

Zam.n>G—e-
A

p

TIOCKOAIBKY Y| G, , He yObiBaer, 510 3Hauut, yto lim ) @, =G,
8, P—= A p

T. € YTO [PH CYMMHDOBaHMM J/IOGBM Croco0OM paccMaTpHBaeMoro
BHJA PSA CXONUTCS U ero cymMa paBHa G. B corjJacum ¢ stun
B MEPBOM cJyyae pRA Ha3bBaeTcsl CXO0AUUMCS; YKas3blBaTb BHOGOP
noc/ieoBaTeNbHOCTH obJacTeill HeT HeOOXOAHMOCTH.

Bo BTOpOM cJyyae JJs1 BCSKOrO NOJOXHTEJNBHOrO yucsaa H cyie-
CTBYeT KOHeYHas CyMMa @m,, n,+...+@m, n,, TPeBOCXOAANASA H.

Tak kax MOxHO HaliTH Takoe p, uTO A, CONEPKHT BCE YJeHH 3TOH
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CYMMBI, TO TIPH AOCTaTOYHO GOJIBILIOM p

D) @m,n>H.

8p

CneJoBaTeNbLHO,

Za,,,_,,—»oo.
A

P
B 3TOM cJiyuae psiX Ha3HIBAETCH PACXOOAUYUMCA.

3rtu ABa cJyuasl fABJSIIOTCA €XHHCTBEHHbIMH BO3MOXHBIMH. Tak
KaK pe3yJIbTaT He 3aBHCHT OT Bbi6Opa paccMaTpHBaeMbix obnacteil A,
TO AJIsl KOHE4HblX YACTHYHHIX CYMM TeOpeMa HOKasaHa.

IloBTOpHbIE psiAbl NOKA He OXBATHIBAIOTCH HALIHMH paccMmorpe-
HusAMH. UTOOBl OXBaTUTh HUX, MBI HOJDKHBl 3aMEHHTb HALIH KOHEYHbIE
ob6sacTH A, GeckoHeuHbIMH 00J1aCTsMH.

[penmosoxum cHauaja, yro ZBOHHOH paA cxoauTcs. [lycte D —
npou3BoibHAs 06aacTb, KoHeuHas uau Oeckoneunas. [lonoxuw
bm n=0m, n, €ciu (m, n) ectb TOUKa oBnactu D, u b, ,=0 B npo-

TUBHOM cayyae. OueBHAHO, DPSA D, bm n CXOLMTCS, ¥ MBI [IOJIaTaeM
> m. =2 bm n Scro, uro
D

Z am,néG.
D .

[Tycts teneps D,, D,, ...—nocaen0BaTeJbHOCTL He 00R3aT2J/bHO
KOHeyHbIX oOjacrelf, B OcTaJbHOM 00JaJa0mAN TEMH XK€ CBOHCTBAMH,
YTO W IOCJeR0BaTeJJbHOCTh A, A,, ... Toraa

D <G,
D

P

H MOXKHO XOKa3aTb B TOYHOCTH TaK e, Kak. Bble st Ap, 4TO

D ma>G—2e  (p=py)
Dﬂ
CrnenoBateqbHo, lim Za,,,,n=G. B wactnoctH, ecqM Mbl BO3bLMEM
P~ p
P
B KauecTBe D, GecKOHEYHYI0 00J/1acTb, Ol peAe/IEHHYI0 HepaBeHCTBOM
m=<p, TO yBHAUM, YTO CyMMa ctpok paBHa (. [lono6ubM Xe o6pa-
30M CyMMa CTos0u0B paBHa .
[lpennosioxuM Tenmepb, uro ABOWHOR psAA pacxoautcs. Moxer

CHYHTHCS, YTO TNPH HEKOTOPOM 3HAYEHHH P PAR D, G, o PACXOXUTCS.
D

r
B 3toM cayuae mpouecc cyMMmuHpoBaHus OOpbiBaercs. Ecaum xe
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pan ZCXOI{HTCH npu Jqobom p, TO, Kak Bhllle, Za,,,,,,>H s
I) D

moboro H npu p==p,(H). CrenopatenvHo, i

Z O, n—> CO.

by

B uacTHOCTH, ec/H [IBOHHOH psal pacXomutcs, TO JuOO HEKOTODPHIMA
cTonben  pacXomHTCes, Anb0 Bce cTOJIOUB CXOASTCH, HO 00pasylorT
pacxofsumiics pag. To xe BEPHO LI CTPOK.

1.6.2. TlockoJbKY ciyuail MOBTOPHBIX PSAOB OCOGEHHO HHTEPECEH,
MHl JIJUM JJIS Hero u ApYroe A0Kas3aTeJbCTBO.

Ecau Qp, =0, mo

[o0]

3 Sen=3 3

m=| n=1

A, n} (1)

nMS

SO BHAMUM, 4HIMO e€CAL OOHQ HACHb PAGEHCMEA CXOOUMCA, MO CX0-
Oumcs U opyeas U npumom K mol sce cymme.
[IpeanoJiokum, HamphMep, uTO CXONMTCS! JeBasl YacTb. IJTO 3Hae~
o0

YHT, YTO BCE PAABl Y, Um,» CXOIATCS, CKaXKeM, K cyMMaM A, ¥ uro

==

[ee]
par >, A, cxomutcs, cKaxeM, K cymme S.
m=1
Tak Kak @ ,< A, BRI Bcex 3HaYeHHH M W n, TO, COrJacHo
[ee]

NPH3HAKY CPABHEHUS, DAL 3] Gm, , CXOZMTCA NpH JuoGoM n. OGosHa-
m=1}
YHB €ro cmey uepe3 A®, MbI MOXeM HamHCaTh:

3 A0= 3 S =

n=1l n=\| m=1\

N

3 ano 3 An=S.

1 n=1

DM

CnenoBaTtesibHO, psil Z A™ cxoputes, H ecld ero cymMa ectb S,

10 §'<<S. Ho Tenepr MBI MOXeM 0OpaTHTb BCE€ paccyXpeHue H,
Hauap €O CXOAMMOCTM MpaBOH YacTH, NOKa3aTb, uto S<< S§'. Cnego-
BaTe/IbHO, S =S8’.

1.6.2.1. Bor eie OAHO [AOKa3aTeJdbcTBO. [lpenmosioxuM, 4TO
JeBasi yacTb paseHctBa ‘1) § 1.6.2 cxoautes. Toraa

N oo oo N
Zl Z Am, n = Z Z m, ns (1
n=t m=1 m=1 n=1

NIOCKOJIbKY CKJIa[blBAETCSI TOJIBKO KOHEUHOE UHCJIO CXOASMHUXCA PAIOB
(Hx CXOLMMOCTb CJEAYeT H3 CXOAHMOCTH paAia ), A,,,). Jocratouno
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J0Ka3aTb Tenepb, 4To npH N — oo

Z Z A, n—>0. (2)

m=1 np=N+1

HeficTBUTe/ILHO, JeBasd YacTb, CJOXKEHHAas C [PaBoH YacTbio paBeH-
cra (1), naer S, ¥ eciM OHa CTPeMHTCA K HYJIO, TO JIeBas 4acTh
pasencrBa (1) crpemutcss X S, a 3T0 ¥ HYXHO YCTaHOBHTD.
Ho cootHowieHue (2) chaenyer us teopembl § 1.1.4 o paBHOMep-
[e.e]

Ho# cxoaumocty., [efctBuTenbio, pan (2) uMmeer BHX Z Um(N). On
m=1
CXOAHTCS pPaBHOMEPHO OTHOcuTeNbHO N, Tak Kak

| tm (N) | < A

u pan Z Ap, cxonurca. Kpome toro, u,(N)— 0 pas Kaxioro sua-
yeHUs M, 4TO M 3aBepliaeT JOKa3aTe/bCTBO.

OTOT MeTON UNPEACTABJSET UHTEPeC 1O CJAeAYIOmEeH IpHYMHE.
B meHee NpoOCTHIX cayuasix, KOrjja He BCe YUHCJA 4, , HOJOXKHUTELHEI,
Mbl MOXKeM BCe-TaKHM HMCXOAHTb M3 paBeHcrsa (1) ¥, takum oOpasom,
pelyuuposath npobneMy K JoKasatesnbcTBY paseHctBa (2). Ilocaex-
Hee MOKeT OBITb JIOK@3aHO B 3THX CJydYasaX CHeUHaJbHBIMH I[pHe-
MaMu — CcM., HanpuMep, § 1.6.6, mpumep (XVII).

1.6.3. Ilpusnax cpaBHeHUs. PAAn ¢ DOJOXHTEb-
HEIMH H OTPUL ATeJbHBIMH YJeHaMH. YKameM CHayaja Ha
MPU3HAK CPaBHEHUA JJI1 [BOMHBIX DAJNOB C MOJOKHTEIbLHBIMH Yile-
HAMH: €CAU O n<<bm, o b pAO D) by n cxodumes, mo pad 3, am s
cxodumes.

JoKasaTe/IbCTBO Mbl MPEJOCTARJAEM UHTATEJIO.

Ilycth Tenmepp HEKOTOpblE W3 4YHCe] O, , MOTYT ObiTh NOJOXKH-

TeJbHbIMH, @ HEKOTOpble oTpHuaTeabHbIMH. Torpa psad me,,, HA3bL-

gaemcs abcoAwmuO CX00AUUMCS, ecal psad Z |G, n | CXOOUmMCH.

TIONIOKHM Oy p =0,y €CIAH Am, =0, U @ ,=0 B 1POTHBHOM
ciyuae; MOJIOKUM Pm n==— Qp n, €CIAH Oy <0, # B =0 B mpo-
THUBHOM ciydae. Tak Kak O<< oy, , << |@m, nly O<<Pm n<|Qm, nl, 1O,

COTJIACHO MPH3HAKY CPABHEHMA, DPSIBl 3 Cm n, D, Bm,a CXomatcs,

ec1¥ pan Z|am_,,| cxogurcsa. (O6osHayuM CYMMBI 3THX pPSIOB
yepe3 o U B. B o6osnauenusnx § 1.6.1

Zam,nzzam,n—ZBm,n_*a_B'
8y o) 8

To Xe MoXKHO HamucaTb, 3aMeHHB KOHeuHyio o6jactb A, GecKOHeu-
HO# obsactbio D, TOJBKO B 3TOM cJlyuae paBeHCTBO CJYKHT OIpe-
JeJesdeM CBOeH JieBOH 4acCTH.
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«CymMa» o — P He 3aBHCHT oT Bbiopa moc/aefoBaTe/bHOCTH 06/a-
creit A, uau D,. Mbl BelpaxkaeM 3T0T (akr cjoBamH: pad Za,,,,,,

cxodumces. Takum ofpasoM, abcoamomno cxodauwutica 0soinoi pad
cxodumes.

Ha psaael storo THma MoxkeT ObITh Telepb pacOpoCTPaHeH MpH-
3HAK CpaBHEHHS.

1.6.4. Pagel ¢ KOMJAEeKCHHMH YaeHaMH. [lycrs, HakoHel,

Qm, n — KOMIIJIEKCHEI® UHCJIA, CKAKEM, Oy n=bp n+iCyp, o PR Z A, n
W B 3TOM cJyyae HashBaeTc aGCOJIOTHO CXOAAIMMCS, €CIH psil
' |am, o] cxoputes. Tak kak

’bm,n!é‘am,n!; |Cm,n|<|am,n|’

10 abcoJ/loTHAs CXOAMMOCTL psia Zam_,, BJeder 3a cobBo# abcosmor-

HYIO CXOAHMOCTH H, 3HAUHT, CXONHMOCTH DPSIOB X by n H D, Cp, ne
Ecau b u c—cymmel 3TUX PSANOB, TO

Z am,n:‘zbm.n‘l'izcm,n“*b"l'[ca
Ap (unu Dp) Ap Ap

¥ TOBOPAT, 4TO PAA Z O, n CXORWTCH; NPYTUMH cJiOBaMu, abco-

AWMHO Cx00auulica pad ¢ KOMAACKCHOIMU YAEHAMU CXOOUMCS.

Bce Hamu 3akJ/oUeHHS O PANaX C HOJOXKHTEJbHLIMH UJeHaMH
MOTYT ObITh Temepb paclpocTPaHeHbl Ha aOCOMIOTHO CXOASIIHecH
PALBl ¢ KOMIJEKCHBIMH YJEeHaMH.

1.6.5. Illepemuoxenne psajgos. Ilycrs

G+ +a+..., bo+b14b,+...
— nBa psina. Pesy/brar NepeMHOXeHHs STHX pSIIOB MO [PaBUAY
Komn ectb psag co--¢,-+¢3-..., B KOTOpPOM
Crn=Qgbn+a1bp ... a,b,.
310 NpaBHIO NPOUCXOAMT M3 TEOPHH CTEMEHHBIX PHAJOB, THAE A, =

=0, x", b,=P,X" U The B psAje, MoJyyaloeMcs MOC]e NepeMHOKe-
HHf, coOHpalOT BMeCTe 4/IeHBl C ONHOM H TOH Ke CTeneHBbIO X.

[s0] oo
Ecau padet %:a,, u b, abcoromno cxodamecs u ux cymmel
0

pasrot a u b, mo psad Zc,, abcoaromuo  cxodumca U e20 cymma
pasra ab.

Jro cpasy cleayer W3 NpeIbAYLUIHX TeopeM O JABOHHBIX Psiiax.
JeficreutenbHo, ' IBOHHOR psx Zamb,z a6coJroTHo cxoautcsi. Ero
£yMMa 1O CTPOKaM HJM cToqbuaM paBHa ab, W Tak Kak

N
D=3 anbs
n=0 mt+n<N
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TO JIeBasi CyMMa TOXe CTpeMuTcs K mpelneay ab.
Ecau padoi Y 0n, 3 bay ) Ca Cxodames k cymmam a, b, ¢, mo
0 0 [}
ce=ab.

(2] oo
Mbi npHMeHsieM NpEIbIAYIUIYIO TEOPeMY K PAZAM 3, @nx®, 3, bax",
0 [

(2] B
~ lcax", xoropuie aGeoniotHo cxomarcs npr O<Cx<C1, a sareM
0

3acTaBJsieM x CTPeMHThCA K 1 B nonb3yemcs TeopeMoii AGens (§ 1.2.2).
1.6.6. Pasnuuime nNnpaMeps, OTHOCAMHUECHS K NBOHHHM H
noBTopHUM panam. (I) Ecnu |ay, 5| < Am*nB, rze A, a, p—nocTosunse,
uilx|<l ly|<l, 70 psin Y, apm, nx™y" aGCOMOTHO CXONMTCS.
() Ecau paa Z G, nX0'yy @OCOJIOTHO CXORHTCH, TO Ppsif Z a,,, XMyn
a6CcoNIOTHO CXOIUTCH NPH | x| <S | xpl, 14 1= 1ypl-
(1) Psix Y m~@n~B cxomutes npu o> 1, B> 1.
(1V) Pan Y} (m*+n%)~2 cxomnutes npu o> 1.
(24 d
[CpaBHHTb 4acTb pfAfa, B KOTOPOfl ms==n, C pAIOM Z Z n‘m.]
n=1m=1 i

To ke BepHO AJis LBOIHOTO P2 C TAKHMH Ke YJeHaMHM, HO NpeieiaMH CyM-
MHDOBaHHs — 00, CO; 3HayeHHsi m==0, n==0 HckJrouaioTCH.

(V) Pan Z(am2-|—2bmrz-|—cnz)"z cxonurest, ecaun a>0, 2 <<acd a>1.
am?--2bmn - cn?
m2--n?

(VI) Ecau oTHOWeHHe 2/z' He BelleCTBEHHO H 4 He PaBHO HH OLHOMY H3 YHCe]
—mz—nz', 10 pan Y, |a+mz-+n2'|"® cxomutcs npH o > 2.
(V1) Pasnaras ¢yHgunio

[OTHomeHue HMeeT NMOJIOXKHTENbHOEe HauMeHblllee anaqeﬂue.]

log (1 —2x cos /- 4~ x¥) = log (1 — x2*¥) 4~ log (1 — xe—*Y)
B CTENEHHOR psL AByMsl cnocoBamM, NOKasarb, YTO

n

i 9r—3 coght—2 B_,_’z(n?——;?’) Q1~b O848 e,

co8 nb==28"1 cosh §—

[[lepecTaHoBKa usIeHOB OMNpaBALIBAETCS TEOPEMOH O IBOHHBIX gﬂuax; I pume-
HSIETCHA TaKMKe TCOpeMa eNHHCTBEHHOCTH CTENCHHOTO piia (4. M., § 201).]
(VIII) Ecnu jal<] v |x| <1, TO

o
] an a 2 g 5
a: 4,0
2 Al T g =0 X e —..
1=0

(IX) Ecnu x He sBAfieTcs OTPHLATEJbHLIM NEJbIM YHCJIOM, TO

o

Y 1 1 L P
2 e b e a wm

nes
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(X) Ecau d (n)—uucno penurtenedt uncaa n u | x| <<I, 10
[><]

Z l—i—"x—n= i d (n) xn.

n=1 n=1
(XI) Mepemuoxernue no Jupuxne. Ecin p;mblZa,,n‘SHZb,,n‘s

a6CONOTHO CXONATCA B Cp= Z apbg, TO
pg=n

2 apn=s - Z b,,n's=2 [

B yacTHOCTH, {C(s)}*:Zd(n) n-s.
(X1I) Ecan

—1 mpy m=n—1 n n=2, 3, ...,

I mpp m=n41 v n=1, 2, ...,
am n—
0 B ocTanbHbIX CJayuanx,

TO Z Zam,,ﬁéz 2 Q. pe

m=1n=1| n=im=1

(XT1TI) [JokasaTh TO Xe, €ClH Qg ,= (ms£n), au =0 (m=n).

mE_—n2
[3nech (WileHH ¢ M ==n ONYLLEHH)
A!

(> )
P D et S B
2 ME—n%  Noo2n m—n  m3n]
m=1

m=1 =
n—1 N N4n . | 3
=y tn ( 2 +47‘ Y )=
v=1 v=1 v=n-1

TaK 4TO CyMMa CTONMGLOB H CymMMa CTPOK paBHBI COOTBETCTBeHHO m%/8 u — m2/8 *).]
(X1V) Ecau pax Z | 4, | CXOZMTCA, TO HpPOM3BeIEHNE II (1 +u,2) a6comotHo

W PaBHOMEPHO CXOLWTC BO BCSIKOH KOHEWHOH 06JacTH M MOXeT ObiThb nmpeoGpaso-
BaHO B cTemeHHO# psl MO npaBuay

H (1+u,2)=142 Zu,,+z222u,,,u,,+...
mzn

[[lepBan yacTh yme Ouina Jokasana (§ 1.4.4), Tak 4yTO oOcTaeTcs OmpaBiath
npeobpaszosanne B pald. [1ycTb 3HaueHne z ¢urcupoBano. [lonoxum:

N
Py=110+iunll2 D=14+C{" 2|+ +CHP |27
1

P, cxomutcs K HekoTopoMmy mnpereny P, a C,(nN) pH (UKCHPOBAHHOM M He VGBI

BaeT W He NpeBOCXOAMT P |z |[~™; cnenosaTesbho, W C,(nN ) CTPeMATCSl K HEKOTOpPOMY
npejgeny, ckaxem Cp,. OueBniHo,

1+2 C(N’lz|m<PN\1+ Z Cmlzl™ (k<< N),
=1

*) Cm. Hardy [3].
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3acraBisin CTpeMuTbess K ©o chauaja N, a satem k2, Mbl BHIBOZHM M3 3TOTO, 4TO

(o]
P=1+ Y Cplz|™
m=1
N
Tlonoxum pN=II (] —|-unz)=1 —|-c(1N)z—|- —I-C‘AI,V)ZN. B cuay ouesngnoro 06o6-
I
e

IIeHAsl TeopeMu 06 alCOMIOTHOH CXONMMOCTH Ha KparHble pfiH, CTPEMUTCH

K HEKOTOPOMY TIpeleny ¢, ¥ fCHO, 4TO |cm—c§,{V’[<cm—c;,{‘”<cm. Cneno-
BateJibHO, NMpH k<< N

) N
Z Cp2™ — Z can)z”'
m=1 m=1

TPaBYIO Xe 4acTh MOMKHO CAeNaTh IPOM3BOJNLHO MajOH, B3B LOCTATOYHO GOJBUINM
cHauana k, a nmorom N. D10 3aBepluaeT 10Ka3aTenbCcTBO. ]

[e.0]
i 2
(XV) Has dopmyan %f= I I (1——’12an) BBIBECTH, YTO
i

k
< 3 (Cu—c)izmt 3 c,lem
m=1 k41

(XVI) Ilycrp samuch s, , —>S O3HaYaeT, UTO |S;p,,—S|<<&, eI MU 1
6oabie ng==n, (e).
[TokazaTb, 4TO €CAH Sy, ,—>S B lim s, , cyllecTByeT ans Kaxaoro m, 1o
n—»co
lim (lim s,,,,,,)=s.
m-—»oo \71 =0
[[punrcrefivomM O6bL10 NOKA3aHO, YTO ecsJH IBOHHOR paAR Za,,,_,, CXOAHTCS

K CyMM€ § B TOM CMbICJ€, 4TO

m n
2 X G

pn=1lv=]

K TIPOCTHIE PANBI Z A, ns Z Qm, , BCE CXONAITCHA, TO CyMMa CTPOK H CyMMa
m=1 n=1
cTon0LOB TaKxKe paBHul § *).]
i

(XVI1) Ha ¢opmyant (4, M., § 221) 1— +

n
—...=" BHEIBECTH, 4TO
3 4 !

1
5
2

%+$+§+m=%
[2ro nonyqae'rcn H3 paBeHCTBa
=D~ (=1
m;_m,:z_m( )(m-l- +-‘) ,=2_‘wm=2_m (m+2)(m+n+%) i

*)Cm, Bromwich, /nfinite Series, § 30,
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Ero neBas wacTp paBHA (nojaraeM n=r— m)

E (—nm i (— 1y =(%—%+...)2=n2.

1 1
m=-oom+'2‘r=:—oo r+§ 9 9

Nanee, ecau n =0, To

oo co

2 : =%m;m(mi1— 1 )=O.

o (metog ) (metntg ) L mtntr

TaK 4TO Ipasasi 4acTb paBHa

oo

1 1 1
Z ﬁ=8(1—2+éz_+...>n
OcTaeTcsi NO3TOMY OnpasjaTh obpalleRye NTOPAAKa cyMMHpoBaHHs. COOTBETCTBY IO A
IBOMHOH psill, O4eBHIHO, He CXOAUTCS aGCOMIOTHO, TAK 4YTO 3[eCh HYMXKeH clliellHaJb-

HBIA npHeM.
Tpu awo6om N

¥ noromy (cm. § 1.6.2.1) xocratouno nokaszath, uto npH N —»co

o =) o —N-—1
Z -0, Z Z —0.
m=—ocon=~N-|1 m==00 N=—00

Paccmotphim nepByio cymmy. Ecaw m=—N—1, 1o
—1)yn [
(=0 < -
m+N +7

1
n=N-+1 m+”+§‘

CreloBaTeNbHO, COOTBETCTBYIOMIASl YacThb TNEPBOM CYMMEI O aGCOJIOTHOH BesHUHHe
MeHbllle, YeMm

o0
1 _ 1
S e N I o
m=—N—1|Mm+75 =+ ) —N—-lgmg——;-N——é- 5 5
. 1 \ 1
+ b oii, "t D
PR N e - ars)

H, TaKHM 06pasoM, CTPeMHTCSl K Hymo. B ocramoilleiics 4acTd nepBoH cyMmbl

o N
A\ L)nl=(_1)mn_ Z (—l)nl .
a=N+1Mm+n+o n=—cMtn+t5
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CyMMa 4/1€HOB, COepPXKaAlNX T, O4EBUIHO, CTPEMHTCH K HYJIO, NOCASIHHEA Ke uleH
aHAJIOTHYEeH YiKe PacCMOTPEHHOMY, TaK UTO COOTBETCTBYIOUIAS CyMMa TOXE CTPEeMHTCS
K HyJIO. )

Haxkonen, BTOpas cyMma MOxeT OblTb OUEHEHA TeéM e CIocoGOM, 4TO U 33aBep-
maeT jJ0Ka3aTeJbCTBO. |

1.7. UnrerpupoBande psajgoB. 3aKOHYMB PacCMOTPEHHE MOBTOPHOTO
CYMMHpUBaHHs, Mbl oOpaiiaeMcst Termepb K pPsiily aHAJOTHYHBIX TPO-
6.eM, B KOTODBIX ONHO M3 CYMMHDPOBaHHH 3aMeHeHO WHTETrPHPOBAHHEM.
[TockosbKy KOHEUHBIR MHTETrpaJ, B OTJHYHE OT KOHEYHOH CyMMBI,
yKe caM no cebe sBASeTCH NpPeNesJoOM, 3TH pPaccCMOTpeHusi GyayT
B KaxJAOM CJydae Ha CTYNeHb CJOXKHee.

Chayajia Mbl PacCMOTPHM MOUJEHHOE HHTerPHPOBaHHE Pslla B KO-
HEeYHOM HHTEepBaJe.

1.7.1. Pasgromepro cxodauwjuiics pad Henpepoieriix QYRKYUL MONHO
UHMe2pUpoBams noureHHo. Imo 3HawuUm, 4mo ecau dyHKyuu Uy (X),
Uy (x), ... Henpepoigrol u pAd u, (x) +u, (x) 4-... pasHomepro cxodumea
8 unmepsase (a, b) k cymme s(x), mo

b

b b
{uy () dx+§u, (x)dx+,j.='§s(x)dx.

Tlockonbky yHxuns s(x) HenpepnieHa (§ 1.1.4), ona uuTerpupyema
no Pumany. Cyvma nepeelXx #n 4JeHOB pfAJa WHTerpa/JoB B HaIIHX
b

o0bluHBIX 0003HaueHUsXx paBHA Ss,, (x)dx. MBl DOMXKHBL JOKa3artb MO-
a
9TOMY, 4TO

b b
Ss,, (x) dx — S s(x)dx,

b

T. €. 4TO S{s(n) — 8, (¥)} dx—0. Has 3agaHHOro € Mbl MOXeM HalTH
a
TAKOE f,, YTO

|s(x)—sn ()| <e
npu n>>n, 4 Bcex 3HaueHusix x. CienomarenvHo (4. M., § 165),
b

§{s(0) —sn (%)} dx

a

<8(b_a)’

4YTO H 3aBepmaeTr A0KasaTeJbCTBO.
Npumepm. (I) Ecnu 0 <x << 1, TO

l—x

X X
log =Sltht=S(1—|—t—|—t2—i—...)dt=x—|—%x2—|—31~x3+...
0 0
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5
(I1) Iogo6HbIM Ke o6pa30u arctg x—x—% +‘%__
14-x dx n?
(111} [Mokasars, 4TO Slogl_x =T

[Bocrnoabsoparbes Teopemon AGens 0 HempepbIBHOCTH. ]
(IV) TlokasaTb, 4TO €cH r << ! B n—MONOKHTENbHOE LeN0e YHCIO, TO

T

1—r?
. T
S T—9r cos 612 cos nf db =nr

1.7.2. Pad moxno Ougpepenyuposams nouseHro, ecau nocae dug-
PepeHyUpPOBARUA NOAYHALIMCA  PABHOMEPHO Cxodsauulica pad Henpepols-
Howx (hynryud. Hdpyeumu caosamu: nycme

Uy (X) Futg (%) +...=5(x)

u ynKyuu U, (x), Uy (x), ... Umeiom HenpepoigHoie NPOU3BOOHbIE; eCatt
pad ui(x)4uy(x)4-... paswomepro cxodumcs 6 unmepsare (a, b)
K [(x), mo f(x)=5"(x) npu a<<x<Cb.

CorsiacHo mnpepblayliefi TeopeMe BTOpPOH pfJ MoxkeT ObIThb MpPOHH-
TerpHpoBaH [OYJeHHO B UHTepBase (a, b), Tak yTO

{ty (1) =ty @} +{ () —wy @} +... = [ (0 dt.

Ho nepas yacth paBHa Takxe s (x)— s (a). CrejosaTesbHO,
s(x)—s(@)=\f(t)dt

¥ Tak kaK OyHKuuA f(x) HempepniBHa, TO f(x) =5’ (x).
Npumepnt. (1) Ecan x| <1, TO

co

Z n(n—1)...(n—Ek+1)xn*=

n==k

k!
(1—x)kF1"

(II) Ecan s> 1, 10

L (s)=— Z n=s log n.

n=2

1.7.3. Bewiecmeennoul cmeneHHol pAad MOKCHO uHmeepuposams i
Quthheperyuposame 6HYMpPU UHMEPEAAA CX00UMOCTLL A10060€ HUCAO pas.
Hpyrumu cjoBamu, pe3yJsbpTarT (OpMa/bHOTO TOYICHHOTO HHTErpHpO-
BaHMA u/IM AUdpepeHIHPOB3HUA BepeH, eCH Mbl HaXOAHMCH BHYTPH
HHTepBaaa CXCRHMOCTH.
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[lycts f(x)=2a,,x" (x|<<R). B cuay Teopembl 0 paBHOMEp-

0
Hoit cxomumoctH (§ 1.2.1) MBI MOXeM IPOHHTErpPHPOBATb 3TOT PAX
nousleHHo. Mbl NMOJYYHM paBeHCTBO

[eo]

Sf(t)dt— > S (x| <R).

n=0

TlockonbKy AJs HOBOrO psAja HHTEPBaJ CXOAMMOCTH 1O KpafiHe# Mepe
TaK e BeJHK, KaK JJIsT MCXOJHOIO pfla, NMPOUECC MOXKHO NOBTOPUTh.
Tlounennoe puddepeHnupoBaHue NPUBOAHT K PaBEHCTBY

f(x)= Z napx"-1.

dror pan Takke cXxolutcs npH |x|<<R. [efictBuTenbHO, e€cJau
0<<p<<R, 10 |a,p"| <K, Tax 4r0

xn-1 K x| \n1

) K (1)

o o Y
CxopuMocTh psia MPOH3BOAHBIX CJAENYET U3 3TOH OLEHKH M DPaBeHCTBa

o

B CHJly MPH3HAKa cCpaBHeHWsi. TakuM o06pa3oM, pPHA NPOH3BOAHBIX
PaBHOMEDHO CXOJAHTCS BO BCSKOM 3aMKHYTOM HMHTepBaJje, COlepka-
memca B HHTepBaJde |x|<CR, u mnoujenHoe auddepeHnnpoBaHHe
onpasaaHo. Ilponecc Moxer GhITh, KOHEYHO, IOBTOPEH.

Mbl BUAMM, B YACTHOCTH, YTO PYHKLUA, NPeOcmnasumas CIeneHHoIM
padom, umeem npou3soOHbie écex HOpPAOKOS.

SlcHo TakKe, uYTO HM HHTerpupoBanye, HH muddepenuypoBaHue
He MOXeT yBeJMYHTb HHTePBaJ CXONHMOCTH, ITOCKOJIBKY HH ONHH 3
5THX NPOLLECCOB HEe MOXKET €r0 YMEHBIIHThL, A MPOLECCH 3TH B3aHMHO
06paTHBI.

| ha x| = n| ap” |

oo
Mpumep. MakOpeHOBCKOe pasiokene QYHKUHH f(x)= 3, @,X" TO cTene-
n=o
HfIM X €CTb HCXOIHBbI# psif.

1.7.4. Ecau npu 8euieCmeeHHbIX 3HAYEHUAX X

f(x)= Z a.x"  (x|<R),
n=u
mo f{x-+h) moxro pasromume npu |x|<<R u |h|<<R—|x| 6 pad
Tediaopa no cmenenam h.
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(DOpMaJ]bHOG pasJjioxenue yMeeT BHIA

oo

foth= Y 2o fm ()

m=90

rje, COTJIACHO NpeAblAylled TeopeMe,

[ o

) (x)= Y] n(n—1)(n—m41)axr-m

n=m

Urtofbl 060CHOBATb 3TO pasJjolKeHHe, Mbl NHIIEM:

flx+h) = D) an(x+h)"=

- 2 2, Z nin—1).. (n—m+1) xn-mpm —

n=1{
[o o]
m=1(

= Y B,

m=20

O6ocHOBaHMI0 NOAJNEXKHT oOpamieHne nopsiAka cymmupoBanus. OHO
oNpaBabIBaeTC afCOMIOTHON CXONHMOCTBIO, €C/IH CXOAUTCH Psf

m!

i an—1...(n—m-+1) xA-mpm

[oe)

2 x| Z 10D o ED | gpempm= Y Jan| (%1 D

n=y n=y_0

a OH cxoauTcs, ecau |x!+|h|<<R. Dtum Teopema JoKa3aHa.
SamernM, uTO HHTEPBA.! CXOAHMOCTH HOBOTO psiia BO BCSKOM

cJayyae MpOCTHpaeTcss JO OJHOTO M3 KOHLOB MHTePBaja CXONHMOCTH

HCXOQHOrO psifa. JleficTBHTeNbHBIH WHTEpBa/J CXOOMMOCTH MOXeET H

He ObITb GoJiblle, Kax, Hanpnmep, B cJayuae psja

Fo) == = L2 xt .
Ho on . moxer HpOCTHpaTbCH ¥ Jafabllle; HanpHMep, ec/H
fx)= =1—-x+x%—
TO
(— lym ml

f""’(X)=W'
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H, monarasi x==1/2, MH nmo/ayuaeM pasJoKeHHe

Flg+h) = Y 1 (5" b,

pefictBuTesILHOE OpH A | << 3/2.

HeBo3mMOKHO HaTb YAOBJETBOPHTeNbHOEe OObACHEHHE 3TOro (eHo-
MEeHa, pacCMaTpHBas TOJNBKO 8eujecm8enHole CTelleHHble DALbl, H MbE
JOJIKHBL OTJIOXKUTD JaJbHefillee 06CYKieHHe BOIPOCca 1O TOrO BpeMeHH,
KOTJia Mbl TO3HAKOMHMCS ¢ DYHKUHSIMH KOMHAJEKCHOIO [epeMeHHOro.

1.7.5. Papnb, KoTopHe HeJAb3sT HHTErpHpoBarTh
nousenHo. [Ipocrofi npuMep Takoro psaja NOJYYHTCS, €CAH MbI
NMOJI0XKHM

Sy (X)=n%x (1 — x)" O=x=<1).
3neck s(x)=0 naa Bcex sHaueHu#l X, H NOTOMY
1

{s(x)dx=0.
1

Ho Ss,, () dx= TaK 4YTO NOY/JeHHOe HHTerpHpoOBa-

n2 1
_—_—
(n+1)(n+2) ’
0
HHe Jaetr HeBeprIﬁ pesy.fIbTaT. KOHe'{HO, paAn HeE CXOmuTcHd paBHO-
MepHO.

C 1pyrofi CTOpOHHI, PaBHOMEpHas CXOIUMOCTb He SIBJAeTCs Heo6Xo-
JUMBIM YCJIOBHEM BO3MO2KHOCTH NOYJIEHHOT O HHTErpHpOBaHUA. Hexoro-
phle ¥3 HepaBHOMEDHO cxonAuiuxcs psnos§ 1.3, Hanpumep, psiapi, aas
KOTOPHIX
1

sn(x)=]+nxy

$n (x) = nx (1 —x)",

MOKHO HHTErPHPOBATH MOYJEHHO.

DTo NPHBOAUT K PACCMOTpeHHIO 60/ee MIHPOKHX KJACCOB PAIOB,
JOIYCKAIOIMUX MOuJeHHOe HHTErPHpPOBaHME.

1.7.6. OrpaBEuYeHHO cXxoasmuecs pagsl. Pad

Uy (%) +up () +....

HQ3bIBAEINCA  02PAHUHMEHHO cx00auumcs 8 unmepsase (a, b), ecau on
CX00UmMCa Npu  BCeX BHAMEHUAX X 8 INMOM UHMEPBANe U CYUECHByem
maxas nocmoannas M, umo |s,(x)| << M 048 8cex 3Hauenuil n u x
(@==x<b).

$IcHO, uTO CyMMa OrpaHHuYeHHO CXOAdIlerocs psiia orpaHuyeHa.
OnHako orpaHHYEHHOCTh cama Mo cefe He MOMKeT (Hoka uro) obeciie-
YUTb HAM BO3MOXHOCTb [OUJEHHOTO HHTErPHPOBAHHA, MOCKO/BKY MBI
He yMeeM HHTEerpHpOBaTh OrpaHuueHHble (YHKIHH JOCTaTOYHO OGIIETO
BuJa. Mbl JO/KHBl OPHCOENMHUTL K HeHl JpPYyroe YCJOBHE.
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Mgl 6yjneM TOBODHTB, UTO PSill PABHOMEPHO CXOOUMCA 8 UHmepease
(a, b) 6ne oxpecrimocmu mo4Ku ¢, €CIH OH DaBHOMEPHO CXOAHTCA
B uuTeppajax (a, ¢ —90), (c+8, b), kak 6nl Mano HH Obio §. Ycao-
BHSA, NPH KOTOPHIX Mbl MOXeM OGOCHOBATb MOYJIEHHOE HHTErPHPOBA-
HHE, COCTOAT B CJeAYIOIEM.

Ecau pad pasromepro cxodumces 8 ummepsase (a, b) ene oxpecm-
HOCTMEN KOHEUHO020 4UCAQ MOYEK U, C8epX MO020, 02PAHUMERHO CXOOUMLR
80 BCEM UHMEPsane, Mo €20 MOJMCHO NOYACHHO UMMEZPUPOSAmb 8 AMOM
uHmepsaae.

JocTaTouHo JHOKa3aTh 3TO B MPEANOJNOXEHHH, 4YTO CYMECTBYeT
TOJILKO OfHA HCKJ/IOYHTENbHAS TOUYKa, cKaxKeM, ¢. [1yctb s, (x) | << M.
Torna u |s(x)] << M. UHTerpan QyHKIHH S (X) CYymEecTBYeT B CMBIC]E
§ 1.5 u

b c—9
fs) —sa )| <| § {s (0 —sq(0)} dx |+
a- b_ ‘ c-+d ¢c-+0
H S s —sade|+| § stde|+| | sade|<
c-+8 c—6 c—6
c—0 b
<| { |+]|§ |+adMm.
a c+6

Mpl MOXxeM BbIOpaTh 8§ cTOMBL MaJBIM, YTOGHI MOCAEAHUH YJeH Obij
MeHbILe 33aJaHHOrO &, npH (HKCHPOBaHHOM 3Ke O ABa JPYruxX uJeHa
CTPEMSITCST K HYJIO0 B CHJIY PABHOMEDHOH CXOIHMOCTH. DTHM TeOpeMa
JloKa3aHa.

Bo3aMmoxHBl pa3auyHble 0600imeHus1 310 Teopembl. Het Heobxomxu-
MOCTH B TOM, 4YTOOBl pAJ CXONHJICS pPABHOMEPHO B HHTepBaJax
(a, c—8) u (c+9, b), eciv NOUNEHHOE HHTETPHPOBAHHE B 3THX HHTEp-
Bajlax MoOxeT ObiTh ONPaBAaHO APYTUM [yTeM. DoJslee BaxkHoe 3aMe-
YaHWHe COCTOHT B TOM, YTO [OJ 3HAK HHTerpafa MOXHO BBECTH MHO-
XKuTeJb @ (x), KOTOpBIH HHTErpHpPYeM, HO He 0053aTeNbHO OrpaHHYeH.
Ipennonoxum, HanpuMmep, 4To GYHKIHS @ (x) HeNpepbIBHA B HHTEpBAJIE

(a, b) Bclony, 3a HCK/IOYEHHEM TOYKM X=@, B OKPECTHOCTH KOTOPOH
b

OHa He OrpaHu4yeHa, H YTO Si(p(x)ldx CYIECTBYeT KaK HecoOGCTBeH-

a
HeIfl HHTerpas. Torpa psil MOXKHO YMHOXHTbL Ha @ (X) U IPOUHTETPH-
poBaTh nouseHHO. JleHCTBHTENLHO,

a-+d a--b
§ fs—s,oxde|<2M | |o(x)|dx.

IlpaBasi yacTb MeHblue NMPOH3BOJIBLHO 3aJaHHOTO €, ecjH 8 NOCTaTOYHO
MaJlo, HHTerpasl e N0 wuHrepBanay (a-+ 8, b) Moxer ObIThb OlEHeEH,
KaK BolLLe.
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3ameTHM, HaKOHell, YTO [03Xke, KOINa Mbl DAa30BbeM TEOPHIO
unterpafia JleGera, Ml cMOXKeM MPHAATH BCeM 3THM TeOpeMaM ropasio
6oJiee Ya0BJIETBOpHTEbHBIH BHI. OrpaHuyedns, OTHOCANIHECS K Hempe-
PBIBHOCTH H DPaBHOMEDHOH CXOXMMOCTH, HYXHBl JIHIIb MOCTOJIBKY,
TOCKOJMILKY MBI OrDaHHYMBaeMCsi HHTerpaJioM PumaHa, u wucyesaoT
B OKOHYaTeJbHOH (OPMYJHDPOBKE TeOopeMHl.

Npumepwi. (1) Psaas, ans KoTopex

wO=jpars  SW=md—ar  O<x<D,
OrpaHHl{eHHO CXOOATCH.

(IT) Paccmotpum psal sxrll_x+ sm22x -+ sm33x +... B cuay onHoro n3 obmux

npuaxakos (cm. §1.1.2, mpumep (1)), 3T0T psAA paBHOMEPHO CXONHMTCS BHE OKPECTHOCTeH
Touek x=0, * 2;, * 4m, ... Uro6u nokasatb, 4TO OH CXONKTCSl OrpaHHUEHHO,
H HalTH ero Cymmy, MHl BocnoJb3yeMcs Oosee CleLHaJbHHIM TIPHEMOM.

Tak xak XKaxAsifl ujieH psaja WMeeT TEPWOR 2m, TO JOCTAaTOYHO PacCMOTPETh
untepsan 0 << x << 2n. B Hem

¥ ¥ sin <n+%>t——sin%t
s,,(x)=S(cost+c082t+...+c0snt)dt=s i dt=
: p 2 sin o ¢
¥ sin (n-{—%)t ¥ 1 1 1 1
=S\——dt+s _— sin(n+~)tdt_~x=
t 94 1 t \ 2 2
: 0 smgt

X
sin u 2 1y . 1 1
= S 7 du-{—S — T 7 sm<n+5>tdt—?x.
0

sin u

Ho wunterpan S du Bcerja noJOXKHTeJeH H HuMeeT aOCOJIOTHHEIH MakKCHMyM

0 .
npu h=mxn (4. M., § 188, npumep LXXVI, 9). CaenosarentHo, npu O<<x<<on

'Y It
sin u 1 1 1
|8, (x) ]| << du + —— —\dt+ m,
u 24 1 ¢ t 2

by 0 sin &
a TaK KaKk BCe WUIeHH psAa HeueTHH, TO 3TO HePaBEHCTBO BEPHO H B MHTEpBaJe
(— m, 0).

Uto6bl NpOCyMMHDOBaTh PAL, (GHKCHpyeM X B HHTepBase 0 << x << 27 W 3acTas
BHM 1 cTpeMHTbes K OeckoneuHocTH. CymecrBoBaHHe npejena

i
(n+3)x _ o
lim S sin u d”=S sinu_
u u

n-—co



1.7 UHTEI'PUPOBAHUE PANOB 53

yxk Ouno ycraHosdeHo (§ 1.5). OGosnaumm nocaennmit uuterpan uepes /. Mok
MOXKeM HaNHCaThb:

1

x cosind = )x

| (»+3)

S —II—-—IT sin(n+?)tdt=—- 11 ---::— 12 +
1 25in—2t 2sin —x n+4+

2 2

X
1 dat ! ¢ 2
nt o5 % 2sm?t

1
[Mpasas 4acTh CTpeMuTcs K HyMO O1arofaps MHOXKHTENIO n+—2- B 3HaMeHartese

OpYrHe MHOMKHTEJH OrpaHHYeHH), TaK 4TO A1 CYMMH DARa nodyuaercs ¢opMmydaa

s(x)=l—%x O<x<<m),

1
Ho, oueBnpno, s(n)=0 un, Takum o6pasom, l=§:n. 310 paeT opHOBpEMEHHO

CyMMy DfAJa H 3HaueHHe HecOOCTBEHHOro HHTerpana.
UurareMo caelyeT HaYepTuTb CpadHK CyMMbl psia, oOpaTHB BHHMAHHe Ha
pa3peBhl B Toukax x==0, *2mn, *x 47, ... [cM. Takke ra. XIII, npumep 11].
(111) Ookasats, uro mnpeaplnymnil PAA OFpaHHUEHHO CXOAWTCH, HE NOJb3YSAChH:
HHTErpajaMH, a npHMeHss MeTol, mojoOmmii merogy § 1.1.3.1.

1
(1V) TMpocymmupoBath pax iz + 7 + g - ..., HHTETPHDYH NpeALIAYIIKH pAA.

no unTeppany (0, m).
(V) doka3atb, uTO

2 2
Z cosn!x.___'7"3__.”_’”_i_“’T O<x<n).

1.7.7. [louneHHOe HHTEerpupoOBaHUEe BCcaydae HeCc OO~
CTBEHHB X HHTerpasaoB. Mbl nepexomuMm K O6osee CJIOXHOH
cUTyanuu, Korfa obJacth HHTerpHpoBaHus OeCKOHeuHa HJH QYHKUIHH
CTaHOBSITCA OeCKOHEYHBIMM B 00JIaCTH HHTerpHpoBaHudA. B oGoux
clyyanax pe3yJbTaThl aHAJOTHYHE TeM, KOTOphle ObLIH NOJYHYEeHB! 2Jd
NOBTOPHKIX psAlOB. Pagu yno6cTBa Mbl co6paju HX B ORHOH TeopeMe.

Hycme u, (x) =0 0aa ecex snauenui n u x, u nycme

4 4

S{Z”" (x)}dx=zsun (x) dx (1)

a a

Oan erex 3navenuli ¢, Meuouiux b, 8 nepeom cayuae u 04s écex KoOHed-
Howx 3naueruld ¢ 60 emopom caydae. Toeda

b 4

S{Z Up fx)} dx=28u,, (x) dx 2

a
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-8 hepeom caywae u

§ {2 a0} dr=3 (0 dx (2a)

a

‘80 BMOPOM CAy4Qe, €CAU MOABKO 00Ha u3 O0yx uacmell pasercmsa
cxodumes,

Joka3aTenbcTBO — OQHO H TO Ke B 0OOHMX cayuaax. Mel pacecMort-
puM caiyuaill KOHEWHOro WHTepsala (a, b).

HpeﬂI'IOJIO)KHM 4YTO PAN B MpaBOfl 4acTH paBeHcTBa (2) CXOmMTCH,

H NyCTh Zgu,, (x)dx =S. Tak Kak u,(x)=0, 10
a

§{Z”n(x)}dx=zgun(x)dx<3

a

175 BceX 3HaueHHH ¢, Menninnx b. CregosatensHo (cMm. 4. M., § 185),
VHTErpaJ B JIeBOH YacTH paBeHCTBa (2) CYLIECTBYET KaK HecOOCTBEH-
Hellt B TOuke b, W ecaH ero 3Hauenue ectb /, T0 /<< S. C ppyroit
-CTOPOHHI,

N b N b [oo

Eg (x) dx = Zu,,(x)}ég{zu,, (x)}dx=1.
=1 a | al |

3actaBaass N CTpeMHThCH K  GeCKOHEUHOCTH, MBI BHAHM, YTO

S << /. CnenoBatensho, S=1.

B cnayuwae, xorza cxopAuwefica MpexnoJjaraetca JeBasd 4HacTb
paBeHcTBa (2) uau (2a), XoKas3aTeNhCTBO AaHAMOTHUHO. JleTaslH Ml
-0CTaBJIdeM YHUTaTeJo.

Kak u B cJyyae psgoB, MOXKHO OTOPOCHTB YCJOBHE MOJIOXHTE/b-
HOCTH, MPENrNOJOXKHB, YTO OJHa M3 dacTeli paseHcTBa 2 uaH (2a)
-cxonurcs aGCcoJOTHO, T. €. OCTAeTCsl cXonsmelcs mocJie 3aMeHH hyHK-
UHH U, (x) HX MOIyJIAMH.

[Tpedoidyuian meopema cOXpaHsem cury 04 A0ObBIX eL4ECBEHHbLX
UAU KOMRACKCHBIX (DYHKYUL U, (X), ecau cxodumes 00HO U3 esipasceriil

b b
a9 dx, 3§ 1ta () |dx

-8 NEpEOM CcAydGe U OOHO U3 8olpadCerull

§{2ruu(x)|}dx. 2§|un(x)1dx

60 BMOPOM CAYHQE.

N3 yxke nokasaHHOH Teopembl CleAyeT, 4TO 3TH YCJOBHs B 00OHX
cayyasx paBHocHALHBL. Ilocse 3TOro ocrafipHOe NOKas3biBaeTcsl B TOY-
JHOCTH TaK e, Kak J/is ABOHHBIX psamoB. Ecam u, (x) BemecTBeHHBI,
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70 Mbl paccMaTpHBaeM QYHKUHH |u, (X) |3 u,(x), Ka)knasa u3 KOTOpHX
f0J0XHTeNbHA. ECH 4, (x) KOMIJIEKCHBl, CKaXeM, U, (X)=a, (x) -}
+ B, (x), TO MBl paccMaTpuBaeM 4eThipe QYHKUHH |u, (x) | o, (x),
|4n (%) | £ Ba (x), KaXaas M3 KOTOPHIX MOJOXKHTEbHA.

1.7.8. PasanuHee npruMepH NOYJEHHOrO HHTErpHpOBaHH .
1

1
P dx=1, pasnaras TOABIHTErpaibHYIO Y HKUHIO:

(I) Hoxkasarb, 4TO S log T—

10 CTENEHSIM X M HHTErpPHPYs psA MOWIeHHO. [3aMeTumM, YTO B OKPECTHOCTH TOUKH
x=1[ psl He CXONWTCA HH PaBHOMEPHO, HH Ja)Ke OrpaHHUEHHO.]
(1l) Mel moxeM HanucaTb, CHauasna ¢GhopMadbHO:

x5 1 3
Sex—l dx=S x-"le‘"-"}dx=zg XST1lg~BE fdy =
0

=25yt vdy=Fn T (s)=T ()L (5).
0

O6ocHoBaTbL 3Ty npoueaypy: (a) Ans s> 1; (b) ans xomnaekcHoro s npH Re (s)>+1.
o0

(1II) Hokasatb, uto Se“’x cos bx dx = pa3naras cos bx 10 CTene-

0

a

HAM X.

[Ilpu Re(a)> |b| npouenypa onpapiniBaeTcsi aGCOMOTHOR CXORMMOCTBIO, HO-
paBeHCTBO BepHO B B GoJjiee wHpoKoH ofnacty.]

(1V) Ioxasarb, uto npu p>0

xp—1 lo 1 dy — | |
T—x B% % +(p+l)3+"'
0
(V) Hdokaaarb, uro mpu p >0
]
xP-1 1
iFx X5 ToFT T

0

[3necb mpHu3naKW, CBA3aHHbE ¢ a6COMOTHON CXOAHMOCTDBIO, He MOMOraloT. ITfiiw
wHTerpupoBaTs no uuTepsaay (0, ) ¢ 0<<E<<1 u BocnombaoBarbcs Teopemofs
Abens.)

(VI) Iokasars, uro

2]

sh ax n, an
Vamrar=g 8y O<a<n
0

[Pasnoxenrie no cTeneHsM GyHKUHM e~ Y% MpuBoZWT K paay

2a
2(2:1-1)2 gt

[lo nosoagy ero cymmiupoBapusi MB QO/DKHH OTOJaTe udfareds x i, L1}
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(VII) Toxasatk, u4TO

©
chax n an
Smdx=%se(:% (O<a<b).

0

[O6wufi npusHak e paboTaeT, HO HHTerpal MOXeT GHTb BHIUKC/EH Ha OCHOBE
npumepa (V).]
(VIII) Tlokasatb, uTo eclH u, (X} =ae "% — pe—nb¥ (0 < a << b), TO

Zgohn(x) dxq&tig{Zu,, ()} dx.
311ec13 ZS Up (x) dx —2(% %).:0, HO

¢ b
u,,(x) S(e‘”—l ebx—-l>dx>0
0

0(.’-;8
/—M

u
— MOHO-

(moppiuTerpaabuast QYHKUMA TONOXKHTEIbHa, TOCKONbKY (QYHKIHS pr]

TOHHO yObIBaeT).

o0
HetpyaHo poxasaTb npaMo, uTo psf ZS | up (x) | dx pacxo,u,mcn.]
0

[e 3]
(IX) Paccmorpum nHTErpan S e=*14 sin x1/% cos ax dx. 3aech MBI JOMKHE! npel-

BOCXHTHTb HekOTOpHle W3 pe3yabTaroB rasel [II. Ecam Mbl pasioxum cos ax
70 CTeMeHAM X ¥ TPOU3BEAEM TOUJEHHOES HHTErPUpOBAHME, TO MOJAYuUMM DA

(_1 )n azn
Cn)t

S e~ x4 gin xV4x2n gy,

n=0

KaxAblfl ujieH KOTOpPoro paseH Hymo (§ 3.1.2.5). Opnako HCXORHBI! HHTerpanx He
paBeH TOXKAECTBEHHO HyJio (cM. § 3.1.3).

Mpusnax § 1.7.7 apech He paGoraer; AeHCTBUTENLHO, 3aMEHAA u, (X) uepes
| (x)|, MBI MOJy4aeM uHTErpa

(o)
S e~ 1% | sin x¥* | ch ax dx,
0
KOTOpbI# pacXofuTCH.
1.7.9. B kauecTBe nocjefHero NpHMepa INO4Y/JIeHHOro HHTErpHpo-
BaHHS MpH CllenHanbHbIX YCJAOBHAX MBI JOKaXXeM CJIeAYIOYIO TEOPEMY.
oo

Crnenennoli pad Y| G,x" MONHO YMHONCUML HA €% U NpouHmee-
n=0
puposame no4senHo ¢ unmepsase (0, oO), ecau mMOALKO ROAYHeHHbLiE
8 pesyavmame uxmezpuposanus pad cxodumca®).

*)Hardy [1], [6]).
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Huaye rosops,

(o] [oe] [o0)
{ex! > a,,x"}dx= Na Se"‘x dx = Z annl,
0 n=20 n=0 n=20
ecau pan X a,n! cxoautca. Mei 1o/KHBL onpaBxaTh obpaiieHHe Mo-
psAKa HHTETPHPOBAHHMA H CYMMHDOBaHHS.

[Tonoxum a.n!=b,. Tak xax pax X b, cxozutcsa, 10 yucaa b,
OrpaHHYeHbl, CKaxeM, |b,| << B, u
bpxn
n!

BX  0<x<X).

x’l
CnenoBare/ibHO, pAl Zb"?' paBHOMEPHO CXOZHTCS B HHTEpBaJe

(0, X), u MBI MOXKEM YMHOXHTb ero Ha e¢* H INOYJeHHO MpOHHTer-
pupoBats B 3ToM HHTepBaJje. Taxum 06p330M,

X o) b, X
O Hxn \
S e* Z X\ dy = Z S e*x" dx. )
nl n!
0 A=0 n=0 v

[o0) [o o] [o0)
b
[Tockonbky psd 2 n—;‘Se-xx" dx = 2 b, cxoputcs, pasenctBy (l)
n=0 0 n=20

MOXKHO IIpHAATb BHI

§e"‘ 2 b"x Z b, ——z - S e~*x" dx, (2)
0 n=0 n=0

H OCTaeTcd JA0Ka3aTtb, 4YTO l'IOCJIeILHHI';I 4JIeH CTPEMHTCst K HYJIO [pH
X —>o0. Ho

[+

S e*xtdx=e- X (X"+nX*14+...+nl),
X

TaK 4YTO 3TOT 4YJlIeH paBeH

e X i by, i -);—,m 3

n==0 m=10r
o
Tonoxum r,= D, by. Tak Kak r, —0 IPH 1~ 00 U by =ry — Fpyy, TO
v=n
N n N n
xm Xm
2 bn 2 ml = 2 (rn’rrH-l) 2 Py =
a=10 m=0 n=0 m=0

N

=anxl —fN+1<l"|‘X"|‘ +Nl)

=0
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Ilpu N —co mnocaennuéi 4jeH CTPEMHTCA K HYJIO, TakK 4T0 pax (3)
[e o]
x§ , X
apunuMaet Bug e~ X Y rn 4 OctanpHoe mpocto. Ilns 3agaHHOrO
n=0
TIOJIOXKHTEJbHOTO € MOXHO HaHTH Takoe N, uto |r,|<Ce npu n> N,
Tak Kak |7r,|<<A nas Bcex 3HaueHu#l n, 10

v X X v X QX
n n n
; XEr" | < Ae ‘XEnl tee XE nl<Ae_X2n.' e,
n=40 - a N+1 g

npu ¢ukcupoBaHHoMm XKe N M jpoctaTouHo GoJblioM X MepBHIA u/eH
CnpaBa TaKKe MeHblle &. DTHM TeopeMa J0OKasaHa.

1.8. MosTopubie MHTerpajbl. amma-(yHkuus. [IoBTOpHBIN HHTEr-
PaJs mo cBoel CJMOXKHOCTH CTOMT Ha CTyMNeHb Bblllle pAjxa HHTErpafos.
Jlaxke ecay npefesnl 060MX HHTETPHPOBAHHA KOHEUYHEBl, Mbl BCe-TaKH
yMeeM 3J7eCb JeJ0 C ABYMsl Mpele/bHbLIMH HepeXxollaMH, H obpalleHue
gx nopsaka Tpebyer oGocHoBanHA. Ec/an ke npexensl o60HX HHTer-
pa/ioB GecKOHedHbl, TO Nepel HAMHU HeTblpe MOC/ENOBATEJNbHBIX Npe-
JeJIbHBIX [epexoja.

1.8.1. CHauasna Mpl paccMOTpHM HempepblBHble (PYHKIWH H KOHel-
Hble IpeleJbl.

Ecau f(x, y)— nenpepoigras ynxyus om x, Y 8 npamoy2orbruKe
a<<x<<b, a<<y<p, mo

b B B b
§dx(f(x, y)dy=Tdy(f(x. o) dx.

a ¢ a

Tak kak ¢yHKuus f(x, y) HempepeiBHA, TO

B
Fx)={f(x y)dy

[+

.ecTb HempepbiBHasi ¢pyHkuHsa ot x (§ 1.5.2). Mbl moxem nponHTerpu-
poBath ee Mo HHTepsany (a, b), u pesynpratoM OygmeT sieBas dacThb
paBeHcTBa. [lono6HbIM e 00pasoM HMeeT CMBIC/ H [ipaBasi YacTb.

Yr1obul JOKasaTh paBeHCTBO, PaslesJHM HHTEpBaJbB HHTer pHPOBa-
HUM TOUKAMHU X, U Y, (@a=xy, b=1x,, a=1y,, P =y,), noO1IHHEHHKIMH
HEePaBEHCTBAM X4y — %, << O, Yy —yy<< 6. Ilycte my, u M, ,—
HUXHAA W BepXHAs rpaHd ¢yHKoun f(x, y) B OpsAMOYroJbHHKE
Xy Xpass Yvo Yvwr). TOrma mpu gy <<y <<yw

Ty
My, v (G — %) << S [, y)de << My, v (X — x)e

*
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VinTerpHpys 3TH HepaBeHCTBA O Y, Mbl BHIHM, YTO

x
byy  wn

My Gurs— %) G —) < § dy § f@x, pdr<<
Yy xu

= Mu., v (xu.+1 — xp,) (yv+1 - yv)r-

CYMMHDOBaHHE e N0 B H Vv DPHBOAHT K HepPaBEHCTBAM

B b
) D My v (Gurr = %) Goer — By) < S dy Sf (x, pdx<<

= E E Mu, v (xu+1 - xu.) (yv+1 - yv)"

Takue e HepaBeHCTBA BepHB /I APYroro MOBTOPHOTO HHTErpalja.
Ho np# 8 —0 pasHOCTb Mexay CyMMamH CTPEMHTCA K HYJIIO; AeHCT-
BHTEJIBHO, IJS1 3aJaHHOTO € CYIIeCTBYyeT CTOJb MaJioe §, 4TO Hau-
6oabliasi W3 pasHocted M, ,—m,, , MeHblle &, BCJEICTBHE Hero

XX My v—my 3) Kusr — %) Yvsr — o) <
<e XX (1 — X Yvn—yv) =€ (b—a) (fp —a).

Takum o6pa3oM, NOBTOPHble HHTerpaJ/bl paBHbI Mex ny COGOH.

1.8.2. PacnpocTtpaHeHyse Ha paspelBHHE GYHKIHHU.
IlpennoJio:KUM cHayaJga, yTo MPSIMOYroJbHHUK TNlepecedeH Hernpef bIBHOR
MOHOTOHHOH KPHBOH y=¢@(x) WaH x=vY(y) OT x=a J0 X=¢, K
nycts ¢GyHKuua f (X, y) HenpepblBHA BO BceX TOYKAaX, KpoMe TOYeK
3108l KPHMBOH, W OrpaHHyeHa. TOrJa NMOBTOPHblE WHTErPAJBl OCTAIOTCS:
paBHBIMH.

[pexae Bcero, ¢pyHxuus F(x) octaercs HenpephiBHOH. IlelicTBU-
TeJIbHO,

Q@ (x) p
Fy=§ fx dy+ § f »dy
a @ (x)

O603Ha4yuM 3TH HHTErpaJhl qepesK Fi(x) nu Fy(x). Tak kak
Fix+h) —F (x)=

@ (x) @ (x+-h)
={ {fe+h p—Ffe pldy+ § Flec+h ydy,
a Q(x)

10 Fj(x+h)— F,(x) cTpeMHTCa K Hy/I0 BMecTe ¢ A. ClefoBaTeNLHO,.
¢yHkuHA F) (x) HempephHBHA, M TaK e JOKAasblBaeTCA, YTO (PyHKIMsE
F,(x) HenpepEiBHA.

Takum 06pasoM, NepBblil NOBTOPHLIA MHTErpaJf onpefieeH. TOYHO
TaK e onpefesieH BTOpPOH NMOBTOPHLIA HHTerpad.

UTto6bl AOKa3aTh, YTO OHM PaBHBI, PACCMOTPHM MOJOCY

Q) —<<y<<ow+n
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A MPeANOJOKHM I/ ONpeleseHHOCTH, 4TO ¢ (X) MOHOTOHHO BO3pa-
craer. [locTponM, Kax Bblllle, NPAMOYTONBHHKH (X, Xur1s Yvs Yy+1)
co ctoponamH, MeHpiinMu 8. Ilnomanb, nokpnitas TeMu OpAMOYrob-
HHKaMH, JIeXKalHMH MeXJAY NPAMBIMH X=X, H X=X, KOTOpble
COIEpPKAT TOYKH YKA3aHHOH IIOJIOCHI, MeHbMIe, YeM

(v — x0) [{@ () + 1 —{o (0) —m}+26] <
<8 {o (xur1) — @ (1)} + (K — ) (214 26);

-obl1as ke MJoLLALb NPAMOYTOJIBHHKOB, COAEP:KAUIHX TOYKH MOJOCHI,
No3TOMY MeEHblIIe, 4YEM

8 (B —a)+ (b —a) (2n+-29).

‘CriezoBaTesbHO, ecJd Y, 0003HAYaeT CyMMHpOBaHHEe N0 3THM MpSIMO-
yroapHHKaM ¥ |f(x, y)|<< M, 1O

Y (Mp., v My, y) (X4 — %) Wy — o) <
<2M {8 (B —a) 4 (2n+26) (b —a)},

npaBas Ke YacTb MPOH3BOJIBHO MaJja BMecte ¢ 1) H §. Haxkonen, tak
Kak ¢yHKuHs f(x, y) HenmpepblBHA B KaxKJ0H W3 ocTaBmKXca obnaa-
crefl, TO NpH QOCTaTOYHO MaJOM 8 B OCTAJBHBIX HpSMOYTOJIbHHKAX

max (M, v—m,, ) <s,

H ZI0Ka3aTeJbCTBO 3aBeplliaeTcsi, KaK Bhlllle,

PasymMeeTcd, 3Ty TeopeMy MOXKHO pacHpOCTPaHHTb Ha GYUKIHH,
KOTOpble HMeloT /Mo6oe KOHeYHOe YHCJIO PAasphblBOB YKa3aHHOTO THIA.
B yacTHocTH, OHa NpHMeHHMMa K HHTerpajy, B3sTOMYy IO HeNpsiMO-
yroapHON 06/acTh, OTpaHHYeHHOM KPHBBIMH YKa3aHHOT'O THMA: TaKOH
HHTErpasJ MOXHO TpPaKTOBaTh KaK HHTErpajd MO MOpPSIMOYTOJBbHHUKY,
B YacTH KOTOPOr'0, OrpaHH4eHHOH KpHBbIMH, GYHKUMA HempephbiBHa,
a B OCTaJbHOH 4acTH BCIOAY paBHAa HYJIO.

YKaxeM B 3aKJIO4eHHe Ha cJjepyiollee HepaBeHcTBO. Ilpenmoiio-
xuM, yto byHKUHUA f(x, y) HenpepriBHA, 4TO |f (X, ¥)|=< M B Heko-
“TOpofl 06J1aCTH YKa3aHHOro THma ¥ 4to f(x, y)=0 B OCTaJILHEIX TOY-
kax. Hoaoxum F(x, y)==M B obnactu u F(x, y)=0 B ocTa/bHBIX
‘Toykax. Torpna

g & B b
gdygf(x, y) dx <deSF(x, y) dx.
(e a (e

a

Unratenbp 6e3 Tpyna BhiBeleT 3TO H3 MpeAbIYUHHX PACCMOTPEHHH.

1.8.3. 3aMeHa hmepeMeHHBIX B NOBTODHOM HHTEr-
paae. ®opmysa, No KoTopoil 3aMeHSIIOTCS NepeMeHHbE B IOBTOPHOM
HHTerpaje, MoOxeT OBIThb MoOJyueHa caenylouuM obpasom. PaccMoTpum
HHTerpaJs

§dg§f(x, v dx,
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pacpOCTPaHeHHbI! Ha HEKOTOPYIO 061acTh, W MycTh
x=(P(ui U), y=;lp(ur U).

Ilycte 3TH (YHKUHMH TAaKOBH, UYTO €CJH Y PHKCHPOBAHO, TO X €CTh
moHOTOHHasi mudbepeHuupyemas GyHKUYMS OT 4. 3aMeHHB HHTETpH-
pOBaHME IO X MHTEIPWPOBAHMEM NO 4, Mbl NOJYYHM PABEHCTBO

Sf(x y) dx__Sf—du

Ho (em. Y. M., § 157)
dx _ dp
E_aﬁu_*—ﬁ)_?if’ +00 Ou’

TaK 4TO *)

dp 0y  dp oy d (g, V)

dx __ Pu dv  dv ou _ 04, v)
du op - op
du dv

3710 Mo3BOJIsIET npeAcTaBUTH HOBTOprII:l HHTEerpaJ B BHIE

(@, ¥) 9 (@, ¥)
deSfa(u v) du_S' S'fa(u v)d

€CJIH, KOHEYHO, MOPSAOK HHTErpHpOBaHHsl MOXKeT OuTh obpaiieH. Ha-
KOHell, paccMaTpHBasi Yy Kak ¢GYHKUHIO OT U (pH QUKCHPOBAHHOM ()
H 1mpexmosiaras 3Ty GYHKUMIO MOHOTOHHOH, Mbl MOXEM HanucaThb
dy P

v = v nocJe 4ero HHTerpaJ npHHHMAeT BHA

d
S duS F(u, v) a‘?j;' 1’)) dv,

rae F(u, v)=f{g (4, v), Y(u, v)}.

Ora npoueaypa 3aKOHHa, eC/JH, HanpuUMep, MNOXBIHTErpaJbHAst
GyHKuHS Ha KaxKIOM Iuare HenpepbiBHA M 06JaCTh OrpaHHYeHa MOHO-
TOHHBIMH KPHBBIMH, KakK B § 1.8.2. B KOHKpeTHLIX cJayyasix Heo6Xo0-
JUMa OCTOPOXKHOCTb. PacCMOTpHM, HampyMep, HHTerpal

a Var—g?
I=Ydy § f(x ydx
0

0

rZe f(x, y) —HenpepniBHasi (yHKuus, ¥ NpeobpasyeM ero K mnoJsp-
HBIM KoopauHatam r, 6, onpegelsieMbiM GoOpMyJaMH X=rCcOS6, Y =

*) OrnocutenvHo oOO3HayeHust sikoGuana cm, 4. M,, ra, V1, Pasuee npa-
Mepol, 15,
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= rsin6. Ilepexons cHayana K nepeMeHHBIM (r, 4), MBI BHIHM, 4YTO

— g ., 4x r .
x=)rr—y B = VA H1o6b1 060HTH TPYAHOCTH, CBSI3aHHYIO
r2—y?
¢ obpalmeHHeM dTOH NPOH3BOOHOH B oo (NMpH r=1yY), PaccMOTpPHUM
BMecTO / HHTErpan
Vaime: Va—g

Iy= § dy § fx, padx
0

0

(0 << 8 <Ca). llepexonst B HeM CHayaJa K NepeMeHHBIM (7, y), a 3aTeM
K nepeMeHHBIM (7, 6), Mbl noJyyaeM MpeAbLAYLIHM METOAOM PAaBEHCTBO

a arccos (8/r)
Is=\{rdr § [(rcos6, rsin6)ds.
[ 0

Ecan reneppr 6 —0, to Js5—/, a HHTerpad cnpasBa cCTpeMHTCH K

i
L

a 2
{rdr § [(rcos8, rsing)ds.
0 0

To u npyroe Jerko JAOKaswiBaeTcsi MPH [OMOLLH HepaBeHCTBa, YKa-
3aHHOTO B KOHme § 1.8.2*).
. 1.84. lloBTopHuie uHTerpaan. OQHH H3 HHTEDBAJOB
6ecKkoHeveH. 3jeck HaubOJiee BaxKHAas TeOpeMa aHAaJIOTHYHA Teo-
peMe O MOUYJEHHOM HHTErPHUPOBAHHU PABHOMEPHO CXOISIIMXCH PSAOB.
Hycme
b B B b
§dx{fx, g)dy=dy(fx y)dx
a o a

o 4

oo
045 6cex 3Haueruil b, 6oAbLIUX Hem Q, U NYCMb LHMEZPpaA S fix, y)dx
a

pasromepro cxodumes npu a<<y<<P. Toezda

oo B §] fos)

{ax{fx pay=Nay{ 7, y)dx

a [24 [#3 a
JleficTBUTENBHO,

n

$a (y) = Sf(x y) dx—s(y) = Sf(x y) dx

pasHoMepHO B HHTepBane (, P). [lostomy u3 Teopemn § 1.7.1

*) O6mas TeopHs paccmaTpuBaemblx npeoOpasobanuii ®wmeerca y [ypca,
Kypc mamemarmuueckoeo anaausa, 1. 1, ra. 6,
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caelyer, uTo

n B B n
[dx\F 0o p)dy=\dy§f(x, y)dx=

B B B ©
={sa @) dy— s @) dy="{dy| [ (x, y)dx.

X

[Tomo6Hasi e TeopemMa BepHa JAJS1 HecoOCTBEHHBIX MHTErpaJsioB
BTOPOTO pOZA.

ITH TeopeMbl BMECTe C NPeAbAyHIHM JOKA3aTeJNbCTBOM COXPAaHSIOT
cuJy, eCaHu HHTerpaJ He CXOAHTCA PABHOMEPHO B CKPECTHOCTH HeKO-
TOPBIX TOYEK, HO SIBJAAETCA OrpaHHYEHHO CXOXAMKMCA.

1.8.5. IloBTtopHHe Hecob6cTBeHHBEe HHTerpaan. Cre-
Jyiollasg TeopeMa O MOBTOPHbIX HHTErpajax sIBAseTCS AHAJOTOM Teo-
pem § 1.6.2 u § 1.7.7 o OBOMHHIX PAJAX M PAZAX HHTErpaJos.

Hycmes ¢ynxuusa f(x, y) noaoxcumensna, u nycmeo

¢ i) B ¢
Ve (f(x, y)dy="{dy(f(x, y)dx (1)

0as ecex 3Hauerull ¢, meHoluux b, u

b v v b
Vax\f(x, ydy={dy\f(x, y)dx @

048 ecex 3rauenuti vy, menswux B. Tozda

b B B b
§ax(fox dy=Fdy{fx g dx 3)

ecau 00Ha u3 Ogyx sacmeill 3moz0 pageHcmea cxooumcs.

B smoti gopmyauposke 00no u3 uucea b, P, a maxoce oba smu
HUCAQ MONCHO 3aMerums OGecKOHeuHoCcmsio.

BosbMeMm, HanpHMep, cayyall ABYX KOHeYHBIX HHTEDBAJIOB H Npex-
NOJIOXKHM, 4YTO CXORHUTCS JeBag 4acTh pasenctBa (3). Tak kak
fx, y)=0, 10

v B
Vi, pdy<<{fx, )dy  (@<y<<B)

H, CnenoBaTeJbHO,

v b b v b B
§dy§f (e, yyde=dx\f(x, y)dy<<{dx{f(x, v)dy.

[ a a ¢4 a [¢]
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3acTaBassg y CTpeMHTbCH K P, MBI BHAHMM, YTO NpaBas YacTb paBeH-
cTBa (3) CymiecTBYeT H YTO

g b b B
Vdy 7 y)de<{de(f(x 9y

To Ke paccy:kieHHe MOxeT ObITb NpOBeLeHO Telepb B OGPaTHOM
nopsifke, TaKk 4TO BepHO H oOpaTHOe HepaBeHCTBO. CielOBaTeJbHO,
HMeeT MeCTO paBeHCTBO.

DT0 [0Kas3aTeNbCTBO COXpaHgeT CHAY, ecau o HWAH B (MaH o u B)
6eCKOHEUHBI.

KoHeyHo, mpocToTa AOKasaTedbcTBa OOBSCHAETCS TeM, YTO MBI
cheNanM JaJleKo HAyHue npexnojioxkeHus. IIpuMeHsa 3Ty TeopeMy, Mbl
nosxubpl OyZeM BbIBOZHTb paBeHcTBa (1) u (2) M3 dero-to Apyroro,
HanpuMep H3 paBHOMEPHON CXOZMMOCTH. B AeHCTBHTENBHOCTH HX
OPHXOAUTCA Kaxabll pa3 0OOCHOBBIBATL H3-3a TOTO, YTO MBI HMeeM
Iejo ¢ uHTerpaiaom Pumana. U3 oaHOH orpaHHYeHHOCTH HHTerpaJa

B ¢
$dy§7(x, y)dx

b
npu ¢— b HeJb3s BbIBECTH, 4TO GYHKIHA Sf(x, Y) dx unTerpupyema

a
no Pumany. Ilepefina x unterpany JleGera, Mbl yBHAZHM, 4TO TpYA-
HOCTH 3TOTO POJa HCYe3aloT.
Teopema 6epHa He MOALKO OAfl NOAONCUMEALROL, HO U 0 40606
seuyecmeerHOl uau Komnaexcrotl gynrxyuu f(x, Y), 04a komopoii cxo-
oumcs 00UK W3 UHMe2pasos

b B B b
§ax§1f e )l Saufif e 9)ldx

Jro 06ofllleHHe NPOHU3BOAUTCA TaK XKe, KaK B CJydae pAZOB.
Ecan ¢yuruua f(x, y) BellecTBeHHa, TO Mbl paccMaTpHBaeM (YHK-
unn |f (x, y)|=f(x, y), ecau dyukruua f(x, y) KoMnJekcHa — dyhk-

unn |[(x, y|E=Ref(x, y), |/, »)[FImfx, y).
1.8.6. Famma-bdyukuusa Pynkuua :
T'(x) =o§>tx’1e—‘ dt, ¢

0

Kak mbl yxe sametuan (§§ 1.5.1, 1.5.2), uenpepeiBua npu Re (x) > 0.
Tenepp MbBl B COCTOAHHH HCCJeoBaTh ee cBoHcTBa OoJiee HOJIHO.
B stoM B caepylomiem mnaparpadax Mbl OyJleM NPeANONarath x H ¢
BeIIECTBEHHBIMH, NPENOCTaB/AASA YHTATeNI0 HCCAeL0BaTh, B KaKOH Mepe
pe3yJbTaThl BepHbLl MPH KOMIJIEKCHBIX 3HaueHHAX MepeMeHHBIX.
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Ecau x> 1, TO MOXKHO HHTErpHPOBaTh MO YacTAM, TAK UTO
[ (x) = [— t5% ] + (x — 1) { % dt.
0

BHenHTerpasbHEIH 4/eH mponajgaer, H, TaKUM o6GpasoM,
F)=x-Nrx-1) x>1). @

Tak kak I'(1)={e*df=1, 1o npn nonoxurensHom wmenom x=n
0
MOBTOPHOE NpHMeHeHHe paBeHCTBA (2) MoKasbiBaer, YTO

T'(n)=(n—1)! @)

J1a dopmynaa nospoJser cyuTath 1 (x) 06oOweHHeM dakTOpHaa.
PaccMoTpuM Temepb mpou3BegeHHe
o (o]
rxr =S t*1gt dtS uvle “du x>0, y=>0).
0 0
Mbl MOXKeM TpakTOBaTh €ro Kak NOBTOpHBII wHHTerpaJs. [loJsaras
u=1tv u obpawas, noka ¢GopmaJjbHO, NOPALOK HHTErPHPOBaHHS, MH
NOJIyuyaeM paBeHCTBa:

D) T () = trletdt trwvtet du=
0

[oe}
)

0

[o] oo

=S -1 du S {rry-lp-t (1+9) ff -
0 0

o el

=y WP dy
S” d”S (T Foyy

[}

e

Y—1
—F(x+!/)S (l_t;_v)xﬂ/ dv.
V3 Hux caegyer, uto

i) _
Tagy —0W 1y (>0, y>0), @)

rue

n
i (cos 6251 (sin 6)24-1 4§ =

P (x, y)-_—' de=2
0

e 0] -

1
={A1(1—Ap¢1dn.
0

3 E, THTuMapm - %47
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TpyaHOCTh gOKAa3aTeNbcTBA JIEXKHT B OGpamieHHH NOBTOPHOrQ
HHTErpana
[eo]

[a.0]
{ at{ tero-tpr-te-t (o) gy,
0 0

[TockoabKy Kaxapifl M3 ABYX HHTErpajioB SIBJAsETCS HeCOGCTBEHHBIM
Yy KaxkJoro TMpelesa HHTEerpHPOBAHHS, €C/AH IOKasaTelH CTelleHel
y ¢ 1 v OTpHUATeAbHH, 37ech NOJKHA ObITb HECKOJBKO pas MpHMe-
nena teopema § 1.8.5. Jlerko npoeeputs, uto 06a WHTErpasa paBHO-
MEpHO CXORATCS BO BCSKOM KOHEYHOM HHTepBaJse, He HPHMBIKAIOLIEM
K Hauany. CaefoBaTesbHO, HHTerpadnl, B3sThie B npenenax (0, T'; vy, V)
H (¢, T; 0, V), moryr 6nitb ofpalliennl, ecau {, >0, v, > 0. Jlaaee,
NOCKOJNBKY MOAbIHTErpanbHas (YHKIHSA [OJOKHTeJNbHa, HHTErpaJ,
B3aTuift B mpenenax (0, T; 0, V), Ttakxke MoxeT OblTh ofpaltieH.
Moxer ObITh O6palneH B CHJNY PABHOMEePHOH CXOZHMOCTH M HHTerpaJ
B mpezenax (4, T; 0, o0), a noroMy H HHTerpa’a B npege’ax
0, 7; 0, oo0). Ilogo6Gubim ke 00pazoM MOXKeT GbITh OOpallleH HHTer-
paa {0, co; 0, V) u, nakonerl, Becb MHTeTpal.
Ilonarasa B paeeHcTBe (4) x =y =1/2, MBI BHZUM, UYTO
Ia

{r(é)}z —or (1) 25 ds=m,

a T1ak KakK 3sHayeuwue I'(1/2), oueBMAHO, MOJIOKHTENBHO, TO

I (1/2)=Vn. )
C npyrofl CTOPOHBI, NMPH y =X paBeHCTBO (4) MOKa3biBaeT, 4TO
172
I (x)}2 /
{F ((;i)}__ S AL —A)*1dh =2 \ Ax1(1 —A)*1dA.
0

1 —~ . 1 1
ToncranoBka A= — 7]/p, B culy KoTopoft A(1—3A) = — - p,

fIpeBpamaeT 3T0T HHTErpaa B
1

i
% S (% — % M)xvlu—l/Q dp = 21-2% S (1 — p)¥Ip—12 dp =
0 b
— O1-2x I‘(x)l‘(l/2)

I‘(x—l— )
Taxkum obpasom, Ml nosyuaeMm «bOpMyJay yABOEHHSI»:

T @2x)7T (%) = 92511 (1) T (x +-‘§) 6)
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1.8.7. AcumnToTHYecKoe noBeleHHe I'(x) npux—co.
PaccMOTpHM CHAyasd cayuya, Korga x — HaTypaJsibHOe YHCJO, CKaMkeM
n, 1@k 410 I'(x)=(n—1)! Mol Bocno/sb3yemcsi XOpOIIO H3BECTHBIM
METOLOM CPaBHEHHSI CYMMbl BHAA X @ (n) C COOTBETCTBYIOU(MM MHTer-
pazom § ¢ (8)dt. Mer moxem HanmcaTe:

n—I1
log {(n — I} = 3] logv.
v=1
QueBHIHO,
v+ (1/2) 1/2
log tdt = {log (v+1) +log (v—1)} di =
v—(1/2) 0

12

§ {10gv2+log<1 ——-)} dt =logv4C,,

rie C,=0(1/v?). CrnenoBaTe/bHO,

n—1/2 n—1
logT (n) =log{(n—!}= { logtdt— 3 Cy=
172 v=1}

.—_(n——%) log <n—%)—<n—%> —%1og%+%—i Cyto(l) =

v=1
= (n —%) logn—n+C-+4o'1), (1)

rge C — HeKOTOpas MOCTOSIHHAA.

10T pesybTAT MOXHO PaACNpPOCTPaHHTL HA Heuesble 3HAUEHHUS X
IpU MOMOUIH CJeRYIOMmEH JeMMbl,

Jlemwma., Ecau a—nocmosaunas, mo npu x—» co

T (x)
I'(x+a)

ITpexmnonioxuM cHayana, yrto a> 1. Torna

e, (@

I'x)r ¢ a
P(&)_}-‘(;;) S (1 —A)*-105-1d) = S (1 — e)-1e=xt df =
3

={ to-tewt dt —§ {171 — (1 —ety1) - it
0

0

llepsuiii wunTerpan cnpasa pasen I' (@) x%, a Bropo#H ecth O (x~%-1);
JeHCTBHTEIBHO,

l—et<t (>0, l—ef>i—gp ©O<t<D,
3
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H3 Yyero cJeayert, 4To BTOpOﬁ HHTEerpaJ noJioxKHTeJeH H MeHble, ueMm

1 oo
OS 1 -1 t) } fa-tg-3t df 1+ S 1a-1g-#t df
i

<K\ t%e+dt +§ 1%+ dt < Kx-2-1,
0 1

rie K 3aBHCHT TOJBKO OT 4.

3tuM Jemma ROKasaHa Iia caydas a > 1. s gpyrux sHadeHHui
@ OHa moJyyaercs moc/e 3Toro us Qopmyas § 1.8.6 (2).

Ecnu Temeps x—Hewesoe 4ucaO, TO X=n-a, TIe A —Ueloe
yucsio 1 O0<<a<< 1. Us (2) u (1) cregyer, uto

logI' (x) =logT (n+a)=1logT' (n)+alogn+o(l)=
=<n —%) logn—n+C-+alogn-+4o(l)=

= (x — a—%) log(x—a)—x+a+C+Halog(x—a)+o(1)=
=(x_-'2—)logx—x+c+o(1), 3)

a 310 — hopmyna (1} ¢ x BMecTO n.

Urobel nariti C, Bocnosb3yemcss opmyaoit yasoenus § 1.8.6 (6).
Jlorapupmupysi ee H NOJB3YACh COOTHOLIeHHeM (3), MBI HOJydaeM
PaBEHCTBO

(Qx—%) log2x—2x+C+logV m—+o(1)=2x — 1) log 2+
1 |
+<x—7) logx—l—x]og(x—l—;) — 2x—~]§ +2C+o(1),
u3 Kotoporo caexnyer, 4to C = log } 2n. OxoHuaTennHo:
K- _—
T(x)=x Ze*V2%u{l+o0(l) (4)
JT0 paBeHCTBO HM3BECTHO Kak Teopema CTHpJHHTA.

1.9. Anddepenunposanne HHTerpatoB. [IBe clefyomHe Teopemsl
JOCTAaTOYHBl B GOJIBLIMHCTBE CJydyaeB, KOTOpPble OOBLIYHO BETPEYaloTCs.

of
Ecau ¢pyuryuu f(x, y) u 5y MEMPED6IBHLL 8 NPAMOYSOAbHUKE <

<x<<h, Yo —N<<y<yo+tn M>0), mo npu y=y,

b b
diygf(x, y)dx=S%dx. (1)
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b
[MosioxuM @ (y) = Sf(x, yydx, g(x, y) =%.Mu MOXeM HaMHCATh

P (o+k)—9(y) _
Tk

=1
%

Ry

b
{50 do )7 (v, yolbdr= g(x, yo+8k, dx,

rie 0 <<8<C1. Tak kak ¢byHKOHA g (X, Yy) paBHOMePHO HenmpepblBHA,
10 (Cp. § 1.5.2)
b b
im{gx go+0k) dx={g(x, g) dx
qTO H Tpe6yeTCﬂ.
Hycme pasencmeo (1) eepro 0as scex 3Hauenuid b, 664bux a.
Ecau unmeepan S fdx cxodumces, a unmeepaa Sg—;dx PABHOMEPHO

a a

cxodumces 8 unmepsare (Yo—m, Yo-+m), m

idx
7 ax.

ig§fu,wdx

f
QQ,;B

3T0 MOXHO BBIBECTH H3 COOTBETCTBYIOUEH TeOpeMBl O pfAAax
(§ 1.7.2). leicTBHTENbHO, MOJOXKHM

a-+n
S [, y)dx=u, ®)-

atn—1

Ouepngno, Sf(x, Y) dx:Zu,, (y), TaK 4TO, B CHJAY Tpeabiaylef
a

TEOPEMH,

[oe] a-t-n a-t-n

LAy - S I ogx=Y 2L S =Vy.4

3 3 dx—za+ B 3 dx = P a+n-lf(x, y)dx_zdy U (Y)

Tenepr ocraetcss npuMeHHTb TeopeMy O psigax.

PA3JIMUHBIE TIPHMEPH

1. HccoenoBaTh Ha paBHOMEPHYIO CXONMMOCTh DSIIHI

[o0] o] [o0] o]

1 1 1 sin nx 0
Z x24-n2? Z x2n2 ! Z x2—n2" 2 nd (o> 05

n=] =1 n=1 n=1
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2. MccnenoBath Ha pPaBHOMEPHOCTb CXOJMMOCTH PAZB!

[ee)

o
1 2 (=1 2n
2?1—}-2"’ 2 n 1427
n=1

n=1

DPH 110JOXKHTEJNbHOM BelleCTBEHHOM 2 M IIPH NPOH3BONBLHOM KOMILIEKCHOM 2,
3. HccnepoBaTb Ha paBHOMEPHYIO CXOQHMOCTb HHTErpasibl

o0

[ae] d . o
S xwxyz N S e~*Y dx, S Ch Xy e_""z dx.
0 0 0

o]

sin? yy
4. HccrenosaTh Ha pPaBHOMEPHYIO CXOAMMOCTD HHTErpaJ 7 dx. Buuncs

0
JUTb ero AugpepeHUHPOBAHHEM MO Y.
5. Oynkuns Becceas Jy(z) onpenensiercs npu v>—1 d¢opmynroi

o 1y 1\
Iy (2)= 2071%

n—
Jlokasarb, 4To npu v>— 1/2
1

?ﬂ

v
i i T S cos (2 cos 8) sin%v § d6
7or (v 3)1(3)

M 9TO npH u>—~—1, v>—1

Jv(2)=

(ST

n

Juwvia (2)= m S Jy, (2 sin 6) sink+1 6 cos?V*i § 48,

6. Hexazats, uto npu 0 <<b<<a

[e0]

1
e~ax ]y (bx) dx = ———
ES 0( Va2+b2
H 4TO
¢ 1
e~*J, (x) dx=—=,
0
1
— 121 v —7
7. Jokasarb, uyto JV (at)ye” "V di= v ¢ .

8. lokasaTe, yrto
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9, IlokasaTb, uTO NMOBTOpHEIE MHTErpaJbl

o3 3 [es)
. 4 xz_yz d d y b

X\ —— X ae~axy — pe—9xY) d
Var \ s ax ¢ )
1 0 1
‘He paBHbl MHTErpajam, KOTOpble INOJIy4aloTcs M3 HAX nocse oOpatleHHs nopsigka
?IHTerPHpOBaHHH.

10. Jokasarh, uTOo

ey g

o
S e*" cos 2xy dx = % Vwe ¥,
0

JsyMsi cmocoSamu: ({) nyTem passoxennsn GYHKUMM cOs2xy NO CTENEHAM X H
NOYJIEHHOr0 HHTErpupoBaHKs; (if) TOKas3aB, uYTO WHTerpan yIOBJAETBOPSeT Auddpe-
PeHLHANIbHOMY yDaBHEHHIO

dl
@= —_ 2yl.
o
sin xy .
11, Tonoxam ¢ (y)= S x(T}-x_Z)dx' Jokazath, uro ¢”(y)—a%@(y) ecTn

0
noCTOAHHAadA, H BLIBECTH H3 3TOr0, 1rO

PW) =pm (1—e™)  (y>0).

12, BuBecTH M3 npejblAyulero nmpHMepa 3HaueHHs HHTErpaJsios

[ee] (o]
cos xy X sin xy
S at+ x? . S a? -+ x2 dx,
0

p~bxxq-1

mdx, rie a, b, p ¥ g NONOXKHs

o o]
13, Honoxum ¢ (ps ¢ a: b)=T (p) S
0
TesbHbl, Jlokasarb, 4TO
e g a by=0(q p. b a).

2
© _ e ¥

14, INonoxum l]:(y)=§ e = dx, JlokasaTb, 410
0

| Q-
VW) =gVae¥w  (y>0),

IByMs cnocoGaMy: (f) ycTagoBHB, uto P’ (y)=— 2y (y); {{{) ¢ moMoWblO nOACTas

HOBKH w=x— 2
x
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15, INokasarb, 4TO MOBTOpHBIfl HHTErpas’
o0 [s 0]
— 2 2
S de cos 2mx . ye ¥ 1+ ¥ gy
0 0
MOXeT ObiThb OGpallleH, H BHIBECTH 5THM NyTeM 3HAaueHHe [epBOTO HHTerpaa NpH-
Mepa 12 Ha sHauennfi HuTerpajos npumepos 10 u 14.
16. IokasaTs, uTo npd A >0, u >0

)=

N I
o0 o0
S e ?1 gy S eyl gy — S e 2 g, S cos?™ 1§ sin?*1 g,
b

4 TOJYYHTb 3THM NyTeM LpYroe IOKasareqaecTso ¢opmya § 1.8.6,
17, [TokazaTe, 4TO B NOBTOPHOM HHTErpaje

o]

§ sin ax dxciof (y) e™Y dy
0

1
MOXXHO 00paTHTh NOPANOK HHTErPHPOBAHHSA, €CJH CXONATCH HHTErpalibl §|f(y) | dyy

(2]
§ | f ()| y~2 dy, BuBecTn u3 sToro, uTO

o o]
sin ax Joy)
————dx=a d
¥ Vi+ S iR
X ©
[I/IHTerpan sin ax de f(y)e*Y dy moxeT OnTe obpaueH, TaK KaK BHYTDeHHHH
0

HHTerpan pasHoMepHO cxoguTca npH 0 <<E=<<x =< X, ITosTOMy A0CTaTOYHO AOKa-
8aTh, YTO HHTErpajkl

[oe] [>2]

§ f(y)dy?sinaxe‘x—"dx, iof(y) dy S sin ax e~ dx
0 0 X

cTpemsaTcs K Hymo npu £—0 1 X — oco. MoxHO cuntaTe, uto a > 0. Tak xak
| sin ax | =< ax, To abcosioTHas BeJIMUMHA [EPBOrO HHTErpajga He IIPeBhILIAET

o) E Y E
§ IF@ dyojaxe-xydx<a5 |f @) dy \xax+
0 1]

[e) @ Y
1
+a @i {ewa—ga {1roia+e (1101000
Y 0 0 Y

NpaByl0 K€ YacTb MOXHO ClHeJaTh CKOJb YFOAHO MaJIof, BHIOpaB HajexalluM
obpa3oM cHauajsa Y, a satem f. AGCOJIOTHAS BeJHYHHA BTOPOTO MHTErpajga Jomnys
CKaeT OUEHKY

[o o]
y sin aX 4-a cos aX Xy 1 v =Xy
Sf() yenafaatodk xvay| << \ 11w v ay

TaKk 4T0 4 OH CTPEMHTCA K HyJo. |
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18. Iptt @ >0, p>0

§ et it et =SB o ovi,
¥

19. B >0, p>0n1 A<<y man A>x, TO

X
S (x—1)91 (t—y)b? gt =L@ T (B) (x—g)2+b1
[t—a[otP ~ T@+p) [x—AP[y—A[e
y
[[puMeHuTL HaLJexalllee JHHefiHOe Npeolpa3oBaHMe MHTepBajda (Y, X) W BOCe

[IOVIb30BATbCH NpeAbAYIIAM NPHMEpPOM.]
20. IokasaTb, 4To npu ¢ >b>0, c—a—b>0

nl

o0 1 1
2 a(a+1...(at+n—1) S -1 (] — )01 df = S $1 (1 —f)e—a-b-1 4y,
n=20 0 0

BuiBecTH 43 3TOrO, 4TO
o0

a..(atn—Nb.. (b+n—1) T (T (c—a—b)
2 alc...c+n—1) “T(c—a)T(c—b)

n=20



FJAABA I
AHAJIMTUHYECKHE ®YHKLHH

2.1. ®yHKUMH KoMmnaekcHoro nepemenHoro. IloctpouTs dyHkuHIC:
KOMILJIEKCHOTO I€PeMEHHOro z=x-}iy Tak e Jerko, Kak (QyHKIHIO-
JEHCTBHTENLHOrO nepeMeHHoro x. Kaxaoe KOHEUHOe MJlH CXOJAsileecs
GeckOHeYHOe BLIpaXKeHHe, cCojpeprKailee 2, JdeT TaKylo (QYHKIHIO.

Hanpuwmep, 22, € — QYHKIHH KOMIIJIEKCHOTO [I€peMeHHOro 2.

2 ’
Yuratens Yucmoit mamemamuxy Xapau 3HAKOM CO MHOI'HMH TaKHMH
(PYHKIHSAMH.

B stofi u cuaenpymolleil rJgasax BCe (QYHKIHH IpeAnoJjararTcs
OJHO3HAYHBIMH B TOH 06JIaCTH, B KOTOPOH OHH Onpeje/ieHhl.

Hama nepBas 3ajgaua — naTh ofiee onpeaeseHHe, OXBAaTbIBAIOLIEE:
Bce Takue (QYHKIIHH.

Mbl Morsiy 6bl CKasaTb, UTO @ eCTb (YHKIHSE OT 2, €CJIH Kax-
JOMY 3HAueHHI0 2 B HEKOTOpOH 06JaCTH COOTBETCTBYET OAHO HJIH
6oJ1ee yeM OHO 3HaueHue w. DTO ONpefielleHHe MOCTPOEHO NO 06pasmy
OObIYHOI'0 OIpefesieHUst PYHKIHN AeHCTBHTENLHOro nepemenHoro. OHO
COBEpILIEHHO 3aKOHHO, HO, KaK OObsicHeHO B Yucmou mamemamuxe
Xapau, oHO Gecrnosie3Ho, NOTOMY YTO CJAHINKOM MWHPOKO. OHO OTOXK-
JecTBJsSeT (QYHKUHIO KOMIJIEKCHOrO [E€PEMEHHOr0 ¢ KOMILJIEKCHOH
dyHkumell u(x, y)4iv(x, y) ABYX AeHCTBHTENbHBLIX NEpPEMEHHBIX X'
H y. KoHeuHO, 3TO He TO, YTO MBI MMEJH B BHIY, HAUHHAS TOBOPUThH.
0 (QYHKIHSX KOMIIJIEKCHOTO [e€PEMEHHOTrO. ,

UTo6sl HAUTH HY¥KHOE OlnpeleseHHe, Mbl PACCMOTPHM B KOMILJIEKC-
Hofi o6JactH cBOAcTBA (YHKIMH, KOTOpblE IPEICTABJASIOTCH HaM
JKeJaTeNMbHLIMH, W [ONbITAEMCst BLISICHHTb, KaKHe H3 3THX CBOHCTB.
MIO3BOJIKIOT OTJHYAThb «HACTOSAILMEY QYHKIUH OT «HEHACTOSHIUXY.

2.1.1. HenpepuBHocTh. Ilycts f(2) —dynkuua ot z B mpe-
IbIAylleM INHPOKOM CMbICTIe. OHA Ha3blBQeNCA HenpepouleHol @ -mouke
2=2y, eCcAl OAf 6CAKO20 HNOAONCUMEAbHO20 HUCAQ € MOMHO Halmu.
maKoe noAoNcUmensroe 4ucao 8, umo npu |2 — 24| << 8

1F (&) —F(zo) | <e.

310 oOmpeAesieHHe BIOJHE YAOBJETBOPHTEJBLHO, HO OHO BeleT
Helaseko. lenpeprbBHas (QYHKHHSL OT 2 €CThb NPOCTO HENpephIBHASE
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KOMIJIeKCHast (yHKIHSA JBYX BEIIECTBEHHLIX MEPEeMEHHBIX X H Y.
JeiictBuTensHo, nycTh f(2) =u (x, y)+iv (x, y) ¥ 2, =x, -+ iy,; TOrRa

[u(x, y)—u(x Yo |<<[F(2)—[(20)|<e,
€CIU |2 —2,|<< 8, a 370 TaK, eciu

|x— %0 |[<<O/V'2, |y—1y,ol<<&/V2.

‘CnepoBaTesibHO, QYHKLIHA # (X, Y) HENpepHBHA, M TaKoBa K€ (YHK-
uus v(x, y). O6parno, ecan ¢yHKuuM u(x, y) ¥ v(x, y) Henpe-
pHIBHBL, TO H (PyHKIHMs f(2) HenpephiBHa.

2.1.2. IudpdepenuupyemMoctb. M3 knacca HenpepnBHHX
«pyHKIMH Mbl BblgeNsieM IOLKJIACC (QYHKIMH, KOTOpBE JOMyCKawT
Juddepennvpoanue. 3HayeHye 3TOr0 TepMUHA B KOMIJIEKCHOH o6aacTy
JOJDKHO ObITb Ternepb OllpefesIeHo.

Crneays peuenTaM BeleCTBeHHOro nupdepeHIHaNbHOIO HCYHCTe-
HHS, Mbl NHLIEM

]c (2 )_ hm f(Z) f(Zo)

22 2%

¥ roBopuM, uTO GYHKUMS f(2) nuddepennupyema, ecau mnpened
B TpaBOf YacTH CYiecTByeT. DTOT npejes Ha3blBAETCH NPOM3BOIHOMH
win  auddepeHnHaNpHEIM - KoabdunuenToM ¢yHKIuM f(2). Kak wu
B ompejeNeHHH HeNpepuBHOCTH, NPHOJMIKEHHE TOYKH 2z K ee mpe-
Jeny 2, MOXeT NPOHUCXOAUTb BCEBO3MOXKHBIMH crmocobaMu. DBosee
‘TOYHO, npeablAyinas (GopMyna O3HAyaeT, YTO AAA BCAKOTO MOJIOXKH-
‘TEJIbHOTO YHCJA & MOMKHO HAHTH TaKoe IOJIOXKHTENbHOEe yucio O, 4To
npu O0<<|z—2y|<<d

]u (ZO) f(Z) f(Zo)

2—2

< E.

2)— T2
TakuM oOpasoM, mbl TpeGyeM, yToOH OTHOLIEHUE f(z)—fm CTpeMH-
<0

Joch K HEKOTOpOMY Iipefeny, o Kakomy Obl myTH TOYKa 2 HH IpH-
6/HxKanach K TOYKE 25, M 4TOOsl BCe 3TH mpefessl ObLIM paBHHL
Mexay coboit. Hame TpeGoBaHHe sBJfeTCs [OITOMY BecbMa OFpaHM-
YUTEJNbHBIM.

Onnako 3TuM cBoficTBOM jaud¢epeHuHpyeMOocTH 00/1a1al0T MHOTHE
u3BectHole ¢yukuuu. Iloctosinnas puddpepennupyema. Llenas noao-
JKHUTeNbHAs CTeNneHb IepeMeHHoro 2 nuddepeHnHpye.a; 1eHCTBUTEIbHO,
U3BECTHOE J0KA3aTeJbCTBO, IPOBOJUMOE MJS X", MPUMEHHMO CJOBO
B C/IOBO K 2" [lonoOHBIM ke 06pa3soM CyMMa M NpOM3BeIeHHe IBYX
(v moBoro KoHeyHoro uucnaa) auddepeHIUpyeMblx GyHKuUUH — aud-
¢depennpyemMble (QYHKUHMH, M YacTHoe JABYX AHGdepeHIHp yeMbIX
QyHKRuE puddepeHnHpYeMO, eCNH 3HaMeHaTesab He oépam,aem;i
B HYJIb. Hakownen, nuddepennvpyemast GyHKuusA OT ,umm)epeﬂuupye-
MOH yHKuuH auddepeHuupyema. Bcee 3TH TeopeMbl IOK&3BIBAIOTCH
JAJag QyHKOUR OT 2z TaKk e, Kak Aas QYHKUHH OT X.
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Hanpumep, Bcfkas panpoHasdbHasi ¢YHKIHs OT 2z audepeHuy-
pyeMa 1J8 BceX 3HAau4eHHH 2, He ABJIANWMXCA HYJAMH ee 3HAMeHa-
TS,

2.1.3. Mbl OpHUXOIMM K €CTECTBEHHOMY BOIIPOCY, COOTBETCTBYET
JH 3TO CBOHCTBO JAH(pDEPEHIHPYEMOCTH KAaKOMY-HHOYAb MpPOCTOMY
cpoiictBy (yHknui u(x, y) u v(x, y), KOTOpble cCayxaTt AeHCTBU-
TeJIbHOM YacTbio H MHHMOH uyacthio dyHKuHH [ (2).

[Ipexano/soKUM CHauvala, 4YTO DPAasHOCTb 2z — 2, BelleCTBeHHd, TaK
YTO 24 = Xy -+ Yy, 2==x-+iy, Torma
[(@)—1(z0) _ {u(x go)+ivix, Yo)} —{u (%0, Yo)+iv (¥ Yo)} __

2—2 X —Xy

_ 4 yo) —u(%0: o) +iv(x' Yo) — U (¥0» Yo)
X—Xg X—X

Ecnu 3TO BblpaXKeHHE CTPEMHTCA K MNpeleay MpH X—»X, TO €ro
BellleCTBEHHAs] YacTb CTPEeMHTCS K INpeReNy H €ro MHHMas 4acTb
crpeMuTcs K npegeay. Ho 3To o3HauaeT npocro, 4To B TOUKE (X,, Y,)

0
CYWECTBYIOT YacTHBIE IPOM3BOJHBIE 5;, g—z H
, __ fOu  .0v
f (zo)—<5;+la> (1
ITono6HbM xKe 06pa3oM, eCJH PasHOCTh Z — 2, YHUCTO MHHMA, CKa-
WeM, Zp=Xy+ LYy, Z2=Xy-+ iy, TO
f(2)—[ (=) _ 14 (o ¥+ (o 9} —{u (%> Yo) +iv (X0, Yo)} —

z2—2 iy — iy
_ Vx 9)— V(%0 Yo) P4 (%0, y)—u (%, %)

Y— Yo Y—H

X=K0 y=Uo

Ecau 3To BhlpaxkeHHe HMeeT npenes npnay—>yo, TO B TOUKe (Xy, Yp)
v u
CYIIECTBYIOT 4acTHble NPOMSBONHBIE 5, = H
dv .du

4 == e — ——

Fe= (-5 @
CpaBuuBast pamenctBa (1) ¥ (2) ¥ npHpaBHHMBas BEUIECTBEHHHE H
MHHMBIE YaCTH, Mbl BHIHM, UTO

du dv v du
a;=@, 5}2—'@ (x =xy, y=1,)- 3)

) .
X =2Xo, Y= Yo

Htak, cnenctBus npennmonoxenust Oudipepernyupyemocmy ABNs-
10TCS KyzZa Oosiee BIEUATJSIONHMH, UM CJEACTBUA IPELITONOKEHHU S
nenpepoigrocmu. Mano Toro, uto ¢yHKUMH 4 (x, y) U v(x, y) obaa-
JA10T YacTHbIMHM NPOH3BOAHBIMH NEPBOTO MOPSAKA, 5TH IPOU3BOIHBIE
cBfi3aHbl ewwe puddepeHnHadbHbiMH ypaBHeHusMH (3). [locnennue
HasslBaloTcsl ypaBHeHusMH Ko — Pumana.
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TakuM o6pasoM, Jaxe ecaH u (X, y) H v (X, y) UMEIOT YaCTHbe
[IPOH3BOJHLIE NEPBOr0 NOPALKa, 4 iv He sBAseTCs, BooOmie roBOpA,
nnddepeHIHpYeMOi QyHKUHER OT 2.

Mpumepwi. (I) Iycts f(2)=Re (2)=x. Toraa

du Oou ov ov
a—x-—~lv a?—oy a—x‘—o, a—y=0

Taxum 06pa3oM, BCe YacTHble IPOM3BOIHEIE CYLIECTBYIOT, HO ypaBHeHHa KowH —
PumaHa He YAOBJETBOPAIOTCS HH NPH KAKOM 3HAYCHHH 2.
(IT) Tlyets f(2)=|2[2=x2+4y% Torza
ou Ou dv ov
~—=2x, —=2y, =0, —=0.
O0x dy ox Oy
Ypasuenna Kown — Pumana yIoBretBOPSIOTCS TOJNBKO B TOuKe 2==0.

2.1.4, Auanutuueckue ¢pyunxkuuu. [lockoawky pacemor-
peHHOe HaMH CBOHCTBO 3HAYHMTEJbHO MPEBOCXOAUT TO, YTO MBI NPH-
BLIKJAM AyMaTb O [HtdepeHIHPYEMOCTH, MHl 1aeM eMy CrelHajbHoe
paspaine. @yHkuuA, Koropas nuddepeHnHpyeMa B 3TOM CMbICJe,
HA3HLIBAETCH QHAAUMUHECKOL.

AHaJHTHYHOCTL U €CTh TO OTJIHYHTENLHOE CBOHCTBO «HACTOSIIUX»
(YHKUHUH KOMIJIEKCHOTO II€PEMEHHOr0, KOTOPOe MBI HCKaJH.

Mpl  Bugeau, uro cooTHoweHust Komu — PuMmana cocrasasior
HeoOxo0umoe yCJOBHEe aHAIUTHUHOCTH GyHKuuH. OmHAKO OHH He
ABJAAIOTCH  0OCMAMOUHbM YCAOBHEM. ITOTO MOXKHO ObLIO OXHAATH,
IOCKOJIBKY MbI [TOJNYYHJH 3TH COOTHOLIEHHSt KaK BCErO JHIIb YaCTHbE
posABAeHHs AH(DEePEHIIHPYEMOCTH.

PaccMoTpuM, Hanpumep, Gynkuumio f(2) =1/|xy|. Ona obpamaercs
B HyJb Ha o6enx ocsX, Tak 4to npH z=0

du _Ou__0v_Ov_
0x — dy ~ 0x Oy

u ypaBHeHuss Komm —Pumana ygosaersopsiorcst. Ho dyHkuus f(2)

o 2 X
He guddepenunpyema npu z=0. JeficrBuTennHo, f—ilz%—%,
u ecnd x=ar, y=Ppr, roe a u B —nocrosuusle, a r >0, To npu
VTop]
TTi Takum o6pasom, mpepeda
He fIBJsteTCH €HHCTBEHHBIM M (YHKIHst HE aHAJIHTHYHA.

DTOT OpUMEep [OKasblBaeT, YTo (PVHKUHs [(z) MoxeT He ObiTh
f(2)—(20)
Z2—2
CTPEMHTCH K mpejgely BIOJb IBYX NPAMBIX, 00pasyioiux npsMoil
yroa. B neficTBHTe/IbHOCTH He/b3i OIPAaHHYMTLCH BOOOILIE HHKAKHM

CllellHaJ/IbHBIM KJaccoM nyTed. Paccmorpum, Hampumep, pyHKIHIO

FQ=2TE @x0), [O)=0,

r—0 3TO OTHOlIEHHE CTPEMHTCH K

ananumuecxoﬁ, €CJIM H3BECTHO TOJBKO, 4YTO OTHOIUEHUE
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F@&)—10)
2

Jlerko npoBepuTh, 4TO lim =0, ecau 2z~ 0 BroOJL JW060O#H

npsimoii. Ho Ha kpuso#t x = y?

Q=0 _ _y* _ !

2 pts T 2
CrenoBatensHo, ¢GyHKUMS f(z) He ananuTHuHa npu z=0.

2.1.5. [lpednoaoxcum, 00HaKO, 4mo 6Ce demvipe 4QCMHblE NPOU3-
600HblE Nepeo20 NOPAOKA CYWECMBYIOM 6 HeKOmopoll obiacmu 1 Henpe-
poisrbl 80 ecex mouxax amoit obaacmu. Toeda coommuowerus Kouwiu —
Pumana cocmasasiom Heo6xo0umoe 1 00CMAmModHoe Yciogue QHAAU-
mudnocmu Qyakyuu f(2) 60 ecex moukax obracmu.

Mul yXe BHIeJH, 4TO ycJoBHe Heo6xonumo. UYUTobbl j0KasaTh,
410 OHO [OCTaTOUHO, Mbl BOCAOJb3yeMcs TEOpPEMOH O CpefneM 3Haue-
HHH QYHKIMH IByX nepemeHHnx (4. M., § 159).

Pacemorpum B 06sacTH TOouky (x, y) H 6Ju3Kyl0 TOouky (x4 Ox,
y+90y). Mbl MoxeM Hanucathb

bu=u (x-+ 0%, y+89)—u(r y) =(Gi+e)ox+(3+n) oy,

Toe &€ U 1m cTpeMaTcd K Hy/Mo BMecte ¢ Ox u Oy. IlonoGubim xe
06pasom

Su = <g—z+ e')éx + (%—{—n') 8y.

IMonbsysicb ypaBHenusmu Kourd — PuMaHa, Mbl BHBOIHM H3 3TOrO,
410

Su 4+ i6v —<dx+t >(6x+u‘5y)+p,

rae |p|<<(le|+|e' [} [dx[+ (n|+n")[8y]. Takum oGpasom,

flz+082)—f(2) _ butfibv
8z —6x+i6y_t§+l0_x+6x+i6y’

mpi—(w\éiﬂ—}—]e’\-}-]n[—{— In’|—0. CnenoBatenbHo, ¢yHk-

uust f(2) ananuTUyHA.

2.1.6. Brympu Kpyea cxodumocmu cmeneHroi pad npedcmagasem
AHALUMULECKYI0 PYHKLUIO,

[To3xe Mbl YBHAHM, Y4TO 3TO — BCETO JHIUb YaCTHBIH cayuda#l obei
Teopembl O psfax, MpPeACTaBIAIOMKX aHajuTHuecKHe GyHKuHH. Ho
HHKeCJAeNYIoIee IMpsiMOe NOKa3aTebCTBO MOXeT OBITh JTaHO  yXkKe
renepb, Ilycte npn |2|<<R

[ @)= Z an2"

TIe
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Torma npu p<<R uyHciaa a,p" OrpaHHUYEHH, CcKaxeM, |a.p"|<<K
[TosoxkuM *)

g(2)= D] na,z" .

n=1

Ecnu |z|<<p ¥ |z|+|h|<<p, TO

f(z+h) i) —g()= i {(2_4%?_2_"— nz"”l}.

n=20
Ho
CEWI=2"_ pgn1| = | 2021 l)z"2h+ At <
<" e k| A A =

(‘2\+\hl)"-—\2|"
i

—nlz~L
Takum 06pasom,
h) — 1 Ly — n
f(z—]—) f(2) g(z)\<K 2 p"{(\ZH—Ill}Il)I (2] _Mz\n-a}___

n=0

8

gl e I R T Kolh|
—Kjl\h.‘<p—fz|'—lhf p—\ﬂ) (9—121)2} (o—lzl—|h)ylo—1t2])?’

npaBasi e 4acTb CTpeMHTCt K Hymo BMmecte ¢ h. CremoBaTesbHO,
g (2) ecTb mpoussoiHas QYHKUHH [ (2).

2.1.7. DyHKuHH, aHAaJHUTHUECKHEe B o6aacTH. DPyHk-
IHsi HasblBAeTCst AHAJUTHUECKOH B 06JACTH, €CJH OHA aHAJHTHYHA
BO BCeX TOYKax 3TOH obJsactH. B gnaJjbHelilleM MBl Bcerja paccmar-
puBaeM (GyHKIHH, aHaJuTHUeCKHe ¢ wexomopoid obaacmu. ToT dakr,
yTo Kakas-HHOyAb QyHKuHs (Bpoje |z|?) oKasblBaetcst aHAJUTHYECKOH
B OTAEeNBHOH TOYKEe WM JAd:xKe HAa HEKOTOPOH KpHBOH, He IpeacTtaB-
aster ocoboro nuTepeca. TombKo H3 TOro, YTo QYHKIHS aHAJHTUYHA
B HEKOTOpoH ofiactmu, BBITEKArOT WHTEPECHblE CJEeICTBHS.

2 3
Mpumepnl. (I) dyuruus Iog(l—]—z):z—%——]—%—... aHaMNTHIHA TpH

Jz]< 1.
(IT) dyunruun

n

Z —
e = T

1 . 1 . ,
. {plz —iz : . (plz __p—iz
cosz=5 (e'?+e7t?), sin 2“21’ (e e~t%)

I N8
BIN

0
anaJIMTHIHBL NPH BCE€X KOHEYHBIX 3HAYCHHAX 2.

n

*) DTOT psA TaKXKe CXOAHTCT NpPH |2 | << R. JIoKa3aTe/qbcTBO TaKOBO Xe, Kak
B BeH|eCTBEHHOM chayuae; cM, § 1,7.3. ([Ipumeuanue nepegoduuxa.)
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(111) ®yHRuHA f(zy=e*"? (z2+0), f(0)=0 aHaAuTHYHA [pH BCex 3HayYe-
HHAX 2z, Kpome 3HaueHRa z2=0. B Touke z=0 ypaBienus Koum — Pumana ynos-
JIETBOPAIOTCA; JERCTBHTENBHO, npu z=0

—x—1
Ou _ \im £ =0, v _ 1im£=0,
0x x-0 X 0x  x—-0x
8
% im0, 9% = iim Ly,
0y y—0 Y 0y y—oy
aK 4TO Ou _iv_ ﬂ——-(zv— Hecmorps na 5710, dyHKIHSA f(2) He aHadH
TR AT Sy TPy oy Ox P » PYHEL -

/4
b}

THuHA npu z=0; IefiCTBHTENBHO, €CaU z==r¢ T0

f (@) =exp {— (rem/ 4) —4} =" —‘:!

a 9TO Bhlpa)KEHHE CTpeMHTCH npH 7 — 0 K GecKOHeuHOCTH.

2.2. Komnnexkcroe puddepenunancHoe HcuuciaeHdHe, YunraTtesn,
BO3MOXKHO, XIET, YTO MBI IIOCTYMHM Telmepb TaK e, KaK IOCTYIAOT
IpH MOCTPOEHHH BeleCTBEHHOro audepeHIHANbHOrO HCUHCIEHHS.
TaM, BbIZEJHB YyXKe caM Ino ce6e IOCTATOYHO CHEeNHAJbHBIH KJjace
augepeHnupyeMblx (QYHKIHH, paccMaTpHBAOT cJenyiomuii 3a HUM
ete GoJiee crielyaNbHLIH KJaacc QYHKUWH, HMEIONHUX BTOPYIO MPOH3-
BoAHYIO. HeKoTopbie M3 3THX (QYHKUHH HMEIOT NPOH3BOAHYIO TPETHErO
nopagka, M T. 1. Hakonen, cpegyu ¢GyHKum#, HMEWOIHX NPOH3BOIHbE
BCEX TOPANKOB, BBIOHPAIOT T€, KOTOPble MOTYT OBITb PaszJoXKeHHI
B CTemeHHOH psx mo Teopeme Teitnopa.

ITono6Horo mnpomecca noclef0BaTeNbHOH CrielHaNH3alluy aHaJd-
THYeeKHX QYHKIIHH KOMIJIEKCHOTO [ePEMEHHOro He CyiecTByeT. PyHK-
IHsi, aHAJUTHYECKAas B HEKOTOpOH 00JacTH, HMeeT B KaxKIOH TOYKE
3Tofl 06JacTM NPOM3BOAHBIE BCEX MOPSAKOB H MOMXKeT GuITh pasJo-
JKEeHa B OKPECTHOCTH KamKJOH TOYKH OOJNACTH B CTENEHHOH DSA, TaKoH
Xe, Kak B TeopeMe Teiiopa.

Bce 3TH ¢akThl ABIAOTCA CJAEICTBHAMH OIpefeeHHs aHaJIHTH-
yecKOH (yHKIHH, B KOTOpPOe BXOAHT TOJBKO €€ mepBas NPOH3BOAHAS.

MoxeT ObiTb, Temepb YHTaTelb XKIAET, YTO MBI NPAMO MPHCTYITHM
K J0Ka3aTeJbCTBY CYUIECTBOBaHMA BTOPOH IPOM3BOLHOH Yy JoGoi
aHaJquTHUeCKOH (QyHKIHMH. Mbl He B COCTOSIHHHM 3TO CHIeJaTh.

[lepeuncyennnle TeopeMbl ObLIHM, KOHEYHO, JOKa3aHbl, MHAUe Mbl
He MOrJH Obl COOGMTL YHTATEMO, YTO OHH BepHul. Ho 10 cux mop
OHM He OBLIM JOKa3aHH HeNoCcpeAcTBeHHO. X JoKa3aTeNbCTBO OCHO-
BaHO HA KOMILJIEKCHOM MHTErpajbHOM HCUHCIEHHH, H K HEMY MBI
JOJIKHB! Tenepb 06paTHTHCA,

2.3. KomnaekcHoe uHTerpuposanne. Teopema Kown. Untatens
Yucmot mamemamuxy Xapad JO/KEH 3HATb, YTO TaKOe KOMIJIEKCHBIH
unterpan (4. M., § 229). Mul, oqHaKO, BBeIeM 5TO MOHATHE HECKOJBLKO
HHBIM NyTEM.
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Tycte A u B—KoHum ayru C KPUBOH, ONpeAeNeHHO#l ypaBHe-
HusaMH x=¢ (f), y=V(f), rae ¢ H P — PYHKIOHH OT { C HempephiB-
HBIMH OpOH3BOOHBIMH @' (f) u ' (f). Ilpeanosoxum, 4TO npH H3Me-
HeHHH ! OT 3HAueHHsA 4 NO 3HAUeHHS f{p TouKa (X, y) MepeMernaercs
BIOJb KpuBoi oT A X B.

Ilycts f(2) — KoMniekcHas GyHKIHA OT 2, HempephiBHaA BAoJb C.
Tlyets f(2)=u(x, y)+iv(x, y). [lycts 24, 24, ..., 2, —TOUKH Ha C,
npuueM Z, ectb A, a z, ectb B. PaccMmoTpHM cymmy

i f(Cm) (zm - zm-—l)v (1)
m=]1

rae G, — TOuKa KpHBOH, Jexauias MeXIY Z,, H Z,. EcJu MOJ0XKHTH
Cn=8ntiMm Un=0Em Mm)s VUn=0Ems Mm), TO 3Ta CyMMa MOpH-
MeT BHI:

n

(Um—+ i0m) (Xm = iYm — Xy — iYm-1) .
=1

m

Ho
Xm— Xm—1 =@ ({m) — ¢ (tny) = Q" (Tm) (b — tma),
Ym— Ym1="0 (tm) — b (tma) =¥ (T) (b — ),
The lmey << T <<lpm, lpy<<Thm=<t,. CnexoBaTespHO, CyMMa paBHa

n

Z (um + ivm) {(P’ (Tm) + t"llJ’ (T;n)} (tm - tm—l)- (2)

m=1

Tak kak Bce HallM (YHKUHH HempephiBHE H MOTOMY DaBHOMEpHO
HenpepheiBHEL, TO MBI MOXKeM IO 3aJaHHOMY & HaliTu Takoe 8, uyrto
ec/M A BceX M BHIIOJHEHO HEePaBeHCTBO |I, — i, |<<6, TO pas
BCEX M
7
| Um@' (Tm) — & (Xmy Ym) @ (En) | <e.
Ho

n

D) e(tm—tny) =¢(ta—ta);

m=1

cliefoBaTeJbHO, €CJAH & H 6 CTpeMATCA K HYJAI0, TO CyMMa

Z um(P’ (Tm) (fm - tm-l)
m=1

CTPpEMHTCS K TOMY XKe hpeleay, 4To H CyMMma

n

Z U Emy Ym) @ (Em) Em — lm-a)s

m=1
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ip
T. e. K npegeny | u{p(®), ¥ ()} ¢’ (f)dt. TlonoGubim e oGpasom
ta
CTpeMATCS K npejesiaM ApYrue wieHsl CyMMs! (2), M Mbl BHIUM, YTO
BCS CyMMa CTPEMHTCA K Npemeny

'p

{ @) {o" O+ () dt. (3)

'a

[ocnennuit nHTErpas] noHuMaercs o0bluHBIM 00pa3oM Kak cymMa ABYX
BELIECTBEHHBIX HHTETpaJioB, OXHH H3 KOTOPBIX YMHOXeH Ha i.

JT0T npenes H IPHHHMaeTCs 3a ONpefieleHHEe HHTerpana QyHKIHU
[ (2) Booas C n oBosHayaeTcs yepes Sf(z) dz.

5

B uacTHOocTH, H3/JOXKeHHOe NpHMEHHMO K QYHKuHM f(2), aHAMIH-
THYEeCKOH B HeKoTopo# ofnactu, comepxauteit C

Hekortoprle 13 Haubo/ee OYEBHAHBIX CBOHCTB BELIECTBEHHbIX HHTEr-
paJjioB cpasy pacnpoCTpaHfIOTCS Ha KOMIJIEKCHble HHTEerpaJibl; HalpH-
Mep,

{ 1 @+g@)de={[(2)dz+ g (2) dz,

Cc Cc c

H, €CJH k ecTh MOCTOStHHASA, S Ef (2) dz=k§ f(2)dz.

C [
Ecan €’ —1oT xe KOoHTYp C, OmHCHIBAeMBIHI B IIPOTHBOMIONOXKHOM
nanpasnennn, 10 § f(2)dz=—1{ f(2)dz.

c’ c

Npumepnr. (1) Iycts f(2)=Fk (=const), u nycts C —aobasg KpuBas, COeIH-
HAWWAs TOYKH z2=a H z="5. Torna

D [m) em—2ma) =k DY, Em—2ma)=Fk(b—a).

m=1 m=1

CnenoBaTeNbHO, S kdz =k (b—a). TlockoabKy npaBas 9acTb He 3aBHCHT OT BHIGOpa
. C
kpuBO#l C, MBI MOXeM TPeJACTABHTL TO PABEHCTBO B BHJIE
b
{ kdz=k (b —a).
a
(II) ITyers f(2)=2, u nycts C—mo6as KpHBas, COJHHAIOIAA TOUKH Z==a

n z=b.
Ecan {p=2,, 1O

n

> [ Cm) Cn—2m1)= D) Zm Em—2m)s

m=1 m=1
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Ecan xe {p=2,;_1, TO CyMMa paBHa

n
Z Zm-1(Zm —2m-1)-
m=1
OTH cymmbl CTpeMsATcsi K OflileMy MNpefely; C/IeoBaTesbHO, K HeMy XK€ CTPEMHTCH
HX noJycymma

1 1
5 Z (25— 2—1) =5 (b2 —a?).

TakuM 0o6pasom, Szdz=7(b2—a2), H HHTeTpajq ONATb He 3aBHCHT OT BHGopa

kpuboit C.

(111) BeluncauTs uHTErpasn S%, raie C—OKpYKHOCTb € LEHTpPOM B Hauaje

9

H paguycom p.

[311er MOXKHO TIOJOXHTb X=p cos8=q (8), y=psinf=1y(0); 0 H3aMeHseTCH
or 0 o 2n. Tak kak

@' (0)+ i’ (8)=— p sin 84-pi cos b= pie’®,
TO HHTeTpaJ paBeH
2n 2n

S peli 5 piet0dy =i S do=2a.|
L 0

(1V) TlogoGHEM Xe 06pa3oM 10Ka3aTb, 4TO S 2"dz=0, rjge n— IPOH3BOJIbHOE

c
lesioe YHCIO, MOJMOXKHTEJIbHOS WJAH OTpHLATe/bHOe, HO He DAaBHOE —1.

2.3.1. OueHkKa KOMIOJEKCHOTro HHTerpaJa. [auHy KpH-
BOft x=0 (f), y="1(f), rae ¢ (f) ¥ P (/) —DYHKUUH C HENPEPHLIBHHIMH
NPOU3BOIHBIMH, MOKHO ONpEeNeNHTb HHTErpajoMm

fo" PR+ )17 4,

B3ATHIM MEXIy HaAjeXallluMH MpejesaMH. D10 omnpeleseHHe MOTUBH-
posano B 4. M., § 149.
Ecau M — gepxnasn epans ¢ynkyuu |f (2) | Ha kpusoit C u L — druna

smoti kpueoli, mo Hf(z) dz‘gML.
[pemxpe Bcero, ecan F (f) — HenmpepbiBHAA KOMIJIEKCHaA (QYHKIHSA
JeHCTBUTEJILHOTO NEPEeMEHHOro f, TO

b b
gF(z)dz‘gg;F(mdt. (1)
a a

TletictBuTenbHO, | 3\ F (tn) (tn— fm—1)‘<2 (F(tn)|(tm—tm-1). Hepa-
BencTBo (1) moJyuaercs M3 3TOrO HepaBeHCTBA MOcAe INEpexofia K
npesedy.
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Tenepr Mbl MOMXEM HanMcaTh B HAIUHX OOGBIYHBIX OOO3HAYEHHSIX:

‘B
{F@ydz| =] § @+io){e' )+ 0} dt | <
¢ t
A " l—
= { M[lg’ O +1¥ ()2]% dt = ML.
ta

2.3.2. Koutypus. Ilon KOHTYypOM Mbl MOHHMAaeM HempephLBHYIO
KPHBYIO, COCTOSHIYIO H3 KOHEUHOrO YMCJAa AYT PACCMOTPEHHOrO Bl
THna, T. €. Oyr, OnpelesieMblX YpaBHeHUAMH x=@ (f), y=1(f)
¢ HempepuiBHLIMH MDPOH3BOAHBIMH ¢’ (f) H V' (f). KoHTyp 3aMkuyT,
€CAM KOHEIl NocJelHeH NYrH COBNAjaeT ¢ HayaJoM mepBoii.

Ilyets C —3aMkHyTHIE KoHTYp. Ilpemmosoxkum, 4rto cyiecTByer
Takoii MHTepBan (a, b), uTo npu a<< x' < b npsAMas x==x' mepece-
kKaeT C pPOBHO B OBYX TOYKAaX, CKaxXeM yy (X') U y,(x'), Tre y; <<Y,,
B TO BpeMs KaK npH x < a u npr x’'>b npsMas x=x' He mnepe-
cekaer C. Mnu e Hpemno/ioXuM, YTO CYILECTBYeT TAKOH HHTepBaJ
(@, B), uto mpu a <<y <P npamasa y=y nepecekaer C poBHO
B JBYX TOYKAaX, CKaXeM, x,(¥') M xy(¥’), e x, << x,, B TO BpeMs
Kak npH y' < o u npu y’ >Pp npaMaa y=y' He nepecekaer C.

B mepsom ciyyae Touka (x, y) HasblBaeTcs BHYTPEHHeH NO OTHO-
mennio K C, ecnu a<<x<<b u y, (x) <<y <y,(x). Bo BrOopom cay-
yae onpenejeHHe aHajgoruyxo. Touka, He BHYTpPeHHAs K C H He Jexa-
was Ha C, HaswiBaercst BHemHeH 0o oTHomeHuo K C.

KoHTyp, YZOBJETBOPAIOIMA OZHOMY H3 ABYX NpelbIAYIIHX YyCJI0-
BHil, Ha3bIBAETCH NPOCTHIM 3aMKHYTHIM KOHTypoM. Hampumep, okpyx-
HOCTb, KOHTYP KBajipaTa, JUIHIC B JIOGOM DACNOJOKEHHH SBISIOTCSH
HPOCTBIMH 3aMKHY THIMH KOHTypaMHu. OnpeseJieHie BAYTPEHHHX H BHeIL-
HUX TOYEK, KOTOPOe Mbl JaJlH, MOMKET MOKa3aTbCA YHTATE/IO H3JIHIIHE
CJOXKHbIM, @ PacCMaTpHBAEMBbli KJACC KPHUBbIX — H3JHIIHE OrpaHHYEH-
ueiM. OpHako ofinee M3yueHHe BONPOCOB 3TOTO pOJa HE CTOJb IIpO-
CTO, KAaK MOXET [MOKa3aTbCs, U Mbl OCTaBJISiEM €ro 3a IpejlesaMH
Haiero Hanoxenus *). OHo u3BeCTHO KakK «analysis situs». C gpyroit
CTOPOHBI, YHUTATelb, KOTOPHIH INPERNOYTET HrHOPHPOBAaTh 3TH HAIUH
OOBACHEHHA H JNOBEPHTCS TeOMeTPHUeCKOH HHTYHILHH, YBHIHT, 4YTO
BCEe MIET KaK HeJb3s JyYylle.

.Mbl MOXKeM pacIIHpuThL KJacC KOHTYPOB, K KOTOPbIM MpPHMEHHMBL
Hallld TEOpPEeMbl, MyTEM «CJIOKEHHS» H «BLIUHTAHHSA» OPOCTHIX 3aMKHY-
THIX KOHTYpPOB. Ilycth € u C' — npocThble 3aMKHYThle KOHTYPEHI, HMEO-
upe O6IMYI0 AYTY HJIH HECKOJbKO CMEXHBIX OOWMX AYr, HO B OCTa/b-
HOM pacClIOJIOKEHHblE BHEIIHE [0 OTHOLIEHHIO APYr K apyry. Ml
o6pa3yeM HOBBIH 3aMKHYTbli KOHTYp C” myTeM ylaJeHus 3THX O6LHX

*) lo stHM Bonpocam cm., wanpumep, W atson, Complex Integration and
Cauchy’s Theorem.
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Ayr. BHyTpeHHOCTL KOHTYpa C” COCTOMT M3 BHYTPeHHHX obsacTel
koutypoB C u C’ 4 U3 yZajeHHbIX ToueK rpaHuubl. [logo6HBIM ke
06pasoM, ecii Bce TOYKH, BHyTpeHHHe K C, FBJISIOTCS BHYTPEHHUMH
k C’, To Mbl 0OpasyeM HOBHIHl 3aMKHYThI KOHTYp C”, BHYTPEHHOCTH
KOTOpPOr'0 COCTOMT H3 TOUeK, BHYTpeHHHX K C’, HO BHewHHX K C.

YacTo HCNO/Nb3yeMblii 3aMKHYTHIEI KOHTYP ONHCAHHOro THMa ofpa-
3yIOT BepXHHE MOJIOBHHBI OKpYXHOCTe#l [2|=p, |2|=R (0 <<p <<R),
COEIHHEHHBIE OTpEe3KaMi BellleCTBEHHOH OCH.

[lyTeM pa/bHelilero Cl0MKeHHSA MOTYT OHITL MOJYdYeHH ewe 6oJee
C/IOXKHBIE 3aMKHYTHle KOHTYpbl. CJOXKHM, HampuMep, TOJIbKO YTO pac-
CMOTPEHHBI KOHTYP € €ro OTpa’KeHHeM B BelleCTBEHHOH ocH K ywa-
JuM o6lyl0 1Js HHX YacTb 3TOH OCH OT 2==—R 0 2=—p. Mn
NOJIYYHM 3aMKHYTHIH KOHTYD C BIOJIHE ONpeAeeHHOH BHYTPEHHOCTHIO
H BIOJHE ONpejeqeHHOH BHEIUHOCTbIO, BHEIIHOCTh COCTOMT H3 006.a-
creft |2|<<p u |z|>R. llpun obxone KOHTypa OTpesOK ¢ KOHLAMH
2=p, z=R mnpoxomurcs ABaXKIbl, B NPOTHBONOJOXHHLIX HAallpaB.Je-
HUSIX.

2.3.3. Teopema Kown. KpaeyroibueM KaMHeM TeOpHH aHa-
JUTHUECKHX GYHKUMH fBJAfETCH caepyloilas teopema Koiuu.

Ecau ¢pynxyun [(2) awnarumuyna sHympu npPOCMo2o 3aMKHYMO20
xoumypa C u Ha camom Konmype, o Sf(z) dz=0.

C

Yrobul 10Kas3aTh 310, pasgequM obJactb, BHyTpeHHi0O K C,
Ha OOJblLIOE YHCJIO MEJKHX YacTell CeTbi0 HPAMBIX, HapajJesbHbIX
BentecTBeHHOH H MHHMOH ocaM. [lyctb sTa ceTh pasbuBaerT BHYTpeH-
Hio ofgacte Ha M ksagpaToB ¢ KoHTypamu C;, ..., Cy U N
HenpaBHJbHLIX OOsacteft ¢ rpaHuuamu D,, ..., Dy, 4acTHYHO BXO-
nsunumu B C. Torna

M N
Vi@de= 3 § ftde+ 3§ f2)de, M
¢

m;lcm n=an

rjle KaXpabli U3 KOHTYpPOB NPOXOAUTCS B IOJIOXKHTEJNbHOM HanpasJe-
HHMH (MPOTHB Yacosoll cTpesakH). PaccMOTpuM, HampuMmep, ABa KBal-
pata, ABCD w DCEF, ¢ ofuelt ctoponoét CD. B nmepBoM kBajpare
cropona CD onuceisaercs oT C k¥ D, Bo BropoM —otr D k C. Cre-
10BaTeJbHO, HHTErpaJjsl, B3ATele Broab CD, coxpamaiorcs. Tak
COKpamMialoTCs BCE HMHTErpasbl, KpoMe TeX, KoTtopme GepyTcs BAOJb
qactell caMoro kKoHtypa C. 3tum dopmydaa (1) goxasana.

BocnosibayeMcsi Temepb TeM, uTo QyHruus f(2) aHaautHuHa. s
KaXao# TOUKH 2, Jexaiedl BHYTpH C uau Ha C,

[ =) _ e

2—2

zo) < £,

ecin ToIbKO 0 << | 2 — 25| <8 =10(z,). Takum oGpasoM, npu |2 —2,|<<8
[F(2) —[(2) — (2 —20) [ (20) | << &| 2 — 2] 2
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Ecau B3siTh KaKyio-HHOYAb OnpeleeHHYyI0 06/1acTh, Or PAHHUEHHYIO
koutypoM C, uan D,, 1 B HeH HEKOTOPYIO TOUKY 2, TO, OYEBHJIHO,
CTOPOHBI KOHTYpPA MOXHO yMEHBLIHTH HACTOJBKO, UTO HEPAaBEHCTBO (2)
OyleT BBINOJHEHO JIs BCeX To4deK 2z 3Toi obsnactH. OnHaKo cpasy
HE BHJHO, YTO CE€Tb MPAMBIX MOXeT ObITb BHIOpaHA Tak, YTOOH yC/I0BHE
(2) oxkasanoch BBINOJHEHHHIM (C HEKOTOPbIMH 2;) OLHOBPEMEHHO BO
BCeX YaCTHYHHIX o6jacTsx. Mbl nokazeMm, uTO TakoH BeIGOp ceTH
IeHCTBUTENBHO BO3MOXKEH. ) :

[lrs ecakoeo € MONCHO nocmpoums cembs, 8 Kaxcdoid uacmuurol
obaacmu  KOmOpot CYWECmeyem maKas MouKa 2g, H4MO HepaseHcmeo
(2) ebirnoaHeno 04 ecex moueKk 2 smoti 4acmudHol obaacmu.

10 03HayaeT, N0 CYIIECTBY, YTO QYHKIHA paAsHOMEPHO Ougheper-
yupyema B obsacTH, orpaHHueHHoH KoHTypoM C *).

[TpegnosioxuM Ha BpeMsA, 4YTO 3TO JAOKasaHo. PaccMoTpum
KBagpar ¢ KoHTypoM C, # CO cTopoHOH !, B cuay HepapeHcTBa
{2) dyukuus @ (2), onpenenseMas paBeHCTBOM

f(2) =f(20) + (2 — 20) [' (20) + @ (2),

YNOBJETBOPSET HEPABEHCTBY | (2) [<< el2z —2,|. Mbl MoXeM HamucaTth:

§ f@dz= {{f (z0)+(2—20) [ (20} } dz+ [ (2) dz.
ITepsuifi MHTErpan cnpaBa paBeH HyJo; cM. § 2.3, mpumepsr (I) u (II).

KpoMe Toro, Tak Kak |2—z,| <<}/ 2!, u nauHa konrtypa C,, paBHa
41, TO

1§ 0@ dz| <eV/ 214l
Cm

B cayuae HempaBHJBHOH o6JacTH ¢ KOHTypoM D, ero amuna
ne npesbiuaer 4/,4-s,, rae [,—cropoHa KBagpara, B KOTOPOM
JexHuT ofnacTb, a S, — AJHHA KPHBOA uactH Koutypa D,. Cremo-
BaTeJILHO, :
| §o @) dz| <#)/2L, (4ln+5,).

D
n

© *) 3mecb HeoOXOAHMAa OCTOPOKHOCTL. PapHOMepHas AupdepeHLHPYeMOCTh ecThb
F)—Hx)

X —x
Holt f'(x). OHa DABHOCHJbHA HENPephLIBHOCTH NPOH3BOAHON f' (x) U ZeficTBHTENLHC
MMeeT MeCTO 1Js BCAKOH aHaJMTHYeCKOil (GYHKIHH KOMIVIEKCHOTO IepeMeHHOrO,
HO, KOHeYHO, He MJif BcsikO auddepenunpyemoil GyHKUHH BElleCTBEHHOIO Iie peMeH-
noro. PaccmarpuBaemoe e CBOJCTBO, KaK 3TO BHIHO H3 § 2,3.4, siBaisieTcst MpOCTRIN
CliefcTBHEM aH(depeH HpyeMOCTH; aHAaJOTHYHLIM CBOHCTBOM 06/afgaeT Beskas UG-
depennupyemas QyHKLHA BelleCTBEHHOro mepemeHHnoro. (/1pumevanue nepesoduura.

paBHOMEpHast OTHOCHTEJNBHO X CXOIUMOCTb OTHOIUEHHS K TIpOH3BOX:



2.3) KOMNJNEKCHOE UHTETPUPOBAHHE 87

CknajpiBast HHTErpajiel mo BceM Koutypam Cp, B D,, Mbl MOJTy4aeMm
HEPABEHCTBO

|{7 (@) de| <4V 2e X (b4 12) +)/ 21 Xsn, ®)
c

rre [ — HauGoswiuee u3 gucen l,. Ho cymma ¥ (12, 4-[3) npencraBnser
coboll mioman, HEKoTopo# obgactd, jJexaweli BHYyTpH C, H noToMy
orpaHHueHa; uMeHHo, ecau (a, b, @, P) — npsAMOYroJbHUK, comepxa-
wuit C, 10

S+l <<b—a) P —a).

CyuMma xe Y S, paBHa AnuHe koHTypa C. Takum ob6pasoM, npasas
yacTh HepaBeHCTBA (3) MeHblle MOCTOSTHHOH, YMHOXeHHOH Ha &. Ho
JIeBast HacTh He 3aBHCHT 0T &. CJeioBaTtesbHO, OHa pasHa 0.

2.3.4. Mbl [OMEHBI ellle ONpaBAaTh CHEJAHHOE BHIIE [PEANOJI0-
KeHHe. DTO JOCTHrAeTCsi XOPOHIO H3BECTHLIM METO0M MO pPas3ieseHH s,
HauyneMm ¢ ceTH mnpsIMbIX, MapaJiieNbHbIX BelIIECTBEHHOH H MHUMOH
OCSiM, B KOTOpOH cocejHHe MNpsMble HaxXOATcs ApPYr OT Jpyra Ha
OZHOM H TOM ke paccrostHuu [. Hekoropble yacTuyHble 06/1aCTH 3TOH
CeTH MOTYT COAEepXaTh TOUKH z, ¢ TpebyeMbiM CBOHCTBOM. WX Mbl
B JaJibHeHdilleM He MmeHsieM. KaKIyio u3 ocTaBLIMXCA 00JacTefi Ml
noJpasjiesisieM HOBbIMH NPAMBIMH, AEJSIIHMH PAacCTOSiHHS MeXAYy Ipe-
IBIAYIUME OpSAMBIME  TOMOJaM. Ecau mnocje 3Toro eile oCTamoTcs
obnactn, He obJaapawoiire TpeOyeMblM CBOHCTBOM, TO Mbl TAKHM 3Ke
ofpa3oM nompasziessieM H HX. A priori BO3MOMHBI JBa CJaydas: Ipo-
necc MoxeT 060pBaTbCS IOCJEe KOHEYHOro 4ucJa maroB, M TOrAa
JI0Ka3aTeJbCTBO 3aKOHYEHO, H MOXKeT NMpojoJiKaTbCst HeOrpaHHUEHHO.
Bo Bropom cayuae cpegd obJacTeli mepBOHAYAJLHO B3STOH ceTH
HMeeTCst 0 KpafiHeli Mepe OjfHa, A0nycKamon@s HeorpaHHYeHHOE INoj-
pasgenenue, He NPHBOAAILEE K HYHEHOMY pe3yabraty. OG03HAYHM 3Ty
ofaacts, BKJouas rpanuny, yepes Ry. [locse nepBoro noapasnenenust
MBI NOJIyUHM ee 4YacTb R,, OOJafalollyid TeM e CBOHCTBOM, H T. [.
Tax BosHHKaeT GeCKOHEYHas mocJe[oBaTeNbHOCTb 06Jactell Ry, R,, ...,
KOTOpble Mbl paccMaTpHBaeM BMeCTe€ ¢ UX rpaHHuamH. Kaxnaast us
HHX COJEpPKHT CJAENYIOULYI0, W HH B ONHOH M3 HUX HEepaBeHCTBO (2)
He MMEET MeCTa HHM IPM KaKoM BbibOpe TOUKH 2.

ITycts 2, —Touka, obuias BceM obaactsm R,. Tak Kak pasmepn
objactd R, HeOrpaHHYeHHO yOBIBAIOT, TO IIPH JOCTATOYHO GOJBIIOM 1,
CKaXeM MpH 1> 1n,, 3aBeJIOMO |z —2,|< 0 1/1% Bcex TOUeK z U3 R,.
Ho ¢yuxknus f(z) aHanutHuHa B TOUKE Z,. CJIeL0BATENbHO, IPH TAKOM
BLI6OPE TOUKH 2, HEpaBeHCTBO (2) 3aBenoMo BhINOJHsETCH B o6aacty R,
ecIu 1 >, Mbl NpHILIH K NMPOTHBOpPEUHIO, H TeopeMa JoKasaHa.

2.3.5. Teopema Kowu MoxeT ObiTb cpasy pacrnpocTpaHeHa Ha
3AMKHYThIE KOHTYPh! 60J/1€e CIOKHbBIX THIOB, PACCMOTPEHHBIX B § 2.3.2.
Kpome Toro, ona moxer GbTh NPEACTABJIEHA B HECKOJLKO HHOH dopMme.

yCTh, HaANPUMEp, 2, H 2; — TOUKH, COeQHHEHHble JBYyMst pa3JHUHBIMH
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kpusbiMi, C u C'. Tlpeanonoxum, 410, 3aMeHUB HanpaBJeHHe KPH-
goil C' 1npoTHBOMOJNOXKHLIM H of6bvenuHuB C U C' B OXZHY KpHBYIO,
Mbl [OJIYYHM NPOCTOH 3aMKHYTHIH KOHTYP HJH 3aMKHYTHIi KOHTYp
QNHOTO U3 THNOB, paccMOTpeHHbX B § 2.3.2. Ilycets | (2) — dyukuus,
aHAJIMTHYECKas BO Bcel 06JacTH, 3aKJ/OUEHHOH MeXIYy KpHBHIMH C
# C', 1 Ha caMux 3TuX KpuBblX. Torpa Teopema Kown nokassiBaer, 4to

[ Fe)de=] f(2) dz. (1)

c c’

Ilycts Temepb C — nmpOcTofi 3aMKHYTHII KOHTYp H (' — npyroit
OpOCTON 3aMKHYTHI KOHTYp, nexaumiét nenamkom BHyTpH C. llycts
F(2) —dyHKnus, aHanuTHYeCcKad BO BCeX TOYKAX KOJIbIIEBHIHOM
obaactH, sakmoueHHoi mexay C u C’. Torma

{F@)dz=1f(2) dz. )

c c’

Jle#icTBUTEILHO, Mbl MOXeM coeZMHHTE C u C' npaAMOJHHeHHBIM
OTPE3KOM [, CKaxKeM, MNapaJ/enbHbM BelecTBeHHOH ocu. O67acTh,
sakmouenHass mexay C uw C' w paspesaHHasi BAOAL [, SIBAsleTcCH
BHYTpEHHEH IJs 3aMKHYTOro xoHTypa I', coctosimero u3 kpuso#l C,
KoTOpas OOXOAUTCH MNOJOXKHTENbHO, KPpHBOH C’, KoTopas 06XOAuTCA
OTPHIATENBHO, H OTpe3Ka [, KOTOpHIl NPOXOAMUTCH JOBaIbl, B IpoO-
THBOIIOJIOXKHHLIX HanpaBJeHHAX. MB MOXKeM HaHcaTh:

(fe)dz=} (@) dz— | } @) dz+{} (@) dz— [ () de.
r c Yol i I
Taxk kak HHTerpan BuoJb I' paBeH Hym o, TO 3THM paBeHcTBo (2)
HOKa3aHo.
IMono6Has ke TeopeMa BepHA AJs JIOGOr0 KOHEUHOrO YHCJA KOH-

TypoB C’, C", ..., nexaumux BHYTpH C, ecam ¢yHkuua f(2) aHanu-

THYHA B 06JACTH, 3aKJ/OUEHHOH Mexay HumH. Mmenuo,
{f@dz={f(2)dz+ (F(a)de+ ... @)
o ¢ cr

Ilpyroe Ba)KHOe 3aMeyaHHe COCTOHT B TOM, 4To B Teopeme Ko
aHAJHTHYHOCTD GYHKUMH f(2) Ha C He ABAsgeTcA HEOOXOQMMON: JOCTa-
TOYHO, YyTOOLl GYHKIHA f(2) Gnna aHanuTHYecKOH BHYTpH C M Hempe-
puiBHONl Ha C. JlefCTBHTEILHO, MOXKHO I10Ka3aTth, 4YTO eCJH GYyHK-
uus f(2) HempepuiBHA 4 KOHTyp C’ nekut BHYTpH C H CTpeMHTCH
K C, 10

{f2)dz=1im { f (2) dz. (4)
c ¢
He cTONT TOYHO OMMCHIBATBH, KAKHUM JOJIKHO OLITh NPHOJIHAKEHHE KOH-
Typa C’ K KoHTYpy C B oflleM c/ayyae; HampHMep, paBeHCTBO (4)
rapaHTupoBaHo, eciJH C ecTb OKDYKHOCTh U C' — KOHLEHTpHUecKas
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¢ Hell OKpyxXHOcTb. TakK kak HHTerpas, crToAwMi B npaBoH vacTh
paBeHCTBA (4), paBeH HYJIO OpH JOGOM pacro/oxeHHH KoHtypa C”
payTpH C, TO M JeBas yacTb TOTO PaBeHCTBA ecThb 0.
2.3.6. KoMnaekCcHb i HHTEerpaJ KakK QyHKIHs cBoero
pepxHero mnpejgeaa. Ilycts f(2)—o¢yHKuus, aHaJAHTHYeCKas
Z

g obnactu D. Tlogoxum F (2) = S f(w)dw, rne nyTh HHTErpHpPOBa-
Z0
HH$l — [IPOU3BOJBHBIE KOHTYP, COENUHSIOMMM 2o C 2 H Jexamuil 11eaH-
koM BHyTpH D. W3 Tteopemnl Kowmu caenyer, uto 3Hauenue F(2)
3aBHCHUT TOJIBKO OT 2, HO He OT BbOOpa YKa3aHHOT0 MyTH. JTO yXKe
YYTEHO HalIUM oBO3HaueHHeM.
Dynxyusa F(2) anarumuuna 6 D. JIelcTBUTENBHO,
z+ 02
Fz+6)—F()= | [(v)duw,
4

IpHUEM HHTer pajl MOKHO CUMTAThL B3sITHIM HO NPSIMOJKHEHOMY OTPE3KY
coequHsonmemy z ¢ z-+98z. Crnefosateanno, )

2482
Pt _j@y = | 1@~/ @)do.

2

Tax xak ¢yHKnHA f(2) HenpepriBHA, TO
f@—=f@)<e (w—2z[<).
Takum obpasom, npu 0<|dz,<<§
(z+082)—F (2
e8P @)y <,
D1HM [OKa3aHO, 4TO (PYHKOHA F (2) aHAJAWTHYHA H 4TO ee MPOH3BOA-
Hast ecTh [ (2).
Kak u B Teopun OyHKUHH AeHCTBUTEJBHOIO MEPEMEHHOro, Mhk
HasuiBaeM F (2) weonpedeaerubim unmeeparom QYHKUHE [ (2).
Ilpennoqoxum, ¢ ApYrofi CTOPOHH, YTO HaM H3BeCTHa HEKOTOpas
aHanuTHuecKast ¢yHKuHust G (2), Bciogy B objactd D yrOBJETBOPSIO-
was ycqoBuio G’ (2) =/ (2). Torza

2 IF@—-G@)=0

Toaoxum F (2) — G (2) = X +iY. Cornacno § 2.1.3,
oX 0X ay aY
% =0 =0 5 =0 =0
Caenopatenbio, X u Y — 0OCTOsiHHBIE, T. €. F — G ecThb NOCTOAHHAA.

Takum obpaszom, mast mo6biXx a, b u3 D
b

{/(2)dz=G (b) -G (a).

a
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2.3.7. Uuterpuposanue H fuddepeHIHPOBAHHUE KOM-~
ODJEKCHB X PSiLOB. PagnomepHo Cxo0auutica pad anQAUMUHECKUX
PUHKYUL KOMNACKCHO20 NEPEeMEHHO20 MONCHO MNOMACHHO UHMEspuposans
8 06Aacmu pasHOMepHOL cxooumocmu edoab A106020 nymu.

3TO MOXKHO J0Ka3aThb B TOYHOCTH TaK K€, KaK B BelleCTBEHHOM
clyuae (CleryeT BOCIO/b30BaThCA HepaBeHcTBOM § 2.3.1).

PAad anarumuveckux GyHKYuLl MOXCHO nouAeHHO Ougbgpepenytposamo
8 a0boil mouxe enympu obaacmu, 20e pad nPOU3BOOHHIX PABHOMEPHO
CX00Umces. '

M 3ra Teopema MoxeT OnlTh [JOKazaHa TaK XKe, Kak B BellecT-
BeHHOM cJayuae. [losxe (§ 2.8) ona Gygmet 3aMeHeHa, OJHAKO, TOPazj0
BoJsiee NMOJNE3HOH TeOpeMOH, THMHYHOH IJis TeOpUH PYHKIUH KOMIJIEeKC-
HOI0 MEPEMEHHOr0 H He HMellneld aHajora cpeiu TeopeM IJaBhl .

2.4. WNurverpan Kowmn. Ilycts f(2) — QyHKiHs, aHAAUTHYECKas

BHYTPH [IPOCTOrO 3aMKHYTOro KoHTypa C H Ha caMoM KOHType. Pac-
w

CMOTDHM (QPYHKIHIO Cz)(T)Z

BCIONY, KPOME TOUKH @ =2, TJleé 3HaMmeHaTeJn ofpamaercss B HYJb.

CnegoBaTeNbHO,
[ (w) _ f(w
CS w—z d@= S 7 4o,

or w. OHa ananutuyHa BHyTpH C u Ha C

v

TRe p— Mo0o# 3aMKHYTHI KOHTYp, Jexaiud BHYTpH C H OXBarThl-
Bawii ToukKy w==z. Mb 6epeM B KaueCTBe y OKPYKHOCTL C lIEHT-
poMm z U paguycoM p. Tak kak ¢yHKuus f(w) HempepeiBHAa, TO P
MOXKHO B3ATh CTOJb MaJbIM, YTOOB! HA p GbIJIO BHUTOJHEHO HEPABEHCTBO
|f (@) —f(2) | <e. OueBugno,

S—ﬁ—?;dw:f(z)s

Y v

W) =

dw Hw)—f(2)
—— T S sy dw.
v

Ileppeifi unen cnpasa pased 2mif (2) (§ 2.3, mpumep (III)). Bropoi
ujed, coryacHo § 2.3.1, no a6co/oTHOH BeJHYHHE HE MPEBOCXOIUT

® . 2mp = 2me.
Y

Ciie10BaTeNLHO,

f(w) ;
‘ § L= dw — 2mif (2) | < 2me.

Ho sieBas yacTb He 3aBucut oT &. IlosTomy oHa noskHa ObITH HYyJEM,
H, TakuM obpasom,

1
0= | 1
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3t10 — uHTerpanbHas ¢opmysa Kown. OHa BhipaXkaeT 3HaueHH@
(yHKUHH [ (2) B IPOU3BOJBHOIN TOUKe, Jexamedl BHYyTpH C, uepes ee
sHauenus Ha C

2.4.1, TpousBoaHbie aHaauTHueckol dynxuuu. Ilycrs
z—IPOM3BOJIbHASA TOuKa, Jexawas BHYTpH C, M 24 h— Oanskas
Touka, Takxe Jexamas puyTpH C. Torza

f(z+h)= ! Sw”w) dw.
&

o z—h

BoluuTasi U3 370# (GOPMYJIE Mpeablayllyio H JeJsi Ha A, Mbl BUAHM, 4TO
f(z+h)—f(2) 1 § f(w) dw. 1)

2 ) (w—z)(w—z—h)

Ilpu h— 0 noxeiHTErpasbHOE BbIPAXKEHHE CTPEMHTCH K @ f(w 3 - Yto6H

N0Ka3aTb, 4TO MOXKHO MepefiTH K Npelesy [0[ 3HAKOM HHTerpana,
pPacCMOTpPHM Pa3HOCTb

§ f(w) S‘(f(w) dw = h S<w @ 4 @)

(w—z)(w-—z—h) z)2 2R (w—z—h)

Ilycte | f (@) | << M Ha C, u myctb paccrosinHe of z 10 C (1. €. MUHHMyM
¢ynkuuu |w—2z| Ha C) ecrp 8. Ilycre anuua C paema L. Toraa

npu |h|<<6
S f(©) dw{ ML
(w

—z)2 (w—2z—h) 86— (n))’

NpaBasi XKe 4acTb OrpaHuueHa npu |4 |— 0. Takum o6pasom, npasas
YacThb paBeHCTBa (2) CTpPeMHTCA K HY/MO BMecte ¢ |A|, 4TO BMecTe
¢ paBeHCTBOM (1) DPUBOZMT K PaBeHCTBY

@)= \ L2 gy, )

25 (w—2)
c

1o — dopmysa Komu gas f/ (2).

KoneuHo, cymecTBOBaHHe INPOH3BOAHOH f’(2) MBI OpeAnoJarajy
¢ camoro Hauasna. Ho Temepp, Ioc/Je TOTO KaK Mbl INOJYUHJIH JJIST
Hee 371y ¢dopMyJy, Mbl MOXKeM [OBTOPHTb OMHCAHHYIO Mponenypy.

Hmenro,
fie+h—=Ff( __ 1 2w—2z—
R 7T (S @—2p (0— h)zf(w) dw,

H, paccyxpas, KaK Bbllle, Mbl BHIHM, 4T0 mpH A —0 npaeas uactb

CTpeMHTCA XK o S (w(w)

Y dw. Caedosameasno, [ (2), npoussoduas
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om [’ (2), cywecmayem u Oaemcs opmyioL

(2 S (f(W)

w—2z)

S3T0 paccyxJeHue MOXHO, OYEBMAHO, NOBTOPATH HEOrpaHUYEeHHO.
Caredosamensvro, pynrxyun f(z) umeem npoussoOHble écex nopAadkos, u
n-s npouseodnas daemcsa gopmyrodl

Fo @)=\ L) gy,

2mi (w— z)n+l

2.4.2, Teopema Mopepa. 210 cBoCro poja obpalieHHe TeOPEMEI
Komm.

Ecau f(2) — nenpepbisrnas ¢gynxyus om z 8 obaacmu D u unmezpaa
{7 (2) dz,

esamoil no awbomy saexcawiemyy 8 D 3amMKHYmMomy KoHmypy, pasen
uyao, mo gynxyus [ (2) anarumuuna 6 D.

He umeeT 3HaueHHs, KaKOH TOYHBIH CMBIC TIPHIAETCS B 3TOH
TeOopeMe CJIOBY «KOHTYp». OHa coxpaHsieT CHJy, Jae €CJU Mbl orpa-
HHUHMBaeMCsl, CKaxKeM, MOJUTOHaMH.

F4
Paccmotpum dyuxumio F (2) = S f (w) dw. Ee 3HaueHHe HE 3aBUCHUT

2o
OT NYTH HHTErpHPOBAHHUSA, H

F hy—F
(H—}: (z2) —F (@) dw

Ny

TZe B KauecTBe NYTH UHTETPHPOBAHUS MOXKeT OBITb B3AT OTPE30K
apsiMoii. Tax kak QyHKUHA [(2) HempepblBHa, TO IpaBas 4acTb CTpe-
MUTCSl K Hymo BMmecTe ¢ /. CrnenoBartencHo, ¢yHKuus F(2) aHanu-
THYHa H ee mpoH3BojgHas paBHa f(z). Ho MB TOJBKO UTO HOKasaJ,
YTO TPOHU3BOAHAS AHAJNUTHYECKOH (YHKUHH aHajduTHyHa. Ciefosa-
TeJbHO, f(2) ecTb aHaJuTHUecKas (YHKIHUSA.

24.3. Pang Teltaopa. Axanutiuyeckas OYHKIHA MOXKET OHTb
passoxeHa B CTENeHHOH psij, NofobHbBH BelecTBeHHOMY psaay TedJopa.

Tycmeo ynryusn f(2) anarumuuna Ha npocnom 3AMKHYMOM KOH-
mype C u enympu Hezo, u nycme a — mouxa exympu C. Tozda

fRQ=f@+e—af @+...+ oL i@+,

ecay |z2—a|<< 8, ede— O — paccrmosnue mouku a do bauscadwer k rell
mouxu xonmypa C.
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Mbl HayuHaeM c q)opmyﬂbl Koum
S f(w) dw,

rie B KayecTBe I' B3siTa OKPYXHOCTb C LEHTPOM a H paguycoM p << b.
PaBeHCTBO MMeeT MeCTO, €CJIH TOUKA 2 JIeXKMT BHYTPH 3TOH OKpYX-
HOCTH, T, €, €CJH |z —a|<p.

Mzl MoxeM HanucaThb

1 z2—a

(z—a)r
o=z " w2 T w—ap t = T g + o

[(w)

mpHYEM psii PaBHOMEPHO cXOZMTCA Ha I'. YMHOXHM ero Ha T

H
IPOMHTETPHPYEM MOUJIEHHO BROJb I'. MEH nosyydM paBeHCTBO

1 f@) z—a ( _f(w)
f@)= oni ) w—a dw + 25 S (w—ap do+ ...+
¥

—ay f ()
+ S D

Kotopoe BMecTe ¢ opmyJsamu § 2.4.1 noxaspiBaeT Teopemy. Ee Hasb-
BaloT uporga teopemoil Komu — Teiisopa.

Crenyer yKasaTb Ha OTJMYHe STOr0 J0Ka3aTeJbCTBAa OT COOTBET-
CTBYIOUHX PacCMOTPEHHH B o6JacTH (YHKIUH NeldCTBHTENLHONO nepe-
MeHHOro. B ciyuae [eHCTBUTEJBHOTO IIEPEMEHHOIO MBI IOJyuaeM
nepBble £ UYJEHOB pasJiOXKeHHUs W OCTaTOUHBI 4JI€H, U HEOOXOIHUMO
crnenMaJbHOe HCCJAefOBaHUE, 4TOOBl BBISICHHTL, CTPEMHTCH JH 3TOT
nocslefHUE K HYJ 0. B ciyvyae KOMIIEKCHOrO NEPEMEHHOro TOT akT,
YTO OCTATOUHBIH UWJeH CTPEMHTCH K HYJIO, BLITEKAET M3 HCXOAHBIX
npexpnosaoxeHnil. Takoe MoJ0OXKeHHe BellleHl BMOJIHE €CTECTBEHHO; Jei-
CTBUTEJIBHO, COMOCTABJsAS NOKa3aHHYI TeopeMy c TeopeMoii § 2.1.6,
Mbl BHJIHM, UYTO HeOOX00UMbIM U OOCHAMOUHbIM YCAOBUEM PAZAONCU~
MOCIU (PYRKYUU 8 CIMENeRHol pAQ ABAACHCS ee AHAAUMUYHOCMY 8 HEKO-
mopod obaacmu. AHaNNTHYECKYIO (GYHKUHIO JeHCTBUTENBLHOrO nepe-
MEHHOT'O Mbl He YMeeM OmnpelessTb HHauye, Kak NOTpeGOBaB, YTOGHI
OHa pasJiarajacb B cTerneHHOH psj. CrepyeT OXHMIATh, YTO €CIH MHI
HauyneM C ApPYTHX NPeAnoJoXeHHH, TO BCTPETHMCS C 3aTPYAHEHHSAMH.
Hanpumep, pazuyc CXOmMMMOCTH psZia 3aBHCHUT OT Pa3MepoB 06./1acTH,
B KOTOpOH (yHKUus aunasutHuyna. IlosToMy OH MOXeT 3aBHCeTb OT
CYLIeCTBOBaHUSI OCOGEHHOCTEH, JeXKallHX B CTOPOHE OT BELIECTBEHHOH
OCH, O KOTOPBIX MBI, €CJTH MBI OrpaHHYUBaeMCsi BelleCTBEHHLIM Inepe-
MEHHBIM, H€ MOXKeM HMeTh HUHKaKHX CBeIIeHldI:I.

Tak, passoxxeHue =1—x*4x*— ... UMeeT CMBICJ TOJIBLKO

1
T
npu | x| << 1. B npupoge stofi Gpynkuuu, paccMaTpubaemoil Kax pyHK-
LUl 6CLIECHIBeHAN020 TIEPEMEHHOTO X, HE BHJHO HHYEro, YTO FOBO-
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puJjo 66 B N0JB3y 3TOr0 orpaHuyeHdsi. OQHAKO NPH KOMIJIEKCHOM X

OHO oOnpaBAbIBaeTCsi TeM, UYTO (YHKUIHS HE aHAJHMTHUHA B TOYKAX
x=ti

2.5. Hepasencrso Kowwn. [Tycmes

f@=2 az" (2z|<R).

© n=20

Ecau M(r)— eepxnssa epane ynryuu |f(2)| na oxpysmcrocmu |z|=r
(r<<R), mo 0aa ecex snauenuil n

|an|rt < M (r).

. ! @
JleHCTBUTENIBHO, @, =5 nrr 42, TaK UTO, B CHJIY TeOPeMb
1z2l=1r
§ 2.3.1,
M)
'an:< ot

HepaBenctBo Kowmu MOXHO [0Ka3aThb TaKke cJeAyOmUM ofpa«

som. Ilpu r << R

oo oo

F@F=F @] Z mrmeim® 31 a,rie-in,

= n=9_0
Tak xak o6a pspga aGCOMOTHO CXOISITCS, TO Mbl MOMKEM MEPEMHOKHTE
HX 1o obeuHoMy npaBuay (§ 1.6.5). Psia, noayvawomuiicsi B pesydb-
Tate, paBHOMepHO cxoiutcsi NpH 0= 8« 2%, U MBI MOXKEM I1OUJIEHHO
IIPOMHTErpPHPOBATh €TI0 B 3TOM HHTepBaje. Ilpu yHTerpupoBanuu Bce
yjeHb, Y KOTOPHIX /M 5=, TNPONajawT, TaK 4TO

2n 2n
S [f(Fdo= Z a,,a,,rz"g df==2n Z [a, |? ren
n=90 n=20
1 oo 2n
Y janprn= § 7 @) P do< {M (D).
n=20

HepaBeHCTBO Komu sBaAsieTc OUEBUAHBIM CJEICTBHEM 3TOI'O Hepa-
BEHCTBA.

Mpumep. Toxasarb, uTo HepaBeHcTBO Kown npespamaercs B paBeHCTBO B TOM
M TOJBKO B TOM cjydae, eciu f(2z) ecTb HeKOTOpas cTelleHb 2z, YMHOXXEHHas Ha
NOCTOSTHHYIO.

2.,5.1. Teopema JluyBuaasa, Oepanuuennas Qynxkyus, anaau-
MuMecKas npu 6Cex KOHEUHbIX SHAMEHUSX 2, eCMb HOCMOARHAS.
M gaguM jgBa moKasaTesibcTBA 3TOH BaXXHOH TeOpeMel,
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[TlepBoe aokasaTeabcTBO. Ecid dyHKiHs f(2) aHaTUTHYHA
jee)

rpil BCeX KOHEYHBIX SHAYEHUSX 2, TO [(2)= D) @,2" s Beex 2.
n=20

Ecau npu stoM |f (2)| << M, To, corsiacHo HepaBeHCTBY Koy, |a, | <<

< Mr-" pns Bcex 3Hauenuit 1 W r. [Ipy n>0 u r—co npasan

yacThb cTpeMuTcss K Hymo. CJrenoBaTenbHO, a,=0 npu n>0, T. e.

[ (2) =a,.

Bropoe n0KazaTteabcTBO. Jas JobX 2, 2,
1
1 F@ 4, [@ 4

f(zl)—'f(z2) = o 2"‘”21 o z2—2, z=
C

1 _
= o S _ATh __f() 4z,
C

(z—2)(2—2)

rie C —KakKoH-HUOYIAL KOHTYp, OXBaTLIBAlOIHH 06e TOYKH 2y, 2.
Bepsi B kKauectBe C OKpPYXKHOCTL C [EHTPOM B Hayajle H paguycoM R,
GOBIIMM OGOMX YHCeN |2, |2,], MBl BHIHM, 4TO

_ |2s—2 | MR
&) =l@<=w T mrTay

I[lpy R -—>co npaBas uacTh CcTpeMHTcs K Hymo. CrepoBaTesbHO,
f(zy)=[(2). Tax kak z; W 2, NMpOHU3BOJBLHH, TO f(2) ecTb NOCTO-
ALHASA.

B 310H Teopeme TpeGoOBaHUe OrpPaHHUUEHHOCTH (YHKIUHH MOXKHO
oc/1a6HTh, 3aMeHHUB €ero TpeGOBaHHEM paBHOMEpHON OrpaHHYEHHOCTH
Ha KakoH-HMOYZAb moc/ef0BaTebHOCTH KOHTYDPOB, CTPEMsIIUXCA K Oec-
KOHEUHOCTH. 32TO BHJHO KaK H3 I€PBOTO, TaK M H3 BTOPOTO JOKa-
3aTeJsILCTBA.

2.5.2. Bor 6osiee oOmuA pe3ysabTaT TOro XK€ poia.

Ecau ynruyus [ (2) anarumuuna npu 6cex KOHEMHbLX SHOYEHUAX 2
u npu |2|—oo0

f@=0(z),

mo [(2) ecmb mHo2ouren cmeneru << k.
efictBUTEIBHO, B CHJY HepaBeHcTBa Kornu

|an | << M (r)r-"=0 (r*™"),

TaK 4YTO NpaBasg yacTb CTPEMUTCH K HYJIO NpH / -»00, €Cad n > k.
CnegoBatebHO, a, =0 npu n>>k.

2.5.3. Pyuruus A(r). O603naunM yepes A (r) BepXHIOWO TPaHb
BeleCTBeHHOH vacTH (YHKUMH [ (2) HAa OKDYXKHOCTH |z|==r. Msl
HauHeM € JOKa3aTeJbCTBa OXHOTO HepaBeHCTBa, NOJOGHOTO HepaBeH-
ctey Komu, Ho BMecTo M (r) comepxawero A (r).

Las ecex noasoxcumersnoix n u 6cex r

|as | r* <<max {44 (r), 0} —2Re {f (0)}.
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[Mycte z=re®, u nycrsb

F@=3 am=u(r 8)-io(r, 9),

n=>0
an="0nt iPn.
oCc

u(r, 8) = D (0, cOS n8 — P, sin nd) rn.

n=20

Torna

Psii CXOAMTCS DABHOMEPHO OTHOCHTEJBHO 6§, YTO MO3BOJISIET YMHO-
XKHTb €r0 Ha COS 76 WM sinnf M NOUYJEHHO NPOUHTErpUpOBaTh. Clle-
JOBaTeNbHO,

2n 2n

% S u(r, 8) cos nd df =a,r", %S u(r, 8)sinnd do=— pr-,
0 0

ecad n >0, n

| 2n
e S u(r, 6)ds=ag
0
CnenoBatespHo, npu n>0

2n
Bnr™ = (0 + iBr) r"=%5 u(r, 8)eim® dg
[

21
janlrn <\ lu(r, 0)]do,

0
TakK 4TO

{lu(r, 8)(+u(r, 8)}do.

1
|| P74 2ty < -

Sty ¥

Ho |u|-+u ects nyab, ecan u<<0; Takum obpasoMm, eciu A (r) < 0,
TO mnpaBas 4acTh ecTb Hyab. Ecan xe A (r) =0, To npaBasi yacTb
He MpeBbIIaeT

21

g 24 (r) d8 = 44 (7).

0

3THM TeopeMa J0KasaHa.

WmeroTcsi, KOHEUHO, aHAJOTHUHBIE OLUEHKH, COIEpPIKAallHe HHMKHIOW
rpanb ¢yukinun Ref(r), a Take BEpXHIO M HHKHIOW T'paHH QYHK-
uuu Imf (2).

2.5.4. Anaaor teopemn JluyBuaas gas A(r). Ecau
ynxyus [ (2) aHAAUMUYRG NpU 6CEX KOHEHHbIX 3BHAHEHUNX Z U (PYHK«

L
n
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yus A(r) ocmeemcs oepanusennod npu r-»oo, mo f(z) ecme no-
cmoannan. Ecau A (r) << Ar*, 20e A u k— nocmosnneie, mo [ (z) ecrno
MHO2041eH Ccrmenent << k.

B nepeoM C/ayuyae H3 mpeabylLell TeopeMbl CJAEAYET, UTO |a, | r" =
=0 (1) npn r-—co A1a modoro r >0, tak 4t0 a@,=0 npu n>0,
T. €. f(2) =a, ITlomoGueiM ke 06pasoM BO BTOpOM chayuae a, = 0 npu
n>>=k, T. e. f(2) eCTb MHOTOUJIEH CTeNeHH =< k.

[lepBasi uyacTb TeopeMbl MOXKeT OHITH JOKa3aHa elle CJAelYHMHM
obpasoM. Moayab ¢yHkuuH @ (2) =€ ¥} onpeneasiercss  ¢opmyJoi
@ (2)|=e» 0, TlostoMmy, ecan u(r, 8)=<<A, 1O |@(2)|=<te, TaK
4TO @ (2) €CTh IOCTOsIHHASL B CHJY TeopeMmul JIuyBuaas. Cienosa-
TeJibHO, U f(2) eCTb MOCTOSHHAA.

2.6, Hyam anaanutuuecxoit ¢yHkumu. Hynap anasutHueckoll GpyHk-
upd f(2) ecTh Takoe sHauyeHHe z, uio f(2)=0. Ecau ¢pynxuus f(2)
aHaNHTHYHA B OKPECTHOCTH TOYKH Z ==, TO NPH AOCTATOYHO MaJIbX
3HAYEHUAX |z —a |

M z2=a ecTb HYJb TOTJAa H TOJBKO TOrja, Korja a,=0. Ecau a,=0
0pH n<<m, HO , =0, TO TOBOPAT, 4TO f(2) UMEET B TOUKe g HYJb
nopsaka m. Takum o6pasoM, KaxABH HYJb HMeeT OMpeleJieHHbIH
Ueab nopsgok; QYyHKIUS HE MOMKET HUMeThb HYJb HeUeJsoro nopsijika
B ofJiacTd, rje OHa aHaJ MTHYHA.

Ecau a ectb Hysb nopsizka m, 10 f(a)=Ff (@)=...=["1V (@) =
B TO Bpemsi Kak [(™(a)=£0. 3to crenyer u3 Buna psaa Teilsopa.

Hyau anarumuveckod (pymcquu—uso/zuposauﬂbze mouKy. 310 3Ha-
UHT, YTO ecAu (ﬁyiﬂ{t{uﬂ [ (2) anaaumuuna u He pasna moofc(?ecrreeuuo
HYyaio 8 Hexkomopod cbaacmu, ccafpmau eti erympu cebs mouKy 2 =
mo cyujecmeyem Kpye [z2—a|<<p (p=>0), 6 xomopon [(z) ne u,weem
HYyaetl, OMAUMHBLX Om Q.

Jra TeopeMa MOXeT ObITb CcHOPMYJHPOBaHA €MIe  CJAENYIOIHM
06pasoMm.

Iycme f(2) — yrxyus, anaiumuueckas 8 nexomopoll obaacmu D.
Ecau [(2)=0 8 Kamool mouxe HeKOMOP0O20 MHONECHOA, UMEIOW|e20
npedeavryto mouxy enympu D, mo f(2)=0 6o ecex mouxax obaa-
cmu D.

Bes ymep6a naasi OOUIHOCTH MOMXKHO CYUHMTaTb, YTO [penesbHOH
aBasiercss touka 2z=0. Torna ¢yHKuus f(2) aHaJIWTHUHA B OKpECT-
HOCTH TOYKKH z==0, ¥ MOTOMy [pH HEKOTOPOM IOJOXKHTEJIbHOM R H
npu |2| <R

[ee]
f@)= 2 a2~
n="0

4 E. Tutumapuw
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TMox axkeM, uto Bce KoapdHUHEHTH @, paBHH HYJO. Ec/tu 310 He Tax,
TO CYIECTBYeT MePBBIH OTJMUHHIH OT Hy/as Koshduuuent. Ilycts 310
a;. Mpl MOXKeM HamHCaTh:

[()=2"(ar+apuz+..) (2] <R).

Eciu 0<<p<CR, TO pfAA CXOUUTCA OpH 2=, TaK YTO YHCJA Q,p"
orpaunyensl. Ilycts |a,|p*<< K. Torna

Kiz|' K|zP _Kizl _
@)= o) = et = TG =)=l e = g

npaBasi e YacThb NOJIOXKHTeJNBHA, €CJH YHCJIO |2| AOCTATOYHO MaJo,
HO OTJIMYHO OT HYJsi. DTO NPOTHBOPEYHT MPEANONOKEH HIO, YTO (PYHK-
uus [(z) nMeeT HYJH, CKOJb yrogHo O6JH3KHe K Touke 2=0, HO
OTJIMYHBIE OT 3TOH TOUKH. TakuM o6paszoM, Bce KOpDHLHEHTH aeH-
CTBUTEJNBHO paBHHE HyJ/M0. CleL0BaTe/bHO, BHYTPH Kpyra CXOAHMOCTH
Hamero psga f(2)=0.

MBI MOMXEM IIOBTOPHTh 3TOT fpollecc, NPHHAB 34 Hayasao Jwbyio
BHYTpPEHHIOW TOYKY YKa3aHHOTO KpYyra, AeHCTBHTENBHO, AJIS TaKOH
TOYKH Teneph BHIIOJNHEHBl BCE YCJIOBHS, KOTOPHIMH MBI MOJb30BaJUCh
B TOJIBKO YTO IpOBEJEHHOM jJ0KaszaTenbcTBe. Ilponomkas Takum o6pa-
30M *), MOXKHO I0Ka3aTh paBeHCTBO [ (2) = 0 1,19 ;110601 TOuKH 2 06s1acTH D.

2.6.1. Jra TeopeMa HUMeET CJEAYIOUNi€ OYEBHjHBIE CJEICTBHSA.

(I) Ecin ¢dyuxnus apannTuyda B obsactd D u paBHa HYJIO BO
BCEX TOYKaX co;xep)xameﬁcsi B Heidl MeHblled 06J1acTH MJH BO BCEX
TOuKax Jexailedl BHyTpHu obnactd D ayru HeanprBHOH KDHBOH, TO
OHa TOXJAECTBEHHO paBHa HyJ0 B D.

(II) Ecau pBe ¢YyHKUMH aHAJHTHYHLI B HEKOTOpOH o6JacTH H
IPHHUMAIOT OAWHAKOBBIE 3HAUEHHA HAa GECKOHEUHOM MHOMKECTBE TOYEK,
HMeIouleM IpefeNbHYI0 TOUKY BHYTPH 06J1acTH, TO OHH BCIOAY B 3TOH
00J1acTH paBHBl Mexay cOCOH.

Mpumeput. (I) Pynkums sinz useer Hyau nopsigka 1 B toukax z=0, + m,
£ 2, ... M He HMeeT JpYyrux nyaefi. 310 caeayer u3 dopmyas | sin (xiy) | =
=V sin?x+sh?y; cn. 4. M., § 240, npumep 2.

1

(II) ®yuRuusa cosz HMeeT HYJW NePBOrO MNOPSAKAa B TOYKAX z=i—2»

3 .
i?ﬂ ... H He HMEeT JPYrHX HyJeu.

(II1) Ecan q)yHKuAu [ (2) 1 g (2) obe ananuTuunbl B o6nactu D u [(2) g (2)==0
B D, 10 f(2)=0 Bciony B D nan g(2)=0 Bciogy B D.

2.7. Pan Jlopana. [lycms pynxyusn f(2) anaaumuuna 6 xosvyesoll
obaacmu, oepanuuennol Konyenmpuueckumy oxpymcnocmanu C u C’
¢ yenwmpom a u paduycamu R u R’ (R’ <<R), a maxme Ha camux

*) Boslee geranbHo Takue IlemHu, COCTABJCHHBIE H3 KPYroB, OyayT paccMOTPEHBL
B I, 1V,
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oxpysxcrocmax. Toeda gywxyuro f(2) Mmoxcno pasaosxcume 8 pad no
NOAOHCUMICAOHOIM U OMPULAMENbHbIM CMENEHIM DASHOCMU 2 —Q, CX0+
Osuyutics K Hell 60 ecex mouxax smotl obaacmu,

MbIl JO/DKHBI HalIOMHUTL' YMTATENIO, YTO peyb HAeT o6 OfHO3HAY-
HoiX GYHKUHAX. DTO MNpeAnoJOXKEeHHe MCKJIoYaeT HeKOTOphle (YHK-
IIWH, ONHO3HAYHBle BETBH KOTOPLIX aHAJIUTHUHBEL PaccMOTpHM, Hanpi-
Mep, GYHKUHIO f(2) =27, Tie p— meficTBUTeabHOE Yuca0. OHa BCIORY
AHAJIHTHYHA, 32 BO3MOXKHHIM HCKJoueHHeM ToukH z2=0. Ecan z =
= re%, 10

[ (2) = rreird,

Korma Mpl 06XOIUM OKPYXKHOCTb 1= comnst, HauMHasi, CKameMm, CO
anavenus 8=0, f(2) usMmensercss ot r? 10 r7e?P* 1 He BO3BpaiLAeTCH
K CBOEMY HCXOJHOMY 3HAUEHWIO, €CJH p He ABJAETCS LEJbIM YHCICM,
UTobn JOKa3aTh TeopeMy, OyneM CuuTaTb, YTO Z JIKHUT B KuJiblie,
M PACCMOTPHM MHTErpaJ
S f(w) dw,

B39Thil Bo/b BHellHe#l KpuBOoH C B NOJNOXHUTEILHOM HaNpaBJeHHH,
3aTeM BHOJb pajHyCa-BeKTOpa (KOTOPHIH Mbl MOXEM CUHUTAaThb He Mpo-
XONSIILMM Yepe3 TOYKY 2) A0 BHYTpPeHHeH OKpyxHocTH C', 3aTeM
prosib C' B OTpHUATENBHOM HANpaBJeHHHM H, HAKOHEl, ONATb BAOJb
pazHyca-BeKTOpa 1O HCXOZHOH TOYKH. 3TO— 3aMKHYTBHII KOHTYD,
K KOTOPOMY MBI MOXKeM NPHMEHHTb HAIlM IIpefblAyinHe pe3y/bTaThl
(TO, UTO YacTb €ro ONMHCLIBaeTCs ABaxibl, HHYeMy He Meruaer). [lo-
3TOMYy 3HayeHHe HHTerpasa ectb f(2)

Tak xkak GyHKOHA [(2) OXHO3HAUHA, TO HHTErpaJibl, B3siThle BAOJL
paguyca-BeKTOpd, COeIHHSAIOMErO0 OKPYMKHOCTH, COKPAiLATCH, H Mbl
roJjiyuaeM paBeHCTBO

_ 1 f(w) f(w)
f(z)—mc 1@ 4 S dw

rje yxke 06a HHTerpaja B3siThl B IOJOXKHTENLHOM Hampas/ieHHH, Kak
B J0Ka3aTeJbcTBe Teopembt Komu — Tefisopa,

21—5 1) duv-i a, (z—a)*,

C n=20

1
rze an=m§ mf_(—zz))n—;ldw. Ha sTOoT pas, ogHaxo, xosbdUIHEHT a,

1
He paBeH, BooOie TOBOpS, n—‘f(”) (@), nmockoabky ¢yHKUHMA f(2, He
o6s13aHa ObiTb aHaJjuTH4Yeckoil BHyTpu C,
4=
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(ﬂ—a>

HNanee, .— = ——+ (z— )2 +o e ‘... Dror pAR
pPaBHOMEPHO CXOLHUTCA Ha C’ CJIe}_IOBaTeJIbHO

1
]—.S%dw=z CS/‘(w Ydw 4.,

25f —a 2ni

L1 . v b,
---+(—z—;71)—nmcs (w—a) lf(w)dw—l—...-——-Elm.

1 /

e b”=2_m' S (w—a)*'f w)dw. Bmecte 3T jBa psja M cOCTaB-
CI

JS10T pasaoxende Jlopana. Ero MOKHO mpejpcTaBHTh B BHIE

S i
f@)= Z an(2—a)*, rie an=WS (w{flz;nﬂ dw

n=—00

LM BCeX 3HaueHHil n; HHTerpas GepeTcsi BAOJb JOGOre IpOCTOro
3aMKHYTOrO KOHTYpa, O6GXOJSALIEro KOJbLO.

B ToM yacTHOM CJy4ae, Koria (pyHKuMs [(2) aHaJMTHYHA BHYTPH
C', Bce KoabduuueHTH b, 006pamaiorcs B HyJdb (B CHJY TeopeMbl
Komu), ¥ psg cBogutca X psagy Tefiaopa.

3aMeTdM, YTO YacTb psija, COCTOSIAS U3 YJEHOB C IIONOXKHUTENb-
HBLIMH CTEIleHSIMH Z — @, CXOAMTCS He TOJbKO B KOJble, HO H BCIOAY
BHyTpd OoKpyxuocTH C. Ilono6HbM ke o6pasom uyacTb psna, COCTOA-
as M3 YJICHOB C OTPHUATENLHEIMH CTEIEHSIMH 2—da, CXOUTCS BCIOLY
Be C’.

Mpumepn. (I) [Toxkazath, uto
1 l .
ceflz— L
APl § om

n=-—00
2

1 :
rie a, =5 S cos (n6—c sin 0) db.
0
(II) Tlokasats, uTO NpH ¢ >0
c?
z4+ = o
e = 3 g,
fn=—co

e
—%c 21
S ¢° (€08 84088} 6 £ 5in § (1 — cos 0) — nb} do.

T 2ncn

2.71. N3onupoBaHHbBE O0COGEHHOCTH aHAJHTHYE-
CKOoH dyHKRuuH. [lpernonoxum, uro ¢yHruus f(2) aHajsuTHYHA
B OKPeCTHOCTH TOUKH @, CKawxeM, NpH |2—a|<CR, Bclony, 3@ UCKJIO-
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yeHHeM caMmoil Touku a. Torma a HaseBaeTcsl H30JUPOBaHHOf 0COGOM
Touko#l HYyHKUHH [ (2).

Mbl no-npexxHeMy mnpeanoJaraeMm, uto GyHKNUs f(z) oaHO3HAUHA.
CorJsiacHo § 2.7 MbI MOXKEM DasJioXdThb ee B psx Jlopana no crene-
HSIM 2 — @, [IPUYEM BHYTPEHHIO OKPYXKHOCTb C’ MOMKEM B3SITb CKOJIb
yroaHo MaJsioit. Takum o6pasom,

[es)

f@= 23 az—a)"+ X baz—a)" (O<{z—a|<R).

n=~0 n=1

Bo3MoxHB! TpH cayuasi. Ileppasi BO3MOXHOCTB: Bce KO3(xpHIH-
€eHThl b, MOTryT oOKasaTbCsi HyJassMH. B 3ToM cuayuae f(2) TOJaBKO
B TOUYKE @ OT/IHYAETCS] OT HEKOTOpoH (YHKLUHH, aHAJHTHYECKON MpH
'z —a|<<R; HanpHMep, MOXeET cAy4HThCs, 4TO f(2)=1 Bclony, Kpome
Touk# @, ¥ f(a)=0. ITO CcKopee HCKYCCTBEHHast 0OCOGEHHOCTb, He
[peicTaBJsIOla s JaJbHeAIIero HHTepeca AJMS TEOPHH.

BTopasi BO3MOXHOCTE: DS OTPHLATE/BHBIX CTENMeHER 2z — a MOKET
cofiepKaTh TOJBKO KOHeYHOe 4YHCJ/Io uJeHoB. B aToM cayuae roeopsit,
UTO TOYKAa z2=a ecTb noawc Gyuxuuu f(2). Ecau b, — nocaenui
OTJIMYHBIA OT HyJsd KO3(DPHIHEHT, TO

[ee] m
f@)= 2 an(z—a)y+ > bulz—a)™, ...
=0 n=1
H TOBOPST, YTO MOJIOC HMeeT nopszok m. [lpy m=1, 2, ... nomoc

Ha3blBaeTCst MPOCTHIM, ABOHHBIM, ...
Ecin ¢yHkuus f(z) uMeeT B Touke @ MOJIIOC MOpsiaKa m, To,
OueBHAHO, GYHKUMA (2—a)™ f (2) aHaauTHYHA U He ofpalllaeTc B HYAb

npu z=a. Torma u o¢yHkuus @(z):m AHAJIMTHYHA U He

1
obpamaercss B HyJ/b npu z=ga. CienoBaTebHO, (YHKIHSA Tar
= (z—a)™ ¢ () uMeeT Toraa NpH z==a HYJb NOpsIAKA 1.

Ilogo6ubte e coobpaKeHWs! [OKA3bIBalOT, 4TO, HAOGOPOT, HYJIb

nopsigka m GyHkuuu f(2) ecth moJoc nopsaka m oyHkuuu 1/f(2).

Kouneuunfi psig E b, (2 — a)® HasplBaeTCs 21asHol wacmoro PyHK-
n=1
uud f{2) npu z=a.
Ecau npu z=a gynxyus [ (2) umeern noawe, mo |f(2)|— oo npu
2—a.
B camoMm zese,
m

> ba(z—a)"

In=1

m
> bulz—a)™"

n=1

m—1
>sz—an-m{|bml— 3 lbanz—aw-n},

=|Z—-a|_m =

o=l
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H TaK KaK colepxruMoe CKOOOK cTpemuTcsi K |b,|, To Bcsi npapas
4acTb CTpeMUTCA K GecKOHeuHOCTH. (B neHCTBUTe/NIBHOCTH MpeabIny-
Ias OLEHKa MoKaselBaeT GoJblue: GYHKIHA AOMUHUDPYETCH MOCJEAHHM
YJieHOM TJIaBHOH 4acTH.)

Ecau f(2)=0(z—a[™*) npu |z—a|—0, mo ocobennocms ecmo,
camoe Goawwiee, noawc nopadka k; 8 wacmuocmu, ecau [ (2)=0 (1),
Mo Moxcen 6CMpPemunisCa AUlls 0COBEHHOCTMb ONUCAHKOZ0 Bbllle Mpl-
8UAABHO0 Muna.

PaccyxaeHne, aHaJOTHUHOe H3JOXeHHOMY B § 2.5.2, HO ¢ b,
BMecTO a4, H ¢ r, cTpemsamumcss K O, a He K 0o, NOKasbBaeT, 4TO
b,=0 npu n>k. SlcHo TakXe, YTO NOCTaTOYHO, uTOOHLI NpeAbLAyLICE
yc/10BHe GbLIO BHINOJHEHO HA IOCJAENOBATEJNBHOCTH KOHTYPOB, CTSICH-
B2OIXCA K TOUKe.

Mpumepn. (I) Pynkumm ctgz m cosecz HMelOT mpocThle [10JIOCH B TOYKAaX
2=0, +n, *+ 2n,

1
(II) ®dynkuuu tgz M sec2 HMeIOT TNPOCTHle NOMIOCH B TOYKax =1,

rof w

=T, ..
1

sinz+sing’ cosz +cosa’
(1V) ®ynknus cosec 22 HmeeT OHH XBOHHON mojioc H GECKOHEYHO MIIOTO Mpo-
CTHIX TIOJIIOCOB.
(V) Haiits nomocet $yHKnui
1 1 1

ZE1 51 A2 41°

(11I) Hafits noatocel $yHKuHHA

2.7.2. CymecTBeHHbe 0coGeHHOeTH. Tperbss BO3MOK-
HOCTh COCTOHT B TOM, 4TO B pasJjiokeHHH QYHKUHH f(2) no crene-
HIM 2—a psx OTPHUATENbHBIX CTeleHell MOXET OKas3aThbes OGecKoHed-
HbiM. B 3TOM cJydae TOUKA 2 ==a HAa3LIBAETCH CYU{ECMBEHHO 0CO6O0L K

o0

j0=Y ae—ar+ Y ot
n=1

n=20

npHieM MocaelHHH psiyi GeCKOHeweH, HO CXOAUTCH NpPH BCeX 3HAUe-
HUSIX 2, KPOMe 3HAUeHHusd 2=da.

CnoxHoCTh HOBeleHHs1 QYHKIHH B OKPECTHOCTH CYIIECTBEHHO 0CO-
6ol ToukM JAeMOHCTpHpyeTca cJjenywolled Teopemoii BeHeplutpacca.

Has atoboix noroxcumensvroix uuces p, € U 4100020 4UCAA € CYLECHL~
e mouKa z, aexmcauias é Kpyee |z—a|<<p, 6 komopoi |f (2} — ¢ | <e.

OTo 3HAuMT, uyTO f(2) CTpeMHTCA K JoGOMy Hameped 3ajaHHOMY
npefeny, Koraa z CTPEMHTCS K @ IO COOTBETCTBYHOLLHM o6pasom
BLIOpAHHOA NOCJ/IeJOBATEBHOCTH 3HAUeHUH.

Mel HauHeM € JOKasaTesNbCTBA TOTO, YTO AJs JOOBIX ABVX MOJO~
KHTeJNBHEIX Wicesa p H M B Kpyre |[z—a|<{p MOXHO HaiTH 3HA-
YeHHs1 Z, B KOTOpHIX |f(2)|> M. Ecau 310 HeBepHo, To |f(2)|<M
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npu |z —a|<<p, TaK uTo ecaH paguyc okpyxkuoctd C’ ects R, TO

|6al= 2]—5 (@ —a)] (@) dw| < MR'™.

310 Tak ANA BceX NOJOXKHTE/bHLIX 3HaueHu#t n ¥ R’, H, 3acTasp-
ansg R’ cTpeMHTBbCS K HYJIO, Mbl BUAMM, uTo b,=0 npu n=1. Cre-
JOBaTeJIbHO, CYINECTBEHHOH OCOGEHHOCTH HeT, a 3TO IIPOTHBOPEUMT
npeanooxeHuo *).

PaccMOTpHM Tellepb NPOHM3BOJLHOE KOHeuHOE 3Hauenue ¢. Eciu
iGyHKUHSA [ (2) — ¢ HMeeT HYJ M BHYTPH Kax0H OKPYXHOCTH |2 — a|<p,
“TO JIOKA3blBaTb HEUETO; €CJH K€ ITOT0 HEeT, TO CYIECTBYel CTOJb
Manoe p, 4To [ (2) —c He uMMeeT HyJel npu |z—a|<<p. Torna ¢pyHk-

ek (p(z):f—(m aHaJuTHYHA INpH |2—a|< p, ecqad He CUUTAThb

TOYKH z=a. Touka xe z=a ABAgETCH AN ¢ (2) CYILECTBEHHO OCO-
o . 1

60i1; neHCTBHTE/BHO, f(z)=—(7)+c, H ecad OL1 TOYyka 2z=a Owlia

noJocoM aas ¢ (2), 1o GyuKuuA [ (2) Obia Obl B Hefl aHAJIUTHUHA,
a ecau Obl GyHKUMS ¢ (2) ObLIa AHAJHTHUHA B TOUKe Z=a, TO QyHK-
nusa f(2) 6pwia Obl B Hell aHaJUTHYHA WK MMeaa Owl 1oJIOC.
Tenepp M3 NepBOH 4YacTH [0OKa3aTeNbCTBA CJELYET, YTO B Kpyre
}2—a|<<p cymecTByeT TOYKa 2z, B KOTopofl |¢ (2)| > 1/e, T. e.

17 (@) —c| <e.

DTUM TeopeMa JOKasaHa.

Dra Teopema OOHapy:XHBaeT pe3KOe pas/iMuHe MeX[1y MOJICaMH
H CYLIeCTBEHHBIMH OcOOeHHOCTAMHU. B To Bpems Kak BO/H3M noJioca
[ (2) cTpemuTcs K OeckoHeuHOCTH, BOJIH3HM CYIIECTBEHHO 0COGOi TOUKM
[ (2) He ¥MeeT eAMHCTBEHHOTO IpefieIbHOrO 3HAYeHHS M Jaxe 0ecko-
HeyHoe UHCJIO pa3s NOJAXOAHT CKOJb YroiHo 0a43Ko K JwboMy Hame-
pell 3aJaHHOMY 3HAUeHHIO.

Mpumepur. (1) Dyuxuun etz sin%, cos% HMelOT H30.1HPOBAHHEIC CyIIECT-
BeHHple ocobeHHOCTH npu z2=0,

(II) Pyurnua coseczi WMeeT ocobeHHocTb npn z2=0, HO 3T0 He H30JHpPO-
EalHasi OCOGEHHOCTb, @ MpelesibHAsi TOYKa AJIS TOJIOCOB, PAcNOOXKEeHHBIX B TOY-
Kax z=-’-11;. Takyo Touky Mbl Takxie HasblBaeM CylleCTBeHHO 0coGoil.

F
(I11) Dyuxuus e'’? npunumaeT B OKPeCTHOCTH TOUKH 2==0 GeCKOHeMHOe UHCNO

pas moGoe 3naueHue, kKpome 0, OHa crpemurcst Kk 0, xorga 2z —0 Bpoab BeljecT~
BeHHOR OCH B MOJOXMUTENLHOM HANpaBIeHHH.

*) llpeanoxenue, BHCKa3aHHOE H JIOKasaHHoe B 3TOM af3alle, €cThb, KOHe4Ho,
HacTHBI cayya#l mocnenHell Teopembl NpeAwsiAyuiero naparpada, JoxaszaTeabCrso
Taxk:xe HOBTOpSET ckasaHHoe TaM, ([1pumeuanue nepesoduuka.)
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2,7.3. «<becKkoHeuyno ynaJeHHas» TOouKa. Mu MoxeM
paccMaTp¥BaTh «OECKOHEUHOCTEY KaK HEKYI TOUKY, MPOU3BOAS TNOX-
cranoBKY 2= l/w. IloBenense GbyHKuHHN [ (2) «B GeCKOHEUHOCTE» €CTh
noeefeire Gyukuuu f(1/w) BOau3u toukn w=0. Mp rosopum, utO
dyHkuys f(z) aHAJINTHYHA, HUMEET NPOCTOH HOJKC, H T. A., B GE€CKO-
HeuHocTH, ecd [ (1/w) o6nagaer atum cpofictsom npH w=0. Tak,
GyukuMs f(2) =22 umeer B GECKOHEYHOCTH JBOMHON MOJIOC.

Pynryus [ (2), anarumuueckas 6ciody, exaouas 6eCKOHeuHO YyoareH-
HYW MOUKY, eCmo HOCMOAHHAA.

HeficTBUTENIBHO, TaK KakK (yHKUMs [ (2) aHAJNTHYHA NPH Beex
KOHEYHBLIX 3HAUEHUsX 2, TO AJsI HHX

[o0]

f@)= D) a.z",

n=10

-3

n==0

TaK 4YTO

a tak kKak ¢yHkuusa f(l/w) anaautduna npu @ =0, 10 a,=0 npu
n=1, 2, ..., T. e. [(2)=aq,.

QyHKyus, He umeoujas 0CoBeHHOCIMER, OMAUNHBIX OM NOAINC08,
ecms PAYUOHANbHAR PYHKYUS.

ITpexpe Bcero, MONIOCOB MOXKeT OBITb TOJBKO KOHEYHOE UYHCJO.
B mportuBHOM cayuae nogiocel umesu OBl NpenesbHYIO TOUKY — KCHEY-
Hyl0 Wi OECKOHEUHO yJaJeHHYo —H B 5TOH npeleibHOH TOUKe
¢yuxkuus He morJa Obl CbITh aHAJMTHUYECKOH M He Morsa Obl MMETB
[0JI0C, 4TO MPOTUBOTEUUT MNPEANOJOMXKEHMIO.

IMycte a, b, ..., k—nomocsl GyHKUMH [ (2), pacnooxelHble
B KOHEUHBRIX TOUKaxX, M o, P, ..., ¥ — UX KpaTHOCTH. DyHKilHsI

g@)=f(z@E—a)*...(2— k)

aHAJIMTHUHA BCIOAY, 32 BO3MOXKHBIM HCKJIOUeHHeM OeCKOHEUHO Yja-
JeHno#l TOUKH, TJe OHa, camoe OoJblluee, UMeer noJoc. Chexosa-
TeJNBHO, MPH BCEX KOHEYHBIX 3HAYEHHAX 2

g (?)= i a2", g(wi) = i A",
n=0

n=20

Tak xak ocobennocts ¢yuKuuH g (l/w) npn w =0, ec/iu oHa HMeeTCH,
ecTb MOJIIC, TO PsAj AOMxKeH o6opBaThbCs, T. €. g(2) ecTb MHOrOYJCH.
CnenoBatesbHO, f(2) ecTb OTHOLeHWE NBYX MHOTOWJCHOB, T. €. pa-
UHOHA/bHAST BYHKLHS.

O6patHO, payUOHAALHAA PYHKLUA HE UMEeM OCOSEHHCCInel, Omalit-
HbIX OM nOAI0CO8.
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2.8. PagHOMepHO CcXOAsiulMecsl PaAAbl AHAJIHTHUYCCKHX (YHKU M,
Mycme:

(1) 6ce @yuryuu nocaedosamensrocmu wy (2), Uy (2), ... AHAAUMULHSL
GHYMpU o6/tacmu D;

() pso Z, U, (2) pagrnomepHo cxodumces 6 kamcdoti obaacmu D',
n=1

gHympertet K D.

o0
Tozda ¢ynxyua f(2) = Z Un (2) anasumuyna enympu D, u ece ee
n=1_
npouagIOHbie MOy Obimb  BLIMUCACHBL NOYACHHbIM OUgheper yu posa-
Huem ™).
[Mycte C —npocToll 3aMKHYTHIH KOHTYp, Jexamuit BHYTpH D, u
z—rtouka suytpu C.
Ecau Obr yike OBLIO H3BECTHO, 4TO f(2) — aHAJUTHUYeCKas! (YHK-
LLHs1, TO MOXHO 61110 Obl HanmUCaTh:

F@) =5 \ [ do. M

2 Y w—2
¢

Mbl xe, Hao6opoT, Mnoay4¥M 3Ty (PopMyJay U3 HAIUUX JAAHHBIX H
BOCIIOJIb3YEMCs] €10 JJIsi JOKAa3aTesbCTBA AHAMUTHUHOCTH (yHKIHH f(2).
[Tpu 106oM n

1 n
Uy (z):ﬁ l;)_(fvz) dw.
&
CaenosaTebHO,
N SR
f(z)—E ZQ—Sw-—zdw

n

Tax kak psin Y U, (w) paBHOMEPHO CXOAMTC Ha C, TO €r0 MOXHO

U TOY/JIeHHO OPOUHTErpPHpoBaThb. Takum obpasom,
Un (@) (w) Up (W) (w)
§(Q a3 o

f 2)—2:1m {Elz)l—(iwz)} QmS o d

DTHM MBI J0Ka3aJju cpopmyny .

YMHO2KHTBE HA P

*) Kax BHIHO H3 JaJibHeiilero, aBTOp Ha3pBaeT obiacTe D’ BHyTpeHHel K D,
ecu ona coxepxurcs B D, orpapHueHa M HaXOEMTCA Ha TOJIOKHMTENbHOM paccTos-
HUK OT rpaurnubl obnactk D, (ITpumedanue nepesoduura.)
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Tenepb, Xak B § 2.4.1, Mbl MOXeM BbiBeCTH M3 dopmyasl (1), uTo
f (2) uMeer mpoH3BOAHYIO, KoTopasi aaercsi dopmyJoH

fr()___is f(w) dw.
C

2mi ) (w—2)?

OrpanuyeHHOCTh QYHKIMH f(w) c/lenyeT 3leCh M3 paBHOMepHOI Cxo-
numoctH psipa. CheposaTenbHo, QyHKUMA f(2) aHAJIHTHYHA.
_CHOoBa mnoJb3YysACch PaBHOMEPHO! CXORUMOCTBIO Psijd, MBI MOMEM

HanHucaTob:
o0

I ¢ f(o) 1 dw
'Tmés (w—z)2dw— —:CS 2 n (@) (w—2)2

n=

CrienioBaTesIbHO, psiji MOXHO npoaH(xbepenipoBaTs noudenHo. Kpome
TOTO, psiji TPOH3BOAHLIX PABHOMEDHO CXOIMTCH B Kaxjaoil obJjacrd,
suyTpenneit k D. [lefictButensno, ecan D’ —Takas o6aacThb, To
MOXHO CUHTATh, YTO OHA JIEXXHT BHYTPH KpuBOH C H UTO pacCTOsIHEE
aofolt ee ToUKH z OoT C He MeHblle NoJoXuTeabHOTo uncaa 6. Torna
N | G 1 (w) 1 2 d !
, Uy (w w e
2 Un (2) | = Z?m S (w——z)zd = omi S Zu,,(w) (w—2)? = g5t
n=N N ¢C N
NI
rhe [ — anuHa Kpupoit-C, a & — MaKCUMyM MOAYJist QYHKIHH Z“u (w)
N

Ha C. I1paBas yacTb He 3aBHCHT OT z M CTPEMHTCSt K HyJIO, KOrja
N u N’ une3saBucMMO ADYT OT Jpyra CTpPeMsiTCi K OECKOHEUHOCTH, 4TO
¥ JIOKa3blBaeT paBHOMEPHYIO CXOAMMOCTb psjga X u.(z) B D'.

Bcro nmpoueaypy MOXKHO Tenepb MOBTOPHTb, OTIPABJSSChH OT Psija
NPOM3BOAHBIX, YTO AOKA3blBAET TEOPEMYy YyKe BO BCell MOJHOTE,

2.8.1. 3amevanus K npeablaymeid Teopeme. (I) Mu
yKe ykaswiBagau (§ 2.3.7) Ha pasanuHe MEXAY YCJOBHSIMH NOUJECH-
HOH IHGpepeHUHPYEMOCTH BeHIeCTBEHHHIX PSJAOB H PsIOB aHAJIHTH-
yecKHX ¢yukuuil. B caydae BellleCTBEHHOro psiia MPUXOAUTCsS Mpen-
MOJIaraTh, YTO Psij MPOHM3BOAHBIX PABHOMEPHO cXOAUTCH. B npeavinyuieit
TeopeMme MOJAOOHBlE YCJIOBUSI He HYXKHBI; psiJi IPOH3BOAHBIX AeHCTBU-
TeJIbHO DPABHOMEPHO CXOIMTCS, HO 3TO He Mpejrosaraercs, a IOKa-
3BIBAETCH.

(II) Ecmr 6Bl MBI IPEmoONONKHMIH TOJNBKO, YTO psil QYHKINH,
aHa/IMTHYeCKHX HA HEKOTOPOM MPOCTOM 3aMKHYTOM KoHType C u
BHYTDH HETO, PaBHOMepPHO CXouutcsd HAa C, TO U B 3TOM CJydae MbI
MOTJIM OBl J0Ka3aTh, KaK BhIle, YTO CyMMa [ (2) aHAJHTHYHA BCIORY
BHyTpR C.
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(111) Henr3s poxasaTe, w4ro ¢yexkuus f(z) anajuTHyHa Ha rpa-
Hile obsacT D WJH 4TO pAx NPOH3BORHBEIX CXOAHMTCA Ha TpaHMuue,
€CJIH JaxKe MpPEeRNoJOoXuTh, YTO Bce GYHKUHH U, (2) aHAJUTHUHEI Ha
rpaHHle H 4YTO Pl X u4,(Z) paBHOMepHO CXOAMTCA Ha rpawuue. Pac-

(o]

2n
CMOTDHM, HampuMep, pax 2 -z OH DaBHOMEDHO CXOIHTCA [IpH
n=1
|z1=<1. Ho psan npousBOMHLIX He AABJSETCS pABHOMEPHO CXONSIIHUMCS
B OKPECTHOCTH 3HAueHHs Z=1, u QyHKUHMSA, npeacTas/seMas 3THM
PAOM, He sIBJsETCS aHnaiuTHYecKoH npu z=1. VMenno,
log(1—2
F@)=—2=2,

(IV) Teopema moxeT ObiThb cpopMysapoBaHa Kak Teopema O [0~
clenoBaTe/ibHOCTAX (YHKUMHA: ecau ¢yHKUIUH [, (2) aHAJIHTHUHBL
BHyTpu D M mnocsepoBaresbHocTh [y (2), fy(2),... paBHOMEpHO cXoO-
Jutcsl K f(2) B xaxno#t obnactu, BHYTpeHHeH X D, To QyHKIHsa f(2)
ananuTHYHa BHYTPH D M mocsenoBatenbHOCTb fi (2), f4(2), ... paBHO-
MepHO cxoputca K [’ (2) B KaxJoHi obsactH, BHyTpeHHelt K D.

o0
Mpumepnt. (I) Oyukuus §(s)= E n~S anajuruaHa npu Re(s) > 1. [[eit-
n=1
CTBHTeJILHO, PAN PaBHOMEPHO CXOAHTCS BO BCAKOH KOHeYHOH 0G6/acTH, B KOTOpOH
sciony Re(s)==a>1; cp. § 1.2, npumep.]
(11) Tpu Re(s) > 1

[e9]

U (s)=— Z n=slogn,
n=2
(o]
¥, BooGue, Lk (s)=—(1)¢ 3} n~S logk n.
n=2
Nt .
(111) B gaxofi obaactu pax Z s1r21nnz npeacTaBasieT AHAMHTHYeCKYIO (yHK-

n=1
f1RI0?

e
sin nz -
{1V) Pan po paBHOMe PHO CXOIUTCS HA BEIECTBEHHOR oCH, HO HE B Ka-

n=1
Kol-n160 obaacmu TJIOCKOCTH 2; TakKuM o06pasoM, npeipldyltas TeopeMa HHAYEro
HC TOBOPHT 00 AaHAJHTHUECKOM Xxapaktepe OYHKUUH, KOTOpYH) OH NDEACTaBJfeT.

2.8.2. Ipyroe pnokxasaTenbctBo Teopembl. Ilepsywo
gacTh TeopeMbl § 2.8 MOXKHO BhlBeCTH TakXe u3 TeopeMbl Mopepa
(§ 2.4.2). JleHiCTBHTeJBHO, MOCKOJBKY psl X, U4, (2) paBHOMEPHO CXO-
JUTCsi, €r0 MOXHO HHTerDHpOBaTh MOYJEHHO BAOJEL JOGOrO KOH-

Typa C. TakuM oGpasom,
o

Sf(z) dz= ) Su,,(z)dz.

[ n=1G
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IlockoarKy Bce GYHKUMH U, (2) aHAJMTHUYHB, B CJyYae 3aMKHYTOrO
KOHTypa Bce WJeHbl crnpaBa paBHBl Hymo. CleloBaTeJbHO, B 3TOM

cIyyae Sf(z) dz=0, u B cuny reopemst Mopepa ¢yHKuus f(z) ana-
¢

JIHTHYHA.

2.8.3. OnpeneneHue anaJuTHUYECKHX QYHKUHUH no-
cpeacTBOM UHTerpaJsoB. [lycme f(z, w)— dynkyua Komnaexc-
HbIX NepeMeHHblx 2 U W, ONpe0eseHHAst U HenpepoleHas 04a 6cex 3HA-
uenull z 8 nekomopolt obaacmu D u ecex 3HaueHull w Ha HeKOMopom
Konmype C. [onycmum, umo f(z, w) ecme. anasumudeckas GyHKyus
om z 8 D 0asn kamdoeo snauenus w Ha C. Toeda

F(z)=§f(z, w) dw
c

ectmb aHaAumu4eckas gynkyus om z 6 D u

F @)= S T dw.
C

I10006nsie sce gopmyast 6epHbl AR CMAPUIUX NPOUSBOCHBIX.

Mbr MoxkeM cuuTatbh, uTO KOHTYp C COCTOMT M3 €IMHCTBEHHOM
peryJaspHoft KpuBod, Ha KOTOpoH w=u-iv U u=u(l), v=uv(l),
npuueM f,<<f=<<#, U npousBoanbie u’ (f), v’ ({) HenpepbIBHHL

Ilycre T — xoHTyp, Jexamu# B D, Ha KOTOPOM z=Xx--iy H
X=Xx(s), y=y(s), npHUeM S;=<"S<IS, U NpPOH3BOIHBIE X' (S) Yy (S)
HenpepuBHBbL. IlycTb {—Touka, Jnexamas suytpu I'. Torza

1 ’
FE @) =g | [,
r

F(§)=%§dwsf(:+_?dz.
T

Msbl MoXeM 06paTHTh NOpPSIAOK 3THX IABYX WHTErpupoBaHuli. HelicTai-
TeJIbHO, KOMILJIEKCHBIH HHTerpaJs IpeiacTaBJasieTcst, coracHo § 2.3, kak
KOMOHHALYS BEIeCTBEHHLIX HHTETPAJIOB, UTO MO3BOJSET NPEACTABHThH
npelblAyIUA MOBTOPHEIA KOMIJIEKCHBIH MHTETpaJ B BuAE

ty 51

§dt§ie (s, +ives, Hids,

to So

rie @ H ip— HellpephbiBHblE BelleCTBeHHbie ¢GYHKUHUH OT § U {; a mo-
BTODHBIl HMHTerpaJl TaKoro THna, Kak Mol 3HaeM (§ 1.8.1), Moxer
6uiTh ObpaiueH. CienoBatenbHo,

F(C)=%IS ;d—_z_;CSf(z, w)dw=—]—SF(z) dz.
r

oni Yy 2—1%
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Urax, aas pyuxuun F(2) nonydena MHTerpaJdeHas (opmyaa Ko,
U Telepb A0OKAa3aTeJbCTBO TOrO, 4YTO OHA aHAJMUTHYHA H uTo Audde-
peHLHpOBaHHe MoOXeT ObITb NpPOM3BENEHO I10J 3HAKOM MHTerpaja,
NPOBOAUTCS TaK e, KaK N0KA3aTeJNbCTBO COOTBETCTBYIOIIMX YTBEpPK-
JEeHHl B TeopeMme O  PABHOMEPHO CXOASIUXcs pspax *).

Mpumepni. (1) Ecan dynxuus f(f) HenpepsiBHA B 3aMKHYTOM HHTepBane (a, b),
TO QyHKUHH
b b
F(2) =§cos atf (¢ dt, G (z)=\ sinztf (¢) dt
a

AHAJHTHUHBE! NPH BCeX KOHEUHBIX 3Ha'vleHH$iX Z.

(IT) Ilpn Tex Xe ycJOBHAX (YHKLHA S f() df aHalTUTHYHA BCIOAY, 3@ BO3-

a
MOYKHBIM HMCKJIIOYeHHeM BelleCTBeHHBIX 3HaYeHHH 2, Jie:Kau[HX B WHTepBale (a, b).

2.8.4. Hecob6cTBennnle uarterpaas. Ilyers € —xpusas,
yxolsawasn 6 Geckoneurocms. I1pednoroxcum, 4mo ycroeua npedvioyuieti
meopemsl  @bINOAHEHbL HA KamcOoli oeparuuennoti wacmu Kpueoil C u

umo UrmMe2pai ﬂf(z, w) dw pasgromepuo cxodumcs. Toz2da u 3axiroue-
¢

Hus npedvidyiuell meopempl COXPAHAIOM CURY.
IMycte C,—wuacTe kpHBoll C, Jexam@as BHYTPH OKDYKHOCTH

lz|=n, u nyctb F,(2)= Sf(z, w) dw. CorsacHo Teopeme O KOHeY-

n
HBIX HHTerpanax, Bce GyHkuuu F, (z) anamuruunel. Kpome toro, npu
n— oo

F,(z>F(@®

PABHOMEPHO OTHOCHTENBHO 2z, TAK YTO, COT/IACHO TeOpeMe O PaBHO-
MepHO CXOASIIMXCsI [oc/IeaoBaTeabHOCTsIX, QyHKuMs F (2) aHaauTHyHa.
Haxkownen,

n—co n-— o0 az
n

F'(2)= lim F; (2) = lim S(zf—dw \‘ ¥ dw.
c
2.8.5. HecofGcTBeHHbBe HHTErpaJs BTOPOLO poja.
IlogoGnasi e TeopeMa BepHa B c/ydae KOHEYHOro KOHTYpa C, Ha
OJIHOM M3 KOHIOB KOTOpOro f(z, w)—co. MHrerpan mnpexgcrasiser
aHAJIMTHYECKYIO OYHKIHIO, €CIH ero CXOAMMOCTh paBHOMepHa. Tou-
Hasg GOpMyJMPOBKA H JOKA3aTeJbCTBO BIOJHE aHAJOTUUHEL [IpeLbl-

RYIIHM,

*) Ocrap/ieHHasl YHTATeIO YacThb JIOKA3aTeJbCTBA yCTAHABAHBAeT H TOT He
BKJIIOUEHHBIA B (OPMYyJIHPOBKY 7e0opeMbl GaKT, YTO NMpPOE3BOAHASA a—f HellpephiBHA.
X
OTa HeNpepHIBHOCTb TPHIAET CMBICA JNOKAzpBaeMoOH (opMyJe M 103BoJsieT IOBTO-
puth nmpounecc Audpepenuupoanns, (/1pumeianue nepegoouuxa.)
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Hipumepnl. (1) ®yHKUNA
[e ]
T (2)={e?wtdw
]

anamutauna mpd Re(z) > 0, [CXOAuMOCTb 3TOro HuTterpaia kiytanacs B § 1.5.1,
npumep (I). Od paBHOMEPHO CXORMTCA BO BCSAKOH KoHeuHO% o6aacTH, B KOTOPOH
sciony Re(z) =a>0. Kaxkpaa Touka, B Kotopoil Re (z) >0, aABadercs BHYT-
pertieil s takof obaactH.]

(I1) B xakux oGnracTsax HHTErpaJjnl

[o0] o0 [o0]
sin w cos w
2%t dy, dw, — dw
w? w
0 0 0

TIpeCTABAAIOT AHAMUTHUeCKHE (YHKUHH?
o0

sin wz
(I1T) Unrerpan S p dw paBHOMEPHO CXOJIHTCA B HEKOTOPHIX HHTEpBaNax
.

0

BellleCTBEHHKIX 3HAUeHHH 2, HO 3TO He TaK HH B KaKOH o6aacmu IUIOCKOCTH 2.
TakuM o6pasoM, OpefBYlIHe TeOpeMsl HHYero He roBopAaT o0 aHANHTHYECKOM
XapakTepe (yHKIHH, KOTOPYIO OH NpPeicTaB/ser.

2.9. 3ameyanue o pagax Jlopana. [Tpeanosioxum, 4T0 MBI KaKuM-
Jan6o o6pasoM nmoayuusaH s GyHKUMH [ (z) dopmyny

f(2) = i A,(z—a)"  (R"<<z<<R),

n==-—0o0

-— HanpHMep, GYHKUHA MOXKeT ObTb onpefiesieHa 3To# GopMyJoH,
JlonKeH MM HENPeMEHHO 3TOT PAA COBRNajaTb ¢ psigoM JlopaHa ¢yHK-
uud f(2)? OxaswiBaercs, uTo 3T0 Tak. [lefictButennto, ecau C —
OKPYXHOCTE |2—a|<<p, npuueM R'<<p<<R, TO KO3pPHUMEHT
Jlopana a, onpezensiercsi GopMyJIoi

o0
_ 1 f(2) _ A (z—a)m -
an—2mCS z—a)n'i de= 2 2_:::65 (z—a)rt dz
m=-—oo

(OYNeHHOE HHTEIPUPOBAHHE ONPABIBIBAETCS DABHOMEPHOH CXOgH-

MOCTbIO), npamasi e uacTh paBHa A, (em. § 2.3, npumepn (III)
u (IV)).



rnmABA Il
BbIYETbl. KOHTYPHOE UHTErPHPOBAHUE. HYJ/IH

3.1. Buiuer oTHocuTesibHO 0COGOR ToukH. Mul smaem (§ 2.7.1),
yro B OKPECTHOCTH H30JHpOBAaHHOH 0co6o#l TOUKH z=a OAHO3HAUHAA
aHaJHTHUYecKass QYHKIMs [(2) IONyCKaeT passioxeHMe BHAA

o0 [eo]
f(@)= Z a,(z—a)* -+ Z bp(z—a)".
n=20 n=1
OcofenHo BaxeH KoadbuuueHT by, OH HasbiBaeTcsi guuemom GyHK-
v f(2) orHocutessHO TOYKY Z=a. CorjacHo ¢opmyniaM mis Kosd-
¢uunenToB passoxenus JlopaHa,

b= g \ F @) dz,
¥

rae y—Jdio0as OKPYXKHOCTb C LEHTPpOM 2z=4a, He OXBaTHBAIOWAA
JIpYTHX 0coObIX TOYeK (YHKIHMH. JIeTrKo npoBepHTh, 4TO €CH 2 =a —
[IpOCTOl moJoc, TO

b, =lim (z—a)f (2)-

3.1.1, Teopema o Buuerax. [Tycmo ¢ynxyus f (2) 00n03KAUHA
U QHAAUMUYHG HQ ApoCmom BamkHymom xonmype C u eRympu Hezo
6Cr00Y, 3Q UCKAIOHEHUEM KOHEHHO20 HUCAQ GRYMPERHUX MOHEK 2y, 29, ..«
vees 25 Iyemo Ry, Ry, ..., R,—euwemst ¢yurxyuu f(2) ommuocu-
menoro amux mowex. Toeda

{F () dz=2ni (R, -+ Ry 1. Ry).

(4

Ilyete 91, V2o +++» Pn— OKPYKHOCTH C LEHTPAMH 2, 29, ..., 25
H CTOJIb MaJbIMH DajMycamH, 4TO OHM JIeXKAT LEJHKOM BHYTPH C H
He nepexpoBaoTea. PyHkuusa f(2) aHaAUTHUHA B OGJACTM, 3aKJIO-
YeHHOH MeXAy KOHTYpoM C H 3THMH OKDYXKHOCTAMH, TaK uTo,
coriacHo Teopeme Kowm (§ 2.3.5),

([ @dz=§j@de+...+ ([ (@ d

4 Vi Y,
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Ho Sf(z) dz=2niR,, ..., Sf (2) dz =2niR,, uTO H 3aBepllaeT LOKa-
¥ Vo
33TeJBCTEO.

3.1.2. Kourypuoe HHTerpupoBanue. TeopemMa O Bulue-
TaX MOMKET OBITb MCMOJB30BaHA JJIs BBIYMC/IEHHs] MHOIMX BellleCTBEH-
HBIX OnpejlesieHHbiX HHTerpajoB. OBeluHO GepyT KOHTYp, 4acTh KOTO-
pOTO MPOXOAHUT MO BElECTBEHHON OCH, W 3aCTaBJSOT OCTAJNBHYIO €r0
YacThb CTPEMHTHCS] K OeCKOHEUHOCTH. IJTOT MpOllecC Ha3blBaeTCs KOH-
TYpHEIM HHTerpHpoBaiveM. Hawumyumum oOpazom oH MoxkeT ObiTh
pasbsAcHeH HA mpHuMepax.

o0
dx 4
3.1.2.1. XopoluO H3BeCTHO, UTO S Te =7
0

Yto6pl JOKa3aTh 3TO KOHTYPHBEIM HHTETDHPOBAHHEM, pacCMOTPHM

dz
H R —
HHTErpan S 1z

BelllecTBeHHOH OCH OT — R J0 R W Jexaluedl Hajy HHM NOJYOKpY¥XK-
HOCTH, MJisi KOTOpOH OH CAYXHT AuamerpoM. Tak Kak

B3STHII [0 KOHTYpYy, COCTOsILIEMY H3 OTpe3Ka

1 1 1 1
1+22 E(ZT"‘ z—|—i>’
TO MOIbIHTErpajibHasi (QYHKUHS HMeeT 0OM0C € BelueToM 1/(2f)
B TOYKe z=1[, KOTOpas JEXHUT BHYTpH KouTypa, ecau R > 1. Ilpu-
MeHsisI TeOpeMY O BblYeTax, Mbl BHJHM, YTO HHTerpaJj paBeH m.
Ha nonyokpysxuocru |14-22|=R2%2— 1, Tak 4TO HHTerpaJ, B3si-
TLIH BJOJIb MOJNYOKPYXKHOCTH, 110 alcOJIIOTHOM BeJiliUHHe He MpeBOC-

14
XOMHT —or—- M [OTOMY CTPEMHTCH K HYJIO MpH R — oo. Crnegona-
TEABHO,
R
fim g g
R—co —.R 1+x2 ’

M CCTaeTcs 3aMeTHTh, YTO MOABIHTETpasbHAst QYHKUMS YeTHA.
TakuM xe myTtem MOXeT ObITh BBIUHMCJIEH HHTerpaJs Joboil yer-
110 pauMoOHAJNBHOH (GYHKUHH, KOTOpas Hajgjexalum o6pas3soMm BedeT
ce0st B GeCKOHEUHOCTH.
KoneuHo, HaM H3BecTeH HeoNpelieJeHHBIH HHTErpan yHKUHK

1 .
e (310 arctg x), W MBI MOTVIM Obl BBIYHCJAHTbL NPENBIAYIUHH KHTe-

rpaJj, monb3ysick 3THM. H3j0keHHBIHE MeTON oOKasblBaeTcsi HauGoJee
MOJIE3HBIM B TeX cJayyasX, KOIZa HeonpeleJeHHBIH HHTerpajJ Heus-
BECTeH.

[0}

sin x
3.1.2.2, B § 1.7.6 6wu10 mokasaHo, 4TO g ——dx
b
IOKa3aTb 9TO KOHTYDHbIM HHTErpHDOBAHHEM, PAcCCMOTPHM HHTerpas

g-. Y1061
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etz o
gTdZ, B3sIThIH IO KOHTYDY, COCTOsIIIEMY H3: OTPESKa BellleCTBeH -

Holt oct OoT 2=p J0 z=R, rae 0<<p<<R; nonyokpyxuocru T
pagyca R c ueHTpoM B HauaJe, Jexailefl Haj BeleCTBEHHOH OCbIO;
OTpPE3Ka BEIECTBEHHOH ocH OT — R 10 —p; Y, HAKOHEL, NOJYyOKpPYHK-
HOCTH y paauyca o C IeHTpOM B HauaJse, Jexaliell Han BellleCTBEH-
Hoit ocbto. MBI 3acTaBUM p yMeHbIIAThCsl, a R pactd. Manas nonay-
OKPYKHOCTb HYXHA AJs TOro, ytoOnl 0GOHTH OCOSEHHOCTH NOABIHTE-
rpanbHOit GvHknuM npu z=0, a OGoJpwas—AAs TOFO, YTOOHI
3aMKHYTb KOHTYD.

Oyuxuus e¥/z He nMeeT 0COOCHHOCTeH BHYTDPH KOHTYpa, U NOTOMY
3HaueHHe uuTerpana ectb (. Takum o6pasow,

3 ix
S%dx—{—fge

o

elz
M+S7M=Q
Yy
Cmea HHTerpaHOB, B3ATEIX IO OTpeSKaM BeLU,ECTBeHHOﬁ OCH, paBHa

R ) R
erx —peTix . {" sinx
[t e (3 g
X X

D

0

Unrerpan, B3siteil Boab I', crpemurca K Hysawo npu R —oco. [lefi-
CTBUTEJBHO,

A
r 0

S‘Z,Z z‘: SeiRe'elde Se Rsln6d8<
0
11

—~6
Sd6+ S —Rsmﬁde‘[“ﬂg d0<< 26 4- e~ Rsind,
0

[ n—248

Cuauana Mbl BpiGHpaeM § NpoOM3BOJBLHO MaJjbiM, a 3aTeM, NpH HK-
CHPOBAHHOM §, JiesiaeM MPOM3BOJBLHO MaJbiM W BTOpOH uJ/eH chpasa,
BoiGUpas R pocratoudo GosniiuMm. CrepoBaTesbHO, JieBast HACTL Hepa-
BEHCTBA CTPEMMTCH K HYJIO.
Haxonen,
S Ll dz =

v v

dz
2

IMoaniHTerpanbHas (QYHKUMUS B MOCJEIHEM HHTErpajle ocraercs orpa-
HuueHHOH npu p—0, Tak uro, no § 2.3.1, OH CTpeMHTCS K HYJHO.
IlepBblil HHTErpas cnpaBa JAONYCKAeT siBHOE BBHIYHCJEHME, HMEHHO

0

S dz S idf = —im.
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Taxum 06pa30M, 3acTaB/sisg p cTpeMuThcs K 0, a R X 0o, MBI BUIUM,

. sin x
4To 218 dx—in=0, a 3T0 H YTBepPIKIAJOCh.
0
3ameTuM, UTO HHTerpas, B3STHIH BIOJbL IMOJYOKPYKHOCTH 9
B OTPHLATEJBLHOM HAaNpaBJeHYUH, CTPEMHTCSt K BHIUETY OTHOCHTENIBHO
Toukn 2=0, [yMHOXeHHOMY Ha — in. JlerKO npoOBepuUTb, YTO 3TO
TaK Ass J000Tro npocmoeo noJioca, HO He s nomoca GoJsiee BEICO-
KOTO NOpsilKa.
3aMeTHM erile, 4TO MBI PACCMOTPeNY BMECTO KOMILJIEKCHOTO HHTe-

rpaJia g
dyHKIHA sm 2/z He Befer cebs HamJexauMM o6pasoM B GeckoHedu-
HOCTH.

3.1.2.3. Ilpu 0<<a<C1

[e2]

HTO

xald 7
S]—}-x X=Snan"
0

a~1

2 o o
paCCMOTpI/IM HHTErpaJ S dz, B3ATHII BAOJb BelleCTBEHHOH

142
OCH OT 2z=p 10 Z=R, 3aTeM B MOJOXHTEJbLHOM HanpaBJeHUH
paosb okpyxuoctd I' pagnyca R ¢ uentpoM B HauaJje, 3aTeM BJIOJIb
BElIECTBEHHOH oOCH B OOpATHOM HANpAaBJSHMH OT Z2=R 0 Z2=p H,
HAKOHEl, B OTpHIATEJIbHOM HANPABIEHHH BIOJb OKpPYXKHOCTH - ¥
pajgdyca p C UEHTpOM B HauaJje. IJT0 — 3aMKHYTHIH KOHTYp, He oXBa-
TeiRatoNUH Hauaso. ITonoGubill KOHTYD HYXKeH NOTOMY, UTO QYHKIMSA
HE OJHO3HAYHA B 00JAcTH, coAepHXalleH HayaJo, TaK uTO K KOHTypY,
0XBATHIBAKOMEMY HAyYaslo, He Moryia Okl OBITh NpHMeHeHa TeopeMa
0 BhYeTax. 3HaueHHUs MHOTO3HAauHOH (GyHKUMH 277! onpeneseHbl TeM,
uTO Ha 1epBOil YaCTH KOHTYpa OHH BEIIECTBEHHB. B OCTaJbHBIX
TOYKax OHH AawTcst GopMmysoi rilete-Di® rre 0<< < 2m.

BHYTpH KOHTYypa HMEeTCsl ORMH [OJIOC, HMEHHO TouKa Z=—1,
¢ BoueToM ele-V it CiaenosaTesnpHo, ,

R )
& X2 1 ? xaﬂera—l)zin
dx d L\ ——d d = 2niela-1 i,
51+x ’" 1+ 27 TFx x'f’ 1+ z
P R
CyMMa zBYX HHTErpaJsioB, B3siTEIX BAOJDL OTpeSKOB BeIEeCTBEHHOH OCH,
aBHa
P R
. . . xet
= — 2je!*" sinan S +—— dx.

(I—- 14-x

JBa Jpyrux HHTerpaza cTpeMsiTcss K HYyJio npu R—oo, p—0.
HeticteurenbHo, na I'
z20-1

142

Ra'l
éR__ 1?
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201 Ra—1 Ra
TaK 4To S-——dz 7 28 R =——5, a npaBas 4acTb CTpeMHTCH

142 =Rr=1
r
K HYJIO an R—»oo, nockonbky a << 1. TloxoO6HEM ke o6pasom
2071 2npa
( 1+z = l—p
K kak a>0. OruM dopmyna poxasaxa.:
3.1.2.4. Tlpeapiayman ¢opmyaa HMeeT NpHMEHEHHe B TEOPHH
T-pyukunn. KMenno, nosaras y=1—x B dopmye (4) u3 §1.8.6, mut

co

suauM, uro I' ()T (1 —x)= g lu—{-xu du=
o

, B lipaBag 4acCTb CTPEMHTCA K HYJIO MNpH p—»—O,

v
Ta

n
sin(l—x) m

, T. €.

P(X)P(I—X)=m,
ecay O0<x<<l.
3.1.2.5. llpu n=0, 1, 2, ..,

[s¢]
S xme— < sin x1/4 dx =0.
b
Tlpu noncraHoBKe Xx ={* 3TOT HHTErpan NPHHAMAET BHI

(0]
4§ p3etsint dt.
0
PaccMOTPUM HHTeErpas ﬂ 244312 (7 B3ATHIA BIOJIb BellECTBEHHOH

ocu or 0 10 R, 3aTeM B MOJIOXKHTEJNBHOM HanpaBJeHUH BAOJb OKPYHK-
HOCTM paguyca R 10 MHHMOH OCH W 3aTeM BHOJIb MHHMOfl OCH IO
Hayaja KoopiauHaT. Ha Jyre oKpyxHOCTH

‘e(l—l)z | ___:e-—Rcose—Rsine <8—R,
‘Tax 4To
‘ S 24n43p(i-1) 2 dz| _nR4n+4e_R 0.

CuaefoBaTe/IbHO,
[e.0) [o o]
S x4n+3e(i—1)xdx_s (iy)4n+3e(t—1) ly idy =0.
0 0
Hanucae B nocieiHeM HHTerpaJsie X BMECTO Y, MBI BHIMM, 4TO
[se]
{ xtnidex (e — g=ix) dx =0,
0

OTKYAAa H NOJYy4aeTcd AOKA3bIBAEMOE DAaBEHCTBO,



116 BBIYETBI. KOHTYPHOE MHTETPHUPOBAHME, HYJIU [CJ1, 11T

3.1.8.6. Ecau ¢ >0, mo
¢+ {0

1 S e dz——{l (a>1),
Wi ) 0 O<a<).

Ecan a>1, 1. e. loga>0, To MBl paccMarpuBaeM WHTETpaJl
BIOJb KOHTYPa, COCTOAINETO W3 OTpe3Ka MpsMOH ¢ KoHuaMu ¢ — iR,
c+iR M NOJNYOKDYXHOCTH C TeMM Xe KOHIAMH, PacnoNOXKeHHOH
oT Hero cnaeBa. Ecau pamguyc R 1OCTaTOYHO BEJIMK, TO 3TOT KOHTYP
oxBateisaeT notioc z=0 c Bewerom 1, u, kak B § 3.1.2.1, MOXHO
JI0Ka3aThb, 9TO HHTETpaJl, B3STBIA BAOJb NOAYOKPYXKHOCTH, CTPEMHTCH
K Hymo npu R —oco.

Eciu a<C 1, To MBl 3aMBIKaeM OTpPe30K I[OJYOKDYMKHOCTbIO, pac-
NOJ0KHHOH OT Hero crnpaba. Tenepb BHYTpH KOHTypa Her HoJioca,
H Mbl NOJYY4aeM BTOPYIO CTPOKY (hOpMY.JIBI.

3.1.2.7. WUurerpan, npeacrasaswomuit I-dbynknuio.
Mul moxeM HanmucaThb:

o0

S xPle- ¥ dx = F;—? (>0, p>0):
0

Ecan 661 MBI MMeJM TPaBO TPOM3BECTH B 3TOM HHTerpase NOACTa-
HOBKY X=1{f, TO Mbl NOJAYYHJIH OB hOpMyay

af '’

{ tityrte-atigy =T
0

1,
—ipT

a [ocJjie YMHOXKeHHs Ha e 2 U OTAEJIEHHs] BEIeCTBEHHOH 4YacTH
0T MHHMOH — GOpMYJIbI
1 1
o I’ (p) cos 3 pn % T (p) sin 5 pn
Sﬂ”lcosat dt == ——p—, Sﬂ"lsinatdt=——. (1
a ab
0 0 '

KoneuHo, o6bluHOE NpPaBHJIO HHTErPUPOBAHMs NOACTAHOBKOH He
OnpaBIHIBAET TAKOTO POAA «KOMIIJIEKCHBIX MOACTAHOBOK». OnHako
3Ty NOJCTAHOBKY MOXKHO ONpaBiaTh, NpumeHuB teopemy Kormu. Pac-

CMOTPHUM HHTErpaJ Szp‘le“” dz, B3ATHIH BIOJL KOHTYpA, COCTOSILETO

13 OTPEe3Ka BEIECTBEHHOH OCH OT Z=p g0 Z2=R, AYTH OKPYXKHOCTH
|z] =R oT BemecTBeHHOH OCH X0 MHHMOMH, OTpesKa MHHMOH OCH OT
2==I[R 0 2=1{p W AYTH OKDYXKHOCTH [2|=p OT 2=1p J0O UCXORHON
Toukd z=p. B cuny Teopemnt Koum uHTerpasa BAo/b 3TOrO KOHTYpa
ectb 0. Kak ¥ B npeAblAyIIHX CAydasix, MOXHO JOKa3aTb, UTO HHTe-
rpaj, B3sTBIl BAOJbL AYTH OKPYMKHOCTH |2Z]=p, CTPEMUTCA K HYJIO
npy p—>0, eciu p >0, U 4T0 HHTErPas, B3ATHH BROMb AYTH OKPYyXK-
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HOCTH |2Z|==R, cTpeMHTCsi K HY.JIO npH R-—»oco, ecau p << 1. Caeno-
BaTeJbHO, HHTErpas BJIOJIb MHHMOH MOJIyOCH PaBeH MHTErpasy BAOJb
BEIIECTBEHHOM MOJYOCH, B3STOMY C OOpaTHHIM 3HAKOM. BhUHC/Ss
nocaenHui, Mel noiyyaeM dopmyssl (1) ana 0<<p<<1.

3.1.2.8. Muorna nonpayorTcs ofpaTHOH npouneliypoH H BBIBOISIT
jHaueHHe BbIUETa M3 3HAUEHUSi MHTerpaJa.

Ecau p—uemuoe noaojcumensHoe yesoe 4ucro, Mo 6viiem (hysx-

1

1 - P
yuu tgPlnz omrocumenrvno mouxu z=1/2 paeen = (=12,
DTOT BbIUET MOXKeT ObiTh APEICTaBJeH Kak

| 1—iR  14IR iR — iR
R I I
—"iR 1YiR 1 45R iR
14iR iR —IR
npuyeM S = S =— S (tgmz ecTp nepuoauYecKas (YHKLHSA
1 —IiR — iR iR

c nepuonom 1). CrenoBaTesnbHO, BbIYET paBeH

| 1—iR iR
- p-1
T + S tgP-inz dz.
— IR 1L iR

tgnz =" sy > +1/i —®

1 e2imx—amy __ | { —1/i < + oo>
y— .

CrepoBatenbho, 1npa R —co

1—iR
tgP-lnzdz — (%)p_l ,
iR
iR
[ terimedems — (= LY < (1),
1-£4R
1 /1yp—1 1 1 l—p,
H BbIYeT paBeH —- (T) == (—1)2

3.1.3. Paccmompum nogederue pynxyuu

[e9]
f =S et — =1 gin x14 gy
0
npu t — oo,
[To npuyHHAM, KOTOpBle BBISICHATCS N033Ke, YAOOHO HAYaTh C HHTET-
DPUPOBAHHSE MO YacTsiM. MIHTeTpHpysi MHOXKHTENb €™ W 3aMeuas, uro
BHEHHTErpaJipHEIR uJjieH ofpamiaeTrcs B HyJb Ha OOOMX KOHLAX
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HMHTEpBaJia HHTErpHPOBAHHUA, Mbl MoJaydaem (OpMyJy

f)= —4’— S eixt =518 (cos x1/h — sin xV/8) x— 3/ dx,
0

Kak u B npeapiiyliux npuMepax, Mbl 3aMeHsieM KDyroBble (QyHKIUH
SKCIOHEHUHAJNbHBIMA U BMmecTo GyHKU MY f (f) paccMarprBaeM QyHKUHIO

[o0]
o )= Seixt x1/4+1x1/4x—3/4 dx.
0
Tlonaras x==u%/t, Mbl BHIHUM, UTO

[oe]
@ (f) =t=1A giut-a-Du=tl gy,
0

TloBepHeM mpsiMyl0 HHTerpHPOBAHHS Ha YroJ A, BOCHOJIB30BABILIUCH
teopemoit Komu xax B § 3.1.2.7. Mbml nonyuum paBeHCTBO

[se]
@ () =114 S emiem— (1-14) w‘M—l/iem dtf.
0

3ro npeobpasoBaHle 3aKOHHO, €CJHH BelleCTBEHHAs 4acTb Ko3(Pdu-
MeHTa TIp v* OTpHUATeJbHA AJs BceX 3HAUCHHH, dYepe3 KOTOphie
MPOXOAUT A OpH BpallleHHMH MpsMON HHTETPHPOBAHHS, T. €. €C/H

sin4A >0 uau x<—n

Mui nosoxuM h—— 5 o STHM MBI JOCTUTHEM TOTO, YTO MHOXKHTENb
giviettt Oyler ¢ MaKcUMaJbHOH BO3MOXHOH CKOPOCTBIO CTPEMHTHCS
K HY/i0 NpH v—co. lpun takoM BblGope A

[e o]
@ (f) = {—1/5et/d S -4 (1=1) vl W8—1/d g,
3

Ecau f— 0o, TO mocneHU HHTErpaJ, OYAyu4H pDaBHOMEPHO CXOXsA-
LiHMCS, CTpPEeMHTCA K IIpeneny

1 1 1
vk g0, __ — Wy —3/k —=—T(=).
S e dv 3 S e *w dw 1 r (4)
CJlief0oBaTeJbHO, (t)rv I‘( )e"‘/gt—i/i Ta ke acumnrornueckas

topMysa B TaKHM Ke 06pa30M noayyaerca Aad QYHKUHH P (f) =

1 . .
= S eixt—xMiix\iy—a/i 4y Tag uTO, OKOHUATENBHO,

"= L0480 _g0-p )] ,p( ) s,
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AHanornuHble BBIYHC/IEHHS MBI MOTJIH Obl, KOHEUHO, NpolesiaTh H
10 MHTETPHPOBAHHA N0 dYacTsAM. UuraTeqb MoXeT IPOBEPHTb, UTO
OHH MPUBORAT Jumib X dopMyae f(f)=o (1.

3.2. Paanoxenne mepomopdHoit dynkuuu., OyHKUHA HashiBaeTcs
MePOMOPGHOL B HEKOTOpol 00.1acTH, €c/I OHa aHAJNMTHYHA BO BCHKOH
BHYTpeHHeH 06/1acTH BCIOAY, 32 BO3MOMXHBIM HCK/IOUEHHEM KOHEUHOTO
ypc/a MoJocoB. DTO Ha3BaHHe MOXYEPKHMBAET OTJIMYHe TakuX (yHK-
IMH OT 2020MOpPHEIX, T. €. aHANUTHUECKHX, QYHKUME,

Ilpocrefimumu MepoMOpGHEIME GYHKLUHUSIMH ABJSIOTCS PALMOHAb-
Hhle QyHKuuH. Mbl 3HaeM, 4TO palMoHa/AbHAsi QYHKIHS MOMXKeT ObITH
pasjoxeHa Ha rnpoctele Jgpo6u. Ilogo6Hoe ke npeacTaB/ieHHe MBI
noJay4rM Ternepb A ofHOro 6oJee IMHPOKOTO KJjacca MepoMOpdhHLIX
pyHKIUHA.

Ilycte f(2) — dyHKuuA, He aHANUTHUeCKAR TOJABKO B TeX TOUKax
KOHEUHOH 4acTu IJIOCKOCTH, KOTOpble sIBAAIOTCSI ee NoJjiocamu. Paan
IPOCTOTHl MBI NPENIONOKHUM, YTO BCe 3TH noMmock — npocree. Ilycrs
5TO — TOUKH @y, Gy, ..., NpudeM 0 <<|ay|<I|a,|<C|ay|<<..., unycrs
b1, by, ...— BBIUETH OTHOCHTENIBHO 3THX Touek. llpexnonoxum, uro
CyLIeCTBYET TaKasi NOCAeJOBATEIbHOCTh 3aMKHYTBIX KOHTYpoB C,,
yto: C, OXBaThIBAET NOJIOCH O, Qp, ..., 4, U TOJBKO 3TH MNOJIOCH;
MHHHMaJIbHOE paccTofHHe R, Touexk KoHTypa C, Or Haua/ja CTpeMHTCH
K GeCKOHeYyHOCTH BMecte ¢ #n; jxauHa L, kourypa C, ects O (R,);
f(@)=o0(R,) na C,. Ilocneanee ycnoBue BEIIIONHEHO, €CJH, HATIPHMED,
¢yHKuus f(2) paBHOMEpHO orpaHuueHa Ha BceX KoOHTypax C,.

Ipu smux ycaosusx

f(z)=f<0>+Z (= )

n=1

045 6cex mouex 2 , KpOMe noaocos.
Yrobe nOKa3zaTh 5TO, PACCMOTPHUM HHTETpaJi
1 w
S A ) dw,
2ni w(wwz)
n

rie z—rtouka, Jjexaumas BHyTpu C,. [lopmmTerpanpHasi dyHKLUS

b
HMeeT B TOUKax 4, MDOJIOCHI, C BblUeTaMH #1—7. Kpome TOTO,
‘m\%m

OHa uMeeT B Toukax w=2z u w=0 Bomets [(2)/z u —f(0)/z.
CurienoBaTebHO,
n
_ bm HO) (@)
/= Zam(am—z)—— z + z
m=1

C apyroft cTopoHD!,

L,
< gy =12 "8
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B cuay Hamux ycaoBuil npapas 4acTb CTPEMHTCS K HYJIO NpH 71—
— oco. CaeroBaredibHO,

fl& _ (
2 —nh—{{.)ozam —2)’

m=1

OiKyla H ToJydaeTcs AOKasbiBaemasi dopmyJa.

M3 noxasarenbcTBa BHAHO TaKXKe, UTO ecAll 6C€ ROMOCHL Aexcarm
8HE HEKOMOPO20 3AMKHYMO20" KOKMYpA, mo 8HYympu He2o pad cxodumcs
DABHOMEPHO.

3.2.1. Mbl npenoctap/sieM UHTATeNI0 H3MEHEHHSI, KOTOpHE HYXHO
IpOU3BeCTH, ecau (yHKuMs f(z) umeeT Momocel 0GoJsiee BEICOKOTO
nopsaka. DoJlee BaHBIM ABAsieTcst 0600leHHe HA GYHKLMY, He YIOB-
JETBOpsioIMe HAa KoHTypax C, ycmoBuw f(2)=o0(R,). Ilyctb 31O
YC/IOBHE He BBLITOJIHEHO, HO CYIIECTBYeT TaKoe IOJIOXKHUTE/bHOe Iieloe
uncno p, uro f(2)=0(RE) nam, xotst 6br, f(2)=0(Rh"") ma C,.
PaccMOTpHM HHTErpas

[= S H@) g,

2ni wP+l(w—2z)

n

BreucneHust npoBOJAATCs, KAaK Bbille, 34 HCKJMIOYEHHEM TOro, 4To
BbIUeT OTHOCHTEJBHO TOYKH W =0 Tenepb paBeH

ENTION SR LT

r4
Hurerpan onsate crpemurca kX 0 npu n— oo, U, TakkM obpasom,

F@=F O+ O+ ... + 720 3

1.,
=1 N (2—a,)

p+1 )

3.2.2. [lpuMeHeHHe K TPUTrOHOMETPHUYECKUM PyHK-
uu st M. Paccmorpum ¢yHKIHIO

f(z)=cosecz—% (z5£0), fQ)=0

B Touke z=nm, rae n— moGoe MOJOXKUTENLHOE UJIM OTPHLATENBHOE
LeJ0e YHCJO, Sinz HWMeeT MNpocToff HyJAb, TaK 4YTO [(2) mHMeeT
npocroii nosioc. BeigeT pasen

T. €.

f@)= ‘}“ 2Oz O“" Z b <

q=o n=1

i 1 4 (=L
zlgr:ﬂ(z—nn)(cosecz—}—) ch-rpom_éﬂ T = (—1).
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Ho npu z2=0 ocoGeHHOCTH HeT, TaK Kak

z—sinz O(lzP) 0(1)

z sin z =z2—|—0(\zj4) =

1 ,
ITycts C,— KBajgpaT ¢ BepiUHHAMH B TOYKaX <n+§-> (E1x)n.

QOyHkuua 1/z, oueBHIHO, pAaBHOMEPHO OrpaHHueHA Ha KOHTYPax 3THX
kBanpaToB. Iloxkaxem, 4yT0 M (yHKUHMSA COSECZ DARHOMEDPHO OIpaHH-
yeHa Ha HHUX. [l 3TOro paccMOTpHM pasaeibHO 06JacTH

1 1 1 1
D y>5n () —gasy<gan () y<—3a
. : ; 2 2
B nepBoit of/acTH icosecz|=|—m——5 | << F— H TO Xe
e? —e ?

BepHO B TpeThell obaactd. Kpome TOoro, Tak Kak GYHKUMSA |cosec Z |

o 1 .
OrpaHHuYeHa Ha OTpe3Ke NPAMOH, coelHHsIOmEM TOukM - (1 —i)n,

1 .
—2~(l+z)n U HMeeT MEepPHOA T, TO OHA pPAaBHOMepPHO OrpaHHueHAa Ha

1 1. 1 1.
OT pe3KaX ¢ KOHLLAMH (n—}«?—- 7z>n, (n—}«?—}«-{z) n. Cueposa-

TeJbHO, (QYHKUMS €OSecz PABHOMEDHO CTPaHHyeHa M Ha YacTAX KOH-
TypoB C,, Jexamux B obaactu (II), 1. e. Ha Bcex KoHTypax.
Teopema § 3.2 yTBepixnaeT mosToMy, 4ToO

[ee)

cosec z — lz = 2’ (——1)"(2_;,”‘—}*,1—31),

rje WTPHX C3HAYAET, YTO NPH CYMMHPOBAaHHH 3HadeHue 7 = 0 JOJXKHO
6biTh onymieHo. IlockoaeKy npu mepexone oT KCHTypa C,_; K KOH-
Typy C, Mbi OXBaThIBAEM JBa HOBBIX INOJI0CA, HMEHHO MM U — HII,
Mbl JOJKHBI OBITM 6Bl NpPH CYMMHPOBAaHHH B3SITh CCOTBETCTBYICLIME
BBIUETE! B OZHH CKCOKM. IlOCKOJILKY, OJHZKO, CXOJHTCH KakK 4aCThb
papa ¢ n >0, Tak B yactb psja ¢ n<<0, 3TH CcKOGKH MOTryT GbITh
OIYUIEHEL.

Ecau coegMHHMTH 4JleHBl, COOTEETCTBYIOUIHE 3HAUEHHAM ==, To
pasJoKeHHe NPUMET BHA:

[ee)

1 \
cosecz=7+22 Z

n=]|l

(—lp-t
n2re—z2°
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Npumepwt. (1) IToayunts pasnoxkenus
|
o (= <"+'2—>

sec z==2711 Z e ,
(n—i-?) n2—z2

n=20
)
1
tg z=22 Z—T—’-—y
n=0(n+§> n2—2°
)
1 9 1
cgz=g+2% Y mmm:
n=t .

{1I) TonyuuTb COOTBETCTBYIOULHE PA3NIOKEHW AJA THNepOoJHYecKHX dyHKUUMH,

1 1 1 1
(I11I) Moxasarb, uto T =T —2—+22 Z ZrAntnt’

F4
n=1
o0

(IV) lokasarb, 4ro cosec?z= Z

n=—-—00

]
z—nnp’

3.2.3. Pasnoxenue nengoft yHKUHHU B 6eCKOHeUYHOE
npousBenenue. leras ¢oynkuus ectb GyHKUHS, aHaJHTHYeCKast
NP4 BCeX KOHeuHHIX 3HaueHHaX z. Hanpumep, €7, cosz, sinz —nennle
¢byuxuuu. llenas QyHxuna Moxer paccMaTpuBaThcsl Kaxk 00006LieHHe
MHOrOY/IeHa, M MOXOOGHO TOMY KakK Mbl PacnpoCTpaHHIH GopMyJay
Pa3JIOKEHHS HAa NPOCTbie JPO6H ¢ PAUHOHAJBHBIX (QYHKUHMH HA HEKO-
TOpble JpyrHe MepoMOpQHble GYHKUHH, MOXHO PaclnpoCcTpaHHThH (op-
MyJy PasJOKeHHsi Ha MHOXKHTENH ¢ MHOTOYJIEHOB HAa HEKOTOphle
apyrue uesble QyHKUHY.

[lycers f(2) —uenas oynxuusa ot z. Ilpennmosoxum, yto oHa umeet
NpOCThie HYJH B TOYKAX @y, 4y, ... H He HMeeT APYPHX HYyJeHl,
B CKpPEecTHOCTH TOYKH 4,

[(@)=(z—ang(2),

npuueM QYyHKuUHA g (2) aHaJuTHuHA M He ofpaiiaercsa B HyJab, Cres
iz | + g (@

OBATEJILHO = NDHYEM NOC/AeHHH YJeH aHaJu-
A " F@ T z—a, g "

4
THYeH B TOYKE @,. [akuM o6pasom, GpyHKumns f(z)) uMeeT IIpH 2 =

= @, NPOCTOH MOJIOC C BBlUeTOM I,
' (2)
f(z)

[peanosoxum Tenepp, uto ecTs (GYHKLHS THRA, PaccMOT-

pennoro B § 3.2. Torna

L= D ()

n=1
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Huterpupys or 0 1o 2 BAOAb NyTH, He NPOXOASALIErO yepe3 MOJKCH,
Mbl BHIHM, YTO

logf(z) —logf(0)=z f,((o)’ + Zl{log(%an)—log(—a,,)+a—i}.

3uauenHs JorapHGMOB 3aBHCAT OT BBIOPAHHOrO NYTH, HO eCJIH MBL
nepefiieM K 3KCIIOHEHLHAJaM, TO BCSAKAas MHOTO3HAUHOCTb HCUE3HET
H Mbl MOJYYHM pasJ/oKeHHe

f@)=f(0 ezf'(o)/i(o)gi(l.__> /%,

Hanpumep, HalMM yc/AOBHAM YEIOBJeTBOpsieT QVHKUHUA [(2) ==
sin 2

, TaK YTO MBI 0/yYaeM XOPOILO H3BeCTHbIE (POPMYJIbL:

sin 2 — l[ (1___)3"”, SiH42=Zﬁ<l“'n_22;:T)'

n=-—ow n=1

IMonoGupM e o6pasom

cosz=ﬁ 1——(—%— .

n=1 n_?

Ecan xe dynxuua [’ (2)/f (2) yrosaeTBopsaeT auib ycaoBusM § 3.2.1,
t0 ajsa f(2) nosydaercs ¢opmyJaa BHAa

F@=70)explciz+ .. +C"“2p+l]11(1_~)

n=1
1 22 1 zph1
Xexp[ +2EI—T“.+I)+] —ag—ﬁ]'

3.3. CyMmMHpOBaHHe HEKOTOPEIX PAAOB. MeToa KOHTYDHOI'O HHTEr--
pUpOBaHHS 4acTo JAaeT 3(B(eKT npH CyMMHPOBAHMM DPSAOB BUaa 3 f (n),
rjae f(2) — pocTtaToyHO npocTas aHaJuTHYecKas (QYHKiUHA OT Z.

Ilyets C — 3aMKHYTHI KOHTYD, OXBaThIBAOLIMI TOUKY m, m -1, .,
..., N W He OXBAThLIBAWCLIHI JApPYIHX uedblX TOYeK, H NycTb (yHK-
g f(z) aHaJuMTHYHA HA 3TOM KOHType M BHYTPH HeEro, 3a BO3MOX-
HBIM HCKJIIOYEHMEM KOHEYHOro YHCJa MOJI0COB, CKaXKeM, HPOCTHIX,
pacnoJoXKeHHBX B @TJHYHBIX O m, m—+41, ..., n BHYTPEHHUX TOU-
Kax &, ..., Qy C BbUetaMR by, ..., b,. PaccmoTpum wHTerpan
S netg nz f(2) dz. Pyurnus actg nz uMeeT BHYTPH C NPOCTHIE MOIOCH
c
2=m, m+1, ..., n, ¥ ee BLIUET OTHOCHTEJBHO KaXJOr0 M3 HUX
paBen 1. CrnegoBatenbHO, QyHKuHMS mclg Azf(2) UMeeT OTHOCHTENBHO-
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nux Bouetst f(m), f(m—+1), ..., f(n). Ilpucoenuusisn ciona BblueTht
OTHOCHTEJBHO NOJIOCOB (pyHRUMH f(2), MBI BHIUM, YTO

{ mctg mef (2) de =25 {f (m) +f (m+ 1)+ ... +f(n)+
<
+b13'§ ctg na; + ... +bpnctg na,}.

IlpeanosnoxumMm, nanpumep, 410 f(2) ecTb paiHOHaAbHAS (QyHKIHS,
He UMelollasl HEeJOUYHCAeHHBIX [OJIOCOB, H YTO B OeCKOHEUHOCTH f(2)
ectb O (|2z1"?). B xauectBe C, Bo3bMeM KOHTYp KBajJpaTa C BepluH-

HaMH (n+%) (= 1=1i). Torpa, kak B § 3.2, unTerpana Baosp C,
CTPeMHTCST K HYJIO NpPH fi—» 00, H Mbl NoJdydaeM (opMmyay

lim Y f(m)=—a{b,ctgna, + ... + b, ctg na,}.

RO me—=—n

INonoGubiM xe- 06pasom, B3AB BMecTo 7 ctg iz Gpynkumio o cosec nz,
MOXKHO MOJY4YHTb GOPMynBl A cyMM Buja 3 (—1)* f(m).
[oe]

1
paCCMOTpHM, HaﬂpHMep, pAaa Z _(—[l—l-—n)T' rgje a — HepeJdoe
n=-—c

yucno. Pynkuua f{2) = yMeeT NpH 2= — a ABOAHOH nojic.

1
(a+-2)
Corsacno Teopeme Teitnopa,

ctg nz = ctg (— na) + (w2 4 na) {— cosec® (— aa)} +...,

ctgnz
(zt-a)?
— n cosec? na. CrhenoBaTesbHO,

[ee)

Z L n2 cosec? na
@+np :

n=-—0c0

TdK 4YTO BbHIUET qf)yHKU.HH OTHOCHTENbHO TOUKH 2= —a DaBeH

3.4. NMomocyl B Byan mepomophBoid GyHKUHH. [lycme dyrrkyua
[ (@) anarumuana na samxuymom xoumype C u enympu Hezo, 3a 803-
MOJCHOLN  UCKAOMEHUCN KOHEUH020 HUCAQ NOAKCO8, PACHOAONCEHHOIX
60 enympenHux moukax. Ecau owa He obpawaenici 6 HYyss HA Ko~
mype, mo

1 F(2
m S W)—dz == N - P;
c
20e N —uucao ryaetd, @ P —4qucao noMOCo8, NeHAUUX SBHYMPU KOH-
mypa;, npu amos KaxcOoui Hyab 1 KaxcOblll NOAKCC CHUMAEMCS CMOALKO
pa3, KaKoea ez2o Kparuocmo.
Ilycts 2=a —HyAp nopsaaka m. Toraa B OKPeCTHOCTH 3TOH TOUKU
f@R =(z—a)"g(), npuuem ¢QyHKuMA g(2) aHaAHTHYHA U He
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obpatnaercsi B HyJb. ClenoBaTenbHo,

) m g (2)
T2 —z—a gl

Tocnennuit 4/eH aHAJMTHYEH NPH 2=g¢, Tak 4to GyuRuus ' (2)/f (2)
MMEeT IIPH Z=a NpOCTOH nomoc ¢ BeivetoM m. C/eR0BaTe/bHO,
CyMMa ee BbiYeTOB OTHOCHTE/NBHO HYJeH (yHKuUH f(2) paBna N.
IToro6GuEM ke 06pasoM CyMMa BBIYETOB OTHOCHMTE/IBHO MOJIOCOB
¢byrrUMH f(2) paBHa — P (HyXHO TOJbKO H3MEHHTb 3HAaK y m).
MoxHO [0Ka3aTbh TeM Ke MeTOIOM, YTO eCAu 8 npedeldyuyix ycio-

BUAX HYAU DPACNOAONCEHBL 8 MOYKAX Ay, «.., Qm, 0 NOAOCHL 8 MOYKAX
biy vovy by u pyuxyua o (2) awasumiyna ewympu C u na C, mo
L (7@ 5 \
‘(2
w7 \ e @dz= Y e @) — Y o)
[ =1 V=1

3.4.1. Ecau ¢yuxuns f(z) amanutuusa Baytpu C u Ha C, TO
TeopeMa npelblAylIero naparpada cBoguTca K (opmy.e

! I'(z) ., _
o (2 dz=N.

31y ¢GopMyay MOXHO NpeiACTaBHTh HECKOJbKO HHauye. Tak Kak
d I (z
7 log{f (@)} =7‘(—z)l.

TO S%dz:Aclog {f (@)}, rme Ac o6osnauaer H3MEHEHHEe BIOJb
koHTypa C. (C Kakoro smauyeHus JorapudMa Mbl HauHHaeM — Ge3pas-

au4Ho.) Kpome Toro,
log {f (2)} =log|f (2) |-+ arg {f (2)}

H ¢yaxuusg log|f(2/| onro3nauua. Takum ofpasom,

N = o Acarg{f ()}

3.4.2. Teopema Pywe. Ecau ¢pynryus f(z) u g(2) anau-
muynsl eHympu samkHymoeo koumypa C u Ha camom KoHmype, npu-
wen |g@)|<|f@] wa C, mo gyusyus F(2) u f(2)+g(2) umeom
enympu C o0unakoeoe 4ucAo xyrell,

[Tpexkpe Bcero sacHO, 4To HH Gyukuusa f(2), HH QyHRUHA f(2) 4
-+ g (z) re umeer HyJell na C. CregoBaTtensHo, eciad N — 4HCa0 HyeH
¢byuxuuy f(2), a N' —uHcno syneii pyukuuH f () - g (2) Buyrpu C, o

2nN = Ac argf,
2N’ = Acarg (F+g) = Acargf+Ac arg (1 +£).
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Ilostomy, uto6Hl gOKasath, uto N = N', NOCTaTOYHO AOKa3aTh, UYTO
Acarg(l +§)=0

Tak kak |g|<<|f|, TO TOUKa w=1+—$— BCErja HaXOHTCA BHYTPH
OKDYMKHOCTH IJIOCKOCTH w ¢ ueHTpoM 1 H pamuycom 1. Takum obpa-

. l
30M, €CJH w=pe"’, TO 3HAYECHHE ¢ Bcerja 3akJUYeHO MexAy —~2-J1$

" —;—n. [Tostomy yroa arg<1 —}—i‘}'—):(p BO3BpAaIla€TCH K CBOeMy

HCXOQHOMY 3HAUeHHIO, Korja z onHceBaer C, —OH HE MOXeT yBeJu-
YHTHCS MJIM YMERbIIUTBCA Ha KPAaTHOE YHCAa 271, ITHM TeopeMa J0KasaHa.

Jlpyroe n0Ka3aTesbCTBO COCTOMT B caedyoomeM. [Togoxum ¢ (z) =
=g(z)/f (2). Mbi MOXeM HANHCaTh

1 LetEay, FAlotie g,
V=g \ S 2mS e %=

=2_ﬂ7§( +1+<p>dz—N+2m§ Ty 9%

HOC/efHHH e WHTerpa/j paBeH HyJ0, B ueM Mbl yGexpaeMmcs, pas-
jdaras 1/(1 4+ @) no creneHAM @ ¥ HHTErpUPys NOUJIEHHO.

3.4.3. B kauvecTBe npMMepa DAacCMOTDHM OZHY M3 3a1a4, KOTOphie
MOryT OBITh pelleHbl C NMOMOLIBIO NpeALIAYIIHX TeopeM.

B xakux readpanmax aexcam kopHu ypasHeHus

24284422 4 22-4-3=0?

ypaBHEHHe He KMeeT BeUICCTBEHHBLIX KOpHEﬁ. YTo OHO He HMeeT
NOJIOXKHUTEJAbHbBIX KOpHeﬁ—OquHﬂHO. [ocne NNOACTAHOBKH 2= —x
OHO HNpHUHUMaeT BUI:

X —x34-4x% —2x}-3=0."

Tlpn 0 <<x<C 1 cyMMa mepBHIX TpeX 4IEHOB NOJIOXHTEIBHA Y TAKOBaA
XKe cymma JAByX nocjerzdHux. Ilpn x >>1 cymma nepBmIX ABYX 4JeHOB
DOJIOXKHTEbHA M TAaKOBa K€ CyMMa TpeX MOC/CAHUX.

[Tocne mopcTaHOBKH z=/y ypaBHeHHE NDHHHMAET BHJ:

Yr— iy — 42 -2y -+ 3=0.
BemlecTBeHHass M MHMMAasi 9acTH 3TOTO MHOrouwleHa He oOpallaiorcs
B HyJb oaHoBpeMeHHO. C/le0oBATeNbHO, HE CYLIECTBYeT M YHCTO MHHU-
MBIX KOpHEH.

Pacemorpum Teneps Aarg (z*4-...-+3) BAOJAL KOHTYPd, OXBATbl-
BaWOlIer0 4YacTh NepBOrO KBAAPAaHTAa, (TPAHMYEHHYIO AYTOH OKpYXK-
HOCTH |z|=R npu Goavwom R. lisMeHenue BAOMIDL 0Tpe3Ka BellecT-
BeHHOH OCH paBHO Hymo. Ha gyre oxkpyxuoctd z=Re® rtax uro

Aarg (2t 4...) =Aarg (R%¥%) - Aarg {1 -0 (R-Y)} =2n 40 (R-).
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Ha otpeske mMHHMOH ocn
1 Bt
arg (2*+... arctg( y2+3>.
Uncautens ApobH, crosiiied B CKOOKax, oOpaulaercs B HYJb OPH
y=V'2, snavenatenb—npu y=1'3 u y=1. CrenopateabHo, npH
H3MeHeHHH y oT oo 1o 0 Apo6b H3MeHSIeTCs cieayouiMM o6pa3oM:

y=o00 V'3 V2 1 0
0) -, 0O, +r 0: —, 00, +) 0-

CnefoBaTeibHO, HAa OTpe3Ke MHUMOH ocH arg (z*+-...) yMeHbmaercs
nHa 2m, TaK 4TO NpPH J0CTaTouHO 60JbioM R u3MeHeHUe (yHKUHU
arg (¢*-+...) BOOJL BCEero KOHTYpa PaBHO HYJIO.

Hmak, 6 nepsom keadpanme Hyaet Hem.

Tak xak HyAu pacnajaloTcs Ha Napbl CONPSIKEHHBIX, TO OTCIOAA
cnenyeT, YTO Hyaell Hem u 6 4emeepmom Keaodparme W YTO 60 6MOPOM
i mpemoem K6alpanmax umeemcs no 0ea Hyaa.

W3noxeHHBIl METOX NPHUMEHHM K JI0OOMy anareGpanuecKkoMy ypaB-
HEHHIO.

3.4.4. OcroBHag TeopeMma aare6psl. Beakull muozoureH
Cenenu N uMeem n KopHeu.

[lpexne Bcero, MmuorouseH 2" HMeeT n KopHe#l: Bce OHHM DaBHBI
nyso. PaccMoTpuM npoOU3BONLHBIH MHOroWleH ag-+a;2-+...+a,z*
¢ a, == 0. TTonoxum

f2)=amz", g@)=a,+az+...+a, 2"

K BO3bMeM B KauecTBe KOHTYpa C Teopemsl Pylue oOKpyXHOCTh
pamuyca R>1 ¢ uentpom B Hauase. Ha C

If (2)| =|aa| R,
12(@) | << 10| 1@, [R+- A1 @y | R (| o] @py ) R,
CnenoBatensho, |g|<<|f|na C, ecau R M""ﬁ;’;’””"'. Cornacno
| n

teopeMe Pyine dyakuung f(z) - g (2) uMeeT nostoMy n HyJell B Kpyre
C UEHTDPOM B Hadase, paiHyC KOTOPOro YIOBJAETBOPSET 3TOMY YCJOBHIO.

Teopema Moxker OblThb J10Ka3aHa Takke CJAeAyIOMIUM 00pasou.
ITpeanoncKuM, 4TO Haill MHOTOUJEH He HMeeT HyJjeH; Toraa QpyHKuus
@ . aps AHATMTHURA NPH BCEX SHAUEHHAX 2 (ee ocobbIMH TOU-
KaMu Morau Obl ObITH TOABKO HYJAM 3HaMeHatens). Tak Kax oHa
OrpaHH4eHa IpH |z |— oo, TO, COrJacHo TeopeMe JINyBHANA, OHA NOCTO-
SIHHA, T. €. MHOT'OYJIeH COCTOHT U3 €IHHCTBEHHOIO YJeHa a.

DTHM J0Ka3aHO TOJBKO, uTO MPH 1 ==1 MHOrouJieH HMeeT IO
KpallHe# Mepe OIMH KOpeHb; TOT (akT, UTO YHCJIO KODHEH paBHO A,
ZomXeH OBIThb elle BhIBEJeH OTCIOfA OOBIUHBIM ajreGpaHuecKuM pac-
CYyXKJCHHEM,
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3.4.5. Teopema I'ypeuna*). [lycms f,(2), f5(2),...— noce-
dosamenvrocme Gyrkyull, anarumuueckux 8 Hexomopol obaacmu D,
02PAHUYEHHOL NPOCMbIN SAMKHYMbIM KORMYPOM, U nycme f, (2) — f (2)
pastomepro 68 D. [Tpednoroxcun, umo ¢yuryus f(2) ne pasa modc-
decmeenrno ryao. Toeda mouxa z,, Aexcawas ewympu D, 6 mon
U mMOAbKO 8 mom CAaydae seisemcs Hysem Qpyuxyuu [(2), ecau ¢ D
umeemcs MaKas CXCOAUAACH K 2y NOCAe068AMEAbHOCIE MOYLK 24,
2y, ..., UMO 2, ecmb HYysy pynxyuu [, (2) npu n>n,=n,(z,).

OT0 HeTPYIAHO BbIBeCTH H3 TeopeMni Pyine. Msl MOxeM BHIGpaTh
p CTOAB MagbIM, YTOOB KpYyT |2—2,|=Cp Jexas LENHKOM BHYIPH
D u me comepxan HyJjeH ¢yHKUHH [ (2), 33 BO3MOXKHBIM HCKJI0Ue-
HHEM CaMOH TOUKH z,. Torja |f (2) | MMeeT Ha OKPYXKHOCTH |2 — 25| =
NOJOXKHTEIBHYIO HHXKHIOW T'paHKLY, ckaxeM |f(2)|==m > 0. Quxkcu-
pOBaB p M M, HaldeM CTOJb GOJIBIIOE 1, YTO HA OKPYHHOCTH

|fni2)—F(2)|<<m (n> ny).

Tak xax fu{2)=f(2)+{f. (2) —f(2)}, To w3 Teopemn Pyme ciexyer,
yro mpH A >n, Gyuxuus f, (2) HMeeT B Kpyre CTOJBKO XKe HYJeil,
CKOJIbKO f(2), T. e. uTo f,(2) uMeeT TaM nmo KpaHHed Mepe OfuH
HYJb, €CJH 2y €CTh HyJdb (YHKIUM f(2), W HE WMeeT TaM HyJeil
B NPOTHBHOM cJyuae. JTHM Teopema LOKa3aHa.

[Tpumep f, (2) =e€*/n nOKasbiBaeT HEOOXOAUMOCTD NPEANOJOKEHH,
yro ¢ymkuus f(2) He paBna HyJo ToxAectBenHo. Ilpumep, B KOTO-

2" . .
poM [, (2)=1 —— a D — eauHUuHLI KPYr, MOKasbiBaeT, YTO TeOs

peMa HenpHMeHHMAa K TOukaM rpaHuuel ob6aactd D; pefcTBHTEBHO,
f.(2)—> 1 paBmomepno B D H Ha rpaHule, HO Kaxjasg TOUYKa rpa-
HHUBI fABJAETCS npeledbHON JasA Hynel ¢yHkuuil f, (2).

3.5. @dyuxkuun |f(2)|, Re{f(2)}, Im{f(2)}. [ycts f (2) — dpynk-
IHs, aHaJUTHYeCKAs B HEKOTODPOH 06JacTH, ¥ nycTh U (x, ¥), v (X, ) —
¢e BellleCTBEHHAs H MHMMasi 4acTdH., Msl nHimeM:

9 0
we=gruln §), =g ux g,

M aHaJOTHYHEIM 00pa3oM 0603HAuaeM NPOU3BOAHBIE BLICIIMX MOPS-
KOB,

Mgl y2Ke noxasaji, 4YTo BO BCeX TOUKaxX 00J/1acTH yJA0BJETBOPSIOTCH
ypaBHenuss Kown —Pumana u,=v,, u,=—uv,.

Tak xak npousBopHas f’(2) cyllecTByeT MW HeNpephlBHA, TO CYIle-
CTBYIOT M HENpephiBHBL U BCe HYACTHHIE NPOU3BOJIHBIE BTOPOrO NOP KA
ot u u v. CleloBaTeNbHO,

d 0
Uny= 5= (Uy)) =5 (Ux) = —Uyy»
ox oy

*YHurwitz[l].
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T. €. GyHKUHA 4 YAOBJETBOPAET cJeAYIolleMy yPaBHEHHIO B 4aCTHHIX
NPOH3BOAHBLIX (ypaBHenuio JlanJaca):

Ups+tyy=0.

AHAJIOTHYHO YCTaHABJAMBAETCS, YTO TOMY K€ YPaBHEHHIO YIOBJETBOpsiET
by BRUMA v.

®yukuun, yroBJeTBOpsAWIIME 3TOMY AHbdepeHLHAaABHOMY ypaB-
HEHIW, HA3bIBAIOTCS 2QPMOHUMECKUMI WM NOMEHYUQAbHOIMI DHYHKYU-
amu. Mopyasb | f (z) | anaiuruueckod Gynkuud f (2) He ABagercs, BooGie
ropopst, rapMonuueckoil dynkiuueit; wo log|f(2)| ecTb rapmoHHue-
ckasg GyHKUHSA, TAK KaK 3TO — BellleCTBeHHas YacTb GYHKUHH log {f (2)}.

3.5.1. Muoxectna Touex, rge |f | =const, Re f=const, Imf = const,
ABJAFIOTCH KPHBHIMH B MJIOCKOCTH 2.

Ecau |f(2)|=const ecrwdy & obaacmu, 20e pyuxyus f(z; anaiu-
mudna, mo 6 amoti obaacmu f(2)=const.

Heficteuteninio, ecau |f(2)|=¢, to u?-+v?=c? CuegoBareibHo,
ute+vu, =0, uu,-+vv,=0, nau, B cuay cootnomenui Komu —
Fumana,

uuy—ou,=0, uu,tou,=0.

Hckarouas u,, Mol BHIHM, uto (42 +v?) u, = 0. CrenoBareasHo, u, =0,
M aHAJOrMYHO J0Ka3biBaeTcsd, YTO PaBHHI HYJMO 4, Uy H U, Chaeno-
BATEIbHO, & H U-— [OCTOSHHbIE, T. €. [(2) eCcTh MOCTOSIHHAS.

Eie nerye gokasarh, YTO eC/IH OJHA U3 (PYHKUHMH u, v sBJAseTcs
nocTosuHof, To M f(2) —nocrosinnass, Mbl npenocraBiaseM ZoKasa-
TENBLCTBO YHTATEJIO,

3.5.2. Hyau yuxyuu f(z) — mouxu nepeceverus Kpuestx u=>_
4 v=0. 310 oueBUIHO.

B npocrom nyne xpussie u=0 u v=0 nepecekaworcs nox nps-
MbIM yrJioM. 210 npamo caepyer us ypaBHeHn# Koiunm — Pumana
H BUIHO TaKXe H3 Cjaefylolmux coobpaxenuil. [lycts paccmarpuba-
eMblii Hy/Jb ecTb Touka z=0. Mpl MoxeM Hanucatb

f(2)=ae"z2-+0(z?),
TaK YTO

u=arcos(x-+8)+0(?, v=arsin(e+8)+0 (r?).
slcHo, uyTo HanpaBJieHHsi KacaTeNbHBIX K KpuBeIM 4 =0, v=0 3a-

1

LalTcs yrjaaMH B=-2—:rr—oc, 6=—o.

Touka, 6 komopoil 3sravenue [(z) eewecmeento u ' (2) =0, ecmeo
dsotinas mouxa kpueoil v=0.

HeiicTBuTeibHO, B Takoit Touke v=0, v,=0, v,=0, a 370
U ecTh YCJOBHE, onpefedsitollee ABOHHYIO TOUKY.

Kpusrie |f(2)|=const HasblBAIOTCA AUHUAMU YPOBHSL.

Mppmep. [okasare, uTo ABOHHOM HyJb GYHKUMM f(Z) ABJfeTCs LBOHHOHA TOu-

KOH Kaxaoro w3 KpuBHX 4=0, v=0 ® YTO 3TH KpuBble mEpeCeKalTCs B ITOU
TOYKE HOj yrjoMm /4.

5 E. TuTtuMapm
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3.5.3. Touxa AuHuL YPOBHA 8 MOM U MIOABKO 8 MOM CAY4ae ABAL-
emcs 0601iHOL, ecau amo Hyas gynxyuu [ (2).

Jlunus ypoBHa onpefensercd ypaBHeHueM wu?-fui=c%, u ee
TOUKA ABJfeTCS ABOHHOH B TOM U TOJBKO B TOM CJydae, ec/id

uuy+vv, =0, wuu,+vv,=0.

O6a 3TH ycT0BHSA YIOBJETBOpsIOTCS, ecsd [ (2)=0. Urtobwl creaaTsb
00paTHOoe 3aKJ/ueHHe, MPEICTABUM BTOpOe YpaBHEHHE B BUJE

—uv,+ovu, =0,

M0C/JI€ Ye€TO BO3BBICHM TO U ApYyroe B KBajpaTr H CJAOXKHM. Mur noJjay-
YUM pPaBeHCTBO

(ux+vy) (@2 +0*) =0.

Crneposarennno, u,=0 u v,=0, a noromy u [’ (2)=0.

3.5.4. JIuHuu ypoBHA U BYJU GYyHKUKMHU[(2). Ecau C —
npocmas samKHymas AuRuS ypoous u pyukyus f(2) anarumuuna
eryripu C u na C, mo [(2) umeem snympu C no Kpatineti mepe odun
HYAD.

Ilycts Ba C

F(2)=u-}iv=rce®,

TaK 4YTO ¢ — MocrosHHag. Torjaa
T 5 1 o 14
c=Vu+2, ¢ =arctg —.

Ilycte s—pauHa wa C, OTCUMTHIBAEMAs OT HeKOTODOM TOUKH 3TOH
xpupoil, Toraa

de du do\ 1
0=g={a &) e (M
dp dv dul 1
z;*@zz“”ﬁ)ﬁ- (2)
IIpoussonnas % He MOXeT 06paTHTbcA B HYJb HA C. JleHCTBUTENbHO,

ecau Obl OHa 06paTHJIaCb B HYyJb, TO, BO3BbIlIAA B KBaapaT H CKJad-
JibiBasd Npeapiayimue COOTHOILUeHUA, Mbl NOJYYUHIU OBl PaBEHCTBO

@+ (5] + (%)) =0,

du do
T. e. paBeHctBa —_ =0, - =0. Ho

ds
du dx dy
T T gy T g
du dy _ dy

dx dx
U5 = Vs ge U e = T My g T e s
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TAaK YTO HOBOE€ BO3BLIIEHHE B KBaApaT H CYMMHDOBaHHe NDHBeJH Out
K PaBeHCTBY
dx \2 dy \2
2 2 oy
(ui - uy) {<K) + <g) } =0.

Bropoit MHOxMTeN» paBeH 1, u moromy wu,=0, u,=0u [’ (2)=0.
Ho Ha JsuHEH ypoBHA 6e3 JABOHHEIX TOYEK 5TC HEeBO3MOXKHO.

Wtak, npousBoJHas %(f» HUMeeT BO BceX ToukaX KpuBoi C oInu
¥ TOT Ke 3HAK, T. €. BAOJAb 5ToH KpPHBOH yroa ¢ JHOO MOHOTOHHO
BO3pacTaer, JHGO MOHOTOHHO yOmBaeT. ClefoBaTesbHO, €ro H3MeHe-
Hite BAOJb KOHTypa C He paBHO HYJI.

Ho wusMmenenmne yraa ¢ Bposs kontypa C paBHO 4HCHAy HyJeft
¢yHKUMH f(2), nexamnx BRYTpH C, yMHOXeHHOMy Ha 25, Cjefosa-
TeAbHO, NO KpaiiHell Mepe OJHMH TaKOH HyJb CyllecTByeT *).

3.5.5. Lcau [(2) umeem n wynred enympu C, mo [' (2) umeem
n—1 nyneid enympu C.

[lycts Ba C

f (2) = ce'®.
, . 10 AP
Torpa f (2) =cie’® 2~, u
arg {f' (z)} = const 4 ¢ }-arg %‘J.

CileoBaTeIbHO,
r , d
Acarg {f’ (2)} = Acarg {f 2)} +Acarg 3L,

rze Ac o6osnayaer usmeHeHue Baoap C. Ilyctn a’ —uyucno nynelt
dbynkuun f'(z). Tlpensinyman ¢opmysa nokassiBaer, 4o

2nn'=2nn+AcargZ—f. n

dp _ dgds

H dz ~ ds dz’
Ha C nocroauusifi 3nak. CjegoBatenbHo,

d
H, KaK Mbl YK€ BHJe/aH, NIPOU3BOAHAA d_;E COXpaHder

do ds
Acarg(ﬁ =Acargd—z.
dz _dx | .dy L i fp .
Hanee, =& +- i = cosyp-isinp=e”, TIe P—yroa Mexny
kacaTesbHOH K C u ocbio x. CienoBarens.io,
Acarg %= — Acp= —2n,

H, Jens paseHcTBO (1) Ha 2@, MBH NoJyuaeM paBeHCTBO A’ =n— 1,

*) Uuratesb, KOTOPOrO He YIOBJETBOPAT 3TH apryMeHTHl, MOMET BLIBECTH
JOKA3bIBAEMYIO TeOpeMy W3 NpDHHIMNA MaKCHMyMa MOLYJIsS (. V). NOCKOAbKY
MakcamyM ¢yukuun | f (2)|, paccmarpusaemodt BuyTpm C M Ha C, jocruraercs
wa C, ee MHHEUMyM LOCTHraerca BHYTpW C H notoMy paBeH Hyuo. (I1pumesanue
nepegoduuKa.)

B*
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3.5.6. Cnenymwowas TeopeMa HHOrga AOCTABJsieT IOJE3HHE CBele-
HUMST O HyAsiXx YHKIHH *).

MMycme C — npocmotl samxrymoui KoHmyp, u nycme pyrxyus f(2)
anarumuuna enympu C u na C. Ecau Re{f(2)} obpawjaemcs na C
8 HYyav 6 2k pasauuneix mouxkax, mo f(2) umeem suympu C He Gonee
k ryaeil.

Ecau f(2)=u-+iv u n—yuncno nysned GyHkuHH f(z) BHyrpn C,

1 v
TO ’l=§5Ac (arctg 7)' B3ssiB Kakywo-HuGygb TOuky, rge u =0,
B KayecTBe Ha4ya/JbHOH, MBI MOXKeM NPHHATb 338 HayaJbHOe 3HayeHHe

v 1 1 .
arctg7 TO, KOTOPOE 3aKJ/IOUEHO MEXIY —715 H §:n;. HepeHTH u3

3TOr0 HMHTEPBAJA, CKaXeM, B HHTEPBAJ (%n %n) MBI MOXKEM
TOJBKO B cJjyyae, ecid u oOpaTMTCA B HYJb, 8 NepeilTH, JaJee,
B HHTepBaJ (\% T, %n) — TOJBKO B CJydae, €C/IH & CHOBAa 00paTHTCH
B HyJb. Taxum oGpasoM, ecanm u JBaxasl ob6pamaerca B Hyab Ha C,
TO 4uCa0 Ac arctg%, camoe GoJipiuee, paBHO 2m, a n, camoe OOJib-

luee, paBHO 1. DT ke coobpaxeHHs MO3BOJAIOT, OUEBHAHO, OXBATHTD
obwui cayyas.

3.6. Hurerpan llyaccona. Teopema Hencena. [lycrme pynxyus f(2)
anarumuina ¢ oGaacmu, codepicawieli kpye |z | << R, u nycmeo u(r, 8) —
ee seujecmeennas wacme. To2da npu 0<<r<<R

R2—r2

n
1
ufr, @)-———ﬁ S RE—2Rr cos (6— @)+ 2 u(R’ (P) dq)'
0

Ara dopmyna usBectHa Kak HHTerpan [lyaccona. Takas xe dop-
MyJ1a BepHa yid MHHMOH yactd o(r, 6) dyHKuuu f(2).

Ot Qopmydn anajoruunn dopmysae Komu, Belpaxaromed sHaue-
ane ¢ynkouu f(2) B TOuKe, Jexaulel BHYTPH KOHTypa, uepe3 ee
aHayeHus Ha KOHType. ONHAKO OHH He MOryT ObITh MOJIyueHbl U3
dopmyasl Komu NpocTeIM OTaeseHHeM JEeHCTBHTe/BHOH 4YacTH OT
MHHMOH.

Mp gagum JBa J0KasaTesbCTBa.

[leppoe zokKasaTedabcTBO. MoxHO cuMTaTh Ge3 ymepOa
A1si 06HOCTH, YTO Bce KOa(hHIHEHTH a, pasJoxeHus [ (z)=3a,z"
BemiectBennnl. JlefcTBUTEbHO, B ofmeM cayuae a,=a,-+if,, TaK
9710

f@= a2z +i Y Ba2" =F1(2) +ifa (2)

- *) CM., nanpumep, Backlund [l].
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u Ref=Ref,—Imf,. INockoabky {a,i<|a,| u |B.|<|an|, dynk-
uny f, u f, asanauTHuEEl npH | 2| << R. Taxkum obpasoM, obuwmil cay-
yail CBOAHTCA K HalUIeMy CHelHaJbHOMY CJIyyalo.

3ameTuM, YTO B 3TOM CHeELHAJbHOM cjyuae f(re=®)=u — iv, ecau
[re®y =u+iv.

[Tyers 2, — TouKa OKpPYXKHOCTH |2|=R, u nyctb f(z)=u,-+iv,.
Cornacro dopmyae Koiun,

2n

. 1 U+ vy 1 S (11 +ivy) Ret® do
u v=—" \ 2" 1dz, =— —_— 1
- 2ni S n—z ' 2n P Rel® — rei )

Tak xak touxka R%/z nexutr BHe kpyra, ToO

2n
0 =L S v g, 1 S (44 ivy) R dgp
2 R T2 ) peie — pepagin

21—
1 Z 0

Tlocae v3MeHeHMS 3HAKAa ¢ 3TO JaeT pPaBeHCTBO
20 R
o (lasibody
on p Re—i® — R2p—1,—i0

T. €. paBEHCTBO
20

1 S (i—ivy) ref®dp 0

2n rei® — Rele

0

Briunrasg 3ty gopmyny u3 dopmyast (1), MBl BUAHM, YTO

2n
o L Re‘O4-re® |
u—+iv = on § {ul Re"‘P—-reie_’_ lvl} do,

H, OTHeNss BeLIeCTBeHHLle YacTH, NOJy4aeM 10KasbiBaeMyio GopmyJy.
Bropoe nokasateasnctBo. [lycrs

f(@)= i ‘O - (B ,) rein® (r<R).
n=0

Kak B § 2.5.3,
| 2n 1 2n
R =— S u(R, g)cosnpde, PaR*=—_ S u(R, ¢)sinnede
0 0
npu n>0 u

2n

I
%y =5 S u(R, @) de.
0
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CJrenoBaTeJIbHO,

ulr, 6)—2(oa,,cosn@—ﬁ,,smn@)r"——s (R, ¢)do-+

n=0
1 2n
+ V ;Q”S (R, @) (cosnb cos ng-+sinnbsinng) do =

n=1 0
%Snu(ze (p){ + i cosn(e—(p)<]'€>n} dep.
0

n=1

O6pailienHe mnopsSfKa CYMMHPOBAaHHS M WHTeTDUPOBAHHS ONPaBALI-
BaeTcsd paBHOMepHOH cxopuMoctblo. OKoHuatesnHas Gopmyna noay-
yaeTcA NocAde CyMMHPOBAaHMS DSAA, CTOAIErO B CKoOKax.

3.6.1. Teopema Mencena. [lycme f(2) — pynrxyus, anarumu-
4ecKasn npu \z|<R I pednoaroxcun, umo f(0)s£0, u nycmo ry, rq, ... —
modyru nyreli pyrkyuu f(2) 6 xpyee |z | << R, pacrioroscernvie 8 Heybbi-
eaowem nopsdxke. Toz0a npu r,<<r=<rpy

2n
7| f(0)! 1 .
log 7;1,‘2';_?. )rn =5 S log | f (re'®) | do. (1y
g

3neck HyJb mopsaxka p cuutaercs p pas. Popmynaa HHTepecHa.
TeM, UTO CBS3BIBA€T MOAYJb OYHKUHH ¢ MOAYJASMH ee HyJell.

Ona wMoxer ObITh TNpeAcTaBjeHa B ApYroft ¢opme, B HEKOTOPHIX
OoTHOIIeHHsix Gosee mnoge3noll. (OO003HAUUM Yepe3 A (x) UHCJIO HYJel
byuxkunn f(z) B kpyre |2|<<x. Mpl MOXeM HanucaThb:

r"=n10gr-— Z logrp, =

m=1

log —~
ogr1
n—1

= Z m (10g 1y —log rm) +n (log r —log ry) =

m=1

n—1 "m
d
- 3m S Y S
Tak kKak m=n(x) npH r,,,\x<r,,,+1 Hn=n(x) 0pH r,<<x<r,

n(x)
TO mpaBas yacTh paBHa \ —=dx, n ¢opmysa Mencena npunumaer
§

r
_L
=
0

BHAI!

log| (re'®) | 0 — log |/ (0) | @

o(,';'\"
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Mo JaguM JIBa J0OKasaTenNbCTBa 3TOH TeOpeEMHI.

[Tepsoe pnoxkasatenbcTBO. Ecau f(2) He uMeer uyJeid Ha
OKDYXHOCTH |2|=7r, TO

2n
F@ g, 1 (1eed
n (f) T S (2) =on —;(re—le) re 9 de. (3)
0

dopmanbro ¢opMmyna HenceHa nosyyaercss OTCIOAA IOcJE JeseHHS
Ha 7, HHTErPHPOBAHHS 1O 7 W OTAeNeHHA BelleCTBeHHBIX uacTefl.
OnHako 3aKOHHOCTb 5TOH NpOUEAypHl He OUeBHIHA, NOCKOABKY MOAHH-
TerpasbHas $yHKuHs obpalllaerci B GeCKOHEYHOCTb. Mol mpumeHHM
TI0STOMY HECKOJBKO HHOH Merogn.

B uHTepBase MeXAy MORYJSAMH I,, Ipy; ABYX HNOCJENOBATENbHBIX
Hy/le#l Kaxpaas M3 ABYX uacTeil ¢opmyanl MeHcena nMeeT menpepuiB-
HYI0 npou3BofHylo. [IpoM3BoAnas JeBoil yacTw paBHa n/r, a NpOH3-
BOJHAA NpPaBof yacTH eCTb

2n

%S%{log!f(re"e)l}de=

0

di {logf (re®) +logf (re—'e)} do =

{; e gio 4 L 27) e‘ie} d =
(,eze) f (,eie)

— 1 ﬂf,(’eié 9 48
Re f(ele)e d

1
= 4n

4_

01’7.5’ o(’;w

B cuay dopMmyan (3) npapas YacTb STOr0 paBeHCTBAa DaBHA n/r.
CrejoBaTelbHO, B KaxJIOM TAaKOM HHTepBaJe NDOU3BOAHbIE PaBHLI
Mexay coG0H, TaK YTO OxHA yacTb ¢Gopmyasl Kencena moxer orTau-
uaTLCsl OT APYro#l TOJBKO HA MOCTOSHHYIO.

Ho npu r=0 sTu vacTtu, oueBHAaHO, paBHBI MeX1y cobol. Cre-
LOBaTebHO, JOCTATOYHO AOKA3aTh, YTO OHH H3MEHSIOTCA HempephIBHO,
KOrja r DPOXOAMT yepe3 3HAYEHHE 7.

Has JaeBoit yactH 3To oyeBupHo. Urto KacaeTcs mpapofl 4acTH,
TO JOCTATOYHO PACCMOTPeTb cAyual, Korja HMeeTcd TOJBKO OJHH
HyJb C MOAYJeM r,, [pHYeM MOXHO CYHTaTb, YTO €0 ApryMeHT
paBen Hymo. Torjpa

log | re") | = log| 1 = 72|+ 7, 0,
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npudeM QyHKuHs P HenpepbBHA B OKPECTHOCTH 3HAYEHHT 1 =r,.
CrnenoBaTesbHO, JOCTATOYHO JAOKa3aTb, YTO HHTErpal

2n

S log ll e’e J de

0

HenpepuiBeR Npu r=r,. Ho npu r/r, <2

9= 1—rLeierzl—-QrLcose—f—;—zzsin26—1—<c086——;’—>228in26;
caenoBatensHo, npu 6<<m
8 )
S log\l—rLeie\de <S {log 3+ |log | sin 6 |} d§ <
" 8

s =

8
<\ 14+ 1og| 0} ds < 48 10g 5

—b

Met MoxeM BpOpaTe & cTomp MaspiM, UYTOGBI NpaBasi yacTb Gha
NPOH3BOJBHO Manoii  AJa BceX 3HaueHHH r BOJAH3H r,, NpH QHKCHPO-
BaHHOM e 8 ocTaTtok HHTerpana, OueBMAHO, HempephiBeH. Cregosa-
TeJbHO, H BeCh HHTETpa] HenpepblBeH.

Bropoe gokxasatenbctBo. OHO COCTOMT M3 HECKOJBKRX
NYHKTOB.

(I) Ecan f(z) He umeeT Hyne#i npu |2|<<r, TO logf(2) ectb
aHajauTHueckKas GyHKIHS NpH |2|<Ir H

2n
logf (0) =5z S 08 12) g7 — oL Slog{f(re"e)}de

lz|=r

TpupaBHHMBasA BelleCTBEHHbIE YAacTH, Mbl NOJYyYaeM JO0KasbiBaeMyio
dopmyay. .
(I1) Ecau a; =re® u 0<<r, <r, TO, coraacHo teopeMe Komy,
_ ., dw
log (1 —wa,) - =0
lw|=1/r

rie B3ATO rynapHoe 3HaveHue jgorapudma. CaenoBatesisHO, NPH coou
BeTCTBYIOUIMM 00pa3oM BLIODAHHBIX 3HAUEHMAX JIOrapH(MOB,

i § s(1-gm) T [ tee(-op) -
|w|=1Yr

argw=2mn __

4m [10g2 w]arg w=40

) 4m( og — —;—,_m> —1—4% Iog271.

S’i"“s'l'—'g
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Otpensas QeHCTBHTeJNbHbIE YacTH, Mbl MOJY4YaeM PABEHCTBO
) 2n
r : r
—__ L pi(6,—0) e_—: _
JISlog}l e d logrl.
0

310 — opmyaa Mencena pas f(2)=1 —ai.
1

(IT1) Ilpenpinymasi dopMyna moxeT ObITb pacmpocTpaHeHa Ha
cly4all r=r, MyTeM nNpHMeHeHHS TeopeMbl Komu K OKPYXHOCTH
|w|=1/r ¢ HebOJbIUMM KPYroBLIM BLIPE3OM, HCKJIOYAIHM TOUKY
w==1/a,. Vuterpa/, B3ATLI MO rpauuie Bepe3a, CTPEMUTCA K HYJIO
BMECTe C er0 PajuyCcoM, M J0Ka3aTesJbCTBO 3aBepILIAETCH KaK BRIE.

(IV) B obmem cayyae

ro={t =21 =) 1 -2

npuueM @ (2) He HMeeT HyJeH npu |z|<rmy U ¢ (0)=f(0). D10
103BOJISIeT cBecTH OOIMH cJy4adl K PacCMOTPEHHbLIM CHeiHAJbHLIM
CAy4asM CJOKeHHEM.

Teopema oGobmaercs Ha (yHKIHH, HMeIOIHE He TOJAbKO HYJIH,
HO H nomochl. [lycts ¢yuxkius f(z) yIOBIeTBODHET TeM Ke yCJIO-
BHUSIM, YTO H Bbllle, HO NYCTb TeNepb OHa MMeeT B Kpyre |z|<Ir

HYJTH Qg ..., Qm ¥ TOMOCH by, ..., b, Toraa
2n
1 .
log{ b f(o)‘ f”“" =5 S log | f (ret®) | 6. (4)
0
IefictButebHo, ecu f(2) = - g - zgh(Tzz))’ To
(1_E>"' (1_5;)
2n
_f& =L "
log 720 Qn()Slog]g(re )| o
#
log 55— = 55 S log |k (re®) |8,

TaK YTO HYXHO JIHIUb BLIYECTb BTOPYyIO (OPMYJy H3 NEepBOH.

3.6.2. ®opmyna Ilyaccomna—Vencena. [lycmo ghynx-
yus f(2) umeem sHympu Kpyea |z| << R Hyau 8 MOYKAX Qy, Qg +.v )y Oy
u noawcsl 8 modkax by, by, ..., by, U nycme OHA AHAAUMUYRA U He
00paUaemcs 8 HYAb 60 6Cex OCMAAbHLIX BHYMPEHHUX U 2DAHUYHLIX
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mourkax Kpyea. Toela

2
. 1 Rz 2 :
log|f (re®)| = 5 \ mr—smr sosr gy 108 |/ (Re®) | dp —
0

nW R2—byre'®
. Z log + Z log ‘—_R e —by|"

=1
dra Qopmyna conepmm KaK crenuajibHble caydau H GopMyay
Ilyaccona, u ¢dopmyny Hencena. Ecau neT HH Hynell, HH MOJIOCOB,
TO OHA cBOAMTcA K Qopmyne [lyaccora JAnas BellleCTBeHHOH 4acTH
dyuxuru logf(2). C apyroit cropoHbl, npu r=0 Mpl NoAyuaem
obmyio popMyay Uencera:

2 i0
R aure

R (re’e—a )

log|f O)|— Slog\f (Ret®) | dp — log{_blbz—

Rn=rl.

Joka3aTeJbcTBO ONSTH COCTOHT M3 HECKOJbKH® IMyHKTOB.
(I) Ecau f()=2—a, rne |a|<<R, TO ¢dopmyna cBOAUTCT
K DaBeHCTBY

Iog|re"6—a|_
i R — arei®
SR2 2chos(6 (p)_l_,zlog’Rem—a|d(p—log‘mm——_a) .
T. €, K PaBeHCTBY
2n
are’®) 1 R — 2 i
log \R — 7R ‘ = %(5 R2—2ch05(6—q))-|-r210g |Re* — a| dg.

Ho 310 —dopMyna Ilyaccona mas BelllecTBeHHOH 4YacTH (QyHKLHH
az .
log (R — & )» KOTOpas aHANHTHYHA NpH lz|<R.

(II) Tlogo6ro 3TOoMy, ecad f(z)=ITb, TO QopMyNa CBOAUTCS

b
K Qopmyae [lyaccona pis BelecrBeHHOH YacTy GyHKUMH log (R -—%)

(I11) Ecnu dyHkuus f(z) anaadTHuHa H He UMeeT HM HyJeH, HH
NOMOCOB B Kpyre |z|<<R, To ¢opmyna cosnagaer c ¢opMyaol
Ilyaccona ansa BemiecTBennol uactd yuxuuu logf (2).

(IV) O6muit cnyuait cBOAHTCS K 5THM CHEUHAJTLHBIM CAYYasiM
CIO:KeHHEM.

3.7. Teopema Kapaemana. B npeanigyumiix Teopemax paccMaTpH-
BaeMasi 06JacTb 6blia KpyroM. Mbl 3aKJI0UHM TJaBy JOKa3aTesb-
CTEOM JIByX TeopeM TOrO e Tuma, 4yTo M Teopema Meucena, orHOCA-
[HUXCS COOTBETCTBEHHO K MNOJYNJOCKOCTH H NPAMOYrOJbHHKY.
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Teopema Kapaemana®). [lycms pynsyus f (2) anarumusna

npu |z|=p, —7n<argz< o 9L, U nYycmo OHA uMeenm HYAu e’

re, ..., re’® enympu kowmypa, cocmosweeo us noayoxpyrxcrocmets
1

2| =p, |2| =R, —gn=<<argz<<5 N U COCOUHAIOWUX UX OMPE3KOE

MHUMOU ocu, u He umeem Hyrel Ha xonmype. Toz0a

Zl )06——1~
(= i) costv =

n

log|f (Re'®)| cos 6 db -+

T

00| ey 00|
=

yZ

+%§G—é%%mwﬂ—@mwﬂu»

20e O (1) obosnauaem ynxyuio om p u R, xomopas npu gurcupo-
BANHOM O OCMAeMCS 02PaHu4eHHOl, Ko20a R — co.
Paccemotpum unTerpadn / =ﬁ S log f (2) (2—12 -+ 7%15) dz, B3ATHI BAOJD

KOHTYPAa B HOJOXHTEJbHOM HanpaBJeHHH OT HAYAJbHOH TOUKH Z =
= [p ¢ Kak-1460 BbHIOPAHHbIM B Hell Ha4aJbHBIM 3HaYeHHeM Jora-
pudma. VirTerpas, B3ATHIH BRoJb MaJOH NONYOKPYMKHOCTH, OTpaHH-
yen. Ha oTpeske oTpuuaTe/qbHOH YacTH MHHMOH OCH Mbl IOJAraem
2=—1Iy; COOTBeTCTBymmaH yacTb HHTErpaja paBHa

%SMHFWMW—%M%

HuTerpan, B3sTuifi BAOJIL OOJBIION NOJNYOKPYKHOCTH, paBeH
T
K —20
log {f (Re®)} (7 -+

T

Rl_z) iRe™® df —

N
a —
0O ey 00|

—

1
AR

U
S log {f (Re'®)} cos Bdb.

_Lﬂ

WuTerpHpoBanue BROJIb OTPe3Ka NOJAOKHUTENbHOH yacTH MHHMOH OCH
JaeT '

-;—flog{f (@)} ( ,%) dy.
o

*)Carleman [1],
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CkyagplBast BelLECTBEHHBIE YAacTH 3THX WHTErpajioB, Mpl MNOJyYaeM
npaByio 4yacts popmyasl Kapnemana.
C mpyroi CTOPOHBI, HHTErPUPOBAHHE NO YACTAM MOKA3LIBAET, UTO

I =gl loel @/ (= 3)| + o § 7 (5 — ) 4=

Korza mpl o6xoauM KouTyp, logf(2) Bo3pacraer HA 2min, U nNOTOMY
BHEUHTErpanpHLIl ujen uucto MuuM. [locaennuii xe unen, B cuay
TeopeMsl O BhIYETaX, paBeH

n
\ ( 1 ,ve‘ev
0, ’

v=1 \vé v R?

H ero BelllecTBEHHAs YacTb ecTb nmpaBad yacTs popMyast Kapnemana.
©opmyna Jerko obobmaercsd Ha cayyall, Korpa [ (z) HMeeT HyJH
Ha MHHUMOH OcH: Mbl JlefaeM HeOOJbllHe BbIPe3bl BOKPYr 3THX HyJei
H TIepexoluM K Mpeneny.
3.7.1. Ilycmo ynxyus [ (2) anarumuuna v oeparuvena npu x =0,

u nycme riet, r.ei, . —ee wyiu ¢ npasoii noaynaockocrmu. Toeda
o0
cos 6
psd Z r—” cxodumes.
n

n=I
Ilpy 3THX ycnOBHAX npaBas yacThs GopMmyas Kapaemana orpanu-
yeHa CBepxy, ckaxeM, < M. TakuMm obpasom,

4 1 ry
Z (;;—-R§>cosﬂv<M

v=1

a8 Bcex 3Havenud R. Kaxaplll 4ieH c/eBa NOJIOMKUTENEH, U eClH

1 1 Iy 3
ry<< 7R, TO TR Ay CaegoBaredbHO,
cos By, AM
Z ry < 3
i

YTO H JOKAa3bLIBaeT CXOIAHMOCThL psAfa.

Hetpynno npoBepuTh, 4TO TeopeMa oOCTaeTcs BePHOHN, €ciM Ml
savenum ycaosue f(z) =0 (1) yeaoBuem f(2)=0(e'?'") ¢ a << 1. He
npu o =1 TeopemMa He BepHa, Kak noka3sbiBaeT npumep f(z)=cosz.

3.7.2. [lpenpinyiiefl TeopeMOH MOMKHO BOCIOJL30BATLCS JUIS J0Ka-
3aTe/IbCTBA CJEAYIOWEro HpelnoKeHus.

Ilyemes  @yuryus- f(2) awasumuana npu x=0, u nycme f(2) =

=0 22) ¢ a>0 pasromnepro npu ]argz|<%n, Koeda z— oo.
Toz0a f(z) =0 moscOecmeento. ~
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JIlas mokasaTtesncTBa paccMoTpum yHkuuwo F (2) =f(2)sinbz, rpe

0<b<a. OnHa aHa/HTHYHA W orpaHuveHa npu x =0, oHa Hmeer
ni

b
HyJH B TOUKaX 2=-;, H DAl EH pacxoxurcad. Ho 310 Hecosme-
CTHMO C TeOpeMOH Npexmiylnero naparpada, ecjaH TOJIbKO (YHKIUMA
F(2) He paBHa Hymo TtoxaecrseHHo. CuepoBaTesnbHo, F(2)=0 u,
tTakum obpasom, f(2) =0.
YcaoBusi 310l TeopeMsl OyayT ocsabieHu B § 5.8.

3.8. Teopema JlurtaByna *). Ilycte C — KOHTYp npsaMOyroJbHMKa,
OTPAHHYEHHOTO MPAMBIMH X=X, X=1Xy, Y=1U;, Y==Y,, TIAE X; < Xy,
Yy, <<y, Ilycrs yHkuusa f(2) aHa/uTHUHA U He OGpaIlaerTcsi B HyJb
na C u mepomopdua sHyTpH C. Tlosmoxum F (2) = log f (2), onpegeans
Jgorapudm cienyoompM o6pa3oM: Mbl HauMHaeM ¢ OOBIUHOTO Onpefe-
JIEHUS 0PH X=X, U TOJydyaeM 3HaUeHHs B JPYTHX TOUYKAX M3 3Ha-
uennl log (x, -4 {y) nmyTeM HeNpPepLIBHOIO H3MEHEHUS BIOJb NPAMBIX
y=const. Ecuan, ONHaKo, MBI BCTpeuaeM Ha TaKoH NpsMOA HyJib
wan noJnoc GyHKuMH f(2), 10 Mbl onpemensieM F (2) kax F(z * i0)—
B 3aBHCHUMOCTH OT TOTO, IipHG/IMKaeMcs JIH Mbl K 3TOf NpaAMOil cBepXy
WJIH CHH3Y.

Hycme v (x") obosrHauaem usboumox wucaa Hyreld ¢yuxyuu f(2) nad
HUCAOM ee NOA0C08 8 Mol wacmu npamoyzoaeHuxka, 20e x> x'. Tozda

Xa
\F(z)dz=—2ni { v(x)dx.
C X,

PaccmorpuM cHauasla dyHKuuwo f(2)=z—a, rie a— HekoTopas
Touka npaMoyroibHHKa. Ilyers a=o i, u nycrs C’'— KoHTYp,
MOJIYUEHHBIH CJIeNyIOMNM 06pa3oM: cHauaJ/ia Mbl epeMelnaeMcs BaoJab C
B TOJOXKHTEJLHOM HalPaBJeHHH OT TOUYKH (X5, Y;) O TOUKH (X;, P),
3aTeM — BIOJIb NpAMOH y=P no Toukn o —e-if, sateMm —B OTpH-
11aTeJIbHOM HaNpasJIeHMH BROJb TOMHOH OKPYXHOCTH pajguyca €
C IEeHTPOM 2==@a, 3aTeM — Haszal BJOJbL NpAMOH y=f M, HaKOHell,
BIOJIL ocTaiomefics uacTd kKoHtypa C K ucxomHoH TouKe. DYHKuUA
F (2) anamutuuna sHytpu C' u Ha C', Tak 4ro

{ F(z)dz=0.
C!
MHTerpas, B3ATBIR BROMb MaJIOH OKPYXKHOCTH, CTPEMHTCS K HYJO
BMECTE C €€ PaJMyCoM; CJeN0BaTeIbHO,
[¢2
| F@)dz=— {{F, (&)= F(2)} dx,
C Xg
rie Fi(2) u F,(2) —sHauenua ¢ynruuu F(2) Ha nyTd oT x;-4if
K o+ u Ha nyty o6patHo. Tak Kak F, nosyuaercs us F; nmocse

*) Littlewood [4].
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obXona npOCTOro HyJ s 2=a QYHKUHHU [ (2) B OTPULATENbHOM Harpase-
JIEHWH, TO '

Fy(2)=F,(2) —2ni.

CJieloBa TeJIbHO,
o X3
{ F@)dz=—2ni {dx=—2qi { v(x) dx,
G Xy Xy

rie vix)=1 npn x;, <<x<<o u =0 npu a<<x<<Xx,, a 3T0 U yTBep-
¥ JAJIOCh.

Q6masn dopmyJsa rnosyuaercss U3 OOKA3aHHOH NPOCTHIM CYMMHPO-
BaHHEM UJIEHOB, COOTBETCTBYIOIUMX pAa3J/HUHLEIM [OJIOCAM M HYJIAM

dyHKnuyu f(2).

PA3J/IMYHDBIE TMPUMEPHI

1, BoluHC/IHTL RHTErpaisl

o0

[»2] [»2]
dx x2dx dx
¥10 41 X641

0 i

U

KOHTYpHEIM HHTEF PHPOBAHHKEM,
2, BeIMHCJAHTD HHTErpainl

[>e) 00 ) =] o0
Cos X cos X sin? x sind x
§ TrE dx, S ET R dx, S = dx, S o dx
0 0 0

KOHTY PHEIM HHTETpHpOBaHHeM,
3, [lokasarb, uyto npu ¢>0

¢+ {co
1 gz_dz_{loga (a>1),
omi 277710 O<a<l),
c—{oo

4, JlokasaTb, 9TO HHTETpan , B3ATHIf BAO/ML eJUHHYHOH OKe

S dz
V4z2 44243

PYXKHOCTR ¢ NOJNOXKUTENbHBIM HagajLHbIM 3HAYCHUEM pPaJHKaJsa IpH z2 = l! paBeH i,

log? z
5, [yreM nuTerpupoBaHus ¢QyHKURH T+22 BJ0JIb OGBLIYHOFQ NOJYKPYroBOro
KOHTypa JIOKa3aTb, 4TO
o0 . 3
log?z P .
| 422 8
0

6, Brlupcasis BHTErpaJ

2%“' S @— a)d(zz -_ -‘11-)
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BAOJib €HHHYHOM OKpYXHOCTH, ROKa3aTb, 4To npn 0 <<a <1

2n
de 2n

1fa*—2acos6 1—at"

KakoBo 3HaueHHe WHTerpasa npu a> I?
7. Joxasars, 4To npe b>a>—1

n

al' (a-1)
2‘“1I‘<—é—a+éb+l)I‘(%a——%b—i—l)

cos? B cos b8 db =

OL ey 03—

1\e .
[Bs;m; HHTErpan S(z—i—? 20-14z Bokpyr npaBodi nOJNOBHHS! €IHHUYHOTO

prra.]
zdz
8. Buiukcasas wuHTErpan =i BIOJb KOHTYpPa MpSMOYrobHUKa ¢ Bep-

.
IWAHAME — R, N, R--in, —n-in ¥ nepexoid K npeiedy NpH n — O, NOKA3aTh,
uTo *)

—|—a

(@>1).

x sinxdx
Sl+a~—2acosx —log(1+a) 0 <<a<l), ~log
0

9. Tokcaars, uto QyHKUHA f(x)=sech (x V%n) YAOBJIETBOPSI€T YPABHEHHIO

i =]/:i—_ S f(x) cos xt dx,
b

[BSHTB MHTET paJl Scos {z sech az dz BOAL KOHTYpa NPAMOYTONBHHKA C BEpIlHe

211 “
Lavun = n, in—i—; A nepenTH K npeAeny npu n—»oo.]
1
exVZJt__l x

f =V% § F (%) sin xt dx.

10. TTokasars, uto QYHKUHA f(x)= VIQ_ yAOBJIETBOPSET ypas-
b’

HeHHIO

sin z¢
B3sATb RHTErpan Wdz rae a>0, Bioab KOHTYpa IIPSAMOYTOJLHEKS
i 2in 2m
¢ BepwuHame 0, n, n—}—‘ —— B mepedTH K mpeieny IPH N1 —-Co,

*) Lindeldf, Calcul des Résidus, c1p, 48—49,
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11. J{okasarp, uto npu 0<<a<<l m 0 <c<<1
c+foo
1 dz . 1
2ni ) afsinnz n(l+a)’
c— I

12. Hokasate, uto nps a>0, —%n <ah < %n

o7 % cosah cos (r@ sin @h) dr = cos A - % r (%) ,

¢ T cosah gy (r@sina)) dr=sin A - Fl r (%)

S8 Ty

o
13. T1 0BaTb pAIb Y —1— 2 i
. TIpocymmup pALL Z pr T prart

n=1 n=1

14. JoxasaTh, UTO €CH — ;X << a << T ¥ % — HEUesoe uuciao, To

Z (— L Rsinna 1 sinax
2 7 sinnx "
15.Toko3ars, uTo *)

cthm | cth2n cth 3n 1977
7ttt =570

[ee)

1 13n3
16. JlokasaTb, uTO 2 — = — =
=‘1 n3 sin V2 nmn 360 V2
[X apau. PacemorpeTs HHTerpan
1 1 dz

2ni ) sin nz sin 6z 23 °

rie 6=V2—1. Psn cxonuwtcs; neHcTBHTENIbHO, ecad m— Gnukaiimee K nV§
Hesoe 4ucso, To .

2n2 —m? | 1 A
|nV2 m|= ' = - ~ =
nVe4+m  nV2+m n’

H, CJIENOBATENLHO, COSeC VQ nn=20 (n).]
[os]

17. Tyers f(z)= Z ;11 (|21>0) # C—3avKHYTHI KOHTYp, OXBAaTHIBaIO-

n=0
muik pavazno, loxasate, uto ecan ¢yHKUHS @ (X) peryispHa B IOCTATOMHO GOMBIION
oBnacT, TO

1 .
T’“.S [ @)@ (G~ w) do=ayp () —ag’ (B)+ 2 ¢ @) —...

*) Pamanyaxan; cm. Watson [l].
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18. Iloxkasars, uTO

1 [oa]
o (at+bz (a—b)rz?
2
et — b2 — (a—b) z¢ I+t

n=1

19. TlokazaTe, 4TO, KaK Obl Majo HH ObLIO P, MPH AOCTaTOUHO GOJLLIOM 71 BCe
HYJH QYHKLHK
1 + +- 2!22 + - +n|zn
JNeXaT B Kpyre |z | =Ip.
20. Ecqg a>>e, TO ypaBHECHHE €°=qQz” HMEET n HyJiefi BHYTPH €IUHHYHOIO

Kpyra.
[Tlonoxute B Teopeme Pywe f (2)=az", g(2)=¢?]
21. TTokasaTb, 4YTO MpH BeUleCTBEHHLIX o W [ ypaBHEHHe

22n L g2z2n-1 L 2 =0
uMeeT n— 1 KopHell ¢ NONOXKHTENbHLIMH BELIECTBEHHBLIME 4YacTsMH, €C/1M A HEUeTHO,
W 7 KOpHEH C MOJIOKHTEJNELHLIMH BellleCTBEHHBIMH 4YacTsiMH, €CJB n YeTHO.
22. JlokasaTb, uTQ €CJIM o HE SIBJASCTCA YETHBHIM LEAbIM YHCJIOM, TO OpH ¢ — O
BIOJIb BEULECTBEHHOH ocH *)
1
X F(a+l)s1n»§na
{04
-X _—_—
g e cos xt dx ~ I .

23. Ecan f(2)=u-}iv— aBanuTrueckas QYHKUKS OT 2=x-} iy u P — PyHRINS
OT 1 H v, 06jafalouias HeNpPEepLIBHLIMH NPOM3BOAHLIMK JIBYX MepPBbLIX NOPAIKOB,

i (9] 4 (B ([ (8
e s aa Iy

24. Tlokasarb, 4TO eciH f(2) ==u - iv — aHajaTHUeCKasA DYHKIHA OT 2= -}iy,
To TaMm, rae f(z) =0,

(5}2 +ayz>lf(z)“‘=P2|f(2)\"Zif'(z)'2
¥ Tam, rae u (x, y) +0,

(6 6) 1P = 1 p-2 | § 2

ﬁﬁ-ayﬁ [ulp=p(p—1)[ulPE[} (2) |2

25. TlycTe @ (f) —BemecTBeHHass $YHKUHs, BHTerpRpyemast B HHTepBaJje (a, b),
B NycTb QYHKIHA

b
f(2)={eq () dt
«
03

€61 . Torna psia

Z cos 6,
Tn
abCOJIIOTHO CXOAHUTCA.

[Dyukuus e~b2f(z) orpanuuena npr x =0, a byHKmHA e%%f (z) orpaHKuecHa
apu x=0.]

HUMEET, HYJIH B TOUKax rie'’t, roe

*y Polya [1].
**) Cu. Hardy [8], crp. 270.



rnmABA 1V
AHAJIUTHYECKOE NPOJAO/KEHHUE

4.1. O6man Teopus. EcrecTBeHHO paccMaTpHBaTb arperaTr BceX
3HauyeHHH, cxaxeM, 22 HJH logz, B3ATEIX AJsi BceX 3HaueHHH 2z, Kak
eAHHOe LeJioe, ¥ KaxKAblH TakoH arpzraT Mbl ONHCHBAeM KakK axaau-
muveckyro pynryuro. Jo cUX nop Ml He BCTpeYasHCh ¢ OOLIUM MOHS-
THeM aHaJUTHUeCKOH (YHKLMH, KakK ueaoro. To, € yeM Mpl HMeJH
ne10, 6uIo TOHATHE (QYHKIHU, CBA3AHHOH ¢ HeKoTOpo#l 06sacteio H
onpeJieJieHHON B 31Ol obsiacTH Hekoropod dopmyJoi. Tak,

14+z4+24 ... (z|<)) (O
"
?e"(l") dt (Rez<< 1) (>

0

BHICTYNIAIOT KaK pasauyHble (YHKIHH, 3HAueHHs1 KOTOPHIX OKashbi-
BAlOTCSi ORMHAKOBEIMH ISl HeKOTopelx 3HaueHudl z. Ho Gosiee ecte-
CTBeHHO paccMmarpHBaTh ¢yHKUMIO (1) Kak yacTb dyHKMH (2), a PyHK-
oo (2) — kax vacth GYHKIUH, ONpeleseHHON JJIsi BceX 3HaueHHH 2,

OT/IUYHBIX OT 1, ¢opmysion

1—
PaccMoTpennas ¢QyHKIMA OJHO3HAYHA, T. €. NPHHUMAET B TOUHOCTH
OJHO 3HauyeHHe NPHU KaxkJOM 3HaueHHH 2 (KpoMe 3HayeHUs 2=1),

Ho ecrTecTBeHHO paccMaTpHUBaTh M JBa 3HAueHUsA )z KaK YacTH OIHOM
1 TOH e (QYHKUHHM, H Halle ONpelefieHHe JOJNKHO OXBATHIBATh TAKKE
U CJyyau Takoro poja.

Hns toro urobwl cpsizaThb 3TH HOBBle WJEH C Hallel mnpexueit
TeopHell, HaM HYXXeH Mpolecc, KOTOpHH No3BOJMI Obl NPOJO/IKATH
¢yuxuHIO 32 mpeflesbl TOH 00s1acTH, B KOTOPOil OHa NepBOHAYAJLHO
onpeneseHa. OTOT NPOLECC HA3BIBACTCS AHAAUMUYECKUM NPOOOANCERUCM.
OH aB/AsieTcs THIHYHHIM JJIS aHAJHTHUECKHX (PYHKIHH KOMIJIEKCHOTG
NepeMeHHOT0 M Heé HMeeT aHaJora B TeOpUM (PYHKUHUH JedcTBHTENb-
HOTO MepeMeHHOro.

4.1.1. Ananutuyecxoe mnponoaxenune. Ilycts f,(2) u
f2 (2) — ABe GyHKIMM, aHAJNUTHUECKHE COOTBETCTBEHHO B obnactsix Dy
u D,. IlpegnonoxuM, uro obaactu D; u D, uMeror oOmiyio yacTb,
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B kotopofl Bcwonay f;(2)=F;(2). Toraa Mel paccMaTpuBaeM 3HayeHHs
¢yHKui f, (2) u f,(2) B Toukax obmacte#i Dy, D, xaK 3HaueHus1 OXHOM
apasautiueckodt dyHkuuu f(2). Takum obpasoMm, ¢pyHKuus f(2) aHaau-
tuyHa B obnacti D=D;+D,, u f(2)=[,(2) B Dy, [(2) =/, (2) B D,.

D yHKuA f, (2) MOXKET paccMaTpUBaThCA KaK paciuupsioas 06/1acTb
onpefiesleHnst GyHKOMH f; (2), H OHa HasblBaercs aHAJHTHYECKHM TIPO-
no/nkeHHeM ¢YHKOUM f; (2). KoneuHo, TakuM ke o06pasoM M ¢yHK-
uus f;(2) ectp aHanUTHYeCKoe npojoJikeHne QyHKOUH f, (2). [Tponecc
pacmnpeHus 06JacTH ONpejeJseHHsi 3aJaHHOH QYHKIMH TaKKe Ha3bl-
BAETCH AHAJUTHYECKHM [PONOJIKEHHEM.

st Toro uro6kl 3TOT MPOIECC MPeACTaBAsS] [EeHHOCTb, Heo6GXo-
IHMMO, 4TOOHl OH jgaBaJj, NPH COOTBETCTBYIOUIMX YCJIOBHAX, @IUHCTBEH-
HBI pe3yJibTaT, H MBI MOKaXeM, 4r0 fet0 o6CcTOMT MMeHHO Tak. Ho
mpexjae YeM [PHHHMATBCS 3a JOKas3aTeJIbCTBO, YKaXkeM Ha TPYAHOCTH,
¢ KOTOPBHIMH MBI BCTpeYaeMcsi MpPH MONBITKE OMpele/uTb M0J0GHBIH
npouece 1.9 QyHKOHH AeHCTBHTEJHHOTO MepeMeHHOro.

1
EcrecTBeHHO CuHTaTh, 4TO €CJIM, CKa)KeM, f(x)-—.?(n—x) npu

0 <<x <<m, 10 npono/ikeHHe OYHKUMH f(x) Ha JpyrHe 3HauyeHHd X
JOJKHO HPOHCXOJMTL MO TOH Xe ¢opmyde. TpyIHOCTh COCTOHT B TOM,
4yto ABe (OPMYyJH MOTYT NpPelcTaBJsATb OAHY H TY Xe (yHKIHIO
B OJHOM HHTepBaje, HO pasJHuHele (YHKIHH B JIPYyroM HHTepBaJe,
M He cymectsyer crniocofa, KOTOphfi MO3BOJNJ OBl pPelHTh, KaKoBa
«npaBUJIbHasA» Qopmyaa. Hampumep, npemelnymias ¢yHKUHA Hpen-
crasasercas npu 0<Cx < Takxke paioM

sin x sin 2x +

T+t

HO €cJIH Mbl onpefennM (YHKIHIO KaK CyMMY 5TOro psja, To OGHa-

ceny

1
pYXHM, 9T0 ee 3HaueHHWe B uHrepmBale (— &, 0) ecTb -5 (70 4 x).

JTOT pAN He ABJIAETCS PAaBHOMEPHO CXOAALLMMCSH, HO TaKOro poja
AABJICHUS] HE HMCYE3HYT, €C/H Mbl OrPaHHYMMCS PAaBHOMEPHO CXOASIIH-
mucst panamu. Hanpumep, psn

X sin x x sin 2x +

1 + 2

pPaBHOMEPHO CXOJIHUTCS B HEKOTOPOM HHTepBaJe, CONEpXKalleM TOUKY

x=0; TeM He MeHee, eClH Mbl BOCIHOJIE3yeMCA UM J18 TPONOJIKEHHS

ero CyMMbl C TOJIOKHTENbHBIX 3HAYeHWH x Ha OTpHIATEJbHBE, TO

npuieM K HeXXeNaTeNbHOMY 3aKJIOUEHHIO, YTO MpoloJIKeHHe (yHK-
1 1

147141 gx(n—x) ecTh PyHKiHA — 7x(n+x).

4.1.,2; EfnHcTBeHIIOCTh aHAJHTHUECKOIO NPOAOJd-
®KeHud. [lpexnonoxun, yro umeerca o6aacteb D, nepekprBamomancs
¢ obsactamu Dy u D,, u nycTs nocjefHue umeror obmywo wacts Dy,
xoropaa cama nepekpuBaerca c¢ D, Ilycts dyukuda f(2) ananu-
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tiuHa B D, u nycTh f, (2) ecth npolo/XeHue dyHKUUM f(2) Ha D,
a f, (2) — nponoskenne pyukuud f (2) Ha D,. Torna xaxnas u3s gpynkuui
f1(2), f5(2) ocymecrBasier npononxende QyHKUMU [ (2) HA Dy. UtoGul
noKa3aTb, YTO pe3yJibTaThl STUX ABYX NPOLECCOB IIPOJIOJIKEH sl COBa-
JaloT, Mbl JOJIKHBEI [OKas3aTh, 4T0 fi(2)=[,(2) Bciony B D, 3ro
clefyer M3 TeopeMn § 2.6, 10Ka3aTeJLCTBO KOTOPOH HCMOJB3YyeT TOT
¢akT, 4ro aHaJUTHYecKas (YHKUHSA MOXKeT ObITb pasJioKeHa B cTe-
nenHol psaR. ®yuxuna f; (2) —f, (2) aHamuruuna Bciopgy B D,. Ona
paBHa HyJ0 B To#l yacTH obusactd Dy, KoTopas nokpeita ob6aacrthio D,
TaK Kak TaM [, (2)=[,(2) =F(2). CaenoBareilrHo, OHa paBHa HYMO
Barony B Dy,

STO 10Ka3aTeNbCTBO HCMOJB3YeT CyllecTBOBaHHe 06JiacTd, OGuieil
g D v Dy, U ecain Takoil obsactd He CYIIECTBYeT, TO pe3ysbraT
MOXeT OKaszaTbecsl HeBepHoiM. Moxer cayuurhesi, uto f, (2) =f(2)
B DD, f:(2)=f(2) 8 DD,, vo f,(2)5=/, (2) 8 Dy. 310 He npotuso-
peuuT NpPHHUHMMY eJUHCTBEHHOCTH, TaK Kak OH I[PHUMEHHM TOJLKO
K 06JacTsiM, B KOTOPHX (PyHKUHS BCIOAY A4HAJUTHYHA; MEXJIY TeM,
D, D, u D, MOTYT OKpy»aTb TOUKY, B KOTOpO# (YHKILMS He aHaJH-
THYHA, He cofiepKa ee ™).

4.1.3. Bo BTOpOM pacCMOTpeHHOM BBIlle cJyuae, Koraa fy(2) =&
#f,(2) B Dy, MBI Bce-Takd paccMaTpHBaeM COBOKYIHOCTbL 3HaYyeHui
dydkuuil f; (2) ¥ f,(2) Kax eIMHyl0 aHAJHTHUECKyl0 QYHKUHIO OT Z,
TONBKO 3Ta (PYHKUHSA yXe He OZHO3HAuHa, a MO KpalHe# Mepe nBy-
3HauHa B D,. [Tono6GHBIM e 06pa3oM pasHble CrnocoGhl MPOAOJIKEHHS
MOTYT NPHBECTH KO MHOTMM DasJHYHbIM pesyJ/bTataM, H TOrAa (QyHk-
uus MHOTO3HAYHa.

Untateas Yucmod mamemamuxy Xapiud 3HAKOM C PasJMYHBIMH
3HaueHUsIMH, NpUHUMaeMbIMH (QyHKIHeH log z (XOTs, KOHEUHO, B KHHTe
Xapau Her ja)ke MOHATHA (QYHKUMM, aHAJUTHYeCKOH B Touke). Cpoii-
CTBAa HEKOTOPBHIX APYT'HX MHOTO3HAuHBIX (YHKIMHA, TaKUX Kak 2% =
= e?1022 Moryr GbiTh BblBeNEHH M3 CBOHCTB (yHKIHH log z.

4,1.4. OnpeneseHe aHAJTHTHUECKOH GYHKUHH Kak
nenoro. O6biuHO aHajuTHueckass QYHKUUS OblBaeT NmepBOHAYAJILHO
onpenesieHa B HeKOTopo# objactu miocKoctd. IIpHHUMN aHaAMTHUE-
CKOTO OPOJIO/IKEHMS JAeT HaM BO3MOMKHOCTbL ONpENesIHTh aHaAumute-
CKyo (hynkyuo 6e3 YKasaHHs Ha Kakyrw-Ju60 dYacTHyo o06JacTs,
B KoTropoH OHa 3ajaHa. OHa COCTOMT M3 MepBOHAYAJbHOH (YHKuUU
H BCeX ee NPOJOJIKEHHH, W BCeX NPONOJIKEHHH 3THX NPOROJIKEHHH,
H T. 1. Moxer C/yYuTbCs, YTO IPH TAKOM pacUIHpeHHH QYHKUHUH f (2)
Mbl CMOXXEM JOCTHTHYTb BCeX 3HAaueHUH 2z, WJIM BCeX 3HayeHu# gz,
KpOMe HeKOTOPHIX CHEeNHaJbHBIX TOYEK, UJH, HaKOHell, TOJbKO 3Ha-

*) Sror cayuali MOXKHO NPOHJMIOCTPHPOBATL QHTYPO&, B Kotopok D, D,, D, —
KPYTH C UEHTPaMM B BepUIKHAX DABHOCTODOHHETO TPeYroNbHHKA H paaRyCcaMH,
4yTb GO/IBIIMME MOJOBHHBI CTOPOHL! TPEYTOIbHHKA, PYHKIHA MOXET He OblTh aHaJ U=
THUECKOH B ULEHTPE TpeyroJbHHKa,
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yeHHH 2, JieXalHX B HeKOoTOpOH o6JiacTd MNJIOCKOCTH, 3a Mpejesibl
KOTOPOH MBI He CMOXKeM BBIAITH. B nocjenHeMm cJiaydae 3Ta o6Jacthb
HasbiBaetTca o6aacmero cyujecmeosanus GyHKUHMHU, a ee TpaHUIa — ecre-
cmeennoll epanuyell QyHKuuU. B ciydae MHOrO3Ha4YHBIX (YHKUHH Mbl
MOJIYYMM JUISi HEKOTOPBIX WJH BceX 3HaueHWH 2 MHOro 3HaueHuH
(PyHKIHU.

310 OKOHYATEJBHOE Onpene/eHHe PyHKIMH B [1€70M 3aBHCHT B Mep-
BYIO OUe€pefb OT YaCTHYHOrO ONpefeseHHs, € KOTOPOro Mbl HayaJu.
Tax KaK, OIHAKO, OTHOILUEHHEe MeXIy ABYMS (QYHKIUAMM, KaXKaas U3
KOTODPBIX SIBJISieTC MNpPOXOJIKEeHMeM IpYyrod, B3aMMHO, TO Bce IIpo-
pecchbl MOryT ObITh OOpalleHsl, H OT TOTO, ¢ KAKOro Mecta Mbl HayaJu
nocTpoeHue (QYHKLUMH, ee OKOHYaTe/JIbHOE ONpejesieHHe He 3aBHCHT.

4.1.5. CtrannapTubit Metox npouoaxeuns. Craupaprt-
HBIH METOJ NPOJAOJIKEHH eCcTh MeTO CTeneHnbIX psinoB. [Ipeanonoxum,

4YTO Mbl HAYHHAEM ¢ psAa
=)

f@)= 3] a.(z—a),
n =0

cxopdauerocss B Kpyre |z—a|<CR. BasB B 5TOM Kpyre Kakyw-HUGYIb
TOYKy b, OT/IMUHY!O OT @, Mbl BhluHc/AseM 3HayeHue ¢yukuuu f(b) u
3HaueHus npoussoanuix f'(b), f'(b), ..., ¥, TakuM O6Gpasom, MOJY-
yaeM pasJioxeHHe (YHKOHH MO creneHaM pasHocTH z—b. Hoseli
psin OyleT HernpeMeHHO CXOAMThCS B HEKOTOPOM Kpyre ¢ LEHTpoM b,
JeKalliM B NepBOHAYAJLHOM KPyre, H MOMXKET CXOAUThcS B GOJbIIEM
Kpyre; TaK MPOM3BOAMTCA HEKOTOpOe AaHaJHTHYeCKOe NPOJOJIKEHHE
(YHKIMH. DTHM crocoOoM Bcsl aHa/JHTHUeCKas (PyHKLHS MOXKeT OhiTh
NOCTPOEHA W3 CTENEeHHHX pAJOB. KaKAblfl cTeneHHON psj, WJM, UYTO
TO e caMmoe, KaxJas noc/JeloBaTesbHOCTL 3HaueHuil f(a), f'(a),
F'(a), ... Ha3LIBAETCS J4eMEHMOM (DYHKYUU.

BbiGop 3TOro CHENHaNLHOrO MeToga B KauecTBe CTaHZAPTHOTO
OnpaB/bIBAETCSl TEOPEMOH: 6ce 3HaUeHUR QYHKYUW, NOAY4eHHbiE A100biM
memodom npodoascerus, moeym Obimb NOAYYEHbL NOCPEOCMEom crmeneH-
Hbix pados.

ITycts C — XOHTYp, COEQUHAIOIMHA TOYKH z2=a W zZ=0, BIOJb
KOTOPOTO MBI KaK-JIM60 TpORoKUAN QyHKUHIO f(2); 3TO 3HAUUT, UYTO
UMeeTCsl Takas [0cJeloBaTe/IbHOCT ¢opMyJ, onpefesomux f(z2)
B HEKOTOpO#i nocjenoBaTeqbHOCTH oObOJdactedt Dy, D,, ..., uro: (I)
Ka)kzas TOuka KoHTypa C JIeXXUT BHYTpPH NO KpaliHefl Mepe onHOH
u3 obaacreft D,; (1) cocennue 061acTH nepeKphIBAIOTCSA H B X OOIIUX
yacTAX pasNIMyHele ornpefeieHUs QYHKUMH f(2) coBmajgalor.

Mgl nonbiTaemcsi OCYLIECTBUTH TOT 3Ke IPOLLECC HOCPEACTBOM CTe-
NeHHHIX pAJOB, T. €. momnbiTaeMcsi HaHTH Ha C TaKylo ocse0BaTe b-
HOCTh TOYEK 2, 25, ..., YTO: KPYI' CXOJUMOCTH C LEHTPOM B Kaxjo#l
M3 HUX COAEPKHT CJAEIYIOIYIO; 3HaueHus (YBKLUWH, JaBaeMble CTe--
NeHHLIMH psaMHd, COBMAJAlOT ¢ 3aJaHHBIMH 3HAYEHHsIMH; [PH 5TOM.
Touka b MOKeT ObITb JOCTMUTHYTa Yepe3 KOHEYHOE YHCJO INAaroB.
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Kaxnoit Touke 2z Ha C oTBeuaeT HEKOTOPBIH NOJOKUTENLHEH panuye
CXOIHMOCTH P, U O ecmb HenpepvieHas QynKkyus om 2. JleAcTBHTENLHO,
BO3bMeM fBe GJIM3KHe TOUYKM 2, Z-+HA u 0603HauuM 4epes p, p’ CoOOT-
BeTcTBYIOmHMe paauycel cxomgumoctd. Ilycts |h|<<p. Tak kax ¢ynk-
uusa f(z) peryaspHa B Kpyre ¢ UeHTpoM z-4h u paguycom p— A/,
To u3 Teopembl Komn — Tefiopa cienyer, 4To

. (1

Ecau |h|<<p’, TO, MeHdAss MecTaMH 2z ¥ 2z-+h, MBl 3aK/iO4yaeM U3
Tex e cooOpa¥eHHH, uyTto p=p' —|h|, T. e. UTO

p'<p+ihl (2)

Ecan ke HepaBeHCTBO |h|<Cp’ He HMeeT MecTa, TO P’ =< |h[, TaK
4yTO HepaBeHCTBO (2) BepHO BO Bcex ciyuasx. Ho BmecTe Hepaben-
crtBa (1) u (2) nokasmBator, uto p'—p npu A—0, a 3T0 MBl H
yTBepKIaaH.

Tax kaxk ¢GyHKIHS p HenpepblBHA, TO OHa poctHraer Ha C cBoeft
HUXKHEH TPaHH, a TaK KaK OHA BCIOLY MOJIOXKHTENbHA, TO H €e HHXK-
HAA rpaHb nosoxurtenbHa. OGO3HAYHM 3TY HUKHIOO TpaHb 4epes O.

Mbl HauMpaeM Temepb ¢ TOUKH 2=a H CTPOUM CTeleHHOH psx.

p'=p—|h

1
Ilycts 2y —TOuUKA KOHTYpa, Jlexawasi OT @ Ha paccTORHHU o O BROJIb

KoHTypa. OHa JeXUT BHYTPU Kpyra CXOAWMOCTH C UEHTPOM 4, TakK
4TO MBI MOXKEM NOCTPOUTL pasjioXkeHHe NO creneHsMm Zz—z,. Hoswiit
paguyc cXOQMMOCTH He MeHblle 8, Gsaromapsi yeMmy Mbl MOXKEM, Nepe-
Mellasick N0 KOHTYpPY HaJjbllle, nepedTH K TOUKe 2,, Jexameh or z;

Ha paccrosHud 5 O Brosb Koutypa. Ilpomoskas TakuMm o6pasowm,

Mbl, OYEBHJHO, Yepe3 KOHEYHOe YHCJAO IIaToB LOCTHTHEM TOUKM Z =b.
ToT ¢akT, 4r0o 3THM METOJOM MHl NMOJIYYHM B TOYKe D TO XKe sHaueHue,
YTO W HCXOAHBIM MeTOAOM, cJiefyeT u3 obmell TeOpeMH enWHCTBeH-
HOCTH.

4.1.6. BerBu MHOros3Ha4yHOi GyHKOUH. Ml onpereanin
aHaJMUTHUYeCKYi0 (DYHKIIHIO KaK arperar BcexX 3Ha4eHMH, KOTOpbIE MOTYT
ObITh MOJIyYeHB! MPOAOJKEHHEM H3 KaKOTrO-HHOYAb 3/eMeHTa PyHKIHH.
B ofmemM ciaygae ¢yHKuua OymeT MHOTO3HAa4HOH; 3TO 3HAUMT, 4UTO,
OTHPaBAAACH, CKaXXeM, OT TOUKH 2, H IlepeMeniasichb 10 COOTBETCTBYIO-
1M 06pa3oM BEIGPaHHBIM NyTSIM, MOXKHO NPHATH K TOUYKE 2; C pas-
JIHYHBIMH 3HAueHHAMH f(2;). Mbl MOXKeM, OIHAKO, HCKJIOUHTL 3TO,
OTPaHUYMBIIHCH HEKOTOPOH 4acTHYHOH 06JacThbiO; MBI CKasKeM Torja,
4TO B 3TOH 06./1aCTH Onpene/eHa 6emas PyHKOHH. PaccMOTpuM, Hanpu-
Mep, PYHKIUIO ‘/z. Cucrema 3HaueHHMHl, onpepensemas QopmyJiolt

1.

re? 0 npy — n<C0<Cm, ectb BeTBp 3TOH (QYHKUMH B 06JacT,

B KOTOPYIO IJIOCKOCTb MpeBpailaercss Hajlpe3oM BAOJb OTPHUATETHHOH
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YaCcTH BEIeCTBEHHOH OCH OT HauaJa A0 OeCKOHEYHOCTH, a4 CHCTEMa.

-1 -
—V'rez ' ecTh npyras BeTBb Toil e (QYHKUHH B TOH Ke 06J1aCTH,.
IonoBuelM ke oGpazom ¢yHKIHs logz uMeeT B 3TOi obmactH Gecko-
HEUHOe MHOXeCTBO BeTBeH, onpejessieMbIX (OPMYJIOH

log r i (6 4 2am) (— <0< n);

KaXJ0€e [eJoe YHC/AO 71 JjaeT CBOIO BeTBb.

Crenyer UMeTh B BHLY, UTO He CYLLeCTBYeT €IHHCTBEHHOIO CIIO-
coba pa3joxeHHs (PYHKIHH HA BETBH; HANPHMEDP, Mbl MOIJH Obl
B NpejplAyliuX caydyagx paspesatb IJIOCKOCTb OT Hayasaa Jo 6ecKo-
HEYHOCTH BJOJL J0Go#H npyroi moaynpamoil. OpHako, Kak OBl MBI
3TO HH JA€JaJH, Mbl BCerja MOJYyYHM OFHO H TO Ke 4YHCJIO BeTBeH;

Hanpumep, GyHKIMs )z HMeeT ABe BeTBH. Bompoc o uHcile BeTBel
OyneT. eme paccMOTPEH MO3XKe.

4.2, OcobeHHOCTH aHaMMTHYecKOH (yHKuHH, EjHHCTBEHHBIMH 0CO-
ObIMH TOYKAMH, PACCMOTPEHHBIMH HAMH JO CHX INOp, OBLJIH H30JHDPO-
BaHHBle OCOOBIe TOYKH (DYHKIMH, AHAJUTHYECKOA H OXHO3HAYHOH
B HEKOTOPOH 00JIacTH, a TaK¥Ke TOYKH, MNpelesbHBle JJIs1 TAKHX 0COOBIX
touek. OHu ObLIM NoapazjeseHbl Ha MOJIOCH H CYILECTBEHHO OCO0HIE
TOYKH. Tenepb 3Ta KJacCH(UKAIHsI OKa3blBAETCSl HENOCTAaTOYHOH.

Mel 6yneM roBopuTh Tenepb, 4YTO OINHO3HAYHAST aHAJHTHYECKast
QYHKIHSE pesysapHa B KaXJOH TOUKe, BHYTpPeHHell AJst OXHOTO M3
KPYrOB, HCMOJB3OBAaHHEIX IPH ee NPOXO/KEHHH H3 HauaJbHOTO 3Je-
MeHTa, M YTO OHa CHHIYJSPHA B KaxXAOH TOYKe, NpemesJbHON JIst
TOYEK PeryJsPHOCTH, KOTOpast He SIBJISIETCSt caMa TOYKOH peryJsp-
HoctH. Touka, B KOTOpo# (YHKIIMSI CHHTYJ/SIpHA, HasblBaeTcsl oCcOOOH
TOYKOH. ITO ompezesNeHHe OXBATHIBAeT IOJIOCHI H CYILECTBEHHBIE OCO-
GeHHOCTH, KOTOpPBle MBI pacCMaTpHBAJH BHILIE; HO MOTYT BCTPETHTHCS
W O0COGEHHOCTH, He SBJAIONHECH H3OAHPOBAaHHHMH. B § 4.7 wmbr
NOCTPOHM (PYHKILHMIO, I/ KOTOPOH Kaxzast TOYKa eJHHHYHOH OKPYK-
HOCcTH siBJsieTcst ocoGol. ToukH 3TOro pojsa oObIMHO TaKXKe Ha3BIBAOT
CYILeCTBEHHO OCOOBLIMH.

TepMuH «peryaspHass QYHKIHS», KaK MBl €T0 3JieCh ynoTpebasieM,
o3Havaer GOJiblile, YEM TEPMHH «aHajJHTHYecKast QyHruus». CoraacHo
onpenenenuio § 2.1.4 dyHxuus MoKeT ObITh aHAJHTHYECKOH B TOUKe,
He Gyayun Tam peryasipHoil. Ilycere, Hanpumep, f(2)==e—'2 npu
—gn=<argz<<7, |z| >0 uf (2) =0 Bocraanubix Toukax. Herpya-
HO TIPOBEPUTH, uTO [ (2) aHaautHyHa npu z=0 u uro f' (0)=0.
PaccMoTpuM, OIHAKO, KOHTYD, COCTOSILIMH H3 CTOPOH TPeYTOJIbHHKA

1.
¢ BepliMHaMH B Toukax O u lifz. QyHKIUS AHAJHTHYHA BCIOLY
BHYTPH 3TOTO KOHTYpa H Ha CaMOM KOHTYpe, HO OHa, OUYeBHIHO, HE
perysasipHa npu z==0. OfHaKo yKasaHHOE Pa3JHuHe He TaK YXK BaxKHO,
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NOCKOJILKY €ro NMPHXOAHTCH LesNaTh TOJBKO MJsi ¢pyHKLIHEH, B HEKOTO-
POM poJie HCKYCCTBEHHBIX, MOJAOOHBIX PACCMOTPEHHOMH.

B Teopun MHOrosHauHBIX (PYHKIMH BCTpevaloTcsi OcOOble TOUKH
JIPYTOTO poOJa, H3BecTHble KaK mouku paseemsaenus. Ilpexnosioxum,
UTO NPH NpojoJixkeHWH GOYHKUHH f(2) BLOJB J060H KOCTATOYHO MAJIOH
OKPY2KHOCTH C LIEHTPOM 2, MBI BO3BpaiulaeMcst K HCXOMHOH TOYKe CO
3HayeHHeM QYHKIHH, OTJIHYHBIM OT TOr0, ¢ KOTOPOrC Mbi HAUHHAJH.
Torna z, HasbiBaeTcst TOYKOH pasBeTBJCHHS Q)yﬂ}(mm f (2). Hanpuwmep,

i
€CJIH MBI NPOJOMKHM  (YHKIHIO Vz-]/re2 BIOJb OKPYXKHOCTH
¢ ueHTpoM z2=0 u paauycoM r oT 6=0 jno 6=2m, TO 3HayeHUe

pyuknun wuamenntes ot J'r no —V'r. CraegopatenpHo, z=0 ecTb
fouKa pasBeTBJenHst Qynkuud J z. Tlogo6ubIM 3xe 06pasom z =0 ecTb

TOuKa paspeTBJeHHst QyHKumi 1/} z u logz.

3ameTHM, uTO TOYKa pasBeTBJeHHst He 00si3aHa ORITh TOYKON
«OECKOHEYHOCTH» (DYHKUHUH.

BerBb MHOro3nayno#f GYHKIHH MOXET, KOHEYHO, HMeTb MOJIOCHI
M CYIIECTBEHHBIE OCOGEHHOCTH, H TOYKa MOXKeT OblTh 0cofoi st
OfHOH BeTBH GYHKIHH, He OyXyd4H ocobO# Anasa apyro# Bersu. Hanpu-
Mep, Touka z=1 siBAsieTcst moJecoM LJst TOH BetBH dyHKuuu 1/log z,
KOTOpasi COOTBETCTBYEeT BeTBH (YHKIHH logz, obpawawomieficss npu
2=1 B HyJb, HO He fABJAETCS NOJIOCOM HH AJIs1 KAKOH Apyroi BeTBH.
llnf MHOrosHauHBIX (YHKIuUA obilee ONmpeleleHHe pETYAsSiPHBIX H
0coBBIX TOYEK He CTO/b MpOCTO, KaK M/ ONHO3HAUYHBIX (yHKIHMH,
H 00bYHO ObIBaeT JOCTATOYHO PaccMaTpHBaTh OTAENbHLIE BeTBH. M
onpefessieM DEeryJsipHYIO TOYKY BeTBM TaKHM ke o0pasoM, Kak IJsi
OfHO3HAYHOA (YHKIlMH; HO TaKast ocobasi TOYKa, KaK TOYKa pas3Ber-
BJEHHSI, HE MOXET OLIThL MpPHUIIHCAHA OTHEJBHOH BETBH.

Mpumepst. (1) ®yskuus 28, onpefeiennas Kak e? 82, pyeeT Geckoneuso

MHOTO 3Ha4YeHHUH’, eCNIU TOJbKO @ He ABJsSeTCH PanuoHaNnbHbiM BelIECTBEH HbIM UKCJIOM,
B TOcJjegHeM CJiyyae OHA HMeeT KOHeYHOe 4YHCJIOo 3HayeHUH.

(11) Pysruus zl/“d’(l—z)l/2 HMeeT WeCcTb 3HauyeHMH.

(111) Ogua u3 serseil QyHKRuKH J— log L Hpeucms.rme'rcn npu | 2| << 1 psagom

—{2 —22 —23

(g argat ),

u 2=0 ecTb perynaspHas TOuKa TOH BeTBH; HO I/ BCAKOH APYrofi BETBM TOuKa

2=0 cayXHT MOJIOCOM.
(1V) ®yukuus {log

-eCThb TOYKA Pa3BeTBJIeHUS ABy3HaunOW (DyHKLHH, COOTBETCTBYIOUICH OZHOH K3 BeTBel
Jorapucma.
(V) PaccmotpeTb ocoGensoct (yHKuuu log log 2.

4.2.1. Ecau paduyc cxodumocmu psada

f@)= Z 2"

1/2
llz}/ HMeeT ocobenHocTu npu 2=0 u 2=1; 2=0
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KoneveH, mo yrxkyus f(2) umeem no Kpatined mepe 00HYy ocobeHHOC
HO epaHuye Kpyea cxo0UMOCHIU.

Ilycte C —rpaHuna Kpyra cXOAuMoctH, R —ero paluyc u €' —
KoHIeHTpHYecKasi ¢ C oKpyxkHoctb paauyca R’ < R. Ilyctb p — paauyc
CXOJIMMOCTH CTENEHHOTO psifia, NMOCTPOEHHOTO AJsi TOUKH 2z, JexalleH
na C’. Kak B § 4.1.5, p ectb nHenpepoiBHas ¢ynruua oT 2. Kpome
toro, p=R —R’, 1aK 4TO, ecNu 8 — HIKHAs rpaHb 3HaueHHH p Ha
C', 0 6=R-—R".

Ecmnt 8§ >R —R’, TO KPyrH CXOOMMOCTH C UNEHTPaMH B TOUKaXx
OKpyHOCTH C’ ECe BMecre NMOKpHIBAOT KOablo R’ — 6 << |z|<<R'+ 6
u QyHKuHst f(2) oKasblBaeTcs peryJsipHol B Kpyre |z|<<R’'49§,
GoablteM ueM Kpyr |z|<<R. CienoBatenbHo (reopema Koum — Teit-
Jaopa), paguyc CXOAHUMOCTH pSiia 3 a,2" Goawlle R, 4TO 3aKJ/0yaer
B cefe NpPOTHBOpPEYHE.

Hrak, 6=R —R’. TlocKoNbKy HenpephiBHasi (yHKUHS HOJIKHA
jgocrurath Ha C’ cBoell HMXKHell rpaHHM, to Ha (' HMeeTcst TOUKa,
ckaxem R'ei*, B Koropo#t p=R —R’. OkaswBaercsi, uyro Re'* ecthb
ocoBast Touka ¢yHKIuKM f(2). HefictBurensHo, ecan Ovl 3Ta TOUKa
Oblyia peryJasipHoH, To QyHKuuA f(z) Obwa Obl perysnspHa B HeKGTO-
pOM Kpyre ¢ meHTpoMm z==Re'*, a Torja pajuyc CXOAHMOCTH B TOUKE
R’ e* Gbi1 66l Gosbine R —R'.

ITHM cyulecTBOBaHHE OCOGEHHOCTH Ha TpaHHle Kpyra CXOJHMOCTH
yCTaHoBJeHO. Mbl MOxKeM TOBODHTH O HeH, Kak 00 OcOGeHHOCTH,
6mpKaiinell K Havasy, HJAM Kak o6 ofHOH wu3 Guamxaiimmx. Takum
06pa3oM, MOXKHO CKa3aTh, YTO TPaHHIA KPYra CXOILHMOCTH IPOXOIUT
yepe3 OnMxafllyl0 K Hayaldy ocubyio TOUKY (¢yHKIIHH.

4.2.2. Ecau npu npoloasiceruu anarumuseckoti ¢ynkyuu f(z)
60046 Osyx nymell, sedyuiux u3 2, 6 2y, NOAYHQIOMCA PA3AUUHblE 3HA-
uerua f(2,), mo mexcdy smumu nymamu Gynxyua f(z) doaxmHa umems
0C00eHHOCMb.

Mel crpoum gBe uenn o6aactedt, ckaxeM D,,..., D, u Di,...

.» D',y B KOTOPHIX: cocefHHe 06JacTH KaxkKIOH IeNH nepekpLIBAIOTCS;
D, n D} comepxar zy; D, u Dy conepxart z;; dyHKuHst [, (2) aHa-
antuuHa B Dy, dyHKIMS g, (2) aBanautnuda B Dy; fo(2)=fr_1(2)— B
obweh yacty obaacrelt Dy, n Dy, g, (2) = gp-y (2) — B 0Gu1e# yactu 06-
aacrelt Dy, u Dy ;5 fi(2) =g,(2) —B obuieit yactn obaacreit D; u Dj.

MBI 0/DKHBL 0Ka3aTh, 4TO eclH (yHKIHIO MOXHO INPOJO/KHTH
10 Jo6OH TOuKH, JexameHd MeXIy NMYTSMH, TO [ (21) = g, (21).

Ecau 6 pocratoyno Mano, TO CyulecTByer TaKasi MOJIMIOHAJbHAS
JIMHHS, Belywast W3 HeKoTopo#l sexkamedl B D,D’; Touku a B HeKo-
Topylo Jexamyro B D,l), TouKy b, ¢ BepuiMHaMH B TOYKax BHJA
(pS, ¢b), uro Kpyru pammyca 28 C IeHTpaMH B ITHX BepIIHHAX
JICXKAT LEJIHKOM B NEPBOH il€MH H KaXIblil CONAEPXHT LEHTp CJefyio-
uiero. 3rodl NEmbpl0 KPyroB MOXeT ObTh 3aMeHeHa neppasi UeNb
obnacrteft. IlogoGHON ke memplo KpyroB, € TeM K€ caMbiM O, MOXer
ObITh 3aMeHeHa W BTopas Lenb objacTed,
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Tenmepb MBI MOXKEM [MOCJAEIOBATENBHO 3aMEHSITh NHEPBYIO LeENb
HOBBIMH LENfAMH, COCTOSIIMMH M3 KPYyroB paadyca 28 ¢ ueHTpamu
B ToukKax BHaa (p8, ¢b), Kaxuapli H3 KOTOpBIX MHepPEKpPLIBAETCSH
C OpefplAylel LENbIo M ¢ KPyraMu CBOEH LeNH, JEXKAIIHMH OT HEro
no ofe CTOPOHBI, TaK YTO HEMOKPEITOTO MPOCTPAHCTBA HE OCTaeTCH.
To, uro Bce paguyckl MOXKHO B3siTb He MeHBIUHMH 28, crenyer us
npegegyinei TeopeMel B CHAY OTCYTCTBHSi ocoGenHocrefi. M3 ofero
IIPHHIMIA eIHHCTBEHHOCTH MPOJOJIRKEHHS CJICAyeT, YTO II0 BCEM 3THM
LensaM MBl IPHIEM K 2, C ONHHM W TeM »Ke 3HaueHueM f(z;). Takum
o6pa3oMm, MBI 4epe3 KOHEYHOEe 4ucJ/0 LIAroB repefifieM OT OAHOH M3
HalllMX NEepPBOHAYAJBHEIX Uenefd KPyroB K APyrof; Tak Kak (yHKIHs
peryJ/isipHa B KaXkJIOH TOUKE MeXJy 3aJaHHBIMH HYTSIMH, TO Hpoilecc
He MOXeT OOOpBaThLCS.

4.3. PumanoBel nopepxnoctH. ®yukunst )z asyssauna. Ho ecou
MBI TIOJIOKUM Z = re'® 1 yCJIOBHMCSI pas/inyath OJMHAKOBHIE 3HAUECHHS Z,
OTBeYalollie pas3/JHYHBIM 3HaueHHsM 0, TO ee MOXKHO HpejicTaBHTb
Kak ofHO3HauHyio ¢yHKUHO. [lonycTHM, 4YTO MBI paccMaTpHBaeM
3HAYeHud Z, COOTBETCTBYIOMNE 3HaueHUsAM § B MHTepBase m < § < 3m,
KaK OTJIMYHBEIE OT 3HAYCHHH 2, COOTBETCTBYIOIIMX 3HAYeHHs M § mnpx
— <0< m, HO 3HaYyeHUs Z B HHTepBase 3m < < d5m paccmarp-
BaeM ONSTh KaK Te XKe, 4To B HHTepBasle —n<<O<m, u 1. I
D10 5KBHBaJEHTHO 3aMeHe OOLIKHOBEHHOH IIJIOCKOCTH 2 ABYM$ MJIOCKO-
crsiMi. MBI MOKeM NOpEACTaBaATh MX cefe HaJOXKEeHHBIMH JIpYT Ha
Ipyra, Hagpe3aHHbBIMH BJAOJb OTPHIATEJBHOH YacTd BEleCTBEHHOH
OCH M COEIHHEHHBIMH KpecT-HaKpecT BIOJb Hazpesa. [loayuenuass
TakuM 00pa3oM KOH(Urypanust Has3wlBaeTCst PUMaHOBOH MOBEPXHOCTHIO
dyuknnn V2.

Ecnu Mel GyneMm nepeMelnarthesi BAOJL MyTH, 0GXOAAIMErC Hauaso,
OTHpPaBJ/sfACh OT OTPHUATENBHOH YaCTH BENIECTBEHHOH OCH B BepXHel
TJIOCKOCTH, TO ME OAHH pa3 o0O0OHJeM BEPXHIOIO MJOCKOCTh, MOTOM
nepeiieM B HHXKHIOW MJIOCKOCTh, OAMH pa3 o6ofigeM ee H BO3BPATUMCSH
B BEPXHIOI NJIOCKOCTE.

310 coOTBETCTBYyeT cHocofy, KOTOPHIM MH IOJY4aeMm [Ba pasJiny-

HbIX 3HaueHust /2. B BepxHell NIOCKOCTH — <0<, Tak 9T0
1 1 1 .
— 50 < 56 < 5%, B HHXHEH IIJIOCKOCTH n <8< 3m, Tak uTro

1 1 3
-2-n<~2—6<§n.ECJm 0 BospacraeT pgaJiee, TO Mbl BO3BpamaeMcs
B BEPXHIOI0 MJIOCKOCTb M 3HaueHusi HoBropsiiorcsi. Takum o6pasow,
Ha CBOEH DUMAaHOBOH NOBepXHOCTH )/z ecTh OfHO3HayHas (YyHKuUMS,
®yukuuio logz Mbl NpeicraBaseM MNOAOOHBEIM XKe 00pa3oM Ha
GEeCKOHEUHO MHOTHX HAJOMEHHBIX ApYF Ha japyra MJOCKOCTAX, KaXk-
Jast U3 KOTOPbIX HaZpe3aHa BIOJb OTPHUATEILHOH YacTH BEILECTBEH-
HOH OCH M COEJMHEHa HHKHHM peGpoM C BEDXHHM peGPOM IJIOCKOCTH,
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nexkaweit - non Hefi. B 3stoM cayuae npu o6xole Hauasla BO3Bpara
K MCXONHOH -TOYKe HeT. ]

Ona oynkmun YV (z—a)(z—b) MB MOMeM NPOU3BECTH paspes
B Ka)KJ0H M3 ABYX MJOCKOCTEH BIOJb OTPe3Ka HPAMOH, COEIUHSAIO-
[lef0 TOYKH 2Z==a M 2=0, U COGNUHHTEL NJOCKOCTH KpeCcT-HaKpecT
BJ0Jb paspesa.

Uncao BerBefl MHOTO3HAYHOH (YHKIHM MOxer OLITb ONpefe/eHo
KAK MHHHMMaJbHOE UYHCJIO IJOCKOCTeHl, HYXHHX [/ 00pa3oBaHHs
pPHMAHOBOH NOBEPXHOCTH, Ha KOTOpO#H (YHKUHsI OJHO3HAUHA.

Haisi nocTpoeHust pHMAHOBLIX TNOBepXHOCTei 6oJiee CIOXKHBIX PYHK-
uHi TpebyeTcs 3HAuMTENbHOE HCKyccTBO. OHHM HMEIOT O0JIbIIOE 3HA-
yenue B O6Ied TEODHH MHOTFO3HAYHBIX (YHKLUMHA, OXHAKO HX Jajib-
Heiilllee pacCMOTPEHME BBIXOAMT 3&8 PAMKH 3TOH IJIaBHI.

4.4, PyHkunH, onpelefeHHble HHTErpajamH. Mpl 3HaeMm, 4TO eciH

z — HOJIOXKHUTEJbHOE BEIeCTBEHHOE YHCJIO, TO

(o)

1

{ewrar=1. (1y

]
Ho wuHTerpas paBHOMEPHO CXOIMTCS BO BCSKOH KOHeyHOH o6JacTH,
rie Re(z)=a>0, u notomy mnpejcram/sieT aHaJUTHYECKYIO DYHK-
mu, peryasapHyio npu Re(z) >0. Takum o6pasom, byHKIHsA

F(z)=Se—Z’dt—%
0

peryasipia npH Re (2)>0 u =0 Ha BemectBenno# ocu. Cienosa-
TeabHo, F(2)=0 Bciony, rae ¢yukuusa F (2) peryaspHa, T. e. dop-
Mmysna (1) BepHa n/1si Bcex KOMIIEKCHEIX 3HAueHHH 2, BEIECTBEHHAS
4acTb KOTOPHIX IHOJIOXKHTEIbHA. MBI MOMXEM MOJIOXUTb Z=X-}iYy
(x>0) u pasgenuTh BellleCTBEHHLIE H MHHMEIE YACTH; MBI MOJYYHM
XOpOoUIO H3BecTHBIE (OPMYJILL:

—xt — g —xf ¢ — ¥
§e cosytdt_x2+y2, §e fslnytdt—x2+y2. (2)
Dpumepu. (1) Hdoxazats, yTo
(o) . V.__
S e Zt'ﬂdt=2T/”zj (Re (2)> 0).

0

[Ecau mnpeanonoxuTh (oOpPMYJNy H3BECTHOH I/A BEuleCTBEHHHIX 3HaueHnl 2z,
10 ofuryl0 GOpMYJaY MOMKHO NOJYYHTb C TMOMOWIBK AHAJIHTHYECKOTO NPOLOMIKEHUS
HIM ¢ TOMOubI0 Teopembl KomH, NOBopauHpasi DPsSIMyI0 HHTErpHPOBAHHS Ha YroJi

1
— gargz.]
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n

dt
(11) Hoxasarp, yTo S

[—zcost

n
== Vﬁ » ©CJIM TOMLKO 2 HE eCTh BEIlecCT-
—2

0
BeHHOe YHCao, Gonblnee yeM | 1o aGCoVIOTHOR BequuliHe.

4.4.1. Tamma-pynkuus. Popmyna
I' (2) =§ e "wldw M
) 0
onpeaenseT I'(z) Kak aHajduTHYecKyl0 (QYHKUHIO, PErYJsSpHYIO NMpH
Re(2) >0 (§ 2.8.5). Cama mo cefe oHa HMYero He TOBODHT HaM
-0 noBegedHud I' (z) Ha MHUMOH OCH HMJIH cJieBa OT Hee.
PaccMotpiM, onHako, ByHKIHIO

[ (@)= e (—w)ydw, @
¢

rae C COCTOMT H3 YacTH BeUIeCTBEHHOU OCH OT 00 0 8, OKDYKHOCTH
|w| =80, onucbiBaeMo#i B I110/I0KHTeNILHOM HaNpaBJeHHH, W TOH XKe
YACTH BeIECTBEHHOH OCH, HO OT 8 10 co. 3HaueHHs] MHOrO3HAYHOM
$YHKIHH (— w)?*~1=e-Vloe (-®) oppegesttOTCS T€M, YTO NPH W = — §
3HadeHne log (— w) HO/PKHO GbITb M0JM0KHUTENbHBIM. KOHTYDHBIA HHTEr-
paJ paBHOMEpPHO CXOAMTCSt B KaKIOH KOHeuHOH 06/1aCTH IJIOCKOCTH
2, W BO3HHKaeT JHIIb BONPOC O CXOAHMOCTH B GECKOHEUHOCTH; HO
OH OTHOCHTCSt K cJaydaw, yxe paccmotpenHomy B § 1.5.1. Cneno-
BaTe/bHO, QYHKuMA [ (2) peryaspHa npu BceX KOHEYHHIX 3HAUYEHHSIX 2.

Ecmn w =pe'®, to Ha KoHType log w = logp-i(p —m). [losTomy
HHTerpaJibl, B3fTble BAOJb BelIeCTBEHHOH OCH, RAl0T B CyMMe
Lo o) o0
S {— eP+(z-1) (log0=im) 4 p-0+(2-1) (log 0+im)} dy — — 2/ sin zm S e°p*-1dp,
$ )
Ha okpyxHocTH

‘ (. w)z—l |=\e(z——1) {log 64 i (@—m)} I —plx—1 logd—y (p—m) =0 (6x-1).

Tostomy npu 86 —0 u x>0 HHTErpa;n BAOJNb OKPYKHOCTH €CTh
0 (6*)=o0 (1), u, 3acraBisii & cTpeMHTbCSI K HYJIO, Mbl BHJIHUM, UTO
f(y=—2isinzn S ePp*ldp=—2isinznl (2) (Re (2) > 0).

0

1 .
Ho dyukuns 5 if (2) cosec 2 peryasipHa npx Bcex 3HAUEHMSX 2, 32

BO3MOXHEIM HCKJIOUEHHEM MOJIOCOB (DYHKIHH COSeC zf, T. €. TOueK
z=0, =1, +=2, ...; kpome Toro, npu Re(2) >0 ouna pasua I'(z).
Tlo3TOMY MBI MOXKEM CUMTaTb 3Ty (YHKIHIO NMPOJOJKEHHEM (DYHKIHH
I' (z) Ha Bcio naockocTb 2. Mel yae 3HaeM, uto ¢yHKuHA I'(2) pery-
aspra npu z=1, 2, ... Cle10BaTe/IbHO, €IHHCTBEHHbIE BO3MOXHLIE
NoJIOCH — 3T0 TOYKH z2=0, —1, —2, ...
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ITH TOYKH JeHCTBHTEJNLHO SBJAOICs noJmocamu ¢ynkuuu I (2).
B camMoM peJe, e€c/iH 2 — OTPUIIATEJNbHOE LEJ0E YHCJAO HJAH HyJdb, TO
(— w)*! ectb onHO3HAuHas GYHKIMA W HHTErpaa (2) MOxeT OBbITh
BBIYMCJIEH C MOMOLLBIO TeOpUH BhlueToB. MMeEHO,

2ni
f(_ ﬂ) - Tl
TaK 4TO BhYeT ¢yHKUHH I (2) ecThb
i z4n (=)
nl 2isinzn Al

Bce cdopMyJ/bl, NOJAYYEHHBIE HAMH [OJ5 [AMMa-(pyHKIHH, MOTYT
ObITh Terepb pacHpOCTPAHEHBl HAa KOMNJIEKCHHE 3HaueHMst z. Hanpu-
Mep, (YHKIHOHAJBHOE COOTHOLIEHHE

I'(2) I' (1 —2)=umcosec zm,

JOKa3aHHOE HAMH B IHDPEANOJOXKEHHH, UTO Z — BEIeCTBEHHOE YHUCJIO
u 0<<z<<1, ocraercsi BepHBIM ISl BCEX HEUEJbIX 3HAUYEHHH 2.
OnHo u3 caeicTBuM 3TOH GdopMyJwl cocToMT B ToM, uto 1/T(2)
ecTh uenas oyHKuus. [leficTBUTENbHO, B cuay 3TOH (opMyJbl Bee
nosmockl pyHkuuy I' (1 —2) racarcst HyasMu QYHKUHH Sin zdt.
Mbl MoxeMm Ttenepb OoKasaTe AJasi I'(2) dopmyay, nozobuyio dop-
myJaam § 3.2.2—3.2.3. Coranacuo cdopmyne (4) uz § 1.8.6

|
I'iz—hT(h 1
(zr(z)) (h) =F—|—§{(l—t)z""l—l}t"‘ldt———
1

%+§ {(I—ty =1} rdio(l)  (O<h<n)

npu h— 0. Jlepaa uacrh paBHa
I ’ 1
T @—m @+ Hp +A4+..,

The A — nocTosiHHA 51. HpHpaBHHBaH NOCTOAHHBIC YJIEHBI, Mbl BHIHM,

4TO
1

'(z) -

dt

— —A4 (x>0).

1
Hanee, = 2(1 —[)*, H TIOYJIEHHOE HHTErPHUpOBAHUE JAET:

o — 3 (7 w4

n=0

3ra npoueldypa onpaspaHa, corjacHo § 1.7.7, ecau 2 > 1; Ho pe3yb-
TaT COXpaHsAeT CHJy, COIJIACHO NPHHIMNY AHAJTHTHYECKOTO MPOJIG.I-
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JKEHHsl, [JIsi BCeX 3HAYeHHH 2, KPOMe HENOJOXKHTEJIbHHX Le/bX
3HayeHHH.
21y GOpMyay HeTpYAHO npeoOpasoBaTb K BHAY

R b= 3 (- k) o

rie C— ppyrass nocTosiHHasi. MHTerpupys u nepexoist K 9KCIOHEH~
1lHaJaM, Mbl NOJy4aeM DaBEHCTBO

I‘(z =g zzl_l<1+ )e—z/n'

n=1\
Ilpu 2=1 oHO 03HauaeT, 4TO

[s¢]

—1
1=e ] (1 +-l—)" ",
Ml n
CaenoBaTtesbHO,

——MIIO+) 7=£10+%+m+%—m“W=

Y ecTb MOCTOsIHHAsT Diijepa.
4.4.2. Popmyna CTUPNHUHTA OJ9 KOMINJEKCHE X 3H a-
ueHHHA 2. Y3 dopMyse mpempiayliero naparpacda caenyer, uTo

el

logT' (2) = Z {%—-log<l—[—%)}-—yz——logz, 1)

n=1

rae B3ATH TJaBHble 3HaueHMs BceX Jorapudmon. Herpynuo npose-
pHTB, 4TO

s 3T e
0

N—I

= Y {2 —tog1 -+ 2 )y —tog {V — 1)1} 21 4§ o )

n=1
1 1
- (z—]—;)logz —l—(N -3 -[-z) log(N+-2z ~N
IMonwaysick Tenepb dopmyaon (1) u3 § 1.8.7 u cooTHOMmEHUSIMH

Lt oot gy = log N -y 0 (D),
1@w+a=mN+%+oﬁﬁ
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n sacrapiagasa N CTPEMUTBCA K 6eCKOHEUYHOCTH, Mbl BHIHM, 4YTO

Oo[u]—u+2
logI‘(z)=( )logz—z—[— log 27t -} ——Tl_z—du. (2)

u
IMonoxuMm @ (1) = S ([v] —vt5 >dv ®yHKuUsA @ (4) orpaHHyeHa,
0]

TaK KakK NpH 1eJOM 7, OueBHAHO, ¢ (n--1)=¢ (n). Takum oGpa3som,
nocyeIHul ued B opmyJe (2) npeAcTaBJasiercsi Kak

[ o= § et |V i) ~0(

paBHoMepHO npu —n-+t8=targz=<m—08. Dr0 H ecrb oGobueHHE
dopmysel CTHPJIHHTA Ha KOMIIEKCHBlE 3HAUEHHs 2.

Npumepwt. (1) s BcskOil NMOCTOSHHOK a mpH |2z |— co

log T’ (z—|—a)=<z—|—a—é) log z—z+%log2n_|_0 <-1_)

||

paBHoMepHo mpH —n-O0=Cargz =< m—§.
(11) duas Beskoro (UKCHPOBAHHOTO 3HAYEHUS X HPH Yy — = 0O

1

. — = nlyl X—g
IT (x+iy)| ~e * ly| *Vom
oo
(I11) [NokasaTb, 4TO pasJoxeHue @ (4)= 2 %MOX@T 6bITb BCTaB-

v=l
JIEHO B MNpepiAymyo (GOopMyay ¢ NOCAEAYIOUIHM IOYJeHHbIM WHTer pHPOBAHHEM,
BriecTH W3 3TOrO, 4TO HHTeI‘paJI B dopmyne (2) pasen

122 +0(|2\2 >

SToT npolece Noc/e0BaTe ILHOTO BBIYHC/IEHHS HOBBIX 4JIEHOB MOMKET ObITb IpPOZOJ-
2KeH HEOTPAHHYEHHO NMOBTOPHHIM HHTETPHPOBAHHEM IO HACTIM.
(IV) Ooxkazatb, yto npd a >0, ¢ >0
ctio
1
- [(z)a?dz=e"
2 )
c—i[0
[Basits HHTerpas BAOTb KOKTYpA NMpPSIMOYTOJbHAKA X = 1 =+Y
3 erp 710! ypa IpsAMOYTONbHHK x—c,x-——n—f,y—_ .
Tips (UKCHPOBAHHOM 7 MHTErpajbl, B3fATbE BLOJb TOPH3OHTANBHBIX CTODOH,
cTpeMsTCS K HYJIW, Korja Y — co. [laiee,

r (—n—% —|—iy>=

B P(%WL‘V) =0<3—A|y[>
nl !

—<—n—% +iy) (- nbg i) (- +i)
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TaK 4YTO WHTerpaj, B3fATHH BAOJb NPAMOK (-—n——;— — {co, —~n—% +ioo),
CTPeMHTC K HYJI0 NpH n— co. OcTajbHOe CJefyeT M3 TeOpeMhl O BhlueTax.]
(V) Jlokasath, uTo npu 0 <c <k, O<a <<l
¢+ ioco
. S I'z)I'(k—2z)a?dz =

2mi
c—icc

T (k)
(I+a)k"

4.4.3. N3eta-pynkuns. Oynkuns {(z), NepBOHAYANBLHO ONpe-
JeJeHHasi psiioM

L@D=1r +9+... (Re(>1), ()
Kaxk Guino nokazado (§ 1.7.8 (11)), npencrarasercs takike $opMyaoi
L@ =15 S Y dw  (Re(2)>1). )

0

Mbl MOXKeM BOCIOJIb30BaThcsi 3TOH (GOPMyJIOH Aasi TOro, 4ToGH Mpo-
JIOMKUTL { (2) Yepe3 mpsiMyio x =1 TakuM xe o6pasoM, KaK Mbl IIpo-
nomkuan T (2) uepes npamyio x==0. JleAcTBHTeJ]bHO, B TOYHOCTH
TeM XK€ METONOM MOXHO JOKasaTh, 4to IpH Re (2) > 1

2i sinznl’ (2) e?—1

£@) =— srsmsrar | e e, 3
C

rje, Kak M pasblie, KOHTYp C NPHXOLHUT M3 IOJOXKHTENBHOH OecKo-
HEUHOCTH M OJHH pa3 OOXOAMT HAYaJ0 B IOJIOKHTEJNbHOM Hampasie-
guu. EguHCTBeHHOE pa3/iMyHe COCTOHT B TOM, YTO Telepb OH J0J-
XeH OCTaBJATh B CBOeH BHeuIHeH o6JacTH Bce TOJIOCH (PYHKLHH
1/(e®— 1), oranunble oT ToukH w=0, T. €. Bce TOUKH w =+ 2im,
4 4im, ... ,

ITonb3ysich (QYHKIHOHANBHHIM ypaBHEHHEM IaMMma-QyHKIHH, Mbl
MOXKeM IpeNCTaBHTb 3Ty (QOpMyJy B BHIE

2(2) =i[‘(l—z) S (—w)z1 dw

21 e¥ —1
C

Kak v B ciayuae ¢pynkuuy I', KOHTYPHHIH HHTerpaJ ecThb Ie/]asi
dyukuua or z. IlostoMy dopmysa OcylecTBAsieT NPOLoJKEHHE PyHK-
mmn §(2) Ha BCIO MJOCKOCTb. EIMHCTBEHHBIMY BO3MOXHBIMH OCOGHIMH
TOYKaMH fBJAsIOTCA nomockl GyHkuuu I' (1 —2), T. e. Toukn z=1, 2, ...
Ho wmbl yxe 3HaeM, uro ¢yHKumusi {(2) pery/aspHa npu z =2, 3, ...
CrieoBaTesbHO, €IMHCTBEHHBIA BO3MOXHBIA NOJIOC €CTh TOUKA Z==1,
10 neficTBUTEJBHO TOJIOC, MPUTOM MpOcToH, ¢ BeiWeToM 1. B camom
Jene, npu z==1 KOHTYPHBHIH HHTErpaJ, COTJACHO TEOpPeMEe O BHYETaX,
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paBeH
dw .
§ew——1—=2m’

a I'(1 —2) umeer npu z=1 npoctoét momoc ¢ BrueToM — l.
Xopouo H3BECTHO, YTO

1 _ L L i (— 1)n-1B, w2t
-1 w 2 + (2n)! d

n=1

rae B, — pamuonanpsble uHncia (yHcaa Bepryaan). Ionbsysace stum
1 TEOPEMOH O BbIYETaX, MOXKHO BBIMHCJUTB { ( — 1) ¢ M06GKIM MOJOKH-
TeJbHBIM LEJABM 7. Brlunc/IeHHe naet:

O =—g, L(—2m=0 (m=1,2,..),

(_ [)m+13m+l

e (m=0, 1, ...

L—2m—1)=
444. PyHknHoHaNnbHOE ypaBHeHuWe A3eTa-QyHKIHH,
®yHKuua { yooBjeTBopsieT GYHKIHOHAJBHOMY YpPaBHEHHIO

L (1l —2)=2"%n-%cos % nzl' (2) L (2).

4yTOOBl A0Ka3aTh 3TO, BOCNOJb3yeMcs (opMyJsof (3) mpelblAyiiero
naparpada, B KOTOpPOH Temepb 2 MOXeT HMeThb J060e 3HAYeHHE,
u npoaepopmupyeM KoHTYp C B KOHTYp C,, COCTaBJIEHHEI H3 KOH-
Typa KBajparta C LEHTPOM B Haua/e W CTOPOHAMH, NapaJsilelbHBIMH
ocAM, AJMHAa KaxKIOH U3 KOTOPHIX paBHa (4n-}-2):, u yacTH BemiecT-
BeHHOH ocH oT ToukH (2n--1)m 10 -}-co. B mpouecce pedopmarnuu
Mbl OpOHAEM 4Yepe3 MOJIOCh! MOJABLIHTErPaJbHOH (YHKLUHH, PacHoso-
JKEHHHle B TOoYKax 2im, 4im, ..., 2nin u —2in, ..., — 2nin. Bouer
OTHOCHTEJIBHO TOUKH 2vint ¢ v> 0 paBeH

I |
(z—l)(log2v:r:———t:r:) z2—1 | ——inz
e 27 = (2vn) e 2,

a BBIYET OTHOCUTEJIBHO TOYKH —2vin papeH

(z—=1 (log AV +% ln) !
e

-1, zinz
=—(2v:rt)z ie?

CyMMma 3THX IBYX BHIYETOB DapHA (2vn)"12sin% nz, Takum obpa-
30M, dopMmysa (3) us § 4.4.3 naet:
n
sinnzl"(z)g(z)=———21—i- (:Tzi)zl—ldw-}-% sin%:rtz 2 (2vn)*-1,
n
Ilycte Tenmeps Re (2) <<0. Ha kontype KBajpara
| (_ w)z—l | = el* —=1)]log|w|—ygarg (—w) — O(nx—l)

v=1

6 E, Tutamapm
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v je?—1{>A, B TO BpeMAl KaK JJIMHA 3TOTO KoHtypa ectb O (n).
CrenoBaTeJbHO, COOTBETCTBYIOIIAS 4YacTb  HHTerpasa ectb O (n*)
H, 3HAYuT, cTpeMuTcs K Hymo. OcTaiolascs YacTh HHTErpaja, oue-
BHIHO, TaKXe CTpeMHTCst K HyJo. Ilepexons K mpemeny npu n— co,
MHl TIOJIy4aeM paBeHCTBO

sinqizT (2) £ (2) = 2msing. miz (2m)*-1 W ove-i=

v=]
.1
=2nsin 5 71z (2n)*-1 L (1 - 2),
PABHOCHJIBHOE [OKA3blBaeMOMY. OTHM TIOC/IE[HEEe YCTAHOBJEHO NpH
Re(2) < 0 u, caenoBatesabHO, A BCeX 3HAUEHMA 2.

4.4.5. lpyroe gokasarteabcTB0. CoBepuleHHO HHaue IPO-
BOLUTCH cJepymolnee n0KazateascTBO *). Ilosoxum

\' sin(2n 1
Foo= Y ot )
n=>0

ITOT psii OTPaHMYEHHO CXOAMTCHA, H f (X)) = (— 1) —}fn npu mau << x <<
<(m+41)n (m=0, 1, 2, ...); KeHCTBUTEJBHO,

‘eo

[s0]
sin nx sin 2nx
Fx)= Z n Z n !

n=1 n=l

TaK 4TO MBI MOXeM cocjaTecsi Ha npumep (I1) § 1.7.6. Orpanuuven-
Hasi CXOAHUMOCTb TIO3BOJISIET YMHOXKHTh cooTHoUleHHe (1) Ha xP-1(0 <<
< p<< 1) u NpOUHTErpHPOBaTH MOUYJNEHHO B JIOGOM KOHEUHOM HHTEp-
saje (0, X). Bro maer:

X

le’ 1f(x)dx= Z 2n-|—1 le’-lsin(Qn—{—l)xdx. 2)
0 0

Hanee, mbl MOxkeM 3ameHHTb HHTepBaJ (0, X) uuTepmajoM (0, oo).
3T0 BBITEKAeT U3 COOTHOUICHHSs!

o o]

ow ! :
lim Zom§xp-131n(2n+l)xdx=0, 3)

X—o
n=

KOTOpO€ TMOoJy4aeTcA HHTEerpPUPOBAHHEM I10 YacTAM. HMeHHO, nocJien-

*) Hardy [15],
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HUR HHTErpajg paseH

1 cos(2n+1) X

1 ¢
Xpt T g §XP—ZC°S(2”+l)xdx=

-0 +o e =0 ().

4TO M JOKAa3bIBaeT COOTHOLIeHHe (3).
Berapasisi tenepb B GopMyay (2) 3HaueHue f(X¥) M BblYUHCJAS
uHTerpasel B npaBod wactH mo § 3.1.2.7, Mbl noJyuaem paBeHCTBO

i o) (m+hn
= —_1yn
) (=1

m=0

Psg B NpaBOH 4acTH CXORMTCS K
(1—=2"7-H5(p+1),

a psg B JEBOH YACTH €CTh

.1 S 1
x”’ldx———F(p)sm?pn 2 [TFayEt
n=0

mal

%”[1 + ,,gl (—1)y™ {(m + l)v—mp}]-

Psg B cKoOKax CXOIMTCA NpH BeIIECTBEHHOM p<C1 ¥ npu Kowm-
naekcHoM p ¢ Re(p)<<l, ¥ Kak nokasbiBaeT HEeGOJIBILOE YTOYHEHHE
MpeiBYIINX —PAacCMOTPEHHH, €ro CXOAMMOCTh pABHOMEpPHA IIpH
Re(p)=<1—-6<C1. Ero cyMmma ecTb NOITOMYy aHaJuTHUeCKas (YyHK-
ung oT p, peryaspHas npu Re(p) <<1. Ho npu Bewectsensom p <0
OHa paBHa

2(1P =20 430 — .. ) =2 (1 — 20+1) L (—p).

CornlacHO TEOPHH aHAJHTHYECKOTO IPONOJ/IKEHHs OHA TAKOBA iKe
BooGme npa Re(p) << 1.
Hrak, npu 0<<p<<1

ap+l

T (1= 2049 L (—p) =T (p) sin 5 px (1= 22-4 (o + 1),

W, noJaras p=z-—1, Mbl noJy4aeM TO Xe (pYHKLHOHAJNbHOE YpaBHe-
Hue, uTO H Boie. JloKa3aTelbCTBO MPOXOAHT TOALKO mpH 1 <<z <C 2,
HO pesyJsbTaT, MOJYYEHHBId A 3THX 3HaYeHHH, COXPAHsET CHJy,
COTJIACHO TEOPHH aHAJHTHUECKOTO NPOLOJIKEHHUS, JJIsi BCeX 3HAUEHHH 2.

4.5. Npuauun orpaxenns. [lycmy f (x) — anarumuseckas pynxyus,
pezyaapras 6 obaacmu D, nepecexarowielica ¢ eeuiecmeenHol ocero,
U geujecmseHHas Ha eewjecmeennold ocu. Tozda [(2) npunumaem a
COI PANCCHHBIX MOYKAX CONPANCEHHbIE SHAYCHUA.

6*
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{lycTs 2, — BHYTpeHHsist TOUKa obaactu D, sexaniasi Ha Bemiect-
BenHoil ocH. Torga nJst ZOCTATOYHO MaJblX 3HAYEHHH |2 — 2|
o]

f(2)= D) an(z—2)"

n=0

Bce koagpuyuenmor a, seujecmeertol. JefCTBUTENLHO,

ay=[(2), a=["(2), ...

BemectBeHHOCTh KO3pdHIMeHTa a, oueBnAHa. Koabduunenr a, Moxer

(2)—F(z0)
Z2—2

OblTL BBIYHMCJEH Kax npeles OTHOIUEHH A npy z—2, 10

BElleCTEeHHBIM 3HaueHuAM. ClenoBaTesNbHO, H  KO3(hHIMEHT a;
SBJACTCA BEIECTBEHHBIM, H TAaKHM XXe O00OpasOM BellecTBeHHL! Bce
Ko3(pdUHEeHTH.

IDTHUM B KpYyre CXOIMMOCTH Psiia CONPAXKEHHOCTb 3HaueHUH (QyHK-
muMH [(2) B CONPSIKEHHBIX TOYKax YCTAaHOBJeHa. B nosHOM o6beme
TeopeMa MOXKeT OHTb IIOJlyyeHa Tenepb AHAJHTHYECKHM MPOLOJIKe-
yeM. JleHCTBHTE/IbHO, CTeleHHbIe PAa3JIOKEHHsT BOKPYr CONpSsKeH-
HHX TOYEK BcerAa OYAYT MMETb CONPSIKEHHbIE KOhdHIHEHTH.

4.5.1. OguH H3 MeTONOB aHAJHTHYECKOro NpPOAOJIKEHHs! OIHCHI-
BaeTCsl «IMPUHIHNOM oTpaxkenusi» Pumana — llIBapua. 10T npuHmHD
CONEPIKUTCA B cJenyiolell Teopeme, KOTOpasi ABJseTCst CBOETC poza
obpaleHHeM npefblaylned.

[1pednoroscum, 4mo wacme eparuyvt Hexomopot obracmu D nao-
ckocmu 2 ecmb npamoaunetinoi ompesox . Ilycme w=f(2) —ana-
Aumuweckan QyHRKyuA, peyiapras 8 D u renpepeisras na l, u nycme
w npobezaem 8 ceoell NAOCKOCMU APAMOAUREHbIL 0mpesok w, xoz0a
z npoGeeaem 1. Ilycme 2, —o6paz mouku z npu ompaxceruu 6 1,
u w,—obpaz mouku w npu ompagxceruu 8 h. To2da pyrxyuis w, ==
= w, (2, A8AAemMCA aHaumMuueckum npoloaNceHuem (PyHKyuL w.

Ilpexkne Bcero, w; ecTh AaHaNuTHYecKast QyHKUOusS oT 2. MHeit-
CTBHTEJILHO, HETPYIHO NPOBEPHTb, YTO €CJAH TOYKe 2’ COOTBETCTBYET
TOuKa @’ M 2], Wi — 00paskl STHX TOUEK NpPH OTPAXKEHHSIX, TO |2] — 2| =
=|2'—z|, |wi—w|=|w —w]| u

arg (2] — 2;) =20 —arg (2' — 2), arg (wi—w;) =2p — arg (v’ — w),

rae o —yroa Mexay ! M BellecTBEHHOH OChlO, a P — yroa mexny A
H BellleCTBeHHOH ocblo. Ecau Tenepb 2’ —»2, TO cyllecTBYeT mpenes

s W —w
lim——, n caenoBaTenbHO, cymecTByioT 06a npefena *)

limiw?:—:—?‘, lim {arg (@’ — w) —arg (2’ —2) }.

*) Bropoli npejen MOMeT He CYuwecTBOBaThb, €M IepPBHIA paBeH Hy/IO, HO
. Wi—w
TOrfja CyIeCTBOBaHHe Npejesa llmzj—zloqesﬂnﬂo: oH pased Hymo, (/1pumeda-
1741
Hue nepesoduuKa.)
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IToaTeMy cylecTBYiOT npeledsl

. W —w
| 2=
Zl

— |’ lim {arg (w{ — w;) — arg (21 — 2;)},

. ’

¥ C HHMH CYIIECTBYET mpene lim%‘,:—?l‘, a 9T0 M 3HAYHT, UTO W
1
ecTh aHaJuTHYecKasd PYHKLUHS OT 2.

SlcHo paJjee, uTo wy=w Ha [.

Ytolel [OKa3aTh, YTO 3TH (DYHKUMH ABJIAOTCA aHAJHTHUYECKHMH
HNPOMO/DKEHHSAMH ApPYyr APyra, BO3bMEM BHYTPH [ HpPOU3BOJBLHYIO
TOUKY U ONHLIEM BOKpYr Hee OKpyxHocTe C, CTOIb Magayio, 4To
OrpaHHYMBaeMblil €10 KPYT HeJHKOM NOKpwiBaerca obaacteio D u ee
obpasom D; npu orpaxenun B [. IlycTh c— rpaHunma 4acTH 5TOTO
Kpyra, Jexame# B D, u ¢, —rpanuna vacrd, Jexameit B D,. Iycrs
¢ (z)=w B yacTH Kpyra, Jexamedi B [, H ¢ (2)=w; B OCcTaJbHOH
yacth Kpyra. PyHKIHs  (2) HenpepwiBHA, H JOCTATOYHO AOKA3aTh,
4TO OHA AHAJHMTHYHA.

Ilycts 2z, — TOuKa, Jexauas BHYTpH Kpyra u BHyTpu D. Toraa
(cM. Kouen § 2.3.5)

1
P (20) =53 S Z(Pf;o dz.

P (2)

Tak kak QyHKIuA -
<o

peryaspHa B D,, 10

0= L S LGPy

2—2

<1

TIpu cJoxeHHH 3THX paBeHCTB HHTeTpaJbl, B3fAThlie BIOMb [, cOKpa-
AaKTCs, U Mbl NojdydaeM GopMyJy

z—2,

. .
¢ (20) =557 S 2@ g, (1)
&

fIcHo, 4ro Ta Ke QopMmyaa NOJNYyUUTCH, €CJH 2y JIEKHUT BHYTDH
Kpyra u BHyTpu D;, a Tak Kak o0e yacTu (opMyJsl (1) HempephiBHH,
7O OHa OCTaercsl BepHO# H B cJydyae, KOTAa 2, €CTb BHYTpEHHsf
kK C Touka orpeska /. IlockosbKy mpaBas 4acTb 3TOH (OPMYJIEI €CTb
anamutHyeckas (yHKIHA OT 2y, peryJasipas BHytpu C {cp. § 2.8),
STHM TEOpeMa J0Ka3aHa.

MeTon IOKasaTeJbCTBAa B JeHCTBHUTENbHOCTH JaeT Gojee o6uiyio
TeopeMy: ecau yuryuu f(2), fy(2) anarumuunss u peeyraprsi 8 obra-
cmax D, D,,pasOererunix Kowmypom C, HQ KOMOPOM OHU HENPepbieHol
U NPURUMAIOM O0UHAKOBble 3HAHEHUS, MO OHU SBAAIOMCA AHAAUMU-
weckumu npodoaxcenuamu Odpye opyea.
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4.6. MyasTHnIHKaUMOHHas Teopema Anamapa *). Ciexyrowmas npo-
6aeMa, paccMoTpeHHasi AjamMapom, jaeT XOpOUIHH NPHMEp I pUMeHe-
HUS TPUHIHIOB TEOPHH aHaJUTHYECKOro npoao/nkenus. Ilpexnono-

(o)

UM, uto psig [ (2) = Z a,2" cXoauTcst npH | 2| << R, uto psixg g (2) =

n=20
(o)

= >} byz" cxonutcs npu |2|<<R’ u urto ocoGennocTH Gynxuui f(2)
n=>0
H g(2) usBectHH. UTO MOXHO cKas3aTh 00 0COGEHHOCTSIX (YyHKLHH
[s¢]

F(2)= >} asba2", (H

n=0

y KOTOpO# KO3((HIUHEHTH psia SBJSIOTCS NPOM3BEJEHUAMH KOo3(di-
ILMEHTOB NPEJLIAYIIHX DSIAOB?

O6mast TeopeMa COCTOHT B TOM, YTO ecau [(2) umeem ocobuie
MOUKU Oy, Oy, ..., @ g{2)—ocobvie mouku P,, Py, ..., Mo ocobue
mouxu pyrxyun F(2) Haxodamces cpedu mouex otyp.,.

IlpeanosnioxumM, 4TOGH! paccMOTpeTh npocTefmnil cayuai, uro f(2)
UMEET TOJNBKO OJHY OCOOEHHOCTh Z==0. H g (2) — TOJBKO OAHY OCO-
6eHHOCTb 2= f.

Ilpexkne Bcero, dyuknust F (z) peryJisipHa npu QOCTATOYHO Ma/bIX
3HAYEHHSIX 2, a HMeHHO, mnpu |z!<<RR’. [leficTBUTeNBHO, e€CaH
e>0, To

|a, (R—e)"| <K, [b,(R —e)"|<K,

K
TaK YTO |anb"’<‘d—R:8)—(R’_:6)—P"

paguyc cxomuMmoctd psina (1) mo meHbiuelt mepe pasBen RR'.
Teopema Apmamapa noJsyyaercss M3 MHTerpaJsibHOH opMy.Jibl

Fio) = \1wg( L)L, 2
C

rge C — oXBaThBalOWM{ HayaJo KOHTYD, Ha KOTOpoM |w|<<R,
|2/w| << R’. UToOw f0Ka3aTh Ty GopMyJy, MOACTABUM B HHTErpaJs psaj

g(2)= Jo()

n=

ITockosbKy & MpOU3BOJILHO Maso,

M NPOM3BENEM TOYJIEHHOE HHTEIPHPOBaHHe, KOTOPOe BO3MOXKHO B CHJIY
paBHOMEDHOH CXOIHMOCTH. Mbr nonyan:

[ea)

e {r@a(3)2 = 34 (100 - 3 v

n=4g0 =0

*) Hadamard [3].
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yro u TpeGyercd. MHas Toro uro0bl ObIH BHIIONHEHB HEPaBEHCTBA
|w| <R, |z/w|<<R’, He06X0AHMO, KOHEUHO, HEPABEHCTBO |2 {<C RR'.
Ec/1 OHO BHIIOJHEHO, TO B KauectBe C MOMKHO B3AThb, Halpumep,
MoOYI0 OKPYXKHOCTb, JIEXKAILYI0 MeXAY OKPYXKHOCTAMH |w|=R n
|w|={zl/R".

B paccMatpHBaeMoM mnpocTeHlleM clyyae, Koraa QyHKUHH [ (2),
g (2) MMeloT 1o OnHOM 0co60H Touke, R=ja|, R =[f|.

IpononxuM Tenepp Gynkuuio F(2) 3a npegens Kpyra |2!-Z RR'
nyrem ZRedopmanuu Koutypa C. ITloka C ocraercst GUKCHpPOBaHHLIM,
2z B dopMmyJse (2) MOXKET NMpHHHMMATh JIOOHle 3HAYeHMst, NPH KOTOPHIX

ocraerca BHyTpu C. HeficrButensno, nmo § 2.8.3 mpapas uacTsb

Gopmyael (2) ecTs aHaqMTHYEcKas (YHKIMS OT z AJA BCEX yKas3aH-
HBIX 3HaueHWH 2z, OTKyZa €pasy MNoJydaercst NpofosKeHue GYHKIHH
F(2) Ha Bce Takue 3HaueHHS.

HYC’I'I: koutyp C medopmupyercss B ApYTOil KOHTYP, C,, oxBaThl-
BaiomMi TouKy 2==0 ¥ He oxBaTwlBalOmINil TOUKH Z=a. Ilo/0XHM

z>_mgf (L)% ®

Cornacao teopeme Komm Fy(2)=F (z), ecnu ToJIbKO Touka w=2z/p

JIEXXHT BHYTPH 060nX KOHTYpOB C, C;. JIeBCTBUTEbHO, NOABIHTErPalb-

Hasg (yHKuMsl peryfispHa, kak ¢yHKuHs or w, mexay C n Ci.
Htak, ¢opmyna (3) obecrieunBaeT INpoao/KeHHe QYHKIHH F (2)

4
Ha BCe 3HAYEHHS 2, MJISI KOTOPbIX — JeRUT BHyTpH Cj.

B

EnuHCcTBEHHOE OTpaHHYeHHE, HAJIOMEHHOE Ha 2. COCTOMT IO3TOMY
B TOM, YTO TOYKa z/P IO/AXKHA /exxaThb BHYTPH KOHTYpa, He OXBAThHI-
Balomero Toukd z=oc. Ho Takoll KOHTYp MOXHO HaHTH AJf JI0G0ro
3HaueHMsi Z, KpoMe 3HaueHHs1 Zz=af.

Hrak, pynkuns F (z) peryanspHa npu z s=of. OfHako I0KasaTenb-
CTBO TNPHMEHHMO TOJILKO K OIHOH BeTBH ¢yHKUHH F (2), KOTOpYIO
MBI MOXeM Ha3BaTh [JABHOH, HMEHHO K TOH, KOTOpasi HoJydaeTcs
Y3 HayaJbHOTO 3JeMeHTa 0e3 00X0Ja TOuKH of.

B ofmem cayyae petaju JOKasaTesbCTBA CTAHOBATCA, KOHEYHO,
6oJiee CJIOKHBIMH, HO MeTOJ OCTAeTCs TeM XKe.

R 1
Mpumepnt. (1) Ecau ](z)=a—_z—, g(z)== 55 10 F(2)= h—7"

1
(1) Ecan f(z)=l—_z—2, g@)= lizz’ 10 F(2)=0, TaK u4TO0 TOuYKH op

He 00643amesbHo SBIAAIOTCS OCOOBIMH Ms F (2).

4.7. PyHKUHH C ecTeCTBEHHbIMH rpaHHuamH. [loJoxum

[ee]

fa)= 2 2"

n=yp



168 AHAJIUTUYECKOE IMPOJOJI)KEHHUE [TV Iv

f(2) ectb anasuTHYecKas GYHKOUA, peryiaspHas npu |2 |<< 1. Ilycrs
2 =re?P™/4; pacCMOTPHM mnoOBeleHHe (QYHKUHH f(2) mpu r—1. Mu
MOXKEM HafMcarhb!

F@)= 3 24 S an = f, 1)+ (2).
n=0 n=gq

f1(z) ecTb MHOTOYJEH H {IPH r — 1 CTPEMHTCA K KOHEUHOMY MNpeeay.
Ecnu n==gq, To ¢ ecth FeJMTenb uHcaa al, Tak uyto ¥ =r" u

f2(2)= anlv

n=gq

npaBas ke yactb IpH r—1 crpemurcs X Geckoneunoctd. Cirenosa-
TeNbHO, f(2)—>oo0 mnpu r—1, a 3TO 0O3Hayaer, 4TO Z==€**"/4 ecTh
ocobast Touka ¢pYHKuHH [ (2). Ho Touku 3toro popa sexar Ha efuHHY-
HOH OKDYXKHOCTH BCIOLYy IJIOTHO, TaK YTO HE CYIIECTBYeT IYTH,
Ha KoTtopo# ¢yHKuHA [ (2) peryaspua. [TosToMy npononkuth QyHKULUIO
yepe3 EIUHHYHYIO OKPYXKHOCTb HEBO3MOXKHO, H, TakKHM 06pasoM,
e[MHHYHAst OKPYXXHOCTb SABJAETCS] €CTECTBEHHOH rpaHHUed (yHKIHH.
Takoe xke 3akyoueHHe BepHO /51 PYyHKIHH

f@= 32"

n=y

— Mbl moJaraeM z= re2pmi2’ y paccyXjiaeM Kak Bhlilie,
7.1, M Ta¥). H
4.7.1. Pag Jlamb6e *). Tlomoxum

f@=3dmz  (Jz]<]),

n=I|

rie d(n) oBosHauaer YHCIO Aenauresed uucaa n. Mbl NOKaxeM, 4910
eIMHHYHAS OKPYIKHOCTb SIBJISIETCA €CTECTBEHHOH TIpaHHUEHd H 3TOH
(pyHKOHH.

(o) (o)
PaccMoTpuM [BOHHOM pag Y, 3, 2*". Ecan Mel pacnio/ioxum ero
u=Ilv=1
KaK NPOCTOH CTeneHHOH psii, TO MOJAy4uM f(2), ecJH Ke [OPOCYyMMH-
pyeM ero mo CcTpOKaM, TO NPHAEM K PaBeHCTBY

fo=Y 12 (zl<).
u=1

dro npeobpasoBaHHe 3aKOHHO, TaK KakK NpH |z|<<1 aBoilHOH psg
abCOJIIOTHO CXORHTCS.

*) Cu, Knopp [I].
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[lycTb 2=re?P™/4, The p M ¢ — B3aUMHO MPOCTHIE L2JIble UUCHA,
npuueM p>0, a ¢> 1. Me nokaxeM, uro npu r-—1

(1—=r)f(2)->o0.
Mbl MOXeEM HanHCATh

F@O=Y 10+ =

rae B nepBoil cymme p =0 (mod ¢), a Bropasg cymMma pacnpocTpaHeHa
Ha BCe ocrajibHble sHadeHHst u. Ecau p=mg, TO

2* = (reniplaymg = pma,

TaK 4ToO
] (o)
—r 1—r?
(1”)2—(1_’)2 R 2 [—pmg [ =
m=—1 m=1
1 rmq

= I4r4...4-r7-1 1+r‘7—|—...—|—r‘”"1"7 =

_l_ 2 rmq 1 lo i
q —'q— gm-—)OO.

C apyro#i croponsl, ecin p=£0 (mod q), TO

(1 —2t2=|1—riemirw/a |2 =

=11 — " 4 4rhsin2 24T p” = 4rnsin? & 7
Taxkum oGpasom,
I—r N e 14V 1
_r S r
’(1—-’)2 < % sin (w/q) (n/q) 2 A F Y sin (wt/q) *

CrenoBaTe/bHO, KaK H B NPEAbIAYIIHX CJyyasiX, eIHHHYHasi OKpyXK-
HOCTb SIBJISIETCSt €CTECTBEHHO! rpaHuned ¢GpyHKuuu f(2).

PA3JIMYHBIE IMPHUMEPDHI

1
1. dyaknus f(z)=z——2— 22+%z3— ... MOXeT GHIThb NPOJOJXKEHA Ha OJib-
wyio 061acTh MOCPeACTBOM pPsAa
1—2 (1—zp (1—2p

log2——— =g —"3. —

2. Crenenxble paan

z+— 22 %z3+...
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1
i:rl:—(z—2)-|-l?(2—2)2—§(z—2)3—|-

He MMEIT HHKAaKoH oblel 06J1acTH CXOAMMOCTH, HO TNPEACTABJAAIOT aHaJWTHYECKHe
MPONOJIKEHHS OXHOK ¥ TO¥ ke PYHKIMH.
3. OyHKIUHK, ONpele/leHHble PANAMH

14+az-+a222+ ...

1 (l—a)z (1l —a)z?
T—z  (I—zp 7 (—zp ~

ABJSIOTCS aHAJWTHYECKHMH IPOAOIKEHUSIMA APYr Apyra.
4, Ecan f(2) u g(2)—uensle GyHKIHH, TO HHTErpan

dw,

; ( 1y

1 fw ¢ w)
2l w—2z 20— w?
B3ATHI BIOJb ENHHHYHON OKPYXKHOCTH, MPEIACTaBAseT f(z) BHYTPH Hee u g (l/2)

BHe ee.
5. Iyete F (o, B; y; 2) o6o3nagaeT psin

. olci 2@ BBED

T2yFD o
[lokasaTb: yTO psidbi

f(@)=F(, 1 ¢ 2)
H

1 z
g(z)‘-—“ﬁ F(c—a. 5 ¢ ﬁ)

HMEIOT HeKOTOpYIo 06yl 06JacTe CXONMMOCTH; YTO B 3TOfi 06/1aCTH CyMMa KaxX-
JOTO M3 3THX PSNOB YLOBJIETBOPseT AndepeHIHANTbHOMY YypaBHEHHIO

dz?
2 (1—~z)d—;—|- {e—(a+2) 2} %—au=0;

yto f(0)=g(0) u [ (0)=g' (0); uro, caepopatesnHo, (yHkuuE f(z) u g(2)
SIBJISIIOTCS aHAJWTHYECKHMH TNPONONKEHNSAMH APYr Apyra.

6. Dynxnus nonyckaer okojo Toukn 2=0 1Ba  cTeneH-

V2a—z41
HBIX PasJIoMEeHHs ¢ pajuycamu cxomuwmoctd 1 u 2,
7. PaccMoTpeTb ocobeHHOCTH YHKnUH

1 1
—1, | — L.
=i =)

8. Tlokasats, uto opmyuan (2) § 4.4, KoTophie bW IOKA33aHBI TaMm JMJIS BELle-
CTBEHHBIX 3HAUEHHI X H y, OCTAOTCS BEePHbIMK INPH JIOGHX KOMIUIEKCHLIX 2lade-
HHSIX X W Y, YAOBJETBOPSIOWMX ycnoBHIO | Im (y) | << Re (x).

9. okasath, 4TO

oo oo _1 n
P(Z)= S e‘wwz“ldw—l- 2 T!(#H,
1 n=20

A 32HOBO YCTAHOBUTb 3THM NyTeM aHaJHTHYECKHE CBOHCTBa ¢ynkunu I' (z).



PA3JTHUHBIE MPUMEPHI 171

10. Hoxasatb, uto npu 0 << Re (2) << 1

o

1
S tz2-lcost dt =T (2) cos 5 @
9

u uto npu —1 << Re(2) <1
(o]

Stz‘l sint dt=T(2) sin%nz.
0

11. Hokasarb, uto npu 0 << Re (2) << 1

Lo¢ 1 1
tor=ry § o - ) e
[}
H 4To npu —1 << Re (2) << 0

1

L@ =15

w

9(138

1 1 1
w2‘1<ew_1 —-—-I-g)dw.

[PaccMOTpeTh COOTBETCTBYIOUIHE KOHTYDHBIe HHTerpajul kak B § 4.4.3.]

12. BeiBecTH (YHKIMOHA/IbHOE YpaBHeHHe A3eTa-GYHKLHHM H3 nepBoH (opmysst
npumepa 11 u gopmyast npumepa 10 raasot 11 (em. ra. 111, Pasjguusele npumeper).

I3. BbiBecTH (PYHKUHOHAAbHOR ypaBHEeHHe [3eTa-QYHKUHH H3 BTOPOH (HOpMYJIbI
npumepa II u mpumepa 1II § 3.2.2,

14. Oyuxuus L (2) onpenensiercsas npu Re(z) > 1 dopmyaoit L (2)=1—lz — 512 -

1
- BT e Tokasatb, uTo L (2) ecTb Lesass QYHKUMS OT 2, yAOBJIETBOpSIOULAs

(yHKIUHOHATBLHOMY Y PABHEHHIO

L{1—2)=22n"2 sin %nz T'(z)L(2).
15. Tlyers ¢ynkuus f(2) onpepensercss npu |z | <<l ¢opmydaoit f(2)=
o 2n
= Z ICEaT (s >0). Ilokasate, uto

n=9

| s ;
fo=ry § =
0

¥ uTO, CJIefoBare/ibHO, QPYHKLHUA f(2) pery/spHa BCiOfly, 3a BO3MOXHBLIM HCKJIKOue-
HHEM NOJIOKHUTENbHOH uacTH BeulecTBEHHOH OCH.

JledopMHpyst MHTEPBaJ HMHTErpHPOBAHMSA B HAJNEKAUYI0 KPHBYIO, NOKAa3aTb,
4TO r;aBHast BeTBb QYHKIHH [ (2) peryssipHa BClORy, 332 HCKJIOYEHHEM TOUKH Z==],
[oe]

Y apzt

(n41)°

n=9

16. TlokasaTb, 9TO OCOGEHHOCTH IJIaBHOH BeTBH (yHKIHMH OJHH

4 Te e A BCeX BeleCTBeHHLIX 3HaueHWH s,
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17. PyHKUMH [(x) H g(x) CBA3aHbL! NPH BEIECTBEHHbIX 3HAYEHHHX X COOTHO-
HIeHH IMH

for= Y esgd, gm=gz \ e a

[okasarb, 4TO He cyllecTBYeT KOHEYHOro HHTepBaJa, Bie KoToporo (x)=0, g (x)=
=0, ecqd TONbKO 06e GYHKUHH He DaBHHI HYJIO BCIOAY.
{Ecan f(x)=0 npu x <<a w npu x> b, 10 QyHKUHA g (X) aHANUTHYHA.]

(o]
18. Tlyets [(z)= ) 2*". Mokasarp, uTo
n=¢
V@)= (@)+2,
B BbIBECTH H3 3TOrO, YTO OKPYXHOCTb |2 |==1 sBJsfeTcs ecTecTBeHHOH rpaHulel
$ynxunu,
19. Ecnim o —BelecTBeHHOEe dppalHOHalbHOE YHCIO, TO  psf

© 1

Y o p—amow

n=1
ApeACTaBJsieT [BE PA3JHYHble dHAJUTHUECKHe QyHKLHH, OOHY B eJHHHYHOM KpyTe,
APYTyIO BHe ero, W eJUHHUHAS OKpYXHOCTb SIBJSICTCS €CTeCTBEHHOH TrpaHHued
KaxAon u3 3THX ¢yHKUuHA. Ecin o — paunoHaJbHOE YHCIO, TO PSifi NMPeACcTaBser
eMHCTBEHHYI0 DALHOHANbHYIO (GyHKuMIO. [B nepBoM ciydae QyHKUHsS He Orpa-
HYveHa, KOTAa 2 — ¢2iMOT projib pajauyca-BeKTopa.|

[>]
1
20. Hnst ¢pyHKuuu I I (l +m) npsivasi Re(2)=1 sBasercs ecrecTseH-
n=1
HOH rpaHuuel.,
[Kaxpast Touka sroll mpsamoil siBAsieTcst mpefedbHoll s Hynef.]

(s 0] oo
21. Ilycts f(2)= 2 a,2" (jzi<l)u @(2)= 2 a:,lzl" . Torma uurerpam
n=4¢ n=9
(o o)
F(z)=S el (2t) dt
]

ocyllecTBAsieT npono/nKenne GyHKIUH f(2) 9Yepes KaxAyl0 Ayry TpaHuUbl Kpyra
CXOLHMOCTH, Ha KOTOpOH 3Ta GQYHKLHS peryJaspia.

[3t0o —Meton npomomkenusn Dopeas *). Ilpexne Bcero, F (2)==f(2) Bsciony,
rie pal aas f(z) cXomWTes; AeHCTBUTEJAbHO, corsacHo § 1.7.9 MEI MOXKeM BBeCTH
psn 4as f(2) nog 3HAK MHTerpana #W NpPOU3BECTH MOWIGHHOE HHTErpHpOBaHHE,
Hanee, ecu dyHKnua f(2) moxer OwbiTh Kak-1860 npomomkeHna, To F(2) cyulecr-
ByeT B Gosbwmied o6mactu. eficTButenbHo, nycrb 2-— peryJispHas Touka mjist f(2).
Mur moxem Hanucats (cp. § 4.6):

zt

1 w d
Dl =ger | 1@ e® 22,
C

rie C —KOHTYp, OXBAaTHLIBAIOUWKA HAuaJO H He OXBaTHLIBAIOWMHI OcobenHocTel (QYHK-
iy f (w). CaegoBatessuo,

T (20) | < KeM!,

*) Cm, Borel, Legons sur les séries divergentes, ctp. 94,
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rpe K He 3aBucHT OT 2 M [, a M ecTp MakcumyM oGyHKuun Re (z/w) pas seex
3Hauenuit w Ha C. Jlna poxasaTesqbcTBa CXOXHMOCTH HHTerpaja, NpeicTaBAsOilero
F (2), Ham HyxHO HepaBeHcTBO M << 1. Ecau Touka w JeXHT BHe Kpyra C L eHT-

pOM -2 H Pajguycom % |z], T0 Re(z/w) << 1, u Mmul Gepem B KauecTBe C OKpyx-

2
1 1
HOCTb € LEHTPOM —-2 HECKOJIbKO 6oabuiero paauyca, ckamem 7\2 [4-6; Ha Hem
z .
M=E|T-|-_I§' Koutyp C He jomkeH OXBaTHBaThb OcoGeHHOCTeH (YHKUHH f(w),

H OH He OyjeT HX OXBATHIBaTb, €CIH 2 JIEXHT B O6sacrH D, mOCTPOEHHOH cJleny-
oM obpasom. Uepes Kaxaylo 0cobyio ToukKy GYHKUHH f(w) Mbl MPOBOAHM Tps-
MyI0, NEPHEHAHKYJSPHYIO NPAMOH, COEAHHSIOUEH 3Ty TOuKYy ¢ HauaioM. D ects
o6/1acTb, OrpaHHYeHHAsl 3THMH MNpPAMbIMH. SICHO, 4TO OHA COAEpMMT eXRHHHUHLIA
KPyr, H HeTpyAHO IIPOBEPHTb, UTO BCE HALIH YCJIOBHS BEINOJIHEHbl, €CJAH 2 JIGHHT
BuyTpH D u & pocratouno mano. Temepb YyXe Jerko poKasaTb, 4YTO HHTerpaj
Bopeas npononxkaer f (z) Ha Bcw o6aacTb D.]
22. Tlposeputb Teopemy bBopeas pas QyHKuui

1 | 1
l—z' 1—22' 1—2"'




FTTABAV
TEOPEMA O MAKCHMYME MOAYJIi

5.1. Teopema o makcumyme moayuis. Ilycth f(2) — aHanuTHUEeCKas
{yHKUHSA, peryaspHas B HeKoTopo#l obmactu D u na ee rpanune C,
KOTOPYIO MBI MDEANOJIOXKHM TpPOCTHIM 3aMKHYTHIM KOoHTypoM. Torga
¢yuxuua |f(z) | HempeprBHA, TaK Kak

IFzEm|—1f@l<Ifz+h) —F ()]

‘W TIpaBas 4acThb CTpeMHTCS K HyJIO BMecte ¢ h. CienosartessHo, |f (2) |
HMEEeT MaKCHMaJbHOe 3HayeHWe, KOTOpoe JOCTHUraercsi no KpafiHeH
Mepe B oAHOH TouKe. OCHOBHAsl TeOpeMa 3TOH TJaBbl COCTOMT B TOM,
yro |f(2)| AocTHraeT CBOero MakCHMyMa He B KaKOM-JHGO BHYTpeH-
Heft Touke of6nacti D, a Ha ee rpaHulle C. Mpl MOXKEM CKasaTb, TAKHM
oGpasoM, 4TO ecau f (2)|=<M na C, mo mo oce HepageHcmeo Gepro
80 gcex mouxax obaacmu D.

Bot Gonee TouHas GopMyJHpPOBKa TeOpEMBI.

Ecau f(2) —ne nocmoarnas u |f(2)|=<<M mra C, 10 |f(2)|<<M
80 8Cex srympexrux mouxax obracmu D.

MBI n1aguM HECKOMBKO JOKAa3aTeNIbCTB 3TOH TEOPEMHI.

5.1.1. IlTepBoe nokasateancrer. OHO onHpaeTcs Ha JIEMMY:
ecau ynryua ¢ (x) Henpepoiona, ¢ (x) < ku

b
b—lEScp(x) dx=k, (1)

mo ¢ (x) =Fk. IJokasatenscTBo JeMMsl: ecan ¢ (§)<<k, To cyiuectByer
uesntéi uHTepBan (E—§, £+ 8), B xotopoM ¢ (x) =<k —ec £>0; HO
TOrAa

b

(o) de<26(k—e)+(b—a—28)k = (b—a)e — 28¢,

a

4TO TPOTHBODPEYHT HepaseHCTBY (1).

Yrobul A0Ka3aThb TeopeMy, NPeMoJIoKHM, 4TO |f (2)| npuHHMaeT
B HEKOTOPOH BHYTpeHHeH TOuKe z, o6nactu D 3HauyeHve, He MeHbllee
moGoro Apyroro CBoerc snaueHus. IIyctb I' — OKPYKHOCTB C IEHTPOM
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2, Jexauwas uenurkom B D. Torza

L § /@)
Fa) =55 | 1z @)
r
TMonaras z — 2z, =re'®, ff—((z% =0e'? (0 U ¢ — QyHKUHH OT B), MBI MOXKEM

npeacTaBUTE GOpMyay (2) B BHAe

I 2n
=5 S 0ei® d. 3)
0

2n
1
CaeoBaTedbHO, lgﬁ S pdf. Ho, coriacHO NpexarioNoKeHusaM, Q<<
0

<< 1, Tak 4TO, B CHJy JeMMbl, p=1 Ans Bcex 3HaYeHHH 0.
[Tepexols Temepb B paBeHCTBe (3) K BEUIECTBEHHBIM YACTSIM, Mbl
2n

1
BUJAUM, YTO l=2—ﬂ S cosqdd, Tak 4TO, B CHJY JieMMBl, cOS¢ =1,

0
CrenoBaTedqbHO, f(2) =f(2,) Ha I', a motoMy H Bcioay, T. €. f(2) ecthb
TOCTOSIHHAS.
5.1,2. Btopoe foKa3aTeaAsCTBO. B npuHuUne oHO CXOZHO
¢ HepBbHIM, HO BMeCTO HHTerpaja Kolin Mbl nmosab3yeMcsl TeM (akToMm
oo

(§ 2.5), uto ecan f(x) = D] @, (2 —20)" TO
n=0
P2 [e]

- § | @t re®) Pdo= Y afrren,
n=0

B Tex e NpPeANONOKEHHSX, YTO H Bhlllle, JeBas 4acTh He MPEBhi-
maet |f ()% T. €. |agy 2. Takum o6pasom,

lagP+]a Pr2+{a,Prid-...<a}

OpH HEKOTOPOM MOJOKHTeJbHOM 3HaveHuH 7. CienoBaTesbHO, @p =
=gy=...=0, T. e. f(2) ecTb mocTosHHAA.

5.1.3. Tperre mokasatenbcTBO. Ecam z;,— BHyTpeHHsd
Toyka ofJactTH D, TO Mbl MOXKeM PasfOXHTb (PYHKUHIO f(2) B cre-

[ee]

NeHHOH pax Z @, (2 —2y)" C HOJOKUTEJILHBIM PALHYCOM CXOJUMOCTH.
n=0
[Nonaras 3ateMm z — z,=re!®, a,= A%, Mbl MOXEM HANHCATDH:

FO)= 3 Auet et ),

n=0
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Takum o06pa3som,

[»e] [2]
|f(2) |2= Z AmAnrm-f-net(am+me—an—n9). (1)

m=0n=0
[peanonoxkum cHavasna, 4t0 @y 0. Tak Kak paxg a6comotHo
CXOINTCSI, TO €r0 MOXHO pacCHOJIOKHTE 10 CTENEHSIM 7 H IOJydYeH-
HHEH CTenmeHHOH psij OYIET UMETh MOJNOMKHTENBLHBIH PamHyC CXOJHMO=
ctu. Ilyete R — HauMeHBIIEE H3 IOJNOKHTEJBHLIX 3Ha4YeHHH A, LA

KOTOpHIX a,=0. Toraa

. o
|F (2) 2= A3+ 240Aur* cOS (g —ap —kB) + 3 car® (2)
n= %41
npHyeM | ¢, | << c® aas nekotoporo ¢. CleloBaTesbHO,

ad ot k1R
1,8+1
n AY npn _ 0T
E Car™ | << Q) Crt=—
n=k+1 n="k-41

a 3TO INPH JOCTaTOYHO MaJoM 7 MeHble, 4eM Ay A,r%. Tlpu Takom
3HAUEHHH r pasHOCTh |f(2) ]2 — A} npHHUMaeT KakK NOJIOXKHTEJbHbE,
TaK W OTpHIATeJBHBIE 3Ha4YeHHs, Koraa 0 usMmensercs ot 0 no 2
(cpeannfi 4JeH B mpaBofl 4acTH paBeHCTBA (2) MeHsieTca MeXAy
—2A4,Apr* u 24,A,r*). CnenoBatensHo, A, He €CTb HH MAaKCHMyM,
HH MHHUMYM GyHKUMH |f(2)].

HoraszaTesscTBO HE HPOXOAMT, €CJAH He CYIECTBYET OTIHYHOMO
ot Hyas kosbpunuenta a, ¢ n>0. Ho rorga f(z) =a, 2ns Beex
8HAYEHHH 2.

Hakouen, ecaun a,=0, 10 |f(2)!/=0. 210 3naueHue He MONKeT
OGHITH MAKCHMYMOM: OHO SIBJISIETCS MHHHMYMOM.

DTuM TeopeMa JOKasaHa. Mexay INpouHM, Mbl JOKa3aJH, YTO
|f(z}| He mooxem umems 8 D munumyma, omauunozo om Hyifs. 3TO
MOXHO JI0Ka3aTb TaK:Ke, NPUMEHSS TeopeMy O MakcHMyMe K (YHK-
uun 1/f (2).

5.1.4. TapMonunueckue pyHkuHH, COOTBETCTBYIONIAS TeO-
peMa 0 rapMOHHYeCKHX (YHKIHAX COCTOHT B TOM, YTO QyHKyus, 2ap-
MOHUNECKAR U He NOCMOAHKAA 8 HeKomopotl o0aacmu, He momem
uMemes MaKcumyma 6o sHymperwell mouxe smotl obracmu, JleficTBu-
TeJIbHO, MYCThb U — BeleCTBeHHAs 4YacTk (GYHKUHUH [ (2). Ecau u uMeer
MaKCUMyM B HEKOTOPO# BHyTPEHHEH TOYKe, TO 3THM K€ CBOHCTBOM
ofnanaer u e*, T. e. MOAyJb |e?) | ananuruueckoit pyurunu /). Ho
yxke OplJI0 JOKAa3aHO, YTO 3TO HEBO3MOXKHO.

TeopeMa MoxeT ObITh JOKa3aHa Takxke PacCyKJAEHHEM, CXOIHBLIM
¢ uasoxeHHBM B § 5.1.3. Mul onmumeM ero o6wmufi XoA, He BIaBasch
Bo Bce JgeTaJH. [lycTb u(x, y) — BelleCTBeHHAs 4YaCTb AHAJHTHYECKOH
dyurunu f(2) = X a,z", peryaspuoft npu z=0. Toraa

ulx, y)= Re Z Qp X+ iy)".
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H MBl MOJyyaeM AJa u (X, y) ABOHHON creneHHOR psa. Ero kosddu-
LHEHTE — Te XKe, YTO W B TeopeMe TefJsopa, T. e.

ux, Y—u©, 0)=ux+uy+ % (xX® + 200524 + 1y ) +-. .

HeobxonuMoe yc/J0BHE MAKCHMyMa COCTOMT B TOM, UTO u,=u,=0.
Ho rak xak u(x, y) —rapMonuueckas QYHKUHA, TO Uy, u,, =0.
CJIe}IOBaTeJIbHO, Uxx B U,y HMEIOT NPOTHBOMNOJOXKHBIE 3HAaKH, H MKl
MOXKEM cJeJiaTh pasHocThb u (x, y) — u (0, 0) cHavana noJOXKHTENLHOMN,
a 3arteM OTpHIaTeqbHOH, Oepsi cHauasa x =0 u 3HaueHHE y MaJIbM,
a 3ateM y=0 n 3HaueHHe X MaJIbIM.

Npumepw. (I) Ilycers dyuxuus f(z) peryaspra npu |z|<<a u |[f(2)|>m
Ha okpyxHocTH |2 |=a. Ecan [f(0)|<<m, To f(z) umeer mo KpaiiHell mepe onHH
HyJb B Kpyre |z | <a.

[deficTeurenvro, |f(z)| umeer MHHHMYM BHYTPH Kpyra, H 3TOT MHHHMYM
Jo/DKeH GHITh paBeH HyJIo.]

(I1) Bocrnosnb3oBaTbess NpefbiAYUIHM HpAMepOM LI [0Ka3aTeJLCTBA TOTO, UTO
BesiKoe anrefpanyecKoe ypaBHeHHe HMeeT KOpeHb.

5.1.5. TeopemMa O MakCHMyMe MOAyJs BepHA TaKke AN (yHK-
uun f(2), xoropas peryJaapHa, HO He OAHO3HAUHA B 00J1aCTH, €CJH
Tonbko GyHKmua |f(2)| onHosmauna (mpuMep: f(2)=}z B KoJb-
ueBoil oO0JactH, OKpyxaiwoled Hauasno). JleHCTBHTENBHO, NpENbAY-
1yee 0Ka3aTe/bCTBO COXPaHsAET CHIY AJ1s /MoGoil BeTBH TaKOH GYHKIHH.

5.1.6. Ilycty f(2) —ananuTuueckasi ¢yHKUHSA, DEry/sipHAs NpH
[2|<<R, 4 nycte M (r) oGo3Hauaer MakcumyM |f(2)! mpu [z|=r.
Toeda M (r) ecme MmoHOMOHHO 603pacmarowjas GYHKYUs om r Apu
r<<R. [efictBuTe/NbHO, M3 nNpeAblayliel TeopeMbl cpasy cJenyer,
yro M(r))<<M(r,), ecau ry<<r,, ¥ uto M (r,) MOXKET paBHSATHCH
M (r;) ToMLKO B caydae, Koraa f(z) —nocrosiHHAsA.

[lomo6HeiM ke o6pasom ¢yukuus A (r), onpeiejeHHas B 2.5.3
Kak MakcuMyM ¢yHKuM¥ Ref (2) npu |z]|=r, ecTb Bo3pacraiomas
¢yukuus ot r. eicTBUTENBHO,

eA = max |ef 2|,

fzi=r

5.2. Jlemma UWlBapua. Teopema Buranu. Teopema Moutens. [1ycnio
f(2) —anaaumuveckans Gyuxyus, peeyaapras npu iz|<<R. Zcau
[f(@) <M npu 1z|=R u f(0)=0, mo )

{f(re"")[gMT' O0<r=<R).

D10 npemsoxkeHHe H3BECTHO Kak Jewmwma |ipapua.

[TosoxuM @ (2) =f (2)/z. Oyukuua ¢ (2) peryaapHa npu_|z| <R,
H |9 (2)|<< M/R na okpyxHocTH |z|==R. To e il¢paBeHCTBO EePHO
nosToMy W BHYTpH Kpyra. Ilockogdeky t¢ ‘2) =|f(2)|/r, 5THM JeMMa
JOKasaHa.
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5.2.1. Teopema BuTtanau o cxoxumMocTH*). Hycms f, (2),
f2(2), ...—nocaedosamervrocme Qyuryul, pesyisapHelx 8 HeKomopol
obaracmu D, u nycme if,(2)| <M 0Oaa awboco n u awboii mouxu z
8 D. Ecau asma nocaedosamensHocms Cx00UMCA HA HEKOMOPOM MHO-
ogecmee mMouex, umerowenm npedessryro mouky eHympu D, mo owxa
PABHOMEPHO Ccxodumca 6o ecsxod obiacmu, sHympenued « D, max
4mo npeden eCMe QHAAUMUYECKAS (PYHKYUS om 2.

Hocratouno paccmoTpeTh cayuaid, korxa D — Kpyr, a npezens-
Has TOYKa —ero HeHTp. J[leficTBUTENBHO, €CJMH B 3TOM cllyuae Teo-
pemMa BepHa, TO B O0lleM cJjyuae paBHOMEpHaf CXOIAMMOCTb rapaHTH-
poBaHa B HEKOTOPOM BHYTpeHHeM X D kpvre ¢ LeHTPOM B NpENENb-
HOH TOYKe. DTO 3aKJIOUEHHE MOKHO OBTOPUTD, IPHHAB POH3BOJBHYIO
TOUKY KpyTa 3a [EeHTP HOBOTO Kpyra, H, TaKHM 00pasoM, TeM xe
METOAOM, KAKHM Mbl MMOJIb30BaJHCL B TEOPHH aHAJHTHYECKOTO Ipo-
HOJKEHHs, MOXHO JOKasaTb, YTO BcsiKas o6JacTb, OrpaHHueHHas
KOHTYPOM, BHYTpeHHHM K D, ecTb 06J1acTb pPaBHOMEDHOH CXOIHMOCTH.
- IlpumeM npenesbHYIo TOUKY 3a HayaJso. I1ycte R — paxuyc kpyra D.

yCTh

fn(z)=a0.n+al.nz+-'~ |Z‘ R) (1)

Torna /4 (2) =[x (O) | < /o (2) |+ /2 (0) | < 2M. Ho [, (2) — [ (0) ecTn
HyJb npu z2=0, Tax 4ro, B cuJy Jemmsl [llBapua,

() —F2(0)| <2M | z/R, (|z|<R

[Tyets 2" (5= 0) — TouKa, B KOTOpPOH MOC/EAOBATENbHOCTb CXONUTCA.
Torna

1 () = From (0) 1< | (O) = fa () | F | Jn (&) = Fasm () | -+
- From (2) = Frem (0| <= P2 4 () ~

Mul MoxeM Bui6paTh 2° TakuM 06pas3oM, uToObl NEpBBIH uJeH clipaBa
6L MPOM3BOJIBHO MaJ. 3aTeM, TakK Kak [, (2') CTPEeMHTCS K HeEKOTo-
poMy npezesay, Mbl MOxeM BbIOPaTh A CTOJb GOJBIUHM, YTOOB BTOpPOMH
yjer ObIT MPOH3BOJALHO MaJ IJs BCeX NOJOXKHUTENbHBIX 3HAYeHHH m.
CrenosatespHo, f,(0), T. €. @y 5, CTPEMHTCH K HEKOTODOMY Hpeiedy,
CKaxKeM a,.

PaccmoTpuM Tenepb GYHKILHIO

gn (z)=w=al,n+a2,nz+--

2z

Ona TakK:Ke CTPeMUTCs K HEeKOTOPOMY Npele/ly B TOYKe 2°, MOCKOJLKY,
Kak Mbl TOJIbKO 4TO II0Ka3aJH, a, , uMeer npeaena. [lasee,

1gn (&) [<<2M/R

*) JlokasaTenbcrso npunagnexut Hemay, cm. Jentzsch [1],
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U |2)=R, a notomy u npu |2|<<R. Takum obpasoM, QyHKIHH
gn (2) YAOBJETBODSAIOT TEM XK€ YCJOBHAM, 4TO H QYHKUHH [, (2) (ecam
He CUMTaTb 3HA4eHUs WX BEpXHell TpaHM), H, CJeJOBaTesbHO, a; ,
CTPEMHTCS K HEKOTOPOMY Ipeneny, cKaxeM a,. [lomo6HuiM xe obpa-
30M @, , CTPEMHUTCS K HEKOTOPOMY Npejeny npd JioO0M 3HAYEHHH V.

Hakowuen, cxoguMocts paga (l) paBHOMepHa OTHOCHTENLHO N H 2
nipH | 2| << R —e. JleficTBuTeNIEHO, B CHJIY HepaBeHcTBa Kom, lay, , | <<
<< M/R®, 1aK 410 | @y 2" | << M ((R—¢€)/R)" npu |2z| << R —e&. Cnego-
BaTeJbHO, CyMMa psila PaBHOMEDPHO CTPEMHTCH K Npeienay BMecTe
€ €ro WIeHaMH. JTHM TeopeMa JOKasaHa.

5.2.2. H3 ecaxoli nociedosamessHOCMU (YHKYULL, peeyispHsiX U
oeparuuenkblx 8 D g cmbicae npedeidyyell meopemvl, MONCHO 6610eAUmb
100n0C12008aMEALROCTL, PABHOMEPHO CXO0AUYIOCA 8 Kaxcdod obiacmu,
sHympennell k D.

Ilyets f;(2), [, (2), ...—3anaHHaa nocaeoBaTeNBHOCTb (DYHKIHI,
H nyctb |f,(2)|<<M B D. Ilycth 24, 2, ...— NOCAENOBATENBHOCTE
TOYEK, HMEIOIIUX Npele/bHYI0 TOUKY BHYTpH D. Bee Toukn w, =7, (2;)
JexaT BHYTPH Kpyra (@ |<< M nJ0CKOCTH w; CJeJOBaTEIbHO, OHH
HMeIOT N0 KpalHell Mepe OJHY MpelefbHYI TOUKY, T. €. CYLIECTBYET

'TaKkasi TNOCJAENOBAaTeNbHOCTb 3HAUEHHH #, CKaXeM Hy, Mg, ..., YTO
NocJAe0BaTebHOCTL PYHKUHA
fn(2), fa, (2)s ... (1)

CXOAUTCH B TOUKE 2.
TlonoGHeIM ke 06pa30oM H3 3TOH MNOCAENOBATENBHOCTH MOXHO
BHIOpaTbh  MOCAENOBATENBHOCTE  [p, (2), [p,(2), ..., cxoasamyocs
B TOYKE 2., M3 HEE — NOANOCAENOBATENBHOCTD [q, (2), fq,(2), ..., CXO-
JAILYIOCA B TOUKE 25, H T. [.
PaccMOTpHM noC/Ie10BaTeAbHOCTh

[n,(2)s [0, (2), [q,(2)s ooty

06pa30BaHHYI0 JHAroHAJbHEIMH UJeHaMH TalJIMiBl, COCTaBJIEHHOM
U3 NpelblAVILHX NocjaefoBaTesbHOCTEH. Kaxaas U3 3THX JHaroHasb-
HeiXx YHKUMA NOpHHAAJMEXKHUT nocaenoBatensHoctd (1), nm  notomy
JHaroHafbHAs TNOCJENOBATEJNLHOCTh CXOXUTCS B TOUKE 2,; Kaxknas
{yHKUHS, HAUHHAA CO BTOPOH, NPHHALJIEHKHUT NOCJASA0BATENLHOCTH (2),
H NOTOMY JHAaroHa/JbHAs MOCJeI0BATENbHOCTh CXOIHTCS B TOUKE 25;
i T. A. TakuM ofpa3oM, JAHaroHasJbHAs [0OCJAENOBATENBHOCTH CXO-
IHTCH B KaxIOH H3 TOYEK 2, 2,, ... B cuay TteopeMmsl Buranu ona
paBHOMCPHO CXOIHTCA MOSTOMY B Kaxkao#l obsacTH, BHyTpenHe# K D.

5.2.3. Teopema MoHutensa*). [lycme [(2) —anarumuueckas
QYHKYUL om 2, pesyaapHas 8 noaynoaoce S, onpedeieHHOL Hepagescm-
aamu a<<x<<b, y>0. Ecau ¢yuxyus f(2) oepanuyena 8 S u npu
HEKOMOPOM (UKCUPOBAHHOM 3HaueHuu & nepemeHHo20 X (3aKAIOHEHHOX:

*y Montel [I], Hardy [i8], Bohr [4].
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mexwdy a u b) cmpemumcs & npedeay {, koeda y— oo, mo [ (2) cmpe-
mumes & 1 Ha kaxedod noaynpamol x = x, (a << x,<<b); npu a+08 <
<<x=<cb—0 amo cmpemaeHue pasHomepHO.

PaccMOTPHM B NPSAMOYTOJIBHHKE R, onpejesieHHOM HepaBeHCTBAMH
a<<x<b, 0<<y<C2, nocslenoBaresbHOCTE GYHKUUH [, (2) = [ (2 in)
(n=0, 1, 2, ..). Tak xak f,(2) >/ B Kax10i TOuKe OTpe3ka x=E§,
TO, CcornacHo TeopeMe Buramu, f,(z)—>1! paBHOMepHO B Kaxjofi
objacTH, BHYTpeHHeH X R, H, B YaCTHOCTH, B IPSIMOYTOJBHHKE
a+0=Cx=<b—0, 1/2<Cy=<C3/2. SruM TeopeMa nOKasaHa.

3Ty TeopeMy MOXKHO IepeHeCTH Ha JApyrue 00JacTH MOCPeLCTBOM
KoHpoOpMHEIX npeoGpasoBaHufl. [losoxuM, HanpuMep, 2z=ilogw.
Torma paccMoTpenmas mnoJioca IJIOCKOCTH 2 TPEBPATHTCA B yroJ
IJOCKOCTH W, M TEOpeMa VTBEPXKAAeT, UTO €CJAH aHaJ uTHYeCKast
tyHKuusa ¢ (w) orpaHxyeHa B yrie a <<argw << f u ¢ (w) -, Korna
W—>00 BAOJb HEKOTOPOH noaynpsMoii argw = const, Jexauief
B 3TOM yrJae, TOo ¢(w)—>{ paBHOMEPHO B KaxXioM yriae a-+98=
argw==0p—6.

5.2.4. Crepyiolliasi TeopeMa faeT npejcTaBJeHHe O APYroM Hanpas-
JeHHH, B KOTOPOM MOXET OBITh NPHMEHEHa TeopeMa O MaKCHMyMe
MOIYJIA.

Tycme yuryusn [(2) peeyaspua & kpyee |z—al<< R, u nycme
8 Hem \f(2); <M u f(a)#0. Toeda uucro Hysel ¢yuryuu [ (2)
8 kpyee ;2 —a|= 5 R ne npegocxodum Alog F@ f/‘(/iz) -

Mbl moxem cuuTaTh, uto a=0. I[lycte 2z, 25, ..., 2,—HYJH

dyukuun f(z) npu [zlg%R. Tonoxum
n

e@=fa [J1-2)"

m=1

OyHkIMA g(2) peryaspHa npH [2/=<R, u ecad |z]=R, 10 ;

=3 (m=1, 2, ..., n). CaenosaiefLHo,

=

g@i=M][] B-—1)' =2-"M

m=1

npu |z|=R, a notoMy u npH iz|<CR. B yacTHOCTH, 3TO BEPHO MpPH
z=0. Tlockomeky g(0)=/(0), Mel Buzum, uto |f(0)|=<<2-"M, wu,
Ce0BaTENLHO,

1 M
g 2 "€ T (o)

n =

.2T0 M eCcTh OLEHKa, KOTOPYIO Mbl XOTENH MOMYYHTB.
M:oxkuteap 1/3 Moxer 6biThb, KOHEYHO, 3aMeHEH JIOOBIM YHCJIOM,
MenbliuM 1/2. BoJee noadell pe3ysibTar MOAKHO H3BJIEUb H3 TEOPEMbi
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Hencena (§ 3.6. l) ECJm Ti, Tay .v., ry—HYJH B Kpyre | 2| << R, 1O«
N
log —R—_ — Slog|f (Re®) 1 do —log|f (0) | < log M
flfz.. f
Iycte ry, 73 ...» rn—HYJAH B kpyre |z|=<OR, rze 0<<d<I.
Toraa neBas 4acTb He MeHBINE, YeM -
Rn 1 \n 1
IOgWZIOg (K) =nlog—6—.
M
ChnenoBatesbHO, 7 << log HOIL

5.3. Teopema Apamapa o Tpex okpysHoctax. [Tycme f(2) — o0no--
SHOMHAA AHAAUMUMECKAR QYRKYUR, peayrapHan npu ry<<|z|<<r;.
Iycme ry<<ry,<<ry u nycme M,, M,, M;— maxcumymst ynxyuw
|f(2)!| Ha oxpyarcrocmax ‘2 |=ry, |2|=1r,, |2|=r; Tozda

MéOg(’a/’l) <M:Og (’a/fl)Méo (’:/’1). (l)\

Tonoxum ¢ (2) =2*(2), rae A —nocrosnHas, Koropas Oyger
onpejeseHa nosx:ke. PyHKUHA ¢ (2) peryJspHa B KoJbleBodl obsactd
ri<<|zi<<ry, u dyHruusa ¢ (2), onnosnauna, CiegosaTesIbHO, Mak-
cuMyM (GyHKUHH | @ (2) | ROCTHraeTca Ha OAHOH H3 rpaHHYHBEIX OKPYK--
HocTel, T. e.

1@ (2) | << max (AM,| 74 My).
Caeq0BaTeNbHO, Ha OKPYXKHOCTH |2|=r,
If@<smax (Fr7*M,, riry* M), 2y

BribepeM Tenepb A HauboJiee BHIPOAHBIM 00pasoM. 2T0 HpoH30fi-
€T, €CJH MBl CHEJNaeM CTOsl[He B CKOOKaxX BLIPAXKEHHs] DaBHBIMH,
T. e. onpexeJuM A ypaBHenueM r*M,=r*M,. Takum o06pasom,

log(Ma/M
A= —IOg;Ta//f;). [Ipn 3TOM 3HaueHHH A HepaBeHCTBO (2) 03Hayaer, yTo:
3/
g = (ro/r) M.
CaenoBaTe/sHO,
log (My/M
Mlog (rsfry) == <::) og Mo/ Mli‘)g (ra/ry — M{og(rs/rs)M;"g('z/rl) ,

YTO M YTBEP:KAAJIOCh.

3aMeTHM, YTO paBEHCTBO MOMKET BCTPETHTLCS TOJBKO B CJIy4ae,.
Korga ¢ (2) ectb NOCTOsIHHAA, T. €. Koria f(z) ecTb mocTosiHHaf,.
YMHOKEHHasl Ha HEKOTOpYIO CTeNeHb 2.
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5.3.1. Bunykane dyHkuuu. DPyHKuus ¢(x) npedcrsu-
TeJBbHOTO NEPEMEHHOTO X HAa3bIBAETCA GulnyKAOL 6HU3 WJH TNPOCTO
-soinyKaol, ecan B JOOOM HHTepBase (Xy, X») KPHBAS y==@ (x) JEKHUT
TIon XOopnoH, coeauHALmed TOUKH {X;, ¢ (x)}, {*., @ (x;)}. Anamm-
“THUECKH 3TO YCJIOBHE O3HAuaeT, YTo

) <x<x). (1

“QyHKINA Ha3biBaCTCA BLINYKJOH "B IIHPOKOM CMBICJE, €CJH JO0MYyc=
KaeTcss # PAaBEHCTBO.

Boinyxaaa  gyukyus  wenpepeisHa. JI€HCTBHTENBHO, NpH X — X
sepapeHcTBO (1) nokaswBaer, uTo ¢ (x4 0) << (x;), a OpH xp,—> x —
qro0 @ () << ¢ (x4 0). CnepoBatesbHO, @ (x)=¢ (¥-+0) a5 BCex
3HaueHMH X, U TOYHO TaK xe ¢ (¥ —0)= ¢ (x) 119 Bcex 3HayeHHi x.
Takum o0pa3oM, (QyHKUHS HenpepbiBHA.

1
IMonaran B Hepaeenctee (I) x=5(x1+x2), MBI NOJyYaeM Hepa-
BEHCTBO

¢ (%xl + %&) <3 {9 (o) +o (). 2

D10 yCcJOBHE TNPHHUMAIOT HMHOTAA 3a ONpPEJeJeHHe BBITYKJOCTH ¥)
BmecTo HepaBeHcTBa (). OHO MeHee OrpaHHuYHTEJbHO, 4eM ompeje-
JleHHe, NPHHATOE HAMH, H M3 HEro He CJIeAyeT HEelPEepPBIBHOCTB.

OnHO U3 IOCTATOUYHBIX YCJIOBHH BBINYKJIOCTH DYHKUHH @ (X) COCTOHT
8 ToM, 4TOo @"(x)>0. JlefcTBHTENBHO, HPH 3TOM YCJOBHH ¢ (X)
BO3pacTaer, TaK 4To

x

Scp(t)dz<cp(x

X1

(g <x <x9),

X—

a 9TO jaeT HepaBeHcTso (1).

5.3.2. TeopemMa 0 TpeX OKPYXHOCTAX KakK TeopeMmao
srinykJocTH. Teopemy Anamapa 0 TpeXx OKPYKHOCTAX MOXKHO
pepeopMy THpOBaTh, ckasas, ute log M (r) ecmo soinykaan  pyuk-
yua om log r. JlefcTBHTe/NbHO, €€ MOXKHO NpPEACTaBHTL B BHJIE

log r3—log 7,
T log r3—log ry

log ry— log ry

log M (ry) < log r3—log ry

log M () + log M (rs);

‘BHAK PAaABEHCTBAa IIOABJIAETCA TOJBKO B CJy4yae, Korja CI)YHKLIHH €CTh
IIOCTOsIHHAs, YMHOXKEHHAsI Ha HEKOTOPYIo CTeneHb 2.

*}Cum., Hanpumep, [Toruna u Cere, 3aiayd 4 Teopevbl 3 aHauaH3a, 4, I,
<1p. 75.
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5.4. Cpepuue 3Havenusa dyukuun |f(2)|. Cpexnue 3HayeHHs
2n 2n
1 ; 1 .
Ly=g { 1Feem s, L =g 17 (re®) ps
0 0

o6J1ajaloT CBOMCTBaMH, nogo6HbIMH cBOficTBaM ¢dyHKunu M(r).
5.4.1. I,(r) mownomonno eo3pacrmaem emectme ¢ r, u logl,(r}
ecmb eunyxaas Qynxyus om logr.
(o]

Iyets f(2) = Z ap,2". To, uyro I,(r) MOHOTOHHO BO3pACTaeT,.

n=10
BHIHO u3 dopmyan (cM. § 2.5)
I (n= 2] la, P rn.
n=90

Uro6bl 10Ka3aTh BHNYKJOCTh, NMOJOXKUM u =logr, u nycre [3, I3
o603HayaT NpoU3BOAHLE No «. Toraa

” 14
2]2'—]22

d2 1
e og 1) =DHIE

B cuay e HepapeHcrsa IllIBapua
132 = (Z | Qneznu>2 < (Z |a, |2 ezna) (Z la, 2 4nze2nu) =11,

yto 1 TpeGoBaaoch ¥).

5.4.2. I,(r) monomonro gospacmaem emecrme ¢ r, u log I, (r) ecmes-
euinyxaas dynkyus om logr.

3T0 MOXHO JOKAa3aTh METOAOM, MNOJOOHBIM TOMY, KOTOPBIM MbE
JOKasaju TNpejbIyLLlylo TeopeMy **), HO J0Ka3aTeJbCTBO HE CTOJb
NPOCTO, MOCKOJBKY HE CYLIeCTBYeT HPOCTOTO BhlPaXKeHHS GYHKLUMH [y
yepes KOSQxpHIHEHTH @, Mbl NpUMEHUM CoBceM JAPYroft Mertofp **%*).

IMycts 0 <7, < ry<<ry. Onpenennm ¢yukuuum k(6) v F(2) dop--
MYJ1aMH

kO)f (re®) =[F(re®)]  (0<<0<2m),

2n
F(2)=o S F (261°) k (8) 6.
0

*) B cuny usBectHOro cBoiicTBa HepaBeHncTBa Komu — [IIBapua oHo mpeBpa--
iaeTcs 3jech B PABEHCTBO TOJLKO B cJiydae, Korja f(z)=az¥, rae k— HeoTpuua-
TejbHOE lenoe uueao. B aTom cayuae log I, (r) ecTb Juneiinas QyHkuus or logz.

2

B ocTa/bHBIX cJydasix IpOH3BOAHAS log I, ctporo nosoxutenbua u log I, (r)

du?
NEHCTBHTEJIbHO ecTh BHINYK/Aasd (yHKuMA oT log r. AHaJOFHUHOE 3aMeuaHue OTHO-
CHTCS X Teopeme cienytoulero naparpada. (/1pumeuanue nepesoduuxa.)
**) Cv. Hardy [8] u Landau, Ergebnisse der Funktionentheorie, § 23
***) [lonuna n Cere, 3adauu u meopemor u3 anarusa, Otaea 3. Ne 308.
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Oyukunsa F(2) perynspHa npu |z|<Crs, H ee MOAyJdb JOCTHTaer
CBOEF0 MaKCHMyMa B 3TOM Kpyre Ha ero rpaHHLie, CKaxeM, IIpH
.2 = rge'*. CiepoBaresibHoO,

Li(r)) =F (ry) << |F (re™) | < I (rg),

yeM JOKa3aHa MepBasl 4acTb TEOPEMEl.
OnpenesuM Tenepb & YCJIOBHEM

24
"1[1(’1)="gll (3)-
Mrpl MOXKEM HalHcaTb

ril () =rsF (r)) < max  [|2%F (2) | << ¥, (r) =151, (ry),

nstizisrs

[I0cTie Yero A0KasaTesbCTBO 3aKAHUHBAETCS TaK K€, KAK 10Ka3aTesb-
.CTBO TeopeMbl Azamapa O TpexX OKDPYKHOCTSIX.

5.5. Teopema Bopzna u Kapareopopu *). 3ta Teopema m03BOJAET
yKasarh BEePXHIOO TpaHULY AMa MOAYJaa (YHKHHH Ha OKDYXHOCTH
[z|=r nO TpaHHULE ee BEIISCTBEHHOH HJH MHHUMON uyacTH Ha 6OJBL-
el KOHUEHTPHUYECKOH OKPYHIOCTH |Z2|=R.

ITycmes [ (2) — anaaumuneckas pyuxyus, peeyrapHaa npu 2| <R,
u nycme M (r) u A(r) obosnauarom, Kax 0GbiMHO, MAKCUMYMSL (DYHK-
yuit |f(2)| u Ref(2) na okpysicrocmu |z|=r. Tozda npu 0 <<r<<R

REiHO)L

Teopema oueBuaHA, ecau f(2) ectb mocTosHHas. Ecau f(2) —ne
‘TOCTONHHAK, TO Mbl mpeanofaaraem cHadagda, utro f(0)=0. Torma
AR)y> A (0)=0.

TMonoxum (p(z)=2_$z_)“z). dyurung @ (2) peryaspua npu
|z|<< R, TaK Kak BellleCTBeHHast yacTb 3HaMeHaTess He ofpailaeTcs
B HyJab. Kpome toro, ¢(0)=0, u ecau f(2)=u-+iv, 10

, u?--v?
0@ P =rm—ipre ="

M) < A () +

tak Kak —2A (R)+u<<u<<2A(r)—u. B cuny aemms lllBapua
@ (2)| < r/R, OTKyna cllenyer, 4TO

_[24(R9@|__ 24(R)r
@)= 2R | < 2R,

a 3TO W eCTb AOKas3biBaeMoe HepaBeHCTBO Ajs cayuasn [ (0)=0.

*) Cm. Borel [l} u Landau, Ergeonisse, § 24.
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Ecnu f(0)==0, To Ml npuMeHseM YXKe MNOJYUEHHBIH pe3yJLTAT
K ¢yukuuu f(z) —f(0). 3ro gaer:

&) 1O < g2 max Relf )~/ O} <= (AR +I/ O

H MBI CHOBa MOJIyuaeM JOKa3biBAEMOe HepaBeHCTBO.
Ilpp A(R)=0 u3 uero cieayer, 4ro

M) <gZLAAR+HIF O

PaccmarpuBas BMecto f(2) dyuruuu —f(2), if (2), —if (), Mol
[OJYYHM 4aHAJIOTHYHBIE OLEHKH, B KOTOPHIX Mecto A (r) 3aHUMaiOT
minRef (z), max Imf(z), min Imf(2).

Takum o6pasom, HepaBeHcTBO JAOKasaHO. Bua ero npaboit yacty
MOXHO H3MEeHATh B HSBecTHnIX npegenax. OjHako oOHa JO/MKHA,
Hapagy ¢ A(R), conepxare uneH, nogobubiit |f(0)], Tak Kak HHaye
HEPaBEHCTBO He BRHIMNOJHSJMOCL Obl aAs ¢yHxuuu f(2)--ik, roe k—
JOCTaTOYHO Gosblioe BemlectBeHHoe wHcao. OHA JOMKHA COAEPKATh

1 o
Ry KOTOpbIf cTpemures K 6ecko-

HeyHOCTH NpH 7 — R. Yrtobel 06HapyXHTh 3TO, paccMOTPUM (yHK-
LU0 f(z)=—ilog(1—z), u nyets 0<<r<<R<<1. Torma AR)<

<%n, Kak 6bl 6au3k0 K 1| U Ob0 R, n f(0)=0. Ho M (R)—>co

TaKXXe MHOXKHTeNb, MOJAOOHBIH

npu r— 1.
5.5.1. D14 npuHUUNE MOTYT OBITh paclpoCTpaHeHHl Ha MPOU3BOJ-
uoie dyukuuu f(2). B ycaosusnx npededyuseii meopemor npu A (R)=0

max [/ @) | < sy (A R+ O)]).
JeficTBUTENBHO, .
[ (2) =5 = S -—(wf_f':im dw, 1y
Cc

rae C— OKPYXHOCTb C LEHTPOM W=2 H paJHyCcOM 6=%(R——r).
Ha stoit okpyxHocTH

l 1
lwl<r+5R—1)=5(R+r),
TaK uTO, B CHJY TeopeMbl Kapareozopw,

R+2 (R+r)
max]f(w))<-R——-{A R)+IFO <

b

-5 r
Ilonb3ysce Tenepb qupmleoﬁ (1), Mbl BHAHM, u4TO

I @) < G g AA R +1f O} = g AA R +1F (O) I}
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5.6. Teopemnt Pparmena u Jlunpenega *). ®parmeny u Jinnienedy
TPHHALJIEXKHT CAeAyIollee BakHOe 0COCIIEHHE TeOopeMbl O MaKCHMyMe
MOZYJIA.

ycme C— npocmoll samxrymoill Kormyp, 4 nycme GyHKyua f(2)
peayarapra suympu C u Ha C 80 scex MOMKAK, 30 UCKAIOHERUEM OOHOL
sescaes Ha C mouku P. ITycme |f(2) =< M na C npu z==P.

Il pednoasoscum, Oasee, umo cywecmeyem Mmaxas GYHKYUA o (2),
pezyanpHas 1 He obpawawouiaaca 8 Hyse enympu C u na C, umo
lo(2) |<< 1 suympu C u 4mo 0aR 8CAKO20 NOAONCUMENBHOZ0 € MONCHO
Hatimu guympu C cxosp yeoOno 6ausko om P kpusyrw, coeQuHaoWwy0
mouxu xoxmypa C, aexcawjue no pasueie cmopoust om P, ma xomopod

fo @Ff ()< M.

Toz0a |f (2)|<< M 6o ecex mouxax, euympernux x C.
Uro6bl 10Ka3aTb 3TO, PACCMOTPHM (YHKUHIO

F@)={o @}°f (2,

Koropas peryaspHa BHYTPH C u Ha C BO BCEX TOuKax, Kpome P.
Ecau z,—touka, BHyTpeHHAs1 K C, T)> Mbl MOXKEM, B CHJAY YCJOBUH,
HaJI0OXKEeHHBIX Ha ® (2), HAUTH KPHBYIO, OXBaTblBalOULyi0 2, Ha KOTO-
poit | F(2)|{<< M. CneznoBatensHo, | F(z)|<< M, T. e.

If(20) | < M| (2) 5.

BBuAy NPOH3BONBHOCTH € 3TO 3HAUMT, 4TO |f(Zp)|=<< M. 3tuM Teo-
peMa JIoKasaHa.

HeTtpyAHO MOHATb, UYTO HCKJIOYUTENRHAs Touka P MOXeT ObiTh
3aMeHeHa JIOObIM KOHEYHBIM YHCJOM HJH Jaxe GecKOHEUHHIM MHOMKE-
CTBOM TOYEK, €CJH TOJBbKO JJAA HHX CYIIECTBYIOT (YHKUHH o (2)
C COOTBETCTBYIOIUMH CBOHCTBAMH.

B cJaexylomux naparpadax Mbl H3JOXKHM HECKOJBKO TEOPEM 3TOro
tuna. O6uluHo ObIBAeT NpoIle 3aHOBO [OCTPOHThL AJsi paccMaTpHBae-
MOH 06JaCTH CHELHANbHYI0 BCIOMOraTeabHYI0 (YHKILHIO, YeM MNOJb-
30BaTbcAd npeabllyliell Teopemoi. Ha mnpakTthKe HCKJIOUKHTENbHAS
TOYKa BCerja siBasiercsi GECKOHEUHO yAaJeHHOM.

5.6.1, lpenbiaymas Tteopema NO3BOJSET NOJYUHTh MHOTO Ba’KHBIX
pesyabTaToOB, OTHOCSIUXCH K MNOBEeAeHH0 (YHKUHH B OKPECTHOCTH
cyumecTeeHHO ocoboit Touku. [lpoussens Hanmexalnee npeoGpasona-
HHe, Mbl BCerja MOXKeM cleJaTb HCKJIUHTEABHYIO TOUKY OecKOHEUHO
yaanenuod. OcHoBHasi TeopeMa MoxeT OulTh ChHOpMyJIHpOBaHa cle-
JyomuM 06pas3oM:

Ilycmo [ (2) — anasumuseckas ¢ynxyus om z =re', peeyrspras
8 obaacmu D, 3axaoueHNol  mewcdy OBYMA NOAYNPAMBIMU, KOMOpsIe

1 o
06pa3yfom Yyeoa ra C GEPWUHOU 8 Ravaae, @ MAKNHE HA CAMUX NOAY-

*) Phragmeén 4 Lindelot |1}
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npameix. Hycme Ha noaynpamolx

fl<M 1y
u npu r— OO paeuomepuo 60 B8CeM ye/le
F@=0(" 2)

¢ p<<a. Toeda Hepasercmso (1) swtnoarnero so eced obaacmu D.
Mnl MoxkeM cumrath, Ge3 ymepba A1 OOUHOCTH, YTO MOJyHnpf-

1
Mble OMpejesisiioTc ypaBHEHHAMH 0=t T Tlonoxkum

F(2)=e*"f(2),
rae p<<y<<e u €>0. Slcno, uro
|F (2)| =eme" o w0 (2) . @y
Tax Kak y<<ca, TO Ha moJaynpsMelx cosyd > 0. CrenosarenrHo, Ha
noaynpsmeix |F (2) | <|f (2) |<< M. Llanee, na gyre |6] << o~ OKpyx-
HoctH [z2|=R

eRY cos JE

s I B_
| f (7)< e

H NpaBas 4acTk CTPEMHTCA K HyJMo NpH R-—oco. Takum oGpasoM,.
ecan R gocraTouHo Benuko, TO |F(2)|=<<M wu Ha stoii gyre. Cume-

JopatessHO, |F (2)|<< M Bo Bcelt obmactu [B|<2%, r<<R (TeopeMa

—eRY
IF2)|<e ™

0 MakCHMyMe MOAVJA), a Tak KakK R NPOH3BOJIEHO BEJHKO, TO W BO
Bcell obaacty D. B cuay ¢opmyan (3) H3 atoro caeayer, uro 8 D

|If (2)| < Me*,

W JOKa3aTeJbCTBO 3aBepliaeTcsl NEPEeXOAOM K npejedy npu €-—»0.

OueBHgHO, HET HEOOXOAMMOCTH Mpejnoaararb, 4to pyHknus f(z)
perynsipHa B 006JacTH |2 |<Cr,y, €CJH CYIWECTBYeT Ayra |z|=r,>>rq,
Ha KOTOpoH BHINONHeHO HepaBeHcTBO (1). C 3ron Moaubukanueh
TeopeMa BepHa M npu o << 1/2, korga obsacte D NOKpHIBaeT y4acTb.
njaockKocTy 607ee ueM OJAMH pas H (YHKUHA MOXKeT He OBITh OfHO-
3HaYHOH. MOXKHO TaK:Ke 3aMEHHTb HOJIYNPsIMBIE KDHUBBIMH, VXOASIIH-
MH B OeckOHeuHOCTh. YHTaTesk HE BCTPETHT TPYAHOCTEH NpH npoBe-
IeHHUH JeTadeit 31ux o606MmEeHHH.

5.6.2. Ba:kHO yKasaTb Ha COOTHOLIEHHE MeXKAy (Urypupyomum
B TeOpeMe YIJOM H NOPAAKOM pocra (yHKIHH [ (2) B 66CKOHEUHOCTH.
UeM 1miupe yroq, TeM HHXKe J0MKeH ObiTh NOpsgoK ¢yHKuuu f(2)
JJsi TOro, yToObl TeopeMa OblIa BEpHA.

B crneayronieli TeopeMe 3TOT NOPAAOK HEAOCTATOMHO MaJl JJIS
TOr0, 4To6Bl GBLJIO NPHMEHHMO NpejbIayliee J0KA3aTeNAbCTBO, U HYXKHBE
60oNee TOHKHE COOODAKEHHS.
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3axawouenue npedeldyujeli meopemol COXpaHsem CUAY, eCal O roge-
Oenuu yuryuu f(2) npu r— oo U366CMHO MOALKO, HMO O 8CAKO20
n0A0%cUMesHo20 O

f (2) =0 (et
.pCZEHO‘MepHO 80 BCeMm ye/ze.
KaK H Bbuue, Mbl MOXEM CUHTaTh, 4YTO peub uzper o6 yrJae

— ?-— < 0= 5. PaccMotpuM ¢yHKuHIO
F(2)=e*%[(2).

Dyuknua | F(2)| cTpemurcs K HyJIO Ha BELIECTBEHHOH OCH H IIOTOMY
HMeeT TaM HEKOTOPYI0 BepxHiolo rpanb M’. Tlosnoxum

M" = max (M, M').
n
IMpuMenuB K KaxJoMy H3 JBYX UYacTHUHBIX yIJOB (—%, 0),

(0, %) IpefbIAYILYIO TeOpeMYy, Mbl BHIMM, YTO BO BCEeM YyrJe
|F(2)|<M".

Ho B gefictButesnnnocty M' << M. B camoM jene, lF(z ! NpHHH-
MaeT 3HaueHHe M’ B HEKOTOPOH TOUKE BEleCTBEHHOH OCH, TaK yTo
npeanojoxenne M’ > M nPOTHBOPEUHT TeOPEMe O MAaKCHMYMe MOJIYJIS.
Taxum o6pa3soMm,

IF@) <M

T. e. |[(2)|<< M|e**®|, u noKasaTe/ncTBO 3aBepmIaeTCs IEPEXOLOM
X npegenay npu e— 0

5.6.3. Ilycme f(2)—>a npu z-—> oo 60oas 0syx noaynpaseix. Ecau
PyHryus [ (2) pesyiapHa u 02pAHUHLHA 8 3AKAOHEHHOM MeHOY HUMU
yeae, mo f(2)—a pasromepHo 60 6cem yeae.

Bes ymep6a ana o6LIHOCTH MOXKHO CYHTAaTh, 4T0 a=0. MoxHO
CYHTATH TaKie, YTO yroJ MeHbIIe I, TaK KaK K 3TOMYy CJyyaio noj-
CTaHOBKO# BHAA 2=—=w" cBoauTcs OOwmi cayua#i. Takum o6pasoM,
MBl MOMKEM CUMTATH, YTO PACCMATPHBAIOTCA MNOJYApPAMBE §=—+§,

, 1
npuueM 6 <5

[Monoxum F (2) = (2), tne A>0. OueBugHo,

z
z—|—7»f

Tlyers | (2) |<<M Bciony, ¥ nycte |f(2)|<C e, ecau r>r=ry e u
9=-t0'. Ilonoxum A=r,Mse. Tlpu r<<r,

F@)|<gM<e,
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u|F@),<|f(z/|<<e, ecnu r>r, u B=20". Coraacuo § 5.6.1,
H3 37T0ro cjaelyet, uto | F (z) | << & Bo Bcefl 0671aCTH, H, TAaKHM 06pa3oM,

F@i=(1+2)F@)|<2e,

ecan r >A. DTuM TeopeMa NOKasaHa.

5.6.4. Hycme [ (2)—>a npu z2— co 8dose Hexomopod noaynpamot
u f(2)>b npu z—co dose Opyeod noaynpamoti. Ecau dynxyus f (2)
PeCYAAPHA U 02PARUHMEHA 8 Yeae, BAKMOMEHHOM MenOYy smumu noay-
apameimu, mo b=a u f(2)—>a pasromepro 60 8cem Yyeie.

[Tycte f(2) = a BRoas noaynpsamoit 6 =a u f(2)—b BIOJL NOTY-

opamolt 8 =0, npuuem o <<B. PyHKUUA {/‘(2:)——%(a—{—b)}»2 pery-

|
JsSIpHA M OrpaHHyeHa B yIJe M CTpeMHTCH K I(a—b)2 BXOMb 00€HX

nonynpameix. CJenonaTebHO, OHA PaBHOMEPHO CTPEMHUTCH K 3TCMY
npelesy BO BCeM yrJe, T. e. QYHKILHS

F@—g@+b)f =4 @—br=if@ —alif@-0bl

paBHOMEpPHO CcTpeMHTCA K HyJo. [lo3roMy 1/ BCAIKCrO & CymIeCTBYeT
Jyra o =< 0<C f OKpyXKHOCTH C IEHTPOM B HAuaje, HAa KOTOpOH
(@) —at{[(2)—bl<e

B kaxno#i touke 3TOH Ayru BepHO MO KpalHeH Mepe ONHO H3 Hepa-
seHcts |f(2)—al|<<V'e, !fi2)—b|<) e, ¥ MB MOXeM CUHMTATb,
YTO NpH =@ BEpHO IepBOE€ HEPABEHCTBO, a npH 0=p — BTopoe
HepaBeHcTBo. llycTh 0, — BepXHSA rpaHb 3HaueHWH 0, LA KOTOpBIX
BEDHO MEePROe HEPABEHCTBO. 0, fABJIAETCA HJAH TOUKOH, B KOTOPOH
BEDHO MepBOe HEPAPeHCTBO, HJM TOYKOH, NpeaedbHOH [Js TaKHX
TOUYeK, WJH TOUKOH, B KOTOpOH BepHO BTO[POC HEPABCHCTBO, MJM TOU-
Koil, npeledbpHOH AJA Takux toueK. Ilockosbky dyHKuUMA [ (2) Henpe-
PBIBHA, H3 3TCTO CJAeAyeT, YyTo B Touke §, BBIGOJHEHBl 00a HepaBeH-
CTBa, TaK 4TO B 3TOH TOUKe

a—b|<|f(@—al+if —-bj<2V.

Ilepexonsn k mnpemeny npu e&—0, mpl BuIHM, yTo a= b, HakoHel,
€Ol TACHO MpeanAyliell Teopeme, f(2) —-a paBHOMEDHO.

OTH TeOpeMEl HMEIOT OU€BHIHOe CXOACTBRO ¢ Teopemoll Monteas
{§ 5.2.3). OnHako B Teopeme McHTesls nMOTynNpsamas, BIOJAL XOTOPO#H
dYHKIHS CTPEMHTCA K Ipejeny, AoMANna OHTh BlyTpeHtedl K 00JacTH
OFPaHHYEHHOCTH, TaK 4TO 3TH TEOpeMbl TOJNbKO B TOM cJydae CTaHO-
BATCS CJEICTBHAMH TeopeMbl MonTesst, ec/d o61acTb OrpaHHUYEHHOCTH
TIpeoJaraeTcss HecKoneKo OoJbliedt.

5.6.5. Teopema ®parmeHna—JInugenedpa nasa apy-
THX obmacrtel. Yroa, GOHrypHpVIOHA B mpelblAyiiel TeopeMe.
MOXeT ObiTh npeoOpasoBad B Apyrue o6/aCTH, HanpHMep B NoJocy,
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[Tpumenum, nanpumep, TeopeMy § 5.6.1 kK obaacru r=1, [8|=<<

<2% H nonoxuM s=ilogz, f(2)=¢(s). Ecan s=o-if, T0o noay-

n n
npsiMble arg 2=t o~ nepexoiAT B napajviesibHbie Npsivble 0 =t 5,
npuueM f=log|z|. CrnexoBarenbHo, ecau | (S)|<<M na eepxnux
NOAOBURAX SMUX  NAPAAICAbKLIX NPAMBIX L HA COCOUNAOUEM UX
ompesKe BeLeCeeHHOL OCU, npudeM 8 02PAHUYeHHOL UMU noaynoaoce

plo+i)=00") (p<a), (1)

mo | ¢ ()<< M g0 eceli noaynoaoce.

Jlpyras teopeMa TOro e TtHna, Koropas noTpeGyercs HaM B TEO-
puH psinoB Iupuxse, cCOCTOHT B CACRYIOLIEM.

Iycme Qyuryusa ¢ (S) pezyarapHa 8 noaoce 0y <<0 << 0, U npeod-
cmaeasem coboii mam O (e2l!) npu aobom noaoxcumersHom €. Ecau

@0 +it)=0(1[), @(o+i)=0(1),
MO POBHOMEDHO NPU Oy << 0 << 0,
¢ o+ it)=0(t[©),
20e k (0) — aunednas ynkyus om O, NPURUMAIOWAR KpU O =0y, O,
3HaYeHuA ky, k.

B neficTBuTeLHOCTU Teopema BepHa mpH Oojee OOMIHX YCAOBHSX
puga (1). Ilpuw c¢OpPMYJHPOBAaHHEIX YCAOBHSIX OHA JOMYCKaeT cJe-
Lyloliee NpsMoe J0KasaTesbCcTBO.

[MpeanonoxuM cHavana, 4to k=0, k=0, TaK ut0 HyHKUHA
¢ () orpaHnueHa nOpU O =0;, 0=0,. [lycte M — BepXHsA rpaHuia
&bYyHKUHK |@(S)] HA 3THX OPSAMBIX M HAa COCAHMHSIOUIEM HX OTpe3Ke
BenlectBeHHoN ocH. [lonoxum g (s) =e*p (s). Ilpu =0, o, u{=0

lg(s)|=e*|g(s)|< M.

Kpome Toro, |g(s) i —0 npu {—00 H 0, <<0<I0,, TaK uTQ, €cau T
JIOCTAaTOYHO BeJHKo, TO |g(s)|<<M npu {=T ¥ 0;<< o< 0, Cre-
JOBaTeNMbHO, g (S) << M BO BCeX TOYKaX MPSIMOYTOJIBHUKA ) < 0 < Gy,
0<<t<<T. CrnenoBatensHo, |g(s)|<CM Bo BCceX TOYKaXx NOJYMOJOCH,
T. €.

o ()| <eM.

3actaBasisl &€ CTPEMHTBCSI K HYJIO, MB BHIUM, 4YTO | @ (S)|<< M mnpwu
t > 0. Tono6upiM xe o6paszoM |@(s)|<<M npu {<<0. I1uM B pac-
CMATPHBAEMOM CHEIHAJBHOM CJy4yae TeopeMa J0Ka3aHa.
[Tepexoasi K ofueMy cJayyaw, MOJIO0XKHUM
.\p (S) — (____ l‘s)k(s) = gk(s) log(— is),

rie B3ATO TIJaBHOe 3HaueHwe JoraphdMa. ra GYHKUHS DperyJjspHa
npu 0,=<0<<o0, (=1. KpoMe TtOro, ecam R(s)=as+b, 7o

Re {k (s) log (— is)} = Re[{k (0) 4 iat} log ( — io)] =k (0) log £ 4-O (1).
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CuaepoBaTenbho, [P (s)|=1t#(De0 M, PaccmorpuM ¢yHKLH D (5) =
= @ (s) {P(s)}"t. OHa ypoBJETBOpSAET YCJOBHSAM, KOTODBIM YAOBJETBO-
pana ¢yHKIHA @ (S) B MepBOH YaCTH JOKa3aTeJabCTBa, H MOTOMY Orpa-
Huyera B noJoce. Takum o6paszom,

@ (5)=0(Y(s))=0 ().

5.7. ®ynkuus Pparmena — Jlunpeneda £ (6). B Heckombkux mpe-
JBAYIIHX TEOpeMax Mbl pacCMOTpesH MoBeleHHe (GYHKIIHH IPH CTPEM-
JeHHH Z K OeCKOHEeYHOCTH B pAa3JH4YHbIX HanpaBJeHUAX. Tenepb Mbl
3afimemcst GoJlee CHCTEMATHYECKHM H3y4eHUEM 3TOrO BOMpOCaA.

PaccMoTpuM  (Hauama QyHKumio [(2)=e@+ 2 My wmoxem
Hanucarb:

'f(Zj ’ — erp {a cos p®— bsin pB)

Tlosenenne ¢yuxuuH log |f(2)| 3aBUCHT B MepBYIO 0Yepelb OT COMHO-
Kureas r°, xoropbi#l He 3apucutT or 0. Pasnuudoe noBepenue B pas-
JHYHLIX HANpaBJIEHUSX ONpelesfAeTcss COMHOXHUTENEM

h(0)=acospd —bsinpd =r-+log|f(z)".

KoHeuyHo, 3TO OuYeHb creluabHB caydafl; HO OOWHH cJay4yall OT/IH-
yaercsi OT HEro He CTOJb 3HAYUTENbHO, KaK MOXHO OblIO Obl 0XHAATh.

B nocsenyiomux naparpadax Mul 6ygeMm mpefioJaraTb, 4To GyHK-
s f(2) peryaspHa npu a<<0<P, |z2/==r, 1 HMeeT <HNOPSIAOK pP»
B 3TOM yTJe; MocjefHee O3HAYAET, YTO JJIs1 BCSKOTO IOJOXKHTEJNLHOrO
£ PaBHOMEPHO OTHOCHTENbLHO 6

N 0
g gL f e g

¥ YTO 3TO He TaK MNpU OTpHuUaTeJbHbIX 3HavenHnx &. (Hampumep,
paccMoTpeHHas Bolille QyHKINS HMeeT nopsiaok p.) Obuiee onpenese-
syue QyHKUHHN A (B) copepxuTcs B dopmyJe
h(6) = Tim e L1020,
r— oo

npuyeM V (r) monyckaer usBecTHYIO cBoGoay BeiGopa., BriGop pon-
eH OBbITb, €CTeCTBEHHO, TAKHM, 4YTOObl (QyHKUHS X (6) Oblla KoHeu-
HOH M He PAaBHAJACh TOXIECTBEHHO HYJ/IO. Mbl paccMOTpHUM IpocTeii-
mui caygaft V (r) = r°; HO Te Ke paccyKIeHHs MOMKHO GblIO Gbl MOYTH
6e3 H3MeHeHHs NpUMEHHTb K Jobo# ¢yukunu Buga r° (log r)? X
X (log log r)4. ..

5.7.0.1. 3necb ymo6HO BBeCTH crnoco0 BHIpaKeHHsl, coaepiKaiui
CJIOBO «DECKOHEYHOCTbY HJAM CHMBOJ OO H He HCHOJb3yeMbli B aJe-
MEHTapHOM aHagauze. Mul OGyzZeM mucathb lim @, =co B TOM XKe cMbicie,
B KaKOM IHIIeM @, —c0, U OyaeM ToBOPHTb, 4To ¢ (x) HMmeeT GecKo-
HeyHoe 3HAYEHHe WIH ==00, eCIH (PYHKUHA @ (X) onpeleleHa Kak
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fpepent moc/eaoBatenbHoCTH GyHKIUH @, (x), KOTOpas npH paccmaTt-
pHBaeMOM 3HAuYeHHH X pacXoguTcs K OecKoHeunocTH. TakuMm Ke o6pa-
30M Mbl GyjeM MOJb30BATBCS CHMBOJOM — oo, Hanpumep, mbl MoxeM

HanucaTthb
1
dt
T
0
1
€CJIM JieBasi 4acTb ONpejedieHa Kak limg; paBeHCTBO Xe h(0) =00
) e—~0;

o3HayaeT, yto r— log |f (re®) | npuHEMaeT CKOJMb YroaHO 6OJbIIHE 3Ha-
UeHHH NPH 7 —> CO.

HoBem siBAsieTcs 37ech TO, 4TO Mbl MHIIEM «= 0O», KakK 6yaTo
6bl MBI OTIPEAEJRJH YHCAO «co». HamoOMHHM, 4TO MBl 3TOTO HeE jefalH
H 4TO «OecKOHEYHOCTb» OCTAETCH BCErO JHUUIL CHMBOJOM ¥).

5.7.1. Hycme a <8, <<08,<<P u 8,—8, <<m/p, u nycme h (6,) <<
<<h,, h(8)<<hy, Ilyeme H (8) —ynxyusn euda acospd-+bsinps,
npunumarowias npu 6=80,, 8, anavenusn h,, h,. Toeda

h@)<H®B) (6, <8<8,).
Kak HeTpyaHO MpOBEpHTS,

_ hisinp (6, —6)+he sinp (8—8,)
H(6) = sin p (8, —6;) =,

OJHAKO 3Ta siBHasA (OpMyJa He HYXHa AJNS J10Kas3aTeJbCTBa.

[lycte Hg(8) =agcos pb + bs sinpl npunumaer npr 8=80,, 0, 3Ha-
ueHHs A, +8, Ay +0 (6 > 0). Tlonoxum F (2) =f(2) ¢ (@6~ %8) % Oue.
BHJHO,

F@)i=If (e o7, (M
TaK 4YTOQ NpH GOJBIIAX 7
|F (retor) | =0 (e 97 = Fs @) ") — 0 (1).

To xe BepHO ¢ 6,, hy BMecTO 83, h;. CornacHo teopeme § 5.6.1, 3 3Ttoro
cienyer, uto ¢yukuns F(z) orpasuveHa B yrje (8;, 6;). Iloatomy
¢opmyaa (1) noxkasblBaeT, 4ToO

f(2) =0 (6" )

paBHOMepHO B yrJje. CuenoBarenbHO, h (8) << Hs (0) npu 6, << 0 =<8,
Octaercs sametuTh, 4t0 Hg(8) — H (6) mpu & — 0. )
5.7.1.1. Tlpeguaymas TeopeMa BepHa H B cayuae, Korha h (8,)=
= —00 HIH h(8,) =—co uan h(8,)=*h(8,) = —oco. YTBepaeHue
COCTOHT TOTJa B TOM, 4TO h(8)=—oc0 u npu 0, <<8 <0, Hoxasa-

)4, M., § 55.
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TeNILCTBO OCTaeTCsl TeM XKe; TOJBKO MO KpaHel Mepe OHO U3 4Hced Ay,
h, Terepb CKOJMb YTORHO BeJHKO NO aGCOJMIOTHOH BeNHYHHE W OTpH-
aTeJbHO.

5.7.1.2. ITycme o << 8, << 0, << 0, <<, 32_91<§, ea_e,<%,

u nycme h(8,), h(8,) xomeunwr. Iyeme H (8) — makas pyukyus euda
acospb 4+ bsinpb, umo

h(0)<<H(8), h(8,)=H(9,).
Tozoa
h(83) = H (8,). (hH

Brifepem 6; nox yciaoBusimu 6, << 61, 63—%<9;<92. Coraacuo

§ 5.7.1, h(8;) << H (8,). CnenoBatenpro (§ 5.7.1.1), A (8,) He ecTb — co.
Ecau HepaBeHCTBO (1) HeBepHO, TO MOXKHO HaHTH Takoe §, uTo h (8,) <<
< H (8,) — 6. Tlonoxum
_ sin p (6 —987)
Tak xak h(6) <<H(8) =Hs(9]), h(8s)<<H (8;) — 6= Hs(8;), TO
h(0,) << Hg (8, << H (8,), 4TO TPOTHBODPEUUT MNpPEANONOKEHHUIO.
5.7.1.3. Ecau 0, <0y <8y, 8, — 0, << m/p, 03— 0, << ntjp, mo

h (8,) sinp (83 — 8,) -+ 4 (8,) sinp (8, — 05) -+ A (85) sinp (8, — 8;) =0.
st Beskolt ¢yuxuun H (8) Buaa acospb-+ bsinph
H (6y) sinp (63 — 8,) + H (8,) sinp (6, — 8,) -+ H (6;) sinp (6, — 8,) = 0.

BribepeM H (0) nop ycaosusiMu H (8;) =Hh (8,), H (8,) = h (8,). Corsacho
npeabiaymell Teopeme, h(0;)=H (85), YTO M paeT JAOKa3biBaeMoe
HepaBeHCTRO.

Dynryus h(0) nenpepoisHa 6 kaxcdom unmepsase, 206 OHA KOHeUHA.

Ilycts ¢ynkuHs £ (0) KOHeuyHa B HHTepBase 6, << 0<I0; H nycTh
8, << 0, << 8, Ilycrs Hy,(0) —dyHkuMA BHAA acoSpb -+ bsinpd, npu-
HuMaiwowmasa npe 8=20,, 0, 3HaueHuss h(6,), h(0,), nnyctb H, ,(0) —
¢yukuHs, onpegeneHHas Taxk Ke no 8,, 85 CorjacHO NpeablayIUM
TeopemMaM,

Has ) <h(®)<Hy,,(0) (5, <8<,
Hy,0)<<h(8)<<H, 3(8) (6,=<06<0,).
CrnepoBaTesibHO, B KaKOM Obl M3 3THX JAByX HHTEpBAJOB HH Jexala

To4yka 0,

Hy, 5 (0) — Hy, 2 (65) h () —h (8) Hy, 3 (8) — Hy, 5 (8)
6—0, ST gog = 6—8, :

Ilpu 6 — 06, kpafiuve uyieHbl CTPEMATCH K HEKOTOPbIM NpejesaM; cJe-
J0BaTeJbHO, CPEIHHUH YJeH OrpaHHYeH M, TaKHM obpasoM, h(8)—h(0,).

7 E. Turumapm
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M3 U310 :4eHHOTO CJeRYeT Takxe, uto |f (re’) | << exp[r® {h (8) +¢}]
PABHOMEPHO NpH r>r, (). (Il1a pokaszartesbcTBa MBI A€M HHTED-
BaJl H3MeHeHHsI 6 Ha n=n (e) paBHBIX gacrefl.)

5.7.2. TeoMerpuyecxasa uHTepnpertanunda. B ciayuae
o= 1 ocHOBHOe CBOHCTBO QYHKUMH £ (§) AOMyCKaeT MpOCTYIO reoMeT-
pHYecKyl0 HHTepIpeTauHIo.

PaccMoTpuMm piisi KaXkacro 3sHayeHMss 6 B HEKOTOpPOM HHTepBaJe,
rie oyHkOUA A (0) KOHEYHA M MOJONKUTENbHA, PajHyC-BeKTOp AJHHAI
h (6), o6pasyromiuii yroa 6 ¢ HEKOTOpbIM HauaJbHLIM HanpaBJeHueM,
H MOCTPOUM MEPNEeHAHKYJASP K 3TOMy PafHyCy-BEKTOPY B €ro KOHIE.
(ITpumeper: f(2)==chz, f(z)=cosz-{chz.)

Ilycts Ny, Ay, hy—3Hauenus oyHKUuH h(6) B Toukax 6, 6, 6,
npuyeM 6; <0, <C0,. Hanuwem ypasHeHHS TpeX COOTBETCTBYIOLHX
fiepneHAHK yJIspOB;

xcosB,+ysin®,=h,, xcos8,-+ysinb,=Hh,,
X COs 85 +y sin B; = h,.

TlepBrifi H3 HHX mepeceKaerc ¢ TPeTBHM B TOYKe C KOOPAMHATaMM

X — hy sin 8;— 5 sin 6, Y — hs cos 0, — Ry co8 8y
T sin(85—6) T sin (3—6,)

Paccmorpum yciosue: togyka (X, Y) He JexuT mo Ty e CTOpOHY
OT BTOPOro NepneHAuKyJspa, yTo ¥ Hauaso. OHO MOxeT GbiTh mpej-
CT4BJEHO KaK HEepPaBeHCTBO

X cos8,+Ysinf,—hy, =0,
T. €. HepaBeHCTBO
h, sin 8; — A5 sin6,) cos 8, 4
- (hg cOs B; — A, cOs B;) sin B, — Ay sin (8, — 6,) =0,
T. €. HEpaBeHCTBO
1y sin (83 — 65) +-h, sin (6, — 83) 4 Ag sin (6, — 6;) = 0.

310 B TOYHOCTH YCJOBHE, KOTOpPOMY YAOBJeTBOpfer QyHKuua /i (6)
coraacHo § 5.7.1.3.

EcJu neprneHAHKyJsips! Oru6aloT HEKOTOPYI0 KPHUBYIO, TO 3TO yCJIO-
BHe O3HayaeT, YTO TOYKA MnepeceyeHUs JBYX KacaTeJbHBIX K KPHBOH
H HayaJo BCerga JexaTrT IO pas3Hble CTOPOHBl OT KaCcaTeabHOM
B TpeTbedl TOYKe, Jexaliell MeXJAy TeMH, B KOTOPBIX B3SITH JBe
riepBole  KacartesbHble. CMbICA nocieaHel ¢opMyJHPOBKH TeoMeTpH-
4eCKH OYeBHJEH: Kpusasa 6ceeda 80cHyMaQ K HA4AAY.

5.8. IlIpumenenus. Crenyiomue HHTepecHble NpUMeHEeHHs MPHHI MDA
®parMeHa — JluHaesedba ykazausl KapJconom *),

*)Cm, M, Riesz [I], Hardy [I4],
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ITycme npu Re(z; =0 ¢pynrxyus f(z) peeysspna u npedcrmasasem
coboii O(e#121). Ecau na muumoid ocu [(2)=0( %2l c a>0, mo
[ (2) = 0 mooicdecmeenro.

Mbl npuMensieMm K GyHKIHE f(2) cooGpaxenus § 5.7.1 ¢ p=1,

6, =0, 8, =~ n, hy =k, hy=—a; TosIbKO TeNepb Mbl Monaraem 8 =0,
®Popmyna § 5.7.1(2) noxasblBaer, YTO NpH Ogegén

f(z)=0{e(kcose—a|sin6\)r}’ (1)
H aHaJOTHYHBIE COOOpa’KeHUA JOKAas3biBAlOT 3TO PAaBEHCTBO TpH
— =80

[TonoxkuM F (2) = e**f (2), rie ® — (60Jb11I0e) NOJNOKHUTETLHOE YUCIO.
B cuny coornomenus (1) cymecrByer Takasi nocrosiugaa M, He 3a-
BHCAIAA OT ®, 4TO

|F(2) | << Me{(k+w)coso—alsingl}r (—%ngeg%n) @
1
B uwacrHoctH, ecm 6=t 5 wm o, rae a=arctgk_|;(°, o

|F(z)| <M. (3

Tenepp Mbl MOXeM NDHMEHHTb K KaXKIOMYy H3 TpPeX YIJOB

(_ Ln, —oc), (—a, ), (oc, %n) TeopeMy § 5.6.1. V3 nee cienyer,

2
# 1
4TO B AeHCTBHTENLHOCTH HepaBeHCTBO (3) MMeeT MECTO NpH — TR
I
<bs=gm

ChaenoBatesbHO, |f (2) [<< Me—9rcos0, y1, nepexonsi K mnpeaeny npH
® — 00, MBl BUAUM, 4TO |f(2)|=0. Drum Teopema poKasaHa.

5.8.1. ITycmo npu Re(2)=0 gynkyus f(2) peeyrapna u nped-
cmaeasem coboid O(e*1?l) ¢ k<<n. Ecau f(2)=0 npu z=0, 1, 2,
3, ..., mo f(2)=0 mogcdecmeenro,

Paccmotpum  ¢yrkuuio  F (z) =f (2) cosec nz. DyHruua cosec nz
OrpaHHueHa Ha OKDPY»KHOCTSX |z|=n—1——2. CnenoBaTenbHO, HA 9THX
okpyHOCTAX F (2) =0 (¢#1?1), kaxk u Ha MHHMON ocu. Tak KaK, cBepX

Toro, GyHKuusa F(2) peryjspHa, TO INpH n——;—<lz|<n+%

1\
kint—
F(z)=0<e< 2>)=0(eklzf),
H, TakuM o6pasoMm, F(2) ecTb dyHKUHS 3TOro BHja BO Bcell noJy-
nnockocti Re (2) == 0. Kpome Ttoro, Ha MHUMOH OCH
F (2) =0 (ett—m12l),
YTO NO3BOJAET 3aBEpUIHTb A0KA3aTENLCTBO CCHIJIKOH Ha NMPebIAYILYIO
TeopeMy.
7*



196 TEOPEMA O MAKCHUMYME MOOVJsg [TV, Vv
PA3JIMYHBIE TIPUMEPbI

1. [TycTh dhyHKuus f(2) perynasipHa BHYTPH NPOCTOTO 3aMKHYTOro Kourypa C
¥ HAa caMOM KOHType, H mycTb |f(2)|=<M na C. BuBecTH u3 HHTerpasbHoll ¢op-
myast Koww gas {f (2)}7. uto ecan 2z Jexut BHyTpu C, T0 |f(2) |* << KM"®, e
K —noctosinnas, He 3aBHcsimas oT n. [Jokasatb 3TuM nyTeM, uto |f(2) |<<M
BHytpd C [J/lanpay]. .

2. BocnosibaoBaThest HHTerpasioM ITyaccoHa st 10Ka3artesibeTBa TOro, yTo GyHK-
Mg, rapMOHHYecKas M He MOCTOAHHAS B HeKOTOpOH 00J1acTH, He MOMKET JOCTHTaTh
MAaKCHMyMa BO BHYTpeHHe#l TouKe 3TO# ofiact.

3. Ecan npu Re (2) =0 odyukuus f(z) peryaspa u npencTabiseT coGoil

O(e’lﬁe), npuuem Ha MHHMOH ocH | f(2) |<<M u f(1)=0, To npu x>0

1
. | —x)2d-g2y 75
H(x+ty)|é{w%}2%
142

[Paccmmpen, ¢y HKIIHIO Ef (z).]

4. Ilycts B yrae 6; << 0=<0,, THe 02-—61<%, byrkuua f(z) peryaspra #

yAOBJIETBOPSIET HEpABEHCTBAM!

e_rpﬂ‘, p+8.

<{f@@|<er

[ycte npu 6=0,, 0, 0 r —co bynkuns rPlog|f(2)| cTpemurca k npenenam hy,
hy. Hycte H () —bynxuust BuAa acos pf--b sin pf, npuaumaromas npu §=20;, 6,
3Havennst by, h,. Torna h(0)=H (6) Bo Bcem HHTepBaie B; =< § << 6,.

1+E
5. [TokazaTb, uTO ecAH B HEKOTOPOM YrIJe f(z):O(e’ ), To yHKIHS
— log | f (ref®
h (8)—Tim 10817 (re) |
rlogr
of1anaeT CBOACTBaMM, NOJOOHBIMM cBOWCTBAM h-byHKIMHA, paccMOTPEHHLIX B TeKcTe,

[lokaszath, 4TO ecqH f (2)= , 10 h (6) = —cosf a5 BeeX 3HayeHHI 6.

1
T<-§—4-z
6. Ilyct, anmanwThueckas GyHKUUS f(2) perynspna u He ofpamaeTcs B HYJb
B nonmymoaoce a << x << b, y > 0. IMycts f(2)=0 (y4) paBHOMepHO BO Bce#f moay-
nojoce mpH y —co, H nyets dyukuus |logf(z) [ orpannuena ua cpenHelt JauHKH

=5 (a4-b). Nokasats, yto log f(2)=0 (logy) paBHOMEDHO npU a -8 << x<<b—8.

[Hpumeﬂmb teopemy Kapareonopu k logf (2) B Kpyre ¢ yentpom % (a4-b)+ iy.]
7. Ilycty nmpu Re (2) =0 ¢ynxuus f(2) peryaspHa, yaoBJAeTBOPSeT HepaBeH-
By | f(2) | << M ¢ umeeT Hyau z;, 2,3, ... JloxasaTh, uTo npu Re (z) >0
2 —Z220—2 2p,—2
B2z tz " Z, e
BuBecTH H3 31010, uTO ecnu byHkuus f(z) He paBHA TOMZecTBEHHO HYJIO, TO PR

ZRe (1/2;) cxonmres. [Cu. Ioanwa u Cere, 3a0auu u meopembt u3s aHau3d.
Orgen 111, NelNe 295, 298.)

f@=< M,




r1ABA vi?
KOH®OPMHOE OTOBPA)XEHHE

6.1. Kondopmuoe oroGpamxenue. Ecnu w — ananutnueckas GyHk-
uHA OT 2, TO 3HAYEHHUAM Z, KOTOpPbI€ NPEACTABJIAIOTCA TOUKAMH IJIO=
CKOCTH 2, OTBeYalOT 3HAUeHHs W, KOTOPble MPeACTABJASIOTCA TOYKAMH
MJIOCKOCTH @, MBI FOBOPUM, Y4TO TOYKH NJIOCKOCTH 2 NpeoOpasyiorcs
UMM OTOOPaXKAaIOTCs B COOTBETCTBYIOL(HE TOYKH NJIOCKOCTH ® U UTO
06/1aCTH NJIOCKOCTH 2 OTOOPAaKalOTCA Ha COOTBETCTBYIOMIHE OGIACTH
niockoctd w. Hacrosmas riara nocesiena 6oJee AeTalbHOMY pace
CMOTPeHUI0 MPUPOAL! 3TOr0 npeoGpa3oBaHHs HJIH OTOGpaxeHHd.

[lycts @ — aHamuTHuecKast (GyHKUMS OT 2, pery/spHas ¥ OJHO-
3HauHas B HeKOTopo# obmacti D nnockoctd 2. [lycTs z, — BHYTpeH-
HAS Toyka obgaacty D, u nycrs C; u C,— HenpepuBHBIE KPHBHIE,
rpoxoasiye Yepes 2z, H HMeloWde B 3TOH TOYKe Onpeje/ieHHble Kaca-
TeJbHBIE, KOTOPBle 06PasyloT € OChI0 X YIVIBL O U O,

[locMoTpuM, uTO coOTBeTCTBYeT 3TOH (urype B NJOCKOCTH .
Oznnako npeipapHTeNbHO MBI HaJOXKHMM Ha (YHKIHIO OrpaHuyeHue,
MOTHBBl KOTOPOTO CKOPO BBISICHSITCH: MbL 1 pednosomcum, 4mo f' (24) —
He KYyab.

[lycts 2; ¥ 2, — touku KpuBHX C; u C,, Gauskue K 2, [Ipeanoso-
XHM, YTO OHH HaXOmsaTcs OT 2, Ha OJHOM H TOM e pPACCTOsIHUH T,
TAK YTO MOKHO HalHCAaTb!

2, —zg=ret, 2, -2, =reis,

Toraa 6; —o; u 8,—>a, npu r—0.
B nJocKocTH @ TOYKe 2, OTBEYaeT HEKOTOpAs TOYKA W,, 4 TOUKaM
2, U Z, OTBEYAIOT TOUKH W, H W,, ONMHCHIBAIONIHE HEKOTOPBle KpHBHE Ci
u C3. Tlycts
Wy — Wo =101, Wy — W, = p,e'Ps,

Torpa, cornacHo onpegeseHH0 aHAJUTHYeCKOH GYHKIHH,

. wl—wO_ ’
lim e =’ (2,).
Tak xak ['(2)) %0, To Mbl MOXeM mnpeacTaBHTb [’ (2,) B BHze
Re®, tak uro
1i ki

im =RelS,
retd
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B uwactsocry, lim (¢, —8,)=06, T. e. lim¢g,=a,-+ 5. Takum o6pasom,
kpuBasi C| HMeeT B TOUKe w, ONPele/IeHHYIO KacaTe/bHylo, o6pasy-
JOILYIO C BElLeCTBEHHOH OCHIO Yrod o, - 8.

Iopo6HeIM ke 06pasoM KpuBasi Ci MMeeT B TOYKE W, ONpejeseH-
HYI0 KacaTeJbHY!0, OODAasyIOIyIO ¢ BeIeCTBEHHOH OChbI0 YroJa a, - 0.

Caredogamensro, kpussie Ci u Ci nepecexaiomcs nod mem jice yeaom,
uno u kpussle Cy, C,. Ilpu atoM yramel B 06eux ¢uUrypax OTCUHTBI-
BalOTCSi B OJHOM M TOM JKe HalpaBJeHHH.

Baarogapss 3TOMy CBOHCTBY aHaJHTHYeCKOe OTOGpaKeHHe Hasbl-
BaeTcs «KOHGQOPMHEBEIM». Besikofi Manoll ¢urype B OJHOH IJIOCKOCTH
COOTBETCTBYEeT B JADYrofl NJOCKOCTH NPHOIHU3UTENBHO HORoOHAS ek
¢urypa, Tak Kax Bce yTJbl y 3THX GHUryp HpHOIU3UTENBHO OXHHA-
KOBBl. YTOGB NOMY4YHTb BTOPYIO (HUIypy H3 MNepBOH, Mbl AOJIKHBL
NOBEPHYTh NepBYIO ¢urypy Ha yroa 8 =argf’ (z,) 1 3aTeM nojaBepr-

HYTb €e pacTHKeHHIO ¢ KO3(PPHILHEHTOM limgri =R =|f"(20)|. Ilpo-

BelleHHBI AaHAJK3 NMOKAa3hIBAET, YTO pacTsXKeHye OJHHAKOBO BO BCEX
Hal paBJEHHSIX.

6.1.1. Cnyuaft f' (2 =0. [lpeanonoxnum Tenepp, uro [’ (2}
HMeET B TOUKE 2, HYJb MOPSAKA 7. Torja B OKPECTHOCTH 3TOR TOYKH

@ =F(@)+al—z)"*1+...,
npudeM a==0. Takum 06pazoM, w; —w,=a(z; —2z,)*1+..., T. e.
plei(PI = |a ‘ r’H—lei {O‘I" (n‘l"l)ex) +.. .y

rae §=arga. CnepoBatesbHO,
limg,=1im{8+(n+1)8,} =8+ @+ Da,.

Iopo6ubM Ke o6pazoM lim@y=08-(n-+1)e,. Kpusbie Ci, C; w
Tenepb HMEIOT ONpefiefleHHbe KacaTeJNbHble B TOYKE @y, HO Yros
MeXJly 3THMH KacaTeJbHEIMH paBeH

lim (g, — 1) = (n+ 1) (@ —aty).

Jluneinoe pacrsixenue lim (py/r) paBHO Hy/mo, Takum obpasom, Ha
3TOT pa3 KOH(OPMHOCTb HapylUaeTcs.

6.1.2. KondopmHble oTOOpazkeHHs, KOTOpble Mbl paccMaTpUBAJIH
BHIIE, COXPAHSIOT HE TOJBKO YIJbl, HO M HampaBJjeHHE HX OTcYeTa:
ecad, asurasch or C; K C,, MBl COBeplIaeM IOBOPOT Ha Yroa o
B MOJIOKUTENLHOM HanpaBJeHuH, 1o, ABHrasice ot C| x Cj, Mbl cosep-
IIaeM IIOBOPOT HA YroJ & TOXKEe B HOJNOXKHUTEIHHOM HAlpaBJEHUH.

Ho cymectByoT u Takue KOH(POpMHBIE OTOGpaKeHHs, NPH KOTO-
PEIX BEJIHYHHBI YTJIOB COXpPaHAIOTCA, a 3HAKK HX MeHsoTcA. Pac-
CMOTPHM, HanpHMep, npeo6pa3oBaHHe wW=Z, rae Z— KOMILJIEKCHOE
9HC/I0, CONMpSIKEHHOE ¢ 2. IT0 nNpeobpa3oBaHHe OTHOCHT KaxKIoH
TouKe ee 06pa3 NpH OTpaKeHUH B BemecTBenHoOH ocH. ClefoBaTeqLHo,
BeJHYHHE!" YIVIOR COXDAHSIOTCS, HO 3HAKK HX MEHAITCA. DTO BEpHO
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BooOiie A BCAKOro otoGpaxkenus Bujaa w={ (Z), rae f (2) — anaau-
THyeckass QYHKLUHS OT Z ¢ OTJIMYHON OT HYJas NpoH3BopHOH. [leficTeu-
TeJIbHO, TaKoe oTobpameHHe SIBJSAETCs IPOM3BeleHHeM ABYX oTobpa-
JKeHHH:

() Z=z, (1) w=f(2).

Ilpu oto6paxenun (I) BenHUHHBI YIJIOB COXPAHSAIOTCSA, HO 3HAKH HX
Mensitorcs. Ilpu oroGpaxenun (I1) coxpamstorca u sHaku. Caenosa-
TeJbHO, pe3yJbTHPYIolee oToOpaXkeHHe COXPAaHAET BEJHYHHBI YIJIOB
M MeHfieT UX 3HaKH.

az--b 3 e
cz+d Ha3bpIBaeTCA

JuHefiHOH ¢ryHKuuedt ot z. Mpl 6yneM npegnonarathk, 4To ad — be == 0,
TaK KaK B MPOTHBHOM cJydYae YHCJAHTENb M 3HAMEHATENL MPOMOPLH-
OHaJIbHBEl MexKay co6ofi H W eCTb MPOCTO MCCTOAHHAA.

KancOomy 3Havenlo z omeeqaem 6 MOUHOCML O0HO 3HAMEHUE W.

6.2. Jluneiinoe mpeoGpasosanue. D yHKIHA @ =

EAHCTBEHHBIM HCKJIIOYEHHEM sIBJIsieTCA 3HAaYeHue 2 = — d/c npu ¢+ 0:
B 3TO{ TOYKe 3HaMeHaTesnb obpaulaercs B Hyab. Ho ecau z - — dje,
TO |w|—>-0co, U MBI MOXKEM OTHECTH TOYKe 2 ==— d/C NJOCKOCTH 2

BeCKOHeYHOo YHaJIeHHY10 TOYKY IIJIOCKOCTH W.
a b
Ecnn ¢ =0, To w =72 + 7 ¥ GeCKOHeYHO yJIaJeHAbIe TOYKH I1J10C-

XocTe z M w OTBEYalwT Apyr ApYyry.
O6patHo,
dw—b

Z:—cw—l-a’

TaK YTO M 2 €cTh JunefiHad PyHKUHSA OT w.

Mpumep. [lokasats, 4to B oflleM clydae HMeEIOTCH JBa 3HAUEHHS 2, JAJs KOTO-
PHX w=2 (<HeNOABUKHBIE TOUKHU»), W UTO OHH CJIUBAIOTCH TOJBKO B Caydae, KOria
{a— d)?-}-4bc=0.

ITokasarb, 4TO eCJIK HUMEIOTCH ABE pasJuuHLIe HEenOABHKHLIE TOUKH, p H g, TO
npeoGpasoBaHue MOXeT OBITb [PEACTABJCHO B BHIE

w—p p

w—q z—q

)

2 ecJM WMMCeTCH TOJIbKO OJHA HENoABHMKHAS TOUKA, p, TO npeo0pa3oBaHHe MONeET
ObiTh TIPEACTABAEHO B BHIS

1 1

6.2.1. ORKpyXKHOCTH. YpaBHeHHe |2 —2;|==p €CThL ypaBHEHHE
OKPYKHOCTH C LEHTPOM 2, H PajgUycoM p.

JBe TOUKHM, p ¥ ¢, HA3EIBAIOTCH COMPSIKEHHBIMH OTHOCHTEJIBHO
5TOIl OKPYKHOCTH, €C/IH OHM JlexKaT Ha OJHOH IPSAMOA C ee LEHTPOM
M0 OJHY CTOPOHY OT HEro M MPOH3BEeAEHHE MX PACCTOSHH# OT LEHTpa
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pasHo p®. Takum ofpasoM, eciu

p =2z,+ le,
TO
0
=2+ ™
Ecnn z=2,-+pe®, T. e. 2—Toyka Haiefl OKPYKHOCTH, TO
z—p pet® — [eir I | pet® — leir l
z—q = pei® — p2/-1eik o | lei® —peit T

Bro — HoBas (opMa ypaBHEHHS OKDPYKHOCTH.
O6patHo, BcAKOe ypaBHEHHE li:—‘;‘ =k (k= 1) onpegessieT OKpyx-

HOCTb *), 10 OTHOIIEHHIO K KOTOPOH TOYKM p H ¢ SIBJSIOTCA COMpsi-
keHHbIMH. JleHCTBUTEIbHO, OHO O3HadYaeT, YTO

|2 — 2Re (p2)+ | p F =k* {| 2" — 2Re (72) +| g I},

Re{(p—Kk2q) 2 2— k2| g 2
|Z\2-——2 {[;—k2q) }+’P| l—qu‘ =0,

p— K

2_lp—kzqi2_lp[2——k2qu2
1 — k2 :

T T(I—rp —k2

IZ_

Ho nerpyaHo mposepuTh, 4TO
lp—FRqP—(1—-F)(p2—Fk|qP )=k |p—qP,
TaK 4TO ypaBHeHHe anHPlMaeT BHL

,_P—FKaq| kip—q|
T—k2 T—r2] "
TaxuM o00pasoM, ypaBHEHHE MpPeACTaBJIAET OKPYKHOCTD C HEHTPOM
— k2 Elp— 2 (g —
2, =pl_—kzq U pajHycoM p=%. Kpome Toro, p——zozk—l(q_—kzp—),

—_ — 2,
q—20=1q_—£2’ Tak 4To OTHOWeHHe Z—2 pemecTBEHHO M TOJOKH-

TeapHO. Hakouer,
lp—20]1g—20|=0p%

T. €. p H §— CONMpsIKEeHHblE TOYKH.

B ocoboM cayuae k=1 Toyka z paBHOyjaJleHa OT TOUEK p, ¢ H
NOTOMY JIEKHT Ha NeprneHAHKYJsApe K COGRUHSIIOIIEMY HX OTpesKy,
NPOBENEHHOM Yepe3 €ro CepefiyHy.

6.2.2. Jlunelinoe npeoGpasoBaHHe OKPYMXKHOCTH.
Ilpu aunetinom npeobpasosanull OKPYNCHOCME nepexodurn 6 OKpYMCHoOCME

*) $OKpYXHOCTb ANOJIOHKS,
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[ COMPANCEHHbIE MOYKIU NEepexodam 8 CORpANCeHHole mouku. B mom
0CO0OM  Cayuae, K020a OKPYNCHOCMb NPespaujaenics 8 npamyr, Conps-
HCEHHbIE MOYKU NPEeSPALAIOMCS 8 MOUKIL, CUMMENMPULHBIE OMHOCUNENbHO
amotl npamod.

o Z— o
Je#CTBHTENBHO, TYCTh iﬁ‘ =k — ypaBHeHHe paccMaTpHBaeMOH

OKPYXKHOCTH HJH TIPAMOH (C CONMPSKEHHBIMH TOYKaMH p H ¢). [IpeoG-
pasoBaHHe

_az+b __ dw—b

Tcz4-a’ T —cwia

npeBpalllaeT 3TO YpaBHEeHHe B ypaBHEHHe

dw—b—p(—cw-a) —F
do —b—qg(—cwta)|
T. €. B ypaBHEHHE
ap--b
_optd|__ L |cqtd
w24t cp—l-d|'
cq4-d

SruM TeopemMa JOKa3aHa.

Mpumep. UHBepcreli OTHOCHTENLHO OKPYJKHOCTH HasbiBaeTcs NpeobpasoBanue,
MepeBoAsLlee KaK1ylo TOUKY B CONpPSKenHYIO. Jl0Ka3aTh, 4TO JIMHEHHOe rpeoGpa-
30BaHUe C eAMHCTBEHHOH HENOABIKHON TOYKOH p MOMHO NOJAYYHTL KaK pesysbTar
(1) MWHBEpCUH OTHOCHTE&JLHO HEKOTOPOH OKPYKHOCTH, CKaeM C LIEHTPOM Zj, POXO-
asimeli uepes Touky p, H (II) MHBepCHH OTHOCHTE/BHO OKpy:KHOCTH, Kacawouelics
NepBOH OKPYXXKHOCTH B TOUKe p, ¢ LEHTpPOM B TOUKe w,, OTBedamoulefi TOuKe Z, MpH
paccMaTpHBaeMOM JIHHeHHOM rnpeo6pasoBaHHH.

6.2.3. Haidmu ece auHelinsie 0omobpaxceHus ROAYNAOCKOCHU
Im (2) =0 nHa edurnuunwil gpye |(w|<< 1.
ToukaM 2, Z, CHMMETPHYHEIM OTHOCHTEJNBHO BellECTBEHHOH ocH,

0TBevarT TOUKH W, ! CONIpAXKEeHHBIE OTHOCHTEJIbHO eJUHHYHOH 0):403%:'¢

HOCTH. B wvacTHOCTH, Haya/o H GeCKOHEUHO yxa/leHHas TOYKa IJIo-
CKOCTH W OTBEYAIOT CONPSKEHHBIM 3HAUEHHAM 2.
az-+b -

[Tyctn w:cz—_l_'l_—d — uckoMoe otoGpaxenne. SIcHo, uTo ¢ 7= 0: HHaue
GeCKOHEUHO yZXaJleHHBlE TOUKH TJIOCKOCTEH 2z U w OTBedasaH Gwl Jpyr
apyry. Toukn w=0 um w=oc0 oTBewaloT ToukaM —b/a u —djc.
TakuM 06pasoM, Mbl MOXKEM HamHcaThb

b

d

—g=% =%
azZ—a

T. e. w=—_——. Touke z=0 no/KHa OTBeyaTh TOYKa OKPYKHOCTH

lw|=1, TaK uro
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INostomy MOXKHO HamucaTbh a= e, rge A — BeulecTre’nce YHCIA0, K
MBI TIOJIyYaeM:

iy &~ C
w=emm. (1)

Tag gag w=0, ecn z==0, TO TOYKAa « JOIKHA Ji€XKaTb B BepxHel
nosaynjockocTd, T. e. lm(x)>0. Ilpu stomM ycaosuu ¢ynknus (1)
npousBoaHT Tpebyemoe orob6paxenne. [elicTBHTeNBHO, €caH 3Haye-
H#e 2 BeilleCTBeHHO, TO, ouYeBHAHO, |w|=1, a ecau Im(2) >0, to
2 OnuMXe K o, 4eM K &, Tak 410 |w|<< 1.

‘210 npeobpa3oBaBue 3aBHCHT OT TPEX ITPOH3BOJILHLIX MOCTOSHHBIX:
A, Re(@) u Im(a). ITostoMy cymectByeT npecbpasosanue Buaa (1),
nepeBofsiliee TPH 3ajaHHBIE TOYKH BEUIECTBEHHOH OCH B TPH 3ajaH-
HLIE TOYKH €IMHHYHOH OKPYXKHOCTH.

Mpumep. O6uiee snHefiHOe oToOOpakeliHe MOJYTVIOCKOCTH Re (z) =0 na kpyr
|w|<<1 umeer BHR
z—a

z--a

6.2.4. Haitimu ece auwelinvie omoOpaxceHus eOUHUYHO20 Kplea
|z| =<1 na edunuunoiil kpye |w|<<1.

w ==eih

(Re (o) > 0).

az-1-b
Ilycts w=2z_+—d_' Toukn w=0, w=00 JOMKHE OTBEYAaTh HEKO-
1
TODLIM COMpSKEHHBIM ToukaM Z=oa, 2=+ ¢ [a|<l. Crenosa-
TeJBHO,
b d 1 a z—a at z—o
—_———=, ——=, W=-— = .
a ¢ a ¢ 2 L ¢ az—1
a

Touke z=1 oTBeyaeT HeKoTOpas TouKa OKpyxHocTH |w|=1. Cre-
JIOBaTeJIbHO,

a@
¢

=1,

aa 1-a | _
c a—1|"

zZ—a
az—1"’ )
310 U ecTb HYyXHHE pesyabTar. JeHcTBHTeNbHO, €CaH 2 =e'f,

o =pe'?, 1o

TaK 410 W =g ruae }\:—BBHLBCTBEHHOB YHUCJO.

w|= -

ei® — pei®
peitﬁ—q»_] ‘
ecau xe z==re® c r< 1, TO
|z—aP—|&2z—112=7r"—2rpcos (6 —¢)+p*—

— {p*r* —2pr cos (0 — @)+ 1} = (r*—1) (1 —p?) <0,
TaK 4To |w|<< 1.
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Ecnu, kpome Toro, touke z=0 oTBeuaer Touka w =0, 10 =0
i npeo6pasoBaHHe NPHHHMAET BHJ

w = ez,
Ecan eme Z—f:l npu z2=0, TO
W=2.
Npumep. OG6iiee anHefinoe oToOpaxeHne Kpyra |z |=Sp Ha Kpyr |w|=p’

HMEET BUJ

w=pp et) z—

e (al<o)

6.2.5. Hycmb pyrxyua [ (2) peeyaspra npu |z|<<1. Eciu
Ref(2)>0u f(0)=a>0, mo | (0)| << 2a.

Onﬂa OlleHKAa 3TOTO THIA nojaydaercss u3 TeopeMmbl KapaTeomopu
u ee caeacteuit (§§ 5.5—5.5.1). Huxecnenywoimee paccyskaenue B cy-
IIECTBEHHOM TAaKOBO 3Ke, HO MoOxeT ObiTb Tenepb MpPENCTABJEHO
B ¢opMe, KoTopass 6pocaeT CBeT Ha OOMIMA METOA.

[Tpenno/sioXXUM, YTO TIPH HEKOTOPOM JIMHEHHOM mpeolpa3oBaHuK
g=o (/) npamoii Ref=0 oTBeuaer okpyxHocTp |g|=1, a Touke
f=a—touka g=0. Torza |g(z)|<<1 npu Ref(2)>0, 1. e. npu
2 <<1, nu g(0)=0. C ycnoBUSIMH TAKOro BHJA YK€ JIETKO HMETh
Jeno. Mel MoXeM HanHcaTb

€)= £ dz

2mni 22
|z]=1—c¢

YTO0 BBHAY NPOH3BOJBHOCTH € MpPUBOAUT K HepaBeHCTBY |g’ (0)|<<1.
MetozoM § 6.2.3 HEeTPYAHO YCTAHOBHTH, YTO HYXKHOE HaM JiHHeH-
[

Hoe mpeoGpazoBaHHe eCTb g(z)—f(zH_a, TaK 4To
1+g(2)
Fe=a—, e
e ’ _ 208 (2
CrnegoBaTenbHo, f (z).———————{l_g(z)}z, u

[/ (0)| =2a|g’" (0)| < 2a

6.3. Jlpyrue npeoGpasosanusi. Temepb Mel PacCMOTpPHM HEKOTOpDBIE
HenvHeHHBle (YyHKIHH,

6.3.1. Dyukuns w=2% Ecau z=re® u w=pei?, 1o pe'? =
= r2¢®%, Takum oGpasom,

p=r% =20,
T. e. paccTofHve OT HauajJa BO3BOJWTCS B KBajpaT, a MOJISPHBIA

yroJl yaBauBaercsd. YrJomas o6gacth o« <<argz<<f orobpaxaercs
Ha yrJaoBylo obsacThb 2o < arg w << 2f; ecnu P —o > x®, TO Yr/oBas
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006/1aCTh B IJIOCKOCTH @ HAKPBIBAET 4aCTb ITOH IIJIOCKOCTH JBaKJbl.
BosHuKamomas 13-3a 3TOr0 HeonpeneseHHOCTh HCuesdeT MocJ/ie 3aMeHEb!
NJIOCKOCTH @ DPHMaHOBOH MOBEPXHOCTBIO, onHcaHHO# B § 4.3.

Ecmn z2=x-iy, w=u--iv, 10

u-t+iv=(x4-iy)? =x?— Y- 2ixy,

T, e. u=x*—y?, v=_2xy. CiegoBate/ibHO, NpsAMblE ¥ =a, v =>0 OTBe-
YalT NpPSMOYTOJbHBIM THNEp6osaM

R—y*=a, 2xy=>.
Tocnexnue nepecekaroTcst MOA MPAMBIM YIVIOM, €CJIH He CYHTATh Cay-

1
yag a=0, b=0, Korja oHH mepeceKaioTcs B HadaJje 0J YIaOM 5%

dw o
HOCKOJTbe Npou3BoaHas az HMeeT B HayaJie npocTou HyJb, 3TO CO-

rnacyercsi ¢ OOHMIUMH TeOpeMaMH O NpeoOpa30BAHHH YTJIOB.
Npumepnr. (I) JokasaTts, 4To HpsMeIM x=const, y=—const oTBeyaioT cHcreMbL

codorycHblx napatoa .
(II) PaccmoTpers TakuM e o6pazoM QYHRUHMIO w=2" c n=3, 4, ..,

1 1 :

6.3.2, PyHkuusa w=7(z+?). 31ech 3HayeHHe W CTAHOBHUTCH

GeckoHeuHBIM npu z=0, a npousBojHas
do _1() 1
dz = 2 22

ofpamaercss B HYJab npH z==21, MoXHO OXHJAaTh, YTO 35TH TOUKH
GyAyT Urpatb npH npeoGpa3OBaHUH CHEHUANbHYIO POJb.

Icmaraa 2=re’®, w=u-iv, MBI BHIUM, 4TO

1 1 1 1 .
u—g(r—{-?) cos 6, V=" (r—-7> sin 0,
a focJae HCKJAIoYeHHs 8 mosyyaem ypaBHeHHe
u? v
PRAT T+ A
) 7 4 7

310 —3AJHNC B MJOCKOCTH w, OTBEYAIOMHH KamAOH H3 OKpyXK-
HocTell [2l=r, |2g|=1/r. Ilpu r -1 66sbmasg nonyoch sakHNCa CTpe-
mutcst K I, a menbmas kK 0. IIpu r -0 u npu r— oo o6e noayocu
cTpeMsitc K OeckoHeynocTH. OTCioga BHIHO, YTO KaxkAOH M3 ABYX
obnacTed, Ha KOTOpEle efUHHYHAS OKPYKHOCTh pa3buBaeT MJIOCKOCTD 2,
OoTBeyaeT BCA MJOCKOCTh w, B3pe3aHHas BJOJb BELUIECTBEHHOU oOcH
or —! jo 1. CamdA emuHHYHOM OKPYKHOCTH |2j==1 oTBedaer orpe-
80K C KOHHAaMH —1, 1, NpoXozuMBblil ZBax bl ‘

Paspemiasi ypaBHeHHe OTHOCHTENBHO 2, Mbl BHJAHM, 4YTO ofparHas
¢yHKILHA €CTh ABy3HauHas QyHKUHs OT @. MOXKHO yCTpaHHTH BCAKYIO

=1.
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MHOFO3HAYHOCTb, 3aMEHHB MNJIOCKOCTb W PHMAHOBOH MOBEPXHOCTBIO,
cocTosiliefl M3 ABYX JIMCTOB, pa3pe3aHHBIX oT —1 g0 1 u coeauuen-
HBIX KpecT-HaKpecT BAOJb paspesoB. [IpH o6xone KaxIoH #3 ToueK
w =1 MBl nonyyaeM HOBOe 3HaYeHHe 2z, HO €CJH MPOHTH BOKDYT
06eHX 3THX TOYEK, TO MOJYUHTCH HCXOLHOE 3HAYEHHUE Z.

Npumep. Kakas kpupBas MJIOCKOCTH @ OTBeuaerT npsimofi x=1? PaccMoTpersb
pesyabTar kak npumep K § 6.1.1.

6.3.3. Jlorapu¢pmuueckada pyukuua. Ecau w=logz, mo
yeaoeotl ob.aacmu o < arg z < P omeeuaem beckonennaa norocaa << v << f.

JleHiCTBHTENBHO, €cJaH 2z =rei®, TO OogHO M3 3HaYeHHH © €CTh
log r+i6, tak uto u=Ilogr, v==0. Korma r meusierca or 0 no0 oo,
u MeHsiercd OT — oo JIO ©O, 4 3TO 3HAYHT, YTO TOJYMpsMBIE, COCTa-
BJAIOLUIHE YKA3aHHBIE yroJ, NepPeXOhAT B [PSMbIE, COCTABJSIOLHE
YKa3aHHYIO TOJIOCY.

Ecan MBI paccMoTpuM Bce 3HaueHHs logz, T. €. 3HaueHHs

w=log r +1i (6 4 2kxm),
rne k— NpoM3BOJBHOE [I€J0€ UHCJIO, TO [OJNYYHUM He OXHY TOJOCY
B MJOCKOCTH @, a 0eCKOHEYHO MHOr0 M0JIOC, OTBEYaloHX BCEBO3-
MOXKHEIM R,

[Tpu oOpaTHOM OTOOpaXKEHHH MHOJOCH o << o< B Ha yroJ mjioc-
KOCTH 2z 4acTb 3TOH INJIOCKOCTH HaKpelBaercss GoJiee ueM OfHH pas,
ec/ii Pp—a>2n. Mpl yCTPAaHHM BCSIKYIO HEONMPENEJEHHOCThb, €CJIH
3aMEHHM IIJIOCKOCTE Z PHMAaHOBOH IOBEPXHCCTBIO, cocToseli u3 Gec-
KOHEUHO MHOTHX JIHCTOB, KaXABHl H3 KOTODHIX B3pe3aH BJOJbL Bellle-
cTBeHHOoH ocH o1 0 10 — 0O M COeNMHEH BJOJb Pa3pe3a CBOMM BEPXHHM
pe6poM C HHXKHHM pefpoM Jexalllero Moj HHM JiMcTa. Torha noJoce
IIHPHHB 271 B MJOCKOCTH w OyJAeT OTBeuaTh OJHH JHCT DUMaHOBOH
MOBEPXHOCTH H KaXJIOH TOUKE DHMAaHOBOH MOBEPXHOCTH OYIET OTBe-
yarTh B TOYHOCTH OJHA TOUKA MJIOCKOCTH w.

Mpumepbl. (I) Mccaeposare cBoiicTBa oToGpakennss w=1gz, paccmarpupas
€ro KaKk KOMIIO3MIHIO OTOBpaKeHui

f=e?iz, w=it b=l

i 12
H TOJYYMTb 3THM TyTeM DHMAHOBY IOBEPXHOCTb OGpaTHOH (QYHKIHH 2= arctg w.
[KypauT, [eomempuueckaf mMeopus (yrKyul KOMNAEKCHOL — NepeMenHol,

crp. 145.]
(11) Paccmorperdb cpoiicTBa oTo0pakeHnst @ =2% NpH [ POH3BOJBHOM 3HAYCHHH &.

[©yuknus z® onpespeseHa Kax ealogz PaccMoTpets OTAENBHO pauHoHAJBHBE,
AP panHOHAJILHEE ¥ KOMILIEKCHLIE 3HAUEHHS o.]

1
6.3.4, Ecau w= tgzﬁ-z, 110 NOAOCA NAOCKOCHIL 2, ACHAULAA MEHCOY

1
npanbiny x=0, X=-1, 0MoGpaKaemCa Ha BHYMPEHHOCMb eOUHU-

H020 Kpyea NAOCKOCMU W, 63PE3AHHYI0 6004b 6ELYECIBEHHOL OCU Om
w=—1 do w=0.
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M H caTh — .ﬂz_
bl MOXKEM HaMH W= Tz
1 . .
Ecau z=5n--iy, T0 COSz2=—1 shy u |w| =1. Herpynno npose-

puUTh, YTO, KOTZa Y MEHfeTCs1 0T —oo A0 ©O, arg @ MEeHseTCS 0T — It
JO I, TdK YTO W ONHCHIBAeT OAUH pa3 BCIO €HHHYHYIO OKPY2KHOCTD.

.Ecnu 2=y, To cosz=chy u 3nauenus w BemecrBeHHsl. Korna y
MeHsieTcsl oT oo g0 0, w mensercss or —1 1o 0, a korza y Mens-
ercst or 0 po -—oo, w BosBpamaercs ot 0 Kk —I1,

TakuM 006pa3oM, I'paHdild NOJOCH INEPeXOAHT B IPAHHILY B3pe3aH-
HOTO Kpyra, ¥ HeTpyJAHO MOBEPHTH, YTO BO BHYTPEHHOCTH KpPyra mepe-
XOJMT BHYTPEHHOCTH MOJOCHL.

., ! . .
[lpumep. [loKasarb, 4TO HpAMOH X== 7 OTBEU2CT NENIS 3aMKHYTOH KpurOi,

1
flepeceKkampiasi pellleCTBEHHYI0O OCbhb B TOUKaX W == luw= 3+2V2_.

6.4. OpHosmcTHble (yHKuuH. Mol OyaeM roBopuTh, 4TO (YHK-
1w [ (2) o0nosicmAa B HEKOTOPO# ob6nacTH D, ecau OHa aHasuTHYHA
Y opHoszHauHa B D W npunuMaer B D Kax/Joe CBoe 3HAYEHHE TOJBKO
OJMH pa3s.

Ecmu ¢yHkuHA w=[(2) OAHOJHCTHA, TO OHa oToOpaxaer 0G-
Jacth D TJIOCKOCTH 2z HA HEKOTOPYIo 06/acTh D’ MJIOCKOCTH @ TAKHM
o6paszoM, 4TO TOYKM 3THX OGJacTell OKasblBAlOTCsl BO B3AHMHO OfHO-
3HAYHOM COOTBETCTBHHU.

Ecau gynruyus f(z) oonosucmua 6 D, mo ' (2) =0 ¢ D. [deficrsu-
TeJbHO, TPeAnooKuM, 49T0 f'(20)=0. Torma odyukuusa f(2) — f(z,)
HUMeeT B TOUKe Z, HYJb nopsaika n==2. Taxk Kak f(2) — He MoCTOsH-
Hast, TO MOXKHO HAaHTH OKPYXKHOCTb |z — 2o =0, Ha KOTOpON QyHKUHUS
[@)—f{(z) ne uMeer HyJed W BHYTPH KOTOpoH ¢yHKIUHA [’ (2) He
HMeeT HyJeH, OTJIMUHBIX OT 2. ITycTh 71— HMXHSIA rpaHb GyHKUHH
If{2) — [ (2,)| Ha sTol okpyxHocTH. Ecan 0<<la; << m, TO, cornacHo
TeopeMe Pymie, Qyukuus f(2) — f(2,) —a umeer B kpyre n HyJeH, H
OHa He MOXKeT HMeTb TaM JBOWHBIX HYJe#, Tak kak [’ (2) He umeer
TaM HyJell, OTJHYHBIX OT 2, Ho 3To mnpoThBopeuut ToMy, 4TO f(2)
NPUHUMAET Kaxkjoe CBOe 3HAYEHHe TOJNbKO OJUH pas.

O0HorucmAHAA QYHKYUA oM OOHOAUCMHOU QYHKYUU OOHOAUCMHA:
ecnd QyHKuus f(2) oaHonmctHa B D W dynkumst F(w) ogHOMMCTHE
B D', to dyuxkuua F{f(z)} onnomucrua B D. JleficTBUTEIBHO, TaK
Kak ¢yuknus F oaHosiHcTHA, TO M3 paBeHcTBa F {f (z;)} = F {f (z.)}
cjaenyer, uto f(2;)=/[(2,), a Tak Kak QyHKUHA [ OAHOJIHCTHA, TO U3
paBeHcTBa f(2;) =[(2;) clexyer, uTo 2; =2,.

6.4.1. O6paTHBe GYHKUUU. B ycAOBHAX Npefplayiero na-
parpada Kamaofl Touke ofsacTH D’ oTBeuaeT B TOYHOCTH OflHA TOYKA
obnacTu D. Mbl MOXeM [O3TOMY PaccMaTpHBaTh 2 KAK QYHKIHIO-OT W
U Halucath 2= ¢ (w). dTa GyHKIUA HA3BIBaeTCsi OGpaTHOH MO OTHO-
teHdI0 K (YHKIHU @ = [ (2).
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Ob6pamnasn pyuryus odHoaucmua 6 D', [eficTBUTeIbHO, OHA CIHO-
snayHa. Kaxjpoe cBoe 3HaueHHe OHa NPHHHUMAeT TOJMBKO OJHH pas,
Tak Kak ¢ysKnMa f(z) oauosnauna. HakoHnen, oHa aHaJuTHuHA.
B camom jene, ecau f(2,) =w,, TO, KaK JierkO yCTaHOBHTb, pa cmaT-
pHBasg HHTErpadj

r@ 4,

f(2)—w

f(2) - npuHuMaeT B JmoGOM 3aJaHHOH OKPECTHOCTH TOUKH 2, KaXKiee
3HayeHHe W, NOCTATOYHO O6JH3Koe K w, CrefoBaTesbHo, ('YHKUHSA
2= (w) HempepbIBHA, H TaK Kak [ (2,) =0, To npH w—w,

¢ (W) —¢ (wy) ]
w—wg —>-f, (20) °

6.4.2. ExvHcTBeHHOCTh KOHbDOPMHOTO OoTOOpaxe-
BH . O0noaucmuas Qyuxkuyua w=7J(2), omobpancaiouas edurtiuHblll
Kpye Ho eOURUMHbIL Kpye mak, 4mo yeHmp Kpyaa u HeKomopoe 3a00H-
HOe 6 UeHmpe Kpyaa HAAPABACHUE OCMAIOMCA HEUSMEHHbIMY, ecib
rmoscdecmeerroe omobpaxceHue w= z.

Tax kak |[f(z)|=<<1 npu |z|=1 u f(0)=0, To, cornacHo Jemme
IliBapua (§ 5.2),

lw|[=1](2)| <]z
Tlpumenss memmy IllBapua K ofpaTtHoft GYHKIHH, MBI BHANM, YTO R
|z| < |w|. CaenoBatesanyo, |w|=|z|, T. e.
[T ]=1 (2=,

Tak Kax QyHKIHSA, NOCTOAHHAS MO MONYJI0, CaMa IOCTOsiHHA, H3
aToro caenyer, uto f(2)=az, rie |a|=1. I'locne aToro ocraoueecs
yCJIOBHE MOKa3hBaeT, 4To a=1.

3aMeTuM, uTO GYHKOHS @ =2% yIOBJETBOpsieT BCEM IIPEAbILYUIHM
YCJOBHUSAM, KPOMe YCJIOBHS! OJHOJHCTHOCTH.

O0HoAucmHA QyHKkyus, omobpaxcarnuias eOuniunbll Kpye Ha edu-
HudHb Kpye, echib AuHelHas (ynKyus.

[lycte dyHxuus w=/f(2) orobpa:kaeT eMWHHUYHHIH KPYyI Ha €l1H-
nuuebldl Kpyr H f(0)=w,. Cornacuo § 6.2.4 Moxuo HaHTH JuHel-
Hyo Qyukuuio ! (w), oToGpakamoulyo eiHHHYHbIA KPYyT Ha eQHHHYHbIHE
Kpyr, ¢ [(wy)=0. ®yuxuus [{f(z)}] orobparkaeT eaHHHUHBIA Kpyr
Ha exunuuHeli Kpyr, u [{f(0)}=0. CnexoBaTensHO (npeabipyuast
teopema), ! {f(2)} =az. Tak xak QyHkuus, o6paTHas JNHHeHHOH, JH-
HefiHa, To f(2) ecTb JHHeHHaa ¢yHKuHa oT 2.

6.4.3. Ilycme yuxyus [(2) peeyaspna npu z=0, u nycmes
F0)=£0. Tozda ynxyua f(z) o0noaucmra e nenocpedctiseHHOl
okpecmuocmuy mouku z=20, m. e. 8 Kpyee |z2|<<p ¢ Jocmarmouno ma-
AvLM P,



208 KOH®OPMHOE OTOBPAXEHME [ra. vi

Mbl MoxeM cuyuTaTh, yto [ (0)=0. Tak kak [’ (0) =0, 10 Hava/o0
aBasercs a4 f(2) NpocTeIM HYJeM. ﬂoaTomy MOKHO HailTH OKp Y-
HocTb C ¢ uentpoM 2=0, Ha KoTopo# [(2)=%=0 ¥ BHYTPH KOTOpO#
f(2) He umeer HyJef, OTJIHYHBIX OT ToYKH 2z=0, [TycTe m — HImXKHAA
rpaip ¢yuxknuu |f(2)| ra C.

Tak kak @ynkuus [(2) HermpepwiBHa H npH z=0 obpainaercs
B HYJb, TO MOMXHO HaHTH OKpYXKHOCTh |z|—p, BHYTPH KOTOpOH
|f(2)| < m. ﬂoxameM, yTo (yHKUMs = f(2) OOHOJIHCTHA B Kpyre
|z|<p. Tlyetsh @' —umoboe uncno ¢ |w'|<<m. B cuny Teopemul
Pywe (§ 342) yucao uyJded ¢yuxkuuu f(z) —w’ BHyTpH C paBHO
uhcay Hydeli ¢yukuuu f(2) sBHyTpH C, T. €. efunHuiLe. CJIeIIOBaTeJIbHO,
BHYTpH C HMeeTcl B TOUHOCTH OfHa TOUKA 2’ ¢ f(2)=w'. O6nacrs,
COCTaBJIEHHAsi M3 TaKHX 3HAueHHH 2', oToOpa)kaeTcsi OAHOJIHCTHO HA
Kpyr |@|<<m U comepuT Kpyr [z|<<p.

Ilpyroe noxasarenbcmo MOXKHO MOJIy4dTb, paccMaTpHBasi CTeneH-

Ho# pan f(z Z a,2", rae a, 0. Ecau [(2;) =[(2,), 1O

n=2_0
o]
3 a, (2 —2)=0,

n=1

(21— 25) {al_l_ Z an(zf—l—l—zn_q%—[—,,,—|—z§)}=0

n=2

Ecou |2,|<<p H |2, <<p, TO MOAYJH BTOPOrO COMHOMXKHUTENS GoJblie,
[ee]

ueM |a,|— D) f|a,|p™t, a sTa PasHOCTh NOJIOKHTEJbHA, €CHH p
n=2
noctatouno Mamo. CiefoBaTenbHoO, 2, = 2,.

6.4.4. [Ipeder pasromepro cxodsauietics nocredosamessHoCmu 00HO
AUCMHoIX  YHKYUd ecmo  aubo 00HoAUCMHAS GYHKYUS, Aubo nOoCHmO-
aunas. Boaee noano: ecau gynuxyuu fi(2), f2(2), ... o0noaucmunt 6 D
u [n(2)—>f(2) pasnomepro & D, mo gyurkyus f(2) aubo o0HoAucmHA
8 D, aubo nocmosnna.

Uto npenenbHas (QyHKIHA MOXKeT ObITh MOCTOSHHOH, MOKAa3blBaer
npumep fn(2)=2/n.

$lcHo, uro dyukuua f(2) aHaauTHYHA W onHosHauyHa B D. Ecin
OHAa He OJHOJIUCTHA, TO CYUIECTBYIOT ABE TOUKH, 2; U 2,, B KOTOPBIX
OHA TMpHUHHMaeT OAHO U TO XKe 3HaueHHe w,. [locTpouM nBa Kpyra
C HeHTPaMu 2, 24, JeXkallde B D, He nepeceKaiomipecs Mexay coO0oH
H of/najawlnide TeM CBOHCTBOM, 4YTO Ha HX KOHTypax OyHkOUA
f(z2) —w, He obpaiaercs B HyJ/b; 3TO BO3MOXHO, €caH f (2) — He mo-
crosnHas. [lycte m —HuXHsA rpaus Qyukuuu |f(2) —w,| Ha yka-
3aHBEIX KOHTypax, Halinem croas Gosblioe 7, uTO HA 3THX KOHTYpax
1f (@) —Fn(2)| <m. B cuny teopemnl Pyme dyuxuus

fn (2) —wo ={J (2) — wo} +-{/n (2) = f ()}
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HMeeT B JBYX B3ATHIX KPyrax CTOJNBKO e HyJeH, CKOJbKO (QYHKIHSA
f(2) —w,, T. e. mo Kpaifigeii Mepe ama. CraenoBaTespHO, (YHKIHA
f. (2) He OQHOJHMCTHA, 4TO IIPOTHBOPEUHT MPEANOJIOKEHHIO. DTHM Teo-
peMa JoKasaHa.

6.4.5. [Tycme C — npocmod 3amKHYymbll KOHMYP, 02paHu4uearou i
obaacme D, [Tycme w=[(2) —anarumuueckas @yukyus, peeyripras
¢ D u na C u npunumarowyan kaxcdoe ceoe 3sauerue Ha C moavko
o0ur pa3. Toeda yurxuus f(2) odroaucmra ¢ D.

B miockoctdH w KOHTYpY C COOTBETCTBYET HEKOTOpHIH KOHTYp C'.
OH 3aMKHYT, TaK KakK (yHkuHus f(z) ogHO3HauHa, H He uHMeeT CaMo-
nepeceueHHd, Tak Kak f(z) He npuHuMaeT Ha C HH OJHOT'O 3HAUEHHUS
apaxzael. [lyete D' —o6uacth, orpanuueHHas KoHTypom C'.

[lyers dyuxuus f(z) npuHHMaeT B TouKe 2, obnactu D 3Haue-
HHe, KOoToporo oua He npuHuMaer Ha C. Yucao Hynet ¢yHKuuH
f(2)—f(2) B D pasno

1
o Ac arg {f (2) — (20)},
rie Ac o6o3Hauaer npypalieHde Baodb C. ITO YHCAO NOJOKHTENBHO,

TaK Kak [0 KpafHed Mepe OZHH TaKoOH HyJb cylmecrByer. Ho oHO
pPaBHO TaKXe ‘

5 A arg (w—wy),
rie wo=7(2), a 310 0, ecau ToUKa w, Jexur Bue C’', u 1, ecsu
TOYKA W, JIEXHUT BHYTpH C'; 3HAK 3aBHCHT OT HanpaBJeHHs, B KOTO-
pom ofbxoautcs C’. CieaoBaresnbHO, 3T0 1, T. e. TOuKa W, JIEXKHT
puytpu C’, C' 06xomuTcs B MNOJOXKUTEILHOM HATIpaBJEHHH H [(2)
npuHuMaer B D 3HaueHHe w, B TOYHOCTH OAMH Da3. Takum o6paszom,
D opnonucTHO otobpawxaercs Ha D',

6.4.6. O6o6uweHus. YcnoBHe npefnllyllell TeOpeMel, COCTOf-
[mee B TOM, YTO (QyHKUHS [ (2) aHAaJUTHUHA HA KOHTYpeE, MOXKET GHThb
HeCKOJbKO ocsabiseno. [losoxeHue Ma/no MeHsAeTcsl, €C/IH B HEKOTO-
pHlX TOYKax KoHTypa C ¢yukiuHua f(z) He aHaJUTHYHA, HO Hempe-
puBRa. IlpexmosiokuM, uto na KouType C HMeeTcd ocobas TOUKA 2,
i nyctb C; — KOHTYD, B KOTOpBHIH npeBpatutc C, €cju Mbl MPOH3-
BefneM HeGoJMBINOH Beipe3 OKOJIO 2;. UHcao Hynei ¢gyukuun f(2) —w,
BHyTpH C; paBHO

1 L {_F@
57 Be arg {f (2) —wy} = 5 f(ﬁ)(—Z)wo az,

¥ NpPH CTATHBAHMH BhIPe3a K TOuKe 2; STOT HHTErpaji CTPEeMHTCS
K TaKOMY JKe HHTerpaJgy, BasToMmy Bponb C, ecau ¢yHkRuus f(z) He-
npepbiBHa H ['(2) =0 (z— 2 (%), rae o> —1, Ilostomy gokasatens-
¢TBO § 6.4.5 nNpuMeHHMO H 37€eCh.
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Dyuxius f (2) MOKET HMETh Ha KOHTYpe W NOJItoC; Toraa ofaacts D’
npoctupaerca B OecxoHeyHocTh. Teopema § 6.4.5 ocraercsa B cHie,
ec/H NOPANOK NOJMIOCA paBeH eIHHHIE H KOHTYp fBJSETCS n0CTa-
TOuHO npoctbiM. Ilpeamosnoxim, HanpuMep, yTo Haiexamee npeob-
pasoBaHue nepeMeHHOro 2z nepeMemaer obaacts D B NOJYNIOCKOCTE
Re(2) =0, a nosaioc B Touky z=0. Ilycts

w=f(2) = +g),
npuueM ¢yukuua g(z) peryaspua B D. Ina z uz D
Re (w) = min Re g (2);

0603HaYUM 3TOT MUHHMYM vepes a. Ilycte b<Ca. Ecnu z mexur 8 D,
10 |w—b|=a—0b. CnegoBarteanno, pyHKuus

_ 4
g__w—b T 14zg(2)—bz

peryaspua B D. K sToll pyHKUMH ipHMEHHMA NpeAbloylas Teopema,
U TaK KaK W ecTb ONHOMHCTHas (yHkuus oT §, TO TeopeMa BepHa
" ans QyHKUHH we==f(z). B cayuae no/siocos 6osee BBICOKCTO II0-
pALKA TeopeMa MOxKeT OKa3aTbCsl HeBepHOH.

Npumepst. (1) Tycrs w=%:jll . Ecan z=¢%, 10
i0
w—_—J_EI +1 =___ctg_l_0.
i ei®—1 2

Taxum 06pasoM, KOTla z ONHCbIBAET eAHHHYHYIO OKPYXKHOCTb OT §=0 10 6=2n, @
npoferaer BeLIECTBEHHYIO OCh OT— CO IO co. EJAMHCTBEHHAst OCOGEHHOCTh HA OKPyK-
HOCTH €cTb npocToil moJoc. CilenoBaTe/IbHO, €IMHHYHLIT KPyr MJIOCKOCTH 2 0TOOpa-
JKaeTcsl OIHOJIMCTHO HA BePXHIOI MONOBHHY IJIOCKOCTH W. IJTO, KOHEYHO, HETPYAHO
NPOBEPHUTb H MPHAMO.

z+1

1
(I1) Nyets w=— — (z——l

3 0
; . Ecu z=¢'", 10

w=— cig? % 6.

ClteloBaTe/ILHO, TOYKH €IHHUYHON OKPYIKHOCTH IIOCKOCTH Z W TOUKH BelleCTBeHHOH
OCH TVIOCKOCTH W B3aUMHO OJHO3HAYHO COOTBETCTBYIOT IPyT Apyry. Ho mockonexy Ha
OKPYXHOCTH HMeeTcsl TPOfiIlOH MOJIOC, Mbl HE MOMKEM BBIBECTH H3 3TOTO HHKAKHX
3aKJT09eHHii O COOTBETCTBHH Me#Jy Toykamu obnacteft. M peficTButensuo,

w~i<x+iy+l >3 (PP —12(R 1) y? +

T \xFiy—1 {(x—1)24y%}3

TaK YTO B BelleCTBEHHYW och v =0 0TOGpa)awTcd TPU OKPYKHOCTH:
Ry —1) (242 —2V3y—1) (e 242V 3y —1)=0.

[lpu stoM v >0, eciu z JNEKAT BHe Bcex 3THX OKPYKHOCTed W/ BHE OJHOM
OKDYKHOCTH M BHYTDH JABYX IPYTHX.

UuraTes10 cexyeT HayeprHTh ©6JacTH NJOCKOCTH 2, Nepexoislliie B BepPXHICIO
MIOJIOBHHY ILJIOCKOCTH @,
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2
dt
6.5. PyHkuua w = S ————. Mul 3uaeM, uTO 3Ta HKUUA paBHA
YHKIL V== $yukuus p

arcsin z. [locMOTpHM, OJHAKO, YTO MOMKHO CKas3aTh O COOTBETCTBYIOLIEM
OTOOpaXKeHHH MJIOCKOCTH Z B IJIOCKOCTb @ H& OCHOBAHHH 3TOTO HHTe-
rpajibHOr0 NPeCTABJICHHS.

HocMoTpyuM, Ha KaKyiO 4acTh NJIOCKOCTH @ OTOOpaXKaerTcsi MmepBbif
!{BaﬂpaHT IJIOCKOCTH 2. EC/H 2 =y — 4HCTO MHHMOE YHCJO, TO W =

ids
= S Teww = — TO3Ke YHCTO MHHMO€ YHCJIO, U €CJIH Y — 00, TO H W —- 00,
52
TaKHM 06pa3oM, MHUMEBIe OCH IepexoiaT APYr B Apyra.
Korza z Bo3spacraer BaoJb BemecTBeHHO!H ocH oT 0 po |, w Bo3-
pacTaeT BAOJL BellectBeHHOH ocu o 0 mo

i
S dt
5 V1—£#

" 1
Q6o3xauM 3ITOT HHTerpasa uepe3d /. B aeficTaurenbHOCTH [=5mn
OJHAKO 34eCh HAM He3aueM 3TO 3HATh.

ITycTb Temeps NyTb HHTErPHPOBAaHHUsI OOXOAHT TOUKY Z= 1 cBepxy,

cKaxeM, 0o HeGoJbILOH noayokpyxkHoctH. Toraa arg(l —i¢) yGuiBaer
or 0 go —m, tak 4yro arg(l — /)12 gospacraer or 0 1o 5 T Takum

00pasoM, MOALIHTErpajbHAs (DYHKHHS CTAHOBHTCH YHCTO MHHUMOH, U
Mbl MOMXEM HamucaTh:

dt

w=1+ig

Hakonen, Koraa z cTpeMHTCS BAOJAb Bel[2CTBEHHOH OCH K OecKOHey-
HOCTH, W CTPeMHTCA K OeCKOHEeUHOCTH BROJAb NMpaMOH u = /.
CrenoBaTesJbHO, TPaHHI@ MepBOTO KBAaJAPaHTA IVIOCKOCTH 2 repe-
XOAHT B TpaHuuly nogaynostock 0 <<u <</, v>>0 mniockocta w.
OyHKIUSA OAHOJUCTHA B 3TOM o6JjacTH. Mbl He MOMXKeM BHIBECTH.
310 u3 § 6.4.5, He npuleras K pganbHeHIIMM DACCMOTPEHHSIM, TaK KakK
00e oGsactd mpocTipawTcs B GecKOHeuHOCTh, Ho 3T0 Jlerko yeMoTpersb
HenocpeAcTBeHHO. eficTBHTeNbHO, ecnH ¢ HAXOZUTCS B IEePBOM KBaj-
paHTe, TO MHHMAs 4acth 4YHMcaa {% — | noJioxNTesNbHA, TaK YTO YroJa

T 1
arg )/ 1 — (2 3akJioueH Mexay — 5 T H 0. CaemoBaTenbHO,

4

dt
'

P —F (e = § -2

ot
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o o " dA
U HHTerpaJ, B3ATEIH BIOJbL NpsMOH, HMeeT BHA & S —‘;e,.—q,, rpe A —
. 1
JeficTBHTeNbHOE TnepeMenHoe, p>0 u -—-?ﬂ<(p<0. OvyepuaHoO,

TaKOM MHTerpajJ He MoxKeT OHTb paBeH Hy/Mo. llostoMy dyukuus
He MOXKeT NPHHHUMATh Kakoe-Au60 3HaueHHe ABaXKIEL

Jlasee, YeTBEPTb OKPYKHOCTH [2|=R, Jexauias B NepBoM KBai-
paHTe, MepexXOAHMT MpH OTOOPaXKeHHUH B KPHUBYIO, COENHHSIOULYIO CTO-
POHEI NOJIOCH H HE HMEIOMIYI0 (COTJIACHO TOJIBKO YTO NOKA3aHHOMY)
JBOHHBIX TOUYEK, M 3Ta KpHBas JIEKUT [EJHKOM HA GOJIBIIOM paccTosi-
HHH OT BelLIeCTBEHHOH OcH, ecan paadyc R jocratouno Besaux. [lo-
3TOMy M3 TeopeMel § 6.4.5 coieayer, 4TO nepBHIfi KBaJPaHT OAHO-
JIMCTHO OTOOpaXKaeTcsi HA BCIO MOJYIIONOCY.

Crenyioniasl 3afaya COCTOHT B NPOOJIKEHHH (DyHKIHH 32 [perestsl
paccMOTpeHHOH 06JacTd. ITO MPONOKEHHE MOXKHO OCYIIECTBHUTh
MeTozoM oTpawenust (§ 4.5.1). JeHictBuTessHO, 06Ge 06aCTH HMEIOT
KYCOYHO-IPSIMOJIHHEH HEIE T'PaH HILBL. :

Kak yxe OBIO CKa3aHO, MHUMBIE OCH MepeXOAsT OPYr B Ipyra.
[Ipumensiss OTpaxKeHHe B 3THX NPAMBIX, MBl BHAHM, YTO BTOPOMY
KBaApaHTy IJIOCKOCTH 2 OTBewaer moJaynojgoca —J<<u<<0, v>0
niockoctH w. CJenoBatesibHO, BepXHeH HOJOBHUHE MJAOCKOCTH 2 OTBe-
yaeT noaynosaoca —J<<u<</l, v>0.

Tenepr mpousBeneM OTpameHnde BepXHEH MOJOBHHBI MJIOCKOCTH 2
B orpeske (0, 1) BemecTBeHHOH ocH. Mbl MOMYYHM HHIKHIOW MOJOBAHY
MJOCKOCTH 2. B TJOCKOCTH @ MBI MOJYYHM noJaynojgocy — I <<u<< ]/,
v<< 0.

Taxum o0pasoM, MnosHas mnogaoca — I << u << | oTBevyaer wuesoH
[JIOCKOCTH 2, HO TpPH 3TOM B TouKax z=_t 1 uMeloTcst 0COOEHHOCTH,
TONHBLI O6XOX KOTOPBIX HEBO3MOXEH; MOMKHO, HAalipHMep, CUHTATh,
4TO NJOCKOCTh 2 B3pes3aHa BAOJb BEIeCTBEHHOH OCH OT — co a0 —I1
uor 1 go oo.

HoBomy orpaxeHu10 B uHTepBase (!, co) BemecTBeHHOH ocu 1JI0-
CKOCTH 2z COOTBETCTBYET OTpaeHHe B MpPsAMO# # =1 TJOCKOCTH w.
CrnefioBaTe/IbHO, HHKHeH TMOJIOBHHE NJIOCKOCTH 2, B KOTOPYIO MEL
Mepellyii cnpaBa OT TOYKH z=1, oTBewaer nojynoJsoca [ <u <3/,
v>0.

OueBHIHO, YTO 3TOT MPOLECC MOMKHO MPOAO/KATL HEOr PAHHYEHHO.
[lnockocTe w pa3buBaeTcst HA MOJOCH ITUPHHBI 2/, KamAasi H3 KOTO-
PBIX CJAYXKHUT 00pazoM BceHl IJIOCKOCTH 2.

Ecnu oTpasuTe TOUKY w, mojaochl — [ << u <</ cHayaja B npd-
MOH w =1, a 3areM B NpsAMOH u =3/, TO MOJyuHTCA TOYKA w,--4].
IIpu 3TOoM COOTBETCTBYIOMAS] TOYKA 2,, ABAXKAbl OTPAa3HBIUHCE B Be-
[EeCTBEHHOH OCH, BO3BpaTHTC B HCXOAHOe moJsoxeune. Cjeropa-
TeJILHO, TOYKAM W, H w,-4] OTBeuaeT OJHO M TO Ke 3HAUEHHUE 2,
T. e. eclH Z2=g (w), T0 g (w) =g (w+ 4[). Takum o6pazoM, o6parHas
¢yukuua g (w) mepHoAHUHA ¢ nepHozoM 41.
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Tpumep. JIOKazath, Y10 PyHKUHA

dt

) §V(1—t2)(1—k2t2) O<k<h

OTOGpaXaeT BEPXHIOD MOJOBHHY MJOCKOCTH Z HA NPSAMOYTOMbHHUK ILIOCKOCTH W,.
orpaHiueBHHi npsMbiMi u=— K, u=K, v=0, v=K’', rge

1/k
dt dt

1
K=S V=0 (—rnr)' K =S V=D —fp)
0 1

Jlokasatb, 4to o6paTHas QyHKnus HMeer psa nepuoga: 4K u 2iK’. [Kypaur,
Teomempuyeckan meopus ynkyul Komniexcrod nepemerrod, cTp. 239 —240.]

6.6, OToOpaeHHe MHOrOYroJbHHKA Ha MOAYNNOCKOCTb., PyHKUHH
npepplayiero naparpada AalT NpHMepH OTOOparKeHHH MHOrOYroJb-
HHKa Ha TOJYNJOCKOCTh. 1akue OTOOpa)KeHH§ CYILECTBYIOT AJISl 6CH-
K020 MHOTOYyrospHuKa. [lo/HOe poKasaTe/bCTBO 3aBeJsi0 Obl HAc CJHMI-
KOM JaJieKo, HO B OOLIMX HepTaX MBI MOXeM ero OnHcaTth.

PaccMOTpHM B IJIOCKOCTH @@ MHOTIOYIOJABHHK ¢ fi CTOPOHAMH
H C yLJaMH o, Gofty ..., Opt (o 4os+...4a,=n—2). Ecin
an<<l (m=1, 2,..., n), TO MHOTOYrOJbHHK fIBJsIE€TCS BbIIYKJBM,
Hekotoprle u3 uncesa a,, MOryT ObiTh H OOJBIIE €AHHHIELI, HO KOHTYD
He JO/DKeH HMeTh caMomepecedeHHHA. DByjaeM cyHTaTh, YTO BEpIUHHEBI
MHOrOyrOJIbHHKA JOJ/LKHBI OTBeyaTb TOUKAM 4, ds,..., @, BEILeCTBEH-
HOIl ocu nJIOCKocTH 2, Korha touka z mepemelaeTcst no BelecTBeHHOH
ocH, TOYKa @ nepememaercss Ho koHTypy. Iloka z He mpofizer yepes
OJHY U3 TOYEK ay,..., 4,, TOYKAa W OCTaeTCcs Ha OZHOH W TOH XKe CTO-

dw
POHE MHOIOYTOJIbHHKA,; CJeAOBATEIBHO, BCE 3TO BpeMs YIOJ argTZ

ocTaercst MOCTOSIHHDBIM.
Ho sro YCJIOBHE BBLINOJNHACTCHA, €CJIH

d _
dz

L @—ay)™~

(2—a)™ ™ @ —a)™~
Korza z 06XOOHT TOUKY @; CBepPXy MO MAJEHBKOH MOJYyOKPYIKHOCTH,
arg (z—a,) yOuBaer oT w ao 0, a apryMeHTHl APYrUX COMHOXKHTE/NeH
BO3BPAILAIOTCS! K CBOHM IIepBOHAYa/MbHBIM 3HaueHusiM. CJief0BaTENRHO,

dw
npu STOM arg - yObiBaeT Ha 7t (ot; — 1), T. €. B IJIOCKOCTH @ MPOH3-

BOJHTCS MOBOPOT HA yroa st (l —a;) B MOJIOXKHTENBLHOM HamnpaBJIeHHH,
310 COOTBETCTBYET YIJY Iio; MHOrOYrOJBLHHKA,
CkasaHHoe jaeT OCHOBaHHE HCKaThb OTOOpaxkamomyo OyHKIHIO
B BHJE
2
w=C {(t—a)r™ ' (t—a)™™" ... ({—a)™""dt.

2
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[Ipu |#|—-oco noaviHTerpajdnHas ¢yukuus ectb O (1/[f?); cnenosa-
TeJLHO, APH 2— = co HHTErpaJ CXOAHTCH, NDUTOM K OJHOMY H
TOMY K€ 3HAYEHHIO (HHTerpas, B3sTHIH [0 NOJYOKPYXHOCTH ¢ He-
OrpaHHYeHHO pa3IBUrAIONHMHCA KOHUAMH Ha BEIIECTBEeHHOH ocH, CTpe-
MHTCA K HyJ0). Takum obpa3soM, Korza z mpoberaeT BeLIECTBEHHYIO
OCb, W@ OMHCHIBA€T 3aMKHYTHIA KOHTYpD, H COIVIACHO I1pembloylemy
9TOT KOHTYpP fBJAETCSA MOJHIOHOM € YIJIaMH o, ..., G,7. 3aMblKas,
KaK Bblille, BeLIeCTBEHHYI0 OChb OecKOHe4yHO OOJIBHIOH MOJIyOKpY»KHO-
CTBIO, Mbl MOXEM IIpHMEHHTb TeopeMbl §§ 6.4.5—6.4.6, xoropnie
H TOKas3LIBAIOT, YTO BePXHAA HOJAYIJIOCKOCTh OIHOJHCTHO oTOOpa-
KaeTcsl Ha BHYTPEHHOCTh MHOTOYTOJIbHHKA.

[lokasaTk, YTO NOCTOSIHHBIE MOXHO BBIOpPATh TaK, 4YTOOHW MOJY-
4HJICs1 MHOTOYTOJILHUK He TOJIbKO € 3aflaHHBIMHM YIrJIaMH, HO U C 3aJaH-
HBIMH CcTopoHaM#, TpyaHee. OpHako B cJydae TpeyroJbHHKAa BCe
JOCTATOYHO mpocto. PaccMOTpHM, HanpuMep, TPeyrosbHHK ¢ BepIlH-

Hamu w=i}/3, 0, 1 <PI yriaMH %, o7, ) H noTpeGyeM, 4ToGH.

3TH BepUIHHH oTBeyaan ToukaM z=—I1, 0, 1, Tlpeamaywasa ¢op-
MyJa MpUHHUMAaeT BHJ
z
w=C{ ({4 1) 12 (t— 1) 2341,
2y
Ecm 2,=0, 10 Touke z=0 3Ta ¢opMysNa OTHOCHT TOYKY w@ =0,
Ecau MBI NpejcTaBuM ee B BHJE
4
w=C"{ ({4 1)38 12 (1 —ty2Bdt,
0
rae mocrosHHasg C’ pefCTBUTEAbHA H MOJOXHTENLHA, TO MOJOKHUTE b~
HOMY HalpaBJIeHHIO OJHOH BeHIECTBEHHOH OCH GyjeT OTBeuaTh IIOJO-
JKHTEeJNBbHOE HanpaBJjeHue Ipyrofl BemecTBeHHOH ocH. Haxowei, ecnu
Mbl BeIGepeM C' nON ycJ/IOBHEM
1
L=C'{ (¢ 1)3mt12 (1 — 1) 4,
0
TO Touke z==1 Oyzer oTBeuaTb ToYKa w==1, YTO W 3aBeplIaeT peile-
HHE 3a7aud.

z
Mpumepnt, (I) Tokasars, uro dyHKuuUA w=S a dt oTo6paxkaet Tmoay-
0

. t2)2/3

IJIOCKOCTb HA PABHOCTOPOHHHA TPeyrobHHK.

z
(IT) Hokaszate, YTO QyHKUHS w=S l—/lﬂ—t: oTofpaxkaeT eAMHHYHBIN Kpyr
0

TWUIOCKOCTH 2 HA KBanpaT miockocTd w, [Ky p auT, [eomempudeckan meopus gynks

. . {—i
Yut KOMNAeKcHOd nepeMmennod, crp. 235, TlonoKHTh 2=2—

Cji-i'
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6.7. OtobpaxenHe npousBoJbHON obGaactu Ha Kpyr. dyunamen-
TaJpHasg TeopeMa PuMaHa yTBepXKjaer, uTO 6CAKAA oGaacme ¢ HAO-
rexcauiels eparuyell moscem OGovims OMOOPANCEHA NOCPEOCIBOM O0HOAU-
cmuoll  anarumuueckoli @yrkyun Ha kpye. Tounas ¢opMyJ/HpoBKa
ycJI0BHH, KOTOPEIM AOJ/DKHA YAOBJIETBOPSITH 00/1aCTh, BHIXORUT 32 paM-
KH Hamero uamoxenus. O6macTh MOXKeT GHITH OrpaHHYEHA 3aMKHYTOH
KPHBOH HJH KPHBOH, yxonduiefi B GeCKOHEWHOCTb B OGOHX Harpas-
JEeHuAX (Kak, HanpuMep, MOoJMyNJ0CKOCTR); OHA MOXKET OBbITh MOJOCOH,
OTpPaHHYEHHOH JBYMS TAKHMH KPHBBIMH;, OHa MOXeT ObIThb JaxKe Hesoh
NJIOCKOCTBHIO, Hajpe3aHHOH BAOJb HEKOTOPOH KpHBOH (Hampumep,
BJOJIb BelecTBeHHoH ocH oT 0 no oo).

[Tycts D — obmacTe OQHOTO H3 3THX THIIOB.

-DYHKIHSA, OAHOJHUCTHO oTOOpaxaiomas Kakyio-aubo ob/aacTe Ha
OrpaHHYeHHYIO 00/1acTh, JO/MKHA ObITh OZHOJHCTHOH M OrpaHHYEHHOH.
YaocroBepHMCsl CcHadajJa B TOM, YTO TaKHE (QYHKIHH CYILECTBYIOT
ans D, Ilyete @ u b— 1Be ToukH, JeXaiipe Ha rpauuie ofmaactu D,

M MyCcTh
w_lfrw
= —

B D Mpl MOXeM OrpaHHYHTBCSA OZHOH BeTBbIO 3TOH ¢yHKnuu. Takad
BETBb OJHO/NHCTHA, H €€ 3HAYEHHS MNOKPHBAIOT TOJIBKO YAaCTh IJIO-
CKOCTH @, TaK KaK BCAl IJOCKOCTh @ OJHOKPATHO MOKpHIBAaeTCsl 3Ha-
ueHuAMH o0eux BeTBeH. IlycTh w,— Kakaf-HHOYJAb TOYKA HEMOKPHI-

o 1
Toif oOmactd. Torxa dyHKuua 27— OAHOJHCTHA H OrpaHHYEHA B D,
]

K C HeH OAHOJIUCTHH U OrpaHH4YeHBl BCe (PYHKIHH

f@=g22+q (00

w—w,

$IcHO, Y4TO MBI MQXKeM BHIOPATh MOCTOSIHHBIE P H ¢ TaK, 4TOGH B 3ajaH-
HOH Touke oO6gacTH D uMenn Mecto paseHcTBa f(2)=0, f'(2)=1.

PaccMorpuM ceMeHAcTBO Beex ¢yHKIUH f(2), OAHOJNHCTHRIX H Orpa-
HHYeHHBIX B D ¥ YAOBJETBOPSIOWIMX B 3aJaHHO# Touke P uz D
yeaoBusM f(2) =0, f'(z)=1. Ilycte M (f) o6o3nadaer BepXHIOI
rpanb MonyJast yukuud f(2). Ilycte p — HmxkHAA rpaub uncea M (f),
B3sATast M0 BceM GYHKLUUAM ceMeHCTRa.

CymecTByeT HJIH @YHKUHA ¢ (2) paccMaTPHBAeMOrO CeMeHCTBaA,
715 KoTopoit M (@) == p, H/IH NOC/EOBATENBHOCTS [y (2), f5 (2), ... DyHK-
1Ml 3TOrO ceMeHCTBa, A KOTOPOH

lim M (fn) = p.

Mrl noxaxkeMm, 4re BTOpoOli cayuafi cBoAuTcA K NepeoMmy. Tak kak
NoC/IeI0BaTeIBHOCTh [y (2), [, (2), ... orpanuuena B D, 1o, mo § 5.2.2,
MBI MOKeM BLIOpaTh H3 Hee MNOANIOC/eNOBaTEeNbHOCTL, pPABHOMEPHO
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CXOIAUIyIoc B Kaxao# obsactu, BHyTpeHHeR X D. [lycte fn, (2),
frs (2), ... — TAKaf NOANOCJELOBATENLHOCTS, U IYCTh ¢ (2) — ee npeped.
Oyekuua ¢ (2) TaKKe PUHALNESKUT pPAacCMAaTPHBAEMOMY ceMeHCTBY:
ee OrpaHHYeHHOCTb W paBeHCTBa ¢ (2) =0, ¢’ (2)}=1 B Touke P oue-
BHAHBI, 4 €e OXHOJHCTHOCTL cJeayeT H3 Teopemnl § 6.4.4 (uro ¢ (2) —
He NOCTOSIHHAS, CaelveT M3 paBeHcTBa ¢ (2)=1), [asee, corsacHo
OnpeaeseHHuIo P,

M(p)=p.
C npyro#t CTOpOHHL,
M(fy<e+e (v>w),

TaK 4To |f,,v (2) |< p+e (v>v,). CanegoBarennHo,

lo () |<p+e,

T. e. M(p)<<p.

STUM [JOKa3aHO CYIIECTBOBaHHE B HAlEM cemefcTBe QyHKUMH ¢ (2),
s koropoit M () =p. Tak Kak ¢ (2) —He noctosHBas, To p>>0.

[TokaxeM, uTo GyHKUIHS W= ¢ (2) ORHOJHCTHO OToOpaxaer D Ha
Kpyr |w|<<p. Ilpu nokasaresbctBe Mbl OyjeM CcHHTaTh, 4Tto p=1,
Ilycte A —o6sacTs MNJIOCKOCTH @, Ha KOTOpylo (yHKHHA @ = (2)
orobpaxaer D. Tak kak M (p)=1, to A nexur B Kpyre |w|<<1l u
no KpafiHell Mepe B OZHOH TOYKe NOCTHTaeT OKpPYKHOCTH |w|=1.

Ecnu Hallle yTBep:KIeHHe HeBepPHO, TO A HMeeT HEKOTOpYio rpa-
HHYHYIO TOYKY o BHYTPDH Kpyra (tak 4ro |a!<C1). Torza xampas
BeTBb (YHKI[HH w1=]/_o_ivw_al peryaspHa B A. Kpome Ttoro, |w,|=<<

<1 npu |w[=z1 (§ 6.2.4) u w, (0)=V"a. Ionoxum

wy=a=Ve
Vo w—1

Ecmu |w,|<< 1, 1o |w,|<<1, a npu w=0

dwy, _dwy dw} 1 ja{—1 |a—1 1

do  dw, dw 2, (Vaew—1) @w—1p 2
la|=1 Jal—1 _ fa|+l
(al—12 2Va 2Va °

Moxyab atoro wucqaa Goabile eauHuubpl. ChepoBaTesabHO, (PYHKIHA

2V o

Wy :sz
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NpUHAJJIEIKHT HalleMy ceMeHCTBY, H

2Val
M@y =573 <1

Ho 3TO nNpOTHBOPEYHT paBeHCTBY p=1, yTO u HOKa3BIBAET TEOpEMY.

6.7.1. TeopeMma enmHcTBeHHOCTH., [lycte D — o6macTs
NJOCKOCTH 2, OTrpAHWYEHHAsi IIPOCTHIM 3aMKHYTBIM KOHTYPOM HJIH
NpHHAA/ERAIAA OQHOMY H3 APYIHX THIOB, PAaCCMOTPEHHBIX B §6.7.
To20a cyuecmeyem O0OHOZHAUHO onpeae/zeHHa}z pynxyua w = f (z), 00xo-
aucmuo omobpascarowjes D Ha enympernrocme eOuru4HO0 KpYyea nAO-
ckocrmu w U yooeaemsopaoulas 6 3adanHoll mouxe 2, obaacmu D
yeaosuan f(z29) =0, ' (z,) > 0.

CymecTBOBaHHe TaKo# GYHKUMH w=/f(2) O6BIO YCTAaHOBJEHO
B § 6.7. [lycTe 2=F (w) — obparnaa ¢yukuusa. Ilpexmosoxum, uto
CymecTByeT ipyrasg GyHKUHA, @w=g(2), C TeMH e CBOHCTBaMH.
Torga ¢yuxunss W =g {F (w)} opHOJIHCTHO OTOGpakaeT exHHHYHBIHA
KDYr H4a eAMHHYHBIA Kpyr, OCTaB/sAsl HA MecTe €ro IEHTP M Hampas-
JeHHe BemecTBeHHOH ocH B neHrtpe. CihexoBaTenpHo (§ 6.4.2),

giF w)l=w, 1. e. g(2)=[(2).

6.8. Jaasheiimne cBoiicTBa OAHOMHMCTHBIX yHKumMiA. Knace dyuk-
uui f(2), OZHOMHCTHBIX B KpyTre |z|<< 1 M yHOBJETBOPSIIOIHX YCJO-
usim f(0)=0, /' (0)=1, usyuen Becpma meradpHO. DyHKUHA W=2
NPHHALJEIKHT 5TOMY KJaccy M OTOOparkaeT eIMHHYHBIH KPYT Ha eiH-
HHyHBIH Kpyr. OkasepiBaeTcs, YTO H LIS Bcex GYHKIHH 3TOro KJjacca
o6pas eAMHHYHOrO Kpyra MNOJAYHHEH HEKOTOPbIM OrpaHHYeHHS M *).
Mpl yCTaHOBHM TOJIBKO npOCTeHllee CBOHCTBO 3Toro ofpasza: 044
DyHKYUL pACCMAMPUBAEMO20 KAQCCA HL OOHQ 2PAHUYHAS MOouKa 00pasa
e0UHUYHO20 KpYea He Aexcum K Hadary Oausce, wem mouxa 1/4.

Msu! BLIBEZEM 3TO H3 ABYX HHKECJENYWOIUX TeopeM.

Hycmo pynxyusa

w=z+42+ F+..

o0noaucmna npu |2|>1 u peeyaapua 6 smoii obaacmu, ecau He
cqumames noaioca 8 Beckoreuro yoarewnoll mouxe. Toeda

oo
3 onla,P<1.

n=1

Tak KaK QyHKIHs ONHOJHCTHA, TO OKPYXHOCTb |2z |==r > 1 mnepe-
XOAHT B NPOCTYIO 3aMKHYTYKO KPHBYIO, O pAHHUHBAWILYIO B IJOCKO-
CTH @ 0GJACTb ¢ TOJOMHTENbHOH nJomansio. Eciu Ha sT0H KpuBO#

*) Ioapotroctn: Bieberbach, Funktionentheorie, 11, 82—94; Landau,
Ergebnisse (2-e usn.), 107—114; Dienes, The Taylor Series, ra. VIIIL.



218 KOH®OPMHOE OTOBPAJKEHHE (I VI

u=u(®), v=v(d) (4-+iv=w), To yKasaHHaf INJOWAAL paBHA

2n 21

S u (8) v’ (6) do = S w(ﬂﬂgw(@) W' (0) —w (6) 40
0 ]

2i

2

1 9 0 a,e” me_,_a oin®
ng ret® - rg=i0 1 2 it ol it

n=1

fi

[e o]

; nae=in€ 4 na,ein®
X rei® 4 re-1® — 2 nane 7+ ndnt™ 1 g

mn

=l )l (o)) 3 ) -

=qri—7 Z niag? r2n.

n=1

Tak Kak 3TO YHCJO IIOJIO2KHUTENIBHO, TO

o]
Z nla,Prn<re,
n=1

H OcTaeTcs MepefiTH K npeaeny npHu r— 1.
Ecau gynxyua w =f(2) =2z a,2% ... o0Hoaucmna 6 kpyee 2| << 1,
mo |a,|=<2.

Oyuknusa F(z) = V@) 22)——z—{—— a,2% 4-.,. Tak¥e ONHOJIHCTHA

B kpyre |z|<<1l. JleficTBHTe/BHO, OHA peryJspHa, Tak Kak (yHK-
nus f(2%) UMeeT HyJb TOJBKO B ToukKe z=0 H 3TO ~- ABOHHO# HY/b.
Hanee, ecmt F(z;)=F (25}, 10 f(2})={(23), a Tak xak PyHruusa f(2)
OJHOJIUCTHA, TO 2i=23, T. e. 2;=2t2,, Ho F (2) — Heuernas ¢yHK-
IMS, TAK YTO NPH 2, =-—2, ROMKHO ObITb F(2;) =— F (2,). Takum
06pazoM, eIHHCTBEHHOE pemeHHe ypaBHenus F(2,) = F (z;) ecTh 2;=2,,
a 3TO W joKaseiBaer, yTo dyukuusa F(2) ogHoMHCTHA.
CuneoBaTesbHO, QYHKIHA

1
ag

(TS

ONHOJMHCTHA NpH |z|>1, H, B cuny mpemsigymiell TeopeMsl,

1 ,
T|a212+...<1.

DTuM Hallle HePaBEHCTBO HOKA3aHO.

[lycTe Teneps w=7F(2) =z} a,2> + ... — GYHKIHUA, YIOBIETBOPSIIO-
mas yc/JOBHAM OCHOBHO# Teopemnl. [lycTh ¢— 3HaueHdue, He npUHH-
MaeMoOe €j0 B eJMHHYHOM Kpyre, T. €. TOYK4a, He NpHHAAIEKAILAS
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o6pasy eZHHU4YHOrO Kpyra. Toria @yHkuus
ez _ RAPP
it (a4
peryJsipHa H OZHOJMCTHA OpH |z|<<l. Cnexzosarenbﬂo,
1 1 l
az+‘c—| ’_I 2+a <4, [c|=7

YTO M JAOKA3bIBAeT Teopemy.

Mpumep. PyHxuus NpHHAJIKUT paccMaTpuBaemoMmy Kaaccy, Has

(1—2p

Hee gy==2 W 00pa3 eXHHHUHOH OKDY:KHOCTH TPOXOJHT uepes TOYKY w=—1/4,
[ExuHCTBEHHOE pellieHHe ypaBHEHHs
z 2’

(T—2fF ~ (1=2F (zl<l Jz[<D)

eCcTh 2=2").
PA3JIMUHBLIE [TPHMMEPDI

1, Touka 2z, ofnagaeT nO OTHOWIEHKIO K 33JaHHOMY JIHHEHHOMY IpeoGpa3oBa-
HUIO TeM CBOHCTBOM, YTO CYIIECTBYET OKPYKHOCTb |Z—2Zp|=R, Depexoxsiias
B HEKOTOPYIO  KOHUEHTDHUECKYIO OKDYXHOCTh |w—2|=R’. Ilokaszarp, uro
reoMeTpHuYecKoe MecTo TaKKX TOueK Zp eCTb I1pAMOYTrojbHas Tumepbosa K 9TO Kak-
JOi TOUKe Zy 3TOH rHnepboJbl OTBEUAET B TOMHOCTH OJHA OKDPYXHOCTh (AeficTBH-
TeJbHast WJM MHMMaf), Nepexojisilasi B KOHLEHTPHYeCKyIO OKDYIKHOCTh.

2, INokazats, 41O ecAH a%z—=—2i (w—a) ¥ [1OCTOSIHHAS WHTETpHPOBAHHSA
BhipaHa Hajlexamum ofpasoM, TO BepXHell TOJOBHHe IJIOCKOCTH W OTBeuaeT
lesiasi TMJOCKOCTh Z, B3pe3aHHAs BAOJb MOJYNpPAMBIX x= £ a1, y =<0,

w

Vw2—02
Hasi @ U TIOCTOSIHHAS HHTerpHpoBaHHH BLI6paHb HalJekKallHM 0o0pasoM, TO BepX-
Hefl TOJIOBIIHE IJIOCKOCTH @ OTBeuaeT BepXHss MONOBHHA MJOCKOCTH 2, B3pe3aHHas
BJIOJIb MHHMMOH OCH OT TOUKH z=0 RO OIHOH H3 TOueK z=ik.~

4. Ilyets dyHKOUA f(z) peryfspHA B eXHHHYHOM Kpyre W Ha €ro rpaHdue.
Ecan Ha enuHuuHO# OKpYyxXHocTH |f(2)|=<<M u f(a)=0, npuuem |a|<<1, 1o
B Kpyre

dz
3. HOK333T]>, 47O €CJAR —— = NpuyieM 3Ha4dY€HHe KOpHs, MOCTOSTH-

z—a

5. Ilycto ¢yHRuust f(z) pery/ispHa B €IVMHHYHOM Kpyre W Ha ero rpaHule.
Ecnin Ha enunwynoli okpyxuoctd |[f(2)|<<M u f(0)=a, rne 0<a<<M, 10
B Kpyre

Mlz|+a
a|z\+M'

[Pacc:MOTpe'rb ¢yHRUMO F (z)~Maff((zz))7——MZ ]

Mz <=M

6, Kaxnas BerBb QyHKLHH

V+ ogHOMHCTHA npu |z |<<C 1,
—z

7. ITokaszatb, 4TO PyHKIUS OIHOMHCTHA B Kpyre |z | << 1/2, Ho He ofHo-

z
(1—z)p
JIHCTHA HH B KaKOM GOJblUEM Kpyre ¢ LeHTpOM B Hauaje.
(e o]
8. Tlokasatb, utoecatt Y, 1|8, | <1, To dynKuns f (z)=2z+a;22 28 +...
n=2
ONHO/IHCTHA B Kpyre |z | <<,
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‘CTENEHHDBIE PAJbl C KOHEYHbIM PAJHYCOM CXOIHMOCTH

7.1. Kpyr cxoaumocTH. Mpl 3HaeM, Y4TO KaxKABLIH CTENEHHOH pox
1MeeT CBOH KPYTI CXOOMMOCTH, BHYTPH KOTOPOrO OH CXORHTCSI H BHE
KOTOporo oH pacxoAutcsi. Papuyc 3Toro Kpyra moxer GbITbh U 6ecKo-
HEUHBbIM, T. €, KPYr MoxeT ObITb HeJIOH MJIocKocTbio. B 3TOH riage
Mbl PAcCMOTPHUM CTENEHHBble psAnbl, 06Jagamllie KOHeUHBIM paauycoM
CXOAUMOCTH.

Crenyiomas TeopeMa MOKAa3blRaeT, UYTO PAjUyC CXOIHMOCTH CTeneH-
HOro psazxa onpefesseTcs MOAyJIAMH Ko3hHUHEHTOB pdna.

Paduyc cxodumocmu pada

o]
> a2 (1)
n=20
onpedeasemcs opmyaoll
R=lim|a, [ (2

Onpenenum R dopuynoft (2). Ecnu B Touke 2z psja CXOOHUTCH, TO
a,2" -0 npu n—oo. CrepoBatenbHo, NPH AOCTATOYHO GOJBLIOM 7
a2 | <1, T.e |[z|<|a,|"V"

3acTaB/sisi n CTpeMHThesl K GeCKOHEYHOCTH, Mbl BHAMM, 4TO |2 |<CR.
CnenoBatenbHO, pajHyC CXOAUMOCTH He mnpeBwiiaer R. C apyro#
CTOPOHHI, AJMS AOCTaTOYHO OOJBIUHX 3HAYEHHH 7

la,|"V">R—e, T.e |a|<<(R—g)™".
CnenoBatenbHo, psa (1) 3aBefoMO CXOmuTcs, €M CXOOUTCS psif
S(R—e)"|z]",
T. €. ecu | 2| << R —e. [lockosbky & mpoH3BOMLHO MaJio, 3TO 3Ha-
uuT, yto pan (1) cxoautcs npu [z|<<R. Takum ofpa3oM, paadyc

cxoaumoct He MeHble R. ComocTaBisdsi 3TO 3aKJKOUEHHE C Mpenbl-
JYIIHM, MBI BHIHM, YTO PajHyC CXOAMMOCTH paBeH R.

Mpamepst. (1) Haiitn paguycel cXOQHMOCTH psAAOB
[o0] [o0]
2n! nl S 2
7 _an . an e,
(n’)2z, Zn"z' anz
0

ne el n=0
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(II) Ecin R=1 ¥ eAuHCTBEHHBIMH OCOOeHHOCTSMH, PacCNOJIOKEHHBIMH HA efH-
HHYHOH OKPYXHOCTH, fBJIAIOTCA NPOCTBIE NOMIOCH, TO KO3(pdHIHEHTH a, orpa-
HHYeHBI.

[HeficTBUTENBHO,

a k
fo=—t— 2 4 —E i,
1 —ze=%

1 —ze—ia 1 —ze-iB

rie g(z)—q)yﬂl(uu;{ peryaspHas npu |z|<<1-4+8 (6>0), Tak ur0o g(2) =
=Ebp2? ¢ bp=o0(l).]

(I,ILI) Ean R=1 M eIUHCTBEHHEIMH OCOOGEHHOCTSIMH, PaCNOIOXEHHBIMH Ha efu-
HHYHOH OKPYKHOCTH, SIBJSIOTCH MNOJIOCHI NOPSifKa p, TO @,==0 (nP71),

7.1.1. U3 Tteopemn Kowu — Teflijopa MBI 3HaeM, 4TO TpaHuna
Kpyra CXOAUMOCTH psiila IPOXOAMT uepe3 OJMxkKaHlIyio K Hayaay oco-
6yio Touky WM Oamkailline K Hauajny ocofsie Toukd (pynKnuu. Cre-
JOBAaTeJILHO, MOOYAb Oaudsicatiied K Hayary o0cob60l MmMOYKU moxerm
Goitneb onpedeser N0 MOOYAAM KOpPUUUeHmos psada.

7.2. Pacnonoxenue ocobulx Touek. B To Bpemsi kak MoayJap 6.u-
JKAHIIAX K 11auany OCOOBIX TOUEK ONPeJessieTCsi COBCEM NMPOCTO, HAHTH
HX TOYHOE pacrnoJioxkeHHe OOblUHO OniBaeT He Tak Jierko. CymiecTByoT,
OHaKo, CrenHa’dbHble cJydyad, B KOTOPBIX MOXKHO YTBep:KJaTb, 4TO
HEKOTOpas TOYKa sIBJAETCH OCOOOH.

B Hmxecsepywomux TeopeMax Mol OyaeM CUHTaTh DPagHYC CXOAH-
MOCTH paBHBIM EJHHHIIE; KOHEUHO, OT 3TOIO Cjyyasd MOXKHO [pPOCTHIM
npeobpasoBaHUeM MepeATH K ofmeMy cJyualo.

7.2.1, Ecau a,==0 0aa scex 3Havenuil n, mo z=1 ecme ocobas
mouxa.

IlpepnonoxkuM, yto Touka z==1 peryJapHa. Toraa, B3sfiB Ha Be-
lecTBeHHOA ocH Mex Ay ToukamH z=0 u z=1 Hajjexauyio To4Ky p,
Mbl CMO}KeM HAHTH Kpyr C IEeHTPOM p, cojepxalmi To4Ky z=1
BHYTPH, B KOTOpoM Halua ¢yHkuus f(z) peryispra. CooTBeTcTByIO-
mubt pag Teimopa

< (%%}
P E® oy (1)
v=0
CXOJHMTCA B HEKOTOPOH Touke z==1--8 (6 >0). [TockosbKky
@)= D n(n=1)...(n—v+1)ap™, (2)
n=v

paa (1) npuHHMaeT BHI:

2 (z—p) 2 nn—=1) ... (n—v+1)ap .

nh==v

10 — ABOKHON DAL C NOJOXKHTEJIbHEIMH UYJIeHaMH, CXOAAINMHCH TpH
2=1+46. CnepoBaTe/bHO, MOXKHO OGPaTHTL HOPSANOK CYMMHpPOBaHHS,
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1 Mbl nonyqaeM paBeHCTBO

Vv

n=0 ~v=0

(o)
= D) au{lz—p)+p}" Z 52",
> n=20 n=0
TakuMm oOpasoM, nepBOHauaJbHHH pag cxogutrcs npH z=1--8§,
B NPOTHBOpEYHE ¢ NpEAnoJokKeHHeM, YTO PaJHyC CXOAHMOCTH €cTb 1.
ItuM TeopeMa JOKa3aHa.

Hpyroe oKOHUaHHKe [OKa3aTeNbCTRa (NpUHafexammee ITpunrcrefimy)
COCTOHT B caenyomeM. Ha eauHuyHON OKpYyXKHOCTH MMeeTcs IO Kpad-
HeH Mepe oxHa ocobasi TOuKa, cKaxeM, €. Pasjoxenne Tehsopa
BOKPYL TOYKH pe'® ecThb

o0
\Ad (peia) .
Z ! (Z_ pe ) ’
v=0
H TaK KaK e/*--ocofas TOUKa, TO pajHYyC CXOAUMOCTH 3TOTO psijia
pasei | —p. Ho dopmyna (2) noxasmBaer, uro ecau a,==0 nas

BCeX 3HauyeHUH #, TO
|FY (pe'®) | << F™) (p).

CregoBaTesbHO, pajgHyc cXoAuMocTH psja (1) He npesbiuaer 1 —o,
CrepnoBaTessHO, z=1 ectb ocofas Touka.
7.2.2, Ecau ece xospgpuyuenmst a, seujecmeentvt u pad X a, pac-
xodumcs K GecKoHewHocmu, m. e.
Sp=0ay+a;+...4-a,—> 0 uamu —oo,

mo 2=1 ecme oco6aﬂ mouKa.

Ecmn (2| <1,
lf)z V a,2" Z = Z 82", (1)
0

n= n=20 n=0

(cornacno § 1.6.5, psag abcomorno cxoautest). CiiegoBaTtesbHO,
o] N [+
FR=(1—2 Y s2"=(1—2) X siz"+(1—2) X s"
n=>0 n=>0 n=~N-1
OGosnaudM cJjaraempie crnpaBa uyepes f,(z) # f,(2) U npeanoJoxum,
uTo S, —>co. Torga Ang 33JaHHOTO CKOJIb YTOJHO OGOJIBLIOTO IOJO-
JKHTEJNBLHOTO uHesa G MOKHO HaliTh Takoe N, uto s, > G npu n >N,
a ecsiu N BeiGpano noax stuM ycsioBueM B 0 << z<< 1, TO

[ (@) >(1—2) Z Gz = GV +1,
n=N+1
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Hanee, tak xag z¥+l—1 u f, () >0 npu z—1, To npu pukcupo-
BaHHOM N cyuiectByeT CTOJIL OJIM3KCce K 1 3HaueHue z,, 4TO

1
>, RE@I<E6 (E>2).
Taxum obpasom,
1
FO>1G6  (@>z)

T. e. f(2)> oo npu z— 1. DTUM TeopeMa AOKa3aHa.
Ecau usBeCcTHO TOJBKO, 4TO |S,|—©0, TO yTBepxkjaTh, uyTo 2= 1
ects ocobas TOYKa, Heab3sd. Hampumep,

T Z( yg kD) a2z

1
TaK UTO | S|~ n?, XOTa npH 2==1 QyHKuHs peryJsipua.

7.2.3. O6wmufi npusHak ocoGofl TouKHu. Moxuo ykasatoh
TIPU3HAK, NO3BOJIAIONIUA CYAUTb, ABJSAETCA JU OCOOOH TOYKa, NPOH3-
BOABHO B3§1Tas Ha FpaHHUe Kpyra cXOAHUMOCTH. OfHAKO BHUHC/IEHHS,
KOTOpBIX TpebyeT ero NpUMeHEHHe, He SIBJSIOTCSA NPCCTHIMH,

Mosno cuutate, 4TO paguyc cxoaumoct¥ papeH l. Paccmatpu-
B2eMYIO TOUKY MH MOXKEM HajifieXkaluM npeoGpa3oBaHHeM NepeBecTd
B TOUKy z=1.

ITpuHIUN, KOTOPBHIM Mbl BOCTIOJL3YEMCS, 3aKJO4aeTcs B CJEAYIOo-
weM. Mol pasnaraem ¢yHKnuIO f(2) B cTeNeHHOH psJ B OKPeCTHOCTH
HEKOTOPOH TOYKH BELIECTBEHHOHN CCH, Jeameh Mexay Toukami z=0
U z==1; Touka z=1 nomajaer BHYTPb Kpyra CXOJUMOCTH 3TOro psija,
ec/H QyHKIHA f(2) peryJspHa B 3TOH TOUKe, H HE NONajaeT BHYTPb
3Toro Kpyra B npoTHBHoM cJaydae. Ilo Xony jgena Mol npoH3Bejem
HeKoTopoe npeobpa3zoBaHue, NpHBOAsilee K GoJsee npocToil Gopmy.e,
uem Henocpencmenﬁoe npumeneﬁne 5TOr0 TIPHHIUNA.

IMonoxum F (w f T > I1a OyHKUMS peryJspHa TpH

Re (w) << 1/2, tax KaK !wl < |1 —w]|, ecsn Re (w) << 1/2. Me1 MoxKeM
HaDHCATb

[oe] 0

o«
apwm - (m—r}t .
2 (I —w)ymt Za’”w 2 mr =
m= e —Q r=0
o0 n
. 2 " N n! a
- mt(n—m)l ° ™
n=

n. 104Ka Z=1 B TOM H TOJBLKO B TOM

n

Tlonoxkum b, = Z
m=90

clydae sBjsiercsi ocoboH aas f(2), ecau Touka w=1/2 sieasetcs

n!
ml (n—m)! a
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ccoboll ags F (w), a mocjieiHee HMEET MECTO B TOM H TOJIbKO B TOM
cilyyae, ecyaH

. 1
tim [, (7 = .

n—-o

JlefictBATesIbHO, HMMEHHO INPH 3TOM YCJIOBHH Ha OKPYXKHOCTH |w|=
= 1/2 nmeercsa ocobas Touka ¢yukiuH F(w), a BCe TOYKH 3TOH
OKDY2KHOCTH, OTJIMYHBlE OT TOYKM w=1/2, 3aBeJOMO PpETryJspHHL.
Ilose3ysice ApyruMH npeoOGpasoBaHHSIMH, MOXKHO MOJYYHTb MHOTO
JPYTHX YCJIOBHH, 5KBHBAJIEHTHBIX 3TOMY.
[oe]
Mpumep. okazaTh, 4To A1 QYHKUHUH f(2) == Z 22" Kaxpas ToYKa ejuHMY-
HOli OKPYXKHOCTH SIBJAsSIeTcst 0COBOH. =0

Vimess B Buly Touky z=ei® M NO/KHBLI paccMOTpeTh 4HcJA

n

§ e
ml (n—m)l ™’

m=~0

P o o
rae ap=e2 Y ectn m=2, u a,=0 p1g ocTalbuHX 3HayeHHH m. OdeBuAHO,
n

n!
= — = 2n,
LA 2 ml (n—m)!

m=0
Kpoue Toro,
n
21 izme.
le (27— 2my]

B cnay rteopemsl CTHpJIHHI‘a, MOAYJb 4jeHa S5TOH CyMMBl ¢ m=n—1 aCHMOTOTH-
n

yeckH papeH A -2 27, CeranbHble uneHH He HrpAIOT DOJH: €CAH U, — YJIeH

¢ HoMepoMm m, TO npy 0 <m=Cn—2

2m41y... 2m omt+1 \2m 2\2m 4
= @i omy . (n—2m) (2n—2m) <<‘> <73

Um

3

Umy
1

. iy 12

CrepoBareabno, lim| b,n < =2,

7.3. CxomuMocTh psafia H PEryjaspHOCTb (PYHKUMH. 3aMeTHM, YyTO
CXOAUMOCTh HJIH PaCXOJAHMMOCTb I€PBOHAYaJbHOIO psAAa He CJIAYKUJIA
HaM [pPH3HaKOM  PEryJ/IPHOCTH WJIH HEperyJsipHOCTH (yHKIUH.
B ofineM cayyae OHa H He MOXKET CJYXHTb TaKUM INPH3HAKOM, MO-
CKOJIbKY BCE€ MEICJHMBIE BO3MOXHOCTH BCTPeUaloTcs 3Jech (akTu-
yeckd. Ecuu

N (—l)rzn 1
f@)= X =02 < log 1,

n=l
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To npu z==1 pax cxomuutcs M QyHKUUA perynspHa, a NpH 2=-—]
psa pacxoputcss W ¢yHKUUs He peryaspHa. C Apyro#l CTOPOHLI, ecid

fa= 3 (e =1,

n=710

TO npu z=1 pag pacxoaurcs, HO GYHKUUA peryJspHa, a ec/u

\ 2 : 1 1
f(2)=21,%==5‘510gT_—wdw,
n= 0

TO npH 2==1 paA cxoauTcA, HO ¢(yHKUHS He peryJnspHa.

7.3.1. CymecTByeT, OAHAKO, cJayuail, B KOTOpDOM pacXOgUMOCThb
psila yKasblBaeT Ha HaJHyhe OCOGeHHOCTH: 3TO CJiydal, Koria a, — 0.
BepHa chenymwomasa Teopema.

(e 9]

Ecau [(2)= D) a,2" u a,—0, mo psd cxodumcs 8 Kaxdoil mouke
n=20
eOUHUYHOL OKPYNCHOCMIL, 8 KOMOpol (DyHKYUs pesyaapHa.

Brun npefso)keHnl NIBa JAOKasaTeJbCcTBa 3TOH Teopemul. OpHo,
npHHazaexkamee M. Puccy, cymecTBeHHO NOJb3yeTcs METOJaMH TEOPHH
¢GVHKUHR KOMAOJIeKCHOTO mNepemenHoro *). Huxecnenyiowee npyroe
JIOKa3aTeNbCTBO, npuHajgiexamee B. Slury **), npopoautcs meTogamu
Teopuu psAfoB Pypre. B HEKOTOpBIX OTHOWIEHUSIX OHO HE CTOJb
NpocTo, KaK JI0Ka3aTeJbcTBO Pcca, 3aTo ero HETpyaHO 1pHCnocoSHTh
I noJlyueHHst GoJslee oOLUX pe3YyJIbTaTOB.

Bes yumepba s O6IHOCTH MOXKHO CUHTaTh, YTO paccMaTpHBaeMas
TOUKa €cTh TOuKa 2=1 H uT0 [ (1)=0. MB JOMKHBE A0OKa3aTh, YTO
Sp=ay-+...+a,—0.

W3 dopmysnl § 7.2.2 (1) caexyet, uTto

1 f(2) dz

$n=omi Y 1=z 71

NpHYeM B KauecTBe KOHTYPa HHTETPHPOBAaHHA MO:KeT OblTh B3fTa
OKPYKHOCTh |2} =r <C 1. Takum ofpasom,

) N
Sp= _1__ S Me—ine ds.
2nrn 1 —rei®

[yers 0<<O8<m, u nycts @ (6) =¢ (8, 6, r)—dyHKuus, yios-
JIETBOPSIOWAs CHEAYIOMHUM YCJIOBHAM:

") (p(e).—_l;ie npy —n<<6<<—06 unpu 6 <6 <m;
—re
(I1) ¢ (6) n ¢ (6) HenpepbBHL npu — 7t < 6 < m;

*)y Landau, Ergebnisse, § 18.
**y Wo H. Young [7],

8 E. Turumapum
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I @) <K, [¢'0) | <K,|9"(0)|<Knpy —n<<d<m, raeK
3aBUCHT OT 8, HO He 3aBHCHT OT r.

Hanpumep, mnonaras ¢ (0)=a03-4062+4cO04+d (—6<<0<9),
MOXKHO oOnpefeauTb KoahdHIHeHTH TaK, 4TOObl ObUIH BBIIOJHEHBL
paBeHCTBa

1 fre**0

= N+ —_ —————
q) (i 6) l_rei“)l q) (— 6) (l —'fei‘d),

Torpa ycaosue (I1) 6yaer ynosnersopeno. Kpome Toro, a, b, ¢, d 6yayT
JIMHeAHBIMH KOMOHHaUuAMH yucesn ¢ (= 6) u ¢’ (= 6), moxyau xoro-

pHIX He MNpeBOCXOAAT %coses?ﬁ H -l—cosec’%ﬁ, TaK uyTO OyleT

yaoBJjerBopedo H ycaoBue (III).
Mbl MOXeM HanHcaTh:

n
2rts, = f('e Fee) oino g + S [ (re®) @ (8) e"° df —
-—6 —n

etﬁ

0

- S/‘(re"e)qy((i)e-‘”0 do.
5

OGosHauuM 3TH WHTerpansl uyepes [, I,, Is.
Tak kak ¢yuxkuua f(2) peryaspwa npu z=1 u f(1)=0, 10
B HEKOTOpPOM HHTepBaJse |0|=<I6,

fre®)=0(1~re®)

PAaBHOMEPHO npH ry << r << 1, CrnenoBatesbHO, -

6
L= {0(1)ds=0().

[pepnonoxkuM Teneps, 410 6 duxcuposaHo. B cuny pasromepHOf
CXOAMMOCTH
T
amr™ et m-m0 g (0) d8,

[ -1

12=

3]
18

H, ABaXXAbl NMpHMeHsAs HHTErpHPOBAHHE I10 4acCTAM KO BCeM 4JjieHaM,
KpoMe 4jieHa ¢ HOMEpoM 7, Mbl NOJyyaeM pPaBeHCTBO

Iy=a,r® S @ () 4o — 2 (m n)“‘ S et(m-n)oq)” ) de

-7

(BCE BHEHMHTErpasbHbIe WIeHsl cokpaiuaorea). [lonoxum ey = max (|an|),
mz=v
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TaK yTO &,— 0. OueBHAHO,

|1, << 20K |e, + & 2 (m-—n)"‘+8-;fn 2 (m—np{ =
mg%n ?;'>‘2"1

_—=0(e,,)—}—0<-]—)—}—0(8‘1n).

n
2
Haxkosnen,

13=[__f‘Pe""” }“’ + f(f’(p +fo') 0 dd =0 <]F>
%

—in Js

Tlo 3aganHOMy & MOXHO HafTH Takoe 0, urto |11J<%s ans
BCeX 3HaueHUl n; GUKCHpOBaB 3TO 3HAaueHHe O, MOXKHO Ha¥TH Takoe
ng =y (8), uTO |12|<%e H |13|<%e npH 1 >>n,. Takum o6pasom,
2t |s,|<<e (n>n,). Tak ®ak r cKoJb yrogHo GJH3Ko K 1, u3
9TOro CJedyeT, YTo 2m|s,|<<e (n>n,), T. €. 410 S, —> 0.

UuraTenp 3aMeTHT, YTO peryjispHocTb (QyHKuMH f(2) npu z=1
He Oblla HCMOJMb30BaHA HaMH BO BceH NOJHOTE H YTO JOKa3aTesbCTBO
¢ He0OJIBIIMM H3MeHEHHeM COXpaHseT CHJy, ecjHd Hanpumep, f(2) =
=0(1—2|% ¢ a>0. Ilo nosogy Gonee obuwe#i GopMyNHPOBKH
TeOpeMbl MBI JOJKHBI OTOCJAaTh yHTaTe]st K paboTe $ura.

7.4. CpepxcxopumocTb *). Mol 3HaeMm, yTo cTeneHHOH psif pacxos
IUTCS B KaxXOo# TouKe, BHeIUHell K ero Kpyry cxoaumoctd. OnHako
€CJIH, BMECTO TOro u4tobbl pacCMaTpUBaTh BCIO TOC/EAOBATEIBHOCTH
YACTHYHHIX CYMM psija, Mol OyleM pacCMaTpHBaTh ee MOANOC/eNOBa-
TEJLHOCTH, TO B HEKOTOPHIX CJydasX Mbl BCTPETHMCS CO CXOASIIIH-
MHCSl T0C/IeHOBATENBHOCTAMH, 3TO MOXKHO M0Ka3aTh Ha CJEAYIOEM
npuMepe,

Ilycts

f(2)= 2 {—————-‘2(];2)}4 )

n=1

rie p,—HauboMbliHi #3 KosDPHUHEHTOB MHorowleHa {z(1—z)}".

Monynu KoaddunuenToB MHorouseHa {z (1 —z)}“"/p,z He npeBocxoafAr 1,
W ogdH Hu3 HUX paBeH l. Crapiuuil WwieH 3TOrO MHOTOUYJIEHA HMeEET
CTemeHb 2-4%, a MJajIuUA YJeH CJeRyIolero MHOro4/ieHa — CTeneHb
4r1 CjiegoBaTeJIbHO, KaxkKABIH 4JeH pasjoXkeHHs (YHKUMH f(2)
B psili 110 CTENeHsIM 2 ABJIAETCHS YJEeHOM B TOUHOCTH OAHOrO M3 3THX
MHOTOUJIGHOB, ¥ JPYr¥X wWIEHOB p#AJ He comep:xkuT. Pagnyc cxopu-

*) Ostrowski [I], Zygmund [I], Estermann [2],
8
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MOCTH 3TOI'O CTeMeHHOro psia paBeH |, Tak Kak |a,|[<<1 aas Bcex
3HAa4eHHH N U a,==1 Aaa GeCKOHEUHOTO MHOMKECTBa 3HaueHHH 7.

B wacTHOCTH, NpeAblAyIHiA PSR MHOTOYJIEHOB CXOAHTCH NpH |2] < 1.
A Tak KakK OH (OpMaJLHO He MeHsIeTCs NPH NOACTAHOBKe 2 = | —w,
TO OH CXOZUTCA M npH |w|<C1, 1. e. npu |1 —2z|<< 1. Takum 06-
pa3oM, CIellHa/ibHasl [OCJeZOBAaTEJbHOCTD UYaCTHUHBIX CyMM psza,
KOTOpas NoJiyuaercs, €CJH KaxKAbl MHOICUJIEH paccMaTpUBaeTcsl Kak
neJsce, CXOAUTCS B 06JIACTH, JexamleH YacTHUHO 32 NpejesiaMH ejiH-
HHYHOrO Kpyra.

CreneHHOH psAf, KOTOpuI o6/iafjaeT NecCJ/efoBaTeNbHOCTBIO YaCTHY-
HBIX CYMM, CXOAfuleHcs BHe Kpyra CXORHMMOCTH, Ha3sBaercs «CBepx-
cxopAmuMcsay. Koneuno, cTeneHHOH pAJ MoKeT ObIThb CBEPXCXOMS-
IHMUCS B OKPECTHOCTHU HEKOTOPOH TOYKH T'PAHHUNBl KPYra CXOAUMOCTH
TOJBKO B CJyyae, Koraa QyHknus peryJasipHa B 3ToH Touke. Mel
yKaxkeM ceiflyac KJlacc CTeHeHHLIX pSJAOB, 00JajatomMui CBOHCTBOM
CBEPXCXOJHMOCTH B OKPECTHOCTH KaXKAOH TOUKH I'PAHHIEI Kpyra cxo-
IUMOCTH. B KOTOPOH (YHKIHSA peryJsipHa.

7.4.1. [lycms paduyc cxodumocmu cmenesHozo pada

f(2)= Z 2"

n=10

pageH 1, 4 nycme AOCAEO0BAMEAbHOCMI €20 KOPpuyueHmos umeem
OeCKOHeUHOe 4UCA0 NPONYCKO8, N, e. NYCMb CYWECmByom maKue nocae-
OosameasHocmu 3Haueruti undexca {py}, {qe}, 4mo a, =0 npu p,<<n <<
< qg; nycmos npu IMOM qp==(1-}-9) p,, ede & — ghukcuposanroe noso-
HUMEAbHOR HUCAO. .

Toe0a nocae0osamerbHoCmb YACMUUHBLX CYMM

P
Sp, (2)= D) an2"
n=0

cxcdumcea 6 Hexomopoti obaacmu, codepicaujeli sce MOUKU 2paruubL
Kpyea cxo0umocmu, 8 Komopuix @yHxyus f(z) peeyaspxa.

Tlpu gOKa3aTe/bCTBE JOCTATOUHO paccMoTperh TOuky z = 1. Ilpen-
MOJOKUM, 4YTO ¢yHKuuA f(2) pery/asdpHa B sToll Touke. Toraa npu
J0CTaToOuHO MajioMm 8 OHa perynaspHa B Kpyre ¢ neHtpoM 1/2 u pa-

1
miycoM o -0, a Takxe Ha ero rpamuue.
[Tpumenum teopemy ApnaMapa o Tpex OKPYXKHOCTAX K (QyHKUUH

@ (2) =[(2) —$p, (2)

1 1 1
¥ OKPYMKHOCTAM C NEHTPOM 2= 5 U paguycamu ——38, o e,

%-{-6, rie O0<Ce<<d. Ecmu M;, M,;, M;z—MakcUMyMsl MOIyJns
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¢yHKIMY @ (2) HA STHX OKPYXKHOCTAX, TO

logl+26 1428 | 1+2% |
M2 26 <M 02 1+2eM ST—1, 0

Yrobbl AOKa3aTh, YTO S, (2)—f(2) B HekoTOpo# obsiactu, Copepxa-
nel TOUKy z =1, J0CTaTOUHO A0OKasaTh, UTO €CJIH € JOCTATOUHO MaJo,
10.My—0 1pn pp,—oc. Maen pRokasarenbcTBa COCTOMT B TOM, 4TO
B TO BpeMsi Kak M; umeer, no cymectsy, nopsagox (1 8)°%, M,
seneT cebst kak (1 —6)%; Takum 06pasoM, MNOCKOJBKY p, MeHbIle,
yeM §,, Tpapast 4yacTb HepaseHcTBa (1) npu GoJdblUKX 3HAUEHHAX Pp
MmaJa.

KamaoMy noJIOXKHTEJILHOMY YHCJAY 1), KOTOpoe Mbl NpeAnONOKUM

1
MEHbUIUM, 4YEeM —2—6, OTBeyaeT Takoe yHcsao K, 4to

|@n| <K (1—m)~"

Cuie0BaTeIbHO, NPH R~ 00

Mlélaqkz"kl—}—‘a +1z"k+l|+...<

<R o= o =)

[anee, ecnit M ectb MakcuMyM Moayas ¢yHKuHH f(2) Ha BHeluHeH
OKPYKHOCTH, TO

-MséM+laof+...+|apkzpk‘<
il wo{1))

CnenoBaTe/IbHO, TpaBasi 4acTh HepaBeHCTBa (1) ecTob

1426 14-2e)P
[ 1_6\(l+ﬁl°°1126 1+6 lOgthG} k]
o||[=w) =) -
lign €0, n—~>0 To, yto crouT B PUTYpHBEIX CKOOKaX, CTPEMHTCA
K (1— )“+">‘°““+25>(1—}—6)*'0"(1—”‘5) a 9TO YUCJIO MeHblue, yeM 1,
ecan O joctatoyHo Majo; AeficTBHTeNbHO, npH 60 ero Jorapudm
~ —206% Tak Y4TO mpH MaJblX 3HayeHHAx O ator Jorapudm OTpu-
LaTeJieH. CJle}IOBaTe.HbHO € M 1 MOXHO B3fTb CTOJb MaJ/IbIMH, UYTO
cogepkuMoe (GHTypHBIX CKOOOK Oymer MeHplue, ueM 1. DTum TeopeMa
AOKas3aHa.

7.4.2, Ilponyckn He TOJBKO JalOT yaoOHOE CPEACTBO /st NOCTpoe-
Hus cBepxcxopsmuxcst psgoB. OHH OPraHHYecKH CBS3aHBL CO CBepX-
CXOIMMOCTBIO. DTO 0OHapy:KHBaeTcA CcJaelyouieil TeopeMmoi, KoTopas
SIBJISETCST CBOETO poja ofpaieHHeM npeabiayies.
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Ecau  nocaedosamesvhocmos Hacmuutolx CYymm Sp, (2) paoa f(2) =

m 31 G,2" ¢ paduycom Cxo0uMOCIU, DPasHbLM eOURUYE, PasHOMEPHO:
CXODUMCR 8 OKPECMIHOCMU HEKOMOPOL MOMKU eOUNUNHOL OKPYMHOCTIL,

mo
f@)=g@)+r(2),

ade g (2) — cymma cmenennoeo pada ¢ OGECKOHEMHbIM HUCLOM NPORYCKOS:
(Pey Gr), maxux, 4mo ¢, >(1+9) pe, a r(z) —cymma cmenenroeo
pada ¢ paduycom cxodumocrny, 60r6lUM eOUNLYbL.

Mu He [aeM J0KasaTesbCTBa, KOTOpPOe TpylHee JOKa3aTelhCTBa
NpAMOH TeopeMsl.

7.4.3. Teopema Apgamapa o nponyckax. Ecau nomepa
OMAUYHOIX OM HYAR KOIpPuyuenmos cmenenHoeo pada

o
f(Z) = Z an2"

n=0
06pasyrom nocaedosanesbHOCb Ny, Mg, ..., 8 KOMOPOU Ay = (1 +0) ng
¢ 9 >>0, mo epanuya kpyza cxofumocmu psoda AGAAEMCA €Cmecmeen-
Hotl 2panuyel ynxkyuu.

ITO — IOYTH HEeMOCPEACTBEHHOE CJEJCTBHE TEOpeMbl O CBEPXCXOJH-

atocTH. Ecan 6n1 Gyukuus f(2) Opia peryaspHOH B HEKOTOPOi# Touke
FpaHHIbl, TO IMOCJEA0BaTebHOCTD

g
Snp ()= D) a2

n==
cxonunach Obl B HEKOTOpPOH TOUKe, J€XKauieil BHE KPYra CXOXHMOCTH,
Ho nna psaga paccMaTpHBaeMOro BHAA CXOJMMMOCTH 3TOH MOC/ENOBa-
TeJILHOCTH YaCTHYHBIX CYMM €CTh TO e Camoe, YTO CXOZHMOCTh Bcei
TOCTIeI0BATE/ILHOCTH YacTHYHLIX CYMM. TakHM oGpasoM, CBepXCXOH-
MOCTh HEBOSMOXKHa M KaxJash TOYKa CPaHHUBl KPyra CXOIHUMOCTH
ABJAseTCa 0coboi TCUKOH GyHKUHH f(2).

7.4.4. okasarteascTBo Moppaeana*). I1t0 oOveHb mpo-
CTOe NpsMOe JOKas3aTennCTBO. IlycTh pamHyc CXOAUMOCTH paBeH 1,
Monoxum z =aw? 4 bwP, rge 0<<a<<l, a+b=1 u p—nonoxu-
TeJILHOE 1leJ10€ yucho. fcno, uto |2|=<< 1, ecsm |w|=<1, ¥ HeTpyaHO
npoeepuTs, uto |2|<<1 mpu |w|=<1, eciu He CUHTATL 3HAYEHHS
z==1 npn w=1. Iosoxum

¢ (@) =F(2) = 3] ax (aw” 4 bwrly =
o= Z a, (anwpn + .. ~+ b"w“’“)”) — E b,ﬂz’)”.

DyHKUUA @ (w) peryaspHa npi |w =<1 3a HCK/IOIEHHEM, BOSMOMHO,
TOYKH w=1. Mul noxaxeM, YTo PajauyC CXOJHMOCTH CTENEHHOTO

*) Mordell [I].
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pAAa, NMONYYEHHOro Hamu A5 ¢ (w). paseH 1 m yTO, CrejoBaTenbHO,
rouka w =1 sBagerca miasa ¢ (w) ocoboil.

3aMetuM AJi 3TOro, 4ro npu p > /4 pan Zb,,w" noJyuaerca
{3 CTOfINEro mepel HAM PsAa NPOCTHIM packpuiTHeM cKoGok. Jlefict-
BHTEJILHO, HHKAKas CTeneHb @ He BCTPEYaeTcss B 3TOM pAje CO CKOG-
KaMH ABaXIbl, €CaAH NpH JoboM k

(p+ 1) np < prigyy,
n

T, €. eCl p Z—:‘-— 1>> 1, a 3To ycJsoBHe BEINOJNHEHO, ecaH p > 1/0.

Ecou 6bt pan X b,w™ uMeJ pajHyC CXORUMOCTH, GOJBUIHA enH-
HUIB, TO OH CXOAHJCH Opl NPH HEKOTOPOM BEINECTBEHHOM 3HAYCHHH
w>>1, a Toraa pan ans f (2) cxoausca Obl IPH HEKOTOPOM BeLIECTBEH-
HOM 3HAUYeHWH Zz>> 1, YTO HEBO3MOXKHO. DTHM TeopeMa [OKaszaHa.

ImeeTcsl eme ORHO JOKA3aTeNBbCTBO *), ONHpalolleecs Ha KpuTepuft
§ 7.2.3.
~ MertooM, TOAOGHHIM TOJNLKO YTO H3JIOKEHHOMY, MOXKeT ObnlTh
noxasaHa u teopema § 7.4.1**). Ilycre pan aas f(z) ynosnersopsier
ycnosuaM § 7.4.1. Toraa ¢yHkuHs ¢ (@) He HMeeT OCOGBIX TOYEK
B Kpyre |w|<<l 32 BO3MOXHBLIM HCK/IOUeHHeM ToukH w=1. Ecau
pyuknus f(2) perynapra npu 2=1, T0 QyHKIHs ¢ (w) perynsapHa
npu w=1 H, cnenOBaTeJbHO, PeTry/asipHa B HEKOTOpOM Kpyre |w|<<
<146 ¢ 6>0. Torna pan X b,w" cxonurca npu |w|<<1+496 u,

(p+1)p,
B YaCTHOCTH, IIOCJIENOBAaTENLHOCTL CYMM Y,  b,w" cXoautess npw
n=0
Pp
|w]<<1-+46. A Toraa nocJiefoBaTeNLHOCTL CYMM Z a,2" CcXOonuTCH
=1

B HEKOTOpOH 00J1aCTH, AJIS KOTOPOH TouKa 2 =1 ABjsAeTca BHYTpeHHeil,

7.5. AcHMnTOTHYECKOE MoBEACHHEe (GYHKIHH BOJIH3H TPaHHLbI Kpyra
cxopumocTd. Ecnn TpH n — 00 KO3pQHUIMEHTH CTeNEHHOTO paAa BERYT
ce6st JOCTaTOUHO TPOCTO, TO 415 f (2) MOXKHO AaTh aCHMIITOTHYECKOE BEIpa-
2KeHHe, [pUTrOAHOE IIPH HpﬂﬁﬂH}KeHPlH TOYKH 2 K IPaHuLe Kpyra cxo.
QUMOCTH BIOJbL panHyca-ekTopa. Crepymomas TeopeMa OTHOCHTCS
K mpocTefilieMy cJyd4ar Takoro popa.

Hycmes

F)= D anx", gx)= D] bax",
n=90 n=0

20e a,=0, b,=0, u nyeme padet cxodamea npu 0 <<x <<l u pac-
xodamea npu x=1. Ecau npu n—oo

ay ~ Cby, (D

*yCm. Landau, Ergebnisse, § 19,
**) Coobmero M, M. Kpymowm.
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mo npu x—>1
f (x)~ Cg (x) 2)
Jaa sazannoro e Hafigem Takoe N, uto
| @y — Cb, | < &b, (n > N).

Mgpl MOXKeM HanHcarb:

[e) N
|f(x) — = Z (@n — Z (@n — Cby) x™ |+
+| D) (@—Cbyx" <Z,a,,—Cb |+ Z bpxm <<
n=N41 n=N+1
N
<Z |a, — Cb, | +eg (x).
n=0

Tak Kak g(x)—>co, TO IpH pUKCHPOBaHHOM N MOXKHO HaiTH Takoe 0,
4ro

N
Zian—Cb,,|<eg(x) (x>1-09).
n=0

ITpu Tarom BubGope &
F)—Cgl)|<Z2g(x) (x>1-0),

YTO ¥ 33aBepluaeT [OKa3aTeJbCTBO.
Ota Teopema BepHa M NpPH Gosiee OOMHX YCIOBHSX. [Tycme: padet
cxooames npu 0<<x<<l; cymmot

CSp=ap oy, ta=by+b ...+ b,

noaoxcumensHel; padel > S, u X t, pacxodamcs; S, ~ Ct,. Toeda coom-
Houtenue (2) ocrmaemca 6bINOAHEHHBIM.
Heficteutensho, xak B § 7.2.2, npn 0 <<x <1

flx l—v)Zs,,x, l—x)Ztnx"

n=20

CorntacHo mpeablAymell TeopeMme

[ee) [ee]
Z SﬂanC Z tﬂxn)
n=20 n=40
4TO M JOKas3hlBA€T COOTHOLIEHHE (2).
B uactHoCTH, ecau s, ~Cn, mo
C
f (X) i T—x°
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NMpumepst. (I) Ecnw p <1, 10 npu x —1
[ee]
2 X r'(—p
nP (—xp-r’
n=I

[es]
L1 T(n—p+1) . ;
[Mm nuuem (1 —x)P1 = T =p) 20 ) X% B HOJb3YeMCs JIeM-
n—=

Mot § 1.8.7.

(I11) IMonoxum

o (at1)B (B41)
2y~

Fla By =1+ ‘fjs x+

IMokasatb, 4TO mpH % — 1

Fryla4f—y) 1

Flo B D~ = royTE =y

et o+ >7v, B

I'(a+-8) 1
)T @ B T—%"

F(o B a+B, x)~

7.5.1. O6paTHas npobGaema. JIerko noHATh, YTO OGpaleHHe
TIpeAbIAYIHX TeopeM B 00meM Ciyyae HEBO3MOMKHO: M3 acCHMIITOTH-
uecKoro noBefieHHs (YHKIHH f(X) HeNp3A BBIBECTH aCHMITOTHYECKOE
TNOBEJieHHe 4HCeJ 4, WU faxe S,. PaccMoTpuM, HanpuMep, HYHKUHIO

1 =rpapa=r = (1=9 Lt nan= Fat oo,

n=0

31ech Sgmiy =0, B TO BpeMa KakK Sy,==rm-1; TakuM o6pasoM, s,
HeorpaHHueHHO KoJebgercs, XoTa f(x)~ 1/4(1 —x).

B mpenpinymeM npuMepe He Bce KOPGHIHEHTH INOMOKHTEJILHBI,
¥4 3T0, B HEKOTOPOM CMBIC/Ie, SABJSETCA NPHUKHOK JoXKHOCTH o6pat-
HOH Teopembl. [lpemmosioHB, uTO Bce KO(POUIHEHTH NOJIOKHTEBHEI,
MOXKHO MOJIYYUTE TO4YHOe obpaimieHne noc/efHell TeopeMbl T1peatiay-
uiero naparpada.

MTyemes a, =0 043 acex anaueruti n. Ecau npu x—1

o]

f(x)= zanan l-l-x'

n=0

mo npu n—»0oo

n
Sp = Z Ay~ 1.
v==0
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Jra Teopema mpuHannexur Xapau H Jlutrasyay *). Mer nsnoxum
B BLICIIEH CTENEHH H3sIIHOe JO0KAa3aTesbCTBO, KOTOpoe OblJI0 HeJaBHG
npepioxedo Kapamara **).

7.5.2. Uto6bl OLEHHTL AOKA3aTEJLCTBO, MOJE3HO CHayaja NocMoT-
peTb, YTO MOXKHO JOKa3aThb COBCEM NPOCTHIMU paccyxAenusamu. Ilpexne
BCEro,

n
= ) ap¥=x",
v=0

nJg Beex sHaueHHll x M n. Tak Kak, Kpome Toro, f(x) << A/l —x).
1

TO NIpH x=¢ *
A A

1 =
€< l—x 1—e-”"<An,

T. e
§p << Ayn. (1y
C npyrofl cTOpoHH,

n—|

F@=(1=x) X st <(I=x)8y 3 "+ A4, (1 —=x) 3} mam<
m=0 m=0 m=n
<s,,+A1nx"+%;—.
TNonaras x=e¢~M" u noassysice Tem, uto f (x) > A/l —x) > An/h
npu n >2\, MB BHIHM, YTO

Ane?

An
- < s+ Ane? -+
Cﬂe}lOBaTEHBHb, €cJHn A JOCTATOYHO BEJIMKO, TO
$n > Agn. 2y

Mbl Jlo/KHB NOKa3aTb, YTO B AEHCTBHTENBLHOCTH B Kauectse A,
B A; MOXHO B3ATh 14-e n 1—e. Ilpenpiayuine cooGpaxkenus ciuuI-
KOM CKYJHbl JJIsl 3TOro; MeTOA, KOTOpbifi NeHCTBHTENLHO NMPHBOIHT
K I8/, JajeK OT TPHBHaJbHOCTH.

7.5,3. JokasarteabcTBo Kapamara. 310 HoKasaresbCTBo
ONHpaeTcs Ha H3BecTHYIO Teopemy Beiiepintpacca, corjiacHo KOTopoti
BCAKYIO HENpepuiBHYI0 (YHKIUIO MOXKHO PaBHOMEPHO aNmpOKCHMH-
poBaThb MHOTOuJleHamH ***), Tounee, Ham HyXeH chaemyiouinil ¢akrt:
nycTe QYHKUHUA g(x) HenpeppiBHa npH O=<<x=< 1, u mycTb € —NOJO-

*YHardy and Littlewood [2],
*Yy Karamata [I].
**%) JlokaszarenbcTBo MmMeeTcs B § 13,33, JIpyroe ROKa3zaTesihCTBO CM, ¥
I'ypca, xype anannsa, 7, 1, § 197,
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JUTENTbHOE YHCJO0; TOrJA CYIIECTBYIOT TaKHe MHOrodsieHsl p (x), P (x),
qTo

px)<gx)<<P(x) (1)

1 1
g () —p ()} dx <, §{P(x)—g(x)}dx<e. @)
0

Yro6bl BHIBECTH 3TO M3 TeOpeMbl Beftepiirpacca, JOCTATOYHO 3aMETHTD,
gto cooTHoweHust (1), (2) BeIIIOMHEHL, €CIH MHOroulaeHwl p (x), P (x)

1 “
or/iH4awTes: He GoJsiee yeM Ha 5 & 0T dynkuui g (x) —% e, g (x)+—2-e

IToctpouTs MHOrOWIEHH!, YAOBJETBOpsOLIME ycaoBuaMm (1) u (2),
MOXHO M B CJyuae, KOria YHKUHA g (X) HMeeT B HEKOTOPOH TouKe
HHTEepBAJa, CKakeM IPH X = C, pa3psiB nepBoro poaa. [lycTs, Hanpumep,

gc—0)<g(c+0). lomoxnm @ (x )_g(x)—l——l—e npu x << ¢ — 8 unpu
x>c; ecan Xe ¢—0<Cx<Ic¢, TO NOJIOKUM @ (x) = max{l(x) g (%) +
—}—Te}. rae [ (x) —nuuefinas ¢yHKnus or x, takas 4to [ (¢ —8) =

= g(c—é)-}-—%e, lcy=g(c+0) —l—ae ®ynxuua ¢ (x) HempephIBHa,
H @ (x) >g(x). Jlerko NOHATb, 4TO APH JOCTATOYHO MaJjoM O muo-
tousieH P (x), 10CTaTOYHO XOPOLIO aNNPOKCHMHPYIOIH I pyHKIHIO ¢ (x),
obsiafaer TpeGyembiMu cBoficTBamH. IlonoGHbIM ke 06pa3’oM CTPOHTCH
MHOTOWIEH p (x).

Uro6ul jokaszaTh TeopeMy Xapaun H JIMTTIBysa, Mel JOKaxkeM
CHayaJia, 4TO JJif BCSKOro MHorodJjeHa P (x)

00 1
lim (1 —x) ) axP (x7) = P (t) dt. 3)
x— n 0

=0

QueBHAHO, AOCTATOYHO PACCMOTPETb Caydaii, Korja P (x) = x* ¢ Heko-
topum k. Ho B stoM cayuae

{1—x) Z a,x"P (x") = (1 — x) E A, xthn =

A=0
l
Azx (1 — xh+1 k+1)n t
=river g (L — X )Za(x ) _1=5de.
n =0 0

YTO U YTBEpPKAJOCH.
Hanee,

00 1
lm(1—x) 3} ax"g (x") -=§g<t> dt, 4)

A0
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rae g (f)— mobas HenpepoiBHAst QyHKNHA HIH JaxKe QyHKIHS, HMEIO-
Hasi paspelB nepBoro poja. JleficTBUTENBHO, NMYCTh p (x) U P (x) —
MHOTO4JIeHHl, yJoBJaeTBopsiiomue yeaosuaM (1) u (2). Tak xak g (x) <<
< P (x) ¥ Ko3bpuLHEHTLl NOJOKHTENBHEI, TO

Im(l—x) D) auxg () <<lim(1—x) Y ax"P (x7) =
n=0 n=0
1 1
={Pydt<{g@)dt+e,
0 0
NOCKOJIBKY K€ € MNpOH3BOJIBHO,

1

lim (1 — x) i anxg (x") < { g (1) dt.

n=20 0

ITogoGHBIM ke 00pa3oM, NOJb3YsCh MHOTOWJIEHOM p (X), MBI NOJMY-
yaeM HEPaBeHCTBO
1
apx"g (x7) = g (t) dt.
0 0

ok

fim (1 — x)

il

StuM papeHcTBO (4) ACKasauo.
ITonoxum Tenepp g(f)=0, ecin O=<<t<Cel, H g(t)=%, ecJu
el<t<<1. OueBngHo,

dt
(goar=(Z=1. (5)
0 e
Ecau x=e—YN, 1O
0 N
Zanx”g(x")= 2 an= ¥ a,=sy,
n= n< 1I n=90
log;

1
Tax 4T0, B CHJAy paBeHCTB (4) u (5), sNN]Tx‘NN- 3TUM Teopema

JOKa3aHa *).

7.6. Teopema Abensn H ee obpamendHe. B sTtoM mnaparpade Mot
BO3BpaulaeMcsi K BONpOCY, yxe obcyxkaaBiemycs B ria. 1. B §1.2.2
MBl JIOKa3aJH AJs BELECTBeHHHX pPSAOB Teopemy AbGens: ecau pad

(o]
3

n=20

*) Cm. take Wielandt [1], (/Tpumesarue nepeeoduuxa.)
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cx00Umea 'K Cymme s, mo
[o o]
fx)= 3] ax"—>s,
n=0

kozda x— 1 edoae seuwjecmsennot ocu. B § 1.2.3 Mo nokasanu Teo-
pemy Taybepa, yTBepHkaalollylo, YTO 00paAmMHoe 3AKAIOHEHUE 6epPHO,
ecatr a,=o0(l/n). Tenepb MBl pPacCMOTPHUM HEKOTOpble YCHJIEHHS STHX

TeopeM *).
7.6.1. Ecau
i a,=s, (1)
mo "
f@)= iﬂ 2" — 8, 2

koeda z— 1 edoas awbozo nymu, sexcawyezo mexcdy dsyma xopdamu
COUHUYHOL OKPYNCHOCIILL, BIX00AWUMU U3 mouKky 2=1.

Kak u B § 1.2.2, ZocTaTtouHo J0Ka3ath, YTO CTENEHHOH psiA paB-
HOMEPHO CXOJHTCS; HO Teneph Mbl ROJDKHHI JOKa3aThb PaBHOMEPHYIO
CXOAHMOCTL B 0O0JIaCTH, OrpaHHYeHHOH yKasaHHBIMH XODZaMH H AYroi
OKPYKHOCTH JOCTATOYHO MaJIOTO pajHyca C LeHTPOM B TOouke z=1,

IlpumMeHHM K HallUM YCJIOBHAM CcoOGpayeHHs, HCIOJb30BaHHLIE
npU JoKasatesncTBe Jemmol AGenas (§ 1.1.3.1). Ilycrs

Sp,p=Qn-FQpi1 ...+ ap,
TaK 4YTO |S,, p|<<e (ny<<n<<p). Torna

Z a2 =

= 85, n2" (S, n31 — S, 1) 2 Ao oo (S, m— S, mea) 27 =
=8p,n (2" — 2N b Sy ey (R —2™) Sn, m2™.

Criel0BaTeNbHO, NPH N ==,

m—1
Zavz {Zw zv+1|+!zam}<

vV=n

[ee]
<efll=z| Y [zP+1p=elgH +1).

v=10
Tenepr J0Ka3aTeJECTBO 3aKaHYHBAeTCs TaK ke, Kak § 1.2.2,
ecnd . otHouwleHre |1 —z|/(1 —|2|) ocraetcs oOrpaHMuYEHHBIM, KOTHA
z— 1 BROAb paccMaTpHBaeMOTO HYTH. ITO OTHOILUECHHE INPHHMMaeT

*) Landau, Ergebnisse, ra. III; Hardy and Littlewood [1], (2],
13}, 14]- :
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CKOJIb YTOJHO GOJIbIIHE 3HAYEHHsl B TOYKAX, CKOJb YrOAHO ONHM3KHX
K 1, HO eme Gosiee GJIU3KHUX K OKPYXKHOCTH. B 3TOM U 3akJouaetcs
NpHYHHA OrPaHHYEHHS, HAJNOXKEHHOrO Ha HyTb.

HTax, npexnosiokuM, 4To

[I—z[<k(—]z)) (k>1)). 3

D10 HepaBeHCTBO Y/IOBJIETBOPAETCS B 00JACTH, OTPAHHUEHHOH KPUBOM
I1—z[=k(l1—|z]).

Tlocne mopcTanoBKH 1 —z=pe'® Mol nojywaem: p=~k—k|1l—pe®],

T. e (p—k2=k(1—-2pcosg-0?), T. e

o Rcosgp—k
p=2—F—1—

Takum o6GpasoMm, KpHBass HMeeT JBe BETBH, BLIXOASAIIHE H3 TOYKH
z==1, KaKjass M3 KOTOpPHIX 00pa3yeT C BellleCTBeHHOA OCBIO yron
arccos (1/£). Tlpn pocratouno OoJsiblIOM k£ 3Ta KpUBas OXBaThIBAaeT
Jgobyto obsacTe HHTepecytomero mac Ttuma. [lockonbky B o6JiacTH,
OrpaHHYEHHON KPHUBOH, HEPaBeHCTBO (3) yAOBJIETBOpSETCHA, 3THM Teo-
peMa pokasasa.

7.6.2, Tlono6GHoe e YCHJIEHHe MOXHO [MOJYYHTb AJAS TeOpeMbl
Tay6epa.

Ecau a,=o0(1/n) u f(2)—s, Koz0a z -1 80oab Hexomopozo nymu,
YoogAremeopsoieso npedbidyuum ycaogusim, mo pad Y a, cxodumcs
K& cymme S.

Hoxasarenbctso, panuoe B § 1.2.3, Hyxpaercss JHIb B HeOOJMb-
HIOM H3MeHeHHH. MBI JOJKHB [0Ka3aTb, YTO

00 N
S$i—=8.:= ), a2"— D] a,(1—29)—>0,
R=N+1 n=0
rre N=[1/(1—]|z)]. Kak B § 1.2.3, ecau |na,|<<e npu n>N, 10
O% 2" e N ” e
Si]= Z Man = | <FF1 2 2t <mrnia=ray <°¢
NFI Nt1
Ho|l—2*|=|(1—2) (1 4-2+.. +z"—1)|<|1—z|n Cre10BaTeIbHO,
€CJIH BBIMOJIHEHO HepaBeHCTBO § 7.6.1 (3), to
N N .
1Sal< X Inan(1—2)|<k(l—]z)) Y nlas|<y D) nlaal,
n=1\ n=| n=1

fipaBasfl e 4acTh, corJacHo Jaemme § 1.2.3, cTpeMHTCA K Hy./Io.
IDTHM TeopeMa JOKa3aHa.
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7.6.3. Teopema Tay6Gepa Aas perynaspunx OyTeH,
Teopemy Abens, no KpaiHe#i Mepe B npemblayiweil ¢opmysHposke,
11e/1b351 PACIpPOCTPAHHTbL HAa NYTH, KacaTe/IbHbE K €IHHHYHON OKpYXK-
wocTH. Hanpumep, n3BectHo *), uto papg

> n-bein”® 0<<a<l)

n=y1\

cxountcsl npH b>1—a, Ho ecan b>1 ——;—a, TO QYHKLHA

(o]
[@)= 3 nlenzn
n=)
e CTPEMHTCH HH K KaKoMy npelesly BAOJIb AYTH HEKOTOPOH OKPYK.
HOCTH, KacawouieHcs eiMHHYHOH OKpYXKHOCTH npu z=1,
HanporuB, teopema TayGepa Moxer OwlTb pacnpocTpaHeHa Ha
yTH, KacaTeJbHLIE K OKDYKHOCTH, KOTOPHIE NOCTATOUHO PEryJsipHEL.
Mur GyneM HaseBaTL NyTh «PEryJAPHBIMY, €ClU OH ONpexessercs
VvpaBHEHHsMH x =x({), y=y({), Y KOTOpBIX NpPOH3BOAHHE X' (f) M
y' (f) HempepblBHBI H MHTAe He OOpallalOTCs B HYJb ORHOBPEMEHHO,
TaK YTO B KaJOH TOUKe HMeETCH OnpelefleHHas KacaTesbHasl.

1
Ecau an=0(7> u f(z)—>s, Koeda z— 1 600as Hexomopozo pezy-

AAPHO20 nYymu, Npoxoodauiez0 eHympu Kpyea, mo pao Z Q, cxo0umcs
K CYymme S.
Bes ymep6a Asas oOWHOCTH MOMXHO cuutaTth, uro s=0. llyctb

C — paccMaTpuBaeMbil nyTh. Torza uxterpan

1

{1 (@) duw,

2z
B3ATHA BOAb C, CYHeCTByeT, H Mbl TOKaXeM, 4To nIpH z— 1 OH
npejcTaBiser coboit o (|1 —z[). KakoBo 6bl uu 6bl20 €, 148 TCUEK W
KpuBoit C, JnocTaTo4Ho OJNH3KHX K 1, BHIIOJHEHO HepaBEHCTBO
iHw)] << e. Y3 wero caemyer, 4TO

1

Sf(w) dw

2z

< el (2),

rae I(z) — mmmna kpusoit C or z go 1. Ho l(2a) ~ |1 —2| npuz-»1;
LeliCTBUTELHO, €CJH TOYKa 2 =1 oTBeuaeT 3Hauenuio {=0, To
i

”—f) = % § [{x" @))2 +1y" @)} du—[{x' (0)}2 +{y’ (0)}*]'A

*yCwv. Hardy and I ittlewood [3), crp, 207,
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(byuguun x' (¢) ¥ Y (u) HenpepwiBHB) H le —x" (0), %—»y’ (0).
CrenoBatenbHO,

1
[ @) dw=0(1=z]). ()

Ecau tenepw 2 H 2" — ToukH, Jexamue Ha C, TO

[e o]

S f(w) dw = 2 na__!r—zl (z,n+1 _ Z”+1)-

Tax xak a,=o(l/n), TO 5TOT PN CXOLUTCS PABHOMEPHO OTHOCH-
TeabHO 2" npu |2 |=<< 1. CrefoBaTesibHO, nepeXof K mpeaeny IpH
2 — 1 nmaet paseHcTBO

Sf(w) dw= 2 S (1= 2m). @

n=0

Honoxum N =[1//1—2z]|]. Mel MoxeM HamucaTh

[} @ do=3,+ 3,

rue

N
21 2 Z — 2",

n=290 n—N+l

Ouerugyo,
Y- 2 o(3)=o(5)=0(1—2). @)

N+1
Janee,

l—zl=(1—2) (1 42+...4+29) = |
=(1-2)(n+H)—1-22{n+(n—=124...421} =
=(1=2) (n+D+0(1—z[n2),

H, CJiefoBaTeJILHO,

N N
2=01=2 XM a,+0(1=22 3 nla,))=
n=>0 n=1|
=(l—z)sy+o(1—22N. =(1=2)sy+o(1—=2)). (4)

Hs dopmyn (1), (3) u (4) caenyer, uto sy=o(l). STuM TeopeMa
JOKa3aHa.
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7.6.4. Ycunenue TeopeMb lTaybGepa, npuHapgJJexa-
mee JIutTaByay. Tenepb Mel nepeiiieM K YCHJEHHIO COBCEM APy-
roro pora. Bo Bcex ¢opmax Teopembl Taybepa, pPaccMOTpeHHBIX A0

1
cux MOp, YCJAOBHE a,,::o(—n—) HT'pPaeT poJib, KOTOpas Ka)kercs Cylie-

creerHol. OpHako JIMTTABYZAOM OBUJIO OTKPBITO, YTO 3TO YCJIOBHE
MOXKET OBITh 3aMeHeHO Oosee cJabvM ycmoBueM a, =0 (1/n). Pagu
NPOCTOTHl MBI OT'PAaHHYUMCSl 3[€Ch MpPHOMHIKEHHEM BIOJMb BelIECTBEH-
HOM OCH, XOTSl TEODeMY MOMHO 10Ka3aTh H LIS KOMIJIEKCHBIX MyTeil.
7.6.5. Mbl BocHosnb3yeMcsl claenyrommes JeMMoft.
[ycmeo [ (x) — sewjecrmsennan pynxyus, odradaowan npu 0 << x < |
npou3sodxsimyu dsyx nepevix nopadxos. Ecau npu x—1

F =0, F() =0 {r=g}

mo [ () =o0(r=).
[TonoxuM x' = x 48 (1 — x), rae 0 << 8 << 1/2. Mul MoXeM HanHcaTh
F&)=F)+8(0=x)f (x)++5 L8 (1— 2" @),

rae x <<t << x'. CnegosatenbHo,
A—xf (o =TDZID 4 Lsq_eype=lE1=I® 0@ )

[MBI BOCHOJIB30BAMHCH TEM, UTO

7 ® =0 (g} =0 (i} = 0 fra} )

BuiGipasi cHayana 3HaueHHe O QOCTATOMHO MaJjbiM, a 3aTeM 3Hade-
HHe X JOCTaTOYHO OJIHBKHM K |, MBI MOXeM cesaTb MpaBylo 4acTs
paBerctBa (1) cKOJb yrogHo Majoi. JTuM JeMMma JOKa3aHa.

7.6.6. Teopema JIurtasyna. Ecau f (x) = Y a,x*—s npu x—1 u

a,,=0(%), mo pad Y a, cxodumcsa Kk cymme s.

LoxkasarenbcTBo *) onupaercs Ha TeopeMy § 7.5.1, u npu poka-
3aTesibCTBE MOcCAenHeli Mbl YyiKe IpeOAoJsiesH HauGoJee CepbesHble
TpyaHoctH. OueBHAHO, MBI MOXKEM CYHTAThb Ge3 yuiep6a Ans OOLUIHOCTH,
4TO fpeles s paseH HyJo. Torga rpu x— 1

fx)= 20 a,x" =o(l).

*) 310 Q[OKA3aTeNbCTBO OTJHYAGTCH OT [EPBOHAYANBLHOIO  JOXA3aTeIbCTBA
JlutTasyna; oM. Littlewood [3).
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Ilanee, 1aKk Kak a,=0(1/n), 10

1 \ v 1
f(x)= ZQn(n—l)a,.x""’=0 ZQ(n—l)x"‘2 =0{(1Tx)2}'
W, B CRWJY Npembaynlell JeMMbI,

[ (x) = i HApX" Y = (1_—1-§>
n=1
Tlycts |na,|<<c. Torna

Ho xo3dpdunnenTsl 5TOr0 pAja BCe NOJOKWTENBHE, H, TAKMM 08pa-
n

va
30M, corJacHo teopeme § 7.5.1, Z < ——C—X>Nn. CrenosaTtesnsuo,

v=]

n
> vay=o(n). (1)

v=|
dra acuMnToTHYeCKas ¢opMyJa AJsi KOHEUHOH CYMMbI NpencTaB-
anet cob6ol 3HAUWTEJNBHHIH HIar B HYIXKHOM HanpasneHuu. Ho jgas
3aBEPIIEHUS JIOKA3ATENLCTBA HYMKHBI JOIOJHHTENbHEIE COOGpaMeHHs.

HNycts w, o6o3nauaeT neByo yacTs cootHouwenus (1). Toraa
[s+) oc +

Wy— Wy xn xntl
[ = 3 B 3, ()

A n n+1
n=1 n=1]

= 3w+ ) -

=(1—x) Z n+1x + 2 n(n—H)

n=I1

Tak Kak w,=o0(n), To npu x—1 neppuifi unen cnpasa ecTb 0(l),
a Tak Kak, csepx Toro, f(x)—0, 10
oo

——_——wn oy e
Eln(n-f—l)x ay.
n=

Ho n—(—;—”f"_-l—)=o<—,11—>, TaK uTo, B CHJy Teopembl Tay6epa,

Ay %
n==1
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JleBasg 4acTbh 3TOrO paBEHCTBA €CTh

N
1 |

N
. w, — i R —
}‘lﬂmglmwl) le”mn:lw"<n 1)

N @ N
. -—w_ _ wN . 1
= lim Z P — o= lim An,
N =00 n + N =00
n=1 n=1

4TO BMECTE C NpEeAbIAyHIUM PABCHCTBOM 3aKaHYHBACT JOKa3aTeJabCTBO.

7.7. YacTHuHple cyMMBl cTeneHHoro psaa *). Mayuenue wacrnunbix
CYyMM CTEOeHHOrO psajga 00/JerdaerTcss npHMeHeHHeM GopMya Teopuu
pagoB Pypve. Mbl BOCrmoOJb3yeMcsi HEKOTOPBIMH H3 3THX dopmyd,
B3fB HX u3 ra. XIII, HO BO Bcex ciyuyasx, B KOTOPBIX OHH GyayT
3JeChb NPHUMEHAThCA, OHHM MPSAMO BBHIBOAATCH M3 paBHOMepHO#l cxo-
JHMOCTH,

Ivers

@)= 3 a2 (lzi<]).

n=0

TMonoxuM 8, (2) =a, +az+...4-a,z* [lycts, nanee,

[ —r2

1
k(r, 6)=m =7+rcose+r2c0526+...
H
_ 1—r2—2rt{cos(n+1)8—rcosnd}
Ralr, 8) = 9 (1—2r cos 64-17) =
=%+rcose-{—...-{—r"cosn0-
Torga

2n
sn(re®) =1 { P CM k(L 9)de  (O<r<p<D. (1)
0

D1y dopMyay MOKHO AOKAa3aTb HPSAMO NOYJIEHHBIM HHTETPHPOBAHHEM.
Ona npesncraBasier cofoo crennaspHblil caydyail dopmyJn [Tapcesana
(§ 13.5.4).

B cuay unrerpassHoft dopmyaw dupuxse (§ 13.2),

2n

ki (r, 6)=l?j

1]

sin (n—{-—;—) 6—q)

— k(r, ¢)de. (2)
2 sin T 0—q)

*y Landau (2], {3], [4] n Ergebnisse, ra, L.
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Takum o6pasoMm, S, MOXKHO NPeACTaBUTb NOBTODHLIM WHTEIPaJOM,.
copepKamuM f u k:
2n

271 1
sin (n++ | (@—1)
Sn (re'®) = 5 j/‘(pe' 6-9)) dg J ( 1 2> k(L, ﬂ3> dy. 13)
: ing@—v  °

Mpl paccMaTpuBaeM TakxKe apu¢pMeTHUECKHE CpeJHHe YaCTHYHBIX
1
CyMM cr,,(z):T{so(z)—i—sJl @) +...} 551(2)}- B cuay ¢opmyae (1),

0n (re") =%2§f(pe"<°-¢’)1<.n [+ )do, 0
0

n—1

rne K, (r, 6)=—:1- 2 ky(r, 6); B CWUJIy e HHTerpaJibHOR (OpMyJbl

A =
Qefiepa (§ 13.3.1),
1 JTsinZI?n(B—cp)
K (r, e>=mj—l—k<r, %) do. (5)
y sinﬂy(e—-cp‘)

7.7.1. OrpannueHHKe cTeneHube Dbl [Ipennonoxum
Tenepb, 4To (GyHKUHUSA f(z) orpaHHYeHAa B €JMHHYHOM Kpyre.

Ecau |f(@)| <M npu |z| <1, mo |6,(2)|<<M npu |2]|<<1 dan
ecex 3Hauenuti n. O6pamno, ecau |0,(2)|<<M npu |z|<<1 0aa scex
sraueruti n, mo |f(2)|<<M npu |z|<<1

U3 npeapiaymux ¢opMyJa Mbl 3akJwouaeM, 4TO NHpH r << 1 ¢pyHK-
uun k(r, ) u K, (7, 8) noaoxkutesbunl. Ilocse storo us dopmyss (4)
ClenyeT, uto ecan |f(2)|=<<M, 1O

|0n (re) | <% 25 MK, (%, @) do.
0

Ho cnpaBa ¢TOHT TO, BO UuTO MpeBpamaercd o,, eclH f(z)=
T. €. M. DTuM J0oKasaHa nepBaf 4acTb TEOPEMHL.
DNanee, npu n—co cyMMa s,(2), a ¢ Hew U cymma o, (2}, crpe-
mutca K f(z). M3 storo cpasy ciegyer Bropast 4acTb TEOPEMEL.
7.7.2. CooTBeTCTBYIOULME TEOPEMBI O CyMMaX S, (2) He CTOJIb IPOCTHL,
IlpyunHa B TOM, YTO OYHKUMHM k,, B OT/IHYHe OT QyHKuIHH K,,
He Bcerza INOJOXKHUTENbHB., K3 HEpaBeHCTBa |f (z)| << M =He caenyer,
yTo |S,(2)| << M nas Bcex 3HaAYeHHH n W 2. BoJiee TOTo, H3BECTHO *),
YTO BEPXHss TI'paHb YHced |S,(2)|, B3dras no BceM QYHKUHUAM f(z),

IJs1 KOTOopeIX |f(z)|<<M, crpeMuTcsi BMecTe C 2 K OECKOHEYHOCTH.
Bepna, ogHako, cjeaywouas Teopema.

*) Landau, Ergebnisse, § 2.
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Cywecmeyem maxas abcoAOmMHAL NOCMOAHHAS A, 4mo
5, (2) | << AM log n
oaa ecex pynryuld f(2), yoossemeopsaowux ycaosuio |f(2) | << M.
Ecan [f(2)|<<M, 1o u3 dopmyau § 7.7 (3) cuenyer, uto
27 2n X 1
] M sin n—}—§ (p—)
|Sn(rete)]<%§j‘k({)—) q’)d\l’(’, ( 1 > d(p'
% sin -5 (¢ — %)

BuyTpeHHHH MHTerpaJs paBeH

‘/("+i)<n+1)a

a sin(n—}—%)a 5
b sinia G sin 5“
42 9% _ _ 0(1)+0 (logn),
sin — o
/L)
u, & cuay Qopmyau § 7.7 (2) =0,

DTHM TeopeMa J0KasaHa.

7.7.3. HetpyaHo npoBeputh, 4TO B KDyre pajuyca r’, MeHbllIero,
ueM 1, CyMMbl S, (2) paBHOMEpPHO OTpaHUueHbi; JeHCTBUTEJILHO, B TAKOM
Kpyre PaBHOMEPHO OTpaHHYeHbl (YHKUHH k. (r, 6). Bepxuss rpaib
MoayJell CyMM S, (2) 3aBucHT oT M H oT