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NMPEJHCJ/IIOBHE K NATOMY M3JAHHIO

Mbl BHEC/IH JIHLIbL HCIIPABJIEHHS] ONEYaTOK, OOHAapYXKEHHHEIX B 4eT-
BEPTOM H3JaHHH,

1977 A. H, Tuxonos, A. A. Camapcruil
NPEAHUCJ/IOBHE K YETBEPTOMY H3JAAHHIO

Mbl BHeC/IH JHUIBL He6ogblliHe H3MeHeHHA B Jomoanenne [ U BO
soenenne K Jonoanenuw I1.

[Tpunocum cBoto GnarogapHoctb A. ®. Hukudoposy u H. C. T'y-
[IMHY 3a psiJi LeHHBIX 3aMeuaHuil,

1972 A. H. Tuxonos, A. A. Camapckuti
NPEAUCIIOBUE K TPETBEMY H3JAHHIO

B Hacrosiliee u3naHHe BHeCeH psJ H3MeHEHWH H HONOJHEHHH,
HauGosbieMy u3MeHeHHIO NOABEPIJIHCh pPa3fedbl, KacalollHecst pas-
HOCTHBIX METOMOB pelUieHHs YpaBHEHHH MaTeMaTHuecKOH (HU3HKH. .
Onn ob6bepuHent B Bune-Jononnenus 1.

Mul cunTaeM CBOMM NPHSTHHM J0JTOM BbIPa3uTb GJArOAapHOCTD
B. §I. Apcennny 3a psan LeHHHX 3aMeuaHHuil, a Takxe B. B. Kpas-
LOBY 32 GOJbLUIYIO OMOLIb NPH HOATOTOBKE 3TOrO H3JAHHS.

1966 A. H. Tuxonos, A. A. Camapcrui
U3 NPEAHCJAOBHUSI KO BTOPOMY HU3JIAHHUIO

Bo BTOpOM HM31aliMKM YCTpaHEHB! ONEYAaTKH H HETOYHOCTH, 3aMe-
YeHHble B MepBOM H3naHuH. Hexoropwe pasaenbli, ocoGenHo B rJa-
sax IV u VI, noaeepraucs nepepa6otke. Hanucano wopoe mpuaoxe-
HHe K ryaBe VI,

ABTOpBI CYHTAIOT CBOMM NPHATHHM JOJIIOM BHPAa3uTh Gaaromap-
HocTh B. M. CMupHOBY 3a GoJibllloe YHC/IO LIEHHBIX 3aMeuaHHil, a Tak-
)Ke A. T'. CBemIHHKOBY 3a NOMOLIbL NPH NOATOTOBKE BTOPOrO H3AaHHS,

1953 A. Tuxonos, A. Camapckuii

W3 NPEAWCJ/IOBHSI K NEPBOMY H3[AHHIO

Kpyr Bonpocos matemaTnueckofi QU3MKH TECHO CBA3aH C H3yue-
HHEM PasJHYHbIX QH3HyecKuX mpolueccoB. Ciofa OTHOCATCS SIBJAEHHS,
H3yyaeMble B THAPOIHHAMHKE, TEODHH YNPYrOCTH, SJEKTPOLHHAMHUKE
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A T. 1. BosHuKalomlue NpH 3TOM MaTeMaTHYeCKHe 3aflaid coAepkKaT
MHOTO OGIIHX 3JeMEHTOB H COCTaBJAIOT NpeJMeT MaTeMaTHYeCKOf
(H3UKH.

MeTo HccielOBaHHS, XapaKTepPH3YIOWIHH 3Ty OTpacab HayKH,
ABJfAETCA MaTeMaTHYeCKHM IO cBoeMy cylllecTBY. OIHAaKO IOCTaHOB-
Ka 3ajay MaTeMaTH4YecKOH (pH3HKH, OyAyuH TeCHO CBSI3aHHOH C H3Yy-
YyeHHeM (H3HYEeCKHX Npo6JieM, uMeeT cnenv¢pHUeCKHe YepTHI.

Kpyr BompocoB, OTHOCALIMXCS K MaTeMaTHYeCKOH (H3HKe, upes-
BhIYaliHO IIHPOK. B mpesnsaraemoit KHHre paccMaTpUBAlOTC 3alayH
MaTeMaTH4YeCKOH (H3HKH, NPHBOASIIHE K yDaBHeHHAM ¢ YaCTHLIMH
NPOH3BO/JHBIMH.

Mul cTpeMHJIHCh HOAYHHHTHL BHIOOp H H3JOXeHHe MaTepHaja Xa-
PAKTEPHCTHKE THIHYHBIX (PH3HUECKHX MPOLECCOB, B CBSI3H C UeM pac-
NOJIOKEHHE MaTepHasla COOTBETCTBYET OCHOBHLIM THIAM YypaBHEHHIl,

MayueHHe KaxkJOro THIa YpaBHEHUH HauyWHAETEs C NPOCTEHINHX
(dH3HUECKUX 3a]au, MPUBOASLIHX K YpaBHEHHSM paccMaTpHBaeMoro
Tuna. Oco6oe BHHMaHHe YJesseTcss MaTeMaTHYECKOH NOCTAaHOBKE
3ajiau, CTPOroMY H3JIOXKEHHIO pelleHHs HmpocTeHIInWX 3anay u ¢(usy-
YyecKOl HHTepIpEeTalHH NOJyYyaeMEIX pe3yabraTos. B kaxmoi ruaee
noMelleHH 3ajayH, Npecjefyiolide, B OCHOBHOM, lLielb Pa3BHTHH
TeXHHUeCKHX HaBHIKOB. HekoTopnle 3afauu camn mo ce6e npexacras-
asior Gu3uyeckHil HHTepec. B konlle KaXKa0#i ryiaBbl NOMEIIeHH NMpPH-
JIOXKEHHSI, B KOTOPHIX RAIOTCSI [PHMephl NMPHMEHEHHS H3J0XEHHBIX
B OCHOBHOM TEKCTE€ METOMOB K peLIeHHI0 Pa3JHYHBIX 3a7au (H3UKH
H TeXHHKM, a TaKxe NPHBOAUTCA psAN NPHMEPOB, BBIXOAALIHX 32 paM-
KM 3a/1a4, pacCMaTpHBaeMbIX B OCHOBHOM TeKcTe. Bei6Op TakHX MpH-
MepOB, HECOMHEHHO, MOXKHO CHJIBHO BapbHpPOBATh.

KHHra coJiepKHT JIMIIb YacTh MaTepHaJa, BXOASIIEr0 B Kypc Me-
TOJOB MaTeMaTHueckoH (u3HKH. B KHHTYy He BXONAT TeOpHsI HHTE-
rpajbHbIX ypaBHEHHH H BapHalMOHHbIe MeTOlbl. IIpH6aHXKeHHble Me+
TOJABI H3J0XEHH HEJOCTATOYHO MOJIHO.

B ocHOBY KHHrd ObLIH NOJIOXKEHBI JeKIHH, YHTABIIHECS CBHIIIE
necatu jet A. H. TuxoHoBeiM Ha ¢H3HueckoM ¢akyasrere MIY. Ya-
CTHYHO COJiep:KaHHe 3THX JieKUHH 6bl10 OTpaXkKeHO B KOHCIeEKTax, H3-
NaHubix B 1948—1949 rr. B npeanaraeMoi KHHre MaTepHaJ KOHCIEK-
TOB GbIJ pAacUIHPEH H NMOABEPTHYT KOPeHHO! mepepaboTke.

Mgl pajbl BO3MOXXHOCTH BHIpa3HTh 6J1aroflapHOCTh HaUIHM y4eHH-
kam u ToBapumwaMm mo pabore A. B. Bacuaveso#i, B. B. T'nacko,
B. . Unvuny, A. B, Jlykeanosy, O. U. Ianwiuy, B. . Poxnecrsen-
ckomy, A. I'. Cemnnkosy u [I. H. Yeraeny, 6e3 moMou KOTOPBIX
MBl BPAJ JIH CMOrJIHM OBl NOJATOTOBHTH K NEYaTH KHHrY B KODOTKHI
cpok, a takxe [O. JI. Pa6uHoBHYY, NpOYHTaBIIEMY DPYKOIHCH H cle-
JdaBlieMy psJ LUeHHBIX 3aMEYaHHui.

1951 A. Tuxonos, A. Camapcrui



TJTABA I

KIIACCHOHKALUHUA JHPPEPEHUHAJDbHBIX YPABHEHHHA
C YACTHbBIMH NPOH3BOJAHbBIMH

MHorue 3ajayd MaTeMaTHYecKOH (GH3HKH NPHBOAAT K AHOe-
PEHIHANbHBIM YPaBHEHHAM C YaCTHBIMH NpoH3BOAHBIMH. HauGonee
yacTo BcTpevalorcs AHbdepeHuHaNbHble ypaBHEHHA 2-TO NOpPARKa.
B Hacrosimie#i riiaBe MBI pacCMOTPHM KJacCHOHKauLMIO 3THX ypas-
HeHHH,

§ 1. Kanaccudukauus ypasHeHuni
€ YaCTHbLIMH NPOM3BOJHBIMH 2-TO NOPALKA

1. Jnddepennnanbubie ypaBHeHH ¢ ABYMA He3aBUCHMBIMH Ie-
peMeHHbIMH. JlaguM HeoGXOZMMble ONpelesieHHUSI.

YpaBHeHHEeM C YaCTHBIMH APOH3BOAHBIMH 2-TO NMOpPSIAKA C AByMS
He3aBHCHMBIMH MepPeMEHHBIMH X, y Ha3bIBAeTCs COOTHOLICHHE MeX-
Ay HeusBecTHOH ¢yHKuMeH u(x, y) H ee YACTHBIMH NMPOH3BOLHHLIMH
RO 2-T0 NOpsiKa BKJIOYHTENbHO 1):

F(xr y, ul ux! uyv uxx: uxy: uyy)=0'

AHaJIOTHUHO 3anHCbIBaeTcs YpaBHeHHe H IJ4 00JIbILIETO YHCJA He-
3aBHCHMBIX II€pEeMEHHbIX.

YpaBHeHHe Ha3blBaeTcs JHUHEeHAHBIM OTHOCHTEJVIbHO
CTApUWHUX NPOU3BOAHDLBIX, €CJH OHO HMeeT BHI

anlyx + 2al2uxy + Ayl yy + F, (x, Y, U, Uy, uy) =0, (1)

roe @iy, Qi2, Qg2 ABJIAIOTCA QYHKIHAMH X H Y.

Ecnn k09Q(HIHEHTH a4y, Q3, Gy 3aBHCAT HE TOJBKO OT X H Y,
a sBasOTCA, NORo6HO Fi, QyHKuUMAMH X, Yy, 4, Uy, Uy, TO TakKoe
ypaBHeHHe Ha3blBaeTCsl KBAa3HJHHE A HBIM.

YpaBHeHHe Ha3blBaeTCsl JHHEHHH M, eCJIH OHO JHHEAHO KakK
OTHOCHTEJIbHO CTapUIMX NPOHU3BOAHBIX Uxx, Uxy, Uyy, TAK U OTHOCH-
TeJbHO QYHKIMH U M ee NePBHIX NPOU3BOAHBIX Uy, Uy

aylyy + 2a5u,,+ Qoold yy + byt + bouy + cu + f=0, 2

) Mu nosb3yemcsi C/IeAYIOUHMH OGO3HAUEHHAMH I/ MPOH3BOLHHIX:
du du 0%u 0% 0%
2

By = —3—

axt Ty YT g MwT gy YwTom BT A
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TIe Qu, G, G, bi, bs, ¢,  — dyHkuuu TOIBKO X W Y. Ecau Ko3-
¢buiHeHTh ypaBHeHHA (2) He 3aBHCAT OT X M Y, TO OHO NpejiCTaB-
asieT co60H JHHelHOe ypaBHeHHe C MOCTOAHHBIMH KO3 dHUHeHTaAMH.
YpaBHeHHe HasblBaeTcd ONHOPOAHBIM, ecnd f(x, y) = 0.

C nomolubio ripeo6pa3oBaHus MepeMeHHbIX

E=0(x, y), n=0(, y),

jJomyckakouero o6paTHoe npeofpasoBaHHe, Mbl I[OJYyYaeM HOBOe
ypaBHeHHe, 3KBHBaJleHTHOe HCcXORAHOMY. EcTecTBeHHO moCTaBHTbL BO-
Apoc: Kak BHIOPaTh § H 1, YTOObl YypaBHEHHE B 3THX MePeMEHHBIX
HMes0 HauboJee. npoctyio dopmy?

B 5ToM myHKTe MBI JaJUM OTBET Ha NOCTAaBJIEHHBIH BOMpOC AJs
ypaBHeHHH, JIMHEHHBIX OTHOCHTEJNbHO CTAPLIMX NPOHU3BOJAHHEIX BHAZ
(1) ¢ ZRYMS He3aBHCHMBIMH NepeMeHHBIMH X H Y:

Qylyy t 2a5U, ) + aguy, + F(x, y, u, u,, u,) =0.
Ipeo6pasyst MPOU3BOJHBIE K HOBBIM NMEPEMEHHBIM, MOJyYyaeM:
Uy = Uly + Uy, .
uy=ugk, + UMy,
Uy =Ugehs + 2 B0, + gz + 0+ un,, (3)
Ugy=— uﬁﬁgxgy + Ugqy (Exny + gynx) + UnqNxNy + u%axy + Uiy,
Uy, = Ugl] + 2up ko, + womf + wE, +um,,.

TMoncraB/iss 3HaueHHs! NPOM3BOAHBIX M3 (3) B ypaBHeHue (1), Gy-
JeM HMeTb:

ay g + 24,9lgg + Gggling + F=0, 4)
a, = a;t;+ 20,88, + a22§§,
A =aEMs + app (gx'rly -+ T]xgy) + Qgof My
gy = a, M, + 2a;,n,n, + apynl,

a ¢yHkuus F He 3aBHCHT OT BTOPBIX NMPOM3BONHBIX. 3aMeTHM, UTO
eCc/IM UCXOJIHOe yDaBHeHHe JHHeHHOo, T. e.

F(x, y, u, uy, u)=bu, + b, +cu+J,
To F HMeeT BH[I
F(g: n, 4, Ug, un) = fuz + ﬂ2un + yu + 6,

T. €. ypaBHeHHe OcTaeTrcs JHHeHHbIM ).

rage

!} OtmeruM, uTO ecan MpPeo6pasoBaHHE MEPEMEHHBIX JHHe#HO, T0 F = F,

TaK Kak BTOpbie NPOH3BOZHME OT & M 1 B dopMmynax (3) paeHu, Hymwo H F ue -
noay4aer JONOJMIHUTEJNbHRX CJdaraeMblx OT npeoﬁpaaoBaHuﬂ BTOple OPOH3BOIHKIX.
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BroibepeM nepeMenHble § H 1} Tak, 4YTOOB KO3(GHUHEHT @44 OBLI
paBeH Hyaw. PaccMoTpuM ypaBHeHHe ¢ YaCTHEIMH NPOH3BOXHBIMH

1-ro nopsanka
2 2 —
ap2 + 2a,,2,2, + a2’ =0. (5)

Ilycts 2 = ¢(x, y) — Kakoe-HHOYAb YaCTHOE pelleHHe ITOro ypasb-
HenHs. Ecan nosioxutb & = ¢(%,y), T0 K03pOHIHEHT 4, OUEBHI-
HO, Oyzmer paBeH Hyaio. Takum oGpa3oM, ynmoMsiHyTasi Bblllle 3ajaya
0 BHIGOpE HOBHIX HEe3aBHCHMBIX IepeMeHHBIX CBf3aHA C pelleHHeM
ypaBHeHHus1 (5).

JloxkaxeM cienyiouise JeMMBbl.

1. Ecau 2 ==@(X,Yy) ABAAETCA 4ACTHOIM peUleHUEM YPABHEeRUSA

2 2
a2+ 2a,2,2, + a,2; =0,

TO cooTHowenue ¢(x, y) = C npedcrasaser coboi obuwjull unrezpar
06bIKHOBEHH020 OuhhepernyuarbrLoeo YpasHenus

a, dy? — 2a,, dx dy + ay dx?==0. (6)
2. Ecau ¢(x,y) = C npedcrasaser coboili obuwuii uurezpar
006biKHOBEHH020 JuhheperHyuarvbroeo YypasHenus
a;; dy? — 2a,dx dy -+ ay, dx* =0,

10 pynkyus 2 = @(x, y) yoossersopser ypasuenuo (5).
HokaxeM nepByio .JeMMy. [lockoabky OyHKIHS 2= @(X,Y)
yIOBJIETBOPSIET yPaBHEHHIO (5), TO pPaBeHCTBO

an(%)rz—Qaw(—%)‘Fam:O (7)

ABJSeTCA TOXKIECTBOM: OHO YIOBJETBOpsAETCA HJA BCEX X, §J B TOH
obJacty, rae 3amaHo peuieHne. CoorHomeHHe @ (%, y) = C saBasercs
0oGUUM HHTerpajsoM ypaBHeHHs (6), ecan QYyHKUHS Yy, onpene/NeHHAs
H3 HeSIBHOTO COOTHOIIEHHS ¢(X,y)= C, YyLOBJETBOpsieT YypaBHe-
uuio (6). ITycts

Y =f(x» C)
ecTb 3Ta (QYHKIHUS; TOrLa
dy __ [fpx(x,y)]
dx oy (x, ) y=f (%, C) ’ (8)

roe CKOGKH M 3HauoK y = [(x, C) ykasblBalOT, YTO B NPaBOH 4aCTH
paBeHnctBa (8) nepemenHasi y He sBJseTCS He3aBHCHMOH mepemeH-
HO#, a HMeeT 3HaueHue, paBHOe f(x,C). Ortcioma chaenyer, urto
y = f(x, C) ynmosaerBopsieT ypaBHeHH10 (6), Tak Kak

dy \2 dy
a (W) —2a, 5T ap=

= [a“ (~ %:)2 - 2%( - %:) +4a22:|y=f ) 0,
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MOCKOJIbKY BEIPAXeHHe B KBaJpaTHBIX CKOGKAaX PaBHO HYJIO NpH
BCeX 3HaYeHHAX X, Y, a He TOJbKO Npu y = [(x, C).

HokaxeM Bropyio JaeMmMmy. Ilycts (X, y) == C — o6mufi uH-
Terpa ypaBHeHHs (6). JokaxkeM, yTo

a,@; + 2a,,9,9, + a,P, =0 (7

ans mo6oit ToukH (x, y). Ilyctb (Xo, 4o) — Kakas-HHGYAb 3aJaHHAsA
Touka. Ec/im Mbl JOKaxkeM, 4TO B HeH yIOBJIETBOPsieTCS PaBEHCTBO
(7’), 10 oTCIOAa B CHJYy NMPOU3BOJBHOCTH (Xo, Yo) OYyHeT cClen0BaTh,
yTO paBeHCTBO (7’) ecThb TOXAecTBO H (yHKRUHA @(X, y) aABAfeTcA
pewenuem ypabHeuus (7°). IIposeneM uepe3 TouKy (Xo, §o) HHTe-
rpanbHYl0 KpHBYIO ypaBHeHHsi (6), mosaras @(xo,4o) == Co u pac-
cMaTpuBas KpuByl0 Yy == [(x,Co). OueBHAHO, uTO Yo == f (%o, Co).
Jlns Bcex Touek 3Tofi KDHBOH HMeeM:

dy \2 dy
an (?Z‘) — 2013+ ap=

- 72 L _ % —
- [a“ ( oy ) 2a;2 ( Py ) + a22]y=f . Co 0
Monaras B noc/efiHeM paBeHCTBe X == Xg, MOJYYHM:
a9y (%o¥o) + 20,59, (%o4,) @, (*¥oo) + @2 (%045) =0,

yTo H TpeGoBajioch AOKa3zarh1).

YpaBHeHHe (6) Ha3biBaeTci XapaKTEPHCTHYECKHM A
ypaBHeHHs (1), a ero uHTerpajbl—XapaKTEePHCTHKAaM H.

ITonaras &= ¢(x,y), rae @(x,y) = const ectb o6muii HHTe-
rpan_ypasHeHHs: (6), Mbl ofpainaeM B HyJdb Ko3$dHUHEHT npH
ugg. Ecau P (x, y) = const saBisierca APYrHM OGIIHM HHTErpaJiom
ypaBHenusa (6), He 3aBHCHMBIM OT @ (X, y), To, noaaras 1 = (¥, y)
Mbl O6paTHM B HYJIb TaKXKe H KOIDOHIHEHT NPH U,

YpaBHenue (6) pacnajaercs Ha JBa ypaBHEHHS:

dy  ap+ V“fz — aydy
’

E= a (9)
dy  ap— Vat, — ayjay
= a . (10)

) Ycranosnensas cBsi3h ypaBHeHHf (5) u (6) 9KBHBA/NeHTHA H3BECTHOM
cm3u (cm. Crenanos, Kypc audpdepennnansuux ypasnennit, 1937, crp. 287;
Cuupuos, Kypc Bucmesi marematnkH, T. II, 1948, ctp. 78) MexAy JHHeHAHBIM
ypaBHeHHEM C YaCTHRIMH IDOH3BOJHHMH 1-ro mopsiika W CHCTEMON OBGHKHOBEH-
HHX AH(¢epeHUHANbHbIX ypaBHEHHA. B 3TOM MOXHO yGenuThes, paajaras JeBYiO
gactb ypaBHeHHst (D) B npoussefeHHe ABYX JHHEAHHX AU(EPEHIHANBHHX Bhle
paxeuni,
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3Hak MOAKOPEHHOrO BHIPAXKEHHS ONpejeNsieT THN YpaBHEHHs

Qyylhxy + 219 gy + Guy, + F =0, (1)
dto ypaBHeHHe MH 6yJeM Ha3blBaTb B TOUKe M ypaBHeHHeM

runepG6oaHYECKOr O THNA, ecau B Touke M a2, — a,a,, > 0,
9JJHNTHUYECKOTO THMNA, eCIH B TOuKe M ai, — aa,, <0,
napa6onuyecKOro THNa, eCH B Touke M a?, — a,,a,,=0").

Herpyzano y6enuTbcsi B NpaBHABLHOCTH COOTHOIIEHHS
22 __m o= (a2 2 _ _
af, — G0, =(a}, a,ay)D? D= g, — k&,

H3 KOTOPOro cjejlyeT HHBADHAHTHOCTb THIA YpaBHEHHS INpPH Mmpe-
00pa3oBaHHH MepeMeHHbIX, TaK KaK (YHKLHOHAJbHLIH ONpexesu-
Teab (sko6HaH) D npeo6pasoBaHHs NMepeMEHHBIX OTJIHYEH OT HYJs.
B pasnnuHbix TOukax 0G6JacTH ONpeleeHHsi ypaBHEHHe MOXeT
NpHHAAJeXaTh PA3JHYHEIM THIAM.

Paccmorpum oGnacte G, BO BceX TOYKax KOTOPOH ypaBHeHHe
HMeeT OIHH H TOT Xe THN. Yepe3 Kaxaylo Touky o6saacta G mpo-
XOAT JIBe XapaKTePHCTHKH, NPHYeM AJs ypaBHeHHH runepGonuue-
CKOrO THMA XapaKTepHCTHKH [eHCTBHUTENbHB H pPas3JHYHBL, 175
yPaBHeHHH 3JJIMINTHYECKOTO THIAa — KOMIJIEKCHBl H Pas/iHYHH, a
s ypaBHeHHH napabosiHyecKkoro THna ob6e XapaKTepHCTHKH [eii-
CTBHTEJIbHBI H COBNAJaloT Mex1y co6of. .

Paa6epeM KaxX/bili U3 3THX CJYyuaeB B OTHeJbHOCTH.

|. Jlna ypaBHeHHs rHnepGOJHUECKOrO THNA &), — QA >0 H

npaBuie yacTH ypaBHenu#it (9) u (10) meHCTBHTE/NbHBI M Pa3IHUHHL.
O6wmue uuTerpanbi Hx (X, y) =C u P(x,y) = C onpenensior
JNeHCTBHTENbHble ceMelicTBa XxapakTepHCTHK. [lonaras

§=q)(x! y)s ’l=‘p(x! y)v (11)
NPHBOJUM ypaBHeHHe (4) mnocie JeleHHss Ha Ko3hQHUHEHT mpH
Uy, K BHLY

: F
ug =D E, 0, u, uy, uy), rIE (Dm-—m.

dTo — Tak HaspiBaeMas KaHOHHYecKas (opMma ypaBHeHuil
runep6oauyeckoro THna?2). Yacto moab3yloTcs BTOPOH KaHOHHUECKOH

!) Dra TEPMHHOJOTHS SAHMCTBOBAHA H3 TEOPHH KPHBHX 2-r0 MOpAJKa.

?) Hoaa Toro urobn Obil0O BOSMOXHO BBEAEHHE HOBHX MNEpeMEHHHX E H 1)
uepe3 QYHKUHM @ H P, Hano YOEIHThCA B HE3aBHCHMOCTH S8THX ¢QyHMKuufl, Kocra-
TOYHHM YCJOBHEM HEro SIBJSIETCS OTJHYHE OT HYJsl COOTBETCTBYIOWEro ¢ yHKUHO-
HaJbHOTO onpeneautens. Ilyctb ¢yHKUHOHAIBHNMA ONpefeNHTe b

Px Vx
Py Yy
B HeKoTOpol Touke M oOpamaerca B Hyab. TOrZa HMEET MECTO HpPONOPUHOHANL-
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tdopmoit. TTonoxum

E=a+p n=a—4,
T. €.
a=§_42'1, p=S5=1

2 ’
rie o 1 f — HOBble MepeMeHHbie. Torna

| 1 1
U= (ug + uﬂ)) Uy=v% (g — ug)s Uen=7 (Ugq — uﬁﬂ)'

B pesysabTaTe ypaBHeHue (4) npumer BHI
uaa -_ uBB == q)l ((I)l == 4@).

2. lns ypaBHeHHH mnapaGoJHYeckoro THma a%, — auaxp =20,

ypaBHernHs (9) u (10) coBmapgaioT, H Mbl moJayuyaeM OAHH OGLIHil
uHTerpan ypasHeHus (6): ¢@(x,y) = const. IlosioxkHM B 3TOM
cayvae

E=0ox, y) 1 n=n(, py),

rae n(x,y) —aobaa ¢GyHKUMA, He 3aBHcHMast oT ¢. IIpu Takom
BhIOOpe NepeMeHHBIX KO3(PGhHIIHEeHT

@y ==a,t; +2a,885, + aytl = (VE; &+ Va_ﬂgy)z =0,

TaK Kak Q9= Va—” Va_n; oTCIOla CJeNyeT, 4TO
Q1o = anEene + a1 (Eemy + Enx) + apt =
= (Vau .+ Vazz Ey)(Vau Ne + Va_fzzrly) ==0.

IMocne nenenus ypaBHeHHs (4) Ha KOI(DQHUHEHT MPH Uy, NOJYYHM
KaHOHHYecKylo (GopMy I/si ypaBHeHHA napaGoJHYeCKOro THIA

F
u'rm=(D(§v n, 4, ug, u'q) ((Dz_d_” .
HOCTb CTPOK, T. €.
Px P«
- ’
Py by
4qT0, OAHAKO, HEBO3MOXHO, TaK Kak
2 2
Py - ay + Val2—alla22 0 by __ Qg — Va12_a“a22
Py a1 Yy ay,

(ol — ay00> 0)

(nps 3TOM MBI cyHTaeM a; 3= 0, 4TO He ABAAeTCA OrpaHHYEHHEM OGUIHOCTH).
Tem caMhIM He3aBHCHMOCTb GYHKUHE @ M P yCTaHOBJEHA.



§1] KJIACCU®UKALIUSI YPABHEHUM 2-TO TIOPSIAKA 17

Ecan B mpaBylo 4YacTb He BXOJOHT WUy, TO 5TO YypaBHeHHe GyxeT
OGBIKHOBEeHHBIM AU (depeHIHaNbHBIM ypaBHEHHEM, 3aBHCALIHM OT
& kak or mapamerpa.

- 3. lns ypaBHEHHs SJJHNTHYECKOTO THNAa a2, —andx <<0 n

npasble yacTH ypaBHeHH# (9) u (10) xomnuexcHbl. ITycts

(p(xv y=C
— KoMIJekcHbli uHTerpas ypaBuenus (9). Torza
CP‘ (x! y)=C,

rie @* — conpsiKeHHass K ¢ (QyHKuHs, OyAeT NpeiacTaBisATb co6OH
o6uuii HHTerpas comnpsikensoro ypaBHeHHs (10). Ilepefinem k
KOMIIJIEKCHBIM [epeMeHHBbIM, oJaras

E=ox, 5, 1=9¢ (x y).

[Tpu 3TOM ypaBHeHHe 3JJIHIITHYECKOTO THIA NMPHBOAHTCA K TaKOMY
JKe BHIY, UTO U THnepO6ONHYeCKOe.

Uro6bi He MMeTb JAeJa ¢ KOMIVIEKCHBIMH IepeMeHHBIMH, BBeleM
HOBLIe NepeMeHHble o U f§, paBHBEIE

_9+9¢ p—2_0

o= 2%’

TaK uTo
E=a—+if, m=oa—if.

B sToM cayuae
a,kl+ 208 8, + Akl =
= (a,,0% + 2a,,0,0, 1 azz“ﬁ) —(a B + 20,8, + ax,®) +
4 2i (@085 + aip (axBy + ayﬁx) + a22“yﬁy) =0,
G =0y Hu a,=0.

YpaBHeHue (4) mocsae AejdeHHs Ha KO3(h(HUHEHT NpPH Uy, NOPHHH-
MaeT Bun!)

Ugq + gy =D (a, B, u, ug, uy) ((.D= — i)

Takum o6pa3oM, B 3aBHCHMOCTH OT 3HaKa BblpaxKeHHA
a?, — apay,  MMET MeCTO CJelylollHe KaHOHHYeCkHe (opmbl

T. €.

') TTomoGHoe mpeo6pasoBaHHe 3aKOHHO TOJBKO B TOM caydae, €CIH Kosd-
¢uunentsr ypapheHus (1) — aHanurHuecknme ¢yHkuuH. [leficrBuTenbHo, eCiH
0%2—(111022 << 0, To mpaBble gacrtu ypaBHeHHA (9) u (10) KOMILIEKCHH, a cJaefo-
BATeJbHO, QyHKUMSI Y HOMKHA HMETh KOMIUVIEKCHBE 3Hauenus. O peweHHH ITHX
YPaBHEHHA MOXHO FOBODHTb JIHIWIL B TOM CJydae, KOTAa KO3((PHUHEHTH i (X, Y)
onpejie/IeHsl AJsl KOMILIEKCHHX 3HaueHHA y. IIpH mpHBEeJEHHH ypaBHEHHs SJJIHI-
THYECKOTO THNMa K KaHOHHUECKOR ¢(opMe MEl OrpaHHYHMCSl cay4yaeM aHaJHTHYe-
CKHX K03()(HUUHEHTOB.
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ypaBHenus (1):
2 | —_— j— i
a’,—a,,a,, > 0 (runepGoNHUECKHHA THII) Uy, — U, = O naun u,, = D,

2 % —
a}, —a,,a, < 0 (sanunTHueckuit THn) u,, + u, =,

2 f— J—
al,—a,,a,,— 0 (napaGoanueckuit THn) u, =o.

2. Kaaccuduxauns ypaBHeHHH 2-ro MOPSJKAa CO MHOTHMH He3a-
BHCHMBIMH TNEPEMEHHbLIMH. PaccMOTPHM JIHHEiHOe ypaBHEHHe ¢ Jefi-
CTBHTEJNLHLIMH K03(h¢HIIHEHTaMH

I Qujllygx, + Z.ll by, +cu +‘f= 0 (ay=ayu), (12)

j=1 i=I
rae a, b, ¢, f aBasAoTcA QYHKUHAMH X4, X3, ..., Xn. BBelleM HOBLIE
He3aBHCHMbIe NepeMeHHEIe Ep, mosaras

§k=§k(x], Xay v o0y xn) (k=l’ cevy n)'
Torna ‘
n n n n
uxj == k§l uEkaik’ uxix] = El 12'—11 ugkglaikall + kél ugk (gk)"i‘f,l’
rae

4T
Agp = ax‘ .

[MoacraBass BuipaXKeHHs IJsi MPOU3BOLAHBIX B MCXOILHOE YpaBHEHHE,
NOJYUHM: .

n n
2 apuyy, + 2 by, + ou + =0,

1 I=1

=

rae
n

n n n o n )
ap=2 . | 31/%0 b= ,21 bjoy, + gl ]2__1 aij (gk)xi"l.

ie=] j=

PaccMOTpHM KBaapaTHYeCKylo (opmy

n n
0
a 13
2 PILAZR (13)
k03 QHIHEeHTH KOTOPOH paBHH KO3((HIHEHTAM da;; HCXOLHOTO
ypaBHenHsi B HekoTopol Touke My(xJ, ..., x3). [Ipoussons naxn ne-

peMeHHBIMH ¥ JIHHe#kHOe npeo6pasoBaHHe
n
Yi= 2 ik,
k=1
NOJYUHM JUIfl KBaJpaTHYeCKOH ()OPMBI HOBOE BblpaXKeHHe:

n n n n
~0 ~70 — 0
2a rae @l =2 Xala,q,.
2” ] YU AU o= A A%
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TakuM o6pa3oM, k03¢ GHIHEHTH TIJIaBHOH 4YacTH ypaBHEHHS H3Me-
HAIOTCA aHaJIOTHYHO KO3(pHIHeHTaM KBaJpaTHuecKOoH (HOpMH IpH
JHuAeHHOM Tpeo6pa3oBaHHH.

Kak H3BeCTHO, BEIGOPOM COOTBETCTBYIOLLEro JHHeHHOro mnpeo6-
pas3oBaHHsl MOXHO NPHBECTH MaTpPHIY (a‘}, ) kBazpaTHYecko#t dop-

Mbl K IHaroOHaJbHOMY BHAY, B KOTODOM
|c‘z‘,’,|=l, au6o 0;

ﬁ?1=0 (i#j) i! j=ll 2) '--n)°

CornacHo 3aKOHY HHE P Il HH, YHCIO NOJNONKHTENbHEIX, OTPHIIA-
TEJNbHbBIX H PaBHBIX HYJI10 KO3¢)¢)HHH€HTOB d?i B KAHOHHYECKOM BH-
Jle KBaApaTHYHOH (OpPMBI HHBAPHAHTHO OTHOCHTEJbHO JIHHEHHOro
npeo6pa3oBaHus. '

Hasosem ypaBuenue (12) B Touke M, ypaBHeHHeM 3JJHMT H-
HeCKOTrO THIA, eCJH Bce N KO3(Q(HUHEHTOB &%, OIHOTO 3HaKa;
runep6oaHYecKOro Ttina (MIH HOPMAaJbHOTO THINep-
6onnueckoro THma), ecaH n—1 ko3pduunentTos aj, umeior
ONIMHAKOBHIA 3HAK, a OJAHH KO3((HLUHEHT NPOTHBONOJNOMXKEH HM [0
S8HaKy, yJAbTparunepGoNHYeCKOTO THIA, €CNH CPelH &),
HMeeTcsl M KO3(QQHUHEHTOB OJHOTO 3HAKa H 7 — m HPOTHBOIO-
JIOXHOro 3Haka (m, n—m>1); nmapaGoOMHYEeCKOTO THNA,
€CJIH x0T Obl OJHH H3 KO3($HUHEHTOB @), paBeH HYJIO.

Boi6upas HOBhle He3aBHCHMEIE [€PeMeHHble £; Tak, YTOGH
B Touke M,

9% __ o
i gx, T Yuw

a

rae of, — Ko3pHUHEeHTH NPeo6pas3oBaHHsi, NPHBOASIIEr0 KBajpa-
THueckyio ¢opmy (13) k KaHOHHUecKOMY BHAy (Hampumep, mosaras
§k=2a‘i‘2xi),nonyqnm, uT0 B TOuYKe My ypaBHeHHE B 3aBHCHMOCTH
OT THNA MPHBOJHTCA K OJHOH M3 CJeAYIOUIHX KaHOHHUECKHX (BopM:

Ug iz, Urx,+ oo+t x + O©=0 (37HNTHUECKHA THN),
n
gz, == 122 Uz, + @ (runepGosuueckuit THN),
n

m
Dlry= 2 Uee+® (Mm>1, n—m>1)
= Yt =my

(yabTparunepGonuueckndt TH),
n—m

2 (£ trp)+O=0 (m>0) (napa6osuyueckuit THI).
i=I|

Msl He ocTaHaBJHBaeMCa NMPH 3TOM Ha Gojee MOAPOGHOM HeNEHHH
ypaBHEHHA NapaboJHYecKOro THNA Ha YpaBHEHHS 3JIHNTHYECKHe
napaGoJHuYecKHe, THMepOONHYECKH-N1apaboNHyecKHe K T. I
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Takum o6pa3som, ecnu ypaBHeHHe (12) B HekOTOpoH Touke M
NPHHAJJIEXKHT K ONpeJe/eHHOMY THIY, TO €r0 MOXHO MPHBECTH K
COOTBeTCTBYIOLeH KaHOHHUYECKOH ¢opMe B 3TOH TOUKe.

PaccMoTpuM moapoGHee BONpOC O TOM, MOXKHO JH NPHBECTH
ypaBHeHHEe K KaHOHHYeCcKOH (opMe B HEKOTOPOH OKPECTHOCTH TOUKH
M, ecnu Bo Bcex TOUKax 3TOH OKPECTHOCTH ypaBHEeHHe IPHHaJIe-
XKHT K OJHOMY H TOMY 2Ke THOY.

Jns npHuBeleHHs ypaBHEHHS B HEKOTOPO# 06JaCTH K KaHOHHUe-
CKOMY BHMAYy HaM NpHUNIOCH Obl GYHKUHHM E;(Xy, Xa, ..., Xn) (i =
=1, 2, ..., n) NOAYMHHUTb Jud¢depeHIHaJbHBIM COOTHOIEHHAM
ap = 0, pnsa k=~ [ Uucno 3tux ycJoBHH, paBHoe n(n— 1)/2, npe-
BOCXOJIHUT 7 — YHCJO onpelensieMblx ¢GyHKUME & npu n>3. [das
n =3 HeAHaroHa/jbHble 3JEMEHTH MaTpHLBl (&), BOOOILE ToBOPH,
MOXHO Obl10 Obl OGPaTHTb B HYJH, HO IPH 3TOM JHATOHAJbHbIE 3Je-
MEHTBl MOTYT OKa3aTbCsl Pa3JUYHBIMH.

CaenoBaTe/bHO, NPH 7 == 3 ypaBHeHHe HeJb3sl NPUBECTH K Ka-
HOHHUECKOMY BHAY B OKDPeCTHOCTH TOUKH M. l'IpH n = 2 MOXHO
o6paTHTb B HYJb €IHHCTBEHHBbIH HeJHATOHAJbHBIH KO3((HUIHEHT H
yIOBJETBOPHUTL YCJIOBHIO PaBeHCTBA JABYX IMAroHAJbHBIX K03(¢H-
IIHEHTOB, 4YTO U OBLJIO clejaHo B m. 1.

Ecian kos¢¢uinentsl ypaBHeHHs (12) MOCTOAHHBI, TO, MPUBOASA
(12) x kaHOHHYecKOH (dopMe B ONHOH TOuke M, MBI MOJYYHM ypaB-
HeHHe, NpHBeJEHHOe K KaHOHHYECKOH ¢opMe BO Bcel o6.aacTH on-
pelesieHHsl ypaBHeHHs.

3. KanoHnueckne dopmbl JHHEAHBIX ypaBHEHHH C MOCTOSHHBIMH
kos(puunenramMu. B ciyuae OByX He3aBHCHMBIX INePEMEHHBIX JIH-
HellHOe ypaBHEHHe 2-r0 MOpsAAKa ¢ MNOCTOAHHBIMH KO3(ddHIHeHTaMU
HMeeT BHJ

Aylyy + 209ty + Qgoltyy + ity -+ botiy + cu+f(x, y) =0. (14)

EMy COOTBETCTBYET XapaKTePHCTHUECKOe YpaBHEHHE C NOCTOSHHHI-
MH Ko3dduireHTaMHu. [To3TOMy XapakKTepHCTHKH OyAyT NPSMBIMH
JIHHHAMH
2
ayy + V= ayay — V“m apdg

Yy = x+Clv y= +C2-

a

C mOMOIIbIO COOTBETCTBYIOILErO Mpeo6pa3oBaHHA NepeMeHHBIX
ypapHeHue (14) NpHBOAMTCS K OXHOM H3 MpOCTeHHX (opM: ‘

tgs + Uy + bitty + bouty+ cu+f=0 (samunTuueckuit tum), (15)
u€ﬂ+b1ug+b2un+cu+f=0 |

HITH t (runep6onuueckuii Tum), (16)

ugy — an + bitdy =+ byttgr-cu +F=0 |
g + b1t + byt +cu+f=0 (napaGoJsmueckuit tun). (17)
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Ians najpHefillero ynpolieHHsi BBeleM BMeCTO 4 HOBYIO (QYHK-

IHIO U: N
u=eM+un. gy

rle A H p — HeompelenelHbe Moka noctosiHHble. Torna
Uy = M+ (v + Av),
Uy = M (v, 4 o),
Uy = ehe+un (vg + 200, + A%v),
Uy = €480 (v + Ao+ oy + Apo),
Uy == €90 (v, + 2p0, + wP0).

INoncraBasis BbIpa)KeHHs 1Js NPOM3BOAHBIX B ypaBHeHue (15) m
cokpaias 3ateM Ha e*tn mogyynm:

v§§+ U'm]+(bl +2A’) U§+(b2+2p') v'l]+
+ A+ p?+ bA + bu+c)v+ f;=0.

ITapamerper A W p BhIGHpaeM Tak, 4TOGbl 1Ba KOS(QUUHEHTa, Ha-
NpUMep, NPH MNEePBLIX NPOH3BOAHBIX, OODPAaTHJIHCL B HYJb (A =
= —b/2; p = —b9/2). B pesynbraTe NoJIyuuMm:

Vg + Uy + YU+ 1 =0,

rlle y — NOCTOsIHHAS, BhIpakawuiasicas depe3 ¢, by u by, [y==
= fe~*&tun) TIpou3BOAsl aHANOrMYHBle ONEpAlMH H IS CJaydYaeB
(16) u (17), mpuxoauM K CHeLYIOUMM KaHOHHYeCKHM (opMaM aas
yPaBHeHHH C MNOCTOSIHHBIMH K03 dHLHeHTaMH:

Ve + Ut yo+ =0 (samunTHyeckuit THI),

Vgt v+ =0

HJIH ¢ (rumep6osvuecKuil TuI),
veg_vnn+yv+fl=0 ]

Ugs + bovy + fi=0 (napaGosinyecKuil THI).

Kak 6biio OTMeueHO B I. 2, ypaBHeHHe C IOCTOSAHHBIMH KO3(¢H-
IHEHTAMH B CJydde HECKOJIbKHX HE3aBHCHMBIX NepeMeHHBIX

2 El @jthge, + 2 bittn, + cu 4 =0

HOPH NOMOILY JIHHEHHOro Nnpeo6pa3oBaHHs MepeMeHHbIX NPUBOIHTCA
K KaHOHHYeCKOMY BHAY OJHOBPeMeHHO A BCeX TouyeK 06JacTH ero
onpeneneHus. Beons BMecto u HOBYIO QyHKUIHIO ¥

U= vehlxl+7»2x2+ coe HA X,
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M BbHIOMpasi HyXHbIM CMOCOGOM A, MBI MOXeM JaJibliie YIPOCTHTb
ypaBHeHHe, YTO NPHBOAHT HAaC K KaHOHHYECKHM (GOpPMaM, CXOZHHIM
co cayyaeM n =2

3AJAYH K TJIABE 1

1. Hafitru o6aactH runepGOJHIHOCTH, SVJIHNTHIHOCTH H NapaGoJHIHOCTH
ypaBHEHHS

uxx + Yhyy =

# IPHBECTH €r0 K KaHOHHYECKOMY BHAY B 0GJAaCTH THNEPGOJHIHOCTH.
2. TIpHBeCTH K KaHOHHUECKOMY BHIY YPaBHEHHS:

a) gy xyuyy =0.

6) Yuyy — xtuyy + Uy + yuy==0.

B) eup, + 25 Vu,, + ePuy, =0,

r) dgx -+ (14 y)? uyy=0.

R) xuxx 2 V;;uxy + yuyy — ux==0.

e) (x =y ugx+ (xy — y* — x + y) uxy =0,

X) §ugy — Fuyy 4+ 1y =0.

8) sin® yuuyy — e¥uyy 4 3uy — 5u =0,

H) Uyx + 2uyy 4 duyy 4+ 2uy 4+ 3uy =0.

3. [lpuBecTH K KAHOHHYECKOMY BHAY H MAaKCHMAaJbHO YOPOCTHTb YpaBHEHH®
auyy + 2auyy -+ auyy + buy + cuy + u = 0; a,b,¢ — nocroauHHe.

4. Beens yHKumo v = ue* ™Y y puGHpan cOOTBETCTBYIOWIHM 06pa3’oM mHa-

paMeTpsl A H |4, YNPOCTHTb CJeIyIOLiHe YDaBHEHHA C INOCTOAHHBIMH KOS(Hs
LHEHTAMH:

a) uxx + uyy + aug + puy + yu=0.

1
6) Uygx =7 Uy + au + ﬂux-

1
B) Uxx— 72 Hyy = Gl + Buy + yu.

r) uygy = auy + fuy.



TATABA II

YPABHEHHS THNEPBOJIMYECKOIO THNA

YpaBHeHHS ¢ YaCTHBIMH NPOH3BOAHBIMH 2-TO NOPSAKA THnep6o-
JINYECKOrO THNA HaH6oJee 4acTO BCTPedaloTCss B (H3HUECKHX 3aja-
4yax, CBsI3aHHBIX ¢ InpoueccaMu Koaebanu#l. Ilpocrefiuzee ypaBHe-
HHe runep60JHYECKOro THNA .

Ugy —Uyy=0

OObIYHO Ha3bIBAIOT ypaBHeHHEeM KOJeGaHHH CTpyHBHL.
B nacrosmieii riase, Kak H B NOCJAeIYIOUIHX, Mbl OTPAaHHYHMCS pac-
CMOTPEHHeM KJlacca JIHHEHHBIX ypaBHEHHH.

§ 1. Hpocreiimne 3apaun, npUBOASILIHE K YPABHEHHAM
runepGoanyeckoro Tuna. floctanoska Kkpaesmx 3anau

1. YpaBHeHHe MaubiX nonepeyHbiX KoJeGaHuii CTPyHul. Kaxk-
Aylo TOYKY CTPYHH HJHHb [ MOXHO OXapakKTepH30BaTb 3Haue-
HHeM ee abcunccnl x. OmHcaHue mpouecca KoJeGaHHS CTPYHBI MO-
XKeT OLITb NMPOBeleHO INPH NOMOLIH 3aJaHHA [OJOXEHHS TOoYeK
CTPYHH B pasJjHYHble MOMEHTH BpeMeHH. Jlas onpeleseHHs nojo-
JKEHHSl CTPYHbI B MOMEHT BPeMeHH { JOCTaTOYHO 3a/1aTb KOMIIOHeH-
Thl BeKkTOpa cMmemeHus {u;(x,?), uqx(x,t), us(x,t)} ToukH x B Mo-
MeHT £, :

Mbl paccMoTpHM Haubosiee NpPOCTYIO 3afauyy O KoJeGaHUAX
CTPyHBL. Dynem npeanosaraTb, 4TO CMelLIEHHs] CTPYHBI JieXaT B Ofi-
HOH IJIOCKOCTH (X, #4) M YTO BeKTOP CMelleHHs # NepleHAHKYJsApeH
B JiI000H MOMEHT K OCH X; TOrJa Npouecc KoJeGaHH MOXKHO OINH-
caTb ONHOH ¢QYHKUHed u(x,?), XxapakTepHayiouleli BepTHKaJbHOe Ie-
peMelienHe CTpyHb. Bynem paccMaTphBaTh CTPYHY KaK THOKylo yn-
pyryio HHTb. MaTeMaTHUYecKoe BbIpaXKeHHe MOHATHS THOKOCTH 3a-
KJI0YaeTcss B TOM, YTO HaNpsiKeHHs,, BO3HHMKAIONIHE B CTPYHe,
BcerJa HanpasJieHbl 10 KacaTeJbHbiM K ee MIHOBEHHOMY NpOQHJII0
(puc. 1). DTo ycnoBHe Bbipaxkaer co60H TO, 4TO CTpyHA He CONpo-
THBJISIETCS H3rHOY.

BennuvHa HaTsXKEHHs, BO3HHKAIOWIEr0 B CTPYHe BCJAEJCTBHE Y-
PyrocTH, MOXeT OblTb BHYHCJeHa mo 3akony I'yka!). Bymem pac-
CMaTpHBaTb MaJjibie KOJeGaHHs CTPYHB! H NpeHeGperaTh KBaApaToM
Uy MO CPAaBHEHHIO C eIHHHIeH.

1) C. II. Ctpeakosn, Mexanuka, «Hayka», 1965,
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ITonb3ysicb 3THM ycJOBHeM, MOJCYHTAEM YAJUHEHHE, HCILITHBAe-
MOe YYacCTKOM CTPYHbI (Xi, Xz). JIIHHa Ayru 3TOrO yyacTka paBHa

S'= | V1+ (u,Pdx=x,— x,=S.

x

Takum o6pasoM, B npefesax NMPUHATOH HAMH TOYHOCTH YAJIMHEHHS
Y4acTKOB CTPYHBl B mpolecce KoJeGaHHA He MPOHCXOJHT; OTCIOA

u

Puc. 1.

B cHJy 3akoHa I'yka caenyer, uto BesquuuHa HaTsikeHuss T B Kax-
Jofi TOuKe He MeHseTcs co BpeMeHeM. [lokaXkeM TakxKe, 4TO HaTs-
JKeHHMe He 3aBUCHT H OT X, T. €.

T (x) = Ty= const.

HafineM npoekuHH HaTsixkeHHsi Ha ocH X H u (0603HauuUM HX Ty
uTy):

Tx(X)=T(X)COSG=W£__T'T)2% T(X),

T,(x)=T(x)sina==T(x)tga=T (x) uy,

rfie o — yroJ KacaTeJbHOH K KpHBO# u(x,t) ¢ ocbio x. Ha yuacrok
(X1, X2) DeHCTBYIOT CHJIB HATSIKEHHs, BHELIHHE CHJIbl H CHJIBI HHEp-
uud. CyMMa NnpoeKUHH Bcex CHJ Ha OCb X JOJUKHA ObITh paBHa
HyJ10 (MBI paccMaTpHBaeM TOJILKO MoNepeyHble KojebaHusa). Tak
KaK CHJIbl MHEPUHH H BHEIIHHE CHJBl MO NPEeANOJIOXKEHHI0 Hampas-
JIeHBl BJOJIb OCH U, TO

Telx) —Tx(x)=0 mmn T(x) =T (xy). (1)

Orciona B CHJIy NPOH3BOJBHOCTH X4 H Xp CJIENYET, UTO HATAXKEHHE He
3aBHCHT OT X, T. €. IJIl BCeX 3HAUYeHHH X U ¢

T (x) =T, (2)
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ITocne caenaHHbIX NpeABapHTENbHBIX 3aMeuaHHH NepeliieM K Bbl-
BOAY YpaBHEHHsl NONepeuHHX KoJeGaHuil cTpyHBH. Bocmosbsyemcs
BTopeiM 3akoHOM Hbiotona. CocraBasiomias KOJHYECTBAa JBHIKEHHS
yuacTKa CTPYHB! (X4, Xz) 1O OCH 4 paBHA

X2

[ute Do@ e,

X,

rie p-— JHHefiHas MJOTHOCTb CTpyHH. IIpHpaBHAeM H3MeHeHHEe KO-
JIHYECTBA /BHXKEHHS 3a IPOMEXYTOK BpeMeHH Al = fp— 1

[o@1Mu ) —u e, t)lde

HMIIYJbCY ﬂeﬁCTBleHJ.HX CHJI, CKJIAAbIBAIOUIHXCSI H3 HAaATAXKEHHA
TOux|x=.\7 — TOux|x=x

B TOUKAX Xz H Xy H BHeUIHeH CHJbI, KOTOPYI0o 6yleM CYHTATb He-
NpepbIBHO pacnpefle/leHHOH ¢ IJIOTHOCTbIO (Harpyako#) F(x, 1),
paccyuTaHHOH Ha eAMHHLY AJIHHH. B peayabTaTe noayyum ypas-
HeHHe MONEpPeYHblX KoJieGaHHHl 3JeMeHTa CTPYHBl B HHTerpaJibHOM

¢opme

[l 1) — i (& )]0 (6) de=
= ty Xz 1
= [ Tolus (e D — e (5, D+ [ [F& vdear.  (3)
4 x4

Hasa nepexona K aupdepeHnHaNbHOMY YpaBHEHHIO MPEANOJIONHM
CylleCTBOBaHHE H HENPEePbIBHOCTD BTOPhIX TMPOHU3BOAHLIX OT
u(x,)t). Torna ¢opmyna (3) nocae AByKpaTHOT® NPHMEHEHHMS TeO-
peMbl O cpellHeM NPHMET BHI

uy (&7, 1) p (87 AL Ax ={To[uyy €™, ™)+ F (™, £'")} At Ax,

roe
go’ gu, guoe(x“ x2), a t‘, t“, ttne(tl’ t2).

1) Nenas npennmonoxen#e o IBYKpaTHOH AuddepeHunpyeMocTs ¢ yHKUHA,
ME QaKTHYECKH YC/aBJHBAEMCS O TOM, uTO GyAeM DAcCMATPHBATbh JHUIL ()YHK-
IpH, oGiajalomue STHM CBOACTBOM. TakuM 06pasoM, MOZOGHOrO THMA NPERNOJO-
JKEHHe CBfI3aHO C OTPAHMUEHHEM KDYra H3ydaeMbiX (h)H3WYECKHX SABAECHHA H He CO-
JIEPKHT B ceGe yTBEPHIEHHA, YTO HE CyWeCTBYeT (YHKUMHA, YAOBAETBODPSIOLLHX.
HATETPaJIbHOMY YPABHEHHIO KOJ€OAaHHf H He HMEIOUWHX BTOPHIX NDOH3BOXHHIX.
Takue QyHKUMH CyWECTBYIOT M TPEACTABAAIOT SHAUMTENbHbA NPAKTHYECKHH HH-
Tepec, IlompoGuee cM. 06 3toMm § 2, 1. 7.
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CoxkpatB Ha AxAf u mepexonas kK npeleny IPH Xp — Xy, £ — {4, 1O~
ayyuM AuddepeHHaNbHOe ypPaBHeHHe IONepPeuyHHX KoJeGaHHi
CTPYHBI

Tott g =pttyy — F (x, 1). )

B cayuae mocrosHHOA nNAOTHOCTH p = const 3TOMy ypaBueHHIO
OObIYHO MPHAAIOT BHJ

b= @+ 1 (5, 1) (a =) 1), ©)

p
rmne

Flv, ) == F(x, 9 (6)

€CThb INIOTHOCTb CHJIbI, OTHeCeHHass K eXHHHLe Maccel. IIpu oTcyr-
CTBHH BHEUIHEH CHJBI MOJY-
u YHM OJHODOJHOEe YypaBHEHHE

f;ﬂ} Uy = a2u”
HJIH

Ugy —Uyy=0 (y=at),

OIHCBIBaOLIEe CBOGOAHBIE KO-
Z, l Je6aHus CTPyHbl. DTO Ypas-
HeHHe SIBJISIETCS HPOCTEHIIUM
Puc. 2. NPHMEPOM  YpaBHEHHS  rH-
nep6OJHYECKOrO THIIA.
Ecin B Touke Xo(x; << % << X2) NpUJOKeHA COCPENOTOYEHHAS
cuna fo(t) (puc. 2), To ypaBHeHue (3) 3anumercs Tak:

X2 13

[e® M t)—u t)ds— [ [F@E vdgde=

Xk

tg tl
= [ Tolux(r2, W — 1z (1, D] dv + [ fo(0) di.
t t

INockonbKy CKOPOCTH TOHYEK CTPYHH OTpaHHYEHBI, TO IPH Xy — Xy H
X2 — Xg MHTEerpajibi B JIeBOH YaCTH 3TOrO DaBEHCTBA CTPeMATCH K
HYJIIO, H PaBeHCTBO (3) NMPUHHMAaeT BHA

tr ty
[ Tolas (o 40, vy — 1, (5 —0, D] dr=— [ (D dv. (1)
t t ’

[Tonb3ysicb TeopeMoii O cpeAHeM, COKpamias of6e yacTH paBeHCTBa
Ha Af W nepexoAs K npeneay NnpH fz — fj, HOJYUHM:.

o 1
ug(x, 1) I::g =T fo (®).
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OTtciona BHAHO, YTO B TOUKE MPHJONKEHHS COCPENOTOYEHHON CHJIbI
niepBble NPOH3BOJAHbIE MPETePNeBAIOT Pa3puiB H AHDdepeHIHaNbHOES
ypaBHeHHe TepseT cMBIC/. B aTo#l TOuke AOMXKHH BHIIOMHATHCH 1Ba
YCJIOBHS CONPSIKEHHS

u(xo+0, )=u(x—0, 1),
e (ro+ 0, ) — g (50— 0, )= — - fo 8),

nepBOe H3 KOTOPHIX BbIpaKaeT HeNPephIBHOCTb CTPYHHI, BTOpOe OIl-
penensieT BeJHYHHY H3JOMa CTPYHHL B TOUKE Xo, 3aBHCAILYIO OT
fo(?) n nataxenus T,.

2. YpapHenune nNponoabHmX KoaeGaHn#t crepiHeil H CTpyH. Ypas-
HEeHHS NPOAOJBHBIX KONEOGaHHH HJIsi CTPYHBI, CTEPKHS H NPYXKHHH
SaMUCHIBAIOTCS ONHHAKOBO. PacCMOTPHUM CTepiKeHb, PACIONOXKEHHbIf
Ha orpe3ke (0, /) ocu x. TIpolecc MPONOABHBIX KOJeGaHUH MOKET
ObITh OnmucaH ofHON dyHKUHeR u(x,?!), MpeAcTaBasdONel B MOMEHT
f cMeilleHHe TOUKH, HMeBIllel B NOJIOXKeHHH PaBHOBeCHs aGcuuccy
x1), TIpn npodOJbHBIX KOJNEGAHHSAX OTO CMEIleHHe NPOHCXOIHT
BROAbL cTepxHsa. IIpH BhIBoje ypaBHeHHs 6yldeM NpelronaraTh, YTO
HaTsXKeHHS, BO3HHKAIOI{He B Ipolecce KoJeGaHHS, CIelyloT 3aKo-
Hy I'yka.

TloncuutaeM -OTHOCHTENbHOe VAJHHeHMe 3JjeMeHTa (x, x 4+
<+ Ax) B mMoMmeHT £. KoOpRHHATH KOHILOB 3TOTO 3JleMEHTa B MOMEHT
1 UMelOT 3HAUeHHs

x+u(x, t), x+Ax+u(x+ Ax, t),

a OTHOCHTeJbHOE€ YAJHHEHHE pAaBHO

(8)

[Ax+u(x+Ax,Atz--u(x, )] — Ax —u, (x+ 9 Ax, 1)

o<e<l)

Tlepexons k npeneay npH Ax — 0, nony4uM, 4To OTHOCHTeJIbHO®
VAIHHEHHEe B TOYKe X onpeaensiercs GyHKUHeH u.(x,t). B cuay

1) Bub6pannas 3jech reoMeTpHuecKas NEPEMEHHAAs X HA3HBAETCH IepeMeH-
Ho#t Jlarpamxa. B nepemennbix Jlarpamka xaknas (H3HIECKas TOYKA CTEDIKHA
B TeyeHHe BCEro Mpoliecca XapaKTepHayeTcss OAHOR H TOM Ke TeOMETPHYEcKOH
KoopAnHatOR x. PH3HYecKas TOyKa, 3aHMMaBlIas B HayaJbHHH MOMEHT (B cO-
CTOSIHHH DaBHOBECHA) MOJOXEHHe X, B j060f MOCJAEAYIOWHA MOMEHT ! HAXOZMTCH
B TOyKe c KoopamraToi X == x - u(x,f). Ecin Mb ¢HKcHpyeM HeKOTOpyk reo-
MeTpuueckylw TOsKy A ¢ KoopmunaTod X, TO B pa3fMuHLIE MOMEHTH BpeMeHH
B 3TOA Toyke OYyAyT HAKONHTbCA pasHuHbie (H3HUECKHE TOUKH (C pa3HBIMH
JIarPaHIKeBBIMH KOODAMHaTaMH X). YacTo nNoOJb3yIOTCA TaKKe MEpeMeHHbIMH
Danepa X, t, rme X — reoMerpuueckas KoopmuHata. Ecnu U(X,t) — cvemenne
. fOuKH ¢ 5f/epoBof KoopaHHaTOH X, TO JarpaHkeBa KOOPAHHATA

x=X—-=U(X, ).
Tlpumep ncnonbsoBalus KOOPAHHAT Dhuiepa npuBeaeH B 0. 6
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3sakoHa I'yka Hatsikenue T (x,f) paBHO
T(x, y=k(x)u(x, 8), (9)

rae k(x) — monyab lOHra B Touke x(k(x) > 0).
ITonb3ysice TeopeMoH 06 HW3MEHEHHH KOJHYECTBA JBHIKCHHSA,
TOJIyuaeM HHTErpajbHOe ypaBHEHHe KoJeGaHHI

[ TG 1) — uy & )]0 (©)de =

X, 1,

t,
= [ e ux(r D —k(x)ue(r, D]de+ [ [ F(E, v)dedr, (10)
i ] '

Xy

rae F(x,f) — OJOTHOCTb BHeIIHEH CHJBI, PACCYUHTAHHAS Ha €IH-
HHIY AJHHBI

IlpennonoxuM cyniecTBOBaHHe ¥ HelPEPBIBHOCTb BTOPBHIX NIPOH3-
BOAHBIX QYHKUHMH u(x,?). IIpuMeHss TeopeMy O cpelHeM H cOBep-
wasi mnpefeibHbI mepexof!) mpu Ax =x2—x1—0 H Al =
= f,— 11— 0, npuxoaum K aunddepeHnranbHOMy YPaBHEHHIO IIpo-
JOJbHBIX KoJMeGaHnil crepxKHA 2)

[k (x) ux]e =puy — F (x, 1) (11)

Ecnu crepxenb omHopomeH (k(x) = const, p =const), To 370
ypaBHeHHe 3aNHCHIBAIOT CIefyIOUIHM 06pa3oM:

utt=0'2uxx +fx, 8 (a=]/%), (12)
TAe
fir =120 (13)

€CTb IVIOTHOCTb CHJIBI, OTHECEHHAsl K eJIHHHIe MaccChl.
3. Aneprua xoaeGaumuii ctpynnt. Halinem BopaxenHe st sHep-
THH mionepeunbix KoJdeGauu#l crpyHsl E = K +4 U, rae K — kuneru-
yeckas H U — noTeHuuanbHasd 3HepTHsI. DJNeMeHT CTPYHH dX, ABH-
KYWHACA CO CKOPOCTBIO ¥ = u;, OOJajzaeT KHHeTHYeCKOH 3Hep-

THel
1

5 muo? = % p(x)dx(u)? (m= P dx).

1) B nmanbHefinieM Mbl GyneM omycKaTh NOADPOGHOCTH, CBSI3AHHBLIE C NpPEJEilb-
HEIMH TepexofaMH, KOTOpble GBUIM pa3oGpaHbl IPH BLIBOJAS YPaBHEHMsS INOMNEpey-
HbIX KOJI€GaHHH CTPYHBI

2) Ycnosye MajlocTH Koje6aHHR B JaHHOM Cjydyae CBfI3aHO TOJBKO C rpa-
' HHUeAi NPHMEHHMOCTH 3akoHa ['yka, B’ ofwem cayuae T = &(X, Us)ls, H MH
NPHXOAHM K KBa3WIHHEHAHOMY YyPaBHEHHIO

[k (%, uy) ugly=opun F (x,).
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Kunetnueckasi 3Heprusi Bcel CTPyHB! paBHa
l
1
K=%[o@ux, npdx. (14)
0

TToTenunaabHasl 3HEPTHs NONePeYHbIX KoMeGaHHH CTPYHBI, HMelo-
melt npu ¢t =1ty dopmy u(x, ) = uo(x), paBHa paboTe, KOTOPYIO
HAaJO COBEpIUHTb, YTOGBl CTPYHA Iepella H3 INOJIOXEHHSI paBHOBe-
cHs1 B mogoxeHde iy(x). Ilyctp dyuxkuus u(x,f) naer npoduib
CTPYHHl B MOMEHT £, mpHYeM

u(xv 0)=01 u(xr t0)=u0(x)'
DaeMeHT dx MOA JeficTBHEM paBHOAEHCTBYIOLH CHJ HaTAXKEHHS

du du
Toxl, . —Tax

=Tu,,dx

x+dx x

3a BpeMs df mpoxonuT nyTb u:(x,t)dl. Pabora, npousasojgumas Bcefl
CTPYHOH 3a BpeMs df, paBHa

{Ifr d !dt {[T [ jlr d Idt
ol xxlly GX = Lollyly) — olxlyy QX =
ls i K i

[ 1
1 d
_i——Q——dt_ J‘ To(ux)2dx+ Touxut
0

1]

{ dt.
°)
Hnterpupys no ¢ or 0 10 fy, moayuaem:

dt =

!
0

14 f ty
1 .
— 3+ [ 1w ax| + [ Tuu,
0 0 0

ty !

=— j Tolus (%, t)P dx + | Touxutl dt.
0

6 0

HeTpyaHo BBISICHHTb CMBICA MOCAeJHEr0 CJaraeMoro mnpaBoi
yacTH 3Toro paBeHctBa. JleficTBHTENbHO, Tolx|x—o €CTb BeMHMuHHA
HaTsXKeHHs1 Ha xoHue crpyusl x =0; u(0, {)dt — nepeMeienne
3TOrO KOHIA, a HHTerpan

to

| Towaue,_y at (15)

0

npeicTaBiasieT paboTy, KOTOPYIO HaJA0 3aTPAaTHThb Ha MepeMelleHue
konna x = 0. AHajorHYHLIH CMBICA HMeeT cJaraeMoe, COOTBeT-
crBymotilee x = /. Ecau KoHLB! CTPYHBI 3aKpemieHbl, T0 pabora Ha
KOHLAaX cTPyHb Oyaer "paBua Hyawo (npu arom u(0,f) =0,
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u;(0, t) == 0). CnemoBaTe/IbHO, IPH NMepeMeIleHHH 3aKPeNJIeHHON Ha
KOHLAX CTPYHHl H3 JIOJIOXX@HHSI DaBHOBeCHA 4 —0 B MOJOXeHHe
uo(x) paGora He 3aBHCHT OT cnoco6a nepeBofia CTPYHH B 3TO MO-
JIOXKeHHe H paBHA

i
—5 | Tolua (0P s, (16)
0

NOTEHUHAJbHON SHEPrHH CTPYHH B MOMEHT ! = f, ¢ o6paTHHM 3Ha-
koM. TakuM 06pasoM, MoJHasA HePTHA CTPYHH paBHa

1
=+ [ T r + p00) (Pl (17)
0

COBepmeHHO aHaJOI'HYHO MOXKeT GblTb nonyqeﬂo Bblpa}KeHHe HOAA
NOTeHLHAJbHOH 3HePTHH MPOJOJbHEIX KosnebaHHM crepxkHs. Bmpo-
YyeM, ero MO2KHO HOJ'Iy‘lHTb TaKxXe, HCXOAS H3 (pOpMyJIbl AJgd NOTEeH-
LHaJbHOK 3HEPTHH YNPYTOro CTEPIKHA
1 -1, )2
U—?k( =),

rae lo— HayajbHasi JJIMHA CTePKHs, | — KoHeuHas AjauHa. Orciona
HeﬂOCpellCTBeHHO cne}lye‘r:

3
U= f b (u,)? dx.
0

4. BpiBOI ypaBHEHHs 9JEKTPHYECKMX KoJeGaHuii B mpoBorax.
TlpoxoxaeHHe 3/I€KTPHUECKOTO TOKA IO NPOBOAY C pachpe/esieHHbI-
MH NapaMeTPaMH XapaKTepH3yeTcs CHJOH TOKa i M HaNpsiKeHHeM
U, KOTOphIE SIBASIOTCA (DYHKUHAMH MOJOXEHHS TOUKH X M BpPeMeHH
t. Mpumenss 3akon OMa K yyacTKy AJHHOA dX, MOXXHO HamHCaTh,
YTO MajeHye HANpPsDKeHHS HA 3JieMeHTe NPOBOJAa dX paBHAETCS CyM-
Mée 3JIeKTPOABHKYIIHX CHJ:

—v,dx=iRdx+iLdx, (18)

rie R u L — compoTuBieHHe H K03 dHIHeHT CaMOHHIAYKIHH, pac-
CUHTAHHbIE HA eJUHHLY JJHHBL.

KoJHyeCTBO 3JIEKTPHYECTBA, NMpPHTEKalollee Ha 3JeMEHT MPOBO-
na dx 3a Bpema dt

[i (x, ) — i (x + dx, #)] dt = — i, dx dt, (19)
paBHO cymme KOJMIHYECTBA 3JIEKTpHUECTBaA, HEOﬁXOlIHMOFO AJa 3a-

psAAKH 3JeMeHTa dx, ¥ KOJHUuecTBa, TepAKLUieroca BCJAEACTBHE HECO-
BepPIUEHCTBA H3OJIALHH

Clo(x, ¢+ df) — v (x, §ldx + Gdx - vdt = (Cv, + Gu)dx dt, (20)
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rie C u G — xo3(ppHUHEeHTH eMKOCTH H YTeuKH, pacCYHTaHHble HA
€HHMIly AJMHHE, NPHYEeM BeJUHYHHY MOTEepPb Mbl CYHTaeM IpONOp-
1I[HOHAJNbLHOA HaNpsXKeHWHI0 B paccMaTpHBaeMOH TOUYKe NPOBOJA.
U3 dopmya (18), (19) u (20) noayyaeM cucremy
i+ Cv,+ Gv=0, }
U+ Li;+ Ri=0,
Ha3blBaeMylo cHCTeMOH TeJerpadHb'X ypaBHeHHi!).
UYro6el MOJYYHTb OJHO ypaBHeHHe, olpefessiomiee QpyHKuuIo I,
npoauddepenurpyem mnepsoe paBeHcTBo (21) mo X, BTOpOE — Mo
f, ymHOXHB ero Ha C. IlpousBoas BblUMTaHHE B NPeANOJOXKeHUH
nocTosiHCcTBAa KO3 DULIHEHTOB, Hal eM:

ixx + va —CLl.u —CRL.1= 0.

3aMeHsAs U, ero 3HaYeHHeM M3 BTOPOro ypaBHeHHs (21), moayuum
yPpaBHeHHe JJIsl CHJHl TOKa

(1)

ixe=CLiy~+ (CR+ GL)i,+ GRi. (22)
AHaJIOrHYHO BHIIVIAAUT YPaBHEHHE AJS HAMPSKeHHs
Uex=CLvy+ (CR+ GL)v;4+ GRu. (23)

YpaBuenne (22) uam (23) HasniBaeTcs TeJerpagHbiM ypaBHe-
HHeM. EcaM MOXHO npeHe6peyb MOTEpSIMH Yepes H3OJSALMIO H eCaH
conpoTuBJieHHe oYeHb Mano (G = R =% 0), To MH NPUXOAHM K H3Be-
CTHOMY ypaBHeHHIO KoJeGaHuil

-
Uy =0Q%,, (a =V 1= ) . (24)

5. Tonepeunbie koneGanus mMemGpanbl. MeM6pano#i Ha3biBaercs
NJIOCKas NVIeHKa, He CONPOTHBAsINAscs H3rH6Y H casury. Pac-
CMOTPHM MeMOpaHy, HaTAHYTYI0 Ha nuockHuii KoHTYyp C. Bynem u3y-
uaThb nonepeuHbie KojJeGaHHs MeMOpaHb, B KOTOPHIX CMeIleHHe Nep-
BeHIHKYJSAPHO K MJOCKOCTH MeMGpaHbI.

[TycTs ds — 3/71eMeHT LyrH HEKOTOPOrO KOHTYpPa, B3STOrO Ha MO-
BEPXHOCTH MeMOpaHpl M NDOXOAAIEro uepes Touky M(x,y). Ha
3TOT 3JIeMeHT JeHCTBYeT HaTsixkenue, paBHoe T ds. Bekrop T Besen-
CTBHC OTCYTCTBHA CONPOTHBJIEHHS MSTHOY M CHBHTY JIEXXHT B Kaca-
TEJbHOH MJOCKOCTH K MIHOBEHHOH NOBEPXHOCTH MeMGpaHH H mep-
NEeHJHKYAADeH K 3JieMeHTYy ds. MOXHO moKa3aTh, 4TO OTCYTCTBHe
CONPOTHBJIEHHSI CABHI'Y NPHBOAHT K TOMY, YTO BeJHUYHHA HATSIKe-
HHA HE 3aBHCHT OT HampaB/eHHs 3JeMeHTa dS, Tak 4YTO BEKTOp
Hatskenusi T =T (x,y,2) ssBisercd ¢yHkuue# x, y u £ OSrn

') OTH ypaBHeHHs SBANIOTCA NPHO/HKEHHHMH B PAMKAX TEODHH NIEKTPO-
MarH4THOTO 10Jfl, MOCKOJNBKY OHH HE YYHTHBAIOT S/JEKTPOMATHHTHHX KOJeGaHul
B cpe/le, OKPYKalolleli NPOBO.
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CBOHCTBA BekTopa T cayXar MaTeMaTHYECKHM Bbipa)keHHeM OTCYT-
CTBHSI CONPOTHBJEHHSI H3THOY M CIBHIY.

Bynem musyuatb maJsable KoaeGanus MeMGpaubl, mnpeHe6peras
KBajJpaTaMU NePBbIX NMPOM3BOAHLIX Ux H Uy, TAe GyHKUHA U(X,y,!)
omnpenensietr ¢opMy MeMOpaHbl B MOMEHT BpeMenn f. U3 3To0roO
Npeano/IoKeHHs] cpa3y ke caelyert, uro T'r(x,y,{) — nmpoekuus Ha-
TSIXKEHHA Ha IJOCKOCTb (X, Y) — paBHa aGCOJIOTHOH BeJHUHHe Ha-
TsiKeHusi. B camoMm jese, npu Jg060i opHeHTAnHH Ayrd ds yroa y’
Mexay BekTOpoM T H NJOCKOCTBIO (X,Y) He MPEBOCXOAHT yraa v,
06pa3yeMOro HOpMalsiblo K NOBePXHOCTH MeMmGpaHnl B Touke (x, y)

¢ ocblo 2. IToaromy
1

WVidul+ul

cosy =cosy= =1,

T. e, cosy =1, m
Ty(x,y,2 O)=Tcosy =T (x, y, 2, ¥). (25)
BepTukaabHasi cocTaBasiiolasi HATSXKEeHHsl, OYeBHAHO, pPaBHa

ou
Tu=T'%'.

Beinenrm Ha MOBepXHOCTH MeMOGpDaHbl 3JE€MEHT MJIOLIANH, IPOEKIUs
KOTOPOT'O Ha IJIOCKOCTb (X, y) siBAsiercss mpsMoyroabiukom ABCD
CO CTOPOHAMH, NapaJJelbHHIMH ociM kKoopauHaT (puc. 3). Ha sror
3J1eMeHT JelicTBYeT CHJIa HaTsAXeHHs, paBHas

"= § Tds. (26)
ABCD

B cuny orcyTrcTBHsI mepemelueHMst BAONb Oocel x W y mpoekuuu T*
Ha 3TH OCH PaBHHI HYJIO:

¢ : D
T;i= J. T(x2: Y, t)dy_ J. T(xl: Y, t)dy=
B A ,
Ya
= [T 4, H—T(x1, 4, thdy=0,
0
AHaJIOTHYHO

Ty= [ {T (%, o ) = T (x, g1, D} dx=0.

X3

[Monb3ysicb TeopeMoii O CpellHeM H YUHTHIBasi IPOH3BOJ B BhiGope
mnomankd ABCD, nonyuaeMm:

T(x’ Y, t)=T(x’ Yo» t)v }

T(xy, y, )=T (x5, y, 1), 27)
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T. e. HaTsAKeHHe T He MeHsieTCs IPH U3MEHEHHH X H J M MOXKET 3a-
BHCETb JHIIb OT L.

[Taomaasr Kakoro-aun6o sjJeMeHTa MeMOGpaHB B MOMEHT Bpe-
MeHH { paBHa B HalleM NPHOJHKEHHH

dxdy f f 5 5
ff sy Vi+u + o + wldxdy = dx dy. (28)

CiaenoBaTesabHO, B mpouecce KoseGaHMH He NMPOMCXOAHT pacTs-
JKeHHs, OTKylda B CHIy 3aKOHa ['yka BHIT€KaeT He3aBHCHMOCTH Ha-
TSDKEHH# OT BpeMeHH. TakuM 06-

pa3oM, Mbl YCTaHOBHJH, YTO Ha- Ay

TAXKE€HHe He 3aBHCHT OT IIepe-

MEHHBIX X, Y H ) ¢
Ylpf~--

T(x, y, t)y=const=T, (29)

TlepeiineM X BBHIBOAY YpaB-
HeHHs1 KosneOaHMA MeMOpaHHL.

BocroabayeMcst TeopeMoii o pr- 2 4 [ A '8 ‘
i r
PAIeHHH KOJIHYECTBA JIBHKEHHS. o vy

Ilycte S;— nNpoeKuHss Ha MJIO-
CcKocTh (X, y) HeKOTOpPOro yua- Pue. 3.

ctka MemGpaune, a Cy—rpa-

urua S, [IpHpaBHHBast H3MeHeHHe KOJHYECTBA JBHXKEHHS HM-
MyJbCYy BePTHKaJbHBIX COCTAaBJISIOMHUX CHJ_HATSXKEHHS M BHELIHHX
IeACTBYIOIHX CHI ¢ IVOTHOCTBIO F(X, Yy, !), mosyyaeM ypaBHeHHe
KosneGaHufi MeMOpaHB B HHTerpanpHOfl ¢dopme

[ [ 1e, 4 89— (e, 9, 0010 (3, ) dxdy =
By

_J'fro dsdt—l—J‘J‘dexdydt (30)
4

rae p(x,y) — NOBepXHOCTHAsA NJIOTHOCTb MeMOpaHbi, a F(x,y,t) —
IUIOTHOCTb BHEIUHeH CHJBbl (Ha eJHHHLY IJIOMAafH).

Ina nepexoma k nuddepeHIHaNbHOMY YpaBHEHHIO IIPedNoJo-
XKHM, 4yTo GyHKuMA #(X,y,{) HMeeT HenpepbiBHble BTOpble NMPOH3-
Boguble. C moMoiublo TeopeMbl OcTporpanckoro!) KOHTYpPHBIH HH-
Terpas npeo6pasyeTcss B NOBePXHOCTHBIH

)
J‘%ds = J‘J‘ (txx + uy,) dx dy,
Sy

1) Cm. B. . Cmrpuos, Kypc Bucwedt matematnky, T. 11, 1948, ctp. 196;
B. M. Bynag, C. B. ®omun, Kpatuue HHTeI‘paJlbl . DAIAH, «Hayka», 1965.

9 A, H. Tuxonos, A, A, CaMapckuil
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BCJIEACTBHE Yero HHTerpajbHOe ypaBHeHHe KoJieGaHHI RNPUBOAHMTCS
K BHLY

t
[ [ fous—To (e + uy) — F(x, y, thdxdydt=o.

S

Ionb3ysick TeopeMoit o cpelHeM, NPOH3BOJBHOCTbIO BbiGOpa Si H
IpOMeXYyTKa BpeMeHH (fy,fp), AesaeM 3akKJUeHHe O TOXIECTBEH-
HOM paBeHCTBe HYJI0 BbipaxKeHHsi B GurypHbix cko6kax. TakuMm o6-
pasoM, npuxoiuM k aH(depeHIHANbHOMY YypaBHEHHIO KoJseGaHHIT

MeMOpaHbl
PUy = TO (uxx + uyy) + F (X, Y, t)- (31)

Jas ogHoponHOH MeMOpaHHW ypaBHeHHe KoJeGaHHH MOKHO 3amH-
caTb B BHJIe

Uy =a* (g, + u!/y)_+ f(x, 9, 0) (02= %) ’ (32)

rae f(x,y,{) — nMOTHOCTb CHJIBl, pPACCYMTAHHAS HA EXMHHLY Mac-
cbl MeMOpaH®bL.

6. YpaBHeHus THAPOAMHAMHKM M aKyCTHKH. Jli1a XxapakTepH-
CTHKH JBHXX€HHsl XKHMAKOCTH MOJb3YIOTC (PYHKUHAMH vy(X,Y,2,t),
v2(x,4,2,t), vs(x,y,2,t), NIpeACTABAAIOLUIUIMH KOMIOHEHTHl BeKTOpa
CKOPOCTH U B TOUKe (X, y, 2) B MOMeHT { (3HJepPOBH MepeMeHHhIe).
BesnunHamH,. XapakTepH3YIOIUMMH ABHIKEHHE KHAKOCTH, SABJSAIOTCS
TakXe IVIOTHOCTL p(X,Y,2,!), naBieHue p(x,Y,2,{) M HIOTHOCTb
BHeUIHHX aeHcTBywouux cua F(x,y, 2, £) (ecin. OHH HMelOTCs), pac-
CYHTAHHAs HAa eAMHHLY Macchl. :

PaccMOTpUM HeKOTOPHH 00beM x)uakocTH T W moicuuTaem pei-
cTByIOIUHe Ha Hero cuJabl. IlpeneGperas cusiaMH TpeHHS, -06yc/0B-
JIEHHbIMH BSI3KOCTbIO, T. €. pacCMaTpUBast HIeaJbHYIO XKHAKOCTb, MO-
JAyuMM AJsi pe3yJbTHPYIOIleH CHJ NaBJieHHA BblpaXKeHHe B BHJe
NOBEPXHOCTHOrO HHTerpaJa

— [ [ pnas, (33)
N

raie S —noBepxHoCcTb 06beMa T, n— eAMHHYHBIA BeKTOp BHeLIHeH
HopManu, ®opmyna Ocrporpanckoro ') naer:

— ”pnds=—”j‘gradpdr. (34)
S T

') B camom mene, pn = pcos(n,x)i+4 pcos(n,y)j-+ pcos(n,2)k, rae
i |, k—ezmmmnue: BEKTOPH B CHCTeMe KoopauHat (X, y,; 2),

J.J.pcos(n. x) dx=J'J.J‘—Z%d1 HT A&
S . T
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[1pn BHIYHCJIEHHH YCKODEHHs KaKOH-MHOO TOUYKH KHAKOCTH HeoOXo-
JHMO YuecTh NepeMelieHHe caMOH TOUKH. l'IyCTb x=x(1), y=
= y(f), 2 = 2(f) — ypaBHeHHe TPAEKTODHH 3TOH TOUKH. BrIUHCIHM
OPOHM3BOJAHYIO CKOPOCTH IO BpeMeHH

dv dv dv . ; Ov . dv .
dr W"'Wx“{—ﬁiy'{"ﬂz—
(3] du dv duv
——W‘*‘W”l"‘"a_y”f“avﬁw*‘(w)”
rae

, 0 , 0 d

Takas nmpousBOJHasi 1O BpeMeHH, YUHTHIBAIOIasi ABHXKEHHe 4acTH-
UBl Cpeabl (cy6CTaHuHH) HasbiBaeTcs CYOCTAaHHHOHAJAbHOM
HJIH MaTepHalbHOH. YpaBHeHHe [BHXKEHHs XHAKOCTH BblpaKaeT
O6GLIYHYIO CBSI3b MeXAY YCKOPDEHHeM 4YacTHI H JeHCTBYIOIHMH Ha
HUX CHJIaMH

”J“’? d‘"—”j gradpdr-l-” oF dr, (35)

rle NOCJACIHMH HHTerpaJ IpeicTaBiser cob0fl paBHOAEHCTBYIOUIYIO
BHEUIHHX CHJ, MPHIOKeHHHX K oObemy T. Otciona B cuiy npoHs-
BONBHOCTH oO6bema T moJjiyyaeM ypaBHeHHe ABHXKEHHsI HeasibHOH
JKHAKOCTH B dopMe Ditnepa

v+ (WV)v=—— grad p-F. (36)

[TepefiieM x BbIBOAY YypaBHeHHs! HempepbiBHOcTH. Ecim BHyTpu T
HeT HHKAKHX HCTOYHHKOB HJIH CTOKOB, TO H3ME€HeHHe B eJHHHIY
BPeMeHH KOJIHYeCTBA MKHAKOCTH, 3aK/IOUeHHO! BHYTpH T, paBHO mo-
TOKY yYepe3 rpaHuny S

_T'J“J“J‘pdt=—‘J“J‘pvndS. (37)
iy s

IpeoGpasoBaHHe NMOBEPXHOCTHOIO HHTerpasia B OOBeMHBbIH Haer

‘J“TJ“J‘ (%-{— div p'o) dt =0,

Tax kak 3TO PaBEHCTBO CNPaBeANHMBO JJsl CKOJb YTOAHO MAaJbiX
06'beMOB, TO OTCIOAA C/IelAyeT YyPaBHeHHEe HENpPEepPBLIBHOCTH

—‘t’—-{— div (pv) =0
HJIH
%+vgradp+pdivv=0. (38)

2‘
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K ypaBHenusim (36) u (38) caeldyer NPHCOEAHHHTL TeDPMOAHHAMH-
yeCKOe YpaBHEHHE COCTO S HHUS, KOTOPOe Mbl 31eChb BO3bMeM
B BH]E

p=F(p).

CuenoBaTesqbHO, MBI MOJyYaeM CHCTEMY NSAITH ypaBHEHHH ¢ Iis-
TbIO HEH3BEeCTHHIMH QYHKUHMAMH Uy, Uy, U, P U p. Ecain Gbl ypaBHe-
HHe COCTOSIHMSI COJAEpXKajo TeMIepaTtypy, TO HyXkHO 6bul0 6ul go6a-
BHTb ellle ypaBHeHHe TemJjonepeHoca (cM. npuiaoxenHe IV). Takum
06pa3oM, CHCTeMa ypaBHEHHH

%—l— (vV)v=F——:)—grad p» l
%+ div (pv) =0, : (39)
p=TF(p)

NpeCcTaBasieT 3aMKHYTYIO CHCTeMY YPaBHeHHH THAPOAAHAMHKH.
[TpuMeHHM ypaBHeHHs FHIPOAHHAMHKH K MpOlleccy pacnpocrpa-
HeHHs 3Byka B rase. ChesnaeM cjaeAyiolllHe flonyileHus: 1) BHew-
HHE CHJbl OTCYTCTBYIOT; 2) mnpolecC paclnpocTpaHeHHs 3BYyKa SiB-
JasieTcsl .aauaGaTHUYeCKHM, TOITOMY yDaBHEHHEM COCTOSIHHS CJYXKHT

( ()) ( 0)
Po [ 4

rie po H pp— HauaJbHas IUVIOTHOCTb M HayajbHOE AaBJIEHHE, Cp n
Cy — TEIJIOEMKOCTH TMPH [OCTOSIHHOM. JaBJIE€HHH H MOCTQAHHOM
o6beMe; 3) KonebGaHHs rasa MaJbl, MOXKHO NpeHe6peraTbh BBICIUHMH
CTenmeHAMH CKopocTe#, rpaZHeHTOB CKOPOCTed H H3MEHEHHS MJIOT-
HOCTH.

HasoBeM koHpaeHcal Hell rasa BeJHuYHHY S(X,Y,2,f), paB-
HYIO OTHOCHTE/JIbHOMY H3MEHEHHIO INIOTHOCTH

s(x, vy, 2, t)=—p;Tp°, (40)

p=po(l + ). 41

ypaBHeHHﬂ THAPOAHHAMHKH IIpH cAesaHHbIX NPeanooKeHHAX
NPpHHHMAIOT BHI

OTKYZa

;= — —grad

t Po gradp, .
pt+p0divv=0,‘ (42)

p=po(l + )" = po (1 + y8),



§ 1] TNIPOCTEALIUE 3AJAUM 37

TAK KakK
I I 1
-B-gradp=ﬁ(l —s+ ...)gradp=ﬁgradp+ cees
divpv=wvgrad p 4+ pdive=p,divo 4 ...,

rZe TOYKaMH 0603HayeHbl WIeHbH BTOPOrO H BLICIIHX MOPSAKOB Ma-
Jq0cTH. BBoms o6o3HaueHHe a? = ypo/po, Nepenumem cucremy (42)
B Cle[yIOlleM BHIe: '

v,=— —a’grads,
t g } (42/)

s+ dive =0.

[pumeHsisi K mepBOMY ypaBHeHuI0 (42’) omepaTop AHBEPreHIHH H
MeHsis NOpPAJOK ﬂuq)(bepeﬂuuposaﬂnﬂ, 0yleM HMeTb:

d1v7=7dwv=—a2d1v(grad s)=—a?V2s = — a?As,

rne .
d
2 — A —
Vi=A= 0x2+6y2+022

—onepatop Jlanaaca. I/ICIIOJIb3yﬂ BTOpOe ypaBHeHHe (42’)
noJiyyHM ypaBHeHHe KoJsieGaHHiH
1
AS - a_2 stt (43)

HJIH ,
a*(Syx + Syy+ S22 = Sue
Orciona u u3 (40) monysaem ypaBHEHHE IJIsl TJIOTHOCTH:

a? (pxx + Pyy + pzz) = Py (43,)

YpaBuenust (43) u (43’) sBasoTCH YPaBHeHHAMH KoJe6aHuii,
BBegeM Tenepb NOTEHI HaJ CKOPOCTeH H IOKaxeM, 4yTO OH
YAOBJIETBOPSIET TOMY e ypaBHeHHIO KoseGauui (43), uTo M KOH-
JleHcalus.

W3 ypaBHeHHA

v;=—a’grads
caenyet
t
v(x, y, 2, )=v(x, y, 2, 0) —a’grad (J‘ s dt) . (44)
0

rae v(x,y, 2, 0)— HauanpHOe pacnpeneieHde ckopocteit. Ecan modse
CcKopocTell B HAaYaJbHBII MOMEHT HMeeT IOoTeHUHad

v Il:=0 = gradf(x) Y, Z), (45)
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TO MMeeT MeCTO COOTHOLIEHHE
t
v=—grad | f(x, y, z)—l—az.[-sdt = —grad U, (46)

0

KOTOpOoe ~ O3HAYaer, 4YTO CYNIECTBYeT NOTEHLUHAN  CKOPOCTeli
U(x,y,2,1). 3nanus NOTeHLMala CKOpPOCTeH MOCTATOYHO AJS OfH-
CaHHs BCEro mpouecca ABHKeHHs !)

v=—grad U, |
1 i (47)

s=7 Ut'

IlomcraBnss 3TH 3HaYeHHA B ypaBHeHHe HeNpPepPHIBHOCTH
s;+dive=0,

NOJNyYHM ypaBHeHHe KoJieGaHMA /s TOTeHUHana

aQ(Uxx + Uyy + U_zz)= Uti

HJIH '
Uu':a2AU. (48)
[lns naBneHUs p H CKOPOCTH ¥ TaKXe MOXHO IOJYYHTb YpaBHe-
HHe KoneGaHuii Buaa (48), HaspiBaeMOe 4YacTO ypaBHeHHEM
AKYCTHKH.

IIpu pewreHHH 3amay AJs ABYMEPHOTO M OXHOMEPHOTrO cJAyyaeB
Hano B ypaBHEHHH (48) onepaTop Jlannaca saMeHHTb omepaTopoM

a2 02
a7 T o7 5y7 Mo COOTBETCTBEHHO, 5oy . IMTocrosnnan
F—
g/ 00
Qo

HMeeT pa3MepHOLTh CKODOCTH H, KakK Oyler mokasaHo B § 2, asns-
€TCs CKOPOCTbIO paclpoCTpPaHeHHsI 3ByKa.

BEIYHCIMM CKOPOCTH 3BYKa B BN3ayXe NpH HOpMaJ'IbHOM aTMo-
chepHoM naBiaeHHH. B atom cayuae y = 7/5, po = 0,001293 2/cm?,
po = 1,033 xe/cm?; cnenoBaTesbHO,

a= ]/ﬂ =336 wx/cex.
Po

Y U3 dopmyan (46) Buino, uro notennuan U ompeneneH ¢ TOYHOCTBIO MO
C/IaraeMoro, ABJSHOIIETOCs MPOH3BOAbHOM ¢ymkuwed I Ms ypaBHenns v, =

1
= —a’grads # (46) caenyer grad s——;—z Ui]=0, 1. e. s=-7 Uy npn

COOTBETCTBYIOLIER HOPMHpPOBKe norenunana U,
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B ciyuae kone6aHHi rasa B orpaHHuYeHHOH 06sacTH Ha ee rpa-
HHLEe JOJKHBl GBITh 3aJaHbl ONpefeseHHble TPaHHUHbIE YCJIOBHS,
Ecnu rpanuna npeacrasiseT cofoil TBepAyIO HENPOHHIAEMYIO CTeH-
Ky, TO HOpMaJIbHasl COCTaB/IAKILAsA CKOPOCTH PaBHA HYJIO, YTO NpH-
BOJHT K YCJIOBHAM

95\ —o. (49)
2

7. TpanuyHble H HayaJabHble YCJIOBHS. [Ipn MaTeMaTHYeCKOM OMNHU-
CaHHH (PH3HUECKOTrO mpollecca HaJAO Npexie BCero NnoCTaBHThL 3aja-
uy, T. e. cHOpPMYJHPOBATh YCAOBHS, AOCTATOYHble JJs OJHO3HAY-
HOTO ONpeJeNeHus fpolecca.

Iubdepenunalbabie ypaBHeHHS ¢ OObLIKHOBEHHBIMH H, TeM 00-
Jee, ¢ YaCTHBIMH TIDOH3BOJHBIMHM HMEIOT, BOOOIe TOBOPH, GeCUUcIeH-
HOe MHO¥XecTBO peurenuit. [losToMy B TOM ciaydae, Korjia ¢H3Hue-
cKasl 3ajjaua MPHBOAHTCA K YPaBHEHHIO C UaCTHBIMH IPOHM3BOJLHBIMH,
IJis OJHO3HAYHOH XapaKTepHCTHKH mpolecca HeoGXOXHMO K ypas-
HEHHIO TNpPHCOEJHHHTh HEKOTOpble JOMOJHHTEJNbHble YCJHOBHS.

B cayuae oGBIKHOBeHHOro JAHGdepeHLHaJbHOrO0 YypaBHEHHS
2-ro MOpsiika pelleHHe MOXeT OBITb ONpefiejeHO HAYaJbHBIMH YC-
JIOBHSIMH, T. €. 3aJlaHHeM 3HaueHHH (YHKIUH H ee NlepBOH IPOH3BOJ-
HOH MpH «HayaJbHOM» 3HAueHHU apryMeHta (3ajaua Komn).
Berpeuatotcs ¥ ApyrHe (OpMBl JONOJNHHTEJNbHBIX YCJIOBHH, KOTAA,
HanmpuMep, 3aJaloTcd 3HaueHHd (YHKUHH B JABYX TOuKax (3adada
0 1enHoH JuHuu), Jlng ypaBHeHHs ¢ YaCTHBIMH IPOH3BOLHBIMH BO3-
MOXKHBL TaKiKe pas/jHuHble (POPMBbI JONOJHHTEJbHBIX YCJIOBHH.

PaccMoTpUM chepBa NPOCTeHIIyI0 3ajadyy O IONepedYHbIX KoJge-
6aHHAX CTPYHBI, 3aKpelJeHHOH Ha KoHLax. B stol 3apaue u(x,?)
IaeT OTKJIOHeHHe CTPYHH OT ocH X. Ecin Kouusl cTpyHsl 0 < x </
3aKpeIeHbl, TO HOJXKHBl BBHINOJHATbCA «T PaHHUUYHBIE "y CJO-
B H f»

u(, H=0, u(l, H)=0. (50)

Tax kak mpouecc KoseGaHHH CTPYHBI 3aBHCHT OT .ee HayajbHOM
dopmbl ¥ pacnpeeseHHs CKOPOCTeH, TO C/leAyeT 3aJaTh «HAvyaJb-

HBble YCJIOBHA»:
u(x, t) =g (x), }
uy(x, to) =1 (x).
TakuM 06pa3oM, DONMOJHHTEJbHbIE YCJIOBHS COCTOSIT M3 TPAaHHUYHBIX
H HauaJbHBIX YCJOBHi, TAe ¢(x) H P (x) — 3afaHHble GYHKIHH TOU-

Kd. B nanbpHefiieM Mpl NOKaxXeM, YTO 3TH YCJOBHSI BIOJIHe OImpe-
AenAI0T pellleHHe ypaBHEeHHA KojeGaHHH CTPYHBI

(1)

Uiy = QMg (82)
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Ecau KOHIBI CTPYHB ABHAKYTCSA 1O 33a1aHHOMY 3aK0Hy, TO IpaHuy-
Hele ycioBus (50) npuHHMAIOT ApYyroi BHA:

u(0, ty=p, (), }
u(l, ty=mpy (%),

rae pi(f) u p2(f) —sananHble GYHKLUNH BpeMeHH f{. AHaJOrMYHO
CTaBHMTCSl 3ajlaya JJst MPOJAOJBHBIX KOJeGaHHA CTPYHbl WIH npy-
JKHUHBL

B0o3MOXHBE H JpyrHe THNIBI FPAHHYHBIX YCAOBHH. Paccmortpuw,
HanpuMep, 3a/a4y O MPOLOJIbHBLIX KOJNEGAHUSX NPYKHHB, OAMH KO-
Hell KOTOPOH 3akpelieH (TOuKa NoOABeca), a APYyro# KoHel, cBoGo-
AeH. 3aKOH IBHKeHHA CBOGOJAHOTO KOHIA He 3aJaH H 3ayacTylo
ABJAETCS HCKOMOH (GYHKIHEH.

B touke noaseca x = 0 OTKJOHeHHe

u(0, )=0

Ha CBOGOAHOM KOHIle X = | HaTAXKEHHEe NPYHKHHBI

T(, =k (53)

=]

(50")

paBHO HYyJIO (HEeT BHEWHHX CHJ), TaK 4TO MaTeMaTHYecKas ¢op-
MYJIHPOBKa yCJOBHSI CBOGOJAHOIO KOHIIA HMeeT BHA

u.(l, )=0.

Ecnn xomen x == 0 nBHxeTca 1Mo onpejeleHHOMY 3akony pu(f), a
npu x =/ 3anana cuna v(f), 10

p 1 _
w0, =p@®), u.l=v® (vO=%5®).
THNHYHLIM sABJfAeTCA TaKiKe YyCaoBHe ynpyroro 3aKpenJjeHus, ckKa-

XKeM a4 X = l
Ruy(l, ty=—au(l, t)
HJIH

ue(ly y=—hu(l, #) (h=%), (54)

IPH KOTOPOM KOHell X ==/ MOKeT INepeMellaTbCs, HO yNpyras cuiaa
3aKpellJieHHs1 BbI3biBaeT HAa 3TOM KOHIle HATsXKEHHe, CTpeMsleecs
BepHYTb CMeCTHBIUHHCS KOHeil B IpexKHee NOJNOXeHHe. DTa CHJa,
cornacHo sakony I'yka, mpomopuuonanpha cmewennio u(l,t); ko-
3¢ duuMenT NPONOPUHOHANBHOCTH @ Ha’blBaeTcs KoadduuuenTom
JKeCTKOCTH 3aKpeIJieHHs.

Ecnn Touka (cHcTeMa), OTHOCHTEJBHO KOTOPOH HMeeT MecTo
yInpyroe 3akpemnJieHue, lepeMelllaeTcsl H ee OTKJOHEHHE OT Hayalb-
HOro nosioxkeHusi jgaetrcsa ¢QyHkuueds 0(f), To rpaHHYHOe yCJIOBHE
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NPDUHUMAET BUI
el y=—hlu(l, ) —0(), h=7%>0. (55)

YcnoBHe ynpyroro 3akpelnsieHHst Ha JeBOM KoHue X = 0 HMeeT BHJ
u, (0, )=hlu(0, )—0(H)], ~>O0

(dopMasbHO MOXKHO cuHTaTh, uTo (55) HMeer Mecto M npu & = 0,
HO h << 0). Cneayer OTMeTHTb, UTO B CJyyae XECTKOTO 3akKperle-
HHA (o0 BeJIMKO), Korjga Jaxe HeGOJblIHe CABHTH KOHLA BbI3bI-
-BalOT OoJbliMe HaTsAXKeHHsl, TPaHHYHOe YycaoBue (55) mepexomur
B ycaoBue u(lt)=p(f) (x=o0) npun p(f)=0(f). B cayuae
MATKOro 3akpemnseHuss (o Manad), NpH KOTODOM OGOJIbIIHE CHBHCH
KOHII2 BBHI3BIBAIOT C/abble HATSXKEHHs, TPAHHUHOE YCJOBUE NMepexo-
JIHUT B ycJ0BHe CBOGOJHOrO KOHLA

u(l, y=0 (a=0).

B naabHelimieM Mbl 6yZeM TOBOPHTb O TpeX OCHOBHBIX THMax -
TrpaHHYHBIX YCJOBHH:

rpanuynoe ycsaoBHe l-ro poxa .u(0,¢)== u(f)—sanauubii pe-
KHUM,

rpaHHYHOe YCJIOBHe 2-10 poaa U (0,f) = v(f)— sanannas cuna,

rpaHHYHOe yCJOBHE 3-r0 poma Uy (0,t)= h[u(0,¢)—0({)] —
yIpyroe sakpeieHHe. ’

AnasorHyHO 3aJal0TC TPaHWYHBlE YCJOBHS W HAa BTOPOM . KOHILE
x =1 Ecau ¢ynkuuu, 3agaBaemble B mpaBoil uactH (u(f), v(¢)
uau 0(/)), paBHB HYJIO, TO TPAHMYHEIE YCJOBHS Ha3bIBAOTCS O I-
HOPOJXLHBK MH.

KoMGuuupys pasnHuHble NepeuHC/IeHHble THIB TPAHHYHBIX YC-
JIOBHH, MH MOJYYHM IIECTb THMOB MPOCTEHUINX KpaeBHIX 3ajad.

Bosiee cnoxHOe rpaHHuHOe YCJOBHE .HMeeT MeCTO, HampHMep, .
OpH ynpyroM 3akpemnseHHH, He MOAYMHsIOLleMcs 3akOHy T'yka, Ko-
rla HaTsKeHHe Ha KOHIe fIBJAeTcs HeJMHelHON dyHKuMeH cMerue-
Hua u(l,t), Tak uTO

uy(l, H)y=5Flu(l, ) (56)

D10 rpaHHuHOe YCIOBHE B OTJHYHE OT PACCMOTPEHHBIX BhHIIIE 5B«
JIsleTcsl HeMMHeAHBIM. Bo3MOXHEI, NaJlee, COOTHOMIEHHS MeXIy CMe-
LIeHHAMH M HaTSXKEHHAMH Ha pa3HbIX KOHIAX cucreMbl. Hampu-
Mep, B  3ajayax O KojsefaHHM KOabua, Koraa x =0 u x = [ npen-
CTaBJAIT OAHY H Ty e (H3HYECKYI TOUKY, TPaHHYHbIE YCJIOBHS
NPHHHAMAIOT BHI

u(l, B=u(0, t); ue (0, ty=u,(, 1) (67)
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T. €. CBOASATCA K TpeGOBaHMSAM HENPEPBIBHOCTH 4 H U,. [IpousBox-
Hble 110 { MOTYT TakKke BXOAHTb B TpPaHHuHble ycJOBHfA. Eciau Ko-
Hel[ MPYXKHHbl HCIEITHIBAET CONPOTHBJEHHE CPEeJbl, IPONMOPIIHOHAb-
HO€ CKODOCTH €ro [BHXKeHHA (K KOHIYy INDYXHHBI NpHKpenJeHa
IJ1aCTHHKA, IJIOCKOCTb KOTODOH NepHeHAMKYJspHA OCH NpYKHHEI),
TO TPAHWYHOE YCJOBHE NIPHUHUMAaET BHI

ku,(, t)=—au,(l, 1). (58)

Ecnu x KOHLY X = HpYXUHBI -NPUKPENNEH TPy3 Macchl M, TO
npu x == [ N0AKHO BHIMOJHATBCA YCIAOBHE

muy (I, By = — ku, (I, ) + mg. (59)

Jlnsi nomepeyHbIX KoJeGaHMH CTPYHBI BCe TPaHHYHblE YCJAOBHs 3a-
TIHCHIBAIOTCST B TOH ke ¢opMe ¢ 3ameHol & Ha Ty.

B nmanbHefiieM MBI OTDAHHYMMCSI DPACCMOTPEHHEM Tpex IMpo-
CTEHIIHX THIOB TPAHHUHBIX YCJAOBHH, NMPOBOAS OCHOBHOE H3JIOXKE-
HHE Ha INpHMepe NEepPBOTO THIIA TPAaHHUHOTO YCIOBHSA H OTMeyas
JHIIb TOMYyTHO OCOGEHHOCTH,  CBS3aHHblE CO BTOPBIM H TPETbUM
YCIOBHSAMH.

CoopmynupyeM nepBylo KpaeBylo 3ajgauy Ans ypaBHenus (5):

Hadtu ¢pynxyuro u(x,t), onpederennyro 8 obractu 0 x <<,
t = 0, ydosaeT80pAIOWYIO YPABHEHUIO

Uy = ug +f(x,1t) na 0<x <!, t >0,
ePaHUYHBLM

u (0’ t) = I (t)v | ,
ult, h=p, 0, 7O (60")
U HAYANbHOIM YCAOBUAM.
3 0)= ,
u(x, 0)=g (x) 0 <x<D. (607)

Uy (x, 0)=1p(x)
AnaJjornyHo ctaBuTCS 3ajaua Ajs ypaBHenus (11).

Ecnu na oboux KoHumax GepyTcsi TpaHHYHBIE YCAOBHSI 2-TO HJIH
3-T0 poja, TO COOTBETCTBYIOlUIMe 3aJayd Ha3LIBAIOTCS BTOPOH HIH
TpeThell KpaeBbIMH 3afauaMu. EciM rpanHuHBIe yCIOBHS mnpH
x=0 u x = umelor pasauuHBEe THIOHI, TO TaKHe KpaeBble 3a7a4H
Ha3bIBalOT CMeIUaHHBIMH, He MPOBOJAst Gojee moapobHON HX Kiaac-
cuduxanuu.

O6paTnmest Tenmepb K DacCMOTPEHHIO NpeJeNbHBIX CJy4aeB MHO-
CTaBJeHHOH 3ajaun. BiusiHHe TpPaHHUHBIX YCJNOBHA B TOuYKe M,,
JOCTATOYHO yJaJleHHOH OT TpaHHIlbl, Ha KOTOPOH OHH 3aJaHbl, CKa-
3bIBaeTcss yepe3 JOCTATOYHO OOMBIIOH MPOMEXKYTOK BPEMEHH.

) M me ocranaBauMBagMCR Ha CJy4ae, KOrAa FPaHHYHEE YC/AOBHR 3ajaHbi
Ha orpeske 0 << 1 < {q.
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Ecau Hac HHTepecyeT siBJeHHe B TeyeHHe MaJOrO NPOMexKyTKa
BPEMEHH, KOTJa BJHsHHE T'DAHHI ellle HeCyUeCTBEHHO, TO BMECTO
MOJNHOH 3afayH MOXKHO DacCcMaTpPUBaTh MpeledbHYI0 3ajgauy
C HayYyaJlbHBIMU YyCJOBHSMHU JIJs HeOTDaHMYEeHHOH 06JacTH:

HaUTu peuienue ypasHeHus

Up=0aUy [ (x, 1) mIE —o00 <x<o0, t>0,
C HAUANDHOIMU YCAO0BUAMU

u(x, 0)=0(x),
ug(x, 0)=10(x)

ATy 3aKayy yacTto HasbiBaloT 3agaued Komn,

Ecny xe Mbl H3yuaeM siBjeHHe BOJIH3M OJXHOM T'DAHMUIUbI M BJHS-
HHe TDAHHUHOIO DeXXMMa Ha BTODOH rpaHHIle He HMEET CYLIeCTBEH-
HOTO 3HAYeHWs Ha MpPOTSKEHHH HHTEpecyWoIlero Hac NPOMexKyTKa
BpeMEeHH, TO MBI IIPHXOAMM K IOCTAHOBKe 3aJaud Ha IMOJYOTpaHM-
uyeHHOM npsiMoil 0 << x < oo, KOrjJa IOMHMO YPaBHEHHsS JaHbl JOINOJ-
HUTEJbHblE YCIOBHUSA:

} npu — oo < x < 0o, 61)

w0, y=un(h),  t>0, )
u(x, 0)=q(x), (62)
tM&m=¢u>}°<x<“'

Xapakrep siBJeHHsl JJIs1 MOMEHTOB BPEMEHH, AOCTATOYHO YAa-
JIEHHBHIX OT HayaJbHOro MoOMeHTa ¢ ==0, BIOJHe OIpeIEJIAETCH
TPaHHYHBIMH 3HAYEeHHUSMH, TaK KaK BJHSHHE Haua/jbHBIX YCJIOBHH
6narogapsi TPeHHIO, NPUCYILEMY BCSKOH peasibHOH CHCTEME, C Teue-
HMeM BpeMmeHHM ocsaleBaer!). 3amauM 5STOro THIA BCTPEYAIOTCA
0COOEHHO 4acTo B CJyuasiX, KOrJa cHcTeMa BO30yXKAaeTcsi MepHo-
OUYECKUM TDAaHMUYHBIM DEXHMOM, AeHCTBYIOUIHM JJHTEJbHOE BPEMsI.
Takue 3amaun «Ge3 HayadbHBIX YCAOBHil» (Ha YCTaHOBHMBIIHICS pe-
KuM) GOpMYJNHUPYIOTCS CleLyouM o6pasom:

HaiTu pewenue usy4aemozo ypasHenus ora 0 <{x <<l u t >
> —o00 NPU SPAHUUHLLY YCAOBUAX
MQO=MU%}
ul, )=up, 0).

AnanoruuHo craBHTCS 3ajaua Ge3 HAvaJbHbIX YCJOBHH AJsi TOMy-
OTPAHUUEHHOH MPSMOH.

(63)

1) Vpasuenue KoseGaHH#l C yUeTOM "TpeHHs, NPOMNOPUHOHAJIBLHOTO CKOPOCTH,
HMeeT BHA

a2
by=d’u, —au, (a>0).

IoxpoGaee o mocTanoske 3ajau 6es HayanbHLIX ycaoBHi npH o =0 cM. m. 7§3.
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B nanbHeiiieM Mbl OyAeM paccMaTpuBaTbh MOMHMO OCHOBHBIX
KpaeBblX 3a/1ay Takxke IpelesbHble 3aJayH:

1. 3amaun B OeckoHeuHOH o6sacTH, KOrAa OJHAa HJH obe rpa-
HHIBI HaxoAATCsi B 6eCKOHEYHOCTH. ,

2. 3amaun Ge3 HaualbHBIX YCJOBHH (Ha YCTaHOBHUBILHiICA pe-
JKHM), KOUJla paccMaTpUBaercsl peHIeHHe, ONpelieJieHHOe B TeYeHHe
6EeCKOHEUHOTO MPOMEXYTKa BpPeMEHH.

8. Penykuus o6meii 3agzauu. [Ipu pelleHHH CJOXKHON 3ajxauH
€CTECTBEHHO CTPEMUTBCSI CBECTH €€ peHleHHe K pelleHHI0 Gosee
npocthix 3agay. C 3TOil lenbl0 NMpeAcTaBUM pelieHne o0iiefi Kpae-
BOjl 3alaud B BHJe CYMMBl PelIeHHH psifla YaCTHBIX KpaeBbIX 3ajal.

IMyere u;i(x,t) (i=1,2,...,n)— OyHKUHH, YLOBJETBOPAIOLIHE
ypaBHEHHSIM . »

0%u u
—p =0 5+ (64)

npu 0 << x << !, t > 0 ¥ HONOJHHTEJbHBIM YCJIOBUAM
u, (0, f)=pi (),
u,(, Hy=n ()
u; (x, 0)=¢' (x),
%4 (x, )= (¥).
OueBHAHO, YTO HMEET MECTO CYNepIO3HUUs pellleHHH, T. €. PYHK-

uua
n

uO(x, )= 2 u; (x, 1) (66)

i=1

yIOBJIETBODSIET aHAJIOTHYHOMY YPaBHEHHIO C IPaBOH 4aCTbio
n
fO, ty= 2 (x, B (67)
i=l]

H IONOJIHHUTEJNbHBIM YCJOBHSIM, NpaBbie YaCcTH KOTOPLIX CYTb beHK-
HHH )

u® (¢) =Z p, @ (k=1, 2),
i=l1

¢ =3¢ 0, (68)

=3 v 0.

VkasanHbfi NPHHIMN CYNepNoO3HIHH OTHOCHTCS, OYEBHIHO, He
TONbKO K JaHHOM 3ajave, HO H K /oOOMYy JIHHEHHOMY YPaBHEHHIO
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¢ JMHeHHBIMH JIOMOJHHTEJNbHBIMH YCJIOBHSIMH. DTHM CBOHCTBOM MBI
B JlaJbHelilIeM HeOJHOKpaTHO GyaeM NMOoNb30BaThbCA.
Pemenne o6iieli KpaeBodl 3amauu
Uy=a%u., +[(x, )
O<x<l, t>0);

u (0, t) = I (t)’ (69)
ull, )=up, (t);
u(x, 0)=o(x),

us(x, 0)=1v(x)
MOXeT GHITh NMPENCTaBJAEHO B BHIE CYyMMBbI
u(x, H)y=u(x, &)+ u, (x, ) + us(x, £) 4 u,(x, ?), (70)

rae uy, g, Uz, Us— PEIICHHA CJAEAYIOIIHX YaCTHBIX KpAeBbIX 3ajau:
2 2
d%u, — 2 0%u,
a2 ax2

S — 2 U 4 f(x,0),

w0, =0 w0 H=wm @ w0 H=0, 1,0, H=0, |
u, (I, 1)=0; u, (i, t)=0; us(l, Hy=mp, (t); u, (, H=0; |
w(x, 0=0(), u(x 0=0,  u(x, =0, _ u,(x,0=0, |
uy, (x, 0)=1¥(x), uy (x, 0)=0; us,(x, 0)=0; uy,(x,0)=0.
(71)

Mebl orpaHuyHMcsl 3lecb 3TOH (opMaabHOH peAyKuueHd Ana TOro,
yToGbl XapaKTepH30BaTb YaCTHblE KpaeBble 33/aud, COCTABJSIOLIHe
OCHOBHBIE 3Tambl NPH pelleHHH oOmel 3afaud. AHajOTHYHas pe-
AYKIHS MOXeT OblTb NPOU3BeJeHa W AJs NpeleNbHBIX ClydyaeB 00-
el KpaeBOH.3alayH.

9. MocraroBka KpaeBbiX 3a4ay JAsl cay4ass MHOTHX NepeMeHHbIX.
Mui nonpbéﬂo paccMOTpeNH MOCTAaHOBKY KpaeBhIX 3ajay AJs ciay-
yasi O/IHOY He3aBUCHMOH reoMeTpHyecKod mnepeMeHHOH X (M Bpe-
MeHH 1). Ecau uyucn0 reomerpHyecKHX nepeMeHHBIX n > 1 (Hampu-
Mep, n=23), TO mnepBas Kpaesas 3ajlaya CTaBHTCSl COBEPIUEHHO
CXOJHBIM 06pa30M

Tpebyerca nalrtu @yuxyuro u(M,t)=u(x,y,z2,t), onpederen-
Hyto npu t = 0 enyrpu 3adannol obiactu T ¢ epanuyei 3, ydos-
aersoparowyro npu t > 0 enyrpu T ypasnenuro

uy=a’Au+fM, t) M,y 2)=T, t>0), (72)

(i=1, 2, 3),
(0<x<l; t>0)v
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2PAHUHHOMY YCAOBUIO HA X
ulg=nP, t)y (P, y, 2y, t>0) (73)
(u(x,y,2,t) ecto Qynkyus, 300annas Ha Z) ¥ HA4ALbHOIM YCAO-

8uUAM 1. 0)— 030
u M, 0)=q M),
u; (M, 0)=1p (M) } M(x, 9y, 2)=T). (74)

Pasnoxenne oOlleH KpaeBoH 3ajaud Ha psi 6oJiee IPOCTBIX HpPO-
HCXOAMT aHAJOTHYHO MNpeallecTByoUeMy. OTMETHM, YTO BO3MOXKHA
TaKXe IIOCTAHOBKA NpPeleJbHBIX KpaeBBIX 3ajay AJs HeOTpPaHHUYEH-
HOft 06J/1acTH, MOJNYNIPOCTPAHCTBA H T. I.

10. Teopema eauncTBednocTd. [Ipu peleHuH KpaeBblX 3ajauy:

1) namo y6enuTbcsi B TOM, UTO JAONOJHHTENbHBIE YCJAOBHA [10-
CTaTOYHBl ~AJS BBIAEJNEHHUS OAHO3HAYHOIO pEIIeHHsI; 3TO - [OCTH-
raercsl 10Kas3aTeJbCTBOM TEOPEMBl € THHCTBEHHOCT H;

2) Hago y6GeAuTbCcsl B TOM, UYTO MONOJHHTENbHbIE YCJAOBHS HE
nepeonpefensioT 3afavy, T. €. CpeXd HHX HET HECOBMECTHBIX YCJO-
BHH; 3TO JOCTHraeTcsl J0Ka3aTeJbCTBOM TEOPEMB CYLIEeCTBO-
BaHH, AOKa3aTeJbCTBO CYILIECTBOBAHHS pellleHHS OOBIYHO TECHO
CBfI3aHO C METOJOM HAXOX/IeHHs pelleHHs.

B HacrosmeM nyHkTe HaMH OyIeT AOKasaHa cjaelyiouias T e o-
peMa e IHHCTBEHHOCTH:

Bosmosmcno cyujecrgosanue 10a6KO O0HQU pynxyuu u(x,t),
onpedeaennott 8 obaactu 0 L x LI, t >0 u ydosaereoparoujels
YpasHeHuo

p () G = (kW G2) + Flx ) (()>0, k(x)>0),
0<x<l, t>0, (75)

HAQYAAbHOIM U SPAHUYHBIM YCA0BUAM

u(xr 0)=(p(X), ui(xv 0)=1]J(X), }
w0, )y=p,(#), u(l, H=p (),

eCcAu BbiNOAHEHbL YCAOBUSA:

1) ¢ynxyua u(x,t) u npoussodusie, 6xodaujue 8 YypasHerue
(75), ‘a Takxe npoussodnan u,; nenpepoiBHbl HA oTpesdke 0 << ¥ <
<Llnpu t =0;

2) /cosq’)(f)uuueurbt o(x) u k(x) nenpepwisno. na oTpeske 0 <
< <L

JonycTuM, U4TO CYLIECTBYET ABAa DelleHHS paccMaTpHBaeMoH 3a-
Jayu:

(76)

Uy (xnt)7 Uy (x! t)’

¥ PACCMOTPUM PA3HOCTD U (X, t) = u; (X, ) — uz(x, 1),
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QyHkuua v(x, ), O4YeBHAHO, YAOBJAETBOpseT OLAHOPOJHOMY ypaB-

HEHHIO
d% a dv
037 =35 (£ 5%) (77)

1 OJHOPOAHLIM AOMOJHUTENbHBIM YCJAOBHSIM
v{x, 0)==0, v(0, £)=0,
vy (x, 0)=0; v (l, =0, }
a Takxe ycJoBHIO 1) TeopeMmul.

JloxaxeM, urto ¢GyHKUMA ©(X,!) TOXKAECTBEHHO paBHa HYJIO.
PaccmotpuM ¢yHxIuIo

(78)

E(t)=

+ | B0+ 0 (0)3 dx (79)

Oe_’N

4 TOKaxKeM, YTO OHa He 3aBHCHT OT !. ®H3HUeCKHHA cMBICaA (YHK-
uuu E(f) oueBMAeH: 3TO neoJyiHas 3HePTrHs CTPYHHI B MOMEHT Bpe-
menn t. Tlpoaudodepenuupyem E(f) no ¢, BHIOOMHAA NpPH 3ITOM
nuddepeHLHPOBAHHE NOL 3HAKOM HHTerpasal)

dE(t)

J‘ (kv + posvy) dx.

Hurerpupysi mo uacTsiM HepBOe cJjaraeMoe [paBod 4YacTH, Gyaem

HMETb:
]

jkvxvx, dx = [kv,0,], — j ve (kv,), dx. (80)
0 0

[ToacranoBka ofpamiaercs B HYJb B CHJIYy TPaHUYHBIX YCJAOBHE (M3
v(0,)=0 caenyer v;(0,{)=0 u awanoruuso aas x=1I[). Or-
ciofa cneﬂyeT 4TO

!

40 f lp0s0s — v (ko)) dx = [ 0l00, — (ko,)] dx =0,
0

T. e. E(f)==const. YuuTbiBasi HauaJbHble YCJOBHS, NOJAYYagM:

/]
E(t)=const=E (0) =~ J' [k (0,2 + o (0], dx =0, (81)
0

1y Jns nudoepenuHpoBaHHs D[OA 3HAKOM HHTerpaja JOCTAaTO9HO, YTOGEI
no.nyqaeuoe NpH  3TOM TOAbLIHTErpalbHOe BhpaxeHHe Oblo HENPEPHBHO Ha
orpeske 0 << x <</ npu £ > 0. Dro TpeGoBaHHe B HaleM CJy4ae BLIMNOJIHEHO,
TaK Kak- q)yHKuna U(x, f) yAOB/IETBOPHET YCAOBHIO 1) Teopemul, a p(x) H k(x) —
YCJI0BHIO 2),
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TaK KakK
v(x, 0)=0, uv;(x, 0)=0.

ITonbsyscy ¢opmyaoii (81) u MonoXKHTEJNPHOCTHIO & M p, 3akJio-
yaem, uTo
Ue(x, =0, uv;(x, )=0,

OTKyZa H CleflyeT TOXJeCTBO

v (x, f)=const=C,.- (82) .
ITosb3ysich HauaJbHBIM YCJAOBHEM, HAXOMHM: '
v(x, 0)=C,=0;
TeM CaMbIM JOKa3aHO, UTO
v(x, £)=0. (83)

CaenoBatenbHo, eC/H CyLIeCTBYIOT ABe GYHKUHH 4y (X, ) u uy(x,1),
YAOBJIETBOPSAIOLLE BCeM YCJAOBHAM TEOPeMbl, TO 4(X,%) == u(x,{).

Hns BTOopoll KpaeBoill 3aaud (PYHKUHS U = 4; — Uy YAOBJETBO-
pseT TpaHHYHLIM YCJIOBHAM

v, (0, =0, wv,.(, t)=0, (84)

H NoACTaHOBKa B ¢opmyse (80) Takxke obpaliaercs B Hyab. Jajb-
HeHlllafd 4YacTb NOKa3aTeslbCTBA TEOPEMbl ecTaercsl. 6e3 HMeHeHH,

Ina Ttperbeli KpaeBoil 3ajayM JOKAa3aTe/lbCTBO TpebyeT HeKo-
TOPOr0 BHAOH3MeHeHHs. PaccMaTpuBasi NO-NPeXHEMY [Ba pelleHHs -
Uy H U, TOJAy4aeM LS HX DA3HOCTH U(X,?)= u; — uy ypaBHeHHe
(77) u rpanuuHBle YCIOBHA

v, (0, ) — v (0, )=0 (b, =0), }
v, (, )+ hyo (l-: H=0 (h,=0).

IlpencraBum noxcranosky B (80) B BHIe

— £ 221, 0+ he? 0, D).

(85)

[kvxvt](l) =

Unrerpupys % B npefeJax OT HyJs 10 f, TIOJYYHM:
tol

E()~EO=[ [ olovs— (ko). drdt —
0 0

— 10, ) — (L, O+ ki [02 (0, 1) — 02 (0, O)],
OTKYZJA B CHJly ypaBHEHHS H Ha'aJbHbIX YCJOBHH Cjegyer:

E(t)=—51ho*(, )+ 1v* 0, )] <O (86)
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Tak Kak B CcHJY HEOTPHUATENbHOCTH MNOAMHTErpajbHOH QYHKIHH
E(t)=0, To
E({t)=0, (87)
a cJaefoBaTeJbHO, H
v(x, £)=0. (88)

- MlsnoxenHulfl 31ech MeTOH J0Ka3aTenbCTBA TeOpeMBl eHHCTBEH-
HOCTH, OCHOBAHHBIH Ha HCIO.1b30BAaHHUM BbIDAXKEHUs MOJHOH 3Hep-
THH, UIHPOKO MPHMeHsAeTC: NPH N0Ka3aTeJbCTBE TEOpPEM. €IHHCTBEH-
HOCTH B PAa3JIHYHBIX OOJIACTAX MaTeMaTHyecKoil (U3HKH, Hampumep,
B TEODHH 3/IEKTPCMArHHTHHIX TOJeH, TEOPHH YHPYrOCTH ¥ FHApO-
JHHaMHKe.

JloKka3arenbCcTBO €JMHCTBEHHOCTH NPYrHX KpaeBblXx 3ajau (3a-
naun Komwn wu 3amaun 6Ge3 HavaabHBIX YCJIOBuil) OyaeT paHo
B JaJjbHellllleM B COOTBETCTBYIOLIEM MecTe.

3apgaun

1. JlokasaTb, 4yTo ypaBHeHHe MaJblX KDPYTHAbHBIX KOJeGaHHA CTEPIKHS HMeer

BHJ —
eﬂ = aQOxxy a= V%)

rae © ectb yron moBopoTa CeueHHs CTepxHA ¢ abcumccoft x, G — MOAyab CABHra,
J — noasipHEIi MOMEHT HHEPUHH MOMEePeyHOro CeYeHHs, a Kk — MOMEHT HHEpUHH
€IHHHUb JJMHHBI cTepxHsA. JlaTh (PH3HUECKYI0 HHTEpPNPETAaUHIO TPAHHYHHIX YCJIO-
BHH 1-T70, 2-r0"H 3-r0 posa AJ% 3TOrO YpaBHEHHS.

2. AGcomoTHo rubKas ONHOPOAHAs HHTh 3aKpemneHa Ha ONHOM H3 KOHILOB
H MOJ /[EACTBHEM CBOEro BECa HAXOAHTCH B BEPTHKA/JILHOM IOJOXKEHHH DaBHOBE-
cHsi. BhiBeCTH ypaBHEHHe ManbX KoJNeGaHHA HHTH.

L Ouw _ , 0 ou .
OTBBT.—(,_}t—z—a '—a—x[(l—x)w], a=4g,

rae u(x,f) —cMemenHe TOUKH, [ — JJIHHA WHTH, g — YCKODEHHE CHJB TSKECTH.

3. Taxenas OAHOPOAHAS HHTb IAHHH I, NPHKPENJeHHAs BEDXHHM KOHUOM
(x = 0) x BepTHKAJbHOH OCH, BPaUla€TC BOKPYr STOH OCH C IOCTOSHHOR YIio-
BOH CKOpDOCTbIO . BhiBeCTH ypaBHEHHe MaJsBIX KOJEGaHHH HHTH OKOJNIO CBOEro
BEPTHKAJbHOTO MOJIOKEHHS PaBHOBECHS.

(O, O ﬂ] 2 2
Orser: e =% 37 [(l x) ox + w’u, rae a?=g.

4. BuiBeCTH ypaBHEHHe NOMEPEYHBIX KOJeGaHHA CTPYHH B Cpele, COMPOTHB-
JIEHHE KOTOPOH NMpPOMOPUHOHAJBHO NMEPBOH CTENEHH CKOPOCTH.

Ty
2,

5. BuiBeCTH rpaHHyHHe YCJIOBHA JAnsl YPAaBHEHHs TPOMOJBHBIX KOJEGaHHM
YOPYroro cTepxHs (NPYXHHb) B Cly9ae, KOTa BEDXHHA KOHEW CTepXHA 3a-
KpeIUIeH XKECTKO, a K HHXXHEMY NPHKpelJieH rpys P, ecin:

a) 3a NOJIOMEHHE DABHOBECHS NDPHUHHMAETCHA HANPSKEHHOE COCTOSHHE CTepiK-
HA TOL JAeficTBHEM HEMOIBUXKHOTO rpy3a P, NOABEIIEHHOTO K HHMHEMY KOHLLY
(craTHueckoe pacTaKeHHe);

Orsger. 0, = aty,  — h'*’vt, a?=

xx
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6) 3a TOJNOXKEHHE DPABHOBECHs MpPHHHMAeTCs HEHAaNpsiKEHHOe COCTOSIHHE
cTepykHs (HanpuMep, B HayasbHbIi MOMEHT H3-OJA Tpy3a yGHpaeTcss MOACTABKA,
H Tpy3 HAauHHAET PACTATHBATH CTEPXKEHb).

. 6. Hanucatb ypaBHEHHe H YCJIOBHS, ONpPENENSIOI{HE TpPOLECC KPYTHAbHBIX
KONeGaHHA CTEePMHA, K OGOHM KOHIAM KOTOPOTO IPHKPEIUIeHLl IKHUBHL.
Orger: Tlpn x = 0, x == [ JOMXKHBI BHIIOJHSATLCH TPAHHYHbE YCJIOBHS BHAA

0, (0, 1) =030, (0, 1), O, (L 1) =—al0, (I 1)

7. B HekoTOpOi TouKe X = X; crpyHul (0 << x <C /) noaseweH rpys maccol M.
BEIBECTH YC/JOBHSI CONMpPSXKEHHS B TOUKE X == Xq.

8. K koHuy x = ! ynpyroro crepHs, ynpyro 3aKpeleHHOTO B Touke x==0,
nojsewed rpys Maccsl M. Hamucatb ypaBHeHHE H YCJIOBHs, ONpPefENsIOMHE NpPO-
JOJIbHbIE KOJMeGaHHA CTePXKHs, MpeAnosaras, 94T0 Ha HEro, KpoMe TOro, AeficTByeT
BHelHAs cHiaa. PaccMoTperh ABa coyyas:

a) cuia pacrpefesieHa IO CTEPXKHIO ¢ mIOTHOCTbIO F (X, 1),

6) cuJa cocpeOoTOYEHa B TOYKe X == X, M paBHa Fo({f).

9. PaccMoTpeTh mpollece ManblX KOJMeGaHHE HAEAJbHOrO rasa B LHJIHHIPHYe-
cKOH TpyOKe. BhiBecTH CHauasa OCHOBHBle yPaBHEHHSl THADOJHHAMHKH, a 3aTeM,
nmpeamoJaras mpouecc afHabaTHYECKHM, BHIBeCTH AHGdepeHIHalbHOE YpaBHEHHe
aasi: 1) mnornocru p, 2) nasaenns p, 3) norenunana U ckopocrTu 4acTHL rasa,
4) cxopocTH v, 5) cMeweHHss u gacTHU. [IpHBeCTH NMpHMepHl peasH3allHH T'paHHY-
HBIX yC0BH# 1-r0, 2-T0 ¥ 3-TO THNOB AJS STHX YpaBHEHHH.

10. YcTaHOBHTbL COOTHOUIEHHs MNONOOHsS MeXAYy TMpoLeccaMH MeXaHHYecKHux,
aKYCTHUECKHX M 3JeKTPHUeCKHX KoseGaHui (cM. mpunoxenue VI k ra. II).

11. TlpuBecTH npHMepsl IPaHHUHBIX YcJoBH# 1-ro, 2-ro W 3-ro poja ansi Te-
serpadHbIX ypaBHEHHH.

12. PaccmoTperb 3ajauy O MPOAOJBbHEIX KOJNeGaHHAX HEOAHOPONHOTO CTepPXKHSA
(k=1Fky npu x << xo, R =Fky NpPH x > X;) H BHIBECTH YCJOBHS CONpSKEHHS B
TOYKE CThIKAa HEOMHOPOAHHX yacTell cTepxHs (OIpH X = X;).

13. Hatb ¢usHuecKylo HHTEpHnpeTalui0 FPAHHYHOIO YCIOBHA

au, , )+ But 0, t) =0.

14. TIpHBecTH MpHMEp MeXaHHYECKOH MoOJe/H, MJIs KOTOPOH peasin3oBaoch Gbt
ypaBHeHHe

—_ 2
u,=a uxx—l-but-|-cu.

§ 2. Meroa pacnpoCTPAHAOUIHXCA BOJH

1. ®opmyana Jlasramoepa. Msyuenne MeTof0B MoCTpOEHHS pele-
HHil KpaeBblX 3ajay JJs ypaBHEHHH THNEPOOJHYECKOTO THIA Mbl
HauMHAEM C 3afaud C HauyaJbHbIMH YCJOBHAMH IJ5 HEOrpaHHueH-
HOW CTPYHBI: )

Uy — QU =0, (1)

u(x, 0)=o (x), ]

Uy (x’ 0)='ll3(x).
ITpeo6pasyeM 3TO ypaBHeHME K KaHOHWYECKOMY BHIY, COAepXKa-
IeMy CMellaHHYIO NpousBoaHyl (cm. ri. I). YpaBHeHHe Xapakre-

PHCTHK
dx?—a?dt?=0

@)
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pacrmajgaercst Ha JBa ypaBHeHHs:
dx—adt=0, dx+ adt=0,

HHTErpasaMi KOTOPBIX SIBJIAIOTCH NPsSMBble

x—at=C,, x-+at=C,.
Bsonsi, Kak 0GbIUHO, HOBBIE NEpPEMEHHBIE

E=x-ta, n=x—al,
ypaBHeHHe KoJjtleGaHHuH CTPyHbI npeobpasyeM K BHAY:

uz, = 0. (3)

Hajinem oGuiuifi uHTerpas nocsaeaHero ypasHeHusl. OueBHOHO, Mg
BCSIKOTO pelleHusi ypasuenus (3)

Uy (gv TI) = f‘ ("]),

rae f*(n)— Hekoropas GYHKUHS TOJBKO MepeMeHHOro 1. Wurerpu-
pysl 3TO.PaBEHCTBO MO 1) NpH (HHKCHPOBAHHOM &, HOJYUHM:

w = [ I dn+5E =1 © + 50, @)

riae fi 4 fp ABAAOTCA (QYHKUUAMH TOJBKO NepeMeHHbIX & U 1. O6-
aTHO, KaKQBbl Gbl HH OBbLIH ABaXKAH nHbdepeHuUpyeMble GYHKIHH
;]1 u fo, Gynkuns u (g, n), onpelensieMasi popMmyJsoi (4), npencras-
Jsier coboi pemleHre ypaBHeHHs (3). Tak Kak BCSKOe pellieHue
ypaBHeHHs1 (3) MoxeT ObITh mpefcTaBieHo B Bume (4) npH CooT-
BeTcTBYIOIeM BhiGope f; U fo, TO dopmyna (4) sBaserca o6muM
_HHTEerpaJoM 31oro ypaBHeHHsi. CllefoBaTeNbHO, GYHKIMs

ux, )=Ff (x+ at) +f, (x — a?) (5)

siBasieTcsl OOIMM HHTerpasom ypaBHeHHsa (1).

IlonycTuM, 4TO pelIeHHe pacCMaTPHBAeMOH 3aJaud CYyILIECTBYeT;
Torna oHo naercs dopmyaoft (5). Onpenenum ¢yukuuu fi u fp ra-
KHM 06pa3oM, 4ToOBl YIOBJETBOPSIIHCh HadaJbHble YCJOBHS:

u(x’ 0)=f1 (X)+f2(X)=Q)(X), (6)
ue (x, 0)= af] (x) — af; (x) =P (x). (7

Hurerpupys BTopoe paBeHCTBO, NOMYUUM:

W —h=1[v@datc,
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rae xo # C — nocrosduvie. 3 paBencTs

fi (x) + f2 (x) = @ (x),

a

)~ ="1 [ (@) da+C

HaxoOguM:

h =00+ [ v@dat <,
y (®)
h6)=50®—3: [ p@da—S.
Xo )

Takum 06pa3oM, Mbl onpepeauan ¢yHkuuu f n f; depes 3a-
JaHHble (YHKOHH ¢ H 1, NpHueM paBeHCTBa (8) MOJIXKHBL HMETb
Mecto naJs Jio6oro 3Havenuss aprymental!). lloacraBass B (5)
HaliieHHble 3HaYeHHs f) U fo, MONTYyUHM:

‘x+at x—at

u (x, t)="""+“’”§"""*"‘>+§{ [ v@da— ¢<a>da}
HJIH * o
x+at
- — 1
u(x, t)ztp(x-l-at)';tp(x at) +% J‘t‘lp(a)da'i (9)
x—a

®opmyay (9), HaswiBaemyio ¢opmyaon [lanambepa, MBI moay-
YMJIH, TpeAnoJaras CyLEeCTBOBaHHE pelleHHsl NMOCTaBJeHHOH 3ana-
uyy. dta dopMmyna DOKasbiBaeT eIHHCTBEHHOCTb pelileHHsd. B camom
neJe, ecau Obl CYIIeCTBOBaMO BTOpOe pelieHHe 3agaun (1)—(2), to
OHO npefActaBasanoch Obl ¢opmynoit (9) w cosnajgano 6w c mep-
BBIM pellleHHEeM.

Herpyano npoBeputsb, uto ¢opmyna (9) yaosaersopsieT (B Ipel-
NMOJIO}KeHHH ABYKpaTHOH mu¢¢epeHuHpYeMOCTH GYHKLUHH ¢ H OIHO-
KpaTHO# Au¢¢depeHuHpPyeMOCTH (YHKIHH §) YPaBHEHHIO H Hayajb-
HbIM yca0BHAM. TakuM 06pa3oM, H3JIOXKEHHBIH -METOL [O0KasbiBaeT
KaK eIMHCTBEHHOCTb, TaK M CYLleCTBOBAHHe peIlUeHHsl MOCTaBJeH-
HOH 3aJlauH.

2. ®usuveckas uurepnperauus. Oyukuus u(x,?), onpefensemas
¢dopmynoit (9), mpeacTaBiaseT MNpPOUECC PacNpPOCTPAHEHHs Hauab-

1) B ¢opmyne (5) ¢yuxumu f; u fp onpeneseHs HeomHosHauHo. Ecam or f,
OTHATb, a K [; NPHOABHTH HEKOTOpyl0 mNocTosHHylo C), TO 4 He H3MEHHTCS.
B ¢opmyse (8) mocrosiHHas C He ompejessieTcs 4epes ¢ B P, OKHAKO MBHl MOXKeM
ee OTODPOCHTb, HE MeHAs 3HayeHHd . IIpn cnoXesHE i u f2 craraeMble Cl2n
— C/2 B3aHMHO YBHYTOXAIOTCH,
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HOro OTKJOHEHHS ¥ HayaJjbHO# cKopocTtH. Ecau dukcupoBath =
=to, T0 GynKuHa u(X,fp) NaeT NPopuIb CTPYHH B MOMEHT Iq;
(QUKCHDYS X = Xo, MOJYYUM (QYHKUHIO U(Xo,?), HaOLLyl0 TNpolecc
JNBHIKEHHS TOUKH Xo (puc. 4). Ilpeamonoxkum, uro Habuawaatennb,
HaxXOJMBIIHACA B TOUKe

x=0 B wmoMeHr =0, u y

JBH}KETCS CO CKOpPOCTbIO @
B MOJOXHTEJIBHOM Hampas- a)
Jgenud. BeemeM cucremy ko-
OpMHAT, CBSI3aHHYIO C Ha- \
Gawonarenem, nojaras x’ = L
=x—at, ' =1 B arto#t
NOABHXXHOH CHCTeMe KOoop-
auuat Gyukuus u(x,t) =
= f(x — at) Gynmer omnpe-
HeqsiTbesl popMysoln u =
=f(x’) u HaGuaoparenb
Bce BpeMs OyJeT BHIAETh
TOT Xe NpOoQHuJIb, YTO H B
Hauanbubii Momeut. Cue-
JIOBATEJbHO, ¢byHKIHA
u(x,t) = f(x— at) mnpen-
CTaBJIsieT HeH3MEHHbIH po-

6)

¢unb  f(x), nepememalo- Puc, 4.
muics BnpaBo (B TIOJOXKH-
TeJIbHOM HalpaBJIeHHH

OCH X)' CO. CKOPOCTBIO a (pacHpoCTpaHAOUyIOCA HJIH Geryuyio
Bosny). ®yukuus f(x -+ af) npencraBiser, OueBHIHO, BOJHY, pac-
POCTPAHAIOILYIOCS HaJeBO (B OTPHLATENbHOM HAaNpaBjeHHH OCH X)
co cxkopoctbio a. Takum o6pasoM, ofuiee peiieHHe (9) 3amaun
Komn g5 GeckoHeuHOH CTPYHBl €CTh CYNEpPNO3HIUA IBYX BOJH
fi(x 4 at) + f2(x — at), onHa W3 KOTOPHIX PaCIpOCTPaHsETCS Ha-
NpaBo CO CKOPOCTBIO @, a BTOopas — Ha/JleBO C TOH JKe CKOPOCTBIO.
Ilpu atom

heta)=go(+a)+¥ (x+a), f,(x—ah=
=%q>(x"—at)—‘lf (x — at),

rae * .

¥ (x)=2—la J’ P (a) da.

Jns BeificHeHHst XapakTepa peiueHus (9) yZoGHO NOJb30BaThCS
IJIOCKOCTBIO COCTOSHHH (X,?) HMaHM «da30Boit MaA0ocKocThiO». [IpaMble
Xx—at=const u x4 at=const fABAAIOTCA XapaKTepHCTHKAMH
yYpaBHenns (1). ®ynxkuus 4 = f(x — af) BEOAb XapaKTepHCTHKH
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x —at = const CcOXpaHseT MNOCTOSIHHOe 3HayeHHe, QYHKUHA U =
= f(x + at) nocTosiHHA BIOJb XapaKTEPHCTHKH X - af = const.

[TpeanonoxumM, 4to f(X) OT/IHYHA OT HYJA TOJBKO B HHTEepBaJje
(x1,%;) H paBHa HYyJIO BHE 3TOr0 HHTepBana. I[IpoBeleM xapakre-
PHCTHKH X —af = X; H X — al = % yepe3 Touku (¥1,0) u (x30);
OHH Das3buBalOT noaymiockocts (x,f>0) Ha Tpu obGnactu /I, I/
u Il (puc. 5,a). ®yHkuusa u = f(x — al) OTJAMYHA OT HYJS TOJbKO
B obaactu I1, rie x; <<x —at <<Xx; U XapaKTePUCTHKH X — af =
= X; H X-— at ==X, NPeJCTABJAIT NepeJHHH Hu 3agHUH (GPOHTHI
‘PacnpocTpPaHAIOLecs HallpaBO BOJHHL.

¢

. M(z,, %)

z 2
I Z, | Plzy-at,,d) Qlzy+aty, )
a) 4)
Puc. 5.

PaccMoTpuM Tenepb HEKOTOPYIO (GHKCHDPOBAHHYIO TOUKY (Xq, %)
¥ npoBeleM H3 Hee 00¢ XapaKTEPHCTHKH X —al=xp—aly u x4+
-+ at = xy + aty, KOTOpble NEpPECEKYT OCb X B TOUKAX X = Xo—
—aty, t=0 n xy=x9-}aty, t=0. 3HaueHHe OYHKUHH u =
= fi(x — )+ f2(x + at) B Touxe (xo,%,) paBHO u(Xy, o) = fi(x;)+
+ f2(%2), T. e. onpelensiercs 3HauyeHHsIMH OYHKUMH fi(X) H fz(x)
B TouKax (x;,0) H (X, 0), sABAAIOLIUXCA BepIIHHAMH TPEYTOJbHHKA
MPQ (puc. 5,6), 06pa3oBaHHOrO [IBYMs XapaKTePUCTHKAMH H
OCbI0 X. DTOT TDPEYrONbHHK HA3BIBAETCS XaDAKTEDHCTHUECKHM Tpe-
YrOJIbHHKOM TOYKH (Xo,%p). MI3 ¢opmynabt (9) BHIHO, YTO OTKJIOHE-
HHe u(xo, fp) TOUKH CTPYHbI B MOMEHT f; 3aBHCHT TOJIbKO OT 3Ha-
YeHHH HayaJbHOIO OTKJOHEeHHs B BepuwiHHax P(xp— at,0) wu
Q (%o + ato,0) xapaxTepucTHuecKoro tpeyroapHdka MPQ u ot 3sua-
UeHHH HayaJbHOH CKODOCTH Ha cTOpoHe PQ. 3TO CTAHOBHUTCH 0CO- -
OeHHO sICHBIM, ecsH -hopMyay (9) sanHcaTb B BHIE

w(i) =20+ @ o L[y ) g, (10)
PQ

Hauanpuble naHHble, 3afiaHHBleé BHe P(Q), He OKa3bIBAlOT BJIHf-
HHSI Ha 3HAuYeHHd u(X, t) B Touke M(xo,%0). Eciiu Hauasbtibie ycmo-
BHA 3a/aHbl He Ha BCell GeCKOHEYHOH NpAMOK, a Ha oTpe3ke P;Q,,
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TO OHH OJHO3HAYHO ONpPEeIENAIOT pPelleHHe BHYTPH XapaKTepUCTHUe-
CKOTO TPEYyroJibHHKAa, OCHOBAHHEM KOTOPOTO SIBJAsieTCst OTPe3oK P1Q;.

3. NMpumepnl. Pemenne (9) MOXHO NpeACTaBHUTb B BHJe CYyMMbl
u=—u(x, 1)+ u(x,1), rne u

wi(x, =5 lol —at)+ M A NN '
+ox+a), (1) ’

u2 (x’ t) = t‘
=% (x+af) —¥ (x —al)= d
- x+at
—L [ y@dae (12 b TON :
x-—at
Eciu  HauaibHas CKOPOCTb & R z

pasHa Hyawo (p(x) = 0), 1O

OTKJ/IOHeHHe # == U (X, t) ecTb é&
! z

CyMMa- 1eBOH M npasoi Gery-

INHX BOJH, NpHUeM HadaJjb-

Hasi QopMa KaxJAOH BOJNHBI ¢ /\ .
onpeJensercs ¢bysKIHEH I, E

0,5p(x), paBHOH mOJNOBHHE

H44aJbHOTO OTKJOHeHHsi. Ec- ptet. - p.= LT

an xe ¢@(x) =0, T0o U= “rt b

= uy(x,t) upeacrapnader BO3- Puc. 6.

MyIleHHe CTPYHBI, CO3laBae- ,
MOe HayaJbHOH CKOPOCThIO.

[Tpumep 1. Pacecmorpum
pacnpocTpaHeHHe HauasibHOTO
OTKJOHEHHUSl, 3aJaHHOTO B
BHJe PaBHOOEIDEHHOro Tpey-
ronbHuka. Takofl HawasibHBIH
npoduiab MOXHO TNOJYYHTb,
ec/IH OTTSIHYTh CTPYHY B ce-
penuue orpeska [xi, xs]. Ha
puc. 6 naHB noOC/ENOBaTEl]b-
Hble TNOJIOXKEHHS CTPYHEHI yepe3
NPOMEXKYTKH BpeMeHH Af = Puc. 7.
= (x2.— x1)/8a.

Harnannoe npeacrasiiende O xapakTepe npolecca pacmpocrpa-
HEeHHsi MOXKHO MOJYUHTb C NOMOuwbl (a3oBoil miaockoctd (x, ).
Iposenem xapakrtepucTHKH Yepe3d TOukH P (x1,0) u Q(x2, 0); onu
Pa306bIOT MONYMIOCKOCTh (— 00 << x << 0o, t > 0) Ha uecTb 06-
stacreit (puc. 7). Otknonenne u;(x,t) B M060H TOuKe (X,!) naerca
Gopmynoi (11). IMoaromy B obnacrsix I, /1I, V orknoHeHue paBHO
HYJI0, TaK KaK XapakTePUCTHYECKHH TPEYIoJbHHK JI060H TOuKh
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U3 5THX obJjacTell He HMMeeT OOINHMX TOYEK C OTPE3KOM [X, Xp], Ha
KOTOPOM 3alaHbl Haua/bHble ycjoBua. B obmactu Il pemennem
ABAseTca «npapas BoaHa» 4 = 0,5¢(x — at), B obaactu [V — «ie-
Bag BoaHa» # == 0,5¢(x+at), a B obnaetu VI peiienne ectb
CyMMa «J1eBOH» U «lpaBoOi» BOJIH,

Npumep 2. [lyctb HauyaiabHOe OTKJIOHeHHe ¢@(x)=0, a Ha-
yaJbHAs CKOPOCTh OTJAMYHA OT HyJsl TOJAbKO Ha OTpe3Ke [xy,Xo],
rle OHa MPUHHAMAET MOCTOSTHHOE 3HaueHHe Po: P (X) == Po NPH X} <
< X< X, P(¥)==0 npu x> X3 u x << Xx;. B atom cayuae peuwe-
HHeM siBasierca GyHkuus up(x,?). Boiuncanm ¢ynknuio W(x), BH-
Gpas npu 3toM xo = 0 (pHc. 8): '

x 0 npu  x<xy,
‘P(x)=—215 .J‘tp(a) do= (x—x,)}p0/2a npH X <<x << Xy, (13)
0 l (xg — x))po/2a npu X >x,.

Peutenne Ug(x,?) ecTb pasHOCTb NpPaBO M JIeBOH BOJH C NMpoduieM
W¥(x). TNocnempoBaTeabHbié IOJIOXKEHHs 9THX BOJIH 4Yepe3 Mpome-
JKYTKH BpeMeHu At = (x;— x,)/8a u3obpaxenn Ha puc. 9. Tlpo-
¢unb crpyssl Ans ! = 4At umeer QopMy Tpameuud, paculupsio-
ulefics paBHOMepHO C TeueHHeM BpeMeHH. Ecan ¢(x) OT/iHuUHO OT
MOCTOSIHHO# Ha [X;,Xg], TO H3MeHHTCs JHiub npoduab W(x).

Jas BbISICHEHHs XapaKTepa pellleHHsl BocloJb3yeMcs (as3oBoi
naockoctbio (x,t) (puc.. 7). Hanmumem Boipaxenus nas u(x,f)
B Pa3JIMYHBIX 06sacTsix $Ha30BOH MJIOCKOCTH.

B obnactu [ (x—at > x) ¥ (x 4 at) = ¥ (x — at) = const,

u(xty=20. .
B obnacth V (x+at<<x) Y(x—at)=W(x+at) =0,
u(x,t)=0.

B o6nactu Il (x—at < x1, x + at > x3)

Xo — Xy

¥ (x + at) = const = =2 5 Yo

Y (x—at)=0, ul(x, t)=ﬂ-2_—1‘—1p0.

a

B o6aactu I (x; <x —at<x,, x-+ at>xy)

¥ (x 4 af) = X2 — 5 Vo,

I
Y (x — af) = T ——"L ‘;ta— g ulx, y=2—"0"99 (2’;— at) VYo

B ofnactu IV (x; <x 4 at <xy, x —at <x)

Wt ay=2FL0 g wix—at)=0, ulr, =25 "5y,
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B o6aacty VI(x —at > x;, x+ at <x,)

¥ (x -+ at) =

x - at — x,
2a-

"I’o,

¥ (x — at) = x—_—%%ﬁ Vg, u(x, £)= h,.

Tlpumep 3. PaccmoTpuM 3agauy O KoOJeGaHWSX CTPYHBI MOA
JefiCTBHEM COCPeAOTOYeHHOro umnyabca. Coobuiasi B HayaJbHbIA

MOMEHT TOuKaMm CTpPyHH (X, X +
- Ax) NOCTOSIHHYIO CKOPOCTb o
(nanpumep, yaapsia CTPyHy Mo-
JIOTOUKOM), Mbl IIPHKJIAAbIBaeM K
5TOMY y4acTKy umnyasc I, pas-
HbIi  H3MEHEHHIO  KOJHYeCTBA
nBuxenns npu t=0, Tak 4TO
I = pAxpo, roe p — JHHEAHAs
IJIOTHOCTb CTPYHbI. TakuM o6pa-
30M, Mbl JIOJKHBl peMIUTb 3a1a-
gy O KoseGaHHsIX CTPYHbI C HY-
JIEBEIM HAYaJbHbIM OTKJ/IOHEHH-
eM H HayaJbHOH CKOPOCTbIO
P =Io/jp =1 Ha HHTepBaje
(x,x+ Ax), y =0 BHe 3TOrO
HHTepBana; 3gech [l = I[/Ax —
IVIOTHOCTb HMOyJabca. AHanau3
peiligHHst 3TOH 3ajaud Owul AaH
Bblllle [IPH PelUeHHH NpHMepa 2.

¥(z)

u

I Z; z

Puc. 8.

% e~ .
t, O~ z
L —_— —_— T
t —_ r
ty - : z
Y = :
t, —_— P
2 e
t-0 7 T z
s=t ot
Puc. 9.

. OTKJToHeHHe, BbI3bIBAEMOE HMIYJIbCOM, paclpele/leHHbIM Ha HHTep-
BaJie (x,x--Ax), npeacrasasier co6oil npu {> Ax/2a Ttpaneuuio
C HHXHHM ocHoBanuem 2af + Ax u BepxHuM 2af — Ax. Cosepmas
npenenbubii nepexox npu Ax—0 Iy = const, BuaAuM, 4TO OTKJO-
HeHHsi GyayT paBHbl HyJa0 BHe (x—af,x-+af) u I/2ap BHyTpm
9TOr0 HHTepBaja. MOXHO YC/JIOBHO TOBOPHTb, YTO STH OTKJOHEHHS
BEI3bIBAIOTCS TOYEYHBIM HMIYJbLCOM 1,
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PaccmorpuM  ¢asosyo maockocTs (X,f) H IpoBeieM uepe3
TOUKY (Xo,fo) 00€ XapaKTepHCTHKH: ~

x—at=x,—at, x-+at=x,+ at,

(puc. 10). OHH ompenmensiorT ABa yria o H op, Ha3biBaeMble BepX-
HUM H, COOTBETCTBEHHO, HHXKHHM XapaKTEPHCTHUECKHMH YIJ1aMH IS
TOUKH (X, fo).

JleficTBHE TOYEYHOrO HMIY/bCA B TOUKE (Xg,Z;) BEISBIBA€T OT-

1 I
KJOHeHHe, paBHOe -Q;—pi BHYTPH BepXHeT0 XapaKTePHCTHYECKOTo

yria H HYJIO BHE €ro.
} 4. HeoaHopoanoe ypaBHeHHe.
Paccmorpum  sagmauy Kowmn nas
HEOJHOPOJHOTO YPABHEHHS KOJe-
a, GaHui
{rﬂltﬂ)
o, 'alTutt= Uyx +f(x’ t),

—-oo<x<oo, t>0,

t

—7 u(x, )=o), (14)
Pxuc. 10. u; (x, 0) =1 (x),
— 00 < x < oo,

TIyers ws(x, ¢ t) — pelrenne BcmomoraTesbHOH 3ajaud Kouin

aLz(wf)tt=(wf)xx’ —ooLx<oo, > (15)

f
w; (x, 75 1) =0, —;L(x, T V=[x 1), t=1, — o0 <x<0.(16)
dopmyna HanamGepa (9) naer
x4 a (t—1)
1 ‘
ws (x, t; 7) = w;(x, l‘—-'c;'t)=—2; J‘ fE, T)dg. (17)

x—a(t—1)

Tlepenumem ¢opmyay Hanambepa (9) B BHIe

u(x, t)=a—:t3(x, £ 0)+ wy(x, £ 0), (18)
rae
x+at x+at
wolr, £ )=5; | $QdE woln & 0)=5 | o ds
x—at t—at

SIBASIIOTCS pelieHHsIMH 3ajaun (15), (16) mpu v=10 u f=1p(x),
f == @(x) cooTBeTCTBEHHO, TaK KaK HeNOCPEJCTBEHHOE AH(depen-
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LHMPOBaHHe MOKAa3bIBAET, 4TO
P I x+at
w ; o
—a 6 5 =57 f o) ag =2 tolr—a)
x—at

JlokaxeM, 4TO cCnpaBefNndBa CJaejyollas jJeMMma:
Pelrenue HeoJHOPOZHOTO ypaBHeHHsA (l4) ¢ HyJieBHIMH Ha-
YyanbHBIMH gaHHbIMH U (x,0) = 0, u(x,0) = 0 umeer Bup

. t
u(x, t)=a? f wi (x, ¢ ) d. (19)
0

IOnddepennupys dynkuuo (19) u yuntwiBas ycnoBus (16) aast

ws(x, £;t), HAXOAUM:
t t

u; (x, t)=ad*w; (x, t; t)—i—dZJ. aat (x, & 'r)d'c———az_l.aazf (x, & 7) dr,
0 o
(20)

t
dw a2
Uy (x, t)—-a2—a— (x, ¢ t)—l—a2J. ;;f (x, & 1) dv=
0

t

62
=a"’f —F- Fx, ¢ v)dv+ a*f (x, 1),
0
t t

— 2 aZWf . d — f d
ww=a [ Do (s, yav= [ T (s, £ s
0 0

Otciona BuzpHo, uto ¢yukuus (19) ynosnerropsier ypaeHenuio (14).
H3z ¢opmyn (19) u (20) cpasy caenyer:

Pewenne 3anaun (14), B cuny (18) u (19), moxno mpeacra-
BHTb B BHJE

t
u(x, t)=67z?—(x, t; 0) 4wy (x, 4 0)—|—a2J.wf(x, t vdt. (21)
0

- Toswsysice srpaxennem (17) pas g, nosyuum:
x+at

uir, = REEDL0CE=0) 4 [ g g4

x-—-at
t x+a ft- %)

+of [ fenae @

0 x-—a(t—1)
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[IpamMan nmoacraHoBka (22) B (14) nokaseiBaer, YTO (QYHKUUS
(22) B camoM naene saBjaseTcs pemieHHeM 3aaaud (14), ecau cyuie-
CTBYIOT Npou3Boansle @’ (x), ¢’ (x) u Of/0x.

M3 ¢opmyan (17) caenyer, uTo GyHKIHS W; YAOBJETBOPSET
YPaBHeHHIO IIpH ¢ =1, ecd [ AndepeHIHpyeMa 1o X, T. e. mpel-
craBiende (21) BO3MOXKHO NPH TeX 2Ke YCJIOBUSIX, NIPH KOTOPBIX
peulende 3anaud Ko cyuiectsyer.

®opmyna (21) nokaseiBaeT, uTO pelueHHe obuleil 3amauu (14)
MoxeT OBITh Cpa3y HANHCAHO, €C/NH HMeeTcCsl pelleHHe BCIOMora-
TenpHoll 3amaud (15)—(16). Ananoruunasi ¢opMmyaa MMeeT MecCTO
H A pelleHHs 3aaud KouwM B HeOrpaHHYEHHOM MNPOCTPAHCTBE
(cM. ra. V). 4

5. Ycroiiuuoctb pewienuii. Pewenne ypaBrenus (1) ogHosHauno
onpeje/eHO HayaJbHBIMH ycaoBusMH (2). JlokaxeM, 4rto 3TO pe-
HieHHe MeHseTCAd HeNpephBHO IPH HENPepHIBHOM H3MEHEHHH Ha-
Ya/IbHBIX YCJIOBHIl. ‘

Kakos 6br nu 6vir npomexcyrox spemernu [0,t] u kaxosa 6ot
HU bvira cTenest TOYHOCTU &, Hadderca Taxkoe &(e,ty), 4TO scakue
Osa pewenus ypasrenus (1) u,(x,t) u us(x,t) 8 Tewenue npome-
HyTRa 8pemenu ty OYOYT pasaudaTecs mencdy cobol meHbuie Hem .
Ha €

|ul(x: t)'—u2(x1 t)|<8 (O<t<t0)1

eCAU TOAbKO HAUAAbHbLE BHAYEHUSR

( w (x, 0)=q (x), i [ ulx, 0)=1, (x),
|20 =t " | 2, )= (0)
oTAuYaIOTCA Opy2 OT Opyaa meHbuie yem HaA &:

[ (x) — @ (x) [ <85 [ (x) — o (x) [ <@,

JlokasaTenbCTBO 3TOH TeopeMbl upe3BbYaiiHo mpocto. DyHKIHH
uy(x,t) u uz(x,f) cBA3aHB 'CO CBOMMH Haya/JbHbLIMH 3HAUECHHAMH
dopmynoir (9) Tak uto

’ x -} at) — x -+ at)|

t)|<|¢l( )2‘1)2( +

{uy(x, 1) —uy (x,
x+at

plot—a—e—al L j by (@) — ¥, (@) | da,

x—at

OTKyAa noJy4yaem: 5
g (e, ) =5, <5+ 5+ 550 2at <8 (1 + 4o,
YTO W AOKasblBaer Haile YTBEPKAEHHE, €CJ/IH NOJO0XKHTb

K

. e
T 1446
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Beakuit ¢u3HuecKH onpefesieHHbIH NpOIECcC, pa3BHBalOLIHACS
BO BpPEMeHH, JOJKEH XapaKTepu3oBaTbCAd (YHKUHSIMH, HelpephIBHO
3aBHCAILHMH OT HayaJbHBHX HaHHBIX. Ecan 6bl He OBLJIO 3TOH He-
NpEepHBHOH 3aBHCHMOCTH, TO [Ba CYyLUeCTBEHHO pa3/HYHBIX MpO-
mecca MOIJIH OBl COOTBETCTBOBATb NpPAKTHYECKH ONHHAKOBBIM CH-
cTeMaM HayaJbHbIX yCJOBHH (pa3juuHe KOTOPBIX JIEXHT B Ipeje-
Jlax TOYHOCTH u3MepeHuf). [Ipoueccsl Takoro THIma Hesb3si CYUTATh
onpefeNeHHBIMH ((U3HYeCKH) TaKHMH HavaJbHbBIMH YCJOBHSIMH.
V3 npeabiayieil TeOpeMbI cleyeT, YTO MPoiecc KoJeGaHHA CTPYHH
HE TOJIbKO MaTeMaTHYeCKH, HO H (H3HUeCKH ONpenejeH Hayajdb-
HBIMH YCJOBHSMH.

Ecau pelueHHe MaTeMaTHYeCKOH 3aJayH HeNpPEPbIBHO 3aBHCHT
OT JOMNOJIHHTEJNbHHIX YCJOBHH (OT HayaslbHBIX, TPAHUYHBIX JaHHBIX
A OT MpPaBOH YaCTH ypaBHeHHH —— OT HCXOAHBIX JAaHHBIX 3afayH),
TO TOBOPAT, UTO 3ajaya ycToiuusa.

B cBsisu ¢ u3yuenneMm (HU3HUeCKH JeTeDMHUHHDOBAHHBIX SIBJIEHHN
BBOJHTCH MOHATHE KODPEKTHOCTH. ['0BOpAT, UTO MareMaTHuecKas
3ajlaya MocCTaBjJeHa KODPeKTHO, ecaH 1) pelueHHe 3amauu cyiie-
CTBYeT, 2) 3ajaya HMeeT eIHHCTBEHHOe pelieHHe, 3) pelleHHe 3a-
JlauH HeNpepbIBHO 3aBHCHT OT HCXOAHBIX JaHHHIX (YCTOHYHBO).

OTMeTHM, 4TO HEKODPDEKTHO MOCTaBJIEHHble 3alayl 4acTO BCTpe-
YalOTCA B NPHJOXKEHHAX H K HX YHCJAY OTHOCATCA MHOTHE XOPOLIO
{I3BeCTHble MaTeMaTHYEeCKHe 3aJayH.

[IpuBeneM npuMep HEKOPPEKTHO MOCTAaBJEHHOH 3alauH, pelile-
HHe KOTOPOH HeyCTOHYHBO.

dynkuna u(x,y), asaaomanca peweHdeM ypasHenus Jlamnaca
Uyx + Uyy = 0, OIHO3HAYHO oOnNpedensieTcd CBOHMH HavaJbHBIMH
yeaoBusiMu ') u(x,0) = ¢@(x), uy(x,0)=¢(x). PaccMorpum ¢yHK-

pad UM (x,y)=0 u u®(x, y)=Tsin Ax-chAy, ynosaersopsio-

mue ypasHeHuw Jlanaaca., ®yukuus u®(x,y) 3aBuUCHT OT A, Kaxg
ot napamerpa. HavasnpHble 3HaueHus

u (x, 0)=0, wu®(x, 0)=q>(x)=%sin}»x,
ugll)(x, 0)=0, /ug)(x, )=y ((x)=0Q

pasauyaloTcs CKOJb YrOAHO MaJjio NPH J0CTaTOYHO OGOJbIIHX A.
Onnako- npH 3TOM pelieHue u®(x,y) MOXET CTaTb CKOJMb YTOAHO
GosbuiiM, KakoBO 6Bl HH GbLIO (UKCHpPOBaHHOe 3HaueHHe y. Cie-
AOBaTeJbHO, 3ajaya ¢ HAYaJbHBIMM YCJAOBHSAMH [JISi ypaBHEHHS
Jlannaca aBnserca HeKOpPeKTHO MOCTABJEHHOM.

') 3TH ycnoBHs MaTeMaTHueCKH OAHOSHAYHO ONpERE]AIOT pelleHHe ypaBHe-
fing Jlammaca. B camom gnene, 3amaHme uy,(x, 0) sxBuBaZmeHTHO v(x,0), rae
U(X, y) — GyHKuHS rapMOHHYECKH CONpSIKEHHas A5 u#(X, y). DTHM C TOUHOCTBIO
N0 TMOCTOSHHOA OAHO3HAYHO OMPENeNSeTCs AHAJMTHYECKas (PYHKUHSA, NeHCTBHTE/bs
HOH qacTbio koTOpo# ABAAeTCH GyHKUHA %(%,y) (oM. ra IV)§ |, o 5).
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EcTeCTBEHHO BO3HMKAET BOMPOC O TOM, MOTYT JH HEKOPPEKTHO IOCTABJEH-
HblE 3aJ1ay¥ BOOOIIE COOTBETCTBOBATbL KaKHM-JHOO 3ajayaM, MpeacTaBisiOmUM
HHTepeC 1/ GHIMKHP? A TaKXKe, KaKylo HaYYHYIO LEHHOCTb MOXKET NpPeiCTaBAATDH -
NpHOJIMKEHHOE pElEHHE HEKODPEKTHO MNOCTABJIEHHBIX 3aJad, MOCKOJbKY MasbiM
OWHOKaM B YCJOBHAX 3alad MOTYT COOTBETCTBOBATb GOJIbIUHE OIMGKH DElIeHHs?

[TonoGHEle COMHEHHs BOSHMKAIOT B CBSISH C TEM, YTO B CKA3aHHOM BHIUE
MOLpa3yMeBaeTcyl, 4YTO B KauecTBe NDHOJHMKEHHOTO pEINeHHA 3ajfayd Gepercs
TOYHOE pEIIeHHe 3a/auH, COOTBETCTBYIOLIEE MNPHOJIHKEHHLIM YCJIOBHAM.

IlpuBeneM npuMep HEKOPPEKTHO NOCTABJEHHON 3ajaud, HMelolleli BaXKHOe
NPaKTHYECKOE 3HAUEHHE.

. d
PaccMoTpuM 3afayy o HaXOXAEHHH NPOH3BOJAHOH 2Z(X) =Ff—n0 paBHOMED-

x
HBIM NDHOMMXKEHHBIM 3HaueHuaM 1aa f(x). IlycTe Mepa TOUHOCTH npu 3ajaHHH -
f(x) u onmpenesnennn 2 (x) onpeesneHa Kak

max |F (x)—F(x)| u max|Z (x) — 2 (x)].

OueBnjHO, 4TO 3Ta 3afaya C TOYKH 3PEHHA NDPHBEAEHHON BHIUE TEPMHHONOIHH
HeycToHuMBa (rocraB/jeHa HeKoppekTHo). B camoM gene, ecan [ (x) = f(x) +

+ 8 cos wx, To max|f(x) — f(x)| = e npu masom 8. OmHaKo eciM Mbl B Kaye-
CTBEe NPHOJIHXKEHHOro 3HaueHHs Z (x) BhGpasu Obl TOYHYIO NPOUSBOAHYIO LJISA

¢ yHKIMH f(x), TO
E’(x)=f’(x)—6msin ox H max|Z(x) —z(x)|=06w;

8o npu o¢uxcupoBaHroM 6 M GOBIIOM ® MOXET ObITb KaK YrOAHO 60JbIIUM

gucaoM., OJHAKO XOpOIIO H3BECTHO, 4TO B KayecTBe NPHOJHIKEHHOTO 3HAUYEHHs
. feet+t)—F(x

[IPOH3BOAHON GEpeTCs Pa3HOCTHOE OTHOLIEHHE ———p —» KoTOpoe mpex-

CTaBJAET HCKOMYIO [POH3BOJHYI0O C KaK YIOJHO MaJjloH [OTPEWIHOCTBIO, eCJH

TobKO A ¥ 8/h poctaTouHo MaJbl. ITOHATHO NpH 3TOM, 4TO ANS MOJYYEHHS XOPO-

mero NpHGJHXeHHs s df/dx no npuGaHKeHHOMY 3HaueHHio Aas f(x) norpeui-.
HocTb § ZO/MKHA OLITh LOCTATOYHO MaJja.

Hrak, B paccMaTpuBaeMOM IpHMeEpe, HECMOTPSi Ha HEYCTOHYMBOCTb 3ajayH,
MOXKHO YyKa3aTb MeETOJ MOJYYeHHA CKOJb YFOAHO TOYHHX NPHOGIHKEHHH AaA
HCKOMOTO pelleHHs N0 AOCTAaTOYHO TOYHLIM MPHOJHXKEHHHM YC/JIOBHAM 3aJayuH.

Ilogo6Hoe nNoOJIOXKEHHe THIOHYHO JAJA MHOTHX HEKODPEKTHO MNOCTaBJEHHBIX
3ajgay ').

HekoppeKkTHO noOCTaB/leHHBbIE 3aJdyH YacCTO BCTpeyaloTcs B (H3HKE NpPH H3Y-
YeHUH OOBEKTOB, HEJOCTYNHbIX HEMOCPEACTBEHHOMY HCCJEN0BaHHIO (H3MepenHio).
B 5THX ciyyasX NPHXOJMTCH JeNaTb 3aKJIOYEHHS O XapaKTePHCTHKAX «2» TaKuX
O6BEKTOB MO HX KOCBEHHHIM ((H3HUECKH AETePMHHHDPOBAHHBIM) MPOSIBICHHSIM «iU»,
JOCTYOHbIM /15 SKCIEPHMEHTAJbHBIX H3MEPEHHA M CBA3aHHBIM C <2» (QYHKIHO-
HaJbHOIl 3aBHCHMOCTbI0 BHIa A, = u. B pe3ynibTate Mb NPHXOAHM K 3ajage
06paGoTk# HaGJIOJeHHH, KOTOpas fBAsercss o6paTHOH 3ajauell M COCTOMT B ompe-
JIe/IeHHH XapaKTEPHCTHK «2» OODBEKTOB IO [JaHHHIM «u» SKcnepuMeHTa. MHorve s

) M. M. JlaspenTbeBn, O HEKOPPEKTHHIX 3ajayaXx MaTeMaTHYeckoh ¢u-
auku, M3n. Cub. ortmen. AH CCCP, Hosocu6upek, 1962; A. H. THXO0HoOB,
Pemenye . HEKODPEKTHO IIOCTABJEHHBIX 3ajauy H MeTox peryaspusanun, JAH
CCCP 151, Ne 3, 501—504 (1963); «O pery/iapH3allii HEKOPPEKTHO MOCTaBJIEH-
HuX 3apau», JAH CCCP 153, Ne 1, 45—52 (1963); «O HeJHHEHHLIX ypaBHEHHAX
nepeoro posa», JAH CCCP 161, Ne 5, 1023—1027 (1965).
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3THX 3afay #BJSIOTCA HEKOPPEKTHO MOCTaBJEHHbIMH. B 4acTHOCTH, mpuBeaeHHas
puie 3agaya Kol Aas ypaBHeHHs Jlamilaca HMeeT HENOCPENCTBEHHOE OTHOLIe-
nye K o0paTHOfl 3azaue rpaBuMeTpH# (06 onpejeneHuH $oOpMb Tena M0 co3ja-
BaeMOil HM aHOMaJHH CHAEl TsxecTH). [lpHBeJCHHBIMi BhIIE NpUMED O BbIYHC-
JieHuH TPOH3BOAHOf MO NPHONHMKEHHBIM 3HAUEHHAM (QYHKUMM THIHYEH AJA MHOTHX
9KCIEPHMEHTOB, TJe H3MEepeHHs NPOBOLATCH MO NPUHIHNY HAKOIJIEHWS.

Otmerum Temepn ciefyoulee obcroarenbctso. OyeBHAHO, UTO
¢ynxuua u(x,t), onpelensemas Qopmyaoli (9), Moxer 6bTb pe-
uleHHeM ypaBHeHHs (1) ToabKO B TOM cayuae, ecau GyHKuus (x)
nuddepenunpyemMa, a yHkuua @(x) auddepeHnupyeMa aBaxKAabL.
M3 cka3aHHOro fICHO, 4TO (pyHKUMH, H306pakeHHBle Ha puc. 11 u
12, He MOTYT sABJATbLCA pelleHHeM ypaBHeHHs (1), Tak -Kak oHU He
BClOAYy ABaxAbl Auddepenunpyembl. Bojsee TOro, MOXHO yTBEpPXK-
[1aTh, YTO pelleHUs YpaBHeHHs KoJseGavuil, yLOBJETBOPSIOLLETO

u u
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Puc. 11, Puc. 12.

yciosusM (2), He cyuectyer, ecad GyHRumM @(x) u Pp(x) He
HMEIOT HYXHbIX TPOH3BOAHBIX. JlefiCTBHTENbHO, MOBTOPAA PacCCyX-
JleHHs, NpHBellIHe Hac K ¢opmyse (9), Mbl MOXeM YTBepXKAaTb,
YTO eCJM CYIIeCTBYeT pellleHHe YpaBHeHUA KoJseGaHHi, TO OHO
JOJIKHO npeacTaBasitbhess ¢opmyaod (9). Ecau ke QyHKUHH @, ¢
He auddepeHIHPYyeMbl JOCTATOYHOE 4YHCIO pas, TO ¢dopmynaa (9)
onpeneasieT QyHKIHIO, He YIOBJeETBOpPAWILY0 ypaBHenuto (1), T.e.
He CyLIeCTBYeT pellleHHsl 3TOH 3alauyH. _

OJHaKo eClH HeMHOTO H3MEHHTb HavaJibHble YCJIOBHS, 3aMEHHB
HX JH(¢epeHIHpYyeMbIMH (GYHKUHAMH @(X) H Y(X), TO 3THM Ha-
yanbHBIM (QYHKUHUSIM yxe OyZeT COOTBETCTBOBaThb PellleHHe ypaBHe-
sua (1). KpoMe Toro, 3aMeTuM, 4TO NIPH [0Ka3aTeJbCTBE TEOPEMbI
HACTOSIIEr0 MNYHKTA Mbl (AKTHYeCKH [0Ka3ajH, 4YTO QYHKIHH,
onpepnensieMble Gopmysoi (9), HenpepHIBHO 3aBHCAT OT HavaJbHbIX
¢yukunit ¢ u 1 (He3aBHCHMO OT TOro, audpdepeHuupyembl 3TH
¢