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Kuura npeacrasiser cofolt yueGHHK, COOTBETCTBYIOUIHH B OCHOBHOM TOH MNpa-
rpanme Kypca «Anasus I1I», kotropas npuusata B MI'Y H B psixe IpYr4X yHHBEpCH-
retos. [IpefHasHauera B mepBylo ouepelb AJISA CTYJEHTOB MeXaHHKO-MaTeMaTHye-
CKHX H ¢H3HKO-MaTeMaTHYeckHX ¢(aKy/bTeTOB YHHBepcHTeToB. [/l ee uTeHHs
TpefyeTcsi BJaJeHMe OCHOBAMH MAaTeMAaTHYECKOTO aHajJHM3a H JHHeHHOH anareGpb.
ITepBast yacTh COLEPKHT OCHOBHBIE TEOPETHKO-MHOXeCTBeHHble TMOusiTus. B rsiaBax
II—IV n3noxeHa TeopHs JHHEHHBIX NPOCTPAHCTB, BKJAKOUAIOILAS 3J€MEHTH TEOpHU
06Go6IeHHbIX GYHKOMA. DTH [1aBBEl, a TakXKe NPHUMBIKAWOILAs K HUM [vaBa X, Mo-
CBAIlleHHAS HEeKOTOpHIM BOMpOCaM HeJuHelHero GYHKUHOHAJNBHOTO aHaJH3a, He
NpPEeANoJaraloT 3HAKOMCTBA C TMOHATHEM Mephl H Je6eroBoH TeopHeH HHTErpHPO-
BaHusi. TeopHsi Mepsl, H3MepHMble GQYHKIMH, HHTerpan JleGera, a TakXKe Jjeberona
Teopust AuddepeHNPOBAHHA H OCHOBHBle CBOHCTBA JIMHEHHBIX MPOCTPAHCTB CYM-
MHpYyeMHIX GyHKUu# H3narawres B rnaBax V—VII. Tnasa VIII conepXKHT psant
®ypbe u unrerpan Pypwve. B raase IX H3s0XeHB OCHOBHBlE (aKThl H3 TEOPHH
HHTerpa/bHbIX ypaBHeHuit. IloMeuieHHoe B KoHue KHHIM JlOTMOJHeHHE COXEPNKHT
KpaTKoe H3JI0XKeHHe OCHOBHLIX CBeleHHA G 6aHAaXOBHIX aare6pax H HEKOTOPHIX HX
TIPUMEeHeHHsX.
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NPEAUCAOBHE K YETBEPTOMY H3JAHUIO

OTo H3gaHue BHIXOAHT yxe rnocae cMmeptu Cepres BacusibeBnua
®omuna. Ou ycres, olHaKo, NpojesnaTh BCIO OCHOBHYIO paloTy no
ycoBepIIeHCTBOBaHHIO KHHrH. CyulecTBeHHO nepepaGoTaHa [lecsaTas
raaBa. B neli go6asneH naparpad, NOCBsillleHHBIH TEOpeMe O HesiB-
HOM GYHKUMH M M3MeHeH naparpad «3KcTpeMasbHble 3aJa4u». IJTH
H3MEeHEHHs NOBJIeKAH 3a co6oil HecOXOAUMOCTb H3MeHeHHil B 4eTBep-
Toit ryaBe (c/aeACTBHSI U3 TeopeMbl XaHa — Banaxa u Teopembi ba-
Haxa o6 00paTHOM oliepartope).

Texct kHurd Obl1 npocmorped B. M. AnekceeBbiM U B. M. Tu-
XOMHPOBbIM, KOTOPbIM fl BBIP2XKal0 HCKPEeHHIOWw 6s1arofapHoOCTb.

A. Koamoeopos



H3 HPEJIMCJIOBP{H KO BTOPOMY U3JAHHUIO

IlepBoe u3nanne «DJE€MEHTOB TeOPHH QYHKUHA U (PyHKUHOHAJb-
HOrO aHaJiM3a» BBIIJIO JABYMS OTAeJbHBIMH BBIycKaMH B 1954 u
1960 ropax. TlosiBjieHHe 3THX BBLINYCKOB OBIJIO CBA3aHO € BKJOYE-
HueM B KoHile 40-X rooB B MPOrpaMMy MeXaHHKO-MAaTeMaTHUECKOTO:
daxyapbrera MI'Y kypca «Ananua Ill», o6benunssiiero 3aeMeHTHE
TEOpPHH Mephl H TeOpHH (YHKUHH, HHTerpaJbHble yDaBHEHHS, CBEIE-
1us U3 (QYHKUHOHAJBHOTO aHa/H3a, a NO3Ke U BapHalLMOHHOE HC-
yucjenue. dtot Kypc, yurasuuiica 8 MI'Y cnepsa A. H. Koamoro-
POBLIM, a MOTOM H JPYTHMH JeKTopaMu, B ToM uyucie C. B. ®omu-
HBHIM, BollleJ B Ja/ibHeiIilleM B NPOrPAMMBbl H JPYTHX YHHBEPCHTETOB.

B cBoe Bpemst 3ameHa B MI'Y oTje/nbHBIX KypcoB Teopuu GYyHK-
LUH JeHCTBUTENBbHOIO I€DEMEHHOr0, HHTErpaJbHbiX YpaBHEHHH W
BapHaLlUOHHOTO UCHUHC/IEHHS eANHBIM KypcoM «Ananus I1I» BbizBana
Goabline criopbl. Ilepen Kypcom 6blsia mocraBjieHa 3aaya HPUYYHTb
CTYAEHTOB K JIBONHOMY 3D€HHIO: C OJHOH CTODOHBI, CJAEIUTb 32 BHYT-
peHHeH JIOTHKOH pPa3BUTHS TEOPHH MHOXKeCTB, 0obllell TeOpHH Hempe-
PBIBHBIX OTOOpaKeHHH METPHUYECKHX H TONOJOIHYECKHX IPOCTPAHCTB,,
JIHHEHHBIX NMPOCTPAHCTB U (QYHKIHOHAJOB M ONEPATOPOB HA HHX, YH-
CTOH TEOPUH Mepbl W HHTErPHPOBAHHS B OGLIHX «IIPOCTPAHCTBAX C
Mepo#l», ¢ ApPYroll, —He ymycKaTb U3 BHAY OOCIyXKHBAEMYIO 3TUMHU
60Jsiee a6CTPAKTHBIMU 0GJACTAMH MaTeMaTHKH NPo6JeMaTHKY KJaac-
CHYECKOTO M JaXKe NPHKJAJHOrO aHaIH3a.

Tlpu pellleHHH 3TOH 3aJayd Mbl B IIAHHDOBKE KHHUIH OTAAeM
npeanouTesye abCTpaKTHOM JHHHH TocTpoedust kypca. OT obuieir
TEOPHH MHOXKecTB (rsaBa I) MoXHO mepeHTH K MeTPUYECKHM H TO-
MOJIOTHYECKHM TPOCTPAHCTBAM H HX HENpPEpPbIBHBIM OTOOpaKeHUSM
(rnaBa I1) 60 HemocpencTBEHHO K MpPOCTpaHCTBAM ¢ Mepoil (6es
TOIOJIOTHH) H MHTErPUPOBaHHIO B HHX (ryaBa V). B rmasax 111 u IV
H3Yy4aloTCs JIMHeHHBle NPOCTPAHCTBA M JIHHeHHble (QYHKIHOHAJBI W
onepatophbl B HUX. OT 5THX rJaB BO3MOXKEH NMPAMOH Nepexoi K rja-
Be X (HenuHeldple nuddepennupyempie omepatopsl U (QyHKOHO-
naawt). B raaBe VII uayuarorcs sHHelHble TPOCTPAHCTBA CYMMHUpYe-
mMbix ¢yHkuui. Jluwb B rnaBax VI n VIII BHuMaHue, 1m0 CyLIECTBY,
COCpefloTO4YeHO HAa (GYHKUHAX AEHCTBHTENBLHOTO MEPEMEHHOro.
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XoTsl B mepBylO Ouepelb B Hallel KHHre H3JaralpTtcsi obuide Ino-
gATHA TeopHH GYHKUMH U GYHKUHOHAJIBHOIO aHAJH3a, BHHMaHHE K
TIpUMBIKaoniel Ciofla KJaCCHYECKOH NpolaeMaTHKe YHTATe/ b MOXKeT
TPOC/IENTh TOYTH BO BCeX rJaBax. Bkiiouenne B kuury raas VI
(teopusi nuddepenunposanusa), VIII (Tpuronomerpuueckue psnnbl u
uurerpas Oypoe) u IX (aHHefiHble MHTerpaJbHble ypaBHEHHS) TIPH-
BOJUT K TOMY, UTO Cefuac Hallla KHHIa OXBATbIBAeT BCIO NPOrpaMMmy
npunsitoro B MI'Y kypca «Aunanus IIl», kpoMe BapHalHOHHOTO HC-
qucaeHUs. Mbl He BKJIOUHJH 3TOT pa3jes B Hallly KHHUTY, OTPaHUYHB-
TIHCH JIWIIb H3JIOKEHHEM B rjaBe X CaMbIX NEPBBIX IPENCTaBIEHHH
0 HeJHHEAHOM (QYHKIHOHAJIBHOM aHaJu3e.

B HOBOM H3NaHMH, KaK H B NIepBOHAYAJBLHOM, 3HAUHUTEJIbHOE Me-
CTO 3aHHMaeT-061as Teopus Mepbl. B mocienHee BpeMs MOABUIOCH
JIOBOJIbHO MHOT'O H3JIOKEHHH TEOpHH HHTerPUPOBAHHS, OCHOBAHHOM
na cxeMe JlaHuens, He HCNOJb3YIOLleH annaparta TeOpHH Mepbl. Ml
TIoJIaraeM, OJHAKO, YTO TEOPHS Mephl JOCTATOYHO BajKHA M caMma 1o
cefe, HE3aBHCUMO OT BBeJEHHS NMOHATHS HHTerpaJsa, u 3ac/JyXHBaer
"BKJIIOUEHHS] B YHHBEPCHUTETCKHH Kypc.

BkJoyeHHe HOBBIX IJ1aB 3aMeTHO YBeJHYHJO 06beM KHHrH. Cra
‘pHie IJ1aBbl TOXe CYleCTBEHHO NepepaboTaHbl H B HHX BKJIOYEHB
HoBble maparpads (HanpuMep, O MOPSAAKOBBIX THIAX U TPAHCHHHHUT-
HbIX YHCJAX, TONOJOTHYECKHX TNPOCTPAHCTBAX, O0OGUIEHHBIX (YHK-
LMAX U 1p.).

IlepepaGaTeiBasi Hallly KHUI'Y W BKJIOYas B Hee HOBble pasjiesbl,
™Mbl CTapajuch, OJHAKO, COXPAHUTb B HeH TOT CPABHHUTENBHO 3Je-
MEHTApHBIH CTHJb H3JIOXKEHHS, KOTOPHIH OblI BblJep:KaH, Kak HaM
KaxeTcs, B NepBOM H3JaHHH. Mbl HajeeMcsi, 4TO OHa HaHJET CBOE
€CTECTBEHHOE MeCTO B YHHBEPCHTETCKOM IIPeNoJaBaHHH Hapsify ¢
JAPYrUMH pYyKOBojacTBaMH, B uactHocTdH, ¢ kHurod I'. E. Illunosa
«MaremaTHuecknil aHaJu3, cnelHaJbHbIH Kypc», B KOTOpoil GoJee
noAyepKHyTa aHaJIMTHYeCKasi CTOPOHA [les1a, a HHTepec K MeTpuye-
CKHM M TONOJOTHYECKHM NPOCTPAHCTBAM, M€pPaM H T. A. KAK CaMo-
CTOATEJNbHBIM 00'beKTAM KYJbTHBHPYETCS B MeHbllIeH CTENeHH.

A. Koamoeopos
C. domun



NPEAHUCIAOBHE K TPETbEMY H3JAHHUIO

[Tpu noaroToBKe HOBOTO HM3MaHHS Mbl COXPAHWIH OOLMH mias
KHUTH H NIOCTapaJjuch He yBeJuuHBaTh ee o6beM. Bmecte ¢ teM Bech
TEKCT KHHUTH OB 3aHOBO NPOCMOTPEH H OTpelaKTHpoBaH. Boabuiyio
noMomp B 310l pabore Ham okasan @. B. llupokos. B raasax I u
IV coenaHb HeKOTOpBIE MEPeCTAHOBKH W H3MeHEHHs, obierdaouine,
Ha Halll B3TJas[, nepexoj oT 6ojee NPOCTHX MOHATHA K Gojiee CIOK-
HbIM (Hampumep, OT GaHAXOBBIX NMPOCTPAHCTB K Gosee o6GINM B
ra. IV). JloBoIbHO CylieCTBEHHO NepepaGoTaHO H3JIO0XeHHe TeOpHH
Mepwl (ra. V).

B nocaennne roast B Kype «Ananus I1I» yacro Bkaoyatores sae-
MeHTH TeOpHH 6aHaXOBHIX anre6p W CHeKTpaJbHOro aHasnausa. Ilo-
3TOMY MBI COYJH I€eCO06Pa3HbIM BKJIOYHTb B HAlly KHHTY HamH-
cannoe B. M. TuXOMHPOBHIM J0ONOJHEHHe, NOCBAILIEHHOE 5THM BO-
npocam.

A. Koamoeopos
C. bomun



FTTABA I
AJNEMEHTBI TEOPHH MHO)XECTB

§ 1. Nonstne MHOXKecTBa. OnepauHH Haj MHOXKECTBAMH

1. OcHoBHbie ompenencHua. B MaTeMaTHKe BCTpevaloTcs cambie
pasHoo6pasHble #HO%KCeCT8a. MOXKHO rOBODHTE O MHOXECTBE rpaHei
MHOTOTPaHHHKA, TOYEK HA NpPAMOH, MHOXeCTBE HATYpaJbHBIX YHCEN
u 1. 4. TlouaTHe MHOXeCTBa HAacTONbKO oOlilee, 4TO TPYAHO 1aTh
eMy Kakoe-nuG0 ompelesieHHe, KOTOPOe He CBOAMJIOCH Obl MPOCTO K
3aMeHe CJIOBA «MHOXECTBO» €0 CHHOHHMaMH: COBOKYITHOCTb, cobpa-
HHEe 3JIeMEHTOB U T. I .

Posb, KOTOpY10 MOHATHE MHOXECTBA MIpPaeT B COBPEMEHHOH Ma-
TeMaTHKe, ONpeJe/IsieTCs He TOJbKO TeM, UTO caMa TeOPHST MHOXECTB
crajza B HacTosllllee BpeMsl BecbMa OOGIIHPHOH H COAepIKATENbHOR
JHCLUHIIHHOMH, HO TM1aBHBIM 06pa3oM TeM BJHSIHHEM, KOTOPOe TeOpHs
MHOJKEeCTB, BO3HHKIIAs B KOHLE MPOLIJIOrO CTOJETHS, OKasplBaja i
OKa3blBaeT Ha BCIO MaTeMaTHKy B nesioM. He craBsi cBoeil 3apaveit
CKOJIbKO-HHOYAb MOJHOE H3JIo:KeHHe 3TOH TeOpHH, MBI 3[eChb JHUIb
BBeleM OCHOBHble 0603HAUeHHs H NPHBEAEM MepBOHAYAJbHBIE TEOpe-
THKO-MHOXeCTBEHHblE MOHATHSA, HCNOJb3yeMble B NaJjbHeHllIeM,

MuoxectBa Mbl GyaeM oGo3HauaThb NponHUCHLIMH GykBamu A,
B, ..., a uX 3neMeHTH — MaJbiMu @, b, ... YTBepxIeHHe «3Je-
MEHT a NMPHHALJEXKHT MHOXKECTBY A» CUMBOJHUECKH 3amnHCbIBAeTCSs
Tak: a= A (nmn A = a); 3anuch a & A (uau A 3 a) osnauaert, uTo
3jeMeHT a He npuHaaaexuT A. Ecan Bce 3eMeHTBI, H3 KOTOPBIX CO-
ctout A, Bxoasat u B B (npuuem cnyuait A = B ne uckmouaercs),
TO Mbl HasbiBaeM A nodmuoxcecT8om MHOXKecTBa B W nuumem A < B.
Hanpumep, uenbie uucna o6pasyioT MOAMHOXKECTBO B MHOXKeECTBe
BCeX AeHCTBHTEJbHbIX YHCEJ.

HMHorna mbl He 3HaeMm 3apaHee, COAEPKUT JIH HEKOE MHOXKECTBO
(HanpuMep, MHOXKeCTBO KOPHeH NaHHOrO ypasHeHHs) XOTA Gbl OJHH
anemeHT. [TosToMy Lenecoo6pasHo BBECTH MOHATHE NYCTO20 MHOMXKe-
CTBa, T. €. MHOXeCTBA, He COHEpIKallero HH OAHOrO 3JeMeHTa. Mpt
Gynem oGo3Hauath ero cHMBojoM . JIi060e MHOXKECTBO COAEPKHUT
& B KauecTBe nOAMHOXecTBa. [loAMHOXKeCTBA HEKOTOPOro MHOXKe-
CTBa, OTJIHUHBIE OT Hero camoro W ot &, HaswIBaTCA COGCTBEH-
HbIML.

2. Onepauun Han muoxecrsamu. [1ycts 4 U B — npousBosbHble
MHOXeCTBa; UX cymmoul, unu ob6vedurnernues C = A U B HasbiBaeTcd



14 3JIEMEHTH TEOPUH MHOJXECTB [T 1

MHOXECTBO, COCTOslllee H3 BCeX 3JEMEHTOB, NPHHAJIEXAI[HX
xors 661 oAHOMY H3 MHOXecTB A u B (puc. 1).

AnanoruyHo onpejensiercs cyMMa JN060TO (KOHEYHOTO HJH
GeCKOHEYHOr0) 4HCJia MHOXECTB: eciid A, — NPOHU3BOJLHbIE MHOXKE-

CTBa, TO HX CyMMa U Aa €CTb COBOKYIIHOCTb 3JIEMEHTOB, KaXKIblA
a

H3 KOTOPbIX NPHHALJIEKHUT XOTH Obl ONHOMY M3 MHOXKeCTB A,,.
Hasosem nepeceuenuem C=A N\ B MHoxectB A u B mHoxe-
CTBO, COCTOsillee H3 BCeX 3JIEMEHTOB, NpUHAAJEXAallHX Kak A, Tak

A 8

L=ANnAB
Puc. 2.

u B (puc. 2). Hanpumep, nepeceuenie MHOKeCTBA BCEX YETHHIX UH-
ceJl H MHOXKECTBA BCeX YHCeJ, AENAUIUXCH HA TPH, COCTOMT H3 BCeX
LeNbIX 4Yuces, aensimiuxcid 6e3 OCTaTKa Ha ILiecTh. [lepeceuennem
A0 60T 0 (KOHEYHOro UJH GeCKOHEYHOro) yucaa MHoxecTB A, Ha-

3bIBa€TCA COBOKYIHOCTb ﬂAa 3JIEMEHTOB, IpHHAIJE)KAalluX Ka-
a

XKIOMY U3 MHOXeCTB A .
Onepauunu c/10XKeHHS H NepecedyeHHs] MHOXKECTB N0 CaMOMY CBO-
eMy OonpejeJieHHI0 KOMMYTAaTHBHbI H aCCOLHATHBHBI, T. €.

AUB=BUA, (AUBUC=AUBUO),
ANB=BNA, (ANBNC=ANBNC).
Kpome TOro, oHH B3aHMHO AHCTPUOYTHBHBI:
(AUBYNC=(ANC)UBNOC), (1)
(ANBUC=(AUCNBUO). (2)

HelcTBHTeNIbHO, TPOBEpPHUM, HaNpuMep, IepBoe H3 3ITHX pa-
BeHcTB !). TlycTb 3/eMeHT X MPHHALJIEKHT MHOMKECTBY, CTOALIEMY B
JeBoii yactu pasenctBa (1), 1. e. x=(A U B) N C. dto o3Hauaer,
4yTo X BXOAHT B C M, KpoMe TOro, mo KpaiiHeli Mepe B OJHO H3 MHO-
xKectB A uan B. Ho torma x npuHaanexur xotrst 66l OJHOMY H3 MHO-
xectsB A N C unu B N C, T. e. BXOAUT B NpaBylo YyacTb paccMaTpH-
Baemoro paseHctBa. O6patHo, nycth x (A N C) U (B N C). Torna

) PaBeHcTBO HBYX MHOXecTB A = B noHMMaeTcst KaK TOXAECTBEHHOe pa-
BEHCTBO, T. €. OHO O3HAUAeT, UTO KaXK[bli 3JeMeHT MHOMecTBa A TpHHAMJEXHT
B, u naotopor. Mnaue rosops, paBeHcTBo A == B DaBHOCW/JIBHO TOMY, YTO Bhi-
noJiHeHn 0Ga BrJOueHus: A < B u B < A.
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xeANC umn xe B N C. CrenoBartenvHo, x & C u, Kpome TOTO,
x Bxogut B A wuam B, 1.e. x=AUB. Takum o6pasom,
xe=(A U B)N C. Pasencro (1) nokazaHo. AHaJOTHYHO IIPOBEPsiET-
cs paBeHCTBO (2).

OnpenenuM AJsi MHOXECTB ONepallHIO BbIYHTaHHs. Mbl HaszoBeM
pasuocroro C = A\ B mHOXecTB A U B COBOKYNHOCTDb Tex 3jieMeH-
T0B H3 A, KoTophle He cofaepxarcs B B (puc. 3). Ilpu stom, Boobuie

A B

C=ANB

Puc. 3.

roBopsi, He mpenanosnaraercs, yto A D B. Bmecro A \\ B unoraa mi-
wmytr A — B.

Wnorna (Hanpumep, B TEOPUH Mepbl) YIOOHO pacCMAaTPHBATH TaK
Ha3bIBAEMYIO CUMMETPUHECKYH) PABHOCTb NBYX MHOXecTB A u B, Ko-
TOpas omnpejensieTcsi Kak cyMma pasnocteit AN\ B u B\ A (puc. 4).
CumMmerpHueckylo pa3nocTb C MHokecTB A u B Mbl 6ynem o6o3Ha-
yatb cuMBoJioM A A B. Takum 06pasoM, 110 onpeleseHHio,

AA B=(AN_B)U(B\ A).

Vnpaxuenune [lokasath, yto

AAB=(AUB)\ (A B).

YacTo MpHXOAUTCS paccMaTpHBaTb TOT HJH HHOH 3amac MHO-
KeCTB, ABJAAIOUIHXCS MOAMHOXeCTBAMH HEKOTOPOTO OCHOBHOTO MHO-
X)ecTBa S, HarnpuMep, DasJHYHble MHOXECTBA TOYeK Ha YHCJIOBOMN
npsimoii. B 3ToM ciyuae pasmocth S \\ A Ha3bBalOT 0onoaxexuem
MHoxectBa A u o6o3navaior CA nmu A’.

B TeopuH MHOXeCTB M ee NPHJIOXKEHHSX BeCbMa BAXKHYIO POJIb
HrpaeTt Tak Ha3blBaeMbli MPHUHUHUI ABOHCTBEeHHOCTH, KOTO-
PbHIfi OCHOBAH Ha CJeAYyIOUHX IBYX COOTHOLUEHHSIX:

1. Honoanenue cymmot pasHo nepeceveruro 0onoAHenull
SNUAa=[1(s 4. 3)
a
2. lonoanenue nepeceuenus pasHo cymme OOnOAHeHUL

S\.OAG=LiJ(S\Aa). (4)
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[TpuHuHnI ABOACTBEHHOCTH COCTOHT B TOM, YTO H3 JIIOGOro paBeH-
CTBA, OTHOCSILIErocs K CHCTeMe IOJMHOMXeCTB (PHKCHPOBAaHHOTO MHO-
)ecTsa S, COBEePIWIEHHO aBTOMAaTHUYECKH MOXeT GuiTb mo-
Jy4eHO Jpyroe — ABOHCTBEHHOE — PaBEHCTBO MNYyTeM 3aMeHbl Bcex
paccMaTpHBAaeMblX MHOXECTB HX HOMOJIHEHHSIMH, CYMM MHOXECTB —
mepeceueHHsIMH, a nepeceueHHil — cyMmaMu. IlpuMepoM ucmonb3o-
BaHHA 3TOr0 NMPUHIIHNA MOXET CJAYXKHTb BHIBOJ TeopeMbl 3’ H3 Teo-
pembl 3 § 2 ra. 1L

[IpuBenem n0Ka3aTesbCTBO COOTHOWEHHS (3).

Ilyets x= S\ U A,. DTO 03HauaeT, YTO X HE BXOAHT B 06he]u-
a

HeHue U A, T. €. He BXOAHT HH B OHO M3 MiaoxkecTB A,. Cienosa-

Te.rbuo, X TPHHAJJIEKHT KaxAOMY H3 AonogxeHH#-S \ A, H noTomy
ﬂ (S\ 4,). O6parno, nycTh x & ﬂ (S\A4,), T.e. x BXomuT

B Kazxﬂ,oe S\ A4,; Torma x He BXOIAT HH B OJHO H3 MHOXeCTB A,,
T. €. He NPHHAJJIEXKHT HX CyMMe U Ay, a Torza XES\UA Pa—

BeHcTBO (3) LOKa3aHo. COOTHOLueHHe (4) noxasniBaeTcs aHa.norano.
(TIpoBenuTe NOKa3aTEJNbLCTBO.)

Ha3paHHe <«cuMMeTpHUecKas pasHOCTb» s onepauuu A A B ue coBceM
yZAauio; 3Ta ONepalHss BO MHOTOM ailaNOrHuHa Onepauih B3ATHA CYMMB MHO-
xectB A U B. Heiicteurensio, 4 U B oszunavaer, uto Mu caﬁabmaem HeUCKAI4ar-
WUM «HJH> BBa YTBEPXKIEHHSA: «3JEMEHT NPHHAMJEKHT A» H «3JeMEHT NpHHA]-
AeXHuT B», a A A B o3HauaeT, 4TO Te Xe caMbie [Ba YTBEPXKAEHHUA CBA3HBAKTCA
UCKAIOMAIOWUM «UNH»: 3JeMeHT X TpHuagiexur A A B Torza u TOAbKO TOria,
KOrZa OH npHuaieXur Ju6o roavxo A, au6o Toasko B. MuoxectBo A A B
MOXHO GB0 Gh Ha3BaTb «CYMMON NO MOAYJ0 IBa» MHOXectB A u B (Gepercs
o6beHHEHHe 3THX JABYX MHOXECTB, HO 3/Je€MEeHTH, KOTOpHE NPH 3TOM BCTPEdaioT-
Cf ABaX/bl, BoiOpacbiBaloTCA).

§ 2. Oto6paxennsi. Pa3buenna Ha kaaccol

1. Oro6paxenne mMHOXecTB. OOuee nonstHe ¢ynkunmn. B ana-
Jii3e NOHATHE QYHKIUMH BBOAHTCS CJeRYIOUIHM o6pasom. I[Tycts X —
HEKOTOPOe MHOXXeCTBO Ha 4HCJOBOH mpsiMoil. ['oBopAT, uTO Ha 3TOM
MHOXKeCTBe OnmpejeseHa GYHKIUHSA [, eCcu KaXAOMy uuCay
x & X mnoctaBJieHO B COOTBETCTBHE OIpejesneHHOe YUCiI0 y = f(x).
[Tpn s3toM X nasbiBaeTcsl 064acTor0 onpedesenus NaHHON QYHKUHH,
a Y — COBOKYNHOCTb BCeX 3HayeHHH, APHHHMAaeMbiX 3TOH QYyHK-
1nuel, — ee 064acToi0 3HAYEHUL.

Ecau e BMeCTO YHC/IOBBIX paccMaTpHBAThb MHOMXeCTBA KakKoil
YTORHO npnpou.bx, TO MBI IPHAEM K CaMOMY O0ILeMy AOHATHIO QYHK-
uud. Tlycte M u N — nBa mpousBoJbHBIX MHOXecTBa. ['oBOpAT, uTO
Ha M ompesienena ¢yHkums [, NIpuHMMatomas 3HayeHHs H3 N, ecau
KaXJOMYy 3JeMeHTy x & M mocrtaBiieH B COOTBETCTBHE ONHH M TOJIb-
KO OAHH 3jeMeHT y u3 N. Jli1s MHOXKeCTB NPOH3BOJIbHOH NPHPOIBE
(xak, BOpouem, M B CJyuae YHCJOBBIX MHOXECTB) BMECTO TE€pPMHHA
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«pYHKLHA» YaCTO MOJMbL3YIOTCRA TEPMHHOM «OTOOpa)KeHHe», rOBOPS
06 0TOGpaKeHHH OJHOr0 MHOXecTBa B jpyroe. IIpu cnennanusanuu
npupoabl MHOoxecTB M H N BO3HHKAIOT CnenuasbHble THNbl QYHK-
LHH, KOTOpble HOCST 0coOble HA3BAHHA «BeKTOP-PYHKIHA», «Mepa»,
«pYHKUHOHA», <ONepaTop» H T. . Mbl CTONIKHEMCR ¢ HHMH B Ja/b-
HeHLIeM. )

Ina o6osHauenuss GyHKUHH (oToOpaxkeuus) us M B N Mbl 6y-
JeM 4acTo MoJb30BaThes 3anuchio f: M - N,

Ecan a — sneMent U3 M, To oTBevaiouwuii emy snement b=f(a)
u3 N nasnviBaetcs ero o6pason (npu oto6paxenud f). COBOKYMHOCTD
BCEX TeX 3JieMeHTOB a u3 M, o6pa3oM KOTOpHIX fABJAAETCS NaHHBIA
sneMent b & N, nasbiBaercss npoobpasom (Wan, TOUHee MNOAHbIM
npoo6pasom) snementa b u o6osnauaercs f~1(b).

IMyctb 4 — HekoTOpOe MHOXecTBO U3 M; COBOKYMHOCTb
{f(a):a = A} Bcex snemeHTOB BHAa f(a), rie a = A, uasniBaercs
obpasom A n obosuauaercst f(A). B cBowo ouepenb AAA KaxKa0ro
mHoxectBa B nu3 N onpenensiercsi ero (noausiit!) npoo6pas f~'(B),
a uMenHo: f~1(B) ecTb COBOKYNHOCTb BCEX TeX 3JeMeHTOB u3 M, 06-
pasbl KOTOpbIX npuHamjexar B. Moxer okaszaTbCfl, YTO HH OJHH
3aeMeHT b u3 B He uMeeT HenmycToro npoo6pasa, Torja H npoo6pas
f~1(B) 6ynmeT mycTBIM MHOXeCTBOM.

3nmecp MBI OrpaHHYMMCH PacCMOTPEHHEM CaMbix OOLIHX CBOHCTB
oTOoGpaXKeHHuH.

BBeneM caenywouyio TepMHHOMOTHIO. Mbl 6yneM roBoputh, uto f
ecTb oToGpaxeHHe MHOXecTBa M «Ha» MHoxectBo N, ecau f(M)=
== N; Takoe oToGparkeHHe HA3BIBAIOT TaKKe cropvekyueil. B obuiem
cayuae, T. e. koraa f(M)c N, rosopsar, uto f ecTb otoGpaxenne M
«B» N.

Ecau pas mo6blx ABYX pasjJHYHBIX 3JeMEHTOB X; U X2 U3 M ux
o6Gpasnl y; = (%)) H Yz = /P(xg) TaKXe PasjuuHbl, TO [ HasbiBaercs
unvexyued. Orob6paxenne [: M — N, kotopoe OQHOBPEMEHHO $iB-
JfeTcs CIOpbeklHell H HHBEKIHeH, HasbiBaeTcs Ouexyued HJIH
83aUMHO OOHO3RAUHBIM cOOTBeTCTBUEM Mmewdy M u N.

YCcTaHOBHM OCHOBHBIE CBOHCTBA OTOGpaXKeHHUH.

Teopema 1. [Tpoo6pas cymmot 08Yx MHONECT8 paBeH Cymme

ux npoobpasos:
I (AuB) =F""(AHUI™ (B).

HokaszartenbcTBO. [lycTh 3/1eMeHT X NpPHHAMJIEKHUT MHOXKe-
ctey f-'(A U B). dto osnauaer, uto f(x)e AU B, 1. e. f(x)= A
um f(x)e B. Ho Torna x npuHainexuT no kpafHeil Mepe oHOMY
u3 mHoxectB [1(A) uan f1(B), 1. e. x = f-1(A) U f'(B). O6parHo,
ecnn x & f1(A) U [71(B), To x npuHaJeXuT Mo KpafHell Mepe ofI-
Homy u3 MHOXecTB [1(A) u f~'(B), 7. e. f(X) npuHaLTERHT XOTH bl
onHomy u3 MHoxecTB A uau B, cnemoBatennuo, f(x)= A U B, Ho
Torna x = [-1(A U B).
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Teopema 2. [Ipoo6pas nepecevenus 08yx mHoNecT8 pasex ne-
peceveruro ux npoobpasos:

FlAanB =i"@ni"(8).

Hokxasateanctno. Ecmm x&f ' (ANB), To f(x) = ANB,
T.e. f(x)=A u f(x) = B, caegosatenpo, x & [ Anxes f_l (B),
T.e. xe [ (ANF(B).

O6patno, ecmn x=f~ (A Nf ' (B), . e. xef ' (D uxe=f"(B),
10 f(x)=A u f(x)=B. Unaue rosops, f(x)e= AN B. Cnemosa-
TeJbHO, X € f_1 (AN B).

Teopemsl 1 u 2 ocratoTcs B cujie IJst CYMM H NepeceyeHHH Jo-
60ro (KOHeyHOro HJH 6EeCKOHEUYHOTO) YHC/Ia MHOXKECTB TaK e, KaK

H Clelylouiasl TeopeMa.
Teopema 3. Ob6pas cymmor 08yx MHONECT8 pasen cymme ux

o6pa3os:
f(AUB)Y=[ (AU (B).

HokaszartenbctBo. Ecin y=f(A U B), 1o 310 03Hauaer, 4T0
y = f(x), Tle x NPUHALNENKHT 1O KpaiHell Mepe OIHOMY H3 MHO-
xectB A u B. Cnepopareabno, y = f(x)e f(A) U f(B). O6patno,
ecnn y <= f(A) U f(B), To y = f(x), rie x NIPHHALIEKHUT N0 KpailHelr
mepe ogHoMy H3 MHOXecTB A U B, 7. e. x& A U B u, cnefoBareib-
Ho, y = f(x)= (A U B).

3ameTHM, 4TO 06pa3s nepecedenus O08Yx MHONECTS, 8006ue 20-
sops, e cosnadaer ¢ nepecedenuem ux obpazos. Hanpumep, nycrs
paccMaTpHBaeMoe O0ToGparkeHHe NpeJCcTaBsieT COGON MPOEKTHPOBA-
HHe TJIOCKOCTH Ha ocb x. Torna oTpesku

0<x<1, y=0,
0<x<1, y=1

He NMepecekarnTCs, a B TO XKe BpeMs HX o6pa3b1 coBIaLaloT.

VYnpaxHeHHue., Jlokaxure, 4To npoo6pas JAONOJHEHHS] PaBeH IOMNOJHEHHIO
npoo6pa3a. BepHo /H aHalOrHuHOe yTBepXKIeHHe HJs o6pa3a HOMOJNHEHHs?

2. Pa3Guenne Ha kaaccbl. OTHOIIEHHS 3KBHBaJEHTHOCTH. B ca-
MbIX Pa3JIHYHBIX BONpPOCAxX BCTPEUAIOTCsi pPa36HEHHS TeX WJH HHBIX
MHOXECTB Ha MONMapHO HemepecekawulHecst noAMHoXectBa. Hanpu-
Mep, TJIOCKOCTh (paccMaTpUBaeMylo Kak MHOXKECTBO TOYEK) MOXHO
pa36uTh Ha NpsiMble, NapaJjJieJbHble OCH X, TPeXMepHOe NPOCTpaH-
CTBO MOXHO NPENCTaBHTh KaK 0GbelHHEHHE KOHLEHTPHYECKHX chep
pasJHuYHBIX paguycoB (HauuHas ¢ r = (), XKuTejeld NaHHOTO TOPOAa
MOKHO pa30MThb Ha IPYyNNbl MO UX FOAY POXKAEHHT H T. IL

Kaxabifl pas, KOrna HeKOTOpoe MHOXeCTBO M NpeicTaBleHo TeM
HJIH HHBIM CIIOCOGOM KakK CyMMa CBOHX INONADHO HelepeceKalomuxes
HOJIMHOXECTB, Mkl TOBOPUM O pasbuenuu mrnoxcecréa M na Kaaccol.
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OOGBIYHO MPUXOIHTCS UMETh 1e/0 C pa36UeHHAMH, MOCTPOEHHBIMH
ga 6a3e TOro WM MHOTO NpPH3HAKA, O KOTOPOMY 3JIEMEHTbl MHOXKe-
crBa M o6benunsorcsa B kaaccel. Hanmpumep, MHOXKeCTBO Bcex Tpe-
YrOJbHUKOB Ha IJIOCKOCTH MOXHO Pa30MTh Ha K/JacChl PaBHBIX Me-
Ay CO6OM HMJAM Ha KJacChl DPaBHOBENHKHX TPEYTOJbHHKOB, BCe
QYHKLUHMH OT X MOXHO Pa36HTb Ha KJacchl, COGHPass B OAHMH KJjacc
¢yHKUHH, NPHHHMaIOLlHe B JaHHOH TOYKe OJHHAKOBBHIE 3HAYEHHT,
HT I

Ilpu3Haky, Mo KOTOPHIM 3/IeMEHThl MHOXecTBa pa30HBAIOTCA Ha
KJacchl, MOryT ObITh caMbIMH pasHoo6GpasubiMud. Ho Bce xe Tako#
TIpH3HAK He BIOJHe npousBoJieH. IlpennonoxuM, Hanpumep, 4TO MbI
3axoTesu 6bl pa3buTh Bce NefCTBUTENbHBIE UHCIA HA KJIACChl, BKJIIO-
gag yhcJa0 b B TOT 3Ke KJAacc, YTO M YHCJIO @, B TOM H TOJBKO B TOM
cayuae, korna b > a. SIcHo, 4TO HHKaKoro pa3GHeHHsl AeHCTBHTE/b-
HBIX YHCEJI HA KJacChl TAKHM MyTeM MOJYYHTh HeJab3s, TAK KaK ecju
b > a, 1. e. eciu b cienyer 3a4HCAHTBL B TOT XKe KJIacc, 4TO H &, TO
a<<b, T. e. YHCJIO @ Heab3s BKJAIOYHTb B TOT XKe KJjacc, 4to u D.
Kpome Toro, Tak Kak g He 60Jblle, 4eM CaMO @, TO @ He JOANHO no-
nacte B OfHMH Kiace ¢ camum coGoit! [pyroi npumep. Ilonpobyem
Pa3bUThb TOYKH NJIOCKOCTH Ha KJacChl, OTHOCH JBEe TOYKH K OLHOMY
KJIacCy B TOM H TOJbKO TOM CJydae, KOTZa PacCTOSIHHE MeXAy HHMU
Menbliie 1. SIcHO, uTO NOGHTHLCS TOrO HENb3sl, TAK KaK eCJH pac-
<crosiuue oT a 10 b Menbiie | u paccrosande ot b g0 ¢ Menbue !, To
3TO BOBCE HE O3HAYAET, YTO PacCTOsiHHe OT a a0 ¢ MeHbuie 1. Takum
06pasoM, 3a4HCasi @ B OIMH Kjaacc ¢ b, a b B oHH KJacc ¢ ¢, Mul
TIOJYYHM, YTO B OZMH H TOT Ke KJAacC MOLYT NONAcCTb JABE TOYKH,
PaccTosiHHEe MeXAYy KOTOPbIMH Gosblue 1.

IlpuBenenHble mpuMepbl MOACKA3bIBAIOT YCJIOBHA, MPH KOTOPBIX
“TOT HJIH MHOH MPHU3HAK NEHCTBUTEIbHO MO3BONSAET Pa36HTb 3JIEeMEHThI
HEKOTOPOT0 MHOXKECTBA Ha KJacChl.

ITycts M — HeKoTOpOe MHOXKECTBO H NYCTb HEKOTOPble M3 Map
(a, b) 3JeMeHTOB 3TOrO0 MHOXKECTBA SIBJSIOTCS <OTMEYEHHBIMH» !).
Ecan (a, b)— «oTMeuennasi» napa, To Mbl 6yJ1eM TOBOPHTb, YTO 3Je-
MeHT g CBfi3aH ¢ b oTHomleHHeM @, W 0603HaYaTbhb 3TO CHMBOJIOM
< b, Hanpumep, ecin uMeercss B BHIy pa36GHeHHe TPEYTOJbHHKOB

Ha KJaccbl paBHOBEJAHKHX, TO a';b O3HavyaeT <«TPEYrOJbHHK a

HMeeT Ty Xe IVIOWafb, YTO H TPeyroJabHHK b». lanHoe oTHOLIeHHE
¢ Ha3bIBAETCSl OTHOWIeHUEM JKBUBAACHTHOCTU, €CJH OHO ob6janaer
CJIeNyIOLUIHMH CBOHCTBAMH:

1. PeduaexcuBHoCTb: @3’ a pasa moboro snementa a & M.

2. CHMMeTpHYHOCTDb: ecau @ 5 b, 10 b 7 a.

3. TpauauTuBHOCTb: ecin a5'b u b+c, To ase.

') Tlpn atoM saeMeHTH @ U b GepyTcs B ONpemeNeHHOM NOPAZKE, T. €. (a, b)
H (b, a)— nBe, BooGu1e TOBOPS, pasiuyHble Naphi.
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OTH ycJa0BHS HEOGXOAHMbl W JOCTATOUYHH [JSl TOrO, 4TOGH OTHO-
uienne @ (mMpH3Hak!) Mo3BosAO0 pa3GHTb MHOXKECTBO M Ha Kaacchl.
B camoM nene, BC S KO e pasbueHHe NAHHOTO MHOXECTBA Ha KJacCChi
ONpeaessieT MeXIY 3JEeMEHTAMH 3TOr0 MHOXKECTBA HEKOTOPOE OTHO-
LieHUe 3KBHBAJEHTHOCTH. [lefictBHTenbHO, ecad a 5 b osHauaer

«q HAaXOJUTCS B TOM JKe KJacce, uTo H b», To oTHOUleHHe ¢ Gyner,
KakK JIerKO NMPOBEPHTb, pedJeKCHBHbIM, CHMMETPHUHbIM H TpPaH3H-
THBHbIM.

O6paTHO, NyCTb @ — HEKOTOPOE OTHOUIEHHE 3KBHBAJIEHTHOCT!I
MeXJy 3JeMeHTaMH MHoxecTBa M u K, — KJacC 3J€MEHTOB X H3
M, 3KBUBANIEHTHBIX 1AaHHOMY 3JIEMEHTY a: X+ a. B cuny cBoficTsa
pedIeKCHBHOCTH 3JIEMEHT @ caM TNpHHallexuT kaaccy K,. [loka-
xeM, 4TO ABa kKjaacca K, u Kp Jsinbo coBnagaior, 1H00 He nepece-
Kaiorcsl. [1ycTh HEKOTOPBIH 3/IEMEHT ¢ NPHHAAJEXKHT ONHOBPEMEHHO
u K, u Kp, T. e ¢y aH ¢ b. Torna B cuay CuMMETPHYHOCTH
@ % C M B CHJY TPAH3UTHBHOCTH

a~b. )

Ecan tenepb x — npon3sBo/ibHbIi aneMeHT #3 K, T. €. x 57 a, To
B cuay (1) u CBOACTBA TPaH3UTHBHOCTH X 5 b, T.e. x € Ky,

Touno Tax Ke AOKa3biBaeTcs, YTO BCAKHI 3aneMmeHT y & Kp BXO-
ant B K,. TakuM o6pasom, aBa Kiaacca Kg u Kp, HMelOIWHX X0Ts Obl
ONMH OOLIHI 3/IeMeHT, COBNAAAIOT MeXAY cob6ol. Mbl nosyuusau pas-
6nenne MHOXecTBa M Ha KJacch MO 3aJaHHOMY OTHOLIEHHIO 3KBH-
BaJEHTHOCTH.

[TousntHe pa3bueHus MHOXKECTBA Ha KJ1acChl TECHO CBA3aHO C pac-
CMOTPEHHBbIM B NpeAbiAyLleM NMyHKTe NOHATHEM OTOOGpaXKeHHd.

ITyctb f— oTo6paxenne muoxecrsa A B mHoxectBo B. Co6pas
B OLHH KJacc Bce Te ajeMmeHTbl u3 A, o6pa3bl KoTtopbix B B cosna-
4al0T, MBl TIOJTYYHM, OUEBHIHO, HEKOTOPGEe pa3bueHHe MHOXecTBa A.
O6paTHO, paccMOTPUM MPOM3BOJMbHOE MHOXecTBO A u Hekoropoe
ero pasfuenne ua kKaaccel. Ilyctb B — COBOKYNMHOCTb TeX KJaccoB,
Ha KOTepble pas6uto MHOxecTBO A. CTaBA B COOTBETCTBHE KaXKAOMY
sneMeHTy @ € A ToT Kaace (T. e. TOT 3/1eMeHT U3 B), K KoTOpoMy a
NPHHAJEKHT, Mbl IONYYHM OTOGpaxceHHe MHOXKecTBa A Ha MHOXe-
ctBo B. .

MMpumeps. 1. CnpoexTupyeM mJaockocTb xy Ha ocb x. I1poo6-
pasLl TOYEK OCH X — BepTHKa/bHble npsiMble. Cael0BaTeNbHO, 3TOMY
oToGpaKeHuo oTBeyaeT pa3bHeHHEe IJIOCKOCTH Ha MapasliebHbie
npsiMse. ’

2. Pa3o6beM BCe TOYKH TPEXMepPHOro NPOCTPAHCTBA HA KJacChl,
O6heIMHAB B OJHH KJjacC TOUKH, paBHOY/JaJjeHible OT Hauyaja Koop-
punatr. Kaxabiii kaacc npejcrasiser co6oii chepy HeKOTOPOro pa-
auyca. COBOKYMHOCTb BCeX 3THX KJACCOB MOXHO OTOXIECTBHTb C
MHOXXKECTBOM BCeX Touek, Jexallux nHa ayde [0, o). Hrak, pasbue-
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HHIO TPEXMEPHOTO MPOCTPAHCTBA HAa KOHLEHTpHYecKHe cdephl OTBe-
yaeT 0TOGpaXKeHHe 3TOr0 MPOCTPAHCTBA HA HOJNYNPSIMYIO.

3. O6GbeaHHNM B OJHH KJACC BCE AEHCTBHTE/bHBIE YHCJA C OH-
HAKOBOH 1po6HOM uacTbio. ITOMy pa3GHeHHIO OoTBeuaeT oToOpae-
HHe NpPSIMOH JIMHHH HA OKPYXKHOCTb €IHHHYHOM MJIMHbI.

TlonsiTHe >KBHBAJIEHTHOCTH fIBJISIETCSl YACTHBIM cJjydaeM GoJlee
o6uiero nousituss 6MHapHoro oTHo weH 4. Ilycts M — npous-
BosibHOe MHOXKecTBO. O6osuaunm uepes M X M uan M? cosokyn-
HOCTb BCeX yrnopsoueHHbIX nap (a, b), rae a, b = M. Fosopsr, uto
B M 3anauno 6unaproe oTnouwlenue @, ecan B M? BbileneHo npous-
BOJIbHOE MOJAMHOXKeCTBO R¢. TouHee roBopsi, MBI CKaXkeM, 4TO 3Jie-
MEHT @ HaXOAHTCS B OTHOWIEHHH ¢ K 3jeMeHTy b — oGo3naueHue
agpb — B TOM H TOJBKO TOM CJyuae, Korjaa napa (g, b) npuHaiIexur
R. TlpumepoM GHHApPHOTO OTHOIIEHHUS MOXET CJAYXKHTb OTHOLIEHHE
TOXK/EeCTBa €, HMEHHO, aeb B TOM M TOJIbKO TOM cjydae, ecaun a = b,
HHaue TOBOPS, 3TO — OTHOIIEHHe, 3ajaBaeMoe JAHaroHanplo A B
MX M, 1. e. nogMHOXKeCcTBOM map Bujaa (a,a). SIcHo, 4TO BCAKOE
OTHOILIEHHE 3IKBHBAJEHTHOCTH ¢ B HEKOTOPOM MHOXecTBe M ecTh
6HHapHOE OTHOLIeHHe, NOJUYHHEHHOE CJIeYIOIHM YCJIOBHSM:

1) Huaronanbp A npunaanexur Re (pedekcHBHOCTD).

2) Ecnu (a,b)=Ry, 10 1 (b,a)= Ry (CHMMETPHUYHOCTD).

3) Eciu (a, )= Ry n (b,c)e= Ry, To u (a,c) = Ry (TpaH3uTHB-
HOCTDb).

HTax; 3KBHBAaNEHTHOCTh — 3TO GHMHAapHOE OTHOLIEHHE, YIOBJIETBO-
psitoiee ycJOBUAM pedJieKCHBHOCTH, TPAH3HTHBHOCTH H CHMMETPHY-
HOocTH. B § 4 Mbl paccMOTpUM ApYroiéi BaXKHbIH 4acTHHIH caydal Gu-
HAapHOTO OTHOLIEHHS — YaCTHYHYIO YNOPSAOYEHHOCTb.

§ 3. dkBuBaneHTHOCTL MHOXKeCTB. [lOHAITHE MOWHOCTH MHOXeCTBa

1. Koneunbie n OeckoHeunnie MHOXecTBa. PaccmarpuBasi pas-
JUUHbIE MHOXECTBa, Mbl 3aMeuaeM, YTO HMHOTJAa MOXKHO, eCJH He
dakTHYeCcKH, TO XOTsl Obl NPHUMEPHO, YKAa3aTb YHMCJIO 3JE€MEHTOB B
IaHHOM MHOXecTBe. TaKoBbl, HapHMep, MHOXECTBO BCE€X BepLIHH
HEKOTOPOr0 MHOTOTPAaHHHKA, MHOXECTBO BCeX IIPOCTHIX 4YHCes, He
NPeBOCXOASLIHX NAHHOTO YHCJ/A, MHOXECTBO BCEX MOJIEKYJ BOABI Ha
3emae u T. 1. Kaxa0e u3 3THX MHOXKECTB COJEPXKUT KOHEUHOE, XOTH,
OLiTb MOXeET, H HeH3BeCTHOe HaM uHcJ/o 3jementoB. C apyrofi cro-
POHBI, CYULECTBYIOT MHOXKECTBA, COCTOSIIIHE H3 GECKOHEUHOTro UHC/a
3/IeMeHTOB. TakOBO, HampHMep, MHOXECTBO BCEeX HATYPaJbHBIX YH-
CeJl, MHOXKeCTBO BCEX TOYEK Ha NMpPSMOMH, BCEX KPYyroB HA IJIOCKOCTH,
BCEX MHOTOQUJ/IEHOB C PAlHOHANbHBIMH KO3 duunentamu u T. A. [pu
3TOM, TOBOPsi, YTO MHOXECTBO GECKOHEYHO, Mbl HMEEM B BHAY, YTO
U3 HEr0 MOXHO H3BJiedb OJIHH 3JIeMEHT, [lBa 3/1€MeHTa H T. [., NPH-
YeM mocJsie Kax/J0ro TaKoro 1ara B 3TOM MHOXKECTBE ellle OCTaHyTCH
9JIEMEHTH.
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JlBa KOHEUHBIX MHOXECTBAa Mbl MOXEM CPaBHHBATh MO YHCAY 3Je-
MEHTOB U CYAHTb, OAHHAKOBO 3TO YHCJO HJH XK€ B OAHOM H3 MHO-
2KeCTB 3J1eMeHTOB 6oJblie, yeM B ApyroM. CripamuBaeTcs, MOXKHO JH
nofo6HBIM Xe 006pa3oM cpaBHHBATh GeCKOHEUHble MHOXeCTBa?
HMHave roBops, MMeeT JM CMBICJ, Hanpumep, BOMPOC O TOM, 4Yero
6oJsiblile: KPyroB Ha IVIOCKOCTH WJIH PalHOHAJbHBIX TOYEK HA MpA-
Mo#, QyHKIMH, onpeneseHHbix Ha oTpe3ke [0, 1], uau npsameix B npo-
CTPAHCTBE, U T. A.?

ITocMOTpHM, KaK MBI CpaBHHBaeM MeXAy cOGOH ABa KOHEYHBIX
MHOXKecTBa. MOXHO, HanpuMep, COCUMTATb YHCJO 3JEMEHTOB B Ka-
JKJIOM M3 HHX H, TaKUM 06pa3oMm, 3TH ABa MHOXecTBa cpaBHHTb. Ho
MOXKHO NOCTYIHTb H HHAa4e, HMEHHO, NONBbITATbCA YCTAHOBHTb Ouex-
{uro, T. e. B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEXIY 3JEeMEHTaMH
ITHX MHOXKECTB, HHAue roBOPS,, TAKOe COOTBETCTBHE, NPH KOTOPOM
KaXJIOMYy 3JIeMeHTY OJHOTO MHOXEeCTBAa OTBeYaeT OJHH H TOJbKO
OJIMH 3JEMEHT JAPYyroro, H Hao6opoT. FICHO, YTO B3aHMHO ONHO3HAY-
HO€ COOTBETCTBHE MEXIY IBYMSI KOHEUHBIMH MHOXeCTBAMH MOXHO
'YCTAHOBHUTb TOrJA M TOJbBKO TOT[a, KOrJa YHCJIO JEMEHTOB B HHX
onunakoBo. Hanpumep, 4065l npoBepHTh, OAHHAKOBO JIH YHCJO CTY-
JIEHTOB B I'pyNIle U CTyJbeB B ayJIHTOPHH, MOXKHO, He IepeCUUThIBAS
HU TeX, HH JPyTHX, NOCAAHUTh KaXKJOro CTyJeHTa Ha OlNpeleseHHbI]
<Ty/1. EciH MecT XBATHT BCEM W HE OCTAHETCS] HH OJHOrO JIUIIHEro
CTyJIa, T. e. ec/I1 OyleT yCTaHOBJeHa OGHeKLUHs MeXIYy 3THMH IBYMsi
MHOXEeCTBaMH, TO 3T0 u OyJeT 03HauaTb, YTO YHUCJIO 3JEeMEHTOB B
HHX OJIHHAKOBO.

3aMeTUM Telepb, UTO eCJaH MepBbIH cnocob (moacyer yucaa 3Je-
MEHTOB) T'OJUTCS JIUIUDb /151 CPABHEHHUS KO H € U H bl X MHOXKECTB, BTO-
pofi (yCTaHOBJIEHHE B3aWHMHO OJHO3HAYHOTO COOTBETCTBHUA) npnro-
JieH H 17 6 eCKOHeYHBIX.

2. CueTtHplie MHOXecTBa. [IpocTeiiiiuM cpein GeCKOHEYHBIX MHO-
JKeCTB SIBJIFIETCS. MHOXKECTBO HATYpaJsbHBIX yuces. HasoBeM cuernoim
MHONCECTBOM BCSIKOE MHOXKECTBO, 3JIEMEHThl KOTOPOro MOXHO OHek-
THBHO COMOCTABUTb CO BCEMH HATypaJbHbIMH uHcaaMu. MHaue roso-
Psl, CYUETHOE MHOXKECTBO — 3TO TaKOe MHOXKECTBO, 3JIEMEHThHl KOTOPO-
TO MOXHO 3aHYMepoBaTbh B OECKOHEUYHYIO II0CJAe/l0BATENbHOCTD:
ay, dg, ..., Qn, ... [IpuBeleM NpUMepbl CUETHLIX MHOXKECTB.

1. Mnoocecrso gcex yeavix qucens. ¥CTaHOBHM COOTBETCTBHE Me-
JKJIY BCEMH LEJBIMH M BCEMH HAaTypaJ/bHBIMH YHCJAAMH MO CJIENYIO-
1lef cxeme:

0—-11~-22...,
1 23 45...;

BOOOIIe, HEOTPHUATEILHOMY UHCIAY 1 == ( CONOCTABHM HEYETHOE 4HC-
J0 2n 1, a oTpunatesbHoMy n << 0 — deTHOE UNCIO 2|n|:
n<«>2n-41 npu n=0,
n<>2|n| mnpu n<O0.
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9. Mnogcecrso ecex 4eTHoix noaosmcureasvHolx 4uces. CoorBer-
CTBHE OUEBHJIHO: 1 < 2n.

3. Mnoxcecrso 2, 4, 8, ..., 2™, ... crenenel yucsa 2. 3pech co-
OTBETCTBHE TaKxke oueBHaHO. KaxxpoMmy uucay 2" comocrasJsieTcst
gHCIIO .

4. PaccMoTpuM 0oJiee CJIOXHBIH HpHMEp, a MMEHHO, MOKaXeM,
YTO MHOJNCECTB0 8Cex pPayuoHaavrblx wucea cyeTHo. Kaxgoe pamuo-
HaJbHOE YHCJIO OJHO3HAYHO 3aMHUCHIBAETCS B BHJE HECOKPATHMOX
apobu o = p/q, ¢ > 0. Hasoem cymmy |p|+ g soicoroi pauno-
HAJbHOrO YHcaa o. SIcHO, uTo yHca0 Apobell ¢ AAaHHOH BHICOTOH N
Koneuno. Hanpumep, Boicoty | uMeer toanbko uncmao 0/1, BoicoTy 2 —
gucaa 1/1 u —1/1, Beicoty 3 —uucna 2/1, 1/2, —2/1 u —1/2 u 1. .
ByneM HymMepoBaTb BCe pallHOHAJbHble YHCJA 1O BO3PAaCTaHHIO BbI-
COTHI, T. €. CIlepBa BbIMHLIEM YHCJA BLICOTH |, MOTOM — uHC/Ia BBHI-
cothl 2 4 T. A. [Ipy 3TOM BCSKOe palHOHAJBHOE YHCJIO MOJYYUT He-
KOTOPHI HOMeEp, T. €. GyJeT YCTAHOBJEHO B3aHMHO OJHO3HAYHOE
COOTBETCTBHE MEXJY BCEMH HATYpPAJbHBIMH U BCEMH palliOHAJbHBI-
MH YHCJaMH.

BeckoHeyHOe MHOXECTBO, He SIBJAAIOLIEECS CUETHBIM, HAa3bIBAETCS
Hec4eTHbIM MHOXKECTBOM.

YcraHOBHM HEKOTOpBIE O6lIYUe CBOHCTBA CYETHBLIX MHOMXKECTB.

1. Bcakoe noOMHOMCECTBO CHETHO20 MHOMCECTBA KOHEUHO UAL
CYeTHO.

HDokxaszartenbctBo. [IycTe A — cueTHOe MHOXeCTBO, a B —
€ro NoJAMHOXECTBO. 3aHyMepyeM 3JeMeHThl MHOXecTBa A: ay, ay, . . .

Jovy Qn ... IlycTh an, Qp, ... — Te U3 HHX, KOTOPBlEe BXOAAT B B.
Ecnu cpenu uucen ng, ny, ... ecTh HaunGosbluee, TO B KOHeuHO, B
MPOTHBHOM C/ydyae B CueTHO, MOCKOJIBbKY €ro WieHbl dn,, Qn,,... 3a-

HYMepOBaHHl yucaamu 1, 2, ...

2. Cymma 2106020 KOHEHHOR0 UAL CHETHOZ0 MHOMCECTBA CHETHOLLX
MHONCECTB eCTb CHOBA CHETHOE MHOMECTB0.

HokasatenbctBo. [Iycts Ay, Ay, ... — CYETHBIE MHOXKECTBA..
Mbl MOXeM CYHTaTbh, YTO OHH NONAPHO HE MEepeceKaloTcs, TaK Kak
HHaue MBI paccMoTpesu Ob BMeCTO HHX MHOXKectBa A;, A\ A,

A3\ (A1 U 4), ...—Kkaxmoe 13 KOTOpbIX He 6oJee YeM CUETHO, —
HMelolKe Ty XKe CaMylo CyMMY, 4TO H MHoxecTBa A, A, ... Bee
3JleMeHTBl MHOXKecTB A, Ay ... MOXHO 3anucaTh B BHAE CJAELYIO-

el 6ecKoHeyHoH TaGJHIbI:

an Qg a3 4y ...
Qg1 O Ay Ay ...
Qa3 a32 a33 (134 cee

Qg Qg0 Qg3 Qg ...
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rjie B NepBOH CTPOKE CTOSAT 3JeMeHTH MHOXecTBa A|, BO BTOpOi —
3JeMeHTH MHOXecTBa Az H T. 1. 3aHyMepyeM Terepb BCe 3TH 3Je-
MEHTBl «II0 NHATOHAJfIM», T. €. 3a NEPBLIH 3JEeMEHT NPUMEM d;;, 3a
BTOPO# Qig, 32 TPETHH Ay H T. A., IBUTAsACh B NOPSAJKe, YKa3aHHOM
CTpeJKaMH Ha crenyioueil Tabanie:

ay—>ap (113_> Qg ...

agl a22 a‘:a a24 DR
Q31 Q3 Q33 Ay ...
/

Ay Qg Q3 Qg ...

L T

;ICHO, 4YTO IIPH 3TOM KaXKAbIH 3JeMEHT KaxJ0ro H3 MHOXKeCTB l'lO.Hy-
YMT ONpeNle/IeHHBII HOMEep, T. €. GYJeT YCTAHOBJEeHO B3aHMHO OJHO-
3HAYHOE COOTBETCTBHE MEXJAYy BCEeMH 3JieMeHTaMH BCEeX MHOXeCTB
Ay, Ay, ... W BCeMH HaTypasibHbBIMH uynciamu. Haile yTBepxpaenue
JIOKa3aHo.

Ynpaxuennsa JlokasaTh, YTO MHOMKECTBO BCeX MHOrOWIEHOB ¢ pa-
IIHOHAJIbHHIMH KO3 }HIUHEHTaMH CUETHO.

2. Yncao § HasniBaeTcs @42e6paudeckum, ecim OHO SBASETCS KOPHeM HEKO-
TOPOr0 MHOrOuJIeHa ¢ palHOHaJbHbIMH KO3GhdHuunenTaMH. JIOKa3aTh, UTO MHOMKe-
CTBO BCEX aiAreGpanyecKHX YHCEN CYETHO.

3. IloxasaTb, UTO MHOXECTBO BCeX DPallHOHAJbHBIX HHTEPBAJOB (T. €. HHTep-
BaJIOB C DallHOHAJbHBIMH KOWLAMH) Ha NPAMOR CYETHO. .

4. Jloka3aTh, YTO MHOMXECTBO BCEX TOUYEK MJOCKOCTH, HMEIOWHMX paIHOHAJb-
Hble KOODAHHATHI, CYETHO.

Yka3sanue. Bocnonb30BaThesi CBORCTBOM 2.

3. Beakoe GeckoHeuHOe MHONECTBO COOEPHCUT CHETHOE NOOMHO-
HeCT80.

HokasatenbctBo. Ilycth M — GeckoHeuHoe MHOXKECTBO.
BriGepem B HeM MpOH3BOJIbHbBIH 37eMeHT a;. Ilockosbky M 6Gecko-
HEUHO, B HEM HaHJeTCsl 3JeMEHT A, OTJHUHBIA OT @, 3aTeM HaHIeT-
€Sl 3JIeMEHT a3, OTJHUUHBI OT @ M OT @2 W T. A. IIponosxas 3ToT
npouecc (KOTOpPbI He MoXKeT 06OpBATLCH H3-3a HEXBATKH» 3Je-
MeHTOB, H60 M GecKoHeuHO), Mbl MOJy4yaeM CUETHOE NOJMHOXECTBO

A={aly az, ..., Gy "'}

muoxecrBa M. [Ipensioxenne nokasaso.

3To npensioxeHHe NOK33blBaeT, YTO CPefiH GEeCKOHEUHbIX MHO-
KECTB CUETHBIE FIBJSIOTCS «CaMbIMH MaJieHbKHMH». HuKe MBI Bbisic-
HHM, CYILECTBYIOT JIM HeCUeTHble OeCKOHEUHble MHOXKEeCTBA.

3. dkBUBAJNEHTHOCTb MHOXKecTB. CpaBHUBasi Te HJH HHble Gecko-
HeyHble MHOXKECTBA C HATYPaJbHbIM PSIOM, Mbl NPHILIH K MOHSITHIO
CUETHOr0 MHOXKeCTBAa. SICHO, YTO MHOXEeCTBA MOXHO CPaBHHMBATb He
TOJBKO ¢ MHOXECTBOM HAaTypaJbHBIX UHCEJ; YyCTaHOBJEHHE B3aHMHO
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OJlHO3HAYHOTO COOTBETCTBHS (GHMEKIHH) MNO03BOJSET CPaBHHBATL Me-
XK1y coboi noOble 1Ba MHOXecTBa. BBeneM cienyiomee onpene-
JieHHe.

Onpenenenune. [IBa MHOXKecTBa, M n N, HasniBaloTcsi 3K8U-
garentHoimu (o603Hauenne M ~ N), eciu MeXay ux 3JeMeHTaMH
MOXXHO YCTAHOBHTb B3aHMHO OJHO3HA4YHOE COOTBETCTBHE.

TlonsiTHe 3KBHBaJIEHTHOCTH NPHMEHHMO K JIOGBIM MHOXKECTBAM,.
KaK KOHEYHbIM, TaK H OeckoHeyHbIM. J[lBa KOHEUHBIX MHOXECTBa
9KBHUBAJIEHTHHl MeXAy co6oi Toria (M TOJbKO TOrAa), KOrja 4ucjo
9/IEMEHTOB Y HHX OfiHHaKoBo. Omnpeje/eHHe CUETHOrO MHOXECTBA
MOXKHO Tenepb cQOpPMyaHPOBATH CAEAYIOLIHM O06pPa30OM: MHONECTBO
HQa3b18AETCA CHETHBIM, eCAU OHO 3KBUBAAEHTHO MHONCECT8Y HATY-
pasvrbtx duces. SIcHO, 4TO JBa MHOXeCTBa, KBHBaJIeHTHble Tpe-
TbeMY, 3KBHBAJIEHTHbl MeXJy COGOH; B YaCTHOCTH, Jio0Oble JBa CHYeT-
HbIX MHOXKeCTBa 3KBHBaJIEHTHBl MeXAy COOOii.

TipuMepn. 1. MuoxectBa TOUeK Ha JIOGBIX IBYX OTpe3Kax
[a, b] a [c,d] skBuBaseHTHBI Mexay coboil. M3 puc. 5 sicHo, Kak

YCTAHOBHTb MeXJAy HHMH
6uexunio. FIMeHHO, TOuKn p
g H ¢ COGTBETCTBYIOT Jpyr
IApYry, ecJH OHH SBJSIOT-
0 sl NPOEKLHSMH ONHOA H
TOH e TOYKH r BCIIOMO-
rateJbHOro OTpeska ef.

z

a ok c g d
Puc. 5. Puc. 6.

2. MHoXecTBO BCeX TOYEK HAa PACUIMPEHHOH KOMIJIEKCHOM MJI0-
CKOCTH 3KBMBAaJIEHTHO MHOXeCTBY BCeX Touek Ha cdepe. Buexkuuio
@ <> Z MOXHO yCTaHOBHTb, HAIPHMeP, ¢ NOMOLIbIO CTepeorpaduye-
CKOM mpoekuun (puc. 6).

3. MHoxectBo Bcex uncea B uHTepBate (0, 1) 3KBHBaNEHTHO
MHOXECTBY BCeX TO4€K Ha npsMmoit. COOTBETCTBHE MOXKHO YCTaHO-
BHTb, HallpHMep, C TIOMOUIbIO PYHKIHH

y=%arctgx+%.

PaccmartpuBasi npHMepsl, NpHUBENEHHbIe 3eCh H B I. 2, MOXKHO
8aMeTHTb, YTO HHOrJa GECKOHEUHOE MHOXECTBO OKAa3bIBAETCH 3KBH-



26 : 3JIEMEHTH TEOPUH MHOMXECTB - - (rna. 1

BaJIeHTHHIM cBoell HCTHHHOH uactH. Hanpumep, natypanibHbix uH-
CeJl OKa3hBAETCS «CTOJbKO Ke», CKOJbKO H BCEX LeJbiX HJH Jaxe
BCex pallHoHaJbHBIX; Ha uHTepBaje (0, 1) «CTONbKO Xe» Touek,
CKOJIBKO M Ha BCcell mpsiMoii, U T. A. JTO sIBJeHHe XapaKTepHO MJsi
©eckoHeuHbIX MHOXecTB. [leficTBHTenbHO, B 1. 2 (CBOHCTBO 3) Mbi
NOKa3aJiH, YTO H3 BCSAKOro GeckoHeuHoro MHoxectBa M MOXHO Bbi-
OpaTb cueTHOe NOJMHOXKeCTBO;, nyctb A ={aj, as ..., @n, ...} Ta-
X0e NOJAMHOXKeCTBO.
Pazo6beM ero na gBa CueTHHIX MOAMHOXECTBA

A={a, a; 05 ...} u Ay={0,y, a,, a; ...}

¥ ycraHoBuM mexay A u A, B3aHMHO OJHO3HAYHOE COOTBETCTBHE.
310 COOTBETCTBHE MOXKHO 3aTeM IPOJOJKHTb JO B3aHUMHO OJZHO3HAY-
HOrO COOTBETCTBHsL MexXay MHoxectBaMd A U (MNA)Y=M u
AL U (MN A)= M\ A,, otHecs kaxjaoMy 3jementy u3 M\ A cam
3TOT snaeMeHT. Mexny TeM MHoxecTBo M\ A, He coBmagaer ¢ M,
T. €. ABJIAeTCS COGCTBEHHBIM NMOJAMHOXeCTBOM a4s M. Mbl mosyyaem,
TakuM 006pa3oM, cienyioliee NpeljoKeHHe:

Bcakoe 6eckoneunoe MHONECTBO IKBUBANEHTHO HEKOTOPOMY C80-
€My cOGCTBEHHOMY NOOMHONCECT8Y.

AT0 CBOHCTBO MOXHO NPHHATb 3a OnpefejeHne GeCKOHEYHOTO
MHOXECTBA.

Vnpaxueune. Jokaszatb, uto ecan M — npoussosibHOe OGeCKOHeuHOe
MHOXecTBO H A cuetno, o M ~ M U A.

4. HecyeTHOCTb MHOXECTBA AEHCTBHTENbHbIX 4yHced. B m. 2 Mmu
TIPHBEJH NMPHMEPH CYETHBIX MHOXKecTB. UHC/I0 3THX NPHMEPOB MOX-
HO Gblio OBl yBesinuHTh. KpoMe TOro, Kak Mbl I0OKa3aJH, CyMMa Ko-
HEYHOr0 HJIH CYETHOI'0 YHCJIAa CYETHBIX MHOXECTB CHOBA €CTb CHET-
HOE MHOXECTBO.

EcrecTBedHO BO3HHKAeT BOIPOC: a CYILECTBYIOT JH BOOOLIe He-
cueTHble Muoxectsa? ITo0oKHTe/IbHBIH OTBET HA HEro AAET CJAelYio-
mas Teopema. '

Teopema |. Muosecrso delicraureabrbix wucea, 3AKAIOUEHHbLX
MeHOY Hyrem u edunuyel, HECHETHO.

HdokasatenbctBo. IlpennonoxuM, uto faHo Kakoe-TO CHeT-
HOE MHOXECTBO (BCEX HJH TOJbKO HEKOTODHIX) AEHCTBHTEJbHBIX
yucesa «, Jexallux Ha orpeske [0, 1]:

CL]=0, 101013 «ov Qg o v ey
(12=0, Qo3 « v« Aoy -« vy
a3 =0, a3la3qa3~, oo l3g veey g (])

I . N

a, =0, a,,la,,za,,a U F
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3pechb aip — k-1 necatuuHas umbpa YHCna oi. HOCTpOHM }.1p06b
B=0, bAbz RS bn . e

duazonareroil npoyedypou Kanropa, a uMenHo: 3a b, npumem npo-
H3BOJIbHYI0 MDY, HE COBNAJAOULYIO C djy, 32 by — MPOU3BOJNBHYIO
nudpy, He COBMNALAIOLLYIO C d, H T. A.; BooGLIe, 3a b, MPHMEM mpo-
M3BOJIbHYIO LH(PY, HE COBNANAIOILYIO C Ann. DT AECATHYHAS APOOH
fge MOXKEeT COBIACTb HH C OXHOH ApoOblo, comepKalledcss B mepey-
ne (1). HeficTBHTenbHO, OT o APOOL B OT/IHUAeTCst NO KpaHHeHd Mepe
mepBOH LHQPOH, OT Gz — BTOpOH uHdpol H T. 1.; Boobule, TaK Kak
bn = Qnn ANS Bcex n, TO Apo6b P oTAMYHA OT J1060H U3 fapobei o,
pxojsux B nepeyenb (1). Takum o6pa3oM, HUKaKoe CUETHOE MHO-
XeCTBO [eHCTBHTEJNbHBIX UHCEJ, Jexalux Ha otpeske [0, 1], He uc-
YyeprnLBaeT 3TOTO OTpe3Ka.

IlpuBeneHHOe [0Ka3aTeNbCTBO COJEPKHT HeOOJbLIOH «OoOMaH».
Jeno B TOM, UTO HeKOTOpble yucaa (a WHMeHHO, uhcaa Bupa p/l09)
MOTyT GBITb 3aNHCaHbl B BUAe IeCITHYHOH ApoOH nByMs cnocobaMH:
¢ 6eCKOHEYHbIM YUCJIOM HYJeH UJH ¢ 6€CKOHEUHBbIM YHCJIOM JEeBATOK;
Hanpumep,

1 5

5= 10=O,5000 ... =0,4999 ...

Takum o6pa3om, HeCOBNaJeHHe JBYX NEeCATHUHbIX Apolei elle He
rapaHTHpyeT pasynyuusl u3o0paKaeMblX HMH YHCeJ.

Onnako ecau Apolb B CTPOHTbL OCTOPOXKHEe, Tak, YTOOBl OHA He
cojepxkaJsia HH HyJeH, HH [IeBATOK, NoJjarasi, Hanpumep, b, = 2,
€CJIH Ann =1, U by =1, eCIH Ann ¥ 1, TO NOKA3aTEABCTBO CTAHO-
BHTCSI BIIOJIHE KOPPEKTHBIM.

Yn PaxXHeHHE. HOKaSaTb, 4YTO YHCIQ, obnanarouiue ABYMA pas3HUHBIMH
HAECATHYHBIMH Da3JIOXKEHHSIMH, 06p33y}0T CUeTHOe MHOXECTBO.

Hrak, orpesok [0, 1] naer npuMep HecuetrHoro muoxecrtra. IIpu-
‘BeJleM HEKOTOpble IPUMePbl MHOXECTB, 5KBHBAJEeHTHHIX OTpesKy [0, 1].

1. MHoXKecCTBO BCeX ToueK Ji060ro orpeska [a, b] uau unrtepsana
(a,b).

2. MHOXeCTBO BCeX TOYEK HA MPSIMOM.

3. MHOXeCTBO BceX TOYeK IJIOCKOCTH, NPOCTPAHCTBA, TIOBEPXHO-
CTH cdepbl;-TOYeK, JeXalluX BHYTpH chepul, U T. 1.

4. MHO>KeCTBO BCeX MPSAMBIX Ha NJIOCKOCTH.

5. MHOXKeCTBO BCeX HeNMpephiBHbIX QYHKIHUI OJHOrO HIH HECKOJb-
KHX TlepeMeHHBIX.

B cayvasax 1 u 2 mokasaTenbCTBO He NpeiacTaBisieT Tpyna (cM.
npumepsl 1 u 3 0. 3). B ocranbubix cayyasix HemMoOCpPeACTBeEH-
H O e 10Ka3aTesJbCTBO JOBOJBLHO CJIOXKHO.

Ynpaxneunne Hcnoawvays pesyabraTol 3TOro nyHKkTa M ynpaxkHenuwe 2

0. 2, 10Ka3aTh CYWECTBOBAHHE TPAHCYEHOEHTHOLX uYMCeN, T. €. UHCel, He SBJAIG-
Utuxcs: anreGpandecKHMH,
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5. Teopema Kanropa — Bepnuwreitna. Crenyiomas teopema sp-
JnisieTcsl OJHOH U3 OCHOBHBIX B TEOPHH MHOXECTB.

Teopema 2 (Kantop—DbBepuwmreiin). Tyctro A u B—
dea npouseosvrvix mHoxcecTsa. Ecau cyuiect8yorT 83auUMHO 00HO-
3Haunoe orobpadxcenue | mHoxucectsa A Ha nodmHoocectso B, muo-
aectea B u ezaumno 00HO3HAYHOe OTOGpasicenue g muoixcectsa B
Ha nodmuoxcectso Ay muoscectso A, To A u B 3kausaseHTHbL.

HokasatenbctBo. He orpanuunuBasi 06LIHOCTH, MOMKHO CUH-
TaTth, uT0 A H B He nepecekaiorcsi. ITycTh X — npousBoJbHBIA 3Je-
MedT u3 A. TTooXHM X = X; M ONpeleJHM NOCAEN0BATEIbHOCTD
3J1eMeHTOB {Xn} caenytolnM o6pasom. ITycTb sneMenT x» yxe ompe-
JAeusen. Torna, eciv n 4eTHO, TO 3a Xn+; NPHMEM 3JeMeHT H3 B, yno-
BJIETBOPSIIOLIHA YCNOBHIO g (Xnt1) = Xn (€CJH TAKOH 3JE€MEHT Cylle-
CTBYeT), a €CJIH 1 HEYETHO, TO Xn4j — JIEMEHT U3 A, YAOBJIETBOPSIO-
WHHA YCAOBHIO f(Xnt1) = ¥n (ecan oH cywecTByeT). BoaMoXHbB 1Ba
cayuast.

1°. TIpH HEKOTOPOM 71 3JEeMEeHTa Xn41, YAOBJETBOPSIOLIEr0 yKa-
3aHHBIM YCJOBHSIM, He CyHiecTByeT. UHCJIO n Ha3biBaeTcss nOpAadkom
9.18MEHTA X. ,

2°. TTocnenoBateabHOCTb {¥n} GeckoHeuna !). Torna x HasbiBaeT-
cs1 31eMeHTOM GecKOHeuH020 nopadka.

Pa3zo6beM Tenepb A Ha Tpu MHOXKecTBa: Ag, coCTOslEe H3 3Jle-
MEHTOB YeTHOro mnopsiika, Ao — MHOMECTBO 3JIEMEHTOB HEYEeTHOro
nopsiaika H Ay — MHOXKeCTBO BCex 3JIEMEHTOB GECKOHEYHOro MopsAKa.
Pa36us aHajorHyHbiM 06pa3oM MHOXecTBO B, zamertum, uto f OTO-
6paxaer Ag Ha Bo u A; Ha By, a g-! otro6paxaer Ao na Bg. Urak,
B3aMMHO OJlHO3HAYHOe oOTOoGpaxeHHe 1P, coBmajawllee ¢ [ Ha
Ar U Ar u ¢ g7' ua Ao, ectb B3aUMHO OJHO3HAYHOE OTOOpaXKeHHe
Bcero A Ha Bce B.

6. [MonsTue MOWHOCTH MHOMecTBAa. EC/IH 5KBMBAJIEHTHH /iBa KO-
HEYHBIX MHOXECTBa, TO OHH COCTOSIT H3 OJHOTO H TOTO Xe YHcJa
3JieMeHTOB. Ec/in e 3KBMBaJIeHTHble MexXAy co6oifi MHOXecTBa M
i N npousBosbHbL, TO roBopAT, 40 M U N HMeIOT 0HHAKOBYIO MOUY-
HocTo, Takum 06pa3oM, MOLLHOCTb — 3TO TO obliee, YTO eCTb Yy JIo-
ObIX ABYX 3KBMBAJIEHTHBIX MeX1y co60H MHoXecTB. JlJ1sl KOHEUHBIX
MHOXECTB IOHSITHE MOI(HOCTH COBIAJaeT C MPUBHIYHBIM IOHATHEM
YHCJIa 3JEMEHTOB MHOXecTBa. MOIIHOCTL MHOXKeCTBA HATYpaJsbHBIX
yncesa (T. e. M06Oro CYETHOrO MHOXeCTBa) 0603HAYaeTCs] CHMBOJIOM
R, (unraercs: «aned Hyab»). [Ipo MHOXKeCTBA, SKBHBAJIEHTHbIE MHO-
JKECTBY BCeX JeHCTBHTEJbHBIX uyHces otpe3ka [0, 1], rosopar, uto
OHH HMEIOT MOWHOCTb KOHTUHYYymA. DTa MOLIHOCTb O0603HayaeTcs
CHMBOJIOM ¢ (MJIH CHMBOJIOM N).

1) Tlpu 3TOM YHCJIO PASAU4HLLX SJIEMEHTOB X, MOXKeT ObITb H KOHEYHO: OHH
MOTYT «3alMKJIHBaThcA», 00pa3ys OecKkoHe4nyro TMOCHEeOBATE/NBHOCTb, COIEPHKa-
WYIO JHIIb KOHE4HOE YHCJIO MONApHO Pa3JHUHBIX 3/JEeMEHTOB.
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BecbMa ray0OKHH BONpPOC O CyL{eCTBOBAHHH MOLLHOCTEH, Mpome-
KYTOUHBIX Mexay Ny u ¢, Oyaer saTponyT Huxe B § 4. Kak mpa-
BHJIO, GECKOHEeuHble MHOXECTBa, BCTpeyalollHecs B aHaJu3e, HJH
CUeTHBI, HJIH HMEeIOT MOIHOCTb KOHTHHYYMA.

Jlas MOULHOCTEeH KOHEYHBIX MHOXECTB, T. €. AJS HaTypaJbHbIX
yHCesJ KpOMe MOHSITHSl PAaBEHCTBA HMEIOTCS TaKXKe MOHATHS «GOJb-
me» U «MeHblle». [lonbiTaeMca pacnpocTpaHUTb 3TH NMOCHeIHHE HA
6ecKOHEUHble MOULHOCTH.

IMyctb A u B -— nBa npousBoJbHbLIX MHOXecTBa, a m(A) u
m(B)—ux wmomHoctd. Torga JorHyecKH BO3MOXHBI CJEAylOUIHE
cayuau:

1. A 3KBHBaJIEHTHO HEKOTOPOH YacTH MHOXecTBa B, a B skBHBa-
JIEHTHO HEKOTOPO# 4acTH MHOXecTBa A.

2. A comepXHT HEKOTOPYIO YacTh, SKBHBaJeHTHYIO B, HO B B HeT
yacTH, SKBHBaJeHTHOH A.

3. B cofepXHUT HEKOTOPYIO 4aCTb, 5KBUBaJeHTHYIO A, HO B A HeT
4aCTH, 5KBHBaJEeHTHOH B.

4, Hu B ONHOM H3 3THX [IBYX MHOKECTB HET YaCTH, SKBHBAJEHT-
HOH Ipyromy.

B nepsom cayyae mHoxectBa A u B B cusy Teopembl Kanropa —
Bepuwteiina s3kBUBasNeHTHbl Mexay coboil, 1. e. m(A) = m(B). Bo
BTOPOM CJyuyae €CTeCTBEHHO CuHuTaTb, yTo m(A)> m(B), a B Tpe-
TbeM, uto m(A) << m(B). HakoHel, B ueTBepTOM CJayyae HaM mpu-
mJoch 6bl CYHTATh, YTO MOLIHOCTH MHOXecTB A B B HecpaBHHMGI
Mmexny coboit. Ho Ha camom pnesne stor ciayuail neBo3MoxeH! dro
cnenyer u3 teopeMbl Ilepmesno, o koTopo# peub Gymer uatk B § 4.

Urak, swobee 08a mrosxcectsa A u B aubo aksusarentrol mexoy
co6oii (u roeda m(A)= m(B)), nu60. yIOBJIETBOPSIOT ONHOMY U3
ABYX cooTHouenuit: m(A) << m(B) uwau m(A) > m(B).

Mb1 oTMeTHNIH BbIlLIE, UTO CUETHbIEe MHOXeCTBA — 3TO «CaMble Ma-
JleHbKHe» H3 OeCKOHEYHbIX MHOXECTB, a 3aTeM IOKa3aJiH, YTO Cylie-
CTBYIOT H GeCKOHeUHble MHOXeCTBa, 6€CKOHEYHOCTb KOTOPHX HMeeT
60J1ee «BLICOKHI MOPALOK»,—3TO MHOXKECTBa MOILHOCTH KOHTHHYyMa.
A cywecTByor Jau GecKOHeuHble MOUIHOCTH, TMPEBOCXOASAIIHE MOLI-
HOCTb KOHTHHyyMa? BooOfie, cyulecTByeT JM KaKaf-TO <«HaWBbIC-
IIasi» MOUIHOCTb HJH HeT? OKa3biBaeTCs, BepHa Celylollas TeopeMa,

Teopema 3. [Tyctre M — nexoropoe mnoscecrso u nycre M —
MHONCECTBO, INEMEHTAMU KOTOPO2O ABARIOTCA BCEBO3MONCHbIE NOO-
mroxecrsa muoxecrsa M. Toeda M umeer mowynocte 66s6wiyto,
“4em MOULHOCTb UCXOO0H020 MHONcecTea M.

HokazartenbcTBo. Jlerko BUAeTb, UTO MOIIHOCTb M MHOXe-
ctBa M He MOXKeT GbITb MeHblle MOLIHOCTH M HCXOAHOTO MHOXe-
cTBa M; nefiCTBUTENbHO, KOJHO3JEeMEHTHbIE» MOAMHOXeCTBa H3 M 06-
pasyor B M uacTb, 5KBHBaJEeHTHYI0O MHOXecTBy M. Ocraercs goka-
'3aTb, YTO MOILLHOCTH M H m He coBnafaalor. [1ycTs Mexay sjeMenTamu
a, b, ... MmHOXecTBa M u KakuMu-TO 3aeMeHTamu A, B, ... MHOXe-
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ctBa M (1. e. KAKUMHU-TO NOAMHOXKecTBaMH W3 M) ycraHOBieHO
B3aHMHO OJJHO3HAYHOE COOTBETCTBHE

a<>A, b<—B,...

IMokaxeM, 4TO OHO HaBepHsKa He ucyepnbiBaeT Bcero M. Mmen-
HO, CKOHCTpPYyHpYeM Takoe MHOxecTBO X < M, KOTOPOMY He COOTBET-
cTByeT HHMKaxo# ajeMentT u3 M. Ilycth X — COBOKYNMHOCTBL 3J/1€MeH-
TOB H3 M, He BXOAfIIUX B Te MOAMHOXECTBAa, KOTOPble HM COOTBET-
creywoT. logpoGuee: ecau a <> A u a = A, TO 371eMEHT 4@ MH He
BKJoyaeM B X, a ecsid @ <> A u a & A, T0 MBI BK/IIOYaeM 3J1EMEHT a
B X. flcHo, uto X ecTh moAMHOXeCTBO MHOXecTBa M, T. e. HEKOTO-
poiii sneMent u3 M. ITokaxeM, uTo nogMHOKeCcTBY X He MOXKET CO-
OTBETCTBOBATh HHKAaKOH 3jaeMeHT u3 M. IlomycTum, 4TO Tako# sJe-
MeHT X <> X CyllecTByeT; NOCMOTPHM, OYHeT JM OH COZepXKaTbCs
B X uau Her? Ilycth x & X; HO Benb no onpepesendio B X BXOAHUT
BCAKHUN 3JEeMEHT, He COAepXKaUluiicd B NOAMHOXECTBE, KOTOpoe
eMy COOTBETCTBYeT, CJef0BaTeNbHO, 3JIEMEHT X JOJXKeH ObiTh BKJIO-
yeH B X. O6paTHO, NPEANoJIOKHUB, UTO X COAEPKHUTCA B X, MBI 1OJY-
YHM, YTO X He MOXKeT COLepXaThCcst B X, TaK KaK B X BKJIOUEHE!
TOJILKO T€ 3JeMEHTHl, KOTOpPble He BXOLAT B COOTBETCTBYIOLIHE HM
nogMHoxecTBa. Wrak, sjeMeHT x, oTBeualouiui NOAMHOXKeCTBY X,
JOJIXKeH OXHOBPEMeHHO H CORepXKaThCs U He cofxepxkartbest B X. Ort-
CI0fa Cclefyer, YTO TAKOro 3JeMeHTa BooOlle He CyUlecTByeT, T. €.
4YTO B3aHMHO OJHO3HAYHOTO COOTBETCTBHSI MEXKIY 3JeMeHTaMH MHO-
)ectBa M 1 BCeMH ero nmoAMHOXECTBAMH YCTaHOBHTb Hesb3s. Teo-
peMa foKa3aHa. '

Hrtak, anas a1060ff MOUIHOCTH MBI NEHCTBHTEJIBHO MOXEM IO-
CTPOHTb MHOXecTBO 0oJbiUel MOIIHOCTH, 3aTeM eumie GoJbluei
H T. L., MOAyYasi, TAKUM O0Gpa3oM, He OrPDAHHUEHHYIO CBEpXY LKAy
MouiHOCTEH.

3ameuanune. Momuocts MHOoxecTBa M 0603HAUAIOT CHMBO-
Jgom 2™, rae m— MouHocte M. (UnTartesb Jierko mMOHMET CMBICT
3TOro 0603HAYeHHsI, paCCMOTpeB cayyall KoHeuHoro M.) Takum o6-
pasoM, Npelbloyliyil0 TeopeMy MOXKHO BbIPa3HTb HePaBeHCTBOM
m << 2™ B yactHocTH, nnu m = Ny noJyuaem HepaBeHCTBO Ny <
< 2%, Tlokaxem, uto 2% = R, T. e. noKaxeM, UTO MOUHOCTb MHO-
HecTaa 6Cex NOOMHONCECT8 HATYPAALHO20 pA0a pPABHA MOUWHOCTU
KOHTUHYYMQ.

PasobbeM nogMHOXECTBA HATYpaJbHOrO Psifia Ha ABa Kiaacca, P
-u ®, —Ha te (kaacc P), y KOTOPHIX JonoJHeHHe GeCKOHEYHO, H Ha
Te (knacc ®), y Kotopeix oHo KoHewHo. K kmaccy ® orHocutcs, B
YaCTHOCTH, CaM HaTypaJbHbIi psil, ©60 ero momnoJaHenue nycro. Yuc-
JO TNOAMHO¥eCTB B Kjaacce ® cuerno (pmokasatp). Kiaace ® me
BHsieT HA MOLIHOCTL MHOXecTBa M =P U @.

Mexny noaMHoXecTBaMu Kiaacca ‘B u JeHCTBHTENbHBIMH UHCJIA-
MH o H3 noaycermenrta {0, 1) MOXKHO yCTAHOBHTh B3aHMHO OJHO-
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.3HauHoe cooTBerTcTBHe. MIMeHHO, comocTaBuM noamHoxecTBy A e P
queao o, 0 << o << 1, ¢ 1BOHYHBIM pa3no>KeHneM

=2+t

The &, = | Hnu 0 B 3aBHCHMOCTH OT TOrO, MPHHANJIEKHUT JH H MHO-
#ectBa A uau Her. IIpoBepky merasiell mpefOCTABJSIEM ' UHTATENIO.

YnpaxHeHnue JlokasaTe, YTO COBOKYMHOCTb BCeX WYHCJOBHX (yHKUHA
(wiH BooOwle (yHKUWA, NPUHHMAIOUIHX 3HAUYEHHS B MHOXECTBE, COAEpPKalleM He
MeHee ABYX 3JIeMEHTOB), OnpelesieHHHIX Ha HEKOTOpPOM MHoxKecTBe M, uMeer moul-
'HOCTb GOJIBIIYIO, YeM MOIIHOCTb MHOXecTBa M.

¥kasanue. Bocnosb3oBaTbCs TEM, YTO MHOXECTBO Bcex UHOUKATOPOS, T. €.
<yBKUHA Ha M, npuHMMaOWHKX TONbLKO ABa 3HaueHusd, 0 H |, 5KBUBaJeHTHO Mio-
MECTBY BCeX NOJAMHOxecTB H3 M.

§ 4. YnopsnoueHHble MHOXecTBa. TpaHCGHHHTHblE yHCAa

B stoM maparpade H3/MOXKeH pAL NOHSTHI, CBS3aHHBIX C niaeeh
YIOPSAZLOYEHHOCTH MHOXeCTB. Mbl OrpaHHY4HMCSH 3[eCb CaMbIMH Mep-
‘BOHAYaJbHBIMH CBelleHHsiMH; GoJiee TMOAPOGHOE H3JIOKEHHE MOXHO
‘HalTH B JUTepaType, YKa3aHHOH B KOHLE KHHTH.

1. YacTuuHO ynopsigoueHHble MHOXecTBa. [lycts M — npous-
BOJIbHOE MHOXECTBO M ¢ — HEKOTOpoe GHHAapHOEe OTHOILUEHHe B HeM
‘(ompeneasieMoe HEKOTOPHIM MHOXecTBOM Ry < M X M). Mu Haso-
BeM 3TO OTHOILEHHE 4ACTUYHOL YnopACO4UeHHOCTbH, eClh OHO YI0B-
JIETBOPSIET YCJAOBHSAM:

1) pegrexcusnoctu: aga,
2) TpanauTuarocTu: ecnu agb u bgc, To age,
3) antucummerpuuroctu: ecau apb u bga, To a = b.

YacTuunyio ynopsiioueHHOCTb NPHHATO 0GO3HAYaTh CHMBONOM <.
Takum o6pasom, 3anuch a << b osnauaer, yto napa (a,b) npunaz-
JIEXKHUT COOTBETCTBYIOUIEMY MHOMXECTBY Rlp. IIpo anement a upu
3TOM TOBOPST, UTO OH He npesocxodur b WiH UTO OH noduunex b.
Muo3KeeTBO, B KOTOPOM 3ajiaHa HEKOTOpas 4acTHYHAS YNOPSOOYEeH-
HOCTb, HA3bIBAETCS YACTUYHO YNnopAOOUEHHbLM.

[lpuBenemM npHMepH YaCTHYHO YIOPSIAOUEHHBIX MHOXECTB.

|. Besikoe MHOXKECTBO MOXKHO TPHBHAJbHBIM 06pa3oM paccMmart-
PHBaTh KaK YacCTHYHO YNOPSJOYEHHOE, eCJIH NMOJOXKHTb ¢ << b B TOM
H TOJbKO TOM fjyuae, Korfa a = b. Muaue roBops, 3a uactuunyio
YNOpPSIAOYEHHOCTb BCETrla MOXKHO NPHHSIThH GHHAapHOE OTHOILEeHHE TO-
XKaecTBa €. DTOT NPHMep He MpPeACTaBJsAET, KOHEYHO, GOJBILOro HH-
Tepeca.

2. Ilycte M — MHOXeCTBO BCeX HeNpephIBHbBIX (PYHKUHI HaA OT-
peake [o, B]. TlosoxHB [ << g B TOM M TOJBKO TOM CJyyae, KOria
?(t)< g(t) nns Bcex t, @ << t << B, MBI MOJNYYHM, OUEBHJHO, YaCTHY-
HYIO yIOps1JOYeHHOCTb.
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3. MHOXecTBO BCeX NOAMHOXECTB HEKOTOPOro (HKCHPOBAHHOrO
MHOXKeCTBA YaCTHYHO YIOPSAOYEHO Mo BKJIioueHuio: M, << M; o3ua-
yaer, uto M, < M,.

4. MHOXeCTBO BCeX HaTypaJ/bHbIX YHCE/] YACTHYHO YNOPSIAOYEHO,
ecan a << b o3Hauaer «b penntcsa 6e3 octatka Ha a».

ITycte M — npou3BosibHOE YaCTHYHO YNOPSAA0UYEHHOE MHOXKECTBO.
B cayuae, korna a << b u a % b, Mb GyneM 1N0Jb30BaTbC CHMBO-
JOM <, T. . NHCATb @ < b W rOBOpHTH, UTO a MeHbuie b wiau 4to
a ctpozo noduuneno b. Hapsany ¢ 3anuceio a << b Mbl 6yaeM nodib-
30BaTbCA PABHOCHJIBHOH 3aMHCbio b > a W TOBOPHTb NPH 3TOM, UTO
b ne menbwe a (6oabwe a, ecnu b 5= a) wau 4o b caedyer 3a a.
D/leMeHT a Ha3blBAeTC MAKCUMAAbHLIM, eCli H3 a << b caenyer,
4To b = a. DJeMeKT a Ha3bIBAETCH MUHUMAALHbIM, €Cld H3 ¢ <L a
caelyer, 4To ¢ = Q.

YacTyuHo YnopsfoyeHHOe MHOXKECTBO, AAf JIOGLX ABYX TOYeK a, b KOTO-

poro HaljeTcs cjeAylollas 3a HHMH TOYKa ¢ (a << ¢, b << ¢), Ha3mBaeTcs Hanpag-
ACHHIM.

2,..0to6paxenns, coxpaunsiommue nopapok. [lyctre M u M’ —
IBa 4aCTHYHO YNOPSIAOYEHHBIX MHOXECTBA W NYyCTb [ ecTb oTobpa-
xeHne M B M’. Mbl ckaxeM, 4TO 3TO OTOGpaKeHHe COXPAHAET No-
padok, eciu u3 a << b, rne a, b = M, caenyer, f(a) << f(b) (8 M').
Ortobpaxenue [ Ha3bIBAETCSA UBOMOPPUIMOM YACTHUHO YNOPSAOYEH-
HHIX MHOXecTB M n M’, ecin 0HO GHEKTHBHO, a COOTHOIUEHHE
f(a) << f(b) BbIMOJNHEHO B TOM U TOAbKO TOM Caydae, Koraa a << b.
Camn muoxectBa M u M’ Ha3LIBalOTCS NPU 3TOM USOMOpPPHbIMU Me-
XK1y cOGOH.

Iycts, nanpumep, M ecTb MHOXKECTBO HAaTypasJbHBIX YHCEN, Ya-
CTHYHO YTNOPSANOYEHHOE 110 <«JeJHMOCTH» (CM. npHmep 4 m. 1), a
M’ —T0 Xe caMoe MHOMKECTBO, HO YHOpPSJ0UYEHHOE eCTECTBEHHBIM
o6pa3som, T. €. TaK, 4T0 b = @, ecin b — @ — MOJIOKHTEJIbHOE YHCJIO.
Torpa otoGpaxcenne M Ha M’, craBsilliee B COOTBETCTBHE KaXKAOMY
YHCJYy N ero €aMo, COXpaHseT MOPSAJOK (HO He SBJSETCA H30MOp-
dhusmMom).

OTHouredre u30MOpQH3IMA MEXAY YACTHYHO YNOPALOYEHHBIMH
MHOXEeCTBAMH MpelAcTaB/sieT co60H, OYeBHIHO, OTHOIIEHHe 3KBHBA-
JIEHTHOCTH (OHO CHMMETPHYHO, TPAH3UTHBHO H pedJekcuBHO). Cae-
JOBAaTeJIbHO, €C/IM y HAC HMeeTCs KaKoW-To 3amac!) wyacTHuHoO ymo-
PAIOYEHHBIX MHOXECTB, TO BCE 3TH MHOXeCTBAa MOXHO Pa3bnTb Ha
KJaccel H30MOPGHBIX MeXay co60H. FIcHO, UTO ecJaH Hac HHTepecyeT
He NpPHPOAA 3/E€MEHTOB MHOXECTB3, @ TOJbKO HMEIOLIAsiCi B HEM
yacTHYHas YIOPAAOYEHHOCTh, TO JBa H30MOPGHBEIX MeX]y co60k ya-

1) Mb BO3JlepKHMBAeMCsi OT MNMOHATHR BpPONE «BCE YACTHYHO YMOPALOYEHHLIE
MHOJEeCTBa», TaK KaK OHH, MOAOGHO NMOHATHIO «MHOXECTBO BCEX MHOXECTB», MO
CYIIeCTBY, BHYTPeHHe NDOTHBODEUHBHI H He MOryT ObiTb BKJIOYEHH B UYeTKHe Ma-
TEMATHYECKHE KOHUENIHH,
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CTHYHO YIMODPSJOYEHHBIX MHOXECTBA MOXHO pacCMaTpPHBAThb NPOCTO
KaK TOXAeCTBEHHbIE.

3. MNMopsnKkosbie THNB. YHopsaoyenuble MHOXKecTBa. [Ipo H3zo-
MopdHble Mexy cOGOH YaCTHYHO YNOPSJAOYEHHble MHOXKEeCTBAa Mbl
6yleM TOBODHTb, YTO OHH HMEIOT OJHH H TOT Xe nopadkosbli Tun.
TakuM o6pasoM, MOPSAKOBBLIE THIN — 3TO TO obliee, 4TO, MpHCYlle
J106BIM 1BYM H30MOD(QHBIM MexKAy coG0H YacTHUHO ymopsiiOYeHHBIM
MHOXeCTBaM, NOAOOGHO TOMY KaK MOLIHOCTb-—3TO TO ofliee, YTO
npucyllie 5KBHBAJEHTHbIM MeXJay co00H MHOXeCTBaM (paccMaTpH-
BaeMbIM He3aBHCHMO OT KaKoro Obl TO HH OblJIO OTHOLUEHHsI NOpsAAKa
B HHX).

ITyctb @ u b — 3/1eMeHTH YaCTHYHO YNOPSIAOYEHHOrO MHOXKECTBaA.
MoxXeT 0KasaTbCsl, UTO HH OJHO H3 COOTHOIUeHHH a<<b nm b<<a
He uMeeT MecTa. B 3ToM ciyuae sneMeHTH @ u b Ha3nBaloTCd He-
cpasrumbimu. TakuM o6pa3oM, OTHOLIeHHe MNOpSJKa oOMNpeleseHo
AWIb AJIS HEKOTOPLIX Map 3JEeMEHTOB, MO3TOMY Mbl H TOBOPHM O
YaCTHYHOH YNOpSiAOUYeHHOCTH. EC/H Ke B YaCTHYHO YMOPSJ0YeHHOM
MHOXKecTBe M HecpaBHHUMBIX 3/IEMEHTOB HET, TO MHOXecTBO M Ha-
3LIBACTCS YNOPAOOUCHHOIM (AUHEUHO YNnOpAOOUEHHbIM, COBEPULEHHO
ynopadouennoin). tak, Muoxectso M ynopsigoueHo, eciu OHO ya-
CTHYHO YNOPSIAOYEHO M eCJH JJIs JIOObIX ABYX PAa3/IMYHBIX 3JeMeH-
ToB a, b = M o6asarenbio au6o a << b, nu6o b << a.

$IcHO, uTO BCSIKOE MOJMHOXECTBO YMNOPSLOYEHHOTO MHOXeCTBA
CaMo ynopsiioueHo.

MHoxKecTBa, yKa3aHHble B NpuMepax 1—4 n. 1, ABAsI0TCS JHIUb
YaCTHYHO YyrnopfgouyeHHbiMH. IlpocTeAimIMMH mNpuUMepaMH JIMHERHO
YNOPAAOUEHHBIX MHOXECTB MOTYT CJYXKHTb HaTypaJbHble 4YHCJa, CO-
BOKYIHOCTb BCeX PallUOHAJbHBIX YHCeJ, BCeX JeHCTBHUTE/bHBIX YHCEeJ
Ha orpeske [0, 1] u T. . (C eCTECTBEHHLIMH OTHOLISHHSIMH «GOJIblIE»
'H «MeHbllIe», KOTOPble B 3THX MHOX€eCTBaxX HMeIOTCs).

ITockoNbKY yNOpsIIOYEHHOCTb €CTh YaCTHBIA Caydal - -yacTHYHOH
YIOPSA0YEHHOCTH, K YMODPSIJOYeHHBIM MHOXeCcTBaM MPHMEHHMO MO-
HATHe OoTOOpa)KeHUs, COXPaHSIOUlero nopsijoK, H, B YAaCTHOCTH, MO-
HfiTHe u3omopdusma. [1oaTtoMy MOXKHO rOBOPHTBH O MOPSAIKOBOM THIE
VIIOPSIOUEHHOrO MHOXECTBA. Psin HaTypanbHbix uHcena 1, 2, 3, ...
C eCTeCTBEHHBIM OTHOILEHHEM MOpPSKa MEXAY €ro 3JieMeHTaMH Npej-
cras/asieT cob60i npocTeNuIMi npuMep GeCKOHEUHOro YNopsAOUYeHHOTO.
MHOXxeCcTBa. Ero NOPsAAKOBLIH THI NPUHATO 0603HAYaTL CHMBOJIOM ®.

Ecnu ABa 4aCTHYHO YNOPSJOYEHHBIX MHOXECTBA H30MOpPOdHBI Me-
KAy coboli, TO OHH, KOHEUHO, HMEIOT OJHHAKOBYI0O MOLIHOCTbL (H30-
Mop¢dH3M — 3T0 OGHEKLHS), MO3TOMY MOXHO TOBOPHTb O MOIIHOCTII,
OTBevyalollefi AaHHOMY MOPAAKOBOMY THUNY (HampHMep, THIY @ OT-
Beyaer MOIHOCTh No). OnHako o6paTHOE HeBEPHO, MHOXECTBO AaH-
HON MOLLHOCTH MoXeT OBbITb YIOpSA04eHO0, BOOOLEe rOBOPSl, MHOTHMH
PasHbIMH cnoco6amu. JIHIIbL NOPAAKOBLIA THI JHHEHHO yMOpsigOYeH-
HOr0O KOH e Y HOT O MHOXeCTBa OJJHO3HAUYHO ONpele/sieTCsl YHCIOM 1
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€70 371eMeHTOB (M 0603HauaeTcsl TakKe uepe3 n). ¥YKe A/ CUETHOro
MHOJXKeCTBa HATypaJbHBIX YHCe/J] BO3MOXKEH, HANpUMep, HAPAAY C ero
«eCTeCTBEHHBIM» THIIOM ®, TAKOH THI:

1,35 ..., 2,46, ...,

T. e. TAKOH, Korja Joboe 4eTHOe YHCJO cjaelyeT 3a JOObLIM Heuer-
HbIM, a HeyeTHble H YeTHble YHC/AA MeXIy cOo00H YMOpSAOYEHbl no
Bo3pacTaHuio. MoXHO MOKa3aTh, YTO YHCJAO PA3JUYHBIX NOPALKOBLIX
THIIOB, OTBEUYAIOLIHX MOIIHOCTH No, 6ECKOHEYHO U JaXKe HEeCYETHO.

4. YnopapoueHHass CcyMMa YNopsjoueHHbix MHoxecTB. IIycrtb
M; 1 My, — nBa nenepeceKkaloUUXCs YNOPSAOUEHHBIX MHOXKECTBA ¢
nopAnKOBbIMH TuNaMu Oy u 0.. B o6bepunennn M; U M, Muoxecrs
M; u M; MOXHO BBECTH MOPSJIOK, CUHTAsA, UYTO JBa 3JeMeHTa u3 M,
ynopsinouensl kKak B M;, nBa sneMeHTa u3 M, ynopsgouennl Kak
B My u uToO BCAKHU M 37eMeHT U3 M, npeaHiecTBYyeT BCAKOMY
saementy u3 M, (IlposepbTe, uTO 3TO HAEHCTBHUTENBHO JHHeHHas
ynopsifouenHoctb!) Takoe ymopsiioueHHOe MHOXECTBO Mbl 6yneMm
Ha3bpIBaTh ynopadouennot cymmor Muoxects M; u Mg n o6o3uauathb
M, + My Tlonuepkuem, 4TO 3/1eCh BaXKeH MOPSALOK CJaraeMbiX: CyM-
Ma M; + M, He usomopdHa, BooGuie rosops, cymme M; 4 M,. Ilo-
PANKOBLIE THI cyMMbl M; -+ M; Mbpl 6yneM HasbiBaThb ynopacdouex-
HOU cymmoll MOPAAKOBBIX THUNOB 8; U 02 U o603HauathL 0, 4 02

DTo onpejeseHHe Jerko pacnpocTpaHseTcs Ha NPOH3BOJbHOE KO-
#eyHOe YHCJ0 charaeMbix 0y, 0s, ..., Om.

ITpumep. PaccMoTpuM mHopsiiKOBbie THOB @ u f. JIerko BH-
qeThb, 4TO A+ @ = ®; AEHCTBHTEJbHO, €CJH Mbl K HaTypaJjbHOMY
pany 1, 2, 3, ..., k, ... npununieM cjeBa KOHEYHOE YHCJO UJEHOB,
TO Mbl IIOJIyYHM TOT K€ MOPSIJKOBLIA THI ®. B To Xe BpeMsa mopsia-
KOBHH THUI ® -+ N, T. €. NOPSJAKOBBIH THN MHOXecTBa 1, 2, 3, ...
wves Ry ..., @1, Gy, ..., Qn, He paBeH, OYEBHIHO, ®.

5. BnosHe ynopsijoyeHHble MHOXKeCTBA, TpaHCHHHHTHbIE YHCaa.
‘Brile Mbl BBeJIH MOHSTHS YACTHUHOH YNOPSAOYEHHOCTH H YNOPSAO-
YyeHHOCTH. BpeneM eme 6Gojee y3Koe, HO BeCbMa BaXXHOe IMOHATHE
TOJNHOH YNODPSAIAOUYEHHOCTH.

Onpenenenue. YnopsgoueHHOe MHOXeCTBO Ha3blBaeTcs
BNOAHE YNnopaOOHeHHbIM, eClIH KAXK0€e ero HelyCcToe NOJMHOXKeCTBO
COIEPXKHUT HAUMEHbHINHA (T. €. NMpeALIeCTBYIOIHH BCEM 3JeMeHTaM
3TOI'0 NOJIMHOXKECTBA) 3JEMEHT.

Ecau ynopsajsoueHHOe MHOXKeCTBO KOHEYHO, TO OHO, OYEBHIHO, H
8100JHE ynopsajaoueHo. IIpuMepoM ynopsilo4eHHOro, HO He BIIOJHE
VIIOpS1I0YEHHOTO MHOMKECTBAa MOXeT cayxuTb orpesok [0, 1. Camo
5TO MHOXECTBO COJAEPKHT HaHMEHbUIHHA 3jJeMeHT — uucio 0, Ho ero
110/IMHOKECTBO, COCTOsIHlee H3 MOJIOXKHTEJbHBIX YHCE], HaH-
MeHBLIEro 3J1eMeHTa He CONEpIKUT.

SIcHO, uTO 8cakoe (HenycToe) NOPMHONECTEO BnOAHe Ynopado-
1CHHO20 MHONCECTBA CAMO 8NOAHE Ynopado4ero.
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TTopsAiAKOBLIH THI BIOJIHE YNIOPSAOYEHHOrO MHOXKECTBA Ha3bIBAIOT
nopAdKosbim HUCAOM (TPAHCOHUHUTHOIM NOPAOKOBHIM HUCLOM HJIH,
KOpOUe TPAHCHUHUTOM, KOTJa XOTAT NMOAYEPKHYTb, 4TO peub HAeT
0 6eCKOHEUHOM MHOKECTBE).

Harypanbubifi psf (C eCTeCTBEHHBIM OTHOLIEHHEM MOPSIAKA)
npeicTaBaser co60A MHOMXKECTBO He TOJBKO YHOPSIIOYEHHOE, HO H
ploJIHe ynopsifoueHHoe. TakuM 06pasoM, ero NOPSAKOBHIH THI ©
ecTb nopsiakoBoe uucao (TpaHchurHuT!). [lopsAnkoBBIM uyucaoM 6y-
HeT H © -+ R, T. €. THI MHCXKeCTBa

1,2, ... n,..., ap, G, ..., Q.

Hanportus, MHOXeCTBO
ceey —Hy o, —3, —2, —1 (1)

;yNOPSIIOYEHO, HO He BMOJIHE YNMOPAAOYeHO. 3/echb B KaXKAOM Hemy-:
CTOM IOJIMHOXKECTBe eCTb HAaHUOOJbUIHA 3JeMeHT (T. e. CJAeAYIOUIHT
“ga BCceMH), HO, BOOOllle TOBOPS, HET HauUMeHbIlero (HanpuMep, Hau-
MeHbliero sJjeMenta Her Bo BceM MHoxecTtBe (1)). Ilopsiakoserit
Jpun (He SIBJSIIOUIMACS MOPSAAKOBBIM uHciaoM!) muoxecrea (1) mpu-
HATO 0603HAUaTh CHMBOJOM 0.

JlokarkeM cefyIOUIHI POCTOH, B0 BAXKHBIH BaKT.

“Jlemma 1. YnopadouenHas cymma KOHEUHO2O HUCAQ BHOAHE
YROPSIOOUECHHBIX MHONCECTB eCTL BOARE YnOPAOOUEeHHOe MHONCECT80.

B camom nene, nyctb M — NpOH3BOJbHOE MOAMHOMXECTBO ynops-
pouennol cymmbl My 4+ My 4+ ...+ M, BRnosHe ynopanoueHHBIX MHO-
}KeCTB; pacCMOTPHUM IepBoe M3 MHOXecTB My, conepxailee 3Jje-
mentol n3 M. Ilepeceuenne M [1 M, sBasieTcs NOAMHOXKECTBOM
BNIOJIHE YNOPSJOYEHHOTO MHOxecTBa My W, 3HAYHT, UMeeT MNepBhlil
3JieMeHT. STOT 3JeMeHT OYAeT NMepsbIM 37TeMeHTOM U Bcero M.

CnencrBue. ¥YnopadouenHas cymma nopsodkosBuix 4ucen [6-
A8eTCA NOPAOKOBLIM HUCAOM. '

Mbl MOXeM, TakuM 06pa3oM, OTHPABJIAACE OT HEKOTOPOTO 3a-
Haca NOPSAKOBBIX UYHCEJ, CTPOWTb HOBBlE NMOPSAKOBBIE uyucaa. Ha-
TipuMep, OTNPABJSASACh OT HaTypaJbHBIX yHcea (T. e. KOHEUHBIX IO-
PAIKOBLIX YHCeJN) H MOPAAKOBOTO 4HCJIAa ), MOXHO MOJYYHTb MO-
PSIKOBBIE ducJ/aa :

ot+n oteo otot+n ot+o+o uT A

Uuraresap Jierko MOCTPOHUT BIOJIHE YHNOPSAOYEHHBIE MHOMKECTBa, OT-
Beualollye 3TUM TpaHchHUHHUTAM.

, Hapany c ynopsitoueHHoR cyMMOH MODSLKOBBIX THNOB MOMHO BBECTH yropS-
dodennoe npouasedenue. Ilycte My 1 My — MHOXKecTBa, ynopsioueHHBe IO THIAM
0; u 0. BosbMeM MHOTrO 3K3eMNJAsAPOB MHOMecTBa M, — 10 ONHOMY Ha KaXKmplit
aNeMeHT M, — u 3aMeHHM B MHOXKecTBe M; ero 37eMeHTH 3TUMH 3K3eMINApaMu
M. TlghyueHnoe MHOMECTBO Ha3bBAeTCA YMOPAJOUEHHHM Npon3BefenueM M, m
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M, n o6osnauaercsi cumBojsiom M -M,. ®opmanbHo M -M, cTpouTCs KaK MHOXe-
ctBo map (g, b), rae e E M, u b & My, npuieM (@, by) < (ag, by), ecaun by << b,
(npu mobLIX @y, @), H (a1, b) < (ay, b), ecan a; < as.

AunanorHuHo ompejensieTcs ynopsjoueHHOe NpPOH3BEAEHHEe N06Or0 KOHEeYHOro

uncia comHoxutenein MM, ... Mp. TlopaaxoBuifi Tun O npoussenenus M,.M,
YNOPAMOYCIIHEIX MHOXECTB HA3LIBAETCA npoussedenuesm nOpaoKosoix Tunosg 0, u O,
=9|92.

Kak u ynopsjoueHHad CyMMa, YNOpsAOHEHHOEe MpPOH3BeleHHe HEKOMMYTAaTHBHO,

JleMMma 2. Ynopadouennoe npoussedenue 08yx 8nosne ynopadodeHubix MHO-
HECTB8 eCTo BNOAHE YNOPAGOYEHHOE MHONCECT8O.

JlokasaTtenbcTBo. ITyctb M — HeKOTOpOE MOAMHOMKECTBO MPOU3BEJEHHs
M, -M,;, muoxectBo M ectb mMHOXKecTBO nap (a, b). PaccMoTpuM Bce BTOpHie 3je-
menTh b map, Bxomstux B M. OnH 06pasyioT HeKOTUpoe MNOAMHOXKECTBO B M,
B cusy nmosHolt ynopsmouennHocTH My 9TO MOAMHOMKECTBO HMeeT NEPBLIi JJeMeHT.
O6o3nauum ero by.u paccMOTpuM Bce mapui Buia (@, bo), sxonsimue B M. Hx nep-
Bble 3JeMeHTbl @ 06pasyloT HeKOTOpoe NojAMHOXecTBO B M;. B cusny mnosxoit yno-
pAAoYeHHOCTH My cpeln HUX HMeeTcsi mepBbll aneMentT. O6osnaunM ero ao. Toraa
napa (ao, by), Kak Jlerko BHAeTb, H GYAET NePBHIM dJeMeHTOM M.

CnenctBue. ¥YnopadouenHOe npoussedeHue NOPAOKOBLLX ducCer SBASAETCH
nopa0KO86IM HUCAOM.

ITpumepn. Jlerko BuaeTh, 4TO0 © + ©® = ®'2, ® + 0 + © =-3. Jlerko
TaKKe MOCTPOMTb MHOXKeCTBa, ynopsjoueHHble NO THNAM ®-#, ®w?, o?-n, w?, ...
..., 07, ... Bce 3t MHOXKeCTBa 6YIyT HMETb CUETHYIO MOUIHOCTb,

MoXHO OnpefeNnTb M ApYyrue [eHCTBHs Hal NOPSNKOBLIMH THIAMH, HANpH-
Mep, BO3BeleHHE B CTeNeHL, H BBECTH B PACCMOTPEHHE TaKHe NMOPSAKOBbie HMCa,

(]
Kak, ckaxeM, 0% o® u T. I

6. CpaBHeHHe mNOpsAAKOBBIX yucea. Ecau n; U ng— ABa KOHeu-
HbIX NOPSIAKOBBIX UHCJA, TO OHH HJH COBIIAJAIOT, WM OJHO H3 HHX
Gosbure apyroro. PacmpocTpaHuM 3TO OTHOUIeHHe TMOpsifKa Ha
TpaHchHUHHUTHBIE MTOPSIAKOBLIE YyHcaIa. BBeseM 1Jsa 3TOTO Cchenyiollue
nouATus. BCAKUEA 3/MeMeHT a JMHEHHO YIOPS/IOYEHHOTO MHOXKECTBA
M onpenensier Hauaabroui 0Tpe3ok P (COBOKYIHOCTb 3JEMEHTOB
<<a) u ocrarok Q (COBOKYITHOCTb 3JIEMEHTOB =>a).

Ilycts @ v B— ABa HOPSAKOBBIX yucaa, a M U N — MHOXKecTBa,
THIIA & U B COOTBETCTBEHHO. Mpl CKaxeM, 4ToO & = B, €C/IH MHOXKe-
ctBa M u N usomopodubl, uto o << B, ecniu M nzomopdHO KakoMy-
a160 HayaJabHOMY OTpPe3Ky MHoxectBa N, u uto o > B, ecay,
o6patHo, N u3oMopdHO HAYAJIBHOMY OTpe3Ky MHoxecTBa M.

Teopema 1. Jwboie 98a nopadkoseix ducia o u B c8a3arst
mexndy cob60ti 0OHUM U TOALKO OOHUM U3 COOTHOULEHNY:

a=20, a<<puwa>4p

Jast nokasaTesbCTBA YCTAaHOBHM IIPEXJAE BCEro CJAeLYIOMYIo
JIEMMY.

JlemMma 3. Ecau f— uzomopgproe otobpascerue gnoixe ynops-
@ouennozo MHONMecT8a A Ha Kakoe-aubo e2zo nodmuoxcecTeo B, 1o
f(a)= a 01a scex a = A.

JeficTBUTENbHO, ecd Obl HMeJHCh TaKHe 3jeMenTh a & A, uro
f(a)<<a, 10 cpemn HuXx OBl Gbl NepBbil (MOJIHAA YMOPSLOYEH-
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goctb!). IlycTh 370 — 371€MEHT Qo ¥ NyCTb by = f(ap). Torma bo'<< ag
#, OCKOJBKY f— u3oMopduaM, f(bo) << f(ao)= b, T. €. @ He Gbln
61l IEPBBIM CPEH 3JEMEHTOB C YKa3aHHLIM CBOACTBOM.

M3 3Toff seMMbl cpa3y e BBITEKAeT, UTO BIIOJIHE YIOPSALOUYEH-
Hoe MHOXKECTBO He MOXKeT ObITb H30MOpGdHO cBoeMy oTpesky. Ecam
661 A 6bl10 H30MOpGHHO OTPe3Ky, ONpPeNeNIEMOMY 3JEMEHTOM d, TO
BHUIONHANOCH 6bl cooTHoweHHe f(a)<< a. ITosToMy coOOTHOLIEHHS
=P u a<p He MOryT HMeTb MeCTa OJLHOBPEMEHHO. AHaJOrHYHO
He MoXKeT 6bITb OqHOBpeMeHHO @ = B u a > f. TouHo Tak Xe He-
COBMECTHBI COOTHOLIeHHs1 & < B H a > B, TaKk Kak HHAaue Mbl MO-
Jayuyuid 6bl (TPaH3HTHBHOCTB!), yTO o0 < @, a 3TO, KAK Mbl BHAEJH,
HeBO3MOXHO. MTak, MBI noka3aJsu, 4TO HaJHYHe OJHOTO H3 COOTHO-
weHdl o = P HCKApUaeT ABa OCTaJbHbIX. IlokaxkeM Temepb, 4TO
OJHO M3 3THX COOTHOUIEHHH BCerjga uMeeT MeCTO, T. €. 4TO JIO-
Gble 1Ba MOPSAKOBbIX YHC/IA CPABHUMBI.

CHauaJsa JJ1s KaKI0ro IMOpsiIKOBOrO YHCJIA o MOCTPOHM MHOXKe-
<tBo0 W(a), cnyxaliee ero «CTaHJapTHBIM NpeacTaBHTeNeM». Mmen-
Ho, mpuMeM 3a W (a) MHOXKeCTBO BCeX NOPSIAKOBBIX YHCEJ, MeHb-
wHx «. Uucaa, sxoxpsimue B W(a), Bce cpaBHUMBI Mexay co6oOH,
a camo MHOxecTBo W (o) (ymopsijoueHHOe 1O BeJHUHHE MOPSIKO-
BLIX yuceJ) HMeeT THIN . JlefCTBUTENbHO, eC/It MHOXKECTBO

A={..,a, ..., b, ..}

HMeeT THI ¢, TO, N0 CaMOMY OIpeJeJeHUI0, MOPSIKOBbie YHCIa,
‘MeHblIIHe, YeM ¢, B3aHMHO OJHO3HAYHO OTBEYalOT HAYaJbHbLIM OT-
pe3kaM MHoxecTBa A, a cleNoBaTesNbHO, H 3JEMEHTaM 3TOr0 MHO-
’kecrBa. MHaue roBopsi, 3JeMeHTH! MHOMKECTBA, HMEIOLIEro TUI «,
MOXHO MepeHyMepoBaTb C IOMOIbIO IHOPSAKOBLIX YHCEJ, Mellb-
IIMX o

A=(ay, a, ..., @y, ...}

IMycth Temepb o W P—ABa MOPSIAKOBBLIX uHCaAa, Torja A =
= W(a) u B= W(B) — MHOXKeCTBa THIIOB & MU B COOTBETCTBEHHO.
Tlycts, nanee, C = A I B— nepeceuenne muoxects A u B, T. e.
COBOKYITHOCTb MOPSIAKOBLIX YHCEJ, MEHBIIHX & M B OZHOBpPEMEHHO.
Muoxecrso C BnoJsne yrnopsiioueHo; o6o3HauuM ero tum y. IToka-
xKeM, uto y << o. [efictButenbho, eciu C =4, 10 y = a, ecnu xe
C #= A, 10 C ecTb 0Tpe30K MHOXKecTBa A ¥ TOrAA

vy << o

B camom nene, npu Bcex E= C, n= A\ C uucnia & u M CpaBHUMBDI,
T. e. £ = 1. Ho cootHoluenue n << § << @ HEBO3MOXKHO, TaK KakK TO-
ria n e C. Urax, & <, oTkyaa u BHJAHO, 4T0 C eCTb OTPE30K MHO-

xkectBa A u y << a. KpoMe Toro, y ectb nepBbiii 37€MEHT MHOXKe-
ctBa A\ C. UTtax,

Y<< @ U aHaJoruyHo y << f.
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Ilpu stom cayuyad y<<a, y<< [} HeBO3MOXeH, Tak KakK TOrla
Mbl uMean 6u yeEANC, yeB\ C, 1. e, ¢ OiAHON CTOPOHH,
ve& C, ¢ npyroit cropoun, y& A 1 B = C. CnenosaTtenabno, BO3-
MOXHBI JIHWIb CJAY4au

y=ua, y=8, a=§,
y=uoa, vy<B, a<B,
Y<-(1, YZB’ (1>B,

T. €. 6 B P cpaBHuUMBL. TeopeMa MOJMHOCTbIO JOKa3aHa.

Kaxpomy nopsiKOBOMY YHCJAY OTBeuaeT ONpejaeJdeHHas MoOll-
HOCTb, @ U3 CPABHHMOCTH MNOPSAKOBHIX UHCEJ CJAelyeT, OUEBHIHO, H
CPaBHHMOCTb COOTBETCTBYIOIMUX MolHocTeH. [TosTomy:

Ecau A u B — 0sa 8noane ynopadodennslx MHOMCECTEa, TO AUOO
OHU 3KBUBANEHTHbL MexcOy coboli (pasHOMOWHbL), AUGO Je MOu-
HOCTb O0HO020 U3 Hux 6oabwe, Yem MOULHOCTL Opyeo2o (F. e. BHOJHE
ynopsiioueHHble MHOXKeCTBAa He MOTYT UMETb HECPaBHHUMBIX MOILHO-
cTeit). '

PaccMoTpuM COBOKYIMHOCTb BCeX MOPSIAKOBBLIX 4YHCeJ, OTBedalo-
IIMX KOHEeUYHOH nuau cueTHo i Mownoctd. OHu o6pasyior BnoJl-
He yhnopsapoueHHoe MHoOxecTBo. Herpyano y6enuTbcss B TOM, UTO
€CaMoO 3TO MHOXKECTBO y3Ke Hecue THO. JeldcTBUTENbHO, 0603HaUHM,
B COOTBETCTBHH C OGLUENPHUHATOH CHMBOJHKOH, 4Yepe3 @y HOPSALKO-
BbIl THI MHOXeCTBa BceX CueTHblx TpaHchuHHTOB. Eciu Gbl oTBe-
Laolas eMy MOUIHOCTb Obljla CYETHOH, TO ¢UETHLIM GBIJIO Obl U MHO-
;KeCcTBO, UMelolilee NOPAAKOBBIH TUN w; + 1. BMecTe ¢ TeM uncso o
cJelyeT, OUeBHJAHO, 3a BCEMH TPaHCPHUHHTAMH, OTBEYAIOIHUMH KO-
HEUYHOH HJH CUETHOH MOLIHOCTH.

O603HauuM MOIIHOCTb, OTBEUAIOUIYIO MOPSIAKOBOMY TpaHcHHHHU-
TY @, cuiMBojioM N,. Jlerko BHAETb, YTO HHKAKHX MOILHOCTEH 1,
yAOBJIETBOPAIOLINX HEPABEHCTBY

No<m< Ny,

HeT. JlefCTBUTENbHO, eci Obl Takas MOLLHOCTb #1°CYyLleCTBOBaJa,
70 B MHOXecTtBe W (w;) BCeX NOPALKOBBIX TPaHC(PHHHTOB, Tpel-
IWECTBYIOIHNX ®], HMeJOChb Obl NMOJMHOXECTBO MOILHOCTH M. ITO
NOJMHOKECTBO BIOJIHE YMOpsiAoueHo U HecuetHo. Ho Ttorma ero no-
PSAAKOBBIH THI @ NPeauecTBOBask Gbl ®) ¥ B TO XKe BPeMs CJieJoBaJ
3a BCeMU CUeTHLIMH TpaHcduauTamMu. Mpl nonyunau Gbl IpOTHBOpe-
uue ¢ onpeje/eHHeM o.

7. AkcHioma BbiGopa, Teopema llepmeso B ApyrHe 3KBHBAJEHT-
Hble UM yTBepxaeHHss. CPaBHHMOCTbL BIOJHE YIOPSAAOYEHHBIX MHO-
JKeCTB MO MOILHOCTH TOJCKa3blBaeT CJEAYIOIlYI0 NOCTaHOBKY BO-
mpoca: Hejb35 JH BCSKOE MHOXECTBO BIOJIHE YMOPSiIOYUTb KaKUM-
an6o o6pasom? ITosoXuTeabHBIH OTBET O3Hayald Obl, B YaCTHOCTH,
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yTO HECPaBHHMBIX MOLIHOCTe#l BooGlle He cyulecTByer. Takoit oTser
nan LlepMesio, nokasas, uTo Kamdoe MHONECTBO MOHeT 6biTo 8NOA-
He ynopadoueno. Jloka3aTenbcTBO 3TOH TeopeMbl (Mbl He Gygem
BOCNPOH3BOJAHTbL €ro 31ecb, CM., Hampumep, [2]) cyliecTBeHHO OIH-
paeTcsa Ha Tak Ha3blBAEMYIO QKCUOMY 86160pa, COCTOALLYIO B CJe-
AylolLEeM. .

Ilyctb A — HEKOTOpPOE MHOXKECTBO HH/EKCOB oo M MYCTb AJSl KaxK-
JOr0 a. 3aJaHO HEKOTOpOe INpoH3BOJIbHOe MHoxecTBo M,. Toraa.
KaK YTBEpXKIaeT aKCHOMa BLIGOpa, MOXNCHO AOCTPOUTbL (PYHKYUIO @
Ha A, oTHOCAUWYyo Kaxcdomy o & A HeKOTOpbLL dAeMEHT M, U3 Co-
orgeTcT8yroujeeo muoxcecrsa M,. VIHbIMuU cloBaMH, MOXHO cocra-
BHUTb HEKOTOpOE MHOXEeCTBO, BhOpaB M3 Kaxaoro M, no ogHomy H
TOJIBKO OJHOMY 3JIEMEHTY.

Teopuss MHOXecTB B TOH (OpMe, B KOTODOM MBI €e H3jaraeM, BOCXOLHT K
Kantopy u llepmeso u sBAsieTcs «HaUBHOM» TeOpHedl MHOXKeCTB. AKCUOMa BLI-
60pa, Ha3biBaeMasi TaKxe aKcHOMOH lLlepmesio, BO3HHMKIIas B paMKax HauBHOMH
TEOPHH MHOXECTB BMECTe C ADYrHMH BONPOCaMH, TAaXHMH, KaK KOHTHHYY M-
rHOOTE3a, T. € BONPOC O COBMAJZEHHH MOWIHOCTH KOHTHHYYMa C TNepBOH He-
CHETHOM MOUIHOCTBHIO ¥i, TNpPHBeJa K MHOFOYHCJEHHBIM CNOPAaM W K [JHHHON CEpPHH
pa6oT MO MaTeMaTHUYECKOH JIOTHKE H OCHOBAaHHAM MaTeMaTHKH. BbliH nocTpoeHs!
aKCHOMAaTHUeCKHe TeopHH MuoxecTB [€xens — Bepnafica u Llepmeno — ®pen-
xeas. B paMkax 3THX Teopuii Obifla yCTaHOBJIEHa HENPOTHBOPEYHBOCTb M HE3aBH-
CHMOCTb aKCHOMBI Bbi6Opa. Mbl OTCblaeM 4YHTaTeNs K CNEeHaNbHBIM paboTam:
A ®penxkeab u U bap-Xuanesn, OcHOBaHHS TeOPHH MHOXKecTB, «MHp»,
1966; I1. JOx. KosH, Teopus MHOXKECTB M KOHTHHYYM-rumoresa, «Mup», 1969.
3aMeTHM, YTO OTKa3 OT AaKCHOMBI BbIGOpa CYIeCTBEHHO OGeJHfAeT TEOPETHKO-MHO-
MecTBeHHHe MOCTPOEHHS.

BMecTe ¢ TeM KPHTHKa HAaHBHOA TEOPHH MHOXKECTB M NOMBITKH OGOMTHCHL Ge3
AKCHOMBI BHI6Opa TOBEJH K CO3JJaHUI0 TAKHX 3aMeuaTeslbHBIX TEOPHH, KaK TeopHs
PEKYPCHBHBIX (YHKUHMH, H TAaKUX MOHATHH, KaK MOHATHE BLIYHCJIHMOrO YHCJA,

CdopmyanpyeM HeKOTOpble NMPEeAJOXKEHHsS, Kaxaoe H3 KOTOPBIX
3KBHBAJEHTHO aKcHOMe Bhibopa (T. €. KaXKA0e H3 HHX MOXeT ObITb
AOKa3aHO, eC/Id MPHHATb aKCHOMY BbIGOpa, H 06PaTHO, aKCHOMY BbI-
60pa MOXKHO J[0Ka3aTb, AOMYCTHB CNPaBeAJHBOCTb KAaKOro-aHGo H3
tux npenjoxenuit). Ilpexne Bcero sCHO, 4TO TaKHM INpeIJONKe-
HHeM siBJsieTcs caMa teopeMa Llepmesno. JleficTBHTeIbHO, €CIH npel-
IOJIOKHTh, UTO KaMKJ0e H3 MHOXecTB M, BnoJHe ynopsiioueno, To
It TOCTPOEeHHs GYHKUMH @, CYLIeCTBOBAHHE KOTOPOH yTBepKaaeTcs
aKCHOMOH BBIGOpA, AOCTATOUHO B KaxaoM M, B3siThb MepBHIA 3Je-
MEHT.

Hdas GopMyJaupoBKH JApPYrHX MNpeNJOXKeHHH, IKBHBAJIEHTHBIX
akcHoMe Bhibopa, BBeJeM caenyioline nouatusa. Ilyctse M — yactuy-
HO ymopsiloyeHHOe MHOXKecTBO. Bcsikoe ero moaMuoxectso A, B Ko-
TOpoM Ji06Gble Ba 3JIeMEHTa CPaBHUMBI MeXAy co6ofi (B cMeicie
BBeleHHOH B M 4acTHYHOM YmopsiAOYeHHOCTH), OYJAeM Ha3bIBaTh
Yenvro. llenb Ha3bIBACTCA MAKCUMAALHOL, eCJTH OHA HE CONEPIHTCS
B KayecTBe COGCTBEHHOTO NOJAMHOXECTBAa HH B KaKOH ApDYyro# uemny,
npunaanexauleit M. [lajee, Ha30BeM B YAaCTHYHO YMOPSJOYEHHOM
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MHOXKecTBe M 3/eMeHT a 8epxHeil 2paHbto MOAMHOXecTBa M <« M,
ecad mo6oi sneMent @’ & M’ nojgunHeH a.

Teopema Xaycnopda. B sactuuno ynopsadodeHHOM MHO-
HecTee BCAKAA yenb COOCPHUTCA B8 HEKOTOPOU e20 MAKCUMQAAb-
Hotl yenu.

Cunenyiolllee mpeaJoxeHue npejcraBasier coboil, noxaJnayi, Hau-
Gosiee yno6Hyi0 M3 Bcex QOpPMYJHDPOBOK, 3KBHBAJEHTHEHIX aKCHOMe
BeiGOpa.

Jlemma Llopua. Ecau scakas yeno 8 uactudHo ynopadouen-
HOM mHoOxcecT8e M umeeT 8epxnio eparb, TO 8CAKUL diemenT usz M
NnOO4UHEH HEKOTOPOMY MAKCUMANbHOMY.

Joka3aTenbCTBO paBHOCHJIBHOCTH BCeX NMPHBEJEHHBIX YTBepKJe-
Hull (akcuoma BbIGopa, Teopema Llepmeno, teopema Xaycnopda,
nemma llopHa) umeercsi, nanpuMep, B kuure A. I'. Kypou, Jlek-
uuu no obweit anreGpe, dusmarrus, 1962; cM. takxke [8. Mbl ue
6yaeM ero 37iecb BOCIIPOU3BOAHTD.

Ecan MHOXeCTBO BepPXHHX TpaHefi nmoaMpoxXecTBa A HMeeT HaMMeHbIIHE 3ie-
MEeHT a, TO a{ Ha3bIBAIOT TOUHOU Bepxned 2paHb0 NMOAMHOXECTBA A; AHaJOTHYHO
onpeu,enﬂe'r(ﬂ TOUHAA HUNCHAA 2pQAHb. YacTHuHo ynopsiio4eHHOe MHOXeCTBO, BCs-

KOe HemycToe KOHeuHOe TNOAMHOXEeCTBO KOTOpPOro o0G6/afaeT TOUHOR BepXHeit
rPaHbi0 M TOYHOH HHXKHEH TPaHbIO, Ha3LBaeTCst peweTKkod, Win CTPYKTYpou.

8. TpaHcuuuTHaa HHAYKuHA. 1IHpoko pacmpocTpaHeHHBIE Me-
TOJI I0KA3aTeJbCTBA T€X HJH HHBIX YTBEPXKAEHHH — 3TO METOJ MaTe-
MaTHyeckofi MHAyKUMH. OH, KaK H3BECTHO, COCTOUT B CJEAYIOLIEM.
ITycte umeeTcsi HeKoTOpoe yTBepXKaeHue P(n), xotopoe dopmynu-
pyercs AJs KaxJI0ro HaTypaJbHOro YHcJaa f, H NyCTb U3BECTHO, YTO:

1) yrBepxnense P (1) BepHo;

2) us Ttoro, uro P(k) BepHo a/ns1 Bcex k<< n, cienyer, 4To
P(n+ 1) BepHo. _ '

Torpa yrtBepxkaenue P(n) BepHo ans Bcex n=1, 2, ... [ei-
CTBUTEJLHO, B MPOTHBHOM CJyuae CpeAM TeX n, ajs KoTopwix P(n)
HeBEpHO, HallJoch Gbl HAaHMeHblllee YHCIO, cKaxeM, n;. OueBHAHO,
uto n; > 1, 7. e. 1; — | TOXe HaTypaJbHOE YHCJIO, H MBI NIPUXONUM
K POTHBOPEUHIO C yCJIOBHEM 2). v

AnanoruyHnbift nmpueM Moxer ObiTb HCNOJb30BaH C 3aMeHOR Ha-
TypasbHOro psiia JiOGHM BNOJHEe YNOPSAAOUYEHHB M MHO-
XecTBOM. B 3TOM ciyuae OH HOCHT Ha3BaHHe TPAHCOUHUTHOU uUn-
Oykxyuu. Takum o6pa3oM, MeTo TPaHCOUHHTHOH MHAYKUHH COCTOHT
B caenyioileM. ITycTb JaHO HeKOTOpOe BMOJIHE YNOPSOYEHHOE MHO-
xectBo A (eCnM YrofHo, €ro MOMXHO CYHTAaThb MHOXECTBOM BCex
NOPSAAKOBBIX TPAHCHUHUTOB, MEHBIIUX HEKOTOPOrO NAHHOrO) M MYCTh
P(a) —unekoTopoe yTBepkieHue, dopMynupyeMoe IS KaXIoro
ae A u rakoe, uto P(a) BepHo ans mepBoro snemenra u3 A u sep-
HO /g @, €C1M OHO BEpPHO MJ151 BCEX 3JEMEHTOB, NpelllecTBYIO-
mux a. Torna P(a) sepro mas Bcex a & A. JleficTBHTEeNbHO, eCaH
6bl CyllecTBOBAaJH 3sJeMeHThl B A, Aas kotopbix P(a) ne umeer
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MeCTa, TO B MHOXKeCTBe TaKHX 3JeMeHTOB Hamlescsl Gbl NepBbil, CKa-
KeM, a*, U Mbl NPULIH Obl K NPOTHBOPEUHIO, NOCKOJABKY AJs BCEX
a << a* yrBepxjenne P(a) Gblno 6Bl BepHO.

Tak kak B cuny TeopeMbl LlepMeso BCSikoe MHOXKECTBO MOXKHO
BIIOJIHE YNOPSIAOUUTH, TPAHCPHUHUTHAS MHIYKUHS MOXKeT ObiTb, B
npHUHIUHKIeE, NPHMeHeHa K a1060oMy MHoXecTBY. OfHAKO NpaKTHYECKH
6hiBaeT ynoGHee TNoJb30BaTbcs 3aMeHsolleil ee Jemmo#t LlopHa,
KOTOpasi onMpaercs JHIIb HAa HaJH4YHe YAaCTHYHO YNOPSILOYEHHOCTH
B pAacCMaTpHBAaeMOM MHOXeCTBe. A HEKOTOpasi 4acCTHYHAasi YIopsi-
JIOYEHHOCTb paccMaTpuBaeMblX OOBEKTOB B 3amayax, TpeGyoouiux
npuMeHenus: JemMbl LlopHa, o6bIYHO BO3HHKAaeT eCTECTBEHHbIM 00-
pasomM, «cama cobo».

§ 5. CucTeMbl MHOXeCTB ')

1. Koabuo mHoxects. CucTemoli mHOMeCT8 Ha3blBaeTCsl BCSKOe
‘MHOECTBO, 3JIeMEeHTbl KOTOPOTO CaMM INPEeACTaBJAIT CO60il KaKue-
au6o MHoxecTBa. Eciu He OroBopeHo NpPOTHBHOE, Mbl Oyaem pac-
CMaTPHBATb CHCTEMbl TAKHX MHOXKECTB, KaxJA0€ H3 KOTOPHIX sB-
JifleTcsl MOJAMHOXKeCTBOM HEKOTOpOoro ¢UKCHPOBAHHOTO MHOXecTBa X.
€CucTeMbl MHOXECTB Mbl GyleM 0003HayaTb IPOMHCHBIMH TrOTHYe-
ckuMH OykBaMu. OCHOBHOH HHTepec AJsi Hac OYAyT NpeACTaBJsATH
CHCTEMBI MHOXECTB, Y/JIOBJETBOpSIIOILHE (IO OTHOLIEHHIO K BBEJEH-
#biM B § | onepanusM) HeKOTOPbHIM ONpeje/eHHbIM YCJIOBHSM 3aM-
KHYTOCTH.

Onpeneneunune 1. Henycras cucrema MHoxectB R Ha3biBaet-
€5l KOAbYOM, eC1H OHa obJajaer TeM CBOHCTBOM, uTo 3 A= R u
Be R crenyer AAB=Ru AN BeR.

Tak Kak aas awo6bix A u B

AUB=AAB)AANB) u ANB=AA(ANB),

To u3 A= R u B = N BoitekaeT TakxKe NPHHALIEKHOCTD K R MHO-
xectB A U B u AN B. Takum 06pa3oM, KOJIbIO MHOXECTB €CTb CH-
€TeMa MHOXeCTB, 3aMKHYTasi IO OTHOLIEHHIO K B3SITHIO CYyMMbl H
nepeceyeHHsl, BBIYUTAHHIO H 00pa30BaHHIO CHMMeTPHYECKOH pasHo-
<tH. OueBHIHO, YTO KOJIbLO 3aMKHYTO H 110 OTHOLIEHHIO K 00paso-
BaHHIO JMIOGLIX KOHEUHBIX CYMM H IepeceueHUd BHJIA

¢= k!.l A D= kDI A

J11060€e KOJIbIO COAEPKHT NMYCTOe MHOMXKeCTBO &, TaK KaK BCernpa
AN A = . CucreMa, CoCTOSI1ash TOJbKO M3 IIYCTOrO MHOXECTBa,
THpejacrapisier co60f HaWMeHbllee BO3MOXHOe KOJbLO MHOXKeCTB.

) PaccmatpuBaeMbie B 3TOM naparpade NMOHATHA MOHanoO6ATCA HaM B . V
HIpH H3JI0XKeHHH oOueH Teopuu Mepbli. IloaToMy uTeHne nannoro naparpada Mo-
XeT ObiTb OT/IOXeHo. UnTaTenb, peWIMBIIMA OrDaHHYMTLC NPH H3YYEHHH TEODHH
Mephl Mepoil Ha maockocTH (§ 1 ra. V), Moxer stor maparpad nponycTHTb COBCEM.
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MuoxectBo E HasbiBaeTcs eduHuyed CUCTEMbl MHOXeCTB &,
ecJIM OHO npHHamgaeXuT © u ecau Ansa Jdwboro A & © uMeeT MecTo
pPaBEHCTBO

ANE=A.

Takum o6pasoM, eIuHHLa cHCTeMbl MHOXecTB & ecTh He uTO
HHOe, KaK MaKCHMaJbHOEe MHOXECTBO 3TOH CHCTeMBl, cojepkallee
BCe IpYyrue BXoAsiline B © MHOXeCTBA.

Konbluo MHOXKECTB ¢ eHHHUEH HA3HBAeTCA as2ebpoil MHOXKeCTB.

ITpumepsn. 1. Iaa nwboro mHoxectBa A cucrema M(A) Bcex
€ro MOJMHOXECTB NpeAcTaBiaseT coGoll aareGpy MHOMKECTB C elH-
Hutedt £ = A.

2. Ina mwoboro "emycroro MHoxectBa A cucrema {5, A}, co-
cTosiiias W3 MuoxectBa A u mycroro MHoxectBa &, obpasyer aJ-
re6py MHOXeCTB ¢ eguuuuell E = A.

3. Cucrema BceX KOHEWHBIX TOJIMHOMECTB NPOH3BOJBHOrO MHO-
xectBa A npeiactanisieT co60i KOJbUO MHOXeECTB. DTO KOJAbUO 6y-
neT anre6pofl B TOM H TOJbKO TOM C/ydae, KOTLZa MHOXecTBO A
CaMO KOHEUHO..

4. CucreMa BCeX OIpaHHYEHHBIX TMOAMHOXKECTB YHCJIOBOH NpsMoi
SBJSAETCS KOJbLIOM MHOXECTB, He COAEpIKAlIUM eIHHHUIIBL.

W3 omnpenenennss KosbHa MHOMXKECTB HENOCPeICTBEHHO BBITEKAeT

Teopema |. [lepecevenue R= ﬂ R, awboeo muoxecTsa Ko-
a

Aey ecTb KoAbyo.

YcTaHOBHM CJeYIOUIHA NPOCTOH, HO BaXKHLIH AJ JaJbHeNIIero
dakr.

Teopema 2. Jan ao0boid HenycToli cuctemer mHoxcecrs S cy-
wecreyer 00HO u TOAbKO 00HO xoasyo (D), codepmawjee S u
codepxcatjeecn 8 aobom koasye N, codepacatyem

JJokasaTeabcTBO. Jlerko BufeTb, uTo Kosbuo R (S) onpe-
neasietcs cucremoit © onHosuaudo. IlJsi IoKa3aTesbCTBa €ro Cy-

HIECTBOBAHUA PpAaCCMOTpPUM oO'beIMHEHHE X= U A Bcex MHo-
A=Eg

kecTB A, Bxoaawmx B S, u koabuo M (X) Bcex MOAMHOKECTB MHO-
xectBa X. TlycTh 2 — COBOKYIHOCTb BCEX KOJIEIH MHOXECTB, COLep-

xamuxcs B M(X) n copepxaumx ©. Tlepeceuenne P = ﬂ R Bcex
Res

=
5THX KoJen M 6yJeT, OYeBHAHO, UCKOMHIM KoabuoM R (&),
IeiicTBUTEIbHO, KAKOBO GBI HY Gbl0 Kosbuo R*, conepxkaiee &,
nepeceuenue R =R’ M (X) 6yner Koabuom u3 I u, CIEL0BATENBHO,
SRR, r.e. P neficTBurIEbHO YIOBIETBOpsieT TPeGOBaHHIO
MHHHUMAJbHOCTH. DTO KOJbLO HAa3HLBAETCS MUHUMAALHOIM KOALUOM
Hag © uau KoablloM, nopoxcdennoim ©, u o6osuauaercs R (S).
2. Moaykoabuo MHOXKecTB. B psize BompocoB, HampuMep, B Teo-
pUH Mephl HapsiLy C INOHSTHEM KOJblLA BAaXHYIO pPoJb Hrpaer GoJee
of1iee NMOHATHE MOJYKOJbIla MHOMXKECTB. :
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Onpenenenne 2. CucreMma MHOXecTB & Ha3biBaeTcsi NOAY-
KOAbLOM, €CTH OHa COJNEPIKHT NyCTOe MHOXKeCTBo &, 3aMKHyTa IO
OTHOLIEHHIO K 06pa3oBaHHIO mnepecedyeHUH u o6GJjamaeT TeM CBOH-
CTBOM, YTO H3 NMPHHAAJEXKHOCTH K © MHOXecTB A u A; = A BbiTe-

n
KaeT BO3MOXHOCTb mpesactaBienus A B Buge A = U Ay, toe Ap —
£=1

fonapHo HemepeceKamwniyecss MHOXecTBa U3 &, mepBoe W3 KOTOPBIX
€CTb 3aJlaHHOe MHOXKeCcTBO Aj.

B nasbHefiunleM BCAKHE HaOop MONapHO HeMepeceKawIuXcs MHO-
xecTs ‘Ay, Ay, ..., An, 06benHHEHHEe KOTOPHIX €CTh 3aJlaHHOE MHO-
KeCTBO A, Mbl 6y/leM Ha3blBaTb KOHEHHbIM PO3AONCEHUEeM MHOKe-
ctBa A.

Bcesikoe KogAbLO MHOXeCTB R SABJAAETCH MOMYKOJIbUOM, TaK Kak
ecii A u A; < A Bxomat B R, To HMeeT MeCTO pasyiokKeHHe

A=A1UA2, [‘ﬂ‘e A2=A\A1€m.

[MpuMepom moJyKoJbLA, He SIBJSIONIErOCS KOJbLGCM MHOXECTB,
MOXeT CJYXKHTb COBOKYINHOCTb BCeX HHTepBaJoB (a, b), OTpe3KoR.
{a, b] u moayunTtepsaJios [a, b) u (a, b] Ha uncaosoi npsamoi '). Eme
OJHHM TIPUMEPOM CJIYKHT COBOKYMHOCTb BCEX «IOJYOTKPBITHIX» Mpsi-
MOYTOJIbHUKOB @ << ¥ << b, ¢ <<y << d Ha TJIOCKOCTH WJIH COBOKYT-
HOCTb BCEX IOJYOTKPBITHIX MapaJiiesenuneloB B MPOCTPAHCTBE.

YcTanoBuUM caenylolide CBOHCTBA MOJYKOJEL MHOMKECTB.

Jdemma 1. I[Tycte muoxcecrsa Ay, Aq, ..., An, A npunadaexcar
noaykoaoyy ©, npudem MHOMecT8a A; NONAPHO He nepecekaroTcs
u sce codepacarcs 8 A. Toeda Habop muoxwects A; (i=1, 2, ...
ety ) MOXCHO Q0noaxuTb mHoNcecT8AMU Anty, ..., As= © do Ko-
HedHO020 pasioXcerus

MHoxcecT8a A. :

JdoxasaTeabCcTBO mnpoBedeM 1nc¢ HuHAyKuuu. [lpu n =1
CIPaBeJIHBOCTb YTBEP:KIEHHSA JIEMMbl BbITEKAaeT H3 ONpeleseHHs
nojyxoJblia. IlpennosoxKum, 4TO 3TO YyTBep:KJeHHe CIIpaBelJHBO
Aas n=m u paccMoTpuM m + | MHOXecTB A, ..., Am, Amty,
YHOBJETBOPSAIOIHX YCJIOBHAM JeMMbl. Ilo clenaHHoOMy ®penmnoJio-

XKEeHHIO,
A=A UAU ... UA,UB/UBU ... Upr

rie Bce MHOXecTBa By (¢ =1,2, ..., p) npunHapaexar &. IToso-
KHM Bgy = Apmyy () By, Tlo onpepenieHuo nonyKkoJblia, HMeeTcsl pas-
noxenne By = By UBg U ... U By, rae Bce By; npunaaiexar ©.

) Tlpn 5TOM B YHCJAO HHTEPBAJOB BKJIOYAETCH, KOHEUHO, «IYCTOH» HHTEpBaJ
{a,a), a B uHcnO OTPE3KOB — OTPE3OK, COCTOALIMA H3 OAHOH TOuKH [a, a].
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Jlerko BHAeTh, UTO

p Tgq
A=AIU s UAmUAm+lU qL=J1 (192 Bq])'

Takum oGpasom, yTBepKAeHHE JIEMMbl [0Ka3aHO IJd n=m + |,
a cJenoBaTesbHO, H BoOGLle AJisl BCeX M.

JlemmMma 2. Kakosa 6ot Hu 6biaa KOHEUHAA CUCTEMA MHONCECT8
Ay, ..., An, npunadaemawux noarykorvyy &, 8 & natderca rakas
KOHEUHAA CUCTemMQ NONAPHO HenepeceKarowuxci MHowects By, ...
..., Bt, uto kaxodoe Ap moxcer 66iTe npedcrasseno 8 sude cymmol

Ap= U By
seMk
HekoTopbLx u3 MHONecT8 B,.

HoxasateabctBo. Ilpu n =1 neMMa TpuBHAJIbHA, TAK KaK
JNOCTATOUHO NoMoXuTh ¢ =1, B; = A,. lonyctum, uTo oHa cmpa-
BeJJIMBA 1 N = M, U PAcCMOTPUM B & HEKOTOPYIO CHCTEMY MHO-
®KecTB Ay, ..., Am, Ams1. Ilyets By, By, ..., Bi— Muoxecrtsa u3 &,
yIOBJIETBOPSIIOLINE YCJIOBHAM JeMMbl 1O OTHOWeHHIO K Ay, Ag ...
vev, Am. TTonoxum

le = Am+l n BS'
B cuny neMMBl 1 nMeeT MeCTO pasJioKeHHe
t q ,
Am+|=sLJl Bq U,,L:_J, B,, B, €6, Y

a B CHJY CaMOro onpeaeseHHs noJqykKoJibla HMeeT MeCTO pasJo-
XKeHHe
Bs= Ba Bs2lU ... UBsfs, B e,

Jlerko BuaeTh, UTO ;
s
Ak= U UBS]! kzla 2a"'a m,

seM, |=1

H 4TO MHOXeECTBAa ,
BS]’ Bﬂ

1onapHO He nepecekawoTcd. Takum o6pas3oM, muoxectsa B, Bp
VIOBJIETBOPSIOT YCJIOBHSIM JIEMMBbl IO OTHOIIEHHIO K A, ..
Am+].

3. Koabuo, nOpoXaeHHoe NOAYyKOAbUOM. Mbl yxKe BujeaH B m. |,
uTO JJA KaXXAOH CHCTeMBI MHOXecTB & cylllecTBYeT €IHHCTBEHHOe
MHHHMaJbHOE KoJbllo, copepkauee ©. OnHako A NpPOH3BOJbHON
cuctembl @ (daktHueckoe moctpoeHue Koapua R (®) no © n0BoabHO
caoxHo. OHO CTaHOBHTCS BriojiHe OGO3pPHMBIM B TOM BaXHOM CJy-
yae, Korfa © mnpeicrapasier Co6oi MOMYKOJAbLO. ITO MNOCTPOEHHE
aaeTcs CeAyiolled TeopeMoH.

.y my.
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Teopema 3. Ecau @ — noayxoavyo, To R(©) cosnadaer ¢ cu-
cremoli § mHoxects A, donyckaroujux KOHedHble pa3AONEHUS

A= ] A,

k=1
Ha muoxcectea Ar = ©.

INoxasarteabcTBo. [lokaxeM, uto cucrema 3 obpasyer
koablo. Ecin A u B — Ba NpOH3BOJBHBIX MHOXKECTBa H3 J, Ta
HMEIOT MeCTO Pa3yoXeHHs

n m
A= U]A‘,Bz U]Bi, Aiee, B]E\‘B.
i= =

Tak Kak & — noJyKoJbI0, TO MHOXeCTBa

C”‘ = Ag n B;
Toxe BXoAAT B ©. B cuay neMMbl 1 HMeIOT MeCTO pa3fioXeHHs
r S]
A=\ cyu UDu B=U cyUUEn )

rae D, Ej = ®. U3 pasencte (2) BbiTekaer, uto MHoxectBa A N B
H A A B nonyckaioT passoxeHHus

AﬂB=HCm AAB=L¥MUH&,

H, clefloBaTenbHO, BXxoasAT B J. Takum o6pasom, § meACTBHTENBHO
npeacTasiser coGOM KOJbIO; €r0 MHHHMaJbHOCTb CPellH BCeX KO-
Jeln, couepxauux ©, oueBHAHA.

4. ¢g-aare6Gpol. B pasnnuHbIX BOIpoOcax, B YaCTHOCTH, B TeOpPHH
Mephl, IPHXOANTCS PacCMaTPHBATb CYMMBI H NlepecedeHHs] He TOJNbKO
KOHEUHOro, HO H CYETHOro uhcaa MHoxkecTB. [TosToMy Hesnecoobpas-
HO, MOMHMO TMOHSITHS KOJblla MHOXECTB, BBECTH ellle cJeayioliue
NOHATHS. :

Onpenenenne 3. Koablo MHOXECTB HA3bIBAETCH G-KOAbUOM,
eCJH OHO BMecTe C KaxXJo# IIOCJIeIIOBaTeJIbHOCTblO MHOXeCTB Aj,
Ay, ..., Ap, ... CONEPKHUT CYyMMY

S=1 4.
n

~ Onpenenenue 4. Kosblo MHOXECTB Ha3biBaeTcs §-KOAbYOM,
€CJIH OHO BMeCTe€ C KaXJOH MOC/aeLO0BaTENbHOCTbIO MHOXeECTB Aj,
, Ap, ... COLEPKHT Hepeceuenue

D=1 4,.

EcrecTBenno Ha3BaTh 0-a.12e6poli G-KOJBUO C eIUHHLEH U 6-aa-
2e6poii §-konbuo ¢ egunuued. Jlerko, oJHaKo, BHAETb, UTO 3TH J8a
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TOHSITHSl COBMAjalOT: Ka)Kjas o-aiare6pa siBJseTCss B TO XK€ BpeMd
§-anre6poil, a Kaxpaas 6-anre6pa — o-anre6poii. ATo BuITEKAET H3
COOTHOMIEHHH ABOficTBeHHOCTH (cM. § 1)

Ud.=ENTENA), NA,=ENUENA.

IIpocTefilinM npuMepoM c-a/reGpnt IBASETCS COBOKYIHOCTb BCEX
TI0JIMHOXKECTB HEKOTOPOTO MHOXKecTBa A.

Ecau uMeercs Hekoropasi cuctemMa MHOxecTB &, Tp Bcermga cy-
ecTByeT XOTA OB OfiHA o-ajrebpa, colepxallas sty cucremy. Hei-
CTBHTENBHO, MOJNOXKHM

x= 4

AEs

M paccMOTPHM cucTeMy B BCex NoaMHOXKeCTB MHOXkecTBa X. SlcHo,

uyto B ecTh o-aiarebpa, coaepxalias &. Ecau %—nponaaonbﬂaﬂ

g-anrebpas coliepxamas S u X—ee eJMHHLA, TO Kaxuioe Aed

.coflepXuTcs B X H, CleJOBaTeJbHO, X=AU Ac X. Hasosem o-aa-
=]

Te6py B nenpusodumot (no otHoleHuio K cucreme ©), ecmn X =

= |J A. Wnaue rosops, senpusonumas ¢-aare6pa — 310 o-anrebpa,

ASe
He coflepXaliasi TOYeK, He BXOAsIMX HH B oaHo u3 A<= &, Ecre-
CTBEHHO B KaX/OM CJiyyae DPACCMOTPEHHEM TOJIbKO TaKHX O- am‘eép
M OrpaHHYHBATHLCH.

s nenpnBoAuMBIX O-anre0p MMeeT MeCTO TeopeMa, aHaJorHy-
Hasi TeopeMe 2, 10Ka3aHHOH BBILIE 115 KOJeL.

Teopema 4. Aaa awbol nenyctoli cucremv mHoxecrs & cy-
wecrsyer Henpugodumaa (N0 OTHOWLEHUIO K 3TOL cucTeme) o-anzed-
pa B(S), codepaaujas © u codepraawancs e awboii c-areebpe,
codepacaujed ©.

JlokazaTenbcTBO NPOBOJUTCS B TOUHOCTH TEM XK€ METOLOM,
YTO H J0Ka3aTeJbCTBO TeopeMbl 2; g-anre6pa B(S) HassiBaercs
MUHUMAAbHOL o-aa2ebpoii Hao cucTemol ©.

B aHasM3e Baxiuyio POJib HCPAOT TAK Ha3biBaeMble 6opeiesckie
MHOXceCT8a, WM B-mHoxecrsa — MHOXKeCTBa Ha YHCJIOBOH MPAMOH,
npuHaj/eKallie MUHHMAalbHON 0-ajre6pe HaJl COBOKYIHOCTbIO BCEX
cerMeHToB [a, bl.

5. Cucremsl MHOXeCTB H oTOGpaxenus. OTMeTHM clienyioliHe
<pakThl, KOTOpble HaM MNOHaLo0ATCA MNPH H3YUEHHH H3MEpPHMBIX
DyHKUH.

Iyctb y = f(x) — byHKuUHA, onpene/eHHas HAa MHOXecTBe M u
TpHHEMaloLUIas 3HayeHus N3 MHoxectBa N, u nyctb I — HeKkoTOpas
CUCTeMa TMOJAMHOXKECTB MHOXKectBa M. 0603Haqu1 uepes (M) cu-
cteMy Bcex o6pasoB f(A) muoxects, npunamnexamux M. Ilycrs,
KpoMe Toro, i — HeKoTOpas CHCTEMA MHOXECTB, COJEPKAILHXCSH
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B N, u f1(N) — cucrema Bcex npoo6pasos f~'(A) MHOKeCTB, BXO-
asiux 8 N. Cnpasensiusbl CeNyOLIHE YTBEPKAECHHs, TPOBEPKA KO-
TOPBIX MPENOCTABJIAETCH YHTATEIO:

1) Ecan N ecThs KoaBLO, TO H f"l(SR) €CTh KOJIBLO.

2) Ecin N ecTp anrebpa, 10 H ') ects anre6pa.

3) Eciu N ecTh U-lam‘e6pa, to u f~'(N) ectp o-asre6pa.

-1 -

9 RET @) =17 @)

5) BT (M) =F" (BE)).
OcTaHyTCA Jii 3TH YTBEPKAEHHS CIPaBeJIHBLIMH, €CJIH i~ same-
HHTb Ha [, a M —mua WM?



FrTABA II :
METPUYECKHE U TONOJIOTHYECKHE NPOCTPAHCTBA

§ 1. TlonaTne MeTPHYECKOrO0 NMPOCTPAHCTBA

1. OnpeaenenHe W ocHOBHble NpHMepnl. ONHOH H3 BaXKHEHLIHX
_omepaluil aHa/aM3a ABJSAETCS HpejleNbHbIH mepexod. B ocHose 3Toi
omepalHH JeXHT TOT (QAaKT, YTO HA YHC/JAOBOH NPSAMOH ONpeleseHO
paccTosiHHe OT OJHOH TOYKH 10 Apyroil. MHorue gyHaaMeHTa bHble
¢dakTbl aHaJ/JH3a He CBsi3aHbi C anre6panyeckoll NMPUpoOmoOH AeficTBU-
TeJbHBIX unces (T. e. C TeM, 4TO OHH 0GpasyioT noJse), a ONMUPaTCs
JHUIIb Ha MOHsATHe paccTrosHus. O6Gobuiast npeacTas/eHue 0 JeHCTBHU-
TeJIbHBIX YHCJAAX KAaK O MHOXeCTBe, B KOTOPOM BBeJEHO pPacCTOsiHHE
MEXJy 3JeMEeHTaMH, Mbl NMPHXOAMM K NOHATHIO METPHUYECKOTO
IPOCTPAHCTBAa— OJHOMY U3 Ba*KHeHIIHX NMOHATHHA COBpeMeHHOH
mareMaTHKH. Huxe Mbl M3J0KUM OCHOBHble QaKThHl TEOPHH METPH-
YeCKMX INPOCTPAHCTB H HX 000OLIeHHS ~— TONOJOTHYECKHX IMIpO-
crpanctB. PesysnbraTel 9TOH TaBbl CYHIECTBEHHbBI /5 BCEro AaJjb--
HeHllero H3/10KeHus. :

Onpenenenne. Merpuseckum npocTpaHcT6om HasbiBaeTCAa
napa (X, p), cocTosllas U3 HEKOTOPOTro MHONecTéa (NPOCTPAHCTBA)
X saementos (TOUEK) W pPAcCCTOAHUA, T. €. ONHO3HAYHOH, HEOTpHLA-
TeJIbHOK, AefcTBUTeNbHOA PyHKUHH p(X, §), OoNpeNeneHHON s J0-
Obix X 0 y u3 X U NOJUUHEHHOH CJEeNYIOLIUM TpeM aKCHOMaM:

1) p(x, y)=0 Torna u ToJIbKO TOrna, KOraa x =y,

2) p(x, y)=p(y, ¥) (akcuoMa CUMMETpPHH),

3) p(x,2) << p(x,y)+ p(y,2) (aKkcuoma TpeyroJbHHKA).

CaMo MeTpHuUecKoe MPOCTPaHCTBO, T. €. napy (X, p), Mbl Gynem
0603HauaTh, Kak NMpasusao, ogHoll OyKBOH:

R=(X, p).

B cayuasx, xoria HelOpa3yMeHHd HCKJOYeHbl, Mbl 6yaem 3a-
yacTyio 0603HayaTh MeTpHYECKOe NPOCTPAHCTBO TeM Ke CHMBOJIOM,
YTO U CaM «3anac Touek» X.

IlpuBenemM npuMepnl MeTpHYeCKUX NpocTpaHcTB. Hekoropble u3
3THX NPOCTPAHCTB HUrpaloT B aHaJiu3e BeCbMa BaXHYIO poJib.

1. ITos0XUB 145 3/1eMEHTOB MPOU3BOJBLHOrO MHOXKECTBA

{ 0, econ x=y,
o(x, 4)= 1, ecam xs~y,
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Mbl TIOJIYUHM, OUEBHHO, METpHUeCKoe npocTpaHcTBo. Ero MoxHo Ha-
3BaTh NPOCTPAHCTBOM H30JHPOBAHHBIX TOUEK.
2. MHOXeCTBO [efiCTBUTENLHBIX UHCRS C paCCToaHneM

plx, y)=lx—yl

o6pa3syeT MeTpuueckoe mpoctpaHctso R'.
3. MHOKeCTBO yNOPSOUEHHbIX TPYNN H3 A JeHCTBUTENbHBIX YH-
cen x = (X1, X2, ..., Xn) C pacCTOSIHHEM

p(x, y)= ’\/k; (Y — x)? (1

Ha3bIBAETCH N-MEPHbIM aQpUpMETUYeCKUM eBKAUOOBbIM NPOCTPAH-
cregom R™. CnpaBepiuBoctb akcoM 1) u 2) nas R* oueBupna. Ilo-
KaxeM, uto B R™ BbINOJIHEHA M aKCHOMA TPeyro/ibHHKA.

Iycts x =(X1, ..., X¥n), Yy=(Y1, -+., Yn) H 2=(21, ..., 2n);
TOrJla aKCHOMa TPEYroJIbHHKA 3alUChIBAeTCH B BHAE

’\/Z (26 — xi)? ’\/Z (Y — %) + ’\/Z Ge—y)?. (2

[Tonarast yr — Xp = Qr, 2r — Yr = by, MONyUAEM Zp — X1, = Ak + bp,
a HepaBeHCTBO (2) NMPHHHMAeT MPH 3TOM BHJ

VE@ror<A/Ea+a/En. ©

Ho 310 HepaBeHCTBO Cpasy ciefyeT M3 H3BECTHOTO HEpaBEeHCTBA
Komu — ByHsikosckoro !)

n 2 n n
(kE—:l akbk) <k2=:1 % Z‘

(4)

= .o

JleACTBHUTEJBHO, B CHJIy 3TOr0 HEPABEHCTBA HMeeM

k;(ak +bk)2=kz=:lai+2 ;lakbk—i—é’ b <

n n n n n n 2
2 2, 2 2 __ 215
<fate/Ea SurEn-(VEa+r/En)

TeM CaMblM HepaBeHCTBO (3), a cienoBatenbHo U (2), HOKa3aHo.

1) HepaBenctso KOIIIH—ByHﬂKOBCKOI‘O BbITEK2€T H3 TOXIECTBa

(Z akbk) Z akz b2 — % X (@b — bia)

k=1 k=l k=1 i=l j=l
KOTOpoe npoBepseTcs HEHAOCPEACTBEHHO,
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4. PaccMoTpHM TO Xe caMOe MHOXECTBO YNOPSAOYEHHBIX TPYHM
U3 N 1eHCTBUTEJIbHBIX YHCEN X = (X1, ..., Xn), HO PACCTOSIHHE Ompe-
IeNuM B HeM (opMyJioH

. (5)

CnpasenauBocTb akcuoM 1)—3) snech ouepuana. OGo3HauuM 5To
MeTpHYecKoe MPOCTPAHCTBO CHMBOJIOM R7.

5. BosbMeM cHOBa TO XKe camoe MHOXK€CTBO, YTO H B IpHMe-

nax 3 u 4, ¥ onpelesHM pacCCTOSHHE MEXIY ero sjneMeHraMu ¢op-
MyJsoi

n
oy (%, y)=k§|xk—yk

P (£, y)=]mkax | yp — x| (6)

SREsn
CrnpaBenanBoctb akcuoM 1)—3) oueBuaHa. DTO NPOCTPAHCTBO, KO-
T0poe Mbl 9603HauuM R, BO MHOrMX BOIPOCAaX aHa/AH3a He MeHee
y106HO, UeM €BKJHAO0BO NPOCTPaHCTBO R™.

ITocnenHue Tpu mpuMepa NOKAa3bIBAIOT, YTO HHOrAAa H B CaMoOM
JeJie BaXHO UMeTb pasfiHuHble 0603HAUEHHS IJs CaMOro MeTpHue-
CKOI'0 NIPOCTPAHCTBA U AJIS MHOXKECTBA €ro TOYeK, TaK KaK ONMH H
TOT e 3aMac TOUeK MOXeT ObiTh NO-Pa3HOMY METPH30BaH.

6. MHuoxectBo C [a, b] Bcex HenpepbIBHBIX AeHCTBHTENbHBIX GYHK-
uuii, onpeaeseHHbIX Ha cerMenTe [a, b], ¢ paccTosiHueM

p(f, @= max |g(t)— [ (7)

a\ =

Takx)e 06pasyer MeTpHueCcKoe npoctpaHcTBo. Akcuombl 1)—3) mpo-
BepAITCS HENOoCPeNCTBEHHO. DTO NMPOCTPAHCTBO HIPAeT OueHb BaAXK-
"Hyl posb B aHanuse. Mbl 6yleM ero o603HauaTb TeM Xe CHMBO-
gom Cla,b], uTo H caMO MHOXeCTBO TOUEK 3TOr0 NPOCTPAHCTBA.
Bmecto CI0, 1] Mbl 6ynem mucatb npocto C.

7. O603nauuM uepe3 l; MeTpHUECKOe NPOCTPAHCTBO, TOUKAMH KO-
TOPOrO CJIYXKAaT BCEBO3MOXKHBIE OC/E10BATEbHOCTH X == (X, Xg, ...
<evs Xn, ...) AEHCTBHTENbHBIX YHCeJ, yJOBJETBOPSAIOLIUE YCIAOBHIO

00
Y x2 < oo,
k=l

a paccTosiHue onpezessiercs GopMyJOH

plx, y) = ’\/ k; (U — %) (8)

Hs snementaproro HepaseHcTBa (¥, £ y,)? <<2(x% +4}) caenyer,
yTo GyHKUHA P(X, y) UMeEeT CMBIC] AJs BCeX X, Yy by, T. e. pag

> (Y — %) cxomuTcs, ecau
k=1

0 -]
Y x2<oo m Q1< oo.
=k =ik
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Tlokax<eM Tenepb, uTo QYHKUHSA (8) YAOBJETBOpsieT aKCHOMaM MeT-
pHYECKOrO NpOCTpaHCcTBa. AKCHOMBL 1) M 2) oueBHIHBI, a aKCcHOMa
TpeyroJbHHKA NPHHUMAET 3/1eCb BH[

/\/’;l (2p — X7 <’\/kz__:l (2o — y)? + /\/’;] (e —xg)?.  (9)

B cHJY CKa3aHHOTO BhILle KaXKJblH U3 TPeX HANUCAHHLIX 3/1eCh psi-
nos cxogutrcsi. C apyroit CTOpDOHbI, NMpH KaXAOM 7 CHPABEAJHBO
HepaBeHCTBO

(cM. mpumep 4). Ilepexonsa 3gech K npefeny npu n-> oo, NoJyuaem
(9), T. e. HEPABEHCTBO TPeYroJbHHKA B lo.

8. PaccmoTpuM, Kak W B mpuMepe 6, COBOKYNHOCTL BceX (QyHK-
uul, ueflipepbiBHBIX Ha OTpe3Ke [a, b], HO paccTOsiHHe ONpenesuM
HHaue, 2 HMEHHO, NOJIOXKUM

b

l/l
ot = (0~ y(t»?dt) . (10)

a

Takoe MeTpHueCKOe TNIDOCTPAHCTBO Mbl OyneM o603Ha4aTh
C,[a, b] 1 Ha3BIBATb NPOCTPAHCTBOM HENPEPLIBHLIX PYHKYUL ¢ K2al-
paruynol merpuxoti. 3pecs akcHoMbl 1) u 2) MeTpHUeCKOro mpo-
CTPAaHCTBA ONSTb-TAKH OUEBHJHBI, a aKCHOMa TPeyroJbHHKA Heo-
CPeCTBEHHO BLITEKAeT M3 HHTerpaJbHOH opmbl HepaBencTna Ko-
mu — Byusikosckoro ')

b

(S x()y (¢) a’t)2 < Sb X2 (f) dt - Sb 2 () dt.

a a a

9. PaccMOTpHM MHOXKECTBO BCEeX OTpaHHYeHHLIX NOC/IeJOBaTe/b-
HocTell X == (X1, X3, ..., Xn, ...) HeHCTBUTebHBIX uHces. [lonoxus

o (x, y)=sgplyk—xkl, (11)

MBIl TOJYuHM METpHUECKOe NPOCTPAHCTBO, KOTOpoe OGO3HAuHM M.
CnpasennuBocTb akcuoM 1)—3) oueBHfAHA.

1) DT0 HepaBeHCTBO MOXeT GHITb NMOJYYEHO, HANPUMED, M3 NErKO, IpOBepse-
MOTO TOXJecTBa

b 2 b b b b
(Sx(i)y(t) dt) = sz (t) at S 'yZ(f)dt—%S S [x () y () —y (s) x ()] ds dt.
a aa
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10. MHOXeCTBO YNOPSIAOYEHHBIX TPYNn M3 f AEACTBHTEbHBIX
YHCeJ C PACCTOSIHHEM

n lip
0y (%, y)=(kZ=31lyk—xk I") ' (12)

rae p — Aw60e (HKCHPOBaHHOE YHCAO =1, mpeacraBasieT COGOH
MeTpHYECKOe NPOCTPAHCTBO, KoTopoe Mbl 0Go3naunM Rj. Cnpasen-
JIUBOCTb aKCHOM 1) W 2) 3Jecb onsiTb-Taku oueBHAHA. IIpoBepum
akcuomy 3). Ilyctb x=(x1, ..., xa), y=(1, --., Yn), 2=
= (21, ..., 2n) —Tpu Toukn u3 R3. TlosoxuM yn— xx = ay,
2y — yn = by, TOrNa HEPABEHCTBO

0p (%, 2) <o, (x, y)+0,(y, 2),
cnpasennnsocn KOTOpOFO Mbl JOJI2KHbI yCTaHOBHTb, HPHMET BH

n lp n . Yp n I/p
(Zlak+b.,l") <(Z|ak|”) +(Zrb;|") . (13)
k=1 k=1 k=1

3To — TaK Ha3biBaeMoe nepasencT8o Munkosckoeo. Ilpn p =1 ne-
paBeHCTBO MHHKOBCKOTO OYeBHAHO (MOAY/b CyMMBl HE NPEBOCXO-
JIIUT CyMMBbI MOJyJiefl), 03ToOMy 6yneM cuuTath, uto p > 11).

JlokasareabcTBo HepaBeHcTBa (13) npu p > 1 ocHOBaHO Ha TakK
Has3biBaeMoM Hepasencrae I'éavdepa

n n p /s n l/q
2 |akbk|<(2 | ax l") (Zwbk |") , (14)
k=1 k=1 k=1
rie yncaa p > 1u ¢ > | cBA3aHb YCJIOBHEM
1 1 p
—+—==1, T.e. = .
3aMmeTtuM, uto HepaBeHCTBO (14) ofHOpPOAHO. 3TO 3HAUMT, YTO
€C OHO BHLINOJIHEHO AJS KaKuX-AH60 IBYX BEKTOpOB @ = (aj, ...
., Qn) B b= (by, ..., bs), TO OHO BHINOJHEHO W [J51 BEKTOPOB

Aa u pb, rae A 1 p— npousBoJibHbe Yucaa. [1o3ToMy HepaBeHCTBO
(14) mocraTouHo noKasaTb AJA cayuasi, KOraa

n n
Zlar=Zlbf=1 (16)

Hrak, nycTb BbinoaHeHo ycaoBue (16); nokaxkem, uto

PHEANESE (17)

) Tipu p << | nepabencTBO MuHKOBCKOTO He uMeeT MecTa. Hhaue rosops,
ecau 6Bl MBI 3aXOTeH paccMaTphBath npoctpancto R’ mpu p <1, 10 B Taxom
NPOCTPAHCTBE He Obia Gbl BHNOJHEHA aKCHOMa TPeyrOibHHKa.
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PaccMOTpUM Ha NJIOCKOCTH (&, M) KPHBYIO, onpelessieMylo ypas-
penneM 1 == EP~! (£ > 0), HJIH, YTO TO XKe caMoe, ypaBHeHHeM f ==
= n9"! (puc. 7). VI3 pucynka scHo, yto npH JoGoM BriGOpe I0JO-
KHTeJbHbIX 3Hauenuit a u b 6yner S; -+ Sy = ab. Bouncaum mio-
wann Sy u Sy

7
a b 5 —
p—1 . af _ g-1 _ b4
s={e =2 s={n'am="2. 5
0 0 X
B
Takum o6pa3oM, ClpaBelJHBO YHCJIOBOE He- L S
aBeHCTBO
' by L Y ’ .l
a =T + q Paue. 7.

3amennB 31ecb a Ha |ar| n b wa |bx| u cymmupys no £ ot |1
O 1, NONy4HM, YunTeBast (15) u (16),

n
k;lakbu@.

Hepasencrso (17), a cnenoBaresnbHo, u obiiee HepaBeHcTBO (14)
RokasaHbl, [lpu p = 2 HepaBeHcTBO I'esibepa (14) nepexoaut B He-
paBenctBo Koun — ByHsikoBckoro (4).

[Mepefinem Tenepb K AOKa3aTeNbCTBY HepaBeHCTBA MHHKOBCKOTO.
st 3TOrO0 paccCMOTpPHUM TOK/1ECTBO

(al+16)’=(al+16)" " lal+(al+1b)"" o]

3aMeHsisi B HaIHCAHHOM TOXJECTBE @ Ha ar M b Ha bp M cyMMupyst
no k ot 1 go n, noayunm

Z el +10:)" =2 (ael+16:0" axl+ X (aul+ 5. )" 1,1

[Tpumensis Tenepb K KaXJO#l H3 ABYX CYMM, CTOSIHX CTpasa,
HepaBencTBo ['€nbrepa n yuuthiBas, uto (p — 1)g = p, noayunm

n

2 larl+10: 7 <
< (k; (a1 +15, I)")“q ([;J a ] + [ 316 |”]Up).

Henst 06e yacTh 3TOr0 HEpaBeHCTBA Ha

l/q

(g__:l(l ag|+1bg |)p) )
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MONyUHM

(Z0at+100) <(S1ap) +(S10.P) ",

«OTKyZa cpasy cjenyeT HepaseHcTBO (13). Tem cambiM yCTaHOBJeHa
AKCHOMA TPeyroNbHHKa B npocTpaHncTee Rp.

PaccMoTpenHnasi B 3TOM NpHMepe MeTpPHKA pPp NPeBpPAIUAETCS B
-€BKJIHI0OBY METPHKY (npumep 3) Npd p = 2 U B METPHKY npumepa 4
pu p = l. MoXHo nokasaTh, 4TO MeTpHKA

Po (¥, )= max |y, — x|,

‘BBeJleHHAsl B TIpUMepe 5, SIBJSETCA NpPeNeJbHbIM CIyYyaeM MeTPHKH
Pp (X, y), HMeHHO!

I/p
P (%, y) = lim (Z | Yo — Xz l”)
p->oo

V13 nepasencTna
a? | b T
i + 2 (— LI 1)
<T+5 (3+5=1).
"YCTaHOBJIEHHOTO BBille, JIETKO BBIBOIHTCS H UHTEZLAAbHOE HepaBeH-

.creo leavodepa
h

b b lg
S!x(t)y(t)ldt<(sIx(f)l"dt) (S|y(t>|"dt) ,

a a a

-cnipaBefuBoe Aas JOGbIXx Qynkuuit x(f) w y(f), nas KOTOpbIX
CTOfILllKe CTIpaBa HHTerpajbl uMeioT cMbica. OTciola B CBOIO oyepelb
FI0J1y4aeTCs UHTeepasbHoe HepasencTao Munkosckoeo

b b b

l/p l/p l/p
(Slx(t)-i-y(t)i”dt) /§(S|x(t>|"dt) +(S|y(t)|"dt) :

11. YKaxeM elle OlWH UHTEPECHBI NPUMepP MeTPHYECKOro MNpo-
-cTpancTBa. Ero aseMeHTaMu fBJAAIOTCA BCEBO3MOXKHBIE MOC/EL0Ba-
TeJbHOCTH AeHCTBUTENbHBIX YHCed X = (X, X2, ..., Xn, ...), TaKHe,
-qTe

)
Z ka|p<wv

rle p = | — HeKoTopoe GUKCHPOBAHHOE YHCJIO, & PacCTOfHue onpe-
_Aensercs GopMyJaol

00 l/p
p(x, .t/)=(&2=:I | e — x4 l”) : (18)

.DT0 MeTpHUECKOE NPOCTPAHCTBO Mbl 0003HAYHM Ip.
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B cuny HepaBenctBa MuukoBckoro (13) nmeem npu Jw6oM n-
n I1p n I/p n 1/p
(Z lyk—xkl") <(Z lxkr’) +(Z | ykf") .
k==1 k=l k=l
Tak Kak, 1o IpeAnoJIOKeHHIO, psibl
00 00
XAxelP m X Lyl
k=1 k=1

CXOJIATCSA, TO, IEPEXOAS K IIpejienay NpH 7 —> o, N0JYUHM
I/p

oo l/p P I/p P
~kz=:l|yk_xk|p) <(’Z,llxkl") +(kZ=:llykl”) < oo, (19}

TakuM o6pa3oM, 10Ka3aHo, yto opmyna (18), onpenensiomas pac--
CTOsIHHE B [p, NEHCTBHTEAbHO HMeeT CMBICA AJsA JMIOGHIX X,y & lp..
OHOBpPeMEHHO HepaBeHCTBO (19) nokaspiBaet, yTo B Ip BHIMOJIHEHZ
akcuoMma TpeyrodabHuKa. OcTajbHble aKCHOMbl OYE€BHHHL.

HeorpannueHHoe KOJHYeCTBO MaJbHEHIIHX NPHMEPOB JaeT cJje--
aylouuit npueM. Ilyets R = (X, p) — MeTpHuecKoe NMPOCTPaHCTBO K
M — mo6oe nmogMuoxectBo B X. Torma M c Toft ke dyHKuuedH
p(x,y), KOTOpPYI0O Mbl CUHTAaeM TeNepb ONpeleNeHHOR I X U Y-
u3 M, toxe mpenacrasasier co60f MeTpHYeCKOe NPOCTPAHCTBO; OHO-
Ha3blBaeTCst HOONPOCTPAHCTEOM TIPOCTPAHCTBA R.

2. HenpepbiBHble 0TOOpaXKeHHs MeTPHUECKHX mpoctpaHcts. H3o-
merpus. [lyctb X u Y — 1Ba MeTpHueCKHX NpOCTpaHCTBa H [ — OTO-
6paxenune npocrpancrBa X B Y. Takum o6Gpa3dom, KaxaoMy x = X~
CTABUTCA B COOTBETCTBHE HEKOTOPHIR 3jeMeHT y = f(x) u3 Y. dro-
oTo6GpakeHHe Ha3bIBAETCS HEnpepbiénbim B TOUKe Xo < X, ecin s
Kaxnaoro ¢ > 0 cymecrByeTr Takoe 8 > 0, yto ana Bcex x = X ra--
KHX, 4TO

Y (x! xO) < 6’

BbINMOJTHEHO HEPABEHCTBO

P (f (%), fxo)) <e

(3mecy p— paccrosinne B X, a p;— paccrosinve B Y). Ecau oro--
Opaxenue [ HenpepbiBHO BO BCeX TOYKAx mnpoctpaHcTBa X, TO ro--
BopaT, uTo [ nenpepvisno na X. Ecin X u Y —uucnoBole mMuoxe--
CTBa, T. e. f[-—uHcnoBasi (QYHKUHS, ONpefie/leHHAs HA HEKOTOPOM.
noaAMHoXecTBe X YHCJIOBOH OCH, TO NMPUBEAEHHOE ONpejesieHHe He- -
NPEPLIBHOCTH OTOOpaXkeHHs MpeBpalllaeTCsl B XOPOLIO M3BECTHOE H3.
3JleMeHTapHOro aHaJiu3a Olpej/le/IeHHe HeNPEPhIBHOCTH (PYHKIHH.

AHa/OrMYHO MOXHO ONpe/iesIHTh HENPEPHIBHYI0 (QYHKUHIO (OTO--
Gpaxenune) [ OT HECKOJbKHX mepeMeHHHX X € X, ..., xn= Xp
(rme Xy, ..., Xn— MeTpHYECKHe NPOCTPAHCTBA) CO 3HAUECHUSIMH B-
MeTpHYEeCKOM MpOCTpaHCTBe Y.
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3ameTuM, B 3TOH CBf3H, YTO CaMO PACCTOSIHHE p(X, Y), eC/u pac-
CMaTpHUBATb €ro Kaxk ()YHKUHIO NepeMeHHbIX X U y u3 X, Helpepnis-
HO. JTO cpa3y xe clelyeT H3 HepaBeHCTBA

Lo (x, ) — p (X0, Yo) | p (%0, X) + p (40, V),

JIerk0 BbIBOJAHMOrO H3 HEPAaBEHCTBA TPEyroJbHHKA.

Ecnu oroGpakenue f: X —Y B3aumMHO 0QHO3HAYHO, TO CYllue-
cTByer o6paTHOe oTtoGpaxeHue x = f~!(y) npocrpancrsa Y Ha npo-
crpanctBo X. Ecan otofpaxkenue f B3aUMHO 0JIHO3HAYHO ¥ B3aHMHO
HerpepblBHO (T. €. [ u [~'— HenpepbiBHbIe 0TOOpPAXKEHHA), TO OHO
HA3BIBAETCS 20MEOMOPPHOIM OTOOpANeHUEM WIH 20MEOMOPPUIMOM,
a camu npocrpanctBa X u Y, MeXAy KOTOPBIMH MOXHO YCTAHOBUTH
roMeoMop(u3M, Ha3bIBAIOTCA 20meomopPrbimu Mexay coboh. Ipu-
MepoM TOMeOMOP®HBIX MeTPHUYECKHX MPOCTPAHCTB MOTYT CJYKUTb
BCA yHuc/I0BasA npsMas (—oo, 00) W MHTepBaJ, HallPUMepP, HHTEPBAJ
(—1,1). B stom cayyae romMeomopdusM ycraHasausaercs ¢op-
MyJ0H

2
y=— arctg x.

BaxXublM YacTHBIM CJayyaeM romeoMopdusMa siBJfieTcS TaK Ha3bi-
BaeMoe H30MeTpHYeCKoe 0TOGpaxeHne.

ToBopAT, uTO OUEKUHs [ MeXAy MeTPHYECKHMH TPOCTPAHCTBAMH
R = (X, p) n R" = (Y, p’) asnsercsa uzomerpued, ecau

p (xy, x9) =p" (f (x)), [ (x2))

Jas aio6eix %y, X2 & R. Tlpoctpanctea R u R’, Mexay KOTOpBIMH
MOXKHO YCTAaHOBHTb H30METPHUECKOEe COOTBETCTBHE, HAa3bIBAIOTCH 130~
MeTPULHbIMU.

Waomerpus npocrpaHcTB R u R’ o3nauaer, 4To MeTpHYecKHe
CBSI3H MeXIy HX 3JeMEHTaMH OfHHM M Te XKe;, Pas3jJHUYHOH MoxKer
ObiTb JHIIb NPHPOJAA HX 3JEMEHTOB, YTO C TOUKH 3PEHHS Teopuu
MeTPHUYECKUX IPOCTPAHCTB HecyllecTBeHHO. B nasbpuelimem wuso-
‘MeTPHUBbie MeXAy coboft MpocTpaHcTBa Mbi 6yJ1eM paccMaTpuBaTh
IPOCTO KaK TOXIECTBEHHBIE.

K u3/10KeHHBIM 3JeCh NMOHATHAM (HENnpepbBHOCTb, rOMEOMOp-
du3m) Mbl BepHeMcs,, ¢ GoJiee oOlield TOYUKH 3peHHs, B KoHOe § 5
3TOH IJ1aBbl.

§ 2. Cxoaumoctb. OTKpPLITBIE H 3aMKHYTble MHOXECTBA

1. MpepeabHblie TOYKH. 3aMbikaHHe, Mbl BBeleM 31eCb HEKOTO-
Phbie MOHATHS TEOPHH METPUYECKHMX IPOCTPAHCTB. DTH MOHATHS Mbi
HEOQHOKPATHO HCIOJb3yeM B faJbHedllleM.

Orxpoitoim wiapom B(xo, r) B METpUUEGCKOM NPOCTPAHCTBE R Mu
HyneM Ha3biBaTh COBOKYMHOCTb TOUeK X & R, yIO0BJETBODPSIOUMX
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ACJIOBHIO
y p(x, x) <r.

Touka Xo Ha3bIBAETCS YEHTPOM 3TOTO 1llapa, a YHCJIO I — ero pa-
ouyconm.

3amkuytoim uapom Blxg,r] Mbl Ha30BeM COBOKYNHOCTb TOUYEK.
x € R, y10BJIeTBOPAIOMNX YCJIOBHIO

p(x’ x0)<r'

OTKpBHITHIA 1IAap paauyca € C HEHTPOM Xo Mbl OyleM HasbiBaTh
TaKXe £-0KPeCTHOCTbI0 TOYKH Xo H 0603Hauatb cuMBosoM Og (Xo).

Ynpaxueune. [IpuBecTH mnpHMep MeTPHUECKOrO NPOCTPAHCTBA H TaKuX.
aByx wapos B (x, p1), B(y, p;) B Hem, uTO p; > 02, B TeM He MeHee B (x, p) =
C B (yv 92)'

MHoxecTBO M R Ha3bIBaeTcsl 02paHUYeHHbIM, €CJIH OHO CO-
NlepXKHUTCS LeJTHKOM B HEKOTOPOM HIape.

Touka x = R Ha3bIBaeTcsi TOUKOU NPUKOCHOBEHUS MHOXKECTBa
M c R, ecnu mobasi ee OKPECTHOCTb COMEPKHT XOTS Obl OHY TOUKY
u3 M. COBOKYNHOCTb BCeX TOYEK NPHKOCHOBEHHSI MHOXecTBa M
o6o3navaercs [M] n Ha3sbiBaeTCs 3aMbIKAHUEM 3TOTO MHOXKECTBA.
TaxuM 06pazoM, Mbl ONIpeNeNHIH AJI5i MHOXKECTB METPHUECKOTO IIPO-
CTPaHCTBA 0Nepayuro 3aMblKans — Tepexo] oT MHOxecTBa M K ero
sambikanuw [M].

Teopema 1. Onepayusa samuikanus obaadaer ciredyroujumu
ceolicTeamu:

1) Mc[M],

2) [M]] = [M],

) ecau My < M, To [M|] < [M,),

4) My U Mg] = [Mi]U [M,].

Hdoxazartenbctso. [lepBoe yTBepKaeHne OUeBHIHO, TaK KaK
BCsiKasl TOYKa, NpuHaaiexawmas M, ssaserca aas M Touko#t mpu-
KocHoBeHus. JlokaxeM BTOpOe.

[ycts x = [[M]]. Torna B /moGoit okpectHocTH Og (x) 3TO# TOUKM
Haiinercss Touka x) = ([M]. Ilosoxum e —p(x, X;)= €, u paccmort-
pum mwap O (x1). DTOT Wap nenuKoM JexuT BHyTpHd mapa Og(x).
Heiicteutenbro, ecan z2e& O (%), 10 p(2, %)< €, ¥ Tak Kak
p(x, X;) = € — &;, TO IO aKCHOMe TpPeyroJbHHKa

p(z, x) <e -+ (e—eg)=c¢,

T.e.2& 0, (x). Taxk kak x; [M], 1o B O¢,(x,) HalieTcs TOUKA X, = M.,
Ho roraa x,= O, (x). Tak kak O, (¥) — NPOH3BOJbHAS OKPECTHOCTD.
TOYKH X, TO.X & [M]. Bropoe yTBepKIeHHE NOKa3aHO.

Tperbe cBoficTBO oueBuaHO. JloKaxeM, HakKOHeN, 4YeTBepTO@
CBOHCTBO.
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Ecmn x [M; U Mg], To x copepxurcsa mo kpailHed Mepe B op-
‘HOM H3 MHOXecTB [M/] uau {Mg], 7. e.

(M UM, = MU M,

“Tak xax My M, U My u My <M, U M,, 10 o6paTHOe BKJI0UeHHe
~caeflyer H3 coicTBa 3). TeopeMa JOKa3aHa MOJIHOCTBIO.

Touka xR wuasbiBaercsi npedeabHoll TOYKOUE MHOMKeECTBa
-M R, ecnn mo6asi ee OKPeCTHOCTb COJEPXKHUT GECKOHEUHO MHOro
Touek uz M.

[TpenenbHast TouKa MOXKeT NPHHALJieXaTb, a MOXKET H He MpH-
‘gaguexarb M. Hanpumep, ecin M — MHOXKeCTBO pallMOHAJbHBIX YH-
«cesq u3 orpeska [0, ], To KaxKmasi TOUKa 3TOro OTpe3Ka — Mpefie/b-
Has piast M.

Touka x, npuHanaexauas M, Ha3plBaeTcs U30AUPOBAHHO]
‘TOY4KOU 3TOr0 MHOXKECTBa, eCJM B JOCTaTOYHO MaJIOH ee OKPECTHO-
«ctH O¢(x) Her Touek u3 M, otsinunblx oT x. [Ipensaraem uuTatenio
JlI0Ka3aTh B KaueCTBe yNpaXKHEeHHs CJeAyiollee YTBepXKIeHHE:

Beakas Touka npukocHosenus muoxcectea M ectv aubo npe-
-0eabHas, AUOO UB0AUPOBAHHAA TOUKQA 3TO20 MHOXCECTSA.

Otciofla MOXKHO 3aKJIIOYHTh, YTO 3aMbikanue [M] cocrour, Bo-
-0611le rOBOPS, U3 TOYEK TpeX THIOB:

1) u30JHpOBaHHBIE TOYKH MHOXecTBa M;

2) npenebHble TOYKH MHOXKecTBa M, mpuHansexatue M;

3) npemeabHble TOYKH MHOXecTBa M, He mpuHanfiexamue M.
“TakuM o6pasoM, 3aMbikaHue [M] noayuaercs npucoenvnenuem Kk M
_BCEX ero npeleabHbIX TOYeK.

2. Cxomumoctb, IlycTb X|, Xg, ...— NOCJAEJOBaTENbHOCTh TOUEK
"B MeTpHUeCKOM npocTtpaHcTBe R. [oBOpAT, 4TO 3Ta mocjaeloBaTeNb-
HOCTb CXOOUTCA K TO4Ke X, eClH Kaxjasd okpecTHOCTb Og(x) Tou-
KH X CONEPXHT BCE TOUKH Xpn, HAYMHHAS C HEKOTOPOH, T.€. eCsH IJs
BcsiKoro € >> 0 Haiijercs takoe unciao N, uto O (X) comepXHT Bce
“TOUKH Xn ¢ > N,. Touka x Ha3niBaercs npedesom Nociaen0BaTeNb-
HOCTH {Xn}. ' '

10 onpejpeseHHe MOXKHO, OYeBHJHO, CHODMYJHPOBATL elle H
.cylejlylolluM 06pasoM: MOCJAeN0BaTeNbHOCT {Xa} CXOmHTCH K X,
-eC/iH

lim p (x, x,) =0.
n-~>» oo

HenocpencTBeHHO W3 omnpefle/leHHs INpejesa BbHTeKaeT, 4To 1)
‘HHKAKasf MOCJAEN0BAaTEIbHOCTh HE MOXET HMeTb ABYX Pa3JHYHBIX
npeaeoB, H 4TO 2) eCJH MOCJe0BaTeIbHOCTh {Xn} CXOMHTCH K TOY-
_Ke X, TO M BCsKas ee NOANOCJENOBATEJAbHOCTb CXOIUTCH K TOH XKe
~«CaMoH TouKe.

Cienywoluas TeopeMa YCTaHaBJHBaeT TeCHYIO CBf3b MEXJy IO-
HATHAMH TOYKH NPHKOCHOBEHHS U Mpelena.
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Teopema 2. [laa Toco 4T0bbt TOUKA X Gbira TOUKOL npuxoc-
ugosenus muoxcectea M, neobxodumo u docTaTtouno, 4TOOLL CYyuye-
(TB80B8AAA NOCAEA08ATEAbHOCTL {Xn} TO4eK u3 M, cxodawasnca K x.

JlokasaTenbcTBO. YCI0BHE HEOGXOAUMO, TAK KaK €CJIH X —

TouKa NIPHKOCHOBEHHS MHOXecTBa M, TO B KaXKJ0H ee OKPECTHOCTH
Oy () comepxurca xoTs Gbl OfHA TOYKA X, € M. dTH TOukH 00—
pasyloT NOC/Ie0BATENbHOCTb, CXOASILYIOCs K X. JlocTaTouHOCTh Oue-
BHJHA.
. Ecnn x—npenenbnasi ToukKa MHOXecTBa M, TO TOYKH xn, =
e Oun (x) N M, oTBeualolllne pasHbiM 7, MOXKHO BHIOPATh MONAPHO
pasauuHbiMu. Takum oGpasom, dan TO20 4TOObL TO4UKA X ObLin
npedeavHot dan M, neobxodumo u docrarouHo, 41066t 8 M cyuje-
€T608aAG NOCAE008ATEALHOCTL NONAPHO PABAULHBLY TO4eK, Cx00s-
WAACA K X.

[ToHsTHE HENPepbIBHOCTH OTOOPAXKEHUSI METPHYECKOrO MPOCTPali-
ctBa X B MeTpPHYECKOe MPOCTpaHCTBO Y, BBeleHHoe B § 1, Moxkuo
tenepb cHOPMYJIHPOBATL B TEPMHHAX CXOJHMOCTH NOCJA€A0BaTEAbHO-
creit. UMenHo, oto6paxenue y = f(X) HenpepbiBHO B TOUKe Xo, €CJH
AJ151 BCAKOM MOCJEN0BaTeNbHOCTH {X,}, cxoxsielics K Xo, noc/eno-
BaTEJbHOCTb {Yn = f(Xn)} cxomutes K yo = f(%o). [okasarenbcTso
PaBHOCHJLHOCTH 3TOrO Ofpefie/ieHusl NpuBefeHHOMY B § | HHueM He:
OTJIMYAeTCs OT JOKa3aTesJbCTBAa PABHOCHJBHOCTH JIBYX OmNpeaefe-
HHMA HENpEepbIBHOCTH («Ha fi3blKe €, 8» M «Ha fI3bIKE I0CJEN0BATENb-
HocTed») QYHKLHH YHCJIOBOrO aprymeHTa H MOXeT ObITb IperoCcTan-
JIEHO YHTATENIO.

3. Maotubie noaMuoxectsa. Ilyctb A W B — aBa MHOXecTpa
B MeTpuueckoM npoctpancTBe R. MuoxectBo A HasbiBaeTCsi nA0T-
Hoiv B8 B, ecin [A]> B. B wacTHOCTH, MHOXKEeCTBO A HasbiBaerc:
8ct00y naoTHoiM (B mpocTpacTBe R), ecanl ero 3ambikaHue [A] cos-
najaer co BceM npoctpaHctBoM R. HampuMep, MHOXecCTBO - palitio-
Ha/ibHBIX YHCEJ BCIOAY IJIOTHO HA YHCJOBOH NpaMod. Muoxectso A
HasbiBaeTcsl Huelde He NAOTHbIM, €CNH OHO He MJOTHO HH B OJHOM
mape, T. €. €CJM B KaxaoMm wape B < R comepmsiTcs apyroil wap-
B’, ue umerownii ¢ A uu ogHol obiueil Touku.

[Ipumeps NpPpOCTPAaHCTB, UMEIOWHX. BCIOAY NJOT-
Hoe cueTHOEe MHOXKecTBO. [IpocTpaHcTBa, B KOTOPBIX HMeeT-
€f cUeTHOE BCIOJY MJOTHOE MHOXKECTBO, HA3bIBAIOT cenapabenbHoLril,
Paccmotpum ¢ 3Toil ToukM 3peHusi mpuMepbl, KOTOPble IIPHBELEHbBL
8§ 1.

l. «IluckpeTHOe» MpOCTPaAHCTBO, ONMHCaHHOe B mpumepe 1 § 1,
COIEPKUT CUETHOE BCIOAY MJOTHOE B HEM MHOXKECTBO TOTJa H TOJb-
‘KO TOrJla, KOrjla OHO CaMO COCTOMT JHIIb M3 CYETHOTO YHCJIA TOUEK.
Heno B oM, uto 3ambikanue [M] mo6oro muoxecrsa M B 3ToM npo-
‘eTpaHcTBe coBnajgaer ¢ M.
< Bce mpoctpaHcTBa, nepeuucieHHble B npuMepax 2—8 § I, co-
AepXKaT CueTHble BCIOJY MJOTHbIE MHOXKECTBA. YKaXeM B Kax/jom
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%3 HUX 110 TAKOMY MHOXKECTBY, HACTOSITE/bHO PEKOMEHIAYS YHTaTello
IIPOBECTH NOAPOOHBIE N0KA3aTeNbCTBA.

2. Ha pefictButenbHolt ocu R! — paunoHasbHble TOUKH.

3—5. B n-mepHoM eBk/Ma0BOM npoctpaHcTBe R™ u B npoctpau-
cTBax R?, RL‘O-——COBoxynHOCTb BEKTOPOB ¢ PalMOHAJbHBIMH KOOp-
IVHATAMU.

6. B mpoctpaHnctee Cla, b]— cOBOKYNHOCTh BCEX MHOTOYJIEHOB ¢
pauHoOHaNbHBIMH KO3 dULIHEeHTaMHU.

7. B npoctpaHcTBe [y — COBOKYIIHOCTh MOC/AENOBaTEIbHOCTEH, B
KaXA0# H3 KOTOPbIX BCe UJ/eHBbI palHOHAJbHBl U JIHWb KOHEYHOe
(cBOe /ST Ka)KNOH TOC/IeJ0BaTeNbHOCTH) YUC/IO 3THX UJIEHOB OT-
JINUHO OT HYJIS.

8. B mpocrpaucrBe C,la, b] — COBOKYNHOCTh BCEX MHOTOYJICHOB
¢ palHOHaJbHBIMUH KO3b(HIHEHTAMH.

BMecTe ¢ TeM RPOCTPAHCTEO 02PAHUHEHHBIX NOCAEA08ATEAbHO-
creid m (npumep 9 § 1) HecemapabenbHO.

IleficTBUTENbHO, PACCMOTPUM BCEBO3MOXKHBIE MOCTEN0BATENbHO-
CTH, coctosiuide M3 HyJeH u enuuuu. OHH 06pasyiOT MHOKECTBO
MOIIHOCTH KOHTHHYYMAa (TaK KaK MEXIYy HHMH H OAMHOMKECTBAMU
HaTYpaJIbHOTO psifla MOXHO YCTAHOBUTb B3aHMHO OJHO3HAuYHOE CO-
otBetcTBHe). Paccrosiine MexXay AByMs TaKUMH TOUKaMH, ONpefie-
asiemoe dopmyaoit (11) § 1, paBHo 1. OKpyKHUM KaXKAYI0 H3 3THX
TOYEK OTKPBITHIM LIapoM paauyca 1/2. DTu mapel He nepeceKarTCs.
Ecny HEKOTOpOe MHOXKECTBO BCIOAY MJIOTHO B /M, TO KaXABiH u3
MOCTPOEHHBIX IIAPOB [OJKEH CONepXKaTb XOTs Gbl MO OMHOH TOUKe
M3 3TOr0 MHOXECTBA, H, 'C/eJ0BaTeJbHO, OHO He MOXeT ObITb
CUETHBIM.

4. OTKpbITBIE H 3aMKHYTble MHOMXecTBA. PaccMOTpuM BaxHe#l-
Ulge THIB MHOXECTB B METPHUECKOM NPOCTPAHCTBE, a MMEHHO, OT-
KPBIThle H 3aMKHYTble MHOXKECTBA.

MuoxectBo M, sexamiee B MeTpUYeCKOM IpoOCTpaHCTBe R, Ha-
SLIBAETCH 3AMKHYTbIM, €CJTH OHO COBHNAjaeT CO CBOMM 3aMBIKaHHEM:
[M] = M. Muaue roBopsi, MHOXKECTBO HA3bIBAETCS 3aMKHYTHIM, €C/H
OHO COJEPXHT BCE CBOM NpeJle/ibHble TOUKH,

B cuny teopemsl 1 3aMbikanue J1060ro MHoxKectBa M ecTh 3aM-
KHyTOe MHOXKecTBO. M3 To#f ke Teopembl BbiTekaeT, uto [M] ectb
HauMeHblllee 3aMKHYTOe MHOXecTBo, cofep:kamee M. (Ilokaxure
310!)

[MTpumeps. 1. Beakuit orpesok {a, b] uucjioBol npsmoii cTb
3aMKHYTOE MHOXEeCTBO.

2. 3aMKHYTbIll 11ap npeacTaBJ/sieT COO0H 3aMKHYTOEe MHOXKeCTBO.
B uacruocty, B nmpoctpanctse Cla, b] MHoxkectBo GYHKUHE f, yx0B-
nersopsiroutux yenosuio |f(¢) | << K, 3amkuyTo.

3. MuoxectBo ¢yukueit B Cla, b], yaoB/IeTBOPAIOUIHX YCJIOBHIO
If(t)| << K (oTkpbiThiii Wwap), He 3aMKHYTO; €ro 3aMblKaHHe eCTh
COBOKYNMHOCTb (hyHKIHH, yAOBAeTBOpsomEX ycaoBHio |f(¢)|<< K.
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4. KaxoBo 6bl HU ObIIO MeTpHYeCKOoe MNpPOCTpaHcTBo R, mycroe
MHOXeCTBO & H Bce R 3aMKHYTHI.

5. Bcsikoe MHOXKECTBO, COCTOsIllee M3 KOHEUHOrO YHCJ/a TOUEK,
3aMKHYTO.

OcCHOBHbIE CBOMCTBA 3aMKHYTBIX MHOXECTB MOXHO cHOpMYJIHpoO-
BaTh B BUJIE CJEAYIOIIEH TeOPeMBbI.

Teopema 3. [Tepecewenue 2106020 wucaa u cymma 4106020 Ko-
HeUHO20 YUCAQ BAMKHYTOLX MHOMCECT8 CYTb BAMKHYTbIE MHOMCECT8A.

HOokasateabcTBo. llyete F =1 F, — nepeceuende 3aMKHY-
THIX MHOXeCTB F, U NycTh X — npeaenabHas Toyka aas F. 31o o3na-
yaeT, uTo Jo6as ee okpecTHOCTb O¢ (X¥) comep UT GECKOHEYHO MHO-
ro Touek u3 F. Ho torpa tem Gosmee O¢(X) comepxHT GECKOHEUHO
MHOTO TOYeK H3 Kaxjaoro F, W, cjiefoBaTesbHO, TaK KaK BCe [y
3aMKHYTbI, TOYKA X NPHHAMJMEXKHT KaxAOMy [y; Takum o6pasom,
xeF=1[\F, 1. e F zamguyro.

Iyctb Tereps F—cyMMa KOHEYHOro 4YHCIa SaMKHyTbIX MHO-

xecrs: == _JF,-, U IyCTb TOYKa X He npuHamnexut F. ITokaxem,
i=l

YyTo X He MOKeT ObiTh mpenenbHolt gas F. leficTBuTeNbHO, X te
NpHHALJIEKHT HM OLHOMY M3 3aMKHYTHIX MHOXectB Fj, cJenoBa-
TeJIbHO, HE SBJSETCH NpeNejJbHOH HU AJas OAHOro M3 Hux. IToatomy
U1 KaXAOro i MOXHO HaHTH TaKylo OKpecTHOCTb O, (¥) TOuKH X,
KOTOpasi COAEPXKHT He Gojiee YeM KOHEYHOe YHCJA0 ToueK H3 Fi.
Basas u3 okpecriocre#t O (%), ..., O (¥) HauMeHbIIYIO, MBI TIO-
Jgyuum okpectHocTb Og(X¥) TOYKH X, colepkaulyio He Gojee yeM
KOHEeYHOe YHUCJIO TOoyek u3 F.

Urak, eci¥ TOYKA ¥ He MPHHALJIEKHUT I, TO OHA HE MOXKeT GhiTh
npexenbnoit aas F, 1. e. F 3amxuyro. Teopema nokasana.

Touka x HasbiBaercs BHYTpeHHel TO4KOL MHOXecTBa M, ecau
cylilecTByeT OKpecTHOCTb Og(x) 3TOH TOUKH, HEJHKOM colepKa-
wasca 8 M

MHO0XKeCcTBO, BCE TOUKH KOTOPOTO BHYTPEHHHe, Ha3biBaeTcsl OT-
KPbITHIM.

Ipumepoi. 6. UurepBan (a, b) uncnosoii npsmoit R! ects ot-
KpbiTOE MHOXECTBO; AEeHCTBUTENbHO, ecad a << a << b, 10 O(a),
rie e = min(a—a, b —a), UETHKOM CONEPXHTCS B HHTEpBaJje
(a,b).

7. Otkpuiteilt mwap B(a,r) B J11060M MeTpHUYECKOM NPOCTPaH-
¢TBe R ecTb OTKpHITOE MHOXKeCTBO. JLefCTBHTENBHO, eCau X
e B(a,r), 10 p(a,x)<<r. Tlonoxum & =r—p(a,x). Torna
B(x,e)= B(a,r).

8. MHOXecCTBO HenpephiBHHIX dyHKUUH Ha [a, b], ynoBaeTBopsio-
mux yenosuwo f(f) << g(f), rne g(f) —uexoropasa (pUKCHpoBaHHAs
HenpeppiBHasg (QYHKUHS, MPeICTaB/seT COO0H OTKPBLITOE IMOAMHONKE-
¢TBO npocrpanctBa Cla, b].
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Teopema 4. [aa to20 urober muoxecreo M 6bia0 OTKpbLTO,
Heoéxodumo u docrarouro, 4TobeL e2o donosnerue R\ M 3o scezo

npocrparcreéa R 66110 3amKrYTO.

HokasatenbctBo. Eciu M oTKpHITO, TO Kaxiaas Touka x
U3 M uMeeT OKPeCTHOCTb, LENHKOM TpHHamsexawmyw M, T. e. ne
UMeILyI0 HH onHOoH oOmel Touku ¢ R\ M. Takum o6pasom, un
OlHA H3 TOueK, He HmpHHagaexamux R\ M, He Moxer 6LITh TOUYKOIL
npukocHoBeHus anass R\ M, 1. e. R\ M 3amkuyto. O6patHo, ecau
R\ M 3amxkuyto, T0 n06as Touka H3 M HMeeT OKPECTHOCTb, LEJNH-
KoM Jexauyio B M, 1. e. M oTkpbiTO.

Tak kKak nycToe MHOXECTBO U Bce R 3aMKHYTHI H B TO K€ BpeMs
CAYXAT JOMOJHEHHSAMY IPYr APYra, T0 RYCTOe MHOMECT80 U 8ce R
OTKpbLTSL.

W3 Tteopembl 3 M M3 NpHHOMNA ABONUCTBEHHOCTH (Nepeceyenne
NOTIOJNHEHHH PAaBHO NOMOJHEHHUIO CYMMBI, CyMMa JONOJIHEHHH paBHa
JONOJHEHHKIO TiepeceyeHnst, cM. cTp. 15) BhiTeKaeT cieaylouias Bax-
Hasi TeopeMa, ABOHCTBeHHAas Teopeme 3.

Teopema 3. Cymma 1106020 (KOHeuHO20 uAu GECKOHEUHO20)
HiUCAQ U nepecederue 2106020 KOHEYHO20 HUCAQ OTKPOITBLY MHONCECTS
CYTb OTKPbITbLE MHOHCECTBA.

MuoxecTBa, TpuHaAJexallne o-anare6pe, MOPOXKASHHON BCEMH
OTKPHITBIMH H 3aMKHYTHIMH TOJIMHOXKECTBAMH NpocTpaHcrBa R, Ha-
3BIBAIOTCA 6OPeACBCKUMI MHONCECTEAMU.

5. OTKPbITbIE W 3AMKHYTble MHOXecTBa Ha npsamoil. CTpykrypa
OTKPHITHIX M 3aMKHYTHIX MHOXECTB B TOM HJH HHOM MeTPUYECKOM
TIPOCTPAHCTBE MOXeET ObITb BeCbMa CJOXKHOHA ITO OTHOCHTCH
K OTKPBITBIM M 3aMKHYTHIM MHOXeCTBaM JaKe €BKJIHJOBAa I[po-
cTpaHcTBa [IBYX MM GoJsbllero yucaa usmepenuil. OfHaKo B oaHO-
MepHOM cJayvae, T. €. Ha NPAMON, HCUepNbIBAlOIee ONHCAHHE BCeEX
OTKPHITHIX MHOXKECTB (a CJeloBaTeNbHO, W BCEX 3aMKHYTHIX) He
npeacrasaser tpyaa. OHo paetcst ciaenylouiel Teopemoi.

Teopema 5. Bcakoe oTkpoiToe MHOMECTE0 HQ HUCA0B0L NPs-
noil npedcrasaner co60i CYMMy KOHEHHO20 UAU CHETHO20 HUCAQ
nonapHo HenepecexaoUjUxcs UHTEeP8asos ).

HoxasaTeabcTBo. Ilyctb G -—OTKPHITOE MHOMXECTBO Ha
npamoi. Beenem a5 Touek u3 G OTHOIIEHHe 3KBUBAJEHTHOCTH, CYH-
Tasl, 4TO X ~ Y, €CJH CyllecTByeT TaKol uurtepBaa (o, B), uto x,
y = (o, p) < G. OueBuaHO, 3TO OTHOLIEHHe Pe(/IEKCHBHO M CHMMeET-
PHYHO, OHO M TPAH3UTHBHO, TAK KAaK €CJIH X ~ y U Y ~ Z, TO Cylle-
CTBYIOT Takue HHTepBasH (o, B) u (y, d), uto

x, y=(@,pc=G u y, 2 (y, 8 =G.

Ho rorma y << B u uHrepBan (a, 8) nexur uenukom B G u cogep-
KHUT ToukH x U 2. CienoBaresnbio, G pacnajgaercst Ha HemepeceKato-

1) MuoxectBa Buma (— 00, o0), (@&, o) ¥ (— oo, f) Mbl [pPH 3TOM TaKxKe
BKJIIOYaeM B YACJO HHTEPBAJIOB,
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jHecs Kjaacchl [ 3KBUBaJIEHTHHX MeX]Jy co00f Touek:
G=VUI..

JlokaxeM, 4To Kaxjaoe [ ecTh uHTepsan (a,b), rae a=inf/,,
b=sup /. Bkawouenue [, < (a, b) oueBuano. C apyroft CTOpOHHI,
ecaH X, y €1, To no camoMmy onpejenenuio I uutepBan (x, y) co-
pepxutcs B ;. B mo6o# 61u30cTH OT @ crpaBa H B J060H 6JH30-
ctu ot b caeBa ectb Toukm u3 [.. ITosToMy I, comepKuT 1060k
untepBaa (a’,b’), kouus Kotoporo npunamiexar (a,b), oTkyna
I.=(a,b). CucreMa Takux HenepeceKamoliuxcsi HHTepBaaoB [; He
Gojiee UeM CUETHA; NEeHCTBHTENbHO, BHIOpaB B KaXXAOM H3 3THX HH-
TepBaJIOB NPOU3BOJbHBIM 06pa3oM paLHOHAJbHYIO TOYKY, MBI yCTa-
HOBHM B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEXKAY 3THMH HHTEpBa-
JilaMH H HEKOTODHM IIOJIMHOXEeCTBOM MHOXeCTBA PallHOHAJbHBIX YH-
" cen. TeopeMa nokasana.

Tak Kak 3aMKHYTHIE MHOXECTBA — 3TO JOMNOJHEHUS OTKPBITHIX,
TO OTCIOZla CJefyeT, UYTO BCHKOe 3aMKHYTOe MHOXKECTBO Ha MpPAMOi
1noJay4yaercss BHIOpacHIBaHHEM H3 NPSAMOH KOHEYHOTO HJIH CYETHOTO
YucJaa HHTEPBAaJOB.

IMpocrefimive NpUMepL 3aMKHYTBIX MHOXECTB — OTPE3KH, OTAe/]b-
Hble TOYKH H CyMMBl KOHEYHOTO YHCJAa TakKuX MHoxecTB. Paccmor-
puM OoJiee CJAOXKHBIH NPHUMEp 3aMKHYTOIO MHOXeCTBA Ha NpSAMOH —
TaK Ha3biBaEMOe KAHTOPOBO MHO-
JcecTso. 5

Ilycte Fo— otpesok [0, 1]. Bu-

6pocHM H3 Hero uHTepBan (!/3, 2/3), 7__ % A £
a ocTaBlleecs 3aMKHYTOE MHOXe-

¢TBO 0603Haunm Fy. 3ateM BmGpo- 2 % % _1 £
cuM u3 Fy untepsanni (o, 2/s) u Yo 24 Yo &4 2
(?/s, 8/s), a ocraBllcecs 3aMKHYTOe _ _ _ _ —— m-m
MHOXeCTBO (COCTosillee M3 YeThIpex d
oTpe3koB) obo3Hauum Fs. B kaxk- ____ e e £

JIOM H3 3THX YeThHIPEX OTPe3KOB BH-
OpocuM cpejHHII HHTepBaJ JJIHHbI Puc. 8.

(/3)% u 1. 0. (puc. 8). ITpononxkasn

3TOT nporecc, NOJyYHM YOHBAIOLIYI0 NMOCJAeJ0BATeNbHOCTh 3aMKHY-
ThiIX MHOXKecTB Fp. [Tomoxum

o0

F= (] F,
n=0 .

F — 3aMKHYTOe MHOXKECTBO (Kak mepeceueHnue 3aMKHYTHIX). OHO no-
Jiydaercsl u3 orpeska [0, 1] Bbi6pacbiBaHHEM CUETHOTO 4HCJIA HHTEp-
BaJIOB.

PaccMoTpuM cTpyKTypy MHOXectBa F. EMy npumamaexart, oue-

BHJIHO, TOYKH .
01 l’ ]/3’ 2/3’ I/9v 2/9’ 7/91 8/91 v (l)
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— KOHIlbI BhiGpacbiBaeMbiX HHTepBasoB. OQHAKO MHOMXKeCTBO F e
HCUEPNBIBA€TCA 3THMH TOUKaMH. [leficTBHTE/IbHO, T€ TOUKH OTpeska
[0, 1], KoTOpPBlEe BXOASIT B MHOXECTBO F, MOXKHO OXapaKTePH30BaTh
cienyounuM obpa3oM. 3amulleM Kaxnoe H3 uucea x, 0 <Cx < |
B TPOHYHOH CHCTEME: '

— 4, G An
x=-3 —1—32 +’... +3,,—|— ceey

rjie 4Hcia an, MOryT npuuuMath 3Hauenus 0, 1 u 2. Kak u B cayuae
JNEeCATHYHBIX Ap0o6eH, HEKOTOPble YHCAA AONYCKAIOT ABOSIKYIO 3aMHCh.
Hanpuwmep, :

1 1 0 0 0 2 2 2
'3—=§+'3“§+ cen +§ﬁ+ ~-~=§+§2+—3T+ “ae +§E+ “ e

Jlerko npoBepHTb, YTO MHOXKeCTBY F NMpHHAN/IEKAT T€ W TOJbKO
te uicaa x, 0<< x << 1, KoTopble MOryT OBITb 3amHcaHbl XOTs Gbl
OJHHM crmoco6oM, B BHAe TPOHUHOH Apo6GH Tak, uToGbl B MOCJAENO-
BAaTENbHOCTH Qj, d2, ..., An, ... HH pa3y He BCTPETH/ACh €JHHHIIA.
Taxkum o6pasoM, Kaxaoi Touke X & F MOXKHO NOCTaBHTbL B COOTBET-
CTBHE TIOCJEN0BATENBHOCTh

Ay gy cvvy Quy v osy 2)

rae an paBuo 0 uan 2. COBOKYNHOCTb TAKHX NOCJEL0BATENbHOCTEN
o6pa3yeT MHOMKeCTBO MOIIHOCTH KOHTHHyyMa. B 3ToM MoxHO y6e-
JHTbCS, NTOCTABUB B COOTBETCTBHE KaXKA0H Noc/aenoBartejbHOCTH (2)
H0C/JaeL0BaTENbHOCTD i ’

by, by ooy by o, 29

rne b, =0, ecin apn =0, u b, = 1, ecin a, = 2. [Mocaenosarenn-
HocTb (27) MOXHO paccMaTpHBATh KaK 3alHCb HEKOTOPOro JEHCTBH-
teabHoro yncaa y, 0 <<y << |, B Buae gBonuyHoit aApo6u. Takum 06-
pasoM, Mbl mosyuaeM oToGpaxceHHe MHOXecTBa F Ha BeCb OTPe30K
[0,1]. Otciona BbiTekaer, uto F HMeeT MOUIHOCTh KOHTHHyyMa '),
Tak Kak MHOXeCTBO Touek (1) cueTHO, TO 3TH TOYKHM He MOIYT HC-
yepnbiBaTh Bce F.

Ynpaxuenuna . JlokasaTh HemocpelIcTBeHHO, 4TO TO4Ka 1/4 mpuxame-
KHT MHOMXECTBY F, He aABAAfACb KOHUOM HH OAHOro Hu3 BblﬁpaCbXBaeMNX HHTEP-
BaJoB.

Ykasanue. Touka 1/4 peant orpesok [0, 1] B othowennn 1 :3. Otpesok [0, 1/3],
ocTaiolHiica nocae nepBoro Bbl@paCblBaHIdﬂ, OHa JeJHUT TakKme B OTHOWeHHH | :3
HT O )

Touku (1) HasblBalOTC TOUKaMu nepsoeo poda MHoxecTBa F, ocTanbHuie ero
TOYKH HasbiBAlOTCA TOYKAMH 8TOpPO2O p{)aZL

1) Ycrauosnennoe cooTBeTcTBHe Mexay F u orpeskom [0, 1] oanosnauno, no
fie B3aHMHO OJHO3HAuHO (H3-3a TOrO, YTO OLHO U TO XK€ YHCJIO HHOrAa MOXKeT
#306pakaTLCA pasanuHbiMH ApoGamu). OTciona cnenyer, uto F uMeeT MOWHOCTH
He MeHblIe, ueM MOIHOCTb KonTHHyyma. Ho F —uacts otpeska [0, 1], caenosa-
TeJbHO, ero MOIIHOCTb He MOXeT OuiTb GoJblie, yeM MOLIHOCTb KOHTHHYYMa.
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2. JJoxasaTb, YTO TOYKH NepBOro poja ob6pasyilor B F BCIOAY NJOTHOE MHO-
KECTBO.

3. ToxasaTe, uTo uHcaa BuAa iy + Iy, rae i), {, & F, 3anoaHsOT BeChb OTpe-
sox [0, 2].

. Mp noxasaJsn, 4TO MHOXKecTBO F HMeeT MOLIHOCTb KOHTHHYYMa,
T. €. COEEPXKHT CTONBKO XKe ToueK, CKOJbKO H Bech oTpe3ok [0, 1].
C 3THM $aKTOM HHTEPECHO CONOCTABHTb CJAEAYIOLHH pe3yJ/bTar:

1 2 4
cymma jinH 3+ 5+ 57 + ... Bcex BHIGPOUIEHHHIX HHTEpBa-
JIOB COCTaBJsieT B TOYHOCTH efHHHILy!

JdononHuTeAbHHEe 3aMeQaHHA.
(1) Tlycts M — HekoTOpOe MHOXECTBO B METPHYECKOM NPOCTPaHCTBe R H
X — TOUKa 3TOro e NMpocTpaHcTBa. Paccrosnuem oT Touku x 00 MHOmecTsa M
Ha3WBaeTCA YHCIO
p(x, M)= inf p(x, a).
asM

Ecan x e M, 10 p(x, M) = 0, ogHako u3 TOro, uTO p(X, M) = 0, He caenyer,
aro x = M. U3 onpefeneHHsi TOYKH NPHKOCHOBEHHsI HENOCPEACTBEHHO MNOJYyYaeM,
at0 p(x,M) = 0 B TOM M TOJNbKO TOM Clydae, KOTla X — TOYKa INPHKOCHOBEHHs
MHOXecTBa M. TakuM 06pasoM, OnepalnHio 3aMLIKAHHS MOXXHO OIpPEeleNHTb Kak
NPHCOEAHHEHHe K MHOMECTBY BCEX TeX TOYEK, PacCTOSIHHE KOTODHIX 10 MHOXeCTBa
PaBHO HYJIO.

(2) AHaNOrHYHO ONpefensieTCsl PacCTOSHHE MEXIY ABYMS MHOXECTBAMH.
Ecan A, B — 1Ba MHOXeCTBa ‘B MeTDHYECKOM NpOCTPaHCTBe R, To

o (A, B)= inf p(a, b).
as A
beB

Ecnn ANB = &, 10 p(A, B) = 0; ob6paTHoe, BoO6LIE TOBOPs, HEBEPHO.
(3) Mycte Mg;— mHOXKecTBO Beex ¢ynkuui [ u3 Cla, b], yropaeTsopsiomux
ycnoBuio Jiunwunar aas Beex 1, & € [a, b]

) —F L) ISK|t 4,

rae K — HekoTopoe ¢HKcHpOBaHHOe uncao. MHoxectBo Mg 3amkHyto. OHo cOB-
najaer ¢ 3aMbHIKaHHeM MHOXeCTBa Bcex AHbdepeHnHpyeMbx Ha [a, b] dyHKuui
Takux, uro |f/(f)| < K.

(4) MHoxecTBO M = U M, Bcex QyHKOHMA, Kaxjas H3 KOTOPHIX YJOBJETBO-

pser ycaoBuio JIunwwuna npu kakoM-au6o K, He 3aMkHyTo. Ero 3aMmkanue ectb
Bee C [a, b].

(5) OTKpniToe MHOXecTBO G B 7-MEDHOM €BKJHAOBOM IPOCTPAHCTBE Ha3hi-
BAaeTCsl CBA3HLIM, €CJH JOGHe IBe TOYKH X, y € G MOryT GLITb COCNHHEHH JOMa-
HOR, neaukoM Jexaumed B G. Hanpumep, BHyTpeHHOCTb Kpyra x4 y? << 1 —
CBsI3HOe MHOXecTBO. Hao60poT, cyMMa IBYyX KpyroB

X4+ <l 1 (x—2"+42<1

— He CBSISHOE MHOXXECTBO (XOTSl Y STHX KPYroB ecTb O6lasi TOUKAa NMPHKOCHOBe-
#ual). OTKpuTOE NOAMHOXKecTBO H OTKPHITOrOo MHOXecTBa G Ha3LIBAaeTCA KOMNO-
Hentoll MHOXXecTBa G, eC/IH OHO CBSI3aHO M HE COAEPXKHMTCH HH B K4KOM 6Gosbluem
CBA3HOM OTKPHITOM noaMHoxecTBe G. BBemeM B G OTHOILEHHE 3KBHBAJEHTHOCTH:
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X ~ Y, ecaH CyIIeCTBYeT OTKDHITOE CBS3HOe NOAMHOXecTBo H u3 (, HakpmiBalo-
mee X H y:
x, yesHca.

Kak n B cryyae NpsAMOM, Jierko NpoBepseTcs TPAH3HTHBHOCTb H TMO3TOMy G pace
najaetcsd Ha HemepecekalollHecs kJjaacchl: G = BI. OTH KJacchl — OTKPHITHIE KOM-
noHeHTH G. UHcano HX He GoJjlee YeM CYETHO.

B cnyyae n =1, T. e. Ha TpPAMOH, BCAKOE CBS3HOE OTKPHITOE MHOXKECTBO
€CTb HHTeDBaJ (B 4YHCJO HHTEPBAJOB BKJIOYAIOTCA H GecKOHeuvble HHTEpBaJbl
(—o0,a), (b, ©) u (—o0, c0)). TakuM 06pa3oM, TeopeMa 5 O CTPOEHHH OTKPBITBIX
MHOXECTB Ha NPAMOM COCTOHT H3 ABYX YTBEeDMKJEHHH): a) BCAKOe OTKDPBITOE MHO-
JKeCTBO Ha NPAMOH eCTb CyMMa KOHEYHOrO HJIH CYETHOTO YHCJIA KOMIIOHEHT H
6) CBA3HOE OTKPHITOE MHOXKECTBO Ha INpAMOH ecTb HHTepBas. [lepBoe H3 3THX
YTBepXJIEHU# BePHO H [JI MHOXECTB B f-MEPHbIX eBKJHIOBHIX NpOCTpaHcTBax (H
JOmycKaeT jAaJjbHefilIHe OGOOIUEHHS), a BTOPOe OTHOCHTCH HMEHHO K mpAMOM.

§ 3. IloaHble MeTpHUYECKHEe MPOCTPAHCTBA

1. OnpeneneHre U NpUMepPH! MOJHBIX METPUHUECKHX MPOCTPAHCTB.
C mepBBIX LIArOB H3yYeHHS MAaTeMaTHUECKOrO aHa/Jid3a Mbl BHIHM,
CKOJIb BaXXHYIO pPoJIb UIPaeT B aHaJ/iu3e CBOHCTBO MOJHOTHI YHCJAOBOM
IpAMOH, T. e. TOT (akT, 4To Besikasg PyHAaMeHTaJsbHAs MOC/IEeNOBa-
TeJbHOCTb HEACTBHTENbHBIX YHCEJ CXOAUTCSA K HEKOTOPOMY Ipefeny.
YucaoBasi mpsiMast CAYKHAT IPOCTEAIMM IPHMEPOM TaK Ha3bIBaeMBIX
TMOJIHB X MEeTPHUECKHX NPOCTPAHCTB, OCHOBHBIE CBOHCTBA KOTOPBIX
Mbl pacCMOTPHUM B 3TOM naparpade.

TlocaenoBaTtenbHOCTb {Xn} TOUEK METPHUECKOrO NMPOCTPAHCTBA R
Mb GyneM Ha3bBaTb PyrROamMeHTaAbHOL, eCIH OHA YHOBJETBOPSET
xpurepuo Kowy, T. e. ecin s Jjo6oro e > 0 cymecTByer Takoe
qucao N,, uTo p(x,, X,») <e nas Bcex n’ > N,, n” > N,.

M3 akcuoMmbl TpeyroJbHHKA HENOCPEACTBEHHO CJAENyeT, UTO BCH-
Kasi CXOASLLAsiCsl IOCAed0BaTeIbHOCTh QyHNaMeHTaabHA. [leficTBH-
TeJIbHO, eCJU {xn} CXOMHTCA K X, TO AJsA JaHHoro & > 0 MOXHO HaH-
TH TakKoe UHcio N, U4TO p(%,, X) <e/2 gas Bcex n> N,. Torma
P (Xnry X)) <P (X7, %) + 0 (X7, X) < & anis mo6bX n” > Noun” > N,.

Onpenenenue 1. Ecan B mpoctpanctee R no6as dynnaMen-
“TaJIbHAS MOCJAEA0BATENbHOCTD CXOJUTCS, TO 3TO MPOCTPAHCTBO HAa3bI-
BaeTcs NOAHbIM.

IIpumepn. Bce npocTpancTBa, paccMoTpeHHble B § 1, 3a mck-
JIIOYeHHEM YKa3aHHOro B npumepe 8, mojnbie. JleACTBHTENbHO:

1. B npocTpaHCTBe H30JHPOBaHHBIX ToueK (mpumep 1 § 1) dyH-
JaMeHTaJbHbl TOJNIBKO CTAllHOHAPHBEIE NMOCJAENOBATENbHOCTH, T. €. Ta-
KHe, B KOTOpbIX, HauMHAasi C HEKOTOPOro HOMepa, MOBTOPSETCS BCe
BpeMsi OflHa W Ta Ke Touyka. Bcsikas Takas mocJsel0BaTeJbHOCTD,
KOH&YHO, CXOJHUTCS, T. € 3TO IPOCTPAHCTBO MOJHO.

2. TlonHoTa eBKAHgoBa npocrpaHcTtBa R! — coBokynHocTH jefi-
CTBHTEJbHBIX UHCEJ — H3BECTHA M3 aHaJH3a.

3. TMoJsHoTa eBKJAHJOBa mpocTrpaHcTBa R™ HemocpeAcTBeHHO BHI-
Tekaer u3 mosHotsl R!. B camom mene, nyctb {x()} — dyHnameH-

/
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‘TajibHas NOCJIEN0BATENbHOCTb TOueK W3 R™; 310 o3Hauaer, uto 115
‘kaxjporo € > 0 naiinercs rakoe N = N, uro

n
Zl (%P — x(9)? < g?

npu BCex p, ¢ 66abuiux, uem N. 3pech xP = {x{, ..., P} Torna

JUIS KaXkaoro R==1, 2, ..., n moayuaeM COOTBETCTBYIOlLlee Hepa-
BEHCTBO I/ KOOPAHHATH X{P):

| ¥ — x| <e

aas Beex p, ¢ > N, 1. e. {x{)} — dynnamedtanbHas 4ucaO0Bas 10o-
cJIe[I0BaTEJbHOCTD. [10J10XKHuM
x,=1limx® u x=(x,x, ..., x).
= lim RS
Torpa, oueBHIHO,
lim x(P) = x,
proo

. 4—5. Tloanora npoctpancts R% 1 R nokaswiBaercs coseplueH-
HO aHaJIOTHYHO.

6. lokaxem noaxoty mnpoctpanctsa Cla, b]l. Tlycte {x,(f)}—
HekoTopasi (yHIaMeHTa/JbHas nocaenoBateasHocts B Cla, b]. dto
O3Hauaet, YTO 15 Kaxjoro & > 0 cymectByer Takoe N, uTo

[ % () —xm () [ <&

npu n, m > N nas Bcex ¢, a << {<Cb. Orciona BHITEKaer, 4To Mo-
cienoBatenbHocTs {Xn ()} paBHOMepHO cxonurcs. Kak u3BectHo, B
3TOM cayuae ee npefen x () 6yler HenpephBHOH GpyHKuuel. YcrpeM-
Afis B NpejblAyllleM HeDaBEHCTBe M K 6eCKOHeUHOCTH, NMOJAYYHM

%, () —x (D) |<Ce

Jas Beex ¢ u oM Bcex n >N, a 310 u o3Hauaer, uto {x»(f)} cxo-
zutes K x(f) B cMbicie MeTpukH npoctpauncrea Cla, b).

7. IlpocrpanctBo lo. Ilycth {x(™} — ¢ynnaMenTanabHas mnocieno-
BaTeJbHOCTb B [p. DTo o3Hauyaer, uto 1Jas Jawboro e > 0 Hafigercs
Takoe N, uto

p2 (x(m), x(m) =kZI (*P—xm™? <e mpu n, m>N. (1)

3necn x‘")=(x§"), R A .)_I/Ia (1) caenyer, uto npH Jio-
Gom k (xi? —x{™)* <e, T. e. NpH KaXJIOM K NOC/IEJ0BATENBHOCTD
neficrsutenbHux unces {x{"} yHnamenTaqbHa H NOTOMY CXONMTCS.
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Tlonoxum x,= lim x{?. OGo3nayuM yepe3 X IOC/IEJOBATEIbHOCTD
n»>o

(%1, X2, «.., Xg, ...). HyXHO nokasarp, yTO:

a) Y x‘;"-< ©, T.e. x&l,
k=1
6) lim p (x*, x) =0.
n—-»oo

Crnenaem sro. Y3 nepaBercrBa (1) caeayer, uro aas mo6oro ¢GuKcH-
poBanHoro M

M
k; (P — xM) < e.

B 310fi cyMMe Tenepb TOJILKO KOHEUHOE YHCJIO CJAaraeMbiX, 4 Mbl Mo-
KeM, 3adUKCHpPOBAB 1, NepelTH K mpeneny npu m —> oo, [lonyunum

M
— 2
kz=:1 (xgl) xk) < e.
3Sro PABEHCTBO BEPHO MNpH Jo6om M. BoccranoBuM GecKoHeuHbIf
psaA, nepexons K npeneiay npH M — oo; nonyuaem

00
g__:l () — x,)?<e. (2
U3 CXONMMOCTH psJIOB kz=:l (*P)? u kz=:1 (*{” — x,)? cnenyer cxomu-

(=]
MOCTb psiza kz_:l x2 (B cmay 3/ieMeHTapHOro HepaseHcTBa (a 4 b)2<C

<< 2(a%+4 b?)), 1. e. yTBepKIeHue a) mokasano. [lanee, Tak Kak &
NPOHM3BOJLHO MaJl, TO HepaBeHCTBO (2) o3Hauaer, yTo

lim p (x®, x) = lim ’\/ x — x )2 =0,
n—»oo e ( ) n—»oo k=1 ( k k)

T. . x(") - x B MerTpHKe lo. YTBepXaeHHe 6) A0Ka3aHo.

8. Jlerko yGenutbcs B ToMm, uto npocrpanctso Cqla, b] He nosno.,
PaccmoTpuM, HanpuMep, MOCAELOBATENbHOCTb HENMpPEPbIBHHX (yHK-
uui

—1 mpp — 1<t — 1/n,
9, ()=4q nt 1mpu — It n,
1 npu In<<t< 1.

Ona dynnamenraabia B Cof—1, 1], TaK Kak

. .
_
min (n, m) *

{ @0 —ontorar<

-1
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OnHako OHA He CXOAMTCA HH K KakKoi ¢yHkuuum u3s Cp[—1, 1].
JleficTBHTENIBHO, MyCTb [ — HeKoTopas ¢yHkuusa u3 Cof{—1, 1] n $ —
paspuiBHas byHkuus, pasHass —1 npu << Cu +1 npu £t = 0.

B cuay uHTErpajbHOro HepaBeHCTBA MHHKOBCKOTo (CrmpaBelJiH-
BOTO, OYEBH/HO, H JJ51 KYCOUHO-HEeNpephIBHHX GYHKLUUHA) HMeeM

1 s
( X (t)—¢(t>>2dt) <
-1

Y

1 s 1
<( {6 —o. 07 dt) + ( | 0.0 — ) dt) :
—~1 -1

B cuny HenpepblBHOCTH GYHKUHH [ HHTerpaJs B JIeBOA UaCTH OTJIHYEH
ot nyJs. HaJee, sicHO, 4TO

1
lim { (0. () — ()P dt=0.
-1

ITosaTomy S (f () — @, (t))? dt He MOXKET CTPEeMHUTbCH K HYJIO NpH
- —1
1= 00,

Ynpaxueunune. JlokasaTb, YTO NPOCTPAHCTBO BCEX OTPAHHYEHHHX mnoOCJje-
nosatesbHOCTel (npumep 9 § 1) noswo.

2. TeopeMa 0 BJOXKeHHbIX WIapax. B aHaause WHPOKO HCHOMb-
ayeTcsi TaK Ha3blBaeMasi JleMMa O BJIOXXEHHBIX OTpe3Kax. B Teopuu
METPHYECKHX NMPOCTPAHCTB AHAJOTHYHYIO POJIb MIpaer cleiayiouias
TeopeMa, Ha3hlBaeMas TeOopeMOfi O BJOXEHHHX IIapasx.

Teopema 1. Jaa To20 4T066l MeTputeckoe npocrpancréo R
66110 noaubim, He06x00UMO U OOCTATOUHO, 4TOObL 8 Hem BCAKAS NO-
€1e008aTEALHOCTL BAONCEHHBIX Opye 8 Opyea 3amMKHYTbLLX WaApos, pa-
Quycol KOTOPbIX CTPEMATCA K HYAIO, UMEAQ HEenycToe nepecederue.

INoxaszarteabctBo. Heob6xoaumocTts. Ilycts npocrpan-
¢tBo R moaHo H nycts By, B, Bs, ...— nociefoBaTeJbHOCTb BJIO-
KeHHBIX Jpyr B apyra 3aMKHYThiXx mapos. Ilycts rn— pammyc,
a xn, — ueHTp wapa Byn. [TocnenoBatenpHocTh 1EHTPOB {xn} dyHma-
MEHTaJbHa, NOCKOJIBKY p(Xn,Xm)<Tn NpH m>n, a r,—> 0 1npu
n—> oo, Tak kak R moauo, to lim x, cymectByeT. [TosoxuM x =

n-»oco

= lim x,; Torma x Eﬂ B, HdeicTeutensHo, wap By, cogepxutr Bce

n-»oo n
TOYKH NocJefoBaTeNbHOCTH {Xx}, 3a HCKIIOYeHHeM, OLITL MOXKET, TO-
Y€K Xi, X3, ..., Xn—1. TaKHM O6PA30M, X SIBJISI€TCS] TOYKOH NPHKOCHO--

BeHHd I Kaxjoro wapa By,. Ho tak Kak B, — 3aMKHYTOe MHOXKe-
CTBO, TO X € B, A4 Bcex A.
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Hocratounoctb. Ilycts {¥n} — dynnamenranbuas mocaeno-
BaTeJbHOCTb. JlOKaxeM, 4TO OHa UMeeT npenen. B cuay dynnamen-
TaJbHOCTH Mbl MOXEM BHIGPATb TAaKYIO TOUKY X,, HallleH MocJefoBa-
TEJBHOCTH, 4TO P (Xn, Xn,) < 1/2 npu Bcex n == ny. [IpumMeM Touky x,
3a UeHTP 3aMKHYTOro umapa paauyca l. 0603Ha'IPIM 3TOT Wap Bi.
BriGepem 3ateM x,, H3 {xn} Tak, 4TOGH GBIO Az = Ny U P (Xn, Xp,) <
< 1/22 npu Bcex n = ny. IlpuMeM TOYKY X, 3a LEHTp liapa pa-
nuyca 1/2 u o6o3nauuM 3toT wap Bz Boobuie, ecan TOUKH Xn»
Xn, +«+y Xn, YXe BHIODAHBI (ny << ng <<...<<ng), 10 BHIGEpeM TOYU-
KY Xp,,, TaK, 4TOGbl GBLIO Npy1 => Nk HP (x,,, Xnypy) < 1/28+1 mpm
BCEX 7 == Npi1, U OKPYXHM ee 3aMKHYTHIM IapoM Briy paauyca
1/2k, TlpomoJkasi 3TO NOCTPOEHHE, MOJYYHM II0CAEN0BATEIbHOCTL
3aMKHYTbIX I1apoB B, BIOXKEHHBIX APYr B Hpyra, npHueM map Bg
uMeer paauyc 1/2*-1. 3Ta nocnenoBaTeJbHOCTh IIAPOB HMEET, MO
NpeAnoJOXKeHHIo, OOUIYI0 TOYKY; o603HauuMm ee x. $IcHo, 4yTO 3Ta
TOUKA X CJYKHT NMPe/iesIoM TONNOCIeI0BaTebHOCTH {¥,,}. Ho ecan
(GyHIaMeHTaNbHAS 110CJAEA0BATENbHOCTb CONEPKUT CXOAALIYIOCH K X
MOANOC/IEJOBATENBLHOCTh, TO OHA CaMa CXOAHTCS K TOMY 2Ke Npejeny.

Takum o6pasom, x = lim x,.
n-»o
YnpaxHenusa 1. JlokasaTh, 4TO INepeceyeHHe 3aMKHYTHIX BJIOMKEHHBIX

LapoB B NpeAblAYlIel TeopeMe CBOAUTCA K OLHON TOUKe.
2. Quamerpom mMHOMKEecTBA M B MeTpPHUECKOM TNIPOCTPAHCTBE Ha3LIBAaeTCst
YHCJIO

d(M)= . SqupM p (x, v).

JlokasaTb, uT0 B NOJHOM METPHYECKOM IIPOCTPAHCTBE BCFKAs NOCNEAOBATENbHOCTH
BJOXKEHHBIX APYT B APYra HENYCTHIX 3aMKHYTBIX MHOXECTB, AHAMETPHl KOTOPHIX
CTPEMATCS K HYJIO, HMeET HellyCTOe NepeceueHHe.

3. ITpuBecTn nmpuMep MOJHOFO METPHYECKOTO NPOCTPAHCTBA H NOC/ENOBATENb-
HOCTH BJIOXKEHHBIX APYT B APYra 3aMKHYTHIX 11apoB B HeM, HMeloulefl nmycrToe
nepeceueHue.

4. IToxasaTb, YTO NOAIPOCTPAHCTBO NOJHOFO METPHYECKOFO npoc-rpch-rBa R
TIO/IHO TOrZ@ H TONLKO TOFAa, KOFAa OHO 3aMKHYTO B R.

3. Teopema Bapa. B Teopuy NONHBIX MeTPHUYECKHX IIPOCTPAHCTH
GyHIaMeHTaNbHYIO POJb HIpaeT CJaelyiollas Teopema.

Teopema 2 (bap). lloanoe merpuueckoe npoctpancrso R ne
MOXCeT GbiTo npedcTasreno 8 sude 06DeOUHEHUA CHEeTHO20 HUCAQ HU-~
20e He NAOTHLLX MHOXECTS.

HokazarteabctBo. [Ipeanonoxkum nporuBHoe. Ilycte R =

(-]

= U M,,, rae Kaxjaoe H3 MHOXeCTB Mn HHUTJe He IIJIOTHO. HyCTb
n=1

8o — HekoTopHIH 3aMKHYTHII map paauyca 1. ITockoabKy MHOXKe-
¢TBO M), 6yAyuH HUrje He IJOTHBIM, HE IVIOTHO B Sy, CYILeCTBYET
3aMKHyTHIl wap S; paauyca meublue-1/2, takoft, uto S; < Sp
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S; N M, = &. Tlockonbky MHoXecTBO M He ma0THO B S), IO TOM Xe
ppHYHHE B 1Iape S; COMepKHTCA 3aMKHYThI Wap Sy pajguyca MeHb-
me 1/3, aas koroporo Sy (1 Mo =& u 1. A. MBI nosyyaem nocie-
JI0BATEIbHOCTb BJIOXKEHHBIX APYr B JApyra 3aMKHYTbIX WapoB {Sn},
pamMychl KOTOPBIX CTPEeMATC K HyJo, npuueM S, (1 Mn = .

00
B CHJIYy TEOpPEMBI 1 nepeceueHue ﬂ Sn COEP2KHUT HeKOTOpyIO TOY-
n=1

KY X. STa TOYKa IO NMOCTPOCHHIO HE NPHHAIJIEXKHT HH ONAHOMY H3
MHOXeCTB M, ciefoBaTe/IbHO, X & U M,, T.e. R+~ U M,, B mpo-
n n

THBOPEUHH C TPEANOJOKEHHEM,

B uyacTHOCTH, 8CAKGe NOAHOE METpuuecKoe RpPOCTPAHCT8O Ge3
U3B0AUPOBAHHBLX TOYEK Hec4eTHO. JleACTBUTENbHO, B TAKOM IIpO-
CTPAHCTBe KaXJ0e MHOXECTBO, COlepxKallee JUIIbL OJHY TOYKY, HH-
riae He IJIOTHO.

4, TNlononnenue npocrpancrea. Eciau npocrpaHcTso R He moJHO,
TO €ro Bcerja MOXKHO BKJIOYHTb HEKOTOPBIM (H, IO CYLLECTBY, €IHH-
CTBEHHBIM) CIIOCOGOM B IOJHOE IPOCTPaHCTBO.

Onpenenenne 2. [Tyctb R — MeTpHuecKOe NPOCTPAHCTBO.
Tlonnoe MeTpHuecKOoe MPOCTPAHCTBO R* Ha3bIBaeTcsl NONOAHEHUEeM
npocTpaHcTBa R, ecn:

1) R sBasiercs MOANPOCTPAHCTBOM MPOCTpaHCTBa R*;

2) R sciony miaotHo B R*, 1. e. [R] = R*.

(31ech [R] o3HauaeT, eCTeCTBEHHO, 3aMblKaHHe NPOCTPaHCTBA R
B R*)

Hanpumep, nmpocTpaHcTBO BCeX AeHCTBHTENbHBIX YHCeJ SIBJSETCS
TOTOJIHEHHEM TIPOCTPAHCTBA PALlHOHAJBHBIX YHCEJ.

Teopewma 3. Kaxdoe merpuueckoe npocTpancrso R umeer no-
noaxeHue, U 3TO NONOAHeHUe eOUHCTBEHHO ¢ TOYHOCTbIO 00 w3oMeT-
puu, octasasoueld Heno0suNCHuMU TOUKY U3 R.

HokasartenbctBo. Haunem ¢ exunctBednoctu Ham
HYXHO 10Ka3aTb, YTO ecJH R* u R** — 1Ba NOMOJIHEHHSI NPOCTPaH-
ctBa R, To cyllecTByeT Takoe B3aHMHO OJHO3HAYHOE OTOOpaXKeHHe
@ npoctpaHcTBa R* Ha R**, uto

1) ¢(x)= x nna Bcex x =R,

2) ecnu x* <> ™ u y* <> y**, 10 (X% y*) = pa(x**, y**), rne
01— paccrosiHie B R*, a pp— pacctosiHue B R**.

OrobpaxeHue ¢ omnpefensiercs cjaexylomum o6pasom. Ilycrts
X* — npousBoJbHas Touka U3 R* Toraa, mo onpeneseHuio momoJiHe-
HiUsl CYIeCTBYeT IOCJIe0BaTEbHOCTh {X¥n} TOUEK U3 R, cxopsimascs
K x* Touku {x,} Bxomsar u B R**. Tak kak R** mosno, to {xn} cXo-
aurcsi B R** kK HekoTopo# Touke x**. YcHo, uto x** He 3aBHCUT OT
BoIGOpa MOCAeN0BATENBHOCTH {Xn}, cxomsamiericss B Touke x*. Iloso-
KuM @(x*) = x**. OTo6pakeHHe ¢ H eCTb HCKOMOE H30MeTpHUeCKOoe
oTo6paxkeHnue.
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JleHCTBHTEIBHO, N0 MOCTPOEHHIO @(X) = x aJs Bcex x &= R. [la-
Jee, NycThb

{x,}—>x* B R* u {x,}—x* B R™,
{y. 3=y B R un {y.}—>y™ B R™
TOr/la B CHJY HENPEepPHIBHOCTH PACCTOSTHHUS,
o1 (¢%, ¥*)= lim p, (x,, y,) = lim p (x,, y,)
n-»oo n=»oo
H, aHAJOrH4HO,
P2 (£, ¥**) = lim p, (x,, y,) = lim p (x,, y,).
n=»oo n-»oo

CJ'IeIIOBaTeJIbHO’ . - o e
pl(x » Y )=p2(x » Y )-

JlokaxeM Tenepb CylleCTBOBaHHe nonoanenus. iges atoro
JIOKa3aTesIbCTBA Ta Xe, YTO H B KaHTOPOBOH TEOPHH AeACTBHTE/b-
HbIX unces. ITomoxkeuHe 3nech faxe Npolle, yeM B TEOPHH JEHCTBH-
TeJbHBIX YHCeJ, TaK KaK TaM IJisi BHOBb BBOJHUMBIX OGBEKTOB — M-
palHOHAJNbHBIX YHCces — TpebyeTcsl ellle ONpefeduTh Bce apudmeru-
yecKue ofnepalHu.

ITycts R — npoH3BosibHOE MeTpHYecKoe npocrpancrBo. Hasosem
IBe dyHIaMeHTaJbHbIE [10CTeA0BaTeNbHOCTH {;cn} u {x;} u3 R sxsu-

BaJieH THBIMH (0603Haquﬂe {xn} ~{x;}), ecJd lniTuop (xn, x;) = Q.

HasBaHue «3KBHUBAJEHTHOCTb® ONPAaBAaHO, MOCKOJbKY 3TO OTHOIE-
Hue pedJieKcHBHO, CUMMeTpHYHO U TpaH3uTuBHO. OTciofa cienyer,
uT0 BCe yHIaAMeHTaJbHble MNOCJEeJOBATEJbHOCTH, KOTOPble MOXHO
COCTaBUTb U3 TOYEK NMpOCTpaHCcTBa R, pacnafamoTcs Ha KJ1acChl 3KBH-
BaJIEHTHHIX MeXAy co6oi nocienoBatebHocTell. Onpenenaum tenepb
npocTpaHcTBO R*. 3a ero TOYKH Mbl MPHMEM BCEBO3MOXKHBIE KJIACChI
3KBHBAJIEHTHBIX MeXAy co00i (QyHAaMeHTaJbHBIX MOC/AeL0BaTeabHO-
CTeH, a pacCTOfAHHE MeXAY HHMH 3alaauM C/aeAylolliuM o6pa3om.
Ilycts x* U y* — gBa Takux Kjacca. BoiGepeM B KaXXAOM H3 3THX
KJ1aCcCOB IO OJHOMY MpeACTaBUTENIO, T. €. IO HEKOTOPOH ¢yHAaMeH-
TaJbHON MOC/eN0BITENbHOCTH {Xn} U {yn}. TTomoxum ')

Y (x.’ y‘) = r}_‘:{l o (x4, yn) (3)

JloKkaXkeM KOPPEKTHOCTb 3TOrO OMNpeleseHUsl PaCCTOSIHHS, T. €.
NOKaxeM, 4YTo npezen (3) CyILeCTBYeT H He 3aBHCHT OT BriGopa
npencrasurenell {x,} € x* u {y.} = y*.

B cuny HepaBencrBa

10 Ens Y) — 0 s Yrm) | <0 Ky Xs) + 0 Yrs Yrm) (4)

1) Yro6hl He YCJOXKHATL 3aNHCh MBl 0603HayaeM paccTosHHe, B R* TeM xe
CHMBOJIOM P, YTO M DPACCTOSHWE B HCXOLHOM NpOCTpaHcTBe R.
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noJiyuaeM, 4To AJisf BCeX NOCTAaTOYHO 60sibIINX 1 U M

|0 (Xns Yn) — 0 (Xm, Ym) | <e,
TaK Kak nocjaefoBateabHOCTH {¥,} u {yn} dyHIaMeHTalbHbIE.
TakuM 06pa3oM, NOCAENOBATENbHOCTb [AEHCTBUTENbHBIX YHCEN
Sn = p(Xn, Yn) yHOBIeTBOpsieT KpuTepuio Kowwu u, cieposaresbHo,
HMeeT Ipejed.
70T npefen He 3aBUCUT OT BhGopa {x.} = x* u {y»} = y*. [ei-
CTBHTEJbHO, YCThb

{rd =2t ow {u} sy
"BuikaaiKa, B TOYHOCTH aHaJjJoruyHas (4), gaer
| p (xn’ yn) -0 (x:l’ yf,) l < p (xn’ x;) + p (y,,, yf,)
TlockonbKy {xn}~{x;} u {y,}~{y,}, orciona crenyer, uro
lim o (x,, y,)= lim o (x;, 4,)-

IokaxeM Tenepb, uTO B R* BLINOJHEHB aKCHOMBI METPHUYECKOTO
TIPOCTPAHCTBA.

Axcuoma 1) HemocpeICTBEHHO BBITEKAeT W3 ONpejeJeHHs] SKBH-
BaJeHTHOCTH GYHIAaMEeHTaJbHBIX NOC/AEI0BATENbHOCTEH.

Axcuoma 2) oueBHiHa.

[TpoBepuM Tenepb akCHOMY TpeyrojbHHKAa. Tak Kak B HCXOTHOM
npocTpaHcTBe R akcMoMa TpeyroJbHHKA BLINOJHEHA, TO

0 (X, 2,) <P (X5 Yn) + 0 (Yns 20)-
Tlepexonms x mpegpeny mpu n —> 0o, NnojayyaeM
lim p (x,, 2,) << lim p (x,, y,) + lim p (y,, 2,),
n->eo n-»oo n—>»oo
T. €.

p(x*, 2)<<p (X", ¥") + 0 (4", 2°).

IloxkaxeM Temnepb, yTo R MOXHO paccMaTpuBaTh Kak MOANPO-
CTPaHCTBO NMpoCcTpaHcTBa R*.

Kaxnoi Touke x & R oTBeuaer HeKOTOPHIA Ki1acC SKBHBAJEHT-
HbHIX (QyHJaMEHTAJbHLIX II0CNeNOBAaTEbHOCTEN, HMEHHO, COBOKYII-
HOCTb BCEX IOCJAENOBATENbHOCTEH, CXOASALIMXCA K TOYKE X. ITOT
KJacC HemycT, MOCKOJNBKY OH CONEPKHT CTalHOHAapPHYIO MOC]eN0Ba-
TeJbHOCTb, BCE YIeHbl KOTOPO# paBHb X. [Tpu 3ToM, ecan x = lim x,
HYy= 11m Yp, TO n> o

p(x,y)=lim p (x,,, Yn)-
n->oo

CaenoBarenbHO, COOTHEC KaxIo# TouKe x & R Kiacc x* cxons-
WHXCcA K Hefl PyHJaMeHTaNbHBIX [TOC/eI0BATENbHOCTEH, MBH H30MET-
puueckn oro6pasuM R B mnpoctpaHcTBo R*. B nanbHehimieM MhI
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MCXKEeM He pasjuyaTb CaMO NpocTpaHcTBO R H ero o6pa3 B R* y
paccmartpuBaTh R KaK MOANpPOCTPaHCTBO B R*

IloxaxeM Tenepb, 4TO R BCIOAY IVIOTHO B R*. [leficTBHTENbHO,
nyctb x*— HekoTopas ToukKa H3 R* u ¢ > 0 npousBosabHO. BriGe-
peM B x* mpeACTaBuTeNs, T. €. HEKOTODYIO yHAaMeHTa/NbHYIO IIOC/Ie-
JOBaTeNbHOCTb {X,}. [IycTe N TakoBO, UTO p(Xn, Xm) << & AJA BCEX
n,m > N. Torga umMeem

0 (4, )= lim p (x,, %) e
m-=»oo

npu n > N, T. e. IPOH3BOJbHAA OKPECTHOCTb TOUKH X* CONEPKHT He-
kotopyto Touky u3 R. Takum ob6pasoM, 3aMbikanve R B R* ectb
BCe R*.

Ocraercs moka3aTb noJHOTY R*. 3aMertum, mpexie BCero, 4to
no noctpoenuio R* mobas dyHmameHTanbHas MOCIEA0BATENbHOCTD
X1, X2, ..., Xn, ... TOYEK M3 R cxomuTcsa B R* K HeKOTOpOd ToOuKe,
a MMeHHO, K ToYKe x* & R* onpejensiemofi camofi 5Toil mocjenoBa-
TeapHOCTbIO. Jlasee, Tak Kak R NJIOTHO B R*, 0 nns mo6oh dyupa-
MeHTaJbHON I0CJAeI0BATEJIbHOCTH X), X, ..., x;, ... ToueK H3 R*
MOKHO HOCTpOHTb 35KBHBAJEHTHYIO el N0C/ae10BaTeNbHOCTD X1, X2, . . .

, Xn, ... To4uek u3 R. Has storo J0CTATOYHO B KAUECTBE Xn B3ATH
moéy}o TO‘{KV u3 R, Takylo, uTo p(x X )< 1/n. TlocTpoennasi no-

C/Iel0BATENBHOCTE {Xn} beHIlaMeHTa.HbHa B R u, no OnpesesenHio,
cxofuTCsl K HekoTopofi Touke x* & R* Ho rtorma x x* cxomurca u
moc/1eoBaTeNbHOCTb {X,}. :

§ 4. Npununn cxumalomux otro6paxxeHni
H €ro NPpHMEeHEHHs

1. MpuHuMn cxXUMawinx orob6paxenuii. Psax Bonpocos, cBsi3aH-
HBIX C CYLIeCTBOBAHHEM H €JHHCTBEHHOCTBIO pelleHHH ypaBHEeHHIl
TOrO HJIM HHOrO THNa (HampuMep, Au(depeHIHaNbHEIX YPaBHEHHH),
MOKHO COPMYJHPOBATDH B BHJE BONpPOCA O CYILECTBOBAHHH H €HH-
CTBEHHOCTH HEIOJBHKHOH TOUKH IIPH HEKOTOPOM OTOOPaKeHHH Co-.
OTBETCTBYIOLIEr0 METPHUYECKOro TpocTpaHcTBa B cebs. Cpenm pas-
JINUHBIX KPHTEPUEB CYILECTBOBAHHS H €MHCTBEHHOCTH HENOBHXHOIT
TOUYKH NPH TAaKOro pojfia OTOOpaXKeHHAX OAMH M3 NPOCTeALIHX U B
TO Ke BpeM$sl HauGoJsiee BaXKHbIX — TaK Ha3blBaeMblH Npuxyun cocu-
marouyux orobpaxcerud.

ITyctb R — merpuueckoe mpoctpaHcTBo. OrtoGpaxenue A4 mnpo-
CTpaHcTBa R B ce0s1 HA3bIBAGTCS Cocumaroujum oTobpasienuem, uiu
KOpoue, Coaruem, eClU CyIeCTByeT Takoe uucao a << 1, 4to aas
JIOGBIX JABYX TOUEK ¥, ¥ & R BHIIIOJHSETCS HepaBeHCTBO

p(Ax, Ay)<op (x, y). (1
Besikoe cxkuMalollge otoGpaxenue HenpepbiBHO. [leficTBuTeNbHO,
€eJH Xn—>X, T0 B cuay (1) u Axn - Ax.



4] MPHHUMAIT CKUMAIOUIUX OTOBPAKEHUA U EI'O MPUMEHEHHS 75

Touka x Ha3blBaeTCA HenodsuxHoi Touxkod oToGpaxenus A,
ecai Ax = x. Haue roBops, HENMOABHXXHBIE TOYKH — 3TO pPellEHHS
ypaBHeHHs Ax = x.

Teopema | (IlpuHumun cxKHMalomWHX oTo6Gpaxe-
H U #1). Beakoe cocumaroujee orobpascenue, onpedesennoe 8 NOAHOM
MeTpuvecKom npocTpancrTee R, umeer 00HYy U TOALKO OOHYy Heno-
OBUNCHYIO TOYKY.

HdokasarteabcTBo. Ilycth Xo— npousBosbHass Touyka B R.
TlonoxuM x; = Axy, X9=Ax;=A2%xy u 1. A.; BoOOWWE, X,=—
= Axn_, = A"xo.

ITokaxkeM, YTO TOCJEJOBATENBHOCTb {Xn} (yHAaMeHTa bHASA.
JlelicTBHTENBHO, CUHTAST [IJsl ONPENEeJEeHHOCTH M == N, HMeeM

Y (xm xm) =p (AnxO’ Amxo) < anp (xO, xm—n) <
< o {p (xO, xl) +p (xlv x2) + ... 4o (xm—'n'—lv xm—n)} <
n _ 1
<o (5o, x){l +at+a?+ ... e} <amp (X, X)) 75 -

Tak kak a << 1, To MpH LOCTATOYHO GOJBIIOM 71 3TA BeJHYHHA CKOJb
yroaHo mana. B cuay nosHotsl R moc/ienoBaTenbHOCTb {Xz}, Oyayuu
<¢yHraMeHTanbHOH, uMeeT npeaea. [lomoxum

x=lim x,.
n-»oo

Torma B cusy HenpepelBHOCTH oToGpaxenus 4

Ax=A lim x,= lim Ax,= lim x,+, =x.
n-»oo n-»oo n-»o

Urak, cyuecTBOBAaHHe HENOABUKHONA TOYKH AoKasaHo. [o-
KaxeM ee eJHHCTBEeHHOCTb. Ecan

Ax=1x, Ay=y,
TO HepaBeHCTBO (1) mpHHHMaeT BHJ
px, y)<Sap(x, y);
TaK Kak a << 1, oTCl0a caemyerT, uTo
p(x, y)=0, T.e. x=y.
Ynpaxuenne IlokasaTb Ha npuMepe, u4TO oTOGpaxeHHe A, YHOBJIETBO-

pstomee yeaoBuio p(Ax, Ay) << p(x, y) AN BCex X 5= Yy, MOXKET HE HMETb HH Of-
HOH HEMOABHXXHOH TOYKH.

2. MpocTedilide NPHMEHEHHS NPHHUMNA CKHUMAIOIWHKX OTOGpaxKe-
Hiui. [IpHHIHD CXXHMAIOUIHX OTOGpaXKEeHHH MOXHO TPHMEHSTb K JO-
KasaTteqbCTBY TEOpPEM CYLIECTBOBAHHMS W €AHHCTBEHHOCTH pelleHHH
AJ1si ypaBHeHHH pasiMyHbiX THHOB. TloMHMO HOKasaTesbcTBa Cylile-
CTBOBaHHS H €IHHCTBEHHOCTH pPelleHHs ypaBHeHHs] Ax = X, IPHHIHI
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CXXHMAaIOWHUX oToOpaXxKeHHHA AaeT H paKTHUECKHH MeTOoA MPUGIHKEH-
HOTO HAaXOXAEHHS 3TOro pellleHHs (MeTOJ NOCJENOBATEJb-
HB X NpHOGAHXKeHHH). PaccMOTpHM caelylollHe NPOCThble MpPH-
MepBL.

1. Ilycrs f — dbyHkuusi, KoTOopas onpeaeseHa Ha cermente [a, b),
yZIOBJeTBOPsieT ycaoBHIo JInnunua

[F 2 — FOH< K| xp—x, ),

¢ koucrautoii K << 1 u orto6paxkaer cerMeur [a, b] B ce6sa. Torna f
€CcTh CXKHMalollee OTOOpaXKeHHe H, COIVIACHO [OKAa3aHHOH TeopeMe,
NocJefl0BaTeJbHOCTD Xo, X1 = f(%0), %2 =f(x)), ... cxomuTcs K
e/IHHCTBEHHOMY KOPHIO YpaBHeHHs x = [(X).

B 4acTHOCTH, yC/OBHE CHMAaeMOCTH BBHIIIOJIHEHO, eC/H (QYHKIHS
uMeer Ha cerMente [a, b] mpoussoanyo ['(x), npuuem |’ (x)|<<
<K<l

Ha puc. 9 u 10 n3o6paxen xoA nocaefoBaTeJbHBX NPHOIHKe-
Huil B caydae 0 < f/(x) < 1 u B cayyae —1 < f'(x) < 0.

y 5 5
f y . ;
)
)
1
I ’ f18) Lt %
P /i
fia e Ll
a el a Ly
AT P !
e | L)
a ezny 5 5 4oz o ez zrTRE b2
Puc. 9 Puc. 10

Ilycts Temepp, MbI HMMeeM [e/l0 ¢ ypaBHeHHeM Buaa F(x)=0,
npuueM F(a)<<0, F(b)>0un 0 < K, < F'(x) < K; ua [a, b]. Bse-
neM ¢yHkuHio f(x) = x — AF(x) u GyleM HCKaTh pelieHHe ypaBHe-
Husag x = f(x), paBHOCHJbHOro YypaBHeHHi0 F(x)=0 npu A=0.
Tak Kak [/ (x)=1—AF/'(x), 10 1 —AK; < (x)<<1—AK; u ue-
TPYAHO moAo6paTh YHCJIO A TaK, 4TOOB MOXHO GbLJIO AefiCTBOBATH
METOMIOM MOCJe[0BaTEeNbHbIX NPHOJHKEHUH. DTO — pacnpocTpaHeH-
HBI MeTOJA OTBICKaHHS KOPHS.

2. PaccmoTpum oTo6paxkenne A n-MepHOro npocTpaHCTBa B ce6d,
3ajiaBaeMoe CHCTeMOH JHHEHHEIX YpaBHEHUH

n
y,=lzla”x,+b, (i=1, 2, ey ﬂ).
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Ecnu A ectb cxKaTHe, TO MBI MOXeM NMPHMEHHTh METOA NOCIEN0-
‘BaTeJbHHX NPHOAMKeHH K pellleHHI0 ypaBHeHus X = Ax.

IIpn kakux ke ycaoBuax oto6paxenne A Gymer cxxkaruem? Or-
BET Ha 3TOT BONPOC 3aBHCHT OT BHOOpPA METPHKH B NPOCTPAHCTBE.
PaccMoTpuM TpH BapHaHTa.

a) Ipocrparcteo R, T. e. p(x, y)=1max lx;i —yi b

<i<n

P, y) =max|y; — yf | =max| X a, (] = *])| <

Qm?x%:]a””x;—- xi <miaxzj‘,|a” |m?x|x;—x” =

= (max 2 lay I) o (x’, x”).
i T

.OTCI0Aa YCIOBHE CXKHMAEMOCTH

' §l|a,,|<a<l, i=l1, ..., n (2)
6) Ilpoctpancreo RY, T. e. p(x, vy)———-é:llx,—yi s

Py, y") = Zl: lyi—vi|= Z‘: | Z_‘, a, (xj—x

<TT|ayl5—5|< (max T |a,[) (o, 2.
1
OTC}OlIa YCJa0BHE CXKHMAEMOCTH

Zila,,|<a<l, i=1 ..., n 3)

<

-
B) ITpocTtpancteo R”, T.e. p(x, y)= ’\/Z (x; — y:)%. Ha ocHo-
i=l
BaHHH HepapeHcTBa Kowmn — ByHAKOBCKOTO nmMeeM

e =2 (T a, (=) <(TTay) o, 2.

Orciona yc/l0BHE CXKHMAEeMOCTH

2
yYayse<l 4)
i
Takum o6pa3oM, ecim BHINOJHEHO XOTSi Obl OJHO U3 YCJOBHI !)
(2)—(4), To CyumecTByeT OfiHA H TOJbKO OAHA TOYKA (X, X2,..., Xn)
') B uwacTHOCTH, H3 Jo6oro H3 ycoBHA (2)—(4) BHTEKaeT, YyTO
an'—] aia oo Q1n

a; 022‘""] ves Qop

any Qng ves gp—1
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n
TaKas, 4To X;== ), @;X; -+ b;, IpHUEM NOCAeIOBATENbHbIE npubJu-
=t

XKEeHUA K 3TOMY pelleHH}0O HMEIOT BH]I

xO = (0, x{, ..., ),
0= (x{, 0, ..., D),
B = (xp, xP, ..., xB),

I‘lle n

a B kavectse x@ = (x{, ..., x0) moxHO B3aTH M0GYIO TOUKY H3 R™.

Kaxpoe u3 ycaoBuit (2)—(4) LoCTaTOYHO AJIA TOro, 4YTo6Hl
oto6paxenune y = Ax 6bl10 cxkKaTHeM. OTHOCHTENbHO YCJI0BHH (2)
1 (3) MOXHO 6blIO Obl J0Ka3aTb, YTO OHH U HEO G XO L UM Bl AJs
TOro, uTo6bl oToGpaxenue y = Ax GblIO CXKaTHeM (B CMBICJE MeT-
PHK a) HJAH 6) COOTBETCTBEHHO).

Hu onuo u3 ycnoBuit (2)—(4) He He0OGXOAHMO NJis HPHUMEHHMO-
CTH MeTOJa MOCJAeN0BATENbHBIX PUOIUKEHHH.

Ecnu |ai;| << 1/n, 10 BCe TpH yca0BHs (2)—(4) BHINOJHEHBI H
METOJ MOCJaeNOBaTENbHBIX NPUGIHKEHHN 3aBeJOMO IPHMEHHM.

Ecau |aij| = l/n, 10 un omno u3 ycnosuii (2)—(4) He BHINOJ-
HeHo.

3. Teopembl CylIeCTBOBAHHA H E€AHHCTBEHHOCTH AJs Auddepen-
LHAJbHBIX YpaBHeHHH. B npeabiaymieM NyHKTe OblIH daHbl 1Ba Ipo-
cTefllUMX NpHMepa NpPHMEHEHUs NPUHUHNA CHUMAOUHNX 0TOOpaxKe-
HUH B OLHOMEDPHOM H B n-MepHOM npocTpaHcTBax. OfHaKo Hauboee
CYLLECTBEHHbl [Jisl aHaJu3a NMPHMeHEHHS 3TOro NMpHHIHKNA B 6ecKo-
HeYyHOMepHbIX (YHKIHOHAJABHBIX NpocTpaHcTBax. CeHuac Mbl IOKa-
JKeM, KaK ¢ ero NOMOLUbID MOXKHO [OJYYHTb TeOpeMbl CYllecTBOBA-
HUS M eJHHCTBEHHOCTH pelUeHHsl JJs HEKOTOPBIX THIOB AuddepeH-
LHaJbHBIX U HHTErPaJbHBIX YpaBHEHHUH.

1. 3anava Kowwu. Ilycrs nano nuddepenunasbHoe ypabHe-
HUe

d
L=f(x9) _ (5)
C HayaJabHbIM YCJIOBHEM
Y (x0) = Yo, (6)

npuueM (yHKUMA [ ompeneneHa W HempepblBHA B HEKOTOPOH IIO-
cKkoft o6snactu G, comepiKaluefl TOUKY (Xo, Yo), U yROBJETBOPSET B
310l 06/1aCTH ycaoBHio Jlunmuna no y:

[, y)— (x50 IS M|y — yal.
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JlokaxkeM, uTo TOrja Ha HEKOTOPOM CerMeHTe |x¥ — xo| << d cy-
IIECTBYET, H NPHTOM TOJBKO OJHO, pelleHHe y = @(x) ypaBHEHMS
(5), ynoBieTBopsiioliee HauajJbHOMYy YycaoBuio (6) (reopema ITu-
Kapa).

YpaBHenue (5) BMecTe ¢ HavaJbHBIM ycioBHeM (6) 3KBHBaJeHT-

HO HHTErpajbHOMY YpaBHEHHIO :
X

o) =g+ Tt o®)at. (7)

X

B cuay HenpepuBHOCTH GyHKUHH [ uMeeM |f(x, y)|<< K B Hekoro-
poii o6nactn G’ < G, cofepxalielt TOUKy (Xo, Yo). IlonGepem d >0
TaK, YTOGH! BBINOJIHSAIUCh YCAOBUS:

) (x, )= G, ecnu |x— x| < d, |y — yo| < Kd;

2) Md < 1.

O6o3nauyuM uepe3 C* mpoCTPAHCTBO HENMpPEpBLIBHBIX (YHKIHH @,
onpeleseHHBIX Ha cerMeHTe |x—xo|<<d u Tawkux, uro |@(X)—
— yo| < Kd, ¢ Metpukoli o (@), p) = max| @ (¥) — ¢z (x) |

TIpocrpancTBo C* moJHO, TaK KaK OHO SIBJISIETCS] 3aMKHYTHIM 1OJI-
MPOCTPAHCTBOM IOJHOTO MPOCTPAHCTBA BCEX HENMPEPLIBHBIX QYHKIHI
Ha [xo — d, %o+ d]. Paccmorpum oro6paxeunue P = A, onpeneise-
Moe dopMyJIoH

X
YW =yo+ {Ft, ),
o
rae |x—xo| << d. 3ro oToGpaxeHue NEePEeBOAHT MOJHOE NPOCTPaHs
crBo C* B ceGa ¥ siBasieTcst B HeM cxkKatHeM. JleficTBHTENbHO, NYCTh
e C* |x— x| < d. Torna
x

{f e o@at

Xa

[ (x) — yo|= < Kd

H, cregosaredbHo, A (C*) < C*. Kpome roro,
x

() — 9, 1§17 00 (0) — F (8, @ult) 1at <

<Md mfxl @1 (%) — @ (x) |

Tak kak Md << 1, to A — cxarue.

Orciojia BEITEKaeT, UTo ypaBHeHHe ¢ = A¢ (r. e. ypaBHeune (7))
UMeeT OJHO M TOJIBKO ONHO pelleHHe B mpocTtpaHcTBe C*,

2. 3anaua Komu nas cucreMb ypaBuenuil. Ilycrs
naHa cucreMa AupdepeHIHaNbHEX ypaBHEeHUH

o= ®, ..., 9,() i=1,2 ...,n (8)
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C HA4YaJIbHbIMH YCJOBHAMH

(pi(x0)=y0i» i=l’ 2’ ceey, T, (9)
npuyeM QyHKUHH f; ONpeenersl U HENpepLIBHBI B HEKOTOPOH 06Ja-
ctu G npocrpaHctBa R™*°, comepiKaiue#t TOYKY (Xo, Yoi, ---» Yon),
H yIOBJETBOPAIOT ycJa0BHIO Jluniuuna

|FoCe o0, o ) = F5, 42 ey o) [<SM max |4 — 2.

JlokaxeM, 4TO TOTla HAa HEKOTOPOM cermente |x — xo|<<d cy-
ILeCTBYET OJHO H TOJIbKO OJIHO pellleHHe HayasbHOH 3anauu (8), (9),
T. € OflHa M TOJIbKO OfIHA CHCTeMa QYHKUHA @i, YLOBJETBOPAIOMIHX
ypaBueHusaM (8) u HavanoHbIM ycaoBuaM (9).

Cucrema (8) BMecTe ¢ HauaJbHLIMH YC/IOBHSIMH (9) 3KBHBaJjeHT-
Ha CHCTEMe HHTErpajbHbIX YpaBHEHUH

x

o W=yu+ (Lo, ..., 0.0 dt, i=1,..., n (10)

Xa

B cuay HenpepbiBHOCTH QYHKUHH f; OTPaHHYEHb B HEKOTOPOH 06-
aactu G’ < G, comepxaued TOYKy (Xo, Yo1, ..., Yon), T. €. Cylie-
cTByeT Takoe nocrosiuHoe uucao K, uto |fi(x, yi, ..., yn) | < K.

[TonGepem d > 0 Tak, yTOGH! BBINOJHAJUCH YCAOBHS:

l% x y, ..., yn)e G, ecmu |x—xo| < d, |y — yoi| < Kd,;
i= , 1

2) Md <.

Paccmorpum npoctpanctso Cr, 31eMeHTaMH KOTOPOTO SIBASIOTCA
Habopel ¢ = (@, ..., Pn) U3 n GYHKUMH, ONpefe/eHHBIX H Hempe-
PHIBHBIX TNDH ﬁx—xo| < d, ¥ TaKuX, 4T0 |P:i(*¥) —yoi| << Kd. Onpe-
IeJiuM MeTpHuKy dopmy.ioi

p(p, V)= rg,aiXI @ (x) — b (%) I

BeeznenHoe mpoctpaHcTBo monuno. Oro6paxenue P = Ag, 3ana-
BaeMoe CHCTEMOH paBeHCTB

b =yo+ it @ ®, .., v ()t

Xo

eCcTb CXKHMarolllee oToOpaKeHHe MOJHOro mpoctpanctsa C, B cebd.
JleiicTBHTEMBHO,

¥ () — ¥ () =
SUUQNhnuWW%4ﬂ¢WL~WWWHﬂ
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H, CJ1€10BAaTEJAbHO,

max | §{" () — $f? (x)| < Md max| of" (x) — 9f? (x) |.

OTtobGpaxenne A — cxumalontee, nockovibky Md << 1.

Orciona BeiTeKaeT, YTO ONEPAaTOPHOE ypaBHEHHE @ = Ag umeer
OJIHO H TOJIbKO OJHO pellieHHe B npoctpancrse Ch.

4. MpumeHeHHe MPHHUHNA CHHUMAIOMHUX OTOOpa)KeHHil K HHTe-
rpajbHbIM ypaBHEHHAM.

1. YpaBHenusa ®pearoabma. IlpuMenum Temepn Meron
CKUMAWIUIUX OTOOpa’KeHHH /s [0Ka3aTesJbCTBA CYLLECTBOBAHHS H
eJMHCTBEHHOCTH pelIeHHsi HEOAHOPOAHOro JIMHEHHOrO HMHTErpaJsbHO-
roypaBHeHus ®pexrosbma BToporo poaa, T. €. ypaBHEHHs

b
f=2{Kx 910 dy+ow, (1)

rae K (Tak uasbiBaeMoe 20p0) u @ CyTb AaHHbie QYHKIMH, [ — HCKO-
Masi GyHKIHSA, a A — NPONU3BOJbHBIN MapaMeTp.

Mbi yBHAMM, YTO Hall MeTOJ NMPUMEHHM JIHLIb NPH AOCTATOUHO
MaJsiblX 3HAUEHHUSIX mapameTpa A.

IMpennonoxum, uto K(x, y) u @(x) HenpepbiBHBI NPH @ << X << b,
a<<y<<b u, caenosarensro, |K(x, y) | << M. PaCCMOTpHM oto6pa-
KeHne g = Af nosnoro npoctpancrBa Cla, b] B cefs, 3apaBaemoe
dopmyson

b
g@=2{K(x 9 @dy+o.

Hmeem
e (g, gg)—maxlgl(x) gz(x)l [A| M (b— a)max|f, (x) — fa (x) .

Crnenosartesbho, npu A < —— M(b )
W3 npuduuna CKAMAOMWAX OTOGpaXKeHHH 3akjaiuaeM, 4TO /A
BCAKOro A ¢ | A <7V1(b—) ypaBHeHue Ppenrosbma uMeer enuH-

CTBEHHOE HelpepbiBHOE pemeﬂne [MocnenoBaTtenbHble MPUOAKKEHHS
K 9TOMY pelieHHo fo, f1, ..., fn, . .. AMEIOT BHI

oto6Gpaxenne A — cxuMamwollee,

b

Fa =2 { K (5, 9) foms (0) dy + o),

rie B Kayectse fo(X) MOXHO B3AThb /06YI0 HENPepbBHYIO DYHKIHIO.
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2. HennuefiHble HHTerpaJdbHbBe ypaBHeHUA Ilpuu-
IUT CXKUMAWILHX 0TOOpaKeHHH MOXKHO NMPHMEHUTb U K HeJTHHe f-
HOMYHHTerpaJbHOMY YypaBHEeHHIO BHLA

b

PO =2 K (x, 4 F ) dy + 0 (), (2)

a

rae K 1 @ HempepbiBHbL H, KpoMe TOro, Aapo K yloB/IeTBOpSET yCI0~
Buio JInmuwnna no cBoeMy «GbyHKUHOHAJbHOMY» apryMeHTY:

[K(x, y; 2)) — K (x, y; 2) IS M| 2, — 2.

B stoM cayuae asis orobpaxenuss g = Af nomnoro mpoctpaHctBa
Cla, b] B ce6s, 3anandoro dopmyaoi
b

g()=2{K( 5 F)dy+ o), (13)

a

HMeeT MeCTO HepaBeHCTBO
max| g (x) — g (x) IS A M (b — a) max| f; (x) — f2(x) |,

rae g1 = Af,, g2 = Af.. Caenosartesnbho, npu |A| <7\4_(17]:71—)' 0TO~
6paxenne A GyleT CXKUMAIOLIHM.
3. YpaBHeHus BoabTeppa. Paccmorpum, HakoHen, HHTe-

rpajbHOe ypaBHeHHe Tuma BoanTteppa
Foy =2\ K@, 0)f@)dy+ o). (14)

3nech, B oTnHuHe OT ypaBHewu#l Ppearonbma, BepXHHH npejies B
HHTerpaJie — nepeMeHHas BeJlHuHHAa X. PopMaJbLHO 3TO ypaBHeHHE
MOXHO pacCMaTpUBaTb KaK YacTHBIH cayuail ypaBHeHuss Ppenrosin-
Ma, goonpenenus ¢yukuuio K paBencrBoM: K(x, y)= 0 npu y > x.

OnHako B cayyae HHTerpaJbHOro ypaBHeHusi Ppenroabma Mu
6bl11i BHIHYXK/IeHbl OTPAHHYHTBLCS MaJbIMH 3HaYeHHsAMH NapaMeTpa A,
a K ypaBHeHUsAM BoJbTeppa INPHHIHI CXHMAIOWIHX OTOGpaxKeHHH
(1 meTon mnocaefoBaTebHbIX NMPUOAHIKEHUH) NPHMEHHM INIPH BCeX
3nauednax A. TouHee, peub HAeT O clefyloliieM 06O6ILEHHH MPHHLH-
na CXKHMMamIIHX oTOGpaKeHHH.

ITycto A — rakoe Henpepvisroe 0TOOpAYEHLLE NOAHO20 METPUYE-
ckozo npocrpancTsa R 8 ceba, 4To HekoTOpas eeo crehenv B = An
ABAAETCA CHaATUEM; TO20A YypasHerue

Ax=x

umeer O0HO U TOABKO OOHO peulerue.
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JleficTBHTE/IbHO, YCTh ¥ — HEMOJABHXHAs TOYKa oToGpamxenus B,
1. . Bx = x. MmeeMm:

Ax = AB*x = B*Ax = B*xy—>x (k— o),

u60 oro6paxeHue B — cxXumaiouiee, a MOTOMY MMOCJAel0BATEIbHOCTD

Bxo, B2xo, B3xy, ... BAf M06Oro xpo & R CXOAMTCH K HEMOABHKHON
TouKe x oToOpaxeHus B. CnenosaTrenbHo,
Ax=1x.

Sra HeMOABHMXHAS TOUKA eAHHCTBEHHA, NMOCKOJBbKY BCSIKas TOY-
Ka, HENOJBHMIKXHASA OTHOCHTEJbHO A, HeNOABHUXHA ¥ OTHOCHTEJbHO
cxuMalouiero oro6paxenus A”, pJs KOTOPOro HEMOABHMKHAS TOYKA
MOXeT ObITh TOJBKO OJHA.

ITokaxem Temnepb, UTO HEKOTOpasi CTelleHb OTOOPaXKEeHHS

X
A =2{K@x @ ay+o®

a

apasiercs: cxkaruem. Ilycts f; u f; — ABe HempepbiBHbIE QYHKIHH HA
otpeske [a, b]. Torna
X

1A ) — A 0 1=121| { K (5, ) (F (9) — R (@) dy | <

a

<A M (x — a) max| f; (x) — fa(x) |.
3necy M==max| K (x, y)|. Orclona
| A3, (1) — 4%, (0) | <[ 2 P M2 2 max | £ (6) — o (x) |

H, BooOlie,
— n _—
A% 00— A ) 1<I AP Mt B2 <y om0
tie m=max|f, () — f2(¥)|.
[Tpu mo6oM 3HAYEHHH A YHCJIO N MOXKHO BHIOPATh HACTOJBKO

G0JIbIUIUM, UTO
[A]"M" (b —a)

n!

<l

Torna oroGpaxenne An Gyner cxkartueM. Mrak, ypaBHeHue Boub-
Teppa (14) npu n060M A uMeeT pellieHHe, W IPUTOM E€IHHCTBEHHOE,

§ 5. Tonosoruyeckue mMpocTpaHCTBa

1. Onpenenenne ¥ NpUMepPbl TOMOJOTHIECKUX MPOCTPAHCTB.
OcHoBHbIE MOHSATHS TEOPUH METPHUYECKUX NPOCTPaHCTB (IipenesbHas
TOYKa, TOYKA NPUKOCHOBEHMS, 3aMblKaHHe MHOXKeCTBa H T. 1.) MBI
BBOJMJ/IH, OMMPASCh HA MOHSTHE OKPECTHOCTH HJIH, YTO, MO CYLIeCTBY,
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TO JKe caMoOe, HA NOHATHE OTKDHITOIO MHOXeCTBa. JTH TMOCAEIHHe
MOHATHA (OKPECTHOCTb, OTKPLITOE MHOXKECTBO) B CBOIO O4epelb On-
peleJIAJINCh C NMOMOLLbIO MeTPHKH, 3aJaHHOH B pacCMaTpHBAaeMOM
npoctpaHcTBe. MoXHO, 01HAKO, CTaTh HA APYrofl MyThb H, HE BBOAA
B laHHOM MHOXecTBe R MeTPHKY, HENOCPEACTBEHHO ONpeNeNHTh B R
CHCTEMY OTKPHITHIX MHOXECTB MNOCPENCTBOM aKCHOM. ITOT MYTh,
obecneynBasi 3HayHTeNbHO 6OJbUIYI0 CBOGOALY AeHCTBHHA, NMPHBOLHT
HacC K TONOAO2U4eCKUM NPOCTPAHCTBAM, TIO OTHOLIEHHIO K KOTODBIM
MeTpPHYECKHe NPOCTPAHCTBA NPEACTABJAIOT COGOH XOTd H BecbMa
BaXXHbIH, HO HECKOJIbKO CNelHaJbHLIA Caydan.

Onpeneanenue. Ilyctb X -— HekoTOpoe MHOMXKECTBO — MpoO-
CTPaHCTBO-HOCHTENb. Tonoaozued 8 X Ha3wiBaeTcs Ji06as cHCTeMa T
ero noaMHoxecTB G, ynoBJeTBopsoouLlas AByM TpeGOBaHHAM:

1°. CaMo MHOXeCTBO X M IIyCTOe MHOXeCTBO & mpHHAaAJexRaT T.

2°, Cymma UGQ 11060r0 (KOHEYHOro WM GeCKOHEyHOro) H.
a
n

nepeceyeHue ﬂ G mo60Oro KOHEYHOro YHCJIAa MHOXECTB H3 T NpH-
k=1

HajaJexar T. :

MiuoxectBo X ¢ 3anaHHON B HEM TONOJIOTHEH T, T. €. napa (X, 1),
Ha3BIBAETCS TOROAOZUHECKUM NPOCTPAHCTBOM.

MHoxecTBa, npHHaAJIeXallHe CHCTEME T, Ha3blBAIOTC OTKPbi-
THIMU.

Tak e Kak MeTpHUECKOe NPOCTPAHCTBO €CTh COBOKYNHOCTL MHO-
JKeCTBa TOYEK — «HOCHTEJS» U BBEJEHHOH B 3TOM MHOXECTBE MeT-
PHKH, TONOJIOrH4eCKOe NPOCTPAHCTBO €CTh COBOKYMHOCTb MHOXECTBA
TOUEK H BBEJEHHOH B HeM TONoJOruH. TakuM o6pa3oM, 3ajath TONO-
JIOTHYEeCKOe MPOCTPAHCTBO — 3TO 3HAYHT 3aJaTh HEKOTOPOE MHOMKe-
cTBo X W 3ajaTh B HeM TONOJIOTHIO T, T. €. YKa3aTb Te IOAMHOXe-
CTBa, KOTOPbIe CUHTAIOTCSA B X OTKPBLITHIMH.

SIcHO, YTO BOHOM H TOM X e MHOXecTBe X MOXHO BBOJIHTb
pasHble TOMOJOTHHY, MpeBpaillas ero TeM CaMbM B pasJHYyHBIE TOMO-
JIOTHYeCKHe npocTpancTBa. Y Bce e TONoJornueckoe npocTpaucTso,
T. e. napy (X, t), Mol 6yneM o6o3Hayath 0 I H 0 it GyKBOH, ckaxem, T.
DJieMEeHTHl TOTIOJOTHYECKOro MPOCTPAHCTBA Mbl GyleM Ha3blBaTh TOH-
Kamu.

Muoxectsa T\ G, NONOJHHTENbHbIE K OTKPHITHIM, Ha3LIBaOTCA
BQMKHYTbLIMU MHOXKECTBAMH TONOJIOrHYecKoro mpoctpancrsa 7. Uz
akcioM 1° u 2° B cuny cooTHoweHHi asoictsenHoctu (§ 1 ra. I)
BLITEKAeT, UTO:

1. Mycroe MHoXecTBO & 1 Bce T 3aMKHYTHL

2. Ilepeceuenue 06GOro (KOHEYHOro WM GECKOHEYHOro) YHCIa
M CyMMa KOHEYHOrO YHCJa 3aMKHYTHIX MHOXKECTB 3aMKHYTHI.

Ha ocHoBe 3THX onpenesneHHil eCTECTBEHHO BBOASATCHA BO BCSAKOM
TONOJIOTHYECKOM IPOCTPAHCTBE MOHSTHS OKPECTHOCTH, TOYKH IpH-
KOCHOBEHNS, 3aMbIKaHHS MHOXecCTBa U T. A. VIMeHHO:
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OxpecTrocToro ToukKH x & T Ha3blBaeTcsi BCSIKOE OTKPLITOE MHO-
xkectBo G < T, conepxauiee TOUKY X; Touka ¥ € T Ha3bIBAeTCA TO4-
Koll npuxocrosenus Muoxectsa M T, ecnu Kaxaas OKpPeCTHOCTb
TOYKH X CONEPKHT XOTS Gbl OOHY TOUKYy H3 M; Xx HasniBaerca npe-
Oeavroli To4Koid MHOXecTBa M, ecin KaXkasi OKPECTHOCTb TOYKH X
COJEPKUT XOTS Gbl OHY TOUKY U3 M, oTaHUHYIO OT X. COBOKYMHOCTD-
BCeX TOUEK NMPHUKOCHOBEHHST MHOXeCTBa M Ha3biBaeTCH 3AMbIKAHUCM
mHoXKecTBa M u o6o3Hauaercs cumBoJioM [M]. Jlerko fokasats (npo-
BEJHTE 3TO [OKa3aTeJbCTBO), UTO 3AMKHYTbie MHONecT8a (onpene-
JIeHHble HaMH BHILle KaK JONOJHEHHS OTKPHITBIX), % TOAbKO ORU,
ydosaersopsior ycaosuio [M] = M. Kak u 8 caydae merpudecxozo
npocTpancrea, [M] ecTo HaumeHowee 3amkHYTOE MHOXKCECTBO, codep-
ascaee M.

Ynpaxuenune. [lokaxure, uTo omepauns 3aMukauus [M], onpeaenesnas

¢ NOMOILIbIO TOMOJIOFHH, 0OJajaeT cBoHCTBaMH 1)—4), chopMyaHpOBaHHHMH B
Teopeme 1 § 2.

[Mpumeps. 1. B cuny teopeMsl 3’ § 2 oTKpPEITHIE MHOXKECTEA BO:

BCSIKOM METpPHYeCKOM MPOCTPAHCTBE YAOBJETBOPSIOT akcHOMam 1° u
2° omnpenesieHHs] TOMOJIOTHYECKOTO MpOCTpPaHCcTBa. Takum o6pasou,.
BCIKOE METPHUECKOe NpPOCTPAaHCTBO $BJAAETCS H TOMOJOTHYECKHM
NPOCTPAHCTBOM.
"~ 2. Ilycre T — npon3Bo/ibHOE MHOXECTBO. ByJieM cuHTaTh OTKPHI-
TBIMH BCE €ro NoAMHoXecTBa. AKCHOMBI 1° H 2° nipu 3TOM, O4YEBHIHO,
BBIITOJIHEHBI, T. €. MBI J1€ACTBHTE/bHO NOJyYaeM TONOJOIHYECKOe Mpo-
CTpaHCTBO. B HeM Bce MHOXeCTBa OIHOBPEMEHHO H OTKDBITH H 3aMK-
HYTHI, H, 3HaYHT, KaXJ0e H3 HUX COBMAJaeT CO CBOMM 3aMbIKaHHEM.
Taxkoii fucKpeTHOH TonoJsiornel obsajaeT, HanpuMep, MeTpHye-
CKoe NpOCTPaHCTBO, YKa3aHHoe B npuMepe 1 § 1.

3. B kauectBe Apyroro KpaHHero cjyuas pacCMOTPUM B NpPOH3-
BOJIbLHOM MHOXecTBe X TPHBHAJNbHYIO TONOJOrHIO, COCTOALIYIO-
TOJILKO H3 JIBYX MHOXeCTB: Bcero X W nycroro MHoxecTBa &J. 31ech
3aMblKaHHe Ka)JOro HeIlyCToro MHoxectBa ectb Bce X. Takos ToO-
MOJIOTHYECKOE NMPOCTPAHCTBO MOXHO Ha3BaTh «APOCTPAHCTBOM CAUN-
WUXC TOHeK>.

4, Mlycte T coCTOMT M3 ABYX TOYeK a H b, mpuYeM OTKPHITHLIMH
MHOMEeCTBaMH MBI CUHTaeM Bce T, MyCTOe MHOXECTBO H MHOXECTBO,.
cocTosiliiee M3 ONHOH TOYKH b. AkcHoMbl 1° u 2° 31eCh BBINOJNHEHHI.
B 3ToM mpocTpaHcTBe (KOTOpOE YacTO HA3BLIBAWOT (8A3HbIM (80eTO-
Yuem) 3aMKHYTH TakHe NMOJAMHOXKeCTBa: BCe T, MyCTOe MHOXECTBO H
Touka a. 3aMbIKaHHe OJHOTOYEeUHOro MHoxectBa {b} ectb Bce 7.

Ynpaxuenne. [locTpofiTe Bce TONOJOrHW B NPOCTpPaHCTBe X, COCTOSILIEM.
B3 JBYX, TPexX, ueThlpex H NATH TOUEeK.

2, CpaBHenne Tonosorui. ITycTo Ha OHOM H TOM e HOCHTele-
X 3ajaHbl [Be TOMOJNIOTHH T; H T2 (TeM CaMbIM ONpejesieHb ‘A B a
TonoJornueckux mnpocrpaHcTBa: Ty =(X,71) #u Ty =(X,13). Mn
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CKa)keM, YTO TOIOJIOTHS T; CUAbHEE, HIH TOHbULE TONOJNOTHH Tg, €CJIH
-CHCTEMA MHOKECTB T2 COJAEPKHUTCS B Tt. [IPO TONOJOrHIO T2 PH 3TOM
roBOpAT, UTO OHA caabee, U epybee, ueM 1.

B coBOKYNMHOCTH BCeX BO3MOXKHBIX TONOJIOTHI MHOKecTBa X ecTe-
-CTBeHHBIM 06pa30M BBOJHUTCS YaCTHYHAS YHOPSAOUEHHOCTb (TOMOJIO-
THS Tz NPeUIECTBYET Ty, €CJAH OHA caalbee, 4eM Ty). B sToH CoBOKym-
HOCTH TOINOJIOTHH eCTb MaKCHMAJbHBIH 3J€MeHT — TONOJIOTHS, B KO-
“TOPOH BCe MHOXKEeCTBA OTKpPHITH (mpuMep 2),— ¥ MHHHMAJbHBIH —
“TONOJIOTHS, B KOTOPOM OTKPBITH ToJMbKO Bce X u & (mpumep 3).

Teopema 1. [lepeceuenue npoussosbHO20 MHONCECTBA TONOAO-

euti T= ﬂ Ty 8 X ecTe TOnoaoeus 8 X. 3ra ronoaozusn t caabee awo-

a
60il uz ronosoeutl t,.
HdokasartenbcTBo. fcHo, 4TO ﬂ T, comepxur X u . Ja-
a

Jiee, U3 TOTO, 4TO KaXK/I0€ T, 3aMKHYTO OTHOCHTEJIBHO B3ATHS JIOOBIX
CYMM H KOHEUHBIX NepeceueHHi, CJeAyeT, 4TO 3THM CBOHACTBOM 06-

JlalaeT H T= ﬂ Ty

a

CaenmcrBue. [lycte B— npoussosbrsii 3anac nOOMHONECTE
MmHoocecT8a X, T020a cyujecTsyer munumasbras tonoroeus 8 X, co-
Jdepxcauwjan B.

JleficTBHTE/IBHO, TOMOJIOTHH, comepxallue B, CyllecTBYIOT (Ha-
npuMep, Ta, B KOTopod Bce A < X otkpwithl). [Tepeceyenne Bcex To-
TOJIOTHH, cOfepXKallux B, H eCTb HCKOMasl. DTa MHHUMAaJbHasl TONO-
AOTHSl HA3bIBAETCS TOIOJIOTHEH, nopoxOenHol cucrtemod B, u. 0Ho-
sriauaerca t(9).

ITyctb X — npou3BoJIbHOE MHOXKeCTBO U A — ero MoAMHOXKECTBO.
Caedom CHCTeMB! MHOXKeCTB ¥ Ha moaMHOXKecTBe A Ha3biBaeTcs CH-
cTeMa B,, cocrosimas 43 noamHoxects Buga A (1 B, B 9. Jlerko
BHEThb, uTo cief (Ha A) Tomoaoruu T (3agaHHol B X) sBasercs
-Tonosioruedl T4 B A. Takum o6pa3oM, BCSIKOe MOJMHOXKeCTBO A Jr0-
60ro TONOJIOTHYECKOTO MPOCTPAHCTBA CAMO OKA3bIBAETCSl TOIOJIOTH-
4eCKHM NPOCTPAHCTBOM. TOMO/MOrHueckoe nMpoctpaHcTBo (A4, ta) Ha-
3bIBaeTcs noOnpoCcTPAHCT80M HCXOIHOTO TOMOJOTHYECKOTO TPOCTPaH-
crBa (X, t). SIcHO, uTO ABe pasyinuHble TONOJOIHH, T1 H Tz, B X MOTYT
Topoxaath OfHy H Ty Xe Tonoqoruio B A < X. TonoJsorust ta Ha-
3bIBAETCH OTHOCUTEAbHOU TonoAozued 8 A.

3. Onpeneasioiine CcHCTeMbl OKpecTHocTed. bBasa. AkcHombl
cueTHocTH. Kak Mbl BHOeMH, 3aaTb B IpOCTpaHCTBe I TONOJO-
THIO — 3TO 3HAYHUT 3aaTh B HEM CHCTEMY OTKPBITHIX MHOXecTs. Of-
HAKO B KOHKPEeTHBIX 3afiauax 6biBaeT yA00HO 3alaBaTh He BCIO TOIMO-
JIOTHIO, 4 JIHIIb HEKOTODPYIO €€ 4acTh, T. €. HEKOTOPBIM 3amac OTKpbI-
‘TBIX MHOXECTB, [I0 KOTOPOMY OJHO3HAUHO OIpefe/IfeTcsl COBOKYII-
HOCTb BC€X OTKDLITHIX IOAMHOXKeCTB. TakK, HampuMmep, B MeTpHYe-
CKOM IPOCTPAHCTBe Mbi BBEJH CHauaJja IMOHsSTHE OTKPHITOro Iiapa
{€-OKpPeCTHOCTH), a 3aTeM OMNpeNeJHJH OTKPbIThle MHOXKECTBa Kak
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TaKHe, B KOTODbIX KaXJasi TOYKa COMEPKHTCS BMeCTe € HEKOTOPOH
cBOeil IapoBOM OKPeCcTHOCTbIO. MHEIMH c/l0BaMH, B MeTpHYECKOM
NpPOCTPAHCTBE OTKPHITH T€ H TOJBLKO T€ MHOXECTBAa, KOTOPble MOXKHO-
npeicTaBUTh KaK CYMMbl OTKDBITHIX I1apoB (B KOHEUHOM HJH GecKo-
HeuHOM uHcse). B 4acTHOCTH, Ha NPSMOH OTKPBITH MHOXeCTBa,.
npeicTaBHMble B BHJe CYMM HHTEPBAJOB, H TOJbKO OHH. DTH C0006-
‘paXKeHHsl TNPHBOASAT HAC K BAXHOMY MOHATHIO 6 a3 Bl TOMOJOTHYE-
CKOTrO INpPOCTPaHCTBA.

. Onpepnenenue. COBOKYNHOCTb & OTKPBLITHIX NOAMHOXKECTB Ha-
‘3nBaeTcs 6a3od TOMOAOUU TIpOCTpPaHCTBA I, €CNU BCAKOE OTKPBI-
TOe MHOXKeCTBO B T MOKeT GbITb NpeICTaBJEHO KaK CyMMa HeKOTO-
‘poro uucja (KOHEUHOro WIH GeCKOHEYHOro) MHOKECTB M3 Z,

Taxk, HarpuMep, COBOKYNMHOCTb BCE€X OTKPBITHIX IIApOB (C NPOHU3-
BOJIbHBIM ILIEHTPOM H pajauycoM) obpasyer 6a3y B MeTPHUYECKOM
npocTpaHcTBe. B uYacTHOCTH, CHCTeMa Bcex MHTEpBaNoOB — Gasa Ha
npsiMo#t. DBady Ha npaMoi o6pa3yioT H OJHH TOJIbKO HMHTEPBAJbI
C panMOHAJbHBIMH KOHIAMH, WOCKOJNbKY B BHAE CYMMbl TaKHX HH-
TEpBaJIOB MOXKHO NpPEICTABHTb Ji00OH HHTepBal, a 3HAYHUT, U JIO-
60€e OTKPbITOE MHOXKECTBO Ha NPSMOH.

Urax, TomoJoruio t mpoctpaHcTBa I MOXKHO 3aiaTh, YKa3as B
3TOM NIPOCTPAHCTBE HEKOTOpPYIO ee 6ady &; sTa TONOJOrHs T coBla-
JaeT ¢ COBOKYNMHOCTbIO MHOXECTB, NPEACTaBHMBIX KaK CyMMBl MHO-
KeCTB M3 .

Bcsikas 6asza & B romosoruueckoM mpoctpanctBe T = (X, 1) 06~
Jajaer clelyIOIMIMMH JBYMsl CBOACTBaMH:

1) awbas Touka x & X colepocurca xoTa 6oL 6 00non G = G,

2) ecau x codepxcurca e nepecevenuu 0syx muoxecrs Gy u Ge
u3z 9, ro cywecrsyer rakoe Gy = G, 4r0

x e G; < G NG,

IelictBuTenbHo, cBoficTtBo 1) mpocTo oaHauaert, uto Bce X, Gy-
Jly49H OTKPHITHIM, IOJKHO NPEJCTABJATBCA KAK CYMMa KaKHX-TO MHO-
KecTB 13 ¥, a 2) BbiTekaer u3 toro, uto G, (1 Gy OTKpBITO H, cie-
JIOBATeNbHO, €CTb CYMMa KaKHX-TO 3/1€MeHTOB 6a3bl.

O6GpatHo, mycTb X — npoH3BOJILHOE MHOXKECTBO H & — cucTeMa:
noamMHoxecTts B X, o6nagamouias csofictBamMu 1) u 2). Torma coso-
KyIIHOCTb MHOKECTB, MpPeACTaBUMBIX KaK CYMMbI MHOXeCTB H3 &,
o6pasyer B X Tonosiordio (T. €. yAOBJIeTBOpsieT akcuoMam 1° u 2%
onpejeNeHusl TONOJOTHYECKOrO MPOCTPAHCTBA).

IleficTBUTENbHO, NYCTh T(¥)— COBOKYNHOCTb BCEX MHOMKECTB H3:
X, npeicTaBUMBLIX KaK cCyMMbl MHexecTB u3 &. Torma mycroe MHO-
xectBo!) u Bce X mpunagnexar v(¥) u cyMMa 1060ro yucaa MHO--
xectB U3 t(¥9) Takke npudamnexur 1(¥). Iloxaxkem, uro mepece-
yeHHe JI060r0 KOHEYHOI'O YHCJA MHOXKeCTB M3 T(¥) mpuHagIexutT

1) OHo mosyuaeTcss Kak CyMMa NYCTOTO MHOMKECTBA 3/1€MEHTOB CHCTEMb ¥
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1(%). JocraTouHo MpoBepUTh 3TO AJs ABYX MHoxecTB. Ilycts A=
U G, u B= %J Gg, Toraa AﬂB— U (GaNGp). U3 ycnosus 2)

cnenyer uto Kaxzuoe G, 1 Gy conepmmca B 1(9). Ho torma u
ANB=1(9).

Htak, Mbl oTyuaem CJAeAYIOIIHH pe3yJbTar.

Teopema 2. [Jaa roco urober cuctema § nodmuoxcecréa G
#HoocecTsa X Gotra 6a3ol HekoTopol Tonoaoeuu 8 X Heo6xo0umo u
docrarouro, 4tobor § ob6aadara csolictéamu 1) u 2).

Ilycte Tenepp B mpoctpaHctBe T 3ajaHa HekoTopas (GHKCHPO-
BaHHas TomoJordsi T. B3sgs B T HeKOTOpylo cucteMy & OTKPBITHIX
MHOXeCTB, 00/1aaoulyio cBoiictBaMu 1) u 2), u npuHsBs ee 3a Gaay,
Mbi 0ueBHAHO moAyuuan B T tomosoruo T(%), HJIH COBNAAAIILYIO C
HCXOLHOH TomnoJiorueii T, uau GoJee caabyio. YCTaHOBHM YCJIOBHS,
NpH KOTOPHIX & MOpPOK/AaeT HMEHHO JaHHYIO TOIOJOTHIO T.

Teopema 3. [an roeo utobet cucrema § — 1 6oiaa 6a3oi dan-
HOU TOonosozuu T, Heo6xo0umo u 0OCTATO4HO caedyroujee ycaosue:

3) O0an kamdozo oTkpuiTo20 MHOMecT8a G u KawOoU TOUKU
x & G cywecreyer Takoe G, =9, uto x = G, <= G.

HdoxasateabcrtBo. Eciu yciaoBue 3) BhINOJAHEHO, TO BCAKOE
OTKpbITOe MHOXecTBO G 1peicTaBUMO B BHJE

G— U va

x&€GC

T. e. ¥ ectb 6a3a tonoaoruu 1. O6paTHo, ecnd § ectb 6a3a TONOJO-
THH T, TO BCKoe G & T npeficTaBUMO B BHJIe CYMMbl MHOXeCTB H3 &,
.a Torga ans Bcsakoro x € G nafiaerca takoe G.=%, uro x&G,.G.

Yunpaxueunue, Ilyctb &y u ¥, — nne Gasel B X (T. e. Be CHCTEMH MHO-
KECTB, YNOBAETBOpHIOUHX ycaosuaM 1) u 2) crp. 87), a Ty H T, — onpenessieMble
"HMH TOIIOJIOT'HH. Jloxaxm're yTo Ty &< T, B TOM H TOJBKO TOM CJayyae, eCaH ans

Jno6oro Gy =%, u mo6oit ToukH X € G, cyulecTByeT TakKoe G, 9, urto
xe 0, c Gy

C nomombio TeopeMbl 3 JIerKO yCTaHOBHTb, HaMpHMeEp, YTO BO
BCSIKOM METPHYECKOM IPOCTPAaHCTBE COBOKYNMHOCTb BCeX OTKPHITHIX
-mapos o6pa3yer 6a3y ero tomnosorud. COBOKYMHOCTb BCeX IIAPOB ¢
pallMOHAJLHBIMU pajHycaMH TaKiKe Npeictasisier coboi 6a3y. Ha
TIpsiMoll 6a30fl MOXKeT CJIYXKHTb, HanpHMep, COBOKYNHOCTb BCeX pa-
IHOHAJbHBIX HHTEPBAJOB (T. €. HHTEPBAJIOB C PAlHOHAJILHLIMH KOH-

HaMH).

BaXHblfi K1acC TONOJOrHYECKHX NpOCTPaHCTB 06pas3yioT Ip o-
.CTPAaHCTBA CO cueTHOA 6a30H, T. e. TaKHe NPOCTPAHCTBA,
B KOTOPHIX CyllecTByeT XoTsl Obl ojHa 6a3a, coctosilas He GoJee
4eM H3 CYeTHOro 4ucia MHoxecTB. IlpocTpancTBa co cueTHOR 6a3oit
HAa3BIBAIOT TaKXKe NPOCTPAHCTEAMU CO 8TOPOL AKCUOMOU CHETHOCTU.

Ecau 8 Tonoaozuueckom npocrpancree T umeerca cuerHas 6asa,
-TO 8 HemM 06A3ATEAbHO UMEeTCA CHeTHOe 8Ct00Y NAOTHOE MHOXECT80,
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T. €. TaKoe CYeTHOe MHOXECTBO, 3aMbIKaHHe KOTOporo ectb Bce T.
JHeicrButenbHo, nyctb {Gn} — Takas Gasa. BubGepeM B KaXIoM H3
3JIEMEHTOB 3TOil 6a3bl MIPOU3BOJBHYIO TOUKY X». CUeTHOE MHOXKECTBO-
( = {x,} Bclogy muiotHo B T, TaK Kak B NPOTHBHOM CJyyae HeIy-
cToe OTKpbiToe MHOXKecTBO G = T\ [X] He colepkKayo Gbl HH ONHOM
TOUKH M3 X, UTO HEBO3MOXKHO, NMOCKOJIbKY G ecTb cymma HEKOTOPBIX
MHOXecTB H3 cucteMbl {Gn}, a xp € Gp.

TomosiorHuecKHe NPOCTPAHCTBA CO CUETHBIM BCIOAY TJIOTHHIM
MHOXECTBOM, KaK H MeTPpHUECKHe, Ha3bIBAIOTCS cenapabesbHbimu.

Jns MeTpHUeCKHX KpPOCTPAHCTB BEpPHO yTBepXKieHHe, o0paTHoOe:
TOJIbKO 4TO JOKa3aHHOMY:

Ecau metpuueckoe npoctparctéo R cenapabeavro, To 8 R ecTo u.
cueTnaa 6asa. JleficTBuTesbHO, TaKyio 6asy o6pasyloT, HanpHmep,
OTKpHITHe Wapbl B(xs, 1/m), rae {xn} — cuetHoe Bcrony mJOTHOE
MHOXECTBO, @ 1 U M He3aBHUCHMO Npo0eraiT BCe HATypaJbHble YHC-
aa. Takum o6pasoM, cipaBejluBa Clelylolias TeopeMa:

Teopema 4. Merpuueckoe npocTpanctéo R umeer cHerHyro-
6a3y T020a u T0ALKO TO20A, K020a OHO cenapabeabHo.

B cuny sTofi Teopembl Bce npuMepHl cenapabesbHBIX MeTpHYC--
CKHX NPOCTPAHCTB MOTyT CJAYXHTb H NpHMepaMH MeTPHUYECKHX Npo--
CTPAHCTB CO BTOpOH akcHOMOH cyeTHocTH. HecenapabeabHoe mpo-
CTPaHCTBO OrpaHHUYEHHBIX NMocJaefoBaTebHOCTel (cM. npuMep 9 § 1)
He HMeeT H CueTHOH 6asbl.

3ameuanune. Teopema 4, BooGule rosopsi, HeBepHA AJs MpO--
H3BOJIbHBIX (HE METPHUYECKHX) TOMOJOrHYECKHX MPOCTPAHCTB: MOXKHO
VKasaTb NpHUMepbl cenapabesbHbIX NPOCTPAHCTB 6e3 cueTHOH 6a3bl.
TlosickuM nmpoucxoasimue 3aech sBjaeHud. [Insg KaXao# TOUKH X MeT-
PHYECKOr0 NPOCTPAHCTBA R cymectByer cuetHas cucteMa U ee
OKpecTHOCTeH (HampuMmep, CHCTeMa OTKPHITHIX mapoB B(x, 1/n)),
o6sajamomas caefylOiHM CBOHCTBOM: KaKoBO Obl HH OHIJIO OTKpHI-
Toe MHoXecTBo (U, colepiKallee TOYKY X, HAHJeTCA OKPECTHOCTb H3-
cucreMbl U, nennkoM sexamas B G. Takas cucreMa okpecTHocTel
HasblBaeTCsl onpedeasroujeli CUCTeMOl OKPeCTHOCTel TOUKH X.

Ecan Touka x Tomojoruyeckoro npoctpanctsa I uMeer cuetHyio-
onpefesIoUyl0 CHCTEMY OKDECTHOCTeH, TO TOBOPAT, YTO B 3TOM
TOuKe BHIMOJHEHA nepsas axkcuoma cueTHoctu. Eciu ato BepHO Ans
KaxJofi Touku mpoctpaHctBa T, To mpoctpanctBo T HasbiBaercs.
npoCTPARCTBOM € nepsoli aKcuomol C4eTHOCTU.

Besikoe MeTpuueckoe NMPOCTPaHCTBO, AaxKe H HecernapaGesbHoe,.
aBTOMATUYECKH YAOBJIETBOPSAET NepBOH akcHoMe cueTHocTH. OnHaKo
B NPOHM3BOJbLHOM TONOJOTHYECKOM HPOCTPAHCTBe ([axKe ecJH OHO-
COCTOHMT JIHIIb H3 CYETHOTO HHCJA TOYEK) mepBasf aKCHOMAa CYETHO-
CTH MOXeT He uMeTb MecTa. [ToaToMy Te paccyXaeHHs, C OMOUIbIO-
KOTOPBIX MKl [AJs1 METPHYECKOrOo MPOCTPAHCTBA BHIBEJH H3 HAJHUHSA.
CYETHOTO BCIOAY NMJOTHOTO MHOXECTBA CYLIEeCTBOBAHHE B TaKOM IpoO-
CTPaHCTBe CueTHOH 6a3bl, HE MEPEHOCATCS Ha CJaydal NMPOH3BOJIBHOIQ-
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“ronoJiorHueckoro npocrpanctBa. Ho naxe u B cenapalesbHOM TO-
TIOJIOTHYECKOM IIDOCTPAHCTBE C NepBOH aKCHOMOH CUETHOCTH CUETHOH -
$a3pl MoXeT He ObITb.

Cucrema mMHoxecTB {M,} HasbIBaeTCsa NOKpbITUEM MHOXKECTBa X,

€CJH U M, o X. TokpbiTHe TomosoruyeckKoro npocrpaictsa I, co-
a

-CTOSIlIlee K3 OTKPHITBIX (3aMKHYTBIX) MHOXeCTB, Ha3blBaeTcs OT-
KpoiToim (3amKHYyToIM) TOKpbITHEM. Ecau HekoTopas uacThb {M“i}

mokphitus {Ma} cama o6pasyer nokpuitae npocrpanctsa T, to {Mq }
HasbIBaeTcss OONOKpoITUeM TIOKPBITHS {M,). ’

Teopema 5. Ecau T — ronosozusueckoe npocTpancTso co cHer-
Holi 64301, TO U3 8CAKO20 €20 OTKPLITO20 NOKPLITUS MONMCHO 86l6pATY
KOHeuHOe UL CHETHOe nOONnOKpbITUe.

HoxasarteabctBo. Ilycts {O,} —HekoTOpoe OTKpHITOE TO-
‘gpoiTHe mpoctpaHctBa I. Torpa xaxnas touka x = T comepKurcs
B HekotopoM O,. Ilycts {Gn} —cuernas Gasza B T. [las kaxmoro
xe T cymectByer Takoél saeMeHT Gn(x) 3Toii 6aspl, uTo ¥ &
e Gn(x) = O0,. CoBOKyNHOCTb BBIGPAHHBIX TakK#HM 06pa3oM MHO-
x)ecTB Un(X) KOHEUHa HJIM CUeTHA M NOKpbiBaer Bce T. BuiGpas g
Kaxporo Gn(x) onHo u3 comepxamux ero MHOXectB O,, MBI H 1IO-
JyYUM KOHEYHOe WJIHM cueTHoe MOAMOKpBITHe MOoKpeITHS {O,}. Teo-
pema J0KasaHa.

ITo onpedesneHuio TOMOJOrHUECKOr® MPOCTPAHCTBA NYCTOE MHO-
JKeCTBO U BCE MPOCTPAHCTBO T OJHOBPEMEHHO OTKPBITH H 3aMKHYTHI.
[IpocTpaHcTBO, B KOTOPOM HET HUKAKHUX JAPYTHX MHOMKECTB, OJHOBpe-
MEHHO OTKPBITHIX U 3aMKHYTBIX, Ha3biBaeTcsi c8sa3Hbim. [Ipsimast Ju-
pust R! mpencraBsasier co6ofl OJUH H3 NPOCTEHIIHX NPHMEPOB CBA3-
abix npocrpaHcTB. Ecau ke u3 R! ynanuTth ofHY WIH HECKOJBKO TO-
yeK, TO OCTaBlIeecsl IPOCTPAHCTBO yKe He GyJeT CBA3HLIM.

4. Cxopsawuecs nocaeposateabHocts B T. Ha tonosornueckue
{IpOCTPAHCTBA JIETKO IIEPEHOCHTCS 3HAKOMOe HaM B C/AydYae MeTpH-
YeCKHX NPOCTPAHCTB NMOHSATHE CXO AW eHCAMOCaAen0BaTEb-
HoCTH., VIMeHHO, mOCNeNOBAaTENBHOCTb X, X3, ..., Xn, ... TOYEK
u3 T unaspiBaetcs cxodaujelica K TO4Ke X, €CaH Jio6asg OKPeCTHOCTh
TOYKH X COJAEPXKHT BCe TOUKH 3TOH MNOC/IeJ0BATENbHOCTH, HayHHAsA
¢ nekoropoi. OIHaKo B TOMOJOrHYECKHX IPOCTPAHCTBAX 3TO MOHS-
THE CXOAHMMOCTH He HrpaeT TOH (yHIaMeHTaJbHOH pOJH, KoTopas
eMy NpHuHaJJeXKHT B METPHUECKHX NpocrpaHcTBax. Jeso B ToM, uTo
B METPHUYECKOM IPOCTPAHCTBE R TOUKA X eCTb TOYKA NMPHKOCHOBEHHS
MHOxecTBa M C R B TOM H TONBKO TOM cJyuae, Koria B M cyuie-
CTBYET MOCJAEI0BATENbHOCTb, CXOISIMAsCA K X, TOrJa Kak B TOIO-
JIOTHYECKOM IIPOCTPAHCTBe 3TO, BooGule rosops, He Tak. M3 roro,
YTO X eCTb TOYKA NPHKOCHOBeHHs miass M (r. e. npuHanaexut [M])
B TOIOJIOTHYECKOM MNpPOCTpaHcTBe I, He BBITEKaeT CYLUIECTBOBAHHE
B M mnocnenoBaTesbHOCTH, CXOAsilelcs K x. Bo3bMeM B KadecTse
spumepa otpe3ok [0, 1] u Ha30BeM OTKPHLITHIMH Te €ro NOJAMHOXKe-



§ 5l » TOMOJIOTHUECKHE NPOCTPAHCTBA 9F

cTBa (Hapsily ¢ NYCTbIM MHOXECTBOM), KOTOpBIE MOJYYalOTCS H3.
Hero BbIGpacbiBaHHeM J11I060T0 KOHEYHOIO HJIH CYUETHOrO YHCJa TOYEK.
Jlerko npoBepHuTb, 4TO TpeGoBanus 1° u 2° (ctp. 84) npu stom Gy~
AYT BHINOJIHEHBL, T. €. Mbl NOJYYHM TOMOJIOTHYECKOE MPOCTPAHCTBO.
B 3TOM NpoCcTpaHCTBE CXOAALIMMHCA 6YAYT TOJbBKO CTalHOHApPHbIE:
[OCJIEN0OBATENBHOCTH, T. €. TaKHe, 2JIEMEHTHl KOTOpbIX, HayHHasl C
HEKOTOPOTrO HOMEepa, COBNAAAIOT: Xn == Xn4| = ... (JOKaXure 310!).
C npyroii CTOPOHBI, eCJH Mbl BO3bME€M, Hamnpumep, B KadecTse M
nonyuntepBana (0, 1], To Touka O GyneT AJs1 HEro TOUKOH NPHKOCHO-
penusi (nmpoBepbTe!), HO HHKaKas MOCTeNOBAaTENbHOCTb TOYeK d3 M
He cxonurcs K 0 B HallleM NPOCTPaHCTBe.

CxoJsilIHecs NOCJAe0BaTebHOCTH «BOCCTAHABJIHBAIOTCS B CBOHX
npaBax», eCJIH Mbl pacCMaTpHBaeM He IPOH3BOJIbHBIE TOMOJOTHYE--
CKHe TIPOCTPAHCTBA, a MPOCTPAHCTBA C NMEPBOH aKCHOMOM CUETHOCTH,
T. €. €CJIM Y KaXXJ0OH TOYKH X NpPOCTpaHcTBa T CyLLeCTBYeT CYETHAs
onpejleJsollas CHCTeMa OKpecTHOCTeH. B sTom cayuae Kaxpas
TOYKa IIPUKOCHOBEHHS X NPOU3BOJbHOro MuoxectBa M < T Moxer
6bITb TNpeicCTaBJeHa KaK Ipefes HEKOTOPOH IOCJIef0BaTeNbHOCTH
touek u3 M. [lefictBurenpbHo, nyctb {On} — cueTHas onpexessomas
CHCTEMa OKPeCTHOCTeH TOuKM X. MoxHo cuntath, 4T0 Ony < Oy

n
(unaue Mbl 3aMeHusiu 66 On Ha ﬂ Ok) . Ilycetb xp — npousBosb-
k=l

Has touka u3 M, comepxawasica B O (k=1, 2, ...). fcHo, uto
TaKoe X CYLLEeCTBYET, HHaue X He Obl1o OBl TOYKOH NMPUKOCHOBEHHS
s M. TlocnenoBaTeabHOCTb {¥x}, OUEBHAHO, CXOLHUTCA K X.

IlepBoit akKCHOME CYETHOCTH YIOBJETBOPSIOT, KAK Mbl OTMeuaJtiH,
BCe METpHYeCKHe NMPOCTPaHcTBa. VIMEHHO NO3TOMY MBI H CMOLJIH Bee:
TaKHe IMOHSTHS, KaK 3aMbIKaHHe, TOYKA IPHKOCHOBEHHS W T. 1.,
chopMyIHpPOBATh IJs METPUYECKHX NMPOCTPAHCTB B TEPMHHAX CXO-
JHMOCTH NOCJIE0BATEJbHOCTEH.

5. HenpepbuiBHbie oToGpaxkenns. omeomopduam. Ilousathe He-
npepbiBHOro 0To6GpakeHus, BBeIeHHOE HAMH /11 METPHUYECKHX Mpo-
ctpaHcTB B § 1, ectecTBeHHO 06061laeTcsl Ha NPOHU3BOJbLHBIE TOMO-
JIOTHYECKHE TMPOCTPAHCTBA.

Onpenenenue. Ilyctb X u Y— pnBa Tomosoruueckux mnpo-
crpauctBa. Oro6paxenue f npoctpancTBa X B npocTpaHcTBo Y Ha-
3bIBAETCSE HENpPepuléHbiM 8 TOYKE X, €CJH AJisl JT1060H OKPECTHOCTH
U,, Toukn yo = f(Xo) HalimeTcss Takasi OKpPeCTHOCTb Vy, TOYKH Xo,
yro f(Vy) <= Uy,. OTo6paxenne. f: X > Y HaswiBaeTcs Henpepoig-
HblM, €CJIH OHO HENpPEPhIBHO B KaXJoit Touke x & X. B wactHocCTH,
HenpepbiBHOE OTOOpaXKeHHe TOMOJOrHYeCKOro mnpocTpanctsa X B
YHCJOBYIO NPAMYIO HA3bIBAETCS HENnpepuléHOl (yHkyuell HA 3TOM
NPOCTPAHCTBE.

Jlerko y6enuthbcs, 4TO AJs1 METPUUECKHX NMPOCTPAHCTB 3TO ONpe-
IesleHHe AEHCTBHTENbHO NpeBpallaeTcsi B TO ONpeleleHHe Hempe-
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PBIBHOCTH OTOOPaXKeHHsl OJHOTO METPHYECKOro NMPOCTPAHCTBA B APY-
roe, Kotopoe 6nis10 nano B § 1.

JlanHOe HaMH Onpe/ie/ieHHe HOCHT «JIOKa/lbHHI» Xxapakrep. He-
TIPEPBIBHOCTb OTOGpakeHusi [ Ha BceM X onpeaensieTcsi uepe3 He-
NpepbiBHOCTb [ B KaxXaoA Touke. OkasnBaercs, YTo NOHSTHe He-
NpPEepPHIBHOCTH OTOOPaXKEHHA OLHOTO TONOJOTHYECKOTO NPOCTPaHCTBA
B APYroe MOXKHO c)OPMYJHPOBATh B TEPMUHAX OTKPLITHIX MHOXECTB,
T. €. B TEDMHHAX TOIOJIOTHH 3THX MPOCTPAHCTB.

Teopema 6. Jaa 1020 4Tob6r oToGpaxenue [ Tonorozuteckozo
npocrparnctea X 8 Tonoaozuueckoe npocTpancreo Y 6Goiao Henpe-
polenbim, Heobxodumo u docrarouro, 4tobet npoobpa3 I' = f-1(G)
8caK020 0TKpbiTo20 mHoxecTtaa G < Y 6bia otkporr (8 X).

HokxaszarteabctBo. Heob6xoxnumocts. Ilycts orobpa-
)eHHe [ HenpepbiRHO U NYCTh G — OTKpBITOE MHOXecTBO B Y. Jloka-
xkeMm, uto I' = f"1(G) orkpuito. IlycTb X — nmpousBosbHAs TOYKa
muoxectBa I' u y = f(x). Torza G CAyXHT OKPECTHOCTBIO TOYKH Y.
Tlo onmpeneneHHI0 HeNnpepbIBHOCTH HANAETCA TaKasi OKPECTHOCTb Vi
toukd X, uto f(Vi) = G, 1. e. Vo <= T. Unaue rosops, eciu x < T,
“TO CYLeCTBYeT OKPeCTHOCTb Vi 310l ToukH, comepxamascs s I'. Ho
3TO U 3HAYHT, uTo I' OTKpHITO.

Hoctatounoctb. Ilycte I' = f-1(G) orkpwito, eciu G Y
OTKpbITO. PaccMOTpHM 1pOH3BO/MBHYIO TOUKY X & X H NPOHU3BOJb-
Hyl0 OKpecTHOCTb Uy TOukH y = f(x). Ilockoambky y & U,, Touka x
npuHaaaekuT MuoxectBy f1(Uy). 3T0 OTKpbITOE MHOXECTBO H CJay-
KHT TOH OKPECTHOCTbIO TOYKH X, o6pa3 KoTopoil comepxurca B U,.

Sameuanne. Ilycte X u Y — npousBosbHBIE MHOXECTBAa H
f—oro6paxenne X B Y. Ecnn B Y 3anana HekoTopasi tomoJorus v
(T. e. cucTeMa MHOXecCTB, cojepxainas & u Y u 3aMkHyTas orHo-
-CHTEJIbHO B3STHA JIOOBIX CYMM H KOHEUYHbIX NepeceyeHHH), TO Mpo-
:06pa3 TOMOJIOTHH T (T. €. COBOKYNHOCTb BceX MHoxecTB f~!(G), rue
G = 1) Gyner TonoJorned B X. :

Ona nokaszaTesbCTBA AOCTATOYHO BCTIIOMHHTb TEOPEMBI O IIPO-
o6pase CyMMbl H mepeceueHHs MHoxectB (cM. § 2 ri. I). Mt o6o-
3HayuM 3ty Tonosoruio f'(v). Ecau temepp X u Y -— romosoruue-
CKHe TPOCTPAHCTBA C TOMOJIOTHSIMH Tx H Ty, TO TeopeMy 6 MoxHO
<opmyaupoBath Tak: orobpasncenue f: X > Y nenpepvigno 8 Tom u
TOAbKO TOM CAYy4ae, eCAU TONOAO2UR Tx CUAbHee Tonoso2uu [~'(ty).

U3 rtoro, uto mpoobpa3 HOMNOJIHEHHS €CTb AOMNOJHEHHe NpPool-
pasa, ciellyeT TeopeMa, ABOHCTBEHHas K TeopeMe 6.

Teopema 6. Jan 1020 4T0661 0OTOGpAserue f Tonorozuueckoeo
apocrpanctéa X 8 Tonoaozudeckoe npoctpancteo Y 6biao uenpe-
poul8HO, Heobxo0umo u GocTaTo4rHo, 4T00bL npoobpas 8caAKo2o 3am-
KHyTo20 mHoxcectsa u3 Y 6oia 3amxuyr (8 X).

Jlerko y6eauTbesi, 4T0 06pa3 OTKPHITOr0 (3aMKHYTOTO) MHOXe-
CTBAa IIPH HeNpepbiBHOM OTOGpaKeHHH He 00d3aTeNIbHO OTKPHIT
{3amkuyt). Paccmorpum, Hanpumep, oToGpaxeHHe NOJYHHTepBasa
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X =1[0,1) ua okpyxuocte. Muoxectso [!/5, 1), 3amMmkuyToe B [0, 1),
mepexoJHT NpPH 3TOM B He3aMKHYTOE MHOMECTBO Ha OKPYXXHOCTH
(puc. 11).

OtobpaxeHHe HA3bLIBAETCHA OTKPbLITHLM, €CJIH OHO NEPEBOJMT Ka-
#J0€ OTKPHITOE MHOXECTBO CHOBa B OTKphitoe. OTOGpaxeHue, mne-
peBoislllee KaXJi0e 3aMKHYTOE MHO- .
MeCTBO B 3dMKHYTOe, HAa3biBaeTcs 70)
BAMKHYTOHLA.

i RenpepblBHRIX OTOGpaMeHUH
CnpaBe/UTHBA  CIEAYIOWas TeopeMa, , Y /
aHaJOTHYHAsl XOpOWO0 H3BEeCTHOH H3
aHaJH3a TeOpeMe O HeNpepbIBHOCTH #(%%)
CJAO0KHOU (YHKIHH.

Teopewma 7. llycto X, Y u Z —ro0- Puc. 11.
nosozuteckue NPOCTPAHCTEA U NYCTH
[ « @ — Henpepoisroie oTrobpascenus X 8 Y u Y 8 Z coorsercraenno.
Toeda orobpascenue x—= @(f(x)) npoctpancrea X 8 Z Henpe-
Poi6HO.

JlokasaTenbcTBO 3TOA TeopeMbl Cpa3y MNOJydYaeTcd M3 Teo-
peMnl 6.

Ha Ttonosorudeckue npocTpaHCTBa pAacnpOCTPAHAETCH MOHATHE
roMeomop¢u3ma, BBeleHHOe HaMH B § | nJia MeTpHuecKHX Impo-
CTPaHCTB, a HUMEHHO, OTOGpaeHHe [ TOIOJOrHYECKOro MpPOCTPaH-
ctBa X Ha TOMNOJOrHYECKOE NMPOCTPAHCTBO Y HA3LIBAETCH 20MEOMOp-
¢usamom, eciu OHO B3aUMHO OJHO3HAUHO M B3aHMHO HEIPEPHLIBHO;
npocrpanctBa X u Y npu 3TOM Ha3bIBAIOT 20MEOMOpPHbIMU. ToMeo-
MopdHble NpOCTPaHCTBA 06/1a8a10T ONHHMH U TEMH e TONOJIOruye-
CKHMH CBOMCTBaMH, H C TONOJOTHYECKOH TOYKH 3PEHHS HX MOXHO
paccMaTpHBaTh NMPOCTO KAaK [Ba 3K3eMILIpa OQHOTO H TOTO Xe Mpo-
CTpaHcTBa. TONMONOTHH B JBYX FOMeOMOpP(HEBIX MPOCTPAaHCTBAX CAY-
Xat obpasaMu # npoobpaszaMu apyr apyra. OTHolleHHe roMeoMopd-
HOCTH pedIeKCHBHO, CHMMETPHYHO H TPaH3HTHBHO; MO3TOMY Jiobas
COBOKYMHOCTh TONOJIOFHYECKHX IMPOCTPAHCTB pacrnajgaeTcs Ha He-
nepecekamoulnecss KJjaccel TroMeoMopbHbIX Mexay cobo# mpo-
CTpPaHCTB.

3ameuyanue. Cienyer HMeTb B BHIY, YTO MeTpHUYECKHE
CBOMCTBAa JBYX TrOMeOMOP(HBEIX MeXAy CcOGOH MeTPHUECKHX Npo-
CTPaHCTB MOTYT GHITb pasnuuHbl!). Tak, ONHO M3 HHX MOXeET GLITh
noJiHO, a Apyroe — Hetr. Hanpumep, unrtepsan (—n/2, n/2) romeo-
MopdeH YHCIOBOH NPAMOH (COOTBETCTBYIOLLHH rOMEOMOP(HH3IM MOK-
HO 3ajmaTth GyHKuued x-—>tgx), HO npu 3TOM MNpsIMas — NOJHOE
NPOCTPAHCTBO, 3 HHTEPBAJ — HET. ’

1) MeTpuka npocTpaHctBa R OJHO3HAuyHO ONpeNeNsieT €ro TONOJOTHI0, HO He
HaoGopoT: OOHY M Ty XKe TonoJoruio B R = (X, p) MOXHO NOJYYATb, 3ajaBasi B
X pas3jHuHbe METPHKH.
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6. AKCHOMBI OTACJHMOCTH. XOTSl MHOTHE H3 OCHOBHBIX TOHSTHIX
TEOPHH METPHYECKHX IPOCTPAHCTB JIETKO IEPEeHOCSATCS HAa ILLPOH3-
BOJIbHBIE TOTOJIOTHYECKHE ITIPOCTPAHCTBA, BCE K€ TaKHe IPOCTPaH-
CTBa NMPEACTaBJSIOT 000 OGBEKT, CAHIIKOM OOLIHA C TOUKH 3PEHHS
3a7lay aHasau3a. 37ecb BO3HHKAIOT CHTYalHH, CYLLECTBEHHO OTJIH-
yaomuecss 0T TOrO, YTO MOXKET HMEeTb MeCTO B MeTPHUEeCKHX Tpo-
crpaHcTBax. Tak, MBI BHIENH, YTO KOHEYHOE MHOMKECTBO TOUEK B
TOMONOTHUECKOM IPOCTPAHCTBE MOXeT ObITb He 3aMKHYTHIM (npu-
Mep 4, cTp. 85) u T. I

Cpens TONOJOrHYECKHX IPOCTPAHCTB MOXHO BBIAEJHTb TPO-
cTpaHcTBa, GoJee GJHM3KHe IO CBOMM CBOHCTBAM K MPOCTPaHCTBAM
MeTpuueckHM. [las storo cienyer kK akcuomam 1° u 2° tomosoruue-
CKOro INpocCTpaHCTBA (CcTpP. 84) NMPHUCOENHHHTbL elle Te€ HJIH HHbE
JOTIOJIHUTENbHEIE YCAOBHA. TaKHMH YCJIOBHSIMH CJyXKaT, Halpumep,
aKCHOMBI CUETHOCTH; OHH IO3BOJISIIOT H3yYaTh TOMOJIOTHIO TIPOCTPaH-
CTBA Ha OCHOBE INOHSATHA CXOAUMOCTH. [pyro# BaXKHBIH THI AOMOJ-
HHUTEJbHBIX YCJAOBHH COCTABJSIIOT TPeOGOBAHHS HHOH TPHPOAB — TaK
Ha3blBaeMble akcuomsi ordeasumocrtu. Mpbl nepeuucanM 3Ty cepHio
aKCHOM B TIOPsiIKE UX IOCTENEHHOTO YCHJEHHUS.

Axcuoma T, (nepsas axcuoma ordesumocTu): LJst JIOGLIX ABYX
Pa3/IHYHBIX TOUEK X U Y MPOCTpaHCTBA I CYIIECTBYIOT OKPECTHOCTH
O ToukH X, He cojepKallas TOYKY y, U oKpecTHOCTb Oy TOUKH Yy,
He cojeplKallasi TOUKH X.

[TpocTpaHCcTBa, YAOBJETBOPSIOLUINE 3TOH aKCHOMe, HAa3bIBAIOTCA
Ti-npocrparcreanu. I1puMepoM TOMOJOrHUECKOrO TMPOCTPAHCTBA, HE
asaswouerocss T-IpOCTPaHCTBOM, MOXKET CJYKHTb CBSI3HOE JBOe-
TouHe.
~ B T,-npoctpaHctBe n06asi TOYKa €CTb 3aMKHYTOE€ MHOXECTBO.
JleHiCTBUTENBHO, €CJIH X 5= Yy, TO CyLIecTByeT oKpecTHocTh Oy, TOU-
KH y, He comepxkawmas x, T. e. y & [x]. ITosTomy [x] = x. Caenosa-
TeJbHO, B T1-IpoCTpaHCcTBe 3aMKHYTO H Ji060e KOHEeUHOe MHOXKECTBO
touek. BoJsee Toro, Kak Jierko mpoBepuTh, akcuomMa T; B TOYHOCTH
pPaBHOCHJIbHA TPeGOBAHHIO 3aMKHYTOCTH BCeX TAKHX MHOXECTB.

Bhime (cM. ctp. 85) Mbl onpeleNHJaH TpeleNbHYI0 TOYKY X
MHOXecTBa M B TomosioruueckoM npoctpaHcTse T Kak TaKylo TOUKY,
nasi Koropoit mepeceuenne U (1 M\ {x} menycro. 3necs U — npo-
M3BOJIbHAS] OKPECTHOCTb TOYKH X.

B npocTpaHcTBax, He YIOBJETBOPSIOUIUX akcHoMe Ti, Tpenedn-
Hble TOUKH MOTYT HMETb [la)Ke MHOXecTBa M, cocTosliie TONbKO U3
KoHeuHOro umcaa touek. Ilycts T — cBsizHOe HBOETOUYHE C TOMOJO-
rued, cocrosimedt u3 &, {b} u {a, b}. Torna Touka a siBAsieTCs mpe-
ZenbHol 115 MHOXectBa M = {b}.

B T)-npocTpaHcTBax Takoe fIBJeHHe YyXe He MOXET HUMETb Me-
cra. IMeHHO, BepHO caenyioliee yTBepXIeHHe.

Jemma. [aa ro20 urobol Touka x Goiaa npedesbroll 0aa mHo-
wecrea- M 8 Ti-npoctpancree, nHeobxodumo u O00CTATOURO, 4TOObL
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aobas okpectrocte U arod Touxku codepicara 6ecKOHEUHO MHOZ0
Touek us M.

JloCTaTOYHOCTh 3TOr0 yCJOBHSI OUeBHJIHA. YCTAHOBHM ero HeoO-
xoaumoctb. IlycTh x — mpenenbHass Touka pnas M; gomyctum, 4TO
¢yuiecTByer Takas okpecTHOCTb U Touku X, KOTopasi CONEpPKHT

TOJhKO KoHeuHoe 4uciao todek u3 M. Ilyctb xy, Xg, ..., Xn — Bce
9TH TOYKH, KpoMe caMoil ¥ (ecau tTakosas mpunainexut M). Torga
V=U—{x1, ..., xn} —okpectHocts x 1 VN M\ {x} = &.

Bcsikoe MeTpHuecKoe MPOCTPAHCTBO 3aBeOMO siBasercs T-mpo-
crpaHctBoM. [losTomy 3a ompejesneHde npeleJbHOH TOYKH MHOXKe-
¢TBA B METPHYECKOM NPOCTPAHCTBE H ObLJIO MPUHITO CBOHCTBO, yKa-
8aHHOE B JIeMMe.

YcuseHneM nepBof aKCHOMbI OTAENHMOCTH siBJsieTcs akcuoMa To.

Akcuoma T, (8ropas, uau xaycdopgosa, axcuoma 0TGeAuMO-
¢Tu): mobbie ABe pasjuyHble TOYKHM X H Y TOMNOJOTHYECKOro Mpo-
crpanctBa T uMeloT Henepecekamomuecss okpectHocTd Ox u Oy
~ IlpoctpanctBa, ynoBJeTBOpsIOLIHe 3TOH aKCHOMe, Ha3blBAIOTCS
Ty-npocTpancreamii, Win xaycoopgossimu npocTpaHcrBaMu. Beskoe
Xxaycnop$oBO MpoCTPaHCTBO ecTh I1-MPOCTPAHCTBO, HO HE HA0GOPOT.

pumepoM He xaycaopdosa T;-mpocTpaHCTBa MOXKET CJAYXHTb OT-
pesok [0, 1], B KOTOPOM OTKPHITBIMH CUHTAIOTCS NYCTOE MHOXKECTBO
H BCe MHOXEeCTBa, MOJYydYalollHecss H3 OTpe3Ka BhIGpachiBaHHEM He
Gosiee yeM CUETHOrO YHCJA TOYEK.

Axcuoma T3 (7pervs axcuoma ordesumocTu): mobGas TOUKa H
He cojepXKallee ee 3aMKHYTOE MHOXECTBO HMEIOT HemepeceKaio-
wmuecss okpectHocTH. IIpu 3ToM okpecTHOCTOIO MHOXMecT8a M B TO-
TOJIOTHYECKOM TIPOCTpaHCTBe I Ha3bBaeTcsl BCSIKOE OTKPHITOE MHO-
xkectso U, comepxaiuee M.

SToll aKCHOMe MOXHO 1aTh CJAeAYIOLYI 3KBHBaJeHTHYIO ¢op-
MYJIHPOBKY:

Jlio6asi okpectHoCcTh U MpPOU3BOJBHOH TOYKH X COJNEPXKHT MeHb-
LIyI0 OKPECTHOCTb TOH Ke TOuKH, Bxojsumyio B U BMecTe co cBoum
3aMbIKaHHEM.

UuraTtesb MOXeT 10Ka3aTh 3TO B KadeCcTBe YNPaXKHeHHS.

ITockoJbKY B MPOU3BOJBHOM TOMOJIOTHYECKOM MPOCTPAHCTBE
TOYKAa MOXeT He ObITb 3aMKHYTHIM MHOXECTBOM, TPeTbsl aKCHOMA
OT/IEIUMOCTH HHTEpeCHa TOJbKO [JIfl MPOCTPAHCTB, YIOBJETBOPSIO-
mux akcuome Ty. ITpoctpaHcTBa, yAoBJeTBOpsiiollHe 00€HM aKCHO-
MaM T u T;, Ha3bIBAIOTCS pecyAapHbimU.

Besikoe pery/sipHOe NpPOCTPAHCTBO, pasdymeercsi, xaycaopdoso.
Tlpumepom xaycnopdoBa mpocTpaHcTBa, He SIBJSIOLIErOCs PEryJsip-
HBIM, MOXeT CJAyXHTb 0Tpe3ok [0, 1], B KOTOpOM OKPEeCcTHOCTH BCex
TOuek, Kpome ToukH 0, onpénensiorcsi OGBIYHBIM CHOCOOOM, a OKpecT-
HOCTSIMHM HYJIsI CYMTAIOTCS BCEBO3MOXHbBIE MOJyHHTepBaJHl [0, o), H3
KOTOpbIX BBIKMHYTH TOYKM BHaa l/n (n=1, 2, ...). 910 — xayc-
Jopdoso mpoctpanctBo, HO B HeM Touka 0 M He cojepxKallee ee
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3aMKHYyTOe MHOXecTBO {l/n} me oTmenuMbl ApYyr oT Apyra Henepe-
CEKaIOUIUMHUCS OKPECTHOCTSIMH, T. €. aKCHOMA I3 He BHIMOJHEHA.

OG6biyHO B aHaJH3e He NPHXOLMTCS BCTPedaTbCsl € MPOCTPaH-
cTBaMH Gosiee oOlMMH, ueM peryJspHble. Bosee Ttoro, xak mpa-
BUJIO, HHTEPECHHIE C TOYKH 3pEeHHs] aHaJu3a NPOCTPAHCTBA YAOBJe-
TBOPSAIOT H CJeAyiolleMy 6oJee CHJILHOMY TPpeGOBaHHIO, TAaK Hasnl-
BaeMOH HOPMaJ bHOCTH NPOCTPAHCTBA.

Axcuoma T, (axcuoma HopmassvrocTu): Ti-IpOCTPAHCTBO HA3LI-
BAETCA HOPMAAbHbIM, €CJH B HEeM BCAKHe [Ba HelepeceKaloLIHXcs
3aMKHYTBIX MHOXECTBAa HMEIOT HelepeceKalolHecss OKPEeCTHOCTH.

K HopMasbHBIM MNpOCTPAaHCTBAM OTHOCATCS, B 4YaCTHOCTH, BCe
MeTpuuecKHe npoctpaHctBa. lleficTButeabHo, myctb X u Y — 1Ba
HemepeceKaloluXCsi 3aMKHYTHIX MHOXECTBAa B METPHYECKOM Ipo-
crpanctBe R. Kaxnas touka x & X umeer oxpectHocth Oy, He Ile-
pecekawltyiocs ¢ Y u, cieloBaTeNbHO, HAXOAHTCA OT Y Ha HeKo-
TOPOM [MOJIOXKHTEJNbHOM DAacCTOSIHHH Qx. AHaJOTHYHO pacCCTOSIHHE
KaxJa0# TOYKH y & Y oT X ecTb MOJIOXKHTe/NbHAS BeJHUYHHA p,. Pac-
CMOTPHM OTKpHITHIE MHOXecCTBa ')

U=U B0 n V=" By, 0,2,

cogepxatue X U Y COOTBETCTBEHHO, M MOKAaXeM, UTO HX Mepeceye-
Hue nycro. HonyctuM, yto 2 U1 V. Toraa B X cyuecTBycT
Takas TOUKA Xo, UTO P (X, 2) < px°/2, a B Y —TaKkas TO4YKa yo, UTO

P (2, 4) < pyo/2. Ilyctb nas onpenenennocrin p, <<p,. Toraa

0 (% Yo) S0 (0 2)+ 0 (2, %) <0, /240, /2 <0,
T. €. x, & B(y, pyo), HO 3TO MPOTHBOpEHHT onpenesennio o, . Haiue
yTBepXKJeHHe JOKa3aHo.

Bcsikoe NMOANpOCTPAHCTBO METPHYECKOro MPOCTPAHCTBA CaMO §B-
JsieTcsl METPHYECKUM TNPOCTPAHCTBOM H MO3TOMY Bcerja o6sanaer
CBOMCTBOM HOpMAaJbHOCTH. DT0, BOOGILEe rOBOPs, HEBEPHO IJS Npo-
H3BOJIbHbIX HOPMAJbLHBEIX MPOCTPAHCTB: NOANPOCTPAHCTBO HOPMaJib-
HOTO TIPOCTPAHCTBA He 06si3aHO GBITh HOpMasbHhIM. TakuM o6pa-
30M, HOPMAaJbHOCTb 1POCTPAHCTBA He €CTb HACJEACTBEHHOE
CBOKCTBO ?).

HacsiencTBEHHBIM CBOHCTBOM SIBJSIETCS TAaK Ha3blBaeMasi rnoAHas
pe2yAfApHOCTs TONOJOrHYECKHX TMPOCTPAHCTB, NpeACTaBJsiollas Co-
Gofi BaxKHOe YycHJeHHe CBoHcTBa peryasproctd. Tonosoruueckoe
T,-npOCTPAHCTBO HA3bLIBAETCS 6rOAHE PeSYAAPHLIM, €CIH JJIs Ka-
K0ro 3aMKkHyToro mHoxecrBa F < T u kaxuol Toukn Xo& T\ F
cyllecTByeT HenpepbiBHas Ha T mefiCTBHTesbHAs QYHKIUHSA [, paBHas

1} 3pech, Kak OGbIYHO, B(x,r) — OTKPHTHA Iap pagmyca r € LEHTPOM X.

2) CBoficTBO P Ha3LIBAETCS HACAEOCTEEHHbIM, €C/IM K3 TOTO, YTO HM obnanaer
LaHHOe Tononoruueckoe npocrpanctso T, cliefyer, yTo uM OGN4AAOT U BCE €ro
NOANDPOCTPAHCTBA,
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ayJI0 B TOUKe Xo, elHHUUe Ha F M ynoBJeTBOpsIOWIasl yCAOBHIO
0< f(x) << 1. Bcsikoe HOpMaJbHOe NPOCTPAHCTBO BIOJIHE PeryJsp-
0 '), HO He o6paTHo. JIl060€e MOANPOCTPAHCTBO BIOJHE PEryJasipHOTO
B UACTHOCTH, HOPMaJbHOI0) NPOCTPAHCTBA CaMO BIOJIHE peryJsip-
po. A. H. TuxoHoB, KOTOPOMY NPHHA/JIEXKHUT H CAMO TOHSITHE BIIOJIHE
pery/spHOro NPOCTPAHCTBA, NOKA3aJ, YTO KJacC BIOJIHE. peryJsp-
HbBIX TPOCTPAHCTB COBNAAAaeT C KJAaccoM BceX IMOANPOCTPaHCTR
HOpMaJbHBIX mpoctpaHcTB. C TOUKH 3peHHs aHa/au3a BIIOJHe pe-
FyJsipHBlE TIPOCTPAHCTBA BaX<Hbl IOTOMY, YTO Ha BCAKOM T4aKOM IIpO-
CTPaHCTBE HMEETC «IOCTAaTOYHO MHOTO» HENpPEephIBHBIX (QYHKUHI,
\MMEHHO, AJf M1100BIX pa3/iHYHBIX TOYEK X, y BIOJIHE pEryjaspHOro
‘nmpoctpaHcTBa T cyulecTByeT onpejeseHHas Ha I HempephbiBHAs Be-
ulecTBeHHAsl (GYHKUMS, NPUHHMAIOWAA B 3THX TOUYKAX pas3/jHUHble
3HAYEHHS. . ,

7. Pa3nnyHble cnocoGut 3ajlaHMsl TOMOJOTHM B NpPOCTPaHCTBE.
Merpusyemoctb. CaMblii npsAMO# cnoco6 3aaaTh TOMOJIOTHIO B HEKO-
TOPOM TNPOCTPAHCTBE COCTOMT B TOM, YTOOH HENOCPEACTBEHHO YKa-
8aTb Te MHOXECTBA, KOTOPble Mbl cuuTaeM oTKpbithiMu. Habop stux
MHOXECTB JIO/DKEH YIOBJeTBOPATb TpeGoBanusam 1° u 2° (cm.
cTp. 84). PaBHOCHJIBHBIN 5TOMY JABOHCTBEHHBI cnoco6 — yKasaTso
‘Habop 3aMKHYTHIX MHOXecTB. Takol Ha6op [dOJKeH, OUYEBHAHO,
iyfoBnerBOpsiTh ycaoBuaM 1 u 2 (cTp. 84). OnHako GdakTHYECKH
9TOT Croco6 peiAko MoxeT ObITb NMpHMeHeH. Tak, HampuMmep, naxe
B CJyuae NJOCKOCTH BPSA JH MOXHO 1aTb HeNOCpPeACTBEHHOE ONH-
caHue BcCeX OTKPBITHIX MOAMHOXECTB (KaK 3TO ylaercd clenathb
Aas npamoit (teopema 5 § 2)).

PacnpocrpaHeHHblil croco6 3a4aHHSl TOMOJIOTMH COCTOMT B Bbl-
60ope HeKOTOpO# 6a3bl; (aKTHUECKH HMEHHO TAK M BBOAMUTCH TOINO-
JIOTHSl B METPHYECKHX NPOCTPAHCTBAX, I[le MBI, OMHpPAACh Ha MeT-
PHKY, 3anaeM 6a3y — COBOKYMHOCTb OTKPbBITBHIX IIAPOB.

Eme oauH H3 BO3MOXHBIX CNOCOGOB 3a4aTh TOMOJOTHIO B MHpO-
CTPaHCTBE — 3TO BBECTH B HeM I[OHATHe cxoaumoctd. OpmHako 3a
npejie/laMi METPHYECKHX TMPOCTPAHCTB TaKOH crnoco6 He Bcerjaa yuo-
Gen, MOCKOJBKY, KaK YXXe YKa3blBajochb B II. 4, He Bcerja nepexoj
OT MHOXECTBA K €ro 3aMBIKaHMI0O MOXHO OIHCaTb B TePMHHaX
CXOAAIUXCA TOCAEIOBATRILHOCTEH. DTOT CNOCO6 MOXHO CleaaTh
YHUBepca/bHbIM, OGOGLIHB COOTBETCTBYIOLIMM O0GpPa3oM CaMo Io-
HATHE CXOAAULEACH TOC/AelloBAaTEeNbHOCTH (CM., Hanpumep, [29],
ra. 2).

MoXHO BBeCTH B MNMpPOCTPAHCTBE TONOJOTHIO, ONpEeTHB B HEM
AKCHOMATHYECKH ONepalHIo 3aMblkaHus. HIMenHo, roBopsT, 4ro B
MHOXecTBe X 3alaHa onepayus 3amvlkanus, ecin Kaxaomy A = X

') 3tor (coBceM He oueBHAHMIA) aKT BHTeKaeT H3 cClaeRymouweld TeopeMbl
IN. C. Ypricona: ecnn T — HopMasibHOe mpocTpaHcTBo B Fi, Fo— 1Ba ero Henepe-
CEKAIOMHUXCH 3aMKHYTHX NMOIMHOXeCTBa, TO Ha T cylecTByeT HenpepuBHasd (yHK-
nug, f,0 << f(x) << 1, paBHas Hyaio Ha F; H einHuLe Ha Fp,
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NOCTABJEHO B COOTBETCTBHE HEKOTOpoe MHOXKecTBO [A] = X, nazml-
Baemoe 3amvikanuem A, npuuem onepauus nepexoga ot A x [A] 06-
Jajpaer cBofictBaMu 1)—4), ykazaHHsIMH B TeopeMe | § 2. Onpeje-
JIUB TIOC/J€ 3TOr0 3aMKHYThle MHOXeCTBa KaK Te, AJsS KOTOphiX
[A] = A, nerko mokasaTb, YTO 3TOT KJIaCC MHOMXKECTB YIOBJETBOpPSIET
yeaosusiMm 1 u 2 (ctp. 84), T. e. AeACTBUTeNbHO onpedensier B X
TOMNOJIOTHIO.

3ajaHue METPHKH — OJIHH H3 BaXXHeHIIHX CNoco6oB BBeIEHUS
TOMOJIOrHH, XOTS W JajeKo He yHHBepcaabHbli. Kak Mbl yXe BH-
JiesIH, BCAKOE MeTpHYeCKOoe NPOCTPAHCTBO HOPMAJbHO H YIOBIETBO-
psieT nepBoil akCMOMe CUETHOCTH. B mpocTpaHCTBe, JHIIEHHOM XOTS
6bl 0HOTO H3 3THX JBYX CBOHCTB, TOMNOJIOTHIO HeJb3sl 3ajlaTh C MO-
MOILbIO KaKoH 6bl TO HH GbLIO METPHKH.

Onpepeanenne. Tononoruueckoe npocTpaHcTBo T Ha3bBaeTcst
METPU3YeMbiM, €CJIA €ro TONOJNOTHIO MOXHO 3aaTh C NMOMOIIbIO Ka-
KOH-1160 MeTpHKH.

B cuay ToNbKO YTO CKa3aHHOTO HOPMAaJbHOCTb MPOCTPaHCTBA U
TiepBas akKCHOMAa CUETHOCTH MNpeAcTaBasieT co6of HeOOXOAHMBIE
YCJOBHS METPU3YEMOCTH NMpOCTpaHCTBAa. BMecTe ¢ TeM HH Kaxjoe u3
ITHX YCJIOBHH B OTAENbHOCTH, HU 1aXKe HX COBOKYIHOCTb He JOCT a-
TOYHBl ANd MeTpH3yeMmocTH npocrpaHcTBa. OJHAaKO HMeeT MeCTO
caenyouas reopema, npunagnexamad I1. C. ¥Ypeicony:

s To20 4TO6bBL TONOAORUYECKOE NPOCTPAHCTBO CO c4eTHOU ba-
304 66140 meTpU3yemo, Heobxo0umo u O0CTATOUHO, 4TO6bL OHO 6bLA0
HOPMAABHO. ,

Heo6xoauMocTb 3TOr0 yC/IOBHS $ICHA; 10KA3aTeNbCTBO AOCTATOYU-
HOCTH MMeeTcsi, HanpuMep, B [2].

§ 6. KomnakTHoOCTb

1. NMonsiTHe KoMnakTHocTH., PyHIaMeHTa/JbHYIO pPOJb B aHalu3e
urpaer caeayowui (akT, H3BeCTHHIH O] HAa3BAHHEM J €M M bl
Teline—bopeuns:

H3 ar060co nokpeitus orpeska [a, b] uucrosod npamoil unrep-
BANAMU MONCHO 86L0paAT6 KOHEUHOe nodnoKpeiTue.

910 yTBepK/EHHe OCTAHeTCH CINpaBelJHMBHIM, €C/M BMECTO HH-
TepBaJiOB PacCMaTPHBATh JIOObE OTKPHITHE MHOXKECTBA: U3 8CAKOZO
OTKpHITOZ0 nOKpoiTUs oTpe3ka [a, b] moxcno 6b10esuTo KoHeunoe
noonokpoiTUE.

OrnpaBadasicb OT 3TOrO CBOWCTBAa OTPe3Ka UYHCAOBOH MpAMOH,
BBeJleM Cjelyloliee BaXxKHOe MOHATHE.

Onpeneaenue. Tonosornueckoe npocTpancTBo I-Ha3biBaeTcs
KOMNAKTHOIM, €ClH 11060e €ro OTKpPLITOEe NOKPBhITHE CONAEPIKHT KO-
HeyHoe MOAMNOKpPHBITHE. ‘

KoMnaxTHOe TOMOJIOrHYECKOe TMPOCTPAHCTBO, YIAOBJIETBOpAIOLIee
axcuome oTaesuMoctH Xaycpopda, Ha3bBaeTC KOMNAKTOM.
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Kak MBI YBHIHM HHXe, CBOHCTBOM KOMIIAKTHOCTH Hapsiay ¢ OT-
peskaMu 06/afaloT Bce 3aMKHYTHE OFPaHHYeHHblE MNOJIMHOXKe TBa
eBKJHJ0BAa TNpocTpaHCTBa MI000H KoHeuHOH pasmepHoctd. Hao6o-
poT, NPSMas, IIOCKOCTb, TPEXMEPHOE NMPOCTPAHCTBO CJYXKAT Mpo-
cTefIIHMH PUMEPAMH HEKOMIAKTHBIX MPOCTPAHCTB.

HasoseM nekotopyio cucreMy noimuoxects {A} muoxectsa T

n

YenTpuposanrol, eciu Moboe KOHEUHOe NepeceyeHne ﬂ A; unenos
i=l1

3TON CHCTEMBI He mycTo. 13 chopMyaupoBaHHOTrO onpeseseHHsT KOM-
MAKTHOCTH H COOTHOIIEHHH JBOHCTBEHHOCTH BHITEKAET CJEAyIOULas
TeopeMma.

Teopema 1. Jaa o020 4T0b6t TOROAOUYECKOE npocTparcTeo T
66i10 KOMNAKTHOIM, HEOOX00umMO U QOCTATO4HO, 4TOGbL OHO YyOo8ae-
TEBOPANO YCAOBUIO:

(R) kanclas yenTpupoBAHHAA CUCTEMA €20 3AMKHYTbIX NOOMHO-
"HECT8 UMeeT Henycroe nepecederue.

JleficTBuTENBHO, IYCTh {F,} — LeHTpHpOBaHHASA CHCTEMA 3aMKHY -
THX TNoAMHOXecTB B I u mnycts I KoMnakTHOo. MHOecTBa
G,=T\F, OTKprTbI, npuuyeM U3 TOro Qakra, UTO HHKAKOE KO-

HEUHOe MepecevyeHHe ﬂ F; we mycro, caenyer, 4To HHUKaKas KOHeU-

Hasi CHCTeMa MHOXKECTB (z1 == T \\ F; ne noxpuiBaer Bce T. Ho Toraa
u Bce G, He 06pas3yiOT NOKPHITHA (KOMIAKTHOCTB!), a 3TO 3HAuuT,
uto | Fy # . Hrak, ecin T KOMIaKTHO, TO B HeM YyciaoBHe (R)
punoanedo. O6paTtHo, mycts T ynoBieTBopsieT ycaoBuioo (R) u
{G,} — otkpsiTOe nokpuiTHe npocrpanctsa T. [Tonoxus F, = T\ G,

nonyuuM, uto (1F, = &, oTKyna chaenyer (ycnosue (R)) 4TO CH-
crema {F,} He MoXeT ObITb LEHTPHPOBAHHOH, T. €. CYUECTBYIOT Ta-

n

kue Fi, ..., Fp, uTO ﬂ F;=¢@. Ho rorma coorBercTByWOUIHE
i=l1

G; =T\ F; o6pa3syioT KOHeyHoe mOANOKpeiTHe mOKphiTHa {G,}.
Hrak, ycaosue (R) paBHOCHIBHO KOMIIAKTHOCTH.

YcTaHOBUM HEKOTOPble OCHOBHBIE CBOHCTBA KOMIAKTHHIX TMpO-
CTPaHCTB.

Teopema 2. Ecau T — KoMnakTrhOe npocTpancTso, 10 Kawdoe
€20 becKonedHoe NOOMHONECTBO umeeT xoTsn Ob. 00HY npedenvryro
TOHKY).

HokasateabctBo. Ecan T comepxuT GeCKOHeUHoOe MHOXe-
cTBO X, He HUMeulee HH OAHOH NpeleJbHOH TOYKH, TO B HeM
MOXHO B3AITb CYeTHO® MHOXeCTBO X| = (X1, X2, ...), TAKXKe He UMeEIO-
mee HH OJHOH mpenedbHOH Toyku. Ho Torma wmuoxecrBa X, =
=(Xn, Xn41, ...) OOPA3yOT LEHTPUPOBAHHYID CHCTEMY 3aMKHYTHIX
MHOXKecTB B T, HMEIOULYIO MyCTOe nepeceyeHue, T. e. T He KOMIAKTHO.

Teopema 3. 3amxHyroe nOOMHONECTBO KOMNAKTHOZO NpPO-
CTPAHCTBA KOMNAKTHO.
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HoxasatedbcTBo. Ilyctb F—3aMKHyTOe NOAMHOXECTBO
KkomriakTHoro mpoctpanctsa I u {F,} — npou3Bo/bHAst UEHTPHPO-
BaHHas CHCTeMa 3aMKHYTBIX IIOJMHOXECTB MOANPOCTPAHCTBA
FcT. Torpa xaxnoe F, 3amkuyto u B T, 1. e. {F,} —uenrpupo-
BaHHAsl CHCTeMa 3aMKHyThiXx MHoXectB B 7T. CuenoBatenbHO,
NF,5% &. B cuny teopeMbl | orTciofa ciaexpyer KOMIAkKTHOCTL F.

ITockonbKy MOANpPOCTPAaHCTBO XxaycAopdoBa MpocTpaHCTBA CaMo
xaycnopdoBo, oTciofa noayyaem:

CnencrBue. 3amMkHyTOe NOOMHONCECTE0 KOMNAKTA €CTb KOM-
naxT. '

Teopema 4. Komnakr 3amknyr 8 awbom colepicaujem e20
xaycoopgosom npocTpancree.

HokasarteabctBo. [lycth K —KOMNakTHOe MHOXECTBO B
xaycaopgosom npocrpancree T u nycts y ¢ K. Toraa anas no6oi
ToykH X & K cymecTByioT OKpeCTHOCTb Ux TOUKH X M OKpPECTHOCTb
V. TOuKH y Takue, uTO

u.Nnv,=g.

OxkpectiHoctn U, 006pa3yloT OTKpbITOe NOKpbiTHE MHOXecTBa K.
B cuny KOMnaktTHOCTH K M3 HEro MOXXHO BBIIEJHTb KOHEUHOe Mo/ -
nokpoithe Uk, sz, cen, an. ITosoxum

V=V NVe, N oo NV,
TornaV — okpecTHOCTb TOUKH 4, He IlepeceKaloulascs cUsx, U sz U...
- UanDK. CaenoBarenbHo, y & [K] u 3uaunr, K 3amkuyro. Teo-
peMa 1oKa3aHa.

TeopeMbl 3 u 4 mokasblBaloOT, YTO B KJacce xaycaopdoBBIX Mpo-
CTPaHCTB KOMIAKTHOCTb €CTb BHYTPeHHee CBOHCTBO NPOCTPAHCTBA,
T. €. BCSIKHH KOMIAKT OCTaeTCsi KOMIAKTOM, B Kakoe Gbl OoJsiee INH-
pokoe xaycaoptoBO NPOCTPAHCTBO Mbl €r0 HH BKJIOYAJIH.

Teopewma 5. Beakud Komnakr npedcrasaser coboii Hopmaas-
HOe NPoCTPAHCTEO.

Hokaszateabctso. Ilycte X u Y — n1Ba Henepecekaioluxca
3aMKHYTHIX moAMHOXecTBa Kommakta K. [loBropuB paccyxieuus,
npoBeJieHHble B 0Ka3aTeJbCTBE NpelblAyllefi TeopeMbl, Jerko yGe-
IUTbCA B TOM, YTO JJIf KaXJIOH TOUKH y & Y CyLIeCTBYIOT Takas ee
okpectHocth Uy u Takoe oTkpbiToe MHOXecTBO Oy D X, uro Uy N
N Oy, = &. Tem caMbIM [OKa3aHO, YTO BCAKHI KOMIAKT peryJjsipeH,
ITycte Tenepb y mpoGeraer MHOXecTBO Y. BriGepeM H3 MOKPHITHA
{U,} muoxectBa Y xoneunoe mnoxamokpuithe Uy, ..., Uy,. Torna

OTKPBIThle MHOXECTBA
0W=0,N...NO0y, u 0®=U, U ... UU,,
GynyT YAOBJETBOPATb YCJIOBUSM
oMo X, 0WY uw 0WNOP =g,
a 3TO M O3HayaeT HOPMAJbHOCTb.
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2. HempepbiBHbie OTOGpaMKeHHS  KOMNAKTHHIX MPOCTPAHCTB.
HenpepbiBHble OTOOPaXKeHHs KOMIAKTHBIX NMPOCTPAHCTB, B YaCTHO-
CTH, KOMIIAKTOB, 00J1a4a10T PSALOM HHTEPECHBIX H BaXHLIX CBOHCTB.
* TeopeMa 6. Henpepbisroti 06pa3 KOMRAKTHO20 npOCTPAHCTSA
CTb KOMNAKTHOE NPOCTPAHCTBO.

NoxasarteabcTBo. [lycte X — KOMnakTHoe npocTpaHCTBO H
[ — ero HempepbiBHOE 0TOOpaXKeHHe B TONMOJIOTHYECKOe NPOCTPAHCTBO
Y. PaccmorpuM kakoe-au6o mokpbitHe {V,} o6pasa f(X) orTkpni-
roiMH B f(X) mMuoxecrBamu. [Tosoxkum U,,=f_l (V4). Muoxectsa
U, OoTKpBITH (KaK Npoo6pa3bl OTKPLITHIX MHOXECTB NPH HenpepbiB-
HOM oToGpaxeHHH) W 06pasyloT NOKpuiTHe mnpoctpancrea X. U3
3TOr0 NOKPBHITHS MOXHO BbIGpaTh, B CHJIY KOMIAKTHOCTH X, KOHeU-
noe nopmokpbitie Uy, U, ..., Un. Torma muoxecrsa Vi, Vi, ...
«e.y Va, roe Vi = f(U;), nokpuiBaoT Bech 06pa3s f(X) mpocrpaH-
ctBa X.

Teopema 7. Baaumno 00HO3HAYHOe U HenpepbisHoe 0TOGpPA-

awenue ¢ komnakta X Ha xaycdopgoso npoctpanctso Y ects 2omeo-
MOpDU3M.
- JlokaszarenabcTBo. HyxHO mokasaTh, 4TO H3 YCIOBHH Teo-
PeMBl  BHITEKaeT HeNPepHBHOCTh OOpaTHOro oToGpaxeuus @
Tlycts F — 3amkHyToe MHOXectBO B X u P = ¢(F) —ero obpas
B Y. B cuay npeabifyiueil TeopeMbl P — KOMIAKT H, CJeI0BaTe/b-
Ho, P 3amkuyto B Y. Takum oGpasom, npoo6pa3 npu otoOpakeHHH
¢! BcAKOro 3aMKHyToro Muoxectsa F — X 3aMkHyT. A 3T0 U o3Ha-
YaeT HeNPEePHIBHOCTb 0TOOpaXkeHus @',

3. HenpepbiBHbie H noayHenpepbieHble (YHKUHH Ha KOMNAKT-
HbBIX NpocTpaHcTBaX. B mpeaniiyuieM myHKTe peub lijla O Hempe-
PHIBHBIX OTOGpaXK€HHAX KOMINAKTa B XaycAop}oBO IPOCTPaHCTBO.
YacTHBIM cayyaeM TaKHX OTOGpaXKeHHH SBJAIOTCH OTOGparkeHHs
KOMMAKTOB B YHCJOBYIO NpPSIMYIO, T. €. UHCJOBbie (DYHKIHH HA KOM-
pakrax. Jasa Takux ¢yHKUHH COXPaAHSIOTCH OCHOBHBIE CBOHCTBA
<yHKUHH HA OTpe3Ke, H3BECTHbHIE H3 aHAJH3a.

Teopema 8. [Tycre T — KOMNaxkTHOe npoCTpancTéo u f— He-
npepoisras 1a Hem 4ucrosas pyukyua. Tozda | oepanuuena na T
u doctuzaer na T sepxuell u HuscHeld eparell.

HNoxasaTteabcTBo. HenpepriBHass ¢yHKIHS eCTb HempepbiB-
Hoe oto6paxenue T B uncaoByio npsmyio Rl. O6pas T B R! B cuay
-obuieii TeopeMn 6 kommakteH. Ho, kak uHTaTeN 0 H3BECTHO H3
Kypca aHaju3a (cM. Takxke m. 2 § 7), KOMNakTHOe NMOJAMHOXECTBO
YHCJI0BOH MNpPAMON 3aMKHYTO M OrPAaHHYEHO M INOTOMY HE TOJBKO
HMeeT KOHEeUYHble BEPXHIOI0 H HHIKHIOI TPAaHH, HO H COAEPXHUT 3TH
TpaHu. Teopema noKa3aHa.

Ynpaxuenune. ITyctb K — KOMNAKTHOE METPHYECKOE NPOCTPAHCTBO H A —
Takoe oto6pamenne K B cebs, uro p(Ax, Ay) < p(x,y) npu x %= y. Ilokasats,
4T0 OToGpamenne A uMeeT B K eXHHCTBEHHYI) HENOXBHMHYIO TOUYKY.
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YTBepxKaenus nocjelHel TeopeMbl AONYyCcKaloT 0606meHne H Ha 6ojee LIHPO--
KHH KJaacc QYHKIHH, a HMEHHO, Ha TaK Ha3blBaeMble NOJyHenpepbiBHbIE QYHKIHH,.

dyHkuus f(x) Ha3bIBaeTC HOAYHENPepulBHOL CHU3Y (cBePXYy) B TOUKe X,
ecnn Aasa jwoboro € > ( CyIleCTBYeT Takas OKPECTHOCTb TOYKH Xg, B KOTOpOil
f(x) > [(x0) — & (cooTBeTcTBeHHO, f(x) << f(%0) 4 €).

Hanpumep, ¢yHkuus <«uenas uacTb oT x», f(x) = E(x) noayHenpepbiBHa
cBepxy. Eciu yBeanunth (YMeHbIIHTL) 3HadyeHHe f(Xo) HenpepbiBHOA QYHKIHH B.
KaKoH-J1H60 ONHOH TOYKe Xo, TO Mbl MOJYYHM NOJYHENPEpLIBHYIO CBEPXY (CHH3Y)
¢yukuuwo. Ecun f(x) monyHenpepeiBHa cBepXy, To — f(x) nosyHenpepbiBHa CHH3Y..
OTH ABa 3aMeyaHHs TMO3BOJSAIOT €pa3y NOCTPOHTh GOJBLIOE YHCJO TPUMEPOB TOJAY-
HenpepueBHBIX G YHKIIHE.

I1pn H3y4yeHHH CBOHCTB IOJIYHENPePbIBHOCTH A€ACTBHTEJbHEIX QYHKUHH yLOGHO-
LONycKaTb s HHX GeckoHeuHble 3HaueHus. Ecan f(xo) = —oc, T0 Oynkuumio f
6yneM CuMTaThb NOJYHENpPEePHBHOH CHH3Y B TOUKE Xo; €ChAH XKe Ajas Jwoboro A > O
HMeeTcs OKPECTHOCTb TOYKH Xo, B KOTOPOH [(x) << —h, To 6ymeM CuHTaTh, 4YTO:
@yHKUHS [ NOJYHENDEPbIBHA H CBEPXY B TOYKE Xp.

Ecan f(xo) = +-00, 10 dyHkunio f 6yneM CYHTaThb NONYHENPEPHIBHOH CBEPXY’
B Xo; €CJH Xe Jas Jwo6oro A >> 0 uMeeTcs OKDPECTHOCTb TOYKH X, B KOTOPOWH
f(x) > h, To 6yneM cuutaTh, 4TO QYHKUHSA f MOJYHENPEPLIBHA H CHH3Y B TOUKE Xo..

TlycTh f(x) — AeficTBHTeNbHAash (GYHKUUA HAa METPHYECKOM npocTpaHcTBe R.
Bepxnum npedesom f(x,) dhyHkuuu f(x) B TOUKe Xo Ha3HIBaeTCs BEJHYHHA (KOHEU-:

Has uiau GecKoHeyHas) lim [sup  f(x)]. Huscnuii npedea f(x,) onpenensercs
>0 x&B (xq, &) -

AHAJOTHYHO C 3aMeHOH BepXHell IPaHH Ha HHXHIOW. PasnocTb of (Xo) =7 (x0) —
— f(x0) (ecau oHa uMeeT CMbIca, T. €. ecau 4ucaa f(Xo) u f(xp) He paBHH Gecko--
HEUHOCTH OIHOrO 3HaKa) HaabiBaeTcsl kosebanuesm GyHKUHH f(x) B Touke X Jler--
KO BHIETb, YTO ISl HENPEPHIBHOCTH f(X) B TOUKe X; HGOOGXOAHMO H IOCTAaTOYHO,.
u4T06H Of (%) = 0, T. . UTOOBl —oo << f(X9) = F(%o) << oo.

Hnas mo6oft dyHkuHH f(x), 3agaHHOH Ha MeTPHYECKOM NPOCTPAHCTBE, PYHK-
uus f(x) nonyHempepbiBHa cBepXY, a GYHKIHA [(X) NosyHenpepeIBHA CHH3Y. DTO:
JIETKO BLITEKAET H3 ONpefeNieHHs] BEDXHEr0 H HHXKHETO MpelesioB.

PaccMOTPHM MeTPHYECKOE NPOCTPAHCTBO M, 3JeMeHTaMH X KOTOPOro CAyXat
BCe NefCTBHTeNbHble OrpaHHyeHHble ¢yHKINu @(f), 3ajaHHbie Ha cermeute [a, bl.
MeTrpuky B M 3anafiuM paBeHCTBOM

p(x, y)=p(q )= sup [@(t)—p ()]
a<t<b
Oyuxkuun Ha M, xak 570 OGBIYHO Hendaercsi, GymeM Ha3bIBaTb GYHKUYUOHAAAMU,
4yTO6H OTJHYATb HX OT QYHKIHHA ¢(f) — 3aeMeHTOB M.
PaccMOTpHM OIHH BaXXHbIH NPHMEpD NOJYHeNpepbiBHOro (yHKIHOHAJA.
OnpepenuM aauHy kpHBOH y = f(x)(a << x << b) xak dyHKUHOHA

Ly () = sup ;-; V=2 + () = F (=)

rie BepXHAA IpaHb (KOTOpasi MOXeT ObITb paBHa --00) GepeTcsi NG BCEBO3MOXK--
HBIM pa3bHeHHsM oTpeska [a, bl. DToT GyHKIHOHAN onpejeNeH Ha BCeM NPOCTPaH-
ctBe M. Jlana HenpephiBHHIX (GYHKIHH OH COBNAafaeT cO 3HAueHHEM INpelena

lim 2 A= ) = TE)™

max |"i_"i—1 |—>0 i=1

Haxkonen, aJjs GYHKIHHA C HENpPepHBHOR NpPOH3BOAHONH €ro MOXHO 3alHucaTh
B BHIE ’

v

(VI 77 () ax,

a
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QD YHKILHOHAN LZ (f) mosnyHenpepbiBeH CHH3Yy B M, 4TO Jerko cjeanyer u3 ero

onpeeneHus.

Ha nonyHenpepbiBHble (YHKIMH 060GUIa€TCH YCTAHOBJIEHHAs BHllie TeopeMa.

Teopema 8a. [Toaynenpepoi8ran cHu3y (C6epxy) KOHeUHAn GYHKYUA HA
xomnaxkriom Ti-npocTpancree T oepanudena crusy (ceepxy).

HeiictButesbHo, nonyctuM, uto inf f(x) = —oco. Torma cymecrByer Takas
I0CAEeN0BATENbHOCTD {X5), uTO f(xa) << —n. Ilockoneky mnpoctpaHcTBO T KOM-
fIaKTHO, €r0 GeCKOHeuHoe NMOAMHOXKECTBO {Xn} HMeeT (B Cuiy TeopeMul 2) XOTs OH
©JHY TpeleNbHYI0 TOUKY Xo. Ilo mpeanosnoxeHHo, GpYHKUHs f KOHeuHas M mouy-
HenpepbIBHA CHM3Y; TNOJTOMY HajfifieTca Takast OKpecTHocTh U TOUKHM Xo, 4TO
f(x) > f(x) — 1 npu x = U. Ho Torna okpecthocts U MoOXeT comep:aTh JHLb
KOHEUHOE YHCJIO TOUeK MHOXKecTBa {X,}, a 3TO NpPOTHBOPEYHT TOMY, YTO TOYKa
Xo — TpeflebHast JJIst 3TOTO MHOXecTBa.

AHaNOrMYHO NOKa3KBaeTCs TeOpeMa M JJIs c/yuasl TMOJYHENpepbiBHOH CBepXy
«pyHKLMH.

Teopema 86. [Toaynenpepoienan cnuzy (ceepxy) KOHeHHas GyHKyUA Ha
xomnaxktiom Ti-npocrpancrse T OocTuzaer csoel Huxcretd (B8epxuedl) epanu.

Iyctb ¢yuxuus f(x) nonyHenpepbiBHa cHu3y. Torga mno TeopeMe 8a oHa
WMeeT KOHEUHYI0 HHXKHIOI0 TDaHb, M CYUIECTBYET Takas N0CNeA0BaTeNbHOCTb {xn},
aro f(xn) < inf f(x) + 1/n.

ITockoabky T KOMIIAKTHO, MHOXECTBO {X»} HMeeT mpefe/bHYIO TOUKY Xo.
Ecau 6m 60 f(x;) > inf f, 10, B cHny moayHenpepHBHOCTH (pYHKUHH [ CHH3Y,
HaIlJKCh OH Takasd okpecTHocTh U TOuku xo M Takoe & >0, uro f{x) > inf |+
48 npu x = U. Ho torna okpectHocte U He Morja Gbi cOAepKaTb HHKAKOro
6EeCcKOHEYHOro NOJMHOXKECTBa MHOXKecTBa {x,}. CinemoBartensbHo, f(x,) = inf f, uto
# Tpe6OBanOCh A0Ka3aThb.

4. CyeTHas KOMNAKTHOCTh. BBeneM cienywollee ornpefeseHue.

Onpenenenue. Ilpoctpanctso T Ha3biBaeTCss CHETHO-KOM-
NQKTHOIM, €CJH Kaxfaoe ero OeCKOHeYyHOe IIOJMHOXECTBO HMeeT
X0Ts1 OBl OAHY NpeleJbHYI0 TOUKY.

HokasanHas B 0. | TeopeMa 2 03HauaeT, UTO BCSIKOE KOMIAKTHOE
TPOCTPAHCTBO cyeTHO-KoMnakTHo. O6GpaTHoe, BooGlIe roBops, He-
BepHo. BOT «TpajuUIHOHHBIA» NPHUMEpP CYETHO-KOMIAKTHOrO, HO He
KOMIIaKTHOrO MNpocTpaHcTBa. PaccMoTpum MHoKectBo X Bcex mo-
PAIKOBEIX YHCeJ ¢, MEHBIUUX NMEPBOr0 HECUETHOrO MOPSAKOBOTO YHC-
Ja ;. HazoBeM naTepBanom («,B) B X COBOKYNHOCTL BCex MO-
PAAKOBLIX UYHCEJ Y, YAOBJETBOPAIOU(HX HepaBeHCTBaM o <<y << P.
OTKpLITHIM MHOXKeCTBOM B X Ha30BeM 0GbelHHEHHE IPOH3BOJIBHOTO
4yycsia UHTePBaJoB. JIerko IpOBEpPHTb, YTO MOCTPOEHHOE MPOCTPaH-
CTBO CYETHO-KOMITAKTHO, HO HE KOMIIAKTHO.

CooTHOIlIeHHEe MeXY MOHSITHSIMH KOMIAKTHOCTH H CUETHOH KOM-
TaKTHOCTH CTAHOBHTCS SICHBIM M3 CJelyiollell TeopeMbl.

Teopema 9. [Haa roeo 4T06bL TONOAOCUHECKOE NPOCTPAHCTEO
6biN0 CHETHO-KOMNAKTHOIM, Heo6x00umo u 0ocTatouno awboe u3
caedyrouux 08yx ycaosuli:

1) Kaxcdoe cuerroe orkpuitoe nokpeitue npocrpaucrea T codep-
JUT KOHeuHoe nOONOKpbITUe. '

2) Kawdas cueTHAA YeHTPUPOBAHHAA CUCTEMA BAMKHYTbOLX MHO-
secrs 8 T umeer HenycToe nepeceyeriue.
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JdokaszartenbcTBo. PaBHOCHNBHOCTL ycia0BHA 1) M 2) He-
NOCPE/ICTBEHHO CJelyeT M3 COOTHOLIeHHA JBoHcTBeHHOCTH. [lasnee,
ecid T He CUETHO-KOMMNAKTHO, TO, NMOBTOPHB pacCyXIeHus, NpoBe-
JleHHbIe MPH J0Ka3aTesNbCTBe TeOPeMbl 2, MBEl NOJY4YHM, uTO B T Cy-
ILeCTBYeT CYeTHasi IeHTPHPOBAHHASl CHCTEMAa 3aMKHYTHIX MHOXECTB
C NyCcTHIM NepeceyeHHeM. TeM CaMbIM JOCTATOYHOCTb YCJIOBHA 2)
(a 3Hauut, u 1)) ycranosnena. JlokaxeM HeOGXOAHUMOCTb YCJIOBHS
2). Myctb T cueTHO-KOMNakTHO ¥ {Fr} — cueTHasi LeHTpHpOBaHHAas

CHCTeMa 3aMKHYThIX MHoxecTB B T. ITokaxewm, uro ﬂ F,= 0. lycts

D, = ﬂ Fp. ScHo, uto Bce @, 3aMKHYTH, He NMyCTbl (B CHJY IleH-

Tpuposaﬂnocm {Fn}) ¥ o06pasyioT HeBO3pacCTaOIYI0 CHCTEMY
O,D0,> ..., H YTO O, = ﬂ F,. Bo3MOXHBI JBa cayuas:
n n

1) Haunnas c HeKoTOpOrO HOMEpa ng
‘(I)Il°= (Dno+l = s
Torma, oyeBHAHO, ﬂ O, =0, ~ @.

n
2) Cpenu @, umeercsi 6€CKOHEYHO MHOTO MOMAPHO PA3JHYHBIX.
ITpu stom nocrarouHo paccMoTperh caydai, koraa Bce @, pas-
JHYHBl MeXay coboit. [lycts

X, =0, \ 0,4

IMocnenoBarenbHocTh {x.} npemcraenaser co6oii GeCKOHEUHOE MHO-
JKEeCTBO Pa3JIHUHBLIX TOYeK H3 T; B CHJAY CUETHOH KoMmaKTHOCTH T
OHa JIOJI)KHA UMeThb XOTs Gbl OJHY MpeleJbHYIO TOUKY, CKaXeM, Xq.
Tak kak @n CONEPKHT BCe TOYKH Xn, Xn4l, ..., TO Xo— [pefiefib-
Hast Touka 4151 @On H B cuiy 3aMKHYTOCTH Dn, X9 O,. Cregona-

TEJbHO, ﬂ D, >x T. €. Q.+ Q.
n n

TakuM 06pa3oM, H KOMNAKTHBIE H CUYETHO-KOMNAKTHBIE NIPOCTPaH-
CTBa XapaKTEPH3YIOTCSl <«IIOBEJEHHEM» CBOHX OTKPHITHIX MOKPHITHII.
U B TOM, H B ApPyromM cjayuyae H3 OTKPBITOTO MOKDHITHSI MOXHO BBI-
6paTh KOHEUHOE, HO B NIEPBOM cJydyae pedb HAET O JIOObIX NOKPHI-
THSIX, @ BO BTOPOM — TOJIbKO O CUETHBIX.

Xotst B 0beM c/ydyae H3 CUETHOM KOMIIAKTHOCTH KOMIaKTHOCTE
He BBITEKAET, HMEET MECTO CeNyoumluii Gakr.

Teopema 10. Hasa npoctpancte co cuerxoll 6a30i noxHaTuz

KOMNAKTHOCTU U CHETHOU KOMRAKTHOCTU CO8RAOQIOT.
: JlefAcTBUTENbHO, H3 JIO60T0 OTKPBITOrO MOKPBHITHS NPOCTPAHCTBa
T, uMmeloulero cuetHylo 6a3y, MOXKHO BbIOpaTh CU€THOe MNOANOKPHI-
the (teopema 5 § 5). Ecau ke T K TOMy Ke H CUETHO-KOMIIAKTHO,
TO H3 3TOr0 MOCJEIHEr0 MOXKHO B CHJY NpeAblAyuled TE€OopeMbl Bbi-
6paTb KOHEUHOe MOANOKPhITHE. TeM caMbiM ycraHaBauBaercs, uto T
KOMIIaKTHO.
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3amMeuanue. [ToHsiTHe CYeTHOH KOMMAKTHOCTH TOMOJOrHYE-
CKOro MpoCTPaHCTBA 0Ka3aJoCh HAa CAMOM Jiesie (B IPOTHBOBEC KOM-
; JaKTHOCTH) He OYeHb YIAYHLIM H ecTeCTBeHHBIM. OHO BO3HHKJO TaK
CKa3aTb «N0 HHepUHH». [leJo B TOM, 4TO A/ MeTPHYECKHX MpO-
CTPaHCTB (KaK W JJs TPOCTPAHCTB CO cyeTHOR O6a3ofi) 3tH 1Ba
NOHSITUS COBMAjAaloT (3TO GyAeT IOKa3aHO B CJAEAYIOlleM naparpa-
e). Ilpn 3ToM /151 MeTpHYeCKHX NPOCTPAHCTB NMOHSTHE KOMIIAKT-
HOCTH OBbLIO MOHayaJy NaHO MMEHHO KaK HaJjuuhe y Kaxjaoro Gec-
*KOHEYHOro MOJIMHOXECTBA MpeleTbHON TOUKH, T. €. KaK ONpele/enne
'CYETHOM KOMIAKTHOCTH. «ABTOMATHYECKHH» MEPEHOC 3TOrO Onpeje-
JIEHHSI ¢ METPHUYECKOro cJydvast Ha TONOJIOTHYECKHH U NPHBEJ K IO-
HATHIO CUETHO-KOMIIAKTHOI'O TOMOJIOrHYecKoro npoctpanctsa. Muoraa
B JuTepatype, ocobeHHO Oojee CTapoil, TEPMHH <KOMIAKTHOCTb»
TIOHHMAeTCsl KaK «CueTHasi KOMNAKTHOCTb», a TONMOJOrHYECKOe Mpo-
CTPAHCTBO, KOMIIAKTHOe B Halllei TEPMHHOJIOTHH, T. €. TaKoe, HU3
"KaXIOr0 OTKPBLITOrO NMOKPBITHSI KOTOPOrO MOXKHO BBIJETHTb KOHEY-
fi0€ TOANOKPBITHE, HAa3bIBAETCA OUKOMNAKTHbIM. TIpH 3TOM KOMMAKT-
Hoe xaycnophoBO MPOCTPAHCTBO (T. €. KOMIAKT) UMeHYyeTCsl OuUKOM-
NAKTOM, a TEPMHH <«KOMIIAKT» pe3epBHpYeTcs 15 0GO3HaueHHs
MeTPHUYECKOTr O KOMNAKTHOro npocrpanctBa. Mul 6yaem npH-
JIepXKHUBATbC TeX TEPMHHOB (KOMIAKTHOCThb, CUeTHasi KOMIAKT-
HOCTb), KOTOpble BBEJEHHI Bbillle; NMPH 3TOM Mbl H KOMHAKTHH €
MeTpHYecKHe TPOCTPAHCTBA TaKXe OyneM Ha3biBaTb KOMMaKTa-
MH, a B TeX CJyyasx, KOrjla HaJuuHe METPHKH XKeJaTelbHO Clie-
LHMANbHO MOLYEPKHYTh, — «METPUHECKUMU KOMNAKTAMUY,

5. lpeaxoMnakTHbie MHOXeCTBA. EciiH MHOXecTBO M, jexalee
B HeKOTOpOM xaycjaopdosom mpoctpaHcTee T, He 3aMkHyTO B T, TO
M ue Moxetr ObiTh KOMnakTHO. HanpuMep, HH OAHO H3 HE3aMKHYTHIX
TIOIMHOXXECTB YHCJOBOH NMpsIMON He sBJsieTCs] KoMmakToM. Moxer,
‘OJIHaKO, 0Ka3aThcsl, YTO 3aMbikaHue [M] takoro muoxectsa M B T
yxke o6aanaer cBoiicTBOM KoMnakTHocTH. Hanpumep, atomy ycio-
BHIO YAOBJETBOpPsieT 110 60e OrpaHHYeHHOE NMOAMHOXECTBO HA
YHCJIOBOH NPSMOH HJH B N-MEpHOM NpocTpaHcTBe. Beemem caenyio-
lilee OMpeaeJIeHHe.

Onpenenenne. Muoxectso M, nexaliee B HEKOTOPOM TOIO-
JIOrHYeCKOM TNpocTpaHcTBe I, HasbiBaeTcsl npe0KOMNaxkTHoiM (WU
KomnakTHoim oTHocuteavro T), ecau ero 3aMbikande B T KOMIakT-
Ho. Ananoruuno, M nasbiBaetcs cueTHO-npedkomnaktHoim B T, ecau
BcsAKoe GecKOHeuHOoe moaMHOXKecTBOo A — M umeer xoTa Gbl OQHY
TIpefieIbHYIO TOUKY (KOTOpasi MOXeT NMpHHAJJIeXaTh, HO MOXeT H
He mpuHaanexartb M).

ITousiTHe mMpeAKOMIAKTHOCTH (B OTJIHYHE OT KOMIIAKTHOCTH) CBfI-
3aHO, OUEBHAHO, C T€M IIPOCTPAHCTBOM I, B KOTOPOM Mhl JaHHOE
MHOXecTBO paccMatpuBaeM. HanmpuMep, MHOXeCTBO pallHOHAJIbHBIX
Toyek B uHTepBate (0, 1) mpenfKOMNaKTHO, €CJH ero pacCMaTpPHBAaTh
XaK MNOAMHOXECTBO YHCJIOBOH NpPSIMOH, HO OHO He OymeT NpefaKoM-
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NakKTHBIM Kak MNOAMHOXECTBO MPOCTPAHCTBA BCeX palUHOHAJbHBIX.
qHCe.

ITonaTHe NpeiKOMNAKTHOCTH HaHGoJee CYLIECTBEHHO B cJayyae
METPHYECKHX NpPOCTPAHCTB, O ueM OyleT HATH pedb B CIAEAYIOLIEM
naparpadge.

§ 7. KoMnakTHOCTL B MeTpPHYECKMX NPOCTPaHCTBax

1. MoaHas orpaHHYeHHOCTb. [IOCKONBbKY MeTpHUYECKHe IIpPOCT-
paHCTBa NpeACTaBASIOT CO60H YacTHHH caydad TONOJOTrHYECKHX, Ha
HUX pAaCNpOCTPAHAIOTCS Te ONpeleseHHs H (aKTbl, KOTOpble Sblin
H3JI0XKeHbl B npejbiayllleM naparpade. B MeTpHueckoM ciyuae Kom-
NaKTHOCTb TECHO CBSI3aHA C NOHSATHEM NOJHOH OCPaHHYEHHO-
C TH, KOTOPOe MBI ceiiuac BBeAeM.

Ilycte M — HeKOTOpOE MHOXECTBO B METPHYECKOM NPOCTPAHCTBE
R u & — HeKOTOpOE MOJIOKHUTEAbHOE uHca0. MHOKecTBO A U3 R nHa-
3piBaeTcs e-ceToro A M, ecau pisa n10608 ToukH x € M ualigercs
x0Ts Obl OlHA TOuKa a € A, Takas, 4To

p(x, a)<e.

(Muoxectso A He 06513aH0 coaepxaTthcst B M U MOXeT naxe He
uMetrb ¢ M Hu onHo#l o6uiell TOUKH, OAHAKO, UMes mjs M uekoTo-
pyio e-ceTb A, MOXHO NOCTPOUTDH 2¢-ceTb B < M.)

HanpuMep, LeMOYHUCJIEHHBIE TOYKH 00pasyloT Ha IUIOCKOCTH

1/4/2 - cetb. MHOXecTBO M Ha3BIBAETCS BNOAHE 02PAHUHEHHbLM, €CTR
JJis Hero mpH Jiio6oM & > 0 cyllecTByeT KOHeUH a g &-ceTb. SIcHo,
4YTO BNOJIHE OrpaHHYEHHOE MHOXECTBO 0053aTelIbHO OrPaHHYEHO,.
KaK CyMMa KOHEYHOro 4HCJa OrpaHHueHHBIX MHOXKecTB. O6paTHoe,
Boo6lile roBopsi, HeBEPHO, KaK NOKa3blBaeT NMPUBOAUMEIN HHXKe NpHU-
Mep 2.

Yacto ObiBaeT mosie3HO CiaeAyiolllee OUEeBUIHOE 3aMeYaHHe: ecaid
muoocecreo M snoane oepanuueno, to eco 3amoikanue (M| raxkwe
6110AHE 02PAHUUEHO.

W3 onpepenenusi mosHOH OrpaHHYEHHOCTH Cpasy cJenyeT, yTo:
eCAl CaMO MeTpuueckoe npocTpanctTéo R snoamne oepanuuerno, to
0HO cenapabenvHo. J1efCTBHTENBHO, MOCTPOUM [JIsl KaXAoro n B R
KoHeuHyio 1/n-cetb. CyMMa HX 1O BCeM 7 IpeiCTaBJseT COGOM
cyeTHoe Bcioay mioTHoe B R MHoxecTtBo. Ilockosbky cenapaGesnb-
HOe MeTpHUYeCKoe NPOCTPAHCTBO HMeeT CueTHyI0 6asy (Teopema 4
§ 5), MBI MosyuaeM, 4TO BCAKOE BNOAHE O2PAHUHEHHOE METPUYECKOE
NPOCTPAHCTEO UMEET CHETHYI0 6a3y.

IIpumMepsn. 1. B n-MepHOM €BKJIHA0OBOM IPOCTPAHCTBe IMOJHAsE
OrPpaHHYEHHOCTb CcoBmajgaeT ¢ OOGBYHOH OrPaHHYEH-
HOCTBbIO, T. € C BO3MOXHOCTbIO 3aKJIOYHTb NAHHOE MHOXKECTBO
B JocTaTOYHO Goabloi Ky6. JleficTBUTENbHO, eciin TaKoil Ky6 pas-
6uTb Ha KyOWKH ¢ peGpoM &, TO BeplIHHBl 3THX KYOHKOB OyayT



47 KOMITAKTHOCTb B METPHUECKUX MPOCTPAHCTBAX 107

.06pa30BbIBATH KOHEUHYIO («\/n/2) &-CeTb B HCXOJHOM Ky0e, a 3Ha-
quT, M TOAABHO, B JIOGOM MHOXECTBe, JeXalleM BHYTPH 3TOTO
Kyba.

2. Enunnunas cdepa S B npocrpaHctBe [; faer HaM mpumep
OTPAHHYEHHOTO, HO He BIIOJIHE OTPaHHYEHHOTro MHOXecTBa. [lelicTBH-
-TeJIbHO, PACCMOTPHM B S TOUKH BHIa

el—_—‘(l, 0, 0, ooy 0, 0, -..),
6,=0,1,0,...,0,0, ...,
el’!.=(0v 0’ 0’ ’ 1’ 0’ ')

Paccrosinne Mexay JMOGLIMH IBYMS TAKHMH TOYKAMHU €n U €nm
{n #= m) paBHO 4/2. Orciona BU/HO, 4TO B S He MOXeT ObiTb
KOHEUHOH &-CeTH HH NpU KakoMm & < 4/2/2.

3. PaccmotpuM B [y mHOXKecTBO IT Touek x = (xy, X3, ..., Xn ...),
FIOJAYHHEHHBIX YCJOBHIM
-1
<L TRl .0 X IST27 L

DTO0 MHOXKECTBO HA3bIBAETCS OCHOBHLIM napaiiesenunedom (<ruilb-
GepTOBHIM KHPNHUOM») mnpocTpaHcTBa [ OHO CAYyXKHT npuMepoM
6eCKOHEUHOMEDHOTO BIIOJIHE OrPAHHYEHHOrO MHOXecTBa. s noKa-
3aTesIbCTBA €ro MOJIHOM OrpaHHYEHHOCTH NMOCTYNHM CJefYIOUIUM 06-
pasom.
[Nycts ¢ >0 3anano. Buibepem n tak, uto 1/27! << /2. Ka-
KO0 TOuKe
. X=(X], Xgy «vvy Xp, ++.) )
#3 II conocTaBHM TOUKy
=(x, X9 ..., %,, 0,0, ...) (2)

#3 TOro xe MHoXecTBa. [Ipu 3TOM

Z Z I 1 e
X x. —_ 2 < J— —_— —
p( ’ ) v xk\ /\/k . 4k < 2n_] < 2

k=n+1

Mtuoxkectso II* Touek BuAa (2) u3 II BHOJHe OrpaHuueHo (Kak
OrpaHHYEHHOE MHOXECTBO B A-MepPHOM mpocTpaHcTBe). BriGepem
B [I* koHeuHylo €/2-ceTb. SICHO, uTO oOHa OyleT B TO Ke BpeMs
g-ceTbio Bo BceM II.

2. KOMNaKTHOCTb H MOJHAas OrPaHHYEHHOCTb.

Teopema 1. Ecau merpuueckoe npoctparcrgo R cuerno-xom-
NAKTHO, TO OHO BNOAHE 02PAHUHEHO. .

Hoxaszartenbcto. ITpennosoxum, uto R He BnoJaue orpa-
HHYEHO. DTO 3HAUUT, YTO ITIPH HEKOTOPOM € >0 B R He cyule-
CTBYeT KOHEUHOH e€o-ceTH. Bo3bMeM B R NpOH3BOJBHYIO TOYKY 4.
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B R Hafimercs xors 6bl OJHA TakKas TOYKa, CKaXeMm, ap 4TO
p(a;, az) > eo (MHAYe TOUKa @, Gblna Gbl go-ceTbio pJas R). Ilasnee,
B R nafinercss Takasi Touka @s, uto p(ai, @z) > € 1 p(as, G3) > e,
HHave napa ToueK @i, dg Oblia Obl go-ceTblo. EcM TOUKH @y, ..., ap
yXKe ¢uKcHpoBaHL, TO BbibepeM TOYKY apy;E R Tak, u4ToO
p(ai, Grpy) >ep, i=1,2, ..., k.

JT10 nocrtpoeHue gaer HaM GEeCKOHEUHYIO MOCJAELOBaTeIbHOCTb
a;, Qg ..., KOTOpas He HMeeT HH OAHON INpeleJbHOH TOYKH, NO-
CKOJIBKY p (s, @;) = €o ipu i %= j. Ho Toraa R He CUeTHO-KOMIIAKTHO.
TeopeMa nokasaHa.

Hrak, Mbl mokasaJsi, 4TO A/ METPHYECKHX IPOCTPAHCTB CUET-
Hass KOMIAKTHOCTb BJeUeT I[OJHYI0 OrPAaHHYEHHOCTb, KOTOpas B
CBOIO Oouepeb BJeyeT HaJU4He CueTHOH 6asbl.

B cuay teopeMbl 10 § 6 orciona mosnyuaem Takod BaXKHbIH pe-
3yJIbTAT.

CnenctBHue. Bcakoe C4eTHO-KOMNAKTHOE MeTpuuecKkoe npo-
CTPAHCTBO KOMNAKTHO.

Mul nokasasu, 4TO MOJIHAS OrpaHHYEHHOCTb €CTb He 0 6 X 0 A H-
M O € YCJIOBHE KOMINAKTHOCTH METPHUYECKOro IpOCTPaHCTBA. DTO yCJIO-
BHe He N1OCTAaTOYHO; HanpuMep, COBOKYNHOCTb PalHOHAJbHBIX.
Touek orpeska [0, 1] ¢ o6bIUHBIM olpefeseHHEM DACCTOSTHHA MeXIy
HUMH €CTb BNOJIHE OrPAHHYEHHOE, HO He KOMIIAKTHOE IPOCTPAHCTBO:
NOCAeL0BATEJbHOCTh TOUEK 3TOrO NPOCTPAHCTBA

0; 0,4; 0,41; 0,414; 0,4142; »
T. €. MOCJAeN0BATEJIbHOCTb JECATHUYHbIX MNPHUGJAHNKEHHH uYHCIa

4/2 — 1, He uMeeT B HeM NpeeNbHON TOUKH. Ozu-xaxo HMeeT MeCTo
cnenyxomaz TeopeMa.

Teopema 2. [Jas To20 4TOGbL METPUHECKOe NPOCTPAHCTEO R
66140 KOMNAKTOM, HEoOXx00umo u 3OCTATOUHO, 4T0bbL OHO 66140 00~
HOBPEMEHHO: ’

1) enoane oepanuiennbim,

2) noaroim.

JokasarteabcTso. Heo6XoMuMOCTb MOMHOA OrpaHHYEHHOCTH
yXe oTmeyanach. Heo6XOZHMOCTb INOJHOTH OYEBHJHA: B CaMOM
Jene, ecau {xXn} — GyHnaMeHTas bHAS IOCJAEJ0BATEIbHOCT B R, He
HMempmlas npejeaa, TO 3Ta I0CAEJ0BaTEJbHOCTh HE HMeEeT B R HU
OHO NpeJeJbHOH TOYKH.

TTokaxeM Tenepb, YTO €Cad R BIOJHE OrPAHHYEHO H NOJHO, TO
OoHO KoMIakTHO. B cuay ciaenctBusi us TeopeMnl 1 nJsti 3TOro mo-
CTATOYHO YCTAHOBHTb, 4TO R CUETHO-KOMNAKTHO, T. €. 4YTO BCsKas
nocJenoBaTebHOCT {Xn} Touek W3 R uMeeT Xorsi Obl OAHY Ipe-
JeJbHYIO TOUKY,

TlocTpoHM BOKpYr KaxIoH H3 ToueK, obpasymomux l-cetb B R,
3aMKHyTBIH Wap paauyca 1. Tak Kak 3TH Waphl NOKPLIBAIOT BCe R,
a YHCJIO HX KOHEUHO, TO IO KpalHell Mepe OJHMH H3 HHX, Ha30BeM



§7 KOMITAKTHOCTb B METPHUECKHX TNMPOCTPAHCTBAX 109

ero Bj, COLepXHT HEKOTOPYIO 6ECKOHEUHYIO NOJIIOC/AeI0BATENbHOCTE
PIUMI xD, ... nocaenoBateabHoctH {x»}. [anee, BhiGepeM
/,-ceTb B B U BOKpPYr KaxJo¥ U3 TOYeK 3TOH CeTH IIOCTPOHM 3aM-
KHyTbIl map papuyca 1/2. Ilo kpaiiHeil Mepe OIMH M3 3THX I1apoB,
HasoBeM ero Bj, comepXHT GECKOHEUHYIO MOANOC/EI0BATEIbHOCTD

x®, ..., x?, ... nocnenosarenvHoctn {x)}. Ilanee, naiizem 3am-
KHYThI map Bz ¢ nenrpom B By paanyca 1/4, comepxamuii 6ecko-
HeuHyI0 noinociefoBaTtenbHocTs X, ... x®, ... nocaenoBaresib-

voctu {x?} u 1. 1. PaccMoTpHM Temepb Hapsady ¢ KaXIbiM LIapom

By 3amkHyTH Iiap An ¢ TeM Xe IeHTPOM, 1O B ABa pasa 6oJb-
1ero paauyca. JIerko BUmeTh, uto mapsl A, BJAOXKEHH IPYr B ApYyra.

0
B cuay nmoaHoTH mpoctpaHctsa R mepeceuenne || A, He mycTo
n=l

COCTOHT H3 OJHOIl TOYKH Xo. DTa TOYKAa — MpejlesibHAas AJA HCXO-
HOU MOCJEeI0BATEbHOCTH {Xn}, TAK KaK KaXKJaasi ee OKPECTHOCTb CO-
JIePKUT HEKOTOpHIi wap B, a 3HauHT, 1 GECKOHEUHYIO MOANOCAEN0-
BaTeJbHOCTD {x}f’} [0CJIeJ0BATEAbHOCTH {Xn}.

3. MpeaKoMNaKTHbie MOAMHOXECTBA B METPHYECKHX NPOCTPaH-
cTBax. [loHsTHe NpPeNKOMNAKTHOCTH, BBeJeHHOE HAMH B MpeblIy-
uieM naparpacde IS NOAMHOXKECTB NMPOHU3BOJBHOIO TONOJOTHYECKOTrO
NpPOCTPAHCTBa, IPUMEHHMO, B YAaCTHOCTH, K NMOAMHOXXeCTBAM MeTpH-
yecKoro nmpoctpaHcTBa. I1pu 3ToM, oueBHIHO, OHSITHE CUETHON Npef-
KOMIIaKTHOCTH COBNajaeT 3[1eCh C MNOHSATHEM IPEeIKOMIAaKTHOCTH.
OTMeTHM CcJeYyIOUIHA NPOCTOH, HO BaXKHBIH (aKT.

Teopema 3. aa Tozo 4robor mHoxcecTéo M, aexauee 8 nos-
HOM MeTpudeckom npocTpauctée R, 6bin0 npeOKoMNaKTHoIM, HEoO-
X00uMo u 0OCTATOHHO, 4TOObL OHO ObLAO BNOAHE OSPAHUHEHHLLM.

HokasaTenbcTBO cpasy ciaegyeT H3 TeOpeMbl 2 H TOro OYeBH[-
Horo pakra, UTO 3aMKHYTO€ MOAMHOXECTBO INMOJHOIO METPUYECKOro
NPOCTPAaHCTBA CAMO TOJHO.

3uaueHHe 3TOH TeOpeMbl COCTOHT B TOM, YTO, KaK IPaBHJIO,
JIerye yCTaHOBUTb MOJIHYIO OFPAHHYEHHOCTb TOrO HJIH HHOTO MHOXe-
CTBa, 4eM HeNoCPeJCTBEHHO A0Ka3aTh ero NpeAKOMIaKTHOCTb. BMe-
cTe ¢ TeM JJisi IpUMEHeHHH B aHaJjH3e BaXKHA OObIYHO MPEAKOMMAKT-
HOCTb. ‘

4. Teopema Apueaa. Bonpoc 0 KOMNaKTHOCTH TOrO HJH HHOrO
MHOXXECTBA B METPHY€CKOM IPOCTPAHCTBE — AOBOJIBHO pacrnpocTpa-
HeHHasi B aHaJu3e 3ajgaya. Mexay TeM, NONBITKA HENOCPEICTBEHHO
NPHMEHUTb TEOPEMY 2 cTajKuBaeTcsi ¢ TpyaHocTsMu. [loatoMy mnas
MHOXEeCTB B KOHKDETHBIX MPOCTPAHCTBAX MOJIE3HO NaTh CHELHatb-
Hble KPHTEPHH KOMNAKTHOCTH (MJH MpeJKOMIAaKTHOCTH), OoJjee
yAoGHble Ha NMPAKTHKE.

B n-MepHOM eBKJIHAOBOM NPOCTPAHCTBE MNPEIKOMIAKTHOCTI
MIOXeCTBa paBHOCHJIbHA, KaK Mbl BHIETH, €0 OrpaHH4eHHOCTH.
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OpnHako nis Gosee OGIIMX METPHUYECKHX MPOCTPAHCTB 3TO YKe He-
BEPHO.

OaHEM M3 BaXKHEHIIHX B aHa/lH3e METPUYECKHX NPOCTPAHCTB
siasiercst npoctpanctso Cla, bl. [ns ero moagMHOMXECTB BayKHbIA H
YacTO HCMOJb3yeMblH KPHTEpUH MPeIKOMIAKTHOCTH AOCTaBJsieT TakK
Ha3biBaeMasi Teopema Apuena. Urobsl ee chopMy/THPOBATH,
HaM TIOHALOGATCA cJaelyioliue OHATHS.

CemeiictBo @ ¢GyHKUHI ¢, ONpefeJeHHbIX HA HEKOTOPOM OTpe3-
Ke [a, b], HA3LIBAETCS PABHOMEDHO 02PAHUYEHHbIM, €CTH CYILECTBYET
Takoe uncao K, uto

le(x) | <K

IJ1s1 Beex x € [a, b] u Bcex o = @.
CeMeiictBo @ = {@} Ha3bLIBAETCS PABHOCTENEHHO Henpepui8HbIM,
ecaH IJjid Kaxaoro € > 0 pangerca trakoe § > 0, uro

lo(x) —o(x) | <e

LJS BCeX X M Xp u3 [a, b] takux, uto p(xy, X2) << 8, M Aas Bcex
¢ 0.

Teopema 4 (Apuena). Aaa 1020 utobor cemelictgo @ He-
npepoleublx ynrkyuii, onpedesennsix Ha orpeske [a, b], 66120 npeo-
xKomnaxtho 8 Cla, b], neo6xod0umo u docTarouro, 4To6GbL 3TO Cemeli-
CT80 GblAO PABHOMEPHO 02PQAHUYEHO U POABHOCTENEHHO HEnpepblHo.

HokaszateabctBo. Heo6xonumocts. [lycTs ceMeitcTBo
® npenkomnaktHo B Cla, b]. Torga no npensiaymeil teopeme Ajs
KaXJ0ro MOJIOXKHTENbHOTO € B ceMeilicTBe O cymecTByer KOHeuHas
e/3-cetb @1, @z, ..., Pn. Kaxpas u3 OYHKUHA @i, KaK HeNpepbiB-
Has QYHKUHS Ha OTPe3Ke, orpaHuuena: |@:(x) | < K.

Monoxum K = max K; + ¢/3. Ilo onpenenennio &/3-cetn, mas
Besikoro ¢ = @ umeeM, X0Tst Gbi AT OHOTO s,

P, 9) = mgXI @ (x) — @ (x) [< g3,
CaenoBaTesbHO,

10 (@) I<Io:(®) |+ 5 <K+ 5 <K.

Hrak, @ paBHOMEPHO Or'PaHHYEHO.

Jlanee, Tak Kak Kaxmasi H3 QYHKIHH @;, 00pasyioliux e/3-ceTb,
HenpepbiBHA, a C/Iel0BATENIbHO, H PABHOMEPHO HellpephiBHA Ha [a, b),
TO IJis JaHHOTO €/3 cymiecTByeT Takoe §;, 4TO

@i (x) — @;(x2) | < &3,

ecnu |x; — x| < 8.
MonoxuM & = mind;. Jas nponsBoanou ¢yukuun @ =D BhH-
6epeM @; Tak, uTOOn p(p, ;) <e&/3; Torma npH |x; — x| <o
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6yneM HMeTb
[ (X)) — @ (x) <T@ () — @y () | -1 s () — @ (x0) |+
F1oi(x) —@(x) | <e/3+e/34e/3=e.

PapHocTenenHas HenpepbiBHOCTb @ Takxe JoKas3aHa.

JoctatouHocThb. Ilycte @ — paBHOMepHO OrpaHHYEHHOE H
paBHOCTENIEHHO HempepbiBHOE cemedcTBo (yukuuit. CorsnacHo Teo-
peMe 3 Mbl ycTaHOBHM ero npeakomnaktsocts B Cla, b], ecnn mo-
KaxeM, 4To npu Jwo6oM &€ >0 pas uero B Cla, b] cymectsyer xo-
Heunasi e-cetb. Ilycto |@(x) | << K nas Bcex g = @ u nycts 6 > 0
Bui6pano Tak, uTo |@(x1))— @(x2)|<<e/S mpu |X;— x| << & ana
pcex ¢ = ®. PasobGbem oTpe3ok [a,b] HA ocH X TOYKAMH Xp =
= <X <<X<...< Xpn=0> Ha NPOMENKYTKH JUIHHBI MeHbLIe &
M TpoBeJeM uepe3 3TH TOUKH BepTHKa/JbHble npsMble. OTpesox
[—K, K] ua ocu y pasobbem ToukaMu yo= —K <<y <y.<<...
... << Yym = K Ha npoMexyTKH AJHHBI MeHblle £/5 W nposenem ue-
pe3 TOYKH JieJIeHHs] TOPH3OHTaJIbHble MpsiMble. TakuM o6pasoM, npsi-
MOyToJbHEK @ << X << b, —K << y << K pasobbercst Ha siuefiku ¢ ro-
PH30HTAJIbHOH CTOPOHOH MeHbllle § U BepTHKAIbHOH CTOPOHOH MeHb-
me ¢/5. ConocraBHM Tenepb KaXAOH GYHKHHH ¢ & D JIOMaHyIO
Y (x) c BeplIMHAMU B TOYKax (Xg, 4i), T. €. B y3JaX NOCTPOEHHOR
CeTKH, U YKJIOHSIIOUIYIOCSl B TOYKAaX Xy OT QYHKHUHU @(X) MeHblle ueM
Ha &/5 (cyllecTBOBaHHe TaKOH JIOMaHOH OYEBHIHO).

[TockoabKy no moctpoeHHio | (xg) — P(xe) | < e/5, |@(xXpe1) —
— 9 (¥er)) | < /5, |9 (xe) — @ (¥es1) | < €/5, TO

[ (x:) — pdxps1) | < 3e/5.

Tax Kak MeXAy TOYKAMH Xp H Xpy1 QYHRHUS P(x) JuHeliHa, TO
[ (xe) — v (x) | <3e/5 nasm Bcex x&[xg, Xpri]

[Tyctb Temepp X -— NpOM3BOJbHAs TOYKa OTpe3ka [a, b] U xp—
6auxKailiasi K ¥ cjeBa U3 BLIGpaHHBIX HAMH TOYEK AejeHusi. Torjpa

(@ (x) — P (X)) I o(x) — @ (xg) [+
1 (xe) — v () [ (x) — P (x) [<e.

CurnenoBateanno, JoMmanbsie P(x) mno orHoweHdlw kK @ obpasyior
e-ceTb. Uuca0 UX OYEBHAHO, KOHeUHO; TakuMm obpasoMm, @ BrnojHe
OrpaHH4YeHo. TeopeMa MMOJIHOCTBIO JOKa3aHa.

5. Teopema Ileano. TTokaxkeM, KaK HpHMeHseTCsi TeopeMa Apuena Ha TpH-
Mepe caefyiollell TeOpeMbl CYIIeCTBOBAHHS AJs1 OGBIKHOBEHHHIX AHdepeHuualb-
HEIX ypaBHEHHH C HENPePbIBHOM NPaBOH UaCThIO.

Teopema 5 (Ileano). [Tycrs dano duggepenyuarvroe ypaerenue

dy
= f(x, y). (3)
Ecau ¢ynxyus | nenpepoiena 6 nexoropod ozpanuuennoil samxnyroid obiacru G,

TO 4epe3 KaxcOyio BHYTPEHHIOW TOUKY (Xo, Yo) dTol obaactu npoxodur xors 6Goui
00Ha unTezpasbnas Kpueas OaHHOZO0 YpPaeHeHUS.
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HokaszateabcTBOo. Tak kak (yHkuus [ HenpepbiBHa B OrpaHHYEHHONR
3aMKHYTOA o6JacTH, TO OHa orpaHuueHa: |f(x,y)| << M = const.

ITpoBemeM uepe3 TOUKY (Xo, Yo) NPAMBIE C YrJIOBHMH KO3bdHuUHEHTaMH M y
—M. TlpoBeneM, najiee, BepTUKaJbHHE NpsMble X = a B X = b Tak, 4TOGM OT-
CcexaeMhe HMH JIBa TPEYroJibHHKa ¢ oOlef BEPUIHHOA (Xo, Yo) WENHKOM JIeXKaju
BHYTpH obaactn G.

JTa mapa TpeyroJbHHKCB 06pa3yeT 3aMKHYTOE MHOMXeCTBO A.

IocTpouM Temepb HJifi HAHHOrO YPaBHEHHs TaK HasbiBaeMble JOMaHbe Jii-
Jiepa caefylollHM o6pa3oM: MPOBENEM H3 TOUKH (Xo, Yo) MPAMYIO C YIVIOBHIM KO3(-
duunenToM f(xo, ¥o). Ha 3roil npsmoit Bo3bMeM HEKOTODPYIO TOYKY (X, ¥1) H mpo-
BelleM Yepe3 Hee MPAMYIO € YIJIOBHM Ko3ddHuHenToM f(X1, y1). Ha 3toh npamoin
BO3bMEM TOUYKY (X3, Y2), NPOBENleM HYepe3 Hee NpPAMYIO C YIJiOBBIM KO3(h(HIHEH-
TOM f(X2 y2) U T. A. PacCMOTPHM Tenepb NOCJeNOBaTeNbHOCTb JIOMaHbIX hjaepa

t» Lo, ..oy Ln, ..., NPOXOASMIHX Yepe3 TOUKY (Xo, Yo), TAKHX, UYTO AJNHHA HaH-
Gonblllero M3 3BeHbeB JUHHH L, CTPEMHTCS K HyJio npu k— oo, [lycth @n —
GYHKUHSA, FpaduKk KOTOPOA ecTb MHHMA Lp. PYHKUHH @1, @2, +i., Ps, ... O0na-
JlaloT cJefyIOUHMH CBOACTBAMH:

1) OHH ompemesieHh Ha OXHOM H TOM e oTpeske [g, b),

2) OHH paBHOMEpPHO OrpaHHYEHH,

3) OHH paBHOCTEINEHHO HemnpephbiBHHL.

Ha ocuoBaHuH TeopeMbl Apuena H3 NOCJAENOBATENAbHOCTH {(Px} MOXKHO BHI-
6paThb PaBHOMEpHO CXOAAILYIOCA mocaefoBaTeabHOCTh. IlycTh aTto 6yaer nommocae-
moBateabHOCTh M), @@, ..., @k), ..,

IMoaoxum @(x) = lim @*)(x) npu k& — oco. fcHo, YT0 @(x5) = yYo. Ocraerca
NIPOBEpPHTb, YTO @ YLOBJETBOPAET Ha oTpe3ke [a, b] manHoMy AuddepeHHaAbHOMY
ypaBHeHHto. Jlas storo Tpebyercs nokasaTb, YTO AJs JatoGoro € > 0

9 (x") — o (x')

" — % - f(x’) @ (X')) <eg

€c/i TONbKO BeanunHa [x” — x’| moctatouno Mana. Jlns HOKu3aTenbcTBa 3TOrO
B CBOIO OYepelb HYXHO YCTaHOBHTb, YTO NpH HLOCTaTOYHO GOJIBLIHX R

(p(k) (xll) _ (p(k) (x') _ f(x', (p(k) (x,))

x" —x'

<e

€Cc/IH TOJIbKO pasHocTh [x” — x’| mocraTouno Mana.
Tak kak [ HempephiBHa B o6nact G, To ans moGoro & > 0 HaffeTcs Takoe

7 > 0, uro
e,y )—e<f(x, ) <f(x,y)+e (y¥=0¢(x))
[x—x'|<2n u |y—y | <4Mn.

€CIH

CoBoKynHOCTb TOueK (X, y) & G, YNOBNETBODAIOIHX ITHM JBYM HepaBeH-
CTBaM, MNpefcTaBaseT co6oit HexoTOpu# npamoyronbHuk Q. ITyctb Teneps K ua-
CTOJBbKO BEJIHKO, 4TO Ias Beex & > K

| (x) — @® (x)| < 2Mn

¥ Bce 3BeHbsl JIOMaHOR L, HMeioT ZauHy MeHbule 1. Torma npu |x — x| << 21
Bce JoMaHble Ditnepa @), nas Korophix k& > K, pejHkoM JexaT BHYTPH Q.
Hanee, nyctb (ag, bo), (ai, b1), ..., (@n+1, bn4+1) — BepwHHbl JOMaHOH Lg,
TpHYeM
apSr<a<a< ... <a; <" <o+
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(M AR ONPENEJICHHOCTH CUHTAEM x” > x’; aHaNOrHYHO paccMaTpHBaeTCs cayuyan
x” < x’). Torna gas cooTeTcTByOWed PyHKuUH QF) HMeeMm

o™ (a1) — ¥ (x) = [ (aes bo) (a1 — x'),
o®(a,, )— oW (a)=F(ap b)) (a4, —a) i=12..,n~—]1,
o® () — @® (an) = (an, ba) (" — an).
Ortcona npu |x” — x’| << n noayuaem
[y y') — el (a1 — x') < @® (a)) — @® (x') < [[ (¢, ) + €] (ar — %),
[[ (< 4') — e} (a4, —ap) < o® (@) — o® (a;) <
< [f(x, y') + €] (@744 —a) i=1..,n— 1,
[F (¢, ¥') — €] (x” — ap) < 9P (x”) — @® (an) < [[ (¥, ¥') +&] (x” — an).
CyMMHpPYSl 3TH HEPaBEHCTBa, HAXOAHM
[F () ") — el (¢ — x) < @®) (x”) — ® (&) < [[ (¥, ') + ] (x” — x"),

4yT0 H TpeGOoBaNOCh AOKA3aThb.

PasHble TMOAMOC/]ENOBATEJBHOCTH JOMaHBIX JfiJepa MOFYT CXOAHTbCA K pas-
HHM pelieHusaM ypaBHenHs (3). ITosTomy pewenue ypasuenus y' = f(x, y), npo-
xoslllee yepe3 TOUKY (Xo, Yo), BOOOILE TOBOPS, He el HHCTBEHHO.

6. PaBnomepuas HenpepbniBHOCTb. HenpepbiBHbie OTOOpakKeHHs
meTpHyecknx komnakrtoB. Ilns oTobpaxeHHH MeTPHUECKOTO NPOCT-
p&aHCTBA B METPHUECKOE NPOCTPAHCTBO, B YACTHOCTH, IJISi YHCJO-
BEIX (YHKUHA HAa MeTpPHYECKHX NPOCTPAHCTBAX, HAPAAY C MOHATHEM
HenpepLIBHOCTH HMeeT CMbICJ BaXKHOe JJIs aHAJH3a NOHATHE PaBHO-
MepHOH HenpepbIBHOCTH: oTOOpaKeHHe F MeTpHuecKoro mpocrpa-
ctBa X B MeTpHYeCKOe NPOCTPAHCTBO Y HAa3blBaeTCsl PABHOMEPHO
HenpepoieHbiM, eCId s Kaxioro e > ( Hanzercsi takoe 8§ > 0,
uto po(F(x;), F(x2))<<e kak ToibKo p;(Xj, X2)<< 8 (3mech p{—
paccrosinue B X, a,ps — paccrosinve B Y), npuueM 8 3aBHCHT TONbKO
OT €, HO He OT X| H Xo.

YupaxueHnHne, ITokasars, uto uHcnoBas ¢yuxuus F(x) = sup x(f) pasuo-
at<h

MepHO HenpepuiBHa Ha mpoctpaHctse Cla, b].

Iasi  HenpepblBHBIX OTOOpaXXeHHH MeTPHYECKHX KOMIIaKTOB
HMeeT MeCTO Cjaeiylolias Teopema, o6ofliapoliasi XOpOLIO H3BeCT-
"HYI0 M3 3JIEMEHTapHOTO KypCa aHaJjii3a TeopeMy O HeNpepbiBHbLIX
¢yHKuMsIX HA OTpe3Ke.

Teopema 6. Henpepoignoe oTobpascerue meTpuuecko20 KOM-
NAKTQ 8 METPUHECKOE NPOCTPAHCTBO PABHOMEPHO HENnpepul8Ho.

Hokxasarteabctro. Ilycte oroGpaxkeHne F MeTpHUECKOro
Komnakta K B MerTpuueckoe npocTpanctso M HenpephiBHO, HO He
PaBHOMEpPHO HeNpepblBHO. DTO 3HAYHT, YTO /s ‘HeKoTtoporo & > 0
M KaXX[10ro HATypa/ibHOTO N Haliaytcs B K Takue TOUKH X, H X,, UTO

e.(x, x;)<l/n u B 10 Xe Bpems p,(F(x,), F(x;))=e (p—
Paccrosinve B K, pz — paccrosuue B M). M3 nocnenosatesbHocTH
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{xs} B cuny komnaktHoctH K MOXHO BHIGpPaThb NOANOC/IENOBATEND-
HOCTb {Xn,}, CXOASWLYIOCS K HeKoTopo# Touke x & K. Toraa u {xﬁ,k}
CXOJAHUTCS K X; HO NPH 3TOM AJs KaXXAOro £ JOJKHO GbiThb BBIMOJ-
HeHO XOTs1 Gbl OIHO W3 HEPABEHCTB

P (F ) F (x,,))=e/2 0, (Fx), F (*2,)) = &/2,

YTO NPOTHBOPEYHT HENpPepHIBHOCTH oToOpakeHus F B Touke X.

7. OGo6mennas TeopemMa Apuena. [Tycte X u Y — aBa MmeTpHue-
CKHX KOMNakKTa H nycTb Cxy — MHOXECTBO BCEX HeNpepbIBHBIX OTO-
6pakennii f komnakta X B Y. BBenem B Cxy pacctosiiue npH mno-
MOLUH (POPMYJIHI

p(f, &= sup p(f (x), g(x).
xeX

Jlerko mpoBepuTh, YTO TakuM o6pasom Cxy mpeBpallaercs B
METPHYECKOE NPOCTPAHCTRO.

Teopema 7 (06o6melinas teopemMa Apueana). Jas
npedkomnaxtroctu mroxcecrea D — Cxy nHeobxodumo u docrarot-
Ho, 4T06bl 8xo0awue 8 D ¢ynxyuu f 6viau pasrocTenenno Henpe-
PpolBHbL.

Tlocnennee o3navaer, yto AN J1060ro € = 0 LOMKHO CyHIECTBO-
BaTb Takoe § > 0, uto u3

p(x', x") <8 ' (4)
p(f(x), F(x") <e, - (5)

KakoBHI 661 HY 6bl1H f u3 D v x’ u x”/ us X.

JlokasaTtenbcTBO. Heo6X0qUMOCTh NOKAa3blBAETCS TaK Ke,
KakK U B TeopeMe 4.

JokaxeM pocratoyHocts. Jas artoro norpysum Cxy B 1po-
cTpaHcTBo Mxy Bcex oro6pakeHHH komnakra X B KoMmmakr Y
C TOH XXe caMOH MeTpHKOH

o(f, 8= sup p ), g®),

BBITCKAECT

KoTopast 6bina BBefieHa B Cxy, H I0KaXXeM NPeJKOMIAKTHOCTb MHO-
x)ectBa D B Mxy. Tak kKak Cxy 3aMkHyTO0 B Mxy '), TO H3 mpen-
KoMnakTHoCTA MHOXecTBa D B Mxy cliefiyeT ero npeiKOMIaKTHOCTb
B ny.

3apagnM € > 0 npoH3BOJIbHO H BbiGepeM § Tak, uTo6bl M3 (4)
BoiTekato (5) mast secex f u3 D u Bcex %/, x”/ us X. Jlerko Buzerb,
yto X MOXHO NpeaCTaBUTh KaK CYMMY KOHEUHOrO 4HCJa Hemepece-
Kawowmuxes MHOXecTB E; rtakux, uro u3 x’, ¥ = E; cnenyer

1) TlockoabKy npenes paBHOMEPHO CXORSIHEHCS NOCAENLOBATENbHOCTH Henpe-
PHIBHBIX OTOOpaXKEHHH €CTb TaKMKe HeNpepbiBHOE OTOGpa)KeHue. YKa3aHHOe npej-
JIOXKeHHe IpelcTaBageT cOGOH HenocpelACTBEHHOe 0GOOUICHHE HM3BECTHOH TeopeMbl
aHaJW3a H JlOKasblBaeTcsl TaK e, KaK H 3Ta TeopeMma.
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(¥, x'’) << 6. JleficTBHTENbHO, JJISI 3TOFO JLOCTAaTOYHO BHIGpaTh TOU-
KH X1, X2, ..., Xn TaK, 4To6bl OHH OGpasoBau 6/2-cetb B X u mo-
JI0AKHTb, Hanpumep,

Ei=B(xy, 82\ U B(x;, 8/2),
iI<i

cne B(xi, 6/2)— map panuyca §/2 ¢ uenrpom xi.

PaccMoTpuM Temepb B KOMIaKTe Y HEKOTOPYIO KOHEUHYIO €-CeThb
Y1, Yo - -5 Ym, W NycTb L — COBOKYNMHOCTb QYHKUHMA g(X), MPHHH-
MaloIIHX Ha MHOXecCTBax E; suaueHus yj; UYucio takux QyHkomi,
©OUeBHIHO, KOHeuHO. [TokaxkeM, 4TO OHH 06pasyioT 2e-ceTb MO OTHO-
wenuio Kk D B Mxy. HeiictsuTensno, nycts f & D. [lus Besako# Tou-
KM X; H3 X, ..., Xn HalileTcst Takas TOYKa Yj H3 Y1, ..., Ym, UTO
p(f(x:), y5) <e.

IMycte dyukuus g = L sei6pana Tak, uro g(xi) = y;. Torna

o(f(x), g ()<< (F(x), F(x))+ o (F(x), g (x) + p (g (x2), &(x)) <2,

ecnu [ BbIOpaHo TaK, 4to ¥ & E;. ,

Otciofa BhITEKaeT, YTO KOHEYHOe MHOXKecTBO L JIeHCTBHTENBHO
eCTb 2e-cetb i1 D u, Takum obpasom, D npearomnakTtio B Mxvy,
a ciaenoBaTtesbHo, H B Cyxy.

§ 8. HenpepsiBHble KpuBble B MeTPHYECKHX MPOCTpaHCTBAX !)

ITycTb 3amaHO HempepbiBHOE OTOGpasKeHuUe
P=f(

orpeska a << / < b B MeTpuueckoe mpoctpaHctBo R. Korma ¢ «nmpoGeraer» otpe-
30K OT @ A0 b, COOTBETCTBYIOIWAsl TOYKA P «rpoberaeT» HEKOTOPYIO «HeNPephIBHYIO
KpuByI0» B npoctpancTBe R. Ham mpeacrout AaTe cTporue omnpejedieHHs, CB3aH-
Hble ¢ M3JI0XKeHHOH cefiyac rpy6oit uaeeil. [TopsigoK, B KOTOpPOM IPOXOAATCSA TOUKH

N
N -

Puc. 12. Puc. 13. -Puc. 14.

KpuBo#t, cymectBed. OHO H TO K€ MHOXECTBO, H306pakeHHOe Ha pHC. 12, npo-
XOfHMOE B HampaB/eHHAX, YKa3aHHbIX Ha puc. 13 u 14, M GygeM cuuTaTs p a3-
JIHYH B MY KpPHBBIMH. B KauecTBe Jpyroro mpumepa paccMOTPHM JeHCTBHTENb-
Hyl0 QyHKUHIO, oOmpefeneHHyw Ha orpeske [0, 1], koropas u306pamkeHa Ha
puc. 15. Ona ompenenseT <«KpHBYIO», pacmosioXeHuyio Ha otpeske [0, 1] ocu g,
OTJHYHYIO OT 3TOFO OTPe3Ka, OMHOKPATHO NpPOHAEHHOro OT TOYKH O X0 TOUKH I,
TaK Kak otpe3ok [A, B] MpOXOAHTCA TPHXKAB (XBa pasa BBepX H ORHUH Pa3 BHH3).

') Bror maparpad He cBsi3aH ¢ RaJbHefiwum H3NoKeHHeM. I1pn KemaHHM uH-
TaTelb MOXKET ero OIYCTHTb,
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OnHako NpH OJLHHAKOBOM NOpAAKE IPOXOXAEHHd TOYEK NMPOCTpaH-
cTBa BBHIGOp «napaMeTpa» ! Mbl GyleM CUHTaTb HecymecTBeHHWM. Hanpuwmep,
¢$yHKUHH, H300paxkeHHble Ha puc. 15 u 16, ONpenensioT ONHY H TY e <KDHBYIO»,
PacnoJIOXXeHHYI0 Ha OCH Y, XOTH 3HaueHHs NapaMeTpa f, OTBeualolWlHe KaKoH-1ubo
TOUKE KPHBOH, B caydasx puc. 15 u 16 Moryr 6mTb pasanunbiMH. Hanpumep, s
cayvae pHc. 15 Touke A COOTBETCTBYIOT Ha OCH ! JBe H30JHPOBAaHHHE TOUKH, a B
cnydae puc. 16 — oaHa H30MHpOBaHHas TOUKAa W JeXallHii NpaBee Hee OTPE30K

0 72
Puc. 15. Pxc. 16.

(koraa ! mpoberaeT STOT OTPE3OK, TOUKA Ha KPHBOM ocTaeTcsi Ha Mecte). ([ony-

CKaTb TaKHe OTPE3KH HeNOABHXHOCTH P = f(f) 6yaer yaoGHO B AanbHedweMm

NpPH HCCACOBAHHH KOMIAKTHOCTH CHCTEM KPHBBIX.)
[Mepefinem x ¢opManbHbiM onpefeneHHaM. J{Be HempepbiBHblE (GYHKIHH

P=p{) m P=["(t"),
onpejenenHbie COOTBETCTECIHO HAa OTPe3Kax

a’<t’<b’ H all<t”<bll

¥ NPHIHMAIOIHe 3HAUEeHHS B METPHUECKOM NPOCTPaHCTBS K, La3oBeM 3K8UBAAEHT-
HbIMU, €CJIH CYIIECTBYIOT JBe HeNpepHBHHE HeyOMBaiolHe QYHKIEH

V=9 (t) n "=¢q"” (1,

OnpenesicHHble Ha HEKOTOPOM OTpEC3Ke

aIh
¥ 00/MafalouiHe CBOHCTBAMH
¢’ (a)=a, 9’ (b) =1,
q)ll (a) . a”’ (pll (b) j— bll’

Flo"(0]=1"19” (1]

aas Beex ! € [a, b].

Jlerko BHAETb, YTO TaK BBEJEeHHOE OTHOMIEHHE 3KBHBAJEHTHOCTH PEdEeKCHBHO
([ sxsuBanentHo f), chMMeTpuuHO (ecau [’ sxBHBaseHTHO [”, TO [” 3KBiBajeuTHO
f’). MoxHo noka3aTb, YTO OHO H TPAH3HTHBHO (M3 SKBHBAJEHTHOCTH [' B [ H
SKBHBAJNEHTHOCTH [” n [’ BhiTeKaer 3xkBuBajeHTHoCcTb [’ uw f’”). TlosTOMy Bce He-
npepuBHBE QYHKIHH paccMaTPHBAEMOTO THMa Pa3bHBaAlOTCA Ha KJACCH QYHKUMH,.
SKBHBANEHTHHIX MeXJy co6ofi. Kaxakifi TakoH Kaacc H ONMpEAeNseT HenpepoiBryto
Kpusyro B npocTpaHcTBe R. .

Hns moGoit oynkuun P = f’(t’), onpepeneHHOi Ha KaKOM-1H60 oTpeske
[a’, b’), naftmercst 9KBHBaJNEHTHAs el $YHKUUA, onpeleneHHas Ha oTpeske [a”, b”]==
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== [0, 1]. JAeRCTBHTEJLHO JOCTAaTOUHO MOJNOKHTL )
V=¢ ()= —a)t+a, t"=09¢"(f)=1

TakuM 06Da30M, BCAKYIO KPHBYIO MOXHO NDEINoJaraTh 3ajAaHHOA NapaMeTpuye
cKH TIPH TIOMOIH QYHKUHH, ONPEfeNeHHOA Ha OTpesKe [0, 1].

T103TOMY Uenecoo6ps3HO BBECTH B PacCMOTpeHHe mpocTpanctBo Cj, p Hempe-
pHBHDBIX otoGpaxkenui [ orpeska / = [0, 1] B mpocTpancTBO R ¢ MeTpuKOH

p(f, &)= supp (f (2), g ().

ByaeM CYHTaTh, 4YTO NOCHEAOBATENbHOCT KPHBBIX Ly, Lo, ..., Ln, ... cx0-
AHTCH K KPHBOH L, ecnu kpuBhe L, MOXHO mapaMeTpHYeCKH NpPEACTABHTb B BHJE

P=j(), 0<t<],
P=i(t), 0<t<],

rak 4t0 p(f, fa) =0 npu n— oco.

Tpumensas o6obuennylo Teopemy Apuena (teopeMa 7 § 7), nerko MOKasaTb
CAELYIOLLYIO TeopeMy.

Teopema 1. Ecau nocaedosaresvrocrs kpusoix Ly, Ly, ..., Ln, ..., se-
aauwux 8 xomnakre K, mosxno npedcrasure napamerputecku npu nNOMOwU pasHo-
crenento HenpepoiaHoix Qynxyul Ha orpesxe [0, 1), To u3 nee moxHo evtdesuro
cx00suyrocs nodnocaedo8aresbHOCTS.

OnpenenuM Tenepb AJHHY KPHBOM, 3afaHHOH mapaMeTpHuecKH ¢yHKIHe#t

P=}(1), a<t<h,

KaK BEPXHIOI0 rpaHb CYMM BHJAA
n

3 e (=) F()),

i=]

a xkpuBylo L — B BHIe

r/le TOUKH !4 NOAYHHEHH JHIUL YCJIOBHSM
a=H<H .. KES L K =0.

Jlerko BHAeTb, YTO AJHHA KPHBOH He 3aBHCHT OT BHI6Opa ee napaMeTpHye-
CKOro mnpeicTaBieHHs. EcaH OrpaHHYHTBCA NapaMeTPHYECKHMH TpelCTaBJeHHSIMH
nocpeactsoM QyHKIHMA, 3aKaHHBX Ha oTtpeske [0, 1], TO Jerko A0Ka3aTh, YTO [JIHHA
KPHBOA eCTb NOJYHeNnpepHBHHIHA CHH3Y QYHKuHOHaan ot [ (B npocrtpahctse Cyp, r).
Ha reoMerprueckOM fI3HIKE STOT pe3yJbTaT MOXHO BBPa3HTb B BHAE CAeLylomeil
TEOPEMH O NOJYHeNpPePHBHOCTH.

Teopewma 2. Ecau nocaedosareabHoctv xkpussix L, cxodurca x kpueod L,
T0 dauna kpusoii L ne Gorvuwe Hudcrez0 npedesa Oaur kpuevix L.

PacMoTpuM Tenepb cnenuajbHO KDHBHEe KOHedYHOHR AaHHH. IlycTe
KpHBas onpejeneHa napaMeTpHuecKH (yHKIHel

P=f(t), a<t<b.

Oyukuus f, paccmatpuBaemas auwb Ha oTpeske [a, 7], rae a << T << b, onpene-
JIfleT <«HayaJbHBHIH OTPE30K» KPHBOH OT ToukH P. = f(a) mo touku Pr = f(T).
MNycts s = @(T) — ero nauna. Jlerko ycTaHaB/KBaeTcs, YTO

P=g(s)=[[p="(s)]

') Mui cunraem, uto Beeraa a << b. OIHAKO MBl He HCKIIOYaeM <KPHBHIX», KO-
TOPhIE COCTOSAT H3 ONHOM-€IHHCTBEHHON TOUKH M NOJYHAlOTCH, €CIH Ha [a, b] pyHk-
uns f(f) nocrosnna. ATo TOXKe YHOGHO ANA AATbHERILeEro,
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ecTb HOBOE NMapaMeTPHYecKoe MpeJcTaBieHHe TOM e kpuBoi. Ilpu 3ToM s npoGe-
raeT ortpe3ok 0 <Cs=<CS, rae S —anuHa Bcell paccMaTpHBaeMOH KPHBOH. ITo
TIpeJCTaBJeHHe YAOBJAETBOPsET TpeGOBaHHIO

o (g(s1), g(s2)) <82 —s:1]

(AnnHZ AyrH He MeHblie XOPAb).
[Tepexona x orpesky [0, ], nosyunm mapaMeTpHueckoe INpeJCTaBJeHHe

P=F(t)y=g(s), t=5/S,
yIOBJETBOpSAIOIlee yCJI0BHIO JInnwHna
p(F(ty), F)<S|ti—1l.

Mbl BHAMM, TakuM o6pa3oM, yTo O4s s8cex kpusvix Gauntt S < M, ede M —
HEKOTOpas KOHCTAHTA, 803MONCHO NAPAMETPULECKOe NPedrTasAeHue PABHOCTENEHHO
HenpepbigHoimu Pynxyuamu, sadannoimu Ha orpeske [0, (], K Hum, cregoBaTtensto,
npy¥MeHHMa TeopeMa |.

TTokaxem cuay moJyuyeHHbBIX OBIHX Pe3yJbTaTOB Ha IPHMepe JAOKa3aTelbCTBa
CJIeLYIOUIer0 BaXKHOrO MpeNOXKeHH s,

Teopema 3. Ecau 8 xomnakre K dee touku, A u B, Momrno coedunurs
HenpepoleHOl KPpuBOl KOHEHHOU OAUKbLL, TO Cpedu TaKux Kpueblx CYuectayer Kpu-
8 HAuMeHbUwel OAUNbL.

B camom jgese, nycTb Y ecTb HHXKH$ISI 'paHb AJHH KPHBHX, COSIHHSIOMNX A H
B B koMmnakte K. Ilycts puauHmt kpuBnix Ly, Ly, ..., La, ..., coenunsiomnx A u
B, ctpemstcs k Y. M3 mocaemopateqbHocTH L, mno TeopeMe 1 MOXHO BHGpaTh
CXOAALLYIOC ToanocaenoBatenbHoctb. Ilo Teopeme 2 mnpenenbHass KpHBas 3TOH
MOANOCAe0BATENbHOCTH He MOXeT HMeTb AJIHHY GoJblie Y.

OTMeTHM, uTO naxe B ciydae, korga K sBJsieTcsi 3aMKHYTOH IMiagxkoi (Haa-
Jexaluee 4yucJo pas AuddepeHnHpyeMoii) MOBEPXHOCTbIO ‘B €BKJIHAOBOM TPexmep-
HOM INPOCTPAHCTBE, 3Ta TeOpeMa He BBbITeKaeT HeNOCPeJCTBEHHO H3 pPe3yJbTaTos,
yCTaHaBJIHBaeMblX B Kypce AH(pd¢epeHnHaJbHOH TeOMEeTpPHH, Tle OrpaHHYHBAIOTCA
-O6GBIYHO CJy4YaeM NOCTaTO4YHO OJH3KHX APYr K Apyry Touek A u B. )

Bce u3noxeHHoe BHILE npro6peso O6bl 6OMbUIYI0 NPO3PAYHOCTb, €CAH Obl MBI
HaJeJ Iy MHOMKECTBO BCEX KPHBLIX JAHHOrO METPHYECKOro NpocTpaHcTBa R CTPyK-
TYpPOli METPHYECKOT0 MPOCTPAHCTBA. ITO MOXKHO clenaTh, ONpellesisi PaccTosiHye
MeXJy KpHBHMH Li H L, dopmyiioi

p (L L) =infp (’y, fr),

Toe HHXKHSIA rpaHp Gepercs MO BceM BO3MOXHBIM NapaM MNapaMeTpHYeCKHX npel-
craBJeHult KpHBOH L, npu noMoumu ¢yukuuu P = f(f), 0 << ¢ << |, u xpuBO# L,
npu nomomy ¢yukunn P = fo(f), 0 < £ << 1.

Jloka3aTenbcTBO TOro, YTO 3TO PACCTOSHHE YNOBJETBOPAET OOBIYHBIM AKCHO-
‘MaM, O4YeHb TPOCTO, 3a MCKJIOUEHHEM OJHOr0 NYHKTA: MpeAcTaBAseT HEKOTOpHe
TPYAHOCTH HOKa3aTh, uT0 H3 p(L;, Ly) == 0 BHTEKaeT TOXKIECTBO KPHBHX L; H L,.
DTOoT akT ABJSETCH HENOCPeJCTBEHHLIM CJENCTBHEM TOro OGCTOSATENLCTBA, UTO
HHXHsSL rpaHb B (opMyJie, KOTOPOA Mbl onpejennsu paccrosuhe p(Ly, L), no-
.CTHraeTCs TPH HalJexaueM BbGOpe mnapaMeTPHUECKHX TNpeAcTaBaeHHA f; u fa.
Ho a0xasaTenbcTBO 3TOrO MOC/ENHEro yTBEpPXKAEHHA TOXKe He OYeHb MPOCTO,



Fr'TABA III

HOPMHUPOBAHHbBIE H TONOJIOTHYECKHE
JJUHEAHBIE NPOCTPAHCTBA

§ 1. Jluneiinbie npocTpaHcTBa

TlousiTHe JMHEHHOTO TPOCTPAHCTBA OTHOCHTCS K YHCJAY CaMBIX:
OCHOBHHIX B MaTeMaTHKe. OHO O6YJeT UrpaTh BaXKHYIO POJb HE TOJb-
KO B 3TOil TJiaBe, HO ¥ BO BCEM JaJbHeHIleM H3JI0XKEHHH.

1. OnpejesieHHe H MpPHMepPbl JHHEHHBIX MPOCTPAHCTB.

Onpeneneﬂne 1. Henycroe MHOXecTBO L 3J€MeHTOB X, g,
2, ... Ha3LIBAETCS AUHEHOIM, W 8EKTOPHOIM, NPOCTPAHCTEOM, ECIH
OHO ynonneTBopﬁeT CJAEAYIOIHM YCIOBHSIM:

1. }J,Jm Mo6LIX JBYX 3JEMEHTOB X, Yy € L 01HO3HAUHO OompeaeseH
TpeTui sJeMeHT 2 & L, Ha3biBaeMbli X cymmot W 00O3HAUaeMbIH:
X + Y, npuueM

1) x4+ y=y+ x (KOMMyTaTHBHOCTb),

2) x+(y+ 2)=(x+ y)+ 2 (acconnaTuBHOCTb),

3) B L cymecrtsyer Tako#t s;aemenT 0, uto x40 = x nas Bcex.
x e L (cyuecTBoBaHHE HYJA), :

4) nas Kaxaoro x & L cyumiecTByeT TaKoH 3JIeMEHT —X, 4TO-
X +(—x) =0 (cymecTBoBaHHEe NPOTHBONOJOXHOTO 3JEMEHTa).

II. das mo6oro uncna o u J060Oro sj1eMeHTa X & L onpenesnen
3JeMeHT aX & L (npoussedenue 3jeMeHTa X HA YHCIO a), MPHUEM.

1) a(px)=(af)x,

2) 1-x=1x,

3) (a4 B)x = ax + Bx,

4) a(x+y)=oax+ ay.

B 3aBHCHMOCTH OT TOro, Kakoi 3amac uuces (BCe KOMILIEKCHbIE:
HJIH TOJIbKO ‘IeHCTBHTENbHbIE) MCIIONb3YETCS, Pa3/JHUAOT KOMILJIEKC-
Hble U JeHCTBHTENbHbIE JIHHEAHBe npocTpaHcTsa'l). Beiony, rae e

'OrOBOpPEeHO MPOTHBHOE, HAWIH TOCTpPOoeHuss GYAYT BEpHB KaxX MI1d
ReHCTBUTEJbHBIX, TAK U A8 KOMIUIEKCHBIX NPOCTPaHCTB.

3aMeTHM, 4TO BCAKOE KOMIIEKCHOE JHHEHHOE IIPOCTPAHCTBO
MOXHO paccMaTpHBaTh KaK HEKOTOpOe [eHCTBHTENbHOE TPOCTPaH-
CTBO, €CJIH OTPAHUUYUTBCS B HEM YMHOXKEHHEM BEKTOPOB Ha JeHCTBH-
TeJIbHble YHCaa.

—

!) MoxHo 6bl10 Obl paccMaTpuBaTh M JIHHeHAHBIE NPOCTPAHCTBA Hajl [POH3~

BOJIbHLIM HOJieM.
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PaccMOTpHM HEKOTOpble NPHMEpHl JIHHEHHbIX NPOCTPAHCTB, mpe-
JIOCTAaBHB YHTATeJIO IPOBEPUTb AJS KaXJOr0 H3 HHUX copmysupo-
BaHHbIE BhILIe aKCHOMBI.

1. Ilpamas aunus RY, T. €. COBOKYNHOCTb J€ACTBHTRNBHBIX YHCe,
¢ OObIYHBIMH apu(PMeTHUYECKHMH ONepalHAMH CJI0XKeHHS H YMHOXe-
HUf, NpeAcTaB/seT co60l JHHefiHoe POCTPAHCTBO.

2. COBOKYNHOCTb BCEBO3MOXHBIX CHCTEM N JeHCTBHTEJbHBLIX Yu-
cen x =(xy, Xo, ..., Xn), [Jle CJIOKEHHe H YMHOXeHHUe Ha 4YHCIO
olnpenessiorcs GopMyJaMH

(xly X2y o0 vy xn)+(yh Y2y ¢+ ¢y yn)z(xl+ylr x2+y2’ "-'; xn+yn);
a(xl’ Xy vuey xn)=(axl’ 0Xg, oo vy axn)»

Tak¥Ke siBasieTcs JuHeAHbIM npoctpaHctBoM. OHO HasbiBaercs fel-
CTBHUTEJIbHBIM N-MepHbIM ') apudmeTudeckum npocTpancTéom u o6o-
3Hayaercss CHMBOJIOM R7™. AHAJOTHYHO, KOMILJIEKCHOE n-MepHoe
apudmeTnueckoe npocrpanctso C® onpenensieTcsi KAaK COBOKYIHOCTD
CHCTEM 7 KOMILIEKCHBIX YHces (C YMHOXeHHeM Ha Jio6bie KOMIJeKc-
Hble YHcaa).

3. HenpepriBHble (AeHCTBHTENbHbBIE HJIH KOMILIEKCHBIE)- PYHKLHA
Ha HeKoTOopoM oTpe3ke [a, b] ¢ OGBIYHBIMH ONEPAUHSIMH CJA0XKEHHA
GYHKUUHA M YMHOMEHHS MX Ha 4HcIa o0pasyloT JHHeHHOe MPOCTpaH-
ctBo Cla, b], saBasionieecss OAHAM U3 BaXKHEHLINX [J51 aHAJH3A.

4. TlpoctpaHcTBO l2, B KOTOPOM 3JieMEHTAMH CJYXKAT M0CAEN0-
BAaTeJbHOCTH YHCEN (JAEHCTBHTENbHBIX HJIH KOMILJIEKCHBIX)

x=1(X], Xgy +euy Xpy «++),

YAOBJAETBOPSIOIIHE YCIOBHIO

21 %, P < oo, (1)
¢ onepanHsiMH
{Xpy Xoy covs Xy oo )W Ysy ooy Ynp o o0) =
=(x1+y1, x2+y2’ vy xn+ym ---);
a(x[, Xoy v 00y Xp, ...)=(ax1, AXgy, o4, AX,, ...),

ABJSAETCS JIHHEAHBIM INPOCTpaHCTBOM. TOT ¢haKT, 4TO cymma ABYX
[10CJ1e10BATEIbHOCTEH, YAOBJIETBOPSAIOIHUX YCIA0BHIO (1), TaKxke yro-
BJETBOPSET 3TOMY YCJOBHIO, BbITEKAaeT M3 3/ieMeHTapHOro HepaBeH-
ctBa (@, + 6,)°< 24} + 2ai. _

5. CxonsauHecs NMOCAEAOBATEbHOCTH X == (X, X2, ...) € NOKOOP-
JMHATHBIMH ONEpPAllUsAMH CJIOXKEHHs H YMHOXEHHS Ha 4hcaa obpa-
3y10T JHHeiHoe npocTpaHcTBo. O6o3HauuM ero c.

1} 3rtor TepMuH GyAeT padbAcHeH B AajbHeHLeM,
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6. TlocnenoBaTeNbHOCTH, CXOAsiMecs K 0, ¢ TeMH e onepaius-
i CJIOXEHHS H YMHOXEHHs, TaKxke 06pa3yloT JHHENHOe POCTPaH-
crBo. O603HAUHM €ro Co.

7. COBOKYNHOCTb m BCeX OrpPaHHYEHHBIX UYHCJOBBIX MOCJEN0OBA-
TeNbHOCTEH, C TEMH JXe ONepalMsMH CJOXEeHHS H YMHOXEHHs Ha
yucaa, YTo H B pHMepax 4—6, ToXe npescraBaser co6oil nuHelHoe
npOCTPaHCTBO. :

8. HakoHelu, cOBOKYNHOCTb R® BCeBO3MOMHBIX UHCJOBHIX MOCIE-
HAOBATEJNbHOCTeH, C TeMH XK€ CaMbIMH ONEPalHsMH CJIOXEHHS H yM-
HOXEUHsT Ha YHCJIA, YTO U B NpuMepax 4—7, Toxe sBJIseTCS JHHEH-
HBIM TIPOCTPAHCTBOM.

TlockoNbKYy CBOACTBA JIHHEHHOrO NPOCTPAHCTBA — 3TO CBOHCTBA
onepaluii CJI0XeHHS 3JeMeHTOB H YMHOXEHHs HX Ha 4YHCJa, ecTe-
CTBEHHO BBECTH CJejylolliee OnpeneseHHe.

Onpenenenne 2. Jlunefiusle npoctpanctBa L u L* Haswl-
BalOTCH UBOMOPGHLIMU, €CNH MEXAY HX JEeMEHTAMH MOXHO yCTa-
HOBHTbL B3aHMHO OJIHO3HAaUHOE COOTBETCTBHE, KOTOpOE COIJacoOBaHO
c onepauusamMu B L u L*. 310 03Hauaet, 410 H3

x <> x",
y<—>y
(x, y L, x*, y*=L") crenyer
xtye—>xt+y
" ox <> ax’

(@ — nmpOoU3BOJBHOE YHCJIO).

H3oMopdHble MPOCTpaHCTBA MOXKHO pacCMaTpPHBAThb KaK pasjiny-
HBe peanusaluu OLHOTO H TOTro xe npocrpaHcrea. [Ipume-
paMu H30MOPGHBIX JHHEHHBIX POCTPAHCTB MOTYT CJAYXKHTb apudMe-
THUYECKOe Nn-MepHOe NMpPOCTPAHCTBO (IeACTBHTENbHOE HJIH KOMIJIEKC-
HOe) M NPOCTPAHCTBO BCEX MHOTOUJIEHOB cTemeHH << n — 1 (coot-
BETCTBEHHO C JCHCTBHTENbHHIMH MJH KOMIUIEKCHBIMH Ko3$dHUuHeH-
TaMH) ¢ OGLIYHBIMH ONEPALHAMH CJIOXKEHHS MHOTOUJIEHOB H YMHOXe-
HHSl MX Ha yucaa (ZoKaxuTe H3oMopdHOCTh!). ,

2. JluHefiHas 3aBHCHMOCTb. DJIEMEHTHl X, Y, ..., W JHHEHHOro
npocrpancTBa L HasbiBawoTcd AuHelHO 3aBUCUMbIMU, €CIH CYlie-
CTBYIOT TaKue yHcaa a, B, ..., A, He Bce paBHule 0, uTO

ax+By+ ... +Aw=0. (@)

B nporusnoM cayuae stu snementh HasbiBalOTCA aAunedHO He3asu-
Cumbimu. lnave roBops, 3JeMeHTH X, Y, ..., W JHHEAHO HE3aBHUCHU-
MLl ecau U3 paBeHCTBa (2) BHTeKaeT,Yyto a =P =...=A = 0.

Beckxoneunas cucrema snemeHToB X, y, ... npocrpancrsa L
Ha3niBaeTcs AuHelino He3asucumoll, ecin mob6asi ee KoHeyHasi MOA-
CHCTeMa JIHHEIHO He3aBHCHMaA.
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Ecau B mpocTpaHcTBe L MOXKHO HAHTH 1 JHHEHHO HE3aBHCHMbIX
5J1eMEHTOB, a JIo0ble f | 1 3/1eMEeHTOB 3TOr0 MPOCTPAHCTBA JIHHEHHO
.3aBHCHMBI, TO FCOBOPST, YTO MPOCTPAHCTBO L HMeeT paamepHOCTs .
Ecnu xe B L MOXHO yKa3aTh CHCTEMY U3 POH3BOJBHOTO KOHEUHOro
‘YHcJIa JIHHEHHO He3aBUCHMBIX 3JIEMEHTOB, TO FOBOPST, YTO IIPOCTpPAH-
-ctBO L 6eckoneunomepro. basucom B n-mepHoM npoctpaHctse L Ha-
.3piBaeTcs Jio6Gasi cHCTEMa U3 1 JHHEHHO HE3aBUCHMLIX 3JIEMEHTOB.
IlpoctpanctBa R™ B meficTBUTENnbHOM caydae u C" B KOMIIIEKCHOM
HMEIOT, KaK JIECKO NPOBEPHTb, pa3MepPHOCTh £, ONpaBibiBas TeM ca-
MBIM CBOE Ha3BaHHe.

B kypce nuHeiiHOH ajnre6pbl pacCMaTpUBAIOTCH JHHeHHbIE MPO-
CTPaHCTBa KOHeuHOH pa3MepHocTH. HaobGopoT, MBI, Kak mpaBuJjo,
GyleM 3aHMMATbCSl POCTPAHCTBAMH GECKOHEYHOrO YHUCJIa H3Mepe-
‘HUH, OpeCTaBJAIOUMMY OCHOBHON HHTepeC C TOUKH 3PEHHs aHaJH3a.
Mgl mpenocTaBisieM YHTATEJNI0 NPOBEPHTb, YTO KaXJ0e H3 Ipo-
‘CTPAHCTB, yKa3aHHbIX B NpuMepax 3—8, uMeeT GeCKOHEUHYIO pas-
MepHOCTb.

3. Nopnpocrpancrsa. Henycroe mnoaMHOXecTBO L/ sHHefHOro
npoctpaHcTBa L Ha3blBaeTcs nodnpocTpancTéoM, eClIi OHO CaMo 06-
pa3yeTr JHHeHHOe NPOCTPAHCTBO 110 OTHOIIEHHIO K OIpele/NeHHbIM B
L omepauusaM CJIOXEHHS U YMHOXEHHsSI Ha YUCJIO.

Wuaye rosopst, L’ < L ecTb moanpocTpaHcTBo, ecau u3 x < L',
y & L’ caenyer, yto ax + By & L’ npu mo06bix o u B.

Bo Bcsikom JsuHeHHOM mpocTpaHcTBe L uMeeTcsi mogNpoOCTpaH-
'CTBO, COCTOfIllee H3 OJHOTO HYJs, — HyJeBoe HOANPOCTPAaHCTBO.
C npyro# croponbl, Bce L MOXHO paccMaTpUBaTh KaK CBOe MOANPO-
-crpancTBo. IloanpocTpaHcTBo, OT/HUHOEe OT L u comepxkaliee XOTs
'6bl ONUH HEHYJIEBOH 3JIEMEHT, HAa3bIBAETCH COOCTBEHHbIM.

IlpuBeneM npuMepnl COGCTBEHHLIX MOANPOCTPAHCTB.

1. Tlycte L — KaKoe-1H60 JHHeHHOe NMPOCTPAHCTBO H X — HEKO-
‘TOPLIH ero HeHyJeBOH 3JeMeHT. COBOKYNHOCTb 3/1eMeHTOB {Ax}, rae
A mpoGeraer Bce yHCJa (COOTBETCTBEHHO NEHCTBHUTEJbHLIE HJIH KOM-
nJeKCHbe), obpa3yer, OUYEBHAHO, OJHOMEpPHOE MOJIPOCTPAHCTBO.
‘OHO sBJIsleTCs COGCTBEHHLIM, eC/IH pa3MepHocTb L Gouabure 1.

2. PaccMoTpuM mpocTpaHCTBO HenpepbiBHBIX (yHKUHA Cla, b]
(npumep 3 m. 1) 1 B HeM COBOKYNHOCTb BCeXx MHoroujeHoB P [a, b].
‘ScHo, uTo MHOrousens o6pasyior B C[a, b] noanpocTpancTo (UMelo-
utee, kaK u Bce C[a, b], GeckoHeuHyio pa3MepHOCTb). B 10 e Bpems
.camo mpoctpanctBo Cla, b] MoXHO paccMaTpuBaTh Kak TNOANPO-
CTpPaHCTBO GoJiee OOGIIMPHOrO MPOCTPAHCTBA BCeX, HENPEPBLIBHBIXK M
pa3pbiBHBIX, QYHKLUHA Ha [a, b].

3. PaccMOTpHM, HaKOHeL, NpOCTpaHCTBa lp, Co, ¢, m u R® (mpH-
mepsl 4—8 n. 1). Kaxaoe u3 uux siBasiercst cOGCTBEHHBLIM MOANPO-
CTPAHCTBOM TOCJIeNYIOLIEero.

Tlycte {x,} — mpoH3Bo/MbHOE HemycTroe MHOXECTBO 3JEMEHTOB
JinHeiiHoro mpocrpanctea L. Torma B L cyuwecTByeT HaHMeHblliee
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pOANPOCTPAHCTBO (GBITh MOXeT, coBnajaiouiee ¢ L), kotopoe conep-
#uT {%q}. JeficTBUTeNbHO, MO KpaiiHell Mepe OAHO NMOAMPOCTPaH-
cTBO, coflepxkaniee {x,}, B L cymectByer: 310 Bce L. Jlasee sicHO,
yto nepecewenue 06020 mroxecrsa {L,} nodnpocrpancre ecro

cnoéa nodnpocrtpancrso. B camoM nene, ecau L* = ﬂ Lux yes L,
' Y

70 H ax+ By e L* npu Bcex «, B. Bo3bMem Tenepp Bce moampo-
CTPAHCTBA, COJlepXKallHe CHCTEMY BEKTODOB {X,}, H PacCMOTPUM HX
nepeceuenre. Ito H 6yfeT HaHMeHbLIee NOANPOCTPAHCTBO, COAepKa-
pee cacreMy {x,}. Takoe MHHHMaJ/IbHOE MOANPOCTPAHCTBO Mbl HA30-
BEM NOONPOCTPAHCTEOM, NOPONCOCHHOIM MHONCECTBOM {Xg}, WIH Au-
Helinotl 060.a04Kkoti MHOXecCTBa {x,}. Mbl Gyaem of03HauaTh 3TO
popnpocrpancTBo L ({x,}).

YnpaxHeHus. JluHefino He3aBuCHMas cuCTeMA {Xq} 3JeMEHTOB JHHEHHOTO:
npoctpaHcTBa L Ha3piBaercs 6asucom [ameasn, ecnu ee nuHefiHast 060J04Ka COB-
najnaer ¢ L. JlokasaTb cleflyiOllHe yTBePKAEHHUS:

1) B KamZIOM JHHEHHOM NpPOCTPAHCTBE CyllecTBYeT Ga3nc [amens.

Yrasanue. UcnoabsoBaTth neMMy LlopHa.

2) Ecau {xq} — 6a3uc F'aMens B L, TO KaXKIbIi BEKTOP X € L €JHHCTBEHHBIM
0o6pa3oM TpeiACTaBJseTCs] B BHAe KOHEYHOH JHHeHHOH KOMOVHALHH HEKOTOpHIX.
BEKTOPOB cHcTeMbl {Xq}.

3) Jlio6bie nBa Ga3uca [amens B JHHEAHOM NPOCTPaHCTBE PABHOMOILHDI, MOLL-
HocTb Gasuca aMeniss AuHeRHOro NPOCTPAHCTBA HHOT/a Ha3HIBAIOT a4eebpauyeckod
PA3MEPHOCTHIO 3TOr0 POCTPAHCTBA.

4) JluHefiHble NMPOCTPAaHCTBAa H3OMODP(HBI TOrZa H TOJNbLKO TOrXa, KOTAa OHH
HMMEIOT OJIHHAKOBYIO aJre6paHdyecKyl0 pa3MepHOCTb.

4. daxrtop-npocrpancrBa. Ilyctb L — nHHefiHOe NpOCTpaHCTBO,
u L’ — gekotopoe ero noanpocTpaHcTBo. CkaxeM, 4TO [iBa 3/€MeH-
Ta x 0 y U3 L 3keusasenTHbL, ecM MX Pa3HOCTb X — Yy NpUHAAJTe-
*ut L', D10 OTHOWIEHHE pedeKCHBHO, CHMMETPHYHO H TPaH3UTHBHO,
T. e. onpenessier pa3buenue Bcex x & L na kmaccol. Knace skBuBa-
JIeHTHbIX 3JIEMEHTOB Ha3bIBAETCA KAACCOM CMeENHOCTU (MO TOAMPO-
cerpanctBy L’). CoBOKymHOCTb BceX TaKHX KJacCOB Mbl Ha30BeM
¢axrop-npocrparncrsom L no L’ v o6oznauum L/L’.

B m060M ¢aKTOp-MpoCTpaHCTBE, €CTECTBEHHO, BBOAATCS onepa-
UM CJOXKEHHs U YMHOXKeHUs Ha yucaa. IMenHo, nyctb € U 1 — ABa
Kaacca, npeicTaBisiolux co6of siementsl u3 L/L’. Bribepem B Ka-
XKJOM M3 3THX KJ/1aCCOB MO NPEJCTaBHTEJIO0, CKaXKeM, X H § COOTBET-
CTBEHHO, H HAa30BeM CyMMOH KjaccoB § M 1 TOT KJacc {, KOTOpHIii
COIEPKHT 3JEeMeHT X -+ y, a NMpOH3BeJleHHeM KJjacca § Ha yucio %
TOT KJIAacC, KOTOPHIH CONEPXHUT 3JeMeHT ax. JIerko mpoBeputb, 4To
pe3ysabTaT He H3MEHHTCH OT 3aMeHBl MpeACTaBHTENeH X H § KaKHMU-
Ju60 APYruMH NpeAcTaBHTENsAMH x’ H Y Tex Xe Kjaacco § u n. Ta-
KM 06pa3oM, Mbl JeHCTBHTEJbHO ONpeJeHJH JHHEeHHble onepaltn
Hajx sjeMeHtaMH ¢akrtop-npoctpaHctBa L/L’. Henocpeacrsennas
NnpoBepKa mOKa3biBaeT, YTO 3TH ONEPal{H YIOBJETBOPAIOT BCEM Tpe-
GoBaHUsAM, COMePKAIHUMCS B ONpe/iesleHHH JUHEHHOTO NPOCTPaHCTBa
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(nposeaute 31y mposepky!). HMuaue rosops, kamdoe gaxrop-npo-
cTpanctéo LIL’ (c TeMH omepauHsiMH CJOXEHHS M YMHOMXKEHHS Ha
yucsa, KOTOpble Mbl cefluac B HeM ONpelesH/In) npedcTasaneT cobo
AUHElHOe nPOCTPAHCTSO.

Eciu L — npocTpaHcTBO n H3MepeHHH, a ero HOANPOCTPAHCTBO
L’ umeer pasmepHocTb k, To dakrop-npocrpanctBo L/L” umeer pas-
MepHOCTb 7 — k (moKaxHuTe 310!).

IMycte L — npou3BoJibHOE JHHERHOE MpocTpaHcTBO H L’ — Heko-
TOPOE ero MnoAnpocTpaHcTtBo. PasmepHoCTb (paKTOpP-MPOCTPaHCTBA
L/L’ naswiBaercst KopasmepHocToo noanpocrpanctsa L’ B npoctpan-
ctBe L.

Ecau noanpocrpanctdo L’ < L uMeer KOHEUHYI0 KOPa3MePHOCTb
n, To B L MOXHO BLIOpaTh 3J1eMeHTBI Xi, X3, . .., Xn TaK, YTO BCAKHH
sjeMeHT x € L 6yner (0AHO3HAYHO) MpeACTaBHM B BHIe

x=aq x4+ ... +ao.,x,+y,

rae e, ..., &n — YHcaa U y & L' leiicTBuTEBbHO, NYCTh aKTOp-
npocrpaictBo L/L’ uMeer pasmepHocTb 7. BribepeM B 3T70M ¢aKTop-
npocrpaHcrBe 6asuc Ej, &, ..., En M H3 KaXJIOro kiaacca &, Bbibe-
PEM 1O NMPEACTaBHTENIO Xg. I1ycThb Temepb x — JI06OH 3jeMeHT H3 L
¥ £ — 1ot kaacc B L/L’, xotopuiii copepxur x. Toraa

E=a 4+ ... +aska

Tlo onpesneseHH0 3TO 3HAYHT, YTO KaXKAbIl 3jieMeHT H3 E, B yacrt-
HOCTH X, OTAHYAeTCHA JIMIUb Ha 3JeMeHT U3 L’ OT Tako# e JuHeit-
HOH KOMOHHAUHH 3JIeMeHTOB Xy, ..., Xn, T. €.

x=ox+ ... +ax,+y.

OnHO3HAYHOCTD TAKOH 3aNHCH INpPeLOCTaBJseM J0Kas3aTb YHTAa-
TeJio. '

5. Jluuneiinbie dynkunonananl. Yuciaosyio o¢yHkuuo f, onpene-
JIEHHYIO Ha HEKOTOPOM JHHeHHOM npocrtpaHctBe L, Mbl 6yneM Ha3bl-
Bath Pynkyuonasom. Oyuknuonas f HasbiBaeTCsi aOOUTUBHBIM, eCITH

fx+9)=Ffx+f) nas scex x, ysL;

OH HAa3bIBaeTCst OOHOPOOHbIM, €CIH

f(ax)=o0af (x) (o — npou3BoJibHOE YHECJIO).

®DyHKUHOHAJ f, onpele/ieHHbI B KOMNOJAEKCHOM JHHEAHOM
NIPOCTPAHCTBE, HA3BIBAETCS CONPAMEHHO-00HOPOOHLIM, ecilH f(ax) =
= af(x), rme @ — 9uCI0, KOMIIEKCHO CONPSAKEHHOE G,

AnHTHBHBII ONHOPOAHBIA (YHKLHOHA HA3bIBATCA AUHEUHbLM
Gynkyuonarom. ARAMTHBHEIR CONMpPSIKEHHO-OAHOPOJHbIK QyHKIHO-
HaJl Ha3blBAETCH CONPANEHHO-AUHELHbIM, 4 HHOTAA NOAYAUHEUHbIM.
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YkaxeM npuMephl JHHEHHbIX GYHKIHOHAJOB.

1. ITlyctb R™ ecTb n-mepHoe apHpMeTHUeCKOe NMPOCTPAHCTBO C
gneMeHTaMH X == (X1, ..., Xn) H @ =(4y, ..., Gn)— NPOU3BOJBHBIA
wabop H3 n ¢puKcupoBaHHbiX unces. Torna

(9= 3; aum

— JuHelHbIH ¢pyHKUHOHAT B R™. Bhipakenue
n
f(x)= iZl a;xy
- L]
npeicTaBJ/sier cO60H conpsKeHHO-JHHeNHHbH GyHKuHoHast B Cn.
2. UuterpaJsl

b b
I[x]=Sx(t)dt " T[x]=§x_(t)dt

NPEACTaBJAAIOT COG0H COOTBETCTBEHHO JIHHEHHBIA H COMPSIKEHHO-/H-
Helnblli GyHKUHOHAMB B pocTpaHcTBe Cla, b].

3. PaccMoTpuM Gosee o6wuit mpuMep. IlycTb Yo — HekoTopas
¢duxcupoBaHHast HenpepbiBHasA GYHKUHA Ha [a, b]. [TosoxuM Aas Jio-
6o dyukunu x < Cla, b]

b

Fy={x®uwat

a

JIMHeHAHOCTb 3TOr0 (PYHKIMOHAJa CJHeAyeT U3 OCHOBHBIX CBOMHCTB
onepaiuu yHTerpHpoBanus. PyHKUHOHAN
b
Fi)={x® g0 at

Gymer CONpsiXKEHHO-MHHEHHBIM (B KOMIIGKCHOM  NPOCTPaHCTBE
Cla, b)).

4. PaccMorpuM B TOM ke camoM npoctpauctse C[a, b] nuHennblit
byHKUHOHAM APYrOro THNA, 8 HMEHHO, MOJOXKHM 8y (X) = x (), Tak
YTOo 3HayeHHe GyHKUHOHana &8¢, Ha GOYHKUUH X PaBHO 3HAYEHHIO
aToil pyHKUHH B PUKCHPOBAHHON TOYKe fo.

AToT PyHKIHOHAJ OOBIYHO 3aMHCHLIBAIOT B BHAE

b

8. ()= (8t — ) at,

a

nonumas mop 8 «(yHKUHMIO», KOTOpasi paBHa HYJIO BCIOAY, Kpome
TOYKH f =0, ¥ HHTerpaj OT KOTOpPOH paBeH efuHHle (&-QpyHKuHA
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Hupaxa). Takne «QpyHKHHH» NONYUYHJH CTPOroe ONpesleIeHHE B paM-
Kax TeopHH 0006IIeHHbIX QYHKUHA, 371eMeHTbl KOTOpPo#l 6yAyT H3Jo-
XKeHbl B § 4 cnenywoledi raaspbl.

5. IlpuBeneM mnpuMep suHedHOro (QYHKUHOHAJA B UpPOCTpPaH-
ctBe lp. ITycth k — dukcupoBaHHOe LeJOe IMOJOXKHTEALHOE HHCJIO.
Has kaxporo x = (x1, ..., Xn, ...) U3 by nomoxuM fr(x) = xa. JIu-
HEHHOCTh TaKoro (QYyHKIMOHA/JAA OYeBUAHA. DTH (PYHKUHOHAJBI [0-
HYCKalOT «paclpoCcTpaHeHHe» HA JpyrHe MpOCTPAHCTBA MNOCJE0Ba-
TeJIbHOCTEH, HATIpUMeEp, Ha €, ¢, M, R® (npuMepnl 5—8 m. 1).

6. FeomMeTpuueckHii cmbica Jauueinoro d¢yskunonana. Ilycth
[ — HEKOTOpbIft OTJIHYHBIH OT TOXAECTBEHHOrO HYJI}% JHHEAHbIH DYHK-
uuoHas Ha JuHelHHOM npoctpaHctde L. COBOKYNHOCTBH TeX 3JeMeH-
TOB X U3 L, KOTOpble y0BJETBOPSIOT YCJIOBHIO

f(x)=0,

npencTassaser co60i MOANMPOCTPAHCTBO mpoctpaHcTBa L — nodnpo-
CTPAHCTB0 Hysel uiau 20po GyHKUHOHana f. IleficTBUTE/NbHO, ecaH
f(x)=Ff(y)=0, 10

f (ax + By) = of (x) + Bf (y) = 0.

10 noanpocTpancTso oGosnavaercs Ker f1).

Toanpoctpadcrteo Ker f umeer kopasmepuocts 1. JleficTBHTENb-
HO, BO3bMeM KaKoH-qu60 3JeMeHT Xo, He Bxoasuluit B Kerf, T. e.
TaKoH 3JeMeHT, 4TO f(xo) 5= 0. Takoil aneMeHT HaHIeTCS, MOCKOIbKY
f(x)5%0. Bes orpannueHns OGLIHOCTH MOXHO CYHTATh, 4TO f(Xo) =1,

X
u60 B NPOTHBHOM CJydae Mbl 3aMeHHJH Obl Xo Ha f(;) . (SICHO,
0

uto f (f—(xx"—))=l) JIS KaXJoro 3/eMeHTa X NOJNOKHM Yy =
0

= x—f(x)xo; torna f(y)=[f(x—Ff(x)%)=0, 1. e. y=Kerf.
IIpencTaB/ienue 3jeMeHTa X B Bule X = aXo+ y, Tle y & Ker f, npu
(OUKCHPOBAHHOM 3JIEMEHTE Xo €IMHCTBEHHO. B caMom nese, mycTh
x=oaxo+y ysKerf,x=0a'x+y, y = Kerf.

Torna (¢ —a’)xo=y —y. Ecan 3jlech o = o/, TO O4YeBHUIHO,

z—_:ai, =Kerf, uro nporuso-

4yto y' = y. Eciu Ke o 5= o/, TO Xy =
peuuT BHIOOPY Xo. »

OTciofa caeflyer, 4yTo /Ba 3J€MeHTa X; H X2 TOT[A H TOJNBKO TO-
ria NpuHamIeXar OJHOMY KJacCcy CMeXHOCTH MO MOANPOCTPAHCTBY
Ker f, korna f(x1) = f(x2).

IlefictBuTenbHO, U3 X1 = [(X1) X0 + Y1, X2 = f(%2) %o+ y2 BHITE-
Kaet, uTo X; — Xg = (f(%1)— f(%2)) - Xo + (41 — y2). Orciona sunHo,
410 X} — X2 & Ker f Torza u Tonbko Toraa, Kkorga Ko3Q@uuuest npu
%o, T. €. f(x1)— f(x2) paBen 0.

1} Ot aHramiickoro cjoBa kernel — aapo.
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Besikuit knace § mo moanpocrpaHctBy Ker [ onpenensiercs Jo-
65IM U3 CBOHX NpeiacTaBHTenefl. B KauecTBe Takoro mpeiacTaBHTEJA
MOKHO B3STh 3JIeMeHT BHAa aXo. OTCI0fa BHIHO, YTO MOANPOCTPAH-
ctBo L/Ker | neficrButesnbHo onHoMepHo, T. e. Ker f umeer kopas-
MEepHOCTDb 1.

[Monnpocrpaucreo Ker f onpenensier nunelinbiit byHkunona, o6-
paulaloUIMACA HAa HEM B HYJb, C TOYHOCTBIO 10 MOCTOSIHHONO MHOXH-
Teas.

B camom nese, nyctb GYHKUHOHAJB [ H g HMEIOT OJHO H TO XK€
anpo: Ker f = Ker g. Boibepem ajeMeHT X, Tak, utoGbl f(Xg) == 1.
Mubr yrBepKaaeM, yTo g (%) 7 0. [deficTBUTeNbHO,

x=f(x)x+y, ysKerf=Kerg,
g(x)=1[(x) g (x) + g (y) =T (x) g (xo).

Ecan 6ol 3HaueHMe g(Xo) paBHsI0ch 0, To pyHKUHOHAJ g Obla Gbl
TOXJECTBEHHbBIM HyseM. M3 paBenctBa g(x)= g(x¢)f(x) u BhTE-
KaeT MPOMOPIUHOHAIbHOCTh GYHKUHOKAIOB £ H f.

Ias Besikoro noanpoctpancrsa L’ kopasmepHocTu 1 MOXKHO ykKa-
a3atb Tako# ¢yuxuuonan f, uro Kerf== L’. [Jocratouno BhiGparh
TIPOHU3BOJILHBIH 3JeMeHT Xoe&& L' u mpeacTaBHTb KaX/blfl 3JeMeHT
x & L B Buste x = axp 4+ y. Takoe npexncras/ienue enuicraenHo. Ilo-
JIOKHB f(X) = @, Mbl NoAyunuM JauHelnblil QyHKuUHOHAN [, A/ KOTO-
poro Ker f = L’ (nposeputb 310!).

[Mycts L’ — kakoe-HuGyAb MOANPOCTPAHCTBO KOpa3MepHOCTH | B
JIMHEHOM mpocTpaHcTBe L; Torga BCsAKHH KJacC CMeXXHOCTH Npo-
<tpaHcTBa L mo moanpoctpaHcTBy L’ HasbiBaeTcs eunepniocKkocTso,
mapaJJienbHOH moAmpoctpancTey L’ (B uwacTHOCTH, caMo MNOATPO-
CTpaHcTBO L’ sIBAsieTCsl rUOepIIOCKOCTbIO, copepiKauled 0, T. e.
<«TpPOXOAsilIeH yepe3 Hayas0 KoopaHHAT»). MIHbIMH cjoBaMH, rutmep-
1ockocTh M/, mapanuenbHas moampoctpadctBy L', — ato mHOXe-
<TBO, MoJyyawueecss u3 L’ mapannenbHbiM nepeHocoM (CABUIOM) Ha
KaKOU-HUGYIb BEKTOp Xo = L:

M =L 4+ xo={y: y=x+ x5, xL'}.

SlcHo, yto ecain xo = L/, 1o M'=L’; eciu ke xo& L', To M'5£L’.
Ecan f— HerpuBHasibHbIE JuHeHHBE QYHKUHOHAA HA NPOCTPAHCTBE
L, o mHoxectBo M; = {x: f(x)=1} sBJAseTCA TrHIEpPNIOCKOCTbHIO,
mapaJssesnbHofi moanpocrpaHctBy Ker [ (meficTButenbHo, duxcupys
KaKoA-HHOYAb 3JEeMEHT Xo, A5 KOTOpPOoro f(Xe) = 1, Mbl MoxeM BcA-
XUl BEeKTOp ¥ & M; mpeAcTaBUTb B BUe X == X, + 4, rie y = Kerf).
C npyro# cropousl, ecin M’ — Kakas-HHGYIb THNEPILIOCKOCTDb, Ma-
‘PasIenbHas moanpoctTpaHcTBy L’ (kopasmepHocT 1) U He npoxoms-
1asg yepe3 Haua/JO KOOPAHHAT, TO CYWECTBYET €1HHCTBEHHBIH
JIHHelHbIl QyHKUHOHAA [ Takoi, yto M’ = {x: f(x) = 1}. HekicTBu-
TeJbHo, nycth M’ = L’ + Xy, X< L; Torga Bcsakuil snemeut x &< L

4!
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OJIHO3HAYHO MPENCTABHM B BHle X = X+ Y, TAe y = L', IMonarasg,
KaK H Bbillle, [(X) == &, MBI MOJYyYHM HCKOMBIA JHHEAHHIA OYHKLUHO-
HaJ; eNMHCTBEHHOCTb CJelyeT H3 TOro, yTo ecau g(¥)= 1 npy
xeM, 10 g(y)=0npu y= L', tax uto

g (axo+ y) =a = (axo + y).

TaxkuM 06pasoM, YCTAHOBAEHO B3AUMHO OOHO3HAYHOE COOTEeT-
cT8UE MeHOY BCeMU HETPUBLUAAbHbIMU NUHCLHbIMU QYHKYUOHALAMLU,
onpedeaennbimu Ha L, u scemu eunepnaockocramu 8 L, ne npoxods-
UMY 4epe3 HauaL0 KOOPOUHAT.

Ynpaxnuenne. Iycre f, fi, ..., fa— Takne nuHeRiHble QYHKUAOHAAB HA
snHeiiHOM mpocTpaHcTBe L, uTo M3 fi(¥) = ... = fa(x) = 0 Bhigekaer f(x) = 0.
n
Toraa cywmecTBYIOT TakHe NMOCTOSHHBIE &), ..., Qa, 4TO [ (X) =kZ a,f,(x) naa
=1
Bcex x € L.

§ 2. Brinykabie MHOXKeCTBa M BbINyKable QYHKUHOHAMBI.
Teopema Xana — banaxa

1. Boinykabie MHOXKeCTBA H BbiNyKable TeJa. B ocHoBe MHormx
BaXXHBIX Pa3]leJIOB TEOPHH JHHEHHBIX NMPOCTPAHCTB JIEKHUT IOHATHE
soinykaoctu. OHO onHMpaeTcs Ha HAIJSIAHblE T€OMETpPHYECKHE Mpes-
CTaBJIeHHsl, HO BMeCTe C TeM JAONYCKAeT H YHUCTO. AHAJHTHUECKYIO
popMyaHPOBKY.

Ilycte L — HekoTOpoe /HHeHHOe N€WCTBHTEJNAbHOE IpoO-
CTPAHCTBO H X, Yy — ABe ero ToukH. HazoBeM samxryToim oTpesxom
B L, coefMHSIIOIMM TOYKH X H Y, COBOKYIIHOCTb BCEX 3J1EMEHTOB BHJa

ox+ By, rae a, =0, a4-p=1.

OTpe3oK 6e3 KOHLEBLIX TOYEK X H Yy HA3bIBAETCH OTKPOLITLIM OT-
Pe3KOM.

Muoxectso M < L Ha3sbiBaeTca 8binYyKAbIM, €CIH OHO BMecCTe C
JIOGHIMH  ABYMS TOYKAMH X H Y CONEPXHT H COEAMHSIOLHA HX
OTPE30K.

Ha3zosem adpom J(E) npoussoabHoro MHoxectBa E < L coso-
KYIIHOCTb TAKHX €ro TOYeK X, YTO AJIsi Kaxjoro y € L nahpercs ta-
Koe yucso & = e(y) >0, yto x + ty = E npu |t| <e.

BhinykJ0e MHOXECTBO, PO KOTOPOro He NYCTO, Ha3biBaeTCs
BbINYKAbIM TEAOM.

IIpuMepn. 1. B TpexMepHOM €BKJIHIOBOM NpOCTpaHCTBE KyO,
map, TeTpasiap, NOJYNPOCTPAHCTBO MPEACTaBJAIOT COOOH BLIMYKJbIE
tesa. OTpe3ok, MIOCKOCTb, TPEYrOJIbHHK B TOM Ke NPOCTPAHCTBE —
BLINYKJIble MHOXKeCTBa, HO He BBHINyKJble TeJa.

2. PaccMoTpuM B NpoCTpaHCTBe HenpepbiBHBIX QYHKIHA Ha OT-
peske [a,b] MHOXeCcTBO (YHKUHH, YAOBJETBOPSIOWMHUX YC/IOBHIO
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Tl
HOX

1. STO MHO2KE€CTBO BbIITYKNO,; lIel’lCTBPlTeJIbHO, eCcan
lunjg®)|<l,ronpua+p=1ap=0

laf ) +Bg() ISe+P=1.

YnpaxHeHHe. [IpoBepHTh, ABJISETCR JH 3TO MHOXECTBO BHIYKJBIM TEJOM.

<
<

3. Eaunnunniit map B Iy, T. €. COBOKYINHOCTb TAKHX TOYEK X =
= (X1, ..., Xpy +..), UTO Z x¥2<1, ectb BhnyKaoe teno. Ero aapo

COCTOHT H3 TOYEK X, YAOBJETBOPSIOIUHX YCJIOBHIO 3 x2 <1

4, Ocuoprofi mapaagenennunes II B [, — BEINYyKJI0e MHOXKECTBO,
HO He BBHINyKJOe Teso. B camom nene, nycrts x & 1I; 310 o3Hauaer,
yTO |Xn| << 1/27! pais Bcex n=1, 2, ... Ilonoxum yo = (1, 1/2, ...

y/n, ). Iyers x+tyo= 1, 1. €. |xn + t/n| << 1/271; Torna

t 1 1 1
|i\<xn+—\+|x,,|< LI S
n n 2

2n—l - 271—2 4
otkyAa t =0, 1. e. sgpo MHoxecTBa II mycro.

Yupaxuenus. 1. Iycts (D—COBOKYHHOCT}) TOUEK X == (X1, ..vy Xn, ...}
H3 lp, yAOBJETBOPAIOUINX YCJAOBHIO Z n°x;, 2< 1. Jlokasath, uT0 @ — BHIYKJIOE
MMOJKECTBO, HO HE BRINYKJOE TeJO.

2. JlokasaTb TO Xe camMoe AJin MHOXECTBA TOYeK B [y, KaXKjaa H3 KOTOPHX
HMEET JIHIIb KOHEYHOE YHCJO OTJIHYHBLIX OT HYJS KOOPAHHAT.

Eciu M — Beinyki0e MHOXecTBO, TO ero siapo J(M) Toxe Bbi-
nykJao. JeiicTBuTenbHo, nycts X, y =J (M) u z2 = ax + By, o, =0,
a+p=1. Torna aast panHoro a & L wHalinyrca Takue g >0
H eg>0, utro npu || <<e, |fo|<<er TOukKM x4 ta u y+ ta
npUHaJJ/exaT MHOXecTBY M, cleloBaTeNbHO, €My MPHHARJIEHHT
H Touka a(x -+ ta)+ B(y + ta) = 2+ ta npu |t| << e = min(ey, &),
T.e.2elM).

YcTaHOBHM ciefyloulee Ba)KHOe CBOHCTBO BBINYKJBX MHOXECTB.

Teopewma 1. Ilepecevernue 2106020 4UCAQ BLINYKABIX MHONECT8
€CTb 8bINYKA0E MHONECTBO.

HJokxasateasctBo. [lyctb M = ﬂM H Bce M, — BhINyK-

aple MHOXectBa. IlycTh, nanee, x u y——nBe MPOU3BOJIbHbIE TOYKH
H3 M. Torma OTpe30K, COENHHAIOUIHH TOUKH X H Y4, NMPHHALJENKHUT
Kaxnomy M,, a cienoBatenbHo, u M. Takum o6pa3om, M neiicrBu-
T€JbHO BBHIMYKJIO,

3ameTum, uTO nepeceqeﬂue BHIIYKJABIX Tea (6ydy4YH BbIIYKJIbIM
MHO)KECTBOM) He 00f3aHO OLITb BBHIMYKJIbIM TeJOM (NPpHBELHTE
npumep). .

Jns npousBoabHOro MHOXKecTBa A B JIHHEHHOM npocTpaHcTBe L
CYLleCTBYeT HaHMeHblllee BbINYKJOe MHOMXKECTBO, KOTOpOe ero co-
depKuT; UM OydeT mnepecedeHHe BCEX BBIMYKJLIX MHOXECTB, CO-
Adepxamux A (no xpafiHefi Mepe OJHO BBINYKJOE MHOXECTBO,
conepxanee A, cymecrByer — 310 Bce L). MHHHMAaJbHOE BHINYKJ0€
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MHOXecTBO, cojepxamee A, Mbl Ha3oBeM 6binyKkaroll 060404K0l
MHOXecTBa A.
PaccMOTpUM OIHH BaXKHbIH NpHMep BHINYKJIOH o6Gosoukd. Ilycrs

X1, X9, ..., Xny1 — TOUKH HEKOTOPOro JHHEHHOrO NPOCTpaHCTBa. Mp

CKaxeM, YTO 3TH TOYKH HaXOoAATCA 8 o6u4eM noAONCeHUU, eCnu

BEKTOPHl Xz — X1, X3— X1, ..., an — X JHHEHHO He3aBHCHUMBL. (D10
n+l n+l

PaBHOCHJILHO TOMY, YTO H3 Z Aix;=0 H Z Ay =0 BBITEKaeT, uTO

i=|

M=l= ... = Apq = 0) Boinyksnasa o6osouka TOYeK X,
X9, ..., Xn41, HAXOOAIHXCA B oOwmeM NOJIOMEHHH, Ha3blBaeTcd
n-MepHbIM CUMNAEKCOM, & CAMH TOYKH X{, X2, ..., Xn41 — €r0 Bep-

wrHaMH., HynabMepHbIli cHMIIeKC — 3TO OfHA ToukKa. OXHOMeEpPHbLH
CHMIIJIEKC —— OTPE30K, JBYMEPHbIH — TPEyroJbHHK, TDEeXMepHHI —
eTpasap.

Eciu TOUKH Xy, X2, ..., Xp41 HAXORATCA B OOLIEM IOJIOXKEHHH,
To Mchble B4 1 M3 HUX (R < n) TakxKe HAXOAATCS B oGLIEM MOJIO-
KEHHH H, Clefl0oBaTe/IbHO, MOPOXAAIOT HEKOTOPbIH k-MepHbH CcHM-
nJeKc, Ha3blBaeMblit k-MepHof 2panbr0 JaHHOTO N-MEPHOrO CHM-
niekca. Hampumep, TeTpasap C BepWIHHAMH €, €, €3, €4 HMeer
qeTblpe JABYMEpDHble TpDaHH, ONpelesseMble COOTBETCTBEHHO TPOH-
KaMH BepWHH (e2,€3,€4), (€1, €3,€1), (€1, e2e1), (e1,eze5), wects
OIHOMEPHBIX IpaHell U YeTbipe HYJbMEpHbIX.

Teopema 2. Cumnaexc ¢ sepuunamu xi, Xz, ..., Xn41 €CTO
COBOKYNHOCTb B8CeX TO4eK, KOTOpPble MONMCHO npedcTasurs 8 sude

n+l n+l1

x=kZakxk, a, =0, kzlak=1. )
=1 =

JlokasaTedbCTBO. JIerko NpOBEpUTb, YTO COBOKYNHOCTb S
tTouek BuAa (l) npeacraBasieT cOGOH BHIMYKJOE MHOXECTBO, COAep-
JKalllee TOYKH Xy, Xg, ..., Xn41. C JAPYrofi CTOPOHBI, BCAKOE BbIMYK-
Jioe MHOXKECTBO, COJepKallee 3TH TOUKH, JMOJIXKHO COAepXaThb
# Touku Buaa (l); cremoBaTenbHO, S ABASETCS HAHMEHbUIMM Bbl-
NYKJbIM MHOXECTBOM, COAepKaIlUM TOUKH X1, X2, ..., Xnil.

2. OnHopogHo-sunymue dynkunonaanl. C TOHATHEM BBINMYK-
JIOTO MHOXECTBA TECHO CBS3aHO BaXXHOE MOHATHE OJHOPOIHO-BBI-
nykJaoro ¢yukuxonana. Ilyctb L — meficTBuTe/NbHOE JIHHEHHOE MPO-
crpaHcTBo, OmpemeneHHbld Ha L (QyHKIHOHAN p HasblBaeTcs 6bi-
nYKAbIM, €CTH

plax4+(1—a)y)<ep(x)+(1—a)p(y) (2)
oas Bcex x, yeL nu 0o,

QYHKIHOHAK P HA3LIBAETCH NOAOHUTEALHO-OOHOPOOHbIM, €CIH

plax)=oap(x) maa Bcex x<L wu Bcex a>0. 3)
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JIns BBINYKJIOTO MOJIOXKHTENbHO-OXHOPOAHOr0 QYHKIHOHAJNA BbI-
[OJIHEHO HEPaBEHCTBO:

px+y)<pX)+p@®. (2)

JLeACTBHTENbHO
pet =2 (54) <2(r (3) + 7 () =r @ +r 0.

Jlerko NOHATb, YTO ycaoBue (2') BMecte .c ycioBHeM (3) obecre-
yHBAET BHIMYKJIOCTb (yHKUHOHaJa p. ITosoKHTENbHO-OMHOPOXHBI
BHIYKJBA QYHKIHOHAT Mbl OyileM Ha3blBaTh KOpoye COHOPOOHO-
86INYKAbLM. YKaXKeM HEKOTOphie NMPOCTEHIIHe CBOACTBA OLHOPOAHO-
BbIHyKJIbIX (OYHKIHOHANOB.

. Tonaras B paBeHnctBe (3) x = 0, nosyuaem

p(0)=0. (4)
2. U3 (2') u (4) caenyer, urto
O=pkx+(—x)<px)+p(—x) n1a Bcex x<L. (5)

310 HepaBeHCTBO O3HAYaeT, B YaCTHOCTH, 4TO ecau p(x)<< 0, To
obasareabHo p(—x) > 0. Takum o6pas3oM, HeHyJeBOH OXHOPOIHO-
BHINYKJbIH (QYHKUHOHAJA MOXKeT ObITb BCIOAY HeOTpHIATeJeH, HO
ecan Bcooay p(x) <0, To p(x)=0.

" 3. Ilpu nio6om a

p(ax) = ap (x).

Ilpn a > 0 sto caenyer u3 (3), npu a =0—Hu3 (4); ecau xe
o << 0, To B cuay (5) noayuaem
0<p(ax)+p(lalx)=p(ax) +]alp(x),

p (ax) > —| a|p(x) = ap(x).

Ipumepn. 1. Beakuii uHeAHbH (YHKIHOHA SIBJASIETCS, Oye-
BHUIHO, OJHOPOXHO-BBINYKJAbIM. OIHODOAHO-BHINYKALIM Oyner u
tbyHKuHOHa.n p(x)=|f(x)]|, ecan f nnueen.

2. lniuHa BeKTOpa B n-MepPHOM €BKJHIOBOM NPOCTPAHCTBE €CTh
OJHOPOAHO-BHINYKJILIA yHKIHOHAL. 3aech ycaoBHe (27) o3Hauaer,
YTO JJIMHA CYMMBI IBYX BEKTOPOB He MpPEeBOCXOAHT CYMMSl HX IJHH
(HepaBeHCTBO TpeyrosibHHKa), a (3) HEMOCPEACTBEHHO CJELYeT H3
onpeneseHns LMHHH BekTopa B R™.

3. Ilyete m — npocTpaHCTBO OrpaHHYEHHBIX IIOCJAEROBATENbHO-
crelt x = (X1, X9, ..., %n,...). DYHKUHOHA]

p(x) =sup| x, |
n

T. €.

~— OTHOPOJHO-BLIMYKJbIH.
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3. dyuxkunonan Munkosckoro. Ilycts L — npoussosibHOe Jnu-
HeiiHoe mpocTpaHCcTBO H A — BbINYKJOe Teslo B L, AP0 KOTOpOro
coaepxKHuT Touky 0. @yHKIHOHAM

pa(x)=ini {r: i:—EA,r>0} (6)

uaspiBaetTca ¢pynkyuonason Munkosckozo BuimykJoro Tena A.

Teopema 3. Pynxyuonar Munxosckoeo (6)— odnopodro-
soinykabill u HeoTpuyartesvusid. Obparno, ecau p(x)— npoussois-
HbLll OOHOPOOHO-BLINYKALLL HEOTPUYATEeAbHBUL (DYHKYUORAA HA Al-
Helinom npoctpaxctge L u k— noasoxcuresivroe ducao, 1o

A={x: p(x) <k} ™

ecTo 8oINYKAOE Teao, A0POM KOTOPO2O CAYWUT MHO%NecTeo {x:
p(x) <<k} (codeprmcawee touky 0). Ecau 8 (7) k=1, 10 ucxoo-
uolll yukyuonas p(x) ecro yuxyuonar Munkosckoeo dan A.

HdoxrkasarteabctBo. [las Bcakoro x L 3jnemeHT X/r npu-
HaaJexHT A, eC/iH r AOCTATOYHO BEJUKO; MOITOMY BEIHYHHA P4 (X),
onpepeasieMast paBeHctBoM (6), HeoTpuuaTeapbHa M KoHeuHa. [Ipo-
BEPHM IOJIOKHTENLHYIO OJHOPOAHOCTh (yHKIHOHana (6). Ecuau
t>0uy=ix, to
paly)=inf{r > 0: yresA}=inf{r > 0: Ixjresd}=

=inf{{r' > 0: x/reA}=tinf{r > 0: x/resA}=ips(x). (8)
[Tposepum BeInyKAOCTH pa(x). IlycTh X, Xo<=L n &£ >0 npous-
BOJIbHO. BriGepeM uucia r; (i==1,2) Tak, uto pa(x)<r <
<< pa(x;)+e; Torna x;/r; = A. TlonoxuM r = r; -+ re, TOrZa TOuKa
(x1 4~ x2) /r = rix)/(rr1) +- rexe/ (rrz) TPHHALJIEKHT OTPE3KY C KOH-
HaMH X;/r; H X2/re. B cuay Beinmykiaoctd A 3TOT OTpPe3OK, a 3HAUHT,
H TouKka (x; - xg)/r npuHapgaexar A, oTKyaa

Palx) Fx)<Sr=r -1y <pa(x) + palxy) + 2e.
Tak kax & > 0 3xecb NPOH3BOJBHO, TO
pa(xy + %) < pa (1) + paxo).

CuaenoBaTenbHo, pa(x) ynosaersopsier ycaoBusam (2) u (3), a mo-
TOMY 3TO — HEOTPHUATEIbHBIA OXHOPOXHO-BBIMYKJBIT (YHKUHOHAJ.
' Paccmorpum tenepb MHOoxectBo (7). Eciu xy=A4d u o4
+Bp=1,a p=0,10

plox +By) < ap (x) +Bp () Sk,
T. e. A Buinykao. [Jlanee, nycts p(x)<<k, t >0 u y &L, torna
p(x £ty <plx)+tp(Ey).
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Ecan p(—y)=p(y) =0, 10 x =ty = A npu Bcex ¢; eciH XKe XOTs
6bl OJJHO M3 HEOTpHUATEeNbHBIX uHcea p(y), p(—y) orauuno ot 0,
10 X+ ty=A npu
k—p(x)
< max [p (y), p(—y)]*

HenocpencTBeHHO H3 BBENEHHBbIX ONpEIEJEHHH SICHO, 4TO P CaAY-
KHT QYHKUHOHAJOM MHHKOBCKOro masi mHoxectBa {x: p(x)<C I}
Hrak, BBeas nouartHe QyHKUHOHana MUHKOBCKOro, Mbl yCTaHO-
BH/AH COOTBETCTBHE MEXJY HEOTPHLATENbHBIMH OXHOPOIHO-BbIITYK-
JBIMH (QYHKUHOHA/JaMH H BBINYKJIBIMH TeTaMH C SpOM, COAepXKa-
muM TouKy 0. :
[Tpumepn. 1. [Ipy A = L umeeM, OYEBH/IHO,

PL (X) =(.
2. ITyctb A — wmap ¢ uenrpoM 0 u paauycom r B R™. Torza
pax)=Ixl|r,

tae || x|| — mauHa BeKTopa X.
3. Ilycte A — «cmoity —1 << x; << 1 B mpoctpauctBe [, mocue-
JoBaTeJNbHOCTeH X = (X1, Xg,...,X%n,...). TOrAa

pa(x)=|x|

Sameuanus l. Unorna yno6uo paccMaTpHBaTh OXHOPOAHO-
BHINYKJble (YHKLHOHA/MbI, KOTOPble MOTYT NPHHHMATb HE TOJIBKO
XOHeuHble 3HA4eHHST, HO H 3HauyeHHe oo (HO He —oo). Torma us
paBencrBa p(ax)=ap(x) (rae o > 0) creayer, uto p(0) =0 uau
p(0)=oco. Jlerko npoBeputb, 4Yro B 3TOM IOCJAeAHEeM CJyuae
'MOXHO, He Hapyulas OJHOPOJHOH BBINYKJOCTH (PYHKLHOHAJa, H3-
MEHHTb €ero 3HaueHHe B OAHOH TOuKe, MoJoxuB p(0)==0 BMecTO
P(0) = +oco, Tak 0GbIYHO H AENAIOT.

Ecau p(x)— 0JHOPOIZHO-BHITYKJBbIA, HO He 06A3aTeNLHO KOHey-
Helit, GyHruuoHas, 1o A = {x: p(x) << k} ecTb BBHIIYyKJIOE MHOXe-
CTBO, HO He 00s3aTeJbHO BblMyKJI0e Teso. O6patHo, ecan A — npo-
HM3BOJILHOE BBIMYKJI0€ MHOXeCTBO, coiepxaulee Touky 0, To maas
Hero MOXHO onpeneautb (yHKuuoHan MuHkoBckoro ¢opMyaoi
(6), HO MpH ITOM HpHAETCA AJS r NONYCKaThb H 3HaueHue oo,

2. Ecin pi(x) n pg(x)— OXHOPOAHO-BHIMYK/ble (YHKLHOHAJBI,
TO TakoBbl XKe pi(x)+ p2(x) u ap;(x) npu a>0. danee, ecau
Aps (X)}5 g — MPOH3BOJIbHOE CEMEHCTBO OJHOPOAHO-BBLIMYKAbIX PYHK-

‘LHOHAJIOB, TO TAKOB M (QYHKUHOHAM p(x) = sup ps(x). B uvactHocTH,
seES
BeDXHSS rPaHb  p(x) =supf(x) mo060ro HEMyCcTOro MHOXKECTBA
sES

JIHHeHHbIX (QYHKIHOHA/MOB Ha L eCTb OJJHOPOAHO-BBINYKJbIA (YHKIHO-
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nan. Bocnonb3zoBasunch Teopemoin Xana — BaHaxa, Jerko nokazaTthb,.
YTO TaK MOXHO NPEeACTaBUTb BCAKMH (KOHEYHBIH) OJHOPOJHO-BBHINYK-
JAblA pYHKIHOHAJ.

Ynpaxuenne MuoxectBo A B JuHeiHOM mnpocTpascTBe L HasmiBaeTCs
noeciowarowuM, eciu JIasi Besikoro x & L cyuwectsyer Takoe o >0, uToe
x € AA naa Bcex A = a. Joka3saTb, 4TO BHINYKJOe MHOXeCTBO A — morjoulaiollee:
B TOM H TOJBLKO TOM CJyuae, e/l ero PO CONepXHUT Touky O.

4, Teopema Xana — Bawnaxa. Ilycte L — neficTBHTeNbHOE JTH-
HellHOe MNpOCTPAaHCTBO H Lo — HEKOTOpoe €ero noanpocTPaHCTBO-
Ilyctb, Rasnee, Ha NOANPOCTPAaHCTBe Lo 3a4aH HEKOTOPBIA JIHHEHHbIR
dyukuuonaa fo. JInneliHbli GyHKUHOHAN [, Onpele/eHHbI Ha BCeM
npoctpanctse L, Ha3biBaeTcss npodoaxcenuem HyHKIHOHANA fo, €Chm

f(x)=1Fo(x) nns Bcex x = L,.

{
3ajaya O NPONOJXKEHHH JIHHEHHOro (YHKIHOHAJa 4YacTo BCTpe-
yaercsd B aHauau3de, OCHOBHYIO pPoJib BO BCEM 3TOM Kpyre BONPOCOB
Urpaer cienymonias Teopema.

Teopema 4 (Xau—Dbaunax). [Iycre p— 00nHopodro-gbinyx—
AbLL pYyrKyUoHaA, onpedesenHbii Ha OeliCTBUTEABHOM AUHEIHOM
npoctpauctee L, u nycre Ly— aunedinoe nodnpocrpancréo 8 L.
Ecau fo— aunednsui pynkyuonar na Lo, noduunennoili na Ly ¢pynx-
yuornaay p(x), 7. e. ecau Ha Ly

fo() < p(x), (9

To fo moscer Goite npodoadxcen 0o Auneldnozo gyuxyuonara f na L,
noduunennoeo p(x) Ha ecem L.

HdoxaszateanbctBo. [lokaxeM, uto eciu Lo+ L, 10 dynr-
IHOHAN fo MOXKHO NPOROJKHTHL ¢ L, Ha HeKoTOpoe GoJjblilee NOA-
npoctpanctBo L’ ¢ coxpaHeHneM ycaoBus (9). [lefictButensHo,.
NycTb 2 — IPOW3BOJIbHBIA 3JeMeHT W3 L, He mpuHajiexamui Lo,
u nyctb L’— nommpocrpanctBo, nopoxiaeHHoe Lo u 2. Kaxnbli
3jieMeHT u3 L’ umeer Bun {24 x, roe x € L.

Ecau f'— uckomoe npomosxkenue (yHkuuonana fo Ha L', 1o

Ptz + 0 =1 @) + fo (),
HJIH, €CJIH MOJOXKHTh [/ (2) = ¢,
' (tz + x) =tc + fo (x).

Tenepb BbiGepeM ¢ TaK, yToObl COXpaHHTb Ha L’ ycioBHe NOguHHe-
nus (9), T.e. Tak, uTo6bl NpH BceX X & Lo u Bcex AeACTBHTENbHBIX
! BBINOMHAJOCH HepaBeHCTBO fo(x)+tc << p(x+¢2). Ilpy t > G
OHO PaBHOCHMJIBHO YCJIOBHIO

h(%)+c<p(§+z) HTH 0<p(§+z)—n(%)



¢ BBIMTYKJIBIE MHOXXECTBA U BBIMYKJIBIE ®YHKIIMOHAJIB 135

a npu ¢t << 0— yciosuio

h(F)+e=—p(—F—2).
pP(=7=2)=h(3).

floka)eM, 4TO BCEra CYLIECTBYET YHCJIO ¢, YAOBJIETBOPSIOUIEE ITHM
asyM ycaoBusaM. Ilyctb y” u y”’ — npousBoJbHbIE 3/eMeHTbl H3 Lo.

Torna , ,
—f)+ply"+2)=—foly)—p(—y —2). (10)
Dr0 BHITEKAET U3 HEpPAaBEHCTBA

fo(y ) —F@)<ply"—y)=p(y"+2)— (¥ +2)<
<ply”" +2)+p(—y —2).

A

{lonoxum
¢’ = iyn,,f (—h@+py”"+2), = sup (=) —p(—y —2)).

Y3 (10' B cuay NPOU3BOJILHOCTH Yy u y” caenyer, uto ¢” . Bol-
6pas ¢ Tak, uto ¢’ = c = ¢/, onperenuM GYHKUHOHAT f’ Ha L’/

bopuyoi ["(tz + x)=tc =+ fo(x).

10T QYHKUHOHAJ YIOBJAETBOPSET YCJAOBHIO MOAuYHHEHHs (9).

Wtak, MbH MOKa3aJju, 4YTO ec1d GyHKUHOHAJ fo ompeleseH HA He-
&OTOpOM mnoanpoctpaHctBe Lo L u ynosiaerBopsier Ha Lo ycao-
s8u10 (9), T0 fo MOXHO MPOAOJXKHTbL C COXPAHEHHEM 3TOr0 YCJAOBHUSA
#a HeKOoTOpoe GoJibliee MOANpPOCTPaHCTBO L',

Ecaiu B L MOXHO BbIOpPaTb CUETHYIO CHCTEMY 3JIEMEHTOB X,
X9, ..., Xn, ..., NOpOXAaoULyio Bce L, To dyukunonan ua L crpoum
110 MHAYKUHH, paccMaTpHBas BO3PaCTAIOLIYK LENOYKY IOANpPOCT-
PaHCTB

L([) = {LO) xl}v L(2) {LU) . }

(31ech {L®, xz.1} 03HAUaeT MUHUMaJbHOE JHHENHOE MOANpPOCTpaH-
<TBO B L, conepxauiee L® u xpyy). Torga Kaxpae snemMedr x < L
Boitler B HeKOoTOpoe L(®) u, cienoBaresbHo, QyHKIHOHAM GYAET MPO-
JAoJKeH Ha Bce L.

B o6uiem cayuae (T. €. KOrjfla CUETHOTO MHOXECTBa, MOPONKAAI0-
duero L, He cyuiecTByeT) AOKa3aTeJbCTBO 3aKaHYMBAaeTCA IPHMeEHe-
HueM jgemmnl LlopHa. COBOKYNHOCTH §§ BCEBO3MOMHBIX MPOIOJINKE-
HHA QyHKUHMOHATA fo, YAOBJETBOPAIOWIUX YCAOBHIO NMOAYHHEHHS (9),
HYacTHYHO YymopsAfoueHa, H KaxAoe ee JIHHEHHO YINOpsLOUueHHOe
AIOIMHOXKECTBO Py o06aafaeT BepxHeHl TpaHbio; 3TOH BepxHei
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rpaHbio CAYXKHT QYHKUHOHAJ, ONpelesNieHHbl Ha OObelHHEHHH 06-
JAactelt onpefeneHuss ¢yHkuuoHaoB ', H coBmazawouui
¢ KaXAbIM TakKuM [’ Ha ero obsactu onpefeeHns. B cuay seMmbl
llopua BO Bcem § cymecTByer MaKCHMaJbHbIH 3jaeMeHT f. Dtor
MaKCHMAaJbHHIH 37eMeHT [ U mpeacrasiasier COO0H HCKOMBIH (YHK-
uuoHaJ. [lelicTBUTENbHO, OH SIBJAsieTcsl NPOAOJXKEHHEM HCXONHOTO:
dyHKuHOHANA [y, ymoBJeTBopsier ycjaoBhHio (9) Ha cBoefl obsiacTu
onpefieNieHHs M 3alaH Ha BceM L, Tak KakK HHaue Mbl NPOAOJIKHJIHN
Obl €ro ONMHCAHHLIM Bbillle CNOCOOOM €-TOro COGCTBEHHOro MOANPO-
CTpaHCTBa, Ha KOTOPOM OH OIpefesieH, Ha OOJbluee NOANPOCTPaH-
¢TBO, U [ He Gb1 6Bl MAKCHMAaJibHBIM.

Teopema noka3saHza.

ITpuBeneM emre XOMNJEKCHBIH BapHaHT TeopeMbl XaHa — Ba-
Haxa.

Heorpuuarenbublit yHKIHOHAN p HAa KOMNJEKCHOM JIHHEH-
HOM npocTpaHcTBe L HasbiBaercsi 00HOPOOHO-8bINYKALIM, €CAU IS
BCeX X, Yy & L u Bcex KOMIJIEKCHBIX YHcesa A

px+y)<pF)+p®,
p(Ax) =|A|p(x).
Teopewma 4a. [Tycte p-— 00HOpOOGHO-BbtnyKAbLL (PYHKYUOHAA
HG KOMNAEKCHOM AuHelinom npocrparcrée L, a fo— aunedinoui

PYHKYUOHAA, OnpedeseHHbIL HA HEKOTOPOM AUHelHOM nodnpoct-
pancree Lo L u ydogrergoparoujuil Ha Hem YCA0BUIO

o) I<p(x), x& Lo

Toeda cywecrsyer aunednvtd pynkyuonaa f, onpederenuvii Ha
aecem L u ydoeaersoparowyuil ycrosuam

F@I<p®), xeL,  [@=fkx), xeLl,

HdokaszarteabcTBo, O6o3naunM uepe3 Lgp u Log mpoctpan-
ctBa L u L, paccMaTpuBaeMble KaK [efCTBHTeJbHblE JIHHEHHBbIE
NPOCTPAHCTBA. $ICHO, 4TO p — ONHOPOAHO-BHLINYKJABH (YHKIHOHA
Ha Lga, a for(x) = Re fo(x)— neficTBUTEJNbHBIA JHHERHBIH (QYHKIHO-
HaJ Ha Log, yIOBJIETBOPSIIOIIHA YCIOBHIO

[ for (%) | << p (x)
for (¥) < p ().

B cuny TeopeMsl 4 cyumiecTByer AeHCTBHTENbHBIA JHHEAHbI (PYHK-
HHOHAM fgr, onpemeseHHBA HAa BceM Lp M yIOBJETBOPSIONIHI yci0-

BHSIM
fr(x) < p(x), x& Lp(=1),
frR)=fr(x), x&Logp(=Ly).

H, TeM BoJiee, yCJIOBHIO
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fcno, uT0 —fr(¥) = fr(—x) < p(—x) =p(x), TaK uTO
fe@)I<pl), x&Lpg(=L) (1)

OnpeaeanM dyukuuonan f va L, monaras

| F(¥) = f (¥) — iz (i%) |

{3mecb Mbl II0Jb3yeMcsi TeM, 4T0 L-—KoMMNJaeKCHOe JHHefiHoe

fIPOCTPAHCTBO, TAK YTO B HEM ONPEAEJEHO YMHOXEHHe Ha KOM-

-nuieKcHble yucaa). HemocpencTBeHHas NpoBepKa I[OKa3biBaeT, 4TO
J — KoMTIJIeKCHbIf JHHeHHBIH GyHKNHOHAA Ha L, npuuem

f)=Ffo(x) mpu xe& L,
Ref(x)=fr(x) npu xeL.

Ocrasoch mokasatb, uto |f(x)|<< p(x) mas Bcex xe L. [o-
flyCTHM TIPOTHBHOE; TOT[a /sl HEKOTOPOro X € L umeem |f(xp) | >
> p(xo). IlpencraBuM KommiekcHOe uHCIO f(Xp) B Bume [(xo)=
=pe’®, rae p > 0, u noJoxuM yy—e~%x,. Toraa fz (1) =Ref (y))=
=Re[e ™[ (x))]=p > p(x)) =p(y0), dTO mpOTHBOpEUHT yCJIO-
su0 (11).

Teopema pokasaHa.

Ynpaxuenne Ilokaxkure, UTO yC/AOBHe KOHeuHOCTH (YHKLHOHAJNa p
8 TeopeMe XaHa — BaHaxa MOXHO ONYCTHTD.

5. OTAeNHMOCTb BBINYKJBIX MHOXECTB B_JIUHEHHOM NPOCTPaH-
ctBe. [lycTb L — nelCTBHTeJbHOE JHHelHHOe NpocTpaHcTBO, a M
# N —nBa ero monMHoxectBa. ['oBopsit, uTo onpenesneHHut Ha L
JuHelHbifi QyHKUHOHAN [ pasdeaser 3TH MHOXeCTBAa, €CJIH CyLle-
¢TByeT Takoe uucjo C, yTo

) fx)=C upn xeM n f(x)C nmpu x= N,

T. €. eC/IH
inf f(x)>= sup f(x).
xeEM xe N

DyHKUHOHAN [ Ha3bIBAETCH (TPO20 pa3lessrouyum MHOMKeCTBa
M u N, ecu BRITOTHEHO CTPOroe HepaBeHCTBO

inf f(x) > sup f(x).
xeM xe=N

Cnenywouife IBa yTBEeDK/IEHHS HENOCPELCTBEHHO BHITEKAOT H3
OnpejesieH!s] Pa3leTHMOCTH.

1) Jlunefnwfi dyHkuvonan f pasgensier MHoxectBa M u N
B TOM H TOJbKO TOM CJyuae, KOTJa OH paslefsieT MHOXeCTBa
M —N u {0} (1. e. MHOXKeCTBA BCeX 3JIEMEHTOB BHIa X — Y, Tle
xe M, y= M, u Touky 0).

2) Jlunefinuiét dynkuuoHan [ pasgensier MHoxkectBa M u N
B TOM H TOJNILKO TOM CJy4ae, KOIa NPH KaxAoM x e L oH pa3sne-
Jisier MHOXKectBA M — x u N — x,



138 HOPMUPOBAHHBIE U TOMOJOTHYECKHE MPOCTPAHCTBA (CJ1. 11y

H3 teopemn XaHa — bBanaxa Jserko mnosyuyaercsa caenymwoulas
TeopeMa 06 OTIEeJHMOCTH BBIIYKJIBIX MHOXECTB B JIMHEHHOM Mnpo-
CTPaHCTBe, UMeIOLLasi MHOTOUHCJIEHHbIe TIPUMEHEHHA.

Teopema 5. [lycte M u N — goinykabie mnoxecrsa 8 Oeli--
CTBUTENbHOM AUHEUHOM npocTpancTee L, npudem s0po xora Gor
001020 u3 Hux, ckaxem M, He nycTo u He nepecekaerca ¢ Opyaum
mrooucectaom. Tozda cyuwjectsyer Henyaregold auneldnoll (hynkyuonanr:
Ha L, paaderarowuti M u N

JokaszaTteabcTBO. bes OrpaHHueHHs OGUIHOCTH MOXHO CYH-

TaTh, 4TO TOYKa 0 npuHaanexut saapy M wmuoxectsa M. (Vuaue:

O
Mbl paccMOTpeJH Obl MHOXecTBa M —xo v N —x,, rlie xo=M.)
[Tyctb yo= N, Torna Ttouka —y, JIPHHALIEXHT ANPY MHOKeECTBA:

M—=—N, a 0 npuHaAANEXHT AApY R muoxecTBa K — M — N—)—yo.
Tak kak M N = @&, 10 0 ne mpHHAANeXKHT AAPY M — N u yo & K.
ITyete p— dynkumnonan Munkosckoro ans K. Torna p(yo) =1, no-
CKOJIbKY yoesK BeeneM JHHEHHbI QyHKIHOHA

fo (ayo) = ap (yo).

Ou ompellesieH Ha ONHOMEPHOM TNPOCTPAHCTBE, COCTOSIEM U3 3Je—
MEHTOB BHJA oYy, H YIOBJETBOPSET YCJIOBHIO

fo(ayo) < p (ayo),

MOCKOJIBbKY p(ayo) =ap(yo) npu a =0, u fo(aye) = afe(ys) << 0 <<
< p(ayo) npu a < 0. ITo Teopeme Xana — banaxa ¢dynkuuonaa fo-
MOKHO NPOAOJIXKHTb [0 JHHeHHOro $YyHKUHOHAJNA [, ONpeeneHHOTo
na BceM L u ynosaersopsiouiero Ha L ycaosuio f(y) < p(y). Orcio-
na caenyet, uto f(y)<<1 npu y= K u B 10 ke Bpems f(yo) = 1.
Takum o6pa3om, [ pasneasier MHoxectBa K u {yo}, a caenopatenb—
HMO, prasnenﬂe-r M—N u {0}; no torna f pasjpensier MHOXeCTB&

H

Teopema noka3aHa.

§ 3. HopmupoBaHHbie nMpocTpaHCTBa

B rnase 11 Mbl 3aHHMajauCchb TONOJIOTHYECKHMH M, B YaCTHOCTH,
MeTPHYECKHMH TNPOCTPAHCTBAMH, T. €. MHOXECTBAMM, B KOTOpPLIX:
BBEEHO, TeM HWJH HHBIM CIOCOGOM, NOHSATHE ONM30CTH 3JEMEHTOB,.
a B npeabAyIiuX naparpagax AaHHOH IJ1aBHl Mbl UMEJH J1eJI0 C JIH--
. HeHHBIMHM NpocTpaHCTBaMH. [1o CUX NOp KamxKA0e H3 3THX NOHATHRE
ctoano ocobHsikoM. OnHaKo B aHa/jHu3e NPUXOAUTCH HMETh IO C
NPOCTPAHCTBAMH, B KOTOPbIX BBeleHbl KaK Oomnepaluy CJ0XKEHHs dJjie-
MEHTOB M YMHOXEHHS MX Ha 4YHCJ/Ia, TaK H HEKOTopasi TONOJOruf,.
T. €. paccMaTpHBaTb TaK HAa3LlBaeMble TONOJIOTHUYECKHE J B~
HeliHbenpocTpaHcTsa Cpexu nocrenHux BaxkHbIA Kiaacc 06--
pasyloT HOPMHDOBaHHBIe NPOCTpPaHCTBA, Teopus sTuX:
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aIpOCTPAHCTB Oblsia passura B paborax C. Baunaxa u psga apyrux
.aBTOPOB.

1. Onpepenenne u npuMepbl HOPMHPOBAHHBIX MPOCTPAHCTB.

Onpenenenne l. [lycrs L — nuneitnoe npocrpaucrso. Oano-
POAHO-BBINYKJbIH QYHKIHOHAJ P, onpelleieHHbIl Ha L, HasbiBaeTcd
#HOopmoll, eCAU OH yNOBJETBOPSET CAEAYIOIUM MOMOJHHTENbHBIM YC-
JIOBUSIM (IOMHMO BBINYKJIOCTH) :

1) p(x)= 0 tonbko mpu x = 0,

2) p(ax)=|a|p(x) ansa Bcex a.

Takum 00pa3oM, BCIOMHHAS onpefeneHust u3 m. 2 § 2, Mbl Mo-
3KeM CKas3aTh, YTO HOpMOH B L HaspiBaercsi GyHKIHOHAJ, YIOBAETBO-
PAOLHA CAedyOIHM TPeM YCJIOBUSAM: '

1) p(x) =0, npuuem p(x) =0 Toabko mpu x = 0,

2) px+y)<p(x)+py), x,vEL,

3) p(ax)=|a|p(x), KaKOBO 6bl HH GBIJIO YHCJIO a.

Onpenenenue 2. JIuneltnoe npocrpaucteo L, B KOTOpoM 3a-
JlaHa HeKOTopas HOpMa, Mbl HAa30BeM HOPMUPOBAHHLIM NPOCTPAH-
<180M. Hopmy saemenra xe&L Mb OygeM ofo3HauaTh CHMBO-
JioM || x||.

" Bcesikoe HOPMHPOBaHHOE NMPOCTPAHCTBO CTAHOBHTCH METPHUYECKHM
HIPOCTPAHCTBOM, €CJIM BBECTH B HEM PAaCCTOsSIHHE

p(x, Yy=lx—uyl.

«CrpaBeJIMBOCTb AaKCHOM METPHUYECKOrO MPOCTPAHCTBa TOTHAC Xe
sbiTekaer u3 cBolictB 1)—3) HopMbl. Ha HopMHpoBaHHBIE IIpO-
-CTPAHCTBA NePEHOCATCS, TAKUM 00pa3oM, BCe Te NOHSATUA U (PaKThI,
WKOTOpble OBIJIH H3J0XeHbl B . [l A/ MeTpHueCKUX MpOCTPaHCTB.

[TonHoe HOpPMHpPOBaHHOe NPOCTPAHCTBO HaabiBaeTcs 6axaxosvim
NPOCTPAHCTBOM WIIH, KOpoue, B-npoctparncraon.

[TpuMeps HOPMHpPOBAHHBX MPOCTpaHCTB. MHorue
W3 NPOCTPaHCTB, paccMaTpuBaBluxcs B TJ. Il B KauecTBe mpuMepos
wmerpuueckux (a B § 1 naHHOH ryIaBBl — JIHHEAHBIX) INPOCTPAHCTB,
B8 JeHCTBUTEJBHOCTH MOTYT ObITh HajeJieHbl eCTEeCTBEHHOH CTPYKTY-
‘POl HOpMUPOBAHHOTO NMPOCTPAHCTBA.

1. [Ipsimas suHus R! CTaHOBHTCS HOPMHPOBAHHBIM TMPOCTPaH-

<CTBOM, ecJH AJsl Besikoro uucaa ¥ € R! momoxuts x| =|x|.
2. Eciu B mefiCTBHTeNBLHOM n-MepHOM mpocTpaHcTBe R™ ¢ sje-
MeHTaMu ¥ = (X, X2, ..., X5) MOJOXHTb

b= \/;xz, 1)

“TO BCe aKCHOMBI HOPMBI 6YAYT BhinoJaHeHn. Popmyna

plx, Y)=lx—yl= ’\/ ’i:l(xk_yk)2
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onpeneaser B R® Ty camMyio MeTpHKy, KOTOPYIO MEl B 3TOM Mpo-
CTPaHCTBE yXe pacCMaTpUBAJIH.
B 3TOM Xe JHHeHHOM NpPOCTpPaHCTBE MOMXKHO BBECTH HOPMY

uxn.=k§l|xk| 2)

HJIH HOPMY
Hxle= , nax | Xe |- (3)
n

STH HOPMElI OnpefesiioT B R® MeTpuKM, KOTOpHE Mbl paccMaTpu-
Basu B npuMepax 4 u 5m. 1 § 1 ra. IL HposepKa TOTO, YTO B Ka-
XKAOM M3 3THX CJyyaeB aKCHOMBI HOPMBI JAE€HCTBHTEJbHO BEITIOJIHEHbI,
He COCTaBJIsAeT TPyna.

B KoMmniekcHOM 1n-MepHOM mnpoctpanctBe C” MOXHO BBecTH

HOpMY
lxll= /\/ ;llxk B,

HWin ao6yio 13 HopM (2) uan (3).
3. B npoerpanctBe Cla, b] HenpepbiBHBIX GYHKUHE Ha oTpeske
[a, b] onpeneanm HopMy dopMmyJon

Nill= max, [F@)I (4)

CooTBeTCTBYyIOllEe pacCTOsIHHE YyXe pacCMaTpHBaJOCh B npuMepe 6
n. 1 §1ra Il

4. Ilycts _m — NpOCTPAHCTBO orpaﬂuqeﬂﬂux YHCJOBHIX TOCJAEN0-
BaTeAbHOCTER X = (Xy, X2, ..., Xn, ...). [1OJIOXKHM

llxll=sup] x, . ()

Ycaosus 1)—3) onpenesienis HOPMBI 31€Ch, OYEBH/IHO, BHINOJIHEHHL.
MeTpm(a KOTOpas HHAYLHpYeTcs B /M 3TOH HOPMOH, coBmajgaer
¢ TOH, KOTOPYIO Mbl yXe paccMatpuBaau (ra. II, § 1, m. 1, npu-
Mep 9).

2. MoanpocTpaHcTBa HOPMHPOBAHHOTO mMpocTpaHcTBa. Mul onpe-
Le/IHJIH TTONNPOCTPAHCTBO JHHEHHOTro npocTpancTBa L (He cnaGxkeH-
HOTO Kakoi-n60 TomoJioruei) Kak HellyCToe MHOXecTBO Lo, o6sa-
pamolllee TeM CBOMCTBOM, YTO eCaH X, y& Ly, 10 ax 4 py e L,
B HOpMIpPOBaHHOM NPOCTPAHCTBE OCHOBHOH HMHTEpeC NMpeiCTaBJAIOT
3QMKHYTble JINHEHHEIE TIOANPOCTPAHCTBA, T. €. NOANPOCTPAHCTBA, CO-
JlepKalllie BCe CBOM NpelesbHbEe TOUKH. B KOHeEYHOMepPHOM HOpMi-
pPOBaHHOM IIPOCTPAHCTBE BCSIKOe IOANPOCTPAHCTBO aBTOMATHUYECKH
3aMKHyTO (nOoKaxute 3T0!). B GecKOHeuHOMepHOM CJyyae 3TO He
tak.. Hanpumep, B npocrpanctee Cla, b] wenpepbiBHBX GYHKUMH C
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HopMO#t (4) MHOrouwiednl 06pasyioT NOANPOCTPAHCTBO, HO He 3aMK-
Hytoe ').
-~ Jlpyro#i mpuMep: B NPOCTPAaHCTBe M OrpaHHYeHHHIX NOCJ]eN0Ba-
TeJbHOCTEH 1OCNEOBATEJNBbHOCTH, COJEpXKallHe JHIIb KOHEYHOEe
quCJI0 OTJIMYHHIX OT HYJS 4JeHOB, o6pa3yioT noanpocrpancrso. On-
HAaKO OHO He 3aMKHYTOo mo HopMe (5): B ero 3aMblKaHHH COAep-
JKHUTCA, HANpUMep, TmocaenoBarenbHocts (1, 1/2, ..., 1/n, ...).

Kak mnpaBuno, Mp 6yneM paccMaTpHBaTh TOJbKO 3aMKHYTble
NOANPOCTPAHCTBA, NMO3TOMY E€CTECTBEHHO H3MEHHTb TEPMHHOJIOTHIO,
Kotopas 6nl1a ycranosaena B § 1. [lodnpocTpancreom HopMUPOBaH-
HOTO TPOCTpaHCTBA Mbl 6y/e€M Ha3blBaTh TeNepb TOJbKO 3AMKHYTOE
NOJANPOCTPAHCTBO; B YAaCTHOCTH, NMOANPOCTPAHCTBOM, NMOPOXKAEHHBIM
AaHHOH CHCTeMON 3/eMeHTOB {Xg}, Mbl 6yJeM Ha3wBaTh HaHMeHb-
ee 3aMKHYTOe TOANPOCTPAHCTBO, colepikKaluee {X,}. Mul Gyrem
FOBOPHTb O HEM, KaK O AUHeliHOM 3ambikanuu cucteMul {x,}. CoBo-
KYNIHOCTb 3JeMeHTOB (He 00s5i3aTesIbHO 3aMKHYTYIO), COJAEpXKallyio
BMECTE € X H Y UX NPOHU3BOJIBLHYIO JHHelHYi0 KoMOHHanHio ox + By,
OyleM HasblBaTb AUHEUHbIM MHO2000pasuem.

CucreMy 3/1eMEHTOB, JIeXallyilo B HOpMHPOBaHHOM NpPOCTPAaHCTBE
E, Mpl GyneM Ha3bIBaTbhb NOAHOL, €CIH NOPOXKJAEHHOE €0 (3aMKHY-
Toe!) nomnmpoctpaHcTBo ecthb Bce E. Hampumep, B cuiy TeopeMmbl
Befiepitpacca COBOKYNHOCTb Bcex Gynknui 1, f, £, ..., i, ...
noJjHa B MPOCTPaHcTBe HenpepbiBHbIX GyHKuui Cla, b].

3. daxrop-npocrpaHcTBa HOPMHPOBAHHOIO npocTpancTea. [1ycTs
R — HopMupOBaHHOE NPOCTPAHCTBO H M — HEKOTOpOe ero MOAINpO-
crpanctBo. PaccMorpum dakrop-npoctpanetBo P = R/M. B coor-
BETCTBHH CO CKas3aHHbiM B I. 4 § |1 370l raasw P ectb JHHEHHOE
npocrpanctBo. OnpenesuM B HeM HOPMY, TOJOXHB LJS KaXAOro
Kjacca CMeXHOCTH §

I Ell= inf [ x]|. (6)
xe§

TloxaxeM, u4TO NpH 3TOM BBINOJNHEHH CHOpMyaHpOBaHHbe B m. 1
aKcHOMBl HOPMHPOBAHHOTO NpPOCTpaHcTBa. SicHO, uto Beeraa ||E|| = 0.
Ecau Eo— nyneBoit snemeHT ¢akrop-npoctpaHcTBa P (T. e. Eo coB-
nagaer ¢ noampocTpaHcTBoM M), To B KauectBe X € Ey MOXHO
B35iTh HYJb NPOCTPaHCTBa R, H Toraa moayuyaeM, 4to &l = 0. O6-
parno, ecan || €| = 0, To u3 onpenenenus HopMbl (6) crenyer cyuie-
CTBOBaHHe B KJacce £ NOC/I€N0BaTeNbHOCTH, CXOAsLIEHCH K HYJIO.
Ho tak kak M 3aMKHYTO, TO 3aMKHYT H KaX/blil KJ12CC CMEXHOCTH,
3Hauut, 0 =&, a 3ro o3Hauaer, uto E= M, T. e. £ ecTb HyJeBO#l
asement B P. Hraxk, | £|=0 u |§]|=0 aumb Torpa, korga E—
HyJb mpocTpaHcTBa P.

1) B cuny reopemnl Befiepmrpacca, raacsuel, uTo Bcsikas HeNpepHBHAf
OYHKIHA Ha OTpe3Ke ecThb TpeAe] PaBUOMEPHO CXOIAIMIEHCS MNOCJAeAOBATeNbHOCTH

kHorg]qneHon, 3aMblKaHHe NOANPOCTpaHcTBa MuorouneHoB B Cla, b] ectb Bce
al
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Hanee, nas BCAKOro x & R 1 BCAKOTO o UMeeM
lox|=lal-llx]
Bepa B ofeux wacTax 3TOr0 paBeHCTBA HUXKHIOW TIPaHb Mo x §,
nosyuaeM ‘
ok ll=lal-NEI

Hakonen, nyctb §, n=P unxst, y=n. Toraa
IE+ni<lx+ylI<lxl+Nyl

Deps B mpaBo#l wacTH 3TOro HepaBeHCTBA HHUXKHIOI IpaHb IO BCEM
X e, y =1, noayyaem, 4yTo

IE+nl<IEN+ .

Hrak, Bce aKCHOMBI HOPMHUPOBAHHOTO MPOCTPaHCTBA AJsl P BHIOJ-
nennl. [TokaxxeM temeps, uto ecnu R moauo, 10 u P = R/M nouo.
Heiicreutenbuo, cornacuo (6) aas xaxnporo &e R/M uafinercs
TakoH 3JieMeHT X € &, uTo

1
11>l x .

ITycts {En} — dyHnaMentanpHass mocienoBaTtesnpHocTs B P. Ilepe-
X048, €CJH HYXKHO, K IMOANOCJEHOBATE/bHOCTH, MOXKHO CYHTATb,
430 pAn

26— &l

cxonautcsi. Jlo6asus k {En} eme Eg— HyJeBOH 3JieMeHT TPOCTPaH-
ctBa P, — BbiGepeM xn E &1 —En (=0, 1, 2, ...) TaK, uTO

1
18n+1— &nll =5l %l
. e ]
Torna psaxn lex,, | cxomurcsi, a 3HAUUT, B CHJY NOJIHOTHL IpO-
n=0

00 00
cTpancTBa R CXOOUTCA H DAL > x,. Tlonoxup x = Zx,, H 0060-
n==0 n=0
3HayuMB uepes & KJacc, coiepxamuA X, NONYYHM (IOCKOJIbKY
n
Z X, € E, NpA KaxIoM n)
k=0
n

x—Zxk
£=0

1§ =& lI<

—0 npH n-»>o0,

T. e. = lim§,. Hrak:
n->»oo

DaKkTop-npocTpancTeo 6anaxo8a nPoCTPAKCTEA NO Ato6OMY e2o
(3amkHyTOMY) NOONPOCTPAHCTEY eCTb 6AHAX080 NPOCTPAHCTEO.
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YnpaxtHenuna 1. Tlyetb R — 6anaxoBo npoctpanctBo, By D> B, > ...
... ®Bn>D...—10cAeN0BaTENLHOCTh BJIOXEHHBIX 3aMKHYTHIX IIAapOB B HEM.
JIoKaXKHTe, YTO OHa HMeeT HenycToe MepeceyeHHe (He MpeAnoJaraeTcs, 4To pa-
JIHYCH STHX 1apoB cTpeMmaTtca K 0; cp. ¢ ynpaxnenueM 3 Ha ctp. 70). [NpuBenute
npHMep MOCTEAOBATE/bHOCTH BIOXKEHHBIX HEMYCTHIX OTPAHHYEHHBIX 3aMKHYTHIX BBI-
NYKJLX MHOXECTB B HEKOTOPCM B-NPOCTPaHCTBe, HMEIOMIHX MYCTOE MepeceyeHue.

2. Ilycte R — GeckoneunoMepHoe B-mpocTpaHcTBO; TOraa ero adreGpanueckas
pasMepHOCTb (CM. ynpaxuenue 3 Ha cTp. 123) necuerna. .

3. INyctb R — JinHefiHOe HOPMHPOBAHHOE NPOCTPAHCTBO; AOKA3aTb CIpaBeln-
BOCTb CJEIYIOMHX YTBEPKACHHH:

1) BCcsIKOe KOHEUHOMepHOe JHHeliHOe MHOrooGpasue B R 3aMKHYTO;

2) ecnn M — nonnpocTpaHcTBO, a N — KOHEYHOMEPHOE MNOANPOCTPAHCTEO B
R, TO HX CyMMa

M4+ N={x:x=y+z,yesM 2z N}

3aMKHYTA; NPHBECT# NpHMED ABYX (3aMKHYTBIX) JAHHEAHHX NOANPOCTPAHCTB B Iy,
CYMMa KOTODBIX H€ 3aMKHYTa;

3) nyctb Q — OTKpHITOE BHINYKJIOE MHOXECTBO B R, W nycTb X6 Q; Ttoraa
CylleCTBYeT THIEpPIIOCKOCTb, NPOXOMAINAs Yepe3 TOUKY Xo H He mepecekawowas Q

4. IIse HopMbl, [I-ll, u |l-ll2, B JMHHeliHOM mpocTpaHCcTBe R HAa3bIBAIOTCA 3KBU-
BAANCHTHbIMU, €CJH CYLUIECTBYIOT TakKHe NMOCTOsiHHbe a,b > 0, uto allxll, < lixll: <<
< bilxll; nas Bcex x &= R. IlokasaTb, YTO €C/H NPOCTPAHCTBO R KOHEUHOMEpPHO,
T0 Jo6Ghle ABe HOPMH B HEM SKBHBAJEHTHBI.

§ 4. EBKaHJ0BH NPOCTPaHCTBA

1. Onpenenende eBKAHAOBBLIX NpocTpaHcTB. OIUH H3 XOpouIo
H3BECTHHIX COCOGOB BBeJAeHHS HOPMBl B JIMHEHHOM IpPOCTPAHCTBE —
3TO 3ajlaHMe B HeM CKaJsipHOro npou3BejleHus. HamomHuMm, uTO
CKAAAPHBIM NpOU38e0eHueM B NEACTBUTEIbHOM JIHHEHHOM MPOCTPaH-
crBe R nasbiBaercsl fefictBUTesbHass GyHKUHA (X, y), onpelenenHas
MU KaXJoH mapel 3/JeMeHTOB X, y & R M yjnoBierBopsiolias cJae-
ZIYIOUIUM YCJIOBHUSIM:

1) (%, y)={(y,x),

2) (%14 x2, y) = (X1, y) + (%2, ¥),

3) (b, 4) = A(%. 1),

4) (x,x) =0, npuuem (x, x) =0 tonbko mpu x == 0.

Jluneiinoe mpoCcTpaHCTBO ¢ (QUKCHPOBAHHBIM B HeM CKaJsfipHLIM
NpPOM3BeJleHHeM Ha3blBAeTCs e8KAuUO08biM NPOCTPancTéom. B eskau-
JIOBOM MPOCTpaHCTBe R BBOJHUTCS HOPMA C MOMOLIbIO (GopMyJibl

Ix ll=4/(x, %) .

U3 csoiicts 1)—4) ckaasipHOro MpOW3BENEHHsI CJEAyeT, 4TO BCe
AKCHOMbB! HOPMBI [IPH 3TOM BBINOJIHEHBI.

Hef#icrBuTenbHO, BhIMosHeHHe akcuoM 1) u 3) nopmur (n. 1 § 3)
OYeBHJHO, a2 BBHINOJHEHHE aKCHOMBI 2) (HepaBeHCTBO TDPEYroJbHHKA)
BhiTeKaeT U3 Hepasencrsa Kowu — Bynaxkosckoeo

Lo, Y ISHx NNyl (1)
KOTOpOe Mbl CeHyac JoKaxeM.
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PaccmoTpuM KBafpaTHLIA TpexuseH OT [JeHCTBHTEJbHON mnepe-
MEHHOM A, HEOTPHLATENbHBIH NPH BCeX 3HAYEHUSX Al

oA =(Rx +y, Ax + y) =A*(x, x) + 2A(x, y) + (y, y) ==
=[x |EA?

Tak Kak 3T0 BhHIpaxKeHHe NpeAcTaBaseT cOOOH CKaNsipHbIA KBajapar
HeKOoTOporo BekTopa, To Bcerga ¢(A) = 0. CienoBaTtenbHO, TUCKPH-
MHHAHT 3TOr0 TPEXYJIEeHa MeHbllle HJIH PaBeH HY.I0. _

Hepasencrso Kown — Byusikosckoro (1) kak pas u Bbipaxaer
He YTO HHOE, KaK HENOJIOXHTEJNbHOCTh JHCKPHUMHHAHTA 3TOTO KBaj-
partHoro tpexuseHa ¢(A).

" OTMeTHM, 4TO B €BKJHMJIOBOM NDOCTPAHCTBE CyMMa, NpOu3Befe-
HHEe HA YHUCIO M CKaJspHOe NpPOH3BELeHlle HEMPEPLIBHBL, T. €. eC/H
Xn=>X, Yn—>y (B CMbIC]IE CXOJUMOCTH 0O HOpPMe), An->A (Kax
YHC0BAasl NOC/AEN0BATEIbHOCTD), TO

Xo+ Yo —>x+y,
ApXy, —> AX,

(%a, Ya) = (x, 1)

IlokasaTesbCTBO 3THX (aKTOB OCHOBAHO HA HCHOJIb30BAHHH He-
paseucrsa Komwu — Bynskockoro (1) u mnpenocrasasercs uyuTa-
TeJiI0 B KauecTBe YNpa*KHeHHS. ’

Hanuune B R cxansipHOro npousBeleHMs] NO3BOJSieT BBECTH B
5TOM MPOCTPAHCTBE He TOJBKO HOPMY (T. €. IJIMHY) BEKTOpa, HO U
'YTOJI MEXy BEKTOpPAMH, HMEHHO, yrof ¢ MeXAy BeKTOpaMH X 4 y
onpeednsiercs GopmyJon

(£, )

COS @ = T = [T * @

Ilpu 3tom u3 HepaseHcTBa Kouwn — Bynsikosckoro (1) Bwitekaer,

YTO BBIpa)KeHHe, CcToslllee B (2) cnpaBa, IO MOAYJIO He MPEBOCXO-

aut 1 u, cnenoBarenbHo, GopMysa (2) nefCTBHTENbHO AN MIOGHIX
HeHyJIeBbIX X H y ompelensieT HeKOTOpbH yron @, 0 < ¢ < m.

Ecau (x, y)=0, o u3 (2) nonyyaem, uto ¢ = n/2 B 3TOM CJy-
yae BEKTOPHI X U Y HA3bIBAIOTCA OPTO2OHANbHOIMU.

CucreMa HeHYJeBbl X BeKTOpoB {x,} u3 R Ha3sbiBaerca opro-
20HAA6HOL, eclit

(%a, xﬁ)=0 npu a#=p.

Ecnu BekTtopw {x,} OpTOroHasbHEl, TO OHM JIHHEHAHO HE3aBHCHMBI,
B camom gene, nycTtb

alx(ll + a2xqz + o + anxan -
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“[I0CKOJBLKY {X,} — opTOroHa/bHaa cHCTeMa, HMeeM
(xat, a\Xe, + ...+ anxan) =a (xa‘. xa‘-) =0,

HO (x“v xai) %0 wu, spaunt, a; =0 gna Bcex i= 1,2, .. ., n.

Ecan oproronanbuas cucrema {x,} noana (T. e. HauMeHbllIee co-
Jlepxaliee ee 3aMKHYTOe NOANPOCTPAHCTBO ecTh Bce R), To oHa
Ha3LIBAETCS OpPTO20HAAbHbIM Oa3ucor. Eciu mpH 3TOM HOpMa Ka-
XKJIOro dJ1eMeHTa paBHa 1, TO cHcTeMa {X,} Ha3bIBAETCA OPTO20HAAL-
HblM HOpmuposanuoim 6a3ucom. Boobue, ecnu cucrema {x,} (moa-
Has HJIH HeT) TakoBa, YTO

0 mpn a==B,

(¥, xﬂ)={l npu a=_4g,

TO OHA HAa3bIBAETCH OPTO20HAALHOL HOPMUPOBAHHOU (KOpOdYe OpPTO-
Hopmaavroli) cucremodli. Slcuo, uro ecan {x,} — opToronasnbuas cu-

X
¢TeMa, TO{ ——"” xa [ } — OpTOoroHaJirHasgd HOpMHpPOBAHHAA CHCTEMA.
a -

2. Npumepbl. PaccMOTpuM HeKOTOpBleé HPHMEpPBl EBKJIHIOBBIX
1IPOCTPAHCTB H OPTOrOHAJIbHBIX OA3UCOB B HHX.
1. n-mMepHoe apudmernyeckoe npocrpancTBo R™, snementamu ko-
TOPOFO CJYKAT CHCTEMBbI AeACTBUTE/NBbHBIX YHCEN X = (X, Xo, ...
., Xn), C OOBIYHBIMH ONEPAUHIMH CJOXEHHS H YMHOMEHHS U CKa-
JISPHBIM NPOH3BedeHHEM

5, )= X v, ®)

npencrasJsieT co60f XOpollo H3BEeCTHbIH NpPHMEp €BKJIHAOBA MpO-
crpatctBa. OpToroHaJbHbl HOPMHPOBaHHbIA Ga3UC B HEM (OAHH H3
6eCKOHEeUHOro YHCJIa BO3MOXKHBIX) 00pa3yloT BEKTOPbI

e =(1y 0) 0: cry 0)7
e,=(0,1,0,...,0),

e,=(0,0,0, ..., 1)
2. MpocrpancrBo l; ¢ 3/1eMeHTaMH .
Xx=(%], Xo, v o0, Xp, +..), TLHE ;le< 0o,
U CKaJsipHbIM IPOU3BeLeHHEM
o
(x, v) =.~§1 XilY: 4

€CTb eBKJHJO0BO NPOCTPAHCTBO. JleACTBHTENbHO, CXOAMMOCTb pfiia,
crositero B (4) cnpasa, cielyer u3 HepaBeHctBa (4) ru. II, § I.
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CpofictBa 1)—4) CKaJfipHOrO NPOH3BENEHHS IMPOBEPSIOTCS HENo-
cpeactBeHHo. Ilpocrefimuii opToroHanbpHEIi HOpMHPOBaHHLIH Gazuc
B I3 06pa3yloT BEKTOpHI

el=(1, O, 0, .-.),

e2=(0, 1’ 0, "'); (5)‘

e =(O, 0, 1’ "‘),
Oprorona/JbHOCTb H HOPMHPOBAHHOCTb 3TOH CHCTEMBLI fICHBI; BMecTe:
c TeM cucreMa (D) mnosHa: mycTh X =(Xj, X2, ..., Xn, ...) —JIO-
60ii BekTop H3 [y H x(™ = (X, X2, ..., Xn, 0, 0, ...). Torpa x»r
ecTb JHHeHHasi KOMOHHALHSI BEKTOPOB €, ..., € H [[X(™) — x|[—>0

HpH n —> 0o,
3. IIpocrpanctBo Cyla, b], cocrosimiee H3 HenpepbBHHX Ha [a, b},
JeNCTBUTEbHBIX QYHKIHHA, CO CKaJsPHLIM IIPOH3BEAEHHEM
b

. e)=\iOewa (6)

a

TaKKe SIBJsieTcsl eBKJIMAOBBIM. CpelH pasJHYHBIX OPTOrOHAJbHBIX.
6a3HCOB, KOTOpPHlE MOXHO yKa3aTb B HeM, Ba{HefluM SIBASETCA
TPUrOHOMETpPHUECcKasi CHCTeMa, COCTOsIas U3 (PYHKUHA

cosn sinn

2nt
2 b—a’ h— (n=1,2,...). (7)

OpTOroHaNbHOCTb 3TOH CHCTEMBl IPOBEPSIETCH HENOCPEACTBEHHO.

Ecan paccMaTpHBAWOTCs HenpepbiBHBIE (QYHKUHH Ha OTpe3Ke
AJHHB 27, CKaXeM, Ha [—m, 7], TO COOTBETCTBYIONlAasi TPHIOHOMET-
pHYecKas cucTeMa ecTb: 1/2, cosnt,
sinnt (n=1, 2, ...)).

Cucrema (7) nosana. HeficTBu-
TeJbHO, coryiacHO Teopeme Beiiep-
lwTpacca, BCsiKasi HerpepeBHas Ha
oTpe3ke [a, b] ¢yHKuMs @, NpH-
HUMawlas B TOYKaXx a U b oau-
HAaKOBble 3HAYeHHSl, MOXeT OHTb

Puc. 17. npeacTaBleHa Kak Npeles pasHO-

MepHO cXojsiiuefics nocjaen0BaTe ] h-

HOCTH TPHTOHOMETPHUECKHX MHOTOUJEHOB, T. €. JHHEHHbIX KOM-
Guuauufi 3neMeHTOB cHCTeMbl (7). Takasi nocjaenoBaTesNbHOCTL U
NOAABHO CXOJAHTCA K ¢ no Hopme mnpoctpaHctBa Cila, b]. Ecin xe
f—npoussoabHasn ¢pyukuus us Cofa, b], To ee MOXKHO mnpeacTa-
JBHTb Kak npejiesn (no HopMme npoctpacrsa Csla, b]) nocaenosareb-
HOCTH (QYHKUHI @n, KaXK1a5 H3 KOTOPBIX COBajaer C [ Ha oTpeske
[a, b — 1/n], nuneitna na [b — 1/n, b] u B Touke b NpUHHMaET TO Xe
3HayeHHe, 4TO H B Touke a (puc. 17). CnenoBatenbHo, KaXasl# aJe-
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ment U3 Cyfa, b] MOXKHO NPHUGIU3HTE CKOMb YyrOZHO TOYHO (B MeT-
pHKe 3TOTO NPOCTPAHCTBA) JIMHEHHBIMH KOMOHHAUHSIMH 5/€MEHTOB
cucteMbl (7), a 3T0 ¥ 03HayaeT ee MOJHOTY.

3. CyuecTBOBaHHe OPTOTOHANBHbLIX GAa3HCOB, OPTOrOHAJH3ALHS.
Ha mpoTsXKeHHH OCTaBIIeHCAa YaCTH 3TOro naparpada Mbl OrpaHi-
quMcsl cenapalesbHBIMH €BKJIHJOBHIMH NPOCTPAHCTBAMH, (T. €. CO-
pepkallUMH CYeTHOe BCIOLY IJIOTHOe MHOXecTBo). Kaxpnoe us mpo-
CTPaHCTB, yKa3aHHHIX B NpelblgyllleM NyHKTe, cenapabenpHO (n0-
kaxute 310!). [IpuMep HecenapaGesnbHOro eBKANHAOBA MPOCTPAHCTBA
MOXHO MOCTPOHTb TaK. PacCMOTPUM H4 npsIMOf BCEBO3MOXHBIE
$YHKUMY X, M8 KaXJIOH W3 KOTOPBIX MHOXeCTBO Touek fi, fy, ...,
B KOTOPbIX OHA OTJIHYHA OT HYJss, He (Gojee yeM CueTHO, a CyMMA
Zx2 (), B3siTas mo BceM TAaKUM TOuKam, KoHeuHa. Omepauuu cJo-
KeHHS W YMHOXEHHS Ha 4YHC/Ia oNmpeleJHM B 3TOM NPOCTPAHCTBE
Kak OOBIYHBIE CJIOXKeHHe H YMHOXKeHHe QYHKUHH, a CKaJsipHOe Mpo-
H3BeJeHue onpenesuM GopMyaoH

x, )=2xDy),

Tie cyMMa Oepercsi [O MHOXECTBY TeX TOueK ¢, B KOTOPBIX
x(H)y () 0. Joka3aTenbCTBO TOrO, YTO B ITOM IIPOCTPAHCTBE HET
CYETHOTO BCIOJAY. IVIOTHOTO TOAMHOXKECTBA, Mbl MPeAOCTaBJsfeM UYH-
taTento. OTMETHM, YTO 3TO MPOCTPAHCTBO — MOJIHOE.
" Urak, nycts R — cenapabenbHoe eBKJAHZOBO MPOCTPaHCTBO. Ilo-
KaxKeM, 4TO 8 TAKOM NPOCTPAHCTEE BCAKASL OPTOLOHAAHAA CUCTEMA
He 6oaee wem CHETHA.

HeficTBuTeIbHO, 6e3 orpaHHYeHWss OOGUIHOCTH MOXHO CUHTATDL
paccMaTtpuBaemylo cucteMy {¢,} He TOJBKO OpPTOTOHAJIBHOH, HO H

HOpMHUPOBAaHHOH (MHAue MBI 3aMeHHJIH OBl ee CHCTEMOH {ﬁ}).
a

ITpu sTOM _
: loa—@pll =42, ecn aw§.

PaccMoTpHM COBOKYNHOCTb WapoB B (g, 1/2). 3tu wapsl He ne-
pecekalorcs. Ecan cuetHoe mMHOxecTBO {Yn} BCloay miaoTHo B R, TO
B Ka>XJIOM TaKOM Ilape ecTb MO KpaitHefi Mepe OLHH 3JeMEHT H3
{$n}. CaenoBatesbno, uuc/IO TaKMX WApOB (a 3HAYMT, H JEMeH-
TOB ¢,) He 00Jiee YeM CUETHO.

B KaxXI0M M3 mpHBeAEHHLIX BHILIE MPHMEPOB €BKJAHAOBBIX MPO-
CTPAaHCTB MBI yKasajH MO OpToroHajsbHOMY Oasucy. Hokaxkem Tte-
Nepp cJaepylomylo oflIyl0 TeopeMy, aHaJOrMYHYIO TeOpeMe O Cy-
ileCTBOBAHUH OPTOrOHAJbHOrO ©asuca B A-MEPHOM €BKJIWAOBOM
IipocTpaHcTBe.

Teopema 1 (06 oproronaauszanuu). Ilycre

Fio Fas oovs Ty ove 3)
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— JMUHEUHO He3aB8UCUMAA CUCTEMQ 3AEMEHT08 8 e8KAUD0BOM Nnpo-
crpancree R. Toeda 8 R cywecreyer cucrema ssremenros

P, Py ¢ vy (pn)"',_ (9)
y008.4eT8OPAIOU,AR CACOYIOUUM YCAOBUAM:
1) cucrema (9) oprozonarvHan u HOpmUpPOBAHHASA,
2) KancObll INeMeNT Qn ecTb AUHEUHas KOMOUHAYUR INEMENHTOE

fh f2s esey fn:
(Pn=an1f1+ e +annfm

npuiem ann 7= 0;
3) xascOoviil 3aement fn npedcrasanerca 8 gude

fa= bu®i+ ... + bun@n, npusem  b,, 0.

Kaocooviid anemenr cucremor (9) onpedeaserca ycaosuamu 1) —3)
OOHO3HAYHO C TOYHOCTHIO 00 MHONMCUTEAR 1.

JokaszartenbcTBO. DIEeMEHT @; HIUETCA B BHAE @) = ayf;;
IpPH 3TOM @); ONIPENENSIETCS. H3 YCJIOBHS

(91 (pl)=a%l (fp f)=1,

g *1
n=o = ==

b V(i f)
flcHo, uTO @) OmpejeJseTCs 3THM ONHO3HAaYHO (C TOYHOCTHIO A0
3naka). Ilyctb snemeHTH @n(k << n), ynoBJIeTBOPAIOIIHE YCIOBHAM
1)—3), yxe nocrpoenbl. Torna fn, MOXHO NpeaACTaBUTb B BuIle

fn = bnlq)l + ...+ bn.n—lq)n—l + hm

(hy, p)=0 mpun k<n.

JleAcTBHTEbHO, COOTBETCTBYIOUIHE KOIDDHLUHEHTH bny, @ 3HAUHT, B
3J1eMeHT fin, OAHO3HAYHO ONPEAeNAIOTCS H3 YCIOBHIA

(hm (pk)=(fn—bnl(pl'—' .. -—bn. n=1Pn~1, q’k)z(fm (Pk)_bnk (‘pkv q’k)=0~'

OueBupHoO, uto (hn, ha) > 0 (npexnosnoxenue (An, ha) = 0 npo-
THBOPeUnJO Gbl JIMHEAHON He3aBHCHMOCTH cucTeMbl (8)). Ilonoxum

OTKYyJRa

rae

P =
" ’\/(hm hn)
M3 HHAYKTHBHOrO TOCTPOEHHs SICHO, UTO Hn, @ 3HAUHT, H Qn,
ebipaxatorcss uepes fi, ..., fn, T. € @Qn = anifi + ...+ @nnfn, rae

. 1
App = T = O.‘ Kpowme Toro,

@ @)=1, @5 @)=0 (k<n)

fn =bye+ ... + b,n@s (bnn = '\/(hm h,) = 0)’
T. €. Pn y,IlOBJIeTBopﬂeT YCJIOBHAM TE€OPEMBL.

"
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IMepexon ot cucremn (8) x cHcreme (9), ynoBaeTBOpsiouleH
yC/IOBHAM 1)—3), Ha3bIBaeTCsA NPoYeCcCcom OpPTO20HAAUAUYUL.

flcHo, YTO MOAMpPOCTpaHCTBA, MOPOXJeHHble cHcTeMaMH (8) H
(9), coBnanaior Mexny co6oii. CrenoBaTenbHo, 3TH CHCTEMbl TIOJHbL
HJIH He TIOJIHBI OJJHOBPEMEHHO.

CanenctsHe. B cenapabeavrom eskaudosom npocTpancree R
CYUWeCcTEYeT OPTOLOHANbHYLL HOPMUPOBAHHbLL 6a3lic. '

HefictBuTesbHO, NycTb ¢;, Y2, ..., Yn, ...—CUETHOE BCIOLY
I0THOE MHOXecTBO B R. BriGepeM H3 Hero MHOJIHYIO CHCTEMY JiH-
HellHO He3aBHCHMBIX 3JemMeHTOB {f.}. Jlas aToro gocrateuno 3 mno-
CJ1e[I0BaTeJbHOCTH {Pn} MCKJIIOUHTb BCE TE 3JEMEHThbl Vr, Ka*KIbIH
H3 KOTOPBIX MOXeT ObiTh NMpeACTaBJeH KakK JHHeliHas KoMOHHAaUus
P; ¢ i < k. IIpuMeHHB K mosyyeHHOH TakHuM 00pa3oM IMOJHOM CH-
cTeMe JIMHeAHO He3aBHCHMBbIX 3JIEMEHTOB IMPOLLeCC OPTOrOHAJIU3ALLHH,
Mbl H IOCTPOHM OPTOTOHAJbHEIA HOPMHPOBAHHBIH 6a3Huc.

YnpaxHenusn 1. IlpuBectu npuMep (HecemapaGebHOT0) eBKJHIAOBA IPO-
CTpanCcTBa, B KOTOPDOM HET HH OAHOroO OpPTOTOHANbHOIO Ga3suca. HOKaSaTb, qTo
B NOJHOM €BKANIOBOM NpPOCTpaHCTBe (He 00si3aTesbHO cenapafeabHOM) cCyuie-
CTBYET OPTOTOHaJbHBA HOPMHPOBAHHHH 6a3HC.

2. Iloxaaa'rb, YTO B INIONHOM €BKJHIOBOM IPOCTpaHCTBE (He o6A3aTeNbHO ce-
ﬂap36EJll>HOM) BCAKasa NoCAe0BaTEJNbHOCTE HENYCTHIX BJAOXKEHHBIX BHINYKJLIX 3aM-

RHYTHIX OTPAaHHYEHHHX MHOJXKECTB HMEET Henycroe nepeceueHke (Cp. C ynpamue-
HHAMK Ha cTp. 70 u 143).

4. HepaBenctBo becceias. 3aMKHyThie OPTOroHajJbHbBE CHCTEMBI.
Bri6paB B 7n-MepHOM €BKJHJOBOM IPOCTPAHCTBE OPTOrOHAJbHBIHA
BODMHPOBaHHHIA 6asuc e, €z, ..., €5, MOXKHO KaXAnA BeKTOp
x € R» 3anucath B BHIE 4

x=;¢z—:1ckek’ _ (10)
rae

cx = (x, ep). (11
BuisicuuM, xax 0606IHTD pJ,aJIO)KeHHe (10) na cayuait eBKAMOOBA

ﬁeCKOHeqHOMepHOFO HpOCTpaHCTBa. nyCTb
Py P2y ooy Ppy o v . (12)

— OPTOroHaJNbHAas HOPMHPOBAHHAs CHCTeMa B €BKJWAOBOM MpO-
crpaHctBe R u f— npousBosbHblil smeMent u3 R. ComnoctaBuMm sie-
MeHTy f & R nocse10BaTe/bHOCTH YHCeJ

c=(f, qr), k=1,2, ..., (13)

KoTopble Ml 6yeM Ha3blBaTb KOOPOUHATAMU, UIH KOIPduyuenTamu
Dypove snementa f mo cucreme {@n), u pax (noka GopmMasabHbI)

>k: CePrs (14y

KOTOpHii Mbl HasoBeM padom Pypee sneMenta f no cucreme {gn}.

]
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EcrectBenHo BO3HHKaeT Bompoc: cxomutcs Jau psan (14), 1. e.
CTPEMHTCS JIH NOCJeI0BATENbHOCTL €r0 YaCTHUHBIX CYMM (B CMBbICje
MeTpUKH npocTtpaHcTBa R) K KakoMmy-nHOO Mpeieny, U eClH OH
‘CXO[IUTCSA, TO COBIAJAET JH ero CyMMa C MCXOIHBLIM 3JIeMeHTOM f?

Yr10o6bl OTBETHTH HA 3TH BONMPOCH], PACCMOTPUM IIpeIBaPHTEJBHO
CAelyIOIyi0 3aladvy: HNpH 3aJaHHOM 1 Nofo6partb KO3GhEPHUHEHTDI
ar (R=1, 2, ..., n) TaK, 4To6bl paccTOsiHHe MEXAY [ H CyMMoW

Se=Fouo (15)

‘6blI0 MHHHMAJBHBIM. BbplducIHM 3TO paccTosHue. Tak KakK CH-
crema (12) opToroHaJsibHa H HOpPMHPOBaHa, TO

17=s.= (= 5 ot 1= 32 wa0n) =
=(f, ) —2 (f, kz::l ak(pk) -+ (g::l Dz, fi"'l an)]) =

=I7F—=22 ac, + Xat =IFF— X ci + 2 (4 — )"

$ICHO, YTO MHHHMYM 3TOrO BBIPAXKEHHSl NOCTHTaeTCA TOrga, Koriaa
niocjeniee caaraemoe pasuo 0, T. e. pH

wp=c, (k=12 ..., n). (16)
B atoMm ciyuae

= SuE =1~ 3 ct. (17)

Mgl mokasan, 4to cpeld Bcex cyMM Buzaa (15) npu manHom n
HaiMeHee YKJIOHSeTcs OoT [ uacTHyHas cymMa pspa Dypee aie-
venra f. [eoMeTpuyecku 3TOT pe3yabTaT MOMKHO MOSACHHTh CJeNYHO-
KM 06pa3oM. DieMeHT

n
f— Z CpQp
k=1
OPTOrOHAJICEH BCEM JUHEHHBIM KOM6HH3U.HHM BH A
n
Z ﬂkq)kv
k=1

T. €. OPTOroHajJeH MOANPOCTPAHCTBY, MOPOXKAEHHOMY 3N€MEHTaMAm
®1, ¢2, -*., On, B TOM H TOJBKO TOM CJydyae, KOrja BHIMOJHAECTCH
ycnosue (16) (mposepobre 310!). TakuM o6pa3om, NoMydYeHHbIH HAMU
Pe3yJbTaT npeicrasiser co6oit 06061LieHHe H3BECTHOH TEOpeMsbl 3Jie-
MeHTapHOH reoMeTpPUH: [JHHA MNEepneHAUuKyJasdpa, ONYI{EHHOro H3
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JIAHHOA TOUKH Ha NMpSMYIO HJAH MJIOCKOCTb, MeHbllle, YeM AJHHA JI0-
60i1 HAKJOHHOH, IIPOBEIEHHON W3 TOH e TOUKH.

Tak kak Bcerfa [f —Sxll2=0, To u3 paseHctBa (17) cie-
JiyeT, uTo

n
> e<IfI~
k=1
311er n I'lpOPlsBOJIbHO, a HpaBaﬂ 4yacTb He 3aBHCHT OT R, cjeaoBa-
o0

TENbHO, PAL D, €} CXOmMTCA H
k=1

T <l (18)

3710 HepaBeHCTBO HasbiBaeTcss Hepasencrsom bBecceas. Teomerpu-
YeCKH OHO O3HAuyaeT, YTO CyMMa KBaJApaTOB NPOCKUHH Bekropa f
Ha B3aHMHO OpPTOrOHaJbHbleé HANpaBJeHHS He NpPeBOCXOJAHT KBaX--
para JJIHHBI CaMOro BeKTOpa f.

BeezneM cienyloliee BaXKHOe NOHSITHE.

Onpenenenne 1. OproronanbHasi HOPMHPOBaHHas CHCTEMA
(12) nasbiBaetcsl 3amkHyToll, ecan anasa Jawboro [ € R cnpasennnso-
PaBeHCTBO

™M

ci=ITIF (19y

k=1

HasbiBaeMoe pasencréom Ilapcesaas.
U3 TtoxnecrBa (17) caenyer, 4To 3aMKHYTOCTb cHCTeMbl (12)
PaBHOCHJIbHA TOMY, YTO [Jsi KaxA0ro f & R wacTuyHble CyMMBbI psifa
oo

Qypoe > ¢,@, cxousTcs K f.
n=1

TMousiTie 3aMKHYTOCTH OPTOTOHAJbHOH HOPMHPOBAHHON CHCTEMbI
TECHO CBSI3aHO C BBEAEHHBIM BhbIllle MOHATHEM MOJHOTHI CHCTEMBL.

Teopema 2. B cenapabesbrom eskiudosom ApocTpancrée R
8CAKAS NOAHAA OPTOZOHANbHASL HOPMUDOBAHHAR CUCTEMA ABAAETCS
samkHyToil, u o6 parHo. :

HokxasatenbctBo. Ilycte cucrema {¢n} 3amruyra; Toraa,.
KakoB Obl HH GObla1 3jeMeHT [ & R, 1moc/e10BaTeIbHOCTb YaCTHYHBIX
cymm ero psaga ®ypbe cxoautes K f. ATo 03HAUAeT, UTO JHHEHHbIE
KOMOHHALMH 3JIEMEHTOB CHCTEMH {¢n} BCIOAY MJIOTHH B R, T. e. cH-
crema {@n} nonna. O6paTHo, nycTh cHcTeMa {(x} MOJHA, T. € NOG0R
3JeMeHT [ & R MOXHO CKO/Mb YrOJHO TOYHO aNNPOKCHMHPOBATH JIH-

n
HelHHOH KOMOHWHALHEH Zflk% 3JIEMEHTOB CHCTeMH {¢n}; wacTHu-
E=1 .

n
Hasg cymma ch(pk pana CDypbe Aas f JaeT HE MeHee TOYHYIO
k=1
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annpoKCHMaIlHIo. CJleﬂ,OBaTeJleO, pan Z CrQp CXOOHUTCA K f, H pa-
k=l

BencTBo IlapceBansi uMeeT MecTo.

B npeabiayineM NyHKTe Mbl [J0Ka3ajd CYyLUleCTBOBaHHE MOJHbBIX
OPTOrOHaJbHBIX HODMHDOBaHHBIX CHCTEM B cenapalesbHOM eBKJIH-
LOBOM TIIpocTpaHcTBe. I1OCKOJMBKY 14J/1s1 OPTOrOHAJbHBIX HOPMHPO-
BAHHBIX CHCTEeM MOHATHS 3aMKHYTOCTH U IOJIHOTH COBIAfalOT, Cy-
IeCTBOBaHHE 3aMKHYTHIX ODTOTOHAJbHBIX CHCTEM B R He Hy:kjaaeTcst
B HOBOM [0Ka3aTeNbCTBe, a NpPHBEJEHHble B NpeldblIylleM NYHKTE
IpHMepbl NOJHBIX OPTOTOHAJNbHBIX HOPMHPOBAHHBIX CHCTEM SIBJSIOT-
csl B TO e BpeMsl IpUMepaMH 3aMKHYTbIX CHCTEM.

Brinte Mbl Bce BpeMsl MpeAnoJsiaraji paccMaTpHBaeMble OPTOrO-
HaJIbHble CHCTEMBl HOPMHDOBaHHBIMH. MoXHO mepedopMyaHpOBaThH
noustus kKospdunuentos Pypoe, psaga Pypve v T. 4. U 445 JIOOLIX
OpTOroHaJbHBIX cucteM. Ilycth {@n} — npousBosbHass opTOrOHAJNbL-
Has cucreMa. ITo Hefl MOXKHO NOCTPOHTL HOPMHPOBAHHYIO CHCTEMY,

COCTOSILLYIO H3 3JIEMEHTOB P, = . Iaa nw6oro f= R umeeMm

Pn
floall
n=(f» wn) "(P T (f: q)n)

chwn Z Tom O = Z @ %ns

n=I1
rie
a, _Cn (f, Qn) (20)

T Tl el

Kosdhduunentst an, onpenessieMble dopmynoir (20), Mbl HasoBeM
xoagpuyuentanu Pypoe sneMenta f no oproroHanbHO# (HeHOPMHU-
poBauuoii) cucreMme {¢n}. IToacraBus B HepaBeHcTBO (18) BMecTO €n
HX BbIpaXKeHHs Cn == Aall@all u3 (20), nonyuaem

Zle.fa<itr @1)

- HepaBeHCTBO Deccens a4 npou3BOJIbHOH OPTOrOHAJbHOA CH-
CTEMBL

5. MoaHble eBKAHAOBBI MNpocTpaHcTBa. Teopema Pucca — du-
mepa. Hauunas ¢ n. 3 Mbl paccmaTpuBa/iu cenapalelibHble €BKAH-
JIOBbI IPOCTPQHCTBA; C 3TOTO MOMEHTa Mbl GyneM, KpoMe TOro, Mpef-
noJarath, YTO pacCMaTPHBaeMble NPOCTPAHCTBA MOJIHEL

Urak, nycts R — nosnHoe cenapalbesbHoe €BKAHILOBO NPOCTPaH-
CTBO H {@n} — HeKoTOpas OpTOroHa/NbHAsh HOPMHPOBaHHAs CHCTeMa
B neM (He o6sizatesbHO mnoJuasi). M3 nepasenctBa Becceasi cie-
JlyeT, 4To AJIsi TOro 4ToGbl YHCAA €y, €2, ..., Cny ... CAYKHIH KO-
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sdpduunentamu Pypbe Kaxoro-au6o saementa f& R, HeoG6Xxo-
JUH M O, YTOOHI pAX

Ms

3

C
1

ES
It

cxonuiacs. OkasbiBaeTcs, YTO B NOJIHOM NPOCTPAHCTBE 3TO YCJOBHE
He TOJbKO HeoGXoiuMo, HO W jAocratouHo. MMenHno, cnpaseanusa
caefyiolias TeopeMma.

Teopema 3 (Pucc— dumep). Mycre {p.} — npoussorvras
OpPTOZOHANLHAA HOPMUPOBAHHAR CUCTEMQ 8 NOAHOM €8KAUO08OM
npocTpancree R, u nycte wucaa

Ciy €y e aey Cpy ous
TaKosasl, 410 pA0 .
c? 22
Z (22)
cxodurca. Tozda cywecreyer Takol srement f R, uro
=, o)
u
Y =, D=IFP.
k=1
JokasaTteabcTso. [Tonoxum
n
fn = kzl CrPr.
Torna
n+p
" fy;+p - fn ”2 =" Cn+1Pn+1 + oo + cn+p(pn+p ”2 Z_H Ck.
k=n

Tak kak pan (22) cxomutcs, TO OTCIOJa B CHJY NOJHOTH R BhiTe-
KaeT CXOAMMOCTb IocaeoBaTeabHOCTH {fa} K HEKOTOPOMY 3ieMeHTy

f=R. Danee
(f: q)i)=(fm (pi)+(f_fm q)i)» (23)

npuyeM CnpaBa INepBoe cjaraeMoe Npu N =i PaBHO €i, a BTOpOe
CTPEMHUTCS K HYJIIO NIPH 7 — 00, TaK KakK

| (F—Fa @) <<l

Jleasi uacTh paBeHcTBa (23) OT n He 3aBHCHT; NO3TOMY, Nepe-
X0 B HEM K Ipefiesly IPH 7L —> 00, NoJlyuaeM, uTo

(f: (pl)= C;

|-l



154 HOPMHUPOBAHHBIE M TOIMOJOIHYECKHUE IMPOCTPAHCTBA L. 111

‘Tak Kak, no onpejesesuio f,

If—f. =0 npu n—> oo,
“TO

M3

e =1, .

k

JlelicTBuTeNbHO,
O—Z%%f—zmﬁ=mn—24»o
k=| k=1 k=1

npH n—> oo,

YCTaHOBHM B 3aKJIOYeHHe CJAeAYIOILYIO [OJIE3HYIO TeopeMy.

Teopewma 4. a3 1020 4TOObL OPTOZOHANLHAS HOPMUPOBAHHAR
cucrema {Qn} 8 noanom cenapaberoHom es8KAUC0BOM NPOCTPAHCTEE
Boira nOAHA, HeO6X00uMo u GOCTATO4YHO, 4T0GbL 8 R He cywecTso-
-8AA0 HEHYNeB020 INEMEHTA, OPTOZOHANLHO20 BCEM 3NEMEHTAM Cu-
cremot {Qn}.

HdokasartenbctBo. Ilycts cucrema {pn} mosHa u, cieaoBa-
‘TesibHO, 3aMKuyTa. Ecau f opToroHasien BceM 3/eMeHTaM CHCTEMB
{pn}, TO Bce ero koapduunents! Pypoe pasubl HyJi0. Toraa u3 pa--
BencrBa ITapcepansa nosyuaem

[~

(h h=X et =0,
T.e.f=0. ‘
O6GpaTtHo, nyctb cuctema {¢n} He mosua. Toraa B R cyulecrsyer
‘TakoH anaeMent g 7= 0, uto

@ 9> 2k (e ¢=(g o))

Ha ocHoBauun teopemnr Pucca — Quiiepa cyluecTByeT Takol sJje-
MeHT f =R, ut0

God=cc n (D=3 c

Onement f — g opToronaseu Bcem ¢;. V3 HepaBeHcTBa

. H=2Zc<@e
.caenyer, uto f — g # 0.

Ynpaxuennsn |. [ycts H —nonHoe eBKAMZOBO NMpocTpaucTso (He 06a-
.3aTesbHO cenapaGesbHOE); TOTKA B HeM CylleCiByer MOJHAs OPTOroHasbHass Hop-
MHpOBaHHas CHcTeMa {Qg} (cM. ynpaxcHeHme 1 Ha cTp. 149). IlokasaTb, uTo M
BCAKOrO BekTopa f & H cnpaBefnHBB! pa3foXKeHus

F=> o) 9a 1HR=DY (f 9a)s
a a
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rie B CyMMaXx, CTOSIIHX CNpaBa, HMeeTcsl He 6ojee CUETHOrO Yyc/ia OTJHYHBIX OT
0 caaraeMbix.

2. CucteMa {g} BEKTOPOB €BKJHAOBA NPOCTPAHCTBA R Ha3HBaeTCs TOTAAb-
nod, ecin B R He cyllecTBYeT OTJMYHBIX OT 0 BEKTOPOB, OPTOrOHaMbHBIX KO BCEM
@a- TeopeMa 4 o3Hauaer, 4TO B NOJHOM €BKJIHIOBOM TDPOCTPAHCTBE TOTANbHOCTb-
CHCTEMbl BEKTOPOB SKBHBaJEHTHa ee NOJHOTe. I10Ka3aTb, YTO B HENOJHBIX MPO-
CTPAHCTBAX MOTYT CYIIECTBOBATb TOTAJbHLIE, HO He NOJHLIE CHCTEMEL.

6. I'uab6eproBo mpocTpancTBo. Teopema 06 uaomopduame. [Ipo-
JIOJIHKUM PacCMOTpeHHe IOJHBIX eBKJMIOBHX mnpocTtpaHcts. [lpw
3TOM Hac, KakK H 0 CHX mop, ByAayT HHTepecoBaTbh GeCKOHeuHOMep-
HbBle [POCTPAHCTBA, a He KOHEUHOMepHble, HCUepnbIBalOllee Omnuca-
HHe KOTOpBIX JlaeTcsi B Kypcax JuHeHHo#l aare6pwl. [lo-npexuemy
MBI, KaK npasuso, 6yneM mpejnoJaratb HajJHYHe B paccMaTpHBae-
MBIX NpPOCTPAHCTBAX CYETHOTO BCIOAY IJIOTHOTO MHOXecTBa. Be-
JleM cJaefylolilee olpejeseHHe.

Onpenenenne 2. ITosHOE €BKJHAOBO INPOCTPAHCTBO GecKo-
HEYHOTO YHCJa H3MepeHHH Ha3blBaeTcs 2uabbepTosvim npoOCTPaH-
cr8om ).

Takum o6pa3oM, rHAbGEPTOBHIM NPOCTPAHCTBOM Ha3LIBAETCS CO-
BOKYNHOCTb /1 3/1eMeHTOB f, &, ... HPOH3BOJIBHOM NPHPOXBI, YilOB-:
JIeTBOPSIONIAs CJelyIOIHM YCA0BHAM (aKcHOMaM).

I. H ectb eBKJHJI0OBO NPOCTPAHCTBO (T. €. JHHeHHOE NpOCTpaH--
CTBO C 3alaHHBIM B HEM CKaJIsiPHBIM NPOH3BEEHHEM).

lfI. IMpocrpanctBo f monHo B cMbicie Merpurn p(f, g)=
=|f—gll.

I11. TlpoctpaHctBo H 6eCKOHEUYHOMEPHO, T. €. B HEM AJS
Jmo60ro 1 MOXHO HaHTH N JIHHeHHO He3aBHCHMBIX 3JIEMEHTOB.

Yanle Bcero paccMatpHBaloTcst cenapabesbHble THALOEPTOBBI
NpPOCTPAHCTBA, T. €. NMPOCTPAHCTBA, yJIOBJETBOPSIOLLHE elle ORHOMH
aKCHOMe.

IV.H cenapa6eabHO, T. e. B HEM CYLIECTBYeT CYETHOE BCIO-
Iy TJIOTHOE MHOXXECTBO. ‘

ITpumepom cenapabesbHOro ruJAbL6GEPTOBA NMPOCTPAHCTBA MONKET
CJIyKHTb A€HCTBHTEJIbHOE POCTPAHCTBO lo.

B nanbpeiimem Mbl GyneM paccMaTpuBaTb TOMbKO cemapabenb-
HBIA cayuail.

Anajoryubo onpeneneHuio 2 u3 § 1 ABa eBKJIHJAOBBIX MPOCTPaH-
cTtBa, R v R* Ha3bIBAlOTCH U3OMODPHbIMU, €CIH MEXIY HX 3dJeMeH-
TaMH MOXHO YCTAaHOBHTb B3aHMHO OJHO3Ha4YHOE COOTBETCTBHE TaK,.
4TO eCsH

x<>x*', y<>ry*

(x, yER; x*, y'=R"),

") Tlo umeHn 3#aMesnTOorc HeMeumkoro MateMatuka M. [umn6epra (1862—
1943), xotophifi BBEA 3T0 NOHATHE.
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TO

xtyrx 4y,

ax <> ax®

H

(x, y) =", ¥").
Hnaue rosopsi, H30MOpPPHU3M €BKJIHAOBBIX MPOCTPAHCTB — ITO B3aHM-
HO OJHO3HAYHOE COOTBETCTBHE, COXpaHsIOllee KaK JHHeHHBIE ome-
paiuH, onpejejeHHble B 3ITHX NPOCTPAHCTBAX, TaK H CKajasipHOe
Ipou3BeeHHe.

Kaxk u3BecTHO, N00ble 1Ba 7-MEePHBIX eBKJIHAOBBIX [IPOCTPAHCTBA
H3oMopubl Mexxny coboifl H, clenoBaTes]bHO, KaXkI0e TaKoe Mpo-
CTpaHCTBO H30MOpdHO apHpMeTHUeCKOMY mnpoctpaHcTBy R™ (mpu-
mep 1, n. 2). EBkAHIOBH npocTpaHCTBA OGECKOHEUHOrO YHCJIA H3-
MepeHH# He o6s3aTesabHo H3oMopdHbL Apyr apyry. Hanpumep, npo-
crpaHctBa Iy u Cola, b] mexnay coGoil He H30MOpGhHBL. DTO BHAHO,
HanpuMep, U3 TOrO, UTO IIepBOe H3 HHX MOJIHO, 3 BTOPOE — HeT.

OJHaKo HMeeT MeCTO CJAeAYIOIIH (akT.

Teopewma 5. Jlrobole 08a cenapabeavnbix 2urvbepTo8oix npo-
CTPancT8a uzomopdroL mendy cobod.

HdokazareanbcTso. [TokaxeM, 4yTo Kaxaoe runp6epToBo mpo-
crpanctBo H usomopdHo npocrpancrBy lp. Tem cambiM 6ymer no-
Ka3aHO yTBepxkJaeHHe TeopeMbl. BeibepeM B F NPOH3BOJIBHYIO MOJ-
HYIO OPTOTOHAJbHYI0 HOPMHDOBAHHYIO cHCTeMY {@n} H MOCTaBHM B
COOTBETCTBHE 3JjeMeHTy [ & [ COBOKYNHOCTb €y, C2, ..., Cn, ... €TO

o

ko3 dunuentos Pypbe no 3toit cucreme. Tak Kak kzl c2 < o0, TO
noc/1eA0BaTeNnbHOCTb (Ct, C2, ..., Cn, ...) €CTb HEKOTOPBIA 3JEMEHT
u3 l,. O6patHo, B cuay Teopembl Pucca— Puimepa BcsIKOMY 3ie-
menry (ci, €2 ..., Cn, ...) H3 Iy OTBeuaeT HEKOTODbLI# 3JeMEHT
f = H, umerouwnit yucaa ¢y, €, ..., Cn, ... CBOHMH KO3 duilnenTa-
mMu Dypbe. YcTanosJeHHOE COOTBETCTBHE MEXAY dJeMeHTaMu u3 H
B I, B3aMMHO onHo3HayHo. lasee, ecau

fer(cy, co ooy Cpy -0 0)
H
gH(dl, d2v cc dn’ "')r
TO
f4g<«>(c,+d, catdy, ..., catd,, ...)
H
of <> (acy, acg, ..., Cpy -..),

T. €. CyMMa IepexoJHUT B CYMMY, a IpOH3BelleHHe HA YHCJAO — B Npo-
H3BeJeHHe COOTBETCTBYIOUIEro 3jJeMeHTa Ha 3TO Xe uydca0. Hako-
Hell, u3 paBeHcTBa [lapceBanas cienyer, 4To

(. &= X cuds (24)
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JlefcTBHTENBHO, H3 TOrO, YTO

(. h=2e @o=32d
H

€f+g, f+e) =G H+2( g+ 8=
=St dy =2 +2 3 cd,+ 3 a2

puitekaer (24). Takum o6pa3oM, yCTaHOB/EHHOE HAMH COOTBETCTBHE
MeX1y sJeMeHTaMu npoctpaHcTs H u [y mefictBHTeNbHO siBAsSieTCH
H30MOPHHU3MOM.

JlokazaHHasi TeopeMa O3HAYaeT, 4TO, ¢ TOYHOCTbIO A0 H30OMOp-
uama, cymecTByeT NHIIb OAHO (cenapabenbHoe) rHAbLOGEPTOBO
mpoctpaHctBo (T. e. cucrema akcuom I—IV moanma) u uro mpo-
CTPaHCTBO lp MOXKHO paccMaTpHBaThb KaK ero «KOOpAHHATHYIO pea-
JAH3alHIO», TOLOGHO TOMY KaK n-MepHoe apHdMeTHYeCKOe NpOCTpaH-

n

CTBO CO CKaJApHbIM IpOH3BEJEeHHEM Z XYy, npeacrasaseT cobon
.- i=I|

KOOPAMHATHYIO peasH3aluio eBKIHA0BA MPOCTPAHCTBA 1 U3MEPEHHH,
3alaHHOTO0 aKCHOMAaTHYECKH.

Hpyryio peanusanuio ruabbepToBa MPOCTPAHCTBA MOXKHO MOJY-
uuTh, B35IB (yHKUHOHanbHOe npoctpaHcTBo Cala, b] U paccMorpes
‘ero nomnoJHenue. JlefACTBUTEIbHO, JIETKO NMPOBEPUTb, YTO MOMOJHE-
HHe R* BCfIKOro eBKJAHAOBa mpocTpaHctBa R (B TOM CMhICHe, Kak
Mbl Onpefie/HJH MOMOJHEHHe METPHUYecKOro mnpoctpaHctea B § 3
ra. II) craHoBuTCS JMHEHHBIM €BKJIHAOBBIM MPOCTPAHCTBOM, €CJIH
B HEM OIpefle/IUTh JHHEHHbIE ONepalld W CKaJspHOe MpoU3BeJeHHe,
NpofoJXKasi HX MO HENpepbIBHOCTH ¢ IMPOCTPaHCTBa R, T. €. 1mo-
Jaras

xt+y= "II_)IT:O (*¥n + ya)s ax::_‘:g Xy

(x, y)= lim (x,, y,),
n-»oo

Toe Xn—>X H Yn > Y, Xn, Yyn = R. (CyuwecTBoBaHHE BCEX 3THUX mpe-
JleJ10B H HX HE3aBHCHMOCTb OT BbI6Opa nocnenoBatenbHocTed {X,} H
{y»} nerko ycranabausaerca). Torna mnonosiHeHue mnpocTpaHCTBA
Cila, b] 6yner NOMHBIM €BKIHROBLIM MPOCTPAHCTBOM, 04EBMIHO, Gec-
KOHeuHOMepHBIM H cenapabenbHbIM, T. €. THJAbOEPTOBbIM MPOCTPaH-
ctBoM. B rsiase VII Mbl BepHEMCS K 3TOMY BOMPOCY H f10KAaXKeM, 4TO
Te 3]eMeHTbl, KOTOpble HYKHO npucoeAHHUTb K Cola, b], urobul mno-
JIYYHTb M0JHOE MPOCTPAHCTBO, TOXKE MOXKHO NPeACTaBHTb KaK QyHK-
UHH, HO TOJIbKO YXe He HelpepbiBHble (a HMEHHO, KaK (YHKIHH,
KBajJpaT KOTOPBIX CyMMHpPyeM B cMbicae JleGera).



158 HOPMHPOBAHHBIE H TOIIOJIOTHYECKHE INPOCTPAHCTBA [TJI. 11T

7. NMoanpocTpaHcTBa, OPTOTOHAJbHbIE JOMOJHEHHs, npsAMas
cymma. B cooTBeTcTBHH ¢ O6GIHMH OnpeleieHHAMH § 3 aunednoun
MHO2006pasuem B ruabGepTOBOM NMpocTpaHcTBe f1 Mbl HaszoBeM Ta-
Kyl0 COBOKynHOCTb L 3nementoB u3 H, uto ecau f, gL, 1o
af +Bg =L pas n06bix udcen @ U B. 3aMKHYTOe€ JHHEHHO®
MHoroo6pasue HasblBaeTcs nodnpocrpaucrsom. IlpuseneM HeKoTO-
phle puMepbl NOANPOCTPAHCTB rHILOEPTOBa NPOCTPAHCTBA.

1. ITycts b — npousBonbubni 3neMeHT U3 H. COBOKYNHOCTb BCex
sneMeHToB f & H, oproronaibubix K h, o6pasyer B H nogmnpocTpaH-
CTBO.

2. Ilycte H peannsoBaHo Kak [y, T. €. €ro 3/1eMeHTH CyTb TaKue

NOCJAe0BATENbHOCTH (X, Xo, ..., Xn, ...) UHCEJ, 4TO Zx,% < oo,
- k

dneMedThl, NOMYHHEHHbIE YCJIOBHIO X; = X, 06pasyioT MNOANpPO-
CTPaHCTBO.

3. Ilycth cHoBa H peann3oBaHO KaK NPOCTPAHCTBO lo. DiieMeHThE
x=(x1, X2, ..., Xn, ...), Y KOTOPHX X, =0 npu n=2, 4, 6, ...
(¥ xn npousBOJBHH npu n =1, 3, 5, ...), o6pa3ylOT NOANPOCTPaH-
CTBO.

YuraTenio peKOMEHAyeTCs NPOBEPUTb, YTO YKa3aHHble B IpHMe-
pax 1—3 COBOKYNHOCTH BEKTOPOB [EHCTBUTEJbHO SIBJSIOTCH MOJ-
MPOCTPAHCTBAMH.

Bcsikoe moAnpoCTpaHCTBO rHAbL6epTOBa NMpOCTpaHCTBA Ju6GO sAB-
JgeTCsd KOHEYHOMEPHBIM €BKJHAOBHIM IIPOCTPaHCTBOM JHOO caMo:
npenctapasieT coGoll runb6epTOBO NpOCTpaHCTBO. [leficTBUTENBHO,
cnpaBepauBoctb akcuoM I—III nas kaxporo Takoro moampocTpaH-
CTBAa OuUEeBH/HA, a CIPaBelWBOCTb akcHOMbl IV BhITeKaeT u3 cie-
JAylollleH JIeMMBI.

Jlemma. Jrwoboe nodmwoxecrso R’ cenapabenrsnozo merpude-
cko0eo npoctpancréa R camo cenapabervro.

HokasatenbctBo. I[lycts

gl) §2) e sy gn’ see
— CUeTHO€ BCIOAY IJIOTHOE€ MHOXECTBO B R Hu
a,= inf p (&, n).
neR’

Jlns mo6GbIX HATYPANbHBIX 'YW M HalilleTCs Takas TOUKA Na, m € R/,

4yTO
0 En Mo m) < @p+ 1/m.

ITycts € > 0 u 1/m << ¢/3; nna moboro m & R’ Hafijerca Taxoe n,
910 0 (§n, 1)< €/3 U, CI€0BATENBHO,

0 (En M. m) < @, + 1/m < &/3 + /3 = 2¢/3;

Ho Toraa P(N,Na, m)<< €, T. €. He GoJiee yeM CUETHOE MHOXKECTBO
{Nn, m} (n,m=1,2, ...) Bcloay mJaoTHo B R’.
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[oanpocrpancTBa ruabGepToBa NPOCTPAHCTBA 06J4aLAKOT HEKO-
-TOPbIMH CNELHaJbHBIMU CBOHCTBAMH (He HMeOUIUMH MecTa AJsA
TOAIPOCTPAHCTB IPOU3BOJBHOTO HOPMHPOBAHHOIO MPOCTPAHCTBA).
Atu cBOficTBa CBA3aHbl C HaJUYHEeM B FHJILGEPTOBOM MPOCTPAHCTBE
CKaJISIPHOrO MpPOHM3BeNeHUSs M OCHOBAaHHOIO HAa HEM IMOHATHS OpPTO-
rOHAJbHOCTH.

[IpumenuB mnpoliecC OpPTOrOHANM3aLHH K Kaxon-nuéo cueTHOMH
BCIOJY MJIOTHOH IMOC/AEIOBATENbHOCTH 3JE€MEHTOB MPOU3BOJBHOTO
NOAMPOCTPAHCTBA THIbGEPTOBA MNPOCTPAHCTBA, MOJyyaeM CJeLyIO-
ILYIO TEOpEMY.

Teopema 6. B kamdom nodnpocrparncrse M npocrpancrsa H
LO0ePIHCUTCE OPTOZOHAABHAR HOPMUPOBAHHAA cucTema {Qn}), AuHel-
Hoe 3ameikarue KoTopoil cosnadaetr ¢ M.

[ycts M — nonmpoctpancTBo rusnbeproBa mnpoctpaHcTBa f.
O603HauuM uepe3

Mt=HOSM

MHOXKECTBO 3JIEMEHTOB g & [, OpTOroHa/JibHbIX KO BCEM 3JIeMEHTaM
f= M, u nokaxem, uto ML TOXe eCTb MOANPOCTPAHCTBO NPOCTPAH-
ctBa H. Jlunefinocts M+ oueBuznHa, Tak Kak u3 (g, )= (g2 [)=
= 0 BoiTekaet (o€ + aags, f)= 0. lna nokasatenncTBa 3aMKHY-
TOCTH NONYCTHM, 4TO 3JIEMEeHTh gn npuHamiexar ML u cxomarcs
K g. Torpa nns moGoro fe& M

(& f)=JLr1 (8, =0

d [I0TOMY g TOXKe BXOIHMT B ML,

[MopnpoctpanctBo M+ HasbiBaercs oproeoua/zbubm donoane-
Huem nopnpocTpancTsa M.

W3 reopembi 6 serko noayuaercs caenyouas Teopema.

Teopema 7. Ecau M — (3amknyroe!) auneinoe nodnpocrpan-
cT80 npoctpauctsa H, To aw0boi sarement f = H eduncraennoin 06-
pasom npedcrasum 6 sude f=h4+h,e0e heMu =ML

JlokaszartenbcTBo. JlokaxeM cHauama CyuleCTBOBaHHE Ta-
Koro paasoxenusi. ns storo Haiiiem B M MOJHYIO OPTOrOHAJ/bHYIO
HOPMHDOBAHHYIO CHCTEMY {Pn} U MOMOKHM

h = nz=:1 CnPny Cpn=— (f’ (pn)-

Tak kak (mo HepaBenctBy DBeccensi) psg Z c? CXONHTCS, TO e~
n=1
MeHT f cylnecTByeT H npuHagaexut M. [Tonoxum

h =f—h.
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OueBnaHo, uto aas Bcex n (h', ¢p) = 0 H, NOCKOJBKY NpPOM3BOJIb-
Hbii 3aeMenT § U3 M npencrasuM B BHJe

=<}
t= 2. a,9n
n=1
uMeeM

(', O = n;'an (', @n) =0,

T. e. =ML
JlonycTuM Tenepn, YTO, KpOME MOCTPOEHHOrO HAMH Pa3JioKeHHd
[ = h+ K/, cywiecTByeT Apyroe passoxeHHe:

f=h1—|—k1', hxeM, hie ML,

Torpa npu Bcex n
(hlv ‘pn) = (f’ q)n) = Cp,

OTKyJla CJeJyeT, UTo
hi=h, hi=H.

U3 TeopeMbl 7 BHITEKAIOT HEKOTOPLIE MOJIE3HBIE CJAEACTBHA.

Cnencrsue 1. Op1roeonaroroe donoarenue K OPTOLORAALHOMY
donoanenuro aunetinoeo nodnpocrpancraa M cosnadaer ¢ camum M.

TakuM 06pa3oM, MOXKHO FOBOPHTb O B3aUMHO MOMOJHUTEJbHBIX
noanpoctpaHctBax npocrpaHersa H. Ecan M u M1 — nBa takux
JONOJIHSIOWHMX JAPYT APYra MoAnpocTpanctsa u {@,}, {¢,}—noausie
(cootBeTcTBeHHO B M u M-} opToronasbHble CHCTEMBI, TO COeJHHe-
nne cucreM {@,} H {@,} NaeT NOJHYIO OPTOrOHAJbHYIO CHCTEMY BO
Bcem npoctpanctBe H. [TosToMy HMeeT MecTo cieCTBHE:

Cnenctaue 2. Kaxdas oprocoHasbHas HOPMUPOBAHHAA CU-
crema moxceT 6o6iTv paciuupena 00 cuctemel, noanoti 8 H.

Ecniu cuctema {@n} KOHeuHa, TO uHMC/IO BXOASILHX B_Hee 3Je-
MEHTOB DPaBHO Pa3MEpHOCTH TNOANPOCTPaHCTBA M, NOPOXKAEHHOrO
{¢n}, n KOpasmepHocTH noanpocrparcTea ML, Takum o6pasoM, no-
JlyuaeM elle OJHO CJeICTBHE:

Caeancrtsue 3. Oproconarvroe O0onoiHerue K NpPOCTPAHCTSY
KOHEUHOU pasmepHoCTU n umeer KOpasMepHoCTy n, U Haobopor.

Ecan kaxawit Bektop fe H npeacraBiM B Bulle f =h + A/,
he M, ¥ =ML (Mt —oproronansHoe jpononueHue M), To roso-
psaT, uTo H ecTb npamasa cymma B3aNMHO OPTOTOHAJbHBIX MOANpO-
crpancts M u M+ u nnmyt

H=M@M*.

IcHo, YTO NOHATHE NPAMOA CyMMbl MOXeT OHITb HENOCPEACTBEHHO
06061eH0 Ha J060e KOHeuHOe HJM JaXe CueTHOEe YHCJIO IOANpO-
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CTPAHCTB; HMEHHO, TOBOPSAT, 4TO H ecTh mpsiMasi cyMMa CBOHX MOA-
npocTpaucTs My, My, ..., My, ...

H=M &M ... DM, B ...,
ecsu

1) mommpoctpanctBa M; momapHO OpPTOTOHAJBHB, T. €. JNIOGOR
BeKTOp H3 M; oproronasen no6oMy BeKTOpy u3 My mpu i'5= k;
2) Kaxapiit snement f & H MoxeT GbITb NpPEACTaBieH B BHIE

f=h+h+ ... +b8,+ ..., h,EM,,
NpHYEM eCJIH YHCJIO MOANpPOCTpancT® M, GecKOHeUHO, TO Z A, IR —
n

CXOASIIIHACS psAa. Jlerko NNPOBEPHTDb, UTO €CJIH TaKoe NpeaACTaBJeHUEe
SJIEeMEeHTa f CylieCTByeT, TO OHO €AHHCTBEHHO H UTO

ufn2=§u by |2,

Hapsiny ¢ npsMofi CyMMOH MOANPOCTPAHCTB MOXKHO TOBOPHTb
O MNpsIMOA CyMMe KOHEUHOTO HJM CYETHOTO 4YHCJa INPOM3BOJBHBIX
runb6epToBbIX NpocTpaHcTB. Mmenno, ecnu Hy u Hy — nBa runs6ep-
TOBBIX MPOCTPAHCTBA, TO HX mnpsimMast cymma H omnpenensiercst cie-
AYIOIKUM 06pa3oM: 3J1eMeHThl IPOCTpaHcTBa [ — 3TO BCEBO3MOXKHBIE
napbt (hy, he), rae hye H|, hye< H,, a ckaasipHoe npou3BejieHHe
IBYX TaKHX Map paBHO

(A1, h2), (hi, h2)) = (1, hi) + (he, ha).

B npoctpaHctBe H coaep:KaTtcsi, OU€BHIHO, B3aUMHO OPTOTOHAJb-
HBlE TIOANPOCTPAHCTBA, cocTosiuiie U3 nap Bupa (h;,0) u (0, hy) co-
OTBETCTBEHHO; MEPBOE H3 HHX MOXHO €CTeCTBEHHBIM 06pa3oM OTO-
KJIECTBHTb C TPOCTPaHCTBOM Hi, a BTOpoe — ¢ MpOCTpaHcTBOM H,.

AHasnorHyHO onpefensieTcsi cymma Ji06Oro KOHEYHOI'0 uHcaa
npocrpanctB. Cymma H=ZEBH,, CUETHOr0 4HC/Ia TPOCTPAHCTB
Hi, Hy, ..., Hyn, ... onpepensiercd Tak: 3JeMEHTHl TpPOCTPAHCTBA
H — 3T0 BCeBO3MOXKHBIE NOCTEJ0BATENBbHOCTH BHA

h=(hh h2, RS ] hm'--) (hnEHn)’
rakne, uto Q.| 4, |2 < co. Ckansipuoe mpouspenenne (h, g) sie-

Mmentos 4 u g u3 H pasHo

Zﬂl (A}

8. XapakTepHCTHYECKOe CBOJCTBO €BKJAMAOBBIX MPOCTPAHCTB.
Pacemotpum caenyomuit Bonpoc. Ilycte R — HOpMHpOBaHHOE npo-
crpanctso. KakuM JONONHHTEbHBIM YCJOBHSIM IO0JI2KHA YIOBJETBO-
pATbH HOpMa, onpelenenHass B R, uro6bl NpocTpancTBo R 6blio eB-
K/JMIOBbIM, T. €. 4ToGB HOpPMa B HeM ONpelensiacb HEKOTOPbIM
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CKansapHBIM npoH3BeleHHeM? MHaue roBopsi, KAK 0XapaKTEpPH30LATL
€BKJUJOBbEl NpPOCTPAHCTBA B KJacce BCeX HOPMHPOBAHHBIX TMpo-
ctpancTB? Takylo XapaKTepHCTHKY faeT ClIefyioliasl Teopema.

Teopema 8. Jasa rozo utobGer HOpMUPOBAHHOE NPOCTPAHCTBO R
606110 €8KAUOOBBIM, HEOOX00UMO U OOCTATOUHO, 4TOOLL OAf AtOObIX
J8Yx 51eMeHTO8, [ U g, BLINOAHAAOCE PABEHCTBO

IF+elP+1f—glPF=20FF+1gP. (25)

Mockonbky f+ g u f— g —5T0 auaronajau napaJsjelorpamma,
TIOCTPOEHHOTO Ha CTOpOHAaX [ ¥ g, paBeHcTs0 (25) BhIpa:Kaer us-
BECTHOE CBOMCTBO NapaJjjiejorpaMMa B €BKJHJOBOM INPOCTPAHCTBE:
cymma K8aodpatos OuazoHasell NAPAALEN0ZPAMMA PABHA CyMMe
Keadparos ecex e2o cropox. Takum o6pa3oM, HEOGXOAUMOCTL YCJIO-
BHA oueBHAHA. [loKaxeM ero J0CTaTOYHOCTb. T10/10KHM

F,=5Uf+gr—1f—gp, (26)

' MOKaX<eM, 4TO eC/IH PaBeHCTBO (25) BhinosHeHO, TO QpyHKuusa (26)
YyIOBJETBOPSIET BCEM AaKCHOMAaM CKaJApHOro npousseneHus. Ilo-
CKOJIbKY TIpH [ = g nMeeM

(i, D=7 U2 P—IF =R =IFI, (27)

310 ¥ 6ymer TO CKaJfApHOe NpOU3BeleHHe, KOTOPOe NOPOXKLAeT B
npocrpaHcTBe R 3a/laHHYIO TaM HOPMY.
ITpexpe Bcero, U3 (26) cpasy BHAHO, 4TO

(. &= D,

T. €. CBOHCTBO 1) CKaJsipHOrO NPOHM3BeldeHHsl BbImoJHeHo. Kpome
Toro, B cuy (27) uMeer Mmecto u cBoficTBo 4). [lia ycTaHOB/IeHHS
CBOHCTBA 2) paccMOTPHM (YHKIHIO TPEX BEKTOPOB

O, g, =41+ g BH—(F k) — (g A,
T. €.

O, g W=If+g+hrP—If+g—hIF—
— I f+hP+IF—hIF—=llg+hIP+Ig—hIP, (28)

‘M TOKaXeM, YTO OHa TOXJECTBEHHO paBHa HyJ0. B cuny (25)
nMeeM

If+gxhlP=21xhP+201gF—IfEh—gl"
IToacraBuB coOTBETCTBYIOLIHE BhipaxeHUst B (28), nosyuum

O, g W=—I+h—gP+If—h—glP+
+IF+hIF—=If—hrP—lg+hIP+lIg—RIF (29)
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Basas noaycymMmmy (28) u (29), umeem

o, & N=s(lg+h+TP+Ig+h—Fp)—
—%(Ilg—h+f||2+llg—h—fll2)—||g+hII2+|lg—hllz-

B cuay (25) mepBoe cjaraeMoe paBHO

lg+AhP+IFIR,
a BTOpPOe — pPaBHO
—llg—hPF—IFIP,
TaxuM o6pa3oM,
: D(f, g, h)=0.

¥YcraHoBUM, HaKoHel, CBOHCTBO 3) — OJHOPOAHOCTb CKaJsAPHOro
npoussefeHus. PaccMOTpUM /st 3TOro npu JOGHX GHKCHPOBAHHBIX

fu g dynrumo
! 0@ =(f. &) —c (. 2.

H3 (26) cpasy caenyer, uto
1
e0)=—7(lglP—1llg)=0

B @(—1)=0, nockoabry (—f, g)= —(f, g). Ilosromy nas moGoro
1eJI0ro0 1

(nf, @ =(sgnn(f+ ... +/), 8=
=sgnn[(f, @+ ... +(f, dl=Inlsgnn(f, g =n(f, g),
T.e.@(n)=0. Ilpu uenwx p, g u g=~0

(2, 8)=r(sF &) =Lq (31 £) =20, o,

T. €. (c)=0 npu Bcex palHOHAJ/bHBIX C; MOCKOJbKY QYHKUHA @
HenpephLIBHA,
@ (c) =0.

Tem cambiM Mbl nokasanH, 4yto OyHkuus (f, g) obmnajpaer Bcemu
CBONCTBAMH CKaJISIPHOrO MPOH3BEAEHHS.

IMpumepn. 1. Paccmorpum n-mepuoe npocrpanctso Ry, B ko-
TOpPOM HOpMa onpeneneHa GopmyJaoi

n l/p
%l = (k;l Z I”) :

Ipu p > 1 Bce aKCHOMBI HOPMbI BHITIOJIHEHEI, OJJHAKO €BKJHIOBLIM
npocrpancteoM R; Gyzer TosibKo npu p = 2. JleACTBUTE/bHO, pac-
cMoTpum B Rp JBa BekTOpa:

f={1,1,0,0,...,0),

g=(, —1,0,0,..., 0);
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