. KAEVH

SJEMEHTAPHAS
MATEMATHUKA

C TOUKH 3PEHUS BBICIUEH

Jekyuu, wurannsie 8 F'érrunzenckom
yHusepcuTtere

TOM TIEPBHIH

APHOMETHKA, AJITEEBPA,
AHAJIN3

-

Ilepeson ¢ nemeuxoro M. A. KPbI)!'(AHQBCKOI‘O
- Iog pepakumet B. T. BOJITSAHCKOTO

H3AAHHUE YETBEPTOE

MOCKBA <«HAVYKA»
FJIABHASL PEIOAKUHMA
@®@U3UKO-MATEMATUYECKOH JHUTEPATYPHI
1987



BBK 2210
K48
YK 51(023) FELIX KLEIN

ELEMENTARMATHEMATIK
VOM HOHEREN
STANDPUNKTE

AUS ERSTER BAND

ARITHMETIK.
ALGEBRA. ANALYSIS

Dritte Auflage

BERLIN
VERLAG VON JULIUS SPRINGER
2924

Knefiu &. IneMeHTapHam MATEMATHKA C TOUKH 3pPeHHR m{u;weﬂ: B 2-x
roMax. T. 1. Apndmerura. Aaredpa. Anaana: Ilep. ¢ uem./Tlon pex; B. . Boa-
TAHCKOTO. — 4-e H34. — M.: Hayxa. . peA. dna.-MaT, anT,, 1987, —432 C.

Kunra snijatollerocl HEeMeLKOro MaTeMaTHka Pennkca Kneilha ‘sanumaer
ocoboe MecTO B nonyJdsapHOll ITHTepaType mo MaTeMaTnHke. OHa B I0XOLYHBOR
W YBAeKaTeJpHOR ¢opMe pacCKa3miRaeT O TOHKHX MAaTEeMATHUECKHX MNOHATHAX,
0 MeTOLMKe NpPeNOfaBaHMA MaTeMaTHKH B wkoje (cpeaHeR W Buicweft), o6 uu-
TepecHbIX ¢aKTax H3 HCTOPHH HayKkH, o0 COOCTBEHHWX B3rJffax aBTopa Ha
MATEMATHKY H ee DOJb B NPHKJALHLIX BONPOCAX.

TlepBuft ToM NoOCBAlIeH BonpocaM apH@MeETHKR, anre6GpH, anann3a, ABTOp
paccMaTpHBaeT NOHATHe udcna (ULenoro, PALMOHAJBLHOTO, HPPAaLHOHANLHOFO),
0cof0 OCTaHABIHBAACH HA TeX <MOCTHKAX», KOTODHIMM MOMHO COEJHHHTL BY-
30BCKOE M IIKONLHOE NpemojaBaHie MaTeMaTHKH. HanucauHag B dopMe Jek«
UHH LN yYHTeNeR, KHUFA H 32 LARHOCTBIO JIET HE NOTepsina CpOeH 3HaYHMOCTH,
CBEXECTH, NPHBIEKAaTEALHOCTH.

3-e M3a. BeIXOAHJO B 1935 r.

Jna CTYZeHTOR-MaTeMaTHKOB, NpefNojaBaTesiell, HAaYYHWX PpPaGOTHHHOB R
npocto JO6HTeNeR MaTeMaTHKH.

1702030000—130
K 41-87 © Tlepeson Ha PycCKAR R3MK.
053(02)-87 Ilono.nneﬁnﬂ.py
Uapnatenscrao «Haykas.
I'naBHas pefakuMs QH3HKO-MaTeMaTHyes
CKOft AHTepaTypht, 1987




OIJIABJIEHHUE

TIpeaucnonie PetakToOPA . « . « o « + « o + o o o « .

BBeffeHHE . .« . v . i e e e e e e e e e e e
APUOMETHKA

L JleiicTBHA Haj HATYPAJbLHBIMM HHCAAMH . . . . . . . . .

1. Benenue umcen B WKoME . . . . . . e e e

2. OcHoBHH® 3aKOHBI apHPMeETHYECKHX ,uenmem“{ e e e

3. Jloruueckne OCHOBH TEODHH UENHIX WHCET . . . . « .
4. [IpaKkTHKA cueTa C LEJLIMH YHCAAMH . . .« . « . « . .

LI, Mepsoe paclwupenHe MOHATHA 4MCAA . . . . . . . . .
1. Ortpanartenbnble YHCAA .« . « o &« « + « o . . .

2 Opo6u . . . .
3. HUppanuonanbusle lmc.na e e e e e e e e e e
IIl. Oco6uie cBoiicTBa Heawlx uMcea . . . . . . . . . . .
1. Ponb TeopuH uMcesr B MKONLHOM H YHHBEDCHTETCKOM [ipe-
NojaBaHiy . . . . . . e e

2. IlpocTele uucna u paanomeﬂue a MHOKWTENM . . . . .

3. O6pawenne npocTeix Apobell B AecATWYHBE . . . . . .

4. HenpepuiBHble Rpo6H . . = . . N

5. MMudaropossl uncaa. Bennkas Teopema <I)epma e e

6. 3ajsaya o JeneHdH OKPYKHOCTH Ha paBdble wactd . . .

7. JoKa3aTensCTBO HEBO3MOMXHOCTH NOCTPOEHHS npaBd BIOTO

CeMHyroJbHHKa UMPKYJeM H anueitkoft . . . N

1V. KoMnnekcHbie yscaa . . . . . . . . . . . . . .,
1. OGbikHOBEHHbIE KOMNNEKCHbIE Yucsaa . . . o

2. Beicitiie KoMIMEKCHbIE YHCAA, B 0COGEHNOCTH xaa‘repmmum

3. YMHOXeBHe KBaTePHHOHOB U npeoGpasoBaliue nor:opo‘n.oro

aCTAKeHHA B npocTpamcTde . . . . . . . .

4. Komniekcusie 4#c1a B [PENOAABAHMH . . . . . . . .

V. CoBpeMeHHoe pa3BuTHE W CTPOEHHE MaTeMaTHKM BooGuwe . .

1. IBa pasnuYHbLIX PAAA 3BOJIOUMH, MO KOTOPBIM napamenb-

HO DAasBMBa/CH MaTeMaTHyecKHil aHamM3 . . . e

2. KpaTkui# 00630p HCTOPHM MATEMATHKHM . . . « . . . .
AJITEEPA

Boemenne . .« . . . ... .00 e e e

l. Ypapneuusa ¢ feiCTBHTEIbHBIMH HEH3BECTHBIMA , . . . . .
1. Ypasuenus, cogepxawde OAHH napamerp . . . . . .
2. YpapHeHns ¢ ABYMA mapaMeTpaMH . . . . . . . . .
3. YpaeHeHus ¢ TpeMs IHApaMeTPaMH . + « « « + « .« .

l*

45

99
112

114

114
118

127

127
127
12

137



4 OlJIABJIEHUE

Il. ¥YpaBnenna B 061aCTH KOMNJAEKCHHIX yHcen . . . . . . 147

A. OcHoBHasi Teopema aare6pel . . - . . . . . 148

B. VpaBHenue ¢ OAHHM KOMILIEKCHHM napameTpOM . . . . 181

1. JIsyunenHoe ypaBHeHHe 2" =®w . ., . . ., . . . . 189

2. VpaBHenue ausapa . . . . . . . . 166

3. Ypasuenus terpasnpa, OK'raanpa H m(ocaa,upa e e . L 173

4. TlpopomKeHHe; BHIBOA YypaBHeHndh . . e e .. . 178

5. O pellenuw HOpMaJbHLIX ypaBHeHuwfi . . . C e 186
6. VuudopMHIauua HOPMAJBHEIX ypaBHeHHu nocpeAcmou

TPAHCUEHAEHTHRIX QyHKuMd . . . . . e e e .. 190

7. PaspemuMocTs B paamkanax . . O 114

8. Ceenenne o6ux ypasHeHHd K HOpMaﬂbelM e . 202

AHAJIH3

I. Jlorapupm u nokazaTenbnas dymkuma . . . . , . . . 206

1. CucremaTtuka aareGpanveckoro apaimsa . . . . . . . 206

2. Hcropuueckoe paapuTue yueHust o jorapugme . . . . . 209

3. HekoTopuie 3ameuaHus O WKOJAbHOM fpenoaaBawuu . . . 222

4. Touka 3peHusi coBpeMeHHOH Teopun ¢ymkuuit . . . . . 224

II. O TpuroHoMeTpHueckux GYRRUHAX . . . e . 233
1. Teopus TPHrOHOMETPHYECKHX ¢ym(mm B csmn c yquHeM

o jorapucdme . . . .. . 233

2. Tpnronome'rpnqecuue 'raﬁ.nuub( .o e .. . . 243

3. TlpumeHeHUs TPHIOHOMETPHUUYECKHX (pyHKuHH e e . 249
111, HcyHcaenne GeckoHeyHo MaJAbiX B cOGCTBEHHOM CMbicae croBa 295
1. O6wne 3ameuasna OTHOCHTENbHO HCYHCJIEHHA GECKOHEYHO

Majblx . . 1 1)
2. TeopeMa Teunopa e . . 315
3. 3aMeuanus WCTOpHYECKOro M nenaromqecxoro xapax'repa 331
NMPHJIOXEHUSA
I. TPaHCI\EHAEHTHOCTL YHCeN 6 H X . . . . . . . . . . . 334
1. Hctopuyeckue 3aMeuaHus . . . . C e .. . 334
2. JloKkasaTeabCcTBQ TPaHCUEHAEHTHOCTH uicaa e . . . . . 336
3. JloKa3aTe bCTBO TPaHCUEHAEHTHOCTH UYHCaa & . . . . . 343
4. TpaHcueHJeHTHBIE ¥ ajre6paHyeckue 4Hcna . . . . . . 352
IL. Yyenne o MHOXKecTBAX . . . . . , . - « . . . . .385
1. MowHocTs MHOXeCTBA . . . e « + 4+ . . . .35
2. TTopsafOR 3JeMeHTOB MHOXECTBA . . . . . . . . . 372
3. 3akalounTeqbHble 3aMEYAHHH O 3HAYEHHH YUEHHA O Mi0-
JKECTBaX H O MPENMOJABAHWH B IWKOJE . . . . . . . . O/8
Mpumeyannag . . . . . . . . . . .« . . . < . . . . .382
Wmennoit ykazatean . .-. ., . . . . .. ., ., . .42

IipepMeTHbIfl yKa3aTedb , « . . - « . + « - . + . » . . 429



NPEAUCIIOBUHE PEJAKTOPA

Genuke Knefin (1849—1925) npuHaafexHT K uucldy MaTeMmaTH-
KOB-K/IaCCHKOB, 060raTUBLIKX HAYKY HOBBIMH HAESIMH M B 3HAUHTE/Nb-
HOHl CTeNeHu ONpeleNHBIIHX ee COBpeMeHHoe JHLO, B ofnacTu reo-
merpud XIX Bex o3HameHOBaJCA, mpexje BCEro, 3HAYUTEJNbHBIM pac-
ITHPEHHeM HALIHX B3rJIAJ0B HA NPOCTPAHCTBO U NpeIMET TFeOMETPHH.
Ecnu paHbuie rOCNOACTBOBAJIO NpeIcTaBleHHe O TOM, YTO HayuHule
anKTbl, TEOpeMBbl, 3aKOHH & TOYHOCTU OIHCHIBAIOT cBOHCTBA ‘€AHH-~
CTBEHHOTO MBICJIHMOTO, BOJIEIO TBOPUA CO3JAHHOrO NPOCTPAHCTBA *),
To XIX Bek He TOJBKO nOKoJe6ad, HO H TOJHOCTbIO ONPOKHAYA 3TH
HAeaJHCTHYeCKHe BIrasAW. M Hauano stomy 6HJO mosoxeno pa6o-
TaMy Haurero BHAatoulerocst cooredectsennnka H. W. JloSauesckoro.,

Jlo6auenckuii, OTKPBIBIIHA HOBYIO FeOMETPHK), OTAHYHYIO OT eR«
KAuaobo#t, HeH36eXHO NpHllen K BONPOCY O TOM, KakKOBa e Treo-
METPHA pPedAbHO20 NPOCTPAHCTBA, MOAOLIE] K MOHHMAHHUIO TOro, 4TO
€BKJH0BA TeOMETPHA MOXeT JHUIb RpubAuMeHHO ONMUCHIBATHL CBOMi<
CTB4 PeaslbHOTO MPOCTPAHCTBA, KOTOPOE B JAeACTBUTENIBHOCTH SIBARET-
CR 3HAYHTENBHO OoJjee caoXUEIM. M ero sxcnepHMeHTH! No BuIuHC/Ie-
HHIO CYMMBl YIJIOB OrPOMHOr0 KOCMHYECKOTO TPeyroJibHHKa — sIpKoe
CBHIeTenbcTBO 3Toro. PatGoTsl Jlo6ayeBCKOTO OTKPBUIH Mepel MaTe-
MaTHKaMy UeJwfi HOBHI MHp, TMO3BOJIHIA MCKAaTb HOBHE H HOBBIe
TeoOMeTpHH, U 3TO BCKOpe O03HAMeHOBAaJOCh NOABJEHHEM DHMaHOBOﬁ
T€OMeTpHH, BBeineHUEM HOpMHpOBaHHle, TONOJIOTHYECKHX H MHOTHX
JAPYTHX NPOCTPAHCTB.

~ BmecTe ¢ TeM 6bt1 O4HH MpoGen B MaTeMaTHYECKOM HaCJae/HH
Jlo6ayeBCcKOro, CYMECTBEHHOCTb KOTOPOTO OH CaM OT/IHUHO NOHUMAJL.
Peub ugeT 0 [Oka3aTeNbCTBe HENPOTUBOPEYUBOCTU ero «Boolpaae-
MO reoMeTpuu». BMecTo nmocTpoenust HeoOXOAWMOH AJNA 3TOTO MO«
nenu Jlo6aveBekOMY yAaoch MOCTPOHTb APYTYIO MOJENb: OKa3aloch,
YTO Ha NpelelbHOH cdepe mpocTpaHcIBa JloGayeckoro peasnH3yeTcCs
nnauumerpus Esxmupa. Kakas ropbkas upouus cyasbui! Iia toro
YTO6bl «Y3aKOHHTb» CBOIO TeoMerTpHio, Jlo6auesckoMy HyXHa Onia
«o6paTHas» MOZeNb, Peau3yiOllas BCE COOTHOLUIEHHA ero reoMeTpuH

" *) 3rux BaraAnoB npuaepKumanca n Benukui Heworou. [Tpuse-
JeM HeCKOJbKO nuTaT H3 kuuru: Kna#hiuw M. Maremaruka — yTpaTa
otipegenedsocTd. — M.: Mup, 1984. — C. 72—73: «Kak u Bce Mare-
MaTHKM M ecTecTBOWCHLITaTenw Toro Bpemend, Huwoton sepus B TO,
4To 6Or COTBOPHI MHP B COOTBETCTBHH C MaTeMaTHYECKHMH NpPHH-
HunaMH.. uaswuefimee coeguvenne CosHla, NUIaHET H KOMeT He
MOTJIO POU3OATH MHAYE, KAK MO HAMEePEHMIO H BJACTH MOryllecTBeH-
Helllllero M MPeMYAPOro CYLIeCTBA.. rocnoib 60T — HCKYCHbI MaTe-
MaThg ¥ QU3UK.. 3a7aYa HayKll COCTOHT B TOM, YTOGbl PacKpHITh
6ucTaTe/IbHhe 3aMHCAB TBOPIA»,
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H MOCTPOEHHAA W3 eBKJIHA0BA «MaTepnanas. Ho 3Toro eMy He cyxe
AeHo 6hijo clenaTb. TO BHINAJO Ha [NOJK0 HECKOJLKHX TeOMerpos,
pa6oTanwux 8o BTOpof! monosuue XIX cronerus, u ®ensuxc Kneity —
oann K3 Hux, OQHH M3 Tex, KTO NMOCTPOEHHEM HIAUIHOH MOAENH 3a-
Bepuiun 6osee ueM ABYXThICAYEJETHIOW «60pbGY» MATEMATHKOB ¢ MH-
THM nocTynaToM EBkanaa (MocTynaToM o mnapandenbHbix) H NOA-
TBepAHJ OpaBoMepHOCTh uael JlnGauesckoro 0 BO3MOXKHOCTH Cylue-
CTBOBaHHS Pa3HbIX reoMeTpHii.

Ecan 6u1 MaTeMaTuueckue 3acayru Kaeflna satum Tospko # orpa-
HHYMBANUCh, OJHO STO [ONHOCTHLIO OnpasabiBano Gbl MHTEpPEC K ero
wayugomy Hacmeanio. Opnaxo Knefin cpenan ropasmo Goablue.
B 1876 roay, npu BCTYOAEHHH Ha JOMKHOCTE 0podeccopa MO Ka-
¢deape reoMeTpHH YRHBEpCHTeTa B ropoae dpnanrere, Kaeitn npouns
Tan GNecTAINY0 JEKNUHO, B KOTOPONl HaMeTHJ Jajeko RAVILYi0 Kayy-
HYIO TIPOFpaMMy [EPEOCMBICJACHHS pPal/HYHBIX TeoMeTpuit ¢ eaunoft
rpynnosod Toukm 3pennd, Mucar KnefiHa MOXHO MOSCHHTH cnelylo-
wHM 06paaoM.

PapencTso (TOuHee, KOBIPYIHTHOCTb) reoMeTpHuecKHx ¢hwuryp —
HanpHMED HA MJIOCKOCTH — sBJASETCH OTHOLIEHWeM SKBHBAJEHTHOCTH,
T.e. OHO pedieKCHBHO, CHMMETPHUHO M Tpanautusno. MHaue rosops,
ana moGux ¢aryp F, G, H cnpaselMBH CAeAylOliHe YTBeDKICHHH
(B KOTOpLIX CHMBOJOM 22 0603HAYAETCSt KOHMPYIHTHOCTH reoMetpuue-
CKHX ¢uryp):

F ~ F (pednexcusuocTs);
ecqH F~ G, 10 G~ F (cHMMeTDHYHOCTB)*

e F~Gu G~ H, vo Fa~ H (TpamauTHBHOCTD).

CrnpaBeMBOCTL STUX YTBepXKJAEHHU BHITEKAeT H3 ONpEAENeHUR KOH-
rPY3HTHOCTH H cBofictB aBuwxennfi. HanoMuum, uro durypa F Hasu-
BaeTcq KOHI‘FY.‘)HTHOﬁ cbnry£e G, ecnu CylIeCTBYeT OBHMKEHHe g, ne-
pesoastutee £ B G, T.e. g(F) = G (3aMeTbTe, 31eCh PAaBEHCTBO, T. €.
coBNajieHHe, a He KOHrpysuTHocTh!). Uro6m noxasate pediekcus-
HOCTb, HYXXHO HARTH Takoe ABHXXeHWe, KoTopoe nepesoadTt durypy F
B cebn. TakuM ABHXKeHHeM ABJAETCH TOXAeCTBeHHOe OoTOOpaxenue e,
T. e, pe1IEKCHBHOCTb OTHOLIEHHS KOHFPYSHTHOCTH BbLITEKAET U3 BKJKO-
venun e & D, rne D — rpynna Bcex ABHMKEHHM MAOCKOCTH.

HecnoxHo nokasbiBaeTcs H cuMMeTpHunocTs, Iyers F= G, T. e
cyulecTByeT Takoe nBveuue g, 9to g(F) = G. Torma ofpatuoe
npeo6pa3oBande g=! (KOTOpPOe TaxKe ABJSETCSH ABHMKEHHEM) MepeBo-
aut ourypy G o6patao B £, T.e, g=1(G) = F. 10 u o3navaer, yTo
G ~ F, T.e. OTHOLEHNE KOHTPYSHTHOCTH CHMMETDHUHO.

Haxkoney, nyets F~ G u G~~~ H, T.e. CylleCTRYIOT TaKHe JNBH-
wenun f, g, uto f(F) = G wn g(G) = H. Torna koMmnoauuus g f
(T. e. Pe3yJLTAT MOCAEAOBATENALHOro BbiNoNHeHHs AbuXenudl f u g),
KOTOpas B CBOIO ouepelb ABJAETCA ABHIKEHHEM, cpa3y nepeBoant F
B H, T.e. gof(F) = H. 310 o3uauaer, uro F 2~ H, T.e, oTHOomWenue
KOHTPY3HTHOCTH TPAaH3HTUBHO.

Hrak, pednekcHBHOCTb, CHMMETPHYHOCTD H TD2H3IHTHBHOCTB OT-
HOIIEHHA KOHIDYSHTHOCTH BHITEKAIOT H3 TOTO, 4TO MHOXecTBo D Brex
RBHXEHHI saBaserca epynnod npecGpasosanuld NNROCKOCTH, T.e. 9TO
MHOMECTBO He NMYCTO H 06JajaeT CAeYIOUIHMA OBYMS CROFMCTBaMHI
eci fe D, 1o f-1e D, u, kpoMe Toro, ecih fD u g D, 1o
gofeD.

Ho rpynna ecex nBuKenufl — He efWRCTBeHHAS H3BECTHAR HAM
rpynna npeoSpasosauuit, Addupupe npeoGpazomanus (NNOCKOCTH



NPEAUCJIOBHUE PEOAKTOPA 7

HJIH TNOCTPAHCTBA) TakXe cocrasagior rpynny, O6pasyior rpynny
BCe HPOCKTHBHELIE TPeo6pasoBanua (NPOEKTHBHOR NMJAOCKOCTH WM Mpo-
€KTUBHOrO MPACTPaHCTBAa), Bce npeofpa3oBaHus noaoGus, Bee napal-
JeJIbHble NepeHOCLl, BCe ABHXKEeHHS NJOCKOCTH Hodaqeecxoro H T I
ITo mucnu Knefina xaxpnas rpynna npeoGpasoBanuit (HeKoToporo
MHOMXKeCTBa) 3ajfaeT «CBOK» reoMerpuio. Mmenno, nycrs I' — nexoro-
pas rpynna npeotpasoBaHHi MHoxecTBa M; Toraa nse durypnt F
u G (T.e. RP2 MOAMHOXKEeCTBa MHOXNcecTDa M) HasblBatoTca [-10H~
2PYSHTHOIMU, €CNH CYILECTByeT Takoe npeobpasosaHue g & I', xoro-
poe nepesoautr F B G W nojofno ToMy Kak eBKIHAOBA TeOMETpHS
H3ydaeT Te CBOACTBA ¢HIYD, KOTOpHE OAMHAKOBB Y KOHTPYIHTHHIX
¢uryp, T.e. Te cBofictBa GHIyp, KOTOpHe cOXpaHAIOTCH (OCTalOTCH
UKBAPUANTHOLMU) TPH BBHMKEHHAX, TAK H FEOMETPHSA IPynnsl npeobpa«
30BanHfi I' uaywaeT Te cpoiicTBa QHryp (T € TOAMHOXKECTB MHO-
xecTBa M), KoTopble OAHHaxXoBH y I-KOHFDYSHTHHX ¢Hryp, T.€. Te
CBOfiCTBA (HIyp, KOTOPHE OCTAlOTCA MHBApPHAHTHHIMH NpPH BCEX Mpe-
o6pa3oBaHusX, NpHHAAJeXalux rpynne I

3ta wpea Knefina noaponuaa eMy oGbeiHHUTb, OXBATHTH elNH-
HBM MOLXOAOM MHOTHe pa3ANuYHble T'eOMeTpHH: eBKAHAOBY, adduH-
HY10, NPOEKTHBHYIO, MHnepOoJHuecKyio reoMeTpuio JloGauesckoro, 37+
JIMITHYCCKYIO IeOMeTPHI0 PHMaHa M pan APYyrux.

IMpownn necarunerua. Tpynnosoit noaxoa Kaedna X ocMblCies
HHIO TeoMeTpHU NpHOfipeNl HOBLie 3BYYaHHsI H HOBHE 06JacTH MPHJO-
enud. Tenepb aHauenHe uaeil apJaHreHckol nporpaMmul Kiefina ne
orpaHnMyHBaeTcs paMKaMH reomeTpuu. Ipynmomas Touka 3peHH Ha
reoMeTpHuecKHe CBOACTBA QUCYyp WHPOKO HCHOAb3yeTcss B (H3HKe,
3uamenntuil pycckuit xpucransorpad u reomerp E. C. denopos, uc-
noab3ys nien Knefima, oTKpbln KpHCTaanorpadHuecKMe rpynnb, HO<
cAulue Tenepb ero HMA. OHM CTanaW B Hally AHH HayuHoH ocHoBoR
Kpdcraanorpacduu. [pynnoso#t moAX0A HAXOAMT BaMKHhle NPUMEHEHHS
B AlepHOH (u3HKe, KBAHTOBONX TeOpuH, PH3IUKE 3/1eMEHTAPHLIX ua«
CTHI; NMPHHUHIE CHMMETPHH H YETHOCTH — SIDKOe NpOsiBleHHe Py«
noBo# ToukH 3penHA. Elle oanH BreyaTAsIOWEA npuMep — cHeUHanb~
HasA TeopuA OTHOCcUTenbHOCcTH. Ee ocHoBof aBasercss rpynna mnpeoG-«
pasoBanuit JlopeHila, KOTOpaf 3al2eT cBOeOGPAa3HYI0 reOMeTPHIO ue-
THIDEXMEPHOr0 MPOCTPAHCTBA — BPeMeHH H CJAYXKHT NOLJIHHHOH OCHO-
BOR COBpPeMeHHOro (H3HYECKOr0 MOHHMAaHHA B3aUMOOTHOIUEHHS Bpe-
MEeHH U npocTpaHcTBa (JOKaJAbHO, B HeGoabmo# 06sacTH).

PasymeeTcsi, nomM#Mo (U3HKH H JAPYTHX eCTECTBEHHLIX HAYK,
NPHHUMNLY 3PJAAHTEHCKOH NPorpaMMH NPUMEHSIOTCH H B caMoil MaTte-
maTtuke. Pa3BuTHe STHX uaell Bonsouledo cefiyac B MOHATHH OOHO=«
POAHBIX HPOCTPAHCTB (HEPENKO Ha3biBaeMulX npoctpaHcTBamu Kneit-
Ha), KOTOphe HAaxOAAT pa3nHuHble NPHJIOKEHHS B psAle pa3lenoB
MaTeMaTHKH.

A B npo6nemax, CBA3aHHBX € MPeNnOaBaHHeM [eOMETpPUH, HAed
SDJNAHFEHCKOH mporpaMMbl BIJOTH JO CETOAHSILHEro JHA HMelT
OFPOMHOE 3Ha4YeHHe ¥ HAaXOAATCA Ha NepenHeM Kpae «MeTOLHYECKOro
dponta», C sauAHYeM 9THX uIeH WIKOJbHLIA mpenogaBaTenb MareMa-
THKH BCTpeyaeTcsd OYKBa/NbHO BO BCeX pasjenax Kypca reoMerpus,
H 32 NpolleAfide CTO JeT cO AHs npososrnamenus KneilnoM apia-
TEeHCKO{l NpOrpaMMb BJHAHHME 3THX MAell He TOJLKO He ocaabhno, Ho,
CKOpee, BO3POCJO.

Cefiyac XOpOLIO M3BECTHO, YTO TPAJHLHOHHO <IUKOJbHLIE» reo-
MeTpHYeCKHe 8alayd Ha JOKa3aTeJbCTBO MOryT pellaTbCsd He TOJbKO
HAyUuM u3 ceaodl ApeHocTH (0T EBKIMAa MM jpale paHee) Meto-
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JOM LemoYeK PaBHLIX TPEYrOJLHHKOB, CBSI3aHHLIM € NpPUMEHEHHEeM
TPexX NpPH3HAKOB PaBEHCTBA HMX, HO TaKXe NPHMEHEHHEM reoMeTpHue-
CKHX npeo6pasoBaHHi ¥ B NepBYK ovepeab ABmKeHu#. Hwmenno Ta-
KHe pellleHHA, CBH3aHHble ¢ JABHXEHHAMH H HCIOJB3YIOLIHE, B YacT-
HOCTH, COOODaXeHHS CHMMETDHH, HanGoJee BaXHH JJA PA3BHTHR
«reéOMeTpHYEeCKOro BHIeHHA». [IpHMeHeHHe ABMXKeHHR cOMHXKaeT Ma-
TEMATHKY C HAeAMH GH3IHKH, XHMHM, OHOMOTHH, TEXHHKH, COOT-
BETCTBYeT MNPOTPECCHBHHIM YePTaM MATeMAaTHYeCKOrO OCMBICJEHHS
MHpa.

Bnusune rpynnosoro moaxona KneflHa MOXHO HpociiefiuTh BO
BCeX TeMax WIKoabHON reoMerpun. Kaxxnas ¢urypa F onpenenser
HEeKOTOPYIO Ipynny ABHXeHHA; 5Ta rpynna cOAepXHT BCe Te ABHXKe-
HHA, KoTopnie nepeBoasAT ¢urypy F B ce6d, M nasmBaerca 2pynnou
camocosmewenud (uau rpynnof cuMMerpuit) durypu F. 3uanue
rpynnel caMocoemellennit Gurypw F Bo MMoroM onpefnenser reoMer-
pHueckHe cBoHcTBa 9TOH ¢urypm. Bce cBoficTBa mapaasenorpamma
BLITEKAIOT M3 TOr0, YTO €ro rPynna CaMOCOBMEUICHHA COJLepXUT
(KpOMe TOX[ECTBEHHOro NpeotpasoBaHHf) UEHTPAaJAbHYID cHMMETPHIO.
I'pynna camocoBmellleHHil poMfa (MAK NPSMOYroJbHHKA) Goraye: oHa
CON€PIXHT ellle JBe OCEBHE CHMMETDHH, H 3TO NOJHOCTLIO ONpefe-
JIAeT Te NOMOJIHHTENbHBle CBOHCTBA, KOTOpHE MMeeT 3Ta ¢urypa no
CPaBHEHHI0 ¢ napaaJenorpaMMmom o6uero Buga. Ceo#icTBa paBHOGen-
PEHHOTO TpPeyroJbHHKa — NPOfBJIEHHE €ro cHMMeTpuyHocTH. Bee cBofi-
CTBa NPaBHABHEIX MHOrOYrOJbHHKOB BRITEKAIOT M3 PACCMOTPEHHA HX
rpynn cuMmeTpHi. CBOACTBA NpPaBHJBHHX MHOTOIPAaHHHKOBR (MJH
APYTHX MHOTOrPaHHWKOB, OGNafalo¥X TON HAM HHOM CUMMeTDHY-
HOCTbIO), CcBOficTBa cepn, UHAHHAPA, KOHYca yno6Hee BCEro BLIBO-
JIUT ¢ HOMOUILIO PacCMOTPEHUs IPYNN CaMOCOBMelleHH# 3THx ¢QHuryp.
1 pns kaxpoll KoHKpeTHOH reomeTpuueckod ¢urypu GoraTcTso ee
CBOHCTB onpemeasieTcs NpeXJe BCEro ee IPYNNoil caMocoBMelUeHHH.
Bce 3to — cBoeoGpazHOe npesoMJieHHe KjeHHOBCKHX HIeH B LIKOJb-
HOM npenojaBaHHH. )

Mb 0CTaHOBHJHCH HA ABYX SIDKHX TeOMETPHUECKHX JOCTHXEHHAX
Knefina. Ho ero MHorocToponHee HayuHoe Hac/ieZHe COLEPXHT H
MHOTO Apyrux wuaell u peayabtaroB. Knefin BMecTe ¢ BenHkHM dpan-
LUY3CKHM MaTeMaTHKOM- IlyaRkape 3amOXu/i OCHOBH TEOPHH agTo-
MOpdrotx Pynkyud; oH BHeC CYUIECTBEHHHIt BKMaj B pa3BHTHe TeO-
DHA PUMAROBBIXL NOBEPXHOCTel MHOTO3HAYHHIX AHANHTHYeCKHX QyHK-
UHA; TaK HaswBaeMHe KAedHO8o. 2pynnsi ABASIOTCA KJAaCCHUECKHM
O6BEKTOM DPacCMOTPEHH B TeOPHH (QYHKUHI KOMIJIEKCHOH nepeMeH-
HOW; BCeM XOpOIIO H3BeCcTHa Gyroinrka Kaelsa, SABHBIIAACS ONHHM'
H3 nle.fmux NPHMEPOB OJHOCTOPOHHHX NOBEPXHOCTeR, H T. K.

' €COMHEHHO, JIMMHOCTb TAKOro MareMaTHka, kak Kneilw, npusne-
KaeT BHHMaHMe, H €ro BIrAfJB Ha Pa3BHTHe MaTEeMaTHKH, ee Teope-
THUYECKYI0 H MPHUKJIAAHYI 3HAYHMOCTb, B3aHMOCBS3b Pa3JHYHHIX pa3-
0B MAaTEeMATHKH, €0 METOAHYeCKHe B3TNSAAN H TNOHHMaHHe lleH-
HOCTH HAayKM — BCE 3TO HPOGYXKAaeT HHTepec MHOTHX dHTareneil, [lo-
LOGHO TOMY KakK BH3biBaeT B3BOJIHOBAaHHOE BHHMaHHe BH3HT B Ma-
CTEPCKYIO H3BECTHOrO XYJAOMHHKA, NOCELIeHHE TBOPYECKOro Beyepa:
KOMNO3HTOPAa HJH HTEHHe MeMYyapoB BHJANOWlerocs INHCATeNs, TakK
K2¥XA4ds1 BO3MOXHOCTb 3arffHYTb B TBODYECKYI0 MACTEPCKYI0 Kpyil-
YOT0 MaTeMaTHKa BH3bIBaeT XHBOA HuTepec. K coXasnenuio, Mate-
MATHKH CKYNO NEeNATCA CEKPeTaMH TBOPYECTBA CO CBOMMH GYAYLIHMH
NOYHTATeNsAMH, H B 3ToM naaHe KHHUrH Ilyankape, Ilofta, Apamapa:
npencTaBAAlT co60f npuATHEe HekmoueHusn. M kuura- Kaeftna, B Ka-:
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KOMf-TO cTemeHH BOcco3fqalolias TBOPUECKHH CTHAB €ro MBlULMEHHS,
B3TJSAAB H 3aMbicJbl, HeCOMHEHHO, OYeHb MPUBJIEKATENLHA.

ABTOp «3seMeHTapHON MaTeMaTHKH C TOYKH 3PeHHs Boicureils —
He TOJBKO KPYNHHIl y4eHbifi-TEOPeTHK, HO Taxme M GOJbLIOH mony.as-
pru3atop Hayku. [lepy KueitHa npunamnemar takue aaMeyaTenbHbie
npousBefleHHs, Kak «Bricuwiasi reoMerpusi», «Jlekuun 06 uxocasape»,
«YUeThipe 3HaMeHHTHle 3aflai¥ IPEBHOCTH» M MHOTHE ADYrue, B KOTO-
PBIX ¢ YAWBATEIBHBIM MACTEPCTBOM, B HHTepeCHOH M QoCTynHOH
¢opMe OH paccKa3biBaeT O TOHKHX H IAyGOKHX MaTeMaTHuecKHX ¢ak-
Tax, Teopuax, MeTonax. M B 3Toit kuure, mpeanaraemoli BHUMAaHHIO
untarens, Kuellu BhicTynmaer kak Macrep-nonyjasipusatop. YuraTeas
HalileT 3nech KPAcCHBHHA 3TI0A 0 NnaropoBelX UYHCJAAX W BeJHKOH
TeopeMe Depma, HSAINHOE H3JOXKEHHe TEODHH AeJIeHHS OKDYXKHOCTH,
pacckas o KBaTePHHOHAX, MPO3PAYHO HINOMEHHYI0 [aYCcCOBY HIEK
NOKa3aTeJbCTBAa OCHOBHOM TeopeMnl aareOphl, JOKa3aTeJbCTBO TpaHC-
UEeHAEHTHOCTH YHCeN € M f, MHOT0 KpaiiHe HHTepecHbIX NoApo6GHOcTed
Y3 UCTOPHH MaTeMaTHUKH H -PAX APYTUX BOMPOCOR.

H Bce He, HeCMOTPSt Ha MHOTONJIAHOBOCTh MpelJaraeMoil BHMMa-
HUMIO uMTaTenell KHMrM M HaJHyHe B Hel pasAMYHBLIX MaTeMaTHUECKHX
HAeH, NOAXOAOB, MONYJSPHIATOPCKUX HAXOJOK, He H3/J0XKeHHe B3rJs-
noB Kieitna Ha pasBuTue MaTeMaTHKM H He €ro CTpeMJieHHe BHeCTH
BKJAaQ B Hay4YHO-NONYJNSIPHYIO JHTEPAaTYPy COCTaBlfieT OCHOBHOK 3a-
Mblcen KHuru. Hanucanue 3Toit KHHMrM cBfi3aHO elle ¢ ORHON CTOPO-
HoMl JKuU3HH u p[esaTenbHocTd Penukca Knefina, nanpasienHoft Ha
ocyllecTBJeHHe NPOrpecCHBHLIX TEHAEHUH{ B [eJse LIKOJBHOTO MaTe-
MaTHyeckoro o6pasoBanus, OCTaHOBMMCA HeCKOJbKO TNOApPoGHee Ha
UCTOPHH 3TOro BOMpoca.

Crapas repMaHcKas THMHa3ug (1IKoJa (HJOJOrNUeckora Tvna)
JlaBaja CBOMM BOCIHMTAHHHKAM OUeHb CKYJHbie CBeJeHHR MO MaTeMa-
THKE M €CTeCTBO3HaHMIO. B mpoTuBoBec rMMHa3HuecKMM Nporpammam
nox pywosoacteoM B. ['ymGonbara (MMsi KOTOporo HbiHe HOcHT Bep-
JHHCKHH YHHBEpCHTeT) OHJIH pa3paGoTaHH HOBHE MpPOrpaMmil, B KO-
TOPDHX MHOr0 MecTa OTBOAWJIOCH MareMaTHKe H NpeiMeTaM ecTe-
CTBEHHOHAYYHOrO UMKJA. Yepes HekoTOpoe BpeMs OHJH yupemJeHbi
«peajibHhle TUMHA3HU® C HECKOJbKO PacLIMPeHHBIMH NPOrpaMMaMu no
MateMartike. OfHaKO BCe MpaBOBbe NPEHMYUIECTBA, B TOM 9YHCIE J10-
CTYN B BHICLUHE IUKOJH, GHJK COXPaHEHB! TOJBKO 33 KJACCHUECKHMH
THMHA3HAMH.

Ilpnanats o6pa3oBasHe, OCHOBAHHOE Ha €CTECTBO3HAHHH H MaTe-
MaTuKe, PaBHONPABHHM C KJ4CCHYECKHM — TaKOBO GHIO NepBoe Tpe-
GoBanue IPYNNH HOBAaTOPOB, Bo3raasasemol KiefiHom.

Pedopma MaTeMaThueckoro o6pa30BaHH#, 3a MNpoOBefeHHe KOTO-
poit 6opoanch KneilH H ero eauHoOMbIUIJIEHHHKY, GHJ1a HanpasJjeHa Ha
TO, 4TOGh OGHOBMTBH 3AaCThIBIIHA KypC MaTeMaTHKH peasbHBiX YuH-
JIHL, coenaTh ero GoJiee COBPEMEHHLIM, BKJIOYAIOMIHM HOBHE HAEH H
nocTHXeHHs Hayku. Barnsawm Kneitna na npenogaBanne MaTeMaTHKH
B CcpeaHell mKoJe OHAH BecbMa nporpeccHBHE., M xoTa MHorue H3
ero Tpe6OBaHHA Ccefidac BONJOLIEHH B IIKOJBHOM NpenojaBaHHH,
neparoruyeckHe uaed KneflHa ocTaioTcs aKTyanbHHMH H CerogHf.
OTH HAEH MOXHO H3NOXKHTb cleayHILHM 06pa3oM. .

Marematrka XIX cronerua npuxecna c co6Goff psa 3aMeyatesb-
HLIX. MAell, KOTOpHe HAJOXUAM [MYGOKHA OTmEYaTOK Ra BCe OTPaciu
aganua ¥ Texuuky. CoBeplleHHO HELONYCTHMO NO3TOMY, 4TOGH O6lte-
ofpa3ppaTesbHas MKoJa GuIa YyXKAa TOMY, 9TO COCTABAAET NOMJMH.
HOE cofepKanue coBpeMeHHoldl MaTeMaTHKH. OCHOBHYIO, PYKOBOAS-
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LY pONb B KYpCe MAaTeMaTHKH cpefHell IWKOAL ROJMHO HrpaTh
nouatHe ¢yHxkuuH. OO HOMKHO OBITH YCBOEHO YYAIMHMHCA OueHb
Bauo H J0JUKHO NPOHHKAThL BCe NpenojabaHue aareGpPH H reoMeTPHH.

43BHTb B IOHOWeE CNOCOGHOCTE K (PYHKUHOHANLHOMY MEILJIEHHIO CO-
CTaBAAeT OCHOBHYIO 3aftady pedopmsl.

Hanee, usyyeune QyHKUnil, HX BO3PACTaHUA H YGHBAHHA HE06XO0-
JHUMO H eCTeCTBEHHO NP 1BOAHT K MNOHATHIO ﬂpO]dSBO}lHOﬁ. 31'0 BLI3bI~
BaeT caelyloulee TpeGoBande pedlOPMaTOpOB: B npOrpaMMmy cpenHeit
1IKOJAbl OOJJKHBI GbITh BBE€IECHLI HAYaJga MaTeMaTHYECKOro adaJsHia.
OcuobHble nouatns aud(depeHUHaIbHOTO M HHTErpaJbHOr0 HcuHcie-
HO# HrpalOT BaXHYIO POJIb BO BCeX OTPACAAX H NPUJIOKEHHAX MaTe-
MaTHKH, 4 06OfiTHCh Ge3 HuX HeBO3MOXHO. B MmexaHuke npu omnpege-
JIeHHH TOHSITHA CKOPOCTH # YCKODEHH#, a TaKXe B psle paslesoB
(H3HKKH, KOTOpLle H3Y4aloTcs B cpeiHed IKoJe, Mbl G aKTHYECKH ole-
pupyeM npousBoiHblMH. Kiefly BulckasviBaer yfexaeHue, uTO HCKycC-
CTBeHHble NPHEMb, K KOTOPHIM NPHOEraloT B K2XJAOM YaCTHOM CJaYy-
yae, YTOGH H3GeXaTh NOHATHR O IPOH3BOLHONR H 06 HHTerpaje, TOMb-
KO COGMBAIOT YYalMXCH, CO3AANOT NYTAHHIY H OTHHMAIOT MHOrO Bpe-
MeHH.

Haxouen, no muennto Kieiina, na nepsbix cTyneHsx npenojaBa-
HHSl Haao OTKA3aTbCs OT CTPOrO JIOTHYECKHX TeHIAEeHUHH; HYXHO BO3-
MOXHO GoJiblile waFASAHBIX lpeacTaBleHW, BOMOXKEO Gosbllee uc-
JI0 MpuMepoB H3 NoBcefHeBHOR xu3Hu. Ho npu stom Kneltn cuntaer
HeoOX0IMMHM, 9TO0H B TedeHHe MOCJAeAHHX JeT oB8ydeHHs Joruue-
CKas CTOPOHA Jesla JOCTATOUHO BHISICHAJACD.

Hrak, oTKaz oT rocnoacTBa ¢HN0IOrHYeCKOH WIKOAB B MOJb3Y
H3YYeHHA eCTeCTBO3HAHHA M MaTeMaTHKH, yriybneHHe CBSAIH MEXAY
TeopeTH4eCKOH H MpPHKJAAZHOR MaTeMaTHKOR, BBeleHHe B MpenonaBa-
HHe MaTeMaTHKH QYHKIKOHAJbLHOTO MBILNEHHS H HauaJ MaTeMaTHue-
CKOr0 aHajH3a, a TakkKe HarasfHoe ofyueHHe H npeXjae BCero
LIHPOKOE NpHMeHeHHe rpadHuecKHX MeTOL0B — BOT T€ MPHHUHIb, KO-
Topee KuaellH H ero noc/ienoBaTeld CYUMTAAH HeOOXONHMHEIM MOJO-
XHTh B OCBOBY peOpMH IpenojaBaHHA MaTeMaTHKH B [IKOJe.
He npasma nH, 3TH NDHHUMOH He TOJMBLKO NPOFPECCHBHH, HO YAHBH-
TENbHO AKTYaJbHH H coBpeMeHHH?! JloCTaTOYHO CKa3aThb, YTO B CO-
BETCKOH WIKOJe 3TH NPHHUHMAN OCyulecTBJeHH 6osee HJH MeHee MOJHO
JHIBb 32 NOCJeNHHE ABA-TPH JECATHUJETHS.

Ho Bepuemcu K uCTODHHM CcO3LaHAS KHHrH, B cBsa3u ¢ Bopbboit
3a nmpoBefleHHe B KHM3Hb CBOMX B3rnAmoB KieliH npouen psia KypcoB
Anst npemojaBaresell 4 Gyaywdx yudTenell cpeiHWX ydyeOHLXx 3ape-
feHuA. OfMH M3 3THX KypcoB (ApOYHTaHHWH B TETTHHreHCKOM YHH-
sepcutete B 1907/08 yyefnoM roay) W cocTaBjsieT OCHOBY KHHTH.
B cBoux nexunsx Kuedn umen B BUAY [1aTb YUHTENIO HJIH CTYLEHTY
CTapllero Kypca colepaHue H 0GOCHOBaHHe BONPOCOB, COCTaBJAIO-
ILHX 9/eMeHTapHYI0 MaTeMaTuKy. OH cTpeMHJCH NOAOHTH K 3THM BO-
11pOCaM, KaK OH ¢aM fHCaJ] B MPeJUMCIOBHH K JHTOrpadHpoBaHHBIM
JMeKuuaM, BoiuegwnM B 1903 roay, «c TOYKH 3peHHR coBpeMeHHOM
HayKH B BOAMOXHO npocToit u Xusod dopmes, Jlekuun Kneidlna
npeacTaBasaloT co6oft peakHit BKJIAA B yueSHYI0O MaTEMaTHUECKYIO JH-
TepaTypy. HekoTopele Bompocet HH B KaKOM JIpPyroM COYHHEHHH B
nofo0OHofi ofpaGoTke Henb3st HafiTH: MHOroe 3aMMCTBOBAHO Herocpej-
CTBEHHO M3 HayIHBIX MeMyapoB, H3 OOLIMPHBIX HCTODHUECKHX COYHHE-
HHft, MaJOAOCTYNHLIX HJAH RaMe BOBCE HEJOCTYMHLIX TOMY YHTATEJNIo,
LJs KoToporo npeaHasHauenol Jexuuu Knaeitna, Mano Toro, kuura
HHTepeCcHa He TOMbKO YUHTENO, a MecTaMH, moxahy#l, H BOBCe He
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yantemo, Ona uHTepecta BHIMYCKHHKY YHUBEPCHTETA, MEAMHCTUTYTA,
TeXHHYECKOro BY3a, acMpaHTy — oHA AaeT eMy 0030p PYKOBOASIUMX
naell, NpORHKAIOUIHA MHOIMe OTAeNn COBPEMEHHON MaTeMaTHKH.

[ToHATHe 06 «3MeMeHTADPHOR MATeMaTHKE» ABASETCS ouedh PACTA-
KuMbIM. Knefln npussaerT sneMEHTAPHBIM BCe TO, 4TO JAOCTYNHO
IOHOIe WKONLHOro Bo3pacra. Ho ¢ atot Toukn 3penus mMHorHe wactd
couunenuss Kneitna BoBCe He MoryT OblTh NPH3HAHBI 3JeMeHTaPHLIMH.
YyeHue 0 KBATEPHMOHAX, YPABHEHHS M TPYNNbl MHOTOrPaHHMKOB M
X CBA3b C PUMAHOBLIMM MTOBEPXHOCTHIMH, YUeHHe O Manblx Kojefa-
HuAX, 0 panax Pypve, 06 HHTEPROAAUKH HHKAK He MOFYT GbITH NpH-
3HaHbl 3eMeHTapHEIMH. B HEKOTOpHIX €BOMX 4YacTAX Kuura Tpebyer
3HAYUTEJILHOH HAYYHOH NMOATOTOBKHM — YTO, KOHEYHO, BOBCE HE yMeHb-
WaeT ee JOCTOHHCTBA AJA TEX, KOMY 3TH BONPOCH AOCTYnHH. BMe-
CTe C TeM KHHIAa HMeeT XxapakTep COOPHMKA 3TIOLOB N0 BORPOCAM
SNeMEHTAPHOR MATEMATHKM H KX OCMBLICIEHMIO C TOYKH 3peHud MaTe-
MaTukd cospeMennoit. Kak nucan Kneftu 8 npeanciosuu x ymoMany-
ThIM Bhlllle MUTOrPAHPOBAHHLIM JIEKUHAM, <. He MMeJ B BUAY AATb
cliCTeMaTHYeckoe H3JNOXKeHMe, KAK 3TO [eNalT, HanpHmep, BeGep wu
Benbwrefin *): A xoTea NPHAaTh STHM JIEKUMAM XAPaKTep 3CKH3OB
B Tofi camo# ¢opMe, B KaKyl) OHH BBUTHBAJHCh, KOTAA 1 UX YHTAJ».

[IkonsHu# mpenogapaTenb MaTeMaTHKH Xopowo pasbupaercsa B
BONPOCAX METOAUKH IPenoja8aHHs CBOero mpeiMeTa, HO, KaK NpaBH-
JIo, CYAHT 06 STHX BOINPOCAX HA YPOBHe UWIKOJbHOH RporpaMMbl H
HAJTHYHA MeXMpeaMEeTHBIX CBA3ed ¢ APYrUMH, HO HMEHHO IIKOJbHRIMH,
npeaMeramu. [loMouh eMy MOAHATBCA HAJ 3THM YPOBHEM, B3LNAHYTH
Ha WKOJbHYI0 MaTeéMaTHKY C BBICOTH HAy4YHbIX H NPHKJAAHLIX HH-
TeDecOB — HCKpeHHee Xenanve aBropa. IIpu ofienHd cO WKOMBHH-
KaMH MpenoiaBaTe]b HacTO CTAJKHMBAETCA C TeM, 4TO yuaulnica He-
JOYMeBaeT, AJf Yero aBTOPY YueSHHKA NOHAAOOHACA TOT MAH HHOH
CMOXKHBIl annmapar, Te HJIM MHElEe TPOMO3AKHE paccyKiemus H Kak
MOXXHO GRIO 10 3TOTO AoAyMaTbesA. BoT atu umenno Bonpocst Kiefin
H CTapaeTca OCBeTHTb, OH CTapaeTcs pPacKPHTb HAE B CBeTe ee
HCTOPHYECKOTO PA3BHTHA, NMOACHHTH NpPO6GJEMYy B COTIOCTABJEHHH TO-
NbITOK ee pelieHuA. KJse#iH BCIOAY CTPEMHTCA COeAWHMTH eOMeTpHues<
CKYIO HAaTNSALHOCTHL € TOYHOCTHBIO AHANHTHYECKHX QJOPMYJI. NOSICHUTD
B HCTOPHYECKOM INIaHe OCOGEHHOCTH pAa3NHYHEX cnocofon H3NOKe-
HHS, KOTOpHE B WKOJLHOM NPENONABAHUM HEPenKO YXKHBATCH pPs«
noM. W Bwiclmyid Harpany cBoeMy TPYAY aBTop BHAea B TOM,
«..4706u -KHHra nolyxJaaja YyHHTeNs CpefiHeit IIKOJAK K CaMOCTOs«
TeJLHOMY Pa3MblIJIeHHIO 0 HOBOM, 60.ee 1lenecoo6pa3HOM H3NOMKe-
HHM TOrO Yyye6HOr0 MaTepHana, KOTopwi#i on mpenoaaer. Hckmoun-
TelbHO € TaKO!l TOUKH SPeHHs Halo CMOTPETb Ha MO KHHTY, a He
CUMTATb ee FOTOBBIM YueGHWIM nOjaHoM; pa3paboTKy mnocnefHero
BCelle10 NPeACTaBAAD TeM, KTO paoTaer B IIKOJes,

OcCTaHOBHMCA KPaTKO Ha coaepHaHuum nepBoro Toma. [lepman
€ro 4acTs npeacTaBaser cobofl 0630p coBpeMeHHOW TeopeTHueckoil
apudmeturd. Kpome pasgena 3 rnasun [V («YMnoxenne KBaTepHHO-
HOB K Mpeo6pa3zoBaHHe NOBOPOTHOrO PACTANEHHA B MPOCTPAHCTBER),
30ecb BCe OYeHk AOCTYNHO H MOXeT B TaKoHl Xe Mepe CAYXHTb
BBeleHHEM B TEOPEeTHUEeCKYID apuMeTHKY, KaK H AOMONHEHHEM K Hedl,

*) Kuura umeercs B PYCCKOM MepeBOfe, XOTA M ABiseTcs Gubs
nuorpaduyeckolt peakocthiwo; Bebep I', BeasmTedtn H. nuns
KJoneaus snementapuoil Martematukn/[log pea. B. ®. Karana, —
Onecca: Maresuc, 1912.
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YuraTens AONKEH TOALKO NMOMHHTb, YTO /[0Ka3aTeNbCTBA HHCAE He
IOBOAATCH RO KOHUA, aBTOP JIHIIb BHIACHAET HX BeayllHe HIeH.
IlepefineM, nanee, ko BTOpO#i uacTH MepBoro ToMa, K «AareGpes.
Us obuma Tem, KoTopbie nmpeaocTamnfeT anre6pa Aaas Gecemnl ¢ Gy-
Rywumu yuutensmu, Kneiln BeOpaj BonpocH, cBfsanHsle ¢ pelile-
HHeM YypaBHeH 4il. 3pecb, Npexae BCEro, W3JOMKeHbl MMTEpecHbe rpa-
duyeckre OpHeMbl HAXOXAEHHS NeACTBUTENbHHX KOpHeld ypaBHeHuft
¢ napamerpamu. MartepHan 3TOT 6JIH30K K INMKOJLHOMY [penoiaBa-
HUIO, NIPeACTaBARET WHTepeC AJIS YUHTeNIs H MOXKeT OHTb HCHOJb30-
BaH B KPYXKOBOH paboTe co lIKoabHHKaMH. B momdolt mepe k ocse-
IeHuio Npo6ieM 3/MeMeHTAaPHOH MAaTEMAaTHKM ¢ TOYKM 3PEHHA MaTe-
MaTHKH COBPeMeHHOH OTHOCHTCH OOGCYXKAeHHe BONPOCOB, CBA3AHHLIX C
KOMIIJICKCHBIMH 4HCIaMH, OCHOBHOH TeopeMoii ajreGpbl, ABYYJeHHBIMY
YpaBHEHHAMH, Hepa3peilluMOCTbI0 33jauH TPUCEKUUH yraa B oblleM
BHe. BMecTe ¢ TeM 3axkmoyuTeNbHble pasfiensl «Ajre6pbi» uamaralor
BONPOCHI, COCTaBAfIBIIHE IJ1aBHLIM 06pa3oM npeaMeTH COGCTBEHHBIX
pa6or KreflHa. 3TH HoeH HaxOAAT 3aMedaTelbHOe OCYLLECTBJIEHHE
B BOMNPOCaX O TOM, KAaK CJHTb pa3juuHble OTHENbl MATEMaTHKH B
OJIHO LIeJIoe U KaK reOMeTPHYECKHe NPelCcTaBJeHHs IOMOraioT YACHHTb
adanuTryecke Teopuu. Ho xora B pAme Mect KaeilH Bosspalaerca
K WIKONBHLIM NpPOGJeMaM U faeT KPYnuubl APKHX H HHTEDeCHLIX MbiC-
JeR O npenofaBaHWK (HanpHMep, B CBA3H C pellleHueM KyOHUecKHX
ypaBHeHHH), B UeJOM 3TH MAEH CTOSAT AaJeKO OT IIKOJbI, H M3yueHHe
HX BpAA JIH MOXeT NMPHHECTH CYILeCTBEHHYIO nmoJb3y Gyayiemy npe-
nosasatento. OnHako ANA CTYAEHTOB H MaTeMaTHKOB, KOTOPHE HHTe-
pecytorca anare6poi, 3TH rnaBbl NpecTaBaAsOT raybovaiini uHTEpec.
Bupouem, cama uges 3tHx uccnefoBaHuil KaeiiHa oueds 6an3ka x Bo-
mpocaM dJeMeHTapHON MaTeMaTukd. B o6IMX uepTax oHa cBOAHMTCSH
K cneaywomemy C naBHHX BpeMeH GhlM YKa3aHBl MeTOAbl BbIYHCJE-
HHSl KOpHell BYu4ieHHbIX YpaBHeHuli BHAa x" = a. [loxkany#, uMeHHo
B CBf3K C 3THM H3BJledeHHe KOPHSl GLLIO OTHECEHO K HHCNY omepa-
UM, KOTOpble AOJDKHH CYHTATHCH XOPOIIO H3BECTHBIMH H H3YyyeH-
HuMH, Kraccuueckag noctaHoBka 3agaum o6 aareGpaHyecKoM pelie-
HUU YpaBHeHHH B TOM HMEHHO M 3akJjioyasnack, 4ToObl CBECTH pellle-
HHe BCAKOrO YPaBHeHHSl K PElIeHHI0 OCHOBHBIX®, T.e. NBYUWIEHHBIX
ypaBHeuufi. Kak U3BeCTHO, 9TO YAAaJOCb JJsi yPaBHeHHH BTOpOi,
Tpetbell M yeTBepTOit cTenmerell. OTHOCHTENbHO e YpaBHeHuit Gojee
BBICOKHX CTeneHed GbLI0 oOHapyXeHo, YTO HX pelueHHe, Booblle Io-
BOpS, HE MOXKET ObiThb CHeLEHO K HM3BJIeYeHHIO KOPHef, T.e. pelleHHio
ABYWIEHHHX ypasueHuil. I[loqo6HO TOMY KakK ObI4 H3yYeHH ABYYJeH-
Hble ypaBHEHH#, MOXHO HCKATb HOBLle THIMbl «OCHOBHLIX® YpaBHEHHIH,
M3y4HTb, ONpeleadeMyl0 STHMH YPaBHeHHAMH (QYHKIHOHA/NLHYIO 3aBH-
CHMOCTb H [OMBITATBCA CBECTH AaAbHeHIIMe rpynnd YpaBHeHHil K
STHM HOBRIM OCHOBHEIM THnaM. K TakoMy HamnpaB/leHHIO OTHOCHTCS
u3BecTHoe HccnepoBanue KoefiHa 06 Mkocasape, ofilllMe pesyJbTaThl
KoToporo H npueefeHsl B riaBe Il «Anre6pui». PyxoBoafllell HUTbIO
31ech CAYXKHMAO H3oGpaxceHMe QYHKIHOHANbHOR 32BHCHMOCTH, olpe-
JlensieMoii «OCHOBHbIM» YDaBHEHHEM, HA PUMAHOBOH MOBepXxHOCTH. JTa
3aBUCHMOCTb B cjyyae JBYYJEHHBIX ypaBHeHHA NPHBOAMT K YypasHe-
Huwo Jdusdpa. JanvHelillee pasBuTHE HIEH, KOTOPOE YHTaTeNb HalgeT
B_TeKCTe, NPUBOJAHT K YPaBHEHHAM MHOrOrpaHHMKoB, KJeiH yka3u-
BaeT KaTeiOPHIO YpaBHEHHil, KOTOpble MPHBOIATCA K STHM THIAM.
M xorsa sTH uccaenoBauus, rayGoKue Mo uiee H TaJaHTAUBHE MO Hc-
NOJHEHHIO, HOCAT BCe e CMeUHaNbHBI XapaKTep, HO 3aMbICeJ MX
(M3A0JKeHHH B BHIAE Pe3lOME Ha MOCAELHHMX ABYX .CTPaHunax. sAJj-.
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re6phi») OueHb MHTEpECeH H MaeT NOBOL K PasfyMbAM u Gonee ray-
GOKOMY OCMBLIC/JEHHIO MATEMAaTHKH.

Tperbs wacTe mepBoro TOMa, MOCBAIIEHHAd aHaMU3y, HandcaHa
(32 HeGO/IBIINME HCKJICYEHHAMH) B Bhicuiedl cTenmens moctymuo. Tax
JKe KaK MepBYI0 4acTh H Hayalo BTOPO# 4acTH, ee MOXKHO peKoMeH-
[OBATh BCeM H3yyalolluM MaTeMaTHKV. DBomee Toro, HMenHo 3Ta
4acTb JlaeT npenoftaBaTenio GOraThil UAMIOCTPAaTHBHBLH, MeTOAHYECKHA
H MCTOPHYeCKHi MaTepHal KaK B OTHOMIEHHH GYHKUMOHAILHOIO MBI~
NenNd, Tak ¥ Mo BOMPOCY O Hayajax aHa/fH3a B LIXofe (He TOJBKO
cpeaHet). Kak u KHHra B Ue/OM, 3Ta YacTb HAMHCAHA WePABHOMEPHO.
Hapsiay ¢ o4enb HHTEpeCHHIMH HIEAMH, CBA3AHHHMH C - H3yYeHHeM
371eMEHTAPHEIX TPAHCUEHAEHTHHIX (QYHKUHH, ¢ OCHOBHBIMH HMOEAMH
MaTeMaTHUeCKOro aHa/ju3a H HX HCTODHeH, 3lech ecThb ¥ 6osee cre-
n¥asnbHble Bompockl (cdepuyeckas TPHroHoMeTpud, paan Pypre H
IPyrde <«HeluKoJibHBie» TeMn). MHoro muaedl kak 6u  Gpomeno
BCKOJIb3b ¥ He Pa3BuTo moapobHo. [lostoMy B 3TOM KHure, nmpegHa-
3HaueHHOA no 3amblcny KieliHa ans yuuTens, Mbl B NpefJiaragMoM
H3JlaHHH JA06aBHJH, C LENbI0 Pa3bACHEHHA, PAA CHOCOK (HHOrzxa
Y4HTHIBAIOLHX cerofHAMmnuil ypoeenb Hayku). HekoTopule MeTomosno-
raveckue mnoJomenus KyellHa NoKaXyTcs COBeTCKOMY u4HTATeNo,
rpaMOTHOMY B HIEONOTHYECKOM OTHOLIEHWH, HECKOJbKO HaWBHBIMU. -
OpHako 3TO He CHMKaeT 6OJbLLIOrO HHTepeca W 3HayeHHs Tpyaa
Knefina. KHura MaTeMaTHYECKH M METOAMYECKH 3HAUKTENbHA, B BBIC~
el CTeMeHH MpHBJeKaTeabHa, NoJe3na, OHa HamucaHa GOJBIIMM yye-
HLIM, BRIJAIOIIMMCA NONYJISPH3aTOPOM, IEeJlaroroM, MacTepoM cJoBa.

O6paruMcst Tenepb K COAEPKAHAIO BTOPOro TOMA, HOCBALIEHHOTO
reoMeTpHH. 3Ta KHHIa HeOGMYHO HHTEPeCHAa W OPHIHHAJbHA — H He
TOJBKO MOTOMY, YTO B Hell ABTOP 3PJAHreHCKO# mporpaMMbl U Irpym-
NOBOr0 MOAXOAA K MOCTPOEHHIO H OCMBICJIEHHIO FeOMeTpPHH H3saraer
CBOH MLICAH H B3rMAAH KA 3TOT npenmer. HManoxenne BTOpOro Toma
0cOGeHHO HHTepecHO ellle ¥ TeM, uro KieiiH 3fech ¢ camoro Havana
CTAaHOBHTCH HA INYThb QHAAUTUYECKO20 OCMBICIEHHA HIlei'{ H nousatuft
reoMeTpun. TeopHS HHBapHAHTOB — TOT reOMeTPHUECKHH XOMMNae, Ko-
TOpHil Xouer Aath Kiefin B pyku uuratens. H uMeHHO ¢ momolibio
3TOr0 KOMNaca OH OCYUIeCTBJISET OPHEHTHPOBKY B TOM o6beMe reo-
MeTPHUECKHX CBeAeHHR, KOTODHH HEOGXOAHM YUHTENIO IJs rIyGoKoro
NOHAMAHHA MpeaMera: u3MepeHHe [eOMETPHUYECKHX BeNHYMH, BeKTODHI,
npeo6pa3oBaHHe KOODAHHAT, MABHXKeHHs H [ADPYyrHe reoMeTpuueckue
npeo6pa3soBaHHA (B YacTHOCTH, TNPOEKTHBHHE), 3pJAHreHCKas MNpo«
FPaMMa, OCHOBRHHA FeOMeTPHH.

Knefiny npuHaafieXHT NPHHUUMHANbHAA OLEHKa TOTo BKJaja B
FeoMeTpHI0, KOTOPHIl cOdepXKHTCH B paboTe 3aMeuaTesbHOTO reoOMeT-
pa Ipaccmana, nosBuBileficA B cepellHe IPONLIOrO0 CTOJETHA, HO
IdaneKo He cpa3y 3amedeHHoRt MaTeMaThKaMH. HMenno ot I'paccmana
HlleT uaed MHOTOMepHOTO MPOCTPAHCTBA H HAes BEKTOPHOTO OCMBIC+
NEeHUsl TeOMETPHH, 3aBepliuBlIascy (yXe mocje Bbhixoga KHhry Kaeit<
Ha) nosBaeHHeM BeflJieBcKOM akcwoMarusaluy reomeTpud. M nepsyio
yacThb CBOMX FeOMeTPHYeckdX fekuHA, osarnasiexHylo «IIpocrefiinne
reoMerpuyeckue ofpasnls, Knefln H3dHO M3JaraeT, BLIBOAA BCe Mep<
BOHa4aJibHble reOMeTPHUECKHE HJleH H3 [PacCMaHOBA MpHHUHNA oMpe-
nenuTened, KoTopufi KneHH cuyuTaer «uenecoo6pa3vbiM NyTeBOAHTE-
JeM CpejilH MHOMeCTBa OCHOBHBIX reOMeTpPHYECKHX 06PasoB» H HCTOY-
HUKOM «GoJbllloro Kpyra ujeH, KOTOPHA OXBaTHBAaeT BCiO IeOMETPH-
yecKylo cucTeMaTHKy». Knelin kak Gb moayepkuBaeT 5THM, YTO B 3Ha-«
THTeNbHON cTenenu K3 uAed I'paccMaHa OH HCXOAWA B NpelsIoXeHHOM
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HM  CHCTeMaTHKE [EOMETPHH, T. e. B  3pJaHreHCKO#. npo-
rpamue.

Bropaa uwacTh FGOMETPHYECKOTO TOMA IOCBSILleHA FeOMeTPHUe«
CKHM npeo6pa3oBaHuaM. KaefiH ¢ YAMBHTE/JbHHIM MACTePCTBOM Yue-
HOTO H NOMYJAPH3aTopa OXBATbiBaeT eBKJAHLOBY, aQdHHHYIO, NPOEK-
THBHYIO T€OMETDHH H KacaeTcd TaKMX BOIPOCOB, Ka3asioch Gbl, AaJe-
KMX OT OCHOBHOH TeMhl, KAK MEDKAaTOPCKasA KapTa MHpa, TeopHA 3Y6-
YATHX KOJeC H T. IL

TpeTbs yacTb reoMeTPHYECKOro TOMA [OQCBsLIEHA CHCTEMATHKe
reoMeTprH, T.e. 3pJaHrenckoit nporpamme, Manomenue Knefina, rax
H BO BCeHl KHAre B LE/AOM, NOA4EPKHYTO aHaauTHYecKoe. JTO He 3Ha-
4gT, yT0 Kneltii HactauBaeT HA HCKMOYHTENLHO aHAJMTHYECKOM H3J0-
MeHHH TeOMeTPHH & wkose. KaehH mnoguepkuBaer, YTO peyb HAET
O CO3JaMHH Y y4uTeAf UEJOCTHOTO NOHHMAHHUS TeOMEeTPHH, TOraa
KaK LIKOJLHOE INPeNojaBaHHe NOJXKHO ObITb FeHETHYECKHM, Har/fl~
HbHIM H — [0 ONpPEeNe/NEHHOr0 MEeCTa — CHHTeTHUYECKHM. 3aKaHyHBaeTcs
TPeTbS 9acTb HHTEPECHHM 0630pOM, NOCBSUIEHHHM OCHOBAHHAM Teo-
METPHH. 3Jech YHTaTelb HaHAeT OPHIHHAJBHHIE KpHTHYecKHH pa3Gop
«Hayan» EBkJania, nocTpoeHHe CHCTEMW AKCHOM T€OMETPHH C MO-
MOILIbIO ABHXKEHHH, uieH HeeBKJIHIOBOH reoMeTpHH.

ITocnennAs yacTh KHHIH CBA3aHa C BOUPOCAMH DpenoiaBaHUsA
reomerpui. Xars KiefiH ocBemaeT cocTosHHe mpenofaBaHHA TeoMer-
PHH B Pa3syiX CTPaHaX B HauaJje HALUETO CTOJIETHA, HO HA 3TOM doHe
OH H3/IaraeT cs0u MHCJH O IPeNofaBaHHH, HMEWLIHe G6OJbINOH HH-
Tepec H COXpaHAolHe 3HAYEHHE CETORHA.

B 3akioueHHe OTMETHM, YTO, COXPAHHB B UeJIOM COJAEpKaHHE
kEHrH KaeflHa, Mu Bce JXe TMPOH3BEJH HEKOTOPHE KYMIOPH B TeKCTe
coyuHeHna. Mckmouenn aononavenus «PassuThe pedopMH Tpenofga-
BaHHS MaTeMaTHKH B ['epMaHu», «IONoJHNTeNIbHHE CBEACHHA O Ma-
TeMaTHYeCKOH# M AUJAKTHYECKOH JHTepaTyper, a TaKie JAONOJHEHHA
KO BTOpOMY TOMY (BCe OHM HamHcaHsl He caMum KaeitHom, a ero
coTpyRuukoM @. 3endaprom).

Hanee, B pasnene «ApudmeTura» BHDYUEH TekcT «OnucaHHe
cyeTHoR MauwHu Brunsviga», B KOTOpOM aBTOp ONHCHBaer apud-
MOMeTp ¢ Bpawawuleiics pyykoft H TepeMemawoumiedica KapeTKoH.
B ycJ0BHAX LIMPOKOTO BHeApeHHs HHOOPMATHKM M OHICTPOH KOMIblo-
TepH3allHM Daccka3 O «COBPEMEHHOH BLIYUC/JHTEILHOH TeXHHKe» B
BHJe apHOMOMETpa MAJOHHTEpeceH.

B npepsaraeMom H3JlaHHH KHHTH 3HAYHTENbHO COKPAILeHH! CCHJIKH
Ha CTAThH H YYeGHUKK (Ha HeMELKOM s3blKe), BHIRYIHEHHhIe B KOHILE
DNPOIIIOFO M Hayaje HEIHeWHero croJeTHH. B HeKOTOpHX caydasx
n06apJeHH CChHLIKM Ha COBpPEMEHHYK MaTeMaTHYeCKYl H MeToAHdue-
CKYIO /IHTepPaTypy Ha pPYCCKOM A3HKE.

B ocrajabHoM TeKCT KHWrH KhaefiHa coxpaneH Ge3 HaMeMenuid
(ec¥ He cYMTATh HEKOTOPOr0 PENAKTHPOBAHHA MEPeBOAA, KOTOPLIH
B npenHAylleM H3JaHWR KHHCH MEeCTaMH OCTaBJ/AJ KeJaTb Jy4llero).
OrMeTHM, YTO IPaBU/AbHWM NEePeBOJAOM 3ar/aBHA KHUTH Oblio Ol
«3neMeHTapHAs MaTeMaTHKAa C BBHICIIEH TOYKH 3PEHHS»;, OAHAKO Mal
COXPaHW/IH NpeXHee 3araaBue, NOCKOJbKY HMEHHO NOX 3THM Ha3Ba-
HueM Kudra Knelima mOpuoGpesa CTORb 3ac]yeHHHWH HHTepec H
HpH3HaHKe,

B. I, boaranckud



BBEJEHHUE

B nmocnensne ronnl B cpejie YHHBEPCHTETCKHX Npeno-
JapaTesNed MaTeMaTHKH H €CTECTBO3HaHHHA CTaa oOHapy-
JKUBATbLCST HHTEpPEC K BOMNpoOCy O Lieecoo0pa3HOM, COOT-
BETCTBYIOWEH BCceM MOTpeGHOCTAM, NMOArOTOBKe KaHAHAA-
TOB Ha YYHTeNbCKHE JLOJIKHOCTH. DTO sBJeHHe 3aMeua-
eTCA CPaBHHTENBHO HexaBHO. Lo TOro B TeueHHe HOJTrOro
NepHoAa B YHHBEPCHTETAaX KYJbTHBHPOBAJACh HCKJIOUH-
TeJbHO BbICOKAR HayKa Ge3 BHHMaHHsS K TOMY, 4TO, coG6-
CTBEHHO, HYXKHO LiKOJie; 06 YCTAHOBJIEHHH CBSI3H MeX[Iy
YHHBEPCHTETCKHM NpPENnojaBaHMeM H NIKOJAbHOH MaTeMa-
THKOH HHKTO He 3a6oTuics. Ho K KakuM NOCIeRCTBHSAM
anBe.na“ TaKast npax’rnxa? BCT)’I‘Iaﬂ B BHICIIYIO LLHKOJNY,
MOJIOAOH CTYAEHT OKa3nlBAETCsA JIHIOM K JHUY C TAKHMH
3ajlayaMH, KOTOpble COBEpDUIEHHO He HAalOMHHAIT eMy
TGrO, YeM OH J0 CHX NIOp 3aHHMaJcCs; ecTeCTBeHHO, uTO
BCE€ 3T0 OH OHICTPO H OCHOBaTenbHO 3abuBaer. Koraa
JKe OH 3aKaHYMBaeT YHHBepcHTeTCKoe o6paszoBaHHe H
CTAHOBHTCH [penojaBaTe/eM, OH BbLIHYXK/EH B KauecTBe
yUHTeJd NpenonaBaTh TPAJAHINCHHYIO MaTeMaTHKy; He
"6yIy4n B COCTOAHHH CaMOCTOSTENbHO CBSI3aTh 3Ty 3a-
a4y C TeM, UTO OH CJHILIAJN B BHclLIeH 1wKoJe, O OLICTPO
YCBaUBaeT CTApyl TpajJHIHMIO; YHHBEPCHTETCKOE Xe 006-
pasoBaHHE OCTAeTCsi y Hero TOJbLKO B BHAE NPHATHOTO
BOCIIOMHHAHHS, He OKa3hBAIOLIETO HHKAKOro BJHSHHSA
fla ero npenojaBaHue,

B HacTosilee BpeMA BO3HHKJIO CTpeMJEHHe YHHYTO-
HHUTb 3TOT ABOHHONA pa3phB, KOTOPHH, HECOMHEHHO, 6blI
OAMHAKOBO BPEIEH KaK AJd cpefHel, TaK U AJs BHCLIEH
wkosel. MIMeHHO, MBI cTapaeMcs, ¢ OAHOH CTOPOHH, NpO-
BeCTH depe3 Becb MaTepHaJ WIKOJABHOrO OO6YuUeHHSI Te
HJeH, KOTOpHIE OTBEYAlOT COBPEMEHHOMY Da3BHTHIO Hay-
KH H o0wed KynabTypsl (K 3TOMYy MH elle HEOZHOKDAaTHO
6yneM BO3BpALIATECH); ¢ APYTOH CTOPOHH, MH CTapaeMcs
B YHHBEPCHTETCKOM NpPeNnofaBaHHH NPHHATb BO BHHMaHHe
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HYXAB yudTesefi. B 3TOM uMeHHO jeje OYeHb MO-
Je3HbIM CPeICTROM NPEeACTABASIOTCH MHe HayuHble 06-
30pbl, K OIHOMY M3 KOTOPHIX MK HBHYE IPUCTYNMAEM.
S umero, caenoBaTesibHO, nepen coGoi He HAUHHAIOUIHX;
HalpoTHB, A CYHTAI0, UYTO BceM BaM OOLIUA MaTepHas BaXK-
pefluMX MaTeMaTHYeCKHX MAHUCUHILTHH XOpOWIO 3HAKOM.
MHe npupeTcs HeONHOXPAaTHO FOBOPUTE O 3ajadax aire-
6pul, TeopHM 4Hces, TeopuH GYHKUHH, He BXoaa B [e-
Taad. Bel 10MXKHH 6HITb CO BCEMH 3THMM BellamMu A0 He-
KOTOPO# CTelleHH 3HaKOMELI. Most 3aflaua Oy/AeT NOCTOAHHO
3aKJII0YaThCcd B TOM, UYTOOH BHIABHIaTh B3aUMHYKO CBA3b
MEKAY BONPOCAMH OTAENBHEIX AUCIUIJIMH (KOTOpas uac-
TO CKPajAbIBaeTcs B ClELHaJbHEIX Kypcax), YTOOH YKa-
3blBATh HX OTHOLIEHHE K BOINPOCAM LIKOJbHON MaTema-
THKH. §1 mosaralo, 4To 3THM nyTem MHe ypacrtcs obier-
YHTb BaM JOCTHXKEHHE lleJid, KOTOPYIO Bhl AOJMIKHH HMETh
B BHJAY INpH H3Y4YeHHH MaTeMAaTHKH B BbICUIeH LIKOJE:
nossxce, 8 galem coOCTaeHHOM npenodasanull, cCOXPanuTs
HuBYto €8a36 ¢ TOU HAyxoU, KOTOpAs sam 30ect npenod-
HOCUTCA 8 u3obuaiuu.

[TosBonbTe npexkiae BCero ymnoMsHyTb O TOM HHTepe-
ce, KOTODbIH BHI3BIBAET B MNOCJEfHEe BpeMS B UIHPOKHX
Kpyrax BONPOC O NOATOTOBKe yuuTene#i, B uacTHOCTH,
5TH BONPOCH OUYeHb 3aHHMAaJNH NOCJIEIHHA Cbe3d ecTe-
cTBOMCHEITaTen el B [Ipesaene, cocToABWIMACH B CeHTAGPE
1907 r., Ha KOTOpPOM MBI, COTIaCHO NpPeACTaBJIECHHIO Nena-
rOrHYecKO! KOMHCCHH, NDHHAJIH <«IIpeLJOXKeHHS OTHOCH-
TeJJbHO Hay4HOR NOATOTOBKH MNpenojaBareseli MarTema-
THKH W eCTeCTBO3HAHHA>.

B KauecTBe BBelE€HHs B HACTOAIMA Kypc A Xouy 06-
PaTUTb Ballle BHUMAaHHE Ha TO, UTO TPH rOAa Hasajx f YH-
Taj JNeKUHH, TNpecjJeJOBaBlIHe TaKyio Xe Ledb, Kak H
HacToAwHKA Kypc. Mo#t TtorzawHuii accHcteHt P. Ium-
MakK 06pa60Tan 3TH JAEKLHH, ¥ NepBasg 4acTb HX HeJaBHO
i0fBHJ1ach B MeyaTH. B HHX ugeT peub O pasjHYHOrH
‘POAA UIKOJAX, BKJIIOYAs M BhICUIME, 00 oblieM XOAe mpe-
[IOlaBAaHUA H O B3aUMHOH CBSI3H MEXAY 3THMH LIKOJAMH.
3aecb, Kak Obl B BHJE NPOTOJNKEHHS TOTO Ke H3JI0Xe-
HHA, A OyAY OCTAHABJHBATbCA HAa TOM, YTO OTHOCHTCH
COGCTBEHHO K MaTeMAaTHKe H YTO HMeeT TO HJH HHOE
OTHOLIEHHe K npenoaasaHuio. Hacro kacasch mpemona-
BaTeNbCKOH NMPaKTHKH, 7 OCHOBBLIBAKOCL NDH 3TOM He Ha
OfHHX TOJBKO PACILIBIBYATHIX COOGPaXKeHHAX O TOM, KaK
3T0 JAeJ0 MOIJ0 6n O6CTOSATH, HJAM 2Ke HA COOCTBEHHHX
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CTaphX HIKOJbHHWX BOCIIOMHHAHHSIX; HanpoTHB, i HaXo-
Xycb B NOCTOsiHHOM ofweHnu ¢ LlnmmaxoM, xoTopwit
B HacTosilllee BPEeMsA NpenofaeT 3Jech B OAMOH rHMHA3Hu
K TIOCTOSTHHO OCBEAOMJIAET MEHN O HAcTOsleM [10JI0Xe-
HHH @penojfaBaHHs, HECOMHEHHO VlIeJlleM NaJeKo Bre-
pedL mo cpaBHeHHIO ¢ MpolWIBIM. B HacrositieM cemectpe
sl HaMepeH H3JIOXKHTb «TPH BeNHKHE A»: apupmerury,
anrzebpy u anaau3; NPOAOJIKEHUE KE 3TOr0 Kypca B cie-
AyloleM cemecTpe OYAET NOCBAIUIEHO FeOMETPHH. 3aMedy
KCT4TH, YTO B BHICIIHX YYeOHLX 3aBeAeHHAX 3TH TpPH
OT[€N1a HEPEeIKO HMEHYIOTCs OOWHM HasBanieM apud-
METUKHW; Ja ¥ BOOOIIe Mbl HE Pa3 BCTPETHMCH C OTHJO-
HEHHEM TEPMHHOJOrHN, NPUHATOR B LUKOJE, OT TO#H, KO-
TOpas LapHT B Bbiciam yueGrom 3aseaeHuH. TosbKo
XHBOE O6llleHHe, KaK Bbl BHAMTE [Ha 3TOM He3HAYHTEJb-
HOM IIPOCTOM TpPHMepe, MOXET NPHBECTH K B3aHMHOMY
HOHHMAHHIO.

O6pamy Baiwe BHHMaHHE Ha OGUIHPHOE COYHHEHHE,
KOTOPOE, B 00ILEM, NIPECAeyeT Te JKe LenH, Kakue HMero
H s B BUAY; 3TO — «DHUHKJONEAHA 3JeMeHTapHoi Mare-
MaTHKH» Be6epa u BeanwrefiHa. YKaxy cefiyac xe Ha
HEKOTOpOEe pas/jiyHe MEeXAy 3THM COUHHEHHEM H HJIaHOM
HaCcToALEro Kypca. ¥ BeGepa n BeaburteliHa sJjeMeHTap-
Hasg MaTeMaTHKa CHCTeMaTHYeCKH M JIOTHYECKH pa3BH-
BAETCA Ha 3peJIOM MAaTeMAaTHYeCKOM .fi3piKe, NOCTYHHOM -
CTYAEHTY, AaJeKO MOJBHHYBINEMYCSi B CBOHX 3aHATHAX.
O ToM, B KakOM COGCTBEHHO BHJAE 3TOT MarTepuas AOJ-
>XeH GUrypupoBaTh B LIKOJE, 3J€eCh BOBCe HET peuH.
Mexay TeM H3JiOXKeHHe B IUKOJe, BupaxKasach o6pasHo,
JOJIKHO OBITh HCUXOAOZUYECKUM, @ HE CUCTEMATUHECKUM.
YuuTeab RoJ¥KeH ObiTh, TAK CKasaTb, QHMJOMATOM; OH
JOJKEH YYHTHBATL AYIUCBHhHIE [ABHMKEHHA IOHOWH, AOJ-
JKeH yMeTb BO3GyAMTbL ero HHTepec, a 3To OyldeT eMmy
yIaBaTeCs TOJNBLKO B TOM cJaydae, ecayd OH Oyner usja-
rath Bellld B HamaAAHON, aoctynHofi dopme. JInwe B
CTapluuX Kjaaccax BO3MOXKHO Takxe H 6oJjiee aBcTpakr-
HOE H3JIOMEeHHe. '

ITpusenem npumep. PeGeHOK HMKOraa He mofimMer #3-
JaraeMueli mMaTepHaj, ecau MH OyaeM BBOAUTL UHCJA
2KCHOMATHYECKH, KaK 00beKTHl, He HMelollHe HHKAaKOro
peajNbHOro COAEpIKAHHsi, HaJd KOTOPHIMH MbI OHEpHpYeM
no GopMaJbHEIM NPABHJIAM, YCTAHOBJEHHHM HPHHSTHIMH
HamHu corjawedusiMy. Hamportus, oH coeiuHsieT ¢ UHC-
JaMH peaAssHoe npedcrasnerue; oy ﬂBmuorCﬂ JJ8 Hero
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HEe YeM HHLIM, KaK KOJHYECTBAMH 0peXoB, 16J0K H TOMY
NOJO6HBIX XOPOWIHX Belllefl; TOJIbKO B TaKo# dopMme 3TH
BelIH MOM(HO NepefaBaTh B HaYyaJbHOM 0OYUEHUH, TOMbKO
B 3TOH# (Qopme HX H OYAyT B AeHCTBHTENLHOCTH nNepela-
BaTb geTaM. Ho u Bcobule, BO BceM Xoje OOGyYeHHA
MaTeMaTHKe, faXe B BhICclIel] IIKoJsie, He0GXOAHUMO BCer-
Ja yKa3nBaTbh Ha CBA3b MeXXAY 3TOH HayKol M TeMH
HHTepecaMH, KOTODble 33aHUMAIOT Yyuallerocid B IOBCe-
IHEBHOM JKHM3HH *). DTO HMEHHO HMeKT B BHAY HOBbLIE
TeHAEHUHH, CTPEeMAHNECS NOAHATbL NIPHKIAAHYIO MaTeMa-
THKY B YHHBepcHTere. BnpoueM, B mkose 3THM Tpe6o-
BaHHEM HUKOTAAa He mpeHefperann B TaKOH Mepe, Kak
B YHHMBEpPCHTETe. 3TH ICHXOJIOTMYeCKHe MOMEHTH s H
HaMepeH NOAYepKHYTh B CBOHX JIEKIHSX.

Jpyroe pasnnune Mexay kHuroii BeGepa u Benb-
urTefiHa ¥ Moell TOUKOW 3peHHA 3aKjawuaeTca B paarpa-
HHYEHHH MaTepHaJa WKOJBLHOH MaTeMaTukH. B stom ot-
HolleHHn BeGep u BenbluTeflH HacTpoeHH <«KOHCepBa-
THBHO», 1 JK€ «NIPOTpecCHBHO». MH, KOTODHIX Ha3HBaOT
Tenepb peghopmaropamu, CTpeMHMCS TOJOXKHTh B OCHOBY
NpenojaBaHus noxnsaTue ¢ynkyuu, n60 3T0 €CTh TO NMOHA-
THE. KOTOpoe B TeyeHHe nociaeiHHx 200 JeT 3aHANO LeH-
TpaNbHOEe MeCTO BCIOAY, I'le TOJbKO MBI BCTpeuaeM Ma-
TeMaTHYECKY!0 MBIC/Ib. JTO NMOHATHE MBI XKeJaeM BhIPa«
60TaTh NPH NpPENnOAaBAHHH CTOJAb PAHO, KAK 3TO TOJbKO
BO3MOXHO, IOCTOSHHO NpHMEHAA rpadHYecKHH MeToxR
n306pax<eHHsT KaXJOrc 3aKOHA B CHCTeMe KOOpJAHHAT
(x, y), KOTopas Tenepb ynoTpebssaeTca NPH BCSAKOM NpaK-
THYECKOM IIDHMEHeHHH wMaTeMaTHKH. UTo0w cIenath
BO3MOJKHBEIM 3TO HOBOBBEJEHHE, Mbl IOTOBBI OTKAa3aTbCfl
OT MHOTHX yacTelf MaTepHana, BXOASALLETO B COCTaB Jeii-
CTBYIOIIHX NIPOTpaMM; 3TH BONPOCH, HECOMHEHHO, HHTe-
pecHBl caMH mno cefe, HO 1O OOIIEMY CBOEMY 3HZUEHHIO
M O CBA3H CO BceH COBpeMeHHOH KyabTypofi oHM mpen-
CTaBJASIOTCS MEeHee CyLIeCTBeHHBIMH. Passurtue npocTpan-
cT8erKbLx npedcrasrenud NOJIKHO NMPU 3TOM Hrpath mep-

*) C MeromosorHyecKoll TOUKH 3peHHA OCOGEHHO BAXKHQ MOxyep-
KUBATL 3Ty CBA3bL ANA GOPMHUPOBAHHA JAHANEKTHKO-MAaTePHAMHCTHYE-
CKOTO MHPOBO33DEHHA WKOJLHHKOB H cTyReHToB. CyLIECTREHHO Tak-
)K€ AaKNEHTHPOBAaTb BHHMAaHHE HAa TOM, YTO MOHATHA MAaTEMATHKH
BO3HHKJIH B pe3yJbTaTe NPAKTHYECKOH [EATEJAbHOCTH Jofell Kak
oTpaXeHHe AEHCTBHTEJNbHHX OTHOIIEHHH MEXAY peaJbHHMH O6bheKTa-
MH M Kak HeoOXOAMMHH A3HK H annapar AJd pasBHTHA TEXHUKH H
€CTeCTBO3HAKHA,
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BeHCTHYIOWYI0 podib. OfyucHHe B LIKOME AOJMKHO NDO-
HUKHYTb BBepX, B 004QCT6 HA4AA LCUUCACHUA GeCKOHed-
HO MaAbix B TaKOH Mepe, UTOGBI MOJIOAOH 4YENOBEK BbLI-
XOAHNM yme H3 cpegHefi IIKOJLI BO BCEOPYXKHH TOro
MaTeMarTHyecKoro Marepunana, 6e3 xotoporo yayuiuil ec-
TECTBOHCHBITATEb HJIH CTPAaXOBOH JesiTeJib COBEPUIEHHO
He B COCTOAHHH 000HATHCh. B npOTHBONOMOMHOCTL 3THM
CPaBHHUTEJNLHO COBpEMEHHLIM HAesaM, BeGep u Benbirefin
N0 CylLeCTBY AEepXKaTcs CTApPoro pasrpaHHYeHHs Mare-
puana. B HacTOsINUR JIEKIHAX S HUMeElo, KOHeYHO, UeNhio
NpONaraHjHpoBaTh T€ HAEH, KOTOPLIX S MNPHAEPIKHBE-
10Ch *).

*) B cneaytowem aB3aue, KOTOPHHA MB He MPIBOAHM, aBTOP Bbl-
cKa3mBaeT 3ameuanus no nosoAy kHurk M. CiMoHa, BbinyuweHHoX
B 1908 r. 8 Miouxere.



APUSPMETHKA

I. REACTBUSI HAL HATYPAJIbHBIMH ‘lHCJlAMH

EcrecTBeHHO, YTO Mbl HauHeM MPEKAE BCETrO C OCHOB-
Eorg BOIpoca BCeH apHdMeTHKH, T. e. C JeHCTBHH Han
neJbIMH NOJOXUTENbHEMH YHCJaMH. 31ech, KakK B BG
BCEM CBJOEM H3JO0KEHHUH, A HaMepeH Ipexje BCero no-
CTaBHTb BONPOC O TOM, KakK 3TOT NpeAMeT TPaKTYyercd
B UIKoJe, a 3aTeM yxe 3afiMycb HCCIeJOBaHHWEM TOTO,
4TO OH, cOGCTBEHHO, B cefe COAEPKHT ¢ Hosee rayHoroH
TOUYKH 3pEeHHUS.

1. BBenenne uHcen B WKOJe

$1 orpaHuuych 3gech KpaTKMMH YKAa3aHHSIMM, TaK Kak
Bbl, HECOMHEHHO, ellle NMOMHHTE, KaK BH CaMH YUHJHCBH
3TUM BellaM B IIKoJe. $I, KOHeuHOo, OTHIOAb He HMeK
B BHAY JeHCTBUTEJIbHO BBECTH BaC B NPAaKTHKY LIKOJb-
Horo o6yuYeHHsi, KaK 3TO JAeJaeTcd Ha CEeMHHApCKHX 3a-
HATHAX B CPEAHHX yueGHBIX 3aBeleHHsX. §l TOJAbKO NpH-
BeJdy MaTepHaJ, KOTOPBIH ITOMOxkeT HaM OpPHEHTHPOBAaTh-
¢ B HallMX KPHTHYECKHX pacCyxKAeHHsX.

O3HaKOMHTb JeTell C yyeHHeM O LeJhX YHCJaX, TNpH-
CnocobnssAch K HX NOHHMaHHIO, HAYYHTb HX JeHCTBUAM
HajJ HHMH TaK, 4To6bl OHH 3THM IPEAMEeTOM BIOJHe GBJa-
AeJIH, B BHICIIEH CTeleHH TPYRHO H TpeOyeT MHOroJjer-
HHX YCHJIHH, HauHHas C NepBOro roga oO0y4YeHHd BIJIOTb
Lo TpeTbero kjacca rdHMHasuH. ToT cnocol HadoxeHHH,
KOTOPHIA B HacToslllee BPeMA TOCIOACTBYET MNOYTH BO
BCEX HalIHX IIKOJaX, MOMXHO Jiyyllle BCero XapaKTepH-
30BaTh CJIOBAMH <«HAalJsJHO» H «reHeTHYECKH». ITO 3Ha-
YHT, 4TO BeCb MaTepHaJ pa3BHBAeTCd NOCTeNeHHO Ha
NOYBE XOPOLIO HM3BECTHHIX, HAMVISAHHX MNpeicTaBJeHH.
B sTOM 3akiiouaercs KOpeHHOe OTVIHYHE OT .202U4eCK020
u cucrematuyeckozo Meroja oOydyeHHs, KOTOpHH mpak-
THKyeTcs B BHCue#d mkoje. Becb MaTepnan pacuiens-
€TCSl IPUOIH3IHTEIBHO CHAeAYIOLUHM 06pa3oM (B TOYHOCTH,
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KOHEUYHO, 3TOro yKa3aThb HeBO3MOXKHO). Becb mepBuifi rox
cOyUeHHSI HOCBAILAETCS CUETy B HpelesNax nepssix 08yx
0€CATKOE, a NIPUMEpDHO NepBOe NOJYrogde — faxme cUeTy
B Ipegeaax OZHOTO gecATKa. UHcla BBOAATCA KaK 4uC-
208ble 06pa3st, cocTaB/leHHEIE U3 TOWEK, HJIH KakK KOAu-
4eCT8@ BCEBO3MOMHBIX MOCTYNHEIX JAeTAM IIpeAMETOB.
CroxkeHHe H yMHOX(eHHe OGBACHAKTCH IeTAM H ycBal-
BAIlOTCS HMH Ha HarJIsAHBIX npeAcTaBjeHusX. Ha sropod
cryneny paspabaTeiBaeTcst YHCAOBasi 00J1aCTh OT edu-
fIHIEl 0 CTa; B 3TOT NepHojJ o0yueHus, a 3aUacTyio ele
H paHbllle BBOAATCA apabGckue UHGPLI, BHACHAETCA 3HA-
YeHHe MecTa, 3aHHMaeMoro uudpoit B uncie, H BooOUle
BBOIHTCA JecsiTHYHAana cucTema. Xo4y 3aech MONYTHO yKa-
3aTh, 4TO YCTAHOBHUBILeecss Ha3BaHue «apabckue HHD-
pbI», Kak H MHOroe B OORIYHOH TEPMHHOJIOTHH, UCTOpU-
4eCKu Henpasuabio. 3Ta CHCTEMa CUHCAeHHs B AelcTBHU-
TeJTbHOCTH BeJeT Hayamo oT uxdycos, a He oT apalboB').

Crnenywomas BaXKHasi 3agaua, OTHOCAWlasicA K 3TOR
CTYNeHt o0y4eHHs, ecTh pasyuHBaHUe Tabauyer YmHoowe-
Husi. CKoabko coctaBHT 5 X 3 uau 3X 8, HYXHO Bcerjia
HOMHHTE HAM3yCTh, @ NOSTOMY H 3aCTaBJSAIOT AeTeH BbI-
YUuTh TabJHuUKy Hau3lyCcTb, NOSCHHB HM ee NpeaBapH-
TeJbHO Ha HarAAAHEX npuMepax. s 3TOTO CJAYXHT
[1aBHEIM O0Pa30oM «cyeTHasi MaliHHa», OOLIYHO HA3bI-
BaeMmas c«eramu. OHa COCTOHT H3 JeCATH NapaltesibHo
VKpeNnJeHHBIX NPOBOJIOK, IO KOTOPBIM CBOGOAHO MepeaBH-
raloTcsi MO JecATH IiapukoB Ha kKaxjao#. IlepeaBuras
HajJexauum o6pa3oM LIaDHKH, Mbl MOXKEM NpPOUECTb
Ha cuYeTaX pe3yJbTaT yMHOMEHHs, HANHCAHHWH yXe B
necaTHYHON dopMe.

Tperu#t rox oOyueHHs HOCBsILLAaeTCss OEACTBHSAM Haj
MHOrO3HAUHBIMH UYHCJAMH MO M3BECTHHIM NPOCTHIM Mpa-.
BHJIaM, CIPAaBeNJHBOCTE KOTOPBIX AeTAM OOBLIKHOBEHHO
ACHA, MJH, MO KpaliHelH Mepe, JoaxHa 6bl1a 6H OBITb
scHa. IlpaBga, 3Tolf sACHOCTH elle OGLIKHOBEHHO Hel0-
CTAaTOYHO MJs TOro, YTOOBl Y4E€HAK BIOJHE YCBOHJ Tpa-
BHJIO, H YUHTeNb HepeiKo npuberaer K oueHb AeHcTReH-
HOMY CpeJCTBY: «ecJH Thl 3TOro He OyZnellb 3HATH, TO
vebe nmpujercs mioxol».

1. xouy 3zecb NOAUEPKHYTH €lle OJHY CTOPOHY BCEro
sTOro 00yuYeHusi, H60 3TOH CTOPOHOH nejJa OGHKHOBEHHO
npeHe6peraioT B BbiclIeH MIKOJe; HMEHHO, C CaMOro.Ha-
yajla- ynejasierci oco0eHHOe BHHMAaHHE NPUAONCCHUIM
cuera K noTpebHOCTAM npakxTuveckol scusnu. Yucna c
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€aMoro Favajla BBOAATCA Ha KOHKDeTHBIX npumepax
NPaKTHYECKOH JKH3HMU; YYeHHK OdeHb CKOPO HauuHaeT
CYHTaThb MOHETAMH, MEPAMH, BeCaMH, H BonpocoM «CKoMb-
KO CTOHT?», CTOJb BaXHLIM B [IOBCENHEBHON JXH3HH, HA-
YHHaeTCd OGBHIKHOBEHHO HeMaJjias YacTb HauIyX UIKOJb-
#wx 3agau. OTcola npenojaBaTtesb NMOCTENEHHO BOCXO-
OKT K TAKHM 3afa4aM (K TaK HAa3bIBA€MEIM <CKDbITHIM»
3z1a4aM), B KOTOPHIX XOJ BHIYHCJIEHHs npeanoJaraer
y®e HEeKOropoe <CcaMOCTOoATeNbHCE paccyxiaeHue; 3TO
NPHBOAHT K 38/1ayaM Ha HPONOPYUOHAAbHOe Oeaexue,
cxmewenue. K cioBaM «HArVISAHO® H «reHETHYECKH», KO-
TOPBIMH MBI CTapajuch OXapaKTepH3CBaTb LIKCJbHOE
o0yyeHHe, B KayecTse TPETbeH XapaKTePHUCTHKH MH MOT-
JiM OB NPHCOEAHHHTb «NPaKTHUECKHE IIPHJIOKEHHA>.

Ecan 66 Mbl, HaKOHEL, eule XOTeJdH OXapaKTepH30-
BaTb B HEMHOTHX CJIOB3X H yeab 00yxenus apupmeruxe,
TC MH JONXKHH OblAM OBl CKa3zaTb cAedywoollee: OHa 3a-
KAroH@ercs e TOM, 4TOObL npuyqurs Oerell YBepeHHO
saadeTy apupmeTuteckumy OetcTsusmu, NOALSYACL NpU
3TOM PA3AULHBIMU NAPAANEALHO DASBUSAIOWUMUCS NCU-
X0N02UHECKUMU COOBDAMEHUAMU, K KOTOPOIM NPpUXOOUTCH
aneaaAuposare, He HacrTaugaA 2AYyb0Ko Ha A0SUHHOT KOH-
yenyuu, caasvisaroulell ITOT MATEPUAA.

YnoMauy snech KCTaTH O HEKOTOpOH Bpaxie, Hrpaio-
me#t Ans WKOAB HepeaKo ¢dhaTadbHYIO pOJMb, — HMEHHO,
O BpaxJie MeXJy NpenoiaBaTeNsMH, NOAYYHBHIIUMH 06-
pasoBaHpe B YYHTENbCKHX CeMUHapuax, H npenogaBaTe-
JAMH, BHIIEAIIHMH H3 BHICIUMX YyuyeGHLIX saBeleHHi ?),
Haagunaa ¢ tpeTbero Kaacca, Ha MeCTO NpenofaBaTess,
nonyyupilero o6pasopanue B CeMHHApHH, BCTynaeT JHUO
¢ BHClWIHM o0pa3oBaHHeM. BcnexcTBue STOro B - Xoje
o0yueHHs1 4acTO MPOHCXOAHT pAa3pHB, JOCTOHHBIN BCH-
Koro coxasneHus. BDenHble geTH uacTo OBIBAiOT BHIHYXK-
JeHb BHE3alHO ONepHpPOBATb COBEPIIEHHO JPYTHMH
BHIpaXSGHHAMH, HEXeJH Te, K KOTOPEIM OHH IO TOTO NpH-
BHKJH H Ha/i KOTOPbIMH Tenepb faxe usjebaiorcsi. He-
GOJIbLUIAM TIPHMEPOM SABJIAETCS, CKAXeM, pa3/JHyHe B 3Ha-
KaX YMHOMEHHS: KPecT, KOTOPHIl NpeAnoyHTaeT YYHTeIb
HayalbHBIX KJaCCOB, H TOUKAa, KOTOPOH OXOTHee MNOJb-
3yI0TC MAaTEMATHKU. DTo BPaXae6HOe OTHOLIEHHE MOXK-
HO cI1afuTh TOJLKO B TOM Cayuyae, eC/M IpenojaBaTedy,
NMPHUXOAsALIMe U3 BEICUIEH UIKOJH, OTHecyTcs ¢ GOabmUM
PHHMaHHeM K CBOHM KOCJJeraM M3 CeMHHapuH H GYAYT
cTapaTthCa COHTHCH C HEMH. DTO BaM Jerko yJacTcsi Bhl-
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NOJHHTB, €CJIM BH BCceria 6yjneTe NOMHHThb, C KaKHM yBa-
JKeHHeM Bbl JOJKHB OTHOCHTbCA K HapOJHOMY YUHTEJIO.
TloaymaliiTe TONBKO, KaKyld HYXXHO EHpaboTaTh B cee
METOAHYECKYI0 BHAEPKKY, UTOOH NOCTOSHHO 06ydYaTh
apH(MeTHKe COTHH ThiCAY Hepa3yMHHIX MaJbYHINEK, He
NPHHOCAIIMX B IUKOJIY HHKAKOil NpCABapUTeNbHOH NMOAro-
teBKH. [lonniTafiTeck 3T0 cAenaTh, M Bbl yOeaHTech, 4TO
BCA Balua axajeMHuYecKas NOLTOTOBKA INpHHeCET BaM
3JIeCh MaJio JI0Jb3H.

OaHako nocsie 3TOro KPaTKOrO OTCTYIJIEHUS BO3Bpa-
THMCAl K IIKOJBHOMY IpenofaBanuio. B TperbeM H, 8
0c06eHHOCTH, B YeTBepTaM %) Kiaacce 06yueHHe CUETY IO-
CTENMEeHHO NpYHUMaeT yxe 6JaropofiHoe obnaueHHe Ma-
TeMaTHKH, YTO XapaKTepH3yeTcs lNpeXie BCEero Nepexo-
IOM Xk Oyksennomy ucuucaenuto. BykpaMu a, b, ¢ HIH X,
Y, z 0603HaYaWT KaKHe-HU6YAb 4YHCJIA, XOTSl MEPBOHA«
4YaJbHO BCE 2Ke IieJbie NMOJOMHTENbHbIe, Hal 3THMH YHC-
JIOBBIMH 3HAaYeHUsAMH, H300pa’KaeMhbIMH OyKBaMH, Tpo-
H3BOJAT NeACTBHA, HCXOAA M3 KOHKDPETHOTO, HarJasaAHOro
COAepKaHHUsA, KOTOPOE NpPHCBAaHBaeTcs yHC/IaM. JTO npei-
CTaB/AeT YXe€ CYLIECTBEHHHH lIar BOepes B Nepexone
OT KOHKDETHOro K abCTPaKTHOMY; MaTeMaruxka, co6-
CTBEHHO, It HawuHraerca ¢ Jdedcrsuti nad 6Oyxeamu. Ko-
HEeuHO, 3TOT nepexoj], He AO/KEH coBeplLIaThcd B LIKOJE
BHE3aIlHO; HanpOTHB, HYXHO IPHYYHTb IOHOWY K- a0b-
_CTpPaKUHH MOCTeNeHHO.

Ho yxe 3necb B gese OO6YuYeHHS CTAHOBHUTCS COBeED«
LIeHHO HEeOO6XOMHMBIM, YTOOW caM npenojaBaTtenb Obla
XOpOLIO 3HAKOM C .102UHMECKUMU 3QKOHAMU U OCHOBAMU
c4eTa u Teopuu yeavlx 4ucen, XoTa Ok €My, eCTecTBEH-
HO, H He TNPHXOAHJOCH HEMOCPeACTBEHHO coo6maTh HX
yyeHHKaM. 3aliMeMcqd NO3TOMY Tenepb HECKOJBKO IO«
ZpoGHee OCHOBHBIMU 3aKOHaMH CUera.

2, OcHOBHbl¢- 32KOHbI apHMeTHUECKHX AeHCTBHM

B xoze wWCTOpHYECKOr0 pas3BUTHS, KOHEYHO, KOJTO
CKIaAbiBallH H YMHOXaJH, He OTRaBas ceGe oTyera B
TeX 3aKOHaX, KOTOPHIM TMNOAYHHSIOTCS 3TH OMepalHH.
Jlawb B 20-x 1 30-X rofgax npeAnAyLIero CTO/JeTHs rias-
HblM 06pasoM ¢paHHy3CKHe H aHMVIHACKHE MaTeMaTHKU
BHISICHH/IH OCHOBHBIE CBOHCTBa 3THX onepauuid. Kro xo-
YyeT 0O3HAKOMHUTbCH ¢ HCTOPHEH 3TOro Bonpoca noppobuee,
TOMY 5 MOTY PEKOMEHAOBATb 3AECb, KaK OyLy 3TO [enaTh
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HEONHOKPAaTHO HHXKe, GOMbWIyI «DHUHKIONENHIO MaTe-
MAaTHYECKHX HayK»4).

Bosspawasnce K Hawe#d TeMe, 1 HMe B BHAY Teneph
LeHACTBHTENLHO NEPEUYHCJHTh TE NATH OCHOBMbLX 3AKOHOA,
K KOTODRIM HPHBOIHTCA CJOXEHHE:

1) a+ b scezda npedcrasaser cob60r0 4uUCAO, HHAUE
roeopA, dedcreue caowenun 8cezda 6e3 8CAKUX UCKAIO-
4eHull B6iNOAHUMO (B NPOTHBONOJIOXHOCTL BBIYHTAHHIO,
KOTOpoe B 06JaCTH TOJOXHTEIbHHX YHCEJ BHIIOJHHMO
He BCerga);

2) cymma a + b scezda onpedeserna 0OHO3HAUHO;

3) umeer mecro coderareabHbulll, UAL ACCOUUATUBHOLLY
3akon: (a+b)+c=a+(b+ ¢), Tak 4TO CKOOKH MOXK-
HO U BOBCE ONYCTHTb;

4) umeer MeCTO nepemeCTUTEAbHOIL, WUAU KOMMYTQ-
TUBHbLL 3aKOH: a + b =0b+ a;

5) umeer mecro 3axKOH MOHOTOHHOCTU: eclH b = c,
Toa+b>a-+c.

3TH cBoiicTEA NOHATHH 6e3 AajbHeHlIHX MOSICHEHM,
eCc/Ii MBI MMeeM I[epel [1a3aMu HarJsigHoe TIpeAcTaBje-
HHe O YHcJe KaK o KoauvecTBe. Ho OHH AO/IKHB OHITh
BblpaKeHsl cTporo ¢opMajbHo, UTOOH Ha HHX MOXHO
OBJI0 OMHpaThCA OPH OajbHeHlIeM CTPOro JIOrHYECKOM
Pa3BUTHH TEOPHH.

Uro KacaeTcs YMHOXEHHUA, TO 3[€ch AefCTBYeT, Ipex-
Jle BCero, NsThb 32KOHOB, aHAJOTHYHRIX TOJBKO 4TO He-
peyHCIeHHhIM:

1) a-b scezda ecrs wucao;

2) npouzeedenue a-b 0OHO3HAUHO;

3) 3axon coueTareabHOCTU:

a-(b-c)={(@-b)-c=a-b-¢

4) 3axon nepemecrureasvHocTu: a-b=="b-a;

5) 3axon MOHOTOHHOCTU: ecaM b > ¢, TO a-b > a-c.

Haxonen, 8436 caoxcenua ¢ ymnomenuem ycTaHaB-
JINBA€TCH WIECTHIM 3aKOHOM:

6) 3aKOH pacnpedeauTesbHOCTU, ual OucTpubyrus-
HOCTU:

a-(b+c)=a~b+a-c.v

JIerko ysiCHHTb, UTO BCe BHIYHCJEHUS OMHPAIOTCH . HC-
KIIOUHTENBHO Ha 3TH 11 3akoHoB. $I orpaHHuych.nlpo-
CTHIM TNPHMEPOM, CKaXeM, YMHOXeHHeM uucaa 7 Ha 12;.
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COIVIACHO 3aKOHY pacnpejesHTeJbHOCTH
7-12=7-(1042)=70+ 14;

pajee, ecJH Mbl pasobpem 14 Ha 10+ 4 (4ToOH BhiBe-
CTH «IepeHeceHHe NECATKOB»), TO, ONHPAasch Ha 3aKOH
coueTaTesbHbLIl, HMeeM

70+ (104 4) = (70 + 10) + 4 =80 + 4 — 84,

B 3TOM KOPOTKOM pacCyXjeHHH Bbl, KOHEYHO, y3Hae-
Te OTHeJbHble Ward, KOTOpHe MH NPOU3BOAUM IPH BhHi-
YHC/EHHAX B JAecsaiTHYHOH cHctemeS). [lpepocraBasio
BaM caMHM pa3o6paTh NIpHMepHl MOCIOXKHee, Mu 3z1ech
BHICKa)KeM TOJbKO CBOAHBIA Pe3y/NbTaT: HalH UHGPOBLE
BHIUHCJIEHHA 3aKJIOYaioTCsi B IIOBTOPHOM INPHMEHEHHH
DepeyrcJeHHbIX BHIE OAMHHANUATH OCHOBHBIX INOJIOXKeE-
WU, a Takxe B INPUMEHEHHH 3ayyeHHBIX HAH3YCTb %)
pe3yJbTaToB AeHCTBHH HajJ OZHOSHAYHHIMH YHCJIAMHU
(Tabaxua cJaOXeHUs U TabJHIAa YMHOXEHHS), ,

Oaunako, rie e HaxXoAsaT cefe NpHMEHEHHE 3AKOHbL
MOROTOHHOCTU? B OGHKHOBEHHBIX, GOpMaJIbHEIX BEIUHCIE-
HHUSIX Mbl Ha HHX JeACTBUTENbHO He onmHpaeMmcsi, HO OHH
OKa3HBalTCA HEOOGXOAWMBIMH B 3aj7a¥yaX HECKOJbKO
rHoro poja. HanoMHio Bam 3zneck o cmocoGe, KOTOpHI#
B JEeCATHYHOM cyeTe HA3HBAIOT OYEHKON REJHUYUHH TNpPO-
13BeJleHHsl M YaCTHOro. JTO nNpieM BenHuafimed npax-
THYECKOH BaXXHOCTH, KOTOpHIH, K cOXXajleHHIO, B LIKOJe
B CpelH CTyaeHTOB H3BeCTeH [AaJeKO ellle He JOCTaToy-
HO, XOTAl IPH CJydYae O HeM rOBOPST y»Ke BO BTOPOM KJjac-
ce; A 3/leCb OrpaHHYych TOJbKO npuMepoM. JlomycTuw, -
HaM HYXHO yMHOXHTb D67 Ha 134, npHuem B 3THX uHcC-
nax UHGpH €AHHHULL YCTaHOBJEHH, — CKaXeM, Iocpef-
CTBOM (PH3HUYECKUX H3MeDEeHHH — JHIIb BEeChMAa HETOYHO.
B Takom cayuyae Gblj1o Obl COBEpLIEHHO 6ecrnoje3no BHI-
UHCJIATh NPOH3BeJeHHe C [OJHOI TOYHOCTBIO, TaK KaK
TaKOe BblUHCJIeHWe Bce paBHO He rapaHTHpyeT HaM TOY-
HOrO 3HAYEHHs HHTepecyloulero Hac udcaa. Ho 4ro Ham
JeHCTBHTEJNLHO BaXHO — 3TO 3HaTh NOPACGOK BeAUdUHbE
NPpOH3BEIEHHs, T. €. ONpeJesHTb, B NpejelaX KaKoro
AHCa AECATKOB HJIH COTeH YHCa0 3akmioyaerca. Ho aty
OLEHKY 3aKOH MOHOTOHHOCTH JeHCTBHTEJIbHO JaeT BaM
HenocpeJCTBEHHO, HO6O H3 Hero BHITEKAaeT, YTO HCKOMOe
yHc1o copepxHuTes Mexay 560-130 u 570-140, Haaw-
Heillllee Pa3BUTHE ITHX COOOpaXKeHHH A ONATh-TAKH Npe-
AOCTaBJIsil0 BaM caMHM. Bo BCAKOM cayuae, BH BHAMTE,
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YTO RPpU KOUEHOUHBIX BHIYUCACHUX» npu.xoaurc:ﬂ nocro-
AHHO NOAB308ATHCA 3AKOHAMU MOHOTOHHOCTU.

Yro KkacaeTcs HNeHCTBHTENLHOrO NPUMEHEHHS BCeX
3THX Belled B IIKOJLHOM HpenojaBaHHH, TO O CHCTEMa-
THYECKOM H3JI0XKEHHH BCeX 3THX OCHOBHBIX 3aKOHOB CJ0O-
KEHUA U YMHOIKEHHSI He MOXKEeT ObITH H petm. quTEJIb
MOIKET OCTAHOBUTBCA TOJBKO HA 33aKOHAaX COHETATC/b-
HOM, nepeMeCcTuTe/IbHOM H pacnpeuenmeanOM, H TO
TOJILKO IIPH TNepexofe K GYKBEHHLIM BHIYHCJICHHAM, 3BPH-
CTHYECKH BHIBOAA HX M3 NPOCTHIX M FACHLIX YHCJEHHBIX
NpHMEPOB.

3. JlorHueckHe OCHOBRI TEOPHH LeJbIX YHCEN

Ecan B fee WKOMBHOrO npenofaBatus MH, eCTeCTBEH-
HO, He MOiKeM JOHTH 0 MOCTZHOBKH TOHKHX H TPYAHBIX
BONPOCGB, TO B COBPEMEHHOM MATEMATUYECKOM UCCAeFO0-
eanuy cepbe3Hbleé BONPOCH 3J4eCh, COOCTBEHHO, H BO3HH-
KaloT: KaK 000CH08AT6 3TU 3AKOHLL, KaK 0060CHOBATE
nonATue wucaa? 3AeCb & HamMepeH OpHeHTHPOBATh Bac
B 3TOM BONpPOCE, OCTABaACh BEPHRIM LEJIH HaCTOALIEro
COYMHEHHST — OCBETHTh MaTepHAaJ WIKOJBHOrO Ipenocaa-
BaHHA C BblClIeH TQUKH 3peHHd, M f [Aenal 3T0 TeM
GXOTHee, YTO 5TH COBPeMeHHBe HAEeH H NOMHMO TOrO
IPOHHKAIOT K BaM CO BCeX CTOPOH B TeUEHHe BalUHX aKa-
JeMHUYeCKUX 3aHATHH, MeXAy TeM KaK NCHXOJoruueckKas
CTOpOHZ 3TOro feixa OOKIYHO He OropapupaeTcsi B TOH
Mepe, B Kakoi 5To HeoB6XoAuMO.

Yrto KacaeTtcsl, Ipex/e BCero, CaMoro NOHATHA YHCAA,
TO KODHY €ro B BhiCLIefi CTeNeHH TPYAHO BCKPHTH. Jlerue
BCEro ABIIHTCS, OHTL MOMKET, TOTAA, KOTAa pellaellbcs
BOBCE OCTaBHTb B CTOpOHE 3TH TPyAHHeE BelM. 3a Goxaee
noJpoOHEIMH yKa3aHHUSIMH OTHOCHTENBHO STHX BOIPO-
COB, OueHb ycepaHo o6cyxaaemblXx ¢udocopamy, BH
BHOBb JIOJXHH OOPaTHTbCA K COOTBETCTBYIOUIEH CTaThe
«JHUHK/IONEANN MaTeMaTHYeCKHX Hayk»7); 3aech Xe
OrpaHHyYyCchb HEMHOruMH 3aMeyanusiMH. OueHb pacnpo-
CcTpaHeHa TOYKAa 3peHHA, 4TO NOHATHE YHCJIA TeCHO CBs-
32HO C MOHATHEM IIOC/]eJOBAaTeILHOCTH BO BpeMeHu. M3
npeAcTaBUTeNell 3TOro BO33peHHs HasoBy U3 ¢uaocodoB
Kanra, u3 MaremaTukoB amuartoHa. Ipyrue, Hampo-
THB, TNOJATAIOT, YTO MOHATHE YHCJIA CTOUT OJHXKE K mpo-
CTPAHCTBEHHHIM INPEACTABJEHHSAM, OHH CBOAAT MOHATHE
YHCA2 K OJHOBPEMEHHOMY CO3€PUAaHHIO PA3JIHUYHEIX Npes-
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METOB, RaXOAAIHXCH B NPOCTPAHCTBE JZPYr NOgjae fpy-
ra. Hakoneln, TpeTbe HanpaBsJ/eHUe yCMATpPHBAeT B Npef-
CTABJEHHH O UHCHIEe BhIpaXeHHe 0co60i cnocOGHOCTH Ha-
wero Jyxa, He3aBHCHUMO CTOAWled pAgoOM C HaWHMH
NEeACTABJACHHAMH O TIPOCTPAaHCTBE H BPEMCHH, 8 MOWKeT
ObiTh, H BoIe HX. §I nosaraw, YTO 3Ta TOYKA 3perHs
X0pomo Beipaxkaercss uutatofl u3 «®Paycra» *), Koropyio
I'. MHHKOBCKHii NPHBOAHT OTHOCHTEJbHO YHCEA B C006-
IWEeHHH O HOBOM €ro COuHHeHHH «JlnodaHTosm npubau-
HKECHHUSA»,

Ecau B 3TOf 3anaye MH HMeeM jejao Gojee C BONPO-
CaMH TeOpHU MO3HAHWUA M IICHXOJOTHH, TO B NpobiieMe
06 060CHOBAHHH HAaIUHX OAHHHAAIATH 32KOHOB MHl CTOHM
CYLLECTBEHHO NepeA BONPOCOM JIOTHKH.

Mur 3necy GyneM pasaHyaTbh YETHIPE TOUKH 3peHHS.

1. [TepBas TOyka 3peHHs, NPEACTABHTEIEM KOTOPOH
£ Mory HaspaThb KaHTa, CMOTPHT Ha mpaBHJaa AEHACTBHE
KaK HAa HeNmOCPeRCTBeHHHH pesyJabTaT co3epmanus (An-<
schauung), npHYeM 3TO GJIOBO B Haunbo/ee MIHPOKOM €ro
3HAYeHHH HYNHO NOHWMATh KAaK ¢BHYTpPeHHee CO3eplia-
HEe» I unTyuyuro. BrnpoueM, aTOT B3NS OTHIONL HE
CBOLMUTCA K TOMY, UYTO BCH MaTeéMaTHKa OIH-
PaeTcsi Ha SKCNEPHMEHTAJNBHO KOHTPOJHpYye-
Mble ¢akTR rpy6oro BHewHero onbita. Ilpu- ¢ ¢ @
BelleM TNpOCTOH mnpHMep. 3aKOH NepeMecTH- py. 1
TeJbHHR NOKa3bBaeTcAd CCHIAKOH Ha IPHUBEJECH-

HYIO 31ech ¢Hrypy (puc. 1), B KOTOpOH cOeauHEHH [Be
CTPOXKH IO TPH TOYKH B KaXXAOH, MPHYEM MH BHAHM, UTO
COBOKYNHOCTb HX paclajaeTcs Takke Ha TpH croabua
110 ABe TOYKH B Kaxnaod: 2.3=23.2. Ecau nra 970, O&-
HaKo, BO3PaXaloT, YTO NMPH CKOJBKO-HUOGYAb 3HAUHTENb-
HHIX 4HCJIaX 3TO HENOCPeACTBEHHOE CO3epHaHHe yxe He
DPHBOXHT K CO3HaHHI0 CNPaBeNJIHBOCTH BRICKA3aHHOH
HCTHHBI, TO TIPHXOAHUTCH npnﬁemy’rb K BAaKOHY CO8epLUeH~
RO UHOYKYUU: ecAu HekOoTOpOe NpedAoxceHue cnpasged-
AUB0 Oaf HEOOAbUUX HUCEA U eCAU C8epX T020 OHO
ocraercs cnpasedaussim Ora wucaa n-+ 1 ecakuid pas,
KaK OHO cnpasedauso Aaa 4ucaa n, TO OKO CnPasediuso
8006uje Oas 6CAK020 wucaq. ITO MPEMJONKEHHE, HMEIo-
Lee, MO MOeMYy MHEHHIO, HHTYHTHBHOE IIPOHCXOXJEHHeE,
ReACTBHTENbHO BCErga INOMOraeT HaM BHATH 38a Te

*) «Tam mapaT B yenHHeHHH OGOrHHH, He BejaioIMHEe HA DPO-
CTpaHCTRE, HA BPEMEHHD,
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npefess, B KOTOphe HAc HEO6XOAHMO CTaBUT KOHKpETHOe
cosepuanue. Ha a70ofi npuGAH3UTENBHO TOYKE 3pEHHA
CTOMT TaKxe ® [lyankape B cBOHX H3BecTHHIX ¢Hmaocod-
CKHX COYHHEHHSX.

Ecin MBI XOTHM YySCHHTb ceOe 3HaueHHe 3TOro BOIM-
poca 06 ODOCHOBAHHH OAMHHAJAUATH OCHOBHHIX 33KOHOB
cyeTa, TO Mbl JOJIKHH IIPHHATL B cooOGpaXeHue, YTO CO-
BMECTHO C apHQMETHKOH Ha HHX B KOHeYHOM cueTe mo-
KOMTCA H BCA MaTemMaTHKa. MH He BhaleM NO3TOMY B
IipeyBeJIMYeHHe, eCJH CKajXKeM, YTO, COTJIacHO BHIACHEeH-
HOH cefidac Touke 3peHHS, JOCTO8EPHOCTS 8Ce20 30AHUA
MATeMATUKY 6 KOHEYHOM CHeTe OnuUpaeTcs Ha Co3epua-
Hue (URTyuyurto) B caMOM OGLIYHOM CMBICJe 3TOrO CJOBA.
2. Bo BTOpYI0 OUepeiL Mbl TPHBEAEM HEKOTODYI MO-
duduxayuto nepsod Touku 3perus. OHA 3aKII0YEETCH
B TOM, YTO MBITAIOTCA PACYJIEHHTh 3TH OCHOBHBIE 32KOHEI
Ha 3HaYHTEJbHO Oojiee MEJIKHe CTYMeHH, TdK 4TO Ha He-
NOCPEACTBEHHOM CO3€pIaHBH [PHXOLHTCA OCHOBBLIBATb
JIRUIb HEMHOrHe NpocTeHliHe CIy4yaH, U3 KOTOPHX MOX-
EO BBIBECTH OCTaJIbHhIE Y€ YHCTO JOrHYeCKH, He TNpH-
Geras BHOBb X cO3eplLaHHO. B TO BpeMAa Kak OOBIYHO
VYHCTO JIOrM4ecKHe onepaldd NPHMEHAKTCA JHIUb TNocje
YCTaHOBJEHHs] Ha3BaHHBIX OJAHHHAALATH 3aKOHOB, 3JeChb
CKa3blBAETCA BO3MOXKHBIM BOCIIOJNb30BAThCA HMH PaHb-
Lile, MMEHHO TIOCJe BBel€HHs YHOMSHYTHX 0oJlee mpo-
cToix mpeanoxenufi. 'panuya, ordessroujan cosepyarue
OT AO2UKUW, OTOOBUZAETCA, U RPUTOM 8 NOAL3Y HOCAE0-
red. DTy TOUKy 3peHHs BiepBble mpoBea I'epman I'pacc-
MaH B CBoeM <«YueGHHKe apH@MeTHKH», BHINYLIEHHOM
B 1861 r. B KauecTBe mpHMepa s YKaxy, YTO 3aKOH Ie-
PEMECTHTEIbHOCTH € MOMOIUBIO COBEPLIEHHOH HHAYKUHH
MOXeT ObITb BbIBefleH H3 3aKOHA COYeTaTeJbHOCTH.

Tlocne xuurum I'paccmaHa ciaeayeT ykKasaTb COUHHe-
HHe HTaJbsHcKoro yueHoro [Teano «Hauana apnpmer-
KH, H3JIOXE€HHble HOBBIM MeTofoM», TypuH, 1889. Ona
RANHCaHa HAa COGCTBEHHOM CHMBOJHMYECKOM s3bIKe aB-
TOpP2, KOTODHIH HMeeT .1leJbl0 BHIJENHTb KaXIblH Iar
JIOTHYECKOro [oKa3artenbcTBa. [leaHo uwMeer B BHAY Ta-
KHM 00pasoM [OCTHTHYTb TapaHTHH, YTO OH JAEHCTBH-
TEJAbHO ONMHPaeTCs HCKJIOUHTEJNBHO HAa Te TOJOXKEHHT,
KOTOpble OH IpeiBapHTENbHO NPHHAM, U HEe INOJAb3yeTcs
HHKaKHM ADYTHM HHTYHTUBHHIM MaTepHasioM. OH XoueT
n30€xxaTh OMACHOCTH, KOTOPYK HEOOXOLUMO BHOCUT
OOBIKHOBEHHHBIH S3HIK CBOHMH  OeCKOHTPOJBbHBIMH ' acco-:
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nHauusaMu Hlell U BOCHOMHHaHHSMM O HarjasiaHunX o6pa-
3ax. JlonmxeH CKasaTb BaM K TOMY e, uTo [leano
ABJIAETCA [1aBOH UeJiod IIKOAB, OYeHb OOHIHPHOH
B Hranun, KoTopast TakuM e 06pasoM pacusieHser
NPEeANOCHAKH KaXJ0H OTAeJbHOH MaTeMaTH4eCKOH aHC-
UUIUIMHBL H CTapaeTcs MocpeiaCTBOM Haeorpaduu  (mu-
CaHHA HOHATHAMH) HCCNEJ0BATb €€ JOorHyeckHe KOHUeI-
uun 8), '

3. Mbl HepeXoAHM Tenepb K COBPEMEHHOMY Pa3BHTHIO
3THX HJeH, KOTOpOe, BApOUYEM, OKa3aJo yXKe CBOE BJHS-
Hue H Ha [leano. §I uMelo B BHAY Ty TPaKTOBKY yUeHHs
O 4YHCJIE, KOTOPas KJaaJeT B OCHOBY IOHSATHE COBOKYIIHO-
CTH, HJIH mHOxecT8a. Bh cocraBuTe cefe HpeiacTaBie-
HHe O UIHPOKOM OOGbheMe 3TOr0 HOHATHA, €CAM S CKaXy
BaM, YTO COBOKYMHOCTb BCeX IeJblX UHCe], ¢ OJHOH CTO-
LOHBI, M COBOKYNHOCTL BCeX TO4YeK OTpeska, ¢ JApyrof
CTOPOHB!, NpeAcTaBAsl0T co60H yacTHHeE HpHUMEpPH MHO-
xectB. OOGLIYI0O HIEK O MHOXECTBE BIIEpBbLIe crenad
npeAMeTOM CHCTEMAaTUYECKOTO MaTeMaTHYeCKOTo HCcJe-
noBanus I'eopr Kantop (G. Kantor), npodeccop B T'an-
J€; CO3J2HHOE HM YHeHUe O COBOKYNHOCTAX, AU MHO-
xecreax, B HACToOALLEE BpeMsi BE€CbMa 3aHHTEpecOoBaJo
MOJIOZloE TOKOJEeHHe MaTeMaTuKOB. [lo3Xe g ewe mombi-
T430Chb JaTb BaM BO3MOXHOCTb 3aIVISIHYTb B 3TY TEOPHIO;
3JleCh Ke 51 OrpaHHuyCb clejlywolled KpaTKOH Xapakrte-
PHCTHKOH 3TOH HOBOH cHcTeMH apH@QMETHKH: 3Ta cucre-
MA CTAPAETCA C8ECTU CBOLUCTBA UEAbLX YUCEA U OTHOCS-
WUxca K Hum onepayull Kk o6wum c8oLCT8AM MHONMCECTS
U CBA3AHHLIX € HUMU AOCTPAKTHbLX COOTHOWEHUL; 3THM
HMeeTcst B BHAY JOCTHTHYTb BO3MOXHO GoJjee riay6oKoro
1 obltero 0GOCHOBAHHA TEOPHH LeJAHX uHcesJ. B KayecTse
NHOHepa 3TOr0 HampaBJeHHA s JOJKEeH YyKasaTb ele
P. enekunna (R. Dedekind), kotopbii B cBOeH He-
Goabuiof, HO BecbMa cojlepXKaTeJbHOH KHHXKe «UTO Ta-
XOe YHcla M KaKOBO MX 3HaueHHe?»®) BliepBLle AaJj Ta-
Koe 060CHOBaHHe yueHHs O HenblX yHcaaX. K 2To#l Touke
8peHHs MO cyuiectBy npumbikaer u I'. BeGep B mepsoit
r/laBe HePBOr0 TOMa «DHUHMKJIOREIHH 3J€MEHTApHON Ma-
TeMaTHKH». OJHAKO OKa3blBaeTcs, uTO Pa3BHTHe TEOPHH
CTQHOBUTCH IIPH 3TOM HACTOJBKO OTBJEYEHHHIM H MaJo
[IOCTYHHHIM, YTO B HPHJIOXEHHH K TPETbeMY TOMY TOrO
Je COYHHEHHs aBTOp Obll BHIHYXJeH 1aTbh Gogee age-
MeHTapHOe H3J0XeHHe TOro Xe INpelMeTa, ONmepHpywo-
lee HCKJIYHTENbHO ¢ KOHEYHHIMH MHOXEeCTBaMH. ’
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4. Hakonen, B 3aKnioueHue, s X049y NMPHBECTH HHCTO
¢opMalbHYl0 TEOPHIO 4HCIA, KOTOpas BOCXOLHT elle
K Jlefl6HULY H KOTOpas B nou/iefHee BpPeMs OCOGEHHO
soiaBuHyTa [mabbeproM. K apudmetdke oTHocHTCA B
3TOM CcMmbicae ero jgoknajx Ha IIl MexayHapogHoM Ma-
TemaTHuecKom kourpecce B I'efinennbepre «O6 ocHoBax
JIOTHKH H apupmetuku» ). McxoaHasa Touka 3aech 3a-
KN04YaeTcs B ClefyroiieM. EcaH Mbt yKe pacmoJiaraem
O/IMHHAAUATLIO 3aKOHAMU CU€Ta, TO MbBl MOXeM BeCTH
cyer B 6yKBax a, b, ¢, BHpaxawomux Jaiobue YHCIA,
COBEPILEHHO He CUMTafACh € TeM 3Ha4YeHHeM, KOTopoe Ta-
KOBL€ HMEIT Kaxk uMcaa. Mau sichee: nycts a, b, ¢, ...
BynyT seuju 6e3 scsike20 3HAYEHUS, BepHEe, BEILH, O 3Ha-
YeHHH KOTOPHIX HaM HHU4Yero He usBecTHO. [logoxum
TaKxe, YTO HaM BCe 2Ke H3BeCTHO, YTO HaJ HHMH MOX-
HO NIPOH3BOJHTbL ONEPAUHH COTJIACHO MNepeYHCACHHHM
OJMHHAJLATH OCHOBHLIM NOJOXKEHHSIM, XOTH Obl 3TH Olle-
pauvH He HMeJH KaKoro-iub0 H3BeCTHOrO HaM cojep-
XaHA; TOrJa MHEl MOXeM ONepHpOBaThb C THMH OOBbeK-
TaMH COBEPLIEHHO TaK e, Kak H ¢ OOHKHOBEHHHMH
YHCJaMH, HO IPH 5TOM BO3HHKaeT TOJBKO BONpPOC, He
MO2YyT AU 3TU onepayuu Kozda-aubo npusecTu K npoTu-
gopequro. Ecniu O6LIKHOBEHHO OBOPSIT, YTO ONBIT OGHa-
PYKHBaeT CyuleCTBOBaHHe YHCeNn, AJsd KOTOPHX mepe-
YHCJEHHble NpaBH/a HMEIOT MeCcTO, H YTO B 3THX Ipa-
BHJIAX, CJAEJOBAaTeIbHO, HeT I[POTHBOpEYHs, TO Temepb,
KOraa Mbl OTKa3biBaeMcs OT peasibHOrO 3HAYEHHs 3THX
CHMBOJIOB, TAKOT'O POJd CChlJIKa HA HATJAsAHOE NpeacTaB-
JleHHe y:Ke HeqonycTHMa. BmecTe ¢ TéM BO3HHKaeT Co-
BepLIEHHO HOBas 3ajJaya — JA0Ka3aTb YHCTO JOTHYECKH,
YTO TpU JIOOLIX ONepalusx HaJ HalIHMH CHMBOJAMH,
COrNTaCHO TepeuHc/TeHHbBIM ORHHHAaJLATH OCHOBHHIM 3a-
KOHaM, MBI HMKOrJa He TNPUJEM K NPOTHBOpPEYHID, T. .
YNOMSIHYThlE ORMHHAAUATh 32KOHOB JIOTHYECKH COBMECT-
Hu. Ecanm MBbl BHavaJje, NpH H3/J0XeHHH INepBOH TOYKH
3peHusd, CKasaJd, YTO ZOCTOBEPHOCTb MATEMATHKH IOKO-
HTCH Ha CYWECTBOBaHMH HalJIsAHHIX OOBEKTOB, AJs KO-
TOPBIX HMEIOT MeCTQ €e 3aKOHH, TO INpeACTaBHTEeNb
HacTosueH ~¢GopMasbHOH TOYKH 3DEHHs ycMaTpUBaer
JIOCTOBEDHOCTb MaTeMaTHKH B TOM, UYTO OCHOBHble ee
3aKOHB € 4YHCTO (OpMaJbLHOH TOUKH 3peHHs, He3apH-
CHMO OT HX HAaIJIAHOTO COAepXaHus, TNPeACTaBlIsoT
JIOTHYECKH LEJbHYI0 CHCTEMY, He COJEpKAlLYI IPOTH-
BOpeyHA.
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Hasi BHACHEHHS H OLEHKH 3TOH HOBOI TOUKH speHHd
a2 AOJKEH CIeJiaTh elie HeCKOJbKO 3aMeyaHHI.

a) TnnbGepr dopmyniiposan 3TH HAed [O OTHOIUe-
EHI0 K apH{METHKEe M Hayall HX paspabaThBaTb, HO OH
OTHIONb He jaj NoJHOro passutua ux. [locsne ynomsiHy-
TOTO JIOK/TaJa OH elle pas BO3BPATHIACHA K 3TOMY npeld-
MEeTy B OAHOH JeKUMH, HO O6OJablle 3THMH BOAPOCAMH
He saHumaJjcsa. Mul MOXeM, CJel0OBaTeNLHO, CKa3aThb,
4TO 31eCh MH HMeEEM Inepel co60H TOJBKO HpOrpammy.

b) TlonmiTKa COBEpIIEHHO H3rHaTh Co3epuaHHe H
yAepKaTb TOJbKO JIOTHUECKOE HCCJAeJOBaHHe NpeAcTaB-
5AeTcs MHe B NOJHOH Mepe HeocyuwiecTsuMmoi. Hexoro-
puili OCTATOK, HEKOTOPbLI MUHUMYM UHTYULUU 8Ceada
JOAMCeH COXPAHUTHCA, U 3TH OCTATOUYHBIE HETYHTHBHBIE
TIPEACTABJSHHA Mbl HEOOXOAHMO JOJXKHBI COSOHUHSTDH
C CHMBOJIAMH, C KOTODBIMH ONEPUPYEM, HaXe YXKe Mo-
TOMY, YTO MH JOJIKEB 3TH CHMBOJLI IIOCTOSSHHO BHOBB
y3HaBaTb, X0Tsi 6B 3TOT OCTATOK H CBOAHJACH TOJLKO
K BHEUIHeMY BHAY HalUMX CHMBOJIOB.

¢) Ho npumem maxe, yto nocraB/JeHHas 3agaua aeit-
CTEHT&IbHO 6e3ynpevyHo paspelleHa, uTO OOGHApYKEHO
YHCTO JIOTHYECKH OTCYTCTBHE IPOTHBOpPEYHS B HAUIHX
OJMHHAaALATH OCHOBHBIX NoJIoXeHUAX. Ho Torza Bce elue
OCTaeTcs MeCTO BO3PAaXKEHHIO, KOTOPOMY s MpPHAal0 HaH-
Coanliee sHaveHHe. Hymno cebe ysacuuTs, 4To 3TU COOG-
pascenus, coOCTaeHHO, 060CHOBAHUN apUpMETUKU euje
OTHIO0b He 0arOT U 4TO 8 3ITOM NOpadke ulded €20 U Heab-
38 nposectu. HIMeHHO, COBEPIUEHHO HEBO3MOXKHO YHCTO
JIOTHUECKUM IIyTE€M MOKa3aTb, YTO 3aKOHH, B KOTOPHX
Mbl OOGHApPYXHJAH OTCYTCTBHE JIOTHUECKOTO NPOTHBOpeE-
yHus, AEHCTBHTEJIBHO HMEIOT CHJY N0 OTHOIIEHHIO K YHC-
JaM, CTOJMb XOpPOUIO HaM H3BECTHHLIM SMIHPHUECKH, UTO
EeonpeleseHHbe OOBEKTH, O KOTOPHIX 3[eChb HIET peub,
MOTyT GHTb OTOMIECTBJAEHH C peajJbHHMH YHCJAAMH, a
BHIKNTaAKH, KOTOPHE MH HaJ HHUMH IIDOH3BOJAHM, —C pe-
aJbHBIMH 3MIIHpHYeCKUMH npoueccamu. Uro 3gecp Aeil-
CTBHTEJNbHO AOCTHUTAETCH — 3TO TOJBKO pacyseHenue 06«
wWUpHO sadaun o000CHOBAHUR apumeTurku, Maro 00«
CTYNHOU no ceoell CAOHCHOCTU, Ha (8e 4aCTy; neppas
YacTh NPEACTaBAneT cOGOH UYHCTO JoruyecKyw npobie-
MYy YCTaHOBJEHUs He3aBHCHMBIX APYr OT ApYyra OCHOB«
HBIX MOJIOXEHUH, WA aKCHOM, H J0OKa3aTelbCTBA UX He-
3aBHCHMOCTH M OTCYTCTBHA NpOTHBOpeuHs. Bropas uacts
s3afaud OTHOCHUTCH, CKOpee, K TEOpDHH IO3HaHHA H B
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M3BECTHOH Mepe BbLIpAXKaeT NMpHMeHeHHe HA3BAHHHIX JI0<
rHYECKHX HCC/IEJOBAHHHA K peaNbHHM COOTHOIIEHHAM, HH-
KaKyX NONKWTOK NMPHCTYNHTb K pa3paboTke 3ToH BTOPOI
3ajjaud, CTPOro roBopsl, ewe He Obl10, XOTA A fJefi-
CTHHTEJLHOrO OGOCHOBAHHA apH(MeTHKU M OHa Heobxo-
AUMO JIOJXKHA GOHTL Hcuepnasa. dTa BTOpas 4acTb
BONpOCa NpeAcTaB/sfeT Kpaiue raybokywo 3agadyy, Tpyi-
HOCTb KOTOpPOH KOpeHHTCcs B OGIIMX mpobjeMax TeopHH
no3Hanus. BeIThb MoXeT, s BbIpaxy HauGoJsee ACHO IO-
CTAHOBKY 3TOr0 BONpOCA, €C/H BBHICKaXXy HEeCKoJbKO ma-
paloKca/jbHOE yTBepXKAEHHe, YTO BCAKHH, KTO NPH3HAET
YUCTO{ MaTeMaTHKOH TOJbKO YHCTO JIOTHUECKOE HCCJe-
ZfoBaHue, HeoOX0JHMO BHIHYXKJAeH OyleT OTHECTH BTOPYIO
YacTb mpoGJeMbl 0GOCHOBaHHA apHOMETHKH, a BMecTe
C 3THM, CTano0 GHITb, ¥ caMy apHPMeETHKY, K npuxiadnod
MaTeMaTHKe. :

I cuMTald HeOGXOLHMBLIM OTUETJHBO BCE 3TO 3[€Ch
YKa3aTb, TaK Kak B 3TOM HMEHHO NYHKTe HauboJee 4a-
CTO BO3HHMKalOT HENOpPa3yMeHHs BCJeACTBHe TOro, 4TO
MHOrHe NMPOCTO He 3aMe4YaiT CYLIeCTBOBAHHA 3TOH BTO-
poit sapauu. 'uibbepT cam OTHIOAb HE CTOMT HA 3TOH
TOYKE 3peHHs, H Mb He MOXXEM BBHICKa3aTb HH ojobpe-
HUH, HU BO3DaXkeHUH €ro TEOpHH, KOTODHIE HCXOAAT U3
TAKOr0 WMEHHO AonyiueHus. Tome, npodeccop B Bene,
CCTPOYMHO HasBaJ JIojeH, CTOSIUIMX Ha NOYBE 3THX YuC-
T0 abCTPAKTHO-JTOrHYECKHX HCCJAENOBAHHH O Bellax, HH-
yero He 000O3HAYAIOUIMX, H O NpPeNJOXKEHHUAX, HHYero He
BRPAXAIOIWUX, KOTOPhIE, TAKUM 006pa3oM, He TOJbKO 3a-
6bIBaOT 3Ty BTOPYyIO NpoGJaeMy, HO H BCIO OCTAJbHYIO
MAaTeMAaTHKY, — MHICJAUTEAAMH §e3 MulcaH '); KOHEUHO,
3TO UPOHHYECKOE 3aMEeYaHHe He MOXKEeT OTHOCHTbCA K JIH-
1AM, 3aHHMAIOIKMCS 3TOTO POAA HCCJAEJOBAHUAMH MO~
NYTHO, PALOM C MHOTOYHCJEHHBIMH APYTHMH BOIPOCAMH.

B cBA3u ¢ 3TUMH paccyxAeHHsiMH 006 OCHOBax apud-
MeTHKH, 0630p KOTOPHIX S BaM H3MOXKHJ, i XO4y Open-
CTaBUTb BAllleMy BHHMAHHIO ellle HeKOTOpHe coobpaxe-
Hus ofuero xapaktepa. MHOTOKpaTHO BBICKA3bIBAJIOCh
MHeHue, uTo Oof0yueHHe MaTeMaTHKe MOXHO M JAaxe He-
06XOAHMO BECTH CTPOro AeAYKTHBHO, MoJiaras B OCHOBY
HeJbll pAJl AKCHOM H Pa3BUBAs H3 HEro BCE OCTaJbHOE
CTPOrO JIOTHYECKH. -DTOT INpHeM, KOTOPHH TaK OXOTHO
NOJMEPKUBAIOT HCTOPHUYECKHM aBTopuTeToM EpKauna,
‘0HAKO, OTHIOAb HE COOTBETCTBYET HCTOPHUYECKOMY XOLY
P43BHTHA MaTeMaTHKH. HanpoTus, B NEHCTBHTEIbHOCTH
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MaTeMaTHKa pa3BHBajach NMOAGOHO NepeBy,. KOTOpPOE He
paspacraeTcs NyTeM TOHUAHINHX pa3BeTBJAEHNH, HIVILEX
QT KOpHeH, a pa3bpachiBaeT CBOM BETBH H JHCTbH EUWHPD
H BBEPX, PAacNPOCTPaHAs HX 33a4aCTyW BHH3, K KODHAM.
CoBeplIEHHO TaK e W MaTeMaTHKa, OCTaBJAA 0OpasHoe
BLipAXKeHHe, Hayasla cBOe pa3BHUTHE ¢ ONpefAedeHHOrv
IIYHKTA, COOTBETCTBYIOUIETO, CKaxeM, 3ApaBOoMy uesORe-
YeCKOMY CMBEICHY, H [0 Mepe TOro Kak Mbi BOCXOAMJIH
K HOBBIM H HOBBIM HAyYHbiM AOCTHXEHHAM, MbLI OAHO-
BPEMEHHO ONYCKaJHUCh TAKXe W BHU3 K HCCJIEJOBaHUIO
OCHOBAHH#A Hayku. Tak, HanpHMep, Mbl CTOMUM Tenepb OT-
HOCHTEJBHO OCHOBAaHHA Ha COBepLWIEHHO APYro# TOYKe
3peHHs, Y9eM Ta, KOTOpOH NpHAepXKHBAJUCL HCCJAeLOBa-
TeJH HECKOJILKO JeCATKOB JIeT TOMYy Ha3all; TOYHO TdK ke
TO, YTO MBI BHIJAe€M 3a MOC/AeAHHe MPHHUHUNL!, Yepe3 Ko-
pPOTKOe BpeMs CAEI2eTCS NePeXHTKOM, TdK Kak DocJed-
HHE HCTHHbL OyayT Bce ray6xe H deTajbHee pacuile-
HATbBCA H OPHBOAMUTBCA K Gojee OOLIHM NOJCIHKEHHSNM.
B ocnognbix uccredosanunx 8 064aCTu MATEMATUKU He
mooxer 6s1T6 OKOHYATEALHOZO 3GBEPUIEHUA, 4 BMECTE
C TeM U OKOHYATEAbHO YCTAHOBACHHOZ0 NEPE0Z0 HAHa-
AQ, KOTOpOe MO2A0 Gbt cayxncuTe ab6COAOTHOL UCXOOHOU
TOuKOo! 028 npenodasarus.

1 xotem 6Bl cpenaTh elle OJHO 3aMedaHHe, Kacaro-
uieecss OTHOLIEHUSt MEXAY JIOTHYeCKOH H HHTYHTHBHOH
MaTeMaTHKOH, MeXJAy YHCTOR B NMPHKIAAHOH MaTCMaTH-
Kofi. Sl mmen yxe cayyadl ynoMsHyTb, YTO B LIKOJe Npi-
JIOXKeHHe ¢ CaMoro Hayajaa CONpoBoXAaeT O8yueHue
apupMeTHKe, YTO yYEeHHK He TOJbKO AOJKEH [OHHMAThb
nNpaBHJia, HO AOJIKeH Takie yYHTbCA JesaTh H3 HHX TO
HIH uHOe ynoTpeGieHde. Tak OHO HOpMaJBHO JOJIKEHO
ObLI0 OCT2BaTbCs W BCIOAY, rAe HAYT 3aHATHA MaTeMma-
Tuko#d. YucTo Joruyeckne KOHUEMUHH MAOJIKHBEI COCTa-
BHTh, TaK CKAa3aTb, MECTKUL CKEAET Opeanu3ma marema-
TUKY, COODIAOMWHA el YCTOHYMBOCTh H JOCTOBEDHOCTD.
Ho cama »xuH3HBR MaTeMaTHKH, BaXKHeflIHe ee JHHHH
pPa3BHTHA H HPOLYKTHBHOCTH OTHOCATCH NMpeMMYyLIecTBeH-
HO K €€ NpuaoMeHuAM, T. € K B3aUMHBIM OTHOLIEHHSM
ee aBCTPAKTHRIX OOBEKTOB CO BCEMH ADYTHMH obJacts-
mu. YarnaTh mpusokeHde H3 MaTEMATHKH — 3TO TO X¢,
YTO MCKAaThb JKHBOE CYLIECTBO C OAHOH TOJBKO KOCTHOIi
OCHOBOH 6e3 MYCKYJIOB, HEDBOB H COCY/10B.

B nmene HayyHoro wuccnenoBaHust OyneT, KOHEYHO,
BCErAa OCTaBaTbCs pasfesieHde MeXAYy 4YHCTOH o

92 &. Knett, 7. 1
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LIpHKJIaAHOK HayKo#, HO, eCllH TOJBLKO MH XOTHM COXpa-
HUTh pa3yMHOe MOJOXKEHHe Belledf, MbI [OJKHH 3abo-
THTBCH O HENPepHBHOH CBA3IU MeXKAY STHMH CTOPOHAMH
J€J1a; 3eCh Ke g XoTeN bl 0CO6eHHO NOAUEPKHAYTD TO, UTO
8 wroAe Takozo poda pasdesenue, TaKozo poda cneuyua-
AUBAUUS OTOCABHOZ0 YHUTEAA COBEPULEHHO HEBO3MONCHOL.
Boo6pasure cebe, HanpHMep,— 5 HECKOJAhKO YTPHPYIO,
uyTOGK fipue 3TO BHPAa3WTh, — B KaKoH-AG0 wiKoAE yuii-
T€Js, KOTOPBIH TPAKTYeT YHCIA KaK CHMBOJIR, JIHILEHHEE
3HAUeHHus; APYroro, KOTOPHE yMeer H3 3THX HHHero He
03HAYaIAX CHMBOJOB TNOJYYHTb HarasjiHHe 4YHCAE;
HaKOHell, TpeTbero, 4YeTBEPTOrQ, MNATOrQ, KOTOpHE BJd-
JNEI0T NPHIOMEHHAMH 3THX CHUMBOJIOB B TEOMETPIHH, Me-
xanHuke, dusuke. IIpencraBbTe cefe, YyTO B pacnopsxe-
HHe BCEX 3THX Pa3jIMYHHIX yuHTelded OYAYT NpPerOCTaB-
JieHBl YYeHUKH. BH NOHHMAaeTe, YTO TAKHM 06pa3oM Jedo
ofyueHuss He MOKeT OLITh OPTaHH30BAHO; 3THM NyTeM
npeaMeT He MOMeT OHTh VCBOEH y4YeHHKaMH, a pasjuy-
HLle YuHTelsi He CMOryT NOHHMaTth Apyr apyra. [lo-
TpeGHOCTH I[UKOJMBHOrO NpenojaBaHHfA, TakKuM o06pa3oM,
NpeAnosaraoT H3BECTHYIO paslOCTOPOHHOCTL KaXKAOTO
yuuTens, yMeHbe JOBOJBHO IUMPOKO OPHEHTUPOBATLCR
B 00JaCTH YMCTOH H NPUKIAAHOH MATEMaTHKH B CaMOM
IIYPOKOM CMEIC]IE 3TOro. CJIOBA; 3THM NYTeM YUHTelb
NOJKEH BCEria co03/aBaTh KOPPEKIHIO CAHIUKOM MeJ-
KOMY paclulenJieHA0 HayKH.

5l BOsBpamiych 34eCh ele pa3 K YNOMAHYTHIM YiKe
alllle APe3AeHCKHM NpPEATOXKEHHUAM, YTOOH JAaTbh [pax-
THYECKOE HANpaBJaeHue BCEM MOCAEXHHM 3aMeyYanusaM.
B oTHX npeafoXeHHSX MH HacTaHBaeM Ha TOM, 4TOOH
NpHKJAaAHas MaTeMaTHKa, KoTopasi ¢ 1898 r. BBefeHa B
HCIILITAHHE HA 3BaHHE yuuTensi Kak ocobas cHeiHanb-
HOCTb, OHJIa NMpH3HAHA HEOGXOAHMON COCTABHOH YacThbio
Ka)XJA0ro HOpMaJbHOrOo MaTeMaTHueCKoro oOpasoBaHHs,
9yTOOH, TaXHM 00pa30M, YAOCTOBEPEeHHE B Npape Npeno-
JNaBaHHU] YHCTOH M NPHKAAJHOH MaTEMaTHKH BhllaBa-
Joch Bcerja copMecTHo. HaxkoHel, ynoMsaHEeM TakKe, Ka-
KHe LeAH O0yueHHs MaTeMaTHKe B BHIIYCKHOM KJacce
npefycMaTpHBaeT Mefarorudeckas KOMHUCCHS B TaK Ha-
3plBaeMO# MepaHCKOH nporpaMme:

1) HayuHbi 0630p CHCTEMAaTHUECKOr0 NOCTPOEHHS
MaTeMaTHKH;

2) yMeHbe TpaMOTHO CHPAEBJAATHECH C UYHCAEHHBIM H
rpaduyYecKuM pelieHHeM OTAEAbHHIX 3aKay;
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J) HeKoTOpce 3HAKOMCTBO CO 3HAYEHHEM MAaTeMaTH-
UeCKOM MHCJAH B €CTeCTBO3HAHUH H COBPEMEHHOH KyJlb-
Type 12).

Ko BceM 3THM pe3osonHsiM i NPUCOEARHSIOCH C [Ay-
6ouadnM yOeKACHHEM B HX NPABHJILHOCTH.

4. TlpakTHKa c4eTa ¢ HENBIMH YHCIAMH

[Tocae oTBieyeHHBIX paccyXaeHui, KOTOPHIMH st Tpe-
HMYUIECTBEHHO 3aHHMAaJCs [0 CHX nop, s obpaulychk
K KOHKDETHHM BelllaM, HMeHHO — HCKJIOUHTEJNRHOQ K Ome-
pauusM, NPOU3BOZHMBLIM Haf uucaamu. M3 aurepatyph,
Jawiueil BO3MOXHOCTb OPHEHTHPOBAThCS B 3TOM BONpoce,
s npexje BCero oTMedy ONSTb-TAKH cTarthie P. Memke
M0 3TOMYy NpeJMery B SHHHKJIoNeAMH. $1 syyue Bcero
HaM BaM 0630p OTHOCSIMHXC® ClOJAa BOMIPOCOB, €CJAH CHA-
yana K3JOXKY NJaaR 3Tofl craTbH. OHA pacnajaercss Ha
JBE YacTH, BMeHHO: A. YueHHe O TOYHHIX BHIYHCIEHHAX;
B. Ygernde o mpubaniKeHHHX BHYHCHeHusXx. K otpeny A
HpHHAANEXKAT Bce Merolpl, obmergyarouie TOUHLIE Nefl
CTBHS Ha] OOJbMIEMH YHCJA2aMH, Kak, Hanpumep, ynob-
HO€ DAcNo/JOXeHHe TeX WM HHHX cXeM B BHYHCJEHHH,
TaOMYIH NPOY3BENEHAA M KBaZpPaToOB, B OCOGEHHOCTH XKe
cyeTRhle MamuHel 13), B orgene B, HanpoTus, BH Hail-
Here pa3paboTKy BceX TeX NpPHEMOB, KOTOPHE HMEIOT
B BUAY ONpPeNeSHTh TOJbKO MODPSAOK BEJHYHHH pe3yJib-
TaTa, T. €. YCTaHOBHTb RepBHE 3HAYAL(HE ero HHPpH.
Cloaa oTROCATCS TabAHUB JOTapAGMOB H aHAJOTHYHLIE
cpelncma BBIYHC/IEHAS, K2K, HanpHMep, cueTHas JHHeH-
Ra 14},

OcraHoBHMCH elle Ha MHHYTKY Ha ofuieM 3HaYeHHH
Toro takra, 410 JEHCTBUTEADbHO CYILECTBYIOT CYETHHIE
MaIIHKH, KOTOphle OcBOGOMAAIOT MaTeMaTHKa OT YHCTO
MeXaHHJeCKHX BBIUHCIEHHE M KOTOpHE BHIGOJBSIIOT HX
ropasgo Geictpee H GoJee 0e30mEOOUHO, TaK Kak Ma-
IHH2 cBoOOAHA OT CAydalnbIX OIWHG0K, ¢ KOTOPLIMH BCe-
Ita MOXeT OnTb compsixeRo Oeryioe BhuHCIeHHe, Camo
CYHIECTBOBAHAE TAKOrO PORAa MAMIEHB MOXKET CJAYXHTb
I Hac MOLTBEPXJAEHAeM TOro, 4TO JAJH IIPOR3BOACTBA
BBIUMCJEHEHA CYIeCTBeHHHM SBJARETCH He 3HAYEeHHS He-
JBIX THCEJ, a ¢opMaJbHbie [IPaBHAa, N0 KOTODHIM OHH
COBepmaloTes, KGO0 MamlMHA MOMET CJAeX0BATH TOJBKO
3THM NPaBHJIaM — TaK OHAa YCTPOEHa, — HO HAanJIsiZHOru
DpeACTaB/eHUs O 3HAaYeHHH YHCe OHa MMEeTh He MOMET.

o*
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Bpaa A MOXKHO CUHTAThb CJAY4YaidHBIM TO, YTOG Takoli
yenoBek, Kak Jlei6uuu, koTophl#i 6bl1 B TaKOIl Ke Mepe
a0CTPAKTHLIM MBIC/HTeJJeM NEepBOT0 paHra, Kak M yeJo-
DEeKOM BBIIAIOLIUXCS NPAKTHYECKUX AapoBaHui, apjgercs
CIHOBpEMEeHHO KaK OTHOM 4YHcTO ¢opManbHOH MmaTeMa-
THKH, TAK H u30OpeTaTeseM MNepBO# CUETHOH MAUIUHBL
Ero mammha ewe no HacTosllee BpeMs NpeACTaBJAET
0QHO H3 HauboNee LEHHBIX AOCTOAHMH My3sess KectHepa
b I'anHoBepe. XOTs 3TO HCTOPHYECKH H He YJOCTOBEpEHO,
EO s CKJIOHeH JAONYCTHTb, 4To JleA6HHU HMeNT B BHAY
#306peTeHHeM cYeTHOH MAlUMHE He TOJBKO LOCTHLHYTH
NPaKTHUECKHX UeJed, HO M sPKO OCBETHTb cTporo ¢op-
MaJlbHbil XapakKTep MaTeMaTHYECKHX BbIUHCJAEHHH.

CaMo cobow pasyMmeercs, OAHaKo, 4to JlefiGHuUL OT-
HIOAbL He OB CKJIOHEH H306peTeHHeM CHeTHOH MAauIHHI
YyMaJHTb 3HAYEHHe MaTeMaTHUeCKOH WMBbICJIH, a MeXAay
T€M TaKOr0 pOJla BLIBOJH MHOTAA NPHXOAUTCA CJbIIATH.
«Ecnu, — roBopsAT, — HayuHas AesiTebHOCTb MOMET OcCy-
1MeCTBJAATLCA TaKKe MALIMHOH, TO Ha 3Ty HayKy, Ko-
HEYHO, HEMHOT0 MOMHO NOCTaBHTb, H POJIL ee HeH3bex-
20 A0J/KHa ObITb COBeplIeHHO BTOpocTeneHHoH». OAHAKO
#a TakKoro poja apryMeHTalH0 AOCTATOUHO BO3Pa3HTh,
YTO MAaTEMAaTHK, KOTJa OH caM ONEpHpyeT ¢ UHCJIAMH H
¢opMynamd, OTHIOAb He MNpPeAcTaBasieT CcOG0H TOJBKO
JKAJNKOH KOUMHM HemorpemtHMoit MA4lUuHB, 4TO OH HH B
KOeM cayuade He SBJsIeTCA <«MblciHTeseM 06€3 MBICAH»
no sunpaxenuo Tome, Hanporus, o cam cefe cTaBuT
2a/layd, UMeloUlHe ONPEAENeHHYI0 H NOJe3HyK LeJb, H
paspellaetT HX BCAKHH pas HOBBIMH, CBOEOOpasHbIMH
npuemamMu. OH H3006pes CUETHYH MaIlLMHY TOJNbLKC AJSA
10ro, uTobn 0CBOOOAHTL cebsi OT HEKOTOPLIX Onepauui,
TIOCTOSIHHO MOBTOPSIIOUIKXCA B OAHOOOpPA3HOH nocnenoBa-
TeJMLHOCTH, M YTO HYXHO MeHee BCero 3abbiBaTb, Marte-
MaTHK ee H300pes M MaTeMAaTHK NOCTOSIHHO CTaBHT eil
Ha paspelieHHe 3ajayH '%).

[To3BonbTe MHE 3aKOHYHTbL MNOXKeJaHHEM, YTOOH €O
CUETHOH MallHHOH# BBHAY OOJLIIOTO 3HAYEHHS, KOTOpOe
OHa npHobGpeTaeT, NO3HAKOMHJIHCL Oosee WHPOKHe KpY-
Fil; B HACTOsllee BpeMs ee, K COXaJeHHIO, 3HAWOT elle
B€CbMa HEMHOrue. I'Ipe)Kﬂe BCEro Xe C Hew NO0JKeH, Ko-
HEeuTo, NO3HAKOMUTbCH YYHTeNb; f He MOTY He BbLICKa-
3aTb TNOXKeaaHus, 4ToObl KaXAblH Y4YEeHHK B CTapluem
Kjacce cpefHeH IUKOJbl HMesJ BO3MOXKHOCTb XOTb pas
MOCMOTpPeTL 3Ty Mauuuy '6),
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Il. NEPBOE PACIIMPEHYE TIOHATHA YHCIA

Mbl HaMepeHBI Tenepb OCTABHTL Lejble Hiic,ia U B lla-
CTOAWEHA rage MepeiiTH K PaCWHPEHHUIO NOHSITHI YHCAA.
B 1wKone 3TOT mpouecc pasnensioT OGBIKHOBEHHO Ha
CAeAYIOUIHE CTYNEHH:

1. Bepenne npoGeil u ZeACTBUS HAL HUMH.

2. U3noxeHHe TeOpUM OTPULATENbHHIX UHCEN B CBA-
3H ¢ HayaJoM GYyKBEHHOrO HEUHC/JACHHS.

3. bonee uan MeHee noApoGHOe pasBHTHE NOHSTHSH
HPPALHOHA/IBHOTO YHCJAa Ha NPAMEPAX H3 Pa3JHYHBIX
objacTedl; BMecTe ¢ 5THM noctenedHo dopMHpyeTcs
NnpeacTaBlenye O COBOKYNHOCTH BCeX JeHCTBHTENbHBIX
YHUCeJI. '

CoBeplieHHO 6e3pa3nnyHO, HAYHHATbL JH ¢ [YHKTa
11epBOTO MM €O BTOpPOro. Mbl NpeanouHTaeM [OCHeA-
nee 7).

1. OTpuuarenbHbie YHcaa

HauneM c oAaHOro 3aMeuaHHs, OTHOCSILLErOCs K Tep-
MUHOJOTHH, B 1IKo/ie MOJIOMHUTENbHBIE ¥ OTPHUATEIbHbLIE
uHcaa OGBIKHOBEHHO Ha3blBAIOT «OTHOCHTENbHBIMHY» YHC-
JaMH B TNPOTHBOMOJIOXKHOCTb <«a8COMIOTHBIMY» (IIOJOMH -
TeJbHBIM); MEXAY TEM B YHHBEPCHTETE 3Ta MaHepa Bbl-
paMceHHs He MNPHHATA. B 1uko/se Te e OTHOCHTENBHbIE
yMcsla  HASBIBAIOT TaKkKe «anrebpauuecKHMi» uucia-
MH 18) — TepMHH, KOTOPHIfi B YHHUBEPCHTETE Mbl yNOTped-
N5ieM B COBepLIEHHO HHOM CMBICJIE. )

Yro KacaeTcsi MPOHCXOXKAEHHS M BBeAEHHS OTpHLA-
TeJbHBIX YHCEJ, TO OTHOCHTENIbHO aKTHUECKOro Mate-
puana s Mory OHITb KPaToOK: 5THMM BellaMH Bbl Baajee-
Te CBOGOAHO M, BO BCSIKOM CJayuae, 10 MOHM CBeJEeHHAM
BBl JIETKO B HUX OpHeHTHpYyeTech !).

BavxkafuwinM noBOAOM 151 BBEJEHHA OTPHUATEJbHBIX
ujces SIBJASETCs, KAK H3BECTHO, TpeGoBaHHe cde.arsb Got-
yuTanue onepayuel, BolNOAHUMOL 80 6CexX CAYHAAX.
Ecin a << b, 10 B o6snacT HaTypaJbHRIX YHCe]1 pa3-
HOCTL @ —b He umeeT cmuicaa. CyulecTsyer, OAHAKO,
YHCJI0 ¢ = b — @; Mbl noJaraem '

a—-b=—c¢,
N Ha3blBaeM —¢ OTPHUATEJBbBHBIM UHCJIOM. C 3TIIM CRH-

2pIBAIOT OOBIKHOBEHHO ¢ CaMOro HauaJja HHTEpUupeTauH
HeJRX 4HCeJa NPpH DOMOUM WKaJabk PaBHOOTCTOALLMX
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ToueK Ha NpsiMoli, mpocTypalomeidcs 6earpaHHydo B 00e
CTOPOHDLI, HJIH <«YHCJOBOH och» (puc. 2). 3T10T 06pas
MOKHO CHuIITaThb B HAcTOflLEe BPeMs JOCTOAHHEM BCeX
06pa3oBaHHLIX JIO#Ed, H HYXHO NoJaraTb, 4YTO CBOHM
pacnpocTpaHeHieM OH o0653aH TrJaaBHEM 00pasoM H3-
€CTHOH BceM TepMcMeTplivecKoft mwkage. Haraaanmii
K XOPOIUO M3BecTHHIH 06pa3 OTPHIATENbHEX YHCRa Mpel-
CTap;ageT pacyeT HPHObBIel I YOLITKOBR.

! | I 1 i ] 1 1 !
-+ =3 =2 -l g <t +2 +3  +%

Pie. 2

Ho mbr anece, npexxae Bcero, TOYHO BEIPA3HM, B UeM
3aRA0YALTCS, COOCTBEHNO, NMPHUHUMNHAJABHHA H YDE3BHI-
uaiiio TPYAHBIH Ilar, KOTODLIH CBA3aH ¢ BBeAGHHEM OT-
PlUATENLHEIX YHCEJ B ILKOJAE.

Feanl yueHHK HPHBBHIK NOCTOSIHHO CBSi3BIBaTh € UHC-
Jiamll U 3ateM ¢ OyKBaMH, C KOTODhIMH OH OIIEDHDPYET,
KOHKPETHBIE KOJHYECTBA W IPH CJIOKEHHH HX, a Takxke
Jpu ApYruX AeHCTBUAX BCEria HMEN Iepes IJa3amu Co-
OTBETCTBYIOUIHE ONEpPaiyH, KOTOPHIE MOMKHO peajibHO
‘HaJ 9THMH KOJHYeCTBAMH NPOH3BOJAHTb, TO TENeph JAEJ0
COBEPLIEHHO MeHseTcA. EMy npHXOAUTCA HMETh [eJo
C 4eM-TO HOBBIM, C «OTDHIATENLHBIMH YHCJaMH», KOTO-
pbi¢ y>Xe He HMeIOT Huuyero oflierc ¢ HarAAHbBIM 006pa-
B30M O KOJHYECTBE IPEJMETOB; €My NPHXOJUTCS IPOH3-
BOAUTL HaJ HHMH [eACTBHA KaKk Hal KOJHYECTBAMH, a
MeXJY TeM HMEHHO 9TH AEHCTBHS COBCEM YXKe He HMeloT
AJIA HEero MNpeXHEero sCHOro, HAmAZHOro 3HavyeHHA 20).
3nech NPUXOANTCA B NepBbIA pa3 JenaTb [epexoa OT
Fearbnoi maTemaTuxu K GopmasvHor, Aas NOJAHOTO
yACHEeHHs KOTODOH HYXHO 3HaYHTe/JbHOE DAa3BUTHE CIIO-
COOGHOCTH K abGCTpaKuuw.

[TpucMoTpuMcs, oJHaKO, NojpobHee, YTO MPOUCXOAHT
C apH(@METHUECKHMH JEHCTBUAMH NOCJE BBEAEHHA OT-
pHOaTedbHMX uHces. Ilpexze Bcero, siCHO, YTO Ca0ie-
Hiue U 6ol4uTaRUe N0 CYUECT8Y CAUBANOTCA 80eduHo.
TipuGaBlienue NOJOXKHTEIBHONO YHCIA eCTh BLIYMTAHHE
fIPOTHBONOJOXHOrO oTpHuatenpHoro yucia. M. Cumon
ill’:“."lilGT no 3TOMY NOBOAY OCTPOYMHOE 3amedaHne, 4To
¥MEHHO BCJEACTBHE BBelelHs OTPHLATeNbHBIX 4HCe,
Grarofaps KOTOLOMY BLIYHTaHHE CTAHOBUTCA AEHCTEHEM,
HE HMEIOIMM HCKJIIOYEeHHRA, OHO NepecTaeT CYIECTROBATh
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KaK caMmocToaTesbHas onepauus. Ilaa storo ofobiieH-
HOrO CJOXKeHHS, OXBATBHIBAIOUIEr0 TaKXKe H BHIYHTAHHE,
3 06JaCTH NOJOXHTENBHHX H OTDHLATENBLHLIX MHCeN He-
H3MEHHO OCTAITCA B CHJE Te K€ OCHLOBHHE NsiTh (op-
ManbHHX 32KOHOB: 1) mOCTOYHHAS BHINOJHUMOCTD, 2) 0/~
HO3HAaYHOCTb, 3) COYETATENbHOCTb, 4) INepeMecTHTEb-
HOCTh H 5) MOHOTOHHOCTb. OTHOCHTENbHO cBOHcTBA 5)
HYXHO 3aMETHTb, U4T0 a < b Tenmepb O3HAYaeT, BHIpa-
Aasicb KPaTKO, YTO IIPH TeOMETPHUECKOM H306paxeHHH
YHCNO @ JeXWT BJEBO 0T b, TaK 4YTO, HANpHMep,
—2<—1,—3<<+2HuT 4

Ilpn ymHOXeEHM BaXKHEHINIMM MOMEHTOM SBJSETCA
TaK Ha3HBaeMOe NpPasus0 3HAKO8, COTJIACHO KOTOPOMY
a-{—¢)=(—c)-a=—(a-c) u (—c¢)-{(—c)=++cc’; B
0COOEHHOCTH MNOCAefHee (MHHYC Ha MHHYC OaeT ILIIOC)
YacTo 1npencTasiaser c¢obofi KaMeHb IIPETKHOBEHHS.
K BHyTpeHHeH CYHMIHOCTH 3TOro npaBujia HaM NpPHLETCH
elileé BCKOPe BO3BPATHTbCA. Mbl BHIpa3HM €ro npefBapH-
TENbHO OBHHMM INpeNJOKeHHEM, OTHOCALHMCSA K NPOH3-
PeJEHHI0O KAKOr0 YTOAHO KOJHYECTBA MOJOKHTENbHBIX
H OTpHUATEJbHBIX YHCeA: MOAY/b MPOU3BEHEHHS paBEH
NPOH3BEAEHHIO, MOLY/IEH COMHOXHTENEH, 4 IO 3HAKY NpOo-
K3peJeHne OyneT MOJOKHTENBHBIM HJIH OTPHIATEABHHM
B 3aBHCHMOCTH OT TOTr0, BXOIHT JIH B €ro COCTaB 9YeTHOS
HIH HeYeTHOe YHCAO OTPHLUATENbHBIX COMHOXHTENeH.
Ilpu TakoM onpeZlie/leHHH YMHOXEHHS B 06nacTH nono-
JKHTE/IBHBIX M OTPHUUATENBEBIX YHCEJ OHO ONfTh 06Ja-
laer cheayiolHMH cBOHCTBaMH: 1) MOCTOsHHAs BBUTOJN-
HHMOCTb, 2) ORHO3HAYHOCTb, 3) COYETATeNBHOCTb,
4) nepeMecTHTENBHOCTh H 5) pacnpefeNuTeNbHOCTL OT-
HOCHTEJNBHO cJOXeHUS. ToIbKo B 3aKOHe MOHOTOHHOCTH
3Jeck OKaapiBaercs oTkjoHeHue. Ero mecTo Temepp 3a-
HHMaeT CJIeAyIOUIMH 3aKoH: ecau a > b, T0 ac > be,
ac="bc uau ac < bc 8 sasucumoctu or T020, 6yder AU
¢c>0,c=0uauc<<O0.

CnpocuM cebsi Tenepb, He 3aK/IIOYAIOT JIM 3TH 3aKO-
HH IO YACTO (GOPMANLHOMY CBOEMY COXEPXaHHIO JIOTH-
9EeCKOFO TPOTHBODEUHs. MBI NOJIKHE B NEPBYIO Ouepenn
CKa3aTh, YTO NOKa3aTeJbCTBO OTCYTCTBHA NPOTHBOPEUHs,
OCHOBaHHOE Ha UYHCTO JOTHUECKHX cOOfpaX<eHUsX, NO
HacTosilee BpeMs 37AeChb YAaaoch NPOBECTH eille MeHee,
geM AJA LEJBIX NOJMOXKHTEeAbHHX 4nces. Ho Bonpoc yaa-
JlOCh CBECTH K TCMY, UTO Ha3BaHHble 33KOHB 3aBEAOMO
He HMEIOT IIPOTHBODEYHS, €CIH OHH HE COAEPKaT TAKOBOro
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B NPHMEHEHHH X 1LeJbM TOJOXHTENBHHIM YHCIAM,
o Tex mop, caenoBatenbHo, 1I0Ka 3TOT BOnpoc He 6y-
JIeT NOBeJleH 10 KOHUa *), T. €. MoKa He 6yaeT A4HO Jo-
IHYECKOe J0Ka3aTeabCTBO OTCYTCTBHSL IPOTHBOPEUHA B
006/1aCTH TeX ke ONepalnHfd Haj 1e/biMH [OJIOXKHTeJbHbI-
MH YHCJTAMH, Mbl MOXEeM OCHOBLIBATb YBE€PEHHOCTb B OT-
CYTCTBHH NPOTHBOpEUHS B Ha3BAHHbLIX 3aKOHAaX JHLIb HA
TOM, YTO CYIIECTBYIOT HarJsfjHble OOBEKTbl H HarJsaaHble
ollepauMy HajJ HHMH, KOTOpble yIOBJETBOPAIOT 3THM 3a-
KOHaM. B KauecTBe TaKMX HarJaAHBIX OOBHEKTOB Mbl YKa-
3a/M yKe BHILE Pl pPaBHOyJLa/JleHHHX OAHA OT Apyroi
TOUYEK Ha YHCJIOBOH OCH; HaM OCTaeTCA TOJbKO NpUOaBHTH,
4TO 03HAYAOT B NMPHMeHeHUH K 3THM o6pasaM apH¢MeTH-
ueckHe gefictBusi. ClloxeHue x” = x -+ a NpH NOCTORH-
HOM & OTHOCHT KaXJofl TOuKe x HEKOTOPYI0 TOUKY x’ Ta-
KHM 00pasoM, YTO HeorpaHH4YeHHas NpsAMas MpPocTO mepe-
nBHraerca no cefe Ha OTPE3OK @ H MPHUTOM BIPABO HJH
BJIEBO B 32aBHCHMOCTH OT TOr0, HMEET JH 4 MOJOXKHTENh<
HOE HJM OTpHNaTejbHOE 3HaueHue, [lanee, yMHOKeHHE
x'=ax mnpeacraBaseT cobolt oToOpaxeHHe noLOGHA
rpamoil B ceOs (rOMOTETHIO}) H OPHTOM NpH a > 0—
pactsaxeHue, npu a << 0— pacTaxkeHue, CONMPOBOXKJae-
MOe CHMMeTpHell OTHOCHTEJNbHO HYJeBOH TOYKH.

$I xouy Tenepb OCTAHOBHTbCSA HA TOM, KakK, cOGCTBeH-
HO, BCE 3TH BEUIH - MCTOPHYECKH BO3HHKIHN. He HyxHO
AYMAaTb, UTO OTPHIATENbHbIE YHCJIA NPENCTABJIAIOT CO-
60i OTKpBITHE KAKOro-JH60 OAHOrG YMHOrO ueJoBeKa,
KOTOpBI BMecTe c TeM, ObITb MOXET, Aaxe OOHAapyXHJ
114 OCHOBAHHH TEeOMETDPHYECKOr0 HX TOJKOBAHHA OTCYT-
CTBHE B HHX NMpOoTHBOpedus. Hamportue, B mpouecce Mex-
JIeHHOH 3BOJIOLMH ynoTpe6GjeHHe OTpHHATENIbHHX 4YHCes
Kak 66l caMo co60d HampalluBaJoch, H JHLIb I03Ke,
KOT[a HMH YK€ NaBHO onepHpoBasH, uMeHHo B XIX 8.
BO3HHK BONpPOC 00 OTCYTCTBHH NMPOTHBOpEYHS.

[lepexoas K HCTOPHH OTPHUATENbHHX YHcesd, TNO-
3BOJIbTe MHe 0OpaTHTh Ballle BHHMaHHe Ha TO, UTO ApeB-
HHe rpeKH, HecOMHeHHO, He BJajelH OTPHIATENbHBLIMH
UHClaMH, TakK UYTO 3JeCb Mbl HMEEM NYHKT, B KOTOpOM
rpekam He NPHXOJAMTCH OTBOAHTb IEPBOTO MeCTa, KaK 3T0
HeKoTopble BCerja CKJIOHHH JAenartb. Hanportus, uecTb
OTKPbITHSI OTPHIATEJNbHbIX YHCEJ AOJNXKHA ObITb NpHMH-
caHa HHAycaM, KOTOpDble BBEJH TakKe HyJb M Hamy cH-

*) Cm. npumeuanne 9.
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cremy uudp. B Empone orpuuatenpHnie yHcia INOCTce-
1leHHO BOWMIH B ynoTpeGnedHe B 3m0oXxy Bospoiaenud
B TOT HMEHHO IlepuHold, Koraa cCTaad OIepHpoBaTbh HaAA
tOykBamu. He Mory ne ynoMasyTb npu 3ToM, uto GoJee
HJIH MeHee CoBeplIeHOe OYKBEHHOe WCYHCJAEHHe Blep-
suie BBed Buer?!) B 1591 r. Ha 1ol nouse, ecrectaeH-
HO, NMPHIIH K NpaBUJaM pacKpbiTHs CKOBOK NpH Oeit-
CTBHSIX C NOJIOXUTEJILHHIMH YMCJIaMH, KOTOpPHE, KOHEYHO,
CONePXATCA B NCPEYHCICHHBIX HAMH BBIUEC OCHOBHBIX
(dopMynax, ec/H ME TONBKO NPHCOCAHHHM COOTBETCTBYIO-
IiHe 3aKoHM BRIYUTAHHA. OAHAKo A XOYYy OCTAHOBHTLCH
HecKoNbKO noppobGHee no KpaiiHedl mepe Ha IBYX NpH-
Mmepax, uToObl, mpex(le BCCIO, ROKa3aTb, YTO AN HHX
MOXHO JaTh KpaHHe NpOCThle W HarJfAAHble AOKa3aTelb-
CTBa, — NpPaBja, TaKHE J[0KAa3aTeJbCTBa, KOTOpHE, cOf-
CTBEHHO TOBOPS, UCHEPNLIBAIOTCS QUIYPOH H CIOBEUKOM
«CMOTPH®, KaK MBI 3TO ‘acTO BCTpevyaeM Yy ADeBHHX MH-
nninesn 22).

1) Myctk a>b n ¢>a. B takom cayuae a—b
eCTb TONOXHWTENBHOE YHCAO0, MeHbllee, Hexkenau c¢. [lo-
3TOMYy  PpasHoOCTb € —

—(a—0) Gyzmer noao- L L L i
KHUTENLHEIM  4HCAOM P
{puc. 3). Ecan wmbl Ha- Puc. 3

HeceM 3TH UMcJia Ha YuC-

JIOBYIO OCb H 3aMEeTHM, YTO OTPE30K MEXJy TOYKaMU b H a
HMeeT MJIHHY a — b, TO AOCTAaTO4HO B3TJAHYTb Ha pHCY-
HOK, 4TO6bl y6eANThCA B CeAylouteM: ecJd MH OTHHMeM
OT oTpe3ka ¢ (T. e. oTpe3ka MexAy ToukKamMu 0 u ¢)
0Tpe3okK a — b, TO NOJY4YHM -TO Ke camoe, 4TO MOJY-
upau Ok, ecaH Obl OTHsAM CHayana Bechb OTPe30K 4,
a 3ateM npu6GaBHJH OTPe3oK b, T. e.

c—(a—by=c—a—+05b. (n

2) INyets a> b u ¢ > d; Torga pasHocT® a—b u
¢ —d npelctaBasiioT co60f 1enbie NOJOKUTENbHBlE YHC-
na. Paccmotpum npoussenenve (a — b)- (¢ —d). C aroi
LeJbl0 MbI NOCTPOHUM HPSMOYrOAbHMK €O CTOPOHAMH
a—buc—d (puc. 4); OH COCTABUT YACTb NPAMOYTOb-
HHKa, HMEIOWEro CTOPoHbl @ H ¢. UTo6sl #3 mociefHero
NMOJY4YHTb NepBblH, ML OTHHMeM cHAauajla BepXHHH, ro-
PH3OHTAJbHO 33aWITDHXOBAHHBIA NPSAMOYTrONbHUK da-d,
a4 NOTOM pacCnoJOKeHHBIA cnpaBa H 3alITPHXOBAHHBIH
BEPTHKAJBHO NpAMOYroibHHK b-c. OAaHako HeGoJblof
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APAMOYTONbHUK b-d, 32IUTPUXOBAaHALIA HaKpecT, MH OT-
HAAM JHUHHA Das3; MB JOJIKHE €ro INO3TOMY CHOBA
upu6GapuTh. ITHM INYTeM MBI NPHXOAHM K H3BeCTHOH
dopmyne

(@a—b6)(c —d)=uac—ad — bc + bd. (2)

B npasbHelilieM pa3BHTHH 3THX Huefl cka3nBaeTCH 06-
was oCOGEHHOCTb YeOBEYECKOH HATYpH, 3aKMIOUAI0asi-
CS B TOM, YTO MH He-
BOJILHO MOCTOSIHHO CTpe-
MHMCAl PAacOpoCTPaHATh
npaBuaa, BHIBEIEHHbIE
I8 YaCTHRIX CJyyaes,
Ha apyrue 6oJee obine
caysad. Tlankeap B
CBOeM COUYHHeHHH «Teo-
PHA KOMIJIEKCHBIX YHC-
JIOBHIX cHCTeM» )  Ha-
3bIBAET 3TO NPUHYLUNOM
nepmanentHocTuy  ¢op-

Puc. 4 MaJbHBIX  3aKOHOB H

IpHAaeT eMy 3HayeHHe

PYKOBOASALLErO OCHOBHOIO IOJIOKEHHA. DTOT OGIIHHA NPHH-
UHA B NIPHMEHEHHH K HHTepecylouieMy Hac ¢Jyyalo 03Ha-
yal 6bl, 4TO MBE XKenaeMm oCBo60aAuThL Qopmyan (1) u (2).
OT. yc/ioBHf! (HAJIOKEeHHBIX Ha YHcaa a, b, ¢, d), pH Ko-
TOPHX OHH BHIBEIEHH, H CAeJaTh HX MPHMEHHMHMH TaK-
e K JApyrHM caydasM. Hampusep, eciH MH NPHMEHHM
dopmyny (2) K ciyvaw g=c=0 (A KaKosoro ciy-
yag Mb! 3Ty GOpMYJIy OTHIOAbL HE A0KA3aJaH), TO MH IO-
ayuaM (—b) - (—d)==+4-bd, T. e. HONyYHM TpaBHJO 3HA-
KCB NPH YMHCXXEHHH OTpHIATEJNbHBIX uHcesl. TaKHM Xe
06pa3oM MK MoxkeM Ge3 Tpyaa DPUHTHH K APYTHM Cly-
yasM TpaBuia 3HAKOB, Onarofaps ueMy, ToOXaayH,
CKJMIOHHH OyfieM Ja)Ke NMPH3HATh HX 33 COBEplIeHHO He-
00XoaUMble AONYVINEHHA. B [NeHCTBHTENBHOCTH Ke OHH
EYyAyT HeOOXOAUME! JHIUL NOCTONBKY, NOCKOJIBKY MBI XO-
THM COXPaHWTb AJIS 3THX HOBHIX O6'bEKTOB IIpejyHHE mpa-
kU3 JeHcTBHH. MaTeMaTHKH mpeXHWX BpeMeH, KOHeYHo,
He C JIerKMM CepAleM pellaJuch Ha o6pa3oBaHHE 3THX
HOBBIX NOHATHH, H TAXKENO0e YyBCTBO, ¢ KOTOPHIM OHK
BFa 3TO LIJIH, CKa3bBAJOCh B TEX HAa3BaHHAX, KOTOpHE
OIlM 4acTO AABaJH OTPHLATENbHBIM YHC/IAM: <IIPHAYMaH-
HLie YHcaa», «JICXKHHe yHcaa» M T. A. OpHako, HeCMOT-
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psl Ha Bce 3TU coMHeHHsa, B XVI n XVII BB. oTpHUaTEND-
Hble 4YHCJa NOCTeneHHo mpHobperaior Beeobliee NpH3HA-
HYe; 3TOMY, 6€3 COMHEHHSs], B 3HAYHUTE/NbHOH CTENEHH CIO-
cc6CTBORANIO pa3BHTHE aHaJHTHUecKOH reomeTphH. Ko-
HEYHO, COMHEHHs eIle OCTAaBaJHCb H JOJXKHH ObIAH
OCTaBAThCsL 10 Te€X NOP, NOKA BCe €lle CTapaluch MHTep-
TpEeTHPOBATb OTPHUATENbHOE UYHCAO KaK KOJHYECTBO
npejMeTOB H He VACHHIH cefe BO3MOXKHOCTH alpPHOPHOrO
YCTAHOBNEHHSI (HOpMAaJbHEIX 3aKOHOB; B CBSI3H C 3THM
BO3HHKAJH TOCTOSSHHbIE TONBITKH J0Ka3aTb [pPaBHJIO
3HaKoB. JIpocToe pasbAcHeHHe, KOTOpOoe NpPHHEC TOJbLKO
XIX B., 3aKa04aerca B TOM, YTO O JOTHYecKoH Heo6xo-
JHMOCTH 3TOro MOJIOXKEHHs, O €ro J0Ka3yeMOCTH He Mo-
XKeT ObiTb peyd. HanpoTus, pedb MOXKET HATH TOJEBKO
O TOM, YTO6Hl NPH3HATbL €ro JIOrHYECKylo AO0HYCTHMOCTD;
B OCTallbHOM >€ OHO SIBJASETCH NPOU3BOJBHBIM Y pery-
JUPYeTCst JHIIBp COOOpaKeHHsAMH ILesecoo0pasHOCTH H
GPHBENEHHEM BHIUE MPHHUHIOM NEepPMaHEeHTHOCTH.

B ¢Bsi34 ¢ 3THM Helb3ds He BHICKA3aTh MEICIH, KOTO-
pas MU TNOMHMO TOTO YacTO HaNpallHBaercs, YTO BeLUIH
HepeaKO NpEeNCTaBJSIOTCS pasyMHee, HEXeMH J0Au. Bul
BHIUTE, YTO OAUH H3 BaXHEHIIMX 11AaroB B MaTeMaTH-
Ke,— HMEHHO, BBE€JeHHe OTpHUATEIbHHX YHcen H JeH-
CTBHA HajJ HHMH — OblJ choelaH He BCJIEACTBHE CO3HAa-
TEJIbHOTO JIOTHYECKOro CyXJeHus OAHOro 4esloBeka, a
CTan opraHHyecKH Heo6XoguMbiM O6narofapss HHTEHCHB-
HBIM 3aHATHAM 3THMH BeWaMH: MOXET Oa e [I0Ka3aThbCes,
UTO UEJIOBEK HAyUYMJICA 3THM mpasunaM oT Oyks. CosHa-
TeJbHOe y6eKIeHHe, YTO MBI NPH 3TOM NOCTynaeMm Ipa-
BUJBbHO, He Bmajias B KOJJH3UIO €O CTPOro# JOTHKeiH,
SIBUJIOCh JHWb ropasgo nosxe. Boobuue, uucras Jorixa
DpH 06pPa3soBAHHK TAKUX HOBRIX NOHSITHH# MOXET HMETb
JUWb peryjHpyollee 3HaueHHe, PYKOBOAALLeH Xe POJH
OHa HrpaTh He MOXeT, H60 eAHHCTBeHHOe TpeboBaHHE,
KOTOpoe OHa CTaBMT, 3aK/IioHaeTcd B TOM, 4TOOBl He
OBLlI0 BHYTPEHHEro NPOTHBOPEUHA, a 3TOMY, KOHEUMo,
MOTyT YIOOBJIETBOPHTH H MHOrHe ApyrHe abGCTpakTHbIe
CHCTEMBI.

Ecnu Bac HHTepecyeT JuTepaTypa NO TEOPHH OTPH-
uaTtedbHBIX YHCEJN, TO si MOTY BaM YKa3aTh elle Ha KHUTY
Tpondke «HcTopus 3aneMeHTapHOH MaTeMaTHKH» 24).

O6pamasck K KPHTHYECKOMY 0030py TOro, Kak OTpi-
1laTenbHble YHCJA H3JaraloTcsl B LIKOJE, HYXHO Ipeliie
BCEro €KasaTb, YTO NpPenofaBaTel! YacTo 3[eCb AEN&HT
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Ty e OWIUOKY, B KOTOPYI0 BNAJaJd MaTeMaTHKH Npex-
HHX BpeMeH; HMEHHO, OHM NHITAlOTCH A0Ka3aTb NMPABH.JI0
3HAKOB KaK HeyTo JOrHueckH Heo6xoaumoe. OcoleHHO
YacTo BBIJANOT 338 A0K33aTeAbCTBO APHBENCHHBIH BbllIe
SBPHUCTHYECKHH BbIBOX npaBusa (—b):(—d)= 4 bd us
dopmyann qas (a —b)-(c—d), baKTHYeCKH CoBeplieH-
HO 3a6biBas, 4To 3Ta (HOPMyJa NpH ee HepBOHAUAJBHOM
BbiBOJE (CM. C. 41—42) HepasphlBHO CBA3aHa C HepaBeH-
CTBAMH a > b, ¢>d. Takum o6pa3oM, AOJyUaeTcs JHllb
BHAHMOCTb (CHMVJSILHA) AO0KA3aTeaLCTBA; NCUXQJOTHUE-
CKHit MOMEHT, KOTOPHIH B CHJy NMPHHLUHUNA NepMaHEHTHO-
CTH NPHBOJAHT K 3TOMY NpPaBUJY, CMeUIHBAETCA C JIOTH'e-
CKHM [OKa3aTeJbCTBOM. YUYEHHK, KOTOPOMY 3TO B TaKOM
BUMle B NePBHHA pa3 MpemnoJHOCHTCH, €CTeCTBEHHO, HE MO-
3KeT 3Toro MOHATh, HO NMOBEPHTH 3TOMY OH B KOHLE KOH-
LIOB BBIHYKJIEH; eCJH e NpH NOBTOPEHHH Ha BbICIIEH
CTyneHH OOyyeHWs, Kak 3TO UacTo ObIBAeT, YYeHUK He
nojayuaer 6oJiee TOUHLIX PaA3BACHEHHH, TO Y MHOTHX MoO-
J)K€T YCTAaHOBHTbCA y6eXJleHMe, YTO 3Ta TEOpHsl Colep-
JHKHT HEYTO MUCTHYECKOE, HEMOUATHOE.

[To moBoay 3THX npHeMoB s AOJKEH KaTeropHuecKu
33aABUTb, YTO HHKOLZA HE CJedyeT THTATbCsl CUMYJHpPO-
BATL HEBO3MOXKHBble A0KasaTenbcrsa 28), Caenosajo Obf,
HAMPOTHB, Ha NPOCTHIX NpuUMepax, coobpasHo (GaxTHUe-
CKOMY TOJIOXKeHHIo Aena, yOeIHTb YYeHHKa, a eCJiy BO3-
MOXHO, TO 3aCTaBHTL €ro CaMoro NpHHTH K TOMY, 4TO
LMEHHO 39TH NOJIOXKEHHsI, OCHOBAHHbBIE HA NpHHUHANE nep-
MAHEHTHOCTH, CIIOCOOHBI AATb €AHMHOO6pAa3HbBId W yHo6-
HBIH aJropuTM, TOrja Kak npH BbOOpe ADYTHX NPaBHJ
BCErpa NMPHAeTCs pasauyaTbh OT[enbHble cayuaH. KoHeu-
EO, NIPH 3TOM He HYXKHO NpPOSABJATH JHLIHEH NOCHEWHO-
CTH, HYXHO JaTb YYEHHKY BPEMsl OCBOHTLCSI C Te€M BHYT-
pPEHHHUM MepeBOPOTOM, KOTOpHII B HeM coBepLIaeTcs B
peayibTaTe 3TOro akra no3HaHua. M B TO Bpemsa Kax
YYeHHKY Jerko MOHATb, YTO JAPYrHe ITOJIOXKEHHS Heuese-
coo6pasHs, HeoGXOAMMO HACTOHYHBO MOABOAHTH €ro
K MOHMMaHHIO TOTO, YTO UyJecHas CTOPOHA jAesNa B TOM
EMeHHO H 3aKJI0YaeTcH, UTO AeHCTBUTENBbHO CYLLECTBYeT
obluiee H LesecoobpasHoOe NMOJOKEHHE;, OH JAOJIKeH SICHO
MOHATb, YTO CYLIECTBOBAHHUA TaKOH CHCTeMH OTHIOND
HeJab3sl OBLIO C YBEPEHHOCTbIO OXHIATbL 3apaHee.

3TUM 5 3dKAHYUBAI0 TEODHIO OTPHUATENbHBIX UHCEN
H MepeXoxy K YYeHHIO O Apobsax.
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2. Bpobn

Obpatasich Teneph K TAKOMY K¢ U3NOKEHHWO yie-
Hus 0 ApoGAX, Mpl HauHeM C TOr0, KakK TDAKTYETCA 3TOT

- a
Bonpoc B Iuxone. 3aecs Apodb 5 € caMoro Hadaja

HMEET COBEePlIEHHO KCOHKpeiHoe 3sHayenne, TokLko no
CpaBHEHHIO C HATNIALHLIMH 06pa3aMK, KOTODHIMH HHTEp-
NPEeTHPYIOTCA Ueabie Yiceaa, 31ech CyGCTpaT MeHseTCH, —
HMEHHO, OT KOJHUYECTBA NPEAMETOB MbI jiepexoAtiM K H3-
MepeHHto, OT NPEAMETOB, MNOAMEKAILHX CUYETY, ™Mbl [e-
pexonnM K npeiMeTaM, NOANexauwM HaMmepensio. [1pu-
Mepami BeJNIY9HUn, AONYCKAIOULHX H3MEPCHHA, MOCYT CAV-
XHTb Macca H paadHa. -Ha 3rnx npumepax Kamxaowmy
VHUEHHKY H NOACHRETCH 3HaueHpe ApoSell, Wbo KamaoMmy

t
HCJOBEKY QUEHDb JIerKOo MOHATh, YTO TAaKOoe 5 METPA HJH

1 .
< Kujaorpamua. H3s KowkperHnX xe cooGpamenuil Jerko

yCTanasJ/jiuBaeTrcs 3Hayellie COOTHOWEHHN ==, >, <
Jis apobed, a TakXe yCTaHdBAMBAIOTCH MDaBHAd CJo-
JKEHHA H BHIUHTAHHs Apoleli. YmHoMeHHe OOLIYHO BBO-
AHTCA NYyTeM He3HaUHTeNibHOH MOoAA(PUKALHH TNEepBOHu-
4a/lbHOTO ONPefesIEHHsA 9TOr0 REHCTBHA. ¥YMHOMUTL 4uC-

b
20 Ha Opobb — 3HAYUT YMHONUTb €20 HA Yeaoe YHCAO a

(coenacno crapomy onpedeaenurd) u 3arss pazdeauts
na b. Mnu, nnave, npoussedenue cOCTABARETCA U3 MHO-
a
HUMOZO COBCPUIEHHO TAK %ce, KAK MHOMUTEAb - CO-
cTasiReTca u3 eOunuyb. Benen 3a 3THM AeNeHH2 HA
LpoCh onpelessieTcsl KaK orepanus, obpaTHas yMHOMN(e-

HiO: pasdeanTs a Ha G GHQUUT HAlTU TAKOE HUCAO,

Koropoe, Gydyuu YMHOMEHO Ha

D

P

3 dacr wucao a. 314

GlipeAeieHHsi B TeopHH ApoGel MBI KOMGHHHpYyeM faJee
C BBeAeHHeM OTPHUATeNbHHX 4HCEN H TakuM 06pasom
noJiyyaeM OKOHYATENbHO COBOKYMHOCTh BCeX palHOHAMdb-
HBX udces. Mbl He HMeeM BO3MOXHOCTH BXOAMTb B Ze-
Tafd BCEro 3TOr0 NOCTPOSHHUA, TMPOBeleHHe KOTOpGro B
miodie, eCTECTBEHHO, TPebyeT MHOTO BPSMEHH; Mui JYyY-
lle CP2BHHM 3TO H3J0XMKCHHe ¢ coBpeMenHoff paspabor-
KGH 2TOro BOMpoOca.B MaTteMathike #6),

Y BeGepa n Beasbwrefina BucTynaer Ha nepBbiii naad
popmasshHas CTODCHa Jesid, CBOASLLANCA K Budopy H3
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Pas/MHMYHBEIX BO3MOKHBIX HHTepHnperauuil Toi, Xotopas
N03BOJIgET yAOSHO omHcaTh obmpe cBOHCTBA ApoGeit.
3deco dpobo % RPOCTO ABAAETCA CUMBOAOM (4UCAO-
804 %) napod), Had KOTOpeiM HYyMHO cosepuiaTe Oeti-
CTBUSL CO2AQCHO ONPEOCACHHBIM NPABUAAM.

DTH npaBusia (KOTopble, KAK MBI YIOMSIKYJH BHILUIE,
eCTEeCTBEHHO, BLITEKAIOT H3 PeasibHOro 3HaueHHa Apobeii)
HMEIOT 3/1eCkb XapaKTep COBEDLIEHHO NpPOU3BOAbHULY CO-
earawerutl. Tak, HanpuMep, TO, YTO HpEACTaBJseT AJA
YYEeHHKa HarnsigHOe MOHHMaHHe PaBeHCTBA ABYX IApobed,
npuofperaer 31eck Qopmy onpedeseHus paseHcTs8a: 1BeE

a c
ApOOH + M — HasbBalOTCA paBHBHIMH %), ecnu ad=bc.
AHaJOrHUHBIM 06pa3oM oOnpejenseTcis MOHATHE <«BOJb-

o a c
me» HIH «MeHblle»; cymma dayx dpobeil 5 4 g npo-
d
cro onpedessercs xkaxk 0poGe g_b%-d_bc, H T. 4. 3atem

y¥e NOKa3blBaeTcs, YTO OnpeAejeHHHEe TaKHM 06pasoM
peficteHs B Todydaroweiica npdH atom GoJsiee oGUIHPHOR
YHCJIOBOA 06JIACTH CTPOTO HOJYHHSIOTCA MpexHHM dop-
MaJIbHBIM 3aKOHAM, T. €. OQMHHAJIATH OCHOBHBIM 3aKO-
HaM, KOTOPHIE MH yXXe HeOJHOKPAaTHO NPUBOAHIH.

He croaws dopmanbHo, Kak B cucteMe BeGepa —
Benbuireiina (u3/i0XeHHOH 31ech, KOHe4YHO, TOJNBKO B Ca-
MBIX OOLIHX YepTax), TPaKTyeT 3TOT Bompoc BypKrapar.

a
Ha dpobe 5 OH CHMOTPUT KaK Ha noc.ied0B8aTeAbHOCTE

dayx onepayutl 8 06AACTU YEABIX HUCEA, — UMEHHO, YM-
HOJCeHUe Ha 4YUCA0 a U Oesenue Ha 4ucao b, 06beKTOM,
HaJ KOTOPBIM 3TH OTepalHd AOJKHbI GBITh BHIIOMHEHH,
AIBJISIETCS COBEPLUEHHO NPOM3BOJIbHOE LeNoe yucao. Ecan
MBI MOCNEN0BATeNbHO npoussedem dse Taxue napsl one-

, a c
payuid - W —, TO 3TO PAaccMaTPHBAETCS KaK YMmHOXe-

Hue dpobeil. Jlerko BHAETH, YTO OCYLIECTBJIAEMAas TAKUM
o6pa3om omepauus nOpeactaBseT co6of He 4TO HHOe,
KaK yYMHOXeHHe Ha aC U JejeHue Ha bd. Takum o6pa-
30M, HPaBHJIO YMHOXeHHS apolei

ac

a.£t 8
b d  bd

BBITEKAaeT 3leCh H3 TOTO CMhbIC/Ia, KOTOPHH mpupaercs
NOHATHIO ApoGH, @ He NpeCcTaBJsieTCsl NPOH3BOJbHBIM
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cornamendeM. COBEpILIEHHO aHAJOTHYHO MOIKHO, KOHey-
1O, OmpelenHTh JAeNeHHe Apobel; OQHAaKO cJQXeHHe H
BBIYHTAHHE He nod0aroTCa UHTEPNpETaLHH B 3TOM IIO-
psaxe naeit. Popmyna

a ¢c _ ad+bc
T d= "6

ocraeTcst, TakuM o6pazoMm, u y DBypxrapara corjaie-
HHeM, B TIOJb3Y KOTOPOTO OH IPHBOAHT TOJbKO HABOAS-
LIHE YKasaHHs.

CpaBHHM Temepb IIKOJBHYI0O I[OCTAHOBKY BONpOCa
€ YKa3aHHHIM COBPeMEHHHIM H3JI0XKEeHIeM, B KOTODOM Kak
H OAHOH, TAK M B APYrofl HHTEPNPETALHUH Mh OCTAEMCH
8Ceyen0 HA nou8e yeaolx wuced. VI3BeCTHBIMH Npe/Ioaa-
ralTcs TOJbKO COBOKYHNHOCTb LEJNBIX 4HCea H AeHCTBUS
HaJ HHMH; HOBHIE K€ YHCJIA SBJAAIOTCS OGBEKTaMH, KO-
TODHIE ONPEleNAIOTCH KaK YHCJAOBBlE Naphl HJAH K&K
OnepalHH Hajl UeNHMH dHcaaMHu. [llkoasnoe se usaoxnce«
HUue CYU,eCTBEHHO ONUPAeTCs HA HOB80e HagasdHOe nped-
cTaeAerue 06 u3Meperuy 8eAUYUH, IPUBOASILIEE K HENO-
CPEJCTBEHHOMY UHTYHTHBHOMY NpejACTaBJAEHHIO O APOoOsX.
Mbl yscHuM ceGe 5TO pasnuuHe JAyylle BCEro, ecJHU Mpej-
cTaBuM cefe CyLiecTBO, BJajelollee TONbKO HEeeH O Ie-
JIOM YHCJE M BOBCe He 3Hawuiee HaMepeHHi. J1s Takoro
CYIIECTBA IIKOJBHOE H3JI0XKEeHHe Kasasaochb O COBEpIIeH-
HO HENOHATHHIM, MEeXAY TeM KAaK NOoCTaHOBKa BOMNpOCA
y BebGepa u Beabwrteiina Gbia 6 eMy BIOJHe J0-
CTymHa.

Kakag e 3 JByX TOueK 3peHHs Jyulle ¥ 4TO jaer
kaxzas M3 HEX? OTBET Ha 3TOT BONPOC CO3BYYeH TOMY
OTBETY, KOTOpPHH MH IpPHBEJNH BHIE, KOTAA Mbl pa3bil-
paJH aHaJOTHYHBIA BOIpPOC OTHOCHTENBHO LeJhX YHCET.
Hogas Touxka 3peHusn, HECOMHERHO, wuuie, HO 8 TO JKe
epema u 6ednee. Ona, COGCTBEHHO TOBOPA, 1deT TOJABKO
NOJIOBHHY TOTO, YTO B lE€NIOM BHAEe COJepXKHT B cele
IIKOJBHOE H3Jl0)KeHHe: abCcTpaKTHoe, apHdMeTHYecKoe,
JIOTHYECKH TOUHOe BBefeHHe jpobeil M AeHcTBHH Han
HHMH.

M xorga ata HOBas TOuKa 3peHHs, OCHOBHIBAIOLIAACA
JHIIb Ha MOHATHH LEJOro YHC/a, NOJHOCTRIO NpOBEfeHa,
ocTaeTcs eule APyrofi, He3aBHCHMBIH H He MeHee BaXKHbH{
BOTIPOC: MOXHO JIH NPHMEHHTb NOCTDOEHHVIO TaKHM 00-
pPa30M TeOpeTHYeCKylo JOKTPHHY K HArJaAHBIM, DOI-
JAKOIIHMCS H3MEPEHHI0 BeJHUMHAM, C KOTODHMH HaM
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NpUXOAHTCs uMeThb Aeno? M 3jech, Koneuno, MOKIHO
65110 OGB! CMOTPETh HA 3TOT BONPOC KaK Ha OTHOCsutifCs
K «[IPHKJAAHOM MaTeMaTHKe» H JONMYCKaIOUWHH CTpOro ca-
MocTosiTensHy0 00pa6oTky. [Ipencrarsiercs, OLHAKO, CO-
MHHTEJbHBIM, MOMHO JH Takoe Da3ieNeHHe CUMTATh Le-
JgecoofipasHbiM ¢ TeaAarornueckodl TOuKH 3peHust. ¥ Be-
Gepa u BesabuiTeftHa 3TO pasjeneHne 3ajJaud Ha ABe
uacTH Haxoaut cebe, BpoueM, cBoeobpa3HOe Bhipaxe-
KHe: BBOAA aOCTPaKTHO AEHCTBHA C ApOOAMH, aBTOPDL
3aTeM 1I0CBAWAIOT OTARNLHYIO TJaBy NOA 3araasHeM
<OTHOIUEHHMA» BONPOCY O TOM, KAaK palHOHAJbHBIE JPO-
61 MoryT GbITh TPHMEHeHB! K BHellHemy MHDY. [IpH 3TOM
L3JIOKeHWe HOCHT y HHX 6ojee abCTpaKkTHeIH, UeM Ha-
rASAHBIHA, XapaKrep.

$1 3aKOHYY HacCTOsilLee paccyi<AeHHe 0 Apo6six 06LIHM
3aMeuanyeM, OTHOCHALIEMCA K COBOKYTTHOCTH BCeX HE/blK
yHces; NPH 3TOM JJR HArJASAHOCTH 51 6YAY MOJB30BATHLCH
u3o6pakeHuem uuces Ha npamo#l juHuu. Mu nmpencra-
BHM cefe, 4To Ha mpsiMoH (puc. ) oTMeyeHH BCce TOUKH

1 { L i b S S l i b I 2
-/ P (A
Z ¢ v J
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¢ pauHOHaJbHBIMH KOOpPAHHATaMH, KOTOpble MH Oynem
KOpoue HasblBaTh MNMPOCTO «palLUOHAJbHBIMH TOUYKAMHU».
1'0BOpAT, UTO COBOKYNHOCThL BCeX 3THX paLHOHANbHBIX
To4eKk ofpa3yeT Ha YHCJAOBOH OCH «BCHAY NJOTHOE MHO-
JKECTBO»., ITHM XOTAT CKasaTbh, YTO B Kamdom UHTep-
saae, KAk Obl ma.n .0H HU Obla, UMeeTCA 8Ce e Oecuuc-
AEHHOE MHOMECTB0 payuonaibrelx Todex. TouHee, He
RBOIS UYXAKIX TIOHSITHH, MOXKHO HHaue BRIPA3UTb TO KE
caMoe CJIefyloldM obpasoM: Mewcdy arofoimu deyma pa-
LUOHANBHBIMU TOYKAMU UMEETCA ewe no kpainel mepe
odna payuonaarvras Touka. CIeJCTBHEM 3TOTO sIBJSETCA
TO, YTO M3 COBOKYAHOCTH BC€X PpAaLHOHAJbHLIX UYHCe]
Lcerfia MOXHO BbIIEAHTb 4acTh, He COAEpXKAWYK HEH
fnaufosbiliero, HYH HauMmeHbluero dJjeMeHTa. Ilpumepom
MOJKET CIIYXKHTb COBOKYIIHOCTbH BCE€X DALHOHAJbHBIX ApO-
Cefl, cofepXalluXCs MeXAYy HyJeM H eAHHHUEH, ecsaH
CaMH 3TH JIBAa 4YuCJa He BKJAKUaTh. B camoMm zgene, Ka-
KoBa Ob HHM 6blla mnpaBuJbHas ApolOb, BCerja cyiie-
CTBYeT elle menviuas Apobb, coaepxallascs Mexay Helo
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# HyjaeM, u 60abwan, cofepXKamancss MEXAY HCIO H ejli-
uHel. DTH DOHATHA B CHCTEMATHUECKOM passUTHU OT-
HOCSITCA YIKe-K KaHTOPOBOH Teopud MHoxecTB *). Huxke
HaM JIeHCTBHTENBbHO INPHAETCS BOCIOJL3OBATLCS PAUHO-
HaJbHBIMH UHCAAMY C YKa3aHHBIMH HX CBO{IcTBAMH Kak
Ba)KHBIM NIDHMEpPOM MHOXKECTBA.

3. UppauuonanbHsle yucaa

[lepexoaum Tenmepb K AajdbHeflieMy pa3BHUTHIO TOHA-
THS UHCJIAa,— UMEHHO, K UPPAUHOHANBHBIM YHCIaM. 3]€Ch
Mbl He 6yJeM OCTaHaBJHBAThCA HA TOM, KAK 3TOT BONpoC
#ajaraercss B WKOJe, TaK KaK OTHOCHTENLHO HppaLuo-
#aJbHHX YHCceJ B LIKOJE OrpaHHUYHBAIOTCSi OOLIKHOBEHHO
HEeCKOJbKUMH nipuMepamH. Mut Jydile nepciigeM K HcTo-
pHYECKOMY pa3BHTHIO BONpOCaA.

HcropHyecky BO3HHKHOBEHHe NOHSITUS HPpPALHOHaNbs
HOT'O YHCJa HMEeeT CBOMM UCTOYHMKOM TeOMETpPHUEeCKYIO
HHTYHUH0 4 noTpe6GHOCTH reomerpuu. IlpeacraBum cebe
UHCJIOBYIO OCb C HAHECEHHBIM Ha He#l BClO-
4y TJIOTHBIM MHOXEeCTBOM palUHOHAJbHBIX

ToueK. Ha 3Tofl ocH HMcloTCa Torga elle 3’7
¥ ApyrHe yucja; [o-BHAMMOMY, 3TO Bep- ! AN
BHe nokasaa [Iudarop ¥ cgenan o 3To, B \\

npuMepHo, chaeayioouuMm ob6pasoMm. Ecan 7

MH HMeeM I[pSMOYIOJIbHBI TPEYroJAbHIK,  Puc. 6

B KOTOPOM JBa KaTeTa paBHH eAHNHLE

AMUHBL, TO €ro TUioTeHy3a HMeeT AJuHYy +/2 (puc. 6).
3TO YHCI0 3dBe0OMO He HABJACTCA pallHOHAJbBHBIM. B ca-

ey a
MOM Jefle, €CJH Mbl IOJOXHM q/2=7, rie a u b—
B3aUMHO NPOCThIE YHCJAA, TO MHl JIETKO NPHIEM K NPOTH-
ROPEUHI0 C H3BECTHHIMH 3dKOHAMHM JAeJHMOCTH LeJbX
yucen. Takum 06pa3oM, Mbl 2eOMeTpuUdecKU HOCTPOUALL
TaKol OTPe30K, OTAOKUB KOTOPbLE HA 4UCA080U OCU OT
HYyAesol TOUKW, Myl npudem K TOYKE HEPAUUOHAAGHOL,
T. €. K TaKol TOuke, KOTOPAsL 8 NPEHHEM MHOMECTEE
payuonaabrobly Towex He codepxurcs. BoobGwe B Godb-
IIHHCTBE cayuaes 2°) runoTeHysa 4/m2 + n® npsAMOyrodb-
HOro TpEYroJbHHKa, B KOTOPOM KATETHl BhIpaXKawTCA
HeJbIMH 4YHCAaMH m B n, GyAeT BHIPaXKCHa HPPaLlo-
HanbHEIM  yucaoM. Ixosa Iludaropa ouens ycepmno
2aniManach pasbiCKaHWeM TaKUX map yHcesa m H 11, Ko-

*) Cu. npunoxenue II (c. 355).
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TOPHIM COOTBETCTBYET pPaUHOHAJBHAA TCUNOTEHY3a; 3TO
TaK HasbiBaeMble NHQaropoBbl 4HC/a, NPOCTEHINHM NpH-
MepoM KOTOPEIX fIBASIIOTCA 3, 4, 5; MBI K HHM emie BO3-
BpaTHMcH HHxXe. Bo BestkoM cayuae Onllo H3BECTHO, YTO
TpU 3TOM NOCTPOEHHH, BoOOlIe roBOpH, NOJyYaloTes Up-
paudoHaJbHHE OTPE3KH; 5TO OTKPBHITHE CTOHJO XKeEpPTBH
7 CTO 61:11(013, no nosoay KOTOpOI:'I TaK 4acCcTO NPHXOAHTCA
CapliaTh AyPHBIE OCTpPOTLI.

[Tocnenyoomue rpedeckne MaTeMaTHKH H3yuaau G6o-
Jiee cJI0XHble HPPANMOHANbHOCTH; TaK, HanpuMep, y Es-

KJU/a MBI HaXOJHM HPPALMOHAJIBHOCTH BHAA A/ A/a + 4/

H T. 0. Boofule Xe MOXHO CKasaTh, YTO 8Ce Uppayuo-
HOAAbHbBLE HUCAQ, O KOTOPbIX UmeAu npedcrasnexue epe-
YeCKue MATeMaTUKU, CBO0ATCA K TOKUM - UPPOALUOHAAL-
HOCTAM, KOTOpbie MOXNCHO HOAYHUTL HOBTOPHLIM U3BACHE-
Huem K8adpaTHo20 KOPHA U KOTOPpsie 6 CuAy 3TO2O0
MONCHO CTpoOuTy yupkysem u aunedxod. OO6wel xe
uiaeeid 06 HPpPaLUOHAJBHOM YHCJE FPEKH ellle He BJaAesH.

$I nosxken, 0IHaKO, HECKOJNBLKO TOUHee ctopMyJnpo-
BaThb 3TO 3aMeyaHue, YyToGul H3GeXaTh HeLOpasyMeHHH.
MBt HMeNH B BHAY CKa3aTh TOJBKO TO, YTO TPEKH He BJa-
JleTH TaKHM MpPHEMOM, NPH MOMOLIH KOTOPOrO MOXKHO
Cuao 6b aath ofimee apH@MeTHYecKoe oOnpefesneHue
UPPAlMOHaJBHOIO 4YHCJa, KaK MHB 370 cAeJaeM HHXe.
[1pu BceM TOoM noHsATHEM 06Llero AeACTBHTELHOTO Uucaa,
KOTOpOE€ MOKET ¥ He ObiTb pPalHOHAJbHHIM, I'DEKH BJa-
AeJan, — npapja, ¢ HHOH TOYKH 3peHHs, YeM Yy Hac; Bce
3TO HOCHT y HHUX APYro# xapaKkTep, TaK Kak OHH He NOJb-
3oBaquch OyKBaMH Jajas o6uero o6GO3HAYEHHs YHCJHA.
VIMeHHO, OHM paccMaTpHBANH, KaK 3TO H3J1araeT CHCTe-
MaTHYeCKH EBKJHA, OTHOWEHUe O8YXx NPOUSBOAbHLLX OT-
pesxos W ONepUpPOBaNH C STHMH OTHOIUIEHHSAMH TOYHO
TaK XK€, KaK MHl Tenepb ONepHpPyeM C NPOH3BOJLHHMH
JeHCTBHTEIbHBIMH yHcaaMH, ¥ EBkInza BcTpedalotcs
A2XKe TaKue onpejejeHHsi, KOTOPHe COBCeM HaNMOMHHAOT
COBpPEMEHHYI0 TEODHMIO HppalHOHaJbHHIX YHcesa. Hppa-
I[HOHA/JbHbBle YHCJIa YK€ Ha3BAHHEM CBOHM CYILECTBEHHO
GTIHYA0TCA OT pallHOHAJbHBIX YHCEI, MOCACAHCC Ha3bl-
paetrcsl «uplBuoo», Mexay TeM KaK OTHOlIeHHe OTpes-
KOB, T. e. Jiofoe JeACTBHUTeNbHOE YHCJAO, Has3pBaeTcs
«hoyoa».

K sTOMY npHcoeiHHHM ellle 3aMeUalHHe OTHOCHTEJIBHO
¢aMOro cJoBa «HppauuoHanabHbi», OHO BeaeT CBOe Ha-
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YaJso, BEPOATHO, OT HENPABU/ILHOrO NepeBOoja rpevecKoro
C/I0Ba «QAOY0G» Ha JAaTHHCKHE s3bHK. DTO rpedecroe
CJ0BO, M0-BHAHMOMY, 03HA4aJ0 <«HeBL{rOBapuBaeMoe
YHCA0». DTUM JKesaJH CKasaTh, YTO 3TH HOBBIE HCJIa,
T. €. OTHOLIEHHS OTPE3KOB, He MOrYT GbITb BhIPAYKEHDLI
OTHOWIEHHEM [BYX LeIbIX YHCEN; JUWIUb HemOoHUMaHHeMm
epeBoYHKa OOBSACHACTCS TO, UTO ATH YHCJAA 0KA3aJHCh
HEJIOFHYHBIMHY», KAk 3TO, MO-BUAHMOMY, BbIpaykaercd
CJI0BOM <«HppauHoHa/bHble yHcaay. Obujee noHATue up-
payuoHaabH0e0 Hucaa noABUHAOCH, no-eudumo,uy, TOAbKO
8 konye XVI crosrerus nocie BBeleHNst JeCATHYHRIX LpO-
Geif, ynoTpeGileHHe KOTOPHIX MOJYYHJIO NPAaBO FpaKAaaH-
CTBa B CBA3H ¢ BO3HHKHOBeHHeM JorapudMuuyeckux Tab-
aud. Koraa mer ofpaitaem paunHoHanbHyi apobb B Je-
CATHYHYIO, MBI MOXKeM, KpOMe KOHeYHhmX JpoGefi, mony-
yaTh eule OecKkOHeunsvle OecATuuHsble Opobu, KOTOpHIE,
OJIHAKO, BCErja AOJXKHBl OHTH NMepHoauueckumu *). Ilpo-
CTeHIIHM npuUMepoM GyaeT

1
3=20,3333..;

MH HMeeM 3Jech JecsiTHIHYl0 ApoGb, MepuHojy KOTOPOI,
COCTOAWMA H3 OAHOH LUH(pH 3J, HAauuHaeTcs Hemocpen-
CTBEHHO mnocne 3anaTof. Ho Torpa HeT npenATcTBHEA
K TOMY, uToGbl NMpPeACTaBUThL cebe Henepuoduueckyro Je-
CATHYHYIO ApO6h, UHOPH KOTOPOH CNEAYIOT APYr 3a ApY-
roM IO KakoMy-lubo Apy[OMY ONpeleleHHOMY 3aKo-
By %0); Kaxablf, KOHEYHO, NPH3HAET TaKyl Apobb onpe-
OeneHHbIM B B TO XKe BPEMS HEPAYUOHAALHUIM HUCAOM.
Ho B 3TOM, COGCTBEHHO, YK€ COAEPKHUTCA MOHSITHe Hppa-
LHUOHAJBHOrO YHCJA, K KOTOpOMY, TaKHM oOpa3oM, Hac
HenocpeJACTBEHHO MPHBOAHT AecATHYHAs Apobb. McTopH-
UeCKH JeJ0 U 3[eChb NPOHCXOJAHJO COBEpLIEHHO TaK, Kak
MH 3TO BBHISICHHJH BHIIIEe OTHOCHTEJNbHO OTPHUIATEJNbHBLIX
YHCeJ: BBIYHC/IEHHS ¢ HeOOXOALHMOCThIO NPUBOJAHIH K BBe-
JEHHI0 HOBBIX 4YHCEJ, H ¢ HUMH OIepHpOBaJH, He pas-
MBILISIS MHOTO 00 HX CYIWHOCTH H 06 HX o60CHOBaHHH,
TeM GoJee, YTO OHH 4YacTO OKAa3HBAJHCh 4pe3BHUYAHHO
NOJIE3HBIMH.

Jinuie B 60-x romax XIX B. 6nna mpu3anaHa notpeb-
HOCTh B TOYHOH apudmernueckoin o6paboTke yueHus o8
¥ppalHOHAJILHEIX YHCJ/IAX, YTO H OBLIO BHIIOJHeHO Beii-

*) O6 sToM moapofuee cM, HENXE, ¢, 62 H caef,
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CPLIITPAcCCM B €ro JeKIBsX, OTHOCAIHICA K YKA3aHHOMY
neprody. OOCIYI0 TEOPKIO HPPALHMOHAABbHBIX YIICEeJ AaJ
g 1879 r. [. Kantop B [anje, ocHoBaTeNb yueHHs O MHO-
JKeCTBaxX. M HesasucuMo oT Hero P. Jlenexkuua B Bpayw-
mpeiire. Touky apenus Jlepexkuuna s HamepeH MOSICHHTDL
ajecb B HEMHOTUX cJoBaX. JlomycTHM, uTo MBl BJaaleed
(OBOKYNHOCTBIG BCEX PAallHOHAJBHBIX YHCEN, H HCHOPH-
PyeM BCe NpOCTpaHCTBEHHLIE NpeACTaBJeHUA, HABA3DLI-
B2KOUIME HAM HHTYHTHBHO HenpepbiBHOCTb YHCJAOBOIO
psja. Utobul, HexXols OTClOAa, HPHATH K 4MCTO apudme-
THYECKOMY OlNpeje/eHHI0 HPpauuoHajbHOro uvciaa, e-
JACKHHA ™) CTPOHT MOHATHe cedyeHus B 06JACTH PaUHO-
haJbHBIX uHces. HmMeHHo, ecan s ecTb paunoHaJJ bHOE
MHCJI0, TO OHO AEIHUT BCIO COBOKYHNHOCTh PaUHOHAaJblibiX
yuyces Ha ABa knacca A 1 B takum obpasom, 4to Kasc-
ooe 4ucao Karacca A menewe, Hemeau Ar060e HUCAO
Kaacca B, npuyem xkandoe payuonasbroe HucA0 npuRad-
resuT ToMy uau unomy kaaccy. Kinace A conepKHT Bce
ugcla, KOTOpble MeHblle ugcaa r, a B — Bce unciaa, Ko-
Topble Oojblle, HEXEJNH r;, CaMO XK€ YHCIAO r MOKHO
OTHECTH KaK K ONHOMY, TAK U K JpyroMy kjaaccy. Kpome
3THX «COOCTBEHHBIX» CcedeHull, OLIBAalOT elnle CeueHlsn -
«HecoOCTBeMHbIE»: NOA 3THM Mbi pasyMeeM TakKHe pa3i-
€HeRna MHOKeCTB2 BCeX palHMOHaJbHBIX 4HCEJ Ha RBA
Kxaacca, KoTopble 06/4aAa10T M[epeyHCAeHHBIMH BhilIe
CBOHCTB2MH, HO He MNPOW3BOAATCA PALUHOHANLHLIMH 4HC-
JlaMH; HHbIMHM CJIOBAMH, ©TC — CEYEeHHHA, B KOTOPHIX
Khace A He HMeeT Hanboabliero, a knacc B He umeer
HaHMeHbulero uucnaa. [Ipumep Takoro poaa HecobCTBeH-

HOrO CeuYeHHs JlaeT HaM, CKaxew, 1/2=1,4l4 ee. HAH
£0001lle BcAKas Heneproaudeckasi GeckKoHeuHass APOOh.
OTHOCHTENbHO KaXKJOr0 PAauHOHAJBHOIO YHCAA 4B MO-
eM TOTUacC pellHTh, GOJblie JH OHO HJY MeHblle, HeM
ata 6eCcKOHeuHas JecATHYHas Apo6b3%'), W coobpasHo
2TOMY OTHECTH KayJ0e pauHoHaJbHOe uHcao Jnbo
K Kjaaccy A, su6o K kjaccy B. B rTakoM cayuae sicho,
YT Kaaa0e YHCAO Kjacca A MeHblle Ka)Aoro uHcad
knacca B, ¢ Apyro#i cTOpoHBl, B Kiacce A He Moxer
6BITh HanGoJabulero, a B Kiacce B He NOXeT OBITb HaM-
MeHbIIero 4Hcaa, HO0 MeXAY KaxXAbiM paluvOoHalbLHbIM

*) Jleacxun i P, Henpeprienocrb v nppaunuonansuiie ynena/
Ilep. ¢ uem. npusat-gouedta C. IlaryHosckoro — Hap. 2-e. — Ojice-
ca: Maresuc, 1909. Buan # nosauefiniye H3RAHHA.
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ulca0M H Hautefl 6ecikoHedHOl Apob6bio BCerjaa Haifilerca
cyie GecyHCAeHHOC MHUOMKECTBO IPYrHX PaUlHOHAJLHBIX
S1cel.

Beuay atux coobpamennil Jegekuiin ycTalnasluBaeT
clelywlee onpefeseHne, KOTOPOe ¢ TOYKH 3peHHd
CTPOro JIOTHHYECKOH JOJIXKHO, KOHEYHO, pacCMaTpHBATHCH
KaK YHCTO yCJOBHOe cornatuenue. Kaocdoe ceuenue 8
004aCTU PAYUOHAALHOLY wucen Mbl OYydem Kasvleats pa-
UUOHAALHBIM UAU UPPAUUOHAAbHBIM HUCAOM 8 3Q8UCW-
MOCTU OT TO20, 6ydeT Au 310 cedenue COOCTEeHHbIM UAl
HECOOCTBEHRBIM. \

K sTOMy HemocpeicTBeHHO NPHMBIKAET ONpefeneHHe
paBeHCTBA: J8a 4UCAQ HA3bIBAKITCA PABHLIMU, €CAlL OHIL
npu3sodar o0Ho u To sce®?) ceuenue 8 064aCTU payuo-
naavrelx wucea, Mcxoast U3 aToro ompefeseHHsA, MOXKHO,

i o
HanpuMep, [0Ka3aTb, YTO - paBHdeTcs GecKoHedHOH

necatuyHo#t gpobu 0,333... Tor, KTo cTaHer Ha Hauy
TOYKY 3peHHs, AeHCTBHTENbHO AOJXKeH TpeGoBaTb HOKA-
3aTENLCTBA, OCHOBAHHOrO Ha JAaHHOM OlpejesleHHH, XOTH
HYeJOBEKY, HAUBHO HO}IXOI[H.LILEM)’ K 3TOMY naejqy, 3TO MO-
KeT TOKa3aTbCA COBEPLIEHHO HEUY2KHBIM. HOJI}”II{TB Ke
3TO A0Ka3aTejqbCTBO Hepr}lHO, €CJIH Mbl cooépaaum, YTO

1
KaX<10e pauHoHa/JbHOe UHC/IO0, KOTOpPOe Melbule -, TpH
o0palyeHHy B AeCATHUHYIO ApoOb pPAHO MK MO3AHO AacT
MeHbIUMA JeCATHUHBIA 3HaK, YeM B Halel GeCKOHEUHO
LpoGH; BCSIKOE jKe palHOHAJIbHOE UHCI0, KOTOpoe 60ib-

e %— DPAHO MJH MO3AHO JacT OGOJbIINHA AecATHUHBIH
3HAK, _

B nexunsx BefiepmTpacca coOTBeTCTBYIOULEE ONpese-
JeHHe [JIACHT: 08a 4UCAQ HA36I8AOTCA DASHOLLAL, €CAl
OHU OTAUMAIOTCA Opyz OT Opyza Mexsuwie, uesm Ha A060g
dannoe noaoxuTeAbHOE payuonasbroe 4ucao. CBsi3b
MEXAY 3THM onpejeneHHeM H MPeAbIAYILHM JEerko ycMoT-
perb. OcoGeHHO HarAsAHbIM MpPEACTaBJsETCS I[I0C/HeLHEe
onpefe/neHne, ecid Mbl cooGpasum, nouemy apobo 0,999...
paBHa l: 3TH UHC/IAa OTJHYAIOTCS, OYEBHANO, Metiblle,
yem 0,1, yem 0,01, ¥ T. A.; caegoBaTeqbHO, HA OCHOBA-
HHH ONpeAe/]eHHs] OHH PaBHBHL.

Tenepb cnpawxBaerca: 6garoaapst uemMy Mbl HMEeM
BO3MOXHOCTb H00aBHTb K MHOM(ECTBY BCEX pAaUlIOHd.lb-
HBIX YHCeJ elle M HMPpPalHOHAJNbHble UMCMa M {1POH3BO-
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AMTb AEHCTBHA HAj TeMH M IPYrUMH UYHCJAMIH, COBep-
HIEHHO HX ‘He pasauuas? [Ipuunua kpoerca B TOM, 4TO
COXpPaHAeT CHJIY 34KOH MOHOTOHHOCTH 3JIeMEHTApPHBIX
onepauufi. Tlpunuun 3ToT 3aKA04aeTcss B CIEAYIOLEM:
€cau 08a UPPAYUOHAALHOIX HUCAQ HYICHO CAOMCUTSL, Ne-
PEMHOMUTE L'T. n., TO MbL UX 3aAKAI04aem 80 8ce Boaee
u 6oace Tecnvie npedeast u Had aTumu npederamu co-
CT8ETCTeHHO npousdsodum Te e OelicTBus, KOTOPbLE
HAM HYHHO NPOU3BECTU HAO CaAMUMU UDPAYLOHAALHbLMU
YUCAAMU, BCAEOCTEUE 3AKOHA MOMOTOHHOCTU U pe3yie-
TAT NOCAEJ0BATEAbHO 3AMBLKAETCA 80 8Ce Goaee u Gonee
TecHole epanuyol ),

MHe HeT HamOGHOCTH H3JaraTb 34€Ch 3TH BeLlH, TaK
KaK BH MOKeTe NOAPOBHO 03HAKOMHTBCA C HUMH 1O MHO-
ruM yuyeGHHKaM, B KOTOPHIX BBl HafifeTe Gojbline MO-
APOGHOCTH OTHOCHTEIBHO ONpeJedeHus HPPaIlHoHalb-
HOro yucJja, KOTOpoe s 37€Ch H3JO0XKHJ TOMbKO B OOLLHX
ueprax ). :

3neck a4 npeanouen On OCTAHOBHTBCA €lle HA TOM,
Jero BH B KHHrax OOBIKHOBGHHO He HafileTe: HMEHHO,
Ha TOM, KaK MOXHO NepedTH OT H3JO0XeHHOH 3jaech
apud)MeTHYECKOH TEOpHM HppPalHOHAJBHBIX YHCEN K HX
IpUMEHEHHI0O B Apyrux obJacrax. B ocobeHHocTH A
HMEI0O B BHAY 3[€Ch 3aHAJHTHUECKYI TeOMeTPHIO, KOTO-
PYyI0 WHOTA3 MO HAaWBHOH HMHTYWHHH [IPUHUMAIOT 3a HC-
TOYHHK HDPAaLHOHAJbLHBEIX YHCed H KOTOpas INCHXOJOTH-
YeCKH [JeRCTBHTENbHO SBJSETCH 3THM HCTOUHHKOM.

Eciu MBl BO3bMeM UYHCJAOBYX OCb, Ha KOTOpOH, Kak
BbIlle, HaHeceHH HaYaJo W BCe palMoHaJbHble TOYKH,
TO OCHOBHOE IIOJIOXKEHHe, Ha KOTOPOM NOKOHTCA 3TO NPH-
MEeHEHHe, IVIACUT: KaXO0oMy pAYUOHAALHOMY WAL uppa-
YUOHAALHOMY HUCAY OTBE4AET TOUYKA, UMEWas 370
4ucA0 cBoell KoOpAunraroldl;, xaxdod Towke HA npamol
GTBEXAET 8 Ka4ecrse KOOPOUHATH. PAYUCHAALHGE UL
UppayuUoOHasbHOe 4UCA0 38).

Takoro popa HCXOJHOe NOJOMXKEHUE, KOTOPOE CTOHT
BO MnaBe JHCLHMJIUHBL, H3 KOTOPOro Bce AajibHeiiliee Bhl-
TEK4eT YHCTO JIOTHYEeCKH, TOr4a KaK caMO OHO Heé MOXeT
ObITh JIOTHYECKH AOKa3aHO, MhH Ha3BIBAeM a KCHO MO .
OrpenbHble MATEMATHKH B 3aBUCUMOCTH OT CJOMHBLIHX-
¢l Y HUX B3rSIIOB CMOTPST HA AKCHOMY KaK H2 MHTYH-
THBHO SICHYIO HCTHHY HJH KaK Ha 6ojiee Hau MeHee Npo-
H3BOJbHOE cornalienne. Hacrosumas axkcHoMa ¢ B3aUMHO
O/IHO3HAUYHOM COOTBETCTBHH MEXAY BCEMH ACHCTBHTEIb-
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HBIMH YHCJaM¥, C OJHOH CTOPOHB!, U TOYKAMH NPAMOH,
¢ Jpyro#f cTOpoHH, OGHIKHOBEHHO HA2HIBAGTCS QKCUOMOLL
Kantopa, XOTOpHH NepBHIH TOYHO €e CHOPMYTHPOBAI
(B 1872 r.).

3pecs OymeT YMeCTHO CKasaTb HeCKONLKO CJIOB
O TpHUPOAE HAUIHUX NPOCTPAHCTBEHHEIX MNpEACTaBJEHHH.

3TO BHIpaXKeHHE, CTPOrO TOBOPs, MOMHO INOHHMAThb
JBOSIKO: C OAHOH CTOPOHBI, MOM¥HO HMEThb B BHAY HeHo-
CpedCTBeHKOe YYBCTEEHHOR, IMNupuuecKkoe npeodcTasdie-
Hue O npocTpascrse, KOTOpPOE MH KOHTDOJHpYeM IpH
TIOMOWIH H3MEPEHHR; C APYrofi CTOPOHHI, — OTBAEUEHHOE,
EHYTpEHHEE NnpeacTasseHue O npPOCTPAHCT8E, MOXKHO
€énno 6Bl CKa3aTh, NPHCYILYIO HAM uderd ¢ NpoCcTpaH-
CT8¢, KOTOpPAas BO3BHILIAETCA HajJ HETOYHOCTbIO YYBCTBEH-
upix BocnpuaTuit. Takoro poia pasianyde Boofule HMeeT
MECTO NPH KaxX/JIOM HHTYUTHBHOM NpPelCTABJIEHHH, KakK
f yKe HMeN cIy4YaH YKasaTb 10 NOBOAY PA3BHTHS MO-
HATHSA 4YHCJA; Jydlle BCero OHO TOsCHAeTCs, OBITH MO-
XeT, cienywoutdM npuMepoM. UTo o3Hayaer HeGoJiblloe
YHcJio 2, 5 uaM 7, HAM HEMOCPEACTBEHHO HCHO, HO
o 60AbMIMX YHcJaX, HanpHMep o umcnae 2503, MH yxe
He UMEeeM TaKOro HemnocpeiCcTBEHHOro, HarJsiIHOro npej-
CTaBJMeHHs. 37eCh, HAMPOTHB, HAXOAUT cefe NMpUMeHeHHe
BHYTpEHHee NpPeJCTaBJeHHE O PACHOJOKEHHOM YHCJAOBOM
psle, KoTopoe Mbl ce6e COCTaBJsieM, HCXOJs H3 Hayajb-
HHIX 9HCeJ, TIPH NOMOLIYM coBeplleHHOH HHAyKuuu. Yto
KacaeTcst NPeACTABJEHHs O MPOCTPAaHCTBE, TO AeN0 06-
CTOHT TaK: €CJH Mbl pacCMaTPUBAEM PAacCTOSAHHUE MEXAy
JBYMS TOYKZMH, TO Mbl MOXEM OLEHHTb U HU3MEPHUTH ero
JHUUIb C OrpaHHYeHHHM TNpHOJHXKCHHEM, TaK KaK Haw
ria3 #HecnocofeH PasanHuYaThb OTPE3KH, HMeoLIHe JJIHHY
HHXXe HeKOTOpOH TpaHHUB, 3TO €CTb TaK HasblBaeMHH
NOpOTr OIYUEHHS — NOHSITHE, Hrpalollee YpesBBIYAHHO
BaXHYIO pojbp BO BceR mncuxogorud. Ho no cyuectsy
JeJ0 He U3MEHSeTCH M B TOM cJyyae, eCJH Mbl YCHJH-
BaeM Haul rjas CaMmBMM TOHKHMH HHCTPDYMEHTaMH, TakK
Kak ¥ OHH HMEIOT H3BECTHBbIE I'DAHHUB TOYHOCTH. Takum
we 06pasoM M NPH BCAKHX OPYruX ¢H3HYeCKHX Habiato-
JeHUsIX ¥ HM3MEpPeHHAX MH HAaTaJKHBaeMcs Ha TaKoro
poga MOPOrH OILyLIeHHA, KOTOpHE YyCTaHaBJHBAlOT Mpe-
IeJl BO3MOXHOH TOYHOCTH. YKasaHusi, nomajaipolude 32
3TH Mpejesbl, HHKAKOro 3HayeHHsl ykKe He HMeloT H
CBHIETENbCTBYIOT ¢ HEBEXKECTBE HJH AaXe O HEXOGpOCO-
BECTHOCTH,
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‘B npoTHBOMOMOMKHOCTL 3TOMy CBOWCTBY 3MIHpHYe-
CKOTO fIpeACTaBJIEHHs O TPOCTPAHCTRE, HEOGXOAHMO Orpa-
HHYEHHOro M3BECTHHIM NPHOJIHXKEHIieM, a6CTPaKTHOE UJTH
iileaJbHOe NpeJCTaBJeHHe 0 IPOCTpaHCTBe O6JafaeT He-
OFPAHHUEHHOH TOUYHOCTBIO H B CHJY KaHTOPOBOH aKCHO-
Mbl O0HApyXHB2eT IOJHHI NMapajlennsm ¢ apHOMeTH-
JEeCKMM NOHHMaHHeM uucaa 36).

B cooTBeTcTBHM ¢ 3THM Ueneco06pa3HO H caMy Ma-
TEMAaTHKY pasfe]uTh Ha JBe 4YacTi: Ha MaTeMaTHKY
TOYHYIO ¥ MATEMATHKY npubauxcenAyro. BuisicHEM 2310
pasnyyde Ha npuMepe ypaBHeHus [(x)==0. B nputan-
JKEHHOH MaTeMmaTHKe, KaK H B cJayuae HallHX JeHCTBU-
TeJbHbIX 3MIHPHUECKHX [pelcTaBJeHuli, peub HAET He
0 TOoM, 4TOOB! f(x) TO4YHO o6paTHaOCh B HYJb, & TOJBKO
0 ToM, uTOOb 3HauyeHHe dyHkunu |f(x)| oxasanoch
HUXKe JOCTHXKHMOFO MOpOra TOMHOCTH; TaKUM 06pasoM,
paBeHCTBO f(x)==0 LOKHO CJAYXHUTb TOJIbKO COKpallleH-
HbIM BbIpa>KeHHEM HepaBeHCTBa

[F(x)<E,

¢ KOTOPbIM (aKTHUECKH H NPHXOAUTCH HMeTb neno 7).
Buinosauenne ke crpororo TpeGoBaHHSI paBEHCTBA
f(x)=0 cocraBasieT yxe 3aiayy TO4HOH MaTeMaTHKH.
Tak Kak B NpHIOXEHHSX HTpPaeT pojb TOJIbKO NpHOJH-
JKeHHas MaTeMaTHKa, TO MOXHO, BhHpaxasck rpy6o,
CKa3aTh, YTO Mbl HMeeM NHOTPeGHOCTh, COGCTBEHHO, B 3TOM
nocjegHel OMCUMIIIMHE, MeX1y TeM Kak TOYHas Mare-
MaTHKa CYIUEeCTBYeT TOJbKO HJs YAOBOJBLCTBHS TE€X, KO-
TOphI€ €10 3aHHMAIOTCSl, @ B OCTAJbHOM COCTAaBJsET JHILb
ONopy /s MaTeMaTHKH NpHOAHKEeHHOH,

Bosepautasice onaTh K Halleil TeMe, si A0JXKEH CKa-
3aTh, UTO J02UteCKoe onpedesexue UPPAYUOHAALHOEO
YUCAQ, HECOMHENHO, OTHOCUTCA K TOUHOU MmaremaTuxe.
B camom neune, ymepxme}mé YTO JBE TOUKH OTCTOAT
ADYT OT Apyra Ha paccTOsiHHe, BHIpaxKaiolleecss Hppa-
LHOHAJBHBIM  HHCJIOM MUJIJMMETpOB, (DaKTHYeCKM He
HMEET HUKAKOro CMbIC/I3, TAK KaK AeCATHUHbE 3HAaKH
JaJjblie UIeCTOro He HMelT peanbHOro 3HaueHHs 38).
B npaxruxe moei moocem, Takum obpazom, c80600r0 3a-
MEHATL UPPAYUOHALbHBIE HuCAq payuonasshoimy. Ha
nepBblif B3NS 3TO HAXOLHTCS B NPOTHBOPEUHH C 3aK0-
HOM pandOHaJbHBIX YKasaTtenel B Kpucraanorpadguu
WJIH, HATPHMED, C Te€M, YTO B ACTPOHOMHH NPHXOZUTCS
pasaiyath cayuaH, CylLIeCTBEHHO pa3Hble, KOrla BpeMeHa
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060pOTOB ABYX IUJIAHET HMEIOT PpallMoHaJbHOe MJIH Hp-
[auuoHanbHoe OTHoWeHHe, B peficTBHTENBHOCTH ke
3/ech ONATh MNPOABJAAETCS TOJAbKO MHOrMO3Ha4HOCTL Ha-
uIero sablka, Tak Kak 34eChb IOHATHEe «pPalHOHAJBHOE»
H «HppalHOHaJNbHOE» HYXHO IMOHHMATb B COBEpLIEHHO
ApYyroM CMBICTe, — HMEHHO, B CMEICJ€E, CBOHCTBEHHOM
npubauxcennoil marematuxe. Korjga 3gech rOBOpAT, MTO
BEJHYHHBI HMEIOT palHoHa/bHOe OTHOlIeHHe, TO NOJA
3THM pasyMeIoT, YTO HX OTHOMIeHHe BHIparkaercs napoii

3
He6OMbUIHX UYHCeJ, — HallpuMep rE Taxoe e oTHOILE-

HHe, KakK ‘m R

K HppauuoHanbHHM. Hackosbko, co6CTBeHHO, BENHKH
MOTyT OHIThb UYHCAUTETb M 3HAMeHaTelb, 3TO MeHsdeTCs
OT cayuas K cjlyyalo B 33aBHCHMOCTH OT YCJOBHH BOMN-
poca.

B aByx cioBax s xoren G euie ykasaTb, B 3aKJIO-
tieHHe, KaK f cefe NMpeACTaB/sAl0 JKeJaTeJbHOe H3J0Xe-
HHe 3THX Bellefd B uikoJe. TouHOe H3JOXKEHUE TEOPIH
HppPAaUHOHAJbHBX YHCEN 34eCb BPAL JH YMeCTHO, TaK
KaK OHA He MOXeT OHITh HHTEpecHa AJs GOJbIIHHCTBA
yueHHKOB. IOHoIa, HECOMHEHHO, BCeraa yJOBJETBOPHTCH
YKa3aHHeM OTrpaHH4YeHHOro NpPHOJIMIKEHH:; TOYHOCTH IKe
0,001 MM yXXe BRHI30BET yAHBJIEHHE, a NOTPEOHOCTH B MO/~
HOH TOYHOCTH y Hero, HeCOMHeHHO, He Oyner. Bcuaea-
cTBHe 3TOro OyJAeT BNOJHEe JOCTAaTOMHO, €C/lH B LIKOJE
NOSICHHTh MOHSITHe WPPALlHOHAJBHOTO YHCJIa TOJNLKO Ha
npUMepax, Kak 3To 6oJbllelo uYacTblo H JAenaioT. Ko-
HEeYHO, HEMHOTHe IOHOIIH, 06JajaloulHe sCHO BLIPAMKEH-
HEM MaTeMaTHYeCKHM [AapoBaHHeM, 3ITHM He yJAoBJer-
BOPATCA M 3aXOTAT BHHKHYThH TayGie B CYUIHOCTL BOII-
poca. [locroiiHoft 3apmaueli yuumrtens OyneT YAOBJETBO-
PHTbL 3Ty NOTPEOHOCTb, HEe HApYyllas HHTePeCOB OOJbIUHH-
CTBa yYeHHKOB %),

3/1eCb, HECOMHEHHO, OTHecaH Ohl yiKe

111. OCOBbLIE CBOHCTBA U EJIbIX YHCEJI

1. PoJb TeOpHH YHCEJ B WIKOJLHOM M YHHBEPCHTETCKOM
NpenofaBaHHH

Mbi HauHeM Tenepb HOBYIO [VIaBy, KOTOPYIO IOCBS$l-
THM COGCTBEHHO YYEHHIO O LEJBIX HHCAAX, TEOPHH YH-
ceji, HIM apudMeTHKe B 6oJiee y3KOM CMbICJe 3TOrO
ca1oBa.
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Sl nmpexpae Bcero gaM CBOAKY OTAEAbHBIX BONPOCOB,
B KOTODHIX 3Ta ANCHHNJIHHA CONPHKACAETCH CO HIKOJb-
HBIM TIPENOJAGBAHHEM.

1. TlepBoii 3agaueit TeOpHM uHCes SBJIAETCH BORPOC
O JeRHMOCTH: AeNHTCH JH ORHO YHCJIO Ha Apyroe?

2. MoxHO yxa3aTp NPOCTHeE HPaBHAa, KOTOPHIE KAIOT
BO3MOXCHOCTDb JIerko pacno3dHaTb, JeJHTCS JIH IIPOH3BOJb-
Hoe YHCJI0 Ha HeOoablMe yucha: 2, 3,4, 5,9, 11 u 7. 1.

3. HUmeerca GecuncieHAOE MHOXKECTBO NPOCTHIX YHCE,
T. €. TAKHX, KOTOpHE He HMEIT COOCTBEHHBIX AejauTesed,
HHBIMH CJIOBaMH, KOTOpre AeJATCd TOJBKO HaA cebsl H
Ha exmHHUy: 2, 3, 5, 7, 11, 13, 17, ...

4. Mh BJaajfieeM BCeMH COOTHOIIEGHHAMH, KAacaloLlH-
MHCsT LEJHMOCTH JI006IX yHpceJ, ecJiH Mbl 3Haem HUX paa3a-
JIOXKEHHEe Ha NPOCThie MHOXKHTEIH.

5. Teopus uucen urpaer poib B Bompoce o6 oGpa-
IIeHHH DPaLMOHAJBHHX Apofel B JgecATHUHBE: OHA MHO-
AcHAeT, MouyeMy AecATHYHAs JApo6b AOJMIXKHA CTaTh Ie-
DPHOAMYECKOR M KAK BETHK MEPHOA.

OTH BOMPOCH MNONBJSIOTCH YKe B MJIAAUIHX Kiaccax;
N03)Ke BOMPOCH TEOPHH WYHCEJN NOABJAANNTCA JHINL H3-
penka. OTMeTHM ciepyiomue ¢akThl,

6. Ecnu ¥ He Bo BCeX LIKOJNAX, TO BO BCAKOM cJyyae
BO MHOTHX H3J1araioTCf HellpephlBHBIE JPOGH.

7. UBoraa manaraiorcs AuodaHTOBH ypaBHeHHs, T.e€.
ypaBHeHHS ¢ MHOCHMH HEH3BeCTHHMH, HIPH pelleHHH
KOTOpHX Mbl OrpaHHYHBAE€MCs LEJLMH 3HAaYEHUAMH HE-
H3BeCTHbIX. B BuIe npuMepa s mnpuBedy NOHGArOPOBH
YHCJAa, O KOTODHIX Mbl YK€ HMeJH CcJydaidl TFOBOPHTH.
Kak u3BeCTHO, 3Jech pedb HAET O UEJIRX pPeIEHHAX
ypaBHeHHUs

@+ b=,

8. B Tecuofi cBs3u c Teopuelt yuces HaXogHTCA BOI-
poc o JZeJjleHNH OKPYXKHOCTH Ha pDaBHBIe YaCTH, XOTS 3TOT
BONIpOC BPAJ JH Korfa-iufo pasbupaercs B LIKOJe.
Ecsiiu HaM HyXHO pasfeNuTb OKPYXHOCTb Ha n PaBHBIX
yacTelt, — pa3yMmeercs, BOJAb3YSCb BCerAa TOJAbKO LHPKY-
JeM M JHHeHKOH,—TO 3TO JerKko yaaercs MNpH n ==
=2, 3, 4, 5, 6. Ho npu n=7 370 yXe He ynaercs, H
yuuTeJb OOHIKHOBEHRO MNOYTHTEIBHG OCTAHABJIHBAETCH
Ha 3TOM NYHKTe, He BLICKA3HBAas Aaxe KaTeropHuecKH
TOro, YTO 3TO BBINOJIHHTbL BOBCe HeBO3MOxHO. [IpuuuHna
zTOro 00CTOSITENILCTBA KOPEHHTCS B IMyOOKHX coobpa-
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KeHUAX TeopHH uucen. Urobw u3bexaTb Hepopasyme-
HHH, ¢ KOTOPBIMH, K COXAaJIEHHIO, B 3TOM BOIpOCe NpH-
XOOUTCA OOBOJIBHO 4YacToO BCTpE4aTbCH, ele paa non-
qepxﬂy, 4YTO 34eCb MBI BHOBb HMEEM J&J0 C BOMNpoOCOM
TOYHOH MAaTeMAaTHKH, He HMEIOLHM IJs NpakKTHUeCKHX
APHMECHEHHH HHKAKoro 3HaueHHsd. [/ HOpaKTHYECKHX
HeJledl BPAL MU KTO-AHGO CTAHET MOJNb3OBATHCH TOYHBIM
NOCTPOEHHEM JaXe B TeX CAyuYasX, Koria 3TO BO3MOX-
Ho. Hanpotus, 6yzneT ropasno uenecoofpasHee, gcraBa-
ACb Ha TIIO4YBE ﬂpHéJIH)KeHHOI“i MaTeMAaTHKH, HpOCTbIMH
H yMeao nofo6paHEbBIMH HCHBITAHHAMH pasfenHTb
OKPYXHOCTb Ha J60e YUCIO PabBHLIX yacTeH; NpH 3TOM
MOXHO JerKO JOCTHFHYTb BCAKOH NMpaKTHYeCKH AOCTYI-
HOH TOYHOCTH. Tak, HeCOMHEHHO, MOCTYNnaeT KaXAui Me-
XaHHK, KOTOPOMY HYHO CTPOHTb MHCTPYMEHTHL C OKPYK-
HOCTAMH, pa3Je]eHHBIMH Ha HEKOTOpOe YHCJAO uacTefl.
9. Eule B OJHOM MecTe B LUKOME NPHXOAHTCS CTOJK-
HYTbCA C BHCLIEH TeopHed uHcea,— MMEHHO, B BOTpoce
O KBajJpaType Kpyra H CBs3aHHOM ¢ HeHl BBIUHCIAEHHH
yucaa m. an H3J02KEeHHH 3TOro BOl’lpOCEl TeM HJH HHDIM
ByTeM BBIYHCJAIT MepBble LeCATHUHble 3HaKH Yucaa m,
a 3aTeM, HeCOMHEHHO, YINOMHHAIOT O COBpeMEHHOM a0-
Ka3aTe/bCTBE TPaHCHEHAGHTHOCTH YHCHAa 7, pellarclieM
B OTPUUATEJbHOM CMbICJe APEBHIOW 3ajayy O KBajapa-
Type Kpyra IpH NOMoUIM LHPKYJAs 4 JuHeHKH. B xoHue
CBOETO Kypca §i BO3Bpalllych K 3TOMY J0Ka3aTeAbCTBY,
3/€Ch XK€ 5 OrpaHHYyCh TOYHOH (GOpMYyAHPOBKOH 3TOro
VTBEPXKAEHNSA; LeJ0 CBOAUTCA K TOMY, YTO GHCJIO Tt He
MOXET VAOBAETBOPSTH HHKAaKoMy ajre6panyeckoMy
YpaBHERHIO ¢ UeAbIMH KO3d(DHUIHERTAME BHAA

axgm 4+ pam-1 4+ enm-2+ ..+ kant+1=0, az*0.

To o6cToATeABCTBO, YTO X03PODHUMEHTH AONKHH OHTDb
‘UeNBIMH YHCJAAMH, Urpaer 3iech 0COOYI0 pOMb: HMEHHO
GHO H OTHOCHT 3TOT BOfIPOC K TEOPHH YHCEJ.

Camo coGoft pasyMeercsi, 9TO H 34eCb Mbl HM€eEM [€JI0
C BOMpPOCOM TOYHOH MaTemMaTHK#d, HOO 15 Hee TOJbKO
M MMeeT 3Ha4yeHHe UYHCJIOBOH xapakrep = Ilas maTema-
THKa, OTPAHUYHBAMOWLEroCcs NpHOMHMKEHHEM, AOCTAaTOYHO
OTIpedeJIHTL [€pBHE HAeCATHUHHIE 3HAKH, KOTOpHIE AAIOT
eMy BO3MOMHOCTb IPOH3BECTH KBaZpaTypy Kpyra ¢ Jio-
€off 1OCTYNHON HaM TOYHOCTHIO.

ITHM HCYepnBIBAaeTCs POJIb TEOPHH YHCEd B IUKOJE.
CrnpocuM ellle, Kakoe MECTO OHa 3aHHMaeT B YHHBEPCH-



60 APHOMETHKA

TETCKOM MpernojasaHHM M B HayyHOM HCCA€AOBAaHHH.
${ CKJIOHEH pa3fesuTh MaTeMaTHKOB, 3aHHMAKILHXCS Ca-
MOCTOSITEIBHEIMH HCCEJOBAHUSIMH, 0O HX OTHOLIEHHIO
K TEODHK UMCEJ Ha JB& KATErOpHH: ONHHUX S HA30BY 3H-
TY3HaCTaMH, [PYrHX HHEAH(depeHTHeiMH. HAJas nepebix
He CYILLEeCTBYEeT HHMKAKOH HayKH, kOTopas 6biga OBl Tak
NpeKpacHa H TaK Ba){Ha, KaK TEOPUs 4YHCeJ, HHKaKoi
HaYyKH, KOTopasi jasana Obl CTONb fACHHIE H TOYUHHWE J0-
Ka3aTeJbCTBA M TeopeMbl TAKON 6e3yKOPHIHEHHOH CTpO-
roctH. «EC/in MaTeMaTHKa eCThb LapHla HayK, TO TeOpHUs
yHces €CThb LapHla MareMaTHKH», — roBoput Taycc.
HMHauddepeHTHHe :Ke CTOAT AANeKO OT TEOpPHH 4HCes,
OYyeHbr Maso 3a00TATCA O €e pPAa3sBUTHH H CTapaloTcst
BOoBCe ee H30eraTb. DOJLLUIHHCTBO H3yUdMOUIHX MaTeMa-
THKY 110 CBOMM CHMHATHAM OTHOCUTCA K mocnaejled Ka-
TEerOpHH.

[IpuunHa 3TOrO 3aMevaTesNIbHOrO pasjieneHns, no Moe-
My MHEHHMIO, KOpPeHHTCH B CJEAYIOLIeM: ¢ OAHOH CTOpO-
HEl, TEOpHs UHCe], HeCOMHEHHO, HMeeT OCHOBHOe 3Hate-
HHe AJst BCAKOFO 1y60KOro MaTeMaTHYeCKOro Hccaelo-
pauus. Heo6rruaiino uacTo Mbl HaTaJKHBaeMcst, MCXOJUl
H3 COBEpINEHHO Pa3JIMMHLIX o0JacTell, Ha CPaBHHUTEIbHO
ApocTele apudMetHueckue daktel. Ho ¢ apyroft cropo-
Hbl, YHCTAs TEOPHS UHCeJ SIRJIAETCS KpaiHe aGCTPAKTHOH
LHCUHMMAKMHONA; cnOCOGHOCTLIO Ke BOCHPHHHMAaTbh € YAO-
BONMbCTBHEM BechMa alCTpakTHhie Belld o6/aaaioT He-
MHOrHe. YxKe 3T0 06CTOATENLCTBO caMo RO cefe Mor-
J0 6nl cozeficTBOBaTh 6€3y4acTHOCTH, KOTOpYIO NpOsiB-
Js10T MHOrue K Teopuu unced. Ho 3To ellle ycunnBaertcs
TeM, UTO B COBpPeMEHHBIX COYHHEHHAX IO TEODHH UHCe.l
npenMeT H3jgaraeTcs OOBKHOBEHHO Upe3BHUafiHO abCT-
pakTHo. §I nosaraio, YTo TEOpHs UHcesa cAaeaanach Onl
ropasjgo OoJiee AOCTYNHOM H. BCTpeTHJaa O ropasjio
Gonbure HHTEpeca K cebe, ecan Obl ee M3fnaraju ropasio
HO H Ha mnoaxonsiwiux ¢urypax. Ee npelnoxeHHs, Ko-
HEYHO, HE 3aBHCAT OT 3TUX BCIHOMOraTeNIbHBIX CPEJCTB,
HO OpHMeHeHHe 3THX CpPeACTB Morsno bl BO MHOrOM CO-
LeficTBOBAThH NMOHHUMAHHIO. Ty Ueb MMeeT B BUAY Mun-
noBcKkHil B cBoeil KHHre «O AHOQAHTOBHLIX NpPUGIHKeE-
Husix», Boieguieil 8 1907 r. s Jlefiuuure.

Urto Kacaercs yueGHHKOB NO TEOPHH YHCE], TO BHl
Moxcere, COOCTBEHHO, BNOJIHE OFPaHHYUTLCS TeM MarTe-
prajioM, KOTOpHIY HaxonuTe B yueGHuxax asarefpet9).
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2. ﬂpochle YKCaa ¥ pa3foxeHue Ha MROXHTEAR

PaS’bﬂCHeHHH, CllelHadabi0 OTHOCALLHECS K TCOpHI
YHcedl, 1 XoTes Obl CBH3aTb C YAIOMAHYTBIMU Bbillie BOTI-
pOCaMH H NOCTAparoch H3J0MKHTb HX BO3MOXHO GoJiee Hz-
rasgHo. CaMo co6GoH pa3ymeeTcsi, YTo f NO-NPEKHEMY
HUMEI0 B BHAY TOT MaTrepHaJ, KOTOPHIH, 110 MOEMy MHC-
HH0, MOJIMKEH 3HATb YYHTelb, H OTHIOAb He AYMAal, 4TO-
6H Becb 3TOT MaTepHa/] MOMHO OBLIO HenocpeACTREHRO
B TOH e ¢dopMe cOOGLUTL YYEHHKY. S MOJIKeH yKasaTb
Ha ONHIT, BLIHECEHHLIH MHOI0 H3 YUHTeJbCKHX 3K3aMe-
HOB. MHe npuunioch YOCAMTHCSH, YTO B OOJBLUIHHCTBE
CIyuyaeB KaHJIHAATbl HAa YYHTENbCKOE 3BAUHC OrpaHHUM-
BarTcA JMHUb XOAAYHMH BbIPaXKEHUAMH, He HMeSl CKOJb-
KO-HUOYAL cepbesHblX cBeleHHH B 3Tod obaactH. Uro
7 €CTb TPAHCUEHAEHTHOE YHMCI0, 3TO TOBOPHT, KOHEUHO,
KaXIbifl, HO UTO 3TO, COBCTBEHHO, O3HAUYACT, 3HAIOT YXKe
HeMHorde. Pa3 s noayuua jgaxe 1 TakoH OTBET, 4TO 7t
He eCTb UM DauUNOHAaJbHOE, HU HpPaUMOHAJbHOE HUCJIO.
TouHo TaKk Ke NOBONBLHO 4acCTO NPHXOAUTCH BCTPedYaTs
3K3aMCHYIOIULHXCS, KOTOpLIE 3HAI0T, NpaBAa, YTO HMeeTCH
GecuncaeHHOE MHOXeECTBO NPOCTLIX YHCEJ, HO He HMElor
HH MaJgelillero npefiCTaBJeHHs] O AOKA3aTeJLCTBE 3TOTO
N PeIOXKEeHH fl.

C »Toro nocneAHero AOKa3aTeJbCTBA S H HAuHy; NpH
3TOM Te TIPOCTHIE BellH, KOTOPble cojepxarca B nm. | n 2
NpejHAYyLlero nepeuycienus, s 6yly CYHTaTb H3BECTHbI-
Mu '), YnoMmsaHy elle, YTO HCTOPHUYECKH MOKA3aTeAbCTEH!
3TOro NpeiJioMeHHst npuHaanexut EBkanay, «Hauana»
(no rpeyeckH XtToiela) KOTOPOTO COLEPXKAT HE TOJbKO
CHCTeMY FeoMeTpHH, HO Takxe afare6paHueckue u apud-
MeTH4YecKHe PakTel, 4acTo objeyeHHble B reOMETpHUYECKHE
dopmbl.

EBK1HAOB HpHeM [OKa3aTeqbCTBA YKa3aHHOro mpea-
JIOXEeHHA 3aKjaouaercs B cleaymomeM. [Tosoxnm, uto pra
MPOCTHX ylHcel OrpaHHYeH H HCUEPUBIBAeTCA HHCJIaMH
2,3,5, ..., p; B Takom cuayude uucao N =(2-3-5- ...
... *p)+ 1, oueBnaHO, He gesUTCA HH Ha 2, HM Ha 3, ...,
HM Ha p, Tak Kak TNpH JeldeHUH Ha KaXJA0e H3 3THX
yyces Mul moJayuaeMm B oCcTaTke efHHHUUY. HOSTOMY JOJTK-
HO HMeTb MEecTO OAHO M3 JABYX: JHOO 3TO €CTb MPOCTOE
yycno, JAH60 CYUIECTBYIOT NPOCTHIE UYHCAA, OTJAHYHHE OT
2,3, ..., p. Ho 10 #H npyroe npOTHBOpeYHT HaueMmy
NPeAnosoKeHHIo, 1 TeopeMa, TakuM 06pa3oM, Aoka3and.
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Uro kacaetcs nm. 4 pasgena 1 — passioxeHus YHCed
HA TPOCTbie MHOKHTENH %2}, — TO s XOUy mOKa3aTb BaM
ORHY M3 CTapeHIWHX TabJanil PasNoXKeHHs, NPUHAAAexKa-
wyo Yepmaky u msgausywo B 1811 r. nosg HasBaHuem
<apHMETUSECKOe pelieTo». ITO Ha3BaHHE NPOHCXOLHT
OT MepelaHHOrQ HaM elle H3 JPeBHOCTH TEePMHHA <«pe-
wero 3JpatocdheHa», OcHOBaHHWEM AJS ITOTO TepPMHHA
MOC/AYXHJIO NPEICTaBNeHHe, YTO MH H3 BCEro HaTypasab-
HOro pafla YHCeJ MOCJAe0BaTeabHO NpPOCeHBaeM Te, KOTO-
pHe AensTca Ha 2, 3, B, ..., TAK YTO B KOHHE KOHIUOB
OCTZ{0TCH TONBKO NMPOCTHE BHCJIA,

3. O6patenre npocTeix ppodeit B necCATHUHBIE

Ofpawatocs Temepe K 0. b pasgena |, — umeHHo,
K obpawenuro payuorarshelx Opobeli 8 JdecaTuuHsle.
[Tonpo6Hyio TeopHio Bo HallieTe B kHure Bebepa n Besab-
WTeHHA; R e X0y BBIACHHTBH 31eCh TOJbKO NMPHHUHIB
9TOH TEOpHM Wa mpocTefillieM THOHYHOM mpumepe. Pac-

t
CMOTPpHM Ilp06b ?, rAe p— MpOCTOE 4YHCAO, OTJHYHOE

I
oT 2 u 5; MBl nmoKaxeM, 470 Gpobe — nNPedcTaABAAETCA

8 sule Beckoneqnoli nepuodudeckoli decaruunol dpobu,
npudem 4ucA0 yugp nepuoda — obo3nasum ezo depe3
8 — ecTb HauMenbulee HATYPAALHOE HUCAO, RPU KOTOPOM
108 daer npu Jdesenuu Ha p 8 ocrarxe 1, usu, BHpa-
Kanch A3LIKOM TEOPHHK Uuced, 8 ecTe Haumenbuiull noka-
3aTenb, NPU KOTOPOM UMeeT MEeCTO cpaaHenue

108=1 (mod p).

JlokasaTexbCTBO MpeXie BCero NpefnojaraeT H3pe-
CTHBIM, 4YTO TaKOe CpaBHEHHe BCerja BO3MOXHO; 3TO
YCTAHABAMBAETCA TaK Ha3blBaeMON maaol Teopemodl
depma, 3akn0uaLLeiicas B TOM, YTO IPH BCAKOM MpO-
CTOM p, He ReasuieM yucaa 10,

10°-1=1 (mod p).

Ha pokazatenbcTBe 3TOr0 OCHOBHOrO NpeNJIOXEHHd, Cly-
XKAILero NOCTOAHHBIM OpYyIHEeM HCCAETOBAHHS BCAKOrO
MaTeMaTHKa, A 34ech He 6yny ocTanapaueatbed. Ilanee,
H3 TEOPHH THCEeJ MBI ROJIKHH 3aMMCTBOBATh emlle MpeX-
JIOXeHHe, YTBEPXKAAOLLee, YTO HAUMEHbULLL nOKA3ATeNb
8, 0 KoTOpom tura 8otiue peus, Aub0 pasen quciy p— |1,
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Aubo ecry feautens 37020 uucaa. 3To MB MOXeM INpH-

MEHHTb K HallleMy UHCIY p H MOJYYHM, TaKHM 06pasom,
4TO

108 — 1
P

€CTh uenoe upeno N, Tak 4To

8
01,
p p
108
Ecau Mbi nostomy npeicraBum ce6e 1pobu ; 1=

ofpallleHHBIMH B JEeCATHYHBE, TO Y HHX BCE AeCATHUHLIE
3HaKH 1noche 3ansaTofi 6YAYT COOTBETCTBESHHO COBIA/laTh,
TaK KaK pas3HOCTb MeKAY 3THMH APOBAMH ecTh lieJoe

. 105
ugeno. Tak Kak, ¢ Apyro#f cTOpoHEL, APOGbH —~ Toay-

yaeTca H3 Apobu % nepeHocoM 3amaToli BnpaBo Ha §
AEeCATHYHHIX 3HAKOB, TO OTCICAA CJedyeT, YTO OT TaKoro
nepeHoca 3anAToH AecsiTHUHHE 3HaKH Apobu :THE u3-
MeHAIOTCS, HMHBIMH CJI0OBaMH, 4YTO JdecaTuurele 3HAKU
dpobu % npedcrasanior cobod nocaedosareabroe no-

8TOpeHue nepuoda, cocrosueeo us & yugp. Teneps no-
KaXeM, YTo He MOXeT OHTb MEHbIUEro NepHoia, COCTOA-
uero H3 §’ << 8§ uudp. Jas atoro HaM J0OCTaTOYHO OGHA-
PYXHTb, YTO YHCIO Undp 8’ KaxKJAoro mepuoaa yaosie-
TBOpsieT cpaBHenuio 10%'= 1, u6o Ham H3BeCTHO, YTO §
ecTb HaHMeHblliee pellleHHe 5TOTo cpapHeHHsi. JTo JOKa-
3aTelLCTBO NpeAcTarasier co00i npoctoe ofpaulenie
NPEXHEre paccyXAeHns. B caMom peje, W3 YCIOBHA

/

{ 109" .
cleayeT, UrQ Ilpoﬁﬂ F H T HMET OAHU U Te XKe [de-

CHTH‘IHble 3HaKH; CAef0BaTeMbHO, PA3HOLTD 3THX le06eﬁ
10

T——;—ecn nesoe uucyao N, a notomy 10¥ —1 pne-

JUTCS Ha p; TakuMm 06pa3oM, AelcTBHTENbHO 109 =
= l(mod p); 3THM BHOJNHe HCYEPNLIBAETCH [AOKa3a-
TeJbCTBO.

$1 npueeny HeKoTOpnie BO3MOXKHO 0o0sjiee IPOCTHeE H
HNOYYHTeJNbHHE NpPHMeph!, H3 KOTODHX BW YBHAHUTE, UTO O
B PAa3JUYHHX CAYYANX NCHCTBHTEABHO MOJKET HPHHHMATh
aHaueHus, KaK MeHblHe p— 1, Tak U paBHBle p— |,
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3aMeTHM TNpexje BCero, 4to AJas Apodu -%—=0,333

UHCJIO JeCATHYHBIX 3HAKOB B MepHOLe, T. e. §, pasHo I,
H 3TO COOTBETCTBYET TOMY, 4yTo Yyxxe 10'= |(mod 3).

Ianee ans npo6u —l—ll—=0,090909. ..HMeeM § = 2 u co-
OTBETCTBEHHO
100=10, 10°=1 (mod I1).

Hausbiciee sHayeHue § = p— | mbt BCrpeuaem npi
pa3JoxKeHHH Jpo6H

+=0,142857 142857 .. .;

3neck 6§ = 6. M pneficTBHTE/NbHO, HETPYAHO BIJETb, YTO
no Moayaw 7

107==3, 10°=2, 10%==6, 10°=4, 10%=

5

H, HAKQHel,
108=1,

4. HenpepbiBHble apo6u

$1 xouy Takke HECKOJIbKO OCTAHOBUTBLCA Ha BOIpoOCe,
colepxkaueMca B n. 6 pasgena I, UMeHHo, Ha Hempe-
peIBHBHX Apo6ax. [Ipyu atom s He Oyay 3aech, OA-
HaKo, NPHBOAMTE OGBIKHOBEHHOE UHCTO apHdMeTHueckoe
H3JI0XKeHHe, KOTOpoe BHI HafileTe BO MHOTHX APYTHX cO-
YHHEHHAX, HanpuMmep, y BeGepa u Besnwrrefina 43). Ha-
[IPOTUB, 51 BOCHOJB3YIOCH CJAYyuaeM, YTOGLl BaM MOKa3aTh,
KaKyIo SICHYIO U TOHATHYIO GopMy mpuoGpeTaT BONPOCH
TEOPHH UYHCEJ NPH HArJAsfHOM reoMeTPHYEeCKOM HX H3J0-
aeHun. K ToMy ke, mpuberas K 3THM IeOMeTDHYECKHM
npHeMam B 06sacTH TeOPHH UYHCEJN, MBI BO3BpallaeMcs K
TeM IyTaM, no kotopbim muan Fayce u Hupuxae. Jlxub
HOBefillle MaTeMaTHKH HauuHas npuMepHo c¢ 1860 r,
H3THa/JH 3TH MeTOABEl H3 TeopuH uncea ). Camo coboi
pasyMmeeTcs, 4YTO 3JeCb f HMeEI BO3MOXHOCTb KPATKQ
IIPHBECTH TOJNbKO XOJA pacCcyKAeHHH M BaXKHeHlIHe Teo-
peMBl 6e3 J0KasaTeJNbCTB; f €CTeCTBEHHO NpeAloJaraio
TaKXe, 4TO HauaJsa 3JeMEeHTAPHON TEOpHU HenpephBHLIX
Apobell BaM H3BECTHHL.

Dy 3HaeTe, Kak npeiacTaBJseTcs A4HHOE TMOJTOKH-
TeNbHOE YHCJO @ B BH/e HenpepblBHOA ApOOH: Mbl Bbi
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JenaeM HauGojblHee Lejoe YHCIO no, cojaepKaieecsa
B w, ¥ nonaraeM

(0=n0+r0,

o< ;

rae

1
nanee ¢ I[p06bfo I MBI IOCTyNMaeM TaK Xe, KakK ¢ ule-
0 .
JIOM : °
l .
K =m + ry,
rpe
0 < ry < l,

H 3TOT npouecc npoBOANM IaJblile:

’_n2+r2, 0

L
n
1

3

Ecnu @ ecTb paHOHaAbHOeE YHCHO, TO 3TOT IPO-
1ecc 06pLIBAETCA MOC/e KOHEYHOTrO UHC/A CTyMeHel; ecH
Xe © €CcTb UPPAYUOHALbHOe YHCIIO, TO NMPOIECC NPOAO-
Kaercad GeCKOHeuHO *°). B sio60om cayuae MH Oynem nH-
CaTh KPAaTKO <«PA3A0XMEHUE HUCAA © 8 Henpepolényto
3pobob>:

®=n,+ L 1
n+

1
flz+?+ eee

B BHIe npuMepa npHBeay pa3foxKeHHe B HENpPEpPHIB-
HYI0 7po6b YHCJIA It

x=23,14159265 ... =3 4+ ——

7+ !

154+

1
e

1
992 1.

Ecan Mel ofopBeM HenpephiBHYI0 Apo0b Ha NEpBOM,
BTOPOM, Tpe€TheM, .., HYACTHOM, TO Mbl IIOJTYUYHM

3 @.Kneltn, 1.1
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pallHOHaJbHble, TaK Ha3biBaeMue «nodxodaujue dpobus:

_ Do 1 = P2
nO_qn»n0+nl—"q],n0+ - y 4.

OTH apo6H NpeAcTaBJAOT CO60H upesssivaiino xopowue
npubausicenus K YHCIHY ®; BBIPAMAasCh TOYHee, Kanoas
u3 Hux daer camoe ayuuiee nPpubauNcerue, KAKO20 TOALKO
B03MONHO OOCTUSHYTL, HE YBEAUHUBASL SHAMEHATEAS
npubauscenHot dpobu.

Bnaronapsi aTomy cBoficTBY noAXxoAswux gpobeit Teo-
pud HemnpepblBHBIX Jpo6eil npHoOpeTaeT NpaKTHYECKH
Ba)KHOe 3H4ueHHe BO BCeX TeX CJyuasX, rjle HYXHO BH-
pa3HuThb HppaUMOHAJbHBIE UHCAA WIH JdXe palHOHAJb-
Hble Apo6H ¢ GOJNBLIHMH 3HAMeHaTes MK (HanpHMep, ae-
CATHYHBlE APOGH CO MHOTHMH 3HaKaMH) B BHAe japoGeidl
C BO3MOXHO MeHBbUIHMH 3HaMeHaTeJsiMH. HackoabsKo Xo-
poltee npHOJMMKEHHe MBI TOJyYaeM, MOXHO BHIETb H3
caeaywoued TaOnHYKH, coAepXailled 3amHCh TNepPBHIX
NoAXOAAWMNX Apobel yucaa ; B BUAE JAECATHYHBIX APO-
6eii: ,

n=3,14159265 . ..;

Lo g P22 314085, %=33—3=3,141509.. .

qo gy 7 106
o IE 3,14159292 ...

KeraTtH, BM 3aMedyaeTe Ha 3THX NpHMepax, YTo MOJA-
XoasiluMe apoGu IonepeMeHHo TO GOJblle s, TO MeHblle
9TOrO YHCJI4; 3TO €CcThb, KaK H3BeCTHO, ofulee CBOHCTBO
TOAXOAAWUX Apobeil: npedcTasann wucao @ 8 eude He-
npepoisroil Opobu, mel 3aKAOHAEM €20 NPU nOMOWU nod-
xo0awux Opobeli 8 npedeast, NOCTOAHHO CYNUBAKULUECS
csepxy u cHu3y*®). OXHBUM Tenepb BCe 5TH BellH NpPH
[HOMOLIM reoMeTpHyecKoro ofpasa. C 3TOR ILesblo npen-
cTaBHM cefe B TOJOXHTENbHOM KB3ApaHTE MJIOCKOCTH
Oxy (npemmojiaras, 4To Mbl OTPAHHYUBAEMCS TOJOXKH-
TEJIbHRIMH YHCIAMH) 6Ce TO4Ku, KOTOpble UMET KOOp-
JuHaTamu yeasvie 4UCAA: OHH 06Pa3YIOT «LEJOYHCIECHHYIO
peweTky Todek». Bynem paccmaTpHRaTh 3Ty pelleTKy —
s Mor OHl Ja)Xe CKa3aTb «3TO 3Be3fiHOe HebO» — U3 Ha-
yana xoopaunar O (pHc. 7): ay4, HAyWHHA OT Hayaja
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K TOYKe X == a, y = b, uMeeT ypaBHeHHe

x __a
y b’

U 06paTHO, HA KAXIOM Jyue §=x, rae A ecTbh pauHo-

a
HaNbHOE YHCNO =, JIeXHT 6ecYHCNIeHHOe MHOXXECTHO Le-

b b
JIOYHCIEHHLIX TOUeK (ma, mb); 3nech m — NPOHU3BOJILHOE
nenoe 4ncao. Takum obpaszom,

H3 ToukH O BO Bcex Boamox- ¥4

HHX PALHOHANbHBIX Halpas- <ot s g
JIEHHAX ¥ TONLKO B 3THX Ha- « o o offe
NPaBJeHHAX Mbl BHAHM TOYKH /
Halei peweTky; mnoje 3pe- 1 ° ° a A"
HHA BCIOAY MNJOTHO 3aR0Ja- ] | G o
HEeHO «3Be3gaMu», HO He CBO- ya

604HO OT MpobesoB; OHO He b oJv e e
3aMOJIHEHO MMM HeNnpephiBHO s

M Kak Op HamoMuHaer «maed- | * 7%t * °
HulE nyte». Ha uppayuo- J 7;’—}//. o s e

X
HAABHOM AYyue 7= 2de ¥/

© — UPPAYUOHAAbHOE HUCAO,
He Aexut, cAedo8aTenbro, Hi
00H@  YEAOHUCAEHHAA  TOY- Puc. 7

xa — GaKT, 3aMevaTeNbHBIH

yxe H cam no cebe. Ho,

O4YeBHJHO, TaKoro poja TpsAMaf, BHPaXKasichb TEPMH-
HOM, HAaNmOMHKHAIOWMM JeAE€KHHIOBO ONpelesNeHHe Hppa-
IIMOHAJIBHBIX YHCEJI, IPOU3BOAUT Ce4enue 8 06AacTL BCEX
YeAOUUCACHRbLX TOYEK; WMEHHO, OHa pa3buBaeT HX Ha
JBe I'PYNNbl TOYEK, PACMNOJOXEHHLX CIpaBa H clepa OT
npsamoii. Ecin Mbl cipocum cefs Tenepb, rie xe y Ha-
ulero Jyda OTAeNAIOTCA ApPYr OT Apyra 3TH TPYNIH, TO
MBI IPHAEM K 4Ype3BbYafHO HHTEPECHOMY CBOHCTBY pas-
JIOXKeHHA YHCJIa o B HENpepHBHYIO Apo6b. MMenHo, ecayu
M5 OTMETHM TOYKH X = p,, Y == ¢r, COOTBETCTBYIOLIHE

KaXa0# noaxoasmed Apo6u 5’—3 pasjioXeHHH YHCIE ©
r

(pr 1 g,— B32UMHO NpPOCTHE YHCaAa), TO JY4d, MAYHIME
K 3THUM TOYKaM, JOJKHBEl Bce OJHKe H OJHXKe NOJAXOAUTh

%
q

[&

X “
K Jyly - =@ H NPHTOM NONEPEMEHRO TO ¢ ORHOM, TO C
APYro#l CTOPOHHI; 3TO NPHOMHIKEHHE J0MKHO MPOUCXOHTh

3#



68 APHOMETHKA

¢ Taxkoft ke GHICTpOTOH, ¢ KaKoil Apol6b % npubau-
r

}Kaercs K HppalHOHaJbHOMY 4YHeay . Passurue
3TO# HAeH NPHBORHT K Clelyloweil TeopeMe, KOTOPYIO
HETPYAHO [0Ka3aTh, NOMb3YyRChb H3BECTHHIMH B TEOPHH
yHce/ CBOHCTBAMH YMCeJ p, H Gr.

Hpeﬂ.CTaBHM ce6e, 4YTO BO BCE€ IEJOUYHCJEHHBIE TOUKH
BOTKHYTHl IITHPTHKK HJAH 6yNaBKH, KaKk Ha KHTaHCKOM
6unnuappe. Kaxayio U3 ABYyX rpynn Oy.naBOK, pacnoso-

X
HEHHLIX CpaBa H CleBa OT Jyia — =0, o6BeAeM

HHTBIO;, ec]H Telepb MB HaTAHEM KaxXJyl HHTb TaK,
uTOo6H OH2 OXBaTHIBaJNa COOTBETCTBYIOHIYI0 rpynmy OY-
JIaBOK H IpHJerana BIJIOTHYIO K OJHKa#llivM, TO OHA
npuMer ¢OpMYy BBHINYKJIOH JOMAaHOH JNHHHH, BepLIHHAMU
316/ JoMaHON M OGYAYT CJAYXKHTb TOYKH, KOOPAHHaTaMH
Pry qr KOTOPHIX CNY¥aT COOTBETCTBEHHBIE UHCJAUTENH H
3HaAMeHATeNH TOAXOAAINX Apolel; Npu 3ToM caeBa Oy-
AYT JeXaTbh TOYKH, OTBEYAIOUlHe UYEeTHbBIM MOAXOASHIHM
ApobsiM, a2 cipaBa — HeYeTHHIM.

STHM nyTeM Mbl NMPHXOLHM K HOBOMY H, HYyXHO CKa-
3aTh, Ype3BHYANHO HAIVMAAHOMY reoMeTpHUYECKOMY OIpe-
HeNEHUHI0 pas/oXKeHWs uHcaa B HempepbiBHYI ApOGb.
IlpuBeneHubii Bule pHC. 7 OTHOCHTCE K CJYYAI0

5—1 1
°’=1/-2 = 1
L ——
1 —
14 ...

T. €. K HPPalHOHAaJbHOMY YHCJY, BHIPAXaloLeMy OTHO-
HIeHHe CTOPOHL NPaBHJILHOTO AecATHYroJbHMKa K pa-
JHyCy ONHCAaHHOM BOKPYT Hero OKPYXKHOCTH. 3Jech mep-
BHIMH BepUIHHAMH IBYX JIOMaHBIX JUHHHA OYAyT

creBa: po=0, go=1; p=1, ¢,=2;

Ps=3, g4=35, ...;
cnpasa: py=1, ¢;=1; p3=2, ¢3=3;

ps=295, g;=2_8, ...
Jas uucna m 3HaYeHHs pr, ¢, BO3PACTAIOT ropasio

BHCTpee, TAK YTO HAHECTH COOTBETCTBYIOWLYIO QHIYpPY Ha
yepTex 6blI0 6B JOBOJLHO TPYAHO,
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5. TMudaropopn uHcaa. Beaukas teopema depma

Sl nepexoxy Temepp K n. 7 pasgeaa l, K yuenuwo
O TaK Ha3khBaeMKX nUHALOPOBbLX HUCAAX; 3[eCb Mbl
ONATH BOCHOJb3yeMCA HANVIAAHBMH NPeACTaBJEHHAMH,
HO B HeCKOJBbKO HHOfi ¢opme. 3amaya o nudaropoBbIX
YHCA3X 3aKA04aeTCs, KaK U3BEeCTHO, B TOM, 4TOObl HaHTH
HeJble YHC/Aa, YIOBJETBOPAIOIIHE YDPaBHEHHIO

a’+ b2=c2 N
TTonoxus
a b
=& —-=n, 2)
MBI PACCMOTPHM BMecCTO ypaBHeHUA (1) ypaBHeHHe
=1, @)

K KOTOPOMY OHO NMPHBOAMTCH NPH NMOMOLIM npeolpasosa-
Hua (2); HaM HYXHO, CJeloBaTelbHO, pa3hCKaTb Bce
payuonasbrsie dpobu, yNOBJETBOPAIOLIHE 3TOMY YypaB-
Heuunw. MMes 3To B BHAY, MEl PaCCMOTPHM COBOKYIIHOCTBb
BCEX PallHOHAJBbHKX TOYEK Ha IJIOCKOCTH (T. €. BceX TO-
yeK, KOTOpble HMEIOT palHOHajbHble KOOPAHHATH , M):
TOYKH 3TH 06pasyioT B IJIOCKOCTH 7
BCIOAY NJIOTHOE MHOXECTBO *),
VYpaBHenue  (3)  Bhpaxaer
OKPYXHOCTb Ha IJIOCKOCTH, OMNM-
CaHHYI0O M3 Hayaja KOOpAHHAT pa-
AHYCOM, paBHHIM eJHHHIe; Haua
3ajlaya CBOJMTCH K TOMY, 4TOGH
ONpeNeNHTh, KaX npoxoduT Hauwa
OKDYNCHOCTb 8 3TOM NAOTHOM MHO-
HCeCTE PAYUOHAALHOIX TOUEK, Ka- Prc. 8
Kue u3 Aux oxa codepxcur. Heko-
TOPHE H3 pallHOHAJbHEX TOYeK, IpPHHALJeXalluX OKpYK-
HOCTH, MHl XOpOILO 3HaeM Hamepeld: ciojia OTHOCATCA, Ha-
npuMep, TOYKH ee IepeceyeHHs ¢ yYeThpbMs ocaMH. Ho
Mbl OCTAHOBHMCSl NpPEINOYTUTENBHO Ha Touke S(f=—1,
1 =0) (puc. 8). IlpencraBuM ce6Ge Bce JIyiH, NTPOXO-
AAULHE Yepe3 TOUKY S; OHH BHPAXKAIOTCA ypaBHeHUeM

=241+ 1). (4)

Kaxapift u3 3THX Jyueit Mbt GyldeM HasHBaTb PAYUOHAAbL-
HolM HIH UPPAYUOHAAbHOIM B 3aBHCHUMOCTH OT TOTO,

[
o)

*) Cu. c. 48,
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HMeeT Ji¥ napamerp A palHOHaJbHOe HJIH HPPaAlHOHAIb-
HOe 3HaveHue.

Tenepr HeTpyAHO HOKa3aThb cllefyollee MpeJIQKe-
HUe: Kanco0an PAYUOHAAbHASL TOUKA OKPYMHOCTU MPOEK-
TUPYETCA U3 TOYKU S PAYUOHANLHbIM AYUOM L, 06PATHO,
KaoOoLl payuornasbtoll ayw (4) nepecexaer OKPYMHOCTL
8 payuoHanrbHol To4Ke.

IlepBas no/oBHHA HeMOcpeICTBeHHO sicHa 7). Bropyio
Mbl JIOK2)KeM NpSMBIM BblUHCJeHHeM. FIMeHHO, moAcTaB-
JAs BelpaxXeHHe (4) AnA 7 B ypaBHeHHe (3), MH TNoJy-
YHM A5 a6CUUCCH TOYKH MepeceYeHHsi ypaBHeHue

B+ RE+12=1,
(1423824 20% 4+ A2 —1=0.

Ho oaun xopenn (§ = —1), cootBercTByomutt Touke S,
HaM H3BEeCTEH; QAR APYroro KOPHSL Mbl IPOCTHIM BLIYHC-
JieHHeM NoJiyYyaeM BHpaxKeHHe

— 433
f=1rrr (5)

a TOrAa ypaBHeHHe (4) HaeT iJsi OPAMHATH BHPaXKeHHe

HIIH

2A
L) =l—m: (5b)

NpH palHOHaJbHOM A MH, TaxkuM 06pa3oM, HeiCcTBH-
TeNbHO [OJIyYaeM payHOHAJABHYIO TOUKY HepeceuyeHHs .

JlokasaHHOe NMpensoXKeHue MOMXKHO BHPA3HTh TAK: 8ce
pPayUOHAbHBlE TOYKU HAUWLEL OKPYNCHOCTL BbLPAXCAIOTCS
dopuyramu (8), ede A obo3nawaer 11060e payuoHasbHoe
4ucs0. DTHM Hawa 3ajaya cOGCTBEHHO pelieHa; HaM
OCTaeTCAd TOJLKO CHEJaTh Mepexoj K LeaHM YHCIaM.

JInsa aToro Mu moJaraem

A=,
m
rie n U m CyTh lLeable uucaa; TOrAa BolpaxeHds (D)
IPUHHMAIOT BUA
£— m2 — n? 2mn
T om

T T g

ATo GymeT o6uMit BHA BCeX PAUHOHANBHHIX pelIeHHi 48)
ypaBHeHHa (3). Co80KynHocTs 8cex yeavlx peutenusl
nepsoratasbroeo ypasrernus (1), 1. e. scex nugazopo-
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86LX ducen, codepHuTca, craro 6oiTe, 8 Hopmysax
a=m?—n? b=2mn, c=m2+ nZ

MbL noaydaem orcroda Bce pewienHus, He umeroujue 06-
wux Geautenedl, ecau ducra m u n npobezaroT 8ce napol
qucen, 83QUMHO NPOCToLX mexdy coboii *9),

Mbl npuminH, TaKHM 006pa3oM, K upe3BHYaiiHO Ha-
MJIAAHOMY peleHHI0 3TOTrO BOMPOCa, KOTOpOe OGBIKHO-
BEHHO nojyuyaeTrcs IIpH INOMOIIH BechbMa aﬁmpax’mux
coobpaxkeHus.

3aeck s X049y KCTaTH OCTAHOBHTBCS HAa TaK Ha3hlBae-
Moit «peHKoR Teopeme depmar. S mocrynawo coBepiieH-
HO B JyXe NDEBHHX IeOMETpOB, €CJH II€peHecy BOMNpOC
0 nH¢aropoBHX YHCIaX—B OOHKHOBEHHOH ero nocra-
HOBKe Ha HNJOCKOCTH — B IIPOCTPAHCTBO GoNlee CIOXHOH
CTPYKTYPH, H HMeHHO cJexyiomuM o6pa3om5?): Bo3-
MOXHO JH, 4TO6H cymMMa Ky6oB ABYx5!) menawx uyHcen
npeacraBasja coboil moaHslfi Ky6? HMiam BO3MOXKHO AH,
uToBbl CyMMa YeTBEPTHIX CTeNeHeil mpeacTaBasia coboi
MOJIHYIO YeTBepTYyio cTeneHb? Booluie, MOxeT jaH ypab-

HeHHe
"+ yn. — "

npu ueioms?) n GHTbL paspelieHo B 1eNbIX YHCAaX?
PepMa gan OTpHLATeNbHHIT OTBET Ha 3TOT BONpOC, KO-
TOPHH 3aKmoyaeTc B cleAywoliedf Teopeme, HOCHUieH
HMS$l ee aBTOpA: ypasHexue

xn+yn=zn

He UMEET yeavlX pewlenull Hu npu Kaxom n, boastiem 2.

[To3BosibTe MHe Ha4aTbhb C HEKOTODHX HCTOPHYECKUX
cBefeHuil. Pepma xua ¢ 1608 go 1665 r. u 6ein B Ty-
Jly3e COBeTHHKOM MNapJjiaMeHTa, — CTajlo OHTb, IODHCTOM.
Ho on MHoOro saHuMajics MaTeMaTHUYECKHMH BONDPOCaMH
H TNPUTOM HACTONBKO [JIOLOTBOPDHO, 4YTO €ro cjaexyer
OTHECTH K YHCJY Beruyafiuiux mMaTemaTukoB. @epma Mmo-
XeT GHITb BNOJIHEe 3aCJAYXeHHO OTHeCeH K YHCJIY OCHOBa-
Tejiel aHaJTNUTHYECKOH reoMeTpHH, UCUHCIeHUs OeCKOHeu-
HO Ma/JhX H TEOPHH BepOATHOCTeH, HO OCOOGEeHHO BaX-
HOe 3HaueHHe UMeIOT ero TPYAH B 00JIaCTH TeOPHHU YHCeJ.
OJHako BCe pe3ynbTaThl, NOJyYeHHHE UM B 3ToH obJaa-
CTH, OCTaBJeHBl UM B BHJe [OMETOK Ha MOJAX 3IK3eMIl-
napa JInodaHTa, 3HaMEHATOr0 3MJIMHCKOrO MareMaTHKa,
Hanucapllero KHHTY MO TeopuH uucea okojo 300 r. H. 3.,
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T. . IpHOAH3UTENbHO Yepes 600 Jer noche Epkaunga. 3ty
sameTkH depMa OGHIH ONyGJHKOBAHBL €r0 CHIHOM JIHIUbL
Yepe3 5 JieT MOCJe ero CMEPTH; OH CaM NpH XH3HH HX He
neyaraa. Cpeln 3THX 3aMeTOK HMEETCsl TaKXKe H «BEJH-
Kas TeopeMa», 0 KOTOPOH Tenephb UAET peyb, C NPHIHCKOM:
«s1 HallleJ BOHCTHHY YAHBHTeJbHOE AOKa3aTeabCTBO, HO
3a HEJIOCTaTKOM MeCTa He MOTY ero 3aech npuHsectH». Ox-
HAKO N0 HacTosllee BpeMs He YAaJoch HAaATH JAOKa3a-
TEJHCTBA 3TOTO NpefJIOKeHHs.

UTo6u HecKoJIbKO 6/HXKe OPHEHTHPOBATBCA B COfep-
XKaHHH 3Tol TeopeMmbl PepMa, MBI, KaK U B cayyae n=2,
TONBITAEMCS CHayaja HafTH pauuCHAaJbHHE pelleHHA

YpaBHCHHA
gu + "l" = lt

T. €. 1I0cTapaeMcsl NpejicTaBuTh cebe NONOXKeHHe 3a1aH-
HOH 3THM ypaBHeHHeM KPHBOH OTHOCHTEJBHO pallHOHAJb-
HBhIX TOYeK MJIOCKOCTH. Puc. 9 v 10 npH6aIH3HTENbHO H30-
6paxaiT KpHBHe 53), cooTBeTCTBYIOUIHE 3HAYEHHAM n=23

F/
7=\ '
AN
\\
> . 7
n=e
I, \\ 7
! N 7 7
{ g\\\ 0 1 5
A4
\\\_ ___/)\
Psc. 9 Puc. 10

1 n = 4. OHH, BO BCAKOM CJy4iae, CO/lepKaT TOUKH E=0,
N=1 1 E=1 n=0 u npy n=4 COOTBETCTBEHHO
ToukH £=0, n==1 u = =41, 11=0. YTBepXaeHHe
@epMa CBOAHTCS, TAKHM 06pa3oM, K TOMY, YTC 3TH KpH-
BHe B NPOTHBONOJOXHOCTb PACCMOTPEHHOH BhILlE OKPYXK-
HOCTH H3BHBAIOTCA BO BCIOAY NJOTHOM MHOXeECTBe pa-
HUOHANBHHX TOYeK, He INPOXOoAd HH yepe3 OJHY €ro
TOYKY, KpOMe YIOMAHYTHIX BhIUIe.

HHTepec 3TOro npeanoXeHHs 3aK/I0uaeTcs Mnpexne
BCETO B TOM, YTO NOJHOrO €ro ROoKasaTelbCcTBA X0 CHX
NOp HHKOMY He YyZanochb HaHTH, HeCMOTpA Ha BCe YIO-
TpebeHHHe K 3TOMY YycHaus., Uro KacaeTcs MOMBITOK
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IOKa3aTeNbCTBa 3TOr0 MNMPeNsIOKeHMsl, TO 314echb Ha Iep-
BOM MECTe NPHXOJIHTCA Ha3BaTb KyMmMepa, CYLIECTBEHHO
HonABHHYBIUero sonpoc Bnepen 54). KymMmep npueen stor
BOMPOC B CBA3b C TeopHel anre6panyecKHX YUCeJ, B YaCT-
HOCTH ¢ YHCJAaMH, K KOTOPbIM IIPHBOAMT 3a4aya o fAeJe-
HHH OKPYXXHOCTH Ba paBHble yacTH. [Tonb3ysack KopHeM
n-# cTeNneHH H3 e IHHHIK

2 . . 2
a=e?"'/"=cos—nfi + { sin _:_’

MOXHO pas3/IOXHTb PasHOCTb 2" — y” Ha JHHeHHble MHO-
KHTeNH; ypaBHeHHe PepMa nmpHHUMaeET TOrAa BHIA

=@—y)(z—ey)(z—eYy) ... (2—ely);

HHLIMH CJOBaMH, #- CTelMeHb YHCJa LOJKHA paaja-
raThCs Ha MHOXHTENH, KOTODBiE€ YKa3aHHLIM BHUIE CIIO-
CO60M COCTaBJSAITCH H3 YHCENa y, z M U3 YHcIa e Has
TAKoro poja uyHcenm KyMmmep mocTpousn Teopuu, coBeps
LIeHHO A&HaJOrHYHBe TeM, KOTOphle H3JdBHA H3BECTHH
JJIA HeJBIX YHCeN: OH MOCTPOH/ ITOHSITHE O JeJUMOCTH
STHX YHCeJ, O pPa3jOXMeHHH YHCIA Ha NpPOCThle MHOXH-
Tead U T. 1. Coo6pasHO 3TOMY Mbl TOBODHM Tellepb O lie-
JBIX anre6paHyYeCcKHX YHCJAaX M, B YACTHOCTH, O HeJBIX
YHCA8X, K KOTODHIM NIPHBOAUT 33Jaya O AeJeHHH OKpYXK-
HocTH Ha pasHble wactH., C ToukM 3peHHs KymMepa,
npenyoxeHne Pepma sBJAETCS TeOpeMOl O pasOKEHHH
Ha MHOXHTEJH B o6aactu uucen &%), Hcxoms ua atux
cooGpaxeHHll, OH H NHTaeTcs J[0Ka3aTh TeopeMy. ITO
eMy JAeHCTBUTEJNBHO YAaJochk AJNA GOJBLIOrO KOJHYECTBA
3HayeHHH NOKasaTeJs n; B YaCTHOCTH, HanpuUMep, npea-
JJOXKeHHe MM [JOKa3aHO JJs BCeX IOKasaTeJsel, KOTOphie
meHbile 100. Ho Mexay. 66JbiiHMH YHCAAMH OKas3H-
BAalOTCA HCK/IIOYEHHS, OCBOOOAMTBHCH OT KOTOPHX He
ylaJ0ck HH eMy, HH KpYyNHeHAIIHM MaTeMaTHKaM, clefo-
BaBHIHM ero NyTH. §I BHIHYK/JeH 3/ecChb eCTeCTBEHHO orpa-
HUYUTHCH 3THMH YKa3aHHAMH; NOAPOGHOCTH O COCTOSHHH
sTofi 3ajayH BH HaiifleTe B «MareMaTHUecKo#i SHUHKJO-
negun», B KoHle pedepara I'manbepra «O TeopHH aJ-
rebpaudeckux 4uHces», ['Hab6epT caM NPHHAAJIEXKHT
K YHCJY TeX MaTeMaTHKOB, KOTOphle NPOAOJKAAN H pas-
BUJIH HCcTenoBaHus Kymmepa 56),

Bpan aH MOXKHO COMHEBATBCS, YTO «YAHBHTEJhHOE»
noka3zatenncTso Pepma He monajzato B 3Ty 06JACTDb
naeit. Tpyaso aymath, YTO6H OH BJaje] ONEpPaUHAMH
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Haj, anre6pavyecKHMH YHCIaMH B TY MOpY, KOrga OTHO-
CHTENTLHO MHHMEIX YHCeJ MATeMATHKH elle He GRUJIH AO-
CTATOYHO OpHEHTHPOBAHH, Koraa GuJa elle B 3a4aTou-
HOM COCTOSHHH CaMa TeOpHA YHCeJ, KOTOpas HMEHHO
6narogaps rayGokuMm uccnenoBaHusM Pepma noayumaa
HMIOYJbC K lajbHedmeMy paseutnio. C Apyroil CTOpOHH,
OueHb MaJo BepoOATHO, UYTOGH TAKOH MaTeMAaTHK, Kak
depma, B cBOeM [0Ka3aTeJbCTBE AONYCTHJI OWIHOKY, XOTH
TAKOro pojia Ciaydauw u ObBaJM Yy BeJHYaHIIHX MaTeMa-
THKOB. HyXHO AyMaTh NO3TOMY, YTO OH HallesJ AOKasa-
TeNbCTBO Guarofaps Kako#i-nu6o oco6eHHo yAayHoH, po-
croii unee ). Ho Tak kak MH He uMeeM HHKAaKHMX yKa-
33aHHH, KOTOpble MO3BOJMJIH Ohl YJOBHTb 5Ty HAEIO, TO
MOJIHOe A0Ka3aTesbCTBO TeopeMunl depMa MOXKHO, NO-BH-
NHMOMY, OXHAATH MOJYYHTb TOJBKO NyTeM CHCTeMaTH-
yecKoro pa3BuTHs pabor Kymmepa. v

STH BONPOCH B HAcTosillee BpeMs ocoGeHHO NpHBJe-
Kal0T BHHMaHHe NOTOMYy, H4TO [€TTHHreHcKoe yueHoe
of6uectBo pacroaaraer npeMueli B 100 000 mapox 3a pe-
ueHde aanauyy Pepma. ITo ecTh 3aBelllaHHe CKOHYaB-
urerocss OKOJO roja TOMy Hasal MartemaTHkKa Boabd-
ckens u3 JlapMiurtanta, KOTOpHi, BepOATHO, BCIO JKH3Hb
3aHHMaJICA 3THM BOIIPOCOM H OCTABHJ YacTb CBOEro rpo-
MaJHOrO COCTOSIHHS CYACTJIHBLY, KOTOPOMY yaacTcs Ju00
JIOKa3aTh 3TO NpejJolKeHue Bo Bcell ero 06LIHOCTH, JHO0
OTIPOBEPTHYTH €0 OAHHM NPOTHBOPEUAIUM npuMepom 58).
Onuako pasbicKaTb TaKOH INIpHMep, KOHEYHO, HeJlerko,
TaK KaK AJs NOKasarejeil, He NPEeBHINAMLIHX CTa, TeO-
peMa yXe AOKd3aH4, U 3Aechb NMPHXOAUTCH, TaKHM obpa-
30M, ONEPHPOBATH ¢ UYpe3BHYAHHO GOJILHIMMH YHCJIAaMH.
YTo OJIKEH AyMaTb O TPYAHOCTH HOJYYHTb 3TY NpPeMHIO
MaTeMaTHK, 3HAKOMBIH ¢ ycuausam#d KyMMepa u ero mo-
clrefoBaTeJiefi, 3TO SICHO M3 H3J0XKEHHOTO MHOKO BhIIlE,
HO wHpokas ny6JuKa Apyroro MHeHus o6 atoM. B konie
JleTa 3TOro rOfa H3BeCTHe O NpPeMHUH ObLIO pacnpocTpa-
HeHO raseTaMH (KoTopwle, BOpOYeM, He OBIIH K TOMY
YIIOJHOMOUYEHBI); C 3TOr0 BpeMeHH Y HAac HAKOMHUJCH yike
lenulli cKaan HoKa3aTeJbCTB. JIOAM Bcex npodeccHd —
HHXKeHephl, HAPOAHKIE YUYUTeNd, CBAIIEHHUKH, OAHKHDHI,
LAMH H T. A.— SBJAIIOTCS aBTOpaMu 3THX pabor. Obulee
BO BceX 3THX pafoTax Juulb TO, YTO HX AaBTOPH He
HMEIOT HH MaJledilliero npeiacCTaBleHHs O cepbe3HOM Ma-
TeMaTHYeCKOM 3HaueHUH MNPO6GJeMBl; OHH He JOeJaiT
Jaxe HH MaJelilled NONBITKH OCBEJOMHTbCA B JIHTEpa-
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Type MO 3TOMY BONDOCY, BCETAa CTAapaloTCs CIPABHThCA
¢ 3ajayell MOCPeACTBOM KaKoH-THGo HeoOblYalHOH HIAeH
¥, KOHEeYHO, HeH3MeHHO nomnajaior Bupocak. O Tex Heco-
06pa3HOCTAX, KOTOpLie MOSBJASIIOTCA B 3TOTO pojAa NpOU3-
BeJEHHX, MOXHO NPOYECTh B KPHTHUECKHX OT3HBAX
0 MNOJOGHBIX JAOK43aTelbCTBAX, KOTOPHE MOMEIUEHH B
GoabwioM Koduyectse B JKypHaade «Archiv fiir Mathe-
matik und Physik», toma XIV, XV, XVI, XVII u XVIII
(1901—1911 rr.). He Mory oTkasaTth ce6e B TOM, YTOGKI
NPHBECTH OCOGEHHO DPA3HTENbHBLIH NpPHMEP H3 3TOr0 BO-
poxa Henenocreff. YesoBek, He NOHMMaloUHil CMEICAa
3HaKa >, BMecTo

"yt =2" (n>2)
"+ yt=2"(n+2)

H, KOHeYHO, y¥e npu n=1 HaXOMUT pelleHHe YpaB-
HEeHHS:

YATaeT

x+y=z-3.

3To OTKpHTHE OH wIJeT I'éTTHHreHCKOMY YYeHOMY ofie-
CTBY H CUHTAaeT MAaTeMATHKOB TaKUMH TJyNuUaMH, KOTO-
pHe cnocoGHH 3a 3To AATh TaKywo npemuw. Ho H cepbes-
Hasg MarteMaTHYecKas MbIC/b Nojyudsaa 6jaarofaps BCeMy
3TOMY HOBHIH TOJIYOK K TOMY, YTOOH 3aHATHCA TeOpeMOH
®epMa; HeflCTBHTENBHO, 3/leCb MOXHO yXe OTMETHTb He-
KOTOpBIE ycleXH, X0TS caMo pelleHHe npolbJeMHl BCe elle
OCTaeTCs OUeHb JaJeKHM.

6. 3apnaua o JAeNeHHH OKPYXKHOCTH HA paBHHE YacCTH

Tenepr o6paTHMct K BOCBMOMY H3 I€PeYHCIEHHBIX
B pasleie 1 NyHKTOB,— HMeHHO, k 3adade 0 Oesenuu
OKpYNHOCTH Ha paensie yactu. 1 6yny npd 3TOM CuH-
TaTh, YTO AEHCTBHA HaJ KOMIIEKCHBIMH YHCJaMH BHIA
X+ yi u u3obpaxeHHe HX Ha TaK Ha3HBAEMOH <«KOM-
NJ1eKCHOH INTOCKOCTH» BCeM BaM yxe u3BecTHH 5%). Hrak,
3ajaya 3akJIoYaeTCs B TOM, UTOOH pa3deauts OKpYk-
HOCTb HA N PABHLIX HACTEl WAU NOCTPOUTL NPABUALHGLLL
n-yeoasbrux. Mu Bo3pMeM OKPYXKHOCTEL pajuyca 1 ¢ LeHT-
POM B HYJIEBOH TOYKe KOMINIEKCHOH NJIOCKOCTH H NpHMeM
TOUKY X + yi = | 3a epBYIO H3 n TOYeK JeJeHHs; TOrJa
KOMIIJIEKCHHE  YHCJa, COOTBETCTBYIOlIHe OCTaJbHHM
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BeplWHHAM, uMeloT B (puc. 11)

2k {
z=x+y£=cosin“ + isin 2—fo-= *
(k=0,1,..., n—1).
OHH yIOBNETBOPAIOT O3TOMY ypaBHEHUIO
2t=1,

M 33flaya o JeNeHUH OKPYXXHOCTH Ha paBHHeE YacTH CBO-
OUTCSL K PeLUeHHI0 3TOro npocTeillero ajre6pauyecKoro

ypaBHeHusa. Tak Kak 3TO ypas-
Maoonacms 2 Ay HEHHe MMeeT PalLKOHAJbHHBIA KO-
sl peb z=1, To gByuneH 27— I

etmifs JeNUTCA HAa 2— |, H OTOMY MHl
’ , LIS OCTaJbHBX KOpHEt MoJay-

%  4aeM ypaBHeHuHe
gﬂﬂlls\\ AR At o EE
Zoni/s + 224+ 24 1=0.

310 ecTb ypaBHeHHe (n—1)-i
Puc. 11 CTeneHH, B KOTOPOM BCe KOI(-
GHUHEHTH paBHATCA €LHHHIE,
Ve B riyGoKo#i ApEeBHOCTH BH3BIBAJ GOJMbLIOH HH-
Tepec BONPOC O TOM, KAKUE NPABUAbHELE MHO2OY20NbRUKE
MONMHO NOCTPOUTH YUpKYyrem u Auxetxod. B apeBHOCTH
ke OHJIO yXKe H3BeCTHO, yTo npu n= 2", 3, 5 (roe h—
MPOM3BOJIbHOE LeJIoe YHCIO0), a TaKXKe AN COCTABHbLY
3Hauenuli n=2".3, n=2".5, n = 2".3.5 3ra 3ajaua
pellaeTcs; Ha 3TOM MecTe BOMPOC OCTAaHOBWJICA BIJIOTb
po koHua XVIII croserds, Koria MM 3aHSVICA MOJOLOH
Fayce. O Halwes, 4To 041 8Cex nPoOCTulx n, umelowux
aud

n=2% 41, 6)

803MONHO Jeserue OKPYNCHOCTU Ha pABHble YACTH Yup-
Kyrem 1 aunelikodd; npu Opyeux xe NPOCToLY BHAUEHUAX
n ono 1neaoamodno ). M neficTBUTENbHO, MepBbe 3Haye-
aug p=0, 1, 2, 3, 4 nator B 3TOK OpMYyJle TMpPOCTHE
yucaa 3, 5, 17, 257, 65537. s Hux nepshle ABa ciaydas
ObIIK  YXKe XOpOWIO H3BEeCTHbl paHblle, a OCTa/bHBIE
ABJASIOTCA HOBHIMH. OCOGEHHO 3HAMEHHMT NpPaBHJbHBIA
CeMHaAUATHYTOMbHAK, BO3MOXHOCTb MNOCTPOEHHA KOTO-
poro mocpeACTBOM UMPKYJS M JUHEHKH 6ba B 3TOM CO-
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YHHEeHHH B mepBHifi pa3 oGHapyxeHa. Bmpouem, o6wui
BOMpPOC O TOM, NpH KaKUX 3HAYeHHAX MOKasaTess . Ipe-
feiaymiasi  ¢opMysna  gaeT HMEHHO IMpPOCTHe 4YHCaa,
ocraeTcst ¥ MO cefl AeHb HepelleHHHBIM §'). $I H 37ech He
OYyLy OCTaHaBIUBATBHCH Ha AeTansX, a NPeAnoyTy H3MO0-
JKHTb B OOIUMX YepTaX XOA H 3HaueHHe 3TOr0 OTKPHITHA;
NOAPOOHOCTH K€ OTHOCHTE/NbHO NMPAaBMJALHOrO CeMHaAla-
THYTOJIbHHKa BH HalileTe B KHHre BeGepa u Beabureiina.

[To saToMy NOBORY s cUMTAaK0 HEOGXOAMMBIM OCOOEHHO
o6paTHTb Ballle BHHMaHHe Ha «JIHeBHHK» I'aycca, omyG-
JHKOBaHHHIA B ToMe 57 xKypHana «Mathematische Anna-
len» (1903) u B Tome X, I nosHoro cofpaHusi cOUHHEHUH
T"aycca (1917). 310 neboabliasi, HeB3payHasg TeTpajiKa,
Koropyio I'aycc Hauan Bectn ¢ 1796 r., He3agoaro nepen
TeM, Kak eMy HcmoaHuaoch 19 ser. Kak pas nepmast
3aMHCh OTHOCHTCS K BONMPOCY O BO3MOXHOCTH IIOCTPOEHHS
IPaBHJIBHOrO ceMHaAULaTHyroJbHHKa. Cflenas TAK paHo
3TO Ba)KHOe OTKpBHITHe, ['aycc mpHHsIT OKOHYaTelbHOe pe-
lIeHHe. IOCBATUTL cebsi MaTeMaTHKe. BcsikoMy MmaTeMa-
THKY OYyZeT odeHb MHTEPecHO IIPOCMOTPETb 5TOT AHEBHHK,
TaK KaK 3[JeCb MOXHO MNpPOCJHeAHUTb M 33 AaJbHeHlUHMH
BHAAIOWMMACS pa6oTamu laycca, OTHOCAIUMMHUCH K TeO0-
pPHM 4HCEJ, K TEODHH 3JJHNTHYECKHX GYHKUMA H T. K.

B nepshiii pas 3T0 nepBoe KpynHoe oTKphiTHe [aycca
6u0 ony6aukoBaHo 1 HioHs 1796 r. 1o GblI0 CcAesaHO
1O NMOYMHY yuuTenss M mokpoBHTens [aycca, Llnmmep-
MaHa H3 DpayHuwBefira, KoTopbif NOMeCTHA TaKxe H
0T cebs KOpPOTKYIO 3aMeTKy 06 3TOH craTbe. JloKa3aTelb-
crBo 'aycc nas B cBOEM OCHOBHOM COYHHEHHMH IO TEODHH
gyucen: «Disquisitiones arithmeticae», ony6nuxoBaHHOM
B 1801 r.

3xech MB HaXOOHM TaKXe H BTOPYIO, OTPHIATEILHYIO
YacTb NPeAJOXKEHHA, KOTOPOH B YNOMSIHYTOH 3aMeTKe He
6blJ10, — HMEHHO, UTO 048 Opyaux npocTelx Huceas, KOTO-
pote He mozyr 6Gute npusedenot K 8udy (6), deaenue
OKPYIHOCTU HA PABHbLe 4ACTU He MojceT ObiTe npousse-
Jeno yuprysem w suredrod. 5l Xouy paccMOTpeTh 3Aech
ORHH YacTHHA ciayyall 3TOro BaXKHOTC JAOKa3aTe/IbCTBA
HEBO3MOXHOCTH, TeM 6oJiee, UTO IIMPOKA MaTeMaTHye-
ckag nybsaHKa HMeeT OUeHb MaJO IIpeJCTaBJIeHHs O [10-
Ka3aTelbCTBAX HEeBO3MOXHOCTH BooOuie. CoBpeMeHHOH
MaTeMaTHKe YAaJocb NpH MOMOIIM TaKOro poja JoKa3sa-
TeJbCTB HEBO3MOMHOCTH HCYepmaTh I1edbli psf 3HaMe-
HHTBIX mnpobJseM, HaA KOTODHIMH ¢ APeBHHX BpeMeH
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TUWETHO TPYAHAHCh MHOrHe BBIAZIOLIHECH MaTEeMaTHKH.
JocTaTouHo yKa3aTh Ha 3a4a4d O MOCTPOEHHH NpaBHJib-
HOrO CEMHMYTOJIbHHKE, O TPHCEKLUHH yria H o KBajparype
Kpyra. I:[pH BCEM TOM HMeeTci MHOro JiofeH, KOTOphle
H O Ced JeHb 3aHHUMAKOTCH 3THMH 3aJavyaMH, He TOJbKO
He HMed HHKAKOro MNpeACTaBJEHHS O BbiClied maTeMa-
THKe, HO H He 3Hasf Ja)e MOCTAaHOBKH BONpOCa O A0Kasa-
TeJIbCTBE HEeBO3MOXHOCTH; COO6Pa3HO CBOHM MO3HAHHSAM,
OrpaHHYHBAIOIHMMCA GoablIed 4YacTblo 3J1eMEHTapHOH
reomerpuell, OHH OOKKHOBEHHO MNbITAIOTCS NPEOLONETD 3a-
TPYAHEHHS BCIIOMOraTe/]bHHIMH IIPAMBIMH H OKpYXHOCTH-
MH H B KOHLe KOHLIOB HArpOMOKAAIOT HX B TaKOM KOJIH-
YeCTBe, UTO HHKTO He B COCTOSHHH pasofparhca B MOJIY-
yapolleics NyTaHHle H HeMOCPeACTBEHHO YKa3aTbh aBTODPY
Ha ero oWIHOKY. Bl HampacHo 6ymeTe cCHJaThcd Ha CY-
L ECTBYOILLee A0Ka3aTeqbCTBO HEBO3MOXMHOCTH, TaK Kak
Ha 3THX JIoAeH B Jy4dllieM Ciy4ae MOKHO NMOBJHATb TOJb-
KO NMpAMKM YKasaHueM JonylueHHo# umu own6xu. Kax-
bl CKOJNBKO-HHOGYAb H3BECTHHIH MATEMaTHK KaXKARH
roj moJiyuaer Lenylo YAMY TakKoro poja MocJaHui, H BH
6yneTe nosy4aTbh TaKHe [J0KasaTeJbCTBa B 60JbLIOM KO-
NHYecTBe, Koraa Oynaere cTosTh y mena. QueHb XOpOLIO,
4TO6K BH BOpeAb ObIJIM TFOTOBH K THM INepeXHBAHHAM
H 3Haad, KaK ceGs B 3TOM OTHOLIEHHU Hepxarb. I no-
Jarar mo3ToMy, 4To BaM OYAeT NoJe3HO O3HaKOMHTbCS
C OJHHM H3 TAaKHX HOKa3aTeJbCTB HEBO3MOIMKHOCTH B IIpO-
crefitueli popme.

7. )10K8.3aTeJleTBO HEBO3MOXXHOCTH MNOCTPOCHHUA
NpasnjibHOr0 CEMHYrOJIbHHKA UHPKYJEM H Jaunei Kol

BoT a1 ¥ X04y H3JOXKHTb BaM Temepb MOApPOGHOE 10-
Ka3aTe/J bCTBO TOrO, YTO MPABHJIbHBIA CEMHYTOJILHHK He
MOXeT ObITh NOCTPOEH LHPKYyJeM H JNuHeiKoi. MaBecTHO,
YTO KaXKJ0€ IOCTPOEHHE, NPOH3BOAUMOE LUPKYIeM U JH-
HeHKOH, IpH IlepexOofe K BBIYHCJIEHHIO 3KBHBaJIEHTHO
LeJOMYy pfily MOC/Jel0BaTeNbHBIX H3BJIeYeHHWH KBagpaT-
HOro KOpH# %2) M uTo, 06paTHO, KajXXJOe TaKoe BHpaiKe-
HHe, COflepKalllee KBajpaTHhle KOPHH, MOXET OLITb MO-
CTPOEHO reOMeTpPHYECKH mepecedeHHeM NPAMBIX H OKPYX-
Hocref. D10 BH M caMH cebe Jerko yscHute. IToatoMmy
Hallle yTBepKJAeHHe Mbl MOXeM aHaJHTHYeCKH (opMynu-
pOBAaTh TaK: YypasHeHue wecTol cTenenu

A4 B4 24+224+22+2+1=0,
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xapaxKreproe ons npasuAbHO20 CEeMUYZOAbHUKA, HE MO-
oeT BbIT6 PELeHO NPU NOMOWU KOHEYHO20 4UCAQ Onepa-
yuil usaaedenun xaadparnozo xkopra. Ho sTo Tak Hasbl-
BaeMOe BO3BpaTHOE YypaBHEHHE, KOTOpPOe OAHOBPEMEHHO

I
C KaKIbIM KOPHEM 2z HMeeT elle KopeHp —. 310 H Oy-
IeT TOTYac BHAHO, €CMH MH HaNKIUEM ypaBHEHHE B Ta-
KoM BHJe:

R

CTeneHb TaKOro ypaBHEeHHs MOXeT GBITb Cpa3y TOHH-
JKeHa BJBOe, eCJIH HNOJIOXHTb 2Z-} 2~ = x W TPHHATH X
32 HOBOe HeHu3BecTHoe. [Ipocroe

BHIYHCJIEHHE faeT aas x Ky6GHue- z
CKOe ypaBHeHHe i
B4+ xr—2x—1=0, (2 / o 11\ .z

H MH BHAHM HeNOCPEeACTBEHHO, g 1z p
uro ypaBHenus (1) u (2) oxmmo- ]
BpeMeHHO JH60 pelawTcs B L
KBaJpaTHHX pajadKajax, Jaubo

He pewaiotTcs. Brnpouem, BesH- Pue. 12

YHHY X MOXHO NDUBECTH B He-

HNOCPEeJCTBEHHYIO reOMeTPHYECKYI0 CBfi3b C MOCTpPOEHHEM
IpaBHJBHOTO CeMHyrolbHHKa. M3 puc. 12, uzobpaxaio-
1lero B KOMILJIEKCHOHM TJOCKOCTH OKPYXHOCTb pajHyca,
pPaBHOTO eJHHHIE, JerKko ycMOTpeTb cielyollee: eCiaH

T o
MH 0603HauuM uepes @@= A LLEHTpaJbHBIH  YIoJ

UpaBHJBHOTO CEMHUYrOJbHMKAa M IIpHMEM BO BHHMa-
HHe, 4TO 2==c0S¢@ +ising U z~' = cos@—ising—
JBe BepIUHHBI, CMEXHEe ¢ BEpHIMHOH 2 =1, TO OKaxeT-
cdl, YTO x == 2C0S; NO3TOMY IO [JAaHHOMY 3HAYEHHIO X
J1erko MOCTPOUTL CEMHYTOJbHUK.

Ham ocraercss o6HAPYXKHTh, 4TO Kybudeckoe ypasHe-
nue (2) He pewaerca 8 xeadparTHoix paduxaiax. D10 L0-
Ka3aTeJbCTBO pacnajaercs Ha apHPMeTHUYeCKYIO H aJ-
re6paHuecKylo 4acTH; Mbl HayHeM C IEpPBOH YacTH, KOTO-
pafl, eCTeCTBeHHO, NMPHUMBLIKaeT K TeM BONPOCAM TeOPHH
YHceJ, KOTODHIMH MBbl 3Jlecb 3aBuMaeMmcsi. Mbn o6Hapy-
KHM CHayaJja, 4To KyOuueckoe ypaBHeHHe (2) HempuBO-
JHMO, T. €. UTO €ro Jiepast 4acTb He MOxKeT OLITbL pa3bura
Ha ABa MHOMKHTENIS C PALHOHAJBHBIMH KO3 dHULUHEHTAMH.
3aMeTHM mpeX<ie BCEro, 4YTO €CJH MHOTOYJeH TpeTbed
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CTEMNEeHH pa3jiaraercd Ha MHOXUTEIH, TO OAMH H3 MHO-
KHTeNEH HMeeT NepByi0 CTeneHb, H NOTOMY pAa3JlOXKeHHe
AOQJI2KHO HMETb BH]J

B4 =2— 1=+ px+yv)(x+0a); (3

HaM HYXHO [03TOMY AOKa3aTb, YTO TAKOe pa3jioXKeHHe
He MOXeT HMeTb MecTa.

Ecau 6nl Takoe pasjioXXeHHe HMeJI0 MecTo, TO ypas-
HeHHe (2) Heo6Xx0AuMO uMesNo Obl pPALHOHAJNBHBIA KO-

peHp —a. Ho.noxmm—a=%, rie p H g— Uejble

B3aHMHO npocThie yucaa. Ecau Gul 3TO YKCJAO YAORJIETRBO-
psaIo ypaBHeHHIO (2), TO HMeao 6bl MeCTO paBEeHCTBO

P’ + p*q — 2pg* — ¢* =0.

Ho B Takom cayuae uyucao p? aenunoch 6bn Ha g,
8 TaK KaK p U ¢ — YHC/1a B3aUMHO LIPOCTHE, TO M CaMO
YHCIO p Aedanjock 66l Ha ¢. Ho coBepluieHHo Tak xe
MOXHO NOKa3aTk, YTO g3, a CJAEAOBATENbHO U ¢, AENHTCH
na p. Htak, p u ¢ nosxHel 6b1u Gel GHITH IEJBIMH
B3AaHMHO NPOCTBIMH YHCJIAMM, KOTOpble, OQHAKO, JeXaTCA
Apyr Ha Apyra. $IcHO, 4TO 3TO BO3MOXHO TOJNBKO B TOM
caydae, Korga p == ¢ = ==1. MIHRIMu cJ0BaMH, ypas-
HeHHe (2) AOMXKHO 6bL10 OH NPH 3THX YCJIOBHSX HMeTb
KopeHb, paBHufl 1. Ho HenocpejcTBeHHOe BHIYHCAEHHE
oGHApYXHBaeT, 4TO 3T0 MecTa He uMeeT. CnenaHHoe
ILonylleHHe, TakAM 06pa3oM, HENPaBHJIbHO, T. €. paajo-
xeHue (3) He HMeeT mecra.

Bropas uacth JokaszaresbcTBa AOJIKHA Tenepb 3a-
KJOYaTbCA B TOM, YTOOH OOGHApYXHTb, YTO Menpusodu-
MOe Kybuueckoe ypasHerue ¢ PAyUOHAAbHbIMU KO3PPu-
WUEHTaMU He MOJXHET GbolTb Peuleno npu noMowju xead-
parnbix padukasos. STa uacTh NOKa3aTelbCTBAa HMeeT
CYWIECTBEHHO as2ebpauueckull Xapakrtep; OAHaKo JJs
LeTbHOCTH H3JI0XKeHHs MLl NpHBejaeM ero sfecb. Mu aa-
JHM HailleMy NpelJIOXeHHI0 HeCKOJbKO HHOe M HMeHHO
NOJNOXHTebHOe BHpaeHHe, Ecau ypasuenue TpeTsell
CTenenu ¢ payUoOHaAbHbIMU KOIPPuLuenTany

f)=x*+ Ax’+ Bx+C=0 “4)

pewiaerca 8 k8adpaTHoLx pacuKkaasax, TO OHO HeoBxXodumo
uMeeT payUOHAAbHbLL KOPeHb, a noToMy OydeT npuso-
OuMmblm, B CaMOM JeJe, CyLIeCTBOBAaHHE PAaLHOHAJbHOTO
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KODHSl o DaBHOCHJBHO TOMY, uto QyHkuus f(x) nmeer
pauUOHaJIbHBI/i MHOXKHKTENDb X — Ct.

JTOMy [0Ka3aTeJbCTBY HeOGXOAUMO MPelnoca1aTh
Knaccmpuxaumo BCeX Bblpa)KeHHﬁ, COCTABJIEHHBIX H3
KBaJApaTHHX PaAHKaNOB, —BepHee CKa3aTb, BCeX BhIpa-
*KeHH#, COCTaBJEeHHBIX M3 KOHEYHOro YHCJAa KBAAPATHBIX
KOpHeH H pauHOHANbHBIX YHCEJ NPH NOMOLUM pauiiOHab-
HbIX onepauHit, HanpuMep

g VatAb44s
Ad+A e+ AT

rae a, b, ..., f— paudoHaabHue yucaa. MH 371ech, ecte-
CTBEHHO, HM€eM B BHAY TONbKO TaKHe pajHKaldbl, B KO-
TOPHIX HE/b3sl NMPOH3BECTH TOYHOrO H3B/I€UEHHS KODHS.
3Ta KaacCHPHKAUHA cOocTasisieT BaXKHEHWHH NYHKT
BCEro paccyxIeHus.

Kaxnoe BbipaskeHHe TaKoro poja npeicraBiiseT Co-
60ft pauHOHA/bHYI0 (PYHKILHIO HEKOTOPOTO YHCJAa KBams
pPaTHHX pajHKaaoB, B HalleM npuMepe Tpex. Mu ofpa-
THMCA TpeXK/Je Bcero K OSHOMY H3 3THX PafHKaJOB, KO-
TOPbI#i MOMKET HMeTb, BIPOYEM, CKOJIb YFOLHO CJIOXHOE
crpoeHue. [Tod nopadkom takozo padukara mer Gydem
NOKUMATb HUCAO 8X00AUUX 8 €20 COCTAB U CTOAUIUX OOUR
anyTpu dpyzoeo paduxasos. Taxum o6pasoM, B Npenbl-
LylleM BbIpaXKEHHH 3HaMeHaTeqeM CAYXHT pagukal
3-ro nopsAdKa, B YHC/IHTeJe e NMepBhHH pafHKal HUMEeT
NOpsAOK 2, BTOPOH — NopsaLoK 1.

B. NmpoH3BOJLHOM «KBaZpaTHO-PafAMKaJbHOM BhIpa-
JeHHH» (T. e. BHIpaXK€HHH, COCTaBJEGHHOM H3 KBajaparT-
HBIX PAafHKaJIOB) MH MO 3TOMY MpPaBHJy yCTaHaBaHBaeM
YHCcMa, BHPAXKAKIUHE HOPSAAKA OTAEAbHBIX «IPOCTHIX
KBaJpaTHO-pAaJHKaJbHHX BHPAXKeHHH», H3 KOTOPLIX yXe
COCTaBJIAIETCS PalHOHAJbHO BCce Hallle BbIpaKEHHE H KO-
TOpEE He CBOAATCA K pajHKajaM HH3IIEro MOopAaKa;
HaHGoJibliee H3 3THX 4YHMCeT p IpPHHHMaercd 3a Mops-
LOK BCero BhlpaxeHus. B Hawem npumepe p=3.
OJHaKo B COCTAB Hallero BHIPAXKEHHS MOMXKeT BXOAHTH
HECKOJIbKO «IIPOCTHIX KBaApaTHO-PafHKaJbHHX BhIpa)e-
Hufi» NMOPAAKA y; YHCJIO HX— TAK HaA3bIBAEMOE <YHCIIO
YJeHOB» KBaApPaTHO-PaAHKaJbHOrO BHPaXEHHT — Mbl
0603HaYHM Yepe3 n M NpHMEeM 32 BTOPOe XapaKTepHOoe
YHC/IO Haiuero BblpaxkeHHs. [lpu aTom mnpeamosaraercs,
YTO HH OAHO H3 3THX 7 MPOCTHIX KBAAPATHO-PaJHKAJIbHKIX
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BBIPAXKEHHH 1-TO NOPSIAKA He BEIpAXKaeTcs Yepe3 OCTaJlb-
Hble ¢ MOMOWIBbIO BhIpaKeHuit HHU3wero nopsaakas®). Tax,
HanpuMep, B BbIPAXKEHHH NEPBOro NopsaKa

V24 4/3+4/6
UHCJIO pPafMKaJbHLIX WJIEHOB .ecTb 2, a He 3, NMOTOMy
uro 4/6=+/2. 4/3. B npuseseHHOM Bbhillle BHIpaxe-
HHH & (3-TO NopsfKa) YUC/IO 4JIeHOB pasHO l.

TakuM o6pasom, Kaxdomy K8adpaTHO-paduUKALbHOMY
BOLPANCEHUIO Mbl OTHECAL 084 HUCAQ L U 1, KOTOpLle Mbl
8 eude cumgoaa (u,n) 6ylem Ha3bL8aATb XAPAKTCPUCTU-
KO uau panzom ewpascenusa. Wa AByx KeagpaTHO-pa-
JUKAJIbHEIX BBIpaX(€HHH pasjJHYHOrO NMOpPSIAKA MBI NpPH-
NHlleM HHU3WHA paHr TOMY, KOTOpOE HMeeT HH3IIHH
NnopsfoK; U3 ABYX e BHpaeHHH OZHHAKOBOro MOpsAJKa
MBl NIPHNHILEM HH3ILHH paHT TOMY, KOTOpPOe HMeeT MeHb-
ule yneHoB. TakuM o6pasoM, BLIpAXKEHUAMHU CAMOro HH3-
11ero paHra sBJsSIOTCH T€, KOTOPBIM COQTBETCTBYET NOPs-
10K 0, T. e. pauHOHaNbHbIE YHC/IA.

[MpeanonoxumM Temnepb, 4YTO KOpeHb x; KyGHYECKOro
ypaBHeHuss (4) wmoeT OHITb BbipaX<eH dYepe3 KBaJApaT-
Hble paguKajbl, HMEeHHO, MOXeT ObITb NPENCTABJEH Bhl-
paxeHHeM paHra (u,n). Beigenass OOHH H3 n YIEHOB

$#-TO MnopalKa '\/1_3, Mbl MOXEM HAaNucaTb 3TOT KOPEHb
B BUIe

% = a+pVR
—_ - )

v+ 84R

rie KakJoe H3 BHIpaxKeHH#l a, B, y, § COLEXHT YKe He
bosee #— 1 uwlIeHOB p-ro nopsiaka, a R -— BbIpakeHHe
(u— 1)-ro mopagka. C Apyrofi CTOPOHBI, BbIpaxKeHHE

vy — & 4/R, BO BCAKOM ciyyae, OTIHYHO OT HYJsl, HHaue

pagukan 4/R 6un 6w paseH y/8, T. e. Bupamaics GH
pauHoHaNbHO Yepe3- ocTajbHble n— | YJIeHOB WM-ro MO~
pPsiiKa, GUIypHUDPYIOLIUX B BHIPAaXEHHH Xj, a2 NOTOMY OBLI
6Bl JIMIIHHM padHKaJoM, OT Hero MOXHo Obl10 6bl OCBO-
6oauTbC. MB MOXeM NO3TOMY YMHOMKKTb HHCJIUTENb

M 3HaMeHaTenb Apo6u x; Ha y —O04/R u TorAa mnoay-
YUM

X = (a+ﬂ';/fil(6?2;6'\/ﬁ) =P+ Q4R,
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rae P u Q — paunoHanbHnie GyHKUWH OT o, B, v, 6 U R,
a 1mo3ToMy cojaepxkar He 6ojee n— | YaeHos p-ro no-
PALKA HJIH XKe COLEpPHKAT TOJLKO 4YjeHbl 6oJee HH3KOrO
NOPANKA; 3TH BBIPaXKEeHUA HUMEIOT NOTOMY paHr He
Bbitie (p,n — 1), Ecau Mul moacTasum 3To BBIpakeHHe
B YpaBHeHHe (4), TO MONyuHM

fry=P+QVRP+ A(P+ QR+
+B(P+Q+/R)+C=0.

Brinonuus Bce BO3BE€ACHHA B CTElEHb, MBl NPHUBCAEM 3TO
COOTHOLIIEHHE K BHAY

f(x)=M+NAR=0,

rae M, N—nonuHomu, 3aBHcsiiHe ot P, Q, R, T. e.
payuonaabusle ¢pynxyuu ot o, f, y, 6, R. Ecan 6m
N 6p110 OTAMYHO OT HYNA, TO MBl TNOJAYYHAH OBl

- M
A/R= — - T. € 3TOT pajuKaj BbIpaxasics Gbl pauuo-

HaJbHO 4Yepe3d o, f, ¥, 6§ H R, T. e. MakCHMyM uepe3
n—1 4leHoB u-ro mopsika H depe3 wieHsl (p— 1)-ro
nopsAjAKa, HO 3TO, KaK MBI yXe YKasajH Bbllle, MecTa
HMeTb He MoxeT. OTclOfRa cJeayer, 4To HeoOXOAMMO
N =0, a notoMy u M = 0. OTcioga Msl 3aKi04aeM, Aa-

Jee, UTO H _
x,=P—Q4/R

eCTb KOpeHb Hauieeo ICy6u‘t€CKO€O YypasHeHusa; B cCaMOM
AeJle, COBEeplLIeHHO fSICHO, YTO

fxg)=M—NAR=0.

Ho Tenepp nokasaTeabcTBo GEICTPO W OUYeHb JH000-
NLITHO 3akKaHuKBaeTcs. EcliH x3 — TpeTHH KopeHb ypas-
HeHwusd, To, KaK U3BECTHO,

X+ 2+ x3=—A4,
x3=—A—(x1+x2)=—-A—-2P.

3710 BHIpaXeHHE HMeeT TOT e PaHr, uto ¥ P, T. . HU3-
wui, yeM x;. Ecan x3 yXe ecTh pauyoHaJbHOE YHCIAO, TO
Halla TeopeMa A0Ka3aHa. B mpoTHBHOM ciyuae MBl MoO-
JXKEM caesaTh 3TOT KOpPEHb TOYKOH OTHPABJICHHSI TOTO XK6©
POZa paccyXJeHufl; Torza okaxeTcs, 4To GoJjee BHICO-
KHH paHr ABYX MepBBIX KOpHefl MOr nmpeAcTaBisTb co6o
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TOJNILKO HAJIO3UI0, TAK KaK 00uK U3 HUX, 80 BCAKOM
cayuae, 0onscen umeTo ewje 60aee HUBKWI paHe, Hexweau
x3. Tlpononxkaa 3To paccyxieHHe, Mbl NEPeXOAHM OT
OLHOrO KOpHA K APYroMy H BCAKHMH pas yGexjaaeMmcs,
4YTO KOPeHb AOJXeH OhTh CTyNmeHbI0 HHXKe. Bcaepcrshe
3TOr0 MBI B KOHIle KOHUOB HEOGXOAHMMO IOJIKHBI NPHHATH
K KOPHIO nopsaAka p==0, T. e. Mbl IPHXOZHM K 3aKJIO-
YeHHl0, YTO Halle ypaBHEHHE TpeTbed cTemeHH aeficTBH-
TeJbHO UMEeT pPalHOHaJbHHH KopeHb., Toraa Mol yxe
He HMeeM BO3MOXHOCTH BeCTH TO e paccyxieHHe
Jdanblie; ABAa APYTHX KOPHAl B 3TOM cJayuyae JHOO TakKxke
DOJIXKHBI ObITh palUMOHAJBHBIMH, JHO0 JOJIKHHE HMeTb

BuA P +=Q+/R, rae P, Q u R — palqOHATbHBIE HHCTIA.
Ho atum nokasano, uto ¢yHKuHA f(x) pasaaraercs Ha
MHOXXHTENH, H3 KOTOPHIX OJHH NepBOH, a Apyrofi — BTO-
po¥i cremneny; 310 QYHKUMA npusodumas. UTax, nuxaxoe
Henpusodumoe ypasHerue TpeTbell CTenenu,— 8 4acTHO-
CTU, Hauie YpasHeHUe nPABUALHOZO CEMUYSONbHUKA — He
pewaercs 8 xeadpartHulx paduxaaax. STHM J0Ka3aHO
BMECTE C TeM, UTO NPABUALHbLE CEMUYSOALHUK HE MOXMCET
6blTb NOCTPOEH YUPKYAEM U AUHEUKOU.

BH BuAHTe, KaK NpOCTO H HarasiHO MPOBOAHTCH 3TO
J0Ka3aTeJIbCTBO, H KAK MaJjo NMO3HaHHH OHO, COGCTBEHHO,
npeanonaraer. Hekotopnie uyacTH AOKa3aTelbCTBA, 0CO-
6eHHO paccyXIeHHs OTHOCHTeJIbHO KiaccHpHKanHH
KBaJIpaTHO-PAJHKAJbHEIX BhHIparKeHHH, Tpe6ylOT LOBOJb-
HO cepbe3Hoii MaTeMaTHYeckoll a6crpakuuu. §I He Ge-
pycb IMOSTOMY CYAHTb, MOMHO JH 3TO J0Ka3aTeJbCTBO
CYMTATL JOKAa3aTeJbCTBOM [AOCTATOYHO IIPOCTBHIM, UTOOH
y6eauTh npodaHoB, 0 KOTOPHIX 1Ja pedb BHIUE, B TILET-
HOCTH HX TOMETOK HAHTH 3JieMeHTapHOe pelleHHe 3a-
pauu. Bce xxe MHe Kaxercs, clelyeT BCAKHH pa3 JenaThb
NOMKITKY MENJEHHO U MOAPOOHO pasbsCHHThL HM JAOKa3a-
TeJIbCTBO.

B 3akniooueHue s Xouy euie NpHBECTH HEKOTOPYIO JIH-
TepaTypy, OTHOCALIYIOCA HacTblo K BONIPOCY O HPaBHJIb-
HBIX MHOrOYroJlbHHKax, YacTblo }Ke K BOIpPOCY O BHIOJ-
HHMOCTH FeOMeTpHUeCKHX NOCTpPoeHH# Boobule. B nepsyio
oyepeflb NPHXOAHTCS YKa3aTh ONATh HAa «JHUHKIONETHIO
3JleMeHTapHOit MaTemaTHKu» BefGepa u Benbmreilna,
1. 1 (ra. XVIII u XX), 3sateM Mory ykasaTb HeIaBHO
BHIYIIeHHLIH B BojoHbe DHpHKecOoM COOPHHK nojd 06-
mH4M 3arjaBHeM «Bompocel 3jeMeHTapHOH TreoMer-
pHu» ), KOTOpHI OpHEHTHpYET Bac B 3THX BOMpOCaXx.
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ITHM A 3aKAHYHBAK 0G30p BOMPOCOB, OTHOCALIHMXCA
K TEODHH YHCeJ, OCTABJAS MOCJAEAHHH M3 HHX — f0Ka3a-
TeJLCTBO TPAHCUEHIAEHTHOCTH YHCeJ — K KOHLY .nel(mm.

MHe OCTaetrcs paccmorpe'rb NOoC/NICAHIOK CTYIIEHb B
JleJle pACLUHPEeHHS MOHATHA YHCJA.

IV. KOMIUIEKCHBIE YHCJIIA

1. O6GbLIKHOBEHHBIE KOMIIJIEKCHbIE YHCAA

[TosBoabTe MHe mnpeanociaTh HECKOJAbKO HCTOpHYe-
CKHX YKa3aHMH O pa3BHTHH 5THX YHces. BnepBnle MHH-
Mble yrcaa nogsasioTesa B 1545 r. y Kapaano (Cardano),
HO M TO CJ1y4yadHO, NpH pelleHHH KYGHUECKOro ypaBHEHHS.
OTHOCHTENBHO HX Aa/bHEHIero pasBHTHS MOXHO MOBTO-
PHTb 3aMeyaHHe, CAeJlaHHOe HaMH NO INOBOAY OTpHIUa-
TeJbHBIX UHCEN: HOMUMO U 0Qxce nPOTU8 804U TOSO UAU
0pYy2020 MATEMATUKA MHUMbLE 4UCAQ CHOBA U CHOBA NO-
ABAAIOTCA NPU @bIMUCAEGHUAX, U AUUL NOCTENEHHO, O
Mepe T020 KaK O0HApYXUsaeTci noas3a OT ux ynorpet-
AEHUSR, OHU nOoAYwaroT ace 6osee u 6osee wWUPOKOe pac-
npocTpanenue.

KoHeyHo, MaTeMaTHKH JeJaJu 3TO He C JIerKum cepi-
1leM; MHHMBbIe YHCJIa JOJITO0 COXPAHANH HECKOJNbKO MHCTH-
YECKYI0 OKPAacKy, KaKylo OHH H Temeph eile HMelT B
r1a3aX y4eHHKa, KOTOPLIH BlepBele C/ALIUHT 06 3TOM yAH-
BUTENBHOM i = 4/ — 1. JIJist NOATBEPXKEHHS 5 X0Uy IpH-
BEeCTH BaM OJHY KpafiHe XapakrepHyio ¢pa3y Jleii6-
HHUA, OTHocawlylcAa K 1702 r., BoT oHa: «MHHMHe
yHcsa — 3TO TMpPEeKpacHoe U uyygecHoe y6exullle Goxe-
CTBEHHOTO JAYyXa, NMOYTH YTO COYeTaHHe OBITUA C HeOhl-
THems». B XVIII B. noruyeckas cTropoHa Bonpoca e€llle
HHUCKOJIbKO He BHISICHfieTcs, Ho GJiarogaps Dijepy ycra-
HaBJIHBAETCR (PYHOAMEHTANAbHOE 3HAYEHUE MHUMBLX Hl-
cea 8 Teopuu Pynkyud: B 1748 r. Diep Haluen yAHBH-
TeJbHOE COOTHOLIEHHE

ei* = cos x -+ i sin x,

BCKphIBalolllee BHYTPEHHIOI0 CBf3b TeX BHAOB (YHKUHO-
HaJIbHOH 3aBHCHMOCTH, KOTODHE BCTDEYalOTCH B 3JMeMeH-
tTapHoM aHajause. JIuwe XIX B. npHHec ¢ coboit so2ute-
CKU ACHOE NOHUMAHUE CYUHOCTU KOMNACKCHBLX 4uUCen.
3xech nmpexae BCero Hafo yKa3aTb Ha 2e0OMETPUYECKYIO
uUKTEpNpeTayuo, K KOTopoi MOYTH OJHOBPEMEHHO PHLIIH
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MHOCHEe HCClIefoBaTeNH Ha py6exe IBYX CTOJETHE.
HocraTouHo 6ymer yka3aTb Ha TOro, KTO, HeCOMHEHHO,
Haubosiee ry60KO MPOHHK B CYIUHOCTb BOTIpOCa M JA0Jb-
Ile BCeX OKasHBaJj BJAHsAHHe Ha yUeHHH MUp, Ha Hallero
cooTeuecTBeHHMKa [aycca; yxe B 1797 r., Kak BHIHO H3
YOOMSHYTOrO BHIIE €ro IHEBHHKA, OH BINOJHe BJajen
5TO# uHTepnperauHelf, HO OH. onyOJHKOBaJ ee JHIb
ropasjgo noszxe. Bropum 3aBoesannem XIX B. ABasercs
CO3ZaHHE HUCTO (POopmasbHO20 OOOCHOBAHUA KOMIIEKC-
HHX YHCeJ, KOTOPO€ CBOAMT 3TO YYeHHe K TEOpHH Aeii-
CTBHTEJIbHHX YHCeJ; HM Mbl 0653aHEl aHTTHACKUM MaTe-
maTtukam 30-X rozos.

OcTanoBuMcsa nogpobHee Ha 3THX J8yx cnocobax 060-
CHOBAHUA TEOPUU KOMNAEKCHbLIX HYUCEA; 3TH CIOCOOHI
TOCNOACTBYIOT 10 HacTtosiulero speMeHH. CraHem crnepgra
Ha 4UCTO (POPMAABHYIO TOYKY 3PEHus, COTJacHO KOTOpPOIl
NpPaBHJLHOCTE 00pAa30BAaHUS HOBHX NOHATHA 06YCJIOBJH-
BaeTCs He 3HaueHHeM CaMHX CQOBEKTOB, a OTCYTCTBHEM
BHYTPEHHEr0 TIPOTHBOPEYHs B INpaBHJIaX JeACTBHI.
C 5Tofi TOYUKH 3peHHs BBeldeHHe KOMIJIEKCHHIX YuceslT
npeAcTaBJASeTcs B ClAeAyloleM BHuje, CBOOOAHOM OT BCS-
KHX CJe0B Yero-1u60 TaHHCTBEHHOTO:

l. Komnaexcroe uucao x + iy ecte coedunerue dsyx
dedcTauTenbHblx 4ucea X, § 8 OORY 4UCA08YIO napy, OT-
HOCHTEJIbHO KOTODPOHl TNpPHHHMAIOTCA CJeXylOollHe I0JIOo-
XEeHus:

2. aa komnaexcuoix wucaa x - iy, x' 4 iy’ cuuraror-
CA PABHLLMU 8 TOM U TOALKC 8 TOM cAyuae, ko2da x = x’,

’

3. éﬂomeuue u goliuTaHue ONpenessiioTcs TakK:
+iEE+iy)=xxx)+ilyxy).

Jlerko BHAeTb, YTO NpH 3THX YCJIOBHAX OCTGIOTCA 8
Cune 8Ce Npasuna CAOMECHUA, KPOMe 3AKOHA MOHOTOH-
HOCTU, KOTOPHHA He MoXeT OBITh COXpaHeH B cTapoi
dopMyHpOBKe, TaK KaK KOMIJIEKCHble YHCJAA 1O camoi
CBOeH NpHpOJe He JONYCKAIOT TOrO pacrnojiOXKeHHs B PAX
N0 HX BeJHYHHe, KOTOpoe CBOHCTBEHHO HaTypasbHBIM
u BooOme AeACTBHTENbHBIM YHcAaM. Paaum Kparkocrd
s He BXOXY B pacCMOTpeHuHe TOH H3MeHeHHOH ¢opMsl,
KOTOPYI0 HPHXOZHTCA NOSTOMY [JaTh 33aKOHY MOHOTOH-
HOCTH.

4, Yro xacaeTca yMHONMeHUR, TO MBHl YCTaHaBJHBaeM,
YTO BHYHCJIEHHS TNPOM3BOAATCHA TAK XKe, KaK ¢ OOHKHO-
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BeHHBIMH GYKBAMH, HO TOJBKO MPH 3TOM MBl BCerfa IIpH-
HUMaeMm (2 = —], TaK 4To0, Hampumep,

(x +ig) (& + iy = (xx" — yy') + i (xy" + x'y).

B pesysnbTaTe HMEIOT MECTO 8Ce 3QKOHbL YMHONEHUA,
KpOMe 3AKOHA MOHOTOHHOCTU.

5. Heaenue onpedeasnerca Kak Odeictgéue, obparroe
YMHONMCEHUIO, B YACTHOCTH,

1 __x—iy
x+iy x4 g?

B UeM JIerko y6eluThcs NepeMHOKeHHEeM.

AT0 pgeficTBHe BHINOJHHMO BCeraa, Kpome clyyas
x=y =0, T. €. COXPAHAETCA HEBO3MONCHOCTb OcAeHUSR
Ha ryas 5%),

M3 Bcero atoro cienyer, 4YTO 66I4UCAEHUR C KOM-
NAEKCHOIMU HUCAQMU He MO2YT NpusecTu K npoTrusope-
YUAM, TAK KAK MbL CBEAU 3ITU BOHIMUCACHUR UYEAUKOM
K OeliCTOUTEAbHBIM 4UCAAM U K U38eCTHbM OelicTeusm
HAO Humu, a 3TH NOCJAelHHe MBl 3fech GyleM cUHTaTh
CBOGOIHKIMH OT NPOTHBOpeuni ).

IMocne stux uncTO GOPMAaJBHEIX pacCyXAeHui, ecre-
CTBEHHO, BO3HHKAeT BOIPOC: B03MOXHO AU TAKOe geo-
MeTpuueckoe uiu Kaxoe-nubyos Opyzoe HazaadHOe uCToA-
KOBAHUE KOMMACKCHOLY wuuces U ,
onepayuild Had Humu, KoTopoe Oa- za
8anro 66L 8 TO e 8pemA Hazaal-
Hoe oBocHOoBanue OTCYTCTAUR 8 HUX
BRYTPEHHUX NPOTUBOPEYULL.

Bcem BaM H3BECTHO — K TOMY
JKe MHe yxXe NPHXOAHJOCh YIOMH-
HaTh 00 3TOM,— KakuM o006pasoM
COBOKYNHOCTE  TO4EK  NAOCKOCTU
8 cucreme KoopOuHar X, y pac-
cMaTpusardT Kax uszobpaxenue co-
BOKYNHOCTU KOMNAEKCHBIX HUCEA
x+iy. CymMma OByx yucea z-+a- -

NoJy4YaeTcs TOrLa NOCPEACTBOM H3- Pue. 13
BECTHOT'O . IOCTPOEHNsT napaJieno-

rpaMMa o COOTBETCTBYIOLIHM 3THM YHCJaM TouKaMm &)
H no Hayaiay KoopguHat O (puc. 13), Mexnay Tem Kak
NpOH3BeleHHe 2-q MOJy4YaeTcs NPH MOMOIIH TOYKH-eLH-
Huge 1 (x= [,y = 0) nocpeAcTBOM NOCTPOEHHs Tpe-
yronbHuKa, nogo6Horo TpeyrodbHEKy aOl, dpyrama
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CNOBAMU, caoxmenue 2’ = z -+ a usobpascaerca napan-
ACAbHOBIM NEPEHOCOM NAOCKOCTU, @ YMHOXMeHug 2/ =
== 2.4 — no0o0HbIM  npeobpa3osanuem, T. €. no8OPor-
HolM  pacTawmenuem npu nenodsuxnom Ha4ase O ),
3TuX yKa3aHWi BNOJHe JOCTATOYHO, YTOGH HANOMHHTB
BaM NOCTAaHOBKY BOIpoOcCa.

sI xouy BOCnosb30BaThCH 3HAeCh CIydaeM, YTOOH yKa-
3aTh BaM Ha To Mecro y laycca, rie sTo o6ocHOBaHHe
KOMNVIEKCHBIX YHCeN MOCPeACTBOM TreoMeTpHYecKOH HH-
TEpIpeTaLHH HX BBLICKA3aHO BIOJHe OTYETAHBO, 6Jaro-
Jlaps yeMy OHO BIIepBhle MOJYYHJIO Bceobllee NpH3HAHHE.
B onuoit paGore 1831 r. Taycc saHuMaercs TeopHei
LeJbIX KOMIVIEKCHHX uHcen a -+ ib, rue a 0 b—1ensle
JeACTBHTeIbHBIE YHCIA, H PAacIpOCTpaHseT Ha HHX Teo-
peMH OOLIKHOBEHHOH TeOpHH YHCeJ OTHOCHTeJbHO MNpOo-
CTHIX MHOXHTesdeH, KBaApaTHYHbIX KW OHKBAaJApPaTHUHBIX
BHYeTOB H T. A. O momoOHbIX 0606UIeHHAX TEOPHH YHCel
MBI YKe YIOMHHaJH 10 MOoBOAY BeluKoi TeopeMul Pepma.

B co6ctBenHoM cooGuienun o6 stoit pabore Iaycc
TOBODHT O TOM, YTO OH Ha3nBaeT «HCTHHHON MeTadH3H-
KOH MHUMBIX uMces». 34ech OH OCHOBBIBaeT ONpaBiaHue
AeACTBHH ¢ KOMIJEKCHBIMH YHCJIaMM HCKIAKYHTEJbHO Ha
TOM OGCTOATENbCTBE, UTO ITHM YHCIAM H AefCTBHAM Hal
HHMH MOXXHO JaTb yKa3aHHOe BhIlIe HarJfJHOe reoMer-
pHUECKOe TCJKOBaHHe; TakuM o6pasoM, [ayce HHCKOMBKO
He CTAHOBHUTCH Ha (opMasbHYI0 TOYKY 3peHHs. Boobiue
JKe 3TH JOBOJILHO JJIMHHLiE, BeCbMa KPacHBO HaNHCaHHbE
paccyxienns [aycca B Bbiclled CTenmeHH HHTepecHH H
34CAYXKHBAKT TOro, YTOGH BRI MX NPOYHTANH. YNOMAHY
elle TOJMBKO O TOM, 4TO B 3TO#l crathe [aycc mpeasaraer
BMECTO CJI0Ba «MHHMBIH» (imagindr) 6oJee sicHoe CJOBO
«KOMIIJIEKCHBIA», KOTOpOe AeHCTBHTEJNLHO BOLLIO B YNO-
‘TpebieHHe.

2. BricliHe KOMIJIEKCHbIE YHC/A, B 0COGeHHOCTH
KBAaTEPHHOHB

Y BCSIKOro OCHOBATEJIbHO 3aHHMAaBLIEroCs KOMILIEKC-
HBIMH YHCJaMH BO3HHKaeT BONPOC: HEJNb3A JIH IOCTPOHTH
JpYTrHe BLICIIHEe KOMIIJIEKCHEE YHCTA ¢ OOJBLIHM YHCJIOM
HOBHX €IHHHL, a He ¢ OAHOH TOJIBKO i, H Lenecoo6pasHo
onpeneluTb AeACTBHS Had HHMH? K IOJOXHTENbHHM
pesyabTaTaM B 3TOH 06J4acTH BIEpBble MPHLLIH OKOJO
1840 r. HesaBucuMo apyr ot apyra I',- I'paccman B
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IIrerTune *) n Iamuabron B Jy6saune. C uso6perenueM
FamuabToHa, TaK Ha3RIBaeMHIM HCUMCJEHHEM KBaTepHHO-
HOB, s XOoudy NO3HAaXOMHUTb Bac Heckoabko OJanxe. Ho
criepBa s CKaXy HeCKOJbKo cioB 00 obliedl NOCTaHOBKE
mpoGaeMHl.

OGBIKHOBEHHbBIE KOMIJIEKCHBlE YHCJA X —+ iy MOXHO
paccMaTpuBaTh Kak JHHeHHHe KOMOWHaUU¥ BHAA

x-l+4+y-i
TIOCTPOEHHRIE M3 ABYX pPAa3JHYHbIX eAvHHN 1 H [ ¢ mo-
MOIIbBI0 NapaMeTpoB x, y. AHAJOrHMYHO 3TOMY CTaHeM
paccMaTpuBaTh CKOJbKO YTOAHO — CKa)KeM M — pasjny-
HHIX Mexay cofof eiuHHUn ey, €y, ..., €, H Ha308eMm Cu-
CTeMOt BblCULX KOMHNACKCHbIX 4UCeA, TIOCTPOeHHOH H3
3THX eJUHHUIL, COBOKYNHOCTs KomOunayul suda
Xx=x1&; 4+ X983+ ...+ x,e,,

COCTABACHHBIX C NOMOWSLIO N NPOUIBOALHbLX DelicT8UTENb-
HbLX QUCeN Xy X2y <o vy Xno

CaMo cofow pasyMmeeTcs, UTO ABa TAKHX KOMIJeKc-
HEIX 4YHC/la, HApHMep X H y = g1y + ysea + ... + Ynen,
Mbl f6yneM cuuTaTh paBHBIMH TOrAa H TOJBKO TOraa,
Koraga Ko3(@HUHEeHTH IpH OTAENbHHIX eAMHHLAX, TakK
Ha3plBaeMble COCTABJSIIONIHE KOMIJIEKCHOrO 4YHeaa, Io-
[1apHO paBHEI MeXAY co6oi:

XI=Yn Xo=UYg veey Xpg=Yny.

CTosib K€ eCTeCTBEHHO H onpejelienne CJAOKeHHs
H BHYHTAHHA, KOTOpOE€ IONPOCTY CBOJAMT 3TH OnepauHHu
K CJOXEHHIO H BEIYHTAHHIO COCTABJSIOWHUX:

xxy=(xxy)et+xty)e+ ... +(x, £ ya)e,

TpyaHee 1 HHTepecHee OGCTOHUT AEJO C YMHOMCEHUEM.
31ecb MH, KOHeuHO, HaYHHaeM C TOTO, YTO MOCTyNaeM
no o6muM npaBHiaM GyKBeHHOro HCYHCJEHHs, yMHOXas
KaxJIbf [-# 4YJeH BBIpa)KeHHA x Ha KaXABH k-i dJueH
BhipaxeHHa y (i, k=1,2,...,n):
n

xoy= ; Eneiy:

Ho uToGn 5TOT peaynbTaT yMHOXKEHHS Takxe Hpex-
CTaBJAsI COBOH HeKOTOpOe UMCJAO Haulel cHcTeMbl, HeoO-

*) Humne r. Ileunn B [Moabckoit Hapoanoit Pecny6anke.
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XoAHMO o6najaThk NpaBHJIOM, KOTOpoe H3o6paxado Obl
npoussederun e;-e, 8 aule KOMNAEKCHOZO 4uUCAQ CUCTe-
Mbl, T. €. B BHAe JIHHeHAHOH KOMOMHAUMH eIHHHI, Heob-
XOAUMO HMETb, cj1eJOBaTeNbHO, n? paBeHCTB TAKOro BHAA:

818y = Cip1€1 + Cipola+ - - - + Cignln =
n
=12101klet ([9k=1» 2! 00y ﬂ).

Torzna, feficTBHTENbHO, IPOH3BEJEHHE

n n
X y= Z( X xlykcikl) €
f=1 \1,"%=1

npeacTaBHT COO0H HEKOTOpOe 4YHCJIO Halled CHCTEMBL.
B ycTraHOBASHHH 3TOTO MPABUTA YMHOMXKEHHS, T. €. CXeMB
KO3((UUHEHTOB Ciks, 3AKJIIOYAETCH XAPAKTEPUCTHKA KaXK-
J0# KOHKPETHOH CHCTeMbl KOMIITEKCHBIX YHCeJ.

Ecau onpenenuts deserue xax deilcreue, obparroe
YMHOXMCERUO, TO OKAa3bIBAETCH, YTO [e/ieHHe He 8ce20a
8bINOARUMO JaXe W B TOM Ciayyae, KOTAa AeNUTeNb He
obpawiaeTcss B Hyl1b. B caMoM neJse, onpejeseHHe y H3
YPaBHEHHS X-y = Z NONY4YaeTcs MOCPeACTBOM pelIeHHs
A TMHeHHLIX ypaBHEHUH

Z X1Yelip1 = 21y Z XiUpC1pa == 2y s 4, Z XiYpCipn = 2

(4, =1,2,3,..., n B KaXXI0M CYMMHDOBAHHH) C HEH3-
BECTHBIMH Yy, Y2, -.., Yn, HO 3TH YPABHEHUS B TOM Cly-
gyae, KOTAa HX onpenenuTejas obpaiiaercs B HYJAb, Qu60
BOBCEe He HMBIOT peuleHdH, Nub0 HMeWT uX OecyHcseH-
HOe MHOXECTBO; B 3TOM CJYYae BCE 2; MOTYT PaBHATHCH
HyJI0, XOTA U He Bce y, =0, T. e. npoussedenue 08yx
duCes MOXMCET 06PAATLCA 8 HYAb, XOTA HU OO0UH COMHO-
HUTerb He pagen wyaro (TAKHe YHCJIA HasHBaloTCA Ode-
aureasmu Hyaa). ToAbKO ¢ MOMOUIBIO CIIELHAJBHOIO HC-
KyCHOro noa6opa K03(pGOHUHEHTOB Cjpy MOKHO AOCTHYDL
371eCb COXpPaHeHHS CBOHCTBAa OOBIKHOBEHHWX YHCeJ, 3a-
KJIOYAIOIIerocs B OTCYTCTBHH NesnuTesell HyJd; npapia,
Gonee nompob6HOe H3yYCHHe BONPOCA MOKA3BIBART, YTO
npu n> 2 coxpasesrue T020 C8OLCT8A 8Ce20a NOKY-
naerca yerow orkasa or odrozo u3 opyeux npasun Jdeii-
cT8uUli%); No3TOMY CTApalTCA PACHOPAAMTLCH TakK, YTO-
6Bl 9THM HEeBBINOJHAIONIUMCH CBOHCTBOM OKa3ajloCh Ta-
Koe, KOTOpOe HaHMeHee Ba)KHO IJsi COOTHOILIEHHH, CO-
CTaBJAIIIUX HeNb HCCAE0BAHMA.
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Bce a1H ofliHe paccy:KReHHs Mut Telmepb NpOCAELUM
Ha KBATEePHUOHAX, KOTOPHE BBHAY HX NPDHMEHeHHH B GH-
3HKe M MeXaHHKe MpeJCTaBJsIOT, HECOMHEHHO, CaAMYIO
BaXXHYI0 CHCTEMY BBLICUIHX KOMILIEKCHHX umcen. Kak
BHIHO H3 HX Ha3BaHHs, 3TO — YeTHpeXuJeHHble YHCaa
(n =4). B uyacTHOM cJy4ae OHH BLIPOXAAIOTCH B TpexX-
yJeHHbBlEe BEKTOpH; Noc/Jel]HHe CTAaJH Tenepb ofLleH3Be-
CTHBIMH, H O HHX, BEPOATHO, NPH CJyyae YNOMHHAWOT H
B LIKOJIE.

3a nepBYI0 H3 YeTHpeX eJHHHL, U3 KOTOPHX COCTaB-
NAKTCA KBATePHHOHB!, KaK ¥ B Cayiae OOLIKHOBEHHHIX
KOMIIJIEKCHBIX YHCeJ, NDHHHMAIOT OGLIKHOBEHHYIO elHHH-
ny 1. Tpu apyrue eauHHUE OGBHIKHOBEHHO 0603HAYAI0T 1O
CamuibTony uepes i, j, k, TaK uTo o6IUHH BHI KBAaTepHUO-
Ha noJiyyaeTcss TaKOM:

g=d 4+ ia+ jb+ ke,

rae a, b, ¢, d— peficTBHTe/NbHBEe NapaMeTpH (cocCTaB-
aawye uad Ko3dpduiHeHTs KBaTepHuoHa). [lepayio co-
cTaBaawulylo d, Ha KOTOPYI0 yMHoxaercad | u KoTopas
aHa/NOrnyHa AeACTBHTENbHOH YacTH OOLKHOBEHHOIO KOM-
NJIEKCHOTO YHCJaa, HasBBAT CKAAAPHOL COCTABHOLU
4ACTHI0 KEATEPHUOHA, COBOKYIIHOCTh JK€ TPeX OCTaJbHBIX
4yeHoB ai -+ bj 4 ck Ha3bIBAWOT ero 8exKTOPHOL HaCTHIO.

"OTHOCHTE/NIBHO CJIOXKeHHS BpHA JH MOXHO 4TO-1H60
NpHOABHTL K NMpeaunayiliM o6LuM co06paKeHHAM; I1o-
3TOMY # JlaM BaMm cpasy e ecTe-
CTBEHHOE TeOMETPHYEeCKOe HCTO-
KOBaHHe ero, OCHOBaHHOe Ha u3s-
BeCTHOH BaM HHTepnpeTaluH BeK-
TOpPOB. A HMEHHO, npeacTaBuM cebe
OTPEe30K, COOTBETCTBYIOLIHH BeK-
TODHOH 4YacTH KBaTepHHOHAa g H
HMeWLLHA npoekiuu a, b, ¢ Ha ocu
KOODIAMHAT; 3TOMY BEKTOPY IIpHIHILIEM BeC, PaBHHIH CKa-
asipHo#t yacTH d. Ilocjie 3TOro cioxeHue BEKTOPOB 4 H
g'=d +ia’+ jb’ 4 k¢’ cBoaHMTCA K CleYIOUIEMY: MBbl
CTpOUM paBHO#efCTBYIOLLYI0 06OHX OTPEe3KOB IO H3BECT-
HOMY NpaBHJy NapaJjijielorpamMMma Aas CJOXEHHS BeKTo-
poB (pu¢. 14) u npunuceiBaeM el B KauecTBe Beca CyMMY
BecoB 060MX cjaraeMulx; 3THM IIyTeM MEl JeHCTBHUTENbHO
noJyyaeM BEKTOD, NPeACTaBAAIOUHA co60l KBaTepHHOH:

4+ ¢ =@+ d)+ia+a)+ib+6)+ e+
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Co cneuuaJbHBIMH CBOHCTBAMH KBATEPHHOHOB MBI
BCTpedaeMCs BlEpPBble, KOrAa NePeXOAuM K YMHOMXEHHIO;
HMEHHO, OHH 3aKJI0YaKTCs, KAK MBI BUIEAH 3TO B obuieil
TEOPHH, B TOM, KaK YCTAHABJIHBAIOTCS 3HAUEHHA NpPOH3Be-
OeHUR eZMHHL. § NOKaXy BaM MpexJe BCEro, KaKHM
KBaTepHHOHaM [ aMuabTOH NpHpaBHHBaer 16 npouspese-
HHA OCHOBHHIX eguHul. [lepBoe yc/l0BHe COCTOMT B TOM,
4TOOH C mepBOHl emAMHHLeH 1, KaK 3TO MOKasblBaeT CaMo
ee 0603Ha4eHHe, NPOU3BOAUTDL BHIUHC/EHHA, KaK ¢ neld-
CTBHTEJLHRIM YHCJOM l; c/lefloBaTeNbHO,

12=‘. i- =l'i=i’ j'1=l.i=l’
k.l:l‘k:—‘k-

Ho CyHIeCTBEHHO HOBBIMH HABJAIOTCA YCJOBHS OTHOCH-
TeJIbHO KBAaJAPATOB TPpeX APYruxX eIHHHUIL:

i2=i2=k2=—1

" OTHOCHTEJIBHO HX npousaeneﬂuﬁ; noJjiaraem
jrh=cti, kei=-j ij=+k,

MeXIy TeM Kak NpH o6paTHOM MNopsilKe COMHOXuUTeneH
nosaraeM

kejem—1i, i h=—j, jei=—kF.

[1pu 3TOM cpasy Gpocaercs B IJasa, uTO HepeMecTUTeAb-
ROl 3AKOH YMHOXCEHUSR, 8000uie 2080Ps, He uMeeT MeCTa;
¢ 3THM HEYLOGCTBOM NPHXOXHMTCA NPHMHPHTBHCH, YTOOH
CNAaCcTH ORHO3HAYHOCTb JeJleHHs1 U Ty TeOpeMy, NO KOTO-
poft mponaBeneHHe ABYX YHCEJ TOJBKO B TOM clydae Mo-
KeT 06paTHTbCA B HYJb, KOrja OIHH M3 COMHOXKHTesefi
CTAaHOBUTCH paBHEIM HyJ©0. Mu cefivac yBHAUM, uTO
3TOT M BCe APYyrHe 3aKOHHl CJOXeHHA M YMHOXeHHd, 38
eIHHCTBEHHEIM YKa3aHHBHIM HCKJIOYeHHEM, AeACTBHTEIbHO
OCTAIOTCA B CHJI€ H YTO, CJAe/l0BaTebHO, CAeaHHbie BHIIe
NPOCTHIE YCJOBHA ABJSAIOTCH B BHICIIEN CTENeHU Ileseco-
06pa3HbIMHU.

HauHem ¢ TOro, 410 CcOCTaBUM npoussederue Jdsyx
KaarepHuonoe 8 o6wem sude:

g =p-g=(@+ia+ jb+ ke) (w-+ix+ jy+ k2),

NpHHHUMAas BO BHHMaHHe MAAHHYIO IIOCJeL0BATEJNbHOCTH
cOMHOXHTeJel, [lepeMHOMXas NMOYIeHHO, 3aMeHAA NPOHU3-
BefleHHUs] eNHUHHI HMX 3HAYeHMAMH H3 Hallefi TabJHHB
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YMHOKEHHA ¥ COelUHAA 3aTeM 4YJeHbl ¢ OJAHHAKOBHIMA
eJNHHIIAaMH B OJHH, HAX0IUM

g =pqg=uw'+ix'+ jy + k2’ = (dw -- ax — by — c2)
+ i(aw+ dx 4+ bz — cy)
+ j(bw + dy 1+ cx — az)
+ k(cw + dz + ay — bx).

Taxkum o6pa3oM, cocTaB/sioLIHe KBATEPHHOHA-TIPOU3-
BeJleHHs NpeacTaBidloT co6oil onpepeseHHEle NPOCTHE
Gununedinble ) KOMOUHAUUM COCTABJAIOILMX OBOHX CO-
mHoxuTeNefl. Ilpu nepemene mnopsAaka coMHOXKHTeJ el
1IECTh NOAYEePKHYTHIX YJNeHOB MEHSIOT CBOM 3HAKH, TaK
4TO g-p, BOOGle rOBOPS, CYLIECTBEHHO OTJIHYHO OT p-g
H TMPUTOM He TOJIBKO IO 3HAKY, KaK 3TO UMEET MeCTO AJSA
NpoU3BedeHUH OTAENbHBLIX eHHHUIL.

B To BpeMsi KaK mepeMeCTHTEeNbHOCTb, KaK Mbl BUAHM,
He HMeeT MecCTa, 3aKOHBl pacnpelefHTENBHOCTH H coye-
TaTeJbHOCTH 0OCTAalTCA B cuje. [lefcTBHTeNbHO, echd
BHIUMC/IMTh, C OZHON CTOPOHBI, npousBefeHHe p(q -+ gi),
a ¢ Apyro#, BrIpaxKeHue pqg -+ pg;, GOpMaNbHO NMeEPEMHO-
¥Xad 4leHH, U He 3aMeHATb NPOHM3BeJeHHH eIHHHI HX
3HAYeHHAMH, TO MOJKHBEI HOJNYYHTBCA TOXIECTBEHHbIE
BLIDajKeHHs; HO STO TOMAECTBO He HAPYLIHTCH, ecqH 3a-
TeM K TOMY H JAPYroMy BHpAaXXeHHI0 NPHMeHHTb Tab-
JHNY yMHOMeHHUA eXuHHi. [lanee, HeTpyAHO BHAETh, YTO
M 33KOH COYeTaTeJbHOCTH [OJIKEH OCTaTbCA BCeraa B
CHJle, CJIH TOJILKO OH HAefiCTBUTe/eH AJs YMHOXeHUs elH-
HAL. A 3TOT moc/lefHHil ¢aKT MOMXHO YCTAaHOBHTb Hemo-
CpPeNCTBEHHO, HAa OCHOBAHHMH TalGJUILl YMHOMEHud, Kak
A MOKaXy Ha TakOoM NpHMepe:

(if) k=i (jk).
B camom gneane,
ik=k-kh=—1,

i(jh)=i-i=—I.

IMepeitneM K peneHHio. JOCTaTOYHO NOKa3aTb, YTO
acakomy xearepruony p=d-+i-a+ j-b+ k-c orse-
yaer 6noAHe onpedeseHHbll Opyz0l K8ATEPHUOH q, yO08-
AETBOPAIOUULL YCA0BUW

pg=1
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HPeJCTaBNAALTCA 1eNeco06pa3HbiM OGO3HAYHTD 3TO ¢ de-
pes’') 1/p. Nenenue B obumeM cayuae Jierko CBOAHTCH
K 3TOMY YacTHOMY cayyaro. YToOn ONpexesuTh 3TO ¢,
nonaraeM npeiwijyilee BblpaxkeHHe Al p-g pPaBHHM I,
T.e. 1=1+40:i40-j+ 0-%; npupaBHHBas COCTaBJAIO-
e, noaydaeMm CJHSAVIOULHEe UYeTbipE€ YPaBHEHHA MJdA 4He-
ThipeX HEeH3BECTHbIX COCTAaBJAAKINHX X, Y, 2, W KBATED-
HHOHA ¢:
dw—ax—by—cz=1,

aw+ dx —cy + bz =0,
bw+cx+dy —az=0,
cw—bx+ay+ dz=0.

PaapemumocTs nogoGHOH CHCTEMH ypaBHeHHil 3aBH-
CHT, K&K H3BeCTHO, OT ee oNpejeJHUTeNs; B NaHHOM XKe
clyyae MBl HMeeM TakK Ha3blBaeMHl KOCOCHMMeTpHue-
CKHil ompenenHuTeNb, T. €. TaKOH, B KOTODOM 3/IEMEHTHI,
Jexalie CHMMETPHYHO MO OTHOMIEHHIO K rJapHOH aHa-
roHaqu (HAyuUeH.OT BepXHero 3JeMeHTa cjleBa K HHXK-
HeMy 3JIeMeHTY COpaBa), OTAHYAKTCA APYr oT Lpyra
TOJIBKO 3HAKAMH, MEXAY TeM KaK BCe 9JeMeHTH IJ1aBHOH
AHAroHaJH paBHH MexAy cobof. Teopusa onpepennTe-
Jed RaeT OoyeHb NMPOCTyio QOpMYJy AMA BHIUHCIEHUS Ta-
KOro poja onpejeluress, a HMEHHO, B NaHHOM cayyae
OKasnBaercs

d ~a —b —c
a d—c b =(a2+b2+02+d2)2‘
b5 ¢ d—a ’
c—b a d

B CHPaBEIJIHBOCTH 3TOT0 pPaBeHCTBA MOMKHO Jerko y6e-
JUTBCA M HemoCpeJCTBEHHHIM BHUMcAeHHeM. B ToM 06-
CTOATEJNBCTBE, UTO 3TOT OMpEJEIHTe/b OKa3hBaeTcs pas-
HBIM KakK pa3 HeKOTOpPOH CTelneHH CYMMH KBaJpaToB
YeTHpPeX COCTABJSAOLIHX, H 3aKJAKYaeTcd COGCTBEHHO
TOHKHH K rJayG0KH#A cMBICH ycaoBHHA [[aMUABTOHA; KHMEHHO,
H3 3TOro OGCTOSITENIbCTBA BHITEKaeT, UTO onpedesureas
acezda OTAuYEeH OT HYyAas, KpoMe TOro ciaydas, Koraa
ONHOBpPeMeHHO a = b = ¢ = d = 0; nosTOMYy, 32 HCKIIO-
YeHHMEM OJHOrO TOJBKO 3TOro cayuas (p==0), ypaBHeHHUd
OAHO3HAYHO paspellafOTCs, H OOpPATHHIA KBaTepDHHOH ¢
OKaspiBaercs, TakuM o0pa3oM, OJHO3HAYHO ONpexe-
JICHHBIM.



KOMIIJIEKCHHE UMCNA 95

Ecnn nonoxurs
T = +/a? + b% + ¢* 4 d?
(3Ty BenHuMHY, Hrpamwyl 6GOJbIIYI0O POIbL B TEOPHH
KBATePHHOHOB, HasuBaloT xModysem xearepruora ’?)), 1o
JEerko y6eaHTbCsl HenocpeACTBeHHON NOACTaHOBKOM, YTO
3T0 OIHO3HAYHOE pellieHHe BhIPaXKaeTcs TakK:

. a b c _ d
X=—7z, Y=~ 37, T=" 77, W=7,
T4K YTO OKOHYATEJbHHIl pe3yJAbTAT noJyyaercs Takoff:
1 1 _d—ia—jb—ke
p diiatjb+ke aP+bi4citdtt

-BBoaa aHagoruumo TEODHH OGBLIKHOBEHHBIX KOMIIJIEKCHBIX
4HCeJl KBaTEPHEUOH

p=d—ia— jb—kc

NOA Ha3BaHHEM CONPAMEHHOrO ¢ p, MOXHO MOCHEA-
HI0lI0 GOpMYJNY HanHCaTb €lie H B TAKOM BUJIE:

'“)I"D|
I

L

P
prp=T*=a’+ b+ c*+d%

5TH (GOpMyJH ABJIAIOTCA HeMOCPeACTBEHHBIMH 060061e-

HHAMH H3BeCTHHIX CBOHCTB OOGLIKHOBEHHHX KOMIJIEKCHBIX

yuces. A Tak KakK H, o6paTHO, p ABJAAETCA CONPSKEHHBIM
C p YHCJIOM, TO TaKxke

HJaIHu

pep=T?

T4K YTO B 3TOM 4YaCTHOM CJyyae HMeeT MeCTO nepemMec-
THTEIbHOCTb COMHOXHUTeNeH.

Tenepp MBI B COCTOSHMH Cpa3y MNOJYYHTb petlerue
3adaqu deaenun 8 obuem sude.

Ecau noaoxum

7
Pg=q
M o6e 4YacTH 3TOTO paBeHCTBA YMHOXHM CJleB2 Ha

, g

1 1 1 N VR ,
5+ 10 MONYURM - - pf=---q WM §=—0 =-1q,

TaK KakK
S pa=(5-p)a=q.
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YpaBuenute xe gp = ¢’, oTiMvaiolleecss OT MEPBOrO
TOJIbKO T€M, YTO HEH3BECTHHH COMHOXHTE/Ib § 3aHHMAET
nepBoe MecCTOo, HMeeT, BOOOLUEe [OBOPA, APYroe peLieHHe:

L, 5
9=q - 5=4 1.

BoaHnukaer Bompoc, Helb3s JU HAaWTH TaKylo reoMer-
pHUeCKyi0 WHTepnpeTaldio, IpPH KOTOpPOH 3TH HAeACTBHA
H UX 3aKOHBI ABJAAIOTCA YEM-TO €CTECTBEHHBIM.

Yro6ul NpHATH K TakKoidl HHTepnpeTalHH, HauHeM
€ YacTHOro cjy4as, Korfa o06a COMHOMHTENA CBOJATCH
K NPOCTHIM BeKTOpaM, T. €. KOrfa CKaJsapHhle YacTH

= w = 0. Toraa Hawa o6llas ¢opMyla IJs MPOU3-
BeleHusa (¢. 93) nmpHHUMaeT TaKoil BHA:

g =p-q=(ia+jb+ ke) (ix+ jy+ k2)=
= —(ax + by + c2) + i(bz —cy) +
+ j(cx —az)+ k(ay — bx);

Mbl BHAHMM, UTO npoussedenue 08Yyx KBATEPHUOHOS, CE0-
JAauuxca Kk OOGHUM TOAbKO 8eKTOPAM, COCTOUT U3 08Yyx
yacrell — CKaAApHOl u 8eKTOPHOU. DTU COCTABHBEIE YACTH
HETPYJHO INIPHBECTH B CBA3b C OOLICNPHHATHIMH Tenepb
BHAAMH NIPOU3BeJeHHH BeKTOPOB. DTH NMOHATHA, ropasflo
6o/lee pacnpocTpaHeHHHe B 'epMaHHH, YeM KBaTepHHO-
HHl, BeJlyT HauaJo OT I'paccMaHa, XOTa caMo CJOBO <BEK-
TOP» AHIVIHHCKOrO MpOHCXoxKaeHHA. Te ABa BHAA NPOH3-
Be[leHHH BEKTOPOB, C KOTODHIMH OOHKHOBEHHO ONEpH-
PYIOT, HOCAT Tenepb OoJbiIell YACTbIO Ha3BaHHS SHYT-
PEeHHEe20 UAU CKAAAPHO20 npoudsederus ax + by + cz,
KOTOpPOe, TaKuM 006pa3oM, TOJbKO

tbz-cy,cz-az ,ay-bz) o
3HAaKOM OTJHYAELTCA OT CKaJSApPHOH

.§‘ (a,5,¢) YaCTH HAMHCAHHOTO BbIIIE MPOU3BE-
LS B/ JeHHs KBaTEDHHOHOB, H 8HEWHE20
~ _uau  BeKTOPHO20  npoudsederus
4 U @y i(bz—cy)+ jlex — az)+ k(ay —
Puc. 15 —bx), KOoTOpOe paBHO BEKTOPHOMR

YacTH MpOH3BeleHUsl KBaTePHHOHOB.

IToctpoum o6a Bektopa (a,b,c) u (x,y,z) B BHAE
HalpaBJICHHREIX OTPE3KOB, HCXOAAIIMX H3 Hadanla Ko-
opaunat O (puc. 15); HX KOHUBI OYAYT HAXOAUTbCH
B TouKax (a, b, ¢) u (¥, y, 2); AJUHE HX pPaBHH
I=A/@F B F e ' =+/x"F y°+ 22. Eclu uepes @
0003HaYHTDb YTOJ MeXAy O6OMMH OTPe3KaMH, TO, COrJIacHO
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U3BECTHEIM TEOpeMaM AaHAJHTHYECKOH TreOMETpUH, —
B NOAPOGHOCTH A He BXOXY — BHYTpEeHHEe MpOH3BeleHHE
paBHO

ax+by+cz=1[-1-cosq.

BHelllHee npou3BefeHHe CaMO MpelCTaB/feT coGOH Bek-
TOp, KOTOPHIH, KaK HETPYAHO BUJAeTh, HaNpaBsJeH IlepreH-
JNHKYJpHO NMJOCKOCTH BEKTOpPOB [, [’; ero AnKHA OKaaul-
BaeTcA paBHOMH [-/-sin ¢.

CylllecTBEHHHM ABJAETCH BONPOC O HalpaBJ/ieHHH BeK-
TOpa-NMPOH3Be/leHHA ellle B TOM CMBICJe, B KaKYyi0 CTOPOHY
IJIOCKOCTH, OnpefesiseMod BeKTopamu [ W !/, Hano ero
OTK/NaAKBAaTh. JTO HampaBjeHHEe MEHSETCH B 3aBHCHMO-
CTH OT NPHHATOH CHCTEMBl KOOpPAMHAT. A HMEHHO, cylle-
CTBYIOT, KdK BaM H3BECTHO, /IBe pa3/H4Hble, He MOryLlHe
ObITh COBMEIIEHHBIMH CHCTEMH NPAMOYTOJBHBIX KOOPAH-
HaT; NP COOTBETCTBEHHO OAMHAKOBOM HalpaBJeHHH ABYX
nap ocefi y HuX (HampuMep, ocedl y U 2) TPeTbH OCH —
OCH X — HMEIOT NPSIMO NPOTHBOMOJOMKHbIE HAaNpaBJeHHA.
Takue nBe 3epKajbHO CHMMeTPHUHblE CHCTEMHB HAaXO-
IATCA ONHa K APYrofi B TAKOM e OTHOLIEHHH, KaK Npa-
Bas pyKa K J1eBOH; NefiCTBHTeIBHO, HX MOXHO pa3jiHyaTh,
NOJb3YSACh CHEAYIOLHM TNPOCTHIM MHEMOHHYECKHM Ipa-
BHJIOM: OCH X, y, 2 OJHOH CHCTeMBl DAacloJOXKeHHl, Kak
paccTaBleHHHe TMalblbl — GONbIIOH, YKa3aTeNbHH# H
cpeaHuy — NpaBOH pPYKH, OCH X, Yy, 2 APYro# CHCTEMB —
KaK Te JKe najblUsl JeBodl pyku (puc. 16). B nutepatype

Ay
vl

Puc. 16

R i 4

)
.

MOCTOAAHHO BCTpeuaeTcst TO OAHA, TO JApyras CHCTeMa;
B PA3JIHYHHIX CTPAHaX, B PA3JHYHHX AHCUHIJIHHAX H, Ha-
KOHell, Y PasjHYHHX aBTOPOB FOCMOACTBYIOT pas/HuHble
CHCTEMHI,

B npocreiuueM cayuae, Korga p=i, §=/, T. €.
KOTZa p M ¢ paBHB eIAHHHYHHIM BEKTOpaM, HampabJieH-
HBIM BJOJIb OCell X U Yy, HX BHelIHee MPOH3BeAEHUE B CHJIY

4 o, Kaean, 1.1
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YCJOBHA (-] = k OKAa3plBaeTCA PABHBLIM €AHHHYHOMY BeK-
TOpy, JNexawemy Ha ocH 2z (puc. 17). Ho { u j moxHo,
HelnpepelBHO H3MeHdsd, NpeBPATHTb B JI00ble BEKTOPH
p ¥ g™); npH 3TOM k NepefilieT HeNMpepHBHBEIM 06pa3oM
B BEKTOPHYIO COCTaBHYIO 4acTb NpPOH3BeleHHSl p-q, HH
pasy He ofpamasch B TedeHHe 3TOro npouecca B HYJb;
HO3TOMY MNeEpBhIH M BTOPOH COMHOMHTEJNH
H caMO BEKTOpDHOe NpOH3BejeHHe Bceria
HOJXKHb OHITb PacHoOJOXeHb ApYyr OTHO-
CHTeJbHO Ipyra TakK, KaK OCH X, Y, 2 CHCTe-
MBl KOODAHHAT, T. €. JOJIKHB NPEICTasBaldTh
«IIPaBYIO» HJIH «JIEBYIO» TPOMKY B 3aBHCH-

Puc, 17 MOCTH OT TOro, Kakasg cHcTeMa NpHHATA

LJ151 KOOPIHHATHHIX Ocef.

MHe xouyeTcsi npu6aBUTh HECKOJbKO CJOB II0 MOBORY
NIPHCKOPGHOro BOIpoca O CHCTeMe 06O3HAaYeHHH B BeK-
TOpHOM aHaiu3e. [emo B TOM, 4TO AJS KaXAOro Aei-
‘CTBHS C BEKTOpPaMH ynoTpebasieTcss 60Jblioe KOJHYECTBO
pasJMYHHEX 3HAKOB, H, K COXaJeHHIo, IO CHX HOp -elle
He YyJajoch CO3RaTh OJHY-eIHHCTBeHHylo ofeo6s3a-
‘TeJIbHYIO CHCTeMY o603HaueHniA. UeThpe rofa Hasan Ha
cwe3le ectectsoucnuitateneii B Kaccene (1903) ¢ sroit
uensio 6HJ2 faxke n3bpaHa ocobas KOMHCCHS, HO YJeHbl
ee He MOIJIM BIIOJIHE CTOJKOBATHCH, a4 TaK KaK KaxAblf
N3 HHX BCe 3Ke MMesn A06poe >KeJaHHe cAesaTh 1IAr OT
cBOeH MepBOHAYaJABHOM TOYKH 3peHHs HABCTpeuy APYrHM
B3rJAfaM, TO eIHHCTBEHHHM pe3yJbTaTOM fBHJIOCh BO3-
HUKHOBeHHe TpeXx HOBhIX o6o3Hadyenuii! [locme 3toro
APYrUX aHaJOrHYHbIX CAydYaeB A MpHIe] K TOMY 3aKJio-
YeHHIo, UTO JelCTBUTEAbHOE 00beINHEeHHEe BCeX 3anHTepe-
COBAHHHX B TAaKHX BelllaX KPYrop Ha MOYBe OZHHUX H TexX
JKe CJOBeCHBIX M NHCbMEHHHX O603HAYeHHH BO3MOXKHO
TOJILKO B TeX CJAy4YasX, KOraa K 3TOMY NOGYKAAIOT
B Bhicllell cTeneHH BaXKHble MaTepHaJbHble HHTEpeChl.
Tosbko NOA TaKUM JABJE€HHEM MOIJIO npoHaoiTH B 1881 r.
B 3JeKTPOTeXHHKe Bceoflliee MPH3HAHHe eIHHOOOpa3HOM
CHCTeMB! Mep BOJIbT— aMIep —OM H nociaenyloliiee 3a-
KpenJieHHe ee TOCYRAPCTBEHHHM 3aKOHOLATeNbCTBOM, TaK
KaK NpOMHILU/JEHHOCTb HACTOHYHBO TpeboBasia MOA0GHOro
eNHHCTBA Mep KaK OCHOBHl BCex omepauuii. 3a BeKTOp-
HHIM HCUHC/IeHHeM ellle He CTOAT TAKHe MOTryLleCTBEHHHE
MaTepHalbHble CTHMYJH, H IO3TOMY INPHXOIHTCA INOKA
YTO — MNJIOX0 JH, XOpOIIO JH — MHPHTBCA C TeM, YTO
KaXAHH OTHeJbHBIA MaTeMaTHK OCTaercs NpH NPHBHY-
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HOM JAJIS Hero crocoGe o003HauyeHUH, KOTOpPBII OH CYH-
TaeT Hanbosee YAOGHLIM HJIH AaXe — eclli OH HECKOJBKO
CKJIOHEH K JAOTMATH3MY — eIHHCTBEHHO MPaBUJbHBIM.

3. YMHOXEHHe KBaTepHHOHOB H mnpeoGpa3oBaHHe
NMOBOPOTHOFO PACTAKEHHA B MPOCTPAHCTBE

Tenepb nepefiieM K eeomeTpuuecxol uxTepnperayuu
YMHOJCeHUS KBATepHUOHO8 8 obujem eude, TMpPeRIoCIaB
edl caenyouee 3aMedaHue.

Ecan B mpoHusBemeHHH ¢’ = pg 3aMeHHTb p H ¢ HX
CONpPsIXKEHHBIMH 3HAYEHHSIMH P, §, T. €. eclIH H3MEHHTH
3HaKW IpH a, b, ¢, x, y, 2 Ha o6paTHele, TO B dopmyne
npou3BeXeHHs1 cKaJasipHast 4acTh octaHercs Oe3 H3MeHe-
HHsl, @ B BEKTODHOH 4YacTH TOJNBKO HelOAYepKHYTHe *)
MHOXHTEJNHN NpH i, j, k N3MeHAT cBOM 3HAKH HA obpar-
Hele. EcIH e OXHOBpEMeHHO M3MEHUThb H TOPSJO0K MHO-
Xurtegelt g, §, TO U NMOAUYEPKHYTble MHOMXKHTENH H3IMEHST
3SHAKM, TaK 41O §-p NpeACTaBseT cobolt KaK pas co-
Npsi>KeHHOe 3HaueHHe §': ecsiM ¢ =p-q, 10 §' = §-P.

IlepeMHOXKast 062 paBeHCTBA, HAXOMHM

q-§=p-q:9-p.
IMpx 3aToM IOPSIAOK MHOXHTeJeH HrpaeT CYHIECTBEHHYIHO
pOJib, HO MH BIpaBe NPUMEHHTb COUETATEJNLHBIH 3aKOH
H HanHcaThb ) o
q’.q’—_—p.(q.q).p,
Ho, kak Mbl Buzenu sBoiwe, §-§ = x? + y?> 4 22 4 w?,
TaK YTO OKOHYATEJNBHO NOJydaeM
wn+xn+yn+zn=p(w2+ x2+y2+22)ﬁ.
3nech BTOpOA MHOXKHTeJb B NPaBOfl 4YacTH ecTh CKa-
Jfp, & INpPH YMHOMeHHH cKalspa M Ha KBaTepPHHOH
HMeeT CHJY NepeMecTHTeNbHEIH 3aKOH, TaK KaK
M. p=Md+i(Ma)+ j(Mb)+ 2 (Mc)=pM.
ITosToMy B faHHOM cayuyae
o 1y 2 =p- P (@ Ry 2Y);
a Tak Kak p-p ecTb KBajpaT MOAYJs KBATePHHOHA p, TO
wlz+xlz+yn+zﬂ=
=(d*+a’+ b+ ) (W + #* + 4 + 2%);

*) Cm. c. 93.

4"
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LPYTHMH CJIOBaMH: m0o0yas npoussedenun 08yx Kaarep-
RUOHO8 pasex npoussedenuro modyaeld ob6oux COMRONCU-
reaeil. KoHeuHO, 3Ty ¢OpPMyNy MOXXHO NOJYYUTb M HENO-
CPEACTBEHHHMM BHLIUMCIEHHEM, €CJIH TNOACTABHTb BMECTO
w’, X', y', 2 ux BblpaKeHHUd H3 (GOPMYJIH YMHOXEHHS
Ha c. 93.

Tenepr 6ynem WHTepnpeTHpOBATh KBAaTEPHHOH ¢ Kak
HANpasAennbLi OTPe3oK 8 NPOCTPARCTBE HeTblpex u3Me-
pesud, HAYWHIE OT Havyajla KOOPAHHAT K TOUYKE X, Y, 2, @,
BIIOJIHE 2HAJIOTHYHO HHTEpIpeTallUy BeKTOpa B TpexMep-
HOM npocTpaHcTBe. B HacTosAulee BpeMs He NMPUXOAUTCH,
KOHEYHO, H3BHHATbCHA, KOrAa TNpH3LIBaelllb Ha IOMOIUb
eThpexMepHOe NPOCTPAHCTBO, KaK TO GHJIO0 HeOOXOAUMO
B TO BpeMs, Koria s 6ba cTyAeHTOM. Bee BEH 3HaeTe, uTo
3leCh He CKPHIBAeTCH HHKAKOH MeTaduauuecKOdl HAeH,
a8 MHOrOMepHOE MNPOCTPAaHCTBO NONPOCTY eCTh YHoGHOE
aHaJOrHYHOe HaueMy AefCTBUTEJbHOMY NpeACTABJIEHHIO
O NMPOCTPAHCTBE CPEeACTBO MaTeMaTHYeCKoro crnocofa Bbl-
paxeHHs 74).

EclH coXpaHATb NOCTOSIHHBIM MHOXHTENb p, T. €. Be-
JHYHHH d, a, b, ¢, TO ypaBHeHHe B KBaTepHHOHax ¢’ =
== p-q ONHCHIBAeT HEKOTOpoOe JiHHefHOe npeobpa3oBaHHe
TOYEK X, Y, 2, W YEThIPEXMEPHOTO NPOCTPAHCTBA B TOYKU
X, y’, 2, w', OTHOCS KaXAOMY YeThiPEXMEPHOMY BEKTOPY
HEKOTOpHIH Apyroll BeKTOp; B SIBHOM BHAe YPaBHEHHH
npeoGpa3oBaHus MOJYYAIOTCH NMyTeM CpaBHeBHA Ko3bgHu-
1HeHTOB B Qopmyne npousBefeHHs Ha c¢. 93. Ho us
TOJNILKO YTO TOJYYEHHOrO0 COOTHOMIEHHS ANS MOAYJeH

BHJAHO, YTO NpH 3TOM paccrosinne +/x2+ y?-+ 224 w?
BCAKOH TOYKHM OT Hayala YMHOXAaeTcs Ha OAHH M TOT XKe

nocTosHHEH MHOXHTeNb T = 4/a®+ b2+ ¢®+ d% xpoMe
TOro, KaKk Mbl BHAEJH, ONpeNeJHTeNb JHHEHHOro npeot-
pPA30BaHHA BCErAa HMEET TOJOMHTETbHOE 3HaueHHe.
C apyrofi CTOPOHH, H3 aHAJHTHYECKOH reOMETPHH B TpeX-
MEpPHOM NpPOCTPAaHCTBE W3BECTHO, YTO JHHeHHOe NpeoG-
pa3oBaHHe X, y, 2, KOTopoe mpeolpasyeT cymMmy x2-4
+y>+ 22 B cebs (Tak Ha3biBaeMOe «OPTOrOHAJbHOE»
npeo6pa3oBaHHe) M KOTOpOe, KPOME€ TOr0, HMEEeT I0JO-
JKHTeNbHHA OnpefesiuTe/lb, H306paXKaeT MNOBOPOT Mpo-
CTPaHCTBA BOKPYr Havasla KOOpAMHAT H 4TO BCAKHH no-
BOPOT MOXeT ObiTh TakK npeacraBjed. Ecau xe JnHefiHoe
npeo6pa3opaHHe yMHOxaeT x%+ y?-+ 22 Ha HeKOTOpHIA
MHOXHTeab T2 U oNpeAeJHuTe b NO-IIpeKHEMY HMeeT MO-
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JIOXHUTENbHOE 3HAaYeHHe, TO NONYYaeTcs NOBOPOT B COENH-~
HeHUU C paCTsXKEeHHeM BCero npocTpaHcTBa A0 T—Kpa‘rﬂux
pa3MepoOB NPH HEMOABHXKHOM HayaJje KOOPAMHAT. Takoro
poda npeoGpasoBaHue MBI OyAeM Ha3blBATb HOSOPOTHOLM
pacrascenuem. CxazaHHoe CIpaBelJIHBO He TOABKO AJIsk
TPEXMEPHOro NpPOCTPaHCTBA, HO H /IS YeTHpeXMepHOro.
Mp 6yneM rosopuTh, 4TO Halle AHHeHHOe npeo6pasoBa-
HHe B TOYHO TaKOM e CMEICIe BbIPAXKAaeT NOSOPOT U
PACTANEHUE HETLIPEXMEPHOEO NPOCTPARCTEA.

OQHaKo HeTPYAHO BHAETb, YTO 3TO e€lle He caMulik
o6mIH# caydaldi BO3MOXHBEIX Ipeo6pa3oBaHHii NOBOpPOT-
HOro pacrtsxeHus. [lefcTBHTesnbHO, Halle npeoGpasosa-
HHe COLEPKHT TOJIbKO YeThipe NPOH3BOJLHEIX IlapaMeTpa
a, b, ¢, d, Toria Kak MBI cefiyac yBHIHM, YTO caMmoe
obulee mpeo6pasoBaHHe NOBOPOTHOTO pacTAXeHHs Ye-
THIPEXMEpPHOTro IPOCTPAHCTBA R4 COLEPKUT CeMb TaKHX
napaMmetpoB. A uMeHHO, YToGH ofuiee JuHeilHoe npeob-
pasoBanHe H306paxajno NOBOPOTHOE DaCTAXKeHHEe, HeoO-
XONHMO [O0JXHO HMeTb MECTO CJeAyiolllee TOXAeCTBO:

,2 ,2 ,2 2 ;

Sy + 2+ =T (P 22+ oY)
3TO JaeT HaM INpH cpaBHeHHH Ko3¢@uuueHtos 10 ycno<
BHi, TaK KaK JieBast 4acTb IOcJe 3aMeHH X/, ..., @’ HX

BHIPAXEHHAMH Yepe3 X, ..., w NEPeXOAHT B KBaApPaTH4Y-
Hyl0 GopMy YeTHpeX NnepeMeHHHX M NOITOMY COLEpKHT

—2-=10 yneHos. Ho Tak kak T ocraercsi NpOH3BOJIb-

HbIM, TO Bcero umMeeM 10— 1 =9 ycnosuit ana 16 Kosg-
$HUHEeHTOB JHHeHHoro npeo6pa3oBaHHsA, Tak 4To Oeh-
CTBHTEJbHO oOCTaercs elle 16— 9 ==7 npoH3BOJBHHIX
napaMeTpoB. '
Ho oka3slBaeTcss BO3MOXHHM — U 3TO HaHGosee yIH-
BHTENBHO — NMOJYYHTh C [IOMOIUbI0 NEepPeMHOXKeHHA KBa-
TEPHHOHOB HaHGoJee obuwHi BHI Npeob6pa3oBaHHA NOBO-
POTHOro pacTsKeHHsi. A HMeHHo, ecau g == 0 -} i -}
+ jB -+ ky — HeKOTOpPHE TNOCTOSHHEHA KBaTEepHHOH, TO
MOXHO NOKa3aTs NOJOGHO TOMy, KaK 3TO ObIO CAEJaHO
BHILUE, YTO H ¢' = g-7 (YTO OTJAHYAETCS OT mpeAnaylnei
GOpMYNH TONBKO H3MEHEHHEM TIOpAAKA COMHOXHUTeNel)’
npejcTaBlseT npeo6pa3oBaHHe NOBOPOTHOrD pacTAXEHHS
UeTHPEXMEPHOTO IPOCTPaHCTBA R4, a BCJEACTBHE 3TOTO
H TocleloBaTtelibHoe BHNOJAHeHHe o6ouX mnpeobpazopa-
HHH: ' '

¢=p-g-n=(d+ia+jb+kc)-q-(8+ ia+ jB + ky)
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JlaeT Takoe xe npeo6pasosanve. Ho 310 npeo6pazopanne
CONEPXKHUT KaK pa3z ceMb NIPOU3BONBHBEIX TapaMeTPOB, TaK
KaK OHO OCTaeTcs HeM3MEHHBIM, ecld a, b, ¢, d YMHOXHUTh
Ha OJIHO H TO Xe JeHCTBHTENbHOE YHCJO U B TO Xe BpeMs
pasmenauts a, f, ¥, § Ha 3TO XKe YHCJIO; NMOITOMY Npen-
CTaB/SIeTCSl BEPOSITHBIM, 4TO 370 — obwyuil eud npeol-
pasoeanuli NnOBOPOTHO20 PACTANEHUS 8 NPOCTPAHCTBE
yeToipex u3mepenuil, 3Ta KpacHBasi TeopeMa JAeHCTBH-
TesbHO Obls1a foKasaHa Kanu. f orpanuuych 3iech 3THMH
HCTOpHYEeCKHMH YKa3aHHMAMH, YTOOBI He 3aTepsiThCcs B Je-
TaagX 3TOH MHTepHpeTalHH. YKazaHHas (HOpMyJia HAXO-
Iutcsa B pa6orte Kanm 1854 r.

Jpyroe Goabuioe npeumyiiectBo popmynn Kanu 3a-
KJIO4aeTcss B TOM, YTO OHa JaeT BeCbMa HarjsjHoe npel-
CTAaBJICHHE O Pe3yJbTaTe NOCAe0BATEbHOIO BHITOJHEHHS
JIBYX TIOBOPOTHKIX pacTsKeHHA. JlelcTBHTENbHO, ecsH
elle OJHO Takoe npen6paszopaHHe NaHO ypaBHEHHEM

qll — wll + [x” + ]'y” + kz” =pl . ql N ﬂ’,

rae p’, ﬂl—HeKOTOpble 3a0aHHHE KBAT€PDHHOHH, TO, IIOA-
CTaBJSAs YKAa3daHHOE BRHILI€ 3HaUYeHHE q', noayuaem

q"=p -(p-q-n)-7;

Ha OCHOBaHHH CoyeTaTeJbHOI0 33dKOHaA YMHOXEHHSA Ha-
XO0AUM
V4 7
"= -p)q-(n-a)=r-q-aq,
rage
V4 7
r=p-p, d=n-%.

ITonyyaeTcss cCHOBa BHIpa)KeHHe MOBOPOTHONO PacTsKe-
HHS, nepeBOJsiiero ¢ B ¢”, KaK pa3 B NpexHeM BHJe,
4 HMEHHO, JIeBLIM M NIPAaBLIM MHOXMHTENAMH IPH ¢ CIYy-
AT TMpOH3BeleHHA OGOHX JIeBHX H COCTBETCTBEHHO
NpaBHX MHOXHTENEeH B BbIPaXXE€HHAX IMOCJAeL0BATEJALHO
NPOM3BOJAHMBIX TOBOPOTHHIX pacTaXeHuil (npHueM mno-
PALOK HTrpaeT CyLEeCTBEHHYIO POJb).

Ho Bul, MOXKeT GHITb, HEJOBOJBHE 3TOH YeTHpeXMep-
Ho! MHTeprnpeTauued H XoTHTe uTO-1ub0 Gosee Harnsaj-
Hoe, OCHOBaHHOe Ha OOGBIYHOM TPEXMEDHOM M[peACTaBJIe-
HHH 0 NpocTpaHcTBe. B TakoM ciyyae mocpeacTBOM Ipo-
CTOH creuyanH3aluH s MOCTapaioch NONYYHTh H3 TPeAbl-
AywHnx ¢opMya ¢opMyasl AAs aHAJOTHYHBIX Onepaumit
B TpeXMepHOM HPOCTPAHCTBE; B 3THX HMeHHO QopMyax
H 3aKjoyaeTcs TrpoMajHoe 3HAaueHHe YMHOMXEHHA Kpa-
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TEepDHHOHOB A/t OOBIKHOBEHHOH (HU3HKH W MeXaHUKH}
7 rOBOPIO0 HAPOUYHO — [l O6BbIKHOBEHHOH, YTOOR He fpesi-
pewaTty AajbHeHIero pasBHTHA 3THX AHCUHILIHH, Gjaaro-
Lapsi KOTOPOMY MOTYT MOJNYYHTb HernocpeACTBeHHOe IpH-«
JIOKeHHe H NpeinAyulHe HHTepnpeTauuu. M sto Bpems,
MOXeT OHTb, 6/HKe, YeM BHl AyMaeTe; HOBeiluue Hccje-
LOBAHHA B TEODHH 3JIeKTPOHOB B TOM BHIE, B KaKOoM OHH
Haxo#AaT ceGe BhIipa)eHHe B TaK Ha3bIBA€MOM [PHHUHME
OTHOCHTEJBHOCTH, MPeACTaBafIOT c000H, B CYUIHOCTH, He
UTO HHOe, KaK MOCcJefOBaTeNbHOe MPHMEHeHHe [OBOPOT-
HBIX pacTsXXeHHH NpocTpaHCTBA ueTblpex H3MepeHHil;
B 3TOM HMEHHO nopsike HAeH 3TH HCCNeJOBAHHA H OulIH
HeJaBHO H3J0XeHH npod. MHHKOBCKHM,

Bo BcskoM cayuae noHsTHe O BpalUIeHHH C pacTsxe-
HHeM B UYeThlpeXMepHOM IpOCTPaHCTBe R4 HaXOAUTCH
B caMOf TeCHOH CBfA3H C OCHOBaHHUSIMH <IIDHHNHIIA OTHO-
CHTeJBHOCTH» B 3JIeKTPOAUHAMHKe, KOTOPHI BOT yke
HEeCKOJNILKO JleT CaMBIM JKHBHIM 00pasoM 3aHHMaeT (H-
3HKOB. A HMEHHO — KaK 5 BKpaTle MOKaXy— Te «mpe-
o6pasobaHus JlopeHua», Ha H3yYyeHUH KOTOPHX OCHOBAHLI
HccJlelOBaHHA, OTHOCAILLHeCS K <«NPHHUHMY OTHOCHTE/DL-
HOCTH», NPEICTaB/AIT He YTO HHOe, KAK NMOBOPOT HEKO-
TOPOTO NMpOCTPaHCTBa Ry, 1 MOryT GHTb AaXKe NnpeicTaB-
JeHH caMHM YIOGHEIM 006pasoM ¢ noMombio (opMya
HCYHCAEHHA KBaTePHHOHOB.

Kak wu3BecTHO, nmon npeoGpasoBaHuem JlopeHua mo-
HUMAIOT TaKylo JuHeflHYI0 OZHOPOAHYIO MOACTAHOBKY (C
IefCTBHTEJABHBMH KO3®Q(HUHEHTaMH) Tpex KOOpAHHAT B
NpoCTpaHCTBe X, Y, 2 H BpeMeHH {:

¥ =apx+ apy + apz 4+ a4, )

U =ayx+ any + anz + aut,

KoTopas npeoGpasyer KBaapaTuuuyio ¢opmy x?-4 4?4
+ 22— ¢%? (rme ¢ ecTb cKOpocTb cBeTa) B ce6s, Tak 4TO

Bt 2= =2y 2 -, @)
H y KOoTopo# nmocaelHHH KO3 PHUUHEHT
dt’
—r =au > 0. )

[Tpy 3ToM paau KpaTKOCTH He NPHHATO BO BHUMAaHHE
Moryuee UMeTb MEeCTO CMeLnellne Ha4aJbHOH TOUKH x =
=y=z={=0.
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OkasniBaercs, UTO B HCUHCJIEHHH KBATEPHHOHOB JIErKO
MOXHO yKasaTb TaKyl NOACTAHOBKY, KOTopasi YyAOBJe-
TBOPAET YCJAOBHIO (2), €caM TOJABKO Ha NepBoe BpeMs
ocTaBUTh 6e3 BHHMaHHs TpeGoBaHHe AEHCTBHTEJbLHOCTH
KoadduuuenToB H HepaBeHcTBO (3). s 3TOro HyxHO
paccMaTpHBaTh TakKHe KBaTeDHHOHBI, KOMIIOHEHTAMH KO-
TOPHX SIBJAIOTCA He AeHCTBHTeNbHble, a OOHKHOBEHHHE
KOMIIieKCHble 4Hcjia, o0pa3oBaHHble C MOMOLbIO OOBIK-
HOBEHHOH MHHMOH efMHHUH +/— | (KOTOpyio ciaeayer,
KOHEeYyHOo, OTJIHYaTh OT CNEUHANbHBIX €IHHHI HCUHCJeHHS
KBaTePHHOHOB i, j, k). 3aMeTHM npexJe BCero, YTo KBa-
TePHHOHH

g=4+/—1-c-1+ix+ jy+ k2, (1a)
g =A/=1l.c-+ix'+jy +kz
UMEIOT CBOHMH MOAYJSAMH KBaipaTHble KODHH H3 KBaj-

paTHuHbIX ¢opM (2).[lo3ToMy MOKHO TOYHO TaK XKe, Kak
Buue (c. 101—102), pokasats, uto ¢popmyna

g =20 (Ib)

ONHCHIBAET JIMHEHAHYI0 NOACTAHOBKY, YAOBJETBOPSIOLLYIO
yCJIOBHIO (2), eciH p U m— NPOU3BOJbHHE KBaTEePHHOHH
C KOMILTEKCHBIMH KoadduudeHTaMu, a M — KBajgpaTHbI
KOpeHb H3 MpPOH3BEJAEHHS HX MOAyJeil.

YTo6H NONyYuTh AeHCTBUTENbHBle KO3(PGHUMEHTH H
YVAOBJAETBOPUTL YCHoBHIO (3), HAJo B KayecTBe p MU X
B3ATb CNelHalNbHO NMoAoOpaHHHeE CONpsAXKeHHHe KBaTep-
HHOHHI, NOJIydaeMble CIeAYIOIHM 06pa3oM,

[Mycts A, A’, ..., D, D’—BoceMb REACTBHTEJBHHIX
BEJIHYHH, CBA3aHHBIX PABEHCTBOM
AA"+ BB 4+ CC'+ DD =0 (I1a)

H HEPABEHCTBOM
A+ BR4LC+D2>SA +B +C 4D (1h)
Torpga Mu nonoxum
p=[D+A—1D)+i(A+/=TA)+
+i(B+AV=1B8)+k(C+/=1C
n=D—A/=1D)—i(A—4/=T4)— (11c)
—i(B—A/=1B)—k(C—A/=1C); ;
M=(A24 B+ C*+ D) — (A" + B + C" + D%).
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®opmynn (I) coBmectHo ¢ ycnoBusmu (I1) matoT sannch
Bcex npeo6pasoBaHuit JlopeHuad.

Cam MHHKOBCKHH, BIpoYeM, MOJB3YETC B CBOMX pa-
60Tax BMECTO HCYHCJIEHHS KBATEPHUOHOB CHMBOJIHKON
martpul Kauu, xoTopas mossoasietr Hapsly ¢ npeobpaso-
BaHHAMH JlopeHua NONYYHTb HHBapHAaHTBl TFpynnm Jlo-
peHua.

Ho BepHeMca kK TpeM usaMmepenusM. [Ipn nmosopoTHOM
pacm)xeﬂnn TOYKA X, Yy, 2 NMepexofHT B TAKYI0 TOUKY
x,y, 2, uto

Wty =M (2 g 22),

rae M o6o3navaeT JMHHefiHOe pacTsxkeHHe AAHH. BBunmy
TOro, 4to Hauboaee obliee AuHeHHOoe npeobpasoBaHHe
llepeMeHHBX X, ¥, 2 B X', y’, 2 cofepkHuT 3-3 = 9 K03 -
(hHLUHEHTOB, a JieBas YacTb NOCJe NOACTAHOBKH 3THX BHI-
paxeHull mepeXOAHT B KBajpaTHuHYI0 (opMmy OT X, y, 2

3-4
—2—-== 6 Yi€HaMH, Haure TOXKAeCTBO IIPH NMPOH3BOJb-

HOM M npencraBnsier 6 — 1 = 5 ycjoBHH, H BCe JHHeH-.
Hhie IIOACTAHOBKH, YIOBJETBOpAIOLIHE eMy, COAepKaT
eute 9— 5 =4 npou3BOJBHHX nNapamerpa (Cp. aHaJoO-
THYHHE paccyxpeHus Ha c. 101). Eciu HekoTopas u3
3THX IOACTAHOBOK HMeeT IOJIOXKHTENbHBIH oOnpejpenu-
Telb, TO OHa H300paxaeT, KaK yxe OBJIO YNOMAHYTO,
FIOBOPOT INPOCTPAHCTBA OKOJO Hauanla, COelHHeHHBIH
¢ PACTAIXKEHHEM; eCJH Ke ompelesHTellb HMeeT OTpHIA-
TeJIbHOEe 3HayeHHe, TO NOACTAHOBKAa COOTBETCTBYeT Ta-
KOMY e TOBODOTHOMY PacCTSXKEHHIO, CONPOBOXAAEMOMY
LIeHTpasbHOH CHMMeTpHeH IpOCTpaHcTBa, omnpelensemoi
paBeHcTBaMH x' = —x, Yy’ = —y, 2’ = —z. C npyroil
CTOPOHH], MOXHO [I0Ka3aTb, YTO 3TOT ONpeAe/HTe]b MO-
KeT NPUHUMATh TOJBLKO 3HayeHHs: M3,

UTtoOr ONMHCaTh 3TH (PAKTH ¢ NOMOILbLI KBATEPHHO-
HOB, MH TIpeXne Bcero 6yJleM CYHTaTh, YTO ¥ NepeMeHHHX
KBaTepHHOHOB ¢, ¢’ OTCYTCTBYET CKalsipHas qacrb T. €.
OHH CBOAATCS JHIIb K BEKTOPHOH uacTH: ¢’ = ix’ + jy’ -+,
+ k2’, g = ix+ jy + kz; 3TO — BexTOpHl, COEAHHAIOLIHE
HayaJo KOOpJAHHAT C TOYKOH ¥ ee 06pa3oM, MOJYYEHHBIM
nocye npeo6paszosanua. M BoT s yTBepxkaalo, 4TO Hau-
6oaee obujee npeobpaszosanue TPEXmMepHO20 NPOCTPAH-
crea, npedcrasaaroujee coboil nosopoTHoe pacTaxerue,
ROAYUUTCH, eCAl 83ATb6 68 npedeidyuux opmyasax oaa p
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U T CONPAINEHNblEe BHAYEHUSA, T. €. eCAU NONONCUTSE
g=p-q-p (1)

HJIH, BBIIHCHIBAS NONPOOHO,

ix'+jy +kd =

= (d+ia+jb_+kc)(ix+jy+kz)-(d—ia—jb—kc).

(1)

Uro6el 5TO A0Ka3aTh, Hajo TNpexpae Bcero ybBeaHTbCs

B TOM, UYTO CKaJspHas 4acTb HPOU3BEAEHHs, CTOFLIEro

cnpasa, ofpaiaercs B HYJb H 4TO, ClelOBaTeNbHO, ¢’

AeKCTBUTENBHO ecTb BeKTop. Jdasi aToro’s) mepemHOXuM
crepea p-¢ 1m0 NPABUIAM YMHOMEHUS KBATEDPHHOHOR:

g ={—ax—by—cz+i(dx+bz—cy)+
+ j(dy+ cx —az)+ k(dz+ay — bx)} -

«{d —ia — jb — kc}
nocje BTOPHYHOTO MEePEMHOXEHHs KBaTeDHHOHOB Aeil-
CTBHTENIBHO MOJyYaeTcs AJsi CKaasipHOH 4acTH ¢’ 3Haye-
Hue 0, @ A8 ero Tpex BeKTOPHBIX COCTABJSIOLIMX NOJIY-
Yal0TCH BhIpaXKeHUs
X =+ a—b"—-c®)x+2(ab—cd)y + 2 (ac+ bd) 2,

(2)
Yy =2(ab+cd)x+ (d®+ b*+ c?— a®)y + 2 (bc — ad) z,
2 =2(ac—bd)yx+2(bc+ad)y+ (d*+ ¢* —a®— bz
Ocraercsi nOKasaTh, YTO 3TH (QOPMYJAH AeHCTBHTEJBHO
BHpaxalT TpeGyeMoe mnpeobGpasoBaHHe. DTO cpasy mo-

JAyuaercsi, eciH B paBeHcTBe (1) nepefiTH k Moaynam
(cM. c. 100):

xll+ y11+zﬂ=
=(®+ a*+ b+ ) (s’ + y* + 2) (d* + a® + b* + ¢2),
HIIH
'ty 2 =T+ g+ 29,

rie T—wmonynb kBaTepHHoHa p. Jlanee, MH cpa3y BH-
AuM, YTO Halua ¢opMyja NeHCTBUTENbHO CQIEPIKHUT ue-
Thipe ANPOU3BOAbHLLX NAPAMerpa, KOTOpble, COTJIacHO
npeAbAYIIHM BBIYHCIEHHAM, BXOAAT B COCTaB HanGoudee
ofwero . npeo6pas3opaHusa 3TOr0 BHAA. Yrobml peluuth
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TakXe M BONPOC O 3dHake onpedesurers, AOCTATOUHO
B3STb OJHH KaKOH-HHOYAb npuMep; AeHCTBHTENbHO, TaK
Kak T Bcerza HMeeT IOJOXHTeIbHOE 3HAuUeHHEe H HH-
Korja He ofpalyaerca B HyJb, TO NPH H3MeHeHHU 3Ha-
yeHH#A a, b, ¢, d onpeleauTeNb KaK HenpepbiBHasg GyHK-
IHA HHKOr4a He MOXeT NpPHHATb aHaueHHS —79%, eciH
OH XOTb pa3 NPHHHMAaeT 3HaueHHe +7T% a Mexay TeM
TOJbKO 3TH J[Ba 3HAauYeHMd, KaK BHIIe OLJIO 3aMeueHo,
#H GyayT paccMaTpuBaThesa. ECJaM XKe, HanmpuMep, MOJO-
XKATh @ == b = ¢ = (0, TO onpeaeJuTeNb NOLCTAHOBKH (2)
paBHdeTcH .

d20 0

0 d?0 |=g5==+ TS

0 0 42

Cle0BATe/IbHO, OH UMEEeT 8Ce2da NOACHUTEABHOE 3HA-
yenue, ¥ TMOI3ITOMY Halle NpeoOpazoBaHHe, BHpaKaeMoe
cooTHoweryeM (1), B caMoMm pnele u3oGpaxkaer 8ceada
nogoporrnoe pactaxcerue. Ilociae 3TOro CTOAb XKe NPOCTO
H306pasuTCA NOBOPOTHOE PACTANCERUE, COeOUREHHOe euje
¢ oTpaxtentem; LA 3TOr0 Hajo JHIIb HANHCATh §' =
= p-q-p, 160 3TO H eCTb COeJHHEHHE IpelblAyLIero
npeo6pa3oBaHuA C UEHTPAJbHOH CHMMeTpHEH

XNe=—x, yY=—y 2'=-—2").
Temepb MOCMOTPHM, KaK PACMONIONEHA OCb TOZO noso-
pora, KOTOpHil onpelensiercs paBeHCTBaMH (2), H KakoB

uzon nosopora. [lycts &, 7, & — HanpaBJisloOIHEe KOCH-
HYCHl OCH TIOBOPOTa, TaK 4TO

E+n+ =1, (3)

a yroJ noeopora o803HayuM 4epes w. OkasbiBaercd, UTO
HMEIT MeCTO eJleflyiolllHe COOTHOIWEHM:

d=T-|cos 3, )

a=T-t-sin4, b=T-4-sin 2,c=T-Z;'sin%;

K3 HHX JieTKo Onpeﬂ.eJIHTb NpH H3BECTHHIX @, b, ¢, d ue-
Thipe BeJHYHHH §, 1, §, ® 4 IPHTOM TaK, YTO BhHINOJ-
HsieTCs COOTHOleHHe (3); B cAMOM Jeje, H3 COOTHO-
leHus

d?+a? 4 b2+ o?=T*{cos?  + sin®§ (2 + v+ 23],
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nojyyaeMoro u3 (4) Bo3BeleHHEM B KBAaJApaT H CJOXKe-
HHeM, BBITeKaeT cooTHouweHHe (3), Tak Kak T — Moayab
kBaTepHuoHa p. [loatoMy pas onpenenenus &, m, { Ho-
CTATOYHH NOJYYAIoWHecs U3 CHCTeMbl (4) ypaBHeHHS

atb:c=Ek:n:¢, 4’)
KOTOpHle TOBOPAT, 4r0 Touka (a,b,c) aewur Ha ocu
paccmatpusaemozo nogopora’).

[Tepexofsi K [OOKa3aTelNbCTBY 3TUX YTBEpXKAEHHH,
HAYHEM C OpPOBEPKH MOCAeJHero cBoHcTBA; AJS 3TOTO
NOJIOXHM B ypaBHeHusnx (2) x =a, y = b, z =, roraa
HOJY4HM

I

(d*+a*+ b*+cH)a=T%-gq,
(@24 a2+ b2+ ) b=T2.b,
@+ a?+ 2+ c)e=T?c;

H3 3THX PABEHCTB BHAHO, YTo Touka (x’, y’, 2’) JeXHT Ha
npamoft, npoxoasaneil yepe3 HauaJO KOOPAWHAT M uepes
TOYKy (a,b,c), a 3TO WMEHHO M XapaKTepH3yeT TOYKY
(a, b, c) Kak Touky ocu BpauieHus. Ocraercs TOJNBKO J0-
Ka3aTh, YTO YHCAO @, ONpefiessieMOe H3 COOTHOLIEHHi
(4), meficTBUTENbHO NpeACcTaBaseT coGoft yros BpaieHHs.
Ho 3To TpebyeT CJIOXHEIX paccyxAeHHH, BMECTO KOTOpHIX
f YKaXy Ha TO, 4TO Haumu ¢opMyasl npeo6pasoBaHHus
(2) npu T =1 B cuny cooTHoweHHst (4) mepexoAsT KakK
pa3 B Te ¢opMyasl, KOTophie Diljlep yCTAHOBHA AAA TO-
BOPOTAa CHCTEMbI KOOpDAHMHAT BOKpyr ocH §, m, { Ha
yroa o. '

5l Xouy ellle moKasaThb BaM CXKaToe H YAOGHOe BHIpa-
deHHe, KOTOpOe JaeT HCHHCIeHHe KBAaTEePHHOHOB AN
HOBOpOTa BOKpyr ocH E, n, § Ha yron o, COeIHMHEHHOTrO

c pacTtsxeHHeM B T2 pas; aTO BHIpAXeHHe nonyqaeTc;{,
ec/nd NoAcTaBuTh Qopmynsl (4) B ypasHenus (1):

ix' -+ jy + k2’ =T2 {cos—2- +
+ sin 5 (& + jn+ kD) - fix + jy + k2 -
. {COS-‘2i — sin (& + n + kC)} . (8)
31ech Bce 3MMepOBR GOPMYJIB! IOBOPOTA COBMELIEHH

B OAHY, KOTOpasi JIErKO 3anOMHHaeTcsi: B Hed BeKTOp
ix+ jy-+ kz caeBa W crnpasa yMHOXaeTcs Ha conps-

ll

%
Y
b4

Il
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WeHHble KBAaTepHHOHBL ¢ MoAyJneM | (Tak HasHBaeMbie
8epCopsl, WA «BpAlLATeNIH») M K 3TOMY NPOH3BeLeHHIO
TPHCOEINHAETCST B KayeCTBe CKAaJSPHOrO MHOXKHTENS
BeJIHYHHA PaCTAXKEHHS.

Tenepb s HaMepeH NOKa3aTh BAaM, YTO B CJydae ABYX
M3MepeHHH 3TH GOPMYJH Aal0T KaK pa3 HU3BECTHOE BHI
paxeHHe NOBOPOTAa H PACTAMEHHA MJIOCKOCTH Xy N—O-
CpeACTBOM YMHOMEHHA ABYX KOMINIEKCHHX YHCEJN. lIJIﬂ
3TOro CTOUT TOJbKO NPHHATH 38 OCb BpalleHHsi B ypas-
HeHHAX (B) och 2 (E=mn=0, L= 1); Torga npu z==
=2’ == ( nosayyaem

ix' + Jy' =
= T2 (cos %-}- k sin -‘;) (ix+ jy) (cos — — k sin —)

NpPoOH3BeAsl YMHOXEHHe Ha OCHOBaHHH NpPAaBHJ YMHOXe-
HHA eIHHUL, HaXoauM 78)

ix' + jy’ =T {cos—‘;-(ix + )+
+ sin i;—-(jx — iy)} {cos-(g- — ksin i‘;—} -
= T"’{cos2 - (ix + jy) + 2 sin cos 7 2 (jx —iy) —
—gﬂgﬁ»+mﬂ=ﬂgu+mnmm+
+ (jx — iy) sin (o} =T2(cos o + ksin @) (ix + jy).

Eciuw ofe 4acTH MNOJYYEHHOro paBeHCTBA YMHOXHTb
cnpaBa Ha (—i), TO NOJYYHM

x' + by’ =T?(cos @ + k sin o) (x + ky),

a 3TO W ecTb H3BeCTHas ¢(opMyna YMHOXEHWs JBYX
O6GHKHOBEHHH X KOMIIJIEKCHBIX YHCeJ € ero reoMeTpHue-
CKHM HCTOJIKOBAHHEM KaK TOBOPOTa Ha yroa @ H pac-
TaxeHHsa B T2 pa3 ¢ TOH TOJbKO pdSHHIleH, UYTO BMeCTO
MHHMOH eIHHHUH 4/— 1, 0GLIYHO 0GOo3HauaeMoil uepes i,
3JleCb CTOMT R.

Bo3sBpauiasick CHOBa K TpeXMepHOMY HPOCTPaAHCTBY,
1oCTapaeMcsl TaK BHAOH3MeHHTb dopMyay (1), uToOHI
OHa H3o6paxana co6oH OAHH TOJIEKO HOBOpOT Ge3 pac-
Tsxenns. s 3Toro 3ameHuMm x/, y’, 2’ uepes x'.T?,
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y -T2, 2/-T? u, cnefnosartensHo, ¢’ uepes ¢’-T?; scnomn-

Hag xe, 410 p ! =—;=—Tp—,, HaXOAHM creaylomylio ¢op-
MyJy:
X'+ jy + kZ =pix+ jy+ kz) p~'. (6)

Mpl ue Hapymium oOGUIHOCTH, ecaH OyjaeM [PHHMMATh B
atofi ¢dopMyJe p 3a KBaTepHHOH ¢ MoAayJjeMm 1: p=
=cos%+ sin%(ig—}-jn—}-kg), rre B4 n24-2=1;
nostoMy cdopmyaa (6) Moxer GHTb NoJyyeHa M3 ypas-
Henuil (5), ecnu npuHaATs T paBHHIM efuHHue. B 3tom
BUje dopmyna BuepBule Guiia faHa Kaau B 1845 1.

[TocnenoBatensHoe npoBefeHHe IBYX MOBOPOTOB B
TpexXMepHOM INPOCTPAaHCTBE CTOJbL K€ MPOCTO, KaK H B
cjayyae ueThipexMepHoro mnpocrpanctBa (c. 102). Ecau
JlaH BTOPO# MOBOPOT

ix” __I_ jy” + kz”=pl (ix'-{- jyl+ kZ')p,_l,

rae

p’ = c0s =+ sin - (&' + jn’ + kL))

(&, v, T’ —ocu, @’ —yroa), T0 CHOBa HaXOAHM B Kaye-
CTBE 3aMUCH NOJYYalollerocs NOBOPOTa

i+ jy" k2 =p p (x4 jy+ k) ptep T

Tak 4to ocH §”, 0", §” ¥ yron @” moBopoTa monyuarTcs
H3 paBeHCTBa

p”=COSmT+ Siﬂ-(')?—(ig” + ]-n” +k§")=p' - p.

Takum ofpazoM, MBI CHOBa MOJy4YaeMm AJS KOMMOSHIHH
JBYX IOBOPOTOB NPOCTOE H CXKaTOe BeIpaKeHue Qopmya,
DOBOJIBHO CJIOXHBIX B HX oOnlyHOM Buge. Ho, ¢ apyroit
CTOPOHBl, — BBHAY TOTO, 4TO BCAKHUH KBaTepHHOH, HE
CUHNTasg HeKOTOporo AeHCTBHTENLHOrO MHOXHTENS (ero
MOAYJs), MOXHO B TO JKe BpDeMs paccMaTpHBaTh -Kak
BePCOp HEKOTOPOro IOBOPOTA — MbL UMEEM 6 KOMNO3L-
Yuy nosopoTo8 NPOCTOL 2e0METPUHECKUL 3KBUBOAEHT
YMHOMEHUA KBATCPHUOHOB, HCKOMMYTATUBHOCTS npoua-
sedenus KBATEPHUOHOB COOTBETCTBYET NPU ITOM TOMY
LU3BECTHOMY OOCTOATEABCTBY, YTO BOO6LE HEAb3R MEHATS
nopadka 0eyx nosoporog 80Kpye 00HOU Touku Oe3 us-
MeHeHUs OKOHYATEALHOZO Pe3yAbTaTa.



KOMITNNIEKCHBIE YUCJIA 1

B 3aRJIOUEHHe s NMPHBElYy HECKOJBbKO 06IMHX cooGpa-
JKEHUH O 3HAUEHHH H PacnpoCTPaHEHHH KBaTEPHHOHOB.
[pu sToMm ciienyer, KOHEYHO, OTIHYATb COGCTBEHHO YMHO-
JeHHe KBaTEPHUOHOB OT ofLlero HCYHCJIeHHs] KBaTEPHHO-
HoB. [lepBoe mpexcraBisier co6oft HeyTo B BHICHIEH CTe
NEHH IoJIe3HOe, KaK JOCTATOYHO BHAHO H3 NpeAnIAYyIEero.,
Hanporns, ofimee ucuncieHue, Xak ero nonuman Ia-
MHJILTOH, PACCMAaTPHBAET CJIOMKEHHA, YMHOXeHHs, JAele~
HHf KBATeDHHOHOB B J1060M nNOpfAlKe, — IPYIHMH CJ0~
BaMH, OHO COCTaBJIsieT aare6py KBaTepPHHOHOB; COEAHHSA
HHHHHTE3HMAaJbHBIE NPOLECCH, MOXHO AOHTH aaxe 10
TeopHRn (YHKUHMHA B o6aacTH KBaTepHHOHOB. KoHeuHo,
BBHAY TOr0, H4TO TepeMeCTHTEJNbHBIH 3aKOH 3Jech He
HMeeT MecTa, Bce OOCTOHT 3hech COBepIUeHHO WHaue, yeM
B TEOPHH OGBIKHOBEHHHIX KOMIIJEKCHBIX nepemeHHbX. Ho
eCTh [OJHOe OCHOBaHHE YTBEPXZATb, YTO 3TH obLuiHe,
IIHPOKO 3aAyMaHHHe HAed ['aMHJIBTOHA He ONpaBLaJH
ce6s1, T. €. OHH He BOLLIH B CONPHKOCHOBEHHE H B XHBOH
obMeH ujefl ¢ ApPYrMMH oO6JacTAMH MaTEeMaTHKH H ee
NPHJIOXKEHHH H MOTOMY He BHI3BAJIH O6ILEro MHTepeca 79).

Ho B maTeMaTHKe NpHUXOAHTCst HAa6a0AaTh TO XKe, YTO
H B YeJlOBeYeCKOH MH3HHU: HAPAAY CO CNOKOHHBLIMH, 06b-
€KTHBHHIMH B3rMsiAaMH OOMbIUMHCTBA BBICTYNAIOT CTpa-
CTHBle HHAUBHAYa bHBlEe yOexaeHHs. Tak H KBaTepHHOHK
HMEIOT CBOMUX NPHBEDXXEHLEB-3HTY3HACTOB H CBOHX CTpa-
CTHBIX MPOTUBHHKOB. [TepBble, oco6eHHO MHOIOYHCIEHHbI@
B AHrnud u B AMepuke, npuberiu — BoT yxe 12 jer—
K COBPEMEHHOMY CpelACTBY: OHH OCHOBaJIH «BceMupHhIi
COI03 s Da3BHUTHA YYeBHs O KBAaTeDHHOHAX»: INpe3u-
JleHToM ero coctosn c3p Pobept Boaa, a ocHoBaHo oHO
B KayecTBe BIIOJHE HHTEPHAaLHOHAJBLHOTO YYpeXIeHHs
AnoHueM Kumypoii, nonyuyusiinm Bhiciiee oOpa3oBaHHe
B AMmepuke. OT HHTEHCHBHOTO H3yYeHHs KBAaTEeDHHOHOB UX
CTOPOHHHKH OXHJAIOT COBEPIIEHHO OCOOCHHOro npeycne-
BaHHA MaTeMaTHKU. B NpoTuBOMOJOAKHOCTD 3TOMY IpO-
THBHUKH KBaTepPHHOHOB He XOTAT O HHX H CJHINATh H
BCJEACTBHE 3TOr0 OTKA3HBAIOTCA JaXe OT CTOJb MOJe3-
HOro YMHOXEHHS: OHH HCXOAAT H3 TOro B3IJfla, YTo BCe
BHUHCJIEHHAsI C KBAaTEeDHHOHaMH CBOASATCA B KOHEYHOM
cyeTe K BBHIYHCJIEHHIO C 4eTHPbMA COCTaBJSIOWIHMHA H 4YTO
eIMHHUN M TabJHUAa HX MPOH3BEJAEHHH INpeACTaBIAIOT
H3JMMIIHIOW pockowb. $I pymalo, uto o6a HampamJeHHA
OHHAKOBO [aJleK0 OTKJIOHHJAHCb OT NPAaBHJBHOIO Cpea-
Hero nyTH.
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4. KoMnaekchbie 4ncja B NpenojaBaHHH

[Nokunasa Teopuio KBaTEPHHOHOB, s XOYY 3aKOHYHThb
3Ty rAaBY HeCKONbKMMH 3aMeUYaHHsIMH OTHOCHUTe/]hHO TOH
POJIH, KAKYI0 3TH NOHATHS HrpPalOT B ILIKOJLHOM MNpeno-
naBpaHuu. KOHeuHO, HUKOMY He NMPHXOAHT B roJoBy 06y-
4aTh B LIKOJe KBATE€pPHHOHaM, HO 3aTO MNOCTOAHHO 3ax0-
JAHUT peyb 06 OOLIKHOBEHHBIX KOMIJIEKCHHIX YHCJIaX X + Y.
BriTh MOXeT, He GyfeT aulIeHO UHTEpeca, eCIH 1 BMECTO
JaHHBIX paccyXJAeHHH O TOM, KaK 3T0 OOLIKHOBEHHO H3-
JlaraloT U Kak cinegoBano Obl H3JiaraTb *), IOKaXy BaM
Ha NpHMepe TpPeX KHUT M3 PA3JHYHEIX 3NOX, KAK pa3BH-
B4dJIOCb HCTOPHYECKH IIpenojaBaHHe 3THX Bemeﬁ.

S npepnaraio BalleMy BHHMAaHHIO NPEXJE BCEro KHH-
ry KecTtHepa, KoTopuit Bo Bropyto mososHHy XVIII B. 3a-
HUMaa B ['érTHHreHe pyKoBOlsllee moJioXenxHe, B TO
BpeMs ero o6yya/ju B YHHBepCHTETE TeM BelllaMm U3 3Je-
MEHTapHOH MAaTeMaTHKH, KOTOpHe BNOCJEACTBHH, OKOJO
30-x rogos XIX B., nepewwty B WKOAY; M03TOMY H Kect-
Hep YHuTaJ TOorja NOony/spHHe MaTeMaTHYeCKHe JIeKUHH,
KOTOpble MOcelaJuch B 0OJbUIOM YHCAE H HeMaTeMaTH-
KaMu. Ero yue6HHK, JexallHii B OCHOBE 3THX JeKLHH,
HOCHT Ha3BaHHe «HayasnbHble OCHOBaHHS MATEMATHKH»,
HanoxeHHe MHHMHX BeJHYHH HauHHaeTcsa TaMm ﬂpHﬁ.HH-
3UTENIBHO chAeAylolidMH  cjoBaMu: <«ToT, KTo Tpebyer
H3BJMeYb KOPeHb C YETHHM IOKasaTeneM H3 <«OTpHIae-
MOHA» BelMuYHHR («verneint— Tak TOraa rOBODHJH BMe-
CTO «QTpHIaTedabHOH», «negativ»), TpeGyeT HeBO3MOXK-
HOr0, H6O HeT HH OAHOH OTpHLAEMOH BeJHUHHH, KOTOpASA
6nna 66 Takolo cTeneHbiO». Bce 3TO coBepllleHHO cnpa-
BeJJTHRO, HO 3aTeM YHTaeM: «Takue KOpDHH HasnlBalOTCH
HEeBO3MOMXHBIMH HIH MHHMBIMH», Bcien 3a 3THM 3aMmeya-
HHeM 2BTOD ONepHpYeT C HHMH COBePUIeHHO CNOKOMHO,
KaK ¢ OOHKHOBEHHBIMH 4YHCJIAdMH, He 3a60TACh OCOOEHHO
06 onpasldaHHH TakKoro obpallleHHA C HHMH, XOTS OH
TOJIBKO 4TO OTPHIAJ HX CYL1eCTBOBaHHE, — KaK 6yATO 6bl
6naronaps NPHCBOEHHIO ONpelesieHHOrOo HMEHH HepasyM-
HOe BHe3anHO CTajo rofHBIM K ynoTpebJjeHH0. BH y3Hae-
Te 3jlech OTpPaxeHHe TOUKH 3peHHs JlefiGHHIA, COrMACHO
KOTOpO#l MHHMHE yHcsaa MNpefcTasiAloT cofoit B cyul-
HOCTH HEYyTO COBepUIeHHO HeJemoe, HO, TeM He MeHee,
OHH HeNMOHATHEHIM 06pa3oM BelyT K NPaBHJAbHBIM pe-
3yJbTAaTaM.

*) 3Ta TOuKA 3PEHHA HINOXKEHA B NPHMeuaHuH 59.
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BooGmwe KecTHep mucanm BecbMa 3a6aBHO; OH Jaxe
TOMTYUHJ H3BECTHOCTh B JIKTEpPATYPe CBOUMH 3IHCpaM-
mamy. ‘Tak, BO BBeleHHH K YNOMSIHYTOH KHHre OH pac-
NPOCTPaHAETCA OTHOCHTENbHO NPOUCXOXKAEHHS CI0BA «aJl-
re6pa», KOTOpOe NpPHHAMJIEKHT, KOHEUHO, apabaM, Kak
NOKa3bBaeT Hayano «al»89),

[Tox anreGpauncroMm Hajgo, mo MHeHuto KeertHepa, mo-
HHMaTb 4eJIOBeKa, KOTOPHH «JesaeT Le/lHMH» JpoOH, —
JAPYTHMH CJOBaMH, 3aHHMAaeTcs palHOHAJIbHBIMH (YHK-
HHAMH, NPHBOAHT HX K oOLieMy 3HaMeHaTeJal0 H T. L.
IlepBoHauanbHO 3TO SAIKOGBl OTHOCHJIOCH TaKkKe K fefi-
TeJbHOCTH Bpada-XHpypra, KOTOPKHA JeUHT NpU nepeaome
KocTedl. KecTHep npHBOZMT NMpH 3TOM B BHAe NpHUMepa
Jon-Kuxora, KOTOpHi OTmpaBaseTca K anareGpaHucTy
¢ TeM, 4YTOOBH NOCAeJHHA pacnpaBudsl eMy [OJOMaHHLIe
pe6pa. OcTaercss OTKPHTHIM BOIPOC O TOM, AEpXKaJcH JIH
afech CepBaHTeC MPHHSITOrO CJOBOYNOTpe6JieHUS HIH Ke
3jlecb HaJ0 BHAETH CaTHPY.

Bropas kHura BolJa B CBeT Ha MHOrO JeT INO3XKe
(B 1828 r.) M nmpHHaaNexHT OGepJHHCKOMY mnpodeccopy
OMmy: «OnelT BHOJHE NOCAEA0BATEIbHOH CHCTEMEl MaTe-
MATHKH», 3Ta KHHra HMeeT TO Ke Ha3HaueHHe, UTO H
kHura KecTHepa, u ofRO BpeMs GBlJla OUeHb pacmpocTpa-
HeHa. Ho OM crouT ropasgo OnuxKe K COBpeMeHHOA
TOUKe 3peHHA, TaK KaK OH ACHO BHICKAa3hBaeT NPUHUHN
pacIIHpeHHs YHCJI0BOH obaacTH. «Ilolo6HO OTpHIATEb-

HbIM YHCJIAaM, — FOBOPHT OH, — AOJKHO H CHMBOJ «\/-—l
IPHCOEJHHUTE K BelleCTBEHHBIM YHCJaM KaK HOBYIO
Bellb». ['eoMeTpHYecKoe TONKOBAHHE, KOHe4YHO, He OHLIO
eMy elle H3BeCTHO: 3TO OnJIO HaKaHyHe NMOSIBJEHHS ymo-
MsaHyTo# BHe pa6oTn 'aycca (1831).

HakoHell, 1 X0OYy MO3HAKOMHTb BAC ¢ OJHHM H3 MHO-
FOMHC/IEHHBIX COBpPeMeHHhX YueGHHKOB, KOTOPHM OueHb
yacTo noab3yioTcsi: 3T0 «COOpHHK 3agay» bBapres
(JTefinour, 1907). 3mech Ha nepBbH NJaH BHCTyHaetr
NPHHIHN paclIHpeHHsi TOHATHA 4YHCJI4, @ BHOCJAEACTBHH
JlaeTcsi U reoMeTpuyeckoe HCTONKOBaHHe. B aTom nefi-
CTBHTE/NbHO 3aK/IIOYaercsi Telmepb OOLIENPHHATAA TOYKA
3peHHA IIKOJBbHOro IMNpenoJaBaHdd, XOTd B OTHAEJNbHHX
MecTaXx pa3BHTHE W 3ajJepxalochk Ha Ipeanayue
crynend. Ha wmo#i B3araaj, Takoe H3/0XeHHe BOMNpOca
ABJIAETCA HauGosee MOAXOAALIMM AJS IUKOJH: HE YTOM«
JAg yuYeHHKa CHCTEMAaTHYECKHM H3JIO)KEHHEeM W He BJa-
Baficb, KOHEYHO, B aGCTPAaKTHHE JIOTHYECKHE pacCyxkies
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HHSA, CJlellyeT HCTOJKOBbIBAThb KOMIIEKCHHIE YHCAA Kak
paciuupeHne yxe H3BeCTHOrO MOHATHA uYHcaa, usberas
NpH 3TOM, pasymeercd, BCAKOH MHCTHUECKOH OKpacKH, HO
Mpex/ié BCEro HYXXHO NPUYUHTb YYeHHKa K HaryigsgHOMY
reoMeTPHUYECKOMY HCTOIKOBAHHIO UX B KOMIUIEKCHOH mjo-
ckocTH!

Mbl npRILVIE K KOHWLY NepBOH raaBHOf YacTH HalIMX
JIeKUH#, NOCBALLEHHOH apuMeTiKe. [Ipex e ueM nepeiiTu
K TaKHM JKe MOsJCHEHHAM, OTHOCALIMMCA K aareGpe H
aHajH3y, 1 XoTea GObl cleaTh JOBOJbHO NPOJOJNKHTENb-
HOe OTCTYIUIeHHE HCTOPHYECKOro XapakTepa, KOTOpoe
6pocaeT HOBHH cBeT Ha OO6LULYI0 MOCTAHOBKY COBpEMEH-
HOTO npenojaBaHHus, a TAKXKe Ha TO, YTO Mhl pelinsH Okl
B HeM YJYYIIHTD.

V. COBPEMEHHOE PA3BUTHE
N CTPOEHHE MATEMATHKH BOOBIIE

1. kBa pa3anYHLIX PALA 9BOJIOUHA, MO KOTOPHM
papajnenbHO pPa3BHBAJICA MaTeMaTHYeCKHHA aHanmns

[TossosibTe MHe HayaTh C 3aMedYaHHs, YTO B HCTODHH
pasBHTHS MaTeMaTHKH [0 CaMmoro IOC/JAelNHEero BPeMeHH
OYeHb SICHO BHICTYNAIOT ABe pasjiHYHBe JHHHH Pa3BHTHS,
KOTOphle TO CMEHSI0T APYr ApYra, To BHICTYNAIOT OAHO-
BpeMEeHHO H He3aBHCHMO, TO, HaKOHell, B3aHMHO nepeiie-
TawoTca. Pasnnune, KoTopoe s MMelo B BHAY, BW MOH-
MeTe JYy4yllle BCero Ha KOHKPETHOM INpHMepe, a HMEHHO,
ecqH 51 MOKaXy BaM, KaK B JefiCTBHTEJbHOCTH NMPHULIOCH
6L TOCTPOHTb CaMhlé 3JieMEeHTAapHble [JIABH aHaJdH3a B
ayxe To#l M ApPYro#l JTHHHH 3BOJIOLHH.

Ecau caejfoBaTe OLHOH H3 HHX — Mul 6yeM HasbIBaTh
ee Aunuel 3s8oaoyuu A,— To noayyaercs cjaefyiolias
CHCTeMa, KOTOpas NpPEeHMYIUECTBEHHO TOCINOACTBYET Te-
nepb B WKOJAX H B 3JeMeHTapHHX PYKOBOACTBAX:

1. T'naBHOe MecTO 3aHHMaeT ¢opMalbHOe ydeHHe 06
ypaBHeHUsX, cJaeoBarelbHO, AeHCTBHA C ieJbLIMH pa-
LHOHA/NbHBIMH QYHKIHAMH H H3Y4Y€HHE TeX CNy4aes, B KO-
TOpHX anre6panyecKie YypaBHeHHs paspeliHMbl B pa-
JHKaJax. .

2. Tlpu cACTeMaTHYeCKOM Da3BHTHH NMOHATHS CTENEHH
H ee ofpaliieHHs BO3HHKAIOT JOrapHGMbl, KOTOpLIE OKa-
3BIBAIOTCSl BeCbMa IOJEe3HHMH IPH ONepHPOBAHHH C YHC-
JIaMH. ,



COBPEMEHHOE PA3BHUTHE H CTPOEHHE MATEMATUKH 115

3. Mexly TeM Kak JO CHX IIOp reoMeTpUs OCTaBAJAaCh
COBEPIIEHHO H30JHPOBAHHOH OT apH(MMETUKH H aHaJH3a,
Yy Hee Teneph MPOH3BOAAT 3aeM, KOTOpPHIH RaeT omnpene-
JIEHHs1 TpaHCUeHAEHTHHX (YHKuMd Apyroro poxa,—
HMEHHO, TPHIOHOMETpHUYeCKHX (YHKUHMHA; pannHeHluas
TeOPHs 3THX QPYHKUHHA CTPOMUTCS 3aTeM B BUAe OTHAeJbHOMH
IHCLHITHHEL, '

4. 3a atuMm cneayer anreGpanyeckuil aHaau3, KOTO-
pulff yuHT passiarath npocreiilive QyHKUHH B GecKOHeu-
Hble psidBl; 3Aech paccMaTpHBalwTces 6uHOM HbroToHA
B ofleM Bule, jJorapudm H ero obpailleHHe — NOKa3a-
TelbHass QYHKUHA-—H TPUTOHOMeTpHYeCKHe QYHKLHH,
Ciona ke oTHOCHTCs o6uiast Teopust GeCKOHEUHHX PsJ08
H nefictBuit ¢ HuMH. IIpH aToM o6HapyXKHBalOTCA Nopa-
3HTEeJIbHBle COOTHOUIGHHS MeXAY HA3BaHHEIMH 3JeMeH-
TapHBIMH TPAHCUEHACHTHHIMH QYHKUHSMH, B OCOGEHHOCTH
3HaMeHHTas gopmysa Jirepa

e* =cos x + i sin x.

DTH COOTHOIIEHHs NpPeACTABAAIOTCA TeM Gonee yam
BHTeJbHBIMH, YTO OHH YCTAHABJIHBAIOT CBA3b MeEXIY
PyHKUHSAMH, onpefeneHUS] KOTOPhIX OBLJIH B3fATHI M3 CO-
BeplIeHHO Pa3jHYHEIX o6aacTei.

5. 3a mnpelenamMH LIKOJbHOH MAaTEMATHKH K 3TOMY
TMOCTPOeHHI0 NPHMLIKAeT B KadecTBe eCTeCTBEHHOTO NpOo-'
JonxeHHss pa3paboranHas BeflepwTpaccom  TeopHs
GyHKUHHA KOMIJIEKCHOH mepeMeHHOH.

Tenepb 7 mpeicTaBasio B OOLIHX YepTax cXemy 870-
poti auHuu 380AO4UU, KOTOPYIO Ha3oBeM JIHHHeH B,
3Jlecb B 06IIeMI FOCHOJACTBYeT AyX aHAJHUTHYeCKOH Treo-
METPHH, a HMEHHO, HJes CIHSAHHA NpeJCTaBJeHHH UYHCAa
H npocrpaHcTBa. COOTBETCTBEHHO 3TOMY:

1. Hayunalot ¢ rpagu4eckoro u3o6paxeHHs NPOCTeH-
WHX QYHKUHA — MHOTOWIEHOB H PalHOHAJIbHHX (YHK-
nuil ofxnol nepemeHHoON. TOYKH mepeceyeHHs MOJYUAEMHIX
HOPH 3TOM KPHBHBIX ¢ OCbl0 afCLUHCC ONpeleNsiOT KODHH
mHorousiesoB. Ciona ke, ecTeCTBeHHO, NMPHMHKaeT Yue-
HHE O HPHO/JHXEHHOM pelleHHH YHCIeHHBIX YpaBHEHHH.

2. TeomerpHuecknii oOpaa KpHROH sBJAAETCS ecTe-
CTBEHHHM H HamJISAMBIM HCTOYHHKOM IJs MHOHATHi mpO-
H3BOJAHOA H HHTerpaja; K NepBOMY MNPHBOAHT NOLbeM
HJIH COycK KPHBOH, KO BTOPOMY — IJIOLLAAb, 3aKJIOYEH-
Haft MeXJy KPHBOH H Ocblo abCLHCC,
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3. B Tex cayvasx, Korja npoluecc HHTerpHpPOBAaHHS
(WIH HaXoxJeHHe KBaApaTyp B Y3KOM CMBICJE CJIOB4)
He MOXeT ObITh BHIIOJIHEH B SBHOM BHJe C [TOMOLIbIO
pauHoHaNbHHIX QYHKUHWHA, OH JaeT NMOBOX K BO3HHKHOBeE-
HHIO HOBBIX QYHKHMA, KOTOpBE TAKHM 06pasoM BBOAATCS
BNOJHE €CTECTBEHHO H eAMHooOpa3Ho. Tak, kBaipaTypa
runep6osibl 1aeT onpeneneHHe jorapudma:

X

de_l
x—nx,
1

MEXJY TeM KaK KBaapaTypa Kpyra Jierko cBOAHTCS K HH-
Terpany

X
dx .
—— == arcsin x,

3 AT —x2

APYTHMH CJIOBaMH, K OGpalUEHHAM TPHrOHOMETPHYECKHX
¢yuxumii. Kak BaM H3BeCTHO, 3TOT 3Ke CaMblf XOJ MHiC-
sefl NPUBOAHT Jlajlee K HOBHIM BHICIUMM KJaaccaM (YHK-
IHH, B YACTHOCTH K 3JJIUNTHYECKUM QYBKHHAM.

4. Paanokenne Bcex noJy4eHHBIX TaKHM NyTeM (yHK-
uuii B OeckOHeuHble CTeneHHEle PRAE NPOH3BOJHTCS
ONSATL-TAKKH MO eAHHOOOpa3HOMY NPHHUHNY — Ha OCHO-
BaHHHu Teopembl Telsmopa.

5. BoiciuM npHMeHeHHeM 3TOro0 NpHeMa SBJfeTCH
paapaboraHHas Kown u PuMaHOM aHaJHTHYECKAs Teo-
pusi QYHKIHA KOMIJIEKCHOH NMepeMeHHOH, OCHOBaHHAas Ha
andgepenunanpEbix ypaBHeHHsiX Komn — Pumana uian
Ha TeopeMe 06 HHTerpane KouH.

Eci MBI MoxKenaeM YeTKO BbIPAa3HTh B HEMHOTHX cJo-
BaX pesyanTaT 3Toro 0630pa, TO MOXKHO CKasaTb, 4TO
B OCHOBE JIHHHH A JIeXKHT TeHJeHUUs K ApobJeHHIO, T. e.
TaKoe NMOHHMaHHe HAaYKH, KOTOpoe BClo ee 006JjacTb pas-
6uBaeT Ha psJ YacTefl, BMOJHe OTTPAHHYEHHHIX OJHA OT
Apyro#f, H B KaXXJIOH M3 HHUX cTpPeMHTCA OOOATHCH MHHH-
MYMOM BCIIOMOraTeJbHBIX CPeACTB, IO BO3IMOMHOCTH H3-
6erag 3aMMCTBOBAHHH y coceAHHX obJacTel; HIeaJoM
3Jech SIBJASETCH H3AIHO BHKPHCTAJJH30BaHHOE, JIOTHuYE-
CKH 3aMKHyTOe B cefe NOCTpOeHHE XKaXJOH OTHebHOH
ob6nacTH. B NpOTHBOMOJOMHOCTb 3TOMY MNpHBEpXKeHel
HanpaBieHus B mnpHaaeT TrJaBHOe 3BaueHHe Kak pas
OPraHHYecKOH CBfI3H MeXIy OTAeJbHbHIMH 00JacTAMH
H MHOrOYHC/JEHHHM CJYy4asiM HX B3AHMHOTO COAEHCTBHSI;
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COOTBETCTBEHHO 3TOMY OH MpPeAlOYHTAEeT Te MeTOAH, KO-
TOpblEe [aI0T €My OJHOBpPeMeHHOe MOHMMaHHe MHOTHX
o6aacteft ¢ ONHOH H TOH JKe TOYKM 3PEHHSA; ero Haeal
COCTOHT B TOM, YTOOH OCHSTh BCe MaTeMaTHYecKHe
HayKH KaK OJHO IleJoe.

He MoXeT OHITb COMHEHHA OTHOCHTENbHO TOrO, Ka-
Koe H3 JABYX HamnpasJieHHH Oosiee XKH3HEHHO, KaKoe H3
HHX CNOCOOHO B OOJbled CTemeHH 3aMHTEepecOBaTh yue-
HHKA, eC/TH TOJbKO OH He MMeeT CHelHaJbHOro mpeapac-
NOJIOXKEHHA K a6CTPAKTHBIM MaTeMaTHYECKHM paccyxKie-
HMgM. BosbMeM 1nd npHMmepa, uTOGH Jyymwe cebe 3TO
YACHHTb, QYHKUHH e* H sinx, OTHOCHTE/NbHO KOTOPHIX
HaM NpHAETCA HMEHHO 110 3TOMY 3Ke NOBOJAY €llleé MHOTO
ropopuTe. B cHcTeMe A, — K COXaJIeHHIO, [IOYTH HCKIIO-
YHTeJBHO K Hell B NlaHHOM cJyYae MPHMBIKAeT IIKOJAa —
OHH  NpPeJACTaBJAIOTCA  COBEPIIEHHO  Pa3HOPORHBIMH:
GYHKUMA e* M COOTBETCTBEHHO JiorapudM MNOABJIAIOTCH
B 'KayecTBe YAOOHOrO BCIOMOraTefibHOIO CpelcTBa IPH
ONEpUPOBAHHH C YHCJIaMH, a SiNX BO3HHKAaeT B reomert-
pHH TpeyroibHHKa. Kak e mnocje 3Toro NoHsTh TO, YTO
3TH (QYHKUHH HaXOAATCS B CTOJb MPOCTO# 3aBUCHMOCTH
MeXay cofoi, H ocofeHHO TO, YTO B CaMHX pa3Hoo6pas-
HHX ofJacTaAX, He MMEIIIHX HHUero obImiero HR ¢ Tex-
HUKOH BBHIYUHCIEHHH, HH C reoMeTpHeH, OHH NOCTOAHHO
H HeOXHAAHHO TOABJAAIOTCA KaK ecTecTBeHHOe BHIpaKe-
HHe HapAllHX TaM 3aKOHOB? Ha3paHna «(yHKUHA CHOK-
 HBIX TPOLEHTOB® WJIH «3aKOH OpPraHHYecKOro pocras, Ko-
TOpHe AaBajn GYHKUUH €%, H, C APYrod CTOPOHHI, TO, YTO
sinx urpaeT UeHTpPaJbHYIO pPOJb BCIOLY, [le HAeT pelb
0 KoneGaHHAX, MOKa3bBAIOT, KaK JaJleKO 3aXOJAHT BO3-
MOXKHOCTb HX NpHMeHeHHA. B cucTeMe xe B Bce 3TO
NpeACTaBJAETCA BNOJHE MOHATHHIM H COOTBETCTBYIOLIHM
3HauYeHHIO (YHKUHHA, OTMeYeHHOMY C CaMoro HauaJaa.
Beab 3gece ¢QYHKUHH e* M sSinx BO3HHKAalOT H3 OAHOIO
HCTOUHH KA, H3 KBAAPATYPH NMPOCTEIX KPHBHX, a 3TO IpH-
BOJAHT, KaK MH YBHIHM HHXe, K AuddepeHUHANbHEM
de* x d3sinx

dx A r
= — sin x) KOTOpEIE COCTABJIAIOT €CTECTBEHHYIO OCHOBY
BCeX YMOMSHYTHIX NPUJIOKEHHH.

Ho assa nojsHOro NMoHHMaHHSA PasBHTHS MaTeMaTHKH

He06XO0UMO ellle BCIOMHHTb O TpeTbetl AUNUL 3804104UL
C, KoTopasi OYeHb YacTO MrpaeT BaXHyI0 poib TO

ypaBHeHHsIM npocTefinero THna (
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OTAeNbHO, TO BMeCTe ¢ JHUHHAMH 3pontouuu A u B. Peun
HIeT 0 TOM, YTO 0603HAYaIOT C/JOBOM <«aJrOPHTM®, BO3-
HHKIIHM H3 HCKaXXEHHOr0 HMeHH OJHOr0 H3BECTHOro
apa6ckoro Martemarnka®). Auroputmom sBasercs, B
CYLIHOCTH, BCSIKOE CTPOro YCTAHOBJeHHOe ¢opManbHoe
HCYMCJeHHe — B YACTHOCTH OYKBeHHOe HcuHCJeHue. Mui
HEOJHOKPAaTHO OTMedaJiH, KaKyl0 OTPOMHYI0 POJb B pas-
BUTHH HAYKH HrpaJ aJropHTMHYeCKHH npolecc, sIBJfAACh
KaKk 6bl CaMOCTOSITeNIbHON ABHXYIEeH CHJIOH, nmpHcyuieH
caMuM dopMynaM H okaaniBaiolleld cBoe AeHCTBHE He3a-
BHCHMO OT HaMepeHHs H NpeABHAEHHsS TOTO HJIH APYIoro
MaTeMaTHKa H 4acTo JaxKe BONPEKH ero xeaaHuwo, Tak
H B Hauajle Pa3jBHUTHA HCUHC/IeHHs GeCKOHeUHo MaJhiX
aJrOpHTM, KaK MHl ellle NPH clydae YBHAHM, HacTo IO-
6yKJIan K CO3LaHHI0O HOBHX NOHATHH H NeHcTBHH Haxe
npexje, YeM MaTeMaTHKH MOLJH OTAaTh cebe oOTyeT
B HX JAONYCTHMOCTH. [{axKe Ha BHICUIHX CTYNEHAX paspH-
TH 3TH aJTOPHTMHYEeCKHE MOMEHTbl MOTYT NPHHOCHTh
NoJb3y H JeACTBHTeJBHO NPHHOCHJAH e€e, TaK 4TO HX
MOXHO Ha3BaTb NOANOYBOH Pa3BHTH# MaTeMaTHKH. [Jo-
3TOMY OCTaBJsiTbhb B CTOPOHE 3TH MOMEHTH K&K Hrparwouue
B PAa3BHTHH MAaTEMATHKH HCKJIOYATEJNbHO ¢OpMalbHYIO
pOJb — a 3TO Tenepb B MOJEe — 3HAYHT He CYHTAThCH
C HCTOPHYECKHM XOJOM Pa3BHTHS HayKH.

2. Kpatkuil 0630p HCTOPHH MaTeMaTHKH

S xoTen 6nl mpoc/iefHTbL Tenepb NoApdGHee KOHTpAcCT
MeXAy STHMH pa3jHYHBIMH HanpaBJeHHAMH B paboTte
MaTeMaTHKOB Ha MNPOTSXEHHH BCeH HCTOPHH MareMa-
THKH; IIPH 3TOM 4, paaymeercs, 6yAy HMeTb BO3MOXKHOCTb
YNOMSIHYTh JHWb CaMble BaXXHHle MOMEHTbl DPa3BHTHS.
TeMm He MeHee pasjuuHe MeXJy Hanpas/ieHusMH A u B,
npoxojgilee yepe3 Bclo 06/1acTh MaTeMaTHKH, 06Hapy-
JKHTCA 3Jechb ellle sicCHee, yeM B NPHBeLeHHOM BHIe CO-
NoCTaBJeHHH, NPH KOTOPOM MH OTPaHH4YHBAJHCL OO-
JIacThiO aHaJu3a.

Ecau HauHeM ¢ ApeBHHX TpeKoB, TO MHl HafileM pes-
KOe pasrpaHHYeHHe YHCTOH H NPHKJIAAHOA MaTeMaTHKR,
KoTopoe BOCXOAHT K [lnatoHy M Apuctorenio. K uyHcroft
MaTeMaTHKe OTHOCHTCS Npex[e BCEro H3BECTHOE eBKIH-
JIOBO TNOCTpOEHHE TreOMeTPHH, K NPHKJIAAHOH NpHHAalJe-
XKaT, B YaCTHOCTH, YHCJIOBHe ONepallyH, TaK HasbiBaeMas
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JorucTHKa (Aoyof — BceoGuiee uucno). [Ipu 3ToM K no-
ClefHe#l OTHOCHJIHCH JOBOJBHO TNPE3PHTENBHO — Npei-
PaccyAoK, KOTOPBI BO MHOTHX CJIy4asiX COXpaHHJCH [0
CHX TIOp, HO BO BCHAKOM CJydyae, GoJbllelf YacTbio TOJbKO
y Jwoie#, KOTOpple caMH He yMEIOT BBIUHCJAATb. DTOMY.
TIOJIOXKEHHIO JIOTHCTHKH MOIJIO CcONeHCTBOBATh OTYaCTH
TO, YTO OHA pPa3BKBaJach B TeCHOMl CBf3H C TPUIOHOMET-
pueii H ¢ mOTPeGHOCTSAMH NPaKTHYECKOrO 3eMJeMeptis,
KOoTopoe ¢ [ApDEeBHHX BpeMeH Ka3asjoch JIOASM HeAO0CTa~
ToYHo Oaaropoanbim 3aHsaTHeM. KoHeuHo, oHa cHOBa
Onljia HEeCKOJIbKO pealGWIHTHPOBaHAa TeM, 4To 6e3 Hee he
morsia o0OHTHCH ApYras Hayka, KoTopas XOTS H DO«
CTBEHHA Teo0Je3HH, HO B NPOTHBOIIOJOMXHOCTb eil BCerrd
CYHTaNach OJHOH M3 caMuX G6JaropoaHBIX, — acTPOHO-
MHsL. DTa rpeyeckKas MaHepa Hay4yHo# paGoOTH C ee CTpO-
MM pa3MexkeBaHHeM OTAeJbHHIX obsacTeH, Kamiaas H3
"KOTODHIX H3/1arajach 3aTeM B BHAE KaK GH 3aCThIBILEro
JIOTHUECKOrO IOCTPOeHHs, NPHHALMEHKHUT, KOHEUHO, JIH-
Huu 3BosIoUHH A. TeM He MeHee rpeKaM He Obliu UyXKILF
H paccyxJeHus B AyXe B; OoHH, NO-BHAMUMOMY, CJIYKHJH
UM JJS 3BPHCTHUECKHX Lenell U AN MepBoOre coobuieHHs
HX OTKPHITHH; OZHAKO [/ OKOHYATEJBHOTO H3JIOXEHHH
¢opma A Kaszanachb HM He3aMeHHMOH. DTO BHUIHO U3 He-
JaBHO OTKPBITOT0 MaHyCKpunTa ApxuMeaa, B KOTOPOM OH
coobLiaeT BHYUCJAEHHS OOBEMOB TesJ BO BIIOJIHE COBpeE-
MeHHOH XHBOH dopMe,

Hapsay ¢ rpekaMu B HCTODHH MaTeMATHKH B JpeB-
HOCTH 0cofoe 3HAaUeHHEe HMEIT HHIHHUH KaK TBOPUB CO-
BPEMEHHOHl CHCTeMBl CUMCJIEHMS M MNO3JHee apalni, mne-
penaBlide ee HaM; y NOCJAeIHHX BCTpeYalOTCH TaKXKe
HayaTKH OyKBeHHOro HcyucjeHus. S$lcHo, dYTO 3TH
ycnexd NpUHAL/IexKaT aJrOPHTMHYECKOHR JHMHHH 3BOJIO-
uuu C.

[Tepexonss K HOBOMY BpeMeHH, MBI MOXeM Npex[e
Bcero oTMeTHTh (okojo 1500 r.) Hauano BO3pOXKAEHHUA
MaTeMaTUYECKOrO TBOpPYECTBAa, KOTOpOe INPHHECAO ¢ CO-
Goft wmenblft psaA 3aMeyaTesqbHHIX OTKpHTHH. [as npu-
Mepa fl Ha30BY (opMma/ibHoe perieHHe KyOHYeCKOro ypan-
uHeHus (popmyna Kapmano), KoTopoe HaXOAUTCA B TPY-
ge «Ars magna» KapaaHo, nossusiuemess B HiopenGepre
B 1545 r.; 370 B BHICIUeHl CTeNeHH HEHHOe NPOH3IBEAEHHE
COMEPKUT BooGlLle 3apoAbIUIH- COBpeMeHHOH anre6pei,
BhIXOIsIIMe 33 Npeleabl cXeMbl AHTHYHOH MaTeMaTHKH.
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Koneuno, 310 He coctaBjsieT co6¢TBeHHOH 3acayrn Kap-
AaHO, TaK Kak OH, NOo-BHAKUMOMY, He CaM OTKphIJ CBOIO
3HAMeHHTYI0 GopMyJy, HO 3aHMCTBOBAaJ ee, KaK H MHO-
roe Apyroe, y HHOCTpAHHBIX aBTOPOB.

Haunnas ¢ 1550 r., Ha nepBbiii IJ1aH BHCTYNAKT TPH-
FOHOMeTpHYECKHEe BLIYHCJEHHS; [OABJAIOTCA NepBhie
GoJIbUIHe TPUrOHOMETPHYECKHe TAGJIHUK, BHI3BaHHHE IO-
TPeOGHOCTAMKH acTPOHOMHH, OTHOCHTEJBHO KOTOPOH #
orpaHiuyych OJHHM ToJbKO HMeHeM KonepHuka. ITpuGan-
auTesbHo ¢ 1600 r. HenmocpeaCTBEHHO K 3ITOMY MPHMHI-
KaeT pa3sHTHe JOrapH¢MouB; nepBhle JOrapH@MuyecKue
Tabauubl, COCTaBJeHHble IoTAaHauem Henepom B
1614 r., comepxaT TOJbKO JIOrapH(pMbl TPHOHOMETPHUe-
ckHx ¢yHKuudA. Takum o6pasoM, Mbl BHAHMM, YTO B 5TH
100 JeT pa3BHTHe MaTeMaTHKH B TOYHOCTH CJeJOBaJoO
cxeme A.

Tenepp MBI NpuUXOAMM K HOBeHLIEMYy BpeMeHH —
K JanbpHefiuemy TedeHHio XVII B. 31eck Ha nepBH# mIaH
BHICTyNIaeT HCKJAKYHTENBHO HamnpasjaeHune B. B 1637 r.
nossJjseTcd aHaJHTHYecKas reoMerpus [ekapra, KoOTO-
pas YCTaHaBJHBAeT CBA3b MeXJy UYHCJOM H INPOCTpaH-
CTBOM, HTpaIIYi0 OCHOBHYIO POJb BO BCeM IOCIEAYK-
uieM pasBHTHH MaTeMaTHKH. B c¢Ba3u ¢ 3THUM TOTYac
BEICTYNAIOT IBe Bedukue npobaemul XVII B.: npobaema
Kacareasuslx u npobaema x8adparypsi, T. e. npobaemot
Ougpgpepenyuposanus u unrezpuposanun. dan pasprtus
AuddepeHlHaTbHOTO H HHTETPaJbLHOIO HCYHCIGHHS B
COOCTBEHHOM (CMBICTe HeNOCTaeT eue TOJbKO OJHOro:
ellle He 3HaOT, 4YT0 06e Npob6JeMHB HaXOAATCHA B OUeHb
TeCHOH CBA3H, YTO OZHA NpeicTaBJser coboit oGpalleHue
ApYro#; B ySiCHEHHH 3TOT0 3aKJI0HaJoCh, NMO-BHIHMOMY,
SPO TOTO IPOMajHOro NpOrpecca, KOTOPHH OCYLIECTBHII-
Cfl B KOHIle CTOJIeTHS.

Ho euie paHbile, B TOM Xe CTOJETHH, BO3HHKaeT
yueHHe 0 GeCKOHEYHBIX psfaX, B YaCTHOCTH O CTeleHHEIX
psllax, ¥ IPHTOM He KaK CaMOCTOATeJbHas AMCHHNJHHA
B CMHIC/€ COBpeMeHHOro ajre6paHvyecKoro aHajiHsa, HO
B TeCHel1uell cBA3H ¢ KBaJpaTypHHMHU iipo6ieMaMu. Mep-
KaTop (/NaTHHCKaA NepeAenka HeMenkoro uMenn «Kpe-
Mep»: Krdmer — toproBel), B 0cO6eHHOCTH H3BECTHHIH
KaK TBOpel MepKaTOpPCKOH NMPOEKIHH, NePBb# IPOJIOXKHII
3leéch IIYTh; €My NPHHANJIEKUT cMeJsas Hjles -— AJA pas-
aoxenus In(l 4 x) B pad npeiacTaBHTR B BHAE pAAa
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1
T‘? H MPOHHTErpUPOBATH NMOYJIEHHO!
X

ln(l+x)=S 1j_"rx=S(l—x—}-x2—x:’+ )dx=
0 0

Apobe

x2? 2 x4
=s—FtF -3 T -

OT0 B TOYHOCTH COOTBETCTBYEeT XOAY ero Muicaeil, XoTd
OH, KOHEYHO, MOJb3yeTCA He HALIMMH INpPOCTHIMH 3Ha-

KaMH \, dx u T. A., HO 6QJee TAXeJbHM a23bKOM. [Tocae

1660 r, sTHM IpUeMOM CTaxk NoJb30BaThCsi HBIOTOH, KO-
TOPHH TOCTPOHJ psA AJIS BHIpaXKeHHs GHHOMA C JIOOHM
nokasateneM., KOHeYHO, MM pYKOBOAHJH I[IpH S5TOM
TOJBKO 3aKJIOYEHHR [0 AHAJOTHH C H3BECTHHIMH €MY
NpOCTEHIIHMY CJAyYasfAMH; OH He BJafen CTPOTHM JHOKa-
3aTeJbCTBOM M He 3Haj TpaHHL NPHIOKHMOCTH 3TOTO
Pa3JIOKEHHs — B 3TOM CHOBa OGHAapyXHBaeTcsl aJrOopHT-

MHyeckas JuHHs C. [IpuMeHss 3TOT nmpHeM K BhIpaxe-
1

HHIO —F=(l — x?)~12, oH moayyaeT mo cmnocoby
. —_X
x
Mepxkaropa paa ans SL = arcsin x. C NoMoIIbIO
A1 — x3

1]
O4YeHb HCKYCHOro oGpalieHHsi 3TOro psja, a TaKXe psja
Inn GyHKuHH lnx oH Aanee mojdyuaer pAAH AJag sinx
H e¢*. B 3aknoueHHe 3TO# LemH OTKPRITHH cjaelyeT Ha-
sBaTh, HakoHel, Teitnopa, Hawepmero B 1714 r. cBoil
o6yl NPHHUMND AN Pa3fjOKeHHA (PYHKUHH B CTemneH-
Hble pAALL .

Bosnuxrosernuem ucqucaenus 6GeCKOHEHHO MAAbIX 8
cobcraenrnom cmoicae 8 korye XVII g. Mbr 0653aHH, KaK
n3BecTHo, Jlefi6Hnuy u Hriorony. ¥ HbioTOoHa OCHOBHOM
Hueedl sBAsieTcs npedcrasaeHue O Teuenuu; obe nepe-
MeHHHlE X, y PacCMaTpHBAIOTCS KaK QYHKUHH @ (t), P ({)
BpeMEHH {; TeyeT BpeMsd — «TeKyT» HempephlBHO M 3TH
¢ysxuun. CoOTBETCTBEHHO 3TOMY mepeMeHHas Ha3blBaer-
cq y Hreotona ¢awoenroit (fluens), a 1o, 4TO MB!I Ha3bl-
BaeM INPOH3BOJHOH, OH. 0603HayaeT KakK «(IIIOKCHIOY»
X, §y. Mu BUIUM, KaK TYT 8Ce CnAOULb OCHO8AHO HA HA-
eaadnom npedcrasaenuu.

To. e oTHOCHTCA M K H3JOXeHHO Jle#GHHIA, nepBas
pabora - KoToporo mosBHlack B 1684 r. OH cam
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Ha3bIBA€T CBOHM [JIaBHeHUIHM OTKDHITHEM NpPHHLHUN He-
NPEePEIBHOCTH BO BCAKOM Ipollecce NPUPOAH, T. €. NOJO-
KenHe «Natura non facit saltum»*}. Ha stom npen-
CTaBJICHHH TMpOLECCOB TPHPOAH. OH OCHOBLIBA€T CBOH
MaTeMaTHYeCKHe MOCTPOEHHS — OMATL-TAKH YepTa, TH-
nuyHas nis gauHud B. C gpyrofi cropoHsl, y Jlel6Huna
60JIbUIYIO POJIb UrpaeT gausanue aseopurma (AuHus C);
OT HEro BeAyT HauaJ0 TakHe LeHHBIe C TOYKH 3PeHHus

anropuTMa oGo3Ha4YeHHs, KaK dx H Sf (x) dx.

B umemoM pesynbTaT 3TOr0 o630pa 3akjioyaeTcs B
TOM, uTO geaukue orxkpoitus XVII 8. no cyuwjecrsy yeau-
KOM npuHadaexar 3804104UOHHOG aunuy B.

B XVIII B. 3TOoT nepHoA OTKpPHITHH NPOAOJIKAETCS
crepBa B TOM Ke HaNpaBJeHHHW; B KauecTse HauGoJsee
6necTAUMX UMEH cJefyeT HasBaTh Dijepa H JlarpaHxa.
B 3ty snoxy pasBHBaeTcsi, TOBOPST KPaTKO, yueHue o oup-
hepenyuarbHolx YpasHeRuax 8 camom obujem cmbicae,
BKAIO4AA BAPUALUOHHOE UCHUCAeHUe, @ Takwe 30anue
AHAAUTUYECKOL 2e0MeTPUN U AHANUTUYECKON MexXaHuku,
BCIOAY 31eCb MBI BHIHM J>XHBOE ABHXKEHHE BIepel. ITO
HAMOMHHAeT 3MOXy B HCTODHH reorpadHH mocie OTKpHI-
TUsi AMepUKH, KOrZa HOBBIE CTpPaHBEl HCCIEX0BAJNH H 006b-
e3xanH projb u nomepek. Ho cosepiteHHo nomo6HO
TOMY, KaK TaM ellle AoJro He ObIIO H peYyH O TOYHHIX
H3MepeHHAX, TaK 4TO B IlepBOE BpeMsA HMeJH MECTO co-
BEpLIEHHO JIOXKHEle INpeacTaBjeHus Jaxe 06 ofLieM
MOJIOXKEHUH HOBOH 4YacTH cBeta (Belb AyMaJj e BHa-
yaje KonymG, 4To OTKpHT BOCTOUHHIE Geper AsuH}, —
TaK W 34ech, BO BHOBb 3aBO€BAHHBIX CTpPaHaX HOBOH
MaTeMaTHYeCKOH YacTH CBeTa, aHajH3a OeCKOHeYHO Ma-
JIbX, B NepBO€ BpeMsl NpPEACTABJEHHS OHJH KOBOJbHO
DaleKH OT HaleXHOA Joruyeckofft mocraHoBkH. [axe
B OTHOIUEHHH CTapBlX, XOPOILIO H3BECTHHIX objacTefl Ma-
TeMAaTHKH BNajafH noguac B 3abJyXAEHHA, cYHTast HC-
YyHCIeHHe GECKOHEYHO MaJIblX HeM-TO MHCTHYECKHM, He
IOMYCKAIOHIHM TOYHOro JOTHYeckoro aHaJjusa. Jlo uero
WaTko OHJI0 OCHOBaHHe, Ha KOTOPOM MePBOHaYaJbHO
CTOA/MH TBOPLH HOBOTO aHAJH3a, CTaJ0 BIOJHE SICHHM
JHUIb TOTA3, KOrAa MOHAaJOGH/IOCH H3JIOXHTh HOBHIE OT-
pacny MaTeMaTHKH B [JOCTYNHOM BHJe B DYKOBOACTBaX;
TOPAa cpa3y oOHapyXHJoch, YTO HanpaBieHHe B, Ko cuX

*) Ilpupoaa ue nenaer ckaukos (sar.).
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IIOp eQHMHCTBEHHO TOCIOJACTBOBaBlIee, 3Jech yike Gec-
CHJIBbHO, B 3Jilnep neppnlil ocTaBua ero. XoTd y Hero ca-
MOTO HCYHC/IeHHe GeCKOHEYHO MasblX H He BHI3LIBAJNO HH-
KaKHX COMHEHHH, HO IJIs HAYHHAIOLWMKX OHO, IO MHEHHIO
dilnepa, NMPeACTAaBAANO CHHMIUKOM MHOTO TPYAHOCTeR H
comHennil. Mcxoast M3 3THX AHMAAKTHYECKHX cooGpaxe-
HH#l, OH cuesl HYXKHHM TpeANnociaTb eMy B.BHAe OTAeJ]b-
HOro Kypca noj HasBaHueM «DBpeseHue B aHanH3 Gec-
KoHeyHo Manawnx» (Introductio in analysin infinitorums,
1748) Ty AHCUMNIHHY, KOTOPYIO MLl Telepb Ha3biBaeM
anareGpanyeckuM aHannH3aoM. K aToMy kypcy ditnep oTHo-
CHT, B YaCTHOCTH, YYeHHe 0 GeCKOHeYHHIX psfaX H ApYTHX
6eCKOHEYHHX MNpoueccaX, KOTOpoe CJAYXKHT €My I[OTOM
GyHA2MeHTOM TNIPM NOCTPOEHHH HCYHCJEeHHsi GeCKOHeUHO
MaJIbIX.

l'opasgo 6ojee paauKaibHbI NYTh NPOKJIAALIBAET
noutd 50 ser cnycrs (B 1797 r.) Jlarpaex B cBoeil
«Teopun aHanuTHIecKUX QYHKUHULL>.

CrOH COMHeHHsi OTHOCHTENILHO COBPEMEHHOro emy 06-
OCHOBAHHSI HCUHCJeHHst OeCKOHEYHO MasablXx OH Haxo[ut
BO3MOXHKM YCTPaHUTL JHIIb T€M, UTO OH OTKa3nBaeTcs
OT Hero Kak oT ofwe#l AMCUHNJXHBI, MOHUMAA NOA HHM
npocro cob6paHue (OpPMAJbHHEIX NPaBHJA, OTHOCSIIMXCS
K H3BECTHHM CIeUHaJbHbIM ¢(YHKUHAM; a HMEHHO, OH
paccMaTpHBaeT MCKAIOYMTENBHO TakdHe GYHKUHH, KOTO-
pHe 1aHH B BHJe CTeNeHHLIX PsiJIOB:

f)=a+ax+ax®+ax®+ ...,

H TaKHe HMeHHO GYHKUMM OH M Ha2bBaeT aHaJWTHUe-
CKHMH, T. €. TaKHMH, KOTODHE BCTPeyaloTCsi B aHaju3e
M C KOTODHMH NOCTeHAN JefCTBHTENEHO MOXKET YTO-THG0
‘npeanpuHaTh. [Ipoussoanas rtaxoit ¢dynkuud f(x) onpe-
AdenseTcs BronHe $oOpMaabHO ¢ NMOMOWBIO BTOpOro Ta-
KOro e CTeNeHHOro psAa, Kak MH 3TO eule yBHAHM BTO-
Ce]CTBHH, a B3aUMHAs CBA3b MeXJy TAKHMH DsAfaMH
H .cocTaBiseT npeaMer JAuddepeHNHAJbHOrO H HHTe-
rpajbHOro HcuHcieHnid. Takoe orpaHnueHne yHcTo ¢op-
MaJbHBIMH DOCTPOEHHSIMH, KOHeYHO, yCTPAHANO M TOrO
BpeMeHH LeJni psi 3aTpyAHEeHH .

Brl BHANTE, YTO 3Ta AesiTe/bHOCTb Dilepa M JlarpaH-
Xa YeAUKOM NPUHadAexur nanpasaenuro A, NOCKOJbKY
OHHM 3aMeHAIOT HarJsAHO-TeHeTHYecKOe Da3BHTHe CTPOro
3aMKHYTHIM B cefe Kpyrom Mucied. O6a 3TH COUMHEHHH
HMeJH OTPOMHOE BJIHSIHHE Ha WIKOJbHOEe NpenojaBaHHe;
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eclH B HAcTOsilee BPpeMs B CpeXHeH WIKOME H3yYawT
GeCKOHeYHHle pANBl HJH PeIlaloT YPaBHeHHS pa3fioxe-
HHEM II0 CTeNeHsAM M0 TaK Ha3nBaeMoMy crnocofy He-
onpefeseHHBX KO3 GHIHEHTOB, HO OTKa3hBalOTCH BKJIO-
YUTH B ee NporpaMMy AH(depeHUHaNbHOE H HHTErpanb-
HOe HCYHCIeHHsT B COGCTBEHHOM CMbIcjie CJIOBA, TO 3TO
3HAYMT, YTO Halia INKOJAa BIOJHe ellle HAXOAHUTCA TOX
BJAHSHHEeM Sfinepa u JlarpaHxka.

Hau6onee cymectsensnM ans Hauaaa XIX B, K KoTo-
pOMY MLl Telepb NEpPeXOAHM, SBJSETCH CTPo20e 0HOCHO-
BAHUE BbICULLZ0 AHAAU3A NOCPEedCTEOM NPU3HAKOS CXO-
dumocTu, 0 KOTOopbiX paHblue He 3a6oTuanck. B XVIII s.
B 3TOM OTHOIUEHHUH HADHT elle palcKOe COCTOsSIHHE, B KO-
TOPOM He pasauyaroT Aobpa H 3Ja, cXolsllerocs H pac-
Xozsileroca psana; naxe B «Introductios S#inepa mMupHO
YKHBAIOTCA PALOM CXOAsALIHeCS H PacxOoAfAllHecs pAALL.
Ho B Hayaae HoBOro cronetHs I'aycc u Abenn nybau-
KYIOT NepBhleé TOUHHE HCCJeJOBaHHA O CXOAMMOCTH, @ B
20-x rogax Kommu pasBHBaeT B CBOHX JeKUHAX H COYH-
HeHHSIX NepBOe TOYHOe OBOCHOBaHHe MCUHCIEHHA OecKo-
HEYHO MaJiblX B cOBpeMeHHOM AyXe, OH He TOJIBKO JdaeT
TOYHOE Onpele/ieHHe IPOH3BOAHOH H HHTerpaja Kak
npelesoB KOHEUHHIX OTHOUIEHHH H CyMM, KaK 3TO YyXe
IeNaji MHOTAA H A0 HEro, HO BIIEPBhHIE CTPOHT HA HeM
nocJefoBaTeNbHYO CHCTEMY NpenojaBaHus aHa/u3a, Bbi-
IBHras Ha TepBHi IaH TeopeMy O CpelHeM 3HAaYeHHH.
BroclleACTBHH MBI ellle OCTAHOBHMCS Ha 3TOM NoApo6Hee.
31U TeopHH INpHHalJNeXaT, KOHEYHO, HampasieHHio A,
TaK KaK OHH CHCTEMATHYHO, JIOrHYeCKH pa3pabaTHBAIOT
U3BECTHYI0 06/1acTb H30JTHPOBAHHO OT IAPYTHX obnaacTeil.
Mexay TeM 3TH TEOPHM He OKA3a/JH HHKAKOIO BJIHSHHSA
Ha Hally IIKOJY, XOTSl OHH OBIJH BIIOJIHe CINOCOGHH! pa3-
PYWHTb cTaphle NpeapaccyldKH NpoTHB AuddepeHUHANb-
HOTO H MHTErpajibHOro HCUHCIeHHH. ’

M3 paabnefimero passHtHs MatematHkn B XIX B,
A OTMeYy JHIUb OUeHb HeMHoroe. I1pexae Bcero s Ha3oBy
HEKOTOpHEe YCIexXH, NpHHAaJMexalllHe HanpasjeHHIO B:
BO3HHKAIOT HOBas reoMeTpHus, MaTeMaTHYecKas (H3HKA
u TeopHs QYHKUUHA KOMIIEKCHOH nepemeHHOH mo Ko
u Pumany. BoXiosMu npH BO3HUKHOBEHHH 3THX TpeX
oOWHPHHX obaacTe#i OblaM cnepsa (paHmysn. 31ech
yMeCTHO 6YZeT CKas3aTb HeCKOJbKO CJOB O CTHJE MaTe-
MaTHYeCKOro HanoxeHus. ¥ EBkIHAa Bn Bce HaHjere
pacuieHeHHHM HO cXeMe <IIpeJlNOJOXeHHe, YTBepxkiae-
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HHe, NOKA3aTeIbCTBO», K KOTOPOH OH ellle MPHCOGAHHSAET
«onpejenenne» (OorpaHHYeHHe 06JacTH, BHYTPH KOTOpOit
JAeHCTBHTENbHE! PACCYXJAEHHA); B IIHPOKHX KPyrax Bh
MQXKeTe BCTPETHTP MHEHHE, UTO BCA MaTeMaTHKa BCerga
ABHXETCA MO TaKoH cXxemMe B UeTbipe TakKra. A MeXAay.
Tem, KaK pas B TOT NepUOjJ, O KOTOPOM Mbt cefivac roso-
pHuM, y $OpaHUy30B cTana BHpPa6aTeIBATLCA HOBAsl, XYAO-
>KeCTBeHHass ¢GOpMa MaTeMaTHUYECKOro H3JOXKEHHA, KOTO-
PYI0 MOXHO Ha3blBaTh HCKYCHO pAacu/eHEHHOH JelyK-
uMet. CouyHHeHHda MOHXa wW/iIH, YTOGLE Has3BaTb OboJee
HOBylo KHHry, «Kypc aHanusa» Ilukapa uuTtawrcs Kak
XOPOIIO HAMHCAHHKIA yBJeKaTesbHHA PoMaH. 3TO CTHAb,
CBOHCTBEHHBIHI MaHepe B, Torxra Kak eBKAHIOBO H3JI0Xe-
HHe BIOJHe POJACTBEHHO MaHepe A.

M3 HéMueB, clenaBLIHX BeJHKOE 3aBOEBAaHHE B Ha-
3BaHHEIX 06JacTaAX, 1 Has30By eule Axko6u M Pumana H
NpHCOeiIUHIO clofa Ke U3 HoBeiimwero BpemeHu Kiebuwa
H HopBexua Jlu. Bce OHHM cyiiecTBeHHO mMpHHaLIeXkat
HanpaB/eHHI0 B, HO TONbKO NO BpeMeHaM y HHX 3aMe-
YyaeTca aJrOPHTMHYECKAA TeHJeHILHS.

C BefiepmiTpaccoM cHoBa cHsbHee BBICTYNAaeT Ha Mep-
Bl nan Metod MuiluteHus A. OcoGeHHO 3TO OTHOCHTCH
K nepuoay c 1860 r., Koraa oH cTa/] UHTATb CBOH JIEKIHUH
B Bepaune. Teopuio ¢oyukunii Beftepwtpacca s yxe npH-
BoAHJ mojx OykBoi A. B paBHOH cTenmeHH NpHHALJexaT
Tuny A HoBefiline HCCAeJOBaHHs 006 aKcHOMaX reomert-
pHH; 34eCb Mbl HMeeM HCC/IeJ0BaHHA coBCeM B ayxe Eb-
KJAHIa, KOTOpbie H M0 H3JOXKeHHI0 NpHOAHKaITCA
K yKa3aHHOMY THIy.

DTUM MB 3aKOHYHM Hall KpaTKHA HCTOpPHUYeCKHH 06-
30p; B KauecTBe HTOra Mbl MOXEeM yKas3aTh, YTO 32 Le/ble
CTOJIETHA HCTOPHH MaTeMaTHKH o0a HallH TriaBHefllHe
HampaBJeHUs PasBHUTHA NOABIAAJHCH PABHOMEPHO H Kax-
IOoe H3 HHX (a YacTo KaK pas HX CMeHa) NPHBOJHJO K
BEJUKHM ycnexaM HayKu. Takum o6pa3oM, MaTeMaTHKa
TOJIbKO TOTZA CMOXET PABHOMEPHO Pa3BHBATbLCA MO BCEM
HanmpaBJIEHHsIM, KOTAAa HH OJHH H3 METOJ0B MCCJeHoBa-
HufA He OyleT ocTasieH B npeHeGpexkeHud. [TycTb Kax-
I MaTeMaTHK pafoTaer B TOM HampaBJieHHH, K KOTO-
pOMY JIEXKHT €ro cepae.

Ho mkonbHoe mpenofaBaHHe, K COXaJjleHHIO, HaXo-
AUTCA C AaBHHX NMOP (A 3TO yxKe OTMeyal) NOA ORHO-
CTOPOMHHM BJHAHHeM HampaBJjeHus A. BeAkoe asHixke-
HHe B NOJb3y pedopMbl MaTeMaTHuecKoro o6pa3oBaHHA
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JOJIXKHO NMO3TOMY pPaToBaTh 3a 60Jee CHAbHOE BhlJefeHHe
HanpasjeHus B. [lpuy 3ToM s CYHTAI0 HEOGXOAHMBIM
NpeXJe BCero NpPOBecTH B MHPeNOJaBaHHH reHeTHHUeCKUH
meron, 6GoJjlee HacTOHYMBO MNOAYEpPKHBATh HATJIAAHKIE
NPOCTPAHCTBEHHbIE TIpeAcTaB/deHHsT H, B OCOGeHHOCTH,
BLIZBUHYTb Ha NepBHH nJaH MOHATHe (QYHKUHH, CAHBAA
IpH 3TOM NpeAcTaBJeHHe O NpocTpaHcTBe M yuciae. DToH
e ILeJH NOJIKHBl CJAYXHTb M HacToAllHe JIEKUHH, TeM
6oJiee, UTO B TeX KHHrax 1O jieMeHTapHOH MaTeMaTHKe,
K KOTOPHIM MBI ofpamaeMcs 3a coBeToM (KHHru Belepa
H Beabmrefina, Tpondxe, CumoHa), NOYTH HCKIIOUH-
TeJbHO NpPeACTaBJeHo HanmpasJjeHHe A; HA 3TOT KOHTPAcCT
fl yXKe YKa3nBaJ BO BBeJIEHHH K 3TOMY Kypcy.

Ha sToM MBl 3aKaHuHBaeM HCTOpHUYecKoe OTCTYIJle-
HHe H ofpaTHMca K cileiyiolleMy OOJbILIOMY pasfeny
Kypca.
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BBEJNEHHE

O6pamasncy K Halllefi TeMe, s JOJKEH NPeAylIpesHTh
BAaC, UTO NIO CAMOMY XapaKTepy 3THX JIEKUHH 51, KOHEeUuHo,
He MOry HaTh 31eCh CHCTEeMATHYeCKOTO H3JOMKEHHH aJl-
re6pei; 1 MOr'Y JIHUIbL AaTh OTAE/bHEIE BLHIAEDPKKH, TAK UTQ
Oynet Haubosee 1enecO06pa3HbIM, €ClH A BHASTIO TaKHe
BelllH, KOTOPhIe HecpaBeAJHBO ONYCKAIOTCH APYrHMH aB-
TOPAMH H KOTOPHIE B TO e BpeMs CIIOCOGHH NpPeACTARHTD
B OCOGEHHOM OCBelLUeHHH LIKOJNbHOe obyueHHue. Bce Moe
H3JIOXKeHHe OYLeT rpYNMHPOBATLECA BOKPYr OLHOro myHK-
T4, 4 HMeHHO, BOKPYr OpHMeHeHHS rpaduyecKuX H BO-
o6llle reoMeTpHYeCKHX HarJIAAHbLIX METOAOB K pelIeHHI0
ypaBHeHHHA. 3To — BecbMa o6wmupHasg H GoraTas pasiHu-
HBIMH Pe3yJ/JbTaTaMH TeMa, H3 KOTOPOH i MOry BHIXBATHTb
TOJBKO psijJ Haubosee BaXHBIX H HHTePeCHBIX BelleH;
MB OyAeM NpH 2TOM BCTYIaTb B OPraHHYecKyi CBS3b
C pasjHyHeHWHMH 06JacTsMHU, 3aHHMaACh, Takum obpa-
30M, MaTeMaTHKOHR B CMBbIC/e HauleH >BOJIOHHOHHON JH-
HHH B.

I. YPABHEHHS € JEACTBHTEIbHbBIMH HEW3BECTHbBIMH

MB orpaHHuYHMcs CHayaJjJa ypaBHeHHSMH C AeHCTBH-
TeJbHBIMH Ko3dduuuenTamu 82) U geficTBHTENbHRIMH 3Ha-
YeHHAMH HeH3BeCTHHX. KOMIJIeKCHHIMH BeNHUHHAMH MH
saiiMeMcs nosxe. HaurneM c oueHb NPOCTOro YacTHOro
cayyas, KOTOPBIA TmopjzaeTcsl reoMeTpuuyeckod obpa-
foTKe.

1. ¥paBHenHnsn, conepxaimne OLKH mapaMmerp
3To ypaBHeHHs TAKOro THIA:
flx, A)=0.

Mul nonyuum HauGoJee MPOCTOE reOMETPHUECKOE HC-
TOJIKOBaHHE HX, €CIH 3aMeHHM A BTOpOil mepeMeHHON Yy
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H CTaHEeM paccMaTpHBAaTh
f(x, y) =0

KaK ypaBHeHHe KPHBOH B MJI0OCKOCTH xy (puc. 18). Touku
nepeceueHus 3TOH KPHBOH c mapajnienbio y = A K OCH
abcuuce Aal0T ACHCTBUTENb-

Y dple KOpHH ypaBHeHHHA
AN N _,, [(x,A)=0. Ecau npnoamuxe-
U g HO HAQYepTHTb 3Ty KPHBYI,—
YTO TIPH HEe CJHIUKOM CJOXK-

N > HhlX QYHKUMAX f HETpyAHO,—
\__,4 TO, TiepeMellas MapaJjienb,
7Y JIEeTKO MOXHO BHJEeTh, Kak

Puc. 18 NpH H3MEHeHHH A H3MeHdA-

eTc YHCI0 JefCTBHTENbHBIX
KopHe#t. OcoGeHHO NpHIOfEeH 3TOT TNpHeM, Koraa f ectsb
JUHelHada (QyHKUMA OT A, T. €. AJs HCCIefOBaHHA ypaB-
HeHHH BHAa

@ (x) —A-P(x)=0;
Q@ (x)

AeACTBUTENbHO, B 3TOM CJAydyae ypaBHeHHe y == ¥ () AAeT
palHOHANbHYIO KPHBYIO, H €e MO3TOMY JIErKO MOCTPOHTh.

Ay 2
1

[EPET: T T pRn . y,j, 2
2 z 3 / &z

{ - 2 .7
! 1)
2

Puc. 19 Puc. 20

‘B 3THX caydasx ykasaHHBIH MeToJ MoxeT OBITh C NOJb-
300 NpHMeHEH H IS BHIYHCJEHHS KOpHeh.
PaccMoTpum B KayecTBe NMpHMepa KBaApaTHOe ypas-

HEHHE
24 ax —A=0,

Kpuas y=x%+- ax mnpeacrapasier cobolt mnapaboay
(puc. 19), Tak 4To cpa3y BUAHO, AN KAKHX 3HaYeHUH A
YHCO AeHCTBHTENbHEX KOopHeil ypaBHeHus pamHo 2, 1, 0
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COOTBETCTREHHO TOPH3OHTAJSIM, MepeceKalowum napa6o-
ay B 2, I, 0 Toukax. Beimonuenue Takux npocTHX U Ha-
TJIAULHBIX TIOCTPOEHHH KaJXKETCs MHe BecbMa floJIe3HLIM H
A/ CTAPINMX KJ4CCOB LIKOJM. B KayecTBe BTOPOro npi-
Mepa BOo3bMeM KyGHuecKoe ypapHeHue x° -+ as? -+ bx—
—A=0, xoropoe paer KyGHuYecKywo mnapabosy y=
= x4 ax?+ bx. B 3aBHCUMOCTH OT 3HaueHUs KO3pdu-
IHEeHTOR a, b 3Ta napabosa uMeeT pasandHbf BuiA. Ha
pic. 20 mpHHATO, YTO ypaBHeHHe x2 4 ax 4 b =0 umeer
AeHCTBHTeJbHBIE ¥) KODHH; TOFAA BHAHO, KaK napaJJenH
pasjendlTcAd Ha TaKHe, KOTOphle nepeceKkaloT Kybuye-
CKy10 napaGony B OQHOH TOYKe, H Ha TaKue, KOTOpHe Me-
peceKaioT ee B TpeX TOYKax, TOIJla KaK B [BYX npefelb-
HBIX MOJIOXKEHHSIX HMeeM N0 OAHOMY ABOHHOMY KOPHIO.

2. YpaBHeHHs ¢ AByMA napaMeTpamH

3aecy rpaduyeckas nocTaHoBKa npobaeMbl Tpebyet
GoJibllle HCKYCCTBA, HO 3aTO H Pe3yJbTaThl OKa3biBaKTCs
6osee 3HAYUTEJbHHIMH H Gosee HHTepecHbIMH. OrpaHu-
YUMCH TeM CJlydaeM, Koria oba mapamerpa A, p BXOAAT
JHHeHHO; HeH3BecTHOe 0003HaYUM uepe3 f; TOraa ypasHe-
HHe, meHcTBUTesIbHBIE KODHH KOTOpora tpelyercs onpe-
JleJiuThb, 6yeT HMeTb BHJ

o) +A- @)+ u-9@)=0, (1)

rie @, %, P — HEKOTOpHEe MHOrO4YwIeHHl OT f.

Ecan vepes x, y o603HayeHb OObIKHOBeHHBIe MPAMO-
YyroJIbHBIE KOODAMHATH TOYKH Ha IJOCKOCTH, TO BCsKas
npsMas B 3TOH MJIOCKOCTH *¥*) H30-

6pas3uTcs ypaBHeHUEM 4
y+ux+ov=0, (2)

A MH MOXeM Ha3BaThb U, v KOOPH- o)

HaTaMu 3Tofl npaMol: (—u) ecTb 4 o

TaWreHc yraa, obpasyemoro mnpa- | @

MOl ¢ ocbio ¥, (—v) BHpa}aer tgp=-u

OTPe30K, OTCeKaeMbli INpAMOH Ha Puc. 21

ocH y (puc. 21). Ecan cuntaTh TOY-

Ky M NMpAMYI0 (H COOTBETCTBEHHO KOOPAMHATHI TOUKHU U
NpsAMOH) paBHONPABHBIMH TOHATHAMH, TO MBI TNpHAEM
K TOYKe 3DeHH#, KOTOpasi OKa)XeTcd OCOOeHHO BaXHOM

*) U nputoM paanuunbie Mexay caboll u oT/Haible OT Hyad,
**) He napaanenbHast acH OpAHHAT.

5 ©. Knretin, 1.
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B AajbHeiimeM, MH MOXeM CKa3aTbh, YTO ypaBHeHHe
y+ux+ov=0

O3HAYaeT COeJHHEHHOe mosoxeHHe ¥) mpsMoft (4, v) W
TOYKH (X,Yy), T. €. 4YTO TOYKA JeXHT Ha npsmofl, a npg-
Mas NPOXOJAHT Yepes TOUKY.

YTo6H HCTOJNKOBATh FEOMETPHYECKH Halle ypaBHeHHe
(1), npuBeaem ero K BHAY (2), 1ero MOXHO AOCTHTHYThb
ABYMSl CYLECTBEHHO PasjHYHBEIMH Crocofamu.

A. TTonaraem

920 2@
V=var fTwor (3a)

u=»Aa, =, (3b)

Vpasuenus (3a) usoGpaxkaior npu nepemeHHoft ¢ BuosHe
onpeAeNeHHYI0 PalHOHAJNbLHYIO KDHBYIO B IIJIOCKOCTH XY,
T4K HashIBAEMYIO «ONPelefsiiollyl0 KDHBYIO» yDaBHeHH:
(1); BcAKasa ee TOYKa COOTBETCTBYET ONpeLesIeHHOMY
3HauyeHHIo f, TaK 9TO Ha Hel MOXHO HaHECTH LIKaJjy 3Ha-
uyeHH# nepemennoil 7. Ha ocHoBaHHH cooTHomenuit (3a)
MOXHO HeNOCpeACTBEHHO BHLIUHCIHTL CROJNBKO YyroaAHO TO-
yeK KpPHBOH H NOCTPOHTHL TaKuM 0O6pasOM JOCTATOYHO
TOUHO ONpefessilollyio KPHBYIO co 1wkanofi Ha me#d. Jlas
KaXJ0H onpeleseHHORE Napw napaMeTpoB A, | ypapHe-
HHa (3b) m3obpaxkaror HEKOTOPYIO NPAMYIO B IJOCKOCTH;
TOrAa, COrJIacHO CKazaHHOMY, ypaBHeHue (1) pmpaxaer,
4YTO TOUKA { ONpelensolneil KPUBOA JeXHT Ha 3TOH mMpA-
Mofi. PaccmatpuBas Bce [eACTBHTE/IbHBIE INepecedeHHs
onpeaengloed KPHBOH ¢ 3TOH NpPAMOR M OTCUATHBAA
3HaueHHUs mapamerpa ! B HHX IO lIKane, uMelomeficsa Ha
KPHUBOH, MOXHO NOJYYHTL BCe HNEHCTBHTE/NbHHE KODHH
ypaeuennsa (1).

Ilns gydwiero ysicHeHHST MOCJAYIKHT HaMm KBajpaTHoe

YpaBHECHHE
2+4+A+4p=0;

onpeendiollas KpHBag npeacrasiseT coboit B 3ToM cay-
yae napabony

2

y=1r, x=i,
HAH

*) Heungentnoctn.
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H300paKeHHYI0 Ha pHC. 22 ¢ HameueHHOH urkaacit ¥3), no
KOTODOH €paiay MOXKHO RaATH ZeHCTBUTE/NbHble KODHH Ha-
Iero ypaBHeHHs KakK IepeceyeHds napaGonnl ¢ RpSAMOH
Y+ Ax+ p=0, Tak, puc. 22 nokasbpisaeT, UTo XKOpHH
ypaBHenus 8) 2 —¢— 1 =0 aexar mexay 3/2 u 2 u
Mexay —1/2 u —1. CymecTseHHOe OTJIHYHE OT Npejbl-
AYlIero MeToAaa 3aKMI0TaeTCA B TOM, YTO 3J1eCh MBI pac-
CMAaTpHUBaeM BCe NpPAMHBE NJOCKOCTH, TOrAd Kak paHbluge

Puc. 22 ° Puec. 23

Mb 6paNH TONBKO MOPH3OHTATH. 34TO TEMEepPpb MH MOXKEM,
NoAB3YACh OAHOA K TOR Xe pa3 HayepueHHol napa6o.oi,
NpUBAUXEHHO PEUINTL BCe BO3MOXHHE KB2ApaTHHeE ypaB-
Henus. [locienHust Merol OKa3biBAeTCA HPHFOLHBIM AJIA
NparRTHYeCKHAX NeJeH, ecan TOAbLKO He Tpebyercs 3Ha-
YHTEJbHOH TOYHOCTH.

AHaJOrHYHO MOXHO TPaKTOBATh BCe KyOHUecKHe ypas-
HeHHs, KOTODhie, KaK H3BECTHO, NOCPEICTBOM JHHEeHHOrO
npeo6pa3oBaHHA DPABOAATCA K TaK Ha3blBaeMOA «IIpHBe-

IeHROH (opme»
P+ AM+p=0

onpejensiouleii KpHROE 37eChb CAYKUT KyOHuecKas mapa-
6ona (puc. 23)
y==~ =x=I,
uau
y==2.

U stor Merton npencraBasieTcssi MHE BIIOJIHE YMECTHHIM
B HIKOJE; YUEHHKH HaX0[AT, HECOMHEHHO, rpOMaHoe ya0-
BOJILCTBHE B CAMOCTOSITE/IbHOM BHY4€PUHBAHHH NMOAOOGHHX
KPHBBIX.

5*
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B. Bropoii meTon HcTONKOBaHHs ypaBHenus (1) mo-
JlyyaeTcss H3 TNePBOro, ecjiH NPUMEHUTHL npuxyun 080i-
CTBEHHOCTU, T. €. €C/IH NOMEHATb MeCTaM¥ KOOpAHHAaTLi
TOUKH M KOOpAHHATH npsaMmoH. Jis aToro nepenuinem
ypaBsHen#e (2) B o6paTHOM MOpsAKe:

vt xu+ty=0
11 npupeleM ypasHeHHe (1) k 3ToMy BHAY, nosaras
2@ )
"=y YTyvo (42)
x=1% y=n (4b)

Ypasuenns (4a) npu mepeMeHHo#l { TMpeACTaBAAIOT ce-
MeHCTBO NPSAMBIX, OrH6AOUIHX HEKOTOPYIO ONpefesNeHHylo
KPHBYIO, <«ONpEeNeJsIoUYl0 KpHBYO» ypaBHeHus (1) »
STOM HOBOM €ro HCTOJKOBaHHH; 3TO— PallHOHAJTbHAES
KpHBas ONpeJEeJEHHOro Kjaacca, TaK KaK OHa BhIpaxa-
€TCsl B KOOpAHHATaX NpsAMOH NOCPeACTBOM pPalHOHAb-
RblX GYHKUMHA ofHoro napamerpa. Kaxpas KacaTesbHas
U BMeCTe C Hel ee TOYKa KacaHHs NOJYy4aloTcs OpH
CIpe/le/leHHOM 3Ha4eHHH f, TaK YTO Mhl CHOBa IOJyyaem
EEKOTOpYIo 1uKasay Ha onpelensiowieii kKpusoi. HaHocs
Ha 4YepTeX AOCTAaTOYHO MHOTQ KacaTeJbHBIX Ha OCHoOBa-
HHH ypaBHeHu# (4a), MOXHO MOJAYYHTb KPHBYIO H ILIKaJay
¢ Jaw06oil crenesbio TOUHOCTH. [IpH ompeneseHHHIX 3Ha-
ueHUsX A, p ypaBHeHHe (1) roBOpHT, UTO KacaTesbHas !
K onpeaeasomeli kpupoi (4a) NpoOXoAHT uepe3 TOUKY
(A, pn), BBIpaxaeMyio ypaBHeHHsiMH (4b); Takum o6pa-
30M MOXKHO NOJYYHTH BCe [eHCTBHTENbHBIE KODHH ypas-
peHust (1), ecnu onpenesnTh Te 3HAaYEHHs NapaMerTpa !,
KOTOpBHle INpHHAAJIEXKAT BCEM KacaTelbHBIM K oOnpeje-
Jsioed KpHBOH, NPOXOAAIIHM YE€pe3 TOUKY x==A y==.

Jast nyuuiero ysiCHeHHs pacCMOTPHM CHOBa Te e
npuMephl. Aas k8adparnozo ypasuenus

P4+ Aat+p=0
onpenensiouleii KpHBOH sBJIseTcs Orn6ampomasi NPsAMBIX
v=1£F, u=t

310 —napa6oja ¢ BepIHHOA B HayajJe KOOPAMHAT
(puc. 24). Ueprem paer cpasy JellCTBHTENbHbIE KOPHH,
COOTBETCTBYIOlIYE AAHHOH mape 3HauenHii A, p B BHlE
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napaMerpoB (f) KacaTeJbHbIX K mnapafojie H3 TOUKH

(A w).
JAana xkybuueckoeo ypasHenus

B4 r+p=0

onpepensoulas KpHpas v={3, gy=={ ecTb KpuBasg
TPETbero Knracca, HMeEWIas TOYKY 3a0CTPEHHs B Hayasje
KoopauHat (puc. 25).

NN S
S
o

3z

Puc. 24

AtoT METOd MOXHO NpPEeACTaBHTb ele B HECKOJNIBKO
HHOM -BHae. Ecan paccMaTpyBaTh TOJAbBKO TAK Hal3blBae-
Moe TPEXUJICHHOE€ yDaBHEHHE

"M+ p=0,

TO CHCTeMa KacaTeNbHHIX onpefensioiield KprBoH 6yleT
npefcTaBjeHa ypaBHeHHeM, COAepMalUlHM OJHH napa-

MmeTp f: -
FO)=t"+xt"+y=0.

Yrobul nonyuuth ypaBHeHHe ONpeaensioilefi KpPHBOW
B TOYEYHHX KOOpAHHATaX, HalQ, KaK H3BeCTHO, HCKIO-
YHTb NapaMeTp ! W3 3TOr0 ypaBHEHMs H H3 ypaBHeHHd,
nonyuaeMoro H3 Hero guddepeHuHpOBaHHEM IO f:

Fty==mt™" + nxt" "' =0

NeHCTBHTENBHO, ONpedesIAomias KpuBas ecTh orubamouas
ceMefiCTBa NpSIMBbIX, COJepIKallas TOYKH IepeceyeHus
KaXIBX JABYX «O0€CKOHeYHO OGaAM3KHX» npsMmbiX (f H
t+ dt). Bmecto TOro uto6H HCK/AMOYATh £, BBIDA3UM H3
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060UX ypaBHeHHR x, y uepes f:
m tm—n m-—n tm
n

X ==—

) y=

3T0 — NapaMeTpHueCKOe ypaBHeHHe ONpejensioullell KpH-
BOH B KOOPAHHATAX TOYKH.

Js onpenensiomIHX KPHBHIX KBaApaTHOro K KyOHYe-
CKOro ypaBHeHHH B PacCMOTpPEHHBIX BHIIlle IpHMepax Mo-
JydaeM IO 9TOMY crnocoby

x==2, y=10
x=-=32 y=25

3TH ypaBHEHHMH B CaMOM [ese BHIPAXKalOT KPHBHIE Ha
puc. 24 u 25.

3amMedy, 4TO 5TOT NpHEM IMPOBOAHTCA Ha INpaKTHKE
npodeccopom PyHre B ero JeKuusx W ynpamHEHHAAX H
OKa3hBaeTCsl 1e1ecoo0pa3HblM AJS pellleHHs ypaBHEHHH.
M B mKo/se MOMXHO pPEKOMEHAOBATb HMCNONb30BAThb MpPH
cayuae TOT MJH APYroH U3 3THX UepTexxed.

Knaccudukauua ypaBHeHHH N0 YHCAY AEHCTBHTE]b-
HoiX KopHeit. Ecau cpaBHHTL MexAay cofol oba pac-
CMOTPEHHBIX HaMH crnocoba, TO OKa»KeTcs, 4T0 MO OTHO-
LWEHHI0 K OAHOI onpexeneHHOM, HO BeCbMa BaXHOH LeEJIH
BTOPOH cnmocol HMeeT CYLIECTBEHHOE MPEHUMYILeCcTBO, —
2 HMEHHO, B TeX cllyyasX, KOTAa XOTAT MOAYYHTb Ha-
rIsiiHOE NpeACTaBJeHte O COBOKYNHOCTH BCeX TeX ypas-
HeHHA OnpeaeJeHHOro THNA, KOTOpPHE HMeKT AaHHOoe
YHCJI0 AeHCTBHUTENbHRIX KOpHeH.

Takne COBOKYNHOCTH YpaBHEHHHA H306paxaloTcs NpH
LepBoOM crnocofe CHCTEMaMH INpPSMBIX, a4 NPH BTOPOM —
06nacTAMHE ToUeK; mocienHHe (OPMBI COBOKYNMHOCTEH B
CH1y HeKOTOpOH OCOOEHHOCTH HAalUHX TreOMeTPHYECKHX
IpeACTaBJEHHA MJIH e B CHIY NPHUBBLIYKM HAM Cylle-
CTBEHHO Jerde HarJsiAHO cefe MpeACTaBHTh, YeM NepPBHE.

Tenepp s xouy mnoKaszaTb Ha NpHMepe KBaJpaTHOIoO
ypaBHeHHs, 4ero MOXHO JOCTHTHYTb B 3TOM HamnpasJe-
HHH, B 3TOM CJyuae uepe3 TOUKH, JexauiMe BHYTPH Ia-
pabonw (puc. 26), He NPOXOAUT HH OAHOH KacaTeJbHOH
K Heff, a depes KaxKAYI0 TOYKY, B3ATyl0 BHe mapabouwl,
MPOXOANT IO JABE JeHCTBHUTENbHHX KacaTelbHbIX; TAKHM
¢Opa3oM, 3TH 06/1aCTH M300PaKaiOT COBOKYNHOCTH BceXx
ypaBHeHHH, HMelomux 0 HAM 2 (JeACTBHTENbHHX) KOp-
us1. Uepes Kaxaylo TOYKY Ha caMofi mapafose NPOXOAHT
TONbKO MO OAHOH KacaTeabHOH, KOTOpas NpHHUMaeTcd
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3a ABOHHYI0; TaKuM o6pasoM, KaK 3[4echk, TaK U BooOLLe
cama onpepensioniasg KpHBas SBASETCH FEOMETDHUECKHM
MECTOM TOYRK, AJsI KOTODhIX ABAa KOPHs ypaBHEHHs CO-
BIaAaoT; BCIEACTBHE 3TOro €e MOXHO Ha3BaThb ducrcpu-
MUHAHTHOU KPpusod.

B cayuae KyGHYeCKOro ypaBHeHHsS Yepes KaXAyio
TOYUKY BHYTPH KJIHHA Onpepeasiouledl KPHBOR NPOXOAHT
IO TPH KacaTelbHHX K Hel (puc. 27); neficTBHTENLHO,
LJ8 TOYEK, PAaCMOJOXEeHHHX Ha CpPeAHHHOH JIHHUH, 3TO

" Pauc. 26 Puc. 27

ClefyeT M3 CHMMETPHYHOCTH uUryprl; ¢ Opyroi e cro-
POHBI, YHCJIO KacaTeJIbHBIX He MOXeT HU3MEHsTbCdA, ecaH
nepeXoJUTb K IPYrHM TOYKaM, He nepecekas INPH 3TOM
Kpupo#i. Korzna touka (x,y) momajaer Ha KpHBYIO, IBa
KOpHA M3 TpeX COBHNaAai0T; KOrja Xe 3Ta TouKa Mepe-
XOJHT B 06J1acTh, JleXallylo BHe KPHBOH, 3TH ABa KOpHS
CTaHOBATCSA MHHMBIMH, H OCTa€TCH TOJBKO OAHH JeHCTBH-
TeabHBIA KopeHb. HaKomeu, B ocTpue KpHBOH HMeem
TONBKO OJAHY TPOHHYIO KacaTeJbHylo, TaK HYTO COOTBET-
cTBylollee ypasHeHHe (2= 0) uMeeT TOJIbKO OAHH TPOii-
HOH KopeHb. YepTek NO3BOJISET OXBATHTh 3TY IPYNIH-
POBKY OJHHM B3IJISAOM.

Quryps NOMYyYalOTCH €lle HHTepecHee H AalOT Cyle-
CTBEHHO GOJbllie, €CJH BBECTH — KaK 3TO 4YacTQ NPHXO-
JLHTCA AeqaTh B airebpe — elle HEKOTOpLe OTpaHUYeHHUs
JAJIsl KOpHeH: HanpuMep, eCJIH 33a1aThCs UEJIbIO HATL 6ce
OJelicTeuTenbHble KOPHU, Aexaujue 8 OQRHOM NPOMENCYT-
ke t) <t <<t. O6umii oTBeT Ha 3TOT BONPOC JaeT, Kak
H3peCTHO, Teopema ITypMa. HerTpyzHo TakK AONOJHHTH
Hamu ¢uryph, 4To6H OHH JAaBaJH YAOBJETBODHTEJbHOE
HarasgHoe peiienue u 3toro obuero sonpoca. IToeTpoum
JJIsi 3TOr0 MOMNPOCTY KacaTeabHble K onpexesnsroued
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KPHBOH, COOTBETCTBYIOLIHE 3HAUEHHSM napaMeTpa [, Iy
H paccMOTpHM MoJyvalolieecs pasjieneHue HJ0CKOCTH Ha
ob6sacth. Ecau npuMeHUTb 3TOT NpHEM Mpexje BCero
OnATb K KBaJPaTHOMYy YpaBHEHHIO, TO BOMPOC CBOAHTCH
K ONpelesIeHHI0 YHCIa KacaTeNbHbIX, KOTOpble MPOXOAAT
uepes JaHHYI0 TOYKY H Kacalotcs napaboJibl B TOYKaAX
ce jiyru Mexay f; H £, (puc. 28). Uepe3 KaxAyw TOUKY
TPeYrOJMIBHHKA, oOpasyeMoro 3Toif Ayrod napabonbl U
0OCIMH «OCHOBHBIMH» KacaTeJbHBIMH, NDOBEJECHHBIMH. He-
pes: KOHUB! fj, f, paccMaTpuBaeMoit AyrH, MNPOXOAAT MO
IBe KacaTenbHbe; NpPH nepexoae ueped KaXAyl H3
OCHOBHLIX KacaTeJbHLIX TepsieTCst OJAHA H3 KacaTelbHbIX,
nbo oHa Kacaercss nuapafoapl BHe B3TOH AYrH; uepes
TO4YKH CEepHOBHAHBIX obgacrell, orpaHuYeHHbX mnapabo-
Jd0fl M OXHOH H3 OCHOBHBIX KacaTesNbHBIX, He NPOXOJHT
B4 OfHOH mpsamolt, Kacaiowiefica mapabonasl B TOUKaxX
ayru (), {2); uepes BHYTpeHHHe TOUKH mapafosnl BOBCe
He NpOXOAAT AeHCTBUTeJbHbIE KacaTejbHhie. TakuM 006-
pasoM, obe gyru (<<t u {=1; IJa NOJAyUarollerocs
Npy STOM pasjiesieHHst NJAOCKOCTH He HMEIOT CYLUeCTBEH-
HOro 3HaueHHs; OCTAlOTCA TOJbKO CHJIOMIHbIE JIHHHH
puc. 28, 6aaropaps KOTOPHIM Mbl ITOYyYdeéM BO3MOXK-

Puc. 28 Pue. <o

HOCTD, NMOJb3YysCh NPOCTABJIEHHBMY UYHCJIaMH, iICHO 060-
3peTh COBOKYIHOCTb Tex KBAAPATHBIX ypaBHeHMil, KOTo-
pbie ameloT no 2, 1, O nefACTBHTENbHBIX KopHEH Mexay
l‘] H tg.

TouHo Tak e moctynmaeM M ¢ KyOHYeCKHM ypaBHe-
nueMm. Ilyets ¢, > 0, t; << 0. CHOBa NpOBOLHM OCHOBHHIE
KacaTenbHBElE C ITHMH 3HAYEeHHAMH napamerpa (puc. 29);
Hafgo paccMOTpeTb TOJBKO TO pasaesieHHe Ha. o6aacTi,
KOTOpOe MNpPOHM3BOAAT 3TH KacaTeJbHble M 3aKJ0YeHHAs
MeXAy HHMH Jayra onpefeasiomel kpusofi. B uyernipex-
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YroJbHOi 06/1aCTH y OCTpHS AeHCTBUTENBHO Yeped KaiK-
Ay TOYKY HDOXOAHMT NO TPH KacaTesbHBEIX, KacaLHX-
csl KPHBOR B TOYKAX NYrd MeXAay f{; H . Ecau npuuarts
BO BHHMMAaHHe, YTO NPH Mepexole Yepe3 KaxkAyio U3
OCHOBHBIX KacaTe/JbHbIX TepAeTCca OAHA, a NPH Nepexoie
yepe3 KpHBYIO — JB€ KacaTeJbHble 3TOTO poja, 4TO He-
TOCPEACTBEHHO BHAHO M3 uepTexKa, TO NOJyyYyaercsl yka-
3aHHOE pacrnpefeneHde o6aacTel, COOTBETCTBYIOLLHX
ypaBHeHHsaM ¢ 3, 2, 1, 0 neACTBHTeNbHBIMH KOpPHAMU
Mexay ¢ u ¢ Urtobwl coctaBHTh cefe npeAacTaBienue
06 OorpoMHOR HoJb3e rpadHyeckoro Metoia, nonpobyite
TOJIbKO ONMHCATh a6CTPAKTHO 3TO HOApa3ieseHHe KyOHue-
CKHMX ypaBHEHHH, He aneqJMpys HH K KaKHM NpPOCTpaH-
CTBEHHBIM 006pa3aM; 3To noTpeGyeT y Bac HeCpaBHEHHO
6osbire BpeMmenn. JlokasaTensCTBO, KOTOpOE 3J4eCh HO-
CTHraeTcs NPH OJHOM B3IJisAe Ha uepTex, TOXKe OKa-
KeTCs TOrja AaJieKO HE MPOCTHIM.

Y10 Kacaercs OTHOLUEHHS 3TOT0 reOMeTPHUECKOro Me-
TOAa K H3IBECTHhIM aJgrebpaHueckuM KpHTepusm IlTy~-
ma, Jlekaprta, Bynana— dypbe, To 5 3aMeuy TOJIbia,
4YTO TeOMETPHUYECKHH MEeTOA OXBAThIBA€T BCE 3TH KPHTC-
pHH. Bosnee moapo6HeIil pa3bop 3THX HHTEPECHBIX COOT-
HouleHHH Bbl Hailinere B Moell pabGore «[Ipuioxenue
reoMeTPHH K IIOACYeTy KOpHeH ajarebpauueckux ypas-
HeHHl» *).

3. ¥paBHeHHs ¢ TpeMsa napaMeTpamH

O6paTuMcs Temepb K pPACCMOTPEHHI0 YeThIpeXuJeH-
HOro ypaBHEHHS CJeAYIomero Buaa:
M pt+v=0; )
NpUMEHHM METOA, COBEPLIEHHO aHAJIOTHYHBIR HpeXHEeMY,
¢ TOH TOJBKO pasHHLEH, UYTO Tenepb Mbl HCIOJb3yEeM He
IIJIOCKOCTb, a TpeXMepHOoe NpoCTpaHCTBO. BMecre ¢ Tem
HanuuleM Tenepb HapsAy ¢ 3aAaHHBIM YpaBHEHHEM TO
yCJIOBHE TEOMETPHH B NMPOCTPAHCTBE, KOTOPOE BHIpaiaer,
UTO Touka (X, Y, 2) ¥ IJOCKOCTb C IIJIOCKOCTHBIMH KOOp-
nuHaTaM¥ (4, v, @) HaAXOAATCH B <«COEJHHEHHOM IOJIO-
JKEHHH» (HHIHAEHTHBHI, T. €. IJOCKOCTb COLEPKHUT TOUKY) S

z4uc+vy+w=0, (2)
w+xutyv+2=0%), 3)

*} Cm. tom 11 matemaTnyeckux counvenuit Knefna, c. 198—208,

HJH
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3To ypaBHeHHe, HANHCAHHOE B TOi WJIW APYro# no-
CleIOBAT&JILHOCTH €ro 4JjeHoB, Mbl OyAeM OTOXIECTR-
JATh ¢ HCXOAUBIM ypaBHeHueM (1) K npuaeM Toraa, Kak
H paublie, XK JABYM HHTepOpeTAUMAM, HAXOZALMMCH
Mexay coG0H B OTHOLIEHHH, oNpeAeNsdeMOM NPHHUHUIOM
JABOHCTBEHHOCTH.
ITonaraem cnepBa
2=tp' x= tm’ y=tn; (23)
3THMH YDaBHEHHSIMH ONpPefeNseTcss HeKOTopas KpHsas
B INPOCTPAHCTBE, «ONpenenssoulas KpHBAs» YeThIpeXx-
YJNEeHHOI'0 YPAaBHEHUA CO IIKaJOA 3HauyeHUH napamMerpa l.
Hanee, nonaraem

u==3%, uv=p, wW=WV, (2b)

TOrAa ypaBHeHHe (1) MOKa3bIBaeT, 4TO AEHCTBHTE/LHLIE
KOPHH [AHHOTO YDaBHEHHS TOMXZECTBEHHB! CO 3JHaYeHHA-
MM mapaMeTpa AJIsSl TOYEK MepecedyeHHs ompeaensiome
KpuBoH (2a) c nuockoctbio (2b) %).
IToanb3ysicb NPHHUKHIOM JBOACTBEHHOCTH, HOJaraeMm
nanee
w=t’, u=1" v=¢% (3a)

3TH YpaBHEHHs OupeAensioT OAHOKPATHO GeCKOHeUHOoe
MHOXecTBO 87) myockocTeil, KOTOpblE MOXHO paccMaTpH-
BaTb KaK CONPHKAacalioulHecs IMJIOCKOCTH HEKOTOpOi
onpeaeNedHod KpUBoH B NpOCTpPaHCTBe, TaKe OTHeceH-
HOHM TakHM 06pa3oM K mapameTpy f; BBHAY TAKOro onpe-
JelleHHs 3TOH KpPHBOH B IJIOCKOCTHBIX KOODAMHATax ee
MOXKHO NpPEACTABHTb KaK ONpelesfioULlyl0 KPHBYIO Ompe-
JeJleHHOro Kiacca. PaccMaTpHBas Telepb HapsAy C Helo
TOUKY

x=»x, y=p, 2=v, (3b)

HaxOogHM, 4YTO JeficTBUTeNbHHE KOPHH (1) ToM<IecTreH-
HH CO 3HaYeHHSMH IapaMeTpa { AJs TeX CONPHKacalo-
IMHXCS MIOCKocTel KpuBoH (3a), KOTOphle HPOXOAAT ue-
pe3 touky (3b).

OcTaeTcsi Ha KOHKDETHHX NpHMepax ray6xe BHHK-
HYTb B CMBICH OGEHX HHTeprpeTauui; AJasa TOH H AJs
Ipyro#t Mbl HMeeMm B HawmeH KOJJIEKIHH MOACJIH, KOTO-
phle s Tenepb BaM NMOKaxy.

[Teproit HHTepnperanuedl Bocnoas30Baica npod. Mem-
ke B HlltyTtrapre npu mnocTpoeHuu npubopa INsi UHC-
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JICHHOTO pelueHus ypasHeHHfl. B satom npu6ope (puc. 30),
CAeNaHHOM W3 JIaTYHH, Bl BHIHTE TPH BEePTHKAJbHBLIX
_CcTon0WKa CO IKanaMH; B NPUGOP NMOMELIaloT BhIPe3aH-
HYI0 B BHJle 1a6JI0HA ONpeNesAIoIyI0 KPHBYIO YEThIPEX-
YJIEHHOr0 ypaBHEHHS TpeTbeH, HeTBepTOoHd WJAH NATON CTe-
neHH, HO, B OT/IHYHe OT Hallero H3JO0XKeHHUs, NIPHHATA He
OObLIKHOBEHHAs1 NPAMOYroibHas CHCTeMa KOOpAMHAT, a
Takasi, YTO KOOpJAHHAThHI

IJIOCKOCTH, T. €. Ko3¢pdu- =
LHEeHTH u, ¥, W YpaBHeHHs
IJIOCKOCTH, NpeJCcTaBJieH-
Horo B BHZe (2), u3o6pa-
HKAITCA TEMH OTpPe3KaMHy,
KOTOpBle COOTBETCTBYIOILAS
IJIOCKOCTh  OTCEKaeT Ha
HIKaJax TpeX BepPTHKAJb-

T o s R B oMU b AP B S T T
pmy

HYI0 TJIOCKOCTb B MPOCTpaH-
CTBE: u=—A, v =), W=V, i
K TnlepeiHeMy w-CTOJOUKY
NpHaeNaH BH3Hp, KOTOpHIA
MOXHO YCTAaHOBHTb Ha JIO- Puc. 30

60M JeneHHH WIKAJbl Wv;

Ie/IeHHs] XKe A H (. Ha WKajaax CTo60B u H v COEIHHSAIOT
HaTAHYTOH HHUTbIO. Jlyun 3peHus, uAyuiHe OT BH3Hpa
K TOYKaM 3To# HHUTH, 06pa3syl0T Hally NJIOCKOCTb; ee Ie-
peceuenHs ¢ onpelensmolieidl KpHBOH MOXHO HabamoaaTh
HenocpeiCTBeHHO KaK KaxymMecs (MpOeKTHpyoLlnecs)
nepecedyeHHss HHTH C WAaGJOHOM, €CIH CMOTPETb uepe3
OTBEpPCTHE B BH3HPeE; COOTBETCTBYIOLLHE 3HAYeHHs mapa-
MeTpa, KOTOpH€e SBJAIOTCA HCKOMEIMH KODHAAMH ypaBHe-
HHf, OTCUHTHIBaeM Ha HaHeCeHHOH Ha 1abJioOH LIKaJe
3HayeHuH £ Ans onmpegensiomiell xpHBoH. CTemeHb mpak-
THYECKOA NPHroAHOCTH OMHCcaHHOro mnpuéopa 3aBHUCHT,
KOHEYHO, CYUIeCTBEHHHIM 06pDa30M OT TILATEJLHOCTH €ro
MEeXaHHYeCKOro HarOTOBJIEHHS.

JINCKpUMHHAHTHAs KpHBas TMPHBEAEHHOr0 YypaBHe-
HHA veTBepTOit cremenu. las MJNIOCTPAUHH BTOPOTO Mes
TOAA Y HAac HMeeTcA MOJelb, NOCTpoeHHas ['apreHmTeH«
HOM B KayecTBe paloThl AJS TOCYdapCTBEHHOTO 3K3aMe-
Ha. OHa nocTpoeHa AJs TaK Ha3blBaeMOro NpHBEAEHHOIG

=
Ve

y
|

7 1
! 3
JEERssesone )
HBIX CTOJAGHKOB H KOTOpLIE AL b e :
P 4
MOXXHO OTCYHTATb NO HHM. RS H
Y106 MMETb BO3MOXKHOCTD 2 e H
¢uKkcupoBaTh  onpeaenel- e RS [
hIEE o] EY .
b v H
13] |
¥
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YPaBHEHHA YeTBEpPTOH CTeneHH
t+ A+ pt+v=0; 4)

b 3TOM BHJE, KaK H3BECTHO, MOXHO TPEACTaBHTb BCAKOE
ypapHeHHe ueTBepTOH cTeneHd. Ho cHavyana A H3JI0XKY
LTOPOH METOA B HECKOJbKO H3IMEHEHHOM BHJAE, KaK s 3TO
y3Ke npojenan Bbllue M ypaBHEHHs C ABYMs NMapaMer-
pamu (c. 133).

PaccMoTpuM oaHOKpaTHO GECKOHEUHYIO CHCTEMY ILIO-
CKOCTeH, MJOCKOCTHbIe KOOPAHHATH KOTOPHIX BhIPaXKEHL
ypaBHeHUAMH (32), TOrAa XKaK HX YpaBHEHHA B TOYey-
HBIX KOOpAHHATaX B A4HHOM Cjyyae HanHiyTcA TaK:

fey=+x2+yt+2=0.

Oru6asouefi 3THX TJIOCKOCTEH SABASIETCA COBOKYI-
HOCTb NPAMEIX, IO KOTOPBIM KaXXAas H3 IJIOCKOCTeH
{(¢)=0 mnepecekaercs c O6mu3KOH K HeH MNJIOCKOCTbIO
f(¢ 4+ dt)=10; uHaue roBops, 3TO eCTb pa3BepTHIBAIO-
1asacs NOBEPXHOCTh, YPaBHEHHE KOTOPOH MOJNYyYaercs HC-
KnjoueHnem [ u3 ypaBHenu#l f({)=0 u ' ({)=0. Urobn
MOJYYHTb ONPEAeNAIOIIYK) KPHBYIO, Haj0 PpPacCMOTPETh
KPHBYIO CONpHKacaHusA ceMeflcTBa MJAOCKOCTEH, T. €. reo-
MeTpHYeCcKoe MeCTO TOYEeK, B KOTOPhIX flepeceKaloTcs TpH
6ecKOHeYHO OJM3KHe TJIOCKOCTH, 3TO eCTh, Kak H3BeCT-
HO, peSpo BO3BpaTa pa3BepThIBalollelicss NOBEPXHOCTH,
KOODAHHATH KOTOPOTro B (PYHKUHH ¢ MOJYYAXOTCA H3 Tpex
vpaBHeHHil f(¢)=0, f'(t)=0, f’(t)=0. B nanHoM cay-
uae 3TH TPH YPaBHEHHS HalIHIIYTCHA TaK:

B4+ x4+ yt+2=0,
4834 x-2t+y=0, .
1284 x - 2=0;
H3 HHX HaXOAHUM
= —6f2, y=288, = 3. (5)
3r0— ypasHenue 8 TO4E4RbIX KOOPOUKATAX onpedesfto-

wei kpusold ypasrenus (4); B MJIOCKOCTHBIX KOOpPAHHA-
Tax 3Ta Xe KpHBasi BbipaxaeTca ypaBHeHHeM (cM. (3a))

w==t, u=PF o=t (6)
O6a ypaBHeHHs YeTBEPTOH cTeneHH OTHOCHTEJLHO f; cJe-

JIOBaTeNbHO, ONpefeNAnllas KPUBAf NPHHAAMEKHT Kak
K YeTBEepTOMY KJaccy, TaK H K YeTBEPTOMY MOPAAKY.
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Uro6ut 6sMKe NO3HAKOMUTbCH C 3TOH KpHBOMH, pac-
CMOTPHM HECKOJLKO MNPOCTHX MOBEPXHOCTEH, KOTOpble
cogepxat ee. Ilpexpe Bcero BbipaxkeHus (5) Toxgze-
CTBEHHO (OTHOCHTEJNbHO f) YIOBJETBOPSIOT ypaBHEeHHIO

2
2+ 35 =0,

T. €. Halla KpHBasl JIEXUT HAa H300paxKaeMOM 3TUM ypaB-
HeHHeM mnapabo/uyecKOM UHWJAHHIpE BTOPOro IOPsAKa,
obpasyoomne KOTOPOro napaaneibHnl ocu y. Ho, ¢ apy-
ro#i CTOpOHBI, HMeeT MECTO TaKxe COOTHOLIeHHe

yﬂ xa

< T 7 =0
TaK 4TO H 3TOT OOGHKHOBEHHHH KyOHYECKHH UHIHHAD
¢ 06pasyIOIIHMH, NMapajjielbHLMH OCH 2, MTPOXOAHT ue-
pes Hally KpHUBYIO; OHa npeAacTasjsaeT cob0i nepeceue-
HHe o6oux UHJIHHApPOB. Ha ocHOBanHK 3TOro MOXHO Jer-
KO COCTaBHTb cebe npubau-
3HTENbHOE = NIpeAcTaBJIeHHe
0 Xole Onpelefsioed KpH-
BOH: OHAa MpEeACTaBJfAET CO-
6ot KpHBYI0 JBOSKOH KpH-
BU3HGLI, PAclOJOKEHHYI0 CHM-
METDHYHO MO  OTHOLUEHHIO
K TJIOCKOCTH X2 H HMEIOIIyIo
OCTpHe B Hayane KOOpDJHHAT
(puc. 31).

Hanee, yepe3 Haury onpe- Puc. 31

JeJAoUYl0 KPHBYIO MpPOXO-
JUT elle U CAeAylollas NOBEPXHOCTb BTOPOTO NOpsiKa:

TaK KaK H 3TO COOTHOIIEHHE YIOBJETBOPAETCH Bbipaxke-
HusiMd (B) TOXIeCTBeHHO OTHOCHTenbHO f. K3 ypasHe-
HU#l 3TOfl NOBEPXHOCTH ¥ KyOHYeCKOro UMJHHApPA cOCTa-
BHM ellle CJeAYOLIYI0 JHHeHAHY10 KOMOHHALHIO, KOTO-
pas mpeiacTaBjsieT HOBYIO MOBEPXHOCTb TPeThero MOpAi-
Ka, NPOXOAAILYIO Uepe3 ONMpefelsiollyio KPHBYIO:

Xz y? x8 0

6 16 216 :

PaccMOTpHM Tenepb pa3BepTHBAIOMLYIOCH [10BEPX-
HOCTb, AJS KOTOPOH oOmnpejensiollas KpHBas MNpeIcTas-
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ageT pe6po BO3BPaTa H KOTOPYIO MBl MOXeM OINpeAeNHTh
MO3TOMY KaK COBOKYIIHOCTh BCE€X KacaTeJAbHBIX K onpefe-
Jasiowel KpUBOH.

Eciv nekoropast KpuBass B NpPOCTpaHCTBE 3ajaHa
YpaBHeHHAMH BHJA

x=q9(), y=9), z=x(),
TO KacaTe/bHast K Hed B Touke { BHIPA3UTCA ypaBHe-

HHAMH
x=0(®)+p¢’ (), y=v@O+pe¥ ),
2=y () 4+ ox (1),

rae p—mapamerp; JAefiCTBHTEJBHO, HANpPaBJSAIOIIHE KO-
CHHYCHl KacaTeJbHOH, KaK H3BECTHO, NPONOPUHOHAJDbHE
NMPOH3BOAHHM KOOPAMHAT KpHBOH mno f. Ecau paccmar-
pHBAaTb H { K4K [epeMEHHYI0, TO NOCAeIHHE YPaABHEHHs
¢ JABYMA NapaMmeTpaMu ! W p H306paxaOT pasBepTH-
BAIOUIYIOCS MOBEPXHOCTb, COCTOSALIYIO H3 KacaTeJbHBIX;
BCE 3TO— XOPOUIO H3BECTHhIE COOGpa)KeHHS H3 reoMer-
pun B mpocTtpaHctBe. s Hawelh kpupo# (5) 3To u3o-
6paxende pa3pepThiBalouleficsl NOBEPXHOCTH HMeeT cJje-
AYIOUIUH BHJ, €C/H ee KOODPAMHATH, B OTJIHYHE OT KOOD-
JHHAT KpUBOH, 0603HaYHThb Yepes X, Y, Z:

X=—6(+210), Y=8("4+ 3,
Z =3+ 4p). (7)

3To ¥ €CTb Ta MNOBREPXHOCTb, KOTOpas BOCIHPOH3BENEHA
Ha ynoMAHyTo#d Momeau lapTeHumTefina, —a HMeHHo, ee
npsAMble H306pameHbl 34ech HATAHYTHIMH HHTAMH. 3TO
nsofpa)kedue MOBEPXHOCTH B MmapaMeTpax [A4aeT CaMo o
cebe HauayylIMH crnocol ANsS HCCIeJOBAHHUA H JEHCTBU-
TeJNbHOTO MOCTPOEHUSI ee; Mbl CJeAyeM, COGCTBEHHO ro-
BOpA, TOJbKO CTapoil NMpHBEIYKE, KOTLa BCE Ke CNpallH-
Ba€M, KaKOBO ypaBHEHHe MOBEPXHOCTH, IJTO ypaBHeHHe
TIOJIYYHTCH, €CJIH HCK/IIOUHTb [ H p H3 cHeremn (7).
9l mokaxy BaM camplii MPOCTOH NIpHEM IJA HOCTHIKEHHUS
3TOH Le/NH, XOTH s H He MOry 3/€Cb BXOLHTb B NOApPOG-
Hoe OOBJCHEHHE TOro, YTO NPHBOJAHT K TAKOMY NpHEMY.
U3 dopmyn (7) cocTaBjAlT TAKHE KOMOHHAHHH:

X2 9 Xz y?2 X
Z+F—1291, _G —-TG—-—W—SQ‘?F,
KOTOpble Ha caMolt KpuBo# (p = 0) ofpaiuaioTcst B HyJb,
a O6yAydYH NpHpaBHeHH HYyJa10, H306paKaioT ABe H3 pac-
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CMOTPEHHBIX YyiKe BHILle CcHellHajbHBIX [OBepXHOCTeH,
NpoXouAIHX yepes KpuBylo. M3 aTux mByx ypaBHeHuil
JIETKO MOXXHO HCKJXOUHTh IPOH3BelneHHe p-f, 4TO mAaer
yDaBHeHHe Pa3BepThIBalollelicsa NOBePXHOCTH

(2+5) -2 (-~ a%) =0

C1eN0BaTeNbHO, 3TO INOBEPXHOCTE IIECTOro NOpsaKa *J,

OTHOCHTeNbHO 3HAYeHHsi 3TOX GOpPMyJAH # CAENal0
AJA TeX, KTO 6JIHXe 3HAKOM ¢ npeaiMeToM, CICUYIOLHE
3aMeYaHHM: BHPaKEHHA, CTOSAIIHE B CKOOKAX, NMpeAcTaB-
Jg10T cofofl He 4TO HHOe, KaK MHBADHAHTH YpaBHeHdHs
YeTBEPTOH CTENEeHH B NPUBEJASHHOM BHIe:

B4 x4 yt+2=0; (8

OHH HrpapT GOJBIIYID POJb B TEOPHH 3JIJIHNTHYECKHX
¢yHRUMA, rje HX OGHLIKHOBEHHO 06G03HAYalT depe3 gi
H gi. JleBag uyactb ypaBHeHHs Hamell NOBEPXHOCTH
A=gg—27g§ ABJAETCA, KAK H3BECTHO, QUCKPHMHHAH-
TOM ypaBHeHHsi YeTBepTOH CTeleHH, KOTOpoe HMeeT RO+
HOH KOpeHb, KOTZa NHCKDHMHHAHT ofpaliaercs B HYJb.
Taxum o6pasom, Halla pa3BepTHIBAIOLLASCH NIOBEPXHOCTh
rpelicTaBaser cofol He 4YTO HHOe, KaK AMCKpDHMHHAHT-
HYI0 MOBEPXHOCTb YPABHEHHs UY€TBEPTOH CTENEHH, T. €.
COBOKYIHOCTb BC€X TOYEK, B KOTOpDHX IOCJIeJHee HMeeT
IJBOHHON KOpeHb.

ITocne aTHX TeOpeTHUECKHX pa3biCHeHHH NOCTpOeHHE
HUTSHOH MOZENH Hamel MOBepXHOCTH He NpeiacTaBjser
HUKAKHX NMPHHUHMHAJLHBIX 3aTPpyAHeHHHA: HY>XKHO TOJbBKO
Ha OCHOBAaHHHM NapaMeTPHYECKOro H3o6paKeHHs ompe-
IEeMUTh Te TOYKH, B KOTOPHX KacaTedbHble, NOAJNEKAIIHE
DOCTPOEHHIO, MepeceKaloT H3BeCTHHIE HENMOJBHXKHHE IJIO-
CKOCTH, H 3aTeM HaTAHYTb HHTH MEXJY 3THMH NJOCKO-
CTSMH, peaju30BaHHBIMH NOCPEACTBOM JAEPEeBSHHON HIH
KapToHHOH Kopo6ku. Ho 4To6nl Takag Mojenb AEACTEBH-
TefApHO OBIIA KpacHBa H MpHroAHa, YTo6H OHA JaBana
AcHoe npeiacTaBieHHe o6 HHTepecylolleM Hac pacmoJao-
JKEHHH NOBEPXHOCTH H ee pebpa BO3BpaTa, HEOGXOAHMEL
NpOROJIXKHTEJIBHBIE ONMKTH H OYEHB GoJibILIOE HCKYCCTBO.
Puc. 32 usobpaxaer noBepXHOCTb ¢ ee npsMbimu; AOB
ecTb pe6po BoaBpaTa (cp. puc. 31).

*) B gellcTBMTENBHOCTH 3TO MOBEPXHOCTh MATOrO NOPRAKA, TaK
KaK 4JleHbl WecTol cTeneHu BunanawTt. — Ipusey. nep.
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Bbl 3aMevaete Ha 3TOH MOAeNH HBOHHYIO KDHBYIO
(CO), Bxoab KoTOpoOH BcTpeyaroTcst ofe NOJbl NMOBepX-
HOCTH; 3T0 ciefyioulan napa6osa B NJOCKOCTH 4.

X2
Y=0, z-—--=0.

Ho Ttonpko omHa mnojoBuHa (CO) »stoil nmapabonbl, a
HMEHHO Ta, AJaA Kotopo# X <C 0, npenacraBasier coBoH
nepeceueHne neHCTBHTENb-
4 HbIX YacTell MOBEPXHOCTH,
1 Toria Kak jnpyras (oTMme-
YeHHasi Ha 4HepTrexe MYHK-
THPOM) PpacnojioXeHa B
NPOCTPAHCTBE U30AUPOBAH-
HO. 3TO siBJeHHe He MOKa-
JKETCH YAHBHTEJbHBIM TO-
My, KTO [PHBBIK TEOPHIO
ajnreGpanyeckHx  MOBepX-
HoCTefl cOMpOBOXKAaTb reo-
METPHYECKHMH  NpeicTaB-
JEeHHsMH, TaM HepelKko
cayuaercsi, 410 OelicTau-
TeéAbHble @eT8u  080URbLIX
AUHUL TO ABASIOTCA nepe-
ceqenuem OeliCT8UTEAbHbLX
yacred NOBEPXHOCTU, TO
Puc. 32 OKQ3618A0TCA U30AUPOBAH-
HolMU 8 MNPOCTPAHCTEE, H
TOrAa uX MOXHO paccMaTpHUBaTb KaK dedcrsuresoHbie
nepecedenuss MHumvix uwacred nogepxnocru. CoOTBer-
CTBYlOIllee FABJIEHHE Ha IJOCKOCTH 3aKIKYaeTcs B TOM,
4TO0 Hapaay ¢ OOHKHOBEHHRIMH JBOHHBIMH TOYKa-
MH ajare6panyecKHX KPHBBIX, NMPEACTABJAIOIHUMHE €060
nepeceyeHNs JeHCTBHTeJbHHX BETBeH KpDHBOH, BCTpeya-
0TCA JBOHHBIE TOUKH, JiexKallue U30JHPOBAHHO H mpeld-
crapjswollne co60l MepeceueHHs] MHHMBIX YacTefl KpH-
BOH; 3TO sBJIEHHE H3BECTHO BCAKOMY 88),

PaccmoTpuM nonpoGHee, YTO MOXET AaThb HAM NoJy-
ueHHast TaKuM 06pa3oM INOBEPXHOCTh C ee pe6poft BO3-
Bpara, T. e. onpexeasitoueii kpupof. I'lpencrasum ceGe,
YTO Ha olpejensiouled KpHBOH HaHeceHa ee lIKaJa, HJIH,
elie Jyvylle, oTHeceM KaXJO# NMOCTPOEHHOH KacaTe/bHOH
COOTBETCTBYIOIlEe eH 3Ha4YeHHe mnapameTpa f, KOTOpoOe
IPHHAAMEKHT U ee TouKke KacaHHsa. Ecau 3anano ypas-
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HeHue yeTBepTOi creneHd (8) ¢ KosdPHUUEHTAMH X, Y, 2,
TO CTOHT JHIUb 4Yepe3 COOTBETCTBYIOLLYIO TOUYKY [pO-
cTpaHcTBa (x, y, 2) NPOBECTH CONMpHKacaloulHecss MJIo-
CKOCTH K OMnpeAesiolleli KPHBOH HJIH — 4TO TO Ke Ca-
MOe — KacaTesbHble MOCKOCTH K AHCKPHMHHaHTHOA no-
BEPXHOCTH, H MBI NOJYYHM [eHCTBUTEJbHEIE KOPHH B
BHIe NapaMeTpoB TOYEK KACAHHA ¢ KPHBOH HAH caMHX
KacaTeJbHBIX B 3THX ToukKaX. Tak kak conpukacarouas-
CfA IJIOCKOCTb, Kacasicb KpHBOH, [epeceKaer ee, TO IpH
paccMaTpHBaHHH H3 TOYKH (X, y, 2) Kaxnaas TOUKa Ka-
CaHHsl COmpHKacamouweHdcs MNJIO0CKOCTH MPOEKTHpPYeTCA
B BHAE Kaxyulefica TOUKH nepern6a KpuBoH, U HaoGo-
pot. Takum oGpa3oM, AeHCTBUTE/bHEIE KOPHU YPaBHEHHs
YeTBEPTOH CTENeHH ABJAKTCA HapaMeTpaMH KaXKyLIHXCS
TOueK neperuba onpegedsoilell KpUBOH, KOrka MH CMOT-
PHM Ha Hee M3 TOUKH (X, ¢, 2).

[lpaBma ana Tex, KTO He HMeeT JOCTaTOYHOro Ha-
BblKa, AOBOJBHO TPYAHO YBEPEHHO pacmo3HaTbh Ha Mo-
AeTH CcONpHKacapuiyecs INJOCKOCTH HJAH KaXyLlHecH
TOYKH Neperu6a. Ho ¢ HemocpeACTBEHHOi 04€BHUAHOCTLIO
MoOje/b pasbfcHAeT CcaelAyllldd, Haubosee BaXHuI
NYHKT: pasdeacHue acex YpasHeruil 4eTseprol CTencHu
no ‘wucay ux Oelicreureasroix xopuel. IToCMOTPHM, Ka-
KHe CIy4Yad MpeACTaBJSAIOTCA BO3MOXHHIMH Ha OCHOBa-
HEH TEOPeTHYECKOro HCCAELOBaHHsA ypaBHeHHA. EclH «,
B, ¥, 8—ueThipe KOpHA MAEHCTBHTENBHOrO YPaBHEHHs
yeTBepTOH cTenmeHu (4), TO BBHAY OTCYTCTBHA HJeHA,
conepxawero 3, Heob6xoaumo a -+ f+y+35=0. Uro
e KACAeTCs KOPHel, TO BO3MOXHEI, QUeBHAHO, CJAeAyio-
[1He TPH IVIaBHBIX CJAy4as:

I. Yersipe JelicTeutesbrblx *) KOpHA.

I1. [aa Oeiictauteavroix *), J8qa MHUMbBLY CORPIANCEH~
HbIX KOPHSL.

III. Hu odHozo QeucTeureavrozo Kopra, dee™) na-
Dbl MHUMbBLX CONPAWCEHHOIX KOPHCL.

Ecau naHbl aBa ypaBHeHus THma I c xopusmu «, f,
v,6ua,p, vy, 8, ToBceraa MoxHo a, f, v, § 06paTHTD
B a’, B/, v/, &, nepexoas HenpepuiBHO uepe3 Pa3aHUHbIE
CHCTEMBI M3 yeTblpeXx AefCTBHTEJNbHHIX UHCEd, CYyMMa KO-
TOPBIX OCTAeTCA BCe BPEMS DPAaBHOH HYJIO; NpH 3TOM Mep-
BOE€ ypaBHeHHe O0paTHTCA BO BTOPOe, [epeXOfs Hempe-

*) Pasznuunoix.
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PHIBHLIM 06pasoM yepe3 ypaBHEHMsA TOrO JKe THNA, T. €.
Bce ypaBHeHHs [ THnma o6pasyloT cCHJOUIHON KOHTHHY-
yM*); To e CUpaBeAHBO M AJ ABYX APYFHX THMOB.

Ha naweit mozenu 3To 06CTOATENBCTBO AOMIKHO BHI-
pasuTbCs TeM, YTO NMPOCTPAHCTBO pacnajaercs Ha TPH
CIJIOMIHBIE YACTH TAKOro poja, 4YTOo TOYKH OJHOH H
TOH e YacTH COOTBETCTBYIOT YpaBHEHHAM OJHOr0 H
TOro Xe THna. PaccMOTpHM Tenmepb mepexojHEe CaydaH
MeXAYy OSTHUMH TpeMmsi THmamu: | TUD INepeXoAHT BO
[T tun dYepes ypaBHeHuUsi, KOTOpEHE HMEWT [Ba pa3nuy-
HEIX JeHCTBHTE/NbHLIX KOPHSI H OJAMH ABOHHOfA, HO OTJIHUY-
HBIA OT JABYX APYrHX, LeHCTBHUTENbHBHIi KOpeHb, DTO MHl
0003HAYHM CUMBOJIHYECKH uepe3 2+ (2); TOYHO TaK XKe
mexay II u III Tunamu umeem nepexopumit caysaht on-
HOTO JAEHCTBHTENBHOI'O ABOHHOTO KOPHS M ABYX MHHUMBIX
KopHel; 310 OyaeMm o6o3HauaTh yepes (2). O6oum nepe-
XOJHHIM THMAM JAOJXKHB OTBeyaThb B HalleM NpPOCTPaH-
CTBEHHOM o0pa3e YacTH CcaMO¥ AUCKPHMUHAHTHOH mo-
BEPXHOCTH, TaK KakK oHa BooOlie u3obpaxaer Bce ypaB-
HEeHHsl C KPAaTHBIMH KODHSMH; IPH 3TOM, paccyxjaas aHa-
JOTHYHO TMpeAbIAYLIEMY, HafiieM, YTO KaxKJAOMy THIY
JIOJIKHA OTBeuYaTh CNJIOLUIHAS 4aCTh MOBEPXHOCTH %9). Obe
3TH rpynnel ypaBHeduit: 24 (2) u (2) B cBoW ouepenp
nepexolsT OAHAa B [APYryi0 4Yepe3 ypaBHEHHs C ABYMS
JAeHCTBUTENbHBIMH %) JBOHHBLIMH KODHSIMH, CHMBOJIHYE-
¢k (2)+(2); TakuM 06pa3oM, TOUKH, COOTBETCTBYIOLIHE
ypaBHeHusaM THna (2)-+(2), AOAXKHB OpUHAJIEKATb
000oMM NonaM AHCKPUMHHAHTHOH MOBEPXHOCTH; CJeI0Ba-
TeJbHO, OHH J€XaT Ha HEeH30JMPOBAHHOH BEeTBH ee JBOH-
Ho#t JqiuHHH. TakuM o0pa3oM, AHCKPHMHHAHTHAs MOBEpX-
HOCTb pacmajaeTcss Ha JABe YacCTH, pasjessieMble OQHOH
BETBbIO [BOHHOH JIHHHH, H3 HHX ofHa 2 + (2) oTaenser
I o6mactp npocrpaHctBa oT Il o6aacru, a apyras (2)
paspeaset II u III o6xactu. UroGer ycMoTpeTh, KaK pac-
MONOMKeHa OMNpefeasioulass KpHBast, 3aMeTHM, 4TO OHa
npeacrasasier cofofi pe6po Bo3Bpara, ¥ MNOTOMY B e€e
TOUKAaX COBNAJAIOT MO TPU KACATEAbHbLE RAOCKOCTU, OO-
pasys CONpHKAcalUIYCsd IJOCKOCTb, TMO3ITOMY MBI
HMeeM 3JeCb Cl1y4yad OOHOrO TPOUHO20 M OJHOLO npo-
cT020 delicTeutenrsnozo kopua: 14-(3); 3toT cayuail

*) Umeercs B BHLY, HTO MHOMECTBO BCeX 93THX PazJIHYHHIX
ypaBHeHHHA SIBJASETCA CBA3IHLIM M OTKPHITHIM B MPOCTPAaHCTBe mnapa-
MeTpOB.
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MOXET NOJYYHUTLCA TOJbKO H3 cayuas 2 4+ (2), a uMeHHo,
TaknMm o06pa3oM, 4YTO OZHWH H3 NPOCTBIX KOpHEH CTaHo-
BUTCH PABHHM JBOHHOMY KOpHIO; CJleJoBaTesabHo, pedpo
6038paTa JOAMHO YEAUKOM AEHAT6L HA NepBot HacTu
2 4 (2) nosepxnoctd. Toabko B ocTpre peGpa BO3BpaTa
(x=y=2z=0) MbH HMeeM 4YeTHPeXKDPaTHbIH KOpPEHb,
'KOTOPHIA MOXeT NOMYYUTbCH H OT COBNajfeHUA OOGOHX
ABOAHBIX KopHed (2)+(2). [eficTButennho, octpre O
peGpa BO3BpaTa JEXKHT OAHOBpEeMEHHO M Ha ABOHHOH JH-
riH. UTO JKe KacaeTcs H30JMPOBAaHHOH BeTBH JBOHHOH
~JIHHHH, TO OHA UeJHKOM npoxoauT B obmactu III u xa-
PaKTepH3yeTcs TeM, YTO AJS ee TOueK YeThipe MHHMBIX
KOpDHA 1O JBa coBlajfamT Mexay coboit, ob6pasys aBa
NBOHHBIX CONPSXKEHHEIX MHHMEIX KOPHSL.

Bce nepeunciieHHble BO3MOXHBIE C/yYaH B TOYHOCTH
peannsoBaHbl Ha Halueit Moaend. Ha ueprexe (puc. 32)
4acTb MpPOCTPAHCTBA, 3aKJIOUeHHasi BHYTPH TIOBEPXHOCTH
cnpasa OT JABOHHOH JMuHHHM, o6pasyer obaacts I, a ciesa
OT TOH e JuHUM JexHut obaacte III; npocTpancTeo xe,
Jexallee BHe MOBEPXHOCTH, obpasyer obaacts 119). [o-
3TOMY, UMesi B PYKaX CJeIVIOUIyI0 CXeMy, Bl JIerKO cMoO-
JeTe BNOJIHE OPHEHTHPOBATBLCS OTHOCHTENBHO YHCHa Oef-
CTBHTEJbHBLIX KOpHEi:

Yemspe Iﬂeﬂ'cmﬂu— A8z t?lzfu‘am:fa - a?;voa;”zkﬂamia—
MENbHbIX Kﬂpllﬂ MENbHAIK KOPHA MeRLHIZ0 I(ﬂﬂ/‘/ﬂ
il T T
0}75;5%2/011{&# 1+(3)
Avltas s T dby
Jempug \'_‘(‘;;—J

Il. YPABHEHHSl B OBJIACTH KOMIJEKCHBIX YHCEJ

Mbl Temepb oTKaxeMcs OT TOro, 4ro0bl OrpaHHuH-
BaTbCA TOJbKO AeHCTBUTEJbHBbIMH BeJHUHHAMH, U OyleM
ONepHpPOBaTh C KOMILIEKCHBIMH HHCJIaMHU.

31ecb MBI CHOBA TNOCTaBHM cefe Lebl0 BHAGTUTb Ta-
KKe BellH, KOTOpHEe AONYCKAalOT FeOMeTPHYEcKy HJILIO-
cTpaluio B O6osblleif CTemeHH, 4YeM 3TO OOHKHOBEHHO
nenaioT, I HauHy ¢ HauboJee BaXHO! TeopeMbl areGpH,
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A. OCHOBHAj$l TEOPEMA AJITEBPH

OcHoBHas TeopeMa anre6pbl, KaK H3BeCTHO, 3aKJIO-
YaeTCA B TOM, YTO'8CAKOe aszebpaudeckoe ypaauenue
n-i crenenu umeer, s0o6uwie 2080ps, n KOpHet, WiIH, TOH-
tee, acaKul noaunom f(x) n-t crenenu modxcer 66iTo pas-
AOHCEH HA N AUHELHbLX MHOMCUTeel.

B cyuiHocTH, BCe [0Ka3aTe/lbCcTBA 3TOH TeopeMu
10JIb3YIOTCS F€OMETPHYECKOil MHTEpnpeTalHeil KOMIaeKe-
HLIX BEIHYHH Ha NJOCKOCTH xy. $l n03HaKOMJIO Bac ¢ Xo-
LOM MbicJell B mepBoM jokasatenbctBe [aycca (1799),
KOTOpOe MOXHO NMpEeACTaBHTh B HarisnHoH ¢opme; H3-
JjioxeHHe ero y camoro laycca MMeeT, KOHeUHO, COBEp-
L1eHHO APYro# BHA.

Ecnu nan muorounex

f@)=z"4az"'+ ... +a,

TO MOXHO HANMHCAThL
fx+iyy=ulx, Yy+i-v(x, y),

rAe u, v— HeKOTOpble AEACTBHTENbHBIE MHOTOYJEHELI OT
ofenx HeHCTBHTENbHBIX NepeMeHHbX x, y. Ocuosnas
MBICAL eaycco8a (AOKA3ATEALCTBA 3AKAIOHAETCA 8 Cae-
dyrowgem: ecau uccaedosars rxpusbie u(x,y)=0 u
v(x, y)=0, aexmawiue 8 nAOCKOCTU XY, U NOKA3ATb, 4TO
OHU GOANCHBL UMETb OOWYD TOYKY, TO OAf 3TOLW TOUKU
(x,y) 6yder f(x -+ iy)=0; atum u Gyner Joxasano cy-
uiecTeosanue no Kpatinel mepe 00H020 KOPHA YPOABHERUA
f=0. OxasbiBaercs, 4TO AJ4 3TOH LEJH JOCTATOUHO HCclle-
IoBaTb X0A 06enx KPUBHIX B 6ECKOHEUHOCTH, T. €. B CKOJb
yroaHo GoJbilOM YAaJIeHHH OT HauaJa KOOPAHHAT.

Ecan abGconioTHas BeJMYMHA r NepeMeHHOH z CTaHo-
BUTCSl BechMa 6oMbluIoi, To MOXHO B ¢yHKuUHA f(2) mpe-
He6peub HHU3ILHMH CTENEHAMH Zz MO CPaBHEHHIO C 2
3TO O3HauaeT, YTo GYHKUHA f(2) aCHMATOTHYECKH NpH-
6nnxaercs K

2" =r"(cosng + i sin ny),

ruge ¢ noMouibic GopMyan Myaspa BBeleHbl NOJSADHbLIE
KOOPAHHATH r, ¢ HAa MJIOCKOCTH xy. M3 3TOro pesyabrara
MOXHO 3aKJIOUHTb, YTO # H U ACHMIITOTHYECKH NPHOAN-
KAIOTCA K QYHKIUAM r®COS ng M r*sin hg; NO3TOMy Xo1
KpuBbiXx u=0, v =0 B 6GeCKOHEYHOCTH B NEPBOM MpH-
6JIHKeHHH 1306pas3uTCs TaK:

cosnp=0, sinnp=0.
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Ho kpusas sinng =0 cocTOHT H3 A nPAMBIX, KOTOpbIe
npoxXonAT Yepes Hauajlo M 06pa3yiOT C OChK0 X YLKl
0,n/n,2n/n, ..., (n— 1)a/n, a kpusas cosng =0 co-
CTOHT M3 n OHCCEKTPHC YIJIOB MEXAY TNepPBbIMH MPAMbI-
MH (cy. pHuc. 33, cooTBeTCTBYWUIHI cayuato n=3), B ko-
HEYHOH YaCTH IJIOCKOCTH KpuBnie u =0, v =0 MoOryT,
KOHEYHO, CYNIECTBEHHO OTKJIOHATbCA OT 3ITHX INPAMBIX,
H0 Y€M JaJjblue OT Hayaja, TeM 60Jblile JOMKHB NTepPBhLI2
NPHOMHXATbCA K NIOCAETHHM; IIO3TOMY XOJ HACTOAIIMX
KPHBHIX MOXHO CXeMaTHYeCKH H306paiauth TeMm, 4YTO 3a
npeaesaMH HeEKOTOpPOH ROCTAaTOYHO GOJbLIOH OKpYKHO-
CTH (C LEHTPOM B Hauyaljle) MhH COXpAaHMM HalIH NPAMHE,

\0':\';?‘ 2 '3”% 3
~ - sl
P\
I,
§v=d
— 3 ool
0 \ Y z
\
. \\
- N
~ AY
Pid \ 3 ~
\
-4
uy
=
Puc. 34

a4 BHYTPDH Hee COeXHHHM HX MEXAY COO0H NMpou3B80JbHRIM
o6pasom (puc. 34). Ho KakoB 6bl HU Obl1 XOM KDHUBHX
BHYTPH Kpyra, yxolsiiue B GeCKOHEUHOCTb BETBH W, .0
JOJMKHH HENpeMeHHO NepPeXOxHTb OJHA B ApYyryio ?),
OTCI0[a HAarJsSAHO BHAHO, YTO 3TH KpHBble BHYTPH Kpyfa
JOJMIKHBEl XOTb pas nepeceuscs. JleldcTBUTE/NBHO, 3TOT pe-
3yJbTaT MOXHO —H B 3TOM 3aK/IIOYaeTCs COoAepKaHue
rayccoBa J0Ka3aTeJbCTBa — TOYHO BHIBECTH H3 HENpPEpHIB-
Hoct KpuBbiX. Ho mo cyulecTsy Xox HJeH H3JOXKeil
BhILIIE.

Korzaa noayuen tTakum o6pa3om 011 HH KOpeHb, TOTRA
MOXHO *) OTWennTh OT (QYHKUHH [(2) OAHH NHHEHHMK
COMHOXHTeNb H MOBTODPHTH AOKA3aTeNbCTBO JAJST OCTAaB-
uierocss MHorousieHa (n— 1)-i cremedu. [Tpogon:kas mo-
CTynaTh TaKMM 06pa3oM, MLl B KOHUe KOHUOB AeHCTBH-

*) Ipumerss teopemy Besy.



180 AJITEBPA

TeJBHO MOJYUHM pa3fJoXKeHHe Ha 71 JHHEHRHBIX COMHOKH-
TeJel, 4eM JOKa3HBaeTCH CYIeCTBOBaHHE 711 KOpHeH.
Hnes nokasatenncTBa CTaHeT BaM sicHee, eCJH BHl
NpOAeNaeTe HeCKOAhKO MPHMEPOB CO BCEMH IOCTPOEHHSA-
mu. OZHHM H3 [poCcTeHIUMX MNPHMEPOB SIBJSETCH CJe-
RYIOLWHHA:
f@e)=22—1=0.

31ech, 09eBHAHO,
u=ricosdp—1,
v =r3sin 3¢,

TaK YTo KpuBasi v = ( COCTOHT NPOCTO H3 TpeX NPAMBIX,
TOTAa Kak KpuBasa u =0 umeer TpH runepbOJOBHAHBIX
seTsn. Ha ueprexe (puc. 35)
BH, B CaMOM JeJe, BHIHTE
TPH TOYKM ItepecedeHHs obeunx
KPHBBHIX; 3TH TOYKH [AalOT TPH
KOpPHf Halero ypaBHeHHs,
S BecbMa peKOMEHAYI pa-
306paTk GoJiee CJOXKHbIE TIPH-
MEpHL

STUMH KpaTKUMH YyKa3a-
HHSIMH IO TI0BOAY OCHOBHOH
TeopeMbl s MOLY 3JecCb Orpa-
HHYUTBCH, TaK KaK s He 4H-

Puc. 35 Tal0 cefyac Kypca aJare6pol

3ameuyy elle TOJNBKO, UTO

3HAYeHHE BBeJeHUs KOMIUJIEKCHBIX YHCes B aare6py B TOM

KM 3aKJIK0YaeTcs, YTO OHH AaidT BO3MOMHOCTh YCTaHO-

BUTb OCHOBHYIO TeopeMy aJxreGpel B ofuell dopme, He

lonyckaomel HHKaKHX HCKIIOYeHHH; OrpaHHYHBAACh Ke

LeHCTBHTEJbHHIMH  BeJIHYHHAMM, MOXKHO YTBEPXAATh

TOJBKO TO, YTO ypaBHeHHe n-fi CTemeHH HMeeT JHOO
n KopHeH, JHGO MeHbie, 1160 HH oagHOro %),

BpeMs, KoTopoe ocraercs y Hac AAs aareGph, Mb
ynoTpe6HM Ha TO, 4TOOH HCCIENOBaTh B HArMsSLHOH ¢op-
Me IMOJHBIE CHUCTEMH pelueHMH KOMIJIEKCHHX ypaBHeHHMH
HOJAOGHO TOMY, KaK MBI 3TO Yy>Ke cAedajy BHUIE AJs
LeACTBUTENbHBIX pellileHHH JeHCTBHTENbHHX YpaBHEHHM.
Ho npH 3TOM MBI OrpaHHUYHMCA TOJEKO YpaBHEHHSIMH
C OJHHM KOMILJIEKCHBIM MapaMeTpOM, BXOISILHM B ypaB-
HeHHe JHHeHHO,
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B. YPABHEHHE C OJJHHUM KOMILJIEKCHbBIM ITAPAMETPOM

B Tex y3KuX yCJOBHSIX, KAKHMH MBI OTPAHHUHUJH 3a-
layy, H3ydeHHe IIPOCTOro KOHGOpPMHOro OTOOGpaXKeHHs
JlacT HaM Bce, YTO HAM HYXKHO.

O603HayuM yepes z==x- iy HeH3BECTHOe, Uepe3
w=u- iv napaMmerp; TOrZa paccMaTpHBaeMble YypaB-
HeHust 6YAYT HMETb TaKOH BHA:

p(R)—w-$(2)=0, N

rAe @, P — MHOTOUWIEHH OTHOCHTEJbHO 2Z; MYCTh # — IO-
KazaTeJb BHCHIeHi cTemeHH 2 B ¢ WA ). [To ocHoBHO#A
TeopeMe anre6pel 3TO ypaBHeHHe [Jsi KaXJOro 3Haue-
HHST w uMeeT n (BooGIue roBOps, Pa3NUYHBIX) KOpHeH z.
N3 ypaBnenus (1) caeayer, uto

_ 9@

U= @
T. € YTO @ eCTb OJHO3HayHafl pauuoHaAbHag GYHKUHA
OT 2, a2 HMEHHO, KaK TOBODST, pAyuOHaAsHas Pyrxyus
cTeneru n. Eciid 66l MBIl 32aXOT€/H BOCNOJbL30BATLCA B Ka-
4eCTBE TEOMETPHYECKOTO 3KBHBaJieHTa ypaeHeHus (1)
TeéM KOH(GOPMHBIM O0TOGpaXKeHHeM KOMIJIEKCHBIX MJIOCKO-
cTeff z H W, KOTOPOe YCTaHABJAUBaeTcs PYHKUHOHANBHOR
3ABHCHMOCTBIO (2), TO HarasgHOCTh Hapywanach Obl
MHOTO3HAYHOCTBIO 2 KaK (YHKUMH w. BBuay 3toro uno-
CTYNIHM TaK, KaK 3TO BCerja jejaeTcs B TeOpHH (yHK-
IHA: MJIOCKOCTh @ MH NpejcTaBiasieM cebe B BHAE n Ha-
JIOXKEHHHIX JADYr Ha [Jpyra 3K3eMIJIsIpOB (JHCTOB), KO-
TOPHEe Mbl NOAXOAAUIHM OO0Pa30M COeJHHSIEM MeXAy cOo-
GoH B TaXK Ha3blBaeMEIX <«TOYKaX BETBJAEHHs» B OJHY
n-AHCTHYI0 PAMAHOBY NOBEPXHOCTh; 3TOT MpPHEM 3HAKOM
BCEM BaM H3 3JIeMEHTOB YyueHHA 06 aarebGpaHyecKHX
dynruunx ). Torna gamwa ¢yHKuHg (2) ocyllecTBAseT
B3aUMHO OJHO3HaYHOe H, BOOOIle [OBOpS, KOH(GOPMHOE
COOTBETCTBHE MEXAY TOYKaMH PHMAHOBOH IOBEDXHOCTH
Hal MJOCKOCTBI® W, ¢ OAHOH CTOPOHHI, H TOYKaMH OOLIU-
HO# NJOCKOCTH 2, ¢ APYrofl CTOPOHH.

[Tpexne yem nmepedTH K MoApoGHOMY H3yYEHHIO 3TOTO
cooTBeTcTBHSL ByJeT Hesecoo6pa3HO NPHHATL HEKOTOPHE
MepH K TOMY, YTOOH -YCTPaHUTh Ty HCKJIIOUHTENBHYIO, HO
He Jiexallyio B CyllecTBe Beulefl POJb, KOTOPYIO HrpaioT
6eckoHe4YHO OoJblUIHE 3HAYeHHN @ H 2, H TeM CJHeNaThb
BO3MOXKHOH TaKyl0o ¢GOpMYJIHPOBKY TeopeM, YTOGH OHHU
He JONyCKanH HCKAWO4YeHHH. BBHAY Toro, 4To 3TH yCJI0Q-
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BHfAl, K COXKaNeHHIO, YKasbIBAIOT AaJi€KO He Bcerja, Korja
5T0 Obl10 6B He0OXOAHMO CAesaib, Mbl OCTaHOBUMCS
Ha HHX HEeCKOJDLKO -MOApoGHee. A HMEHHO, Mbl CUHTaeM
HER0CTATOUYHLIM TOBOPHTHL TOJLKO CHMBOJHYECKH O Gec-
KOHEYHO YJaJ/ileHHOH TOuYKe KOMIJIGKCHOH NJOCKOCTH, a
¢aelyeT ySICHHTb ceQe, UTO HMEHHO HYXXHO CUHMTaTh aHa-
ZOrMYHBIM ONpefeJeHHOMY CBONCTBY KOHEUHOH TOYKH B
TOM cJlyyae, KOraa TOYKa CTaHOBHTCA OECKOHEYHO VAa-
JeHHOH. Ho Mbl 6yaeM HMeTb BCe, 4TO HaM HYXKHO, €CJH
pa3 HaBceria 3aMeHHM rayccoBY MJOCKOCTb KOMIJIEKC-
BBIX 4ucen pumanosou cgepoti. C 3T0# 1eabl0 NpPeAcTa-
suM cefe cdepy anameTpa |, Kacawllylocs MJIOCKOCTH
I'aycca B Haualle KOOpIH-
HaT, H CTaHeM [POEKTHPO-
BaTb €€ Ha NJOCKOCTb H3 ee
cesepHoro noawca N, gHa-
MeTpaJbHO IPOTHBOIO-
JIOXHQrO TOYKE KacaHud,
HI¥  103KHOMY HoJiocy S
(Tak Ha3blBaeMasi CTepeo-
rpauyeckas npoexuud,
puc. 36). Ipu srom BCH-
Pre. 36 KOl TouKe @ Ha MJOCKOCTH
OJJHO3HAYHO COOTBETCTBYET
Toyka P Ha chepe —
ETOpas TOYKa mepeceueHus Jayusa NQ co cdepoii, u, 06-
paTHO, BCAKOH Touke P cdepni, KpoMe TOUKH N, OJIHO-
2!12YHO CONOCTABJSETCST HEKOTOpasli TOYKa (@ Ha NJOCKO-
CTH C OMNpeleJeHHBIMH KOOpAMHATaMH x, Y; MO3TOMY
}OXKHO pacCMaTpHBaTh TOYKY P KaKk NpeacTaBHTeNd
uneaa x -+ iy. Korga xe touka P mpubikaeTrcs mo Ka-
1LOMY-TH60 MYTH K ceBepHOMY moatocy N, TouKa Q yXo-
JHT B OecKoHeuHocTb, ¥ HaoGopoT. [lostoMy npeacras-
AeTCSL €CTeCTBEHHBIM paccMaTpUBaTL TOYKy N, KOTOpPOH
F€ CONOCTaBJeHO HUK3aKoe KOHEYHOe KOMIIEKCHOe YHC-
210, KaK eJHHCTBEHHOTO NpeAcTaBHTeNs Bcex GeCKoHeyHO
GOJIBIWIMX yHcea X+ [y, T. e. Kak KOHKpeTHhit ofpas
eCKOHeuno yJaajeHHOH TOYKH UHCJO0BOH MNJIOCKOCTH.
OTHM JOCTHraercss B TeOMETPHUECKOH HHTeprpeTauHd
[0JHas paBHOMPAaBHOCTL KAK BCEX KOHEYHHX, Tak H Oec-
KOHEYHO yJAaJNeHHOH TOUKH.
Tenepn, 4TOGb BEPHYTHCH K reOMETPHUECKOMY HCTOJ-
¥OBaHUIO Hauwero ajrefpauyeckoro cooTHouienus (1),
zaMeHUM TakKxke NJockocTh w cdepoit w. Torza Hawa
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dyHnguMs NpeACTaBHT oTobpakeHne cdephl z Ha cepy
w; 3TO OTOGpaeHHe KOH(QOPMHO TaK e, KaK M COOT-
BEeTCTBHE O0euXx NJOCKOCTeH, Mo To#i MpUUHHE, UYTO NO
113BeCTHOM Teopeme crepeorparpnuecxaﬂ NpOoeKUHA KOH-
(bOopMHO oOToOpaxcaeT MJOCKOCTb Ha cdepy M obpaTHO.
IIpn stom oxmHofi Touke Ha cdepe w OTBEUAIOT, BOOOIIE
rOBOps, n PAa3JIMYHBIX TOueK Ha cgepe z. Urobul noay-
UHTh B3AUMHO OAHO3HAYHOE COOTBETCTBHE, IPEACTABHM
cee n 3K3eMIJIsipoB cdepnl @, HaJOXEHHBX OLHH Ha
APYrofi, W CKpenHM HX B TOYKAX BETBJEHHs B OJHY
n-JHCTHYI0 PHMaHOBY I[I0OBepXHOCTb Haj cdepoit w. Co-
CTaBUTb cebe Takoe NpeAcTaBJeHHe HEe TpyadHee, ueM
VSCHHTbL TOHATHE O PUMAaHOBOH NOBEPXHOCTH Ha MMJOCKO-
CTH. DTHM JOCTHTaeTcsi B KOHLE KOHIOB reoMeTpHueckoe
HCTOJKOBaHHe aJreGpanyeckoro ypaBHeHus (1) Kkak
B3aHMHO OAHO3HAauyHOro, BooOlle roBops, KOH(POPMHOIO
COOTBETCTBHSl MEXKIY TOUYKaMH PHMaHOBOH MOBEPXHOCTH
rak cepoll w, ¢ ofHOH CTOPOHH, H cdeps 2, ¢ ApYroi
CTODOHHI; B 3Ty HHTepNpeTalHIO BKJIOYEHb!, OUEBHANO,
¥ GeCKOHeuHble 3HaUeHHs 2z W W, KOTOpLle COOTBETCTBYIOT
Un¥ APYT APYTY HJH KOHEUHHM 3HaueHHAM 3THX Iepe-
MEHHBIX.

YTo6h MONYYHUTh BO3MOMHOCTb BIOJIHE HCIO/Nb3OBATh
3TH HOBHE reoMeTpHYeCKHe cpelAcTBa, HeOo6XOAHMO H B
anre6pe caenaTh COOTBETCTBYIOIIMA WIar, HanpasJeHHbId
K TOMY, 4TOGbl YCTPaHHTb B (OPMYJNaX HCKAIOUHTENh-
LBIA XapakTep GeckOHeyHo $OJILIIONG; ITOT Al 3aKaIio-
yaeTcs BO 88e0eHuu OOHOPOOHBIX nepeMeHHsly, a HMeH-
HO, Mb! IOJIaTaeM z=%;~ H paccMaTpHBaeM 2, H 22
KaK JBe He3aBHCHMble KOMIJIeKCHLIE NnepeMeHHble, HO Ta-
KOTO poja, 4To 2,/2; U ¢-2;/c-2; npH Jio6oM ¢ nsobpa-
JKaloT OJHY H Ty ke Touky %). ITycTb 2j, 2y NpHHHMAIOT
HCE BO3MOMHBIE NMapel KOHEUHHX 3HaueHUH, HO TOIbKO
ne o6pawalTcs OAHOBPEMEHHO B HYJ/b; TOria, COTJacHo
(AeNaHHOMY YCJOBHIO, AJs KaAOTO KOHEUHOro 3Hauye-
HHSL 2z Mbl NOJTYYHM OJHY ONpeaeNeHHYI0 TOYKY, HO KpO-
Me TOTO, CYILECTBYeT ellle OfHAa TOYKa (Z; IPOH3BOJbHO,
z»=0), cooTBeTcTBywollasi 0eCKOHEUHOMY 3HAUYEHHIO z.
TakuM o6pas3oM, mojayuaeM apudMeTHUeCKHi 3KBHBA-
JieHT GecKOHeuHo yaaneHHoH ToukH. TouHo Tak e, pa-
aymeeTcs, nojaraem w=%‘2— H MHIIeM cAeaylolllee «OA-

HOpOAHOE» YpABHEHHE MeXKAY «OJAHOPOJAHLBIMH» ITepeMEH-
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HLIMH 21, 2o U W, W3 COOTBETCTBYIOlLIEE ypaBHeHHIo (2):

_z__”_l_ . 23’-(})(21/22) — (P(Zl, 22) (3)

w, 2l-(efz) V(%)

3necy (21, 22), P (21, 23) 03HAYAIOT Ueane DPALUOHANbB-
Hble GYHKUHH OT 2; M 29, TAK Kak @(2) u ¢ (2) comep-

2 “
®KaT z=?‘—, camoe GoJspuliee, B n-i#t CTENeHH; KpOMe
2

TOTO, 3TO OAHOPOAHHE MHOrowieHb ((POpMH) H3Mepe-
HHSL n, H60 KaXAbld uneH zf, BXoAdwHui B ¢(2) nau
VY (2), npy YMHOXKEHHH YHCJUTENS H 3HAMeHAaTeasd ApPOoGH

?;g)) Ha 2} o6pamaercsa B

n 21\ nit
2y 29 =z,7'2;,

T. €. B WIeH n-r0 H3MepeHHs.

Temepb Ham NPEACTOHT, MOCJNENOBATENBHO TMPUMEHSAS
06a BBeleHHBIX BCIIOMOraTe/bHBIX cpelcTBa — H306pa-
JKeHHEe Ha KOMIIEKCHOH ctepe H OZHOPOAHHIE KOODIH-
HaThl, — H3YYHTb BO BCEX NOAPOGHOCTAX Ty GYHKIUMO-
HaJbHYIO0 3aBHCHMOCTL MEXAY 2 H W, KOTOPYI YCTaHAB-
JHBaeT ypaBHeHHe (1). OTa 3amaua Gymer perieHa, ecau
MBl CyMeeM CcOCTaBHTb celfe TOJIHOe IIpeAcCTaBlieHHe
0 KOH(OPMHOM COOTBETCTBHH MeXAy cdepolt z H puMma-
HOBOH ITOBEPXHOCTBIO Haf cdepoit w.

Ho 3xech mpexzxe Bcero BO3HHKAET BONDPOC O Xapak-
T€pe H TOJIONKEHHH TOYEK BeTBJEHHA Ha NOBEPXHOCTH
PrMana. §1 HanmoMHI0, YTO p-KpaTHOH TOYKOH BeTBAEHUS
HasbiBaeTCqd TakKas TOYKa, B KOTOpPOH cXomuTtcs p—+ 1
suct %), Tak Kak w ABAAETCH OAHO3HAYHOH (yHKUHef
nepeMeHHOH 2, TO TOJIOXEHHe TOUEeK BETBJAEHHA GyxeT
HaM H3BECTHO, eCAH MK OyAeM 3HaTk COOTBETCTBYIOUIHE
HM TOYKH Ha cdepe z; 1 OGBIKHOBEHHO Ha3bIBAl0 HX IIPO-
CTO 3ameuaressnbimu TOUKamu cohepbl z. MM TOXe cooT-
BETCTBYET H3BECTHAdA KPATHOCTH, paBHas KPAaTHOCTH CO-
OTBETCTBYIOLIHX HM TOUYEK BeTBJeHHA. S| mnpuBery 6e3
NOJAPOGHOr0 [OKa3aTeJbcTBA TEOPEME, pelAlomue 3Ty
3agauy. Ilpu 3TOM 9 npeAnonaraid, YTo 3TH, COGCTBEHHO
roBOpsi, AOBOJLHO NpocThle (PAKTE H3 O6JACTH TeopHH
tyakuuid B obileM BaM 3HAKOMBI, XOTs, GHITb MOMKET, H
He B TOH OAHOPOXHOH TPaxTOBKe, KOTODO#t s 3Xechb OT-
Jal npeanouteHne. AGCTpAKTHHIE BelllH, O KOTOPHX $
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cefyyac 6yny rOBOpHTh, MONYUAT NO3XKe B PAAE NPHMEPOB
KOHKPeTHYIO HarJdsaaHyio ¢opMy.
HauynemM ¢ He6onbluOro BBLIUHC/JAEHHS, KOTOpOe nact

HaM &HAJIOr OPOH3BOAHOA

dz

B OZHOPOAHBIX KOODIH-<

#atax, [Ipoanddepenuupyem ypapuenns (3):

wydw, —w,dw, __ bdo—odd 3’
wg ¢2 d ( )
Ho
dp=¢,dz;+ @udz,, d{="1p dz =+ pyd2,
rie
—_ acp (zh 22) J— a(p (zl’ 22)
Py =— .0—21 . P = -_6_-22 4
o (23, 23) P (21, 23)
b= = P = oz -

C npyrofi cTOpOHH, o TeopeMe Dilnepa 06 OAHOPOAHEIX
DYHKIMAX CTeNeHH N HMeeM
P2t @ 2=n09, Y-zt Py2=n.

IMostoMy uncauTens B npaBoH uactn paBeHcrBa (3')
MO3KHO Npeo6pa3oBaTh CAEAYIOLIHM 06Da3oM:

Yde —@db=
__|d(P d‘l’l_ 91 dz, + @adzy Py dzy + P2 dz,
P1z: + Q22 12y 4 Pa22e
YTO NO TeopeMe YMHOXeHHs OnpelesHTeJeR paBHseTcd
REE tp,l ldz. dz,
Y1 b2 E2)
Iloatomy cooThouienue (3’) npHHEMaeT TaKOH BHAS

wodw, — w, dw 2o dzy — 2y dz
=t P) —i == nlz.q,z’ 2 (9% — 020)).
Wy

OT0o — ocHOBHAaa ¢opMmysia B OLHOPOZHOH TEOPHH Ha-
Liero ypaBHeHHs; ONPEAEeNAIOIHM BLIpAaXKEHHEM A4
BCEro NOCHefYIOUIEro ABJISETCH QYHKYUOHAAbHBIL onpe-

deauteav Q12 — P2tp; Popm ¢ H . Kpome 3TOro MHO«
z

KUTENs, cnpaBa BXoAMT AHGdepenunan or z=—z’—,
2

L, a TaK Kak A

w
a cnesa AnddepeHnHan or w=—,
2

KOHEYHBIX 3HayeHHH NEpEMEHHBIX 2 H W 3aMEHaTENbHLBIC
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TOYKH MNOJYYAIOTCH, KaK H3BeCTHO *), H3 yDaBHEHHSA
dw

;- =70, TO CTaHOBHTCH sICHOH cJieAylollas TeopeMma,
CTPOTOro MOKa3aTe/bCTBA KOTOPOH si HE MOry 3JieCh H3-
JlaraTh: KamcOoii p-Kpartusii rKopens (QYHKYUOHAAbHOZ0
ONnpPedesUTens. ABAALTCA 3AMEUATEAbHOL TOUKOU u-& Kpar-
HOCTW; Opyeumu cA08aMu, el COOTBETCTBYET W-KPATHA
TOYKQ BET8ACHUA PUMAHOBOL nOSepxHOCTU Had cge-
pod w. T'naBHoe npenMyllecTBO 3TOr0 MNpaBHJa [0
CPaBHEHHIO ¢ MpeXXKHUMH 3aK/uaercs B TOM, UYTO OHO
B o6wed ¢opMy/HpOBKe OXBaThHBaeT KOHeyHble H Oec-
KOHeuHble 3HaueHHs 2 ¥ w. OHO Xe jaeT TOYHOE yKasa-
HHe OTHOCHTE/NbHO YHCJIa 3aMeyaTesbHblX ToyeK. [Ileil-
CTBHTEJIbHO, YeTbipe NpPOU3BOJHbIE, BXOAsliHE B (PYHi-
UMOHAJbLHBHA ONpejeNuTeNb, NMPeAcTaBaaT coboit dop-
Mbl (n— 1}-TO H3MepeHHs, MOITOMY caM ONpele/iHTelh
ecTb hopMa (2n— 2)-r0 H3MepeHHs. A TAKOH MHOrouJeH
Bcerja HMeeT Kak pa3 2n — 2 KOpHsA, €CTH NPHHHMATh
BO BHHMaHHe KpaTHOCTH nocieiuHx. Ecau mnostomy

aq, %y, ..., Oy — 3aMeUaTeJbHble TOUKM cdepsl z (T. e.
el QP —P1@2=0 mia 2 :=a0a) ..., Ky}, 2a
i, g2, ..., o — HX KPATHOCTH, TO CyMMa MOC/JeIHHX

Bt et .. FR,=2n—2

B cuny kKonpopMHOro oro6pakeHus 3TUM TOUKAM OTBe-
YaloT U TOYEK BETBJIEHHA 4y, Gy, ..., Qv PHMaHOBOH IO-
BEPXHOCTH Haj c¢epoil w; OHU PACHOJOMEHB HA TTOBEPX-
HOCTH HM30JHMPOBAHHO, ¥ B HHUX B KPYroBOM NOPAAKE CXO-
ASATCS COOTBETCTBEHHO Wi+ I, pme+ 1, ..., po + 1 aHC-
ToB. Ho cieayer 3aMeTHTh, UTO HECKOJBKO pPasqHYHBIX
TOUEK BeTBJEHHMS MOTYT JieXaTb Haj OZHOH W TOH xe

o F4
TOYKOH ccpepbx W, TAK KdK H3 COOTHOUIEHHA w = ?; ((z;
ilst 2=a¢, ..., &y MOXET INOJYUUTHLCA HECKOJbBKO pas3

OJHO X TO *Xe 3HayeHMe w. Haja Takoi TOUKOH oKaxKeTcs
TOrJa HEeCKOJbKO pas3JUYHBIX (APYr OT Apyra H30JHpO-
BaHHBIX) TPYNO JUCTOBR, NPHYEM JIKCTBE KaXKJAOH IpPynmbi
P 3TOH TOYKe cKieeHn Mexjay coboi. Takume TOYKH Ha
chepe w Mbl OyseM (B OTVIHUHE OT TOYEK BETBJCHHA
PHMAaHOBOH NMOBEPXHOCTH, COOTBETCTBYIOLHX 3aMedaTelb-
HLIM TOYKaM cdepsl z) Ha3bBaTh MECTAMH BeTBJEHHUS
1 6ygeM ofo3HauaTh HX uepe3s A, B, C, ... ; uucao Ta-

*) CwM. npHMeuanue 96,
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KHX PA3JIMUHBIX MECT BETBJEHHs MOXeT, TAKHM 06pa3oM,
ObITb MeHblIe v.

Tenepp MBI NOCTpOHM mNOBEpXHOCTE PHUMaHa, 0 KOTO-
poHl MO HMEICUIMMCH NOKA y HAac JQaHHBIM MBI MOXEM
wMeTh JMIIb BECbMa paclnJblBYyaThle INpeACTaBJIEHHS,
NpHYeM cpenaeM 3TO TaKuM obOpa3oM, 4TOGH OHA noJy-
yuaa Gosee Harasaubiit Bug. C 3TO#l LeJbl0 MpOBEAEM
Ha cgepe w vepe3 Mecta BeTBaeHus A, B,C, ... 3a-
MKHYTYI0 JnHHIO € Ge3 KpaTHBIX 7
TOYEK BO3MOXHO 60Jee IpocToro
BHJla; 3aIUTPHXYEM OJHY H3 orpa-
HHUYEeHHHX elo uyacTeli cdepH B OT-
adune ot Apyroid (puc. 37). Bo
Bcex NpHMepax, pa3fHpaeMbXx Ha- _
MH HHXe, Bce ToukHn A, B, C, ... /
NeHCTBHUTENLHB;, B 3TOM cJjyyae -
€CTECTBEHHO B3ATb 32 JHHHIO € Puc. 37
MepuaHaHn %7) feficTBHTEeNbHBIX YH-
ceJl, TaK 4TO Hawa cdepa pacnajaercs Ha ABe NOJY-
ctepmt.

Bosppamasch K o6uieMy cayuaio, 3aMeTHM, YTO Kax-
OBl JIHCT PHMaHOBOH MOBEPXHOCTH CKJEHBAeTcst ¢ ApYy-
TUM JIHCTOM BAOJb JIMHHH pa3pe3a, UJH, Kak Mbl OyldeM
TOBOPUTb, JIMHHH BETBJIEHHS, COEJHHSIOUIEH aBe TOUKH
BeTBJeHHsi. KaK M3BeCTHO, pMMaHOBA NOBEPAHOCTb, K0
CYILLECTBY, OCTA€TCS HEH3MEHHON, KOrga MhEl Takyio Ji-
HHIO Kak-Ju60 1O Hel IepemeniaeM, €CJH IIPH 3TOM KO-
Ikl ee OCTAKTCH HENOABHXHBIMH, ADYTHMH CJOBaMi,
€CJIH Te e JHCTH CKPeIUISiTh MeXxAy co60H BAOJb HHEIX
JAHHHHA, COeMHAIOUWMUX Te >Xe TOYKH. B 3TOH HensMeHse-
MOCTH 3aKJjwovaeTcs OoJbluas O6GIHOCTL, HO B TO e
BpeMs H CyUleCTBEHHasi TPYAHOCTb HJeH MOBEpPXHOCTell
Pumana. Uro6w npuaaTh Hauiedl MOBEPXHOCTH ONpeie-
JeHHBI BUJ, JIETKO AONYCKaloHA KOHKPETHOE NpeicTdi-
JIeHHe, CABHHEM BCe JIHHHH BETBJAEHHS TakuMm o6pa3sow,
yToGH BCEe OHH JI€XAaJdH HajJ NOCTPOEHHOH BHILIE Jiii-
nued €, mnpoxonsieit uepes Bce MeCTa BeTBJEHH:;
npH 3TOM HajJl OAHHUMH uyacTaAMHM JHHUM € Moxker, Xo-
HEUHO, JIeXATb [0 HECKOJNbKY JIHHHE BETBJEHHA, A
HaxAQ ,leyI‘HMH YaCcTSIMH JIHHHH G MOXXE€T HX BOBCe HE&

OHTDb.
Tenepb paspekeMm BCe JIUCTH BAOJb JHHUI, JeXaLlX

Haa €. Beuay Toro, 4To MBI YXe paHblie OOMECTH.1i
BCE JIHHHH BCTBJIEHHst Hal JuHHei#t € H Tenepbp mpoiis-
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BOAHM BROJb BCeX HHX paspesbl, Halla pHMaHOBa IO-
BePXHOCTh pacmajgaeTcs Ha ABe CPYNOLI [0 7 MOJYJIHC-
TOB», COBEPIIEHHO CBOGOJHHIX OT BeTBJIEHHH H pacmoJso-
XEHHBIX HaJ KaX[0H H3 JABYX yacteill cdepwl, orpaHu-
yeHHbIX JuHHeH €. COOTBETCTBEHHO TOMY, KaK Mbl yc/o-
BHJIHCH BHIE pa3auuaTe o8e uactd cdepbl, M OyAem
FOBOPHTE O f 3QUITPUXOBAHHBLIX U O N HE3AUITPUXO8AH-
Kotx monyauctax. Tenepp Mbl MOXKeM TaK ONHCATb CTPOe-
HHE PUMAHOBOH NOBEPXHOCTH: KaiObili 3QUITPUXOBAH-
HolL NOAYAUCT HA Hell OKPYHCER UCKAOUYUTEALRO He3q-
WTPUXOBAHROIMU NOAYAUCTAMU, C KOTOPbLIMU OH BCTpe-
4aerca 60046 AUHUL, DPACNOAONHEHHHIX HQAO HACTAMU
AB,BC, ... aunuu @; aHaJOTHYHO 3TOMY, KaxOoil He-
3QUUTPUXOBAHKBLL NOAYAUCT - OKPYXHCEH 800Ab TAKUX OT-
pe3Kos KpuBol OOHUMU AUULL BAUTPUXOBARHLIMU NOAY-
aucramu. Ho 6Goaree wem dsea noayaucra ecrTpedaercs
TOALKO 8 TO4KAX BET8ACHUA, O UMEHHO, 8 W-KPATHOL
TOUKE 8ETBAEHUA CXOOATCA nonepemeHHo -+ 1 3awrpu-
xo8annbix U w4+ 1 He3QUTPUXOBARKbIX NOAYAUCTOS.

BBuAy TOro, uTo mOCPeACTBOM Hameld ¢yHKuHH w (2)
chepa z B3aHMHO ORHO3Ha4YHO O0TOOpakeHa Ha PHMAaHOBY
[IOBEPXHOCTb HaJ cpepoll w, MOXHO Cpa3y NmepeHeCTH Ha
chepy z HafileHHBIE COOTHOUIEHHS CKJaeHBaHHs. HMeHHO,
B CHJY HeNpEepLIBHOCTH 27 MOJYJHCTaM NOBEPXHOCTH CO-
OTBETCTBYIOT 2n OZHOCBA3HBIX o6Jacrtefi Ha cdepe 2,
KOTOpPHIE MK H230B€M COOTBETCTBEHHO 3QUWTPUXOBAHHbL-
MU U HE3QTPUXOBAHHBIMU NOAYOOAACTAMU, OHU OTOe-
AR10TCA 00HA OT dpyeoli xpuselmu wa cepe z, 8 KOTO-
pole n-snadnas Qynkyus *) z(w) orobpascaer Kandyro
ua dacreid AB,BC, ... aunuu . Kaxdaa 3awrpuxosan-
Has noayobAacTs conpuKacaerca 60046 TAKUX KPUBLLX
UCKAIOHUTEAbHO € HEe3QUWITPUXOBAHKLIMU NONYOBAACTAMU,
U HAoOOpOT; TOABKO 8 U-KPATHOU 3aMeHATEeNbHOU TO4KE
cxodarca’ 6oabe 4em Jse noayo6aacTu, a UMEHHO,
p+ 1 Bawrpuxosanmbix U CTOAbKO e HE3AUWITPUXO-
BAHHbLX.

310 pasbueHue cdephl 2 HA 06JACTH NOCAYKHT HAM
JUJIsL TOTO, YTOGH NPOCJAEIHThL BO BCeX AeTansax XO& PyHK-
uMu z(w) 47151 HEKOTOPHIX MPOCTHX H XapaKTepHBIX NpH-
mepos. Haurem ¢ camoro npoctoro npumepa.

*) To ectp dyukuug 2 = g(w), obparnas Pyuruuu (2); arok
QYHKUEHE H COOTBETCTBYeT paccMaTpuUBaeMas PHMAHOB2 NOBEPXHOCTb.
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1. JisyuieHHOe ypaBHeHHE 2" = ©

Kaxk usBecTHO, ¢opMasibHOE pellleHNe 3TOro ypasHe-
HHA TOJYYaloT, BBOAA 3HAaK KOPHA HWJAH pajHKaaa:

n
2=«\/w, HO OT 3TOro Mbl He MHOTO BthrpblBaEM B CMEl-
Clie 3HaHusa (pyHKLlHOHaJIbHOF[ 3aBUCUMOCTH, CBSI3BHIBAIO-
meit 2 U w. [ToaToMy cTaHeM MNOCTYNaTh COIJIACHO Ha-
uleMy O6lieMY @pHeMy: BBOAYM ONHOPOAHBIE Tiepe-’
ME€HHBIE
w, 2!

n
W, 2y

U cocTaBaseM (QYHKUHOHAaJbHEIH ONpeReNHTe b YHCIH-
TeNS U 3HaMeHaTeJis NpaBoil yacTu: ‘

nz"l_l 0 —_— p2ynt=14n—1
= pz Tzl .
n-1 1 2
Q nzy

Ilns atoro onpepenutreds 2;=0 H 2z, = 0— uau, B He-
ONHOpPOAHOH ¢opme, 2=0 H 2= cc — NPeJACTaBIAIOT
-co6oil XKOpHH (n— 1)-H RpaTHOCTH; CJeA0BaTeJbHO, H3-
BECTHH BCe 3aMeyaTelbHble TOYKH C OO6wel cymmoit
KpaTHocTell 27— 2. Ho (corlacHo Hawefl o6uied Teo-
peMe) HajJ COOTBETCTBYIOUIMMH B CHJIY 3aBHCHMOCTH
w = 2" MeCcTaMH BeTBJeHUS @ =0 U w == oo HAXOJAATCH
AB€ TOYKH BETBJEHHA [OBEPXHOCTH Copepa w
Pumana Han coepoit w, H NPHTOM % .
KpaTHOCTb TOH W Apyrofi pasHa #— 1, ~\
TaK YTO B KaXXJOH U3 HHX CXOAATCH
IHKJAHYECKU Bee # auctoB. O603HayuM +7 +-1
uepes € [geficTBHTENBHYIO TPSAMYK0 Ha /
cepe W U paspexkeM BCe JHCTH pH- e
MaHOBOH NOBEPXHOCTH BAOJb JHHHH, ]
PacloJIOKEeHHBIX HajA 3TOH UpsMOH, Puc. 38
CABHHYB TNpelBapHTEJNbHO JHHHH BeT-
BJEHHS COOTBeTCTBYIOLIHM oGpasoM. M3 2n poaycdep,
Ha KOTOpHE pacnajaeTcs NPH 3TOM NOBEPXHOCTb, Npel-
CTaBHM ce0¢ 3alUTPHXOBaHHBIMH Te, KOTOpble COOTBET-
CTBYIOT 3HAUEHHAM W ¢ NOJOXHTEJbHOH MHUMON yacTbio.
Ha pelficTBuTeNbHOH NpAMON paaiHyaeM TOJYIPSIMYIO
(Iyu) MOJIOKHTENBHBIX AEHCTBHTENbHLIX 4Hcea (chJoll-
Has JWUHWA Ha pPHC. 38) H Jy4Y OTPUUATEJNBHWX 4HCeJ
(nyHKTHD ).
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Teneps nccneayem usobpaxkenus stoél npamoli € Ha
cdepe 2z, NPOH3IBOAALIHE XaAPAKTEPHCTHUECKOE MeJeHHe
nocaefHedl Ha mnoayo6nactd. Bpone nonoXHTENbHOro
Jyya HMeeM w ==r, rZe r npoberaer 3HaueHHa oT 0
A0 oo. ITo3TOMy Ha OCHOBaHHH H3BeCTHOM (opMyJabl u3
TEOPUH KOMIJIEKCHBIX YHCEN HaXOIHUM

n n
z='\/w=['\/rl-(cos-2ﬁ—n+isin%:‘ .
f=0,1,..., n—1.

STi 3HaueHHs 2 3aMOJHAIOT LJs Pa3JHUHLIX £ Te Moay-
npsiMpie (MepHAHAHH) cdepuLi 2z, KOTOPbIE COCTABASIOT
C 1YYOM TIOIOMHTEJbHBIX UHCEJ YIJIbI

0 2n 4n 2(n—1)n
' n' n n :

y evovy

Takum o6pasoM, 3TH JHHHH COOTBETCTBYIOT TOH Ayre,
KoTOpasi H306pa)eHa CHJOWHOH JHHHEeH. AHaJOrHuHO,
1a oTpHUaTe/JbHOH noaynpsaMol cdepsl w Hago moJjao-

JKUTh @ = — 1t =r-e", rie cHoBa 0 << r < o0; 3TO Jaer
n n
- 2k 4+ 1 .o 2k 4+ 1
z=x/w=l1,/r[-(cos(——i;—l£+zsm L—’:——)l)
roe k==0,1, ..., n— 1. 39TH 3HaueHHA 3aNOJHAIOT

7 MepHIAHaHOB cdieppl 2z ¢ «reorpaUyecKMMH [0JITO-
TaMH» .
n n e2n—)n

n' nt*""7 n '

KOTOpBle, TAKHM 06pa3oM, AEJsIT NONoJjam Yribl Mexay
npeanAymuMu MepuanaHamH. Takum of6paszom, cpepa 2z
pacnagaercs Ha 2n paBHBIX ABYCTOPOHHHKOB C BeplUH-
HaMH B CEBEPHOM H IOJXXKHOM ToJioce — NOXOGHO ToMYy,
KaK Haape3aloT aneibcHH. JT0 pa3bueHHe B TOYHOCTH
COOTBETCTBYET OOWIEHd TeopUH; B YACTHOCTH, TOJbKO B
3aMeyaTeJbHBIX TOYKax — B o0fouX mnofawcax — nepece-
KalTcsl 6ojee yeM ABe noJayo6racTd, a HMeHHO 2f, 4TO
COOTBETCTBYET KpaTHOCTH n— l. UTo Xe Kacaercsa pac-
npeneneHHsl 3alITPHXOBAHHBIX M He3AIWUTPHXOBAHHBLIX
rnoayo6nacrei, To Heo6XOAUMO OIIPEAENUTH OTHOCHTENb-
HO OAHOH KaKoH-HHOYAb noiyo6JacTH, ClAeAyeT JH ee
3alUTPUXOBATH HJAH HET, TOrja ocraJjbHble NOAYyoGaacTH
HpHJETCA 3alITPHXOBATh 4epe3 oAHy. Ecau cmorpeTh Ha

3alITPHXOBAHHYI0 MOJIOBHHY cdepnl @, TO MBl YBHAHM,
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YTO CIJIOLIHAA YacTh ee NepHepHH JIEXKUT BJIEBO OT Hac,
a TYyHKTHpHas BrnpaBo®). A Tak Kak Mbl HMeeM [en9
¢ KOHPOpPMHBIM oTOOpa)<eHueM O6e3 rnepeBopauuBaHud
yrjaoe (HAH <«OPAMBIM» KOHGOPMHBIM OTOOpa’KeHHEM ),
TO U Ka)Knas 3alUTPUXOBaHHas noayobaacTb Ha cdepe
J0MXHA 6bITh TaK pacnojioxeHa, YTO CIUIOIIHAR YacTh
OrpaHHYHBAIOLIEN €€ JIUHUH JIeKHT c/eBa, a NMyHKTHPHAA
yacTe cnpasa ®%). 3To paer HaM NOJHOEe 3HaHHWe pacmpe-
IJenenuss moayobGnacreiét Ha chepe 2. Caeayer oSpaTHTH
EHHMaHHE Ha XapaKTepHOe pa3JiHYHE B pacHpeleseHH:(
o6aacreii Ha ofeux nojoBUHAX cepsl z B 3aBHUCHUMOCTIt
CT TOro, YeTHO N MJH HEUETHO, KaK 3TO BHAHO HA
puc. 3% u 40 1aq cryyaeB n=3 Hn =4,

Cpepa z
(=]
,f
//
/
]
!
1
{
i
1
3
\
\\
\\\
g
n=3
Puc, 39

Xouy o6paTHTb Baule BHUMaHHe U HAa TO, HaCKOJBKO
IeHCTBHTEJNBbHO Heo0XOAMMO MNepeHTH K KOMIJIEKCHO!
chepe naa TMOJHOrO TOHHMAHHA MOJIOKEHHA Belued; s
caydae KOMIJIEKCHOH AMAOCKOCTW MB TIOAYYHJH O pas-
6HeHHe Ha yrabl c Oo0UleH BeplIHHOH B Hauyasne KOOpAL:-
HaT *), H mpeAcTaBAAAOCh Gbl 1aJ1eKO He TaKHM Hariasi-
HBeIM TO, YTO 2 = 0o KAaK 3aMedaTe/lbHaA TOYKA H w =00
KakK MeCTO BeTBJIEHHSI HMel0T TO JKe 3HaueHHe, YTO i
Touk 2 =01 w=0.

Tenepp Mbl HMeemM OCHOBY /Al TOJIHOTO BHIsICHEHH
GOYHKUHOHANBHON CBA3H MEXIY 2 H @; OCTaeTCH TOJbKO
n3yuHTb KOH(QOpPMHOe 0TOGpaKeHHe KaXAoro H3 2n coe-
pHYECKHX ABYCTOPOHHHKOB Ha Ty HJH ApYryio moaycd:-
py w. Ho s He cTaHy 31ecb BXOAHTb B PacCMOTpPEHH:
STOro BOMPOCA; BCAKOMY, KOMY NMPHXOAHAOCH HMETb Aesiu

*}) Cu. puc. 129 (c. 405).

6 . Knettn, 7. |
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¢ KOHDOPMHBIM OTOGpaKeHHeM, 9TOT cJAydyai 3HAKOM KaK
OIHH H3 TMpOCTEHIUNX W B BhICIIEH CTeNeHH HarJsgHBIX
npuMepos. K cmocofam YHCIEHHOro onpepesieHus 2 HaM
ellle NPHALTCS BEPHYTHCA HHIKE.

Teneps xe 3aifiMeMcsi BaXKHBIM BOIPOCOM O B3aHMO-
OTHOIWIEHHH MeXAY OTIAebHBIMH ONHOPOAHBIMH NOJYOO-
JactamMi Ha cdepe 2. Tounee rosopsa: w == 2" NpHHH-
MaeT OAHO H TO Xe 3HAaUE€HHE B COOTBETCTBEHHEIX TOUKax
BCEX n 3alUTPUXOBAHHHX 00JAacTed; He BRPAMKAIOTCH JH
OTBEUAIOIHE 3THM TOYKAM 3HauYeHUs z NPOCTHM o6pa-
aoM Apyr uepes apyra? [leHCTBHTENbHO, Ml Cpa3y BH-
UM, YTC AafA 2 =2-g, rje € — KaKoH-HHOyab M3 Kop-
Hell n-H CcTenmeHH M3 eJMHHUB, Bcerga 2" =2" T. €.
W == 2" NpUHHMaeT OJHO M TO JXe 3HaueHHe BO Bcex

n TO4YKax
2vin

2Z=ev.z=e " .2 (v=0, 1,2 ..., n—=1). (2

TlosToMy 3TH n TOYeK pacnpefelleHnl KaK pas MeXAy
BCeMH n 3aIUTPUXOBAHHHMH o6JacTsaMH M mpoberaior
[0 KaxJaoH 43 HHUX, KOTJa 2 JBHXKeTCH Ne OAHOM KaKoi-
HHOYAb; TO )K€ HMeeT MeCTO H AJs1 He3allITPHXOBAaHHHIX
o6aacreii. Ho kaxnas mojacTaHoBka Buza (2) reomer-
PHYECKH O3HauaeT n080pOT Chepol 2 OKOAO 8EPTUKAAL-
. 21
Hoil ocu (0, ) Ha yeoav - ~» TaK Kak B KOMIJIEKCHOH
vin
NJIOCKOCTH, KaK H3BECTHO, YMHOMeEHHe Ha e # H30-

2vr
OpaxkaeT MOBOPOT OKOJIO Hayala Ha yrom —-—. Takum

06pa3oM, COOTBETCTBEHHbIE TOUKH HAWIHX chepuuecKnx
o6aacTell, Kak u caMH 06J1acTH, NePeXolAT APYT B ApY-
ra npu n TaKuX NOBOPOTaxX OKOJO BePTHKAJIbHOH OCH.

ITosToMy, ecau Gbl MBI 3apaHee MOINIH ONpeleluThb
XOTb OJHY 3aWITPHXOBaHHyl0 06aacTb cepel, TO 3TO 3a-
MeuaHHe a0 Gbl HaM M ocTajdbHHe o6aactu. Ilpu stom
NPHMEHSIETC TOJIbKO TO CBOHCTBO MOACTAHOBOK (2), 4TO
o npeo6pasylT ypasHeHue (1) camo B cebs (1. e.
NpeBpallaloT ypaBHeHHe 2"=1w® B 2’ =w) W 4YTO uHC-
JO HX COBMAafaeT CO CTeneHbid ypaBHeHuA. B nanbHed-
IIMX mpuMepax Mul Bceraa OyAeM HMeTb BO3MOXHOCTh
3apaHee yKa3aTb TaKHe JHHEHHBIE MOACTAHOBKH H m0O-
cTosiHHO 6yJeM MOJb30BaTbCs TEM CYLIECTBEHHEIM yHpo-
leHHeM, KoTopoe 6Jarojaps 3TOMY BHOCHTCA B pelle-
HHe BONpoca 0 pasfHeHuy Ha 00J4CTH.
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Tenepp Mbl BOCMOABb3yeMCs HALUMM TNpHMEpOM A4
BLIICHEHHs] OZHOrO BAaXy<HOro MOHATHA BecbMa o6llero
XapakTepa, a HUMEHHO, NOHSITHA HenpusodumMOcCTi B IPH-
JIOKeHHH K YPaBHEHHSM, KOTODble PALIIOHAJABHO COAEp-
XKat oauH mapaMetp w. O HempHUBOAHMOCTH ypaBHeHHIl
¢ PpanHOHa/JbHLIMH YHCJIOBBIMH KO3(h(HHHEHTAMH MBI
yiK€ TOBODH/IY MO MNOBOAY NOCTPOEHHS NPAaBHJIBHOrO ce-
MUyroZbHHKa. YpaBHenue f(2, w)=0 (HanpuMep, Halue
ypaBHeHne z'— w =0), B KoTopoM f(2, w) — MHOrO-
YyjeH, neablfl OTHOCHTEJNBHO 2, H KO3 OdUUHEHTH KOTO-
pPOro ABJSAIOTCA pPauHOHAJbHBIMH PYHKUHMAMU OT W, Ha-
3BIBAETCH npusodumsis N0 OTHOILEHHIO K NMapaMeTpy w,
ecnu f pasjaraercs B NMPOM3BeAeHHH ABYX MHOLOUJIGHOB
TOro XKe poja:

[z, w)=Fi(z, w) [2(2, w);

B NPOTHBHOM CJyyae ypaBHeHHe Ha3blBaeTCA Henpugo-
Jumovim OTHOCHTeNbHO w. Bce 0606uieHHe MO CpaBHEHHIO
C NpEeXHHM IIOHATHEM CBOAHTCH K TOMY, YTO NOA «00-
J1aCThbi0 palMOHaNbHOCTH», B KOTOPOH MHl OmepHpyeM i
K KOTOpO# HOJXKHH NpHHAAJAeXaTb Bce KO3GHUHEHTHI
paccMaTpHBaeMBIX MHOIOY/JEHOB, BMeCTO COBOKYNHOCTH
BCeX palHOHAJbHBIX UHCE]1 Ternepb Mbl MOHHMaeM COBO-
KYNHOCTb BCeX PAalHOHAMBbHBHIX GYHKUMH OZHOrO mnapa-
MeTpa w; Mbl MePexXOAHM, TaKHM o0pa3oM, OT TOUYKH
3PCHHA UYHCTON TEOpHH uHCel K TOUKe 3peHHs TeOpHY
YHKUHI.

Hsobpaxas HarasgHo BCAKoe ypaBHeHHe f(2, w)=0
NOCPeACTBOM €ro pUMaHOBOH NMOBEPXHOCTH, MOXHO yCTa-
HOBHTb MpPOCTOH KpHTepHH NMPHBOAHMOCTH B 3TOM HOBOM
cMbicyie. B caMoM fene, ecid ypaBHeHHe NPHUBOAUMO, TO
BCAKAaA mapa 3HaueHHH® (2, w), yAOBJeTBOpAIOLIAA €My,
JO/KHA o0palars B HyJib JaH60 fi(2 w) aubo f2(2, w).
Ho pewenns ypaBHeHu# fi =0, fo=0 wusobpaxatorcsa
MX pDHMAHOBEIMH TMOBEDXHOCTAMH, KOTOpbleé He HMeIT
vexAy coofoit Huuero oblulero ¥, B YaCTHOCTH, HHUrAe
He ckpenyienbl. CleI0BaTeNbHO, PUMAHOBA NOBEPXHOCTY,
npunadsescawan npusodumomy ypasHenuo f(z, w)=70,
doasna pacnadareca no Kpatnel mepe na dee pasdens-
Hble 4acTu.

TMosToMy MB MOXEM Tenepb cpa3y XKe YTBEPXKAATH,
4TO ypaBHeHHe 2" — @ =0 HenpusoOUMO B NOHHUMAHHM
TeopuH OyHKun#l. B caMom feae, B KaXAOH TOYKe pas-
BETBJEHU €¢ PUMaHOBOH MOBEPXHOCTH, KOTOpasA HaM B

6*
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TOYHOCTH M3BECTHA, UHKJHUECKH CBA3aHbl Mexly coBoM
BCe n JIHCTOB, H, KpOMe TOro, BCH IIOBerHOCTb 0T06pﬂ'
#aeTcs Ha CBs3Hyio chepy 2; MOITOMY pacnafeHus Ha
YacTH HeT.

HeBo3smoxnocTs jpesenns yria Ha TPH paBHbie Ha-
ctH. B Buge APHAOKEHHH MBI MOMEM Telepb 3aHAThCH
pelieHHeM OJHOH yxe paHblue 3aTpPOHYTOH MOMymaspHOIl
mMaTeMaTHYeCKo# mpofjieMbl, — a HWMeHHO, 3ada4u o Jde-
AeHUY 4100020 YeAd @ HA N PABHLLX 4ACTell, 8 4ACTHO-
¢t 0ana n=23,—3adauu 0 Tpucekyuu yera. 3anaua
COCTOHT B TOM, UTOOH HAATH TOYHOE NOCTPOEHHE C IOo-
MOLIBIO UUPKYJAs ¥ JHHEdKH, KoTopoe paBaJjio Obi jene-
HHe Jo6oro yria ¢ Ha TpH paBHuble yacTH. Jasa wenoro
pfAia chneudanbHBIX 3HAauYeHHH yraa @ ™*) JIerko MOMKHO
HAalTH TakHe nOCTPOeHus. 51 Xouy MO3HAKOMUTbL Bac
¢ XOJAOM MbIC/lell B J0Ka3aTeJNbCTBE HEBO3MOXHOCTH TPH-
CeKIHH yrja B yYKa3aHHOM CMbIcae; NPH 3TOM # Npoluy
BaC BCHOMHHTb J0OKa3aTeJbCTBO HEBO3MOMHOCTH 1O-
CTPOEHHS [PABHJIBHOIO CeMHYTOJbHHKE C MOMOLULbIO LHp-
kyast H nuHefikn. Kak H B TOM J[OKa3aTe/NbCTBE, Mbl
CBE€JEeM 3a[ayy K HeNpHBOIHMOMY KyGHUeCcKOMY ypaBHe-
HUIO H 34TeM TMOKaXeM, YTO €ro HEBO3MOMHO pelHThb
NOCPeACTBOM OAHHX TOJNBKO H3BJEUYEHHH KBaApaTHOro
KopHa. Ho Tonbko Tenepb B ypaBHeHue OyleT BXOAHTb

; napamerp — yron @,— Toria Kak
/" &' 6 .
Vs panblie Ko3ddHUuHeHTH OBJIH LUe
__ JILIMH YHCJaMH; B COOTBETCTBHH C
/ ¢” 3THM Temepb BMECTO GHCJIOBOIl
7 73 LOJKHA OKaszaTbeAd (YHKUHOHAJb-
Has HEMPHBOJLHMOCTbD.

YUrtobpl MOAYYHTh YpaBHEHHe,
Laloulee 3aMHCh Hawel mpobuaeMsl,
Puc. 41 npeacTaBHM cebe, 4TO HA MOJIOXKH-
TeJbHOH MOJYOCH [eHCTBHTEJbHbIX
yHces1 nocTpoed yroa @ (puc. 41); Toraa ero BTopas cro-

POHA MepeceyeT OKPYIKHOCTb paaHyca 1 B Touke

w=e9=rcos¢-isinq.

-

Hamwa 3agaya cBoAHMTCA K TOMY, 4TOOB HaHTH Takoe
HEe3aBHCHMOE OT BeJHUYHHBl yrJa ¢ NOCTPOeHHe, COCTOA-
1ee H3 KOHEUHOro Ydcaa onepauuil ¢ LUHPKyJeM U JH-
HellKo#H, KoTopoe BCAKHI pa3 ndaBajo Obi TOYKY mepece-

*) Hanouwmep, ang @ = 90°
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. - . )
YECHHA ITOH OKPYXKHOCTHY CO CTOPOHOH yr/a -,;L, T. €. TOUKY

. ., I,
z=e‘¢/3=cos%+tsm —g—

370 3HaYeHHe z YXOBJIETBOPSIET ypaBHEHHIO
Z=cosg+ising, (3)

Y aHAJUTHYECKHH 3KBUBAJEHT Hallel reoMeTpHueckoil 3a-
D244 COCTOMT B TOM, YTGOB! peliUTb 3TO ypaBHeHHe MOo-
CPeACTBOM KOHEUHOrO YHCJ2 H3BJeYeHHH KBaApaTHbIX
KOpHe# H3 panHOHaJbHbIX QYHKUHH OT cOSy u sing, 6o
3T0 CYyThb KOOPAMHATH TOUKH W, H3 KOTOPBIX MBI AOJIIKHBI
HCXO/HTD NIPH HAIIeM NOCTPOEHHH.

[Ipexae Bcero Hafo y6eAUTLCA B TOM, UTO YpaBHEHHe
(3) HempuBOAHMO C TOUKH 3pE€HHS TEOPHH QYHKUHIL.
[Ipaexaa, aTo ypaBHeHHe He BMOJHE NOAXOAHT HOJ TOT THNR
ypaBHeHHH, KOTOPHIH MBI HMeJH B BHAY B NpeAbIAYLIHX
o6LIUX paccyKAEHHAX: BMECTO PAaUHOHAJBHO BXOASLULErO
KOMILJIEKCHOFO mapaMeTpa @ 3Aechb PalHOHAJNbHO BXOAAT
[Be QYHKUHMH — KOCHHYC U CHHYC — AefACTBHTENbHOrO ma-
pametpa ¢. Mbl Ha3oBeM 3ech MHOrouneH 2°—
—(cos @ + isin @) TNPHBOAUMBIM TNPH YCJAOBHH, UTO OH
pacnagaercsi Ha MHOTOW/IeHbBl OTHOCHTE/bHO 2, Ko3ddu-
LHEHTH KOTOPHX TOXe SBJIANTCA PaliOHAJbHEIMH PYHK-
LUAMHY OT cOS @ H sin ¢. MoxHo AaTb KpuTepuil moHHMae-
MO B 3TOM CMHICJe NPUBOAHMMOCTH, BIOJHE NOAQGHBIN
npexHeMy. A HMeHHO, eCiiH @ B paBeHcTe (3) nmpoberaer
BCe JeficTBHTeNbHble 3HAaYeHHR, TO @ = e =cos ¢ |
~+-isin ¢ npoberaet B TO Xe BPEMA OKPYXHOCTb paiHy-
ca | B IMIOCKOCTH w, KOTOPO# B cUay cTepeorpaduyeckoi
IPOEKUHH COOTBETCTBYeT 3KBaTop Ha ctepe w. JluHua,
JeXalas HaJ 3To# OKPYKHOCThIO HA PHMaHOBOH noBepXx-
HOCTH ypaBHeHHs 2° = w M OZHOBpPEeMeHHO Npoberaoluas
BCe TPH JHCTa, NpH nomoly (3) B3aUMHO OAHO3HAUHO
oToGpaxaeTcs Ha OKPYKHOCTb paauyca | ctepel 2 H no-
9TOMY MOXKeT ObITb 10 HeKOTOpPOH cTemeHH Ha3BaHa €ro
«OJHOMEPHHM PHMAaHOBBLIM H306paKeHHeM». $ICHO, YTO
NoAOGHLIM 06Pa30M MOKHO [/ BCAKOrO YpaBHEHHS BHAA
f(z, cos ¢, sin@)=0 nOCTPOMTH TaKoe PHUMAHOBO H30-
6paxeHHe; A7 ITOrO HYKHO B3ATb CTOMNBKO 3K3EeMILIsi-
POB OKpy:XHOCTeli ¢ paguycom 1 u ¢ AJHHOH AYFH. ¢,
CKOJIBKO KOpHe#l uMeeT ypaBHeHHe, M CKPenHTb HX co-
OTBETCTBEHHO CBfI3HOCTH KopHeil, . [Janee 3akmaouaes



166 AJTEBPA

COBEpUIEHHO TMOAOBHO NperHeMy, 4TO ypaBHenue (3)
TOJIBKO TOTAA MOTJIO 6Bl GHITh TIPHBOAUMBIM, €CIH OB €70
OJIHOMepHOe PHMaHOBO U300paKeHHe pacnajajoch Ha OT-
ZeJbHble 9aCTH, HO B JaHHOM CJydae 3TO He UMeeT MecTa,
H TIOTOMY HelpHBOAHMOCTb Hallero ypasHeHHa (3) poka-
3aHa.

[TpexHee Q0Ka3aTeNlbCTBO TOrO, UTO BCSIKOE KyOuye-
CKOe ypaBHeHHe C paUHOHAJbHHIMH YHCJEHHBIMH KO3(-
(GuUHeHTaMH, pa3pellHMOe HOCPEACTBOM pAfAa H3BAeYe-
HHA KBaJpaTHOro KOpHSA, ABJAAETCA HNPHBOAHMBIM, MOXeT
OBITb JOCTOBHO TepeHeCeHO Ha HACTOAUIMA CAydyaH He-
IPHBOAHMOT0 B (YHKUHOHANbHOM CMHC/AE YpaBHEHHSH
(3)*); cTouUT TONBKO BMECTO CJIOB «PauHOHaJbHHE YHC-
Ja» roBODHTH KalK/Abli pas «pamuoHaJjbHbie PYHKUHY OT
coS @ u sin @». [Tocae 3Toro ABJseTcs BROJHE AOKa3aH-
HHM Halle yTBEPIXK/JEHHE O TOM, UTO HEBO3MONMHO BbINOA-
HUT6 NOCPedCTBOM KOHEYHOzZO yucaa onepayuil (¢ yupky-
Aem u aunelxoll) OeneHue HA TPYU 4ACTU NPOUSBOALHOZ0
yeaa @; TakHM o6pa3oM, Bce cTApaHHA JoAel, 3aHaMalo-
LIHXCA TpUCEeKIHe# yrya, ofpeueHn Ha BeuyHyio Gecn/of-
HOCTB!

Tenepe nepefineM K paccMOTPeHHIO HeCKOJAbKO Gosece
COXKHOrO npHMepa.

2. ¥paBHeHHne ausjpa
Tak HasbBAOT clepylollee YpaBHeHHE:

w=%(2"+%); ()

OCHOBaHHe Xe AJS TaKOro Ha3BaHud OyLeT BHACHEHO
LHXKe. YMHOXaa Ha 2", HaxXoQuM, YTO CTeleHb 3TOro
vpaBHeHHA paBHa 2n. BBOAsi OIHOpOXHBIE NepeMeHHble,
1oay4aem

w, 2" + 23" ]

w, 92728 "
31eCh ReACTBHTENBLHO UHCIAWTENb U 3HameHaTelb Inpel-
cTaBasOT coboil hopMH creneHH 2n. HMx ¢yHKIMOHADb-
HEI onpejllesHTe]b paBeH

2n.23""1 2n.220!

k = 4p2zn—1zn—1 (2 __ 2\,
2n-2‘{"]z3 2rz-z’1';:§“l T2 ( ! 2)

*) Cwm. nepeyio yacthb 310l Kuurn (ApudmMernka),
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ITpex<ne Bcero, oH HMeeT KOPHU 2y == 0 H 2z = 0 KpaTHO-
CTH n— 1 Kaxnablf; ocTajbiue 21 KOopHel NOAYyuaOTCH
H3 ypaBHeHHS

2t — 2t =0,

21 n
( Zz) ==l
Ecanr BBecTH Hapany c KOpHEM n-l:“l CTelleHH H3 edH-
HHL B

HJIH

e = e2iin,

KOTODHM MH NOJb30BAJNHCh YK€ BHIIE, el H CleAylo-
IHA KOpeHb n-i cTeneRH H3 —1:

g = einin,

TO OCTAJLHBEIE 271 KOPHeH TaKOBH:

_2_l_ =3V
22

%;—a'-ev (v=0, 1, ..., n—1),

2
TaK KaK COOTBETCTBYOIHNHE 3HAYEHHA 2 =?l- HMEKT Kax-
2

J0e MOAyJb 1 H MO3TOMY pacmo/ioXKeHH Ha 3KBaTOpe 2
(COOTBETCTBYIOLIEM OKPYXXHOCTH pajnyca 1 Ha maocKo-

T
CTH Z) Ha OAMHAKOBHIX YIJIOBHIX PaCCTOAHHAX Y OAHO

ot apyroro. Mtak, MH Haxomum clefyiollHe 3aMedaTesb-
HHE TOYKH Ha cdepe 2: 10XHHHA noaioc 2 = 0 U ceBepHHIHA
[OJIOC 2 = 00 KaXKARfl KPaTHOCTH n~— 1, 21 To4eK Ha
SKBaTOpE Z ==¢eV, 2 == e'- eV KaXAasa KpaTHoctH 1.

CymMma Bcex KpaTHOCTelh paBHa 2:-(n—1)42n-1=
= 4n — 2, Kak Toro Tpebyer ofuias Teopema (c. 156)
npd creneHd 2n. B cuay (1) sameyaTelbHHIM TOYKaM
2=0, 2=o00 Ha cepe w OTBEYALT TOUKA W = 00, BCeM
TOYKaM 2==g"— TOUKa w = 41 4, HaKOHel, BCeM TOUY-
KaM 2 ==g’-e¥—Touyka w = —1. [Tosatomy Ha cdepe w
HMEIOTCA TOJNBKO TPH MeCTa BeTBJeHus: oo, +1, —1. I[Ipn
3TOM

HaJ, @ == oo PacloJOXeHb 2 TOUKU BeTBJEHHs KpaT-
HOCTH n — 1,

HaJl w = 41 pacno/ioXeHu! n TO4EK BETBJEHHA KpaT-
HocTH 1,
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nag w=—1 pacnoJiozKeibl /1 TOUEK BETBJCHHA KpaT-
HoerH 1.

Takum oGpa3oMm, H3 2n NHCTOB MOBepXHOCTH PuMana
B TOYKEe @ == oo UUKJIHYECKH cXOAsATcs obe rpynne Ho 7
JHCTOB, 2 B KaXJa0# M3 ToyeK w=+1 0 w = —1 cxo-
ASITCA 1 pa3 no ABa aucta. Jerasu pacmonoKeHus 3THX
JUCTOB NPeJICTaBATCA HarjasiiHee, €CJIH MBl H3YYHM COOT-
BeTCTBYIOLlee pa3GHeHHe cdepbl 2 Ha moayobnaacTu.

Hns 3toro mose3HQ 3HaTh, KaK 3aMeYeHO BhllIe, Te
JnHeldHble MOACTAHOBKH, KOTOpble MpeoGpasyloT ypaBHe-
e (1) B cebs. [Ipexxne Bcero, oHO oCTaeTcsi HEH3MeEH-
1ibIM, TTOA06l0 ABYYJEeHHOMY YpaBHeHHIO, HDH A MOACTa-
HOBKax -

2 =gz (v=0,1, 2,..., n—1), (2a)
rie &'= e%m/® TaKk KaK npH HUX 2’"=2". TouHo Tax xe
OHO MepexoAuT B ce6si NPH CJAEAYIOLHX n MOACTaHOBKAX:

d=% (v=0,1,..., n—1), (2b)

1
TaK KakK OHH TOJAbKO MEHAIOT MecTaMy 2" H?. B nrto-

re Mul uUMeeM 2n JuHeHHBHIX MPeoGpasoBaHHil ypaBHeH:
(1) B ceBs, T. e. KaK pa3 YUCJIO, PABHOE CTENEHH YpaB-
Henus. [To3aToMy, 3Has NpH HeKOTOPOM 3HAYEHHH W OAHH
KOpeHb 2, YpaBHEHHs, MOXKHO cpa3y MOJNYYHUTb BCe 2n

. , eV .
KopHel: e¥2¢ H = (v=0,1, ..., n— 1), ecan T0JbBKO

H3BECTeH KOpeHb n-if cTeneHH H3 eJHHHUILBL.

Tenepb mepefileM K HCCAeA0BAHHIO TOro pas3GHEHH
cdepnl 2, KOTOpPOE COOTBETCTBYET Pa3pe3aHUIo pUMAHOBON
[OBepPXHOCTH Haj cdepodl w BAOJMb JeHCTBHTENbHOH npa-
Moil; nmpu 3ToM Mbl OyleM pas3aHuaTb Ha 9ToHl npaAMoil,
KaK ¥ B NpefblAylieM IpHMepe, OTPe3KH, OnpefedseMbie
TPeMsi MeCTaMM BeTBJIGHHS, a HMeHHO: oT +1 Jo oo
(cnyowiHas JAHHHSA), OT oo A0 —1 (nyHKTHp), oT —1 a0
+1 (wrpuxopag aunHus) (puc. 42). KaxkaoMy H3 3THX
TPeX OTPe3KOB OTBeyaloT Ha cdepe 2 Mo 2n Pas3JHURBIX
JIyT, KOTOpble BCe MOJYYaloTCs H3 OJHOH H3 HHX C Io-
MOIIUBIO 2n JMHeHHHIX MOACTAHOBOK (2); moaToMy jgocra-
TOYHO ONpelesHTh Ka)KAhlH pa3 noJjoeHHe OAHOA H3
HuX. C Apyro#i CTOpOHBI, Bce 3TH AYTH JAOJKHBI COEIH-
HATb 3aMeyaTeibiHbie TOYKH 2==0, oo, &V, &’-&¥, KOTOpHIE
MH TIpeXje Bcero oTmeuaeM Ha cgepe 2. AHaJOTHYHO
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NpeABAylleMYy Clyuyalo, H306paxeHde 3THX OTPe3KOB He-
CKOJIBKO pasi{yaeTcA B 3aBHCHMOCTH OT TOrO, AIBJAETCH
JW n YeTHRIM HJIH HedeTHBIM 4HcioM. JLasi Hac gocrarou-
Ho OyaeT HarasaAHO NPeACTABHTbL cebe OAMH KaKOH-H:'-
Oyab onpeneneHHbld cayua#, Hanpumep n==6. Puc. 42
H300paXKaeT B NPAMOYroJlbHOH NPOEKUHH NMepelHICIo CT-
poHy cdepH z; Ha Heii BUAHB M3 TOYEK &£”, JeXAaHIHX H4
5KBaTOpe Ha paccTofHHM 60° Apyr oT apyra, HauuHast

cleBa, TOUKH ed= —1, &% €5 eb=1, a M3 Touex g’-ev,
PACNONIOXKEHHBIX MOCepeHHe MEXKAY TepBBIMH, BHIHLI
TOYKH &’-€3, ¢/-et = —i, &' €5,

Cpepa w
o3

1 yrtBepxnaw, uto ay4 (+1,00) dedcrsuressnon
npamoii Ha cdepe z coorsercrayer wactu +1<w<< +oo
Ha cgepe w. JleHCTBHTEJBHO, €CJH NMOJOXHTD Z2==r H
npHAaBaTe r AeficTBHTe/bHHE 3HaueHHa oT 1 g0 oo, TO

1 1
w =% (z" +%) = ?(r" -+ Tﬂ-) 6yleT NPHHHMATh TaK-
e Bo3pacTawilive *) HeHCTBHTe/bHble 3HaueHHA oT |
10 oo, M3 3aToit Ayru moJy4anTcs A ApyTHX CBA3HHIX AVP
Ha chepe z ¢ NMOMOLUBIO # JHHEHHKX MOJACTAHOBOK (2a),
KOTOpHe, KaK Mbl 3HaeM H3 NepBOro NpHMepa, H306pa-
KaioT MOBOPOTH chepbl 0KOJIO BepTHKaAbHOH ocH (0, o)
2 o 2(n—1
Ha. Yrau T" %‘-, celey ——(”n K : TAKUM 00pas3oM, Mbl
noJyvyaeM s MONYMEPHAHAHOB, COEAHHSIOWHX CceBepHLIN
noJoC oo ¢ TOYKaMH &¥ skBaTopa. Eme ofHy CBA3HYIO
JAYTY ME TOJIYYHM, NPHMEHss, Hanpumep, MOACTAHOBKY

1
ZI=?, KOTOpas IepeBOIHT OTPE30K MNOJOXKHTENLHOrO

._’ Nockoapry 71[17 (r" + -%-) = nrt! (l -—r—:,-,-)>9 npH ff?’l-
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Jay4da oT +1 10 oo B HHMHIid OTPE30OK MepHIHaHa, COellH-
HawowHil Toukn +1 # 0. Ecaiv noaBepruyTs u 3Ty KpUBYIO
BCEM MNOBOPOTaM (2a) — coeiuHEeHHe 3THX NOBOPOTOB C

1
npeoGpa3oBaHueM 2’ = — aeT BCe NOACTAHOBKH (2b), —

TO MOJIYYHUM €IUE A NOJYMEPHIHAHOB, COCAUHSIOMUX 0K-
HbLi MOJMIOC ¢ TOYKAMH 5KBaTOPA &Y, TaK YTO MBI AeHCTBH-
TEJbHO MNOJy4YaeM 21 HCKOMBIX CBA3HHIX AYr, COOTBET-
CTBYIOIIMX NoJayMepuinaHy cdepn w. [Ipy n=6 a31H
AYrH COCTABJASAIOT TPH GOJbIUHX OKPYXHOCTH, KOTOpHIE
NoJy4aTes M3 OAHOH (AefCTBHTENBHON) MOBOPOTaMH Ha
yrau 0, 60, 120°.

Tenepp Mbel MoOXeM yGeAHTbCA B TOM, YTO COBOKYII-
HOCThL 3HaueHult z==¢’-r, rie r cHoBa npoberaer nedt-
CTBHTeJbHEle 3HAYeHHs OT 41 1o oo, COOTBETCTBYeT 4a-
CTH JeHCTBHTENIBHOrO MepHAHaHa w, H306paxKeHHOR
NYHKTHPOM; B CaMOM Jiesie, ypaBHeHHe (1) mpu 3Tux 3Ha-
YeHHAX JaeT

1 ™ 1 1 n 1
w=—(er —_— )= =(r —1,
2 +a’nr") 2( +r")

ClIeZOBATENbHO, W MOCTOSHHO yG6bIBaeT oT —1 0o —oo.
Ho z=¢’-r npeacTaBafeT noJyMepHIHaH OT 00 L0 TOY-
KW ¢’ Ha 3KBaTope; NpHMeHsA K HeMy CHOBA NMOACTAHOBKH
(2a) u (2b), HaxoAuUM AaHAJOrHYHO IpPeABIAYIIEMY, YTO
YaCcTH OeACTBHTEJBHOrO MepHAHANA W, OTMEUCHHON MyHK-
THPOM, COOTBETCTBYKT BCe MOJYMepHIKAHBI, COeIHHSAO-
LIHE MOJIOCH C TOYKaMH 5KBAaTopa &'-€, TaK 9TO 3TH Me-
PHAMAHBI IeJAT MONOJNAM YIJbl MEeX/Y MepHAHaHaAMM, KO-
TOpHE MH HCNOJb30BATH BHILUE,

Ocraerca HafiTH 2n KpUBOJHHEHHBIX OTPE3KOB, COOT-
BeTcTBylOUIHX Ayre +1 << w < +1, oTMeueHHOH IUTPH-
XOBOH JHHHell; A JOKa)Xy, 4TO 3TO KaK pa3 orpesku,
onpedeasnemole Ha 3Kearope cgepst 2 TOUKAMHU € H
¢’-¢¥. B camoM Zene, skBaToOp H306paxaeT TOYKH C MOAY-
JgeM 1 U no3TOMYy MOKeT GBITb MpeACTaBJeH NMOCPeJCTBOM
(PYHKUHH 2 = ¢'?, rle @ NPHHUMAET AeHCTBHTE/NbHHE 3HA-
yeHusa ot 0 go 2n. I[TosToMmy cooTBercTByKOULee @ paBHO

—.!_ n _]_ —-_]_ nlg -ni9) — .
w=5|2 + e -—2(e -+ e~119) = cos ng;

OHO, AeHCTBHTENbHO, OCTAeTCA BCErAa AeHCTBHUTEJBHLIM H
110 MOAYJ/IO MeHbIIHM eJHHHIE, & HMEeHHO, IPHHUMAeT MO
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pasy Bce 3HaueHHs Mexay 1 u —1, koraa ¢ npoberaer
E1
ZYry ANHHOWO —-,T. €. @ NpoGeraer OAHH H3 TeX OTpe3-

KOB, O KOTODLIX HAET peyb.

OnpegeneHHnle TaKUM 0o6pa3oM AyrH Aejst chepy 2
Ha 2-2n TpeyrosbHBIX (npH n > 1) nonyobJacreif; Ka-
XJas M3 HUX OrpaHHyeHa TpeMs AYraMH, no ofHOH Ka-
J{A0TO POJAA, H COOTBETCTBYET OJHOMY U3 HOJYJUCTOB IO~
BePXHOCTH PuMaHa. B 3aMeyaTe/IbHEIX TOYKAX CXOASTCA
BMecCTe IO HecKosbKy ofaacTefl, a HMeHHO, KaK 3TO H
LOJXKHO GHTH No TabJaHue KpaTHocTed (c. 167, 168), B ce-
BEDHOM H JOXKHOM MNOJIOCaXx Mo 2.1, a B KaX/I0U H3 ToueK
eV u €-e¥ no 2:2. Yrobul onpefesiuTh, KaKHe H3 3THX
o6JacTell CJaeLyeT 3aLUTPHXOBATh, 0OPAaTHM BHHMAaHHe Ha
TO, YTO rPaHHLA 3alITPUXOBAHHOH noaycdepsl (COOTBET-
CTBYIOIIEH 3HAYEHHSM W C MNOJOXHTENbHOH MHHMOI
yacTbio), npoberaeMasi B MOJOXKHTEJLHOM HanpasjeHHH,
COCTOMT H3 CIUIOUIHOH, IUTPHXOBON H NYHKTHpPHOH Ayr;
BBUAY KOHGODMHOCTH OTOGDaXKEHHA CJefyeT 3aWITpHXO-
BaTh BCe Te MNOJYO6JacTH, y KOTOPHIX TPH YacTH NepH-
(repyHu caelylOT OJHA 3a Jpyrodl B TAKOM IKe nopsiike,
BCe K€ OCTaJIbHHE OCTABUThL (€3 LITPHXOBKH.

Takum o6pa3oM, MH DOJYYHJH NOJHOE reoMeTpHue-
ckoe H306paxeHHe 3aBHCHMOCTH MEXAY 2 H W, BHpa-
’KaeMofi HaMIUM YpaBHEHHeM; 3TO M306parKeHHEe MOMKHO
NpOCIeIHTh ellle Aafblle, nofpobHee pasbupas KoOHPoOpM-
Hoe oToOpajkeHUHe OTIeNbHOH TpeyroJbHo#t ofjacTh Ha
noaycdepy w, HO Mul He CTaHeM 3[eCb 3TUM 3aHHMaThbCHl.
51 xouy TosbKO onHcaTh S3TH Pe3y/bTaThl B NPUMEHEHHH K
€1y4an n==6, Ha KOTOPOM MbI OCTaHABJAHBAJHCH BHIE.
B sTom cayyae chepa pacnanaercs Ha 12 3amTpuXoBaH-
HHX H 12 He3alUTPUXOBAHHBIX TPEYrOJbHHUKOB, H3 KOTO-
PHiX Ha Hallem pHCYHKe BHAHO nmo 6 Tex u apyrux. B Ka-
KIOM MOJIOCE CXOAATCS N0 6 TPeyroJbHHKOB TOTO H APV«
roro poaa, a B 12 paBHOOTCTOSILHUX TOYKAX SKBATOPa no 2.
Kaxpana ofnacte koHopMHO oTOo6paxiaercs Ha TaKoH
JKe NONYANCT noBepxHocTH PHMaHa; nocielHUe COOTBeT-
CTBEHHO TPYNNHPOBKe noJyobJacreit coequusiiorcs no 6
NOJAYAUCTCS KaKIOro poja Hal MeCTOM BETBJEHHS oo H
no 2 Ka)<Aoro poga HaJ MeCTaMu BeTBJeHHs 1.

Oco6eHHO yn0o6HOe ¥ — BBHAY aHAJOrHH C NOCIeAYIo-
UM — 0COGeHHO LEeHHOe H306pakeHHe nesleHUs c(epH
[OJYYaeTcs TaK: COEJMHSIOT OTPE3KOM KaXKIhe ABe Co-
celHHe TOYKH JeJleHHR 2IKBaTOpa, OTCTOALIME OAHA OT
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" 2n
Apyro# Ha —= (Hampumep, Bce g¥), U 3aTeM KaxkK/JAyi0 U3

HHUX ¢ ofouMu mnojocamu (puc. 43). Takum obpasom no-
JIYYa0T BIHCAHHYIO B chepy ABoHHYIO nupaMuay ¢ n (Ha
HalleM pHCYHKe 6) OOKOBBIMH TPaHsAMH y KaxioH #3
npocthix nupaMun. Ecnu cnpoektupoBath cdhepy ¢ ee 06-
JACTAMH H3 HEeHTpa HAa 3Ty NHpaMHAYy, TO Kaxiaad Tpe-
YroJibHas. rpaHb pPasfe]HTCs CBOeH BLICOTOH Ha JBe MNO-
JIOBMHBl, OJIHA M3 KOTOPHIX 3alUTPHXOBaHA. ECiH npHHATL

Puc. 44

3Ty ABOHHYIO MHPAMHUAY 34 H306paxeHHe NeseHHA cdepol
H, cJeJOBaTeNbHO, KaK HAarJsiiHOE NpeACTaBJeHHe O Ha-
wel GYHKUHH, TO OHA OKaXeT HAM Te XKe YCAYrd, Kakue
HOPENCTABAT NPABUALHBIE MHO202PAHHUKL B HUXKeCelyio-
WX npuMepax. Mbl goctiraeM mMONHOH aHAJOTHH C M0-
C/A€JHAMH, €ClIH TNpeAcTaBHM cebe, 4yTo Hawa J[BoHHasA
NMUpaMHJa CIJIOCHYTa B MJIOCKOCTb OCHOBAHHWH, H cTaHeM
paccMaTpPHBATh NOJYYAOUWIMHCH HpPH 3TOM JBAaXAB MO-
KPHTHIH NMPaBHAbLHHIH A-yrOJbHHK (11eCTHYTOJBHHK), 00e
CTOPOHBI KOTOpOro *) pasjieneHbl TNPAMBIMH, COeAHHSIO-
LIMMH LEHTP ero ¢ BEPUIHMHAMH M C CepelHHAMH CTOPOH,
Ha 2n TpeyroJpHHKOB Kaxkpaas (pHc. 44). 5 Bcerga 61n
CKJIOHEH TPHYHCAATh 3Ty QMrypy, HaswlBas ee du3dpos,
K NMSTH NPaBHJbHEIM MHOTOrpaHHUKaM, KOTODHe U3BeCT-
HH O BpeMeH [lnartoHa!%0). [lelicTBHTENBHO, OHA YIOB-
JETBOPSET BCEM YCJIOBHSIM, KOTOPBIMH OOBLIKHOBEHHO
onpelelslOT NPaBUJIbHEIA MHOrOTpaHHUK: Bce te pebpa
PaBHBEI MexXJy c0060H (CTOPOHBI NMPABHJBHOTO N-yroJbH!ii-
Ka), M YrAW ee Takke pPaBHBL MeXAy coGoH (yrast
‘N-yroibHHKa); eNHHCTBEHHOE pasjiHuYMe 3aKIIYaeTcs 8
TOM, YTO OHA He MpefcTaBiaser co60H Tesa B GYKBATBHOM
CMHICTIe, TAK KaK 3aKjaouaer B cefe o6beM, DaBHBIH HYJIIO.
Taxum o6pasoMm, Teopema [laaToHa o ToM, uTo cyle-

*) BepxHsta U HIKHAA.
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CTBYET TOJLKO NATb IIpaBHJIbHBIX MHOI‘OI‘paHHHKOB, cnna-
Be/JIHBAa JHIWDb B TOM cCJiyyae, €CJH BKJIOYUTD B onpepo-
JeHHe Tpe6oBaHHe — Bcerjla, KOHeYHO, MOJYAJHBO [10]1-
pasyMmeBaeMoe, — YTO MHOTOTDAHHHUK SIBJRETCH TEIOM B
COGCTBEHHOM CMBICJIC Ca0BAa.

Hexons 3 auanpa, MoXHO, 04eBHAHO, TOJYYHTb Halle
AejlieHHe cdeph, NPoeKTHpys Ha cdepy He TOJBKO ero
BEDIIHHB, HO TaKXe CepelHHbl ero CTOPOH H GOKOBhie
rpaxm; NO3TOMY erc ToMXe MOXHO paC(‘ManHBaTb KaK
NpeJiCTaBHTe]A  H306paxcaeMoil  HallUM YpaBHEHHeM
(l)yHKunonaanon 34dBHCHMOCTH Me)Klly W W2 TAK UTO 3TO
yYpaBHeHHe MOXKHO, KaK yKe O6blJI0 YKa3aHO, Ha3aBarTb
YpaBHEHHEM AU3apa.

Tenepr MBI mepexoAHM K YMNOMSHYTHIM y¥Ke NpHMe-
paM, KOTOpble¢ HMEKT HEeNOCpeACTBEHHOe OTHOWEeHHe K
NPaBHJIbLHBEIM TeJaM HJIETOHB.

3. YpasHeHHa TeTpasipa, OKTAsnpa H HKocasigpa

Mu yBHAUM, YTO ABa NMOCAEAHHUX YPaBHEHHH MH Mor-
JH 6B C TaKUM Xe NpaBoM HAa3BAaThb YpaBHEHUSIMU Ky(a
H AoJeKa3JApa, TaK HTO JeHCTBHTEJbHO HepeGpaHu Bee
ISiTh IPABHABHHIX Teld. 3MeCb Mbi MOHAEM fo oOpaTHOMY
HYTH TIO CpPaBHEHHIO C NpeAbLAYUIHM NPHMEPOM: CHayana
Mbl BbiBeJeM, HCXOAs H3 TNpPaBHILHOrO TeJla, JeneHle
ctheppl Ha 06/1aCTH ¥ 3aTeM COCTABHM COOTBETCTBYIOLlee
anre6paHyeckoe ypaBHEHHe, KOTOPOE HaXOAHUT B 3TOi (bH-
rype cBOoe reoMeTpHYecKOe HarJasaiHoe H3oOpaxende. Ho
MHe NpHAETCS IIPH 3TOM YacTO OTpAHHYHBATLCA HaMeka-
MH, H MO3TOMYy fi C CaMOro Hauaja YKa3nBaip BaM Ha
Molo KHUTY «JleKinH o6 HKOcasjpe H O pellleHHH ypas-
HeHull MATOH cTenmeHu» *), B KOTOpO#H BH Halifete cucte-
MaTHyecKoe U3/10XKeHHe Bcell aToff OGIUHPHOR TeopHu CO
BCEMH ee [PHJIOKEHHAMH.

S 6yny pas6upaTb Bce TPH Clyuas Hapa/jesbio
HauHy ¢ Aedennd chepsl HA 06JaCTH OAR TeTpasApa.

1. Terpaanp. PazigenuM KaKAnii #3 4 paBHOCTOpOH-
HHX TPEVIONBHIKOB TETPasapa TpPeMs BLICOTAMH Ha 6 Tpe-
VIOJIbHHYKOB, KOTOPHIE IO TPH NOJYYAIOTCA APYr U3 Apyra
NOBOPOTaMH, B TO BpeMsl KaK COCCAHHE TPeyroJbHHu-
KH 3ePKaJbHO CHMMETPHUYHW MexXAy coboii (puc. 45).

*) Klein F. Vorlesungen {iber das ITkosaeder und die Auf-
losung der Gleichungen vom fiinften Grade. — Leipzig, 1884.
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B pesyiabraTe monyuaercs pas6HeHHe Bced NOBEPXHOCTH
TeTpasjapa Ha 24 TpeyroJbHHYKA; OJAHY H3 3THUX TPyON
TPeyroJbHHUYKOB OTMETUM MITPHXOBKOH (pHuc. 46). Uto xe
KacaeTca BepLUMH 3THX TPEYTOJbHHKOB, TO MOMXHO pasaJH-
4YaTh TPH pOJa HX, TAK YTO KaXIbfi TPEYroJbHHK HMeEeT
110 OJIHOH BeplUiHe KaXAO0r0 poja:

a) 4 sepwunol NepeOHAYAAbHOZ0 TETPA3dpa, B KOTO-
PHX CXOJATCA 1O 3 3aLUTPHXOB2HHBIX H IO 3 HE3alITPH-
XOBaHHBIX TPeyroJbHHKA;

Puc. 45

b) 4 yenTpa 2paHxeii, KoTOpHe B cBOIO Ouepels obpa-
3YI0T NpPaBHJAbHHIA TeTpasap (rOMOTeTHUYHBIA NepBOHA-

1
yaJbHOMY ¢ KO3(dULHEHTOM —?); B HHX CXOAATCH IO

3 TpeyroJsbHHKA KaxIOro poaa;

c) 6 cepedun peGep, obpasyiollHe TPABHJIBHHU OKTa-
BAp; B HUX CXOJATCA NO 2 TpeyroJbHHKa KaxJOoro poia.

EcnH cpoeKTHPOBAaTh 3TO JeJeHHe Ha TPeyrojbHHKH
H3 LeHTP2 Ha ONHMCaHHyIO cdepy, TO NOCTedHss pasfe-
autced Ha 2:12 TpeyrosbHHKOB, OUpaHHYEHHHX IyramH
GOJIbIUMX KPYroB; OHH MONEepeMEeHHO NMOAYYalTCsa APYr H3
Apyra moBOPOTAMH H 3epKaJbHLIMH cHMMerpHaMH. OKoso
KaXIoHi BeplIHHH pOAa @, b, ¢ pacmojioXeHH COOTBET-
CTBEHHO MO 6, 6, 4 paBHBIX YI7I0B, H TaK KAK CYMMa YIJIOB
Ha MOBEpPXHOCTH LIapa BOKPYr TOUYKH Bcerja paBHa 2m,
TO KaJHH H3 HaliuX cepHUYECKHX TPEYroJbHUKOB HMEeT

EL ELg
B BCpIUHHAX a4 H b yr.nbx—a,a B BeplIHHe C—-YFOJI—:Z' .

XapakrepHoe croficteo aToro pasbueHus cdeps 3a-
KJIl0uyaeTcss B TOM, 4TO OHO, KaK M caM TeTpasip, npu
HEKOTOpbIX NOBOPOTAX OKOAO YEHTPA nepexodur 8 cebf.
BN JIerKO MOXeTe NpeACTaBUTh cebe 3TO BO BCeX JeTa-
yISX Ha MOJEJNH TEeTpPasApa, HO 3JecCh si OrpaHHUYYChb TeM,
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YTO NePeUHCII0 BCe BO3MOXKHble NICBOPOTLI, MpHieM K HUM
Bcerfa GyJeT MPUYHCTATBCA <ABHMXKEHHE», OCTaB.Aflollee
(GHIYpPY B IIOKOE, B KaueCTBe «TOXKAECTBEHHOrO NOBCPOTA».
Butfepem KaKylo-HuGyAb OIpe/ieseHHYIO BeplUIHHY NepBo-
HaYaJbHOTO TeTpasApa; MOBOPOTOM MEl MOXKEM COBMe-
CTUTL ee C J060A Apyrodt Bepwmnoil TeTpasapa (uam ¢
HEI0 Xe CaMoil), 4To 1aeT Yerhipe BO3MOMKHHX CJydad.
OcraBass xe ee HENOABUXKHOA B OJAHOM H3 3THX MOJO-
JKGHUHA, MOXHO TpeMsi Da3lUUHHIMHU OBODOTAMH COBMe-
CTHTb TETPa3Ap € CaMHM coOoH, a UMeHHO, flOBOPaYHUBas
ero Ha yrau 0, 120 pau 240° Boxpyr npsiMofl, IPOXOAS-
ued yepes 3Ty BeNOABHXHYIO BepIUHHY H 4Yepe3 LEHTP.
310 naer B ofueM 4-3 = 12 nOBOPOTOB, KOTOpHIE Mepe-
BORSIT TeTPasjAp HJH COOTBETCTBYIOLLee AejieHHe OMHCaH-
HOM cdeput Ha TpeyroJbHHKH B cefaA. [TocpeACTROM TaknX
IIOBOPOTOB MOXKHO JIIOGOH 34ITPHXOBAHHHIM (MM He3a-
WITPHXOBAaHHHA) TpeyroabHHK mepeBecTH B J06ofd apy-
roff 3alITPHXOBAHHBIH (COOTBETCTBEHHO HE3alITPHXOBAH<
HBEIl) TPeyroJbHHK; J060H NOBOPOT BMNOJIHE ONMpeHesNeH,
eCcJH JaH H 3TOT BTOPO# TpeyroabHHK. 3TH 12 nosopoTos
06pasyioT, OYeBHIHO, TO, YTO Ha3biBawT rpynmnofi G,
T. €. eC/IH NPOU3BeCTH JBa TAKHX MOBOPOTA OAHH IoC]e
Apyroro, To pe3yabTar OyZer TaKiKe OJAHHM H3 3STHX
12 nosoporos %),

Ecnu paccmatpuBath Hawy cdepy Kaxk chepy 2, To
KaxJbfl u3 3THX 12 NOBOPOTOB MOXKeET ObITh NpeACTaBJIeH
MOCPeACTBOM JIHHEHHOro npeoGpa3oBaHHs TepeMeHHOo 2;
nosyuaeMple TakKuM ofpasom 12 auHefiHex npeoGpaso-
BaHHH He H3MEHSIOT ypaBHeHHs, NMPHHAAJeXKAWEro TeT-
pasapy. HOas cpaBHeHHs s 3amedy, YTO, KaK BH CaMH
MoxeTe y6elHTbCs, 2n JHHeHHBIX NOACTAHOBOK ypaBHe-
HHS JIM3]pa MOXHO HHTEPNPETHPOBATh KaK COBOKYIHOCTb
NOBOPOTOB AH3/pa B cebs.

2. TlpuioxuM aHaJOrHYHHE pacCykIeHHA K OKTa-
30py, HO Tenepb Mbl MOXeM BHIpaxaThcs Gojiee CXKaro.
PasneauM, Kak H paHbille, KaxAylo H3 8 GOKOBHX Tpe-
YrOJIbHHIX rpaHeff Ha 6 TPeyroJLHHUKOB; MOJYJaeTCH pa3«
GHeHHe BCeli MOBEPXHOCTH OKTa3]pa Ha 24 3alITPHXOBaH-
HHX TpeyroJibHH4YKa, IMoJydaloliuxcsd Apyr H3 JApyra
MOBOPOTAMH, H Ha 24 He3aWITPHXOBAHHHIX (3€PKajibHO
CHMMETPHYHHIX IO OTHOIIEHHIO K HepBHIM) TPeyroJbHHY-
Ka (puc. 47). U Ha 3T0T pa3 MOXKHO pPAasJHYyarTb BEPILH~
HH TpPex pPOJOB:
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a) 6 gepuiun okTasdpa, B KOTOPhIX CXOAATCA N0 4 Tpe-
YTOJIBHIIKA KayKA0TO poja;

b) 8 yenrpos epaneii, o6pasyiomnX BepllHHb KyGa;.
B HHX cXoAsTcs 10 3 TpeyroJbHHKAa Ka)AOro poaa;

¢} 12 cepedun pebep, B KOTOpPBHIX BCTPEUAIOTCH MO
2 TpeyroJbHHKa KaXKJ0ro poaa.

Hepexolm C NMOMOLUBKO LlEHTpaJIbHOi"I NpOEKUHH K OIH-
CaHHOH ccepe, mojyyaeM ee pasbGueHye Ha 2-24 Tpe-

- - YTCOJbHHKOB, MOJOBHHA U3 KOTOPBLIX
"
N

\‘ 3alITPHXOBAHA (OHH MOOJYYAKTCA
%\\\\‘ APYT M3 ApYyra NOBOPOTaMH, 4 He-
\{&\\\\ §<\f‘
wa
0

Y

3aUITPHXOBAHHbLIE 3eDKAJbHO CHM-

merpHuHbl WM). Kaxamii us tpe-
[ \\
§\\ V7 yroan 5 . B Bepliuue b— yrona %
£

YrOnbHUKOB UHMeEeT B BEPLIHHe Q
..\\\\\\\\\\\

K2
H B BeplIiHuHe C TOa Z. 1 HH
R g = - H-
Puc. 47 P y 2 P

mMass BO BHHUMAaHHe TO, 4TO Bep-
IHHE b 06pasyrT Ky6, Jerko MOMXHO y6edHThCS B TOM,
YTO TOYHO TaKOe Xe MNOoApa3JesieHHe Noay4YdeTcd, eCJH
HCXOAHTb OT Ky6a H NMPOEKTHPOBAThL €ro BEPLIHHB H Cce-
peannn rpaHeit H pebep Ha cdepy; TaKUM oOpasoM,

— JeficTBHTEJbHO, HE [IpUXO-
A

\ N < AKTCA paccMaTpHBATh Ky6
N\ WS OTIeJbHO.
ST ;

CoBeplleHHO TakK e,
A

$
3

KaKk H B [epBOM cJayuae,
MOXKHO YyOeAHTbCH B TOM,
4TO KaK OKTa31p, TaK H 3TO
pa3buedue cheprl Ha obaa-
CTH mepexoAaT B cebs npH
24 noBoporax, o0pasylo-
wux rpynny o Kaxabiil
Puc. 48 OTAEeNbHBI NTOBOPOT Xapak-
TepHU3yeTcsds TeM, HTO OH
II€PeBOJUT ONHH 3aJaHHBLIl TPEeyrosbHHK B ONpejlesieH-
HBIH APYTrod TpeyroJbHHK.

3. Tenepn Mbl MOJOLLIH K ukoCca3Bpy (ABaiUaTHrpaH-
nuky). M sgech B OCHOBY kjageM IelleHHe KaxJOH w3
20 Tpeyro/bHbEIX rpaHeil Ha 6 COCTaBJ/AIOLLIHX TPEYroJb-
HUYKOB ¥ B o6weM nonyyaem 60 3aWITPHXOBAHHBIX W
60-He3aWITPUXOBAHHBIX TAKHX TPEYroJbHHUKOB (puc. 48).
Tpu Tuna BepwnH B 3TOM caydae GyAyT:
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a) 12 sepwwun uxocasdpa, B KOTOPHIX CXOJHTCA 10
5 TpeyroJIbHUKOB KamAoro poia;

b) 20 yenTpos epaxed; oHH 06Pa3yIOT BepPIUHHBL Npa-
BHJBHOrO [OJeKasapa (ABeHAaAUATHIPAHHHKA C NATU-
YrOJIbHBIMH TPAHAMH); B HHX CXOAATCA NO 3 TPeyrob-
HHKa KaXAOro poia;

c) 30 cepedun pebep; B HUX CXOMATCA 10 2 TPEYIOMb-
HHK2 TOro 4 APYroro poaa.

[TosToMy npu nepeHeceHHH Ha cdepy Kaxawlii Tpe-

. I
YrosbHHK T10Jiy4daeTr IpH BepUIHHAX 4, b, ¢ }"I‘Jlbl-—‘;‘-,

n T
32
4yTO TakKas e @Qurypa nojyuugach O6bl K3 IIPaBHJILHOIO
fonexkasapa. HakoHeu, MOXHO BHAETb, HYTO HKOCAIAD
I COOTBETCTBYMOlLlee mnoApasjeneHde cdepbl NEPEXOAAT
B ce6s nocpeacTBoM rpynnn Ggy 43 60 noBopoToB cdepnt
OKOJIO UEeHTpa, 3TUH NOBOPOTL, Kak H TMOBOPOTH OKTa-
3]pa, BBl MOXKEeTe YACHUTb cefe Ha MOJeJH,

d eme pas xoyy CONOCTABHUTb Te YIVIB C(epHUECKHX
TPeyroJibHHKOB, KOTOPbie NOJYYaJHCh B TPEX pPaccMOT-
PeUHBIX CaydasaX, NPHCOEAHHAA CHOAa Ke H AU3AD:

. M3 cpoifcTBa yryioB b MOXHO ONfATbL 3aKJIIOYHTh,

ELS T

n
Husap: el e

T T

TeTpas’np: 3

-

-e

1

o] 8 v

3
Okrasap: %. %—

- . T b1 T

Hkocasap: % 3 3

Harypanucr, BeposiTHO, HeMeAIEHHO 3aKJII04U/1 OH H3
3TOTO, YTO BOSMOXKHK H JaJjbHefiliye aHAJOrHuHble MOX-
nTon o n N NN
6'3' 273 g
Ho MaTemaTux He JOJXKeH, pasyMmeeTcs, NIPUMEHNTb Ta-
KHX 3aK/IIOUeHHA 1O 4HaJOorHH, H €ro OCTOPOXKHOCTh
OKa3blBaeTcsl B JaHHOM cJly4ae oNpaBAaHHOH, TaK Kak
JeficTBUTENbHO psiJl BO3MOXHBIX pa3buenuii cdepsl onu-
CaHHOro pofa oOphiBaeTcs Ha MepeyucJeHHbiX Bhie, Ko-
HEUHO, 3TOT (AKT CTOHT B CBfI3U C TeM, YTO HeT ApYyrux
IIDABUJIbHBIX MHOFOrPaHHLIX TeJa, KpoMe 5 I/TaTOHOBGLIX
Tes. Elie 0lHO OCHOBaHHe 3TOrO MOXKHO YCMOTPCTb B He-
KOTOPOM CBOMCTBe Le/IbIX UHCeM, KOTOpOe Ie MGKeT ObiToh

pasjeneHus chepbl ¢ yriaamu
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cBefleHO K GoJsiee NpPOCTHIM CcOOGpaKeHHSM. A HMeHHO,
MOXCHO MOKa3aTh, YTO YIJIbl KaJKAOI'O H3 HALUHX TPeyrofb-

HUKCB AO/IKHBL OBITh TaKHMHU UENHMH YacTAMH n, CKa-

n 1 1
KeM, —, =, —, 4T00H OHIIO Y/OBIETBOPEHO HepaBeH-

CTBO
1 1 1
wtrt+t-—>5h
OKa3nBaercs, UYTO 3TOMY HEPaBEHCTBY YAOBJETBOPSAIOT
TOMbKO MepeuHc]IeHHble BhHIIE pelleHHs. CMEICT 3TOro
HEepaBeHCTBA JIeTKO IOHATh, TaK KaK OHO TOBODHT,
4YTO cyMMa YrJaoB cdepHuecKOro TPEYroJbHHKA BCEraa
6osblle 1.
$I xoren Onl 3jechb ele YNOMSHYTb O TOM, UTO, Kak
MHOIHM H3 Bac, KOHEUHO, H3BeCTHO, pasyMHoe 06061ieHne
3TOH TEeOPHH BHIXOAMUT 3a 3TH KakK 6YATO CJAUUIKOM Y3Kue
PaMKH: Teopus a8Tomopdreix pymxyud'9?) paccmarpu-
paeT JeneHue cgeph *) Ha GeCuHCNeHHOe MHOXKeCTBO
TPEYTOJBHHKOB ¢ CYMMOH YIJOB, MeHbLIEH 7t HJIH COOT-
BETCTBEHHO paBHOM m.

4. NpoponixkeHHe; BHIBOA, ypaBHEeHHIt

Teneppr MH mnepexoAuM KO BTOpPOH 4acTH Hallled 3a-
AauyH, 2 HMeHHO, K YCTAHOBJ/ICHHIO TeX ypaBHeHH# Buja

¢(z)—w-$(2)=0,

9 (2)

U=Ye (1)
KOTOPHE NPHHAMJIERKAT KakKAOMY M3 HalHX pa36ueHnit
chephl, T. €. TeX ypaBHeHHMH, B CHIY KOTOpHX o6e noay-
chepn w orobpaxarorest Ha 2-12, HAH COOTBETCTBEHHO
Ha 2-24, uin, HakoHen, Ha 2-60 TpeyroJlbHHYKOB Ce-
pul 2. Taxum 06pasoM, KaXAOMY 3HAUYeHHIO @ IOJIKHO
B ofuem cooTBeTCTBOBAaTh mo 12, 24, 60 3HaueHHH 2 —
KaxJoe B TPEYroJbHHKe COOTBETCTBYKOIIEro pojpa, — Tak
YTO HCKOMHE YyDaBHEHHMd MNOJKHB HMEThb CTeneHb 12,
24, 60, KoTopyro Mul G6yaem o6o3HauyaTh BoobLie uepe3 N.
Ho Kaxiuil TpeyroJbH{uYeK OMHPAETCS HAa TPH 3aMeya-
TellbHEIE TOYKH, TaK UTO BO BCAKOM cJydyae Ha cdepe w
JOJXHE OHTb TPH MeCTa BeTBJEHHdA, KOTODHE MH Io-
MECTHM, KaK 3T0 GhlJI0 NPHHATO, B ToUKax w == 0, 1, oo;

HJH

*) Hau ee Hacry,
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B KauecTBe JHHHH paspe3a €, npoxofsllef uepe3 3STH
TPH TOUYKH, TPH OTpe3kKa KOTOpOH MOJKHBI COOTBETCTBO-
BaTh JHHUAM, OTPAHHYKBAIOIIMM TPEYTOJbBHHKH Ha c(pepe
2, MBl CHOBa BO3bMeM JeHCTBUTEBbHYIO IPAMYIO (puC. 49},

ﬂ.anee, MblI IIPHUMEM, YTO B KaxXIO0OM H3 TpeX CjayuaenB
TOUKe @ =0 COOTBETCTBYWOT LEHTPH rpaHed (yrant b
B npexHeM 0003HayeHHH), TOYKe w == 1 COOTBETCTBYIOT
cepeflMHH pebep (ymibl €) ¥ TOYKE @ ==00 COOTBET-
CTBYIOT BEpIUHHBl MHOrorpanauka (yrasl a) (puc. 50).

w=oa

~, 5
PN

Puoc, 49

¥xazannue Ha yepTexe 0603HaYEHHS CTOPOH TPEYroJb-
HHKOB (cnjowHas JHHHA, OYHKTHP, LWITPHXOBAs JIHHHA)
COOTBETCTBYIOT TP€M OTpe3KaM HelicTBUTEe/IbHOH mnpamMoH
Ha chepe w (pHC. 49), W TMpPH 3TOM 3alUTPHXOBAHHHE
TPeyroJbHHKH COOTBETCTBYIOT moJaycdepe, Ha KOTOpO#
H300paXaoTCs 3HaUGHHS @ C NOJNOMHUTENLHON MHHMOHN
YacThlo, a He3allITPHXOBaHHHeE — APYroH noaycdepe.
Ilpu stoM ypaBHeHHe (1) B COOTBETCTBHH C STHMH CO-
rjalieHHAMH JAOJKHO B3aHMHO OJHO3HAYHO oTOOpaXkaThb
cpepy z Ha N-THCTHYI0 DHMAHOBY I[IOBEPXHOCTb, MOKpH-
BawIylo cpepy @ H HMEIOIYI0 BETBJEHHA B TOYKaX
0, 1, co. ‘

MoxHo 6bl7i0 OBl JI€erKO BHIBECTH a Priori CyuiecTso-
BaHHe 3TOro yYpaBHeHHs H3 OOLIHX TeopeM TeOpHH (YHK-
LHHA, HO A He XOouy 3aeCh NpeAnojaraTbh HeoOXOMHMBIX
IJIA 5TOr0 3HaHHH W NpeAnouHTaio 6oJiee 3MIHPHYECKOE
NOCTPOEHHE OTAEJNbHHIX ypaBHeHHH, KOTOopoe, OHITH MO-
JeT, JacT HaM M GoJiee XXHBOe H HarJsfHOe NpelcTas-
ZiedHe 06 OTAENbHEIX MOMEHTaX.

IMpeactasum cebe ypaBHeHHe (1) HamUCaHHLIM B Of-
HOPOJAHBIX NepeMeHHuX:

v Oy (3 )
v, ¥y(F %)
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irjie My, Wy ofosHavalor OJHOPOIHBIE MHOTOWIEHH! H3-
MepeHus N ot 2y, zo (N =12, 24 nau 60). I1pu Takom
crnocofe 3anucH ypaBHEHHSI UCKJIOYHTENBHYIO pOJb HI-
palT ToukH w; =0 H w; =0 Ha ctepe w, HO TaK Kak
HapAAy ¢ HAMH JJs Hac BCerja NpeACTaB/isseT PaBHBIf
HHTEpeC M TPETbe MeCTO BeTBJeHHA w =1 (w, — w,;==0
2 OJHODOIHBIX NEPeMEHHHIX), TO IIPEICTABJASETCH Heje-
coo6pasHeiM HMEeTh B BHAY H CJefyloiuyio opMmy ypas-
HeHHR:
v —w, Xy (2 2)

@, ¥y (2 2’
raie Xy = @y — Wy Toxe mnpeacrasiser coGoit ¢opmy

N-ro usmepenus. O6a BHJZA 51 NPEANOYHTAID COCAHHUTDH
B ONHY HelNpephBHYIO PONOPUHIO:

w) - () — wy) f wa = Dy (2, 2) ! Xy (2), 20) : Wy (21, 25); (2)

3TO TNpejcTaBaseT coboit oJHOpPOAHYyIO ¢OpMYy YypaBHe-
Huf (1) ¥ B HeH OZMHAKOBO MPHHATH BO BHHMaHHe Bce
TPH TOUKH BETBJIEHHA.

Teneps Hama 3afaua 3aKkaw4aeTcss B TOM, 4TOGHI CO-
cTaBHTb GopMbl Dy, Xy, Wy; AaA 3TOR Hean MB!I cpa3y
K€ NMOCTABHAM HX B CBs3b C HAIUHM JHejaeHHeMm cdepw z.
W3 ypaBHenus (2) M Haxomum, Yto npu w;=0 oka-
zpBaerca My(z, 2)=0, T. e. 3HauUeHHI w==0 co0T-
geTcTByIOT (Ha chepe z) N kopueit ¢opmn @n. C npy-
rofi e CTOPOHB, COTMJIACHO HAIUHM YCJHOBHSIM MECTY
BeTRJeHHs1 w = () JOJI)KHH COOTBETCTROBATh LEHTPHI.Tpa-
He#l MHOTOTPaHHHUKOR (BepIUHHW b B Halled Kjraccupu-

N
KaHHH), YHCJIO0 HX B Ka)XXAO0M cjyuae paBHO —/, HO B
t

KaxJof H3 3THX TOYEK BCTPeyaloTcs Mo TPH 3aWTPHXO-
BaHHRIX H MO TPH HE3aWITPHUXOBAHHLIX TPeEyTroJbHHKA,
OJHOKPATHO OTOOpDaKeHHLX Ha OTAeJAbHHIE nogycdepsi,
TaK YTO KaXKAYI0O H3 HHUX cJeJyeT CUMTATb TPOHHHM KOp-
HeM Hawero ypaBHeHHs.. Takum o6pa3oM, 3TH TOMKH,
€CcJY TIPHHATL BO BHMUMAaHHe HX KpaTHOCTh, RAIOT BCe
TOYKH, COOTBeTCTBYIOlHe w ==, H, ciiel0BaTeNbHO, BCe
KopHH ¢yHKUHH Dy; HHade roops, QyHKuns @y umeer
HCKJIIOUHTENBHO TPOUHble KOPHU W TIPEACTaBJseT cobon
HOSTOMY TpeThI0 CTeneHb HeKotopoH ¢opME @ (2], 25)
CTeneHn %’-:

Oy = (pnn (Z;, Zg))s.
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Takum xe 06pa3oM HaxOZHM, UTO 3HaueHHi0 w = |, T. €.
w; — wy = 0, COOTBETCTBYIOT KOPHH ypaBHeHus Xy =9,

H 4YTO OHH TOXKAECTBEHHbBI C - cepeanHaMH pe6ep MHO-

rorpaHHHKa, CYHTas No ABa pa3a Ka)AyKW (BepLIHHBl ¢
B Halled KJaaccHHUKAUMH); NO3TOMy Xy AOJKHO OHIThH

N,
NOMHBIM KBaApaTOM (POPMBI CTENeHH —- !

Xy = (v (21, 292

Flakorel, 3HaUeHHIO0 @ == 0o COOTBETCTBYIOT KODHH QyHK:
uid Wy, H MOSTOMY OHH JOJKHBI OBITH TOXAECTBEHHII
¢ BepIHHAMH NepPBOHAYaJbHOrO MHOrOrpaHHuKa (Ben-
IIYHBL @); B HHX CXOASITCA B COOTBETCTBEHHBIX CJydasX
no 3, 4 uaH 5 TPeyroNbHUKOB, TAK UTO MOJYyYaem

¥y = rp (21, 29)),

rne v=23, 4 uau 5. Takum o6pasom, Hallle ypaBHeH!e
HeNnpeMeHHO JOJIKHO HMETb BHJ

wy (@ — @) L wa=q (2, 22 1 % (21, 22)%: Y (2}, 22)% (3)

NPH 3TOM H3MepeHHs U rnoxKasatean Qopm ¢, ¥, ¢, a Tak-
XXe 3HAYeHUusd CTEHNE€HH ypaBHeHHﬂ N yr(aaaﬂm B C.J'IELL)'IO-
uielf TabaHUKe:

TeTpasnp: ¢, X%, b N=12;
OKTa%4pP: @, X3, V& N =24;
HKOCA3AP: @5, X3 i N =060.

Tenepp s ,xouy ewe mMoKas3aTb, 4TO H DPa3oO0paHHO2
paHbme ypaBHeHHe AH3[Apa MOXKHO BKJIKYHTb B 3Ty CXC-

y (3). Mp HOJKHBI TOJNBKO BCIOMHHTb, YTO TdM Mbl
l'lOMeLlLaJIH MecTa BETBJEHHS Ha cdepe w B TOUKAX —I,
+1, o, a He B Toukax 0, 41, oo, KaK Tenepp, Tak 4TO
MBI JlOCTHl‘HeM JEACTBUTEIbHON aHAJIOTHH C ypABHEHHs -
MH (3) aMwb B TOM cayuae, ecIH notpebyem npexacra-
BHTb ypaBHeHHe JH3Apd B TAKOM BHJE:

(w1+wg):(w1—w2):w2=<15:X:‘lf.

i

M3 ¢opmbl yparHeuus auszpa

w, 234 22

it *
w, 22,2,
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KOTOPOit Ml NMOJMb30BaNHCL B cBoe Bpems (c. 161), ¢ no-
MOLLBIO MPOCTOro NpeoGpa3oBaHusA MOJNYyYaeM

(0 + @) (w0 — wy) : Wy =
= (zf" + 22+ 22;‘2;) : (zf" + 2 — 2z;‘zf;) 12272 =
= (e + 20)% (27 — 28)%: 2 (2,2,)".

Takum ofpas3oM, Mbl AEHCTBHTENBHO MOXEM [PHCOEIH-
HHUTb K mpefpifyuied TabaHyKe CAELYIOUYIO CTPOUKY:

nusap: @2, x2, v N=2n.

n’
3aMeyaTeabHble TOYKH HENOCPEACTBEHHO ONpeIensioTcs
no stoff ¢opMe ypaBHeHHS, a HX KPAaTHOCTH COBIAAAIOT
C yCTaHOBJIEHHbIMH paHblue (c. 167, 168).

Tenepp Haweit 3agavell aBaserca AeHCTBHTRNILHO NO-
CTPOHUTL GOPMEL @, %, ¥ B Tpex HOBHIX ciay4asx. [lpu
3TOM 51 OCTAHOBJIOCHL NOAPOGHee TOJMbKO Ha OKTA3dpe, Ans
KOTOpOro o6CTOSITeNbCTRA CKNaAbIBAlOTCA HaHbosee npo-
cro. Ho u amecs, wenas ocTaBaTbCsi B paMKaxX KPaTKOro
' 0630pa, A MHOroe 6yay Tonb-
KO HaMeyaTb M ¢Qo0LiaTh B
BHJe pe3YyJAbTATOB; BCSKHH
e, KTO IoXeJaeT INO3HAKO-
MHTbCA ¢ 3THM OJHIKe, MOXET
HaldTh noapoOHOe H3J0XKe-
HHe B Moeil KHHre 00 HKOCa-
anpe.

Paau npocrotn npencra-
BHM cefe, 4YTO OKTa3Ap Tak
BnucaH B cdepy 2, uTo 6 ero
BEpLIHH COBMAaZai0T C TOYKa-
MH Z=0, 0, r—l_li +it -lf
—i (puc. O51). Tlpm Ta-
KOM IIOJIOXKEHHH OKTasJpa Te 24 JHHefAHHX NOICTAaHOB-
KH 2z, KOTopble H300paKaloT ero MOBOPOTH, T. €. mepe-
MelLlaloT Ha3BaHHBe 6 ToueK, MOXHO NPeACTABHTb B
OuUeHb MPOCTOM BHAE; HAUHEM C UETHIPEX NMOBOPOTOB, NPH
KOTOPHIX BEpWHHH O H 00 OCTAIOTCA HENOABHIKHBIMH:

z’=ik'z (k=0,1, 2, 3). (4a)
Ianee MOXHO, HampuMep, NOCPEICTBOM MNOACTAHOBKH
z’=% [T. e. MoOBOPOTa OKOMO TOPH3OHTANBHOH oOCH
(+1, —1) na 180°] nepemectuth TOUKy 0 B 00; mpume-
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HAa 3aTeM euie (4a), MOAYYHM 4 HOBHIX NOACTAHOBKH
, e

’ L
4 = (k=0, 1, 2, 3) (4b)
Touno Tak xe mepeMecTHM C MOMOIILIO MOACTAHOBOK
’ z+1 ’ 2 ’ z—1 ’ z—1
2= , = — = — =
z—1 2 z—i' z4+1? c 24
NOOYEPEHO KaXKAYo U3 4 Touek 2= 1, 4+i, —1, —[ B oo;

OpUMeHssA KaXAbH pa3 4 nmosopora (4a), noJaydum elie
4-4 = 16 NOACTaHOBOK *) oKTasjpa

AT A LN B el §
z—-1’ z+1"
y_pzhi g 2= *=0123). ()
= 7 —7 " 2 =1 Py

Tenepr Mpt HawH Bce 24 HCKOMBbIE TOACTAHOBKU; HEMO-
CPeJICTBEHHEIMH BBHIYHC/JAEHHSAMH MOXHO Y6eIHTHCA B TOM,
4TO OHH [AEHCTBHTEAbHO NMEpeBOASAT 6 BepUIMH OKTas3Apa
B cebd M UTO OHH 06pa3yioT Tpynny,— APYTHMH CJIOBa-
MH, YTO TOCJEeAOBATESbHOE BHINOJHEHHE JIIOGHX ABYX
H3 3THX IOACTAaHOBOK CHOBA JaeT HEKOTOPYIO NOjcTa-
HOBKY (4).

Teneps f1 xouy nmpexnae Bcero o6pasoBaTh GOPMY e,
KOTOpasi MMeeT NPOCTHIMH KOPHAMH 6 BepLUMH OKTa3Japa:
Toyka z=( JaeT MHOXHTelb 2;, TOYKA Z==o00 JaeT
MHOKHTENb Z9; 4 TOUKH =1 M Z={ npeacraBasioT coboit
NPOCTBe KOPHH $OPMH 2} — 2}, TaK YTO OKOHYATENbHO

noay4yaem
V=2, 2, (21— 2)) 53)

TpyAHee COCTaBUTh POPMH @g H Y12, AN KOTOPHX LEHT-
pbl rpaHeil H COOTBETCTBEHHO CepelHHH pebep cayxaT
APOCTHIMH KODHAMH; § NpHBeLy HX 3Iech 0e3 BHBOLA:

qy=2i+ l42fzi+ 23
%o =212 — 33282} — 33228 + 2%

(3b)
KoHeuyHo, BO Bce 3TH TpPH ¢(opMHI BXOAHT elie Heolnpe-
NEeNeHHAH MOCTOSHHNH MHOXHTENb. [T03TOMY, €M Mo
Ps, 1p6, Yi2 TMOHHMATH Q)OpMH B TOM BHJAE, KaK OHH Bhl-

*) To ectb caMocoBMelleHHi OKTasApa — ABuXkeHUA chepw 2,
MpH KOTOpHX H306pameHHHI Ha Heft OKTa’Ap BMecTe C YKalanHew
3alTPUXOBAHHBIX H HE3AITPHXOBAHHBIX 06racTedl MEPEXOAHT B cebs
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paxkeunr papeHcTBaMu (5), TO B ypaBHeHHe OKTa3ipa
(3) crnenyer eule BBECTH HEONpeje/ieHHBE MOCTOAHHbBIE
€y, € 0 HalNHCaTh €ro B TAKOM BHJE:

. _ R P Y
wx'(“’l W,) L W, = Q31 X, ¢ 6,0

Kpome Toro, Hapo Tak onpeAejHTh NOCTOSHHBIE Ci, Co,
uTO6b 3Ta NPONOPUHS AEHCTBHTENBHO INpEACTaBJsLIA
TOJbKO OANO YpaBHeHHe MeXAY z H w, a 3TO UMeeT Me-
€TO B TOM M TOJIbKO B TOM CJayuae, Korja

3 oAb o w2
Pz — b5 =1C X3,

TOXAECTBEHHO MO 2;, 2. Ilocneanee cooTHOUleHHe AeH-
CTBHTEJbHO MOXXHO OCYLIECTBHTb NPH NOMOLLH COOTRET-
CTBYIOLLETO BeI6OpA NMOCTOAHHBIX €], €3, 8 HMEHHO, HMeeT
MECTO — B YeM MOXHO yOeAHTbCH NpOCThIM npeobpaso-
BAHHEM — TOXJIECTBO

@3 — 108 =1x3,,

TaK UTO ypaBHeHHe oKTasapa (3) mpuUHUMAaET ciaeayio-
IUHA BHA:

w, (0, —w,):w,= @3 :x}, . 1084} (6)

Arto ypaBHeHHe NEeHCTBUTENBHO OTOGpa)caeT TOUKH @ =—
==0, |, 0o COOTBETCTBEHHO B UEHTPH rpaHeil, cepeaiHbl
peGep H BepLUMHBl OKTa3Apa C HajajexKalleil KpaTHOCTbIO,
TaK Kak GopMH @, 7, P COCTaBJieHH COOTBETCTBYIOILAM
o6pasoM. Kpome Toro, 24 noxcTaHoBKH OKTas’apa (4)
NepeBOAAT 3TO ypaBHeHHe B cebs, TaK KaK OHH IIpeol-
PasyloT KOpPHH KaxJaoH ¢opMH @, y, ¥ B ceba H, cieno-
BaTeJIbHO, BBOAAT B caMH (OPMH TONBKO AHUIb 110 MHO-
J(HTeNO, a BHIYHCJHEHUWEe MNOoKa3blBaeT, 4TO NpH 00pa3o-
BAHHH YaCTHHIX 3TH MHOXHTEJH BHI1aAAl0T.

OcTaeTcsi eule HOKa3aTh, YTO 3TO YpaBHEHHE KOH-
thopmHO oToOpaxiaeT KaxKAbH 3alUITPHXOBAHHBIA MJH He-
"3AlUTPHXOBAHHLIA TpPEYroALHHK cdepnl z Ha COOTBET-
¢TBYlolIy1o nonycdepy w. Ham yxe H3BecTHO, 4UTO TpeMm
BEpLIMHAM KaXXJOro TPeyrolbHHKAa COOTBETCTBYIOT TOU-
ki 0, 1, oo peficTBuTesbHOM NpsiMOil Ha cdepe @w U 4TO
BHYTPH KaX<AOro TpeyroibHHKa w INpPHHHMaeT He GoJaee
YyeM M0 pa3y OAHO H TO K€ 3HayeHHe,. H6O ypaBHeHuUe
NpH 3TOM @ HMeEeT TOJbKO 24 KOpHfA, KOTOpHe AQJXKHB
pacnpenejnThes no 24 rtpeyronbHukaM. -Ecan 6w Ham
YAAJOCh elle MOKa3aTh, YTO W OCTaeTCA . AefCTBHTENb-
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HWbiM BJIOJIb TpeX CTOPOH TPeyrojbHUKa, TO OTCIOAA He-
THYAHO Obl10 OBl 3aKJIKOYHTb, 4TO KaXJas CTOpoKa
E3aHMIO OAHO3HAYHO oToGpaxaercss Ha Ayry OoJblucl
OKPYHHOCTH, U3o6paxkaioulell AeHCTBHTENBHYIO HPAMY:
lia cepe w, U YTO BHYTPEHHOCTb TPEYTOJbHHKA OTOGpa-
AaeTcs KOHGOPMHO W B3aHMHO OJHO3HAaUHO HA mnoOJy-
cepy. Bu nerko cymeere caMM HOBECTH [0 KOHLA 3Ty
Llenb BLIBOJOB, B KOTOPOH rJaBHOE 3HAYEHHE HMeeT To,
uTo 0TO6pa’kKeHHe NMPOHU3BOJUTCH HENPEepLHIBHOH H aHanl-
Tuyeckod dyHkuued w(z2). § Ke xody nogpolHee ocTa-
HOBMTBCSl TOJbKO Ha OJHOM MOMEHTe J0Ka3aTenbCTk:,
a HMEHHO Ha J0Ka3aTeJbCTBE TOro, YTO Ha CTOPOHax
TPeyroJbHHKa w NpPHHUMaeT JeHCTBHTENbHBIE 3HAYEHHS.

OxassiBaercss Gosee ynOGHLHIM IOKa3biBaTb 3TO YT-
BepXKJIeHUe B Takoll ¢opme, 4TO w HMeeT AEHCTBHTE/b-
Hbie 3HaYeHHUs Ha BceX OOJbIUHX OKPYIKHOCTAX, KOTOPhie
ofpasyioT pasfHenHe OKTasapa. JTO Npexje Bcero Te 3
B3aMMHO NepneHJHKyAsipHEe OKPYIXHOCTH, KOTOPHE Npo-
XONAT Yepe3 Kaxjavle 4 H 6 BepUIUH OKTa3fipa H COOT-
BETCTBYIOT pefpaM oOKTaszjgpa (OHH H300paKeHH Iia
pHc. 5] CNNOWIHEIME NHHHSMH), H, Aajee, 6 OKpyXhro-
cTell, COOTBETCTBYIOLIMX BLICOTAM TpaHeHl OKTasapa; OHM
JeNsAT NON0JdaM Yribl MEeXAY paHee YKA3aHHBIMH TpeMms
GONbIUIMMH ~ OKPYXHOCTAMH  (IUTPUXOBHIE JIHHHUH Ha
puc. 51). C noMowpio NOZCTAHOBOK OKTa3Apa MOXKHO
J06Y10 «CNJIONMHYI0» 60JBIIVIO OKPYJKHOCTb NMPEBPATHTb
B o6yi0 APYTYIO H TOYHO TaK ke KaXAYio «HTPHXOBYIO»
CKPYXXHOCTb TIpEBpPaTHTb B Ji06yw0 apyrywo. [loatomy
JNOCTATOYHO IOKa3aTh, YTO @ COXPaHsieT AedCTBHTEJ -
HOe 3HaueHHe BAOJb OJAHOH KaKOH-HHOYIb «cnlgomﬂoﬁ»
H OfHON <«IUTPHXOBOH» OKPYXHOCTH, H60 Ha APYrHX OHO
JOJIXKHO MPHHUMATL T€ Xe caMblie 3HaYEHHS.

Ho cpean «cniowHBIX» OKpyMHOCTed HMeeTcsa Jaeil-
cTBUTEJbHAsL OMpsMas Ha cdepe 2z, ¥ Ha Hel, KOHeulo,
@ HWMeeT HLeHCTBUTENBHOE 3HayeHHe, NoJyyYyaemoe H3
ypaBHerHs (6):

W= —=—, (7)

TaK KaK ¢ ‘M ¢ NpeAcTaBasiioT cobofi aeficTBHTENbHLIE
MHOTOYJIEHH OT 2 U 2Zo.

H3 «mTpuXOBHIX» OKpYKHOCTEeH, NPOXOAAILHX 4Hepe3
TOYKH 0 H oo, Mbl BhHI6HpaeM Ty, KOTOpas COCTaBJsel
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¢ JefcTRUTeNnbHON HpaMmoi yroa 45° W BROML KOTOpO#,
cllefoBaTenbHO, 2 NPHHHMAeT 3HA4YeHHs z == e™/‘.r rje
r MPOXOAHT AeHCTBHTENbHBIE 3HAUEHHA OT —o0 10 +co;
BJlOJIb Hee BO BCAKOM cCiyuae 2*==eif.rf= —rt pMmeer
QEHCTBHTENbHOE 3HA4YE€HHE, a TAK KAK B CAJNY ypaBHe-
HAE (9) B OYHKUHIO @3 H B YETBEPTYIO CTEHEHb (PyHK-
UHH 1P¢ BXOZAT TOJbKO 4YeTBEPThle CTENeHH [epeMeH-
HBIX 2| H 23, TO @ BBHAY GOpMyJEl (7) ONATh-TAKH HMeeT
BeAcTBATE/bHOE 3HaYeHHe.

Tenepp MH NOZOWINH K KOHIY Hamlero A0Ka3aTelb-
crBa: ypaBHenHe (6), B caMoM Zaene, oTo6paxkaeT KOH-
dopmHBIM 06pasoM KaMXAHH TPEYroJBEHK (H3 TOrO IOA-
pasneneHHa cepul z Ha TPeYrosbHHKH, KOTOpPOE COOT-
BEeTCTBYET OKTa3[py) Ha COOTBETCTBYIOIIYI0 noaycepy
PHEM2HOBOA cdeps HJIH NOKpHBaWUIeH ee PHMaHOBOH
NOBEPXHOCTH. TaKuM 00pa3oM, 3aBHCHMOCTh MEXIY 2
H @, YCTaHABJIMBaeMas 3THM YpaBHEHHeM, onpexesser
B3anMHO OXHO3HauHoe KoHGopMHOe oTOoGpaxeHHe cde-
PH z Ha PHMAHOBY NMOBEPXHOCTh.

C TeTpasipoM H HKOCA3APOM MOCTYNAKT COBEPIIEHHO
TaKAM XKe ofpa3oM; A QnaM 3Jechb JIHIUb Pe3yJbTaTH,
KOTOpPHE H B 3THX CJydYasiX NOJAYYalOTCE NPH BO3IMOXKHO
Goaee npocToM BHGOpe pa3bueHusa cdepH z Ha Tpe-
yronnkrkd. [l TeTpasapa noayyaercs TAaKOe Ypas-
HeHHe: ‘

w (0 —wy) twy={2l — 24/ =3zl + 2} :
s 124/ =3 {212, (2t — 2DV {2} + 2 /=3 22k + 2,
_a JU1s MKOCasApa — ypaBHeHHe
w, 1 (0, — w,)  w,= {— (2P + 2P) + 228 (2{52 — 282F) —
— 4942102108 1 — {(2%0 4 230) + 522 (2%2f — 252%) —
— 10005 (222 + z}"zﬁ")}2 2 1728{z 2,(2l0 -+ 112825 — z;")}s;
APYTHMH CJIOBaMH, 3TH YypaBHeHHs OToOpakaloT moJy-
ctheprl cepbl @ Ha 3aLITPUXOBAHHbIE H HE3aIUTPHXOBAH-

HHE TPeYroJbHHKH TOrO pa3HeHHsa cdepH 2, KoTopoe
COOTBETCTBYET TeTPasApy H HKOCasIpy.

8. O peweHHH HOpPMaNbHBLIX ypaBHEHHil

Tenepr MH 3afiMeMca OOGLIMMH CBOACTBaMH TeX ypaB-
HeHHH, KOTOpHe MB [0 CHX NOp DAacCMaTPHBAIH Kak
npumepnl o0lled TeOpHH, Pa3BHTOH BbILIE, H KOTOPHM
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Mbl JafUM Ha3BaHHE HOpMAAbHoLX YypasHenut. Koneuno,
A K 3JeCb MOry IpEACTABHTL BaM II0JOXKEHHE Bemeﬁ
JIHLUIb B CAMBIX NPOCTHIX C/Ayuasx, OTCHJiad HHTEpecylo-
HxcA NoAPOOGHOCTAMH K Moefl KHHre 06 HKOCasApe.
Hauny ¢ Toro aameuanus, 4TO KpafiHe mpocTasl NpH-
POAa BCEX HANIHX HOpMAaJbHbIX ypaanem{ﬁ HpOI‘ICXO}UrIT
OT TOrO, YTO OHU OONYCKANOT CTOAGKO e AUNElHoLX
nodcTanosoK, CKOALKO e0UHUY 8 noKasaTese ux CTenenu,
TAK YTO BCe KOPHU NPeACTaBAsIOT CoGOil jauHeliHbEe QYHK-
LHHHA OJHOro H3 HHX;, 3aM€4y TaKxke, 4TO B pasﬁnemmx
cheppl Mnl HMeeM HAaIJSIHHE reomerpHiyeckui obpas
BCE€X paccMaTpHBaeMbX 31€Chb COOTHOIIEHHH. ﬂ Xouy no-
Ka3aTb Ha DOpHMepe OJHOro BONpPOCa, OTHOCALLEroCs
K YPaBHEHHIO MKOCA3[pa, TE CYLIeCTBEHHHE YNpOUIEHHS,
KOTOpHe BO3HUKAlOT 6Jaarofaps yKasaH- Coepaw
HBIM ofcToATeNIbCTBAM B BOMpocax, Ko- o
Tophie BoOOLIE OKa3hBaloTcA Kpaline //‘"'\, Uy
CJIOXHHMH, KOTAA HMeellb JeJ0 ¢ ypap- \3
HEHUSIMA CTOJb BRICOKOH CTeneHH. -1
[Tycts nmaHo 3HaueHHe wq, HaAnpH- H
Mep, Ha orpeske (1, o©) melicTBHTENDb- < R
Hofl npsamoit chepH w; Tpebyeicsa onpe- a
nennts 60 kopHe#l z ypaBHeHHA HKoca-
sapa mnpn w=wp, (puc. 52). Hawa Pue. 52
TEOPHSl HOKa3HBaeT, 4YTO KAXKAWA H3
HHX JOJKeH JeXaTb na opgoit u3 60 cooTBeTcTBYIO-
wex (aa puc. 50 COJAOWHKEIX) CTOPOH TPEYroMfbHH-
KOB pasbuenus cdepnl 2. Takum 06pasoM, BHIIOJAHEHO
TO, 9TO B TEOPHH YPaBHEHHA HA3HBaOT OTALJIEHHEM
KOpHefl, fABAAOWMAMES GoJblliell H2CTbl0 XpaiHe YTOMH-
TeJIbHOA padoTofi, KOTOpas JAOMXKHA HpealliecTBOBATH
YHCJEHHOMY HAaXOXAEHUIO KOpHeH: TaK Hasnpaercd 3a-
Jlaua onpelesieHHs TAKHX OTHEJbHEIX NPOMEXYTKOB, B
KOTOPHX 32BeOMO 3aKJIOU3eTcs TOJbKO [0 OJHOMY
KopHo. B Hailllem cayyae MOMXKHO Cpazy ONPENeAHTD,
CKOJIbKO cpelH 3THX 60 kopHeW aeficrBuTeAbHHX. [Ipu
BhillenpHBeileHHOl (PopMe ypaBHEeHHs HKOCasipa npen-
noJiaraeTcs, 9T0 OH BJOXeH B cepy z TakuM 06pa3om,
uTO JefiCTBHTe/bHAasi NpAMas MNPOXOXHT dYepe3 4 yrJaa
Kaxjaoro popa a, b, c. s aroro seirekaer (cp. puc. 50
1 48), 9T0 KaK pa3 4 cnACUIHHX CTOPOHH TPEYroJbHHU-
KOB pacnojiOXeHH BADJDb JAeHCTBUTENbHOR UPAMO#H, Tak
YTO HMeeTCs POBHO 4 JeficTBATeNBbHHX KOpHA. To ke
caMoe HMeeT MecCTO, €CJIH Wg JIeKHT B OLHOM H3 ABYX

.
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APYrEX OTpe3KoB AeHCTBHTeJNbHOH NpAMONH w, TaK YTO
BoOGIle nNpH BCAKOM [AeHCTBHTENbHOM ® YypaBHeHHe
HKOCasApa HMeeT 4 OeHCTBHUTE/BHBIX H 56 KOMIJIEKCHBIX
Kopue#.

Tenepp s xouy cKa3aTb HECKOJIbKO CJIOB O YHCJ/IEH-
HOM oOnpejeneHHu KopHeidl HaIIHX HOpMaJILHHIX YpaBHe-
nuil. I[Ipexcae Bcero, 34ecb CHOBa sABJsAeTCA AJS Hac OJaa-
FONPHATHBEIM TO, YTO BHIYUCJATH NPHXOLHTCA KaXKAbH pa3
TOJNBKO ONHH KOpeHb YpaBHEHHs, TaK KaK OCTaJbHble
KOPHU TOJYYalTCHA [OCPEACTBOM JIHHEHHHX MNOACTaHO-
8OK. Bripouem, s HO/IKeH 3aMEeTHTb, UTO YHCJIEHHOE Olpe-
lleNleHHe KOpPHA COCTaBJfAeT, COOCTBEHHO roBopfA, 3agauy
aHanu¥3a, a He ajarelpbl, TaK KaK OHO ¢ HeOGXOJHMOCTbIO
TpeGyeT npHMeHeHHs GecKOHeYHBIX MNpoLeccoB, YTOOLL
NpeIcTaBUTh ¢ JIOOBM NpUGIHKeHHeM 3HauyeHHs KOp-
Hell (KakK NpaBHJIO, HPpPaLHOHA/bHEIE).

Bosiee nogpo6HO i OCTAHOBJIOCH TOJLKO HAa CaMOM
IpPOCTOM IpHMepe — Ha [JBYYJEeHHOM YpPaBHEHHH w = 27,
npuyeMm s CHOBA NPHX0XKY B HenocpelCTBEHHOE CONPHKOC-
HOBeHHMe CO LIKOJbHOH MAaTeMaTHKOH, TaK Kak H B Helf

n

pasbupaerca 3Ta 3alaya — BHIYHC/EHHe '\/w, — no Kpai-
Hell Mepe [/1f MepBbIX 3HAYEHHH n H JJA MOJOMHTENb-
HBIX JeHCTBHTENbHBIX 3HAaueHHH @w = r. MeTo/ BhIUHCIe-
HHST KBaJpaTHbHIX H KyGHYeCKHX KOpHeH, H3BeCTHHIH BCeM
BaM CO LIKOJBHOH CKaMbH, COCTOUT B CYLIHOCTH B CJe-
AYIOLEM: HCCJAeAYIOT, KaKOe MeCTO 3aHHMaeT IOJKOpeH-
HOe YHCJO w = r B pALYy KBaipaTOB HJH KyOOB UebIX
yucea 1, 2, 3, 4, ...; 3ateM, OCHOBHIBafACb Ha AECATHY-
HOH CHCTEME CYHCJEHHs, MOBTOPAIOT TO e HCNBITAHHE
¢ AECATbIMH LOJAMH HaHJeHHOro NpPOMEeXKyTKa, 3aTeM ¢
COTHLIMH HOJSIMH H T. I., IIOJYy4Yas [pH 3TOM, pa3yMmeercH,
n106yI0 CTeneHb TOYHOCTH,

3aeck MBI NpHMeHHUM 6oJee pauHOHAJbHHH MeTol,
KOTOPBIA TOAUTCA He TOJbKO IPH JIOGBIX LEAHX 7, HO
¥ OpH JIOHIX KOMIJIEKCHBX 3HaueHuax w. Tak Kak HaM
/OCTATOYHO HaHTH JULIb OAHO Kakoe-HHOYIb petieHue
,)4CCMaTpHBAEMOro YpaBHeHHs, TO CTaHeM HCKaTb TO

n

- 2n
3HayeHue z=«/w, KOTOpOe JIeXHT BHYTPH yria —,

n
{I0CTpOEHHOTO NpH AeficTBHTenbHOH ocu (puc. 53). Ctpo-
r0 HpUAepKHUBafch 0006LUEHHA YIOMSHYTOrO BhIIlE 3je-
IeHTAPHOTO MeTOJa, HAaYHeM ¢ TOro, 4TO pPa3fenHM
(lyyaMH, NPOXOAALIHMH 4epe3 BEPIIHHY) 3TOT yros Ha
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V paBHBIX YacTell (Ha yepTexe v = 5) H nepeceueM 3Tl
JYUH OKDYXHOCTSMH, ONHCAHHBIMH OKOJO Hauana pa-

anycamu r=1,2,3, ... Takum o6pa3om, BHYTpH yrJjia
Mbl MOJIYYHM IPH BHIOPAHHOM v BCe TOUKH
2in k

=r.en v, E=0,1,2,...,vr=1,2 3 ...

CootseTCTBYIOLINE HM 3HAYECHHSA B NJAOCKOCTH ® MBI MO-
JKeM yKasaTb cpasy:

zlnk
w=2"=r".e ¥

Onn 06pasyloT TaM BepIUHHBI CeTH, MOKPHIBAWOLIEH BCH
NJOCKOCTb @ H COCTOSIIUEH H3 OKPYXKHOCTeH, HMeIOLLiiX

flaockocmms W

Niavorsems 2 Yn
By
</

]
Puc. 53 Puc. 54
paauycn 17, 27, 3%, ..., ¥ ayueli, COCTABAAIOUWNAX C Aeii-
2n 4n v—1)2
CTBHTENbHOH OCbIO yraw 0, ==, —=, ..., (—v—)-’l

(pnc. 54). [lanHoe 3HaueHHe w AO/MMKHO HAXOJAHTLCH B Ka-
KOH-HUGYAb M3 3THX KJETOK; MyCTb Wq-— BeplHHa, Gau-
n

Kaiimas K 3uauensio w. OIHO M3 3HaveHnh z,==/w,
H3BECTHO: 3TO — OJAHA M3 BepLIMH MCXOAHOM CETH B MJO-
cxocti 2. Temepb AN HCKOMOTO 3HaYeHHA KOPHA HMeeM

n

2= B = Vo F =) =

lin

TR a1 25"

IlpaByio yacTb pa3sepHeMm no ¢opmyie 6unomMa Helo-

TOHAa, KOTOPYIO CNOKOHHO MOXHO CYUTATt H3BECTHOIl, H6O
MB H 6e3 TOro geilb, B CYIIHOCTH, HaXOAHMcs B 061aCTH
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aHaJHaa:

rmn (1A 2EE A (25 L),

Wy

Bompoc 0 ¢X0AHMOCTH 3TOro psia Mbl MOXKEM pPEUIHTb
cpasy, paccMaTpHBasi ero KaK pasJOXeHHe aHaJHTHUe-
n

CKOH DYyHKUUHU '\/‘15 B pad Tedsopa H npHMeHSs TeopeMy
0 TOM, uTo psif TeHaopa CXOLHTCS BHYTPH OKPYXHOCTH,
ONHCaHHOH OKONO wo M TPOXOAALIeH yepes Gauxaiinyio

ocobyio Touky. Tak Kak 1ns 4/ w OCOGBIMH TOUKaMH
ABJASIOTC TOJBKO O H oo, TO HalHCAHHBIA BBILE DA
6yAeT CXONHTBHCA, KOrga w OyaeT /ieKaThb BHYTDH OKPYXK-
HOCTH, ONIHCAaHHOH OKOJIO Wy H NPOXOAsLUEH Yepes Hayao,
4ero Mbl BCerga MOXKeM JOCTHCHYTbh, HCXOAsd B dClyudae
HaZOGHOCTH H3 aHaJOTH4YHOH CeTH B IUIOCKOCTH 2, HO
¢ Gosee MeJKHMH KJeTKaMd. A 4TOOH Hall paf, CXO-
LHJICS XOPOLUQ, T. €. TOAMJCA LJIA YHCJIEHHOrO Olpenese-
HHUs1, HeoBXOAHMMO, CBepX TOro, uTob6nl Apobb w0w°
6u1a DOCTATOYHO MaJjia, Yero TakXke BCerja MOXKHO JO-
CTHTHYTb AaJIbHEeALIUM H3MeJbYeHHEM CETH. 3TOT NpUEM
OKa3blBAeTCs MPHIOAHBIM [/ (aKTHUECKOro BBINIOJHE-
HHA YUCJIEHHOrO HAXOXAEHHS KOpHeH.

3ameyaTesibHO, YTO YHC/EHHOE pelleHHe AajbHeHLIXX
HODMAa/bHBIX YpPaBHEHHH NPABUIBHHX TeJl OKa3HBAETCH
B CYUWHOCTH HHCKOJBKO He TpYJAHee; KOMEYHO, 34ecChb
JOJI)KEH OTPaHUYATLCH yKa3aHHeM Ha 3TO Kak Ha dakr.
Ec/d NpHMEHUTH TOMBKO YTO H3JOMEHHHH MeTod K Ha-
IIMM HOPMaJbHBIM YPaBHEHHAM M HCXOAHTb H3 oTOOpa-
KeHHs ABYX COCEAHHX TPEYroJibHHKOB Ha cdepy w, TO
BMECTO GHHOMHAJIBLHOTO PALa MOABJAITCH APYrue Pajbl,
KOTOpHIe, OLHAKO, B aHaJH3e He MeHee H3BECTHH H NOJb-
30BaThCST KOTOPBIMH AOCTAaTOYHO JIErKO; 3TO — CHNEpPreo-
merpuyecKue psaabl. S aax B 1877 r. yucneHHoe BuHpaxe-
HHe PAJOB, O KOTOPHX HIET peub *).,

6. YuupopmMu3auus HOpMaJabHbIX ypaBHEHHI
NoCpPeACTBOM TPAHCUEHAEHTHHX YHKUHH

Tenepb s nepeifily K paccCMOTpeHHIO APYroro Meroia
pellleHHsl HaIUMX HOPMaJbHBIX YPaBHEHHH, KOTOpPHH Xa-

*) Klein F. Weitere Untersuchungen iber die Theorie des
Tkosaeders//Math. Ann. — 1877, — Bd, 12.— S, 515,
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paKTepH3yeTCH CHCTeMAaTHYECKHM IpHBJEYEeHHeM TpaHC-
UeHAeHTHHX (yHkuuid. BMecto Toro utofbl B Ka)KaoMm
OTAeNbHOM cJlyyae 06pamaTbCss K pasJOXeHHI0 B psanl
B OKPECTHOCTH H3BECTHOTO pellleHHsl, OPH IPHMEHEHHH
3TOro MeTofa CTapaloTcs NPeACTABHTL Pa3 HaABCEerja Ble
YAOBJIETBOPAIOLIME YPaBHEHUIO NIapbl 3HAaUeHUHl w, 2 KakK
OlHO3HaYHble aHaJUTHYecKHe QYHKIHM OJHOH BcroMora-
TeNbHOH IepeMeHHOH HJIH, KaK I'OBOPST, YyHUGDOPMUIUPO-
8ars ypasserue. Ecau NpH 3TOM yJaeTcs IIDHMEHHTH
TakHe (QYHKUHH, AJs KOTOPHX Jerko MOXHO COCTaBHTb
TabJUIEl 3HaYeHHA WJId  YyXKe CYHIECTBYIOT YHCIOBHE
Ta6JHIb, TO MOXHO HAafTH UYHCJIEHHOE pellleHHe ypasHe-
HUs Ge3 HOBOH BHIUMCAUTEIbHOR paboTh. §I TeM 0XOTHee
roBOpPI0 06 3TOM NPHMEHEHUH TPaHCUEHAEHTHHX (QyHK-
LM, YTO B HEKOTOPHIX CJAydasX OHO HMeeT MeCTO H B
WIKOJbHOM NpenojaBaHUH, MPHIEM TaM OHO YaCTO HMeeT
HESICHBIH, TOUYTH MHCTHYeCKH{l Xapakrep, NpHuyHHa 3a-
KJII0YaeTCsl B TOM, YTO B LIKOJe JepKaTcst CTaphiX, HECO<
BepUIEHHHIX BO33peHHH faxe TaM, rjie COBDeMeHHas Teo«
pHSi OYHKUHA KOMIUIEKCHOH NepeMeHHOH naBHO yxke Bce
BHISICHHJIA, .

1 noapoGHO Pa3oBbIO 3TH 3aMedyaHusa obLIero Xapaks
Tepa NpexJe BCero Ha NpHMepe ABYWIeHHOro ypaBHeHHH,
BaM naBecTHO, 4TO yKe B 1IKOJ€ MNOCTOSHHO BHYHCJSAIOT
¢ NOMOLIBIO JOrapH(pMOB NONOXKHTENbHOE pellieHAe ypaB-
HeHHsi 2" = r TIPY NOJOXHTeJbHOM AeHCTBHTENBHOM 1,
a MMEHHO, MHIUYT YpaBHeHHe B BuAe 2z == ¢{Mn/1 QoHM-
Mas Nnox Inr 1oJoKHTeJbHOE IMIaBHOE 3HayeHHe Jiorapud-
MHUecKol &YHKUHH; CHauaja no TabJauue JjorapudMoB
HAXOAST 3TO 3HAYeHHe, 3aTeM BBIYHCJAOT Inr u, Hako-
Hell BOo Ta6auiiaM 3HAYeHHWH I0Ka3aTeNbHOA (QYHKHUH
(nau no «o6paTHo YHTaeMHM>» TabaHLaM JorapH(MoOB)
HaXOHAT 2Z; BOPOYEM, OOGBIKHOBEHHO NOJB3YIOTCS BMECTO
e ocHoBaHdeM 1019}, 3ToT npuem MOXHO TepeHeCTH H
Ha KOMIJIeKCHBle 3HaueHHdA: YTOOH YAOBJETBODHTb ypas-
HEHHIO

"=uw

nojaraT x = Inw, noHuMas noja 3THM obllee 3Haye-
HHe KOMILIEKCHOro Jorapu@ma, TaK YTo OKa3hBaeTcs
w=e*, z=egn,

IIpp 5TOoM BBHAY MHOrOo3aHaYHOCTH OQYHKUHH X = lnw
(nosanee mul eule Oylem NOAPOGHO rosoputh 06 3TOH
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GYHKLUHH) AJ OKHOTO H TOTO XKe w JNONyuaeTcs Kak
pas n 3HaYeHHH 2. DTO x HasBIBAKT YHUPOPMUIUPYIO-
wet nepemennod. Ho Hawm Ta6aHUBI COAEpKAT TOJABKO
NeHCTBHTeIbHBIE JIOTADHOMBl TOJOKHTENBHBIX UYHCEJ,
TAaK YTO NPUMEHHTh YKa3aHHHH NpHeM HenocpeACTBEHHO
K UHC/JEeHHOMY peUIeHHI0 ypaBHeHHs HeBo3MoOxHO. Ho
MOXKHO, MOMb3YsICh HEKOTOPBIMM MPOCTHIMH CBOHCTBaMH
Jorapu@MoB, cBeCTH BbIYHC/IEHHe K yMOTpeGJeHHI0 BCeM
JOCTYMHBIX TPHrOHOMeTpHYeCKHUX TabJuL. B camom pene,
NOJIOXHM
. R u . U
w=u+iv=1/u"Fv (1/u2+v’ + i 1/u2+02)'

nepBeulil MHOKHTE/Ib KaK MOJOXKHTEJNbHOE AeHCTBHTENbHOR
UHCAO HMeeT JeHCTBHTe/bHBIH JorapHdM, a BTOPOH MHO-
HUTENh, MOAYJb KOTOPOro paBeH |, HMeeT, KaK H3BeCTHO,
YHCTO MHHUMBIH jorapudm i@, NpuueM ¢ NOTyyaeTcs H3
ypaeHeHHH

u
Vur o7
Takum o6pasoM, HaXO0AHM
s=Inw=In 2+ o + ip,
TaK YTO HCKOMBIH KOpeHb ypaBHEHHs paBeH

= COoS @, = sin ¢.

v
AJutF ol

S N o L
2=en=enlnx/u+u .ennp=
{ ——
— laVuito? . .
=en -(cos%—l—zsm %)

BBHAY TOro, 4T0 B BeJNHYHHY  BXOAMT CJaraeMuM
MPOH3BOJBHOE UeJOUHCAEeHHOe KpaTHOe 4YHC/a0 2m, Hala
¢dopMyJia naet Bce n 3HaYeHHH KOpHA. C MOMOLIbIO OGHIK-
HOBEHHBIX JOTapHPMHUECKHX U TPHIOHOMETPHUECKHX
TabJUL, MOXKHO ONpefesqHTh CHayana ¢ MO ero CHHyCY
H KOCHHYCY, a 3aTeM [0 mocieiHeii ¢opMmyne H z. Mul
TIOJYUH/HU 3/]1eCh 3TO TPULOHOMETPUHECKOE peuieHie BIOJ-
fe eCTeCTBeHHEIM 06pa3oM, HCXOAs M3 JOrapHpMoB
XKOMIIJIEKCHBIX YHCeJI; eCc/IH e CTOATb Ha TOH TOYKe ape-
HHS, YTO TaKHX JMOrapH(QMOB He CyUIeCTBYeT, H BCe XKe
cTApaThCd MOJAYUHTBH 3TO TPHTOHOMETDHUECKOe pelle-
iHe — B IUKOJe CJAelyloT. TAKOMY HMEHHO NYTH, — T0
OHO JOJNACHO KasaTbCs UYeM-TO COBEpIUEHHO CTPaHHbIM
‘1 HEMOHATHHIM,
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TpHroHoMeTpHuecKoe pemwenHe KyGHuecKoro ypasHe-
Hua. Ho B onnoM MecTe, GJIH3KOM WIKOJMBHOMY fpenofa-
BaHHIO, OKa3bIBaeTCst HEOOXONUMBIM HM3BJEKaTb KODHH H3
KOMIIEKCHBIX HYHCEJN, 4 KMEHHO NPH TaK Ha3kBaeMOM
pelleHHH YpaBHeHHs TpeTbell cTemeHH no cmocoby Kap-
JlaHO; 51 XOuy.CHesnaTh 3[eCh 10 3TOMY NMOBOJAY HECKOJIbKO
3aMeyaHui.

Ecan KyGuueckoe ypaBHeHHe NaHO B INpHBeJeHHOM

BUIe
B4 pr—qg=0, (N

TO, KaK H3BecTHO, ¢opmyna KapaaHo raacur, 4t0 TpH
ero KODHS Xi, X2, X3 COJEPXAaTcs B CAeAYOlleM BHIpa-
XeRUH:

8 3 3 3 Z 3

Al ras ,\/ a_  J&
x—'\/2+«\/4+27+ 2 ’\/4+27' ()
Tak Kak KaxAblll KyOGMYeCKUH KOpeHb MMeeT TPH 3Haue-
HHUSA, TO caMo No cebe 3TO BhIpaxeHHe HMeer 9, Booluie
roBOpA, PAa3JHYHBIX 3HAYEHUH; cpelld HUX X, Xp, X3 OMNpe-
JEJNAI0TCA TeM YCIOBHEM, UTO NpOH3BeJeHHe 06OMX BXO-

HALHX B HHX KYyOGHYECKUX KODHEH IOJKHO OHITh DaBHO

——Z— . 3aMenss Ko OUUHEHTBl ypaBHEHUS p, ¢ UX OGhIY-
HbIMH BbIpaX<eHHsiMK '°%) B BHIe CHMMeTpPHUECKHX (QYHK-
UH# OT Xy, X2, X3 1 HMesi B BHAY, 4TO Ko3dPHIHEeHT npH

x? paBeH x; + X3 4 x3 = 0, HaxouuUM

@ | p (ki x9)? (%3 — xa)? (%3 — xy)?

4 27 7 108 '

T. €. BbIpaxKeHHe, CTOdllE€e NOd 3HAKOM KBaapaTHOro
KOpHi, paBHO — €CJIH H€ CUYHTaTh I[1O0CTOAAHHOIO OTpHUAa-
TENbHOTO MHOXHTE/ISl — AHCKDHMHHAHTY ypaBHeHHs. Or-
Croga cJjaeayer, 4TO NOAKODEHHOE€ BbIpAXKEHHE OTpHIla-
TEJbHO, eC/IH YpaBHEHHe UMeeT TPH Pas3jHYHBIX AEHCTBH-
TeJbHHX KODHS; IOJOMHTENbHHM e I0AKOPEeHHOe
BbipaxKeHHe OyLeT B Cayuae, eC/IN OJHH KOpeHb AeHCTBH-
TeJbHBI, a JBa APYrHX KOMIUIEKCHO conpsieHHble. Ta-
KHM 06pa3oM, KaK pas B cjayuae, KaXyuleMmcss Haubosee
MPOCTBIM, KOrja KyGHuecKoe ypaBHEHHe HMeeT TOJIbKO
JAeiCTBUTENbHLle KOpHH, ¢opmyna KapmaHo tpeGyer H3-
BJeYeHHs] KBaApAaTHOrO KOPHSA H3 OTPHIUATEJbHOro YHcJa,
a 3aTeM Ky6HueCKOro KOpHS M3 KOMILJIEKCHOrO YMCJa.
DT0 npoxoxjeHHe uepe3 KOMIJIEKCHYIO BeJHYHHY
JOJMXKHO 6hIJIO, KOHE'HO, NMPeACTABAATLCH CTapbiM ajire0-

7 o&. Kne#lH, 1. 1
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panctaM (B 3MOXY, KOrAa OHH GBLIH elle TaK LaJeKu OT
TEOpPHH KOMILJIEKCHBIX 4Hces, — 3a 250 JeT A0 TOro, Kak
laycc nokKasan WX HHTepnpeTalHio Ha YHUCJIOBOR MJ0-
CKOCTH) 4eM-TO COBeplieHHO HeBO3MOXKHbIM. Torga ro-
BOPHJIY O HeNpHBOAHMOM cayyae (casus irreducibilis)
KyOHHecKOro ypaBHEHHS H AYMaJH, YTO B 3TOM cJydae
¢opmyna Kapnano He paeT pasyMHOro, HpPHTOILHOIO
peiwseHnsa. BrmocoencTBuu, oaHako, Hallily, YTO KakK pas
B 3TOM cJyyae Ky6GHueCKOe ypaBHeHHe HaXOQHTCA B Tec-
HOH CBfi3U C TpHUCeKUHedl yria, H TakHM o0pasoMm moay-
YHJIY «TPHIrOHOMeTpPHYeCKOoe pellleHHe», LEeJHKOM BHINOJ-
HsieMoe B 00JlaCTH AeACTBHTeJNBHBIX YHCE] B KauecTBe 3a-
MeHHTeJIsT OTKa3bBalollefica cayXuTb ¢opMynan Kap-
JlaHO, HO NIPH 3TOM IoJIarajH, 4TO OTKPHIJIH HEUTO COBep-
LIEHHO HOBOE, He CTOsillee HM B KaKOM OTHOLIEHHH K CTa-
po#t dopmyne. M Ha 3TOA-TO TOUKe 3peHHA OO CHX INOP
€Ille CTOHT, K COXKaJIeHHIO, dJleMeHTapHOe NpenojaBaHue.

B npoTHBONOIOXHOCTL 3TOMY s XOTeJ Ohl NMOAYEDK-
HYTh, YTO 3TO TPHIOHOMETPHUECKOe pelleHHe ABJseTCH He
YyeM HHBIM, KaK NIpHMeHeHHeM H3JO0XeHHOro BEile 06-
ILEero MeTONa BHIYHC/IEHHS KODHell M3 KOMIUJIEKCHRIX YH-
cen. OHo mosyyaeTcs CaMBIM €CTECTBEHHBIM 0Gpasowm,
ecnu caenath ¢opmyay KapaaHo—B ciayyae KOMIIIEKc-
HOTO BEIDAXKEHHs NOJX 3HAKOM KyGHUYECKOro KODHA —
YROOHOH AJf BBIYHCJIEHUSA.

3To nosyyaercs caexyowuM o6paioM. Mul npeanosa-
raeM, cJeJI0BaTeJbHO,

2 3
+ =<0,

TaK 4TO HempeMeHHO AO/DKHO OnTh p << 0. IlepenuchiBas
3aTeM nepBblil KyOHYeCKHH KOpeHb BHpaxeHHs (2) B Ta-
KOM BHJE 195);

3 e
A -4 __r
'\/2 ‘H’\/ s "7
3ameyaeM, YTO ero MOAYJb (T. €. MOJIOKHTEJbHHI Ky6U-
p°

YeCKHH KOpeHb H3 MOAYyJiA — 97 KOMIIJIEKCHOIrO YHC-

Ja, CTOAILEr0 NOJ 3HaKOM KyGHUeCKOro KODHs) paBeH

«\/— % .Ho Tak Kak nponsBeseHue NepBOro KyGHYECKOro

KOPHSI Ha BTOPOH LOMKHO KaK pPa3 PaBHAThCA ——o, To
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3TOT BTOPO# KOpeHb JOJIXKeH HMeTh KOMILJeKCHOe 3Haye-
HHE, cONpAXeHHoe c nepsbiM KopHeM. CienoBaTtenbHo,
cyMMma aoboux KyOHHMECKHX DalHKaJsoB — pelleHue KyGu-
YeCKOro ypaBHEeHHS — JOJI)KHA DaBHATbCS HX YABOEHHOI
LeHCTBHTENBHOH HaCTH:

2 3
ro 5, r=2Re (A LA/ L 1),

Tenepp MOXHO TPHMEHHTD o6 mui npHeM, ONHCAHHBIA Ha
c. 192. 3anuuieM NOAKOPEHHOE BRIPAXEHHE KyOHUECKOrd
KODHS, BbIAGJAUB €ro MOAYdb MHOMHTEJEM:

N PYAT Yy
V% 7 )

H ompejieJiseM ¢ H3 YpaBHEHHH

q ,\/_4_“__11_3
pl 2 . 4 27
N-E ¥

q ,\/_ ¢ __ P
c0SQ 2 . 4 27
Q= " sin @ = = .
o7 o7

Tax Xak NOJOXKHUTENbHHH KOpeHb TpeThell cTelneHH H3

3
—— paBeH ——g. TO 1J1f1 KyGHUECKOro KOpHS

HaXOJJ.HM cilenymliee sHauenmye:

/" p ® | . @
/\/——3-‘(cos—3-+zsm-3—),

npuHuMas ke BO BHHMaHHe, UTO B BhHipaxKeHue ¢ BXOIHUT
CjlaraeMuM LeJIOUHCJIEeHHOe KpaTHOe HHucja 27, HaXOAUM

xk+l=2.v—% .cosiia_zk_n. (k:O, 1, 2).

3ro U ecTb OOBIUHBIH BHA TPHIOHOMETPHUYECKOTo pe-
IIEHHS.

[TosBosibTe caenaTbh MO 3TOMY IOBOAY elle OAHO 3a-
MeuaHHe OTHOCHTENBLHO BhIpameHus «casus irreducibilis»,
3necy camoBo «irreducibilis» (HenpuHBOAHMELA) ynoTpeo-
JIEHO B COBEpLIEHHO JAPYroM CMbICJIe CPABHHTEIBHO C €ro
HbiHEUIHUM ynoTpe6GleHHeM M C TeM IOHHMaHHeM, B KO-
TOPOM Sl HaCTO yiKe MOJNb30BaJICH HM B HACTOSLIMX JeK-
X, 34€Ch OHO O3HA4aeT, 4TO pelleHHe KyOHYECKOro

7#
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ypaBHeHHs1 He MOXeT GbiThb CBENEHO K H3BJIeUeHHIO KY-
OHYecKHX KOpHeH H3 AeHACTBHTEJNbHBIX UHCEJN,— 4 3TO He
HMeeT Huyero o6UIer0 ¢ COBPeMeHHHM 3HaYeHHeM 3TOro
ciaoBa. Bul BHAMTe, Kak B 3T0H o6nacTy HeymayHoe o6o-
3HavyeHHe H BceoOmaa Gofg3Hb KOMIWIEKCHBIX YHCEJ CO3-
JaJi BO3MOXHOCTL JAJIi MHOMeECTBa HeAopasyMeHHH.
I 6B XoTes, uTOoGH MOH CJ0BA MOIVIH CIIOCOOCTBOBATH
YCTpaHEeHHI0 3THX Heldopa3yMeHHit mo KpailiHe#l Mepe B
Bame# cpeje.

[TonbiTaeMcs Tenepb BKpaTlle OPHEHTHPOBATHLCA B TOM,
KaK JocTHraercs yHUdOpMH3alUuA TOCPeJCTBOM TpaHC-
HeHAeHTHHX ¢GYHKUHA B cjaydae APYTHX HOPMaJbHBIX
ypaBdenu#i. HauHem ¢ ypaBHeHHs ausxpa

1
Zn+ ;ﬁ"—:Qw.

3nmech AOCTATOYHO MONPOCTY TOJOKHTD
w==CoS q,

M ypaBHeHHe, KaK 3TO BHAHO Cpa3y Ha OCHOBaHHU ¢op-
Myan Myaspa, 6yJeT yAOBNETBOPATbLCA IPH

rne® L iein®
2= Cos— + isin P

Tak kak Bce 3HaueHHs @ 4+ 2km u 2kn—¢ pawnT Ana
@ ORHO H TO e 3HAueHue, TO 3Ta ¢opmysna B caMoM
JeJsie NMpH KaXXIOM @ RaeT 2n KopHeil 2, KOTOpble MOXHO
HafHcaTb B TAKOM BHAe:

;z=-cos$i’;"’k—ﬂ:-_-l:isini’i—'tnl’E (k=0,1,2,..., n—1).

B ci1yyae ypaBHeHHi oKTasapa, TeTpasapa H HMKOcCa-
3]pa 3THX «3JIeMEHTapHLIX» TPAHCUEHAEHTHHX (QYHKUHH
OKa3HBaeTCHl yxKe HeZOCTaTOYHO, HO 3aTO MOXHO MOJY-
YHTh COBepLUEHHO aHaJOTHYHOe pelleHHE C NOMOILBLIO
SJUIMNTHYECKHX MOAYJIAPHHX QyHxuui. Xord 3TOrO H
HeJb3f OTHECTH K 2JeMeHTapHOH MaTreMaTHKe, HO i BCe
JKe X04y yKasaTh, Mo KpaiiHeit Mepe, HOpPMYJH, OTHOCH-
muecs K HKocasapy *). OtH ¢opMysnl HaXomsaTCs B ca-
MOH TeCHOH cBsA3H C peluenHeM o6llero ypasHeHRA NATORA
CTeNeHH NOCPEACTBOM 3JIHNTHYECKHX GYHKUHH, O KOTO-
poOM Bcerja yYNnoMHHaeTcs B yuyeGHHKAX; O HeM s TOXKe

*) Klein F.— Gesammelte mathematische Abhandlungen. —
Bd. 1I1.—1923—S. 13.
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XOYYy CKa3aTh' HECKOJbKO MOSICHHTENbHBIX CJOB. YpaBHe-
HHe HKOca’apa HMmeso Takoft Bua (c. 179—181):

 9p (@)

=@

OroxaecTBHM @ ¢ aGCOMIOTHHIM HHBAPHAHTOM J H3 Teo-

PHH 3JJHMOTHYECKHX (GYHKUHA M CTaHeM paccMaTpHBaTh

nocdeIHB# Kak (pYHKUMIO OTHOLUEHHA NEepHOIOB co-—-%‘-

2

s /
(B o6o3HaueHAAX HAKob6u 1%—), T. €. N0JIOXHUM

3
g (0, ©y)
w=J(0) =3 5y

rle g2 B A 03Ha4aloT H3BeCTHHE TPaHCUEHAeHTHLle ¢op-
MR (—4)-d B (—I12)-it cTeneRH OTHOCHTGILHO W; H Wy,
Hrpamolide Gossbilylo poab. Ecnd ssepem emte 06uI4HO
ynortpe6asieMoe cokpaumeHHoe o6oaHaueHne FIko6H

X
qg= elno — g K )
TO KOPHH Z ypaBHEHHS HKOCasApa NpeACTaBATCA B BHIE
TaKOro 4acCTHOro ABYX 0-(pyHKUHHA:

3

z2——g3 8, (2nw, ¢°%)

6 (nw, ¢°%)

ITpuHuMas BO BHHMaHHe GeCKOHEUHYI) MHOrO3HAUHOCTb
¢yHKUHE ©(w), onpeiejsieMOf U3 NepBOro ypaBHEHHH,
MOXHO I10Ka3aTh, YTo 3Ta dopMy/a AeHCTBHTENBHO AaCT
60 KopHeH ypaBHEHHs] HKOCA3ipa NPH KaxXjIOM W,

7. Pa3spewnmocTh B pafguKanax

OnHoro Bompoca B TEOPHH HOPMaJIbHWIX ypaBHeRHH
A eile He 3aTparusaj. [IpeAcTaBasioT JAH HawH Hop-
MaJbHHe YpaBHeHHs Boobmie 4T0-1H60 aare6paHyecku
CyLIeCTBEHHO HOBOE H HeJb3f JH HX CBECTH OJHO K ApY-
roMy H, B YaCTHOCTH, K ABYUJEHHHIM ypaBHeHnusm? Ipy-
THMH C0BAMH: MOXHO JH DelleHHe 2 3THX ypaBueHH#
BLIDA3UTh I[IOCPEACTBOM KOHEYHOro 4YHc/Ja HOCJef0oBa-
TeJbHBIX H3BJCYEHHH KOpHA?

Uro Kacaercs, npexle Bcero, ypaBHeHHit auaipa,
TeTpasipa M OKTa’Apa, TO C NOMOLIBIO anre6paHdyecKoi
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TEOPUH JeTKO YOEIHTLCSH B TOM, UTO HX BO3MOXHO CBECTH
K JByYleHHBIM ypaBHeHHsM. [Tokaxem 3To Ha mpuMmepe
ypaBHeHHs AH3/pa

1
2" 4 = 2w.
EcaH noJaoXHTE N
2=,

TO ypaBHeHue npnaumaer BHA
22— 2wt+1=0;
OTCrOaAa HeHOCpeJlCTBeHHO ciaenyer, 4To

{=wtAw~1,
a MmosToMy

n
z=AwEP—1,

YTO W NpelCTaBJseT HCKOMOe pelleHHe B pajguKaJiax.

Mexny TeM Ans1 ypaBHeHHs HKOCa3japa mojolHoe pe-
lIeHHe B pafHKaJjaX HeBO3MOXHO, TaK YTO 5TO YpaBHeHHe
onpejenseT HEKOTOPYIO CYIECTBEHHO HOBYIO aJjrebpau-
yeCKyio QyHKUHIO. 5 NOKaxXy BaM OIJHO OCOOEHHO Ha-
IJIsiAHOe LOKa3aTeJbCTBO 3TOrO YTBepKISHHsS, KOTOpoe A
HelaBHO ONyGJHKOBaJ *); OHO OCHOBAHO Ha H3IBECTHOM
B Teopud OyHKUHA nocTpoeHHH GYHKUHH HKOCa3Apa
z(w). 5l monwayock MpH 3TOM caexymouieil seMmol AQe-
Jisl, OKa3aTeJbCTBO KOTOPOH BH MoOXeTe HAaHATH B J1060M
yueOHHKe aare6pul: ecau aaszebpauteckoe ypasHerue
paspewuno ¢ nomouwsto pada paduxaros, 10 KasKdotl
exodawuil 8 3To swvipaxenue paduxkar moxer ObiTb
npedcraesen 6 sude payuonarexol Gynxyuu scex Kop-
Hell NepeoOHAYGAbHO20 YPABHEHUS.

IMpuMeHHM Bce 3TO K ypaBHeHHIO HKocaszpa. Hrtak,
eCJIH JOMYCTHTb, UTO €ro KOpeHb Z BHpa)KaeTcs ¢ MO-
MOUIbI0 pAAa H3BJeUeHHH KoOpHs H3 KoadpdHUHeHTOB
ypaBHEHHS, T. €. H3 PaUHOHaJbHBEIX GYHKUMH oT w (a Mbl
NOKaMXeM, 4TO 3TO JONYlUIeHHe BeJeT K IPOTHBOPEYHIO),
TO KaXIhlff BXOAAIIHA B BHIpaXeHHs KopHell paaukal

*) Klein F, Beweis fiir die Nichtauflosbarkeit der Ikosaeder-
gleichung durch Wurzelzeichen//Math. Ann.— 1905.— Bd. 61. —
S. 369—37]. Cu, Ttakke: Klein F. Gesammelte mathematische
Abhandlungen. — Bd. II. — 1923. — S. 385.
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BBHIDa3KaeT HEKOTOPYIO palHoHadbHyl0 GyHKuuio 60 xop-
Heli ypaBHeHHA

Rz, 23 ..., 2Za)-

Ho Tak Kak Bce KODHH YpaBHeHHsI HKocas’jipa Tony-
4a1TCs U3 KAKOoro-HHOGYAb OJAHOro M3 HHX 2 C TMOMOILbK
JHHeHHBIX TMOACTAHOBOK, TO MOMXHO BMECTO IIOCJEQHero
BhLIPAXKEHHsT HANmHCcaTb HPOCTO PALUOHAABHYK (GYHKUHIO
R(z) onHoro ToabKo 2. IlpencraBum ce6e 310 R(2)
Kak QyHKUHI0O w, KOTOPAas IMOJYYHTCH, €ClUd BMecTO 2
nogcraButh 60-3HauHyl0 QyHKUHIO WKocasapa =z(w).
Bruny Toro, uTo KaxAaplit 06X0A B MJIOCKOCTH @, KOTODbI il
BO3BpallaeT 2 K ero HayaJbHOMY 3HaYeHHIO, HeOOXOAH-
MbIM 06pasoM NpHBOAHT M GYHKUHIO R(2) XK ee mepBo-
HayaJbHOMY 3HauyeHHIO, TO R MOXeT HMETb BETBJEHHS
TONMbKO B TOUKax w =0, 1, oo, B KOTOpPHIX pa3BeTB-
JsercA H Z(w); BMecTe ¢ TeM YHCJIO JIHCTOB IIOBEPXHOCTH
PuMana aas R, KOTophle LHKIHYECKH CXOLATCH B KaK-
ZOM TaKOM MeCTe, JAOJMKHO OBITb AENHTENeM COOTBET-
CTBYIOULEro uHcra AJs 2(w), KOTopble, KAK Mbl 3HaeM,
paBHBb! coOTBeTCTBeHHO 3, 2 M 5. Beskas paunnoHafbHas
tpyHKHIHA R (2) omHOro u3 KOpHe#l ypaBHeHHs HKOCa’ipa
H, CeN0BaTeNbHO, BCAKHH paaukaJ, BXOAAIMHH B mpel-
nojaraeMoe pellleHHe, MOXET B KayecTBe (PYHKUHH
HMETh BETBJIEHHS (eCJqH TOJbKO OHa HX BooOlle WMeeT)
Jullb B TOYKax w =0, w=1, w = o0, a HMeHHO,
B JaHHOM cJjydae B Touke { JOJXKHO CXOZMUTbCA 1O 3 JH-
CTa ee PUMAHOBOH IOBepXHOCTH, B Touke | mo 2 Jjucra
H B TOYKe oo MO 5 JHCTOB, TaK Kak 4Hcaa 2, 3, O He
HMEIOT ApPYTHX JenuTesell, kpome 1.

Tenepr MbI mocTapaeMcsi NOKa3aTh, YTO MHI Heo6Xxo-
JHMMO LOJIKHBI IMPHUATH K NMPOTHBODEHUHIO C ITHM pe3syJb-
TAaTOM: ¢ 3TOH LeJbl0 PAcCMOTPUM CaMblfi BHYTpeHHHI!
palnKaJ, Kakofl BXOJAHT B JONyLleHHOE HAMH BHDaXeHHe
s z{w). OH foMXKeH NpeLCTaBAAThH COOOH KOpeHb H3
pauHoHaJ bHOH QYHKUMH P(w), H MBl MOXeM CUHTaTh
€ro MokKasaTelb IPOCTHM YHCJAOM p, TAK KaK BCAKHIl
ApYrofi pafguKal MOXHO COCTaBHTb H3 Dpsfa KopHel
C npocThIMH ToKazaTedasMu. Kpome rtoro, P(w) He mo-
XKeT OnlTh p-#i CTENMEeHbl0 PalMOHANbHON OGYHKIHH $(w)
or w, nbo MHaye Ham pafHKaj OnJ Gbl BOOGule H3JIH-
IIeH, # MBI MOTJIM Obi OTHECTH HAILUH paccy:KAeHHs K O.H-
sKafilieMy JeHCTBHTENbHO HEOOXOAMMOMY 3HAKy KOpHs.
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[TocMoTpHM, KaKue BeTBJEHHS MOXeT HMeTb 3TOT pa-

p
ABKan 1/P (w); Ana storo Haubojee yRaobHO HANMHCATH
NOAKOPEHHOe BblpaXeHHue B OLHOPOAHOM BHJE:

___g(w» w2)
Pl@)=4iee ey

rae g, h— GopmMul oAHOH K TOH Xe cTeneHn B OAHOpPOA-
w

HBIX MepeMeHHHX w, wg(w=—w%). CorsacHo 0OCHOB-
2

HOH TeopeMe a/ire6pH QYHKUHH g H £ MOXHO Pa3NoOXKUTh
Ha JINHeHHble MHOXHTEJH:
8.mB.py, ..
PO = o oav

e

rie BBHAY PaBeHCTBA CTeneHed UYHCJAHTENS W 3HAMeHa-

Tens
a+Bf+y+...=d+p+v+...

$lcHo, uTO BCE MOKasarenu «, B, ..., o', B, ... He MoryT
neauTbcs Ha p, ubo uHaye P npeactaBasyno 6w coboi
NOJHYIO p-10 CTeneHb; ¢ APYrod CTOPOHH, COCTABJIEHHOE
H3 BceXx NoXKalaTesell BbHpameHHe a+pf+4+ ... —a'—
— B/ — ... paBHO HYJI0, a2 NOTOMY HEeJHTCs HA p; BCAeAd-
CTBHE 3TOrg He MOXeT ObiTb, YTOOB TOJNBKO OAHO H3
ITHX YHCe]l He AEJHJIOCH Ha p, T. € TaKHX yHcea (He ne-
JAMWAXCA Ha p) ROMKHO OHITL no KpaliHell Mepe nBa.
[To5TOMY KOpPHH COOTBETCTBYMOWHX JHHEHHHIX MHOXHTe-
Jel NOJIXKHbI 33BeJOMO ObiThb TAKHMH MECTaMH BeTBJIEHHSA

14
aas A/P(w), B KOTOPHIX WHK/IHYECKH CXOAHTCA fi0

P JHCTOB. Ho sTo Haxonutca B [NIPOTHBOPEYHH C YCTa-
HOBJIEHHBIM BhILLE€ TITOJNOXEHHEM, KOTOpO€ AOJIKHO, KO-

p
HeuHO, HMeTb MecTo U aas VP (w). B caMmom nene, Mbl
TaM nepeGpa/iH BCe BO3MOXHEIE BETBJEHHA U cpelH HHX
MB He HalWIH ABYX C PaBHHIM YHCJIOM CXOAALIMXCH JH-
croB. Takum ofpasom, Halile JONylleHHe OKAa3HBaeTcsd
JIOXHBIM, W YpagHeHue uxkocaidpa He paspewiumo 8 pa-
duxaaax.

3T0 N0Ka3aTeNbCTBO CYUleCTBEHHBIM 06pasoM OCHO-
BAHO HA TOM, YTO XapakTepHble AJsA HKOCasjipa uucaa 3,
2, 5 He uMeroT monapHo obmux apeaurenedt. Koraa xe,
Haobopor, ofwui JejuTes b HMeeTcs, KaK, HanpHMep,
B cayyae uyucen 3, 2, 4 AJA OKTa’Apa, TO BO3IMOXKHMH
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TakHe pauHoHaJbHble QYyHKUHH R(z2(w)), KoTopre B
JIBYyX MeCTax HMEIOT OJHMHAKOBLIE BETBJIEHUS, Hampumep,
YHKHHAS, Y KOTOPOH CXOJUTCA N0 JABa JHCTd B TOUYKax
1 n oo; TakHe GYHKUUH B CaMOM JeJe MOXKHO NpeicTa-
BHTb B BHJe KODHedl W3 paunoHaabHoH ¢yHKuHH P(w).
Takum uMeHHo o6pa3oM OOHapyXKUBAeTCs paspewiu-
MOCT6 8 paduxkaarax ypaenexut OKkTasdpa u TeTpasdpa
(c uncnamu 3, 2, 3), a Trakxe duadpa (2, 2, n).

S xoren 6bl yka3aTb 3/ech, KaK CHJABHO OTCTaja OT
yCNexoB COBPeMEHHOH HAYKH Ta TEPMHHOJOTHSA, KOTOpas
HapHT B LIHPOKHX MaTeMaTHuyeckux Kpyrax. CJI0BO «Ko-
peHb» Temeph ynoTpelJsIOT MOYTH BCeria B JABOSKOM
cMbic/e: BO-NepBHIX, AJs 0603HaYeHHs pelleHHs BCAKOTO
anre6paHyecKoro ypasHeHHsl H, BO-BTOPHIX, AJaf 0603Ha-
YeHHs pellleHHs] MMEHHO ABYWIEHHOTO YpaBHEHHR, ITO
ci1osoynorpefJeHHe BelleT CBOE Hayalo, KOHEYHO, € TeX
BpeMeH, KOrja 3aHHMaJHCb HCKJIIOUHTEJBHO ABYYJEH-
HEIMH ypaBHeHusMH. B HacToswee BpeMa OHO sABJSETCH,
ecJqH ¥ He NPAMO-TAKH BpelHbIM, TO BO BCAKOM CJydae
I0BONIbHO Heyno6HuM. Ho B ropasno 60gbluefi crenexu
JlaeT MOBOJ K Hellopa3dyMeHHSAM [pyroe BhIpa)KeHHe, CO-
XpaHuBIIeecs H3 HCTOKOB aireGphl, COrIACHO KOTOPOMY
ajqrefpanyeckoe YypaBHEHHe, KOTOpPOe HepaspelunmMo B
palnHKajaax, T. €. KOTOpPOE He CBOJAHTCA K IBYYJEHHHM
ypaBHEHHAM, Ha3WBAaIOT aazebpaudecKu HepaspewiumbLr.
3TO HAXOAHTCA B CaMOM PE3KOM NpPOTHBOPEYHH C COBpe-
MeHHBbIM 3HauyeHHeM ¢Ja0Ba «ajrefpauyeckufi», B Ha-
cTOfillee BpeMs ajareGpaHuyecKH pa3pelliMbiM HA3HIBAIOT
TakKoe ypaBHeHHe, KOTOpOe OKa3biBaeTCsd BO3MOXHEIM
CBeCTH K HeNMH Tak#X BO3MOXHO 0oJiee npocThiX ypas-
HeHuH, 1JA KOTOPbIX 3aBHCHMOCTH pelleHu#i OT napa-
MeTpOB, B3aHMHAas CBf3b DA3JIMYHHIX 3HAYeHHE KOpHed
U T. . H3BeCTHH C TaKOl0 K€ NMOJHOTOH, KaK 3TO HMEJO0
MECTO ¢ JaBHHX NMOP [Js JABYYJEHHOro ypaBHEHHs, HO
3TO OTHIOAb He MOJKHH OBITh HenpeMeHHO ABYUYJeHHLIE
ypaBHeHHA. B 3TOM cMBic/le MBI MOXeM QTHECTH YpaBHe:
HHe HKOcasipa K YHCJIy TeX, KOTophle BNOJHEe pa3pe-
warTess aareGpaddecku, u6o Bce Halud paccyXLeHHs
NIOKAa3aJIH, YTO MBl MOXEM MOCTPOHTH HX TEOPHIO, YAOB-
JIETBOPAS BCEM YKa3aHHBIM TpeGoBaHuaM. To, uTo OHO
Hepa3pelllHMO B PajHKagax, cKopee JeJaeT ero 0Co6eHHO
HHTepecHBIM, TaK KaK BCJEJCTBHEe 3TOr0 OHO ‘ABJseTCS
NOAXOAAILHM HOPMaJbHBIM YypaBHEHHEM, K KOTOPOMY
MOXHO IONbITATBCA CBECTH JpyrHe YDaBHEHHs, TOXe
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HepaspenlnMble ajare6paHuYecKH B CTapHHHOM CMBIC]e
cJoBa, YTOOH BNOJHE OBJM2JeTh H HX pelUeHHeM.

ATo 3aMeuaHHue NPHBOJHT HAc K Moc/JelHeMYy pasieny
HacTosiueil raaBbl.

8. Ceenenue oOUMX YPABHEHHA K HODMAJNbHBIM

MoxHo cKkasaTth, 4TO caMoe ofllee ypaBHeHHeE:

TpeTbell CTemeHH CBOAMTCA K ypaBHeHHIO Ouadpa npu
n=3,

4eTBEPTON CTeNeHH CBOAHTCA K ypaBHEHHIO TeTpasdpa
Hau oxTa’dpa,

NsITOH CTeNeHH CBOAHTCS K ypaBHEHHIO uKocaddpd.

STOT pe3yabTaT NpejcTasiser co60f caMulii, mocaen-
HHH TPHYM@ NpPaBHJABHHIX TeJ, KOTOPHM C CaMOro HayaJja
HCTODMH MaTeMaTHKU BCe BpeMsl NpPHXOAWJIOCH HrpaTh
BaXKHYIO pOJb,

Yrobul crenath AJS Bac MOHATHEE CMBICA Moero 06-
1ero yTBepXKIeHHS, A NpPHBENY ero HeCKOJbKO NOApo6-
Hee Juis npocrefiulero ciyyas — Qs ypaBHeHHs TpeTbel
CTeNeHH, — BnpoyeM, Ge3 NOJHOro N0Ka3aTenbCTBa ¢op-
Mya. IlpeacraBum ceGe KyGuYecKoe ypaBHeHHe CHOBA
B npHBeAeHHOH dopme:

X+ px—qg=0. 08

IlycTb x1, X2, X3— €ro KODHH; CTaHeM HCKaTb TAKYyIO pa-
LIHOHAJABHYIO (YHKNHIO 2z 3THX KOpHed, KOTOpas IpH
6 nepecTaHOBKax 5THX TPeX BEJIHUHH ONHCHBAaeT Kak pas
6 nHHEHHBIX MOACTAHOBOK HM3Apa IAs n =3, T. €. NpH-
HUMaeT 3HauyeHHs

e e?

1 )
2, e2, %2, 7, —. (rae e= i),

Jlerko BHAeTh, YTOo GYHKIUA

Xy + 8X, + e'zx.‘! (2)

Z =
xy+ e2x; + ex,

YHOBJETBODAET 3THM YcJA0BHUSM. IlpuHaaznexamasa au-
1 .

3Apy OyHKUHA 2°+ 5 STOH BEJNMUHHH ROJXHA, TAKAM

o6pa3oM, ocTaBaTbCA HEH3MeHHOH NpH BceX nepecra-

HOBKaX Xp, TaK Kak OHa ocTaercs (e3 H3MeHEeHHR# npH
6 nuHeHAHBIX NONCTAHOBKAaX 2; CJIeAOBATeNbHO, HA OCHO-

BaHHU H3BECTHOH TeopeMbl aJre6pbl ee MOXKHO MOpen-
CTaBHTb B BHJE PalHOHAJLHON (YHKUUH KO3(h(UIHEHTOB
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ypaBHeBus (1)— a UMEHHO, BHIYHCAECHHE A2ET
. { 2
2t p=—0 -2 3

Ecan e, Ha06OpOT, H3BECTHO pelleHHe TOr0 ypaBHEHHS
AH34pa ¥ z-— OJHH H3 ero KOpHeH, TO MOXHO 1O BhHpa-
XeHHIO (2) ¢ MOMOWIBIO H3BECTHHX COOTHOWEHHH

X1+ x,+x=0,
X%+ X9%3 -+ Xax, = p,
XXXy =@

BHDA3HTh PAUHOHANBHO TPH SHAYEHHA X, X, X3 Yepes
2, p, ¢, a UMEHHO, OKa3HBaeTcs, 4TO

om0, 2042)

P 1422

3 ez (1l + ez
m=—2L. 20D, “)
. . __ 3¢ e?z (1 4+ e%2)
3= p 1+ 2° .

Takum o6pa3oM, ecin pemeHo ypamHenue nusapa (3),
TO 3TH (GOpPMYJH HENoCpPeACTBEHHO JaIOT pelleHue Ky-
6uyeckoro ypaBHeHus (1).

CoBepieHHO aHAJIOTHYHO NONYYaeTCsl CBeJeHHe HaHs
Gonree o6ulero ypaBHeHHA 9eTBepPTOll H NATOM CTemeHH.
YpasHeHHs OKasHBAIOTCS, KOHEIHO, HECKONbKO AJMHHeE,
HO B CYMIHOCTH He G6Gojiee TPYAHHMH; HOBHIM sBJSAETCA
TO, 4TO MapaMeTp @ HOPMAaJbHOrO YpaBHEHHs, KOTOPHIl
npexJje BHpa)Kajcs palHOHaJNbHO depe3 KosdpduuHeHTH

2
ypaBHeHHs (2w= —27% - 2) ., TENepb COAEPXHUT elle

H KBajpaTHHe KOPHH. B MoXeTe HaliTH oYeHb MoApOG-
HOe H3JI0XeHHe STOfi TeODRH BKAs YpaBHEHHs NATOH cTe-
IeHH” H COOTBETCTBEHHO MIf HKOCasipa BO BTOPOH 9acTH
MOHX JleKuu# 06 HKOcasJpe H NPHTOM B TAKOM BHIE, UTO
He TOJNbKO NMPHBOAHTCS BHIBOA (OpMyJ, Ho, KpOMe TOrO,
BCETAA YKAa3HBAIOTCA BHYTpeEHHE OCHOBAHUS, NPHBOAA-
IHe K 3THM ypaBHEHHAM,

[TossonbTe MHe CKa3aThb ellle HECKOJbLKO CJOB O TOM

NOJIOXKEHHH, KOTOPOe 3TH MOCTPOCHHS 3aHHMAIOT MO OT«
HOIIEHHIO K OOHKHOBEHHO H3jaraeMoili TEOpHH ypaBHe-
HHil TpeTbell, uerBepTod H naTo# creneHu. [Ipexne acero,
o6Hl4Hble pelleHHs ypaBHeHHH TpeTbed U 4eTBepTOH CTe-
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MeHH MOXKHO, KOHEYHO, MOAYYHTb H3 HawHx ¢GopMyn
¢ TOMOLUBIO COOTBETCTBYIOIIHX BHIYUCJACHHI, MOAb3YACH
pelleHHeM YpaBHeHHH AM3Ipa, OKTasApa W TeTpasipa
B paaHKaJax. .

Uro Ke Kacaercq ypaBHeHHH nATOH cTeNeHH, TO, K CO-
JKajeHHo, B yye6HHKax OOLIKHOBEHHO OrpaHHYHBAIOTCA
KOHCTaTHPOBAaHHEM TOr0 OTPHUATEJ]BHOrO pPe3y/anTaTa, YTo
TaKoe ypaBHeHHe HeBO3MOXXHO pelIUTh ¢ MOMOLULBI0 pAda
pajHKaioB, NPHCOEAHHAA K 3TOMY eille TyMaHHoe yKa-
3aHHe Ha TO, YTO pellieHHe CTAHOBHTCH BO3MOXHBIM MO-
CPeACTBOM 3JIHNTHYECKHX QYHKUHI — TOUHee CJeL0BaO
6bl CKa3aTb «3/IJIMNTHYECKHX MOAYJb-QYHKUHHA», § OTHO-
IIycb OTPHLIATENNbHO K TaKOMY H3/J0XKeHHIO, TaK KaK
OHO JaeT COBEpUIEHHO HenpaBHJbHOE NMPOTHBONOCTABJE-
HHe H CJAYKHT CKOpee MOMeXoH MpaBH/JIbHOMY NOHHMAaHHIO
NOJIOKEHHs BelieH, yeM crnoco6erByer eMy. B peficTBH-
TeJbHOCTH, OTHe/fAs a/re6paHyecKylo 4acTb OT aHaJjH-
THYECKOH, MOXHO pPeslOMHpPOBAThL BCe, K 4YeMy MH IpH-
ULTH, cCAedyIoWHM o6pasoM.

1. XoT H HEBO3MOMKHO CBeCTH ypaBHeHHe NATOH cTe-
neHH, HNaHHoe B o6illeM BHAe, K [BYY/JeHHBIM YypaBHe-
HUSIM, HO 3aTO yAaeTcsi— H B 3TOM HMEHHO U 3aKJIo-
yaeTcss co6CTBeHHO 3ajaya aare6paHyecKoro pelleHHs —
CBECTH ero K YpaBHEHHIO MKOCasipa Kak K npocreduemy
HOpMaJIbHOMY YPaBHEHHIO.

2. ¥YpaBHeHHe HKOCa3Jpa B CBOI0 ouepelb MOXHO pe-
WHTb TIOCPEACTBOM 3JLIMOTHUECKHX MOAYJb-GOYHKUHM;
3TO MPHTOAHO AJS YHCJIEHHOrO HaXOXAeHHs KOpPHeH H fB-
JseTcs NOJNHEIM aHAJ0roM pelleHHs ABYUJNEHHbIX ypaBHe-
HHI MOCPEACTBOM JIOrapHPMOB.

3T0 cocTaBaseT MOJHOe pelileHHe NMpoGJeMbl ypaBHe-
HUAl nsaTOH crenmeHH. B caMom Zese, Koria yrto-nubo He
yZaeTci Ha OGBLIYHOM NYTH, He cJelyeT cpa3y OTKalH-
BaTbCl OT JajibHeAUIHX MOMBEITOK H YIOBJETBOPATHCSA
KOHCTATHPOBaHUEM HeBO3MOJKHOCTH, HO Haf0 CTapaTbCs
MOAOHTH K BONPOCY ¢ TaKOH CTOPOHBI, UYTOOH MOXKHO
6blio ero paspafaThiBaTh Janblie. MaTemaTHuecKas
MHCAb KaK TaKoBas HHKOrJa He HMeeT KOHLA, H ec/H
BaM KTO-HHOYAb CKaX{eT, YTO B HEKOTOPOM MecTe mpeKpa-
1aeTca MaTeMaTHyeCKoe NOHHMaHue, To GyAbTe yBepesbl,
YTO TaM KaK pa3 A0JIKHa HaHTHCh HaHGo/ee HHTepecHas
NOCTAHOBKA BOMpOCaA.

B 3aknioyeHHe s X04y yKasaTb Ha TO, YTO 3TH Teo-
pHH OTHIOAb He 3aKAHYMBAIOTCA Ha YypaBHeHHAX NATOH
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CTENeHH; HaNnpOTHB, MOXHO H ANA ypaBHeHHH IIeCTOH
H BBICLINX cTéneHell PasBHTb BROJHE AHANOTHYHHIE Teo-
puH, npuberaa K NOMOLWY NPaBUJAbHBIX TeN B MpPOCTPaH-
cTBe MHOTHX H3Mepenui. Ecan sol menaere 64HKe O3Ha-
KOMHTbCA € 3THMH TEOpHAMH, To ofpaTHTecb K Moeil
craTee «O pelieHuu oGulero ypaBHeHHs NATOA W WeCTOH
cTeneHn» *),

Pelienne ypaBHeHH# wecTofl cTeneHH COOTBETCTBEHHO
NpHBEAEHHBIM B TEKCTe NMPHHUHKNAM CBEACHHS ypaBHEHHH
AATON CTeNeHH K TEOPHH HKocasipa 6bli0 B CBA3H C yIO-
MAHYTOH Moeli pa6otoit 1905 r. ycnewHo HCCAEROBAHO
lFopnanom B aByx paGoTtax **). YnpouleHHY0 ¥ NPOAQJ-
XEeHHYI0 Aanbluie paspaGoTKy 3ToH npOaeMbl COAECPHUT
pa6ota A. Ko6as ***).

*) Klein F. Ueber die Auflésung der allgemeiner Glel-
chung 5 und 6 Grades//J. reine angew. Math. — 1905. — Bd. 129. —
S. 151; Math. Ann, — 1905. — Bd. 861. — S. 50.

") Gordan P.— Math Ann — 1905, — Bd. 61.—S. 50;
Math, Ann. — 1910 — Bd. 68. —S.

**#) Coble A. B.— Math, Ann —1911.—Bd. 70.— 8. 337.



AHAIHN3

1. JIOTAPH®M M MNMOKA3ATEJIbHAA ®YHKUHUA

Tenepb, BO BTOPOHl NOJOBHHE ceMeCTPa, MHl 3aliMeMca
TeM, 4YTO MOJABeprHeM OTAeJbHHE, Haubojee BAXKHHIE,
C Hauled TOYKH 3peHHs, IVIABbl aHaJH3a TAKOMY JKe 00-
CYXJeHHI0, KAKOMY paHbllle Mhi MONBEPr1H apUPMeTHKY
n anrebpy. Peub noiger riasHeiM oGpasoM o0 sneMeH-
TapHBIX TPAHCUEHOCHTHBbIX (YHKUHAX, KOTOphle NeHCTBH-
TEJIbHO MrpaoT 60JBIIYIO POJb B IIKOJBHOM NpenoaaBa-
HHU: 3TO — MOKa3aTeabHass (YHKIHA (COOTBETCTBEHHO
JorapudM) H TPUTrOHOMeETpHUYECKHe QYHKUUH,

[Ipexpe Bcero s XO4y HANOMHHTb H3BECTHRH BceM
BaM XOJ H3JOXEHHs 3TOTO BONpoOca B ILUKOJe H ero npo-
LoJXKeHMe, TIDHMBIKaoollee K TaK HA3hlBaeMOH cHCTeMa-
THKe ajare6panyeckoro aHajau3a.

1. CucremaTHka aareGpamyeckoro aHaaAH3a

HcxoasaT ua creneHd a = b¢ u 3areM IocienoBa-
TEJILHO NEPEXONAT OT LeJbX TOJOXHTENbHLIX NOKazaTe-
Je#d ¢ K OpoOHBIM 3HA4YeHHAM ¢; TeM CaMbIM NOHATHE
KODHA BKJI04aercsi B 06o0lleHHOe moHATHe cTeneHn. He
BX0As B NMOAPOGHOCTH CBOHCTB cTelneHeHd, OTMedy TONBKO
NpaBHJ0 YMHOMKEHHS:

bc . bc'= bc+c’,

KOTOpOe CBOAHT YMHOKeHHe ABYX cTelleHel K CJOXeHHIO
X noxasartejed. Bo3MOMXKHOCTL TaKoro CBEJLEHHS, KOTO-
poe, KaK H3BEeCTHO, JIEKHT B OCHOBAaHHH BBIYHCIEHHH C IO-
MOIIBIO Jorapupmos, GopManbHo 06yCI0BIHBAETCS TeEM,
UTO OCHOBHBle 34KOHH YMHOXeHHS U CJIOMKEeHHS BO MHO-
roM COBRAajaloT; B YAaCTHOCTH, oBa HeHCTBUS KOMMYTA-
TUBHBI U aCCOLHATHBHH '08),

O6pameHue geficTBHS BO3BedeHHs B CTelNeHb IIPHBO-
IHT K JorapudMy: ¢ HasbBalOT 402apudMOM Hucia a no
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OCHOBaHUI0 b:
¢ = log,a.

Ho y:ke 31ech nosis/isieTcss psaa 3aTPYKHEHHA CyluecTBeH-
HOr0 XapakTepa, MHMO KOTODHIX B GOJIbUIHHCTBE C/ydYaes
TIPOXOAAT MOJYE, He Pa3bsiCHAA HX KaK cjAelyeT, H KO-
TOpHe Mbl HMEHHO MO3TOMY IOCTapaeMcsl BIOJHe cebe
BEIACHHTB. [IpH 3TOM OKasmnBaeTcs yaoGHee BBECTH BMe-
CTO @ W ¢, B3aHMHYI0 3aBHCHMOCTb KOTOPHIX MLl HaMe-
PEeHBl H3yuaTb, OGHIYHblE 0603HAYEHHUs MEPEMEHHHIX X, Y,
TaK YTO HAllH OCHOBHLHIE DaBeHCTBA NPHHHMAIOT TaKOH
BHA:
x=0bY, y=log,x.

Ha‘{HeM C TOro, 4To OCHOBaHHE b BCermga npej.mo.narae'rcn
NOAOXCUTEABHbIM;, TIPDH OTPHLATENBHOM b mNepeMeHHas X
NpHHERMana OW AJS LeJbIX 3HAUEHHWH y TO MOJNOXKHTE/b-
Hble, TO OTPHIlATe]bHblE 3HAUEHHS, & TIPH PAUHOHAJIbHHIX
Yy OHa TpHHHMaja OW MHOTO -pa3 jAaxe KOMIJIEKCHHE
3HAYeHHs, H COBOKYNHOCTb 3THX Nap 3HAYeHHH x, y He
Morna 6n ofpasoBaTh HenpepnBHOM kpueodl. Ho u npu
b > 0 HemroaMoxkHO obofTHCh 6e3 coraalleHuil, KOTOpHE,
Ha OepBHil B3rJsd, KaXyTcs NPOU3BOJbHBIMH. B caMom

m
Aene, IpH PAlHOHANBHOM ¥ = — (rae m, n— B3auUMHO
IpoCThle YHCHaa), KaK H3BECTHO, 3HAaUeHHe x == bmit=
n

=4/b™ onpeneneno, HO 3TOT KOPeHb WMeeT n 3HauyeHHH,
H eclM Jaxe OrPaHHUHTBHCR AeHCTBHTEeJbHBIMH UHCJAMH,

TO BCe e MPH YeTHOM n y .
OH HMeeT JABa 3HaYeHHSA. Vq%/ \};&‘3"
ITepBoe cornauieHde u co- J

CTOHT B TOM, YTO MH TNOJ X
Bcerga GyjmeM pa3yMeThb
NOAOKUTEABHOE BHAYEHUE
KODHA WJIH TaK Ha3kHBaeMoe
2a0a8H0€ («apudpmeruue- Puc. 55
Ckoe») 3Hauenue. 3Haue-
HHE 3TOr0 YCJOBHA MBl HCCJeflyeM C TOMOUIbIo ofliens-
BeCTHOTO H300pajkeHMs JorapHdMHUecKO# KPHBOH y =
== logs X, KOTOPEIM 51 XO4y BOCHOJIb30BAThCA YyXKe 31€eCh
paan Goawluell sicHocTH (pHe. 55).

Ecnu y npoGeraer MHOMECTBO PallHOHANbLHBIX YHCEN
‘(BCIOy NMOTHOe HA [AeficTBUTeNBHOH mnpsMolk), To 1mo-
JOXKUTENBHEIM T[JaBHEM 3HayYeHHsAM abcuHcch x = DY




208 AHAJN3

OTBeYaeT Ha Hallief KPHBOH BCIOAY MJIOTHOE MHOMKECTBO
ToweK. Eciu 6bl MBl CTaJH OTMe4aTb NpPH YETHOM 3Ha-
MmeHatTeJe n (y NMokasarens y) KaXABH pas H COOTBET-
CTBYIOLIHE OTpHLlaTeNbHble 3HAYEHHA X, TO MOJYUYHJIOCH
6bl, MOJKHO CKa3dTb, «BjBOE MeHee IIOTHOE», HO BCE XKe
BCIOAY IJIOTHOE MHOXKECTBO TOUEK Ha 3epKajibHOM o6pa3e
Halle# KpHBOfi O OTHOLIEHHIO K OCH Y, T. €. Ha KPUBOH
y = logy(—x). IlpencraBasercs AajeKo He ACHHIM, IO-
yeMy B cJyuae, ec/lH JaBaTb Yy BCEBO3MOMKHBe JeHCTBH-
TeJbHble, B TOM YHCJEe H HppalHOHAaIbHHE 3HAUEHHA, Clle-
AyeT HMEHHO IJIaBHble 3HAUeHHA chnpaBa COEQUHATH
B OJHY HenpepHIBHYIO [NTaBHO HAYILYIO KPHBYIO, H He cie-
AyeT JH—u MOYeMy HMeHHO He clJefyeT — JONOJHHTb
TAKHM 2Xe 06pa3oM H 3HaueHHA CJeBa.

Mgl YBHANM, YTO BITOJIHE TOHATH BCE 3TO MBI CMOXeM
JIHIIDL ¢ noMolbio OoJee rIyOOKHX CpeiCcTB TeOpHH (yHK-
UK, KAKHMH He MOXKeT pacrnoJararth Wkoaa. Beaeacrsue
3TOr0 B IUKOJE OTKa3blBAlOTCH OT GoJjee rMyOOKOro mno-
HHUMaHHA NOJIOXKEHHA Belle# H 6oJblllefl YyacTblo AOBOJb-
CTBYIOTCAl TeM,— KOHEUHO, BecbMa y0eAHTeNbHHM AJd
YUEHHKAa — aBTOPHTETHLIM YTBEpMKAeHHeM, UYTO HYXHO
6pats b > 0 ¥ nosokHTeNbHblE, PI1aBHBIE 3HAUEHHS KOp-
Hell W 4TO Bce MHOe HempapJbHO. Ha 3TOM OCHOBaHO TO
yTBepKAeHHe, UTO JorapudM ecTb OJHO3HauHaf (yHK-
UHA, ONpejfeJeHHas TOJbKO JJIfl NMOJOKHTEJNbHBEIX 3HaYe-
HHH apryMmeHTa.

Korja teopus snorapudma HoBeXeHa QO 3TOro MecTa,
YYEHUK MOJyYaeT B PYKH TabjHLbl JorapudMoB H 10J]-
K€H Hay4YHTbCA IMOJb3OBATbCH HMH AJA NPAKTHYECKHX
BblYycJaenHfi. [Ipu 3TOM BO3SMOMKHHI, KOHeUHO, H TaKHe
ILKOJIBl — B MOH LIKOJIbHBIE T'OAbl 3TO OHJIO OOIIHM fB-
JeHHeM, — B KOTOPHIX He O0cOo0eHHO pacnpocTPaHAIOTCH
O TOM, Kak HMEHHO COCTaBJieHbl TakHe Tabauupl. Camo
coboit pasymeercsi, YTO MBI JOJXKHB CaMbiM pe3KHM 06-
pasoM OCYAHTb TaKOH rpyGnlfi YTHIHTAPH3M, HTHODHPYIO-
IMHA BHCLIHE NPUHUHOE o6yueHus. Ho teneps Gouabmeit
UacTbl0 yXKe TOBOPAT O BBIUHCJAEHWH JOTapHMOB ¥ BO
MHOTHX HIKOJIaX BBOAAIT ¢ 3ToH IeJbI0 Takxke YyueHHe
0 HaTypassrelx A02apu@max 1 O pa3oXeHHH UX B PSIBL,

Urto KacaeTcs NepBOro BOHpOCA, TO, KaK H3BECTHO,
OCHOB2ZHHEM HAaTypaJibHOH CHCTEMBI JOrapudMOB CAYKHT
HHCIO

e=lim (1 +%)’L=2,7182818
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3ro onpepeneHHe e H ero ymotpefjeHue B KauecTae
OCHOBaHHsI CHCTeMH JiorapudMoB OoJblueil YacThio IIO-
MEUaloT HelloCPeJCTBEHHO B CaMOM HayaJie, B 0COOEeHHO-
CTH— B NOoJApaxaHHe dpaHuy3aMm — B OOJbLIHX yyeGHH-
Kax aHaJ/u3a, npHyYeM, KOHEYHO, OTCYTCTBYeT COOGCTBEHHO
HapboJee LeHHRIH 3jeMeHT, CIIOCOGCTBYIOMIMA MNOHHMA-
HHIO: OGBSACHEHHE TOrO, NOYeMy NPHHHMAIOT 33 OCHOBa-
HHe KaK pa3s 3TOT 3aMevaTefbHbA npelena u NoYyeMy mo-
JydaeMbl¢ NpH 3ToM JorapudMnl Ha3biBalOT HaTypalh-
HuiMH. TOUHO TaK e ¥ pa3joXeHHe B PAL NOABJIAETCA
4JacTO COBepIIeHHO HEOXHAAHHO; I10J1araloT NRONpPOCTY
¢opManrsHO

In(l+x)=a+ax+ax’+ ...,

BLIYHCASIOT KO3QdHIHEHTH do, d), ... HA OCHOBaHHU
H3BECTHHX CBOHCTB Jiorapudma u AOKA3LIBAIOT, CBEpX
TOro, elle CXOAMMOCTb psifia npH |x|<<'1. Ho npu stom
ONATH-TAKH OCTABJAIOT B CTOPOHE BONPOC O TOM, KakK
Boofule NMPHXOAAT XOTS OBl K TOMY, UYTO NOAO3PEBAIOT
BO3MOXHOCTb Pa3JloXeHHs B pAL QYHKUHH H NPHTOM elle
CTO/Ib IIPOHM3BOJILHO COCTaBJIEHHOH, KaKOH sBJAETCA JO-
rapu@M Io LIKOJIbHOMY ONpeeseHHIO.

2. HcTopuueckoe pa3pHTHe YuYeHHS O JorapHdme

Ecnru MH xoTMM HafTH Bce Te BHYTPEeHHHe NDHYMHBH,
O XOTOpBIX Wja peyb, H y3HaTb boJsiee TrIyOOKHE OCHO-
BaHHUA TOro, IOYeMYy Takue, O-BHAHMOMY, NIPOH3BO/bHEE
JONYLIEHHsT BCe e INPUBOAAT K Pa3syMHHIM pe3yJbTa-
TaM, — KOpode TrOBOpS, €CJH MB XOTHM JeACTBHTeNbHO
JNOCTHYb NOJHOrO MOHHMAHHS TeOpHH Jorapugma,-— To
6yzer sydme Bcero NpocAeluTb B ODIIMX 4YepTax Xol
HCTOPUYECKOr0 Pa3BHTUA 3TOH TeopHH. Bmr yBuauTe, 4TO
OH HHCKOJBKO He COOTBETCTBOBAJ H3JOXEHHOH Bhllle
LWIKOJBLHOH TNpaKTHKe, HO YTO MOCNEAHsS CTOMT K HeMy
KaK 6B B NOJOXEHHM NPOEKUHH, NOCTPOEHHOA H3 OYeHb
He6JaronpUsATHOH TOYKH.

[Tpexne Bcero NPHXOAMTCS Ha3BaTh OJHOrO HeMel-
koro marematuxa XVI B. —wBa6a Muxasna [Hrudens,
kKotopufi BrnmycTHn B HiopuGepre csoio «Arithmetica
integra»; 3To 6o B 1544 r., T. €. B caMOM Hauale pas-
BHUTHSI COBPEMEHHOH aJreOpH, 3a OAHH rOA Nepei TeM,
Kak mosBHiOCh, TOXe B HiopHGepre, yxe ynomsiHyToe
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Brime countenne Kapaawo. B stoft kuure Ultndens B
BriepBHE BCTpeyaeTe RefCTBHS HAJ CTENEHAMH C JIOGHMH
palHOHAaNbHBIMH NOKa3aTeJfAMH, NpHYeM OCOOEHHO MOA-
uepKHBaeTCs npaBuao yMHOxeHHus. [lItudenn naer naxe,
BHAHMO, NepBYI0 H3 CYIIECTBOBABIUHX TaOMHL JorapHd-
MOB, HO, KOHEYHO, BeCbMa DyAMMEHTAPHYK: OHA COAep-
JKHT BCEro JHWb Lenble YHcaa oT —3 A0 6 B xauecTse
nokasaTesell H PALOM C HHMH COOTBETCTBYIOLUHE CTENEHU

yhcaa 2, 1. e. %—, ..., 064, Io-euaumomy, lltudenn umen

npe/CTaBJeHKe O 3HAYEHHH JAa/jbHelllero pasBUTHS 3THX
njet, TaK KaK OH 3aMedaeT, 4To 00 3THX 3aMevaTeJbHbIX
YHCJIOBBIX COOTHOLUEHHSX MOXHO GblI0 6K HamucaTb Le-
JYI0 KHHUTY.

Hasa toro 4to6b HMeTb BO3MOXKHOCTb CleNaTh JIOra-
pudMBEl DNPUrOAHHMH IJs NpPaKTHYECKHX BHIUHCJIEHHH,
tudento HegocTaBalO €lle OLHOTO BaX{HOTO BCIOMOra-
TeJILHOrO CpeicTBa, 4 HMEHHO JAecATHUHHIX Apoleil, Tak
YTO JIHLIb CO BpPeMeHH H306peTeHHs NOCJeLHHX — nocje
1600 r.—cTano BO3MOXKHEIM MNOCTPOEHHE HACTOALIHX
Jorapudmuyeckux rtabauu. [lepprle TabaHLUL npPHHAN-
Jexar woTtnauauy JxoHy Hemepy, xuswemy ¢ 1550 r.
no 1617 r., uctuHHOMY H306peraTenio jorapudmos, npu-
dyMaBllleMy caMO HX HAa3BaHHe; 3TH TAGJHIBI MOSABHIHCDH
B 1614 r. B Dauubypre nox saraasuem «OnucaHHe 4y-
JecHoro KaHoHa gorapugMosy («Mirifici logarithmorum
canonis descriptio»). O BooaylleB/IeHUH, BI3BAHHOM 3TH-
MH 3aMeyaTeJbHBIMH TaGJHLAMH, BB MOXeTe CYLHTb IO
TeM 3a0aBHLHIM CTHXAM, KOTOpble HameuaTaHH B Hayaje
Ta6JHIl H B KOTOPHIX pasiHuyHble aBTOPH BOCNEBANT OT-
MeHHHEe KauecTBa JorapudmoB. Bmpouem, caM cmocob
Henepa ans BeiuHcTeHHs JorapudmMos Gu onyGaHKOBAH
JIMLIBb TIOCJIe ero cMepTH, B 1620 r.

B cymHocTH, HaTypaJbHble JOrapudMH NOSBHIHCH
eure g0 Hemepa mo noBogy oOJHOro BecbMa BAXKHOrO
ycnexa B KapTorpaduu: OTKpPHTHE «MepKaTOpCcKOH mpo-
ekuuu» I'epxapnom MepkatopoM (okoao 1550 r.) MOXKHO
CYHTATb NMePBHIM rpadHyYeCKHM OTKPHTHEM JorapudMoB.
Hocratoudo cocnatbes Ha raasy IIT wactu 2 Toma II
3THX JIEKUHH, Tle BHIICHEHA CBA3b MEPKaTOPCKOH Mpoek-
uuu ¢ Jjorapudmuueckofi ¢yukuuedi. Ecaum xorar, He
3Has 3TOH CBSA3H, BBHIBECTH MEPKATOPCKYIO MPOEKUHIO MPH
NOMOIUH NOAXOASLIEro NpeseabHOro Nepexoia, To HesaBHO
noaBaseTcs (HATypaJbHHIT) Jorapubm ¢ COBEpPIIEHHO
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TaKkoil e TOukH 3peHus, kak y Hemepa u3 morapudpmon
Bopru.

Uro ke kacaercs pa6or Henepa u Bropru, To 3agech
yKasalel TOJBKO HX PYKOBOAMLIHe OCHOBHHle HAeH; AJS
NOJIHOTO BBIYHC/AEHHS CBOHX TAO0JHWL OHH IOJb30BAJHCh,
KOHeYHOo, Hapsily C ONpeJejieHHeM I0C/lel0BaTeNbHHX

“ 1
cTemeHed yHCaa 1+W H COOTBETCTBEHHO YHCJA

1 o
1 T Ha OCHOBAHHH pPa3HOCTHHX YpPAaBHeHHUH, TaKKe

HHTEPNOJSIHOHHBIMA MeTogaMu. Kpome toro, Henep Bia-
Jen yxe HAeedl NpelelbHOTO Iepexoa K HATYyPaJbHHM
Jdorapu¢mMaM B COGCTBEHHOM CMBICAE, T. €., BLIPaasch
COBpEeMEHHEIM A3BIKOM, Iepexola K AH(pepeHLHaNTbHOMY
ypaBHeHHIO

4y _ 1,
=

HMEHHO, OH paccMaTpuBaeT ABUXKeHHE, CKOPOCTb KOTO-
poro pacTeT NpONOPIIHOHANbLHO PACCTOSHUIO OT HUCXOA-
HOH TOYKH; 3THM HPeACTaBJEHHEM OH Jaxe NOJb30BaJCH
IIPY MOCTPOEHHH CBOUX TaGJIHIL.

HesaBucumo or Henepa wsefinapeun Broprr (1552—
1632) noctpousn TabGauuB, KOTOpPHlE OH ONYOJHKOBAM,
BnpoyeM, Juwe B 1620 r. B [lpare moA 3arnasueMm
«Progresstabulns. [Ins Hac, rérTudrenues, biopra npen-
CTapJfeT ocoObH HHTepec, KaK 3eMJfK, TaK Kak OH
nonroe Bpems xui B Kaccene*). Boofme Kaccenb u
B OCOOEHHOCTH ero crapasi 06CepBaTOPHA HIpajH BecbMa
BAXKHYIO POJb B HCTOPDHH Pa3BHTHA apH(MeTHKH, acTpo-
HOMHH, ONTHKH NEpej H300peTeHHEM HCYHcaenus Gecko-
HeyHO MaJjlblX — NOJ0GHO TOMY KaK BIOCJAEACTBHH HMel
3HaueHHe I'aHHOBep KaK MeCTOXHTeabCTBO JlelibHHLA.
Takum o6pasoM, BOMH3H OT HAC HAaXOAHTCH NOYBA, Npen-
CTaBJfBIIAS HCTOPHYECKOe 3HayeHHe AAA Halled HayKH
elle 3aJ0Jro Ao TOro, Kak GblI OCHOBAH Hall YHHBep-
CHTET.

Henep u Biopru: ypaeHeHHe B KOHEYHHX Pa3HOCTHAX.
TIpencraBasiercss BecbMa MNOYYHTEJbHBIM NPHCMOTPETHCHA
Oauxe K xony uneil y Henepa u Biopru. O6a ucxonar us
‘3HaveHUHd x = &Y 19 UEJNHX y U XOTAT YCTPOUTE Tak,
YTOGEl YHCAA X JeXadd [0 BO3MOMHOCTH ryuie, 4TOOH
HOAOHTH, TAKHM 06pa3oM, BO3MOXKHO GJHIKE K KOHEeYHOH

*) Bmkaiiwui xk [értanreny Goabwoi ropop (8 50 k).
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UesH — Ha#TH /18 KaXAoro uyucaa ero Jorapudm. Te-
nepb B IIKOJE MOCTHralT 3TOr0 ¢ NMOMOULbI0 Nepexona
K IpoOHOMY NOKa3aTeNlo y, 0 KOTOpPOM (/a peyb BHUIE.
Ho Hemep u Bropru uaberaior Bcex Tex 3aTpyaHeHHH,
KOTOpble BCTPeYaloTCA Ha 3TOM NyTH, 6Gaaropaps TOMy,
4TO ¢ NMOMOLIbI0 FeHHAJbHOA HHTYHMHH NMOAXOLAT K BO-
fIpOCY cpa3y e C BEPHOH CTOPOHH, @ HMeHHO, HM NPHXO-
AMT B TOJOBY NPOCTAasi, HO CYACTIHBAsA MHICAb B3ATb 32
OCHOBaHHe b 4YHCJI0, OYeHb OJH3KOe K elHHHUe, n6o npH
3TOM, AeHCTBHTENbHO, MOC/NEAOBaTe/bHbE [e/He CTENeHH
yncaa b JekaT oyeHb GAH3KO ApYr K Apyry. Bropru
ApHHUMaeT
b=1,0001,

Mexay TeM Kak Henep monb3yercs uuc/OM, MeHbUWHM
eIHHHLBL:
b=1—0,0000001 = 0,9999999,

AOAXOAA, TaKuM 06pa3oM, eite 6JaHXe K eaxHuue. ITpu-
YHHa 3TOro OTKNOHeHHs Henmepa oT TenepelsHero o6Huas

3aKJI0YaeTcsi B TOM, YTO OH Hamepel uMes B BHAY NpH-
MeHEeHHe K TPHIOHOMeTPHYECKHM BBIYHCIEHHSM; LeHCTBH-
TeJqLHO, TaM Bejb [IpeXJe BCEro HMeKT Jeno ¢ Jora-
pudMaMH NpaBHJABHEIX ApoGefi (CHHyca W KOCHHyca),
KOoTophle npH b > 1 oTpuuaTenbH, a npu b << 1 noso-
#HrenbHel. Ho ana o6oux HcciefoBaTeslell saBJAeTCA
o6IHM TOT rJaBHBA (akT, 4TO OHH NOJB3YIOTCsl TOIbKO
UeJbIMH CTeMeHsAMH 3TOTO 4ucaa b u 6jarofaps 3TOMY

COBepIIeHHO H36aBAAIOTCH OT MHOTO3SHAYHOCTH, KQTOpas
CTeCHSiIa HaC BHILe. BHuuciuM no cucreme bBiopru

3HaueHHs cTeleHed AJs HABYX COCeIHHX MOKa3sareneh y
ny—+1I:
x=1,0001%, x4 Ax=1,0001¢*",
BolunTanue maer
Ax=1,0001¢(1,0001 — 1) =x - 7,
HJIH, eCIH BMECTO MOKasaTeseff, HMEIQUIHX pPasHOCTH |,
paccMoTpeTh BOOGile MOKa3aTesqH ¢ PAa3HOCTbio Ay:
Ay _ 10*
Tt (la)

[Tonyuaercs, TakuM 06pa3oM, ypaBHEHHe B KOHEUHBIX
pasHocTsax Aas jorapudmos Biopru, koropoe cam Biop-
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Td HEMOCPEACTBEHHO NPHMEHAET NpPH BLIYHCAGHHH CBOHX
Ta6JUU; OmpefeNHB, KaKoe 3HaueHHE X COOTBETCTBYeT
HeKoTopoMmy y, Biopru HaxoAuT cieaywoliee 3HayeHHe,
cooTBercTBylomlee y - 1, mocpeAcTBOM nNpHOaBJIEHHS

X
Tor - ToyHo Tak xe okasniBaercs, 4ro Jorapudm Henepa

YZAOBJETBOPSE€T PA3HOCTHOMY YpaBHEHHIO
‘ A 107
A= (Ib)
Yro6s1 y6eauTbcs B GIH3KOM POACTBE OGEHX CHCTEM,

HY2KHO TOJIBKO paccMaTpuBaTh BMeCTO 4 TO YHCJa —1!6_4:
Y

107’
CATHYHYI0 3anATyio B Jorapudmax; oGo3Hauyad ONATb
HOBble YHCJAa TpPOCTO Yepe3 y, MOayyaem KaxInfi pas
YHC/AOBOH DX, YAOBJETBOPAIOUHA OAHOMY H TOMY IKe
Pa3HOCTHOMY YpaBHEHHIO

Ay 1
L1 2)

x

TO 4YHCJa APYr¥UMH CJAOBaMH, [€pECTaBHTb n€-

B KOTOPOM Yy U3MEHsIeTCs CKAUYKaMH, B OAHOM CJayyae paB-

HeiMu 0,0001, a B apyrom caydae pasabiMmy —0,0000001.
Ecny Mbl no3sosnuM cebe paiH yA0GCTBa BOCIOJb3O-
BaThCA H300pa)eHHeM HeNmpepbhiBHOH NOKa3aTeJlbHOH

KPHBOM, — COGCTBEHHO TOBOPA, K 3TOH )y

KPHBON MH JAOJXHB 6bLIM OH NpHii-
TH B pe3yJbTaTe HalllUX paccyxie- /rﬂé—'—
HH}, —TO MM CMOMXeM JaTb B He- Jlfa 7

CKOJBKHX CJ0BaX HAarJs1HOe OIHCa-
HUe PachoJioKeHHA Toyek (x, ¥), co-

OTBETCTBYIOIUMX YHCAOBOMYy psny He-

nepa uJH DBropru: 310 — BepUIMHBI Puc. 56
JIECTHHIBI C MOCTOSIHHOM BLICOTOH CTY-

meun Ay =0,0001 n coorBerctBeHHo Ay = 0,0000001,
BIIHCAHHOMR B ITOKa3aTeJbHYI KPUBYIO

x = 1,0001'%%¥
H COOTBETCTBEHHO
x = 0,9999999'? 00 0004 (3)
KaK cXeMaTHyecKH H306paxkeHo Ha puc. 56.

Jpyroe reoMerpHyeckoe HCTONKOBAHHE, KOTOPOE HE
npepnoJsiaraeT 3HaHUA NOKA3aTeNbHOX KPUBOH H TeM He
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MEHee Jydllue NOKaXeT Ham €CTECTBeHHH nyTs K ee
NOCTPOEHHIO, INOJy4YaeTcs, €C/H 3aMEeHHTb pasHOCTHOE
ypaBHeHHe (2) cAeayloWiMM CyMMHpOBaHHeM (Kak OH
«IPOHHTErPHPOBATL» €r0):

y=§§—%: )

CYMMHpPOBaHHEe 3JeChb HaA0 MOHHMATh B TOM CMBICIE,

yto § uaMeHserca oT | Jlo x cKauykKaMH TaKoH BeJHYH-

A
HH, 4YTO COOTBETCTBYlOIIEE A'f] =—§ MOCTOAHHO pPABHO

£
10™* gau coorBercTBeHHO — 1077, aTo naer Af = -IE—. HJIH

COOTBETCTBEHHO A§=—T%-7- . DToT mnpouecc HETPYAHO
OMHCAaTh FEOMETPHUECKH: HACO HAYEPTUTs 8 NAOCKOCTH En
2unepboay M =—fl,- U OTMETUTb HA OCWL &, HAYUHAA OT TOUKU
E=1, sce Te TouKu, KOTOpbIE NOAYHAIOTCA, ecAl nocaedo-
sareabHo npubasasre AE =T%—4 (ans norapudmos Biop-

i) '7), Had kamdoim rtaxum orpeakom (Mexiy ABYMS
COCEIHUMH TOYKAMH) MOCTPOUM NPAMOYSONLHUK € 8bICO+

. 1 .
TOZ ¢, OLHOA M3 BepIUHH KOTOPOro C/YKHT TOUKA rHnep-
Gousnl, HMelollan abcuuccy §; Bce TaKMe MPAMOYTOJMLHHKH
1
HMeIOT OAHY H TY Xe IJOLUalb A§°€=W (puc. 57).

B rTaxom caywae pasexcrTeo
(4) nokassisaer, 4TO 4A020-
pudm Bropeu pasen xak pa3
CYMMe BCex 3ITUX BNUCAHHEIX
8 eunepbony npaAMOY20AbHLU-
e K08, sexcaujux mexdy 1 u x.
2 To Xe HMeeT MecTo H AAA
g 46,485,485 & Jnorapudmos Henepa.
Puc. 57 XVII cronerne: naomans
runep6oant. [locaedHee uc-
TOAKOBAHUE NPUBOOUT HAC HENOCPedCTBEHHO K HATYpPaAb-
HblM 802apUPMAM, €CAU 8MECTO CYMMbL NPAMOYSONbHU-
KO8 paccmarpusars naouyads, OepaHUYEnHYy0 camoil 2u-
nepboaot!l mencdy opdunaramu E=1, E=x (3awmTpH-
XOBAaHHYIO Ha 4epTEXe); STO BHPAaXKaETCHA, KAK H3BECTHO,

z
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crenymoei dopMyaoi:
x
—\ 4E
Inx § -

TakoB ke GBI U JAeACTBUTEJNBHBIH MCTOPHUYECKHHA NyTb:
a UMEHHO, pellMTeNbHHI mar 6ua caenal okogo 1650 r.,
KOorJa aHaJHTHYeCKas reOMeTpHS COCTaBJsLNa yxKe obliee
JOCTOAHUE MaTeMaTHKOB M HapOXJalolleecs HCYHCIEHHe
6eCKOHEYHO MaJhX NPHBOXUIO K KBaIpaTypaM H3BecT-
HBIX KPHBRIX.

Ecnu ™Mbl npuHHMaeM 3T0 onpeleseHHe HATypajbHOro
saorapudma, TO MBl JOJKHBI, KOHEYHO, [pexae BCero
yOeqHTbCA B TOM, YTO OH deucreure/zbuo ob6aadaer Tem
OCHOBHOLM CBOUCTBOM, 4TO YMHONERUE HUCEA 3AMENHACTCA
CAOMCeRUueM A02APUGMO8, NIIH, BHIPAKAfACh COBPEMEHHBIM
A3BIKOM, MBI JOJIKHH NOKa3aTh, YTO ompedensieMas IJO-
manbio runep6oasl GyHKuUa

f<x>=§%

YIAOBJIETBOPSIET IPOCTOH TEOPEeME CAOKEHU:
f(x)) 4+ F(x) = (x1x)).

B camoMm pnejie, npH BapuauMM NepeMeHHBIX X;, Xz o6e
YacTH nonyqaroT IO caMOMy OINpele/qeHul0 HHTerpasa
dxz d (x1x3)

npupamesds —- -+ H COOTBETCTBEHHO — —==, KO-
TOpbIe, TaKHM 06pa30M, paBHH MeXAY co0ol; Mo3TOMY
f(x1) 4+ f(x2) u f(x1xe) MOryT OTJIMYATBCH TONBKO Ha IO-
crosiHHylo C; HO mocse[HAs OKAa3hIBAeTCS PABHOH HYJIO,
TakK Kak npu x; = 1 umeem %) f(1)4f(x2) = f(x2), ubo
(1)=0.

/ Yr1o6n HaHTH «OCHOBAHHE» NMOJYUYEeHHHIX TakuM obpa-
30M JorapugmoB, o6paTuM Halle BHHMaHHe Ha TO, UTO
Tepexoj OT paja NPSAMOYroJbHHKOB K IJOLIAJH, OTPaHH-
YeHHOH rumepO6OJIOH, MOXHO NOJYYHTh, €CJH ABHTATbHCH

no ocd abcurce KaXABH pas Ha A§=-§T BMeCTO

8=t

anaveduss. Ho 310 osnauaer, 4o Mbl 3aMeHsies roCaeR0-
BaTe/IbHOCTD 3uauelnii Bropru x == 1,00011099% nocenoBa-

H [aBaTb £ HeOrpaHUYEHHO BO3pacTaloliue
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1 \n
TEJIbHOCTbIO X = (1 + ’E) ! rae n npoberaer pajf HATy-

paabHbix yHced. CorsacHo oflLieMy onpefesesHI0 cTemne-
HH 3TO MOXHO BBIPA3UTb TaK: X €cThb Y- CTEleHb YHcaa

1 \n
(] +7) » A4 3TO JesJaeT BeCbMa BEPOSITHHM, UTO no

. n
8blnoAnenRuunpedesprozo nepexoda lim (l + %) cTaHeT

na=oo
OCHOBaHHEM; 3TO HeHCTBHTENBHO KaK pa3 TOT Npexed,
Kotophil OOLIKHOBEHHO NOMEILaIT B cCaMOM Hayaje Kak
onpefeneHue yucaa e, JIloGonbiTHO, yTO OocHoBaHHe Biop-
ri 1,0001 10090 — 2 7[8§[46... coBNafaer ¢ € ¢ TOYHOCTLIO
B0 TpeTbero AecATHYHOro 3mnaka '%9).

[locMoTpuMm Tenepb, Kak passusanacs ucTopuyecku
Teopusa nrozapugpma mnocne Henepa u Bropru. 3aech
npexjae BCero s JA0JKeH YKasaTh caelyiollee:

1. YnoMsanyTe# yXKe Boilie MepKkatop ofHMM H3 nep-
BHIX CTaJl I0Jb30BaTbCA oOnpedeseHuem HATYPAALHOZO
a0zapuma nocpedcreom naowjadu 2unepbosst; 8 cBoelt
KHure «Logarithmotechnica», a Takxe B HeKOTOpHX
CTaTbAX, noMeweHHHX B <«Philosophical Transaction»
Jlosaonckoit akagemuu 3a 1667 y 1668 rr., OH noxasbl-
BaeT, HCXOAs, cOOCTBEHHO rOBOPs, H3 TeX Xe coobpaxe-
HHH, KOTOpHIe fI TOJLKO YTO H3JOMXHJI HA COBPEeMEHHOM

X
SI3bIKe, 4To [ (x)= S % OTAUUAETCA OT OObIKHOBEHHO20

1
a0zapugma no ocHosaruto 10— aTHM - OCHOBaHHeM YXe
TOrAa NOJB30BAJKCh NPH BRIYACIEHHSIX — Alllle NOCTOAR~
HOLM MHOMUTeAeMm, TAK HA3HBAEMbIM modysem nepexoda.
Kpome Toro, oH ke BBes Ha3paHHe HaTypaabHbid ao2a-
pum uaM TakkKe 2unepborudeckuid snoeapugm. Ho
caMOH KpynHO#H 3acayrofi MepkaTtopa sBjfeTcs TO, 4TO
OH Hauwen creneHHold pad dan noz2apugma, KOTOPHE OH
NoJyyYdeT — N0 CYUIECTBY, — 8bUMOARAR 8 €20 hodblHTes-
DAALHOM BbIpAXEHUU OeneHue u UHTe2pupys 3arem no-
yaenno *). 5 yxe OTMeTHI 3TO BHlle KakK wiar, 1poJo-
WHBUIHA B MaTeMaTHKe HOBBHIH NyTh.

2. Tam xe s coo6wan, uro HetoToH BOoCmonbaoBancs
3THMH ujesMH Mepkatopa u oboraTHi HX HBYMS HO-
BHIMH BeCbMa HEHHHIMH OTKPHITHAMH: 0606ujennoil reo-
pemoil Gunoma u merodom obpauwjerus psados. DTH OT-

*) Cm. c. 120—121,
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KPBITHSI HAaXOAATCA yXe B OLHOR IOHOWECKON paGoTe
Hrorona: «De analysi per aequationes numero termi-
norum infinitas», Koropas 6bina HaneuaTaHa MHOro
nosnee *), Ho yse c 1669 r. 6ul1a pacnpocTpaHena
B pyKonucH. B stofi paGore HbioTOH BHIBOAHT BrIepBble
H3 pana MepkaTtopa mas y = Inx nocpeicTBoM ero 06-
palueHns psaa AJa nokasatenbHOH GYHKUHH:

y o9
x=1+T1—+T!+§!—+...

Taknm 06pa3zoM, 4UCJIO, HATYPAJLHBLIH Jorapudm KoTo-
pOro DAaREH eAWHHlle, NOJyYaeTcsd OTCIOAA B TAKOM BHIe:

1 1 1
€=l+ﬁ+§+‘§+u-,

H Cc noMouibio (GYHKUHOHANBHOTO ypaBHeHHUs AJs Jora-
pupmMa ''%) HeTpyAHO BHONHE CTPOro NPHHTH K BHIBOLY,
4TO AJA K4XKAOTO PALHOHANBLHOIO Y, B CMBICAE OBLIKHO-
BEHHOTO oNpeleNeHHs CTeNeHu, X paBeH OAHOMY H3 3Havye-
HHI ¥, 2 UMEeHHO MOJIOXKHUTEJbHOMY, KaK ME ellle YEHIHM
HuXKe. Taknm obpa3zom, "byskuus y = Inx pgeiicTsi-
TeJIbHO MpeACTaBJsieT TO, UTO, COrJaCHO OGLIYHOMY OMmpe-
HeNeHHIO, Clef0BaNo 6K Ha3BaTh «jaorapudM x Mo OCHO-
BAHHIO e», TpHYEM ¢ 3ISCh ONpelesleHO MOCPeACTBOM
psiia, a He Kak lim (1 +l)".
n=00 n

3. Bosiee yno6HxIil CMIOCO6 MONYUEHHs NOKa3aTeJbHOro
pana uMeN BO3MOXHKOcTh AaTh Bpyk Teil1op, ycTaHoBHB
B cBoeM. «MeTtone npupamteHut» **)} obuui npuuM pas-
JIOXEHHs1 B pal, Ha3BaHHHA ero HMeHeM; 00 3ToM psle
HaM elle MPHAETCH MHOrNO0 rOBOPHTB B MOCJEAYIOUIEM.
EMy Hajfo OGHJO TOJMBLKO H3 COOTHOILEHHWS, COAepXKalle-
rocs B onmpelefNeHnu Jorapudma ¢ MoMOUIbIO HHTerpaja:

dinx 1
dx ~ x°'
BBIBECTH AJ18 06paTHO QYHKIHH paBeHCTBO
de¥
— ey;
dy

nocjte 3TOr0 OH HMEJT BO3MOXHOCTh Cpa3dy HamHCaTh PAL
ONA MoKazaTeNbHOR (QYHKIUMH KakKk YacTHHIH caydait ero
obuiero paaa (T. e. Tak HazwBaeMoro psina Telnopa).

*) B 1711 v
**) Methodus Incrementorum. — Londini, 1715.
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Biinep u Jlarpanx: aare6pauyeckuii aHaaua. Met yxe
BHIeJH BHIE, YTO 34 3TOH NPOAYKTHBHOH 3MOXOH InO-
clefoBaza 3M0Xa KPHTHKH, KOTODYIO MOXHO Ha3BaTh
YyTh JH He MepHOAOM MOpAJBHOrO yrHeTeHHS; B TeueHHeE
9TOTO NepHOAa MaTeMATHKH CTDEMHJHCh TJAaBHLIM 06-
pasoM K TOMY, YTOGB HamexHO OGOCHOBATh BHOBb NpH-
o6peTeHHble pe3yJbTaThl U OTHAENHThL TO, YTO MOIJIO OKa-
3aTbCcs HeBepHbIM. MBI JOJXKHH Tenepb GiauKe NPHCMOT-
peTbcs K TOMY, KaK OTHOCHJHCH K TNI0Ka3aTeJbHOH (QYHK-
LMK U K JorapudMy rjasHble NpelcTaBUTeNU 3TOro Ha-
npasJeHdss — Diaep U JlarpaHx.

Haynem ¢ «BBeaeHus B ananns GeCKOHEUHO MAaJLIX»

Ditnepa *). [No3BosbTe MHe Npexjae BCero OTMeTUTb He-
ofnyaliHelfl, NOpa3uTeJbHLIA aHaaH3 JDijepa, NPoOABIsAe-

MHH UM BO BCeX €ro paccyXAeHHAX, XOTA A JOJXKeH
3aMmeruTh, 4To y Ofilepa HeT H clela TOH CTPOTOCTH,
Kakas Tenepb OGHKHOBEHHO TpebyeTcs.

Sfilep HayMHaeT CBOM pACCYXAEHHd C TeopeMbl
0 GHHOME:

{ l L{l—1) I{l—-=1)(l=-2)
(I+h =14+ L5y =D oy

AN UeJOro MokasaTeas [; npH HeueJoM I[OKa3aTene
diinep moofule He paccmatpusaer GuHOMa Bo «BBege-
HHH». ITO pasfoxKeHHe Diinep NpHMeHseT K BLIPAKEHHIO

(1+2)",

rle n U y— Uejble YUCAa; 3aCTABJASA 1 NPH COXPaHEHHH
3TOrO YCJOBHS BO3PacTaTh A0 GeCKOHEYHOCTH H BBHIIOM-
Hisl CpaBa 3TOT Ke IpOLecc B KaXJAOM UleHe psiaa
OTAenbHO, SHjaep mojyuaeT NOKa3aTeNbHHH PAL

v y: 4
e=l+y+5r+5+-.-

R 1\»
TAe e onpefesieH0 Kak lim (1 +7) - Moryt an 6LTh
n>oo

CTPOro OMNpaBAAHBI B COBPEMEHHOM 3HAU€HHH 3TOr0
CJI0Ba OTJesbHElE lIary 3TOro NpHeMa,— HanpuMep, fefi-
CTBHTEJbHO JIH CyMMa TpeJlesIoB Y/J1eHOB paJa paBHa npe-
Jeny CyMMHl psjfa,— 060 BceM 3TOM 3HJep HHCKONBKO

*) Introductio in analisin infinitorum. — Lausannae, 1748. [Pyc-~
ckuit nepeBod: D ftnep JI. Besenue B aHaaH3 GECKOHEYHO MaJHIX.—
M.: duamarrua, 1961.]
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He 3a6orutcst. Maesa storo BelBORA paja AAs NMOKasaTelnb-
HOl QYHKUMH sBJsieTCH, KaK BaM H3BECTHO, 06pasioM
AJ1s BeCbMa MHOTUX KYpCOB aHaju3a, 1puYeM, BO BCAKOM
cayuae, yeM AaJblue, TeM Gosbllle paspaBaThiBaloTCs OT-
JenbHble mark camMp no cebe M ocoGeHHOe 3HauYeHHe
npHAaeTcsi AOKa3aTesNbCTBY HX TnpaBHJAbHOCTH. O TOM,
KaKoe onpefessiiolllee 3HayeHHe HMeJa KHHra 3Siinepa
JJIS1 BCero JajibHeHINero pa3BHTHA 3THX BeleH, BH MO-
JKeTe CYNHTb yKe MO OAHOMY TOMY, YTO OT JDHJaepa Be-
neT Hayajo ynorpe6ieHHe OYKBH ¢ LJs OGO3Ha4YeHHSA
3TOro saMeuaTesbHOro uyncaa: «Ponamus autem brevi-
tatis gratia pro numero hoc 2,71828... constanter litte-
ram e..» *),

BuTh MoxeT, G6yaer yMecTHO 34echb 2Ke YNOMSAHYTb,
uTo JilJlep aeT HeNoCPeACTBEHHO BCJEd 3a 3THM COBEP-
LIeHHO aHaNOrHYHBIH BHIBOA PAINOB AJs CHHYCa H KOCH-
Hyca. [Ipu 2TOM OH HCXOZHT H3 PasJOMeHHs B PAL SiN @

No creneHaM sin % H 3acTap/sseT n BO3pacraTb L0 0.

Ecu nocTpOHTh 9TO pasiioxeHHe Ha OCHOBaHHHM «¢op-
myJasl Myaepa» ‘

cosqa+isincp=(cos%+isin %)".—_—-
(o2 (42

TO HeTPYAHO MOHNTb, YTO NPHMeHsieMHIAi SfinepoM npo-
Iecc npeacTapaser coGof npefenbHHi nmepexoX Ajaa GH-
HoMa. B 3ToM e Mecrte **) Diijiep BnepBHe ynorpebaser
G6ykBy m Ana 0603HAYeHHS TOro 9Yucaa, AJAs KOTOPOro
OHa C TeX Nop Bceraa ynorpebisercs.

OGpaTUMCst Temepb K 3aMeuyaTelbHOMY COUHHERHIO
Jlarpauxa — k «TeopuH aHaJHUTHYECKHX GYHKUIHA» ***).
1 B 3TOM ciyuae NMPHXOMHTCHA NpPEXKIE BCETO OTMETHTh,
uTO BONPOCAMH O CXOAHMOCTH JlarpaHX, ecllH H 3aHu-
MaeTcs, TO COBEpIUIEHHO CAyYallHO W MHMOXOAOM. Mbl
yXKe 3HaeM, 4to JlarpaHx paccMaTpHBaeT JHIUb TaKHe
(yHKUHH, KOTOpHE NaHW B BHIE CTeNeHHEIX pAdoB, H
ompefensieT HX NPOH3BOAHBIE BOMHE GOPMAJIbHO NOCPEA-

*) «[lpumem pagu KpaTKOCTH AnA 3TOro dscaa 2,71828.. no<
cTOAHHO® 0603HaueHue — GyKBY e», cM. ¢. 105 B pyccKOM H3LaHUH,
**)} C. 109 pycckoro H3ZaHHd.
***) Lagrange J-L. Théorie des fonctions analytiques. —
Paris, 1797.
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CTBOM TOYJNEHHOro Au¢PepeHUHPOBAHHS CTENEHHBIX ps-
JOB, T. e. NPH3BOAHAasA MOJy4yaeTcs H3 HCXOAHOTO paja
¢ TIOMOLUBK) COBeplIEHHO onpeledeHHbXx npasua. [losto-
My paa Tefnopa

Flx+ By =F () A () 4+ 2 7 (o) + ...

npeAcTaBideT AJd Hero TOJNBKO JHWb pesyabraT ¢op-
MaJbHONl NeperpynnHpoBKH YIEHOB pAja Ana f(x -+ h),
PAaCNONOXKEHHOTO [IepBOHAYANBHO N0 CTemeHAM X+ h.
Ecin oH KesaeT NPHMEHHTb 3TOT PAL K KaxkoR-HHGYIb
ompejeneRROfl QYHKUHH, TO, KOHEYHO, cHayasna OH AOJ-
MeH, CTpPOro rosOpd, MOKa3aTh, YTO B3ATas QYHKUHA
DPHHAMIEKHT K UHCAY €aHAJHTHYECKHX», T. €. UTO OHa
RONGLIE MOXeT ObITh Pa3/iOXKeHa B CTeNeHHOH pAA.

Jlarpanx HauHHaeT ¢ paccMOTpeHHs (QYHKuHH
f(x) = x" npn pauuosanbHOM n u onpepeaser ['(x) Kak
kosdduunent ') npu h B pasnoxenun (x -+ h)", npea-
cTaB/iAs cebe, 4TO [AeHACTBHTEJbHO BHUYHUCJIEHH HepBHE
JBa YJeHa 3TOro pasjioxeHus; IO TOMYy e CaMOMy 3a-
KOHY OH cpaay moayuaer u f”(x), f/(x), a GuHOMHaMDb-
Hoe paajioxeHde (x4 h)" mnoayuyaercst Kak 4YacTHHIA
cayuait papa Teinopa ans f(x -+ h). Ilpu atom s oco-
GeHHO mojuyepkHBalo, uTo JlarpaHx He pasbGupaeT OT-
JeJbHO cJydas HPpaUMOHaJbHBIX IOKasaTeled n, HO
CUMTAET OYEBHAHBIM, YTO 3TOT CJy4Yal HcuepnaH, ec/iH
NPYHATE BO PHHMAaHHe BCe PAlHOHAJbHBIE 3HAYCHHA n;
3TO TNPeJACTaBJ]AETCS HHTEPECHEIM OTMETHTb- BBHAY TOTO,
YTO B HAacTOsllee ppeMs MPHAAIOT OUeHb GONblUCe 3HAYe-
HHMe TOYHOH paspaboTKe NOAOGHLIX NEpexonOB.

3tn peayabTaTH JlarpaHxk NpUMeHseT K H3YUYEHHIO
dbyuxuun f(x)=(1 4 b)*; a umenno, npeobpasya OHHO-
MHaabHblfl paa Aas (14 b)*+*, ou Haxoaut f'(x) KaK
KoadduuHeHT 1pU h, 3aTeM ONpelessieT MO TOMY 2Ke 3a-
xouy f”(x), f”/(x), ... u, HaroHen, nuwet paa Tefsopa
s f(x+ h)=(1 4 b)*t*; nonarag 3atem x=0, oH
NoNy4yaeT HCKOMBIA PAA AJS NOKAasaTenbHOH (YHKIHH.

XIX cronerHe: (GpyHKUMH KOMIIEKCHON DepeMeHHOMH.
STOT HCTOpHYeCKHHt 0630p, B KOTOpPOM §, pasymeercs,
MOI Ha3BaThb HME€Ha TOJbKO MNEPBOKJACCHHIX MaTeMaTH-
KOB, 5 X0TeJl OB 3aKOHUMTbL TeM, YTO BKpaTile OTMEYy Te
CYlleCTBEHHO HOBHE TeYeHHs, KOTOPHEe BO3HHKIH B
XIX B. 3aech s AoaKeH NMpexe BCEro ykazaTh Ha CJje-
nymwolee:
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1. B BpipaGoTKe TOYHBIX NOHATHH cXoauMocTH Gec-
KOHEUHHIX PSZI0B H APYTHX GECKOHEYHHIX NpPOLECcCOB nep-
BOe MecTO 3aHuMaeT ['aycc c ero cratbeit 1812 r. o ru-
nepreoMeTpHYeCKHX psaax; 3aTeM ciaelayeT paGora Abend
1824 r. o 6uHOMHasNbHOM psifie, MexAy Tem Kak Koutu
B [Ba/IlaTHIX rojax BnepBble Ny6aHKyeT o ceoeM «Kypce
aHanusa» *) HcciefoBaHHs o6Llero xapakTepa O CXOLH-
MocTH pagos. Pesynbrat Beex 3THX paboT 10 OTHOLIEHHIO
K paccMaTpHBaeMHM 3/lecb psfiflaM COCTOMT B TOM, 4TO
BCE NpEeXXHHE Pa3JIoMEHUS — I[OCKOJbKY OHH OTHOCHJIMCh
K 06/1aCTH CXOAHMOCTH — OBIIH NPaBHJIbHBI, HIPHYEM TOU-
Hble J0Ka3aTesJbCTBA OKa3LIBAlOTCA, KOHEYHO, O4YeHb
cnoXHeIMH. OTHOCHTe/NILHO NOAPOGHOCTEeH 3THX J0Ka3a-
TEJIbCTB B HX COBPeMeHHOM BHAe s CHOBA OTCHIIAK HH-
Tepecylomuxed K «Ajare6paHyeckoMy aHaJu3y» DBypk-
rapara Hiu K kHure BeGepa u Besbuwurtefina.

2. 3meck e s AOJKEH YNOMSHYTb O TOUHOM OBOCHO-
BaHWH aHaJaH3a OGecKOHeuHo Masanx B paborax Koulw,
XOTA MOAPOOGHO rOBOPHTH 06 3TOM HAaM NpUjaeTcH Mo3lxke.
9T0 060cHOBaHHE COOOUIMIO TOMY H3JIOXEHHIO TEOpHH
JorapudMoB, kKoTopoe BrpaGoranock B XVII B., noanyio
MaTeMaTHYeCKYI0 TOUHOCTh.

3. HakoHen, s 10JKeH YNOMSIHYTb O TOfi TEOpHH, KO-
TOpasg OAHa TOJbKO MOI/la NPUBECTH K NOJHOMY MOHH-
MaHHIO JOrapHdMa M NokKazaTeablod (YHKUHH,— O TeO-
PAH (QYHKUMHA KOMIJIEKCHOM NepeMeHHOH, KPaTKO Ha3sbl-
BaeMoH Tenepb «teopHell GyHKuH#». [TepBoIM, KTO fCHO
npeacTaBasil cebe OCHOBHBEIE YePTH 3TOH TEOpHH, GBI
“onsThb-Taku 'aycc, XoTs oH ony6.1uKoBaJd 06 3TOM OYEHb
MajJo HJIH Jaxe NOYTH Hudero. s Hac HHTepecHO
npexnae Bcero nucbMo ['aycca x Beccenio ot 18 nexabps
I811 r., KoTopoe 6bl1O ONy6JHKOBaHO, KOHEYHO, JHIIbL
namHoro nosaHee. B 3ToM nHcbMe ¢ MoOpasHTeNIBHON fic-

X

HOCTbIO onpelleleHO 3HAYEeHHe HHTerpaJja S% B KOM-
i

TJIEKCHO# NJIOCKOCTH H 00BsiCHEHO, mouyeMy OH npeacras-

JaseT GecKOHe4YHO3HayHylo (QyHKUHIO. BnpoueMm, ciaaBa

CaMOCTOSAITENTLHOTO CO3AaHHUA H MepBOro OnyGJHKOBaHHSA

TEOPHH KOMILIEKCHBIX (YHKUHA W B 3TOM -OTHOUIEHHH

npuHaaaexut Kowwn.

*) Cauchy A-L. Cours d'analyse. —T. I: Analyse algebri-
que. — Paris, 1821.
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~ Peayaerat aTux uccnenopaxuit Havana XIX . B npu-
JIOXXEHHH K HalOeMy CIelUHaJbHOMY BOMPOCY MOXKHO Bbl-
pa3uTb NPHONU3UTENBHO TaK: onpedeserue HATYPAAL-
HO20 a02apuhma Ha OCHOBaHuu K8adparypst eunepboasl
obaadaer TaKOO e CTPO2OCTLIO, KAK U 8cakoe Opyeoe
onpedenenue, u dasce Gonree TOLO: OHO, KK Mol 8udeau,
npesocxodur dpyzue onpedeseHul npocTOTOL U Haz2as0-
HOCTH10.

3. Hekoropbie 3aMeyanus 0 WIKOJbHOM TPENOAaBaAHHU

HecoMHeHHO — X0TA M YAUBHTeJNbHO,— 4TO 3TO CO-
BpeMeHHOe pa3BuTHe Hiell, O CYU(ECTBY, NPOILJIO COBEp-
WeHHo GecciefHO AJs XapakTepa WIKOJbHOrO IHpemnoaa-
BaHHA, Ha 4TO A yXe HeOJHOKpAaTHO yKasmmBajx. Tam —
B LIKOJE—H MO Cell JeHb O6XOAATCA C MOMOLLbIO aJareb-
paH4ecKoro aHaJii3a, HeCMOTpPS Ha BCe TPYAHOCTH H He-
COBEpIUEHCTBA MOCJe/Hero, u3bGerag BCAKOrO IPHMEHe-
HHSl MCUHCJEHHs 6eCKOHedHO MaJhix, XoTsi cTpax XVIII s.
nepej NOCJAeAHHMH [aBHO yie INOTepssl BCAKHA CMBIC.
IpuunHy yKasaHHOTrO sBJEHHUA MPUXOAUTCA HCKATb B TOM,
4T0 ¢ camoro Hauana XIX B. mpemojgaBaHue MaTeMaTHKHU
B IIKOJe M HAylllee Brepel Hay4HOe HCCJAeJOBaHHE IOTE-
pPAJ0 BCSIKOE CONPUKOCHOBEHHE MeXay Cco0O0#, H 3TO
TIpeAcTasaseTcss TeM GoJiee YAHBHTENbHBIM, YTO KaK pas
B IlepBble MAECATHJETHS 3TOr0 e CTOJeTHH BooOuie
BIEepBHE HAaYHHAETCs ClellHaJbHas NOATOTOBKa KaHIH-
JlaTOB B NpeNoJaBaTeNH MaTeMaTHKH. fl yKasmBan yxe
BO «BBefeHHU» HA 3TOT Pa3pHIB, KOTOPHIH J0Jroe BpeM
HMeJT 3[1eCh MeCTO Y NPEenaTCTBOBaJ KakoH-iubo pepopme
LIKOABHOH Tpajuuud. CpeAHAs [IKOJa BCerjia oO4YeHb
Mago 3aboTHaacs O TOM, KakK Bblcllag LWiKojga G6yneT
CTPOHTL CBOe 3[laHHe Ha OCHOBaX, JaBaeMblX el cpefHer
IIKOJOH, M 4acTO JOBOJLCTBOBAJach TAKUMH olpejee-
HHSIMH, KOTOpble, OBITh MOXKET, ¥ ObJIH JOCTATOUHB IJIs
ee Iejef, HO OKa3bIBAJHCb HECOCTOSITEJBLHHEIMH Iepel
aunoM Gosee cepbe3Hblx TpeGoBaHHui..C Apyrod ke cro-
poHbl, H BbICIIAA WIKO/AA 9aCTO COBEPUICHHO HC AACT cede
TPyJAa TOYHO NpPHMBKAaTh K TOMY, YTO JdaHO B cpeaHed
IIKOJe; BMECTO 3TOro OHa CTPOHT COBOK COOCTBEHHYIO
CHCTeMY, JHIIb H3PEeLKa COKpalllast CBOH TPyl He Bceria
paxe TNOAXOAALMM YKa3aHHEM: «3TO BB YXe UMeaH
B LIKOJEY,
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B DpOTHBOMONOXKHOCTE 3TOMY HHTEPECHO 3aMETHTh,
4YTO Te NMPenoAaBaTeNd BBICINEl WKOJBL, KOTOPHM NPUXO-
JHTCA YUTATbh JEKURHU AJs GoJee LITHPOKHX KPYyros — AJiA
€CTECTBEHHHUKOB H AJiT TEXHHKOB,— CaMH €000l NpHUIH
B CBOell NpaKTHKe K cnoco6y BBeAeHHs Jorapudmos, co-
BEpIUEHHO NOAROOGHOMY TOMY, KOTOPHIH s 3feChb peKo-
MeHAYyIo,

Tak, )Kionp TaHHepH B cCBOMX «D/jeMeHTax MaTeMa-
THKH» OlpefesseT C CaMOro Hayaja Jorapudm nocpea-
CTBOM mJowafgu runep6oart. Takoll cnoco6 H3JI0MEHHS
npeAcTaBiseT cOGO# TOUHOE K NOCAeLOBATENbHOE IIpO-
BeJeHHE TOUKY 3peHHs «BblCluel» MaTeMaTHKH. Bkioue-
HHe B NpenojaBaHue onpeieneHua Henepa — Biopru npr
NOCTOSIHHOH HAMIOCTpalHH Ha KOHKPETHHIX npHMepax
peKoMeHayeT, HampuMep, Komnme B cBoell ynomanyTo#
Bulllle nporpamMme 1893 r.

51 Xouy Temepb eule pa3 B HECKOJIbKHX C/IOBAX peslo-
MHPOBATh, KaK MHe NMpPEeACTaBJAAETCA BBejeHHe norapHd-
Ma B LIKOJe MO 3TOMY NIPOCTOMY H €CTeCTBEHHOMY CIIO-
coby. Ocnosnoim npuryunom AOaXNHO ObiTb npusrarue
K8adpaTtypoL Yie U3BECTHbIX KPUBLLY NPABUALHbIM UCTOU<
Hukom Oan 8eelenus nosolx Pynryud. D10, KaK A NoKa-
3an, COOTBETCTBYET, ¢ OIHOH
CTOPOHEI, HCTOPHYECKOMY MO- 7:%

JIOKEHHIO BellleH, a ¢ APYroH,
MeTOAy, TPHMEHseMOMY B

BHICIUHX YacTiX MaTeMaru- 98,
KH (CpaBHHTe, HaNpUMep, 3J- e

v d
auntayeckie Gyukuuu). Cae- ; -
ays 3TOMYy oflleMy TIpHH- %273 s
UHNY, Hafo0 HMCXOAHTH H3 TH- G g

i /
nep00Jihl 'r]=€ H Ha3BaTh

Pic. 58
JOoTapHdMOM X UHCJIO, HaMe-

psilolllee MIOUIafb, KOTOpas

COJEPXKHTCA MeXAY KpHBOH H ocbl0 abcuuce, a ¢ GOKOB
orpaHuueHa opiuHatamu £= 1 u = x (puc. 58). Ile-
peliBuras BTOPYIO OpPAHHATY, MOXHO JIeTKO Ha OCHOBaHHH
reoMeTpHYecKOd HHTYHLUHH COCTaBHTb cefe KaueCTBEHHOE
npeacTaBiaeHne o6 H3MeHeHHH 3TOH MNJOLIaAH MPH H3Me-
HeHHH X U, CJEHOBATEJbHO, NPHOAH3UTEAbHO MOCTPOHTH
Kpusylo y = Inx. UtoGel BO2MOXHO {osiee MPOCTO HO-
JYy4HTb QYHKUHOHAJbHOE YpaBHeHHe jiorapudMa, MOKHO,
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HaupuMep, HCXOANTL U3 paBEHCTBA

X cx

ja-f4.

1 c

KoTopoe nosyyaercs npu npeoSpasosanui c§ = &’ -nepe-
MEeHHLIX MHTErpHPOBaHUA; 3TO PaBEHCTBO TOBOPHT, YTO
naowanabp, 3akAOYeHHas Mexay opauHatamu 1 H x,
paBHa TJOWAAH, 33KNIOYEHHOH MeXJYy OpAHHATAMH ¢
H Cx, B ¢ pas 6ojee yAajeHHHIMH OT Hayana. AT0T GakKT
Jerko cejlaTh BecbMa HarjifgHHIM reoMeTPHUYECKH, €C/JIH
ofpaTHTb BHHMaHHe Ha TO, YTO BeJIHYHHA IJIOWAAH
IOJIXKHa OCTaBaThCAd HeH3MeHHOH, ec/lH MmepelBHraTb €€
noA runepGo/iol H B TO JKe BpeMs pacTArHBaTb B TaKo#
JKe Mepe, B KaKo#l yMmeHblraerca Bucota. Ho u3 srto#t
TeOpeMbl BbiTeKaeT HENOCPeACTBEHHO TeopeMa CAOXKeHHs !

Xy X3 X Xy+Xa X+ X3

4+fe-fe Te-Te

1 I I Xy

MHe 6L OYeHp XOTenOCh, YTOOB BO3MOIKHO CKOpee Mo-
npo6oBaJH NPHMEHHTb STOT NYThb B WIKOJbHOH MPAKTHKE}
pellleHHe BOMPOCca O TOM, KaK AOIKHB GHTb MOCTPOGHH
JeTajli 3TOTO H3JI0MKeHHs, cJelyeT, KOHe4YHO, NpelocTa-
BHTb ONBITHOMY IpenofaBaTenio. Bnpouem, B MeépaHoKoR
nporpaMMe Mul eille He pellasIHCh NPeAJ0KHTb 3TOT MYTh
B BHJ€ HOPMBI.

Hakoneu, M JOMXKHBH ellle MOJAYYHTB OPHEHTHPOBK
B BOMPOCE O TOM, KaK CK/IaAblBaeTcst Halla TeOPHs, ech
MBl CTAHOBHUMCH Ha TOUKY 3peHHsl TeOpUH YHKUHA; 3TO
BacT HaM TaKxe MOJHOE OCBelleHHe BCeX TPyAHOCTeH,
3aTPOHYTHIX paHee.

4. Touka 3peHus coBpeMeHHOH Teopuu GyHKIH

B nanpHeiiieM H3JOMEHUH MH 3aMeHHM y H X KOMI-
JIeKCHBIMH MepeMeHHBMH W =u 4 iv U z2=x iy.
. Jlorapudm onpepensieTcst mOCpPeACTBOM HHTerpaJia

o4 2
i
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npuyem NyTeM HHTETPHPOBAHHS MOXET CJAYXHTb Ji06ast
KpuUBasi B KOMIJIEKCHOH MJOCKOCTH §, HAYWAA OT TOUKH
t =1 K Touke { = z (puc. 59).

2. B 3aBHCHMOCTH OT TOro, 06XOHT JiK MyThb UHTErPH-
poBaHHuA BOKPYr Touke § =0 oaun paa, aBa pasa,... HAH
e ne 0OXOQHT BOBCe, HHTErpas NpHHAMAaET GeCKOHEYHO
MHOTO Pa3JHYHHX 3HAYEHHH, TaK uTo N2 mpeacramiaser
coboii 6eCKOHEYHO3HAYHYIO
¢yukuuio. OnpegeneHnoe

7 z
[MTnockocTh -
3HaYeHHe — TaK Ha3blBae- /
Moe 2aasHoe  3Ha4eHue i p
N
[

(ln 2] — monyuntca, ecau //"" .
paspesath ILIOCKOCTb, Ha- L e
NpHMeEp, BIOJb TOJYAPS- N 8

MOH OTpHUATEJbHBIX Jei-
CTBHTEJIbHAIX UHCeJ H ycTa-
HOBHTb, YTO NMyTb HHTE[PH- Puc. 59

pOBaHUA He ROJIMEH Iepe-

XOOHTb uepes 3T0T paspes !'2). [IpoHsBOJMbHBEIM ocTaeTcs
NPpH 3TOM TOJIEKO TO, XKeJlaeM JH Mbl NONAyuUaThb norapucp-
Mbl OTPHLATE/NbHEIX AEHCTBUTENbHBEIX 3HaYEHHH, MOAXONA
K JMHHH pa3pe3gd CBEPXYy HJAH CHH3Y; COOTBETCTBEHHO
3TOMY JIOTapHdM TMOJyYyaeT YHCTO MHHUMYIO 4YacTb - it
Han — in. Y13 raaBHOro 3HaueHus obuiee 3HayYeHHe JiOora-
pu¢pma moayyaercs npubaBiaeHHEM NPOHU3BOJLHOTO LE&JTO0-
YUCNIEHHOTO KPATHOrO YHCAa 2(m:

nz=[lnx] + 2kin (=0, =1, £2, ...). ()

3. U3 onpegenenns JorapudMa ¢ TIOMOWIbIO HHTE-
rpasia caefyer, 4To ofpaTHas eMy OYyHKUHA 2= f(w)
ynosaersopsieT nuddepeHIHaNbHOMY yPaBHEHHUIO

daf

dw =F,
Ha OCHOBZHMH KOTOPOFO MOXHO CPa3sy COCTaBHTb DPasJfo-
XKeHHe GyHKuHH [ B cTeneHHON psaL:

=f@=1+%+% +2+...

Tax Kax 3TOT PAA CXOAUTCH AJS BCAKOrO KOHEYHOTO 3HA-
ueHHs1 w, TO OTCIOAA MOXHO 3aKMKUHTh, UTO obparHas
(PYHKIUHA ORHO3HAYHA, HMEET TOJNLKO OAHY 0Co6YI0 TOUKY
w==0b U, TAKUM oGpa3oM, NpeAcTaBIfeT cobol yeayro
TPAHCUEHOCHTHYIO PYHKLLIO.

8 ®. Krefn, 1. 1
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4. CoBepIIEHHO TaK e, Kak H B cJyyae JeHCTBH-
TeJbHOI MEpPEMEHHOH, H3 OonpeleneHHs NpH NMOMOIIM HH-
Terpaja MOXHO BLIBECTH TeOpeMy CJAOMeHHs JJIA Jora-
pudMa, U3 KoTopod AaA o6paTHOH (QYHKLUHH BBITEKaer
dYHKIHNOHAJbHOE YPaBHeHHE

f(@) - f(wo) =T (w + wy. @)

ToyHO Tak MXKe M3 COOTHOULIeHHsS (2) modyuaem
f(w+ 2kin) = f(w) (k=0, £1, £2,...);

Apyrumu cioBaMmu, f(w) npedcrasaser coboid npocryr
nepuoduueckyro PYHKyUO ¢ nepuodom 2mi.

5. Ilonoxkum f(1)=¢e. Toraa us cooTHoweHus (3)
clelyeT, YTO [Jsd KaMIOro palHOHAJLHOIO 3HAYeHHs

w=% yucao f(w) paBHO onHOMY *) H3 n 3HaueHHH

nE
A/e™, onpeneneHHLIX OGBIUHLIM 06Pa3OM:

f(-%l-) =’;/Ze7‘-=e'"/".

IIpHHATO — M MB! TOXE NPHCOEAHHHMCH K 3TOMY OfH-
yam — 0603HaYaTh yepe3d e¥ = ¢™/® Bcerda HMEHHO 3ITO
3HayeHHe f(w), Tak uTo e¥ oGo3HauaeT BMOJHE ONpeje-
JIEeHHYI0O OAHO3HAYHYI0 QYHKLHIO, 2 HMEHHO Ty, KOTOpas
onpenejeHa B I. 3.

6. Kaxkywo e (yHKUMIO HAAO0 NMOHHMAaTh B HauGoJjee
ofuieM CMEICJIe TQJ CTeNeHbl b¥ NpH NPOHU3BOJBLHOM
ocHoBaHHH b? QOrnipefiesieHHsi NOAMHB GbITh LaHBl TAKUM
o6paaoM, 4YTOGH COXPaHHJIHCE (opMalbHEE MNpaBHIa
BO3BeJeHHA B creneHb. Ecan, TakuM o6pa3aoMm, 4To6bl
CBECTH b® K TOJIbKO YTO ONpejeneHHOR GMYHKUUH e¥, Mbl
nonoXuM b paBHHM e'm? rae Inb HMeeT GeCKOHEYHO
MHOTO 3HaYeHHH:

Inb=(Inb] + 2kni (k=0 1, %2, ...),
TO ¢ Heo6XOAHMOCThIO NoJy4aem
bw — (eln b)w — ew Ind — ew lIn b)ezkinw
(=0, 1, £2,...),

a 3TO JAaeT NpPH pPAa3JHYHHX 3HaYeHHAX K GECKOHEYHOo
MHOTO GYHKUMH, CpPeiH KOTOPHX HeT paBHBIX. TaKHM
06pa3oM, Mbl IPHXOJAHM K TOMY 3aME€YaTe/bHOMY pe3yJb-

*) A uMeHHO, NeHCTBHTENLHOMY H NMOJOKHUTENLHOMY.
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TATY, YTO BKAYENUR NOKA3ATEALHOZO 8bIPAXCEHUR 0buUee0
suda b¥, nosyuaemsle nocpedcTeom npoyeccos 803sede-
HUA B8 CTENEHb U U3BAEHERUA KOPHS, NPUHAOAEHAT OT-
H100b Ke O0HOL 1 Tod e GyHKyuUu, a GECKOHEYHO MHO-
2um Pa3tuMHBIM PYHKYURM OT W, KaxOas u3 KoTopuix
00HO3KA4HA.

3HaueHus 3THX QYHKUHAH HAXOAATCHA, KOHEYHO, B pa3-
JHUHHIX OTHOLIEHHIX MeXAy co6oil. B wacTHocTH, BCe
OHH PAaBHH MEXAy co00H, eclH w €cTh LeN0e YHCAO;

€CJIH XKeé w eCTb palHoHaJbHas ll,pOﬁb BHJA -%, ripe

m, n—B3aHMHO DNpPOCTHE 4YHC/A4, TO CpelH HHX cCylie-
CTBYET TO/JIBKO KOHEYHO€ YHCJIO0, 4 HMEHHO, n pa3JHYHbIX

m o M
w — [ln B} 2kin—
3HayeHHH; 5TO — 3HayeHuss e e "o k=
=0,1, ..., n—1; Takum 06pa3oM, KaK OHO H IO/KHO
n

6110 BHIT, 3TO BCe 1 3HAUEHHI KOpHs 4/b™.

7. Jlamwb Tenepb MLl MOXeM BIOJHe NOHSTb, A0 Ka-
KOH CTemeHH HellesecoofpasHa QO6BIYHAS CHCTEMA LIKOJb-
#0ro H3/10XKeHHA, KOTOopas Xo4yeT, HCXOAA H3 BO3BeAEHHHA
B CTeneHb M H3BJeUYeHHS KOpHeH, MOAOATH K OJHO3Hay-
Holl mokasaTe/bHOH (YHKIHH; 3THM OHA TOMajgaeT B Ja-
OHPUHT, H3 KOTOpOro He MOXeT HaHTH BRIXOZA C MO-
MOIIbI0 OJHHX CBOHX TaK Ha3HBAEMHIX «3/IeMeHTapHHIX»
cpencTs, o6a3piBag cefg K TOMY e He BEHIXOAHTb 34 Ipe-
IeJn 06JacTH AeHCTBHTeJbHHEX uHcesa''®). Bam craner
3TO BIIOJIHE SICHO, €C/IH BH TelePb Ha OCHOBAHHH NMPHOG-
peTeHHOro ofuiero B3rAsiia coobpasHTe, KaK OO6CTOHT
Jeno TIpH OTpHLATenbHOM b. S monKeH elle yKasaTb
3Jlecb Ha TO, YTO Temepb Mhl JeACTBHTENBHO MOMXKEM IO-
HATH eJ1ecoo6pa3HOCTh TOrO oNpelleleHds: [aBHbIX 3Ha-
yeHHH, KOTOpOe paHbllle Ka3aJoch HaM NPOHU3BOJBHBIM
(6 >0wu b6™/*>0; cMm. c. 207): 0OHO KaeT HCKIIOYHTENb-
HO 3HAYeHHs ONHOH H3 HalwuxXx OecuncjqeHHHIX (QYHKLHH,
a HMEeHHO, 3HaYeHHA (QYHKIHH ‘

[bw] — ew[ln b].

B NpOTHBOMOJOXHOCTE 3TOMY OTPHHATENbHBIE LEeHCTBH-
TeJbHHE 3HAYEHHS BEAHYHHBL H™" mpH UETHOM n, KOTO-
pHEe ToXe 00pasyioT BCIOLY IJIOTHOE MHOXEeCTBO, NpH-
HaaJeXaT COBEPLIEHHO pa3HHIM H3 HaluuxX OGecyHC/IeH-
HHX GYHKUHA, H MOSTOMY B3sTHle BMecTe OHH He MOryT
COCTaBHTb OJHY HeNpepHBHYI0 AHAJHTHYECKYIO KDPHBYIO.

8*
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Teneps s Xouy N0GaBHTL eule HECKOJbKO 6oJee riy-
GOKHMX 33aMeuaHHi OTHOCHTENIbHO NpPHPOAHl JorapHdma
C TOYKH 3peHusa TeopdHH ¢yHrunii, Tak Kak QyHKUHA
w==Inz nupH KaxAOM 06X0Je OKOJO TOUKH z=0 ucnb-
TRIBAET NpHpalleHHe 21, TO COOTBETCTBYIOILAN €H pHMa-
HOBA IIOBEPXHOCTL C 6eCKOHEYHHM YHCJOM JHCTOB JOJIXK-
Ha HMETh B 3TOM ME€CTE€ TOYKY BETBJIEHHS 6eCKOHEUHOro
nopAAKda, a HMEHHO, TAaKYKW TOUYKY BETBJIEHHH, 4YTO HpPH
Kaxa0oM oéxone OKOJIO Heée NMPOHCXOAHT nepexox OT On-
HOTO JIHCTA K CJeAYIOLIeMY; 3aMeHAA IJIOCKOCTh cde-
poH, HeTpyAHo yOeAHTbCA B TOM, UTO TOYKAa 2 ==00
npeacTaBnasier cobod BTOPYIO TOYKY BETBJEHHS MOBEpX-
HOCTH (TaKOro e poxa), a APYTUX TOYEK BETBJEHHS
HeT. Teneps MH MoOXeM HarJisIHO NMpPeACTaBHThL cebe To,
YTO Ha3LBalT YHHQOpMH3yloled cHAOH JsorapHdMa,
O KOTOpOH MBI YK€ YNOMHHAJH MO MOBOAY pelleHHs aJj-
re6panueckux ypasHenuit (c. 191—192). Ecau umeercs
palHoHanbHAS CTeNeHb 2™/®, TO B CHAY TOXIECTBa

oHa sBJsieTcs OXHO3HAyHOH ¢yHknHell w = Inz, uan,
KdK roBOpAT, oHa YHH@OpMH3yeTcs JorapHPmom. UTto6n
IIOHAThL 3TO, NMpeAcTaBHM cebGe Ha JTOCKOCTH, KPOME DH-
M3HOBOH MOBEPXHOCTH JiorapHdma, eulle H PUMaHOBY NO-
BEPXHOCTb GYHKUHH 2™*. 3T0 N-JHCTHAA O0BEPXHOCTH,
TOYKAMH BeTBJIEHHS KOTOPOH Takxke fBjaAwTcs 2=0 u
2 = 0o, IpHYEM B KaXKJOH H3 HMX CXOIAATCH UHMKJIHYRCKH
Bce n auctoB. Ecau npefcraBuTh cebe

B [MJIOCKOCTH 2 TakoH 3aMKHYTHIi

' ;) 0YyTb, 4TO Ha HeMm JorapudmM BoaBpa-
uiaeTcss K CBOEMY NepPBOHAYaJbHOMY

3HayeHH10, — TAK YTO 3TOT MYTh HB-

JseTcl 3aMKHYTHIM H Ha GeCKOHEUHO

MHOTOJIHCTHOH MOBEPXHOCTH Jorapud-

Ma 'Y}, — To Jserko BHAETh, 4TO OH

Puc. 60 JIOJIKEH OCTaBaThCH 3aMKHYTHIM M B
TOM CJjyuae, ecJH fepeHecTH ero Ha

A-IHCTHYIO noBepxHocTb 2™/" (puc. 60). HMa atux reome-
TPHUECKHX COOGpaKeHHH MHl 3aKmiogaem, yto 2™7 poa-
BpalllaeTcHd K CBOEGMY HauaJIbHOMY 3HAaueHHIO BCAKHH pas,
KaK BO3BpalllaeTcs K CBOEMY 3HaueHH!o dyHruua Inz, u
4YTO NO3TOMY 2™/" HefiCTBUTEJNbHO YHHPOPMHU3YeTcsa Jio-
rapuoMoM. 5 TeM oxoTHee Kesalo ITH KpaTKHe YKa3aHus,
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9TO 3Jechb MBI HMeeM npocTefllHil caydald npobreMul
yaudopMHU3anHH, Hrpaoulel cToJdb 60AbUIYI0O POJb B CO«
BpPeMEHHOl TeOpHH PYHKUHMA.

Tenepb nocrapaeMmcsa Jyuine npeiactaBuTb cebe npu-
pony (PYHKUHOHAJbHOH 3aBHCHMOCTH w ==Inz npu rno-
MOIIlH PACCMOTPEHHA KOHDOPMHOrO 0TO6paXKeHus NJA0CKO-
CTH 2 (HMJIH COOTBETCTBEHHO DHMaHOBOH MOBEPXHOCTH)
Ha IJIOCKOCTh w. UTo6bl He CHAHINKOM YAaJATbCA B CTO-
POHY, MBl OTKa)eMCsd OT PacCMOTPEeHHsi COOTBETCTBYIO-
mux coep, 4T0 camo no cebe apasSOCH OH, KOHeYHO, §o-
sniee NPeANOUYTHTENbHEM, a 6yAeM BEeCTH pacCMOTPeHHs
B TJIOCKOCTH. PaszennM, Kak Mu 3TO Aedand BHIUE,
MJOCKOCTh 2 OCbIo ACHCTBHTeNbHBIX 4YHCeJ Ha 3aLlUTpH-
X0BaHHYI0 (BepXHIOI0) ¥ He3aUTPHXOBAaHHYI0 NOJYIJIO-
CKOCTH; Ka)Aas H3 HUX AOJNKHA AaTb B IJIOCKOCTH &
6ecKOHeUHOe MHOXKeCTBO 00naacTed, TaKk Kak In 2z uMmeer
€ecKOHEUHOe YHCJO 3BayeHHH, H BCe 3TH O6J4CTH JAOJIK-
HBl, NTPHMBKasg Apyr K APYry, 3aNOJHHTb INIOCKOCTh w,

#Go obpaTHaa GyHKUuA SocKacms 2
= g% oLHO3HayHa !15), 7/ ; //

3aech noJgydaercsi pasbHe- //// 7

HUe NJOCKOCTH W Ha Hapaj- p

JeJbsHble MOJOCH IIHPHHOI0

n, o6pa3yemMble NpPAMBIMH, /7/"7‘””‘”’52‘{
napaJsebHEMH OCH Jei- ‘e
CTBHTeJBHBEIX 4HCeJ, 3TH Fire
MOJIOCH  ClleflyeT Tmoliepe- //
MEHHO S3alUTPHXOBATh H 2-ge— 2i o p=ca
OCTABHTb YHCTHIMH (MepBas T 18

_ z2=0% 7 I=oa
nosoca cBepXy OT AedCTBH Z 7.
TeJBHOH OCH @ 3alUTPHUXO- i
BaHa); COOTBETCTBEHHO 3TO- ”
My OHH TPEACTaBJAT CO- Z2ir
6oii nonepeMeHH0 KOHPOPM- Fim

Hble 06pa3bl BepXHeR H HHXK-

HeH MOJYNJIOCKOCTEH, B TO Puc. 61

BpeMsl KaK NOrpaHHuHhe

napaJJed COOTBETCTBYIOT 3acTAM AeHCTBHTEJBHOH OCH 2
(puc. 61). H1o xe Kacaercs nogpoGHOCTEH 3TOrQ COOT-
BETCTBHA, TO 3aMEYYy 3JeChb TOJNBKO, YTO Z BCEraa mpsd-
GnuxKaercs K HYJIO, KOraa w yhajserca B GecKoHey-
HOCTb BJI€BO, OCTABasiCh BUYTpPH OAHOH H TOH Ke IMOJO-
CHl; MeXAY TeM z yAanserca B GeCKOHEYHOCTb, €C]IH w
YXOZHT B GECKOHEUHOCTh BMPaBO; W == 00 NPEACTABJACT



230 AHANU3

coboft cyurecTBeHHO ocobylo Touky o6paTtHolt OyHK-
qUH e¥.

91 Gbl XOTesl yKasaTb ellle Ha CBSA3b 3TOrO C Te0pemol
Iukapa — 0AHOH H3 caMblX HHTepecHHX B HOBedlleH
Teopun QyHkuui. [TycTs z(w) o3Hayaer uenywo TpaHc-
UeHJEHTHYI0 (QYHKUHIO, T. € Takyw GYyHKudo, KotTopasd
HMEeET TOJNBKO OAHY CYLIECTBEHHO 0CO6YI0 TOHKY, @ HMEH-
HO B TOYKe w ==oo (HanpuMep e¥). Bonpoc 3akniwoua-
€TCA B TOM, HMEIOTCH JIH H B KAKOM HMEHHO YHC/Ie TaKHe
3HayeHUs 2, KOTOpHIX 2(w) He MPUHHMAaeT HH OpH OL-
HOM KOHeyHOM (T. €. pacro/IoXeHHOM Ha KOHEYHOM pac-
CTOFHHH) 3HAYeHUH @, HO K KOTOPHIM z(&) TOJBKO NpH-
6anxaercs, eclm w Hajjaexadm o6pasoM yjanasercs
B OGeckoHeuHocTb. Teopema [IHKapa H COCTOHT B TOM,
uTO 048 Kaxdol dynxyuu mosxcer 66iTe camoe Gosbuiee
dea Takux pa3Au4HbLY 3HAYEHUSA, KOTOPbLX OHA He npu-
HUMGET 8 OKPECTHOCTU CYUW,ecT8eHHO 0Co60U Touku, u
4TO, CAe008ATEAbHO, YeAas TPAHCYUEHAEHTHAA (ynryuA,
Kpome 3Ha4eHUA z== 00, KOTOPO20 OHa He docTuzaer,
He npuHumaer eue camoe 6Goavuiee 00HO20 3HAYEHUA.
Tax, e® paer npumep QyHKUUH, KOTOPaa AeHCTBHTENbHO,
KpoMme oo, He NIpUHHMAET €LIe OAHOro 3HavYeHHdA, 4 HMEH-
HO 2=0, u60 X0T# € B KaxJAOH U3 napaJsjeJbHHX MO-
Joc Hawero AeJeHHA ¥ NPUOJHXKAETCH NPH YKa3aHHMX
npefenbHHX Nepexofax K o6OHM 3THM 3HaueHnam 0
M oo, HO HH B OJHOH KOHEYHOH TOYKe He CTaHOBHTCH
paBHo# uM. [IpuMep (QYHKUHH, KOTODAs He NpHHHUMAeET
TOJIKO OJHOrO 3HaueHHs (2==o00), NpeiAcTaBJsAeT Sin w.

B saxiioueHde s X0uy C MOMOLIIBLIO STHX reoMeTpUye-
CKHX CpeiCTB BRIACHUTH ellle OAWH BCIIPOC, KOTOPOro g
yXe HeCKOJbKO pa3 KacaJjcs, 3TO— NpelesbHbIl nepe-
XOL OT CTeNeHH K TIOKa3aTeJbHOH ¢GYHKUHH, KOTOpHI
sajaercq GopMmyJsoH

w . 1 \2®
e® = lim (1+ )
nepoo n

Wi, nojaras f-w =-v,
w \v
e’ = lim l+—) .

R v

PaccmorpuM ¢ 3To#t uenbio GyHKUMIO B TOM BHIE, B Ka-
KOM OHa mpejACTaBJsieTcs1 JO TIpeAe]bHOro Iepexona:

fo@=(1+%)";
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CBOHCTBA €€ HaM Xopowo H3BeCTHH. [/l Hee «3ametua-
TEJbHBIMH TOYKAMH» CIYXaT W =—v H @ ==00, B KO«
TOPHX OCHOBAaHHE CTAHOBHTCH DPABHLIM HYJI0 U COOTBET-
CTBEHHO oo. ITa GYHKUMS O0TO6pa)KaeT KOHQPOPMHBIM
06pasoM NOJYIJIOCKOCTH NEPEeMEHHOMN f Ha CeKTOpH TJIoC-
KOCTH W, HMewllHe OBlIyl0 BepUIHHY B TOYKe W = —V
H yrJIoBO# pactBop mt/v (pHc. 62); ecau v He paBHO Le-
JIOMY 4YHCJAY, TO NOCJaedoBa-
TEeJbHOCTb 3THX CEKTOPOB MO-
XKeT IMOKphBATh NJOCKOCTE W
KOHeuHOe HJH OeckOHeuHoe
YHCJO Ppa3 B COOTBETCTBHH ¢
TOA MHOr03HaYHOCTBIO, KOTO-
poio obJjanaeT B 3TOM cJyyae
fv. Ecin v craHoBHTCS Gec-
KOHEUHO OOJbILIHM, TO 06iias
BEePILHHA CEKTOPOB OTOJBH-
raercsi BJeBO B OecKoHeu-
HOCTb, H BIOJIHE MOHATHO, YTQ CEKTOPBI, PACIO/OKEHHEIE
crnpaBa OT —v, NEPEeXOAsiT Np¥ 3TOM B lapaJllJiejbHble
NMOJOCH IJIOCKOCTH W, COOTBETCTBYIOIIHE NpeRebHOH
OYHKUHH e¥; 3TO JlaeT reOMeTpHUECKOe Pa3biCHeHHe yKa-
3aHHOTO ompeAeseHHs GYHKUHA €¥ MNOCPeACTBOM mpe-
Ilesa; ¢ NOMOUIBIO HECJOXHOTO BBIUHCJIEHHH MOXHO ybe-
IHTBCS H B TOM, YTO IIHPHHA CEKTOPOB Yy TOYKH w =0
NEePeXoAUT NPH 3TOM B LUHPHHY MOJIOC.

Ho TyT cefiuac xe nosBJsieTCs COMHEHHe CleAyIoliero
pojia: eclii NMO3BOJIHTb v BO3pPacTaTh A0 GEeCKOHEYHOCTH,
COOTBETCTBYIOT MHOTOJIUCTHblE MOBEPXHOCTH; KaK e
paudoHaNbHble W HppauWOHaJbHHE 3HAYEHUs, AJNS KO-
TOPBIX QYHKUHA f, CTAHOBHTCY MHOIO3HAYHOH H KOTOPBIM
COOTBETCTBYIOT MHOTOUHC/IEHHHE NOBEPXHOCTH, KaK e
MOTYT NOC/JeAHHe MepedTH B NPOCTYIO NJOCKOCTb, HpH-
HaaJexamylo ONHO3HA4YHOH ¢yHKuHH e¥? Eciau, HanpH-
Mep, vV INepeXOAHT B OECKOHEYHOCTb, NPHHHUMAas ORHH
TOJbKO APOGHBIE 3HAUEHHS CO 3IHAMEHATENEM M, TO Kax-
nas ¢yHKuHs fy(w) HMeeT pUMAHOBY TNOBEPXHOCTb
¢ n JHctami. Uto6nl NpoCAeAHTb 3a 3THM INPOLECCOM,
ofpaTHMCA Ha OJHY MHHYTY K chepe w; AJs Kaxaoil
¢yHkudH fy,(@w) OHa mNOKpHITAa £ JHCTaMH, KOTODHIE
BCTPeYaloTcss B TOYKAX BeTBJEHHS —v U oo; NPeANoJio-
XHM, UTO CeYeHHe BETBJEHHS NPOXOJHT BAOJbL MeHblIeH
Ayru TnpsaMofl, coeauHsowel 3TH Touku (puc. 63).
Korga v yxoAHT B GecKOHEYHOCTb, TOYKH BeTBJEHHS
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¢61HXKAOTCA B CeueHHe BETBJEHHS HCUe3aeT: 3THM YHHY-
TOXaeTcsl TOT MOCT, BAOJb KOTOPOro 7 JHCTOB NMEPEXOAU-
JH ApYr B Apyra, H NOJYYaloTcs n OTAEJBHHIX JHCTOB H
COOTBETCTBEHHO MM 1 Pa3JTHYHBIX OXHO3HAYHBIX (PYHK-
UHMi; Halwa GYHKUNS e® NpeACTaBAsieT TOJAbKO OJHY ©3
HuX. Ecian XKe ppefoctaBHTb v mpoberaTb Bce AeHcTBH-
rTeJbHble 3HAYEHHS, TO NOJYYAITC BOOOILE NOBEPXHOCTH

Coepa w ¢ GECKOHEeYHbIM YHUC/JOM JHCTOB, CBS3b

2 KOTOpHIX NpeKpaulaeTcs B [peleJbHOM

-y MOJIOKEeHHH; HA OJHOM H3 JIHCTOB KaX-

JoA Takofi NMOBEPXHOCTH 3HAUEHMS CTpe-

MATCA B Npeaese K COBNAAEHHIO CO 3HA-

YeHUsIMH OJHO3HAYHON YHKUHU ¥, Ko-

TOpast pacroJoxena Ha mnpocToil cdepe,

MeXAy TeM KaK I0C/JeJ0BaTeJbHOCTH

g 3HavYeHHH Ha Jpyrux JHCTax, BOOOGIle

Puc. 63 roBOps, He CTpPeMSITCA HH K KaKUM Ipe-

HLeJbHHM  3HAYeHHUSIM. ODTUM BNOJHE

BbHISICHAETCA AOBOJIBHO CJOMHEIH M 3aMeuyaTenbHBId Ipe-

JeabHHH Nepexoj OT MHOTO3HAYHOH CTereHH K OJLHO3Hay-
HOH noKa3aTesbHOH dyHKUHH.

O6uryso MOpajnb BCEX 3THX PACCYXXJIEHUH MOXKHO, Mo-
XaJy#, BHAETb B TOM, YTO MOJIHOE NMOHHMAaHHE CYUIHOCTH
noJo6GHBIX mpo6aeM BO3MOXHO TOMBKO NPH TNepexofe B
KoMnaeKcHyw obnacte. He siBasiercs nm 3To poctaTou-
HblM OCHOBAHHEM JJs1 TOro, 4TOOH H B IIKOJE H3y4aThb
TEOPHIO KOMIJIEKCHbiIX (GYHKUHH? Makc CHMOH, Hampu-
Mep, AeHCTBUTEJbHO BHICTABJAfeT NOJ00HBE TpeGOBaHHS.
Ho s He ayMaio, uTo6H BO3MOXHO OBLJIO JAOHTH A0 3TOrO
CO CPEeJHHMH YYEHHKaMH JaXe B INocjefHeM kJadcce,
H YXe NOo OJHOMY 3TOMY # MOJarawm, 4TO CJEenyeT OT-
Ka3aThCsl B NPENOAABAHHH OT NOABJASIOLIEHCA 3[€Ch Me-
TOAHKH ajrebpauyeckoro aHalH3a B INOJb3Y PAa3BUTOrO
BHILIE POCTOro ¥ ecTecTBeHHoro nyTH !'8). Koneuno, mue
npeAcTaBasieTcss TeM Oojee >KejnaTeNbHbIM, YTOGHI yuH-
TeJb BIOJHE BJaje] BCEMH HIPAIOUIHMH 3/eCb POJb CBe-
JeHHAAMH H3 TeopuH (yHKuUHHA, H60 OH AOJIKEH CTOATh
JIOCTAaTOYHO BHICOKO HajJ TeM MaTepHajoM, KOTOpHH eMy
NPHXOAHTCS H3JaraTh, H AQJJKEH B TOUHOCTH 3HAaTb BCE
T€ MOJABOJAHLIE CKaJbl H MEJH, CPeH KOTOPHIX OH MpPOBO-
I(UT CBOHX YUYEHHKOB.

Ilocsie 3THX paccyxAeHHH MBI CMOXeM ObITb ropasno
6onee KPAaTKMMH TPH H3J0KEHHH yYeHHS] O TPHTOHOMET-
pHYECKHX QYHKUHSAX.
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1l. 0 TPHTOHOMETPHYECKHX ®YHKULUSAX -

3aMeTHM Npexie BCEro, YTo Mbl NpPEANOYHTAEM Ha-
3BaHue <«roHHOMeTpHueckue (QYHKUHH» HaUMEHOBaHHIO
«TPHrOHOMETpHYeCKHe (GYyHKUHH» 1O TOH NpHYHHE, UTO
YyueHue 0 TpeyzoabHUKAX npedcrasaser co6od TOAbKO
HACTHOE NPUMEHeHue 3Tux (QYHKYUE, ueparowiux 8 8oic-
well CTenenu BAMHYKO pOAb 80 BCeX OTPACASX MaTema-
ruku*). O6paTHele uM ¢YHKUUH, BIOJHE COOTBET-
.CTByIollHe Jorapumy (MexAy TeM KaK caMH TFOHHOMe-
TpHYecKue VYHKUMM TpeACTaBAAT co60il aHaJornio
C MOKa3aTeNbHOM QYHKUMEH ), MH HA3LIBAEM YUKAOMETPU-
yecKkumu yHrkyuaMU **),

1. TeopHsi TPHTOHOMETPHIECKHX PYHKUHI
B CBA3H C YYEHHeM O Jorapudme

PaccMoTpenve 3701 TeOpHM MH TNOCTABHM B CBSI3b
C BOIPOCOM O TOM, KAKOH COCO0 H3JOXEHHS ee B LIKOoJe
npeactaepgasieTcs HauGoJsiee ecTecTBeHHBIM. $I nosarato,
YTO H B 3TOM cJyuae OyleT Jyuile BCEro IPHMEHHTh Halll
OGWHA NPHHLUHI, corjacHO KOTOPOMY Hafo uC-
XOAHUTDbL H3 KBa}lpaTypbl NJOCKHX KpHBbIX.
O6nupbi#A cnocol H3J0XEHHS, KOTOpbi HaYHHAaeTcs ¢
Ii3MepeHHs JNYT, KaXercs MHe He B TaKOH CTeleHH
HEnocpeACTBEHHO HANJRAHBIM; NpeXK/Ae BCEro, OH He RaeT
BO3MOXHOCTH OAMHAKOBO IPOCTO H ¢ OLHOH H TOH Ke
TOUKH 3peHHs OXBATHTb KaK BbiCliNe, TaK H HH3WIHe
o6aacTtd. [To3BosIbTe MHE CHOBA BOCIIOJIb30BAThCS aHAaJH-
THYeCcKOl reoMeTpHed.

1. 3a ucxodneili nynxr 2 Gepy kpye paduyca 1:

?*+yr=1

(puc. 64) u paccmaTpuBal cekTop, o6pasyeMbll paguyc-
BekTopamu Touek A(1,0) u P(x,y). O6Go3nauum mio-

1Wans 3TOro CeKTopa l{epe3—%J- (460 Toraa nyra AP=q).

*) B opurnHaje Beck 3TOT pasjen osarnasieH «O roHuomerpu-
yecKux OYHKUUAX®, H BCIOAY TPHMEHAETCH HMEHHO 3TO Ha3BaHWe,
My ¢ TOJHHM yBaXeHueM OTHeCJHCh K Toduke 3peHHs Kneitha, uamo-
KeHHOR B 3TOM adaaue, HO B 3arJasHHd H BCIOAY AaJiee BepPHYJINCH K
TEDMUHY «TPHUTOHOMETPHUYECKHEe (GYHKUHH®, NOCKOALKY TePMHHOJOTHA
Krnefiua He npukuaack, a NOCTOSHHOE MOBTOPEHHE B TeKCTE ITOrO He-
TIPHKHBLIETOCS TEPMHHa HuYEro, KpoMe HeynoG6CTBa, He MPeACTaBJALT.

**) B pnaabueilleM MH 6yaeM nosab3oBaThcs Gonee ynmotpebu-
TeMbHHIM Yy HAC TEPMHHOM <«OGpaTHble TpUroHOMeTpHYecKHe QYHKIHD,
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2. I1o0 TpusonomeTpudeckumu QYHKLUAMU CKOCUHYCS
u «CuHyc» apeymenta mol Oylem NOHUMATG KOOPAUHATOL
X u y xonyesod Touku P cextopa naowadeo %:
x=cosQ, Ky=sing.

Hponcxox«t\neﬂne aToro 0GO3HAYeHHA OCTaeTcsl Hesic-
HHIM; N0 Bcefd BEpPOSATHOCTH, CJOBO <«Sinus» BO3HHKIO
BCJEJACTBHE KaKoro-Hubyab
HeJopasyMeHHd IIpH Mepeso-
e apabckoro cJoBa Ha Ja-

THHCKHH S3HIK.

cosy sing

0

f 2

Puc. 64 Puc. 65

3. I1poune TpuroHomerpuyeckne QyHKIHH:

sin @

__ cos@
cosq ’ ctge=

sing ’

tgp=

a B cTapoff TPHIOHOMETDHH ellle Sec@ H cosec @, onpe-
nesjsieM Kak NpOCThie cOueTaHHsi 06eHX OCHOBHHIX (YHK-
nu#. VX BBOAAT HCKIIOYHTENBHO Pajd coKpaueHud ¢op-
MyJl, KOTOpHE NPUXOAHTCH NPHMEHSITh HA NPAKTHKE; TE€O-
peTHYeCKOro 3HAaYeHHA OHU JJISi HAC He HMEIOT.

4. Ecin MH cTaHeM CJI€JHTb 33 H3MEHEHHeM Koopad-
HaT TOYKH P IpH BO3PacTaHHH (, TO JErKO CMOXEM CO-
CTaBuUTh cebe KayecTBeHHOe NpEACTABJIEHHE O BHAe rpa-
¢HKOB CHHyca M KOCHHyca B INPAMOYIOJBHOH CHCTeMe
xoopausar. [lonyyaeM u3BecTHHe BOJHOOOpasHHE .u-
nuu, uMmeromue nepuod 2n (puc. 65); NpPH 3TOM HUCAO T
onpedeasiem KAk naouwjals noaHo20 Kpyza paduyca 1
(a He KaK IJIHHY NOJYOKDPYXHOCTH).

CpaBHHM Tenepb NOJApPoGHO C 3THMH oUpeneSeHHSIMH
H3JO0XEHHHH BHIIE cnocol onpedenenus aozapupma u
nokasarensnold dynxyuu.

1. Tam MBI HCXOAMJIH U3 PABHOCTOPOHHEL 2tinepboaest,
OTHECEHHOU K ee ACUMNTOTAM:

E-n=1
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nonyock OA sTolf runepGoam paBHa 4/2 (puc. 66),
10rfa KaK 38eCb paguyc kpyra pasusnica 1. Mm pac-
CMaTpHBaJH Aajiee naowjads noaAocs: Mewly Henoosuxc-
Hod opduraroii AA’ (E=1) u nodsumenoid PP’; 060+
3Hayas aty miaomaiab yepes @, mu nmoaaraan @ =Ing§,
TaK YTO KOOPAHHATH P OKa3blBaJHCh PaBHBLIMH

E=e® n=e"%
Bu 3aMeuaere wu3eeCThyo amaaozuro ¢ npedoldyujusm,

KOTOpas, BOpPOYEM, 3AeCh HAapyuiaeTcsi B IBYX OTHOLue-
HHaX: po-nepeBulX, M ne esipascaer naowjads cekTopa,

a] 3
Puc, 66 Puc. 67

KaK Bhlle, B CJy4Yae Kpyra; BO-BTOPHX, 34ecb 06e Koop-
AHHATH BHIPAXKAIOTCA PalHOHAJBHO uepe3 00HYy (yHK-
nuio e®, MexXay TeM Kak B Caydae Kpyra Mh JOJIXKHhl
6nu BBecTH ABe GyHKuUuM cos ¢ H sin@. Ho Ml cefiuac
YBHAHM, 4TO 002 OTKJOHEHHA MOXHO JIerKO YCTPaHHTb,

2. IIpexae BCero 3aMeTHM, YTO IJOLLAAb TPEYroJb-
Huka OP’P He 3aBHCHT OT HOJIOXEHHS TOYKH P Ha KDH-

1
BOH, a HMEHHO, OHa BCEraa papHa 3OP'-P’P=-

1 1
=5§-n=-. B uacrHocTH, OHa paBHA IJOWAJH Tpe-

yroabiHka OA’A, Tak 4TO, NPHCOEAHHAS 3TOT TPEYIrOJb-
HUK K maomain @ kpHBoanHeHRHO# Tpaneuun A’APP’
H OTHHMAsf paBHHA TpeyroabHHk OP’P, naxopum, yto O
MOXMHO onpedeauTs kax naowads eunepboaudeckozo
cexropa OAP, sakarouennozo mexcdy paduyc-sexTopamu
sepuunt A u nodsumHol Touku 2unepbossl,— BNOAHE
aHaJOFMYHO CayuYaw Kpyra (puc. 67). Hmeercs omrako
pasinude B HanpaBJeHHH OTcCYeTa: A Habuiomarens,
Raxoasmeroca B O, ayra AP B ciiydae OKPYXHOCTH Gblj1a
HAanpaBJeHa BJIeBO, a JAJd TrHnepGoJH BNPaBo. JTO
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pa3/HuHe MBl YCTPAHHUM €€ 3CPKAALHbLIM OTPaAXeruem oT-
Hocuteabro paduyc-sextopa OA,— NpyTHMH CJ0BaMH,
NOMEHNieM pOJIAMH TMepeMeHHble § M 1); TOrAa KOODPAH-
HaTH TOYKH P 6yayT

E=e"® n=¢®

3. HakoHeu, npumMeM 3a OCU KOOPOUHAT BMeCTO
acumnTor 2AQBHbIe OCU eunepéo/wl, NOBEPHYB AJif 3TOro
Bech YepTex Ha 45° (puc. 68). Ecnn 0603HauYHTL HOBbIE

’ xoopaunath uepes X, Y, 10
ypaBHeHH npeobpa3oBaHud
OYAYyT HMETh TaKoil BHA:

—£f+n ——Ef+tn.
A= Y=

No3TOMY ypaBHEHHe THNep6o-
Jbl NepexoinT B

X2—yr=2,

H cextop @ npHHAMAaET Takoe

. e TI0JI0XKeHHe, Kakoe OH
paHbllle 3anuMan B Kpyre. HoBue KoopanHaTH TOoYkH P
npeacTasanaoT cobofi caepyiompe GYHKUUMH apryMmed-
ta Q:

Puc. 68

[1] —~® D -D
é é e —_— e
X—=2t_=t

v YT

4. OcTtaeTcs TOJBKO YMEHBIIMTb Bechb YepTeX B OT-
Howenun | :1/2, yTO6H MnoJyoch rHNepboan crana pas-

Ha 1-BMecTO ~\/§, nogo6HO TOMY Kak paHblue paaHyc
Kpyvra paBHsjca eadHulle. Tenepp nJollafb CceKTopa,

1
0 KOTOPOM HJIET peub, CTaHeT paBHa - @; o6osHauas

2OBbi€ KOOPAMHATHl CHOBA Yepes x, y, HAXOAHM, YTO OHH
PaBHH CleaypoLHM PyHKausM apryMedTa. O:
e® 4 o~ ®__ -

x=—2—, y=

KOTOpBlE YIOBJNETBOPAIOT TAKOMY COOTHOLIEHHIO (ypas-
HEHHIO rUnep6osn):

O —y'==1
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3TEM (yHKUMAM AaHO Ha3paHHe 2unepboAUdEcKOeO KO-
cumyca u cunyca; uX 0603HAYANOT Yepe3

L] -
x-—-—-ch(D=e—+Te—,

°o_ -
y=sho=°""TF—,

" Pesyabrat, K KOTOPOMY ME DDHULIH, CBOAHTCH K CJle-
pyrowemy. Ecau nocrynare ¢ xpyzom paduyca | u c pas-
HOCTOpOHHEU cunepboaoid, noayocs kOTOPOU pasna 1,
co8epUEeHHO 00UHAKO80, TO 8 nepaom cayuae Mol npudem
K OOBbLKHOBEHHBIM TPULOHOMETPULECKUM YHKYUAM, a 80
8TOPOM — K& 2UNEPOOAULECKUM DYHKYUAM, KOTOPbLE 8NOA-
Ne cooTrgeTcTsyoT Apye dpyey.

- Kax u3pectHo, npuMeHenue GyHKunH ch u sh yacro
6nBaer nojesno. Ho Tem He MeHee B JaHHOM cayuyae
B NDUMEHEHHH K HCCJeIOBAHHIO rUMep6OJE Mbl, B CyL-
HOCTH, cJeJaJd IUar Hasaj]: eCJH paHblle Mbl MOIJH
PaUHOHaJALHO NPEACTaBHTb KOOPAHHATH &, 1] ¢ NOMOIUILIO
ORHOM TONBKO GYHKUHH P, TO Teneph HaM HeOOGXOAHME
nast aToro Ase QYHKUHH, CBA3AHHbIE MEXAY co6oHi aJre-
6panyeckuM COOTHOUleHHeM (ypaBHeHHeM CHIepGoNH).
OT0 NOACKa3hlBaeT, YTO €CTECTBEHHO H B CJyyae Kpyra
COBepIIHTh OGpaTHHIA nepexoj: Pa3BHTb yYeHHe O TPH-
roHOMeTpHYecKHX GYHKUHAX COBEpIIEHHO aHaJOrHYHO
TOMY, KaK Mbl paHblle OnpeleNH]Hd Jorapudm, Hcxoas
n3 runepboanl. CpenaTb 3TO OuYeHb JIETKO, €CAH TOJAbKO
He 60ATbCA NEepeXoia K KOMILIEKCHBIM BeJHYHHAM; TOr'Aa
YHACTC BBECTH TOJbKO OJHY OCHOBHYIO (YHKIHIO, IO-
CpelcTBOM KOTOPOH cOS¢ H Sin@ BHIpa)kaloTcs pamuo-
HaJbHHM 06pasoM, nogo6Ho ToMy Kak ch® u sh® Bu-
paxaiorcs uepe3 e®; oHa npusBaHa MO3TOMY HIrpaTh B
TEOPHH TPHIOHOMETPHUeCKHX (YHKUUA LeHTpaabHYyI0
poJib.

1. Jasa 3TOro Mbl nmpexjie BCero BBOAHM B ypaBHeHHe
Kpyra x4 y?=1 (rge x ==cos @, y = sin¢) HOBHE KO-
Op/IHHATH

x—iy=E§ x+iy=n,

nocjie 4ero ypaBHeHHe NPDHHHMAeT BHJ
E-n=1.

2. Uckomoi uentpanbHol (yHKuMe#l sBafercs — 1o«
po6io ToMy Kak Owuio B cayyae runepfoin — BTOpas
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koopauHarta !'7); o6osHauas ee uepe3 f(g), HaXonuM Ha
OCHOBAaHHH ypaBHeHHH npeofpa3oBaHus

n=/[(¢)=cosp+ising,
1 .
E—W—cosqa—zsmtp.

3. Y3 nocneaHux paBeHCTB HaXOAHM, YTO

~1
cosm:&-;n=f(¢)+2f(¢) ’
- —f (o)~}

sin ¢ = §2-ll—n BpAL) 25(!?) ’

ueM JOCTHraercq MOJHAs avaJords ¢ NPeXHHMH COOT-
HoumieHHAMH Mexay ch @, sh®, e®. Ecau, TakuM obpa-
30M, 3apaHee BCKPHITb aHAJOTHIO ME€XAY TPHTOHOMETpH-
YeCKHMH H THneplonuyecKUMH (YHKUHSIMH, TO BENHKOE
OTKpHiTHe Jilnepa, Bblpaxkaemoe ¢opmyaoil f(@)=e',
TepsieT XapaKTep NMOpPA3HTeNbHOH HEOXHAAHHOCTH.

He sBasieTcss /1 BO3MOXKHEIM MNOAOOHOE CBeJeHHE
GyHKUHR cos@ M sing K OAHO# OCHOBHOH (GYHKUHH H
B TOM cJyuae, eclH OCTaBaTbhCA B JEHCTBUTENBHOR 06712~
cte? K 3roMmy, HmeficTBHTENBHO, MOXHO NpHATH, ecaH
B3rJIAHYTb HA HAalUH ¢GHLYPH ¢ TOYKH 3DEHUA NMPOEKTHUB-
10o# TeOMEeTPHH. A HMEeHHO, MOXHO B CJydYae rHIepOOoJnl
Ty KOOpPAMHATy 1, KOTOpas jaja HaM OCHOBHYI0 (QyHK-
LHIO, ONpeJe/]HTh Kak IapaMeTp B IyuyKe Napassedei
1 == const, KoTOpnIl, paccMaTpHBaeMHd C NPOEKTHBHOH
TOYKH 3peHHsI B €ro OTHOIIEHHH K rumepOoJe, NpeacTan-
JAser co60i He YTO MHOE, KaK NMy4yoK Jayuefi ''8) ¢ Bepuu-
HOll B OAHOH M3 ToueK rumepGosiel (3xechb B OJHOH M3
GeCKOHEYHO yaaleHHuXx Toyek). PaccmMaTpHBas B cayuae
Kpyra Hiu runep0oJibl mapaMeTp Kakoro-HHOyAb TaKoro
NyYka Kak ¢QYHKUHIO ILJIOIMAAH, MB NPHAEM K Jpyroi
OCHOBHO# (PYHKLHH, TOXe OCTABAACh B JAeHCTBHTEJbHOH
ob6aacTH.

PaccMOTpHM B clydyae Kpyra MYYOK NPSIMBIX, TPOXO-
Afuux yepes Touky S(—1,0):

y=A(x+1),

riae A—napamerp (pHc. 63); Bhllle Mbl YK€ BHIYHCJIHIH
KOOPAHHATH TOYKH Nepeceyenus P Jydya, HMEIOINEro na-
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paMeTp A, C OKPYXKHOCTbIO, a2 HMEHHO, MHl HalUIH, YTO

1 — A2

X =C0S @ =TFa

. 22
y=sing=y157,
TaK 4TO

. ___Y

A= A.(Cp) — x +1
npeicTaBaseT coGod HYXKHYIO HaM [A2HCTBHTENBHYIO
OCHOBHYI0 QyHKUMIO. A TaK Kak, ¢ Jgpyroit cTo-

posi, £PSO =4 ,POA by

ZPOA = ¢, To oTciofa Heno-
CPENCTBEHHO BHITEKaeT, YTO

7\.=tg%; 3THM OJNHO3HAY-
HEHIM BhIpaXeHHeM QYHKUHKA

. e
cos¢ u sing uepes tg 3
OYeHb  HacTO  NOJAb3YIOTCH
IPH TPHIOHOMETPHUYECKHUX BHI-
YHCeHHAX, CooTHOWIERNE
GyHKUMH A ¢ npexHed Puc. 69
OCHOBHOH  dynkuuefi [(@)
noayvyaercs M3 mnocieiHed ¢GOpPMYAH B TAKOM BHAE:

1 ff—1 _ 1 flp—1
i P14 1 f(e)+1
HJIH, HaoGopor,

. 1 — 224 22 14+
flo)=2x+iy=""rt =10

Takum o6pa3oM, BBefeHHe BeJHUHHH A CBOAMTCA B KO-
HEYHOM cHETe MONMPOCTY K HeKoTopoll Apo6HO-MHHEHHOH
dyHKUHH oT f(@), KoTOpas HMeeT AeHCTBHTENIbLHOE 3HA-
YeHHe BAOJb OKPYXHOCTH Kpyra; xoTs 6aarofaps aToMy
bopMynsl CcTaBOBATCH JAeACTBHTENIbHHMH, HO OHH He
CTOJIb MPOCTHI, KaK NPH HENOCPEACTBEHHOM NpPHMEHEHHH
dyuxunu f(p).

CroMT /M IOKYNaTh NpEeMMYIIECTBO ONEPHUPOBAHMs
C AeHCTBHTENbHBHIMH YHC/JIaMH IIEHOA TAKOro HEAOCTATKaA,
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2aBHCHT, KOHEYHO, OT TOro, HaCKOJIBKO TO HJIH HHOE JHLO
vMmeeT ofpawaThCss ¢ KOMILIEKCHBIMH BeauyuHaMHu. [lo
3TOMY NOBOAY fl 3aMeuy TOJbKO, YTO QU3UKU LABHO yxKe
Mepelay K ynorpebieHHI0O MHHMBIX BeJTHYHH, B 0COGeH-
HOCTH € B ONTHKE, KOrja NDHXOJHTCA HMETb J[e/10
¢ ypaBHeHMAMH KoseGaTesbHbIX ABHXKeHHH. C apyro#t
CTOPOHBl, TeXHHUKH-—H IpeXJAe BCEro 3JeKTPOTEXHHKH
¢ HX BEKToOp-AHarpaMMaMiu — TOXKE€ HAYHHAIOT B IOCAEN-
Hee BpeMs ¢ YCIeXOM NOJAb30BATbCA KOMIJIEKCHHIMH Be-
auypHaMH, TakuMm o6pa3oM, MOXHO YTBEPXKAaTb, HTO
NpHMeHeHHe KOMIUIEKCHRIX BeNHYHH HauyHHaeT, HaKoHel,
34BOEBLIBATh NIpaBa IPaXKAaHCTBa B 6oJiee WIHPOKHX Kpy-
rax, XoTs, KOHe4HO, B HacCTosllee BpeMa 3HadHTeNbHOe

OGONbIIHHCTBO ellle Kpemwo NPHUAepXKUBaeTcs AeldCTBH-
TeAbHOH 06/acTH.

HMesn B BuAYy o6pHcoBaTh B OGIUHX YepTax AaJbHefi-
llee pa3BUTHE TEOPHH TPUIOHOMETPHYECKHX YHKIHH,
MDbl JOJKHBI TIpeXJe BCero yNOMAHYTb O TeOpeMe cJo-
JKEeHHS. .

1. TeopeMa crnoxeHHs BhIpa)Kaetcs ¢opMmyJo#i

sin (@ + ) =sin @cos P -+ cos g sin P

k aHajaoruyHol ¢opmynor miaa cos(@ 4+ ). IlpuunHa
TOrO, YTO 3TH QOpMyJabl BHILJAAAAT CHOXHee, YeM B CaIY-
yae [OKa3aTeNbHOH (PYHKUHM, 3aK/IIOUaeTCH, KOHEUHO, B
TOM, 4TO 3JleCb Mhl HMeeM JeJ0 He C OCHOBHOH 3JeMeH-
TapHofi pyHKuuMel; qna sTol nocnenHell GyHKUHY [(p)=
=cos @ -} isin@ rnojgyuaeTrcs COBEpPLIEHHO TaKas e
KpaliHe npocras popMmyna, Kak U AaA e*:

fl@+b)=F(@)- [

2. OT GopMy/H CNOMEHHS MB NPUXOAHM K BHIpaxe-
HHAM (PYHKUWH AJA KpaTHBIX YIJIOB H AJf yacTed yrna,
H3 YHCJa KOTOPHIX A OTMedy TOJBKO ABe cCleAyloliHe
dopmyabl, HrpaBiide Ooabllyi0 pOJNb NPH BBIYHCIEHHH
[IepBhIX TPHTOHOMETPHYECKHX TaOJIHIL:

s @ { —cos@
sir 2-—/\/—2 ,
Q_/\/l+cosq)
COS2—— ————2 .

H3samHoe Bblpa)ceHHe BceX COOTHOLIEHHH, HMeEWWHX
3Jecb MECTO, AaeT TaK Ha3eiBaeMas «popMysa MyaBpa»:

[n-@=[He)]" rme [(g)=cose+ising.
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Myasp 6bl1 dpaHuys, Ho kua B Jlonnone B kpyry Heio-
TOHa; cBoIo ¢opMyAy oH ony6aHkosax B 1730 r.

3. Hcxoas H3 Hallero nepsoHayajJbHOrO ONpeAeeHAN
y == sin ¢, MOXHO, pa3yMeercs, JIErKo NOJYUYHTh BRIpaxe-
HUe ofpaTHoil QYHKUHH *) ¢ =

=arcsiny B BuAe HHTerpaJa. 4
Cekrtop % (1. e. AOP) kpyra p VN,
paguyca 1 BMecTe ¢ TOPH30H- 4
TaJbHO 3alUTPpUHXOBAaHHBIM Tpe- g 22\\ A

yroasHukoM OP’P  orpaHuyeH z
napanaenams ¥y =0 u y K ocH ;
a6eunce u kpuoit X =4/1 — 42 .

H HMe€eT NNO3TOMY nJaoulaab, pab-
Yy

nyio S A/T—=4%dy (puc. 70), Puc. 70
0
d TaK KakK ynOMﬂHyTbli’lTpeyI‘OJIbHHK HMeeT NJollaab

1 ’ , 1
3 OP PP =y T—¢",

TO
14

1 CIRRN 1
\VI=F dy =54 V=7 +50.

0

Orciofa HaxoAuM [OCPEACTBOM [pocToro mnpeoGpasoba-
Hus 19)

y

¢p=arcsiny = S

0

4y
V=97

[TocTynaa Temepb COBEpPIUIEHHO TaK Xe, Kak B Cayvae
Jorapudma, a HMEHHO, pa3jaras NOABHTETPaJbHOE BHI-
paXeHHe B paAld IO TeopeMe GMHOMA Y NPHMEHAA 3aTeM
nio uiaee Mepkaropa NowieHHOe HHTErpPHPOBAaHHE, MOXKHO
HaWTH pa3JioXeHHe arcsiny B CTEeNEHHOH PAd, a U3 HEro
BHIBECTH, NOJb3YACh METOAOM 0OpalleHus pALOB, psj
LJsL CaMOTO CHHYCA, TAK MMEHHO-—f YXe TroBopua 06
3TOM BHIUE — NOCTynua cam HeioTow.

*) Kneftn ucnonbayer gis 06paTHBIX TPHIOHOMETDHYECKHX (DYHK-
il o6o3navenus sin—!, cos—!, npuHATHe B 3apylexHoii MaTeMaTH-
yeCKofi suTepaType. B aTroM M3nanum Hcnosp3oBaHel 60Jiee NPUBHY-
Hble HAM OGO03HAYEHHA arcsin, arccos.
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4. 1 60nbluIe CKJIOHEH BOCINOAbL30BAThCA 371ech Gogaee
KpaTKuM OyTeM, KOTOpBHIH cTan BO3MoxKeH Oxaarojaps
BEUKOMY OTKpHTHIO, cienaHHoMy Tednopom. Iins artoro
H3 YOOMSHYTOTO HHTErpaJibHOTO BHIPAXKEHHS. BHIBOIHM
CcHayaJa BeTHYUHY HNPOU3BOAHOH AJIf CaMOro CHHyca:

dsin @
——d—q)—————_'\/l 2—COS(p,
COBECPLIEHHO aHAMOrd4Ho HaXo0JuM
dcos @ .
T = — SINn Q.

Orciofa 1) Ha ocHoBaHuH TeopeMbl Teiljlopa moayyaem
PAa3JIOXKEHUS

o __9 4, 9

1 ar t g

—1 %
cosp=1 T ~+ A

HerpynHo BHAeTb, YTO 3TH PSAW CXOAATCHA AN BCSKOTO
KOHEYHOro, Aa){é KOMIJEKCHOro, 3HauyeHHs x, TaK 4TO
Sinx ¥ coSx ONpelensilOTCA HMH KaK OfHO3HAuHEIE Ie-
Jhle TPaHCUEHIEHTHble (PYHKUUH BO BCeH KOMIJEKCHOH
IJOCKOCTH.

5. CpaBHuMBas 3TH PSAH ¢ PAAOM 178 €%, HaXxoQHM
A OCHOBHOH (QyHKUHH [(@):

f (@) =rcos @+ isin g=e'®,

Takofi BHBOA Ge3 OroBOPKH CTAHOBHTCH BO3MOXMHEIM
TOJBKO MOCJAE TOro, Kak Mbl yGeQuJaHChb, YTO COSQ H
sin @, TaK Xe Kak H e’9, npeACTaBadloT coboll 0JHO3IHAY-
Hble 1enbie QYHKIHH.

6. Ocraercsi onmucaTb Xoj H3MeHeHUs KOMILIEKCHBIX
dyukuuit sinw, cosw. C 3TOR uenbio s Npexae BCEro
3aMeuy, UTO Kamxjaas H3 o0OpaTHHX OGYHKUHE w =
==arcsinz M w ==arccosz JaeT HOBEPXHOCTb PrMaHa
¢ 6eCKOHeYHLIM YHCAOM JHCTOB H C MECTaMH BETBJEHHSA
—1, 41, oo, a UMEHHO, Hajg TOUKaMH zZ= =1 JEXHT
no GecKOHEUHOMY 4HCAY TOYEK BeTBJAEHHs NepBOro Ino-
psllKka, a HaJl TOYKOK 2 = oo HAXOJAATCH ABE TOYKH BETB-
JeHUsi OeCKOHEeYHo BHICOKOro nopsaka. UYrobm ayuie
BHISICHUTb paclojioXeHHe JIHCTOB, pacCMOTPHM CHOBaA
pa3bueHHe NJIOCKOCTH w Ha 06JacTH, COOTBETCTBYIOLLUE
BepXHe#l (3aIUTPHXOBAHHOH) M HHXHeH (He3alITPUXO-
BaHHO!) moaymiacckocT® z (puc. 71)., Has z=cosw
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3T0 pa3bueHue MOJYUYAeTCs C MOMOIIbI0 AEHCTBHTENBHOH
OCH M Tnapajjejed K MHHMOH OCH, NPOXORALIKX uepe3
TOYKH @ =0, &x, =2, ... ; Opd 3TOM, KaK BHAHO H3
gepTexa, NOJydyalTcs TPeyrodbHble obJaactu '2!), KoTo-
pEie BCe NPOCTHPAOTCA A0 OECKOHEYHOCTH; HX IPHXO-
JHTCS] HONEPEMEHHO 3aWITPHXOBHRIBATL H OCTABJSTH YHC-

THMH. B Toukax w =0, £2x, 4%, ..., COOTBETCTBYIO-
LIHX y=+31, H B TOYKax Tnscraems 2

W =+n —=3m, ..., COOTBET- Y%

cTByKOILUX Yy = —1, BeTpeua- / _7/ +,///////
€TCA N0 4YE€THpPE TPeYyroJbHH- flaockoems w (z=c03w)
Ka, H 3TO COOTBETCTBYeT ue- ' %

THIPEM IOJAYJHCTAM [OBepX- /
HoctH PumaHa, KoTophle cxo-

JATCA B KaXAoH H3 Toyek
BETBJIEHHS, JexalluX Haj
ToukaMH 2= z*1. OyHKuun
cOS W npuOIHKAETCS K 3Ha-
YEeHHI) 2 == 00, KOTJa MK yaa-
JseMcsi BHYTPH OfJHOro Ka- Puc. 71

KOro-Hubyasb TPEYyroJbHHKA
BBepPX HJH BHH3 A0 OGeCKOHEYHOCTH. DTO COOTBETCTBYET

TOMY, YTO Ha DHMaHOBOH NMOBEPXHOCTH B TOYKE 00 CXO-
OATCA NBe OTIeJbHBE CHCTeMH H3 GeCKOHEeWHOro uHcaa
JHCTOB Ka)nasd. B cnyuae z=sinw neno o6CTOHT co-
BEpIIEHHO AHAJOrHYHO ¢ TOK TOJbKO pasHHLef, uTo yep-
TeX B TJIOCKOCTH w@ CJelyeT NpeiAcTaBHTh cebGe mepe-

1
ABHHYTHIM Ha ) BIIpaBoO. Ha s3tux qepTexXax HaxoasaT

NOATBepXIeHHe cJeldaHHble HaMH Bbiule (N0 HOBOAY
tTeopeMnl [IHKapa) yKa3aHHAl OTHOCHTEIbHO MPHPOAH
C yILLeCTBEHHO 0cO60H TOUKH W == 0o,

1
K
.

A

Rl

72

s
NN

2. TpHroHOMeTpHYECKHe TAOJHUH

Ha 3Tom 51 3aKOHYy KPAaTKHH 0630p TEODHH TDUIOHO-
MeTpHueCKHX (GYHKIHI H nepeiiay K paccCMOTPEHHIO TOrO,
uT0 HaufoJiee BAXKHO HA NMPAKTHKE, 4 HMEHHO, TPHIOHO-
MeTpuueckux Tabaun. OLHOBpeMeHHO ¢ 3THM a Oyay ro-
BOPHTb O TAGJHLAX JOrapH(pMOB, DACCMOTpEHHE KOTO-
PHIX 5 IO CHX NOP OTKAaJAKBAaJ BBHAY TOro, YTO COCTaB-
JeHHe 3THX TNOCJIefHHX C caMoro Hayajla M A0 HaUIMX
OHefl HAeT pyka 06 pyKy C COCTaBJeHHeM TPHTOHOMe-
Tpuyeckux Tabauu. Bompoc o ToM, KakKHM o0pasoMm
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Ta6auubl 10orapHPMoB MOJAyUHAH CBOH TenepelHUR BHA,
NpeiCTaBAseTCs, KOHEeYHO, BECbMa BaKHBIM H HHTEpec-
HHIM H 1§ WKOJbHOrO NpenojaBaTensl MaTEMaTHKH.
Pasymeercs, 1 He MOryT 3aech NOAPOGHO H3NOXKHTH BCIO
KpaiiHe MNPOJO/AKHTENbHYI0 HCTOPHIO Pa3BHTHs TA6JHL;
T X0Yy TOJbLKO OTMETHTL HeKOTOphle HaHGOJee 3aMmeya-
TelLHLlE MOMEHTH, 4TOGH JaTh BaM NpHONH3HTENLHOE
fionaTHE 06 3TOM pa3BHUTHH.

A. Yucro tpuroHoMmerpuueckde tabGanHupt. [loa atum
Ha3BaHHeM MBb NOHHMAaeM TaGJHIB, KOTOpbie OBUIH NO-
¢TpoeHH A0 u3obperenus Jorapudmos. Takne Tabanibt
CYILLECTBOBANH yXe B APDEBHOCTH, 3 HMEHHO — IepPBOH RO-
nlefwed fo Hac aBjaseTcsd Tabauua I[Itonemes.

l. 310 Tak Ha3swBaeMas Tabauua xopA I[lronemes,
KOTOPYI0 NOCNeJHHH COCTaBHJ AJs aCTPOHOMHYECKHX
pejnel okono 150 r. Hawed spel. OHa moMemieHa B ero
counHeHHHn «Megale Syntaxis», B kKotopoM IlrosneMeit
pasBUBaeT HA3BAHHYK €ro MMEHEM CHCTeMY MHpa.

3T0 CcOYHHEHHe [OLLIO A0 HAC OKOJbHBM NyTeM ue-
pes pyKH apaboB NOA 4acTO ynoTpebaseMbiM Ha3BaHHEM
«Almagest», KoTopoe, 6BITb MOMKET, NOJYUHJIOCH H3 CO-
elHeHHs apaBCKOro apTHKAA «al» ¢ H3BpamieHHHM rpe-
YeCKHM HasBaHHeMm. Jta tabauua [ltonemes aaer anas
yraoB ¢ HHTepeaaamu 30’ He caM CHHyC yraa a, a cOOT-

BEeTCTBYIOILYIO 3TOMY YIAy XOpAy ('r. e. 2.sin %)

3HayeHHs XOpA AaHbl 34eChb B BHAE TPEX3HAYHBIX LIECTH-
JecaTepHYHBIX JApofedl, APYrHMH CJ0OBaMH, B BHIe
'6%+3(:0_0+T6%W‘ rae a, b, c—nuenne 4Hcaa oOT
Hyaq jgo 59. Oas Hac caMbim TPyAHBIM RBJsSETCH TO, ¥TO
9TH 4HCJIA a, b, ¢ HanHcaHW, pasyMeercs, CpeYecKHMH
YHCJIOBHIMH 3HAK4dMH, T. €. NOCPEACTBOM COYeTaHHs rpe-
yeckKHX OyxB. Jlasiee Mbl HaXOAUM 3JeChb ellle 3HAYyeHHS
pasHocTeH, KOTOpbie MO3BOJAIOT NPOH3BOLAHTL HHTEPMNO-
JAIHIO 10 MHHYTH.

Yrto Ke KacaeTcf BhIYHCJAEHHS 3TOH TaGaHUb, TO
ITTonemell, BO BCAKOM cJlyuae, MOJAb30BaJCs IPOH3Beaen-

o u PN+ 2
Holi Buie opmysol ans sin (ca1enoBaTELHO, OH

DpPUMEHsN H3BJeYeHHe KOPHHA) H HHTepnoJslHed.

2. Tlepenecemcs Temepn Ha ThicAuy JeT Jajiee —
K TOMY BpeMeRH, KOTAa TPHrOHOMETpPHUeCKHe Tal.iHIibi
6bid BHUMCEHb BnepeBhle Ha 3amaje. 31ecb Npexae
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BCEro clefyer HassaTh Perwomontana (1436—1476),
HacTosllee HMsi KoToporo 6uiio HMorann Mioaaep *). Ox
BHIUHCJHJ Pa3JHYHEE TPHrOHOMETpHYecKHe TabJHLB, 8
KOTOPBHIX SICHO BHAEH MepeXxod OT OCTAaTKOB IUECTHAECSH-
TEPHUHOA CHCTEMBl K YHCTOH JecATHYHOH cHcTeMe. B 1o
BDEMs TPHrOHOMETPHYECKHX JHMHHUH He H300paxanH, Kak
Tenepb, B BuAe Apolei, npHHHMasa paaHyC 3a 1, HO BH-
YHCJAMH UX IJIS OKPYXHOCTEH oueHb GOJBILOrO pajuyca,
TaK UYTO MOXHO OBIJIO—C He MeHbUIed TOUHOCTBIO —
OTPAHHYUTHCS BBID2XXE€HHEM HX B BHAE LEJbIX YHUCeJ.
Otu GoJbllHe YyHCJAa yXe TOTAA MHCANAH B AECATHIHOH
CHCTeMe, HO B BbifOpe pajfHyca ellle J0Jroe BpeMs CJbl-
IIaJHCh OT3BYKH UIecTHAECATEPHYHOH cHcTeMbl. Tak, B
opHo#t Ta6Ganue PernoMoHTaHa pajuyC CYHTaeTCs paB-
BpiMm 6000000, Ho B apyroil Tab.aHle BHepBbie pajHycC
paBeH 4HcTOMY jecATHYHOMY uucay 10000000, 6Gaaro-
Jlapsi YeMy BCe BBIYMCJEeHHEe 0Ka3aJoCh BO3MOXHWLM NpO-
BECTH NOJHOCTBIO B JeCATHUHOH cHcTeMe. JLOCTAaTOYHD
BCTABHTb 3aNATYI0, YTOOBl YMCJ0 3TOH TabauuUbl npesBpa-
THJAOCE B Hauly AeCATHYHYIO Apo6b. DTH Tabauuwl Pe-
FHOMOHTAHa Obl1H HameyaTaHbl JHIb MHOTO JeT CNycTH
nocjie ero CMepTH B COYHHeHHH ero yuHTeas I[ledip6axa
«Tpakrar o npeanoxeHusx IltoneMes OTHOCHTeJBHO CH-
HYCOB W XopiA» **). O6paTuTe BHMUMaHHe Ha TO, 4TO U
3TO cOYdHEeHHe, KaK W MHOTHe ApYrHe KalHTa/JbHble Ma-
TeMaTHUYeCKde H3LaHHf — H3 HHX HaM YXXe H3BeCTHI
npouzBedenus Kapnaso v Wrtudens, a nanbiie Mul no-
3HaKOMHMCSL H C IpYT¥MH, — OblAH OTneuaTadsl B 40-X
ronax XVI B. B Hiopu6epre. Cam PeruoMontan nposea
66ab1IYI0 HacTb Xu3HH B HiopuGepre. A

3. Tenepp . mnpennoKy BamleMy BHUMaHHIO KHHTY,
HMEBIIlyI0O OTpOMHOe 3HayeHHe BooOLle, 4 HMEHHO, COUH-
nedne Hukonas Konepuura «De revolutionibus orbiutn
coelestium», B KOTOpOM pa3BHTa «KOMEDPHHKOBA CHCTEMA
mupa». KonepHuk xua c¢ 1473 no 1543 r. B TopyHe, 1o
YIOMSHYTO€ COUHHEHHe nosBJsierc cHoBa B HiopuGepre
BCEro JHIIb 4Yepe3 [IBa rofa MNocjge MOSBJAeHHS TabJanil
Pernomonrana, c¢ koropumu KomepHMK TOraa eme
‘He Ohl1 3HAaKOM; INOSTOMY AJA OCYyLLeCTBJEHHA CBOCH

*) Ilcesnonum «PernomonTan» nmpeacTaBaseT coGoil mepeson Ha
naTuuckuil a3bik Haseauusn «KenmpreGeprs (unne r. Kamiuuurpan),
poaunn M. Mionnepa.

**) Peurbach G. Tractatus super propositiones Ptolemaei de
sinubus et chordis. — Norimbergae, ap. Jo. Petreium, 1541,
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TEOPHH OH JOJIXKEH 6B CaM BHIYHCJAHTHL He6oJblUIYI0 Tab-
NUUY CHHYCOB.

4, Ho 3TH Ta6uuue HH B KOeM cCJjydae He MOIJIH
YAOBJETBOPHTH NOTPEGHOCTH aCTPOHOMOB, H BOT MKl BH-
IHM, 4TO OJAHH y4YeHHK M Apyr KomepHhHKa BCKOpe mpH-
CTYHmaeT K OCYIIECTBJEHHIO NOpa3fo WHpe 3axyMaHHOro
nena. 3to— PeTHKyc; ero HMs IpeICTaBJAET HCKYCHO
JATHHH3HPOBAHHOE YKa3aHHe ero poiHofl cTpaHH (Vor-
arlberg)*). On xua ¢ 1514 no 1596 r. u 6u1 npodecs
copom B BurrenGepre. Bo Bcem 3TOM 0630pe BH Bcerja
NOJXHB NPHHHMATD BO BHHMaHHe HCTOpHYECKyw ofcCTa-
HOBKY; 3TOT HEDPHOJ OTHOCHTCS K 31m0Xe pedOpManHH,
BO BpeMs KOTOpOH, KaK M3BecTHO, BHTTeHOepr, a Takke
csoboaun uMnepcka#t ropox HiopuGepr cramu raas-
HHMH LeHTpaMH HHTeMJIeKTyanbHOH xH3HH. Ho nocre-
TeHHO B XOA€ PENUrHO3HHX BOfH LEHTp TAMECTH NOJH-
THYECKOA H OYXOBHOH XH3HH NepeABHraercs OT rOpPOAOB
K KHAXeCKHM JIBOPaM, H BOT, B TO BPeMsl KaK paHee BCe
neuatajsock B HiopuGepre, o6wupHble Tabauun PeTu-
Kyca nospJjsiiorca Ha cBeT B [efinesn6epre npH neHex-
HOA moazepxke ndaabuckoro Kypoiopcra (1596). Onu
HNOSIBH/AHCH JIHIIbL MOCAEe CMepTH PeTHkyca. DTH TabaHUH
ropasjo NoJHee NpelInAYIIHX; B HHX COJEpXAaTcA 3Ha-
q9eHHA TPHCOHOMETPHYECKHX (PYHKUHIH Aaa Kaxawx 107
B NE€CATH3HAaUHHIX JApo6sX; Npasha, B HHX BCTpedaeTcH
ete J0BOJNbHO MHOrO OMIHGOK.

5. B BecbMa ycoBepHIEHCTBOBAHHOM BHIe NepeH3al
oTH Tabauuu [IutHckyc B Cuaesun (1561—1613), ka-
rieJqan ngadasuckoro Kypopwopera. CHOBa oTnedaTaHHbI®
Ba cpeactBa Kypgiopcta (1613), 3TH TabaHIH coldepiKaT
SHAauYeHHs TPUrOHOMETPHYECKHX (YHKUHH A5 HHTepBa-
noB B 10” ¢ 15 pecarnunbiMH 3nakaMu. Onu B ropasio
Goabluefi cTeneHH CBOOOAHLI OT OWIHOOK M H3LAHH Jy4-
uie, yem Tabauus Petukyca.

Mu JponXHH HMeTb B BHAY, 4TO BCe STH TaGJHIH
BHUHC/IEHH C NOMOLIbIO OAHOH TOJbKO (OpMYyJaH AJs
NOJIOBHHH AYrH M UHTEpNOJSIHH, TaK KakK TOria emne
He OBJIH H3BECTHH GeCKOHeYHHE pfAAH AJaA CHHyca H
KocuHyca. TonbKO NpHHHMAas 5TO BO BHHMAaHHe, MH CMO-
JKeM B HajJexauedl Mepe OlLEeHHTh TO HEBEPOATHOE ycep-
JHe H Ty pafoTy, KOTOpHE BJIOXKEeHB B 3TH MOYTEHHHE
NpOH3BeLeHHS.

*) Hulne semas B cocTape ABCTPHH.
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K 3tuM TabiHuaM yxe HeNOCPEACTBEHHO NPUMBIKAIOT
HOBble Tal/IHUb, COELHHSIOIHE TPHTOHOMETpHYECKHe
JaHHble ¢ JorapHpMHIeCKHMH.

B. Jlorapudmo-TpHroHOMeTpHUECKHe TaGIHUBL. 34ech
Mbl HabaogaeM Kak Gbl HPOHHIO HCTOPHH: BCEro JHIUb
TOA CIyCTH MocJie Toro, Kak B pykax [IutucKyca Ta6auusl
TPHTOHOMETPHYECKHX ((YHKUHH JOCTHIVIH H3BeCTHOro
COBEpUIEHCTBA, BNepBHE TNOABJAAITCA TalAHUB 0~
rapudmMoB, HAejallIHe TPHTOHOMETPHYECKHE TaGaHIIH,
coGCTBEHHO TOBOPs, H3JHIIHHMH, TAaK KaK Tenepsb
¥Ke HYXHB He CaMM CHHYCHB H KOCHHYCHI, a HX Jora-
pubMHL.

1. TTpexxge Bcero MPUXOAUTCH Ha3BaTb yXe yNoMs-
HYTHe MHOI0 nepeule Taluuunl JorapudmoB Henepa
(1614). ITpu sTom Henep no Takoii cTeneHu HMesa B BUAY,
npexnae Bcero obJeryeHHe TPHrOHOMETPHYECKHX BBLIYHC-
JMeHd#, YTo cHayana p[aj Jaxe He JjorapHudMel HaTty-
pasbHBIX UYHCeJ, a CeMH3HauyHHe JIorapudMbl TpPHUTOHO-
METPHYECKHX DYHKUHH AJNA KaXKAO0H MHHYTHI.

2. BnepBrle npugaa Tabauuam JorapupmMOB HX o6y~
Hyio Tenepb ¢opmy aHrnuuaHuH [eHpn bBpurr (1556—
1630), HaxoZUBLIHHCA B JHYHLIX OTHolueHHAX ¢ Hemne-
poM. OH NoOHAJ, KaKoe IpoMajHOE MPEHMYHIECTBO AJIS
TIPAKTHYECKHX BHIYHC/JEHHH HMET JorapudMs No OCHO-
BaHHi0 10, 6onee poaCTBeHHBle HAllleH HeCATHUHOH 3aMNH-
CH YHCeJ, H BB/ MO3TOMY 2TO OCHOBaHUE BMECTO Heme-
poBa. TakuM 06pa3oM, MONYYHJIHCH «HCKYCCTBEHHBIE JIO-
rapu¢mel», Ha3blBaeMble TaKxke «OpHUITOBLIMH». Kpome
toro, Bpurr gaer u JorapudMb HaTypa/jbHHX HHCEN
(a He TOJMBKO JOrapudMpl TPHTOHOMETPHUECKHX (YHK-
uui). OTH HOBOBBEAEHHs1 HaxoaaTca B ero <«Arithmetica
logarithmica» * (JlongoH, 1624). IIpasma, Bpurr ne
ycresl 3aKOHYHTh BCe BHIYHCJEHHR M JaeT TOJNBKO Jora-
pubmb ueamx uucen or 1 mo 20000 u or 90000 mo
100000, HOo 3ato ¢ 14 aHakaMH. 3ameyaTeJbHO, YTO
HMEHHO B Hau6ojiee CTapuiX TAGMUUAX COREPKHUTCA HaH-
6oJblliee YHCJIO [OECATHUHBIX 3HAKOB, MEXIY TeM Kak
B HOBOe BpeMs B GOJIBIIHHCTBE CJyyaeB AOBOJLCTBYIOTCS
BECbMa MAaJIblM YHCJIOM 3HAKOB; K 3TOMY f €llie BepHYCb.

3. Iponyck B Tabauuax Bpurra BnepBhHe 3amOJHHI
rosnanfen, Aapuan Baakk, xkuswuit B Iyxe 6au3 Jlei-
JeHa, — MaTeMaTHK, THOOrpag # KHHronpoxaseu. OH
oTIeyaTan BTOpoe u3jande Ttabauu bpurra, comepxas-
Iiee Ha 3TOT pa3 JorapHpMu BCeX HeJHX uHcea OT |
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Zo 100000, Ho TonbKo ¢ 10 pecATHYHBIMH 3HaKaMmH. dTo
H3laHHe sABJETCS OCHOBOH BCEeX HAIWHX TenepeuHux
Tabauu.

Yro ke KacaeTcsi RaNbHEHINEro pPa3BHTHA TabJuiL,
TO 1 MOTY AaTh TOJbKO caMbie O0LIHE yKasaHHsi OTHOCH-
TeJbHO TOrO, B YEM .3aKJI0Yaloch faJjibHeiilllee pa3BHTHE
HX 0 CP4BHEHHIO C YKa3aHHBIMH NEPBLIMH IUAraMH.

a) Ilpexne Bcero cyuiecTBeHHOe 3HaYeHHe HMeJ Npo-
rpecc TeOpHH, a HMeHHO, JorapHgMHuecKHe PAAbl La/lH
HOBOE, KpaiiHe npakTHYHOe, CPEACTBO MM BHUYHC/IEHHSA
Jorapu¢moB. O6 3TOM BLIYHCJIHTENH NePBLIX TaGJUI He
3HaJH HHYero. Hemep, Kak Mbl BHAENH, BHIYMCJSAJ CBOW
Jiorapu$MH ¢ MOMOIUBIO PA3HOCTHOIO YpaBHEHHsS, — ApY-
FTEMH CJIOBaMH, MOCPEICTBOM MOCAEAOBATENbHOIO NpH-

Ax -
GaplieHHn T, oJb3yACb NIIPH 3TOM B 60JIbILION cTemne-

HH HHTepnossuxed. ¥ Bpurra caMyio BaXHy10 poJab Hr-
pano H3asjieyeHHe KBAaJAPAaTHBIX KOPHeH; OH NOJb3yercs

TeM, YTo, 3Haf 1g a ¥ 1g b, MOKHO HaiiTu Igm no
dopmyse
—_ 1
Ig+va-b =5 (ga+Igh).

ITHM XKe cCaMHM NPHEMOM NOJb30BaJcs M Buakk.

b) 3HauHTeNbHBIE yCNeXH OBUJIH AOCTHTHYTH NyTeM
6osee nenecoobpa3Horo pacnoJoxeHus Tabuadl, KOTopoe
[,aJI0 BO3MOXHOCTb INOMECTHThL 0OJbllle MaTepHana Ha
MeHblLIeM INpPOCTPaHCTBE H B ¢opme, 6oJjee AOCTYMHOMH
0603peHHI0.

c¢) Ho, uto BakHee Bcero, 3HayHTeJbHO BO3pOC/a
NpaBuIbHOCTL Tabauu Gaarogaps TOMy, YTO OWIHGKH,
KOTOpbIE €lile YaCcTO NMOHAafajHCh B CTAPHHHEBIX TaGJHIAX,
cCO6EHHO B NMOCAEIHHX AECATHYHLIX 3HaKaX, ObIJIH ycTpa-
HeHBl NIPH [MOMOIUH BHHMAaTeJbHOH NPOBEPKH.

H3 Goaburoro umc/ia BO3HHKWIHX TakuM obpasom
TabJIHIl 1 HA30BY TOJIbKO CaMble H3BECTHEHIE.

4, «IlosHO® co6paHHe 6GOJBIUMX JOFAapHPMO-TPHIOHO-
MeTpHYeCKuX TabJHL», H3JaHHOe ABCTPHHCKHM apTHJJe-
puiickuM odruepom Bera B 1794 r. B Jlefinuure. Opuru-
RaJsbHOe HajaHue ctajo Gubanorpacduueckofi peakocThio,
Ho B 1896 r. Bo dJopeHUHH nOsABUJIACh (POTOTHHHAS Tie-
peneyaTka. 3TH TaOJHUB COAEPKAT JeCATHIHAUHEIE JIO-
rapu¢Mbpl HATypajJbHBIX YHCeJ H TPHrOHOMETPHYECKHX
$HYHKUHH, PACNOJOXKEHHEIe MO cnocofy, CTABMIEMY C TeX
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nop THNHYHBLIM; TaK, BBl BHAHTe, HanpuMep, 3[1eCh yiKe
MajenbKie TabJHUKH pasHocTed, npefHa3HayeHHble A4
o6JierieHHa HHTEPHOJHPOBAHHA.

[lepexonsn x XIX B., MBl 3aMeyaeM LIHPOKOE pacrnpo-
CTpaHeHHe JorapudMoB, cTOsIliee B CBS3H, BO-NEPBBIX,
¢ TeM, uTo B 20-x rojax Jjorapudmbl ObLIH BBELCHH B
IIKOJY, @ BO-BTOPHIX, € TeM, YTO JOrapudMbnl HaxoasT
Bce GoJibile H GOJiblle NPHMEHEHHH B NpakTHKe (PHU3H-
KOB H TexHHKOB. [IpH 3TOM npHuIIOCH, KOHEYHO, COr/ia-
CUTbCA Ha 3Ha4YUTEJNbHOE€ COKpPAaUEeHHe HYHCIa 3HAaKOB,
TaK KaK M LIKoJa H NpakTHKa HyXJAaaucbh B Tabauuax,
He CJHIIKOM O0BEMHCTHIX; K TOMYy XKe TPH HWJH 4YeTbipe
JeCATHUHBIX 3HAKA NPEACTABJAIOT TOUYHOCTh, BNOJHE 10-
CTaTOYHyi0 B GoabliHHCTBe cJaydaeB. [IpaBaa, B moe
IIKO/IbHOE BPeMA Mbl NOJIb30BaJHCh €llle CeMH3HAYHBIMH
TabJaHHaMH; B TO BpeMsl B 3alIUTy ynoTpebieHHst TaKOro
Yy{Caa 3HAKOB NPHBOAHAH TO coo0parkeHHe, YTO YHUEHHKH
JOJIKHB 6Jarogapsi 3TOMY TPOHHKHYTbCA «BeJHYHEM
yucea». Tenepb Bce HACTpOEHH YTHJAHTAPDHO H BCIOAY
NoJIb3YIOTCA TPex3HaYHbIMH, YeTHIPEX3HAYHBIMH HJIH, ca-
Moe GoJbliee, MATH3HAYHBIMH Ta6IHIAMH.

CueTHana JHHefiKa, KaK H3BECTHO, NPEACTABJAET CO-
Goii He uTO MHOE, KaK TPeX3HAuHylo Tab/uuy JorapHud-
MOB B caMoil yao6HOI ¢opMe MeXaHHUECKOro CHYEeTHOro
amnapaTa; BaM BCEeM, KOHEYHO, H3BeCTeH 3TOT HHCTPy-
MEHT, KOTOpHIl Tenepb BCAKUH HHXKeHep BCerga Hmeer
npu cebe AJaa CBOHX pacyeros.

Ho Mbi ewle He AOLIIH, KOHEUHO, B 3TOM Hampas.je-
HHH [0 KOHLIa H MOMEM JOBOJLHO SICHO MPeACTaBHTL
cefe, B yeM OyIeT COCTOATb JaJjbHeHlliee pasBHTHe,
a MMEHHO, B Ioc/efHee BpeMs Bce GoJbilie H Gosblie
[ACNPOCTPAHAIOTCA CUETHbIe MALUHHB, KOTOpbIE AeJaloT
WIJAHIIHHMH TabJuubl JorapHpMoB, TaK KaK OHU NO3BO-
JAI0T NPOU3BOJHTb HEMNOCPeACTBEHHOE YMHOMXEHHe ro-
pasno GbicTpee U yBepeHHee !%2),

3. TMpuMeHeHHs TPHTOHOMETPHYECKHX YHKUMH

31ech HacC HHTEPECYIOT:

Tpuzonomerpus, Koropas BooGlle MOCAYHKHJIA NOBO-
IOM K H306peTeHHI0 TPHrOHOMeTpHUecKHX - (DYyHKUHA.

Mexanuxa, B KOTOpodl y4YeHHe 0 MaJHX KoJeBaHUsAX
npeacrabaser cofo#t ocobeHHO oOwupHylo o0/aacTb “X
npHMeHeHHus.



IIAPOKOTO KPYra CTpaxoBaTefieit MOXET NpUBECTH K QHHAH-
COBBIM 3aTPYJHEHHSIM Yy CTPAaXOBIIHKA.

JleicTBYIOIIHE B YCIOBHSAX PBIHKAa OpPraHbl rOCygapcT-
BEHHOr0 CTPaXOBOIO HAJ30pa PEryJIMPYIOT KOHKYPEHTHYIO
60pb0y CTPaxoOBIIMKOB IYTEM YCTAHOBJICHUS MHUHHMMAaJIbHBIX
OpEIe/IOB CTPAaXOBOA NPEMHMH IO TEM MM HHBIM BHAAM
CTpaxOBaHHA.

B 3aBHCHMOCTH OT cmocofa HCYMCIICHHS CTpaxoBble
B3HOCH KJACCHQHIMPYIOTCH Ha CpEAHME, CTENEHHbIE U HH-
JMBUIYaTbHbIE IPEMHH.

Cpeonue npemuu NIONy4aroTCS B TOM Clly4yae, Korja crpa-
XOBIIMK, aGcTpargpyercsi OT HMHAMBHyalbHBIX OCOOEHHO-
creil 0OBEKTOB cTpaxoBaHusa M npuberaer k cpenueit apud-
METHYECKOH 1A BCeit COBOKyNHOCTH. Cpe/THHe NPEMHH NPH-
MEHSIOTCSH B IPAKTHKE CTPAaXxOBOro JelNa, €ClH CTPaxoBoe
of1IecTBO He pacmoyaraer JocraToyHod HHPopmanued o
Pa3BUTHH PHCKA H 0COOEHHOCTSAX OOBEKTOB, BKIIOYEHHBIX B
CTPaxoBYIO COBOKYIMHOCTb. IIpH MCYHCIIEHMM CpEeIHHX Mpe-
MUl HCNOJNIb3YIOTCH PacieThl CPEOHHX B3BELICHHLIX, IOe B
Ka9ecTBe «BECOB» BHICTYNAET BpeMeHHOM GakTop ¥ MHAUBH-
IyaJIbHbIC HaTypalibHble MPEMHH IS OTAENbHBIX 0OBEKTOB,
BKJIIOYEHHBIX B CTPAXOBYIO COBOKYITHOCTB.

IIpr DOCTOAHCTBE HATYpPaNbHOH IPEMMH - pe3YJIbTaThl
IpHMEHEHUS CPEIHUX B3HOCOB XOPOILIHE, TaK KakK C TeYEHHEM
BpPEMEHH HE INPOUCXOJAT CYIIECTBEHHbIE M3MEHEHHS B pas-
Mepax HHAMBHIYanbHOTO B3Hoca. [Ipu yBenu4yeHMM HaTypa-
JbHOH IpeMHH Hemenecoobpa3Ho mnpuberaTb K CpeqHHM
B3HOCAM, TaK KaK OHH TaKXe MOCTOSHHO YBEIHYHBAIOTCH.
3meck BO3MOXKHA Takas CHTyallMsl, KOrja cpeJHue B3HOCHI
OOCTHTHYT TAKHX BEJIMYHH, YTO CTPaxoBaTellb MO 3KOHOMH-
9eCKHM COOOpaXXeHHsM OTKaXeTcs OT MPOAOJDKEHHS paHee
3aKJII0O9EHHOT 0 JOTOBOpA CTPAXOBAHMA M PACTOPTHET €ro.

Cpenune npeMHH oNpaBAaHEbl, €CIIH CTPAXOBIIHK PaCcCHH-
THIBae€T Ha FapaHTUPOBAHHbINH MPHUTOK HOBBIX JOOpoOKavecT-
BEHHEIX PHCKOB. B 3TOM ciyqae ciepxuBaeTcs pocT CpeIHAX
B3HOCOB.

Cmenennbie npesmuu. ECH nIpH onpeaeneHNH CTPaxoBo-
ro B3HOCZa BO BHHMAaHHME NPUHAMAETCH BEJNMYHHA PHCKA
06beKTa, KOTOPBIH BKIOYEH B CTPAXOBYIO COBOKYIHOCTD, TO
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Tako#il CTpaxoBo#l B3HOC HA3BIBAETCA CTENEHHOH CTPaxoOBOM
npeMue. JIns BCIMCIECHHS CTENEHHbIX NpeMUH HeobXxonuma
COOTBETCTBYIOLIAs CTaTHCTUYecKas HHopMalHs, kacaroua-
SiCS OTAENIBHBIX PHCKOBBIX NPU3HAKOB: ‘AaTa MOCTPOMHKH, Me-
CTONOJIOXKEeHHE, PYHKIIMOHANBbHOE Ha3HAYEeHHE 00BeKTa cTpa-
XOBaHMS H T. II.

KpoMme Toro, Ha npakTHke MCHOJIb3YETCH CHCTEMA OCHOB-
HOH M 106aBOYHOH cTpaxoBoil mpemuH. OCHOBHas CTpa-
XOBasi IPEMHSl ONpEIeNseTcs MPH 3aKMOYEHAH ITOTOBO-
pa crpaxoBaHus. Jlonyckaercs, 4TO 3Ta OCHOBHAas CTPaxo-
Basg nmpemus OyxeT yBenudeHa MM yMeHbLIEHA B 3aBHCHMO-
CTH OT HHAMBHAYANbHBIX 0cOOEHHOCTEH O06BheKTa CTpaxoBa-
Hus. IIpu TakoM crmocobe pacueToB NoJjlyyaeTcss MHIUBHIY-
anu3upoBaHMe pucka. IlpumeHeHme cxuaok M HanbaBox
NIPHU3BAaHO KOPPEKTHPOBAaTh OCHOBHYIO npemMuio. CKHIKH H
Hag0aBKH K OCHOBHOH NpPEMHH Ha3bIBAIOTCA 000a804H0il
npemueii.



OCHOBDbI
NEPECTPAXOBAHUA

MnaBa

8.1. ConepxaHue gorosopa
nepecTpaxoBaHWA

IlepecTpaxoBaHue HO3BOJISET KOMIEHCHPOBAThH KoJeba-
HHS M COKpalliaTh MOTeHIHAN ymepba. 3To cHcTeMa 3KOHO-
MHYeCKHX OTHOIIIEHHH, B COOTBETCTBMH C KOTOPOH CTpaxoB-
[I¥K, IPAHEMAas Ha CTPaXOBaHHE PUCKH, JaCTb OTBETCTBEH-
HOCTH IO HMM (C y9€TOM CBOHX (PHHAHCOBBIX BO3MOXHOCTEIH)
IepesaeT Ha COIJIACOBAHHEIX YCJIOBHSAX OPYTAM CTPaXOBLIM-
KaM ¢ OéNBIO CO3JaHHA IO BO3MOXHOCTH cOaJlaHCHpOBaH-
HOro mnoprdens cTpaxoBaHW#, obecrnedeHHs (GUHAHCOBOH
YCTOHYHBOCTH H PEHTAa0GEILHOCTH CTPAXOBBIX OIEPAIHH.

Poamuoit nepecrtpaxoBanus cuuraercs ['epmanmuda. Ilep-
BO€ MEpecTpaxoBOgHOEe oOmecTBo 6bUI0 06pa3zoBaHo B
Kempue B 1846 r. 3aTeM nosBmiIoch MIOHXEHCKO€E IIepecTpa-
XOBO9HOe 06mIecTBO. «Pycckoe oOuiecTBO mepecTpaxoBa-
HUs» BO3HHKIO B 1895 r., m 3aHEManock OHO mHepecTpa-
XOBaHHEM OrHEBbIX pHCKOB. C60p npeMui COCTaBIAI
11,4 ot py6. B roa, yositku — 8 muE py6. ObmectBo
obmagano xamutamoM B 4 Myl pyb. IlepectpaxoBanHem
3aHAMAJIOCh B PYCCKoe cTpaxoBoe obmiectBo «IloMomp» ¢
npeMHAMHE B 4,3 MIH py6. B yObITRKaMHE B 2,5 MIIH py6. B roa.
Co3panue 2THX OOLIECTB HPECNIEIOBAJIO LEIb NPEMATCTBO-
BaTh OTTOKY 30JI0Ta B BHJE IpeMHil 3a rpaHuny. B ocHoBe
HOepecTpaxoBaHUA -— JOrOBOpP, COIVIACHO KOTOPOMY OJHA
CTOPOHAa — MLEJEHT MNepeJaeT MHOJHOCTbIO HJIM HacCTHYHO
CTPaxoBO# PHCK (IPYIIly CTPaXOBhIX PHCKOB ONpE/CIEHHOrO
BHJA) OpPYroH CTOPOHE — HEPECTPAXOBLIMKY, KOTOpPLIH B
CBOIO ouepeab NPHHHMAeT Ha cebs 00A3aTeNbCTBO BO3Me-
CTATb UEHNEHTY COOTBETCTBYIOINYIO YacTh BBILIAYEHHO! O
CTPaxo30ro BO3MELLICHHS.

226



U3 npuBeneHHOro onpeneNieHus clelyeT, 4To B JOTOBOpe
IepecTPaxoOBaHUA BLICTYIAKOT JIBE CTOPOHBI: CTpaxoBoe 00-
HIECTBO, Nepefaloliiee PHCK, KOTOpbIi Mbl 6yleM Ha3bIBaTh
IIEpeCTPaXOBOYHBIM PHCKOM, M CTpaxoBoe OOIIeCTBO, MpPH-
HHMalolllee PHCK Ha CBOIO OTBETCTBEHHOCTb, KOTOPOE MBI
OyZeM Ha3bIBATb NepPecMmpaxo8ujukomM.

CaM mpomecc, CBSi3aHHBIH C mepegaye pucka, cieayeT
Ha3bIBATh YeoupoeanueM Puckd, WM nepecmpaxoeouHol yec-
cueti. B 5TOH CBsA3M mepecTpaxoBIMKA, OTHAIOLIETO PHCK,
HA3BIBAIOT YedeHmoM, a TIEPeCTPaxOBIIHKA, IPHHUMAIOLIETO
PHCK, — yeccuoHapuem.

PHck, NpHHATHIA OAHHBIM IEPECTPAXOBIIMKOM OT Ie-
IEeHTa, [AOBOJBHO HYacTO TMOJBEPraeTcs IOCJEAYIOLIEH
nepefaye MOJHOCTHIO WM YACTHYHO CIENYIOIIEMY CTpaxo-
BoMy ob6mecTBy. I[locnenmyolllas mnepeagaya mepecTpaxo-
BOYHOTO PHCKa Ha3bIBaeTcs pempoyeccuei. CTpaxoBoe 06-
LIECTBO, OTHAAlollleée PHCK B NEPECTPAXOBAHHE TPETbEMY
YYaCTHHMKY, Ha3bIBacTCi pempoyedenmom, a CTpaxoBoe 00-
IECTBO, MPHHUMAIOINEE PETPONEAUPOBAHHBIA PUCK, — pem-
DOYECCUOHAPUEM.

CrpaxoBble 0OMIECTBa, CHEIUATH3UPYIOLIMECH B 3aK/IIO-
YEHHH [OTOBOPOB MEPECTPAaxOBaHHsA, HA3bIBAIOTCHA Mepe-
CTpaxoBOYHBIMH OO1ecTBamMu. JloroBop mnepecTpaxoBaHHUA
HMeeT pAl cneluUu4YecKHX 4epT, KOTOpble HE BCTpPEYAroTCs
B TOPrOBBIX, GHHAHCOBBIX ¥ HHBIX JOTOBOpax. JTH CHENU(H-
YECKHEe YEPThI BO3HUKAIOT U3 CHEHH(UKH CACIIKH NIEPECTPaxo-
BaHMA.

IIpaBoBOH XxapakTep OOroBopa NEPECTPAXOBAHHUSA YkKe
JABHO SBJISETCA MPEOMETOM TEOPETHYECKUX MUCKYCCHi, KO-
TOpBIE NIPOOJDKAIOTCA N0 CHX nop. I'maBHbIA npeamer am-
CKYCCHii — cCJIeayeT JIA PaccCMaTpHBaTh NEPECTPaxOBaHHE
Kak 000COGHUBIIIYIOCS OTPacib CTPAXOBAaHHUA HJIH KaK CaMo-
CTOSTENIbHYIO OTpacibp BHe crpaxoBaHus. He OGymem Bna-
BaTbCA B MOAPOOHOCTH HACTOSIIETO CIOpPa, a OCTAHOBUMCH
Ha XapaxTepHbIX YepTax IHOrOBOPA MEPECTPAXOBAHMS.

OpnHoM B3 OTIMYMTENIBHBIX YEPT IOTOBOpa MEpPECTPAXO-
BaHMA ABJISIETCA NMPHHIMN Bo3Me3gHocTH. IlepecTpaxoBiiuk
00s3aH BBIIIATHTH NEACHTY BO3MEIEHHE NPONOPLMOHANBHO
JoJle Y4acTHsl H TOJBbKO B TOM CJIy4ae, eCIM [ENeHT BhIILIa-
THJI IPUYHATAIONIEECH BO3MEIIIEHHE 3aCTPaXOBAHHOMY.
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IIpunnun no6poit BOJA BHIPAXaeTcs B TOM, YTO CTPaxo-
BaTelb 0643aH HHPOPMHPOBATE CTPAXOBIIHKA IO 3aK/FOYe-
HHS JOrOBOpAa CTPaxOBaHWs U B TEYEHHE BCETO €ro Cpoka
JEHCTBAS O BCEX CYIIECTBEHHHIX OOCTOATENHCTBAX PHCKA,
Kacarummxcsa 06 beKTOB CTpaXOBaHHA, a TAKXE CTENEHH YTPO-
3bI 3TUM OOBEKTAM CO CTOPOHK! CTUXHIHBIX DeNCTBUI.

AHanorngsanle o6A3aTeIbCTBA BHITEKAIOT U3 OTHOLIEHHM
nepectpaxoBaHis. LleneHT obs3aH mMpenoCTaBUTh NEpPECTpa-
XOBHIMKY MOJIHYXO H JOCTOBEPHYIO MHPOPMAIHIO O IEAHUPO-
BaHHOM pHcke. [Tpunmun no6poit Bom umeeT ocoboe 3HaYe-
HHE Ul MOAAEPXAHAS JOJTOCPOYHOrO COTPYAHMYECTBA IIe-
pecTpaxoBlIHKa ¢ meaeHToM. OTclofa CleAyeT, YTO mepe-
CTPaxoBINWK MPHHHMAET PEILLCHHME O 3aKJIFOYCHMH J0roBOpa
MEPECTPaXOBaHHA H BHIOLIATE CTPAXOBOTO BO3MEHICHHA MO
9TOMY JIOrOBOPY HCXOAS U3 HHGOpPMAINH, IpeA0CTaBJICHHOR
B IOKYMEHTax NeJeHTa.

OneMeHTaMH [OTOBOpPAa CTPaXOBAaHHA MABIAIOTCH PHUCK,
CTpaxoBOH IUIATEX, CTPAXOBOE BO3MEILEHHE H Ap.

OOGBEKTOM MEpPECTPAXOBOYHBIX OTHOLIEHAH ABISETCH
HMYIIIECTBEHHAas CHTyalnusi JAHHOTO CTPaxoBOro oOIIecTBa,
BLICTYNAIOLIETO B pOJIH neAcHTa. [lepecTpaXxoBIMK HE HMEET
HUKaKWX OpaB H 006sA3aHHOCTEH, BHITEKAIOIIMX U3 3aK/IFOYEH-
HBIX NEXEHTOM JOrOBOPOB CTpaxoBaHHsA. B cBoio ouepens
3aCTpaxOBaHHBLIH HE HMeeT Hu4ero oblero ¢ JoroBopamu
[IEpECTPaXOBaHHA, 3aKJHOYCHHEIMH IIEICHTOM OTHOCHTEIIEHO
nepeaas puckoB. CTpaxoBUIMK He 00s3aH HEPOPMHUPOBATH
CTpaxoBaTelid O HAMEPEHWHM MepelaTh B IEpeCTpaxOBaHHE
MOJTHOCTBIO WJIH 9aCTHYHO B3AThbi€ PHCKH.

Pactyuiee 3HaueHHE OEPeCTPaXOBaHUA U HOBBIC 3KOHOMH-
YECKHE YCIJIOBHS COCOOGCTBOBAJIM MEPEXOAY OT TPATHIHOH-
HBIX JOBOJIBHO JOPOTHX METOJOB IepecTpaxoBaHus (KBOT-
HOTO H 3KCHEACHTHOro) k 6oJiee memeBbM METOLAM HEIpo-
NOPIHOHAJIBHOTO NepecTPaxoBaHMs OTAEIbHBIX IPYNI PUCKa
HJIM BCErO CTPaxoBOTO MOPTQens.

OcHOBHO# ¢YHKOHEH NepecTpaxOBaHHS SBJIAETCH 8Mo-
PpuuHoe pacnpedeaenue pucka, 61arogaps KOTOpoMY IIPOMC-
XOIHUT KOJIHYECTBEHHOE H KaYeCTBEHHOE BHIPABHHBAHME CTpa-
xoBoro moptdensa. Pacnpenenendme pucKa OPOMCXODHT He
TOJILKO B paMKax HalIMOHAJBHBIX 3KOHOMHK, a YYHTBIBas
HHTEPHAOMOHAIM3ALMIO XO3AHCTBEHHBIX CBA3CH, mpuobpeTa-
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NepecTaHOBOK M TepeMeH 3HaKa y KOOPAHHAT TOUeK Rig,
Kotopasi npeo6pasyer MHoroo6pasne Mj; B ce6s *).

Hau6osee BaXXHEIM ABJSETCA BONPOC O TexX aflreGpau-
YECKHX YDaBHEHHUSX, KOTOPHIM YIOBJETBOPSIIOT KQOpAH-
HAaTH TOYEK MHOroo6pasus M,; H KOTOpble 06pasyioT Co-
BOKYNHOCTb TpHroHoMeTpuueckux dopmya. Tax kak
Bcerna cos’a - sinfa=1, T0 3T0 HaeT HaM Npekze
BCEro mecTb KBaJApaTHYHHX COOTHOIUEHHH

x2+y2_l (i=l! 2""1 6)7 (1)

KOTOphIe, ~BHIPaXasich TIeOMETPHYECKH, H306paxaior
H1ECTh LHJHHPHYECKHX NOBEpPXHOCTeH BTOPOro nopsa-
Ka, cofepXaluux Muoroo6pasue M.

ﬂ.pyme mecTs GopMysa Jnaer TeopeMa KOCHHYCOB

chepHyecKodl TPHrOHOMETPHH, KOTOpas B HallHX 0603Ha-
YeHHUsX BHIPAXKAETCS TaK:

cosa==cosb-cosc—sinb-sinc.cosa,
YTO NPH NOJSPHOM Hpeo6pa3loBaHMH RaeT
cosa==cos f cos y — sin p sin ycos a.

ATu dopMyabl BMeCTe C TeEMH UYETHPbM#A, KOTOPHE TOJY-
YajTCcH NPH LHKIHYECKHX NepecTaHOBKaX CHMBOJOB a,
b, c v a,p,y, ONpedensiOT WECTh NOBEPXHOCTEH TPEThEro
nopsika, CofepKaiHux MHoroo6pasue Ms:
X == XgX3g — YalfsXy; X9 == X3X| — Y31 Xs;
Xa =X Xy — YiYsXe; (2)
Xy==XsXg — YsleX1s  X5== XeXy — YelsXo;
Xg= XX5— Ys¥sXs. (3)
HaKoHel, MOXHO elie HCNOJb30BATb TeODEMY CHHY-

COB, KOTOpas TOJYy4aeTcs, €CJAH IPHPABHATH HYJMIO MH-
HOpH caeaymouiel MaTPHUH:

sina sin b sine¢
sina sin P siny

Y1 Y2 Jq[
Y4 Ys Ye

*) Ecau HekoTOpas Takag CHMMeETpHSA (T. €. NEpPecTaHOBKA HeEKO-
TOPHX KOOPAHHAT H NepeMeH 3HAKOB) NpeofpadyeT TOUKY § MHOrO-
o6pa3da  Ma B TOUKY 1 Toro Xe MHoroo6pasusa, a Apyras NepeBOAMT
TOYKY M B TOUYKY &, TO NOCJAEA0OBATENbHOE BHIIONHEHHE 3THX ABYX
CHMMeTpHI nepeBOAHMT Touky £ B TOUKy §; 3TO 3HayuT, 4TO KOMIO-
3HUHS OBYX TaKHX CHMMeTpuil npenctapaseT cofoii TaKXe OQHY M3
HHUX; npeoBpasoBaHue, o6paTHOe CHMMETPHH, TOXe NpPeACTABJAET CO-
60fi omHY B3 cuMMeTpufi. 3TO 03HayaeT, YTO BCe pacCMaTpHBAEMble
CHMMeTPHH 06pasylT rpymuy.,
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I1Haye roeops, 3Ta TeopeMa BHIPAXKaeTca PaBEHCTBAMH.
YoYs — YaYs = Ya¥s — Y1¥s = Y1¥s — Y294 =0.  (4)

3TO maeT TPH MOBEPXHOCTH BTOPOro MOPAAKA, H3 KO-
TOPHIX, OHAKO, TOJbKO JB€ JHHEHHO He3aBHCHMEL.

TakuM o6pa3oM, B ofleM MH NOJY4YHIH 15 ypaBHe-
HUf Qg TOYeK Haulero MHoroo6pasus M,; B nmpocrpaH-
cTBe Rys.

HOnsa BbAeNneHHA H3 Ry TpexMepHOro MHOXeCTBA
OKa3biBaeTcsi, BooOLie TOBOPsA, HEAOCTATOYHHIM HMETh
12— 3 =9 ypaBHeHHH. B camMoMm nene, yxxe B OGBIKHO-
BEHHOH reoMeTpHMH IpoCcTpaHCTBa K3, KAK H3BeCTHO, OT-
Hiob He BCSiIKaf KpHBasi B IIPOCTPaHCTBe MOXeT OHThb
NpeacTaBl]eHa Kak [0JHOe nepecevyeHHe IByX airebpad-
YeCKHX INOBepXHOCTeH; HpOCTeHINMM HPHMePOM CJYXKHT
NpOCTpPaHCTBEHHAs KpHUBas TpeTbero mopslka, AJd ompe-
JeJeHUss KOTOpo# HeOGXOAMMH MO MeHbINEH wMepe
3 ypasHenus. Tak H B HalleM cJayuae JierKO BHAETb, 4TO
9 ypasHenuét (1) m (2) ewe He ompergensior Ms, Kak
M3BECTHO, M3 TeOpeMH KOCHHYCOB MOXKHO BHIBECTH TeO-
peMy CHHYCOB, He CYHTas OJHOTO 3HakKa, BOMPOC O KOTO-
pPOM pelIaioT 3aTeM IPH NOMOLUH reOMETPHYECKHX C006-
paxeHH. [IpencTaBasercs XelaTeNbHbIM 3HATb, Kakue
UMEHHO YDABHERUS U 8 KAKOM 4ucCAe 8nOAHe onpede-
AROT Hatle muozooGpasue M. Boobuue, a xeaan Owt
¢opMysHpOBaTh 3/eCh YeTblpe ONpeAeJeHHBIX BOOpPOCAE,
Ha KOTophle, HO-BUAMMOMY, B JHTepaType A0 CHX IOp
glile HET TOYHOrO OTBETA; OHHM 3aCJyXKHBAIOT, s AyMalo,
N0APOGHOr0 H3y4YeHHs, KOTOPOE K TOMY e Y He JOJIKHO
NpeacTaBUTb OCOGEHHOro TPyAd, ecaH TOoJbKo npuobpe-
TeHa H3BeCTHasfi CHOpPOBKa B OOpailleHHH ¢ ¢dopMyaamu
chepHueCKOH TPHTOHOMETPHH.

BorT 3Ty BOMpOCH:

1. Y70 nado norumars nod «nopadkom» mMHO2000pa-
3ua Msy?

2. Kakosst ypasnenus camoil Hu3K0U cTenenu, no-
CpeGCTBOM KOTODbLLX MOMCHO npeacraeurb Muoeooﬁpasue
M; 8 qucrom sude?

3. Kaxosa noanas cucrema nesdasucumelx ypasHe-
nui, codepscawyux My, T. e. TaKuMX ypaBHeRUA f; =
=0, ..., [a=0, M3 KOTODHIX BCSKOe Jpyroe YypaBHe-
Hye, H306pa)camollee NOBEPXHOCTb, NPOXOAALLYIO UYepe3
M;, MoxeT GHTh COCTaBJEHO JHHeHHHIM o6pasom mno-
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CPEACTBOM LEJBIX palHOHAJbHWX MHOMXHTENEH *) my, ...

., Ma B BUge myfi+ ... + m.fs=0? das storo Mo-
KeT MOHaA06HTbCcA 60Jbllle YDaBHEHHH, YeM yKa3biBaer
OTBET Ha Bompoc 2.

4. Kaxue anzeGpauueckue roxcdectsa [Tak Ha3miBae-
Mmble cusneuu (Syzygieen)] umeror mecro mexcdy aTumu
n gopmamu fi, ..., fa?

Bo Bcex 3THX Bellax MOXHO OpPUEHTHPOBATbCH C MO-
MOIIBIO Y3Ke IpPOH3BEJeHHBIX HCCJAeLOBaHHH, KOTOpble
NpecienyloT Ty e CAMYI0 LEnb, XOTH HCXOAST H3- He-
CKOJIbKO HHOH IIOCTAHOBKH BOMpOca. JTHU HCCJAeZOBaHHA
cojepxaTcid B TETTHHTEHCKOH AHccepTallMH, KOTOPYIO
nanucana Ymaxonbm (moagHee KOur) B 1894 r. 310 —
repeas AauccepTauust B [Ipyccuu, HanucaHHas >KeHUH-
Hoii. CpelM pa3JMYHHIX NPHEMOB, NpHMeHAeMbIX UH3-
X0NbM, HauGoJee 3aMeyaTeJdbHHII COCTOMT B TOM, YTO
3a He3aBHCHMble KOOPAHHATH OHA IPHHUMAaeT KOTaHIeH-
CHl TIOJIOBHH YTJIOB H AYT; AeHCTBHTENAbHO, BBHAY TOTO,

o o a
uTO OCHOBHOW (QyHKuMed sBasgercs tg 5, a cneposa-

. ‘a
TeJbHO, H Ctg’ﬁ- H YTO 4U€pe3 HEee OLAHO3HAaYHO BhIpaXa-

IOTCS1 COS e U sin o, OKa3hIBAETCSI BO3MOXHLIM 34IHCATb
BCAKO€ TPHUIOHOMETpHYECKOE paBe€HCTBO B BHAE aJre-

6pavyecKoro COOTHOLUIEHUS Mex1y ctg %, cees ctg—;—‘ .

IToaToMy cdepuyeckHe TPeYroJibHHKH NMPEACTABJSAIOT Te-
Tneph TpexMmepHoe ajrebGpanyeckoe MHorooGpasune M,
B LIECTHMEPHOM IIPOCTPAHCTBe Rg, KOTOpOe HMEEeT KOOp-
a b c [+ B v
nuHataMu ctg 5, ctgg, ctgg, cig 5, ctg 5, ctg .
UnaxonbM M0Kasana, YTo 3TO MHoroo6pasme M; nmeer
NOPAAOK, paBHBIl 8, H 4TO OHO MoxeT ObiTb NpeiCTab-
JIeHO KaK [OJIHOE nepeceyeHHe TpeX IOBEPXHOCTeH BTo-
poro nopsiiKa B NPOCTPAHCTBE Rg.
PopMyAH BTOPOHCTYNEeHH, cOOCTBEHHDBIA
H HecobGcTBeuHbe TPpeyroldbHuku. Dopmyan
ctepruyecKot TPHTOHOMETPHUH, O KOTOPHIX f A0 CHUX MOp
rOBOPHI M KOTOpbie CBS3bIBAIOT CHHYCHl H KOCHHYCH
CTOPOH H YrjioB, i Ha3biBal0 (opMy/aaMmH NEpBOH CTY-
TIeHH; UM NPOTHBONOCTABJSAIOT TPYNNY CyLeCTBEHHO ADY-
I'ux cbopmyn nog umeHeM GopMysa BTOPOH cTymeHH. DTH
¢opMynH npeicTaBAflOT coBoil anreGpanyeckHe ypas-

*) OT nepeMeHublX X1, ..., Yo.

9 O Kaedtun, 1.1
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HEHHsl, KOTOPEIM NOAYHHEHH TPHrOHOMeTpuUuecKHe (QyHK-
IHH MOJOBHH YIJIOB H CTOPOH; MO3TOMY NPH H3YYeHHH
HOCIEIHHX TPEeACTaBAsieTcss Haubojee yAOOHHM pac-
CMaTpHBaTh 12 BeJHYMH

cos<, sin—
3 R

[¢ . a
eesy COS T, SID, .
KaK KOOpA¥HATH HOBOTO AB€HALUATHMEpPHOro npocrtpan-
4
cTBa Rz, B KOTOPOM cdepHYecKHe TpeyroJbHHKH CHOBA

00pa3yioT TpexMepHoe ajrefpanuyeckoe MHoroobpasue

M. Ha [IePBOM MeCTe 3/leChb CTOAT MNpexjae Bcero Te
H3fIUHEIE (OPMYJbI, KOTOphle OblIH Ony6JMKORAHH B
payaJje NPOULIOTO CTOJETHsI HOYTH ONHOBPEeMeHHO W He-
3aBucuMo Zpyr ot zapyra JHenam6bpom (1807), Moanb-
peiize (1808) u, nakoneu, I'ayccom (1809). 1o 12 dop-
MYJ, TOJIydaeMBX [OCPeJCTBOM KPYroBo#l nepecTaHOBKH
13 ¢opmya

sin Y cos 2= sin =Y sin 2=°
2 _ 2 2 e 2
si _a. _:l: COS'E- ! 1 .(.l_ —+ i a !
in 5 3 sin 5 sin 5
cosﬁ-i-v cc;sb+c cosﬁ—Y sinb+c
2 . 2 2 . 2
cos2 == cosi ’ cos£ == in % '
3 ) 5 sin 3

Heurto cymecTBeHHOe H HOBO€ IO CpaBHeHHIO ¢ dop-
MyJnaMH NepBofl CTYMeHH NpeACTaRAseT 3[4eCh XBOHHOH
3HaK, KOTOpHIH HaA0 MOHHUMAThL CJeAYyIOHM 00pasoM:
JJIS OAHOIO M TOTO e TPeyrOJbHHKA HMEKIT MeCcTo OJHO-
BpeMeHHO BCe BepXHHE HJIH Bce HHIKHHe 3HAaKH BO BceX
12 dopMynax; npu 3TOM OKa3bIBZETCS, YTO CYLIECTBYIOT
TpPeyronbHHKH KaK TOTO, TakK M Apyroro pojga. Takum 06-
pa30M, MHOXKeCTBO Mj; cepHuecKux TPEYrOJILHHKOB B
onpejeNeHHOM BHIE IPOCTPaHCTBE Ry2 ONpelensieTcs
OBYMsi COBEpUIEHHO pa3JUYHBIMH- CHCTEMaMH, COCTOS-
wmuMr H3 12 KyOuueckHX ypaBHeHHMH Kampasi, H pacna-
L3eTCs I03TOMY Ha JBa OTAeNbHEIX aareGpauyecKux
MHoroo6pasusi: Ms, IJIf KOTOPOTO HMEET MeCTO OAUH
3HaK, H Mj;, 1ns KoToporo Hano OpaTh Apyroil 3Hak.
Bnarojapa 3TOMy 3aMeuaTeNbHOMY OOGCTOSITENBLCTBY
ynoMaHyTHe GOpMyJasl npHoOGpeTarnT 0CoGeHHO BaXHOe
3HayeHHe B TeOpHU cepHUYECKHX TpeYroJbHHKOB; OHH
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npeacTaRgaArwT coboft HeuTo ropasfo GoJbliee, YeM Mpo-
croe Inpeo0pa3oBaHHe MpPEXHHX YpaBHeHHH, TOXHOE —
caMoe GoJabliee — A1f1 0OG1eryeHHst TPHTOHOMETPHUYECKHX
BBIYHCJIEHHA, Kak mnonarand Jlenam6p u Mosbseiizne.
T'aycc mepBH#l B3rHYJ Ha Ae/0 TIyOXKe; NeHCTBHTENb-
HO, OH YKAa3bIBaeT Ha BO3MOXHOCTb II€DeMEHH 3HAK43,
€CIH NPHIATh HAee cdepHIecKOro TPeyroJdbHHKA ee HaH-
Goabwyro oO6wHOCTh, [l03TOMYy MHEe KakeTcs BIIOJHE
CHpaBeA/IHBLIM Ha3niBaTb 3TH dopMmyan popmynamu Ia-
ycca, X0TS H He eMy NPHHAIJIeXHT IPHOPHTET HUX onyo6-
JHKOBaHHS,

Ho Brnepshe nmoHsa Bce sHaueHHe 3TOro 06CTOATENb-
crBa Ultyan u paswsichun ero 8 1894 r. Ero raasupiil
pesynbTaT yNoOHO BEIDA3HTb, €CAM HCXOAHTb H3 NpO-
CTPAHCTBA IUECTH U3MepeHU# Rg, AJS KOTOPOTO KOODIH-
HaTAMH CAyXaT CaMH 3HayeHHd a, b, ¢, a, §, y, pac-
cMaTpHBAaeMble KaK HEOrDAHHYEHHO H3MeHAoLIHecs ne-
peMeHHBle; MBI GyleM Ha3HBAaTb HX TPAGHCYEHOEHTHbLMU
onpedeRIOWUMU INEMEHTAMI TPEYTONLHAKA B OT/IHYHE
OT aszebpaudeckux onpedeaaroujux INemMenTo8 cos a, . ..
WM COS %, ..., TAK KaK TnepBHle NPeiCTaBAAT coboi
TpaHCUEHIEHTHHE, a BTOpbie — ajarefpaHyeckHe GyHK-
HHH OOGLIKHOBEHHHX NpPOCTPAHCTBEHHBIX KOOpPAMHAT Bep-
LIHH TpeyronbHHKa. B 3TOM npocTpaHcTBe R COBOKYII-
HOCTb BCeX ctepHuecKHX TpPeyroJibHHKOB COCTaBJsICT
TpaHCUeHAeHTHoe MHorooGpasne M;9), obpasom Koro-

'
poOro B NPOCTPAHCTBE R CAYMHUT ONpefesenHoe BhLIe
e

anre6panyeckoe MHoroo6pasue Mi+ Ho Tak kak mno-
clelHee pacnajgaercqd Ha ABa MHoroo6pasHd, a orobpa-
Kawumue QyHKUUH COS %, ... TIIpeAcCTaBifIOT co6o#
0JHO3HAYHHE M HelmpepuBHble (YHKUHUH TPaHCHEHIEHT-
HBIX KOOPJAHHAT, TO W TpaHCUEHIeHTHoe MHoroobpasue
M3 monxno pacnajaThCs HA MABe OTHAEJbHble YacTi
{cocrapasouue). Cama teopeMa Ultyau 3awimouaercs
B cAelfywolleM: TpaHCUeHJeHTHoe MHoroo6pasue M9
BCEeX BeJUYHH 4, b, ¢, &, §, ¥y, KaKHe TOJbKO MOryT ONTh
3JeMeHTaMH cthepUuecKoro TpeyroibHHKa caMoro o6-
ulero BHA4, pacnagaetcs, COOTBETCTBEHHO JBOHHOMY
sEaky B dopMmyiaax [aycca, Ha gBe OTHeNbHHIE CBSISHBIE
yactd. HamnGosee BaXHHM #BJAfeTCA 3Jech HeBO3MOX-
HGCTb RajdbHeHUIEro pacnajeHus; 3TO 3HAYHMT, UTO LAaJb-
HeflIMA avaJH3 TPUTOHOMETPHYECKHX (QOpMYJ HEe MOXKET

or
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[DPHBECTH K NOJAOGHHIM H CTOJb 3Ke riy0oKUM pasfene-
HUAAM MHOXECTBA BCeX CQepHueCKHX TPEeYyroJbHHKOB.
TpeyronbHHKH nepBoOil Ipynibl, COOTBETCTBYIOLIEH BepX-
HeMy 3HaKy B ¢dopmyraax [aycca, HasblBalT cobcTgen-
HoiMU TPEYroJbHHKaMH, a TPeyroJbHHKH BTOPOH rpyi-
nbl — Heco6cT8ennbimu, Tak uto Teopemy LITyan MOxXHO
BLIPA3UTb TakK: COBOKYNHOCTS 8cex chepuueckux Tpe-
Y2O0NbHUKO8 pacnadaeTCa KA KOKTUHYYM COOCTBEHHbLLX
HA KOHTURYYM HecobCTeeHHblx Tpeyeoabruxos. OTHOCS-
uidecq crwoaa HO}IpOGHOCTK.H JOKa3aTeJbCTBO TEOPEMDI
ilryan B mnaiimere y BebGepa u Beawbwreitna (r. 1,
§ 47). 5 xe coo6imaro 3aech TOJbKO pe3yJbTaTH B BO3-
MOXHO KpaTKoM 0G3ope.

Tenepr s ocraHoBMOCL noApoGHee HAa pasTHYEHHH
c00MX pOJOB TPEYroJbHHKOB: €CIH HMeeTcsl KaKOMH-HH-
OyAp cepHuecKHH# TPEYroONbHHK, T. €. «LONYyCTHMAasA CH-
cTeMa 3HaueHMi» BeJduuwH a, b, ¢, a, B, 9, KOCHHYCEHI
¥ CHHYCHl KOTODHX YIOBJETBOPAIOT $opMynaM nepBoH
CTYNIEHH W KOTOphle NIO3TOMY MNpPeACTaBJAIOT HEKOTOPYiO
TOYKy B MHoroobpasuu Mz, 10 KakuM 0Gpa3aoM Mo-
JeM MH pelNTb BONPOC O TOM, AIBJSIETCA JH 3TOT Tpe-
YrOJIBHUK COGCTBEHHHIM MJH HecoGcTBeHHBIM? C  artoit
Henbio obGpasayeM npexjie BCero HauMeHbillMe TOJOXH-
TeJIbHbie BblYETHl &o, Do, Co, @o, Po, Po AAHHBIX UHCEN MO
MOAYTIO 27

0, <2n, ..., 0Ky < 2m, ...
aq=a (mod2n), ..., y=0a (mod2x), ...

KOCHHYCH # CHHYCBHI 3THX BLIYETOB PaBHH TEM e TpH-
IFOHOMeTpHYeCKUM (QyHKUHAM AJ8 @, ..., @&, ..., T4K
4YTO OHH B CBOI0 ouepeAb 06pasyioT cdepHuecKHH Tpe-
YrOJIbHHK, KOTODHIH Mbl Ha30B€M TNpHBEJEHHBIM HJIH Mé-
GUYCOBBHIM TpPe€YrOJBbHHKOM, COOTBETCTBYIOWHUM IEPBOMY
TPeyrofibHUKY, TaK Kak caM MéOGuyc He paccMaTpHBad
TPEYroJbHUKOB C 3JE€MEHTaMH, [PEeBOCXOAAWNUMH 2.
PemuMm npexkzae Bcero ¢ noMompld HeGOJbUICH TAGAHLBI
RONpPOC O TOM, B KakKHX caydasax TpeyroJbHHK MéGunyca
ABJSETCHA COGCTBEHHBIM W KOTAa OH NPHHAMJIEXUT K YHC-
Jy HecoGcTBeHHBIX. Takyio TaGJaHuKy BH MOXeTe HaiTH
y BeGepa u BenpwureiiHa, HO TONLKO B He CTOJbL Hariajl-
HOH (opMe; TaMm TAKKe NOMeLIEeHH PUCYHKH Pa3JHUHBIX
THNOB COOCTBEHHHIX H HeCOGCTBEHHHX TpPEYrOJbHHKOR.
MH HaXoAMM- MO 4YeThipe THNA TPEYrOoJLHHKOB KaXKAO0ro
foxBa.
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1. Cobcteennsie Tpeyzonrbruxuy Mébuyca:

1) 0 cropon > =n, Ho < 2m; 0 yrJgoB > 7,
HO < 2m;
2) 1 cropona >m, Ho < 2m; 2 npHaexAIMUX yraa > i,
Ho < 2m;
3) 2 cropoxst > n, Ho < 2m; 1 3akaouerunit yroa > =,
HO < 2n;
4) 3 cTopount > =, HO < 27 3 yrna >,
Ho < 2m,
[I. Hecobcrsennoie Tpeyzoronuxu Mébuyca:
1) 0 cropon >n,‘Ho < 2n; 3 yrma >,
HO < 2m;
2) 1 cropona >=m, o <2m; | npoTaBosiexamuti yron >,
HO < 2m;
3) 2 cropoun >, HO <2x; 2 NPOTHBOJIEKAHIHX yraa D>,
HO < 2m;
4) 3 cropoust > xm, HO < 2m;; 0 yraos >,
Ho < 2m,

Ipyrux cayyaeB, XpoMe 3jech IepedyHC/AEHHHX, He
CYLLeCTBYeT, TaK YTO C NMOMOINBLIO 3TOH TAaGNMUKYU BIOJHE
peluaercs BONPOC O TOM, K KOTOPOMY H3 [ABYX BHJOB
NpHHA/VIEXKHT JaHHHHA TPpeyrojbHHK Mébuyca.

CornacuHo cKa3aHHOMY Bhillle IEPEXOL K TPEYTOJbLHUKY
ofmero BHA2 @, ..., Q, ... OT COOTBETCTBYIOLIETO TpE-
yronbEHKa MEGHYca nNpPOH3BOAHTCA IIOCPEACTBOM CJae-
Jdymouniero poaa ¢opmya:

a=a,+ n -2mn, b=by+ n, - 2=, c=cy;+ ny - 2m,
a=a+v,-2n, P=Po+v-2n, v=v+ vy 2m,

NpHYeM HMeeT MeCTO TeopeMa: TpPEeyroJbHHK OofLlero
BHAA OKa3LIBAETCH OJHOHUMEHHWIM C [IpHUBEIEeHHHM Tpe-
YrOJIbHHKOM (T. €. OZHOBPEMEHHO C HHM COOGCTBEHHBWIM
HJPN HeCOGCTBEHHBIM), €CJOM CYMMa [EeCTH (e/biX YHCeN
ny 4+ na ¢ ng+ vy -+ vo + v3 ecTe uyeTHoe uMCAO, H pas-
HOUMEHHHIM, eCJIH 3TO uncjJo HeueTHoe. Takum oGpazom,
XapaKTep KaX[IOro TPeyro/ibHHKa OKa3biBaeTCs BIOJHE
onpeneleHHbIM,
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Mnomanar chbepuyeckOoro TpeyrolbHHKA,
AONONHUTeJbHHEe cOOTHOwWeHUuA chepude-
CKOH TpHroHoMeTpHH. $I 3aKOHYY 3TOT pasjeln
HeCKOJIbKHMH 3aMeYaHHAMH O IJowajgH chepHIecKHX
TpeyroAbHHKOB. OO0 3TOM COBepIIeHHO He YIOMHHAIOT
ni Wrtyan B cBomx HceneloBannsx, HH BeGep W Besbe
wrefid, HO 3TO UrpaeT GOJbIUYI0 POJb B MOHX HpPEKHHX
PCCAENOBAHHAX N0 TeopuH GYHKUHH O TpeyroJbHHKAax,
COCTaBJIEHHEIX U3 AYT OKpyxHocTefl. B To BpeMsa Kax lo.
CHX TNOP TPEYroJbHHK NpEACTaBAAN C060K B HaWHX
TJ1a3ax He 4TO HHoe, KaK cOeinHEHHe TpeX yriloB H TpeX
CTOPOH, YJOBJETBOPSIOUIMX TeopeMaM KOCHHYCOB H CH-
HycOB, Tenepb peyb IOHAeT 00 OnpeaeseHHON YaCTH INO-
BEPXHOCTH, OTPaHHYEHHOH STHMU CTOPOHAMH H NpPEACTaB-
Jasiiomefi cobolt Kak 60 Mem6pany (naeHKy), HaTAHYTYIO
MeXAy TpeMsl CTOPOHaMH H CO-
OTBETCTBYIOUIUMH YIJaMH.

Koneuno, 3mech He HMeer
CMHCJA paccMaTpHBaTh «BHEMI-
HHe» yrJu @, f§, y TpeyroJjbHH-
Ka, KaK MBI [eJaJH paHblle pa-
J¥ CHMMETPHH; Tenepb peub Gy-
JeT MATH O TeX yriax, KOTophie
cama MeMmGOpaHna oOpasyer Yy
BEPHIHH; XJS KPaTKOCTH MBI Oy-
leM Ha3bBaTh HX «BHYTPeHHH-
MH» yrjdaMd TpeyroabHuka., 1
NpHBHIK 0603HA4YaTh HX 4epes
Am, pm, vn (puc. 75). ODTH yran MOXHO paccMaTpu-
BaTh KaK HEOTDAHMYEHHO H3MEHSIOMHECT HCKJOYHTE/ b=
HO TIOJIOJKHTeJbHble BEJHYHHB, TaK KaK MBl He XOTHM
KCKJIOYaTh H TOTO cydyasi, KOTAa BepIUHHH MeMGpaHbI
CNyXAaT TOYKAMH CBHBaHHs (Hac/laHBaHHA) IOBEPXHO-
CTH. AHA/MOTHYHO 3TOMY, 0603H2YHM aGCOMIOTHbBIE OJHHb
CTOPOH Yepes [m, mm, nm;, 3TO TOXKE HeOrpaHHYEHHO H3-
MeHsAUIHeCs MOJOXKHTeNbHHE BeanyuHbl, Ho Tenepn
yXe YIVIH H CTOPOHH He MOTYT, KaK paHblle, NIOKPHIBATh
caMH ce6 HeOrpaHUYeHHOE YHCJO pa3 HE3aBHCHMO JAPYD
OT ApYyra,— UHHIMH CJOB4MH, NOJYy4YaTh B BHAE cJarae-
MBIX TPOH3BOJIbHEE KpaTHble 2m; TOT (aKT, 4TO AOMKHA
CYILEeCTBOBATL OAHA CIVIOIIHA# MeMOpaHa C 3THMH yI-
JaMH H CTOPOHaMH, HaXOJUT CBOE BHpaXKeHHe B H3BECT-
HEIX COOTHOWIEHHSIX MeMKIY STHMH MHOMXHTENAMH INpH
2, B pabote «O HyJeBEIX TOYKaX rHIIepreoMeTpH4e-

“ Puc. 75
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CROrO pAfa® f HaspajJ 3TH COOTHOLIEHHS *) JOMOJHH-
TEJbHBIMH COOTHOUIEHHAMH cepHYeCKOH TpPHTOHOMET-
pra. OHM HMeEOT CAeAyolui BHA, ecnau uyepes E(x)
0603HaYHTh LeYyI0 HacTh YHCAA X, T. €. Haubonbllee e«
JIO€ YHCJI0, He NIDEBOCXOAAINEE X:

