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Himnakan ga�a�arner  �aster

1. Kompleqs tara�u�yun: Cn -ov n�anakvum � C kompleqs

har�u�yan n-patik dekartyan artadryal�, aysinqn, Cn -i keter�

n kompleqs �veri kargavorva� n-yakner en` z = (z1, z2, . . . , zn) : Cn -�

kareli � nuynacnel R2n -i het, or� ba�kaca� � x = (x1, y1, . . . , xn, yn)

keteric  ori vra nermu�va� � kompleqs ka�ucva�q, aysinqn trva�

� zk = xk + iyk, k = 1, . . . , n :

Kamayakan 2m-�a�ani har�u�yun Cn -um kareli � tal

S =

{
z :

n∑
k=1

aikzk + a′ikz̄k = bi, i = 1, . . . , n−m

}
(1)

havasarumneri mijocov, orte� aik , a
′
ik  bi -er� kompleqs �ver en: S

har�u�yun� ko�vum � kompleqs har�u�yun, e�e (1)-i mej bacakayum

en z̄k �o�oxakanner�, aysinqn` a′ik = 0 : m �iv� hamarvum � S -i

kompleqs �a�o�akanu�yun�: Kompleqs mia�a� har�u�yun� anva{

num en na kompleqs u�i�, isk (n−1)-�a�ani har�u�yun�` kompleqs

hiperhar�u�yun:

2. Parzaguyn tiruy�ner: 
rjanneri dekartyan artadrya{

l�, aysinqn

U(a, r) = {z ∈ Cn : |zj − aj | < rj , j = 1, . . . , n}

tiruy�� ko�vum � polidisk (n = 2 depqum` bidisk): Polidiski ezri

Γ = {z : |zj − aj | = rj , j = 1, . . . , n}

en�abazmu�yun� ko�vum � henq (îñòîâ) :

D tiruy�� ko�vum � a kentronov n-�rjana� tiruy�, (kam �eyn{

harti tiruy�), e�e

z0 ∈ D ⇒
{
z : |zk − ak| = |z0k − ak|, k = 1, . . . , n

}
⊂ D :

D-n ko�vum � lriv �eynharti tiruy�, e�e

z0 ∈ D ⇒
{
z : |zk − ak| 6 |z0k − ak|, k = 1, . . . , n

}
⊂ D :
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E�e a = 0 , apa aydpisi tiruy�ner� liovin oro�vum en irenc pat{

kano� keteri modulnerov: Ayd pat�a�ov nranc usumnasiru�yun�

kareli � katarel Rn tara�u�yan Rn
+ drakan �ktantum, katarelov

r(z) = (|z1|, . . . , |zn|) artapatkerum: D tiruy�i patkern ayd ar{

tapatkerman �amanak ko�vum � �eynharti diagram  n�anakvum

� |D|-ov: Qani or |D|-i �a�o�akanu�yun� erku angam �oqr � D-i

�a�o�akanu�yunic, apa n = 2  n = 3 depqerum �eynharti dia{

gram� talis � akner patkeracum tiruy�i masin:

�eynharti tiruy�neri parzaguyn �rinakner karo� en �a�ayel

gund�  polidisk�:

Tiruy�� ko�vum � �rjana� a kentronov, e�e amen mi z0 keti

het mekte� ayn parunakum � na 

z = a+(z0−a)eiθ =
(
a1 + (z01 − a1)e

iθ, . . . , an + (z0n − an)e
iθ
)
, 0 6 θ 6 2π

tesqi bolor keter�:

N�anakenq z̃ = (z1, · · · , zn−1) , aynpes or z = (z̃, zn) : G ⊂ Cn

tiruy�� ko�vum � Hartogsi tiruy� zn = an hama�a�u�yan har{

�u�yamb, e�e z∗ ∈ G paymanic het um �, or {(z̃∗, zn) : |zn − an| =
= |z∗n − an|} �rjanagi��  s parunakvum � G-um: Hartogsi tiruy��

ko�vum � lriv, e�e ayn parunakum � ambo�j {(z̃∗, zn) : |zn − an| 6
6 |z∗n − an|} �rjan�:

D ⊂ Cn tiruy�� ko�vum � g�oren u�ucik, e�e amen mi ezrayin

keti hamar goyu�yun uni ayd ketov ancno�  tiruy�i het �hatvo�

kompleqs hiperhar�u�yun:

3. Holomorf funkcianer: Ω ⊂ Cn tiruy�um oro�va� f funk{

cian ko�vum � holomorf kam analitik, e�e

(a) f -� an�ndhat � Ω-um,

(b) f -� holomorf � �st amen mi �o�oxakani:

Aveli ��grit (b) payman� n�anakum � het yal�` e�e z ∈ Ω  1 6 k 6 n ,

apa

fk(ζ) = f(z1, . . . , zk−1, zk + ζ, zk+1, . . . , zn)

mek �o�oxakani funkcian holomorf � �st ζ -i C har�u�yan vra zro

keti or � �rjakayqum: Parzvum �, or (b) paymanic het um � (a)-n:
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� e o r e m (Hartogs): E�e f funkcian �st yuraqan�yur �o{

�oxakani holomorf � D ⊂ Cn tiruy�i bolor keterum, apa ayn

holomorf � D -um:

D tiruy�um holomorf funkcianeri das� n�anakvum � O(D) :

4. Maqsimumi skzbunq�: Holomorf funkcianeri hamar te�i

uni moduli maqsimumi skzbunq�` e�e f -� holomorf � D -um  |f |-�
uni lokal maqsimum in�-or a ∈ D ketum, apa f(z) ≡ const ambo�j

D -um: Masnavorapes, e�e D-n sahmana�ak �  f -� an�ndhat �

D -um, apa |f |-� ir maqsimumn �ndunum � ∂D ezri vra: Sakayn n > 1

depqum Cn tara�u�yunum hnaravor en D tiruy�ner, oronc hamar

ayd maqsimum� �ndunvum � o� �e ambo�j ezri, ayl nra mi masi vra:

S a h m a n u m : Sahmana�ak D tiruy�i hamar B(D) ⊂ ∂D �ak

bazmu�yun� ko�vum � Bergmani ezr, e�e.

1) amen mi f ∈ O(D) funkciayi hamar max
z∈D

|f(z)| = max
z∈B(D)

|f(z)|,

2) cankaca� ayl bazmu�yun, or� bavararum � 1) paymanin, pa{

runakum � B(D)-n:

S(D) bazmu�yun� ko�vum � 
ilovi ezr, e�e n�va� paymanner� ba{

vararvum en bolor f ∈ O(D)
∩
C(D) funkcianeri hamar:

Qani or O(D) ⊂
{
O(D)

∩
C(D)

}
, apa parz �, or B(D) ⊂ S(D) :

Erb D-n gund �, apa Bergmani  
ilovi ezrer� ham�nknum en nra

topologiakan ezri (aysinqn` sferayi) het: Erb D-n polidisk �, apa

Bergmani  
ilovi ezrer� ham�nknum en arden o� �e nra topologiakan

ezri, ayl henqi het (tes xndir 42): Hnaravor en depqer, erb Bergmani

 
ilovi ezrern iraric tarbervum en (xndir 44):

5. Holomorf funkciayi zroner�: Mek �o�oxakani funkcia{

neri hamar haytni � het yal pndum�`

� e o r e m : E�e f funkcian holomorf � a ketum, f(a) = 0  

f ̸≡ 0 , apa a-i in�-or �rjakayqum

f(z) = (z − a)p · h(z),

orte� p > 1 ambo�j �iv �, isk h(z)-� holomorf �  zroner �uni ayd

�rjakayqum:
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Ays �eorem� mek �o�oxakani funkcianeri zroneri masin talis �

het yal informacian`

1. zroner� mekusacva� en,

2. f -i zroner� ham�nknum en (z − a)p funkciayi zroneri het, �nd

orum, p-n ko�vum � zroyi karg:

Mi qani �o�oxakani funkcianeri zroner� hetazotelis kar or

der uni het yal �eorem�, orn �apes �ndhanracnum � naxord �eoremi

pndum�:

� e o r e m (Vayer�trasi naxapatrastakan �eorem�): Dicuq

f funkcian holomorf � a ∈ Cn keti �rjakayqum, f(a) = 0 , bayc

f(ã, zn) ̸≡ 0 : Ayd depqum a-i in�-or V �rjakayqum f -� nerkayac{

vum �

f(z) =W (z) · h(z)

tesqov, orte� h-� holomorf � ayd �rjakayqum  zro �i da�num,

isk W (z)-�, ayspes ko�va�, Vayer�trasi ps dobazmandamn �`

W (z) = (zn − an)
p +

p−1∑
j=0

cj(z̃)(zn − an)
j :

Ayste� p > 1 ambo�j �iv �, cj(z̃) gor�akicner� holomorf en Ṽ -um,

�nd orum Ṽ n�anakum � V -i proyekcian Cn−1
z̃ en�atara�u�yan

vra, cj(ã) = 0 , j = 0, . . . , p− 1 :

Dicuq A-n X -i vra oro�va� in�-or funkcianeri das �: X -i K

en�abazmu�yun� ko�vum � A-i hamar miaku�yan bazmu�yun, e�e

f |K = 0 , (f ∈ A) paymanic het um � f ≡ 0 :

6. Plyuriharmonik funkcianer: E�e u-n o�ork funkcia �,

apa nra

du =

n∑
j=1

(
∂u

∂zj
dzj +

∂u

∂z̄j
dz̄j

)
diferencial� bnakan � ov trohvum � erku maseri`

∂u =

n∑
j=1

∂u

∂zj
dzj , ∂̄u =

n∑
j=1

∂u

∂z̄j
dz̄j :
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Da a�ajacnum � d �peratori d = ∂ + ∂̄ verlu�u�yun:

S a h m a n u m : C2(D) dasin patkano� u funkcian ko�vum �

plyuriharmonik, e�e ayn bavararum � ∂∂̄u = 0 paymanin, aysinqn`

∂2u

∂zk ∂z̄j
= 0, k, j = 1, . . . , n : (2)

Funkcian ko�vum � n-harmonik, e�e ayn bavararum � (2) payman{

nerin j = k depqum:

Holomorf f funkciayi irakan  ke�� maser� plyuriharmonik en:

� e o r e m : Orpeszi irakan u funkcian lini plyuriharmonik,

anhra�e�t �  bavarar, or ayn lokal lini holomorf funkciayi

irakan mas:

7. Asti�anayin �arqer: Bazmapatik asti�anayin �arq ko�{

vum �
∞∑

|k|=0

ak
(
z − z0

)k
(3)

tesqi �arq�: Ayste� z, z0 ∈ Cn , k = (k1, . . . , kn) , zk = zk1
1 zk2

2 · · · zkn
n ,

k! = k1! k2! · · · kn! , |k| = k1 + k2 + · · ·+ kn :

Dicuq G-n ayn bolor keteri bazmu�yunn �, orte� (3) �arq� ba{

car�ak zugamitum �: Nra nerqin keteri G◦ bazmu�yun� ko�vum �

�arqi zugamitu�yan tiruy�:

� e o r e m (Abel): E�e G◦ -n (3) �arqi zugamitu�yan tiruy�n �

 ζ ∈ G0 , apa G◦ -n parunakum � na {
z : |zk − z0k| 6 |ζk − z0k|, k = 1, . . . , n

}
�ak polidisk�:

Abeli �eoremic het um �, or asti�anayin �arqi zugamitu�yan

tiruy�� lriv �eynharti tiruy� �: Parzvum �, or ayd tiruy�ner� unen

 s mi parz erkra�a�akan hatku�yun` nranq in�-or imastov u�ucik

en:

S a h m a n u m : Dicuq D-n �eynharti tiruy� �: N�anakenq

ln |D|-ov |D| bazmu�yan patker� |z| 7→ ln |z| = (ln |z1|, . . . , ln |zn|) ar{
tapatkerman �amanak: �eynharti D tiruy�� ko�vum � logari�mo{

ren u�ucik, e�e u�ucik � ln |D| tiruy��:
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� e o r e m : Asti�anayin �arqi zugamitu�yan tiruy�� lriv,

logari�moren u�ucik �eynharti tiruy� �:

S a h m a n u m : r1, . . . , rn �ver�, orte� ri > 0, i = 1, . . . , n ,

ko�vum en zugamitu�yan hamalu� �a�avi�ner (3) �arqi hamar,

e�e ayd �arq� zugamitum � U(z0, r) , r = (r1, . . . , rn) polidiskum  �i

zugamitum o� mi uri� polidiskum, or� parunakum � U(z0, r)-�:

I tarberu�yun mia�a� depqi, orte� zugamitu�yan �a�avi��

oro�vum � miar�eq, bazma�a� depqum hamalu� �a�avi�ner� oro�vum

en o� miar�eq:

Hamalu� �a�avi�neri hamar goyu�yun uni Ko�i-Hadamari bana{

� i nmanak�:

� e o r e m : (3) �arqi zugamitu�yan hamalu� �a�avi�ner�

bavararum en lim
|k|→∞

|k|
√

|ak|rk = 1 a�n�u�yan�:

Baci asti�anayin �arqeric, kar or der en katarum na holo{

morf funkcianeri verlu�u�yunnern ayl �arqeri: Het yal �arq�

∞∑
|k|=−∞

ck(z − a)k (4)

in�pes  mek �o�oxakani depqum, ko�vum � Lorani �arq:

� e o r e m : E�e f -� holomorf � �eynharti D tiruy�um, apa

ayn D -i nersum nerkayacvum � bacar�ak  havasara�a� zu{

gamet Lorani (4) �arqov:

Hartogsi �arq ko�vum �

∞∑
m=0

gm(z̃)(zn − an)
m (5)

tesqi �arq�, orte� gm gor�akicner� holomorf funkcianer en:

� e o r e m : E�e f funkcian holomorf � Hartogsi lriv D

tiruy�um, ori hamar {zn = an} hama�a�u�yan har�u�yun �,

apa ayn nerkayacvum � D -i nersum bacar�ak  havasara�a�

zugamet (5) Hartogsi �arqov, orte� gm funkcianer� holomorf

en D tiruy�i proyekciayum Cn−1
z̃ en�atara�u�yan vra:
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E�e pk(z)-er� k -rd asti�ani hamase� bazmandamner en, apa

∞∑
k=0

pk(z) (6)

tesqi �arq� ko�vum � ankyunag�ayin �arq:

� e o r e m : E�e f funkcian holomorf � D �rjana� lriv

tiruy�um, apa ayn verlu�vum � D -i nersum bacar�ak  hava{

sara�a� zugamet (6) ankyunag�ayin �arqi:

8. Biholomorf artapatkerumner: Dicuq D ⊂ Cn tiruy{

�um oro�va� � f = (f1, . . . , fm) vektor-funkcia: f -� ko�vum � holo{

morf artapatkerum, e�e nra bolor fk komponentner� holomorf en

D -um: Masnavorapes, erb n = 1 , f -� ko�vum � holomorf kor:

Artapatkerum� ko�vum � biholomorf, e�e ayn bavararum � he{

t yal lracuci� paymannerin`

1. f -� �oxmiar�eq �  hakadar��  s holomorf �,

2. D -i bolor keter� f -i hamar o� kritikakan en, aysinqn.

∂f

∂z
=
∂(f1, . . . , fn)

∂(z1, . . . , zn)
̸= 0 bolor z ∈ D keterum:

Biholomorf artapatkerum� ko�vum � D tiruy�i avtomorfizm, e�e

ayn D-n artapatkerum � inqn ir vra: Kompoziciayi gor�o�u�yan

nkatmamb avtomorfizmner� kazmum en xumb, or� n�anakvum � AutD :

Mia�a� depqum biholomorfu�yun� hamar�eq � konformu�yan�:

Hama�ayn �imani �eoremi, har�u�yan cankaca� miakap tiruy�, ori

ezr� ba�kaca� � aveli qan mek ketic, konform � ov artapatkervum

� miavor �rjani vra: De� Puankaren 1907 �vakanin nkatel �r, or

�imani �eorem� n > 1 depqum ��marit ��:

� e o r e m (Puankare): E�e n > 1 , apa goyu�yun �uni Bn

gndi biholomorf artapatkerum Un polidiski vra:

Ayd �eoremi apacuyc� himnva� � ayn bani vra, or AutBn  AutUn

xmber� kaxva� en tarber qanakov parametreric:
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9. F -u�uciku�yun: Dicuq D -n tiruy� � Cn -um, F -� D-um

holomorf funkcianeri �ntaniq �  K ⊂ D : Het yal bazmu�yun�

K̂ =
{
z ∈ D : |f(z)| 6 sup

ζ∈K
|f(ζ)|, ∀f ∈ F

}
ko�vum � K -i F -u�ucik �a�an�:

S a h m a n u m : D tiruy�� ko�vum � F -u�ucik (kam u�ucik F

�ntaniqi nkatmamb), e�e K b D paymanic het um �, or K̂ b D :

E�e F = O(D) , apa F -u�ucik tiruy�� ko�vum � holomorf u�u{

cik: Isk e�e F -� ham�nknum � g�ayin funkcianeri, kam bazman{

damneri, kam �l �acional funkcianeri dasi het, apa F -u�ucik

tiruy�� kanvanenq hamapatasxanabar` g�ayin, bazmandamayin,

kam �acional u�ucik tiruy�:

10. Holomorfu�yan tiruy�ner: In�pes haytni � mek kompleqs

�o�oxakani funkcianeri tesu�yunic, amen mi D ⊂ C1 tiruy�i

hamar goyu�yun uni funkcia, or� holomorf � D-um  analitikoren

�i �arunakvum D-ic durs, aysinqn D-n nra hamar bnakan oro�man

tiruy� �: Bazma�a� depqum da arden aydpes ��:

S a h m a n u m : D ⊂ Cn tiruy�� ko�vum � holomorfu�yan ti{

ruy� f funkciayi hamar, e�e f -� holomorf � D-um  D-ic durs

analitikoren �i �arunakvum: D-n ko�vum � holomorfu�yan tiruy�,

e�e ayn holomorfu�yan tiruy� � or � funkciayi hamar:

Kasenq, or ζ ezrayin ketum ka argelq, e�e yuraqan�yur M ⊂ D

kompakt bazmu�yan  ε > 0 �vi hamar goyu�yun uni f ∈ O(D)

aynpisin, or |f(z)| < 1 erb z ∈ M , bayc |f(z′)| > 1 in�-or z′ ∈ B(ζ, ε)

ketum:

� e o r e m (argelqi veraberyal): E�e D tiruy�i bolor ezrayin

keterum ka argelq, apa D -n holomorfu�yan tiruy� �:

11. Ps dou�ucik tiruy�ner: u funkcian ko�vum � plyuri{

subharmonik D ⊂ Cn tiruy�um, e�e

1. u-n kisaan�ndhat � ver ic D-um,

2. kamayakan z0 ∈ D keti hamar nra hetq� ayd ketov ancno�

yuraqan�yur kompleqs u��i vra subharmonik �:
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Aveli manramasn erkrord payman� n�anakum �, or kamayakan

a ∈ Cn vektori hamar u(z0 + λa) funkcian subharmonik � �st λ-i

Dz0,a =
{
λ ∈ C : z0 + λa ∈ D

}
bac bazmu�yan amen mi kapakcva� ba�adri�i vra:

Orpes plyurisubharmonik funkcianeri �rinakner karo� en �a{

�ayel ln |f | , ln+ |f |  |f |p (p > 0) funkcianer�, orte� f -� holomorf �:

Ps dou�ucik tiruy�ner� kapva� en plyurisubharmonik funk{

cianeri het aynpes, in�pes u�ucik tiruy�ner�` u�ucik funkciane{

ri het: Ps dou�uciku�yun� handisanum � irakan Rn tara�u�yan

mej sahmanva� u�uciku�yan ga�a�ari �ndhanracum kompleqs Cn

tara�u�yan depqi hamar:

S a h m a n u m : D tiruy�� ko�vum � ps dou�ucik, e�e D-um

goyu�yun uni plyurisubharmonik V funkcia, or� ��gtum � +∞ ame{

nureq ∂D-i vra:

� e o r e m : Orpeszi D -n lini holomorfu�yan tiruy�, anhra{

�e�t �  bavarar, or ayn lini ps dou�ucik:

12. Integralayin nerkayacumner: Het yal �eorem� Ko�ii in{

tegralayin �eoremi nmanakn � n > 1 depqi hamar:

� e o r e m (Ko�i{Puankare): Dicuq V -n (n + 1)-�a�ani sah{

mana�ak maker uy� � Cn -um, ktor a� ktor o�ork ∂V ezrov,  

f -� holomorf � V -i �rjakayum: Ayd depqum∫
∂V

f(z) dz1 ∧ . . . ∧ dzn = 0 :

Dicuq D ⊂ Cn sahmana�ak tiruy� �, ktor a� ktor o�ork ezrov,

f -� holomorf � D -um  an�ndhat � D-um: Ayd depqum

f(z) =
(n− 1)!

(2πi)n

∫
∂D

f(ζ) ΩMB(z, ζ), z ∈ D (7)

integralayin nerkayacum, orte�

ΩMB(z, ζ) =
1

|ζ − z|2n
n∑

j=1

(−1)j−1(ζ̄j − z̄j)dζ̄1 ∧ · · · [j] · · · ∧ dζ̄n ∧ dζ
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diferencial � � ko�vum � Martineli{Boxneri koriz: Ayste� [j]-n n�a{

nakum �, or dζ̄j diferencial� bac � �o�nva�:

Erb n = 1 , koriz� vera�vum � Ko�ii korizi`

ΩMB(z, ζ) =
dζ

ζ − z
,

 , uremn, (7)-� vera�vum � Ko�ii bana� in: Ko�ii bana� n uni erku

kar or hatku�yun`

1. ayn universal � ayn imastov, or ��marit � bavakana�a� o�ork

ezr uneco� bolor tiruy�neri hamar, �nd orum Ko�ii korizi tes{

q� kaxva� �� tiruy�ic,

2. ayd koriz� holomorf � �st z -i:

Martineli{Boxneri bana� � n�va� hatku�yunneric uni miayn a�a{

jin�: 
at �o�oxakani holomorf funkcianeri hamar �i hajo�vel sta{

nal ayd erku hatku�yunnerov ��tva� integralayin bana� : Nranq

kam universal en, bayc o� holomorf korizov, kam �l unen holomorf koriz,

bayc universal �en: Orpes erkrord tesaki bana� i �rinak berenq

Ko�ii integralayin bana� � gndi hamar`

f(z) =
(n− 1)!

2πn

∫
∂B

f(ζ) dσ(ζ)

(1− ⟨z, ζ⟩)n
:

13. Ke�nfunkcia: N�anakenq B2(Ω)-ov Ω ⊂ Cn tiruy�um ho{

lomorf ayn f funkcianeri bazmu�yun�, oronc hamar

∥f∥ =

(∫
Ω

|f |2 dV
)1/2

< +∞ :

B2(Ω)-n hilbertyan tara�u�yun � ⟨f, g⟩ =

∫
Ω

fḡ dV nerqin ar{

tadryalov:

Fiqsa� z ∈ Ω depqum f 7→ f(z) artapatkerum� B2(Ω)-um

g�ayin an�ndhat funkcional �: Hilbertyan tara�u�yunneri �nd{

hanur tesu�yunic het um �, or goyu�yun uni miak Kz ∈ B2(Ω)

funkcia aynpisin, or

f(z) = ⟨f,Kz⟩ =
∫
Ω

f(ζ)Kz(ζ) dV (ζ) :

12



S a h m a n u m : K(z, ζ) = Kz(ζ) funkcian ko�vum � Ω tiruy�i

ke�nfunkcia:

E�e {uk}-n �r�onormal bazis � B2(Ω)-um, apa ke�nfunkcian ner{

kayacvum � K(z, ζ) =
∞∑
k=0

uk(z)uk(ζ) �arqi tesqov, orte�ic het um �,

or K(z, ζ)-n holomorf � �st a�ajin koordinati  hakaholomorf � �st

erkrordi:

14. Ambo�j funkcianer: Dicuq f -� ambo�j funkcia � Cn -um,

isk G-n sahmana�ak n-�rjana� lriv tiruy� �: N�anakenq

Mf (R,G) = sup
z∈RG

|f(z)| :

S a h m a n u m : f funkciayi ρf (G) karg  σf (G) tip ko�vum

en, hamapatasxanabar, ayn ν -eri  µ-eri bazmu�yunneri ��grit

storin ezrer�, oronq asimptotoren bavararum en

Mf (R,G)
as
< exp {Rν} , Mf (R,G)

as
< exp

{
µRρf (G)

}
anhavasaru�yunnerin:

Dicuq Mf (r) =Mf (r1, . . . , rn) = sup |zi|=ri,
i=1,...,n

|f(z)| : N�anakenq Bρ =

= Bρ(f)-ov bolor ayn a ∈ Rn
+ keteri bazmu�yun�, oronc hamar

lnMf (r)
as
< ra1

1 + · · ·+ ran
n :

S a h m a n u m : Bρ bazmu�yan Sρ ezr� ko�vum � f funkciayi ha{

malu� kargeri hipermaker uy�, isk ρ1, . . . , ρn �veri amen mi hama{

karg, oronc hamar (ρ1, . . . , ρn) ∈ Sρ , ko�vum � ayd funkciayi hamalu�

kargeri hamakarg:

Dicuq ρ1, . . . , ρn �ver� f -i hamalu� karger en: N�anakenq

Bσ = Bσ(f, ρ)-ov bolor ayn b ∈ Rn
+ keteri bazmu�yun�, oronc hamar

lnMf (r)
as
< b1r

ρ1

1 + · · ·+ bnr
ρn
n :

S a h m a n u m : Bσ bazmu�yan Sσ ezr� ko�vum � f funkciayi

ρ1, . . . , ρn kargerin kic hamalu� tiperi hipermaker uy�, isk

σ1, . . . , σn �veri amen mi hamakarg, oronc hamar (σ1, . . . , σn) ∈ Sσ ,

ko�vum � ayd funkciayi ρ1, . . . , ρn kargerin kic hamalu� tiperi

hamakarg:
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Xndirner

Xndir 1. Nkaragrel {z ∈ Cn : |z| = 1} gndolorti hatuy�ner�

z = a+ ωζ (a, ω ∈ Cn; ζ ∈ C) kompleqs u�i�nerov:

Xndir 2. Nkaragrel {z ∈ C2 : |z| < 1} miavor gndi  {z ∈ C2 :

|z1| < 1, |z2| < 1} bidiski hatumner� y2 = α e�a�a� har�u{

�yunnerov, tarber α-neri depqum:

Xndir 3. Cuyc tal, or Cn tara�u�yan kamayakan erku ketov

ancnum � miak kompleqs u�i��:

Xndir 4. Apacucel, or Cn -um irakan S hiperhar�u�yan can{

kaca� ketov ancnum � S -in patkano� kompleqs hiperhar�u{

�yun:

Xndir 5. Apacucel, or Cn tara�u�yan Rn
x  Rn

y n-�a�ani

har�u�yunner� kompleqs har�u�yunner �en:

Xndir 6. Apacucel, or Cn -um u�ucik tiruy�� na g�oren

u�ucik �:

Xndir 7. Berel Cn -um g�oren u�ucik tiruy�i �rinak, or� sa{

kayn u�ucik ��:

Xndir 8. Berel Cn -um tiruy�i �rinak, or� �rjana� �, sakayn

n-�rjana� ��:

Xndir 9. Oro�el het yal �arqeri zugamitu�yan tiruy�ner�.

a)
∞∑
k=0

(z1z2)
k ,

b)
∞∑
k=0

(z1z2)
k +

∞∑
k=0

zk1 + zk2
2k

,

g)
∞∑
k=0

(z1z
2
2)

k +
∞∑
k=0

(z21z2)
k :
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Xndir 10. Ka�ucel asti�anayin �arq, ori zugamitu�yan ti{

ruy�n �`

a) {z ∈ C2 : |z1|+ |z2| < 1} tiruy��,

b) {z ∈ C2 : |z1|2 + |z2|2 < 1} gund�:

Xndir 11. Ka�ucel asti�anayin �arq, ori hamar zugamitu{

�yan bazmu�yunn �`

{z ∈ Cn : |z| < 1}
∪
{|z| < 2, z2 = 0} :

Xndir 12. Gtnel
∞∑

|k|=0

akz
k1
1 z

k2
2 asti�anayin �arqi zugamitu{

�yan tiruy��, e�e haytni �, or ayn

{z : |z1| < 1, |z2| <∞}
∪

{z : |z1| <∞, |z2| < 1}

bazmu�yan vra zugamitum �:

Xndir 13. Gtnel
∞∑

|k|=0

zk1+1
1 zk22 =

z1
(1− z1)(1− z2)

�arqi zuga{

mitu�yan bazmu�yun�:

Xndir 14. Cuyc tal, or
∞∑

m,n=0
amnz

m
1 z

n
2 asti�anayin �arq�, ori

gor�akicner� kazmum en

0! 1! 2! 3! · · ·
1! −1! −2! −3! · · ·
2! −2! 0 0 · · ·
3! −3! 0 0 · · ·
· · · · · · · · · · · · · · ·

anverj matric�, o� bacar�ak zugamitum � (1,1) ketum  ta{

ramitum � C2 tara�u�yan mnaca� bolor keterum (�ha�va�,

iharke, skzbnaket�): Sa n�anakum �, or Abeli �eorem� ir sovo{

rakan � akerpumov �i�t �� bazmapatik �arqeri hamar:
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Xndir 15. Berel n-harmonik funkciayi �rinak, or� sakayn plyu{

riharmonik ��:

Xndir 16. Apacucel, or D ⊂ Cn tiruy�um erku angam an�nd{

hat diferenceli u funkcian plyuriharmonik � ayn  miayn ayn

depqum, erb ∂u diferencial � � �ak �:

Xndir 17. Apacucel, or D ⊂ Cn tiruy�um u funkcian plyu{

riharmonik � ayn  miayn ayn depqum, erb cankaca� a ∈ D keti

�rjakayqum ayn holomorf funkciayi irakan mas �:

Xndir 18. Dicuq u funkcian D ⊂ Cn tiruy�um erku angam

an�ndhat diferenceli �: Apacucel, or u-n plyuriharmonik �

D-um ayn  miayn ayn depqum, erb nra hetq� kamayakan l

kompleqs u��i vra harmonik � l ∩D-um:

Xndir 19. Dicuq u funkcian �st irakan koordinatneri ana{

litik � D ⊂ Cn tiruy�um  plyuriharmonik � or � V ⊂ D

gndum: Apacucel, or u-n plyuriharmonik � ambo�j D-um:

Xndir 20. Dicuq f -� Cn -um ambo�j funkcia �, or� bavara{

rum �
|f(z)| 6 C (1 + |z|m)

anhavasaru�yan�, orte� C -n  m-� hastatun me�u�yunner

en: Apacucel, or f -� bazmandam �, ori asti�an� �i gerazan{

cum m �iv�:

Xndir 21 (
varci lemmayi bazma�a� nmanakneric mek�). Dicuq

f -� holomorf � E ⊂ Cn miavor polidiskum, |f(z)| 6M  f(0) = 0 :

Apacucel, or

|f(z)| 6Mρ(z), z ∈ E,

orte� ρ(z) = max
16k6n

|zk| :

Xndir 22. Dicuq M -� kompleqs har�u�yan miavor �rjani en{

�abazmu�yun �, ori hamar 0-n xtacman ket �, isk f(z1, z2)-�

miavor E bidiskum oro�va� sahmana�ak funkcia �, or� holo{

morf � �st z1 -i, erb |z2| < 1 ,  holomorf � �st z2 -i, erb z1 ∈M :

Apacucel, or f -� holomorf � E -um:
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Xndir 23. Apacucel, or e�e f(z) = f(z1, . . . , zn) funkcian baz{

mandam � �st yuraqan�yur zν -i, ν = 1, . . . , n , apa f -� bazman{

dam �:

Xndir 24. Cuyc tal, or �naya� f(z) =
z31

1− z22
funkcian holomorf

� B = {z ∈ C2 : |z| < 1} gndum  an�ndhat � B -um` ayn hnaravor

�� nerkayacnel f(z) = z1φ(z1, z2) tesqov, orte� φ-n holomorf �

B -um  an�ndhat � B -um:

Xndir 25. Dicuq E -n miavor polidiskn � Cn -um  f ∈ O(E) ∩
∩ C(E) : Apacucel, or f -� holomorf � yuraqan�yur

∆j,a = {z ∈ Cn : zm = am, |am| 6 1, m = 1, · · · , n, m ̸= j, |ζj | < 1}

�rjanum:

Xndir 26. Dicuq f -� holomorf � E ⊂ Cn miavor polidiskum

 an�ndhat � E ∪ Γ bazmu�yan vra, orte� Γ-n E -i henqn �:

Apacucel, or f -� an�ndhatoren �arunakvum � E -i vra:

Xndir 27. Apacucel, or e�e f funkcian holomorf � 0 ∈ Cn

keti �rjakayqum  havasar � zroyi irakan har�u�yan vra,

apa f ≡ 0 ayd �rjakayqum:

Xndir 28. Apacucel, or e�e f funkcian holomorf � 0 ∈ C2 keti

�rjakayqum  havasar � zroyi {z ∈ C2 : z1 = z̄2} har�u�yan

vra, apa f ≡ 0 ayd �rjakayqum:

Xndir 29. Cn -um ka�ucel keteri hajordakanu�yun, or� zu{

gamitum � E miavor polidiski kentronin  miaku�yan bazmu{

�yun � O(E) dasi hamar:

Xndir 30. B = {z ∈ Cn : |z| < 1} gndi ezri vra ka�ucel ha�veli

�vov korer, oroncic o� mek� O(B)∩C(B) dasi hamar miaku�yan

bazmu�yun ��,  oronc miavorum� aydpisi bazmu�yun �:
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Xndir 31. B = {z ∈ Cn : |z| < 1} gndi ezri vra ka�ucel O(B) ∩
∩ C(B) dasi hamar �ak miaku�yan bazmu�yun, ori g�ayin

�a�� verjavor �:

Xndir 32. Apacucel, or E polidiski henqi kamayakan o� da{

tark bac en�abazmu�yun O(E)∩C(E) dasi hamar miaku�yan

bazmu�yun �:

Xndir 33. Apacucel, or kamayakan K ⊂ Cn kompakti �acio{

nal u�ucik �a�an�� ham�nknum �

A = {z ∈ Cn : P (z) ∈ P (K) bolor P bazmandamneri hamar}

bazmu�yan het:

Xndir 34. Dicuq K -n kompakt bazmu�yun � Cn -um, P(K)-n

bazmandamneri havasara�a� �akuy�n � K -i vra: Apacucel,

or P(K) banaxyan hanraha�vi bolor an�ndhat g�ayin multi{

plikativ funkcionalneri M tara�u�yun� kareli � nuynacnel

K̂ bazmandamayin u�ucik �a�an�i het het yal imastov. can{

kaca� m funkcional M -ic irenic nerkayacnum � <ar�eq z0

ketum>, z0 ∈ K̂ , aysinqn, m(f) = f(z0) cankaca� f -i hamar

P(K)-ic:

Xndir 35. Dicuq K -n Cn -i kompakt en�abazmu�yun �, ori

hamar P(K) = C(K) : Apacucel, or K -n bazmandamayin u�u{

cik �:

Xndir 36. Apacucel, or Cn -i irakan har�u�yan patkano�

kamayakan kompakt bazmu�yun bazmandamayin u�ucik �:

Xndir 37. Apacucel, or C har�u�yan� patkano� K kompak{

t� bazmandamayin u�ucik � ayn  miayn ayn depqum, erb C \K
bazmu�yun� kapakcva� �:

Xndir 38. Cuyc tal, or Pm bazmandamnerov oro�vo�

D = {z ∈ Cn : |Pm(z)| < 1, m = 1, · · · , N}

bazmanist� bazmandamayin u�ucik tiruy� �:

18



Xndir 39. Dicuq δ ∈ (0, 2π)  M -�{
z ∈ C2 : z1 = eit, δ 6 t 6 2π, z2 = 0

}{
z1 = eit, 0 6 t 6 δ, |z2| = 1

}
bazmu�yunneri miavorumn �: Apacucel, or{

z ∈ C2 : |z1| 6 1, z2 = 0
}

�rjan� parunakvum � M -i bazmandamayin u�ucik �a�an�i

mej:

Xndir 40. Dicuq K bazmu�yun�
{
z ∈ C2 : |z| =

√
2
}
gndolorti

 
{
z ∈ C2 : z2 = z̄1

}
har�u�yan hatumn �: Apacucel, or

P (K) = C(K) :

Xndir 41. Apacucel, or B = {z ∈ Cn : |z| < 1} gndi 
ilovi ezr�

ham�nknum � nra topologiakan ezri het:

Xndir 42. Apacucel, or Cn -um E polidiski 
ilovi S(E)  Berg{

mani B(E) ezrer� ham�nknum en nra henqi het:

Xndir 43. Dicuq D =
{
z ∈ C2 : 0 < |z1| < 1, |z2| < |z1|

}
: Cuyc

tal, or

a) D-n holomorfu�yan tiruy� �,

b) D-n holomorfu�yan tiruy�neri hatum ��:

Xndir 44. Apacucel, or

D =
{
z ∈ C2 : 0 < |z1| < 1, |z2| < |z1|− ln |z1|

}
tiruy�i 
ilovi  Bergmani ezrer� iraric tarber en.

S(D) =
{
z ∈ C2 : |z1| < 1, |z2| = |z1|− ln |z1|

}
,

 B(D) =
{
z ∈ C2 : |z1| = |z2| = 1

}
:
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Xndir 45. Apacucel, or kamayakan funkcia, or� holomorf �

D =
{
z ∈ C2 : |z1| < 2, |z2| < 2

}
\
{
z ∈ C2 : |z1| < 1, |z2| < 1

}
snamej bidiskum (g�agrum trvum � D-i �eynhartyan diagra{

m�), analitikoren �arunakvum �
{
z ∈ C2 : |z1| < 2, |z2| < 2

}
bi{

diski mej:

1 2

1

2

0

Èz1È

Èz2È

Xndir 46. Dicuq D1 -�  D2 -� har�u�yan vra o�ork korerov

sahmana�akva� tiruy�ner en, oronq ast�a� en koordinat{

neri skzbnaketi nkatmamb, isk K -n oro�vum � het yal hava{

saru�yunov` K = {tz : 0 6 t 6 1, z ∈ ∂D1 × ∂D2} : Apacucel, or
K -i �rjakayqum kamayakan holomorf f funkcia analitikoren

�arunakvum � D1 ×D2 tiruy�i vra:

Xndir 47. Apacucel, or

D =
{
z ∈ C2 : |z1|2 + x22 > ρ2

}
tiruy�� holomorfu�yan tiruy� ��:

Xndir 48. Berel �rinak, erb erku holomorfu�yan tiruy�neri

miavorum� holomorfu�yan tiruy� ��:

Xndir 49. Apacucel, or Cn tara�u�yan miavor polidiskum

kamayakan n-harmonik f funkciayi hamar ��marit � Puaso{

ni bazma�a� f(z) = P [f ](z) bana� �:

20



Xndir 50. Dicuq f ∈ C(Γ)  fk ∈ C(Γ) , orte� Γ-n E miavor

polidiski henqn �,  fk → f : Apacucel, or

lim
k→∞

P [fk](z) = P [f ](z)

havasara�a� E -i vra:

Xndir 51. Cuyc tal, or Kuzeni a�ajin himnaxndir� o� mi�t uni

lu�um

D =
{
z ∈ C2 : |z1| < 3, |z2| < 3

}
\
{
z ∈ C2 : |z1| < 3, 1 < |z2| < 3

}
krknaki �rjana� tiruy�um, in�ic het um �, or D-n holomor{

fu�yan tiruy� ��:

Xndir 52. Apacucel, or e�e f ∈ C(Γ) , orte� Γ-n E miavor

polidiski henqn �, apa nra P [f ](z) Puasoni integral� an�nd{

hatoren �arunakvum � E -i vra:

Xndir 53. Dicuq f ∈ C(Γ) , orte� Γ-n E miavor polidiski henqn

�: Apacucel, or orpeszi f -� �arunakvi min� O(E)∩C(E) dasi

funkcia, anhra�e�t �  bavarar, or∫
Γ
f(ζ)ζk dζ = 0

bolor k = (k1, . . . , kn) vektorneri hamar, orte� kν -er� ambo�j

en  nrancic gone mek� o� bacasakan �:

Xndir 54. Dicuq f funkcian oro�va�  an�ndhat � E miavor

polidiski ∂E ezri vra  yuraqan�yur

∆j,a = {z ∈ Cn : zm = am, |am| 6 1, m = 1, · · · , n, m ̸= j, |ζj | < 1}

�rjanum holomorf �: Apacucel, or f -� �arunakvum � min� O(E)∩
∩ C(E) dasi funkcia:
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Xndir 55. Dicuq goyu�yun uni f ∈ O(D) , or� ansahmana�ak �

ζ -um, aysinqn, goyu�yun uni hajordakanu�yun zm ∈ D aynpi{

sin, or lim zm = ζ  lim f(zm) = ∞ : Cuyc tal, or ayd depqum

ζ -um ka argelq:

Xndir 56. Dicuq L-� l(z) = c0 + c1z1 + · · · + cnzn g�ayin funk{

cianeri �ntaniqn �: Cuyc tal, or D tiruy�� L-u�ucik � ayn  

miayn ayn depqum, erb na u�ucik � sovorakan erkra�a�akan

imastov:

Xndir 57. Dicuq M -� czk = czk11 · · · zknn bolor miandamneri �n{

taniqn � (ki -er� o� bacasakan ambo�j �ver en, c-n` kompleqs

hastatun �): Cuyc tal, or 0 kentronov �eynharti lriv ti{

ruy�� logari�moren u�ucik � ayn  miayn ayn depqum, erb na

M -u�ucik �:

Xndir 58. Apacucel, or e�e f funkcian kisaan�ndhat � ver {

ic K kompakti vra  f(x) < +∞ , apa goyu�yun uni nvazo�

an�ndhat funkcianeri hajordakanu�yun, or� �gtum � f -in:

Xndir 59. Apacucel, or e�e u > 0 funkcian subharmonik � G

tiruy�um, apa up (p > 1) funkcian  s subharmonik �:

Xndir 60. Apacucel, or e�e u funkcian subharmonik � G ti{

ruy�um, apa eu funkcian  s subharmonik �:

Xndir 61. Apacucel, or C2(G) dasi u funkcian subharmonik �

G tiruy�um ayn  miayn ayn depqum, e�e

∆u =
∂2u

∂x2
+
∂2u

∂y2
≡ 4

∂2u

∂z ∂z̄
> 0 :

Xndir 62. Apacucel, or har�u�yan vra amen mi tiruy� ps {

dou�ucik �:

Xndir 63. Gtnel Cn -um miavor gndi �aval�:

Xndir 64. Gtnel Cn -um miavor sferayi �aval�:
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Xndir 65. (B e�ayin koordinatnerov integrum Rn -um):

Apacucel, or Rn -um amen mi borelyan f funkciayi hamar te�i

uni het yal bana� �`∫
Rn

f dV =

∞∫
0

rn−1dr

∫
S

f(rζ)dσ(ζ) :

Xndir 66. Apacucel, or Martineli{Boxneri koriz� kareli � grel

na 

ΩMB (ζ, z) =
(n− 1)!

(2πi)n

n∑
k=1

(−1)k−1 ∂g

∂ζ̄k
dζ̄[k] ∧ dζ

tesqov, orte� g(ζ, z) = (1 − n)−1 |ζ − z|2−2n funkcian Laplasi

∆g = 0 havasarman fundamental lu�umn � ζ = z ezakiu{

�yamb:

Xndir 67. Dicuq D ⊂ Cn sahmana�ak tiruy� � ktor a� ktor

o�ork ezrov, f -� holomorf � D-um  an�ndhat � D-um: Apacu{

cel, or ∫
∂D

f(ζ) ΩMB(z, ζ) = 0, erb z /∈ D,

orte� ΩMB -n Martineli{Boxneri korizn �:

Xndir 68. Cuyc tal, or e�e ezrayin funkcian an�ndhat �, apa

Martineli{Boxneri integral� harmonik funkcia � ∂D-i lrac{

man vra:

Xndir 69. Gtnel miavor polidiski ke�nfunkcian:

Xndir 70. Heferi �eorem� pndum �, or e�e D-n holomorfu�yan

tiruy� � Cn -um  χ ∈ O(D) , apa goyu�yun unen D ×D-um

holomorf q1(ζ, z), . . . , qn(ζ, z) aynpisi funkcianer, or bolor

ζ, z ∈ D keteri hamar te�i uni

χ(ζ)− χ(z) =

n∑
j=1

qj(ζ, z)(ζj − zj)

verlu�u�yun�: Apacucel ayd �eorem� het yal depqeri hamar`
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1. erb χ-n bazmandam �,

2. erb D-n �eynharti tiruy� �:

Xndir 71. Berel f ∈ C1
0 (C) funkciayi �rinak, ori hamar goyu{

�yun �uni
∂u

∂z̄
= f havasarman kompakt kri� uneco� lu�um:

Xndir 72. pk(z) bazmandam� ko�vum � k-rd asti�ani hamase�

bazmandam, e�e pk(ζz) = ζpk(z) bolor z ∈ Cn  ζ ∈ C hamar:

Apacucel, or ayd payman� hamar�eq � nran, or pk(z)-i bolor

andamneri asti�an� lini havasar k-i:

Xndir 73. Apacucel, or B = {z ∈ Cn : |z| < 1} gund� biholo{

morforen hamar�eq � D =
{
yn > |z̃|2

}
tiruy�in, orte� z̃ =

= (z1, . . . , zn−1) :

N�enq, or
{
z ∈ C2 : y2 = |z1|2

}
maker uy�� a�ajin angam di{

tarkel � Puankaren:

Xndir 74 (�udin). Dicuq f -� ambo�j funkcia �  A = {f(z) = 0}
analitik bazmu�yan bolor z = (z̃, zn) keteri hamar te�i uni

|zn| < c (1 + |z̃|m) anhavasaru�yun�, orte� c-n u m-� has{

tatunner en: Apacucel, or A-n in�-or bazmandami zroyakan

bazmu�yun �:

Xndir 75. Trva� en

ω′ =

n∑
k=1

ak dzk  ω′′ =

n∑
k=1

bk dzk

(0, 1) tipi diferencial � er�, oronc hamapatasxan a =

= (a1, . . . , an)  b = (b1, . . . , bn) vektorner� �r�ogonal en �vklid{

yan skalyar artadryali imastov: Apacucel, or ω′ ∧ ω′′ = 0 ayn

 miayn ayn depqum, erb ω′ = 0 kam ω′′ = 0 :
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Xndir 76. Dicuq p-n u q-n iraric tarber multiindeqsner en,

S -� Cn tara�u�yan miavor sferan �: Apacucel, or∫
S

ζpζ̄qdσ(ζ) = 0 :

Xndir 77. Apacucel, or e�e G tiruy�� holomorf u�ucik �  

bazmandamneri das� xit � O(G)-um, apa G-n bazmandama{

yin u�ucik �:

Xndir 78. Dicuq G-n har�u�yan vra verjavor �vov o�ork ko{

rerov sahmana�akva� tiruy� �: Apacucel, or e�e u ∈ C1(G) ,

apa

u(z) =
1

2πi

∫
∂G

u(ζ) dζ

ζ − z
+

1

2πi

∫
G

∂u

∂ζ̄

dζ̄ ∧ dζ
ζ − z

, z ∈ G : (8)

Xndir 79. Dicuq G ⊂ C-n bac sahmana�ak bazmu�yun �,

f ∈ C1(G) funkcian sahmana�ak �  

u(z) =
1

2πi

∫
G

f(ζ)

ζ − z
dζ ∧ dζ̄, z ∈ G : (9)

Apacucel, or u ∈ C1(G)  

∂u(z)

∂z̄
= f(z) : (10)

Xndir 80. Apacucel ∂  ∂̄ �peratorneri

∂2 = 0, ∂∂̄ = −∂̄∂, ∂̄2 = 0

hatku�yunner�:

Xndir 81. Cuyc tal, or f ambo�j funkciayi ρf (G) kargn u

σf (G) tip� kareli � sahmanel na het yal bana� ov

ρf (G) = lim
R→∞

ln lnMf (R,G)

lnR
, σf (G) = lim

R→∞

lnMf (R,G)

Rρ
:
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Xndir 82. Apacucel, or ρf (G) karg� irakanum kaxva� �� G

tiruy�ic, in�� �i�t �� σf (G) tipi (G-tipi) masin:

Xndir 83. Gtnel f(z1, z2) = ez1z2 funkciayi kargn u G-tip�,

e�e
G1 = {(z1, z2) : |z1| < 1, |z2| < 1} ,
G2 = {(z1, z2) : |z1| < 1, |z2| < 2} ,
G3 =

{
(z1, z2) : |z1|2 + |z2|2 < 1

}
:

Xndir 84. Orpeszi ρ1, . . . , ρn �ver� f funkciayi hamar linen

hamalu� karger, anhra�e�t �  bavarar, or

lim
|r|→∞

ln lnMf (r)

ln (rρ11 + · · ·+ rρnn )
= 1 :

Xndir 85. Orpeszi σ1, . . . , σn �ver� f funkciayi hamar linen

ρ1, . . . , ρn kargerin kic hamalu� tiper, anhra�e�t �  bava{

rar, or

lim
|r|→∞

lnMf (r)

σ1r
ρ1
1 + · · ·+ σnr

ρn
n

= 1 :

Xndir 86. Gtnel f(z) = exp (zp11 + · · ·+ zpnn ) ambo�j funkciayi

hamalu� kargeri hipermaker uy��:

Xndir 87. Gtnel f(z) = exp (z1z2 · · · zn) ambo�j funkciayi ha{

malu� kargeri hipermaker uy��:

Xndir 88. Gtnel 1, 1 hamalu� kargerin kic

f(z1, z2) =

∞∑
m=0

(−1)m
(z1z2)

m

(2m)!
= cos

√
z1z2

ambo�j funkciayi hamalu� tiperi kor�:
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Lu�umner  patasxanner

Xndir 1. Vercnenq miavor erkaru�yan u��ord ω vektor: Ha{

tuy�i keter� bavararum en
n∑

k=1

zkz̄k = 1

zk = ak + ωkζ

paymannerin, orte�ic  stanum enq hatuy�i

n∑
k=1

(ak + ωkζ)(ak + ωkζ) = 1

havasarum�: � a�oxenq �ax mas�:

n∑
k=1

(ak + ωkζ)(ak + ωkζ) =

n∑
k=1

|ak|2 + ζ

n∑
k=1

ākωk + |ζ|2
n∑

k=1

|ωk|2 =

= |a|2 + ζ⟨a, ω⟩+ ζ̄ ⟨a, ω⟩+ |ζ|2 =
= |a|2 + (ζ + ⟨a, ω⟩) (ζ + ⟨a, ω⟩)− ⟨a, ω⟩ ⟨a, ω⟩ =
= |a|2 + |ζ + ⟨a, ω⟩|2 − |⟨a, ω⟩|2 :

Hatuy�i havasarum� �ndunum � het yal tesq�`

|ζ + ⟨a, ω⟩|2 = 1 + |⟨a, ω⟩|2 − |a|2 : (11)

Hnaravor � ereq depq.

a) 1 + |⟨a, ω⟩|2 − |a|2 > 0 : Ays depqum (11) havasarman� ζ

parametri har�u�yan vra hamapatasxanum � �rja{

nagi�` ζ0 = −⟨a, ω⟩ kentronov  r0 =
√
1 + |⟨a, ω⟩|2 − |a|2

�arav�ov:
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b) 1+|⟨a, ω⟩|2−|a|2 = 0 : (11) havasarman� bavararum � miayn

mek ket` z0 = a− ⟨a, ω⟩ :

g) 1 + |⟨a, ω⟩|2 − |a|2 < 0 : Hatuy�� datark bazmu�yun �:

Xndir 2. Gndi depq�: Hatuy�i keter� bavararum en het yal

paymannerin` {
|z1|2 + |z2|2 < 1

y2 = α,

orte�ic het um �, or |z1|2 + x22 + α2 < 1 kam |z1|2 + x22 < 1− α2 :

Ayste�ic parz �, or e�e |α| < 1 , apa hatuy�� e�a�a� gund

� (0, iα) kentronov  
√
1− α2 �a�av�ov: Isk e�e |α| > 1 , apa

hatuy�� datark bazmu�yun �:

Bidiski depq�: Hatuy��{
z ∈ C2 : |z1| < 1, |z2| < 1, y2 = α

}
=

=
{
z ∈ C2 : |z1| < 1, |x2| <

√
1− α2, y2 = α

}
bazmu�yunn �: Parz �, or |α| < 1 depqum ayn (0, iα) kentronov

 2
√
1− α2 bar�ru�yamb e�a�a� glan �, ori himqi �a�avi��

havasar � meki, isk |α| > 1 depqum datark bazmu�yun �:

Xndir 4. z0 = (x0, y0) ketov ancno� S irakan hiperhar�u�yan

havasarumn �`

u(x, y) =

n∑
k=0

[
ak(xk − x0k) + bk(yk − y0k)

]
= 0,

orte� ak -n  bk -n irakan �ver en: Aknhayt �, or u(x, y) =

= Re l(z) , orte�

l(z) =

n∑
k=0

(ak − ibk)(zk − z0k) :
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l(z) = 0 havasarum� oro�um � kompleqs hiperhar�u�yun, or�

ancnum � z0 ketov  patkanum � S -in, qani or l(z) = 0 hava{

sarumic het um �

u(x, y) = Re l(z) = 0 :

Xndir 6. Ow�ucik D tiruy�i cankaca� z0 ezrayin keti hamar

goyu�yun uni ayd ketov ancno� M henman hiperhar�u�yun: z0

ketov ancno�  M -in patkano� kompleqs hiperhar�u�yun�

(tes xndir 3)  s handisanum � henman hiperhar�u�yun D-i

hamar, aysinqn` D-n g�oren u�ucik �:

Xndir 7. Dicuq D-n har� tiruy�neri dekartyan artadryal

�, aysinqn

D = D1 × · · · ×Dn,

orte� Dk ⊂ C, k = 1, . . . , n : Vercnenq z0 =
(
z01 , . . . , z

0
n

)
∈ ∂D,

da n�anakum � or z0k ∈ ∂Dk or � k-i hamar: Parz �, or{
z ∈ Cn : zk = z0k

}
kompleqs hiperhar�u�yun�, ancnelov z0 ketov, henvum � D-in,

uremn, D tiruy�� g�oren u�ucik �: Myus ko�mic, D-n u�ucik

��, e�e Dk -eric or � mek� u�ucik ��:

Xndir 8. Ditarkenq

D =
{
z ∈ C2 : |z1 + z2| < 1

}
tiruy��: Sa �rjana� tiruy� �, orovhet |z1+z2| < 1 paymanic

het um �, or |z1eiθ + z2e
iθ| < 1 cankaca� irakan θ-i hamar:

Myus ko�mic, D-n erkaki �rjana� ��, qani or(
1

2
,−1

2

)
∈ D  

(
1

2
,
1

2

)
/∈ D :
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Xndir 9. Patasxan: G�agrerum trva� en oroneli tiruy�neri

�eynhartyan diagramner�:

Èz1ÈÈz2È=1

Èz1È

Èz2È

Èz1ÈÈz2È=1

Èz1È

Èz2È

Èz1ÈÈz2È
2
=1

Èz1È
2Èz2È=1

Èz1È

Èz2È

Xndir 10. a) Ditarkenq

S(z1, z2) =

∞∑
p,q=0

(p+ q)!

p! q!
zp1z

q
2

�arq�: Ays �arqi bacar�ak zugamitu�yan tiruy�� miavor bi{

diskn �: Iroq,

∞∑
p,q=0

(p+ q)!

p! q!
|z1|p |z2|q =

∞∑
n=0

∑
p+q=n

(p+ q)!

p! q!
|z1|p |z2|q =

=

∞∑
n=0

(|z1|+ |z2|) :

Verjin �arqi zugamitu�yan paymann �` |z1|+ |z2| < 1 :

b) Nman � ov hamozvum enq, or

S∗(z1, z2) =
∞∑

p,q=0

(p+ q)!

p! q!
z2p1 z

2q
2

�arqi zugamitu�yan tiruy�� miavor gundn �:

Xndir 11. Het yal �arq�`

∞∑
p,q=0

(p+ q)!

p! q!
z2p1 z

2q+1
2 +

∞∑
k=0

(z1
2

)k
(12)
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bavararum � xndri paymannerin: Iroq, (12)-i a�ajin �arq�

nerkayacnelov

z2

∞∑
p,q=0

(p+ q)!

p! q!
z2p1 z

2q
2

tesqov, tesnum enq, or nra zugamitu�yan bazmu�yunn �`

{|z| < 1}
∪
{|z| < 2, z2 = 0}

(tes xndir 8-i patasxan�), isk erkrord �arqi zugamitu�yan

bazmu�yun� {|z1| < 2} �rjann �: Aknhayt �, or

({|z| < 1}
∪
{|z| < 2, z2 = 0})

∩
{|z1| < 2} =

{z ∈ Cn : |z| < 1}
∪
{|z| < 2, z2 = 0} :

Xndir 14. Tvyal �arqi masnaki gumar� havasar �

Skl(z1, z2) = 1+ z1z2 + (1− z2)

k∑
m=1

m! zm1 + (1− z1)

l∑
n=1

n! zn2 : (13)

Ayste�ic nax stanum enq, or Skl(1, 1) = 1 , aysinqn, �arq�

zugamet � (1, 1) ketum: Aynuhet , in�pes er um � (13)-ic,

goyu�yun �uni lim
k,l→∞

Skl(z1, z2) , e�e miayn (z1, z2) ̸= (1, 1) kam

(z1, z2) ̸= (0, 0) :

Xndir 15. �rinak, u(z1, z2) = z1z̄2 funkcian n-harmonik �,

orovhet 

∂2u

∂z1∂z̄1
=

∂2u

∂z2∂z̄2
= 0,

bayc plyuriharmonik ��, qani or

∂2u

∂z1∂z̄2
= 1 ̸= 0 :
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Xndir 16. Plyuriharmoniku�yan paymann �`

∂2u

∂zi∂z̄j
= 0, i, j = 1, . . . , n,

or� kareli � grel ∂∂̄u = 0 tesqov, ha�vi a�nelov

∂∂̄u =

n∑
i,j=1

∂2u

∂zi∂z̄j
dzi ∧ dz̄j

havasaru�yun�: Aynuhet ,

d(∂u) = (∂ + ∂̄)∂u = ∂2u+ ∂̄u = −∂∂̄u,

orte�ic er um �, or d(∂u)  ∂∂̄u diferencial � er� zro en da�{

num mia�amanak:

Xndir 17. Bavararu�yun: Dicuq u = Re f , orte� f -� holo{

morf �: Owremn, ∂̄f(z) = ∂f̄(z) = 0 : Ownenq

∂u =
1

2
∂
(
f + f̄

)
=

1

2

(
∂f + ∂̄f

)
=

1

2
df,

uremn, ∂u � � �ak �, qani or ��grit �: Xndir 12-ic het um �,

or u-n plyuriharmonik funkcia �:

Anhra�e�tu�yun: Ay�m en�adrenq u-n plyuriharmonik �: �st

xndir 12-i ∂u � � �ak �, usti kamayakan a ∈ D keti or �

�rjakayqum
∫ z
a ∂u integral� kaxva� �� integrman �anapar{

hic: Ditarkenq ayd �rjakayqum oro�va�

f(z) = 2

∫ z

a
∂u+ u(a) (14)

funkcian: Koragi� integrali hatku�yunneric het um �, or

df = 2∂u kam

∂f + ∂̄f = 2∂u :
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Ayste�ic nax het um �, or ∂̄f = 0 , aysinqn f -� holomorf �,  

∂f(z) = 2∂u(z) : (15)

Dicuq u1 = Re f , uremn ∂f = 2∂u1 : Ayste�ic  (15)-ic stanum

enq ∂u = ∂u1 , orte�ic`

∂(u− u1) = 0 : (16)

Ha�vi a�nelov, or (u − u1)-� irakan funkcia �, stanum

enq ∂̄(u − u1) = ∂(u− u1) = 0 : Ayste�ic  (16)-ic het um �`

u−u1 = c = const : (14)-ic bxum �, or f(a) = u(a) : Ownenq u1(a) =

= Re f(a) = u(a) , aysinqn` c = 0 : Owremn`

u(z) = u1(z) = Re f(z) :

Xndir 18. Dicuq a ∈ D  l-� a ketov ancno� kompleqs u�i� �,

ori parametrakan havasarumnern en

zk = ak + ωkt, t ∈ C, k = 1, . . . , n :

Fa,ω(t)-ov n�anakenq u(z) funkciayi hetq� l u��i vra`

Fa,ω(t) = u(a1 + ω1t, . . . , an + ωnt) :

Bard funkciayi a�ancman kanonneric stanum enq

∂2Fa,ω

∂t ∂t̄
=

n∑
j,k=1

∂2u

∂zj ∂z̄k
ωj ωk :

Ayste�ic bxum �, or het yal paymanner�

a)
∂2u

∂zj ∂z̄k

∣∣∣∣
z=a

= 0, j, k = 1, . . . , n bolor a-eri hamar D-ic,

b)
∂2Fa,ω

∂t ∂t̄
= 0 bolor a ∈ D  ω ∈ Cn \ {0} hamar,
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bavararvum en mia�amanak: a) payman� n�anakum � u-i plyu{

riharmoniku�yun�, isk b)-n n�anakum � u-i harmoniku�yun�

bolor l kompleqs u�i�neri vra, aveli ��grit` l
∩
D-i vra:

Xndir 19. D tiruy�um u funkciayi het miasin �st irakan

koordinatneri analitik en na 
∂2u

∂zi ∂z̄k
, i, k = 1, . . . , n funk{

cianer�: �st xndri paymani ayd funkcianer� zro en da�num

D-in patkano� V gndi mej: �st miaku�yan �eoremi nranq

nuynabar havasar en zroyi D tiruy�um, isk da n�anakum �

u-i plyuriharmoniku�yun� D-um:

Xndir 20. f ambo�j funkciayi f(z) =

∞∑
∥k∥=0

akz
k �eylori �arq�

zugamitum � ambo�j Cn tara�u�yunum: N�anakenq

UR = {z ∈ Cn : |zk| < R, k = 1, . . . , n} ,
ΓR = {z ∈ Cn : |zk| = R, k = 1, . . . , n} :

E�e z ∈ ΓR , apa |z| =
√

|z1|2 + · · ·+ |zn|2 = R
√
n : Hama�ayn

xndri paymani`

max
z∈ΓR

|f(z)| 6 C
(
1 +

(
R
√
n
)m)

:

�st Ko�ii anhavasaru�yunneri

|ak| 6
1

R∥k∥ max
z∈ΓR

|f(z)| 6 1

R∥k∥

(
1 +

(
R
√
n
)m)

:

E�e ∥k∥ > m , apa anhavasaru�yan aj mas� �gtum � zroyi, erb

R → ∞ : Owsti ak = 0 , erb ∥k∥ > m , aysinqn, f -i �eylori �arq�

irenic nerkayacnum �

f(z) =

[m]∑
∥k∥=0

akz
k
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verjavor gumar:

Xndir 21. Koordinatneri skzbnaketov  or � z0 ∈ E ketov

tanenq kompleqs u�i�: Nra parametrakan havasarumnern en

zk = z0kζ, ζ ∈ C, k = 1, . . . , n :

Ayd u��i  polidiski hatuy�i keter� bavararum en{
|zk| < 1

zk = z0kζ, k = 1, . . . , n

paymannerin, oroncic het um �`∣∣z0kζ∣∣ < 1, k = 1, . . . , n,

kam

|ζ| < min
k

1∣∣z0k∣∣ = 1

max
k

∣∣z0k∣∣ = 1

ρ(z0)
:

Ayspisov, hatuy�� irenic nerkayacnum �

|ζ| < 1

ρ(z0)

�rjan�: Ditarkenq ayd �rjanum holomorf g(ζ) = f(z01ζ, . . . , z
0
nζ)

funkcian: �st 
varci lemmayi

|g(ζ)| 6Mρ(z0)|ζ| :

ζ = 1 depqum stanum enq

|g(1)| =
∣∣f(z0)∣∣ 6Mρ(z0) :

Xndir 22. Vercnenq r ∈ (0, 1)  ditarkenq

F (z1, z2) =
1

2πi

∫
|ζ2|=r

f(z1, ζ2)

ζ2 − z2
dζ2, (17)
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funkcian: Parametric kaxva� integralneri haytni hat-

ku�yunneric het um �, or F (z1, z2)-� holomorf � �st z1 -i

{z1 ∈ C : |z1| < 1} �rjanum  �st z2 -i {z2 ∈ C : |z2| < r} �rja{

num: �st Hartogsi �eoremi F -� holomorf �

Er =
{
z ∈ C2 : |z1| < 1, |z2| < r

}
bidiskum: Xndri paymanneric het um �, or f funkciayi hamar

te�i uni Ko�ii bana� �

f(z1, z2) =
1

2πi

∫
|ζ2|=r

f(z1, ζ2)

ζ2 − z2
dζ2, (18)

orte� z1 ∈ M  |z2| 6 r : Hamematelov (17)-�  (18)-�, ezra{

kacnum enq, or fiqsa� z2 -i (z2 < r ) depqum {z1 ∈ C : |z1| < 1}
�rjanum holomorf f(z1, z2)  F (z1, z2) funkcianer� ham�nknum

en M bazmu�yan vra  , �st miaku�yan �eoremi, ham�nknum en

na ambo�j {z1 ∈ C : |z1| < 1} �rjanum: Ayspisov` f(z) = F (z)

Er bidiskum, aysinqn` f -� holomorf � Er -um: Qani or r-� kareli

� vercnel cankaca� �a�ov mot 1-in, stanum enq, or f -� holo{

morf � E -um:

Xndir 23. �st Hartogsi �eoremi f -� ambo�j funkcia �  

f(z) =

∞∑
∥k∥=0

akz
k, z ∈ Cn : (19)

Ays �arqi andamner� xmbavorelov �st zν -i asti�anneri` sta{

num enq

f(z) =
∞∑
k=0

gk (z1, . . . , [zν ], . . . , zn) z
pk
ν ,

orte� gk (z1, . . . , [zν ], . . . , zn)-er� ambo�j funkcianer en  gk -n

nuynabar zro ��: Ayste� [zν ] n�an� cuyc � talis, or ν -rd ko{

ordinat� bac � �o�nva�: gk funkcianeri qanak� verjavor �.
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haka�ak depqum, vercnelov aynpisi
(
z01 , . . . , [zν ], . . . , z

0
n

)
ket, or

gk (z1, . . . , [zν ], . . . , zn) ̸= 0, k = 0, 1, . . . ,

kstananq, or
∞∑
k=0

gk
(
z01 , . . . , [zν ], . . . , z

0
n

)
zpkν

funkcian, haka�ak xndri paymani, bazmandam �� �st zν -i:

Ayspisov, (19) �arqum zν -i (ν = 1, . . . , n) asti�anneri cuci�ne{

r� sahmana�ak en ver ic, isk da n�anakum �, or f -� bazman{

dam �:

Xndir 24. Nax cuyc tanq, or f(z) =
z31

1− z22
funkcian �ak

miavor B gndum an�ndhat �, �nd orum, ayd �ast� B -i bolor

keteri hamar aknhayt �, baci (0,±1) keteric: B -um te�i uni∣∣∣∣ z31
1− z22

∣∣∣∣ 6 |z1|2

1− |z2|2
|z1| 6 |z1|

gnahatakan�, oric bxum �, or

lim
z31

1− z22
= 0, erb z → (0,±1), z ∈ B :

Dicuq B -um te�i uni

z31
1− z22

= z1φ(z1, z2)

nerkayacum�: Ayste�ic stanum enq

φ(z1, z2) =
z21

1− z22
, erb z ̸= (0,±1) :

Aynuhet he�t � stugel, or

z′n =

(
0,

1

n

)
 z′′n =

(
1

n
,

√
1− 1

n2

)
, n = 1, 2, . . .
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keteri hajordakanu�yunner�, patkanelov B -in, �gtum en (0, 1)

ketin: Myus ko�mic, φ funkciayi hamapatasxan ar�eqneri

hajordakanu�yunner� unen tarber sahmanner`

limφ(z′n) = 0, limφ(z′′n) = 1 :

Owremn, φ-n �i karo� linel an�ndhat (0, 1) ketum:

Xndir 25. Fiqsa� j -i hamar nermu�enq {zj ∈ C : |zj | < 1} bac

�rjanum an�ndhat

fk(zj) = f
( (

1− 1
k

)
a1, . . . ,

(
1− 1

k

)
aj−1, zj ,

(
1− 1

k

)
aj+1, . . .

. . . ,
(
1− 1

k

)
an

)
, k = 1, 2, . . .

funkcianeri hajordakanu�yun�: E -um f -i havasara�a� an{

�ndhatu�yunic het um �, or

lim
k→∞

fk(zj) = f (a1, . . . , aj−1, zj , aj+1, . . . , an)

havasara�a� {zj ∈ C : |zj | 6 1} �rjanum: �st Vayer�trasi

�eoremi, sahmanayin f (a1, . . . , aj−1, zj , aj+1, . . . , an) funkcian,

or� f -i hetqn � ∆j,a �rjani vra,  s holomorf �:

Xndir 26. Ditarkenq fδ(z) = f ((1− δ)z) funkcian, orte�

δ > 0 : Qani or f -� an�ndhat � E ∪ Γ-i vra, goyu�yun uni

aynpisi δn drakan �veri hajordakanu�yun, or

max
z∈Γ

|f(z)− fδn(z)| <
1

n
:

�st maqsimumi skzbunqi` nman anhavasaru�yun te�i uni

na ambo�j polidiskum`

max
z∈E

|f(z)− fδn(z)| <
1

n
: (20)
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Aknhayt �, or fδn(z) funkcianer� holomorf en E -i �rjakayqum:

Owsti goyu�yun unen aynpisi Pn(z) bazmandamner (�rinak,

fδn(z)-i �eylori �arqi hamapatasxan hatva�ner�), or

max
z∈E

|fδn(z)− Pn(z)| <
1

n
: (21)

(20)-ic  (21)-ic het um �

max
z∈E

|f(z)− Pn(z)| <
2

n
:

Ayspisov` Pn bazmandamneri hajordakanu�yun� havasara{

�a� zugamitum � E -i, het abar,  E -i vra: Sahmanayin

funkcian, or� an�ndhat � E -i vra orpes an�ndhat funkcia{

neri havasara�a� sahman, f -i an�ndhat �arunaku�yunn �:

Xndir 27. Koordinatneri skzbnaketi �rjakayqum f -� verlu{

�enq

f(z) =
∞∑

k1,...,kn=0

ak1,...,knz
k1
1 · · · zknn

�eylori �arqi: Vercnelov ayste� y1 = y2 = · · · = yn = 0 , hama{

�ayn xndri paymani, kunenanq

f(x) =

∞∑
k1,...,kn=0

ak1,...,knx
k1
1 · · ·xknn ≡ 0 :

Hajordabar a�ancelov ays nuynu�yun�, stanum enq

ak1,...,kn =
1

k1! · · · kn!
∂∥k∥f(0)

∂xk11 · · · ∂xk11
= 0

bolor (k1, . . . , kn)-eri hamar: Ayspisov, f -i bolor �eylori gor�a{

kicner� havasar en zroyi, het abar, f(z) ≡ 0 :
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Xndir 28. Katarenq �o�oxakanneri �oxarinum`{
w1 =

1
2(z1 + z2)

w2 =
1
2i(z1 − z2),

ori hakadar�n � {
z1 = w1 + iw2

z2 = w1 − iw2 :

Bana� eric er um �, or C2
z tara�u�yan

{
z ∈ C2 : z1 = z̄2

}
har�u�yan� C2

w -um hamapatasxanum � irakan har�u�yun�,

isk holomorf f(z1, z2) funkciayin hamapatasxanum � nuynpes

holomorf f(w1 + iw2, w1 − iw2) funkcia, orn �st xndir 27-i

nuynabar havasar � zroyi: Het abar, f(z1, z2) ≡ 0 :

Xndir 29. Lu�um� berenq

E =
{
z ∈ C2 : |z1| < 1, |z2| < 1

}
miavor bidiski depqi hamar: N�anakenq

Πk = E ∩
{
z ∈ C2 : z2 = kz1

}
, k = 1, 2, . . . :

Bm =
{
z ∈ C2 : |z| < 1/m

}
gndum (m = 1, 2, . . .) vercnenq ken{

tronic tarber w
(k)
m keter, w

(k)
m ∈ Πk, k = 1, . . . ,m : Ayd keteric

kazmva� hajordakanu�yun� �gtum � E -i kentronin  yura{

qan�yur Πk -i vra uni anverj �vov iraric tarber andamner:

Dicuq f ∈ O(E) : �st mia�a� miaku�yan �eoremi f |Πk
= 0 :

Miavor �rjanin patkano� kamayakan c keti hamar f(z1, c)

funkcian zro � da�num z1 = c/k, k = 1, 2, . . . keterum: Hama{

�ayn ver� n�va� �eoremi,

f(z1, c) ≡ 0, erb |z1| < 1,

aysinqn` f(z) ≡ 0 E -um:
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Xndir 30. Ditarkenq

γk =
{
z ∈ C2 : |z| = 1, z2 = kz1

}
, k = 1, 2, . . .

�rjanag�er�: Nranc vra fk(z) = z2 − kz1 holomorf funkcianer�

zro en da�num, uremn, γk -er� miaku�yan bazmu�yunner �en:

Dicuq Γ =
∞∪
k=1

γk  f ∈ O(B) ∩ C(B) funkcian zro � da�num

Γ-i vra: Qani or γk -n

Πk =
{
z ∈ C2 : |z1| 6 1, z2 = kz1

}
�rjani ezrn �, �st mia�a� miaku�yan �eoremi f |Πk

= 0 ,

k = 1, 2, . . . : Owremn` f(z) ≡ 0 (tes xndir 25-i lu�um�):

Xndir 31. N�anakenq Ek -ov

γk =
{
z ∈ C2 : |z| = 1, z2 = kz1

}
, k = 1, 2, . . .

�rjanag�i ayn a�e��, or� z2 har�u�yan vra proyektvum �

0 6 arg z2 6 2−2 ankyan mej: Parz �, or

E =

( ∞∪
k=1

Ek

)∪
{(0, 1)}

�ak bazmu�yun� uni verjavor g�ayin �a�: �i�t aynpes, in�pes

26-rd xndri lu�man mej, cuyc � trvum, or E -n miaku�yan baz{

mu�yun �:

Xndir 32. Dicuq f ∈ O(E) ∩ C(E) funkcian zro � da�num E

miavor bidiski henqi o�-datark bac S en�abazmu�yan vra:

Aynuhet {|z1| = 1}  {|z2| = 1} �rjanag�eri vra vercnenq γ1  

γ2 a�e�ner aynpes, or γ1 × γ2 ⊂ S :

Dicuq z0 ∈ E : Fiqsa� z1 ∈ γ1 depqum f(z1, z2) funkcian

holomorf � �st z2 -i {|z2| < 1} �rjanum (tes xndir 25-�), an{

�ndhat � {|z2| 6 1} �rjanum  havasar � zroyi γ2 -i vra: �st
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miaku�yan �eoremi f(z1, z2) = 0 erb {|z2| < 1} , masnavorapes,
f(z1, z

0
2) = 0 : Aynuhet , f(z1, z

0
2)-n holomorf � �st z1 -i {|z1| < 1}

�rjanum, an�ndhat � {|z1| 6 1}-um  havasar � zroyi γ1 -i vra:

Nuyn pat�a�ov f(z1, z
0
2) = 0 , erb {|z1| 6 1} , masnavorapes,

f(z01 , z
0
2) = 0 : Ayspisov, kamayakan z0 ∈ E ketum f -� havasar

� zroyi, aysinqn` f(z) ≡ 0 :

Xndir 33. Dicuq z0 /∈ A , aysinqn, goyu�yun uni aynpisi P (z)

bazmandam, or P (z0) /∈ P (K) : Ayd depqum

1

P (z)− P (z0)

�acional funkcian holomorf � K -i vra, isk z0 ketum uni b e�,

uremn, z0 -n �i patkanum K -i K̂r �acional u�ucik �a�an�in:

Ay�m en�adrenq z0 /∈ K̂r , aysinqn` goyu�yun uni aynpisi r(z)

�acional funkcia, or
∣∣r(z0)∣∣ > ∥r∥K : Ditarkenq

r1(z) =
1

r(z)− r(z0)
=
P (z)

Q(z)

�acional funkcian, orte� P -n  Q-n �oxadar�abar parz

bazmandamner en: Qani or r1(z)-� holomorf � K -i vra, apa

Q-n K -i vra zroner �uni: Myus ko�mic, Q(z0) = 0 , aynpes or

Q(z0) /∈ Q(K) , aysinqn` z0 /∈ A :

Xndir 34. Dicuq z0 ∈ K̂ , aysinqn
∣∣P (z0)∣∣ 6 ∥P∥K cankaca�

P bazmandami hamar: An�ndhatu�yan �norhiv cankaca� f ∈
∈ P (K) funkciayi hamar

∣∣f(z0)∣∣ 6 ∥f∥K : Ays anhavasaru{

�yun� n�anakum �, or <z0 ketum ar�eq> funkcional� an�ndhat

� (nra norm� �i gerazancum mek �iv�): Aknhayt �, or ayd funk{

cional�  g�ayin �,  multiplikativ:

Ay�m en�adrenq m ∈ M  z0k = m(zk) , k = 1, . . . , n : m-i

g�ayin  multiplikativ lineluc het um �, or amen mi P baz{

mandami hamar

P (z0) = P (m(z1), . . . ,m(zn)) = m (P (z1, . . . , zn)) ,
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isk m-i an�ndhatu�yan �norhiv m(f) = f(z0) cankaca� f ∈
∈ P (K) hamar: Ayspisov, m funkcional� <z0 ketum ar�eq> �:

In�pes haytni �, M -in patkano� funkcionali norm� havasar

� meki: Het abar,∣∣P (z0)∣∣ = |m(P )| 6 ∥m∥ · ∥P∥K = ∥P∥K ,

aysinqn, z0 ∈ K̂ :

Xndir 35. E�e P (K)  C(K) hanraha�ivner� ham�nknum en,

apa ham�nknum en na hamapatasxan MP (K)  MC(K) an�nd{

hat g�ayin multiplikativ funkcionalneri tara�u�yunner�:

In�pes haytni �, MC(K) = K , isk �st 30-rd xndri MC(K) = K̂ :

Ayspisov` K = K̂ , aysinqn` K -n bazmandamayin u�ucik �:

Xndir 36. �st Vayer�trasi �eoremi irakan en�atara�u�ya{

n� patkano� K kompakti hamar P (K) = C(K) ,  ays �astic

het um �, or K -n bazmandamayin u�ucik � (tes 31-rd xndir�):

Xndir 37. E�e C\K bazmu�yun� kapakcva� ��, apa goyu�yun

uni ayd bazmu�yan sahmana�ak kapakcva� D komponent:

Ha�vi a�nelov maqsimumi skzbunq�  ayn, or ∂D ⊂ K , cankaca�

P (z) bazmandami hamar stanum enq

|P (z)| 6 ∥P∥∂D 6 ∥P∥K , erb z ∈ D :

Owremn` D ⊂ K̂  K = K̂ :

Hakadar��, dicuq C \ K bazmu�yun� kapakcva� �  z0 ∈
∈ C \ K : Vercnenq irar het �hatvo� V1  V2 aynpisi bac

bazmu�yunner, or K ⊂ V1  z0 ∈ V2 : Aynuhet ,

f(z) =

{
0, erb z ∈ V1,

1, erb z ∈ V2

funkcian holomorf � K
∪
{z0}-i �rjakayqum: Qani or K

∪
{z0}

kompakti lracum� kapakcva� �, apa �st �ungei �eoremi f -�
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ayd kompakti vra havasara�a� motarkvum � bazmandamne{

rov: Vercnelov aynpisi P bazmandam, or

∥P − f∥K∪{z0} < 1/2,

kstananq ∥P∥K < 1/2  |P (z0) − 1| < 1/2 ,  uremn` |P (z0)| >
> ∥P∥K : Qani or z0 -n cankaca� ket � C \K -ic, stanum enq,

or K = K̂ :

Xndir 38. E�e K b D , apa

sup
z∈K

|Pm(z)| 6 r < 1, m = 1, . . . , N :

Bazmandamayin u�ucik �a�an�i sahmanumic het um �

sup
z∈K̂

|Pm(z)| = sup
z∈K

|Pm(z)| 6 r,

orte�ic bxum �, or K̂ b D :

Xndir 39. Dicuq P (z)-� bazmandam �  

z0 ∈
{
z ∈ C2 : |z1| 6 1, z2 = 0

}
:

�st maqsimumi skzbunqi`

|P (z0)| =
∣∣P (z01 , 0)∣∣ 6 max

|z1|=1
|P (z1, 0)| = m :

En�adrenq, �e m ar�eq� P funkcian �ndunum � a ketum:

Qnnarkenq erku depq.

a) e�e a1 = eit  δ 6 t 6 2π , apa a ∈ M  m = |P (a)| 6
6 max

z∈M
|P (z)| ,

b) e�e a1 = eit  0 < t < δ , apa m = |P (a1, 0)|  �st

maqsimumi skzbunqi`

|P (a1, 0)| 6 max
|z2|=1

|P (a1, z2)| 6 max
z∈M

|P (z)| :
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Erku depqum �l ∣∣P (z0)∣∣ 6 m 6 max
z∈M

|P (z)| :

Ayste�ic het um �, or z0 ∈ M̂ :

Xndir 40. Hatman keter� bavararum en{
|z1|2 + |z2|2 = 2

z2 = z̄1

paymannerin, oroncic het um �, or |z1| = 1 , aysinqn K -i proyek{

cian z1 har�u�yan vra (in�pes na z2 har�u�yan vra) miavor

�rjanagi� �: Owremn, K -n kareli � nerkayacnel{
z1 = eit

0 6 t 6 2π
z2 = e−it

parametrakan havasarumneri mijocov: Ayste�ic er um �, or

kamayakan P (z1, z2) bazmandami hetq� K -i vra, aysinqn

P (eit, e−it) funkcian, t parametric e�ankyuna�a�akan baz{

mandam �: �st Feyeri �eoremi aydpisi bazmandamner� hava{

sara�a� metrikayov amenureq xit en C ([0, 2π]) funkcianeri

tara�u�yan mej: Verada�nalov (z1, z2) �o�oxakannerin, ez{

rakacnum enq, or P (K) = C(K) :

Xndir� lu�enq uri� me�odov: G�ayin � a�oxu�yan mijocov{
z ∈ C2 : z2 = z̄1

}
har�u�yun� artapatkerenq irakan har�u�yan vra (tes 28-rd

xndri lu�um�)  apa kira�enq Vayer�trasi �eorem�: Nkatenq,

or ays e�anak� pitani �
{
z ∈ C2 : z2 = z̄1

}
har�u�yan vra

gtnvo� cankaca� K kompakti hamar:

Xndir 41. Gndi ezri vra gtnvo� kamayakan z0 keti hamar

ditarkenq

f(z) = exp ⟨z, z0⟩
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funkcian: Kira�elov Bunyakovski{
varci anhavasaru�yun�,

stanum enq

|f(z)| = expRe
⟨
z, z0

⟩
6 exp

∣∣⟨z, z0⟩∣∣ 6
6 exp

(
|z| · |z0|

)
6 exp 1 = e, erb |z| 6 1,

�nd orum Re
⟨
z, z0

⟩
= 1 havasaru�yun� B -um te�i � unenum

miayn z0 ketum: Ayspisov`{
|f(z)| < 1, erb z ∈ B \ {z0}
|f(z0)| = exp 1 = e,

aysinqn`

|f(z0)| > |f(z)|, erb z ∈ B \ {z0} :

Da n�anakum �, or kamayakan ezrayin z0 ket piki ket �, or{

te�ic het um � pndum�:

Xndir 42. Parzu�yan hamar ditarkenq{
z ∈ C2 : |z1| < 1, |z2 < 1

}
miavor bidiski depq�: Vercnenq f ∈ O(E) ∩ C(E) funkcian:

�st maqsimumi skzbunqi, M = max
z∈E

|f(z)| ar�eq� funkcian

�ndunum � in�-or a = (a1, a2) ezrayin ketum: a1  a2 �veric

gone mek� modulov havasar � meki. oro�akiu�yan hamar dicuq

|a2| = 1 : f(z1, a2) funkcian an�ndhat � {|z1| 6 1} �ak �rjanum,

holomorf � {|z1| < 1}-um (tes 25-rd xndir�)  modulov hasnum �

maqsimumin a1 ketum: Owremn, kam |a1| = 1 ,  ays depqum a-n

patkanum � Γ henqin, kam

|f(z1, a2)| ≡M, erb {|z1| 6 1} :

Masnavorapes, |f(1, a2)| = 1 ,  ays depqum M ar�eq� noric �n{

dunvum � Γ-in patkano� (1, a2) ketum: Ayspisov` O(E)
∩
C(E)
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dasi kamayakan funkcia ir moduli maqsimum� �ndunum � Γ

henqi vra, uremn, S(E) ⊂ Γ : Myus ko�mic, cankaca� z0 ∈ Γ

keti hamar f(z) = (z1 + z01)(z2 + z02) funkcian uni pik z
0 -um,

aysinqn` ∣∣f(z0)∣∣ > |f(z)| , erb z ∈ E \ {z0} :

Het abar, Γ ⊂ B(E) : Ha�vi a�nelov, or mi�t B(E) ⊂ S(E) ,

stanum enq B(E) = S(E) = Γ :

Xndir 43.

a) Dicuq z0 = (z01 , z
0
2) ∈ ∂D : E�e |z01 | = 1 , apa

1

z1 − z01
funkcian z0 ketum argelqi funkcia �, aysinqn` ayn D-um

holomorf �  z0 ketin motenalis sahmana�ak ��: Isk e�e

|z01 | < 1 , apa orpes argelqi funkcia handes � galis
1

z1z̄01 − z2z̄02
funkcian: �st argelqi masin �eoremi D-n

holomorfu�yan tiruy� �:

b) Dicuq D ⊂ G  G-n holomorfu�yan tiruy� �: Qani or

(0, 0) ∈ G , apa
{
z ∈ C2 : |z1| < ε, |z2| < ε

}
⊂ G bavaka{

na�a� �oqr ε-i hamar: Aynuhet , E miavor bidisk�

D1 =
{
z ∈ C2 : |z1| < 1, |z2| < ε

}∪
D

krknaki �rjana� tiruy�i holomorf �ndlaynumn �, orovhe{

t E -n D1 -� parunako� amena�oqr lriv krknaki �rjana{

� tiruy�n �: Ha�vi a�nelov, or G ⊃ D  or G-n holo{

morfu�yan tiruy� �, ayste�ic ezrakacnum enq, or G ⊃
⊃ E : Stacvec, or D-n parunako� cankaca� holomorfu{

�yan tiruy� parunakum � na E -n, aysinqn D-n �i karo�

linel holomorfu�yan tiruy�neri hatum:

Xndir 44. D tiruy�i ezr� ba�kaca� �

Γ1 =
{
z ∈ C2 : |z1| = 1, |z2| 6 1

}
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Γ2 =
{
z ∈ C2 : |z1| 6 1, |z2| = |z1|− ln |z1|

}
�ak bazmu�yunneric, oronc Γ = Γ1

∩
Γ2 hatum� miavor bidis{

ki henqn � (g�agrum trva� � D tiruy�i �eynhartyan diagram�):

Vercnenq f ∈ O(D)
∩
C(D)  

ÈGÈ

ÈG1ÈÈG2È

10

Èz1È

Èz2È

ÈDÈ

z0 = (z01 , z
0
2) ∈ Γ1 : �i�t ayn{

pes, in�pes 38-rd xndri lu�man

mej, apacucvum �, or e�e |f |-�
�ndunum � ir amename� ar�eq�

z0 ketum, apa ayd ar�eq� ayn

�ndunum � na Γ-in patkano�

in�-or ketum: Owremn, S(D) ⊂
⊂ Γ2 : Ditarkenq

fn,m(z) = z−n
1 zm2 , n,m = 1, 2, . . .

funkcianer�: He�t � tesnel, or nranq patkanum en

O(D)
∩
C(D) dasin: Analizi sovorakan me�odnerov cuyc � t�r{

vum, or max
D

|fn,m| ar�eq� funkcian �ndunum � (zn,m1 , zn,m2 ) ∈ Γ2

ketum, orte� |zn,m1 | = exp(−n/2m) : Ayd keter� Γ2 -i vra kazmum

en amenureq xit bazmu�yun, het abar Γ2 ⊂ S(D) : Aynuhet 

nkatenq, or O(D)-in patkano� kamayakan funkcia anali{

tikoren �arunakvum � E miavor bidiski �akman vra: Owsti

B(D) = Γ (tes 38-rd xndir�):

Xndir 45. Parzu�yan hamar en�adrenq or f -� holomorf � D-i

�akman vra: Ditarkenq

F (z1, z2) =
1

2πi

∫
|ζ1|=2

f(ζ1, z2)

ζ1 − z1
dζ1

Ko�ii tipi integral�: Parametric kaxva� integralneri

haytni hatku�yunneric het um �, or F -� holomorf � �st z1 -i

{|z1| < 2} �rjanum  �st z2 -i {|z2| < 2}-um: Hama�ayn Hartogsi
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�eoremi, F -� holomorf �
{
z ∈ C2 : |z1| < 2, |z2| < 2

}
bidiskum:

�st Ko�ii integralayin bana� i

f(z1, z2) =
1

2πi

∫
|ζ1|=2

f(ζ1, z2)

ζ1 − z1
dζ1,

erb z ∈ G =
{
z ∈ C2 : |z1| < 2, 1 < |z2| < 2

}
⊂ D : Miaku�yan

�eoremi hama�ayn f(z) ≡ F (z) amenureq D-um, aysinqn F -�

handisanum � f -i holomorf �arunaku�yun�{
z ∈ C2 : |z1| < 2, |z2| < 2

}
erk�rjani vra:

Berenq xndri mi ayl lu�um: D tiruy�um f -� verlu�enq

f(z) =

∞∑
|k|=−∞

ak1k2z
k1
1 z

k2
2 (22)

Lorani �arqi: Qani or D-n parunakum � keter, oronc hamar

z1 = 0 (kam z2 = 0), apa (22) �arqum masnakcum en z1 -i

(hamapatasxanabar` z2 -i) miayn o� bacasakan asti�anner�,

aysinqn` (22)-� asti�anayin �arq �: �st Abeli �eoremi ayn zu{

gamitum � ambo�j{
z ∈ C2 : |z1| < 2, |z2| < 2

}
bidiskum  nra gumar� handisanum � f funkciayi oroneli �a{

runaku�yun�:

Xndir 46. Apacucenq, or D1 ×D2 tiruy�um holomorf

F (z) = − 1

4π2

∫∫
∂D1×∂D2

f (ζ1, ζ2)

(ζ1 − z1) (ζ2 − z2)
dζ1 ∧ dζ2

funkcian f -i holomorf �arunaku�yunn �:
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Dicuq ε > 0  Dε
k = {tzk : zk ∈ Dk, 0 6 t < ε} , k = 1, 2 : Ba{

vakana�a� �oqr ε-i hamar Dε
1 × Dε

2 tiruy�� ir �akman het

miasin �nka� � (0, 0) keti ayn �rjakayqum, orte� f -� holomorf

�: �st Ko�ii bana� i`

f(z) = − 1

4π2

∫∫
∂Dε

1×∂Dε
2

f (ζ1, ζ2)

(ζ1 − z1) (ζ2 − z2)
dζ1∧dζ2, erb z ∈ Dε

1×Dε
2 :

Ka�ucenq

Kε =
{
tz ∈ C2 : z ∈ ∂D1 × ∂D2, ε < t < 1

}
e�a�a� maker uy��, or� sahmana�akva� � mi ko�mic ∂Dε

1 ×
× ∂Dε

2 -ov, isk myus ko�mic` ∂D1 × ∂D2 -ov: Qani or

f (ζ1, ζ2)

(ζ1 − z1) (ζ2 − z2)

funkcian holomorf � Kε -i �rjakayqum, erb z ∈ Dε
1 × Dε

2 , apa

�st Ko�i{Puankarei �eoremi∫∫
∂Dε

1×∂Dε
2

f (ζ1, ζ2)

(ζ1 − z1) (ζ2 − z2)
dζ1 ∧ dζ2 =

=

∫∫
∂D1×∂D2

f (ζ1, ζ2)

(ζ1 − z1) (ζ2 − z2)
dζ1 ∧ dζ2,

aysinqn, f(z) = F (z) , erb z ∈ Dε
1 × Dε

2 : Nkatenq, or D1  D2

tiruy�neri ast�a� lineluc het um �, or K ⊂ D1 × D2 : �st

miaku�yan �eoremi f(z) = F (z) amenureq K -i �rjakayqum, in��

n�anakum �, or F funkcian f -i �arunaku�yunn �:

Xndir 47. Dicuq ζ0 = (0, ρ) ket� patkanum � D tiruy�i

ezrin: Ayd depqum

S =
{
z ∈ C2 : |z1| < ρ, z2 = ρ

}
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analitik maker uy�� parunakum � ζ0 -n, isk nra

∂S =
{
z ∈ C2 : |z1| = ρ, z2 = ρ

}
ezr� �nka� � D-um: Ditarkenq

Sn =

{
z ∈ C2 : |z1| < ρ, z2 = ρ+

1

n

}
analitik maker uy�neri hajordakanu�yun�: Parz �, or

Sn ⊂ D, Sn → S  ∂Sn → ∂S :

Da n�anakum �, or D tiruy�� ζ0 ezrayin ketum L ii imastov

o� u�ucik �, uremn, D-n holomorfu�yan tiruy� ��:

Xndir 48. Ditarkenq het yal bidisker�`

D1 =
{
z ∈ C2 : |z1| < 1, |z2| < 2

}
 

2

2

1

1

0

Èz1È

Èz2È
D2 =

{
z ∈ C2 : |z1| < 2, |z2| < 1

}
:

(G�agrum trva� en nranc �eyn{

hartyan diagramner�): Nranq

holomorfu�yan tiruy�ner en:

Myus ko�mic, D = D1
∪
D2 miavo{

rum� handisanum � lriv, krknaki

�rjana� , bayc logari�moren o�

u�ucik tiruy�: �st Hartogsi

�eoremi D-n holomorfu�yan tiruy� ��:

Xndir 49. Cucum: Hajordabar n angam kira�el Puasoni ba{

na� � mia�a� depqi hamar:

Xndir 50. Nax nkatenq, or kamayakan f ∈ C(Γ) funkciayi

hamar

sup
z∈E

|P [f ](z)| 6 ∥f∥Γ :
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Da het um � ayn banic, or Puasoni koriz� drakan �  nra

integral� henqov havasar � meki: Aynuhet 

0 6 sup
z∈E

|P [fk](z)− |P [f ](z)| = sup
z∈E

|P [fk − f ](z)| 6 ∥fk − f∥Γ → 0,

orte�ic het um �, or limk→∞ = P [f ] havasara�a� E -i vra:

Xndir 51. D tiruy�� �a�kenq

U1 = {z : |z1| < 1, |z2| < 3}
∪

{z : |z1| < 3, |z2| < 1}
U2 = {z : |z1| < 3, |z2| < 1}

∪
{z : 2 < |z1| < 3, |z2| < 3}

erku �rjakayqeric kazmva� hamakargov: Vercnenq U1 -um

f1(z) = 1/(z2 − 2) meromorf funkcian, isk U2 -um` f2(z) ≡ 0 :

En�adrenq �e (Uk, fk), k = 1, 2 tvyalnerov Kuzeni a�ajin

himnaxndirn uni lu�um: Da n�anakum �, or goyu�yun uni D-um

meromorf f funkcia,

or� U1 -um hamar�eq � f1 -in,

3

3

0
Èz1È

Èz2È isk U2 -um` f2 -in (hi�ecnenq,

or meromorf funkcianer�

hamarvum en hamar�eq

or � tiruy�um, e�e nranc

tarberu�yun� holomorf � ayd

tiruy�um): Bayc ayd dep{

qum f − f2 = f funkcian

analitikoren k�arunakver

{z : |z1| < 3, |z2| < 3} erk�rja{

ni mej  ��r lini hamar�eq f1 -in U1 -um: Stacanq hakasu�yun:

Xndir 52. �st Feyeri �eoremi goyu�yun uni Rk(e
iθ) e�ankyu{

na�a�akan bazmandamneri hajordakanu�yun, or� havasara{

�a� �gtum � f -in: Rk(e
iθ) funkcianer� handisanum en hama{

patasxan Rk(z) n-harmonik funkcianeri hetqer� Γ-i vra,

uremn (tes 46-rd xndir�),

Rk(z) = P [Rk](z), z ∈ E :
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Hama�ayn 47-rd xndri` Rk(z) hajordakanu�yun� havasara�a�

zugamitum � E -i, usti na E -i vra: Sahmanayin funkcian,

orpes an�ndhat funkcianeri havasara�a� sahman an�nd{

hat � E -i vra, isk E -um ayn ham�nknum � P [f ]-i het, usti

ayd funkcian handisanum � P [f ]-i an�ndhat �arunaku�yun�

E -i vra:

Xndir 53. Anhra�e�tu�yun: Dicuq F ∈ O(E)
∩
C(E)  F |Γ =

= f : Oro�akiu�yan hamar en�adrenq, �e kn > 0 : Ownenq∫
Γ

f(ζ)ζkdζ =

∫
Γ

F (ζ)ζkdζ =

=

∫
|ζ1|=1

ζk11 dζ1 · · ·
∫

|ζn|=1

ζknn F (ζ1, . . . , ζn) dζn = 0,

qani or F -� holomorf � �st ζn -i {|ζn| < 1} �rjanum (tes 25-rd

xndir�),  �st Ko�ii �eoremi nerqin integral� havasar � zroyi:

Bavararu�yun: Puasoni koriz� verlu�enq �arqi

P
(
reiφ; eiθ

)
= P

(
r1e

iφ1 , . . . , rne
iφn ; eiθ1 , . . . , eiθn

)
=

=
1

(2π)n

+∞∑
k1...kn=−∞

r
|k1|
1 · · · r|kn|n eik·(θ−φ),

orte� k · θ = k1θ1 + · · ·+ knθn : Ayd verlu�u�yunic het um �, or

P [f ] =

∫
Γ

P
(
reiφ; eiθ

)
f(eiθ) dθ =

=
1

(2π)n

+∞∑
k1...kn=−∞

r
|k1|
1 · · · r|kn|n

∫
Γ

f(eiθ)eik·θ dθ : (23)

E�e k1, . . . , kn �veric or � mek� drakan �, apa∫
Γ

f(eiθ)eik·θ dθ =

∫
Γ

f(eiθ)eik1θ1 · · · eiknθn dθ1 ∧ · · · ∧ dθn =
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=

∫
Γ

f(ζ)ζk11 · · · ζknn
dζ1
iζ1

∧ · · · ∧ dζn
iζn

=
1

in

∫
Γ

ζk−1f(ζ) dζ = 0

hama�ayn xndri paymani: Ayspisov, (23) �arqum mnum en miayn

o� drakan ki -erin hamapatasxano� gumareliner�: N�anake{

lov k = −m  

am =

∫
Γ

f(eiθ)e−im·θ dθ,

(23)-ic stanum enq, or

P [f ] =
1

(2π)n

+∞∑
m1...mn=0

amr
m1
1 · · · rmn

n eim·φ =

=
1

(2π)n

+∞∑
m1...mn=0

amz
m1
1 · · · zmn

n , z ∈ E :

Owremn, P [f ]-� holomorf �  �arunakvum � min� O(E)
∩
C(E)

dasi funkcia (tes 48-rd xndir�):

Xndir 54. Dicuq k = (k1, . . . , kn) , orte� kν �ver� ambo�j en  

gone mek� o� bacasakan �, �rinak, kn > 0 : Ownenq∫
Γ

f(ζ)ζkdζ =

∫
|ζ1|=1

ζk11 dζ1 · · ·
∫

|ζn|=1

ζknn f (ζ1, . . . , ζn) dζn = 0,

qani or �st paymani f -� {|ζn| < 1} �rjanum holomorf � ζn -i

nkatmamb: Hama�ayn 49-rd xndri goyu�yun uni F ∈ O(E)
∩
C(E)

funkcia, or� ham�nknum � f -i het Γ henqi vra: ∂E -in patka{

no� ∆j,a �rjannerum f  F funkcianer� holomorf en

(f -�` �st paymani, isk F -�` �st 21-rd xndri): Ayn �astic, or

F |Γ = f |Γ , �gtvelov miaku�yan �eoremic, he�tu�yamb cuyc �

trvum, or F |∆j,a
= f |∆j,a

: E polidiski ezr� spa�vum � ∆j,a

tipi �rjannerov, usti F |∂E = f |∂E , aysinqn, F -� handisanum
� f -i �arunaku�yun� min� O(E)

∩
C(E) dasi funkcia:
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Xndir 59. Cucum: �gtvel Hyolderi anhavasaru�yunic:

Xndir 60. Cucum: �gtvel mijin erkra�a�akani  mijin �va{

banakani veraberyal het yal anhavasaru�yunic`

e
∫
p ln f dx 6

∫
p f dx, e�e

∫
p dx = 1, p > 0, f > 0 :

Xndir 63. Oroneli V2n(Bn) �avali hamar aknhaytoren unenq

V2n(Bn) =

∫
x2
1+y21+···+x2

n+y2n61

dx1 ∧ . . . ∧ dxn ∧ dy1 ∧ . . . ∧ dyn :

Ancnenq b e�ayin xk + iyk = rke
iφk koordinatneri: Qani or

dxk ∧ dyk = rk drk ∧ dφk , apa

V2n(Bn) =

∫
r21+···+r2n61

r1 · · · rn dr1 ∧ . . . ∧ drn
∫

06φi62π
i=1,...,n

dφ1 ∧ . . . ∧ dφn =

= πn
∫

t1>0,...,tn>0
t1+···+tn61

dt1 ∧ . . . ∧ dtn : (24)

Stacva� integral� ha�velu hamar n�anakenq

Tn(h) =

∫
t1>0,...,tn>0

t1+···+tn6h

dt1 ∧ . . . ∧ dtn :

Katarelov t1 = ht′1, . . . , tn = ht′n �o�oxakanneri �oxarinum`

hamozvum enq, or Tn(h) = hnTn(1) : Aynuhet `

Tn(1) =

1∫
0

dtn

∫
t1>0,...,tn−1>0

t1+···+tn−161−tn

dt1 ∧ . . . ∧ dtn−1 =
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=

1∫
0

Tn−1(1− tn)dtn = Tn−1(1)

1∫
0

(1− tn)
n−1dtn =

1

n
Tn−1(1) :

Stacva� andradar� haraberakcu�yunic bxum � Tn(1) =
1

n!
:

Te�adrelov (24)-i mej, stanum enq

V2n(Bn) =
πn

n!
:

Owri� apacuyc: Cn -i ket� n�anakenq (z, w)-ov, orte� z ∈ C1  

w ∈ Cn−1 : Ayd depqum

V2n(Bn) =

∫
Bn

dV2n =

∫
B1

∫
(1−|z|2)1/2Bn−1

dV2n−2(w) dV2(z) :

Aj masi nerqin integral� havasar � Cn−1 tara�u�yan

(1− |z|2)1/2 �a�av�ov gndi �avalin: Owremn

V2n(Bn) = V2n−2(Bn−1)

∫
B1

(1− |z|2)(2n−2)/2dV2(z) :

Ancnelov har�u�yan vra b e�ayin koordinatneri` kstananq

V2n(Bn) = V2n−2(Bn−1)

∫ π

−π

∫ 1

0
(1−r2)

2n−2
2 r dr dθ =

π

n
V2n−2(Bn−1) :

Stacva� andradar� bana� ic  V2(B1) = π havasaru�yunic

kstananq

V2n(Bn) =
πn

n!
:

Xndir 64. Gtnenq kap Vn(Bn)-i  sn(Sn)-i mij :

Vn
(
(1 + h)Bn

)
− Vn(Bn) =

(
(1 + h)n − 1

)
Vn(Bn) = sn(Sn)h+ o(h) :

Ba�anelov h-i vra  ancnelov sahmani erb h→ 0 , stanum enq

nVn(Bn) = sn(Sn) :
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Xndir 65. Cucum: Dicuq r1 < r2  A-n or � bac bazmu�yun �

S -i vra: E -ov n�anakenq bolor rζ keteri bazmu�yun�, oronc

hamar r1 < r < r2  ζ ∈ A : Stugel, or bana� � �i�t � E -i

bnu�agri� funkciayi hamar, aynuhet katarel ancum kama{

yakan borelyan bazmu�yan bnu�agri� funkciayi depqin:

Xndir 69. Patasxan:

KU (z, ζ) =
1

πn

n∏
j=1

1(
1− zj ζ̄j

)2 :

Xndir 73. Cucum: Ditarkel z̃ 7→ z̃/(1+zn), zn 7→ i(1−zn)/(1+zn)
artapatkerum�:

Xndir 74. Cucum: Ditarkel

σµ(z̃) =
1

2πi

∫
|ζ|=r(z̃)

ζµ

∂

∂zn
f(z̃, zn)

f(z̃, zn)
dzn

integral�, orte� r(z̃) = c (1 + |z̃|m) , µ = 0, 1, 2, . . . ,  kira�el

Vayer�trasi naxapatrastakan �eoremi apacucman me�od�

(tes [11], �j 34):

Xndir 76. Cucum: �gtvel∫
S

f dσ =

∫
S

dσ(ζ)
1

2π

π∫
−π

f(ζ̃, eiθζn) dθ

havasaru�yunic, orte� f ∈ C(S) :

Xndir 79. 
arunakenq f -� ambo�j har�u�yan vra` G-ic durs

hamarelov ayn havasar zroyi: Ayd depqum (9)-� kareli � grel

u(z) =
1

2πi

∫
C

f(z + ζ)

ζ
dζ ∧ dζ̄
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tesqov, orte�ic er um �, or u ∈ C1(G) , qani or integrali n�ani

tak kareli � a�ancel:

Bavakan �
∂u

∂z̄
= f havasaru�yun� apacucel kamayakan

fiqsa� a ∈ G keti �rjakayqum: Vercnenq ψ ∈ C1
0 (G) aynpisin,

or ψ ≡ 1 a keti or � V �rjakayqum: Ayd depqum u = u1 + u2 ,

orte�

u1(z) =
1

2πi

∫
G

ψ(ζ)f(ζ)

ζ − z
dζ ∧ dζ̄,

u2(z) =
1

2πi

∫
G

(
1− ψ(ζ)

)
f(ζ)

ζ − z
dζ ∧ dζ̄ :

Qani or 1−ψ(ζ) = 0 V -um, apa
∂u2
∂z̄

= 0 , erb z ∈ V : Katarelov

ζ 7→ ζ + z �o�oxakani �oxarinum, grenq u1 -�

u1(z) =
1

2πi

∫
G

ψ(z + ζ)f(z + ζ)
dζ ∧ dζ̄

ζ

tesqov: Ha�vi a�nelov, or

∂

∂z̄

(
ψ(z + ζ)f(z + ζ)

)
=

∂

∂ζ̄

(
ψ(z + ζ)f(z + ζ)

)
 verada�nalov naxkin �o�oxakanin, stanum enq

∂u1(z)

∂z̄
=

1

2πi

∫
C

∂

∂ζ̄

(
ψ(z + ζ)f(z + ζ)

)dζ ∧ dζ̄
ζ

=

=
1

2πi

∫
C

∂

∂ζ̄

(
ψ(ζ)f(ζ)

)dζ ∧ dζ̄
ζ − z

= ψ(z)f(z) :

Verjin havasaru�yun� het um � Ko�i{Grini (8) bana� ic, e�e

nra mej u-i �oxaren vercnenq ψf , isk orpes G tiruy�` �rjan,
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orn ir mej parunakum � ψ funkciayi kri��: Ha�vi a�nelov, or

ψ(z) = 1  u1(z) = u(z) , ayste�ic stanum enq (10)-�:

Xndir 83. He�t � tesnel, or

Mf (R,G1) = eR
2
, Mf (R,G2) = e2R

2
, Mf (R,G3) = e

1
2
R2

:

Owremn` ρf = 2 , σf (G1) = 1 , σf (G2) = 2 , σf (G3) =
1
2 :

Xndir 87. Patasxan:

{
ρ : ρ ∈ Rn

+,

n∑
i=1

1

ρi
= 1

}
:

Xndir 88. Patasxan: σ1σ2 =
1

4
:
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