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OT PEJAKTOPOB CEPHUN

Hacroguias kuura npegcrapager cobOOil TATBIA BBIIYCK CEPHM
«Kypc BrICHIEH MAaTEeMaTHKKM U MAaTEMaTHIECKON (DU3UKU» U IOCBH-
WEHA M3JIOXKEHHNIO OCHOB TEOPHH (DYHKUHUH KOMILJIEKCHON MepeMeH-
HOM ¥ OIIEepalIOHHOTO MCUMCIeHUd. B KHHUIe TaKKe MTaHBI IPHIMepbI
NPUMEHEHHd METOLOB TeOPHH (DYHKIIMI KOMILIEKCHON IepeMeHHOM
K 3aJa9aM FHIPOSMHAMHUKHU M SJIEKTPOCTATUKH, Pa300paHbl HEKOTO-
pble BONPOCH METOLa, IepeBasia u MeTona Bunepa—Xomndga.



NNPEANCJIOBHUE K IIATOMY U3JAHNIO

YerBepToe u3gaHKe 3TOi KHUIH, ABJIAIONIEHACT IATHIM BBIIIYCKOM
cepun «Kypc BbICIIel MaTeMaTHKM W MaTeMaTHYECKOl (H3UKU»,
BBIILIO B cBeT B 1979 1. IlockonbKy mociemuue OBaIIATh JIeT KHUTA
HCIIOJb30BAJIACh KAK OCHOBHOM y4eOHHK II0 KypCy TeOpHH (PYHK-
1M KOMILIEKCHOM [TepeMeHHOl He TOIhKO Ha (DU3NYIECKOM (PaKyib-
Tere MI'Y, HO ¥ BO MHOTrMX IpPyrUX By3ax, OHa cTaja bubsauorpa-
dudeckoit peIKOCTbIO, a UMEKIHecd B yIeOHbIX OUOJIMOTEKAX K-
3eMILIFAPH IPHILIK B MPAKTUYECKYI0 HEroOHOCTh. 1103TOMYy MOXKHO
TOJILKO IPUBETCTBOBAThL MHHUIMATHBY M3narensckoit pupmer «Hay-
ka. Qusmariur> PAH, npenjoxusiieil HacTosdIlee, MATOE, Iepen3-
JaHne TaHHOro yJeOHUKA.

Yrg naMaTb MOEro yduTe s K COABTOPA 3TOH KHUIM aKaJIeMUKa
PAH Aunnpes Hukonaeswua TuxonoBa, ckoHYaBIIerocs 7 okTabps
1993 r. , g pemny He BHOCUTDH HUKAKUX U3MEHEHHH B TEKCT IPeIbIAy-
1I1ero U3JaHud, BhIIeAIIEro eie npu xkusHu Augpes Hukonaesuga.

Mose 1998 1. A. I Ceewnuxos

NPEANCJIOBUE K TPETBEMY NU3JAHNIO

B TpeTheM u3faHUU KHHUTH YCTpaHEHBbl 3aMedeHHble HETOYHOCTH
H3JIOXKEHWs, JOOABJIEH PAM NMPUJIOXKEHWH Teopud (PYHKIHN KOMII-
JIEKCHOH IlepeMeHHOit (HecOGCTBEHHbIE MHTErDAJIbl, 3ABHUCHIIME OT
napaMeTpa, npeobpasoBanue Barcona u T. 4. ), JAaHO IpexacTaBIie-
HHe 06 OCHOBHBIX IMOHATAAX TEOPUH PYHKIIUA MHOTHX KOMIIJIEKCHBIX
IepeMeHHbIX.

Mui rny6oko 6saromapusl pesakTopy 3toii kuuru C. 4. Cekepx-
3eHbKOBUYY, paboTa KOTOPOro CIIOCOOCTBOBAJIA YJIYdIIEHHIO €€ CO-
IEepKAHUS.

Aemopni



INMPEANCJIOBME K ITEPBOMY N3JAHNUIO

Comep:kaHue 3TOr0 BHIMTYCKA B OCHOBHOM COOTBETCTBYET KypPCY
JIEKIHH 110 Teopuy (PYHKIHH KOMILIEKCHON IIepeMeHHOM, YHTABIIe-
MyCsl aBTOPaMH B TE€UYEHHE PHAIA JIeT HA (DU3UIECKOM (DaKyJIbTeTe
MIv.

M310xeHne OCHOBHOIO MATEPHAJIA, IOCTATOYHO OJIM3KO K TPaIH-
norHOMY. OIHAKO MBI He IPOBOIMM CIENHMaIbHOTO PACCMOTPEHMS
9JIEMEHTAPHBIX (DYHKIWI KOMILIEKCHON IIEPEMEHHON B CaMOM HAda-
Jle Kypca, KaK 9TO JeJaeTcss B BOIBIINHECTBE YIeOHUKOB, & BBOIUM
aJIeMeHTapHbre (DYHKIMH KOMILIEKCHON MepeMeHHON KaK Hemocpem-
CTBEHHOE AHAJUTHYECKOE IIPOJIOJIZKEHHE SJIEMEHTAPHBIX (DYHKITHH
JeHCTBUTEILHOM mepeMenHOM. TeopeMbr 06 aHAIUTHIECKOM IPOIOJI-
KEHHUH COOTHOIIEHWI MO3BONISIOT €AMHOODPA3HO IEPEHECTH B KOM-
IJIEKCHY!0 OBJIACTh M3BECTHHIE CBOMCTBA IJIEMEHTAPHBIX (DYHKIHi
JeUCTBUTEIBLHON ITepeMeHHOMH.

EcrecrBerHO, 94TO CTpeMJIeHNE K IEIBHOCTH WU3JIOXKEHUS 3aCTa-
BHJIO PACCMOTPETH OTAE/bHBIE BOIIPOCH HECKOJIBKO MOAPOOHEE, IeM
0BBIYHO YAAETCS B PAMKaX CXKaTOHM JeKIIMOHHON mporpaMMbl. B mep-
BYK OYEpPeab 3TO OTHOCHTCH K OOIIMM NPHHIMIAM KOHMODPMHO-
ro oTobpakeHWs M IPHMEHEHNsI MeTOIOB TeOpPHH (DYHKIHH KOMII-
JIEKCHO!l IepeMEeHHOM K PpEIeHWIO KPAEBBIX 33434 TUJIPOJUHAMM-
KH ¥ 3JEKTPOCTaTHKH. KpoMme TOro, B KHUT'e HMEIOTCS ABa IIPHU-
JIOXKEHUSI, TIOCBSIIIEHHBIE W3JIOXKEHUIO METO/a IEPEBANa W METOMIA
Bunepa—Xomnda, koTopsiMu (DHIUKH BECHME IITHPOKO ITOJB3YIOTCS.

[Ipu pabore HaJA KHHUTON MBI IOJH30BAJIUCH COBETAMM MHOTHX
HaIlTUX TOBapHIeid mo Kademape, B nepyo odepeas B. A. Mmbuna
u . II. KocromapoBa. Boabiryio moMoms oKa3aau MHOTOYHCIIEH-
Hble U BaxKHbe 3aMeuanusd, caenaannse . JI. JIlyanem u M. B. @e-
JOPIOKOM, TIPOYHUTABIIAME KHUTY B PYKOIIUCH, & TAKKe TIIATEHb-
HOe peJaKTHMpoBaHue Tekcra KHurH, nmposegenHoe C. . Cekepxk-
3enpkoBUYeM. BceM 9THM JIMITaM MBI BHIPAXKaEM CAMYI0 HCKPEHHIOH0
0J1ar0JapPHOCTD.

Aemoput



BBEJEHUE

B macrosieM BBILyCKe M3JATal0TCs OCHOBHBIE IIOHATHS TEOPUH
GbyHKIMI KOMILIEKCHOM nepemenHoO#. [loHATHE KOMILIEKCHOTO YwMC-
Jla BO3HMKJIO B IIEPBYIO O4Yepeldb B pe3yJsbrare noTpebHOCTEH aBTO-
MarTuzanuy Bhraucienuit. Jlaxe npocreitime anrebpandeckue ore-
panuy Hag AefCTBUTENBHBIMHE YHUCIAMH BBIBOALT 324 Ipeaesbl 0bma-
cTe AeficTBUTENbHBIX yucen. Kak u3BecTHO, He BCIkoe anrebpande-
CKOe ypaBHEHHe MOXeT OBITh pa3pelieHo B AeHCTBUTENBHBIX UKC-
sax. TeM caMbIM HAJ0 KM OTKA3aTHCHA OT aBTOMATHYIECKOTO IIpHUMe-
HEeHHN$ YCTAHOBJIEHHBIX METOIOB peIleHnd U KaXK bl pa3 IPOBOAUTH
moapobHOe UCCIeIOBAHNE BO3MOXKHOCTEH UX IPUMEHEHUS, WM Pac-
HIAPUTH 00JIACTb AEeHCTBUTEIBHEIX YUCEN C TeM, Y4TOOBl OCHOBHBIE
anrebpangeckye omepanyuy Bcerna ObIMM BHITOMHUMEI. TakKuM pac-
IAPEHNEM OOJIACTH AEeMCTBUTENBHEIX YHCEJI HABJISIOTCH KOMILIEKC-
Hble YHCIA. 3aMeYaTENbHBIM CBOMCTBOM KOMILIEKCHBIX YHCEN SIBJIS-
ercs TOT (PAKT, YTO OCHOBHBIE MATEMATUYECKHE OMEPAIlNN Ha{ KOM-
IUIEKCHBIMY YHCJIaMK He BBHIBOAAT M3 O0OJIACTH KOMILIEKCHBIX YHCEJ.

BBenenmne kKOMIIEKCHBIX YUCEN U DYHKIUH KOMILIEKCHOM mepe-
MEHHOH yI0OHO Tak Ke NMPH HHTETPUPOBAHUY JIeMEHTAPHBIX DYHK-
nuit, npu pemernn auddepeHnIranbEBIX YPaBHEHUHA ¥ T. J. , TIe
YaCTO MPUXOAUTCH BBIXOAUTH B 00J1aCTh KOMILTEKCHBIX yucen. Kom-
WIeKCHad POpMa, 3aMUCH OKA3BIBAETCS YAOOHOM U IPH MaTeMaTHYe-
CKO#t (POPMYJIMPOBKE MHOIUMX (DUBUYECKUX IOJIOXKEHUi (Hampumep,
B SJIEKTPO- ¥ PAJUOTEXHUKE, IEKTPOIUHAMUKE U T. 1. ).

OnuH U3 OCHOBHBIX KJIACCOB (DYHKIWH KOMILUIEKCHOHM IepeMeH-
HOY — aHaMTHYECKHe (DYHKIMH — HAXOOUTCS B TECHOM CBIA3H C
pelernsMu ypaBHeHus Jlamnaca, K KOTOpOMY IPUBOAATCS MHOTHE
330398 MeXaHuku ¥ busnuku. [losroMy Meromsr Teopum byHKIHH
KOMILJIEKCHOHN TIepeMeHHON HAILTH BECHMA, ITUPOKOe U 3D dekTUBHOE
[IpUMEHEHHUE NIPU PeIeHud GONMBIIOTO KPyra 3a4ad THAPO- U adpo-
OUHAMUKH, TEOPUU YUPYTOCTH, JNEKTPONUHUMUKHA K ODYTHX eCcTe-
CTBEHHBIX HAyK.



FIABA 1

KOMIIJIEKCHA S IIEPEMEHHASI I ®YHKIINU
KOMILJIEKCHOM ITIEPEMEHHOM

§ 1. KoMniekcHOe YUCIO U JAeCTBUA HAJ KOMIIJIEKCHBIMU
YUCJIaMU

1. IloHATHME KOMIIJIEKCHOTO YMUcjIa. MBI CUHTaeM, YTO C II0-
HATHEM KOMILIEKCHOTO YHCIa M OoupenereHueM apudMeTHIECKHX
OeHcTBUHM HAJ KOMIUIEKCHBLIMHU YHCIAMHM YHUTATEIL VK€ 3HAKOM.
KowMmmekcubre yumcia v JeficTBUA Had HUMH M3JI0XKEHB! B IPEALIIY-

IIMX BBILYCKaX Kypca 1). OnHaKo 13 coobpakeHuit eIbHOCTH U3JI0-
JKEHUsI UMeeT CMBIC] €Ille Pa3 HAIIOMHUTHL OCHOBHBIE TIOHSITHS.

Komnaexchom 4UcAom 2 HA3BBAEMCA NAPA OeticmeumesvHbT
yuces (a,b) ¢ YemarosaeHHBM NOPAGKOM CALOOBAHUSA UCEA G U b.
ITO yWIOBHO 3aNUCHIBAETCA B Buje 2 = (a, b). Ilepsoe uncio a napet
(a,b) HasbiBaeTca deticmeumensdbrotli 4acmbl0 KOMILIEKCHOTO YMCIA
z 1 06o3HavYaeTCa CUMBOJIOM a = Re 2; Bropoe uucio b napsr (a, b)
HA3bIBAETCH MHUMOT 4ACMbIH KOMIUIEKCHOTO YHCIa 2 M 0DO3HaYa-
eTcsa cCUMBOJIOM b = Im z.

JBa KOMIUIeKCHBIX 4ucia 2; = (a1,b1) u 22 = (a2,bs) paBubI
TOT/Ia U TOJIBKO TOT/IA, KOTJA PABHBI X JeHCTBUTEIbHbIE U MHUMbBIE
YacTH, T. €. KOTHa 4] = ag u by = ba.

2. HeiicTBua Haa KOMILJIEKCHBIMHU YHcIaMHu. [lepeiimeM K
OIIpe/IeJIeHUI0 ayire0panvecKuX Omepalyil Haj KOMILIEKCHBIME YHC-
JIAMH.

Cymmoti KOMIUTEKCHBIX uncesl 21 = (a1,b1) u z2 = (ag,bs) Ha-
3BIBAETCH TaKOe KOMILJIEKCHOe 4uciIo 2z = (a,b), A/d KOToporo a =
= aj + a2, b = by + bs. Jlerko BUAETDH, YTO MPH TAKOM OIIPENEIEHAU
COXPAHSAIOTCS MePeMECTUTE/BHBIN U COYeTaTeIbHbIA 3aKOHBI CI0XKe-
HUs, T. €. 2] + 22 = 29+ 21 4 21 + (22 + 23) = (21 + 22) + 23. Tax
e, KaK U B 00JIaCTH JIeHCTBUTEILHBIX YHCEJ, HyJEM Ha3bIBAETCS

1) Cm. BB 1.



14 OYHKIUY KOMIIJIEKCHOUN IIEPEMEHHOM IJL 1

TaKoe KOMILIEKCHOe Jucio 0, cyMMa KOTOpPOro C JHOBBIM KOMILIEKC-
HBIM 9MCJIOM 2 PaBHA, 3TOMY YHCIY 2, T. €. z+0 = z. O4eBuaHO, 9TO
CYILIECTBYeT eNUHCTBEHHOE KoMiuekcHoe uucio 0 = (0,0), obmana-
IOIEE 3THUM CBOMCTBOM.

IIpouseedenuem KOMIUIEKCHBIX ducen z; = (a1, b)) u 2z =
= (ag,by) Ha3bIBaeTCH TaKOe KOMILUIEKCHOEe 4uciIo 2z = (a,b), muas
KOTOPOro a = a1as — byby, b = a1by + agb;. Ilpu TaxoMm onpenenennu
[IPOU3BENEHUS BBHINOJHAIOTCH [EPEMECTUTENbHBIA (2120 = 2921),
coueraTesbHbIR (21(22 - 23) = (21 - 22)23) U DpacHpeneIUTEIBbHBIR
((21 + 22)23 = 2123 + 2223) 3aKOHBL.

BxirodnM #efCTBUTENBHBIE 9UCI8, B MHOXKECTBO KOMILIEKCHBIX
qHCEN, PACCMATPUBAA NEACTBHTENBHOE UHCIO @ KaK KOMILIEKCHOE
qucio a = (a,0). Torga, kak wremyeT w3 onpeneseHds AeACTBUR
CIIOXKEHWS W YMHOXKEHHWs, IJI KOMIUIEKCHBIX YHCENl COXPaHSIOT-
Cd U3BECTHBIE IIPABUJIA, JEUCTBUN H3J NEeCTBUTEJbHBIMH YHCIAMHU.
ITo3TOMYy MHOXKECTBO KOMILIEKCHBIX YHCENl PACCMATPUBAETCH KaK

DACIIHPEHHe MHOXKECTBA AeHCTBUTEILHBIX duces ). 3aMeTuM, 4To
YMHOXKEHHE Ha, JeficTBUTeNbHYI0 equuuly (1,0) He MeHgeT KOMII-
JIEKCHOTO 4Yucia: 2 -1 = z.

Kommiekcuoe gucmo Buga z = (0,b) HasBIBaeTCH “UCMO MHU-
MBIM A CHMBOJIMYECKHM ODO3Ha4aeTcd Kak z = tb. Yucro MEEMMOE
qucio (0,b) = ib MOXXHO paccMaTPUBATH KaK IMPOU3BEJEHUE MHHU-
moit equannsl (0, 1) u gefictBurensroro ducia (b, 0). Muumy:o enu-
uuiy o6ergao o6o3HauarT cumeoiaoM (0,1) = i. B cury ompenese-
HUA IPOM3BENCHUA KOMILUIEKCHBIX YHMCEJI CIIPABEIJINBO COOTHOIICHHE
i-1 =142 = —1. OHO IO3BOJIZET LPHIATH IPIMOI aJrebpamdecKuit
CMBICJI TaK Ha3BIBAEMOH as2ebpauyeckoti popme 3aIIucu KOMILIEKC-
HOTO YUCIIA

z=(a,b)=a+1ib (1.1)

¥ TIPOU3BOJUTL OIEPALMH CIOXKEHUS U YMHOXKEHHS KOMIIEKCHBIX
YuCesI O OOBIYHBIM [IPABHJIAM aJredpbl MHOTOUIEHOB.

KoMmiekcrnoe 9uciio z = a — ib Ha3BLIBAETCS KOMNAEKCHO CONPA-
IHCEHHBIM “UCAY Z = a + 1b.

Omepalisg BHIYUTAHNS KOMIUIEKCHBIX UHCEJ OIpeneasercs Kak
omepalus, o0paTHAA CIOXKEHWI0. KOMIUIEKCHOe 4YHCiIo 2 = a + tb
Ha3BIBAETCH PU3HOCTNH10 KOMILIEKCHBIX UHCEN 2] = a1 + ib] U 29 =
= a9 + thy, eyt @ = a1 — ag, b= by — bs.

Onepanus geeHnss KOMILIEKCHBIX YHCEJI ONPEAeIIeTCs KaK Orle-
pamus, obparHag yMHOXKeHHO. KoMmekcHoe uucio 2 = a + tb Ha-

1) Kax 6yzer cienoBaTh U3 JAIbHEUINMX DACCMOTPEHHI, MHOXKECTBO KOMII-
JIEKCHBIX YHCEJI, B OTJIMYME OT MHOXKECTBA NeHCTBUTEIBHEIX YHCEN, He 0613 1aeT
CBOMCTBOM YIIOPAZOYMEHHOCTH, TaK KaK He CyIIeCTBYeT DAIlMOHAJIBHOM CHCTEMBI
CPaBHEHHS KOMILIEKCHBIX YHCEJL.
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3LIBAETCA  4GCMMbLM KOMILIEKCHBIX YHCET z1 = a1 +14by U 29 = ag +
+ by # 0, ecsim 21 = 2- 29. OTCIOMA CIEAYeT, YTO AeACTBUTENLHAA G
¥ MHEUMAas b 9aCTH YACTHOTO z ONPEEIAITC U3 JUHEHHOM CHCTEMEI
anrebpandecKux ypaBHEHHIA

asa — bgb =4ai,
boa + ash = by

c ompenesmTeNeM a2 + b3, OTIMIHEIM OT HyJIA. Permus 3Ty cucremy,
TIOJTY IUM

_ 2z _ aa2+biby | .biaz —aib:
z=== +1 T (1.2)

22 a2 + bl

3. Teomerpuyeckasi HHTEPIIPETAIUSI KOMINUIEKCHBIX YH-
ceJi. [lpu u3ydeHuu CBOMCTB KOMILIEKCHBIX UHCEJ BECbMa yAOOHOM
ABNSETCA WX TeOMeTpHYecKas HHTepIpeTarys. [[0CKOIbKY KOMII-
JIEKCHOE YHCJIO OIpefesseTCs KaK Napa AefCTBUTENBHBIX UUCe]I, TO
€CTECTBEHHOM IeOMeTPHYECKON MHTEPIPEeTalneil ABgeTca u300pa-
JKeHNe KOMILIEKCHOTO YUCJIA 2 = @ + tb TOUKOH IJIOCKOCTH Ty C Jie-
KapTOBBIMU KOOpAMHATAME £ = g ¥ y = b. Hucso z = 0 cTaBuTCH B
COOTBETCTBUE HAMAJIy KOODJAVHAT NAaHHOM IJIOCKOCTH. Takyro mioc-
KOCTb MBI B AaJjIbHelIeM OyZieM HA3BIBATH KOMNAEKCHOU NAOCKO-
cmbio, ock abcruce — deticmeumenvroti, & OCh OPIUHAT — MHUMOY
OCBI0O KOMILTEKCHOM 1tockocTH. IIpu 3TOM, 04eBHIHO, YCTAHABINBA-
eTCd B3aUMHO OJHO3HAYHOE COOTBETCTBHE MEXKITY MHOXKECTBOM BCEX
KOMIIJIEKCHBIX YHCeJ M MHOXeCTBOM TOYeK KOMIJIEKCHOMN IIJIOCKO-
CTH, a TaKKe MeXJTy MHOXXECTBOM BCEX KOMILJIEKCHBIX YHCeT 2 = g+
+ 2b ¥ MHOXXeCTBOM CBOOOIHBIX BEKTODOB, IIDOEKITMU T B § KOTOPHIX
Ha, ocH abCIMCC ¥ OpIUHAT COOTBETCTBEHHO PABHEI a ¥ b.

BecpMma BaxxHON gBiIsgeTCS Takxe Apyrasg GopMa IpeJCTaBIeHU
KOMIIJIEKCHBIX umces. Jlyia onpeeneHus MOJIOXKeHNS TOYKH HA ILJI0C-
KOCTH MOXKHO TIOJIb30BATHCS TONAPHBIME KOODAMHATAMH (p, ), TIe
P — PAaCCTOSHHE TOYKH OT HA4aJIa KOODAMHAT, & (¢ — YyIOJ, KOTO-
PHIft cocTaBideT PaiuyC-BeKTOD NAHHOH TOUKH C NOJOXKUTENbHBIM
HampaBJeHueM ocu abcuumcc. [1oI0XKUTEeNBHBIM HalpaBIeHUEM K3-
MeHeHHs yIJIa (¢ CUUTAeTCd HAIpaBJeHNWe NPOTHB YaCOBOR CTPeNKH
(—oo <p< oo). Bocmons30BaBIIMch CBA3BIO AEKAPTOBBIX U MOJISD-
HBIX KOODAHMHAT: £ = PCOS (o, iy = pSin , IOJYyIUM TaK HA3EIBAEMYIO
MPULOHOMEMPUYECKYIO POPMY 3AMUCK KOMILIEKCHOTO UUCIIA!

z = p(cosp +isiny). (1.3)

IIpu sTOM p OOBIYHO HABLIBAIOT MOOYAEM, & © — GPRYMEHMOM
KOMILIEKCHOTO 4HCJIa M 0603Ha4alT p = |2|,¢0 = Argz. Ilpenme-
cTByIOIME (POPMYJIBI AAIOT BHIPAXKEHUE NeHCTBUTEIBHON U MHUMOIK
JacTell KOMILIEKCHOTO YHCJIA Yepe3 ero MOAYJIL ¥ apryMeHT. JIerko
BBIDA3UTH MOJYJb M aPTYMEHT KOMIUIEKCHOTO YHCJIA depe3 ero meit-
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CTBUTEJILHYIO X MHAMYIO 9acTH: p = Va2 + b%, tgp = b (zpu BBIGO-

a
pe U3 pelleHuil MOC/IeIHETO YPABHEHNSA 3HAYEHUS (0 CJIeIyeT YIECThb

3HaKK @ ¥ b). OTMeTHM, 9TO aPTyMEHT KOMILIEKCHOTO YHCIIa OIpe-
JIeJIeH He OJHO3HAYHO, & C TOYHOCTHIO J0 aJJNTHBHOIO CJIaraeMoro,
KpatHoro 27. B pane ciydaes ymobHO depe3 arg z 0003HAYATDH 3HA-
YeHHe apryMeHTa, 3aKII0UYeHHOe B IIpemesiax ¢y < argz < 2w + ¢y,
TIe ¢y — IPOM3BOJIbHOE (PUKCHPOBAHHOE YMCIO (Hampumep, ¢g = 0
un g = —n). Torga Argz = argz + 2kn (kK = 0, £1, £2, ...).
ApryMmenTt xoMmiekcHOro uncia z = 0 Bo0OIIE He OmpeeneH, a ero
MOIYJIb paBeH HyM0. JIBa OTJIMYHBIX OT HYJS KOMILJIEKCHBEIX YHCIIA
paBHEBI MeXXIy coOOl B TOM M TOJIBKO B TOM CIy4Yae, CIH PaBHBI HX
MOIYJIH, & SHAYEHHS] aPryMEHTOB WM DABHBI, MM OTIMYAIOTCH HA
qucto KpaTHoe 2. KOMIJIEKCHO CONPSXeHHbie YUCIa UMEIOT OAUH 1
TOT XK€ MOIYJIb, 8 3HAYEHNs HX apTyMEHTOB IIPH COOTBETCTBYIOIIEM
BuIbOpe objiacTell MX M3MEHEHHs pPa3IHdaroTcs 3HakoM. Hakomerr,
HCIIONB3ys M3BECTHYIO dopmyny Ditnepal) € = cosg + ising,

MOyd4aeM  TaK  HA3LIBAEMYIO
%4 NOKG3ANEADHYIO POPpMY 3ATHUCH
Z1t22 KOMILIEKCHOTO YHCIIA:

zZy .
z = pe'?. (1.4)
byl —- )

21l = p1]
ai

OTMedeHHOE BBIIIE COOTBET-
CTBHE MEXIY MHOXKECTBOM BCEX
KOMIIJIEKCHBIX YHCeJ M ILIOCKH-
MH BEKTOPAaMH II03BOJIEET OTO-
XKIECTBUTL ONEPaIMK CIOXKEHH
¥ BLIUYNTAHUS KOMILJIEKCHBIX UU-
CeJl ¢ COOTBETCTBYIOIIMMH ONEPAIsMY Hal BeKTopamu (puc. 1.1).
ITpu 3TOM JIErKO yCTAHABIMBAKOTCA HEPABEHCTBA TPEYTOJIbHUKA:

=Y

Puc. 1.1

lzl +z2l < [21|+lz2|a (1 5)
|21 = 22| 2 [21] = |22].
Mopgysns pasHOCTH ABYX KOMIUIEKCHBIX YHCEJ MMEET TeOMeTpHYe-
CKHH CMBICJI PACCTOSHUS MEXKJY COOTBETCTBYIOIIMMH TOYKAMM HA
KOMIIJIEKCHOM I1ockocTH. OTMeTHM, KpOMe TOTO, O4eBHAHbBIE HEpa-
BeHCTBA |z| > a, [2| > b.

Jlns BHINOJIHEHWSI OLEPALE YMHOXEHUS yZOOHO IOIb30BATH-
¢Sl TPHTOHOMETPUIECKOH (POPMON IIPECTABIIEHNS KOMIIJIEKCHBIX M-

1) Bro BrIparkenue MEI TIOKa Gy €M PACCMATDPUBATE KaK COKPAIEHHYIO GOpMY
3aIMCH KOMILIEKCHOI'O YHCIa 2z = ¢0S ¢ + ¢sin . [Tomusiit cMbIca 3Toro 06o3Ha-
yeHus 6yJeT YCTAHOBJIEH B JaJIbHeuieM.
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ces. COIIACHO IpaBHUIaM YMHOMEHHs IIOIydaeM L)
z=p(cosp +ising) =2z - 29 =
= p1(cos o1 + isingpy)pa(cos o + isingz) =
= p1p2(cos 1 cos 2 — sinp; sin p2)+
+ ip1p2(sin 1 cos g + cos 1 sinps) =

= p1palcos (p1 + p2) + isin (g1 + p2)] = p1 - p2 - €XP1F92).

Otcroma p = p1 - p2, ¢ = @1 + Y2, T. €. MOAYNb NPOU3BEJEHHUSA
paBeH IIPOM3BEICHUIO MOAyJeH, a apryMeHT — CyMMe apryMeHTOB
coMHOXUTeNnelt. B ciyvyae meneHnss KOMILIEKCHBIX THCEN TIpH pg 7 O
UMeeT MECTO aHAJIOTHYHOE COOTHOIIIECHUE:
2L P ogi(er—p2)
z2 P2
4. HN3BaeuyeHume KOpPHA M3 KOMILIEKCHOTO 4ducjaa. Tpu-
TOHOMETPHYECKAd N IIOKa3aTe/IbHAA (bOprI 3aIlIUCH KOMILJIEKCHOT'O
9UCII8, YAO0OHBI IPH PACCMOTPEHHH AJTreOpanmvdecKuX Onepanuit BO3-
BeJeHNd KOMILJIEKCHOI'O YHMCJIa B IEJNYIO IIOJIOKUTEJIBHYIO CTEIIEHD B
M3BJIeYeHMs] KODHSA M3 KOMIIJIEKCHOTO 4ucila. Tak, eciu z = 21, TO
p=pTHQ=np.
KoMmuekcHOe 9uCo 21 = 1/Z Ha3BIBAETCA KOpHeM N-il CTEIeHN
73 KOMIIJIEKCHOTO 4MCIIa 2, ecyid 2 = 27. I3 aToro onpenenenns cie-

AyeT, 4T p1 = {/p U P = %. Kaxk 6b1710 0TME4Y€HO BRIIIE, aPIyMEHT

KOMIIJICKCHOT'O YHCJIa OIIpelIeJieH HE OJHO3HAYHO, a8 C TOYHOCTBIO A0
AIIUTHBHOI'O CjiaraeMoro, KpaTHOI'o 2. HOSTOMy HU3 BBIPDAXKECHHUA
AJId apryMEHTa KOMIIJIEKCHOT'O YHUCJIa, 27 :

_ @ | 2nk

Yr = n + n
rZe ¢ — OJHO M3 3HAYEHWH APryMEHTa KOMILIEKCHOTO YHCHIE, 2, To-
JIYIHM, 9TO CyIIECTBYIOT Pa3IHIHBIE KOMILJIEKCHBIE YHCIa, KOTOPBIE
IIDM BO3BEIOCHHUM B 71-I0 CTEII€Hb PAaBHBI OJJHOMY U TOMY K€ KOMII-
JIEKCHOMY YHUCIIY 2. MO,IIyJII/I 3THUX KOMILJIEKCHBIX YHCEJI OJHHAKOBBI

2
M PaBHBI {/p, & apPryMeHTHl Pa3IMYalOTCA Ha YHMCI0, KPaTHOE -

Yucno pa3snudHbIX 3HAYEHUN KOPHS N-#f CTEmeHH M3 KOMILIEKCHOTO
YUCTIa 2 PABHO N. TOYKM Ha KOMIUIEKCHOM IIJIOCKOCTH, COOTBETCTBY-
IOIIYe PA3JNYHBIM 3HAYEHHUSIM KODHS N-# CTENeHH U3 KOMILIEKCHO-
r0 YHCJIA 2, PACIOJIOXKEHBl B BEPIIMHAX [IPABUJIBHOIO 7-YTOJBHUKA,
BIIMCAHHOT'O B OKPYXXHOCTb PaJHyca +/p C IeHTPoM B Touke z = (.
Co0TBETCTBYOIIME 3HAUEHHUS P) LIOITYIAIOTCS [IPH K, IPHHAMAIOIIEM
sHavenus k=0,1, ..., n— 1.

1) Bra dopMya IOKA3EIBaET, YTO BBeJeHHas Bbiue dbyHKuud e*¥ obiaamaer
CcBOMCTBOM €91 . 72 = ¢i(v1+92),
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Knaccryeckuit aHayn3 moCTaBH 33734y TaK PACIIMPUATH MHO-

JKECTBO IEHCTBUTEJIBHBIX YHCEN, YTOOBI He TOJBKO 3JIeMEHTAPHBIE

anrebpandecKue OnepaIuu CJIo-

y JKEHUS] ¥ YMHOYXKEHHUs, HO U OIle-

z_l_ex p(l ) panus HM3BJEYEHUs] KODHs He

BBIBOJMJIA M3 3TOTO PACIIMDEH-

. S Zo‘exp(t ) HOTO MHOXecTBa. Kax MbI BH-

’ UM, BBEJEHHE KOMILIEKCHBIX
)/ \ 9HCesI pellaeT 3Ty 3aJa4dy.

Il puw™mepsm: 1. Haittu BCe

3Hadenuss Vi. BammcaB B IO-
Ka3aTeJbHON (hopMe KOMILIEKC-

I
]
i
\ =
. T
\ HOE 4YUCJIO 2 = 4 = eXp (z—),
\ /7 2

\\\-.-—’
i J

\ 4 MIOJIyYuM [JId 3HAYEHUH KBa-
Z1=exp(i2[) _zo -, JPaTHOT'0O KODHA H3 JAHHOI'O
4/~~~ KOMILJIEKCHOI'O YHCJIa BBIpaKe-

27k
HHUI 2 = e€Xp (z—+z—)
k=0,1 (puc. 1.2), orxyna

V2
5

Puc. 1.2

29 = exp (i%):cos§+isin£= 1 +1),

4
21 = exp (z%w) = —exp (z%) = —g(l + ).

. p
2. Haittu Bce 3Hauenus v/1, e p > 0 — nesoe ucio. Bocmoss-
30BaBIINCDH IpeacTapienneM 1 = e, Tak ke, KaK U B IPeABIAYIIEM

npuMepe, MOAYyYhM 2j = eXp (i%wk), k=0,...,p—1, otxkyna

z0=ei0=1, Z1 = exp ( )=cos—+zs1n%

.27 2T .. 27
eee, zpl—exp( Tip- 1)—exp (—z;)

= cos — —{sin =—.
To ecTb KOpeHb p-it cTeneHy U3 1 UMeeT POBHO P PA3IHYHLIX 3HAYE-
HHMA. DTU KOMILIEKCHBIE YHCIIa COOTBETCTBYIOT BEPIIHHAM IIPABUIIEL-
HOTO P-yTOJIBHUKA, BIHCAHHOI'O B OKPYXKHOCTH €IMHUYHOTO DALNy-
ca C IEeHTPOM B Touke z = (, mpuyeM OJHA M3 BEPIIMH JIEKUT B
Touke z = 1.

3. Hatiru Bce 3nadenus V1 —iv3. Tak xak z = 1 — v/ 3 =

= 2¢~%/3, 10 mIs 3HAMEHMH KBaAPATHOTO KODHS U3 rn;aHHoro KOMII-
27k
JIEKCHOTO YHCIIa TIOJIy9MM BBIDAasKEHHs 2k = V2 exp z— + z—
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k=0,1, otkyna

20 = V2exp (—iﬁ) =2 (cosﬁ—z’sinf) = ‘/g_’,
6 6 6 V2
.5 V3—i
zl—ﬁexp(z(i)— \/5 = —2q0.

I/ITa,K, AJId U3BJICYCHUA KOPHA N-f1 CTeneHM U3 KOMILJIEKCHOI'O
YUCIIA, HAI0 MEPENTH K MMOKA3ATEIHHOM (POPME 3aIIUCH KOMILIEKCHOTO
YUCIIA, H3BJIeYb KOPEHb N-# CTEeleHN U3 MOAYJIS JAHHOI'O KOMILIEKC-
HOro 4ncia, (6epercss apudMerndecKkoe — IeHCTBUTEIBHOE M TIOJI0-
JKUTEJIHbHOE — 3HAYEHNE KODHSI), & APIYMEHT JAHHOTO KOMIIJIEKCHOTO
YUCITa, pa3fenuTh Ha n. (g mosydeHns BceX 3HAYEHN KOPHS HAJIO
MUMEThb B BHJY MHOTO3HAYHOCTH API'yMEHTA.. )

§ 2. IIpenen mocyieqOBaTEILHOCTH KOMILJIEKCHBIX YHCEJI

1. Onpenenenne cxoafuleiica MOCIeI0BATEIBHOCTH.
Ins wocTpoenusi Teopun (YHKINANR KOMIUIEKCHOM TepeMeHHOM
OosIbIIOE 3HAUEHWE UMEET IIEPEHECEHWe OCHOBHBIX WIEH aHAIN33,
B KOMILIEKCHYIO 001acTh. OmHuM w3 (yHIAMEHTAJbHBIX MOHATHN
aHAJIN33, HBJIFETCH IMOHATHE IPeNesa ¥, B UYACTHOCTH, IOHSATHE
CXOISIIIENCS YUCIOBOM IOCIEIOBATEILHOCTH. AHAJOIMYHYIO DPOJIb
UTI'DAOT COOTBETCTBYIOLIME TIOHATUA B B 06JIa,CTI/I KOMIIJICKCHBIX
guces. [Ipu sTOM MHOTHe OnpefeNeHUs, CBI3aHHbBIE C TIPEIEJbHEIM
TEPEXOIOM, TOJTHOCTHIO MIOBTOPHIOT COOTBETCTBYIOIINE ONPEIEIEHIS
Teopud (HyHKIUH OeiCTBUTENbHON TEepEMEHHOM,

HocaedosamesdbHoCvI0 KOMNACKCHBIT “UCEA HA3LIBAEMCA Ne-
PEHYMEPOBAHHOE BECKOHENHOE MHONCECTNBO KOMNAEKCHHIT Yuces. B
JaJbHEHIIEM TOCIeI0BATEIFHOCTE KOMIUIEKCHBIX YHCET MBI OyIeM
0603HaIaTh CUMBOMIOM {2p }. KoMmilekcHble 4ncra z,, obpasymomume
HOCIIEIOBATENBLHOCTD {2, }, HA3BIBAIOTCH €€ 3JIEMEHTAMH 1),

Jucao z naswvieaemca npedesom nocaedosamenvrocmu {2zp}, ec-
AU OAR 1106020 NOAOHCUMNEADHO20 HUCAL € MOHCHO YKA3AMb MAKOT
nomep N(€), nawunas ¢ Komopozo 8ce asemenmvt z, Mot nocae-
do6amesvbHOCTY YOOBAETNEOPAIOM HEPABEHCMEY

|z —zn| <& mpu n>= N(e). (1.6)

ITocaedosamenvrocms {z,}, umerowas npedea z, HA3LBAEMCA CTO-
dawelica K& NucAy 2, ¥mo 3anuchieaemca 6 sude lim z, = z.
n—oo

s reoMeTpUYecKO MHTEPIPETAIINN MPELESbHOTO TTePeXoaa B
KOMILTEKCHON 06JIaCTH YIOOHBIM OKA3bIBAETCH IIOHATHE E-OKPECT-
HOCTH TOYKM KOMILIEKCHOH IIJIOCKOCTH.

1) Onpernesnenue mOCIEA0BATENBHOCTH HE HCKIIOUAET BO3MOKHOCTH OBTOPSI-
IOLIUXCS JIEMEHTOB, U, B YaCTHOCTH, BCE SJIEMEHTBI IOCJIEI0BATEIHBHOCTH MOTYT
COBIAJATH MEXIy CoBOii.
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Mnoorcecmeo mouex z KomMnaexcHol NAOCKOCTIU, AEHCAULUT 6HY-
mMpu OKPYAHCHOCIU Paduyca £ ¢ yenmpom 6 moyke zy(|z — 2| < €),
HA3BIBAETNCA €-0KPECTIHOCTNBIO0 TNOYKY 2.

U3 3TOr0 OnpeaeseHAs CIEYeT, 9TO TOYKA 2 SBJISETCH IIPEIEIOM
CXOAIIEHCS TOCIENOBATENLHOCTH {2p}, €ClId B JIIOOOM £-OKpecT-
HOCTH TOYKH 2 JIE2KAT BCE 3JIEMEHTBI 3TOH II0CTIeN0BATENLHOCTH, Ha-
YHHAA C HEKOTOPOTO HOMEpa, 3aBHCAIIEro OT €.

ITockonbpKy KaxkJ0e KOMILIEKCHOE YHCIO 2Zp, = Gn + b, Xapak-
TepU3yeTcs Mapoil MeHCTBUTEIbHBIX YHCEN Ay U by, TO TOCIEI0Ba-
TEJIBHOCTH KOMILTEKCHBIX YUCe {2} COOTBETCTBYIOT [BE MOCIIEIO-
BATEJbHOCTH AEHCTBUTENbHBIX dnces {an,} u {b,}, cocrapienutie
COOTBETCTBEHHO U3 JEeHCTBUTEIBHBIX M MHHMBIX 9acTell 3JIEMEHTOB
2Zp, TIOCJIENOBATENBHOCTH { 2p }.

VIMeeT MeCTO ClIeAyIollee yTBEPK ICHHE.

Teopema 1.1. Heobrodumbim 1 00CMEMOUHBIM YCAOBUEM CLO-
dumocmu nocaedosamenvhocmu {z,} Asasemca crodumocms no-
caedosamenvrocmets deticmeumenvhnis wucea {an} u {bn} (2n =
= an + 1by).

JJoxkaszaTeabcCcTBoO. B caMoMm zene, eciy IIOCIAEI0Ba-
TEJIBHOCTD {25} CXOAUTCA K IHCIy 2 = a +1b, To myst moboro € > 0
lap —a] < |2pn — 2| < eu |bp —b| < e mpun > N(eg). d10o u Jo-
Ka3bIBA€T CXOAMMOCTD IIOCTIeAoBaTeabHOCTER {an} 1 {bp} K a m b
coorBeTcTBeHHO. O6paTHOE YTBEPXKIEHNE CJIEAYET U3 COOTHOIIEHUST
|zn, — 2] = v/(an — a)2 + (b, — b)?, roie a u b sBAAIOTCA NpeaeTaMu
nocienoBarenbrocTeit {an} u {b,} 1 2 = a +1b.

Ilocaedosamenvrnocmo {zn} nasweaemca oepanudennotl, ecau
cyulecmeyem maxoe noaoxcumenavroe wucao M, umo das ecex sae-
MEHTNOE Zp 9MOT NOCAEI0BATNEADHOCTIU UMEET, MECTNO HEPAGEH-
cmeo |zn| < M. OcHOBHOE CBOKCTBO OrPaHMYEHHOMN IIOCIIEA0BATENEb-
HOCTH XapaKTepPH3yeT CJAeAYIOIIas TeopeMa.

Teopema 1.2. U3 scaxoti ozpanudentoli nocaedosamesbhocmuy
MOHCHO 8bl0eAUMD CTOOAUYIOCA OONOCAE008AMEABHOCTIID.,

JokaszaTeasbcTB o IlocKOIBKY TOCHEIOBATENb-
HOCTH {2,} OrpaHHYeHa, TO SCHO, YTO COOTBETCTBYIOIIWE eif Jefi-
CTBUTEJIbHBIE TIOCEJ0BATENbHOCTH {an} u {b,} Takxke orpanude-
Hel. Paccmorpum nocnemoBaTensHOCT {ap }. Tak kak 3Ta mociemo-
BaTEJIbHOCTb OTPAHWYEHA, TO U3 HEE MOXKHO BBIJEIUTDH CXOMSIITYIOCS
noAToCIeI0BaTeNBHOCTS 1) {an, }, mpesen koTopoit o6o3HAMMM GyK-
Bo#t a. ITocsienoBarenbHOCTH {ay;} COOTBETCTBYET IOC/IENOBATENb-
HOCTh {by, }, TakKe sBIsAIOmAsica orparndenHoi. [losToMy U3 Hee
MOXKHO B CBOIO 09€PEb BBIAEIUTD CXOAANLYHOCH TOAIOCIE 0BATE b=
HOCTb {by, }, mpemen koTopoit o6o3xadnM Gyksoit b. IIpu sTom co-

1) Cm. Bom. 1.
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OTBETCTBYIONIAS [OCIEJOBATEILHOCTD {Gy, } TO-IPEKHEMY CXOIUT-
ca x a. OTcofa wiemyer, 9TO MOWIENOBATENLHOCTh KOMILTEKCHBIX
qucel {zp, } = {an, + iby, } TakXKe sABIAETC CXOAAIIENCH, IPHIEM

lim 2,, =z =a + ib, 4TO U TOKA3LIBAET TEOpPEMY.
N —00

2. Kpwurepwnit Kommm. Ilpu uccieqoBaHuy CXOOUMOCTH TOCHE-
JIOBATEJILHOCTH BO MHOTHX CJIyYasX yJIO0OHBIM OKa3BIBAETCS HEOOXO-
JUAMBIA ¥ JOCTATOYHBIN IIPU3HAK CXOJUMOCTH IOCIEI0BATEIHHOCTH,
MU3BECTHBIN 0 Ha3BaHWeM Kpurepus Komw.

Kpumepuii Kowu. [Tocaedosamenvrocms {z,} cxodumes mo-
20a u moavko mozoda, Ko2da 0asn a0bozo € > 0 MmoocHO YKG3GTD
maxoe N(g), umo

|2n, — 2Zn4m| < € (1.7)

npu n = N(e) u das arbozo nomepa m > 0.
JokaszaTensbcTso. /na mokazarenscrBa Kpurepus Ko-
¥ MBI ONSTH BOCIIOIIB3YEMCSI SKBUBAJIEHTHOCTBIO CXOJUMOCTHU II0-
CJIEJOBATENILHOCTY {2} ¥ NOCIEZ0BATENBHOCTEH [efCTBUTEIBHBIX
uucen {an} u {by}, a TakKe TeM 0OCTOATEIHLCTBOM, YTO KPUTEDH
Kommu sBisercs HEOOXOMMMBIM M JOCTATOYHBIM IIPU3HAKOM CXOJIH-

MOCTH IIOC/IELOBATEIbHOCTH AeficTBUTeNbHEBIX dncenl). Haumem c
JOKa3aTeNbLCTBa, HeoOxomqumocTtn Kpurepus Komm. Tak kak mocie-
JIOBATEIBLHOCTD {2n} CXOMUTCH, TO CXOLATCH W IIOCIEL0BATEIBHOCTH
JefiCTBUTENBHBIX ducel {an} u {b,}. OTcrona ciemyer, 4To Ajs JIr0-

6oro € > 0 u mroboro Homepam > 0 |@p—Gptm| < % npun > Ni(e)
1 by — bpym| < % upu n > Na(e). Beibupas B kauectBe N () Han-

6onbmiee u3 N1 u No, B CWIIy HEPABEHCTBA, TPEYTOJIbHUKA IOy JaeM
|2n, — Zn+m| < € mpu n > N(e).

IlepetizeM K IOKa3aTeNBCTBY JOCTATOYHOCTH NPU3HAKA Ko,
U3 coorromenus (1.7) npu n > N ciiefy0T HEPABEHCTBA
|an - an+ml < lzn - zn+m| <eg, |bn - bn+m| < lzn - zn+m| <&,
ABJIAIOIIAECS JNOCTATOYHBIME yCIOBHSAMH CXOJMUMOCTH IIOCIEN0Ba-
resmpHOCTEH {an} ® {bp}, T. e. cxomEUMoOCTH HOCIEOBATEILHOCTH
{zn}. Tem campiM 0Ka3aHO, YTO AJIS CXOLUMOCTH IIOCJIELOBATEIb-
HOCTH {2} C KOMIUIEKCHBIMH 3/IEMEHTAMK HEOOXOLMMBIM M [OCTA-
TOYHBIM SABJISETCS BBHINOJHEHWE KpUTepHus Komm.

3. BeckoHeuHO ynajsieHHas TO4YKAa. BBeneMm monarue bHec-
KOHEYHO yJaJeHHON TOYKH KOMILIEKCHON IJIOCKOCTH, CyIECTBEHHOE
s ganbHeimero. IlycTh maHa MOCIETOBATENBHOCTh KOMILIEKCHBIX
yucen {z,} Takas, 4TO I JFOBOTO HOIOKUATEIBHOrO Yncia R Hait-
nerca HomMep N, Ha9WHAA C KOTOPOTO WIEHBI IOCIEN0BATENILHOCTH
YIOBJIETBOPSIOT YCIOBHIO |2,| > R mpu n > N. Takyio nocwienosa-
TeJBbHOCTL Ha30BEM HEOTPAaHWYEHHO Bo3pacTamomeii. CoOrlacHo BBe-

1) Cm. Bom. 1.
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JIEHHBIM paHee OIpeleseHUsSM JaHHAs [IOCIeI0BATENbHOCTD, TaK XKe
KaK ¥ BCAKAs ee MOJMOCAeq0BATENBHOCTD, IPeIesia He uMeeT. Takoe
ocoboe MOIOXKEHNE HEOTPDAHHYEHHO BO3PACTAOLIEH MOC/IEI0BATE b
HOCTH BBI3BIBAET psal HeyZobcTB. UToOBl mM36€KaTh 3TOr0, BBEIEM
KOMILIEKCHOE YHCIIO 2 = 00 U OyIeM CINTATD 8CAKYI0 HE0ZPAHUUEHHO
603PACTNAIOULYI0 NOCACO0BGTNEADHOCTND CLOOAULEUCA K IMOMY “UC-
AY, KOTOPOMY MBI [IOCTABAM B COOTBETCTBHE OECKOHEUHO yIaJIEHHYIO
TOYKY KOMILUIEKCHOM IUIOCKOCTH. BBemeM TOHATHE NOAHOU KOMN-
AeKcHOtl naockocmu, cocTosmielt M3 OOBIYHON KOMILTEKCHOM IIoc-
KOCTH, U €QUHCTBEHHOTrO OECKOHEYHO YIaJIEHHOTO 3JIeMeHTa — Oec-

KOHEYHO yIaJleHHO#A Toukn ') z = co. Ecu MbI 6yIeM IOIb30BaTb-
Csl TEOMETPHUECKON MJUTIOCTPAIMelf, CTaBsi B COOTBETCTBHE 3JIEMEH-
TaM HEOrPaHMYEHHO BO3PACTAOIIEN IOCIEI0BATENLHOCTH {2y, } TOY-
KM KOMILTIEKCHO# IJIOCKOCTH, TO OOHAPYKKUM, UTO TOYKH PACCMATPH-
BaEMOIi ITOCTIEAOBATENLHOCTH C BO3PACTAHNEM HX HOMEPa, PaCIioara-
I0TCs BHE KOHIIEHTPUYECKHUX KPYTOB C IIEHTPOM B HA4aJIe KOOPANHAT,
PaInyChl KOTOPBIX MOTYT OBITH CKOJIb YTOZHO HompmuMu. OTMeTHM,
YTO TOYKHU JAHHOMN MOCIEIOBATEIBHOCTH CTPEMATCH K TOYKE 0O He3d-

BUCUMO 0T HANPABAEHUA HA IIOJTHOM KOMILIEKCHOM ILIOCKOCTH.
CBA3HM C BBEJIEHHLIMH I[OHATHUSIMH €CTECTBEHHO HAa3LIBATH

OKPECTHOCTBI0 OECKOHEYHO YIAJIEHHOW TOYKH MHOXKECTBO TOYEK
Z TIONHO¥ KOMIUTEKCHON IJIOCKOCTH, Y/OBJIETBOPSIOIIMX YCJIOBHIO
|z| > R, rme R — mocTaTo4HO GOMBINOE IOTIOXKUTENIBHOE YHCIIO.
OnpenenuM anrebpamdeckKue CBONCTBa, 4uciaa z = 0o. M3 ame-
MEHTOB HEOIDAaHWYEHHO BO3PACTAIOIIEN MOCIeZ0BATENBHOCTH {2, }

1
COCTaBUM II0CJIEAOBATEIILHOCTD {Z_} Sl IoCyIe 10BATEJIBbHOCTD
n

cxogurcs K Touke z = (. JeficTBUTENBHO, W3 MPENBIAYIIMX Pac-
CMOTDEHHU cilemyer, 4TO Ijs Joboro € > 0 MOXKHO yKa3aTh TAKOM

< emnpun = N. Ouesngno u obpaTHOE yTBED-

1
nomep N, 4ro ‘z—

KIeHVe, T. €. eCiM H0CIeaoBaTebHOCTh {(,} cxomuTes KX HyO u
COCTOHMT M3 OTJIMYHBLIX OT HyJIS 3JIEMEHTOB, TO MOCIeI0BATEIbHOCTD

{Ci} CXOMUTCS K OECKOHEYHO yJAJIEHHON TOYKE.
n

B cBasu ¢ sTuM mosararmoT L_ Ou % = 00. Boobie gma 6ecko-
HEYHO YAJIEHHOM TOYKH yCTa,}(I)g,BJII/IBa,IOTCﬂ CJIEYIOIINE COOTHOIIE-
HHSL: 200 = 0O IIPH 2 # 0 1 2400 = 00, = = 0 1Ip#t 2 # 00, KOTOPHIE
€CTECTBEHHBI C TOYKHU 3PEHUS npe,uenbnoc?ro mepexoia B OIMEPaIUsax
CIIOXKeHUd ¥ YMHOXKeHns. C 370l TOUKH 3pEHUs OIepAIIUs %, ecTe-

CTBEHHO, SBJIAETCH HEOMPEJeIEeHHOM.

1) Bamerum, 4TO apryMeHT KOMIUIEKCHOTO YHCJIa, OO He OIpeeseH, TaK XKe
KaK U €ro JeHCTBUTENbHAS 1 MHUMad YaCTH.
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§ 3. Ilousartne pyHKINN KOMILJIEKCHONA IIepeMeHHOA.
HenpepsiBHOCTD

1. OcHoBHbIe omnpesegeHus. Llep0 HACTOSIIETO ITTYHKTA,
SABJIETCH BBeJEHUE TIOHATHS (DYHKIIMH KOMILJIEKCHON TepeMeHHOM.
9TO TOHATHE BBOIUTCH TaK YK€ KAaK W MOHATHE (DYHKIIUU JAeHCTBU-
TesbHOM TepeMeHHOM. ByJeM roBopuTh, 4TO Ha MHOXKecTBe F KoMmI-
JIEKCHOH TIJIOCKOCTH 33/jaHa, DYHKINS KOMILIEKCHON IepEMEHHO, ec-
JI 33JaH 3aKOH, CTABALTHN B COOTBETCTBHE KAXKJOW TOYKE MHOMKE-
cTBa E HEKOTOpOE KOMILIEKCHOEe 4ncyio. MuoxkecTBO E ByneMm Ha3bI-
BaTh MHOXKECTBOM 3HaYEHUH He3aBucuMoi nepemennoit. CTpyKTypa
9TOr0 MHOXKECTBA MOXKET ObITh BECHbMAa, CJIOXKHON M PasHOOOPasHOI,
OIHAKO B TEOPHH (DYHKIUI KOMILIEKCHON MEepeMeHHOM pacCMaTpH-
BAIOT MHOXKECTBA CHEIMAILHON CTPYKTYpHL. g gannHelnero nam
moTpebyeTcs PAMl BCTIOMOTATENBHBIX TIOHSITHIA.

Touka z Ha3bIBaeTca snympenueld mouxol mrooicecmsa E | ecnn
CYIIECTBYET £-0KPECTHOCTh TOYKH 2, BCE TOUKKM KOTOPOI MpUHAIJIE-
x)ar muoxecrsy E. Hanpumep, Touka z MHOXKecTBa |z| < 1 sBaser-
cd BHyTpeHHeit, e |z| < 1; Touka z = 1 He gBIgeTCH BHYTPEHHE(
TOYKON JAHHOT'O MHOXKECTBA.

Mnooicecmeo E Ha3bigaemcs 004aCMbI0, €CAU GBINOAHAIOMCS
caedyrowgue yeaosus: 1) xaocdas mowka muoocecmea E — eny-
MPEHHAR MOYKG IMO20 MHONHCECTNEE; 2) A106bIe 08€ TROWKY MHOJCE-
cmea B moocno coedurumsb aomanot, 6ce mouwxu xomopot npunad-
aexcam E.

B namHOM ompenenenun obsacTu BTOpoe TpehOBaHHE SBIISET-
c yCJIOBHEM CBsi3HOCTH obsacTu. Hampumep, MHOXKECTBO TOYeK
|2| < 1 obpazyer obsacts. Tou-

HO TaK¥Ke U £-OKPECTHOCTH TOY- y

K 29 (|z — 20| < €) obpasy-

eT 0671acTb. MHOXKECTBO TOYEK

|2] € 1 e sBnsierca obyacThio, 1 /3 4

TaK KaK He BCE €ro TOUKU fB- g >
JISIOTCH BHYTPEHHHMH. TaKiKe

He SBIASIOTCA OBJIACTAMHE MHO-
JKECTBO TOYeK |z| # 1 u MHO-
xkectBO 2| < 1, |2 — 4] < 2
(puc. 1.3), HOCKOJIBKY OHH HE
ABJIAKTCA CBA3HBIMH.

g obosuavenus obmacT 06BIYHO ipuMeHsIoTcd 6ykeel G, G, D.

Touka z Ha3BIBaeTCa 6Hewsned moyxol obaacmu G, eCou CyIie-
CTBYeT TaKad £-OKPECTHOCTh TOYKHM 2, BCE TOYKHW KOTODOI HE MpH-
HaJIexaT objactu G.

Touka 2z HasbIBaeTCA 2panuvHOl Mouxol obascmu G, eciiu B
1060i ee £-0KPECTHOCTH COAEPKATCH KAaK TOYKH, TPHHAIIEKAIITE
obsactu G, TaK ¥ TOYKH, He IpUHaAIexKarnye obaactu G. Hanmpumep,

Puc. 1.3
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To4YKa z = 1 sBNIAETCA rpaHUYHON TOUKO# obmactu |z| < 1. Coso-
KYNHOCMb 6CET 2PAHUNHME mouer obpasyem 2panuyy obaacmu. B
JaJbHeRIIeM TPaHUy o6JacTH MBI OyIeM o6bIYHO 0603HAYATH DY K-
Bamu v, [, C. TIpocTeitimuM mpuMepOM TPAHUIILI 06IaCTH, OYEBUI-
HO, SIBJISIETCS KPUBAasl; OMHAKO IPAHUIIA 00JIACTH MOXKET COCTOATH U
13 QUCKPETHOTO MHOXECTBa TOdYeK. Hampumep, MHOMKECTBO TOYEK
|2| # 0 obpasyer Ha KOMILJIEKCHOM IIJIOCKOCTH OOJIACTh, rDaHHIEl
KOTOpOit siBisieTca Touka 2 = (.

Mnooicecmso, noayuernrnoe npucoeduneruem x obaacmu scex ee
2PDAHUNHHIT TOYEK, HA3BEAEMNCA 3aMKHYMOL 0baacmobro. 3aMKHY-
Ty 06/1acTb OOBIYHO O6yaeM 0603HAYATH, CTABS UEPTY HAJ CHMBO-

JnoM obnactu, Hanpumep: ¢, G, D.
B manbreitiem MBI 6yIeM pacCMaTpPHUBATh Te CJIyYaH, KOrIa I'Pa-
HUIA, O6IacTH HPENCTaBIsgeT CODOM ONHY WM HECKOJIBKO KYCOYHO

ITIaJKUX KPHUBBIX 1), KOTOpBIE, B YaCTHOCTH, MOTYT BBIPOXIAThCS
B OTHeJbHBIE TOYKH. IIpm sToM OyayT paccMaTpHUBATBCA KaK OI-

HOCBSI3HBIE, TaK ¥ MHOTOCBsI3HBIE ofiacty 2). Hanpumep, o6iacts
|z — 1] < 2 sBnsieTcss OAHOCBS3HOM OGJIACTHIO, TPAHUIENR KOTODPOI
ABJIFETCS OKPYXKHOCTb |2 — | = 2; KpyroBoe
komblo 1 < 2| < 2 (puc. 1.4) npencrasnser
co00it IBYXCBS3HYIO 00JIaCTh; MHOXKECTBO TO-
ek z # 0 npexacrasiser coboit OTHOCBI3HY O
0obJ1acTh U T. 1.

Ecmn obmacth § UETHKOM JIEXHT BHY-
TP HEKOTOPOTO KPYra KOHEYHOTO pajuyca,
TO OHA HA3BIBAETCI oO2paHudeHHol. B mpo-
THBHOM CJIy4ae — HE02PAHUYEHHOU.

Mser 6ymeM paccMaTpuBaTh B OCHOBHOM
Te CJIy4al, KOTZa MHOXecTBO E 3nadeHuit

Puc. 1.4 KOMIUJIEKCHOM TIepEMEHHOM MpejCTaBJsIeT CO-

60l obaacTh § WM 3aMKHYTYIO 0bmacTs §

KOMILIEKCHOM 1ockocTH. Torma odnosnawnas yrnxuyus xomnsexc-

noti nepemennot 2, 3adannan 6 obaacmu G, onpedessemcs 3aK0HOM,

CMABAULUM KaHCIOMY 3HA“eHUW Zz u3 obaacmu G 8 coomeemcmsue

onpedeaenroe Komnaexcruoe 4ucao w. CAMBOIIMYIECKH YKA3aHHOE CO-
oTBeTCTBUE HyneM 3aluChIBATH B BHIE

w = f(2). (1.8)

MHO0XeCTBO KOMIIJIEKCHBIX YHCEJ W, COOTBETCTBYIOIIMX BCEM
z € (G, Ha3BIBaeTCs MHOXKECTBOM 3HadeHuit ¢ynkumm f(z). Ilo-
CKOJIbKY KaXKJ0e KOMILIEKCHOE YHCJIO XapaKTepHu3yeTcs Mapoi neit-
CTBUTEJbHBIX YHCEJI, TO 3aJaHNe KOMILUIEKCHOM QyHKIUN w = u +
+ 4 KOMIIJIEKCHOII EepEMEHHON 2 = T + iy SKBUBAJIEHTHO 33JaHUI0

1) Houarue KyCOYHO INIaOKOH KPHBOIH CM. BBIIL. 2.
2) IoHsTHE MHOTOCBASHON OGJIACTH CM. BBIIL 2.
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IBYX NeHACTBUTEIBLHBIX (DYHKIMN ABYX HeHCTBUTENHHBIX TEpeMeH-
HBIX, YTO MOXeT OBITH 3aIMCAHO B BHIE

w(z) = u(z,y) +iv(z,y). (1.9)

®yurumy u(z,y) 1 v(x, y) onpeeneHsl B 06JacTH § TUIOCKOCTH A€k
CTBUTEJILHBIX IIEPEMEHHBIX T, §f, COOTBETCTBYIOLIEl 00/1aCTH § KOMII-
JIEKCHOM 11ockocTH 2. OyHkIus u(z, y) HaswiBaeTCa deticmeumens-
noti, a dyuxuus v(z,y) — MmHrumol JacThio GyHKIKM w = f(z). B
JaJIbHEHIIIEM, eCJTK 9TO HE OTOBODPEHO 0C000, MBI BCETIA, OYIEM MOJIb-
30BaThCe npexcrasaeHneM (1.9), 0603HaIas AEeACTBATENBHYIO JaCTh
dbyskpn f(z) CEMBOJIOM U, MHUMYIO — CHMBOJIOM U.

YacTo pacCMaTPUBAIOT MHOTO3HAYHBIE (DYHKIMH KOMILIEKCHON
[ePEMEHHOMR, KOTZa KaXXIOMy 3HAYEHHMI0 2 € § CTaBUTCH B COOT-
BETCTBHE HECKOJBKO KOMILIEKCHBIX YHCEN. B HacTOSIIeH IviaBe MBI
OyZeM pacCMaTPHBATh TONBKO OQHO3HAYHBIE (DYHKIMH KOMILJIEKC-
HO# mepemennoil. [lonpobHOe paccMOTpeHMEe MHOTO3HAYHBIX (PYHK-
unit 6yJeT IpPOBELEHO HHKE.

MuoxecTBo 3Hauenuit w Gynkuum f(2z) HA KOMIIIEKCHON ILIOC-
KOCTHM W MOXKET MMETh CaMyi0 Pa3HOOOPasHyH CTPYKTypy. B wact-

HOCTH, 3TO MOXeT OhITh 06macTh G wim 3aMKHyTad obmacts GG. B
JaJbHeReM Mbl 6yIeM pacCMaTPUBATH TOJBKO TAKHE CIIYIaH.

BaganueM ¢yHkuuu w = f(2z) yCTaHABIUBAETCHA COOTBETCTBUE
MeXIy TOYKaMH 00J1acTH § KOMIUIEKCHOM IIJIOCKOCTH 2z W TOYKa-
Mu objgactu G KOMILIEKCHOM myIockocTH w. ['oBOpAT, 9TO mpH 3TOM
3a1aH0 oToOparkenue obaactu § ua obaacts (. O4eBUAHO, YCTAHAB-
JTUBaeTcd U 06pATHOE COOTBETCTBHE — KaXKIoi Touke w € G cra-
BUTCH B COOTBETCTBHE OJHA WJIM HECKOJBKO TOYeK z obsactu G. B
TIOCTIeTHEM CIydae MOXKHO TOBOPHUThH, 94TO B objactu (G 3aqaHa MHO-
ro3HagHas (PYHKIMs KOMIIEKCHON TrepeMeHHOM w. DYHKIMSA, OCY-
mecTBagOmaa orobpaxenne ob6gacTi (G KOMILIEKCHOH IIJIOCKOCTH
w Ha 00JacTh § KOMIUIEKCHOH IJIOCKOCTH 2, Ha3BIBAETCA 0DpaTHOMN
dbyukpn f(z). B aT0ii riaBe MBI B OCHOBHOM 6yI€M pacCMATPUBATH
TOT CiIy4dail, korga obpaTHas QYHKIUS

z = p(w) (1.10)

sBsieTcs OZHO3HaYHON B obsmactu G. Torma dymruus w = f(2)
OCYIUECTBJALAET B3aHMHO OJHO3HAYHOE 0TOOpakenwe objacTu G Ha
obnacts G.

Dynxyua f(z) nazwsaemea odnosucmuoli Pynryuet 6 obaacmu
G, ecau 8 Pa3AuUNHBIT MONKAT Z amoti obaacmu OHa NPUHUMAEM
DABAUNHDIE 3HAYEHUS.

W3 sToro onpegenenus caenyer, 9TO OLHOIUCTHAS (DYHKIHUS OCY-
IIECTBJISET B3AUMHO OJHO3HAYHOE OTOOPaKEHHE.

2. HenpepsiBHOCTS. [lepeiizeM K HOHATHIO HEIPEPHIBHOCTH
dyukImE KoMIekcHOR repementoit. [Iycrs dyukuusg f(z) onpene-
JIEHa, Ha, HEKOTOpOM MHOXecTBe E. PaccMOTpHUM pa3ivdHbBIE TIOCTIE-
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JIOBATEIEHOCTH TOUEK TOI0 MHOXKECTBA {Zp }, CXOASIIHECST K HEKO-

TOpO#t TOYKE 2y ¥ COCTOSIINE U3 TOYEK 2y, OTIMYHBIX |) OT TOUKH 2o
(2n, # 20), ¥ COOTBETCTBYIOLIME MM IOCIEJOBATENHHOCTH 3HAYEHUM
dbyexnun {f(z,)}. Ecau nesasucumo om ewbopa nocaedosamend-

nocmu {zn} cyuecmeyem eduncmeennwiti npeden zli_)nio f(zn) = wo,
g3

mo amom npeden HA3BIBAEMCA NPEICABHBM ZHAYEHUEM, UAU NPede-
aom, pynxuuu f(z) 6 mouke 29, 4Mo 3aNUCHBAEMCA 6 6ude
zll)nzlof(z) = wo. (1.11)
Yacro ymorpebiasiercs u apyroe?) ompejesieHre MOHATHS Ipe-
JIeJIbHOTO 3HaYeHus (WIn Tpeaena) MyHKIHM.
Jucao wy Ha3wveaemca npedeavhum 3navernuem dynxyuu f(2)
6 mouke 2y, eCAu O0an Mo6020 ¢ > 0 MOJCHO YKa3aMb MAKoe
& > 0, wmo daa ecex mouex z € E u ydosaemsoparowur ycaosuio
0 < |z — 2| < J, umeem mecmo pasencmeo |f(z) — wo| < €.
JloKaxxeM 3KBUBAJIEHTHOCTD 3TUX onpernenenuit. [lycts dyrknusa
f(2) ymoBnerBopsier BTOpOMy omnpexesnenuio. BospmeMm npousBosib-
HOE TIOJIOXKUTEIFHOE YUCIIO £ U BBIOEPEM /ISt HETO COOTBETCTBYIOIIEE
d(e). PaccMOTpHM IPOM3BOIBHYIO [OCIENOBATENLHOCTD {2y} — 29 U
uaitnem N[6(g)] = N(e), Haunnas ¢ xoroporo 0 < |zn, — 2| < 4. To-
ra 1o yciIoBuo |f(zn) —wo| < € s n > N(e); a Tak Kak € > 0 —
10606, TO 3TO B CAIY IIPOM3BOJBHOCTH BHIOOPA IOCIEI0BATEIBHO-

cra {zp} u o3Hauaer, uro lim f(z,) = wo, T e. dynkua f(z)
Zn—r20
YZOBJIETBODAET W TIEPBOMY ONPEIEIEHUI0. TeM CaMbIM M3 BTODOTO

OIIpeesIeHusl CIEAYET MEPBOE.

JloKaxkeM Temepb, YTO U3 TEPBOT0 ONPEEICHNs BBITEKAET BTO-
poe. IlpenmonoxuM, 9TO 3TO He UMEET MecTa. Torma MOXKHO YKa-
3aTb Takoe 9 > 0, uro mus soboro 6, > 0 HaltmeTcs Takas TOYKa,
zp, € B, uro upu 0 < |z, — 2| < d,, OyIer BHIIOIHEHO HEPABEHCTBO
| f(2n) — wo| > £0. Boibepem cTpeMsinyrocs K HyJIO OCIEL0BATENb-
HOCTH {0pn } — 0 ¥ COOTBETCTBYIOILLYIO el I0CIeJOBATEIBHOCTD TOYEK
{zn}, ynoBieTBOpPSAIOLIMX IPUBENEHHBIM BhIIE HepaBeHcTBaM. Ode-
BUIHO, 2n, — 20, & HoctenoBaTensHocts { f(2n)} He cxomures K dwuc-
JIy W, TaK KaK BCE WIEHBI STOH MOCIEI0BATEIHLHOCTH OTIMYAIOTCS
oT wy 6osbITe YeM Ha £9. Ho MOy YeHHbIA Pe3yIbTaT IPOTABOPEYUT
[IEpBOMY OIIpefesieHui0. TeM caMbIM CIEeaHHOE IPEIIIOIOKEHNE He
HMEET MECTa, T. €. U3 IIEPBOTO OIIPEeJEHNsT BEITEKAET BTOPOe. JK-
BUBAJIEHTHOCTE 000MX OIIpesieIeHuil MOKA3aHa.

1) [pm 9TOM IpEANOIATAETCs, ITO TOUKA 0 ABJIAETCH TOIKOM CT'yIIeHUd MHO-
xectBa E, T. e. CyLIIECTBY 0T OCIIEOBATENILHOCTH {2 } TOUEK ITOrO MHOXKECTBA,
cxondInmecd K TOYKe 2Zg.

2) BameTuM, 9TO ITO OLPEENEHNE, B OTIHIHE OT IEPBOTO, HMEET CMBICII JIHILb
IJId KOHEYHHBIX 3HAYEHUH 2o U Wo.
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Tax e, Kak U B CJIydae JefCTBATEILHON IepeMeHHOM’, BaXXHY10
POJb UTrPaeT IOHATHE HelpepblBHOCTH GyEKIMK. Haunem ¢ monsTug
HENpepLIBHOCTH B TouKe. [Ipn sToM 6ymeM cUMTATH, ITO TOYKA 2,
B KOTODOH OIpeIeIgeTCs 5TO MOHATHE, 0043aTeIbHO TIPHHAIIEKUT
MHOXKecTBY F 3azanusa byHKIHMH.

DQynxuyusa f(z), sadannas Ha mmoowcecmee E, wmasveaemca
Henpepwuienoli 8 mouxe 2y € E, ecau npedeavnoe 3nauenue amot
PyYHKEUUU 8 MOYKE Z) CYWECNEYEM, KOHEYHO U COBNAJAEM CO 3HG-
venuem f(z0) Ppynxyuu f(2) 6 mouke z, m. e. 215121 f(z) = f(z0)-

0

DTO OmIpejiesieHre HEMPEPBIBHOCTH PACIPOCTPAHAETCA KaK Ha,
BHYTpDEHHMNE, TAK U Ha PPaHMJHbIE TOUKH MHOMKECTBa, 1).

Ecnu dyuxnus f(z), 3agannas ua Muoxectee E| HenmpepbiBHA BO
BCEX TOYKAX ITONO0 MHOXKECTBA, TO roBopaT, 4to dyHkuus f(2) He-
IpephIBHA HAa MHOXKecTBe F. B uacTHOCTH, MBI 6yIEM pacCMaTpUBATh
(bYHKIMH, HEMPEPHIBHBIE B 06/1aCTH, B 3aMKHYTOM OOJIACTH ¥ HA, KPH-
soit. [loguepkHeM elre pas, 4TO B CUJIY JAHHBIX BBIIIE ONpeIe/IeHUi
CIIelyeT PacCMaTPUBATh Mpe/esIbHble 3HadeHusl DyHKIpH f(2) Jaib
Ha, TIOCJIEIOBATEIBHOCTSIX TOUEK, TIPHHA/IIEXKAIINX JAHHOMY MHOXKECT-
BY B NOCIEIHUX CJIYYasX 3aMKHYTO#H 06IaCTH, KPUBOR K T.11.).

C noMoIIpIo £ — -0Ipee/ieHus MPeIebHOrO 3HAYEHN YCIIOBUL
HEIPEPLIBHOCTH DyHKIUH f(2) B TOUKe 2y MOXKHO TakKke cHOpMy-
JIUPOBATH cieayrmuM obpazoM. Pynryus f(2) nenpepwena 6 moy-
Ke 29, ecau daa ar06ozo € >0 moocno yrazamv maxoe 6 >0, wmo
das scex mouex z € E, ydosaemsoparowuz nepasencmsy |z — zg| <4,
umeem mecmo nepasencmeo |f(z) — f(zo)| < €. Teomerpuuecku aTo
03HAYaeT, YTO (PYHKIUS KOMILUIEKCHONH IEePEMEHHOH, HelpephIBHAA
B HEKOTODPOil TOUKe 2) 2g, CTABUT B COOTBETCTBHUE KaXXIOHU TOYKe
U3 §-OKPECTHOCTH TOYKH Zzg HEKOTOPYH TOUKY, IPHHAJIEKAIILYIO
£-OKPECTHOCTH TOUKE wo = f(2g).

W3 HenpepbiBHOCTY (DYHKIXHM KOMIIJIEKCHON mepeMeHHO f(z) =
= u(z,y) + v(z,y) CIEAyeT HENPEPLIBHOCTL €€ AEHCTBUTEIBHON
u(z,y) u MHEMON v(Z,y) 4YacTell MO COBOKYIIHOCTH I€PEMEHHBIX

z, y3). MMeeT MecTo U OGpPATHOE yTBEPXKIEHHE, T. €. eyt u(%,y) u

1) Eciu Touxa Zo ABJIAETCA U30JIMPOBAHHOM TO4YKOH MHOXKecTBa F (T. €. cyme-
CTBYET TaKad E-OKPECTHOCTH TOYKHU 2o, B KOTOpOfI HeT APYIruX TOYEK MHOXECTBa
E), to dyukuua f(z), o OIpeneIeHNIo, CYIUTAETCH HELIPEPHIBHON B TOYKE 20.

2) BameTHM, YTO JAHHBE ONPESEJNEHNS [IOHATUA HEIPEPHIBHOCTH dyskIHH
f(2) B TOYke 20 CIpaBeAJMBBL HE TONBKO B CJIydae KOHEYHON TOYKH Zo, HO W
B CiIydae GeCKOHEYHO yZaJsIeHHOHM TOodkKM 2o = 0o. IIpu aroM moxm mpemenbHBIM
3HadenneM pyukuu f(z) B TOYKe 00, B CHILY OIpEIeJIEHNS Ha C. 26, Ha/[0 I0HU-
MaTb Ipefen nocienoBaTenabroctd {f(2,)}, rae {2,} — mobas HeorpanmdeHHO
BO3PACTAIONIAA TOCIEOBATEIFHOCTE. BO BTOPOM OIpe/Ie/ieHAN HeTPEPHIBHOCTH
ycaoBue |z — 29| < § HaZo 3aMeHHTH Ha ycjIoBHE 2] > R.

%) OupesesieHne HEMPEPHIBHOCTH (PYHKIIMH IBYX JEHACTBUTEBHBIX MEPEMEeH-
HBIX 110 COBOKYIIHOCTH IIEPEMEHHBIX CM. BBIII. 1.
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v(x,y) CyTh HenpepsiBHBIE (DYHKIMH 110 COBOKYIIHOCTH II€PEMEHHBIX
Z, y B HEKOTOPO#i To4Ke (Zg, Yo), TO f(2) = u(x, y)+iv(z,y) asasger-
ca QyHKIHEN KOMIJIEKCHOM TIEPEMEHHON z = & + 1Y, HeIPEPHIBHOI B
TOYKe Zg = Zg + iyo. JaHHBIe YyTBEPXK/I€HNS SBJISIOTCS CJIEJCTBHEM
TOT'0, YTO HEOOXOAUMBIM M JOCTATOYHBIM YCIOBHEM CXOJUMOCTH IIO-
CJ1€J0BATEIbHOCTH KOMIIJIEKCHBIX 4HCEJI SABJSETCH CXOAUMOCTH IIO-
CJIeI0BaTENBHOCTEN WX AeHCTBUTENBHBIX U MHUMBIX dacTeil.

9T0 MO3BOJAET TepeHecTH Ha (PYHKIME KOMIJIEKCHON TepeMeH-
HOI OCHOBHEIE CBOMCTBA HEIpEPHIBHBIX (QYHKUIWIt ABYX JeHCTBU-

TeBHBIX IepeMeHHbIX 1). Tak, CyMMa, 1 IpOU3BeJeHre ABYX ByHK-

UMt KOMILJIEKCHOM repemennoit f1(2) u fo(z), HenpeprIBHBIX B 0018~

cty G, TaKxKe ABJIAIOTCA HEMPEPBIBHLIME (DYHKIHIME B 3TOH 06Jia-
_ H®)

cru; dbyukuua ¢(z) 72(s) HETPEDHIBHA. B TeX TOTKAX obaactu G,

rae fo(z) # 0, dyukuus f(z), HempeprIBHAS HA 3aMKHYTOM MHOXeE-

cree E, orpanndena mo momymo Ha F u T. &,

3. IlpuMmepsnl. PaccMOTpEM HECKOJIBKO IIPOCTEHIIMX IIpHMe-
pOB.
1. B kadecTBe mepporo npumepa (pyHKIUHM KOMILIEKCHON Tepe-
MEHHOM PacCMOTDPHUM JHHEHHYIO (DYHKIIHIO

f(z)=w=az+b. (1.12)

3aeck a ¥ b — 337aHHBIe KOMILIEKCHbBIE MTOCTOSHHBIE. ByZeM cuu-
TaTh, 4TO @ # 0, TaK KaK B IPOTHBHOM ciydae dyukuus (1.12) cra-
BUT B COOTBETCTBHE BCEM TOYKAM 2 KOMILJIEKCHOM IJIOCKOCTH OJHO H
TO e KOMILIEKCHOe 9ucio b. Oyukuus (1.12) onpenesena mpu Beex
3HAYEHHSIX HE3aBHCUMOM mepemMeHHo# z. O6macThio ee 33JaHNs SIB-

JISIETCSI TIOJTHAS 2) KOMILTIEKCHAS IIIIOCKOCTD 7. KaK 10My 3HaueHMIo 2
COOTBETCTBYET TOJILKO OIHO 3HadeHue w, T. €. f(2z) — oaHO3HAaYHAs
1 b

dbyukuus z. OgeBnnro, obpaTHas dbyHkuusa p(w) =z = “w——=

= ajw +b; obramaer Temu ke coiicTBamu, 94To U f(z). Tem caMmpiM
f(2) — omHOmMCcTHAS DYHKUMSA z HA TOJHON KOMIUIEKCHOM IJIOCKO-
CTH, yCTaHABIHBAIOIAsl B3AUMHO OJJHO3HAYHOE COOTBETCTBHE MEXKIY
IJIOCKOCTSIMH 2 U w. B CHJTy HEIPEepHIBHOCTH JeHCTBUTELHOM U MHH-
Moit gacTH f(2) IO COBOKYIHOCTH MEPEMEHHBIX I, Y 3Ta (DYHKIHUS
HeIpephIBHA HA, BCell KOMILJIEKCHOM [LIOCKOCTH MPH JIIOOBIX KOHEYHBIX
3HAYEHUAX T, ). UTOOBI BHISICHATH T€OMETPHIECKHUI CMBIC JaHHO-
[0 COOTBETCTBHS, PACCMOTPHM BCIOMOraTeNbHY0 MyHKIHIO ( = az.

1) Cm. Bom. 1.

2) B maJbHeiiemM Ml 6y1eM roBOpPHUTE, YTO PYHKIUA KOMILJIEKCHOM IepeMeH-
Ho# f(z) onpezeneHa Ha BCell KOMILIEKCHOHN IJIOCKOCTH, €C/IM OHA ONPEAEICHE
A7 BCeX 3HAYEHMH KOMILJIEKCHOTO apryMeHTa 2, OFPAHHYEHHBIX 10 MOZYJIIO,
u GyzeM rosoputh, uTo f(z) ompenesieHa Ha MOJHON KOMILIEKCHOM IIOCKOCTH,
€CJIM OHA 33JaHa H IpH 7 = 00. B HameMm mpumepe f(0o0) = oo.
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Ha ocHoBaHuM IpaBUia YMHOXKEHHS KOMIIEKCHBIX YHCEJ HMEEM
¢ =la|-|2| - {cos (arga + arg z) + isin (arga + arg 2) } .

Orcropa cenyer |¢| = |a| - |2|, arg{ = arg z + arga. To ects dyHK-
musa ¢ = az JI060My KOMIUIEKCHOMY YHCILYy 2 CTABUT B COOTBETCTBHE
KOMILIEKCHOE YUIIO (, MOAYJIb KOTOPOTrO B |a| pa3 Gosblne MOLyss
Z, & apTyMEHT [IOIYYaeTCs U3 APIYMEHTa, 2 IPUOABIEHIEM IOCTOSH-
HOTO CJIATAEMOT0 — apPryMEHTa KOMILJIEKCHOTO YHIa a. [eoMeTpH-
YeCKHH CMBICJ 3TOr0 Mpeodpa30BaHMs OYEBHIEH: IMOLOOHOE PacTs-
JKEHHUe IJIOCKOCTH 2 B |a| pa3 u mOBOPOT 3TOMH IUIOCKOCTH KaK IEJIOro
BOKDYT ToukM 2 = 0 Ha yros arg a.

Bosspamasice k dyuknun (1.12), KOTOPyIO Tenepb MOXHO 3aIIH-
carh B Buze w = { + b, BUAMM, YTO T€OMETPUYECKHUN CMBICI TOCTIE-
HEro IpeoOpa3’OBaHMs COCTOUT B CABUTE IUIOCKOCTH 2, XapaKTepH-
3yeMoM BeKTOPOM b.

Utak, nuueiinas (yHKIUS Opeobpa3yeT KOMILIEKCHYIO ILIOC-
KOCTb 2z B KOMILIEKCHYIO IUIOCKOCTh W IIYTEM IOZOOHOTO PacTsiKe-
HHUSA, TTOBOPOTS, U CABUTA.

2. B kagecTBe CIeAYIOMIETO IPUMEDPa PACCMOTPUM (DYHKITHIO

w=f(z)=1. (1.13)
OTa QyHKINA Tak>kKe ONpeJesieHa Ha MOJHON KOMILIEKCHON IIIoc-
koctr, nprdeM f(0) = co m f(oo) = 0. Kak u B mepBoM mpmme-
pe, ycTaHaBauBaeM, 4TO f(z) sABJIsETCS OJNHO3HAYHON M OLHOJIHUCT-
HoOMt yHknmeit z, orobpaxkarome#t MONHYIO IJIOCKOCTH 2 Ha TIOJ-
HYIO IJIOCKOCTH w. JIerko ycTaHoBuTh, 9To dbyHknus f(z) sBiasercs
HEIIPEPBIBHOR H3, ITOJHOI KOMILJIEKCHOM IIJIOCKOCTH, 38 UCKJIIOYEHNEM
Toukd z = 0. 1 reoMeTpuUYecKoil MHTEpIIpeTAIlNN SaHHOHK (DyHK-
UMK BOCIIOJB3YEMCS TTOKA33aTEIBHOM (hOPMOit 3aIMCH KOMILJIEKCHBIX
gpcen: w = ret¥ = %e‘w(z = pe*¥). DTo PaBEHCTBO O3HAMALT, YTO
argw = —argz , |w| = Ii—l [Tony4yeHHBIE COOTHOIIEHUSA MO3BOJIS-
0T PACCMATPUBATHL OTOOpaKeHHe, OCYNIECTBIsgeMOe TaHHON bYHK-
Iuel, KakK COBOKYIIHOCTb AByX oroOpaxkemmit: ( = ((z), rme [¢| =
1
<1’
ITepBoe oTobpakeHWE MMEET TEOMETPHYECKUN CMBICT 3€PKAJIBHOTO
OTpaXKeHUs OTHOCHUTENBHO MEMCTBUTEIHHON OCH, IPH KOTOPOM TOY-
K3 Z TIEPEXOJUT B TOYKY Z, & BTOPOE OTOODAKEHHE UMEET CMBICI
HHBEPCHH !) B eJWHHYHOM KpyTe, IepeBOAAMEll TOUYKY Z B TOUKY

= ||, arg( = —argz, m w = w((), rze |w| = =, argw = arg(.

1) Hneepcueti (mmu npeobpasosanueM 0GPaTHBIX DAJUYCOB) B KPyre DaIuy-
Ca @ Ha3BIBAETCS TAKOE Mpeobpa3oBaHMe, IIPH KOTOPOM KaXKION TOYKe BHYTDH
(BHE) KpyTra CTABUTCSI B COOTBETCTBHE TOYKA BHe (BHYTDH) KpYyTa, JleXauas Ha
Jly4e, IPOBENEHHOM M3 I[EHTPA KPyra B HAHHYIO TOYKY TaK, YTO MPOHU3BEICHHE
PACCTOSHMIX OT 3THX TOYEK A0 IEHTPa KPyra PaBHO KBAIPATY PAAUYCa KPYTa.
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1
w = = (pucynku 1.5, 1.6). IIpu 5TOM TOYKH IIOCKOCTH Z, JI€XKa-
z

e BHE €IUHHUYHOI'O KPYyra, mepexogdT B TOYKH, Ji€XKallie BHYTPDHA
€OQUHHUYHOI'O KPYyTa IJIOCKOCTH W, H Ha,O60pOT.

AY
) An
| - - T~
| l/
|
| 1 C.:=0
- | B i
zZ= | P \
| \
| S -
|
6=z
Puc. 1.5 Puc. 1.6

3. PaccmorpuM DyHKIHIO

w= f(z) = 2% (1.14)
OTa QYHKIHUS ABAAETCA ONHO3HAYHON (PYHKIMEH KOMILJIEKCHON Ie-
PEMEHHOH 2z, OIpeneIeHHOA Ha IMOJHONR KOMILIEKCHOI IJIOCKOCTH Z.
1 n3ydeHns ee CBOUCTB ONATH YAOOHO IIPEACTABUTEH KOMILJIEKCHBIE
4HCTa B IOKa3aTelbHOH dopMe: z = pe’?, w = re¥ = p2et??. Or-
CIOZIa JIETKO 3aKJIFOYATh, YTO TOUKH IVIOCKOCTH Z, JIEXKAITHe Ha, JIyde,
COCTABJIAIONIEM YTOJ ¢ C IOJO0XKHUTEJbHBIM HAIpaBieHNeM JeHCTBU-
TEJNILHOM OCH, TIEPeX0daT B TOYKH IJIOCKOCTH W, JIeXKAIlne Ha JIyde,
COCTABJIFIONIEM C IIOJOXKUTENBHBIM HaIllPaBJIeHHeM NeHCTBUTEIbHON
ocu yron 2. [losToMy ToUKaM z ¥ —2, apryMeHThl KOTODHIX Pa3-
JUIal0TCA HA T, & MOAYJIH ONMHAKOBBI, COOTBETCTBYET OJHO U TO
xe 3Hagenne w (€2™ = cos 27w + isin27 = 1). Tem campiM 06part-
Hasa QYHKIHUA OKAa3bIBAETCA MHOTO3HAYHON. PaccMorpumM monpobuee
oTobpaKeHue, ocyecTBasgeMoe GyHKIMed w = z°. Bepxuas nomy-
TJTOCKOCTD Z BMECTE C JIEMCTBUTENHHON OCBIO MEPEXOAUT B IOTIHYIO
IJTOCKOCTE w. [lomoXXmM muis onpeneseHHOCTH, UTO B BepXHeU IIO-
JIYIUTOCKOCTH apryMeHT 2z 3akmodern B npenenax 0 < ¢ < 7. Torma
Pa3INYHBIM TOYKaM 00macTi 0 < ¢ < T COOTBETCTBYIOT Da3JIHd-
Hble 3HadeHns w. Takas o61acTb U3MEHEHHS HE3ABUCHMOM TTepDEMEH-
HOM, pa3JIMYHBIM TOYKaM KOTODO# COOTBETCTBYIOT Pa3jIMYHBIE 3HA-
yeHus] DYHKIUH, HA3BIBAETCA 00JIACTHI0O ONHONIMCTHOCTH (DYHKIIVH.

B npenpiaymux npumepax 061aCThI0 OQHOJUCTHOCTH ABJISIACH BCA

061aCTh 3a,0aHAs (DYHKIHN; B JAHHOM CIydae 1 QYHKIHA W = 22,

00J1aCThI0 33JaHUS KOTOPOH SBJISAETCS IOJNHAA KOMIJIEKCHAA ILIOC-
KOCTh 2, 06/1aCTBI0 OJHOJMCTHOCTH CJIYKUT HOJIYIUIOCKOCTH. OTMe-
THM, UTO B PACCMATPHUBAEMOM CJIydae I'DAHUIEI 00JIACTH OJHOIUCT-
HOCTH — Jiy4yu @ = 0 U ¢p = T — IEepexoaaT B OJHY U Ty Ke IIpg-
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MYI0 — ITOJIOXKUTEJBHYIO 4aCTb AeHCTBUTENBHOM! OCH ILJTOCKOCTH W.
IIpomomkas Hall PAacCMOTPEHUd, JIETKO MOKA3aTh, UTO (PYHKIIUI
w = 2 IPOM3BOAUT 0TOGPAKEHHEe M HUXKHel! TTOIYILIOCKOCTH 2 BMe-
cTe ¢ JefiCTBUTENBHOM OChI0 HA IIOJHYIO IIOCKOCTH w. TeM caMbIM

obparHas pyHKINID
z = yw, (1.15)

OIIpeJIeJIEHHAs HA TIOJHONM IUIOCKOCTH W, YK€ HE SBJISETCS OJHO-
3HAYHOU — OLHOM M TOH Ke TOYKe IUIOCKOCTH W COOTBETCTBYIOT IBE
pa3ardHble TOYKH ILJIOCKOCTH 2z: OJHA — B BEpXHell, apyras — B
HY2KHEN ITOJIYIJIOCKOCTH.

YrobbI H3yYUTH 0TOOpaXKeHue, OCYIECTBIAIEMOe JAHHON! GYHK-
1uei, BOCIIONB3YEMCH OMIATh IIOKA3ATENbHOM (HOPMOi 3AIIUCH KOMII-

JeKcHoro 4ncnaa: w = re'¥. Tormga, COMIACHO MpaBWTy M3BJIEYEHUS
KODHH M3 KOMILJIEKCHOT'O YHCJIA, MBI IIOTYyYaeM JIBa DA3IUIHBIX 3HA-

yenus bynkuum 2(w): 25 = /T exp [%(1/) + 27rk:)] (k=0, 1) (zame-

THM, 9TO arg z] — arg zg = 7 ).PaccMoTpuM Ha 1I0CKOCTH W HEKOTO-
Py 3aMKHYTYIO KpuByio C, He UMeoyo camornepecederuii. Puk-
CUDYEM Ha Hell TOUKY Wy, KOTOPOIl IIPUIIKINIEM OIIPEJEeIEHHOE 3HaUe-
HUE apryMeHTa g, HafimeMm 2z o(wp), z1(wo) IPU HENPEPLIBHOM JIBHU-
JKeHUH TOYKHM w o Kpusoit C. AprymeHT ToukM w Ha KpuBoi C
u3MeHseTcs HempepblBHO. [103TOMY, Kak JIETKO BUIETH, (DYHKIUH
zo(w) 7 z1(w) ABAAIOTCS HENPEPHIBHBIME (DYHKIUIMH W HA KPUBOii
C. Tlpu 3TOM BO3MOXHEI B8, PA3JIMYHEIX CJIydasi. B mepeoM caydae
xpusBag C He comepkuT BHyTpu Touky w = (. Torma mocme obxoma
kpuBoii C apryMeHT TOYKH wo BEPHETCH K EPBOHAYAIHHOMY 3HAa-
4JeHuio arg wgy = Yg. CienoBaTensHo, U 3Hadenus GyHKumit zo(w) u
z1(w) B Touke W = wy mocse 06xoaa kKpuBoit C 6yIyT PaBHBI UX HEP-
BOHAYAJbHBIM 3HAYEHNAM. TeM caMbiM Ha KpuBoi C B 5TOM CJIydae
OLIpe/IeJIeHbl 1BE PA3JIUYHBIE OJHO3HAYHBIE (DYHKIUN KOMILIEKCHOM

HePEMEHHOM W: 2o = /T exXp (%) n 21 =+/Texp [%(d) + 21r)] (¢ m3-
MEHAETCA HeIpEePHIBHO Ha, KpuBo# (), HAYMHAA OT 3HAYEHHd Py B
Touke wy). OgeBuaHO, ecyu obmacts D murockoeTn w 06Ia42€T TEM
CBOMCTBOM, 4TO J00asd 3aMKHYTas KpPUBasd B 9T0H objacTd He Co-
JepxkuT Toukr w = 0, To B D ompexesieHbl ABe pa3/IdYHBIE OJHO-
3HAYHBbIE HeIpepbIBHBIE hyHKINK 2o(w) u 21 (w). Oynrumn zo(w) un
21 (W) HA3BIBAIOTCH 6eMEAMYU MHO203Ha¥HOU Pynxyuu z(w) = /w.

Bo BTOpoM ciaydae KpuBag C COAEPXKUT BHYTPH TOUKy w = (.
Torma mocie o6xoxa kpuBoit C B IOJOXKHUTEIHHOM HAIPABJICHUH
3HAUEHHWE APTYMEHTa TOYKH W YK€ He BEPHETCH K IIePBOHAYAJIb-
HOMY 3HAYEHUIO 1y, & U3MEHUTCI Ha 27: arg wg = Yy + 27. [osto-
My u 3HadeHus pyHKImE 2o(w) m 21(w) B TOUKe Wy B Pe3ysbTATE
WX HENPEephLIBHOTO W3MeHeHus mocite obxoma kpueoit C yxe He Oy-
JIyT PaBHBI UX IEPBOHAYAJILHBIM 3HAUYEHNAM. Bojee TOYHO, IOy IUM
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Zo(wo) = zo(wo)e™, Z1(wo) = 2z1(wp)e’™. To ects byukuus 2o(w)
nepefizier B byHkumo 21 (w), u HAOOGOPOT.

Ecmu pig Touky 29 MOXKHO yKa3aThb TaKyk £-OKPECTHOCTDL, YTO
P OJHOKPATHOM 00X0[e TOYKH 2o IO JOOMYy 3aMKHYTOMY KOH-
TyPY, HEJHKOM JIEXKAIIEMY B 9TOH £-OKPECTHOCTH, OJHA BETBL MHO-
rO3HAYHON (DYHKIMHE IIEPEXOJUT B APYTYI0, TO TOYKA, 2y HA3HIBAETCH
mouxoti pazeemeaenus (6emesenus) SAHHON MHOTO3HAYHON DyHK-
uuu. B OKPeCTHOCTH TOYKYW Da3BETBJEHUS OTAENbLHLIE BETBH MHO-
TO3HAYHON (DYHKIMH yKE HENb3d PAaCCMATPHUBATHL KaK Da3/IMIHBIC
OJHO3HAYHLIE (DYHKIUH, TOCKOJLKY IIPH 00XO0J€ TOYKHM Pa3BETBJIE-
HUS UX 3HAYEHUS MEHSAIOTCH. B pacCMaTpHBaeMOM IPUMEpE TOYIKOM
pa3BeTB/IeHUS ABJAeTca Touka w = 0.

3amernm, 4T0 06X01 OKpYy:KHOCTH |2| = R ckonb yromuo Gomb-

1
IIOT0 PaIHyCa COOTBETCTBYET O0OXOXLY Ha ILIOCKOCTH ( = ~ TOUKH
1
¢ = 0 mo oxpyxuocTH (| = p = VR Cornacuo 1. 2.3 uMeeT MecTo

1
cooTHOUIeHNE — = 00. [loaroMy OyneM cuuTarh, ITO 0OX0I OKPY K-

HocTH GeckoHedHO Gosbmioro paauyca (R — 0o) ectb 06xox 6ecko-
HEYHO yJAJIEHHOM TOYKH 2 = 00. Kak JIerko BUIETh, B pacCMaTpH-
BAEMOM TIpHUMepe Ipu 06X0me TOYKK W = OO0 OJHA BETBb (DYHKIUH
z = y/w nepexoxut B Apyrywoo. Takum 06pa3oM, BTOPOH TOUKON pas-
BeTBJIeHNA DYHKIUH 2 = /W Ha KOMILJIEKCHOH ILIOCKOCTH W SABJs-
ercd To4ka w = o0o. ObmacTbio D, B KOTOPOi ONIpeIe/IeHbl OMHO3HAY-
Hble BeTBU QYHKUWHA 2 = \/w, gBagerca m0bas 061acTh MII0CKOCTH
w, B KOTOPOt HEBO3MOXKEH OOXOJ 10 3aMKHYTOMY KOHTYPY TOYEK
pazsersienusa w = 0 u w = 0o. Takoil 06/JIaCTBIO0 ABISAETCH, HAIPH-
Mep, BCH IIOCKOCTb %W C Pa3pe30M BJOAL TOJIOXKUTEJbHOM YacTu
geiicreuTenbHOM ocu. Ilpu sToMm 6epera paspesa SABILIOTCH TDAHH-
Uell JaHHOM 06JIACTH, TaK YTO IPH HENPEPHIBHOM JBUKEHUU BHYTDH
061aCTH MBI HE MOXKEM IIEDECEKATH pa3pe3 (IpaHMIyy 00JacTu).

Ecnu cyuTaTsh, 9TO apryMeHT TOYEK W [Jid IEPBOM BETBH M3Me-
Hderca B npegenax 0 < argw < 2w, a gja BTOpo#l — B Ipenesax
21 < argw < 4, TO TepBad BeTBbL (DYHKIUU 2 = /W IPOM3BOTAT
0TOOpaKeHWe TIJIOCKOCTH € Pa3pe30M HAa BEDPXHIOK TONYIIJIOCKOCTH
Z, a BTOpasd BETBb HaHHON (DyHKIUU 0TOOPaXKaeT Ty ke 00J1aCTh Ha,
HUKHIOK TTOJYIIJIOCKOCTD 2.

AnamoruyseiM 06pa30M JIETKO NMOKa3aTh, 4YTOo GMyHKIME w = 2™
(n>0 — mesoe 4UCIO) IPOM3BOLUT OTOODAXKEHHE JIHOOOTO CEKTO-
pa ? < argz < 2"(];—+1) (k = 0,1,...,n — 1) wrockoctu 2
Ha [OJIHYI0 IUIOCKOCTH W, PA3PE3aHHYIO IO MOJOXKHUTENbHON YaCTH
neficrBuTesbHOM ocu. TeM caMbIM 3TH CEKTODBI IPEACTABISIOT CO-
6oi1 ob61acTu ogHONMMCTHOCTH JaHHOH dyukuun. ObpaTHaa OyHKIMSD
z = {/w gBAseTca MHOTO3HAYHON, u Touku w = 0 u w = 0O mpej-
CTABJALIOT CO0OH e TOUYKHU PA3BETBJIEHUS.
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§ 4. duddepennupoBanue pyHKIIUN KOMILJIEKCHOMN
IepeMeHHOMN

1. Omnpeaenenne. Ycoaosus Komun—Pumana. [lo cux mop
Teopusi PYHKIHNA KOMILIEKCHON [MEPEMEHHOM CTPOHIACH B ITOJHOM
AHAJIOTMH ¢ Teopueidl PYHKIuM AeHCTBUTENBHOM mepeMenHoi. On-
HAaKO HOHATHE auddepeHIupyeMoil PYHKINK KOMILIEKCHOIN mepe-
MEHHOI!, BBEIEHHOE 10 AHAJOTHH C COOTBETCTBYIOIIMM ITOHSITHEM
Teopuu (DYHKIUH AeHCTBATEIBHON IEPEMEHHOR, IPUBOANUT K CYIIE-
CTBEHHBIM Pa3THINAM.

JlauM ompeiesieHre MPOM3BOAHOM YHKIMH KOMILJIEKCHOHN ITe-
peMennoii. [IycTte B 0biacT § KOMILIEKCHOM IIOCKOCTH 2z 3aJaHA,
dyukuus f(z). Ecau daa mouxu zg € G cywecmeyem npu Az — 0
npedes (npedeavroe 3HA¥EHUE) PAZHOCTIHOZ0 OTNHOULEHUS

f(zo + Az) — f(z0)
Az ’
mo amom npedes Ha3wvieaeMcA NPpoudeodnoli dymxyuu f(z) no

xomnaexcholl nepemennoti z 6 mouke zy u obosnauaemcs f'(zg),
m. e.

f(z0) = Aim 1z +A§;‘f(z°). (1.16)

Oyukuusa f(z) B 9TOM caydae HasbiBaeTcs Jugdepenyupyemoti
B TOYKe 2o. IlouepKHEM ele pa3, YTO eCJIM CYIIECTBYET IIPemes
(1.16), To o He 3aBUCAT OT cnocoba crpemsienust Az K HyJIIO, T. €.
OT crocofa, IpHOIMKeHnsI TOYKK 2 = 29 + Az K To4Ke 2y. T peboBa-
Hue AudepeHnupyeMocTr QYHKIMKY KOMILIEKCHOM IMepeMeHHO# B
TOUKE Z) HAKJ/IaJAbIBAET BECHbMa, BaXKHBIE YCJIOBHS HA [IOBEJEHUE JIeii-
CTBUTEJIBLHOM ¥ MHAMOM dacTel 3Toi QYHKIINH B OKPECTHOCTH TOIKH
(o, Yo). DTH yIOBHS M3BECTHHI TOJ Ha3BaHWeM ycioBui Komm—
Pumana, KoTopble MOTyT OBITH CHOPMYJIMPOBAHB! B BHIE CIEAYIO-
II[UX TEOPEM.

Teopema 1.3. Ecau Pynxyua f(z) = u(z, y) + iv(z, y) dud-
Pepenyupyema 68 mouxe zg = xg + iyg, mo 6 mouxe (To, Yo) cy-
wecmeytom wacmusie npoudeodnwvie Gynxuyul u(z,y) u v(z,y) no
nepeJ\;eHHuM Z,Y, NPUYEM UMEIOM MECTNO CAEOYIOULUE COOMHBOULE-
nual):

du(zo,y0) _ Bv(zo, yo) du(xo,y0) _ _ Bv(zo,y0) (1.17)
Oz oy ° Oy 0r )

JokazaTeuabcTBo. 1o yCIOBHIO TEOPEMB! CYIIECTBYET
upezen (1.16), He 3aBucAmmit or crocoba crpemieHus Az K HYJIO.

1) Coornomennus (1.17) obprao ¥ HaseBalOTCA cooTHOwreHmsMM Koum—
Pumana.

2 A.T. Ceemnukos, A.H. Tuxonos
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IMonoxum Az = Az ¥ paccCMOTPUM BBIPAXKEHHUE

/ . w(zo + Az, yo) — u(zo,yo) | . 1:.. v(zo + Az, y0) — v(zo,yo)
zp) = lim +7 lim .
f ( 0) Az—0 Az Az—0 Az

W3 cymrecTBoBaHMS Ipeaesia KOMIIEKCHOTO BBIPAYKEHHU CIeIyeT Cy-
LIECTBOBAHHUE MPEIEJIOB €0 AeACTBUTENBHON  MHUMO dacTeit. [To-
9TOMY B TOYKE (Zg, Yo) CYWIECTBYIOT YaCTHBIE NPOU3BOAHBIE 1O T

dbynkmit u(z,y) u v(z,y) 1 umeeT MecTo GHoOpMyIIa

f!(20) = uz(z0, y0) + 1vz(20, y0)-

IMonaras Az = iAy, HaxoAM

f'(z0) =
— —i lim Y®0yo+Ay) —ule,y0) | 13, v(To, %0 + Ay) —v(To,y0) _
Ay—0 Ay Ay—0 Ay

= —iuy(:co,yo) + vy(ibo,yo)-

CpasuuBas nBe nocieaaue GopMyJibl, yBexmaeMcsa B CIPaBeIInBO-
cru cootHomeruit (1.17).

Teopema 1.4. Ecau 6 mouxe (xg, yo) Ppynryuu u(z,y) uv(z,y)
Judpepenuupyemsi, 4 UT YAGCMHBIE NPOUICOOHDBIE CEA3AHBL COOMHO-
wenuamy (1.17), mo pynxyus f(z) = u(z,y) + iv(z,y) asasemca
duppepenuupyemoti pynuxyuetd xomnaexcrol nepemennots z ¢ moy-
xe zg = xg + iYo.

HoxkasaTenbcTso. [loonpenenennto guddepennupy-
emocru !), npupamenns byrkmumit u(z,y) u v(r,y) B OKPECTHOCTH
TOYKH (T, Yo) MOT'YT OBITH 3AIUCAHBI B BUJE

u(zo + Az, yo + Ay) — u(zo,%0) =
= uz(:L'O, yo)Al‘ + uy(:L'Oa yO)Ay + g(-’L’, y)a

v(zo + Az, yo + Ay) — v(zo,y0) =
= vz (20, Y0) Az + vy(z0, yo)Ay + n(z,y), (1.18)

rae dynkuum €(z,y) u 7(T,y) cTpeMATCS K HYJA TPU T — Zg,

. g(m,y) _ . n(m’y) —
Y — yo ObicTpee, uem Az u Ay |A151_1>0 |Az] =0 IAILTE*O Azl

|Az] = \/(Az)? + (Ay)Q). CocTaBuM Temeph pa3sHOCTHOE OTHOIIE-

f(z0 + Az) — f(20)
Az

3

HUE , tme Az = Az + iAy, u ucnonssys (1.18) u

1) Om. Bom. 1.
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(1.17), upeobpazyeM ero x BULY

flzo+ Az) — f(z0) _ Az + iAy 1Az — Ay
Az = Uz(iﬂo,yo)—AzHAy +Uz($0’y0)—Az+iAy

z,y) +in(z, . z

+ % = uz(To,Yo) + 1z(To, Yo) + %Z)

(€(2) = &(=,y) +in(z,y)).

3aMeTuM, 4TO TpU cTpeMyieHNr Az K HYII0 TOCIEIHEE CIaraeMoe
5TO# (POPMYJIBI CTPEMUTCS K HYJIIO, & IEPBBIE OCTAIOTCS HEM3MEHHBI-
f(20 +Az) — f(z0) _ f'(z )

Az = 0)s

4TO U HoKa3biBaeT anddeperunpyeMocTs dbyEkumy f(2) B TOUKE zg.

Ecau gynruyua f(z) duddepenyupyema 60 6cer moukar nexo-
mopoti obaacmu G, a ee NPpou3eodnas wenpepvieHa 6 3moti obaa-
emu, mo dynxyua f(2) nasvieaemca anasumuseckots Gynryuet!)
6 obaacmu G.

Kax M3BECTHO 2), HENPEPLIBHOCTD YaCTHEIX IIPOU3BOJHBIX SIBIIf-
€TCs JOCTATOYHBIM YCJIOBHEM CYIIECTBOBAHHs mepBoro guddepen-
uuasa (guddeperuupyemoctn) GyHKIAE MEOTHX TIePeMeHHBIX. [Lo-
sToMy U3 TeopeM 1.3 u 1.4 ciregyeT, YTO HeobToduMbiM U JOCTNATNOY-
HbiM Ycaosuem araaumushocmu gynryuu f(z) = u(z,y) + w(z,y)
6 obaacmu G AGAAEMCA CYULeCeosarue 6 smoti obaacmu Henpe-
PHEHBLT YACTMHHBT NPou3eoonux dynxyut u(z,y) uv(z,y), ceazan-
Hour coomuoweruamu Kowu-Pumana (1.17).

[TorsTre apamuTHYeCKON (DYHKIMK SIBJISETCS OCHOBHBIM TOHSI-
THEM TeOopuM (DYHKIUA KOMILUIEKCHON TEepEeMEHHON B CHIy 0coboit
POJIH, KOTOPYIO MTPAET KJIACC AHAJIUTHIECKHX (DYHKIWN KaK MpH
DEIIIeHNN MHOTOYMCIEHHBIX MaTeMaTWUeCKUX MpobJieM, TaK M TPH
Pa3JIMYHBIX TPHIOXKEHUAX (DYHKIIUH KOMILUIEKCHON TEpEMEHHOH B
CMEXHBIX 00JIACTIX eCTECTBO3HAHUS.

Coorromerns Komv-PuMana 4acTo MCTONB3YIOTCA TTPH MCCIIE-
JOBAHWM PA3JIMYHBIX CBOMCTB aHAJUTHIECKUX dyHKumiA. [Ipn sToM
pasercrBa (1.17) He SBISIOTCS €QUHCTBEHHO BO3MOXKHOH (hOpMOi
cootromennit Komm-Pumana. Kak MoxXeT yCcTaHOBHUTL caM YHTa-

Mmu. [losToMy cyuiecTByeT npegen lim
Az—0

1) IlpusenenHoe 3mech ONpeeNeHNe AHAINTIIECKOH (YHKIINH OTAMIAETCS OT
OOBIYHO IIPHHATOrO B JIMTEPATYPE HOIOIHUTEIBHBIM TPEGOBAHMEM HENPEDPHIB-
HOCTH IIPOM3BOIHON. DTO CHENAHO C HeNbI0 obJIerdyeHHs MOCTeAYIOINX JOKa-
3aTenscTB. KpoMe Toro, kKak 3To cieayeT u3 Gosnee mompoGHOrO HCCIEIOBAHNS,
MaTeMaTHYeCKoe COAepXKaHue MOHATUS aHAIUTHYECKON DYHKIIUN [IPK 3TOM He
MeHsgeTca. B yacTHOCTH, MOXHO IIOKa3aTh, YTO IIPH JOIOJHUTENHHOM TpeGoBa-
Huu HenpepbiBHOCTH ynkmuu f(z) B o6aactu G BomonHenue ycaosuit Komm—
Pumana (1.17) Bcroay B oToit 06s1acTH ABIsSETCH HEOOXOAMMBIM H TOCTATOYHBIM
JAJIS aHATUTHYHOCTH f(2) U HENPEPEIBHOCTH BCEX €€ IPOM3BOIHBIX B 061acTH G.
CMm. momgpobuee A. I. M apkym e B u 4. Teopus aHANTUTHIECKUX (DYHK-
muit. — M.: Tocrexusmar, 1950.

2) Cm. BB 1.

2%
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TeJb, JIeRCTBUTEIbHAS U MHUMAas JaCTH aHAJUTHIECKOH byHKuuM
f(z) = u(p,p) + 1v(p, p) KOMILIEKCHOM TIepeMeHHO z = pe'? cBs-
3aHBI COOTHOIIEHUSIMH
Ou 1 0v 108u Ov
— =, ==, (1.19)
Op pOp p Oy op
7€ P ¥ p — TONIAPHBIE KOODJUHATH TOYKH (Z, ). AHAJIOTHIHBIM 06-
paz’oM JIETKO YCTAHOBHUTB, YTO MOAYJb U aPIyMEHT aHAJIUTHIECKOH

byukmmn f(z) = R(z,y)e’®®Y) crsasans cooTHOmeEHMIMN

OR _ 0% OR _ 0%
2-ry, E--rL (1.20)

OtMeTuM Takxke, 9To cooTHoIeHus (1.17) m03BOJIAIOT Oy YUTH
Pa3JIM9IHBIE BHIDAXKEHUS JJIA TPOM3BOAHON (DYyHKIMH KOMILTEKCHOM

mepeMeHHON

f1(2) = ug(z,y) +ivg(z,y) = vy(z,y) + ivg(z,y) =

= Ua:(may) - i“y(m’y) = Uy(m’y) - ":Uy(zay)- (121)
[Tpu aToM Kaxk bl pa3 npousBogHas f(2) BEIPAXKAETCS depe3 9acT-
Hble IPOM3BOAHBIE DyHKIWIA u(Z,y) U v(ZT,y).

2. CsoiictBa aHasmuTHveckux ¢yHkuuit. Onpenenenne
nponzBozHo# (1.16) T03BOJIsET IEPEHECTH HA AaHATUTHIECKHE (DYHK-
UMA KOMILIEKCHOR IepeMeHHOM psl CBOMCTB auddepeHnpyeMbIx
GYHKINE JeHCTBUTENBHON TepEMEHHOM,

1. Eciu dyukmus f(2) ssasercs asanuTudeckoil B obsactu G,
TO OHA& HEMPEpBIBHA B ITOH 0OJIACTH.

2. Ecnu f1(2) u f2(z) cyts anamurndeckne byHKUMHU B 06J1aCTH
G, TO UX CyMMa W IIPOU3BEJEHUE TAKXKe SABJISIOTCH AHAJIUTUIECKH-

= hi(»)

zZ
aHaUTHYecKoit yHKIueit Bcoay, rae fo(z) # 0. fi(@)

3. Ecm w = f(z) aBaserca ananmuTudeckoit dbyHKumei B obia-
CTH G IWIOCKOCTH KOMILJIEKCHO ITepeMeHHoi z, IprdeM B 06,1acTH ee
3HadeHu (G HA IWIOCKOCTH W OIPEIe/IeHa AHAIUTHIECKAs (DYyHKIH
¢ = p(w), To byrknusa F(z) = ¢[f(z)] apasgerca aHaauTHIECKOH
dyHKIKE! KOMILIEKCHON IepeMeHHOM 2z B obmacTa .

4. Eciu w = f(z) aBngercs ananuTudeckolt dyHkuueit B obia-
cru G, mpuaeM |f'(z)| # 0 B OKpPECTHOCTH HEKOTOPOH TOUKM zg € G,
TO B OKPECTHOCTU TOYKM wy = f(2p) obnactn G 3HadgeHuii dpyHk-
nuu f(z) ompeznesnena obparHas GyHKIHS z = @(w), ABISIOMAILC
aHAMTHYIECKOM bYHKIMe! KOMILTEKCHOM mepeMerHod w. [Ipu sToM

Mu byHKIUAME B obsmactd G, a dyHKuua ¢(z) ABJIAETCS

1
UMeeT MecTo cooTHowenue f'(zp) = IR
¢’ (wo
HoxkasaTeasbcTsBo Jaa cymecTBoBaHud oOpaTHON
dbyekIUM HEOGXOAUMO, YTOOBI ypaBHeHusd u = u(z,y) u v = v(Z, y)
MOXHO OBLJIO pa3pelIMTh OTHOCHTEIBHO T, ¥ B OKPECTHOCTH TOY-
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KA wq. JJIs 9TOr0 JOCTATOUHO 1) | 9ToGBl B OKPECTHOCTH TOUKH 2
BBINIOJIHAJIOCH YCJIOBHUE

Uz u
Yl = Uz Uy — Uyg F 0.
Vp Uy
B cuny coorHomenuit (1.17) 3ro ycioBue MOXHO MepenucaTh B
Bume u2 + v2 # 0. Ho mpu yonosum |f/(2)| # 0 mociemumee mmeer
Mmecto. TeM cambIM cyinecTBoBaHHe ofparHON dyHKIMU 2 = p(w)

z 1
nokazaHo. CoCTaBUB Pa3HOCTHOE OTHOIIEHUE Aw = Ag JETKO J0-
Az

Ka3aTh CyIIeCTBOBAHWE W HEPEPLIBHOCTL Mpou3BOLHOH ¢ (wy) mpu
!
yeiosuu | f'(29)] # 0.

5. Ilycts B obmactu G mwnockoctn zy 3amana dyskmua u(z,y),
ABJIAIOIIAACH OefCTBUTEILHON YacTbI0 AHAJHUTUIECKON (pyHKIUn
f(2). Torga MHUMas 4acTh 3TOH (YHKIVH ONPENEseTcs ¢ TOUHO-
CTBIO J0 aJIIUTUBHON IOCTOSHHOM. JIeHCTBUTENbHO, B CHIIY YCIOBHIt
Komu-Pumana mo 3agansoit ¢yHKuny u(z,y) OMHO3HAYHO OIpeIe-
nsieTcs TONHBIA quddepeHuan Hen3pecTHOW DYyHKIMA v(Z,y):

dv = vgdz + vydy = —uydz + uzdy,

YTO U OKA3bIBAET BHICKA3AHHOE yTBEPIKICHNE 2).

6. [Iycts dbyukuus f(z) aBiasgeTcs aHATUTHIECKOH B obsiacTu G.
PaccMoTpuM B cOOTBETCTBYOMIEH 06I8CTH IVIOCKOCTH LY CeMeNCTBa,
kpuBbIX u(z,y) = C n v(z,y) = C, npeicrasnsiomue coboil JINHNH
yPOBHell meficTBUTENbHON U MHUMON dacTeit dyukmuu f(z). C mo-
Moupio cooTHoinernit (1.17) serko mokazaTb, UTO BO BCEX TOYKAX
JarHOH obsmacTy grad u - grad v = ugvg + UyVy = —Ugly + uyuy = 0.
Tax Kak IpaJrieHT OPTOrOHAJIEH JIMHUU YPOBHS, TO OTCIOIa, CIEIYET,
4T0 ceMeiicTBa KpuBBIX u(Z,y) = C u v(z,y) = C B3aUMHO OPTOTO-
HAJIbHBL.

3. Teomerpuuyeckuii CMBICJI TPOU3BOAHON QYHKIUH
KoMmIuiekcHol nepemenHoi. Ilycts f(z) siBnsierca amanwurHde-
CKOM QyHKumet B HEKOTOpo# obsacTu (. BribepeMm Kakyo-aubo
TOUKY 2y € § W IpOBeEM dUepe3 Hee IPOU3BOJIBHYIO 5) KPHBYIO 71,
UeaUKOM Jexamyo B G. Oyukius f(z) mpou3BoguT OTOODaXKeHWe
obnacti § KOMIUIEKCHOM ILJIOCKOCTH Z Ha HEKOTOpYHo obaacts G
KOMILTEKCHOH T1ocKocTH w. [IycTh TOUKa 2) IEPEXOJUT B TOUKY W,
a KpHBas 7] — B IPOXOISAIIYIO depe3 wy Kpusyo ' (puc. 1.7). Ilo

1) 06 yciousx CylecTBOBaHMS HesABHBIX (GYHKIME CM. BHIL 1.
%) Onpenesenue GbyHKIME ABYX JeACTBUTEIHEIX [IEPEMEHHBIX 110 €€ IOTHOMY
g depeHmany cM. BHIL. 2.

%) Bnech u B JabHeeM, eCIH 3TO He GyIeT OrOBOPEHO 0c060, IOX IPOM3-
BOJIbHOI KPHBOM MBI IIOHHMaeM IJIAIKYIO KPHUBYIO.
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YCIIOBHIO CyIecTByeT npoussonHad f'(z) byukuun w = f(2) B Tou-
Ke zg. [Ipeamomoxum, uro f'(2g) # 0, U NpeaCTABEUM KOMILIEKCHOE
wucio f'(z9) B moxazarenpHON dopme !

f'(z0) = lim Aw _ geia, (1.22)
Az—0 Az

Bribepem Takoit cnocob crpemienns Az K HYJI0, IPU KOTOPOM
TOYKH 2 = 29 + Az jexaT Ha KpuBoi -y;. OueBHIHO, COOTBETCTBY-
IOIINE UM TOYKM W = wo + Aw JexkaT Ha Kpusoit I';. KoMmnnekcusie
quciaa Az 1 Aw n306pakaoTcs BEKTOPaMH CEKYIINX K KPUBBIM Y1
u I'; coorBercTBenno. 3amerum, uro arg Az u arg Aw UMeEOT reo-
METPHYECKHU CMBICJI YTJIOB COOTBETCTBYIOIINX BEKTOPOB C IIOJIOXKU-
TeJIbHBIMY HAIIPABJIEHUSMHY OCeil T U u, a |Az| u |Aw| npeacrapiasior
coboit anuHBI 9TUX BeKTOPOB. IIpu Az — 0 BeKTOpHI CEKyIIUX Tie-
DEXOIAT B BEKTOPHI KACaTeJbHEIX K COOTBETCTBYIOUIMM KpUBLIM. 13

(1.22) cnemyer, uto

a=arg f'(z) = Al,izr—I}O arg Aw — Alir_I}O argAz =@ — ¢, (1.23)

T. €. aPTYMEHT (¢ TIPOU3BOJHON MMEET TeOMETPUUECKUN CMBICT Pas-
Hoctu yria ®1 BekTOpa KacaTenabHOM K KpuBoit ['y B Touke wy C
OCBIO U W YIJIAa (] BEKTODPA KACATEIBHOW K KDHUBOI 7y; B TOUKe 2y

YA

z=0 w=

=y

_l
A

Puc. 1.7

¢ oceio = (pue. 1.7). Tax xax mpomssomHas f'(zp) me 3aBUCHT OT
cnocoba TpeaeNbHOr0 MEPEX0a, TO 3Ta PasHOCTh OyAeT Toit XKe u
J1s 060 ApyToit KpUBO#, IPOXOAMAIIEl Yepe3 TOUKY zg (XOTs 3Ha-
yeHus camux yriaoB $; u p; mMoryT usmenutses). Orcioma caenyer,
YTO TIPU OTOOPAXKEHUU, OCYIIECTBAAEMOM AHAJTUTHIECKON (DYyHKIIH-
et f(2), ynosnersopsiomeit yonosuo f'(zg) # 0, yron ¢ = @2 — @1
MEXIY JI00BIMA KDPHUBBIMH Y2, Y1, IEPECEKAIOIIUMUCH B TOUYKE 2,

1) Venosue f/ (20) # 0 HEO6XOAUMO 151 BO3MOXKXHOCTH TAKOTO IIPE/ICTABICHMS.
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paseH yriy & = @5 — & Mexay ux obpazamu (kpusbiMu 'y u I'1),

HepeceKaomuMuce B Touke wy = f(2g). 3aMeruM, 4TO IPH ITOM

COXpaHSEeTC He TOJBKO abCOMIOTHAS BEJIWYMHA YIJIOB MEXIY KpH-

BBIMHU 72, Y1 ¥ HX 00pa3aMi, HO U HAIIPABJIEHHE YTJIOB. DTO CBOMCTBO

JAHHOTO OTOOparkeHWsl HOCUT Ha3BaHUE CEOTCMEA COTPAHEHUA Y2A06.
Ananornuso u3 coorHomenus (1.22) mosyuum

k=|f'(20) = lim 2%l
Az50 |Az|
To ecTh ¢ TOYHOCTHIO 70 BEIMUHMH OOJIee BEICOKOTO MOPAAKA MAJIOCTH
nMeeT MecTo paBeHCTBO |Aw| = k|Az|. 3ameTnM, 94TO ¥ 3TO COOTHO-
IIEHNE He 3aBUCHAT OT BbIOOpa KpuBOH <y1. ['eoMeTpuueckuii CMBICT
9TOr0 COOTHOINEHUS COCTOMT B TOM, YTO IPH OTOODarXKEHMH, OCYIIIe-
CTBJISIEMOM QHAJIUTHIECKOH (pyHKIHEH, VIOBIETBOPSIONIEH YCIOBHIO
f'(20) # 0, GeckoHEURO MaJIble JIMHEHHBIE 3JEMEHTHI IPeobpasy oT-
cs mopobEBIM 06pasoM, mpuueM | f'(zg)| onpeznensier koadbbuument
npeobpazoBaHnd MomobHg. IT0 CBOMCTBO TaHHOTO 0TOOPaKeHusd HO-
CHUT HA3BAHHUE C60UCMEA NOCMOAHCTEA PACTNANCEHUS.
Omobpasicerue oxPeECMHOCU MOYKY 2y HG OKDECTIHOCMb MOY-
Ku wp, ocyujecmearemoe anasumuneckoli pynxuyued w = f(z) u
obaadarowiee 6 Movke 2y C60UCMEOM COTPAHEHUSA Y2A06 U NOCMOAH-
CMBOM PACTNANCERUY, HA3BIBAEMNCA KOHPOPMHbIM OMOBPAdCEHUEM.
IIpu koEpOPMEOM 0TODOParKeHN OKPECTHOCTH TOYKHK 2o Ha, OKPECT-
HOCTBh TOYKH Wy OECKOHEYHO MAaJIble TPEYTOJBHHMKH C BEPIIWHON B
TOUYKE Zp npeobpa3yrorcd B momobHbIE UM 0ECKOHEYHO MaJible Tpe-
YTONBEMKHE C BEPIIHHON B TOYKe wy. Bosee moapobHOe M3JI0KeHNe
OCHOBHBIX TIOHSTHH TEOPHH KOH(QOPMHOIr0 0TOOpaKeHus OyIeT JaHO
B TuI. 6.

4. IIpumepsl. B zakmrodenue maHHOrO naparpada OTMETHM,

4TO, KaK JIETKO IPOBEPUTD, JuHeliHag byHKIMS u GyHKINg w = 22,

BBEJEHHBIE B NMPEIBIAYIIEM aparpade, SBISIOTCH aHAJIUTHICCKH-

(1.24)

o " 1
MU DYHKIASIMHA Ha BCeM KOMILIEKCHOM ILTOCKOCTH; DYHKITNS W = p

SBJISIETCS AHAJIMTUIECKOM BCIOLY, 33 MCKJIOUeHMeM TOYKH 2 = 0.
Tak Kak oupezesenue Npom3BonHoit (1.16) aHasormuHO onpenese-
HUIO [POM3BOAHON (DYHKIMK OLHOM IeHCTBHUTENBHON MEPEMEHHOIM,
TO JJI IPOM3BOAHBIX HAHHBIX (DYHKIIHA KOMILIEKCHON TepPeMeHHON
UMEIOT MECTO BBIPAXKEHUS:
!
(az +b) = a, (22) = 22, (%) = —%. (1.25)
PaccMoTpuM QyHKIIHIO KOMIUIEKCHOM IEpEMEHHON w = €7, Iu-
POKO TIPHMEHSIOIIYIOCA B IPIIOXKeHNax. OnpenenuM 3Ty GYHKIHIO,
3a[aB aHAJIUTHYECKHEe BLIpaKeHUS ee OJeWCTBUTEJBLHON W MHHMOI
YaCTen:
u(z,y) = e® cosy, v(z,y) = e siny. (1.26)
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Ha meiicrBuTenbHO# ocu 5Ta GYHKIMS COBIAIAET C AeHCTBATENBHOM
dyuKIHelt €T IeHCTBUTENHHOTO aPTYMEHTa 2 U, KakK OyIeT mokaza-
HO B JaJIbHEMAIeM, B KOMILUIEKCHOH 00JIaCTH COXPaHdeT OCHOBHBIE
CBOMCTBA, SKCIOHEHTHI. Ilo3TOMYy n/1 Hee eCTeCTBEHHO COXPAHHUTD

ob03HaYEeHNE
zZ

e’ = e®(cosy +isiny) =e® - €. (1.27)

ITokaxxeMm, uTo € gBigeTcd aHANMTHYIECKOHW (byHKumel Ha Beei
KOMILJIEKCHOH IIJIOCKOCTH 2. JIjIst 9TOTO MpOBEpHUM BHITIOJIHEHHE YCIIO-
Buit Komu—Pumana (1.17)

6—u=e$cosy=6—v 6—"=—e$siny=—a—v
Oz oy’ Oy oz

W 3aMETHM, Y9TO BCE€ IPOM3BOJHBLIE B 3THX PABEHCTBAX HEIPEPHIB-
HBI 110 COBOKYIIHOCTH apryMeHTOB Ha, BCell ruiockoctu xy. Ilposons

BBIYUCIIEHVE TIPOM3BOAHOM e 1o dopmysam (1.21), momygaem
(€*) = ug + vy = e®(cosy + isiny) = €.
Anajyiorugso
(eaz')l — aeaz, (1.28)

re o — IPOU3BOJIbHAS KOMILJIEKCHAS TIOCTOSTHHAS.
Paccmorpum eme ase dyukuum fi(z) 1 fo(z), onpenenenusie ¢
TIOMOIIBIO COOTHOUIEHMMI

fi) = 5(E% +e7),  fo) = (€2 —eTE). (1.29)

Kak Jsrlerko BuzmeTh, Ojist NeMCTBUTEIbHBIX 3HAYEHWM KOMILIEKCHOM
IIepeMeHHO# 2z = Z 3TH (PYHKIMK COBIRIAIOT C COST M Sinz; mo-
3TOMY [Jis HUX €CTECTBEHHO COXPAHHUTH NpeXxHue 0003HadYeHWs. B
JaJpHEHIeM MBI IOZPOOHO U3yYHUM CBOMCTBA 3TuX PyHKUHA, a cell-
YacC JIMIIb OTMETHM, UTO, KAK CJIOXKHBIE PYHKIUN OT aHATATHIECKOH
GbYHKIMK, COS 2 ¥ Sin 2 9BJAFIOTCH SHAJUTHYECKMMK Ha BCEH KOMII-
JnexcHo# miockocTu. HemocpeacrBenHoit IpoBepKoi JErKo yOeouThb-
cs1, uto (cos z)' = — sin z. HdeticTBuTessHO, ¢ momorsio (1.28) momy-

fi(z) = ( #—e7?) = —fo(2). (1.30)

Ananormuno npAMO€ BBIYUCIIEHUE JaeT

2 2.\ —
fi(2) + f3(2) =1, (1.31)
TaK KaK COIVIACHO IIPABUJIy BO3BeJEHWs KOMILJIEKCHOTO YUC/IA B ILe-
Jyio cTenenb w3 dhopmyst (1.27) momydum

(e%%)? = 222, (1.32)
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§ 5. NuTerpas no KOMIJIEKCHOMH NepeMeHHOH

1. OcHoBHbIe cBolicTBa. [lycTh Ha KOMILIEKCHOM IIJIOCKOCTH
z 3a7aHa KyCo4HO miagkas KpuBaa C woueuwnoit giunnl L. Ucmons-
3ys TapaMeTpHYIeCcKoe IpeacTaBienne KpuBoit C, 3303 1UM KOODIH-
HaTh! &,7) KaXx7oh ee Touku ypasuenuamu & = &(t), n = n(t), roe
&(t) u n(t) — xycouno raakue QPYHKUUHM JeHCTBUTENHHOTO MAPa-
MeTpa t, u3Mmensomerocss mpegesax a < ¢t < S (o u f moryr co-
OTBETCTBEHHO [IPUHUMATH 3HAYEHUs £00), YIOBIETBOPSIOIINE YCIO-
sumo [¢'(t)]2 + [’ (t)]? # 0. Bamanue KoopauHAT &, 1) TOIEK STOH KpU-
Bo#i C SKBMBAJIEHTHO 3aIaHUI0 KOMILIEKCHOH dbyuxuun (t) = &(t)+
+ in(t) meficTBUTEILHON TEPEMEHHOI! ¢.

[Iycrs B xaxkmott Touke ¢ kpupoit C ompepesieHo 3HAYEHWE PYHK-
un f(¢). BaxXHbIM MOHATHEM B TeOpUH PYHKINH KOMILUIEKCHOH 1me-
DEMEHHOM sIBJIsieTCs OHsATHe uHTerpana oT dyukuuu f({) no kpu-
Boit C. DTO IOHATHE BBOJUTCS (JIEAYIOMNM 00pa3oM. Pazobrem Kpu-
Byw0 C Ha 1 YACTHYHBIX AyT TouKamu genenud (g, {1, (2,. .., {n, COOT-
BETCTBYIOIIMMY BO3PACTAIOIIMM 3HAYEHUAM Hapamerpa t (t;41 > t;).
Beenem obosuagenne Al = (; — Ci_l U COCTABUM CYMMY

S, &) Zf A, (1.33)
z—l
rae ¢} — OpOM3BONBHAA TOUKA i-I YACTUYIHON IyTH.
Ecau npu max |A| — 0 cywecmsyem npedea cymm (1.33), ne
sasucauwuti Hu om cnocoba pasbuenusa xpusoti C, nu om ewvibopa
mouex (', Mo 2mom npedes HA3BIGALMCA UHMESPAAOM OM PYHKUUU

f(€) no xpusoti C u oboznauaemes Kax
[ Q) d. (1.34)

Bonpoc cymecrBoBanust unrerpana (1.34) cBogurcs K BOmpocy
0 CyILIeCTBOBAHMM HEKOTOPHIX KPUBOJIMHENHBIX MHTETPAJIOB OT Jeil-
CTBUTENHLHOW ¥ W MHUMOR v dacreil ¢pyuruuu f (z) B camomMm geite,
sammcan £(C!) = u(PF)+iv(P}), AG = A +iln;, tae Pi(€l,n}) —
Touka Kpusoii C' Ha ILTOCKOCTH ZY, MBI MOXKEM IPEJCTABUTH BBIPa-
xenne (1.33) B Buze

= Z{u A& —o(P) A} +13 (u(Pr) A+ o(PAG}
=1
,ZLeHCTBHTeanaﬂ u MHEMas dacta S((;, () npencraBasioT coboi
WHTErpajbHble CyMMBI KPHBOJIWHEHHBIX MHTETPAJIOB BTOPOTO POAA,

fudf—vdn u fudn—f—vdf (1.35)
C C
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COOTBETCTBEHHO !), OTKyIa ¥ CIIe/yeT BHICKA3AHHOE YTBEDXKIEHIE.
[ToguepkHeM, 4TO IJI CYIIECTBOBAHUS KPUBOJIMHERHBIX HHTEIPAJIOB
(1.35), a Tem cameiMm u uHTerpana (1.34) mo KOMIJIEKCHOl epeMeH-
HOM JOCTATOYHO JIMIIL KYCOYHOM HEUPEPBHIBHOCTH (MYHKIWY 4 H v
JefCTBUTENIBHBIX [IEPEMEHHBIX. JTO 03Ha4aeT, 4To uHTerpas (1.34)
CYIIECTBYET M B (JIy4ae HEAHAIUTHYECKO#H yHkunu f(z), ecun ata
yHKINS ABIAETCS KYCOYHO HENPEPBIBHOM.
Urak, narerpasn (1.34) npeacrasuMm B BUIE

[ d¢= [ude—vdp+i [udn+ovde. (1.36)
C C C

9TO COOTHOLIEHNE MOXET CaMO CJIyXKHUTh ONPEIEIeHNEM HHTEerpa-
na or ¢yukuun f(z) mo kpusoit C. U3 Hero cienyer psan cBOHCTB,
ABJIAIOMUXCE OYEBHIHBIM CJIEICTBHEM COOTBETCTBYIOLIMX CBOMCTB
KPUBOJIMHEMHBIX MHTErPaJIOB:

L. [ 1Qdc=— [ f(¢)dc. (1.37)
AB BA
2. [rQdc+ [fQdc= [ FOd¢. (1.38)
Cq C1+C2
3. Ecmm @ — KoMIuTeKcHa s IOCTOSHHAS, TO
[af@Qd¢=a [ F(¢)d¢. (1.39)
C C

4 [{AQ+£QY = [ H1(Qd+ [ f200)d. (1.40)
C C C

5.

< [1£(©lds, (141)
C

rae ds — muddepennuan AMuHL AyrH Kpueoit C, a WHTErpa, CTos-
LWt CpaBa, SBJIAETCS KPUBOJIMHENHBIM HHTEIDAJIOM IIEPBOIO POJA.
JeficTBUTENBHO, B CHJIy HEPABEHCTBA TPEYTOJILHUKA MMEEM

~

C)dc‘ ‘ lim ch, gl <

max ]AQ]—)O

< lim Zug A6 = [ 1£(O)]ds.

max |A{;|—> bol

Y OnpenenerEue KPUBOIMHEHAHEIX HHTEIDAJIOB X TEOPEMY CYIECTBOBAHUS CM.
BBIIL. 2.
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Eciu max |f({)| =M u L — pnuna gyru xpusoii C, To
€

IRIGLS
C

6. UmeeT MecTO cnenymomas ¢hopMysia 3aMeHBl TEPEMEHHON HH-
TerpHpOBAHUS:

<M-L. (1.42)

[ H(z)dz = f Fle(©)¢' () de, (1.43)
C

rae z = ¢(¢) — adanuTHdYecKas GYHKIuA (, YCTAHABIMBAIOMIAS
B3aMMHO-OLHO3HAYHOE COOTBeTCcTBUE Mexny kpuehimu C u . B
JaCTHOCTH,

B
[f@dz= [ flz0)7 () dt, (1.44)
C a

rge z = z(t) ecTb mapaMerpudeckoe 3anaHue kpusoit C, a z(a) u
z(B) cyTb Ha4a/IbHasA W KOHEYHAs TOYKY IOCIEIHe.

Il p u M e p. B KauecTBe CyIIECTBEHHOTO [JIs DAJBHEHAIIEro IpH-
Mepa, BBIYUCJIEHU S MHTErPaJia 10 KOMILJIEKCHON IepeMeHHON paccMo-
TPUM HHTErpaJI

(1.45)

C—Zo

rae kpusas C, IpeIcTaBIgeT co6on OKDYKHOCTh PaJUyca p C IeH-
TPOM B TOUKE zo, 00X0OIMMYIO TIPOTHE YaCOBOU CTPEJIKM. BOCIoIb30-
BaBIINUCH ITapaMeTpuIecKolt dbopmoit 3amarms kpusoit Cp: ¢ = 29 +

+ pet? (0 < ¢ < 27), mony4nm

2 ) 2
sz% =i/dcp=27ri. (1.46)
0 0

Orcroma crenyer, aro maTerpan (1.45) He 3aBUCHT HHU OT p, HHA OT 2.

Bameganue Dopmyna (1.36), B Cuiry KOTOPO HHTErPAJ IO
KOMILJIEKCHOM IIePEMEHHOM MPEICTaBIsAeT COOON KOMILIEKCHOE JHC-
JI0, JeHCTBUTENHHAS M MHAMAA JACTHA KOTOPOTO SBJISIOTCH KPHBOJIH-
HEAHBIMU MHTErPAJIaMU BTOPOTO POJa, a Takxke cooTHomeHue (1.44)
MO3BOJIAIOT HEMOCPEACTBEHHO MEPEHECTH MOHSATHE HECOBCTBEHHOTO
HHTErpajia 0T QYHKIMKM JeACTBUTEILHOM MePEMEHHOM 1) ma ciry4dai
KOMILJIEKCHOH nepeMenHoi. B HamreM Kypce MBI 6yZeM TJIaBHBIM 006-
pPasoM HMeTh JeI0 ¢ HeCOOCTBEHHBHIMH WHTErDAaMU TEPBOTO DO-
Ja — HHTerpajgaMu o 6eckoneuno#t kpupoit C. HecobcTBennblit nu-

1) Cm. Bem. 2.
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Terpaj MepPBOTO pofia To 6ecKoHeuHOM KpuBoit C' HA3BIBAETCH CXO-

OAUMMCS, eCIM CyIIeCTBYET MPeesT MOCIeI0BATEIbHOCTH UHTErpa-

n0B [ f(¢)d¢, mo mobo#t mocIen0BATENBHOCTH KOHEIHBIX KPHBbIX
Cn

Chr, cocrasnsromux 4acth C, npu C,, crpemsmuxcd K C, nupuuem

9TOT TpeJesT He 3aBUCHUT OT BrIbopa nocienosarensaoctu {Cp}. Ec-

JIM JIMIIb [IPH OIPEfesIeHHOM BbIOope mocienoarensrocTn {Cp} cy-

IeCTBYeT Hpefes MOMIeLOBATENbHOCTH HHETerpaios [ f(¢)d(, To

Cn
HeCOOCTBEHHBI! MHTErPaJl Ha3bIBAETCA CXOIAIIAMCS B CMBICTIE TJIaB-
HOTO 3HAYEHHS.

B panbueimem Mb1 6y0eM paccMaTpUBATh MHTETPAJIBI OT (DYyHK-
Ui, aHAJUTHYECKUX B HEKOTOPOH OrpaHMYeHHON 06J1aCTH, TpHIeM
HAC B OCHOBHOM OyZeT MHTEPECOBaTh TOT CJIydail, KOTAa TPAaHUIeR
06/J1aCTH SABJISETCA KyCOYHO IJIafKas 3aMKHyTasd KpHUBas, HE MMe-
olaa camonepecedeHuil. Kycoumo 24adkyio 3aMEuymyo xpusyo,
HE UMEIOWLYI0 TNONEK CAMONEPECEYEHUSA, OYJeM HAZBIBATND 3AMKHY-
mom Kowmypom. Ecman dbyrkuus z(t) (o < t < B) 3agaer mapa-
METPUYECKH 3aMKHYTBI KOHTYD, TO OHA YIOBJETBODSIET YCJOBUIO
2(t;) # z(tx) upu t; # tx, 332 MCKIIOYEHHEM ClIydad t; = a, t =
= (. Urrerpan (1.34) mo 3aMKHyTOMY KOHTYPY YaCTO HA3bIBAETCS
KOHTYPHBIM MHTErPaJiOM.

2. Teopema Komm. [lockonbky 3Ha4YEHHE KOHTYDHOTO WH-
TerpaJia, 3aBUCHT OT HaIlPaBJIEHUS WHTErDUPOBAHUS, YCIOBAMCH B
KA4eCTBE TOAONCUMEABHOZ0 HATPABAEHUA 00T00a KOHTYDPa TPHHH-
MaTh HallpaBjIeHHe, NPU KOTOPOM BHYTDEHHSAS O0OJAaCTb, OTpaHH-
YeHHAs JAHHBIM 3aMKHYTBIM KOHTYPOM, OCTAeTCH C/Ae68G OT Ha-
IpaBJ/ieHusl [ABUXKeHWs. VIHTerpupoBaHWEe B MOJOXKHTEJbLHOM Ha-
npasieHun Gygem oGo3madars cumBonoM [ f(z)dz wmm mpocro

+
[ 7(2) dz, naTerpuposanue B OTpI/IHa,TeJIbHO?\‘/I HAIPaBJICHUN — CHAM-

ey [ f(z)d=.
-

CBOMCTBa MHTErPAJOB IO 3aMKHYTOMY KOHTYPY OT hyHKUHI,
aHAJITHYECKUX BHYTpPH OOJACTH, OTPAHWYEHHON NAHHBIM KOHTY-
POM, BO MHOTOM ONpEZEJSIOTCA H3BECTHBIME CBOACTBAME KPHBOJIH-
HelHBIX MHTerpajios Broporo poxa l). Kax mssectro 2), mra kpuso-

1) Cm. Beim. 2. HamoMuuM, UTO 10 IPHHATOMY HAMH OIIPEJENEHHI0 KOHTYDEL
HHTErPUPOBAHUS BCETJ SBJSIOTCS KYCOYHO [VIAJKAMU KPUBBIMH.

%) B BB 2 3T TEOpEMA NOKA3AHA IPH JOIIOIHATENLHOM YCIOBHI OTPAHIYEH-
HOCTH YaCTHHIX MPOM3BOAHBIX GyHKui P 1 Q B 06;1acTH G, BBEIEHHOM C IIEIBIO
obJrerdeHns JOKa3aTeNbCTBA. B cilydae KycOYHO IVIaaKOM IPAHUIILI 3TO YCIOBHE
MOXeT GBITH CHATO C IIOMOIIBIO JONOIHUTEIBHOrO MPEAEIbHOrO mepexona. Mst
3mech He 6ymeM IpUBOOUTH MOAPOGHOE AOKA3ATEIHCTBO, 3 OTPAHMYMMCS JIHIIL
JAHHBIM 3aMEYaHUEM.
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JIMHEHHBIX WHTErPAJIOB II0 3aMKHYTOMY KOHTYDY MMEET MeCTO CJIe-
Iymouiee yreepxenve: ecau gynxuyuy P(z,y) u Q(z,y) nenpepvis-
HoL 8 3amMEHYMOT 0baacmu G, 02panUNEeNHOl KYCOUHO 2AA0KUM KOH-
mypom C, a UT 4acmusie nPpouseodnbe Nepeozo NOPAJIKas HENPEPHLG-
vl 8 G, mo

/Pd:c+Qdy—// ——_}d dy. (1.47)

Hepeﬁ,zIeM Ternephb K ,ZIOKaBa,TeJIbCTBy OCHOBHOT'O ITOJIOXKEHU S JaH-
HOro naparpada.

Teopema 1.5 (meopema Kowu). IIycmv 6 odnoceasnot
obaacmu G 3adamna 00HO3HAuHAA anaaumuyeckaa Pymwxyus f(z).
Tozda unmezpas om amot gynxyuu f(z) no awbomy samruymo-
amy woumypy T, ueaurxom aesrcawemy 6 obaacmu G, pasen Hyo.

HJoxkazarensctso. Commacao dhopmyne (1.36)

ff(()d(= fud:c—vdy+ifvd:c+udy.
r r r

Tak Kak ¢yHKIWs f(z) — aHAIWTHYECKAs BCIOAY BHYTPH KOHTYDa
T, o dyukun u(z, y) u v(z,y) B 061aCTH, OFPAHNYEHHO! ITUM KOH-
TypoM, 06JIaFAIOT HEIPEPHIBHBIMA YACTHBIMU ITPOU3BOJHBIMU II€D-
BOTO TOpsAKa. I103TOMY K KpUBOJIMHEHHBIM MHTErpaJjiaM, CTOSIINM
B IPABOI YaCTH MOCIELHETO PABEHCTBA, MOXKHO [IPUMEHUTDH (hOpMY-

y (1.47). Kpome Toro, 4acTHBle IpoW3BOjHble QYHKIUHA u(zT,y) U
v(z,y) cBsa3ansl cooTHOmennsamu Komm—Pumana. [TosTomy

/udx—vdy://{—g—Z—g—Z} dedy=20
T g
/vd:c+udy—// —— = da:dy—O

4To U rZZI;OKaBI)IBa,eT yTBep)KrZIeHI/Ie TE€OpEMHBI.

Urak, Teopema 1.5 ycraHaBIuBaeT (pakT paBeHCTBA HYJIIO HHTE-
rpajla OT AHAJIUTHYECKOW GYHKIMH Mo JOO0MY 3aMKHYTOMY KOH-
TYDY, LEJUKOM JIEXKAIEMY B OFHOCBSI3HON 00/IACTH €€ aHAJINTHY-
HocTu. IIpH JONONHUTENHHOM YCIOBMHM HENPEPBIBHOCTH (DYHKI[UH
B 3aMKHYTOM 00JIACTH HAHHOE YTBEPXKIEHWE CIPABEIJIMBO W I
3aMKHYTOI0 KOHTYDA, SBJIAIOIIErOCs rPaHuIeil o0JacTH aHAINTAY-
noctu. Ilocientee yrepxkaenne (hakKTUIECKU SIBJISETCS HECKOIBKO
BHUJON3MEHEHHON (HOpMYyJINPOBKO#M Teopembl Komm, HO BBHAY €ro
BaXKHOCTH JJIsi IPAKTHIECKUX [TPHIIOKEHMI MBI BBIIEINM 9TO YTBEP-
XKJEHHE B OTHEJBHYIO TEOPEMY.

Teopema 1.6 (6mopas gpopmyauposra meopemv Kowu).
Ecau pynxyusa f(z) asasemea anasumuneckoli gynxyueti 6 odno-
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c8a3noli obaacmu G, ozparunennoti KycouHo-2aadxum xonmypom C,

U HENPePHeHa 6 3amkHymoti obaacmu G, mo unmeapas om GyHx-
yuu f(z) no epanuye C obaacmu G pasen nyao:

[ f©dc=o. (1.48)
C

Teopema Komm ycranaB/inBaeT 0JHO M3 OCHOBHBIX CBOMCTB aHa-
JUTHYECKOM (YHKIMH KOMILIEKCHON mepemennoii. Ee dynmamen-
TaJbHOE 3HAUYeHWe OYAeT CIelOBATh M3 MATbHEHINero M3JI0XKeHHs,
3I€Ch K€ MBI OFPAHMYNAMCS CIELYIOUINM 3aMEIaHNEM.

Teopema GhopMyarpoBaIach s OQHOCBA3HOM 06JACTH, OLHAKO
ee Jierko obo0IKUTL W Ha CJIydail MHOrOCBsS3HON obmactu. B sTom
cJIydae [MOJHAS TPAHUNE OOJACTH COCTOMT M3 HECKOJIBKUX 3aMKHY-
TBIX KOHTYpOB: BHemHero Cy u suyTpenuux C1, Co, ..., Cy. Hono-
AHCUMENALHBIM HANPASACHUEM 00T00a NoanoT 2PaHUYb. MHOTOCBS3-
HOM obnactu 6yLeM Ha3BIBATH TAKOE HAIPABJIEHWUE JABUXKEHUHA, DU
KOTOPOM 064aCmd 6ce 8pema ocmaemcs caesa. 11pn 3ToM BHemIHM
KOHTYD OOXOZWTCS B IOJOXKHTEJBHOM, 8 BHYTDEHHWE — B OTDHIIA-
TEeJIbHOM HAIIPaBJICHUH.

Teopema 1.7. IIyemov f(2) asasemea anasumusecrotls gpynx-
yuett 6 MH020C6A3HOT 06AaCcmU G, 02DAHUNEHHOT U3BHE KOHMYPOM
Co, a usnympu xowmypamu Ci,Cs, ..., Cp, u nyemo f (z) menpe-
puena 6 samxnymoti obaacmu G. Toeda [ f({)d( = 0, 20e C —

C

noanaA  epaHuya obasacmu G,
cocmoawea u3 wouwmypos Cy,
C1,...,Ch, npuvem 06x00 2paru-
uyst C npoucrodum e noaodicu-
MEADHOM HANPAIBAECHUY.

Jokxka3zaTeabcCcTBo.
IIpoBenem riiagKue KpUBBIE Yy, - - -
<+ Yn, COeauHsIONME KOHTYP Cp
c koutypamu C1, Cy u T. 1. (puc.
1.8). Toraa ob6sacTb, OrpaHUYeH-
nas kpuBbiMu Cy, C1, ..., Cp u
KPHUBBIMH 71, Y2, - -, Yn, [IPOXO-
JUMBIMH JBaXJbl B ITPOTUBOIIO-
JIOXKHBIX HAIPABJIEHUSX, OKA3bI-
BaeTcs omHOCBa3HOM 1). B cumy Teopems! 1.6 MHTerpas mo TpaH¥-
11e 370 obsracT paBeH Hyt0. Ho MHTErpasbl o BCIIOMOTaTEIbHBIM
KDHUBBIM 71, - .., Yn IPOXOAATCA ABaXXJbl B IIPOTUBOIIOJIOXKHBIX Ha-
[IpPaBJIEHUSX ¥ [IPU CYMMHPOBAHUY HHTErPAJIOB BHIMAJA0T. [losToMy

Puc. 1.8

1) Kax HeTpyZHO yOemuTbCH, KPUBHIE 71, ..., Yn BCEra MOXKHO BHIGpaThH
TaK, YTOOB OHM HE IEPECEKAINCH, T. €. IOJIYYUM AeMCTBUTEIHHO OZHOCBA3HYIO
0bacTs.
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uMeeT MeCTO PaBEHCTBO

[ 1©Qd¢+ [ £ Qd¢+--+ [ f(Qd¢=0 (1.49)
cF cr Cy
(Bepxuue mHAEKCH y C; yKa3BIBAIOT HAIPABJICHAE 06XOAA).

B 3akurouenne ormernm, 9To eciv GyHKuus f(2) ABiasgercd aHa-
JIATHYECKO! B MHOTOCBH3HON obsactr G u [' — mpOu3BONBbHEIN 3a-

MKHYTHI} KOHTYD, LIeJUKOM Jiexammit B G, To maTerpan [ f(¢) d¢

r
MOXKET, BOOOIIEe TOBOPS, OKA3aThCA OTMHIHBEIM OT HyJsd. Hanpumep,

nycTh obsacth G mpescTasiser coboit Kpyrosoe Kosbio 1 < |z < 3.
Qyekiusa f(z) = 1/z aBiasgercd aHAJIATHIECKON B 3TOH OGJIACTH.
d .
B cwity mpumepa, pacCMOTPEHHOTO Ha C. 43, f ?C = 27 # 0.
2] =2
JarHoe 06CTOSATENBCTBO CBSI33HO, B 9YACTHOCTH, C TE€M, 9TO KOHTYD
|2| = 2 He 06pazyer MOMHYIO rpaHUIly OGJIACTH AHAJIUTHIHOCTH DAC-
CMAaTPHBaEMON DYHKINH.

3. Heomnpegesiennnlii maTErpaji. BaXHBIM CJIe/ICTBUEM Te-
opembl Komn sBisieTcs cmenyrouiee nonoxenue. IlycTs byHKIMS
f(2) aBngerca aHanuTHueckoit QyHKIMEH B ONHOCBA3HON 06sacTh
G. ®ukcupyeM B 3TON 0OGJIACTH HEKOTOPYIO TOUKY zp M ODO3HAIAM

z
wepes [ f(¢) d{ uHTErpas mo Kako#-1M60 KPHUBOMH, LETMKOM JeXKa-
)
met B § U coemuHLAIONENR TOYKM z U Zg. B cmry Teopemsr Kormu
3TOT WHTErpaJj He 3aBUCHT OT BBIOOpa KPWBOW MHTEIPUPOBAHUS B
obnactu G u gBiAETCS OQHO3HAYHOM bYHKIMEH 2:

[ Q) d¢ = 2(2). (1.50)

Teopema 1.8. [Tycmv gynryua f(z) onpedesera u Henpepviena

6 Hekomopol 00nocesa3noli obaacmu G, a unmezpaas om 3mot GyHx-

YUY N0 arbomy 3amrnymomy xonmypy L', yeaurom aesrcawemy 6
z

dannot obaacmu, pasen nyamo. Toeda dynwyua B(2) = [ f(¢)d¢
20

(2,20 € G) sAeasemca anasumuyeckoli gynryued 6 obaacmu G u
!
®'(2) = f(2).
JokaszaTteascTso. COCTaBUM DA3HOCTHOE OTHOLIEHHUE
B(z+ Az) —®(2) _

z +
=z [ 1Qdc- [1Qdct =5 [ FQdc.
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ITocnenHee paBeHCTBO MMeET MECTO B CHJIY HE3aBHCHMOCTH 3HAME-
HUs MHTerpaJa, onpeneistomero dyakuuio ®(z), oT myTn uaTerpu-
posanns u (1.38). BribepeM B KadecTBe MyTH MHTErPUPOBAHUS B
IOCJIeTHEM MHTErpaJle NPSMY0, COeTUHSONIYIO TOYKA 2 U 2 + Az.
Tako#t TyTh HHTErPHPOBAHMS SIBISIETCS YAOOHBIM, TIOCKOIBKY UMEET
z+Az
MecTo oueBnaHOe cooTHomerre [ d¢ = Az. OLeHEM BBIpaKeHHE
z

z+ Az

28200 ) = | [ Q) - S

IF(O) = f@)]-|Azf = max [f(C) = f(2)]-

|Az| (€2, z+Az (€[z,z+Az]

B cuny menpeprisHOCcTH byHKIME f(2) B TOUKE 2 IJIst JIIOGOTO IIOJIO-

JKUTEJBHOIO 9UCIa € MOXKET OBITH YKa3aHO Takoe 3HadeHwne § > 0,

4To npH [Az| < § [ma,x [f(Q)—f(2)| < &, T e. pns xoBoro £ > 0
CElz

MOXKHO YKa3aTb Takoe § > 0, 4TO

®(z+ Az) — ®(2)
Az

—f(z)| < mm 0<|Az <6

DTO M 03HAYAET, ITO CYLIECTBYET

Jim 2EXEIZ2E — ¢/(z) = 4 (). (151)

Utaxk dbyrkuus ®(z), ompenenennas unrerpaiom (1.50), Bo Bcex
TOYKax 00/IACTH § MMeEeT HENpEPBHIBHYIO HPOM3BOAHYIO (DyHKIHs
f(2) mo ycioBuioo Teopemsl HenpepsiBHA B §). Tem cameim ®(2) sB-
JISIeTCs aHAJIUTUIeCKOH (yHKIMeH B obaactu G.

JlokazaHHas TeopeMa, MO3BOJISIET BBECTH IIOHITHE HEOIPEIesIeH-
HOTO MHTerpaja YHKUMKM KOMILIEKCHON IepeMeHHOM. AHaauTude-
ckas dyukuua P(z) HaswbBaercs nepeoobpaznoti byukuun f(z) B
obactu G, ey B 90l 06s1acTH MMeeT MecTo cooTHourenne P’ (z) =
= f(z). OueBuano, byskuusa f(z) UMeeT MHOXKECTBO DA3IMIHBIX
epBOOOPA3HBIX, HO, KAK JIETKO MOKa3aTh, BCE MEPBOOODA3HBIE STOM
byHKIME paznuYaoTea MeXIy cobol JIMIIL MOCTOSHHBIMK CJIArae-
MeMu 1) . Cosoxynnocmo scex nepsoobpasumr dynxuyuu f(z) Ha-
3BIBAETNCA HEONpedeaeHH M unmezpatom om dynryuy f(z).

1) Jeictsurensro, tax xak ®'(z) = @1 (2) — ®4(2) =0, rme B1(2) u P2(2)
CyTb pasyinuHble nepBoobpasusie ¢pyunkumu f(z), To uz (1.21) cienyer, aro Bee
9aCTHBIE TPOM3BOIHBIE AEHCTBUTENBHOM M MHUMOH dacTell ¢yHKIIMKR <I>(z) TO-
JKJI€CTBEHHO DaBHBI HYJII0, OTKyZa [0 M3BECTHOH TeopeMe aHajm3a (CM. BbI. 1,
. 8) momyuum ®(z) = const.
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Tax ke, Kak u B cyiyuae QYHKUUH AEHCTBATEIbHON TEPEMEHHOIH,
uMeeT MecTO hopMyJIa

[ £ de = Flaz) - Flan),

rae F(z) — mobas nepsoobpasuas dyuxuuu f(z). deiicTBuTeabHo,
UHTErpaJi, CTOAWMHA CJIeBa, HE 3aBUCHUT OT I[yTH MHTErDUPOBAHUS.
[TosTOMy €ro MOXKHO NpEICTaBUTh B BUIE

[rQde= [£d¢— [ f(Q)de,

rje zyg — Npou3BoJibHasg Touka obiacTe §. Cormacuo (1.50) Kax-
OBl 13 MHTErPaJIOB B IIPABOH YacTH 3TOH POPMYJIBI IPEACTABIAET
cob0it 3HaAYEHNE OMPENEIEHHON TePBOOOPa3HOH B COOTBETCTBYIOLIIX
TOYKAX, & TaK KaK BCe TepBOOOPa3HbIE PA3IUYAIOTCH JIMIIL HA TI0-
CTOSHHYIO, TO 0€3Pa3/IMYHO, KAKY0 NepBOOGPA3HYI0 MBI IOACTABAM
B JaHHYIO QOpMYJIy.

B katecTBe CyIeCTBEHHOrO IS AAJIBHEHUIIErO IPHMeDPa PACCMO-
TPUM (DYHKIIHIO

z
f) = | % (1.52)
¢
1

Tak Kak TIOABIHTErpajbHas (YHKIWSA 9BIGeTCS aHATUTHIECKOH Ha
BCeil KOMILIEKCHOI IINIOCKOCTH 2, 33 UCKJIIOUeHueM TOYKH 2 = 0, TO
Boipaxkerune (1.52) uWMeeT CMBICI TPU YCJIOBUH, YTO KPUBAA HUHTE-
rpUpPOBaHKA He TpoxoamT depes TOUKy z = (. Ilpm sTom B mroboit
OJHOCBA3HON 001acTH § KOMILTEKCHOM IIJIOCKOCTH, HE COAePKAalei
rouky z = 0, dbyukius f(z) sBiseTCa OZHO3HAYHON aHATATHYIE-
CKOH (DyHKIHell 2, He 3aBUCAIIEH OT BEIOOPA IIyTH HHTErPHPOBAHUS
B dbopmyse (1.52). B kagecTse Takoit obsacta 6y1eM paccMaTpUBaTh
TIOJIHYIO0 KOMILIEKCHYIO IUIOCKOCTD 2, DA3PE3aHHYI0 II0 OTPHIATEh-
HOW YaCTH AeHCTBUTENBHOM OCH, T. €. obyacTh —7 < arg z < 7. By-
JleM CYUTaTh, YTO IIyTh MHTErpupoBaHud B dopmyie (1.52) mexur
LIeJHKOM B objactn —7 < argz < m, T. e. He TIepeceKaeT pa3pe-
3a ¥ He mpoxoauT 4depe3 Touky z = 0. Torga mia neficTBUTENTBHBIX
TIOJIOXKUTENbHBIX 3HAYEHUNE 2 = I, BHIODAaB B KadeCTBe TMyTH HHTe-
rpupoBarus B popmyJe (1.52) cooTBeTCTBYIOIIUI OTPE30K A€HCTBH-
TEJILHOH OCH, TIOJYYUM

flz) = /d?z =Inz. (1.53)

To ecTh A1 TIOMOXKUTENBHBIX 3HAYEHUI CBOEr0 apryMeHTa (PYHK-
uus f(z) coBmamaer ¢ jorapudpMIuecKoit MyHKIHER geficTBATE b
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Hoit mepemennoit. [Tosromy ana dymxuum (1.52) B paccMarpuBae-
Moit obsactr (—7 < argz < ) COXPAaHWM IIpexxkHee 00O3HAYEHME,

IIOJIOXKHUB
Z

dz
=,

Inz = (1.54)

1

IMocnennee paBeHCTBO (B KOTOPOM Iy Th MHTErPEPOBAHUS BEIOUPAELT-
Cs1 YKA3AHHBIM BHIIIE CIIOCOOOM ) MOXKHO PacCMaTPUBATDL KaK OIPEnE-
JieHHe JIoTapudMudecKoi QYHKIWMY A/ BCeX KOMILIEKCHBIX 3Hade-
HUH ee apryMeHTa, 3a UCKJIOYeHWeM 3HaYeHUH, JIeXKallluX Ha OTPH-
aTeabHON dacTu geiicTBuTenbHON ocu z = z < 0. B manbmeitrem
(ro1. 3) MBI mOEpobHO WM3yduM CBOWCTBa, 3TOH yHKIMH, a cefidac
JIMIIB OTMETUM, 4TO B cuity ¢dopmyssl (1.51) umeeT MecTo COOTHO-
LIIeHWE

(Inz) =1, (1.55)

T. e. B objacTn —m < argz < 7 IPOM3BOIHAS JIOTApHMpMUIECKOH
byHKIME ¥MeeT TO Ke BBHIPaKEHWe, YTO U [Jisf AeHCTBUTEIbHBIX
TOJIOXKUTENbHBIX 3HAUeHN aprymenta. Huxke Oymer ycrasoiewo,
uyto byukuus (1.54) senserca obpatHoit K GyHKUNE w = e, BBe-
meHHO B § 4 HACTOAINEH TJIaBHI.

§ 6. HNurerpan Kommn

1. BwBog ¢dopmynsr Komm. B npemsigyiem maparpadge
MBI JoKazasmu Teopemy Komm. 9ta Teopema Bieder 3a coboit psan
BAaXXHBIX CJIEJCTBUA, B YACTHOCTH, TO3BOJIAET YCTAHOBUTL ONPEIe-
JIEHHYIO CBA3b MeXIY 3HAYCHUSMH AHAJIUTHYECKOH (QyHKIHMH BO
BHYTDEHHHX TOUYKaX 00JIACTH ee AaHATUTUYHOCTH U TDAHAYHBIMU 3HA-
yeHuAME 3To#t dyHkuu. K ycTaHOBIEHHWIO JAHHOTO COOTHOLIEHMS
MBI ceffyacC U mepeineM.

[Iycrs dyukuus f(z) sBiseTcs aHAJIATHIECKOH B OZHOCBSI3HOM
obnactu G, orpanwuennoii kourypoM C. BozbMeM MpoM3BONBHYIO
BHYTPEHHIOIO TOYKY 2o ¥ IOCTPOUM 3aMKHYTHIH KOHTYp [, mesmmkom
nexanuii B G U comepxkaluit TOUKy 2g BHyTpH cebs. Paccmorpum
BCIIOMOTATENbHYI0 (DYHKIINIO

_ f
Oyukuns @(z), 0YEBUAHO, SBJAETCA AHAJAUTHYECKOH yHKIHeR
BCOAy B obsmactu G, 33 HMCKIOYEHWEM TOYKH Zg. llosTomy, ecnm
MBI B obsacTit G BO3bMEM TAKON 3aMKHYTBIYt KOHTYD -y, JIeXKalnuh
BHYTpH ', 4T06BI TOUKA Z¢ IONaIa BHYTPh 0DJIACTH, OTPAHUUEHHOM
KOHTYDOM 7y, TO byHKIus ¢(z) GyeT aHAINTHIECKOH B [BYXCBS3-
HO# obstactu G*, 3aK/FOYeHHON Mexny koutypamu I u . Coryac-
HO Teopeme Komm murerpan or dbyuxuum ¢(z) no xpusoit ' + v



PaBeH HYJIIO:

¢—zo

/ Q) 4e 4 / £ i = 0.
r

W3MeHuB HanpaBiieHUE UHTETPUPOBAHUSA BO BTOPOM HHTErpAaJIe, 3TO
PaBEHCTBO MOXKHO ITEPENNCAThH B BUJIE

Q) g4e = /f(() dc. (1.57)

¢ — 2z
r+ vt
IlockoabKYy MHTErpaJl, CTOSIIUH cIeBa, He
3aBHCUT OT BBHIOOpPa KOHTYpPa ¥, TO ITHM
cBOMCTBOM 00JIaIaeT U HMHTErPaJj, CTOs-
mmit cpasa. g JanbHeRIUX paccMo-
TpeHMit yJ00HO B KadecTBe KOHTYpa HH-
TerpHPOBaHUS 7Y BHIOPATh OKPYXHOCTb Y,
HEKOTOPOTO pPaJuyca p C IEHTPOM B TOY-
Ke zp (puc. 1.9). Ionoxus ¢ = 2y + pe*?,

nMeeM
29 g = z/f P, 19

Hoc;ne;mnn HHTErpaJ npeo6pa3yeM CIenyOIUM 00pa3oM:

2 2 2w
[1©do= [11Q) - fo)ldp+ [ f()de =
0 0 0

2w

= [ 1) - f(z0)ldp +2nf(20). (1.58)

0

YerpemuM Teneps p K Hyso. Tak kak f(z) — aHanuTHIecKas, a cire-
JIOBATEILHO, HEMPEPhIBHASA (DyHKINA B obmacTn G, To miia joboro
TIOJIOXKHUTEIBHOrO 4HCIa € MOXKHO YKa3aTh TAKOE 3HAUEHUE P, ITO
|f(C)— f(20)| < € mna |¢ — 20| < p. Orcrona cexyer, aro pu p — 0
CYILECTBYET IIpees

lim [ [f(¢) - f(z0)]deo = 0.
0

TaK KaK B opmysie (1.58) mocieHee ciaraeMoe He 3aBHCHT OT p,

TO f f(¢) dp = 2mf(2p), a cileoBaTENBHO, f Cf © d¢ = 2mif(20),

e
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u cornacuo (1.57)

) = = [ L qc. (1.59)

27 ¢—20

r
Hwnmezpaa, cmoswuli 6 npasoti wacmu (1.59), ewpaotcaem 3naue-
Hue araaumuyeckoli gynxyuu f(z) 8 nexomopot mouxe zy epes ee
3HAYEHUA Ha A1000m Konmype [') aesrcawem 6 obaacmuy aHEAUMUY-
nocmu dynxyuu f(z) u codepocawem mouky 2y 6HymMpu. Imom
unmezpaa u Hazwsaemcsa unmezpaiom Kowu. Popmyaa (1.59) wa-
cmo nasweaemca gopmyasoti Kowu.

Bameuarnuel. B dopmyne (1.59) uarerpuposatue mpons-
BOJIMTCS TI0 3aMKHYTOMY KOHTYDPY [, esTmKoM JiexkameMy B 06acTH
aHaUTUYHOCTH GYHKUMHU f(z) U COIep:KaIleMy BHYTPH TOYKY Z(.
[Ipn [OMONHUTENBHOM YCIOBHM HENPEPLIBHOCTH f(z) B 3aMKHYTOM
obaactu G aHamorudHas popMyJia UMEET MECTO B CHILY TeOpeMBI 1.6
U TIpU UHTETpUpPOBAHUE 1o rpannie C obiaactu G.

SBameuanue2 IlpoBegeHHsle PACCMOTPEHUS OCTAIOTCS
COpaBeJJINBLIMA ¥ B CIydae MHOTOCBa3HON obmactm G. Ilpm sTom
JJisl BEIBOZ@, OCHOBHOM dopmyuet (1.59) cineayer paccMaTpuBaTh Ta-
KO 3aMKHYTBHI KOHTYD I', KOTOpBI# MOXKeT OBITH CTIHYT K TOYKE
Zp, BCe BpeMs ocTaBasach B obmactr G. Torma jerko moxasarhb, 4To
[IPX YCJIOBUM HENPEPHIBHOCTH DyHKIWHA f(z) B 3aMKHYTOH 06JsacTH

G ¢ xycouHo rnaaxoit rpamunel dopmyna (1.59) ocraerca cmpa-
BEJJIMBOM [IPY WHTETPUPOBAHUA B IIOJIOKHUTEIBHOM HAIIPABJIEHUH 110
nosiHoii rpamune C' maHHO! MHOTOCBA3HON 06/1aCTH.

2. CaepcrBusi n3 dopmyasr Komu. Chenaem psan 3ame-
gannit 0 nmosoay dopmysnsr (1.59).

(9]

1. MuTerpan Buga 2%” C—zdc 10 3aMKHYTOMY KOHTYpy L',
— %0
r

[IeJIMKOM JiexKameMy B obsactu G aHanmmrwdasocTH yHKImu f(z),
UMEET CMBICJ AJis JIF0OOTO IIOJIOXKEHUs TOYKH 2o HA KOMILIEKCHOMN
IIJIOCKOCTH IIPU YCJIOBHM, YTO 9TA, TOYKA, HE JEXKUT Ha KOoHType L.
IIpu 3TOM, €ciiM TOYKA 2y JIEKUT BHYTpH [', TO 3HAUEHNWE MHTErpa-
na, paBHO f(7p); ecyin TOYKa, Zg JIEXKWUT BHe |, 3HAYEHUE MHTErDaa
PaBHO HyJIIO, IIOCKOJIBKY B 3TOM CJIy4ae MOABIHTErpaibHas QyHKIus
ABJISETCH aHAJTUTHYIECKOH Bcioay BuyTpH ['. Urtak,

1 [ f© ._ [f(20), 20 —BryTpH T,
i | tom K= {o, % —ueT. (1.60)
[Ipn zy € T marerpan I(z) = 2%” f Cf (2 d( B 0OBIYHOM CMBEI-
— <0
r

1€ He CYIIECTBYET, OAHAKO IIPH AOIIO/IHUTEJIBHBIX Tpe6OBa,HI/IHX Ha
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noBegenune yukipu f(¢) Ha KoHType I' 3TOMY HHTErpajy Moxer
OBITH IpUIAH OUpeneseHHbd cMbIcl. Tak, ecm dyekug f(¢) yzo-

BJIETBOpSIET Ha KoEType I' ycaosmio Ténbaepa !)

[f(C1) = F(Q) < K[G1—¢a]", 0<vy<],

TO CYLIECTBYET 24a6H0e 3nauenue no Kowu uarerpana I(zg)

V.p. I(z) = 111% 27” CfECzo dc,

Te

rae ['; npencraBiser coboit yacTh KOHTYpa I, JI€XKAILyI0 BHE KPyTa,
|z — 20| < e. Ilpu sTom

V.p. I(z0) = 5/ (z0)-

2. Ilycts f(2) — anasuTuueckas QyHKIMA B OZHOCBA3HOMA 006714~
cti G M 2y — HEKOTOPasd BHYTPEHHAA TOYKa 3TOM 06acTu. Omnuinem
M3 3TON TOYKM KAaK U3 IIEHTPA OKPYXKHOCTb paguyca Ry, IeIuKoM
sexarnyio B obsactu G. Torma mo dopmyne Komur momygmm

) = 5 | 2.
Cry

Ho na oxpyxunoctu Cr, ¢ = zg + Roe'¥, nosTomy

2w
f(z0) = % [ f(z0 + Roe™®) do, (1.61)
0
HJIA
f(z0) = 5o [ 1(C)ds. (1.62)
Cry,

OTa popMyJia HOCHT Ha3BaHUE POPMYAbL CPEOHE20 3HAUEHUS U BhHI-
PaXkaeT 3HAYEHHE AHAIUTHYIECKON (DYHKIUHU B I[EHTPE OKPYKHOCTH
KaK CpeJHee U3 €€ IPAHUYHBIX 3HAYEHHIA.

3. IlpunHnun MakcMMyMa MOAYJA aHAJINTHUYECKOM
byskimu. Tycmo @ynxyusa f(z) asasemcsa anaaumuseckoli 6

obaacmu G u nenpepvisHotll 6 samxnymoti obaacmu G. Toeda uau
|f(2)| = const, uau marcumasvhve snavernus |f(z)| docmuzaromes
MOABKO HA 2PAHUYE 06AaCTIU.

HeticrButensaas QyHKIWS ABYX AEACTBATEIBLHBIX IEPEMEHHBIX

|£(2)| = Vud(z,y) + v3(z,y)

1) o noBony yeopuit [énbaepa cM. BB 2.




54 OVHKITUA KOMIIJIEKCHO! TEPEMEHHON . 1

[0 YCJIOBHIO SIBJISIETCS HEIPEPBIBHOM B 3aMKHYTO# obmacTtu. [loato-
MYy OHA JIOCTHIaeT CBOET0 MAKCHMAJIbHOTO 3HadeHus M B Kakoii-
aubo Touke (Zg, Yo) mamHO# obaactu. To ecTs

Z0 = Zo + 1Yo,
= > _
M=1fGo) 2 1f@),
Ipeamonoxum, 4T0 TOYKA z) — BHYTpeHHSA TOUKa obnactu G. [o-
ctpouM B obnactu G kpyr Ky HekoToporo pazuyca R c meHTpoM
B TOYKE zg W 3amuuieM (HOPMYJIy CPeIHero 3HadeHus mas zg 1 K.
Yurs (1.63), momydum

(1.63)

27 27
2rM = | [ f(Q)do| < [ 1£(¢)ldep < 2nM.
0 0
CurenoBaTesbHO,
27
[1£()lde =2nM. (1.64)

0

U3 sTOro cooTHOLIEHUs B cuily HempepwiBHOCTH hyHKumu f({) Ha
KOHTYpe MHTErpUpOBaHus U HepaBeHCTBa (1.63) cienyer, 4To

If(Q)l=M mpm (=2 + Re?. (1.65)

HeticrurensHo, no (1.63) dyukuus |f(¢)| ne moxer 6bITh Goubie
M uu B 0mHON TOUKE KOHTYDa HHTErpupoBaHusd. Eciaum MBI mpen-
IIOJIOXKUM, 4TO B KaKOH-mO0 TOUKe () KOHTYPa HHTErPHPOBAHUS
dbysruusa |f({p)| crporo Menbme M, To u3 HempepeisHOCTH |f(C)|
cienyer, uto |f({)| crporo mMenbine M u B HEKOTOPOH OKPECTHOCTH
TOYKH (o, T. €. MOXKHO YKa3aThb OTPE30K (@1, 2| MHTErpHPOBAHUS,

Ha, KOTOPOM
OIS M—e, e>0.

Torna

27 P2

p1 27
J15@Qlde= [17Qlde+ [1fQlde+ [1fQ)lde <
0 »2

0 p1
< (M —¢)(p2 — 1) + M[21 — (g2 — ¢1)] < 27 M,

4T0 mporusopednt (1.64). Utak, coorromenwe (1.65) meitcTBuTens-
HO MMeeT MeCTO. DTO O3HAYaeT, YTO Ha OKPYXHOCTH paguyca R ¢
LEeHTPOM B TOUKe Zg dyHkmua |f(z)| uMeeT mocTosiHHOE 3HAUEHUE,
pPaBHOE CBOEMY MaKCHMAJILHOMY 3HaueHHIo B obiacte G. To xe Oy-
IeT UMETb MECTO W Ha JH0OH OKPY>HOCTH MEHBIIEr0 Paguyca C
IIEHTPOM B TOYKE Zy, & CJIeNOBAaTEIbHO, M BO BceM Kpyre Kg. Te-
IIepb JIETKO MOKAa3aTh, YTO ITO XKe 3HaueHwe dyHkuus |f(z)| umeer
u B moboit mpyroit BHyTpeHHe# Touke z* obmactu §G. s sToro
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COEIMHHAM TOYKM 29 M z* Kpusoit C, HeIHKOM JIexKalnei B obuia-
cti G M OTCTOAIIEH OT ee TPAHUIBI HE MEHBINE YeM Ha, HEKOTODOe
TOJIOKUTENBHOE YUCTO d. BO3pMEM TOUKY 21, ABJIAIONLYIOCS IOCIE-
Helt obmieit Toukoit kpusoit C u kpyra Ky (puc. 1.10). ITockomsky
|f(z1)] = M, To, mosToO-
psisi TIPOBEJIEHHBbIE BHIIIE
pacCyXIIeHus, IIOKaXKeM,
uTo BHyTpH Kpyra Kj C
C G ¢ IEHTPOM B TOYKE 2]
pamuyca R; > d Mozmyims
dyukupn f(z) npuHIMa-
eT MOCTOSHHOE 3HAYEHHE,
paBHOE MAKCHUMAaJIbHOMY
3Hauenno M. Bzas Ha
KpuBoii C TOUKY 2o, ABJIA-
IOLIYIOCH TIOC/emHel 06-
meit Toukoit Kpupoit C u
kpyra Ki, u mpomoikas Puc. 1.10

JaHHBIA [polecc, MEL B

pe3ynbTaTe KOHEYHOTO YMCJIA, MAroB IIOJIYYMM, YTO BHYTDPH KpDY-
ra K,,, kxoTopoMy OPHHAJIEXKUT TOYKA 2*, HMEET MECTO PABEHCTBO
|f(z)] = M, 4To u HOKa3BIBAET BBICKA3aHHOE yTBEDXKJEHHE.

Wrak, Mbl TOKa3aJd, 9TO ecin | f(z)| IpUHUMAET MAKCUMAJIBHOE
3HaveHue M B HEKOTODOIT BHyTpeHHElH Todke obacTty, To |f(z)|=M
BO Beeit obmacTh 1).

Takum o6pazoMm, ecnu dysxuus |f(z)| He aBasierca mocrosH-
HOM BEJIMUMHOI B 06/IacTH §, TO OHA HE MOXET JIOCTHIATH CBOETO
MAKCHMaJbHOTO 3HAYEHHsS BO BHYTpeHHHX Todkax G. Ho Tax kak
byHEKIMS, HEpepEIBHASA B 3aMKHYTON OOJIACTH, JOCTHTAET CBOETO
MaKCHMAaJIbHOTO 3HAUEHUS B KaKOW-Iu60 TOYKe 3Toif 00JacTH, TO B
nocnenueM ciydae dyskuud | f(2z)| ZomKHA ZOCTHraTH CBOETO MaK-
CHMAJIBHOI'O 3HaYE€HHUA B 'DAHUYHBIX TOYKaX.

B kadecTBe mOC/IEIHErO 3aMEYAHMSA OTMETHM, UYTO €CAU GHOAU-
muueckas ¢ obaacmu G dynryus f(z) ne pagna nyao nu 6 00nod
mouxe amoti 06AaCTNU U HENDEDLIGHG 6 G, MO UMEET, MECTO PUH-
YUN MUHUMYME MOOYAR oMot gynxyuu. s 10Ka3aTebCTBA STO-

1
rO YTBEPKIEHUS JOCTATOYHO PACCMOTPETh byHKIuUIo ¢(2) = o) u
BOCIIOJIB30BATHCH TMPUHIUIIOM MAaKCHMYyMa MOZLYS ToM PYHKIMH.

1) Kax crenyet u3 coornomenuit (1.20), B 3TOM caydae u apryMeHT aHA/IU-
THdecko dbyHruuy f(z) TakKe COXpaHSAET MOCTOSHHOE 3HaYeHHE B obiactu G,
OTKYJa CJIEAYET, ITO €CVIX MOLYJIb AaHATUTHIECKON (P YHKIMH IIOCTOSHEH B HEKO-
TOpOIt 06acTH, TO 3Ta DYHKIMA TOXKIECTBEHHO PABHA MMOCTOSHHON B JAHHOMK
obmacru.
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§ 7. Hurerpansi, 3aBUCHINNAE OT [IapaMeTpa

1. AmnamurTudyeckasi 3aBUCUMOCTBL OT IapaMmerpa. Pac-
cMaTpuBasg WHTerpaj KOImM, MBI BHAWM, YTO MOALIHTErDAJILHAL
byHKIHS 3aBUCHT OT JBYX KOMILIEKCHBIX II€DEMEHHBIX: II€PEMEH-
HO# uWHTerpupoBaHud ( U (PUKCHPOBAHHOTO 3HAYEHUS IIEPEMEHHO
zg. Tem cambiM uHTerpas Komm gaengerca HHTErpaoM, 3aBUCAITAM
OT mapaMeTpa 2g. EECTeCTBEHHO MOCTABUTL BOIPOC 06 OOIIMX CBOM-
CTBaX UHTEr'PAJIOB I10 KOMILJIEKCHON IIepeMEHHOM, 33aBUCAIIUX OT I1a-
paMeTpa.

IIycts 3amama (YHKINS OBYX KOMIUIEKCHBIX I€peMeHHBIX !)
©(z,¢), OLHO3HAYHO ONpE/e/IeHHAs 15 3HAYEH! KOMILIEKCHOM 11e-
peMeHHO z = x+iy U3 obacTu G u I 3HAYEHNH KOMILIEKCHOI ITe-
pemernoit { = £+ 47, IPHHALIEKAIINX HEKOTOPOH KYCOYHO TIAAKOM
kpusoit C. Bzaumuoe pacnosoxenue 061acTa § 1 kpusoit C' MoxkeT
OBITH COBEPIIEHHO NPOM3BOILHO. [IycTh DyHKIMS ABYX KOMILIEKC-
HBIX IEPEMEHHBIX (2, () YZOBJIETBODSET CJEAYIOUUM YCIOBUAM:

a) Oynxyua ¢(z,() npu awbom 3naxvernuu € C asasemea ana-
aumuteckols Ppynxyued z 68 obaacmu G.

Oy

6) Qynuxuyua ¢(2,{) u ee npouseodnas E(z,() ABAAIOMCA

HENPEPHIBHHIMU PYHKUUAMY 10 COBOKYNHOCTIU NEPEMEHHBT 2,
nPU NPOUICOALHOM U3MeHeHuY Z2 6 obaacmu G u { na xpusol C.
YcnoBue 6) o3HAYaeT, UTO AEHCTBUTENbHAS W MHUMAas YacTU

0
dbysEKIER a—f(z,() HEMPEPBIBHLL 110 COBOKYIHOCTH IEPEMEHHBIX

z, y, &, 1.

OueBUIHO, YTO IPU CHOEJAHHBIX IIPEAIOIOXKEHUSIX HHTETPAJ OT
dyukmu ¢(z,{) mo kpusoit C cymecTsyer npu aw6oM z € G u
sABJseTCs (PYHKIMeH! KOMIJIEKCHOM ITepeMeHHO# 2:

F(z) = [ o(2,¢)d =U(z,y) +iV(z,y). (1.66)
C

EcrecTBeHHO mOCTaBUTH BONIPOC O cBoitcTBax dbyukuuu F(z). Oxa-
3BIBAETCH, YTO INPHU CHENAHHBIX IPEANOJIOXKEHUIX OTHOCUTEILHO
dbyurupn ¢(z,() pynxyus F(2z) asasemesa anasumuseckoti Pymx-
yueti xomnaexcrot nepemennoti z 6 obaacmu G, npusem npouseoo-
nyto pynxuyuu F(z) moocho swnucaams npu nomouiu duddepen-
YUPOBAHUA NO0 3HAKOM UNMEZDAAA.

1) DyHKuEs ABYyX KOMILIEKCHBIX [EPEMEHHBIX Z, ( OIpPEIeIsSeTcs 3aKOHOM,
CTaBAIIMM B COOTBETCTBHE KaxKZOil mape 3Ha4eHHH z, ( U3 06IacCTH HUX OIpe-
JeJIeHAs HEKOTOPOe KOMILTIEKCHOoe 4ucio w. llonpofHee 0 QyHKIUMSX MHOTHX
KOMILUIEKCHBIX IepeMeHHbIX cM. IIpunoxenue 3.
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st Toro 4TobBl TOKA3aTh 9TO YTBEPKAEHUE, PACCMOTPUM KDH-
BOJIMHENHBINA MHTErpaJl

U(:E, y) = f u($, Y, §$ 77) d§ - U(:E, Y, 55 77) d77
(&

Tak Kak, IO TIPeAOIOKEHHIO0, DYHKIMY % ¥ ¥ 0018 SaI0T YaCTHBIMU
TIPOM3BOAHLIMU TIO £ U ¥, HEIPEPHIBHBIMHU II0 COBOKYITHOCTH II€pe-
MEHHBIX, TO YaCTHBIE NPOU3BOLHbIe dyHKuME U(Z,y) M0 mepeMeH-
HBIM I, i CYLIECTBYIOT ¥ MX MOXHO BBIYHUC/IATEH MPU TOMOLH Iu-

(bepeHIUpOBaHHs O SHAKOM MHTErpaja b) :

Uz(a:ay) = fuz d§ — vy dn,
C

Uy(z,y) = f Uy d€ — vy di).
c

Camu dyskmmn Uy u Uy g7 910TC HENPEPEIBEBIME (DYHKIUAMH IIe-

DEMEHHEBIX Z, y B o6acTu G 2). Ha OCHOBAHMH aHAJIOTHYHBIX CBOKCTB
dbysxupm V (z,y) u ucnonesys yctosus Komw—Pumana gns dyuk-
mua p(z, (), momydnm

Vy(z,y) = [vydt +uydn= [ ugdf —vedn="Up,
¢ ¢ (1.67)

Vale,y) = [ vodé +usdn=— [ u,df —vydy= U,
¢ c

TakuMm obpasom, misi F(z) suimonsensr ycaosus Komm—Pumana

(wactHble mpomssoguble dyukmmi U(z,y) u V(z,y) HenpepbBHBI
4 cBs3aHBl cooTHOIeHusME (1.67)), 9TO U HOKA3BLIBAET AHAJUTHY-
Hocts f(2) B obmacru G.

3aMeTuM, 4TO

= [usde—vpdn+i [vrde+uzdn= [ 3£(z,0)dC. (168)
C C C

Orcroma cenyer BO3MOXHOCTD BBIYUCIEHUS MPOU3BOLHON OT WHTE-
rpaJia nyreM nud¢epeHIIIPOBAHUS MOABIHTErPAILHON DYHKIIUK 110

mapamerpy. [lpu aroMm, eciau a—f VIOBJIETBOPSET TEM XK€ YCIOBUIM

1) 06 yesioBusax aud depeHIupyeMOCTH 10 IapaMeTPy HHTErpaIa, 3aBUCSIIE-
ro OT mapaMeTpa, cM. BHI. 2, ri. 10.

%) Cm. BB 2, T 10.
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a) u 6), uto u ¢(2,(), To F(2) TakKe ABAAETCA AHAJIUTHIECKON
dyuknmeit B obmactu G.

2. CyuiecTBoOBaHUE IPOU3BOJHBIX BCEX MOPSAKOB y aHa-
Jgurndeckod ¢PyHkuumn. PaccMoTpeHHOE CBONCTBO HMHTErpPAaJIoB,
3aBUCAIIUX OT [aPaMeTpa, HO3BOJISET YCTAHOBUTH Ba)KHBIE XapakK-
TEPUCTUKN AHATUTHIECKUX (DyHKumil. Kak MBI BHIENH, 3HAYEHHE
dbysxmum f(2), aramuTEYecKo# B HeKOTOpO# obnactu G, orpaHu-

9eHHOM KOHTYypoM I', M HempephIBHOM B 3aMKHYTOI obsactu G, BO
BHYTDEHHHX TOYKAX 9TOM 0OJIACTH MOXKET OBITH BBIPAXKEHO UYEpe3
TpaHWYHBIE 3HAYEHHUS C IOMONIBI0 MHTerpaJyia Kormu:

) = %/g‘_@z dc. (1.69)
r

PaccMmorpuM B obtacTi § HEKOTOPYIO 3aMKHYTYHO mOmob/acTs &,
PaCCTOSHHE BCEX TOYEK KOTOpo# oT rpaHmubl I obmactu G Gosbime
HEKOTOPOro mosokuTessbHoro uncia d (|z — (| = d > 0). @yukuus

o(2,¢) = Cf(TOz

AB/geTcd aHAJUTHIeCKol dyHKuuelt 2z B obnactu G, mpuueMm ee
7] .

JacTHAs [IPOU3BOSHAS a—f = % B 9TOiH OOJIACTH ABILETCS

HEMPEPHIBHOM (PYHKIHEH CBOUX apryMeHTOB. TeM caMbIM B CHITy 06-

IMUX CBOMCTB MHTErPAJIOB, 3aBUCAIIUX OT IIapaMeTpa, BO BHYTPEH-

Hux Tourax obsacte G' mpomsonHas f'(z) moxer 6BITH mpexcTaB-

JIeHa B BHIE

_f©Q
F(z el e (1.70)

Nurerpan (1.70) onsaTh sIBASIETCS MHTETPAJIOM, 3aBUCSIIAM OT Ia-
paMerpa, IpHYEM ero IOAbIHTerpajibHasg (yHKuud obnamaer Te-
MH JKe CBOMCTBaMH, UTO M MOLLIHTErpabHas (DYHKIMS MHTErpasa
(1.69). Caenosatensno, f'(z) aBaserca aHanmuTrdeckol yHKImENR
z B obsacTu G, mpudeM 715 ee IPOM3BOAHOM CIpaBeInBa hopMya

f'(z) = %/%dg. (1.71)
r

Tax kak mIs 000t BHyTpeHHEH TOYKH 2 001acTu § MOXKeT OBbITh
TOCTPOEHA COOTBETCTBYIOIIAA 3aMKHy Tad mogobaacts G, To popmy-
ast (1.70) u (1.71) cupaBenyuBel B r060it Touke z. IMeer mecTo 1
Homee obmasg TeopeMa.

Teopema 1.9. IIycme dymwxyusa f(z) asasemca anasumuve-
cxoti 6 obaacmu G u nenpepwvienoti 6 samrrnymoti obaacmu G. Toeda
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60 8HYMPERHUT MOYKAT 06aacU G CYWECMBYEM NPOUIBOOHAA A10-
6020 nopadxa gynrxyuy f(z), npuuem daa wee umeem mecmo dop-
MYAG

(n) _ n! 4(9)
f (Z) - %/ (¢ — 2) T dC' (1’72)
iy

s oKa3aTeabCTBa 3TOM TeOPEMBI JOCTATOUHO MOBTOPUTH TIPe-
OBIYITHE PACCY¥KIeHNs COOTBETCTBYIOIIEe YUCIO Pa3.

Urak, ecnu byrkuus f(z) apigercs aHaJIUTAUECKOH QyHKIuen
B obnactu G', To B 3TOM OGnacTe dbymkius f(z) obiramaer Hempe-
DPLIBHBIMH IIPOM3BOJHBIMHU BCEX TOPSAIKOB. DTO CBOMCTBO aHAJUTH-
9ecKo# (DYHKIMH KOMILTEKCHON IIEepPEeMEHHOH CyIIeCTBEHHBIM 00pa-
30M OTJIMYAET ee 0T (PYHKIUU AeHCTBUTEIBHON MePEMEHHOM, UME0-
1Ieit HelIPePHIBHYIO IEPBYI0 IPOU3BOJHYIO B HEKOTOPOi obsacTu. B
MOCJIETHEM CJIyYae M3 CyIIEeCTBOBAHHUS MEPBOI IPOW3BOAHOM, BOOG-
1€ TOBOPS, HE CJIEAYET CYIIECTBOBAHNE BBICIINX TMPOU3BOTHEBIX.

PaccMoTpuM psin BaXXHBIX CJIEACTBHI YCTAHOBJIEHHOI'O CBOHCTBA
AHAJUTUYECKON (DYHKIMK KOMILIEKCHOM epeMeHHO.

Teopema 1.10 (Mopepa). Tycmo pynryus f(z) aeasemca
Henpepuienotli 8 odnoceasnol obaacmu G u unmezpas om f(z) no
A060MY 3AMEHYMOMY KOHMYDPY, UEAUKOM NPUHAOLeHCAWeMY G, pa-
sen nyato. Tozda f(z) asasemca anasumuseckoli gynryueti 6 obaa-
cmu G.

JlokasaTeabcTso. Boimel) 6bL10 [OKA3aHO, YTO IpH
YCIIOBHAX TEOPEMBI (DyHKIUS

z

F(z2) = [ f(¢)d¢,

Z0

IJe zgp U 2 — MPOM3BOJLHLIE TOUYKH 067acT G, a HHTerpas Hepercs
110 JTF060MY IIyTH, COEIUHSAIOIIEMY 3TH TOYKH B 00/IaCTH §, SBJISETCS
AHAJIUTHIECKOR B 3TOM obnactu dbyrknwmeit, npuaem F'(2) = f(z).
Ho, xax TO/JIbKO 9TO 6BLIO YCTAHOBJIEHO, IIPOU3BOJHAS AHAJIUTHYIE-
CKON (DYHKIIMH TaKXe SBJISETCS aHAJUTHUECKO# (yHKImed, T. e.
CYyIIeCTBYeT HelpepbiBHAsS MpousBoaHas Gyrkimmu F'(2), a uMeHHO
byuakmua F”(z) = f'(z), 9ro u gokaspiBaeT Teopemy.

OrmeruMm, uT0 TeopeMa 1.10 sIBNsTeTCS B OMpPENETEHHOM CMBICIIE
obpaTHoit 110 oTHOImIEHUIO K Teopeme Kommu. Ee merko 0606muTs u
Ha MHOTOCBSI3HBIE 0OJIACTH.

Teopema 1.11 (JTuysuaas). [Tycmv Ha eceli Komnaexcrotl
naockocmu gynxuua f(z) aeasemca anasumuyeckot, a ee Mooyad
pasromepho ozpanusen. Tozda ama dynxyus f(z) moocdecmeenno
PABHA NOCMOARHOU.

1) Cm. Teopemy 1.8, c. 47.
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HdokazaTeuabcTBso. 3aluileM 3Had4eHHE [IPOU3BOLHON
f'(2) B npoussonbHO# TOUKe z 10 dopmyse (1.70):

16 = [ 24
Cr

IpUYeM HHTEIPHPOBaHUE 6yIeM BECTH 110 OKDPYXKHOCTH HEKOTODOTO
pazuyca R ¢ ueHTpoM B TOUKE 2, T. €. |{ — 2| = R. Ilo ycoBuio Teo-
PeMsl cyLecTByeT Takas KoHcTaHTa M, uro |f({)]| < M He3aBuCHMO
ot R. IlosTomy

' L £ ()] M
IffA <5 | “Fds< 7
Cr
Tak xax paaumyc R MoxHO BBIGpPATh CKOJIB yrogHo GosnbmuM, a f'(2)
He 3asucutr ot R, 1o |f'(2)| = 0. B cuny npomssonbHOCTH BBIGODA
TOYKH 2z 3aKjaodaeM, 410 | f'(z)| =0 Ha BCell KOMIUIEKCHOM MJIOCKO-
cru. Orcroma cnenyer, uto f(z) = const.

B § 4 mbl BBennm TpHroHOMeTpHYecKHe (YHKIMH KOMILIEKC-
HOIt IIepEeMEHHOM U IOKa3ajM, YTO OHH SIBJISIOTCH AHAJIUTHYECKH-
Mu QYHKIUAME Ha BCeil KOMIUIEKCHOH IUIOCKOCTH. B cmiy Toibko
9TO JOKA3aHHON T€OpeMBI 9TH (HYHKIUA He MOTYT BBITH DABHOMEDHO
OrpaHHYeHB! Ha BCell KOMILIEKCHO! miockocth. OTciona, B 4acTHO-
CTH, CJIeyeT, 9TO HafyTCsl TAKHEe 3HAUEHUs] KOMILJIEKCHOH [IepeMeH-
HO# 2, OJI9 KOTODBIX

|sinz| > 1. (1.73)

9THM TpUTOHOMEeTpHUYECKHe (DYHKIUN KOMILIEKCHOM IepeMeHHO
CYIIECTBEHHO OTJIMYAIOTCA OT COOTBETCTBYIOMINX (DYHKITHH JeHCTBH-
TEJILHOU IIepEMEHHO.



Fr'IABA 2

PAIBI AHAJIUTUYECKUX ®YHKIINN

B nacroamei#t rinaBe 0yayT pacCMOTPEHBI OCHOBHBLIE CBOHCTBA
GYHKINOHANBHBIX DSNOB, WIEHB KOTOPHIX SABASAIOTCH DYHKIUIMHI
KOMILIEKCHOM niepeMenHoi. Ocobyro posb B TeOpUH DYHKIHH KOMII-
JIEKCHOI TepeMeHHON! UIDA0T PAABI aHATUTUYeCKUX MYHKUUH U, B

[e. ]
YaCTHOCTHU, CTEIIEHHbIE PsAbl BUAA Y, cp(z — 20)", raie ¢, — 3a1aH-
n=0
Hble€ KOMILIEKCHbBIE TTOCTOSHHEIE, 29 — (DUKCUPOBAHHAS TOYKA KOMII-
JIEKCHOM MIocKoCcTH. 3ydeHne 3TuxX paIoB OKa3LIBAETCS BECHbMa, CY-
IIIECTBEHHBIM KaK [JIf BLISCHEHHs PsAJa OOIMX CBOMCTB QyHKIMIt
KOMILIEKCHOR IEePEMeHHOMR, TaK U JJIS PEIIeHHd Da3JIHMYHbIX 38184,
CBA3AHHBIX C IPHMEHEHHEM METOIOB TeOPUH (DYHKIMH KOMILJIEKC-
HOH IIepeMEeHHOI.

§ 1. PaBHoMepHO cxoadaruecs pAabl QYHKITUH
KOMILJIEKCHOI1 IlepeMeHHOM’

1. Ywucaosble paabl. HaumeMm ¢ pacCMOTDPEHHMS HEKOTOPHIX
O0IIUX CBOMCTB YHCJIOBLIX DPALOB C KOMILIEKCHLIMH YJIEHAMH, T. €.

BBIDaXKE€HUI BUIA
o0
> ax, (2.1)
k=1

rae {ar} — 3a7aHHAA YUCIOBAs TOCIEL0BATENHLHOCTh C KOMILJIEKC-
HBIMH YJIEHAMH.

Psd (2.1) na3vieaemcs CTOOAUUMCA, €CAYU CLOOUMCA TOCAE06a-

o0

meavnocms {Sp} ezo wacmusnox cymm S, = Y, ak. [Ipu sTom mpe-
k=1

nen S nocnenosaresnsHocTH {Sy} HasbiBaercsa cymmot pada (2.1).

[e8)
Pan Y ax HasbBaerca n-m ocmamxom pada (2.1). B cirygae cxo-
k=n+1
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IAIIET0Cs psAfia CYMMY €ro 7-TO OCTATKa 0603HAYaloT 4depes T, H
OBBIYHO TaKXKe HA3LIBAIOT OCTATKOM psaa (2.1). Jusa cxomsmerocs
pana S = S, + 1y u 171 106010 € > 0 MOXKHO YKa3aTh TaKOi HOMeED
N, uro |ry| < € mpr n > N. /I3 onpejeneHust CXOASIIETOCS DA
CJIeIyeT, YTO HEOOXOMUMBIM M JOCTATOYHBLIM IPH3HAKOM €0 CXOIH-
Mocru sBnsercs xpumeput Kowu'). A umerro, pax (2.1) cxogures
TOTIa U TOJBKO TOTHA, KOTIa s Jitoboro € > () MOXKHO yKa3aTb Ta-
n+p
> ak
k=n
Heobzodumvim ycaosuem crodumocmu pada (2.1) saensgercs Tpe-
6oBaHMe nli)nolo on = 0. JefcTBUTENBHO, U3 CXOAMMOCTH TOr0 PALa,

Kot HoMep N, uTO < e upu n > N u moboM HATYPAILHOM p.

B cuity kpuTepusa Korm, caemyer, uro gy jawoboro € > (0 MOXKHO
ykazaTh Takoe N, 9T0 |apt1| = |Snt1 — Sn| < e mpu n > N.

Ecnu cxonwrea psn
o0

> laxl (2.2)
k=1
C JeHCTBUTEIHHBIME TOJIOXKUTENHHEIMA 4JI€HAMH, TO, OYEBUIHO,
cxopures U psax (2.1), KoTOpbIA B 5TOM CJIy4ae HA3BIBAETCS abCO-
aromuo crodawumcs. OTHIM U3 Hambosee 4acTo ymoTpebiseMbix
CTI0COHOB UCCIETOBAHUS CXOTUMOCTH PSA ¢ KOMILIEKCHBIMY YJI€HA-
MU SIBJIS€TCS PACCMOTDEHHE DI C JeHCTBATEILEBIMY WIEHAMH, SB-
JISTIOITAMMUCS MOJY/ISMHI JIEHOB HMCXOZHOTO psifa. Kak m3secTHO 2),
LOCTATOYHBIMK IIPH3HAKAMH CXOTUMOCTH D3 C JeHCTBUTENBHBI-
MU TIOJIOXKHTEJbHBIMU YJIEHAMH SBJASIOTCH npudtaxy Jasambepe u
Kowwu.
Cornacuo npmsuaky Jlamambepa pan (2.2) cxomures, ecin, Ha-
An+1

YHHASA ¢ HEKOTOpOro HoMepa N, oTHOIIeHHe <1 <1 gna Bcex

n>=N.
OTMeTHM, YTO eC/Id, HAYNHaA C HEKOTOPOr'0 HOMEDA N , OTHOIIIEe-
An41

n

HHUE

‘ > 1, 1o psax (2.1) ¢ KOMILIEKCHBIMA WIEHAMH PDACXOIUTCS.

JleficTBUTENBHO, B 5TOM Ciiydae Bce wieHbl psapa (2.1), vaumnas c
aN, YIOBJETBOPSIOT COOTHOIIEHHIO |an| 2> |an| # 0, T. e. He BBIION-
HeH HeOOXOJMMEIl IPU3HAK CXOJUMOCTH PSa.

Cornacuo npusuaky Komm pan (2.2) cxomuress, e v/|an| <
£ q < 1 gna scex n > N. Ecan, nauunaa ¢ mekoroporo N, s
Bcex 1 > N uMeeT MecTO COOTHOIIEHHE +/|anp| > 1, To pax (2.1)
PaCXOIHTCS.

1) sSIpnsrowmiica IpAMBIM GIeACTBREM KpruTepas KoM CXOMMMOCTH YACIOBOR
mocnenosaTenbHocTH {Sp}; eM. ¢. 21.
2) Cm. Bum. 1, 1. 13.
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2. ®yHKIHOHAJIbHBIE Ps/ibl. PaBHOMEPHAs CXOAMMOCTb.
IepetimeM Temepb K pacCMOTPEHHIO QYHKIMOHAILHBIX DAIOB, Wiie-
HAMM KOTODBIX SBJAIOTCA (PYHKIUMM KOMILJIEKCHON II€DEMEHHOM.
IIycts B obmacTu G onpeneneHa GeCKOHEYHAs IOCIEI0BATEILHOCTD
OJHO3HAYHBIX (DYHKIUH KOMIUIEKCHOH mepemeHHOR {un(2)}. Bripa-
JKeHue BUIA

> un(2) (2.3)
n=1

OyZeM Ha3BIBATDL GYHKUUOHALOHbIM pAdom. Ilpu durcupoBaHHOM
?Hat;eﬂnn 20 € G papn (2.3) npespamaercs B IUCIOBOM DS BHIA
2.1).

Dynxyuonaavuoti pad (2.3) nasvieaemea crodauumcs 6 obaa-
cmu G, ecau npu aobom z € G coomeememeyrowuti emy 4ucaosol
pad cxodumcs. Ecma pag (2.3) cxomurca B obmact G, TO B 3TOM
006JIaCTH MOXKHO OIPENENUTH ONHO3HAYHYIO dyHKumio f(z), 3Hade-
HHe KOTOPO# B KaXX 10 Touke 0b61acTu § paBHO CyMMe COOTBETCTBY-
IOIIEro YUCJIOBOrO psAfa. ITa (DYHKIUS HASLIBAETCH CYMMOU pAda
(2.3) B obmactu G. B cuny maHHBIX ompeneseHHil B 3TOM CIydae
Ui JIE000# (PUKCHPOBAaHHOM TOYKK 2z € G u a1060ro 3aJaHHOrO II0-
JIOXKHUTEJLHOTO YUC/IA € MOXKHO YKa3aTh Takoit Homep N, 4to

f(2) =) u(2)
k=1

3ameruM, 9TO B 00IIeM cirydae N 3aBUCUT H OT € 4 OT 2.

B Teopuu psamoB yHKIHN KOMILIEKCHOM HEPEMEHHOHN, TakK XKe
KaK U B CJIydae OeHCTBHUTEIbHOM IEePEMEHHOM, 0CO0YI0 DONIb UTDAET
TIOHATHE paBHOMepHOU cxomumocTu. HanpuMmep, KaK TOMHHAT YHTA-

TeJb U3 Kypca a,HaJII/IBa,l), CXOOANTUACH PN, HEIPEPHIBHBIX (DYHK-
nui JaJeKO He BCErma CXOOUTCH K HelpephiBHOHM dyHKIuK. B TO xke
BpEMSI CyMMa PAaBHOMEPHO CXONAIIErOCH PAN HEIPEPBHIBHBIX (PYHK-
uuii BCerga sABJSETCH HENpepblBHOM (yuKiumeid. PapHOMEpHO CXO-
Oaimecs pagbl (GyHKIUR KOMIIEKCHOH TEepEeMeHHOM, TaK e KakK
¥ B CJIy4Yae JeHCTBUTENBHON IIEPEMEHHOMR, 00/13,0al0T PAJIOM BECHMA,
BaXKHBIX CBOMCTB, K M3YYE€HHUIO KOTOPBIX MBI U Tiepeitmem. Haurem ¢
onpeenaeHus.

Ecau dan 4106020 n0A0HCUMEADHOZ0 HUCAG E MONCHO YKA3ATND
maxot nomep N (e,) wmo npun > N(e) nepagencmeo

f(2) =Y w(2)
k=1

BHINOARAETNCA CPA3Y O0as 6cex mouekx z obaacmu G, mo pad (2.3)
HA3BIBAEMNCA PABHOMEPHO CTOOAULUMCA 6 obaacmu G.

<e mupu n 2= N(ez).

<e¢

1) Cm. Bom. 2.
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o0
O6ozuauus rn(z) = Y, ug(z), yoioBre paBHOMEPHO CXOAM-
k=n+1
MocTH psana (2.3) MmoxeMm 3ammcats B BUgE |1y (2)| < e mpun > N(e).
Huxe GyzmeT ycTaHOBJIEH psZ CBOKCTB PABHOMEDHO CXOAAIIMXCH Psi-
JIOB.

VYKaxKeM BaKHBIH 715 IPUJIOKEHUH TOCTATOYHBIN IPU3HAK PaB-
HOMEDHO! CXOOUMOCTHU.

IIpusnax Beliepwmpacca. Ecau ecrody 6 obaacmu G uaeHb
PYnKUUORAALHO20 PAda (2.3) Mo2Yym GbMD MAAHCOPUPOBAHHL UAEHA-
MU ABCOAOMHO CTOOAULL20CA YUCA06020 PAIaA, Mo psd (2.3) cxodum-
CA PAGHOMEPHO 6 obaacmu G.

HoxkazareuascTso. [lo ycroBrio HMeET MECTO pABHOMEPHAS

OIIEHKA,
[un(2)] < laal, z€G. (2.4)

e o]
Tak Kak psan Y, |ap| cxomurcs, To mus moboro € > 0 MOXHO yKa-
n=1

o0
3ath Takoe N, uto Y, |ax| < € mpu n > N. Ho B cuiy (2.4) B
k=n+1
06s1acTH § MMeeT MeCTO HEPABEHCTBO
o0 o0 o0
Yo w(z)| < Y luk(@) < Y larl <
k=n+1 k=n+1 k=n+1

npu n > N , 4TO U AOKA3BIBAET PABHOMEDPHYIO CXOAUMOCTEH DHALA
(2.3) B ofmactu G.

Caenyer umeTb B BHIYy, 94TO Ipu3HAK Beitepmrpacca sBiasercs
JIMIIB JOCTATOYHBIM TIPU3HAKOM DABHOMEPHOMN cxomuMocTu. Mmeer
MEeCTO CJIEAYIOMINHA HeOOXOOMMBIH M JOCTATOYHBLINA IIPHU3HAK PABHO-
MEepPHOR CXOAVMOCTH.

Kpumeputi Kowu. /Jasa mozo «mobv psad (2.3) cxoduacs paes-
HOMEPHO 6 0baacmu G, HeobTodumo u JoCAMOUHO, ¥obs, JAA 410-
6020 € > 0 cywecmeosano maxoe N(g), umo odHospemerHo 60 6cex
moykaz obaacmu G 6HINOAHAETNCA COOTHOWEHUE

|Sn4m(2) — Sn(2)| <e (2.5)
npu n 2= N u das 4106020 HaMYPAALHO20 M.
JoxaszareasrcrBo. 1) Heo6xogumocTs.
U3 pasHOMepHO# cxomuMmocTn paza (2.3) ciaeayer, 4To muag Jir06Oro
€ > 0 MOXHO yka3aTh Takoe N (€), 4TO BO BCeX TOUKax z obiacTu G
HMEIOT MECTO HEPABEHCTBA

f(2) =Sn(@)| <5 [F(2) = Snam(2)] < §

npu 1 > N u ans m060ro HaTyPaJIbHOTO M, OTKYAa U ciexyer (2.5).
2) TocraTto4HOCTBb. U3 coorHomenus (2.5) B cuy Kpu-
Tepua Komm fj1a 4MCIOBOM IOCIEI0BATENBHOCTH ¢ KOMILIEKCHBIMHA
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wieHamn !) ciemyer, uTo mpm Jo6oM GEKCHPOBAHHOM z € § IIo-
cenoBaTesbHOCTh {Sp(2)} aBnaercs cxopameiica. CrenoBaTensHo,
pu BeinoaHeHnH (2.5) psaz (2.3) cxoqures B o6macTi G K HEKOTOPOit
dbynkuun f(z) = nlLIIolo Sn(2). Ho B cuny (2.5)

1im _[Sp4m(2) = 5a(2)| = [£(2) = Sal2)| <& mpr 0> Ne)
BO BCEX TOYKAX 0OJACTH ( OMHOBPEMEHHO, UTO M JOKA3HIBAET PaB-
HOMEPHYIO CXOJUMOCTh psizia (2.3) B obaactu G.

3. CspoiicTBa paBHOMEPHO CXOOSALIUXCHA psaa0B. TeopeMbl
Beiiepmirpacca. Ilepeiinem Temepb K PacCMOTPEHUI0 HEKOTOPBIX
0BImKX CBOMCTB PABHOMEDHO CXOMSAIINXCS PSIOB.

Teopema 2.1. Ecau gynryuu u,(z) nenpepuisns, 6 obaacmu G,

o)
a pad Y, un(2z) crodumcsa 6 aMoti 064aCMU PABHOMEPHO K PYHKUUL

n—
f(2), mo f(z) maxowce nenpepwiera 6 obaacmu G.

JdoxkxaszaTeasnbcT B o PaccMorpuM BhIpaXeHHe
|f(z+ Az) — f(2)], one Touku z u z + Az npunajaexat obsactu G.
e ]

B cuny paBHOMEpHOH CXOOUMOCTH psifa Y., Un(2), Ais JIEOGOrO
n=1

€ > 0 MOXHO ykKazarTh Takoe N, 9TO OJIHOBPEMEHHO MMEIOT MECTO

HEPABEHCTBA

£
2+ Az) — Zuk + Az) <3 (2.6)

N
= ui(z)
k=1

JUTS TIOOBIX TOYEK z B 2 + Az, mpuHa iexanmx obgacte §. B cuny
HenpepuiBHOCTH DYHKIME ug(2), B m060i Touke 2z € G 1us 3a1aH-
HOTO € U BhIOpanHOro N MOXKHO yKazaTh Takoe & > 0, 4To

N N
S e+ A2) = S w(2)
k=1 k=1

upu |[Az| < §. Uz (2.6), (2.7) u u3 TOro, 4T0 MOAYJIH CyMMBI He Ipe-
BOCXOJTAT CYMMY MOAyJeH, ciieayer, 4TO IJs Jroboro £ > 0 MOXKHO
yKa3arb Takoe 0, uto |f(z + Az) — f(2)| < € npu |Az| < 4. OTo 1
JIOKa3bIBAET HEMPEPHIBHOCTHL dyHKuuu f(2) B obmactu G.
Teopema 2.2. Ecau psd (2.3) nenpepuisnnix dynxyutl un(z)
crodumesa pasromepro 6 obaacmu G ¥ dynxyuu f(z), mo unmezpan
om amoti dynxyuu no a0boti kycowro a2aadxoti xpusoti C, yeaurom
aeocaweli 8 06aacmu G, MOJNCHO BHINUCAUND NYMEM TLONAEHHO20

N

<3 ure +Az) ~uk(z) < & (27)

k=1

1) Cm. . 1, . 21

3 A.T. Ceemnukos, A.H. TuxonoB
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unmezpuposanus pada (2.3), m. e.

o0
[10dc=>" [un(¢) .
C n=1 C
HJoxaszareunsbcTso. Tak kak psaxg (2.3) cxomurcs pas-
HOMEpHO, TO it Jio60oro 3agaHHoro € > 0 MOXKHO yKa3aTh TaKoit
moMep N, uTo mJs BceX Touek ( € G

Q) < & mpm n > Ne),

rae L — gnwuua ayru kpusoit C. Torma

n

[ =>" [ul0) dc‘ =| [ (<) dc‘ < [Irm(Q) | <,
C k=1 C C C

YTO ¥ JOKA3HIBAET TEOPEMY.

OTMeTuM, 4TO CBOMCTBA PABHOMEDHO CXOMSAIIUXCS PSJ0B C KOM-
ILUIEKCHBIMH 4JIeHaMH, COpPMYJIUpOBaHHBIE B TeopeMmax 2.1 u 2.2,
COBEpIIEHHO aHAJOTHYHEl COOTBETCTBYIOIIMM CBOMCTBAM (DYHKIHO-
HAJIBHBIX PAA0B C MeCTBHTEIHLHBIMY WIEHAMH, H TIPOBEIEHHBIE JO-
Ka3aTeJIbCTBA (DAKTUYECKH MOBTOPSIOT JOKA3ATEJbCTBA COOTBET-

CTBYIOIIUX TeopeM aHaan3a l).

Ilepeitnem Temepb K pacCMOTPEHHIO BaXKHENIIEro CBOWCTBA, PaB-
HOMEDHO CXOISIINXCS PSI0B, XapaKTepU3YIOLUIEro TIOBeJIeHre Psjia,
YIEHAMH KOTOPOTO SBJSIOTCH aHAJIUTHYECKNE DYHKINM.

Teopema 2.3 (meopema Betiepwmpacca). [Tyems dyrxyuu

e o]
un(z) asadromea anasumueckumu 6 obaacmu G, a pad ». un(z)
n=1
CTOUMCA PABHOMEDHO 6 410001 3amknymoti nodobaacmu G' obaa-
cmu G & gynrxyuu f(2). Tozda:
1) f(z) seasemca anasumuneckoli dynryued ¢ obaacmu G;

2) f8)(z) = ni::l o (2);

(o)
3) pad >, u® (2) cxodumca pasHomepno 6 awbolt 3amrnymot
n=1
nodobaacmu G' obaacmu G.

HokasaTenscTso. IIpoBegeM 10Ka3aTEILCTBO KAXKIOT0
U3 BHIIIENIePEUYUCICHHBIX yYTBEPXK JeHNIA.

1. PaccMOTpEM TPOM3BOJBHYK) BHYTPEHHIOK TOYKY 29 € G
IOCTPOMM OJHOCBA3HYI0 MOA061acTh G 061acTH G, COmepKalLyio
TOYKY 29 BHYTDH.

B cuny Teopemer 2.1 f(z) siBisiercsa HempepwiBHOM dbyHKUMER
B obmactu G. Pacemorpum wmETerpan or f(z) mo IpOM3BOIBHOMY

1) Cum. BB 2, 1. 8.
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3aMKHYTOMY KOHTYpy C, menukom Jjexamemy B obmactu G'. ITo Te-
opeMe 2.2 3TOT HHTErpaJl MOXKHO BEIYHCJIUTH IIyTeM ITOYIEHHOTO HH-
rerpupoBanus psiga (2.3). Torma B CHIly aHATUTHIHOCTH QYHKUUA

up (2) momydum
[£Q)dc =" [un(¢)d¢ =0.
c

n=1 C
Tem cambiM BBIIONIHEHBI Bee yciioBus TeopeMmbl Mopepa. Cienosa-
TesbHO, f(2) — DyHKUUS aHAIUTHYECKas B OKPECTHOCTH §' Tod-
K4 29. B cuily IpOM3BOIBHOCTH BHIOOPS, TOYKH 2y OTCHOJIA CJIELyeT
aHATUTHIHOCTS f(2) B obsmacTw G. 3aMerum, 4To AJis IH060r0 HATY-
[e o]

n
PaJIBHOTO YHCIa N QYHKIMA 10 (2) = Y. u;(2) = f(2) — Z u;(z),
j=n+1 =1
TIPEeICTABASAIONAA CO00M CyMMYy KOHEYHOTO UHCIA AHAJIUTHIECKUX
GYHKIMMA, TaKXKe ABASeTCs aHaIuTUIeCcKoi pyHKueit B obnactu .
2. QukcupyeM IPOU3BOJBHYIO TOUKY Zg € G u BhIGEpEM IIPOM3-
BOJIBHBIY 3aMKHYTHIH KOHTYP (', IeIMKOM JIEXKAIUi B TOCTPOEHHOM
BBIIIE IORO6IAacTr G’ U comepXaluii TOUKY 2y BHyTpH. MUHAMATH-

HOe DACCTOSHHE OT TOYKM Zy JO KoHTypa C obo3HadmM dUepe3 d.
PaccMmoTpum psn
_fx) Z un (2)
(z — z0)* T (z — zo)*t1"

Tax Kax mi(xj1|z —z|=d>0, TO STOT pPSiZl B CHJIy YCJIOBHH Teo-
z€

pemsl cxoxurca paBHoMepHo Ha C. [losroMmy, mpouHTErpHpOBaB €ro
TIOYWJIEHHO O KOHTYPY C ¥ BOCTIOIB30BABIINCH BHIPAXKEHHUEM TIPOM3-
BOZHOH aHa.nnaneCKoﬁ dyukmE Yepe3 unTerpai Ko, moaydum

f®)(z) = 2 ng (20). Tak xak

Z0 — IIpOI/IBBOJH:Haﬂ TOYKa, 00IaCTH
G, TO yTBEpXKIEHHE 2 JOKA3aHO.
3. PaccMoTpuM TIpOUBBOIBHY O

nogobnacrs G' obnacty G u mo-
cTpouM B 06acTH § 3aMKHYTBIHK
xouTyp C, comepxamuit G' BHy-
TpH, IpUYeM TaK, 4TOOBI paccTo-
AHHE OT IIPOM3BOJIBHOR TOYKH 2 €
€ G' no moboit Touku ( € C GbI-
JIO HE MEHBbIIEe HEKOTOPOIO MOJIO-
xkurenpHoro uncia d, |z — (| = d > 0 (puc. 2.1) (oueBuzHo, mns
moboit mogobnactu G obnactu G HaARAYTCA COOTBETCTBYIOIAE KOH-
typ C u wucio d). Tak xax ,,(2) gBngeTca aHATMTHYECKOH bYHK-
uueit B G, 1O mya J0b0i Touku z € G' uMeeT MeCTO COOTHOIIE-

Puc. 2.1

3*
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f (D Q) d¢ = r(k)( ). IlpugeMm, COMIACHO TOJNBKO 9TO

k+1
k "
,ILOK&S&HHOMy YTBEPXK JEHUIO, r )(z) npejcTaBiseT coboit 0CTaTOK

SG " )
paxa Y, up (z). B cuimy paBHOMEPHO#M CXOOUMOCTH MCXOLHOTO Dst

n=1
o0
ma Y. un(2), mag moboro € > 0 MOXKHO yKa3arh Takoe N, 9T0 Ha
n=1
kouType C mpu n > N HUMeeT MeCTO paBHOMEpHas OLeHKa |1, ()| <
k+1
<e- 27;5_L’ rae L — mmuna koutypa C. Torma

Tn
1) (2) / Al ds < e

IJIst BCex z € G/ o,n;HOBpemeHHo, 9TO W JOKA3HIBAET YTBEPKIACHUE 3.
IIpuBenenHOe MOKA3aTEIHLCTBO OTHOCUTCH K CIYYard OJHOCBASHOMN
obiactu G. Ciaydait MHOTOCBSI3HOM 06JIaCTH PAaCCMATPUBAETCS aHa-
JgoruyHo. tak, TeopeMa JI0Ka3aHa.

3aMeTuM, 9TO MPUMEHEHHBIM METOJ] LOKA3aTeJbCTBA II03BOJISIET
JIOKa33aTh PABHOMEDPHYIO CXOAMMOCTD PALa U3 IIPOU3BOLHBIX JIUIIE B

a0boit damrrymoti nodobaacmu G' obascmu G, Jaxe eciM UCXOI-
HEI# pax (2.3) cxoguTcs paBHOMEDPHO W B 3aMKHYyTO# ofactu. Kak
TTOKA3bIBAIOT IIPOCTHIE IIPUMEDHI, U3 PABHOMEDHOM CXOIMMOCTH PSIIa,

(2.3) B 3aMKHYTOI 06aCTH § He CIeAyeT PABHOMEDHAS CXOAUMOCTD
B 9TO# 06/1aCTH Psifia, COCTABIEHHOTO U3 IIPOMN3BOJHBIX. HaanMep,

0 n P 1
pag Y, 1% CXOIMTCS PAaBHOMEPHO B Kpyre |z| < 1, a pax z

n=1
COCTABJIEHHBIN M3 IIPOU3BOAHBIX WIEHOB MCXOMHOTO DS, He MO}KeT
CXOIMUTHCSI PABHOMEPHO B Kpyre |z| < 1, Tak KaK OH PaCXOJUTCH
npu z = 1. Takum 006pa3oM, YyTBEPKIAEHUE II. 3 TEOPEMBI O PABHO-
MEPHO CXOAUMOCTH P2, COCTABIECHHOTO U3 MPOU3BOIHBIX, JIWIIH B
3aMKHYTO# MOH00JIaCTH UCXOAHON 00J1aCTH HE MOXKET OBITH, BOODIIIE
TOBOPS, PACIIMPEHO.

CrenaeM eme onHO 3aMedanue. [IpM JOKA3aTENBCTBE TEOPEMEI
2.3 MBI IPEAIoIaran PABHOMEPHYIO CXOAUMOCTD PSIa B JII0O0MH 3a-
MKHYTOH momobaactu G' obaactu G. dcHo, uro Teopema Tem Gosee
OyIeT MMeTh MECTO IPY YCIOBUM PABHOMEDPHOW CXOAUMOCTH DsiIa,
(2.3) B 3aMkHyTOI ObmacTh G'. Kak IIOKA3BIBAET HMKECIIELYIOIIAsT
TeopeMa, TOCJIeTHEE YCIOBHE MOXKET OBITH 3aMEHEHO YCIOBUEM DaB-
HOMEpHO#H cxoxumocTH psiza (2.3) Ha rpamune I obmacru G.

Teopema 2.4 (6mopas meopema Betiepwmpacca). I[Tycmo
Pynruuy un(z) Asadromes anaaumuyeckumy 6 obaacmu G, nenpe-

— o0
poeoimu 6 G' u pad Y, up(z) cxodumes pasromepro Ha epanuye I
n=1
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w —

amoti obaacmu. Toeda pad ), un(z) crodumcsa paeromepro u 6 G.
n=1

JokazaTenbcTso. Pa3HOCTL YACTUYHBIX CYMM JaHHOTO

pana, GyHKIUs Spip(2) — Sp(2), KaK KOHEYHAS CyMMa aHAJIUTHIE-

ckuX DYHKIWIA, SIBJISETCS aHAJIATHIECKOH B § U HEMPEPHIBHOM! B §.
W3 paBHOMepHO#t cxomumocTH Ha I cienyer, uro

1S+p(0) = SalQ)] = [un+p(C) + -+ T unta({) <€

npu n 2 N 1js 0060ro HaTypaJbHOrO p U Beex Todek ¢ € I' ommo-
ppeMenHo. CieqoBaTeNbHO, IO TEOPEME 0 MAKCUMYMe MOZIYJIsS aHa-
AUTHIeCKO# DYHKIMHA | Spyp(2) —Sn(2)| < e mpun > N mns mo6oro

HATYPANBHOTO p U 1jis Beex z € G. TeM caMbiM A/ JaHHOTO PAna,
BBITIONTHEH KpuTepuit KoImu, 4To 1 Z0Ka3hIBAET TEOPEMY.

3aMeuanue OUeBHIHO, YTO BCE JOKA3AHHLIE BHIIIE CBOM-
cTBa (PYHKIIMOHAILHBIX PANOB CIPABEAJMBHEL U JJId (DYHKITHOHAb-
HBIX [IOCJIEIOBATEJILHOCTEN.

4. HecobGcTBeHHBIE MHTETPAJIbI, 3aBUCAIINE OT IIapaMeT-
pa. B rn. 1 MBI, paccMarpuBas CBOHCTBA MHTETPAJIOB, 33BUCAIINX
OT IapaMeTpa, OrPAHUYMINCH JIMIIb CIy4aeM COOCTBEHHBIX HHTE-
rpayioB mo KpuBoit C KomeuHoi# miuHBI. Teopema BeitepmTpacca
IO3BOJIAET 000OIIUTL [MOMYyYEHHBIE PE3YJALTATHEl Ha CIydait Hecob-
CTBEHHBLIX WHTErpaJioB. ByneM paccMaTpuBaTh saBncsmmn OT Tapa-
MeTpa HecOBCTBEHHBIN MHTerpaj mepsoro poga F(z f f(z,¢) d(

o Heorpauuyenno#t kpusoii C. [Tycts dynkusa asyx KOMIIJIEKCHI)IX
nepeMeHHBIX f(z, (), onpenenenuas upu z € G u ¢ € C, ynoBierso-
psieT TeM ke yciaoBusaM, 9T0 u ¢(z,() B § 7 m1. 1, a uMmeHHo:

a) dyukuus f(z,() npu nobom 3nadennn ¢ € C ABIAETCA aHA-
auTrYeckoit dpyHkImeR 2z B obmactu G;

6) dyukuus f(z, () u ee npoussonHast gf (2, () aBAsIOTCS Hempe-
DHIBHBIME (DYHKIMSIMEM 110 COBOKYIIHOCTH II€PEMEHHBIX 2, ( IIpH

zeGu(eC.
[IycTs HecobCTBeHHBIH HETErpas nepsoro poxa [ f(z,{) d¢ cxo-
C

AATCS PABHOMEDHO IIO [TapaMeTpy 2z B J000# 3aMKHYTOM momobiia-

cte G’ obmact G. DTO O3HAYAET, YTO IpH JKOOM BBIOOpE IIO-
CJIETOBATEIBHOCTH KOHEYHBIX KpUBBIX Cp, COCTABIAIONIAX YaCTh
C, upu C, — C dyHKUHOHAILHAS OCIEINOBATEIBHOCTD Up(z) =
= [ f(z,() d¢ cxomurcs pasHOMepHO B G’ k dyHkuun F(2).

n

JIerko MmokasaTb, YTO NPH BBLIMOJHEHHH BCEX IIEPEYMCIEHHBIX
ycinosuit dyukuus F'(z) apnaserca anammrudeckoit B G u

Fm=/%m0%

c
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JleficTBUTENIBHO, KaK MOKa3aHO B §7 mi. 1, cobcrBeHHble wWHTE-

rpasibl — QYHKIME un(2) [ f(z,()d( aBastorcs aHAIMTHYECKIMA
Cn

byekmuamu B G u u,(z) = f %(z,() d¢. TlocmenoBaTeabHOCTS

Cn
{un(2)} cxomurca x F(z) pasHoMepHO B s060it G'. CiegosaressHo,
no TeopeMe Beitepirpacca dyukius F(z) — ananurideckas B G u

F()= [ Zeod
C

§ 2. Crenennsie pannl. Pan Teiisopa

1. Teopema AGensa. B npenpinymem naparpadge paccMaTpu-
BaJINCH 061Ke GYHKINOHAJIBHEIE Psiabl (2.3), mpudeM Bug GyHKUmMi
un(2) He KOHKpeTu3upoBaJica. OUeHb BAXKHBIMU SABJISIFOTCS TAK Ha-
3BIBAEMBIE CTENEHHBIE DSIBI, NS KOTOPBIX Un(z) = cp(z — 20)7,

e Cp, — HEKOTOPhIE KOMIIJIEKCHBIE YHUCIIA, & 20 — CbI/IKCI/IpOBa,HHa,ﬂ
o]

TOYKA, KOMIUIEKCHOM ITOCKOCTH. UneHsl paga Y, cn(z — 20)" aBns-
n=0
0TCA aHAJTUTHYECKUMH (DYHKIHMAMHA HA, BCeH KOMILIEKCHOMN IJIOCKO-
CTH, IO3TOMY JIJI HCCIEJOBAHNS CBOMCTB JAHHOTO PANA MOTYT OBITH
TpUMEeHEHBI 00IIe TEOPEeMBI TpeIbIayIero naparpada. Kak 6su10
yCTaHOBJIEHO, MHOTHE BAJKHbIE CBOWCTEA, ABIAIOTCA CIEACTBHEM DAB-
HOMepHOH cXoauMocTH. TeM caMBIM TIPH UCCIEIOBAHUU CTEIEHHOTO
o0

psma Y. cp(z — 20)™ BaXKHO yCTAHOBUTH 0GJIACTH €r0 PABHOMEPHOMH
n=0

cxogumoctu. Cpasy 3aMeTHM, 4TO 00JACTb CXOAUMOCTH CTEIEHHO-

T0 psiJia ONpENEIaeTcs BUAOM Koabduunentos c,. Hanpumep, psn

o0

> nl(z — 2p)" cxopuTcs ML B OmHOM TOUKe 2z = 2. JeiicTBH-
n=0
TeJIbHO, OTHOIIEHNE MOLYJIeH ABYX MOCIEI0BATEIbHBIX IICHOB PAIa,
u
=2+l = (n+1)|z — 29| > 1 upu m060M DUKCHPOBAHHOM 3HAMEHHUH
z # 2y, HauuHALA ¢ HEKOTOporo N(2), 94T0, COIIACHO PACCMOTPEHUSIM
Ha c. 62, CBHOETEIBLCTBYET O PAaCXOIUMOCTH JaHHOrO psna. C apy-
roif CTOPOHBI, C IOMOILUBIO npu3Haka JasamMbepa JIETKO YCTAHOBUTD

ZO)

o0 n
-
abCOIOTHYO CXOAUMOCTD DA, Y (T upu JoboM z.
n=0 :

Jlna onpenesenust 06JIACTH CXOAUMOCTH CTEIEHHOTO P CYIIle-
CTBEHHOH OKa3BbIBAETCS CIAEAYIONIAs TEOPEMA.
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Teopema 2.5 (meopema Abeasn). Ecau cmenewnod pao

o0

> en(z—20)™ czodumes 6 nexomopoti mouxe 21 # zy, mo on abco-

n=0

AOMHO CTOOUMCA U 6 M0601 moyke 2z, Ydoeaemeopaoues Ycao8uw0

|z — 20| < |21—20[; npunem 6 xpyze |21 — 20| < p paduyca p, menvwe-

20 |21 — z|, pad cxodumcea pasromepHo.
JdoxaszaTenabcTBsB o BribepeM NpOU3BOILHYIO TOYKY

2, YIOBJIETBOPSIOLLYIO YCIOBHIO |2 — 29| < |21 — 2g|, ® paccMoTpum

o0

pan Y. cn(z— 2z)"™. ObosnaunMm |z — zg| = g|z1 — 20|, ¢ < 1. B cuny
n=0

o o]
HEeOOXOZMMOT0 YCIOBUS CXOAUMOCTH PAIA Y, Cn(21—29)™ €ro wieHs!
n=0
CTPeMATCS K HyJI0 npu 1 — 00. Clie0BaTeNbHO, CYIIEeCTBYET TaKas
koHCTaHTa M, 9To |cn| - [21 — 20|™ < M. Orcrona aia kosddunues-

TOB Cp, JAHHOTO CTENEHHOTO DPSJA HOMYIHM OLEHKY [cn| < : Mz =
1 — <0
Torma
2 —
St < Sl kol <Y |2 s

z— 20
— 20

o0
< 1. Pax Y. ¢", npexncra-
n=0
BJISIOIIMA cob0# cyMMy HECKOHEYHON reoMeTpHYECKON IpPOrpeCcCHu
CO 3HAMEHATEJEM, MEHBIIMM EIUHHIEI, cxoaurcsa. Torma uz (2.8)
CIIeIyeT CXOAMMOCTh M PAcCMATPUBAEMOro psaaa. dTobbl ZOKa3aTh
o0

ITo ycnoBuioo T€OpeMbl 9UCIO g =

DPABHOMEDHYIO CXOAMMOCTB DA . ¢n(z — 29)" B Kpyre |z — 2| <
n=0
p < |z1 — zg|, mocraTouno, B cuiy mnpusHaka Beifeprurpacca,
HOCTPOUTE CXONAINMUNCA YHUCIOBOH DAL, MaXKOPHUPYIOMIUNA JaHHBIR
GYHKIMOHANBHBIA Pl B paccMaTpuBaeMoit obnactu. O4eBUIHO, Ta-
o0 n
KOBBIM sIBJIsI€TCH psax M Z |p—|”’ TaK K€ IIPEICTABIISIONMN CO-
z1 — &
Boit cyMMy GeCKOHEYHOM reomeTpnquKoﬁ IIPOTPECCHH CO 3HAMEHA-
TeJIeM, MEHBIINM €IUHUIIBL. TeopeMa MOIHOCTBIO JOKA3aHA.
U3 reopemsl AGesiss MOXKHO BBEIBECTH DsIJT BayKHBIX CJIEACTBHI.
o0

Caedcmeue 1. Eciu crenennoit pan Y, ¢,(z — 2)™ pacxoaurt-
n=0
cs B HEKOTODO# TOYKE 21, TO OH PACXOOUTCA M BO BCEX TOYKaAX z,
YZOBJIETBOPSIONINX HEPABEHCTBY |z — 2Zg| > |21 — 20|
[peamonaras MPOTUBHOE, MOJYYHM, YTO IO Teopeme Abensd psan
JOJIKEH CXOIUTHCS B JIIOOOM Kpyre pajguyca p < |2—2g|, B 9acTHOCTH
U B TOYKE 21, YTO MPOTUBOPEYUT YCIOBHIO.
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Pacemorpum TouHyI0 BepxHIOW rpab R paccroanuit |z — 2g| oT
o0

TOYKH 2 A0 TOYEK 2z, B KOTOPBIX CXOXUTCA Pan Y, cn(z — 20)™.
n=0

Ecimu R # 00, TO BO BCeX TOYKaX 2, YIOBJIETBOPAIONIMX YCIOBUIO
|2' — 20| > R, maHHBIA cTemenHO# pax pacxomurcs. Ilyers R cTporo
GosibIe HYyJI, TOTAA HAMOOIBIIEH OOJIACTBIO CXOAMMOCTH JAHHOTO
psizia gBseTcs Kpyr |z — zp| < R. Bcrogy BHe 3TOr0 Xpyra psag pac-
XOZUTCH, B TOUKAX IPAHULEI |2 — 2p| = R 0oH MOXer Kax cxomuThed,
TaK U PACXOAUTHCS.

Obaacmo |z—zg| < R (R > 0) na3vieaemca Kpyzom cTooumocmuy
cmenennozo pada, a yucao R — ezo paduycom crodumocmu.

WTak, MBI yCTAHOBHIU

Cuedcmeue 2. Jlyis BCAKOTO CTENEHHOTO PANA CYLIECTBYET Ta-
koe uucio R, uTo BHYTpPH Kpyra |z — 2p| < R maHHBIA cTemeHHON
PAI CXOIUTCS, & BHE 3TOrO KPYTa, PACXOMAUTCA.

B xpyre |z — 29| < p < R moboro paguyca p, MEHBIIETr0, 9€M Da-

o0
IUyc cXOmuMocT R, cTenmeHHOM pan Y, cn(z — zp)™ cXomuTes pas-
n=0
HoMmepHO. OTMETHM, YTO DPAAMYC CXOOUMOCTH CTEIECHHOTO DANa B
3aBUCHUMOCTH OT BHIA €ro K03Q(OUIMEHTOB MOXKET HMETh JH0oe
3HaueHne B npenenax oT 0 mo oo. Ilepsriit mpegenasHbIR Ciiydaii 0y-
JET COOTBETCTBOBATH PANY, CXOAAIIEMYCH JIHIIL B TOYKE Zg, BTO-
POl — CXOOAIIeMycda Ha BCelt KOMILIEKCHOHM mrockocTH. [Ipumepst
COOTBETCTBYIOIIUX PANOB y2Ke ObLIM mpuBeneHbl. Pamuyc cxomumo-
CTH CTENEHHOIO PANa MOXKET OBITh OIpeldeseH d4epe3 ero Koadu-
IHEHTHI Cpy -

Caedemeue 3. BHyTpHu Kpyra CXOZUMOCTH CTEIEHHOM DS CXO-
JATCA K aHATUTHIeCKOH DyHKImU. JefCTBUTENbHO, WIEHBI CTENEH-
HOTO PAAa Un(2) = ¢z — 20)™ npencTaBasaoT coboll byHKIMY, aHAa-
JIATHYECKWE HA BCell KOMIUIEKCHON IUIOCKOCTH, Psf CXOLUTCH PaB-
HOMepPHO B Jit000it 3aMKHYTO! momobmacTu Kpyra cxogumoctu. Core-
JOBaTeJBHO, TI0 IEpPBOit TeopeMme BeliepmTpacca cymMMma psga eCcTh
AHANMUTHYIECKAA (DYHKITUA.

Caedemeue 4. CremneHHOW pax BHYTPH KPYra, CXOLUMOCTH
MOXKHO I[IOWIEHHO HHTErPUPOBaTh W IUddOepeHnupoBaTh Jr0b0e
YHUCIO Pa3, IPHYEeM PAIUYC CXOAMUMOCTH IIOJyYeHHBIX PALOB PABEH
PAagMyCy CXOAMMOCTH MCXOMHOTO PANA. ITO CBOMCTBO TAKXKE ABJIs-
eTcs IPAMBIM cytefcTBueM TeopeM AbGess u Beitepmrpacca.

Caedcmeue 5. KosddbunmueHTH CTENEHHOTO pPAga
o0

> en(z — 2p)™ BBIpAXKAIOTCA Yepe3 3HAUEHUS CyMMBI pana f(z) u
n=0
ee IPOM3BOAHBIX B [EHTPE KPYra CXOAUMOCTH 0 HGOpMyJIam

Cn = %f(") (20)- (2.9)



§2 CTEIIEHHHBIE PAOBL. PAJ TEXJIOPA 73

[losoxkuB z = zy B BHIDAXKEHHM CyMMBI CTENEHHOroO pafa f(z) =

(e8]

= Y cp(z — 20)", momyumm f(29) = co; mpomuddbepeHEpoBas
n=0

psifl OWIEHHO W TOJIOXWB Z = 20 B BBHIPAXKEHWHM IJIA ITPOU3BOL-

[ ]

woit f'(2) = Y. cnn(z — 20)" !, momywmm f'(z) = c1; amamormumo,
n=1

TIOJIOXKMB 2 = 20 B BBIPAXKEHUU IS k- IPpOM3BOLHOM

f®(z) = Z ean(n—1)...(n—k+1)(z — 2)" 7%,
n==k

nonyunm f#)(z) = ¢ - kL.

Caedcmeue 6. Pamguyc cxomumoctu R cremeHHOTO pema,
o]
3 cn(z — %)™ ompemenserca dopmyaoitl) R = %, rme | =
n=0

= lim {/|cy| ects Bepxmmit npegen %) mocienosaresroctr { v/ [cn|}.
n—o0

IIpennomoxum BHadgase, uro 0 < I < oco. Ham Hamo moxkazars,
9TO B JIO0ON TOUKE 21, YAOBJIETBOPSIOLIEH YCIOBHIO |21 — zo| < %,
P CXODUTCS, a B JI0OO0M TOUKE 29, YOOBJAETBOPSIOIIEH YCIOBHIO
|22 — 20| > 7> — pacxomures. Tax xax | — BepxHuil Upegen mocaIemso-
saressrocTH { v/|cp|}, TO Ans M060TO £ > 0 MOKHO yKA3ATH HOMEP

N, nauunas ¢ koroporo y/|cp| <l +e. C apyro#t cToponsl, ams To-
ro xe £ Hafiferca GECKOHEIHO MHOTO WJIEHOB IIOC/IEI0BATEIHLHOCTH
{Vlen|}, 66mpmmx | — €. BosbMeM NpPOM3BOIBHYIO TOUKY 21, YAO-
BJIETBODSIOIIYIO HEPABEHCTBY l|21 — zo| < 1, u BHIOEpEM B KadecTBe
1-1 |z1 - Zol

€ 9HCIO et — 0] > 0. Torma
n 1+1z —
Vien| 21 — 20l < (L +¢€)|z1 — 20| = w =qg<l.
[ ]
Orcropa crexyer, 9To psf Y (21 —20)™ MaXKOPUPYeTCs TeOMeTpH-
n=0

[e ]
4ecKoil mporpeccueii Y, ¢ co 3HaMeHaTeJeM, MEHbIINM €JUHHULH,
n=0
YTO W JOKA3BIBAET €r0 CXOOMMOCTb. B3dB Temepb HEKOTOPYIO TOY-
Ky 22, YZOBJIETBOPSIOIILYI0 HEPABEHCTBY l|29 — 29| > 1, u BHIOpaB B

1) 9ta dopmysa wacTo HaseBaeTca dopmyton Komn-Axamapa.

2) HamoMHUM OIpe/ie/ieHye IOHATHS BEPXHETo [IPEIENa JHCIOBOH OCIeI0Ba-
TeJIBHOCTH. BepXHAM npesiesioM T, MOCIEXOBATENBHOCTH {Zx} HA3BIBaETCH HaU-
GosbIuas MpeaesbHasd TOYKa ITON MOCJIEI0BATENBHOCTH (CM. BRI 1).
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l[Z2 —Zo[
|22 — o

Vieal 122 — 20| > (I — €)|22 — 20| = 1

Jutst 6ECKOHEUHOrO MHOXKeCTBa 3HadeHuit . Qrciona | (29 —20)"| > 1,
YTO Ha, OCHOBAHHH HeOOXOIMMOT0 IPU3HAKA, CXOLUMOCTH CBHIETe hb-
o0

Ka4ecTBe £ YHUCIIO LN 0, momyunm

CTBYeT O PACXOLUMOCTH DALa . Cnlz2 — 29)™
n=0
3amedanwue M opoBean J0Ka3aTeIbLCTBO IS CIy4Yas
0 < | < . Paccmorpum Tenepsb IpeaesbHbIE CIYIaH.
o0

Ipu | =0 pax > cp(z — 20)™ cxomurea B 060 TOUKe 2, T. €.

R = oo. HeiicTBUTEIBLHO, B 3TOM CJIydae LJs Jioboro € > () Moxer

ObITH yKa3aHO Takoe 4mciao N, HaUMHAS C KOTOpOro +/|cp| < €.

Brifpas B kagecTBe £ 4HCIIO ﬁ, e 2z — TMPOU3BOJIBLHAA TOYKS,
— <0

KOMIUIEKCHOM 1wtockocTw u 0 < ¢ < 1, momyunM |ep(z — 20)™| < ¢7,
o0

YTO M JOKA3BIBAET CXOAUMOCTb pafa » . ¢p(z — zp)"
n=0
o o]
Ilpu | = oo panx Y, cp(z — 2z)™ pacxomurcs B 1060 TOUKE
n=0
z # 2z, T. e. R = 0. [elicTBUTENBHO, B 3TOM CAydae s JI060-
ro uncina M Halizercas OECKOHEYHO MHOIO KO3 HUIMEHTOB Cj Ta-

Kux, 9r0 1/|cp| > M. PaccMoTpuM NPOM3BONBHYIO TOYKY 2 7# 2o
u BeibepeM M Tak, 9Tobn M|z — 29| = g > 1. Torma Geckoneunoe
o o]

MHOXKECTBO 9JIEHOB DANa . Cp(2z — 20)™ yHOBIETBODSIET YCJIOBUIO
n=0
len(z — z0)™| > 1, uTo M HOKA3BIBAET €ro pacxo,qHMOCTb

Utak, dopmyna Komu—Agamapa R = l’ rome | = li)m Y\enl,
o0

CIpaBeIJINBa TpH J0O0M 3HadeHuu .
B kauecrBe mpmmepa, CYWIECTBEHHOIO A [JaJibHeero, pac-

CMOTDHM CTENEHHOH P Z (z—20)™, BCe KO3 DULHEHTH ¢, KOTO-
=0
poro pasusl 1. ITo an3HaKy Hanambepa moaydusM, 4T0 JaHHBLIH P
cXomuTCH B Kpyre |z — zg| < 1 K HEKOTODO# aHAIUTHYIECKOH PyHK-
mun. YTo6B! HaiiTH 3Ty QyHKIHMIO, IPEMEHAM IIPIMOE ONpeIe/ICHIe
CYMMBI D3 KaK TpPeIesa JaCTHIHBIX CyMM:
n
f(z) = lim S,(z) = lim L= (20" ! . (2.10)
n—00 nooo 1—(z—2) 1—(z—z0)

3mech MBI BOCIONB30BAJIACH, OYEBHIHO, CIIPABEIINBON K B 00JIaCTH
KOMILJIEKCHBEIX 9HCes (POPMyYJIOit CyMMBEI [€OMETPHYIECKOH IIPOrpec-
CHH C KOHEYHBIM YHCJIOM HYJIEHOB W BO3MOXKHOCTBHIO IPEIETHLHOTO
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epexoja B YHCIMTEIN ApOOH, 3HAMEHATENIb KOTOPO# OTJIMYEH OT
Hynsi. Pasenctso (2.10) o3Hagaet, uTo dbopMysia st CyMMBI GECKO-
HEYHO YOBIBAOIIEH MeOMETPHUYECKOM IIPOTPECCHH CIIPABE/JIMBA U B
KOMIIJIEKCHOM 00MacTH.

2. Pan Teiinopa. Utak, cremeHnoit psaa BHYTPH KpPyra CXO-
IUMOCTH OIPEAeIseT HEKOTOPYIO aHAJUTHYECKY PyHKIHMI0. Ecre-
CTBEHHO ITOCTABUTH BOIPOC: MOXKHO JIM (DYHKIMH, AHAJIATHIECKON
BHYTPH HEKOTOPOT'O KPYTa, COMOCTABUTL CTEIIEHHON DA, CXOMAIITHIA-
csl B 3TOM Kpyre K mamaoit dyukuun! OTBET HA 3TOT BOIMPOC JAET
CJIEAYIOMIAS TEOPEMA.

Teopema 2.6 (meopema Tetinopa). Pynxyua f(2), anaau-
muveckas enympu xpyea |z — zg| < R, moorcem Gwmsb npedcmas-
AEHA 68 IMOM KDY2e CTOJAWUMCA cmenewnuim padom f(z) =

e e]
= Y cp(z — 20)", npunem smom pad onpedenen 0OHOZHAUHO.

n=0

JokazaTenabcTBs o BrbepeM NpOU3BOILHYIO TOYKY 2
BHYTDH KpyTa |2 —2g| < R u nmocrponm okpyxu0CcTs C), C IIEHTPOM B
TO4YKe 2y paguyca p < R,
COTEPKAIIYI0 TOYKY 2 BHYTPH
(puec. 2.2). OueBnmHO, IS JIEO-
601 TOuKK z JaHEHOH 00JacTH Ta-
KOe IIOCTPOEHME BO3MOXKHO. Tak
KaK TOYK4 2z — BHYTPEHHAS TOY-
Ka obmacta |z — zg| < p, B Ko-
Topoit dyukuus f(z) apnsgercs
AHAJUTHYIECKOR, TO 10 hopmyie
Komu umeem

OcyimecTBUM B TIOABIHTETPAJIDL-

HOM BBIPAXKEHHM IIpeobpa3oBa- Puc. 2.2
HUE
1 1 1 1 o= (2= z0)"
Z—20
= = . 2.12
¢—z (-2 Z”% c—zoz(c—zo)n (2.12)
¢ — % n=0
3eck MBI BOCIIOIB30BAIHMCEH (hopmysioit (2.10) U 04eBHIHBIM COOT-

‘ z— 20
HOLIEHHEM | ——
(=2
HO 110 {, TAK KaK OH Ma’KOPUPYETCs CXOISIINMCS YHUCIOBHIM PSIOM
o0 n

» |zp_n_f;l (|lz—20| < p). Honcransis (2.12) B (2.11) u urTErpUpys
n=

< 1. IIpu ¢ € C, psan (2.12) cxoguTcst paBHOMED-
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MIOYJIEHHO, TIOIy4aeM
)d n
sz/(cf_(czo)gﬂ — )" (2.13)

Bsens o6osnaueHne

/ 9, .19

neperuineM (2.13) B Buzge cxo,zmmerocx B BLIODAHHON TOYKe 2z CTe-
MIEHHOT'O PLAIA.

z) = Z cn(z — 20)™. (2.15)

B dbopmyne (2.14) oxpyxHOCTD Cp MOXKHO 3aME€HUTD, B CILIy T€Ope-
Ml Komm, mo68IM 3aMKHYTEIM KOHTYpoM C, nexalnuM B 06J1acTh
|z — 20| < Ru CONIEPKAIIUM TOYKY Zg BHYTpH. Tak Kax z — mpous-
BOJIbHAS TOYKA, JAHHON 06/1aCTH, TO OTCIOAa ciexyer, 9ro paz (2.15)
cxomures K f(z) BCromy BHYTPH Kpyra |z — zg| < R, mpudem B Kpyre
|z — 20] € p < R sr0T psip cxomurcst paBHOMepHO. Mtak, byHK-
uus f(z), anaJauTHYECKas BHYTPH Kpyra |z — 2zp| < R, pasnaraercs
B 3TOM KpyTre B cxopguuiica crenennoit pan. Koadbdunuents: paz-
noxenus (2.14) na ocrnoBanuu dopmyasl (1.72) st mpou3BOgHBIX
aHAJIUTHIECKOMH cbyHKmm UMEIOT BUJ

/ (Cf(C aq — f(n)(ZO) . (216)

— z)nt+t n!

Ocraerca HoKa3aTh e,qHHCTBeHHOCTL pasznoxernns (2.15). IIpexmo-
JIOXKHM, 9TO HMEET MECTO APYTO€e Pa3JjIoXKeHMe:
o o]

= Zc,’n(z—zo)n, (2.15’)
n=0

rae xors 661 oguH Ko3ddbuument ¢, # c,. Crenennoit psazg (2.157)

cxomuTcs B Kpyre |z — zp| < R, mostomy Ha ocuoBamuu bopmy-
n

ae1 (2.9), ¢, = %, YTO COBNIAAAET C BhIpaxkeHueM (2.16) must

K03pPUIUEHTOB Cp. TeM caMbIM eIUHCTBEHHOCTD OIMpPEIENeHus KO-

3¢ PUIHEHTOB JOKA3AHA.

Paznoxenne dyHKIMN, aHaINTHIECKOH B Kpyre |z — 29| < R, B
cxomsuiics creneHuoi psig (2.15) 9acTo Ha3BIBACTCS PA3A0AHCEHUEM
Tetinopa, a cam pan (2.15) — padom Tetizopa.

JloKkazaHHAs TEOpeMa yCTAHABIUBAET B3aUMHO OJHO3HAYHOE CO-
OTBETCTBUE MeXAY QyHKIHeH, aHATUTHIECKOH B OKPECTHOCTH HEKO-
TOPO#t TOYKHM zg, U CTEIIEHHBIM PSJIOM C LEHTPOM B 3TOH TOYKe. DTO
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03HAYAET SKBUBAJIEHTHOCTD MOHATHH aHAJTUTUIECKON DYHKUINA, KAK
dbyukrK, 6eckoHeuHOE YuCIoO pa3 uddepeHnmpyeMoit, 1 GYHK-
IIMH, IPEICTABIMOI B BHE CyMMBI cTemeHHOro psaza ). ITocrenmee
AMeeT He TOJIBKO OOJIBIIIOE 3HAYEHHE JJIs IIOCTPOEHMsS TEOPHH aHa-
JIUTHYECKHUX (DYHKIHI, HO ¥ HAXOAWUT LINPOKOE IPUMEHEHIE TIPH pe-
IIIEHNH MHOTOYHUCIEHHBIX NPUKJIAJHBIX BOIPOCOB.

3aMmernm, HaKOHel, 4TO ecian GYHKUws f(z) sABIsSETCS aHAIIH-
THYECKOM B obsacTu G M 2z9 — BHYTDPEHHsSS TOYKa 3TOi o6jacTw,

00 £(n)
TO paguyc cxomumoctu psaxa Tefmopa f(z) = ). fn—('zo)(z —z)"
n=0 :

9Tol GYHKIMK He MeHbIIle, YeM DACCTOSHUE OT TOYKH 2) IO [DaHH-
sl obsactu G.
Il p u M e p 1. B kagecTBe mpocTeiilero mpuMepa pacCMOTPUM

¢ : T Ota byHK
IUs SBJISETCA AHAJUTUYECKON Ha BCeldl KOMIUIEKCHON ILJIOCKOCTH,
3a HCKIIOYEHHWEeM TOYeK 212 = =i, B KOTODHIX 3HaMeHaTelb JIPO-
61 obpamaercs B HyJb. 1109ToMy B JI060M KPYre Ha KOMILIEKCHOH
IUIOCKOCTH, He COJepXallleM TOYeK 212 = 1%, 3Ta QYHKIHUA B CHIY
TeoOpeMbI 9. 6 MoxeT OHITH pa3soxkena B pan Teitmopa. Hawuwem c

passoxenus B psan Teimopa dyukumm f(z) =

kpyra |z| < 1. Ilpu ycnosuu |z| < 1 BhIpakeHme MOXeT pac-

14+ 22
CMaTPUBATHCH KaK CyMMa GECKOHEYHO yOBIBaIOLeit reOMeTPUYECKOit
nporpeccun. [losromy B cuy (2.10)

_Z )22, (2.17)

YTO ¥ JAaeT UCKOMOE DAa3JIOKEHUE. 3aMETHM, YTO PaJUyC CXOLUMO-
cru pana (2.17) paseH 1, T. e. onpenesseTcs pACCTOSHUEM OT I€H-
TPa DA3OXKEHUsl 10 TPAHULBLI OOJACTH AHAJUTHYHOCTH (DyHKIUH

fz) =

1+22°

1) Bamerum, 4TO AHAIOrMYHAS SKBUBATEHTHOCTD Iis (DYHKIMH JeHCTBUTEb-
HOIl mepeMeHHOII He MMeeT MecCTa. JlefiCTBUTeNBHO, U3 CYLIECTBOBAHUA HA OT-
peske [a,b] Bcex mpousBomubix GyHKumU f(r) ewme He CieAyeT BO3MOXKHOCTB

o0
paznoxenud 370l GyHKIMY B cTenenHoi pax Buga f(z) = Y, cn(z — z0)", rme
n=0
Zo € [a,b], cxopaumiica na BceM orpeske [a,b]. Hampumep, bynkuua f(z) =
= T3z PH m060M IefCTBUTEIBHOM T MMeeT ITPOM3BOAHbIE BCEX MOPAIKOB,
z

o
onHako mpu zo = 0 cremennolt pax Y, (—1)"z2" cxomures K mammolt byHKIMH
n=0
nuis Ha uaTepBaJie —1 < z < 1, a He Ha Bceil xelicTBuTensHol ocu z. [Togpob-
Hee 0 Pa3JIOKeHNH (DYHKIMH IeHCTBUTEILHON I€PEMEHHON B CTEIICHHbIE PIbI
CM. BHII. 2, 1. 8.
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Haiinem Teneps pasznoxenue dyskmuy f(z) = B pax Teii-

_1

1+ 22

nopa B Kpyre |z — 1| < V2. Onpenenenne kK03DUIMEHTOB ¢, pHi-
e e]

ma Y. cp(z — 1)™ mo dopmyne (2.16) B maHHOM CIydae CBS3aHO
n=0

C JOBOJBHO TPOMO3IKMMHK BBIYHCIEHUSMH. [103TOMy, TpencTaBuUB

1 1 1 1
= = — i (2.1
= =5 (z—i Z_H,) U BOCIIONIL30BaBIIHCH opmydoit (2.10),

CIIpaBeIUBON B JAHHOM CJIydae IpH yciosu |z—1| < V2, momyunm

1 1 n
1+z2_z |:1_,,,)n+1 (1+’£)"+1:| (Z—l) .

C moMmoumpio mokazaTeabHOR GHOPMBI 3aITHCH KOMILJIEKCHBIX YHCEJT

1—i=+v2exp ( ) 1+i=+v2exp ( ) JIETKO TeNeph MOy-
YHUTH

sm(n + 1)

1+z2 - Z - S R (2.18)

Kak crenyer u3 cbopMyJIH Komn—A,n;aMapa, PAIAYC CXOLUMOCTH
paga (2.18) paBen V/2, T. e. ONATH OUpEIEAETCS PACCTOSHUEM OT
LEHTPa, PA3JIOXKEHHUS N0 TPAHMIEI 00JIaCTH AHAJUTHIHOCTH PaccMa-
TpuBaeMoil pyHKIIHH.

II puMep 2. B kauecTBe citegyowWero mpuMepa, paCCMOTpHM

passoxenue B pag Teitnopa dbyuxuun f(2) f e BBE-

nenno#t B 1. 1 (c. 49). Beie 65510 ycTaHOBIEHO, 9TO 9T4 cbyHKunﬂ
ABJAETCH aHAJMTUYECKON Ha BCell KOMILJIEKCHOH IIJIOCKOCTH C pas-
pPe30oM IO OTPHULATENBHON YaCTH LEHACTBUTENLHONM OCH, a CJIe[0Ba-
TeJIbHO, ¥ BHYTPH Kpyra |z — 1| < 1. Iosaras 2o = 1 u BeIUMCHSS
K03 DUIEEHTH ¢y, 10 hopMmysie (2.16), momydaem

1

c0=ln1=0, 01=;

=1

3

z=1

_1 -1 (n—-1! _ -11 _
o= (=D 0= =0T n=23,
Orcrona
oo
=3 (-1t &= (2.19)
n=1

Kak nerko ybemuthcs ¢ momownbio npusnaka Jlamambepa, Kpyrom
cxopumocTH psaga (2.19) aeaserca kpyr |z — 1| < 1.
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§ 3. EaunCTBEHHOCTh OIpene/ieHUsl aHAIUTHIECKOH
dbyukun

VYKe M3ydUeHHBIe HaMM CBOICTBA (DYHKINH KOMILIEKCHOHN Iepe-
MEHHOM TO3BOJIAIOT 3aKMIOYUTH, YTO A/ OIpefenenus pyHKIuH,
AQHAJTUTUIECKONR B JAHHON 00/IACTH, MOXKHO OIDAHWYUTHCH 33JaHU-
eM 3HadeHuil 370l QyHKIMM He BO Beeit obmactu. Hanpumep, 3a1a-
Bas 3HAUYEHUS AHAJIUTUYECKON (DYHKIMM HA IDAaHUIE OOJACTH, MBI
¢ moMombi0 uHTerpasa Ko MoxXXeM OnpeneuTh ee 3HAUEHHS BO
BCeX BHYTPEHHHX TOuUKax obsactu. TeMm caMbiM GyHKIMSA, AaHATUTH-
JecKas B JAHHON OOJIACTH, ONpeleideTcd 33JaHUeM HEIONHON HH-
dopmanum 0 ee 3HaYEHUAX B 9TO# obacTu. EcTecTBEHHO MOCTABAUTH
BOIIPOC: KAKOBA T4 «MUHUMAJbHAS» HHGMOPMANW, KOTOPYIO HAJIO
HMeTh, YTOOBI MOTHOCTBIO ONPEAeNUTh (DYHKIMIO, aHAJIUTHIECKYIO
B JaHHOK objmacTu?

1. Hyau awamutndeckoii dyuknmuu. [Ipegsapuressao
BBeJIeM [IOHSTHE Hyjis aHaguTudeckoi dyuknuu. [lycts f(z) asns-
eTcsd aHaUTHIeCKOM ¢yukuueii B obmactu G. Touka 29 € G Ha3HI-
BaeTcs HyseM f(z), ecomu f(z9) = 0. U3 pasnoxenus f(z) B oKpecr-

oo
HOCTH TOUKHM 2 B cTenenHo#t pag, f(z) = Y, cn(z — 20)", cienyer,
n=0
49TO B JAHHOM ciay4dae Ko3dduument ¢g = 0. Eciur He TOMBKO KO-
s uruenT ¢y, HO u K03 DUIUEHTEI €1, €2, - . ., Ck—1 PABHBI HYJIO,
a K03 bUIHEHT ¢ OTVIMYEH OT HYJs, TO TOYKA zg HA3BIBAETCH HY-
sem k-20 nopadxa byuxnuu f(z). Cornacuo dopmyne (2.9) B Hyse
k-ro mopsiiKa He TOJBKO caMa, (DYHKIIUs, HO U ee mepBhe k — 1 mpo-
HM3BOJHBIX DABHBHI HYJIO, a k- NMPOM3BOJHAA OTJIMYHA OT Hysas. B
OKDECTHOCTH HyJIsl NOpsaKa k pazyoxenue dbyskuuu f(z) B crenes-
HOU DI UMeeT BUJ

£(2) =3 enlz — 20)" =
n=k

=(z—20)" Y cntkl(z — 20)" = (2 — 20)*0(2), (2.:20)

n=0
rae ¢(z) aBageTcs aHATATHYECKOH (DYHKIMER B OKPECTHOCTH TOY-
KM Zzg, Pa3JIOXKEHWE KOTOPOH B CTENEHHOH paAf umeeT BUX ¢(z) =

oo
= Y cnikl{z — 29)", mpuuem @(z9) # 0. OT™MeTuM, 9TO HOCTEHAI

n=0
DA CXOAUTCH B TOM K€ KPYTe, YTO U MCXOHBIMN.

2. Teopema eaumHCTBeHHOCTH. Ilepeiinem Temepsb K opmy-
JIUPOBKE OCHOBHOT'O TIOJIOXKEHUS JAHHOTO maparpada.

Teopema 2.7. Ilycmv dynxyua f(z) aeasemca anasumuse-
cxoll 6 obaacmu G u 0bpawaeMCcA 8 HYAb 6 PA3AUNHHIT MOYKAT
zn € G, n = 1,2,... Ecau nocaedosamesvrocmo {zn} cxodumca
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K npedeay a, npunadsestcawemy mot oce obaacmu, mo PYHKUUA
f(z) moocdecmeenno paena nyaro e obaacmu G.
JoxkaszsarTeasbcTso Tak Kak a € G, To PYHKIAIO
f(2) MOXHO Da3JIOXKHUTHL B CTENEHHON Dsifi B OKPECTHOCTH JAHHON
e o]

rouku: f(z) = Y, cp(z — a)®, upuuem paguyc Ry CXOZUMOCTH HaH-
n=0

HOTO DsiZia, HE MEHbIle DACCTOSHHSA OT TOYKHU @ [0 TDAHUIBI 00ja-

cru. I3 onpeznenenus HempepbiBHOCTH DyHKIWHE f(2) cexyer, 4To

f(a) = 0. Orcroma crexyer, ato ¢y = 0, u pasuoxenue QyHK-

e f(z) B OKPECTHOCTH Zz = G UMEET BHJL

(@) =(z=a)fi(z), tme fi(z) =) cat1(z—a)™
n=0

Byznem npesnonarats, 9To BCe TOUKH NOCIEA0BATENBHOCTH {2p } OT-
JIMYHEI OT . TO HE YMEHBIIAET OBLIHOCTH HAIIMX PACCMOTDEHHIA,
TaK KaK TOJBbKO OJHA W3 9THX TOYEK MOI/a OBITh paBHa a. B cu-
ny nocienuero ycnosus fi(z,) = 0, ¥ MO OIpeesEHHIO HeIpe-
peBHORt dynkimu fi(a) = 0. Orcioma ¢; = 0, u pasioxeHHe
fi(z) B oxpectHOCTH @ mpuEMMaeT BUZ : f1(2) = (z — a) f2(2), rme

e o]
f2(2) = > cp2(z—a)™. Anasorndso npenpIAyIIEMY IOy IUM, YTO
n=0
u fa(a) =0, T e. ¢g = 0. [Ipogonkasa HEOrPAHUYIEHHO AAHHBLA IIPO-
[ece, MOMYYNM, 9TO BCe KO3 (DUIMEHTH ¢, B padsioxeHuu f(z) B
CTeIeHHON paf,

flz)= Z cn(z —a)®
n=0

B OKPECTHOCTH TOYKHM a paBHbI Hy0. Otciona crenyet, uro f(z)=0
BHYTpPH Kpyra |z — a| < Rp.

O6paTuMCs Telepb K JOKA3aTENbCTBY 1) TOXKIECTBEHHOTO Da-
BeHCcTBa byukuun f(z) Hymo Bo Beeit obmactu G. JlocTATOYHO IIO-
KazaTh, uTo f(21) = 0, rOe 21 — NpPOU3BOJIBHAA TOYKA 0OJjacTh G,
Jexamasi BHe Kpyra |z — a| < Ry. JIas 3TOro coejuHUM TOYKH @ H
Z1 cupsaMJIsieMoll KpuBoil L, mesnkoM jexkaleii B § 1 0OTCTosINel oT
ee rpaHuIBl Ha paccrosiane d > 0. [TockonbKy r00y0 TOYKY Kpyra
|z — a| < Ry, mexainyio BHyTpH 06/1aCTH G, MOXKHO DACCMATPHUBATH
Kak IpeJiesl TI0CIeI0BaTeIbHOCTH Hysteit dbyukuun f(z), To, BEHOpaB
B KA4YECTBE HOBOT'O I[EHTPA PA3JIOKEHHUs MOCIEAHIOI TOYKY Z = a1
nepecedeHusi KpUBOit L ¢ OKPYXKHOCTBIO |2 — a| = Ry, moIy4mmM, 94T0
f(z) =0 Buyrpu xpyra |z — a1| < Ri, rae Ry > d. IIpogomxkas
AHAJIOTHYHBIM 00pa30M, MOKPOEM BCK KPHBYIO L KOHEUHBIM YHC-
JIOM KPYTOB DaJWyCOB, HEe MeHbIIUX d, BHYTPH KOTOPHIX f(z) = 0.

1) Bro JOKa3aTeJIbCTBO IIPOBOIUTCA AHAJIOTUYHO JOKA3aTeJIbCTBY Ha C. 55.
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IIpu 3TOM TOYKA z = 2] HONAAET BHYTPH IOCJIELHETO KPYra, TeM
caMmeIM f(21) = 0. [TocKOJIBKY 2] — IPOM3BOJIBHAS TOYKA OOJIACTH
G, orcroma creayer, uro f(z) =08 G.
JloKazanHas TEOpEMa UMEET psif BaXKHBIX CJIEACTBHIA.
Caedcemesue 1. Oyuxuus f(z2) # 0, anamuTrdeckas B 061acTu

G, B moboii 3aMKHYTOH orpaHmdeHHo# moxobsactu G' obmactu G
HMMEET JIMIIb KOHEYHOe YHUCIO HYJIel. _

Ecu MuOXecTBO Hysneit pyukuuu f(z) B obaactu G’ 6eckoHedHO,
TO 0 TeopeMe 1.2 M3 HETO MOXKHO BBIAENHUTH CXOISIIYIOCT IIOCHTIe-
JOBATENBHOCTD {2n} — @, IpHYeM Ipeses a 3TOoH [0CIe0BaTe b

Hocty npuHamnexkut G'. Orciona f(z) =0 B G, 9TO IPOTUBOPEUUT
YCIIOBHIO.
Caedcmeue 2. Eciu Touka zg € § aBigerca HyJdeM GecKo-

HEYHOTO TopsaKa ') dbymxmum f(2) (T. e. B pasnoxennn f(z) =
oo
=3 ¢n(z — 20)™ B OKPECTHOCTH TOYKH zy BCE KOIDMDUIMEHTH ¢ = 0),

n=0
to f(2) =0 B obsnacTu G.

Caedemeue 3. Anammruyeckasa QyHKIIUA MOXKET UMETH GECKO-
HEYHOE YHCI0 HyJIeil JIMIIb B OTKPHITON WM HEOI'PAHUIEHHOH 00J1a-
CTH.

DyHKIMA KOMILIEKCHOI IIEDEMEHHOH, aHAJIUTHYECKas Ha BCEH
KOMIUIEKCHOM IUIOCKOCTH (z # 00), Ha3BIBaeTCa uesaoli dynxyued.
U3 npegpiaympx paccMOTDEHHI ClIeAyeT, YTO uejas (PYHKIUS B
1060 OTPAaHNYEHHON YaCTH KOMILJIEKCHOM IIJIOCKOCTH MMEET JIHIIb
KOHeuHoe 4ucio Hysned. CienoBaTesibHO, BCE HYJIH Lol GyHKIUN
MOXKHO IIEPEHYMEPOBATH B KAKOM-JIHOO MODPSZKE, HAIDPUMED B IIO-
PsiKe BO3PACTAHMS MX aOCOMIOTHHIX BesuduH. Ha mosHo# miocko-
CTH Iesiasi (DYHKIMS MOXKET MMETh JIMIIb CYETHOE MHOXKECTBO HY-
JIel, IpUYeM IIPeaejbHONR TOYKOM 3TOr0 MHOXKECTBA sIBJSETCS Oec-
KOHEYHO yZaJjIeHHas TOYKa KOMIUIEKCHOM mrockoctd. [lensie dyHK-
MM UIPAOT BaXKHYIO POJIb KaK B Teopud (DYHKIHH KOMILIEKCHOH
[IEPEMEHHOM, TaK ¥ B €€ IIPUJIOXKEHUSIX.

Teopema 2.8. ITycmv pynxuyuu f(z) u p(z) asastomes ana-
aumuteckumy 6 obaacmu G. Ecau 6 G cyulecmeyem cTodAuLeAcs
K HeKomopoli mouxe a € G NocaedosamesbHOCb PAZAUNHHIT TO-
uek {zn}, 6 Komopwx 3naxvenua Pynxuyul f(z) u p(z) cosnadarom,
mo f(z)=¢(z) 6 G.

s HOKa3aTesbCTBa TEOPEMBI JOCTATOYHO C IIOMOIIBIO TEOPEMBI
2.7 ycraHoBuUTD, uTo dbyukuuda P(z) = f(2) —¢(2) =08 G.

Teopema, 2.8 uMeeT Ype3BEIYAHHO OOMBIIIOE 3HAYEHUE, [TIOCKOJIBKY
OHA, 03HAYAET, YTO B JAHHOM 06/1acTi § MOXKET CYIECTBOBATD JIMIID
€AUHCTBEHHAS aHAJMTHYECKAs (DYHKIMS, IPHHAMAOIIAS 33/JaHHEIE

1) OueBugmo, Ipu STOM K CaMa dyukuus f(z) u Bce ee IPOU3BOAHEIE B TOYKE
Z0 pPaBHBI HYJIO.
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3HAYEHUs] B [IOCIENOBATEIBHOCTH TOYeK {zn}, cXopsuiefica K TOY-
Ke ¢ € G. DTy TeopeMy Ha3BIBAIOT Meopemoli eJuHCMEeHHOCTU
onpedesenus aHasumuveckols Gynryuu.

Yacro MPUMEHSIIOTCA CIEAYIONIHe CJI€ACTBUS TEOPEMBbl €IMH-
CTBEHHOCTH.

Caedecmeue 1. Ecmn byukiuu fi(2) u fa(z), ananurudeckue
B 06J1aCTH §, COBIAJAIOT HA HEKOTOPOi Kpusoit L, mpuHagexaiieit
IaHHOM 06/1aCTH, TO OHM TOXXKIECTBEHHO DABHHL B obyacTtu G.

Caedemeue 2. Ecmn byukuuu fi(z) u fo(z), ananurudeckue
COOTBETCTBEHHO B 00/1aCTAX G1 U G2, UMEIOIIUX 06IIYIO MOJ06MaCTD
G, coBIamanT B G, TO CYIIECTBYET €IUHCTBEHHAA AHAJIUTUYECKAS
dyukuus F(z) Takad, 4To

_Jfi(z), ze€g,
F ‘z)z{flé), iy

Teopeme eTUHCTBEHHOCTH U €€ (JIEACTBUAM MOXKHO IPHIATEH TaK-
XKe caenyoue (popMsl.

1° IlycTs B obsnacTu G BHIOpaHa CXOASIIAACH K TOUKe @ € § mo-
CJIeI0BATEILHOCTD PA3/IMYHBIX TOYEK 2, € G. Torma B sTol obmacTu
MOXET CYIIEeCTBOBATH JIHIIL €IMHCTBEHHAA AHAJUTHYECKAs (DyHK-
musa f(2), IPUHUMAIOIIAA B TOYKAX 2Zp 33JAHHBIE 3HAYEHUS.

2° IlycTs B obnactu G mama Hekoropas kKpubad L. Toroa B G Mo-
KeT CYIIECTBOBATDH JIUIID €IMHCTBEHHAA AHAJUTUYECKAA DYHKIMA
f(z), npurnMalomas 3aaHHble 3HaYeHus Ha L.

3° Ilycrs B obmactu G gama HekoTopad momobnacte G'. Torma
B 06/1acTH § MOXKET CYIIECTBOBATL JIUIb €IUHCTBEHHAS aHAJIUTH-
veckas QyHKIUs f(z), IPUHUMAKOIIAS 33JaHHbIE 3HAYEHUS B I0J-
obsactu G'.

Ecnu cymecrsyer dyukius f(z), ompenenenHaa B objactu G,
0 KOTOPO# roBopuiiock B 1°, 2° u 3°, To oHa MOXKeT OBITH HA3BAHA
AHAJIUTHYECKUM NPOJO/KEHNEM B § ¢ MHOXecTBa {2z}, jaunuu L
uu nomobaactu G'.

OrMeTuM, 4TO 3aJaHue 3HAYEHUN AHATUTHYECKON (DYHKIMM Ha,
COOTBETCTBYIOIIEM MHOMKECTBE TOYEK HE MOXKET OBITH IPOU3BEIEHO
Tpou3BOILHO. OHAKO MBI 371eCh He OyAeM 06CyKAaTh TpebOBaHUS,
KOTOPBIM JOMXKHBI VIOBJIETBOPATh 3TU 3HAYEHUS, YTOOBI UX MOXKHO
OBIIO AHAIMTUYECKH TPOAO/IKHUTHL B 00j1acTH G.
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AHAJINTUYECKOE IIPOJOJIXKEHUE.
SJIEMEHTAPHBIE ®YHKIIUN KOMIILJIEKCHOM
IIEPEMEHHOM

B st1o#i rmaBe MBI paccMOTpUM pal (GyHIAMEHTANBHLIX CJIEI-
CTBUN TEOpEMEl O €JWHCTBEHHOCTH OIpeJeSIEHUS AHAJIATUYIECKON
dyukmuu. Kak 6bL10 yCTaHOBJAEHO, aHANMUTHYECKAas (DYHKLINS Of-
HO3HAYHO ONpEJeNsSeTCs 3alaHieM ee 3HAUYEHN ! Ha HEKOTOPOM MHO-
KeCTBe TOYeK B OOJIACTU ee OIpeleSIeHUd. ITO 06CTOATENBCTBO IO~
3BOJIAET TOCTPOUTEH AHAIUTUYECKOE NMPOMOIKEHHE B KOMILIEKCHYIO
00J71aCTh 3JEMEHTapHBIX GYHKIHUA AeHCTBUTENBHOM IIepeMeHHOH u
BBISICHUTE UX CBOCTBA B KOMILIEKCHOM IIOCKOCTH. MEI Take KpaT-
KO PacCMOTPUM OOIIIMe MPUHIMOEl AaHAJTUTHYECKOTO TPOIOJIXKEHU.

§ 1. DaemeHTapHBbIe DYHKIIUU KOMILIEKCHOM NepeMeHHOi.
IIpogomxenne ¢ getficTBUTEILHOM OocH

1. Ilpomomkenue c¢ geficrBuresibHoOit ocu. Teopema o
€IMHCTBEHHOCTH OIPeIesIeHNs aHATUTUYECKOH (DYHKIMK TO3BOIAET
ABTOMATHYECKU PACIPOCTPAHUTS Ha KOMIUIEKCHYIO 06/1aCTh S1eMeH-
TapHBle OYHKIMK AeficTBUTEabHON nepeMenHoit. IIpeaBapurensHo
OTMETHM CIIPaBEeIJINBOCTD CIEAYIOIIEr0 YTBEPXKACHUA: IyCTh HA OT-
peske [a,b] mefcTBUTENBHON OCU T 337aHa HeNpephBHAA DYHKLUA
f(z) meiicTBUTENBHOM MEpeMEHHOI; TOra B HEKOTOPOil obiacTu G
KOMIUTEKCHOM IIOCKOCTH, CoZepkKaleil oTpe3ok [a, b| meficrurens-
HOIT OCH, MOXKET CYyI€CTBOBATH TOJBKO OJHA aHATUTHYECKad (DYyHK-
nud f(2) KOMIJIEKCHOMN [IepeMeHHOM 2, IPUHUMAIOAs JaHHBIE 3Ha~
vyenus f(x) Ha orpeske [a,b]. Hazsosem dbyukumio f(z) anasumuue-
cxum npodossicenuem gynxuyuy f(x) deticmeumenvroli nepemenrol
T 6 KomMnaexcHyo obaacms G.

ITepeiizeM K pacCMOTPEHHIO NPUMEPOB MOCTPOEHUS AHAJIUTHYIE-
CKHUX POIO/IKEHUI 3/IeMEeHTaPHbIX (DYHKIMI JeCTBUTENILHOMN Iepe-
MenHoit. Cpeau sneMeHTapHBIX DYHKIMA eCTBUTEILHON TIepeMeH-
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HOM 0c06yI0 pOJIb MTPAIOT TIOKa3aTelbHas GYHKIUS ¥ ¥ TPUroHO-
MeTprueckue dbyHKIHH sin z u cos &. Kak uzsectro 1), st dyHKIME
MOTYT 6BITH 33JaHbI CBOMMHM Da3IOXKeHHSIMU B pAAbI Teitmopa:

s X3
=) =, (3.1)
0 " 2n+1
sing = g(—mm, (3.2)
i 2n
cosg = 7;0(—1)"(‘;—11)!, (3.3)

npu4veM 3TH PAABl CXOAATCA IIPDU BCAKOM 3HAYCHHUH I.
Pa,CCMOTpI/IM H3 KOMILIEKCHOM I[LJIOCKOCTH areaymoumuye CTeleH-
HbI€ pAABI:

= (3.4)
n=0
i(_l)nﬂ (3.5)
— @+ 1) :
S 2n
Z(—l)"(‘;—n)!. (3.6)
n=0

IIpu peitctBuTeNBHBIX 2 = ¢ BblpaxkeHus (3.4)—(3.6) u (3.1)—(3.3)
COOTBETCTBEHHO COBIIAIAOT.

Kak cienyer u3 TeopeMbl AGens, 0b/IaCTbIO CXOAUMOCTH PSATOB
(3.4)—(3.6) sBsIETCS BCS MIIOCKOCTH KOMILIEKCHOM TIEPEMEHHOM, T. €.
STH PLABI IPEJCTABISIOT cobOl Iesible DYHKIMHA KOMIIJIEKCHOM ITe-
PEMEHHOI 2, SBJSIONINECT AHATUTHIECKUM MIPOJO/IKEHHEM Ha BCIO
KOMIIJIEKCHYO IJIOCKOCTH JIEMEHTAPHBIX QPYHKINH JeHCTBUTEIBLHOM
mepeMeHHoOM €®, sinx u cos . 1ng BBeAeHHBIX DYHKIN eCTECTBEH-
HO COXPaHHMTL mpexxuue obosHadenusd. Ilomoxum

oo n
2z
n=0

. et n z2n+1
sinz = ZO(—l) m, (3.8)
cosz = Z(—l)" (;1:)!. (3.9)
n=0

D OrnpezesieHre H OCHOBHBEIE CBOMCTBA 3TUX (DYHKIMY JeACTBUTEIBHOM I1epe-
MeHHOM cM. BbII. 1.
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C nomorpio GYHKIUHE e mocTponM runepbonudeckue HyHKIANR
KOMILJIEKCHON IepEeMEeHHOM:

chy= L7 (3.10)
%8
shz = % (3.11)

B cuny obmux cBOMCTB aHAJOrHIeCKHuX (hyHKIN 3TH (DYHKINH TaK-
3Ke SBJIAIOTCS [EJIBIMHU.

AHanorayasiM 06pa3oM C MOMOINBI0 OCHOBHBIX TPUIOHOMETDH-
qecKuX hyHKUM Sin 2 ¥ cos 2z myTeM HOpPMATbHOTO MEPEHOCA B KOM-
TJIEKCHY10 00J1aCTh COOTBETCTBYIOIMX ONPeie/IeHHit MOTYT ObITh To-
sin 2z
1 cosz’
COSeCZ = —— W T. . DT DYHKIHUH yIKE He SABJISIOTCS IEJIbIMH, 110~

CKOJIPKY FX aHAJUTHUYHOCTH HAPYILIAETCHd B TeX TOYKAX IJIOCKOCTH
%, TLle 3HAMEHATENIN OIPEeIeISIONINX UX BhIPaKeHUH o6palnaoTcs B
HYJIb.

Kak Oyzer mokazaHo HHUXKe, IJid BCEX NMOCTPOEHHBIX (DYHKIIHM
KOMILJIEKCHOU MepeMeHHOR COXPaHSIOTCS MHOTHE OCHOBHBIE CBOU-
CTB3, COOTBETCTBYIOIIUX 3JIEMEHTAPHBIX (PYHKUHH AeHCTBHTENLHOM
[epeMeHHOM. DT0 OyAeT yCTAHOBJIEHO HA OCHOBAHHH HEKOTODBIX 00-
LIUX IIOJOXKEHUY, a ceifyac Mbl IIOCTPOUM IIPOAOJIKEHUE Ha KOM-
IUIEKCHY0 00J1aCTh e1le ABYX 3JIeMEeHTapHbIX DyHKIui. PaceMorpumM
CIeNYIOIINe CTeIeHHbIE PAABI:

CTPOEHBI U OCTaNbHbIE TPUTOHOMETpHYIeCKHe (PYHKINK: tg 2z =

Y (-yrres 1t (3.12)
n=1 n
1 oo
1-3...(2n— 1)z 1!
Tt 2_4: on -n!?2n +?) : (3.13)

Kax n3BecTHO, mepBblit psaxl) cxomures B uuTepBate 0 < z < 2, a
BTOpO# — B MHTepBale —1 < £ < 1 K GYHKIUAM AeHCTBUTENLHON
nepeMenHo# In £ 1 arcsin £ coorBercTBeHHO. KaK JIErKO YCTAHOBHUTS,
CTEMEHHBIE PIbI

i(—l)”_l—(z —1° (3.12")

n
n=1

2+ Z — D (3.13")

2“ n‘(2n +1)

1) Cm. B 1, rOe mpuBeneHo pasmoxerue In (1+y), 3amena y = ¢ — 1 maer
(3.12).
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CXOZSATCS, IEPBBI — BHYTPM KpyTa |z — 1| < 1, a BTOpO#t — BHyTpH
Kpyra |z| < 1 ¥ Ha COOTBETCTBYIOIMX OTPE3KAX IEHCTBHTENBHOM
ocu coBmagaror ¢ psapamu (3.12) u (3.13). IlosTomy ananuTHIecKue
DYHKIMH KOMILIEKCHOR TIEPEMEHHOMR 2, ONPEAETIEeHHBIE C TIOMOIIBIO
pazos (3.12) u (3.13') BHYTpPH MX KPYrOB CXOAMMOCTH, SIBJISIOTCS
AHAJIUTUYECKUM IPOIOJIKEHUEM HA COOTBETCTBYIOILYI) KOMILIEKC-
HyI0 00J1aCTh 37eMeHTapHbIX dyHKnuit In x u arcsin z gelicTBUTEND-
HoO# nepemenno x. s aTux HyHKUMHE MBI TAKXKE COXPAHHM [IPEXK-

Hue 00O3HAYEHHS, TOJIOXKHB
oo

Inz=Y (-1t E=10 (3.14)
n=1
-3...(2n — 1)z !
27 - nl(2n + 1)

oo
arcsinz = z + Z L (3.15)
n=1

OrmetumM, uro dyskuuu (3.14) u (3.15), B oTiM4me OT BBeHAEH-
HbIX Bhlme (yakumit (3.7)-(3.9), yxke He ABIAIOTCH UeNbIME DYHK-
UMY, TaK KaK OLMPEAEJISIOLIME UX PALBI CXOAATCS HE HA BCeH KOMII-
JIEKCHOH! ILJIOCKOCTH, & JIMINb BHYTPH KPYIOB €QUHUYHOLO Dalyy-
ca. CpoiicrBa 3Tux QyHKIME TakKe ByAyT PACCMOTPEHBI HECKOJIBKO
no3xe. OTMeTuM TOIBKO, 4TO dyHKuus (3.14) B kpyre |z — 1] < 1
COBIAJAET C BBEOEHHOU HMHBIM cmocoboMm B . 1, c. 49, dyukiuei

z

d
Inz = f ?C, TaK Kak o0e 3TH aHauTHIeCKHe HYHKINM OLpemesie-

1
HBI B YKAa3aHHON 00JIACTH ¥ COBIAJAIOT Ha ODWIEM MHTEpBaJe nei-
cTBUTENBHOM ocu 0 < = < 2 ¢ omuoi#t ¥ Toi xke pyHKumei Inz.
ITosTomy mys obenx (PYHKIME MBI HCHOJIB3YyEM OZHO H TO Ke 000-

z
sHadenne. Tem cambiM u dyHkuus f(z) = f dC_C’ olpeneseHHas
1

Ha KOMILJIEKCHOHM IIJIOCKOCTH 2, Pa3pe3aHHO’ 110 OTPHUILATEJBHON 4a-
CTH efICTBUTENHHOU OCH, IBJISETCH AHAJTUTHIECKAM IPOJOIKEHUEM
dyHKIEK In £ HA COOTBETCTBYIONYIO 06JIACTD.

B zaksrouenue 3ameTuM, 9T0 eyl byHKIEs f(z) AeficTBUTEND-
HOM IlepeMEeHHO T 3aaHa CBOUM CTEIIeHHBIM PAI0M

f(@) = an(e - z0)", (3.16)
n=0

CXONSIUMCST Ha OTDPE3Ke [a,b], TO CyIECTBYeT AaHAJMTHUIECKAS
dbyukmma f (z) KOMILJIEKCHOI NEepEMEHHON 2z, ABJIAIONIAACA aHAJM-
THYECKMM TPOJOKeHHeM f(Z) B KOMIUIEKCHYO obsiacts G, comep-
JKAIILYI0 OTPE30K [a, b] NefCcTBUTENBHON OCH. YKA3aHHOE OOCTOATEN b
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CTBO TIO3BOJIZET HA3BIBATH (DYHKIUHUIO JEMCTBUTENBHON TTepeMeHHO
f(z), npencrasumyto paaom (3.16), anammrudeckoi dbyuknueit. Ha-

TTOMHHUM 1), ur0 (QYHKUHES NeHCTBUTEILHON MEPEMEHHOH, MpPencTa-
BUMas Ha OTpe3kKe [a,b| cremenubiM pagom (3.16), mMeer Ha sTOM
OTPE3Ke MPOM3BOLHBIE BCEX MOPAIKOB. OUeBHIHO, AHAIUTHIECKUM
TIPOJOKEHNEM TTPOU3BOIHOM f (n) (z) B 0bnacTh G sBIIsIETCS TIPOM3-
BomEaz f(™(z).

2. IIponmosmxenuwe cootHomneHmii. Ilepefinem k paccmo-
TPEHUI0 JAJbHEHIUX C/IeJCTBHH U3 TEODEMBI O E€IWHCTBEHHOCTU
OTpeZiesIeHNs AHAJUTHYECKO! (yHKOuH. DTa TeopeMa IO3BOJILET
HE TOJIBKO CTDOUTHL AHAJUTHYECKHWE IPONOIXKEHHNI 3TEMEHTADHBIX
GYHKINE JEACTBUTENBHON MEPEMEHHOM, HO U GHAAUNMUYECKY TLDO-
00A2HCAMD 8 KOMNAEKCHYIO 06AGCTID COOMHOULEHUA, IMEIOIIIE MECTO
MEXIY COOTBETCTBYIOIIMMU (DYHKIUIMHA JeHCTBUTENBHOM TIepeMeH-
Hoit. B KadecTBe THNMMYHEBIX IPUMEDPOB DACCMOTDHM, BO-IIEPBLIX, CO-
OTHOINIEHNS BUAA

sin?z 4 cos? ¢ = 1, (3.17)
eln? = g (3.18)
1, BO-BTOPBIX, COOTHOLIEHNS BHIA
el - %2 = P12, (3.19)
cos (z1 + T2) = cOSZ1 - COS T2 — SInzy - sinTg. (3.20)

Coorromenus (3.17) u (3.18) ycraHaBIMBAIOT CBA3b MEXAY Da3-
JIUYHBIMA (DYHKIUIMHA OJHON LeHCTBUTENBHOMN TEPEMEHHOM; B COOT-
Hourenus (3.19) u (3.20) Bxomar OYHKIUM HECKOIBLKUX TEPEMEH-
HBIX. DTO OZHM K3 OCHOBHBIX COOTHOIIEHWH [JIS 3JEMEHTAPHBIX
byHKIU# AEHCTBUTENBHBIX EepEMEHHBIX. ECTeCTBEHHO MOCTABUTH
BOIIPOC: OCTAHYTCS JIH OHHM CIIPAaBEIJIMBBIMA I QHAJIUTHUIECKHX
TIPOJOIKEHHH 3JIEMEeHTAPHBIX (PYHKIMA B KOMILUIEKCHYIO 06JacTh?
YeranosuM, uro ToxaecTso (3.17) ocraercd CIpaBeNJIUBLIM U B
KOMILIEKCHOM obmactu. lng sToro paceMoTpuM byHKITHIO

F(z) =sin®z + cos®z — 1
KOMILIEKCHOM TiepeMenHoit z. CoriacHo ob1ITM CBOMCTBAM aHAJIMTH-
yeckux pynkumit (cM. 1. 1, c. 36) F(z) apasgerca uesoit dyHxUmelH
z, IpUYeM JJid JeHCTBUTENbHBIX 3HadeHWA z = z (B cuiy (3.17))

F(sc) =0. Orcroma 1o TeopeMe eIUHCTBEHHOCTH MBI B IIOJIYYHM, UTO
Ha BCell KOMIIJIEKCHOM IIJIOCKOCTH 2 BBLIIIOJIHSIETCS COOTHOIIIEHHE

224 cos’z=1. (3.21)

IlonobHble ke paccMOTPEHHS MOTYT OBITH MPOBEIEHBI M OIS JTOKa-
3aTEIBCTBA, CIPABEMJIMBOCTH B KOMILIEKCHOU O6GJIACTH BBIPAXKEHUS

sin

1) Cm. Bom. 2.
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(3.18) 1 APYTUX COOTHOIIEHMUI, CBA3BIBAIONINX PA3INYHbIE AHAINTH-
yeckue (pyHKIMH OZHON KOMILIEKCHOM mepementoit. OIHaKo HeT Hy-
KOl KaXKIbI pa3 IpOBOMUTD CIIEIUATILHOE NCCIIEIOBAHNE, 8 MOXKHO
cchopMyrpoBaTL OBIIYI0 TEOPEMY.

Ilycrs nana dynkims Flwy, ..., wy,] KOMIJIEKCHBIX II€DEMEHHBIX

W1, ..., Wn, AHAIATAYECKAS 10 KaXK 0N IepeMeHHOMA 1) w; € D; u Ta-
Kasi, 9TO OHA CaMa U ee YaCThle IIPOU3BOIHBIE g—i — HEIIPEPHIBHEI 10
COBOKYIIHOCTH IIEPEMEHHBIX W1, . - . , Wy OBIAJAI0IIYI0 YKA3aHHBIME
ceoficrBamu byukumo Flwi,...,wn] OyJeM Ha3bIBATH aHAIWTHYE-
CKO# (byHKIHEH MHOTUX KOMILJIEKCHBIX IIepeMeHHBIX. IlycTh JaHbl 1o
dyuxunit f1(z),..., fn(2) KOMILIEKCHOH IEpEMEHHOH 2, OIIpe/IesIeH-
Hble B 00J1acTH § KOMIUIEKCHOHN IJIOCKOCTH 2, npuueM fi(z) € D;.

Byznem rosoputsh, uro dyuKImE f;(2) yAOBIETBODSIOT COOMHO-
wenuo F(f1(z),..., fn(2)] = 0 Ha MHOXKecTBE M, ecim 310 COOT-
HOIIIEHNE YAOBJETBOPSETCS BO BCeX TodUKax z € M. B manmbmeitieM
6yJeM pacCMaTPUBATh COOTHOIIEHHUSI, 33JaBAEMbIe TOJILKO AHAJIMTH-
YeCKUMH (DYHKIUSMA MHOTMX KOMILIEKCHBIX IepEMEHHBIX. VMeer
MECTO

Teopema 3.1. Ecau pynxyuu fi(2) aeasomea anasumusecku-
MU Pynkyuamu z 6 obaacmu G, codeporcawet ompesox [a, b% deti-

cmeumeavholi ocu T, mo u3 coomuowenun Ffi(z), ..., fo(z)] =0
npu a < ¢ < b caedyem coommowenue F(f1(z), ..., fa(2)] = 0 npu
z€Qg.

JoxkazarTenscTso. ra 1oka3aTeasCTBa TEOPEMBL J0-
CTATOYHO MOKA3aTh, YTO MPH C(HOPMYIUPOBAHHEIX YCIOBUSX (DYHK-
must ®(z) = F[f1(z), ..., fn(z)] apngerca anamurudeckoii byHk-
nuefi KOMILIEKCHOM IepeMeHHOH 2z B obmactu §. /lokasaTeancTBo
OpOBEEM IS CJiydasi ABYX IEPEMEHHBIX wj, T.e. Korgma ®(z) =
= F[fi(2), fo(2)]. Pukcupyem B 0b6nacTit § NPOU3BONBLHYK TOYKY
29 € G u obozrawaem f1(z) = wd u fo(z9) = wl. Cocrapum BrIpa-
JKEHHUe

(20 + Az) — (20) = Fluw? + Awy, wd + Aws] — Flw?, wl], (3.22)
rae Awp, Awsg cyTh npupamnernsa byuknuit fi1(z) u fo(z), coorser-

1) HazoBeM byHKIHIO MHOIMX KOMILIEKCHBIX IepeMeHHBIX F(z1,...,2zn),
ONpeZeNIeHHYIO JJa 3HadeHu#t z; € D;, aHamuTudeckoit GyHKIMeH KaxkaoH U3
cBoux mepemeHHsx z; (t=1,2,...,m; m £ n), ecm upu mobom ¢ = 1,2,...,m
cootsercTeyomas dynkmua ®;(z) = P(2?,...,20 1,2, 2801,...,2%) ommoit
KOMILIEKCHOM TIEPEMEHHOA 2, IOy Tal0IIAAC TIPH IPOU3BOIBHEIX dukcuposan-
HBIX 3HAYEHHUTX OCTAJIBHEIX EPEMEHHbIX 2; = 7; (j # 1), ABAAETCH aHATUTHIe-
ckoii ¢pyHukiuet nanHoi nepemennoii. [IpousBonubie GyHKIMM <I>,~(zi) IO COOT-
BETCTBYIOLIUM I€épEeMEHHBIM 6yeM Ha3bIBATH YACTHHIMH NPOU3BOAHBIMA DyHK-
muu F(z1,. .., %n) MHOTMX KOMILTEKCHEIX IlepeMeHHEX ®;(2;) = w

1

ITonpobuee cm. Ilpunoxenue 3.
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CTBYIOIIME TIPUPANTeHNIO Az He3aBUCHMOM mepeMenHoit 2. Tak Kax,
IO IIPE/IIIOIOXKEHHIO, CYIIEeCTBYIOT YacTHbIE IPOM3BOIHEBIE OYHKITUN
F'| HetlpepHIBHBIE TI0 COBOKYIIHOCTH TI€PEMEHHBIX, TO (3.22) MOXHO
peobpa3oBaTh K BHIY

OF , 0 0
D(z9 + Az) — B(29) = ~—(wi, wy + Awa)Awn+

6w1

+mAw; + g—i(w?’ w3) Awsg + 1 - Aws, (3.23)

rae GYHKUMK 7)) 1 7)o OeCKOHEYHO Mauyibl pd Aw; 1 Aws, CTpeMs-
IMXCs K HyJ0, a TeM camMbiM u mipu Az — 0. CoctaBuB Temneps

Ad "
PA3HOCTHOE OTHOIIEHHE —— U TIePeH/Is K TIpejieNy Npu Az - 0, B
z

CUJIy HeIPephIBHOCTH YaCTHBIX IPOM3BOJHLIX (YHKIUHE F 10 COBO-
KYIIHOCTH II€PEMEHHBIX, IIOJY YUM
®(20 + A2) —®(20) _ OF , 0 0

. 0 OF 0
AI;IEO . %(wb%)f{(%) + a—w(wbwﬁfﬁ(zo),

YTO ¥ JIOKa3BIBAET CYIIECTBOBaHME Npou3BogHoi ®'(2g) B Touke 2.
B cuity cnenmanmeix npegmnonoxenudt dynxmua $'(z) menpeprisHa, B
TOYKE 2y, & TaK KaK 2y — NPOU3BOJIbHAS TOYKA 00JacTH G, OTCIOma
U crefyerT aHaIUTWYIHOCTH dyHKImH P(2) B obmactu G. B wryuae
Bospltero umucIa MepeMEeHHBIX w; JOKa3aTeIbCTBO TPOBOLUTCH CO-
BEDILEHHO AHAJIOTHYHO.

Teopema, 3.1 o3BONIAET AHAJUTHICCKH IIPOJOIKATE B KOMILJIEKC-
HyI0 00J1acTh cooTHOIneHus Buaa (3.17), (3.18) mexay snemeHTap-
HBIME (DYHKIUAMHA OJHOM ITeHCTBUTEILHOM IepeMeHHOM, 4TO CyIme-
CTBEHHO [IJIT W3YYEHHs DA3JIMIHBIX CBOMCTB 3JIEMEHTAPHBIX (PyHK-
M KOMILIEKCHOM nepeMenHO0#. COOTBETCTBYIOIIHE IpUMEPE] 6y Iy T
[IPUBEIEHBI HIXKe, 3 37eCh OrPAHMYAMCS JIUIIH CJIeLYIONIINM 3aMeva-
HHeM K Teopeme 3.1.

Caedcmeue. Ecau svinoanens: ycaosus meopemst 3.1 u dynx-
yuu fi(z) coomsemcmeenno pasnw: fi1(z) = f(z), fo(2) =

= f(2), -+. s fas1(2) = fP)(2), mo u3 coomnowenus

Flf(z), ..., f™ ()] =0 npu a<z<b (3.24)
caedyem

Flf(2),..., f™()] =0, zeg. (3.25)

DTO0 03HAYAET, UTO €Cau DYHKIHNS JeHCTBATENBHON [I€pEMEHHOMN
f(z) aBnsierca pernennem nuddepennuanbHOro ypasHenus (3.24),
TO €e aHAJMTHYECKOe Ipojoykenue f(z) B obiacTe G yIoBIETBO-
psieT B 3T0# obnactu muddepeHImaATbHOMY ypaBHeHu o (3.25), saB-
JSIOMEMYCS aHAJATUYECKAM MpPOLO/KeHHeM ypaBHenus (3.24) B
obnacTs G.



90 AHAJIUTUYECKOE IMPOJOJI2KEHUE I'JI. 3

ITepeitmem Temepb K 0O0OCHOBAHUIO AHATUTHYIECKOTO IIPOIOJINKE-
Hus cooTHomeHu# Buaa (3.19) u (3.20). M He 6ymem paccmarpu-
BaTh KaXKJOe U3 3THX COOTHOIIEHUN B OTAEJIBHOCTH, & Cpa3y cdop-
MYJIEPYEM OOIILYI0 TEOPEMY.

Teopema 3.2. IIyemv Ppynxyuu w1 = fi(21), ..., Wn = folzn)
ABAAOMCA GHEAUTNUNECKUMY PYHKUUAMY KOMNAECKCHOT NEePEMeH-
HOT 21, ..., 2n 68 00aacmazr Gi, ..., G, co0eporcaususr ompesxu
[ai,b;]) (i = 1,..., n) deticmeumeavnoti ocu z. Iycmov Pynxyus
Flun, ..., wy] asasemea anaaumusecrot gynxyued no £ascdoli us
NEPEMERHBT W1, - .., Wy 8 00aacmu ur usmenenus. Toeda u3 co-
omuowenun F[fi(z1), ..., fulzn)] = 0 npu a; < z < b; caedyem
coomnowenue F[f1(z1), ..., fn(zn)] =0 npu 2; € G;.

JokasarTeabcTs o. id H0Ka3aTeIbCTBA, TEOPEMEI
buKCHpyeM 3HAYEHWS INEPEMeHHBIX To = T3, ... , Tnp = To
U paccMoTpuM (DYHKIWMI KOMIUIEKCHOH mnepemenuoit ®1(z1) =
= Flfi(n), 2aD), .., fu(aD)]. Dra dymxms, xax croxma
GYHKIMS KOMILIEKCHO® LEPEMEHHONX 21, B CHWIYy YTBEDPXKIe-
Hug 1. 1, c¢. 36, sABAfeTCH AHAJUTHUECKOM YHKIHeH KOMII-
JIEKCHOM TmiepeMenHo#t 21 € Gy. Ilosromy mo TeopemMe 0 equH-
CTBEHHOCTH OIDEJAEJIEHUsS AHAIUTHICCKOX (YHKIMHA H3 COOTHO-

merus F[fi(z1), f2(29),..., fn(@2)]=0 mpm a; <z1<b cie-
ayer F[fi(z1), f2(23), ... ,fu(22)]=0 mpm 2 €G;. 3amermm,
4TO OTCIONa B CHJIY IIPOU3BOJBHOCTH IJ,...,T5 BEITEKAET, HTO
F(fi(=1), fa(z2),. .., fn(zn)] =0. Pukcupyem Temepb IpPOU3BOIL-
HOE 3Ha4YeHWE KOMILIEKCHOM IIepeMEeHHOH z?egl U DPacCCMOTPUM
byrxmmo ®a(22) = F[f1(20), f2(22), f3(23), .. , fu(zd)] xOoMILIEKC-

HOIt mepeMeHHO# 29 € Go. Tak xe kak u Pi1(21), bysrnua Pa(29)
ABJISAETCH aHAJUTHIECKOM GYHKIMe#d MmepeMeHHON 29 € Go. Ilo-

sTomy m3 coornomenns F[f1(29), fa(za), f3(23), ... ,fn(z3)]=0
npn ag < 72 < by crenyer F(fi(2)), fa(z2), f3(23), - , fu(2])]=0
npu 22 €Gs. B cmiy mnpomssombHOCTH BEIGOpa 20 MBI TO-
gyamM, aro coorromernue F[fi(z1), fa(z2), f3(23),..., fa(zd)]=

npu a1 <x1 <0, ag<zo<by Baeuer 3a coOOH COOTHOIIEHHE

F[fl(zl),f2(z2),f3($(3)), ’fn )]_0 Ipu zlEGl, zQEG2

IIpomomxkas aHAJIOrMYHBIM 00Pa30M, MBI B JOKAXKEM TEODEMY.
3aMeTuM, YTO MOKA3ATEILCTBO TEOPEMBI HE 33BHCHUT OT B3AHUMHOTO
pacIosoXxenus odmacteit G;.

Teopema 3.2 mO3BOMIAET CTPOUTH AHAIUTHYUECKUE IIPOIOIKEHUS
coorrommenuit Buga (3.19) u (3.20). PaccmoTpuM, Hanpumep, COOT-
somenwue (3.19) u BBesieM DYHKIMHE Wi, Wo, W3 KOMILUIEKCHBIX IIEPE-
MEHHBIX 21, 29 U 23 = 21 + 29:

wy =€, wy=e®, w3=e? =T, (3.26)
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PaCCMOTpI/IM (byHKILI/IIO TpeX KOMILIEKCHBIX IIepEMEHHBIX
F[’U)l, ’(1)2,’(1)3] = w3 — w1 - wy. (327)

[Mockonbky dyukunm (3.26), (3.27) apasgiorca ueabiMu byHKIHS-
MH CBOMX IlepeMeHHEIX, a F' = ( 1upm 21 = 1, 22 = T2, 23 = I3
(—00 < z; < 00), TO BBHINOJIHEHBI BCE YCJIOBHS TEOPEMHI 3.2, 9TO M
JIOKa3bIBAET CIIPABENJIMBOCTD COOTHOIIeHns (3.19) npu r0bbx 3Ha-
YeHUAX KOMILTEKCHBIX ITEPEMEHHBIX 2] U 22.
3. CaoiicTBa 3teMmeHTapHBIX QpyHKIuii. [lepeiizem Teneps
K BoJIee JeTANBHOMY M3YY€HUIO OCHOBHBIX CBONCTB BBEJIEHHBIX BHIIIE
3JIEMEHTAPHBIX (DYHKIHM KOMILUIEKCHOMH tepeMenHoi. B cuty Teopem
3.1 u 3.2 npy BcexX 3HAYEHWAX KOMILIEKCHOH MepeMeHHOH 2 MMEIOT
MECTO COOTHOIIEHUS
sin® z + cos? 2z = 1, (3.28)
ch?z —sh?z=1 (3.29)

W IpYTHEe I3BECTHBIE TOXKIECTBA, JJI DA3JIHIHBIX TPUTOHOMETpHYe-
CKUX U runepbonnuecknx (QYHKUWH OZHON KOMIUIEKCHOM IEPEMEH-
Hoit. TakKe MMEIOT MeCTO COOTHOIIIEHHS

eF1 12 = ¢%1 . %2, (3.30)
sin (21 + 29) = sinz; cos 29 + cos 21 sin 29, (3.31)
cos (21 + 29) = €08 21 COS 29 — sin 21 sin 29 (3.32)

U IpyTHe TPUTOHOMETPHUIECKHE (DOPMYJIbI, SBJIAIONINECT AHAJINTH-
YeCKHUM MPOLOIKEHNEM B KOMIUIEKCHYIO 00JIACTEL HU3BECTHBIX COOT-
HOIIIEHUH I 3JIEMEHTAPHBIX (PYHKIUH AeHCTBUTEILHON TepeMeH-
HOH.

YcTaHOBHM CBS3b MEXIY IIOKA3aTEJbHOM M TPUTOHOMETpPHYE-
cKuMH DYHKIHIMUA KOMIUIEKCHOH nepemeHHO#M. [l 3TOro BepHeM-
s K BeIpaxkenuio (3.7) musa dyHKuuu e® u cesaeM B HEM 3aMeHy
nepeMeHHO#, mojoxkuB 2 = £{. Torma

o n
e = E ns
n!

n=0

PazbuB nocieanuit abCOMIOTHO CXOOSIMUICT Pl Ha CYMMY IBYX Dsi-
JIOB, TIOJIYYUM

Z(_ et C2n n C2n+1
€ _Z( 1) (2n +ZZ (2n+1)"

e = cos¢ + isin(. (3.33)

O4eBHIHO, 3TO TOXKAECTBO MMEET MECTO JJIS BCEX 3HAUEHHIA
KOMILJIEKCHO! IlepeMeHHoit (.
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CooTromenve (3.33), ycTaHABIMBAIOLEE CBS3b MEXIY MOKa3a-
TeJIbHON M TPUTOHOMETPHUYECKUMH (DYHKIUSIMHU KOMIUJIEKCHOM Iepe-
MEHHOI, HOCHT Ha3BaHue gpopmyavs Ftaepa. VI3 Hero cienyor Bech-

Ma, BaxKHbIE [JIsI IPHTIOXKeHuH hpopMyTs! 1)

cosz = %(e” + e7%) (3.34)

sinz = 2%,(6” —e7%). (3.35)

C momompio stux ¢dopmyn u dbopmyn (3.10), (3.11) smerko ycra-
HOBUTD CJIEAYIOLE COOTHOLIEHN S, CBA3BIBAIOIIME TPUTOHOMETPHYE-
ckue ¥ runepbosndeckue GyHKINN KOMILJIEKCHON MepeMeHHOM:

sinz = —ishiz, cos z = chiz. (3.36)

B gactHOCTH,
siniy = ishy, cosiy = chy. (3.37)
YeTaHOBHM €Ie HEKOTODbIE BaXKHBIE CBOIMCTBa DacCMaTPHBae-

MeIx ¢yukumit. [IpegBapuTensHO 3aMeTUM, YTO B CHIY (POPMYJIEBL
(3.30) uMeeT MeCTO COOTHOILIEHUE

w=e* ="t = . W, (3.38)

Orcropa ciemyer, uro |w| = € u argw = y.
z

d¢
PaccmoTpuM Temeps yuKIHI0 w = lnz = I ABJIAIONIYIOCS

0
AHAJHTHYECKHIM IIPOJOIKEHHEM InZ Ha KOMIUIEKCHYIO ILIOCKOCTD,
Pa3pe3aHHYIO 110 OTPHULATEIBHON YacTH meficTBHTENbHON ocu. Tak
KaK [JIs OeHCTBUTENbHBIX MOJOXHUTEILHBEIX £ QYHKUMS Inz sBis-
ercd 0bpaTHOM SKCIIOHEHTE, TO B CHJIy TeopeMsul 3.1 B obactu —7 <
< arg z < ™ COXPaHSETCHI COOTHOIIEHUE

Pz = 2, (3.39)

ABJIFIOLIEECd aHAJUTHIECKUM MIPDOAOI2KEHHNEM COOTHOIICHUA elnz =

=z (z > 0) B KoMruIeKCcHyI0 obaacTb. Tem cambiM dyHKuMS In 2z
asagemca 06pamuod k¥ pynxyuu e”.

Ormetum Baxkuoe cieacreue popmyis (3.39). B cuny aToit dop-
MyJsibl 1 popmysl (3.38) U3 cooTHOmEHNs w = u+1v = In z cnexyer

z=¢" =" =¥ . ™. (3.40)
Orcropa |z| = €%, argz = v, a TaK KakK u U |z| — meficTBUTENIbHEIE
[epeMeHHBIE, OKOHYATEIBHO MOy IUM

u =In]|z|, v = arg z, (3.41)

1) HamoMeuM, 9T0 B Iv1. 1 MBI C ITOMOIUBIO STHX GOPMYJI OIpeJeIIITH bYHKIUA
COS z ¥ §in z, a TakXe (OPMaBLHO BBEJIM COOTHOLIEHUE Jitepa.
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rae cuMBOM ln|z| o3Hauaer MEHCTBUTENBHYIO JIOTapU(PMHUYECKYIO
GbyHKIMIO TefCTBHTEIHHOTO IONOXKUTEILHOIO apryMenTa. TeM ca-
MBIM I (hYyHKIUY KOMILJIEKCHOHN IepeMeHHO#M In z momyymMm asre-

Opan4ecKyo POpMY 3aIUCH B BHILE
Inz =In|z| +iargz. (3.42)
U3 (3.42) momyunm 3Havenus: Ini = i%, In(1) = 0, In(—3) = —i%,

In(1 + 1) =1n\/§+i§ UT I
AnanoruyupiM 06pa3oM Ha OCHOBAHMK TeOpeMHl 3.1 HeTpymHO

[0Ka3aTh, 4TO U PYHKIKS arcsin z, onpeznesnennas dpopmyoii (3.15),
apigercd 00paTHON K (PYHKIMH Sin Z, T. €.

sin (arcsin z) = z. (3.43)

Brime 6bl1a yCTAHOBJIEHA CBA3b MEXKJY [OKA3aTeJIbHOU U TpH-
roHOMeTprueckuMu pyHKuuamu. OueBraHO, U GYHKIME, 0OpaTHLIE
K JaHHBIM, HapUMep ln z u arcsin z, TaKXKe CBSI3aHBI MEXy COOOH
OIPEEEHHBIMYA COOTHOIIEHUSIMH.

B cuny (3.43) w3 BeIpaxkeHus w = arcsinz ciexyer z = sinw,
9T0 corsacHo (3.35) MOXKHO LepenucarTsh B BUZE
(e — e7) (3.44)

e? — 2ize™ —1 =0. (3.45)

Paspemns kBajpatHOe ypasHenue (3.45) oTHocHTenbHO € momy-
9UM

z =
0%}

e =iz ++/1— 22 (3.46)

Mbl He numimeM 3HAK + Hepen KOPHEM, MOTOMY YTO (DYHKIIHS
V1 — 22 KOMILIeKCHOIt IepeMeHHOIt 2z caMa, SBJISeTCd MHOTO3HAYHOM
dyuxumeit (cm. ru. 1, ¢. 30). Bribop BeTBH MHOrO3HAYHON DyHKUHHA
V1 — Z2 31ech IPOM3BOAUTCH M3 YCJIOBHUS, YTOBHI PACCMATPUBACMAST
dbyHKINA w = arcsin z ABAAIACH AHATUTHYECKUM IIPOLOIKEHUEM
COOTBETCTBYIOIIEN (DYHKIMKA OEACTBUTENBbHON nepeMentoit. U3 no-
CJIETHETO YCIOBUS CHEAYET, YTO JOMKHO OBITH B3ATO TO 3HAYEHHE
KODHS$, KOTOPO€ HOJIOXKUTEIBHO IIPU ITOJOXKUTEIbHBIX JeHCTBATE b
HBIX 3HAYEHHSX IOAKOPEHHOro Bhipaxkenus. 113 (3.39) u (3.46) cie-

Lyer
iw=Inliz+ V1- 22,
OTKY/a OKOHYATEIBHO IOJIYIuM
w = arcsinz = —iInfiz + V1 — 22]. (3.47)
DTO BBIpaXKEHWE HA [IEPBLIH B3I AOBOJIBHO CJIOXKHO, X HEBOJIBHO
BO3HUKAET COMHEHHE, JAeT JIX OHO, B YACTHOCTH, NEHCTBUTENIbHBIE
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3HAYEHUs arcsinz Iid AeHCTBUTENbHBIX 3HAYEHHN z = I, yIOBJe-
TBOpsifoux yorosmio || < 1. OxHako COMHeHWe HETPYIHO pacce-

atb. O6osnaguM ¢ = 1z + V1 — 22. g #efiCTBUTENBbHBIX 3HAYE-

HU#l z = z, ypoBrerTBopsomux yciaosuio |z < 1, momyunm [(| =

=+vVz2+1—22=1uarg( = arctg \/% = arcsinz. OTcroga B
-

cuny dopmynsr (3.42) umeem —iln¢ = —i[lnl +iarg(] = arg( =

= arcsin .

Tak xax bysaknus (3.42) ompeznesieHa [jis BCEX 3HAYEHHUH CBOETO
apryMeHTa Ha KOMIUJIEKCHOU IJIOCKOCTH C PA3pe30M IO OTPHUIATEb-
HOIt 4acTu meficTBUTENBHON ocu, To dopmyna (3.47) maer aHasu-
THYECKOe MPOJOJIKEHMe (DYHKIMK arcsin z Ha HEKOTOPYH0 OOJIACTb
IIockocTH 2. IIpu 3ToM ToukM 2z = £1 OKa3BIBAIOTCH B OIPEIeJIeH-
HOM CMBICTIE 0COOBIME. deficTBUTENBHO, B PE3yIbTaTe 06X01a, 060
M3 3THUX TOYEK HA IJIOCKOCTH 2 110 3aMKHYTOMH KPUBOM, TPUHAIJIEKA-
11eil JOCTATOYHO MAaJIOR €-OKPECTHOCTH 3TOM TOYKH, [IPU HEIIPEPhIB-
HoM m3MeHeHNH (yHKuuu (3.47) OHA M3MEHWT CBOE 3HAYEHHE, TaK
KAaK TP OJHOKPATHOM 00x0me To4YkH 2z = 1 miau z = —1 ¢yuKIug

V1 — 22 usmensier cBoe 3navernne 1). [TosToMy B KadecTBe 06IaCTH
OIHO3HAYHOTO ompenesenns ¢pyukunn (3.47) moxker GbITH BHIGpa-
Ha, HAIPHUMED, TOJHAs IJIOCKOCTH 2 € Da3pPe3aMM BIOJb OTPE3KOB
JeficTBUTENBHOM ocu [—oo, —1], [1, 00].

4. OtobpakeHuda 3jieMeHTapHbIX ¢pyHKIMiA. B zakmoge-
HH€ JAHHOTO maparpada, MOCBAMIEHHOIO 3JIEMEHTAPHBIM (QYHKIIH-
M KOMILIEKCHOM NepeMeHHOH, pacCMOTPHUM HEKOTODBIE I'eOMeTDH-
JecKue CBOMCTBa O0TOOpaXKeHWi, OCYIIEeCTBIIEMBIX STUMHA (DYHKIIH-
ami. HaureM ¢ mpocTemx mpruMepos.

IIpumepl. B l6bua paccMOTpeHa IPOCTERIIAS CTEIEH-
Hasg GyHKIUS w = z°. PaccMoTpuM Temepb 0ToGpakeHHUe, OCYIIe-
cTBIsgeMoe (pyHKIHEH

w=2", (3.48)

TIe n — IPOU3BOJIBHOE IeJI0e YUCI0. DTa (PYHKIMSA, OYEBAIHO, STB-
Jgsgercd nenoit dyukuueit. s n3ydyeHnd reoMeTPHIECKHX CBOMCTB
ee oTobparkeHus yIoOHO BOCIIONB30BATHLCA IIOKA3ATENIbHOM (PopMoit
3aIIICH KOMILIEKCHBIX dhcel: z = pe’, w = re = pe™ u3
KOTOpO# cjiemyeT, 4To 060l cekTop 2) ¢ EeHTPAJILHBIM YIVIOM (¢ =
= 2™ gnockocru z JaHHON (yHKIHEH oTobparkaeTcd Ha MOJHYIO

n
ILIOCKOCTDb w. PasnmyHble BHYTpPEHHME TOYKH 3TOTO CEKTOpPa OTO-
OpaxkaloTcsa Ha pa3iNYHble TOYKH TUIOCKOCTH w. IIpHM 3TOM T'paHU-
LBl CEKTODA MTEPEXOAAT B OAMH H TOT XKe JIy4 Y = g Ha IJIOCKOCTH
w. s ycTaHOBJIEHHS B3aMMHO OJHO3HAYHOTO COOTBETCTBHS MeXK-

1) Cm. c. 31 - 32.
2) 3xecs mox CEKTOPOM MBI IIOHHMAEM 3aMKHYTYIO 06JIaCTh.
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ay 006JaCThI0 OMHOJHCTHOCTH (DYHKIHH 2" M IIJIOCKOCTBI0 w OyIeM
CYHTATH, YTO HA, IJIOCKOCTH W IIPOM3BELEH DPa3pe3 IO Jydy 1 = g
M TPaHHUI@AM JAHHOTO CEKTOPA IIJIOCKOCTH 2 COIIOCTABJIEHBI PA3JIAY-

Hble Gepera paszpesa. Hanpumep, cektop 0 < ¢ < 2% IJIOCKOCTH

z dyukumeit (3.48) orobpaxkaeTcd Ha IOJIHYIO IJIOCKOCTH W, IIPH-
4eM 0be T'PaHUIBI 3TOro cekropa, ayuu | m II ma puc. 3.1, mepe-
XOIAT B TIOJIOXKUTEIBHYI0 9aCTh JEHCTBUTEIBHON OCH M IUIOCKOCTH

2 4
w. CekTop — < p € — Takxke oToHpakaeTcs Ha TIOJHYIO ILIOC-
n n

KOCTh w U T. A. [losToMy reomerpuveckuit obpas dyHKimy w = 2"
[IPEJICTaBAAET COOOM IJIOCKOCTH W, IMOBTOPEHHYIO 7 pa3. Tem ca-
MBIM OTOOpaKeHHe MOJHOM IUIOCKOCTH 2 Ha IOJHYH ILUIOCKOCTH W,
OCYIIECTBJSEMOE JaHHON (DYHKIWMEH, HE SBJISAETCS B3aMMHO OHO-
sHaqHbIM. OHAKO €CITH B KAYECTBE TEOMETPHYIECKOro 06pasa PpyHK-

I//
u
gAY

Puc. 3.1

MY W PACCMaTPHUBATDL Hoiee CIIOXKHOE MHOTOOOpa3Ke, YeM 0OBIIHAS
KOMILJIEKCHAS ILUIOCKOCTb, MOXKHO COXPaHHTb B3aMMHYIO OJHO3HAY-
HOCTH oTO6paxkeHns. BymeM cuMTaTh, 9YTO MBI UMEEM 7 DK3EMILISA-
POB (JIMCTOB) IUIOCKOCTH W, PA3PE3AHHOM 10 IOJIOKUTENBHOM YaCTH
MEACTBUTEILHON OCH, HA KAXKIOM U3 KOTODBIX argtw M3MEHSETCHd B
npezpenax 2n(k — 1) < argw < 2wk, tme k = 1,2,...,n. Cexropy

2%(k —1)<ep< %k wiockoceTH 2 Gyrkuus (3.48) craBuT B COOT-

" 27
BETCTBHE k-if JINCT IIOCKOCTH W; JIyd ¢ = 7(k — 1) nepexomut B

" 27 "
BepxHuit Geper paspesa k-TO JUCTA, & Jy4 ¢ = —k — B HIDKHUIA
n

Geper paspesa 3TOro ke JHCTa. [loCTPOMM M3 3THX JIUCTOB HEIpe-
DPBIBHOE TEOMETPHUYECKOe MHOr000pasmne Tak, YTOOLI HEMPEPHIBHOMY
JBHXKEHUIO TOYKH HA IUIOCKOCTH 2 COOTBETCTBOBAJIO HENPEPHIBHOE
IBHXKEHNE TOYKM W Ha JaHHOM MHoroobpasmm. s sroro same-
THM, YTO HMKHHH Oeper paspesa k-To JHCTa U BEPXHHI Oeper pas-
peza (k + 1)-ro JMCTa UMEIOT OAMH U TOT XK€ apryMeHT ¢y = 27 - k.
Korza Touka z B cBOEM HEIPEPHIBHOM JBHKEHUH II0 ILIOCKOCTH 2 I1€-
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PEXOAUT U3 OJHOTO CEKTOPa B APYIro#, COOTBETCTBYIOLIASA €l TOYKA,
W TEPEXOTUT C OJHOTO JIUCTA, TIOCKOCTH W Ha, coceaunit mer. Oge-
BHIHO, 9TOOBI COXPAHUTD HENPEPLIBHOCTDL OTOODAYKEHU ST, MBI JOJIK-
HBI COEIMHWTDL COCETHHE JIMCTHI, CKJIECUBasd HUXKHUA Oeper paspesa,
k-ro sucra ¢ BepxuuMm Geperom paspesa (k + 1)-ro nucra. IIpu sTom
0CTalOTCA CBOOOIHBIMHU BEPXHHM Oeper paspesa 1-ro u HUXKHUA Oe-
per paspe3a 1n-To JUCTOB. [IycTh TOYKA 2 COBEPIIHUT HA, INIOCKOCTH Z
MOJIHBI 060POT BOKPYT TO4YKHK 2 = (), IOC/IeL0BATEILHO NPOHIAS de-
pe3 BCE T3 CEKTOPOB 3TOM IUIOCKOCTH, HAYMHAS C IEPBOI0 CEKTOPa, U
BEDHETCS K CBOEMY IEPBOHAYAJILHOMY IOJMOXKEHUI0. TOrma cooTrer-
CTBYIOIIAd el TOYKa w IPOUAET N JUCTOB, W, YTOOLI OHA BEPHYJIACDH
HA, IEePBLIA JUCT, HAJ0 CKJIEUTH OCTABABINHMECS CBOOOTHBIMHU Oepera
pa3pe3oB Ha, 1-M u n-M Jucrax. TeM caMbIM IIOJTHOM IIOCKOCTH 2
dyHKIES w = 2™ CTABUT B COOTBETCTBHE 71 JIUCTOB IJIOCKOCTH W,
CKJIEEHHBIX YKA3aHHBIM BbIIIe 00pa3oM. Takoe reoMeTpuIecKoe MHO-
roobpasue IpeICTaBIsgeT cOO0M YaCTHBIA Caydail TaK HA3BIBAEMOM
pumarosoti noseprrocmu. PyHKuusa w = 2" ABIAETCH N-JIACTHOMN

dyuKIHEH.
ITI p u M e p 2. PaccmMorpuMm oT0OOpazkeHue, OCYIIECTBIISEMOE
dyskimeit w = e®. U3 npexncrasnenus (3.38) ciexyer, 9to 3Ta

GYHKIHA KaXKIOMY KOMILIEKCHOMY YHMCIY 2 = I + 4y CTAaBUT B COOT-
BETCTBHE KOMILJIEKCHOE YHCIIO W, MOLYJb KOTOPOTO €CTh €7, a apry-
MEHT Y. DTO 03HAYAET, YTO MOKA3ATENbHAA (PYHKIMI W = e° mpou3-
BOZUT OTOGpaXKeHHe IPAMOR y = g IIJIOCKOCTH Z HA JIyd arg w = Yo
mwrockocTd w. Kak Jierko BUAETH, IMOJI0CA TJIOCKOCTH Z, OTDAHUYEH-

Puc. 3.2

Had OpaMbiMa y = 0 ¥ y = 27, nepefieT B IONHYIO ILUIOCKOCTb W,
[IpuYeM rpaHugHble npaMble Yy = 0 u y = 27 6yayT 0T0OpaKaTHCA
HA OOWH M TOT XK€ JIyY IIJIOCKOCTH W — IIOJIOXKUTENbHYIO 9aCcTh Aelt-
crBUTENBHOM ocu u (puc. 3.2). [Ipu 3TOM ycTaHaBIMBAETCH B3AKMHO
OIHO3HAYHOE 0TObparkeHne OTKPBITOH obsacT 0 < y < 27 Ha IJI0C-
KOCTBb W C BLIODOIIEHHOM MOJIOXKUTENBHOR 9aCThI0 JeACTBUTEIHHOM



§1 SJEMEHTAPHLIE ®YHKIIMW KOMIIJIEKCHOY HEPEMEHHON 97

ocrt u. YTobBl YCTAHOBUTH B3aMMHO ONHO3HAYHOE OTOOpaXKeHWe CO-
OTBETCTBYIOIINX 3aMKHYTBIX o6jacTeif, OyZeM CIUTATh, YTO IIPOM3-
BeJIEH pa3pe3 II0 IIOJIOXKUTEJbHOH 4YacTHh AEHCTBUTEILHON OCH U
YCTAHOBJIEHO B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXKIY BEPXHHM
HbeperoM pazpesa u mpamoit y = 0, a TakKe MeXAy HUKHUM Bepe-
TOM pa3pe3a U mpaMoit y = 27 mwiockocTH z. Utak, noxazamesvras
PynKyus €* npoussodum 63auUMHO 00HO3HANHOE OMOBPAdICEHUE NO-
aoctt 0 < y < 27 naockocmu z Ha NOAHYIO NAOCKOCTS W, DA3DE3aH-

HYI0 N0 NoAoHCUmMeAdvHot wacmu deticmeumendvroti ocu 1). Amna-
JIOTMYHBIM O0Pa30M YCTAHABJIHBAETCH, YTO II0KA3aTEIbHAS (PYHK-
Mg IIPOM3BOAUT B33aMMHO OJHO3HAaYHOE OToOpaxkeHme Ji06oit 1mo-
gocet 27n < y < 2w(n+ 1) (n = 0,%1,...) mwiockocT! z Ha Ty
2Ke TIOJIHYIO TIJIOCKOCTh W € Pa3pe30M BJOJb IMOJIOXKUTENHHON 4acTh
JeACTBATEIbHOMK ocH 4. IIpH 9TOM TOYKHM zg = Zg + tyg ¥ 21 = Lo +
+ i(yo + 27k) (k = £1,+£2,...) mepexodsT B OMHY ¥ Ty K€ TOUKY
IJIOCKOCTH W. DTO 03HAYAET, UYTO NOKA3GMEAdDHAA PYHKUUA ACAA-
emca becxonewnoaucmuol nepuoduveckols Pynxyueti Komnaexcrol
nepemennolt z ¢ MHUMbM Nepuodom 2mt. OBIACThIO ee OTHOJIUCT-
HOCTH SIBJISIETCS JTI00as MoNoca ¥y < y < Yo + 27, OTOOPaKAIOMAsAC
Ha TOJHYIO TUIOCKOCTb W C Pa3pe3oM, 10 Jydy argw = yg. 3ame-
THM, YTO aPTYMEHT W Ha IIOCKOCTHX, COOTBETCTBYIOIINX Pa3JIHY-
HBIM mosocaM 2mn < y < 2w(n + 1) (n = 0,+£1,...) usmensiercs
COOTBETCTBEHHO B PA3JIMYHBIX IIpeJeaX. TeM CaMbIM MBI IOJIY4YaeM
HeckoHeYHBIH HAOOpP pPa3JIMYHBIX 9K3EMILTSIPOB IVIOCKOCTH W, pa3pe-
3aHHON II0 IIOJIOXKUTEJNBHONR YacTH AefcTBHTEIbHON ocH u. UTOoOHI
HEMIPEPLIBHOMY ABMKEHWIO TOYKH 2 HA IUIOCKOCTH 2, IIPA KOTOPOM
OHa, [IEPEXOIUT U3 OJHOM IIOJIOCH B APYTYIO, OTBEYAJIO HEIIPEPHIBHOE
JBHMXKEHUE W, COOTBETCTBYIOIINE SK3EMIUISPHI (JINCTHI) IIIOCKOCTH W
JIOJIZKHBI OBITH COEIUHEHBI MEXKIY CO0O0H, IpUYeM, 0YEBHIHO, BEPX-
Huit 6eper paspes3a 7N-TO JHUCTA JOMKEH OBITH COeTHHEH ¢ HUKHUM
Beperom paspesa (n — 1)-ro jmcra v HIKHEE Geper paspesa n-ro
JIACTa — COeJMHEH ¢ BepxHUM Geperom paspesa (n + 1)-ro sucra.
ITonygyennoe reoMeTpUYecKoe MHOr00Opasue obpasyeT beckoreuHo-
AUCTIHYIO DUMAHOBY TOBEPTHOCTD.

AHajornyHble pPacCMOTPEHUsT MOTYT OBITH NPOBEMEHB W IJIs
TPUTOHOMETPHIECKHUX (DYHKIHM KOMIIJIEKCHOM mepemenHoit. Cpasy
3aMeTuM, 4To B crry dopmyi (3.34), (3.35) mpuaonomempuneckue
PYHKUUU ABAAIOMCA BECKOHEYHOAUCTIHBMY PYHKUUAMY KOMNACKC-
HOU nepemennoli z, nepuoduneckumu ¢ deticmeumesvHbvim NepuUo-
dom 2m. Tak Xe, KaK ¥ B cily4ae (HyHKIHH €, HETPYIHO pac-
CMOTPETh TEOMETPUYIECKHE CBOWCTBA OTOOparKeHuil, OCyIIEeCTBJIsSE-
MBIX TPHTOHOMETDHUIECKUMH (DYHKIUAMU. MBI OrpaHUYIMMCH JIAIID
dyukmelt cos 2. C MOMOIIBIO YCTAHOBIEHHBIX BBIIIE CBOUCTB TPH-

!) IIpu sTom rpanuma momock y = 0 MEPEXOMUT B BEPXHMIL, 4 TPAHMIE Y =
= 27 — B HUXHHH Oeper paspesa MJIOCKOCTH W.

4 A.T. Cpemnukos, A.H. TuxouoB
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FOHOMETPUYECKUX DYHKIHI IOy IaeM
cos z = cos (z + 1y) = u(x,y) + w(z,y) = cosz -chy —isinz - shy.

Orcrofa citeayer, 9T0 OPSMYI0 & = Tg IJIOCKOCTH 2 (DYHKIUS COS 2
0T06paXKaeT B BETBb THIEPOOJIEL
2 2
u v
— =1 (3.49)

cos? zg sin? zo

™
Ha miockocty w. Ilpn 0 < g < 5 IPAMAsA T = To [EPEXOINT B IPa-

BYI0 BETBb I'MIIEPOOJIBI, & IPAMas & = T — Ly — B €€ JIEBYIO BETBb.
Kax sierko ycranoButhb, BCe runepbossl (3.49) spisiorcs codokyc-
HBIMH, IpUYeM uX (POKYCHI JeXaT B Toukax +1 meficTBHTeIHHOMN

™ <
ocu u. [Ipamasa zg = 3 dyHKIMEl cos 2 oTobpaXkaeTcd Ha MHEMYIO

OCb ¥ IJIOCKOCTH W, & mpsMble Zg = 0 u £y = © — B Jy4u [1, 00]
1 [—00, —1] neficTBUTENBHOM OCH U IIJIOCKOCTH W, IPMYEM IIPH [BH-
JKEHIH TOYKH Z IO JAHHON ImpsMoi (HampuMmep, o npsamoii zy = 0)
COOTBETCTBYIONIAH JIyd MPOXOLUTCA ABAXKIBI. T€M CaMbIM GYHKUUA

y
N A"

[

Puc. 3.3

COS Z OCYWECMBAAEM B3AUMHO 0OHOZHAYHOE OMOOPAIHCEHUE NOAOCYE
0 < z £ T naockocmMU 2 HAE NOAHYIO NAOCKOCTD W, PA3PEIAHHYIO NO
ayyuam deticmsumenvroti ocu [1, 00] u [—oo, —1]. Ilpu sToM BepxHAs
nmostymosioca 0 < ¢ < m, y > 0 IepexoauT B HUKHIOK MOIYIIOCKOCTD
v < 0, a HuxHAT nogynonoca 0 < & < m, ¥y < 0 — B BepXHIOW IIO-
JIYILIOCKOCTE ¥ > (), YTO OTMEYEHO COOTBETCTBYIOIIE MITPUXOBKOIL
Ha puc. 3.3. Kak Jlerko BUAeTH, CJIeayIomas Mmojoca © K T < 27
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dyHKIMER COS 2z 0TOOPAKAETCH HA, Ty XK€ IOJHYI0 IIOCKOCTH W C
paspe3aMu I0 JiydaM AeicTBUTENbHOM ocH [1,00] u [—oo, —1]. Tak
Kak cos(z + m) = —co0S 2z, TO BepxHsd HOAyOOIOCa T < T < 27,
y > 0 TepexoAWT B BEPXHIOK TONYILIOCKOCTH v > 0, & HIMXKHAA
noaynoioca 7 < £ K 2w, y < 0 — B HMXKHIOI TOJYILUIOCKOCTD
v < 0 (puc. 3.3). AHaJIOrMYHOE TOMOXKEHHE, OUEBUHO, UMEET MECTO
U mig 6ol mosocsl nw < ¢ < (n + 1)w. Orcroma crexyer, 94To
06JACTHI0 OJHOJIMCTHOCTH (DYHKLIWH COS 2 SIBJISIETCS TOJOCa N <
<z < (n+ 1)7r. ®yrKIUS COS z IPeACTaBageT coOoi GeCKOHEIHO-
JIUCTHYI0 (DYHKIHIO, & ee 0OJIAaCThI0 3HAYEHW sBJIsgeTCs OeCKOHEed-
HOJIMCTHAS PUMAHOBA MMOBEPXHOCTH, MOJYYAIOMIAACHd IIYTEM CKJIEH-
BaHUA IJIOCKOCTER w, pa3pe3aHHbIX IO JydYaM JeHCTBUTEJNbHON ocH
[—00,—1] u [1,00], O cooTBeTCTBYOINM GeperaM pas3pes3oB.

B sakirouenne HammMx paccMOTPEHUIT OCHOBHBIX CBOMCTB ITOKa-
3aTEJbHOM W TPUTOHOMETPUUECKUX (DYHKIHUH HCCIeAyeM BOIIPOC O
Hynsx stux ¢yukiumit. [lokazarensHas pyHkImg w = € He 06pa-
IIAETCS B HYJb HU TIPH KAKOM 3HAYEeHHH KOMIUIEKCHOM TIepeMeHHOM
Z, KaK 310 ciepyer u3 ¢opmysnsl (3.38). Bee Hysm Tpuroromerpu-
qecKuX (yHKIui JIeXKAT Ha EHCTBUTENBHON OCH. B camom mene,
ecnu sinz = 0, To €% — e % = 0, €2 = 1. Ho eciii KOMIITEKCHEIE
YUCJIa PABHBI, TO WX APTYMEHTHI PAa3UYalOTCsd HA UHMCJIO, KPATHOE
27, OTKYIa Z = N7, YTO ¥ JOKAZBIBAET BHICKA3AHHOE YTBEDKIAECHHE.

§ 2. Ananmurnmyeckoe npojaomxkenne. I[TousaTue puMaHoOBOM
IOBEPXHOCTU

1. OcHoBHble npuHIUNBI. IIOHATHE PHIMaHOBOI IOBEPX-
HocTu. OCHOBHOM 3aJadell aHATUTUYECKOTO NPOMOJIKEHUS SBJIs-
eTcs IPOAOJIKEHYeE 3HaueHul byHKunn f(2), 3aJaHHON B HEKOTOPOit
obaacru G’ ma GombmyIo 06JACTE G.

IMycrs Ha KOMILIEKCHOM ILIOCKOCTH JaHBI ABe obmactu G u Go
uMerompe obmIyio acth 1) Gio (puc. 3.4). IlycTs oaHO3HAMHEIE aHA-

murudeckue byHkuud fi(2) u f2(z) 3a4aHEI COOTBETCTBEHHO B 0618~
ctax G; m Go ¥ TOXKIECTBEHHO COBIIAAAIOT MEXIy coboii B mepece-
yenuu Gio. Torpa byukunsa F(z), onpeseneHHasi COOTHOIIEHUSIMHA

_ fl(z)’ z € gla
F) = {f2(z), z € Go, (3.50)

SABJISETCS aHAJUTUIECKONH B pacIIvpeHHON obacty G = G + Go 1
conazgaer ¢ f1(z) B G u ¢ fa(2) B Ga.

1) Ipu sTom MoryT GbiTh pasjmunble ciyuan. Hanpumep: a) obiacts G1 co-
ZepXKUTCA B 06;1acTH Go, TOrAa G12, O4EBUIHO, COBIASAET ¢ 06J1acThIO G1; 6) e-
peceuenue Gi2 ABIAETCA OZHOCBA3HOHN WM MHOTOCBA3HOM 06/1aCTBIO; B) IEpe-
cedeHre G12 COCTOUT U3 HECKOJBKUX (MOXKET ObITh, 1 HECKOHEYHOro 4uC/aa) OT-
IeJIbHBIX CBA3HBIX obsiacTeil.

4%
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Oyuxius F(z) Ha3bIBAETCH GHAAUMUYECKUM NPOCOAAHCEHUEM

dynryuu f1(2) (f2(z))na obaacmv G = Gi + Go. Oyukumio fo(z)
(f1(2)) Tak:Ke HA3BIBAIOT AHAIMTHIECKUM IPOIOKEHIEM (DYHKIMA

f1(2) (f2(z)) Ha obmacte Ga (G1)-
Kak Jerko Buumern, aHa-
JquTHYeckoe mpogonkenne F(z) /
dbysxupmn f1(2) Ha obmacte G =
= @1 + G ompeneseHO eIUH-
cTBeHHBIM obOpaszom. [lelicTBu-
TEJBHO, MIPEIIOJIOKEHHE O CY-
MeCTBOBAHNM B objacte § AByX Puc. 3.4
pas3iuYHBIX (YHKOMH, TOXKIe-
CTBEHHO COBHIAJaonux ¢ fi(z) B obmacru Gi, IPUBOAUT K IIPOTHBO-
PednIo ¢ TEOPEMOI O €IMHCTBEHHOCTH ONPEIEIEHUs AHAJIUTHIECKON
GYHKINK, JOKA3aHHON B IPEABIAYINEN TJIaBE.

JaHHEI! crIOCO6 aHAIMTHYECKOTO IPOJo/KeHns GyHKunn fi(2)
n3 obmactr Gi Ha Gosee MIMPOKYIO 06JacTh § mpeacTaBisger coboit
TIPOCTEHIIYI0 (POPMY NPUHUUNG GHAAUMUYECKO20 NPOOOANCEHUA.

O6paTuMcs Temepb K CIydaro,
korma dyukumn f1(z) 1 fo(z) To-
JKJECTBEHHO COBIIQJAIOT JIAIIb Ha
qacte Gi, mepecedenus Gio obia-
creit G u Gy (pue. 3.5). Paccmo-

o~

TpuM o6aacte G = G1 + Ga — G,
" !
rae Gl = Gi2 — Gjo — Ta HacTh
mepecedenus G1o, B KOTOPOH pyHK-
mun f(z) u fo(z) pasmuussl. Co-
TVIACHO TPEABIAYIINM PACCMOTDEHH-
Puc. 3.5 aM B § ompeneseHa eIWHCTBEHHAN
anaymTiyeckas Gyskuusa F(z), as-
JISIOIIASICS AaHAJIMTHYECKUM IIpoAoKerneM f1(z), 3aqanHoii B 06Ja-
ctu G1 — GY5 Ha 06sacTh G. DTa HYHKIWS TOXKIECTBEHHO COBIAIAET
¢ bynkmmeit f1(z) B obmactu G1 — Gy u ¢ fo(2) B obmactu Go —
— GY5. Oynkuus F(z) MoxeT GBITh aHAIUTHYECKH IPOAOJIKEHA HA
MHOXeCTBO iy IByM# criocobamu:

_[F(2), z€g,

I

g {F@), z€d,
F?( ) {fQ(Z), z € gilQ. (352)

DTO0 HAC, ECTECTBEHHO, TIPUBOUT K HEOOXOIUMOCTH PACCMOTPEHUS
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MH0203HauHol anaaumuneckol dynrxyuu F(z), ompenesnennoit B
obnactu G = G1 + G9 M IpUHEMAIOIIEH pa3/IMYHBIE 3HAYEHUS B OJ-
HUX ¥ TeX XKe TOYKaX 4acTh Gj, obsactu §. B gacTHOCTH, B JaHHOM
CIIydae MBI [IOJIy4aeM ABY3HAYHYIO aHAIUTHYIeCKy0 (yHKImio F(2),
IPUHUMAIONIYIO B OJHOU M TOH! XKe TO4YKe 29 € G{’Q JBa Da3/IMYHBIX
3HAUEHWsl, COBIAJAIOIIME CO 3HaYeHuAME byHKUMR f1(2) wa fo(2)
B 3TO# TOUKe.

Omnepupyst ¢ MHOro3Ha4uHOH dyHKuuMeit F(2), uMeromei pasmmy-
HBle 3HAYEHUA B OOHOU M TOM 2Xe TOYKe KOMIIJIEKCHOHN IIJIOCKOCTH,
TMIPUXOMUTCA BCTPEYATHCA € TPYLHOCTAMM BHIGOpaA €€ 3HAYEHHWH B
gauHoi Touke. s ynobcrBa BHIOOpa 3THX 3HAYEHUN YACTO MMOMIb-

3YIOTCS IOHATHEM 8€MEU AHATATHYECKOH (hYHKIHNK 1), sSBISIOMmeRCs
OJHO3HAYHON ¥ HENpepHIBHON (DYHKIIMEH B COOTBETCTBYIOLIEH JaCTH
obsactu onpeznesnenus dyukuun F(z). Oxuako 6osee yzoOHBIM OKa-
3BIBAETCA HECKOJNBKO WHOE TPEACTABIEHUE, MTO3BOJISIONIEE PACCMa-
TPUBATH JAHHYIO PYHKIMIO KaK OJHO3ZHAYHYIO, HO OIIPEIEJIEHHYIO Ha,
6os1ee CJIOXXKHOM MHOTI00ODa3uH, YeM MCIIOIb30BABIIAsCA J0 CHUX 10D
00BbIYHAs IIOCKOCTE KOMILJIEKCHOM IIepeMeHHOM. Tak, BO3BpaIaich
K PACCMOTDEHHOMY BBIIIE IPUMeEDY ABy3Ha4HOH dyrkuuu F(2), 6y-
JIeM CYUTATH, 9TO 06s1acTH G1 ¥ Go CKIIEEHBI 110 06Iell acTu Go, B
koTopo#t dyukiuu f1(z) u fa(z) coBnanator, a aBa sK3eMmIsIpa Gy,
TMPUHAAJIEXKAIIIE 00IacTAM G1 ¥ Go, OCTABJIEHBI CBOOOIHBIMIU.
Torma Ha IIOJIyYEHHOM TEOMETPHUYECKOM MHOTOOODAsWH, Mpei-
CTaBJIAIOMEM CO0OM 00benuuenue obmacTet G; u Go, CKIIEEHHBIX 110
12 (Tak uTO TOUKHM, mpuHAIIIEKAIKEE Gio, TEPEKPBITHL ABAXKBL),
dbyukuus F(z) apasercs 0qHO3HAYHON aHAIATHIECKON GyHKIMEH.
ITocrpoennoe TakuM 06pa30M MHOT00Opa3re HA3HIBACTCS DUMG-
10601 N0BePTHOCTBIO anasumuseckol dynrxyuu F(z), apasomei-
Csl aHAJIWTUYECKUM mpopokenueM dbyukumu fi(z) (f2(z)), a or-
JIEeJbHBIE 3K3eMILISAPHl IIOBTOPAIOIIMXCA 00/IacTel — pasIuIHBIMA
AUCTNAMY PAMAHOBOM MOBEPXHOCTH.
Taxum 06pa30M, BMECTO PACCMOTPEHHUS MHOTO3HAYHON (DYHKIIHH
HA, KOMIUIEKCHOM IJIOCKOCTH Z Mbl MOXKEM PACCMATPHUBATH OJHO3HAY-
HYI0 QYHKIMIO HAa PEMAHOBOMN IIOBEPXHOCTH. TakK Ke KaK 4 B IIPO-
cTeifineM ¢Iydae, PACCMOTDEHHOM B HaudaJjle JAHHOTO IIYHKTA, MpH-
BEJIEHHBIH CII0CO0 AHAIUTHYIECKOTO IPOJOIDKeHNs DYHKIMA f1(z) U3
obmactu G Ha 60jlee MIUPOKYIO 0DJIACTH, MPEACTABIAIONIYI0 cob0i
VK€ DPHUMAHOBY IIOBEPXHOCTD, SBJISETCA JAaCTHON ¢hopmMoit obumero
NPUHYUNG AHAAUMUYECKO20 Npodoadicerus. OUEBHUIHO, MOXKHO aHAa-
JIOTUYHBIM 00Pa30M CTPOUTH ¥ AHAJIUTHYECKOE TTPOJOIKEHUE OTHO-
SHAYHBIX aHANATHIeCKuX (DYHKIWH, 33JaHHBIX HA PUMAHOBOH IIO-
BEPXHOCTH. [IpH 9TOM MBI, €CTECTBEHHO, NIPUEM K MHOTOJIHCTHBIM

1) Hampumep, Takoe PacCMOTDEHHE MbI MPOBOMIIM B T 1 IIpy H3ydeHun
dbyukunu 2 = (/w.
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PHUMAaHOBBIM [IOBEPXHOCTSM, [IPEACTABJISIONMM CO60# reoMeTpude-

cKoe MHOroobpasue, B KOTOPOe OTHA M T4, XK€ 00J1aCTh KOMILIEKCHOM!

IUTOCKOCTH BXOIWT YK€ HE B ABYX, & BO MHOTHX 3K3eMmmuisgpax. Co-

OTBETCTBYIOIIME IIPHMeEPH! OYAYT PAacCMOTPEHH! B II. 3 JaHHOTO Ila-

parpada, a ceifqac pacCMOTPUM €Ile OAWH CIIOCOD aHATUTHYECKOTO

TPOJOJIKEHHUS.

2. AHajmMTHYecKoe MpOoJoJIXKeHue Yepes3 rpaHuiy. B ps-

Jie CIydaeB IUld aHAJIUTHYECKOrO HpoxoskeHus dyHima fi(z),

[IEPBOHAYAJBHO 3aJaHHO# B obJia-

cTH (1, WCIOML3YeTCA TaKXe CJie-

nyromnuit crocob. Ilycrs obmacTu G

u G MMET B KadecTBe ODIIEro

% y9acTKa TPaHMIBl KYCOYHO IVIAJ-

Ky kpusyio ['19 (puc. 3.6) u B

3TUX 00JIACTAX 33JaHBl AHAJIATAYE-

ckue byukunu f1(2) u fo(z), Hempe-

PBIBHBIE COOTBETCTBEHHO B G + I'19

u Go + I'12 u coBnagaromue ga ['19.

Puc. 3.6 PaccMoTpuM MHOXeCTBO TOYEK G =

= G1 + Ga + I'19. Tak KaK TOYKH

z € I'19 aBnamTCd BHYTPEHHUMH TOYKAMHM ITOTO MHOXKECTBA, TO

MHOXeCTBO G siBisiercs obsacteio. [TokaxkeM, uto dyukuus F(z),
OIIPEJIEJIEHHAA C TIOMOIIBIO COOTHOIIEHMHA

_Jh(z), z2€G +T,

ABJIAETCH AHAJUTHYECKON B obnactu G = G + G + '12. OueBua-
HO, JOCTATOYHO IOKa3aTh, YTO AJId KAXKAOHW TOYKH zg obsactu G,
Jexariel Ha KpuBo# I'19, MOXKHO YKa3aTh TaKyX OKpPECTHOCTDL, B
koropoit dynkmus F(z) asnserca anamurudeckoii. Bosbmem mpo-
U3BOJIBHYIO TOUKY 29 € ['19 ¥ mocrpouM okpykuOCTE Cj C IEHTPOM
B 9TOM TOUKE, IEJTUKOM JIEXKAIIY0 B G. PaccMOTpUM MHTErpaJ THIa

uHTerpasa Korrm
_1 F(¢)
)_%/C_zdg (3.54)
Co

B cuny ycTaHOB/IEHHBIX paHee CBONCTB MHTErPAJIOB, 3aBUCAIIAX OT
napamerpa (. 1, c. 56), dyukuus ®(z) saBnsercs aHATUTHIECKON
dbyukImeH z npu JHOG0M IOJOXKEHUN TOYKHY 2z, He JIeXKallel Ha, Kpu-
Boit Cy. Ilokaxkem, 94TO KO TOYKA, 2 JIEXKUT BHYTPH OKPYKHOCTH
Cy, To ®(2) = F(z). HeiicrBurensHo, npeacTaBuM uuTerpad (3.54)

B BHIE
F(C) 1 f1(§) 1 f£2(¢)
[ -5 [ tQar it [ Q4 s
Ci+m2 712+C2
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rae C1 u Co cyTs wactu okpyxuocru Cp, nexamme B G1 u G2 (Cp =
= C1+C5). ay19 — 9acTb KpUBOii I'12, MONABIIAS BHYTPH OKPYXKHO-
cTH Co Ecnn TOYKa, 2 IPAHALIEXKUT 06J1acTH G, TO B CHILY TEOPEMEBI

Komn TIOJIY UM

H@) - 1 £200 40 _
= [ BQu-ne & [ Ea-o @

C’1+’712 Y12+C2
orkyzna ®(z) = fi(z) = F(z) npu z € Gy. Ananornuno ®(z) =
= fo(2z) = F(2) upn z € Gy. B Touke 2y, npunagIexameit yy, B
cuiy HenpepeiBHOCTH dyHKImi ®(2), f1(2), f2(2) BHyTpH OKpYX-
soctu Cp, Takxke Oynem umets ®(29) = fi1(z0) = fa(20) = F(20),
OTKyJa U ciieqyert, 4o F(z) aBigercsa aHasmrnueckoil dyHKuMel B
obmactu G.

U B sTOM Ccitydae, Tak Ke KaK ¥ B IPEABIAYIINX, MBI 6y1eM TOBO-
puTh, uro byukims f1(z) (f2(2)), 3ananunas B obnacta Gy (G2), ana-
aumusecky npodoasicena Ha obaacms Go (G1). IlocTpoennas Beie
dyukums F(z) asasemca anaaumuyneckum npodosscenuem Pyrx-
yuu f1(z) e obaacmv G = Gy + Gy + I'19. Onncannas KOHCTPYKInS
MpeACTABIsIET cO60# JacTHYIO HOPMY 06uie20 NPUHUUNG GHEAUMU-
YECKO20 NPOCOAHCEHUS — AHAAUTNUNECKOE NPOOOAHCEHUE YEPES 2Da-
nuyy obaacmu. Ilpu aTOM, TaK Ke KaK M B MPEABIAYIINX CIydasiX,
MBI [IPH TPOJOIKEHNH Uepe3 TPAHUIY MOXKEM MPHUATH K HEOOXO-
JUMOCTH PACCMOTPEHUS ONHO3HAYHON AHAJUTHIECKON (DYHKIMN HA
PHUMaHOBOU IIOBEPXHOCTH B TeX CJIydasx, Korma obmacte Gi u G,
KpoMe 0bmiero ygacTka rpanunsl 1o, ©MeOT HemycToe mepecede-
uue G2, B KoTopoM dbyHKImA f1(2) 1 f2(2) He paBHBI TOXKAECTBEHHO
YT JpYTY.

PaccMoTpuM Temeph psifi IPUMEPOB NPUMEHEHWs] OBIIMX IPWH-
I[MIIOB AHAJUTHIECKOTO IIPOJOJIXKEHHs, IPUBOALAIINX KAaK K MHOIO-
3HAYHBIM, TAK W OJHO3HAYHEIM (DYHKIMAM.

3. IIpuMepbl MOCTPOEHUS AHAJIMTUYUECKOTO IIPOLOJIXKE-
Hus. IIpomonizxenne uepe3 rpamuny. PaccMorpuM HekoTOpBIE
[PUMEPBl TIOCTPOEHUS AHAJUTHIECKOTO MPOIOIKEHUs (DYHKIIHN
f1(2), nepBoHavabHO 3aMaHHON B 061aCTH §1 KOMILUIEKCHOHN ILIOC-
KocTH 2. [Ipm 3TOM, KaK GBLIO OTMEYEHO BBIIIE, MBI B PSJE CJIYyIaEB
TIPUXOANM K HEOOXOAMMOCTH PACCMOTDPEHNS (hYHKIWHA, MHOTO3HAY-
HOU Ha, KOMIIJIEKCHON IIJIOCKOCTH.

B rn. 1 MBI yXe mMenm mpocTefmuit mpuMep MHOTO3HAYHOIM
byHKINY KOMILIEKCHOH TepeMeHHON — QYHKIWIO w = 4/z, dBig-
romyrocs 2) ofparHOi cTemenHo# (yskmmn z = w?. Pacemorpum

1) IlpumennmocTs Teopemsr Komru K maTerpanam B mpasoit gacta (3.55) oge-
BUJHA B CUWIy CAEJAHHOIO IIPEAIIOIONKEHUS 0 KYCOIHOM ryragkocTa kpusoi ['1o
u BeIGopa kpusoit Co.

%) M1 u3menmn 371eCh 0GO3HAMEHNS 3ABUCHMOI U HE3ABHCHMOM IIEDEMEHHBIX.
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Telepb 3TY W Pl ApYruX GYHKUMA ¢ Hosee obieit TOUKA 3peHus
AHATUTHIECKOTO IIPOTOIKEHUSI.

IIpuwme p 1. Oyukuus w = 1/z. CoracHO IpaBWIIy W3BJEYe-
HUSI KODHS M- CTElleHN M3 KOMIUIEKCHOI'O YHCJIa OJHOMY 3HAYEHUIO
Z COOTBETCTBYET T PA3NMUYHBIX KOMILIEKCHBIX YHCEN W, BHIYHCIIEH-
HBIX II0 (popMyJIe

w=rew=\/ﬁexp(+T7rk) (k=0,1,...,n—1), (3.57)

rae z = pe'¥ u ¢ — omHO u3 3HaueHWt Argz. OyHKIua w = {/z
ABJISETCS MHOTO3HAYHON (hyHKIMEl, uMeromei n pasnnqnmx BET-
Beit. Bymem cumTaTh, 4TO (0 M3MeHsneTca B npegenax 0 < ¢ < 2w,
4 BBIOEPEM Ty BETBb cbyHKn;nn w = {/z, KOTOpasa ABJIAETCH AHAJHU-
THYECKHM TPOAOJDKEHUEM TeHACTBUTEILHON DYHKINA U = {‘/E Jeti-
CTBUTEILHON MMOJIOXUTEIbHON nepeMmenHoii £ > 0. OueBugHO, 3TO

Oyzer
wy = {/p exp (z%) (0 < p < 2m). (3.58)

Obnactbio G; onpenenenus GYHKIUH w; HABILETCI IIOCKOCTDL 2,
pa3pe3aHHad II0 MOJOXKHUTEJbHON 4YaCTH AeUCTBUTEJBHOR OCU I.
Bepxunit 6eper pa3pesa COOTBETCTBYET 3HadeHWIO arg z = 0, HIDK-
Hul — 3HaUeHUIO arg z = 27. O4eBUIHO, DYHKIMS W1, ABJISIOMIAICT
obpaTHO#t GYHKIMH 2z = w™, OCYIIECTBISET B3aUMHO OZHO3HAYHOE

0T06pa>Ker1e 3aMKHYTOM 06acTH G TJIOCKOCTH z Ha ceKTop 0 <
2
L argw £ = miockoctu w. B crmy obimux cBOUCTE aHAINTHYECKUX

GyHKII® (CM . 1, c. 36) dyukuus w; B obactu §; ABIseTCH O
HO3HAYHOM a,HaJII/ITI/I‘{eCKOI/I dyHKIHEH, nponsBo,n;Haﬂ KOTOpOI/I BLI-

qucisercs no dopmyne wi(z) = lzﬁ_l pn 1 exp ( ip n)

PaccMoTpuM Teneps 3aMKHYTYIO O6JIa,CTb Gy — Ty e ILJIOCKOCTD
Z C pa3pe3oM II0 ITOJIOXKHUTEJbHOM 4aCTH AeilCTBUTEJIbHOHU OCH I, HO
Ha, KOTOPOI apryMeHT 2z W3MEHsSeTCd B mpenenax 27 < argz < 4x.
Bepxunit 6eper pa3pesa COOTBETCTBYET 3HAUEHUIO arg z = 27, HUXK-
Huii — 3HaYeHnO arg 2 = 47. PaccMoTpuM B 9T0# 061acTH QYHKIHIO

wa(z) = gpexp (LX) (0<p <2m). (3.59)

9Ta QYHKIMA OCYIIECTBIAET B3AUMHO OJHOSHAYHOE 0TOOpaXKe-
" = 27 4

HHe 3aMKHYTOU 0061acTH Gs HA CEKTOp — < argw < — ILIOCKOCTH
n n

W W SABJISETCH OTHO3HAYHOW aHAJIUTHYECKOM (DyHKIHMEH z B 06s1a-

cti Go. 3aMkHyTHIE 00/1acTH G1 U Go UMEOT 0By YaCTh TPAHMIIEI
I'19 — ay4 arg z = 27, — Ha KOTOpO#i COBIaAa0T OYHKIINA w1 | Wa,
HernpepbiBHEIE B G1+1'19 1 Go+1'19 cooTBercTBenHo. IlosToMy B crty
TIPUHITATIS, AHAJIATAIECKOTO MIPOIOIXKEHNS Yepe3 TPAHNUILY PyHKINS
wo(2) ABNAETCS AHATUTHYIECKUM IIPOAOKeHWeM QyHKuuu wi(z) B
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obnacts Gs. C apyroit croponsl, G1 1 Go HaKTHIECKHU COBIATAIOT HA
IJIOCKOCTH 2, TAK KAK TOYKH KOMILIEKCHOM IIJIOCKOCTH C DABHBIMH
MOZYJISIMA U OTIMYAIOIUMUCH Ha 27 apryMeHTaMu coBmagaroT. Ilo-
cronbKy dyukmun (3.58) u (3.59) B 0fHOM U TOMR XKe TOYKE 2 UMEIOT
Da3/INYHble 3HAYEHUs, TO COMIACHO IPEIBIAYIIAM DPACCMOTDEHUIM,
[JI TOrO ITO0B! DYHKITUS

_Jwi(2), z€Gi+Ty,
() = {w2(z), z € Ga+ ', (3.60)

6rL1a OqHO3HAYHON B obnacTu ompenenenns Ry = Gy + Ga + 'y 9,
MBI JIOJKHBI CIATATh, ITO MHOT0OOpasue R sABngeTca pUMaHOBOM

[IOBEPXHOCTBIO, CKJICEHHOM M3 JHUCTOB G1 U Go. OUeBHIHO, 9TO HaH-
HO€ CKJIEMBaHHE CJIeyeT IPOU3BECTH 110 o6l YacTu rparumpl ' o

nydy arg z = 27, CKJlenB HUXKHuUM OGeper paspesa obyactu G ¢ BepX-
HuM GeperoM paspesa obaactu Gs. IIoBTOPHB HalM PaCCMOTPEHHUS,
MBI YCTAHOBHM, UYTO (DYHKIIHAA

wen(z) = Ypexp (ILEE)  0<p<om),  (361)

onpezeNeHHasa B 3aMKHYTOM obmactu Gi1 (2nk < argz < 2n(k +
+ 1)), ABJAETCA AHAJIATHYECKAM HPOJOIKEHAEM cbyHKLum wi(2),

onpezenennoi B Gi. 3amerum, 9T0 GYHKIUST Wy y1(2) TOXKECTBEH-
HO coBIaaeT ¢ pyuximei wi(z). IlosToMy ecrecTBeHHO paccMaTpy-
BaTh ONHO3HAYHYI0 AHAJUTHYIECKYIO (DYHKITHIO

wi(z), 2€G +Tpo,

F(Z) — ’(UQ(Z), 2 € G2 + Fl,? + F2,3,

(3.62)
wn(z), 2 € G+ Fn—l,na
OIIPEIENIEHHYI0 Ha, PUMAaHOBOM moBepxHocTHd R = Gy + Go + ...
co.+Gp+T12+.. .41, p, CKI€EHHOH YKA3aHHEIM BBHILIE CLIOCOOOM
U3 7 JIACTOB, IPEACTABJSIONUX COOOM ILIOCKOCTD 2 C Pa3pE30M II0
TIOJIOXKUTENHHON JacTu AeficTBuTesbHOM ocu z. Ilpm 3TOM ocTarorcsa
cBOGOAHBIMA BepxHu# Geper paspesa (argz = () Ha ePBOM JIHCTE
G1 m mmxkuuit Geper paspesa (arg z = 27n) #a n-M aucre G,. Uro-
OBl COXPAHUTb HENpPEepLIBHOCTb dbyHKImH F(z) BO BCelt obmacTu ee
OIIpEeJeJIEHUs], MBI IIPOU3BELEM CKJIEMBAHHUE STUX OEperoB pa3pes3os

(puc. 3.7)!). Oyrkmmo (3.62) HASLIBAIOT MOTHON AHANATHYECKOH

dbyskumeit w = {/z, a TOCTPOEHHOE YKA3AHHBIM BBIIIE CIOCOGOM
3aMKHYTOe MHOroobpasme R — IONHOM PHMaHOBO! ITOBEPXHOCTHIO

1) Jia 6osblireit HATISHOCTH MOXHO IIPOM3BECTH YKA3aHHBIE CKJIEUBAHUA HA
paspesanHbIx juctax Gymaru. IIpm 3ToM mocienHee CkieMBAaHHE OKa3BIBAETCH
br3UIeCKH HEBO3MOXHBIM M MOXKET OBITh MPOH3BEIEHO JIHIIL MBICJIEHHO.
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sroit pyrkmuu. Ha KaXXAoM JiuCcTe PUMaHOBOM HMOBEPXHOCTH OIpe-
JIeJieHa OTAENbHAA BETBbL NAHHON MHOTO3HAYHON (DYHKIIMH.
OrMeruM eme crenyiomee o6cTOATENLCTBO. DUKCUpyeM Ha,
ILTOCKOCTH Z HEKOTOPYIO TOYKY 2o ¥ IPOBEIEeM depe3 Hee 3aMKHY-
ryro kpusyo C. Torza,
€CIU argz WpH [BU-
XeHun II0 Kpusoit C
U3MEHSETCS HElPEPHIB-
HBIM 06pa30M ¥ KpUBas
C mepecekaeT JHMHHIO
pa3pe3a Ha ILIOCKOCTH
Z, TO IpH IOJHOM 06-
xome kpuBoit C' ampuo-
PH BO3MOXHBI JBa CIIY-
vqas (puc. 3.8) B mep-
BOM CJIy4ae TOYKa 2 =
= ( JIeXXUT BHEe KpPHBOH
C. IlosTomy, BeIIS U3
Puc. 3.7 TOYKH 2z = 2 (argzo =
= o) Ha k-M mmcre ),
MBI IT0CjIe 00X0a ITOH KPUBON BEPHEMCH B MCXOJHYIO TOYKY 20 HA
ToM ke k-M (argzyp = ¢g) JIMCTe, XOTd B IPOLECCe ABUKEHUS MBI,
mepecekasd JMHUIO pa3pe3a, MEepeXofWIn W Ha ApyrHe JUCTH. Bo
BTOpOM ciiydae, Touka z = 0 mexxur uyTpu Kpusoit C. [Tosromy,

., © ., O

r~ . r~
c \_%’ \%,

z=0\ - _'/I @ @

,\
\2) ¢ 2

Puc. 3.8

BBIAS W3 TOYKHU 2 = 2 (argzp = o) Ha k-M JucTe, MBI [IOCJIe 06-
xozxa kKpuBoit C' BepHEMCA B TOUKY 2 = 2 YXKe He Ha UCXOIHOM k-M,
a Hampumep, Ha (k + 1)-m sucre (arg 29 = @o + 27). Touxa 2q, npu
06x01e KOTOpo#t o 1000 3aMKHYTOM KPUBO# B JOCTATOYHO MAJION
OKPECTHOCTH 3TOH TOYKM [IPOUCXOTUT IIEPEXOJ C OJHOTO JIUCTA PHU-
MAaHOBOI IIOBEPXHOCTH aHAJIMTHYIecKol (pyrknum F(z) Ha apyroii ee
JIUCT, HAa3BIBAETC mouxol paseemeaenua pyukuun F(z). Kak ser-

1) Pucynok 3.8 coorsercrByer cayuano k = 1.
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KO BHUJETh, 9TO ONpPENEJIEHNe TOYKYW PA3BETBJICHUSA IKBUBAJIECHTHO
OTIpeJiesIeHuIo, TaHHOMY B TUI. 1, ¢. 32. OueBHAHO, B paccMaTpUBae-
MoM mpuMepe GYHKUUHN W = 1/Z TOYKAMH DA3BETBJICHUS SBJISIOTCS
ToukH z = 0 u z = o0.

IIpumep2 Oysxuua w =Lnz.

PaccmorpuM B 3amkHyTOM 061acTu Gy, TpeacTaBisiomeit coboii
IUTOCKOCTD Z, PA3PE3aHHYIO IO OTPULATENHHON JaCTH AeHCTBUTENb-
HOMt ocu —7 < argz £ 7, GyHKImio In 2z, 0 KoTOpO#t mLIa pedb B
mpeabIayineM maparpade:

wo=1In(z) =In|z|+iargz... (—m<argz<7m). (3.63)
Kax MBI 3Ha€M, 9Ta OTHO3HAYHASA aHAJUTHYIECKAA DYHKITUS ABIIAET-
Csl AHAJIUTHYECKUAM IIPOJOIKEHUEM AeHCTBUTENbHON DYHKIMA 4 =
= Inz u obparHa byuxuuu z = e¥. [losromy dyrkuus (3.63) oro-
Opaxkaer 0bacTh Gy IJIOCKOCTH 2 Ha mosiocy —7 < Im w < & mnoc-
kocTH w. Paccmorpum B 3aMkHyTO# obnacte Gy (7 < argz < 3n)
¢ YHKIIHIO

w; =1In1(2) = In|z| + iarg 2, m < argz < 3. (3.64)
OueBugno, dyHKIMs wi(2z) ABIFETCS AHAIUTUIECKAM IPOZIOJIAKE-
HueM wo(z) B 06nactb G1. AHaIOrm4HO PYyHKIMS

w_1 =1n_1(2) =ln|z| + iarg z, —-3rLargz < —m, (3.64')

OIpeJesIeHHas B 3aMKHYTO# obacte G_1 (—37 < argz < —7), gB-
NSIeTCs AaHAJIMTHYECKUM IpopokenneM byHKuuu wo(z) B obsacTu
G_1. Taxxe u dysxruua wg(z):
wg(z) = Ing(z) = In|z| + i arg 2, w(2k —1) < argz < w(2k + 1),
(3.65)
OIpe/iesieHHasl B 3aMKHYTOH obmacta G, 7®(2k — 1) < argz <
< 7(2k + 1), saBAsieTcst aHAJUTHYECKUM IMIPOJOJIXKEHHEM (DYyHKIMA
wg—1(2). Oyukumsa wi(z), OMHO3HAYHO 0TOGPAXKAOIIas 061acTh Gy
Ha nostocy 7(2k—1) < Im w < w(2k+1), Taxxke sBisieTca 0OpaTHOR
dbyuknun z = e¥. B oTiudne oT OpegpAYIIEro Caydas, HH ONHA, U3
dbyukuumit wi(z) (k # 0) He paBHa TOXIeCTBEHHO GYHKIHH wo(2).
[TosToMy AaHHBIA HPOLECC AHAIUTUYIECKOTO MPOAOJKEHUS CIIEAyeT
BECTU HEOTPAHWYEHHO KakK a7 k > 0, tak u qnua k < 0. Tem cambiM
ITOSTHAS AHAJIUTHYIECKas DyHKINI

’

wi(z), z€G1+To1+T12,
F(z)=Lnz=In|z|=iArgz= wo(z), z€Go+To1+To -1,
w_l(z), z2€G_1+ I‘o,_l + I‘_l, _9

(3.66)
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ABNAeTC OeCKOHeYHO3HAYHON HA, OOBIYHOM ILIOCKOCTH 2 M OJHO-

3HAYHOM Ha OECKOHETHONMCTHON pPHMAHOBON MTOBEPXHOCTH R =
o0

= Y. Gy, cocTaBJeHHON 13 GECKOHEYHOTO MHOXKECTBA JIUCTOB G,
n=—oo

IyTeM CKJIeMBAaHUs BepxHero Gepera paspesa kaxjaoro (k + 1)-ro
JIUCTA, C HUXKHUM OeperoM paspesa npeasiayiero k-ro mucra. Kak u
B TIPEABIAYINEM CIy4Yae, TOYKKM z = 0 U 2 = 00 ABAAIOTCA TOYKAMM
pasBeTBJeHud GYHKIUU Ln z.

OtrMeTuM erne pas, 4To hyHKIHg w = Ln 2z aeagerca oOpaTHOM
GyHKIME z = €. DTO MO3BOJIAET ONIPEIENUTE CMENEHHY0 GYHKUUI0
2% nns a10060r0 KOMILIEKCHOTO 3HAYEHUs (v B BUIE

29— (ean)a — elnz (3.67)

4. TIpuMepbl MIOCTPOCHUA AHAJIUTUYECKOrO IIPOIAOJIZKE-
Hus. IIpogoskeHue ¢ MOMOIIBIO CTEMMEHHBIX psiA0B. B pac-
CMOTPEHHBIX TPUMEpPaX Pa3JMYHLEIE BETBU AHAJIUTHYECKOH DYHK-
[[UY 333aBaJIUCh B SBHOM BHJle H3 BCeM KOMIUIEKCHOH ILJIOCKOCTH H
TTOCTPOEHNE AHATUTHYECKOT'O MPOIOKEHU NMPOU3BOAMUIOCH TyTEM
COOTBETCTBYIOIIEr0 CKJIEMBAHNA 0bJacTeill OmpenesieHus 9TUX BET-
Beit. PaccMOTpuM Temepp elre OJWH MeTOL KOHKPETHOT'O MOCTPOe-
HUS aHAJATHYECKOI'0 TPOJOIKEHNS aHATUTHIECKON PYHKIIUH, Tep-
BOHAYaJILHO 38JaHHOM B HEKOTOPOUH 00/1acTd G KOMIJIEKCHOM TIJI0C-
KOCTH Z.

[Iycrs dyukmus f1(z) aBasercs aHamuTwdeckoit B obacta Gi.
BribepeM mpou3BOSILHYIO TOUKY 2y € G ¥ paszmoxuMm f1(z) B cre-
TIEHHOM PN B OKPECTHOCTH ITON TOUKH:

filz) = Z en(z —2)" = Z %(z —z)". (3.68)
n=0 n=0

PaccmoTpuM psia, crosumii B npasoit yactu (3.68). Anpuopu Bo3-
MOXHBI 1Ba cirydas (puc. 3.9). B mepBoMm wiydae paiuyc CXomu-
moctu Ry pana (3.68) He mpeBOCXOOWT DACCTOSHHMA OT TOYKHA 2o
1o rpanuns! 'y obnacte G1. B arom cinyuae paszmoxenue (3.68) He
BBIBOAUT 38 I'PAHUIBI 00JacTH (| TMEepBOHAYANBLHOIO ONPENeCHHS
aHasnuTHYecKo# dbyukuuu fi(z). Bo BropoM ciayuae paguyc cxomu-
moctu Ry psana (3.68) Gosblie pacCTOSHUS OT TOYKH 2 [0 TDAHUIIBL
I'1 obnactu Gy. B atom ciygae obsnacts Go, mpeacTasisiomada coboii
KDpYT |z — 29| < Ry, yXe He siBisiercss momobsacteio obnactu Gy,
a JIMIIb uMeeT ¢ Hedt obmryo 9acTs Gio. B obnactu Ga cxopamuiics
crenennoi psaz (3.68) onpenensier aHAMUTHYECKY IO QYHKIHIO fo(z),
conaaromyio ¢ f1(z) B Gio. dra bynkuus fo(z) sABiaserca aHAIA-
THYeCKUM TpomoskerueM fi(z) B obmacts Go. CilemoBaTesbHO, B
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obnactu G = Gy + Go ompenesieHa aHAJIUTAYECKAS (DYHKIUA
f 1 (z), z € gl,
F(2)= .
@=-{h0 1E& (3.69)

Urak, B paccMaTpuBaeMoM ciiydae pasioxenwe (3.68) BeiBomutT 3a
rparuny ['; obmacTtu (i NepBOHAYAILHOTO OIPENEEHUAS AHAJIMTH-
yeckoit dynkmum fi(z). IlpoBens aHATOrWYHbBIE DACCMOTDEHHUS IS

L

Puc. 3.9

HEKOTOPO# TOYKH 2z MOCTPOEHHOH 0b6jacTe Go, 3aTeM Il TOYKHA
29 objmactH G3 W T. 4., MBI MOJYYMM AHAJATHIECKOE IIPOIOJIKE-
Hue Qyukuum fi(z) BHOnb uenouxu obaacmetd Gi1,Ga,...,Gn,. ..
IIpu 3TOM BO3SMOXKHBI TAKME B3aMMHbBIE HAJOXKEHHUSA 0bJ1acTel menoy-
KU, KOTOPHIE [IPUBOASAT K HEOOXOIMMOCTH PACCMATPUBATDH (DYHKIIUIO
F(z) xax 0ZjHO3HAYHYIO AHAIATHIECKYIO (DYHKIHUIO, ONPEEIEHHYO
yKe He Ha OOBIYHON KOMILTEKCHOM ILTOCKOCTH z, 4 Ha PUMAHOBOWM
[IOBEPXHOCTH.

PaccmoTpuM KOHKpeTHBIH mpuMep pa3sobpaHHOTO CIOCO0a aHa-
JIUTUYECKOTO TIPOIOJIKEHHUS.

II puwmep 3. IIycrs nepsonagvansuo dbyukuusa f1(z) samana
CBOUM CTEIIEHHBIM PSIOM

fz) =2 (3.70)
n=0

DTOT AL CXONUTCS BHYTPH Kpyra |z| < 1 K aHasuTH4IecKo# QyHK-
mua f1(z) = lsz Bcrony BHe Kpyra |z| < 1 psajJ pacXOAuTCst; CIIe10-

BATEJLHO, f1(2) He onpejesnena BHe Kpyra |z| < 1. BeiGepeM Hekoro-
PYI0 TOYKY %9 BHYTPH Kpyra |z| < 1 u mocrpoum pasnoxenwue fi(z)
o0

B CTENEHHOM Pz Y, ¢p(2—2p)" ¢ ueHTpOM B 9TOM TOUKE. BHrancius
n=0
1
k03 dunmenTs! ¢, mo dopmyne (2.16), noayunm ¢, = T
— <0

JIerko mokasaThb, YTO PaJUyC CXOAUMOCTH HAHHOTO Dpsixa p(zp) pa-
BeH |1 — 20|. Kak ciegyer u3 sseMeHTADHBIX T€OMETPUYECKHX CO-
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obpaxkeHnif, B TOM CIydae, KOTAa TOYKa 2zg He JIEXKHUT Ha OTpe3Ke
neticreuresbHOM ocu [0, 1], Kpyr CXOZMMOCTH JaHHOTO DA BHIAZET
3a, TIpeIelThl nepBOHaanlbﬁoro Kpyra cxomumoctd |z| < 1. Cienosa-

TesbHO, DyHKIU fo(2) = Z z_z;’z — ABJIAETCH AHATHTHIECKHAM

TpPOZOJKEHUEM (DYHKIAK f1( ) Ha 06sacTh |z — zp| < [1 — 2|.
3aMeTuM, 4TO CTENEHHOH psifl, onpeessonmi GyHKuuo fo(2),

TaK¥XKe JIeTKO CyMMHUpyeTcs, npudeM fa(z) = e IlosTomy B39B
B Ka4ecTBe HOBOTO IIEHTPA DA3JIOKEHWS TOYKY 2] BHYTPH Kpyra

o0 n
|z—z0| < ll—zol, TIOJIYYUM DAL, E ((z—z1)
n=0

1=zl cxopanmicss BHyTpH

Kpyra |z — z1| < |1 — z1| k byskunn f3(z) = li—z, COBHAJAIOMHI C

f2(2) u fi(2) B 0bugux wacTsax kpyra |z — z1| < |1 — z1| u obmacreit
OIIpEJIeJIEHNsT COOTBETCTBYIOMMX dyHKuumit. Tem cambiM f3(2) aBis-
eTCs aHAJUTHIECKUM NpomosKenneM f1(z) Ha HoBylo obiacTs. OT-
METHM, YTO IIPH JIO6OM BEIOOpE TOYKH 2] IPAHMIIA COOTBETCTBY IOIIIE-
r0 Kpyra CXOZUMOCTH IIPOH-
JeT 4Yepe3 TOouKy z = 1
(puc. 3.10). Ilocrynas anajo-
THYHBIM 00pPa30M, MOXKHO IIO-
CTPOMTDH AHAJIMTHYIECKOE IIPO-
nomxkenne dyuxkuun f1(z) Ha
[IOJTHY IO ILJIOCKOCTb KOMIIJIEKC-
HOH nepeMeHHOH, 3a UCKJIIoYe-
HreM ToukH z = 1. Ilpm sTom
AHATATAYECKUM [POJOIKEHH-
eM f1(2z), IOy YEHHBIM C TOMO-
IIBIO CTENEHHBIX DSAJNOB, SABJIS-

omnpeneseHHAas W aHAIUTHYe-
CKad BCIOLY, 3a UCKJIIOYEHUEM
TOYKHK 2 = 1.

HTak, HaM yzIaa0ch paciin-

Puc. 3.10 PHUTDL 06JIACTh TEPBOHAYAIL-

HOTO 33JaHUS aHAJUTHYECKOH

dbyekuuun F(z) — xpyr |2| < 1, B Koropoit 6bu1a 3ana8a GyHKIML
f1(z), — Ha Gosbluyto 06JACTb. 3aMETHM, UTO, XOTS U UMEIOT Me-
CTO MHOTOYHMCJIEHHBbIE B3AaMMHbIE HAJIOXKEHUS [TOCTPOEHHON ENOYKH

erca byukmus F(z) = %,

obracreit, mosy4eHHas aHajuTHdeckas dyukuusa F(z) = AB-

JISETCA OJHO3HAYHOM BO BCell 0OJACTH CBOEr0 OIpEeIeSIeHHS — Ha
IIOJTHOM ILIOCKOCTH Z ¢ BuIOpoIeHHO# Toukoit z = 1. JlambHeiimee
aHAINTIYeCKOoe nponosnkenne dbyskmun F(z) Ha 66ab1yio 061acTs
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yXKe HeBO3MOXKHO. Touka z = 1, SBASIONAACA TPaHUIEH 06MacTH
aHanmTHIHOCTH DyrKIMK F(z), npeacrapiser coboit B ompeneses-
HOM CMBICIE 0coOyI0 TOUKY 3Toi dyHKuuu. [loBeseHune aHAIATH-
9eCKO! (DYHKIMH B OKPECTHOCTH TAKMX TOYEK 3aCiIy:KuUBaeT bosee
moaApoOHOTO M3Yy4UeHUs, IYTO U OyIeT MPOBEIEHO B JaJIbHEHIIIEM.

5. IIpaBuibHBIE U 0COObIE TOYKH AaHAJIUTHIECKOH PYHK-
uuu. Ilycts dyexuus f(z) 3amaHa B obaacT G, OrpaHMYEHHOM
koHTYpoM ['. Touxa 29 € G nasmeaemcs npaguavHol mowxol
dynxyuu f(z), ecau cywecmeyem crodawulica cmenennol pad
e o]

> cn(z—20)™, xomopwii 6 obuwseti wacmu obaacmu G u ceoezo Kpyaa
n=0

czodumocmu |z — zg| < p(z0) cxodumes x Pynxyuu f(z). Ha 3uade-
HUe 4ucia p(2p) HAKIAJbIBAETCH eUHCTBEHHOE OrpaHmyeHwre: p(2g)
crporo 6osbie Hyns. Touku z € G, He ABJIAIOMMECT TPABUILHBIMA
roykaMu QyHKIUK f(z), HA3BIBAIOTCA €e ocobumu mowkamu. fcuo,
uro ey f(z) — aHasMTHYecKas B o6iacTu G, TO BCe BHYTDEHHHE
TOYKH TOH 06IaCTH CYyTh IpAaBUIBbHBIE TOYKY GyHKunH f(2). Toukn
rpaauns! ' MOryT GBITH KaK TPABWILHBIMY, TAK W OCOOBIMU TOIKAME
aHasMTHYecKoH dyHKImH f(2). O4eBUAHO, YTO BCE TOYKM IDAHUIIBI
I', nexammue BEYTpU Kpyra |z — 20| < p(2p) ¢ LEHTPOM B HEKOTOPOI
IPAaBUJIBLHON TOYKE 2p € §, TaK¥Ke ABJIAKTCH NPABUIBHBIMA TOYKA-
mu byrxnmn f(2z). Tak, B pACCMOTPEHHOM BBIIIE IPUMEDE BCE TOYKU
rpaHuns 2| = 1 061aCTH IEPBOHAYAILHOTO OMpeeseHusl by HKITUK

[e8)
fi(z) = > 2™, 3a uckiIOYEHNEM TOYKHU z = 1, ABJIAIOTCH IPABHUIIb-
n=0

HBEIME TOYKaMu. EauHCTBEHHOM 0Cc000i TOYKOH 3TOM DYHKIMHM MO-
XKeT OplTh Juinp TOYKa 2z = 1. OQHa XKe aBiagerca u 0coboit ToOUKoit

byrkuumn F(z) = T AHAJUTHYECKOTO MPOIOIKEHNS yHKIIIN
f1(z) Ha pacmupenHy0 067acTh. AHATOrMYHO TOYKA 2z = 0, 0O AB-
NSI0TCA 0coObIMU Toukamu byHKImE /2 u Lnz, paccMoTpeHHBIX
B IL. 3.

[Iycrs amamurudeckas dbyHruusa f1(z) IePBOHAYAIBHO 3a/aHA,
B obiacTu §i, ¥ IIyCTh BCE TOYKU CBA3HOTO y9acTKa I rpaHuIrsl
I" 97T0it 06s1ACTH SABJIAIOTCH IPABUIBHBIME TOUYKaMU yHKImHA f1(2).
Torxa W3 IPOBEJEHHBIX BHIIIE PACCMOTPEHHUH CJIEAYET, YTO (DYHK-
g f1(z) MoxeT GBITh aHAJMTHYECKH HDPOJOJIKEHa depes | Ha
66pIIy0 001aCTh. MOXKET O0Ka3aThCA, YTO BCE TOYKM IpaHuIpl [
obyactu §; TMEPBOHAYAJILHOIO 33JaHUS AHAJUTHIECKON DyHKIMu
f(2) aBnaworca npasuibEbIMA. B 3ToM ciiyuae dyrkmmio f(z) Oy-

JIeM Ha3BIBATH GHAAUMUNECKOT 8 samrnymoti obaacmu G,. U3 mpe-
OBITYITAX PACCMOTDPEHUA CIIEAYET, UTO QYHKUUI, GHAAUTIUNECKY?O

8 3aMKHYMOl 06aacmu G, MONCHO GHAAUMUNECKU TPOOOAIHCUMD
Ha 66avwyto obaacms G, codeparcausyro obaacms G .
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AHamuTHYECKOe MPOLOJIKEHNE YEPE3 YYACTOK TPAHUIILI, COLEP-
JKaIuit U ocobbie ToYkK DyHKIMA f1(2), 04EBUIHO, HEBO3MOXKHO.

IIpuBegem mpuMep aHAJUTHYECKON (DYHKLIMM, 3aJaHHOK B
OrpaHMYEHHON 06J1aCTH, KOTOPYI0 HEBO3MOXKHO MPOJOJIKHTH HA
66p1Ty10 06J1aCTD.

Il puwMep 4. Paccmorpum amamutnaeckyro ¢yukuumio f(z),
3aJaHHYI0 CTEMEHHBIM DZIOM

z) = i 22", (3.71)
n=0

Kax J/Ierko ompefenuThb ¢ IMOMOINIbI0 MPOCTEHINX MPU3HAKOB, P,
(3.71) cxomurca BHyTpM Kpyra |z| < 1. Ilpm pneficTBUTEsBHOM
o0

n
z — 1cymma Y. 72" HeorpaHWYEHHO BO3PACTAET, TEM CAMBIM TOYUKA
n=0
z = 1 sBngercs ocoboit Toukol f(z). IlokaxkeM, 4TO ¥ TOUKY 2k m =

= exp (zz—:m), rme m = 1,2,3,...,2F, a k — mo6oe HaTypasbHOE
YHCII0, SIBJISIOTCS 0COOBIMHU TouKamu DyHKImA f(z). s sToro pac-
CMOTPUM TOYKY Zgm = P €Xp (zz—:m) (0 < p < 1) u npeacTaBuM

sHavenve QyHKIWH f(z) B 9TO# TOUKE B BHUIE

f(Zem) Z 2k m Z 52" (3.72)

[TepBoe ciaraemoe B (3.72), apismomeecs cyMMOﬁ KOHEYHOI'0 YMCIIa,
CJIAraeMbIX, 0 abCOTIOTHON BeIMYNHE OIPAHUYEHO, & BTOPOE, B CHILY
BBIOOpPA TOUKHM Z 4m, MOXKET OBITH IPe0OPa30BaHO K BHIY

oo oo
SoBa=> 0" (3.73)
n=k n=k

IIpu p — 1 cyMma BhIpaXKeHUsl, CTOALIErO Cpasa B (3.73), Heorpa-
HUYEHHO BO3paCTaeT. ITO U JOKa3BIBAET, YTO TOUKH 2k s, ABJAIOTCA

ocobbiMu Toukamu Gyukumnn f(2). Ho npu £ — co stu Touku BCrony

ILTOTHO 1) pacmomokens! Ha OKpy:KHOCTH |2| = 1. Orciona crenyer,
yto dynkums (3.71) ZeACTBUTENLHO HENPOLOKUMa HU Yepe3 Ka-
KYIO YTy 3TOH OKPYKHOCTH. .
Crpost aHAINTHYIECKOE MPONOIKeHNe byHKImH F(z) = T C
[OMOIIBI0 CTEIEHHBIX DPSAZI0B, MBI BUAENH, YTO TPAHMIA KPYTa, CXO-
JIIMOCTH KaKJIOTO €€ JIEMEHTa fi(2) MPOXOLUT Yepe3 TOUKY 2z = 1,

1) To ectb B /060# £-OKPECTHOCTH KaXKI0% TOUKM OKDYXKHOCTH |z| = 1 maii-
AyTCH TOYKH IOC/IESOBATEIBHOCTH {2k, m }-
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ocobyio TOUKy 3Toit dyHKImK. TeM caMbIM Ha PAHMIE KPYTa CXO-
JUMOCTH JIF000T0 M3 MOCTPOEHHBIX CTEMEHHBIX PSIOB JIEXKUT 0C00ast
TOYKA AHAJIUTHIECKOM (PYHKINH, K KOTOPOH 3TOT DAL CXOTUTCS. DTO
CBOMCTBO SIBJISIETCH OOIUM CJIEICTBHEM CIAEAYIOIIEH TEOPEMBI.
Teopema 3.3. Ha 2panuye xpyza cToumMocmy CmeneHnozo pi-
da aeorcum xoma 6ot 00na 0c06aA MOUKE AHAAUMUNECKOT GYHKULY
F(z), x xomopoti cxodumca darnoui pao.
HdokaszaTeuasbcTBs o Ilpemnomoxum, 9TO BCe TOUKHU

e o]
okpyxuocTu Cjy kpyra K cxomumoctu psaga f(z) = Y, ep(z — 20)"
n=0
SBJIAIOTCS TIPABWILHBIMY, T. €. IJis J1060i Toukn 2 € Cy cyuecTsy-
er Takoe p(Z) > 0, 9yro B obmeit gacTu kpyra K x CBOEr0 Kpyra

cxopumoctH |z — 2| < p(£) coorBercTByIOMMA P Z cn(2)(z—=2)"
n=0
cxomures K f(z). Ilycts papuyc xpyra Ko ects Ry.
Pacemorpum byukuuio p(2), ompeJeNeHHyIo Ha OKpykHOCTH Cl.
[TokaxxeM, 4To s JTEOOBIX ABYX TOYEK 21 U 32 Ha okpyxuocTH C)
BBITIOJTHEHO YCJIOBHE

lp(21) — p(22)| < |21 - 22l (3.74)

JeficTBATENBHO, IPEATIONOXKHM, YTO STO yCJIOBHE He BHIIOIHEHO, Ha-
npumep, |p(%2) — p(31)| = |#1 — 22| + 6, tme § > 0. Torma kpyr
|z — z1[ < p(%1) cxomumoctn

para > enln)(z — 2)" =

n=0 W
= fi1(z) mexur BHyTPH KpyTa ‘9
|z2—22| < p(22) cxopumocTu ps- X, . 2o ",
0

[ o]
ma Yy, cal2e)(z — 22)" = fa(2)
n=0
(puc. 3.11). B obmeit gactu
3TMX KpyroB u Kpyra K oba
papa cXoodaTcs K OJHON K TOU
xe byukuun f(z). Cuenosa-
TesbHO, DyHKIUA fo(2) ABIsA- Puc. 3.11
eTCsl aHAJUTHYECKUM TIPOJOJI-
xkeHueM Gyekuu fi(z). ITo 03Hadaer, 9To B Kpyre |z — 31| <
< p(z1) + 4 oupenenena anamurndeckas GyHKIEs foz), coBnaga-
fomas ¢ f1(z) B kpyre |z — 21| < p(21). B cuiy reopemsr Teitnopa
[ o]
OTCIOfla CJIEZlyeT, 9YTO PAJMyC CXOOUMOCTH Pama ¥, ¢n(21)(z — )"
n=0
He MeHbIle 4eM p(21) + §, 9TO TPOTUBOPEYUT HUCXOJHBIM JAHHBIM.
Urak, yciosue (3.74) yCcTaHOBIIEHO.
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W3 3T0r0 yCaoBus CieAyeT paBHOMEpHas HENPEPBIBHOCTL (QyHK-
mun p(2) ma xpusoit Cy. JeficTBuTenbHo, cooTHomernue |p(21) —
— p(22)| < € BBIMONESETCS A O6OrO Hamepes 3aaHHOro € > 0,
eCJIM TOJILKO BBILIOJIHEHO yCJIOBHe |21 — 22| < e. Tak kak dyHKIMa
p(2) > 0, To OHa OTpaHUYEHA CHU3Y ¥ B CUJLy HENPEPBIBHOCTH JOCTH-
raer ma C cBoeil TouHOM HukHe#t rpamn 1) p(2) > p(30) = po > 0.
[Tocieanee HEPaBEHCTBO UMEET MECTO, IIOTOMY 4YTO s Beex 2 € Cp
BBITIOJIHAETCS CTPOTOe HepaBeHCTBO p(2) > 0.

B cuily eVHCTBEHHOCTH aHAJIATAYECKOTO IPOIOJIKEHUS MOXKHO
yTBEPXKJaTh, 4TO B Kpyre |z — 2| < Ry + pg ompezeseHa oxHO-
3HaYHAsA aHAINTHYecKass dyukius F(z), coBnagaromas ¢ byHkun-
eit f(z) B kpyre |z — 29| < Ry. CnemoBarensHo, pajguyc CXOAMMOCTH

o0

HCXOJHOTO CTENEHHOTO paja Y. cn(z — 20)™ mosxken 6b1th Ry + po,
n=0

a He Ry. Ho 3T0 mpoTmBopeunT ycmoBuio Teopembl. MTak, mpenmo-

JIOXKEHHUE, YTO BCE TOUKU I'PAHHUIBI KPYTa CXOAUMOCTH IIPABUJILHBIE,

TIPUBOIUT K IpoTuBOpednto. TeopeMa moKa3aHa.

W3 Teopemsr 3.3 ciemyer, 4To paduyc xpyea crodumocmu cme-
newHo20 pada onpedesiemca PACCMOARUEM OM UEHMPE CTOOUMO-
cmu do bausicatiuets 0cobotli MmouKy TOW aHATATHYIECKON (DYHKIVH,
K KOTOPOW CXOOUTCA LaHHBIN pAL.

6. Ilonsitme mosHOI aHanmuTudecKoit pynkmun. Ilpens:-
LyIINEe PACCMOTPEHHS ITO3BOJIMJIA IIOCTPOUTH AHAJUTHYIECKOE IIPO-
nospxenne dyHkmua fi(z), 3amanHOi B obsnactv G, Ha 6GOMBIIYIO
obnacts G = Gy + Go WK COOTBETCTBYIOIIY) DHUMAHOBY IIOBEDX-
HOCTh. Kak MBI BHZEIM, MOXKHO PacCMaTPHWBATh AHAJIUTHYIECKOE

TIPOJOJIXKEHHE BIOJb IeNouku obmacreit Gy, Go,..., G,, UMeoOIIUX
obiwe gacTu gg,i 41, B KOTODBIX COBNAJAIOT aHAJIUTHIECKHE DyHK-
wa f1(z), fo(2),..., fn(2), 3amannse B obnacrax Gi, Go,..., Gn.

IIpu sTOM MBI OyYuM B obsact G = G1 + Go + -« - + Gp, wiin Ha

COOTBETCTBYIOLIEH PMMAaHOBOH moBepxHOCTH R ogHO3HAYHYIO aHa-
muTHaeckyo byakuuio F(z), aBasonyocs aHaJIATAYECKAM IIPO-
nosnxenueM GyHknun f1(z).

Ecnu anannrudeckas dyukuus fi(z) nepBOHAYAILHO 33JaHA B
obnactu Gi, TO, CTPOS Pa3JMUYHBIE IEMOYKH 06/1aCTel, BLIXOALIIUE
u3 o61acTu G1, MBI MOXKEM IIOJIyYNTh AHAJUTHYECKOE IIPOJOJIKEHHUE
dbynkmun fi(z) Ha pasnmudHble 06sacTH, comepxkamne 061acTh G .
IIpw 3TOM CyIIECTBEHHBIM SBJSETCH TMOHATHE IMOJHON aHAJIATHYE-
CKO# QyHKINH,

Qynxyua F(z), noiywennas nymem aHGAUMUYECKO020 NPOOOA-
HCEHUA B00AD BCEBOIMONCHBIT Uenouex obaacmeti, 6uTOOAUUT U3

1) Cm. Bom. 1.
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obaacmu G nepeoHauaavho20 3adanus anasuMmuNeckot PyHruuU
f1(2), nasweaemca noanot anasumunecxot gynxyuet. Ee obaacmo
onpedeaenusa R naszveaemca ecmecmseennoti 064acmovio cyusecmeo-
B6GHUA NOANOT anasumuseckot GyHryUL.

CoriacHO TOJIBKO YTO IPOBEJAEHHBIM PACCMOTPEHHSIM €CTeCTBEH-
Has 0b6JacTh cyulecTBOBaHUsS R MOHON aHATUTHYIECKOW (DyHKIUH
F(2) moxeT 6BITH PUMAHOBOM MOBEPXHOCTHI0. OTMETHM, YTO aHA-
nuTHYecKoe mpomosnkenve ¢yukiun F(z) 3a rpamuny I' ee ecre-
crTBeHHOR 06JracTu cyirecTBoBaHus R yke HeBo3MmoxHO. [Ipu sToMm
BCE TOYKHM 3TOM TPAHMWILI ABIAIOTCI OCOOBIMHU TOYKAMM (PDYHKITUH
F(2). Do nerko mokaszars. [Ipemmonoxum, 4ro Touka 2y € I sB-
JISIeTCs TPABMJIbHOM Touko#i ¢ynkumm F(z). B Takom ciaygae, mo
OIpEJIeIEHAI0 IPABWILHON TOYKHM, BHYTPH Kpyra |z — 2p| < p(2o)
CYILECTBYeT HEKOTOpasl aHaJnMTH4YecKas QyHkuus &(z), coBmamaro-
mag ¢ F(z) B obmeit yactn nansoro kpyra u obmacte G. Ho xpyr
|z — 20| < p(20) 3aBeOMO BBHIXOZMT M3 oGiacTu G, mosTomy P(z)
SABJIETCS AHAJATHYECKUM IIPOIOIKEHUEM IIOJHON aHAJIATHYECKON
byHKIEHE Yepe3 IpAHUILY €e eCTECTBEHHOM 06JIaCTH CYIIeCTBOBAHUS,
YTO HEBO3MOKHO.

B paccMoTpeHHBIX B MPEALIIYINMX IMYHKTAX IMPUMEPAX MBI II0-
CTPOWJIM Dsifi TIOJHBIX AHAJUTHYECKUX (DYHKIMA U UX €CTeCTBEH-
Hble 00JIaCTH CYIIeCTBOBAaHUA. TaK, €CTeCTBEHHBIMUM OOJACTAMY CY-
[IECTBOBAHUSA IIOJHBIX AHAJUTHYECKUX DYHKIHMH /2 u Lnz ssis-
IOTCS COOTBETCTBEHHO N-JIUCTHAS ¥ GECKOHEYHOJMCTHAS PUMAHOBBI
[IOBEPXHOCTH; €CTECTBEHHOM 06JIaCTHIO CYIIECTBOBAHUS IIOJHOM aHa-

" 1
JIMTUYIECKOMN (by'HKU;I/II/I 1— — IIOJIHad KOMIIJIEKCHadA IIJIOCKOCTH C
-z

BBIODOIIEHHOM TOYKON 2 = 1; ecTeCTBEHHOM 00JIACTHIO CYIIeCTBOBA-
Husi byukuun (3.71), paccMOTpeHHO# B npuMepe 4, — €MHUYIHBLHA
Kpyr 2| < 1.

IIpu sToMm B mocaemHeM mpuMepe 00JacTb G IEPBOHAYAIBLHOTO
3a/1aHUs] AHAMMTHYEeCKOH yHKImK f1(2) TakoBa, YTO HEBO3MOXK-
HO aHAJUTWYECKoe Npojoskenue (ynkimuu fi(z) 3a rpamwmmy [y
obmactu G1. DT0 U o3HaUaeT, 4To f1(2) — HOIHAS AHAIUTHYECKAs
GyHKIMA W G — ee ecTeCTBeHHasd 0ODOJACTH CylIeCTBOBaHHMA. Ec-
Ju ke 001acTh (1 TAKOBA, YTO BO3MOMKHO AQHAJIMTHUIECKOE MIPOIOJI-
xkenwe f1(z) Ha 66abIIyI0 067aCTh, TO byHKIMIO f1(2) Ha3BIBAIOT
saemenmom noanotl anasumuneckotd dynxyuu F(z). Ananurude-
ckoe mpogomkenue foz) dyukuum fi(z), 3amannoit B obsacru Gi,
Ha 00JacTh (o, UMEIOIIYI0 C G 0Bmy0 4acTh Gio, 6yTeM Ha3bI-
BATb HENOCPECCTNEENHDIM GHAAUMUNECKUM NDOOANCEHUEM DYHK-

mun f1(z).
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P4 JIOPAHA N U3OJIMPOBAHHBIE OCOBBIE
TOYKHN

B 370l rnae OymeT u3yueHO MOBeIEeHUE ONHO3HAMHON aHAIU-
TUYECKOM (DYHKIUU B OKPECTHOCTH €€ U30JUPOBAHHBIX OCOOBIX TO-
yeK. 3HaHWe ITOrO MOBEJEHUSA He TOJbKO MO3BOJAET riiybke mpo-
HUKHYTH B IMPUPOLY AHANUTUYECKUX (PYHKIMM, HO U HAXOAUT Mpd-
MO€e NPAKTUYECKOe MPHMEHEHNEe B MHOTOUMCIEHHBIX IPUIOXKEHUIX
Teopuu GYHKIUN KOMILJIEKCHOM ITepeMeHHOIH.

B npeabiaymux rmaBax Mbl BUAENH, KAKYyi0 OOJIBUIYIO POJIb UTDaA-
IOT CTENeHHble DPSABI M, B YaCTHOCTH, paAn Teinopa B M3y4eHUU
CBOMCTB aHATUTHYeCKUX DYHKIUH B 061aCTH, Tie OTCYTCTBYIOT OCO-
Brle TOUKM UCCIenyeMbIX GYHKIUH. AHAJOrHYHYIO DONb [IPU U3Y-
YEeHUM CBONCTB aHAIUTUYECKUX DYHKIUN B OKPECTHOCTH UX UB0JIH-
POBAHHBIX 0CODLIX TOYEK Urpaer pax JlopaHa.

§ 1. Pan Jlopana

1. O6uacts cxogumoctu psaaa Jlopauwa. PaccMmorpum psn
BHIA
o0

> enlz—20)", (4.1)

n=—oo

rae zg — (GUKCUPOBAaHHAS TOYKA KOMIUJIEKCHON IUIOCKOCTH, Cp —
HEKOTODbIe KOMILIEKCHbIe YHCJIA, & CYMMEHDOBAHUE BEJETCH KaK IO
IIOJIOXKUTEJILHBIM, TAK U I10 OTPUIATENLHBIM 3HAUCHUSIM HHIEKCA N.
Pan (4.1) vocur Hazeaume pada Jlopana. YCTaHOBEM 0OJIACTB CXO-
JUMOCTU 3TOro paza. Jljis 9Toro mpeacrasuM sbipaxkenue (4.1) B
BHJE

o0

Z cn(z —29)" Z cn(z—20)" + Z CEYSD Zo)" (4.2)

n=-—0oo
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OueBuHO, 06JIACTHIO CXOAUMOCTH Pafa (4.1) asigercs obasa 9acTh
obsiacTef CXOMMMOCTH KaXXJOTo M3 CJIaraeMblX mpasoi wactu (4.2).
(e

O6acTBIO CXOOUMOCTH Psia Y, Cn(2 — 20)™ aBiseTcd KpPyr C LeH-
n=0

TPOM B TOYKE 2y HEKOTOPOro pazumyca Rj (Kak ObLIO yCTAaHOBIIEHO

B TJI. 2, 3HaueHHe K] MOXKeT, B YaCTHOCTH, PABHHATHCS HYJIO WIH

feckoHeuHOCTH). BHYTpH Kpyra CXOZMMOCTH 3TOT Dsifi CXOAUTC K

HEKOTOPOi aHAJHTHYECKON PYHKINKA KOMILIEKCHO!N IMepeMeHHOM

oo
fi(2) =Y en(z—20)", |z — 2| < Ry (4.3)
n=0
x C
JIsl OIIpeesieHns 00JIaCTH CXOOUMOCTH PSIa ——" _ cheaeM
Mot omp D O
n—=

3aMeHy TTepEMEHHOM, MOMOXKMUB { = . Torma 3TOT psAx MpUMeET

2 —20
o0
BUJ Y c_nC". To ecThb OH IpencTaBisieT co60# OOBIYHbIA CTENEHHOM!
n=1
PSJl, CXOAAIMICS BHEYTPH CBOETO KpPyTa CXOAWMOCTHM K HEKOTOPO
anasuTudeckoit pyukuun () xommiekcHoit nepemennoit (. O6o-
3HAYAM PaJAyC CXOJMMOCTH IIOJIy4€HHOIO CTEIEHHOIO DA 4Yepe3

1
—. Torma
R ga

() =Y enl® 1K< 7 (4.4)
n=1

Bosepamasce k crapoit mepemenso#t u monaras ¢(((z)) = f2(2),

TIOJTY UM
o0

fQ(Z) = (zi_—zno)"’ |Z — ZO| > RQ. (4.5)
n=1

o0
C—

Otcroza cienyeT, 4To 0BIaCTHIO CXOLUMOCTH DSAfa Y, Gy
n=1 \*~ %0

OTPUIATEIbHLIM CTEMEeHsM DasHOCTH (2 — Zg) sABJIseTCs 0OJIacTh,
BHEIUHAS K OKPYKHOCTH |2 — 29| = Rp (Tak e kak u Rj, 3HaueHmne
Ry MOXeT, B YaCTHOCTH, PABHATHCS HYJIIO MM GECKOHEYHOCTH).

Utak, Kaxablif U3 CTEMEHHBIX DAA0B mpasoit dactu (4.2) cxo-
JUTCS B CBOEH 0OJIACTH CXOJMMOCTH K COOTBETCTBYIOIIEH aHAIUTH-
veckoit ¢pyukuuu. Ecmm Rp < Rj, To cymecTByeT obimas o6IacThb
CXOIMMOCTH 3THX DSIOB — kpyeoeoe xoavyo Re < |2 — 20| < Ry, B
KOTOpOM psizt (4.1) cxomuTesa X aHATMTHYIECKOH DyHKIUH

oo

f@)=f2)+ falz) = D en(z—2)", Ra<|z—2|<Ri
e (4.6)

n
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Tak kak psagpl (4.3) u (4.4) aBasI0TCS OOBIYHBIMH CTENEHHBIMH Dsi-
JlaMH, TO B yKa3aHHO# obacTu dyuknusd f(2z) ob1amaeT BceMu CBO-
CTBAMH CYMMBI CTEMEHHOTO pANa. ITO 03HAYAET, 4TO pad Jlopaua
(4.1) cxodumca 8HYMPU C60€20 KOABYA CTOOUMOCTIU K HEKOMOPOY
Pynrxyuu f(z), anasumusecroli 6 dannom Koavue.

Eciu Ry > Ry, To psaawl (4.3) u (4.5) obuieit obaactu cxonu-
MocTH He uMeroT. TeM caMmbIM B 3TOM ciaydae psaz (4.1) Hurge He
CXOOUTCH K KaKOH-1u00 DyHKIINH.

. Pa3znoxkenue anajsiutudeckoii pyHkiuuu B paja Jlopa-
Ha. Temepb €CTECTBEHHO IIOCTABATH BOMPOC: MOXKHO JIM (DYHKITHH,
aHAJIATUYECKO B HEKOTOPOM
KPYrOBOM KOJIbI[E, COIOCTa-
BUTH psx JlopaHa, cxonarmmit-
cd K 9TOM (DYHKIUK B JAHHOM
kospie? OTBeT Ha 3TOT BOIPOC
JAET CIEeLYIOIIast TEOPEMA.

Teopema 4.1. Pynxuyus
f(2), anaaumuxnecxasn 6 xpyeo-
som xoavye Ry < |z — 2| <
< Ry, odnosnawno npedcma-
BAAEMCA 6 3MOM KOADUE CLO-
daugumca padom Jlopana.

HdokaszaTeabcCcTBso.
Qukcupyem IIPOM3BOILHY IO
TOYKY 2 BHYTpH KOibla Rp <
< |z — 29| < Ry u mocrpomm

Puc. 4.1 okpyxuocT Cpr 1 Cpy C LeH-

TpaMH B 2, PaAUyChl KOTOPBIX

YZOBIETBOPsAIOT yoioBusM Ry < Ry < R} < Ry, R < |z — 2| < R}

(puc. 4.1). Cormacro dhopmyse Komm s MHOrocBsasHo# obsracta
HAMeeT MEeCTO COOTHOIIEHHUE

/ f(C) d+ L / f(C) (4.7)
CE,l

2 — 20
Ha C R| BBIIOJHSETCS HEPABEHCTBO ‘

¢ —zo

< ¢ < 1. Iostowmy,

MPEJCTABUB APO0HL = B BHIE

1 1 _ 1 1 1 Z (z - zo)
(-2 (-2)—(z—2) (-2 |_Z-% (-2 ¢ — 20
¢ — 2o =
U IPpOBeId IMIOYJIEHHOE MHTErPHPOBAHNE, YTO BO3MOXKHO B CHJIy paB-
HOMEpHO CXOMUMOCTH P14, TI0 IepeMeHHo { (no,qpo6Hee CM. I'I. 2),
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TOJTy YUM
oo
1
file) = / 19 4= 3 el — 20 (4.8)
CR’I n=0
rie
1
= om « _figm d¢, n>0. (4.9)
CR,I
Tax kax Ha Cp), BHINOMHAETCS HEPABEHCTBO i—z < 1, To ana-
— <0

JIOTUYHO IIDEAbILAYIIEMY HUMeeM

Ciz =_z—1zo i(i:—j;)n

B pe3yJibTaTe IIOYJIEHHOT'O HHTeI‘pHpOBaHHﬂ ITOT'0 PALA IIOJIYYIHUM

0
/c d¢ = ZZ_ZO (4.10)

R2

con=—5= [ FOE—2)""d. (4.11)

rze

W3menus HampasJieHue HHTErpupoBanus B (4.11), mepemumem 3To
BBIDAKEHME B BHIE
=1 [ __f9
‘= omi / (¢ — zo)—n+1 d¢, n>0. (4.12)
Cry

3aMmernM, 4TO NOALIETErpasbHble GyHKIUH B (4.9) u (4.12) aBisaoT-
Csl aHAJIUTHYECKUMU B KPyTroBOM Konblie Ry < |2 —z| < R;. Ioaro-
My B ciTy TeopeMbl Kommm 3Ha49eHrs COOTBETCTBY IOIUAX HHTEIPAJIOB
He M3MEHATCH IIPHU IPOU3BOJILHOM ehOpMaIuu KOHTYPOB HHTErPH-
pOBaHHS B 00JACTH AHAJIATHYIHOCTH MOABIHTEIDAIBHBIX (DYHKITHIA.
Do no3sosser 06beauHKUTh dbopMmynsl (4.9) u (4.12):
1
tn = 5 %d(, n=0,+1,+2 ..., (4.13)
C
rne C' — UPOMBBOMBHBIN 3aMKHYTHI KOHTYD, JIEXKAIHA B KOJIBIE
Ry < |z — 29| < Ry u comepxkaimit TOUKy 2o BHYTpH. BosspaTus-
wuck K dpopmyse (4.7), momydum
oo

z) = Z en(z —20)" + Z (zc__—zno)n = Z en(z — 20)", (4.14)
n=0 n=1

n=—oo
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rae K03 PUIMEHTEI ¢, IS BCEeX 3HAYCHUIM MHIEKCA 7 OIPEIeIa0T-
cs exuHOOOpas3HoOit dbopmynoit (4.13). Tak Kak z — IPOM3BOIBLHAN
TOYKA BHYTDH KOIbIa Ry < |2 — 29| < Ry, ToO oTCIOAA CieayerT, 4To
pax (4.14) cxonnrea K dyHkuuu f(z) BCIOLY BHYTPH JAHHOTO KOJIb-
113, IpIYeM B 3aMKHYTOM Kombie Ry < Ry < |[z—2p] < R < R) psan
cxomgurcst K ¢yukuun f(z) paBHomepHo. OcCTaeTcs HOKA3aTh €IWH-
cTBeHHOCTH pasnoxenus (4.14). IIpexnonoxnm, 9T0 MMeeT MeCTO

JIpYroe pa3ioKeHue:
o0

f2)= D dz—2)"
n=—oo
rae xord Obl omuH Kodddurment ¢, # c¢,. Torma BCIOAY BHYTpH

kombia Ry < [z — 29| < R mMeer MecTo paBeHCTBO
[e o] [e o]

Z cnl(z — 20)" = Z ch (2 — z)™. (4.15)

n=—0oo n=—oo
Ipoeenem okpyxuocts Cg paguyca R, Ry < R < R, C IeHTpOM B
Touke zg. Pagsr (4.15) cxogsrea va CRp paBHOMEDHO. Y MHOXKHUM HX
Ha (2 — 29) "™ !, rme m — bWKCHPOBAHHOE IIeJI0e YUCIIO0, ¥ TPOMH-
TerpupyeM mowieHHo. Pacemorpum [ (2 — 29)" ™! dz. Ilonoxus

z — 29 = Re*?, nony4um Or
o 0 n#m
f (z _ ZO)n—m—l dz = R™ ™ f ez(n—m)cp dp = s . ’
O 0 27, n=m.
(4.16)

Yura (4.16), HaligeM, 9TO MOC/Ie YKA3aHHOTO WHTETPUPOBAHUSA BbHI-
paxenvs (4.15) OTIMYHBIMH OT HyJsl OKAXKYTCS JIMIIL 110 OZHOMY
craraeMoMy m3 GeCKOHEYHBIX CYMM B JIEBOi U IpaBoil 4acTax 3Toro
Beipaxkernd. Orcroga nomydum: ¢, = c,. Tak kax m — npowms-
BOJILHOE YHCJIO, TO 3TO U JOKA3BIBAET €IUHCTBEHHOCTH PA3JIOKEHHS
(4.14). Teopema IONHOCTBIO JOKA3AHA.

V3 nony4eHHBIX pE3y/NbTATOB CJIEAYET, YTO TOYHON 06/1aCTHIO
cxomumoctu pazxa Jlopara (4.1) asnsercs xpyrosoe Kombio R <
< |z — 29| < Ry, Ha TpPAaHALIAX KOTOPOTO UMEETCS XOTs Obl 110 OZHOM
0060l TOYKe aHAIUTHYIECKOH dyHKImM f(z), K KOTODOi CXOQUTCs
pan (4.1). Iocnentee yTBepKIEHUE ABISETCS CIEICTBHEM TEODE-
MHI 3.3.

§ 2. Kuaccudukauusa U30/JHPOBAHHBIX 0COOBIX TOYEK
OHO3HAYHOI aHaINTH4YecKoi (pyHKIUN

Touxa zy Hna3wieaemca usoauposannoli ocoboli mouxol dymx-
yuu f(2), ecau f(z) — 00HO3HAYHAA U GHAAUMUNECKAA 8 KDPY2080M
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xoavue 0 < |z — 29| < Ry, a mouxa 2y Asasemca 0coboli moy-
xot gpynxyuu f(z). B camoit Touke zg dyukuus f(z) moxer GbITH
He ompezeneHa. V3yunMm noeexenne byHkuuu f(z) B OKPECTHOCTH
rouku 29. CommacHo mpexasiaymemy naparpady dbysxumo f(z) B
OKPECTHOCTH TOYKH 29 MOXKHO Da3ioxuth B psan Jlopana (4.14),
cxonsimmiicst B kouplie 0 < |2 — 29| < R;. IIpu 3T0M BO3MOXKHEI TpH
Pa3IMYHBIX CIydasd:

1° Ilomy4ennniit panx JlopaHa He COZEPXKWT WIEHOB C OTPHILA-
TEJILHBIMH CTENIEHSMH PA3HOCTH (2 — 2p).

2° ComepXHUT KOHEYHOE YHUCJIO UJIEHOB C OTPHLATEIHHBIME CTe-
HeHIMH Pa3HOCTH (Z — 2p).

3° ConmepxuT 6eCKOHEYHOE YKMCI0 YJIEHOB ¢ OTPHIATEIbHLIMHI
CTENeHsIMH PA3HOCTH (2 — Zp).

B 3aBHCHMOCTH OT yKa3aHHBIX BO3MOXKHOCTE M ITPOM3BOAUTCH
KJIacCrUKAINS H30JIXPOBAHHBIX 0CoObIX To4eK. [lepeiimem K mocie-
JIOBATEJIbHOMY PACCMOTPEHMIO KaXKIOT0 M3 YKA3AHHBLIX BHIIIE CIIY-
JaeB.

1° Psan Jlopana dbyukiuu f(z) B OKPECTHOCTH €€ H30JHPOBAH-
HOIt 0c000 TOYKM 2( HE COIEPKUT UICHOB C OTPHUIATEIbHBIMA CTe-

o)
HeHIMH PasHOCTH (2 — zp), Te. f(z) = Y, cn(2 — 20)". Kak zer-
n=0
KO BHJETb, IPH 2 — Zg CYIIECTBYET MpeNesbHOE 3HaYeHne (DYyHK-
nuu f(z), npuyeM 3TO IpeAeNbHOE 3HaYeHNe PaBHO ¢y. Eciu dyHK-
uus f(z) He GBLIA ONpEJETEHA B TOYKE 20, TO JOOMPEAEUM €€, M0-
noxuB f(zy) = cp. Eciin nepBorayanbHo 3ananHOoe 3HaueHue f(zp)
He COBIIAJAET C Cg, TO U3MEHHUM 3HadeHHe YHKIWH f(z) B TOUKe
20, monoxkuB f(zg) = cg. Tak onpenenennas dyukuus f(z) Gyzer
AHAJIMTHYECKO BCIOLY BHYTPH KPYyTa |2 — 2| < Rj. Tem caMbiM MbI
ycrpanuin paspeiB dyukuuu f(z) B Touke zg. [losromy msommpo-
BaHHas 0cobas ToUKa 2o GYHKIME f(2), IyIsi KOTOPOH pa3JiokKeHwe
f(2) B pan Jlopata B OKPECTHOCTH 2( He COJEPKUT WIEHOB C OTPHILA-
TeJIbHBIME CTENEHSIMH PAa3HOCTH (2 — 2z(), HA3LIBAETCS YCMPaHumot
ocoboti mouxod.
[IpoBeneHEBIE PACCMOTPEHMS TOKA3LIBAIOT CJIELYIONIYIO TEOPEMY.

Teopema 4.2. Ecau mouxa 2y ABAAEMCA YCMPAHUMOL 0cobOT]
mouxoli anaaumuyeckoti pynxuyuu f(z), mo cywecmeyem npedesv-
noe 3navenue lim f(z) = cp, npuuem |co| < oo.

Z—20

3aMeTHM, UTO B OKPECTHOCTH YCTPaHUMOM 0co6oit TOUKM PYHK-
uusi f(z) orpaHMYEHA M MOXKeT OBITH IPEJCTABIEHA B BUIE

F(z) = (z — 20)"p(2), (4.17)
rae m > 0 — nestoe yucno, a ¢(2zy) # 0. Ilpu sTom, ecnu li)m f(z)=0,
z—20

To B nipezacTasiennw (4.17) ducio m > 0 onpegesnser NOPSAOK HYJIS
dyukuuu f(z) B TOUKe 2p.



122 A JIOPAHA U U30JIMPOBAHHBIE OCOBBIE TOYKH I'JI. 4

NmeeT MecTO U 06paTHasA TEOPEMa, KOTOPYIO MBI IOKAXKEM B yCH-
JIEHHOM (POPMYJINPOBKE.

Teopema 4.3. Ecau ¢ynxyusa f(z), anaaumuyecrkas 6 xpyzo-
som Kxoavie 0 < |z — 29| < Ry, oepanusena (|f(2)] < M npu 0 <
< |z — 20| < R1), mo mouxa zy ecmv ycmparuman ocobas mowka
pynxyuu f(z).

HJokazarenscrTso. Pazmoxum dbyukuuio f(z) B pax Jlo-
paHa (4.14) u pacemorpuM Beipaxkenue (4.13) mgaa kosdduuneHToB

3TOTO DA
/ _ Qg
“n = om (¢ —zo)ntt >

B kagecTBe KOHTYpa MHTErPUPOBAaHMSA BhIGEDEM KDYI' C IIEHTPOM B
TOYKe zg paguyca p. Torna B CHIy yCIOBUS TEOPEMBI UMEET MECTO
Ma2KOPaHTHAs OIEHKA

len| < Mp™™. (4.18)

Byznem paccmarpuBarh KO3GMDMOHUIMEHTH! C OTPUIATEIBHBIM HNHIEK-
coM n < 0. Tak xak 3HadeHne K03IMDDOUIMEHTOB ¢, HE 3aBUCUT OT p,
ro u3 (4.18) momy4um ¢, = 0 mpu n < 0, 9TO U JOKA3BIBAET TEOPEMY.

2° Psan Jlopana dbyukuun f(z) B OKDECTHOCTH €€ M30JIMPOBAHHON
0Co00# TOUKY Z() COEPIKUT KOHETHOE YUCJIO M UJIEHOB C OTPUIATEIb-

o)
HBIMH CTETIEeHAMH Pa3HOCTH (2 — 2p), T. €. f(2) = Y, cn(z—20)"
n=-—m
B aToM ciydae TOYKa 2) HA3BIBAETCS NOAOCOM NOPAOKA M HyHk-
yuu f(z). IloBenenne anamuTH4ecKoit DYHKIUH B OKDECTHOCTH €€
TIOJIIOCA, OIIpeNesdeTca cyIenyomeil TeopeMoii.

Teopema 4.4. Ecau moywka 2y AGAREMCA OMOCOM GHAAUMUYE-
cxoti pynxyuu f(2), mo npu z — 2y modyav dynxyuu f(z) neozpa-
HUYEHHO 603PACTNAEM HEZAEUCUMO O CNOCOBA CTNPEMAEHUA TNONKY
Z K 2.

HJdoxrkasaTeascTso. Ilpeacrasum dynkmuo f(z) B
OKDECTHOCTH TOYKH 2 B BUZE

) = oo 4+ chz—zo =
=(z—20)"™{c_m + c_m+1(z — zo) +ote1(z—2)™ )+

+ Z cn(z —20)" = (2 — 20) M(2) + Z enl(z —20)". (4.19)
n=0 n=0

Dyurma ¢(z), OYEBUIHO, ABJISLETCS OIPAHNYEHHON aHAJIMTHIECKOM
dyHKUMe B OKPECTHOCTH TOUKHM 2g. I3 mpezncrapienns (4.19) cie-
JLYeT, 9TO IIPU 2 — Z) MOAYJIHb MYHKIUH f(z) HEOTPAHUIEHHO BO3DA-
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CTAeT HE3aBHCHMO OT CIOCO6a CTPEMIIEHHS TOYKH 2 K TOYKE 2(, UTO
U [JOKA3BIBAET TEOPEMy. 3aMEeTHM, YTO, eCJIH JOONPEAENATh DyHK-
muo ©(z) B TOYKeE 2g, DOMOXUB @(2p) = c—m 7# 0, bopmyna (4.19)
MOXKeT OBITH IIEPENUCAHa B BUAE

fle) = &, (4.20)
(2 — z0)™
rae ¥(z) — aHanurudeckas dbynkmua u (2p) # 0; wucIo m Ha3bI-
BAETCA MOPSIIKOM IIOJIIOCA.

Mnmeer mecTo u Teopema, obparHas Teopeme 4.4,

Teopema 4.5. Ecau gynxyua f(2), anasumuuecxas 6 oxpecm-
HOCTU C80ell UB0AUPOBAHHOT 0COBOT MOYKU 2), HEOZPAHUYEHHO B03-
Pacmaem no Mooyat0 He3A8UCUMO OM CROCO6a CMPEMACHUA MOYKY
2 K MouKe 29, MO MOYKA 2y ABAAEMCA NOAOCOM Pynruyuy f(z).

Hdoxaszareansctso. llo ywiosuio TeopeMsl Jis a060r0
yncesa A > 0 MOXHO yKa3aTh TAKYIO £-OKPECTHOCTh TOYKH 2(, B KO-

" 1 "
ropoit |f(z)| > A. Pacemorpum dbysakumio g(z) = ok B ykazauroit
£-OKPECTHOCTH TOUKH 2o T8 QYHKINS SABJISETCS AHATUTHIECKOH U
lim g(z) = 0. Ilosromy Ha ocHOBaHMM TeopeMbl 4.3 TOUKA zy SABJIS-
Z— 20

eTcsl yCTpaHuMoii ocoboit Toukoit dyHkmuu g(2), 1 byukuus ¢g(z) B

cuy dopmysiet (4.17) B OKPECTHOCTH TOYKH Zg MOXET OBITH IIpeJ-

craBseHa B Buze ¢(2z) = (z — 20)™p(2), roe ¢(z) — aHasMTHUECKAS

dyukuus, npuaem p(zg) # 0, a m > 0. Torga B OXKpecTHOCTH TOUKH

2o oyig ucxonHo# dyukuum f(z) uMeer Mecro npexacrasaenue f(z) =
1

=70 = G =)™ = (p(lz). Omo B CI/;JI(y)yCJIOBI/IH ©(z0) # 0 Moxer
z

6BITh mepenucaHo B Buge f(z) = (5= so)? COBIAARROIIEM C NpeZ-
crapiaenueM (4.20), rae 1(z) — aHamTHdeckas ¢yakuusa. OTcrona
U WIELyeT, 9TO TOUKA 2( ABJIAETCs MOJNIOCOM IOPAAKA M DyHKIUK
f(2). Teopema moxazana.

3ameTuM, 4TO TOUKA Zg, ABJIAIOAACS HyJIeM MOPSIKa M AHAJIH-
THYeCKOl GyHKIMK g(2), SBJISETCS MOJIOCOM TOTO JKE MOPSAKA 1M

1
dyukunu f(z) = O Ha000POT. DTO YCTAHABIMBAET OUYEHb IIPO-
CTYIO CBSI3b MEXKY HyJSMH M IIONIOCAMH aHAJUTHIECKUX PYHKITHH.
3° Pap Jlopana dyskuun f(z) B OKPECTHOCTH €€ H30TNPOBAHHOM
0cob0i TOYKH Z) COIEPNKHUT OECKOHEYHOE YMCIO YJIEHOB C OTPHIA-

o)
TEJIHBIMH CTENEHSME Pa3HOCTH (2 —2() ( flz)y= > cn(z—zo)”).
n=—oc
B sroMm cirydae Touka 2y HA3BIBAETCH CYuecmeenHto 0cobot mouxot
dynxyuu f(2). [loBenenne ananmuTrdeckoit GyHKIMA B OKPECTHOCTH
€e CYILIECTBEHHO 0COD0# TOYKHM OMUCHIBAETCS CIEMYIOIIEH TeOpEMOii.
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Teopema 4.6 (meopema Coxouxozo-Betiepuwmpacca).
Kaxoso 6vt nu 6vta0 € > 0, 6 410601 oxpecmuocmu Cyu,eCmeenHo
ocoboli mouxu 2y Pywkyuu f(z) natidemca zomsa 6v 00Ha mouxa 21,
6 Komopoti snaxernue ynxuyuu f(z) omausaemca om nNPoOU3BOALHO
3a00HH020 KOMNAEKCHO20 %ucAa B menvuie yem Ha €.

HdokaszaTenabcTso. llpeamonoxnM, 9T0 TeopeMa HeBEPHA,
T.. IPY 33JaHHOM KOMILIEKCHOM uncite B u 3amamsom € > 0 Haii-
IeTcda Takoe 7y > 0, 4TO BO BCEX TOYKAX 2 U3 7)9-OKPECTHOCTH TOYKH
2o 3HadeHnwe dyHKIMH f(z) oTnmuaeTcs oT 3amaHHOrO B Gombrre
9eM Ha €:

|f(z) = B|>e, |z2— 2] <mno. (4.21)

PaccmorprM BeoMoraTensayio QyHKIHO 1)(2) = . B cuny

fz)-B )
(4.21) dyskuus 1(z) onpeneneHa u OrpaHuYeHa B 7)o- OerCTHOCTI/I
TOouKH 2. CiieoBaTesbHO, 10 TeopeMe 4.3 TOUKa, zg ABJISETCS YCTpa-
HEMO# 0coboit Touko# dyHKuNK 1)(2). DTO 03HATAET, YTO PABIIOKE-
uue GyHKIuY 1)(2) B OKPECTHOCTH TOYKH Z) UMEET BUJ

P(2) = (z —20)"¢(2),  P(20) #0.

Torza, B crty onpezesenns GyHKIuA (2), B JaHHOUK OKPECTHOCTH
TOYKHU Zy KMEET MECTO CJIeyHlee pasioxenue ¢pyukuun f(z):

flz)=(z - zo)_mw(z) + B, (4.22)

rie aHauTHIecKas GyHKuug ¢(z) = OTPAHWYEHA B 7)g-OKPECT-

~( )
HOCTH TOYKH 2p. Ho passoxenue (4.22) o3HagaeT, 9TO TOYKA 2 SB-
JISIeTCH WJIM TIOJIIOCOM TOPsifiKa M, Wi npu m = ( IpaBHIBHON
roukoit byukmuu f(z), u pasnoxenue B psx Jlopana nocrexHen
JOJDKHO COZEPXKATH JIUIIL KOHEYHOE YUCIO YIEHOB, 9TO IIPOTHBODE-
YUT YCJIOBHIO TeopeMbl. IloydeHHoe mpOTHBOpeYre U JOKA3bIBAET
TeopeMy.

Teopema 4.6 maeT cIeIyIONIYIO XapAaKTEPUCTHKY TTOBEIEHUS aHA~
JIUTHYECKON (DYHKIMH B OKPECTHOCTH |2 — 2p| < 7)o CYLIECTBEHHO
0c0ob0# TOYKM: B CYIIECTBEHHO OCODOM TOUKE Z) HE CYLIECTBYET KO-
HEYHOTO WiId GECKOHEYHOIO NPENE/IbHOIO 3HAYEHUS] aHAIATHIECKON
dbyrkuEu. B 3aBrCcHMMOCTH OT BBIOOpPA MOC/IEIO0BATEIBLHOCTH TOYEK,
CXOIALIENCS K TOYKE Zg, MBI MOXXEM IIOJYYUTH [OCIEAO0BATEHHO-
CTH 3HAYEeHUH DYHKIHUH, CXOOAIIMECT K Pa3IMIHbIM Tpeaeam. [Ipu
3TOM BCET/a MOXHO BBIOpPATDH MOCJIEI0BATENIBHOCTD, CXOAAIIYIOCT K
J060My Hamepes 33JaHHOMY KOMILJIEKCHOMY YHCILY, BKJIOYAsA U OO.

OueBnHO, HET HEOOXOJUMOCTH AOKA3LIBATH TEOPEMY, OBDATHYIO
Teopeme 4.6, TaK KaK €CJIM IPH Z — Zg HE CYIIECTBYEeT KOHEYHOIO
unu GeckoHeyHOro mpezena dyHkmuu f(z), To B cuily TeopeM 4.2 u
4.4 TouKa zp He MOXKET OBITh HU YCTPAHUMOM, HHE MOIIOCOM.
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3aMeTuM TaK¥Ke, 9YTO €CIM TOUKA, 2( SIBJSIETCA CYIIECTBEHHO 0CO-
6oit Toukoit dyukmmm f(z), npuaem f(2) 7 0 B HEKOTOPO# OKPECT-
HOCTH TOYKH 2g, TO ¥ aias pyukipu g(z) = 1/f(2) Touka zy sBis-
eTCd CYIIECTBEHHO 0CODO0M TOUKOIL.

PaccmoTpennrie TpH ciydas HMCYEPIBIBAIOT BO3MOXKHBIN BHI
DAa3JIOKEHUd AHAJUTHIECKOR (DYHKIMHE B Pl JlopaHa B OKPECTHO-
CTH €€ M30JMPOBAHHOM 0C000H TOYKH M HMEIOT PEIIAOIIee 3HAIEHHE
[IJIS BEISICHEHHS OBIIET0 X018 HM3MEHEHHNS aHAJUTHYIECKON (DYHKIIUN
B OKPECTHOCTH €€ OCODBIX TOYEK.

W3 mpoBemeHHBIX pPACCMOTPEHHI CJIEAyeT, YTO BO3MOXKHEI IBE
PAa3JIMYHBbIE TOYKK 3PEHUS HA, KJIACCH(DUKAIMI0 U30IHPOBAHHBIX 0CO-
OBIX TOYEK OJHO3HAYHON AHAJUTHIECKOHN (DYHKIIHNH, IPUBOIAIINE K
OTMHAKOBEIM Pe3yJbTaTaM. MBI MCXOIWIN U3 aHAJUTHYECKON TOY-
KU 3pEHHsI, OCHOBAHHOM HA XapaKTepe Pas/ioKeHus (PYHKIHUH B P
JlopaHa, ¥ yCTAaHOBWIM, KaK BeZeT ce0d caMma, (DYHKIHS [IPA CTPEM-
JieHHH K 0coboit Touke. Bo3zMoxkeH u Apyroil, reoMeTpUYIeCKMif IOI-
XOJI, TIPH KOTOPOM B OCHOBY KJIACCH(HKAIINM KJIAAETCA TOBEICHUE
GYHKIMK B OKPECTHOCTH €€ H30JMpOBaHHOM ocoboit Touku. Ilpm
9TOM, eciid PYHKIIHL OFPAHUYEHA B OKPECTHOCTH OCODOM TOYKHM, TO
9Ta TOYKA HA3BIBAETCS YCTPAHUMOMN ¥, KaK CJIeIyeT U3 TeopeMsl 4.3,
pa3iIoKeHue NaHHOU (DYHKIMH B psf JIOpaHa B OKPECTHOCTH 3TOMH
0cobO# TOYKH HE CONEPXKUT OTPHIATENbHBIX creneHeil. Ecim npu
CTPEMIIEHMH K 0c000i TouKe (hbyHKIIMS uMeeT GECKOHEYHBIH IpeIed,
TO T4 TOYKA — IIOMIOC W PA3JIOXKEHWE B pAn JIopaHa MMeeT KOHed-
HOE YHCJI0 OTPMIATENbHEIX creneHei. V makoHer, ecnu (pyHKIUsS
[P CTPeMJIEHHH K 0cob0il TOYKe He MMeeT KOHEeYHOro Win Oecko-
HEYHOrO IIpeeia, TO 3TO — CYIIECTBEHHO 0cobas TOUYKa, PasiioxKe-
Hue B pan JlopaHa comepXUT GECKOHEYHOe YHCIO0 OTPHUIATEIBHBIX
CTeleHel.

B zakirodenne naHHOTO maparpada OCTAHOBHMCA Ha, BOIPOCE
O IOBEIEHWM AHAJUTHIECKON (DYHKIMH B OKPECTHOCTH OeCKOHEU-
HO yIaJIeHHOH TOoukH. Beckoneuno yoaseHHaas mouKka KOMNAEKCHOT
NAOCKOCTU ABAAECTCA U30AUPOSanHOT ocobol moukoti odnosHa ol
anaaumuseckoli pynryuu f(2), ecau moocho yKasams maxoe snaye-
nue R, wmo ene xpyea |z| > R Pynxyus f(z) ne umeem ocobuix mo-
YeK, HGTOOAULUTCA HA KoOHeuHoM paccmoanuu om moxku z = 0. Tak
KaK f(z) gBisercd aHAIATHYIECKON (DYHKIHMEH B KPYrOBOM KOJIBIIE
R < |z| < 00, TO ee MOXKHO Pa3IoXKuUTh B paf Jlopaxa

fm)= D ", R<|z] < oo, (4.23)

cxopsimuiicss K f(z) B ZaHHOM Koublle. Tak e Kak W sl KOHEIHON
HM30JIHPOBAHHOM 0CO00M TOYKH 2( 37€Ch BO3ZMOXKHEI TPH CILYUasi:

1° Touka z = o0 HasbIBaeTCd Ycmparumot ocoboti mouxod
dbyukuun f(z), eciu pasinoxenue (4.23) He COLEPXKUT UIEHOB C IIO-
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o0
C_p
JIOXKUTEJbHBIMA CTEIEHAMH 2, T. €. f(2) = >, =2 = ¢ + Z 5
=

n=0
WIN eCJId TIPH Z — OO CYIIECTBYET KOHEYHOE IPEAEIbHOE 3HAUEHWE
dbyuxupn f(z), He 3aBucAIEe OT Crocoba MPEJENLHOTO MEePeXOa.
Ecmcg =co1 = ... = c_pt1 = 0, ¢, # 0, TO Geckoneuno yuaa-
JIEHHAS TOYKA SIBJISETCS HYJIeM m-TO mopsiaka GyHKmuu f(z).
2° Touyka 2z = 0O HA3LIBAETCS NOACOM NOPAJKa M (YHKIUK
f(z), eciin paznoxenue (4.23) comepKUT KOHEYHOE 17 YACIIO WIEHOB

m
C TOJIOXKUTEJIBHBIME CTEMEHAMH z, T.e. f(2) = Y. ¢p2™ (m > 0),
=—00

WIN eCIY 3Ta (PYHKIMs HEOIPAHWUYEHHO BO3PACTAET IO MOYJII0 IIPH
Z — 0O HE3aBHCHMO OT CIOCco0a MpeaeIbHOr0 Mepexoa.

3° Touka z = 00 HA3BIBAETCH CYUECTNBEHHO 0C060T MouKol
dbyukipm f(2), ecwn pazmoxkenue (4.23) comepKuT GECKOHEYHOE
YUCJIO YIEHOB C MOJOXKUTEIBHBIMH CTemeHsMH z, T. e. f(z2) =

= Y. ¢p2™, WIn eciu B 3aBUCHMOCTH OT BHIOOPa IIOC/IEI0BATEb-
n=—oo

HocTH {2z, } — 00 MOXHO MOJIYYATH MOCJIEOBATEIHHOCTh 3HAYEHHN

{f(2n)}, cxomamytocs k m060My Hamepen 33IaHHOMY TPEAEIY.
OueBUIHO, 10KA3aTEIbCTBO 3KBUBAJIEHTHOCTH BCEX IIPWBEIEH-

HBIX BBIIIE OINPEIEJEHUA XapaKTepa H30JUPOBAHHON 0C000# TOYKHU

Z = 00 MOXKeT OBITh IIPOBEAEHO TAK Ke, KaK U IJI CIydas KOHeIHOH

M30IMPOBAHHOM OCO00M TOYKH.

1
Kpome Toro, kak JIerko BHAETH, Ipeobpa3oBaHue z = E IIepEeBOJUT TOUKY

00 IIOCKOCTH 2z B TOYKY ¢ = 0, xapakTep e 0cob0i#f TOYKM IPH 3TOM mpeobpa-
30BaHUM He MEHAETCA B CHIY clefyoueit obugeit TeopeMsl.

Teopema 4.7. [Iycms mowka 2o AGAAEMCA U30AUPOBAHHOU 0c0b0d Mmowxol
Pynwyuu f(z), anasumunecxoti 6 obaacmu G. Ilyemov anasumuseckan Pynryua
¢ =19(2) YCmanasAusaem 63aumno 00HO3HAHOE COOMBEMCMEUE Memcay obaa-
cmorw G u obaacmvro G womnaexcroli naockocmu (, 6 xomopoli onpedeaena
obpamnan gynryua z = (). Tozda mowxa (o = Y(20) ABAAEMCA UIOAUPOSAH-
notl ocoboti mouxot anasumunecxoti ynxyuu F(C) = flp({)], npunem zapax-
mep amoth 0co60lt MoKy MOMm JHCE | WMO U MONKU Zo.

DTa TeopeMa SBIAETCA OYEBUIHBIM CJIEACTBHEM CBOMCTBA AHAUTHYECKUX
byHKIM, yCTAHOBIEHHOrO B 1. 1, B CHJIy KOTOPOro aHajuTHYecKas GyHKIus
OT aHAIUTHYECKOH (DYHKIMU ABJISETCH aHAJIUTHYIECKOH, a TaKiXKe reoOMeTpHde-
CKHUX CBOMCTB aHAJUTUIECKOH (GYHKIHN B OKPECTHOCTH M30JIMPOBAHHOM 0co60it
TOYKH.

Il puwvep. Pacemorpum dbyukuumio f(z) = . Hannas

\/1 +22°
MHOTO3HA34Has (PYHKIMS MMEeT IBe TOYKH Pa3BETBJIEHUH Z = =i.
Touka z = 00 — ee mpaBuIbHasA TOUKa. [[03TOMY B KpYrOBOM KOJTh-
e 1 < |z| < 00 OIpeeIeHbl JBE BETBU 3TOM (DYHKIINH, ABJIAIOLIAE-
€A OOHOBHAYHBIMHU SHAIUTHIECKUME (DYHKIUIMA B JAHHOM KOJIbIIE.
BribepeMm BeTBb, SABJSIONLYIOCH HEIIOCPEICTBEHHBIM aHAJIHTAYECKUAM
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TIPOOIXKEHUEM JEACTBUTENBHON DYHKIMH JeNCTBUTENIHbHONH

1
V1+z2
mepeMeHHOM T > 1, M MOCTPOMM ee pasjoXKeHHe B pan JlopaHa B
OKPECTHOCTH TOYKH z = 00. nas sroro, momoxus ( = =, oTobpa-

z

3UM JaHHOE KOJBLIO Ha KPYT €IMHUYHOTO PaIUyCa Ha ILIOCKOCTH (
(mpu 3TOM TOYKa 2z = 0O mepexomuT B TO4Ky ( = 0) u pasioxum

dynkmmo ¢(() = 1 = = B pan Teitnopa B OKpecTHO-

1+ L \/1 + C
CZ
ctu ee npaBuiabHOM Touku ( = 0. IIpegBapuTepHO 3aMETHM, YTO

dbyukuus p(¢) aBagerca npomssomuoit dbymxmum ¥(¢) = /1 + (2.
(ITpu srom Ham BEIGOP BeTBH MCXoxHOU Gyukuun f(z) ompeznenser
BBIGOp TOU BeTBH bynkmuu 9((), mna koropoi ¢¥(0) = +1.) Yro-

661 pasmoxuTs dbyskmmo ¥%(¢) B pan Tetopa, momoxum w = (2

u pacemorpuM GyHkmuo X (w) = v/1 + w. Beruucnas npoussogueie
dbysrumu x(w), norydaem

X(n)(w)‘ =%(%—1)---(%—n+1) (1+w)1/2—n

w=0

w=0
_ n—1 (2n—2)!
=D o

Torga pasnoxenwe BHIGPaHHOW BeTBM GyHKOuE X(w) B Kpyre
|w| < 1 mpuHEMaeT BAL

!
x(w) =ViFw _1+z L)

22" H(n —1)in!”
Orcrona mns dysxmuu ¥(() npu K | < 1 momyuum

> n—1 (2n—2)¢*"
BO) = VIF T =1+ ) (-t

n=1

u s dyakmn ¢(¢)

— (Y — q n-1 (2n—2)2n ,op_1
o0 =¥(0) = s = S e

- (2n —2)! — e
Z 1MT_)1C2 1 kZO(_l)k22(k WP C2k+1'

Hakorern, mis BeiGpannoit Bersu dysknuu f(z) B kombre 1 < [z| <
< 00 TIOJIy4aeM PasjioxkeHue B pan JlopaHa

[@)= g = Y (Vs e (420




FTJIABA 5

TEOPNA BBIYETOB N UX IIPUJIOZKEHU A

§ 1. Boruer aHasuTHYeCcKOi DYHKIIMN B U30/JIUPOBAaHHOMN
ocob6oit Touke

1. Omnpeagenenne u @GOPMYJbl BBIYACIECHUS BbIYETA.
BBenem BazkHOE IS IPUIOYKEHWN IIOHSTHE BHIYETE OIHO3HAYHOMN
AHAJTUTUIECKON (DYHKIIUK B W30JIMPOBAHHOMN 0c000# TOUKeE.

IlycTes TouKa zy sIBJsS€TCA M30IMPOBAHHON 0CODOM TOYKOM O-
HOBHAYHOW aHanuTHIecKod dyukun f(2). CormacHo mpenpiLy M
pPacCMOTPEHHUSIM B OKPECTHOCTH 3TOH ToukM GyHKumsi f(z) Moxer
OBITH €IMHCTBEHHBIM 00pa30M pa3jIoXkeHa B psan JIopaHa,

[ =32 ealz—20)", (5.1)
TIe T
= 5 / g (5.2)
U, B 4aCTHOCTH,
e =5 [ 1O (5.3)
C

Bwvuemom anasumuuecrot gynruyuy f(z) e uzosuposarnot oco-
601 MouKe zy HA3BBAEMCA KOMNAEKCHOE HUCAO, DABHOE SHAYEHUIO

UHMEZPANG 2%” [ f({) d¢, eaamomy 6 noaoocumenavrom nanpasae-

HUU 1O A1000MY AEAHCAUWEMY 6 06AACTNY GHAAUMUYHOCTIY PYRKUUY
f(2z) sammxnymomy xonmypy 7y, codeporcausemy eOURCMEERHYIO 0CO-
6yr0 mouxy 2z Pynryuyu f(z). dns obo3HadeHns: BeIYeTa OOBIYHO
[IPUMEHSIIOTCSL BhIpaxkeHust Bord [f(2), 20] wim res [f(2),20]. Mot B
IanbHelneM OyeM ToIhb30BaThCS IePBRHIM obo3HadenueM. QueBu -
HO, 9TO €CJIM TOYKA 2 SIBJISETCS IIPABUJIBLHON WM YCTPAHUMOM 0CO-
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6oit Toukoit dyHkmu f(z), TO BEIYeT f(z) B TOH TOYKe paBEH Hy-
ar0. Jlns Beramcienust Berdeta GyHKUUE f(z) B ee M30JMPOBAHHOMN
0cob6oit Touke MOXKeT OBITH IpuMeHeHa dopmyia (5.3):

Bera [f(2), 20) = 5 [ f(¢)d¢ = c 1. (5.4)
C

OHako B psfie Ciy4aeB MOXKET OBITh yKazaH Oosiee IpocToi cocod
BBIYHC/IEHHS BBIUETa, CBOAAIIUACA K AU depeHInpoBaHni0 PYHK-
uud f(z) B OKPECTHOCTH TOYKH 2. 1eM CaMbIM BbIYMCJIEHHE KOHTYD-
HOr0 HHTErpaJja OT aHAJTUTHIECKON (DYHKIIUU MOXKeET HBITH 3aMEHEHO
BBIYHCJIEHHEM TIPOU3BOJHBIX OT 3TOH (PYHKIMU B HEKOTOPBIX TOYKAX,
JIEXKAIMAX BHYTPH KOHTYDPa UHTEPHUPOBAHUS. DTO 0OCTOATENHCTBO
OILIPENENISIET OSHO U3 OCHOBHBIX IIPHJIOXKEHHH TeOpHH BBIUeTOB. [le-
pefiieM K pacCMOTPEHHIO YKa3aHHBIX CIydaeB.
1° IIycTb TOYKa 2y ABJISETCS IIOJIOCOM I[IEPBOrO MOPSIKa (PyHK-
uun f(z). Torma B OKPECTHOCTH 9TOM TOUKH MMEET MECTO Pas3jIoxKe-
HUE
f(2)=c1(z—20) 4o +ei(z—20) +... (5.5)

Yumuoxus obe wactu (5.5) Ha (2 — 2p) u mepeding K upeneLy mpu
Z = 2, TOIYYUM
c—1 = lim (z — 2z9) f(2). (5.6)
zZ—20
3amernM, 9TO B JAHHOM Ciiy4dae GyHKIEe f(2) B OKPECTHOCTH TOY-
KU 2) MOXET OBITh MPECTABJIEHA B BU/E OTHOIIEHUs JBYX AHAJH-
TUYeCKUX (DyHKINH:

f(z) = 28 (5.7)

upudeM p(zp) # 0, a TOUKa 2y ABIAETCS HyJEM IEPBOTO MODPAIKA
dbyekunm ¥(2), Te.

(2) = (z — 209 (z0) + LNz — ) ..., §/(z0) #0. (5.8)

Torzna u3 (5.6)—(5.8) monyuum cieayouyo GopMyIy.
DOPMYAG BBINUCAEHUA BBINETA 8 TIOAIOCE NEPE020 NOPAJKA:

Brt[f(e) ] = 520 (f)=2E). (59

MDpumep 1. Iycrs f(2) = znz——l OcobpiMu TOUuKaMu PYHKITIH
f(2) sBnsmorca Touku z, = /1= exp (z?) (k=0,1,...,n—1),

OpHYeM BCE 3TH TOYKH IPEACTABAAIOT COGOI MOMFOCHI TIEPBOTO IO-
pszaka. Haitnem Beru [f(2), 2]. Cormacro dopmyne (5.9) momyanm

Bera[f(2), 2] = -2 = %zz =Lexp (z%) (2 =1). (5.10)

zZ_l

5 A.I. Ceemnukos, A.H. Tuxoxnos
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2° Ilycte TOYKa 2 SIBJASETCS IOJIOCOM MOPAAKA M (DYHKIUH
f(2). Cornacuo mpeablAyIEMy B OKPECTHOCTH 3TON TOYKH MMEET
MECTO Pa3JIoKeHUe

f)=com(z—2)""+...+c_1(z—20) " +co+e1(z — x0) (—l— .. )
5.11
Ymuoxus 06e gactu (5.11) Ha (2 — 29)™, HOMYIUM

(z—20)™f(2) = c_m+c_mi1(z—20) + ...+ c_1(z — z)™ (—g 12)
Bssis npoussozaHyo nopsigka (m — 1) or 06enx 4acTeit 3TOr0 paBeH-
CTBa W TEpeiifig K NPEeIeNy HUPU Z — 2), OKOHYATEJBHO IOJIyIUM
CIIELYIONLY IO (DOPMYJIY.

DOPMYAL EBINUCACHUA GBINETMA 6 TIOAIOCE NOPATKE T:

Bera [ (2), 20] = Ll — ) (). (5.13)

im
(m — 1! 2572 d2™1

Kax srerko Buzers, dopmyia (5.6) sSBIsSETCS JACTHBIM CIyYIaeM I10-

cienueit pOpPMYIIBL.

DIpuwmep 2 Iycrs f(2) . OcobpiMu TOYKAMHE

_ 1
T
3TO# (PYHKIUN ABJIAIOTCA TOYKH 219 = i, mpudeM obe 3T TOYKU
[PEACTABISIOT OGO MOMIOCH OpsAAKa 1. Beruncaum Bera [f(2), 1.
Cortacso (5.13) momyunm

Ber [m”] = oy I [ Z)"m] N
= (n—ll)! lim inn_—ll [(z-ii)“] -
= (e e
SRR e e

2. OcHoBHas TeopeMa TE€OPHUH BBIYETOB. llepeiineMm Te-
epPb K PACCMOTPEHNIO BaKHEUINUX IIPUMEHEHWII BBEJEHHBIX IIOHL-
Tuit. Jdns MHOTMX TeoOpeTHHecKUX PAaCcCMOTPEHHH M MpaKTHIeCKHX
IpUMEHEeHU BeCbMa CYIIECTBEHHOR ABIAETCA CJIeLyIoIasd

Teopema 5.1 (ocnoemnas meopema MeoPUU 6BLIYEMNOS).
IIyemsy pynxyua f(z) aeasemcs anasumuseckoti 6cody 6 3aMKHY-

moti 06aacmu G, 36 UCKAIOYERUEM KOHEYHO20 HUCAG USOAUPOCIHHHIT
ocobuz movex 2z (k = 1,...,N), aesxcawux enympu obaacmu G.
Toeda

N
J F(Qd¢ =2xi)  Bera[f (), ], (5.15)
rt

k=1
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20e Tt npedcmasasem coboli noanyro epanuyy obaacmu G, npoxo-
OUMYIO 8 NOAOHCUTNEALHOM HANPABACHUY.

Jdoxaszarenscrtso. Hanomuum, uro ecin dynrnus f(z)

SIBJIAETCS AHAJUTUYIECKOM B 3aMKHYTOH obsiacTé §, TO BCE TOYKH
rparune! I' aToit obsactu cyTh IpaBUiIbHBE TOYKKM GyHKImH f(2z).
BeigennM Kaxkayo u3 0coObIX TOYEK 2zx GYHKIMH f(2) 3aMKHYTHIM
KOHTYDOM *Yk, HE COAEPXKAIINM BHYTDH JPYTHX 0COOBIX TOUEK, KPOME
TOYKH Zp.

B zaMxHYyTOM# MHOTOCBSI3HOMN 06J1aCTH, OTPAHUYEHHON KOHTYDPOM
[’ u Bcemu KOHTYpaMu 7 (puc. 5.1) dyuxuusa f(z) aBasercsa Bcooay
AHAJIMTUYIECKOM.

IlosTomy mo BTOpO# Teopeme Komm momyumm

N
[f©Qdc+) [ f(Qd¢=0. (5.16)
F+

I[lepenecs Bropoe ciaraemoe B (5.16) HapaBo, MBI B CHILY (DOPMYJIBI
(5.4) 1 nosIy4UM yTBEDXKAEHUE TEOPEMBIL:

N
[ £(Q)d¢ =2mi ) Bora[f(2), z].
I‘+ k=1

Bosbiioe npakTudeckoe 3HaYeHUE 3TOM (GOPMYJIBI 3aKIHOUAETCS
B TOM, YTO BO MHOTHIX CJIy4asdX OKA3BIBAETCS OPA3A0 MPOIIE BEIYKC-
auTh BbIYeTHl byHkuuu f(z)
B OCOOBIX TOYKAX, JIEXKAIIHAX
BHYTPH OOJIACTH HHTErPHPO-
BaHMUs, Y€M HENOCPEACTBEHHO
BBHIYUC/IATH WHTErpaJl, CTOS-
mu#t B JeBoit gactu (5.15).
B nmanbueiimeM MBI paccMo-
TPHM DSZ BaXKHBIX [IPHJIOXKE-
HUM MOy Y€HHOM (DOPMYJIBI, &
ceifiqac BBEAEM €lle OAHO II0-
HATHUEC — IIOHATHE BBIYETA B
BECKOHEYHO YAANeHHOM TOYKe. Puc. 5.1

IlycTe Touka 2z =00 ABIL-
eTCs M30JIMPOBAHHOM 0c060i TOUKOMN aHATIUTHIeCKOH DyHKIMA f(2).

Bouemom anaaumusecxots gynxyuu f(z) 8 moure z = 00 Ha-
3BIBAEMCA KOMNAEKCHOE HUCAO, PAEHOE ZHAYEHUIO UHMEZPAAA

o= [ FQd¢=—5= [ FQ)de,
(& ct

2de xonmyp C — npouseosvhviti 3amxnymoili Kowmyp, éue Komo-

5*
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pozo Ppynryua f(z) asasemca anasumuseckoti u He umeem ocobvT
moyex, omaushuz om 0o. O4UeBUIHO, B CHIY OLIPEIENIeHUs KOID-
dbunmenTos psaaa JlopaHa uMeeT MecTo POpPMYIa,

Brra [f(2),00 = —s— [ f(Qd¢=—cr.  (517)

OTcrona, B 9aCTHOCTH, CJIELYET, YTO ECIM TOYKE, 2 = OO ABJISETCH
ycrpaHuMO#t ocoboit Toukoit dyukuumu f(z), To Berd [f(2), 0o] MmoxeT
OKa3aThCH OTIMYHBIM OT HyJIS, B TO BPeMs KaK BBIUET B KOHEYHO
YCTpaHHMOM 0co0oi TOYKe BCEraa paBeH HYJIIO.

@opmyset (5.15) u (5.17) mO3BOJNAIOT AOKA3ATH CIELYIOLLYIO
TeopeMy.

Teopema 5.2. Ilycmv dynxuyua f(2) asasemcsa anasumuse-
cKotli Ha NOAHOT KOMNAEKCHOT NAOCKOCTNU, 3G UCKAOUEHUEM KOHEY-
H020 “UCAG UB0AUPOBAHHHT ocobwr mouex z, (k = 1,2,... N),
exar0uan v z = 0o (zy = 00). Tozda

N
Z Boru [f(2), 2] = 0. (5.18)
k=1

HdoKazaTenasbcTBso. leHAcTBUTENBHO, PaCCMOTPHUM
3aMKHYTHIH KOHTYDp C, comepxamuit BHyTpH Bce (N — 1) ocobbie
TOYKH 2}, PACIOI0XKEHHEBIE HA, KOHEYHOM PACCTOSHHH OT TOYKH 2 =
= 0. ITo Teopeme 5.1

N-1

ﬁ f f(Q)d¢ = Z Brera [f(2), zk)-
ct k=1

Ho, B cuny (5.17), uarerpa, crosmuil cjieBa, paBeH BHYETY DYHK-
mua f(2) B TOYKe z = 00, B3ATOMY C OODATHBIM 3HAKOM, OTKYJa M
TOIYYUM YTBEDXKIEHNE TEODEMEI 5.2.

JlokazaHHas TeopeMa WHOT/IA II03BOJSET YIPOCTHTD BEIYUCTIEHHE
HHTErpaja OT (DYHKIMKM KOMILJIEKCHON [TePeMeHHON N0 3aMKHYTO-
My KoHTYDy. Ilycrs dyukius f(z) sBiasercs ogHO3HAYHON U aHA-
JUTUYECKOR Ha MOJHOM KOMILIEKCHON IJIOCKOCTH, 38 UCKJIIOYEHUEM
KOHEYHOTO YHCJIa U30JIMPOBAHHBIX OCOBBIX TOUEK, M Tpebyercs BhI-
YUCJIUTH UHTErpas oT f(z) o HEeKOTOPOMY 3aMKHYTOMY KOHTYDPY L.
Ecnu puytpu I' comepxkurcss MHOrO 0coObix Todek (yHKImu f(z),
To npuMeHeHre dbopmynsl (5.15) MoxKeT GBITH CONPSKEHO C BECh-
Ma, TPYIOEMKHMH BEIYUC/IEHUSIMHA. [IpH 93TOM MOXKET 0Ka3aThCH, ITO
BHe [ bynkuus f(z) umeer s HECKOIBKO 0COOBIX TOYEK 2k (k =
= 1,2,...,m), 3HaYeHUE BBHIYETOB B KOTODHIX, & TAK¥KE BHIYET B
HeCKOHETHO VAAJIEHHONW TOUKEe OIPEAENSIOTCS MTOCTATOYHO IIPOCTO.
Torma yaobHee BMECTO MPSMOTO BBHITUCIEHWS UCKOMOTO WHTErPaja
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no dopmyie (5.15) BOCHOIB30BATHCS OYEBUAHBIM CIeSCTBHEM (OD-
mya (5.15) u (5.18):

[ £(Q)d¢ = —2miy_ Boru[f(2), 2] — 2mi Bora [f(2),00]. (5.19)
rt k=1

®opmyia (5.19) mo3BosIsET JIETKO MOy YATH 06obienre hopMy-
ap1 Komu (em. rut. 1, § 6, dopmyusr (1.59), (1.60)) Ha cry4aii Heorpa-
HU4eHHON obsacTu. Paccmorpum dyHkumio f(z), aHAIMTHYIECKYIO
BHE 3aMKHYTOr0 KoHTypa [', fBJIAIOIIErocss rpaHuleil orpaHudeH-
Hott obsactu G. Ilycrs Bce Toukm ' — mpaBusbHBIE TOUKE (DYHK-
nun f(2z), a Touka 2 = 00 — ee ycTpaHuMas ocobast Touka. O6o3Ha-
9UM zllg)lo f(z) = f(o0). ocrpoum BHe [' dynkmuo ¢(z) = %,
rIe Zp — IPOU3BOJIbHAS TOYKA KOMIUIEKCHOM ILTocKoCcTH. OUeBUIHO,
YTO TOYKA 2 = 0O ABJAETCS YCTPAHUMOM 0cob0it TOUKOM 1 bYyHKIIN
¢(z), npuueM Boru [p(z), 0o] = — f(00).

Ecnu Touka 2zg sexur BayTpu ') To dynkuus ¢(z) apyrux oco-
651X TO4YeK He uMeeT. Ecaum Touka zg — BHe I', TO 2 = 2y aBaAg-
eTCsl IIOJIIOCOM He BBIIE MIEPBOrO MODPsAKa GYHKIHU ¢(2), IpUdeM
Brre p(2), z0] = / (70).

Paccmorpum uarerpat [ ¢(¢)d¢ = [ f©

T+ r+ ¢~ 20
Typ I' obxomuTca TakuM obpasom, 4To 06JIaCTh § oCTaeTcsa ciieBa. B
cuiy dbopmyner (5.19) momydum

d¢, B KOTOpPOM KOH-

R (9 ¢ = f(00), 20 — BHYTPH I, (5.20)
o A ¢~ f(oo) = f(20), 20 — BHE I
r
®opmyia (5.20) u sBIsieTcss 0600LUIEHNEM HHTErPAIBHON HOPMYJIBI

Koum na cinyvait dyskimn f(2), aHaTATHYECKON B HEOTDAHUYEHHOM!
obnactu.

§ 2. BriuucieHue ornpeie/IEHHBIX UHTErPAJIOB C MOMOIIBIO
BBIYETOB

JloKa3aHHBIE B MPEABIAYIIEM Maparpade TeoOpeMbl HAXOAAT MHOTO-
YUCJIeHHbIe TIPUMEHEeHUs He TOJLKO IPU BBIYUCIEHUN WHTETDAJIOB
oT PYHKLUM KOMILUIEKCHOM IIEPEMEHHOM, HO ¥ TP BLIYUCJIEHHH Pa3-
JIMYHBIX OMPEAEEHHBIX MHTETPAJIOB OT (MYHKIMH JeHACTBUTEIBHOM
epeMeHHo, TpuYeM YacTO yAAETCA JOCTATOYHO MPOCTO MOJNYIUTH
OTBET W B TeX CJ[ydasdx, KOTJa NPHMeHeHHe APYTUX METOIOB aHAa-
JIN33, OKA3BIBAETCH 3ATPYIHUTENBHBIM. PacCMOTPHM DSl THUIIMIHBIX
CITyJa€eB.
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2x
1. HWnarerpansor suga [ R(cos®,sinf)df. PaccmorpmM na-
0

TerpaJ
2

I= [ R(cosb,sinf)do, (5.21)

rae R — panuoHanbHas GyHKIWS CBOMX apryMeHTOB. UHTerpaser
Tuna (5.21) JIerko MOryT GBITH CBEIEHBI K MHTETDAIAM OT AHAJHATH-
qecKol DYHKITNN KOMILJIEKCHOM MePEMEHHOM 10 3aMKHYTOMY KOHTY-
py. g sToro caesraeM 3aMeHy mepeMeHHOM HHTEIDUPOBAHNS, BBEIS
KOMILTEKCHYIO [IEDEMEHHYIO Z, CBI3aHHYIO C IIepeMeHHo# 6 cooTHO-
menneM z = e¥. Quesmamo,

d0—ld—z, cosf = (e’9+e )y = (z+l),sin0— L (z—l).
z 2 z 2% z

IIpu wamenennn 6 or 0 ;M0 27 KOMILIEKCHas IepeMeHHas z Ipobe-
raeT 3aMKHYTBHI KOHTYP — OKDPYXXHOCTB |2| = 1 B HOJIOXATEIHHOM
HanpasieHun. Takum o6pasom, uarerpan (5.21) mepexoquT B UHTE-
TpaJjl o 3aMKHYTOMY KOHTYPY OT GHYHKINM KOMILIEKCHON TepeMeH-
HOI:

Ly R[z+—z——]d—z (5.22)

|z|_1 ?

B cuity o6mpx CBOMCTE aHAJIMTHYECKHX (DYHKIWNA TOABLIHTErPab-
Hasg ¢yskmua B (5.22), ABIAIOMAACH, OYEBHIHO, DAlMOHAIBHOMN
dyHKIREH

~ _agtaiz+...+ax2"
h(z) = bo+biz+...+bpzm’ (5.23)

IpeAcTaBasieT cobolt (GYHKIUIO, AHAINTHYECKYIO BHYTDH KDYra
|2| = 1 Bcromy, 3a uckmovenueM KoHeynoro N < m ducia 0CobbIX
TOYEK 2, ABJIAIOUMXCS HyJIsMu 3HameHarens B (5.23). [lostomy B
CIJIy TeOpeMHl 5.1

=2 Z Bera [R(2), 2] (5.24)

Touku 2y sBasrorca nomocamu byuxuun R(z). ycrs ap — mo-
PAZIOK TIOIIOCA. 2, (O‘{EBI/I,ZIHO, 3 ar < m) Torza Ha OCHOBAHWUH

dbopmyasr (5.13) MoxHO TepemnucaTs (5.24) B BUZE

V252, dz

N
1 . dak_l ar &
I= 2772 e i e [(z — z£)®* R(2)]. (5.25)
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IIpumep 1. BeruncmuTs wHTETpPAT
27
_ 9
I= /m, [al < 1. (5.26)
0

Ionoxus z = e, momyanm

= N

I=

o] =

1 dz
1+2(z+1 #

/ az’+2z+a 2z +a’ (5'27)

OcobpIME TOYKAMM HOABIHTETPAIBHON (DYHKIMHM SBJSIOTCS HYJId

1 1
SHAMEHATENT 21,2 = —— + == 1. DTo MOMOCH TIEPBOTO TOPSIAKA.

|z[=1

Tak Kak z1 - 29 = 1, TO JHIIb OAHA M3 ITHUX TOYEK JIe}KI/IT BHyTpI/I

kpyra |z| = 1. Kak sierko Bugers, 370 — TOUKa 2] = —= -+— A / = —1.
ITosTomy B cumy Teopemsr 5.1

,zl] =4r 1

a(z — z2)

2
= ——. (5.2
z=2 V1 —a? (5 8)

I = 47 Briu [2;
az?+2z+a

[o o]

2. HWurerpans Buga [ f(z)dz. B stom myskTe MBI pac-
—00

CMOTPHM NIPHMEHEHHE TEODHH BBIYETOB K BBIYWMCICHHIO HECOOCTBEH-

o0
HBIX HHTErpAaJIOB [EpBOTO poja 1) BHIa [ f(z)dz. Ms1 Gynem pac-

CMaTpHUBATh TOT Ciiydaii, Korna dbyukuus f(zr) 3axaHa Ha Beeil aeii-
CTBHTEJBHON OCH U MOXKET 6I)ITI) AHAJIUTUYIECKH IIDOAOJI2KEHa, Ha
BEPXHIOI TIOIYIIJIOCKOCTh TaK, YTO €€ MPOJOJKEHNE YI0BIEeTBOPIET
HEKOTOPBIM JOIOTHUTEIHHEIM YCJIOBUAM. DTH yCIoBus OyayT cdop-
MyJMpOBaHbl HIKE B Teopeme 5.3.

Jlis manbHeHIINX PacCMOTPEHMI HaM HOTPeOyIOTCS HEKOTOPHIE
BCIIOMOTaTEJIbHBIE TTOJIOZKEHUA.

Jdemma 1. IIyemov dynryua f(z) asasemes anasumuueckot 6
seprreti noaynaockocmu Im z > 0 6cr0dy, 3a uckatouenuem KoHey-
HO20 YUCAG USOMUPOBAHHBT OCODBIT MOUEK, U CYUWECMEYIOM MAKUE
noaoscumeavrvie wucaa Ry, M u 6§, wmo das ecex mouex eepz-
Hetd NOAYNAOCKOCTU, YO0BACMEOPAIOUWUT Ycaosuro |z| > Ry, umeem
MECTNO OUEeHKa

F@) < e 12> Ro. (5.29)

1) Onpenenenne HeCOGCTBEHHBIX HHTEIPATIOB CM. BBIIL 2.



136 TEOPUsA BEIYETOB U UX ITPUJIOZKEHUW A IJI. 5

Tozda
li = .
dim [ f(¢)d¢ =0, (5.30)
Cr
ede xonmyp unmeepuposanusa Cp npedcmasasem cobotl noay-
oxpyorcnocmy |z| = R, Im z > 0 s eeprued noaynaockocmu z
(puc. 5.2).
HeticrurensHo, B cuny (1.41) u ycnosuii memmbl npu R > Ry
MnR M
[1©Qdg| < [15(Qlds < 37 = T =0,
Cr Cr

YTO ¥ JOKA3LIBAET JIEMMY.
SamMeuanue 1. Ecm ywioBas jJeMMbl BBITIOTHEHB! B
KaKoM-ubo cekTope @1 < arg z < (o IUIOCKOCTH 2, TO hopMyJa
(5.30) umeer Mecro mpu HHTe-
Ay rpupoanuu 10 xyre Cp OKpyX-
HOCTH, JeXalllell B JaHHOM CeK-
Cr TOpE.
S3aMeuanne 2
YcenoBus JIeMMBI, O9€BUAHO, 6y-
R YT BBHIIIOJTHEHBI, €CJIN (DYHKIUA
f(z) sBnserca amanuTWYecKON
B OKpPECTHOCTH OECKOHEYHO yIa-
JIEHHOM TOYKH U TOYKA Z = OO
IpeACTaBseT coboit HyIb He HA-
Ke BTOPOro TOPSAAKa (PYHKIUH
f(z). [eiicTBuTesIbHO, B 3TOM
ciay4ae paznoxenve dyHkuuu f(z) B psax JlopaHa B OKpecTHOCTH
Z = 0O MMEeT BH/J

=y

z=0T

Puc. 5.2

upuueM |¢P(z)] < M, orkyza u crieayer onerka (5.29) npu § = 1.
JlemMma 1 HAXOAUT HMIUPOKOE IPUMEHEHHE DU BHIYUCIEHUM DA
o0

HecoGCTBEHHBIX MHTerpajos suga [ f(z)dz.
—00
Teopema 5.3. IIyemv dynxyua f(z), 3adannas na ecetd deti-
cmeumeavrot ocu —oo < T < 00, Modcem b6bvmbd aAHAAUMUYE-
CKU NPOJOAANCERE HA 6EPTHIONW noaynaockocms Im z > 0, npusem
ee anaaumusecroe npodoadicenue, Pynxyua f(z), ydosaemsopsem

YCAOBUAM AemMbL 1 U HE umeem 0COBMT mouex Ha deticmeument-
[e o]

not ocu. Toeda necobemeennvili unmezpaa nepeozo poda [ f(z)dz
—00
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cyuiecmeyem u paceH
00 N
[ f@)dw =2mi)_ Brra[f(2), 2], (5.31)
—00 k=1

2de z — ocobuie mouxu Pynxyuu f(2) 6 eeprred noaynaockocmu.
HJokazarenscrso. Ilo yurosmo reopemsr byukuus f(z)
B BepXHell IOJIyIUIOCKOCTH MMeeT KOHEYHOE YUCIO 0CODBIX TOYEK 2,
[pUYEM BCE OHH YJOBJIETBODSIOT YCJIOBHIO 2| < Rp. Pacemorpum
3aMKHYTBIIt KOHTYD, COCTOAIIUN U3 0Tpe3Ka AefiCTBUTEILHON ocn —
—R <z < R (R > Ry) n nonyokpyxsoctu Ch, |2| = R, B BepxHeit
HOJTYIUIOCKOCTH. B CHIIy OCHOBHO# TEOpEMBI TEOPHMH BHIYETOB

R N
f f(z)dz + f f(z)dz = 2mi Z Bera [f(2), zk]. (5.32)
-R cl k=1

Tax Kak BBINOJHEHBI YCJIOBHS JIEMMEI 1, TO TIpeIe BTOPOro CJIarae-
Moro B JieBoit gactu (5.32) npu R — 00 paBeH HyJI0; IpaBas 9acTh
(5.32) mpu R > Ry ot R e 3aBucut. OTCOma CjIeayeT, 4To Ipe-
JIeJl MEPBOTO CJIAraeMoro CYMIECTBYET M €r0 3HAYeHHE ONpeNessaeTcs
dbopmyuoit (5.31). Teopema fokazaHa.

Il puMep 2. BolUuCIUTh HHTErpa

oo

_ dz
I= / d_ (5.33)

—00

Ananuruyeckoe MpOmO/KEHUE TIOALIHTErPATBHON (DYHKIMA B BEPX-

HIOK TIOJYIUIOCKOCTh, dyHkiua f(2) = OYEeBUIHO, YIOBJIE-

PSR
2zt +1
TBODPSET YCIOBHAM TeopeMbl 5.3. Ee 0cobbIMKM TOYKAMH B BepxXHE

HOJIyTJIOCKOCTH ABJIAIOTCA TOYKH 29,1 = €Xp (z%m) (k=0,1),

upudeM 06e 3TH TOYKU — IIOMIOCHI EPBOro mopsiaka. Ilosromy

o 1 7 1 3\ _
=2 {Bors [ exp (i) + Bome [ e (i) ]} =

. 1 1 w2
=9 L
m{w

— =— (534
z=exp (z%) 423 | y—exp (137") } 2 ( )

Bameuganue 1. Eum byuknus f(z) asngerca gerHoi
dyHKIKER U YI0BIETBOPIET YCIOBUSM TEOPeMBL 5.3, TO

00 N
f f(z)dz = =i Z Beru [f(2), 2k (5.35)
0 k=1
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JetictBurensHo, ecnu f(x) — yerHas dyHKIUSA, TO
o0 o0
1
[f@dze=3 [ f(z)dz,
0 —00

oTKyza u cienyer dopmyna (5.35).

3amMeuanune 2. OUeBHIHO, IMEET MECTO AHAJIOTHYHAS TEO-
PEMa U B TOM CJIy4ae, KOT/a aHAJIUTHIECKOE [IPOJOIKEHe DyHKITHN
f(z) B HUXKHIOI TOIYIIOCKOCTD YOBIETBOPSAET YCIOBUSAM JIEMMBI,
aHAJIOTHYHOU JjlemMe 1. o

3. MUurerpans: sBuga [ €% f(z)dz. Jlemma Kopaana.

—00
Berunciienne ciienyromero BajKHOTO KJIACCa HECOOCTBEHHBIX HHTE-
IPaJjIoB C MOMOIILI0 TEOPUH BHIYETOB OCHOBAHO HA NPUMEHEHMH TaK
Ha3bIBaeMoit jemMbl 2KOpaaHa, K JOKa3aTeIbCTBY KOTOPO MbI Ceil-
gac nepeiizeM.

Jdemma 2 (nemma Kopdana). Ilyemv dynxuyua f(z) ae-
AgeMCA aHaaumuteckot 8 sepret noaynaockocmu Im z > 0, 3a
UCKAOYCHUEM KOHEYHO20 YUCAG UIOAUPOBAGHHBT 0COOBIT MOYEK, U
pasromepro omuocumeavho arg z (0 < arg z < m) cmpemumesn x
nyat0 npu |z| = co. Tozda npu a > 0

lim [ e%f(¢)d¢ =0, (5.36)
R—oo v
R
ede C, — dyea noayoxpyoicnocmu |z| = R e sepzmeti noaynaocxo-
cmu 2.

JIoKa3aTeabCTBO. YCIOBHE PABHOMEPHOTO CTPEMJIEHMS
f(2) x HymO 03Hauaer, 4TO NpH |2| = R UMeET MECTO OLIEHKA

|f(2)] < R, |2| =R, (5.37)
rae pgp — 0 mpu R — oo. C moMormpto coorHommenust (5.37) onenum
uccneqyeMerit waTerpast. CrenaeM 3aMeHy IIepeMEHHOMN, IMOJIOXKHUB
¢ = Re', 1 BOCIONB3yeMCA OYEBUIHBIM COOTHOIIEHHEM

singp > %cp upu 0<p< g (5.38)

Torna nomyaum

feiaCf(C) dC‘ <'“R'Rf|6iac|dcp=
C 0

T /2
=pR- R f e—aRsmcp dcp =2up- R f e—aRsmcp dcp <
0 0

/2
2 _
<2ur-R [ exp (‘GTR‘P) dp="pp(1—e™F) - 0 (5.39)
0

R—oo

YTO ¥ OOKA3BIBAET JIEMMY.
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BamMmeganue 1. Euwma < 0, a dyuxnua f(z) yzmo-
BJIETBOPSET YCIOBUAM JieMMEI 2KOpZaHa B HUKHEHN TOIYTIIOCKOCTH
Im 2 < 0, To dopmyrna (5.36) MMeeT MECTO NIPU MHTErPUPOBAHUU
10 Ayre NOLyOKpyx)HOCTH Ch B HIDKHER
TTOMYTLIOCKOCTH 2. AHAJIOTHYIHBIE YTBEp- %4
KJEHUS UMEIOT MeCTO M Npu a¢ = =ia
(¢ > 0) UpM HHTErPHUPOBAHUH COOTBET-
creerro B mpasoit (Re z > 0, puc. 5.3) Cr
uwnn nesoit (Re z < 0) momymockocTy 2.
JloKazaTebCTBa STHX YTBEPXKIEHUH TIPO-
BOZATCSA COBEPLIEHHO AHAJOTUYHO TIPeIbI-
LYINEMY, ¥ MBI TIPEOCTABJISAEM HX G-
TaTeN0. BLIMHAMEM TOMBKO BAXKHYIO IS ,_g| X
MaIBHEHIINX TPHJIOKEHHH POPMY JIEMMBI
Koprana, OTHOCAILYIOCS K HHTETPUPOBa-
HHUIO B IPaBO# TIOMYIIJIOCKOCTH:

hmf “KF)de =0, a>0,

(5.40)
rne Cp — Oyra TOMyOKpy»KHOCTH |2| = R
B IIpaBoif momymiaockoctu Re 2 2 0. @op-
Mmyna (5.40) 1 psif MOCIEAYOIIAX, B 9aCT-
HOCTH, GYZYT IIHPOKO UCIIOJIH30BAHB! B IVI. 8 MPX BHIYUCIEHHH Da3-
JIMYHBIX HHTETPAJIOB, UTPAOIINX BAXXHYIO POJIb B OIIEPAITMOHHOM HC-
YUCJIEHUH.

S3ameuganune 2 Jeuma 2KopmaHa ocTaercs CIpa-
BEJJIMBON U B TOM Cjydae, Korga GyHKims f(z) yooBIeTBOpAET
cHOPMYIMPOBAHHBIM BBIIIIE YCIOBHAM B MOIymIocKocTd Im z 2> yg
(yo — UKCHpPOBAHHOE YHUCIIO, KOTOPOE MOXKET OBITH KAK IIOJIOXKH-
TeJIbHBIM, TAK U OTPUIATEIbHBIM ), & HHTErPUPOBAHHE [TPOU3BOIUTCS
0 JyTe IOyOKPYKHOCTH |2 —1yo| = R B momymiockocte Im 2z 2> yg.
JloKa3aTenbCTBO MPOBOAUTCH AHAJOTHYHO IIPEILIAYINEMY, TPHIEM
TIpU OIleHKE MHTerpaJia, CleyeT CoeaTh 3aMeHy TepeMeHHON HHTe-
rpupoBanus ( = Re' + iyp.

SBaMeuanue 3. Jlemma 2KopmaHa ocTaeTcs ClipaBeIInBOi
U IpU OCabJIeHHBIX yeIoBuax Ha Gyskumio f(z). Ilycrs dyukuus
f(2) B Bepxwueit momymiockocru Im z > yo upwm |z| > Ry paBHOMEPHO
OTHOCHTEJIHHO aPTYMEHTa, 2 — Y] CTPEMUTCS K HYJIIO IIPH 2| — 00 B
ceKTOpax —@o < arg (z—y1) < ¢1, T— 2 S arg (2—1y1) < T+
Y DABHOMEPHO OIDAHMYEHA B CEKTOpE 1 K arg (2—iy1) < m—a, rae

Y0, P1 ¥ P2 — 33AaHHBIE TOJOXKUTEIbHEBIE 9ucia 0 < ¢, ¥1, P2 < -
u y1 > yo. Torma unrerpan [ €'%$(¢) d¢ mo nyre Cr Opr)KHOCTH

Cr
|z —iy1| = R, Im 2z > yp cTpemurca Kk Hymo npu a > 0 1 R — oo.

Puc. 5.3
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s moKa3aTesbcTBa pa300beM 3TOT MHTErpaJ Ha cymMmy I =
= I + Iy + I3 + I + Is unTErpaJioB o Iyram C}(g) (y1 > Im z > yo,
. 2 . 3

arg (2 — iy) < 0), Cfp) (0 < arg (z —iy1) < 1), O (o1 <
. 4 . 5

<arg (z—iy1) < m—2), O (m— 2 < arg (z—iy1) <) n CF)
(y1 > Im z > yg, arg (z —iy1) > 7) U JOKAKEM CXOJUMOCTH K HYJIIO
KaXKJIOr0O HHTErpaja B OTAeNbHOCTH. s wuTerpana I; mosmydum
[I] < uRe_“yOLg), rie Lg) — IJIMHS, KPUBOH Cg). IIpu R = o©

BEJIMUHHA, Lg) OCTaeTCsd OTPAHHYEHHON M CTPEMHTCS K 3HAYEHHUIO
y1 — Yo. Hosromy |I1| = 0 mpu R — oo. Amanoruuro Is — 0. Cxo-
JUMOCThb K HYJIIO MHTErpajioB Is u I4 yCTaHABAMBAETCS MIPHUEMOM,
HCIOb30BAHHLIM B JOKaszaTeabcTse jeMMul 2Kopgana. ns umTe-
rpana I3 nerko momyuuTs omnerky |I3| < Ce ks ‘p*R(ﬂ— 01— Pa),
rze | f(¢)] < C u ¢* = min {1, 2}, u3 KoTOpOIt Ceayer, uro I3 — 0
npu R — oo.

Wrak, nemma 2KopgaHa MMeeT MeCTO TPH 3HAYUTEILHO bOosee
ciabeix orpaHudenusx Ha GyHKuuoo f(2), 4eM B wiydae JeMMsl 1.
DTO CBA33HO C HAJUYUEM B IOABLIHTErPAIbHON (DYHKIMH JOTOJIHH-
TeJILHOTO MHOXKUTEJS €', KoTopslit pH @ > 0 ofecmednBaeT 10CTa-
TOYHO OBICTpOe yOLIBAHME IOABIHTErPAIBbHON (DPYHKIHMHM B CEKTODE
0 <1 <arg(z—iy1) < 7™ — g 1pH |2] = o0.

Jlemma 2Koprana HAXOOUT MHOTOYHC/IEHHBIE TPHMEHEHHS MTPH
BBIYMC/TEHNH [IHPOKOTO KJIacCa HeCOOCTBEHHBIX MHTETPAJIOB.

Teopema 5.4. I[Iycmov dynxuyus f(z), 3adannas na eced deti-
cmeumeavholi ocu —o0 < T < 00, MOJCEM ObiMb AHAAUMUYECKY
NPodoadHCEHA 1A BEPTHINN Nnoaynaockocms Im z > 0, a ee anaau-
muveckoe npodoasicenue f(z) 6 seprueli noaynaockocmu ydosse-
MEOPAEM YCAOBUAM Aemmbi 2Kopdana u He umeem ocobwuT mouex

o0

na deticmeumeavnoli ocu. Tozda unmezpan [ €% f(z)dz, a > 0,

cywecmeyem u pagen -
oo . n .
f e f(z)dz = 2mi Z Brru [e" f(2), 2k), (5.41)
—00 k=1

20e 2z, — ocobbie moywxky Pynxyuu f(2) 6 seprrett noayniockocmy z.

HoxazarenscTso. [o ycmoBuio TeopeMbl 0CODbIE TOYKH 2k
dyukuuu f(z) B BEpXHEil MOIYIIIOCKOCTH YIOBJIETBOPSAIOT YCIOBHIO
|2k| < Rp. PaccMoTpuM B BepxHell MONYIUIOCKOCTH 2 3aMKHYTBIN
KOHTYpP, COCTOAIINI M3 OTpe3Ka AeHcTBUTENBHOM ocu —R < 7 <
< R, R > Ry u agyru C}, TOIyoKpy:KHOCTH |z| = R B BepxHeit
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rostyritockocTu 2. [Io ocHOBHO# Teopeme TeOpHUM BHIYETOB

R n
[ e f@yde+ [ €Cf(()d¢ =2miy  Bora[e® f(2), 2]
-R C}z k=1
(5.42)
Ilo nemme 2Koppama mpenea BTOPOTO CIAraeMoro B JIEBOM YacTH
(5.42) mpn R — oo paseH Hyio. OTCIONa U CJIELYeT YTBEPXKAECHUE
TEOPEMBI.

Il puwmep 3. Bruucants wHTETpAT
o0

I=/ 5T dg a>0, a>0. (5.43)

w2 +a?
—00
Yrobbl MMeTh BO3MOXKHOCTBH BOCIONB30BaThcd Jemmoit Koppama,
3aMeTUM, YTO B CHIYy DOPMYNBI Ditiepa
7 iazx
I=Rel; =Re / ——— dz. (5.44)
z2 +a?
—00
AnannTryeckoe MPONOIKEHNE MOLLIHTErPANBbHON (YHKIUH HHTE-
1az
22 +a?
peMBI 5.4 ¥ UMeeT B BEPXHEH MOy IJIOCKOCTH €IMHCTBEHHYIO 0CO0YIO
TOYKY 2] = 1G, ABJISIOINIYOCS TIOJIOCOM TIePBOro mopsanka. [losromy

I1 = 271 Briu [

rpana Iy — byHKINS € — YIOBJIETBOPSET YCJIOBHAM TE€O-

eiaz X :| .e—aa T —aa
—ta| = 2mi—— = —e %,
22 +a?’ 2ia a

OTcrona
I=Rel; = ge—aa. (5.45)

Bameuanue 1. Eum f(z) asnserca yernoit dpynxumet,
VIOBJIETBOPAONIEH YCIOBUIM TeopeMbl 5.4, To mpu a > 0

Tf(a:) cosardr =TRe i z": Bera [€%° f(2), 2] =
0 k=1
= —7Im Z Bera [ f(2), z1].  (5.46)
k=1

Bameuanne 2. Ecwm f(z) asnserca neyernoit dbyHkuuei,
yIOBJIETBOPSIONIEH yCIoBUAM TeopeMul 5.4, To npu a > (

Tf(a:) sinaz dz = ™ Re z": Bera [€9 f(2), 2k]. (5.47)
0 k=1

Mer mokazamu semmsl 1 u 2, npenmonarasi, uro dyskuusg f(x)
HMMeeT JIMINDb KOHEYHOEe YHCJIO 0COOBIX TOYEK B BEPXHEH IIJIOCKOCTH.
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OfHaKo, KaK JIeTKO BHAETH, IDH HE3HAYUTENHHOM H3MeHeHuH Gop-
MYJIMPOBOK 3TUX JIEMM OHH OCTAIOTCH CIPABEIJIMBBIME U B CJIy4ae
DECKOHEYHOrO YHC/Ia W30JMPOBAHHBIX 0COOBIX ToueK dyHKuuu f(z).
IToTpebyem, 4T0OB! CYIIECTBOBAJIA, TaKasl HEOTPDAHHUYEHHO BO3DACTa-
I0I[ad IpH N — 00 NMOCTIEAOBATENbHOCTL Yucena Ry, 4To Ha gyrax
TOYOKPY XKHOCTEM C’}Zn B BEPXHEHN MOMYIJIOCKOCTH BBIMTOIHAINCEH OBI

yenosus (5.29) mnm (5.37) coorsercrBenno. Torma yTBepXKIeHUsS
(5.30) mum coorsercTBerHHO (5.36) memm 1 u 2 ByayT mMeTh MeCTO
TPH YCJIOBHM, YTO MPENEIbHBIA EPEX0N B PACCMATPUBAEMBIX HHTE-
rpajiax COBEPIIAETCH 0 MOCIeN0BATEILHOCTH TYT C}%n TpH N — 00.
OueBUIHO TaK¥Xe, YTO B CAYyYaE CYIIECTBOBAHUSA COOTBETCTBYIOIINX
HHTErPajioB MBI MOXKEM DACIPOCTPAHUTL DACCMATPUBAEMEBIE METO-
OBl MHTETPDHPOBAHUS U Ha CIy4dailt QyHKIMHA ¢ OECKOHEUHBIM YHCIOM
HM30JIUPOBAHHBIX 0COOBIX TOYEK. BaXkHBIM KIaCCOM TaKuX (PYHKIHi
ABJLIOTCA TAK HA3HBIBAEMBIE MEPOMOPPHDbIE (DYHKIIUH.

Dynxyua Komnaexchol nepemennots f(r) naszwsaemea mepo-
Mmopdrotl, ecau ona onpedesera Ha 6Celi KOMNAEKCHOUT NAOCKOCTIY U
HEe UMEEM 8 KOHEYHOU YACTU NAOCKOCTIY 0COOLLT MOYER, OMAUNHLT
om nomocos. Kak jerko Buaersb, B 1000 OrpaHddeHHON obmacTu
KOMILJIEKCHOH TIJIOCKOCTH MepOMOpdHAsA QYHKIUA UMEET KOHEYHOE
YHCIIO 0COOBIX TOYEK. JlecTBUTEIBHO, eCd OBl YMCIIO OCOBBIX TOYEK
B OrpaHWYeHHOH 06/1acTH Ob110 GECKOHEUHBIM, TO COIJIACHO TEOPEME
1.2 B 3T0it 00/MacTH CylIeCTBOBaJa OBl peAeabHAasS TOUKa OJAHHO-
T'0 MHOXECTBa, KOTODad TeM CaMbIM He 6bLTa, OBl y2Ke H30JHDPOBaH-
HO# 0c000i TOYKOM, ITO IPOTHUBOPEYUT YCIOBHIO. IIpuMepaMu Me-
poMopdHBIX QYHKIHH IBALIOTCH JPOOHO-PAHOHAIbLHEE (DYHKIIHH,
TpUroHOMeTpudecKue yHKIUH tg z, SecC 2.

IIpu mokaszarenbcTBe TeopeMm 5.3 ¥ 5.4 MBI IPEAIONAraId, YTO
dbyukums f(z) He mMmeer 0cobBIX TOYEK HA JEHCTBHTENHHON OCH.
OHaK0 HE3HAUNUTEJIBHBIE NOMOHUTENBHBIE PACCMOTPEHUS TO3BOIA-
10T MPEMEHATDH JTOKA3aHHBIE BBIIIE TEOPEMBI K BBIYHUCIEHHIO HECOO-
CTBEHHBIX MHTErPAJIOB U B TOM Cjiy4dae, Korga dyskmus f(z) umeer
HECKOJIBLKO 0COOBIX TOYEK Ha, JeHCTBUTENLHOH OCH.

IpousnmocTpUPyeM BHICKA3aHHOE YTBEDXKAECHHE Ha, ITPOCTOM
puUMepe.

IIlpuMmep 4. BoluucauTh HHTErpaJ
o0

I= / Si“;’”” dz, &> 0. (5.48)

0
Bocnonbzosapmuck ¢opmyno#t Dityepa . CBOMCTBOM YETHOCTH

MOABIHTErPATLHOM (DYHKIMH, OCYUIECTBUM (pOpPMaIBHOE Ipeobpaszo-
BaHUe oo
I=:Im / * dr=_Imh. (5.49)

T

—00
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BaMeTI/IM, YTO UHTErpaJl Il HMeeT CMBICI JIMIIb KaK IVIABHOE 3Ha4e-
HHUe HecOOCTBEHHOTO HHTErpaJia, BTOpOro poga 1)2

oo
Ilzv.p./?dx— lim /—d +/—dx . (5.50)
—00

R—»oo —R

PaccmoTpuM B BepxHe#l MOJIYILIOCKOCTH Im z 2 0 3aMKHyTHII
kouTyp I', cocrosmuit us
y OTPE3KOB IOefCTBUTEILHONU
ocu [_Ra _p]a [pa R] u
ayr momyokpyxHocreit C,
— !
Ck [Zl = p, 1 CR, |z[

eiaz
(puc. 5.4). Oyukuus ,

z
ABNIAIOIAAC aHAJIHTAYE-

- > - CKHM IpPOJOJIXKEHUEM B
-R -plp R BEDPXHIOK TOJYIIOCKOCTh

eia:c
Puc. 5.4 Im z > 0 dbyskuun —,

330aHHOM Ha  IIOJOXKH-
TeJIbHOM dJacTu fAeiicTBuTeabHON ocu 0 < z < 00, B objacTH,
orpaHudeHHOi KOHTYpoM [’ ocobeix Touek He mmeeT. [losTomy Ha
OCHOBaHMU TeopeMbl Komm

F/f(C)dC=__ /e’:”dx+/%d<+/%dc=

(5.51)
[Mocnenuee cnaraemoe npaBoit gacru (5.51) cTpeMuTca K HyJIH0O Opu
R — oo B cunty memmbl 2Kopnpana. PaccMoTpuM TpeThe ciraraemoe.
Bamerns, 4TO B ITOM WHTErpajie MOIYOKPY)HOCTh C) MPOXOTUTCSA

B OTPHI@ATEIHHOM HAIDABJIECHHN (IO YACOBOI CTDEJIKE), M CIHEJIAB
3aMeHy IIepeMEeHHON WHTerpupoBaHud ( = pe'¥, momydnm
0

I3 = / ¢ = z/exp [iap(cos ¢ + isin )] dep. (5.52)
ci ™

[MogpiuTerpanbuast GyHKIusa B (5.52) dABIAETCH HEIPEPLIBHON
dyHKIKER mapaMmerpa p, u npu p — 0 ee nmpenen pasen 1. [TosTomy

;1_1% I3 = —im. (5.53)

1) Cm. Bom. 2.
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[lepeitas B (5.51) k upegeny npu p — 0 u R — oo, cornacuo (5.50)
u (5.53) mosmy4um
o0

I =V.p. / e:z dr =ix, a>0, (5.54)
—00
OTKyZa
o0
sin oz _m
/Tdm =3 a>0 (5.55)
0
IIpu a < 0 umeer MecTo dopMmyna
o0
sin az _ T
/sz— T a<o, (5.56)

0

B 4eM JIerko y6eauThCa MpH IOMOIIYM W3MEHEHUs 3HAaKa ¥ « B (op-
myate (5.55).

4. Cuay4aii MHOro3Ha4YHbIX (pyHKIuHI. Bo Bcex mpenpiay-
IIUX PACCMOTPEHUSX Mbl (HaKTUYECKH OCHOBBIBAJIUCH Ha (HOpPMYJIe
Ko, crpapeauBoii A1 OQHOSHAYHON aHAJIUTHIECKONH (DYHKIINH.
CirenoBaTeIbHO, PACCMOTPEHHBIE METO/BI MOXKHO IIPUMEHSTD JIMIIb
TOTZa, KOTZIa aHAIUTHIECKOe npoxonkenue f(z) dyukumu f(z) ¢
JIEACTBUTEIBHOM OCH B 06JIACTD, OTPAHUYIEHHYI0 KOHTYPOM HHTErDH-
POBaHMNS, SIBJASETCH OJHOSHAYHON aHaauTHIecKoi dyukueit. B Tex
XKe (Iydasx, KOTZa HoJHas aHajuTudeckas dyskius F(z) okaswi-
BaeTCd MHOI'O3HAYHOU HAa IOJIHOI KOMILIEKCHOH IIOCKOCTH Zz, HaJIO
TaK BHIOMPATh KOHTYD HHTEDUPOBAHMs, YTOOLI BHYTPH €r0 HE CO-
JIepKaNoCch TOueK passersienus yuxuuu F(z), u paccmMarpusars
JIMIIb ONHO3HAYHYIO BeTBb f(2) mOIHON aHanuTHIeCcKoi GyHKIUH
F(z), 9BRAOLLyIOCS HENOCPEICTBEHHLIM AHAJIUTHYECKUM IIPOLOJI-
)eHneM GYHKIUN f(Z) B KOMILIEKCHYIO 061aCTh. DTH COOOpaKeHUs
[IO3BOJISIIOT PACIPOCTPAHUTH PACCMOTPEHHBIE BHIIIIE METOABL HA P
HECOOCTBEHHBIX MHTErPAJIOB, 9aCTO BCTPEYAIOUIUXCH B MIPUJIOXKEHH-
sx. PaccMOTpHM HECKOIBKO THIHYHBIX CJIy9aeB.

1° Hnwmeepaan euda

o0
I= f 7 f(z)dz, 0<a<l. (5.57)
0

Iycre dyuxuus f(r), 3agaHHas Ha MOJOXKUTENLHOR dacTH Jeii-
CTBUTEJILHOM OCH, MOXKET OBITb aHAJUTUYECKU IPOJOJIKEHE HA BCIO
KOMILIEKCHYIO IIOCKOCTh. IlyCcTh ee aHAJIMTHYECKOE IIPOLOJLKEHUE
f(z) aBnserca omHO3HauHOW aHanMTHYecKOH dyHKUMeRH, 3a wuC-
KJIIOUEHHEM KOHEYHOTO YHCJIA U30JUDOBAHHEIX OCOOBIX TOYEK 2z
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(k = 1,...,n), He JeXAIUX HA MOJOXKUTEJIHHON YACTH NEHCTBH-
TeJILHOM OCH, W 2 = 0O fABJAETCA HyJleM He HHXe IIE€PBOTO IOPsSi-
ka dyukuun f(z), a Touka z = 0 — ycTpaHHMOi 0cOGON TOYKOIL.

DyHKIHUSI
p(z) =271 f(2) (5.58)

B obsactu G [0 < arg z < 2|, npeacTasJsiromeit coboit MIOCKOCTD
Z C pa3pe3oM II0 IOJIOXHUTEb-

Ay HOIt 4aCcTH JelCTBUTEJLHON OCH,
OYEBHUJIHO, SIBJISETCS aHAJIATHAYIE-

Cr CKUM TIPOJOIKEHNEM MOIALIHTE-
TPaIbHOM (PYHKIIMH, COBIIAIA0-

meit ¢ Heil Ha BepxHeM Oepe-

R ry paspesa (arg z = 0). Oynk-
z=0/ R uns ¢(z) siBisiercss OZHO3HAY-
C‘: o x  Hoit ¢pyHKumeir B obmactu G, u

ee 0CobBbIE TOYKH COBIAJIAIOT C
0COOBLIMK TOYKAMHK 2 (PYHKIHH
f(z). PaccmorpuMm B obmactu G
3aMKHYThII KOHTYp I', cocras-
JIEHHBI! U3 OTpEe3KOB JeiiCTBHU-
TesqbHOR ocu [p, R| Ha BepxueMm
Puc. 5.5 n HIKHeM Oeperax paspesa H
Pa3OMKHYyTHIX OKpyxHOcTeit C,
|2| = p, u Cg, |2| = R (puc. 5.5). ITo ocHOBHO# Teopeme Teopuu
BBIYETOB

R p
Jo@d¢= [a* 7 fl@)ydz+ [ ¢ dC+ [¢TFQ)dC+
r p cE R
+ f ¢*Lf(¢) d¢ = 2mi Z Borua [227 1 f(2), z].  (5.59)
Cp k=1

PaccmoTpuM kaxkmoe W3 CIaraeMbIX IIPaBOM YaCTU DAaBEHCTBA

(5.59).

a—1
Bl =| [ ¢ (O d ‘ < ME orR=2xMR*! S 0,
R R—o0
Ci
(5.60)
TAK KaK I10 YCJIOBUIO B OKPECTHOCTH TOYKH Z = OO IJIs (DYHKITHH

M
! ]
mpeacTapasier coboii MHTerpas 0 HHXKHeMy 6epery paspesa, Tie
arg z = 27, Te. z = T - el2m (.’L' > 0) n 20l = pgo-1, ez27r(a—1).

f(z) umeer mecro ouerka |f(z)| < . Tperve ciaraemoe B (5.59)
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ITosromy
p R
f COLF(Q) d¢ = —e?r(eD) f 71 f(z) dz. (5.61)
R p
Hakogmerr,
[ ¢ dé‘ < Mip®t-2mp = 0, (5.62)
Cp_ p—0

TaK KaK B OKPECTHOCTH TOYKHU 2z = () mmeer MecTo onerka | f(2)| < My
ua>0.

Iepeiins k npegeny B (5.59) npu p — 0 u R — 00, Ha OCHOBAaHUHA
(5.60)—(5.62) OKOHUATEIBHO IOITYIUM

00 . N
f L f(z)dz = 1_2% Z Beru [227 L f(2), zx). (5.63)
0 k=1
IIpuwmep 5 DBouncouTy, HHTETPAT
o0
—_— za_
I_/_1+zd$’ 0<a<l (5.64)

0

IogpiaTerpanbuas Gyukuus B (5.64) ynosieTsopsieT BceM Ie-
PEYUC/IEHHBIM BBIIE YCI0BUAM. [103TOMY

2

_ s 27! _ 2omiettlemd o
I= 1 — ei2ma Bera [ ’_1] T 1—ei27  sinanm’ (5.65)
2° Humezpaan, 6udal)
1
[z*'1—z)f(z)dz, O<a<l. (5.66)
0

[Mycrs dyukuma f(r), 3amanHas HA OTpPe3Ke AEHCTBUTENBHOR OCH
(0,1), MoxeT OBITH AHATUTHYECKH MPOAOKEHA HA BCIO KOMILIEKC-
HYIO ILUIOCKOCTb. IIyCTh €e aHAJIUTUYECKOEe MPOIOKEHUE SIBJISETCS
OHO3HAYHON AHAJIUTHYECKOH (PYHKIMEH, 33 MCKIIIOUEHUEM KOHEY-
HOTO YKM(JIa M30JMPOBAHHBIX 0COOBIX To4ek 2z (kK = 1,2,...,N),
He jexamux Ha orpe3ke 0 € z € 1, a Touka 2z = 00 — yCTpa-
HuMaga ocobast Touka yukiwu f(z). Torma unrerpan (5.66) serko
MOXKET ObITb BBIYKCJIEH METOJAMH, AHAJOTHYHBIMU Da300pAHHBIM

T
11—z
MoxKeT GBITH cBefieH K MHTerpaJjy tuma (5.57), oqHaKo B pAfle Cly4aes IPOILe
IIPOU3BECTH HEIOCPEACTBEHHOE BhIUUCIIeHne HHTerpaja (5.66), uTo u menaercs
B 3TOM IIYHKTe.

1) Kak merko BHIETh, JAHHBEIH HHTErpajl ¢ MOMOIUBIO 3aMeHBl y =
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BBIIIE. 3aMETUM, YTO AHATUTHIECKOE MPOJOJIKEHNE OAbIHTErPaIb-
Hoit dynkmun ®(z) = 2% (1 — 2)~%f(2) umeeT mBe TOUKU pas-
BerBienus: z = 0 u z = 1. Touka 2z = 00 ABIAETCA YCTPAHUMOIA
ocoboit Toukoit dbyuxkuuu P(z). deitcTBuTeNBHO, MOMHBIH 006X0, 11O
OKPY2KHOCTH JOCTATOYHO OOJIBIIOrO pajuyca, COAEPKAIIUA BHYTPH

006e Touky pa3eerBieHus z = ()
Ay 1 z = 1, He MeHdeT 3Haue-
uus ¢yuxkuun P(z). Paccmo-
TpPHUM 00JIACTD G, IPEICTABJISIO-
Y0 CO0OM HOMHYIO ILIOCKOCTh
Z C pa3pe3oM II0 OTPE3KYy JeH-
crutenbHO# ocu [0,1]. Bersp
dbynkuuu ®(z), coBnamaromas
Ha BepxHeM Oepery paspesa
C HOOBIHTETPAJILHOM DyHKIHEH
(5.66) meficTBUTENBHOM IEpe-
MEHHOM Z, SABJISeTCS ONHO3HAY-
HOM aHAJIMTHYECKON (DyHKIHeH
B G. Brifepem B § 3aMKHYTHI
KoHTYp I', cocTosmuit u3 o6omx
Geperos paszpesa [0,1], 3aMbI-

Puc. 5.6 KalolIMX uX OKpyxHocredt Cj,
[Z| =p, U C/IJI? [2:— ]_l = p, 10-
CTATOYHO MAaJIOro paauyca p u okpyxuoctu Cg, |z| = R, comep-

Kameit BHyTpu orpe3ok [0,1] u Bce ocobble Touku byHkuuu f(2)
(puc. 5.6). Ilo ocHOBHOIf TeOpeMe TEOPHU BBLIUETOB

1-p

[oQ)d= [ =*'1-2)f(@)ds+ [ B(()d(+
T P c-

p
+ [ oQdc+ [aQ)d+ [ a()d¢=
1= o ci
N
= 2mi Z Bera 2271 (1 — 2)7%f(2), 2], (5.67)
k=1
PaccMoTpuM Kaxkzoe ciaraeMoe B IpaBoit 4acTu paBeHCTBa (5.67).

ITo ycimoBuio z = 0o — ycrparuMas ocobas Touka f(z), T.e. B OKpecT-
HOCTH Z = 0O HMEET MeCTO Da3JjIoKeHHe

f(z)=a0+“§+..., (5.68)

TIe ag = zll)r{.lo f(z).
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PaccmoTpumM dyHKINIO

ple) =221 -2 =1 (2 )", (5.69)

1—=z

ABMAIILYIOCH YKa3aHHOM Bbille BeTBbI0 byHkuu ®(z)/f(z). Touka
Z = 00 ABJFETCd MPABUIBLHON TOYKON BHIODAHHON BeTBU (DYHKITMH
¢(z); IOTOMY B OKPECTHOCTH TOUYKU 2 = 00 (yHKIULA ¢(z) MOXKET
OBITEH IpPEICTABIEHA B BUIE

eina 11)1 ( z)

p(z) = — T2 (5.70)
rae 1;(z) — orpaHWdYeHHAs AHANUTHYECKass (PYHKINS B OKPECTHO-
cTH ToukM 2z = 0o. Orcoza ana pasnoxenus dyukimun Y(z) B pax
JlopaHa B OKPECTHOCTH TOYKH Z = OO MOJIYyYaEM BBHIPAKEHUE

z
O(2) = ao 1 ¥ (5.71)

22’

rae ¥ (z) — orpaHnyYeHHas aHAIATHIECKas (YHKIHS B OKPECTHOCTH
rouku 2z = 0o. U3 (5.71) maxomum

Bora [®(z), 00] = —age™™. (5.72)
ITosTomy mo dbopmyie (5.17)
[ ®(¢) d¢ = 2miage’™. (5.73)
Cx

Tax kak npu o6xoze TOYKH 2z = 1 0 YACOBOM CTPEJKE aPryMeHT
Boipakenus (1 — z) Mensiercs Ha —2m, T0 apryment dbyskyn O (2)
Ha HUXKHeM Oepery paspesa 6ojblue apryMeHTa Ha BepxHeM Oepery
paspes3a Ha 2ma. [loaTomy

p ] 1—p

[ @)d¢ =—€?™ [ &(z)da. (5.74)

1-p P

Kax Jsierko mokasars ¢ IOMOIIBIO OIIEHOK, aHAJOTHYHBIX (5.62), mpu
0 < a < 1 uHTerpaJjsl MO MAJBIM OKDPYXKHOCTIM C,’, u C, crpemMaTcs
k Hyo upu p — 0. Torna, nepexons B (5.67) k npegeny nupu p — 0,
[O/Ty9aeM

N
1- ’2“0‘)I+27rze ao—27mZBbI‘{ o= 1( ) af( ) ]
k=1

OTKYZa

N
I=T% 4 2N B2 (1-2) (), 4], (5.75)
k=1

sin7wa

rue ag = 11m f(2).
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Mpumep 6. Boruucanrs mHTErpan ')
1
I= [z*'(1-2)"%ds, 0<a<Ll (5.76)
0

Tax KaX BHIIOJHEHB BCe CHOPMYJIUPOBAHHBIE BBIIIE YCJIOBHS H
ag =1, T
™
I= (5.77)

sinma’

3° Unmeepaant suda

I= | f(z)lnzdz. (5.78)

OSS

[Iycrs dyukuns f(x) aeiagercd deTHOH byHKIueHd ¥ MOXKeT OBHITH
AHATATUYECKH TPOJOJIKEHA, Ha BEPXHIOK HOJIYIUIOCKoCcTs Im z > 0,
OpuYeM ee aHAJUTHIECKOe IPOJOJIKEHWE YIOBJIETBOPSET yCJIOBH-
aM meMMbl 1. PaccMoTpuM B BepxHeil NOJMYIJIOCKOCTH 3aMKHYTHIR
KouTyp I', cocrosimuit u3 oTpe3KoB aeiicTuTeNBHON ocu [—R, —p|,
[p, R] u coemuusromux mx monxyokpyxsocreit Cy, |2| = p, u C¥,
|z2| = R. ®yukunsa ¥(z), apiaomasca BETBLIO IOIHON aHAJIMTH-
4yeckoli QyHKIuM u copmamaromas ¢ f(z)lnz Ha DomOKUTENBHOMN
yacTu geficrBuTensHolt ocu (z > 0), Ha OTPUUATEILHON JacTH Jeit-
CTBHUTEJIBHOI ocu 1pH 2 = |2]e" = ze™ = —z (z > 0) upuHEMaeT
3HAYEHUE

®(2) |,=geir = f()In(ze™) = f(z)[Inz + ix].

IlosTomy

R R
[e@©d¢= [ f@nzdz+ [ @()d(+ [ f(z)[Inz+ir]dz+
T p C;z+ p

N
+ [ @()d¢ =2y Burua[f(z)Inz,z]. (5.79)

C;— k=1

1) Bamerum, 4TO PACCMATPUBAEMBIA MHTErDAN ABJISETCS JACTHBIM CIIy9aeM
B-¢pyuxuun (cM. BB 2):

1

B(p,q) = f P71 — )V da.

0
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PacemoTrpuM BTOpOE ciaraemoe B mpaBoit gacta (5.79)
T T
M M .
il @(c)dc‘ < g7 [ 1In¢ld¢ = =5 [ |InR +iarg ¢ d( <
0 0

cy
<M /iPR+72 - 0. (580)
R R—oo

[IpoBens aHAJOTHYHBIE OIEHKH, JIETKO MOKA3aTh, YTO U IIOCICIHEE
ciaraemoe B mpaBoii gactu (5.79) CTpEMI/ITCS{ K Hys0 npu p — 0.

Haxkomner, HecoOCTBEHHEI! HHTErPAJ f f(z) dz cymecTByer u B cuy
(5.35) pasen

f f(z)dz = mi Z Buoru [f(2), 2. (5.81)
k=1
[Mosromy, nepeiins B (5.79) k npemeny npu p — 0 u R — oo, momny-
9UM

I= ff(m) Inzdz =7ri§:Bqu [ (= )(lnz— ;) zk] (5.82)
0 k=1

IIpuwmep 7. Beluucaurs mHTErpAT
o0

_ Inz
CorytacHO IIPOBEAEHHBEIM BBIIIE PACCYKICHUSAM
. 1 iy | _ . w
I = 7i Beru [(1 oy (lnz 2),1] =-7 (5.84)

§ 3. JlorapudmMmuyeckuii BbrdeT

1. IlonsTume JorapudMudeckKkoro Bbrdyera. llycts B 06i1a-
cru G 3a/aHa OZHO3HAYHASA GYHKIUA f(2), aHATUTAYECKAS BCIOAY B
g, 33 UCKJIIOYEHHEM KOHEUHOI'0 HYHC/Ia W30JUPOBAHHBIX OCOGBIX TO-
ek 2z, (k =1,...,p), IpuUeM BCe zj SBIASIOTCS momocaMu. IIpen-
TIOJIOKKM, 9ITO HA rpa,HIme I’ o6acte G HeT Hu HyJjelt, HE 0COOBIX
TOYeK cbyHKunn f(2), 1 paccMOTPUM BCIOMOTATENBbHYIO (DYHKIIHIO

_ '

©(2) Ok (5.85)
DOynkIuO @(2z) 9aCTO HA3BIBAKT 402apUPMUNECKOT NPOU3EOIHOY
dyurkuun f(z), a BoraeTsl GyHKUUH @(2) B €6 0COBBIX TOYKAX 2y,
(m=1,...,M) — aceapudmunecrumu evvemamy dyukuun f(z).
OmpeznenuMm ocobbie Touku dyHKIMA @(2) B 06macta G. B cuny 06-
IIUX CBOMCTB AHAJUTHIECKHX (DYHKIHUH SICHO, YTO OCOOBIMH TOY-
kamu dyskiun @(z) 6yayt uymu Z; (K = 1,...,n) ¥ TOIIOCHL 2k
(k=1,...,p) byuxuun f(z). Haitmem 3nauenue Beidera dbyHKIUA
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©(z) B KaXkmON U3 ee 0cOBOBIX Todek. IlycTh TOUKA z = 3, ABJIAET-
cs HyJeM mnopsimka ny dyskmun f(z). Torga B okpecTHOCTH 3TOH
toukn Gbyukius f(z) uMeer BUL

f(2) = (z — zx)™ f1(2), f1(&) #0, (5.86)
OpUYeM TOYKA Zj SABJISETCH NPABWIBHONW TOUKOM dyHkumm fi(z).
Brruncnsas dbyHKImO ¢(2) B OKDECTHOCTH TOUKY 2 = Zk, 110 popMyJie
(5.85), momygaem
_ r_ 5. \Y r_ Nk fi(2)
0(z) = (0 f(2))' = nylln (= = 7)) + (I i) = 72 + A,
Orciona caenyer, 9TO TOYKS, Z) ABJIAETCH IOJIOCOM MEPBOTO TOPAIKS,
dbyuxEn ¢(z), nprdeM Boerder GYHKIWA @(2) B ITOH TOYKE PaBEH
ng. Urax, B Hysne nopsiaxa ng dbyakuun f(z) ee sorapudmudeckuit
BBEIYET PABEH N, T.€. HOPAAKY HYJ:

Brg LG ),zk = ng. (5.87)
f(=)
ITycrs TOUKA 2j SABISAETCS MOIIOCOM HOPSAKa pr dyHKImA f(2).
Torza B OKPECTHOCTH 3TOH TOUKM DYHKIWS f(z) UMeeT BUJ
z
()= 2892, fie) #0, (5.88)
[OpUYIEeM TOYKA 2j SIBJISIETCS NPABWIBHON To4KOM dyHkKumm fi(z).
IMosromy asa norapudmuueckoil npomssogHoil dyHKIMH f(2)
OKPECTHOCTH TOYKHU 2z = 2z, TONYYUM BBIPAKEHUE
_ __ Dk fi(z)
(p(Z) - g — zk + fl(z)
Orcroma crefyeT, 9TO TOYKA, 2) TAKXKe SBJISETCH IIOJI0COM TEPBOT0
nopsaaka GyHKIun (z), IpUdeM BBIYET B ITOM TOYKE DPABEH —Pj.
Urak, B nomoce nopsiaka pr dysknuu f(z) ee jorapudmudeckuit
BBIYET PABEH MOPAAKY IIOJIOCA, B3ATOMY CO 3HAKOM MUHYC:

B | LG ),z = —pk. (5.89)
f(z)

2. Tloacyer uyucjia HYJEM aHAJIUTHYECKOH yHKINH.
[TonyyenHbie pe3ynbTATHl MO3BOISAIOT JOKA3aTh CIEAYIOUIYIO BaX-
HYIO TeopeMy.

Teopema 5.5. Iycmv dynxyua f(z) asasemcsa anasumuse-
cxoti 6c100y 6 3amrnymoti obaacmu G, 36 UCKAIOYEHUEM KOHEYHO20
NUCAG AEHCAUUT BHYMPU G US0AUPOBAHHBIL 0COGHIT MOYEK Z), KO-
Mopvle 6CE ABAAOMCA NOMOCAMU, U nycmb f(z) ne obpawaemca 6
HYAb MU 6 00noti mouxe zpanuubt ' obaacmu G. Tozda pasnocme
MENHCOY NOAHDIM HUCAOM HYAET U NOAHBM YUCAOM TOAOCO8 PYHK-
yuu f(z) 6 obaacmu G onpedeasemca vpadcenuem

_p=L [ Oy
N-P=q- | Z2d. (5.90)
I+




152 TEOPUA BBIYETOB U UX ITPUJIO2KEHUA I'JI. 5

ITox monHBIM 9HCIIOM HyJtel (ITOJII0COB) MOHUMAETCS YUCIO HyJIeH
N (momocoB P) ¢ y4eToM MX KPaTHOCTH:

n D
N=Y"m, P=) p (5.91)
k=1 k=1

HJoxaszaTeasbcTBs o JMig goka3aTeabcTBa TEOPEMEBI
- I'®

f(2)
ObITH BBEIUHCJIEH C IOMOIIBIO OCHOBHOHN TEOPEMBI TEOPHH BBIYETOB,
IPUYEM TaK KaK Bce 0cobble Touku byHKImEU ¢(2) — 3TO Hyau ©
nosiockl GYyHKIMH f(2z), & BBIYETHl B 9THUX TOYKAX OMDEIEJSIIOTCS
dbopmynamu (5.87) u (5.89), To

3aMeTHM, 4TO MHTerpana mo I oT dbyHKmmu ¢(z) MOXKET

M
J #(Q)d¢ = 2mi Y Borufip(), zm] =
r+ m=1

n D
=2mid Y np— Y pp o =2mi(N - P),
k=1 k=1

4TO ¥ JOKA3bIBAET TEODEMY.
OrMeTHM IpOCTON TeOMETPHUUYECKUM CMBICI JOKA3aHHON Teope-
MBI, AJIS 4ero InpeoOpa3yeM HHTETPaJl, CTOSIINI B NPABOM dacTu

(5.90):
o [ F8ac= ok [aw s =5k [ anlso) +iarg 101} -

2m
T+ T+ T+

— & [dwlr©l+ & [ dug 10). G92)
r'+ I+

Heticreurenvuas dyuxuusg In|f(¢)| aBnserca oxnosnauso# pyHK-
nyelt, I03TOMy ee Bapuanus (M3MeHEHHe) npy 06Xoae TouKoi ¢ 3a-
MKHYTOro KoHTypa ' pasHa myso. CieqoBaTe/bHO, IEPBOE CIara-
eMoe B mpaBoit gacTu (5.92) pasuo Hyso. Bropoe ciaraemoe mpen-
craBiser coboil moNHy Bapuanuio aprymenta dyukuun f(() npu
obxoxe Toukoit ( 3aMkHyTOro KoHTypa I', nenennyiwo Ha 27. Urtaxk,

N-P= %Var [arg f(2)]r+. (5.93)

Bynem usofpaxarh 3Hadenus ¢byHkuun w = f(z) ToukaMu Ha
KOMIUTEKCHO II0cKOCTH w. Tak kak dbyHkuus f(z) HempepbiBHA
Ha KoHTYpe [', TO Ipu mostHOM 00X0/1€ TOUYKOM 2z KOHTYpa [ Ha mwioc-
KOCTH Z COOTBETCTBYIOIIAsl € TOYKA HA IIJIOCKOCTH W OIUCHIBAET
HEKOTOPHIM 3aMkHyTHINM KOHTYp C. IIpm 3TOM Touka w = 0 MOXKeT
0Ka3aThCd KaK BHE, TAK U BHYTPH 00JIACTH, OTPAHUIEHHOM KOHTYDPOM
C. B nepBoM cirydae Bapuanus apryMeHTa w IIPU MOJHOM 00X0me
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C, oueBuaHO, paBHa Hym0. Bo BTOpOM CiIydae BapHalisa apryMeH-
Ta W ONPEIENISETCS YUCIOM MOJHBIX 00X0I0B BOKDYT TOYKH w = 0,
KOTOpBIE COBEPINAET TOYKA W MPH CBOEM JABUXKeHuH 1o Koutypy C.
ITpu 3TOM TOYKA W MOXKeT 06X0AUTh TOUKY w = () KAK MPOTHB Yaco-
BOH CTPeJIKH (B TOJOXUTENHHOM HAIPABJIEHWH), TaK U [0 YacOBOR
crpesike (B OTPHIATENLHOM HalpapieHun). UTak, pasHOCTh MeX Iy
TOJIHBIM 9HMCIIOM HyJsiel u nosmocos dyuknun f(2) B obnactu G onpe-
JIeJISIeTC YMUCIOM 0D0OpPOTOB, KOTODHIE COBEPINAET TOYKA w = f(2)
BOKDYT TOYKH w = () IPH MOJIOKHUTEILHOM 00X0/le TOYKO# 2 KOHTY-
pa I'. 9tu coobparkeHusi YACTO OKA3BIBAIOTCS CYIIECTBEHHBIMU TPH
TmoJIcYeTe TOJHOrO YMCIA, HyJel aHAJIuTHIecKol GyHKIMH B 3a/1aH-
Ho¥t obsactu. IIpu sTOM BO MHOTHX CIy4asX COOTBETCTBYIOIINE BBI-
YUCJIEHNsT MOXKHO 3HAYMUTEIBHO OOJIerduTh GJaromaps Cieayrolnei
TeopeMe.

Teopema 5.6 (meopema Pyuwe). IIyemv dynxuyvu f(z) u
¢(z) asamomes anasumuveckumy 8 3amrnymoti obaacmu G, npu-
yem Ha epanuye I' obaacmu G umeem mecmo HEpABEHCmeo

|f(2)r > le(2)|r- (5.94)
Toeda noanoe wucao nyaeti 6 obaacmu G dynkyuu F(z) = f(z) +
+ ¢(z) pasno noaromy wucay nyset gynxuuu f(z).
HJokaszareascrTso [ia bysknuit f(z) u F(z) =
= f(2) + ¢(2) BbimOIHEHBI BCe YCII0BUsS TeOpeMHI 5.5. JleficTBUTE -
HO, dyuknus f(z) He uMmeer 0cobpIX Touek Ha I' (oHA aHAHTHYE-
ckas B G) 1 He obpamaercs B Hy.1b Ha ' B ety (5.94). Dtu yenosus
TaK>Ke BBIMOIHEHB! 1t dyukmun F(z), tak kak |F(z)|r = |f(2) +
+ ¢(2)| 2 |f(2)|r — |¢(2)|r > 0. IlosTomy Ha ocHOBaHHE HOPMYJIBL
(5.93) momyumm

N|f(2) + ¢(2)| = 5-Var [arg (f + @]

N[f(2)] = 5-Var[arg f(2)]r-
PaccmorpuM pasHOCTH
N[f(z) + ¢(2)] = N[f(2)] =
= - Var[arg (f + ¢) — arg flr = ;- Var [a»rg (1 + f)]r

f
(arg(f+so)—argf=arg fjls")-

Beemem dpyuknmo w = 1+ %. Kaxk merko Bumers, mpu 06xozie To4-
KOt 2 KOHTypa [ cooTBeTCTBYOmIAA €if TOYKA W ONMHUIIeT 3aMKHY TYO
kpuByo C, Koropas B cuny yciosug (5.94) 6ymer meJukoM JiekaThb

BHYTDPH HekoToporo Kpyra [w — 1| € pg < 1 (puc. 5.7). Tem cambim
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Touka w = 0 sexuT BHe kpuBoit C. CienoBarensno, Var [arg wr =
= 0, 9TO U JOKa3LIBAET TEOPEMY.

Il puwMep. Haiitn nonnoe uncno myneit dyuxuuu F(z) =
= 28 —52% — 224 1 BayTpU egunUUHOTO KpyTA |z| < 1. IlpencraBum
dyuxmmo F(z) B Bune F(z) = f(2)+p(2), nonoxus f(z) = —52°+
+1m (2) = 28 — 22 Torma

£ (2)jaj=1 = | — 52°|pj=1 — 1 = 4,

|lo(2)j51=1 < 12%]2=1 + |22]})=1 = 3,
orkyza |f(2)| ;=1 > |¢(2)|[z=1 > 0. CnenoparenbHo, MoOMHOE YUCIO
Hyneit B obmactu |z| < 1 dbyukumm F(z) paBHO NIOJTHOMY YHCIY
Hymneit dynkmum f(z), HO
[OCTIEIHAS UMEEeT, OYEBUJIHO, Ao
POBHO IIATHL HyJIel:

_ 51 21k
Zp = g exp ZT C

(k=0,1,...,4). w=
Ba,}KHI:IM IIPUHIIUIINAJIb- w=
HBIM CJIEJCTBHEM TEOPEMBI
Pyme aBnsgercsa Py
Ochnoenaa  meopema
ewcweli anzebpoi. Iloau-
HOM NI cmenenu umeem
HG KOMNAEKCHOT NAOCKOCTU
posno n wysed (¢ yvemom ux
KDPAmMHOCU).
HJoxazarensctso. [Ipeacrasum nomunom F(z) = ap2™ +
+a12" .. .4a, BBuge F(2) = f(2)+¢(2), monoxus f(z) = apz™,
e(z) _ a1l
S -
f(z) ao 2
an 1

+...+ = —. Kax serxo BufieTh, IIpu JIIOOBIX 33 JaHHBIX 3HAYEHUAX
ao 2

K03 DHUIIHEHTOB ag, @1, - . . , Gy BCETIA HaMIETCH TaKoe 3HaIeHNE I,
4TO [/1d BCex 3HadeHuit |2| = R > Ry UMeeT MeCTO HEpaBEHCTBO

=Y

Puc. 5.7

0(z) = a12" ' + ... + a5. CoctaBuM OTHOIIEHHE

0<

¥(2)
71 <1 (5.95)

B cuny Teopemsr Pyme uz (5.95) cienyer, 9To IOIHOE YHCIIO HY-
neit dyuxkuuu F(z) B Kpyre |2| = R paBHO uuciy Hyse#t B 3TOM

J— n H J— n A
kpyre dyurnun f(z) = agz™. Ho dbynxuus f(z) = agz™ na Beei
KOMILJIEKCHOU IIJTIOCKOCTU UMEeT eqWHCTBEHHBIN n-KpaTHBIA HYJIb —
Touky z = 0. Orcioma B cmny mpousBosbHOCTH R > Ry u cienyer
yTBEPXKIEHUE TEOPEMBI.




FTIABA 6

KOH®OPMHOE OTOBPAXKEHHNE

Kak npu mocrpoenuu o61eit Teopuu QyHKIMN KOMIUIEKCHOM TIe-
PEMEHHOM, TaK ¥ B €e MHOTOYMCJIEHHBIX IPHIOXKEHUSX, B YaCTHO-
CTH K PEIIEHUIO 337139 MEXaHWKW ¥ (DU3UKH, OOIBINOE 3HIUEHHE
UMeeT HM3y9YeHHe TeOMETPUYECKWX CBOMUCTB KOH(OPMHBIX OTOOpDa-
JKEHUH, OCYIIECTBISEMBIX AHAJATUYECKUMU (pyHKIumsaMu. B . 1
OBIIO BBEIEHO IOHATHE KOHGMOPMHOrO 0TOOpaKeHusI, 06J1a,TIaI0IIero
CBOMCTBaMH COXPAHEHUS YIJIOB ¥ TIOCTOSTHCTBA pacTsKeHuit. OyHna-
MEHTAJILHON 3aJa4ell Teopun KOH(POPMHBIX OTOODarKeHUit ABJISIETCS
crenyiomasi. JJaHbl 1Be 06JaCTH KOMIIEKCHON IJIOCKOCTH, B Tpeby-
ercd HaliTu (QYHKIMIO, OCYIIECTBJISIONIYI0 B3aUMHO OJHOZHAYHOE U
KOH(OpMHOE 0TOOpakeHne OHOM obsiacTu Ha Apyryw. [Ipu sToM,
KOHEYHO, BO3HHKAIOT BOIPOCH 00 YCJIOBHSAX CYIIECTBOBRHHUS ¥ OI-
HO3HAYHOTO OIMpeeeHusT TakKod hyHKIHn.

B sT0it ritaBe OyayT KPaTKO H3/I0XKEHBI OCHOBHBEIE TIOHSITHS Te-
opurt KOH(OPMHOTO OTOOpaxKeHusi. MBI TakXKe pacCMOTPUM HEKO-
TODBIE T€OMETPHUYECKHE CBONMCTBA OTOOPaXKeHU, OCYIECTBIISEMBIX
PAIOM AHAIUTHYECKUX (DYHKIHH, HAXOAAMMX HAauOOIee ITHPOKOE
NPUMEHEHUE B IPUJIOXKEHUX.

§ 1. Ob6uIme cBoiicTBa

1. Ounpenenenne koudopmHOro orobpakenmusi. B ri. 1
IIPDH PaCCMOTPEHUM I'eOMETPHUYECKOI'0 CMBICJIa, MOJYJIS U apryMeH-
Ta, IIPOU3BOAHON OBLIO BBEIEHO IIOHATHE KOH(GOPMHOTO OTOOpake-
Husl. Brto mokazano, uro eciu dyHkmus w = f(z) aBasgerca of-
HO3HAYHON W QHAJIUTHYECKOA B OKPECTHOCTH HEKOTOPOU TOYKH 2y U
f'(20) # 0, To oTOGpakeHue, OCYIMIECTBIEMOE JaHHOH byHKIMEH,
B TOUKe 2y 00J1a/jaeT CBOMCTBAMH COXPAHEHUS YIVIOB U ITOCTOSHCTBA,
pactspkenuit. To ecTh yros Mex Iy JIFOOBIME JBYMSI TJIIKUMHA KpPH-
BBIMH, [IEPECEKAIOIINMUCS B TOYKE 20, PABEH U IO abCOMIOTHOR Be-
JINYWHE ¥ 10 HAIPABJIEHUIO YIVIy MEXIY HX 00pa3aMu Ha, ILIOCKOCTH
w B TouKe wg = f(20), & GECKOHEYHO MaJIble JHHEHHbIE SJIEMEHTH,
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BBIXOJAIINE U3 TOYKH Zg, MPeobpasyoTcs mogobHbIM obpasoM. Do
03HAYAET, YTO IIPH PACCMATPUBAEMOM OTOOpaKeHWw J060# Hecko-
HEYHO MaJIbIi TPEYTOJBLHUK C BEPIIMHON B TOUKE 2o mpeobpasyerca B
moAO6HBIM eMy GeCKOHEWHO MAJIBIM TPEYTOJILHIK C BEPIIUHON B TOY-
ke wg. OTMeTHM, 9TO B CUITy OOIINX CBONCTB aHAJIATHIECCKUX (DYHK-
muit 1) B OKPECTHOCTH TOYKH Wy OIpeesNeHa ONHOSHAYHAS AHAJIU-
tnaeckas byuruua z = @(w). TeM caMbIM MeXIy OKPECTHOCTSAMHU
TOYEK 2y M Wy YCTAHOBJIEHO B3aUMHO OJHO3HAYHOE COOTBETCTBHE.
Bsenem cienyromee GpyHIAMEHTAIBLHOE OIIPELETEHHE.

Bzaumno odnosnaunoe omobpasicenue obaacmu G Komnaexcrot
naockocmu 2z Ha obagcms G Komnaexchol NAOCKOCTU W HA3bi-
8GEMCA KOHPOPMHDLM, €CAU 3MO OMOBpasCeHUue 80 6CeT MOYKAT
2z € G obaadaem ce0UCMEAMUYU COTPAHERUSA Y2408 U NOCMOAHCMEA
pacmancenuti. TloguepkHeM, 4TO NaHHOE OTPEAEsIeHne MOAPa3yMe-
BaeT HENpPEPLIBHOCTH PACCMATPUBAEMOrO OTOODAYKEHUS.

W3 mpempigyimero sicHo, 4TO Opy KOH(MOPMHOM OTO6paKeHUH
obnactu G Ha 06s1acTh (G GECKOHEYHO MAJIbIE TIIOCKAE DUTYPhI 0018~
ct G mpeobpas3yioTca B MOJOOHBEIE UM OECKOHEYHO MAJIble (DUTYpPBI
obnmacru (G. Tak:Ke JNEerko BUIAETH, UTO [IpU KOHMOPMHOM OTOOpa-
JKEHWH COXPAHAETCH CBONCTBO B3AUMHOM OPTOTOHAJIBLHOCTH CHCTEMEI
KPHBBIX Ha IUTOCKOCTHU. JefiCTBUTENBHO, MYCTh B 00JIACTH § ILIOCKO-
cru z (2 = T+ 1y) 3a4aHBl 4Ba B3AUMHO OPTOTOHAJIBHEIX OJHOMAPa-
METPHYECKNX CEMENCTBA KPUBHIX ¢(Z,y) = ¢ u ¥(z,y) = ¢, npudeM
qepes J0y0 TOUKY 06J1acTi G IPOXOIAT 10 OHOM KPUBOM KaXKI0-
ro ceMeiictea. Torma mpu KoHGOPMHOM OTOOpaXKeHnn obsacTy G Ha,
HEKOTOpYI0 obnacts G 1wrockoctd w (w = u + 1v) 06pa3sl AAHHBIX
KDUBBIX Ha IJIOCKOCTH W — Kpusbie ®(u,v) = c u ¥(u,v) = ¢ —
H& OCHOBAHWYK CBOWCTBA COXPAHEHHs YIVIOB TAKXKe OYAYT B3aMMHO
OPTOTOHAJBHEI. DTO O3HAUAET, YTO €CJIM B 00MACTH G BBeJEHA HEKO-
TOpas OPTOrOHAJbHAA KPUBOJUHEHHAS CHCTEMa KOODAWHAT, TO TIPH
KOH(MOPMHOM OTOOParKEHUH 3Ta CHCTEMA KOOPIUHAT IEepedeT Tak-
K€ B OPTOTOHAJIBHYIO CHCTEMY.

BeisicHuM Tenepnb, KaKUMU CBONCTBaMH JOJKHA 061a1aTh DYHK-
I[Us1 KOMIUIEKCHOM [epeMeHHOM sl TOro, YTOObI 0TOOpaKeHue, OCy-
LIeCTBJIAEMOE 3T0i (pyHKIMEH, OBLI0 KOH(DOPMHBIM.

VMeeT MeCTO CJIEAYIOIIAS TEOPEMA.

Teopema 6.1. Ilycmv dynxyus f(z) sAeasemcs 00no3nauHotl
u o0noAuCIMHOT anaaumuseckot Pynrkyuet 6 obaacmu G u f'(z) # 0
npu 2z € G. Toeda Pynryusa f(z) npouseodum xondopmmnoe omo-
6pasicenue obaacmu G Ha obaacms G KomnaexcHot naockocmy w,
npedcmasaaowyto cobol obaacmy 3navenut dynxuyuu w = f(z)
npu z € G.

1) Cu. oo 1, c. 36.
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JoxaszaTenscTBso. JeliCTBUTENBHO, B CUIY YCIOBHS
f'(z) # 0 upu 2 € G orobpaxkenune, OCymecTBISEMOe (MyHKIHEH
f(2), BO Bcex Toukax obnacTu G 06a1a€T CBOKCTBAMY COXPAHEHUS
YIJIOB U MOCTOSHCTBA, PACTXKEHUM, YTO U JOKA3BIBAET TEOPEMY.

Urak, yoioBusl aHAJIMTHYHOCTH, OJHOJMUCTHOCTH U OTJIMYAS OT
HYJIS TPOU3BOAHOM (DYHKIMKA KOMILTEKCHOM IIepEMEHHON SBJSITCH
JOCTATOYHBEIMHM YCJIOBUSMH KOH(MOPMHOCTH OTOGDarkeHWs, OCYyIIle-
CTBJIIEMOTO 3TOH (byHKIHMeR. ECTECTBEHHO MOCTaBUTH BOIIPOC, SB-
JISTFOTCS JIM 9TH yCI0BUs HeobxomumeiMu. Ha sror BOIpOC OTBEUaeT
CIIEIYIOIIAs TEOPEMA.

Teopema 6.2. Ilycmv Pynxyus f(z) ocywecmeasem Kow-
Popmroe omobpasicerue 06Aacmu G KOMNAEKCHOUT NAOCKOCTNU Z HA
obaacmv G xomnaexcroli naockocmu w u oepanusena 6 G. Tozda
Pynryua f(z) asasemesa odnoaucmmoli u anaaumuveckot 6 obaa-
cmu G, npuvem f'(2) #0 npu 2z € G.

JokaszaTeanbcTBsBO. Tak Kak oToOpakeHHe, OCYIIe-
crBnseMoe dynkueit f(z), apagerca KOHQOPMHBEIM, TO OHO SABJIs-
€TCsl B3AMMHO OJIHO3HAYHBLIM, U B JIE000M TOUKE 29 € G BLINOTHAIOTCS
CBOMCTBa COXPAHEHHS YIJIOB M IIOCTOSHCTBA pacTskenuit. Ciemoa-
TeJIbHO, [JIsl JIEOOBIX TOYEK 2] W 2o, IPUHAJIEXKAIIMX OKPECTHOCTH
TOYKH Z), C TOYHOCTBIO 10 OECKOHEYHO MAJIBIX BEJIMYWH BHITIOJHS-
FOTCSl COOTHOIIIECHUS

arg Aws — arg Aw; = arg Az — arg Az (6.1)
u
|Aws| _ |[Awi| _
Bzl = Ba] =k #0, (6.2)

e Az = 21—2p 1 Azy = 20— 2y CyTb GECKOHEYHO MaJIble JTUHERHEIE
SJIEMEHTHI, BBIXOMAIINE U3 TOUKM 2o, & Aw; u Awg — uxX 06passl

2!

Awy w,
Az

Zy wO
A2y AWy

2
Wy

Puc. 6.1

(puc. 6.1). 3amerum, yTo B cuiy (6.1) COOTBETCTByIOIME YTJIBI B
TOYKaX zg U Wy PABHBI HE TOJNBKO IO abCOMIOTHON BEJIWYUHE, HO W

AUJ2 P
no Hampasiernoo. O603Ha4MB arg < depes a, u3 (6.1) maitmem,
AUJ1 22
Az1

YTO ¥ arg = @. JletCTBUTEILHO,
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sz
Az

arg = arg Awy — arg Azg = arg Aw; — arg Az; = arg

JANTIY =
Az1 -
(6.3)
13 (6.2) u (6.3) momyduM, 9TO C TOYHOCTHIO 0 GECKOHEYHO MAJIbIX
BEJIMYMH MMEET MECTO COOTHOIICHHE
Aws _ Awr _ ;o
Ao~ Do T ke (6.4)
B cuity mpou3BOIBHOCTH BEIGOPA TOUEK 21 U 29 B OKPECTHOCTH TOUKH
2y coorHomenue (6.4) 0o3HAYAET, YTO CYIIECTBYET MpeZesl PA3HOCT-

Aw
HOTO OTHOIIEHHS —— TIPH Az — 0. 9TOT mpemen mo OIpeNeIeHHIO

Z
aBngerca npoussoguoit dyukuuu f(z) B Touke 29. Tax Kak k # 0,
TO 3Ta MPOM3BOAHASA OTIUYHA OT HYJI:

dim 22 = f/(z0) #0. (6.5)

Touka 2y — IPOM3BOILHAA TOYKA obsacTu G; mosromy u3 (6.5) cire-
nyer, uTo GyHKIES f(z) ABNfeTcs aHaIMTHYecKol !) B obiacTu G
u f'(z) # 0 upu z € G. OgronmucrHocTs f(z) Crenyer u3 B3aMMHOM
OMHO3HAYHOCTH oToGpaskenus. TeopeMa moKazaHa.

Urak, xongopmmoe omobpascenue obaacmu G romnaexcHot
naockocmu z Ha obaacmv G Komnaexcnotl naockocmu w ocyuse-
CTNEARAETNCA TOABKO O0OHOAUCTIHOIMY GHAAUTMUYECKUMY GYHKUUA-
MU KomnaexcHotl nepemennol ¢ npouseodnol, omaunnol om HYAR
60 8cex mowkax obaacmu G.

Otmerum, ato yenosme f'(2) # 0 Bcroxy B obsacTu § siBJISeTCs
HeOOXOOMMBIM, HO HEJOCTATOYHLIM YCIOBHEM KOH(MOPMHOCTH OTO-
Opaxkenus objgactu G Ha obsacTb G, OCYIIECTBASEMOro (QyHKIHEHR
f(2). OueBunno, ecnn byukuuss f(z) sABIfETCA AHATATHIECKON B
obnacta G u f'(z) # 0 Bcromy B G, HO dyukuus f(z) He ABAgeTCS
ONHOMUCTHOR B §, To oToOparkeHHe, OCYyIIEeCTBJIsIEMOe 3TOH (PYHK-
e, He OyZeT B3aMMHO OJHO3HAYHBLIM, & TE€M CaMbIM He OynerT u
KOHGPOPMHBIM. TaKuM TpOCTEHIINM MPUMEpPOM SIBJISETCS (DYHKIUS
w = 2*, 3amanmas B momykomene 1 < |2| < 2,0 < argz < 7. Dra
dyHKIMS aHATMTHYHA B JaHHOR obnactu, n w' = 423 # 0 Bcrogy B
MAaHHOM TOMyKojble. OnHAKO 3Ta DyHKIHUSA 0TOGpaXkaeT JaHHOE TI0-
aykosbio Ha obmacts 1 < |w| € 16, 0 < argw < 4w, T.e. o6aacTs,
IBaXX bl TTOKPBIBAIONLY0 COOTBETCTBYIOIIEE KOJIBIO HA, ILIOCKOCTH
w, 9YTO U HAPYIIAET B3AMMHO OJHO3HAYHOE COOTBETCTBUE.

Wrak, oqHOIHMCTHOCTD ONHO3HAYHON aHAJUTHIECKON (DYHKIMH B
obsactu G aBigeTCd BaXKHEWIIUM YCJIOBHEM KOH(DOPMHOTO 0T0Opa-
xenus. Kak Gymer mokazano uwke (cM. Teopemy 6.3 — mpuHImn
B3aMMHO OZHO3HAYHOIO COOTBETCTBHS), 3TO YCJIOBHE SIBJISIETCS HEOD-
XOOUMBIM ¥ JOCTATOYHBIM YCJIOBHEM KOH(MOPMHOCTH 0TOOpaXKeHHS.

1) Cu. cHOCKY Ha ¢. 35.
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Kak 65110 0TMEYEHO BHIIIIE, CBOMCTBO COXPAHEHUS YIJIOB O3HAYA-
€T, IYTO COXPAHSIETCsI He TOJBKO abCOMIOTHAS BEJIMYMHA YTJIOB MEXK-
Iy KPHUBBIMH, MEPECEKAIONMMUCT B TOUYKe 2o, U uX obpasaMu, HO
u ux HampasyeHne. OTobpakeHne, IPH KOTOPOM COXPaHSIOTCS ab-
COJTIOTHBIE BEJIUYMHBI YTJIOB MEXJY KDUBHIMH M WX ofpasaMu, HO
HampaBjeHUe VIJIOB MEHSeTCS Ha MPOTHBOIOIOXHOE, HA3BIBAETCS
KOHPOPMHBIM 0OMObpadiceruem 8mopozo poda. PaccMoTpeHHOE BbI-
me oToOpaXKeHne Ha3BIBAETCS KOHPOPMHBIM OMobpadceruem nep-
8020 poda.

Herpynmo mokasaTh, 94T0 KOHQPOPMHOE OTOOpaXKeHWe BTOPOTO
pPOZa OCyLIeCTBAgeTCH (DYHKIMAMA KOMILIEKCHOM NepeMeHHOM, daB-
JISIOIAMHUCS KOMILJIEKCHO COMPAXKEHHBIMYA aHATUTAYECKUM (DYHKIH-
M C OTJIMYHOM OT HYJIs Ipou3BomHOi., deficTBUTEIBHO, IYCTh (DYHK-
musg w = f(z) ocymecTBiasger KOHGOPMHOE 0TOGPa’KEeHHE BTOPOTO
pPOZia HEKOTOpOH 06JaCTH § KOMILTEKCHOM ILTOCKOCTH 2 Ha 006JaCTh
G KoMIIeKCHOM TI0cKoCTH w. PaceMoTpuM QyHKIMIO w1 = W, OTO-
6paxarontyro obgacte G Ha 061acTh G* KOMILTEKCHOH ILTOCKOCTH
wi. O4eBUIHO, TEOMETPUYIECKHUH CMBICJI IOCJIEIHETO OTOODaXKEHUS
3aKI0YAETCs B 3€PKATBHOM OTpaxeHuu 06macT G OTHOCUTEIHLHO
JeACTBATEIbHOM ocu ¥ 1IockocTd w. Ho mpu 3epkambHOM oTpake-
HUW HAIPaBJEHUE BCEX YIJIOB MEHSEeTCs Ha IIPOTHBOIOIOXKHOE TPH
COXPaHEHUHN WX abOCOMOTHON BEJIMYUHEBI. DTO O3HAYAET, UTO O0TOODa-
xenne obaacTu G Ha obtacTe G, ocymecTBageMoe dyHKIHeH

p(z) =wr=w=f(2), z€0, (6.6)
aBjIgeTcd KOH(MOPMHBIM 0TOOPajKEHUEM MEPBOr0 POa. 1eM caMbIM
dbyukuus p(z) zomxHa GBITH AHATUTHIECKOH B 00JacTH G, IpHYeM
¢'(2) # 0, z € G. Ho u3 (6.6) cienyer, uto f(2) = ¢(2), aro u
[TOKA3bIBAET BBICKA3aHHOE yTBepxkAeHue. o cux mop Mbl Ipejro-
JIAraJid, YTO MPOM3BOASITCS KOHMOPMHBIE 0TOOParKEHUsT OTPAHNIEH-
HoO¥ obmacTe § Ha orpaHMYeHHYIO obmacTh (. B HeKOTOpHIX Ciyda-
X TPUXOLUTCH PACCMATPUBATH OTOODaKEHHE OKPECTHOCTH TOYKH
2( Ha OKPECTHOCTH TOYKH w = 0o (mym Haobopot). Ilpu srom mbr
6yzeM HA3BIBATH JaHHOE 0TOOpaKeHNe KOH(MOPMHBIM, ECJIH OKPECT-
HOCTBH TOYKH 2y KOH(MDOPMHO OTOODaXKaeTCs Ha OKPECTHOCTb TOYKH
(=0,tme( = % Anajiormuso onpezenserca KOHGOPMHOE 0TOOPa-
JKEeHHE OKPECTHOCTH TOYKH 2 = OO Ha OKPECTHOCTH TOYKH W = OO.

2. IIpocreiimue npuMepbl. B npeabiayiux riiapax MBI yXKe
PACCMOTPEN HEKOTODBIE FeOMETPUYECKHE CBOMCTBA OTOODaXKEHMIA,
OCYIIECTBIAEMBIX PAZOM JIEMEHTAPHBIX DyHKIuH. Boigcuum re-
[IEpb, SBJISIOTCS JIA 3TH OTOOparkeHWsi KOHQOPMHBIMU, W €CJIH 113,
TO B KaKUX 00/IaCTIX.

Kax serko Buzerb, juHeliHas GyHkuus w = f(z) = az + b
(6@ # 0 1 b — NPOM3BONBHBIE KOMIUIEKCHBIE IIOCTOSIHHBIE) OCYIIe-
CTBJIZET KOH(OPMHOE 0TOODarXKeHUe ITOJHOM KOMILIEKCHON ILIOCKO-
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CTH 2z HA MOJHYIO IJIOCKOCTDb W, MIOCKOJBKY 9Ta (DYHKIHUS OJHOJIUCT-
Ha ¥ ee mpomsBogHad f'(2) = a OTIMYHA OT HyJsS BO BCEX TOY-
KaX IJIOCKOCTH 2. YT06BI yOeAUTHCA B COXPAHEHHH KOH(POPMHOCTH
0TOOPaKEHUsT OKPECTHOCTH TOYKH 2 = OO HA OKPECTHOCTH TOYKH

1
W = 00, MOJOKUM (CIIeys CAEJAHHOMY BBIIIE 3AMEYAHUIO) t = ~u

= % Oyukung w = az+ b nepeiiner B pyukyio { = KOTO-

t
a+bt’
pas OCYIIECTBJSeT KOHPOPMHOE 0TOOparKEHNe OKPECTHOCTH TOYKH
t = 0 Ha okpectHOCTD TOUKM { = 0 (TOuKa t = () ABIAETCA IPABHUIIB-

Holt TouKO# 3Tol dynkuuu, u ¢'(t) [1—0 = % #0).

Brime MbI BHIEIH, YTO T€OMETPUYECKHH CMBICI OTOOpaKeHHs,
OCYUIECTBJIIEMOr0 JHHEHHON (YyHKUMEH, 3aKII0YaeTCad B TOTOOHOM
PACTSKEHUH ¥ CABUIE IUIOCKOCTH 2. [TosToMy mamHas GyHKIuS MO-
KeT ObITh TPUMEHEHA, 119 IMOCTPOEHMS KOHQOPMHBIX 0TOODaKEHM
omo6HBIX DUTYD.

IIpumep 1. IocTpours pYyHKIINIO, OCYIIECTBISIOULYIO KOH-
dopmHOe orobpaxkenue Kpyra |z — 1 — i| € 2 Ha egUHUYHLBIH KPYT
] < L.

Tak kak obnacty § u (G IpeACTaBAAIOT coboit monobHbIe dury-
PBI, TO 333498 MOXeT ObITh PEIeHa, IPH IOMOIIHA JUHEHHON PyHK-
UHH, KOTOPas OCYIIECTBILET MOAOOHOE PACTIKEHHE IIJIOCKOCTH 2 M
CABUT Hadaya KOOpAMHAT. Kak JIerko BHAETb, UCKOMas QyHKIUS
HMeeT BUJL

w=a(z—1-1),
1
rae |a| = 3 & BPTYMEHT KOMILTEKCHOTO IHCIIA ¢ MOXKET HMeTh mo6oe
3HAYEHHE, OMPEeJiss MOBOPOT IIJIOCKOCTH W BOKPYT TOYKH w = (.

Pacemorpum crenennyo dynkuuio w = f(z) = 2", tmen > 1 —
uesioe ynciio. Kax cienyer m3 pacCMOTpeHHH, TPOBEIEHHBIX B V1. 1 &
3, s3Ta PyHKUMS OCYLUIECTBIAET B3AUMHO OJHO3HAYHOE 0TOOpaKEHHe

" 2
06acTu cBoell OJHOJIMUCTHOCTH — CEKTOpa Yo < argz < g + —

Ha TMOJHYIO IJIOCKOCTh W, Pa3pe3aHHYIo Mo Jydy argw = niy. Ee
npousBogHaa f'(z) = nz™ ! ormuEa OT HyJIA M OTDAHWYEHA BCIOLY
BHYTPH JAHHOTO CEKTOPa ¥ B TOYKAX €r0 TPAHHUIBI, 338 HCKIIOYEHHEM
Touek z = 0 m z = 00. [losToMy maHHAA PYHKUMSA OCYILIECTBIISIET
KOH(POpMHOE 0TobparkeHne 00JaCTH BHYTPH YKA3aHHOTO CEKTODA Ha,
Pa3pe3aHHYIO ILIOCKOCTD w. JI106as 66CKOHEYHO MaIas IIocKas hu-
rypa, JIeXKallas BHYTPH JAHHOTO CEKTOPa, MEPEXOJUT B MOJOOHYIO
eit 6eCKOHEYHO Mayio (PUTYpy HA IUIOCKOCTH W, HAIIPAMED Mapa-
sgenorpaMM ABC D, cTOpOHaMH KOTOPOTO SIBJISIFOTCS KOODAUHATHBIE
JIMHUH TIOJISIPHOM CHCTeMBI KOOpAUHAT (puc. 6.2), mepeiimer B m0om06-
HEI eMy GeckoHeWHO Mauiblit mapaJsutemorpamm A'B'C'D’) cropo-
HAMH KOTOPOI'O TaKXKe SIBJISIOTCI KOODAWHATHBIE JIMHUM IIOJSIPHOM
CHCTEMBl KOOPAMHAT Ha MIOCKOCTH w. OMHAKO B TPAHUYHON TOYKE
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z = 0 koHbOpPMHOCTL 0TOOpaKeHusa Hapymaerca. JefcTBUTENBHO,
PacCMOTPHM KPHUBBIE 7] U 7yg, JI€XKAIle BHYTPH J3aHHOTO CEKTOpa U
nepecekaronpecsd B Touke z = 0 mox ymioM g (puc. 6.3). Kak nerko
BHUIETH, DYHKIHEH w = 2™ 9TH KPUBHIE IEPEBOAATCA B KpuBBIe ['q
u [y, mepecekatomueca B Touke w = 0 mog yriaoM ®y = nyg # pg.
TeMm campiM GECKOHEYHO MAJIBIH TPEYTOJBHUK C BEPIIMHON B TOYKE

A_ucC
AY /\C\\
/ \\
\LD\ /\/B’
\.C [N
\D/Y / / \A
X N\ / /
72 A7 TE [
P . L o
0] £ w01 u
Puc. 6.2

z = 0 gaHHON GyHKIMeH! 0TOOPaKAETCH HA TPEYTOJbHUK, KOTOPHIHA
y¥Ke He ABJsgeTcd MONoOHBIM ucxomHoMy. OTMeTM, 4To B TOuKe 2 =0,
rfe Hapylnaercsa KOHPOPMHOCTE 0TOOpasKeHus, MPOU3BOAHAA PYHK-
muu f(z) = 2™ paeHa Hymo. [Ipogomkas HAIIM PACCMOTPEHUS, JIeT-
KO YCTAHOBHUTBH, YTO (PYHKIHA W = 2™ OCYIIECTBJIIET KOHMPOPMHOE

Ay Ao

)

kil g}

=% w=0),

Puc. 6.3

Dp=nPy

=Y

=

oTobparkeHue 06JIACTH KOMILIEKCHON IJIOCKOCTH 2, IPEICTABJISIO-
et cobot TONMHYIO TIJIOCKOCTE 2, KpoMe TodeK z = 0 U z = 0o, HA
N-JIACTHYI0 PUMaHOBY IOBEPXHOCTH OOpaTHON DyHKIME z = Yw.
IIpuyem ToukaM z = 0 ¥ 2 = 00, B KOTOPHIX HAPYIIAETCd KOH-

6 A.I'. Ceemnukos, A.H. Tuxonos
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dbopMHOCTL 0TOGpaXKEHUs, COOTBETCTBYIOT TOUYKK w = 0 B w = 00,
ABJAIOMIAECS TOYKAME DA3BETBJIEHUs 00pPaTHON (byHKIHH.

B ofmem cirygae crenennas byukups w = f(2) = 2%, tnea>0—
3aJaHHOE AeHCTBUTENBLHOE YHCJIO, OCYUIECTBALET 0TOOparXKeHHe CeK-

TOpa %ﬂk < argz < %ﬂ(k + 1) (k = 0,£1,...) cBoeit pumManOBOM

HOBEPXHOCTH (6ECKOHEYHOIMCTHOM [IJIS MPPaIMOHAIBHOTO ¢, KOHEY-
HOJIMCTHOR IJif PaIlHOHAJILHOTO APOOHOTO (¢ ¥ OOBIYHON IJIOCKOCTH

2
Z JUIs [EJIOTO (¢) Ha MOJIHYIO IIOCKOCTH W (nyq argz = —k oro-
o

OparkaeTcd Ha MOJOXKHUTENbHYIO YacTh JeHCTBHTEeNbHOR ocu |. Ee

npomssognas f'(2) = az® ! cymecTByer u OTIMYHA OT HyJIS BCIOLY
BHYTPHU [aHHOTO CeKTOpa, KpoMe Todek z = 0 u 2z = oo. TeM cambiM
¥ 3Ta, PYHKIMS OCYIIECTBAsIET KOHGOPMHOE 0TOGparXKeHne TaHHOTO
CEeKTOpa Ha Pa3pe3aHHYIo ILJIOCKOCTH W.

B toukax z = 0 u 2 = 00, Tak XKe Kak u miad pyHKIIE W = 27,
KOH(OPMHOCTL 0TO0paXKeHus HapyIIaeTCs.

IIpumMmep 2. Iocrpours pyHKIMO, KOHGOPMHO 0TOGDaXKA-
IOLLY0 nepBbli kBagpant mwiockoctd z (Re z > 0, Im z > 0) na
BepXHIOK mosymiockocTs w (Im w > 0).

Jlerko BUAETH, UTO DYHKINS

w=az’+b,
rme a > 0 u b — mpou3BOMbHBIE AefCTBUTEIbHBIE TIOCTOSHHBIE, TAET
pemrenue 3Toi 3amaun. B Toukax 2z = 0 ¥ 2 = oo KOHGOPMHOCTH
0TODpaXkeHNs HapYIIaeTCd.

B rn. 3 Mpl paccMoTpesnu OTOOpaKeHWe, OCYIIECTBISEMOE IIO-
kazarenabHON dynkuumeit w = f(z) = e®. Bruio moxazano, 4To 3TA
GYHKIMA OCYIIECTBJSET B3aMMHO OLHO3HAYHOE OTODparKEHHe JIio-
Boit cBoeit 0OJACTH ONHOMHUCTHOCTH — IIOJOCH Yo < Im 2 < yo +
+ 27 WIOCKOCTH Z — Ha IOJHYIO IJIOCKOCTH W, PA3PE3aHHYIO II0
ay4gy argw = yo. TaK Kak IpOM3BONHAS paccMaTpuBaeMoit dyHK-
muu f'(z) = €° omMYHA OT Hy/ia BCIOLY BHYTDHM JAHHON [OJIOCHI,
TO 9TO OTOOpaXkeHue sBadercd KOHGOPMHBIM. KakK JIerKO BHUIETD,
IpH AaHHOM OTOOparkeHHH OPTOTOHANbHAs CeTKa JEKAPTOBBIX KO-
opmunar £ = (1, y = Cs BHYTPH PaCCMATPUBAEMON IOJOCH IIepe-
XOMUT B OPTOTOHAMBHYIO CETKY MONSDHBIX Koopmurar |w| = eCt,
argw = C9 mHa mwiockoctu w. [lonHas amammTudeckas QyHKIHS
F(2) = €*, apasromadacs uenoit byHKIMER Ha ILUIOCKOCTH Z, OCY-
mecTBageT KOHGOPMHOE OTOOpaXKeHHe IIONMHOM ILJIOCKOCTH Z Ha
6eCKOHEYHOIMCTHYI0 PUMAHOBY TIOBEPXHOCTL 0OpaTHOM byHKIHH )
z = Lnw. 3aMeTnM, 94T0 KOHGOPMHOCTD 0TOOPAKEHHUS HAPYIIAETCH
B OKPECTHOCTH TOYeK w = 0 ¥ w = 00 IJIOCKOCTH W, SBJSIOUIAXCS

1) IocTpoeHRe PUMAHOBOH IOBEPXHOCTH dyskuru Lnw, cm. r. 3, c. 107.



§1 OBIINE CBOICTBA 163

TOYKAMHU Pa3BETBJIEHUS PyHKIunM Lnw, e orobpakeHne He ABJIS-
€TCHI B3AMMHO OTHO3HAYHDLIM.

IIpumep 3. Ilocrpouts PyHKINIO, KOHMOPMHO 0TOOPAIKAIO-
myro noiocy 0 < Re 2z < @ Ha BEpXHIOW MOIYILIOCKOCTh Im w > 0.

Kis
OyHKIMA 21 = —2 O0TOOPAXKAET MCXOJHYIO IIOJIOCY HA TIONOCY
a

0 < Re 21 < 7. OyHKIMA 29 = t2] IEPEBOAUT IIOJYIEHHYIO IIOJIOCY
B monocy 0 < Im 2o < w. Hakonern, byHkIusg w = e*? oCyIecTBIsSeT
KOH(OPMHOE 0TOOpazkeHne JAHHOM IIOJIOCH] HA, BEPXHIOK MOIYILIOC-
koctb Im w > 0. IlosToMy (byHKIHS, OCYIIECTBASAIONIASA 33 JaHHOE
KOH(pOPMHOE 0TOOparKeHne, MOXKET ObITh B34Ta B BUIE

w = ex (zﬁz)
= p p .

3. OcHoBHble npUHOUIBI. MBI pPaCCMOTPESN HEKOTOPHIE
nmpocreiiinre npuMepbl QYHKIWA, OCYIECTBASIONINX KOHQMOPMHBIE
0TOOparKeH!sl, ¥ C MX [OMOIIBIO PENIMJIA OCHOBHYIO 3334y KOH-
$OopMHOTO 0TOOpaXKeHUud IJjId pdana mpocreimux obmacreit. Pacemo-
Tperue 6ojiee CIOKHBIX IPUMEPOB TPeOYyeT HCIOIB30BAHUL OOIIHX
[IPUHIIAIIOB KOHMOPMHOIO OTOOParKeHWs, K HM3JIOKEHHUIO KOTOPBIX
MBI epexoguM. IIpu 3ToM B pgie ciydaeB OrpaHUIUMCS JIUITL GOp-
MYJIMPOBKOM COOTBETCTBYIOIIMX ITOJIOXKEHUH, HE IPOBOASA UX CTPOrO-
ro 0DOCHOBAHMU, YTO 3HAYUTEILHO BBIXOAWUT 33 PAMKK HACTOSIIIErO
Kypca.

a) Bz3auMuEO ogHO3HauYHOe cooTBeTCcTBH e Kak
OBLIO OTMEYEHO, IPY KOHPOPMHOM 0TOOpAKEHUH 00IaCTH § KOMII-
JIEKCHOM TIJIOCKOCTH 2 Ha, 00JiacTh (G IJIOCKOCTH W, OCYINECTBJISAE-
MOM aHAJIMTHIECKOH B G dbyHukumeit f(z), yCTAHABIMBAETCS B3aHUM-
HO OJHO3HAYHOE COOTBETCTBHME 3THX objacreit. Tem caMbiM ycito-
BHe opHomucTHOCTH DyHKImHA f(z) B obsactu § sBasieTcs HEO6XO-
IUMBIM YCIOBHEM KOHMOpPMHOCTH O0TOOparkeHus. OKa3bIBaeTCsd, 94TO
9TO YCJIOBHE SIBJISETCS M JTOCTATOYHBIM.

Teopema 6.3. ITycmv gpynxuyus f(z) seasemcs 00no3HawHOT
anaaumuueckol gynxyuet 6 obaacmu G, ocyujecmeaaoweti 63a-
UMHO 00H03HAuHOE omobpadicenue obaacmu G wa obaacms G Komn-
aexcHol naockocmu w. Tozda smo omobpasicenue ABAAEMCA KOH-
Popmrvim.

JokaszaTeascTso. Jjag 10Ka3areanrcTBa TEOPEMBI, Ode-
BHHO, JOCTATOYHO [TOKA3aTh, YTO [IPY BHIIIOJIHEHUH YCJIOBHIA Teope-
MBI IPOM3BOLHAS QYHKIHNK f(2) OTIMIHA OT HYJIS BCIOAY B 0OJIaCTH
G. llpegmono:xuM, 9TO 3TO HE UMEET MECTA, T.e. UTO B objgactu G
CyIIECTBYeT Takad TOYKA 2, B KoTopoit f'(z9) = 0. Tak xax f(z)
SIBJISIETCS AHAJIMTUYIECKOM B 06/1acTH G, TO B CHIIY CIEJAHHOIO IPEe-
TTOJIOZKEHUS €€ Pa3JIOKEHWE B CTEIEHHON P B OKPECTHOCTM TOYKH
20 JOJKHO MMETDH BH]L

f(z) =ag+ar(z — ZO)k +agt1(z — ZO)k+1 + ..., (6.7)

6*
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npuyeM kK > 2 u a; # 0. Ecm f/(2)#0, To Touka zp He MOXKeT
OBITEL MpemeLHOM TouKoH Hyeit dyrkmun f'(2). DTo o3Havaer, 9TO
MOXHO yKa3aTh Takoe 3Hadenue &', gyro f'(z) # 0 BO Bcex TOYKax
z # zp BHyTpH KpyTa |z — 20| < ¢'. Kpome TOr0, 04eBHIHO, MOKHO
BHIOpATH Takoe 3HadeHue 8", YTOOBI MMESO0 MECTO HEPABEHCTBO
P(z) = ak + ag1(z —20) +... #0
npu |z — zp| < §".
Bribpag § = min {¢', 6"}, momyamm
fl(z) #0 opu z # 2y,
P(z) =ap +apr1(z—20)+... #0
W3 mocsieHero COOTHOLIEHHs CJIEAYET B CHJLYy HEIPEPHIBHOCTH
dbysxuun ¥(z), 910
: k
min |(2 — 20)"9(2)]|z—z|=6 = m > 0.

mpH |z — zp| < 4. (6.8)

BribepeM HEKOTOpPOE KOMILIEKCHOE YHCJIO «, YAOBJIETBOPSIOIIEE
ycioBuio || < m. Cornaceo Teopeme Pymie anamurugeckas byHk-

nusa .
p(z) = (z —20)"P(2) —a = f(z) —a — o (6.9)
HMeeT BHYTPH KPyra |z — zp| < 0 CTONBKO e HyJseif, CKOJIBKO H

byrxmmsa (z — 29)F(2). Hocrennas B cany ycmosus (6.8) mmeer
B 3TOM Kpyre k Hyjgelt — TOYKa z = 2y ABJSETCS €e HyJeM Kk-TO
nopsgka. Toraa u3 (6.9) cienyer, 9To ypaBHEHHE

f(z)=ar+ (6.10)
umeer k KopHelt B Kpyre |z — 29| < J, mpUYeM BCe 3TH KOPHHU IIPO-
CTHIE, TAK KaK TOYKA 2 = 2z He ABJIAETCA KOpHeM ypasHerus (6.10)
u B cwry (6.8) f'(z) # 0 B OCTANBHBIX TOYKAX JAHHOTO KPyra. DTO
O3HAYAET, YTO B Kk PA3NMYHBIX TOYKAX Kpyra |z — 2zp| < 6 dbyHk-
mua f(z) npusuMaeT oxHO W TO e 3HadYeHume f(2) = a9 + a. Ho
mocjIeIHee TTPOTUBOPEYUT YCJIOBHIO B3aMMHOM OMHO3HAYHOCTH OTO-
Opaxkenus obsacTu G Ha 0bmacTs (G, YTO M JOKA3LIBAET TEOPEMY.

Utak, U3 JOKa3aHHON TEOPEMBI CIEAYET, YTO HEOOXOAUMBIM M
JIOCTATOYHBIM YCJIOBMEM TOTO, 4TOOBI OfHO3HaYHAA byHKIMs f(2),
aHAJUTAYeCKas B obsacTu §, ocyluecTBiasana KougopMuoe oTobpa-
JKeHHe 3TOoM 06J1acT Ha HEKOTOPYHO 06/1acThb (G IIOCKOCTH W, ABJId-
eTCsl yCI0BHe ofHOMUCTHOCTH f(2z) B obmactu G.

6) Ipurgun coorBeTcTBUud rpanuln llpu pe-
IEeHAN KOHKPETHBIX 33034 KOH(OPMHOTO OTOODaXKeHHs 3aJaHHOM
obnacTn G Ha 33JaHHYIO 00saacTs (G OOBIYHO CIEAAT JIUIIL 33 TEM,
9yTo6R uCKoMas pyHKIMs f(2) mpousBogMIIa OTOOPAaKEHHE IDAHH-
sl 7y obnactu G Ha rpanuny [ obmactu (G, He pacCMaTPUBadA CIIEIH-
JIBHO 0TOBParKEeHUsT BHYTPEHHAX TOYEK. JTO MOKHO JIEJIATH B CHILY
TaK HA3BIBAEMOTO TIPUHIIUIE COOTBETCTBHS I'PAHMII, JOKa3aTeIbCTBO
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KoTOporo 6ymeT mpoBeeHo HuXe. IIpeIBapuTebHO CIesIaeM CIIELy-
romee 3aMedanue. [lycTs B obnacty G 330aHa OMHOSHAYHAS HeETpe-
pbiBHas yHKusS w = f(z). O4eBuaHO, 3Ta DYHKIMS HEPEBOAUT
M0y 3aMKHYTYH KDPHUBYIO <y, IEJHUKOM JIEKAIy0 B obmactu G,
TaK>K€ B 3aMKHYTYI0 KpuByio ' Ha muiockocTet w. Me! Gymem roeo-
PHATBb, YTO IIPH OTOOPAYKEHUU KPUBOH <y, OCYIECTBIAAEMOM (DYHKIH-
eit f(z), coxpaHsieTcsa HampasieHue 06X0/a, eCId IIPH HEIPEPBIBHOM
IBUXKEHWM TOYKH B MOJIOKHUTEIHHOM HAIIPABICHUH BIIOJbL KPUBOM
COOTBETCTBYIOIIAS €l TOYKa OOXOAUT KPUBYIO I TaKIKe B IIOJIOXKH-
TEeJIbHOM HAIIpaBjieHuu. [lepeiiieM Teleph K PACCMOTPEHUIO CAMOTO
[IPHHITATIA.

Teopema 6.4. IIycmv 6 xoneunot obaacmu G, oeparunennod
KOHMYPOM 7Y, 3a0aHA 0OHOZHAYHAA aHaaumuveckan ynxyus f(z),

HENPEPBIGHAA 6 G U OCYUECTNEAAIOUAS B3AUMHO OOHOZHANHOE OO~
Opasicerue xowmypa y Ha vexomopuili xoumyp I' xomnaexcrotl naoc-
xocmu w. Toeda, ecau npu OGHHOM OMOBPAANCEHUU KOWMYPOE CO-
Tpanaemcs Hanpasaenue 06xoda, mo gynxyua f(z) ocywecmeasem
xongpopmuoe omobpascenue obaacmu G Ha enymperui0o 664acmy
G, oeparunennyro Konmypom L.

HdokasarteasbcTso. OueBrgHO, Iy NOKA3ATEIBCTBA
TEOpEMBI JOCTATOYHO MOKa3aTh, 4T0 DyHKuus f(z) yCTaHABIMUBAET
B3aUMHO OJHO3HAYHOE COOTBET-
cTBue Mexay obmactamu G u G,
T.€. HAJJ0 TTOKA3aTh, YTO (DYHKIUS
f(z) xaxngomy 3Hadenmo z € §
CTAaBUT B COOTBETCTBHE HEKOTO-
Py TOUKy w € G U Jj1a KaX Aol
Toukd wy, € G HafimeTcda, M NIpU-
TOM TOJIBKO OfH&, TOYKa, 2, € §
Takas, 910 f(21) = w;y. Haa sto-
ro pacCMOTPHM [JBE MPOU3BOJIb-
Hble TOUYKM w; € G u wy ¢ G
(puc. 6.4) u mocTpouM B obsnacTu
G BCoOMoraresbHBIE (DYHKIAN

Fi(z)=f(z) —w1, z€G,
Fy(2)=f(z) —we, z€QG.

TogcunTaem 4yucyio Hysde# 3TuX PyHKIWME B obmacTH G, Iad 4ero
Bocnosnb3yeMcest dopmynoit (5.93). Tak Kak B CHUly yCJIOBHI Teope-
MBI TIOJIOXKUTEJILHOMY O6X0y KOHTYpPa Y COOTBETCTBYET IIOJIONKH-
TeJBHBIH 00xox KoHTypa I', momy4dum

N[Fi(2)] = 5-Var [arg (f = wn)]y = 1 (6.12)

Puc. 6.4

(6.11)

N[Fy(2)] = %Va,r [arg (f — w2)]y = 0. (6.13)
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U3 (6.13) B cruty IpOM3BOIBHOCTH BBIGOpA TOUKH wo BHE obsactu G
cileqyeT, 94TO Bee 3HadeHud DyHKIWHA f(2) npu z € G npuHaAIeRaAT
obnactu G. U3 (6.12) cremyer, uyro mist soboit Touku w; € G B
obsactu G HalimeTcsa OOHA W TOJILKO ONHA TOYKA, 21, AJISI KOTOPOit
f(2z1) = w1, 9TO ¥ MOKA3BIBAET B3AUMHYIO OAHO3HAYHOCTH JAHHOTO
orobpaxenus. Teopema ITOKa3aHA.

Bameuanue FEcmdysknus f(z) asasercs anamurude-
CKOil B obsracTé §, 33 MCKJIIOUEHWEM €IUHCTBEHHOM 0co60it TOUKH
20, ABJIAIONIEAC MOIOCOM MEPBOTO TMOPANKA, W IMIPHU 0TOOPaKEHNH
rpaHuIbl 06aCTH G, KOHTYPa 7y, Ha KOHTYD [’ mrockocTv w HAaIpas-
JeHne 06X0[a MeHseTCs Ha [IPOTHBONOJIOXKHOE, TO byHKims f(2)
ocymecTBasier KoHGOpMHOE oTobpaxkeHune obmactu G Ha 0067aCTh
G', BHemHIO K KOHTYpY I', Ha IWIOCKOCTH w (IIPH ITOM TOYKA 2o
COOTBETCTBYET TOUKE W = 00).

JlaHHOE yTBEPX/ICHUE TOKA3HIBACTCS AHAJOTUYHO MPEABIIyIIei
Teopeme, npuyeM BMecto (6.12) u (6.13) mosyyuM cooTHOMmIEHUS

N[Fi(z)] - 1= %Var larg (f —w1)]y = —1 (6.14)

N[Fy(2)] =1 = - Varfarg (f ~wa)]y =0, (6.19)

13 KOTOPBIX ¥ CJIEAYeT CIPaBEIJABOCTH BBICKA3aHHOTO YTBEDXK[E-
HUS.
[Tpusenem 6e3 KOKa3aTENBCTBA YTBEPXK IEHUE, B U3BECTHOM CMBI-
cre 0OpaTHOE JOKA3aHHON TeopeMe.

Teopema 6.5. Ecau gynxyua f(z) ocywecmeasem xongopm-
Hoe omobpasicenue 0baacmu G KoMnaeKCHOT NAOCKOCTNY Z Ha 02Da-
nusernyro obaacmy G naockocmu w, mo gynryua f(z) nenpepvieha
Ha 2panuye 06aacmu G U OCYULLCMBAAETM HENDEPBIBHOE U 83QUMHO
odno3nayroe coomeemcemeue zpatuy ¥y u I' obaacmeti G u G.

B) Ilpuenun cuMMerTpu . ODTOT NPUHIUI HAXOLAT
MHOTOYHC/IEHHBIE ITPUMEHEHWs MDY DEIIeHUH 331349 KOHGMOPMHOTO
orobpakerus: 06J1acTel, FPAHUIBI KOTOPBIX MMEIOT IPSIMOJINHERHBIE
yuactku. [Iycth rpamuig v obmactu G mMeeT IPAMOTHHERHBIN yda-

crok ' (puc. 6.5). O6macTb G, NOIYYEHHYIO MyTEM 3EPKAJIBLHOTO
oTpaxxeuus obyiacTu § OTHOCUTEILHO IIPSIMON, Ha KOTOPOR JIEXKUT
oTpe3oK ', 6ymeM Ha3blBaTh 06JIaCThIO, CHMMETPUYHOM obacTa G

orHocuTenbHo . Cummerpuio Todek obaacreit G u G 6yzem 06o-
3HAYaTh CUMBOJIOM z > 2. [IpuHinun cumMeTpun MoxeT O6bITH chop-
MYJUDOBAH B BHUJE CJIEAYIONEH TEOPEMHI.

Teopema 6.6. ITycmov 6 samrnymol obaacmu G, zpanuya y
xomopol umeem npamoasuretinwti ywvacmox ', zadana nenpepvie-
naa pynryus f(2), ocywecmesnrouan xongopmmnoe omobpasicerue
obaacmu G na obaacmo G Komnaexcrol NAOCKOCMU W, NPU KOMO-
pom yuacmox Y epanuyb, Y neperodum maxsice 6 NPAMOAUNHET BT
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yuwacmox I epanuyn I' obaacmu G. Toeda 6 obaacmu G, cummem-
pununoti G oMHOCUMEAbHO OMPE3KA ', MOJCHO NOCTPOUML BYHK-

yuto f(2), ABAAIOWYIOCE AHAAUTNUYECKUM TPOCOAAHCEHUEM PYHKUUL
f(2) us obaacmu G 6 obaacmv g OCYULECTNEARIOULY10 xoHgopmroe

omobpasicerue obaacmu g na obaacms G xomnaexcroti naockocmu
w, cummempuunyo obaacmu G omuocumeavro ompesxa IV.

3aMeTnM, 4TO MOJyYeHHasd TaKUM obpasom obmactb G =G+ G
MOXKET WMETh YYaCTOK (12, IPUHAIEKAIINH OJHOBPEMEHHO 0618~

cram G u G. Torna monuas anajgutudeckas dyskuus F(z), momy-
YeHHAS AHAJATHYECKUM TPOIOJKEHH-

eM dyukunu f(z) B obmacTe G, TOIK- Y
Ha PacCMaTPHUBATHCA HA COOTBETCTBY-
OIIel PUMAHOBOM [IOBEPXHOCTH (TO XKe

oTHocHTCS U K obsactam G u G ).
Ilepeitnem Temeps K OOKa3aTENb- 4 ~
CTBY TEOPEMEIL. —
HJokasaTeabcTso. Co- \\
TIOCTABUM KaXKJO# Touke 2 € § cuM- %
METPHUYHYIO efl OTHOCHTENbHO OTpe3Ka =~ )

~' Touky 2 € G, a Touke w € G — cum- [ Y,
METPHYHYIO elf OTHOCHTENHLHO OTPE3Ka, \ _
I Touky W € G: N —

ZeE, we b (6.16)
Puc. 6.5
Onpe,z;eJmM B obmacta G GYHKIMIO

f (2), 3amaBas ee 3HAYEHUS AT KaxKJIOTO 5 € G o cxeme 5 & z;
z = w= f(2); w & W, f(3) = @. Kak Jnerko BugeTs, mOCTpO-
ennad yskuus f(2) aBngerca aHasmTHuecKoit B obmactu G. Jleii-
CTBUTEJIEHO, B CHJIy COOTBeTCTBHit (6.16) w3 cymecTBOBaHUS Ipe-

w
/ieJta, PaSHOCTHOTO OTHOMICHUS —— CJIEJlyeT CyIIeCTBOBAHME Peie/ia

Alzi) . Anaymnrndeckue dyukuun  f(z), 2 € G,

u f(2), 2 € G, coBIamaT M HENpEepHIBHBL Ha ObIEeM ydacTke 7'
rpanun obsacteit G u G. [losToMy B CHily NDMHIMIIA aHAJIUTHYE-
cKoro npopokeHus GyHkuus f(2) U ABISETCS AHATUTHYECKUM

upogomxkenuem byakuun f(z) uz obnactn G B obmacts G. [lepsas
9aCTh YTBEPXK/JEHUS TEOPEMBI NOKazaHa. B cmiy (6.16) orobpaxke-

Hue obnactu G Ha obiacte G, ocymecrBisiemoe dyHkumeit f(2),
ABJIIETCS B3aWMHO OFHO3HAYHBIM. CJiemoBATENBHO, HA OCHOBAHUM
TeopeMbl 6.3 9T0 oTOGpaxkeHue aBiageTcsd KOHMOPMHEIM. Teopema
TOJIHOCTBIO0 T0KA3aHa.

Pa3HOCTHOI'O OTHOIIIEHUA
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Samedvanue. JokazaHHAA TEOPEMa OCTAETCS CIIPABEIIMBOM
4 B TOM CJIy4ae, ecid B (POPMYJIUPOBKE TEOPEMBI MPIMOINHENHBINR
OTPe30K ' 3aMEHUTH Ha OTPE3OK [YI'M OKPYKHOCTH. [Ipr 3TOM CHM-
METPHI0 OTHOCHUTEIBHO OTPE3KA MYTH OKPYXKHOCTH HAJI0 MOHHMATh
KaK 3€pKajbHOEe OTPaKEHWEe B JAHHON OKPY:KHOCTH, OCYIIECTBJISE-
Moe mpeobpazoBaHueM uHHBepcnr. Kak 6ymer mOKa3aHO HUXKE, BCE-
I3 MOXKHO OCYIIIECTBHTH KOHQMODPMHOe 0ToOpazkeHue objacTa G Ha
HOBYI0 06/1aCTh § Tax, 9T0ObI OTPE30K ' AyTH OKPY:KHOCTH, SBJI-
IOLIAACA 9aCTHIO TPAHUIIEI Y 00JIaCTH G, TepeIes B IPAMOINHENHBIH
OTPE30K 7], ABJIAIOMMICH 9acThi0 IPaHUnE -y, obnacta G1. D10 1
JOKaXKeT CIPaBEeJUBOCTH BBHICKA3AHHOIO YTBEDXKICHHUS.

4. Teopema Pumana. /o cux mop Mbl IPOBOIMIN HAIIN Pac-
CMOTpEHHsI, IIPeJoaras, 9To cymecTsyer dbyuknusa f(z), ocyme-
CTBJIAIOMAA KOHMOPMHOE 0TOOpaXkKeHWe NaHHOH o6jacTh § KOMII-
JIEKCHOH ILJTOCKOCTH 2z HA 3aJaHHYI0 001acTh (G KOMILTEKCHOM IIIOC-
koct w. Ceitdac Mbl chHOPMYJIEpPYEM YCIOBHS, TapaHTHPYIONIAE
CYIIIECTBOBAaHWE ¥ €IMHCTBEHHOCTH TAakKoro orobpaxenusd. Coot-
BETCTBYIOIIAs TEOPEMA, SABJISIONIAACH DYHAAMEHTAIBHOM TEOpeMOi
TEOpUH KOHQOPMHBIX OTOOpaxkeHmil, ObL1a HOKa3zaHa PuManoM B
1851 r. JloKa3aTensCTBO CYIIECTBOBAHMS KOH(MOPMHOTO 0TOOpaKe-
HHUS BBIXOJUT 33 DAMKH HAIIEr0 KypCa, MO3TOMY Mbl OTDAHUIMMCS
b GOPMYTHPOBKO# TeopeMsr L).

Teopema 6.7 (meopema Pumana). Beaxyro odnoceasnyio
obaacmob G KomnaexcHoll naockocmu z, 2paHuya xomopot cocmo-
um bosee vem U3 00HOY MONKU, MONHCHO KORPOPMHO OMOBPA3UMD
Ha BHYMPEHHOCTL eQuHUNHO20 KpYea |w| < 1 naockocmu w.

OdveBHaHO, W3 HNAHHONH TEOPEMBI CJEAYyeT BO3MOXKHOCTH KOH-
dbopMHOro 0TOOpaKeHns MTaHHONA ONHOCBA3HON 0bsacTi § ILIOCKO-
CTH 2 Ha 3aJaHHYI0 OJAHOCBA3HYIO 06sacTh (G KOMIUIEKCHOH ILJIOC-
KOCTH w, €CJIM TPAHUIA KaxKIOoiH M3 3THX objacreit cocrouT 6ojee
ueM u3 omHO# Touku. lelicTBuTenbHO, oToOpasusB obmactr G u G
HA, BCIIOMOTATEJbHBIA KPYT [(| < 1 (4T0 BO3MOXKHO B CHILYy TEODEMBI
PuMana), MBI ¥ OIy9UM TpebGyemoe O0TOOpaKEHHe.

Ycnoeue ogHOCBA3HOCTH obstacTeit G m (G ABIAETCA CyIIECTBEH-
HBIM, TaK KaK IPEIIOIIOXKEHNEe O BO3MOXHOCTH KOH(MOPMHOT'O OTO-
OpaxkeHusT MHOTOCBSI3HOM 0bsacT § Ha OJHOCBA3HYK 001acTh (F
IPUBOJAXT K NPOTUBOpEUHIO. JlefCTBUTENBHO, BO3BMEM B § 3aMKHY-
THIA KOHTYD Y, BHYTPU KOTOPOTO JIEXKAT MPAHMYHbIE TOYKH 00/1aCTH
G. KouTyp ¥ oTobpakaercs Ha HEKOTOPYIO 3aMKHYTYIO KpuByiwo [,
UEJMKOM JIeXKAIYI0 B ONHOCBA3HON obmactu G (puc. 6.6). Bymem
craruBaTh ' K HeKoTOpO# BHYTpeHHeH Touke wgy obmactu G Torma,
B CIJIy HE[PEPHIBHOCTH OTOOpaKeHNsI KOHTYD 7y TAKKe JOJKEH CTs-

1) Ilompobroe moxasaTenscTBo cM., Hanpumep, A. B. Buma x3e. OcHOBBI
TeopuHu aHaIATHIECKUX (QyHKIHA koMmiulekcHoro mepemensoro. — M.: Hayxka,
1972.



§1 OBIIIUE CBOMICTBA 169

TUBATLCSA K HEKOTODOU BHYTPEHHeH TouYKe zg 00JIaCTH §, OCTaBasChH
BCe BpeMsl BHYTDH 3T0M 00JaCTH, ITO, OYEBUIHO, HEBO3MOXKHO B CH-
JIy MHOTOCBSI3HOCTH O0siacTé § W YKa3aHHOI'O BBEIOOpA KOHTYDA 7.
Wrak, koH(popMHOE 0TOODPANKEHHE MHOTOCBSI3HON 00/IaCTH HA OIHO-
CBA3HYIO0 HEBO3MOXHO. OIHAKO, KaK OyAeT MOKa3aHO HIXE, B PAIE
CJIy4a€B BO3MOXKHO KOH(MODPMHOE 0TOOparkeHne 00JIacTed OZMHAKO-
BON CBA3HOCTH.

Puc. 6.6

IlepeiimeM Teneps K ONpeEIeHNAIO YCIOBUHM, OJHOZHAYHO OIIpeIe-
ASoNMX GYHKINIO, OCYITECTBISIONIYIO 33JaHHOe KOHDOPMHOE 0TO-
Opaxenue. fFICHO, YTO TaKue YCIOBUH HEOOXOIUMBI, IIOCKOJBKY, KaK
BUIHO M3 TIPEABIAYIIMX TPHUMEPOB, €AWHWYHLI KPYr C TIOMOIIBIO
[IPOCTEHINero JUHEHHOrO MPeobpPa30BaHus, 3AKII0YAIOMIEr0Cd B II0-
BOPOTe KOMIIJIEKCHOHM IIJIOCKOCTH, MOXKHO KOH(OPMHO OTOODa3UTH
cam Ha cebs. [losTomy, ecnmu dbyukuusa f(z) ocymecTBiser KoH-
dopmHOE oToOpaXkeHne 3aJaHHON 061acTH § HA €IUHHYHBINA KDYT,
To ¥ Jobas GyHKIHs, monydeHHas U3 f(z) ¢ IOMOIIBIO YKA3AHHO-
ro JUHEHHOTO IpeoOPa30BaHud, OyIeT OCYIIECTBASTE KOH(POPMHOE
oToOpaxkeHre 00JIaCTH ( HA TOT XK€ eIUHUYHBIN KpPYT.

Teopema 6.8. Pynxuyua f(z), ocywecmesnrowas Kon@opmroe
omobpasicerue 3adannoti odnoceasnoti obaacmu G( epanuya xKomo-
poti cocmoum 6oaee uem u3 00nOl MOuKU) HA eOUHUNHBT KpY2
|w| < 1 max, wmo f(z) =0 u arg f'(20) = ap( 20e 20 €G u g — 3a-
dannoe deticmeumenvhoe wucao ), onpedesena eQuUHCMEEHHBM 06-
pasom.

HoxkaszaTteascrTso. llpexmonoxum, 4To B obnactu G
CYLIECTBYIOT ABe paznuubble dyurmmu wi = fi(2) u we = fa(2),
OCYIIECTBJSIONINE 33JaHHOE KOH(OPMHOE 0TOOparKeHue, T. €.

fi(z0) =0, arg fi(20) = a0, |f1(2)|ly =1,

fa(z0) =0, arg fo(z0) = o, |fa(2)ly =1

3aMmernm, 4To B cuyiy TeopeMbl 6.5 dbyukmuu wi; = fi(z) u we =
= fo(2z) ycTaHABIMBAIOT B3AMMHO OJHO3HAYHOE W HEIPEPBIBHOE CO-
OTBETCTBUE MEXK/y IpaHue vy 06aacTn § 1 OKPYKHOCTSMHE |w1| =
=1 u |wg| = 1 cooTBeTCTBEHHO.
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Tak Kak npu KOHGOPMHOM OTOOPaKEHUHM YCTAHABJIMBAETCS B3a-
UMHO OJHO3HAYHOE COOTBETCTBHE, TO TE€M CAMBbIM YCTAHOBJIEHO H
B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXJy TOYKAMH €IVHWIHBIX
kpyroB |wi| € 1 u |wg| < 1. 3HAYWT, yCTAHOBIIEHHBIE COOTBETCTBHS
OIPEJIENISIIOT AHATATHIECKYI0 DYHKIHIO we = (w1 ), OCYIECTBIIs-
0LyI0 KoHGOPMHOE 0TObpaXKeHue eauHUIHOrO Kpyra |wi| < 1 Ha
eJUHUIHBIA KpYT |we| < 1, mpruem

50(0) =0, |50(w1)[|w1|:1 =1.

3aMeTuM, 94TO, KPOME TOT0, B CUJLY B3aUMHO OJHO3HAYHOTO COOTBET-
crBus obiacteil |wi| < 1 u |we| < 1 umeer MecTo ycoBue

ow1) #0 mpu w; #0.

., dw
BI)I‘{I/IC.TIHH JHAYCHUE IIPDOU3BOSHOH =2 II0 IIPpAaBUJYy OIIpenesieHudA

dw1
POM3BOJHOM OT CJIOXKHOHN (DYyHKUHMH, HOLYIaEM
sz X
. Az _ kee'* k
dwi ;=0  dwilw;=0 Az>0 Awi kieteo k1

Az

dw
Otcroma cremyeT, 9TO MPOU3BOJHAS d_2 B Touke w; = 0 gBigerca
W1

HOJIOKHTEIbHBIM JeHCTBATEILHEIM YUCIOM. PaccMOTpuM BCmoMora-
TeNIbHYIO (DYHKIHIO, OLpeneneHHy o mpu |wi| < 1,

lwr) = o-p(wn). (6.17)

OueBngno, dyuxius 1(w1) ABASETCS ONHOSHAYHON AHATATHIECKOMH
dbyuxumeit B o6nacta 0 < |w;| < 1. Touka w; = 0 — ycrpanuMas
ocobast Touka 3roit dyrkumu. Joonpenemum 1(w;) npu w; = 0 no
HenpepuiBHOCTH. Paznoxum ¢(wi) B okpecTtHocTH w1 = 0 B pag
Teitmopa:

de f...=2

= = 0 e = P
wa = p(w1) = p(0) + s |y =0 T, w1:0w1 +
Ilepexong x mpeneny upu w; — 0, monygaem
= lim £ _ d¢ =k, 1
$(0) = lim = = TR O (6.18)

®ynruud (w1) HeNpeprBHA B 3aMKHyTOH obsactu |wi| < 1, npu-
geM B 3T0# obmacTr Y(wy) # 0 u

|[(w1)|jwy)=1 = 1. (6.19)

B crty MpEHOMNA MAKCHMYMa B MEHAMYMa MOZYJIS AHAJTATHIECKOH
dbysxuun u3 (6.19) ciemyer, uTo

[Y(w)[ =1 mpm  |wy| <1,
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OTKyZa B CHJLy 3aMe4aHus Ha C. 55 (1. 1) momydnm, uTo
Y(wi)=const mpm |w| < 1. (6.20)

YUT0o6BI HAUTH 3Ty NOCTOSHHYIO, 3aMeTHM, 4TO B cruy (6.18) ona

paBHA :—j, T.€. ABJIAETCS MOJOXUTENbHBIM JeACTBATEILHBIM YHUCIOM.

Cornacuo (6.19) Momysns 3Toro uymcia paser exunune. OTcrona cie-
noyer, 410 (w1) = 1. Cnegosarenbuo, wy = p(wi) = wi. D10 H
JOKA3BIBAET, YTO HE CYIIeCTBYET ABYX Pa3JHYHBIX (YHKIIHI, OCyIIIe-
CTBJISIOIIMX 330aHHOE KOH(POPMHOE 0TOOparkeHue JaHHON 00/1aCTH
G Ha BHYTPEHHOCTb €JUHUYHOTO KPYTa.

3ameuanne ChopMyIupOBaHHBIE BEHINIE YCIOBHS OQHO3HAY-
HOrO ompejeneHuss QyHkuuu f(z), ocymecTasiomel KOHDOPMHOe
oToOpaXkeHWe 33 JaHHON OMHOCBA3HON 06acTH § HA BHYTPEHHOCTD
€IMHAYHOrO Kpyra |w| < 1, MOXXHO 3aMeHUTb TPEOOBAHUEM COOTBET-
CTBHS TPeX IPAHMYHBIX TOYEK PAHUILI Y 00JIaCTH G TPEM TOYKAM
okpy:xkuocTH |w| = 1.

Ms1 orpaHHYMMCS JIRIIB (DOPMYJIUPOBKON [AHHOTO YTBEPXKJE-
HUs, HE IPUBOJS €T0 MOKA3aTeJIbCTBA.

Ms=1 paccMOTpenn psaf, OCHOBHBEIX OBIIMX CBOMCTB KOH(MOPMHOTO
orobpaxenus. OOHAKO TPOBEJEHHBIE PACCMOTPEHHWs HE NaT 006-
X DEIENTOB PEelleHns OCHOBHOMN 33,Ja4M [IOCTPOSHUS KOHPOPMHO-
ro oTOOpaKeHus JaHHOM 061acTv § KOMILIEKCHOM ILIOCKOCTH 2 Ha,
3amanHyi0 objacTte G mmockocTw w. B camom obmieM ciydae yka-
3aTh TAKOM DEIIENT U He MPEACTABIAETCS BO3MOXKHEIM, I/ PEIICHUS
KOHKDETHBIX 38084 IPUXOIUTCS TTPUOETaTh K PA3INYHBIM CIEINaIb-
HBIM MeTogaM. IIpu 3TOM GOJIBIILYIO TIOB3Y OKA3BIBAET LOCTATOYHO
TIOJIHOE IIPEJICTABIEHHE O TeOMETPHYECKHX CBOWCTBAX paAjga PYyHK-
M KOMIUIEKCHOM TIepeMeHHOM, Hanbojiee 9aCTO UCTIOIB3YEMBIX TIPH
peIlleHny TPAKTHIECKUX 3a,7a4.

§ 2. dpobuo-smHeilinasa ¢$yHKINA

Tak HazrIBaeTCa PYHKITUS KOMIUIEKCHOM TeDEMEHHOM, MMEIOIas
BU]

w=f(z) = 2%, (6.21)

rme a, b, ¢, d — 33JaHHbIE KOMILJIEKCHBbIE ITOCTOSHHBIE, KOTODLIE,
OYEBHUJIHO, SOJKHBI YOBJIETBOPATH YCIOBHIO

S5 (6.22)

TaK KaK B IPOTHBHOM ciydae hyHKIms f(2) TOXKIECTBEHHO DaB-
Ha I0CTOAHHOH. Be3 orpannyenvs 0OI[HOCTH MOXKHO CYUTATH, UTO
b#0ud+# 0, ubo B IPOTUBHOM CJIydae W TIEPEXOIUT B yXKe U3Y-

" 1
YeHHbIE JIUHENHYI0 QYHKIHIO B QYHKIHIO w = c WTak, MOXKHO
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samucath (6.21) B 9KBHBasIeHTHOH dopmMe:

w=f@)=AFE, A= a=5 =5 a#b  (623)

®yukuus (6.21), (6.23) sBiaserca ofHO3HAYHON AHAIUTHIECKOMH
GyHKIMeR HA, TOJHOW KOMILIEKCHOM IIJIOCKOCTH 2, UMEIOIIel eIuH-

C

CTBEHHYIO 0CO0YI0 TOUKY — IIOJIIOC IIEPBOTO MOPSIKA, 29 = -7= —8.
Obparnasa GyHKIIUS

Aa — fw

2 =" 6.24

-Atw ( )

TaKXKe SBASETCH APOOHO-THHEAHO! (YyHKIMeNH, OIpemeseHHON Ha,
. C
MIOJTHOM 1TocKocTH w. IIpu aTOM TOYKa zg = -3 = — [ mIepexoguT
b

B TOUKY W = 00, & TOUKA Z = OO IEPEXOUT B TOUKY Wy = A = 7

Haitnem mpousBogHyo cbyHKmm w = f(z):
1'2) = \E52s #0. (6.25)

B cuny ycinosust (6.22) nmpomssopHasa JPOOHO-IMHENHONH DyHKIUM
OTJINYHA, OT HYJIA BO BCEX KOHEYHBIX TOYKAX IJIOCKOCTH 2. JTO O3HA-
YaeT, UYTO OpobHo-AuHelHaA PYHKUUA ocyulecmestem KoHPoOpmHoe
omobpastcerue NAOCKOCMY 2 Ha naockocms w. KoadopMHOCTE 0TO-
OpakeHua B GECKOHEYHO YOAJEHHBIX TOYKAX JIEPKO IIPOBEPSETCA
YKA3aHHBIM BHIIIE CIIOCOGOM.

B BeIpaxkenue QpobGHO-JMHERHON (DYHKIMH BXOAAT TPH IIPOM3-
BOJIbHBIX TIapaMmerpa A, ¢, (3, TeéM CaMbIM CYLIECTBYET OECKOHEUHOE
MHOXKECTBO JAPOOHO-IMHEHAHBIX (DYHKIHIA, OCYIIECTBASIOIIAX KOH-
¢dopMHOE 0TOOpakeHrne IOIHOM IIJIOCKOCTH 2 Ha, IOJHYIO IJIOCKOCTD
w. EcTecTBeHHO MOCTABUTH BOIPOC 00 YCIOBHAX, OJHO3HAYHO OIIpe-
IeJIS0mUX po6HO-TMHERHYI0 (DYHKIINO.

Teopema 6.9. 3adanuem coomeemcmeus Mpem PA3AUNHBIM
MONKAM NAOCKOCTNU Z MPeT PASAUMHBIL MOYeK NAOCKOCTUY W
OpobHO-AuHeTHAA PYHRKUUA ONPEDEAEHE OOHOZHAYHO.

JokazaTenascTBO. Mbl IOMXKHE I0Ka33aTh, YTO YCJIOBHUS

flz1) = w1, f(z)=ws, f(23)=uws, (6.26)

Toe 21, 22, 23 ¥ W1, W2, W3 — 3aJaHHBIE KOMILIEKCHBIE YUCJIA, Of-
HO3HAYHO ONPENeJsioT 3HadeHUsd mapameTpoB A, «, 3. CocTaBum
BEIDAXKCHHUA

oy —=)B-a)
w1 w3 = A—(ﬂ+z1)(ﬂ+z3)’ (6.27)
wy —wg = A2 )B-0) (6.28)

(B +22)(B+23)
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Paznesus (6.27) Ha (6.28), momydum
W) —w3 _ 21 —23 ,B + 22 (6-29)

we — W3 22—23 B+ 2

,B;JISI HpOI/IBBOJIbHOﬁ TOYKH 2 MOXKEM 3allNCaTh aHAJIOTHYHOE COOTHO-
IIE€HHE:

wl—w:zl—zﬂ+zz (630)
wa—w 22—z B4z )
Uckiouns u3 coorrHomernn#t (6.29) u (6.30) napamerp S, okoHua-
TEJIBHO IOy IUM
wl—w/wl—wazzl—z/zl—za' (6.31)
w2 —w w2 — w3 2 — 2 22 — 23
CoorHomrenne (6.31) u mpencrasnsier coboii HESIBHOE BBIPAKEHHE
HCKOMO# 1pobHO-ymHelHo#R dyukmuu. Odesuano, paspemus (6.31)
OTHOCHMTEJILHO W, MBI IIOJIyYMM BHOE BLIpAXKeHHE KOIPDHUIMEHTOB
A, @, B mpobHO-IuHEHHON DYHKIMH Jepe3 3aJaHHbIe YUCIa 2], 292,
23, Wi, W, W3, 9TO ¥ MOKAZHIBAET TEOPEMY.
3aMeTHM, YTO TOCKOJBKY ApobHO-NuHelHaa GYHKIMS OCyIIe-
CTBJIIET KOHPOPMHOE OTOOPAXKEHHE IIOTHOM IOCKOCTH 2 Ha MOJHYIO
JIOCKOCTDL W, TO OJHA W3 TOYEK z; W ONHA M3 TOYEK W;, 3aJaHUEM
KOTODBLIX OIIPENeNseTca APOOHO-IUHENHAA (DYHKIMS, MOTYT OLITh
HECKOHEUHO yIAJIEHHBIMHA TOYKAMH.
PaccMmoTpuM reoMeTpuyecKme CBOMCTBa, OTOOPaKEHHMSA, OCYIIE-
CTBJILZEMOTO pOOHO-IuHENHON yHKIMeH. [Ig 3TOTO0 HECKOILKO
upeobpasyem Boipaxkenue (6.23), npencraBus ero B Buze

_ (a8
f(z)_)\(ﬂ+z+1), (6.32)

U BBEIEM BCIIOMOTI'aTEJbHBIE (byHKIH/II/I
a=F+z m=—, m=Ma—B)n+\ (6.33)

U3 coornomenuii (6.33) cremyer, uro orobpakeHue, OCyIIECTBIIs-
eMoe ApobHO-TuHeNHON GyHKIMEN, TpeacTaBageT cobOH COBOKYI-
HOCTb IPOCTEHIINX OTOOpaKeHui, OCYIIECTBASEMBIX JIMHENHBIMHI

byHKIMAME 2] U 23 U OYHKIHEH ~» DACCMOTPEHHBIMHU B TIT. 1. Tem

CaMBIM PacCMaTpPUBAEMOE 0TOOPaXKEHHE CIAraeTCa |3 MOJOOHbBIX Pa-
CTAXKEHMIA, [IOBOPOTOB ¥ CABUIOB KOMILTEKCHOM TIJIOCKOCTH, 8 TaKXKe
npeobpa3oBaHus WHBEPCUH B Kpyre. IIpu 3ToM manHOEe 0TOOpaXKeHHe
obnagaeT paIOM BAXKHBIX CBOMCTB, HA KOTOPHIX MBI OCTAHOBHMCS
nonpobHee.

Teopema 6.10 (xpyzosoe ceoticmeo Opobro-aunetinot dymx-
yuu). pobro-aunetinas @Gynxuyus nepesodum OxKpYNHCHOCIIU HA
NAOCKOCU 2 8 OKPYHCHOCTU HA NAOCKOCTU W. TIPK 3TOM MBI BKJIO-
YaeM TpsIMble B CEMEMCTBO OKPYXKHOCTEHM, PACCMATPHUBAA IIPIMBIE
KaK OKPYKHOCTH OECKOHEYHO OOJIBIIOTO PaanyCa.
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JlokazaTeasbcTso. OueBHIHO, I/Ia JOKA3ATEILCTBA TEOPE-
MbI IOCTATOYHO TOKa3aTh, YTO Npeo0pa3s0OBaHMEe HHBEPCHH, OCYIIEe-

cTBigeMmoe pyHKIWMER W = Pt 00J131aeT KPYTOBBIM CBOMCTBOM, TaK

KaK COXpaHeHWe OKPYXHOCTH TIPU JHUHEHHOM TpeoOpa3oBaHUHM He
MOXET BBI3BIBATH COMHEHWIT. PaccMOTpPUM TPOHM3BONBHYI OKDYK-
HOCTb, YPAaBHEHHE KOTOPOH Ha IIJIOCKOCTH 2 MMeEeT BUJ

A(x® +y?) + Bz +Cy+D =0, (6.34)
rme A, B, C, D — geficTBUTEJIbHBIE YUCIA, YAOBIETBODSIOIINE YCJIO-
BuaM A > 0, B2+ C? > 4AD. TIpu A = 0 Mbl, O49€BHIHO, IOIYIAM
npsimyto; npa D = 0 okpyxHOCTE (6.34) mpOXOAUT Uepe3 HadaJIo
koopaunar (Touky z = 0). IIpn npeobpazoBaHum, OCYIIECTBISEMOM
dbyrkImel W = u + v = =, KOOPIUHATEL &, §f CBSI3AHbI C KOODAHHA-
TaM¥ %, U COOTHOIIIEHUSIMH

=" =-__Y
“ere Y u? +v2’ (6.35)
[TosToMy OKpyKHOCTBH (6.34) B HOBBIX KOODJMHATAX IIPUMET BHUL
Du?+v*)+Bu—Cv+A=0, (6.36)

9TO ¥ JOKA3LIBAET YTBEDXKJAEHHE TEOPEMHL.
Bamernm, yro npu D = 0 ypasuenwe (6.36) npeacrasisier ypas-
HEHHWe TIPSMOM, T. €. OKPY2KHOCTb, IIPOXOJSIIAs depe3 Touky 2 = (0,

dbyuakuMEel W = - 0TOOPaXKAETCH B IPAMYFO.

PaccMoTperHOe cBOMCTBO APOGHO-IMHENHHON (HDYHKIHH HAXOLUT
[IMPOKOE TPUMEHEHHE NPU PEIIEHHH MHOTMX KOHKPETHBIX 3334
KOH(OPMHBIX 0TOOpaXkeHuil, CBA3AHHLIX C OTOOpaXkeHmeM 00JIa-
CTeif ¢ KPYroBHIMH rpaHHUIaMu. J[efCTBUTENBHO, IIYCTh HAJAO OCY-
IIIeCTBUTh KOH(OPMHOE 0ToOpakeHwe oOgacTr G, OrpaHMYEHHON
OKPYXHOCTBIO <, Ha IIOCKOCTH 2 Ha 001acTb (G, OrpaHMYEHHYIO
OKpPYyXHOCTRIO [', Ha mIockocTr w. Kak H3BECTHO, IIOJIOXKEHHE
OKPY>XHOCTH HA TUIOCKOCTH TIOJHOCTBLIO OIpENeNseTcs 3aJaHueM
Tpex Touek. C Apyro#l CTOPOHEI, B CHIy Teopembl 6.9, 3amaB co-
OTBETCTBUE TPEX TOUEK 2j TJIOCKOCTH 2, JEXKAIIUX HA OKPYKHOCTH
~, TPEM TOYKAM Wi IIOCKOCTH W, JIEXKAIIUM Ha, OKPYRHOCTH [, MBI
TIOJTHOCTBIO OTPENEINM IPOOHO-THHERHYIO (DYHKIIHIO, OCYIIECTBIIS-
1y KOH(GOPMHOE OTOOpaXkeHWe IIOCKOCTH 2 Ha IJIOCKOCTh .
IIpu sToM cormacHo TeopeMe 6.10 OKPYKHOCTD -y TIepeitIeT B OKPyXK-
HocTh ['. Eciin mpu 3TOM COOTBETCTBME TOYEK 2} M W) BHIOPAHO TaK,
9TO COXPAHEHO HAIIPaBJIEHHE 00X04a, TO B CHIIY TeopeMbl 6.4 maHHAS
¢yHKIMS oCyLIeCTBAAeT KoHGpopMHOe oTobpaxeuue objacTu § Ha
obiacts G. 3aMeTM, 9TO P 3TOM 00JIACTb, BHENIHSS OKPYKHOCTH
4 HA TUIOCKOCTH 2z, KOH(MOPMHO O0TOOpaXKaeTcss Ha 00JIACTH, BHEII-
HIOI OKpykHOCTH [ Ha mockocTy w. Ecam cooTBeTCTBHE TOYEK 2
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7 Wy YCTAHOBJIEHO TaK, YTO HANPABJEHHA 00X0Aa OKPYXKHOCTER -y
u ' mpoTuBOmoI0XKHEL, TO 06/1aCTh § KOH(POPMHO 0TOOpaXKaeTcd Ha,
006J1aCTb, BHEIIHIOK OKPYKHOCTH [' Ha IJIOCKOCTH w.
IIpuwmep 1. Hafitu pyskimo, KOHHOPMHO 0TOGDPAKAIOILYIO
€IMHAYHBIA KPYT |z| < 1 Ha BEPXHIOH MOMYIIOCKOCTH Im w > 0.
Jlig perreHus moCTaBIEHHON 331249l YCTAHOBUM CJIEAYIOIIEE CO-
OTBETCTBHE IPAHUYHBIX TOYEK JaHHBIX obiactedt (puc. 6.7):

21=1=w; =0, (6.37)
z2 = l — w2 = 1’ (6.37”)
z3 =—1— w3 = oo, (6.37")

o HalimeMm K03 duimenTs! A, o, 8 npobHo-nuHeiHON dYyHKIMM, OCY-
mecTBaAonell uckoMmoe orobpaxkenne. Kak Jlerko BUAETH U3 yCIO-

wy|=0 Wy=1 wy=00

T

Puc. 6.7

Buit (6.37') u (6.37"), cpasy onpezmensiorca 3Ha4eHNs o U [, MOCITE
Jero ucKkoMas (PyHKIHS IPHHAMAET BU,

w= A1,
z+1
Tocnenuanit koaddurment A onpenenserca u3 ycaosus (6.37"):
1= /\i -1
TSN
oTkyzma A = —¢. Tem cambiM YHKI[HS, OCYIIIECTB/ILIONAT UCKOMOE
oTobpaXkeHue, IMeeT BUII .
.1l —=2
w =i (6.38)

Ormernm, gro dyuxuug (6.38) ocymecrsiser kKoHDOPMHOE 0TOOpa-
JKeHHe 061acTH |z| > 1 Ha HIDKHIOI IOIyILUIOCKocTs Im w < 0.

Kak ciegyer w3 pacCMOTPEHHOrO mpuMepa, MOCTPOEHHWE HCKO-
MO# JpobHO-IUHENHONH (DYHKIMK NpOBOIUTCH Hambosiee IIPOCTO B
TOM CJIy4ae, KOIZa 33aJaHHBIMH TOYKAMH ILUIOCKOCTH W HBJISIOTCS
Toukd w = 0 ¥ w = 00. B 3TOM ciiy4ae cpasy OmpenensroTCs 3HA-
qeHusd K03 dUIHeHTos o 1 .
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Cremytoiee CBONCTBO APOOHO-THHERHONW (PYHKIMNA 3aKIH0OYAET-
CS B COXPAHEHMM TOYEK, CAMMETDHYHBIX OTHOCHTEILHO OKPYKHO-
cru. HamomunM, uto Toukun P m P’ Ha3BIBAIOTCA CHMMETPUYHBI-
MU OTHOCHUTEJbHO OKpYyKHOCTH C, ecyiu OHM JieXKaT Ha obImeM Jiy-
ue, mpoxondiieM depes meHTp O okpyxuoctu (', M MpOU3BEEHNE
X PACCTOSHUN OT IEHTPA PABHO KBAJADATY PATUYCa OKPY KHOCTH:
OP - OP' = R?. lmeer MecTo

Teopema 6.11. ITpu omobpasicenus, OCYULECMEALEMOM OPOGHO-
aunetinol pynryuet, mouku, CUMMEMPUIHBIE OMHOCUMEADHO A10-
601 OKPYHCHOCTIU, NEPETOIAM 8 MOUKY, CUMMEMPUIHBLE OMHOCU-
meavho 06pasa amot oKPYHCHOCTU.

JloxkaszaTensbcTB O. Bocmomb3syeMcs CIeAYIONIMMHA
BCIIOMOTATEJIBHBIMA YTBEPXKICHUAMHA SJIeMeHTa.pHOﬁ reOMeTpHH.

Yreepxaernue 1. Jliobas okpyxuocts C’, mpoxogsamas
gepe3 Touku P u P, oprororanbra oxpyxuOocTH C.

Jeticteurensro, nposeas ayd OP' u paguyc OA B TOUKy me-
peceuenus okpyxuocreii C u C’ (puc. 6.8), MBI B CHJTy cuMMeTpUH
TogeK P u P’ 0THOCHTENBLHO OKpYXK-
HocTH C' mOTy9uM

OP-OP' = (0A)? = R%.

Ho 30, cormacuo u3BecTHO# Teopeme

9JIEMEHTApHONH TeoMeTpHH ), o3Ha-

qaeT, uT0 OA €BJIdETCA KACATETIb-

HOl K okpyxHocTH C’, mpoBeneHHOM

3 Touku O, OTKyJa U CJIEJYET, UTO
C'LC.

Yreepxgeunue 2. [pe

Puc. 6.8 B3aMMHO MIEPECEKAOIINECS OKPY XKHO-

cru C' u C”, opToronanbHbe OHOMN

u Toft ke okpyxHoctu C, mepecexkarorca B Toukax P u P/, cummer-
PHYHBIX OTHOCHTEJIBHO OKPY:KHOCTH (.

ITposemem uepes Touky P mepeceuenus oxpyxuocteit C' u C”,
Jexainyo BHyTpu okpyxkuoctu C, gye OP. IlpeamonoxuM, 49To
aya OP nepecexkaer okpyxuoctu C' u C” B pa3siIMYHBIX TOUYKaX,
cootsercTBerro P* u P** (puc. 6.9). Tak xak okpyxmuoctu C' u
C" oproronanbuel 0kpyxkHOCTH C, TO II0 YKA3aHHOM BBIIIE TEOPEME
JIEMEHTAPHOM FeOMETPUN UMEIOT MECTO COOTHOLIEHUS

OP - OP* = R?, (6.39)
OP-OP** = R (6.40)
Ho, tax kax Touku P* m P** jexar ma ogEOM JIyde, paBeHCTBa

D) IIpousBeneHure OTPE3KOB CEKyLIeH, IIPOBENEHHOM W3 BHELIHEH TOYKH
OKPY2KHOCTH, PaBHO KB3JpaTy OTPe3Ka KacaTeJbHON, IpOBeJeHHON U3 TOl Xe
TOYKH.
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(6.39) m (6.40) BO3MOXHEI TONBKO B TOM CIydYae, KOrma TOUKH P*

u P** copmagator, P* = P** = P/, 40 u noKa3BIBAET 3TO yTBEp-
K IEHUE.

IlepeiineM Temeph K TOKa3aTenbCTBY TeopeMbl. Ilycts Touku P
u P’ cummerpuunst orHOCHTeNbHO OKpyxkHOCTH C. I[IpoBemem ue-
pe3 3TH TOYKH JBe BCroMoraTenbHbie okpyxuocta C' u C”. B cu-
ny yreepxnaenns 1 oxpyxuoctu C' u C” oproronansaet C. [Ipu
KOH(OPMHOM OTOOPAXKEHUH, OCYIIECTBISIEMOM KaKO#-b0 1pobHO-
quneitnoit dbynkuueit, okpyxuocru C, C' u C” nepeitnyt cooTseT-
crBenno B okpyxuocta K, K’ u K" npudem oxpyxuocta K' u K”
6ynyT oproronanbubl okpyxHocT K. Touku P u P’ nepecedenusa
okpyxnocteit C! u C" me-
pefiryr B Touku Q u @’ C
nepecedeHns ux o0pazoB —
okpyxmnocreit K' u K”. Ho
B CWJIY YTBEDXK/IEHUS 2 TOY-
ku @ u Q' momXHBI 6BHITH
CUMMETPUYHBI OTHOCHUTEJIb-
HO okpyxHoctu K, 9To M
[IOKA3BIBAET TEOPEMY.

OueBuzHO, JOKA3aHHAA
TEOpEMa OCTAETCA  CIIpa-
BeJIMBO M B TOM CJIydae,
KOTZIa PacCMATPHUBAIOTCH M
OKPYXHOCTH  0EeCKOHEYHO
OosbIIOr0  pagmyca, T. €.
NPAMEILE.

JlokazaHHasg TeOpeMa HAXOMUT MHOTOYMCJIEHHBIE IPUMEHEHUS
[pU pELIEHUM KOHKDPETHBIX 33784 KOH(MODPMHBIX OTOOpaKeHuii, u
MBI OyZieM B JaJibHENIIEM HEOJAHOKPATHO K Heil mpuberaTs. 37ech
K€ OTPAHUYMMCH JINIIb JABYMsl IIPUMEDPAMHU.

Il puwmep 2 Haiitu Oyskimo, KOEHPOPMHO 0TOOPAKAIO-
Iy eQUHWYHEBI KPYyT |2| < 1 cam Ha cebg Tak, 4TOOHI 33 aHHAL
BHYTDEHHSS TOYKa, 20 [IEPEILIa B I[EHTD KPYTa.

OueBUAHO, [JIg PElIeHNd 33,1341 MOXKHO BOCIIOJIB30BATHCH APO0-
Ho-JuHeRHONU dyukumeit. IIpn 3TOM TOUKA 2¢ U TOUKA 21, CHMMET-
puuHas eff OTHOCHTEJNBHO OKPYKHOCTH |2| = 1, mepefinyT B TOUKH,
CHMMETPHUYHbIE OTHOCHTENHHO OKpyxHOCTH |w| = 1. Ho mockomeky
TOYKa, CHMMETDUYHAS [EHTPY OKPYXKHOCTH, €CTb DECKOHEYHO y/a-
JIEHHAs TOYKa, & TOYKA Zg JOKHA NepedTH B TOUKy w = 0, TO TOU-
Ka 2] JOJDKHA MEPedTH B TOYKY w = 00. Clie0BaTebHO, NCKOMAs
JApoOHO-MHelHAS DYHKINS UMEET BUT

Puc. 6.9

w= A2 (6.41)

Z—21
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Tak Kak 21 = Ei’ 0 (6.41) MOXKHO mepenucaTh B BHIE
0
_y\= Z—Z0
w = AZg ol (6.42)

Jns Toro uro6e npu orobpaxenun (6.42) okpyxkHOCTH |z| = 1 me-
DeILTa TaK¥Ke B OKPYKHOCTD |w| = 1 efMHUYHOrO pajinyca, JOIKHO
BBINOJIHATHCS yc.TIOBI/Ie

—zo e“’—zo

e¥ 2o

I)\Zol = I)\Zol = |)\§0| =

Zo — €

Orcroma AZy = €'@, roe o — IPON3BOJIbHOE JeHCTBUTEIBHOE YHCIIO,
W PemIeHMe Haimei 3aa4u MOJIydaeM B BHIE

w =22 (6.43)
2Zo—1

3aMeTHM, YTO MBI TOJIYYUIN PEIIEHHE, OIPEIeIeHHOE ¢ TOYHOCTBIO
IO OJTHOTO TIPOM3BOJILHOTO TTAPAMETPa, (!, KOTODBI, 0YEBUIHO, OTIPE-
JleJIsieT II0OBOPOT OKPYKHOCTH |w| = 1 BOKpyr nieHTpa. 3aaHue 3Ha-
YeHUs] APTyMEHTa MPOM3BOAHON
GYHKIUM w B TOYKE 2 = 2o
MIOJIHOCTBI) OTIpesiesigeT (DYHK-
TIHI0 W.

[Ipumep 3. Haittu pyuK-
[MI0, KOH(OPMHO OTOOPaXKaI0-
Iy} SKCIEHTPUYIECKOE KOJBIIO
Ha, KOHIIEHTPHYECKOE.

Ilycte Tpebyerca mocTpo-
HUTh KOH(OPMHOE OTOOpaKeHHe
00J1aCTH, OTPAHMYEHHONH IBYMS
OKPYKHOCTSIMH C HECOBIIAIa0-
mumu  neHtpamu  (puc. 6.10),
Ha KaK0e-JI100 KOHIIEHTPUIECKOe

Puc. 6.10 KOMBIO. IIOCKONBKY MBI MMeeM

JIEJI0 ¢ JBYXCBA3HBIMHU 06J1aCTH-

MH, TO TeopeMa PHMaHa 0 CyIIecTBOBaHMM KOHQGODPMHOTO oT0Gpa-
JKEHHS 3/IeCh yXKe He UMEET MECTa M, KaK MBI YBUIMM, HEJb3d IIPO-
M3BOJIBHO 33/]aTh OTHOIIEHHE DAAUYCOB OKPYKHOCTEH KOHIIEHTDH-
9eCKOro KOJIBIIA, Ha, KOTOPOe TpebyeTcs KOHPOPMHO 0TOOPA3UTD 3a-
JAHHOE SKCIEHTPUIECKOe KOJbIo. st yao6CcTBa JaIbHERIINX pac-
CMOTPEHHUH OOXKHUM, UTO IEHTD OosbIeit oOKpyKHOCTH C HAXOIUT-
ca B Touke z = 0, ee paaumyc paBeH R, a IeHTD MeHbIIEH OKDPYX-
voctu C', paguyca r, JEXWUT B TOYKE z = @ Ha JeHCTBUTEILHOM
ocu. Haitnem Touku P, u P, KOTOpBIE ABISAIOTCS CHMMETPUYHBIME
O/IHOBPEMEHHO OTHOCUTEIbHO 00enx oxpyxHuocreit C u C'. Ouepua-
HO, 3TH TOYKH JIeXKAT Ha JeiicTBuresnsHOR ocu (puc. 6.10). Torma nx
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abCIUCCHl T1 U Z9 JOJKHBI YIOBJIETBOPATL COOTHOIIEHUSM
(z1 — a)(ze — a) = 12, (6.44)
T1-z9 = R2. (6.45)
U3 (6.44) u (6.45) ciemyer, 94To 1 U To ABJIAIOTCA KODHIMH KBa-
JIPaTHOTO ypaBHEHHUs
az? — (R? —r* 4+ a¥)z +aR? = 0. (6.46)
InckpumunanT sToro ypasuenns (R? —r? + a2)? — 402 R? nonoxu-
TeJIeH, TAK K4K MMEeT MECTO OYEBHJHOE COOTHOmeHHe R — r > a.
ITocTponM ApobHO-IMHEHHYO DYHKIIAIO
w= A2 (6.47)
AR b))
TIe ©1 U To9 — abcuucchl Touek P; m Ps, HalieHHbIe U3 ypaBHE-
Hus (6.46). [Ipu orobpakenun, ocymecraiageMoM dyrkuueit (6.47),
okpyxHnocTr C n C’ nepefinyt B HekoTophle okpyxHuoctH K n K’
IUIOCKOCTH w, BHENIHSAS K oKpyxHOcTaM C u C’ Touka Py — B TOUKy
w = 0o. CuMMeTpHyaHas oTHOCUTenbHO oKpyxkHocTelt C n C! Touke
P, touka P, nomkHa IIpH 3TOM NEpeiiTH B TOUKY, CHMMETPHYHYIO
TOYKe W = 00 oTHOCUTehHO okpykHocTeit K u K'. Ho Touka, cum-
MeTpHrYHas OECKOHEYHO YAaIeHHON TOYKE, €CTh IEHTP OKPYKHOCTH.
CrenoBaresbHO, pu oTobpaxkerun (6.47) Touxa P) mepeiizer B 06-
mwit mesTp okpykHocreit K m K'. Tem caMbIM BCKOMOe 0TOGpake-
HUE [OCTPOEHO. 3aMeTHM, 4TO B BhIpaxkeHuH (6.47) y Hac ocrascs
IPOU3BOJI B OIPEIEIEHIN IADAMETPa A, OJHAKO M3MEHEHHe MOCIIe -
HEro IMPUBOJUT JIMIIb K IOJOOHOMY PACTSKEHUIO IJIOCKOCTH W, YTO
He MOXKeT M3MEHHUTb OTHOIIEHHs PAJUyCOB OKDY2KHOCTEH II0JIydeH-
HOTO KOHIIEHTPHYECKOTO KOJIBIIA.

B zaxurouenne gqaHHOTO maparpada pacCMOTDHM BOIIPOC O IIPH-
MEHEHHH [IpOOHO-THHEHHON (DYHKINK IS MOCTPOEHHS KOHMDOpM-
HOTO O0TOGDaXkeHWsI JBYYTOJLHHUKOB. /J[8YY204bHUKOM HA3BIEAEMCA
naockas Puzypa, 06pa306aHHaA nepecevernuem dye 08YT OKPYHCHO-
cmeti, BoobIe roBops, pasHBIX pagmycos (pmc. 6.11). Ouesmgso,
YIJIBI [IpY BEPIIMHAX JABYYTOJBbHUKA PABHBI ApYT ApyTy. I[IycTh man
JBYYTOJIbHUK C BePIIMHAMU B Toukax A(z1) u B(z2) u yrioM a npn
BepiInHe U TPebyeTcs MOCTPOUTH KOH(MOPMHOE OTODpaXeHHWe BHY-
TpeHHel 06JIaCTH SAHHOTO IBYYTOJIBHMKA HA BEPXHIOW MOJIYILIOC-
xocth Im w > 0. PaccMoTpuM BCIOMOTATENBHYIO (DYHKITHIO

(=222 =g+ (6.48)

z
Hpobuo-nuneitnas dyukus (6.48) nmpowssogur KOHGMOPMHOE OTO-
OpakeHHe IIOJHOM IJIOCKOCTH 2z Ha MOJHYIO IJIOCKOCTH (, IPH KOTO-
DPOM TOUYKa 2 = 2] mepexoquT B Touky { = 0, a TOUKa 2 = 29 — B TOU-
Ky ¢ = o0. B cuny kpyrosoro ceoiicTBa ApobHO-THHENHON GYHKIUN
npu oTobpaxkenun (6.48) okpykHOCTH, 06pa3yOLWINe JBYYrOJIbHIK,
IEPEXOIAT TAKXKe B OKPYXKHOCTH. HO OKPYRHOCTD, MIPOXOAAIIASA de-
pe3 Touku { = 0 1 { = 00, nMeeT GeCKOHETIHO HOJBIIOH! paauyc. ITo
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03HAYAET, 4TO IpH 0TobpakeHud (6.48) CTOPOHBI IBYYyrONBLHUKA 1€~
peiinyt B ayun (I u II), Beixopsmuye u3 Touku ¢ = 0, npudem yrou
MeX]ly 3THMH JyYaMHd DaBeH YIVIy « IPH BEPIIWHE ABYYTOJbHHU-
ka (puc. 6.12). Urak, dysxuus (6.48) ocymecrisier koHpOpMHOE
0TOOparkeHrne JAHHOTO ABYYTOJbHUMKA HA IUIOCKOCTH 2z Ha CEKTOp C
LEHTPAJIbHBIM YIVIOM (& Ha, IJIOCKOCTH (, IpudeM Jiyd I cocTaBiseT ¢
IOJIOXKUTEIBHBIM HAIIPABJIEHUEM OCH & YTOJ ¢y, 3HAYEHNE KOTOPOTO
ompenessercd mojoxenneMm BepmnH A u B apyyrosnsuuka. Kax mer
suzenu Boime (rir. 6, ¢. 163), dyukus

st
w=(a, (6.49)
ABJIAOLIAACA HENIOCPEACTBEHHBIM aHAJUTHYECKHUM IIPOAOJI2KEHUEM

ud
meficTBuTenbHON GyHKUME o, £ > 0, oCyIIeCcTBIZeT KOHMOPM-
HOe oTobpakeHne OBJACTH BHYTPH CeKTopa ¢p < argl < ap + «

[ [

Ha TOIYILIOCKOCTh —7r < argw < —m + w. OcTaerca mepeBecTH
« «

TIOJIyYeHHYO MOTYIIOCKOCTh B MOJIYILIOCKOCTh Im w > 0, s gero

B(z,) An I
I
a
)
A(zy & »
£=0 12
Puc. 6.11 Puc. 6.12

JIOCTATOYHO IIPOU3BECTH MIOBOPOT BCel IIOCKOCTH KaK LIEJIOE Ha, yToJ
a1
—E°7r, YTO MOXKET OBITh OCYIIECTBJIEHO [IyTEM YMHOMXKEHHUS (DYHKIMA
. (¥
(6.49) Ha KOMIIJIEKCHOE YHCIIO €XD (—’L—OT(‘). WTak, OKOHYATEIBLHO,
«

HCKOMas (DYHKIHSA, OCYIIECTBJAAONMAA KOHMDOPMHOE 0TOOpakKeHHe
IBYYTONbHUKA, AB Ha BEpXHIOI MOJYILIOCKOCTH Im w > 0, mpuHU-

MaeT BUZ
w = exp (—’i%ﬂ‘) (zl — z)ﬂ/a. (6.50)

2 —Zz

OTMeTI/IM, 4qTo KOHCbOpMHOCTb OTO6pa)KeHI/IH HapyliaeTCd B TOYKaX
21 |1 29.
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[Ipumep 4. Ilocrpouts KoHGOPMHOE 0TOOpaKeHUE BEPXHEt
nonosuHbl Kpyra |z| < 1, Im z > 0, Ha BEPXHIOI NOIYILIOCKOCTH
Im w > 0.

OueBugnHo, HaHHAA 00/NACTH NPEICTABIAET CODOM ABYYTOJBLHUK

C BEepIIMHAMM B TOUKax 21 = —1 m 20 = 1 u yioM a = % npu
Bepiinte. BemoMorarensaaa QyHKIuS
1+2

= 51

¢ 1-2 (6.51)

ocyliecTBAgeT KOHGOPMHOE 0TOOpaXkeHHe 3TOTO ABYYTONLHUWKA Ha
NEPBBINA KBaAPAHT IUIOCKOCTH (, & PYHKUHS

w= (1“)2 (6.52)

1—=2

W JaeT UCKOMOE OTOOparkeHue.

§ 3. ®ysnkuusa 2KyKoBcKOro

Tax HasbBaeTcad PYHKIHMSA KOMILIEKCHOM IEpeMeHHOM
w=f(z)=1 (z + %) . (6.53)

97a Pyurmua ObLIa WHPOKO ucnonb3oBana H. E. AKykosckum
[pY PEIIeHUd MHOTHX 33034 THAPO- B a3DOLMHAMHUKH,

®yuruuga (6.53), 0ueBUAHO, ABIAETCHA AHAJIWTHYECKOH Ha BCei
KOMILIEKCHOM TJIOCKOCTH, 33 HUCK/IIOUEHHEM TOYKH z = (), mpencTa-
BJISIIOIIEH CODOI IIOJIOC IIEPBOTO MOPSA KA JaHHOK dyukmu. Beranc-
N4 npow3BoAHyIo dyHkuuu (6.53), monydaem

e =301-%) (6.54)

Orcroga cirepyer, 94To npou3BonHad GyHKImE 2K YKOBCKOIO OT/IHY-
Ha3 OT HyJig BO BCEX TOYKaX IUIOCKOCTH z, KpoMe Todek *1. Tem
CaMbIM OTOOpaXKeHHe, OCYIIEeCTBIgeMoe 3ToN (yHKUHUelH, dBagercs
KOH(OPMHBIM B OKPECTHOCTH JII0001 TOUKH 2, 33 UCKIIOUEHHEM STHUX
aByx Todek. HafimeM obmacTu ogaoaucTHOCTH GyHKUNKN AKX YKOBCKO-
ro. IIpennonoxuM, 9TO OBe PAa3AUYHBbIE TOYKHM KOMILIEKCHOMN IIOC-
KOCTH 2] # 72 mepeBonarcsa dyHxuuei f(2z) B ONHYy u Ty Xe TOUKY
IIJIOCKOCTH W, T. €.

HJIHA
21— 2y =272, (6.55)

%1 %2

Tak Kak 21 # 29, To U3 coorHowenus (6.55) crenyer
1R = 1. (656)
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[Tony4eHHOE COOTHOIIEHHE O3HAYAET, YTO OBIACTAMH OJHOJHCTHO-
ctu hyHkImH K yKOBCKOTO SABJISIOTCH, B YaCTHOCTH, 00JIACTH BHY-
tpu (|2| < 1) u BHe (|z| > 1) enunuynoro xpyra. OGe stu obia-
ctu dyHxuwmeit (6.53) orobpaxkaiorcs KOH(GOPMHO HA OJHY U Ty XKe
06J1aCTh ILTOCKOCTH w. dTOOBI OIMpENeSUTh 3Ty 00JIaCTh, PacCMo-
TpPUM OTOGparKeHne OKPYXKHOCTEH |z| = rp, ocymecTBaseMoe byHK-
mueit (6.53). g sroro mepeiizieM K moKazaTeabHOH (hopMe 3amuch
KOMILTEKCHBIX 4HCeNT: 7z = re’ — U HalfjeM BbIpaKeHue IeHCTBH-
TeNbHOM ¥ MHUMOH yacreit dyHkimu (6.53):

u(r,p) = % (r + %) cos p, v(r,p) = % (r - %) sin . (6.57)

IlonoxuB r = 1o ¥ UCKIIIOYHMB IAPAMETP ©, TOJLYIUM
2 2

u v

=1. 6.58
1 T 2+l o (6.58)
4 T0+’I‘0 4 To_ro

U3 coorHomenus (6.58) cineayer, uyro dysxuusa (6.53) orobpaxkaer
KOHIIEHTPHYECKHE OKPYKHOCTH |z| = rg B sumuncel. Kak serko Bu-
JeTh, hOKyCHI BCex 3/IHAICOB (6.58) JiexkaT B OMHUX U TEX e TOIKAX
AeHCTBUTENBHOI OCH U:

c==+l1. (6.59)
Tem cambiM byHukims (6.53) npoussoguT oToGparkeHwe ceMefCTBa
KOHIIEHTPHYECKMX OKDYXKHOCTEH |z| = 7( IUIOCKOCTH z HA CeMeit-

cTBO COOKYCHHIX SJLIMIICOB IIOCKOCTH w. Ilpu sToM, ecin 1 < 1, To
TIOJIOXKUTEHHOMY HATPABJIEHUIO 06X08 OKPYKHOCTH |2| = 1] COOT-
BETCTBYET OTPUIATEIbHOE HalpaBIeHne o0xoa syummnca, (6.58); ec-
U 79 = Tl > 1, TO IOJIOXKUTENHLHOMY HATIPABJIEHHIO 00X0a OKPY K-
1
HOCTH |2| = 9 COOTBETCTBYET MOJIOKUTEIHLHOE HATPABJIEHHE 06X0na
asmanca (6.58). Ilpu r1 — 1 swmunc (6.58) BeIpOXKZAETCA B OT-
pe3ok [—1,1] meficTBuTeNBHOR OCH U, IPOXONMMBIH ABaXKAbl. [Ipu
r1 — 0 smumune (6.58) mepexomUT B OKPYXHOCTH GECKOHEYHO GOJIb-
woro paguyca. Tem cameiM gynxyus (6.58) npoussodum xondopm-
noe omobpasicenue obaacmu ewympu edunuunozo Kpyea |z| < 1 na
NAOCKOCIU Z Ha NAOCKOCMb W, paspesawhyto no ompesxy [—1,1]
deticmeumeavroti ocu. I'pannnga 06acTy — OKPYXKHOCTE |z| =1 —
0TOOPAXKAETCS HA ITOT OTPE30K, IPUIEM BEPXHSS [OIYOKPYKHOCTh
0TOOPaKAETCA HA, HUXKHHUMU, & HUXKHAS — Ha, BepXHHA Geper pa3pesa.
Ananoruuso o6sacTs |2| > 1 BHe eAUHUYHOTO KPYyTa Ha IJIOCKOCTH 2
0TOOPAXKAETCS HA BTOPOM 9K3EMILISAP ILUIOCKOCTH W, Pa3Pe3aHHOM 110
oTpe3Ky [—1, 1] meitcTBUTENBHONR OCH, IPUYEM BEPXHSS IIOIYOKDY K-
HocTh |2| = 1, Im 2z > 0, oro6pakaercsa Ha BepxHHUiL Geper, & HUXKHSA
TOAyoKPYyRHOCTH |2| = 1, Im 2z < 0 — Ha HMXKHUI Geper pa3pesa.
Tem cambim pyukuus 2Kykoeckoro (6.53) ocymecteisger kKoHbOpM-
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HOe 0TOOpaXKeHue IIOJIHOM IJIOCKOCTH z Ha, PHMAHOBY MOBEPXHOCTH
obpaTHOR PYHKIHK

z=p(w) =w+ Vw2 - 1. (6.60)

PumanoBa mnoeepxHocTh dyskimum (6.60) npencrasnsier cobGoi
IBYJHCTHYIO I[OBEPXHOCTH, COCTABJEHHYIO M3 [BYX SK3EMILISPOB
IUIOCKOCTH W, PAa3pe3aHHOM BIOIL oTpe3Ka [—1, 1] neficrBuTensHON
ocu. Hmxuutt Geper pazpe3a 0JHOTO JINCTA CKJIEEH C BEPXHUM Oepe-
roM pa3pesa APYToro JIMCTa, 1 HaobopoT. Pyukuus (6.60) ssiasercs
OJHO3HAYHOM aHATMTHYIecKON yHKIMEH HA CBOEM pHMAHOBON IO-
BEPXHOCTH, UMeKoLIell 1Be TOYKK pa3BeTBieHus w = +1, mpu 06xo-
Je KaxXII0M M3 KOTOPBIX IPOMCXOLHUT IIEPEX0M, ¢ OLHOI'O JIUCTa ITOH
PUMAHOBON [OBEPXHOCTH HA €€ ADPYro# JIUCT. 3aMeTHM, YTO IpH
OIHOBPEMEHHOM 00xoze 0berx TO4YeK paspeTsjieHHMd w = £1 mo 3a-
MKHYTOH KDHBOIA, He Iepecekaromeit orpeska [—1, 1], Mbl Bce BpeMst
HAXOJUMCS HA OZHOM M TOM K€ JIUCTE.

Nrak, dysxmun (6.53) u (6.60) ycTaHABIMBAIOT B3AMMHO OZ-
HOBHAYHOE COOTBETCTBHE MEX[IY IIOJHOW ILJIOCKOCTHIO 2 M JAHHOMN
PUMAaHOBOH moBepxXHOCTHI0. OTOOpakeHHe, OCYLIECTBAIEMOE STHMHU
byHKUMAMH, SBISETCS BCIOAY KOH(MOPMHBIM, 33 UCKJIIOYEHHEM TO-
4eK z = +1, B KoTOpBIX mpou3BonHas dyukuuu (6.53) pasHa HyIIO.
3aMeTHM, YTO STHUM TOYKAM COOTBETCTBYIOT TOYKH w = +1, aB-
JSompecs TOYKaMu passeTBieHns dyskiuu (6.60), o6paTHOR 1O
oTHOIIEeHU!O K pyHKunn (6.53).

B zakstouenme HaitneM obpa3 Jyueit argz = (g IpH OTOOpa-
JKEHUH, ocymecTbaseMoM (yukiueiit 2Kykosckoro. Jng aToro uc-
KJIIOYMM U3 COOTHOIIEHUH (6.57) mapameTp T u HOJOXHM @ = .
Torzna

2 2

- —=1 (6.61)

COs* Yo s~ Yo
CooTromtenue (6.61) oznagaer, uro npu orobpaxkennu (6.53) oTpes-
KU Jiydell argz = g mepexoqar B BeTBH rumep6osnl (6.61). OTme-
THM, YTO UPH JOO0OM 3HAYEHHH (P9 POKYCHI 3TOM rumepbossl Ha-
xomsarcs B Toukax 1. Tem campiM dyukuusa 2KyKoBCKOro ocyie-
CTBJIET [PeoOpa30BaHMe OPTOTOHAJIBHONM CHCTEMBI MOJSPHBIX KO-
OPAMHAT HA IUIOCKOCTH Z B OPTOrOHAJBHYIO KPHBOJIMHEHHYIO CHCTE-
MY KOODZMHAT, KOODAMHATHBIMU JIMHUSIMH KOTODOH SIBJISIOTCS CO-
dokycuble cemeiicTsa, mncos (6.58) u rumepon (6.61).

Kak yxe orMeuanmoch, ¢dyukuusa 2KYKOBCKOTO HAXOIUT BECH-
Ma IIMPOKOE IPYMEHEHNe DY PELIEHHH MHOTMX KOHKPETHBIX 33434
KOH(OPMHBIX 0TOOpaXKeHnit, 0COOEHHO CBAB3AHHBIX C HCC/IE0OBAHNEM
runpoguHaMpudecknx mpobseM. Ha 3Tux BOmpocax MBI OCTAHOBHM-
C HEeCKOJIbKO II03XKe, a ceff4ac pacCMOTPHM ele OZHY (DyHKIHIO,
HAXOIAINLYI0 MHOTOYHMC/IEHHBIE IPUJIOXKEHNS.
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§ 4. HNurerpan IIsapna—Kpucrodpdensa. OroGpakeune
MHOTOYTOJIBHUKOB

[TycTs Ha KOMIUJIEKCHOM IJIOCKOCTH % 3aJaH N-yroJbHUK C BEp-
IHHAMY B TOUKax A1, As, ..., A, M BHYTPEHHUMH YIVIAMH IIPH STUX
n

BEDIIUAHAX (1T, Q2T, . . ., Qn T COOTBETCTBEHHO. (Oqun,qu, o=
i=1

=n-—-2,n> 2.) IIycTes Tpebyercsa mOCTPOHTH KOH(OPMHOE OTO-

OpaxkeHue BEpXHEH MIOMYILIOCKOCTH 2 Ha, BHYTPEHHOCTH TAKOrO0 MHO-
TOYTOJIbHUKA. JTa, 387344, PEIIaeTCs ¢ TIOMOILI0 TaK HA3BIBAEMOTO
unTerpasa IlIsapua—Kpucrodpdensd, naydenne HEKOTOPHIX CBONUCTB
KOTOPOT'0 ¥ COCTABJAET COMEPXKAHUE HACTOSIINEr0 maparpada.

PaccmoTpuM GyHKIMIO KOMILIEKCHOM IEPEMEHHOM 2, OIPEe/eH-
HYIO B BEpXHeIl IMONYILIOCKOCTH Z C MOMOIIBIO BHIPAXKEHHS

w=f(z)=C[(-a)® ... ((—a)*d+C. (6.62)

3neck 2y, C, C1 — 3aJaHHbIE KOMILJIEKCHBIE TOCTOSHHBIE, G1,...
...,0n — OeHCTBUTENBbHBIE YHCIA, PACIONOXKEHHBIE B IOPIIKE BO3-
PACTaHUd; &1, ..., 0, — IOJOXKATEIbHLIE IIOCTOIHHBIE, YIOBJIETBO-
PAIONINE YCIOBUAM

n
Y ai=n-2 (6.63)
=1

0<a; <2 (6.64)

B noxmpiHTErpasbHOM BBIDAXKEHHHM BHIODAHBI T€ BETBU (DYHKI[HIA
(¢ — a;)®%~!, KOTOpbIE ABNAIOTCH HEMOCDEJCTBEHHBIM AHATHTUYE-
CKUM IIPOJOJIKEHUEM B BEDPXHIOI MOJIYILJIOCKOCTH MEHCTBUTEIBHBIX
byuxnmit (z — a;)% ! meficTBuTenbHOM TepeMeHHOM T > a;. B Ta-
KOM ciiydae pyHKuus (6.62) aBasercs 0HOZHAYHON aHATUTHIECKON
GbyHKIMel B BepxHeit noaymiaockocTd Im z > 0. Toukwm a;, gexarue
Ha IefiCTBUTEILHOM OCH, IBJILIOTCI OCOOBIMU TOYKAMU 3TOH YHK-
muu. Oyukuusa (6.62) u maswiBaerca unTerpanoM IIeapna-Kpuc-
roddens. Pyukuns (6.62) mpu cOOTBETCTBYIOMIEM BBIOODE TOYEK G;
OCYIIECTBJ/SIET KOH(MOPMHOE 0TOOParXKeHNEe BEPXHEH ITONYIIIOCKOCTH
Im z > 0 Ha 0o6saCTh BHYTPH HEKOTOPOrO N-YrOJbHHWKA HA, IJIOC-
KocTe w. ByzneM BHaJaje CYATATH, YTO BCE YMC/IA G; OTPAHAYEHBI.
[Mokaxxem, 4T0o mpu 3TOoM byHruus (6.62) ocraeTcs OrpaHUYEHHOM
Bcrony upu Im z > 0. B cuny ycmosus (6.64) unrerpan (6.62) ocra-
eTCd OrPAaHWYEHHBIM B OKPECTHOCTH OCOOBIX TOYEK a;. ¥YOemmMmcd,
4T0 uHTerpas (6.62) ocraeTcs OrpaHUYEHHBIM U IIPH 2 — 00. [Ipeob-
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pa3yeM IOABIHTErPAIbHY (DYHKINIO, HCIOIB30BaB yeiopne (6.63):

Q) = gortorenn (1 ) (1)

_ Ciz (1 _ “C_l)al_l... (1 - %ﬂ)a”_l. (6.65)

U3 Moy 4eHHOTO BBHIPAXKEHUS U CIeAyeT CXOAUMOCTDb HHTErPaJIa, Ipu
z — 00. Takum obpazom, uaTerpai (6.62), sBIAOUWICS OXHOZHAYHOM
aHAJUTHYECKON (DyHKIHEN 2 B BepxHed moaymiockocta Im z > 0,
OCYIIECTBJISIET OTOOPAKEHME 3TON MOMYILUIOCKOCTH Ha HEKOTOPYIO
OTPaHUYEHHYIO 00J1aCTh § IIOCKOCTH W.

ITocMoTpuM, B KaKyl KDPHBYIO MPH 3TOM IMEPEXOIUT AeHCTBHU-
TeIbHasA OCh ILIOCKOCTH 2. PacCMOTPMM BBIpaXKeHHe MPOM3BOAHON
dyekmun (6.62):

fll2) =C(z—a))® L. (2 —ap)* L. (6.66)
U3 3T0r0 BBIpaXKEHWS CIEAYeT, 9TO Ipon3BoqHas GyHKImHA f(z) OT-
JIMYHA OT HyJIs BCIOAY B BepxXHeH mosyruiockoctd Im z > 0, 3a uc-
KJIIOYEHHEeM OCOOBIX TOYEK G;, B KOTOPBIX OHA OOpAINaeTCs B HYJb
wi 0eCKOHEYHOCTDb. IIpu m3MeHeHUU 2z Ha KaKJIOM U3 MHTEPBAJIOB
ar < ¢ < ag41 (k= 1,...,n — 1) melicTBUTENBHO! OCH aPryMEHT
[IPOM3BOAHON He MeHsieTcsi. JIeRCTBUTENbHO, B CHILY YKA3aHHOTO BhI-
me BEIGOpa BeTselt dyHKIH (2 — a;)% ™! aprymMenT aTHX dyHKIHIt
HA JAHHBIX WHTEPBAJIAX AeHCTBUTEIBHONU OCH IPUHUMAET 3HAUEHUS
(o — 1), z < aj,

0, x > ai,
YTO W JOKA3BIBAET BHICKa3aHHOE yTBepxkAeHwe. B cuity reomerpu-
YECKOTO CMBICJIA apryMeHTa TIPOM3BOAHOM !) 3T0 03HAUaeT, 4TO OT-
pe3KHu [efCcTBUTEeNbHOR ocu af < T < Gpt1 dyHkumeir f(z) oTo-
OparkaloTCa TaKXKe Ha NMPSIMOJIMHEAHbIE OTPE3KH ILUIOCKOCTH w. [lpu
3TOM TOYKH Q) JAeficTBuTeNbHOM ocu dynkmueit (6.62) nepesogarcs
B TOYKKM Aj TIJIOCKOCTH W — KOHI[BI COOTBETCTBYIONIMX IIPSMOJIH-
HefHBIX OTpe3KoB Ap A1, Ha KoTopele dyHkuus (6.62) orobpa-
JKAET OTPE3KHU NEeHCTBUTENBHONR OCH [ak,ag+1]- TeM cambiM @ynk-
yus (6.62), nenpeprisnas u 00H03HAYHAR Ha Jeticmeumeavrot ocu,
npou3eodum omobpasicenue deticmeumenvhoti OCu NAOCKOCTNY Z HA
HEKOMOPYIO 3AMERYMYI0 AoMary10 A1 As . .. Ay, 36eHbAMU KOMOPOT]
ABAAIOMCA Npamoaunetinve ompesky AgAki1 (puc. 6.13 a). Ilpn
3TOM, KOTZIa TOYKE 2 MPOXOAUT BCHK JEHCTBUTENBHYIO OCh B IIOJO-
JKUTEJIbHOM HallPaBJI€HUH, COOTBETCTBYIOIIAS €if TOYKa W COBEpIIa-

)ai—l —

arg (x — a; (6.67)

D Apryment npoussoasoii GyHkuun f(z) B TOUKe Zo OMPEHEIISET BEINIAHY
YyIJ1a, Ha KOTOpHI HYXHO IOBEPHYTH KaCaTeMbHYIO K JII060# IyIaaxoil KpuBoit
v, IpoxoAdAieH yepe3 TOYUKY 20, YTOOHI IOJYYHTH KACATEIbHYIO K 06pa3y 3Toit
KpUBOH B Touke wo = f(2q).
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eT TMOMHBIM 06X0 3aMKHYTOM omanol AqAs. .. A,. 3amerum, 4To,
BOOOIITE ToBOPH, JomaHas Aj As ... A, MOXKET UMETh TOYKH CaMOTIE-
peceuenus (puc. 6.13 6).

An—l

An

Puc. 6.13

OnpenennM Teneph BENUYUHY YTJIIOB MEXKIY COCETHUMH OTPE3-
KaMH TOJIydeHHO# joMaHoi. [/ 3TOro paccCMOTpPHM, KaK MEHSIeTCs
apryMeHT npomu3BoiHoi (6.66) mpu mepexone z depe3 TOUKy a;. U3
(6.67) ciemyer, YTO IpPH JBMXKEHUH TOYKHM Z IO JNEACTBUTEIBHON
OCH B IIOJIOXKUTEJLHOM HAIPABJIEHUM, IPH KOTOPOM 0cobasi TOUYKA
@; 06XomuTCes 1O fyre HeCKOHEYHO MAjoro pajuyca B BEpXHeR Io-
JIYILIOCKOCTH, aPTYMEHT IIPOU3BOIHON U3MEHSIET CBOE 3HAYUEHWE HA
pesmuny —7(a; —1). B crity reoMeTpu4ecKoro CMBICIa apryMeHTa
TPOM3BOAHON 3TO O3HAYAET, YTO BEJIMYMHA yTJIa MeXJy HalpaBJe-

HuaME BeKTOpoB 1) A; 1 A; m A;A;, ] pasHa —7(q; — 1). TIpu sTom

npu ¢; < 1 mepexon oT HampaBieHUa BeKTopa A;_1A; K HampasJie-

HUIO BEeKTODa A;A;+1 IPOUCXOTUT B MONOXKUTEIBHOM (pHC. 6.14 a),
a npu o; > 1 B orpunarensHom (puc. 6.14 6) mampasienun. Kak
JIETKO BUIETH, B 060MX (Iy4asX BEJUYMHA YIVIa IIPH IEpexoie B II0-

JIOKUTEILHOM HATIPABJIEHUH OT HAIPaBJICHUS BeKTOPa A; A;11 K Ha-

paBJIeHUIO BeKTopa, A; A;_1 pasua may; (puc. 6.14). Ecnu 3amkuyTas
momaHad Ay As ... Ay, He IMeeT caMolepecedYeHnii, TO OHA OTPAHUYH-
BaeT HEKOTODBINA N-yroJbHUK. Ecim, KpoMe TOro, IBUKEHUIO TOYKHU
Z B TIOJIOXKWUTEJIHHOM HAIPABJIEHUH JEHCTBATEIHHON OCH COOTBET-
cTtByerT 06x0nm JiomaHoli AjAs... A, B TONOXUTEILHOM HAIIPaBJIE-
HUHM, TO BHYTPEHHHUN yroj JAHHOTO N-yrOJbHHUKA IpPH BepiuuHe A;,
H3 KOTODYIO OTOOPAXKAETCA TOUKA @; AEACTBHTEJBHON OCH ILUIOCKO-
CTH 2, paBeH 7q;. B cuny ycnosus (6.63) mpu sToM cymma Bcex
BHYTPEHHHX YIVIOB JAHHOTO N-YrOJAbHUKA DaBHA (n — 2)m, KaK M

1) Ipu 3TOM IO YIIIOM MK Iy HAIPABJICHUSMH MEPECEKAIOLIAXCS IPAMBIX by,
b2 MBI MOHHMMaeM BEIMYUHY YIVIa HAUKPATYAHIIEro IMOBOPOTA, COBMEILIAIOLIETO
npaMyo by ¢ mpsamoit bs.
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JOJIXKHO OBITE.

Ha ocHoBamMM npuHUMIE COOTBETCTBHSA rpaHul (Teopema 6.4)
MOXHO YTBEPXKIATH, YTO €Ciau JioManas Ay As...A,, Ha KOTOPYIO
dbynkums (6.62) oTobpakaer AeHCTBATENIBHYIO OCh IIOCKOCTH 2, HE
MMeeT TOYEeK CaMOIEDECEeUEHHs M COXPAHSETCS HallpaBJIeHHEe 06X0-
na, To dbyukuus (6.62) ocymectsnsier KOHGOPMHOE O0TOGpaKEHWEe
BepxHe# nmosymiockocta Im z > 0 Ha BHYTPEHHOCTH T-YTOJbHUKA,
OTPaHUYEHHOTO JIOMaHOM A1 Ay ... A,.

A

Aiq

Puc. 6.14

Kak MmokaspIBaeT IeTAIbHOE MCCIEOBAHME, €CIH Ha, IJIOCKOCTH
W 33]aH IPON3BOJILHEIA N-yTrOJIbHUK (M3BECTHO IIOJIOXKEHUE €r0 Bep-
wuH Ay, Ay, ..., Ap ¥ yIUIBI IDH STHX BEPIINHAX ), TO BCETa MOXKHO
3aJaTh 3HaueHusd mocrogHubx C, C1 U TOYKH ai,...,a, OeHCTBH-
TEJIBHOM OCH TaK, YTOOBI COOTBETCTBYIOIMMM 00Pa30M IMOCTPOEHHAS
dbynkums (6.62) ocymecTsisiia KOHMDOPMHOE 0TOOPAKEHHE BEPXHEit
nosynaockocTd Im z > 0 HA BHYTPEHHOCTH JAHHOTO 7-YTONBHHKA.
Mer He 6ymeM OCTAHABIMBATHCS HA JOKA3ATEIBCTBE ITOTO IMOJIOXKE-

HHAA 1), a OrPAHUYUMCA JHUIIb HEKOTOPBIMH 3aME€YaHUAMH H IIDUMeE-

paM§1.
amMmeuanue 1. B dopmyry (6.62) sxogur pszm mo-
crosHHBIX. OJHAKO IPH IOCTPOEHHH KOH(MODPMHOTO OTOOPAKEHUS
BepxHe# moaynaockocTd Im z > (0 Ha 33JaHHBIE MHOTOYTOJBHHK
Ajp...A, ILIOCKOCTH W MOXKHO IIPOM3BOJIBHO 33J3BaTh JIHUIIL TPH
TOYKH @, Gj, Gf JEACTBUTEJBHOW OCH ¥, MEPEXOALAINNE B KaKwe-
6o TPy BRIOpPaHHBIE BEPIIMHBI MHOTOyronbHUKa A;, Aj, Ag. Ilpu
3TOM OCTaJIbHBIE IOCcTosHHEIE B dopmydie (6.62) onpexmensrorcs of-
HOo3Ha4HO. JleficTBuTeNnbHO, (6.62) onpenenser dbynxuuo f(2), ca-
z

sanmyio ¢ bynkmmedt f(2) = [(¢ —a1)® ™ ... (¢ — an)* 1 d¢ mm-

20

') Cm., manpumep, M. 1. IIp u B a 1 0 B. Bemenne B Teopuio dbyskIHi
KOMILTeKCHOTO nepeMerHoro. — M.: Hayxka, 1967.
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HEUHBIM MPeOOPABOBAHNEM, PEACTABIAIINMM cOD0M Tpeobpa3oBa-
HUE TI000HOr0 PACTAXKEHHUS, IOBOPOTa U NAPAJIIeJLHOr0 TIEePeHOCa.
Cnenosarennho, ecnu dynkuus f(z) oToOpaXkaeT BEPXHIOW MOJY-
mwiockocTs Im z > 0 Ha 330aHHBI MHOTOYTOJLHWK IUIOCKOCTH W,

To dbyuxuua f(z) orobpaxaer 3Ty MOJIYILIOCKOCTb H& MHOTOYTOJIb-
HHUK, IogoOHbI# JanHoMy. [Ipn 3amaHHBIX 3HAYEHHSX @ IJId TOTO,
9TOOBI N-3BEHHAS 3aMKHYTAs JIOMaHas, Ha KOTOPYIO 0TOOPaXKaeTcs

dbyuxumeit f(z) meficTBUTENBHAS OCh, TPEACTABILIA OBl OG0 MHO-
TOYTOJIbHUK, TOMOOHBIA NaHHOMY, TOCTATOYHO, YTOOBI 7 — 2 3BEHA
9TOH JIOMaHOH 6GBLIM MPOMOPIHOHANBHEI COOTBETCTBYIOIINM CTODPO-
HAM MHOTOYrOJIbHUKA. (/IBa KpalHHX 3BEHA MOJHOCTBHIO OIPEIEJIs-
I0TCs 33JaHHeM UX Hamnpassenuit.) Tem caMbiM Mbl uMeeM n—3 ypas-
HEHHsI OTHOCUTEJIBHO 7, MOCTOSHHBIX ;. ECIM IPOM3BOJBHO 33,0aTh
TPH U3 9TUX IOCTOSHHBIX, TO OCTAJIbHBIE U3 COOTBETCTBYIOIINX yPaB-
HeHHi OTIpeesIaTCs OGHO3HAYHO. JJaHHOe 06CTOATEIHCTBO SABJIAETCS
TaKXKe CJIeICTBHEM TeopeMbl PuMana 00 0JHO3HAYHOM ONpPeNeIeHHM
GYHKIUK, OCYIIECTBIIAIONEN KOHPOPMHOE 0TOODaKEHNE ONHOCBI3-
HBIX O0JIacTell, IpW 3aJaHHH COOTBETCTBHSA TPEX TOYEK TPAHUIIBI
OHOM 00/IACTH TpeM TOYKAaM T'PAHHUILI Apyroi objacTu. 3aMeTuM,
KPOME TOr0, 9TO MOJIOKEHHE 3aJaHHOTO MHOTOYTOJBHUKS, (3aJaHbI
JJIAHBl CTODOH W BEJIMYMHA YIJIOB IIPH BEPUIMHAX) HA IUIOCKOCTH
OIHO3HAYHO OIPEAe/IAeTCs MOJOXKEHNEM TPEX ero BepPIIHH.
BaMeduanue 2. Mbl Ipenosarain, 9ro BCe YHCIA ; B
dbopmyie (6.62) sBasIOTCA TOIOKUTENBEBIME. [Ipr 9TOM HHTErpaj
(6.62) cxomwrcst mpu Beex 3HadeHusx Im z > 0. Ecm kakoe-nmu6o
YHCIIO Oy OTPHIATENHHO, TO IPU 2 — ay, uaTerpan (6.62) pacxoxur-
csi. DTO 03HAYAET, YTO COOTBETCTBYIOIIAS BEPIINHA Ay MHOTOYTOIb-
uuka Ap ... A, JexuT B 66CKOHEYHO YIAJEHHOM Touke w = 00. [Ipu
9TOM BEJIMYKHY YIJIa IIPH BepIInHEe Aj MBI [10JIaraeM PaBHOMN B3STOM
CO 3HAKOM MHHYC BEJHYMHE YIJIa MEXIY IPOMOIKEHHEM OTPE3KOB
ApAg_1 m ApAg,1 B KOHEYHOU TOUKe MX Tiepecedenus. Kak Jierko
BHIETH, TIPH TAKOM OIPEIEIeHHH Yrojl P BepluuHe Ay paBeH QT
(o < 0), u B cuny yenopus (6.63) cyMMa BHYTPEHHHX YIVIOB IIO-
JIy4E€HHOTO 7-YTOJBbHUKA C BePIIUHON Ai B 6ECKOHEYHO yIasIeHHON
TOYKe MO-TIpeXKHeMy paBHA (n — 2)w. JlaHHOe 3aMeYaHHe OCTAeTCs
B CWJIE X B TOM CJIy4ae, KOT/a HECKOJIBKO YUCEN (Y OTPHUIATEIbHBI.
Bameuanue 3. Ilpu uccienosamun dbopmysst (6.62) mer
TIPEIIOJIArajiy, 9TO BCe TOUKH ; KOHEYHEI. JIerko 0CBOGOAUTHCS OT
9TOro yCjoBHsA. BBemeM HOBYIO KOMIUIEKCHYIO TIEDEMEHHYIO ¢, CBS-
3aHHYIO C 2 COOTHOIIIEHHEM
Z=an— 1. (6.68)
IIpu sToMm Touka 2 = @, TEPEXOMUT B TOUKY t = o0o. JlarHOE mpeobd-
pa30BaHHe 03HAYAET, YTO IIPU OTOOPAXKEHHH BEPXHEi IOJIYTIJIOCKO-
ctu Im ¢ > 0 wa BHyTpeHHOCTH MHOTOYTONMBHUKE A1 Ao ... A, mwioc-
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KocTH w OeCKOHEYHO yIasleHHas TO4YKa ¢ = 0o orTobpakaercs Ha
BepuinHy Ap. Ha xKomruiekcuo#t miockoctu ¢ dyukuus (6.62) umeer
BHJL

¢
a;—1 an—1—1 an—1
w=C’/(an—al—l) ...(an—an_l—l) (_l) d_z_}_
T T T T
to
¢

+C = A/(T —a)a 1t (r—al_)* 17 ldr +C1. (6.69)
to
3aech mcnonp30BaHo cooTHoweHue (6.63) 1 BBemeHBI 0603HAYEHNS

1
an — 20’

A=Cla, — al)al_1 R an_l)a”—l_l(—l)a”_l.
Cooraowenwre (6.69) o3HadaeT, 4TO B TOM (Jiydae, KOTZa IIPH KOH-
dopMEOM 0TOOpaKeHnH BepXHER MOJYILJIOCKOCTH Ha, BHYTPEHHOCTD
MHOTOYTOJNbHUKA AjAs... A, GECKOHEYHO yIajeHHAs TOYKa t = 00
[ePEeXOAUT B OfHY W3 BepwuH (Ap), 3T0 0TOGPalKeHue OCyLUeCTBIIs-
etcs narerpasnoMm [Isapna-Kpucroddens (6.69), B nogsiHTerpain-
HOI (PYHKIIMM KOTODPOrO OIYIEH MHOXHUTEIb, COOTBETCTBYOITHIL
JLaHHOH BepuinHe (Ay ). DT0 06CTOSTENBCTBO YACTO HCIOIb3YETCs HA
[PaKTHKe, OCKOJIbKY, KaK Mbl OTMETIIX Bbllle (3aMedanue 1), mpu
PeIIeHnn 33034 O IOCTPOEHNH KOH(MOPMHOT0 0TOGpaKeHs BepXHeit
nosyIiockocTd Im z > 0 Ha 33JaHHBI MHOTOYTOJLHUK ILIOCKOCTH
W MPUXOAUTCA, B CJIydae GONbIIOro YKMCIa BEPIIXH MHOTOYTOJBLHAKA,
onpelenaTh OOMBIIOe YUCIO HEN3BECTHBIX.

PaccMOTpHM HEKOTOpBIE MpoCTeifiie IpUMEDHI.

IIpuwmep 1. Hajitn pyukmuo, KoHGOPMHO 0TOBPAKAIOLLY IO
BEPXHIOIO IOJIYIIOCKOCTh Im z > 0 Ha cekTop 0 < argw < o,
0<a<2

Tak KakK [AHHBIA CEKTOP UPEACTABIAET CO00H MHOIrOYTOJILHUK
¢ sepumHamMu Aj(w = 0) 1 Az(w = o0), TO IS DelleHus 3a4a9u
MOXHO nmpuMeHnTh HHTerpan lsaprna-Kpucroddend. YcranoBum
CITeyIoIIee COOTBETCTBIE TOYEK JeHCTBUTENBLHONR OCH 2 BEPUIMHAM
IaHHOT'O MHOTOYTOJBLHUKA:

a1(z=0) - A;(w =0),
az(z = 00) = Ag(w = 00).

a; = (an — ai)_l, to =

(6.70)
Torza cormacHo (6.69) orobpaxkaroias GyHKINS IPHHEMAET B

w=f(z)=C [¢*1d(+Cy.

IMosoxus 2y = 0 u ucoomszosas (6.70), HaiixeM, YTO MOCTOSHHAS
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C1 paena mymo. OTcrona
z
— C
w=C Of ¢*ld¢ = 22 (6.71)

®yukuus (6.71) ompemeneHa ¢ TOYHOCTBHIO IO MOCTOSHHOTO MHO-
KUTEJIsI, OIpeIeIaomero npeodpaszopanune mogobus. JIaHHbIA Tpo-
M3BOJI CBsI3aH C TeM, 49ro yciosus (6.70) comepxkar TpeGoBaHue
COOTBETCTBHUS JIAIIb ABYX TDAHWYHBIX TOYEK, &, KAK Mbl BHIEIH
(cm. 3amevanne Ha c. 171), dyHKIHs, ocywecTBASIOmAs KOHGOPM-
HOe OTO6GparkeHWe, OJHO3HAYHO ONPENesITeTCs 3aJaHueM COOTBET-
CTBUSL TPeX IPAHUYHBIX ToueK. [TorpeboBas, HampuMep, YTOOHI Ha-
psay ¢ (6.70) uMes0 MECTO JOMONHUTEIBHOE COOTBETCTBUE TDAHNY-
HBIX TOYEK

z=1—-w=1,

onpenenuM 3HadYeHUe ocTasineics B (6.71) IPOU3BONBHOR MOCTOSH-
mot C' = qu.

Urak, okoHuaTenrHO, PYyHKIHUS

=2¢ (6.72)

OCYIIIECTBIIAET KOH(OPMHOE 0TOOpaKeHNe BEPXHEH MTOMYILIIOCKOCTH
Im z > 0 #a 3agaHHLIN CeKTOp MIOCKOCTH w. IIpu sTOM B cruiy yKa-
3aHHOI'O BHINIEe BEIOODa, BETBE B IMOABIHTETPAIBHON (DYHKIMH HHTE-
rpaina Isapua—-Kpucrobdens (6.62) gomxaa 65ITH B3sTa T3 BETBD
MHOrO3HauHOR pyHurnuu (6.72), KOTOpas ABJIAETCS HEOCDPECTBEH-
HBIM aHAJIUTUIECKUM IPOLOIKEHNEM MefcTBUTeIbHON DYHKINT £
LeHCTBUTENBLHON IIOJIOXKUTEIbHON IIepEMEHHOR .

[Ipuwmep 2. Hafitu pyuknuo, KOHQOPMHO 0TO6DPAKAOLLYIO
BEPXHIOI MOMYILUIOCKOCTh Im 2z > 0 Ha mpsMoyroiabuuk A1 As AzAy
(pmc. 6.15).

v
w=-a+ib To' w=a+ib

A3 A2
as as a az w=-a w=
#1 % / /' ;77 A4 TO Al u
=3 z=-1 2z=1 z=1 2z= %
Puc. 6.15

IIycTs BEPUTMHBI MPAMOYTOMLHAKS, Ha, IIOCKOCTH W PACTIONOMKEHbI
B Toukax A;(w=a), Ao(w=a+1ib), Az(w=—a+1b), Ag(w=—a).
[TosoxkuM, 9TO € TOMOIIBI HEKOTOPO# dyHkumu f1(2) mpousse-
JeHo KOH(OPMHOE 0TOOparkeHHe MEPBOTO KBaJPaHTa ILIIOCKOCTH 2
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(Re z > 0,Im z > 0) ma npasyio nonosury OA; AsO' npsmoyrons-
Huka (puc. 6.15), IpK KOTOPOM TOJIOKKTENbHAS YaCTh MHUMON OCH
mocKocTu 2z mepenuia B orpe3ok OO'. Torma Ha OCHOBAaHWUY MIPHH-
nuna cuMMerpur (cM. c. 166) byHKIWs, SBISIONAsACA AHAIHTAYIE-
ckuM mpogoskerueM f1(z) B obaacts (Re z < 0,Im z > 0), ocy-
ecTBAsseT KoH(MOpMHOEe 0ToOpaXkKeHne NAHHON o0J/acTy Ha JIEBYIO
YaCThb UCXOLHOTO IPAMOYroJbHUKA. [Ipu 3ToM B Bepnuusl A1 u Ay
TIEPEXOLAT COOTBETCTBEHHO CHMMETPHUYHEBIE TOYKHU MEHCTBATEIBLHON
ocu z. To xe umeer MecTo mis Bepiud A u As. [TosTomy Moxem
YCTAHOBUTD CJIEAYIONIEE COOTBETCTBUE TOUEK:

ai1(z=1) = A1(w = a),

as(z = —1) = Ag(w = —a).
KpoMme Toro, 0ueBHIHO, LOMKHO UMETh MECTO COOTBETCTBHE
z=0—-w=0. (6.74)
CooTromenus (6.73), (6.74) yCTaHABIUBAXOT COOTBETCTBHE TPEX
PaHUYHBIX TOYEK. [109TOMY MPOM3BOILHO 33aTh TOUKY G2 Ha Heit-
CTBUTEJLHOR OCH z, MEPEXOIAIIyI0 B BepUIMHY Az MPSMOYyroibHU-
Ka, yxke Hejb3sd. [lonoxum, uro B BepiruHy Ao MEPEXOIUT TOYKA, G2

(6.73)

JeACTBUTENBLHON OCH 2, UMEIOIIad KOOPAUHATY 7 SHAGeHNe KOTOpoit

Gyzmer onpegesieno B gajpueiitmeMm. Ouesngno, 0 < k < 1.

Urak, dyuxumsa, ocymecTeasomas KoHpopMHOe 0TOOpaXKeHne
BEpXHEH TIONYIUIOCKOCTH Ha, 3aJaHHBIA NPAMOYTONBHUK, MOXKET
OBITL IPEACTABJICHA B BUIE

z

w=16)=¢ [c-0¥ (= 1) (e+})

Z0

1
i1

(C+1)3td¢+

¥4
d¢

+C = C/ +C1. (6.75
1 Va—aame T (67

%0
IMomoxus 2y = 0 u ucnosb30BaB cooTHomeHue (6.74), momydum

C1 = 0. Torga
¥4
¢

w= C/ . 6.76
; V(I =¢)(1 - k%¢?) (6.76)

Octaerca onpemenantd noctoguubie C' v k U3 COOTBETCTBUS TOYEK G
4 a9 Je#CTBUTENLbHON ocu z BepimuHaM A, u As. OTMeTuM, 9TO MH-
rerpaJt (6.76) He BEIDaXkaeTCs B JIEMEHTADHBIX (DYHKIUAX. DTO TaK

Ha3BIBAEMBIit sasunmuyeckuti unmezpas *) I poda, KOTOPEIH 0BBIYHO

1) Om. Bom. 1.
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obo3HagaeTCd

)= 0/ VA=) -k22) (6.77)

Yenosus (6.73) maror

(6.78)

d
e .
¢ 0/ VA=) - k22)

Wurerpadt, crosmmit cipaBa, TaK HA3BIBAEMBIH NOAHG 3A4UNMUYe-
cxuti unmeepan 1 poda

(6.79)

) = =
J V== k)
ABJISETCS XOPOIIO M3y4YeHHOW 1 TabyaupoBanHoi (yrKue. Coor-
BETCTBHE TOYEK Qo (z = %) < Ag(w = a + ib) nosBONsET 3amKCATD
1/k

b= / / d¢ 6.80
o { \/(1—<2 (1—k2<2 VA=) - k) » (650)

OTKyza, yurs (6.78), momydum
1/k

b=C —cF (1), 6.81
e R GO

rie wepes F (E’k) o6o3Haven mHTErpas B ¢opmyse (6.81). U3

(6.78) m (6.81) mpm 3aJaHHBIX BeJIMYHHAX @ M b MOXKeM, pelIHB
TpaHCUEHIEHTHOE ypaBHEeHHe

=1
oF (Ek) = bK (k), (6.82)
OIIPEeNeNnTh 3HaYeHus ToCToaHHBEIX k m C. TeM cambiM yHKIHS
(6.76), ocymecTsisiionas KoHGOPMHOE OTOOpaXKeHWe BEPXHEl II0o-
aymiockoct Im z > 0 Ha 33aJaHHBI DPIMOYTOJBHUK ILTOCKOCTH
w, TIOJHOCTBIO ompezesneHa. C Apyroit CTOPOHBI, eCiH B (opMyJie

(6.76) 3amannl BenuuuHbl k u C, TO 3Ta (DYHKUUS OCYLUIECTBIISIET
KOH(OPMHOE OTOOparkeHHe BepxHed mosymiockoctd Im 2z > 0 Ha

2a
IPMOYTOJBHUAK ILIOCKOCTH W, OTHOIIEHNE CTOPOH (T) KOTOPOTO

onpezensiercs: bopmysoit (6.82), a abcomoTHAS BEJIMYMHA CTOPOH —
nocrosiunoit C. [IpousBosIbHO U3MEHSsIsSE 3HAYEHHE STUX TOCTOSHHBIX,
MOXKHO HOJIyYNTh KOH(GOPMHOE 0TO6parKeHHe BEPXHEH OMyIIIIOCKO-
ctit Im z > 0 Ha m060# TIPSIMOYTOMBHUK TLIIOCKOCTH W.



F'IABA 7

IIPUMEHEHUE AHAJINTUYECKUX ®YHKIIUIA
K PEIITEHNIO KPAEBBIX 3A/JTAY

Meronbr Teopun GyHKIHME KOMIJIEKCHONH TEepeMeHHON BecbMa
HPOKO ¥ 3¢ (PEeKTUBHO IPUMEHSIOTCS A1 pelreHus 60IbIIOro Yuc-
J1a MATEMATUYECKUX 33Ja4, BOBHUKAIOUIUX B Pa3JIUYHBIX O0JACTIX
€CTeCTBO3HAHUA. B 4acTHOCTH, MIPUMEHEHHE aHATUTUYECKUX (DYHK-
UA AaeT BO MHOTUX CJIYYasX JOCTATOYHO MIPOCTHIE CIIOCOOBI pelre-
HUs KPaeBbLIX 3aJad IJjIs ypaBHeHHd Jlamiaca, K KOTOPBIM IIPHBO-
IATCS Pa3JIUYHbIe 33a4U PHAPO- U a9POJUHAMUKY, TEOPUHU YIIPYTO-
CTH, 3JIEKTPOCTATHKH U T.I. DTO ONPENEIAETCS TECHOU CBA3LIO, CY-
IIECTBYIOIIEH MEXKAY aHAJIUTHYeCKUMH (bYHKIUAME KOMILIEKCHOH
EPEMEHHON U rAPMOHMYECKUME (HYHKIHUIME JBYX JeHCTBUTENBHBIX
mepeMeHHBIX. B HacTosInel riiaBe MBI OCTAHOBUMCS Ha HEKOTOPBIX
0OIIKX BOMpPOCAX MPUMEHEHUs AHAJMUTHYECKHX (DYHKIUN K pelre-
HUIO KPaeBLIX 33734 AJIs ypaBHEHUs Jlanaaca U IPUBENEM DS IPU-
MEpPOB pelteHns PUBNIECKHX U MEXAHUYECKUX 3a,]34.

§ 1. OG6ume nmoso>KEeHUA

1. CpaA3b aHAJIUTUYIECKUX M FAPMOHUYECKHNX (DYHKITMHA.
[Iycte B obsacTet § KOMIIEKCHOM IJIOCKOCTH 2z 3aJaHa aHAJIATH-
geckast ¢yukuus f(z) = u(z,y) + tv(z,y). Torna Bcroxy B 3TOM
obnactu byHKUME ¥ ¥ v cBA3aHLI yoroBuamu Komu—Pumana:

Ou _ 0Ov Ou _  Ov

6z 3y’ 8y 0Oz
Tak Kak aHaauTH4YecKas pYHKIHUS uMeeT B 00J1aCTH § TPOU3BOLHEIE
BCEX MOPAJKOB, TO U JeiicTBUTENbHble byHKUMH u(z,y) u v(z,y)
UMEIOT B COOTBETCTBYIOIIEH 06JIaCTH IIIOCKOCTH ZY YACTHbIE TPOHU3-
BOJHBIE JIFOOOr0 MOpsAKa. JTO mo3BosisgeT auddepeHUupoBaTh BhI-
paxenus (7.1) mo mepemeHHBIM z, y J060e uuciao pa3. IIpoaud-
depennuposas nepsoe u3 paseHcrs (7.1) mo x, BTopoe — mo y u

(7.1)
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CJTOXXUB UX, MOIyIUM

&u | 8%u
Ananornuso npomuddepenuposas nepeoe u3 paBeHcTs (7.1) mo y,
BTOPOE — TI0 £ ¥ BBIYTS OJHO U3 APYIOro, MOJIYIHM

Po v _g gyeg (7.3)

azg ayg ] 7y ’ .
OTKyZa cienyet, 410 GyHKIuY u(z,y) 1 v(z,y) ABISIOTCS FADMOHH-
4eCKUMHU B JaHHOM obsactu mrockocty zy. UTak, meficTBUTENbHAS
u MHUMas 9actd GyHKumK f(z), aHAIUTHIECKOR B obiacTu G, sB-
JISTFOTCS TADMOHUYECKUMU (DYHKIMSMU B COOTBETCTBYIOLIEH 0b1acTH
mwiockocTd zy. IIpy sTOM naHHBIE rapMOHHYECKHE (DYHKIUK CBSI3a-
ub! yenoBusMu (7.1). C qpyroit cTOpoHBI, eciu B 061acT G TIOCKO-
CTH TY 3aJaHbl ABe TapMoHUYecKue byHKuwn u(z,y) u v(z,y), yaoB-
JleTBOpSAIOLIME B 9TOH obaactu yenosuaM (7.1), To dyrkiusa f(z) =
= u(z,y) + iv(z, y) KOMILUIEKCHO IIEPEMEHHOM 2 = T + iy SABJISAETCS
AHAJUTUYIECKON B COOTBETCTBYMOLIEH 0bacTu miockocTH z. Tem ca-
MBIM He00Z0OUMbIM U QOCMATMOYHBIM YCAOBUEM AHAAUTNUSHOCTIY
dynryuu f(2) = u(z,y) + iv(z,y) 6 obaacmu G aeasemcsa mpe-
6osarue, ¥mobv. pynxyuu u(z,y) u v(z,y) 6vau 26PMOHUNECKUMU
u ydosaemeopaau ycaosuam (7.1) e coomeememsyroweti obaacmu
naockocmu zy. B 1. 1 (cM. c. 37) 6bu10 mOKa3aHO, YTO 3aJaHUEM
JUIIb OJHOU NefCTBATEIBHOMN (HJIH OTHOM MHI/IMOﬁ) 9aCTH aHAJIU-
THIECKOH (PYHKIMH KOMILUIEKCHOH IIEPEMEHHOH IIOCTeqHsIsS OIIpeIe-
JISTeTCs ¢ TOYHOCTBIO JO MOCTOSIHHOTO ciaraemoro. Orcrona ciexny-
€T, YTO BCE AHAJIUTHIECKHE (DYHKIMHA KOMIUIEKCHON IIE€PEMEHHOI,
[UIST KOTOPBIX 33JaHHAs rapMOHMYEcKas (DYHKIMS NBYX IeiCTBHU-
TEJIbHBIX IIEPEMEHHBIX SIBJISETCS NEACTBATEIBHON (MM MHIMOH) da-
CTBIO, PA3IUYAIOTCI TOJBKO HA aJAUTUBHYIO [IOCTOSHHYIO.

YcTaHOBIEHHAs CBSI3b MEXJY AHAJUTHIECKUMH K TapMOHUYE-

CKUMH (DYHKIUSIMH [IO3BOJISIET HCIOIB30BATH JJIsl M3YIEHWUS Da3-
JIMYHBIX CBOMCTB IapMOHUYECKHX (DYHKIHMIA CBOMCTBA aHAJHUTHUIE-
ckux dyukmmit. Tak, Hampumep, u3 GOPMYJIBI CPEIHEro 3HAYEHUS
aHayuTH4IecKo# dyHkmu (cM. 1. 1, ¢. 52) HemocpeCTBEHHO mOMy-
gaeTcs (hopMyJIa CpeJHero 3HAYEHUs JJIsl FADMOHNIECKOH DYHKIMK

u(@o,u0) = 5o [ u(&,m)ds, (7.4)
Cr,

IJie TOYKa To, Yo fABIAAeTcCs neHTpoM Kpyra Cr, pamguyca Ry, nenu-
KOM JIEXKAIIEro B 0OJIACTH rapMOHMYHOCTH DYHKUMK u(Z,y).

2. CoxpaneHune omepartopa Jlamjaca mpu KOHGQOPMHOM
orobpakeHuu. Ilycts B 06iacTit § IJIOCKOCTH Ty 3aJaHa rapMo-
Hudeckas QyHKIUe u(z,y); T. e.

2 2
Au=22 + ou
0z2  0y?

=0, z,y€q. (7.5)
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C moMompio HEBBIPOXKAEHHOTO MPeobpa3’oBaHUsl HE3ABHCHUMBIX IIe-
PEMEHHBIX

£ = §($,y), n= 77(55,9), (76)
D(¢,n)
DED 40, ayeg, (r.7)

0T06pa3uM 001acTh § IJIOCKOCTH Y Ha HOBYIO 00/1aCTh G IJIOCKOCTH
&n. Bamerum, 9TO 3a7aHUE ABYX AeficTBUTENbHBIX byHKIm (7.6),
IIBYX JEeHCTBUTEBbHBIX IEPEMEHHBIX T, i, SKBUBAJIEHTHO 3a/IaHUI0 B
o6acTi G KOMILIEKCHOM IIOCKOCTH 2z omHo# dyukiuu ( = f(z2) =
= &(z,y) + in(z,y) KOMILIEKCHOI mepeMeHHO# z = z + iy. Ilpu
sToM byHkims f(z) ocymecTisier orobpakenne 06aacTH G KOMI-
JIEKCHOH IIJIOCKOCTH z Ha, 061acTh G’ kommiaekcroit miockoctu (. B
cuny yesnosus (7.7) ypaBrerus (7.6) 0ZHO3HAYHO PA3PENIMMEBL OTHO-
CHUTEJIBHO CTapPBIX TIEPEMEHHBIX, H TeM CaMbIM B ob1actu G, mmocko-
ctu n onpenenena dynkuus U (€, n) = u[z(€,n), y(,n)]. Boiacuum,
DU KAKUX YCIOBUSAX HA npeobpazosanue (7.6) dyukuus U (€, n) 6y-
JIeT TApMOHMYECKOl DyHKuuMel nepeMernunix &, 7. [Ipeamnosnaras, 9ro
dyukunwy (7.6) gBaK B HEMPEPHIBHO AuddEPEHINPYEME] B 00J1aCTH
G, BLIPA3MM YaCTHBLIE IPOU3BOAHBIE BTOPOTO MOPSAKA OT (DYHKIIHH
u(Z,y) MO CTAPHIM IEPEMEHHBLIM 4Y€PE3 MPOM3BOJHBIE OT (DYHKIUK
U(¢,n) 1O HOBBLIM NIEPEMEHHBIM:
2 2 2 2

ng,: = %T[r{(‘gz)2 + 2(;_61117‘5:677:6 + 27121(77:6)2 + %_[gj‘gz:c + Z_an:w (7 8)
8*u _ 8*U 8*U 8*U au au )
7 a—g(§y)2 t 256,50 T 6—172(771/)2 + 2ebw T 3,y
[Moacrasus 3TH BhIpaxkeHus B (7.5), MOMYYMM CIEAyIONIEe ypDaBHE-
uue s dyakuum U (€, n):

O%U ;02 | 42 o*U U, 2 | 2

oU U
+ a_g(‘ga:a: + ‘gyy) + E(na:a: + ﬂyy) =0. (79)

st Toro 4To6BI 3TO ypaBHeHHE ObLIO YpaBHeHnEM Jlamnaca, JomK-
HBI BHITIOJIHATHCS CJIEIYIONINE COOTHOIIEHUS:

oo + &y =0, Mgz +1yy =0, (7.10)
Exnz + Eymy =0 (7.11)
& +¢& =n;+m #0. (7.12)

Cooraourtenus (7.10) osmagator, uyro dymkmmm &(z,y) u n(z,y)
JIOJKHBL OBITH rapMOHMYecKuME B obsnactu G. Ilepenmmem (7.11)
B BHJZE

& _ & _ 7.13
o o p(z,y), (7.13)
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rze pu(T,y) — HEeKoTOpasi, 0Ka HewsBecTHas dyHKIus. Torma cooT-
Homrerne (7.12) naer

&+ & = w2 + 7] =3+, #0.
Orcrona p?(z,y) =1 npu z,y € G. Taxum 06pasom, HeusBeCcTHAS

dyuxuusa pu(z,y) oupemesena: p = +1. Ilpu p = 1 coorHOmEHuS
(7.13) mazor
& = Ny fy = Nz,

T.e. TApMOHHYeCKHe B obsacte § byHKIuU € U 1) JOMKHBL YAOBJIE-
TBOPATH B 9TO# obsactu ycnoBusM Komu-Pumana. 9To o3Haga-
et, yto dyuruusa f(z) = &(z,y) + in(z,y) nomxHa OHITH AHAIHTH-
4ecKOi (yHKIHeH B 001aCTH § KOMILIEKCHOH ILJIOCKOCTH Z. 3ame-
aM, uro u3 (7.7) u (7.12) crenyer, aro orobpaxkenue obnacru G Ha
G' momxHO 6BITH B3AUMHO ONHO3HAYHBIM, 8 NPOU3BOAHAA (DYHKIUK
f(2) momxna ynosiersoparh yciosuwo f'(z) # 0 Bcioxy B 06aacTy
G. Tem campbiM oTobOpakeHue 00sacTH § IJIOCKOCTH z Ha 006JIaCTb
G' mnockocru ¢, ocymecrBisemoe dbyHKnmen f(2), ZOKHO OBHITH
KOH(OPMHEBIM,

Ilpu p = —1 coornomenus (7.13) nator

& = —MNy, fy = Nz-

Kax sierko Buzgets, B aToM ciydae byukuud f(2) = &(z,y) —in(z,y)
JOIKHA, OBITh aHAJATHYECKOH, a O0TOOpaKEHHWE, OCYIIECTB/ISEMOE
dbynkumeit f(z) = €é(z,y) + in(z,y), KomKHO 6BITE KOHGOPMHBIM
orobpazkenuem I poxa.

WTak, MBI TIOSIyYU/IM OKOHYATENbHBIA OTBET Ha BOIPOC, TOCTAB-
JIEHHBI B Ha4aJie 3TOr0 MyHKTa. Ilpu omobpasicenuu obaacmu G
naocxocmu z na obaacms G' naockocmu C, ocyusecmesiemom Pynx-
yuet f(z) = €é(z,y) + in(z,y), ypasuenue Janaaca dasn Pynxyuu
u(z,y) nepetidem & ypasnenue Jlanaaca dan Pynxuyuu U(E,n) =
= ulz(£,1),y(&,1)] 2uwe 8 mom cayuae, ecau dannoe omobpasice-
HUE ABAAEMCA KOHPOPMHBIM omobpaoicenuem | uau 11 poda. 3a-
METHM, YTO IPH JAHHBIX OTO6pa,)KeHI/IHX oneparop Jlammaca Agy

l2 | ’(C)Iz A§7I7 I‘,D;e z = SD(C)

obparHadg QYHKIUS, OCYIIECTBIASIONAsS KOH(OPMHOE 0TOOpaKeHne
obnactu G' na obmacts G. Tem caMbIM maxke TpocTefilee ypaBHe-
HU€ JITAITHYECKOrO TUII, C TOCTOSHHBIME Koaddurmentamu Ay +
+cu =0, ¢ = const # 0, mpu KOH(POPMHOM OTOOpaKEHUHU Iepeii-
zet, BooOIIe TOBOPs, B YPABHEHHUE C ITEPEMEHHBIM K03 HHUITHEHTOM
AegU + el (Q)PU = 0.

3anmaga Jupuxjge. [lonyueHHble B OpeabIAyIEM MMIYHKTE
DPE3YJIBTATHL [TO3BOJIAIOT IPUMEHUTH METON KOH(OPMHBIX mpeobpa-
30BaHU K PENIEHUIO KPAeBbIX 33434 /I TADMOHAYECKHUX (DYHKITHIA.

nepexogutr B omeparop |f'(2)
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PaccMoTpuM OCHOBHYIO HIEH0 TOTO0 METOIa Ha TMPUMEPE PEleHUs
3agaun lupuxie.

IIyemv mpebyemcsa natimu gynxyuro u(z,z), ydosaemsopaio-
wyro ypasueruto Janaaca

Au=0

8 obaacmu G, nenpepvieHyto 6 3amxuymoti obaacmu G = G+ u
NPUHUMGIOWYIO 3a0aHHbIE 3HANEHUA HA epanuye [

u(P) |r = a(P), (7.14)
rae aP) — 3ananHas HenpephiBHas GyHKuua Touku P kouTypa .

Kak u3BeCTHO 1), pelenye 9Toit 33Ja41 METOIOM Pa3/IeJIeHus Iepe-
MEHHBIX MOXET OBbITh IOJIyYEHO JIMIIb JJI OTPAHMYEHHOTO KJIACCA
obaacreit G ¢ mOCTATOYHO IPOCTOH rpamnumeit [

Meroz koHGOPMHBIX P06 Pa30BaHUi TAET JOCTATOYHO YHUBED-
CaJIbHBIN AJATOPUTM pelieHud 3amaqn Jupuxie maa miockux o6iia-
creit. HauneMm c pemrenus 3amaum Jdupuxie [1jis Kpyra paguyca a.
BBezeM monApHYO CHCTEMY KOODAMHAT T, C HAYAJIOM B IEHTPE
kpyra. Torna dyukuusa a(P) 6yner dyHKuMedH JHIIb TePEMEHHOMR ©.
IMocTapaeMcsi BHIPa3UTh 3HAYEHME HEM3BeCTHOH byHKumEM u(T, @) B
[IPOM3BOJILHON BHYTDEHHEN TOYKe (Tg, o) KPyra 4epe3 ee TPaHud-
uble 3Hauenus a(y). dua aroro mocrpoum KoHpOPMHOE 0TOBPaXKe-
HHe 33JaHHOTO0 KDPyra Ha eIMHWYHBIA Kpyr |w| < 1 miockocTu w,
P KOTOPOM TOYKa, T, (o Iepeiizer B uentp w = 0. Pemenne sToit
33/1a4M JIEPKO MOJYUYHUTh C TIOMOIIBI0 APOGHO-IHHERHON (DYHKIUH,
paccMoTpeHHOH B 1. 6 (cM. § 2). OTobpaxkarouias GyHKIMS HUMeEeT
BHJ,

w= f(z) = \E=2 =>\z‘;ge”°, (7.15)
z— = z — —eivo
z0 T0

rJe TIOCTOAHHAS A BRIOMPAETCA W3 YCJIOBHS, YTOOBI IPAHHYHBIE TOU-

KU 2z = a€'¥ 33J]aHHOTO KPYTra IEPelLI B TPAHUYHbIE TOYKH |w| = 1
a

eJUHUYIHOTO KPYra IVIOCKOCTH W; IPH 3TOM |A| = — 8 arg A, ompe-
0

Jessrommii 1oBopoT Kpyra |w| < 1 Boxpyr ero mentpa w = 0, Mo-
XKeT 6bITh BHIOPAH NPOM3BOJMLHBEIM. B pe3yibraTe MpOU3BEIEHHOTO
npeobpazoBanus UCKoMas byHKIusS u(r, ) nepeiizer B GyHKIUIO
U(p,%) = ulr(p,¥),p(p,¥)], Tme p, ¥ — monApHEIE KOODAXHATEI
HA, IUIOCKOCTH W, CBSI3aHHBIE C KOODAUHATAMH T, (0 COOTHOIIEHHEM
(7.15). Ilpu sToMm 3amaHHas rpaHudHas QYHKIEA a(p) IepedneT B
dyexnuo A(Y) = afe(l,9)]. Tak kax byrakuus U(p, 1) asiaser-
Csl TADMOHHYECKON (hyHKIMeR CBOMX TIEPEMEHHBIX, TO €€ 3HAYEHUE B
[[EHTPEe KPYra MOXKeT GbITh HafifeHo 1o ¢hopMyJie CPEIHErO 3HAYe-

YCm. AAH Tuxomos A A Camapckui YpasHeHus
MaTemaTHdeckoit ¢pm3uku. — M.: Hayka, 1972.
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mus (7.4), oTKyna
27
u(ro, o) = U lw=o = o= [ A(%) dy. (7.16)
0

W3 (7.16) MbI mostyYnM SIBHOE BBHIpaXKeHWe pellenns 3a1a9n Jlupuxie
IJIs KPyTa, ecid BhIpasuM byHKuuo A(1) depes mepBoHAYAIBLHO
33JaHHYI0 GYHKIMI «p). 3aMeTuM, 9TO IJIsS COOTBETCTBHUSI T'Da-
HUYHBIX TOUYEK Kpyra |z| < a u kpyra |w| < 1 dopmyana (7.15) aaer

; a ae'® — rget¥o
eV =22 T (7.17)
To . a” .
aer? — —e*¥o
To
OTKY/a

dip = a —ro d
a2 + 12 — 2arq cos(p — wo) L
[losTomy, crenas B uHTerpase (7.16) 3aMeHy nepeMeHHO! HHTErpH-
poBarug ¥ = (), e CBA3b NEPEMEHHBIX ¢ U  ONpPEIeNdercs
dopmynoit (7.17), moxyanm
2w

_ 1 a?—1rg
wro,0) = = [ o ——atp)dp. (119
0

®opmyia (7.18) 1 aeT ABHOE AHAJIUTHYECKOE BHIPAYKEHUE DEIICHUS
3amaun Iupuxiie 11 Kpyra paauyca g 9epe3 PyHKUUIO TPAHNYHBIX
yeosuit a(p). dta dopmysa, Hocsamas HaszBaHue HHTErpasa [lyac-
COHA, MOXeT OBbITH MOMy4eHa U PSAIOM JDPYTHX CIoCo60B, HAIPHUMED
METOZIOM Da3[esIeHAs IEePEeMEHHBIX WM C HOMOWIBI (DYHKIMHA HC-

TOYHHKA ).

ITony4ennnie pe3ybTATH MO3BOILAIOT B IPUHIIAIE DPEIIATDL 3313~
uy Hupuxne mjs jaoboit obsacta G, KOTOPYIO MOXKHO KOH(MOPMHO
oTo6pasuTh Ha eauHWYHBIA Kpyr |w| < 1 mmockoctn w. eficTBu-
TEeNBHO, NPH KOHMOPMHOM 0oTOGpaxKeHHH ypapHenwme Jlarmutaca co-
XpaHSETCs, a pelllenne 3a0a49u Jupuxsie Ans8 Kpyra HAMH IOIyde-
Ho. CoBepmus B uaTerpase (7.18) wam (7.16) 3aMeHy nepeMeHHOR
HHTETPUPOBAHUS, UCXO/sl U3 CBA3M IPAHUYHBIX TO4YEK obiactu G u
eJUHUYIHOM OKPyKHOCTH |w| = 1 npu naHHOM KOHDOPMHOM 0TOBpA-
JKEHWH, MBIl M IIONYYNUM BEIDAXKEHWE DEIeHrs 3anadu Jupuxie Bo
BHYTDEHHHX TOYKaX 00JACTH depe3 rpaHuuHyio dykumio (7.14).

IIpuwmep 1. Pemenune 3agaun dupuxsie s IOSYIIOCKO-
cta. Ilycts Tpebyerca ompenesnTh OTPAaHNYEHHYIO Ha OECKOHEYHO-
cru dyuknuo u(T,y), TADMOHUYECKYI0 B BEDPXHEH MONYILIOCKOCTH
y > 0, HenpepsIBHYO IpH ¥ > 0 U IPHHUMAIOIIYI0 3HAYEHUS:

u(z,0) = a(z) mpm y=0. (7.19)

1) Om. crocky Ha c. 197.
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OTobpas3um KOHMOPMHO BEPXHIOK MOMYIIOCKOCTH Im z > 0 Ha
BHYTPEHHOCTh €JWHHYHOro Kpyra |w| < 1 Tak, 4Tobbl 3amaHHAsS
TOYKa 29 = Zg + 1Yo (yo > 0) mepemwna B uentp w = 0 3TOr0 Kpyra.
Kak Jsierko BugeTs, 3T0 Ipeobpa30BaHUe OCYLIECTBISETCH APOGHO-
JIMHERHOM DyHKIHeH:

z — Z
Z0
HpI/I 9TOM I'DAHH4YHBIE TOYKH CBA33aHBI COOTHOIIEHUEM
3 T — Z
e“/) = —_0, (7.21)
T — 20

u rpaHuuHag ¢yskuusa a(r) mepexomuT B dysrumio A(Y) =
= alz(y)], roe z(¢) onpenensercs u3 coorHomenus (7.21). ame-
UM, uTO cooTHomenue (7.21) naer
— 2y0
dy = CETAIEy: dz. (7.22)
3uavenne uCKOMOR yHKUUU U(Z,Yy) B TOUKE Tp, Yo ONPELETHETCS
unrerpasnoM (7.16). IIponssesns B HeM 3aMeHy IIePEMEHHON HHTErDH-
poBarud 110 popmyaam (7.21), (7.22), nomydum

oo
1
U(xo,yo) = ; / ma(w) d.T, (7.23)

-0
9YTO W JAEeT DelleHne IOCTaBjieHHON 3anaun. Popmysa (7.23), maro-
mas peleHue 3aJa9u JIupuxiie aJis MOJTYILIOCKOCTH, HOCHT TAKKe
HazBaHue mHTerpasa llyaccona.

4. TIlocTrpoenue PyHKIIUU UCTOUYHUKA. MeTonbr KOHGOPM-
HOTO OTOGParXeHUs II03BOJISIOT IIOCTPOMTH (PYHKIMIO HCTOYHUKS,
IepBOi KpaeBoit 3a0a4u I ypaBHeHus Jlamiaca B IJIOCKOM 0bJ1a-
cTi G, KOTOPYIO MOXHO KOH(GOPMHO OTOODAa3UTh Ha, €JIHHUYHBIH
Kpyr |w| < 1 mmockoctu w. Kak w3BecTHO, DYHKIMS HCTOYHUKA
G(My, M) nansO# 331849¥ OMPEAEILETCS CIEAYOIMMH YCIOBUSIMHA:

1

ApyG(Mo,M) =0 npu M # My; (7.24)
2) B okpecTHOCTH TOUKH M)

G(Mo, M) = 5-In —

TMoM

+ v(Mo, M), (7.25)

rae dbyukius v(My, M) aagerca rapMoHUdeckoi GyHKIMeR TOUKY
M Bcrony B obsactu G;

3)
G(My, M) |prer =0, (7.26)
roe I' — rpamung obaactu G. MMeer MecTo ClieAyoas TEOPEMa.
Teopema T7.1. Ecau ¢ynrxuyus w = f(z0,2) ocywecmessem

xongopmmoe omobpasicernue sadannots obaacmu G naoCKOCTIU 2 HA
BHYMPEHHOCTL eQuHUYH020 Kpy2a [w| < 1 max, wmo mouxa zp € G
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nepexodum 6 yenmp w = 0 3mozo Kpyza, Mo GYHKUUA
1 1
G(My, M) o In oo o] (7.27)
Asasemca Gynxyueti ucmownuxa nepeoti xpaesoti 3a0auu 044 Ypas-
nenua Jlanaaca 6 obaacmu G. 3mech KoopauHaThl Touku M € G
CyTb L, Yy U 2 = X + 1y.

JdokasaTenscTBso. Jjd I0Ka3aTeSbCTBA TEOPEMBI
npoBepuM, 4TO (DYHKIWs, OnpeaeseHHas dhopmynoit (7.27), ynosie-
TBOpsieT ycoBusaM (7.24)—(7.26). @yukuus f(z, zp), OCYIIECTBISIO-
mas JaHHoe KOHMOPMHOE OTOOparkeHue, SBJISETCS aHAJIUTHYIECKONR
dyukiwmeit, npuuem f(z,zp) # 0 mpu z # z9. Orcioga cexyer, 94T
u hyHKINg

lnf(z, zO) =In |_f(Z, zO)[ +1 arg .f(za zO)

ABJIETCS aHAIUTHIECKOM (yHKIMeR BCrogy B 0bacTu G, 38 UCKITIO-
YeHHEeM TOYKH 29. TAK KaK JeMCTBUTE/NbHAS YaCTh AHAJIATHICCKOM
dysKIME ecTh DYHKIMS rapMOHIYecKasi, TO ycaosue (7.24) BImO-
neno. ITockomeky f'(2,20) # 0 BComy B Ob6nacTu §, BKIIOYAsd K
TOYKY 2 = 2, & f(2,20) =0, TO TOUKa 2( SABISLETCH HyJIEM IIEPBOTO
NOpsiZiKa, JaHHOM (PYHKIMHU, T. €. B OKPECTHOCTU 3TOM TOYKU UMEET
MEeCTO PasJjIoXKeHHe

_f(Z,Z()) = (z - Z())(,O(Z,Z()),

rae ¢(z,20) — aHAIUTAYECKAd B OKPECTHOCTH TOYKH Zg (DYHKIIHS,
npuaeM ¢(2g, 2g) 7 0. Orcrona cinenyer BeinonHenue ycnopus (7.25)
nng dyeknmm (7.27). Hakonen, tak kak |f(2, 20)|r = 1, To byskuus
(7.27) ymosnersopsier u yciosuto (7.26). Teopema mokazana.

[TpuBeneM mpuMep IpUMEHEHUS JOKA3AHHOW TEOPEMBI.

IIpumep 2. [locTpours PyHKINIO HCTOUHUKS TEPBOI KPAEBOM
33/[89H /18 ypaBHeHus Jlammaca B mojsoce —o0 < £ < 00, 0 < y < 7.

CoracHO TOJBKO YTO JOKA3AHHOM TEOpEME JIJIsl PEIIEHUS 33, Ja4H
Ha,I0 IOCTPOUTH KOH(MOPMHOE 0T0OpaKeHre JAHHOMW II0JOCHI ILJIOC-
KOCTH 2z Ha BHYTPEHHOCTb €IMHUIHOrO Kpyra |w| < 1, mpu KoTopoM
33JaHHAs TOUKa Zg mepexoauniia Obl B 1eHTp Kpyra w = 0. Kak Jer-
KO BHIETh, QYHKIHs, OCYIIECTB/SIONAasA Tpedyemoe oToOpaKeHue,

UMeeT BUI . ”
flz,2) = ==, (7.28)

e* — e70
HOCKOJIbe UMeeT MeCTO COOTHOIIIEeHUEe

|e* — €| = {(e” cosy — e*° cos 0)? + (e®siny — e sinyo)z}]‘/2 =

= exp (‘T -;zo) \/§{Ch (z — zg) —cos (y — yo)}l/z,

TO TTOCTIE JIEMEHTAPHBIX MPe0bPa30BaAHUN TONIYIUM UCKOMYIO (DYHK-
IIMIO B BUJE

1 1 1 ch(z — zo) — cos (y + yo)
G(MO,M) —_— ﬁlnm —_— Eln Ch (;1,‘ _1:0) — cos (y—yo)' (7.29)
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§ 2. IIpunoxkeHust K 3amadyaM MeXAaHUKHN U (PU3INKU

1. Ilnockoe yYCTAaHOBUWBINEECHS JIBH2KEHUE KHUIKOCTH.
Bynem paccMaTpuBaTh IIJIOCKOE NIOTEHIIMAJIBHOE YCTAHOBHBIIEECS
TedeHne HeCXKMMaeMO Haea bHOM XKuIKkocTH. Kakx N3BECTHO, B CIIy-
Jae MOTEHIINAJIBHOIO IBMXKEHUs B 00/IaCTH, CBOOOIHOM OT UCTOYHH-
KOB, BEKTOD CKODOCTH V(Z,y) YAOBJIETBODSET YDABHEHUAM 1)

rotv =0, (7.30)
divv =0. (7.31)
Tax kKax [IBMXKeHWe IIOTEHIMAJIBLHOE, TO CYIIECTBYET CKAJSpHAS

dbyexms u(z,y), Ha3bIBaeMas MOTEHIMAJIOM CKOPOCTEl, CBI3aHHAH
C BEKTOPOM CKODOCTH V COOTHOIIEHHEM

v = grad u(z, y), (7.32)
T. e. 5 5
= gu = gu
Ve=g, T Vy=go (7.33)

IIpu 3TOM BEKTOP CKOPOCTH V B KaXXJ0If TOUKE T€UEHUS HAIPABJIEH
[0 HOPMAaJH K JIMHWA YPOBHS u(Z,y) = const MOTEHIMAIa CKODO-
creit. Ilogcrasus (7.32) B ypasuenue (7.31), nomydum

8w | 8%u

30z T i 0, (7.34)
T. €. B PACCMATPHBAEMOM CJIydae MOTEHIHAJ CKOPOCTeH SBJISeTcs
rapMOHMYECKOH (DYHKIIHEH.

[TocTporM aHAIMTHYECKY0 (DYHKIHIO KOMIUIEKCHOH MepeMeH-
Hoit f(2) = u(z,y) + iv(z,y), mng xKoropoit norennuan u(zT,y) pac-
CMaTPHUBAEMOI'0 TEUYEHUs fBJISAETCS AeHCTBUTENbHON dacTbio. Kax
6b10 oTMedeHO (cM. c. 37), mpu stom dyukuusa f(z) ompereseHa
C TOYHOCTBIO [0 IOCTOSHHOrO cjiaraemoro. Paree (cM. c. 37) GbLio
[IOKa3aHO, YTO JIMHUHU YPOBHS u(Z,y) = const u v(x,y) = const geii-
CTBUTEJILHOM ¥ MHMMON JacTell aHAJUTHYECKON (DYHKIIMHM B3aMMHO
OpTOroHAJBHEL. [103TOMY BEKTOD CKOPOCTH V B KaXXJOH TOYKE Te-
YeHUsI HAIPABJIEH 110 KaCaTeAbHON K JIMHAM YPOBHS ¥(Z,Yy) = const,
OpOXOAsIell yepe3 maHHyH Touky. Oyuxuua v(x,y), ABAOIAs-
Cd MHHUMOH YacTbI0 MOCTPOEHHOM TAaKMM O0Opa30M aHAJHUTHIECKOM
dbyexunu f(z), HasbiBaeTcsa dyHKIMeR ToKa, a cama byakus f(z)
KOMIIJIEKCHBIM TTOTEHITUAJIOM TEYeHHS.

Ob6sacTh TedeHWs, OrPAaHWYEHHAs [JBYMs JIMHHSAMH TOKa,
v(z,y) = C1 u v(z,y) = Cy, Ha3bIBaeTCa TPYOKOi Toka. Tak Kak
CKOPOCTb KHIKOCTH B JI000H TOYKe HAUPABJIEHA II0 KACATEJIHLHOR
K JIMHUH TOKA, TO B CHJIy HECKUMAEMOCTH JKHMIKOCTH U CTAI[HOHAD-
HOTO XapaKTepa ABUXKEHUS KOJIHYIECTBO XKUIKOCTH, POTEKAIIee
33 €JUHUIYY BPEMEHHU 4depes3 JIoOble [Ba MONEpPEYHbIX CedeHus S7 U

1) Om. crocky Ha c. 197.
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So TPYOKM TOKa, OCTAETCH MOCTOAHHBIM. TakuM 06pa3oM, Pa3HOCTH
suadenuil nmoctosgHHbXx Cp u Cy onpenensier pPacxom XUIAKOCTH B
JaHHOH TpyOKe TOKa.

U3 ycmosmit Komu—Pumana u dopmyn (7.33) cienyer, 9o KoM-
TIOHEHTHI CKOPOCTH MOTYT OBITH BBIPAXKEHBI 4€PE3 YaCTHBIE TIPOM3-
BOIHBIE OT (DYHKIIMH TOKA:

Ou _ Ov du v
Vg = a = a—y, Vy = a—y = _a. (7-35)

Kax 65110 0TMe4YeHO B IUI. 1, KOMILTEKCHOE HHCIO W = Vg + iVy
MOXHO HHTEPIPETUPOBATH KaK TIOCKHM BEKTOD C KOMIIOHEHTAMH
Vg U vy. MiMeer MecTo 0OueBHIHOE COOTHONIEHHE

. U .ou u - 0v YT
wzvz-f-zvy:g—x—f-zg—y:g—x—zg—x:f'(z), (7.36)
KOTOPO€ CBSA3BIBAET BEKTOD CKOPOCTH M TMPOM3BOMHYIO OT KOMILJIEKC-
HOTO TOTEHIINANA TeUEHHS.

B ruapommEaMuKe CyIIECTBEHHYI0 POJIb WIPAIOT IOHATHS IIHD-
KYJISIHA U IOTOKa, BEKTOPa CKOPOCTH. J[aTUM BBIparXKEHUE ITHUX Be-
JIMYHMH 9epe3 KOMIUIEKCHBIM TIOTEHIIHAJ TEIEHHS.

PaccMorpuM KycouHO-r1aaKy 0 mwIockyo kpusyio C' (pa3oMKHY-
TYIO WM 3aMKHYTYIO) ¥ BBEJEM HA HE BEKTODHI AU bEPEHIHNAIOB
OyTH dS ¥ HOPMaJH dNn C TOMOIIBIO COOTHOIIEHH T

ds =idz + jdy, (7.37)

dn =idy — jdz. (7.38)
Hmeer MecTO OUeBHIHOE COOTHOIIEHHE N ds = dn, Te N — eTUHAT-
Has HOpMaJIb K KpuBoit C, a ds — muddepeHIuan JIWHB IyTH 3T0H
KpPUBOHL.

Ipu momoxurensEOM 06x0me 3aMKHyTON KpuBoit C dopmyia
(7.38) maer HampaBJeHUe BHENIHEH HODMAJIH.

IToTokoM BeKTOpa CKOpOCTH V 4epe3 KpuByio C (Da3oOMKHYTYIO
WIA 3aMKHYTYI0) HA3BIBAETCS KDUBOJHHEHHBIH MHTErpaj OT HOD-
MaJIBHOM COCTaBJILAIOLIENl CKOPOCTH

No= [ (v-n)ds. (7.39)
C
O4eBUIHO, TOT HHTErPAJ OUPEIEIET KOTUIECTBO XKUIKOCTH, TIPO-

Tekaowel Yepes kpusyio C 3a enuauiyy Bpemenu. Uurerpan (7.39)
3aIUIIeM B BHJE

ou ou A ou
N¢ =/vdn =/vzdy—vyda: =/$dy—a—y T = ada:—f-%dy.
C C C C

(7.40)

IIpu onpenenernn MOOBLEMHON CHJBI, JEHCTBYIOMIEH CO CTOPO-
HBI MOTOKA XXUIKOCTH HA 0OTEKaeMOe MM TeJI0, OOJBIIOE 3HAUCHHE
HMeeT CTelleHb 3aBHXPEHHOCTH IOTOKA, KOTOPas XapaKTepH3YyeTCs
SHAUEHHEM LUPKYaauud. LupKyasauueil BEKTOPa CKOPOCTH BIOJb
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KpuBoit C' HA3LIBAETCH KPUBOJIMHENHBIM HHTETPAJ OT KaCATeIbHOM
COCTABJIAOIIEIl BEKTOPa CKOPOCTH:

Lo = f v - ds. (7.41)
C
Bripaxkasg CKOpOCThb v dYepe3 KOMILIEKCHBIH IIOTEHU;I/IaJI, Oy 4UM

I‘C=/vds=/vzd:c+vydy= da:+ dy = g—:dx—g—Zdy.

(7.

Pa,CCMOTpI/IM H3 KOMIIJIEKCHOHA IIJIOCKOCTH HHTEerpaJl BAOJb KPHBO
C ot IIpOI/ISBO,HHOI/I KOMIIJIEKCHOT'O IIOTEHIHaJIa:

/f’(z) dz=/g—: dy+z/ dcc+ Ydy.  (743)
C C

Cpasrerne (7.40), (7.42) u (7.43) npusogur k dhopmyJre
f f(z)dz = T¢ +iNg. (7.44)

o

drta dpopmya, Aaromas{ BBIPaXKEHHE IUPKYJIANNN U IIOTOKA BEKTOPA
CKOPOCTH YepPe3 MPOM3BOAHYI0 KOMIIEKCHOTO HMOTEHINAIA, HAXOAUT
MHOTOYMCJIEHHBIE IIPUMEHEHHUS] B THAPOJUHAMUKE. 3aMETHUM, U4TO €C-
au o6sacTh G, B KOTOPOH DacCMaTPHUBAETCH ABUIKEHUE, SABJISETCH
OAHOCBs3HOM, To uHTerpas (7.44) no soboit 3aMkHyTOM KpuBoit C,
[IEJIMKOM JIeXKalel B G, paBeH HyJI0 B cuity TeopeMmsl Komu. B cuy-
Yyae ABHKEHHS B MHOTOCBA3HOM 06/1acTi G MHTErpaJ 10 3aMKHYTOMR
kpuBoit C, nmesnkoM Jjexarie#t B G, MOXeT OBITh OTJIMYEH OT HY-
as. 9ro GyJeT UMEeTh MEeCTO, KOra BHYTPH KpuBoit C' comepXurcs
obsacTh G', He mpuHaMIEXaIad §, B KOTOPO HaX04ATCS UCTOYHHU-
KH U BUXPEBBIE TOYKH PAaCCMATPUBAEMOTO TedeHHs. B aToit obia-
CTH, O4EBHIHO, HapywatoTcs ypasHenud (7.30) u (7.31). B wacTroM
ciy4ae 06JacTb G’ MOXKeT COCTOATH U3 OTIEJNBHBIX TOYEK, KOTOPBIE
[IPH 3TOM FBJLIOTCS N30JMPOBAHHBIMI OCOOBIMHU TOUKAMHM AHAJIWTH-
4yeckoit dyHKIWH f(z) — KOMIUIEKCHOTO IIOTEHI[NAJIA TeYEHHS.

Utak, 6cakxoe naockoe nOMEHYUGALHOE MeveHue 8 06AaCmU, 6
KOMOPOl OMCYMCMBYIOM UCTNOYHUKY U SUTPESBIE MOYKU, MOHCEM
66iMb ONUCAHO € NOMOWLDIO KOMNACKCHO20 NOMEHUUGAR, ABAA0OULE-
20ca anaaumuseckots pynxyuet xomnaexcnot nepemennot. Tem ca-
MBIM IS M3yU€HUs] JAHHOTO KJIACCa TeYEHHHA MOXKeT OBITH MCIIOJb-
30BaH BECH ANIApaT TEOPHH AHAJTUTHIECKUX PYHKIHH.

PaccMoTpuM padjg IPUMEPOB NPOCTEHIMHUX
TeYeHHUN, OMUCHB BAEMBIX 3JEMEHTAPHB MU
OGYHKOMAIMHU KOMOJNEKCHON MepeMeHHOIMN

a) ITycTb KOMILIEKCHBIH MOTEHIINAN TeYEHUs] UMEET BH/

f(z) = az, (7.45)
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e @ = a1 + a9 — 330aHH0e KOMIUIEKCHOE 4rcio. Torma
u(z,y) = a1z — agy, v(z,y) = a2z + a1y

1 JuHAK TOKa v(z,y) = C npeacTaBiagoT coboil mpsaMble, yToi Ha-
a
KJIOHa KOTOPBIX K OCH T OIpeJe/sSeTcs BeIpaXkKeHHmeM tga = ——.

®opmyia (7.36) maer “
w=vg+ivy = fl(2) =T = a1 —iay, (7.46)
OTKYZa CJIEAYET, 9TO CKOPOCTh TEUEHHs IOCTOSHHA U HAIPABJICHHE
BEKTODA, CKOPOCTH COBHAJAaeT ¢ npsaMbiMu v(z,y) = C. Urtax byuk-
uus (7.45) onpezensieT IWIOCKONAPAJIIEIbHOE TEIEHHUE.
6) IlyCcTh KOMILUIEKCHBIH MOTEHUMA TEUYEHUS UMEET BHJL
f(z) =alnz, (7.47)
Iie @ — [eHCTBUTEIbHOE IHCIIO. Torma, mepeiing K IMOKa3aTEIbHON
dopMe zanucu z = re*¥, MoIyIuM BhIPaKEHHE IIOTEHUMAA, B PYHK-
UHH TOKA, B MOJAPHBIX KOOPIUHATAX:
ulr,p) =alnr,  o(r,e) = ap.
OTcroma ciiemyer, 9TO JIMHUM TOKA MIPEACTABJISIOT COOOM JIydHd, BbI-
XOIdIIFe M3 HAa4aja KOODAWHAT, 3 SKBUIOTEHIWAJIbHBIE JUHHA —
OKDY>KHOCTH C IEHTPOM B Ha4JaJjie KOOPAMHAT. AGCOMOTHAS BEIUIH-
Ha CKOPOCTH IIPH 3TOM DaBHA
a
fl = [£(2)] = 15 =1, (7.48)
a BEKTOD CKODOCTH HAIIPABJIEH IO Jydy ¢ = const. U3 (7.48) cnenmy-
€T, YTO B HaYaJjle KOOPJUHAT CKOPOCTb 00pAIIaeTCs B GECKOHEYHOCTD.
Touka z = 0, ocobas Touka dbyHkuun f(z), B 3TOM CIydae sSBJISETCS
HUCTOYHHUKOM TeYeHHUs (IIOJIOXKUTENILHBIM HCTOYHUKOM IIpH a > 0, Ko-
[Zla CKOPOCTH HAIIPABJIEHA OT HAYaJj1a KOODAMHAT, ¥ OTPUIATEIHHBIM
HACTOYHUKOM WJIM CTOKOM Ip¥ a < 0, KOrga CKOpOCTb HAIpaBjIeHa
K Ha4aJjly KoOopauHaT). B3gs nmpousBosbHbIR 3aMKHY TR KOHTYD C,
cozmepxammit Touky z = 0 BHyTpH, 10 dopmye (7.44) momyunm

ff'(z)dzz f%dzzi-27ra=Fc+iNc.
C C

Otcrona Ng = 2wa. Tem caMbIM B pacCMaTPHBAEMOM CJIy4ae IIOTOK
XKUOKOCTH 4epe3 Jito00# 3aMKHYTHI KOHTYD, COLEPKAWMUA BHYTDH
HMCTOYHHK, [IOCTOSIHEH U PABEH 27a. DTY BEJIHYHHY HA3LIBAIOT MOII-
HOCTBIO UCTOYHUKA.

B) [IycTh KOMILIEKCHBIH MOTEHIMAT MMEET BUL

f(z) =ialnz, (7.49)
I'me ¢ — JefcTBUTEIBFHOe YUCI0. B 9TOM cityvae TUHUK TOKa IPEJCTa-
BJISIIOT COOO¥ KOHIIEHTPHUYECKHE OKPYXKHOCTH C LIEHTPOM B HadaJe
kKoopauHat. 13 dopmysl (7.44), Tak Ke KaK U B IPEABIAYIIEM CIIy-

qae, monyyuM Ng = 0, I'c = —27a. Touka z = 0 B sTOM CiIydae
HA3bIBAETCI BUXPEBOHM TOYKONM TeYeHWd.
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r) IlycTh KOMIUTEKCHBI! MOTEHINA TEIEHUS] UMEET BUJL

f(z)=aln(z+h) —aln(z — h), (7.50)
rlie @ — MOJOXKHUTENbHOE NeHCTBUTENBHOE YHCIO, a h — HEKOTOpas
KOMILIEKCHaS ocTostHHAA. COracHO IPeABIAYIEeMy STOT IIOTEHIH-
aJl OIpENessieT TEYEHWE C IIOJIOXKUTENbHBIM HCTOYHMKOM B TOYKE
z = —h ¥ CTOKOM B TOYKe z = +h, IpUYeM MOIIHOCTH UCTOUHUKA U
CTOKa OMMHAKOBa U pasHa 27a. [lepermumenm (7.50) B Buge

In(z2+h)—In(z—h)
z)=a-2h

1) -
U nepeiizeM K npegeny npu h — 0, mosnarasi, 9T0 MOIIHOCTH HCTOY-
HUK3 M CTOK& [IPU STOM BO3DACTAET TAK, YTO BEJUIHHA M = a - 2h
ocTaeTcs MOCTOsIHHOM. B pesysibrare momygaem

fola) = . (7.51)

®yuxnusa (7.51) npeacrasiser co6ol KOMILIEKCHBIH TOTEHIMAI JIH-
IIOJISL MOIIHOCTH M, HAXOASIIETrOCs B HadaJse KOOpANHAT. JIMHUH TO-
Ka, JUIOJsL, OYEBUAHO, OMPEIEISIOTCS yPABHEHUIMU

L -
1:2 + y2 C
nJian
C(z? +y?*) +my =0, (7.52)

T. €. IPEACTABJSIOT CO0OM OKPYKHOCTH C LIEHTPAMHU Ha OCH Y, KACAIO-
LeCs OCH T B HadaJie KoopauHatT. [Ipu sToM abcomoTHasS BeInInHa,
CKOPOCTH, PaBHASA

m m
W =—7=— 7.53
ol = 2 = 57 (7.53
CTPEMUTCS K HYJMIO Ha 6€CKOHEIHOCTH.

n) PaccMoTpuM TedeHmMe, KOMIUIEKCHBI MOTEHUHMAN KOTOPOTO
UMEeT BUT,

f(2) =veor + Z, (7.54)

THE Voo U M — TOJOXKHTENbHBIE AeHCTBUTENbHBIE YuCaa. O49eBHI-
HO, 3TO Te4YeHHUe IPeJCTABAAET COOOM CYIEePIO3NINI0 IIJIOCKOIaPa-
JIEJILHOT'O TE€YEHUH CO CKOPOCTBIO, NMapaLIebHON OCH Z U paBHOH Vo,
U TedeHHusd, CO3JaBaeMOro JUIIOJIEM MOIIHOCTH 17, HAXOJAMIAMCI
B HaYaJle KOODAWHAT. JIMHHM TOKA 3TOTO TEYEHUS OMPEJEJSTIOTCS
YDaBHEHUAMH
my _
Vool 2 +y? C. (755)

Suavennio C = 0 COOTBETCTBYET JIMHUA TOKA, yPaBHEHHE KOTOPOIk

HUMEET BHI
(v _ L) =0
Y Voo = -
2

Omna pacmajaercs Ha Hpamyio y = 0 U OKpyXHOCTb 2 + y° = a2,
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m
rae a? = —. Tak Kak
\'Z

e 2
£'(2) = Voo = & = Vo (1 - ‘:_,_,) , (7.56)
TO Ha DEeCKOHEYHOCTH CKODOCTBH Te4eHUS DABHA Vo, M HADABJIEHA
BIOJb OCH Z. B ToOYKaX OKpyKHOCTH z? +y2 = a2, ABJIAIOUIENCS JIU-
HHel TOKa, CKOPOCTh HallpaBJIeHa [0 KacaTeJbHOHU K 3TOW OKPYXKHO-
cte. s abcomoTHON BEIMYIMHBI CKOPOCTH B TOYKAX OKPYKHOCTH
z = ae®¥ u3 dbopmy. (7.36) u (7.56) momyaum

[0l ), 1g = 17/ (2] g = Vooll — €¥] = 2veq| sing|.  (7.57)

B paccMoTpeHHBIX TpEMepax MBI 10 3aJaHHOMY KOMILIEKCHO-
My TOTEHIHAJy OIpelesid I'MAPOANHAMUYIECKUEe XaPAKTePUCTUKU
Tegennd. llepelineM Temeph K pEIIEHWIO B OINpEJEJIEHHOM CMBICIIE
obOpaTHON 3amaduu, 3a0a%u 06 OnpedescHul KOMNAEKCHO20 NOMEH-
YUAAE MEYEHUA NO €20 2UOPOJUHAMUNECKUM TAPAKMEPUCTIUKAM.
3aMeTHM, YTO TIOCKOJIBKY (huU3NIecKas CKOPOCTh TeIeHUs BhHIpaKa-
eTcsl 4epe3 MPOM3BOJHYIO KOMILIEKCHOIO IIOTeHIHaIa (M. hopMy-

y (7.36)), To caM KOMIUIEKCHBIH MOTEHIMAJ [Jid 33JAHHOTO Tede-
HUA OIpenedercsa HeomqHo3HaIHO. OJHAKO €ro IpOU3BOMHAS SBJIS-
eTCsd OJHO3HAYHON aHAJUTHYIECKOH (DyHKIMEH. DTO 03HAUALT, YTO B
OKPECTHOCTH JII000# IpaBUILHON TOYKHM TeUeHHS HMEET MECTO pPas-
JIOJKeHUe

o0
'(2) = Y anlz = 20)", (7.58)
n=1
a B OKPECTHOCTH H30JHUPOBAHHON 0COB0M TOYKH — Pa3jIOXKeHue
= ) bu(z—2)" (7.59)
n=—0oo

U3 (7.59) mnsd KOMIUIEKCHOIO NOTEHIWAIa B OKPECTHOCTH O0COOOMH

TOYKHU 2 IIOJIYYHM Pa3JIO’KEHHE
o

f(z)=b_1ln(z—2) + Z en(z — 20)". (7.60)
n=—oo

B gacrHOCTH, eciiu 6eCKOHETHO YAATEHHAS TOUKA Zoo IIPUHAIEKAT
06JIaCTH TEUEHNS U KOMILIEKCHAs CKOPOCTh

Weo = (Vg)oo + #Vy)oo
TedeHHs B 3TOH TOUKE OrDaHMYeHa, TO PA3JIOXKeHHe KOMILIEKCHOTO
IOTEHIAAIa B OKPECTHOCTH TOYKH Zoo, UMEET BHL

oo
f(2) =Wooz +boilnz+ ) 2 (7.61)
n=0
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Orcroma mosydaeMm
f f'(2)dz = 2mib_q, (7.62)
Cr

rae Cr — OKPYXHOCTb |2| = R mocraro4no Gojbmioro paxuyca R,
BHE KOTODO# HET 0COOBIX TO4YeK GyHKuuu f(z), 38 HCKIOUEHHEM
TOYKH Zoo- C APYTofl CTOPOHBI, B cuiy (opMyJisl (7.44) uHTErpas
(7.62) ompenenser MOTOK ¥ UUPKYJIAIUI0 BEKTOPA CKOPOCTH Yepe3
kpuByio Cg. Tak Kak CKODOCTb B TOYKE Zo, OTPAHWYEHA, TO ITA
TOYKA, He ABJISAETCH UCTOYHUKOM, [I03TOMY IIOTOK BEKTOPE CKOPOCTH
yepe3 kpuBylo Cr paBeH Hymo, 1 dopmyna (7.62) maer
27ib_1 = o
BroinuimeM OKOHYATENBHOE PA3JIOXKEHNE KOMILIEKCHOTO ITOTEHINAIA

B OKDECTHOCTH OECKOHEYHO VIAJIEHHOW TOYKH, SABJISIOLIEHACH IIpa-
BHJIBHOM TOYKOM TeUeHUS:

o
— I'eo Cn

f(2) =Weoz + 7o Inz + Z - (7.63)

n=0
PaccMmoTpuM Teneph 3adauy 06MEKGHUA 3GMKEHYMO20 KOWMYDPA
NAOCKONAPAAAEADHBIM TLOMOKOM. IIyCTh TOTOK, WMeoWMi Ha Oec-
KOHEYHOCTH 33JaHHYIO CKOPOCTb Weo U UHMPKYJAUNIO [oy, 06TEKAET
Tes10 S, OrpaHnvYeHHOe 3aMKHYThIM KoHTYpoM C. Tpebyerca ompe-
JEJTUTh CKOPOCTh B JI000# TOYKE IIOTOKS, 110 3aJAHHLIM THIDOIHHA-
MUYECKHUM XAPaKTEPUCTUKAM Ha, DECKOHEYHOCTH [IPH YCJIOBHH, 9TO B
ToYKaX KOHTYpa C CKOPOCTb TE€YeHWs HAIPABJIEHA 110 KACATEIbHOM
K korTYpy C. Ilocnemuee ycmosue o3Hagaer, 9yTo kpusas C mpencra-
BJIsIeT cOOOM JIMHUIO TOKE, PACCMATPUBAEMOI0 TE€YEHHUS, T.6. MEMMAS
YaCTh KOMILIEKCHOTO TIOTEHIINAJIA, OMMCHIBAIONIETO TAHHOE TEeJCHHE,

MOJIXKHS, COXPAHATL IMOCTOAHHOE 3HAYCHUE Ha KpuBoil C

v(z,y) |c = const. (7.64)

3amada CBOAUTCA K OIpPEAEIEHHu0 BHE KOHTYpa C HA KOMILJIEKCHOU
IJIOCKOCTH aHauTHYeckoit dyukuuum f(2), B pasnoxenuu (7.63) ko-
TOPO 3aJaHBI 3HAYEHUSA Woo M Loo, & HA KOHTYpe C' BBIOMHSAET-
ca yenoeue (7.64). Tak KaK KOMIUIEKCHBIH IIOTEHIUAJ OIPENEIIEH C
TOYHOCTBIO JIO MOCTOSHHOTO CJIaTraeMOro, TO 3HAYEHHE IIOCTOSHHOMN
B yciosur (7.64) MOXKHO ITOJIOXUTH PABHBIM HYJIIO.

HauneMm ¢ 3amauu 00TexkaHug KPyroBOro MWInHADa, paguyca R ¢
[EHTPOM B HaYaJje KoopAuHAT. IlycTh CKOpOCTD IOTOKA HA GeCKOHEY-
HOCTH DABHA Voo U HANIPABJIEHA MTAPAJUIEIBHO OCH T, & IUPKYJISAIHs
oTcyTCTBYeT, ['oo = 0. MBI JOMXHEI HANTH KOMILJIEKCHBIH ITOTEHIIN-
aJl, Pa3JIOKEHUE KOTOPOTO B OKPECTHOCTH GECKOHEYHO yIAJEHHOM
TOYKH MMEET BHUJ

f@) =veor + ) = (7.65)
n=0
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U MHMMas 9acThb KOTOPOro obpamaercd B HyJab 0pH |z| = R. Komn-
JIEKCHBI} TOTEHINAJ TAKOTO TUI4 OB HaMU YK€ PACCMOTDPEH BhIIIe
B mpuMmepe 1). [103TOMy pelleHne NaHHON 33a9W UMEET BHJ

f(z) = veo (z + R;) . (7.66)

IIpu 3TOM CKOPOCTH B TOYKaX, JIEXKAIMUX Ha 06TeKaeMOM LUJIHHIDE,
onpexensierca popmyoit (7.57), oTKyaa cieayer, 9To OHa, o6paIa-
eTCd B HyJb B ABYX KPDUTUYECKHUX TOYKAX: B TOYKe 2z = —R, B Ko-
Topo#t suHNA ToKa y = 0 pa3BeTBisfeTCd Ha ABe JUHUU TOKA, COB-
HaJaloNye ¢ BEPXHel U HUXKHER IONYyOKPYXKHOCTIMH [2| = R, u B
ToYKe z = R, B KOTOPOii 9TH JIUHUM TOKA CXOOATCSA ONATDH B IPIMYHO
y = 0. DTH TOYKHK HAZBIBAIOTCA TOYKON PA3BETBJICHUS M TOUKOM CXO-
Mia COOTBETCTBEHHO. 3aMeTHM, UTO eCJIi CKOPOCTh TIOTOKa Ha Gecko-
HEYHOCTH He MapaJjuielbHa OCH T, & UMeeT BUJ Weo = Voo ¥, TO €
TIOMOLIBIO TIpeobpa3oBanus ( = ze Y0 MBI IPUXOOUM K YK€ pac-
CMOTPEHHO# 330a4e Ha mwiockocTd . Torma aia perreHus UCXOTHOM
3a0a9M TIOIYYNM BBIPAKEHUE

£(2) = ooz + 222 (7.67)

IIycte Teneps uvupkynsuus 'y, He paBHa Hym0. Kak Mbl Buge-
J BBIIIE (CM. IPEMED B) ), JIMHUK TOKA ¥ T€YEHUs] C KOMILIEKCHBIM
HoTeHUuaaoM ialnz (@ — meficTBUTENbHOE YMCIIO) TPEACTABJISIOT
coboit KOHLEHTpHIECKNE OKDPYXKHOCTH C IIEHTPOM B Hadaje KOOp-
IuHAT. [103TOMY KOMIIEKCHBIM TIOTEHIIMAJ TE9eHMs, OOTEeKaIOIIero
KpyroBoit nuinHAp paguyca R ¢ 3a7aHH0# CKOPOCTBIO Ha OECKOHEY-
HOCTHU Voo U 33JaHHOM mupkyaamuei I'o,, uMeeT BuI

f(z2) =voo (z + R;) + g—;‘;lnz. (7.68)

Haiinem kpuTrdecKne TOYKM TE€YEHUS, B KOTOPEIX CKOPOCTD TEYEHHUS
obpamraercs B Hyb. CormacrHo dopmysne (7.36) nmeem

U=f'(z)=voo(1—1:—;)+ Fe _ .

2wz

Ozcrona
oo

2MiVeo

tep =it [R2 - Lo (7.70)
Kp 47V oo 1672v2,’ )

IIpu R > ‘ 4£3° ‘ HOZKOPeHHOe BhIipaxkeHue B (7.70) mOIOXUTEIBHO.

22+ z—R*=0 (7.69)

ITosTomy

2 2
|zxp|:\/R2_ = + 2 =R,

1672v2, 1672v2,
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T. €. 00e KPUTHYECKHE TOYKH HAXOAATCS Ha OKpYXKHOCTH |2| = R
obTekaemoro ruauHApa, npudeM upu Lo > 0 (veo > 0) 06e Touku
Jexar Ha BepxHel, a npu ['e, < 0 (Voo > 0) — Ha HKHEH momy-
OKDY>XKHOCTH. TeM CaMBbIM HaJIM4YHWE IUPKYJIAITAN C6JII/I)Ka,eT TOYKH

Da3BETBJICHAS ¥ CXO0fa JuHUM ToKa, (puc. 7.1). [lpu ‘ 47Ir‘3° ‘ = R obe

KPUTHYECKUE TOYKH COBIATaI0T (¢ Toukoit 2 = 1R mpu ' > 0 wtu

toukoii z = —iR npu ', < 0). Hakonen, npu ‘ 4£3° ‘ > R B obna-
o0

cTH |z| > R oCTaeTcs JMIIb OJHA KPUTHIECKAs] TOUKA, JIEXKAIIAS HA
muuMoit ocu y. (Kak crenyer us ypasrenus (7.69), mpoussegenue
KODHel 3TOr0 ypaBHeHHs paBHO —R?, 109TOMY BTOpas KpUTHIECKas
TOYKa JIEXXUT BHYTPH OKpykHOCTH |2| = R.) Yepes sry Touky mpo-
XOIMT JIMHUS TOKA, OTHEJISIONAs 3aMKHYTHIE JIMHUKM TOKA TEUEHHUS
OT HE3aMKHYTHIX (puc. 7.2).

T

Puc. 7.1 Puc. 7.2

[Tony4eHHble pe3ysbTAThl MO3BOJISIOT B IPUHIIUIE PEIIUTH 3a-
Jady OOTeKaHWs IPOU3BOJIBHOIO 3aMKHYTOro KouTypa C. leficTBu-
TenbHO, TycTh dyHKIuA ( = ¢(z) ocylecTBIseT KOH(POPMHOE 0TO-
fpaxkeHue 06/1aCTH § KOMILJIEKCHOH IJIOCKOCTH Z, BHEIITHEH KOHTYDY
C, na obnacts G’ mnockocTu ¢, BHENTHION €AUHUYHON OKPY2KHOCTH
|| = 1, Tax uTo ¢(0c0) = oo. Torga, oUeBHIHO, PACCMATPUBAEMAS
3312498, OKA3BIBAETC SKBUBAJIEHTHON 3a7a4e 0OTEKaHUS KPYrOBOIO
UWIKHIPA eJHHAIHOrO paauyca. [Ipr 3TOM CKOPOCTD IIOTOKA Ha, Gec-
KOHEYHOCTH, KOTODas, BOOOIIE TOBOPS, H3MEHUTCS, MOXKET OBITH Jier-
KO onpefenena. KoMmyekcusiil morennuan f(2z) UCXOQHOTO TeYEHUS
IpH JAHHOM KOHMOPMHOM Ipeobpa30BaHUHU Hepeirner B DyHKIUIO
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F(¢) = f[2(¢)]. IToaromy 1o dopmyue (7.36) naitzem

— dF df dz — dz
Wo="r =2| 2| =Toog:
oo d{ l¢=c0 dzlz=00d(|¢=00 *d¢ (=00
nu —
dz
Weo = Woo— .

B cuny dopmya (7.67) u (7.68) pemrenne npeoGpa3oBaHHON 3a-
a9l UMEeeT BH[

_ TI7 Weo s
F(C) = WOOC+T+ %lné

Orcrona s peleHns NCXOMHON 33,Ja9H TTOJyYUM BHIPAYKEHNE

=
£(2) = FI¢()] = B 55 g:J“”%@C:w*% In(2). (7.71)

B kauecTBe nmpuMepa pacCMOTPHM OeCUHMPKYJISIMOHHOE 00TeKa-
Hue GeCKOHEYHOHN MIACTHHKH IIJIOCKUM TIOTOKOM XHUIKOCTU. IlycTh
IJIOCKOCTDL TY IepeceKaeT ILUIaCTMHKY MO OTPe3Ky —a £ T £ a, a
BEKTOP CKOPOCTH TIOTOKA JIEXKUT B TLIOCKOCTH ZY U Ha BeCKOHEYHO-
CTH MMeeT 33JaHHOe 3HAUYEHNE Woo. KaK CefyeT U3 pacCMOTpPEHUS
ceoticts dyrkunn 2Kykosckoro (cMm. ri. 6, c. 181), dbyuruus

2= 2 (C+2) =9 (7.72)

OCYIIECTBJILET KOH(MOPMHOE 0TOOPaKEHHNE BHEITHOCTH €IUHUIHOTO
KpyTa TJIOCKOCTH { HA TUJIOCKOCTL 2, PAa3PE3aHHYIO IO OTPE3KY —

—a < z < a. [Ipu atom ¢(c0) = co u = %. ITosromy pac-

2z

d¢ {=o00
CMaTpHBaeMas 3a1a4a JKBHBAJICHTHA 3alade obTekauusa 6e3 mup-
KYJISIUH KPYTOBOr0 UHMJIMHADPA IUHUIHOTO PAJANyCa Ha ILJIOCKOCTH
¢ TIOTOKOM, MMEMONUM Ha, OECKOHEYHOCTH KOMILIEKCHYK) CKOPOCTD

a . .
Weoo = —Weo. KOMILIEKCHBI MMOTEHINAI MOCAeIHER 30949l UMEeT

BT 2
=% (w Woo
F(Q) = 3 (oo + 22).
IMoxcTaBum coma BMecTo ( 1 % Haitnennble u3 (7.72) BeMYIHHBL
<=z+\/z2—a2 lzz—\/zz—a2
a ¢ a )

Bmecs V22 —a? > 0 mpu z = = > a. Pa3o6beM wy, Ha IeHCTBATEIL-
HYI0 U MHAMYIO YaCTH:

Weo = (Vz)oo + #(Vy)oo-
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Torga i1 KOMILIEKCHOIO TOTEHIIHAJE, UCXOMHON 3a0a4d IOIYydIuM
OKOHYATEeJbHOE BBIpAKEHTE

f(2) = (Vo)ooz — i(vy) o V 2% — @2 (7.73)

B zakmiogenue HaitneMm Cuy, HeHCTBYIOUIYIO CO CTOPOHBI IIOTOKA

Ha obTexaemoe uM Teso. Cuita JaBiieHNs, OefCTBYOMAs HA SIEMEHT

ds nyru xoutypa C, IpOomopMHIOHANbHA THAPOIUHAMUIECKOMY NaB-

JICHHIO D B JAHHON TOYKE IIOTOKA M HAIPABJIEHA IO HAIIPABJIEHUIO

BHYTpPeHHell HopMau —dn = —idy+j dz. I[losToMy m1s KOMIOHEHT
CHJIBI, ZeftcTByIolel Ha KOHTYp C, TIOMyIuM BBIpayKeH!s

R,=— [pdy, Ry= [pdz.
C C

Omnpenenvs TAPOANHAMAYIECKOE aBeHNe p U3 uHTerpania beprysum:
2

p=A—-—

rne A — mOCTOsSIHHAS, & P — IUIOTHOCTH KUJKOCTH, U BBELS KOM-
IJIEKCHYI0 Bemn4uHy R = Ry + 1R;, momyanm

R= ——fv (dz —idy) = -2 vadz (7.74)

(Aurerpan or mocrosHHOM A 10 Ba,MKHyTOMy KoHTYpy C, oueBum-
HO, paBeH HyJo.) [Ipeobpasyem unrerpan (7.74). Tak xax B TOuKax
KoHTYpa C CKOpPOCTH HAMpaBJeHa [0 KACATEJIBHOM K KOHTYDY, TO
KOMILJIEKCHAas CKOPOCTh TEUeHHsS W CBA3aHA C BEJWIHHON dusmde-
CKON CKOpPOCTH V COOTHOIIEHHEM w = ve'¥, rme ¢ — yroa Mex-
gy KAaCATENbHOU K KOHTYPY ¥ OCBIO . Tor,aa dopmyna (7.36) maer

~% = f'(z). C mpyroit cropousl, dz = dse *?. Tlostomy v2dz =
= v2e 2¢ ds e = f"? dz, u bopmyna (7.74) mpumer Bu

R=-£ ! 172(z) dz. (7.75)

DTo Tak HazbiBaeMas Gopmyaa Yanavieuna, BHIPAKAIOIIAA CHIY,
IeHCTBYIOIIYIO CO CTOPOHBI TIOTOKA Ha 0DTeKaeMoe UM Teso, depes
[IPOM3BOAHYI0 KOMILIEKCHOTO HOTeHunmana. /13 Beipaxenus (7.63)
ILJIsT KOMILTEKCHOTO TIOTEHIINANa BHe 00TEKaeMOro TeJsa, IOy IuM

2w 2 2

n—=

o0
[z =Tl g2 4 Y D
iz oo 2z"

n=

CrnenoBaTeabHO,
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[ToxcraBus 510 BhIpaxenue B dopmyay (7.75) u oTaenus meficTBu-
TEeJBHYIO ¥ MHAMYIO 9acTHd, HaliZem

R; = p(vy)ool'oo, Ry = —p(vz)ool'co- (7.76)
OTcroga
|R| = plveo| - [Tool- (7.77)

®opwmyia (7.77) upegcrasnser coboit Teopemy 2KyKOBCKOro 0 MOIb-
EeMHOI CHJIE: CUAG 0a8AeHUA GE36UTPEBO20 NOMOKA, UMEIOULELE0 HA
6eCKOHENHOCTIU CROPOCTD Vo, U 06mexatouezo xoumyp C ¢ yupxy-
aayuet I') swpaocaemesn gopmyaot |R| = p|ve| - |T|. Hanpasnerue
3TOH CHUJIBI IOJIYI4E€TCA IOBOPOTOM BEKTOPA Voo HA IPAMOM yros B
CTOPOHY, IIPOTHBOIIOJIOXKHYI [IUDPKYJIAIHH.

Wcnonb3oBanue annapara aHAJIATHIECKHX (DYHKIIHANA KOMILIEKC-
Hoit nepeMennoit mossonuao H. E. 2Kykosckomy u C. A. Hanneirn-
HY DPa3BHUTh METOMbI DEIleHHs 33734 I'MADO- U a3POJAMHAMUKH, I10-
CJIyKUBIIUX TEOPETHYECKOM OCHOBOM IJIsl IPAKTUKYU ABHACTPOEHUS.
Tem cambIM MeTOIBI TEOPHHM (DYHKINH KOMIIEKCHOTO [IEPEMEHHOTO
CBHITPAJIH OFPOMHYIO0 POJIb B PA3BUTHH COBPEMEHHON ABHAIIUU,

2. Iliockoe 3jieKTpocTaTmyeckoe mnojie. Meronbl Teopuu
¢ yHKUME KOMILJIEKCHOR [TEPEMEHHOMN, HCIONB30BAHHBIE B [IPEIbILY-
LIEM IIYHKTE JJIs U3y YEHUs [LJIOCKOTO IIOTEHINAILHOTO TeUEHUS K Ie-
AJIBHOM YKUIKOCTH, MOTYT OBITH CTOJIb K€ YCIEIIHO [IPUMEHEHBI U
[IPY HUCCJIEIOBAHHK JIIOOOr0 ILJIOCKOTO BEKTOPHOTO IO HHOM du-
3UYeCKOH mpupoapl. B 3TOM IyHKTE MBI pACCMOTPUM IIPHMEHEHUE
JAHHBIX METOJOB K DEIIeHHI0 HEKOTOPHIX 3344 3eKTPOCTATHKH.

3aa4u 3JEKTPOCTATHKY 3aKIIOYAIOTCI B OIPEIEJIEHUH CTaIld-
OHAPHOrO IEKTPUUIECKOrO I0JIs, CO3/MaBAEMOr0 B CpPEJE 33, JaHHBIM
pacmopeeeHeM 3apAI0B. B 3aBUCHMOCTH OT IIOCTAHOBKH KOHKDET-
HOM (bU3MYECKOM 3aJaun 33JaI0TCA WM [LIOTHOCTE PACIpEIEIEHUS
3apAJ0B KakK (QYHKIUS KOODAMHAT, WJIW IOJHBIN 3apsj, pacupese-
JIEHHBI Ha IIOBEPXHOCTH WIEaJILHOINO IIPOBOAHWKA. B mociennem
CJTy4Yae OCHOBHAS [IEJb UCCIETOBAHUS 3aK/IHYAETCS B ONPEIeICHUN
IUIOTHOCTH DPACIpPENEeHNAS 3apAI0B HA, MIOBEPXHOCTH IPOBOJHUKA.

YT00BI IONYYUTE OCHOBHBIE YPABHEHU IJIsI BEKTOPA, HAIIPSIZKEH-
HOCTH 3JIEKTPOCTATAYECKOTO I10JIsT, OyIeM UCXOOUTh U3 ODIIelt cucre-

MbI ypaBHeHui Makcsesna 1) B H30TPOIIHOMN Ccpele:
rotH = %%—? + %j“, rotE = —%%—?,
divD = 47mp, divB =0,
D=c¢E, B=yH.
B ciiyyae crannoHapHOTO 3JIEKTPOMATHATHOTO IOJIST yPABHEHUS
Maxkcpesna s BeKTopa E HaIpsXKeHHOCTH IEKTPUYECKOTO IIOJS

1)Cm. U.E. T amm OcHoBsl Teopun snextpudectsa. — M.: Hayka, 1966.
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B OJHOPOILHON Cpele HIPUHUMAKT BUI

rotE=0, divE=Tp, (7.78)

rJie € — JU3JIEKTPHYeCcKas MIOCTOSHHAS CPEJB], a 0 — IIOTHOCTD CTa-
THYeCKUX 3aPA/I0B, CO3JA0INX JaHHoe mose. B nambreitmem 6ymem
cunTaTh € = 1 u 6yJeM pacCMaTpUBaTh ILIOCKYIO 33Ja4y, KO, 3a-
PAIbI, CO3TAOIINE TOJIe, PACIPENeTeHbl B IPOCTPAHCTBE TaK, YTO
IUIOTHOCTh HX PacIpee/IeHAs He 3aBHCHT OT OJHON M3 KOODAWHAT
(HampuMep, OT KOOPAMHATHL Z), a ABJsAerTcs (PYHKIHeH JUb ABYX
JIDYTHEX KOODIMHAT, T.e. p = p(Z,y). O4eBuaHO, IpHu 5TOM BeKTOp E
HUMeEET JIUIIb JABE OTIIMYHBIE OT HYyJId KOMIIOHEHTBI, KOTODBIE TaK2Ke
ABNAIOTC QYHKIUAMHE JIUIIL KOOPAUHAT T, Y:

B cmy mepsoro us ypasrenuii (7.78) mome E gaBigerca moTeHiu-
abHBIM:
o o
E(z,y) = —gradv(z,y), E;= —a—:, E, = —a—:,
OpyuYeM HAa OCHOBAaHHM BTOPOro u3 ypasHenuii (7.78) dbyukunus
v(Z,y) yAOBIETBODAET yPABHEHUIO

Av = —4rnp(z,y). (7.81)

U3 (7.81) cienyer, 4rto B 061aCTH, CBOGOZHON OT 3apsiZiOB, MOTEH-
nuasbHaa byHkiua v(z,y) aBaderca rapMoHudeckoi. [Tostomy B
3TOH 06JIACTH MOXKHO IIOCTPOHUTDH AHAJUTHIECKYIO (DYHKIMIO KOMII-
JIEKCHOH ITepEeMEHHOM

f(z) = u(z,y) +iv(z,y), (7.82)
JUIsl KOTOPOH moTeHImanbHas GyHKus v(Z,y) AAHHOTO 3JIEKTPO-
CTATHYECKOTO TIOJIS ABJIAETCS MHAMOMN 4acThIO.

Dyuxrusa (7.82) HA3BIBAETCH KOMNAEKCHOIM NOMEHUUGAOM INEK-
mpocmamuyeckozo noas. Jluauu yposus v(z,y) = C Ha3HIBAOTCH
SKBUIIOTEHIMAIBHEIMY JIMHUSAMHA AaHHOTO monsi. U3 dopmya (7.80)
CJIe[lyeT, 9TO BEKTOD HANpsiXKeHHOCTH E B KaxI0fl TOYKe SKBHIIO-
TeHIUAJbHON JIMHUK v(Z,y) = C HANpaBIEH 0 HOPMAId K 3TOU
muaun. Tak kak jgueuw v(z,y) = C u u(z,y) = C B3amMHO OpTO-
COHAJIbHBI, TO HaIlpaB/ieHue BeKTopa E coBmagaeT ¢ KacaTeJbHOH K
maann u(z,y) = C B KaxA0H TOYKe 3TOH KpuBoh. [loaToMy JiMHIM
u(z,y) = C ABASIOTCSA CHIOBBIMY JIMHASMH JAHHOTO TOJIS.

Comnocrasum BexkTopy E kommrexcroe uucio w = E; +iEy. To-

rra Ha, ocHoBaHuE (7.80) u ycmosuit Komu—Pumana, moryaum
_ g, = v _ v _ O Ou_
w=FE;+iE, = 32 zay =5 i =

=i ig—:) = —ifi(2). (7.83)

(7.80)
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Orcroma,
|E| = |£'(2)]. (7.84)
Dopmymner (7.83) u (7.84) maroT BEIpaKeHHe KOMIIOHEHT BEKTODA
HAIPSXKEHHOCTH JIEKTPOCTATHYECKOTO OIS B 0OJACTH, CBOOOAHOMN
OT 3apsAf0B, Yepe3 MPOU3BOIHYI0 KOMILJIEKCHOTO TOTEHIIAAIA.
[TycTs 3apsanpl, CO3MAKINNE TAHHOE JIEKTPOCTATHYECKOE IIOJE,
COCDPENOTOYEHEl B HEKOTOPOH 006/1aCTH, OTPAaHHMYEHHON 3aMKHYTOM!
kpuoit Cyl). Torma MHTerpal mo JTO60MY 3aMKHYTOMY KOHTYDY
C, comepxaiemy Cy BHYTDH, OT HOPMAJILHON COCTABJIAOMIEH Ha-
IPSKEHHOCTH IEKTPHUIECKOro IIOJIsI, COrIacHO TeopeMe Laycca ?),
paBeH CyMMAapHOMY 3apsiiy (OTHECEHHOMY K €IMHHIE IJIMHBI I[H-
JIMHZADA, B KOTOPOM DAaCIpe/ieieHbl 3apsabl B TPOCTPAHCTBE):

[ Ends = 4re. (7.85)

Ha ocroBaruu dopmya (7.80), (7.37), (7.38), yuuTsiBasg CoOTHOLLIE-
Hug Komwu—PuMana, momyanm

_ [ Ou _Ov
/Ends—/% :L' 6zdy.
C C

Takx Kak 37€eKTPOCTATHYECKOE IOJIE BCIOLY MOTEHIIMAIBHO, TO IUD-
KYJISIHAS 9TOTO OJS 110 TI060MY 3aMKHYTOMY KOHTYPY paBHa HYJIO,

T. €.
[Bots=— [Zas+2ay=o

C C

PaccMmorpuM mHTErpast o 3aMKHEYyTOMY KOHTYPY C' OT POM3BOAHOIM
KOMILIEKCHOT'O TIOTEHIIAAJIa!

/f'(z) d2=/g—z dy+z/ dm+ dy (7.86)
C C

CpaBHeHNE IPUBEIEHHBIX BBILIE cbopMyJI Iaer

f f'(z) dz = f E, ds = 4me, (7.87)

T. €. 3apAo, 3amuouemmu euympu obaacmu, oepanudertol KoRmy-
pom C, onpedessemca uHME2PAAOM NO IMOMY KORMYDPY OmM npo-
U3600HOT KOMNAEKCHO20 NOMEHUUGAG IACKMPOCTNAMUYECKO20 NOAA,

1) D10 03HAYAET, YTO B IPOCTPAHCTBE 3aPIABl PACIIPELEICHBL BHyTpH Gecko-
HEYHOTr0 IUINHAPA, KOHTYPOM IIONMEPEYHOr0 CEYeHHS KOTOPOTO SBJISETCH KPH-
Bas (o, IpUYeM IUIOTHOCTH PACIPEIeIeHUS 3aPAI0B He 3aBUCUT OT KOOPIMHATHI
Z BOOnb 0Opa3ymouiei IMHAPA, & SBASeTCS JIMIIb (PYHKIHEH KOODAUHAT £, Y
B IIONIEPEYHOM CE4YeHMH.

%) Cwm. cHOCKY Ha c. 212.
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co3dasaemozo darnbim pacnpedeseruem 3apada. Ecnu Cy mpencra-
BJisieT cOOOi KOHTYD IOMEPEYHOI0 CEYEHHS UAEAIHHO IPOBOISLIETO
[MUIMHIPA, TO BECH 3aPs] COCPEJIOTOYEH HA €r0 MOBEPXHOCTH C IIO-
BEPXHOCTHOM ILUIOTHOCTBIO 0 (8), IpudeM

f o(s)ds =e. (7.88)
Co
Kax u3sectHo !), umeer MeCTO COOTHOILIEHHE
=1
o(s) = 4 =—r (grad v), o (7.89)
C apyroii croposnsr, u3 (7. 83) (7.89) TIOJTY 9MM
1
o(s) = 2117 (Dlcy- (7.90)

3uax B opmyse (7.90) ompenessieTcs 3HAKOM CYMMAapHOTO 3apsAia
€, Paclupele/ieHHOT0 Ha, TIOBEPXHOCTH JAHHOTO MIOEAILHO IPOBOIS-
wero nposoguuka. ®opmyna (7.90) HAXOAUT MHOTOYNCIEHHBIE IPU-
JIOXKEHUS TIPU DEICHUH DAa3IHYHBIX 33429 JIEeKTPOCTATUKH.
3aMeTuM, HAKOHEIl, YTO, TaK XK€ KaK ¥ B 33Ja4aX T'UIPOJUHA-
MUKH, TPOU3BOJHAS KOMILJIEKCHOTO TOTeHImana f (z) Ha OCHOBa-
HuH (7.83) SBIseTCS OAHO3HAYHOM aHAIMTHIEeCKOH yHKumel 2. Ec-
JIA HAIPSXKEHHOCTD JAHHOTO JIEKTPOCTATUIECKOTO IIOJIs OTDAHAYE-
Ha Ha OECKOHEYHOCTH, TO pasijoxenue f'(z) B OKPECTHOCTH TOYKH

Z = 00 MMEET BUJ
o o]

fl(z) = Woo + :_Z

n=1
OTCIO,Ha, AJId CaMOTO KOMILJIEKCHOTO ITOTEHIIHAJIa IIOJIYIUM Pal3JI0XKe-
HHUE

oo
f(z) =wez+cop+bilnz+ Z Z_Z (7.91)
n=1

Tax xax

rae koHTYD CR COmEpXHUT BCE 3apsAlbl, CO3IAIOLINE NAHHOE IOJIe,
BHYTpH, TO U3 (7.87) mOJyIUM OKOHYATENBHOE DA3JIOKEHME KOMII-
JIEKCHOTO TIOTEHINAJIA B OKPECTHOCTH TOYKH Z = OO B BHZE

oo
f(z) = wooz—i'2elnz+zz—’;. (7.92)
n=0
Kak Mbl BUZUM, KOMIUIEKCHBIH [IOTEHIMAJ IEKTPOCTATHIECKO-
IO IIOJIsl UIMEET UPE3BBIUAMHO MHOTO OBIIETO ¢ KOMIJIEKCHBIM THAPO-

1) Om. crOcky Ha c. 212.



216 NPUMEHEHUE AHAJIUTUYECKUX OYHKIIUNA 1. 7

IMHAMITIECKUM TOTeHImaaoM 1), TI09ToMy MCCIenoBaHMe TIIIOCKOTO
MEKTPOCTATHYECKOrO TIONS C TIOMOIIBI0 KOMIIJIEKCHOTO TIOTEHIHNAIA,
MOXKeT OLITh TIPOBENEHO TEMHU YKeé METONAMM, YTO W PElIeHue COOT-
BETCTBYIOUINX THAPONUHAMHYECKUX 3a0a4. Tak, BCe IpUMeEpHI Tede-
HUi, paccMoTperHbie Ha . 203-205, DOMYCKAOT TIPOCTYIO JIEKTPO-
CTATUYECKYIO MHTEPIIPETAIIMIO.

Hanpumep, paccMOTpPUM 3JIEKTPOCTATAYECKOE TIONE, OMUCHIBAE-
MO€ KOMIIJIEKCHBIM IIOTEHI[HAIOM

f(z) =—i-2elnz, e> 0. (7.93)
Beens monspHble KOOPAWHATHI T, (0 U YITH, 9TO 2 = re*?, moyqum
1
v(r,p) = —2eln|z| = 2eln o u(r, ) = 2earg z = 2ep.
Orcroma cienyer, 9TO SKBUMOTEHUUAIBHLIMA TIOBEPXHOCTIMY aH-
HOT'O TIONISl SIBJISIIOTCS KOHUEHTPWYECKHWE OKDYKHOCTH C IIEHTPOM B
Havyajie KOOPAUHAT, 8 CHJIOBBIMHU JIUHUIMA — JIy4d ¢ = const. Bek-

top E B Kax 1ol Touke 2z # 0 manpaBied o Jydy ¢ = const, a 1o
abCcomoTHOM BesmuuEe B cuity opmydnl (7.84) pasen
Bl =f'(2) = Z.

Tak kak umHTErpaJ mo aboil OKpYyKHOCTH |z| = r 0T HOpMAJIBHOMN
COCTaBJIAIONIEH HAIPSXKEHHOCTH OAHHOTO IOJIsS MMEeT TOCTOSHHOE
3HaYeHue, PaBHOE 4Te, TO, OYEBUIHO, ITO MOJIE CO3AAETCH TOIEIHBIM
3apAOM BEJIWYIHHBI €, HAXOAAIMMCS B Hadalle KOOpAMHAT (B IpO-
CTPAHCTBE 3apsifbl, CO3LANIKME JAHHOE TI0JIe, PACIIPENEJIEHb] C TI0-
CTOAHHON TIJIOTHOCTBIO € BIOJb NIPAMOM, NePHeHIUKYJIAPHON III0C-
KOCTH Ty ¥ IPOXOASIIEH Yepe3 HadajJ0 KOOPAUHAT).

PaccMoOTpuUM HEeKOTOpPHE TUTHUYHLB € 3 a-
HLad9u 95JIJ€EKTPOCTATHUKHW, KOTODPH € MOTY T
OEBITHL PEMEHNHB C TOMOINBbI KOMUJJEKCHOTO
TOTEHIHalJa.

a) Onpedeaenue NAOMHOCIU PACTPEOCACHUA 3aPAOG HG UOEAAD-
HO npoeodawem npoeoduure. IlycTs GOKOBaA TOBEPXHOCTL UIEATb-
HO NPOBOZLSAIIEr0 TPOBOLHUKA TPEACTABJAsSET CO6OH GEeCKOHEYHBIH
UWIKHID, TOIEPEYHOe CeYeHre KOTOPOro orpanudeHo Kourypom C.
[IpenmonoxuM, 9TO TUIOTHOCTH DACIPELEICHUS 3apAa IMOCTOSH-
HA BJOJb OODA3yIOUMX UWIMHADA W HA E€JUHULY [JIMHBI I[WJIMH-
[pa TPUXOLUTCH 3apsf e. Tpebyercs OnpelesuTh MOBEPXHOCTHYIO
IJIOTHOCTD 3apsina o(s) Ha KouType C momepeunoro cedenus. Oge-
BUZHO, PEIeHNe NaHHOH 3ama49u gaerca dopmysoit (7.90) npu HOpP-

1) Ouemamo, TO, YTO MOTEHUMAIbHAS (YHKLUHUS B SJIEKTPOCTATHKE ABJILET-
cd MHUMOH YaCThI0 KOMIUIEKCHOT'O ITOTEHINAIa, 8 B F'HIDOIUHAMIKE ITOTEHIIMA
CKODOCTH SIBJISIETCH JeHCTBUTEIbHOM JaCThIO0 KOMILJIEKCHOT'O IIOTEHIINAJIA, IIpel-
cTapyageT coboil HecyllecTBeHHOE Da3iudue, KOTOPOe MOXKET OBITH YCTpaHeHO
BBEJIEHUEM JIOMIOJHUTEIBHOTO MHOXUTENS, paBHOro —i. OJHAKO Mbl IPUIEPKH-
BaeMCsl YCTAHOBHUBIIEHCA TEPMHUHOJOTHH, IIPH KOTOPOH MMeeT MeCTO YKA3aHHOe
paziuyune.
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MupoBouHOM ycioBuu (7.88). TeM caMbIM 3amaga CBOTUTCS K IIO-
CTPOEHHUI0 KOMILIEKCHOTO HOTeHIHana f(z), ABJISAIONErocs aHaJId-
TH9ecKo# ynKumell BHE KoHTypa C, IpH YCIOBHM, YTO MHHMAs
yacTh f(2) MMeeT MOCTOsIHHOE 3HadYeHWe HA KOHType C H B OKPecT-
HOCTH TOYKH z = 00 pasuoxkenue f(z) maercs dopwmysoit (7.92), rae
Weo = 0, a k03 unueHT € paBeH 3apany, IPUXOJAIIEMYCA Ha €IH-
HUIY JJIMHBI IPOBOJHUKA.

HauneM ¢ mpocTeiiwero ciy4yas, KOTAa IPOBOJHUK [IPENCTABIISET
€060t KPyroBO# IMWINHIP eIUHUIHOTO Paanyca. Brie 6bLI0 moKa-
3aHO, YTO YKBHUIIOTEHIUAJIbHLIE JUHAU KOMILJIEKCHOTO IOTEHIHAJIE,
(7.93) npencraBnsior co60i KOHIEHTPUIECKHE OKDYIKHOCTH C I[€H-
TPOM B HadaJjle KOODAMHAT. 1109TOMy, 4TOOHI yOOBJIETBOPUTE YCIIO-
BHIO HA TPaHUIE IPOBOAHUKA, €CTECTBEHHO MCKATH NOTEHIHAJ AaH-
HOTO IOJIS B BUZE

f(z) =—iClnz,

rae C — HOCTOSIHHAS, MOJJIeXKAIas onpezienenuo. 113 yciosua Ha
6eckonegnoct (7.92) nomyaum C = 2e. Torma dpopmyna (7.90) naer
OYEBUAHBIN PE3YJILTAT

o(s) = %.

Eciu KOHTYp HOIIepedHOro CeYeHHs NPOBOLHUKS IPEACTABISET
€060} IPOU3BOILHYIO 3aMKHYTYIO KpUBYIO C, TO OCYILECTBUB C IIO-
Mourpio hyHKINE { = (2) KOEbDOPMHOE 0TOOpaKeHHe 00JIACTH BHE
kKoHTYpa C Ha BHEIIHOCTb €XMHWYHOro Kpyra [(| > 1 Tak, 4robsI
YZIOBJIETBOPSIIOCH YCIIOBHE p(00) = 00, MBI CBEZIEM 3339y K TOIBKO
4yT0 pemenHo#. TeM caMbIM KOMILIEKCHBIH noTeHIHa OyIeT HMeThb
BHJ

f(z) = —i-2elnp(z), (7.94)

a IS IUIOTHOCTHM ITOBEPXHOCTHBIX 3aPSA0B COTIACHO (7.90) momydum
BBIpaJKeHWe

| Y] e -1
o6 = L @le = &

[¢[=1
(7.95)
B kauecTBe IpHMepa pacCMOTPHUM 33434y 00 OlpelesIeHUH ILIOT-
HOCTH 3apaa Ha I0Joce MHUPHHEL 2a¢. IlycTh maHHAs HOOCa mepe-
CeKaeT IJIOCKOCTh Y IO OTPe3Ky —a < £ < a. Pyskiusa

_

IPOM3BOAUT KOH(MODPMHOE OTOODarKeHWe BHEIIHOCTH eIUHUIHOTO
KDyTa IUIOCKOCTH { Ha IJIOCKOCTh Z, PA3PE3aHHYIO [0 OTPE3KY Oeid-
CTBUTENBbHOM ocu —a < z < a. [losroMy dopmysna (7.95) naer
dz|71 e 1

= = 7.96
dlig=1  am[¢? —1|g=1 (7.96)

1 d¢
¢(z) dz

dz
d¢

e

2

d¢

dz

e

c=27r

C

o(z) = %
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Tak xax
2+ V22 —a?
a

¢ =

u
(2-1= ‘% (z2 —a2+z\/z2—a2) = 2—“'2;_‘12 (z+ 22 —a2),
TO cbopMyJIa (7.96) JIaeT

e 1

O'(.T) E Y

2 Va2 —x2 |:c+n/a2 —z2|_a<z<a (7'97)

3aMeTuM, 4TO IJIOTHOCTH 3apA/3 HEOTPAHWUYEHHO BO3PACTAET IIPH
npubJNKEHNN K KPalo IJIACTHHBL. ITOT (PaKT uMmeeT mpocToit du-
amdeckuil cMpica. Kpail minacTunbl nMeeT HeCKOHEUHYIO0 KPHBH3HY,
4 IS TOrO, 4TOOBI 3aPSINTDL €ro 0 HEKOTOPOTO MOTEHIINAJIA, HAJIO0
TMOMECTUTH Ha, HETO OECKOHEUHHIN 3aps.

6) Onpedesenue noas 6ecKOHEwHO20 NAOCKO20 KOHOEHCAMOPA.
IIycte Tpebyercs HaiiTH SJEKTPOCTATHYECKOE IIOJIE MEXKIY ABYMS
3apsXKEHHBIMA 10 HEKOTOPOTrO MOTEHINAJS MIEAJIHHO MPOBOSIIHA-
MH HEIIePeCEKAIOITUMHUCS ITUIHHIPHIECKUMA [TOBEPXHOCTAMM, 00pa-
3YIOIe KOTOPHIX MapaJUIENIbHBI MEXIY 000, a HAIPaBJSIOLIHE
OPOXOAAT 4epe3 GECKOHEYHO YAAJEHHYH TOYKY ILUIOCKOCTH 2 (pHuC.
7.3). B sTOoM citydae 33348, COCTOUT B ONPE/IEJEHNN B KPUBOJIMHEMH-
HOM Tosoce § KOMIUIEKCHOTO TOTeHnuana f(z), mpeiCTaBIIsioIero
cob0il aHAIUTUYECKYIO (DYHKINUI, MEAMAas 4YacTh KOTOPO IPHHH-
MaeT IIOCTOSIHHBIE 3HAYEHUs v U vy Ha KpuBeIX C1 u (5. OueBun-
HO, aHAJMTHYECKasd DyHKIUsA w = f(2z) ocyrmecTsiser KoHGOPMHOe
0TODpasKEeHNe NaHHOM KPHUBOJHMHEHHOM IIOJIOCH IJIOCKOCTH 2 HAa I10-
JIOCY IUIOCKOCTH W, OTPaHMYEHHYI0 OpaMbIiME Im w = vy, Im w =
= vy. Tem caMbIM JjIs1 pellleHns AaHHOU 3a/Ja9d JOCTATOYHO II0-
CTPOHUTH YKA33HHOE KOH(MOPMHOE 0TOOPaKEHHE.

&) z=

Puc. 7.3 Puc. 7.4

B xagecTBe mpmMepa HalifeM IoJie KOHIEHCATOPa, U300parKeH-
HOTO Ha PHC. 7.4, eClN 3HaYeHUs TOTeHInala Ha KpuBbiX C1 n Ch
coorBeTcTBenHO paBHEBI 0 u 1. [peaBapurenvho HaltaeM QyHKINIO
z = ¢((), oCyLIECTBASIONY0 KOHGOPMHOE 0TOGPaKeHHEe BepXHEH
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nmonmynnockoctd ¢, Im ¢ > 0, Ha [aHHYIO KPHUBOJUHENHYIO IIOJOCY
G mrockoct: 2. Tak Kak 0671acTh G mpefcTaBiser coboll Tpeyroib-
HuK 1) A;AgAs, TO HCKOMOE OTOBpAXKEHWe MOXKHO MOJIYYHTh IIPH
nomornu uaTerpana Isapuna-Kpucrobdens (cM. ru. 5, § 4). Yera-
HOBHUM CJIELYIOIIEE COOTBETCTBUE TOYEK IEACTBUTENLHONW OCH IIJIOC-
KOCTH ( ¥ BEPIIUH TPEYTOJIbHUKA:
A1 = (=0, Ay—> (=00, Az3—>(=-1.
Tak Kak yIJIBl TIpPH BEPIIMHAX TPEYTOJIHHUKA COOTBETCTBEHHO

paBubl oy = 0, Tas = —wa u wag = (1 + @), TO UCKOMBIH HHTE-
I'DaJl LOJKEH MMETh BH[
¢
2=C [¢TM1+)*d¢+Cr. (7.98)
o
U3 coorsercrBus Touek A (2 = th) u ( = —1 cueayer, 4yTo npn
(o = —1 momyyum
¢
2=C / % d¢ + ih. (7.99)
~1

Yrobbl ompenenuTdt nocTosHHyo C, 3aMeTHM, ITO 06XOMy TOUKH
¢ = 0 B BepxHell OIYIUIOCKOCTH IO AYre MOIYOKPYKHOCTH OECKo-
HEYHO MAaJjIoro pajuyca p B HAIPaBJIEHUH MPOTHB YACOBON CTDPENKH
COOTBETCTBYET IIEPEXOX CO CTOPOHBI AgAj Ha cropomy AiAsz. [pum
9TOM IIPUPAIIEHNE 2 PABHO
Az =ih. .

C mpyroit croporsl, u3 (7.99), nomoxus ¢ = pe*? u nepeiina K npe-
Jeqy nipu p — 0, nomyyaum

=. . i(pa :.
Az ZC})I_I}I(IJ‘OI\(].-l-pe )¥dyp = inC.

Otcrona C = E, ¥ OKOHYATEJbHOE BBIPAXKEHWE I WHTErpaJja
(7.99) umeer Bug
¢
_h [ a+0" ;
7= / R d¢ + th.

-1
Oyuknusa ( = €™ oCyIIecTBAIET KOHPOPMHOE 0TODparKeHue I1o-
gochl 0 < Im w < 1 mIocKOCTH w Ha BEPXHIOK IOIYIIOCKOCTD (.
IlosToMy byHKIHS

TW

2=t / A+ 4¢ +in (7.100)
™ ¢
-1

D 3ameruM, 94TO BepmuHLL A; ¥ A HaxoxaTca B GECKOHEIHOCTH.
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ocyuiecTeaser koHpopMHOe oTobpaxenue mojockl 0 < Im w < 1
IJIOCKOCTH W Ha JAHHYI0 KPUBOJIMHEMHYIO IOJOCY § TIJIOCKOCTH Z.
IIpu atoMm mpamas Im w = 0 mepexoquT B HMKHIOK OOKIAIKY KOH-
mercaropa AiAq, a mpamasg Im w = 1 — B BepxHIOK0 OOKJIAIKY,
[IPeACTABISIONLY0 coboit somanyo AzA3A;. U3 dopmynsr (7.100)
mpu v = Im w = const momy4uM mapaMeTpHUiecKhe YpaBHEHHS IIO-
TEHIMAJILHBIX KDUBBIX TAHHOTO 9JIEKTPOCTaTHYecKoro nond. Hampu-
Mep, B 9aCTHOM ciydae npu « = 1 uurerpas (7.100) Beraucisercs
B 3JIEMEHTAPHBIX (DYHKITHIX:

z= %(1 + 7w + ™).

Torga napaMeTpUYECKHe yDaBHEHHS SKBUIIOTEHIMAJIHHOM KPHBOM
v = vp = const (0 € vy < 1) npurumaror BUx

h
z = =(1+4 mwu + cos vy - €™),
” — o0 < u < oo,
h . T
y = —(mvp + sinwyg - €™).
s
B uacTtHOCTH, ypaBHEHWE CpeNHell SKBUIOTEHIMATIBHON JIMHWA

1
(’Uo = 5) uUMeeT BHI
h h T
= -+ —ex (—w—l).
y 2 T p h
OKBUIOTEHIHAIbHbIE JTUHUH, COOTBETCTBYIOIIME DASTUYHEIM 3HAYE-
HHUSIM v, TIpUBeIeHEl Ha puc. 7.5. IIpu vy > 3 JIETKO OllpelesisgeTcs

SHAYEHUE ZTmax 10 op-
MyJe

Tmax = %ln (—;) .

COS TUg

[lonydenturle pe3ynb-
TATBl JIETKO IIO3BOJISIOT
OTIpEJIeIUTH TO PacCTOs-
HHE OT Kpasg KOHJEHCa-
TOpa, H300PaKEHHOrO Ha

=0 2=0 Xmax X  PHC. 7.5, Ha KOTOPOM IIOJI€
KOHJZIEHCATOPAa C 3aJaHHON
Puc. 7.5 CTENIeHbI0 TOUYHOCTH MOXK-

HO CYUTATH TIIIOCKUM.
Boobirie, MeToabl KOHPOPMHBIX O0TOOPaXKEHHH MIUPOKO HCIIOJIb-
3yIOTCI TIDH DacudeTe ILUIOCKUX SJEKTPOCTATHYECKHX M MAaTHUTO-
CTATHYECKUX JIMH3, TMPUMEHSAEMBIX 7 (DOKYCHPOBKH 3JIEKTPOH-
HBIX IIYYKOB, 4TO HEOOXOOUMO Ojid pabOThl MHOTHX (DU3MIECKUX
YCTPOHCTB.



FT'IABA 8

OCHOBHBIE ITOHATHUA OITEPAIIMOHHOTI'O
NCYNCJIIEHNA

MeTobI OITEPANIMOHHOT0 MCIHCIEHNS IPEACTABIISIIOT COO0I CBOE-
06pasubIil criocod peureHusa Pa3sJUYHLIX MATEMATHUIECKUX 33734, B
IEPBYIO 04epe/ib nuddepeHITuaNbHbIX YPABHEHMIH, IOy YHBIIHH 10-
BOJIBHO ITHPOKOE pacrpocrpaHeHune. B oCHOBE 3THX METOLOB JIEKUT
HJies] FHTErPAIbHBIX NPe0Opa30BaHUM, CBA3AHHASA C CONOCTABJIEHHEM
DELIeHNI0 UCXOLHOM 3amaun, Gyukunn f(t) meificTBHTENBbHOM mepe-
MEHHOH, HEKOTOPOH hyHKIum F(p) KOMILIEKCHON IEPEMEHHON TaK,
410 OOBIKHOBEHHOE audpepeHITnabHOe ypaBHeHHe s DyHKIHH
f(t) mepexomgut B anrebpanyeckoe ypasuenue ais F(p). Anamorng-
HO YDPABHEHWIO B YACTHBIX TPOM3BOAHBIX O/ (DYHKIHH ABYX Ieii-
CTBUTEJILHBIX IEPEMEHHBIX MOXKET OBLITH COMOCTABIEHO OOBIKHOBEH-
HOe muddepeHIMaIbHOE yPaBHEHNE U T.JI. DTO MO3BOJAeT 00JIer-
YUTh TEXHUKY BblumcaeHui. OCHOBHYIO POJib B OMEPALIUOHHOM WHC-
YUCIEHUM UrpaeT npeobpazosaHue Jlamiaca, ¢ u3ydeHus CBOHCTB
KOTOPOT'O MbI U HAYHEM H3JI0XKEHHE.

§ 1. Omnpenesienne U OCHOBHBIE CBOICTBAa nMpeo0pa3oBaHUs
Jlannaca

1. Omunpegenenne npeobpa3oBauud Jlansaca. IIpeobpazo-
BaHue Jlamiaca craBut B coorBercrBue pynkuum f(t) mefcTBUTENb-
Hoit mepemenHO# ¢ byuximio F(p) KoMIUIEKCHON mepeMeHHO p ¢
NOMOIIBIO COOTHOIIEHUST

F)= [ e f(tdn
0

EcrecrsenHo, 9To He i Besikoit GbyHkunu f(t) 9TOT HHTErpas nMe-
€T CMBICI. HOSTOMy MBI Ha4YHEM C OIIpeIejIEeHUdA KJjlacCa (bYHKI_U/Iﬁ
f(t), masg KOTOPBIX JaHHOE MPEOOPA3OBAHUE 32BEIOMO DEATHIYEMO.
Bynem paccmarpusars dyuxuun f(t), ompeseseHHble Ijisl BCEX 3Ha-
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4YeHUY JeHCTBUTEJLHON IepeMeHHOM —oo < t < 00 U yZOBJIETBO-
DSIIOMIYE CIEAYIOUMM YCIOBUAM:

1) mpu t < 0 dyuxuusa f(t) = 0;

2) npu t > 0 dyseknua f(t) zHa J060M KOHEYHOM ydJacTKe OCH ¢
uMeeT He Hojiee YeM KOHEYHOE YHCJIO TOYEK Pa3pBIBA IEPBOTO POIA;

3) npu t = oo f(t) UMeeT OrpPaHWYEHHYIO CTENEHb POCTA, T. €.
JUTs KaXK 0% PyHKIUM PACCMATPUBAEMOr0 KJIaCCa CYIIECTBYIOT Ta-
KHe [OJIOXKHUTEIbHBIE MOCTOssHHbIE M 1 a, 4To mis Bcex t > 0

If ()] < Me™. (8-1)

Toynas HMXKHsAS PaHb TeX 3HAYEHHN @, AJis KOTODBIX HMEET
MecTO HepaBeHCTBO (8.1), Ha3bIBaeTCH noxa3amenem CMENEHU po-
cma dynkiuu f(t). Jlerko, B 9aCTHOCTH, BUIETH, YTO [IOKA3ATENb
CTemeHu pocTa creneHHo# dyukiwu f(t) = t" paseH HyoO.

OrMmeruM, yTo dyuxuus f(t) MOXKeT ObITH KOMIUIEKCHOR (dyHK-
nuelt geficreuTenbHOM nepementoi t: f(t) = f1(t) +ifa(t), rme f1(t)
u f2(t) — meficrBuTesnbHEE DYHKIAU.

Beeznem ocHOBHOE ompexesieHue.

IIpeobpasosanuem Jlanaaca sadannott gynxyuu f(t) deticmeu-
meavHoll nepemennoli t Hazveaemcs npeobpasosarue, cmagaulee 6
coomsemcmeue gynxyuu f(t) dynryuro F(p) xomnaexcrod nepe-
MEHHOT D, ONPEJENEHHYIO C NOMOULDLIO UKMELDANG

oo
F(p) = [ePf(t)dt. (8.2)

0

3amerum, uro mHTErpasn (8.2) sBisercs HECOOCTBEHHBIM HMHTE-
IPaJIOM, 3aBUCSILIMM OT IIEPEMEHHOM p Kak OT mapamerpa. OueBuna-
HO, uHTerpai (8.2), BoobIe roBopsi, CXOAUTCS HE IIPH BCEX 3HAUE-
HUAX napamerpa p. JleficTBurensho, ecn dbyuknus f(t) crpemurcs
npu t — 00 K OTJIMYHOMY OT HyJis npeneny, a Re p < 0, To uaTerpas
3aBEIOMO PACXOAUTCs. 1[03TOMY €CTECTBEHHO MOCTABUTH BOIPOC 00
obnactu cxomumocTn wHTerpata (8.2), a Tem caMbiM 06 00iacTH
onpenenenns dyukipn F(p).

Teopema 8.1. Humeepas (8.2) cxodumcs 6 obaacmu Re p > a,
2de a — noxasameav cmenenu pocma gynxyuu f(t), npuvem dan
106020 To > a unmezpan (8.2) npu Re p > z9 > a crodumcs pae-
HOMEDHO.

HoxkaszarenscTs o. Huamoboro p=x+ iy upu £ >a
MOXHO yKa3aTh ') Takoe £ > 0, 4T0 = > a1 = a+ ¢, npuuem |f(t)| <
< Me®*t. Toraa, BOCHONB30BABIINCH TPU3HAKOM CPABHEHUS CXOMIHU-

1) 910 mo3BONIAET PACCMATPUBATH M HEOTPAHIICHHBIE GbyHKIMH, TOKA3ATEIb
CTeTIEHN POCTa KOTOPHIX PaBeH HYJIIO.



§1 OCHOBHBIE CBOMICTBA IIPEOBPABOBAHUS JIATIJIACA 223

MOCTH HeCOGCTBEHHBIX MHTETpPaJIoB !), momygnm

r—al

o o] o o]
|F(p)| = Ue—mf(t) dt‘ <M [emtentar=2 55 a,
0 0

(8.3)
9TO U IPUBOJUT K BEIBOZAY O CXOAUMOCTH MHTErpaJa (8.2) upu > a.
Ecnu z 2 zg > a, TO aHaJOTUYHAs OIEHKA JaeT

M

ro — a1

P <M [ eteoontg - 8.0
0

9YTO W JOKa3LIBAET B CHJIy NIpU3HaKa BefiepmTpacca paBHEOMEPHYIO
cxomuMmocTs uHTerpana (8.2) mo mapamerpy p B obsactu Re p >
=Ty > a.

IIpuBeneHHOE TOKA3ATEIBCTBO CYIIECTBEHHO OMMPAJIOCh HA YCJIOBHA 2 B 3
ompezeseHus paccMarpuBaeMoro kjacca ¢yuxumit f(t) meficTBHTENBHON Ie-
pemernoii t. OgHAKO MOXKHO pacipuTs kjaace Gyskumit f(t), OIycKamommx
npeobpazoBanne Jlanmaca. [l 3TOro mpeaBapuUTENbHO NOKAXKEM CJIeLYIONIYIO
JeMMy.

Jdemma. Hycmo dynxyusa f(t) deticmeumenvroti nepemennoti t onpedeae-
Ha das ecex t 2> 0, U NYCMb CYUWECTBYEM MAKOE KOMNAEKCHOE “UCAO PO, HIMO

CcTOdUMCA urwmezpan
oo

f e POt f(t) dt. (8.5)

0

Tozda dan ecex p, ydosaemeoparwwur ycaosuw Re p > Re po, crodumes

unmezpan
oo

J e @) dt. (8.6)

0
JoxkasarTenscrTso. DBsenem obosnauenne p(t) = e P! f(t) u
BCroMoraTenbHyo Gyukumo F(t) = — Tgo('r) dt. Bamerum, aTo F'(t) = (t).
Kpome TOro, B CHIy CXOOHMOCTH I/IHTertpa.JIa (8.5), ogeBnaHO, O/iS 3aAAHHOTO

€' > 0 mMoxuo yxazaTs Takoe To, aro |F(t)| < &’ mput > To.

T
Paccmorpum Teneps muTerpan [ e P f(t) dt, rne Ty u T> — mpon3BOIBHEIE
T
AelCTBUTE/IBHBIE YHC/Ia, YIOBJIeTBOpAmue ycaosuo Te > T, M mpeicTaBuM
€ro B BHIE

T2 T T2
Je P f@ydt= [e TPt dt = [ e PP (t) dt.
T Ty Ty

1) Cm. B 2.
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Breraucnasa HOCJIe,I];HI/If/'I HUHTErpaJl I10 9acTdM, IIoJydIaeM

T>
[ e TP R () dt =
T T,

— e—(p—po)TzF(T2) _ e—(p—po)T1 F(T1) + (p _ po) f e—(P—Po)tF(t) dt.
T
Ozciona ipu Ti, T2 > To 1 Re (p — po) > 0 momyanm

T

f e_Ptf(t) dt| < (e” Re (p—po)T2 4+ e Re (p—p0)Ty )€'+

T

+¢ [p — pol (e~ Re (p—po)T1 _ ,—Re (p—po)Tz) <

Re (p — po)
<d [2 4+ _P=pol ] o~ Re (p—p0)To_
Re (p — po)
OueBnaHO, BCErma MOXHO TaK BbIGpaTh 3HadeHue 1o, YTOOBI [TOIYyIEHHOE BBI-
paxeHre GBLIO MeHBIIE JIOGOr0 Hamepes 3aTaHHOTO € > 0. 9TO0 HA OCHOBAHUU
npusnaxa Koum ') i moxassiBaer cxomumocTs mrTerpasa (8.6).

MoXHO [0Ka3aTh X PABHOMEDHYIO II0 TapaMeTPy P CXOAMMOCTb HHTErpaJia
(8.6) mpu Re p > Re p1 > Re po.

Ha ocHoBanum DOKa3aHHOI JIEeMMBI MOXHO B KadJeCTBe OCHOBHOI'O KJIacca
byuxumit f(t) neficTBuTebHON IepeMEHHOM ¢, 11 KOTOPHIX CTPOHTCH IIpeot-
pa3osanue Jlamnaca (8.2), paccMaTpuBaTh (QYHKUMH, YIOBIETBOPSIOIINE YCIO-
Buio (8.5). OyHKUMH, YAOBIETBOPSIOUIYE JAHHOMY YCJIOBHIO, Gy/1eM Ha3bIBATh
npuHaIexamuMu kaaccy A(po).

Urak, ¢ nomompo npeobpasosanus (8.2) byukuus F(p) xomm-
JIEKCHOH IepeMeHHOH p onpenesieHa B MOIYIIJIOCKOCTH KOMILJIEKCHOH
ILIOCKOCTH P IpaBee nmpsaMoit Re p = a, mapaJjieabHoil MEAMOR OCH.

Bamernm, uto u3 dopmyssl (8.3) cieayer, uro |F(p)| — 0 opu
Re p — o0.

Qyukuua F(p), onpenenennas depe3 byHKIm© f(¢) ¢ IOMOIIBIO
npeobpazoBanus (8.2), Ha3bIBaeTCH u30bpascenuem Jlanaaca byHK-
uun f(t). Oyukuus f(t) HasbBaerca opuzunasom byukuuun F(p).

Ces3p Gynkuumit f(t) u F(p) 6yaem cuMBommyeckn 0603Ha4ATD Cile-

AyronmM obpa3om 2):

f@t)=F(p) mm F(p)=f(2). (8.7)
OTMeTuM, 4TO B IPAKTHYECKUX TIPUJIOKEHUIX JACTO TIONB3YIOT-
csl TaK HA3LIBAEMBIM npeobpasosanuem Xesucatioa:

F(p)=p [ ePf(t)dt, (8.8)
0

1) Mpusrax Komm cxoomMocTy HeCOGCTBEHHBIX MHTEIPAJIOB CM. BEIIL 2.
2) B umuTepaType BCTPEYAIOTCA M APYTHE CHMBOJMYECKHE 0GO3HAYeHUs, Har

npumep: F(p) = f(t), F(p) = f(t), F(p) || f() = ..
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OTVIHYaOIUMCA OT Hpeo6pa3013&HH${ Jlammaca JAOIIOJTHUTEJIbHBIM

muoxkuTeNeM p. OdueBuaHO, 061aCTh Onpenesenus dyuknun F(p) Ta
xe, uro u gy byukuun F'(p). B mansredimmem Mb1 6yzem paccMma-
TPHUBATh TOIBKO mpeobpasopanue Jlamraca (8.2). CeoitcrBa mpeo6-
pasoBaHus Xeucaitna (8.8) serko MOryT GBHITH MOIyYEHBI HA OCHO-
BaHUW PACCMATPUBAEMBIX HUXKe CBOMCTB npeobpaszoBanus Jlamraca.

Kak mp1 Buzmesnu, Hanbojiee BaKHBIM KJIAaCCOM (DYHKIIHIT KOMII-
JIEKCHOM TIepEMEHHON SIBJISIOTCS aHAJUTHIeCKue (pyHKImu. Boisic-
HUM, aBsercsd au ¢yskuusa F(p) anamuTugeckoi.

Teopema 8.2. Hzobpascenue Janaaca (8.2) dynxyuu f(t) as-
AREMCA anaaumuneckoti pyuxyueti xomnaexcnoti nepementots p 6
obaacmu Re p > a, 2de a — noxasamesv cmenenu pocma Pymx-
yuu f(t).

HJdokazartenscTBso. Bcuny Teopems! 8.1 HecoGCTBEHHBIH
unrerpas (8.2) cxogurcs B obaactu Re p > a. Pasob6bem umuTepsan
HHTErPUPOBAHUS HA OTPE3KH [t;, £;41] IPOM3BONBHOM KOHEUHOM -
Hbl, npudeM tg = 0, t, — oo mpu n — oo. Torga dyukuus F(p)
upu Re p > a npencrasiser coboit CyMMy CXOJSIIETOCH PAAa,

00 tn41

=Y [ e dt—Zun (8.9)

n=0 tn

3aMmeTnM, 94TO TOCKONBKY N-fi OCTATOK cxozismerocs psaga (8.9) pa-

o0
Ben [ e P f(t)dt, To cormacro Teopeme 8.1 pax (8.9) cxozmres
[
paBHOMepHO B obmactu Re p > z¢ > a. Kaxknas uz dyukimit

tnt1

un(p) = [ ePtf(t)dt

tn

OIIpedesIeHa, KaK MHTerpaJl, 3aBHCAIUN OT IapaMeTpa p, IO OTPe3-
Ky KOHEUYHOI MJIMHBEI Ha KOMILIEKCHOH mockoctu t. Ha ocHoBanum
06ImuX CBOMCTB MHTErpasoB OT GYHKIMY IBYX KOMILJIEKCHEBIX TIepe-
MEHHBIX, 33BHCAIIAX OT napaMeTpal), dbyEKIIM Uy (p) ABIAOTCH
meneiMu dysKmuaMu p. VI3 mpoBemeHHBIX pacCyXAeHUI Clemyer,
gTo psz (8.9) B obnactu Re p > a ymoBIeTBOpsieT BCEM YCJIOBH-

aM Teopemsl Beitepmrpacca ?), a 3uauut, dbyukmus F(p) apnsercs
aHAJUTHYeCKOH B obiacTu Re p > @ U ee NponM3BoJgHbIE MOXKHO BBI-
quCaaTh, quddepeHIupys MOABHTErpaibay0 QyHKIHO B (8.2) o
napameTrpy p.

1) Om. ot 1 c. 56.
2) Cm. 1. 2 c. 62.

8 A.T. Cpemnukos, A.H. TuxosHOB
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2. MHN3o06pakeHue 3ieMeHTAapHbIX (yukIiuii. [lonb3ysacs
onpenesenreM (8.2), HaiieM u300paKeHWe DANA 3IE€MEHTAPHBIX
byHKIME JeHCTBUTENBHON T€PEMEHHOM.

a) Exvuuunasg byekygua Xesucait ga. Iycts

£(t) = oolt) = { O t<h

8.10
1, t>0. (8.10)

Torma

FO) =P = [era=1
0

p’

upuueM byukmus F'(p), oueBunro, onpenesnera B obimacta Re p > 0.
Nraxk,

0, t<0 1
t) = ==, Rep > 0. 8.11
0’0( ) { 1, £> 0 P €ep ( )

OtmeTnM, uTO ecii BMecTo npeobpa3osanus Jlamaca (8.2) monas3o-
BaThCH npeobpazoBanveM Xepucaiia (8.8), To uzobpakeHueM eau-

HugHOM dyHKIMY 0¢(t) 6yner byukmus F(p)=1. StuM obbscHseT-
Csl JIOCTATOYHO IIMPOKOE IPUMEHEHHe IIpeobpa3oBanus Xepucaia.
Onurako B ciyyae mpeobpasoBanust Xesucaiina (8.8) ycioxusercs
pax apyrux popMmyJs, B YacTHOCTH popMyJia obpaTHOro npeobpaszo-
BaHusdA, GopMysna u300parKeHnus CBEPTKH (CM. HEXKe C. 232).

YenoBuMcs BCIOAY B JajbHEHIEM, €CJIM 9TO HE OTOBODEHO OCO-
6o, nog dyskuuet f(t) nomumars upomssegenue f(t) - oo(t), T. e.
bYHKIHIO, TOXIECTBEHHO PABHYIO HYyJIIO IpH ¢ < 0, HE oTMeyast 3To
CIIEIUATIBHO B COOTBETCTBYIOUMX (HhOPMYJIax.

6) HokazarTenbHasa GYyHKOHUA

f(t) = e (8.12)
Brerymcisas wererpan (8.2), monyyaem
o0
F(p) = /e‘pteat dt = %, Re p > Re o;
0
af _. 1
e = o Re p > Re a. (8.13)
B) CtrenerHas GyHEKIHA
f@t)y=1", v>-—L (8.14)

B sTom cnyqae HHTErpaJ (8 2) nMeeT B

f e Pt f(t) dt = f e P¥dt, Rep>0. (8.15)
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Bamerum, yro npu v < 0 dyukuus (8.14) yxke He yIOBIETBODSET
yciioBuio 2 c. 222 (rouka t = ( sBisleTCs TOYKON pa3phIBa BTOPO-
ro poga 3Toi GYHKIMHE) ¥ TEM CaMbIM HE IPUHAJJIEXUT OCHOBHOMY
PacCMaTpUBAEMOMY KJjaccy MYHKIMA AefiCTBUTENbHON TepEMEHHOMN,
[JIS KOTOPBIX CyuiecTByeT u3obpakenue Jlamtaca. OqHako, KaK Jer-
KO BHJETb, IpH ¥ > —1 3Ta DYHKIMS IPUHALIEKUT PACIIHPEHHO-
My KJIacCy, BBeIEHHOMY Ha c. 223 (umrerpan (8.15) cxomurces mpu
Rep >0 wuv > —1). llosromy u B citydae —1 < v < 0 uzobpaxke-
ume Jlamtaca dyskuun (8.14) B obmactu Re p > 0 cymecrsyer u
omnpezensiercs dopmyoit (8.15).

Ilepetinem K Borumcienuto uaTerpana (8.15). Haunem co ciyuas,
KOIZIa [IEpEeMEHHAs] p MPMHMMAET JefCTBUTENBHOE 3HadeHre p = > 0.
Crnenae B waTerpaje (8.15) 3aMeHy IepeMeHHON HHTEIPHPOBAHUS
Tt = s, IOIy4uM

o0 o0
F(z) = f e~V dt = L f et ds = T (8.16)
0

:l:"+1 :l:"+1
0

roe ['(v+1) — ramma-dbynxmus 1) Ditnepa. Tak kax bysxmus F(p),
onpenenerHasa dopmysoi (8.15), apigerca aHAIUTHIECKOR B 0018~
cte Re p > 0, uMerorie#t Ha MOJOXUTEILHON YaCTH JEHCTBUTENBHON
ocu = > 0 3Hagenue (8.16), TO B CHJIy €IMHCTBEHHOCTH AHAJIHTHYIE-
CKOTO TpogoKeHus g dyukuua F(p) B obmacta Re p > 0 momy-
YHMM BBIPaXKEHHE

pv+1

F(p)= [ePrdr ="t (8.17)
0

IIpu sToM B cnydae ApoOHBIX Vv CleflyeT BBIOMPATH TY BETBb MHO-

ro3Haduoit QyHKIMM KOTOpas SBJISETCH HEMOCPEICTBEHHBIM

v+1?
AHAJIATHYIECKHUM IIPDOOOJI2KEHHUEM B obsracts Re p > 0 JeiiCTBUTEIb-

" 1 " " "
HO¥ DYHKIME —— HeHCTBUTEILHON nepeMmentoit ¢ > 0. Urak,

:l:"+1
. Tv+1)
tu = pVT, v > —1, R.e P > 0. (8.18)
Jns wespix v = n uz dopmyast (8.18) mosydum
_.(n+1) _ a!
tn = pnT = pn+1, R.e P > 0. (8.19)

Breruncnas uarerpasn (8.2), MOXKHO IIOMYYUTh H300parXKeHHe elre Psi-
na QYHKIMHA JefCTBUTENBHOR [IEPEMEHHOM, OJHAKO BO MHOTHX CIIY-
Yasgx AN BHIYHCIeHus H3obpaxkenud 3aJaHHON GyHKIMHE yaobHee,
OKa3bIBAETCH, IIOJIL30BAThCS OOIIMMHE CBOMCTBaMK n300paKenud Jla-
ILJ1aca, K PACCMOTPEHHIO KOTOPBLIX MBI U IIEPEHIeM,

1) Onpeneserne 1 CBOMCTBa raMMa~-hYHKIMK CM. BBIIL. 2.

8*
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3. CaoiicTBa n306parkeHus.

a) lunetHocTh U306 paxkeHusd B cury u3BecTHBIX
CBOMCTB OIpeeeHHbIX HHTErPAJIOB, NMEET MECTO

Csoi#icreo 1. Ecm Fi(p) = fi(t), Rep>a; i=1,...,n),
TO

F(p) = Z o Fi(p) = Zaifi(t), Re p > maxa;, (8.20)
i=1 i=1

r1e o; — 33JaHHbIe IOCTOSHHBIE YUCIA (IeHCTBUTENBHbIE UIH KOM-
IUIEKCHBIE), a; — MOKA3aTesN CTerneHn pocta dyHKimit f;(t).

JlaHHOE CBOWCTBO IO3BO/IAET IO HalJeHHBIM H300paxkeHUsM GyHKIUHE
(8.13), (8.18), (8.19) HaiiTu uz06paKeHUS MHOTOYIEHA, TPUTOHOMETPUIECKUX
u runepbomdeckux GyHKIHMIA.

Hanpuwmep, ¢ momowsio (8.13) nomydum

_ 1w —dwty . L 1 1 _ D
coswt—E(e +e )'_E(p + )_p2+w2’

—w  ptiw
Re p >|Im w|. (8.21)
Amnanornuno
. . w
sinwt = PR Rep> |Im w|. (8.22)

6) CeosicTtso 2. Ilyers F(p) = f(t), Re p > a, Torma
1 .
EF (g) = f(at), a >0, Re p > a. (8.23)

ettcTBUTENIBHO,

fe‘l’t flatydt ==
0

%8

exp (—BT) f(r)dr = éF (g) .

(a7

—_—

B) CBo#icTtBo 3 (TeopeMa 3ama3 bl BaHMSI).
[Iycrs F(p) = f(t), Re p > a u 3amana dyHkums

0,t<t, 7>0,
12(t) = { e o (8:24)
Torma

f-(t) = Fr(p) =™ F(p), Rep>a. (8.25)

ettcTBUTENIBHO,
o0

E.(p) = fe—l’t fr(t) dt = f e P f(t — 1) dt.
0

T
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CrenaeM B IociiefHEM HHTerpaJje 3aMeHy IIepeMeHHOH, TOI0XKHIB
t—71=1¢t. Torma

oo
Fop) = [e P f(¢)dt = e F(p),
0
YTO M JOKA3LIBAET CBOMCTBO 3.

B xagecTBe mepBOro mpumepa pPacCMOTPHUM H300paKeHHE CTYIeHJaTON

byHKIHN
0, t<T,
f@) = (8.26)
nfo, nr<t<(n+l)r, n=12...

IIpencrasum f (t) ¢ IOMOWBIO eIUHUYIHOM (yHkuun XeBucaina og:
f(t) = fo[a’o(t - T) + Uo(t - 2T) +.. ]
Hcmonp3o0BaB cBOHRCTBO IMHEHHOCTH U TEOPEMY 3aIIa3AbIBAHUSA, MOJIYIUM

—prl —2pr 1 fo 77"
t) = F(p) = foe P = o=
f&) = Fp) = foe™ >+ foe™ ™ >+ P g

AHaNOrmYHO JIErKo MOKa3aTh, YTO M300paKeHneM IMepHoaudecKolt GyHKuun

(8.27)

f@) = { o, nr S E<(nt U, =0,1,2,..., (8.28)
—fo, Cn+D7<t<(2n+2)T,
ABJIAETCH QYHKIUA
f0 =F@) = L. (8.29)

TeopeMa 3an1a3ABIBAHUSA IIO3BOJITET nonyqn'rb ¥ OBOJIBHO 06111y10 hopMy.ty
Ind u300pakeHus nepuonndeckoit pyuxnun. [IpeasapuTebHO pACCMOTPHM TOT
ciyqait, xorga Gysxnus f(t) neficTBuTemHON IepeMeHHOM { HMeeT BUT

_ ) oe®, 0<t<T,
f@) = { 0, f<t (8.30)

O6o3naunm uzobpaxenns Gyukumii (t) = ®(p) u p(t +7) = &, (p). Ilepe-
mumenm (8.30) B Buze

£8) = o(t) + { O

t
pt+7—7), t2T

Bocnosb30BaBIIMCE JIMHEHHOCTBIO H300paKeHMs M TeOPeMOH 3alla3IbIBAHUA,

IIOJTy 9UM _

f@®) = F(p) = 2(p) — e 2, (p). (8.31)

ITycts Teneps Gyukuus ¢(t) asnsercsa nepuoaudeckoi GpyHxnuedl ¢ ¢ IEPHOIOM
T, T €.

ot + 1) = p(t). (8.32)

Torma ®-(p) = ®(p), u popmysa (8.31) mo3sonsier BEpasuTs n3obpaxenue $(p)
nepuonndeckoil yHruuu ¢(t) depes usobpaxenune F(p) dyukuuu f(t), paBHo}
dyukuuu p(t) Ha nepsom nepuozne 0 < ¢ < 7 4 HyJII0 BHe €ro npu t > 7:

B(p) = LB (8.33)

1—eP7
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B xagectBe mpumepa Haiizem w3obpaxenue GyHKIUA
p(t) = |sinwt|, w > 0. (8.34)

T
D1a QyHKIMS gBRAsSETCS epHoaHYecKo mpH ¢ > 0 ¢ nepuomom —. Ilpenpapwu-
w
TeNbHO HaiieM u3o6paxkenue QyHKIIA

. T
sinwt, 0t —,
w

f6) = r (8.35)
0, Tt
w
C nomouso dhopmyn (8.31), (8.22) u pasencrsa sinw (t + g) = —sinwt
Oy UM
™ w w ™
F)) =2 F0) = s +exp (<pT) o = o (1 e (- 2)) -

Orcroga o <bopMyJ1e (8.33) nmonyumm

il
w 1+exp (—‘—up) T
w

|sinwt| = (8.36)

r) s3o6paxeunue npou3ssogiuoi Ceiuac
OyIeT DOKA3aHO OJHO H3 OCHOBHBLIX CBOMCTB H300DparKeHWsd, II03BO-
JISI0Iee 3aMeHuTh IuGPepeHIIIpOBaHNe OPUTHHAE, YMHOKEHUEM
1300paKeHus Ha HE3aBUCUMYIO IIEPEMEHHYIO.

Ceo#icTtBo 4. Ecau f'(t) ydosaemsopaem ycaosuam cyuse-
cmeosanus usobpasicenus npu Re p > a u f(t) = F(p), Rep > a,

e F(t) =pF(p) - f(0), Rep>a. (8.37)

,ZLeﬁCTBnTeJIbHo HHTETPUPYS II0 YaCTAM, TIOJIYIAEM
f e7PLf(t)dt = e P f(t)| o +p f e P! f(t) dt = pF(p)—f(0)

YTO ¥ JOKA3LIBAET JAHHOE CBOMCTBO.
AHaJOrIYHO MOXKET OBITH JOKA3AHO

Csoisicrso 4. Ecau f (")(t) YOOBAETNEOPAEM YCAOBUAM

cyuecmeosarus usobpasicernus npu Re p > a u f(t)=F(p), Re p >
> a, mo

8 _fO_ro_ f<“-”<0>}
f() = {F(p) ’ prRiE > , Rep>a.
(8.38)
®opmyna (8.38) 0COGEHHO YHpOIAETCS B TOM CJIy4ae, KOTIA
fFO =50 =...= V(0 =0:

F®(t) = p"F (p). (8.39)
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[Mony4eHHBIH pe3y/IbTAT HAXOIUT MHOTOYMCI/IEHHBIE IIPUMEHEHUS.

PaccmoTpuM, HampuMmep, pelleHue ciemywoolneit 3anaqu Kormu
I OOBIKHOBEHHOTO Iu(epeHIHaNbHOIO YPABHEHH S, JTHHEHHOTO
C TOCTOSHHBIMYA K03 (PUIMEHTAMHU:

aoy™ + a1y Y + .+ any(t) = £(2), (8.40)
y(0) =¢'(0) = ... =y D(0) =0, (8.41)

roe f(t) — 3amarnas npu t > 0 byukuus t. [lonoxus, ato f(t) =0
npu t < 0, MBI B TOM ciydae, ecid f(t) yZOBJIETBODSET YCJIOBH-
M CYIIECTBOBAHUSA M300DaKEHUs, MOXKeM II0CTPOUTD U300parKeHne
F(p) dynxuuu f(t). Ilpexsnomoxum, uro dyukuus y(t), aBiIsaioma-
scs pemrenneM 3agaxu (8.40), (8.41), u Bce ee IPOM3BOHEIE J0 N-TO
[OPALKA, YAOBJIETBODSIOT YCIOBHSAM CyIIECTBOBAHUS U300DAKEHHS.
Torma, ymEOXuB 06e wacTu ypasHenus (8.40) ma e P* u mpomeTe-
rpupoBaB 110 ¢t oT 0 0o 00, B CAILY JIMHEHHOCTH U300paKeHUs U Ha-
YyaJbHBIX yesaosuit (8.40) momydum

Y(p){aop™ + a1p" ' +... + a,} = F(p),
roe 4depes Y (p) = f e Ply(t) dt obosHagerO M306ParKEHWe HCKO-

MOTO pelIeHus 3a,n;aqn (8.40), (8.41). O6oszuauus P,(p) = agp™ +
+a1p" L +... 4+ an, momyunm

_ Flp)

Y (p) Polp) (8.42)
®opmysa (8.42) maeT [LOCTATOYHO IIPOCTOE BHIDAXKEHWE U30-
Opaxkenus uCKOMOro pemenus Y(t) depe3 u3BeCTHBIE (YHKIUK-
nosuHOM P (p), K03hdUIMeRTE KOTOPOro ONpENeNsIOTCs YPaBHE-
uuem (8.40), u mzobpaxkenue F(p) 3amaHHO#M NpaBofl 4acTu ypas-
HEHUSL. TeM CaMbIM €CJIM MBI CMOXEM OIPELEIUTh HEU3BECTHBIM
OPHUTHHAJ [0 €ro W3BeCTHOMYy H300paxkenwio Y (p), To 3ama-
ga (8.40), 8 41 ) Gyzmer periena. Huxke Mbl pacCMOTPUM Da3IHIHBIE
cnoco61>1 onpe,n;eJIeHHﬂ ODUTHHAJA M0 33,JaHHOMY U300parKeHuio, a
cefivyac MPOJOJIKMM PACCMOTPEHHE elle pana OOIMHUX CBOMCTB H30-
OpaxkeHus.

n) Usobpaxenuwe HHTET DA JTa.
Ceotficto 5 Ilyers f(t) = F(p), Re p > a. Torma

t
= [ f(r)dr = %F(p), Rep > a. (8.43)
0

JeficTBATEIbHO, JIETKO IPOBEPUTH, 4To byHKIM ¢(t) yooBie-
TBODSIET BCEM YCJIOBHMSIM CyIIECTBOBAHWS HM300DaiKeHUs, IPHYEM
©(t) uMeeT TOT XKe IIOKA3ATENH CTENEHHU pocTa, 4To ¥ f(t). Beramc-
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smB uzobpakenne dyHKIMA @(t) o dbopmyse (8.2), momyanm
t 0 t
[ f(nydr= [e*at [ f(r)dr
0 0 0

1
MeHss B TIOCTeIHEM HHTErpaJe MOPHIOK HHTErpPHPOBAHHL L),
TToJIygaeM

t 0 0 0
[ f(rydr= ff(T)dee_ptdt=%fe_prf(T) dr = ;—)F(p),
0 0 T 0

9TO U JoKa3bIBaeT dopmyiy (8.43).
AnamoruyseiM 06pa3oM MOXKET OBITH TOKA3AHO
Csoticrso 5. Ilycrs f(t) = F(p), Re p > a; Torma

tn—l

t t1
1
==F . A4
bfdtlbfdtg bff(tn)dtn, > (p), Rep>a (8.44)

CsoitcTBa 5 u 5’ HaX0QST MHOrOYWC/IEHHBIE TPUMEHEHHS TPH BbI-
YUCTIEHNH M300paXKeHUH Pa3INIHbIX QYyHKIHIA.

Hanpuwmep, Haiinem uzofpaxenue muiootpasuoit Gymakuuu f(t), mpeacra-
Basomelt co6oit IepHoaIMYecKy MOBTOPAIOUTNCA PAaBHOOEADEHHBIH TPEYTONBHIK
¢ ocHOBaHueM 27 u BrIcoTOl fo7. Kak serko BumeTs, 3Ta GyHKIUS IpEACTABIIS-
et cofoit uarerpas ot 0 10 £ or yukuuu (8.28), uzobpakenne KOTOPOl AaeTcs
dbopmynoit (8.29). IlosTomy

ft) = 1% th %- (8.45)

e) Izob6paxenue cBepTKu Ceeprkoit byukmuit fi(t)
1 fo(t) naswiBaerca Qynkuus (), onpeeseHHAs COOTHOLUIEHUEM
t t

ot)= [ @ ft—r)dr= [ it—7)fo(r)dr.  (8.46)
0 0

B cpaBenIMBOCTH TIOC/IETHETO PABEHCTBA JIETKO YOCIUThCS, Ce/IaB
B IIEpBOM HHTErpaJjie 3aMeHy NepeMeHHON MHTerpHPOBAaHUL t — T =
= t'. FIMeeT MecTO Ciremyromiee

Ceoiictso 6. Ecm fi(t) = Fi(p), Re p > a1, f2(t) = Fa(p),
Re p > a9, TO

¢
o(t) = [ fi(1)f2(t —7)d7 = Fi(p)Fa(p), Rep>max{a1,az}.
0

(8.47)

1) B03MOXHOCTD M3MEHEHHUS IOPSIKA HHTEIPEPOBAHAS CIEAYET K3 TEOPEMbL
10.9, BeIn. 2, BRIIOSTHEHNE YCJIOBHI KOTOPOH B JAHHOM CJIy4ae JIETKO IIPOBEPs-
ercs.
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Ceeprka dbyukuuit f1(t) 1 fo(t) ¢ orpanuyeHHON CTENEHBIO PO-
CTa TakXe sBjgercd (PYHKIHeHR ¢ OrpaHHYEeHHOR CTEIEeHBIO POCTa.
JlefCTBATEIBHO,

[ @) folt —7)dr
0

t
< MM, f eM7e® (-7 dr =
0

_ MM, gd1t _ gant M M, at _

= al_az{ } < Sfar—a® a = max {ay,a2}.
AnamornyHBIM 06pa30M JIETKO TPOBEPUTH, YTO CBEPTKa (yHKIIMIA
fi(t) m fat) ¢ orpanmyeHHON CTENEHBIO POCTA W IPH G = G2
TaKXKe ABISeTCA QYHKIMeR ¢ OTpaHMYEHHON cTeneHbio pocra. Cre-
[IEHb POCTA CBEPTKH, OYEBHUIHO, DABHA HAUOOJbINEH CTEEHH POCTa
dbysxuuit f1(t) u fo(t). Jlerko Buzmers, 9To (1) ymOBIETBOpsiET M
OCTAJIbHBIM YCJIOBHSM CYLIECTBOBaHWMS W300pakeHus. Jljnsa Bbrauc-
JeHus n306paKEHNs CBEPTKU BOCIONb3yeMcs dbopMysoit (8.2) u u3-

MEHHM HOpﬂ,Z(OK HHTEI'DHPDOBAHUA 1)

Te ptdtffl ) folt —7)dr = ff1 dTTe “PEfo (¢ — 7) dt.
0 T

Cuenas 3aMeHy nepeMeHHO# t — T = t' BO BHyTpeHHeM HMHTerpaJie,
OKOHYATEJIbHO IOJIYYUM

[ 1@ falt=1)dr = [ e fi(r)dr [ e fot') dt' = Fi(p) Fa(p)
0 0 0

4YTO ¥ JOKA3BLIBAET CBOMUCTBO 6.

B nputoxenusx dopmysna (8.47) 4acTo UCIONB3YeTCs 7S ONpe-
JeJIeHWsI ODUTHMHANA 110 33JaHHOMY M300DarKeHHMI0, KOIJa 3aJaH-
HOe 1300parkeHne yJaeTca pa30duTh HAa COMHOXKHUTEIH, I KOTOPBIX
OPMTHHAJIBl U3BECTHBI.

Hanpuwmep, nycts TpeGyerca HaliTh opururay pyuknuu F(p) = (Iﬁf_—wz)z
w
Paree mMb1 Hatun (cM. ¢popmyasr (8.21) u (8.22)), uro
p = w = qf
m = coswt, m = sin wt.

ITosTomy
; t
F(p) = f sinwr - cosw(t —7)dr = Esinwt.
0

PaccmoTrpuM emte paz o6mux cBofCTB M306pakeHUH.

1) O BO3MONKHOCTH H3MeHEHHS MOPHAAKA MHTErPUPOBAHUS CM. CCBUIKY Ha
c. 232.
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) IuddepennupoBanume u3obpaxeHHs.
Ceotsictso 7. Ilycts F(p) = f(t), Re p > a. Torma

Fl'(p) = —tf(1), Re p > a. (8.48)

JlefACTBUTENBHO, BHIIIE MBI OTMEYAJIH, YTO MIPOU3BOAHYIO AHAJUTH-
yeckoii dyrknuu F(p) B obnactu ee onpexneneuust Re p > a mMoxk-
HO BBIYHC/IATH, MAP@EPEHIUPYS HOABIHTErPAJbHYI0 (DYHKIHIO B
HecobeTBeHHOM muTerpasie (8.2) mo mapamerpy. IIponenas 310, mO-
JIy9aM

o0

F'(p) = — [ e7Ptf(t) dt = —tf(2),

0

YTO U JAOKA3BIBAET CBONCTBO 7. 3aMETHUB, YTO yMHOXeHUe (PyHKIUH
f(t) na mobyro crenennyo GyHKIHO " He MEHSIET €€ CTEIEeHH DO-
CTa, TIOJLyYUM

Csoticreo 7. Ewum F(p) = f(t), Re p > a, To

F™(p) = (-1)"t"f(t), Rep> a. (8.49)

®opmyner (8.48) u (8.49) MoryT GbITH IpUMEHEHBI AJIST BHIYHC-
neHust u306parkeHUs: OT npousBeseHus t" Ha dyuxumio f(t), maa
KOTOpO#t M300parkeHue U3BeCTHO. B majibHeMIeM MBI MOLyIHM 00-
y0 GOPMYIY, BEIPAXKAILYI0 H306paXKEHNE TPON3BEAEHUS Uepe3
n300paXkeHus COMHOXKHUTENEH, a cefiuac paCCMOTPHM €Ile OAHO CBOM-
CTBO M300paKeHmil.

3) AHTerpupoBanue u3obpaxeHHs.

" t

Ceoi#icrro 8. Ecm dpyukmua # YAOBIETBOPSIET YCIOBUAM

cyuecTBoBanus u3obpakenus u f(t) = F(p), Rep > a, To
o0

f® _ /e‘l’tmdt =
t t
0

F(q)dq, Rep>a. (8.50)

'3\8

O60o3H34YNM

1(p) = [ e {Bar. (8.51)

0\8

ITo Teopeme 8.2 dyukrus I(p) sBiseTcs aHATUTHIECKOR B 00JIaCTH
Re p > a, npuuem B cuiy 3amedanus Ha c. 224 I(oo) = 0. Haiinem
npoussBoguyo dbyuknuu I(p), suddepernupysa urrerpasn (8.51) mo
napaMeTpy:

o0

I'(p) = — [ e7P'f(t)dt = —F(p).

0
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Orcroga, yunrnBas yctoeue I(oo) = 0, momydaem
p o
I(p) = I(o0) — [ F(q)dg= [ F(q)dg,
0o P

YTO M JOKA3LIBAET CBOMCTBO 8.

1 .
B kagectBe nmpumepa HaiizeM usobpaxenue QpyHKIIH " sin wt.
. . w
Tak kax sinwt = ———, 10
p°tw
oo

1 . . w T P
251nwtr/p2+w2 dp= 5 a.rctgw. (8.52)

P
C nmomompIo CBOMCTBA 5 U3 BhIpaxeHud (8.52) momygaem
¢

. sint 1/
sit = / — dr = ; (5 — a.rctgp) . (8.53)
0

OyHKIUA Sit HOCUT Ha3BaHUEe UHTETPAJIBLHOTO CUHYCA.

n) Hocnensee cBoicTBO M306pakeHuit, KOTOpoe OygeT paccMo-
TPEHO B JAHHOM Iaparpade, HOCHT HA3BAHWE T € O P € M H
CMelleHH .

Csoitctro 9. Ecmm f(t) = F(p), Re p > a, To gna moboro
KOMILIEKCHOTO YHCIa A

Fp+X) = e Mf(1), Rep>a—Re A (8.54)

efictBuTesnbHO, dyHKIHA (t) = e~ , OYEBHIHO, YIOBJIETBO-
Jeit t Mt
PSeT YCIOBHAM CyUIeCTBOBaHIS N300pakeHns, KOTopoe 1o popMyJie
(8.2) oupeneneno B obsactu Re p > a — Re A, Ho

o o] o o]

f e Ple™X f(t) dt = f e~ PNt r () dt = F(p+ ),

0

0
YTO B OOKa3bIBaET TEOPEMY CMEILCHUA.

©Dopmyna (8.54) moxeT GHITL MPUMEHEHA IJIS ONpEIEEHUS U306paKeHus
mpousBeneHns GyHKUEA e ! Ha GYHKUMIO f(t), ana xoropoit m3oGpaxenune
u3BecTHO. Tak, ¢ moMOImBIO 3TOH (GOPMYJIBL M yKe IMOTYIEHHEIX H300paxkeHUi
MOXXHO HaHTH 1

1t = o Re p > Re o, (8.55)
freot = M Rep>R 8.56

e = oy’ p> Re a, (8.56)

et sinwt = m, Rep > [Im w[ —Re a. (8.57)

H T.I.
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B zakmouenune maHHOTO maparpada mpuseaeM TabIuIly paccMo-
TPEHHBIX CBOACTB M300paXKeHUN 1 TabJIUIly H300paKeHU psIa, diie-
MEHTAPHBIX U CHEIUAIBHBIX (YHKIMHE, Hanboee YaCcTO UCIOIb3Ye-
MBIX B IIPHJIOXKEHHAX.

4. Tabsmna csoiicts uzobpakenuit. Ilycrts f(t) = F(p).
Torga

n

1) Y aifi(t) = i a;Fi(p), o = const;
=1

=1

2) fat) = éF (%) , a=const, a>0;
0 T>1
3) fr(t) =1 ' F.() = e PTF(p);
) £:(0) {f(t_T)’ o) =T
8 100 = {Fp) - L2 - - L0,
p P

¢
5) [ f(r)dr = 2 F(p);

¢ ¢
6) 0ff1(T)f2(t —T)dr = Offl(t — 7)fao(7) dr = Fi1(p) Fa(p);
7) F™(p) = (-1)""f(t);

T _ 1@,
8) {F(P) dp = ~
9) F(p+A) = e M f(¢).
5. Tabuuna uszobparkeHuit
1) 1.——'%, Re p > 0;
2) tV= 1“(;:11), v>-1, Rep>0;
3) = p:il , n — HaTypasabHOe, Re p > 0;

t . 1 .
4.) ea,—pTa, Rep>R6a,
5) sinwt = el Re p > |Im w];
6) coswt= el Re p > [Im w|;
LA

8) Ch)‘t-:",%/\z, Rep > |Re Af;
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n ot _ n! .
9) the ol P e Re p > Re ¢;
10) tsinwt;’ﬁ, Rep > |Im w|;
2 2
11) tcoswt.ﬁ%, Re p > [Im wl;
At o3 — d .
12) e 31nwt,——(p_/\)2+w2, Rep > (Re A+ |Im w|);
At — p—A .
13) e coswt,——(p_/\)2+w2, Rep > (Re A+ |Im wl);
sinwt _.m P .
14) = 5 —arctg -, Re p > [Im wl;
1 2kT<t < (26 +1
15) ’ T @k+17l _1 007 Repso
-1, 2k+ 1)7<t < (2k +2)7 P2
k=0,1,2,...;
16) |sinwt|;’ﬁcthg—:, Re p > [Im w|;
—a2t2_-\/7_r p2 _ P .
17) o = e (£5) (1-2(5)):
e—at_. 1
8) /=7 e
e~2aVi 1 a? a
= @ Y
19) Vat o peXp(p)(l (\/ﬁ))’
1
20) Jo(at) = ——;
) ifat) = s
21) Jo (2v) = Lexp (-1);
p2+1—p)n
22) Jn(t =( ;
) dalt) =
23) sit.ﬁ%(g—arctgp);
24) @ (vai) = L,
) 2 (Vet) = s
9 —o( o) =1lc-—vm
5) 1 (2\/1?) 5¢

IIpu mefCTBUTE/NBHBIX 3HAYEHWSX IIaPAMETPOB, BXOISIIMX B
dbyexuum f(t) B dopmynax 17)-25), n306pakeHnsi COOTBEICTBYIO-
mux GyHKIHE 3aBegoMo ompeneeHsl B obaact Re p > 0.
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§ 2. OnpepesieHne OpUrHHAJIA IO N300PA>KEHUIO

B sTom maparpade Mbl paCCMOTPUM METOLBI ONPEAEIEHN OPHU-
FHHAJIA [0 33JaHHOMY W300paKeHWI0, a TaK)Ke MPHBELEM HEKO-
TOpPBIE [JOCTATOYHBIE YCJIOBHs, NPH KOTODPBIX 33JaHHAA (PYHKIIUSI
F(p) xoMIIeKCHO! TepeMeHHOH p sBjsercs m3obpakeHueM (yHK-
uun f(t) geficTBUTEeNBHON MEPEMEHHOM t.

Bo-niepBbix, OTMETHM, YTO MMEIOTCH Pa3JUYHbIE TAOJIHIBI U30-
bparkeHuii HarbosIee YACTO BCTPEYAOIINXCA B IPHIOKEHUAX (PyHK-
Ui, TAK YTO [PH PEIIeHNN KOHKPETHHIX 3334 4acTO yIAeTcs Haii-

TH B COOTBETCTBYIOIIEM CIIPABOYHMKE |) BHIDAKEHITE OPUIHHANA IS
MIOJIy YEHHOT'O H300paXKeHN .

Bo-BTOpHIX, IpHMBEJEHHBIE B IPEABIAYIIEM aparpade CBOMCTBA
n3obpaxkenuit 1)-9) BO MHOIMX ClIyd4asgX I[IO3BOJISIIOT DEIIATH H
06paTHyYI0 3aJady IOCTPOEHHMS OPUTHHAJA 110 3aJaHHOMY H300pa-
xeuuio. B nepByo ouepens 3TO OTHOCHTCS K TEOPEME CMEIIEHUS,
HHTErpUPOBAHUIO B Ju(dDEepeHIMPOBAHII0 H300paKeHusa 1 n300pa-
JKEHHUIO CBEPTKH (QyHKIWA. Py mpuMepoB OB yKe pacCMOTDPEH B
§ 1, HEKOTOpPBIE IPUMEDH! OYAYT NPUBEJEHBI B JAaIbHEAIIEM.

Opuako BCe 3TH METOABI, IO CYIIECTBY, SIBJISIOTCS METOLAMH
moabopa. OCHOBHOI IEJBI0 AAHHOTO Maparpada ABISeTCS H3JI0XKe-
Hue 00IIero MeToJa IOCTPOSHHUS OPHUTHHAJE 110 H300PaKEeHHIO.

1. ®dopmyna Memnnaa. HauneM ¢ Toro ciaydas, KOTZa II0
YCJIOBHSM 33734 M3BECTHO, YTO 33JaHHas yHKuwms F(p) koMm-
JIEKCHOHM IIEPEMEHHOR P ABIAETCS M300PaKeHUeM KYCOYHO TVIAIKOM
bysxmun f(t) ¢ orpammdenHolt cremenbio pocra |f(t)] < Me®,
pHYeM 3HAYEHHE MMOCTOSHHON @ 3aJaHHO. Tpebyerca mo 3agaHHON
dbyukupm F(p) nocrponrs uckomyo dyukumio f(t). Jra 3ama4a pe-
[IAETCSA C MMOMOIIBIO CIELYIOIEH TEOPEMBI.

Teopema 8.3. IIycmov uzeecmmo, wmo 3adannas dynxyus F(p)
6 obaacmu Re p > a Asagemca uzobpasicernuem Kycouno 2aadxol
dynxyuu f(t) detdcmeumenvroli nepemennoti t, obaadaroweti cme-
neHsl POCma a.

Toeda

1 z + 100
OB f e F(p)dp, z > a. (8.58)

T — 100
HoxaszarteabcTso. Iloyuosnio TeopeMbl hyHKIUS
f(t) cymecTByer m HaM M3BECTHA €€ CTENEHb POCTA. PaccMoTpum
BCIIOMOraTeabHyo GyHKImo p(t) = e 2t f(t), £ > a. Ita dyHK-

1) Hocrarodno mompoGHBE Tab/MIpBl YUTATENb MOXKET HANTH B KHHIE
B. A. Jurkuaau A. II. Ilpyaaukosa. HTErpanbHbIe IpeoOpa30BaHNUd U OLEpa-
nuonHoe ucunciaenue. — M. : Pusmarrus, 1961. Tam xe npuBeseH u moapobHBIH
CIIMCOK CIIPABOYHOM JINTEPATYPHI IO OLEPANMOHHOMY HUCYUCIIEHHUIO.
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IUs ABJIIETCI KYCOYHO TIaJKOM, Ha JI0O0M OrpaHUYEHHOM YYaCTKe
ocr t MMeeT KOHEYHOE YHCJIO TOYEK pPa3phbIBa IIEPBOTO POJNA W IKC-
TOHEHIIMAJILHO CTpEMHUTCI K Hymo npu t — oo. OHa MOXKeT ObITH

TIPECTABJIEHS, C TIOMOLBI0 MHTerpata Pypwe 1)
oo oo
o [ de [ pme st dn. (8.59)
4 —0o0 —0o0

Moncrasnsa B (8.59) Buipaxenue dyHKmuuM (t) Yepes HCKOMYIO
dbysxupo f(t), nonygaem

—a:tf f dé f e a:nf i{(t—n) dn:

1 i T (ors
= o f et de [ et () dn, (8.60)
o )

Tak Kak f(n) =0 mpu 1 < 0.

Ob6ozaauuM p = ¢ + i€ ¥ 3aMeTHM, YTO BHYTDPEHHUN HHTETpaJ B
(8.60) mpexacrasnsier coboit 3amanHOe uzobpaxkenue F(p) mckomoit
dysxuum f(t). Torna seipaxkenue (8.60) npuruMaeT Bug,

e e} T + 100
1 i
fO) =5 [ PR dE=— [ F(p)dp,
—00 a:—zoo

YTO U JOKa3BIBAET TEOPEMY. 3ameTuM, 4To B popmyse (8.58) unre-
CPUPOBAHKE IIPOU3BOAMTCA Ha KOMIUIEKCHOM ILJIOCKOCTH P IO IIpd-
MOM, IapaJjijieslbHOR MHHUMOM OCH U IIPOXOAduleil IpaBee IIPIMOK
Re p = a. 3uadenue unTerpasa (8.58), 04eBUIHO, HE 3ABUCHUT OT Be-
JIUYHHLl T TP YCIOBHHU, YTO MPAMA WHTErPHPOBAHULA JIEXKUT TPa-
Bee npamoit Re p = a.

®opmyia (8.58) uacTo HaswiBaercs gopmyaot Measura, oHa sB-
JIFeTCs B OIPEIeIEHHOM CMBIC/IE 0OpaTHOM npeobpazoBanuio Jlamia-
ca (dopmyna (8.2)), Tak Kak BHIpAXKAET OPUIMHAJ Yepe3 3aJaHHOE
uzobpaxkegne. OTMETHM, YTO IOCKOJBLKY MBI B IIPOIECCE BBIBOZA
dbopmyasr Mesuga oT camoii HeussecTHOR dyukuuu f(t) nepewin
K ee uHTerpaiy ®ypbe, cxonsmemycs K GyHknum f(t) Iamb B TOY-
KaX HEIIPEepPHIBHOCTH 3T0# dbyHKImH, To ¥ uHTerpas (8.58) copunaza-
er ¢ dbysknpelt f(t) JUIIb B TOYKAX ee HEIPEPHIBHOCTH.

B xadecTBe npuMepa IPUMEHEHUS TOKA3AHHOMN TE0PEMEI PACCMO-
TPHUM BOTIPOC 00 OIpeaeseHur M300parKeHus TPON3BEIeHUs [0 W3-
BECTHLIM H300DaKeHUIM COMHOXUTEJIEH.

1) Onpenenenne uETErpaa ®ypee 1 060CHOBaHWE MHTErPaJIbHONE GHOPMyJIIEI
(8.59) cM. BB 2.
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Teopema 8.4. ITycmo f1(t) = Fi(p), Re p > a1 u fo(t) = Fa(p),
Re p > as. Toeda

T + 400
[0 = 10RO =FO) =5 [ F@FE-qd=
T +i00
=5 | F-0P(gds, (861)

npusem Pynxyua F(p) onpedesena u anasumuuna 6 obaacmu
Re p > a1 + az, a unmeepuposanue npoussodumeca no 4060t npa-
MO, NAPAALEALHOT MHUMOT 0cU, YO0BAEMBOPAIOULET 8 NEPBOM CAY-
yae ycaosurwo a1 < Re g < Rep — az, a 60 smopom — ycaosuro
a2 <Regq<Rep—ay.

Hdoxazarenscrtso. Tak xkak dyuxuusa f(¢) yaosrersopser
BCEM YCJIOBHAM CYIIIECTBOBAHUs M300paKeHWs, TO IJis Hee UMeeT
MecTo mpeobpazoBanue Jlamiaca

o0

f®)=F@p)= [ e fi(t)f2(t) dt. (8.62)

0

[Ipencrapnss B (8.62) dyrkmuio f1(t) B Buze ee nrTerpata Memu-
Ha (8.58) M MeHsIs MOPSIOK MHTErPUPOBAHUS, UTO BO3MOXKHO B CHILY
DPaBHOMEDPHOHN CXOIUMOCTH JaHHBIX HECOOCTBEHHBIX WHTETDAJIOB, 3a-
BUCSIINX OT IapaMeTpa, IOIydaeM

1 F T +ioco
Fo) = i ferha | o mdn
T — 100
1 T + 100 0
= 9m f Fi(q)dg [ e P90 fy(t)dt =
T — 100 0
z + 100
1

= o f Fi(q)Fa(p—q)dq. (8.63)

T — 100

Bamernm, uto B (8.63) Re ¢ = z > a1, a dyukuns Fy(p—q) onpene-
seHa nipu Re (p —q) > aq, otkyzna Re p > a1 + ag. 3amenus B (8.62)
dbyexuno fa(t) no dopmyse obpaleHnst, MOXKHO IIOIyYUTH BTOPOE
pasencTBo B (8.61). Teopema mokaszana. OTMETHM, YTO JOKA3AHHAS
TeopeMa B U3BECTHOM CMBICIEe 06paTHa CBOMCTBY 6.

Dpuwvmep 1. Iycrs fi(t) = coswt, fo(t) = t. Haitgem
n3obpaxenne byukuun f(t) = ¢ coswt.
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p .1

Tax xax coswt = ol t= =g TO
T+100
_ gdg
F(p / L (8.64)
T—100

rme Re p > |Im w|, a wHTErpHpOBaHMe IPOU3BOAMUTCS IO JIHO0OM
OpaMOM, IIapaliIeSIbHONT MHHUMOI OCH U JIeXKallleit IIpaBee IIPSMOM
Re ¢ = |Im w|. B kagecTBe TaKo# HpPSMOI MHTEIPHPOBAHUS BBIOE-
peM IpsMYIo, IPOXOIAINYIO JIeBee TOYKH ¢ = P, U PACCMOTPUM Ha
KOMIIJIEKCHOH TJIOCKOCTH ¢ 3aMKHYTHIN KOHTYD I, cocTosImit 13 oT-
pe3ka [z — iR,z + 1 R| naHHOM IPAMOl U 3aMBIKAIOLIEH €ro B IPaBoi
HOJIYIIIIOCKOCTH LYY HOJIYOKPYXKHOCTH |g — z| = R. BHyTpu nanHo-
ro KOHTYDa HOAbIHTerpaibHast GyHkuus us (8.64) seasercsa BCroLy
AHAJTUTAYECKOM, KpOMe TOYKH ¢ = P, KOTOPAs €CTh IIOIIC BTOPOTO
mopsaKa, Jauuo# dyuknuu. Touka ¢ = 00 ABJISIETCH HYJIeM TPETHEro
mopsanka sToit yuknuu. [losroMy B cuny jgemMMel 1 Ti1. 5 3HaYEHHE
unTerpasa (8.64) onpenessercs BEIY€TOM B 0C0G0# TOUKE TIOABIHTE-
rpajbHOM DyHKIUH. 3aMeTHB, ITO 00X0ox KOHTypa ' coBeplmaeTcs
B OTPHIATEIHLHOM HAIIPABJIEHUH, TIOTY9IUM

— d q _ p—w
F(P) - dq | (¢? +w2)]q_p - (p? +w?)?’
Urak,
N il 8.65)
t cos wt = m. ( .

2. VYcioBu# CyImecTBOBaHHWSI OpUrMHaJa. B Hacrosmem
IYHKTE MBI PACCMOTPHUM HEKOTOPBIE [TOCTATOYHBIE YCJIOBUS, IIPA KO-
TODBIX 33JaHHas QYHKIHS F(p) KOMIUIEKCHON NEPEMEHHOH p sB-
nsgeTca u300paXKeHneM HEeKOTopo#t dynkuuu f(t) meficTBATENBHON
mepeMeHHON ¢, ¥ IIOKa2KeM, KaK HaUTH IIOCIIEeJHION0.

Teopema 8.5. [Tycmo gynxyua F (p) xomnaexcroti nepementots
P = T + 1y ydosaemeopaem CALOYIOULUM YCAOBUAM:

F(p) — anaaumuuecrasn pynxuyus 6 obaacmu Re p > a;

6) 6 obaacmu Re p > a dynxyua F(p) cmpemumea x nyato npu

|p| = o0 pasromepro ommocumenvro arg p;

B) dan ecex Re p =z > a cxodumca unmezpan’l)
T + 100
[ IF)ldy<M, z>a (8.66)
T — 100
Tozda Pynryus F(p) npu Rep > a asasemca usobpaosicenuem
dynxyuu f(t) detdcmeumeavroli nepemennol t, xKomopaa onpede-

1) Unrerpan (8.66) mpencrasnser coboi HeCOGCTBEHHBIN MHTErDAJ HEPBOLO
pona 1o npamoii Re p = z ot gefictButensHolt Gynkuuu [F(p)|.
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AREMNCA BBIPAHCEHUEM
)  + 100
f) = 5= [ ePFp)dp, z>a. (8.67)
T — 100
JdoxaszartenscTso. Wrak, Hamo J0Ka3aTh, IYTO UHTE-
rpax (8.67) snstercss opurunanoM dyakuuu F(p). Ileppoiv menmom
BO3HMKAET BONPOC O CYIIECTBOBAHUYM 3TOTO HECOOCTBEHHOTO HHTE-
rpanal). OueBugHo, 4TO

z + 100

+

1 Pt pt . -

Py f F dp‘ f ‘ F ‘|dp|—
r — 100 — 200

ot z + 100 v

e

= f |F(p)|dy < €™, (8.68)
T — 100

OTKYZa ¥ CJIeLyeT CXOAMMOCTE mHTerpasa (8.67) mpu mobom = > a.
OrMmernM mis manpHedero, 4to u3 ouenku (8.68) cieayer pasHo-
MepHasi CXOAMMOCTEL MHTerpaia (8.67) mo mapamerpy ¢ Ha J060M
koHewHOM mpoMexyTtke 0 <t < T

Jnst Toro urobel KoKazaTh, 4To MHTErpaJ (8.67) aBigerca opu-
ruHAIOM 3amaHHol dbynkumu F(p), cienyer ycTaHOBUTDH, 9TO:

1° Nurerpan (8.67) He 3aBUCHUT OT T W OmpeleiseT (GyHKIHUIO
f(t) nums omHO# mepemenHo#t t, mpudeM 3Ta yHKIUA 06IaTAET
OIDAHHYEHHOW CTEIEeHBLIO POCTA.

2°Tlput <0 f()=0

3° Nsob6paxennem Jlamnaca dyukuun f(t) apiagerca 3amaHHASL
dbyuxuus F(p).

JokaxkeM Kaxkj0e U3 BLICKA3AHHBIX YTBEPXKJIEHUH.

1° PaccmorpuM B obmactu Re p > a 3amkHyTHI KOoHTYD [, co-
CTOAIIMR M3 OTPE3KOB NpAMBIX (21 — 14,21 + tA] u [z2 — 14,20 +
+ tA], mapaJuTesbHBIX MHEMOHM OCH, W COEIUHSIIOLIMX HX OTPE3KOB
npaMbIX (27 — 1A, z9 —14], [z1 + zA, T2 + 1A], napannenbHBIX Hel-
creuTenbHOR ocu (puc. 8.1). 3mecs A > 0; z1, T9 — IPOU3BOJIBHBIE
uyncia, Gonbime a. Tak kak dyukuus F(p) siBisiercs aHaIATHYIE-
ckoii B obnactu Re p > a, To B cunmy Teopemsr Koru unTerpan ot
bysxnum e F(p) mo xorTypy [' pasen mymo. Yerpemum A k Gecko-

!) HecobcrBenHELit mHTErpAT (8.67) Beruncisiercs Baosb npamoii Re p =z u
IIOHMMAEeTCHd B CMBICJIE MJIABHOTO 3HAYEHUS, T.€.

T + 100 T+ 14

[ ¢ F@ydp=Jim [ eF@)dp.
A= oo

T — 100 r—1iA
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HEYHOCTH, OCTABJAS (DUKCUPOBAHHLIMHU L1, L9. 1OTIHa O YCIOBUIO
6) TeOpeMBI MHTErPAJIbl IO FOPU30HTAJILHBEIM OTPE3KaM IIyTH HUHTE-
TPUPOBaHMS JAAYT B TIpeJesie HyJIb. B TO e BpeMs MHTErpasbl IO
BEPTUKAJBHBIM PAMBIM IIepexonar B uarerpan (8.67). Orcioga

I1 + 100 T2 + 100
[ e Foydp= [ ' Fp)dp,
1 — 100 9 — 100

YTO B CAJIy IPOU3BOJBLHOCTH T1 U To JOKA3BIBAET yTBEpXKJeHHE 1°.
Urak, narerpan (8.67) spisiercss dyHKIUeH JIUIIbL OXHOM IIEPEMEH-
Hoit t. OTMeTuM, 9TO IpH 3TOM K3 OleHKH (8.68) cpasy cieayer, 4To
unrerpaJ (8.67) npeactasisier coboi HYHKIMIO OrPAHAIEHHOI CTe-
[IEHU POCTA, 10 ¢, TPUYEM TTOKA3ATENb CTEIIEHU DOCTA 9TON DyHKIUK
PaBeH a.

2° PaccmoTpuM 3HaveHne unTerpada (8.67) mpu ¢ < 0. dys ato-
ro B obsactu Re p > a paccMorpum 3aMKHYTHIE KOHTYD C, cocTo-
Amuit U3 oTpeska psamoll [z — iR,z + iR|, £ > a, u 3aMbIKaomei
ero nyru Cp monmyokpyxuoctu |p — z| = R (puc. 8.2). ITo Teopeme
Komm nrTerpan ot dbynkiuu e’ F(p) mo gaHEOMY KOHTYDY paBeH

x+iR
y x+HiA  x2+iA
R Cr
—C
p=0 | x=a o x
o -
X1-iA x-iA x-iR
Puc. 8.1 Puc. 8.2

Hymo. B cuny samevanus x jemme 2Kopmama (cm. mi. 5, c. 139)
npu R — oo unTerpan mo gyre Cf cTpemurcs K Hymo mpu ¢ < 0.
ITosTomy

T + 100

f(t)= o= [ e"F(p)dp=0, t<0, Rep>a, (8.69)
2 .
T — 100
U yTBepXKIeHUe 2° M0KA3aHO.
3° Tlocrponm m3obpaxkenue Jlammaca dbysknuu (8.67) u pac-



244 OCHOBHHIE ITIOHATHUA OIIEPAITMOHHOI'O HCYUCJIEHUA TIJI. 8

CMOTPHM €r0 3HAYEHWE MPH HEKOTOPOM IIPOM3BOILHOM Py, TIE
Re pg > a:

o0 T + 100
f e Pf(t)dt = — — [etdt [ erF(p)dp (8.70)
0 T — 100

Buytpennnit uarerpasn B (8.70) He 3aBucuT or z. Bribepem 3HaueHuE
T, YIOBJIETBOpsiomiee yeIoBHIO a < < Re pg, 1 MI3MEHUM MOpsAI0K
HHTEIPUPOBAHHUS, YTO BO3MOXXHO B CUJIY PaBHOMEDHOM CXOJAMOCTU
COOTBETCTBYIOIIMX MHTETPAJIOB; TOTYIAM

o0 1 T + 100 o0
Je™iydt=5— [ Flp)dp [ e ®Pldt=
0 T — 00 0
- L z}woF(p) P (8.71)
i ) po—p :
r— 100

WuTerpan (8.71) Moxer 6HITH BBIYUCIIEH C IOMOIIBIO BHYETOB, TaK
KaK B CHIIy yCJI0BHUs 6) TeopeMbl IIOABIHTErpaibHas DYHKIMS CTpe-

MHTCS K HYJIO IPH |p| — 00 GeICTpee, deM byHKIMS > [TosTomy,

y4Ts, YTO €IUHCTBEHHOM 0C060# TOYKOM MOABIHTErpPalbHOR (DyHK-
OUH — IIOJIOCOM IIEPBOTO MOPSAIKa — ABJILETCH TOYKA P = Pg U ITO
npu 3aMbikaruy (8.71) B mpaBoi MOMYIIOCKOCTH WHTErPUPOBAHME
IIPOM3BOJUTCA B OTPHIATENBHOM HAIIPABJICHUU, IOy IUM

) = f e Pt f(t) dt = F(po). (8.72)
0

ITockonbky pg — mpousBoIbHAS TOUYKA B 061acT Re p > a, Teopema
JoKazaHa. EcrecrBenno, uro uarerpasn (8.67) cosmazaer ¢ dpopmy-
a0t Mesumuna (8.58), BEIBEIEHHEIA B MPE/IOIOKEHUH CYIIECTBOBA-
HUS OpUruHaJIa. VITaK, HAMU yCTAHOBJIEHBI HEKOTOPHIE JOCTATOYHBIE
YCJIOBUS, IPU KOTOPHIX 3anaHHas dyHkuus F(p) KOMIIEKCHON me-
PEMEHHOI P SBJISETCH U300pAKEHHEM.

3. Bsorumcnenme maTerpasa MemnHa., Bo MHOrEX mpak-
THYECKH BaXXHBIX ciydaax uarerpad (8.58), (8.67), maromuii BeIpa-
JKEHHe OPUTMHAJA, 10 3aJaHHof dyHKuun F(p) KOMILIEKCHOR mepe-
MEHHOM, MOXeT OBITH BBHIYM(JIEH C IIOMOINBIO PACCMOTDPEHHBIX BbI-
me (CM. MI. 5) MeTOZO0B BBHIYHCIEHHsS KOHTYDHBIX HHTETDAJIOB OT
dbysKmE KOMILIEKCHOM epemenHoit. [Tycrs dyukuua F(p), nepso-
HaYaIbHO 3a7aHHad B obmactu Re p > a, MoXeT OBITH aHATHATHYE-
CKH IIPOJIOJIXKEHA, Ha, BCIO IUIOCKOCTD P, 33 UCKJIIOYEHHEM KOHEYHOI'O
YHCTa, 0COOBIX TOYEK W pa3pe3os. IIyCTh ee aHAJIATHYIECKOE TIPOIOI-
JKeHue yzaoBaeTBopseT upHu Re p < a ycioBuam gemmel 2Kopaamna.
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Torma mpu ¢ > 0

[ e F(p)dp -0, R— oo, (8.73)
Cr
roe Cy — Ayra HOIYyOKPYXKHOCTH |p — ¢| = R B JIeBOi IOMyILIOC-

KOCTH. B 3rom ciydae muTerpas (8.67) MoxkeT GHITH BLIUHCIEH C
IIOMOLIBIO TEOPUH BEIYeTOB. PaccMoTpuM psis mpuMepos.

Il puwMep 2. Haitru opurnran byukumu F(p) = ﬁ,
Re p > 0, w? > 0. Tak XKaK yCJIOBHS TeOpeMbI 8.5 BBIIOIHEHEI, TO
T+4i00
= =1 pt__W
F(p)=f(t) = 5 / i dp, z>0.
T—100

Ananvrudeckoe npogomkenue Gynkuuu F(p) B neByo moiy-

w
mwrockocTh Re p < 0, dyuxuus ~5 7' YAOBJIETBOPSAET yCIOBUAM
P w
gemmbl 2KopaHa ¥ UMeeT aBe 0CODblE TOYKH — IIOJIIOCHI [IEPBOTO
nopsagKa Ipu p12 = tiw. IlosTomy mpu ¢ > 0

wt —iwt

2
k:

Ycnosus TeopeMsl 8.5, B 4aCTHOCTH YCIOBHE B), ABJIAIOTCA JOCTa-
TOYHBIMH YCJIOBHSIMH CYIIECTBOBAHUS OPUTHHAJA aHAJIATHIECKON B
obnactu Re p > a dyukuun F(p). Herpyaao mpuBecTH npuMepsl,
[IOKA3BbIBAIOIIKE, YTO, €CJIM ITO YCJIOBHE HE UMEET MECTa, PyHKIIUSI
F(p) moxeT BCe e ObITH H300paKEHNEM HEKOTOPOH (DYHKUMK Jeit-

CTBUTEJILHON IIEpEMEHHOM.
1

pa+1 ?
-1 < a< 0, Rep > 0. 91ta DyHKIUA SABJISETCS MHOTO3HAYHON
B paccMaTpuBaeMoit obsacTa. Mel 6yaeM TOHAMATDL 01 PYHKIHER
F(p) Ty BeTBb HaHHOW MHOrO3HAYHOM (DYHKIMH, KOTOpPAs SBJSET-
Csl HEIOCPEJCTBEHHBIM AHAJUTHIECKHAM IIPOAOKEHHEM B ODJACTD

Il puwmep 3. Haitru opurunan ¢yukumu F(p) =

. " 1 .. .
Re p > 0 geiicTBuTE BLHOM HKIAM —— JeMCTBUTEJLHOH Iepe-
:1}°+1

MenHoi#t £ > 0. IIpm 3TOM MBI, 0O4eBH/IHO, TOKHBI CINTATE argp = 0
upu p = z, ¢ > 0. Pynxuua F(p) He yIOBIETBOPSET YCIOBHUIO B)
TeopeMbl 8.5. IlokaxkeM, oHAKO, YTO DYHKINA

Z+100
1 1
ft) = 2 / eptpaﬂ dp, >0, (8.74)
Z—400

SBJISIETCsI OPUTHHAJIOM 33JaHHON dyrKunn F(p).
Ananvrudeckoe npogomkenue dyHkunu F(p) Ha jesyo mosy-
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mrockocTh Re p < 0 saBngerca MHOro3uadHo# GyHKIIMEH, TMEIO-
meit ToukaMu pasBeTBiaeHns Toukd p = 0 u p = oo. Bymem pac-
cMaTpuBaTh B obsacTu G, IpeICTABJSIONIEH COO0il KOMILIEKCHYIO
IUIOCKOCTL P € Pa3pe3oM II0 OTPHUIATEJbHOH YaCTH JeiCTBHUTE/b-

HOIt OCH, Ty BETBb MHOT'O3HAYHON

AY +iR' ysKIMH 1 koropas smis-
x+iR y 0 pa+17 p

€TCsl HeIOCPEICTBEHHBIM AHAJIH-
THYECKUM IIPOJOTIKEHNEM (DYHK-
muun F(p), mepBoHAuasbHO 3a-
JaHHOH B IIpaBOH# ITOJYIJIOCKO-
ctu Re p > 0. B obamactu G pac-
CMOTPHM 3aMKHYTBI KOHTYD [,
COCTOAIIMH M3 OTpe3Ka MIpAMOil
Rep=x [z — iR,z +1iR'], z > 0, orpes-
— k0B —R < z < —p Ha Geperax
pa3pesa ¥ 3aMBIKAIOIINX UX Y-
ru oxpyxuoctu Cp, |p| = p, u

nyr okpyxuoctu Cg, |p — | =
= R', coequnsiomux 6epera pas-
pe3a C BEPTHKAJIBHBLIM OTPE3KOM
[z — iR,z +iR'] (puc. 8.3). Tax

Kak dynKims ePt
r

— B obsacT

G 0COOBIX TOYEK HE KMEET, TO

Puc. 8.3 o reopeMe Komu maTErpasr or

31O DYHKIHMK 10 KOHTYPY [ pa-

BeH Hymo. YcrpemuMm R’ x Gec-

KOHEYHOCTH, a p K HyJ0. B cuny jgemmbl 2Kopaana HHTETDAJIBL 11O
kpuBbiM C§, JalyT B mpefese Hy/b. OleHMM HHTErpaJ 10 OKPYK-

! — ptp.
nocru O, moNoXKUB p = pe'?:

\'x—iR'

T

1 t dp 1 10 COS
P ep < - p .
271 / pa+1 ~ 2 o / € d(p

C, -
Tak xak —1 < a < 0, To HHTerpas 1o C;, TAKXKe CTPEMHUTCH K
uynwo mpa p — 0. TeM caMbIM OCTalOTCA JHINL UHTErPAJBL 110 TIPS-
MOJIMHEAHBIM YYaCTKaM KOHTYDA HHTETDHPOBAHHUS. 3aMETHM, YTO
Ha HIXKHeM 6epery pa3pe3a argp = —T, HA BEPXHEM argp = .
IlosToMy mosyuum
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[4] —00
_ 1 et dz + Tt dz _
T ori (_z)a+lei1ra (_z)a+le—i1ra -
—00 0
o0
1 — — — — —
2 zwa/ezt aldm_e ezt aldm _
fig)
0

_ s1n(—7ra

e T ldg. (8.75)

\8 °\8

Caenas B unterpaine (8.75) 3ameny nepemeHHon UHTETrpUPOBAHUS
It = §, IOIy4YuM

Ft) = 28T,

T
BOCHOJIBBOB&BIHI/ICB pa,BeHCTBOM 1)
I(—a)T(l+a)= —F
(o)1 +a) sin (-7a)’
OKOHYATEIbHO HMOJIYyIuM (hopMyTy

1 . g
e f(t)= Tita) (8.76)

ABIsAOUyocs obpamenueM dopmyisl (8.18), 94To u JOKa3LIBAET Ha-
e yTBEpXKIEeHNE.

IIpuwmep 4. Haiitu opurunan byukuun F(p) = 11—)6_‘1\/1_),

a > 0, Rep > 0. Ilpu 3ToM, Tak Ke KaK U B IpeJbIAYIIEM IIDH-
Mepe, MBI DaCcCMaTPHBaeM Ty BETBb MHOTO3HAYHOM (DyHKIMH /P,
KOTOpas ABJISIETCA HEOCPEICTBEHHBIM AHATUTHICCKUM ITPOIOJIKE-
HueM B 06;1acTh Re p > 0 meficTBuTenbHoft byHKIUE /T HeficTBH-
TesbHOU mepeMenuoit x > 0. HamoMmMHHM, 9TO B 3TOM CIydae MBI
JO/KHBl TooXuTh argp = 0 mpu p = ¢ > 0. AHamuTHYIeCKOe
npogomxenue ynkuuu F(p) B neByo nomymrockoets Rep < 0
ONIAATH UMEET TOYKAMU Das3BeTBJeHUA TOukKM p = 0 m p = oo. By-
€M PaCcCMaTpHUBAThL 00JIACTbh § — IJIOCKOCTH P C Pa3pe3oM BIOJb
OTPHIATENBHON YacTH JeficTBuTeNbHON ocu. B aToit obnacTu ompe-

1 _
JIEeJIEHa, OJTHOBHAYHAA aHAJUTUYECKas (DyHKIHS ;e VP gBIIsIIOLIa-

SICS HEMOCPEJCTBEHHLIM AHATUTUYICCKUM MPOJOINKEHNeM (DYHKIIUN
F(p). Ormerum, uto dyukuus F(p) upu Re p > 0 ynosmerBopsier
YCIIOBUSIM TeopeMbl 8.5, a ee aHATUTHUYECKOE TPOIOJIXKEHNE B 00714~
cte G B jieBoii nmonymmockocT Re p < 0 mpu ¢ > 0 yanosmeTBopsieT
ycnoBusaM JemMel 2Kopaana. [losToMy, BRIOpaB TOT e KOHTYD HH-
TerpupoBanus [', UTO U B MpeAbIAYINEM IPUMEDPE, W 3aMETHUB, UTO Ha,

1) Cwm. Boim. 2.
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BepxHeM 6epery pas3pesa argp = —T, 4To jaer p = e = —¢, VP =
¢ exp (z%) = 14/, a Ha HIXHeM Gepery paspesa argp= — T,

aT0 faer p = e~ = —¢, /D = V€ exp (—z%) = —ivE(E > 0),

TIOJIYIUM

T+i00
— -1 pre % _
T—100
o0 o0
= 1| [ ae ™ e [ e
_ml/e e /e o dg| +
0 0
—ayF
lim — | eP*S—— dp.
+pl—1>% 27rz € P dp
%
Tak xakx i
p
) i d G | P
;l—ly% 2mi /e peie tpe”” dp =1,
—T
TO

oo

) =-1 / etV gy
0

CresaeM B 3TOM HHTerpaJie 3aMeHy IePeMeHHOM, MOIoXuB /€ = x,
yUTEM, UTO

sinoz _ f cos Bz dB,

¥ U3MEHUM NOpSA0K UHTerpupoBanud. [lomydurm

o0 (a3 o0
/ cmersinayl e / 48 / et cos B da. (8.77)
0 0 0
BuyTpenuuit naTerpas B (8.77) erko Moxer 6bITh Bhraucaer 1), Om
paBeH
[ mpado =1 e (§)
e " cosBrdr = =,/ exp
. 2Vt 4t
Orcrona,

1) Hanpuwmep, auddbepernuposannem o mapamerpy (CM. BBIIL 2).
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fe)y=1- %\/g/exp (—i—:) dg.
0

[Tosoxus % = 7], OKOHYATEJIHHO TOJIy4HNM
—leovPo1_ (2
F(p) oC =1-9 (2\/5) , a>0, Rep>0, (8.78)

rae GyHKIHS

B(z) = % [ e dn (8.79)
0

eCTh TaK Ha3blBaeMas (PYHKIHS OMIHOOK 1).

4. Cayuait peryasapHoil Ha DeCKOHEYHOCTH (DYyHKITMH.
PaceMoTrpuM erne oMH 9aCTHBIH Ty dail, KOTJa OIpPE/IeJ€HIE OPUTH-
HaJsta 1s 3aganH0d dyskuu F(p) koMmwiekcHol mepeMenHoi mpo-
u3BoAUTCA 0coGeHHO mpocTo. ITycTs aHAIMTHYECKOe MPOIOKEHHE
[epPBOHAYAJIBHO 3a/laHHOM B obnactu Re p > a byukuun F(p) sasuns-
eTcd OJHO3HAYHON (DYHKIHEH HA MOJHON MIOCKOCTH KOMILIEKCHOM
TEPEMEHHOM P, IPUYEM TOYKS, P = 0O — IPABHJILHASA TOYKA PDYHK-
mua F(p). Dro o3Hadaer, 4yTo pasdnoxenue yHriuuu F(p) B pax
JlopaHa B OKPECTHOCTH TOYKH P = OO HMEET B

oo
Fp)=) =, (8.80)

n=0
IIpu paccMOTpeHHH CBOMCTB H300pakeHHs OBLIO OTMEYEHO, YTO
|F'(p)| = 0 mpu Re p — +00. ITosromy B pasnoxenun (8.80) koad-

bunreHT ¢y paBeH HYJIO U o

Flp)=) = (8.81)
n=1 P
Jlerko naittu dyakumio f(t) AeACTBUTENBbHOM NepeMeHHOR &, IJid
koTopoit dynkius (8.81) saBiseTcs H306paKEHHEM.

Teopema 8.6. Ecau mowxa p = 00 A6AAEMCA NPASUALHOT MO~
xoti pynxyuu F(p) u F(oo) =0, mo gpynxyusa F(p) npedcmasasem
coboti usobpascenue Jlanaaca gyrnxyuu deticmeumenvroti nepemen-
Hnot

0, t <0,
f)=q <, & (8.82)
Z Cn+1 e t> 0,
n=0

20e ¢y, cymov xosdduyuenmo, pagaoccenus gynxyuu F(p) 6 pad Jlo-
pana (8.81) e oxpecmuocmu mouku p = 00.

) Onpenenenme u cBoiicra dbynkmum $(2) cv. A. H. T u x o 1 0 B,
A.A. Cawmapcxkuil. YpaBHeHHd MaTeMaTHIeCKOH ¢usmu. — M. :
Hayxka, 1972.
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JokaszaTenabCTBO. Broime 660 TOKA33HO, YTO KOI(D-
bunpenTs paznoxenns (8.81) onpegensrorca dbopmyJtoit 1)

1 _
nz%fF(p)pn 1dp’

rae Cr — OKDYXHOCTB [p| = R BHE KOTODOH HET O0COOBIX TOYEK
dyukunn F(p). TaK KaK TOYKa P = OO ABJIAETCH HyJieM (DYHKIUH

F(p), To |F(p)| <M 7 1P |z| > R. IlosTomy dbopmyana aJsd ¢, gaer

len] < MR™ L.
W3 sT0it oLeHKK ClIeAyeT CXOLZUMOCTH pﬂ,aa (8.82). eitcTBrTesbHO,

ch+1— ZlanI” <MZ R”Itl MRl

n=0 n=0

OTcro,u;a XKe CJIeflyeT, YTO B Kpyre J000ro KOHEYHOTO PAINYCa DT,
(8.82) cxozuTcs PABHOMEDHO, TE€M CAMBIM OIPEZessisi HEKOTOPYIO
eNyo (DYHKIINO KOMILIEKCHOM IepeMeHHOH t:

00

-~ tn

t) = E Cn+1y
n=0

(3amerumMm, uro dymkmmo f(t), ompenenennyo dopmysoit (8.82),
MBI MOXKEM DAcCMATDHBATH KaK mpoussenerne bymkumn f(t) Ha
exuHUYHYO GyHKIMIO Xeucaina og(t).)

Yuuoxus dynkmuio f(t) Ha e P* u mpomHTErpUpOBaB 1O ¢ paB-
HOMEDHO cxongamuiics psaz (8.82) mowreHHO, Ha, OCHOBAHMM COOTHO-
11eHns 2)

. nl
tn = pn+1
nonyan
Z Cn+1 Z Cn+1pn+1 Z cwp "t = F(p), (8.83)
n'=1

4TO B ,D;OKa.BI)IBa,eT TeopeMy.
IIpumep 5. Ilycrs

STa GYHKIUS IMeeT JBe 0COOble TOUKH P) o = ti U ABJISAETCs OJHO-
3HAYHON AHAJUTHYIECKON (DYHKIHEH B OKPECTHOCTH TOYKH P = OQ,

(8.84)

1) Om. c. 119.
%) Cm. dopmyny (8.19).
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IpUYeM B OKPECTHOCTH 9TOH TOYKM, KaK ObLIO IIOKA33HO BBIIIE ),
dyuxuus F(p) moxer 6bITh paziioxena B paf Jlopana:

o0
_ k_(K)! 1
F(p) = Z( 1) 22k (g2 p2eti
k=0
IMosTomy cbopMyna (8 83) maer
o0
k t2k Z( k (t/2)2k
Z =Y (-1 . (8.85)
2%k (k1)2 e
vt CIEAP AN )
Pan, crosimmit cnpaBa B (8.85), mpezncraBisier cobo# pa3IOKEHHE
BECBMa BaXXKHOM CIIEIMaJbHON (DYHKIIMH — TaK Ha3bIBaeMoil yHK-

mun Beccessi 2) HyseBoro mopsaka

& 2k
) =Y (-1

k=0

Urak,
1

P’ +1
3aMeTHM, UTO, IPEICTABUB
1 11
P’+1  /p+1 p+1
U BOCIIOJIB30BABINNCH n300paxkeHueMm byHkmy sint (cMm. dopmyiry
(8.22)), Ha OCHOBAHWMH TEOPEMBI O CBEPTKE IIOIYIUM

= Jo(t). (8.86)

f Jo(7)Jo(t — 7) dT = sint.
0

Dpumep 6. Ilycts
=1 _1
F(p) = exp( )

9Ta PyHKIUA, OUEBUIHO, YIOBIETBOPAET YCIOBHUSAM TeopeMbl 8.6,
IpUIeM

— = _1\n—1 1
Fw) = 3"
Torxaa,
11 oy ek (2VE2)
s .—n;)( 1) W_kzzo( R (2\/2). (8.87)

1) COm. mpumep Ha c. 126.

?) Ounpenenenne u cBOACTBA byuxuuu Beccena cm. A.H. Tuxownos,
A.A. Camapckuil. YpaBHeHus maTemaTndeckoit busuku. — M. : Hayxka,
1972.
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§ 3. Pemenue 3ama4y ajis IuHEMHBIX gudrdepeHnnatbHbIX
ypaBHEHUl ONMepanuoHHBIM METOA0M

B srom naparpade OyayT pacCMOTpPEHBI IPUMEHEHHS METOIOB
OTIEpPAIMOHHOTO MCUUCJIEHUS K PelIeHnIO PAAa 33084 A1 THHEWHDBIX
nuddepeHIHalbHBIX YPaBHEHHH.

1. O6eikHOBeHHBIE OuddepeHIUATBLHBIE YyPaBHEHUsA. B
§ 1 MBI y2Ke BUOE/IH, KaK C IIOMOIIBIO OIIEPAIIMOHHBIX METOO0B MOXK-
HO CBeCTH 33 a4y KOHII/I C HYJIEBBIMH HaYaJIbBHBIMH YCIIOBUAMU [JId
auHedHoro auddepeHIaIbHOrO ypaBHeHHsT K IIpocTefneii aJre-
Opauyeckoit 3amade misa u3obpaxenus. Pacecmorpum Gostee 001my:o
zagagy Kormru:

aoy(") (t) + aly("_l) )+ ...+ any(t) = f(2), (8.88)
y(0) =yo, ¥'(0)=y1, ..., y""D(0) = yn_1, (8.89)
r7e ag, a1, - - -, Gn, Y0, Y1, - - -, Yn—1 — 3aJaHHLIE TTOCTOSHEBIE, f(t) —

3ajaHHas (HyHKINS HE3aBUCUMON mepeMeHHON {, KOTOPYIO MBI Oy-
JeM IIONIaraTh YIOBJIETBOPSIONIel BCEM YCJIOBUSIM CyIIECTBOBAHUS
n306paskenus 1). [Tockombky 3amada (8.88), (8.89) apnsgercs mmHed-
HOM, MOXHO OTZEJBbHO PACCMATPHBATE PEIlleHHe ONHOPOIHOIO YDPaB-
HEHUsl C HAYaJIbHBIMU yciaoBusaMu (8.89) 1 pemreHne HEOZHOPOSHOTO
ypaBreHus (8.88) ¢ Hy/eBbIME HAYAJILHBIMUA YCIOBHSAMH.

Haunem ¢ pemmenus mepgoit 3agaun. Kax nsBecTHo 2), a71s ee pe-
IIEHNsl JOCTATOYHO IIOCTPONTH (DYHIAMEHTAJIbHYIO CHCTEMY pelle-
Huit ogHOpoxHoro ypasuenus (8.88). B kagecrBe TakoBoii BhIGEpeM
pellleHusI ONHOPOJHOTO YPaBHEHUS

a0 +a " () +. . Aantr(t) =0, k=0,1,...,n—1, (8.90)
YAOBJIETBOPAOIINE HAYAJIBHBIM YCJIIOBHAM
k=0,1,...,n—-1

U)(0) = 6y : 8.91
e O=0% o, (8.9)

Lk=j
Ok = .
0, k #j.
OueBugno, dyukumn () 00pasyT GyHAAMEHTAIBHYI CACTEMY,

TaK KaK HX OIpefesuTesb BpoHckoro mpu ¢ = () 3aBeOMO OTIMYEH
or uynsa. Pemenue 3amaqu (8.88), (8.89) npu f(¢) = 0 gepes atu

rue

1) 06 YCJIOBUSAX CYLIECTBOBaHUA M300pakeHud cM. c. 222.
2) Cm. BHIL 3.
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¢yHKIUK BEIpaXkKaeTcsa Haubojee MpoCTo:
n—1
§t) =Y urte(t).
k=0
Hnst ompenenenuss dbyHkumit Yg(t) TIPUMEHHM OIEpAIMOHHBIN

merozn. Umess B Bugy, uto dbyHKuusa YPy(t) U BCe ee MPOU3BOIHBIE
JI0 N-T0 TOPSIKA YIOBIETBOPSIOT YCJIOBHHAM CYIIECTBOBAHHS H30-

6paxenns '), B cury (8.91) u dopmyrer (8.38) moywmm
Pe(t) = Tlp), v (1) =p [Tep) - 2], G=12,...0m,

rme
= { G SH
& 1, j>k.

YMHOXUB 06e acTu ypasrerns (8.90) Ha e P! u mpowETErpHpOBaB

o f, IOJIYy4UM
Ui(p) - Pu(p) = Pr(p), (8.92)
rae nosuHoMbl Py, (p) 1 Pg(p) cOOTBETCTBEHHO PABHBI
Pr(p) = app™ + a1pn_1 +...4+ap
"
P(p) = aopn—(lc—H) + alpn—(lc+2) +ooF (o) (8.93)
s (8.92)

T (p) = ﬁ:((i

¥, B YACTHOCTH,

} k=0,1,....,n—1 (8.94)

noa(p) = B2 = o (8.95)

®opmyia (8.95) byzner ucmosmp3oBaHa B HasibHehmeM. OpHrHHAIBI
dbyuximit U (p) MoryT 6eiTh HalzeHs: o dopMmyie Memmuna:
z+i00
W) =) = [ SBBdp,  z>e  (390)
—100

rfie IpAMas T = a TIPOXOJHUT IpaBee BCeX OCOBBIX TOYEK MOABIHTE-
rpasbHOl dyukuun u3 (8.96). Tak xax dyukuusa (8.94) mpeacrasis-
eT co6oit OTHOIIEHKE ABYX MMOJUHOMOB, TO €€ OCOOBIMU TOYKAMHU MO-
ryT GbITH JIMIIE HYJIX 3HaMeHaTens Py, (p), IpuueM Bce OHU SBJISIOT-
ca nomocamu. Kpome Toro, npu ¢ > 0 moapiHTerpaibHas (OyHKIUS

1) Hedicreurensro, bynkmuun 1y (1), Kak pemenus ypasuenus (8.90), sBis-
0TCA THagkuMu GYHKOUAMH, PACTYIIMMHA Ha GECKOHEYHOCTH He BhICTpee, deM
IKCHOHEHTa C JHHeHHnIM moka3areneM. (IlogpobHee o cBOHCTBAX peleHuit JH-
HeHdHBIX yPABHEHHH C MOCTOSHHBIMY KO3 (MUIUEHTAMH CM. BBIIL 3.)
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u3 (8.96), o4eBHIHO, YIOBIETBOPAET yWIOBHAM JieMMbl 2KopaaHa B
sneBoit nomymiockocT Re p < a. ITosromy

_\ Pp) |
Y (t) = ; Brru [ept P: (p),pz] ) (8.97)

rie p; — Hyau nojguaoMa P (p).
Eciu Bce Hynu p; nonmsoma Pp(p) sBASIOTCS NPOCTBIMH, TO,

n
IPeJCTABHB €ro B BHIe mpomsseneHuss Pn(p) = ao [ (p — pj), u3

i=1
dopmysr (8.97) momydnm
n
Yk(t) = ) akie?™, (8.98)
=1
rie
ap; = — @) (8.99)

l—n
ao [] (pi —pj)
j#i
Eciu mymu p; nomuaoma P, (p) ABASOTCA KPATHBIMH, TO Da3-

m
noxenue monuaoMa uMmeer BUL P (p) = ao [[ (p — p:)®™, tme a; —
=1
m
KDPATHOCTb COOTBETCTBYIOILErO HyJs, IpUYeM Y, @; = n. B sTom
=1
cly4dae, IOob3ysiCh IPABUJIOM BHIYMCJICHHUS BHIYETA, B IIOJIIOCE IOPSi-
Ka k > 1 u BBIYMCIIAS TPOM3BOMHYIO OT IIPOM3BEIEHUS 110 (POPMYJIe
JleitOHuIA, 0Ty IaeM

Ye(t) = D qri(t)eP?, (8.100)
=1

IJle TIOJIMHOMBI gk;(t) MMeroT BuL

qri(t) = bg,kitai_l + bl,kitai_2 +...+ bai—l,ki, (8.101)

npuyeM K03 GUINEHTH by, k ; BBIYHCIAIOTCA 10 PopMYyJTe

1 ﬂ P (p) (8 102)
Wv: —m — 1) dp™ 1-m °
mi{a; —m — 1)l dp a0 TT (b - 1)
J#i P=p;

bmki =

OrmerumMm, 4TO HyaH p; monuaoMa P, (p) COBIAZAOT C HyJISMH
XapaKTePUCTUIECKOr0 MHOrowWIeHa jJia ypabuenus (8.90). IlosTo-
My dopmyast (8.98) u (8.100) maroT mpeicTaBiIeHHE KaXKIOTO U3
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4acTHBIX pemrenuit ypasuenus (8.90), yZOBJIETBODSIOMUX HAYAIIb-
HBIM yortoBusaM (8.91), wepes yacTHble pemenns ypaBHenus (8.90),

TIOJIyIeHHbIE C TIOMOIIBIO XaPAKTEPUCTHIECKOTO YPABHEHN ).
IIpumep 1. Pemwurs 3amaay Kommn

y™WM 2 +y=0, y0)=¢0)=¢"0)=0, "0 =1

OueBngHO, peleHWeM 3aJa9W sBiferca (yHKuus 1s(t), KOTOpas MOXKeT
GeITh HaiijeHa mo ¢opmyne (8 96):

z+ioco
_ -1 pe___ 4P
W%%@—%i/ew+W+r (8.103)
T—100

Ionpmrerpanpuas Gyakuus B (8.103) mmeer gBe ocobble TOUKH p12 = =i,
ABJIAIOUIFECS TOTCaMHI BTOporo nopaaka. [lostomy

y(t) = % [ept (p%)z] ¢ % [evt ﬁ] - L(sint —tcost). (8.104)

IlepetfimeM Temeps K pereHMIO 33Ja4M KOIM ¢ HYJIEBBIMH Ha-
YaJbHBIME YCJIOBUSMH JJIS HEOJHOPOLHOrO ypaBHeHus (8.88):

Lly(®)] = f(¢).
B cruty HyJIeBBIX HAYATIBHBIX YCIOBUH, Iepeiis K N306paskeHnsaM 2)
Y(p) = y(t), F(p) = f(t), noxyaum
Y (p)Prn(p) = F(p),

OTKYyZa

Y(p) = g‘g). (8.105)

Tak kax yskys Y (p) aisercs n300paKeHHEM, TO €e OPUTHHAI B

1) O xapakTepuCTHYECKOM yDABHEHHH CM. BBIL 3.

%) Bamernm, uTo MIa CymecTBOBaHMS H306pakenus F(p) mpasoit uacTh ypas-
Henusa (8.88), ymknum f(t), BO MHOrMX CIydasx HeCYIUECTBEHHO IIOBeLeHHe
aroit Gyuknuu npu ¢ — oco. JeficTBUTENbHO, HAC YACTO MHTEPECyeT peuieHye
ypaBuenus (8.88) b Ha orpaHudenHoM orpeske spemenu 0 < ¢ < T, xo-
TOpOe MOJHOCTHIO onpefeisiercs 3amanueM yukmuu f(I) Ha 3TOM OTpe3ke U
He 3aBUCUT OT nosenenus qyukuuu f(t) upu ¢ > T. IlosToOMy MBI MOXKEM H3-
MeHaTh 3HadeHus Gymkuum f(t) npm ¢ > T kax yrogHo, Juiub GBI yCIoBHS
cymecTsoBanus u3obpaxenus F'(p) bymkuun f(t) 6eiim Bemmonnens.. Hanpn-
Mep, MOxHO 11o10xkuTh f(t)=0mnput > T. (IloguepkHeM, 9TO 14 OLpeAeIeHAd
uzobpaxenus F(p) dyukuusa f() momkna 6bITh 33aHa HA BCeM GECKOHETHOM
npomexyTtke 0 € t < co.) IIpu 3T0M MBI, KOHEYHO, GyZeM OIYy4aTh PA3/IAIHbIE
u306parkeHns, OZHAKO NX OPUTHHAJE, €CTeCTBeHHO, conagaoT npu t < T'. Cre-
[AYeT UMETb B BHJY, 9TO YKA3aHHOE II0JI03KEHNe OTHOCHTCH He TOJBKO K CIydat0
ypaBHenus (8.88), HO 1 KO MHOTMM ApYruM (HH3MYECKHM 330a9aM, B KOTODBIX
pellleHure MINeTCs Ha OrPaHMYEHHOM NPOMEXYTKe H3MEHEHH BpeMeHH.
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CHJIy TeopeMblI 8.3 MoxKeT ObITh HaltleH ¢ TOMOIIBI0 HHTerpana Me-
sgura. OIHAKO B JAHHOM CJIy4ae MOXKHO O0OMTHCH 6€3 BHIYMCIEHHS

aToro unTerpaia. JdeiicrBurensro, cortacuo (8.95) dbyukimsa Pa€ )
n\D

npexacraiser coboit m3obparkenue byuxkuuu ¥, _1(t) — pemenuns
sazaun Komm mis ogsopoguoro ypapHenus (8.90) ¢ HaYaJbHBLIMHA
YCJIOBUSIMA CIIEIMAJILHOTO B

D (0) =6,_1j, §=0,1,...,n—1.
[TosroMy mo TeopeMme o ceeprke u3 (8.105) momydunm

Y(p) = y(t) = o [ noa(t — 1) () dr.
0

®ysK1EA Yp—1(t) YacTo Ha3bIBaETCH DYHKUUEH €IUHIIHOTO TO-
4e4YHOT0 MCTOYHWKA HIs ypasuenust (8.90) m obosmagaercs g(t).
IIpunse sTo 0obo3HAUEHKE, IEPENUIIeM pemeHne 3a0a49u Ko ¢ Hy-
JIEBBIMHU HAYAJBHBIME YCJIOBHSAMH Ui ypaBHenus (8.88) B Buze

y(t) = — [ gt —7)f(r)dr. (8.106)
0

®opmyna (8.106) HocuT HasBaHWe mHTerpasa Jdoramesns 1),
IIpuwmep 2. Pemurs 3agagy Komm

y" +y=sint, y(0)=y(0)=0.
Haitnem dyukunio g(t):

g'+g=0, g(0)=0, g(0)=1
Jns ee uzobpaxkenns G(p) nmo dopmyse (8.95) momydum
1
G(p) -_ pZT'

Orcrona ¢ oMompio Tabnis! n306paxennit HaxoquMm G(p) = sint

U TEM CaMBIM ,

y(t) = f sin(t — 7)sintdr = %(sint — tcost).

0
2. VYpaBHeHUE TeILIONPOBOAHOCTHU. PaccMoTpuMm mnpume-
HEHHE OIEPAIMOHHOIO METOJa NpH PEIIEHWH KPaeBbIX 33434 JJIs
yDaBHEHHS TEILIOMPOBOJAHOCTH Ha MPHUMEPE PACIPOCTPAHEHHS Kpa-

€BOT0 PEXKMA, 110 TOLyOECKOHEYIHOMY CTEPXKHIO.

[Tycrs TpebyeTcss HAWTH pacIpejeeHHe TEMIEPATYpHl B IOJIY-
HeckoneuHoM crepxkHe 0 < £ < 00, eIM HAYMHAsd C MOMEHTa Bpe-
Menn t = 0 Ha ero JieBoM KoHlle £ = 0 mogmep:KUBAETC 33 JaHHBIM

1) O npumenenun urTerpana JlioraMens B 33,1a493X MATEMATHYECKON PUINKH
cm. takke A.H. Tuxomos A . A Cawmapcxkuit YpapHeHHsa
MaTemaTndeckoit pusuku. — M. : Hayxka, 1972.
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TeMIepaTypHbI pexxuM. HadanbHas TemmepaTypa CTEpXKHS PaBHA
Hy10. MaTeMaTrdecKkas 3a7a49a 3aK/II09a6TCA B OIPE/IE/ICHAA Orpa-
maugennoro misg 0 < z < 00, t > 0 pewenus u(z,t) ypaBHeHus

us = a’ugg, z>0,1>0, (8.107)
C OOIIOMHHUTENBHBIMA YCIIOBAAMU
u(a:, 0) =0, U(O,t) = Q(t), (8108)

rae q(t) — 3amanHas GYHKUNS BpEMEHH, KOTOPYIO MBI OyzeM Ipes-
[oJIaraTh yIOBJIETBOPSIONIER YCIOBUAM CyIIECTBOBAHHS IIPE0OPa30-
Banus Jlamnaca. IlpegmonoxkuMm, uro mckomoe pemenue u(z,t), a
TaKKEe ero IPOM3BOIHbIE, BXoAsume B ypasHenue (8.107), ymosie-
TBOPSIOT YCJIOBHSIM CYIIECTBOBaHMSA mpeobpasoBanus Jlammaca 1o
t, IpUYeM YCIOBHS OCPAHUYEHHOCTH CTEIEeHH POCTa IO ¢ hyHKIUA
u(z,t) 1 ee IPOU3BOAHBIX HE 3aBUCAT OT Z. TOr[a IOJIydInuM

u(z,t) = Ul(z,p),

ut(z,t) = pU(z,p) (8.109)

Uge(T,1) = Ure (2, D).
Bropasa u3 dopmyn (8.109) monyuena ¢ y4eToMm HyJIEBOrO HAYaJIb-
Horo yciobus (8.108). IToctesuss u3 dhopmya (8.109) umeer mecto
B CHJIy TOTO, YTO CHEJAHHBIX IIPEIIIONOXKEHUH JOCTATOYHO M/ BbI-
YUCIIEHKS TPOM3BOJHBIX HECOOCTBEHHBIX HHTETPAJIOB, 3ABUCAIIUX OT
napamerpa, nyTeM auddepeHIupOBaHys 0 HapaMeTpy MOIbIHTe-
rpaJsibHBIX byHKImMiA 1).
Ilepexonss k m306pakemusiM, BMecto 33madm (8.107), (8.108)

,ZUEH cbngKunn u(z,t) monyuaeM KpaeByo 331a4y IJis M300PaKEHUS
U(z,p):

Usa(2,p) — ZU(2,p) =0, (8.110)
U0,p) =Q(p), [Ulz,p)l <M. (8.111)

DT0 — KpaeBad 3a1a4a, 419 OOBIKHOBEHHOTO AuddepeHIMaIbHOrO

ypaBHeHusI, B KOTOPOii IepeMeHHasl P UrpaeT posib napamerpa. Kak
JIETKO BHJETh, pemenue 3ana4u (8.110), (8.111) umeeT BuS

U(z,p) = Q(p) exp (—gm) . (8.112)

Pewenne u(z,t) ncxoqHot 3a1a9u MOXKeT ObITH HAMIEHO IO €T0 U30-
6paxkenuo (8.112) ¢ momourpo dopmysnsl Mesutnna, 0OHAKO B CIIy-
gae npou3BONLHOR DyHKIMK (Q(P) BEIYUCIIEHME COOTBETCTBYIOIIETO
HHTErPajia, MOXKET IIPUBECTH K 3HAYMTEIbHBIM TPYIHOCTAM. Ilo3To-
MY €CTECTBEHHO MOIBITATHCH 000MTH MPAMOE BHIYHC/ICHHE WHTETPa-
na, Mesvsa, s onpezgenenus opuruaaia dyuakmun (8.112). 3ame-
THM, YTO BBIIIE Mbl HAIIUIA OPUIMHAI i GyHKImA (cM. npumMep 4,

1) Cum. Bom. 2.

9 A.T. Ceewrnukos, A.H. Tuxonos
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c. 247)

[e o]
leovFo1_ o 2 )= 2 -1’
e =1 q)(m/i) v ! e~ dn. (8.113)

2Vt
_ /P 1
[Tosromy, npencrasus U(z,p) = Q(p) - p - exp 2T) o mys,

410 cortacHo (8.113)
1 AN s\ _
5 €xP ( . w) =1-9 (2aﬂ> G(z,t), (8.114)

Ha, OCHOBAHMM TeopeM 06 M300pakKeHNuH IIPOU3BOIHON M CBEPTKH IT0-
JIyIUM

t
Ul,p) = u(z,t) = / 2 Gz, t - T)a(r) dr.
0

IMoncrasue sBHOe BhIpaxkenue (8.114) dbynxkuuu G(z,t) u npo-
u3Bend muddepeHITIpoBaHye, TOJIYyYIM BEIPaXKeHHe PellleHns 3a,1a-
wul) (8.107), (8.108) B Buze

2

t
w(e,t) = 5.7 / exp <_4a2(§_T)) : 3(:))3/2 dr.  (8.115)
0

3. KpaeBas 3aga4a /i YPaBHEHHH B YACTHBIX IIPOH3-
BOOHBIX. V3/10:KeHHBI! B IPEILIAYINEM IyHKTE METO MOXKET OBITH
dOpMaIEHO EPEHECEH ¥ HA PELIEHVE KPAeBOH 3a4auu JJjId ypaBHe-
HHUS B YACTHBIX IMPOU3BOIHBIX Hosiee 06IIero BHIA.

PaccMmorpuM ypaBHeHHE

Pn[u(wat)] - LQ[U(III, t)] = .f(wat)a (8'116)
rpe Pplu] — nunefineiit auddepeHnnanbHEI OMEpaTOp € MOCTOSH-
HBIME KO(DQUIHEHTAMA BHIA,

o" ! o
Pp,lu] = GOW: + ale +...+ an_la—?;

Lo[u] — nuneitasi guddepennuanbabiil OIepaTop BTOPOro MOPSi-

1) 3amerM, 9TO JAHHOE BBIPAIKEHHE [IOMYIEHO B IPEIIOIOKEHAN CYIECTBO-
BAHHA PENIeHHs, TEM CAMEIM [TPOBEIEHHBbIE PACCMOTPEHUSA ABIAIOTCA paKTHIe-
CKH JOKA3aTeNbCTBOM eIMHCTBEHHOCTH PEIeHNA JAaHHONW 3aJa49K B PaCCMATPH-
BaemoM kiacce byrkuumit. Ecim 3apanee He H3BeCTHO CylIeCTBOBAHUE PELICHHS
IOCTAB/IEHHON 331891, TO HeOBXOAMMO II0Ka3aTh, 4To (GopMalbHO MOTydeHHOe
poipaxkenue (8.115) meficTsurenbHO peacTaBaser cofof pPelleHne PAcCMATPH-
BaeMOM 3aJa9u.
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kal) BHI3,

Lo[u] = bg(:ﬂ)% + bl(m)g—: + by(z)u(z, ),

k03 dumenTs! b; () KOTOPOro ABIAIOTCH QOYHKIMAMHY JIUIIH OLHOM
He3aBUCHMOiT nepeMerHoit z; f(z,t) — 3anaHHas GyHKIUS HepeMeH-
HBIX , t, JOCTATOYHO IJIamKasd B OOJIACTH pelleHVs 3aJadu. Bymem
uckaTh pemenne u(z,t) ypasuerus (8.116) B obnacti?) ¢ > 0, a <
< £ < b, yOOBJIETBOPLIOIIEE HAYAJIBHBIM

0 0"y
u(a:, 0) = (PO(CU), 6_:L($, 0) = (Pl(m), Ry T (:B 0) = (pn—l(m)
U 'PaHUYHBIM YCUIOBUAM

aq gu (a,t) + Bru(a,t) = ¥1(t), 0123—;(5, t) + Bau(b, t) = 1a(2).

Bymem mpemnonararh, 9TO HaYaJdbHBIE W PAHUYHBIE YCIOBHS
3a1a9n, a Takke OyHKuEsa f(z,t) TAKOBBI, YTO CYIIECTBYIOT H30-
Gpaxkenus Jlannaca mo ¢ dyuxkumn u(z,t) U BCex ee MPOU3BOJHBIX,
BXOLAIUX B ypaBHeHne (8.116):

T du .  _ptd
u(z,t) =U(z,p) = ‘0[6 Phy(z,t) dt, % = b[e ptau(a: t)dt
(8.117)
U T.I., IPAYEM MPEIIONOXKAM, YTO YCIOBAS OTPAHNIEHHOCTH CTere-
HE pocTa 10 t byHKmu u(z,t) 1 ee TPON3BOAHBIX HE 3aBUCAT OT Z.
Torna B culy paBHOMEPHOH CXOAMMOCTH TI0 IapaMeTPy I WHTErpaJa
(8.117) mony4unm

Ou _.o0U 0%u . 0*U
32 (8:1) = 5-(3:p), = (0,8) = 5 o (@,p)
u
ok - -
S5 (@,1) = U (2,p) — " o0(2) — 9 201(2) — ... — g1 (2).

Kpome Toro, mpenmosoKuM, 4TO CYIIECTBYIOT H300parkeHus 1o i

(byHKHHﬁ f(:l:,t), ¢1 (t) n ¢2(t):
f(z,t) = F(z,p), 1(t) = Vi(p), 2(t) = Ya(p).

Torna, nepeiing B ypasrenuu (8.116) x m300parkeHUdM, MOLYIUM
0bBIKHOBEHHOE AU depeHINaIbHOe YpaBHeHNUE IO HE3aBUCHUMOIL ITe-

1) PaccmarpmuBaeMblfft METOX He 3aBHCHT OT HOpsika uddepeHnuaIbHoro
oneparopa L, Tak xe kak u P, omnako ans Gompineil HArTIAZHOCTH M3JI0Ke-
HUAA W BBHAY 0cO0O0# BaXHOCTH IJIf IIPHJIOXKEHUH MBI OFDAHMYHUMCH CIIydaeM
oneparopa L Broporo mopsixa.

%) PaccMaTpHBaeMbIii METO MOXET GhITh IPUMEHEH U B TOM CJIy4ae, KOTa
a = —00 uia b = +00 UM OSHOBpPEeMEeHHO @ = —00, b = +00.

9*
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pemenHo#t z nis eyukuuu U(z,p):
—Po(p)U(p) + L2[U(z,p)] = —F(z,p) — Fo(z,p), (8.118)
rae

n—1
Fo(z,p) = Y Pe(p)on—i-1(®),
k=0

a nonmuHOoMEL Py (p) oupezensiorca dbopmyioit (8.93).
Ypapuenue (8.118) Han0 pemaTh ¢ FPAHMYHBIMU YCIOBUSMH

ale(a,P) + ﬁlU(a”p) = \Ill(p)a

a2Uz(b, p) + B2U (b, p) = Pa(p). (8.119)
Kpaesas 3amaua (8.118), (8.119), B KoTOpPOi p UrpaeT posib mapa-
MeTpa, Perraercd OOBIYHBIMM METOJAMH DEIIEHWS KPAaeBLIX 3334

17151 OGBIKHOBEHHEIX I dEPERIMAIbHBIX ypapEernit ). O6paTHsrit
nepexoz, oT uzobpaxkenus U(z,p) K PEIIEHMIO HCXOTHON 33094 MO-
*KeT GbITb IPOU3BEJEH C MOMOIIBI0 (POPMyYJIbl obpamerus (8.67).

1) Cm. Bom. 3.



INIPUJOXEHHNE 1
METO/ IIEPEBAJIA

Meron nmepepasia IUPOKO MPUMEHSETCS JJIS IOCTPOEHHS ACHMII-

TOTHYECKHX pAa3IOKeHmit 1) HeKOTOPHIX KOHTYPHEIX 2) HHTErpaJioB
oT QYHKIWI KOMILIEKCHO mepeMentoit. Mel 6ymeM paccMaTpHBaTh
HHTErPaJIbl BAIQ,

FQ) = [ p(z)eM® dz, (1)
C

rre ¢(2) u f(z) — QyHKUuE KOMILUIEKCHO# TePEeMEHHO# 2, aHAJIHTH-
JecKHWe B HEKOTOpO# obsactm G, comepxkamieit kpuByio C, KOTopast
MOXKeT OBITh M HEOTDAHUYEHHOM; A — OOMBIIIOE HOJ0KUTENHHOE THC-
n0. Bynem mpeamomarars, 9ro wnTerpan (1) cymecrByer, u mocTa-
BHM CBOE [EJBI0 IOIYYUTh ACHMIITOTHIECKOE PasjioxkeHue (DyHK-
nur F(A) mo obparesiv crenensm mapamerpa A. C wHTerpagamu
runa (1) 9acTo IPHUXOMUTCS BCTPEYATHCS IIPY MCCIIEAOBAHUY HUHTE-
TPaJIBHBIX TIPE/CTABJIEHUI DS CHENUAJIbHBIX (DYHKUWN, 3 TAKKeE
pH pEIleHNH MHOTHX 33739 MATeMaTHIecKod (bW3WKH W JApYTHUX
Pa3/eI0B MaTEMATHKH.

1. BBomubie 3ameuaHunsi. HaumeM ¢ HEKOTOPBIX HABOIS-
mux coobpazkenmit. PaccMOTpHM MHTErpasI, OIpPeaeIsSionnid raMMa-

byrkmmo Ditrepa )

oo
I'lp+1) = f zPe % dzx, (2)
0
!) HamomemM, 9T0 acuMIITOTHYECKUM pa3noxenneM byuknun f(z) B OKpecT-
N
HOCTH TOYKH To Ha3bIBaeTCd INpeicTaBleHHe BUma f(r) = Y. awpw(z) +
k=1

+ o(pn(z)), rme ar — mocrosiHHble KO3(dunenTr, a GyHRUUA @i (T) IpH
T — To YAOBIETBOPSIOT YCIOBHIO Yr+1(Z) = o(pr(z)) (moapobuee 06 acumirTo-
THYECKHUX PA3JIOKEHHUAX CM. BBIL 2).

%) Crlelys yCTAHOBMBIIEHCS. TEPMUHOIOTMH, MBI 37I€CH IO KOHTYDOM HHTE-
IPHPOBAHUS IIOHEMAEM He 00I3aTe/IbHO 3aMKHYTYI0 KPUBYIO.

3) Cum. BB 2.
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¥ monpobyeM HafTH I/ HEro IpHO/IMKEeHHOE BhIpaykKeHue npu 60/b-
IIMX [OJOXKHUTENBHBIX 3HAYEHHSX P. 3aMETHM, 9YTO, IIPEICTABUB
7P = eP®T Mm1 mpuBeeM paccMaTpHBaeMBIM MHTerpat (2) K BH-
ay (1). HompiaTerpanbhas GyHKIUA B (2) CTPEMHUTCH K HYJO IPH
z — 0 u z — oo. IlosToMy BesMYUHA 3TOrO UHTErPAJIa B OCHOBHOM
onpenesseTcs 3HaYeHHeM HIOABIHTErPaIbHON DYHKIKUK B OKPECTHO-
CcTH ee MakcuMyMa. [IpeobpasyeM NOLBIHTErPAIBbHYIO (DYHKIHIO K

BHLY
zPe % = gplne—a _ of(2) (3)

Makcumasbroe 3uavenue GyHKImA f(z) DOCTHraeTcs NpU T = P,
IpUIeM

1
f®) =plp—p, f(@)lamp =0, (@) lomp =2 (4)
Paznoxus ¢ynkumo f(z) B §-OKpeCTHOCTH TOUKH Z = p B psig Teit-
JI0pa ¥, OrPAHWYMBIIKCH IEPBHIMH YICHAMH DA3JIOXKEHHs, TIOJLY IUM

p+é
Tp+1) ~ f exp [plnp p——(a: p)]dm=
pp+5

=pPe? f exp[ —2] dz ~ pPe™P f exp[ _p)] z.
(5)

[IpubnuxkeHHble PaBEHCTBA HMEIOT MECTO BCJIEICTBHE TOrO, UTO
HoJpIHTErpajibHaa (GyHKIMs upH | — p| > § Mana u 6EICTPO CTpe-

muTcs K Hymo. CrenaeM B wHTErpaje (5) 3aMeHy IepeMeHHON WH-

TErpUpPOBAHHUS, IOJOXKUB ‘/%(m —p) =y. Torma

Pip+1) = Voprre? [ eV dy=+2mp(2)".  (6)

—00

®opmyna (6) 1 gaeT npubIMKEHHOE BHIpaXKeHMe HHTErpasa (2)
upH 6onbux 3HaYeHusX p. Kak Gyger mokasaHo HMXKE, OHA IIpeJ-
cTaBJigeT OO0 MEePBHIi YIeH ACHMITOTHIECKOTO PA3IOKEHN HHTE-
rpasa (2). 9ta dpopmysa gacTo HazeiBaeTcs dopmystoi CTUpIHHTA.

I[Ipu BBIBOAE 3TOH (POPMYJIBI MBI HE OUEHUBAJIA TOYHOCTD CleJIaH-
HBIX IPUOIMKEHWH, T03TOMY HAIIM PACCMOTPEHUS HOCAT JIMIIh HJI-
JIIOCTPATUBHLIM XapakTep. B nanpHeitimeM GyeT npoBeieHa OLEHKa
rounocTH opmyanl (6), a cetyac cmenaem elqe HECKOJLKO 3aMe-
YaHW, TO3BOJIAIONINX JIerde TOHATL OCHOBHYIO HIEK METOJa Iepe-
Bana. @opmysa (6) BoIpaxkaer NpHOIMKEHHOE 3HAYEHWE HHTErPa-
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na, (2) yepes 3HAYEHKE MOABIHTErPAILHOR (DYHKIUY B TOUKE €€ MAK-
cumyMa, (pPe™P) U HEKOTODBIA [OIOJHUTENBHBIA MHOXHUTED, COOT-
BETCTBYIOLIA [JINHE TOrO OTPE3KA MHTEIDHPOBAHUS, HA KOTOPOM
3HAYEHHUE NOABIHTEIPAJBHON (DYHKIMKM AOCTATOYHO OJIM3KO K MaK-
CHUMAaJIbHOMY.

Ob6parumcs Teneps K uHTErpaiy (1), B KOTOPOM MOABIHTErPAJIb-
Has QYHKIHS SIBISETCI AHAJUTUYIECKON B 00JACTH § KOMILTIEKCHOM
IIJIOCKOCTH 2. DTOT MHTETPAJI TAKXKE MOXKET OBITH IPUOJIMKEHHO BbI-
YHCJIEH Yepe3 MAaKCHMAJIbHOE 3HAUEHHE MOLYJS MOABIHTErPAJILHOMN
GYHKIMK C IOMPABKO HA OBICTPOTY ee YOLIBAHHS HA, KOHTYPE HHTE-
rpupoBanvs. Eciv 0yTh UHTErpHPOBAHUS, COEIUHSIONINNA TOYKH 2]
4 Z9 TAKOB, 9TO HA HEOOJBIIOM €ro yIacTKe abCOMIOTHAS BEJHINHA
[IOABIHTErPAIBLHON (DYHKIMK LOCTHIAET HAMOOMBIIEr0 3HAYEHUS, &
3aTeM OBICTDPO CIIAAAET, TO ECTECTBEHHO IIPEIIOIOKHTD, ITO HalineH-
Hasl BEJIMYMHA JaeT xoporree npubnmxenne. Tak kak dbysxnua f(z)
SIBJISIETCSL AHAJIUTHIECKOM B obsacTu G, To B cuity Teopembl Komru
3HaUEHHe MHTEerpasa (1) ompenessercs JIMIIb 330aHAeM HaYaIbHOM
21 ¥ KOHEYHOH 29 TOYEK IIyTH MHTEIPHPOBAHUS, 8 HE BHIOM KPHUBOM
C. Ozcroma cienyer, 4To IJis 3amaHHOro wHTerpada (1) Bo3MOXK-
HOCTB €ro MpHOIMXEHHOIO BBIYUCIEHHS C IIOMOIIBI0 PACCMATPHBA-
€MBIX METOLOB CBSI33HA C BO3MOXHOCTBIO BHIOODa TAKOrO KOHTYDA
HHTErPHPOBaHUs, 9TOOBI OH YOBJIETBOPSJ YKA3aHHBIM BHIIIE TpE-
6osanuaM. Hac uarepecytor 3Hagenns uarerpaia (1) npu 6ombmmx
[IOJIOXKUTENbHBIX 3HAYEHUAX [IAPAMETPa A, CTOSIIErO B IIOKA3ATETE Y
SKCIOHEHTHI. [103TOMy eCTECTBEHHO 0XKHUIATH, YTO OCHOBHON BKJIA
B 3HAYEHWE HHTErPaja DaAYyT T€ YIACTKH MyTH HHTETDHPOBAHUS,
Ha, KOTOPHIX GyHKIHA u(T,y) — AeHCTBUTEIbHAS YaCTh (DYHKIUH
f(2) = u(z,y) + iv(z,y) — mocruraer Hambosnbux 3Hadenuii. [Ipn
9TOM CJIEAYET UMETH B BULY, 9T0 byHKIWMS u(T,y), ABILICH rapMO-
HUYECKOH B 00sacTn §, He MOXKET NOCTUIATL aOCOMIOTHOT'O MaKCH-
MyMa BO BHYTPEHHUX TOYKaX 3TOH 00sacTH, T.e. BHyTpH obsactu G
HET TOYeK, B KOTOPHIX dyHKuus u(z,y) Bo3pacTasa Obl nin yObIBa-
Jia, 10 BCeM HanpapJienusM. [losepxsocTs dyHKuu 4(T,y) MOXKeT

HMETh AUWD CeAA08bie MoKy L).

IlycTy Touka 2y = g + 1Yo ABJISETCS €NMHCTBEHHOM CEIJIOBOH
TOYKOH MOBepxXHOCTH u(Z,y) B obaacTtu G. PaccMoTpuM JMHUM IIO-
cTostHHEBIX 3HaveHudl u(z,y) = u(zo,yo) = const byrkuum u(z,y),
NpOXOZsINKe 9epe3 3Ty TOYKY. B CHIy IpHHIMIE MaKCHMyMa IJIs

rapMOHMYeCKNX (DYHKIWiA2) 5TH JHMHHHL HE MOTYT OGpa30BHIBATEH
3aMKHYTBIX KPUBBIX (Mbl HE DacCMATPUBAEM TDUBHAJBHBIA CIIydait

1) Onpegesienne ceaI0BO TOYKHU IMOBEPXHOCTH CM. BBHIIL 2.

2)Cm. A.H. Tuxomnos A. A Cawmapckuii YpasHeHus
MaTeMmaTHdecKoi ¢m3uku. — M. : Hayxka, 1972.
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f=const B G), T. e. oHU MU6O yIUPAOTCA B IPaHULy 0bacTu G, tubo
YXOZAT Ha OECKOHEYHOCTH B (JIydae HeorpanndeHHOR obmactu. Kpu-
Bole u(Z,y) = u(zo,Yo) pasbusaoT 061aCTh § HA CEKTODHI, BHYTPU
KOTODBIX 3HaUEHUS PYHKIMH u(Z,Yy) COOTBETCTBEHHO HJIM MEHbIIE,
unu Gonbiue 3uadeHus u(Zo, Yo). Ilepsble CeKTOPLI OyIeM HAZBIBATHL
OMPUUGMEADHBIMU, BMOPHIE — NOAOIHCUMEADHBIMU.

Ecnu rpaHvYHbIE TOYKHA 2] M 29 KPUBOM MHTETPUPOBAHUA JIEXKAT
B OZIHOM CeKTOpe ¥ QYHKIHS u(Z,y) IPUHUMAET B STUX TOYKAX Pa3-
JUYHBbIE 3HAYEHUS, TO, OYEBUIHO, MOXKHO TaK XeDOPMUPOBATL KOH-
TYp, 4T06BI Ha HeM DyHKUUs u(T,y) U3MeHsAIach MOHOTOHHO. [Ipu
3TOM OCHOBHOI1 BKJIaJ B 3HAYEHUE UHTEIPAJIa JAET OKPECTHOCTD TOH
[PAaHWYHON TOYKH, B KOTOPO# 3Ha4eHHe DYHKUMH U(T,y) HAubOIb-
IIIee.

To ke MOMOXKEHWE UMEET MECTO M B TOM CIIy4ae, KOTNA TOYKH
Z1 ¥ 29 JIEXAT ONHA B MOJOXKWUTENIHHOM, & IpYylas B OTPHUIATE]b-
HOM cekTopax. MeToj mepeBasia MPUMEHSETCH B TOM CJIy4ae, KO-
T8 TOYKH z{ U 29 JIEXKAT B PA3JIUYHBIX OTPUIIATEILHBIX CEKTOPaX,
YTO JAET BO3MOXHOCTbL BHIODATH TAKOW KOHTYP HHTETDUDOBAHUA,
IPOXOIAIIN Yepe3 CeAJIOBYIO TOUKY Iy, Yo, HA KOTOPOM 3HAYEHHE
dyrxuuy u(z,y) ABISETCS MAKCHUMAJBLHEIM B TOUKE I, Yo U OBICTPO
CIAJAeT IO HAIPAB/IEHHUIO K TPAHUYHLIM TOYKaM. QYEeBUIHO, B 9TOM
CIy4yae OCHOBHOY BKJAJ B 3Hadenue uurerpasa (1) Oyzer masars
MaJIBIfi YYACTOK B OKPECTHOCTH CEIJIOBOM TOYKH, TPUYEM IIOCHTE-
HUM MOXKHO BHIOPATh TEM MeHbIIle, 4eM ObICTpee CIaJaloT 3HAUEHUS
dyrkuuu u(z,y) BOOIL KpUBON mHTEerpupoBaHus. MeTox mepesa-
JIa TaK¥Ke MHOIZA HA3BIBAETCH METOIOM Haubsicmpeliwezo cnycka.
9Ta «aJbIUHACTCKASTY TEPMUHOJOTHUSA, OUEBHIHO, CBA33HA C TOIO-
rpadueit noBepxHOCTH GYHKUUY U (T, y) B OKPECTHOCTH €€ CeII0BON
TOYKH.

Mpui orpaHRYMMCS 37€Ch 3TUMH BBOLHLIMY 3aMEYAHUIMHY, & COii-
Yac TPOBEJEM OLEHKY TOYHOCTH METOJa, IPH ITOMOIIM KOTOPOTO
ObL1a TOMydeHa acuMuToTHYeckas dopmyaa (6). [Ipu sTom Gyxer
YCTAQHOBJIEH DS HOJOXKEHWIA, JIEXKAIIINX B OCHOBE METOJA, IePEBAJIA.

2. Metona Jlanmaca. JJokaxXeMm psij BCOOMOTATE/IbHBIX ITOJOXKE-
HUl, JIeXKAIIUX B OCHOBE TAK HA3BIBAEMOTO MeToAa Jlamnaca acum-
OTOTUYECKOR ONEHKH MHTErDAJIOB OT (PYHKIUH IefCTBUTEILHON me-
PEMEHHOM.

Jdemma 1. IIpu p > 0 u A = 00 umeem mecmo ACUMNMOMU-
yeckan Popmyss

A
f P le % dr =T(p) + O(e_A/2). (7)
0
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IJokazaTeabctTso. Ouneaum mpu p > 1 uaTerpan’)
oo

e TzPldr =4 f e Y(y+ AP ldy <
A

:;%8

A 00
<e4 f(2A)”_1e_y dy + f(2y)”_le_y dy| =
0 0

=e AP (1 -e )+ 277 T()}. (®)

Orcrona npu AP < e/? u cenyer (7).
B nmanbHelireM 6osbIIyI0 posib 6yAyT UrpaTh HHTETPAJIbl BAIA
a
e\ = [t)e ™ dt, 0<a<oo.
—a
Nmeer MecTO citeyromiast JeMmMa.
Jdemma 2. IIyemo npu [t| < & Pynxyus @(t) moocem 6omo
npedcmasaena 6 eude

o(t) = co + c1t + O(?) (9)

u daa nexomopozo g > 0 cxodumca unmezpan
a

[ lo(®)e* dt < M. (10)

—a

Toz0a 0as X > \g uMeem Mecmo acumnmomuseckas popmyaa?)
a

() = [ )™ dt = co\/§ +O(A3/?). (11)

—a

JdokaszaTensbctTso. [maseb wien dopmynsr (11)
JIEPKO MOXeT OBITh MOJydYeH U3 CIEAYIOIINX HABOAALINX COobpaxe-
uuit. Ecin dynkuus ¢(t) orpanudena npu |t > a, TO eCTECTBEHHO
OXXWJaTh, YTO 3HaYeHWe WHTerpaya (11) U3MEHHTCH HE3HAUUTENb-
HO, €CJIM 3aMEHUTH IIpeJeibl HHTETPUPOBAHAA —G W G Ha, —O00, CO-
oTBercTBeHHO. TOraa MepBBIN WieH pasiokeHds (9) JaeT TIaBHBIN

oo oo
) Mpro<p<1 fe_”z"_ld:cg fe‘”d:c:e_A.
A A

%) Cumson O(t?) wmm, Gomee o6mo, O(t") B pasmoxenwu Buma (t) =

n—1
= 3 ckt* +O(t") osmauaer, uro mpw |t| < 6 UMeeT MeCTO PaBHOMEPHAS OLIEHKA,
k=0

< C|t|*, rae C — nocrosuHag.

\w(t) -5 ot
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wien ¢opmyssl (11), HHTErpas OT BTOPOrO YI€HA B CHJIy HEYETHO-
CTH TOABIHTErPAJIBbHON (DYHKINK paBeH HYJO, W OCTAETCH OLEHHUTH
OCTATOYHBIN WIeH. DTa OIEHKA ¥ BO3MOXKHOCTH YKa3aHHOM 3aMe-
HBI [IPEJIeJIOB HHTErPUPOBAHUA B COCTABJIAIOT OCHOBHOE COIEPKAHUE
seMMsbl. IlepefiieM kK ee cTpOroMy [IOKa3aTeILCTBY.

PazobreM unTerpan ®(\) Ha Tpu ciiaraeMbix:

—§ ) a

o\ = [ot)e ™ dt+ [o®)e™ dt+ [ot)e™ dt, (12)
—-a -4 ]

rae § > 0 — duxcuposannoe yncio. OUeHUM TOCTIEIHEE CIATaeMOE:

a a
[ oye dt‘ <O [ lo(t)le™" dt <
) )

< M e = 0(e7). (13)

3zecs MBI Bocosib30Bauch ycaoBueM (10) u 04eBUIHBIM HEpaBeH-
CTBOM

M2 =262 + A(t2 — 6%) > A% + Mo(82 — 62) = (A — X9)d2 + Aot?,
UMEIOLIMM MECTO HpH A > Ag, ¢ > 4. AHAJOTMYHO OLIEHUBAETCS
u nepBoe ciaaraemoe B (12). Orcrioga ciemyer, 9TO IpH JOCTATOY-
HO GONBIINX A OCHOBHOM BKJaJ B 3HadeHwe wHTerpana P(\) maer
BTOPOE CJIaTaeMOe, B TO BpeMs KakK Kpaituue ciaraemsle B (12) skc-
MOHEHIMAJIBHO CTPEMATCS K HYJIO P A — 00.

[lepeiinem k paccmoTpenuio rasroro wieHa B (12). [loacrasus
BMecTo dyHKuIMM @(t) ee pasioxenue (9), mosydum

]
2200 = [ et)e™ dt =
-6

8 8 ]
=co [ e dt+e [ e tdt+ [O@)e ™ dt. (14)

-4 -4 -4
Bropoit unTerpan B (14) B CHJly HEYETHOCTH MOABIHTErPAJIBHOM
dyuKIME paBeH Hy/0. JlJIS OIEHKH IEpPBOTO MHTErpaja CIelaeM B

HeM 3aMeHy IepeMeHHO! HMHTerpupoBaHud, mojoxus M2 = 1. ITo-
JIyIuM

8 ) ) ) ) 262 /
—At _ —At _ -1/2 _—
_f6e dt_zofe dt—ﬁ‘offr e"dr.  (15)

Ho B cuny nemMMel 1 mpm A — 00 MMeeT MECTO aCHMMITOTHYECKAs
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dopMmyna

282
f 72T dr =

| (2) <0 (e () ~vio (e (). 0o

2
Tak Kak npu J000M PUKCHPOBAHHOM § PYHKIHSA €XP (—%) npu

A — 00 CTpEMHTEA K HYJI0 GuicTpee, 9eM A~3/2, 1o MOXKHO 3ammcars

co j e M gt = co\/§+ O ()\_3/2) . (17)
Zs

Ocraercsa oneHnTH HoCIenHEe ciaraemoe B (14):

4
[ohedt<C f 2e M gt = 2C f e~ dt.  (18)
= =

B unTerpase (18) onsTs cmenaeM 3aMeHy NEePEMEHHON MHTEPHPO-
BaHu#, monoxus \t2 = 7. Torma momyqnm

262
f 2= dr. (19)
0

—\t2
2f *dt = /\3/2

Nurerpan (19) Takxke ynosierBopsieT ycioBusaM jeMMel 1. ITosTomy
OKOHYATENBHO IT0JIyIHM

9 2

[ o at = cTEA 1 o ( (—%)) -0 (A‘3/2) .

-4

(20)

®opmyaer (13), (17) u (20) nocne noncranosku wx B (12) u goxa-
3BIBAIOT JIEMMY.

Crnenaem psii 3aMedaHuil K JOKA3aHHOMN JIeMMe.

Bameuanue 1. IloBropsas npoBeseHHBIE PacCyXIEHUS,
MOXKHO JI0Ka3aTh, 4To ecnu yHkius ¢(t) upn |t| < § pasmaraerca
B cTpoKy Teitmopa

n—1
(k)
=Y att+o@), a=29 (21)
k=0
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TO UMEET MECTO aCHMIITOTHYECKOE Da3J/IOKEHHEe
1
a [n ] r (m + 1) atl
3N = [ p(t)e ™ dt Z Com— 2/ +0(A— : ) (22)
—a
e CHMBOJI [nT_l] 03HAYAET HAUOOJbINEE IIEJ0€ TGO, MEHBIIEE

n—
WX PABHOE

B wacraocTu, npu n = 1, xoraa pazinoxenne dyHkuuu o(t) ume-
et Bug p(t) = ¢g + O(t), ocraTounsiit unen B popmyne (22) umeer
IOPE/I0K A ™!, OCKOMBKY K OIEHKe OCTATKS, [JIABHYIO POJIb HIPAET
HHTErpaj

8
[ owe™" dt < Cf |t|e dt—2cft s
=
BamMeuanne 2. JleMMa ocTaeTca CopaBeJJMBOR U B TOM
CcIydae, KOTAa HHTErPUPOBaHAe IPOBOJUTCH 10 OTPE3KY (a1, ag), rae
a1 <0, a2 > 0wu —a; # ag. Cnexgyromee 3aMeuanne HACTOMLKO
CYIIECTBEHHO JJI JaJIbHERIIEr0, YTO MBI CHOPMYIUPYEM €0 B BUIE
CaMOCTOATEJBHON JIEMMBI.
Jemma 3. IIycmo na ompesxe |t| < b dynryuu ¢(t) u p(t)
npedcmasumst 6 sude

o(t) = oo + ext + O(#?), (9)
u(t) = est® + O, (23)

u nyems npu A = 00 dynxyua §(A) < & ydosaemsopaem ycaosu-
1)
AM

A62(N) = 00, A3(N) = 0. (24)
Toz0a npu A = 00 uMeeM MECTNO ACUMNIMOMUYECKAA PopMYLa
()
IN= [ o)+l g = co\/§ +0 (A‘3/2) . (25)
-5\

JoxkaszaTenabcTBo. Kak Jerko BHIETh, IIPA BHIIOJ-
HeHuu yciosmit (9), (23) u (24) va orpeske [t| < §(A) umeer MecTo
DaBEHCTBO

o)M= ¢y + et + cocs A + O(t2) + O(N2t8) + O(At). (26)

1) Hanpumep, dyukmus §(A) = A~2/5 ynosnersopser ycaopmam (24).
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Torna, noBTOPSS PacCyXIeHNUS, IPOBEEHHbIE IIPH TOKA3aTEILCTBE
JIEMMBI 2, IOJIy4UM, 9TO IPH IIOJCTAHOBKE pasjoxenus (26) B dop-
myay (25) mepBoe ciaraeMoe B Cuily ycioBus (24) macT IyiaBHBIM
YWIEH MpaBoil 9acTu (25); BTOPOi M TpeTHit YIeHb! IOy Y€HHOTO BBI-
pakeHHs 06PATATCH B HYJIb B CHJIy HEUETHOCTH [TOABIHTEIPAJIBHBIX
dyHKIHi; TOCIeHNEe TPH CJIATAEMBIX UMEIOT OJMHAKOBBIA MOPSI0K
mamocte O(A3/2). Jlemma, moxazaxa.

JloKa3aHHbBIE JIEMMBI TIO3BOJISIIOT JOKA3aTh CJIEAYIOILYI0 TEOPEMY,
SBJISIOLLYIOCS OCHOBHOM B MeToje JlaIaca acCMMITOTHYECKOTO Pa3-
JIOXKEeHUsI MHTErPAJIoB OT HYHKIN JefiCTBUTENbHON MepeMeHHOMN.

Teopema 1. ITycmv dynxyua f(t), 3adannaa na ompesxe [a,b],
docmuazaem €60€20 aOCOMOMHO20 MAKCUMYMAE 6 HeKomopol eHy-
mpennett mouxe ty, npuvem f"(tg) < 0, u nycms cywecmsyem ma-
xoe 69 > 0, umo npu |t — ty| < & umeem mecmo npedcmasaenue

£(8) = £(to) + E (¢ — 10)? + (o). (27)

Tozda, ecau gpynxuyuu ©(t) u pu(t) npu |t —to| < do ydosaemeoparom
YCAOBUAM AEMMbBE 3, M.E.

p(t) = co +c1(t — to) + O[(t — to)?], 9)
u(t) = ca(t — to)® + O[(t — to)*]. (23)

mo uMeem Mecmo aCuUMNMoOmuiecxan ¢OpMy./l,(l

b
)M ) gt = M (to) ~3/2
afgo Vdt =e [ f,,() e(to) + 0 (X )]
(28)

ECAU BBINOAHENDL CACOYIOULUE JONOAHUMEADHBIE YCAOBUS
a) daa dannozo 8y 00HOBPEMENHO BLINOAHAIOMCA COOMHOWEHUA

npu It—tol oo |/1.(t)| < —@(t—to)a

(29)
npu [t —to| > do  f(to) — f(t) > h > 0;

6) das mexomopozo Ao > 0 cxodumca unmezpan

b
[ le®]ef® ds < . (30)
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JdokxaszaTeascTso. Pasobbem unrerpan B (28) Ha cymMMy
cne,z:yfonmx CJIAaTaeMbIX:

to — do to —5(\)
f pt)eMNOdt= [ ot)eMOdt+ [ o) de+
a to — 50
to + 8(X\) to + 8o
° WY ’ WY AT
+ f dt + f dt + f dt,
to — 8(N) to + d(N) to + do

(31)

rae dyukus 6(A) yaosiersopsier yciaosusM (24) memmsl 3. Kpait-
HUe MHTerpaJibl B (31) omeHnBaIOTCS Tak e, Kak U B JemMme 2. Jleit-
CTBUTEJILHO, UCIOJIb3Ys OYEBUIHOE HEPABEHCTBO

Alf(to) — F@)] = (A= Xo)[f(to) — F(B)] + Xolf (o) — F(B)] 2

2 h(A = Xo) + Xof(to) — Ao f(t), (32)
uMeronree MecTo Ipu a < t < iy — dp w A > Ap, IIOIydaeM
to — &0

f o(t)eM® dt

a

to — &
< M) I " |o(t) [ ~10] gy <

to — &
< OB [ 4) S0 gy <

a

< MMt HXolh=flto)lg=Mr — A () (e=2hY, (33)

Taxk ke OLEHMBAETCS U HHTErPAJI 110 OTPE3KY [to+3dg, b]. st oneHKn
BTOPOTO MHTErPajia, BOCHOAb3yeMcst ycaosuamu (27), (29), B cuny
KOTOpBIX IIpH g — 8g < ¢ < o — 6(A) UMeeT MeCTO HEPABEHCTBO

F(t) = () > £ g2 x> LWd2r) (34

[TosToMy, IOBTOPHB BBIKJIAJAKH, IIPOBEIEHHbIE TIPH BhIBOJAE POPMY-
ast (33), momy4dum

to — &§(A)
f o(t)eMN® dt| = e’\f(tO)O(e_C’\Jz(’\)), C > 0. (35)
to — &0

Ho B cuity ycnosust (24) senmdnna B IpaBoit gacTu (35) Takke uMeeT

9KCIIOHEHIMAJIBHBI IOPSIIOK MAJIOCTH !). AHAJIOrHUHBIM 06pazoM
OIIEHMBAETCS U YETBEPTHIM MHTETPaJI.

1) IIpr §(A) = A~2/% nonyum O (e—c>\1/5).
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ITepefineM K pacCMOTDEHHMIO OCHOBHOI'O HHTerpajia ¢Hopmy-
asl (31):
to + 8(X)
TN = [ et)eN® dt. (36)
to — 8(X)

B cuny yenoBua (27) 3TOT MHTErpas MOXKEM IIEDENACATH B BALE

to + J(A) "
Ts() =M [ pyexp {A [Tt — 1) + (o)) } at.
to — J(A)

(37)
[Tpusenem unterpan (37) k suny (25), caenae 3aMeHy epeMeH-

H
. i .
HOIt —%O)(t —t9)? = 7%. Kak Ierko BHETH, IOMYYeHHBIH IIpH

9TOM WMHTErpaJj yJOBAETBOPSET BCEM YCIOBUAM JeMMHI 3. Iloaromy
OKOHYATEJLHO IIOTYIHM

T3(0) = M) {\/—%wo) n o<r3/2)} @)

ITockompky W3(\) oTsMyaerca OT OLIEHABAEMOrO MHTErDaJa Ha Be-
JIMYUHY SKCIOHEHI[MAIBHOrO IOpsiaKa MaocTy, dopmyia (38) u go-
Ka3bIBAET TEOPEMY.

BamMeganue 1. Teopema ocraercs CIpaBeIINBOil ¥ B
TOM CJIy4dae, KOTOa OOWH WM 008 Ipeness WHTErPUPOBAHUSA DaBHBI
BECKOHEYHOCTH, IIOCKOJIBLKY OIleHKa MHTerpaja (33) ocraercs crpa-
BeJIMBOI U IIPDK @ = —OO.

SaMeuvanwue 2. Mb HONyYWIu JUUIb EPBHIA 4WieH acHM-
ITOTHYECKOTO PA3JIOKEHUs HHTEerpasa (28). AHanorndaueiM 06pa3oM
MOXKHO IIOIyYUTH BBHIPAXKEHHE M IJIs MMOCIEAYIONNX WIEHOB aCHM-
IITOTHYECKOTO DA3JIOXKEHUS, OZHAKO MBI Ha 3TOM OCTAHABJIMBATHCS
e byznem.

Sameuanue 3. [IpoBemeHHOE T0KA3aTEILCTBO MOXKET OBITH
[IEPEHECEHO ¥ Ha, TOT CIy4ail, KOrga MaKCUMaJIbHOE 3HaYeHre (PyHK-
uun f(t) mocruraercs B KAKOW-MO0 M3 MPAHMYHBIX TOYEK OTDE3KA
[a, b]. IIpu 5ToM B bopmyJe (28) nosBASETCSA HONOTHUTENBHBIR MHO-

1
KUTEIb 5 .

Bameuganue 4. B rom ciygae, korna dyukuus f(t) BHy-
TPH OTDE3KA [a, b| MMeeT HECKOIIBKO MaKCHMYMOB, DABHBIX 110 BEJIA-
YWHe, ACAMITOTHYECKOE Pas3jiokeHue uHTerpaia (28) mo o6paTHEIM
CTerneHsaM GOJBIIOrO MapaMeTpa A MOXKHO IIOJy4UTh, OLIEHUBAS WH-
Terpasibl Tana (36) mo d-OKPEeCTHOCTH KaXKI0H U3 TOYEK MAKCUMYMa,
U CyMMUDYs Pe3yJIbTATHL.

PaccMoTpuM mpuMep MpUMeHeHWs JOKA3aHHON TEOPEMEL.
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IIpuMep 1. IlomyunuTh aCUMIOTOTHIECKOE PA3IOKEHNE raMMa-
dyuKIHM Ditnepa

Fp+1) = fcpe . (2)

IMpeacTapuM MOABIHTErpabHYI0O (GYHKIHIO B BHOe zPe™® =
= ePIN?=% i creyraem 3aMeHy mepemerHOH, mooxuB & = pt. Torma
unrerpa (2) npeobpasyercs K Bn,zxy

(p_+_ 1 pp+1 fep(lnt —t) (39)

9ro unTerpan tuna (28) ¢ p(t) =1 u f(t) =Int —t. Oyakuus f(t)
JOCTHUraeT CBOEr0 MAaKCUMAJBHOIO 3HAYEHUs IIPH tg = 1, mpudem

f(l) = -1, fl(t) |t=1 =0, .f”(t) It=1 = -1 (40)
[TosTromy mo dbopmyne (28) momygaem

T(p+1)=e? {\/%+ O(p‘3/2)} PP =/2mp (g)p {1 + 0(%)} .

(41)
TeM caMBIM MBI TIOJTY YH/IH ACHMITOTHYECKYIO OLEHKY TOYHOCTH I10-
JIydeHHO! paHee U3 HABOAAIMX coobpaxkenuit dopmyns (6). Kax
OBbLIO YKA3aHO BHIIIE, PACCMOTPEHHBIE METO/BI II03BOJISAIOT MOy IUTh
4 TIOCJIEAYIOIIHE WIEHBI ACHMIITOTHYECKOro passoxkenus. [Ipusegem
6€e3 BHIBOZA HECKOJIBKO NEePBBIX 4ieHOB (hopMynsl CTHpIMHETA!

Y 1 139
Tlp+1) = 27rp() {1+ » e 51840p3+"'}'

3. MeTtoa nepeBaga. I[lepeitneM Tenepb K pacCMOTPEHHIO Ca-
MOTO METOHa [EPEBAJIa MONYUEHHS aCHMITOTHIECKUX DPa3IOKEHUH

HHTETPAJIOB BUJA (1):
f (10 )\ f(z

B cuty HaBogAMMX PACCMOTPEHHIA II. 1 €CTECTBEHHO IIPEIIIOIOKUTD,
9T0 ecnu KOHTYp ' TAKOB, YTO Ha HEDOOIBIIOM €ro ydacTKe 3Ha-
JeHHs meMcTBUTENbHOM JacTu u(z,y) bymkmam f(z) = u(z,y) +
+ iv(z,y) mocTUraroT HaMbONIbIIEH BEJIMIMHBI U 3aT€M OBLICTDO Cla-
JIAIOT, & MHUMAs 9acTh U(Z,y) OCTAETCS MOCTOSHHON (ITOGHI obec-
[EYUTH OTCYTCTBUE HEXKEIATEIbHBIX OBICTPHIX OCIUJUISLIUA NOIBIH-
TerpaJibHOM (DYHKIUH), TO OCHOBHOM BKJIAJ B BEJHUHHY HHTErDA-
aa (1) u gaer WHTErpUPOBaHWE IO JAHHOMY y4acTKy KoHTypa C.
IMosToMy st IPUGIMMKEHHOTO BHIYKCIeHUs UHTerpada (1) arexyer
nedopmupoBarh KOHTYp C' Tak, YTOOBI TIOABIHTErpaIbHAsd GYHKIHS
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Ha HeM obyiazalia yKa3aHHbIME cBoifcrBamu. [Ipu sToM, Kak ObLIO
YCTAHOBJIEHO HAIUMHU IPEAbIAYIIAMEA DAaCCMOTPEHUAME, HEOOX0mu-
Mag gedopmanys KoHTypa C OIpenenserca B MEPBYI0 O4Yepelb TO-
norpaduell TOBEPXHOCTH ypoBHS GyHKIuM u(zT,y). B wacTHOCTH,
KOHTYD WHTErPUPOBAHUS JIOJKEH IPOXOAUTh YEPE3 CEMJIOBYIO TOY-
Ky TOBepXHOCTH GyHKIUY 4(T,y) B HAIPABICHAN HAUOBICTDERIIIEro
u3MeHeHus 3To# DyHKIWH.

OcraroBuMcs mompobHEe Ha, TOMOrpadUH MOBEPXHOCTH TapMO-
HU4YeCKOH (yHKuMM u(T,y) B OKPECTHOCTH €€ CeIJIOBON TOYKH
My(zo, yo)- Onpenenum HampaBIeHAsT HAMOBICTPENIIIEr0 U3MEHEHW s
3TOl (PYyHKIUM, IPOXOASIIME depe3 TOUYKy My. ITu HalpaBJeHUs,
KaK U3BECTHO, ONIPEIENIAIOTCA HanpasienneM sekropa grad u. [lycrs

radu # 0. Tak kak gua aHamuTudeckoi GyHriuud Vu - Vv = 0
%CM. c. 37), To mampapieHue BeKTOpa grad u OIpenessieT KPUBYIO
v(z,y) = const. Utak, ecsim Ha kpusoit v(x,y) = const, gradu #
# 0, To byukuus u(x, y) ¥3MeHsSETCs BIOIb STOM KPUBOH Hambosee
6eicTpo. OmHako B camoit cemyosoit Touke My(xg, Yo) mOBEpXHOCTH
dynkpn u(z,y) sexrop grad u(My) = 0. Pacemorpum nonpoGuee
nosefenue ¢yukiui u(z,y) u v(r,y) B OKPECTHOCTH 3TOH TOUKH.
Ouesuzno, B Touke My npoussogubie byuxnuit u(z,y) 1 v(z,y) mo
HaIpaBjIeHnIo | KacaTeJbHONW K KpuBOH v(Z,y) = const, mpoxoms-
mieit yepes Touky My, paBHBI HYJIIO:

o o
a—;‘(fﬂo,yo) =0, a—?(wo,yo) =0. (43)

Tak kak POM3BOAHAS AHANUTHIECKON (DYHKINM HE 3ABUCHUT OT Ha-
TIPABJIEHUS, TO OTCIONA CJIEJYET, YTO

f(z0) =0. (44)
CrenoBaresbHO, pazioxenue GyHKIMA f(z) B OKPECTHOCTH TOYKH
29 UMEeeT BUJ

f(2) = f(z0) + (2 — 20)’{co + c1{z — 20) + ...}, (45)
roe p 2> 2 u ¢g # 0. [lonoxus ¢, = rpetfn
= pe'¥, monyaum

£(2) = f(20) = pP{roe’®t0) 4 pr Pt De+0l L 1 (46)

Samnuimem ypaBHeHus! KpuBBIX u(z,y) = const u v(z,y) = const,
[IPOXOAAIIMX Y€PE3 TOUKY Zg, C IIOMOIILI0 BBEIEHHBIX 0D03HAYEHHIH.
Nmeem

U(p,p) =rocos(pp+6p) +pricos[(p+ 1)+ 61]+... =0, (47)
Vip,p) =rosin (pp + 0) + prisin [(p+ D)+ 601] +... =0. (48)
31ech

,n=01...,2—2 =

‘U(LB, y) - ‘u(.'IIo, yO) = ppU(pa ‘10),
v(z,y) — v(zo,y0) = PPV (p, )
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Tak xak ¢yHkHs cos (pp + Op) npu u3MeHeHun ¢ ot 0 K0 27 Me-
HseT 3HaK 2p pas, To u3 ¢opmyssl (47) cieayer, YTO OKPECTHOCTD
TOYKH 2y pa3buBaeTcs Ha 2p KPUBOJIMHEHHBIX CEKTOPOB, BHYTPH KO-
ropoix dyrkuug U(p, ¢) coxpanger 3HaK. ['paHUIBI 9THX CEKTOPOB
OIpenReNnsioTcs U3 pemieHusl ypapHeHUs: (47). CeKTOpBI, B KOTOPHIX
U(p,p) < 0, GymeM mo-npexkHEeMy HA3bIBATH OTPUIATEILHBIMH,
CeKTOpBI, B KOTOpeIX U(p, ) > 0, — monoxurensubpivu. Hampasie-
HUs HauObICTpeiinero yobBannsa (HanbbICTpeiIero cnycka) dbyHk-
ua u(z,y), OYEBUIHO, JIEKAT B OTPUIATENBLHBIX CEKTOPAX U OIpe-
MEJAI0TCH TeMH 3HAUEHUSIME YIJI8, 0, TPH KOTOPHIX B OKPECTHOCTH
touku (2o,y0) V(p,) = 0u U(p, ) <0, T.e. cos(pp + ) = —1.
DTH 3HAYEHHUS] PABHEI

om=-0 ¥l o —0,1,...,p— L (49)

p p

OTMeTnM, 4TO HANPABJIEHUS HAMOBICTPEMINEro CIIyCKa, COBIIAAAIOT C
OHCCEKTPUCAMHU OTPHIATENBHBIX CEKTOPOB.

B nmanbrefinmiem Mpl 6y/ieM pacCMATPHUBATD JIUINb CAyYail p = 2,
xorga f'(2z9) # 0. Ilpu aTom ¢y = %f”(zo) u 6y = arg f"(2g). B sTom
ClIydae UMEITCS JIMIIb B3 OTPHUIATENbHBIX CEKTOpPa, BHYTPH KO-
TOPBIX IIPOXOAUT JMHUS HauObICTpeiitero croycka GyHKuuu u(z,y).
HampasiieHne KacaTebHOM K 3TOM JIMHAHU B TOYKE 2( COTIACHO Hop-
myJie (49) onpenesgercs yriamu

¢0=$H¢1=w=¢o+ﬂ- (50)
OueBngHO, BLIGOD YIUIa (pg WK (] OTIPEAENIETC 3aJaHUEM HATIPaAB-
JIEHUS] MHTETPUPOBAHUSA BIOJb JIMHIUY HAUOBICTPEMIIErO CIIyCKA.

[TepeitmeM Tenephb K TOKA3aTENBLCTBY OCHOBHON TEOPEMBI METOIA
TIepeBaJia.

Teopema 2. ITycmv dynxuyuu ¢(z) u f(2) = u(z,y) + iv(z,y)
ABASOMCH GHAAUMUNECKUMY 6 06AacU G U Y008AETNGOPAIOM, CAE-
JYPOUWUM YCAOBUAM:

1) noseprrocme dynxyuu u(z,y) umeem snympu G eduncmeen-
nY1w0 cedaosyro mowky 2o = To + iyo, npunem f"(zy) # 0;

2) cywecmeyem maxoe § > 0, wmo na aunuu L nocmosannozo
aHanenua Pynxyuu v(z,y) = v(Zo,yo), npozrodawet uepes mox-
KY 20, 8 000UT OMPUYATNEALHBIT CEXTMOPAT MOl MO%KY PYHKUUA
u(z,y) ene d-oxpecmuocmu mowku 2y YOOSAEMEOPAEM YCAOSUIW

U’(z07y0) - ’U,((L',y) 2 h > 0; (51)

3) npu nexomopom 3navenuu Ag > 0 cxodumes xpusosunetini
urmezpan

[ (@) @) ds < M, (52)
C
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20e xpusas C yeauxom Aexcum 6 o6aacmu G, npusem ee HaNaIbHAR
(21) u Konewnan (22) MONKU PACTIOAOICEHY 8 PABAUNHBL OMPUUG-
MEADHUT CEKTOPAT MOYKY Zg MAK, YN0 UL MONCHO COEOUHUMD C
xkpu6soti L xpuebimu y1 U Yo Konewnoti 0AuNbl, Ha KOMOPHT PYHKUUSR
u(z,y) ydoeaemeopsaem ycaosuio (51).

Tozda 0as 8cex A = Ay umeem Mecmo GCuMNMOMuNECKaa Pop-
MYAG

)eM(2) gz = e (20) 2m giom —3/2
f(p dz=¢e [ NG )l<p(z0) m 4+ O(X )],

(53)

2de g = 1= b0+ mn (m=0,1) u 6y = arg f"(20). Bribop 3HAqTE-

HUS (Qpy, OIpefensier 3HaK B ¢hopmyse (53) U, €CTECTBEHHO, 3aBUCHT
OT HATPABJIEHUS MHTEIPUPOBAHMSA BIAOJIb KOHTYpa C.

JokaszaTtenscrtTso. HMurerpan (53) He u3MeHHUT CBO-
€ro 3HAYEHUs, eCiN NedOPMHUPOBATL KPUBYIO MHTerpuposanua C B
kpuByto [' = L + 71 + 2. B cuny yenosus (51) 1Jist MHTErpaJios mo
KDUBBIM 7] U Y2 UMEET MECTO OLEHKA

f o(2)eM @) gz = Qe 2P, (54)
7,2
PaccmoTpuMm uuTErpan

f o(2)eMN ) dz. (55)

Beeznem Ha KpuBoii L HATYpaJbHBIA mapaMeTp L) s, mpudeM GymeMm
CUHTATH, YTO TOYKE 2y COOTBETCTBYyeT 3uauenue s = (. YpaBHenue
kpusoil L 3anumeMm B Buge z = z(s). [Ipoussens B unterpane (55)
3aMEHy I€PEMEHHO} MHTErpUPOBAHNS, [IOJIOXKUB 2 = 2($), HOIyIuM

b
Fi()) = e?oeom) [ g(5)erV L gs, (56)

—a
rie

®(s) = plz(s)], U(s) = ulz(s),y(s)],
0<a<oo, 0<b<oo.

NnTterpan (56) ynoBiaeTBOpseT BCeM YCIOBHAM TEOPEMBI 1, mpH-
4yeM dyukius U(s) JoCTHUraeT cBOEro MaKCHMAJBHOIO 3HAUEHUS B
d*U

| <O

Touke s =0, 8 —

!) IonsTre HATYpAIBHOrO MApaMeTpa CM. BB 1.
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Torma coraceo (28)

ﬂm=&W“[—§%ﬁ@ﬂm+mxmﬂ, (57)

U OCTAeTCS BHIPA3WTh BXoadmme B (57) BeSMUUHBL Yepe3 3HAYEHHUS
dbyuxmmit p(2) 1 f(z) B Touke zp. Ouenunno, ®(0) = ¢(zp). Tak

KaK eV _ 0, To
ds? |1, ’
U difl2(8)]|  _ em dz
LY <L) - (E) 4 pEz )
Ocroma B cuny (44) momydunm
d*U _ dz 2
ds? |s=0 17(z0) [(d_s) s:O] ’ (59)

Tak xax B OKPECTHOCTH TOYKH 2 C TOYHOCTBKO 10 BEJIUYIHH BBICIIIE-

ro IOpAKa MaJIOCTH MMEET MECTO COOTHOIIEHHE 2 — 29 = Se'¥, To
dz

£ s=0
KpuBoi L B TouKe z9. Ho mo camoMy crocoby mocTpoenus KpuBoi L
KacaTeJbHAd K 9TOM KPHUBOH B TOYKe 2p COBIIAJAET C HAIIDABJIEHUEM
HaubbIcTpelimero u3menenus dyukuun u(z,y). Torna uz (50) mna

YT Qry TOTYyIHM POPMYITY
(pm:r—200+m7r, m=0,1, (60)

rae 6y = arg f"(20), a 3HAUEHWE M OUpeENAETCS HAIPABICHUEM

= e'?, ¥ ocTaeTcs OIpelNeiTh HANPABIEHNE KACATENbHON K

d*U dz _
MHTETPUPOBAHUSA. 3aMETHM, UTO s < Oum e 1. Torma
_ s—
dopmyay (59) MOXKHO 3amKCATH B Bn,qe
d*U "
="l (61)

Utak, oKOHYATEILHO MTOIYyIUM

Fm=émw[ w%w%+mrmﬂ, (62)

/\If"( o)
e 3HaYEeHWe YIJIa, O, gaercd dopmysioi (60). 3Hax ryaBHOro dite-
Ha, B paBoii dacTu (62) ompenensercs BLIOOPOM 3HAYEHUS M U 3a-
BHMCHT OT HAIIPABJIEHUS WHTETPUPOBAHHS BIOJbL KpuBol C.

CroenaeM psj 3aMeYaHUN IO MTOBOAY HOKA3AHHOM TEOPEMBI.

3aMeuanue 1. U3 nokazaHHON TEOPEMEI CJIEYET, YTO €CIU
obe rpaHWYHLIE TOYKH 2] W 22 KpHBOH mHTerpupoBanus C mexar
B OJTHOM M TOM XK€ OTPHIIATEIHLHOM CEKTOpe CeIJIOBOY TOUKHU 2p, TO
nnis marerpana (1) umeer mMecTo omeHka (54).

S3aMeuanue 2. B npunoxeunsx ocoOEHHO JacCTO NPH-
XOZMTCS PACCMATPHUBATL MHTErpajbl THna (1) B HEOrpaHWYEHHOH
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obacTu ¢ KpuBO nHTErpupoBanus C, yxoasme B 6ECKOHEIHOCTb.
U3 npoBeseHHBIX PACCMOTPEHHE OYEBHIHO, YTO B 9TOM CJIydae JJIs
CXOAUMOCTH MHTErpasa (1) Heo6XOmMMO, YTOOH KDUBAs HHTErPUPO-
BaHUS YXONUJI3 B OECKOHEYHOCTH B OTPHIATEIBHBIX CEKTOPAX Cel-
J0BO#t TOYKM 2zg. IIpu aTom Teopema 2 u dopmymna (53) coxpaHsorT
CUILY.

SamMeganune 3. Teopema 2 6pLTa JOKa3aHa B IPEIIIO-
JIOXKEHHUH, 9TO TOUYKA 2o ABJHAETCHd €JUHCTBEHHOM CeIJIOBOM TOYKOM
nosepxHocTH GyHKmA u(zr,y) B obmacty G u f’(z9) # 0. Ecim
9TH TPEAMOJIOXKEHNHS HE BBINOJHEHBI, TO MOTYT OBITH IIPOBEIEHBI
AHAJIOTHYHBIE PACCMOTDEHMS, KOTOPBIE NPUBOAAT K ACHUMITOTHYE-
CKUM pa3jIoXeHusM unrerpana (1), monobusmv dopmyse (53). Oa-
HAKO Korjma B obsacTu § MMeercss HeCKOJBKO CEIJIOBBIX TOYEK, TO
BBEIGOD KOHTYpPa UHTErPUPOBAHUS TPEOYET CIENHAIBLHOTO HCCIENO-
BaHusd. B KOHTYD MHTErPHPOBAHUS NPOXOLUT Y€PE3 HECKOIBKO
CEIJIOBBIX TOYEK, TO ACHMITOTHYECKOE DA3JIOKeHHe MHTErpasa (1)
MOXKET COJEPIKATH HECKOJIBKO CJIaraeMbIX THIIA IepBoro 4ieHa (53),
HAMEOIINX OMUH U TOT XKe IOPSI0K, YTO MOXKET CYIIECTBEHHO H3Me-
HUTH OKOHYATENbHBIA PE3yJIBTAT.

PaccMoTpuM psn IpUMEPOB NPHUMEHEHHS TIOIYYEHHBIX Pe3YJIb-
TATOB.

MIpuwmep 2. Acumnmomuuecxaea Popmysae 0is Pynryuu
Xanxean.

1
Kax m3BectHo 1), bynkuus XaHKess IepBoro poma H,g )(x) Mo-
XKeT GBITh NPEJCTABJIEHa C MOMOIIBIO
HHTETpaJja

ngl)(x) — % fei:z:sinz—iuz dz, (63)
C

rme KoHTYyp wuHTerpupoBamma C Ha 7=0 =

KOMILJIEKCHOH IIIOCKOCTH 2 TIEPEXOIUT — ————

iy iy

U3 TOMYmONIOCH —z < Re z < 5
iy

Im z > 0 B moxymomocy 5 < Rez <

< %ﬂ', Im 2z < 0 4gepe3 TOUKy zg = g

(puc. 1). d1a TOUKA ABAAETCA CELJIO-
BOi Toukoil dyHruuu f(z) = isinz
B momoce 0 < Rez < m, Tak Kak

f (g) =0, f’ (g) = —1i # 0. YKa3aHHBIE BBIIIE IIOLYIOIOCH

Puc. 1

NIPEICTABAAIOT OO0 OTPHIATENBHEIE CEKTOPHI 3TOM CEIJIOBOM TOY-
KH, UTO, B YACTHOCTH, O00ECIIEUMBAET CXOJUMOCTEH JAHHOTO HEecoO-

)Cm.ku. A.H Tuxonos A A Camapckui YpapHeHns
maremaTndeckoi dusuku. — M. : Hayxka, 1972.
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CTBEHHOTO MHTerpaja. HafieM acCHMITOTHYECKOE 3HAYEHHE ITOTO
HHTErpaja Mpu 6OIbIINX MOJIOXKUTEIBHBIX 3HaYeHUsX T 3> |v|. Jan-
HEI mETerpan, Toe f(2) = isinz, p(z) = e"%? ogeBmmmo, ymo0-
BJIETBOPsiET YCJIOBHAM TeopeMbl 2. I109TOMy /sl €ro BHIYMC/IEHHS
MOXKeT GbITh IIPUMEHEH MeTOoZ, nepesana. Tak kak f'(z) = icos z, TO

T 3
B II0OJIOCE -3 <Rez< §7r HaXOOWUTCH JIMIIL OOHA CejIOBad TOYKA,
Y oo _ " _ __ 3r
20 = 5. lpm srom f(z0) = 7, f'(20) = 0, [f"(20)] = 1, 60 = .
YunTriBas HampasiieHWe WHTerpupoBaHus, w3 (50) momydnm g =
—%. OTMeTHM, ITO 5TO HAMPABJIEHUE COBMALAET C HUCCEKTPHCOM

s iy
OTPHIATENLHOTO CEKTOPA CEIVIOBOM TOUKM 20 = 7 OKkoHYATEIHHO
Ha OCHOBaHMU GopMysisl (53) momydum

H,gl)(x)=%eiz \/gexp( —ivy —i% )+O( ~3/2y| =
= frleo [l -D]+0 )} @

®opmyia (64) HaXOLUT BECbMA IIUPOKOE IPHMEHEHHE DY DEIIIEHUN
Pa3IMYHBIX 33,034, B KOTOPBIX MPUXOAUTCS HUCIOIH30BATH ACHMIITO-
THYECKHUe TPECTABJICHNS IMINHIPHIECKHX (DYHKIHIA.

MDpumep 3. Acumnmomuyeckas Gopmyaa 0aAs NOAUHOMOS
Jeosrcandpa 1).

ByzeM HCXOLUTh M3 MHTErPAJbHOTO IIPEICTABJIEHHS 2) IIOJIIHO-
MoB Jlexaunpa

L feo ()]
P,(cosf) = s NI dp, 0<0<m. (65)
-6

Kak serxo Bupmers, mogblHTErpasibHas (DyHKUNS MMEET HHTErDH-
pyeMyio ocobeHHOCTL Tipu ¢ = =+6. Hameit nenbio siBasieTcs mo-
JIy4eHHe ACUMITOTHYIECKOTO BBIpaXKeHWs g bysKimn P, (cos )
mpu OGOMBIINX 3HAUYEHUSX WHIAeKca 7. PaccMoTprM aHamnTHde-
CKOe MPOIOIXKEHWE MOLBIHTErPANbHON (DYHKIMKM HA KOMILIEKCHYIO

1) Onpenenenue nomuOoMOB JIeXaHApA I UX OCHOBHBIE CBOIMCTBA CM. B KH. :
A H Tuxomos A A CamMapcxkuil YpaBHeHHsS MAaTeMaTHIECKOH
¢dusuxku. — M. : Hayxa, 1972.

2)Om. km. : H.H. Jle6e gen. Crnenuanbusie GyHKIMY I AX IPHIOKEHUS.
— M. : Tocrexmsnar, 1953. C. 76.
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IJIOCKOCTD 2 = & + Y

exp [z (n + %) z]
’w(z) Vcosz —cosf (66)
OyHKINA W ABIAAETCd AHAINTUIECKON B BepXHEH MOTIYILIOCKOCTH
Im z > 0. I[TosroMy wmHTerpas mo JaOO0MY 3aMKHYTOMY KOHTYDY,
LEJIUKOM JIEXKAINEMY B BepXHeH

TTOYTLIOCKOCTH, OT 3TON (hyHK- Ay
UMK PaBeH HYJI0. BeibepeM 3aMK-
HyTolf KOHTYp ') I, cocrosmmit -6+H 0+iH
u3 orpeska (y = 0,—0 < z < 6)
JOeACTBUTEIBLHOM OCH, BEPTUKAJIB-
HBIX oTpe3koB (= — 0,0 < y <
< H), (@ = 6,0 <y < H),
TmapajieSbHBIX MHEMOR OCH, H
3aMBIKAOIIET0 TOPH30HTAJIBLHOTO
orpe3ka (y = H,—0 < z < 6)
(puc. 2). Kak serko Buzmersb, Ha

IIOCTIeJHEM OTpe3Ke MOZYJIb __0_’_‘];2:0 0
a ( 1) H_

exp n+§ ( )
67

«Y

|w| = Puc. 2

\/cos (z +iH) — cos 6

SKCIIOHEHITHAJIbHO CTPEMHUTCH K HyJto npa H — oo. Ilosromy, me-
peiias K npenesny npu H — 0o, moaydum

y exp [z (n+ %) <p]
I= [ —=——=fdp=N+1, (68)
rIe -
. ‘ . P exp [— (n+%) y]
h=nexp [_Z (" + 5) 0] Tt (69)
0
%0

o0 —|n 1
L= —exp [Z (n + %) 0] \/cr:)s[(e E z;)_ 3202]0 dy. (70)
0

g npubIHKEeHHOTO BHIUNC/IeHHs HHTEerpayioB I u Is mpu 6ombuimx
3HAYEHUSAX 71 TPUMEHUM MeToJ nepeBaya. PaccMoTpuM mHTerpan Iy

D) TIpu sToMm ocobrre Touku z = +6 0b6x0aUM MO IyraM OKpyxkHOCTEH Gecko-
HEYHO MAaJIOTO PAJHyca, KOTODHIH 3aTeM yCTPEeMJISeM K HYJIIO.
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(I BeramCsteTcs anpagoradso). [lomoxuM y = t2 u 06o3HauUM 7 +
1
+5= A. Torma u3 (69) momyuum
*® 2
e M tdt

T(N) = —ie™ =2 :
) e \/cos (8 — it?) — cosd
0

(71)

Nurerpan (71), oueBUmHO, YIOBIETBOPSET BCEM YCIOBUSIM TEODE-
MBI 1, mpuyem f(t) = —t? u Touka ty = 0, B KoTopoit yHKuHS
f(t) mocruraer ceoero mMakcuMajbHOro 3umadenus f(0) = 0, cosma-

JaeT ¢ TPAHUYHOM TOYKO# MHTepBasia MHTerpuposaHud. IIpu sTom
f'0)=-2,2
b

I t ik ) 72
t = lim = .

w(to) t—0 y/cos (§ — it?) — cosd Vsin 8 (72)
ITostomy mo ¢opmyse (28), B KOTOPO HAIO BBECTH JOIOJHUTEb-

HEBIIT MHOXKHUTEJIL 3 TaK KaK TOYKAa fy COBIQJAeT C TpPAHUYHOH TOY-
KOH MHTepBaJia HHTETPUPOBAHUS, ITOIYIUM

1 . _
OTKYZa

I =iexp [—i (n+ %) 0] [1 /mexp (—z%) +O(n—3/2): .

Ananoruyno

I2 = —3 exp [’L (TL + %) 0] |i1 [m exp (’L%) + O('I‘L—3/2) .
(75)
1
\/n+%

OTJIN-
1 —-3/2
YyaeTcs OT 4/~ Ha BeJuuuHy nopsaiaka O(n ), IOJIy9UM OKOHYa-
n

Torma mocie mpocTHIX NMpeobpa3oBaHUM, y4UTd, YUTO

TEJIBHYIO aCUMIITOTHYECKYIO HOPMYJY I MHOTOUIEHOB JlexaH-
Ipa, cupaBegyueyro mpu n>> lu 0 < 8 < 7

P, (cosf) = \/ﬁ {cos [(n + %) 0— g] + O(n_l)} . (76)



NPUJOXKEHHWNE 2
METO/J BUHEPA-XOII®A

JaHHBIN METOJ HAXOAWT UIHPOKOE IPUMEHEHHE IIPH PeIIeHHH
HEKOTOPBIX MHTErpajbHbIX ypPaBHEHUM M DPa3JUYHBIX KDPaeBbIX 3a-
Jad MaTeMaTU4ecKol (PUIMKM C IOMOIIBI0 HHTErPANBLHBIX IIpeod-
pasosanul Jlannaca, @ypee u pana apyrux. [lepBoHa4apbHO ITOT
MeTox ObLT IpuMeHeH B coBMmecTHO pabore H. Bunepa u 3. Xonda
(1931 r.) K pelLIeHUIO MHTErPAJbHLIX YDABHEHUH C AADPOM, 3aBUCH-
IIMM OT Pa3HOCTH APTYMEHTOB, B CJIydae HONyDeCKOHEYHOro IIpoMe-
KYTKa,

u(z) =X | v(z — s)u(s) ds + f(z).

O‘Sg

B nanbmeitniem ypaBHeHHs HDOAOOHOTO BUAA PacCMaTPHUBAIUCH

B.A. ®oxom 1), BHecmnM GOBIION BKIA B PA3BATHE OBIUX METO-
OB HX PeIIeHus.

Obmuit mMeron pemreHusi HPYHKIMOHAJIBHBIX YDPaBHEHUIt, IIOIY-
YUBIIUH HA3BaHME MeToAa Buuepa—-Xonda umu Merona GpakTopu-
3anui, ObIT ¢ YCIEXOM HCIONB30BAH NIPH DELIEHMM MHOTHX 3334
AuhpakKIUM U TEOPUHU YIPYIOCTH, KPAEBbIX 33734 AN YPaBHEHUSA
TEIUIONPOBOAHOCTY, MHTErPAJIFHLIX YPABHEHUH TEOPUU IIEPEHOCA U3-
Jiydenusi (Tak Ha3biBaeMas npobmema MuHa) M MHOTUX ADYTUX 3a-

nau MaTeMaruueckoi usuxu?). He cTaBs cBOeH IeJbI0 CTPOroe
MaTreMaTH4yeckoe obocHOBaHMe Merona Buuepa-Xonda, MBI H3NO-
JKHM €ro OCHOBHYIO HEI0 Ha IIPUMEPAX DelIeHUs] PSIa IPAKTUYECKH
BaXKHBIX 33Ja4.

1. BBoanbie 3amedanusi. Haunem ¢ HaBoasmux coobpakennii,
HJIIOCTPUPYIOMIUX IPUMeHEeHHe MeTONOB MHTErpajbHBIX mpeobpa-

1) B. A. ®ok. O HEKOTOPBIX HHTEIPaJbHBIX YDaBHEHHAX MATEMATHIECKOH
¢duzuku// MaTem. cbopruk. 1944. T. 14. C. 1.

2)Bonbloe KOIHIeCTBO IPUMEPOB NpAMeHeHus MeTona Bunepa—Xonda mox-
Ho Haittu B kuHure B. Hobna, rne npusenena mocrarouno moxapobHas 6ubimo-
rpadusa. (B. H o 6 n. Ilpumenenne merona Bumepa—Xonda nna peuwenns
IuddepeHINANbEbIX YPABHEHNI B YaCTHHIX npou3Bogueix — M. : WJI, 1962.)
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30BaHUY NIPY PENIeHUY WHTErPaIbHLIX ypaBHeHuit. PaccMorpuyM uH-
TErpaJIbHOE YpaBHEHHE BHIA

u(@) =X [ v - s)u(s)ds + f(z) (1)

¢ saxpoMm v(z — $), 3aBUCAIIUM OT DPA3HOCTH APryMeHTOB. Mul He
OyIeM 3[eCh UCCIIEI0BATE YCIOBHIM PA3PEITUMOCTH 3TOI0 YPABHEHHS
¥ IPOBOIUTHL 000CHOBAHHE METOLOB €r0 PEIIeHHS, 3 JIMIIL YKaXKeM,
4TO I AeHCTBUTEIbLHBIX 3HAYEHHH A DY BBITOJHEHHH YCIOBHH

[ 1f@Pdz <4, X [ p)ldi<, ()

rae A — mpou3BOIbHOE (DUKCHPOBAHHOE YUCIIO, ypaBHeHue (1) mMe-

eT eJMHCTBEHHOE pellleHue ) u(zr), MHTErPUPYeMOe ¢ KBaJpaTOM B
0eCKOHEYHOM MMPOMEKYTKE

f |u(z)[? dz < oco. (3)

—00

ByZeM cumTaTh, 4YTO CyLIECTBYIOT mpeobpasoBamus Pypse?)
BCexX OYHKIWI, BXoagaumx B ypapuenue (1):

8

U(k):\/%_ﬂ u(z)e*? dz, (4)
V(k):\/%_ﬂ [ v(t)e™ dt, (5)
F(k):\/%_ﬂ [ fz)e* do. (6)

1 .
Torna, ymuoxus (1) Ha Te”” ¥ TIPOMHTETPUPOBAB 10 OeCKOHed-

™
HOMY TIPOMEXYTKY, IOIY9UM

U(k)=F(k)+ \/%_ﬂ f e'*? dg f v(z — s)u(s)ds = F(k) + I(k).

(7)

1) IToapo6HO 3TOT BOIIPOC M3JI0XKeH, HanpuMep, BkH.: B. TuTtuM a p m.
Brezgenue B Teopuio uarerpanos ®ypre. — M. : Tocrexusnar, 1948.

2) Ompenenerne mpeobpasosarus Pypbe M €ro OCHOBHBIE CBOHCTBA CM. B
BHIN. 2.
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W3meHuB B mociieIHEM CIAraeMOM HOPSIOK MHTETPUPOBAHUS, IPEI-
CTABUM 5TOT MHTErpaj B BHJE

I(k) = \/% f u(s) ds f e*%y(z — s) dz. (8)

CrenaeM 3aMeHy IepEMEHHON UHTErpUpOBAHUS, TIOJIOXKUB T — 8 = t.
Torna B cuny (4) u (5)

= \/% f u(s)et*® ds f v(t)e*t dt = W2 U(k)V (k). (9)

®opmyna (9) dakTuuecku 03HAUAET, YTO B CIydae HpeoOpa3oBa-
uua @ypre cupasennnea popMyia mpeobpa3oBatus CBEPTKH, IMOTY-
YeHHas HAMU [JIS OXHOCTOPOHHEro IpeobpasoBanus Jlamraca (cM.
c. 232).

Teneps opmyiy (7) MOKHO TIepemucaTh B BHIE

U(k) = F(k) + \W2r U(k)V (k). (10)

Uraxk, ¢ noMompio npeobpazosarnsa Pypbe HAM yOAJIOCH CBECTH
PeIlIeHNe UCXOAHOIO MHTErpaJbHOrO ypaBHeHusd (1) K pelreHuo aj-
reGpaudeckoro ypapaenus (10) mis npeobpasosanus Pypwe ucko-
MOTO peIIeHHs. PellleHne MOCJIeIHer0 ypaBHEHHS HE IIPEeCTAB/ISET

TpyAa:
F(k)
Uk _ 11
(k) = 1— M2 V(k) (11)
Tem cambiM mpeobpazoparue ®@ypre (11) pemenus MCXOAHOTO
HUHTErpajbHOIO yPaBHEHHWS OKa3aJ0Ch BHIDAXKEHHBIM UYepe3 IIpeod-
pasoBanus Dypbe 33TaHHEBIX DYHKIAA — g71pa W IpaBoil gacTu

ypaBuennsa. CaMo pernenne MOXeT OBITh JIETKO BHIPAXKEHO Yepes ero
npeobpazoBatue Pypre ¢ TOMOIILI0 U3BECTHON (HOPMYJIBI 0OPATHO-

o IpeoGpa3oBaHus 1):

f F(k —ikx
V2w 11— A2V (k)

o0
— [ Uk)e ™ dk = — dk.  (12)
T o

®opmyia (12) dbakTudeckn pemraer 3amady, OAHAKO OHA HE BCETIA,
yOooOHa OIS WCIIONBL30BAHUSA, TAK KaK TPeOyeT BLIYHC/IEHHS Ipeod-
pazosanus ®ypre F (k) nnsa xaxpoi mpasoit gactu f(z). Bo mMHO-
MUX ciIy4dasx 6osee yooOHBIM OKa3bIBAETCA MPEACTABIEHNE PEIleHus
HEOAHOPOJHOr0 MHTErPAJILHOTO YPAaBHEHHUS depe3 fpo (pe3oaveeH-

1) Om. Bom. 2.
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my) UCXOLHOTO YDABHEHUS:

u(@) = f(2) + ) [ gz - 9)f(s)d. (13)

—00

Yro6w mOTyIuTh TPEHyEMOe IPEICTABIEHHE, 3aMEeTHM, 9T0 POPMY-
aa (10) moxer GBITH Ipeo6Gpa30BaHa K BULY

U(k) — F(k) = W21 F(k)G(k), (14)
rIe
G(k) = #\/%)V(k) (15)

W3 coorHomenus (14) ¢ moMompo GopMysIsl 06pATHOTO IIPeos-
pazoBanus (12), 3amedas, yTo B cuiiy opMmyist (9) opuruHamIoM

dyukuum V27 F(k)G(k) sBnserca dbyuxuus

oo

[ &tz - 9)f(s)ds,
rze "
g(t) = #_{o G(k)e~** dk, (16)
OJTy 9UM
u(z) = f(z) + A f gz —s)f(s)ds. (13)

TakuM 06pa30M, JJIs OIPEAE/ICHUS PEIIeHHs UCXOAHOTO HHTErPaslb-
Horo ypasHeHus (1) mocrarouno Haiitu dyukuuio g(t), onpezneses-
Hyto dopmyioit (16).

Oyukuus g(t) upencraBiageT coboit pemenue ypasaenus (1) npu
cnieruasbHoM Buae dynkiumu f(z). Jeticrsuresnsro, u3 dopmya (11)
u (15) ciemyer, 4TO IpH U(k{z G(k) dyexuus F (k) pasua V (k).
9To o3HaUaer, 4TO pemenuem ypasuenus (1) npu f(z) = v(z) aB-
agerca dyuknud u(z) =g(z), T. e. pe3oabBenTta ypasHerud (1) ymxo-
BJIETBODSIET MHTErPAJLHOMY yDABHEHHIO

oo

glz) = fv(w—s)g(s)ds+v(w). (17)

—0o0

IIpumep 1. Pemurs mHTErpajbHOE YpaBHEHUE

u(z) = A f v(z — s)u(s)ds + f(z), (18)
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re
v(t) =e Ml a>0. (19)
Haitnem dbyuxuuo g(t), s 4ero BEIYUCIEM
= —== _a]tl tkt = L2_a
wmﬂﬂie Mt = =t (20)

Torna mo dbopmysne (15)

_ V(k) _ 1 20
G(k) - l—A\/ﬁV(k) - \/ﬁk2+a2—2a)\’ (21)

OTKYIa
o 0]

_.kt —ikt
fG ikt dk = —fmdk (22)

ﬁl“
3

03
ITomoxuMm, 9T0 A < 7 Torga waTerpas (22) uMeeT CMBICT U JIETKO

MOXET OBbITH BHIYHMC/IEH C MOMOIIBIO TEOPHH BHIYETOB IIyTeM IIpHMe-
HeHnus JemMmbl 2Koprana. ITociie DpOCTHIX BBIKJIAMOK Halmaem

__exp (—[t|Va® —2aX)

M, OKOHYATEJBHO,

u(z) = f(z) + \/ﬁ f exp (—|a: —s|vVa? - 2a)\) f(s)ds

(24)

Wrak, npuMeHenne pacCMOTPEHHOTO METOLA, CBOISIIEr0 pelle-
HHE MCXOJHOI'0 MHTErPAJLHOrO ypaBHeHus (1) K pernenuto anre6pa-
MYeCKOTO YPABHEHHUS, OBIJIO CBA3AHO C BO3MOMKHOCTHIO IIPUMEHEHHS
npeobpazopannusg Pyphbe K BXOIAIIMM B 9T0 YpaBHeHUE (DYHKITHIM
¥ HCImoJab30BaHusa GopMynsl ceepTku. Hamue#t OGumkaiiiuedt 1esbio
ABJIS€TCH [epeHeCeHNe PACCMATPUBAEMEIX METOL0B Ha PellleHne UH-
TerpajibHbIX yYPaBHEHMN C SAPOM, 3aBUCAUINM OT PAa3HOCTH apry-
MEHTOB, B (JIy4ae MOJIyDEeCKOHEYHOr0 IPOMEKYTKa,

:Af v(z — s)u(s)ds + f(z). (25)

OHaKo AJis STOrO HaM IOHA00ATCH HEKOTOPHIE aHAJIUTHIECKTE
cBoiicTBa npeobpazosanna Pypwe, B 4aCTHOCTH Onpeneserue obua-
cTeft aHaNUTHYHOCTH TpeobpazoBanus Pypbe byHKIUN AeiicTBH-
TeJILHOM TepeMeHHOM, Kak yOBIBAIONINX, TAK U BO3PACTAIOIINX Ha
HEeCKOHEYHOCTH.
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2. Ananutudeckue cBoilicTBa mnpeobpasoBanuss @ypbe.
[Tycrs dbynxuusa f(z) onpesesneHa IpH BCeX 3HAYEHHAX —00 < T <
< 00. PaccMmorpum npeobpazosanue Oypre aToit QyHKITHH

F(k):\/% [ f(z)e™ da. (26)

IIpu sToM 6yZeM CYHTATH, YTO MapaMeTp K, BXOAAIIUMA B npeobpa-
3oBanne (26), BOOOIIE TOBOPS, MOXKET NPUHAMATD ¥ KOMILIEKCHBIE
sHauenusi. [loctaBum Bompoc o ceoiictBax dbyukuuu F(k), paccma-
TPUBAaEMOI KaK (DYHKIHMSA KOMILIEKCHOM nepemenHoit k. s sToro
npeacraBuM GyHKIMO f(Z) B BHIE

f(@) = fr(2) + f-(2), (27)

rae Gyukuun fi(z) 1 f_(z) COOTBETCTBEHHO PaBHEI

f+($)={ fO, z <0, f_(z)z{ flz), <0,

(z), >0, 0, z>0.

[Ipeo6pazosanne Pypoe F(k) byukuum f(r) npu sTom, odeBUI-
HO, paBHO cymMe npeobpazoBanuit Oypwe Fy(k), F_(k) dyukumit
f+(z) m f_(z). Mbl BHISICHUM aHAJUTHYECKHE CBOMCTBA (yHK-
mun F(k), ycraHOBMB aHaJMTHYeCKHe CBOiicTBa GyHKImi F (k) u
F_(k). Urak, paccMoTpuM byHKLHIO

0, =<0,
£1(@) = { ‘o o (28)

Ee npeobpazopanuem Pypre apiagerca YHKIHST
1 oo
- ikz

IToBTOpsAs paccyxaeHus TeopeM 8.1 1 8.2, JIETKO IOKAa3aTh, YTO €CIIH
dyukuus f,(z) yZoBIETBOPSET YCIOBHIO

|[f+(z)] < Me™™* mpu z — oo, (30)

to dynxnus Fy (k), onpenenennas dopmysoit (29), apiserca aHa-
JINTHYECKOH DYHKIIMEH KOMIIEKCHOM mepeMenHoi k = o+i7 B 00J1a-
cra Im k > 7_, upuuem B 3T0M obmactu Fy (k) — 0 mpu |k| — oo.
C moMompio pacCy KIeHHUH, aHAJOTHYHBIX NPOBEJEHHBIM B TEODe-
Me 8.5, MOXKHO IOKa3zarb, 4ro ¢yskuuw fi(z) u Fy(k) cesa3ans
0BpATHBIM COOTHOIIIEHHEM:

+

00 + iT
1

fi(e) = == Fy (k)e™™? dk, (31)

—00 + T

+
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I/le MHTEIPUPOBAHUE IIPOU3BOAUTCA 110 Jroboit mpamoit Im k£ = 7 >
> 7_, HapaJuleJJbHOR JeiiCTBHUTENIbHOM OCH Ha KOMILIEKCHOHM ILJIOC-
xocTH k.

IIpu 7— < 0 (T e. m1g y6rpiBaroIuX HA 6ECKOHEYHOCTH (DYHKITHI
f(z)) obmacty ananuTmanoctn dbyukuu F, (k) cozepXuT nefcTeu-
TENBbHYIO 0Ch ¥ B (popmysie (31) MOXKHO IPOBOIUTH MHTEIPHPOBAHKE
BIOJNB zeiicTBuTenbHOM ocu. Eciu 7— > 0 (T.e. dynkuus f,(z) pa-
cTeT Ha OECKOHEYHOCTH, HO He OBbICTpee, YeM IKCIIOHEHTS, C JIMHEeMH-
HEIM II0OKa3aTesleM), TO 06JacTb aHAJIMUTHYHOCTH byHKuun F. (k)
JIEXUT HaJ JeHCTBUTEIBHOR OCHI0 KOMILIEKCHON IIOCKOCTH Kk (mpH
9TOM Ha JeHCTBUTENBHOM ocH k nHTerpat (29) MOXKeT paCXOAUTHCH).
Amnayornuno, ecan GyHKIMS

fz), =<0,
_{z) = 32
f-(@) o ee (52)
VZAOBJIETBOPSIET YCIOBHIO
f-(z) < Me™* upu £ — —oo0, (33)
TO ee npeobpazosanne Pypre, GyHKIUS
0
_ 1 ikx
F_(k) = \/27_[0 f-(z)e™* dz, (34)

SIBJISETCH aHAJIUTHIECKON DYHKIHeH KOMILIEKCHOM TlepeMeHHoi & B
obnacta Im k < 7. @yuxuua f_(z) seipaxkaerca depes DyHKIHIO
F_(z) ¢ nOMOIIBI0 COOTHOIIEHNST

00 + 2T

1 —ikz
f@) == [ F(ke™dk, (35)
—00 + 1T
rnelm k=7 < 74.

Ecmu 74 > 0, 1o obnacrs anasmmruyHoctu byukuuu F_(k) co-
JEPXKHUT IEACTBUTENBHYIO OCb.

OueBugno, npu 7_ < 74 byukuus F(k), onpexenennas mo dbop-
Mmyse (26), aBigeTca aHAJIUTHYIECKOH DYHKIMeHl KOMILIEKCHOR me-
pemenHoit k B monoce 7— < Im k < 7. Ilpu atom dbyskuwn f(z) u
F(k) ceasanbl o6paTHeIM npeobpasosanueM Dyproe:

00 + i1

f@)=—2= [ Flk)e™* dk, (36)

—00 + T

rJe HHTErPHPOBAHKE IIPOU3BOAUTCS II0 JIFOOO0M MpaMoi, mapaJslieb-
HO# ZeMCTBHTENBHOM OCH KOMILIEKCHOM IIJIOCKOCTH K, JieXKaIleih B
mosoce 7— < Im k = 7 < 74. B vacrHoctH, pu 7— <0 u 74+ >0
dbyukuus F(k) sasnsercs aHasuTHYeCKOH B IOJOCE, COAEpKaIei
IeHCTBUTEILHYIO OCh KOMILIEKCHOM TIIOCKOCTH k.
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Tax, bysxmus V(z) = e~ npu o > 0 obmazaer mpeobpazo-
BauueM Pypne . )
o1
V(k) - \/2_7‘_ az _+_k27 (37)
ABJISIOMAMCS aHATATAIECKON DYHKIIHEH KOMILIEKCHOM IIepeMeHHOM
k B momoce —a < Im k < @, comepxalneit nefiCTBETEILHYIO OCh.

IlepefimeM Temephr K H3JIOXKEHHIO OCHOBHOM WIEHM METOHA
Bunepa—Xonda. Mbl IpogeMOHCTPHPYEM €€ CHadYaJa Ha IPHMEDE
pellleHNsl HHTEI'DAJIBLHOTO YDABHEHHUS CIEIHATBHOTO THIIA.

3. NnTerpanbHble YPaBHEHUS C SIAPOM, 3aBUCSMINM OT
Pa3HOCTH apryMeHTOB. HavyHeM C DacCMOTPEHHS OTHOPOMLHOI'O
WHTErpaJbHOTO YPAaBHEHUS BHIA

o0

u(z) = A f v(z — s)u(s) ds, (38)

0

AP0 KOTOPOTO, byHKIMS v(Z — §), 32BUCAT OT PA3HOCTH T — § = &
U OIIPEJIEJIEHO [JIs BCEX 3HAYEHUH CBOEro aprymesTa —oo < € < 00.
Permenue 3T0ro ypapHeHHsI, OU€BHIHO, HAXOAUTCA C TOYHOCTHIO IO
IPOM3BOJILHOIO MHOXKHUTEJISI; OH MOXKET ObITh HafileH M3 JOIOJIHHU-
TeJIbHBIX yCIOBHUH 3a0a49d, HAIIPUMED YCIOBHM HOPMHUPOBKH. Byaem
CUHTATh, 9YTO ypaBHenue (38) ompegenser OyHKIMO u(z) 4y BCeX
3HAYEHUH MEPEMEHHOR T, KaK MOJOXUTENIbHBLIX, TAK U OTPHIATEb-
HBIX. BBegeM byHkmu uy u u_:

0, z<0, u(z), =<0,
uy(z) = u_(z) = 39
+(@) u(z), = >0, (@) 0, =z>0. (39)
OueBugno, u(z) = u4(z) + u—_(z), u ypasuenue (38) MoxHO mepe-
[IUCATb B BHE

v(z — s)uy(s)ds, z>0, (40)

v(z — s)uy(s)ds, z<O. (41)

0%8 0%8

To ectb GyHKIUSA Uy (T) ONPENENACTCA U3 PEIIEHUs HHTErPAILHOTO
ypasuenus (40), a dynxuus u_(z) BbIpaxkaercs vepe3 (YHKIUH
u+(z) 1 v(z) ¢ moMombio KBagPATypHOH bopmyssl (41). Ilpu sTom
HMeeT MECTO COOTHOIIEHHE

ut(z) + u_( v(z — s)us(s) ds, (42)

9KBUBAJIEHTHOE UCXONHOMY ypaBHeHHIO (38).
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[Iycts byskuusa v(€) yaoBIETBOPAET YCIOBHIM

[v(€)] < Me™¢ mpm & — oo,

[v(€)] < Me™¢ mpm & — —oo, (43)
rae 7— < 0, 74 > 0. Torna dbyurnusa
V) = 7z [ O as, (49)

ABJIFETCH AHAIUTHYECKoH B mostoce 7— < Im k < 7.
Bynem wuckare pemenue ypapHeHus (38), yZOBJIETBODSIOIIEE

ycrtoBmio 1)

luy(z)| < M1e** mpu z — oo, (45)
rae p < 74. IIpu 5TOM MHTErpassl B IPABBIX YaCTAX COOTHOIIEHUIH
(40) u (41), Kax HECIOXKHO MPOBEPUTDH, ABJLIOTCH CXONAIIAMHUCH,
upudeM st QYHKIUA u_ (Z) IMEET MECTO OL[EHKA

|lu—(z)| < Mae™” npu £ — —oo. (46)

U3 ycmosuit (45) u (46) cremyer, uro mpeo6pazoanue ®Pypbe
Ue(k) m U_(k) oymxmait ui(z)
U Uu_(Z) FBIAIOTCA AHAIUTHYECKAMHA
OYHKIMAME KOMILIEKCHOM IIepeMeH- U+(®), L+k)
Hot Kk mppu Imk > puImk < 74
COOTBETCTBEHHO (Ha puc. 1 1s ompe- 0
JIeJIEHHOCTH TIOJIOKEHO [ > T—).

[MepelimeM Temeps K DPEIICHUO MH- Y Im k=p
TErpajibHOrO ypaBHeHHs (38) uiu 5K-
BUBAJIEHTHOTO eMy ypaBHeHus (42), v®
IJIsL 4€T0 BOCIIOJIB3YEMCsl [IPeofpa3oBa- Y
aueM @ypre. C momompo GopMysl Im k=1-
(9) mpeobpazoBaHUsl CBEPTKH, B CIIPa-

BEJJIMBOCTH KOTODOH B DacCMaTPUBa- U-®,L-®
€MOM CJIy4ae II0IyOEeCKOHEYHOTO IIpPOo-

MEXKYTKa, JIETKO YOEOUTHCS HEMOCPEN- Pre. 1
CTBEHHO, TOy4uM u3 (42)

Uy (k) + U-(k) = V2r AV (k)U, (k),

Imk=1+

o Lk)UL (k) + U_(k) =0, (47)
e

L(k) =1—V2rx AV (k). (48)

1) M He ocramaBiMBaeMCA HA JOKA3ATE/bCTBE CyIIECTBOBAHMSA DeIICHHS
ypasrenus (40), ofsanaiomero ykazaHHbsM cBoiicTBoM. [lonpoGHee cM., Hapu-
Mep, HXTHPOBAHHYIO BhIIIE cTaThio B.A. ®oka.
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Urak, ¢ momMomrsio npeobpasoparus Pypbe MBI OUATH IEPENLIH
OT MCXOIHOTO MHTErPAJBHOTO YPABHEHNA K aIredpaniecKoMy ypaB-
HeHHIO JJis npeobpazosannit. O1Hako Teneps B ypasHenue (47) Bxo-
IAT yKe IBe Hems3BecTHBIe GyHKIMH. Boobiie roBops, m3 ogHOTO
arebpan9eckoro ypaBHEHHs HEJIb3s OJHO3HAYHO ONPENEWUTH JIBE
HemsBecTHBIEe dyuKIH. MeTon Burepa—Xomnda mo3BossgeT penuTh
3Ty 3a4a4y I OLpeNeIeHHOro Kiacca ¢pyukunit. OH B mepByo ode-
pelb CBA3aH C M3YyUYEHWEM 0bJacTell aHATATHYHOCTH, BXOALAIINX B
ypaBHeHHe OYHKIAN, U CIIEIUAILHBIM IPEICTABIEHNEM 3TOTO YDaB-
nenns. QcHoBHas uaea Merona Burepa—Xomda 3aknouaercs B cie-
IYIOIIEM.

[Iycrs ymanock npencraButh ypasHenue (47) B Buze

Ly(k)Uy (k) = —L_(k)U-(), (49)

TZle JIeBasg 4acTh ABJILAETCH aHAJATHYECKON B BepXHEH TIONYILIOCKO-
cti Im k > p, a mpaBag — aHATUTHYECKONX B HUXKHEN MOMYILIOC-
koctd Im k < 74, mpuyem g < Ty, TAK UTO CYIIECTBYeT 06IIas
TIOJIOCA AHATUTHYHOCTH 3THX GyHKum! 4 < Im k < 7. Torma B cu-
JIy €IWHCTBEHHOCTH AHAJUTHUYECKOTO IIPOJOJIXKEHUSI MOXKHO YTBED-
JKJATh, YTO CYIIECTBYET €AWHCTBEHHAd lesasd DYHKIUT KOMIUIEKC-
HOM IIepeMeHHOH, COBI3Jarllad C JIeBOil 4acCTbIO (49) B BepXHeit
M npaBoii 4acThio (49) B HIIKHEH MOMYIIOCKOCTH COOTBETCTBEHHO.
Ecnu npu sToM u3BecTHO, uTo DyHKIMH, BXoAdmHe B (49), pacTyT
Ha GECKOHEUHOCTH He OBICTpee, YeM KOHEYHas CTeneHb k™, TO B CH-
ay TeopeMbl JIMyBWANg naHHad Uenas QYHKIWSA ONPEIENseTcs C
TOYHOCTBHIO IO TIOCTOSHHBIX MHOxHUTeneit. B wactHocTH, B CiIydae
OTpaHMYEHHOM Ha GECKOHEYHOCTH (PYHKIMH IOy INM

Ly (k)U, (k) = —L_(k)U_(k) = const. (50)

Otcrona dyuxumu UL (k) u U_(k) ompezensroTcs 0QHO3HAYHO.
UTak, IpUMEHUM JAHHYIO CXeMY K DEIIeHHIO ypaBHeHus (47).
V13 npoBeieHHBIX BHILIE PACCMOTPEHUH CIIE[yeT, 9T0 06IaCTH AHAIH-
rruroctn dyuxumit Uy (k), U_(k) u L(k) = 1—v27 AV (k) coorrer-
CTBEHHO IIPEJICTABJIAIOT OG0l BEPXHIOW MONYIJIOCKOCTH Im &k > p,
HI2KHIONIO TTonyIntockoeTs Im &k < 74 mmonocy 7— < Im k < 7. Tem

CaMBbIM 3TO YpaBHEHHE CIIPABEJJINBO B IIOJIOCE 1) p<Imk<71y,as-
asromeiicsa ob1met 061aCTbI0 AHATHTHIHOCTH BCEX BXOAMIIUX B 9TO
ypaBHenue byukumit. JInsa npeobpazosanus ypaseerus (47) K BELY
(49) mpenmonokuM, 94TO BO3MOXKHO pazsoxerune dyukunn L(k):

LK) = £33, (51)

1) Mur gis ONpEZENEHHOCTH MOJIOXKUM (4 > T—. B mpoTuBHOM ciiydae oOmeit
06/1aCThI0 AHAIUTUYHOCTH OyzZeT mosoca 7— < Im k < 7.
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rae byuxkmun Ly(k) u L_(k) aBadOTCS AHAJNTHYECKUMH IIPH
Imk > pulmk < 74 coorBercrBenHo. Kpome Toro, mpemmosto-
JKAM, 9TO B 0OJACTAX CBOEH AHAIUTUYHOCTH 5TH PYHKIMM Ha Hec-
KOHEYHOCTH PacTyT He ObicTpee, 4em k™, roe n — HEKOTOPOE IIOJIO-
JKATeJIbHOe Iesioe yncio. Pa3buenue (51) anamurndeckoit pyHKuun
L(k) obbruno HaswiBaeTca gaxmopusayueli. Bosmoxuocts dakTo-
pH3aINK 33JaHHON AHAJIMTHYECKOH (DYHKIMHM KOMILIEKCHON Tepe-
MeHHO# 6yner obocHOBaHa HiKe (CM. JeMMbl 1 u 2 Ha c. 294, 296).

Wrak, B pe3yapTaTe (PaKTOPH3ALUN UCXOJHOE YPABHEHHE IIPUBE-

J€eHO K BHIY
Ly (k)U, (k) = —L_(K)U_ (k). (49)

W3 mpenpiaymmx paccMOTPEHHH CJIeyeT, 9TO OHO OIPENEesIseT
HEKOTODPYIO Ueayo GYHKUHUIO KOMILIEKCHOR IepeMeHHOM k.

Tak xak Uy(k) — 0 opm |k| — oo, a Ly(k) pactyr Ha Gecko-
HEYHOCTH, KaK KOHEYHAs CTEeHb k™, TO JaHHAs Uesas (QyHKIHS
MOXeT ObITH JIHIIb noueoMOM Py, _1(k) crenenu me Beine n — 1.

Ecmu dyexuun Ly (k) pacTyT Ha GECKOHEUHOCTH, JIMIIEL KaK IIep-
Bas CTeNeHb epeMenHol k, To u3 cootHouenuit (50) B cuity Teope-
MBI JInyBWILIS CteayeT, YTO COOTBETCTBYIOIIAs IeJiast (DYHKIMS eCTh
nocrosiauas C. Torma nius wemssectrbix Uy (k) u U_(k) momyunm
BBIDAKEHHS

C C
Ui (k) = I (R’ U_(k) = IR (52)
onpeensomnme npeobpasopanusad Pypbe UCKOMOTO pEIIEHus C TOY-
HOCTBIO 0 IOCTOSHHOTO MHOXHTENSA, KOTOPHIH MOXeT 6bITh HaimeH

X0Ts 6Bl U3 YCIOBHiT HODMUPOBKHU. B 06mmeM ciiydae BhIpaXKeHUs

_ P.(k) __ Pu(k)
ULk = 28 vy = - £ (53)
OnpeieNstoT TpeobpaszoBannss Pypbe HCKOMOTO peIIeHds HHTe-
rpajgbHOro ypapHeHHs (38) ¢ TOYHOCTBHIO [0 HEOMPEIETEHHBIX IIO-
CTOSTHHBIX, KOTOpHIE MOXKHO HaMTH W3 JOMOJHUTEILHBIX YCIOBHi
3anaun. CaMo pelleHre OIpeIesIsieTCs ¢ MOMOIIBI0 06PATHOrO mpe-
obpasopanus Pypre (31) u (35).
PaccmoTpuM puMep IpUMeHEHMS M3JI0XKEHHOTO METOZA.
IIpuMmep 2. PaccMoTpuM ypaBHEHHE

u(z) = )\f e~ 173lu(s) ds, (54)
0

sa7po Koroporo mMeer Bux v(€) = el
Haitnem npeo6pazosanne Oypre dynkunm v(€):
oo
=L hEge — 2
Vk) = 7= [ v(©e™ds = = (55)
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®yukuus V (k) (55) aBisiercs aHAIATHYECKOH QYHKIIHNEH KOMILIEKC-
Hot mepemenHoit &k B mosoce —1 < Im &k < 1. IIpencraBuM BeIpaXxe-
HUE

L(k) =1 - VEmAV (k) = £ 221 (56)
B Buze (51), rxe
Ly =220 L (k) =k—i. (57)

®yukuus Ly (k) B (57) aBisgercs aHAINTHYIECKOH W OTIMYIHON OT
uyna dysknueit k B obmactt Im k > Im v2A - 1. [Ilpr 0 < A <
<33T obsacTs onpenensierca yenosueM Im k > /1 — 2\, npuuem

1-22< <1l IIpu A > % dyukuus L (k) spaserca aHannTy-
9ecKoi ¥ oTyIHuHOl oT Hyns B obmactu Im k > 0. @yukuus L_(k),
OYEBUIHO, IPEJCTABIAET CO60 OTIMUHYIO OT HYJIS AHAJIATHIECKYIO
dyukmmio B obnacte Im k < 1. [lostomy mpm 0 < A < % 06e pyHK-
IHH YIOBJETBOPLIOT TPeOyeMbIM yCIoBHSM B mosioce i < Im k < 1.
[Ipu % < A obureit obsacTeio anamuTudHocTH Gyukunmit Ly (k) u
L_(k) sBaserca nonoca 0 < Im k < 1. Takum obpasom, Heobxoqu-
Masi dpakropusanus dyuknun (56) nponsseneHa.
Pacemorpum Boipaxenns Ux(k)Li(k). Tax xaxk Us(k) — 0
npu |k| — oo, a Li(k), cormacuo (57), pactyT Ha GECKOHEYHOCTH,

KakK IepBag cTeneHs k, To nenas ¢yukuus P, (k), coBuagaromas ¢
Up(k)Ly(k) mpu Im k > ppu ¢ U_(k)L_(k) upu Im k < 1, moxer
OBITH JIMING TIOJTHHOMOM HyJeBO# crenenu. [losTomy

UL (k)L (k) = C. (58)
Orcrona
Eai
Ui (k) = Cﬁ (59)
u, cormacuo (31),
00+iT
C k+i —i
uy(z) = v / a ;- e ke g, (60)
—00+iT

roe p <1 <1

Jnst Beraucienuss waTerpana (60) MOXHO IPHUMEHHUTH METOIBI
ri1. 5. 3aMKHYB KOHTYp HHTerpupoBaHms npu = > 0 myro# momy-
OKPY>XHOCTH B HIMKHEH TOJYIUIOCKOCTH U OLEHNB HHTErPAJI 10 3TOH
ZIyTe C TIOMOIIIBIO JIEMMBI 2K0p/JaHa, MOC/IEe 3JIEMEHTAPHBIX BBIUNCTIE-
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HHN IOy YUM

uy(z) = D [cos VI —1z+ SH‘? "22;_‘1“” : (61)

rae D — HoBas nmocrosuHad. Ilpu 0 < A < % 3TO pElIeHHe 3KCIO-

1
HEHIIMAJIBLHO BO3PacTaeT C pOCTOM T, IIpH 3 < A < 00 — OrpaHNuYeHo

Ha 6ECKOHEYHOCTH.

Wrak, y>Ke npuMep peLIeHAs OTHOPOIHOTO HHTETPAIBHOTO YDPAaB-
Henus (38) BbIABJsSET OCHOBHYIO HA€I0 MeTona Bunepa—Xonda, 3a-
KJIIOYAOLIYIOCA B IPEJCTABIEHHH C IIOMOIIBI0 (DaKTOPHU3ALUH HC-
XOZHOro (DYHKIMOHANBHOrO ypaBHenusi (47) B Buie mesoit ¢dpyHk-
muu (49). Jaaum Teneps 060CHOBaHNE BO3MOKHOCTH (HhaKTOPU3AIUH
aHATUTHYECKON (YHKINN KOMILJIEKCHON NepeMeHHOM, mpudeM Oy-
JIEM MCXOJHTH U3 HECKOJIbKO Hostee 001mIero hyHKIMOHATHHOTO YPaB-
HeHUsl, 4eM ypasuenune (47).

4. O61maa cxema meroga Bunepa—Xondpa. B obmem ciygae
3aa4a, pemaeMas MeromoMm Bunepa—Xonda, cCBOLUTCS K CIeIyIo-
mreit.

Tpebyercsa onpenenuts dyukuuu ¥, (k) u ¥_(k) xoMmiekcHo#
nepeMeHHOH k, aHANMUTUYECKHE COOTBETCTBEHHO B MOJIYILJIOCKOCTSX
Imk > 77— ulmk < 74 (7= < 74), crpemsiyecss K HyJIIO [OpH
|k] = o0 B cBOMX 06JIACTSX AHAJIUTUYHOCTH M YAOBJIETBODSIOLIVE B
nosnoce (7— < Im k < 74) dyHKUNOHAILHOMY yPABHEHHUIO

AT, (k) + B(k)T_(k) + C(k) = 0. (62)

Baecy A(k), B(k), C(k) — 3amannrle GbyHKIUH KOMILIEKCHOM
nepeMenHo#t k, anamurudeckue B nojoce 7— < Im k < 74, npuuem
A(k) u B(k) oram4HBL OT HYJISL B 3TOM HOJIOCE.

OcHoBHAsI Wiesi pelleHus] ITON 3aJadl OCHOBAHA HA BO3MOXK-
HoctH pakropusanmu Beipaxenus: A(k)/B(k), T. e. BOo3MOxHOCTH
IIPEJICTABUTH €r0 B BHIE

B(k) ~ L-(k)’
rae byukuun Ly (k) u L_(k) aBasmooTcs aHaNMUTUIECKUMHA U OTJIAY-
HBEIMH OT HYJIs COOTBETCTBEHHO B MOJIYIUIOCKOCTSX Im k > 7_ u
Im k < 7!, npuaem monocer 7 < Imk < 7y u 7 <Imk < 7}
nmeroT obmryro vacTs. Torma ¢ nomomsio (63) ypasuenue (62) Moxk-
HO IIEPEINCATh B BUIE

A(k) _ Li(k) (63)

Ly (k)T (k) + L_(k)T_(k) + L_(k)% =0. (64)
Ecin nocienuee cnaraemoe B (64) MOXKHO NPEICTABUTL B BHLE
L_(k)S9 = D, (k) + D_(k), (65)

B(k)



294 IMPUJIOXKEHUE 2

rae dyukuun Dy (k) u D_(k) aBasroTcs aHATATHYECKUME B IIOJIY-
mnockocrsix Im k > 7/ u Im k < 7! coorsercrsenno, u BCe TPH
momocl 7— < Im k <74, 7. <Im k <7} u 7! <Im k < 7 umeror

obmyio gacts — nomocy 70 < Im k < T_?_, TO B 3TO# IOJIOCE MMEET
MecTO (PYHKIHOHAJIHHOE YDABHEHUE

Lo (k)T () + Dy (k) = —L_(k)T_(k) — D_(k).  (66)

JleBas dactb (66) npencrasiser coboit BYyHKIMIO, AHATUTHIECKYIO
B mosymiockoct 70 < Im k, mpaBas — yHKIMIO, aHAJIMTHYE-
cKywo B obmacta Im £k < T_?_. W3 pasencTBa 3THX OYHKIAN B ONOCE

0 < Imk < 79 creayer, 4To CymiecTByeT eAWHCTBEHHAd Hejas
dyukums P(k), coBnagaromas COOTBETCTBEHHO C JIEBOH W IIPaBOW
gacramu (66) B obnacTax wx aHaauTUYHOCTH. Eciu Bece dyHKUMH,
BXozsiye B npasele yactu (63) u (65), pacTyT Ha GeCKOHEUHOCTH
B CBOHX OBIACTAX AHAJMTHYHOCTH He OblcTpee, deM k"1l 1o u3
ycinosug Wy(k) — 0 mpu |k| — oo cienyer, uro P(k) aBnsercs

nonuaoMoM P, (k) cremenu se Bbiue n. TeM caMBIM paBeHCTBa

O, (k) = %ﬁ(k) (67)
n
O_(k) = %&f—(’@ (68)

ONIPEETIAI0T UCKOMBIE (DYHKIIUK C TOYHOCTBHIO J0 MOCTOAHHBIX. Ilo-
CJIEHUE MOTYT OBITH HAMWEHBI U3 JOIOJHUTEIBHBIX YCJIOBHI 330340,

Wrak, npumenerne merona Bunepa—-Xomnda ocHOBaHO Ha Open-
crapienusx (63) u (65). BosmoxHoCcTh 9THX IpencTaBieHnit obec-
[IEYUBAETCH CJIEAYIOUAME JIEMMAMHU.

Jdemma 1. Iyemo dynwyus F (k) asasemca anaaumuseckoti
6 noaoce 7— < Im k < 74, npuuem 6 smot noaoce F(k) pasno-
mepHo cmpemumca k¥ wyao npu |k| = oo. Toeda 6 dannoti nosoce
B03MOJCHO Npedcmasaenue

F(k) = Fy(k) + F-(k), (69)

20e pynxyua F (k) — anaaumuuecxas 6 noaynaocxocmu Im k >
> 1, a pynxyua F_(k) — e noaynaockocmu Im k < 7.
JdokxaszaTensbcTB o PaccMoTpuM OpOU3BOIBHYIO
TOUKy kg, JIeXKAaIIyi0 B JAHHON NOJIOCE, ¥ IOCTPOMM IIPSIMOYTOJIb-
HUK abcd, comepxammit Touky kg, BHYTPH U OTDAHHYEHHBIN OTpe3-
kamu opsamblx Imk = 77, Imk = 7/, Rek = —A, Re k = A4,
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rae 7 < 7 < 74 < 74 (puc. 2). Ilo dopmyne Komn
Avir! AtiT),
_ 1 F(¢) 1 FQ
Fko) = 5. / C—kgdC+27ri C—ko i+
—A+ir! A+ir!
—A+i'r_’k —A+ir!
1 F(Q) 1 F (C)
+ 21 / ¢ —ko dC + 21 / dC (70)

Atiry! —Atiry!
[Tepeiinem B (70) k mpemeny mpu A — 0. Tak Kax M0 yCIIOBHIO JIeM-
Mol F(k) paBHOMEDHO CTpeMHUTCS K HyJ0 mpu |k| — 0o, TO mpemes
BTOPOTO ¥ YeTBEPTOrO CJIAraeMbIX B IIpaBoit uactu (70) paseH HYJIHO,
M MBI TIOJyIdM

F(ko) = Fy (ko) + F_(ko), (71)
TIe
oo+i1’
—00+iT!
oo+iTh
P =2 [ Ea (73)
—o0o+iTh

Nurerpanst (72) u (73), KaK MHTErpajbl, 3aBUCSIIHE OT [APAMET-

pal), ompemensior aHasMTHYeCKHe (bYHKIHMH KOMILIEKCHON Iepe-
MeHHOM kg TPH yCJIOBHH, A
4TO TOYKA Ko HE JIEXKHUT
Ha KOHTYDE WHTErpHUpO-
BaHUA.

B wactroctn F. (ko) d T4 c
ABIAETCA  aHAJUTHYIE-
CKOIl YHKIHEH B MOIY- -A =0 A
mrockoctd Im kg > 77, a
F_(ky) — B monymtocko- a ) b
cre Im ko < 7i. B cumry
[IPOM3BOJLHOCTH BBIOODA
TOYKH Ky H IIPAMBIX

rl m 7L cooTHOmeHHs

(71)—(73) u mOKA3BIBAIOT Puc. 2
JIeMMy.

T

Y

1) Cwm. c. 69.
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Bameuanue 1. 3amerum, 9YTO U3 CXOAUMOCTH MHTETDAJIOB
(72) u (73) crexyeT OrpaHMYEHHOCTDH IIOCTPOEHHBIX TAKMM 06DPa3oM
dbyexunit Fy (k) u F_(k) npu |k| — 0o B fanHON mosoce.

Jdemma 2. ITycmo pynxyua B(k) asasemca anasumuseckoti
u omauwnol om wyas 6 noaoce T— < Ilm k < 7y, npuuem O(k)
PasHOMEPHO 8 3Moti nosoce cmpemumca K edunuye npu |k| = oo.
Tozda ¢ dannoti noaoce umeem Mecmo nPedcmasieHue

o (k) = @4 () - ©_(k), (74)
2de pynxyuu D4 (k) u ®_(k) asasomca anasumuneckumu u om-
AUNHBMY 0T HYAA COOMBEMCMEBEHHO 68 NOAYNAOCKOCTAT Im k > T_
vimk <7y

JokaszaTteascrtso. Paccmorpum dbyexkumio F(k) =
= In ®(k), xoropasi, 0O4EBULHO, yLOBIETBOPIET BCEM YCJIOBHUAM JIEM-

Mot 1. Ilosromy mna dbyrkuumu F(k) BO3ZMOXHO NDPEACTABJIEHWE
(71)—(73). Ilonaras

2.(k) =explFe (), & (K)=exp[F(K)],  (75)
rae dyexkuun Fy (k) u F_(k) oupemenersr dopmynamu (72), (73),
HOJTy9aem

In® (k) = Fy (k), In®_(k) = F_(k). (76)
Torzma dopmyna (71) maer
In ®(k) = ln®_ (k) + In&_(k), (77)

orkyzna u cienyer coorHomrenue (74). Tak kak dbyuxmun F, (k) u
F_(k), cornacuo seMMe 1, ABIAIOTCH aHAJMTUIECKUMHA B IOy ILIOC-
koctax Im k > 7 mw Im k < 74 cooTBeTcTBeHHO, TO M GYHKIUK
&, (k) u &_(k), onpegenennsie o dpopmyaam (75), 6yayT 06mamaTh
TpebyeMBIMu CBOMCTBaMu. JleMMa ZOKazaHa.

Bameuanue 2. Bosmoxuocts dakropusamun (74) coxpa-
HSETCA B TOM Clydae, Korga dyakunsa @ (k) uMeer KoHEYHOE IUCIO
HyJeit k; B mosmoce 7 < Im k < 74.

s 10Ka3aTebCTBa JJEMMEL 2 B 3TOM CIY9ae JOCTATOIHO BBECTH
BCIIOMOTATEIbHY0 (OYHKIHIO

. (k2 + b2)N/2
2

Iie o — KPaTHOCTb Hynd ki; N — mOsIHOE 9uciio HyJtelt ¢ y4eToM ux
KPaTHOCTH; IOJIOXKUTEIbHAS IOCTOsTHHAA b > |7_|, |74 | BBIOUpaerca
U3 yoIoBHs, 9T00B! DYHKIINASA, CTOSMIAS 10 3HAKOM JiorapudmMa,, He
HUMeJIa, JOIOJHUTENbHBIX Hysmel B nosoce 7— < Im k < 7. Iocnen-
HeAs DYHKIWS, OYEBUIHO, CTPEMHUTCA Ha HECKOHEYHOCTH K €IUHHUILE.
[Tocrpoennas Takum obpasom byakuusa F (k) mo-npexueMmy ymosie-
TBOPSIET BCEM YCJIOBHAM JIEMMBI 1.

JIoKa3aHHBIE JIEMMBI M OLPENEIAIOT BO3MOXKHOCTH IIPEACTABJIE-
uuit (63), (65), cocraBnsromux ocHOBY MeTona Burepa—Xonda.
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Mgl paccMmoTpenu npuMeHeRrne Merona Bunepa—Xomnda giag pe-
meHds (QYHKIMOHAJILHOrO ypaBHeHus (62). Jlerko BumeTh, 9TO K
3TOMY YDABHEHHWIO CBOLUTCI U HE€O JHODOZHOE MHTe-
TpalbHOEe YpPaBHEHHUE Ha N0IyOECKOHETHOM IPOMEXKYTKE
C SIPOM, 3aBUCSIIUM OT PA3HOCTH aPTyMEHTOB:

o0

u(z) = A [ v(z — s)u(s)ds + f(z). (79)
0

Bynem npexmomarars, uro sizpo ypasHenus (79) m dyHKIMs
f(z) ynoBnerBopsitor ycioBusiM (43), u OyneM WCKAaTh DpelIeHHe

ypaBrenus (79), yIOBIETBODSIOIIEe YCIOBHIO 1)
lus(z)] < M1et® mpum z =00 (p<74). (80)
Torzna, TPOBOAS DACCYXKIEHUS, AHAJOTHYHBIE DACCYXKICHUIM
[IpX BBIBOJE (DYHKIHOHAJILHOIO ypaBHeHWs (47) Ui OZHODPOIHO-
T'0 HHTErPAJLHOrO YDABHEHUS, IOMYyYaeM, YTO B CJIYYAE YPABHEHUS

(79) B monoce p < Im k < 7 HOMXHO yAOBIETBOPATHCH (YHKIMO-
HaJIbHOE YDABHEHHE

Up(k) +U_(k) = \W2r V(K)Uy (k) + Fr (k) + F_(k)  (81)

e L(E)U (k) + U_(k) — F(k) = 0, (82)
i L(k) = 1 —V2r AV (k). (83)

Ypapuenue (82) sBiseTcs YACTHBIM CIy4aeM ypaBHerus (62).
Oyukuusa L(k) B momoce 7— < Im k < 74 saBngerca aHamaTmye-
CKOJ W DABHOMEDHO CTPEMMTCS K eIuHMIE Ipu |k| — 0o, Tak Kak
|V (k)| = 0 upu |k| = oo. Ecim, kpome Toro, byskuus L(k) ume-
€T KOHEYHOE YMCJIO HyJielt B 3TO# mosioce, TO BCE YCIOBUSA JIEMMBI 2
Boioigessl ¥ GyHknmio L(k) MOXHO IpeACTaBUThL B BHIE

_ Lix)

L(k) = 228, (54)
rae L, (k) aBngerca aHasmTHIecKod (yHKImeH B BepxHed mOly-
wnockocrd Im k > 7_, a L_ (k) — B Erxueilt monymwiockocru Im &k <
< 74. Torma ypaBuerue (82) NpHHUMAET BUA

Ly (k)Ur(k)+L_(k)U-(k) = L_(k)F (k) - F; (k)L (k) = 0. (85)

Jlns npuBemeHus mocienHero ypaBHeHMs K BUay (66) mocraTrodno
Pa3/I0KATh IOCIEIHEe CIAraeMoe:

Fi(k)L(k) = D+(k) + D_(k), (86)

1) MEuI OonSITh HE OCTAaHABJINBAEMCS Ha, OﬁOCHOB&HI/II/I CYLIECTBOBAHUSA DEIICHN A
ypasrerus (79), yaoBneTBopsiomuero ycaosuio (80).
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Ha cymmy dbyurumit Dy (k) 1 D_(k), ABASOMAXCA aHATATHIECKUMA
B moaymiockocTax Im k > p u Im k < T cOOTBETCTBEHHO.

s 060CHOBaHMS BO3MOKHOCTH TAKOTO IIPE/CTABJIEHUS 3aMe-
UM, 4TO B cuyy yciuosus (43) dyuxuua F. (k) sBasiercs aHa uTH-
49ecKoil B BepxHelt momymmockocte Im k > 7_ ¥ paBHOMEDHO CTpe-
MuTCs K HyJao mpu |k| — oco. Oyukumsa L_(k) sBiasercs aHain-
THYEeCKO# B HuXKHEH nojymiaockocTd Im k < 74, u mo cuocoly ee
[IOCTPOEHUSI B CHJIY JIEMMBI 2 ¥ 3aMeJYaHWs K JieMMe 1 MOXHO Tak
nposectr dakTopuzanuioo (84), urober L_(k) ocraBanack orpaHu-
yennoit B nosoce 7 < Im k < 74 npm |k| = oco. Orcioga cienyer,
ugro mua dyakuuw F. (k)L_(k) B momoce 7— < Im k < 74 BBINOZN-
HeHBI BCE yCJIOBHUS JIEMMBI 1, 9YTO M AOCTATOYHO JAJisi 0OOCHOBAHUS
upencrapiaenus (86).

[IpoBeneHHEBIE PACCMOTPEHUS MO3BOJISIIOT IIPH JOMOJHATENIbHBIX
yctoBusix, uro ¢dynkunu Ly (k) pacTyr Ha GecKoHedHOCTH He ObI-
cTpee, eM k™, mpencTaBUTh IpeobpazoBanusa Oyphe peleHus Heo -
HOPOJIHOIO MHTETPaJbHOrO ypasHeHud (79) B Buie

_ Pa(k) + Dy (k)

_ —Pu(k) + L_(K)F_(k) + D_(K)
Li(k) °

U+(k) L_(k)

U_ (k)

(87)
Camo pemrerre MOXKeT GbITh mostydeHo u3 (87) ¢ momompo hopMys
(31) u (35) obparnoro npeobpazopanus Pypoe.

5. 3agaun, NpUBOAAIINEe K UHTETPAJIbHBIM YPaBHEHUAM
¢ S/IPOM, 3aBHUCAIIMM OT PA3HOCTH aPryMeHTOB.

5.1. Bueod ypasuernusa Muana. K UHTErpaJbHBIM YpaBHEHUSM
C sJPOM, 3ABUCAIIEM OT PA3HOCTH aPIYMEHTOB, CBOTUTCS OOJIBIIOE
quciio bU3nYecKux 3a7a4. B KadecTBe MepBOr0 MpHUMEpPa YKaXKeM
KJIACCHYECKYI0 TTpobieMy MuiiHa, OMMCHIBAIONLYIO IPOIIECC TIEPEHOCE,
HEeATPOHOB (MJIM U3JIydYeHHsi) Yepe3 BEI[eCTBO.

Ilyctes B momynpocrparcTee & > (0, 3am0JHEHHOM OJHOPOIHBIM
BEIIIECTBOM, TLIOTHOCTD KOTOPOTO OTPEIETISAETCS YUCIOM 1y IACTHIL B
equHUIE 00beMa, PACIPOCTPAHIETCA IOTOK HEATPOHOB. ByneMm cuu-
TaTh, 9YTO YACTHUILI BEMIECTBA SIBIASIOTCH TAXKENABIMUA ATOMAaMHU, Pac-
CEMBAIOIIMMK HEATPOHBI TaK, YTO abCOMIOTHASA BEIMYHHA CKOPOCTH
HEATPOHOB OCTaeTCA IOCTOAHHON, a MEHsIeTCd JIUIIL ee HalpaBJe-
HHue. PaccMOTpUM CTAnMOHAPHBIM IPOLECC U IPEIIOIOKIM, ITO BCE
HEATPOHBI UMEIOT OXHY M TY K€ aDCOMIOTHYIO BEJUYHUHY CKOPOCTH
99 = 1 ¥ WJIOTHOCTH UX paclpeleNeHus 3aBUCUT JHUIIHL OT OTHOM KO-
opauHaTH . BBemem dyukuumio f(z, ), XapaKTepUIYIOILYIO ILIOT-
HOCTb HEATPOHOB B CEYEHHH Z, CKOPOCTH KOTOPLIX COCTABJIAET C TI0-
JIOKATEJIbHBIM HAIPaBJIeHHeM ocH z yroia f, rae p = cosf 1). Yuc-
J10 HEHTPOHOB B eqUHHUIE 00beMa B JAHHOM CEYEHUH, HAIIPABJICHHUE

1) Ouesmmno, —1 < p < 1opu 0 < 6 < 7.
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CKODOCTH KOTODBIX JIEXHUT B mpemenax (i, u + du), ompegmensercs
sesmausoit f(z, u) du.
[TosHas MWIOTHOCTL HEXTPOHOB p(T) B AAHHOM CEUEHMH DABHA

1
= [ f(@p)dp. (88)
-1

Hame#t 6nmaxaiiieil 1en10 SBASETCS BBIBOZ, YPAaBHEHUS g (PYHK-
1y pacupegenenus f(x, p). s 5TOro cocTaBUM COOTHOIIIEHUE IO
HOro 0aJIaHCa YMCIa HeWTDOHOB, MMEIOIINX HAIPaBJIEHHEe CKOPOCTH
B MHTepBaJe (U, it + diu) ¥ HAXONAIMXCS B CJI0e MEXIY CEYeHUIMHU
z Uz + dr. B cuny CTanuoHapHOCTH TPOIECCa TOTOK HEUTPOHOB,
BBIXOJAIIMX M3 JAHHOTO CJIOL

pf(z + dz,p) dp — pf(z, p) du, (89)

OIpeIeSeTcs PA3HOCTLIO0 MEXK Iy YMCJIOM HEATPOHOB, IPHOOPETIINX
CKOPOCTH B 33JaHHOM HampasjieHuu (u, p+du) B pe3yssTare pacces-
HHUS H4 JaCTUIAX BEIIECTBA B JAAHHOM CJI0€, M 9HMCJIOM HEeRTPOHOB,
HMEBIIMX CKOPOCTh B 33JaHHOM HAIIPABJIEHUM W H3MEHHBIIHX 3TO
HaIpaBJIeHKE MOCTe paccesuus. Mol 6yeM CYUTATh, YTO PACCESHHE
HEHTPOHOB Ha, YaCTUIAX BEIIECTBa ABJIAETCS M30TPOMHBIM, T. €. OHO
PaBHOBEPOSTHO BO BCEX HAIIPABJICHMAX, M BEPOATHOCTL PACCEAHUS
HEeHTpOHa Ha OJHOM YaCTHIE XapaKTepu3yeTcs 3(PEeKTHBHBIM Ce-
genneM paccesrusd (. Torma 9mciI0 HEATPOHOB, HMEBIIMX 3aJaHHOE
HAIpaBJIeHue CKOPOCTH (i, u + di) M pacCesHHBIX B JAHHOM CJIOE,

OYeBUIHO, PABHO
f(zall') d/J' . Qno d:L‘, (90)

a YHCIO HENATPOHOB, MPUOOPETIIMX B PE3YJIbTATE PACCESHHS CKO-
pocThb B TpeOyeMOM HAaIpaBJ/IeHUH, PABHO

1
%duQ "nodz fl fla,p')dy'. (91)

Ha ocnoBamwmu Bripaxkenuit (89) — (91) ypasuenue GajaHca 3amu-
IeTCA B BHAZE

pf(z+dz, p)dp — pf(z, p) dp =
1
= —Q - nof(z,p) dpdz+ L duds [ o, p)dp'. (92)
-1

Pazmenum obe wacTu paBeHCTBa Ha didx U mepeitmeM K IpEHELy
upu dz — 0. Yurs (88), monyunM ypaBHeHHe I DYHKIUHM DAC-
npeeseHns HEATPOHOB B BHIE

wL = —Qnof(z, 1) + Llp(). (93)
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DTO ypaBHEHHE 4YaCTO HA3LIBAETCH YPABHEHUEM IIEPEHOCA WIIH
TPAHCIIOPTHLIM ypaBHeHueM. QHO CIIpABEIJIUBO HE TOJILKO B CIyYae
PaCCMOTPEHHON KOHKPETHOM (PU3MIECKON 380491, HO ¥ IJIsi MHOTHUX
Opyrux pU3HYecKUX IPOIECCOB, CBA3AHHBIX C IIEPEHOCOM BEIIECTBA,
WY U3JIy49eHUusd 1),

Hns  panoHedimuero ymo6HO mepermcaTh ypasHeHwe (93) B
HECKOJIBKO HHOM BH/I€, BBeId Oe3pa3MepHYIO IIPOCTPAHCTBEHHYIO KO-

opouHaTy &, CBABAHHYIO C & COOTHOILIEHUEM T = A&, rae A = o
0

cpenHad miauHA cBOobomHOro mpobera. Torma ypaBHEHHE IIEPEHOCA
IpuUMeT BUZ 2)

HoE = —F(Em) + 30(0). (94)

Oyuxkuus (&, p) KomKHA OBITH IOLYNHEHA TPAHUUHBIM YCIIOBH-
SIM, BBITEKAIOIIMM U3 (PU3HUIECKON MOCTAHOBKY 330a4d. BymeMm cuu-
TATh, YTO IOTOK HEHTPOHOB M3 BHEIIHETO IOJYIpOCTpaHCTBA & < 0
paBeH HYJIO, a Opr £ — 00 MMEeTCd IOCTOSHHBIA IMOTOK HEHUTPO-
HOB €IWHUYHOM MOIHOCTH B OTPHUIIATEJbHOM HAIPABJIEHUH OCH &
(r.e. mpr £ — 0O OTCYTCTBYIOT HEHTDOHBI, HAIIPABJIEHHE CKOPO-
CTH KOTODBIX COCTaBJISIET C OTPHIATEJbHBIM HAIPABJIECHUEM OCH &
OCTPBIR YIoJI, OTJIHYHLIA OT HyJs). Torna rpaHUYHbIE YCIOBHUS s

bysxmun f (€, ;) 3ammMryTca B BAIE
f(O,/J‘)ZO’ u 20,
f(OO,;L)=0, -l<p<0.

YcranoBuM BaxKHBIE CIeACTBHS ypasHeHus (94) u yciosmii (95),
IJIsl 9ero CHavaJIa mpouHTerpupyeM (94) mo u:

(95)

1 1

1
2 [ e mudu=— [ fEmdu+ 5o©) [ du=
1

-1 -1
— —p(&) + p(§) = 0. (96)

1
Tak xak maTerpat j(&) = [ f(&,u)udy paBen mOTOKYy HEATPOHOB
21

4yepe3 NaHHOE cedeHue, TO ypasHeHue (96) maer

8 _ ey
% = 0 wmmm j(§) = const. (97)

1) Hoapobusrit BEBOX ypaBHeHHA mepeHoca Ans 6osee obmpx ciydaeB cM.,
HampuMep, BKH. : Mopc u ® em 6 ax. Merogsr TeopeTHueckoii (pU3UKH.
T. 1. — M. : IJI, 1958.

%) Mut coxpanmm qus dbyrxmun f(£, i) cTapoe 06o3HadeHMe.
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B cury ycnosuit HopmupoBku (npu € — oo) momyuum f(§) =
= —1 (eguHu4HBIA DOTOK IpH  — 400 HAIPAB/IEH B OTPHULATENb-
HOM HampasJieHud ocH &).

Teneps ymuoxuM (94) Ha p ¥ CHOBa NPOMHTErpupyem oT —1

1

no 1. Beena obosnatenue K (&) = [ f(&, p)pu? dp, nomyaum
1

0K

o =1 mwm K(&) = K(0)+¢, (98)

rze B cuiy (95)

0
K(©0) = [ f(0,mu’ dp. (99)

-1
Ypasuenue (94) aBigerca MHTErpPo-AudDdEPEHINANBHBIM, TAK KAK
neuspecrable dyukuun p(€) u f(€, ) CBA3AHBI UHTErPAJBHBIM CO-
orHomrenueM (88). OZHAKO JIETKO MOLYYUTh WHTErPAJILHOE YDABHE-
e miaa dyuxkuuu p(€). Pemasa obbikHOBeHHOE auddepeHIIaIb-

HOoe ypaBuenue (94) ornocurenbro ynkumu f(&,p), B cuy (95)
TOJTY IUM

; n—§
. Jexp (T) p(n)dn,  p>0,
fem=md e (100)
—{exp ("T p(n)dn, p<O0.
[pounterpuposas (100) mo g ot —1 mo0 1, HOMYYUM MHTErPAILHOE
ypasHenue Juisi dyskimu p(§):

11
y=3[[r
0

N3menus B (101) nOpsimoOK MHTErPHPOBAHMKS, IIOJIYIUM OKOHUATENb-
HOe ypaBHEHMe IJIS TJIOTHOCTH HEMTPOHOB B CeueHHH &:

_lE—ml dp
1) exp ( p ) dn . (101)

OH8

o0

p(&) = [v(& —n)p(n) dn. (102)

0

Kak Buaum, 370 ecTh HHTErPAJbLHOE YPABHEHHE B HOJIYOECKOHETHOM
IPOMEXYTKE C IIPOM, 3aBHCAIIUM OT PA3HOCTH:

1
v(€—n) = exp (—'5;—’7') "L—“. (103)
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Ypasuenue (102) 06p19HO Ha3BIBAETCH ypaBHeHHeM MuiHa, Ko-
TODBIIt BIIEPBHIE MONYYMJ 3TO ypaBHEHHe IPH WMCCIeJOBAHMU IIPO-
I[ECCOB [IEPEHOCA M3IIy4eHus B 3Be3AHON aTMocdepe.

OTMeTuM, YTO BO MHOTHX CJIydasX YZJOOHBIM OKa3bIBAaeTCs
HECKOJIBKO HHOE npe/:LCTaBneHne AApa, MOTYYalolleecs MPH 3aMeHe

B unTerpaye X (t f exp ( I l) IepeMeHHOM UHTEeTPHPOBAHUS
1
p=—. Torzma
oo du
= _It]V_
X(t)= [el= (104)

1

Unrerpan (104) wacro HazwsiBaercs dyukumeit Xonda. Uurerpu-
POBAHHEM II0 YACTAM JIETKO MOXKET OBITH IIOJYYEeHO €r0 ACHMIITOTH-
YECKOE Pa3JIOKEHHE TPH OOJIBIMHUX TIOMOXUTETHHLIX 3HAYEHUAX ¢

et 1,20 3
X(t)—T{l 1+ t—3+} (105)

5.2. Hccaedosanue pewenus ypasnenus Muana. YpaBHeHUE
(102) mpuHAIJIEXHT K TWIY yDaBHEHH, PACCMOTPEHHBIX B I. 3, U
[JISL €r0 PEIIEHHs MOXKET OLITh IpUMEHEH OOIIKit aJlCOPUTM METOIA,
Bunepa—Xonda. Mu! #He 6ynem IpoBOAMTE 34eCh TOAPOOHOTO perre-
HHSI 9TOTO YPABHEHUS 1 MCCIEIOBAHMES €r0 (PH3MIECKOrO CMBICTA, 1),
a OrpaHMYMMCS JIMIIb PASOM 3aMEYaHUM.

Bo MHOTHMX MpakTHYeCKHX 330a9aX OCHOBHON MHTEPEC IIPenCcTa-
BJISIET OTIpeesIeHHe JIUID (DYHKIME paclpefeleHus] HeHTPOHOB, BbI-
XONAIMX U3 AaHHOR cpensl, T.e. dyukuuu f(0,4) mpu p < 0. Co-
racHo (100) sTa (byHKHI/Iﬁ onpe,qenﬁeTcs{ BBIpaKeHUEM

/ _ /1t
FO,p) = 2fe"” )dn = 2er"”()al, p<0.

(106)
Kaxk sierko Buzmers, B cuty (29) mociefHuil MHTErpasl €CTh He YTO
MHOEe, KaK OXHOCTOpOHHee npeobpazoBanne ®ypoe dbyHkmmu p(n)

opu k = -, T.e
P Il

1 7
0 =—V2TrR, | —]. 107
f( hu’) 2|F’l +(l“|> ( )
TeMm caMBIM B yKa3aHHBIX 3aJad9aX JOCTATOYHO HAWTH HE CaMo

pellleHne MHTerpajbHoro ypaBHerus (102), a jumb ero mpeobpazo-
Bauue Pyproe.

1) Iompobuee cM, HampuMep, mupoKo u3BecTHYIO paGory Xomda: H o p f,
Mathematical Problems of Radiative Equilibrium. — Cambridge, 1934.
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Cornacuo obmmeit cxeme meroma Bunepa—Xomda mms pernenus
nocyeaHel 3a,0a4un caeayeT HaiTu npeobpasoBanue Pyphe aapa UH-
TErpajibHOTO ypaBHEHWs, a 3aTeM npoussectd dakropuzanuio (51)

dbyuKUMH L(k) =1— 27 AV (k). B namem ciyyae A=1u

1
ezka;
27r

—00

2\/27r 7

8\0

fe's) 1
etk d:c z/”if +/eik$dx/e_$/"d—“ =
0 0

1 arctgk _ 1 1 1+ik (108)
\/— k2+1/u u = r k Ver %k 1k
IlosTomy
L(k) = 1 — V2r \V (k) = - actek (109)

k

®yukuuss L(k), o4eBHgHO, SBISETCH AHAJIUTHYECKOX B IIOJIOCE
—1 <Im k < 1, crpemsitmeiicst K HYJIIO B 3T0# 1osoce npu |k| — oo.
Touka k = 0 aBisgeTca HyjeM BTOPOrO IOpsAAKa 3TOH (yHKIWH.
ITocnepree 06CTOATENBECTBO HECKOIBKO 3aTPYAHAET (HaKTOPHU3BAIIMIO
dbyuxupn L(k).

Cornacuo 3amedanuo 2 (cM. c. 296) HOCTPOMM BCIOMOIATEJb-

E+1
HYIO cbyHKumo = ~——L(k), yI0BJIeTBOPSIONIYIO BCEM YCIIOBUSAM JIEM-
MBI 2, # paccMoTpuM byHKIHIO
P+l P+1 tg k
&(k) = In [ (k)] ~ln [ = (1 — a8 )] . (110)

KOTOpYIO Jierko npencraButh B Buge ®(k) = &_(k) + &4 (k), rae
byeknun d_(k) u O (k) dABIAIOTCH AHAIUTAYECKAMH COOTBET-
cTBeHHO B HmXKHe#t Im k < 74 < 1 uw Bepxuett Imk > 7 > —1
nonymtockoctax. Ilpu sTom

0O+17T—
d
0= [ 20 (1)
—00+i7—

a dynxuus L (k), asensromasca auciareseM B popmyse dakTopu-
sauum (51) dysxuuu L(k):

Lw)=§§2,
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MOXeT ObITh BhIOpaHa B BHIE
_ K e,k

®yukuus L, (k) aBisercs aHATATAYECKOH B BepXHEH IOIYILUIOCKO-

ce Im k£ > 7_ u npu |k| = oo pacrer, Kak nepBas CreneHsb k, IO-

CKOIBKY B CHIy cxomumoct maTerpasna (110') &, (k) orpanudena

nppz |k)[ — 00. [Tosromy dynxkuus R4 (k) onpenensercs mo dhopmy-
e (H2):

A k+i_—@ +(k)
R+(k) Ly (k) =A k2 € (112)
OTcroma ciemyer, 9TO AJis OUpeleeHuss DYHKIUH PACIpENEIeHHs
HeATPOHOB, BBIXOAAINWX U3 HOJynpocTpaHcTBa £ > 0, Heobxomu-
Mo Haiitk @4 (k). D10 MOKeT OBITH CAENAHO C IOMOLIBLI0 POPMYJIBI
(110'). g BeIYMCIEHAS 9TOTO MHTErpafa MojaoXuM 7— = 0 u mpu-
BEZIEM €r0 K CJIEAYIOMEMY BULY:

o0 0 <
2.0 = o [ 0025 = | [ o)+ [e01%
0

—00 — 00
(113)
Bocnonbzosasmmcs getHocTho byrkimu ®(() u caenas B mepBoM
UHTErpaJie 3aMeHy NepeMeRHOM uHrerpuposanus ¢ = —(, OKOHYa-
TEJIBHO [IOYIUM

=% f@ (114)

ITocnenuuit waTErpaN MOXKeT OBLITHL JIETKO TAOYJUPOBAaH, 9TO M
noszBosiser Hafitu f(0,u) npu g < 0 ¢ TOYHOCTHIO [0 HMOCTOSHHOTO
muoxuTens A. s onpenesieHus MOCIEAHErO BOCIOJIb3YyEeMCs YCIIO-
BHEeM HOPMUPOBKH (97) ¥ CIeAYIOMMMEA COOODAKEHUAME. Y MHOXKHAM

ypasHenue (94), cupasenyusoe npu & > 0, Ha \/%_eikf U IIPOMHTE-
T

rpupyeM ero mo € ot 0 mo oo. Ilycts k — KOMILIEKCHAS BEIUIUHA,
¢ MaJIo¥ IOJIOXKMTEILHON MHHMMOM 49acThio. Torga, mpuMeHuB Gop-
MYJly MHTETPHUPOBAHUS TI0 JACTAM

+ / 08 g = — L 1(0,1) — kP (1), (115)

TIOJTY 9UM

~ikpFy(k, ) = S=fO,1) = ~Fy(kp) + 3R (), (116)
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nim

Plho) = | SO0 + 30| 2 )

Pesyssrar unrerpuposanus (117) mo p ot —1 g0 1 B cuny oduesum-
1

Horo coorHomenus Ry (k) = [ Fy(k,p)du u yorosus (95) naer

1 -1 0

1 d
Ry(k) = 1_5/1-?@ 27r/ _zk “du (118)
-1 -1
Tak xax .
1 dp _ 1 . 1+ik _ arctgk
2/1—ikp_2ik1n1—ik_ ko (119)

-1
TO OKOHYATEJIBHO IIOJYyYUM

R+(k)=#( _a“tg’“ /f Zk#“dﬂ. (120)

Paznoxum mpasyio gacTs (120) B psaz JlopaHa B OKpECTHOCTH TOYKA
k = 0. Bocronp30BaBIIKCh PABEHCTBOM 1)

0 1
[ 1O mudu= [ fOppdu=50)=-1  (121)
g} 5

U BBeJIEHHBIM DaHee obo3HagenueM (99), mosydnm
R (k)= \/_ki’{l +iK(0)-k+...}. (122)

C apyro#t CTOpOHBI, MOKHO HAMTH IEpBble UIEHBI PAa3JIOKEHHS
B psazn Jlopasa B okpecTHOoCTH Toukd k = 0 dyHKUuMH, cTOAEd B
npagoit yactu gopmyssl (112).

Brerancmm caagana @4(0). O6parumces x dopmyse (110') u BoI-
fepeM B KadecTBe IIyTH WHTEIPUPOBAHUS JEHCTBUTEIBHYIO OCb C
obxomom Touku ( = 0 O Ayre MOJIYOKPYKHOCTH B HYDKHEH IIO-
JIYIUIOCKOCTH. YCTPEMUB PAIUYC MOCHAENHEH K HYJIIO M Y4TSA, YTO B
CHJIy HEYETHOCTH MOJBIHTEIPAIBHON (DYHKIMA UHTErPAJI IO YIacCT-
KaM JIefCTBUTEJILHON OCU paBeH HYJIIO, IIOJLYy4UM

1,. 211 1
24(0) = 3 limIn [C e (1 - a“;gf)] =In—. (123)

1) Pasenctso (121) umeer MecTo B cury (95) u ycioBus HOpMUPOBKH (97).
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Ucnomszys (123), maxomum, uTo pasioxenue dyHxuua Ry (k) B
OKpecTHOCTH TO49KH k = 0 mMeeT BHJ

Ry(k) = AiV3L{1+iCk+...}. (124)
Cpasuug (122) u (124), onpegenum 3Ha4YeHHE TOCTOAHHON A:
-3,
A= (125)

[oncrasue nomydennsle pe3yibraThl B dopmynsl (107), (112),
(114), oxoHYaTEILHO TOMY9IHMM IIPH 4 < 0

fO,p) =

_ﬁ “ ¢2+1 _arctg( d¢
=Y (1+|/L|)exp7r/1n[ A1 (1 -2l ey (126)
0

YTO M JaeT MYHKIHUIO YIJIOBOTO PACIpeNeeHus HeRTPOHOB, BBHIXO-
J4IAX U3 TMOJTYyIPOCTPaHCTBa T > 0.

5.3. JAuppaxuyus e naockom sxpare. PaccMoTpeHHBIE 10 CHX
[IOp MHTETrpAbHble YPABHEHHS SIBJIAI0TCA ypaBHeHuaMu Dpeaross-
Ma BTOporo poga. OgHako panx HU3AIECKHX 3339 €CTECTBEHHBIM
06pa3oM MpPHUBOAUT K MHTErPAJLHBIM YPaBHEHWSIM MEPBOrO pPoOAa B
OJIy0ECKOHEYHOM IMIPOMEXKYTKE C SAPOM, 33BUCAIIAM OT PA3HOCTH
aprymMenToB. B KadecTBe mpruMepa pacCMOTPHM 3aJady Audpak-
LMK JEKTPOMArHUTHBEIX BOJIH HA IUIOCKOM 3KpaHe. IlycTs B omuo-
POJHOM IIDOCTPAHCTBE IMOMEINEH IIOCKHN HIAEAJIbHO ITPOBOIAANIMM
9KPaH, COBHAIAIONINN C MOJYILIOCKOCTRIO £ > 0, y = 0, —o0 <
< z < 00. IlycTy BHE 3KpaHa pacIOIOXKeHb! JIOKAbHbIE UCTOYHUKHA
3JIEKTPOMArHUTHOIO I10JId, CO3JAI0IINe IepHOJUYeCKHe 3JeKTpOMar-
HUTHBIE KONMeDAHWSA YaCTOTHI W, TIOJIPH3OBAHHBIE TAKAM 06Da3oM,
49TO BeKTOp B HAPAXKEHHOCTH 3MeKTPHYECKOTO IO MapasiieieH
OCH Z ¥ He 3aBUCHUT OT KOOPJHUHATH! z. Toraa ajis aMmaTyas! u(z, y)
BekTOpa E mosyuuM CKaJISApHYIO 33439y

Au+ k*u = —f(z,y),
u(z,0) =0, z>0.

Kpome Toro, dbysknus u(r,y) HOMXKHA YAOBIETBODPATH YCJIO-
BHSM WM3JIYy4YeHWH Ha 0OECKOHEUHOCTH, ONPEIENAIONMM OTCYTCTBHE

w
BOJIH, IIPHXOASAIINX I3 6ecKoHedHocTH 1). Bmeck k = £ — BoHOBOE

(127)

c
4uciio (¢ — CKOPOCTH CBETa B Cpelie BHe 3KpaHa), f(z,y) — 3aman-
Has DYHKUMS, ONPeIeIAonas IOTHOCTL HCTOYHUKOB. ByeM uc-

1) Honpobree moCcTaHOBKY 3amad audpakuuu cM. BKH. : A. H. TuxoHoB,
A.A. CaMapckuil. YpaBHeHus MaTeMaTudeckoi ¢usuku. — M. : Hayxa,
1972.
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KaTh pemenve 3ana4n (127) B Buge u(z,y) = uo(z,y) +v(z,y), rae
byukums uo(z,y) — nome, co3xgaBaeMoe 3aaHHBIMA HCTOYHMKAMM
B OTCYTCTBHE SKPaHa, KOTOPOe qepes dyukiwio f(z,y) Bolpaxkaercs

B BHJ€ BOJHOBOT'O HOTeHHI/IaJIa,

uo(z, ) =§// )£(&,m) dg di, (128)

rae Hél) (2) — byrkuua Xaukens nepsoro poxa, r = [(z—&)2+(y—

—n)2]'/2, a unTerpupoBakme BegeTCH IO BCeit 061aCTH S, B KOTOPOH
PaCTIONIOXKeHbl UCTOIHNKH. s byHKImu v(T,y) ToayduM 3amady

Av+k%v =0,

(129)
v(z,0) = —up(z,0), z>0.
Kpowme Toro, v(z,y) HOMXKHA yIOBIETBOPATH YCIOBHUSIM W3JIyYeHUS
Ha GeckoHewHocTH. Pernenwe 3amadm (129) OygeM HCKaTh B BHIE
BOJIHOBOI'0 IIOTEHIMAJIA [IPOCTOTO CJIOS

f () dt, (130)

rae ' = [(x — €)% + 4?]'/2, a () — HemsBecTHAs IUIOTHOCTH, IS
OTIpe/leTeHrsl KOTOPOI C TIOMOIIBIO TPAaHMYHOTO yCIoBHs pn § = 0,
z > ( MOTy4YMM WHTErpajbHOe ypaBHEHHe MePBOro POJa

fH (k|z — £|)u(€) d¢ = —uo(,0), = > 0. (131)

Mpg1 onaTh IOy IMAN HEOJHOPOJHOE MHTErDAJIbHOE YDABHEHHNE B
Tosy6eCKOHEYHOM MPOMEXYTKe C SIPOM, 3aBUCSIIIUM OT PAa3HOCTH
aprymenTos. QqHaKo, B orimgne oT (79), 3T0 yKe ypaBHeHHe IepBo-
ro poga. laHHoe ypaBHEHME TAKKE MOXKET OBITh PEIIEHO C TIOMOIIBIO
MeToga Bunepa—Xonda, ogHako MBI He 6yZeM OCTAHABIMBATHLCS HA
JLeTAJISIX STOTO MCCIETOBAHMUS.

6. Peirenne KpaeBbIX 33aJa4 OJIS YPaBHEHMIT B YacCTHBIX
npoun3BoaHbIX MeToaoM Bunepa—Xonda. Merox Bunepa—Xon-
da MoxeT BBITH C YCIIeXOM MPHMEHEH He TOJBKO JJIS PelleHus MH-
TerpajbHBIX yPaBHEHWI, HO W /IS pPelleHus KPaeBBIX 3aJad s
YDaBHEHU} B JaCTHBIX NPOU3BOAHBIX. IIpu 3TOM KOHKpeTHas ¢dhop-
Ma MpPUMeEHEHHNs JaHHOTO MeTO/a MOXKET HECKOJIBKO OTINIATHCS OT

D Oupenenenne u CBOUCTBA BOJHOBBIX MOTEHIUANOB ¢M. B KH.: A. H. T u-
x0oHOB, A.A. CaMapcxkuil. YpaBHEHNA MaTEMATHIECKOH bU3UKHA. —
M. : Hayxka, 1972.



308 IMPUJIOXXEHUE 2

W3JIOXKEHHOM BBIIIE, XOTd OOIIas Maes, 3aKJIHYAIMAACT B PaKTo-
pu3anuy BbipaxkeHwit Buza (63), (65), Bcerza cOCTAaBIAET OCHOBY
MeToZa. B KauecTBe TUIWYHOrO TIPUMEPa, PACCMOTPHM CJIEAYIOIIYI0
KpaeByI0 3ajauy AJd ypasHeHus Jlammaca.

IIpumep 3. B Bepxueil monymiockoctd y > 0 HAWTH rapMo-
HUYECKYI0 (DYHKIINIO, YIOBJAETBOPAIOIYO IpH ¥ = 0 CMemaHHBIM
KPAEBLIM YCJIOBHSM

u(z,0) =e™**, a>0, z>0, (132)
Ou _
a—y(a:,O) =0, z<0, (133)

U CTPEMSIILYIOCS K HyJIIO TIPA Y — 0O.

Jlnsa permenvs 3TON 337240 MBI BOCTIOJIB3YEMCS TIPHEMOM, IaCTO
yHOTpefIseMBIM B MaTeMaTH4ecKol dusuke. Pemum cHagana Kpa-
eByt0 3amaqy (132), (133) ans ypasHenus

Au — 3%u =0, (134)
2

roe »° = iy, vy > 0, a 3aTeM B TOJAYYEeHHBIX (OpPMyJiax mepei-
neM K npegeny nupu »x — 0. C moMompio MeTo[a pa3jeieHus epe-
MeHHBIX 1) JIEFKO NOJIYYMTH MHTEIPATBHOE TPEICTABICHHE OBILIETO
pemrenns ypasaenus (134), y6riBaomero opu y — 0o, B BUIE

u(z,y) = [ f(k)e e dk, (135)

—00

rae f(k) — mpousBosbHas dbyHKIEA napamerpa k, a u = Vk? + 32,
TpUYEM B3ATa T4 BETBbL KOPHS, KOTOPasA ABJSETCS HETTOCPEICTBEH-
HBIM QHAJUTAYECKUM TPOTOIKEHUEM APUPMETHYECKOTO 3HAYCHUA
KOpHA u = |k| mpw 3¢ = 0. OrMmernm, yro mpu 31oM Re pp > 0
npu —oo < k < 0o, uTo 1 obecneunBaer youiBanue dynknun (135)
npu y — +oo. @ynxnusa (135) GyzeT yAOBIETBOPATH MDAHWYHBIM
yeaosuaM (132), (133), ecu dynkuus f(k) yzosaerBopsier byHK-
UUOHAJIbHBIM YDABHEHUSIM

f fk)e*®dk = e £ >0, (136)
}o f(R)L(k)e*®dk =0, z<0, (137)

rae Beesieno obosuadenue L(k) = u(k) = vk? + 2. Pemenne 3a1a-
4u (136), (137) nerko MoxeT GpITh IOCTPOEHO, ecyn byukuus L(k)

YCm. AAH Tuxomos A A CamMapckuit YpaBHeHus
MaTemaTuHdeckoit ¢pm3uku. — M. : Hayxka, 1972.
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ABJIAETCS aHAJHTHIECKOH PYHKIIHEH KOMILJIEKCHOM epeMeHHol k B
nonoce 7— < Im k < 74 (7— < 0, 7+ > 0) u B 3TO0H TOJIOCE MOXKET
OBITH TIpENCTaBIEHA B BUE

L(k) = (k* + a®*) Ly (k) - L_(k), (138)
rae L (k) — dyHKuMs, OTAMYHAS OT HyJIS M AHAJIATAYECKAS B BEPX-
Heit mosymutockoctu Im k > 7, npuuem mpu |k| — oo Ly (k) crpe-
MHTCH K HYJIO MejJlennee, 9eM k2, a dyukmua L_ (k) — amamnra-
YecKasl B HUXKHEH TOMYIUIOCKOCTH Im k < 7, paBHOMEPHO CTPEMsi-
mascd K HyJIH0 Ha, OECKOHEIHOCTH.

Ilpu BBITIOSIHEHWHM STHUX YCJIOBHH HENOCPEICTBEHHOM MpPOBEPKOit
nerko ybGemuThed, dro ypasHenmaM (136), (137) ymosmersopser
byHKIMS

_ C __ CL_(k)

Ik) = erarta® — 16 (139)

rae nocrosHHag C ONpeessercs U3 yCaOBHs
C = 2L, (ia). (140)

JeticTBuTenbHO, TOACTaBIAs B uHTerpas (136) mepsoe u3 paseHCTB
(139), 3aMbIKasi KOHTYD WHTEDUPOBAHUS JYrO# IOIYOKPYKHOCTH
6eCKOHEYHO OOJIBIIOrO PaJWyCa B BEPXHEH MOJYILIOCKOCTH, HHTE-
T'paJl o0 KOTOPO# B cuiy JeMMmbl 2KopaaHa paBeH HyJO, Ha OCHO-
sauud (140) momydaem, uyro uurerpan (136) pasen e ** npu x > 0.
AHamoruyHO ¢ TOMOLIBIO JieMMBl 2KOpIaHa, IPUMEHEHHON K HHTe-
rpajly 1o JLyre MONyOKPYXKHOCTH GECKOHEUHO OOJIBIIOr0 Pajnyca B
HIDKHeH TOJIYILIIOCKOCTH, pH & < () JIETKO YCTAHOBHTH CIPAaBeIH-
Bocth (137) gna dbyuxuuu f(k), onpenenentoit BTopoit dopmMysoi
(139). Urak, pemenre pacCMaTpHBAEMOM 33Ja4U CBS33HO C BO3MOXK-
HOCTBIO mpejcraBienns (138). B nannom ciygae dynkuus L(k) =
= Vk? + %2 B CHITy yKa3aHHOTO BhIIIle BLIOOPa BETBH KODHS ABJIf-
eTCHd ONHOBHAYHON aHAJIUTHYECKOH (DYHKIHEN, OTINYHON OT HYJIS
B mosoce Im (i3¢) < Im k < —Im (43¢) (Im (43¢) < 0). Pacemorpum
GYHKIHIO

T VE+a JVE+a?
Ota dbynkus mpu a > — Im (is) TakxkKe ABJIAETCH AHAIATHIECKOH

U OTJIMYHOM OT HyJssl B JaHHOM mosoce, npudem L(k) — 1 mpu |k| —
— oo. Ilosromy B crmy nemmel 2 Tpebyemas Qaxropusanus dyHK-
uua L(k), a cremosarensro, u L(k) Bosmoxwa. Jlerko Bugers, 4To
byHKITIR

Li(k) = —L® VEE 22 (141)

Lo(k) =Y, Lo(k) = (142)

YIOBJIETBOPSIOT BCEM IIOCTaBJeHHBIM TpeboBanusM. Toraa Ha OCHO-
Banud dopmyn (135), (139), (142) moayduMm WHTErpajbHOE MpPES-
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craBjieHue perieHus ypapHeHus (134), yZOBJIETBOPSIONIErO yCIOBH-
am (132), (133) u yOeiBaromero mpu y — +00, B BHIE

[o o]

_ c —uy ikz
u(z,y) = / m(k_ia)e """ dk, (143)

—00

rae nocrosiuHaa C Ha ocuosanum (140), (142) paBna
2

[epeiins B (143), (144) x npexneny npu 3 — (, Oy IUM HHTETDATIB-
HOE TIpPe/ICTAB/ICHAE PEIIEHUs] UCXOMHOH 3a1a9u

o0
_ ﬁ i e_lkly ikx _ ﬁ
u(z,y) = 5 €XD ( iZ) —\/E(k—ia)e dk = o
—00
0 00
K y+ik'z —ky+ikz
-3 € 7 -7 [
X —i2F —dk —i%) | ———dk
{eXP( %) V—F (K —ia) +exp (%) Vk (k — ia) ]
oo 0
(145)
Caenaem B mepBoM unTerpase (145) 3aMeHy mepeMeHHOR MHTErpu-
poBagud, monoxus k' = —k. Tax Kak
0 00 00
ek'y+ik'm ' e—ky—ikz‘ dk. i e—ky—ikz
V=R (K —ia) Vrktia) ¢ | Vhk+ia)
—00 0 0
(146)
T0 (145) npurEMaeT BUZ,
_ Va
u(z,y) = 5-x

o0 o0
- e—ky—ika: T e—ky+ika: .
X [exp (i%) NATETR) dk + exp (—i%) AT dk] =

0 0
= Yag (—it [ o (147)

0
Jns Beraucienvs uarerpana (147) paccMOTPUM HHTErpaJt

00 ot
J(a, B) =O/md§- (148)
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DTOT MHTErpaJs 3aMeHol mepeMeHHO# uuTerpupoBanud & + 8 = 7
MOXKeT OBITh IPHUBEIEH K BHUILY

J(e, ) = e I(a, ), (149)
rIe
I(a,B) = / - %dn. (150)
;

Unrerpan (150) MoxkeT 6BITH BHIYUCICH ¢ TOMOUIBIO AU bepeHIu-
POBaHUS TI0 Tapamerpy 1):

or _ e " _ _—aB [m
da /\/n—_ﬂdn_ € \/:' (151)
B
Tak Kak
_ gy _ w
I1(0,8) = =1, 152
©.8) ﬂ/nx/n—ﬁ VB (152)

TO0, mponHTerpupoBas (151), momydum
o
T, 8) = = — i [ C2 o= [1-2(vap)], (53)
’ VB / va VB ’
z
rae ®(z2) = 2 f e~ dx — dyuknus omubok. OTcoga
VT

e
Te ) = n [1 ~3 (\/aﬂ)] . (154)
Bossparusumcs K (147), norydnm

u(z,y) =Re {e ¥ [1 - @ (V—a2)]}, (155)

rae z = ¢ + 1y.

1) Boraucienne mHTErpasIos ¢ IoMOIBIO AU depeHIUpPOBAHUS TI0 mapaMeTpy
CM. B BBIN. 2.



NPUJOXKEHHNE 3
SYHKITNN MHOTNX KOMIIJIEKCHBIX ITIEPEMEHHBIX

Teopusi GYHKIMA MHOTMX KOMILIEKCHBIX IIEPEMEHHBIX, SIBIISIO-
masicsl eCTeCTBEHHBIM Pa3BUTHEM TEOPHH (DYHKIUH OXHON KOMII-
JIEKCHOU II€PEMEHHOI, B IIOCIEJHEEe BpEMs IIPEACTABJISAET 3HAYU-
TenpHbIE uHTEpec Gnaromaps 3¢¢pEKTUBHBIM IIPUMEHEHUAM METO-
OB 3TON TeOpUM B Pa3IMYHBIX 0OJIACTAX €CTECTBO3HAHUS, B YaCT-
HOCTU B KBAaHTOBOH TeOpHM mosis. B HacTOAIeM MNDPHUIOXKEHHH Ia-
eTcs KpaTKuit 0630p 0CHOB TeOPHUH (PYHKIIMH MHOTMX KOMITJIEKCHBIX
IIePEMEHHBIX.

1. OcHOBHBIE OIIpeae/IeHHS.

Bynem paccmarpuBare N-MepHOEe KOMILIEKCHOE IIPOCTPAHCTBO
CV, Touku KoToporo z = (21, 22, .. ., 2N ) IPEACTABIAIOT cOBOI yIIO-
PAIOYEHHYIO COBOKYIIHOCTH KOMILICKCHBIX IE€DEMEHHBIX 2k = Tk +
+ iyg. KoMniekcHOe IpOCTPaHCTBO CN MOXHO WHTEpIPeTHPOBATH
KaK OObIYHOEe €BKIUIOBO MIPOCTPAHCTBO AEHCTBUTENHHBIX IepeMeH-
HBIX Z1,Y1,---, TN, YN pasmeprocTu 2N. [losTOMy NOHATHS OTKPHI-
TOI ¥ 3aMKHYTOI 00/1aCTH, BHy TPEHHE, BHEIIHEH U IPAHUYHOM TOY-
KH, 0-OKPECTHOCTH W T.I. BBOIATCS TaK K€, KaK U B Teopuu DyHK-
it MHOTHX AefiCTBATEJIbHBIX IIepEMEHHBIX 1), Taxk, §-0KpeCTHOCTBHIO
roukn 2° 6ynem mazeBaTh MuOXKecTBo C(6, 2°) Towek 2 € OV, yno-
BJIETBOPSOIIUX YCJIOBHIO

|zk—z2[<6k, k=1,2,...,N.

IMox cumBosiom § = (d1,...,0N) MBI IOHUMAEM YIIOPSIOYEHHYIO CO-
BOKYIIHOCTh JERCTBUTEILHBIX ymces 0 > 0. MHOMXKEeCTBO TOUYeK 2 €

€ CV, yIoBIeTBOpIONIUX YCIOBUIO |2g — 2| < g (rx > 0) HasBI-

Baerca monukpyrom K (r,2°) pamuyca r = (r1,...,7N) C IEHTPOM B
rouxe 20 = (29,...,2%).

Dynxyua w = f(z) = f(21,...,2N) MHOZUT KOMNAEKCHHT NEDE-
Menutix 2 = (21,. .., 2N), 3a0annas na mmoocecmee ECCYN, onpe-

1) Cwm. Bom. 2.
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0eAREMCA 3AKOHOM, CTNABAUUM 8 COOMBEMCMBUE KEHCIOMY 3HAYE-
nuto 2 € E onpedeaenroe xomnaexcroe wucao w € Cl. Tak xak
KOMILTEKCHOE YHCJIO W MPEJCTABJIseT coboit mapy AeHCTBUTENbHBIX
qucen v u v (W = u + i), To 3anaEne byskuun f(2) Ha MHO-
xectBe E C CV ecth omHOBpeMeHHOe 3aJaHMe Ha COOTBETCTBYIO-
meM MHOXecTBe 2N-MepHOro €BKJ/IMI0BA IIPOCTPAHCTBA ABYX Aeil-

crBuaTeNbHEIX GYHKIWA u(Z1,Y1,...,ZN,YN), V(T1,Y1,-.-, TN, YN)

oT 2N me#CTBUTEILHBIX MEPEMEHHBIX L1, Y1, - .-, LN, YN
f(z):U(Il,---,yN)+i’U(931,~-,yN)- (1)

Oyurkuuu u(zTy,...,yN) A V(T1,..., YN ) HA3BIBAIOTCH COOTBETCTBEH-

HO JeHCTBUTEILHON U MHUMOM dacTsamu Gyakuun f(z).

OueBuIHO, YTO AL TOHATHRA M CBONCTB (DYHKIIUN MHOTUX Jefi-
CTBUTEJILHBIX IIEPEMEHHBIX MOXET OBITH IIEPEHECEH U Ha (PyHKIIHN
MHOTHX KOMILJIEKCHBIX repeMeHHbIX. Tax, dynkuus f(z), 3amannas
ra muoxectBe E C CV, mempepeiBra B Touke 2° € E, mo coso-
KYIHOCTH IIE€PEMEHHBIX 21,...,2N, €CIH I Joboro € > 0 MOXKHO
ykaszarb Takoe § = (61,...,0n), 9To 1mua Bcex z € C(6,2°) umeer

MECTO HEPABEHCTBO
[f(2) = f(2°)] <e. (2)

B nambreftmem dbyuximo f(2), HOIPEPHIBHYIO 110 COBOKYITHOCTH
TIEpEMEHHBIX 21, . . . , ZN, MBI 6yI€M IPOCTO HA3BIBATDL HENPEPHISHOT
Ppynxyued.

Eciu dbyukius f(z) HenpepriBHa B Kaxk10# Touke z € E| To oHa
Ha3bIBAETCA HepepbIBHOM Ha MHOXkecTBe F. CrnpasemiuBa

Teopema 1. Heobxodumbim U 0oCMamMouHbiM YCAOBUEM HENpE-

pwenocmu Pynwyuu f(z) = ul(zi,...,yn) + w(z1,...,Yn) Ha
muoocecmee E C CN  ssasemca menpepwienocms no coeoxyn-
nocmu nepemennnxr deticmeumenvnnr Gyrwxyut u(zy,...,yn) u
v(Z1,...,YN) 2N OdelicmeumesdvHbiT NEPEMEHHBT HA COOMEEm-

CMBYIOULEM MHOICECTNBE €6KAUJOBE NPOCTPAHCNEE DPA3MEPHO-
cmu 2N.

CroitcTBa HeNpepLIBHBIX (GYHKIMHA OJHOM KOMIIJIEKCHON Tepe-
MEHHOI HEIIOCDEICTBEHHO IIEPEHOCATCS Ha Caydail MHOTHX KOMII-
JIEKCHBIX TIepeMeHHBIX. TaK, PAaBHOMEDHO CXOAAIMHACS B 00JACTH
G psaj HEMPePHIBHLIX (DYHKIMA MHOTMX KOMILIEKCHBIX TIEPEMEHHBIX
CXOTUTCS K HEIpepLIBHOM YHKIWH.

2. IlonaTtue aHAINTHYECKOH (PYHKIIMH MHOTHX KOMII-
JIEKCHBIX II€PEMEHHBIX. TaK e KaK W B CIydae ONHOM KOMII-
JIEKCHOH TIepEMEHHOM B TEOpHUH (DYHKIMN MHOTMX KOMILIEKCHBIX IIe-
DEMEHHBIX OJHUM W3 OCHOBHBIX IOHATHIH SIBJSETCS TTOHATHE aHAJIN-
THYECKOH (DYHKIIHH.

IIycrs B obmacta G C OV zamana dyskmus w = f(z) mHOTHX
KOMILJIEKCHBIX IepeMeHHBIX. Ecin Mbl (bUKCHDyeM 3HateHWs Iepe-



314 IMPUJIOXKEHUE 3

0 0,0 0
MEHHBIX 27, .-+, 2415 Zi41s- - - » Zjy» TO MOMYYEM pyHKIHIO
— £(,0 o, 0 0
filz) = f(24, s 201, 20y 2415+ 2N)
OIHOM KOMIIJIEKCHON IepeMeHHOR z;, 3aJaHHYI0 B HEKOTOPO# 00Ja-
¢t G; KOMILIEKCHO ITOCKOCTH ;. [IyCTh ImpH JI00BIX (pHKCHPOBAH-
HBbIX 3HAYEHUAX z?,...,z?_l,z?+1,...,z?v kaxaaa yukuus f;(z;)
(1=1,2,...,N) asngerca aHanuTHIECKOH (DYHKIMER KOMILJIEKCHON
nepeMenuoit z; € (. B stom ciyuae dbyukmuio f(z) 6yxeM Ha3b-
BaThb anaaumuseckoli no xasxcdoli nepemennot B obmactu G. Ilpo-
u3BozHble f;(2;) byskunn f;(z;) Mo mepeMeHHOH z; 6y1eM Ha3BIBATH
of
Bz

YaCTHBIME IPOM3BOAHBIME hyHKIMH f(z) 1 06o3HAYATL Yepes
OueBnaHO, 4TO

of _ lim flz,. ., zic1,2i + Azi, zig1,. .., 2N) — F(zl,...,zN)' (3)
0z Az—0 Az
YacTHble TPOU3BOHBIE gf MOTYT ObITh BLIPAaXKEHBI Y€PE3 YaCTHBIE
nponsBogHble GyHKUMR u(Z1,...,YN) ¥ V(Z1,...,YN):
8f _ Ou )
8z,~ o 8x,~ Za:l:i’ (4)

npuyeM 4Jid HUX BBIIIOJIHAIOTCA YCIIOBHUA Kommn—Pumana

o5 O ow o om
BBemem Temeps 0CHOBHOE OIpeNeJIeHHE:
Qynxyuro f(z) MHOZUT KOMNAEKCHWT NEPEMEHHHT Z =
= (21,...,2N) 6ydem maszvisams anasumuseckoli') e obaacmu G,
ecau 6 amot obaacmu gynryua f(z) anasumunna no xaxcdot ne-

Ou _ Ov Ou _  Ov (5)

pemennotl z;, @ 6ce ee “acmubie NPou3sodHsie

f
B HENPEPIBHDBL.
Ananurnyeckue PYHKIAA MHOIHMX KOMILIEKCHBIX IIEPEMEHHBIX
06/1aa10T PASOM 3aMEYaTeNbHBIX CBOMCTB, MONOOHBIX CBOMCTBAM
AHAJUTHYECKON (DYHKIMHM OIHON KOMILIEKCHOI mepeMenHoi. Hixke
Oymer maH KpaTkhii 00630p 9THUX CBOMCTB, IPHYEM IJIS MPOCTOTHI
UBJIOXKEeHUsT OyILeM pacCMaTpPHUBATH CAydall OBYX HE3aBHCHMBIX ITe-
peMeHHBIX. JI/1g 60IBIIEro Yuc/ia IEPEMEHHBIX BCE PACCY K IEHHUS CO-
XPaHSIOT CHUIY.

!) Tak xe kak u B cJIydae OOHOM KOMIIJIEKCHOH IepeMeHHOI, MBI C IeJbIO
obJierdeHus MOCIEAYOMNX JOKA3ATEIbCTB BKIIIOUMIM B OIIPEIE/ICHHE AHAJINTH-
9eckoit (PYHKIMM MHOTHX KOMIIEKCHBIX IIEDEMEHHBIX JIMIUHEE YCJIOBHE HEMpe-
PHIBHOCTH 9aCTHBIX IIPOU3BOAHEIX, UTO, OQHAKO, HE CyXKaeT PACCMATPUBAEMOrO
knacca QYHKUMIL, KaK 3TO CeAyeT U3 TaK Ha3nBaeMoit TeopeMul [aprorca (cMm.,
HarpuMmep, kH. : B. C. Bna gumu p os. Merogst Teopun GyHKIHE MHOTTX
KOMIIJIEKCHBIX TepeMeHHbix. — M. : Hayxka, 1964).
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3. ®opmyna Komm. Ilycrs f(21, 22) aBigeTca aHaIaTHIECKOMH

dyuknueit B obmactu G = G X G, npudeM obnactu G u Go apas-
JOTCS OOHOCBASHBIMHE. BosbMeM B 06aacTsax G1 1 G IPOUBBOJIBHEIE
3aMKHYThIe KOHTYPBl C7 # Cy COOTBETCTBEHHO M DPACCMOTPUM IIO-

BTOPHBIN HHTETpaJ
f(¢1,¢2)
1= [ [ LG8 (©)

C1 Ca

TIe 2] U 29 — IPOM3BOJIbHLIE TOYKH, JIeXKaIlue BHYTPU KOHTYypoB C
u C5 COOTBETCTBEHHO.

IMonstaTerpansEas GpyHkuua B (6) HempephBHA [0 COBOKYITHOCTH Ie€peMeH-
HBIX, UTO ABJIAETCA MOCTATOUHBIM YCIOBHEM IJId BO3MOXKHOCTH M3MEHEHHUS IO-

pﬂ,ZLKa: KHTGFprOBaHHSI B JaHHOM HOBTOPHOM KHTer&He 1). CJIe,ZLOBaTeJIbHO,
_ f6,6) y

d / (. 6
/ G (21 — €1)(2z2 — C2) G (©)

Tak kak ¢yukuus f({1,(2) aHAIUTHYHA [0 KAXKIOH MEPEMEH-
HOM, BHyTpeHHu#l uuTerpai B (6) B cuny dopmynn Komm (1.59)

paBeH
f(ChCZ f(Ch 22)
/ (21— C1) (22 — C2) d<2 - 27”( -G’ (™)

BOCIIOJIBBOB&BHII/ICB eme pa3 dopmysoit Koww, momyyumM OoKoHYA-
TEJILHO

/dC /(z1 féf;iff )dg‘z = (—4r%) f (21, 22), (8)

Cy
YTO MOXKHO Hepennca'rb B BUZE
f(cly CZ
f(z1,22) = / / =) dGs. 9)
C1

Amamoruyno B ciryuae N mepeMeHHBIX MMEET MeCTO hOPMYJIa,

£G) = ety yow) = e [ [ L9 g

C1 Cn IT (2 — C)

TZle TOYKH 2j JeXKaT BHYTPU 3aMKHYTHIX KOHTYpoB C}, puHamie-
JKAIUX OJHOCBAZHBIM obsactaM Gy, 1 dyHkuus f(z) saeiserca aHa-

1) Cu. Bemm. 2.
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murryHON B obnactu G = G X ... X Gy. Qopmyas (9) u (10) u
[IpeJCTaBIsaoT coboit 0606menus dopmyns Koumwm (1.59) ma caygait
MHOTHX KOMILJIEKCHBIX TIEPEMEHHBIX.

W3 stux popMysr MOXKHO MONYyYUATE Pl BasKHBIX CBOMCTB aHa-
JINTHIECKON (DYHKI[MM MHOTHMX KOMILIEKCHBIX IIepeMeHHBIX. B gacT-
HOCTH, KaK U B (JIy4ae OJHOI KOMILJIEKCHOU mepeMeHHOM! C IIOMOIIBIO
opmyst (9) MOKHO MOKA3ATH, YTO AHATUTHIECKAs (DYHKIUS IBYX
KOMILIEKCHBIX TIEPEMEHHBIX UMEET YaCTHBIE IPOM3BOJHBIE BCEX IIO-
DSIKOB, IIJISl KOTOPBIX CIIPABEJIMBEI BHIPAYKEHUS

O™ f(z1,22) _ n'm' f(¢1,¢2)d¢e
021025 /d{ / (21 = Q)+ (2 — L)+ (1)
C1

AHaJOrMYHO YCTAHABIMBAETCA CIPABEAJUBOCTD TPHHIIAIIE MAaKCH-
MyMa MOZYJIS ¥ T..I.
CoOoTBETCTBYIOIIME Pe3yJbTATH IONydanTcea u3 dhopmynst (10)
A AQHAJIATHIECKOM ¢)yHKHI/II/I MHOT'HX KOMIIJICKCHBIX II€PDEMEHHBIX.
4. CrenenHsble psagpl. B cyyae 1ByX HE3aBUCUMBIX IepEMEH-
HBIX CTEII€CHHBIM pﬂ,ILOM Ha30BE€M BBIDa2KEHHE

Z Z Cam(z1 — a1)" (22 — a2)™, (12)

n=0m=0

rae Cnm, a1, G2 — 33JaHHBIE KOMILTIEKCHBIE 4ncia. MMeer mecTo
yTBEPXKJIEHNe, aHAJIOTHYHOe TeopeMe AGens (Teopema 2.5).

Teopema 2. Ecau pad (12) cxodumces abcoaromno 6 mouxe z
= (Y # a1,2 # as), mo on abcoarommo cTodumca eHyMpPU NOAU-
xpyea K (r° a) paduyca r° = (|20 — a1, |29 — az|), npuuem 6 ar060m
noAuKpyze menvuwiezo paduyca') ¢ yenmpom 6 mouxe a pAd cTo-
Jumcs, pasHOMeEPHO.

JdoxasaTeasbcTBsB o B cury abcomorHo#t cxomuMo-
cru paga (12) B Touke 2° Bce WieHH pAAa B ITOH TOYKE PABHO-
MepHO orpaHudensl. [loaToMy uMeeT MecTo O1eHKa, K03 HUIIHEHTOB
pazxa (12)

O:

M

A= al [~z

|Crml <

¢ obmureit koncTaunTo#t M 11 Bcex KoadduimenTos. BozsmeMm mpouns-
BOJILHYIO TOUKY 2 = (21, 22) BHyTpH moaukpyra K (r, a) u monoxum

(13)

|21 — a1] = q1|2 — a1, |22 — a2| = q2|23 — agl,
rme 0 < ¢1 < 1, 0 < g2 < 1. Torga, mone3ysce ouenkoit (13), mua

1) Byzmem rosopurs, uro pamuyc rV nomuxpyra K(rY),a) menbume pamuyca

r® momukpyra K (r®, a), ecm rgl) 52),. ,rﬁ) 5\?).
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BEIODaHHOM TOYKM Z [IOIY4HM

oo oo oo oo
Z Z Crm(z1 —a1)"(22 —a2)™| < MZ Z ares =
n=0m=0 n=0m=0

= Tai-a 9

9TO M JOKA3BIBAET CXOAUMOCTD psza (12) B Touke 2.
Tak Kak z — TIpou3BoIbHAg Touka momukpyra K (r0, a), To or-
croma crenyer abcomoTHas cxomumocTd paza (12) sayrpr K (r°, a).

PapHOMepHas cxomuMocTsb paga (12) B mobom nomkpyre K (r), a)
MEHBIIIEr0 PAINyCa JOKA3bIBAETCA ¢ IOMOIIBIO (14) Tak Xe, Kak U B
CIy4ae OJHON KOMIUIEKCHOM IepeMeHHOIt (Teopema. 2.5).

JlokazaHHas TEOPEMa, [TO3BOJISIET YCTAHOBUTDL, YTO 00JIACTHIO CXO-
JUMOCTH CTemeHHOro psima siBjisiercss nonukpyr K(R,a) pamuyca
R = (R1, Ry). Buyrpu K(R,a) paxn (12) abCcOmOTHO CXOAUTCH, BHE
JaHHOTO TOJHKPYTa, — PACXOOUTCS, B JIO00H 3aMKHYyTO# momobJia-
cru K(R,a) pax (12) cxogurcs pasHOMepHO. OTMETHM, YTO DagHU-
ycel R; u Ry onpenensiorcs COBMECTHO M He MOTYT OBITH, BOOOIIE
TOBOpS, ONpeeeHbl KaXK bl B OTAEIbHOCTH.

B xagecTBe nmprMepa pacCMOTPHUM CTEIIEHHOH Psif

=33y Etmlen (15)

nlm!
n=0m=0

K03} DHUIMEHTH KOTOPOro MpeACTaBafioT cobolt GuHOMManbHbE K03ghdunueH-
TH. TaK Kak BHYTDPH CBOEro MOJHMKPYTa CXOAUMOCTH DSZ CXOIUTCH abCOIIOTHO,
TO PAA C IOJIOXUTEIBHBIMY YI€HAMUI

S Al (16)
n=0m=0

ABJIAETCH CXOAAIIMMCA B OJMKpyTe cxoauMocTy paaa (15). Crpynmuposas die-
HBI pafa (16), y KOTOpHIX cyMMa cTereHe n + m = s, NOIy<IuM

> (al+ =), (16')

OTKYJa CIeiyeT, IT0 pajuycsl R1 u Ra momukpyra cxoaumocTH psaja (15) ompe-
OesaioTcs u3 yciosust Ry + Re = 1, t.e. npu ymensinenuu R; 3nagenuwe R,
YBEJIMYHUBAaETCI ¥ Ha0OOpOT.

Paccmorpum psx (12) BHYTpPH ero MOMHKPYra CXOLMMOCTH
K(R,a). Bocmonb30BaBIINCE aOCOMIOTHOR CXOOVMOCTBIO DA,
CI'PYNIIHpYeM Te €ro 4JIeHbl, KOTOprX CyMMa, CTelleHelt n+m = s,

f(2) = f(z1,22) Zus 21, 22)- (17)
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Bripaxxenue (17) maer npeacTaBieHre UCXOQHOTO DA B BUIAE PAAa
ONHOPOSHBIX ITOJMHOMOB OTHOCHTEJBHO IEPEMEHHBIX Z; = Z1 — a1,
20 =20 — a2

o(21,72) Zoks Ker25 " (18)

Tak Kax (QYHKIAW ug (21,22) ABJIAIOTCH AHAJUTHIECKAMH 110
KaXXJ0l MEepEeMEHHOM W P CXOAUTCH PaBHOMEDHO BHYTDH MOJIH-
kpyra K(R,a), To B cuiny Teopemsl Beiiepmrrpacca (Teopema 2.3)
dbyrkuma f(z) TakXKe SBISETCS AHAJATHYECKON IO KaKIOH mmepe-
mennoit BayTpu K(R,a), npudyeM ee 4acTHBIE TPOM3BOLHBIE MOX-
HO BBIYMCJIMTD IIyTeM HOYIeHHOro auddepentmposanus paga (17).
Kax /1erko BUeTh, IPK 9TOM PAIAYC CXOAAMOCTH MOy I€HHOTO PAJIA,

PaBeH PafuyCy CXOAUMOCTH psia (12), u YacTHBIE IPOU3BOHBIE an
1
of
H o~ HENPEPHLIBHEI BHYTPH K(R,a). Orcroga ciefiyer, 4mo eHympu
2
noauxpyea crodumocmu cmenennoti pad (12) crodumca x anaau-
museckoti PynKUUY MHORUL KOMNACKCHUT NEDEMEHHIT.
Tak e Kak i B CJIy9ae OJHON KOMILIEKCHON MEPEMEHHOM, JIEFKO
YCTAHOBUTB, 4TO KOI(DUIMEHTH CTeneHHOTO psana (12) Beipaxa-
IOTCS Uepe3 3HAYMEHNsI YACTHBIX IPOU3BOLHBIX €r0 CYMMBI B IIEHTpe

HOJIMKPYTa, CXOQUMOCTH — TO4Ke @ = (a1, az) — 1m0 GopMyaam

C 1 an+m
WM T plm! 027027 ) z=a

(19)

5. Pan Teiisopa. [lokaxkem Temepsb, 4T0 (DYHKIINH, AHAJIATH-
geckoli B HekoTopoM noaukpyre K (R, a), MoxeT GbITh COMOCTABIIEH
CTeeHHOH paf, cxopsumiica K ganuoi dyukunu suyTpu K (R, a).
Nwmeer mecTO

Teopema 3. Pynxuyusa f(z), aneAuMUECKGA SHYMPU NOAU-
xpyea K(R,a), edutncmeennvim 06pa3om npedcmasiiemes HYmpu
K(R,a) 6 sude CyMM’bl, abCcoMOMHO CTOOAULL0CA CTNENEHHO20 PACG

ZZCnm z1 —a1)" (22 —az)™

n=0m=0

JdoxkazaTeabc T B 0. BosbMeM TPOHMBBOJILHYIO TOYKY

z € K(R,a). Ilo cbopMyJIe ) nMeem
f(Cl, Cz)
/) / / G —2)(Ge —22) a2, (20)
C] Cj

rae C] u Cj — OKPY>XHOCTH C L[EHTPAMH B TOYKAX G U G2 DajH-
ycoB R u R}, yAOBIETBOPSIONMX YCIOBUSM |21 — a1 < R} < Ry
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u |22 — a2| < Ry < Ry. U3 mpessinymux PacCyXeHUN CIIELyerT,
1

4TO palMOHAJbHAA IPOOH MOXKeT OBITH pa3JIoXKe-

(€1 —21)(C2 — 22)
Ha, B abCOTIOTHO M PABHOMEPHO CXOASIIUICT OTHOCHTEIBHO (1 U (o
CTeIleHHON paf,

; (z1 —a1)"(z2 —az)™
(1 = 21)(C2 — 22) Z Z (€1 — a1)™1(Ca — ag)m 1’ (21)

n=0m=0

Moxcrasnssa pasaoxenue (21) B (20) ¥ TOBTOPHO TPOU3BOLS TIO-
9/IeHHO€ WHTETPHPOBAHME COOTBETCTBYIONIMX DPABHOMEDHO CXOI-
MUXCsA PAJIOB, TOMydaeM

chnm z — a1)"(22 — a2)™, (22)

n=0m=0

rae depe3 Cp,y, 0603HAUEHE! BHIPAXKEHUS

O =i [ 6 | it

C| o4

4yT0 B cuiy (11) MOXKHO mepenucaTh B BUZE

o 1 o)
M plm! 82102

(24)

zZ=a

Tak kak z — npoussosbHas Touka K (R, a), To u3 dopmysr (22)
H CIIEAYET PA3IOKUMOCTh (DYHKIUM, AaHAJUTHYECKOR B MOJHKDPYTE
K(R,a), B CXOOANANCS CTENEHHON DS,

Conocrassienne dbopmys (24) u (19) OpUBOAUT K 3aKJIIOYEHUIO
00 eIMHCTBEHHOCTH Pa3J/IOXKeHHs. TeopeMa HOKa3aHa.

ITo aHANIOrKH C Pe3y/IbTATAMH, MTOJIYYEHHBIME g QYHKIMH OJ-
HOI KOMILJIEKCHOM epeMeHHo# (cM. Teopemy 2.6), pasmoxenue (22)
€CTeCTBEHHO Ha3BaTh pamoM Teitopa dbyukmum f(z).

B sakmouenne 3aMeTHM, 4TO paguyc cxomumoctu RO paga (22)
MOXKET OKa3aTbecs Gombine paguyca R momukpyra K(R,a). B atom
cJIydae CyMMa 3TOro psana OyxeT mpeacTaBidaTb coboit dpyHKIHIO,

aHaTHTHYeCKyI0 B moiukpyre K (R, a) m COBNaIaioNIyio ¢ HCXOM-
HOit anasmTHdeckoit dyukuueit f(z) B momukpyre K (R, a) MeHbIue-
ro pajgmyca.

[IpoBeseHHBIE PACCMOTDEHHUSI HEMOCDECTBEHHO MEPEHOCATCA W
Ha, CIy4ail MHOTMX KOMILIEKCHBIX II€DEMEHHBIX.

6. AnajuTnyeckoe npogosizkenmue. [IpeacraBieHne aHaIu-
THYECKO (DYHKIMH MHOTHX KOMILIEKCHBIX I€DEMEHHBIX C MOMO-
[IBKO CTENEeHHOrO Dsifa MO3BOJISET, TAK XKe KaK M B CIydae OLHOM
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KOMILJIEKCHOM IIepeMEHHOM, BBIACHUTH BOIPOC 06 €IMHCTBEHHOCTH
onpezeseHns aHaIuTHIecKoi dyHkunm (cM. Teopemy 2.8). Tak, ec-
mu B obsact G 3ajaEbl gBe aHamuTHYeckne dbyHKuum f1(21,22)
u fo(z1,22), coBnamarommne B momobmactu G’ obmactu G, TO Jer-
KO II0Ka3aTh, 4To f1(21,22) = fo(21,22) nupm z = (21,22) € G. Ha
OCHOBAHHH 3TOT0 IIOJIOXKEHUS MOXKHO B cienyoieii ¢dopMme BBECTH

Hpunyun aneaumusecxozo npodoadcenus. Ilycrs B obmacTax

G u G@, umerommx oburyro momobmacts G112 sanansl amammT-

weckue dbyrkmun fi(z) u fo(z), copmanatomue 8 G2, Torma stn
DYBKINK ABIAIOTCS aHAJUTHIECKUM IPOLOKEHNEM OIHA APYToif,
re. B obmactn G = G + @@ cymecryer emuecTBeHHAs aHa-
murHueckas byukums f(z), coBmagaromas ¢ fi(z) 8 G u fo(2)
B G@.

Taxk ke KaK 1 B (JIy4ae OJHON KOMILJIEKCHOH TTepeMeHHO, MOXKHO
CTPOHUTH aHAJHUTHYIECKOE MPOLOKEHNE IePBOHAYAIbHO 331aHHOR B

Hekoropoit obaactn GV ananmnTuyeckon dyHKIMK f1(2) Boss BCE-

BO3MOXKHBIX Berxoaammx u3 obmactn G memouex obyacreit, mMme-
IOLIKX TOMApHO ODLIHEe JaCTH.

Taxoe aHATATAIECKOE IIPOJOJIKEHNE MOXHO, HAIIpEMeEp, IIOJyIUTh, pasJia-
rasg yukuuio f(z) B crenennoit pan Teinopa (22) B OKPECTHOCTH Pa3jIMYHBIX
rouex zY € GV, Eum pagmyc mOMMKpyTra CXOOMMOCTH KaKOro-EG0 M3 STHX
Das/IoKeHnH OKaxkeTcs Gospme paccrosHus Toukd 2P ;0 rpammmer obmactu
G, 10 MBI ¥ IOy 9HM AHATUTHYECKOE IPOAc/IKerHe f(2) Ha 6obIIy 0 06/1acTD
G, comepxauryio G,

Ilpx 3TOM MBI TPHUXOAUM K IOHSTHIO IOJHON aHAJIUTHIECKOMH
dysxmnn F'(2) n ee ecrecrBennoit obnacTy cymectsopanus G, Wi,
KaK TOBODSAT, 00JIACTH AHAJIUTUIHOCTH (MM, KAK MHOTAA TOBODST,
obactu rosiomMopdrOCTH). Boobie roBopst, aHAINTHYECKOe IIPOIOJI-
JKEHHE MOXKET TIPHBECTH M K MHOrO3HauHON (QyHKUMH, 06IaCTBIO
AHAJIMTHYHOCTH KOTOPOIl ABJIAETCH HEKOTOPOe HEOMHOMUCTHOE MHO-
roobpasmue, MOIYIaIOIIEeCs IyTEM BBEIEHHUS TAK HA3LIBAEMBIX 00J1a-
cTeit HAJIOXKeHMs 1).

B npunoxenuax teopun GYHKUHH MHOTMX KOMILIEKCHBIX ITepe-
MEHHBIX, B YACTHOCTH B KBAHTOBOIl TEOPHH IIOJS, CYIIECTBEHHBIM
OKa3BIBAETC BOIIPOC, ABJSAETCH JIM 3a7auHad obnacts G 061acThIo
AHAJUTHIHOCTH. JIpyrMMH C/I0BaMHM, HAUIETCS JIU Takas (pyHKIHS
f(2), ananuruyeckas B G, ns KOTOpOit 06sacTh G sIBAsieTCs ecre-
CTBeHHO 06/1aCThIO CylnecTBoBaund. Ecau obnacte (G He sBasgeTcs
061aCTHI0 AHAIUTHIHOCTH, TO BCAKasd aHATUTHIecKad B G GyHKINA

1) HonpoGree cm. : B.C. BmaauMmup oB. Meroms Teopun byHKuik
MHOTHMX KOMIIJIEKCHBIX ImepeMmeHHbIX. — M. : Hayka, 1964.



OYHKIUN MHOTHX KOMIIVIEKCHEIX ITEPEMEHHBIX 321

f(2) MoxeT GBITH AHAIMTHIECKH IPOAOJIKEHa Ha BonbIyio 061acTs
G*, comepxamyio obmacts G.

Kak mbr Bugemu (cM. mpumep 4 § 2 1. 3), B ciay4ae omHOi
KOMILIEKCHO} IEPEMEHHO} eIMHUYHBIN KpyT |2| < 1 siBistercst oba-
cTBI0 aHaauTudHOCTH. [lonp3ysacek Teopemoii Pumana 0 BOZMOXHO-
cT KOH(OPMHOrO 0TOOpaKeHHWs IIPOM3BOJILHOM 06JaCTH Ha emu-
HUYHBI KDYI, JIETKO [T0KA3aTh, YTO 8 CAYyx¥ae odnol KomnaexcHol
nepemennotl 8CaAKaA 0baacmos ecms 0646CMb GHEAUMUYHOCTU.

B ciryuae MHOruX KOMIJIEKCHBIX IEDEMEHHBIX JAHHOE YTBEPKIe-
HHE y2XKe He MMEET MECTa.

Yro6bl 5TO JOKa3aTh, HOKaxeM, 4To yxe B C? 06.1aCTh

G: {z = (21,20): 1 < |2| = (|z1] + | 22|*)/? < 5}

HE sSIBJISIeTCS OBJIACTBIO aHAIUTHIEOCTH 1), JIjIsi 9TOro JOCTATOYHO
JTIOKa3aTh, YTO BCAKasd (PYHKIMsA, aHATATHIecKad B G, MOXeT OBITDH
AHAJIMTHYECKH IIPOJOJIKEHa B Gosbinyio obracts G, comepartyo
G, manpuMep B map |z| < 5.

Urak, nycrs f(z) — npowsBosibHAs GYHKINS, AHATUTHIECKAS B
G. PaccMmoTpumM (pyHKIIHIO

o(2) = plar,m) = 5 [ L2lag,. (25)
[G1|=4

®yukuns ¢(z) npeacrasnser coboil HHTErpaJs, 3aBUCAIIAHA OT mepe-
MEHHBIX 2] M 22 Kak oT mapamerpos. [logobiacts {|C1] = 4, |22| < 3}
npunaiexuar G (puc. 1). ITostomy
byukuus o(z) spasercs amammra- A2
YeCKOH IO KaxKJOoit IepeMeHHOH 21 1

z9 B mosmukpyre K : {|z1] < 4,|z2| < 5
< 3}

Jlerko BHIETH, YTO YACTHBIE
npomsBoauble yHEKuImMM @(z) mpm 3
3TOM HempepbiBHBEL. OTCIOIa CIemy-
er, yro B monukpyre K : {|z1| <

< 45|22 < 3} dymxmma ¢(z) as- 1-\

JIAETCS AHAJUTUIECKOH DyHKIHe
ABYX KOMIIJIGKCHBIX IIEPEMEHHBIX 2] 1 4
U z9. B gacrrocTH, ¢(2) sBISET-

Cd aHAJIUTUYECKON M B 3aMKHYTOH Puc. 1

1 JlaHHEI IpUMeD ABIgeTCH HE3HAYNTEIbHON Moaudukanuel npuMepa, pac-
cmorpensoro B kuure C. Boxuepa m ¥Y.T. Maptuna «®yHKIMM MHOTMX KOMII-
JIEKCHBIX mepeMeHHbIx». — M. : IJI, 1951. Cm. Takxke B. C. BoragumupoB.
Metonpr Teopun GyHKIMI MHOTMX KOMILIEKCHBIX nepemeHHBIX. — M. : Hayxka,
1964.



322 MMPUJIOXKEHUE 3

obmactu G : {]z1] € 4,1 < |22| < 3}, mpuHaIexkaIEel OTHOBPEMEH-
HO IOJIYKPYTY K wu ucxomuoit obnactu G. B cuny dopmynsr Komn
(1.59) 8 G’ umeer mMecTo paBEHCTBO

1 Fu2) ge = £z, ). (26)

27 (1—21
[¢1]=4

Orcrona cenyer, uro B G' anaymmruaeckue bynknun f(z) u ¢(z)
copnanator. TeM cambiM B pacumperHo#t obnactu G* (mape |z| <
< 5), comepxkalel UCXONHYI0 061acTs G, OUpeseieHa aHAIUTHAYe-
ckag dyuxuusa F(z), pasnaa f(z) B G u ¢(z) B K, asnsaomasacs
aHaJUTHYeCKM Tpofoixkenuem f(z) B G*. Yro u Tpebosamoch Jo-
Ka34aTh.

Urak, 6 cayuae MHORUT KOMNAEKCHHLIT NEPEMEHHBEL HE BCAKAA
06aacmb ABAAECTNCA 00AGCTBIO AHAAUMUNHOCTIU. DTOT (DAKT CyIme-
CTBEHHO OTJIMYAET TEOPHI0 (DYHKIMH MHOTMX KOMILJIEKCHBIX IEpe-
MEHHBIX OT Teopu# (DYHKIHA OJHOM KOMILIEKCHON [TepEMEHHOMH,



NPUJOXKEHHWE 4
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Meron BarcoHna npuMmeHsieTcs rIIaBHBIM 06pa30M IIPH CyMMHUDO-
BaHWA U aCHUMIITOTHYECKOM aHaju3e psagoB. IlepBoHavajabHO 3TOT
meron OvLn npemsioxked [ H. Barconom B 1919 r. npu ucciegoBaHuu
3anaun o audppakiuu pasuoBonH Ha cdepe. MeromoMm pasnenenus
IIepeMeHHBIX JIETKO IIOIYYATh aHAJIUTUIECKOE IIPEACTABJICHAE PeIle-
HUS 3TOH 334a4M B BUJE PAIA 10 COOCTBeHHLIM dyHKmuaM. O1HaKo
Ipy JJIFHE [I3Jaloliedl BOJHBI, MHOTMM MeEHbINeH paauyca cdepsl,
9TO UMeeT MECTO, HAIIpUMED, B 331a49axX 0 JudPakIini PaHOBOIH HA
IIOBEPXHOCTH 3eMJIH, IIOJIYUYEeHHbIH P CXOAUTCS YPE3BLIYANHO MeI-
JIeHHO. Barcomy yaajiock paspaboTaTh METO, IO3BOJISIOIMEA Ipe-
06pa30BaTh TOT MEIJICHHO CXOIOAIINACS DS B APYTO# pal, CXOMsi-
uica JOCTATOYHO OBLICTPO. DTOT METOH U IOJIYIHJ BIIOCAEICTBUH
Ha3saHHe MeTona BarcoHa.

OcHoBHas naes Meroga Barcona HeoOBIYaWHO IPOCTa U OCHOBLI-
BaeTCd Ha TOM (bakTe, YTO HPH BHIYMCICHAM MHTErPAJa IO KOMII-
JIEKCHOH IIepeMeHHOU C MOMOIILI0 TEOPUH BLIYETOB MOXKHO, Pa3nd-
HBEIM 00pa30M 3aMBIKasd KOHTYD HHTEPUPOBAHUS, HOAYYaTh MIPEI-
CTapJIEHHEe UCXOMHOTO HHTErpalia B BUAE Pa3JAnYHbIX paaos. OnHaKo,
HeCMOTPs Ha IPOCTOTY OCHOBHOM mIen Merona Barcowa, ero peanu-
3aIist BO MHOPMX KOHKPETHBIX Ciydasix TpebyeT GoJbIIOro MCKYC-
CTBA.

ITpounntocTpupyeM OCHOBHBIE IIOJIOXKEHHS Meroda BarcoHa Ha

ZOCTATOYHO TPOCTHIX HpuMepax 1). IIycrs Tpebyercs mpocyMMEpO-
BaTh P

- 1
§= 3. e o)

n=—oo

TOe a — HEKOTOpOe IIOJIOXKUTEJIBbHOE YHCIIO.

1) IlpuBeneHHbBlE HuKe IpHMEPBI IPAMEHEHNs MeTOLa Barcona GeLm mpea-
moxensl C. 4. Cexepx-3eHBKOBHYEM, KOTOPDOMY aBTOPHL IPHHOCAT
HMCKPEHHIOK (/I1arogapHoOCTb.
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BaMmerum, 4TO mpH ¢ > 1 uncienHoe cymmuposanune psiga (1) ¢
BBICOKOI TOYHOCTBIO MPEACTaBIfeT COBOM He COBCEM TPHBUAJIBHYO

3aady.
PaccMOTpHM BCIOMOTATENLHBIN MHTErpaJT
1 1 e‘i‘lrll
I== —— —dv 2
24 v2 +a? sinmy ( )
Lr+L-

r/le HHTErPUPOBAHNE IPOU3BOJUTCS HA KOMILJIEKCHON ILTOCKOCTH UV
no mpambiM LT u L7, napajiesbHbIM AefiCTBUTENILHON OCH U OT-
CTOSAIIMM OT Hee Ha PACCTOSHWK d B BEpXHeH M HIDKHEH MOJIyILIOC-
kocrsx, npudeMm d < a (puc. 1). Ilo npamott LT mHTerpupoBanue

Imv
Cw
- ia
N + N
A3 L id Ay
L, 10, . Rev
VN-1| V-N Va-vi]l Vi Ve VN| VN+1
N -
A} £ Ay
-ia
Puc. 1
BeJeTCH CIpPaBa HAJEBO, a 0 MpsaMoit L~ — B IPOTHUBOIOJIOXKHOM

Hanpasiernn. HecobcrBerHblil mHTerpas (2) sBisiercss abCOMOTHO
cxopamuMcs. JlefiCTBUTEIBHO, IMEET MECTO OUEBUIHAA OIEHKA,

iwy

e 2 2
= < N 3
sin v 1- e—?’irulll — = e2nd _ 1 ( )
Im v=d m y=
Ananornuynas oIeHKa uMeeT MecTO U nipu Im v = —d. UTak BTO-

POl COMHOXXUTENb B MOJBIHTErPpabHOH GyHKIuK (2) OrpaHudeH, a
IIepBEHIN CTpeMHUTCS K HYMO, Kak 1/[v]?, uTo u obecreunmBaer abco-

JIIOTHYH CXOAUMOCTH MHTerpasa (2).
ITokaxkem, uro ueTerpas (2) pasBeH cymme ucxonHoro pazaa (1).
IMocTporM BCHOMOTATENLHBIH HHTETPAJT

1 1 ei1rl/
Iy == —_————dv 4
N 2 / v2 +a? sinm/d ( )

Iy



METOJ BATCOHA 325

10 3aMKEYTOMY KOHTYpPY ', cocTaBierrOMy U3 0Tpeskos L u Ly
npambix L1 u L™ Mexay Toukamu

AV = (N+3,d), af=(-N-14d), aY=(-N-1,-d),
Ay = (N+3,-d)

COOTBETCTBEHHO H COCIHMHAIIUX HX BEPTHKAJIBHBIX OTPE3KOB
(AN AN) = 45 (AN AY) (puc. 1). Bryrpu ofmacTw, orparmder-
Hoit KOETYpoM [y, mopbiaTerpansras GyHKms (4) AMeeT MOIICH

[epBOro HOPAIKa B Toukax vy = k (k = 0,£1,...,+N). Ilosromy,
BBIYHCIISAS I/IHTeI‘pa.JI (4) ¢ TOMOIIBIO TEOPUH BLIYETOB, MOLYIAM

iny

N
2m e _ 1
= Z Briu [m @ k] = ZN m, (5)

OTKyZa cienyet, 4to cymma S psazga (1) paeua A}im Iy.
—00

C mpyroit croporsl, mpenen uaTerpaia Iy mpu N — o0 paBeH
uurerpany (2). HdeitcrButensro, B cuity abCOTIOTHOR CXOIMMOCTH
HecoGCTBEHHOTO MHTErpaja (2) uMmeem

1 1 e‘iﬂ'l/
lim L N (6)
N—ooo 2¢ v?2 + k? sinwv
+ -
Ly+Ly
a MHTErPAJIBL 110 MPAMBIM YN H 4N CTpeMsaTcs K Hysxo npa N — oo,
YTO JIEI'KO YCTAaHOBUTH Ha. OCHOBAHHUH OLICHKH

iny —nmIm v —nIm v

e e e d
= = — < u
sin v sinm(Re v + i Im v)| ch(w Im v) S¢€ ()
w I~
Hrakx
= 1
§=2 wra=" ®)
n=—00

M WCXOIHAS 337343 CyMMHpOBaHHs psga (1) cBomuTCsS K BBIYHC-
nenuto wETerpana (2). Ilowienuas 3amada Moxer 6BITH pelneHa
OISITH C IOMOLUBIO TEOPHH BLIYETOB. 3aMETHM, UTO IOIBIHTErPAJIb-
Has QyHKIU B (2), KpoMe 0COOBIX TOUEK Ha AefCTBUTENLHOH OCH,
HMe€eT elle ABa IONICA B TOUKaX v = *ia. [ljs BbIYHC/IEHHS WH-
rerpasa mo mpamoit LT paccMoTpuMm B BepxHeit nonynﬂocxoc'm 3a-
MKHYTBI# KOHTYp Cy, cocTosmumit u3 oTpeska L} N ¥ 3aMBIKaommei
ero myra nomyoxpyxsocta Ch. Jlerko suzers, uro npu Im v > d
HMEeT MEeCTO OIIEHKA, aHAIOruYHad (3)

inyv
e

2 9)

Im v2>d = emd — 1’

sin v
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OTKyZa CJIEZyeT, 9TO METerpal 1o ayre Cp CTPEMATCS K HYJIIO IIPH

N — oo. ITosToMy, BeruECIAs HHETerpaJ 1o mnpaMoit L1 ¢ moMombo
TEOPUH BBIYETOB, ITOJTYINM

Lf_1 e y = — gy [—1 il ] ] =
2 v2 +a? sinwv 2 v2 + a2 sinny’
o+
1 e ™ T e ™
= — = — . (10
2i1a sinima 2a shra ( )
Ananoruyno
1 1 eim/ T ewa
- | — dv=—- 11
2i/u2+a2 sin v 2a shwa’ (11)
-
OTKYZa
1 1 e T
I== ——— ——dy ==cth 12
2i v2 + a? sinwy a Ta, ( )

LH+L-

YTO ¥ PEIaeT MCXOOHYI0 33Jady CyMMHUpoBaHuda pana (1).

PaccmoTperHEIi IpuMep, HECMOTPS Ha €r0 IMPOCTOTY, COTEPKHUT
BCE OCHOBHBIE 3JIEMEHTHI MeToda BaTcoma. DTOT MeTOom aCHMIITO-
THYECKOTO MCCIeJI0BAHUSA PAJOB COCTOMT W3 pafa >TamoB. Ha mep-
BOM 3Talle HaJO [IOCTPOUTH HHTETPaJI II0 KOMILIEKCHOM IIepeMeHHoiH,
PAaBHBIR CyMMe UCXOOHOTO psifa. llonsiHTerpaibaaa GyHKIMA 9TOTO
WHTErpajia JOJXKHA COAEPXXATbh MHOXHUTEIEM aHAJUTHYECKOE IIPO-
JO/IKeHHe ODOIIero 4ieHa pAfa B KOMILIEKCHYIO INIOCKOCTB €ro Ho-
Mepa. Crenyrommit 9Tall 3aKIH0YaeTCa B HE3aBUCHMOM BBIYMCIIEHUN
TTOCTPOEHHOr'0 MHTerpaja. Bo MHOIMX C/Iydasx yAaercs TOJYdIUTH
BBEIPAXKEHME MCKOMOTO MHTErpajia depe3 CYMMY BBIYETOB IIOILIHTE-
rpajgbHOM GyHKIME B 0COOBIX TOYKAX AHAMTHYECKOTO TPOIOJIXKe-
HHs ODIIEro 4ieHa pana. K 9ucio TaKuX 0COOBIX TOYEK KOHEYHO,
TO MBI TIOJIy9aeM SBHOE BBIPAXKEHHE IJI CYMMBI MCXOIHOTO psIa, ec-
JI YHCJIO STHUX OCOOBIX TOYEK OECKOHEYHO, TO MBI IIpeobpa3yeM HcC-
XOIHBIH psi B HOBBIM, KOTOPHEI# MOXKET OKa3aTbCa 0Oojiee IIpOCTBIM
IS aCUMIITOTHYECKOTO MUCCIIEI0BAHMUS.

B kadecTBe ciieyiomiero mpuMepa pacCMOTPUM 3aJady BBIUKC-
JIEHUS pAa

o0

F(6) = Y (~pneend (13)

chan’
n=1

rme 0 < 6 < 7, a a — 33JaHHOE TIOJIOKHUTEIBHOE YHUCII0, YIOBIETBO-
psirotee yeouo <K 1. Paz (13) apngercs THIMYHBIM 11 MHOTHX
33084 MaTEeMATHIECKOH (PU3UKY, PeIlleHre KOTOPBIX CTPOUTCS METO-
IOM pasneieHus IepeMeHHbIX. KakK JIerKo BUIETH, B CHIY YCJIOBUS
o < 1 60JIbIIIOE YHCIIO TIEPBBLIX YIEHOB PAla MMEeT ONHH M TOT XK€
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opsaI0K (HampuMep, pu @ = 10™* 1 § = 0 mepssre 1000 wieHOB pa-

Ja 10 abCOMIOTHON BeudrHe n3MeHsrorcs ot 1 xo 0,995). [Tosromy

OpSMOe YUCIeHHOEe cyMMupoBanue psaaa (13) mpu a < 1 oka3siBaeT-

cs BeCbMa 3aTpyaHuTeNbHBIM. OnHaKo, mpuMenss meron Barcowa,

MOXKHO IIpeobpa3oBarh paf (13) B HOBBIN psif, [JIT KOTOPOTO JIETKO

TIOJIyYUTH ACHMIITOTUYECKOe IIpeACcTaBjeHne mpu o < 1.
PaccMoTpuM BCIIOMOTATEILHBIN WHTETPAT

16) = / _cosvb g, (14)

chavsinvr
II

/e KOHTYD MHETerpupoBanus [ Ha KOMIUIEKCHON TUIOCKOCTH V IIPe/I-
craBiseT coboit 6eCKOHETHY IO TIETIII0, OXBATHIBAIONLYIO TIOJIOKATENb-
HYIO 9aCTh AACTBUTENIBbHOM ocu (pHUC. 2) 1 IIEPECEKAIONIyI0 AefCTBH-

Imv
[ Vm+l
4, - o Aj
rvm
]
.Vl
A5 I - ‘Az
1‘0[. e Rev

\é’ \1l 2 _ n] ntl

Aq

Puc. 2

TEJILHYIO OChb B To4Ke v = 1/2. Nurerpuposanue o koutypy II mpo-
HU3BOAUTCH B IIOJIOXKUTENHHOM HAIPABIEHUM TaK, YTO AEHCTBUTEH-
Has OCb OCTAETCH CJIEBA OT HAIIpaBJEHUS ABUKEHHs. JIeTKO BUIETD,
4yto mHTerpan (14) paser mcxomHomy paay (13). HeiicrBuTesnsHo,
DPaCCMOTPHUM HHTErpas

Lo =1 / _cosvb_ g, (15)

ch avsinvr
I,
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0 3aMKHYTOMY KOHTYpY Il,, cocTosimeMy M3 KOHEYHOTO yYaCTKa,
newi II ¥ 3aMBIKAOIIErO €r0 BEPTUKAJIBLHOrO oTpe3ka AiAq, me-

pPECeKaroIero qeiCTBUTENBbHYIO OCh B TOYKE V = 7o + 3 IlogpiaTE-

rpasnbHas dyskuus f(v) B (15) aBigeTcs aHAINTAYECKOH DYHKIN-
el KOMILJIEKCHOI IlepeMeHHOH! I/ BHYTPHU KOHTYpPa MHTEIPHUPOBAHNS,
33 MCKJIIOYEHNEM KOHEYHOTO YMCJIA M30JHPOBAHHBIX OCOOBIX TOUEK

U =1 (i =1,2,...,n), npescrapasomux coboif MOMIOCH IEPBOTO
nopsagka. [losToMy, IpUMEHsA TeOPeMy B BBIYETaX, MOJYIHM
n
_ __{ykcos k6
I,(6) = kg 1( 1) v (16)

Ouennm 3nagenne Gyskuwn f(v) B (15) Ha orpeske A; Ag. Tak Kak

Ha 9TOM oTpe3ke Re v = n + 1/2, T0, BOCIONBL30BABIINCH COOTHO-
[IEHHEM

Sin U7 [Re y=n+1/2 = sin (2n + 1)% ch (w Im v)+
+ish (7 Im v)cos (2n + 1)% =(-1)"ch(rImv), (17)

[OJLy IUM
| sinvm| 4,4, = ch (7 Im v). (18)
Nmeer mMecTo OueBHIHAS OLEHKA,
|cos 0] 4, 4, < 917 V1 |4, 4,, (19)
OTKY 2
cos v flm vl

< e~ Im v|(m=6) la 4, < 2. (20)

sinvw

A1 Ag = ch(rIm v) A1 As
C mpyroii CTOpPOHBI, OYEBUITHO,

|chav|s, a4, = %ea(”ﬂ/?)[l + e | 44, >
> %ll _ e—a(2n+1)[ea(n+1/2). (21)

B cuny (20) u (21) momsiaTerpasnbras dysxuusa B (15) Ha oT-
pe3ske A1 Ao 3KCIOHEHITHANBHO yOBIBaET Impu n — 00. IlosTomy, me-
pexons K IpejeNy Ipu n — oo B Beipaxkennu (15), momydum

oo

_ _q\kcoskf _
10) = Y- g = FO) (22)
YTO ¥ JOKA3bIBAET PABEHCTBO McxonHoro psaaa (13) marerpamy (14).
[Tepefinem Temeps K BbIYMcsIeHMIO uHTerpana (14). s sroro
AHAJWTUYECKA NPOJOJIKUM MOJBIHTErpaibHylo dyHknuoo (14) Ha
BCI0O KOMILIEKCHYIO ILTOCKOCTb V W ONPENeNuM 0COObIe TOUKH (DYHK-

_ cosvd
T f(z/) " chavsinvr 1 x
JOTCA TOYKHA Up =1 (n=0,—-1,-2,...), vy = i;(2k + 1)5 k=0,
+1,42,...), OpHYeM BCE ITU TOYKH — IOJIOCHI IIEPBOTO IIOPSIIKA.

Bue metan II. O‘-IEBI/I,D;HO, TaKOBBIMH ABJIdA-
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3aMmeTnm, KpOMe TOro, YTO TOABIHTErpaibHasa hyHknus f(v) aBis-
eTcs HeueTHOM (yHKIHEN KOMILIEKCHON IepeMeHHOR V.

IlocTpomM Ha KOMILTIEKCHOM ILJIOCKOCTH U 3aMKHYTHIt KOHTYD
['n m, cocrogmuit u3 KoHedHoro y4actka I, mermu II mexnay Tou-
kamu A; u Az (cM. puc. 2), UpPAMOIMHERHBIX OTPE3KOB AgAj,

(o= (o0, " T (G TT Ry
A7 A {A7= (n+ 5,—M)} u KouTypa A4AsAgAy, mpen-

a
CTAaBJISIOLIEro co0O0 MpAMONMHeRHEIH 0Tpe3oK A4 A7 ¢ 06xomoM Tod-
Ku v = () 10 ayre mOJYOKPYKHOCTH JOCTATOYHO MAJIOTO PAIUYCa p.
PaccmoTpum uHTErpas

@) =% [ G222, 23)

chavsinvr
Trm
T/Zle MHTErPUPOBAaHME MPOUBBOJUTCA B OTPHUIATENHHOM HAIIPaBIIe-
auu. O4YeBUIHO,

Lnm(6) = —W{Bbl‘{ 0] + Z Boru [f uk]} (24)

C npyroit cropons! (cM. puc. 2),

Ar Asg
In,m(0)=%{nf f(u)du+Aff(u)du+Aff(u)du+

As A
+ [f@)dv+ [ f@)dv+ [ f)dv+ ff(u)du}. (25)
oy Ay A3
B cuny mewernoctn dyukuuu f(v)

[ fwydv+ [ fv)dv=o. (26)

Kpowme Toro, oueBmgmo,

e Ly p— 27)

p—0 ch av sin v

Co

O1ieHUM OCTABINIMECS MHTETPAJIHL. B CHITy pOBEIeHHBIX BHIIE OLEHOK
(cM. dopmymer (20), (21)) dbyukmusa f(v) SKCHOHEHIMAIBHO CTpe-
MUTCA K HyJIIO IIpH 11 — 00 Ha oTpeskax A1 A7 u A3 As. s oneHku
dbyukiun f(v) Ha orpeske AzA4 3ameTuM, uTo aHasoruuno (17)

[ch oV, y=mr/a = ch(@Re v) > 1. (28)
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Kpome Toro, oueBuguo,

| cos 101y 1= mrja S €XP (?0) ) (29)
a
| sin o7 yemr o > %ll _ e—2m7r2/a|em7r2/a > %emnﬂa. (30)
13 (29) u (30) momyunm
cos V8 mm
S0 1 v/ < 4exp [—T(w — 0)] . (31)

B cuiy (28) u (31) 3akmrouaeM, uto pyrkuusa f(v) Ha orpeske Az Aq
9KCIIOHEHINAIBHO CTPEMUTCS K HYJII0 Ipu m — 0o u 0 < 7.

[Tepexozns B (25) x mpegesy npu n,m — oo u p — 0 u yurs (24)
u (15), mosyduM B CHJIy NPHUBELEHHBIX OHEHOK

16)— 5 == {qu [f(),0] + ZBm ]} . (32)
Tak xax

Beruy [M 0] =% (33)

chavsinvr’

. ch [0” (2 + 1)]

cos vl _( 1)
Brra [ch avsinvn’ o (2k +1)g ] a [ (2 + 1)] , (34
TO OKOHYAaTEJIbLHO HO.TIy‘II/IM
L ch [9” (2k + 1)]
1(0) = F(9) =—5+;Z(—1)k (35)

k=0 sh [ (2k + 1)]
OueBuHo, wWieHbl psga (35) UMEIOT ACHMIITOTHYECKUH MTODSI 0K
exp [—g (k: + %) (m — 0)] mpu « — 0, uro u obecrneunBaer OHI-

cTpyo cxozumocTh paga (35) npu 0 < w. Ilpu mocrarouno MamoMm «
UL TPAKTHIECKAX PACYETOB MOXKHO OTPAHWYUTHCS JIUIIH NEPBBIME
WIEHAMH 9TOr0 PAJA.

Crenyer mMORYEepKHYTH, YTO KOHKPETHBIE NPUMEHEHWS METOLA
Barcona B KaXXI0M OTIEIBLHOM CIYy9ae MOTYT OBITH PA3THIHBIME —
[TO-PAa3HOMY MOYKHO CTPOWTH WHTErpaJs, 9KBHBAJIEHTHBIM UCXOTHOMY
DSy, PA3NHYHBIME CIIOCOBAMH MOXKHO MPOBOJUTE €0 BBIYHCIEHHE.
Haunbonee 3¢pdeKTUBHBIN NyTh peaM3alii METOLA B KAXKIOM KOH-
KDETHOM C/Iy4Yae JOJKEH BBIOMPATHCH, HUCXOAS M3 CIENuPUKH HC-
CJIeyeMOr0 psizia.
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AcuMmnroTuyeckad GHOpMyJa MOJHHO-
MoB Jlexxanapa 278

— — dyukunit Xaukena 277

ACHMIITOTHYECKOE Da3JIoKeHne 262

— — raMMa-pyHKIuN 272

— — dyukunn Xonda 302

BeckoneunonuctHag byHkuna 97

Barcona Mmeron 323

BeitepmiTpacca npusHak 64

BerBnenna To4ka 32

BerBbs MHOro3HauHO# dyHKuMHE 31

Bunepa-Xonda, Merona obmaa cxema
293

Briuer 128

Briuer norapudmuydeckuit 150

— — OTHOCHTENBHO GEeCKOHEYHO yha-
JneHHO# Toykn 131

BriueroB cyMMa Ha IOJNHON KOMILIEKC-
HOM myockocTH 127

— TeOpHH, OCHOBHaA Teopema 130

BriyncieHne MHTErpajioB ¢ IOMOIIBIO
BEIYeTOB 133

BriyncieHne HMHTErpajioB OT MHOTrO-
3HAYHHX OyHKni 144
BriuuTaHMe KOMIIJIEKCHBIX Yucen 14

T'amMMa-DyHKIIHH ACHUMIITOTHYECKOE
pa3noxeHue 272

TapMoHnMYecKO M aHAIHTHYECKOH
byukunit cBa3p 193

TeoMeTpryeckasa HHTEPIPETAUNA
KOMIIJIEKCHBIX 4Yuces 15

— — GYHKINM KOMILJIEKCHOH ITepeMeH-
HOH 25

TeoMeTpHYeCcKHi CMBIC IPOU3BOTHON
37

I'pannua obmactu 24

Hamnambepa npu3Hak 62

JByyronpHnka orobpaxenune 179

HeficTBuTenbHaA OCh 15

— YaCTbh KOMIUJIEKCHOrO YHCIa 13

HelicTBus HaJ KOMILJIEKCHBIMH YHC/Ia-
mu 13

Henenne KOMIJIEKCHEIX 4ucen 14

Hupuxie 3axa4a 196

— — padg Kpyra 197

— — — noNymIocKkocTH 198

Hudpakuua Ha MI0CKOM 3Kpane 306

Huddepenunposanne n306parkeHHd
234

EctecTBeHHas 00JIaCTh CYLIECTBOBA-
HHA TIONHON AHAJIHTHYECKON (YHK-
uun 115

Koppana nemma 138

HN3Brneyenue KODHA M3 KOMIIJIEKCHOI'O
qpcna 17

Nzobpaxenne mo Jlaniacy mHTErpaJa
231

— npoussogHo# 230

— CBepTKH 232
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Nzobpaxkenue pyuruun 224

Hupepcus 29

HuTterpan Hioramens 256

— KOHTYpPHHI 44, 261

— Komm 52

— HeompeJeIeHHEI 47

— HecobcTBeHHBIH 43

— II0 KOMIUIEKCHOM rnepeMeHHON 41

— IUsapua—Kpucrodens 183

— 3yunTHyeckui 191

HHuTerpaJa ryiapHoe 3HavyeHne 53

— u3obpaxxenue 231

— MeunHa BHYHCIeHNE 244, 249

— II0 KOMILIEKCHOH mepemeHHO# CBO#H-
cTBa 42

W HTerpaJis, 3aBUCAIINE OT IAaPAMETPA
56

—, — — — HecobcTBeHHBIEe 69

HHTerpasbHEEe YDAaBHEHHS C SADOM,
3aBHCALINM OT Pa3HOCTH aPryMeH-
ToB 281, 288, 297

HHTerpnpoBanne m3obpakenus 234

HcTtounuk 204

Knaccuduxanus M30IHPOBAHHEIX 0CO-
6eIx TOvYeK 120

KoMmrekcHas nepemenHas 23

— IUIOCKOCTDL 15

— — monHasA 22, 28

Kommrekcroe wucyao 13

KOMIUTEKCHOTO YHCIIa ayireGpanvyecKast
¢opma 14

— — aprymesT 15

— — Momyab 15

— — mokaszaTejabHas ¢opma 16

— — TPHTOHOMeTpHYecKas ¢opma 16

KOMILTEKCHO-CONpsXKeHHBIe YHCIa 14

KOMIUIEKCHHIT IOTeHIHWaJ TeYeHHS
201

— — IEKTPOCTATHYECKOro mojsd 212

KOMIITeKCHBIX YuCe)I BBIYHTaHNe 14

— — reoMeTPHYECKasd MHTepIIpPeTAINs
15

— — pejyenue 15

— — IOCJIeNOBATEJILHOCTL 19

— — paBeHCTBO 13

— — coxkeHue 13

— — yMHOXKeHHe 14

KonTyp 3amMxHyTHIH 44, 261

Kondopmuoe orobpakenue 39, 155

— — B GeCKOHEYHO yZAJIeHHON TOYKe
159

— —, B3aMMHO OIHO3HAYHOE COOTBET-
cTBHe 163

— — BTOpOro poxa 159

— —, OCHOBHEIE IDHHIHIE 163

KondopmHOe oToOpakeHue, IPHHIHI
cuMMeTpuu 166

— —, COOTBETCTBHS IDAHHUI 164

Ko kputepuii paBHOMEDHON CXOZM-
mocTH 64

— — CXOZHUMOCTH IIOCJIeZOBATEIHbHOCTH
21

— npu3Hax 62

Kpnrepuit Komn paBHOMepHON CXOmu-
MOCTH paga 64

— — CXOZHMOCTH IIOCJIEJOBATEIBHOCTH
21

Kpyr cxogumoctn 72

Jlamnaca msobparkenne pyHKuuKM 224

— MeTOJ, aCHMITOTHYECKHX Da3JjIoxKe-
HHlt 264

Jlemma 2KopgaHa 138

Jlunetinas pyukuua 28, 159

JInnnsa Toka 201

JIucTH puManoBOit moBepxHOCTH 101

Jlorapudpmuyeckuit Brryer 150

Jlopana pag 116

MakcuMyMa MOAYJIs MIPHHIMIT 53

MemtnHa HHTerpaJla BRIYHCIeHHe 244,
249

— ¢opmyna 238

Meron Burepa — Xonda 281, 293

— Jlammaca 264

— HaubricTpelimero cmycka 264

— mepeBaJia 259

Munua ypasuenne 298, 302

Muumas eguHuua 14

— ock 15

— YacTh KOMILIEKCHOTO YHCia 13

MHOrHX NepeMeHHHX DsAf CTeIeHHONX
316

MHorux mnepeMeHHHX psagf Teitmopa
318

— — YHKUUA aHAIMTHYECKAA 314

— — — HemnpepuIBHaa 313

MHOXeCTBO 3HaYeHHH He3aBHCHMOIL
nmepeMeHHON 23

— — ¢yHKIHE 24

Moayne KOMILIEKCHOTO “Hcia 15

Han6ricTpefimero cmycka meton, 264

— — HanpaeJieHue 274

Heobxonumoe U ZOCTATOYHOE YCIOBHE
aHauTHYHOCTH PyHKuun 35, 194

— — — — aHAJUTHYHOCTH CXOZHMOCTH
oCJIeZOBATEIbHOCTH 21

————— YHCJIOBOrO psana 62

HenpeprisHoCTb pYHKIMH B 6eCKOHEY-
HO yJZaJIeHHOI To4uke 27
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HenpepreHOCTh GYHKIMM B TOUKe 27
— — Ha MHOXecTBe 27

HepapencTpa TpeyrosbHuka 16

Hynu ananuruyeckoit dyHrumu 79

O6nacte 23

O6macTe 3aMKHyTas 24

— HeOTpaHWYeHHas 24

— OrpaHMYeHHad 24

Q6TexaHne KpyroBoro muMazapa 207

— NPOM3BOJIBHOLO 3aMKHYTOIO KOHTY-
pa 208

O6xoxa moyHO# rpaHUUbl 06IacTH MO-
JIOXKUTEJIBHOE HapasjieHue 46

OKpecTHOCTH TOYKH 20

OnepanuoHublif MeTox 252

Opurusnan-dysxuus 224

OCHOBHasi TEOPEMa TEOPUH BHIYETOB
130

OctaTok psaga 61

Orobpaxkenne koudopmuoe 39, 155

— — B GECKOHEYHO YZHAJIEHHON TOYKe
159

— — BTOpPOro poxa 159

OTobpakeHue 3JIeMEHTApPHBIX (YHK-
muit 94

OTpaxenue 3epKajbHOE 29

ITepBoobpaznaa pyHKIusA 48

IlepeBana mMeTom 272

Ilnockoe  HOTEHIWANBHOE  TEYEHHE
xKuaxocTu 200

— 3JIEKTPOCTATHYECKOe Iaye 211

IInoTHOCTE pacIpefesyieHMss 3apsana
215

ITosepxHOoCTE PuMaHa 96

ITokasarenbHas GOPMa KOMILJIIEKCHOTO
qucna 16

ITone 6€CKOHEYHOTO IIJIOCKOTO KOHIEH-
caropa 217

ITonHasa KOMIIJIEKCHAs ILIOCKOCTDL 22,
28

ITonoxkuTensHOE HampaByeHHe 06X0xa
KOHTypa 44

— — —monHO# rpanuns obactu 46

ITosmroc 122

ITopsinok HyJs aHAIMTHYECKOH DyHK-
mum 79

ITocnemoBaTENBHOCTE  KOMILIEKCHBIX
gucern 19

— HEOTPAHHYEHHO BO3pacTaowas 21

— orpaHryeHHas 20

IIocTOAHCTBa pPACTAXKEHHH CBOHCTBO
39

IToTeHmMan KOMIJIGKCHEIH TeYeHHS
201

TloTeHnman KOMIUIEKCHBIH 3JIEKTPO-
CTATHYECKOr0 moJs 212

IToTok BekTOpa cKOpocTH 202

IIpemen nociemosaTeapHOCTH 19

— byukuuu 26

IIpenenbHoe 3HaveHne pyHkuuu B Gec-
KOHEYHO YZAJIEHHOH Touke 27

IIpeo6pasosanune Jlammaca 221

— Qypse 282

— —, aHAJINTHYECKHE CBOlicTBa 286

— — obparuoe 287

— Xesucaitga 224

IIpusnak Beitepwrpacca 64

— Hanambepa 62

— Kown 62

IIprHIAND MakCHMyMa MOAYIH 53

— MHHHMYMa MOOYJs 55

IIpomomkenne aHaIuTHYIECKOE 99

IIpomsBomHas GyHKumA, reoMeTpHYe-
ckuit cMuicn 37

— — KOMILTEKCHO} mepeMenuoit 33

IIpousBozuo#l m3oOpaxkenme mo Jla-
nnacy 230

PaBeHCTBO KOMIIJIEKCHEIX YHces 13
PaBHOMepHadA CXOOMMOCTH psaga 63
Paguyc cxomumoctu 72
PesosnsBenTa 283

Pumana noeepxsocTs 96, 101

Psan Jlopana 116

— paBHOMEpPHO cxopsumics 63

— creneHHod 70

— Tettnopa 75

— YHKIMOHAJNBHEIA 63

— YUCIOBO#H 61

Cgreprku m3obpaxxenne mo Jlammacy
232

CpolicTBa aHAJIMTHYECKHX QYHKIAH
36

— u300paxenus 228

— HHTerpaJja M0 KOMIIJIEKCHOH mepe-
MeHHOI 42

— HempepbIBHEIX GyHKuIuH 28

— PaBHOMEPHO CXOOAILIMXCA pAgoB 65

— 3jeMeHTapHEX PyHKIui 91

CBOMCTBO IOCTOSHCTBA DPaCTXKEHHH
39

— COXpaHEeHHA yIVIOB 39

Cuita BO3IeHCTBHA ITOTOKA Ha O06TEKa-
emoe Teno 210

Cucrema pewennit GyHIaMeHTaIbHAS
252

CioxxeHue KOMIJIEKCHBIX quces 13

CoxpaHesus yrios CBoHCTBO 36

Cpenrero 3Hagenus dopmyna 53
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Crenennas dysknus 108

Crenennne psagwe 70

Croxk 204

Cymma psna QyHKUMOHAJIBHOrO 63

— — umcnosoro 61

CywecTBenHO ocobas ToUKa 123

CyliecTBOBaHHE IIPOH3BOAHEIX BCEX
IMOPASKOB y AHAJMTHYECKON QYyHK-
muau 58

Tabnuna u306paxkeHuit 236

— cBoficTBa n306paxeHuit 236

Tettnopa psg 75

Teopema Abens 71

— Betftepmrpacca 66

— — BTOpadA 68

— Taycca 213

— eJMHCTBEHHOCTH AaHAJIMTHYECKHX
byuxnuit 79

— 2Kykosckoro 211

— 3ama3geBaHusa 228

— Kommu 45

— —, BTOpas (pOPMYJIMpPOBKa 45

— — I MHOTOCBS3HHIX objyiacTeit 46

— JIuyBmwis 59

— Mopepa 59

— OCHOBHasA ayrebpH 154

— — TeOpHH BHYeTOB 130

— Pumana 168

— Pyme 153

— cMmeleHus 235

— Coxonxoro — Befiepmrrpacca 124

— Tettnopa 75

Touka 6ecKOHEYHO yIaJieHHas 21

— BHXpeBasd TedeHus 204

— BHemHsasa 23

— BHYTPeHHss 23

— rpaHMYHad 23

— ocobag 111

— — BecKOHeYHO yjJaJsleHHas 125

— — H30JupOBaHHadA 120

— — ycrpanuMasga 121

— npaBwiIbHas 111

— pa3BeTBJIeHHud 32

— cyllecTBeHHO ocobaa 123

To4uxku KpuTHYeCKHe TedeHus 208

— CeJJIOBHIe IIOBEPXHOCTH 263

Tpuronomerpuydeckas ¢opMa KOMII-
JIEKCHOT'O YMCJIa 15

Tpuronomerpuveckue Gpyuxiuu 40, 84

Tpy6xa Toka 201

VYpasuenne Munna 298

Venosua Komun—Pumana 33

— CyleCTBOBaHHA H300paXkeHus 221
— — opurnHaia 241

PakTopusanus 291, 293

®opMyJia BEYHCIEHHMs: BEYeTa 130

— — kK03pOUIHEHTOB CTENEeHHOTO Psi-
na 72

— Kommn—Apnamapa 73

— Memnmuna 238

— CpeJHero 3HavueHns 53

— Crupiusra 262

— Yamnurusa 210

— Ditnepa 16, 92

Qyuxnun Beccens 251

— reoMeTPUYeCKas MHTEPIpeTauus 25

— runepbommyeckue 85

—, MHOXXECTBO 3HauYeHUH 24

— npegen 26

— nmpou3eogHad 33

— TpuaroHoMeTpuyeckue 40, 84

DQyHKIHA AHAJIMTHYECKAS B 3aMKHY-
Toit obnactu 111

— — — obaactu 35

— — MHOTMX KOMILUIEKCHHIX IIepeMeH-
HBIx 88, 312

— — MHOrosHaysas 101

— — nonHag 114

— BeckoHeYHOMUCTHAS 97

— rapMoHHYecKas (CBs3b C AHAJIMTH-
4eckoit) 193

— npobuo-juneitnaa 171

— —, Kpyrosoe cBo#icTBo 173

— eOMHUYHASA XeBucaiiga 226

— 2Kyxosckoro 181

— MCTOYHHKA 3agavyu Jupuxie 199

QyHKIMA KOMILIEKCHOH IepeMeHHOMH
23, 25

— Jsorapudpmuveckasn 49, 92, 107

— MepomopdHasa 142

— MHOTO3Ha4YHad 25

— obpaTtHaa 25, 36

— OITHOJIMCTHAA 25

— cTenenHad 108

— neJaa 81

Xepucaitna exunnysaa QyHkuusa 226
— npeobpazoBanne 224

Henaa ysxuus 81
Iupkynsuus BeKTOpa CKOpocT 202

Yucno HyJed u MOJIIOCOB aHAJIHUTUYE-
cxoit pyuxuuu 151
YucTo MEUMOE YHCIO 14

DyleMeHT TMOJHOM  AHAJUTHYECKOH
dysxmm 115
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