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NPEAHCIOBHE

JlaHHass KHHra fBJieTcS BTOPOH 4acThlo yueOHHKA MO MaTeMartH-
4eCKOMY aHAJH3Y W IMOJHOCTBIO OXBAaTHIBAeT MaTepHas BTOPOro rofa
ofyueHusq, NPeRyCMOTPEHHBIH nporpaMMoil AJA CTYREHTOB YHHBeEp-
curetoB CCCP u HPDB, ofyuapomuxcs no cnenuansHocTaM «MaTtema-
ruka», «[IpuknagHas mMatemaTHka» H «MexaHHKa».

KHura comep:KMT TEODHIO 4KCJIOBHIX M (YHKIHOHAJBLHHX DALOB,
TEOpHI0 COGCTBEHHBIX H HECOOCTBEHHBIX KDaTHBIX WHTerpasos Pumana,
TEOPHIO KPHUBOJIHHEHHHIX H [TOBEPXHOCTHBIX HHTErpaJsoB M HHTErpajos,
3aBUCALUX OT 1apaMeTpPOB, TEOPHI0 NOJs (B TOM YHCJAE H TEOPHIO
quddepenunanbHeX HOpM H eBKJIHAOBBIX IPOCTPAHCTB), TEOPHUIO Ps-
J0B U npeoGpazopaHHil Qypbe.

Kak u B nepsod wuactu (B. A. Hawun, B. A. CanosrHuulfi,
Ba. X. CenpoB. Maremaruyeckuil anasams. Hauaaenmii kypc. — M.
Hap-eo MI'Y, 1985), uanoxeHHe marepuasia Befercsl HA TpeX Jerko
OTHeNsieMHX APYr OT Apyra yposHsAX: oGJieryeHHOM, OCHOBHOM H IIO-
BHIIIEHHOM.

OG6JsieryenHeBli YpOBEHb OTBeuaer NporpaMMe TeXHHYECKHX BY30B
CCCP ¢ yrayGJeHHHM H3yYeHHEM MaTeMaTHYecKOro aHanaHusa, oc-
HOBHOH ypoOBeHb H3JIOXeHHS — IporpaMme cnenuasisHoctd <«IIpu-
KJajHas MaTeMaTHKa», MaTepHaJ IOBBLIIIEHHOTO YPOBHS H3J0XKeHAA
LONOJIHSAEeT MaTepHas OCHOBHOTO YDPOBHSl DSIAOM pasfesoB, OOBIYHO
H3JlaTaeMBIX Ha MeEXaHUKO-MareMaTUYecKHX akyJabTeTaXx YHHBEPCH-
TeTOB.

Hasi noHuMauusi Marepuana o6JerieHHOro YpOBHSI M3JIOKeHHs He
Tpebyercsl yTeHHe MaTepHajsa OCHOBHOIO M NOBBILUIEHHOIO YpOBHeli, a
JJIS NOHHMaHUs MarepHa/ja OCHOBHOIO YPOBHS H3JIGHeHMs! He Tpeby-
ercsl YTeHUs MarTepHasa NOBLIMIEHHOIO YPOBHS,

Tekcr, oTHOCAIMUACA K NOBBLIMIEHHOMY YPOBHIO M3JIOJKEHus, Bblle-
JIeH B KHMre ABYMs BepPTHKAJbHBIMH YepTaMH; TEKCT, OTHOCAMLELiCA
K OCHOBHOMY YDOBHIO H3JIOXKEHHsl, BhJlesIeH OJHOH BepTHKAJbHOH uep-
TOH, OCTa/JbHOH TEKCT KHHI'H COCTaBJIseT cojepianue 0O6./eryenHoro
YPOBHS H3JI0XKeHHS.

B uenom mawepnan RaHHOH KHHUIM BecbMa NPHOJIHNKEH K TOMY
KypCy, KOTOpHIl peaNbHO MOXKeT OBTb INpOYMTaH [J51 CTY/JACHTOB
YHUBEPCHTETOB. :

ITpu Hanucanud 3TOH KHUIH ABTOPBl HCIOJb30BAJH CIOKHBLIHECH
B MockoBckom # B COQHUHCKOM YHHBEPCHTETaX JEeKUHOHHLIE KYPChl H



6 Ipeaucaosue

gacTtb Marepuana us KHHrH B. A. Uabuna u 3. I. Tlosnska «OcHOBHE
MaTeMaTHueckoro aHasausza» (M.: Hayka, 1980).

ApTopH BbipaxkaloT ry6oKylo GJarofapHOCTb THTYJIbHOMY peRaK-
TOpY 5TOH KHMrH akazeMukKy A. H. TuxoHoBy 3a MHOTHe lLeHHBIE CO-
Bethl W 3aMeyaHuss. Ocobyo 6JarofapHoCTb aBTOPH  BHIPAaXKaloT
H. C. JlomoBy u C. TposiHCKOMY, KOTOpDbIE OKa3aJH HEOILEHHMYIO
IIOMOIb Ha BCEX 3Tanax HanucaHusa 3ToH kHurn. Becema cymecrBeH-
HOMY YJVUIIEHHIO H3J0XKEeHHsi Marepuasa ydyeGHHKA CNOcoGCTBOBAJ
Tpyn penakropa T. U. KysHenosof, KOTOpO#l aBTOpPH TaKiKe BHIpaxKa-
10T T71y60Ky10 6/1ar0RapHOCTD,

Mocksa, okrs6pp 1986 r.



IT'masa 1

YUCJIOBBIE PALBI

Eme B kypce cpengHefi WIKOJH UYHTATeNI0 IPHXORMJIOCH CTaJKH-
BaTbCAd C CYMMaMH, cojepxalluMuH OeckoHeuyHoe YHCJIO CJaraeMbix
(Hanpumep, ¢ cyMMo#i GECKOHEYHOrO YHC/JIa YJIEHOB TIeOMeTpPHYeCKOH
IIPOrpeccHH).

Wccnenopanue Takoro pona CyMM, Ha3blBA€MHIX PALAMH, MOXNET
6GLITL CBEHEHO K HCCHEZOBAHHIO YHCJAOBEIX IIOCJAER0OBAaTeJLHOCTEH, TeM
He MeHee 3TH CYMMH TPeGyIOT CaMOCTOSTEJBHOIO YrayGJeHHOro H3y-
YeHysd, TaK KaK CJAyKaT BaXKHBIM BCIIOMOI'aTeJIbHBIM CPeACTBOM IJIsi
NpencTaBJIieHHsT PA3JHYHEIX BCTPEUaIOIHXCS B aHaJu3e (YHKIHH.

§ 1. NOHATHE YUCJOBOTIO PAJA

1. CxopsimMecs ¥ pacxojsilidecs psajabl. PaccMoTpUM NpOH3BOJb-
HYIO YHCJIOBYIO NOCJ€AO0BATEJIbHOCTD Uy, Ug, ..., Uk, ... H (HOPMaJbHO
obpasyeM H3 ee 3JeMeHTOB GECKOHEUHYIO CYMMYy BHIAA

0o
u1+u2+...+uk+...=2uk. (1.1)
k=1
®opmaabHO coOcTaBJeHHY cymMMy (1.1) NpHHATO HasbiBaTh U HC-
JOBHM DAAOM uJad npocro psiaoM. Ilpu 3toM oTnesnHHle cJja-
raemble 4, NPHHATO Ha3wWBaTh, 4JeHamH psafa (l.1). Cymmy mep-
Bbix n wieHoB pagna (1.1) npuHsATO Ha3HWBAaTHL n-H 4aCTHYHOH CY M-
MoH psaaau 0603Ha4aTe CHMBOJIOM Sh.
Hrak, no onpeneaeHuIo

Sa=ty Fliy ... =Y, Uy (1.2)
k=1

Onpenenenne. Pad (1.1) wnaseisaercs cxodamumes, ecau cxo-
Outca nocaedosarenrvrocTs {Sy} uacruunvix cymm (1.2) sroeo pada.
IIpu stom npedea S yxasanuoil nocaedosaresvrocru {S,} wnasviea-
erca cymmou pada (1.1).

Takum o6pasom, pas cxopsamerocs psapa (1.1), umelomero cymmy
S, Mbl MOXeM ¢OpMaJIbHO 3aMHCaTh PaBEHCTBO

S—_—-‘ Z uk.
k=1



8 [an. 1. UncaoBute pans

B cayuae, ecan paa panHoro psina (1.1) nmnpemena mocsaepfoBa-
TeJbHOCTH YaCTHYHEIX CcyMM (1.2) He cymecTByeT, 3TOT Dsjf Ha3bis
BaeTCsI PAaCXOASAMW HMCH.

Msbl BUAHM, UTO MOHATHE CYyMMbl ONpefeseHO JHIUb AJIsl CXOAslle-
rocs psaa, npuyeM (B OTJIHYHE OT NOHATHA CYMMBl KOHEYHOro 4qHcjIa
cJaraeMhblX) MOHATHE CYMMBEl DsAja BBOAHTCS IOCPeACTBOM OlNepaluH
npeJeJbHOTO Nepexofa.

B coBpeMeHHOH MareMaTHKe M B ee NPHJIOKEHHAX 4YacCTO [PHXO-
LHTCS CTAJKHBATBhCA C PACXOASIIHMHCH PslaMH, JJA KOTODLIX Npefe-
Jla NOCJENOBATEJNbHOCTH YacTHYHBIX cymM (1.2) He cymecrByer. [as
TaKHX PAROB BBOAHTCA INIOHATHE CYMMBl B HEKOTOPHIX 00606IeHHBIX
cMucaax. B § 7 Hacrosawme#i raase GyRyT paccMOTpeHH HauGoJee
ynoTpe6uTesbHEIe MeTOAHN O0GOGIEHHOT0 CYMMHDOBAHUS PacXONSILHX-
CS PSHOB.

OaHHM M3 TJIaBHBIX  BONPOCOB  TEODHH  UYHCJOBHIX  PsHOB
ABJISIeTCA YCTaHOBJIEHHE MPH3HAKOB, MO3BOJSIOMHX PeIIHTh BONPOC
O CXOAHMOCTH MJH PacXOJHMOCTH NaHHOro pspa. B § 2 rakue upm-
3HakH OyRYT yCTaHOBJIEHH [JiS PSROB, BCE WJIEHH KOTODHIX SBJA-
I0TCS HEOTPHLATEJbHEIMH 4HCJAaMH, 8 B § 4 — 1Js PAROB C NPOHU3-
BOJILHEIMH YJIEHAMH.

IIpuMepsn. 1°. Maydum Bompoc o CXOZHMOCTH Pffid, COCTaBJIeH-
HO['0 H3 4JIeHOB IeOMeTPHUECKOH NPOrpecCHH

1+q+q2+...+qk+...=z g1, (1.3)
k=1

Tak kKak n-g yactuyHas cymMMa S, 3T0oro psapa npu ¢*1 HMeer
BHA
1—q*
l—gq
TO OYeBHAHO, 4TO NPH |¢|<1 moc/eZOBaTeIbHOCTD YACTHYHBIX CYMM
{Sn} uMeer npemen, paBuui#l 1/(1—¢). Takum oGpasoM, mpu [g|<1
pan (1.3) cxoaurcs U umeeT cymMmy, paBuyw 1/(1—gq).

Ecau |g|>1, To u3 Buipaxenus (l.4) oueBHAHO, 4TO Npefesa hoc-
JIEOBATEJNBHOCTH 4YacTHYHHIX cyMM {S.} He cyluecrByer, T. e. IpH
[g|>1 pan (1.3) pacxoaurcs.

JJis TMOJHOTBI KapTHHBI OCTAaeTCss paccMOTperh caydad |g|=1,
T. € Cay4adl, Korga ¢ pasHO au6o +1, au6o —1. B cayuae, korna
g=-+1, Bce unensl pspa (1.3) paBHH €IHMHMIE H n-si YACTHYHAS CyM-
Ma 3Toro psana S, paua n. OTcioga cjelyer, 4yTo M B ciayuae ¢=-+1
npenesa mociaefoBaTesabHOCTH {S,} He cymecrsyer, T. e. pan (1.3)
PaCXORUTCA,

Haxkonen, B ciyyae g=—1 psn (1.3) umeer Bug 1—1+1—1+...,
TaK YTO HOCJEROBATeNIbHOCTH {S.} YaCTHUHEIX CYyMM COBmajaeT C 3a-
BEIOMO pacxopsmeiics nocaexosareasHocteio 1, 0, 1, 0, .... CraJo
6uiTh, W npH g=—1 pan (1.3) pacxonurcs.

Se=1+g+...+q 1= . | (1.4)



§ 1. MousaTHe uHCIOBOTO psja 9

2°. OukcupoBaB J106yI0 TOYKY X YHCJIOBOH NPSIMOH, PacCMOTPHM
BONPOC O CXOAHMOCTH TPeX YHCJIOBHIX PsijoB !

X x2 f_l _ f—l
Lt S ottt = Y ey (1)
k=1
Ear (1)1 21 _ ‘i‘ (—1yr=1 (21
x—$+a-”~h7537—+”~}—7§?m—,u®
=1
o (=R 7 (—1)E 2
= ta™ T @ Z oy &)

=1

OGosnauad n-e yacTHyHble cyMMH pagoB (1.5), (1.6) u (L.7) co-
orBercTBeHHO uepe3 S,V (x), S:@(x) n S, (x), Moxem 3anmucarb:

-1
S @) =1+ +—+ U (1.8)
(n—1)!
(2) _ _13— is._ (___1 )n——l x’_’n—l
S5 () =r—gr g (1.9)
S ()= l—gr Ty (1.10)

ConocraBass Brpaxenus (1.8), (1.9) u (1.10) ¢ pasnoxeHusMu
no gopmyne Maknopena ¢yHKUUE e, sinx u cosx (cM. m 2 § 9
I 6 4. 12), MH nOoJyYuM

e =S (x) +Rol0) (1),
sin x=8,2(x) + R, (x), (1.11)
cos =S, (x) +R.A (x),

rie RV (x), R (x), R (x) 0603HayaloT n-e OCTATOYHBIE YJEHH
B pasqoxeHun no ¢opmyte MakjopeHa ¢yHKuued e*, sinx u cos x
COOTBETCTBEHHO.

B § 9 ra. 6 u. 1 pokaszaHo, 4TO B KaXKIOH TOUKE ¥ YHCJIOBOI NpH-
MOW yKa3aHHbBIE OCTATOYHbIE YJIEHH HMEIOT paBHHIY HYJIO Nperes NpH
n—oo. CienoBarenbHo, B cuiy coothomerui (1.11) B kaknofi Touke
X npsamoft yactuusnle cyMMbl  S;(0(x), S:®(x) u S,¥(x) cxonsires
K npefesnaM, paBHEIM COOTBETCTBEHHO €%, SinXx H €os X. DTO O3Hauaer,

1 Cumpos 0! MH OTOXKJecTBAseM C YHCAOM 1.
2) 3neck M gmanee 4. 1 — 3T0 KpaTkoe oGosHayenHe kuuru: Mubuu B. A,

Capnopuuuuit B. A, CenanoB ba X. MaTeMaTHUeCKHA aHaJH3. Haqanb}mﬁ
Kypc. — M.: Haa-Bo MI‘Y 1985.
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yrto paan (1.5), (1.6) u (1.7) cxolaTcsa B KaxIOH TOYKE X YHCJOBOII
TIPSIMOH H HX CYMMBl DaBHE COOTBETCTBEHHO e*, Sinx M cos X.

3ameuyanne 1. C dopMaabHOd TOYKH 3peHHUS H3yUeHHE YHUCJIO-
BHX pAOB MpefAcTaBiser cob6of HOBYIW (GOpMY H3YUeHHsS YHCJOBBIX
nociaeposaresbHocred, ubo 1) kaxpomy paay (l.1) onHO3HAUHO
COOTBETCTBYeT MOCJeROBATENbHOCTDb {S,} €ro yacTHYHBIX CyMM, 2) npo-
H3BOJILHOH UYMCJIOBOH NOC/JAeA0BAaTEILHOCTH {S,} OIHO3HAYHO COOTBET-
ctByeT yucaoBoit pan (1.1) ¢ wienamu u;=S8;, up=S;—S,~; T0pH
k>1, pAs KOTOPOro 3Ta MOCJAENOBaTeNbHOCTb CJAYXKHT MOC/AeJ0BaTe/]b-
HOCTBIO YaCTHYHEIX CYMM.

3ameyanune 2, OTMeTHM EBa NPOCTHX CBOHCTBA NPOH3BOJBHOTO
psiia, HeNOCPEACTBEHHO BHITEKAlOUlHe H3 ONpejeJieHHsl €ero CXOAH-
MOCTH:

1. Or6pacoisarnue koneynozo uucaa 4waenos pada (uau dobasaerue
K pA0Yy KOHEe4YHO020 4UCAQ 4AEHOB) He BAUAET HA CXOOUMOCTb UAL paC-
X00umocTs 531020 pada.

II. Ecau ¢ — OTAUMHAS OT HYAS NOCTOAHMAA, Uy’ =ClUp, To pad

-]

o

2 u, cxodurca To20a u TOABKO T020a, K020G CXOOUTCA PAQ S_‘ Uy.

=1 k=1
Jasi o6ocHOBaHHS NEPBOrO H3 3THX CBOMCTB JAOCTATOUHO 3aMme-

THTb, YTO B pe3yJ/ibTaTe YKa3aHHOrO OoT6pachiBaHuA (MJIH f00aBJeHHs)

KOHEUHOr0 YHCJa 4JIeHOB BCe YACTHYHBIE CYMMBbl DSfa, HauHHas C He-

KOTOPOT'0 HOMepa, H3MEeHATCS Ha OAHY H TY K€ NOCTOSHHYIO BeJHUHHY.
Jas pgokasarennCTBa BTOPOrO H3 YKa3aHHEIX CBOHCTB 0603HAaYHM

o o

n-e 4acTHYHHIE CYMMBI DPSJIOB u, u Z U COOTBETCTBEHHO uepes
k=1 k=l

S’ v S, u yureym, uro S,'=cS,, rae ¢=0. 3 nociaentero pasencrBa

BhiTeKaeT, yTo lim S’ cymecrByeT TOria u TOJIBKO TOTAa, KOrAa

n—-wx
cymecryer limS,.
n—oo .-

2. Kpurepu#i Kowm cxopmmocTH psapga. Tak Kak BOONpPOC O CXOAH-
MOCTH psiza N0 ONpejeJeHHIO 3KBHBAJIEHTEH BONPOCY O CXOAHMOCTH
HOC/Iel0BaTebHOCTH €ro YaCTHYHBIX CYMM, TO MBI TNOJYYHM HeoGXo-
IHMOe M J0CTaTOYHOe yCJOBHE CXOLHMOCTH RAHHOTO psAna, chopMmy-
JIHPOBAaB KpHTepHH cXxopnMocTd KOWIH [Jd HOCTER0BATENIBHOCTH €ro
YaCTHUHHIX cyMM. Jns ynoGctBa npuBejpeM (GOPMYJHPOBKY KPHTEPHS
Komu pns nocnenosarenbBocTH (cM. . 3 § 3. 3 u. 1):

Hrs 1020 4TO6BL nociedosarearvrocTs {Sp} Obiaa  cxodawerics,
Heob6x00umo u G0CTATOYHO, 4T06bL 0AsL  A06020 NONONCUTEALHOZO
qucaa g naweics nomep N rakxod, 410 04 8cex HOMepos n, ydosaer-
sopaowux ycaosuro n>=N, u Oaa scex Harypassroix p (p=1, 2,
3,...)

lSrH-p_‘SnI <e.

B kauecTBe C/JI€ACTBHS H3 3TOrO YTBEPKAEHHS NOJYYHM CJEAYIOLLYIO
OCHOBHYIO Te0opeMy.



§ 1. [TousitHe 4HCAOBOTO psAa 11

Teopema 1.1 (xpurepuist Kowmn mns psapa). Has toeo urobbl
0

pad I up cxoduacs, Heo6x00umo u 0OCTATO4HO, 4T06bL 04 4106020
k=]

NOAOKHUTEABHO0 4UCAA € Hauwesca Homep N Taxod, 4ro 0aa 8Cex HO-
mepos n, yoosaersoparoujux ycaosuto n=N, u 0aa 6cex HATYPAALHOIX
yucea p (p=1, 2, ...) '

n+p

1| < . (1.12)
k=n+l

Jas nokazatesnbcTBa 3TOH TEOpPeMH HOCTATOYHO 3aMETHThb, YTO BeJH-
4}Ha, CTOSINAA NOJ 3HAKOM MOAyJs B HepaBeHcrse (1.12), papna pas-
HOCTH YaCTHYHHIX CYMM Spip—Sn.

OTMeTHM, 4TO KpUTepHH cXOfuMocTH KOWIH NpeacraBjsieT B OC-
HOBHOM TeOpeTHUeckH#i HHTepec. Ero ucnojb3oBaHue AJS HCCIERO-
BaHHSl CXORMMOCTH MJH DacXORMMOCTH TeX HJH HHBIX KOHKpEeTHBIX
PANOB, KaK NpaBMJO, COMpsizkeHo ¢ TpyAHocrsiMu. [losromy Haanume
KpHTepHs KomiM He cHHMMaer Bompoca 06 yCTaHOBJEHHH RPYTHX nNpak-
THYeCKH 3((eKTHBHBIX TNPH3HAKOB CXOJHMOCTH H pPACXOAUMOCTH
psLOB.

M3 Teopembr 1.1 Jerko nosy4utb [Ba 3JE€MEHTADHHEX, HO BaXXHBIX
CJIeICTBHS. :

e ]

Canencreue 1. Ecau psaod Z u, cxo0urca, To nocaedos8arens-
HOCT® Irp= Z u, A8aer1ca GeCcKoHedno Maaoll.,

k=n-+41

ao
TIpHHATO Ha3HBaTb BEJHUYHHY 7, N-M OCTATKOM pfiga 2 U
k=1

Yro6w NoKasaTh CJAEACTBHE |, JOCTATOYHO IOKA3aTb, YTO AJA
Jo6oro ¢>0 Hafinercs Homep N rtakofl, uto |r.|<Ce npu n>=N. Iloc-
JielHee HePaBEHCTBO HENOCpeACTBEHHO BHITEKaeT H3 HepaBeHCTBA
(1.12), cnpaBenausoro ans moboro p=1, 2, 3, ..., H u3 Teopemn 3.13
q. ],

CnencrBue 2 (HeoOXoNHMOEe YCJIOBHe CXORHMOCTH psipa). [Jas

el

cxoBumocTu pada Xuk Heobxo0umo, 4robbt NnOCcAed0BATEALHOCTY
k=1

uy, Uy, ..., Up, ... 4ACHOB 3T020 pPAOA ABAAAACH BECKOHEeUHO MAAOl.
HocraTouHo ROKa3aTh, YTO [JA AAHHOIC CXOASMIIErocs psfa W Jo-

6oro ¢>0 nafinerca HoMep N, Takofi, uro npu n>N, |u.|<e. Tlycts

nano mwoboe £>0. CoraacHo Teopeme 1.1 HafigeTcsi HOMep N Tako#H,

uro npu n=N H [Js 11060ro HaTypaJbHOrO p BHIIOJHSETCS HepaBeH-

ctB0 (1.12). B wacTHOCTH, npH p=1 3TO HEPABEHCTBO HMEET BHA

|unt1|<e (npu n>N). (1.12)
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Ecau reneps nosioxutb HoMep N, paBaum N-+1, 10 npu n2=N, B cuiy
HepaBeHctBa (1.12') nmomyuuM |u.|<e, 4T0 U Tpe6oBasOCh HOKA3aTh.
Hnave caencrsue 2 MOXHO chOpMYy/JTHPOBAaThL TaK: AJS CXOAHMOCTH

w0

pana Zuk HeoOxoauMo, urobbl lim u,=0. Takum o6pa3zoM, npH

k=] k>
HCCJIenOBaHHH AAHHOro psjla Ha CXOXHMOCTb CJIeIlyeT npexpe BCCro
INOCMOTPETbL, CTPEMHTCA JIH K HYJIO k- wjed 3TOroO paaa npu k—o0.
Ecau 310 He TakK, TO psAl 3aBE€AOMO PACXOIHTCA. TaK, HanpumMmep, PR

®

k2
2 Tk® - 8000~
k=l

3aBeAOMO pacxonurcs, 6o

. . k2 1
lim 4, = lim ————=— =0,
k> k>w 7Tk? 4+ 80002 7
AHaZlorHYHO  paCXOAMMOCTh  yXe BCTpeuaBIUerocs Bbille psfa
w0
k—1 . £—1
(—1)"" 'BuiTekaer u3 Toro, uro lim (—1) He CyliecTByerT.
-] ko
OTMeTHM, YTO CTpeMJIeHHe K HYJIO k-r0 WjeHa psga mnpu k—oo
ABJseTCA JIHIUD HeOOXOAMMEIM, HO He JOCTATOYHHIM YCJOBHEM CXOIH-
MOCTH pAla. B KauecTBe npuMepa pacCMOTPHM pAL

O 1 1,1 1
2—;_1+7+?+...+7+... (1.13)
k=1

OToT psii OOBIYHO HA3LIBAIOT FTapMOHHUYECKHM pspoM. OueBHA-
HO, YTO JJis rapMOHHYECKOrO psifia BEIIOJHEHO HeOOXOAHMOE YCJOBHE
CXOIHMMOCTH, HO (KaK foKa3aHo B 1. 3 § 3 ri1. 3 u. 1) nocaexoBaTenb-
HOCTb YaCTHYHBEIX CYMM 3ITOIO PSiia PacXOAHWTCS.

§ 2. PAAbl C HEOTPUUATEJbHBIMH YJEHAMH

1. HeoGxon1mMoe 4 J0CTATOYHOE YCJAOBHE CXOAMMOCTH PAja € HEOT-
pHIATEAbHLIMA ujeHaMu. Panpl ¢ HeoTpHLATebHBIMH WJIeHaMH 4acTo
BCTpeYaroTCs B NPUJOXKeHHsIX. KpoMe TOro, HX NnpeABapHTeJbHOE H3Y-
gyeHHe OGJIeryHT H3ydeHHe PSALOB C uyJjeHamu Jjoboro sHaka. B pasb-
HefileM, 4TOGH NOAYEPKHYTb, YTO PeUb UIET O PSAJle C HEeOTPHUATENb-
HEIMH 4JeHaMH, MH yacto OylemM o6o3HauyaTbh W/IeHb T4KOTO psfa
CHMBOJIOM pr BMECTO Ug.

MoXHO cpasy e OTMEeTHTh OCHOBHO€ XapaKTepPHCTHYEecKoe CBOH-
CTBO psiia C HEOTPHLATeNbHEIMH UJE€HAMH: NOCAeGO8ATEABHOCTH 4AC-
TUMHBIX CYMM Takoeo pada ssasercs Heyboisaroujed. DTO NO3BOJSET
HaM JOKa3aTh CJeaylolllee yTBEpIK/JeHHE.



§ 2. Psian ¢ HEOTpHUATEJbHBIMH WieHAMH 13

Teopema 1.2. Jaa 1020 uT10606r pAad ¢ HEOTPUUATEALHBIMU 4Ae-
Hamu cxoduaca, Heobxol0umo U 00cTATO4HO, 4TOOBL nocaedosarenv-
HOCTb 4ACTUHMBLX CYMM 37020 palda olia oepanuyera.

Heo6xopumMoCTs clelyeT H3 TOr0, UTO BCAKas CXORAWIASICH TOCJe-
[OBAaTeJbHOCTb SIBJISIETCSl OrpaHHyeHHON (B cHay Teopembl 3.8 u. 1).

JlocTaTOYHOCTL BHITEKA€T H3 TOrO0, YTO MNOCJeJ0BaTebHOCTh yac-
THYHBIX CYMM He y0piBaeT H, CJeJOBaTe/bHO, AJs CXOAHMOCTH 3TOH
IOC/JeI0BATENBHOCTH AOCTATOYHO, 4TOOH OHA OblJa orpaHuueHa (B
cuiy teopeMbl 3.15 4. 1).

2. NlpusHakn cpaBHeHMs. B 5TOM NyHKTe MH YCTAHOBHM pAJA NpH-
3HAKOB, [03BOJIIIOMIMX CHeJaTh 3aKJIOUeHHe O CXOAHMOCTH (MM
PaCXORMMOCTH) pacCMaTpHBaeMOTO psiid MOCPEINCTBOM CpaBHEHHS €ro
€ APYTHM pAIOM, CXOAHMOCTb (MJH pacXxOJHMOCTb) KOTOPOrO H3Be-
-CTHA.

e w
Teopema 1.3. Tycrs Z Dy H Z p,— 9sa pada c¢ ueorpuya-
k=1 k=1
reavueimu yaenamu. Iycre, dasee, 0aa scex Homepos k cnpasediuso
HEePABeHCTBO

Pe<pr’. (1.14)

v <]
Toeda cxolumocte psada 2 p, 64euer 3a co6oil cxo0uMOCTo palda
E=1

™ oo

Xp,l; pacxodumocts pada Yl D, 8aeder 3a coboll pacxolumocTs
P ke=1

)
pada ¥ p,.
k=l
HNoxkxasareabcrTBo. O6G03HAYHM n-€ YaCTHUYHEE CYMMBl DSLOB
-]

zpk H Zp,'e COOTBeTCTBeHHO uepe3 S, H S,. W3 HepaBencrra
£=1 k=

(1.14) sakmiouaeM, uto S.<S,.’. TlocielnHee HepaBeHCTBO 03Ha4aer,
YTO OrpaHHYEeHHOCTb NOCJEHOBATEJNBHOCTH 4YacTHYHBIX cymMm {S,'}
BJeyer 3a co00if OrPaHMYEHHOCTb MOCJAENOBATENbHOCTH YACTHYHEIX
<yMM {S;} u, Ha060POT, HEOTPaHHYEHHOCTb MOCJEJOBATEALHOCTH Yace
THYHBIX cyMM {S,} BJeuer 3a coGoli HeOrpaHWYEHHOCTh IMOCIEAOBA-
‘TeJIbHOCTH yacTHYHHX cymM {S,’}. B cuny teopemm 1.2 Teopema 1.3
L0Ka3aHa.

3ameuanus Kk Teopeme 13. 1) B ycioBuu Teopemm 1.3
MOXHO TpeboBaTh, 4TOOH HepaBeHCTBO (1.14) OHJIO BBIIOJHEHO He
IJIS BceX HOMEPOB K, a Jullb HauyuHasg C HBKOTOPOro Homepa k.
B camom nene, B cuny sameuanns 2 m. 1 § 1 or6pachiBanue KOHEUHOTo
4HCJIa YJeHOB He BJIHsAeT Ha CXOAHMOCTb PAZAA.

2) Teopema 1.3 ocTaHercd cHpaBelJIHBOH, €cJH B YCJIOBHH 3TOH
‘TeOpeMb 3aMeHHTb HepaBeHCTBO (1.14) ciaefyloWlHM HepaBEHCTBOM:
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pr<cp:’. (1.15)

rae ¢ — n06as NOJMOXKHUTENbHAS NOCTOSAHHAS.
B camoM nene, B cuay 3amevuaHus 2 u3 n. 1 § 1 Bonpoc o cxonu-
-]

MOCTH psiRa zp,; 9KBHUBAJIEHTEH BONPOCY O CXORMMOCTH psaia

k=1
©

2 (cp,). Tlpu sTOM, KOHEYHO, MOXKHO TpeGoBaTh, UTOOH HepaBeH-

k=al
ctBo (1.15) GBLTO BHIMOJHEHO JIHIUIb HAYHHAS C HEKOTOPOrO AOCTATOYU-
Ho 0oJblIOTO HOMEpa k.

oo

CnencrBue 13 teopeMu 1.3. Ecau Z pPy— pAd ¢ Heor-
k=1
oo
PULATEABHBIML HACHAML, Z p,— PpAG €O CTPOo2O NOAOKHUTEAbHbIMLE
k=1
HACHAMU U eCAU CyujecTsyeT KOHeuHblll npeden

lim-2t =1,
k= pk

TO ¢x00umocTe pada Z p, 6aewer 3a coboi Ccxo0umocTe pACG
k=1

Z DPps PacxolumocTs psada Z{pk gae4er 3a coboil pacxodumocrs
k=1 k=1

(-
pada Y pr.
R 1
Hokaszartenbcrtso. Tak kak lim %=1, 10 1o onpegeJe-
k- pk

HHIO npefiesa N1 HekoToporo &>( Hafimercs Homep N Tako#d, dTo
IpH k=N

L—e< £ < e,
Py
CaenosatenbHo, Npu k>N cnpasenyinBo HepabBeHCTBO pr< (L+e)pe’.
IMocnennee HepaBeHCcTBO coBnafaer ¢ HepaBeHcteoM (1.15) npu c=
=[L+e. B cuay 3ameuanus 2 K Teopeme 1.3 cnencrBuHe ROKa3aHo.

Teopema 1.4. ITycre Izzl P U kz p,— Osa pada co cTpozo no-
= =1
Aoxuresvroing 4aenamu. Ilycre dasee 0aa scex nomepos k cnpased-

AUBO NEpaBeHCTB80
Peyr” _ Pi
L B el (1.16)

L N

&
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.}

Toeda cxodumocte pada Z p, 64e4er 3a coboi cxo0umocts pada

<o (-]
Z Pr pacxodumocrs psada Z p.  8ae4er 3a coboi pacxodumocre
&£=1 k=1

@«
pada kZ Py
==]
JokasateabcTBO. 3anumem HepaBencrBo (1.16) naa k=1,

2, ..., n—1, rae n — mo60H HOMEp:

Po
P2,
41 Py

P <

pn—l Prn—1

HCPEMHO}KaH NOYJEHHO BC€ HAUHCAaHHbIE HEepaBE€HCTBA, NOJYYHM

’

14 ,
ﬁ<__r’l_, HJIH pPn \<# P, -
41 14 P

ITockoabKy B mnociepHeM, HepaBeHCTBE BeJIMUHHA ¢=p;/p,’ npeiCcTaB-
JigeT coG0H NOJOXKHTEJNbHYI0 IMOCTOSIHHYIO, He 3aBHCAILYI0 OT HOMepa
7, TO B CHIy 3aMeuyaHHs 2 K Teopeme 1.3 Teopema 1.4 nokasana.

3aMeyaHnue K TeopeMme 1.4. B ycaoBun TeopeMu 1.4 MOXKHO
TpeboBaThb, uto6bl HepaBeHCTBO (1.16) ObLO BHINOJHEHO HE HJsA BCeX
HOMEpOB kR, a JIMIIb HAayHHAs C HEKOTOPOro HoMepa £k (cM. 3aMeua-
HHe 2 m. 1 § 1).

O6e pokasaHHble B HACTOSAIIEM NyHKTE TEOPEMBI HA3HIBAKT T € O-
pPeMaMH cpaBHeHHSs HIH NPH3HAKAaMHM CPaBHEeHHH.

[Tpumepn. 1° Hccaenyem BONPOC O CXORUMOCTH pPsAfa

=]

1
22+bk’ rge b > 0.

k=1

Ecan b1, To k-#i wieH paccmaTpuBaeMOro psiia He CTPeMHTCS
K HyJ1I0 NpH k—oo. CienoBaTesibHO, HapylieHO HeoGXOQHUMOe YCJOBHE
CXOLHMOCTH psina, U paAn pacxonurcs. Ecan ke b>1, To, NOCKOABKY
Anas m060ro HoMepa k clpaBelJIHBO HepaBeHCTBO
11
21 bk bk
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e ]
1
H pan 27 CXORHTCS, TeopeMa cpaBHeHHs 1.3 NMO3BOJAET yTBepkK-
k=1
JNaTh CXOLMMOCTb PacCMaTpUBaeMoOro psiaa.
2°. HccnellyeM BONpOC O CXORHMOCTH RJs Jwoboro a<cl cuaegpylo-
nlero psana:

=1+ L
=l (1.17)

JToT pAL 4acTO Ha3bBaloT 0606 eHHHM TaDMOHHYECKHM
panoM. Ilockoapky npu a<il gas moGoro Homepa R CHpaBejJHBO
HepaBeHCTBO

1

1
© 2

-
H TapMOHHYECKHH psAn 2% pacxonutcsa 3, TO TeopeMa CpaBHeHHs
k=1
1.3 nosBossier yTBepxpaTbh pacxonuMmocts papa (1.17) mas Jo6oro
a<<l.

3. Npusnaxu Jlanambepa u Komu. K npusHakam cpaBHeHHS Hemo-
CPelCTBEHHO NPHMHIKAIOT JBa BeCbMa, yNOTpeGHTeJbHHIX NpH3HAKa
CXORMMOCTH PSLOB C MNOJOMKHTEJbHEIMH uYJeHaMH — npusHaku J[la-
nambepa u Kolix, KOTophie OCHOBaHBI Ha CpPaBHERHH paccMaTpHBae-
MOro psila ¢ psifiOM, COCTaBJEHHHIM H3 3JEeMEHTOB T€OMETPHYECKOH
IpOrpeccHy, a HMEHHO CO CXOASIIUMCS PSALOM

Y =g+t ., l91< ], (1.18)

k=m]

HAH ¢ pacxoasimuMcst psiioM

Yi=t1414...+1... (1.19)

k=l

Teopema 1.5 (npusnaxk Hanamobepa) ¥. 1. Ecau Oasn acex no-
mepos k, no Kpaiineil mepe HQYUHAS C HEKOTOPO2O HOoMepa, cnpased-
AUBD HEPABeHC T80

3 PacxoaMMOCTb rapMOHHYECKOro psja oGocHOBava B Koumue m 2 § 1.
4 Xak Jlepon [Hanambep — o¢pannysckufi matematHk H dumocod (1717—
1783).
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Py Ppi % )
<g<1l [ >, (1.20)
Pr Pr

mo psd E P, cxolurcs (pacxodurcs).

k==1
1. Ecau cyuwecreyer npedea

p
lim %L =, (1.21)

k>o  Pg

mo psd Epk cxodurcs npu L<1 u pacxodurca npu L>1.

kma]

Teopemy Il o6biuHo HaswiBaloT npusHakom [Hanambepa B mnpe-
denbHo#i dopme. B sroit ¢popme oH HanbGosee 4acTO HCIOJbB3Y-
eTcsl.

HokasarteabctBo. JoxaxkeM OTHeJbHO TeopeMbl I u IL

1) IIJIH 0KA3aTeJIbCTBA TeOPeMbI I monoxum pp’=qg* (p'=1).

Py P
< =gq, rpe ¢ < 1 (—E,-r— = 1), H MBI MOXeM IepelHcaTh
Pe Py
pasencteo (1.20) B BuIne
P P, P I
B LA ( B e ) (1.22)
P Pe P Pe

w

Tak kak psag Z P, coBnapapumui ¢ pagom (1.18) ((L.19)), cxo-
k=1

autcst (pacxoauTcs), To HepaBeHCTBO (1.22) Ha OCHOBAHHH TeOpeMbE
e

cpaBHeHHs 1.4 rapaHTHPYeT CXOAMMOCTb (PacxoiHMOCTb) psAa Z P~
=1
Teopema I poxasana.

2) Hokaxem Ttenepn teopemy II. Ecauw L<1, to Hakhzerca mnoJso-
KHTENbHOE Yucja0 & Takoe, 4yto L=1—2¢, 1. e. L+e=1—¢. 1o ompe-
LeJIeHHI0 TIpefesia IMOCJENOBaTeTLHOCTH AJS YKA3aHHONO & Haiijercs
HoMep N takoft, 4TO npHU k}N

b< LeLte=l—e. (1.23)

Uncno L-+eg=1-—¢ urpaer posb g B Teopeme 1. Pan cxogurcs.

Ecan xe L>1, To Haliierca noAOKUTeAbHOe YHCJAO & TAKoe, 4YTO
L=1+¢& u L—e=1. B 3TOM cJyuyae Ha OCHOBAaHHH JIeBOrO M3 Hepa-
BeHcTB (1.23) moayuum

) Ilpu 3TOM, KOHEUHO, mpexnojaraeTcs, 4TO BCe UaeHH psafa (Mo Kpafined Me-
Pe HauHHAA ¢ HEKOTOPOro HOMEepa) CTPOro MOJOXKHTENbHH.
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P
Ml S 1—e=1 (npu k> N).
Pk

w
Psp z P, pacxopurcs Ha ocHoBaHuH TeopeMnl I. Teopema 1.5 noa-
k:ﬂl
HOCTBIO AOKa3aHa. _
3aMeuaHue K teopeme 1.5. 1) O6paruM BHuMaHHE HA TO,

Pry
Pr

gyro B Teopeme 1.5 (I) HepaBeHcTBO <g< 1 (mna Bcex k&,

p
k]
HayMHas C HEKOTOPOrO) HeJb3s 3aMeHHTh Ha L.
Pe
B caMoM pese, Kak M0OKAa3aHO BHILIe, TapMoHHuecknii psp (1.13)

Peyt &

PacCXopHTCdA, HO AJaA 3TOro pspa _k—[-l

< 1 (mas Bcex HoMe-

PoB k). '

2) Ecau B ycnoBusax teopeMmt 1.5 (II) L=1, to Henb3ss ckasaTh
HyYero ONpeneJeHHOrO0 O CXOAHMOCTH psAjxa (T. e. npH L=1 npusHak
Jlanambepa «He peiicryer»). B caMom pene, pns rapMOHHYECKOro
paza (1.13) L=1, npuueM 3TOT psfA, KakK MBl 3H3aeM, DacXOLHTCH.
Bwmecte ¢ Tem nas psagna

1
- (1.24)
k=1

Takxe L=1, HO 3TOT psA, Kak OyleT NOKa3aHO B CJe[ylOIleM NyHK-
T€, CXOIUTCH.

Teopema 1.6 (npusnax Kown). 1. Ecau d4a scex nomepos k,
no xkpatineil mepe HAYURASL C HEXOTOPO20 HOMEPA, cnpasediuso Hepa-
BEHCTBO

Ve<a<l V>l (1.25)

mo pad E D cxodurca (pacxodurcs).
k=1
II. Ecau cyuwjectayer npedea

lim y/ 7, =L, (1.26)

ko

mo pAad Z De cxodurca npu L<<1 u pacxolurca npu L>1.

k=1
Teopemy Il o6biuno HaswmBarT npusHakoM Kol B npepnedb-
Ho#l dopwme.
HdokaszateabcrtBo. [okaxkeM orheabHo TeopeMum [ u IL
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1) Oas nokasatejbctBa TeopeMbl | MOJOXKHM pr'=q* (p/=1).
Torna u3 HepaBeHcrBa (1.25) mosyuum

PSP’ (Pe=pr’). (1.27)

Tak Kak psn 2 Py, cosnmapawomuit ¢ pagom (1.18) ((1.19)), cxonur-
k=1

cs (pacxonurcsi), To HepaBeHcTBO (1.27) Ha OCHOBaHHH TeOpPEMhE

cpaBHeHHsi 1.3 TrapaHTHpPyeT CXOZHMOCTb (pacXOZHMOCTb) psfa

2 pr. Teopema 1.6 (I) noxasana.
k=1

2) Jlna nokaszateabctBa Teopembt (II) crnenyer nocioBHO HoOBTO-
PHTb cXeMy 'HokasatennctBa TeopeMu 1.5 (II), 3ameHuB Bo Bcex
p

k41 ke
paccykneHusx —t Ha 3/ p,. Teopema 1.6 MOJHOCTBIO HOKA3aHA.
X P

3ameuanus kK teopeme 1.6. 1) Kak u B teopeme 1.5 (I).
b, —
B teopeme 1.6 (I) mepaBenctBo ¥/ p,<<q< | Helb3s 3aMeHHTb Ha
kr—
V p, < 1.

2) Tlpu L=1 npusnak Kowmn B npeneinpHofi (ropMe «He [eiCTBY--
er»>. MoXKHO cociaThCsl Ha ABa NpUMepa, YKa3aHHLIE B COOTBETCTBYIO-
meM 3aMedyaHHH K Nnpu3Haky Hamambepa.

I[Tpumepr. 1° Hccnenyem Bonpoc o CXORHMOCTH psina

-

Pr

(Vr)*
ET' (1.28)
k=l
IMprmennm npusHak Jlanambepa B npenenbvHoli dopme. Mmeem
k
—\k p Tk -
_ (V¥ et __(VEED R 1 (1+21V2 (120

B o EEDIVEE T VELIT . ko
Ha ocnoBannn (1.29)

r
k—l->r2 Pe k—{»rg VEFI I+ k

) 1 . ! -
=1 __'l ——\\ = . —
fim - lm (1 )T =0 ¥e=0<

T. €. pax (1.28) cxonures.
2°, M3y4nM BOIPOC O CXOAHMOCTH Dsiia

Y ko (1.30p

k=1
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Tlpumenum npusHak Kown B npenenvHoii popme. Mmeem
ke— 1 ke
V= VE. (1.31)

. —_ bk o—
Ha ocnoBanuu® (1.31) lim I;/pk = % limi & =%< 1. Taxum
k> k-»

©06pa3om, npusnak Komu ycraHaBiaxBaer cxopumocTs psaga (1.30).

BosHuukaer Bompoc 0 TOM, Kako# u3 IBYX Npu3Hakos, Ilanambe-
pa uau Kowwu, sBasercs Gosee cHAbHBIM. IlpoaHanHsHpyeM 3TOT
BONPOC B OTHOIIeHHH NpH3HakoB Hanambepa u Koy, B3sTHX B Npe-
HdenbHo# ¢topMe. Huxe Gyner nokasano, yTo M3 CYHIECTBOBAHHSA
npefena (1.21) BmrTekaloT cymectBoBaHHe npefena (1.26) u daxr
paBeHcTBa 3THX npepenoB. OGpatHoe HeBepHo. B camom pene, Jer-
KO yO6eRuThCcs B TOM, YTO AJis PsAja

= (=DF+3
Z e (1.32)

k=1

npenea (1.26) cymecrsyer W paBeH 1/2, B TO BpeMsi KakK npegned
(1.21) Boobuie ue cymecrsyer. Takum obpasoM, mnpusHak Kolun
ABJiseTcss Goslee CHJBHEIM, YeM npuaHak Hanambepa, H60 BCAKHHA
pa3, korna peficrByer npusHak [lasnambepa, nefictByeT H npHusHax
Komin u BMecTe ¢ TeM CymIeCTBYIOT psafH (Hanpumep, psig (1.32)),
IJIg KOTOPHIX nedcTByeT mpusHak Komd u He HOeHcTByeT NpH3HAK
Hanambepa. HecMoTps Ha 370, npusHak Hanambepa Ha NpakTHKE
ynorpebiisieTcs yalle, yeM npusHak Koiuw.

Hrak, pokaxem

YrBepxnenue. Hs cywyecrsosanus pasnHozo L npeleara
(1.21) soirexaer cywjecréosanue pasnozo Tomy e L npedeaa
(1.26).

JokazartenbcTBy YTBEPK/AEHHS MNpERNOIJIEM [Be JeMMHl.

Jlemma 1. Ecau nocaedosareavrocts {a,} cxodurca x npede-
ay 1, To Kk TOMYy e npedesy cxoduTcs U NOCAEOOBATENBHOCTH Gn=
=(a,t+ayt...Fay)/n cpedrux apugmeruseckux uucear ay, Qs,...,dn.

JokasaTeabcTBO. Tak Kak NOCJIEROBATEJbHOCTHL {@,} CXO-
autest K npefeay [, To ansa moboro >0 MoxkHO duKCHDOBaTL HO-
Mep N Takofi, uto |a,—I|<e/2 pas Bcex n>=N. Hcnoawsys sror
(aKT H yuuTHBas!, 9YTO NPH Bcex n>N

T e ) P A et O

n
n

® Jins  BHYHCHERMS lirilx_ x!/* caemyer nposorapudMHpOBaTE  BhpaKenHe
x>+ © !
x'/* w npuMesuTts mpamuao Jlonutans.
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=[ (@—D+ ...+ (ay—10) ]+ {(aN+1—l)+...+(an—l)}

n n

MBI IOJy4HM, 4TO |0,—!|<<e npu Bcex n>N.
B caMom gene, MOLynb ApOGH, 3aKk/IOUeHHOH B urypusie ckoG-

. e (n—N)
KH, He NPEeBOCXOAMT 4YHcIa —.————, MeHbllero &/2. [adee,

n
NoCKOJILKY Homep N ¢urcHpoBaH, MOAyab ApPo6H, 3aKJIOYEHHOH B
KBaJpaTHHe CKOGKH, He NPeBOCXOJIHT £/2 mpH Bcex n=N,, rie
N, — pocraroyno 6oasLIoe umcyao, JlemMMa JokasaHa.
JleMma 2. Ecau nocaefos8areabHOCTs NOAOHUTEAbHbLX 4UCEA
{a.} cxodurca k npedeay L, 10 Kk TOomy oce npedeay cxodurca u
n

nocaedosareavrocto b, =V aa,...an CPEOHUX 2e0METPU4ECKUX
wucea ay, Qy, ..., @n

HorkaszateabcTBo. Ilpexie Bcero 3aMeTHM, UTO B CHIY
HeNpPEepHBHOCTH Jorapuomuueckoft ¢yHkuuu aas L >0limlna,=

n—-ow
=InL. Ho roraa no nemMMe 1 o mpexnese cpegHero apugmeTHuec-
KOTO CyIiecTByeT npeies

lim In ;r——alas”.an = lim Ina, 4+ Ilnas+ ... +1Ina, —1InL.

n—ow n—-o n

M3 nocjennero paBeHCTBA B CHJIY HeNPEPBIBHOCTH IOKa3aTeJbHOM
bOYyHKUHH TOJYYHM

np——
limy 6, ...a, = lime" Voo an_gnl_
n=smx n—>w
(Jtu paccyxpenus cnpaBenygusH M npu L=0, ecan cuurath InL=
=—o0.) JleMma 2 nokasaHa.
JogasartedrcTBO yTBep KAeHHU IlpuMenss nemmy 2
K YHCAAM a1=pj, A2=Po/P1, ..., @n=Pn/Pr—1, MBI, ONIMPASICH HA Cy-
mecTBOBaHHEe paBHoro L mnpenena (1.21), ycraHoBEM cyluecTBOBa-
HHe paBHOro Tomy Xe L npenena (1.26).
4. Hurerpanbhbiii npusHak Komm—Maxkaopena. Ilpusumaku [a-
Jambepa u Koln 0oKaspBalOTCs HENPHTOJHBIMH AJIs1 BHISICHEHHs BOI-
poca O CXOJHMOCTH HEKOTOPBIX YacTO BCTpPeYalolHXcs PSAOB ¢ 1O-
JIOXHTEJbHHMHA uieHaMH. Tak, HampuMmep, ¢ NOMOINBIO 3THX IPH3HA-
KOB HeJIb3sl BHISICHATb BONPOC O CXOAMMOCTH OGOGILEHHOro rapMOHH-
4eCKOro psija

L (1.33)
kd.
i k=]
(a — n06oe BelecTBEHHOE YHCJIO).
B xoHue n. 2 MW ycTaHOBHWJIH, 4To npH ascl psg (1.33) pacxo-
JMTCH, OAHAKO OCTAeTCsl OTKPHITHIM BONPOC O CXOAMMOCTH 3TOrO psia
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npu a>1. B 3TOM nyHKTe MH YCTaHOBHM ellle OAMH OOLIHMH NpH3HAK.
CXOJHMOCTH DAJa C HEOTPHUATCJbHHIMH UYJIeHaMH, M3 KOTOPOIO, B ua-
CTHOCTH, OyIeT BHITeKaTh CXOAMMOcTh pspa (1.33) mpu a>1.
Teopema 1.7. (npusnax Kowu — Makaopena). [Tycre pyuxkyus
f(x) neorpuyareavna u He so3pacraer 8cl00Yy HA NOAYNRPAMOL x=m,

2de m — awbol guxcuposannosly Homep. Toeda uucaosoil psd
Y fB=Fm)+[m+D+[m+2)+ ... (1.39)
k=m

CXO0UTCAA 8 TOM U TOALKO 8 TOM CAayuae, Koeda cyujecTeyer npeden
npu n—>o0o0 NOCA008ATEAbHOCTU

a,= ff(x)dx. (1.35)

JlokaszareabcTBO. Ilycts £ — u1060it HOMep, yAOBJETBOpS-
romu#l ycnosuio k>=m-+1, a x — mo6oe 3HayeHHe apryMeHTa H3 Cer-
Menta k—1<{x<Ck. Tak xax no ycjaosHio GyHKUHA f(X) He Bo3pacraer
Ha YKa3aHHOM CerMeHTe, TO JIJsi BCeX X H3 YKa3aHHOIO CermMeHTa:
cIpaBelJIHBH HepaBEHCTBA

[R)<F (%) <F (R—1). (1.36).

@®ynkuns f(x), GyAyuH OrpaHHYeHHOA H MOHOTOHHOI, HHTerpHpyema
Ha cermeHre [R—I1, k] (cM. 1. 2 § 3 . 9 u. 1). Bosee roro, u3 Hepa--
BerctBa (1.36) u u3 ceofictBa 6) (cM. m. 2 § 4 r1. 9 u. 1) BHTekaer,
970
k. & k|
[ Frear< [ Fyde< | Fe—1)ds,
B

[hd} Bl
HIH \ ,
f) < | Fde<fle—1). (1.37)
Bl
ITH HepaBeHCTBA YCTAHOBJEHH HaMH AJs Jio6oro k=m+-1. 3ann-
meM HMX IJg 3HaueHu#l k, paBHbBx m+1, m+2, ..., n, rae n — aw6oik
HOMep, NPEeBOCXOASHIHA m:
1
Fma < | Hdx < Fm),
m

m-+2
fm+2) < j f(x)dx < f(m+1),
m+1
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fm < [ 10dx<f(n—1),

n—1
CKJIaILbIBaﬂ NOYJIEHHO 3amHCanHbie HepaBeHCTBA, NOJYYHM

n—1

E f(k) < g(x)dx Y 7w (1.38)

‘k=m

IoroBopumcsi 0603HAUYaTh CHMBOJIOM S, n-10 YaCTHUHYIO CyMMY
psaga (1.34), paBuyno
n
= Zf(k).

2

Tlpuusie 370 0603HaueHHe U yuHTHIBasi oGosnauenne (1.35), MB MoXeM
caefyomuM obpa3oM nepenucats HepaBeHcrBa (1.38):

Sﬂ_f(m)gangsn—l- (1'39)

STH HepaBeHCTBa no3BOJsAIOT 6e3 Tpylda JokasaTh rTeopeMmy. B ca-
Mom jnedse, u3 popmyan (1.35) oueBuAHO, YTO mOCJEAOBATENLHOCTH
{a,} sBnsetcs HeyOmBatomedl. CjenoBaTesIbHO IJSI CXOAMMOCTH 3TOA
ToC/MeIOBaTeNLHOCTH HeoGX0JHMAa W JOCTaTOYHAa ee OrPaHHUEHHOCTb.
Has cxonumoctu paga (1.34) B cuiy teopemnu 1.2 HeoGXoauMma H Joc-
TAaTOYHA OrPaHHYEHHOCTL NochaefoBatenbHoCTH {S.}. W3 HepaBekcTs
(1.39) BuiTekaer, uTO MOCJAENOBATENBHOCTL {Sn} OrpaHHYeHa TOria M
TOJBKO TOrAa, KOrja OrpaHHueHa INOCIeJ0BaTeJbHOCTh {@n}, T. e.
TOr[a H TOJLKO TOrJa, KOrAa MocJdeqoBaTeJbHOcTs {a,} cxomutcs. Teo-
peMa IoKa3aHa.

[Tpumepn. 1° TIpexze Bcero NpUMeHHM HHTerpPaJIbHHIH IPH3HAK
Komyr—MaknopeHa [Jsi BHSACHEHAS] CXOAMMOCTH 0GOGILEHHOrO rapMmo-
uuueckoro psaga (1.33). ITockoueky psa (1.33) MoxHO paccMaTpHBATh
kak psaf suga (1.34) nmpu m=1, f(x) =1/x* u ¢yuruus f(x) yGuBaer
H NMOJIOXKHATeJbHa Ha HOJYNPsSIMOE x>>1, BONpOC 0 CXOZMMOCTH psina
(1.33) sxBHBaJIeHTEH BONIPOCY O CXOJAHMOCTH IOCJeJI0BaTeJbHOCTH
{aﬂ}) Fﬂe
l—a |[x=1 l—a

n x =————— NpH a1,
a,,=j
! lnxl ~i=Inn npu a=1.

H3 Buzga sneMeHTOB a. BHITEKdeT, UTO NOCJIEHOBATENBHOCTH {@q}
pacxoiuTcss NpH assl H cxoAMTcs npH a>1, mpHueM B mociegHeM

T Taxum obpasom, psan (1.33) pacxomutcsi npu

cayuae lima, =
n—->o o —

a<<l (3TO0 MBI yXe YCTAHOBHJIM BhIlIe JPYFHM crnocoGOM) H CXOAHTCH
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npu a>1. B uacrHocty, npu =2 paa (1.33) nepexonut B psan (1.24),
CXOAHMOCTb KOTOPOTO MH Telepb MOXEM yTBePXKAaTh.
2°, HecnenyeM BoOnpoc O CXOAMMOCTH psifa

x 1
—_— 1.40
E ElnPE ( )
e
rie P — (QUKCHPOBAHHOE INOJIOXKHTEJNbHOE BellecTBEHHOe YHeJ0. PaAn

(1.40) Moxuo paccmartpuBaTh Kak pax Bupa (1.34) npu m=2 u

1
f(x)= T infr IMockoabky ¢yHKUHA [(x) HeoTpHULATENbHA H HEBO3-

pacraer Ha noJaynpsiMoH x>>2, Bonpoc o cxoguMocTH pajpa (1.40) 3k-
BHBaJIeHTEH BOIPOCY O CXOIMMOCTH HOCJELOBaTeJbHOCTH {dn}, r'le

] In'—By

¥=n  qn""Pp In'—*2
1—p

x=2— l—ﬁ

. npu f=£1,
Qp= | ——dx=

x InPx

2

¢

Inlnx|j=f=Inlnn—InIn2 npu p=1.

V3 Buma 3/1eMeHTOB @, BBITEKaeT, YTO NOCJIEJ0BATEJIbHOCTh {@f
cxoxutess npu B>1 u pacxogutea npu p<Cl. Taxum obpasom, pian
(1.40) cxomurcs npu p>1 u pacxoanrcsa npu P<<l.

5. lpuanax Paabe. IIpusnaku [lanambepa H Kown G6GblIH oC-
HOBaHb Ha CPaBHEHHH paccMaTpHUBaeMoro psjia C psloM, npej-
CTaBJISAIOMINM CO60H CyMMy UJEHOB TFeOMeTpPHYeCKOH IpOrpeccH4.
EcrecTBeHHO, BO3HHKaeT HIes O NOJyYeHHH Oojiee TOHKHX IIpH3Ha-
KOB, 'OCHOBAHHBIX Ha CPaBHEHHHM pPacCMaTpHBaeMOro PfAjga ¢ APyrH-
MH CTaHAAapPTHBIMH DSlaMH, CXOAAIMHMHCA MWIH pPacXOAsLIHMHCS
«MejJIeHHee», 4eM Dsj, COCTaBJIEHHBIH H3 Bcex WieHOB GeCKOHeyHO
y6uiBaltolefi reOMeTpuieCKOf nporpecCHH.

B 3ToM nyHKTe MHl YCTaHOBHM NpH3HaK, OCHOBAHHBIH Ha cpaBHe-
HHH pacCMaTpPUBAEMOTO psifia ¢ H3YyYyeHHBIM B NpelbIAyllleM NyHETe
CTAaHIAPTHHM PSAOM

O'GW 1 v, 1
ZF:1+?*?+"' (1.41)
k=1

Teopema 1.8 (npusuak Paabe?). I. Ecau 0a3 scex nomepos

R, no kpailinell mepe HAYUHAA C HEKOTOPO2O HOMEDQ, CRPABEOAUBO
HepasencTseo

k(l—%l)>q>1 (k(l—%‘—) <1)8’, (1.42)

T Hosedp Jliopeur PaaGe — mBefinapckuit matematk (1801-—1859).
-2

8 KoHeuHO, nmpH 3TOM MpexnoJaraerTcs, 4YTO psj 2 Pr, 1o KpafiHefl Mepe

k=1
HauyHHast ¢ HEKOTOPOrO HOMepa, HMeeT CTPOro NOJIOXKHTEJIbHHE YJeHH.
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T0 pad Z p. cxodurca (pacxodurcs).

k=1
1. Ecau cyujecreyer npedea
lim & (1 ——M> =1, (1.43)
ko Pe

L.l
TO pAd Zpk cxodurcs npu L>1 u pacxodurca npu L<1. Teope-
k=1
My II o6nuHO HaswmBaloT npusHakoM Paa6e B mpepesbHOM
bopme.
IHokasaTteancTBo. [okaxeM oraeibHo Teopemn 1| u II.
1)} Onas mokasartenbcTsa TeopeMH | mepenuiem HepaBeHcTBO (1.42)
B BHIE

&‘—\<1—i(—”ﬁl~>1—i). (1.44)
P k P k

Taxk xak ¢>1, To HafileTcsl HEKOTOPOe YHCIO @, YAOBJeTBOpsiollee
HepaBeHCTBaM ¢>a>1. Paznoxus ¢yHkuuo (1+4x)* no dopmyae
© MakJaopena ¢ ocratoyHbM uwieHoMm B ¢opwme Ileano (em. m. 2 § 9
ra1. 6 u. 1), 6yleM umeThb

(1+x)*=14+ax+o(x).

»

“ 1
ITosarasi B nmocaenueit popmysie x= —=,  TNoayunM

(1-Lk)°‘=1—-% +o(—;-) (1.45)

o(l/k)

HOCKOJIbe nocJe10BaTEIbHOCTD siBJIsieTcsi OeCKOHEYHO Ma-

JIo¥; TO, HauyHHasi C HEKOTOPOro Homepa ko, CrpaBelJ/IHBO HepaBeH-

CTBO
)
o —
Nk
1

&

< g—o. (1.46)

Conocrasass (1.45) u (1.46), nonyuynM HepaBeHCTBO
(1—%)‘} 1 —-L (npn k> k). (1.47)
CpasHenne HepaseHctB (1.44) u (1.47) naer

m\<<1 —-1—-)a (M = I—L> (mpu k > k).
Pr k P k
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IMocneaune HepaBeHCTBA MOXHO INepenucaTth B BHIE
1 1

L i
Pary o K Pt > kN mpp k>h).  (1.48)
Pr 1 P 1

(k—1)% E—1

Ilockoabky psim (1.41) cxommrcss mpr a>1 u pacxoautcs Npw
a=1, To HepaBencrBa (1.48) u teopeMa cpaBHeHHs 1.4 NMO3BOJSAIOT

YTBEPXKAaTh, YTO PAX Zpk cxomutcs (pacxonputcsi). Teopema 1
k=1
JIoKazaHa,

2) Touno Tak e, Kak H B npuaHakax Jlanambepa u Komu, Mbr
cBefiem teopemy Il k reopeme I. Ilycrs cHayana L>1. Tlosoxum
e=(L—1)/2, g=1+e=L—e. o onpenenenuto npenena (1.43) nns
5TOr0 €& MOXKHO YyKasaThb HOMep Kk, HauWHas C KOTOPOro

‘k( — Prr)__Jl<e m cregoBaTenshHO, CHpaBeJIHBO JeBOE

Pr
nHepaBeHctBo (1.42). Ecnu xe L<<l, 70 MH nosoxum e=1—L H,
HCTIOJIB3YsE OnpeleneHue npepena (1.43), monyuHm, 4TO, HauyHHag
C HEKOTOpOro HoMepa ko, CnpaBefJHBO NpaBoe HepaBeHcTBO (1.42).
Teopema 1.8 moJHOCTHIO AOKa3aHa.

3ameyanne. B reopeme 1.8 (I) B neBoM HepaBeHncrse (1.42)
HeJb3sl B3ATh ¢=1 (IpH 3TOM CXOZHMOCTb Psila MOXKeT He HMeTh
Mmecta). Ilpu L=1 reopema 1.8 (II) «He meficTByeT» (BO3MONXHH H
CXOZMMOCTh H PACXOAHMOCTH psijia).

B xauectBe mpumepa HCciefyeM BOIPOC O CXOZHMOCTH psifia

: feded o)
Zpk, rae p,=a ", a=const > 0.

k=2

INlpusnaku Janambepa u Kowmn B npuMeHeHHH K 3TOMY DSy <HE
neiicrByor». Ilpumenum npusnak Paa6e. Jlerko npoBepuTh, UTO

k(l___ pk+1): a
Pk

[Mocaennsis npo6p npu k—>co cTpeMHTCSl K NPOH3BONHOH (YHKUHR
a* B touke x=0, 1. e. crpemutcs kK Ina. B cuny npusnaka Paabe
paccMaTpuBaeMblii psil cXoguTtces npu Ina>1, T. e. npu a>e, H pac-
xomutcest npu Ina<l1, 1. e. npu a<e. Ilpu a=e Bonpoc o cxoaHMoO-
CTH psaja tpebyeT MAOMOJHHTENBHOTO HCCAENOBAaHHS, TaK KakK INpH-
sHak Paabe «ne pmefictByeT». IIpyruM npumepom psifia, B NpHMeHe-
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HHH K KOTOPOMY <«He HeficTByeT» npH3Hak Paabe, MOXeT CIYXHTb
psg (1.40).

6. OTcyTcTBHe yHMBepcaJbHOTe psila cpaBHeHHd. MH yxe oT-
MedaJd, uTto npu3Hakd Jlanam6epa u Kollm OCHOBaHH Ha CpaBHe-
HHH pacCMaTpHBaeMOro psila ¢ pPSAOM, COCTaBJEHHBIM H3 Bcex
ywieHoB OecKOHeUHO yOniBalouie#i TreOMeTpHYeCKOH NporpeccHu, a
npusHak Paa6e — na cpaBHeHHH ¢ 6oJiee MelJIEHHO CXOASILIHMCH
(nm pacxonsimuMcs) pagoMm (1.41).

EcTecTBenHo, BO3HHKaeT BONPOC O TOM, He CYIIECTBYeT JIH Ta-
KOH yHHBepcaJbHHH (npelenbHO MeaseHHo!) cxoasmufics (HJIH
pacxoasuwniics) psifi, CPaBHEHHE C KOTOPHIM IO3BOJNHJIO GH clellaTh
3aKJIOYeHHe O CXOAHMOCTH (HJIH PacxoJuMOCTH) J060ro Hanepel
B3ITOrO psifia ¢ HEOTPHUATENLHBIMH uYJeHaMH. JloKameM, 4TO TaKo-
ro YHHBEPCAJbHOTO psifia He CYIIECTBYeT.

Ilycrs pamsl ABa CXOASIHXCS psifa X Pr H Zp"’ 0603HaUHM
k=1 =1
CHMBOJIAMH 7', H r.’ COOTBETCTBEHHO HX n-e OCTaTKH ByneM rOBO-

PHTh, UTO Pl Zpk CXOIHTCS MeAJieHHee, UeM Psl ka, ecJiy
k=1 =1

=0.

llm

I'
n—-om n
Yreepxaenue. Jasa Kaxdozo cxodsujeeocs pada cyuecray-
er pad, cxodawutica mediennee 3To2o pada.
-]

B camom gene, mycTh Zpk— JI060f CXOAAWMHCA pSid, 'n
k=1
hed ’ ’
(n=0) — ero n-i ocratok ¥, [Jokaxem, 4TO psl Zpk, Tie pp=

k=1
@

—ka—l —V'r, cxomuTcsi MejiJeHHee, 4eM Pk ka B camom pne-
= |

Je, ecJd r,” — n-# OcTaTtok psja Zpk, TO
k=1

= lim =0.

ns»m T, n—w V’n

Tenepb JOKaxeM OTCYTCTBHE YHHBEPCAJBHOIO CXOoAsUlerocs ps-
Ja, cpaBHEHHE C KOTOPHIM ITO3BOJIHJIO 6B coenaTh 3aKJWUEHHE O
CXOAHMOCTH J1060ro Hanepen B3ATOro CxoAsuierocs psjaa. B CaMOM

[+

9 3a ro NPHHEHEMaeM BCIO CYMMY Z Pe.
k=l
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o

Jene, ecqin 6B TaKOH YHHBepcaJbHMBIE CXOULALIHHACH DA Zpk cy-
k=1

-]
IIECTBOBAJI, TO B3SIB LJISl HEro MOCTPOCHHHH BHIUE DAN Zpk, MH

k=1
nony4usu 6H, YyTO

lim 22 = lim —Z22 =% — lim (Ve + V1) =0.
koo Pp k> )/fk_.l '—}/fk k>

o

Takum 06pa3om, H3 CPaBHEHHs C PALOM Zpk HeJb3s clenaTh
k=1

o
3aKJIIOUEHHS] O CXOLHMOCTH psiia Epk. AHanoruuHO IOKa3ELIBaer-
k=1
Csl OTCYTCTBHE YHHBEPCAJbHOTO pacxoisiierocsi psiia, CpaBHEHHe C
KOTOPHLIM MO3BOJIHJIO 6bl CAeNaTb 3aK/JIOUeHHe O PACXOAHMOCTH JIo=
6oro Hamepej B3fAITOTO PACXOASIILEToCs psjia.

§ 3. ABCOJIIOTHO U YCJIOBHO CXONAMHECA PAJLbI

1. TMoHaTus a6GcoNOTHO M yCNOBHO CXOAsSMHXCA pAAoB. Tenephb
Mbl nepefileM K H3yYeHHIO PsIOB, WIEHH KOTOPHX SfBJSIOTCA Belle-
CTBEHHHIMH HHCJIaMH 406020 3HaKa.

Onpenenenune 1. bydem Hasviearv pad

- u (1.49)
"

a6CcoAWTHO cxo0dawumca, ecau cxodurca pad

o

Y lwl. (1.50)

k=1

3aMeTHM, YTO B 3TOM OIpeleNeHHH HHYero He CKa3aHO O TOM,
npejlnoJaraercsi Ju IPH 3TOM CXOAHMOCTb camoro psiza (1.49). Oxa-
3bIBaeTcs, TaKoe NPEINOJOXKEHHe oKasajJoch OBl H3JHIUHHM, HGO
CnpaBefJIHBa CJeayloliasi Teopema.

Teopema 1.9 Haz cxodumoctu pada (1.50) ewirexaer cxodu-
MocTe pada (1.49).

HDoxasarenbctBo. Bocnonbsyemcsi kpurepueM Kown nas
psna (T. e. teopemodi 1.1). Tpebyercss nokasaTh, uTO AJs JO60Oro g>
>0 naiinercss Homep N Takofl, 4TO /s BCEX HOMEpOB 7, YAOBJETBO-
psiromux ycaoBHio n>N, 0 1yt 11060r0 HaTYpaJbHOrO p CNpaBeJIHBO
HepaBeHCTBO
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nip
| y uk'<e. (1.51)
k=n-+1
®duxcupyem awboe £>>0. Tak kak psaa (1.50) cxoaures, ToO B CHIY
TeopeMul 1.1 maiimercss noMmep N Takofi, uTO AJNA BCEX HOMEpOB #,
YAOBJIETBOPSAIOIIKHX YCJIOBHIO n>N, ¥ s Jo60ro HaTypajbHOIO p
CIpaBeJJIHBO HepaBeHCTBO
n-t+p
lue| <e. (1.52)
k=n_{_l
Tak xak MOAyJb CyMMH HeCKOJbKHX CJlaraeMHBX He IpeBOCXOJHT
CYMMBI HX MOAyJeH, TO

n-tp n--p
| Y uk|< Y Il (1.53)
k=n-}1 k==n-}1

Comnocrasiss HepaBeHctBa (1.52) u (1.53), mosyduM HepaBeHCTBO:
(1.51). Teopema mokasaHa.

Onpenenenne 2. Pad (1.49) na3eisaerca ycaro8HO cx00 -
W UMC A, ecal ITOT ps0 cX00UTCs, 8 TO 8pPeMs KaAK COOTBELTCTBYOUULE
pad uz modyaei (1.50) pacxodurcs.

IIpuimepom aGCONIOTHO CXOASIILErOCH Psifia MOMKET CAYKHTh P .

- (—1)+1 _ 1 1 1
ZT—I_—F_I—?-_‘}“__‘- ..., THE O > 1.

Ator psax cxoautes a6eomotno, H60 npH o>1 cxomures pan (1.33).
[TpuBenem nmpumep yCHOBHO cXOAsiuerocst psiga. [lokaxkeM ycyios-
HYI0 CXOJHMOCTh Psifa

2-(:%2=1—L+—‘———‘—+... (1.54)
k=1 '

Tak xak cOOTBeTCTBYWOWmHI PAA H3 MOAyJeH (rapMOHHYecKHH psn),
Kak MBl yXe 3HaeM, DacXOZHTCS, TO AJIs [JOKa3aTeJbCTBa YCJOBHOH
cxonumocTy psaa (1.54) mocrarouHo AOKa3aTh, YTO 3TOT PSA CXOLHT-
cs. Hdokaxem, yro psig (1.54) cxomures x uucay In2, Bn 2 § 9

ra1. 6 4. 1 Mbl monyyusin pasnoxenne no ¢popmysie MakiopeHa GyHK-
UHH

In(1 +x)’=x—-—’;2—+ ’i —%+ ...+(—-l)"—'in"—+Rn+l(x).

Tam xe nns Bcex x u3 cermenta 0<x< 1 nomydena cielywomas OueH-
Ka OCTaTOYHOTO 4JeHa:
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| Rn+1(x) | <1/(n+1).
Tlosaras B ABYX NOCJEZHHX COOTHOMIeHHMAX x=1, GyleM HMeTb
1 1 1 —~l)n-1
In2= 1+ — o+ ...+%—+ Ray1 (1),
TIe
|Rs+1 (1) | <1/(n+1),
HJTH (
4ttt v A=D"7_ 4 2| 1
![1 S } n2|< ——. (155)
O6o3nauas uepe3 S, n-10 4acTHYHYIO cymMmy psaga (1.54), mbl Mo-
JKeM HepenHcath nocjenHee HepaBeHcTBO (1.55) B BuAae

|Sp—In 2| <1/ (n+1). (1.56)

M3 (1.56) cneayer, uro pasHocts S,—In2 npeacrasasier coboii Gec-
KOHEYHO MaJyl MNOCJAeN0BaTeJbHOCTb. DTO H NOKa3biBaeT CXOLHMOCTb
psza (1.54) k uncay In 2,

2. O mnepecTaHOBKe 4J€HOB YCJOBHO cXojsuierocss psiga. OmQHHM
#3 BaKHeHIUHX CBOACTB CYMMBbI KOHEYHOTO YHCJIa BelleCTBEHHHIX CJia-
TaeMEIX SIBJSIETCS] lepeMeCTHTeNbHOe cBoHcTBO. EcrecTBeHHO, BO3HH-
KaeT BONpPOC, OCTAETCSl JIM CIPaBeIJIHBHIM 3TO CBOACTBO AJIS CYyMMS
CXOAALIErocs psja, T. €. MOXeT JIH H3MEHHTbCS CyMMa CXOZSIIErocs
Psina oT NepecTaHOBKH 4IEHOB 3TOrO psja. B 3TOM nyHKTe MBI BHSIC-
HHM 3TOT BONPOC B OTHOIIEHHH YCJIOBHO cxosimerocs psiaa. Haunem
PaccMoTpeHHe ¢ H3yueHHs1 HeKOTOPOH KOHKPeTHOH NepeCTaHOBKH 4Je-
HoB psaga (1.54). das ymo6erBa 3anuiieM psax (1.54) B Buge

1 1 1 1 1
1— L (——— ( ——)
( 2 )+ 3 4 + + 2k —1 2k +
B xoHle npelBIyliero NyHKTa MbI AOKasadH, 4yTo psij (1.54) cxo-
JHATCs YCIOBHO M MMeer cymMy In2. TlepecTaBuM Tenepb YJieHH psja
(1.54) Tak, yTo6H MOCJE OAHOrO MOJIOXKHTEJHHOTO YJeHa CTOSJIH /Ba

OTpHUATEJbHHX WieHa. B pesynbTare TakOH IepeCTaHOBKH 4YJIEHOB
TOJYYHM PAL

=) T (157)

Hokaxem, uto psiag (1.57), nmonyuenHni#i B pe3ysbTaTe yKa3aHHOM
TIepecTaHOBKH usieHoB psaa (1.54), cxozurcsi H HMeeT CyMMy, BABOe
meHblly1o, ueM psax (1.54). Bymem ob6o3nauath m-e YacTHUHHIE CYM-
Mu psipoB (1.54) u (1.57) cumBonaMu S H Sm’ coorBercTBeHHO. Mo-
3KeM 3alMHCaTh:
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m m
S = SN S S W ( 1 __1_)=
3’"_2(%_1 sk—2 4k E sk—2 4k

1 " 1 1 i
= —— ) =8
2 E ( 2%k—1 2k ) g "
k=1
Hrak,
s;,":%s,,,,. (1.58)
HaJjnee, oueBHIHO, UTO
4 1 1
= —_ 1.59
Sam 1 9 82m+ 4ml ( )
, . 1
Sam—2=3Ssm—1 + yr—r (1.60)

IMockonbky 1imS,, =S, B npexnene npu m-—>oo u3 ¢dopmyan (1.58),
(1.59) u (1.60) noayuum

limSé,,,:%S, lim Sy = %s, lim Sam_s :% S.

m—-r«o m—o

Takum obpasom, psan (1.57) cxomHTcs H HMeeT CyMMY, DaBHYIO
—;—S. Tak kak S=In2+#0, T0 TS:#S. CrenoBaTenbHo, B pe-

3yJbTaTe yKa3aHHOH Bhllle NepecTaHOBKH WIEHOB CyMMa YCJOBHO CXO-
Asamerocss psga (1.54) usmenusnachk. PaccMoTpeHHBIi HaMH NpHMep
NOKa3BIBAET, YTO YCJOBHO CXOAAILMACA DAd xe obaadaer nepemecru-
TeavHoim ceotictéom. Ilonnyio sicHOCTH B BONPOC O BJHSHHH IepecTa-
HOBOK YJIGHOB Ha CyYMMYy YCJOBHO CXOASILNEToCst psifia BHOCHT CJeLY-
IOlee 3aMeuaTesibHOe yTBepXKAeHue, NMpHHallexamee PuMmany.

Teopema 1.10 (teopema Pumana). Ecau pad cxo0urca ycaosHo,
TO, KaKoso 6bt HU 6bLa0 Haneped 83sTOe 4UCAO L, MOJXCHO Tak nepe-
CTA8UTb “AeHbl 3T020 pAda, 4TOGb. npeobpa3o8arnHbil pad cxo0uAcs
K wucay L.

HokasatensctBo. [ycrs

fuk (1.61)
k=1

NIpOH3BOJILHBIH yCIOBHO cxoifdmuiics pag. O6osnmauuM depes pi, pa,
Ps, ... MOJNIOXUTENbHBE YieHBl paga (1.61), BrMHcauuble B TAKOM IO-
Psilke, B KaKOM OHH CTOAT B 3TOM psiie, a 4epe3 qi, ¢z, §3, ... MOAY-
Ji OTpHuaTeNbHBIX useHoB psina (1.61), BHNHcanHBe B TakKOM Xe
Nopsifike, B KAKOM OHM CTOAT B 5ToM psze. Psan (1.61) colepxur Gec-
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KOHEYHOe YHCJIO KaK NOJOMHTEJbHHX, TAK U OTPHUATEJLHBIX YJIEHOB,
u60 ecau 6B WIEHOB OJHOTO 3HAKa GHJIO KOHEUHOE UMCIO0, TO, OTOPO-
CHB He BJHsIONIee Ha CXOAHMOCTH KOHEYHOE YHCJIO HepBHX YJeHOB,
MBl 6B HOJYUHJH Obl PN, COCTOALIHH H3 YJEHOB OJHOTO 3HaKa, AJd
KOTOpPOro CXOJIHMOCTH O3Hauaja 66 aGCOJIOTHYIO CXOIHMMOCTD.
Hrak, ¢ psaom (1.61) cBf3aHH aBa GecKOHEYHHX psja ¢ IOJO-
oo -]

JKHTeNbHBIMA UYJIeHAMH Zpk 1 qu. Bynem o0603HauaThb NepBH
k==] k=1

M3 3THX PsALOB cuMBoJOM P, a Bropo#i — cumBoaom Q. Jlokaxem,
yTo 06a pama P u Q sBasiiorcs pacxoxasmumucs. O603HaudM CHMBO-
Jom S, n-10 yacTHuHyl0 cymMmy psiga (1.61), cumBosom P, cymmy
BCEX I[OJIOKHTENbHBIX YJEHOB, BXOASIHX B S, CHMBOJIOM Qn CyMMYy
MOAyJiell BCeX OTPHLATENbHHX 4YJeHOB, BXoasuwmx B S,. Toraa, oue-
BUaHO, S,=P,—Q,, u Tak kak no ycaosuio psax (1.61) cxomutes
HEKOTOPOMy uHcay S, TO

lim (P,—Q,)=S. (1.62)

C npyro#t croponsl, Tak Kak psax (1.61) ne cxoaurcs aGCoJIOTHO,
TO
lim (P, +Q,) = + oo. (1.63)

n—->o

Comocrasnsas (1.62) u (1.63), moayuum limP,= + o0, limQ,=

n—w n—ow
= + 00, T.e. I0Ka3aHO, 4uTo 06a paga P u Q pacxomsarcs. U3 pacxo-
JuMocTH psagoB P u Q BHTeKaer, 4TO Jaxe Ioche yxajieHus Jo6oro
KOHEYHOro 4YHCJA IIepBHIX YJIeHOB 3THX PsJIOB, MBl MOXeM B3iTh H3
OCTaBUIHXCS YJEeHOB Kak psaa P, tak w paga Q ctoas GoJblIOe YHCAD
WIEHOB, YTO HX CyMMa nNpeB3ofizer soboe Hanepel B3siTOE WHCJIO.
Omnupasice Ha 3TOT (akT, AOKaxkKeM, UTO MOXKHO TaK NepPecTaBHTb
uJeHs HcXomHoro psiza (1.61), uro B pesyipraTe nONYUHTCH PsL,
CXONAIMECS K HamepeX B3saTOMy uHcay L. B-camom gese, BriGepeM
U3 HCXOAHOro psifa (1.61) pOBHO CTOJBLKO MHOJOXKHTEJNHHBIX UJe-

HOB Py, Pa, --., Pr, 4YTOGH HX cymMa p;+ pa+ ...+ Pr, NpeB3o-
mua L. Jlo6aBuM K BHIODaHHBIM 4YJeHAM POBHO CTOJBLKO OTpH-
1aTeNbHBIX 4JEHOB —{§1, —§3, ..., —{§k, UYTOOH ofwas cyMmma
Pit Pt oo +P0,—Gi—Gs— ... —Qy, okazajgache MeHpme L. 3a-

TeM CHOBa J06aBHM POBHO CTOJNbKO MOJTOXHTENBHBIX UYJEHOB
Prot1s Peit2y ««- s Py UYTOOHI O6miast cymma P+ Pat ... +Pe,—q,—
—Gy— .o — Gy Pt + oo Dry okasanach Goabiie L. Ilpo-
floxKasi aHaJIOTHYHBeE pacCyXAeHHA JaJee, MH NMOJNyYdM 6ecKOHeuHBIH
psAl, B COCTaB KOTOPOro BOMAYT BCe WIeHH HMCXoxHOro psiza (1.61),
TaK KaK KaxKAblfi pa3 HaM IpHAeTcH A06aBJATH XOTA OBl OAMH NOJIO-
JKHTENbHHH HIM OTPHHATENBHBIH WIeH HCXOAHOTO psla.

Ocraercs nokasaTh, 4TO NMOJyYeHHHIH psif cxoduTest K L. 3ametuwm,
YTO B MNOJYUYCHHOM psijie NOCJHEN0BaTeJbHO YepeAyloTcsl TPYHNH IO-



§ 3. A6GcoAIOTHO M YCJIOBHO CXOAAIUKECH Dbl 33

JIOXHUTeJbHHX H TPYIIH OTPHUATeJbHHIX wieHOB. Ecan uacrHuHas
CyMMa TIOJIYYeHHOrO psila 3aKaHYHBAercsl IOJHOCTHIO 3aBepIleHHOH
rpyNIoH, TO OTKJOHEHHe 3TOH YacTHYHOH CyMMH OT unciaa L me mpe-
BOCXCAHT MOAyJsA nocjemaHero ero uieda'®, Eciau Xe yacTHuHasi CyM-
Ma 32KaHYMB2eTCS He IOJHOCTBIO 3aBepUIeHHO# IPYIHIOH, TO OTKJIOH®-
HHe 3TOH YacTHYHOH CYyMMH OT uHucia L He mpeBOCXOAHMT MoOAyds Io-
cJefHero yjieHa npeirnociefHed H3 rpynn. [Jsi yCTaHOBJIEHHS CXONi#H-
MOCTH. psifa K L pocrarounHo yO6eJHTbCA B TOM, 4TO MOAYJH MOCJen-
HHX 4YJIEeHOB rpymn o06pasylor GecKOHeYHO MaJaylo IocjefoBaTeNn-
HOCTb, a 3TO HENOCPeACTBEHHO BhITeKaeT H3 HeOOXOJHMOI0 yCJOBHA
cxoaumocTn HexogHoro psina (1.61). Teopema Pumana noka3aHa.

3amMeuyanne. Anajoruuno MOXHO 60O GH M0Ka3aTbh, YTO €CHH
pAL CXOIMTCA YCJOBHO, TO €ro 4jeHbl MOXHO [epecTaBHUTb TakK, 4YTO
N0CJae0BaTe/NLHOCTh YaCTHYHHX CyMM npeoGpasoBaHHOro psiga 6yner
GeckoHeyHO GOJBIIOH IOC/HEN0BaTeNILHOCTHIO, BCE 3JIeMEHTH KOTOpPOH,
HauHHasl ¢ ‘HEKOTOpPOro HOMepa, MOJIOXKHTEJNbHH (COOTBETCTBEHHO OT-
pHUATeJbHB). ,

3. O nepecraHoBKe 4jicHOB aGCOJIOTHO cxoasuierocs paga. B mnpe-
ALJyHieM IYHKTe MBI JOKa3aJsH, 4TO YCJIOBHO CXOASIMIHECH psal He 06-
JlajiaeT TlepeMeCTHTeJbHBHIM CBOACTBOM. [lokaxKeM, 4TO MJs1 BCSAKOIrO
abCOJIOTHO CXOAsillerocsi psfa CHpaBelJIHBO IlepPeMeCTHTeJNbHOe CBOfi-
CTBO. :

Teopema 1.11 (teopema Kommu). Ecau dannsui pad cxodurca
a6cotoTHo, TO 41060l pAOd, NOAYHeHHbLE U3 QAHHO20 NOCPedCTE8OM He-
KOTOpOL nepecTarosKiu 4AEHO8, TAKXe CX00urcs abCOAIOTHO U umeer
TY e CYymmy, 4ro u Oannold pad.
© HdoxkasareascTBo. Ilycrs psin-

w

¥ 4 (1.64)

k=

CXOAHUTC abCoMIOTHO H cyMMa psina paBHa S. Ilycts, nadee,

Zuk (1.65)
k=1
‘pan, nonyuenHwit u3 pspa (1.64) mocpencrBoM HekOTOpOH mepecra-
HOBKH 4JeHOB. Tpebyercs nokasathb, uto: 1) psa (1.65) cxomurtes u
HMeeT cymmy, paBHylo S; 2) psx (1.65) cxoamtcs a6coatorno. Joka-
XKem cHavana 1), Hocrarouno mgokasath, uTo Ans jgwo6oro £>0 Haii-
nercsi Homep N Takofi, uto npu n>N

| f:u,;-—sl<e. (1.66)
k=1

19 Tak Kak MH 106aBJisieM B HAHHYK TPYIly YleHH POBHO A0 TeX NOP, MOKA
o0las cymMMa «He nepeHer» uepes uHcao L.

2 3ax. 25



34 Ia. 1. Uncnoswe paaw

®ukcupyem npousBoipHOe €>>0. Tak kak pazx (1.64) cxoaurcst ab-
COJIIOTHO M HMeeT CyMMY, PaBHYIO S, TO AJis BeIGpaHHOro £>0 MOXHO
ykas3aTr HoMep N, Takofi, 4To 6yayT crnipaBeaJUBH HEpaBeHCTBA

Notp

Z |uk[<—;— (p — moboe HatypanbHOoe umciao) (1.67)
E=No+1

N,

11)
‘Euk—8l<% . (1.68)
k=1

BriGepem Tenepp HoMep N cTosb 60JBILAM, YTOOH JO6asi 9acTHY-
Has cymMma S,’ psaaa (1.65) c HomepoM n, mpeBocxomsimum N, co-
JepxKaJsa Bce nepBue Ny wieHoB psga (1.64) 12,

Ouennm pasHocTh, crosl(ylo B neBo#t wactH (1.66), u Odokaxewm,
uro npu n>N asas 3T0#f pa3HOCTH cnpaBemyHBO HepaBeHcTBO (1.66).
B camoM nene, yka3aHHYIO pPa3HOCTh MOXHO INpPeJCTaBHTh B BHAE

Ne

n n No
Z u,;——Sz(Z Up — Xuk) +():uk—S), (1.69)
=1 e

k=1 k=1

Tak kak MOAyJb CyMMB IByX BEeJHYHH He NPEBOCXOJHT CYMMH HX
monyJaei, To u3 (1.69) moayuum

’:v_”;‘3|<’n2 ué—ﬁuk|+;§uk~.s|. (1.70y
k=1 k=1 k=1 =1

W3 nepaBencrs (1.68) u (1.70) oueBumno, uTO AJISI JOKa3aTeJbCT-
Ba HepaBeHcTBa (1.66) mocrarouno gokasarts, uto npu n>N

n N,
|E u;—Euk|<—;-.- (1.71)
k=1 k=1

Has pokasatenscrBa HepaBeHnctBa (1.71) saMeTuM, uto npu n>N
nepBast H3 CyMM, CTOSIIIHX B €ro JieBoH 4acTH, cOlepKHT Bce Ny mep-
BHIX ujeHOB psjga (1.64). BerencTBre 5TOro pasHocTh

‘ zn: Up— % U (1.72)
k=1

k=1

'Y Homep N, B mepasenctBax (1.67) H (1.68) MOXKHO B3ATb OZHH M TOT Xe.
B camoM jgese, mpexBapHTEJbHO 3aMHCAB YKa3aHHHe [JBa HepaBeHCTBA C DA3HHMH
HoMepaMH Ny, MH 3aTeM MOKeM B3fiTb HauGOJbLIHA M3 ABYX HOoMepoB No.

12) Takoli momep N BHOpaTh MOXHO, H6O psiA (1.65) monyuaercs M3 pagza (1.64)
MOCPeCTBOM HEKOTOPOH IEPecTAHOBKH 4JIEHOB.
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npeacTaBiasier cobofi cymmy n—No uneHoB psama (1.64) c noMepamm,
xaxosll u3 xoropbix npesocxoour N,

Ecau BH6paTh HAaTypaabHOE p CTOAb GOJBIIEM, YTOGH HOMEp No+
+p npeBocxosus HOMepa Bcex n—Ny UJEHOB TOJNBKO YTO YyKas3aHHOIl
CyMMH, TO aas pasHocTH (1.72) Bo BCAKOM ciyuae cupaBemIHBO He-
paBeHCTBO

no N, Noytp
'Zuk— Zuk|< Z lu, |, (1.73)
=1 Pyg p=Not1

W3z nepasencts (1.73) u (1.67) BoiTekaer HepaBenctBo (1.71). Tem
caMbIM JoKa3aHo HepaBeHcTBo (1.66), T. e. Aokasauo, uto psij (1.65)
CXONHTCS H MMeeT cyMMmy, paBHylo S. Ocraercsi A0KasaTb yTBepxie-
Hue 2) o rtom, uro psg (1.65) cxomutcs aGeomorno. Jlokasartennct-
BO 3TOrO YTBeDXKJEHHSl ClelyeT H3 yTBepXkJeHHs 1), ecaum ero npH-
MEHHTH K pAfam

Y lul m Z|u,;|. (1.74)

k=1 =1

Ilpn sTOM MH JOKaxKeM CXOAHMMOCTHL Broporo H3 psajgos (1.74), 1. e.
HoKaxKkeM a6conioTHyo cxogumocth psiia (1.65). Teopema 1.11 moa-
HOCTBIO JOKa3aHa.

§ 4. MTPU3HAKH CXOJUMOCTH NPOU3BOJIbHDLIX
PANOB

B § 2 MB ycrTaHOBUJIHM psin NPH3HAKOB CXOAMMOCTH IJIsl PSILOB C
HEOTpHLATEJNbHBIMH YieHaMH. 3jech MH H3YyYHM BOIPOC O NpH3HA-
Kax CXO[HUMOCTH MJisi PSIiOB ¢ wieHaMu JiobGoro 3Haka. Mrak, mycTs

; u (1.75)
x"

PAN, 4leHBl KOTOPOIO HMeT KaKHe yroAHO 3Hakd. [lpexne Bcero
3aMeTHM, UYTO JJIsl YCTaHOBJeHHs abCONIOTHOH CXOJHMOCTH 3TOrO pi-
ZJa, T. €. JAJS YCTaHOBJEHHS CXOJHMOCTH psla C NOJOXKHTeJbHHMH
yjJeHaMH

Y 1wl (1.76)
k=1

MOKHO NPHMEHHThH JI00OK H3 mpusuakoB § 2 (mpusnak Hanambepa,
Komn, Paa6e uawm wrrerpa/ipHblfi npusnak). OJIHAKO HH OJMH H3 yKa-
33aHHBIX NMPH3HAKOB He /[aeT BO3MOMHOCTH BHISICHHTHL 60Jjiee TOHKHI
Bonpoc 06 yCaoBHOR cxoaumoctH paxa (1.75) 19,

13) 3amereM, uro npHsmakd [lasamGepa M KowlH MOXHO MPHMEHATb AJs ycTa-
HOBJICHHT PaCXOLZHMOCTH psfa ¢ uieHaMH Jlo6oro 3aHaxka (1.75). B ca-

21:
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Huxe Mul 4 3aiiMeMcs oThicKaHHeM 6oJiee TOHKMX IPH3HAKOB, IIO-
3BOJISIIOIMX YCTaHaBJIHBaTh CXOAHMOCTb pana (1.75) u B Tex cayda-
AX, KOrjla 3TOT pAJ He ABJAAeTCH a6CONIOTHO CXOAAMHMCH.

HauHem paccMoTpeHne ¢ BHIBOJAA OJHOTO BaXHOro TOXJAECTBa,
npeacTaBifomero co60oil OCHOBHOH HHCTPYMEHT JJs YCTaHOBJIEHHS
hOpMYyIHpYEMBIX HHXKe NPH3HAKOB.

Yreepxaeunue. ycre {ur} u {ve} — d8e npoussoasrbie nocae-
dosareaprocTu, Sp=u,tust...Fur, n u p — d8a npousdsosvHolx HO-
sepa (n>0, Sy=0). Toeda cnpasedauso Toxdecrao

ntp ntp—1
Ul = z: Sk (vk_vk-i—l) + Sn+pvn+p_snvn+1’ . (177)
be=nd1 kentl

Hasviaemoe npeobpaszoeanuem Abeas.
Tak kak aaa Jo6oro k>1 cnpaBefsHBO PaBEHCTBO Up=S;—Sk_1,
To JieBoH dactd (1.77) MOXKHO NPHAATH BHA

ndp n-tp . ntp
E U, = X S, — X Se—10y. (1.78)
k=n+1 ke=nt1 A=n+1

B nocnennefi cymme npaso#i 9act (1.78) 3aMeHHM HHIEKC CyMMHpPO-
BaHuA k Ha k+1. B pesysnbrare nosyunm

n+p n+p n+p—1 n+p—1
2 ukvk = z Skvk— Z Skvk+1 = Z Sk (Uk—vk+1) +
k=n-41 k=n+1 T kw=n k=n+1

+ Sn+pvn+p - Snvn+1 .

Takum o6pa3om, Toxaecrso Abens (1.77) moxasaHo.

MOM JHeJsie, BCSKHIl pa3, korja npusHak [lanambepa unx KomH KOHCTaTHPyeT pacxo-
v}
AHMOCTb Dsfa H3 MOIyJ el Z lup|, k-t unen psipa (1.76) |ue| He cTpemmTcst

k=1
K HyMO npH k—>oo, T. e. pax (1.75) pacxozurcs. B kavectse mpHMepa ycTaHOBHM,
o

x \

q9To psj E k! (T) DPACXOXHTCs IJs JI0G0ro (UKCHPOBAHHOTO 3HAYEHHS X,
k=1

YIOBJIETBOPAIOLIEr0 HepaBeHcTBY |x|>e. OTMeTHM, UTO HemocpeicTBEHHasi MpOBEp-

Ka TOro, YTO k-H ujed paccMaTpHBaeMoro psila He CTPEMHTCS K HYJIO NpH k—»oo,

siBJISIeTCs 3aTPYAHMTeJbHON. [IpHMEHHM K paccmaTpHBaemoMy psay mnpusuak [Ja-

lak_*_l‘
nambepa. OGosHauyas k-ii uJeH ITOrO psAAa yepe3 ar, GyAeM HMeTb —Ia—l~=
k
x| el kg
= % » OTKyA2 lim ——— = ——">1. PacxozuMocTb psifia JOKa3aHa.
e

(1_*_%) ko |ag|
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Onpenenenue 1. IlocaedosareavHocro {v:} Hazosem nocae-
008ATEALHOCTHIO € OZPAHULCHHOM USMECHEHUE M, ec-
au cxodurcsa pad

Z |Upt1— 0 [ (1.79)

k=l

OueBHAHO caenyiouiee

YrBepxaenune 2. Bcakas nocaedosareabHoCTo ¢ 02paHUH4EHr~
HbLM UBMEHEHUEM ABARETCA cX00Aujelics.

B camoMm gene, u3 cxoauMmocTH psiia u3 MoAyaefi (1.79) BuTekaer
CXOMHMOCTh psifia 6e3 MoayJaeh

¥ [oi— vy (1.80)

k=1

OGosnauns cyMmy psiza (1.80) uepes S, a n-10 yacTHUHYIO CYMMY
370r0 psiia uepe3 S, H YUHTHIBAS, YTO Sp,=U,+;—U;, [OJYyuaeM, 4TO
limy,=limuv,;, cymectByer u paBen S+v,. 10 03HAYaeT, UTO IO+

n—»cw n—o

cenoBaTeNbHOCTD {Uz} CXOMHTCS K npeneny S+uj.
Teopema 1.12 (nepBuii npusnak AGens). Ecau pad

f: uy (1.81)

keal

obaadaer 0zpaHU4eHHOU ROCAEO06ATEALHOCTbIO YACTUHHbIX CYMM, i
{vr} npedcrasaser coboii noCAe008ATEALHOCT ¢ 02DAHUYEHHBIM UM~
Henuem, cx00AuYIoca K HYAt0, TO pad

i Uy, (1.82)

cxodurcsa.

HoxasateabctBo. ITo ycnoBuio cymecrByer uncio M>0 Ta-
KOe, uTO MOCJefOBaTeJbHOCTh YacTHUHHX cymMm {S.} psaga (1.81)
yIOBJeTBOPsieT yciaoBH |S,| <M. ~

@ukcupyem npousBosibHoe >0 K no Hemy Homep N Takofl, uTo
npu n>N ¥ 111 m06GOro HaTypPaJbHOrO p CHpPaBeAJHBH HepaBEHCTBA

(1.83)
n+p—1
Y 1o (1.84)
han+1

(3nech MB BOCHOJIL30BAJHCE CXOAMMOCTBIO K HYJIO mocJeoBaTebs
HOCTH {vux} M cxoauMoctbio psiga (1.79)).
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B cuay roxpgecrBa Abenst (1.77) u B CHJIy TOrO, YTO MOAYJb CyM-
MBI Tpex BeJHUYHH He NPEBOCXOZHT CYMMYy HX MOJAyJeH, noJydaeM

n+p n+p—1

| ¥ wo<| L Se@e—terd| + 1Sutol - [Cwtol + ISl [0nal-
k=n-+1 k=n+1

Tax kax nas BCeX HOMEPOB n CHpaBelJIHBO HepaBeHCTBO |S,|<
<M, 10

ntp n+p—1
| § w0 KM Y 10— 0] + MUy | +Mlvar, .
k=xn+1 k=n-1

Conocrasisin nocaensee nepasenctBo ¢ (1.83) u (1.84), moayua-
eM, uTo TpH Bcex n>N H 1js 11060ro HATYPaALHOIO p
ntp
y ukvk'<e, (1.85)

kman 1

a 370 M o3Hauaer, 4to psia (1.82) cxoamrcs (B cuay kputepus Ko-
). Teopema 1.12 nokasana.

Teopema 1.13 (Bropo# nmpusuak Abenst). Ecau pad (1.81) cxo-
durcs, a {v:} npedcrasaner cob0li cOBePULEHHO NPOU3BOALHYIO NOCAE-
d0o8aTeAbHOCT € OepaHuteHHolM usmenenuem, 10 pad (1.82) cxo-
durcs.

HokasateanctBo. Tak Kak cxoasmuiics psg (1.81) 3aseno-
Mo obJiaaeT OTPAHHUEHHOH IOC/IEAOBATENbHOCTHIO YACTHUHBIX CYMM
{S.}, To cymecrByer nocrosiunass M>0 Takas, uto |S,|<M mas
BCEX HOMEpOB n,

O6o3naunM cymmy psiza (1.81) uepes S, a npezen mocsienosa-
TeJbHOCTH {v:} uepe3 v. Torga MOXKHO YTBEDXKAaTh, UTO KaxkJOe H3
npousBesennil {Spvn} v {SpUn+1} cxomMTCH NPH n—00 K mpegenay S-v,
a MOTOMY KaxXZIas H3 NOoc/AeoBaTeNbHOCTeH

{Szva—Sv} u {S,vnn1—Sv} (1.86)

ABJsieTcst 6eCKOHeUHO MaJoH.

YuuteBast 370 H cxofuMocTh psisa (1.79) u QHKCHPYS NPOH3BOJL-
Hoe ¢>0, Mbl maiinem Homep N Takofi, yTo npH Bcex n>N H aas Jio-
60ro HaTypaJbHOIO p

ntp—1

[Suta=—S0] < 1 [Sitwir—S0l< 2, Y] o= vl < o
: k=n+tl1
(1.87)

HepasencrBa (1.87), ouenka |S,|<M u toxnecrso Abeas (1.77),
nepenucaHHoe B BHIE
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n+-p n+4-p—1
z Uyl = Z Sp (Uk“’vk-h) + [er+pvn+p“'sv] + [SU-—S,,U,,.H],
Lt k==n-+1

[O3BOJIAIOT HAM YTBepXAaTh CIPaBeJJIHBOCTh, HepaBeHcTBa (1.85)
(mpu Bcex n>N u ans a6oro HaTypalpHOro p). B cuany Kpurepus
Kouwrn Teopema 1.13 pokasaxa.

CanepncrBue 1 3 teopeMus 1.12 (nmpusnak [lupuxine —
A6ens). Ecau pad (1.81) obaadaer oeparudennod nocaedosarenbs
HOCTbt0 4acTudHoty cymm, a {vi} npedcrasaser coboil Heso3pacraio-
Wy nocaedosareAbHoCTb, cx00auyoca K Hyao, to pad (1.82) cxo-
ourcs.

JlocTaToyHO 3aMeTHTh, YTO HEBO3pacTallaf CXOAAMIascs K HyJI0
N0C/1eJ0BATeJNbHOCTh SBJSETCS MNOCJEA0BAaTeJBbHOCTbIO € OTPaHHUeHs
HHIM H3MeHeHHeM, 0O HJIi Hee n-s1 yacTHuUHaA cymMa S, pafa (1.79)
paBHA U;—U,+; H HMeEeT IpefeJl, paBHB U).

Uro6u chopMynHpoBaTh eiue OAHO CJEeACTBHe H3 TeopeMbl 1,12
BBeleM NoHsATHe pAfla Jieli6uH 1 a.

Onpeneneune 2. Hasogem psd anakouepedyrouwumcai,
€cAu 8Ce €20 HAeHbL C HEYETHLIMU HOMEPAMU NOAOHUTEAbHObL, A B8Ce
YACHBL C YETHLIMU HOMEPAMI OTPUYATEALHDL.

Onpenenenue 3. Inaxkouepedyowuica psd, MoOyau 4aeHo8
KOTOpO2o 06pasytoT He803PACTAIOWYIO CXO0AUYIOCA K HYAIO ROCAEO0-
8aTEALHOCTL, Ha3o8em padom Jeid€rnuya. .

CnemcrBue 2 u3 teopemus 1.12 (npusnaku JleiiGHuua),
Beakuii pso Jled6rnuya cxodurcs.

B camom zene, Besikuit psin JIelGHHua MOXKHO 3afiucaTb B BHIe

o0
Z (— 1)y vy=0,—0v,+vg—0,+ ..., (1.88)

Rmal

rie {v.} — HeBo3pacTawIuasi CXOAAIAACH K HyJIO IIOCJAeJOBaTesbe
Hocte (Bce vx>0). Takofi psj npeicraBisieT cOGOH HacTHRIH ciyuad
psana (1.82) mpu ur=(—1)*"! ¢ pagom (1.81), obaagaiouuM orpaHu-
YeHHOH MOCJeN0BAaTEJbHOCTHI0 YaCTHYHHEIX cyMM 'Y, B TtakoM cayuae
CnpaBelJJIHBOCTh, NpH3HaKa JlefiGHHua BHITEKaeT H3 yXKe JOKa3aHHO-
ro sipusnaka Mupuxne — AGens (caezctBHst 1 u3 teopemur 1.12).

3ameuanne. Jlerko y6eauTsCsi B TOM, YTO IJISi NPOH3BOJBLHOIO
psiza Jlefi6uuuna (1.88) nociemoBarenbHOCTh {Son} YACTHUHEIX CyMM
C YeTHHIMH HOMepaMH sBJsieTcsi HeyOuBalwoulefl, a nocjefoBarelib-
HOCTB {Sp,-;} YACTHYHBIX CYMM C HeYeTHHIMH HOMEDAMH SBJISICTCS Hee
Bo3pacrampiuefl. OTciona H U3 3ameyanus 3 K teopeme 3.15 u. 1 BhiTE.
Kaer, uto cymMMa S psaga Jlei6uuua (1.88) gns so6Goro HOMepa 1
YAOBJIETBOPSIET HepaBeHCTBaM

Son<S<Son-1.

1) TlocnegoBaTensHOCTs S, vacTHUHHX cyMM psaga (1.81) ¢ uneHaMH  ur=
=(—1)*~1 ymeer B 1, 0, 1, O, ....
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Tak Kak Ssn—1—S2n=0spn, TO KaXKHAasi U3 CyMM Sy, H Sgn—1 OTKJIO-
HeTcs or S He GoJee YeM Ha Up,. OTCIOLa M H3 TOrO, 4TO Ugp—1>
>Usn, BBITEKaeT, YTO AJs JN06Oro HoMepa n ClpaBeAJIHBa OIlleHKa
[Sa—S|<uv,. 3ra OlleHKa HrpaeT BaXHYIO poJb A npﬂﬁJlH)KeHHoro
BHIYHCJIEHHAsT CyMMbl psijga Jlelibuunma ¢ HOMOIUBIO €ro  YacTHYHOM
CyMMB!,

. Ilpuwmepn. 1°. Beune ¢ nomompo ¢opmyis MaknopeHa Ajas
dyakuud In(1+x) MB yXKe IoKa3aau CXOAHMOCTb psiga

1 1 1 1 1
1-—7+T—'T+ +W—E+

3aMeTHM, 4TO CXOAMMOCTb 3TOrO Psla Cpa3y BHTEKaeT M3 NPH3HA-
Ka Jlefibuuua.
2°. M3yuum BONPOC O CXOAHMOCTH psilia

1 2 1 1 2 1 1 2
1+T__3_+—4—+?—T+'”+ %32 +3k—l E—f—

p
3tor psin sBasiercst psigoM Bupa (1.82) mpu U= uy=1, ug=

=1, uz=-2, w=1, us=1, us=-2,...

Jlerko BHAETh, UTO NOCJAENOBATENBHOCTH YACTHYHBIX CYMM psija
(1.81) ¢ rakumu u, umeer BuHm 1, 2,0, 1, 2,0, ..., 7. e. sABIAsEeTCH
OTpaHHYEHHOH. '

Tak kak nocnegoBaTenbHOcTh {1/k} He BO3pacTaer M CXOIHTCH K
HyJIO, TO HCCAefyeMblii psii CXOLMTCSL MNO mnpu3Haky Jlupuxmae —
AbGeas.

o cos kx
3°. BeisicHHM BONPOC O CXOZHMOCTH psiga 2 . rge x — He-

k=1
KOoTOpoe (HKCHPOBaHHO® BeiuecTseHHOe uyHCJO. Iloab3ysick 0603Haue-

1
HHsAMH TeopeMH 1.13, novioKHM up=cos kx, U =" OuerHuM nocie-
- ]

IoBaTeJbHOCTh HacTHUHHX cymm {S,} psna Z Uy IlockoabKy add
=]

Jao6oro HOMepa R
sin (k+ —I—) x— sin (k—— L) x =2 sin = cos kx,
2 2 2

TO, CYMMHPYS 3TO COOTHOLIeHHE 1o 2 oT | 10 n, NOJy4nM

n
. 1 . X . X . X
sin{n+ — x—sm—=2sm—zcoskx=28 sin —.
( + 2) 2 2 " 2
=1
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Orcroaa
. I\ LX
s _ sin (nA+—2—)x—sm——2
n Co.x
2sm7

Takum obpasom, ans Jw0Goro x, He KpaTHOTrO 21, Nocien0Ba-
TeJBHOCTH YaCTHUHHX cyMM {S,} orpannuena:

1

|Sp | < ———.
‘n X :
X

)

Mo Teopeme 1.13 paccmarpusaemeiii pad cxodurca 0aa  a06020
BHA4EHU X, HEe KPaTHO20 2m. Ecnm Xe x KpatHo 2m, TO paccmarpu-
BaeMbl{i psig npeBpallaeTcs B rapmommecxnn H, KaK J0Ka3aHO BHI-
ule, pacxoauTcs.

§ 5. APHOMETHYECKHE ONEPALIHH HAJ
CXOAAUIUMHUCS PAAAMH

B srom maparpade MBH paccMOTPHM BONPOC O BO3MOXKHOCTH IO-
YJIEHHOTO CJIOXEHHS! H [epeMHOXEeHHs CXOAAIINXCH PSAOB.
<] o0

Teopema 1.14. Ecau 0sa pada Zuk u zvk cxo00arca " u
k=1 k=1
umewr cymmol, coorsercreenso pasuvle U u V, 10 u psod
o0

2 (1, £ v,) cxodurca u umeer cymmy, paswyio U+V.
E=1
Hoxkasza TENLCTBO. 0603Ha'-IHM n-e 4acTHYHBle CYMMBHI DSIOB

Z (g = 02), )_‘ uy, HZ U, . COOTBeTcTBeHHO uepe3 S, U, u V,,
k=1 k=1
Toraa, oueBuaHO, S, U +V,. Tak kak limU,=U, hmV =V, 710

n—-wo

corgacuo TeopeMam 3.9 m 3.10 u. 1 cymectByer npene.n limS,=

n—-wo
=U+ V. Teopema noka3aHa. ,
Takum ob6pasom, Ji00be cxoasiniHecs pAABE  MOMXHO IIOYJIEHHO
CKJIaAbIBaTE M BBIYHTaTh, Ilepexoasi- K BONPOCY O BO3MOXKHOCTH IIO-
YIEHHOrO NEPEMHOXKEHHS PSACB, AOKazeEM cneuyzomee yTBepK AeHHe.

Teopewma 1.15. Ecau dsa psda 2 u, u 2 v, cxodarca abco-

k=1 k=1
MOTHO U UMEIOT CYMMbL, COOTBETCTBexHo pasHoie U n V TO pad, co-
Crasaennsll us scex npoudeedenud euda upv; (k=l1, 2, ...; I=

=1, 2, ...), 3aHYMEPOBAHHBLIX 8 KAKOM Y200HO nopadKe, TAKKe CXO-
durcs abcortoTHO 1 €20 cymma pasna UV.
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HDokxaszareabctBo, Obo3uaunM uepes w;, Wy, Ws, ... HPOH3-
BeleHns Buaa urv: (k=1, 2, ...; [=1, 2, ...), 3auymepoBaHHEe B
D

KakoM yroguo nopsake. JloKaxkem, uTo psan 2 |wy| cxomurcs.
i=1

Iycts S, — n-s yactuuHas cymma 3toro psina. Cymma S, COCTOHT H3

uyneHOB BHAa |u4xU:|. Cpeaun uHAEKCOB B W ! TaKHX yJeHOB, BXOASLIMX

B CymMMy S, HaiifieM Hau60ab W HH HHAEKC, KOTOPHIH MbI 0603Ha-

unM yepes m. Toraa

Se< (|| H | ... um|) (01| F oo | +. .. F|vm|).  (1.89)
B npagoit wactr HepaBencTBa (1.89) crour mpousmeneHue m-x ua-

CTHYHBIX CYMM pPSJ0B 2 |ug] u Z |vg]. B cuay cxoauMocTH yKa-
k=1 k=1

34aHHBIX PSIAOB C HEOTPHUATEJIbHHIMH YjeHaMM BCe HX YacTHYHbIE CyM-

MH (a c/ieaoBaTelbHO, H HX HpOH3BeneHue) orpanuyenbl. [lostomy

OrpaHHYeHa W IIOCJEAOBATENbHOCTb 4YacTHUHHX cyMMm {S,}, a 310 RO-

o]
Ka3bhlBaeT CXOQHMOCTb pfla Z |@;|, T. e. abCONIOTHYIO CXOAHMOCTD
i=1

o0
psia Z w;.
i=l1
OcraeTcs noKasaThb, YTO NOCJTENHHH s HMeeT CyMMY S, paBHYIO
UV. Tak Kak 3TOT paj CXoQuTcs abCOJIOTHO, TO B CHJIY Teope-
Mu 1.11 ero cymma S He 3aBHCHT OT NOPSAKa, B KOTOPOM MBI €r0 CyM-
Mupyem. Kakyro 6bi MBl HH B3sJIH NOCJE€N0BATENBHOCTb (HJH IIOAMNO-
CJIefI0BATEAbHOCTD ') HAaCTHYHRX CYyMM 3TOr0 psiga, OHa CXOZHMTCA K
o0

uncay S. Ho B takom caysae cymma S psaa Z W; 3aBeAOMO paB-
i=1

Ha UV, Tak KaKk HMEHHO K 3TOMY YHCJY CXOAHTCS NOANOCJEA0BATENb=

HocTb W,n 4acCTHYHHX CyMM 3TOro psiia BHAA

W= (u1+u2+. . .+um) (Ul+02+. . .+Um) .

Teopema aoxa3saxa.

® © )
ITpon3Benenne psinos Z u, u Z U, IJ8 MHOTHX LeJell yao6-
[ =l
HO 3alHCHIBATb B CHENHAJbHOM BHJE:

(i uk) (ﬁ vk) =u, + oyt ugv) + oo (Ut Ul + L
k=1

k=1

R R AL SR
15) CuM. yrsepxpente 1°m 1 §3 ra. 3 u. 1.
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Teopema 1.16 (teopema Meprenca'®), Pad, noaytennoili ne-
pemuoxcenuen 08yx pAOO8 YKA3AHKBIM CREYUAALHGIM  CROCOGOM,
cx00uTCa K npoudsederuro cymm nepemnoxaemolx pados 8 cayuae,
Ko20a o0um u3 nepemnoxcaemeix pados CcxoOUTCs aBGCOAIOTHO, A
Opyeoti — cxodurca xoTa 6sL ycaosHo.

o0

HyCTb, Hanpumep, psan Zuk CXOOHuTCHA aﬁCOJIIOTHO, a pan
k==1

ka cxogutesd xotss Gbl ycnoBHo. OGo3HayHM  n-€ YacTHYHHIE
k=1

CYMMBl YKa3aHHBIX PALOB cooTBercTBeHHO yepes U, u V,, a HX
cymmpl coorBercTBeHHO yeped U u V. Ilonoxum

Wn=U1UpFUsUp_1+...FTULY,
Wo.=w+wy+...+w,.

HocraroyHo pokasats, uro lim W,=UV. DaemeHTapHO mnpoBepse

N—+®

ercs, 4to Wy=wuV,+uVueyt+.. Fu, Vi

B cuny cxommmocTr psna Zv,, ero ocratok op,=V-—V, sB«
k=l
Jaserca OeCKoOHeYHO MaJIoH, a cjenoBaTeNbHO, H OTPAHHUEHHOH NO-
CNe0BaTEeNbHOCTbIO, T. €, CYILeCTByeT moctosHHads M rtakasi, 4TO
|an | <M ans Bcex HOMepOB n. 3aMeTHM, 4TO

We=u(V—oy,)tus(V—op—1)+.. . tu, (V—a1)=U,V—Bn,
raoe ﬁn—ulan+u2an_l+ Aupa;.

Tak kak lim U,=U, To pgocratouyno AOKasaTb, YTO nocJenoBa-
n—->@

TeNbHOCTh {Pn} siBAsiercs GeckoHeuHo Masod. Tak Kak psn Z Uy
cxXoAHTCs aGcoJioTHO, To, HKCHpoBaB nponsBosbHOe £>0, HalizeM
O

o 14
[JIs HEero Takoil HOMep m, 4TO X lu, | < TR Kpome TorO,

k=m-+1
MOXKHO YyTBE€pXKIaTth CYUlleCTBOBaHHe [IOCTOSIHHOH M1 TaKOfI, 4YToO
n

lup| < M, ZLns moboro HoMepa 1.

hﬂl
[TpencraBuB Tenepb fp, B BUIe CYMMB ABYX CYMM

Brn=[tiant.. .t tmont1—m]Hitmt10n-m+. . Alnay]

H BuIGpaB N0 HaHIEHHOMY HOMeEpY M HOMEp n; HacTOJbKO GOJlbe

16) Meptenc ®pany Kapn Flosedp — unemeuxul maremaTHx (1840—1927).
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8
muM, yro |o, ] < e OpH R>mi—m (3T0 MOXHO cAeaaTh B CH-
1

Jay GecKOHeuHOH ManocTH {Qn}), C IOMOIIBIO YeTHpeX HEpaBEeHCTB

Y E|uk|<M1, |2l S Mn oyl <
kwmm1 [,
(npu R > n,—m)

2M1

y6eanMcs B TOM, UTO NIPH 7> Ka¥jasi KBaJpaTHas CKoOKa B BHI-
paxeHHH AJs B,. no MoAyJI0 MeHblle yucaa g/2. Orcioga caenyer,
uto |Bn|<e mpu a>n;. B cuny npousBossHOCcTH £>0 chopmysan-
pOBaHHOE yTBEPXKAEeHHEe NOKa3aHo.

o o0
3ameuanue B cayuae, ecan paau z u, H E v, 06a cX0«
ket k=

HASITCSL TOJBKO YCJIOBHO, NOWIEHHOE MePEeMHOMKEHHE 3THX PAJOB Xa-
)Ke yKa3aHHHEIM chelunaJbHBIM CNOCo60M NPHBOAHT, Boo6lle roBopf,
K pacxoaslieMycsi paay.

oo -]
IlocraTouHo B KauectBe KaXAOro H3 pPSAIOB Zu,, H 2 Uy
feml P}

B3ATh YCJOBHO cxXojsiiuiicds (mo npusHaky Jleit6uuma) psan
(__l)k'l
Vi

k=1

JieHHble BHIIUEe BE&JHUHHBI W, HMEIOT BHI

H y6e11mbcs{ B TOM, YTO AJIsI TAKHX DPALOB ompene«

+

an= (0= [ty o )

Tak Kak B QHUrypHBIX CKOOKaX CTOHT 7 NMOJOXHTEJbHHX clarae-
MBIX, KaXXJ0€ H3 KOTOPbIX He MeHblue yncaa l/n, o |w,|>1, a ato
O3Hauaer, YTO HapylleHO HeoOXOAHMOe YCJIOBHE CXOAHMOCTH psjia

o
Z W, — CTpeMJIeHHe K HYJIIO €0 n-ro uJjeHa.

fN=al

§ 6. BECKOHEYHBIE NPOH3BENEHHA

1. OcHoBHbie NoHsiTHA. K NOHATHIO YHCJAOBOrO psija GJH3KO NpH-
MEIKaeT noHsATHE GEeCKOHEUYHOrO0 YHCJIOBOTO NMpPOH3BeJe-
HHsa. [lycrp 7naHa GecKoHeyHasi YHCJAOBasi IOCJHEA0BATENBHOCTD
vy, Uy ..., U, .... 3anucasdHoe (opMalbHO BhIpaXKE€HHE BHAA

OO0 -V ... =[]0 (1.90)
k=1
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PUHSATO Ha3biBaTb 6 eCKOHEUYHHM NpoH3BeAeHHeM Oriels-
Hbie 2JIEMEeHTHl U, NMPHHATO Ha3bBaTh YJE€HAaMH JaHHoro OGeckoHed-
Horo npousBeneHHuA. [Ipon3BeneHue NepBHX 7 YJEHOB AaHHOro GeckKo-
HEYHOrO MPOH3BENEHHA MPHHATO HAa3HBATh A-M YACTHYHBIM M P O-
u3BengeHHneM U 0603HayaTb CHMBOJOM

n
Po=v,...v,=]]0.

ka=1

Beckoneunoe npousBepenne (1.90) Ha3wBawT CXOAAL[HMCH,
€CJIH MOCJeR0BaTeJbHOCTh YaCTHYHHIX NPOH3BeneHuit P, nMeer Koueu-
HBIH npepen P, oTAHYHHA!Y oT Hyasa B cayuae cxoauMocTH
6eckoreuyHoro nmpousBeaenus (1.90) ykaszauusit npeaen P nHa3wBaloOT
3HaYeHHeM 310r0 6eCKOHEUHOr0 NPOH3BEeJAEHHS H IH-
wWyT:

le—[Uk.

k=1

OTMeTHM, 4TO MOCJelHee PaBEHCTBO HMEeT CMBICH JHIIb AJf CXO-
Jsamerocsi GeckOHeYHOro NpousBeleHusi. SIcHO, uTo paccmorpenune Gee-
KOHEUHHIX NPOH3BEeJeHHH MO CyluecTBY mpeicTaBisier coGolt HOBYIO
$OpMy H3YueHHS UYHCJOBHIX MOCTIeJOBaTeJIbHOCTEH, HOO KaXAOMy AaH-
HOMY GecKOHEeUHOMY MPOH3BEJEeHHIO OJHO3HAaYHO COOTBETCTBYeT mocJe-
JIOBATEJIbHOCTh €r0 YACTHUHBIX NMPOH3BeJeHHH H KaXKAOH UYHCJIOBOH MO-
caepoBarenbHOCTH {Pr}, Bce 3€MeHTh! KOTOPOH OTJHUYHH OT HYJS, OA-
HO3HAYHO COOTBETCTBYeT GeCKOHEeUHOe NPOH3BeAeHHe, AJsI KOTOPOro
3Ta MNOCJIEA0BATENILHOCTb SIBJASIETCH MOCAEA0BAaTENbHOCTHIO YaCTHYHBIX
npousBefeHHi (JOCTATOYHO MOJOXKHTL YJeHH GeCKOHEYHOro MpPOH3Be-
IeHus PaBHBIMH Up=P,/Py_ upn &>1 u v;=P)).

Teopema 1.17. Heobxo0umetm ycaosuem cxoOumoctu GecKoHel-
#Ho2o npoussedenusn (1.90) sasaserca crTpemienue K edunuye e2n
k-20 urena npu k—oco.

HdokasateabctBo. [lycts GeckoHeunoe mnpouseenenne (1.90)
CXOINTCH M HMMeeT 3Hauende P, orsinuroe or Hyas. Toraa lim Pp_j=

ko

=1lim P, =P =£0. Ilockoabky vx=P:/Pr-1, T0o limy, cymecryer u
k> k> .

paBeH eJIHHHLE.

3aMeTHM, YTO Ha CXOLHMOCTh 6ECKOHEUHOTO MPOH3BeAEHHs He BJH-
fler ynaseHse JI060ro KOHEYHOTO YHCJa YJEHOB 3TOTO NMPOH3BENEHH:
(ecnn cpepu 3THX usieHOB HeT paBHEX HYyJ0)., ITockoabky Geckoneu-
HOe MNpOHW3BeJeHHe, Y KOTOPOro XorTs Obl OJHH uJieH paBeH HYJI CO-
TJIaCHO NPHHATOMY BhILIE ONMpele/eHHI0 CUATAETCS PacXoAsLlHMCs, 10

M Tor ¢akr, uto nmpu P=0 GeckomeiHOe MPOH3BEJNCHHE NDHHATO CYHTaTh pac-
XOAAMHAMES, XOTA H HOCHT YCJOBHBIH XapaxTeD, HO TMO3BOJNAET NPOBECTH -HMETKYIO
AHAJOTHIO MeXJY C¢XOAHMOCTbIO PSJ0B M GeCKOHEYHHX MPOH3BENEeHHI..
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Mbl B JaJjibHeHlleM BooOlLle HCKJAIOUHM H3 pacCMOTpeHHs OeCKOHeuHbie
NpoH3BeJeHHs, Y KOTOPHX XoTs Gbl OAHH YJIEH paBeH HYJIO.
ITpumepsn.

X X X x
€05 —— = C0S — COS—— ., . COS — . .. 1.91

2k 2 4 2k ( )
=1

(x — a06o0e PpuKCHpOBaHHOE YHCJIO).
HoxkaxewM, uro Geckoneunoe npoussegexne (1.91) mpu mo6om x7

IToacuuraeM r-e yacTHuHOE

Fnn CXOAHTCA H HUMEeT 3HayeHHe

Npon3BeieHHE

P, = cos—=cos—= . (1.92)
2 4

2]1

. X
YMHoxkasi o6e yacru (1.92) na Sin—— ¥ NOCAENOBATENLHO HCMOJL-

3ys (bopMy.ny IJIs CHHyca ABOHHOro yrsa sin2y=2sinycosy, nonay-
YUM

P,,sin~;—n=—21n—sinx.

U3 nocnepseir popmyan 18 umeem

x
sin x ( on )

x R
sin on

P,=

ITockoubKy BbIpaxeHHe B QHIYPHBIX CKOGKax CTPEMHTCS K eNHHHLE
IpH n—»co (B CHJIy NEPBOro 3aMeuaTes]bHOTO npejela), To lim P,

n—oo

X
. Tem campm A0Ka3aHo, UTo 6eckoHeyHoe

CyllecTBYeT H paBeH

nponsBelenne (1.91) cxopurcsi ¥ nMeeT 3HaueHue NpH J1060M
xFnn. A
-] -]
["[[ =nwﬂ=_l_._4_.i.i
k(k—I—I) J " 2' k(k+1) 2 3 3 4 7
(k— ) (k+2)

ko (k41 T (1.93)

18) Mu cumraeM, 4TO x;eo Ec:m x= 0 TO' BCE UJEHB (1 91) H ero 3HaueHne
P&BHH eJHHHLe.
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JokaxeMm, uro Geckoneuwoe npounssedenue (1.93) cxommrcs u
nMeer 3nauyenue 1/3. [logcuuTaeM uacTHYHOe npoH3BeAeHHe Pp:

p [ 2 38 ~(=bh [t 5 6 (2t 7]_
"—[2'3'4"' n Hs'4'5"' (n—}—l)]—
L n+2
T on 3 7

Takum o6pasom lim P,,=Iim—n;—2 cyulecTByer W paBen 1/3.

n—+»o n—»o

2. CpfA3b MEXKAY CXONHMOCTbI0O GECKOHEYHbIX MPOH3BENEHHH H ps-
nos. Ecan 6eckoHeyHoe npou3Bedenrne (1.90) cxoaurcd, 10 B CHAY
TeopeMul 1.17 Bce ero uieHnl U, HauHHAs C HEKOTOPOro HoMepa, ID-
JioxuTeabhH !9, [TockoabKy KOHEUHOE YHCJO NEPBHX 4YJEHOB BooOLie
He BJAHSAET HAa CXOQHUMOCTH OeCKOHeYHOro INpoH3BeAEeHHHA, TO NPH H3Y-
YeHUH BONpPOCa O CXOAMMOCTH GECKOHEeUHHIX NPOH3BeJeHHH MOXHO, He
OrpaHyduMBas OGLIHOCTH, PAacCMaTpWBaTh JHullL Takue OeckoneuHhie
TNPOH3BEJEHHS, Y KOTOPHIX BCE YJIEHK HOJOXKHTEJNbLHEL

Teopema 1.18. [Haa rozo urober GeckoHeuroe npoussedernue
{1.90) ¢ noaoxuresrvnoimu 4aenamu cxoduaocs, Heobxodumo u docra-
TOYHO, 4T06b6L CX00UACA PAD

2.0 Inv,. (1.94)

k=1

B cayuae cxodumocru cymma S pada (1.94) u 3Ha4erue P npousse-
denus (1.90) caaszanst popmyaol

P=es, (1.95)

HokasarteanbcrtBo. Obosnauus uepes P, n-e yacTHYHOE IpO-
#u3BeAende Geckoneunoro npoussegenus (1.90), a uepes S, n-i0 ua-
<THUHYI0 cyMMy psga (1.94), Moxem 3amucarth:

S,=InP, P,=¢e,

B cuny HenmpepunlBHOCTH NOKasaTesbHOH GYHKUHH AJ5 BCeX 3Haue-
HHH apryMeHTa H HENpPepbIBHOCTH JOrapHQMHUuecKol OYHKUHH A
BceX MOJIOXKHTENLHHX 3HAUEHHH apryMeHta mocaegoBaTeNbHOCTL P,
CXOIHTCS TOrJa M TOJAbKO TOTAAa, KOrZa CXOAHTCA Sy, NPUYEM €CJH
1im S, =S, 1o lim P, = ¢€S. Teopema mokasaHa.

n—-x n—»wo . X
[Ipu uccienoBaHHW' HA CXOAMMOCTbH GECKOHEUHOrO MPOH3BEAEHHS
OKa3bIBAETCA O4YeHb yA0OHBIM IPEeACTaEUTh, €ro B BHIE

19) Tak Kax lim v, = {.

k>0
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ﬁ(1+uk)=(l+ul)(l+u,)...(1+u,,)'... (1.96)

k=]

ITpn 3TOM, KOHEUHO, B COOTBETCTBHH C NPHHSTHM BhILIe NPeANOJONKe-
HHeM 6yJeM CUHTaTh, YTO BCe up>—I.

Teopema 1.18 yTBepxZiaer, YTO BONPOC O CXOAHMOCTH MNpOH3Bene-
uusA (1.96) sxkBHBaseHTeH BOMpOCy O CXOAMMOCTH pAla

-]
Y In(l+uy). (1.97)
k-‘l

Tenepr MH MOXKeM J0oKa3aTb ellle OJHO YTBepXKAeHHe.

Teopema 1.19. Ecau sce up (no kpaiineii mepe Haqunas c He-
KOTOPO20 HOMEPA) COXPAHAOT OOUH U TOT dke 3HAK, TO OAR cx00uMO-
cry Geckoneurnoeo npoussedenus (1.96) neobxodumo u Oocrarouns,
urober cxoduacs pad

. (1.98)

k=1
HokaszateanbctBo. [lockoabky ycioBue limu,=0 sBaserca
k—wo

HeOOXOAMUMBIM H AJs cXoauMoCcTH psiza (1.98), u a1 cXomumocTH
npouspenenns (1.96), MOXKHO CUHTATh 3TO YCJAOBHE BHIOJHEHHHM KakK
OpH J0Ka3aTeJbCTBE HEOGXOAMMOCTH, TaK H IPH JOKa3aTeJbCTBe A0-
cratouyHocTH. Ho 3 yKa3aHnHOro yc/JIOBHS H H3 acHMITOTHUeCKOH (op-
MyJas 20

In(l4+y)=y+o(y)
BHITEKAET, UTO

lim o) (1.99)
k> o Up
i
' lim—%——=1. (1.100)

k> lﬂ(l +uk) -

[Tockonbky mo ycsaoBHIO TeopeMbl Bce ujeHsl psagoB (1.97) n
(1.98), naumHas ¢ HEKOTOPOro HOMeEpa, COXPAaHAIT OAHH M TOT XKe
3nak, ycaoBus (1.99) u (1.100) B cuay CAEACTBHS W3 TEOPEMLI
cpaBhenus 1.3 mosBoasior ytBepxkAarth, uro pan (1.98) cxomurcs
TOrga W TOJBKO TOrAa, Korda cxomutcs psia (1.97). Teopema noxa-
3aHa.

Tak xe, Kak W [Jsi PsiAoB, AJs1 GeCKOHEUHbIX NPOM3BeldeHHH BBO-
ASITCS TOHATHS a6CONIOTHON H ycHnoBHOHN cxoaumocredl. Bec-
KOHeyHoe mpousBefenue (1.96) Ha3mBaercs ab6COJNIOTHO CXO M-
HDIHMCS B TOM H TOJAbKO B TOM cCJyuae, KOrjla CXOAHTCS aGCOJIOTHO

20) Cu.m. 6§10 6 9. 1.
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psan (1.97). Teopemn Komwu 1.11 u Pumana 1.10 nosBoasiiorT 3aKiI1i0-
YHTh, YyTO aOCOJIIOTHO CXOAsilueecsl NPOH3BejleHHe obJajaer Mepeme-
CTHTENIbHLIM CBOHUCTBOM, B TO BpeMs KaK YCJOBHO CXOASILEECS IPOH3-
Be/leHHe 3aBeJOMO HM He ofJanaer.

Teopema 1.20. beckoneunoe npoussedenue (1.96) cxodurca ab-
COAIOTHO TO20a u TOABbKO TO20Q, K020a CX00UTCA ABCOAOTHO pAG
(1.98).

Has pokasaTenbcTBa 3Tofl TeopeMhl JOCTAaTOYHO JOKa3aTh, YTO

[~}

pan 2 |tx] cxoauTcs TOrAa W TOJABKO TOrAa, KOTZa CXOAHTCH PHAIL
k=1

w
Z [In(1 +u)|. 310 mocjesHee JETKO BHITEKAET H3 CYIIECTBOBA-
k=]

nusa npegeaos (1.99) u (1.100). Hderann paccyXkIeHHH npeioCTaBlIsi-
€M UHTATeJIo,

[Tpumepr. 1° M3 pacxomuMoctn rapMOHHYECKOTO psila H H3
Teopemsl 1.19 BelTeKaeT pacXoAdMOCTh CJAEAYIOIHX 6eCKOHEUHHX npo-

H3BeAEHHH:

]:[(1+—";)=(1+1)(1+%)(1+%)... (1+ ';T/

(1— k—:"l )=(1_%)(1__31_)”,(1_ lerl )

Jlerxo TMOHATH, YTO NEpBO€ H3 YKa3aHHBIX NPOU3BEAEHUH DPacCXOJHTCH
K -+oo, 2 BTOpO€ — K HYJIO.

2°. U3 Toii ke TeopeMb 1.19 u u3 cxommmoctn psida (1.33) mpu
a>>1 BHITEKaeT CXOJKMOCTb IPH o>1 CJAeAYIIHX GECKOHEYHHX HpO-
H3BeJeHH:

ﬁ(lfrf;\)=(1+1)(l+-;7) (1+ =) (1+7‘a—)

\

1 1 1 1
- — = —_—— — T e 1'— -_— o
[1 (k+1)“] (1 2“)(1 3% ) ( k“)
3°. PaccMoTprM GecKOHeuHoe NPOH3BEeLEHHe

xQ(l_ ) mr (1m 2 (1= ) s (1) -

(1.101)

=
Il
o

s

k

I

ar
T

s

k

N

x2
n2
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xK
1
Tak kax psa E—ki cxopuTesi, To B cuay TeopeM 1.19 u 1.20 Gec-
k=1
KoneuHoe mnpousBepeHue (1.101) cxoamtcs abconoTHo Aas Jwoboro
(DUKCHPOBAHHOrO 3HAYE€HHH x, oTamuHoro ot In (rme [=0, =1, ...).
B n. 3 Mu ZoKaxeM, uTO 3TO NPOH3BEJEHHE CXOJHTCH K 3HAYEHHiO

sinx. Tem cameiM Oyzer oGocHOBaHO pa3joxenHe (QyHKUMH Sinx B
HeckoHeyHOe NpoH3BeeHUe

a0
; x?
smx-xl—[(l— kw). (1.102)
k=1
4°. U3 pasnoxenns (1.102) ¢ nmomouibio COOTHOLIGHHS cosX =
sin2x
= 3JIeMeHTapHO [OJyYaeTcsl CJAeAylolee pasjoXKeHHe:

sin x

an

453 ’
COSX=n [1—m».

k=l

(1.103)

A6comioTHasi CXOAHMOCTb NPOH3BENEHHS, CTOSIIEr0 B NpaBOH ua-
<ty (1.103), ans Jo6oro x, OTAHYHONO OT %(21—1)0: 0,x1,...),

BoiTekaeT H3 TeopeM 1.19 n 1.20 n u3 cxoauMocTH psiia 2

k=l
5°. [lonaras B pasnoxennu (1.102) x= ?n, HOJNYUHM

1
(2k—T1)2°

@

2 LNy ARl (2E— D)
=TI w ) ==l (10

k==l k=1 k=1

M3 (1.104) nonyuaercs tak HaswmBaemas ¢opmMynaa Baunaau-

A [ 2 2 4 4 %
2 L (2R—1)(2k41) L 378 75 7T (2k—1) (k1)
(1.105)
ITyrem nHecnoxHuuix npeoGpasopanuii Gopmyay Bannnca MoxuO HpH-
BECTH K BHAY
= lim — [2”(“)' ]2_ (1.106)
2 hvo 2k 1 (2k)!

) Jxon Baaanc — anramickui Martemartx (1616—1703).
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[TepBonauanbuo ¢opmysny Baannca ucnonbsoBasm s NpubIH-
XEHHOTO BBIUMCJEHHA uHcaa 7. B Hacrosiniee BpeMsi A/l BBIUHCJICHHS
yhcJaa m CylnlecTBYIOT Gosee sdpdekruBHble Meroan. Popmyna Banuau-
ca kaK B Bufe (1.105), tak n B Buge (1.106) npexacrasiser uurepec
IJs pAifla TeOPeTHUYECKHX HCcaeloBaHHH 22),

3. Pasnoxenne ¢yHKUHH sinx B GecKOHeyHOe TMPOH3BENEHHE.
Jns yno6crBa paszobbem BeiBoa ¢opmyant (1.102) ma orhaeiabHuHe
3Talbl.

1) Ilycte m — n060e MOJNOKHTENbHOE HEYETHOE UHC-
Jdo: m==2n+1, [Ipexne Bcero Aokaxem, YTo AJsi JIOGO0 OTIHYHO-

ro or kn (k=0, %=1, ...) snHauenus 02® cnpasensnsa ¢opMysa
sinmb |— sin? 6 {1— sin? 0 1 — sin® 6
msin 6 N 2w |17 . an
sin® — sin® — sin? —
m m m
n:___'";‘ , (1.107)

Hans BeiBoga ¢opmyas (1.107) 6ynem ucxoauth u3 GOpMyJH
Myaspa 29 :
cos mB+i sin mB=(cos 8+isin 6)™,

PacnucbiBas npaByio yacTb 3To#t GopMmysne ¢ nmoMollblo GHHOMa
HeloToHa u cpaBHHBas MHHMBIE YacTH, MONYUHM

m(m—1) (m—2)
3!

sin m0 =m cos™—1 0 sin 60— cos™—30sin?0 4 ..,

YyuteiBas, yto m=2n+ 1, 6yaeM HMeTb

sin m0

—costnf) — {m—1D (m—2) cos—20sin20 ... (1.108)
msin@ 31

B npasoil wactu (1.108) Bce mokasate/n NPH KOCHHycax H CH-
Hycax ueTHble, TaK YTO €CJH 3aMeHHTb co0s?0 Ha 1—sin?f, TO
B npaBofl uactu (1.108) mosmyuurcs muozousen cTeneHu n OTHOCU-
Teavno sin?0. [losoxuB z=sin?0, o603HAYUM 3TOT MHOroOuJieH
cuMBoJioM F(z), a ero KOpHH CHMBOJaMH q, Oz, ..., Un. 1aK Kak

22) B 4acTHOCTH, OHa MOXeT OHTb HCHOJb30BaHAa [Js BHBOJAA TAK Ha3bBaeMOi
dopmyan Creparura (cM. § 6 ra. 7). Iaxemc CTHPJAHHAr — aHrMHACKHA MaTeMaTHK
(1692—1770).

23) B panbHefiueM Hac GyAyT MHTEpeCOBaTh 3HadenHs O JHMIUL H3 HHTEpBaJOB
0<|0| <.

%) 3ta ¢opMmysa NONyyaeTCsl H3 ONpENeNeHHs NPOH3BEJEHHS JBYX KOMIUIEKC-
HHX uHcen (X1, Y1) (%2, y2) = (XsXa—yiys, Xay2+Xx2ys) (cM. m. 1 § 3 ra. 8 u. 1).
B camoM sefe, c NOMOIIbIO 3TOr0 ONpeje/ieHHs, MO HHAYKIMH JIETKO YCTAHOBHTDL, UTO
(cos B, sinB)» = (cos n 6, sin n 0).
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npu 0—0 z=sin?0—0 u nesas yacts (1.108) cTpemHTCA K €ZHHH-
e, To MHOrouJen F(2) MOXHO NIPEACTaBHThL B BHJE

S =Fa=(1-%) (1==)(1=2)
msin® oy Oy an

OcraeTcs onmpeneauTh KOPHH @, o, @n. 3aMeYasi, 4YTO 3TH KODHH
COOTBETCTBYIOT HYJAM (QYHKUHH sin m0, nojyunm

@, =sin* X, g, =sin® X, ..., o, =sin? %
m m , m
Takum o6pasoM, ¢opmyaa (1.107) ycraHosJieHa.
"2) Honoxus B dopmyne (1.107) 6=— u cunras, uro 0<
m

<|x| <mm, npunazum sToit Gopmysae BUL

sin? ——
Sln x — l—[ m . ( 1 . 109)
m sm— sm2 e
m m

®ukcupyeMm Ji06oe (OTJIHYHOE OT HYJsA) 3HAYEHHE M BO3bMEM
IBa NPOH3BOJIBHEIX HaTypaJbHBIX YHCJA p H 1, YAOBJETBOPSIOUIHX

HepaBeHCTBaM 2—'%<p<n= i Torza dopmyay (1.109)

MOXHO 3alluCaTb B BHAE

L.ox
sin? —

14
sinx m '
____1‘[ I ——— | R, (), '(1.110)
m sm— k=1 sin? —
m m
roe
n sin? %
Ry=[]{1——7-) (1.111)
k=p+1 sin? T

l

Ilpexnae Bcero oueHdM Rp(x). ITockoabky 2'%<p< n=

__ m—1
g ' TO apryMeHTH BCeX CHHYCOB, CTOAUIMX B dopwmyse

(1.111), npunaznexar HHTEPBaJy (—.%. -;—) Kpome Toro, sc-

i
HO, uTO AJA BceX k, yuactBylommx B stoft Qopmyne, |¥|<—-
H, CJIEJOBATEJLHO,
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kn

sin'—;- sin? B : 1 1

0 L —_
< . kn < .o kn kn < 2

sin? —— sin® 4cos? —

. m im
k k k | S

TaK KaK —— < ——, T. €. — & 2= K nosToMy cos®—— >-—).

m 2 2m 4 2 2

Has mo6oro p u3 nutepBasta 0<B<<1/2 cnpaBemJHBH HepaBeHCTBa
1>1—>e-% 25, nostoMy IJs BCeX HOMEPOB R, NPeBOCXOASINHX P,

25in’im
SmZL B sin‘E
1>1———k—’"~>e m, (1.112)
sin? =
m

IlouneHno mnepemHoxas HepaBeHctBa (1.112), 3zanucanHme Jus

k=p+1, pt+2, ..., n, nOAyuYHM cieRyiOIyI0 OUEHKY ahs R,(x):
n
—2sint = —_ :
Mo _Hs,'nnﬂ.
1>Rp(x)>e =P m (1.113)
k -
Tak kKak aprymesr 2L nexuT B nepBOfl YeTBEPTH M IJs JIO-
m
o i 2 26)
6oro B H3 nepsoil werBepTH | > S?nﬂ =Z—
)’
1 1 m3 m3 1 1
km <(2)2(kn)2—4k=< 4 [k-—l k]'
sin? —— — —_—
m n m
TakuM o6Gpa3oM,
o 1 mox 1 1
._251an 2 S—in.ﬂ - -2—5"“7,2 2 [—k—l _?] s
e k==pt15in* — >e —=pi1 —e 2 m
25) [IpaBoe M3 3THX HEDABEHCTB 3EMEHTAPHO BHTEKAT H3 ¢dopmyan Makuo-
2
peHa: e—25=l_—2ﬂ+—(—g)—-—...<l—2$+25z<l—ﬂ. Tak Kak 2f3<p.
sin
2¢) 3tu HepaBeHCTBa BHITEKAIOT H3 TOro, UTO OTHOIIERHE NPH H3MeHe-
sin
Hun P ot 0 go m/2 y6usaer or 1 no 2/n. Pakr yOmBaHHA QyHKUHH BB B CBOIO

sin P ) cos B

_ouepefib BHTEKAeT W3 TOro, 4TO ( B = m (B—tgf)<<0 Bcogy Ha
) . / : .
uHTepBase 0<P<qn/2: :



54
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IMocnennee HepaBeHCTBO NO3BOJISIET CJAEAYIOLIHM 06pa3oM YCHJIHTh
oueHky (1.113):

me . X

I sine=—

I1>R,(x) >e * ™. (1.114)

3) Tenepr B ¢opmyne (1.110) ycrpeMuMm uncsao m K GecKOHeu-

~ HOCTH, OCTaBJsAs (bnxcuponaﬂﬂbmn 3HaquHe x u Homep p. [Ilo-

ckoiibKy lim msin—=x, limm? sin? 2% — = (km)?, TO CylIecTByeT

m—a m m—wo
o sinx
npenen geso#i wactH (1.110), paBHBIE ——, © npeles KOHEYHO-
p 4

X

p sin? — p
m “ x2
ro NpOH3BEAEHHUSA 1l —— |, paBublil 1 — .
. kn k2m?
k=1 sin? — k=1
m

JHanee GyaeM CuHTaTh, YTO NOCJHEIHHH INpexe] OTJIHYEH OT HYJHA,
TaK Kak, KOTAa OH paBeH HyJO, sin x=0 u passoxenue (1.102)
ycranoesaedo. Ho Torza cymecrsyer npeaen lim R,(x). OGosna-

m—w
4YHUM 3TOT Npepen uepes R,(x). M3 nepaBencrs (1.114), cnpasentu-
BHX AJs Jio60ro HoMepa m, H u3 TeopeMu 3.13 u. 1 BHTeKaeT, uTO

I1>R, ) =e 2, (1.115)

Qopmyana (1.110) B npenese npu m—»oo paer

sin x

:u

( {ﬂ@m. (1.116)

k=1

4) Ocraercs, coxpaHassi (QHKCHPOBAHHLIM X, yCTpeMHTh B ¢op-
myae (1.116) Homep p k GeckoneunocTH. IlockosbKy JieBasi yacThb

(1.116) me 3aBHCHT oT p, a npenea lim 13,, (x) B cuay HepaBeHCTB
p—>®©

(1.115) n TeopeMnl 3.14 u. 1 cyulecTByeT ¥ paBeH eQMHHIE, TO CY-
IIECTBYET H npened

Takum o6pasom, pasnoxenne (1.102) nmnst sinx ycTaHOBJeHO.

3aMeyaHHe. B nojHoi anajorHu c pasioxeHusiMu (1.102)
pas sinx ® (1.103) pas cos x MOXKHO NOJYYHTh pa3fioKeHHs B Gec-
KOHEeYHhIe IPOH3BeAeHNs THIepGoJHUecKHX QYHKIHH
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@«

4x?%
), Chxzn[l +(2k——l)2n2J.
1

-] x2
shx=x n (1 + pEwr
k=1

3aMeTuM, uTO H3 pasjoXeHu# Aas sinx, cosx, shx, chx Hemen-
JIEHHO NOJyYaloTCs Pas3oXeHHS B OecKOHeUHHE IPOH3BelleHHs
¢ynkuuii tg x, ctg x, thx u cthx.

§ 7. OBOBIMEHHBIE METOAbl CYMMHPOBAHHUA
PACXOAAILHUXCH PSAAOB

Bo Bceit ra1. 1 MBl HasbiBaJH CyMMOH psina

Zuk:u1+u2+...+uk+... (1.117)

k=l

npenesa S MocJaeAOBaTeNbHOCTH {S,} YaCTHYHEIX CYMM 3TOro psia
(pH yCJOBHH, YTO 3TOT NpejeJ CyLLeCTBYerT).

B psape 3ajau mMaTeMaTHYeCKOro aHaJiu3a, NpPeACTaBJAILIHX
KaK TEOPETHYECKHH, TaK H INPAKTHUECKHH HHTepec, NPHXOMHTCHA
OoNepHpPOBaTh C PAAAMH, Y KOTOPHIX NMOCJAEA0BATENbHOCTh YaCTHUYHHX
CyMM He CXOJMTCH M CyMMa B yKa3aHHOM BHIIe OOLIYHOM CMHCC/e
He cymectByer. EcTecTBeHHO, BO3HHKaeT Bompoc 06 o6o6uieHuu
[IOHSITHSI CYMMBI pPsiia H O CyYMMHDOBAHHH pacxoAsimierocs B obblu-
HoM cwmbicsie psga (1.117) ¢ nmoMoumIbI0 KAaKHX-THOO 06OOLIEHHBIX
MmeTol0B. B mHacrosimem naparpade MB H OCTaHOBHMCSI Ha HEKOTO-
pHiX 0006IIeHHBIX METOAAaX CYMMHPOBAHHS PacXOAAMHNXCH PHAMAOB,

Ilpexkne Bcero AanuM OGIIYI0 XapaKTEPUCTHKY TeM MeETOAAM
CYMMHpPOBaHHS, KOTOpHle OyayT paccMartpuBatbcs. PasymHo Tpe-
6oBaTh, uTo6H 0006LIEHHOE IOHATHE CYMMbI BKJAKOUYaJjo B cebsd
o0blyHOe NMOHATHE CYMMH. TouHee, psA, cxoAsdliuicas B OObIYHOM
CMBIC/IE H HMEIOHH OGBHYHYI0 CYMMY S, AOJXKeH HMeTh 0606IeH-
HYI0 CyMMy, ¥ NPHTOM Takxe paBHyl S. Merosg CyMMHpOBaHuS,
obnanaloninil yKa3aHHEIM CBOACTBOM, Ha3bIBAeTCsi PEryJdp HBI M.

Hanee ectecTBEHHO NOAYHHHTH MNOHATHE OGOOWWIEHHOH CYMMBbI

@

CeAyIOUIEMY YCJOBHIO: €CJH PAl Z U, uMmeeT 0GOOLIEHHYIO CyM-
k=1

My U, a pan ka uMeer oGoGuiennyo cymmy V, 1o pan
k=1

ao

Z(Au,e +Bv,), rae A u B — mo6ue nocrosinHble, uMeeT 00606-
k=1

wennyo cymmy (AU+BV). Meron cyMMHpPOBaHHsI, yAOBJETBOPS-
I0IIHH yKa3aHHOMY YCJOBHIO, HAa3hIBAeTCS JHHEeHH K M, B ananuse
H B €r0 NPUJIOXKEHHSAX, KaK NPABHJIO, HMEIOT AeJIo JHUIUb C peryasp-
HbIMH JIHHEHHBIMH MeTOJaMH cyMMupoBauHs. OcTaHOBHMCS Ha IBYX



56 I'a. 1. YscoroBue pAAH

MeTogaX OOOOLLEHHOro CYMMHDOBaHHs, NPeACTaBJASIOMHX OCOOHIE
HHTepeC AJS NMPHJOKeHHH.

1. Mertop, Yesapo?” (mevon cpemunx apudmernuecknx). [omo-
par, uro psx (1.117) cymMmMupyem metoaom YHesapo, ecin
CyulecTBYeT MpeAe CpeJHHX apHGMeTHUECKHX CyYMM 3TOro psia:

lim St .. 435 (1.118)

n—wo n

Hpu atom nmpepen (1.118) naspiBaercss 0 6GOGMEHHONH B CMEC~
nge Ueszapo cymmoit pana (1.117).

JluneifiHocTs MeToAa cymmupoBanusa Yesapo oueBuiHa. Ero pe-
ryJsipHOCTb BHITEKaeT H3 JeMMbl 1, aoka3anHoil B . 3 § 2. B camom’
Iejle, U3 yKa3aHHOH JileMMBl BHITEKaer, YTO €CJH [OCJTeJOBaTeNb-
HocTb {S.} wactHunuix cymMm psaaa (1.117) cxopurcs ¥ uucay S, to
npefen (1.118) cyumiecrByer u TakkKe paseH S.

[IpuBepem mpuMepnl PSAOB, He CXOASIMIMXCA B OGHIUHOM CMEIC]E,
HO CyMMHpyeMEBIX MeTodoM Yeszapo.

IIpumepmn. 1°% PaccMOTpHM 3aBE€ZOMO pacXoAsilIHACH psn

®

Y (—) ==l 1—1+...

k=1

IMockosbKy Bce YeTHBH € YacTHUHblE CYMMH Sy, 3TOro psiza pas-
Hbl HYJIO, a BCe HeueTHhie YaCTHYHbHE CYMMH Sin—) PaBHH €IHHHIE,
To npegea (1.118) cymiectByer u paseH 1/2. Takum oGpasom, pac-
cMaTpHBaeMblil PS4 CyMMHpPyeM MeroAoM Yesapo, u ero cymma
B cMbicsie Yesapo paBha 1/2,

2°. Cynras, Y10 X — Ji1060e (PHKCHPOBAHHOE BellleCTBEHHOE YHC-
J0 u3 HHTepBasta 0<x<2m, pacCCMOTPHM 3aBeJOMO pPaCXOAAILHH-
cs1 28 psig

- 4
Zcoskx:cosx+c052x+c053x+... (1.119)
k=1
YacTuyHasi CyMMa 3TOro psfa S, yxe NOACYHTaHA HAMH B IIpHMepe
2°§ 4:

. 1 .ox
sin (n—l,—?) x—smT

S,=

x
2 sin—
si 2

21) 3puecto Yesapo — HradbsAHCKHE MatemaTtk (1859—19086).
28) PacxomuMocth psiga (1.119) Ges Tpyha ycmaTpeBaeTCs H3 NpHBEREHIOrO HH-
2Ke BHDAaXEHHS /s ero YaCTHYHOA CyMMBL.
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TloAcunTaem cpejnee apudMETHUECKOE YACTHUYHBIX CYMM:

a
SitSat .. 4S8y 1 ( Z sin (m+ L)xJ_Lz
_ x| 2

n

2n sin — m=1
2

n

= E (cos mx—cos (m 4+ l)x)J—%z

X
4n-sin? 7 m=1

cosx—cos(n;{—l)x . _1_
x 2
4 ind ——
nsin 9
OTcioga OYeBHAHO, UTO
lim Si+S:4 .- -E-Sn: 1
N0 n 2

Taxum o6pasom, psg (1.119) cymmupyem merogom Yesapo, H
ero cyMmma B cMbicyie Yesapo paBHa (—1/2).

2. Meron, cymmupoBanusa Ilyaccona?® — AGeas. Ilo gansOoMy
paay (l1.117) cocraBum crenenHo#l paja

2 Ut~ V==u, Uy +u X+ .. +u- x40 00 (1.120)
k=21

Ecau 3Tor psin cxo4uTCs AJs Bcex x U3 HHTepBasa 0<x<1

H ecau ero cymMmma S(x) HMeeT jeBoe NpenenbHoe 3HayeHHe lim .%(x)_
Xl

B Touke x=1, To roBopsart, uro paa (1.117) cymmupyem mero-

pgoMm Ilyaccona—AG6Geuns Ilpum 3tom ykaszannoe npenesnbHoe

3HayeHHe HasblBaercs CyMMmo# psga (1.117) B cmeicae Ily-

accoHa—Abens.

JInnedinocts Merona Ilyaccona—AGessi He BHI3BIBA€T COMHEHHH.
Hoxaxkem peryasipuocts 3toro Meroga. llyers psan (1.117) cxoaut-
csi B 0OBIYHOM CMEICJe H MMeeT cyMMy, paBHyw S. Tpebyercs Hdo-
Ka3aTh yro: 1) psip (1.120) cxoautcs Ans mwoboro x H3 HHTepBaJa
0<x<1, 2) cymma S(x) paza (1.120) umeer B Touke x=1 JeBoe
npejesibHoe 3HaueHue, pasnoe S.

Hokaxem chnayasa ytBepxieHHe 1). Tak kak psaz (l.117) cxo-
JHTCs, TO NOCJEeJ0BaTeJLHOCTh €T0 UJeHOB fABjaserTcAd OeCKOHeYHO
MaJoH H, CJelOoBATEJBHO, OTpAHHuUEHHOH, T. €. Halijercd Takoe
yicJao M, 4to AJst BCeX HOMepOB &

|| <M. (1.121)

29) Cumoun JHenn Ilyaccon — ¢panuyscknit matematdk (178!—1840).
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Hcnonb3ys 3T0 HepaBEHCTBO, OLUEHHM MOAYJb k-0 U/eHa psna
(1.120), cuyuras, yro x — J06oe yHCAO U3 HHTepBaJa O<x<l.
Hoayuum

| urx*=1| <M | x| %1,

- 4
Tak xax |x| <1, To pan ): [x1*™"  cxomures. ITostomy B cuay
k=1

3aMeyanus 2 K TeopeMe cpaBuesHs 1.3 cxoaurcs w psaa (1.120).

Joraxem tenepb yrBepxiaenune 2). Ilycte S, — n-1  wacTHu-
Has cymma psapa (1.117), a S — ero o6uunas cymma. C nomoubie
npeobpasoBanusa Abens 3 Jjerko y6eauTbCsi B TOM, UTO IJs Ji0boro
x u3 uaTepBana 0<x<1 cnpaBelJHBO TOXIECTBO

Zukxk—‘ =(l—x) ZSkxk'“. (1.122)
k=)

k=]

Briytem TtoxaecrBo (1.122) w3 cienyomero o4eBHAHOTO TOXK-
JecTBa:

S=(1—x) Y. Sx,
k=1

Ilpu stoMm, obGo3nauas uepe3 r, k- ocrarok psaa (1.117), Gyaem
HMeTb

S— Zukx’i—1 =(1—x) Z ryt
k=1

=1
HJIH

S—S(x)=(1—x) ¥ rpt—!, (1.123)
k=1

Hama meas — gokasath, uTo AJs Jjwo6oro >0 nalgerca 6§ >0
TaKoe, yTo JNeBas 4actb (1.123) MeHbllie ¢ 1/ BceX X, yAOBJIETBO-
psounx HepaBeHcTBaM [—8<x< 1. Tak kak ocratok rp psaa
(1.117) crpeMHTCS K HYMI0 NPH k—»00, TO [IJ51 I[OJOXKHTEJILHOIO
yncna ef2 HaHjgercs HoMmep k, TakoH, uto |rx|<e/2 npu k>=ko.

TakuMm ob6pasom,
— 2 : k—1 Llag— 2: k—1
)(1 X) ryX < p (1—x) X

==k, hekq

€
<5

3) TTpeo6pasosanue AGens (1.77) ycranoBieno wamu 8 § 4. B paccmarpuBaes
MOM cayvae caeayeT mnoaoxuth B (1.77) n=0, S,=0 wu 3areM ycTpeMHTb
P K 6ECKOHEUHOCTH.
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Ocraercs JOKa3aTb, YTO AJs X, AOCTATOYHO OJIH3KHX K C€AHHHIE,
ko—1

|'(1—x) Y et < £
k=1

HO 3TO OYEBHAHO, TAK KAK CyMMa, CTOslas B NOCJHEAHEM HepaBeH-
cTBe, orpanmyena. PeryasipHocte Metona I[lyaccona—AGeas noka-
3aHa.

B kauecTBe mpumepa CHOBa pPacCMOTPHM pacxoAsluiuiics psi

Y (=) =1 =1 (1.124)
k:l

s sToro psifa cocTaBHM creneHHofl psax BuAa (1.120)

Z (=) =l —x 4 X2 — a8
k=1

OyeBHAHO, YTO MOCJAEAHHH DAL CXOAHTCA IJs BCeX X H3 HHTEPBa-
aa 0<x<1 u uMeer cyMMy, paBayo S(x)=1/(1+x). Tak kak

lim S(x)= lim —— =L
x—+1—0 >1—0 14 x 2

il

to psig (1.124) cymmupyem metomom Ilyaccona — AGeas u ero
cymMma B cMmbicie [lyaccona—AGens pasua 1/2.

OOGparum BHHMaHHe Ha TO, 4To cyMMa psga (1.124) B cmmicae
[Tyaccona — AGens coBmajaer c¢ ero cymMmoii B cmuicae Yesapo.
DTOT (akT He sIBASETCS CJAy4YaiHbBIM: MOXHO JOKa3aTh, UTO €CJaH
psiA cyMMHpyem MeTogoM Ue3apo, TO OH CyMMHPYeM H METOLOM
ITyaccona — AGeasi, npuueM cymMma 3Toro psiza B cmuicae Yesapo
CoBMajaeT ¢ €ro cyMMoil B cMulcae [lyaccona—AbGens. Boaee roro,
CYLIECTBYIOT DAAH, CyMMHpyembie meTodoMm [lyaccona—Abens, Ho
He cymMMupyeMbie MetofoM UYeszapo 3). JleTanbHoe H3yueHHE BCEBO3-
MOJKHBIX MeTO0B 0000LIEHHOT0 CYMMHDPOBaHHS PACXOASIIHXCS PH-

IoB npoBoautcs B MoHorpadun I. Xapau «Pacxopsiiuecs psib»
(M.: IJ1, 1951).

§ 8. JNIEMEHTAPHASA TEOPHA ABOMHBIX
H NMOBTOPHBIX PAJOB

PaccMoTpuMm cuerHOe MHOXECTBO GE@CKOHEUHBIX UHCJIOBHIX IOCJe-
JAOBaTeJiLHOCTeH

Ay, Q1g, Q13y ooy Qiny oo vy

31 Takum 06paszoM, MOXKHO CKa3aTh, uTO MeTox [lyaccoma—AGenn ssasercs 6o-
Jlee <CHJbHbIM» METOLOM CYMMHpOBaumus, ueM Meton Yesapo.
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Aoy, Aoy, A23y - vy Aany oo .y
Qasy, A3z, 433, .., A3ny ..,
e (1.125)
Am1y, Am2y, Am3y + ooy Amny o0 .y

. . . . . . . . . )

(TTepBHifi HHAEKC Yy 4HCeJ a, 06O3HayaeT HOMeP paccMaTpHBaeMoi
N0CJIeJ0BATEIbHOCTH, @ BTOPOHl — HOMEp ee 3JieMeHTa.)
* [lo mpyromy MOXHO CKa3aTb, YTO MH paccMaTpHBaeM MaTpHLY
(1.125), copmepxkamyio GeCKOHEUHOe YHCJIO CTPOK K GecKoHeyHoe
upcao cronbuoB. IlpousBoasi popmasbHOe CyMMHPOBaHHE 3JeMeH-
TOB 3TOH MAaTpPHILbI, MOXKHO COCTaBHTb H3 Hee Pa3JIHYHBIE PSAbL.
Ecau cHauajla NPOCYMMHPOBaTb KaXAYI0 CTPOKY MAaTpPHIK
(1.125)otpenpHo, TO noJyuuTcs OeCKOHeYHasl 1OCJEeL0BaTeJbHOCTH
ps0B BHAA

Y oo (k=1,2,..). (1.126)

=21

IlpocymMMHupOBaB 3Ty noc/eAoBaTeJbHOCTb, NOJYyYyHM (opManabHyIO

CyMMYy
¥ (3 a). (1.127)

3Ty CYMMY NIPHHATO Ha3HBAaTh NOBTOPHHM PAAOM.
Jlpyroii noBTOpHHI psi

- 4

YI(Y au) (1.128)
=1 k=1l

NOJyYHTCSA, €CJH CHayajJa NPOCYMMHDPOBATh OTZHEJbHO KaXAbli
croaben matpuuwm (1.125), a 3atem B3STh CyMMy 3]1€MEHTOB MOJy-
4eHHOH IPH 3TOM I[10CJe0BaTENbHOCTH.

Onpenenenne 1. Iosropusi pad (1.127) nasvisaercs
cxodauumca, ecau cxodurca xasoeiti uz pados (1.126) u ecau
cxodurca psad

2 Akr
k=1

8 koropom Ay obo3naxaer cymmy k-eo pada (1.126).
Onpenenenne 2. [Nosropuod pad (1.128) naseisaercs cxo-
Jaujumcs, ecau cxodurcs kandold u3 pados




§ 8. DneMenTtapHasn TeopHs ABORHHLIX ¥ NOBTOPHHIX PSLOB 61

Ya, (=12 ..) (1.129)

k=1

u ecau cxodurcsa pad

-]

¥ A4,

=1

8 koTOopom A; 0603Hauaer cymmy l-eo pada (1.129).
C marpuue# (1.125) kpoMe noBTOpHEX pAgoB (1.127) u (1.128)
CBSI3BHIBAIOT ellle TAK Ha3mlBaeMbii ABOHHOH paAn

Y, au (1.130)

ki1

Onpenenenne 3. Jsotrod psad (1.130) naseisaercs c¢xo-
AW UMCA, eCAUL NPU HE3ABUCUMOM CTPEeMAECH UL 08YX
UHOEKCO08 m U N K GECKOHeHHOCTU CYuLecT8yeT Kouneuuuili npedes

lim S, (1.131)

m-o
n—ow

TaK HA36L8QEMBLX NPAMOYSOAbHHIX YACTULHBIX CYMM

Sun= Y. Y. Q. (1.132)

ITpu 3TOM yKasauuwmit npenen (1.131) HaswBaloT cyMMO# 1BO -
Horo pana (1.130).

M3 storo onpemeneHuss cpasy cjdenyeT, uTO eCJH ABOHHOH DPAZ,
(1.130) mosyyeH moCpeACTBOM ME€peMHOMEHHS YJIeHOB NBYX CXOIA-
INHXCHA «ONHHADHHIX»> DPSNOB

You Y, (1.133)

k=1 =1

T. €. ecJH uJeHb aBoiiHoro psiga (1.130) paBHH ap=biC1, TO 3TOT
JBOHHOH pAM CXOMMTCH, 4 €ro CyMMa paBHa IIPOH3BeNeHHIO CYMM
psanos (1.133).

Hanee 3amerum, uto u3 (1.132) cremyer, uro Aas J00HX
m=2, n>=2

Amn =Smn'—sm(n-'1)"' [S(M—l)"—s(m_l)("—l)] .

[Tocnennee paBeHCTBO O3HAyaeT

Yreepxneuue Heobxodumem ycaosuem cxodumocru 060t-
noeo pada (1.130) ssaserca crpemaenue K Hyaiw ezo0 obujeeo 4ae-
HA, T. e. CYWecT8068anue PasHo20 HYA0 npedeaa
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Ta. 1. Yucnossle psian

lima,,
meoax
n—-ow

Nnpu He3a8UCUMOM CTPEMACHUL M U N K GECKOHeYHOCTU.

Jokaxem caenyimoniee yTBepiKIeHHe O CBA3H MEXAY CXOIH-
MOCTBIO JBOHHOrO H NOBTOPHOTO PSAIOB.

Teopema 1.21. Ecau cxodurca dsoiinoii pad (1.130) u ecau
cxo0arca ace padsl no crpokam (1.126), 10 cxodurca u noBTOPHHL
pad (1.127), npuuem k 310l e cymme, K KOTOPOL cxodurcs 08oii-
xoil pad (1.130).

HokaszateabctBo. [Ilepexoma npu ¢ukcHpOBaAaHHOM m
K npeneny npu n—oc B paBeHctBe (1.132) u yuuTHIBasi CXOXHMOCTD
psaga (1.126) x cymme A, moayuum

lim S,p= Y. 4, (1.134)
k=1

n—-e

M3 coorHomeHusa (1.134) scHO, uTo cyMMa MNOBTOpPHOrO psfa
(1.127), koropast onpenensieTcsi Kak npefex NpH MmM—oo NpaBOH
yactd (1.134), ecTh He UTO HHOe, KAaK NOBTOPHHIH Mpenes

lim (lim S,,,).

m->w nro

Ocraercss n10oKa3aTh CylUIeCTBOBaHHe YKa3aHHOTO IOBTOPHOTO
npejesa B NPEANOJONEHHH CylecTByloinero npeaena (1.131) u cy-
ulecTBOBaHust AJaf Jioboro m mpenenaa (1.134), a takxke A0Ka3aTb,
UTO yKa3aHHBIH NOBTOPHHIH Npelen paseH npepeny (1.131).

W3 cyulecTeoBanus pasHoro S npenena (1.131) BuTekaer, 4To
st iioboro e>0 HafigyTcss HOMepa my U Ny TAKHe, UTO IIPH M =My,
n>ny CIpaBelJHBO HEpaBEHCTBO

ISmn'—S | <e.

Hcnonbaysi ¢akr cyuiecTBoBaHus IJst n1060ro HoMepa m IpejeJa
(1.134), u3 nocJjenHero HepaBeHCTBAa IOJyuaeM, 4TO AJs J1060ro
m_Z=mg CIpaBeIHBO HepaBeHCTBO

| lim Smn_8l< g,

a 3TO H O3Hayaer, 4TO NMOBTOPHHE nperen lim (limS,,) cymecr-
m—>w n—>o00
ByeT H paBeH S. TeopeMa nokasaHa.

Kak u 1151 o6b1YHOrO psila ¢ HEOTPHUATeIbHEIMH YJ€HAMH CHpa-
BeJUIHBO CJedylolllee yTBep:KAEHHE.

Teopema 1.22. Ecau sce aaemenrvr marpuybi (1.125) neor-
puyareabust, To OAA CXOOUMOCTU COCTABAEHHOZ0 U3 3TOL MaTpu-
yor dsoiinozo pada (1.130) meobxodumo u docrarouro, u4Tobbl e2o0
wactudnbie cymmor (1.132) Osiau oepanudenst.
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JNokxaszateabcTBo. Heobxoaumoctnr oueBnaHa. g goxa-
3aTeJbCTBA HOCTATOYHOCTH 3aMETHM, YTO H3 OTPaHHYEHHOCTH MHO-
JKeCTBa 4aCTHYHBIX CyMM {Sn,.} BHTeKaeT CyIIECTBOBAHHE TOYHOH
BepXxHeil TpaHH 3TOrO MHOXeCTBa, KOTOPYIO MH 0003HauuM uepe3 S:

S= sup Smn'
I<m<ow
I<n<<oo

ITo onpenenenuo TOyHON BepxHeil rpaHu aJs Jjxo6oro £>0 Hail-

JAeTcsl yacTHYHash cyMMa Sy, Takas, 4To

S—&< S, < S. (1.135)

Ins Bcex HOMEpPOB m H n, yIOBJETBOPSIOIHX YCJOBHSIM M =My,
nZ=n;, B CHIy HEOTDHUATE]bHOCTH 3JIeMEHTOB CIpaBelJIHBO Hepa-
BeHCTBO S, = Smum, -

W3 31oro Heparenctsa u u3 (1.135) mmitekaer, uto

S—e<{Sm. S

IJS BCeX M M n IpH M =Ny, N=Ng. 3TO U 03HAUAET CyILIeCTBOBAHHE
pasHoro S mpemeana (1.131), T. e. cxoauMOCTb JBOHHOTO psAna
(1.130).

Onpenenenne 4. Joodnod pad (1.130) naseisaercs a6 co-
AIOTHO CXO0O0 AU UMCSA, ecau cxo0urcs 080Linoll pad

Y, laul, (1.130")

k=1

cocrasaennslly uz modysel saemerros marpuyst (1.125).
Teopema 1.23. Ecau cxodurcs dsoiinod pad uz modyaell
(1.130%), 70 cxodurca u dsodnod psad (1.130).
lapil -+ ap

Hokaszarteabctro. [Toaoxum Pru=——""o— Q=

a, —a
— Aol —aw “l2 k. Torna

Ap1=Pri— k. (1.136)

3mech pr M Qrr HEOTPHUATEJbHE H 062 He NMPEBOCXORAT |a|. Kpo-
Me TOro, B CHJay TeopeMbl 1.22 u3 CXOZHMOCTH JABOHHOTO psiia
(1.130°) BBITeKaeT OrpaHHYEHHOCTb €ro YaCTHYHBIX CYMM, [OITOMY
H 4aCTHYHBIE CYMMBI KaXXJA0T0 H3 ABOHHBIX DPSALOB

Z Pri H Y,, i

k=1 k=1

orpanuuenpl. Ho torza B cuny Teopemur 1.22 3TH pagbl CXOIsATCH.
O603HaukM HX CyMMbI COOTBETCTBEHHO uepes P H Q. B cuay
(1.136) nsofinoit psiz (1.130) cxomutes x P—Q.
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Ia 1. Yncaosule psiat

Paccmotpum Tenepb OOBIYHBIA psii
Y a, (1.137)

e
r=|

yJeHaMH KOTOPOTO SfIBJNSIIOTCS 3aHYMepOBaHHble B KaKOM YTORHO
nopsiake sJjJeMeHTsl MaTpuunl (1.125).

Teopema 1.24. Paccmorpum uerbipe pada: d4sa HOBTOPHbLLX
pada (1.127) u (1.128), dsodinoi pad (1.130) u psad suda (1.137).
Ecau xors 661 00ur U3 YKA3aHHBIX 4eTbipex pPsd08 CXOOUTCA npu
3aMeHe ec20 4AEHO8 uY QOCOAIOTHBIMU BEeAUYUHAMU, TO 8Ce HeTobipe
YKA3AHH6LX PACE CXOOATCA U UMEIOT OOHY U TY Je CYMMyY.

HdokaszatenpctBo. CHauaja HOKaKeM, 4TO €CJH OIHMH H3
YKa3aHHBIX YeThIpeX PANOB CXOHXHTCA IIPH 3aMeHe €ro YJeHOB HX
MOAYJSIMH, TO H OCTajlbHble TDPH PSRA CXOHSITCA IPH 3aMeHe YJEHOB
HX MOILYJISIMH.

Tak rak aas nostopubix papos (1.127) u (1.128) paccyxneHus
COBEpUIEHHO aHAJOTKHYHBI (HYXKHO TOJBKO IOMEHATh POJAMH Iep-
BRIl H BTOpO# HHIEKCH Yy 4/JEHOB), TO B fa/jbHedeMm Mu OyieM
paccMaTpHBaTbh TOJbKO NOBTOPHBIA psx (1.127). docratouno no-
Ka3aTh TPH YTBeD:KIEHHS:

I) cxomumocTs nosropHoro pspa (1.127), y kotoporo Bce ujeHHl
3aMeHeHH HX MOAYJAMH, BjedeT abcoJIOTHYIO CXOAMMOCTb psla
(1.137);

II) a6comornas cxogumocth psiza (1.137) Bieyer abconOTHYIO
CXOAMMOCTb ABoiHOro psaa (1.130);

IIT) a6cosorHas cxomumocThb psiga (1.130) Bjeuer cxoAHMOCTS
noetopHoro psaaa (1.127), y xoToporo Bce ujieHH 3aM@HEHBl HX MO-
LyJISIMH.

Insi pokasatenbcTBa yTBepkiaeHuss | o6osmauum uepes S*
cyMMy noBTopHoro pspa (1.127), y KoTtoporo Bce ujeHH 3aMeHEHH
HX MOIYJSIMH, T. €. psiia '

Y (Y lawl). (1.127")
k=1 1=t
Torapa npu Jo6LIX m u n
m n
Y Yiai<s. (1.138)
ko<1 ==l
Ecnw  S,*=|a;|+|ag| +...+ |a;| — npousBonbHas  uacThuHas

cymMMa psija

s

la, |, (1.137")

r=1
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noJyyarouierocs npu 3ameHe ujgeHoB psina (1.137) ux moaynawvu,
TO 3aBeIOMO MOKHO HAHTH CTOJb OOJIbIIHEe HOMEpa M H 7, UTO BCe
yiensl psga (1.137), BXOAAlLHe B €r0 YaCTHYHYIO CYMMy C HOMEDOM
r, 6YyOyT cOgepXaThcsl B NEPBEIX M CTPOKAaX H MEPBBIX 71 CTOJONAX
maTtpuubl (1.125).

Ho torna B cuay (1.138) Oyner cnpaBensiuBo HepaBeHCTBO

S*<(S*.

JT0 HepaBeHCTBO O3HAYAET, YTO IIOCJIENOBATE/]bHOCTh YAaCTHUHBIX
CYMM pfila ¢ HeOTpuuaTenbHHIMH uieHamu (1.137") orpaHuyeHa.
CaenoBarepHO, 3TOT PAL CXOAHTcs (B CHJy TeopeMbl 1.2).

s mokaszatesnbcTBa yrBepaeHHs [l mpeanosoxuM, 4TO psl
(1.137”) cxonutca. Torga B cHay TeopeMHl 1.2 nocJefoBaTeNbHOCTD
ero 4acTu4HelX cyMMm {S,*} orpanuueHa. OukcHpyeM IPOHU3IBOJLHYIO
YACTHYHYIO CYMMY Spm.* nBoOHHOro psna u3 moapyaeii (1.130%). 3a-
BeOMO HaHAeTCs] HOMEp r HAacTOJbKO OOJbLIOH, U4TO r-sf 4acTHYHAs
cymma psapa (1.137) Oyner comepXkaTb Bce WIEHH, BXOAAILHE
B YAaCTHUHYIO CYMMY Sm. psiza (1.130). Ho torza wactuunas cymma
Smn* psima (1.130°) He npeBOCXOAMT uacCTHYHOH cCyMmbl S,* psna
(1.137"). IloaTOMy MHOXKECTBO BCeX YaCTHYHEIX CYMM IBOFHOrO psi-
na {1.130") orpanuueno. Taxkrm ofpazom, mo Teopeme 1.22 3TOT
PAL CXOILHTCH.

Ocraerca nokasatb yrBepxaenue III. Ilycrs cxonutcs asoiHo#
psn us mogyae#t {1.1307). Has nokasateibcTBa CXOXMMOCTH IOB-
TopHOro psiza u3 monynei (1.127') B cuny rteopemn 1.21 nocra-
TOYHO J0Ka3aTh CXOJHMOCTb KaXJOTro H3 DPsIOB

Yiaul, k=1, 2, ... (1.139)

l==1

Hns storo B cuay teopembl 1.2 MoCTaTOYHO [0Ka3aTh, YTO KaKAEIH
3 pagos (1.139) umeer orpaHuyeHHYIO IOCHEeNOBaTEeJbHOCTb 4Yac-

THYHBIX CyMM, HO 3TO MOCJelree OYyeBHAHO, HOO NpH J000M R H
JI060M HOMepe n cyMma

Z|akt|

l==1

orpaHuyeHa CyMMoli ABOHHOTO psina H3 Mmozpyaeir (1.1307).
Terepp Ham oOcTaeTcsi A0KasaTh, YTO CYMMBl BCeX TpeX DsJIOB
(1.127), (1.130) u (1.137) cosmanmarwr 3. OG6GosHauuMm yepes S
cymMmy asofiHoro psapa (1.130). OueBHarO, 4TO0 H cymma pdna
(1.137) pasna S, Tak kax B cuay aGCOJIIOTHOH CXOZHMOCTH 3TOro
psla ero cyMMa He MeHSIeTCA NMpH H3MEHEHHH MOpAAKA CJEN0BaHHS

32) AHasiordumble paccy®IerHs 103BOJSIT 3aKJAWUUTh, 4TO H CyMMa IOBTOPHOrO
psaia (1.128) coBmapaer ¢ cyMMaMH yKazaHHBIX Tpex DsSAOB.

3 3ak. 25
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Ta. 1. Yucnoswe psigbl

€ro 4JeHOB M 3TOT NOPSAOK MOMKHO M3MEHUThb TaK, YTO 4acTHYHHE
CYMMBI TOCJie M3MeHeHMsl Mmopsaka OyIyT cofep:kKaTb B KayecTBe
MOAMHOXeCTBa YaCTHUHbIE CyMMBI Sp, ABoftHoro psaxa (1.130).

Uto6n yGeauThcsi B TOM, YTO H CyMMa NMOBTOpHOro psma (1.127)
Take paBHa S, NOCTAaTOYHO 3aMETHTb, YTO H3 CXOJHMMOCTH pSIOB
(1.139) BuiTekaer cxoaumocTb psiaoB (1.126), m cocaatbest HAa TEO-
pemy 1.21. Teopema 1.24 nonHocTbI NOKa3aHa,



I'mapa 2

®YHKILHOHAJIbHBIE
NOCHELOBATEJIbLHOCTH H PAZbI

st npenctaBaeHHs pas3iHyHBIX (PYHKUHH B MaTeMaTHYeCKOM aHa-
JIH3e MINPOKO HCIOJb3YIOTCA Psidbl M I1OCJAeI0BaTeJbHOCTH, YJeHamH
XKOTOPBIX SBJASAIOTCS He yHcaa, a (yHKIHH, onpejeseHHble HA HEKOTO-
pPOM (pUKCHPOBAHHOM MHOXKECTBE.

Taxue pALbLl M N0C/AeN0BaTelbHOCTH, Ha3biBaeMble Y HKILHO-
HMaJbHBE MUK, BCEeCTOPOHHE H3yyalOTCSl B HACTOsILEH IJiaBe.

§ 1. IOHATHA CXOAHMOCTH B TCUKE H
PABHOMEPHOH CXOJAHMOCTH HA MHO)XECTBE

1. [Tonatug ¢YHKUKOHAABHOA MOCAedoBaTeJbHOCTH M (yHKUMO-
#lanapbHoro psaa. Ilpeanosnoxum, yro Ha uMcrosofl mpsmoi E!' wnim
B m-MepHOM €BKJHAOBOM NpOCTpaHCTBe E™ 3a1aHO HEKOTOpPOe MHO-
2xkectBo {x}L.

Ecanu kaxknomy uHeny n M3 HaTypaJbpHOro psiga uumcen 1, 2, ...
..., N, ... CTABUTCA B COOTBETCTBHE II0 OMpeje/leHHOMY 3aKOHYy HeKO-
Topasi GyHKUIHA [n(X), ompeldeseHHass Ha MHOXecTBe {X}, TO MHOXKeCT-
BO zaHymepoBaHHHX QyHkuui fi(x), fo(x), ..., fn(X), ... MBI H GyneM
HaseBaTh (G YHKUHOHAJBHOH HNOCJAeIO0BAaTE€JbHOCTHIO.

OrnenpHble QYHKOHH fq(x) 6ydeM Ha3bIBATh YU €HAMH HIH 3 J e-
MeHTaMH paccMaTpHBaeMOH MOCJeN0BATENBHOCTH, a MHOXeCTBO
{x}, Ha KOTOpOM onpelesneHH Bce GYHKUMH [n(X), Gylem HasuBaThb
o6nacTbo ONpeLeJeHHSA 3TOH IOC/AEA0BATEIbHOCTH.

3aMeTHM, uTO eclu ofJjacTb onpejeledust {x} sBJseTCS MHOXeCT-
BOM B /M-MepHOM €BKJHIOBOM IpocTpaHcTBe L 10 Kampaas GyHKUHA
fn(x) sBAsieTcss GyHKUHMed m TepeMeHHBIX fn(X) =[n(¥1, X2, ..., Xm),
rie xi, Xo, ..., Xm — KOOPAHHATHI TOYEK X.

Hasi 0603HaveHust (GyHKIHOHAJBHOH MOCJEN0BATEeJBHOCTH MBI, KaK
npasmio, 6yaeM HCNONb30BaThL GHrypHble cKOGKH: {fn(X)}-

PaccmoTpum  ¢QYHKIHOHANBHYIO MNMOCJAeA0BaTENbHOCTh {UA(X)}, 06-
JIacTbl0 oOlpelesleHHs] KOTOPOH sIBJsieTcsl HEKOTOpoe MHOxKectBo {x}.

DopmaJbHO HAMHCAHHYIO CYMMY

@«

Y () =0 () () + . U () F . @.1)

Nl

1) B cnydae m-MepHOTO eBKJHIO0BAa NPOCTPaHCTBa E™ 5/eMEHTAMH MHOXKECTBA
{x} mBasOTCA TOUKH X= (%1, X2, .., Xm) C KOOPAHHATAMH X1, X2, .., Xm.

3



68 Ta. 2. OynkuHoHAJbHBIE NOCJCTOBATEJBHOCTH H PR

6eCKOHEUHOr0 YHCJa YJeHOB yYKa3zahHOH (YHKUHOHAJBHOE Mmocjenosa-
TeJbHOCTH OyleM HasnBaTh QYHKUNHOHAJBHBIM psJOM.

Ipu sTOM oTHeNbHBle QYHKUHH U,(X) Mul Oy1eM HasbiBATb Y e-
HaMH paccMaTpHBaeMoOro psifa, a MHOXKECTBO {X}, HA KOTOpPOM oIlpe-
gesieHH 3TH (DYHKUHMH, 6ygeM HasbiBaTh o006nacTbhiw ONmpenene-
Hii g 3TOTrO pana.

Kak u B ciydyae uMCJIOBOrO psiga, CYMMYy IEPBHIX N 4J€HOB (hyHK-
nuoHanbHOro psAxa (2.1) 6ymeM HasbBaTh n-H YaCTHYHOH CyM-
MO # 3TOro psaa.

OTmeTnM, yTO H3yueHHe (QYHKIHOHAJILHHX PSiJOB COBEPUIEHHO 3KBH-
BaJIEHTHO H3yueHMI0 (DYHKUMOHA/JIbHBIX [OCJeNoBaTe JbHOCTEH, HOO:
KaxAOMy (yHKUHOHaAbHOMY psaay (2.1) OZHO3HAUHO COOTBETCTBYyeT'
(OYEKIHOHANbHAS MOCJe10BATENbHOCTD

S1(X), S2(x)r tees Sﬂ(x): (22)

€ro YacTHYHBIX CYMM H, Ea060DOT, KaXIoH (YHKUMOHAJBHOH mocje-
aosaTenbHOCTH (2.2) 0AHO3HAYHO COOTBETCTBYeT (BYHKIHOHAJbREbIN
psaa (2.1) c uneHaMu 4y (x) =S8(x), un(x)=8.(x)—S,—1(x) 1pH
n=2.

IIpumepn. 1° PaccMOTpHM TOC/H€NOBATENBHOCTh  (QYHKIHE

{frn(x)}, KaKnas u3 KOTOpPHIX oOnpelenexHa Ha cermente O<x<l w
HMeeT BHI

nnye _ 1
mpa 0 << v < —,
2 n

0 NpH L<x\<1.
n

S

iCO
falx)= i (2.3
L

Ha puc. 2.1 npuBerens rpadukn ¢dyH&uui fi(x), fo(x) # fa(x). O6-
JIaCTbIO OIpeleseHHs] QYHKUHOHAJbHOH MOC/Aef0BaTeNbHOCTH (2.3}

Fi(x) f2(x) fn‘(x)
17 7 7
N | ]
0 7z 0 7 7 x 01 1 ] T
2 n
Puc. 2.1

spasierest cerment [0, 1]. 3ameruM, uto xaxpaas QyHKuus fn(x) He-
npepriBHA Ha cermente [0, 1].
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-2°, PaccMoTpuM (GyHKUHMOHAJBHBIE DSl

P+ WOt by O LR 2y

2! n!

k==l

06JaCTbI0 ONpefeeHHs] KOTOPOro sisisiercss MI0CKocTh E?2={—oo<
<x< o0, —oo <L y< oo}
Hcnosibsyst pasioxenne no ¢opmyie Maknopena ¢QyHKUHHA

42 n
e“:l—fi“}"u__}— +u—+Rr1+l(u)
1 2! n!

(cM. m. 2 § 9 ra. 6 u. 1), MB NpHIeM K BBIBOLY, 4TO (f+1)- uac-
THYHAS CyMMa

Swir(n, g)=1+2EL p LB 4y L2l

psaga (2.4) oriuyaercs OT (QYHKUHH e**¥Y Ha BeNHUHHY Rt (x+Y),
rae Rn+i(#) —ocraTounbit uied B ¢opmyte MakaopeHa aas e

2. CxopumocTs (YHKIMOHAJABHOH mMoOcCJaenoBaTebHocTH ((PYyHKUMO-
HaJABHOTO pfAjla) B TO4YKe W Ha MHoxecTBe. [lpeanmonokum, 410 06-
JlacThi0 omnpejeneHusi GyHKUHOHAJBHOH [OCAe0BaTeIbHOCTH ((pyHK-
LHOHABHOTO psifla) sIBJAAETCS MHOKECTBO {x} MpOCTpaHCTBA E™, Quk-

CHpyeM IIPOHM3BOJIbHYIO TOUKY xo—(xl, Xs ..., x,,,) MHOXKecTBa {Xj H
pPaccMOTpPHM Bce ujleHbl (PYHKIHOHAJBHOH mocjefoBaTeNlbHOCTH ((PyHK-
IIHOHAJBHOTO pPsifa) B 3TOH TOuke Xo. IIpH 3TOM MOJyYHM 4HCJOBYIO
NOCJIe10BaTeJbHOCT (UHCJHOBOH psj).

Ecnn ykazanuasi umnc/i10Bash I[OCJA€0BAaTEJbHOCTb (YHCJAOBOH psiit)
CXOAHUTCA, TO TOBOPAT, YTO (GYHKUHOHAJbHAs I0OCJAEN0BaTeIbHOCTD
(PyHKUMOHAJBHBEIH PS) CXOAHUTCA B TOUKE Xo.

MHo:KecTBO BCeX TOYEK Xg, B KOTODBIX CXOAMTCS gaHHast (yHKUHO-
HaJbHAas TNO0C/Ael0BaTedbHOCTh ((QyHKUMOHAJBHBIA psl), Ha3bIBaeTcs
06JacCTbI0 CXOAMMOCTH 3TOH NOCAenoBaTeNbHOCTH (pAAa).

B KOHKpeTHHIX CHTyauusix 00.7aCThb CXOIHMOCTH MOMKET COBNajaTh
¢ obsacTeio oripele/ieHHs, ABJSTLCS MOAMHOXKECTBOM 006JacTH omnpe-
lejieHUsA MU BooOmie OuITh NMyCThIM MHOMXKecTBOM. COOTBETCTBYIOLIHE
NpUMepH NpHBEeNEHb HMXKe.

[Mpennonoxum, u4To QyHKUHOHANbHAS 1OCTENOBaTEIbHOCTh {fn(X)}
HMeeT B KayecTBe OGJIaCTH CXOAHMOCTH HEKOTOPO€ MHOKecTBO {x}.
COBOKYIHOCTh NpeNeJioB, B3SITHIX IJIsI BCEX TOUEK X MHOMKECTBa {Xj,
NOPOKAdeT MHOXKECTBO BceX 3HaueHHH BIIOJHe onpeaeNeHHOHd ¢yHK-
unu f(x), onpeneneHHoil Ha MHoxecTBe {x}. 3Ty GYHKUHIO HA3BIBAIOT
npenedbHON ¢yHKUHel (QYHKUHNOHANBHOH MOCJELOBATENBHOCTH
{fa(x)}.

AnaJyorquso, ecan ¢yHkuHoHaJbHHE pax (2.1) uMeer B KauecTBe
06/1aCTH CXOAHUMOCTH HEKOTOPOE MHOMKECTBO {X}, TO Ha 3TOM MHOXeCT-
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Be omnpeneseHa ¢yHxkuusa S(x), ABAsomlascs INpeieabHOd ¢yHxuuel
[OCJIeIOBATe/IbHOCTH YaCTHUHHIX CYMM 3TOrO pPsAid H HasplBaeMas ero
CYMMOH, )

ITocreposatensHocTs (2.3) M3 pacCMOTPEHHOr0 B INpeABIAYILEM
NyHKTe npuMepa 1° umeeT B kKayecTBe 00J1aCTH CXOZHMOCTH BECh Cer-
ment 0<{x<{1. B camowm pene, f,(0)=1 nns Bcex HOMepoB n, T. e.
B touke x=0_, mocjegoBaTeJbHOCTb (2.3) cXomuTcsi K enuHuue. Ecan
XKe (uxkcupoBath noboe x u3 noaycermenra 0<x<{l, To BCe ¢yHK-
IHH fo(X), HauMHAs ¢ HEKOTOPOro HOMepa (3aBHCAILIEr0, KOHEYHO, OT
x), 6yAyT B 3TOi Touke x paBHBl Hymwo. OTcioga c/aelyeT, YyTO B Ji0-
60#% Touke x monycermenta 0<x<l nocienosaTenbBoCTh (2.3) cCXO-
JIUTCSl K HYJIO.

Hrak, nocnenosarenbHoOcTb (2.3) CXOAHTCS Ha BCeM CerMeHTe
0<<{x<{1 k npenenpHOH GyHKUHMH f(X), uMeloUel BUI

[1 npu x =0,

fx)= 0 mpr 0 < x < 1.

I'papuk 310f (yHKuuH H300paxeH Ha puc. 2.2. Cpasy :Ke OTMeruM,
uTo 3Ta GQYHKUHA He A8AAeTCs nenpepwisHoli Ha ceemerTe [0, 1]

(oHa uMeeT pa3pHB B Touke x={0 cnpasa).
Yb6enumcd Termeph B TOM, 9TO P

f'/,z-)4 (2.4) n3 pacCMOTpEHHOTO B Mpeabiay-
ileM MyHKTe npuMmepa 2° ymeeT B Ka-
7 yecTBe 00/1aCTH CXOAMMOCTH BClo Gec-

KOHEYHYI0 IIOCKOCTh E?={—oco<x<C
<00, —oo<Yy<oo}.

B camoMm pene, 8 m. 2 § 9o, 6
gy, 1 Q0Ka3aHO, YTO OCTATOMHBIA YJeH
Rny1(u) B dopmyne Makjopena pis
(byHKuuH e* cTpeMHTCHd K HYJIO IIpH
— } = n—>oo Jan A06020 BeuieCcT8eHH020 U,
0 'y z 310 n o3nauaer, uro (n+1)-1 yac-

Puc. 2.2 THYHass cyMMa Say (X, y) psana (2.4)
' oTJIH4yaeTcs OT €*tY Ha BeJHYHHY
Rnayy (x+y), cTpemsimiyiocsi K HYJIO
0pH n—00 B KaXKJ0# Touke (x, y) miockocru E2,

Hrax, pan (2.4) cxomurcss Ha scell miaockoctn E2, u ero cymma
paBHa e*tv,

3. PaBHOMepHas CXOAMMOCTp Ha MHomecrBe. [IpeamoJoxum, uTo
byHKIHOHANbHAS TOC/IeA0BATENLHOCTD

fl(x)vf2(x)v"'vfn(x)v"' (25)

CXOAHUTCS Ha MHoxkecTBe {x} npocTpanctBa E™ K npepesibHO# (yHK-
uru f(x).

Onepenenenue 1. Bydem 2080putt, 410 nocAed008aTeAbHOCTS
(2.5) cxodurca k gynkyuu f(x) pasnomeprno na muoxecree
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{x}, ecau dan aro6oeo e>0 naidercs nomep N(e) raxod, uro 0Oan
gcex Homepos n, yodosaersoparoujux ycaoduro n=N(e), u dan scex
rouex x mruosxcecrsa {x} cnpagediuso HepasencTso

|fn(x)—F (x) | <e. (2.6)

3ameuanue 1. B 3tom onpeneieHus BecbMa CyIeCTBEHHO TO,
yTo HOMep N 3aBHCHT TOJBKO OT €& K He 3aBHCHT OT TOYeK X, T. €.
yTBepXKAaercsi, 4To AJs Jaio6oro e>0 HaligeTcs yHHBepcaJ/bHH HOMep
N (e), HaunHasi ¢ KoToporo HepaseHcTBO (2.6) cnpaBexnMBO cpas3y
LJfA BCeX TOYeK X MHOXKecTBa {x}.

3ameuanne 2. OrMeruMm, yTO paBHOMEpHAas Ha MHOXecTBe {x}
CXOAMMOCTb (GYHKUMOHAABHON mNocienosaredbHOcTH {f.(X)} K yHk-
puH f(x) skBHBaJleHTHa GeCKOHEYHOH MaJOCTH YHCJOBOH IOC/eN0BA-
TEJIbHOCTH {en), KamKIAKH 4JieH €n KOTOPOH NMpeAcTaBJsier cO60H TOUHYIO
BEPXHIOW rpaHp GOYHKUHM |fn.(x)—f(x)| Ha MHOKecTBe {X}.

3ameyanue 3. M3 onpenenenus 1 HemocpeacTBeHHO BHITEKaerT,
YTO €CJH [OCJeI0BaTe]bHOCTh {f~(X)} paBHOMEpHO cxomHuTcs K f(x)
Ha mceM muoxectBe {x}, To {f.(x)} paBHomepuo cxoaurca K f(x) u
Ha J1060M MOAMHOMKECTBe MHOMKecTBa {x}.

[lpuBenem mpuMep, MOKAa3bIBAIOUIHH, YTO H3 CXOAHMOCTH (YHKLHO-
HaJbHOH nocnenoBatenbHocTy {fo(X)} Ha MHOXKecTBe {X} He BhITekaer,
BOOGIlle rOBOPs, paBHOMepHAsi CXOAMMOCTb {f-(X)} Ha 3TOM MHO-
JKeCTBe.

OG6partumMcsi K nociefoBatedbHocTH (2.3) B3 npumepa 1°, pacemor-
peHHoro B n. 1. B n. 2 6uso A0KasaHO, YTO 3Ta NOCJAEJOBaTEJBHOCTD
cxoanrcs Ha BceM cermente [0, 1] x npenenbHOl QYHRUHH

1 mpu x=0,
Omu 0<x< 1.

HloxaxeM, uT0 3Ta NOCJEXOBAaTENIbHOCTL He€ CXOOUTCS PABHOMEpPHO
na [0, 1].

PaccmorpuMm nocsenoBaTeJIbHOCTh TOUeK X.=1/(2n) (n=1, 2, ...),
npusagaexamux cermenty [0, 1]. B kaxkno#t us 3tux touek (T. e. Qs
KazkJ0ro HOMepa 1) CIpaBejJIHBEl COOTHOIIEHHUS]

f(x)=

fn(xn)zcos%sz_Q, /‘(xn)=0

Takum ob6pasom, Ls a1060r0 HOMepa n

| () —f (xn) | =V272;

C/le10BATENBHO, NPH £ }2/2 HepaBeHCcTBO (2.6) He MOXeT BHIOJ-
HATbCA cpa3dy Iyl Becex Touex x cermenra [0, 1] HuM npwm omHOM Ho-
Mepe n. 310 H O3HAUaeT OTCYTCTBHEe paBHOMepHOH Ha cermente |0, 1]
CXOIHMOCTH pacCMaTpHBaeMOH MOCJeI0BaTeJbHOCTH.
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OrTmeruM, uTO paccMaTpHBaemasi nocjexoBaTresabHocTh (2.3) cxo-
JUTCS K NpeneabHOR QYHKUMH [(X) PpasHOMEPHO HA KAWOTOM CecMenTe
[8, 1], rne 8§ — n06oe GHKCHPOBaHHOE YHMCI0 H3 HHTepBaja 0<8<1.
B camom pgene, ans nwo6oro BeGpanHOro & Haimercs Homep Ng, Ha-
YHHAA C KOTOPOTrO BCE 3JEMEHTH [,{X) paBHH HYJIO Ha BCEM CerMeHTe
[8, 1]. Tak kak u npemespHasi ¢GYHKUHS (x) paBHa HyJO Ha CerMeH-
Te [§, 1], To neBasa wyacTh (2.6) paBHa HYJIO Ha BCeM cerMmeHTe
[6, 1], HaunHas c HakigeHHoro Homepa No. Takum 06pa3om, HauHHAA
c HoMepa Nj, HepaBeHCTBO (2.6) cnpaBeNJHBO IJf BCeX X H3 CerMeHTa
[6, 1] npu mwobom £>0.

Onpenenenne 2. Pynxyuonarsuslii pad naseieaerca pas8HO-
MmepHo cxodauumca Ha mHowmecrae {x} Kk cymme S(x),
ecau nocaedosareasnocte {Sn(x)} ezo wacruumbly cymm cxodurca
pasromepro Ha mHoxcecrae {x} k npedeavrHoll gynryuu S(x).

3ameruM, uTo QyHKUHOHANbHEIA psin (2.4) u3 npumepa 2° m. 1
CXOANTCH K CyMMe e**¥ paBHOMepHO B Kpyre x4 y?<r’ npoH3BOJBHO-
ro ¢uxcHpoBaHHOro paguyca r. B camoM jgene, BClogy B 3TOM Kpyre
|¥|1<r, |y|<<r, 1 notomy |x+y|<<|x|+ |y|<2r, oTkyma B cuuy
oueHkH (6.62*) m3 n. 2 § 9 ra1. 6 u. 1 noayuaem, 4TO BCIOAY B yKasad-
HOM Kpyre

(Qr)nﬂ‘ 2,
|Rat1 (x+y)| < ) ev.

M3 nmocnennero HepaseHCTBa BEIT€KaeT, 4TO Ruii(X+Yy) cTpemurest
K HyJIO IIPH n—-co paBHOMEpHO B Kpyre x?+y?<(r? a 310 M 03Hauaer,
4To psal (2.4) CXORHTCH PABRHOMEPHO B 3TOM KpYre K cymme exty,

4. Kpurepnit Komu paBHOMEpPHOH CXOAMMOCTH ROCJENOBATENbHOC-
TH (paza). CnpaBenJuBH cheayompe dyHiaMeHTalbHble TEOPeMHl.

Teopema 2.1. Jas 1020 4robsr PynKyuonaibHas HocAed08a-
reavroctry {f,(x)} pasromepuo na mnosecrse {x} cxoduaace k Hexo-
Topoli npedeasnoli gynkyuy, Heobxodumo u JocTaTo4rHo, 41066 0AS
npousgoabrozo ¢>0 naweaca vomep N(e), eapantupyowuil cnpased-
AlIB0CTH HEpasencTaa

| Frte (x)—fn (%) | <e (2.7)

O 8Cex HOMepos n, ydosaersopawoujux ycaosuio n>=N (e), acex
nHarypaavroix p (p=1, 2, ...) u 8cex rowex x u3 mrozcecrsu {xj.
Teopewma 2.2. [Jasn 1020 4robsl pynkyuoHaserblii pao

Y (%) (2.8)

k=1

PasHOMepHO Ha MHOMecT8e {X} cX00UACA K HEKOTOPOL cymme, Heobxo-
Oumo u docrarouno, 41066l 048 nPOU38OAbHOZ0 £>0 HAUEACH HOMED
N (e), eapanrupyrouyuil cnpasedausocte Hepasencrsa
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n+p
| Y W|<e (2.9)

k=nt+1

dan scex Homepos n, ydosaersoparoujux ycaosuwo n>=N (g), 8cex na-
ryparvueix p (p=1, 2, ...) u acex rowex x muoxecrea {x}.

HocTtaTouHo NpoOBeCTH 10KAa3aTeNbCTBO TO/NBKO Teopemul 2.1, Tax
Kak Teopema 2.2 siRjsieTcsl cJeAcTBHeM TeopeMbl 2.1 (3ameTHM, 4TO
B JieBoH wactd (2.9) mox 3HAKOM MOXYJSL CTOHT PazHOCTb Snwp(X)—
—S8,(X) uyacTHUHBIX CYMM ¢ HOMepaMu n-+p H n QYHKIHCHAJILHOTO
psina (2.8)).

HokaszatenbcTBO TeopeMun 2.1. Heobxodumocrs. Ilpen-
MOJIOKHM, UTO NOC/JenoBaTeNbHOCTh {f.(X)} cXomuTcsi pasHOMEPHO Ha
muoxecrse {x} K mnpefeabHo# GyHKuMH f(x). Torma, ¢ukcuposas
npousBoJibHoe £>0, Mbl HafiieM 1Js Hero HoMep N(g) Takoi, 4TO
HepaBeHCTBO

fal)—f 0] < — 2.10)

OyzZeT chpaBefJHBO /s BCeX HOMEPOB 71, yIOBJETBOPSIOIIHX YCJIOBHIO
n=N (&), 1 415 BceX TOUEK X MHOXKecTBa {x}.

Ecnm p — moGoe HaTypansHoe umnciao, TO npd n=N(e) HoMmep
n+p teMm Gosnee OyneT YAOBJETBOPSTh YycaoBHIO n+p=N(e), a mo-
3TOMY AJISl BCeX HOMEpPOB 7, YAOBJIETBOPSIOMHX YCJOBHIO n==N (g),
BCeX HaTypaJbHEIX § H BCeX TOUEK x MHoxKecTBa {x} Tem Gosee Gynmer
clpaBelJINBO HepaBeHCTRO

|Fate (0)—F (0)] < - @.11)

Tak kak mMonysb CyMMB ABYX BeHUHH HE LPEBOCXOAHT CYMMBI
¥X MoayJefl, 1o B cuay (2.10) u (2.11) noayuum, 9to

|Fate () —Fu ()] = | [fato () —F ] + [F () —F (0)]] <
S farp(B)—F () + 1F () —fa (x)] <&

(A7 Bcex HOMEpPOB 1, yHOBJIETBOPSIOIMX yCJoBMIO n3>N(ge), Bcex
HaTypaJbHBIX p M BCeX X M3 MHOXKecTBa {x}). HeoGxomumocTh ,i0ka-
3aHa.

Hocrarounocrs. TlpepanonoXuM, 4TO 1S NPOH3BOJABLHOTO &>0 Cy-
lectByeT HoMep N(e) Taxofi, uTO HepaBeHCTBO (2.7) cHpaBeiHBO
AJig BCeX HOMEPOB 1, YAOBJETBOPANIINX ycJaoBHI0 n>=N {g), Bcex Ha-
TyPaJbHBIX P H BCeX TOYeK X MHOXKecTBa {x}.

VI/I3 HepaBeHcTBa (2.7) M u3 KpuTepuss KOIIM CXOAHMOCTH 4UCAO-
80U mocneaoBaTeJbHOCTH (cM. m. 3 § 3 ro. 3 u. 1) BmiTexaer cxopu-
MocTh nocnenoBaTtenbHOCTH {f-{(X)} B KaKAOH Touke X MHGIKECTBA
{x} u cymecTsoBanue onpeneneHHON B KakL0#l TOUKe ¥ MHOKECTBA
{x} npenenvuoit byukuun f(x).
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QukcupoBaB NPOH3BOJbHBIN HOMED 7, YAOBJETBOPSIOIIHHA yCJIOBHIO
n=N (e), ¥ NIpOM3BOJIbHYIO TOUKY X MHOKecTBa {x}, mepeifizem B Hepa-
BeHcTBe (2.7) K npenaeay npH p—-oo. Hcrnoarsya teopemy 3.13 m. 4
§ 1 rn. 3 4. 1, MB DOJYYHM, YTO IJs IIPOH3BOJBHOIO HOMepa 7,
YAOBJIETBOPSAIOLIErO yCIOBHIO n=N (), U IPOH3BOJIBHOH TOYKH X MHO-
3KecTBa {x} cIpaBeiNHBO HEPaBEHCTBO

[F(x)—Tn(x) | <e<2e

310 H AOKa3wlBaeT, uTo IOCHeaOBaTeNbHOCTh {f»(X)} cxomurcs
K IpefespHOl (yHKUHH f(x) paBHOMepHO Ha MHOxKecTBe {x}. docra-
TOYHOCTh AOKa3aHa.

Hannuue xpurepus Kommu He cHumaer Bompoca 06 yCTaHOBJEHHH
YAOOHBIX 1Js1 TpHJIOXKeHHH HOCTATOYHBLIX MNPH3HAKOB paBHOMEPHOH
CXONUMOCTH (DyHKUHOHAJBHHX HOCTeN0BATeNLHOCTEH M PAXOB, K KO-
TOPOMY Mbl Cefiqac H MepexOpHM.

§ 2. JOCTATOYHDBIE NPU3HAKH PABHOMEPHOHA
CXOAUMOCTH ®YHKHHOHAJDBHBIX
TNOCJIENOBATEJIbHOCTEA U PAJ10B

B n 1§ 1 Mbp ybegunuce B TOM, YTO H3yueHHe (PYHKUHOHAJBHBIX
PANOB 3KBHBAJIEHTHO H3Y4YE€HHIO (PYHKUHOHAJIBHBIX MOCJ€XO0BaTEJbHOCH
tefl. C 3TOR TOUKM 3peHHs KaKABIH NDH3HAK PABHOMEPHOH CXOXHMOC-
TH HMeeT JABe 3IKBHBAJeHTHHE (QOPMYJHPOBKH: OXHY B TepMHHAX
(YHKUHOHAbHEIX DAAOB, a APYTyl0 — B TepMHHAX (YHKIHOHAJbHEIX
nocaefoBatenbHocTell. B 3aBucHMoOcTH oT ynobcrea mbt Oynem ¢opmy-
JUPOBaTh YCTaHaBJIHBaeMBle NpH3HAKH JubOO B TepMuHAX TOCJIENO-
BaTeJgbHOCTeH, JHO0 B TepMHHax DSNOB (a HHorda 6yleM IPHBOAHTH
obe 3KBHBaJIeHTHbIE (HPOPMYJTHDPOBKH).

Teopema 2.3 (mpusnax Befiepmitpacca). Ecau ¢pysxyuotary-
Hbtll pad

o«

Y (%) (2.12)

k=1

onpedesen Ha muosicecrse {x} npocrpancréa E™ u ecau cywecrayer
Ccx00awulica 4uca080 pad

}E A (2.13)

Takod, 4To Jan 8cex Todek x mHoxcecrsa {x} u Oasn acex nHomepos k
cnpasedaAuso HepaseHcTso

|ue(x) | <ce, (2.14)

TO PpynKyuonaasnotli pad (2.12) cxodurcs pasHOMEPHO HA MHOMCECTEe
x}.
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IHoxasaTteabcTBO. PuxcHpyem npousBosbHoe ¢>0. Tak kax
yucaosoit psag (2.13) cxoautcs, TO B cHJIy KpHTepuss Kowiu cxozumoc-
TH YHCJOBOro psima (cm. teopeMmy 1.1 u3 ra. 1) mafizetcs N () takoe,

yTO
n+p

e, <L e (2.15)
R=n+1

IS BCeX HOMEpOB 7, yIOBJETBOPAIOUIHX YCJ0BHIO n=N (e), H Bcex
HaTypaJabHBIX p.

M3 nepaBencte (2.14) u (2.15) H M3 TOro, 4Tr0 MOAYJb CYMMB p
caaraeMblX He IPeBOCXOJHT CYMMY HX MoAayJeHl, moiyyaem

ntp ) n+p n+p
I Z ukJ\< Z |uy| < Z ¢, < e
Bemntl k=ni1 k=n+t1

(mast Bcex HOMEpPOB n, yAOBJeTBOpsIOmiMX ycnoBuio n>=N(e), Bcex
HaTypaJIbHHX p H BCeX TOueK X MHOXKecTBa {x}).

B cuay kputepus Komm pasHOMEpPHOH CXOJHMOCTH (CM. Teope-
My 2.2) psan (2.12) cxoaurcsi pasHomepHo Ha muoxkectae {x}. Teopema
JI0Ka3aHa.

3amevanne 1. Ilpusnak BefiepuiTpacca KpaTko MoOXKeT GHThb
chopMmysHpOBaH TaK: (PYHKYUOHAABHbLE pad CXO0UTCH PABHOMEPHO
HO OGHHOM MHOJCECT8e, eCAU e20 MOXCHO MANOPUPOBATd HA 3TOM
MHOMCECTBE CXOOAULUMCA HUCAOBLIM DAOOM.

3ameyanne 2, [lpusnak BeflepmrTpacca sBJasieTCs [0CTaTOY-
HBIM, HO He HeOOGXOOUMBIM NPUBHAKOM pPABHOMEPHOU  CXOOUMOCTU
pynxyuonaavrozo pada. B camom nene, GyHKUHOHAMBHBIH Psij

Z (_ I;k‘l xh

h==]

cxodurca pasHomepro na ceemerre 0<x<<l k cymme In(l+x), mo-
CKONbKY (cM. 0. 2 § 9 1. 6 u. 1) pasHocth Mexnay In(l+x) u n-it ya-
CTHYHOM CYMMO# 3TOro psija, paBHas OCTaTCUHOMY ujeHy R,i(x) B
¢bopmyne Maknopena ana ¢yHkuuu In(l+x), aas Bcex x M3 cerMe-
Ta 0<x<(1 y/1OBJIeTBOpsieT HEPABEHCTBY

. | Rns1 (x) |1/ (n41).

Onnako 042 danHoeo PyHKLUOHAALHOEO pAda He CYu,ecTeyer HA
ceemente 0<x<{1 maxcopupyroujezo ezo €x00AU{e20Cs 4UCA08020 DA-
da, Tak xaK /19 KaXJ0ro Homepa k

— )21 xk
sup |=DEEAE
x€[0,1) k
a wHCIOBOM psin X~  pacxomHTes,
k=1

L
k ’
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TTpumenum npusHax Beilepmirpacca Ans yCTaHOBJEHHS paBHOMep-
HOH cXOXHMOCTH (YHKIHOHAJBHOTO psla

sin (k%x 4 ky + 2)
k2 ’

AL

bl
Il
L

MoxkHo yTBepxKAaTh, 4TO 3TOT PSAA CXOAHTCH DaBHOMEPHO BO BCeM
TpeXMepHOM eBKJHJ0BOM mpocTpaHcTBe E®, Tak Kak 1Js J1060# Tod-
K (X, Y, 2) 3TOr0 MPOCTPAHCTBA OH MOXeT ObITb Ma*kOPHPOBAaH CXO-
1

B

=]
ASAIHUMCS YHCJIOBRIM pSAAOM Z

k=l

Teopema 2.4 (mpussak Huun?). Ecau nocaedosareibroCTb
{fn(x)} ne ybuisaer (uau ne so3pacraer) 6 Kaxdol TO4KE X 3AMKHY-
T020 O2panuwennozo muodxcectéa {x} npocrpancrsa E™ u cxodurcs
Ha 3TOM MHONcecT8e K npedeavroll gynkyuu f(x) u ecau sce waetvt
nocaedosareasHoctu [o,(x) u npedeasran ¢ynxyus [(x) R8AAOTCR
HenpepulHbiMU HA MuodcecTge {X}, TO CXOOUMOCTb nocAe008aTeAbHO-
cru {[n(x)} sasanerca pasHomeprold na muoxcecrge {x}.

JdokazateanbcTBo, He orpannumBass oOOGIIHOCTH, NPEIIOJIO-
XKHM, 4TO nocaeloBaTeJbHOCTh {f,(x)} He y6LIBaeT Ha 3aMKHYTOM
orpaHH4YeHHOM MHOxectBe {x} (ciyuali HeBO3pacrawmefl nocjenoBa-
TeJbHOCTH CBOJHTCSI K 3TOMYy CJy4aio yMHOXEHHeM BCeX 3JIeMEeHTOB
NoCJel0BaTebHOCTH Ha uynca0 — 1), TTonoxkuMm ry, (x) =f(x) — [, (x).
ITocnrenoBaTensnocts {r,(x)} obnajgaer ciaelyiolUMH CBOHCTBaMH:

1) Bce r,(x) HeOTpHUATEJbLHB H HENMpEPHBHbl Ha MHOXKecTBe {r};

2) {rn(x)} He BO3pacTaer Ha MHOMKecTBe {X};

3) B KaX/J101 TOYKe x MHOXKecTBa {x} cylecTByeT npenen

lim r, (x)=0.
n—oe

Jocratouno m0OKasaTh, YTO MOCJEN0OBATEIBHOCTb {r,(X)} cxoauTcs
K TOXAECTBEHHOMy HYJK paBHOMEPHO Ha MHOXecTBe {x}, T. €. 4TO
ana noboro e>>0 HaiigeTess X0TA OH OQJHH HOMEp n TakoH, 4TO
rn(x)<e pis Bcex x u3 muoxecrsa {x}. (Torza B cuny HeBospacTra-
HHA nocienosaTenbHOCTH {r,{(X)} HepaBeHcTBO r,{x)<e Oyzmer cmpa-
BeJJIHBO U IJIs BCeX NMOCJeAYIOIMHX HOMEpOb.)

HonycTuM, yTo Aas HeKoToporo ¢>(0 He HafigeTcsi HH OXHOTO HO-
Mepa n TaKOro, 4To rn(x) <e cpasy s BCeX X H3 MHOXecTBa {x}.
Torna pna mo6oro HoMepa n HafizeTcsa XoTd Obl OfHA TOYKAa X, MHO-
XKecTBa {x} Takasl, 4ToO

rn(x,)>=e. (2.16)

B cmiy orpaHMyeHHOCTH MHOXKecTBa {x} U Teopemn DBoabnaso—
Be#lepuitpacca (cM. Teopemy 12.1 u. 1) H3 moc/ienoBaTeJbHOCTH TO-

2) Yaucec JIuuu — HradbsHCKHil MaTemartHk (1845—1918).
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ek {¥n} MOXKHO BLIJENHTh MOANOC/EN0BaTeIbHOCTh TOYEK (x,,k},

CXOASAIIYIOCS K HEKOTOPOH TOuUKe Xp, MpHHAAJexKanied B CHJIy 3aMk-
HYTOCTH MHOXecTBa {x} 3ToMy MHOXKecTBy. Tak Kak Kaxkjaas ¢yHK-
HHSA 7 (x) (c JoOBIM HOMEpPOM m) sABJSISICSt HeIPepHBHOH B TOuKe
Xo, TO AJst 11000T0 HOMEpa m

Him 7, (%n,) = (£,)- (2.17)

—> 00

C Ipyroii cTOpoHH!, BHOpaB A1s1 KaxKAOro HOMepPa m IPEBOCXOMs-
JUHME €r0 HOMep ny, NMOJYyYHM (B CHJY HeBO3PAaCTaHHs IOC/ed0BaTellb-
HOCTH Iy (X))

Ty (xnk) = In, (Xnk)-

ComnocraBjieHHe OCJeAHEr0 HepaBeHCTBa ¢ HepaBeHcTBOM (2.16),
crpaBelJHBbIM JJis Jilo6OTO HOMepa n, 1aeT OleHKY

Tm(Xn,) 2 & (2.18)

{ana n6oro HOMepa ny, NPeBOCXOAsIIero (PHKCHPOBAHHBIE HaMH
TIPOH3BOJIBHBIY HOMEp m).

M3 (2.17) n (2.18) BhiTexaer, 4TO
rm(x0) =¢

{Aas moforo HOoMepa M), a 3TO NMPOTHBOPEUYHT CXOJHMOCTH IIOCJel0-
BaTeJbHOCTH {rm(x)} B Toure x, K HyJwo. [lonyyeHHoe npoTHBOpeune
JIOKa3blBaeT Teopemy,

3aMeuanue 3. B Teopeme [lnuu BechMa cyiiecTBeHHO TpeGo-
BaHHe MOHOTOHHOCTH NOcJenoBaTeabHOCTH {f,(x)} Ha MHOXecTBe {x},
TaK Kak HeMOHOTOHHAas Ha MHOXKecTBe {x} mOcJel0BaTeJbHOCTb He-
UPEPBIBHEIX HA 3TOM MHOXKecTBe (DYHKHHH MOXKET CXOIHTHCA B KakK-
JOH TOYKe x MHOXKecTBa {X} K HeNpephBHOH Ha 3TOM MHOXKECTBE
PyrKOHN f(X), HO He CXOAHTHCSI paBHOMEpPHO Ha MHOKecTBe {x}.

TlpumMepoM MOZKeT CJAYXKHTb NOCAeNOBAaTeNbHOCTh ByHKIUH {fn(x)},
aas Kotopoii  f.(x) paBHa sinnx 1npu O<x<m/m M pasHa
HyJII0 NpH m/n<x<m. DTa NOCNEAOBATEIbHOCTH CXOAMTCs K f(x)==0
B Kaxjaoi Touke cerMenta 0<{x<(m, HO He CXOJHTCA Ha 3TOM cer-
MEHTe DaBHOMEPHO, Tak KakK |fn(Xn) —f(%n)|=1 mnpu x,=n/2n
JUI Bcex HOMeDOB 1.

[lpuBenem skBHBaneHTHYI0 (POPMYJHPOBKY TeopeMmbl JIHHH B Tep-
MHHAX (PyHKIHMOHAJIBHBIX PSAOB,

Teopema 24%* Ecau 8ce urentt Qyuxyuonasvrozo pada He-
NPepLisHbL U HEeOTPUYATEAbHbE (UAL HENOAONCUTEAbHbL) HA 3AMKHY-
TOM O2paHU4EHHOM MHONcecT8e {X} U ecau 8 Kaxcdoli Touke MHONCeCT-
8a {x} aror pad cxodurcs u cymma ez0 ABAAETCA HenpepuléHol HA

mrogcecree {x} ¢pynkyued, To e20 cxOGUMOCTb ABAAETCA PABHOMEPHOL
Ha muooscectse {x}.
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B kavectBe npuMepa NpHMeHeHHs NpH3HaKa I uHH H3yuum sompoc
0 xapaxTepe CXOAHMOCTH NOCJeJOBAaTelLHOCTH

(2 +5)7)

B Kpyre x2+y><1/4 papuyca 1/2 ¢ pentpoM B Touxe (0, 0). Cxomu-
MOCTb fIBJIfieTCS DaBHOMEpDHOH B 3TOM Kpyre, Tak Kak paccMaTpusae-
Mag I1ocjieqoBaTeNbHOCTh CXOAMTCS B KaXKAOH TOYKe 3TOro Kpyra K
npefeabHoll GyHKuHH f(x, y)=0, He BO3pacTaeT B Kaxao# TOUKe
Kpyra H COCTOHT U3 (yHKIUH, HeNpepHBEEIX B HEM.

Uto6br cOpMYyAHPOBATH €lue JBAa NPH3HAKA PaBHOMEPHON CXOXH-
MOCTH (YHKUMOHAJBHBIX PSJOB, BBeleM HEKOTOpHE HOBHE NOHSTHS.

Onpenenenue 1. [locaedosareavrocre {f,(x)} naswsaercs
PABHOMEPHO O2paHuU1eHrHHnOd Ha MHONeECT8e {x}, ecau cy-
wecrsyer raxkoe seujecrsennoe ducio M>0, 4ro 0as scex HoMeEpos
n u scex To4ex X MHoxcecrsa {x} cnpasedauso HepaseHcTs80

|Fn (x) | <M.

Onpenenenune 2. DPyukyuonaibHas  nocaedos8areAbHOCTs
{vn.(x)} raseisaercs nocaedosareavroctoro, ob6aradaruwell HaG
Muoxcecrse {x} pagHOMEPHO O2PAHUYCHHOLIM U3ME-
HeHueM, ecal QyHKyUOHaAbHbLUL PO

o

Z |Urq1 (%) — 0, (%) | (2.19)

k=l

CX00UTCA PABHOMEPHO Ha MHOJcecTae {x}.

OrMerum cpasy Ke, UTO 8cikafs nociedosaresvrocrsb, ofaadaro-
was na muoxcecrse {x} pasHOMEPHO 02PAHUYCHHBIM UBMEHEHUEeM, CXO-
durca pasnomeprHo Ha MmuoxcecTse {x} K HexkoTopod npedeabroik
¢ynryuu. B camom Oene, U3 PaBHOMepHOR Ha MHOXecTBe {x} CXORH-
mocti psifa (2.19) m M3 KpuTepua KoIIM BbITeKaeT paBHOMepHas Ha
MHOXkKeCTBe CXOIHMOCTb pfna

i [Ve 1 (%) —0e ()], (2.19)

k=]

n-s qac)mwaa cymMa S, (x) xotoporo mmeer BHUA Sp(x) =uvp4;(x) —
— U3 (X .

M3 nocnennero paBeHCTBa BLITeKaeT pAaBHOMepPHAas CXOAHMOCTB.
noc/ael0BaTeqbHOCTH {Un(x)} kK npesenbHoR GYHKUMHM v(X), paBHOR
S(x) +v,(x), rae S(x) — cymma psina (2.197).

Tenepp Mpl MOKeM c(hopMyJaHpOBAaTb W N0Ka3aTb CJAeAYIOLHe B2
npH3HaKa.
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Teopema 25 (mepsumii npusnax AGens). Ecau ¢pynkyuonars-
motl pad (2.1)

Y ta(3)

n=1
obaadaer pasromepro oepanuyernoll Ha Muoxcectse {x} nocaedosa-
TEAbHOCTHI0 YACTUHHBLX CYMM, A QYHKYUOHAALHAA nocAedosaresb-
Hocry {v,(x)} o6aadaer pasHOMEPHO O2PAHUYEHHbIM HA MHONECTAE

{x} usmenenuem u umeer npedeibHyo PYHKYUIO, TOXDECT8EHHO pas-
MY HYMO, TO OYHKYUOHAAbHOLE psad

Y (0 (50, (1) (2.20)
n=1

«CX00UTCA PABHOMEPHO HA MHOYMcecTse {x}.

Jdoxazarteabctro. [To yciosHwo cymecrsyer uncao M>0 ta-
'KO€, YTO IOCJeAOBATeNBHOCTb Sp(x) yacTHUHBIX cymM psaa (2.1)
AJIs BceX HOMEpOB # M BCeX TOYeK X H3 MHOXecTBa {X} yIOBJeTBO-
pseT HepaBeHCTBY |S, (x) <M.

®ukcupyem nponszsoabHoe £>0 u mo Hemy HoMep N Taxoff, yto
LA Bcex n, npeBocxoasiminx N, Bcex HaTypaJbHHX P H BCEX TOUEK X
MHOXKecTBa {x} cnpaBelTHBE HepaBeHCTBA

(0, (%) <ﬁ, 2.21)
n+4+p—1
Y mnw—nm <o (2.22)
k=n+1

{3necpr MH BOCNONb3OBAaJHCH PABHOMEPHON Ha MHOXeCTBe {X} cXoO-
JHMOCTbIO MOCTeN0BaTeNbHOCTH {U,(X)} K HyJI0 M paBHOMepHOH Ha
MHOKecTBe {x} cxomumocThio psna (2.19).)

B cuny Toxnecrsa A6eas (1.77) M B cCHJy TOrO, YTO MOAYJb CyM-
‘MBI TPeX BEJHYHH He NPEBOCXOJHT CYMMY HX MOAyJeil, HmeeM

. n+4p ntp
| ¥ @@l <] ¥ S o0 —oe (0] |+
k=n-+t1 k=n+l
: + [Satp (0] - 10045 ()] + S, (0] [aa (£) .

YuuTHBas, 4TO MJIs BCEX HOMEPOB n H BceX x M3 {x} CHpaBeNIHBO
#HiepaBeHCcTBO | S, (x) | <M, nonyunm

n+p n+p—1
Z [4x(x) v, (x)] i <M Z | Opg1 (%) — 0 (%) | +
kman4-1 k=n+41

+ M [Ungp ()| + M |Vt ()]
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Conocrasnenue mocjefaHero HepaseHcTBa ¢ (2.21) # (2.22), nos-
BOJIsieT 3aNHcaTbh HEPaBEHCTBO

n+p
[is (x) 24 ()] < e,
k=n+41

CripaBefnMBOe IJIs BceX HOMEPOB n, mpeBocxomfamux N, Bcex nary-
pPaJbHBIX p M BCeX TOYeK X MHOXKecTBa {x}, a TO H O3HayaeT, 4TO
psan (2.20) cxomuTcAd paBHOMepPHO Ha MHOxKecTBe {x} (B cHaIy Teope-
MH 2.2). Teopema n0KazaHa.

Teopema 2.6 (Bropoit mpusnak A6ensi). Ecau ¢pyuxyuonairo-
notli pad (2.1) cxodurcsa pasromepro na MuoXcecT8e {x} Kk cymme
S(x), ozpanudernold Ha 3ToM MHO%NCECT8e, A (DYHKUYUOHAAbHAA NO-
caedosareasrocrs {U,(x)} obaadaer pasHOMEPHO O02PAHUYEHHBIM HE
MuoNcecT8e {x} UBMEHEHUeM U UMEET 02PAHUYEHHYI0 HA 3TOM MHOMCE-
crge npedeavryto Pynxyuo v(x), to Gyukyuonasensii pad (2.20)
Cxo0UTCA PABHOMEDHO HA MHOXcecTae {x}.

JokazaTenbcTBO. Bynem HCXOOUTb Hu3 TOXAecTBRa AGens
(1.77). DT0 TOXKI€CTBO MOXKHO IlepenHucaTh B BHAE

n+p n+p—1
Uy (x) v (x)= y Sp (%) [vg (X) —Vrg1 (0)] +
ke=rit 1 k—nt1

+ [Sato () =S4 (1)) g (2) + Sy () [Un-4 () — U (1)).

(3mech cumBoaoM Sy (x) oGoanaweHa Fk-s uacTHuHast CymMMa psiaa

(2.1).)

U3 nocirennero ToxkaecTBa BeIT€KaeT HepaBeHCTBO

ntp nip—l
| Y 4@o@|< F IS@] o ()= (0)] +
k=n+1 k=ant1

+ 18a1 () =82 ()| |Vnpp (] + S ()] - [Vn1p (£) —Vapa (x)]. (2.23)

Tax xag no yciaosuwo cymma S(x) psina (2.1) u mpeneibHast dyHk-
nus v(x) NOCJNeN0BaTeNbHOCTH {v,(x)} orpaHHueHbl Ha MHOMKECTBE
{x}, To HafinyTcst mocrosiHHbe M; m M, TakHe, uTO I BCEX X HI

MHOXecTBa {x}
1S() <M1, |0 (x) | <M, (2.24)

U3 nepapencts (2.24) u u3 paBHOMepHO#l Ha MHOXecTBe {x} CXO-
auMocTH mnocaenoBatenbHocTell {S,(x)} u {v,(x)} X npegenbHuLIM
¢ysknuaM S(x) u v(x) COOTBETCTBEHHO BhITEKaeT CYIeCTBOBanue
TakorqQ Homepa N;, 4TO JJIsl BCeX TOUeK X MHOXKeCTBa {x} H BCex HO-
MEpOB 1, y,ZIOBJleTBOleOIlIdX ycnopuio n>=N;, OyayT cnpaBeisuBbt
HepaBeHCTBRa

[Sn(x) | <M1+, |va(x) | <Mo+1. (2.25)
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Hanee, u3 paBHOMepHOH Ha MHOXKecTBe {x} CXOZHMOCTH (yHK-
uHoHaNbHHX pagoB (2.1) u (2.19) u u3 kpurepus Kommu paenoMmep-
HO# CXOLHMMOCTH BHITEKaeT, 4TO I/ NMpPOH3BOJbHOrO e£>0 Hafgytcs
HOMepa Na(e) B Nj3(e) Takue, 4TO HEPaBEHCTBO

€
|Sntp (£)—S, ()] < SOLED (2.26):

6yleT cnpaBeisiHBO L5l TOYEK x MHOMKECTBa {x}, BCeX HaTypaJbHHX

p ¥ BCeX HOMEpOB r, YIOBJETBOPSAIOMHUX YCIOBHIO n=N,(g), a Hepa-
BEHCTBO

n4-p—1

|41 (x) — 0, ()| <

k=ani1

€

—_— (2.27)
3(M1+1)
— IJIs BCEX TOYEK X MHOXKeCTBa {x}, Bcex HATYpaJbHEIX p H BCEX HO-
MEpOB 71, YAOBJETBOPSIOINX YCIOBHIO n2Nj (g).
Haxkonen, u3 ToxpmecrBa

n+4p—1
Untp () —Va ()= ¥ [Oss (¥)—0e ()],
k==ntl1

H3 BBHITEKAIoIlllero U3 Hero HepaBeHCTBA

n+p—i
[tn1p () —0a ()] <} [Tt (¥) =2 ()]
k=n-11

H 3 HepaBencTBa (2.27) mosayuaem

[Onp () —0n (0] <

S — (2.28)
3M, +1)
Ans BceX TOYEK x MHOXecTBa {x}, BCeX HaTypaJbHBIX p H BCeX HO-
MEpOB 71, yAOBJIETBOPSIOUINX YCIOBHIO n>>Ns(e).

O6o3uaunM uyepe3 N (¢) HanGo.biIHi H3 Tpex HoMepoB N;, Nj(e),
H N3(g). Torza npu n>=N(e) IAa BCceX TOYEK X MHOXKecTBa {x} K
BCeX HaTypaJbHHX p OyneT CIpaBelJIHBO KaxXjoe K3 4eTEpex Hepa-
BeHcTB (2.25)— (2.28).

H3 sTux zepaBeHcTB ¥ u3 (2.23) BnITExaeT, yTo

n+p
V@ @|<e

PRPRR

npu Becex n=N(e), BCex HATypadbHLX p H JAJA BCeX TOYEK ¥ MHO-
x)ecTBa {x}.

B cany xputepus Komm psaa (2.20) cxoaurcd paBHOMEPHO Ha
MHOxkecTBe {x}. TeopeMa JoKa3aHa.
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Cnencteue u3 teopeMu 2.5 (npusuak Hupuxie — Abeas).
Ecau dynryuonasenoii pad (2.1) obaadaer pasHoMepHO O02paHuyex-
HOl Ha MuOXcecT8e {x} n0CAe008aTeAbHOCTHIO HACTUUHLLX CYMM, Q
pynkyuonassnan nocredosaressiocte {U,(x)} He gospacraer 8 Kaxc-
doll Touke MHOXNCECTEA {X} U PABHOMEPHO HA ITOM MHONECT8e CXO0-
Jurca k Hyao, TO PyHKkyuonassneii pad (2.20) cxodurca pasHo-
MEPHE Ha MHONcecT8e {X}.

JocTaTouHo 3aMeTHTb, UTO HeBO3pacTaioulas B KaXAOH TOUYKe
MHOXKeCTBa {x} H cXozsuiascsi paBHOMepHO Ha 5TOM MHOXeCTBe K
HYJIO NOCJeROBaTeJbHOCTh {U,(x)} 3aBeloMO O6iajaeT HAa MHOXKECT-
Be {x} paBHOMEpHO OrpaHHYeHHbIM H3MeHeHHEM, TaK Kak 111 Hee
n-1 qacruuHag cymma S,(x) pana (2.19) pasHa u;(x) — Unqi(x).
JlosTomy cywecTsyer paBHOMepHbIfi Ha MHOXKecTBe {x} mpezea

lim S, (x) =lim [v, (X) — Vo4 ()] =0, (x).

B xayecTBe mpHMepa H3YYHM BOIPOC O PABHOMePHOH CXOZHMOCTH
psaa
sin kx

RN (229)

Tak Kak mocjlefoBaTeJBHOCTh

1

o )= T

He Bo3pacTaeT B KaxJIoH TOuke GeCKOHeHHOH HpAMOR —oo<x<{co H
PaBHOMEDHO Ha 3TOH NPAMOH CXOZHTCA K HYJIO, TO B CHAY NpPH3HAKA
Hupuxae—AGens pax (2.29) cxomutcs paBHOMepHO Ha JI060M MHO-
XKecTBe, HA KOTOPOM PAL

Z sin kx (2.30)
k=1
©06/aaeT paBHOMEPHO OrpaHHYEHHOH MOCHeN0BATEIbHOCTHIO YacTHY-
HBIX CyMM.

Hnas BoiuHcaeBHs n-H yacTHYHOH cymMMHl S, (x) psiaa (2.30) npo-
CYMMHPYEM TOXKJeCTBO

2sin%sinkx=cos (k —%) X— COS$ (k +%) X

10 BCeM HOMepaM kot 1l gon. HPH 3TOM NOJYYHM COOTHOLIEHHE

2 sin%Sn (x)=cos—;———cos (n + —;—) X,



§ 3. IMounenHHR Nepexol K npejenay 83

H3 KOTODOIro BbiTeKaeT PaBEHCTBO

cos —x-—cos (n—}-—l—) x
Sn(9) = —2 2

x
2 sin—
2

CJIEROBaTEJIbHO, JAJi1 BCeX HOMEPOB p CIpaBelJHBO HepaBeHCTBO

1S, (x)] < ———.

inxl
sin—
2

KOTOpOe 03HayaeT, YTO IOCJ]eJOBaTelbHOCTh YACTHYHHX CYMM psiga
(2.30) paBHOMepHO orpaHHiyeHa Ha JIO60M (HKCHPOBAHHOM CerMeH-
Te, HE CoJAepiKalleM TOuYeK Xm=2nm, rae m=0, =1,... (TaKk Kak Ha

. X
JA1060M TakOM CerMcHTe lsmT\ HMeeT MOJOXHTeJAbHYIO TO4Y-
HYI0 HHXHIOIO TPaHb).
Hrak, pax (2.29) cxomutcsi paBHOMEDHO Ha JI060M (DHKCHPOBaH-

HOM CerMeHTe, He cOzepiKauieM TOuYeK X,=2mm, m=0, *=1,,..
B cuay Broporo mpusHaka AGesisi MOXKHO yTBepKJath, YTO Psil

=]

Z{[ sin kx ]k—}—l—!—]xl}
e UCER R E N A

=

TakKXKe CXOJHTCS PaBHOMEDHO Ha JIOOOM cerMeHTe, He cojepxkallem
TOYeK X,=2nm, m==0, *1,..., mockoaeky pan (2.29) pasBHOMepHOG
CXONHTCA HA TAKOM CerMeHTe, IpHYeM K OrpaHHYeHHOX CyMMe, a IO-
k41 x
€J1e10BaTeNbHOCTD Uk=——_l:+J|r—:( ob6najaer paBHOMEDHO OrpaHH-
X
YeHHEIM Ha JI000M cerMeHTe H3MeHeHHeM (Tak Kak psl

_ 1
2 |Uk+1—'0k|=2 (
k=l

B ix) (e 12 + 1)

Ha Bcefi mpsIMOH MaxXopHpyeTcs CXONSIIHMCA YHCJAOBHM DAJAOM

@©
1 “ o o
2?) U Ha BCeH NpPAMO#l CXOZUTCA PaBHOMEPHO K OrpaHHueHHOH

k==l
tdyskuay v(x)=1.

§ 3. NOYJIEHHbBI NEPEXOA K MPEMEJNY

]
PaceMOTpHM TMpOH3BOJBHYIO TOYKY X MpocTpascTBa E™ M mpous-
BOJbHOE MHOXKEeCTBO {x} mpocTpancTBa E™, njs KOTOpOro sra TOYKa
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0
siBAsieTcs npenenbholl. Ilpu 3ToM Touka x MOXKeT cama He NpHHAl-
JIeKaTh MHOXKECTBY {x}.
Teopewma 2.7. Ecau pyuxyuonaroueiti pao

i 14 () (2.31)

k=al
£X00UTCA pasromepro na mroxcecree {x} k cymme S(x) u y ecex
0
Y41EHO8 3T020 pAda cyulecrayer 8 Touke X npedes

lim u, (x) = by,
0

X
0

70 u cymma pada S(x) umeer 8 Touke x npedea, npuiem

@0 [+ 4
limS(x) =% [limu, (x)] :5" b, (2.32)

0 /- 0 -

XX k=l y,x k=1
T. e. cumgoa lim npedesa u cumeor T cyYmMMUPOSAHUA MOXNCHO nepe-
CTABAATL Mecramu (UAU, KaK 2080pAT, K npedeny MONHO nepexo-

OuTe NOY AEHHO).

JdokasareabctBo. CHayana JOKaXXeM CXOIHMOCTH YHCJIOBO-

ro psia Zbk' B cuay xpurepus KoluH, npuMeHeHHOTo K (yHKIHO-
=]

HalbHOMY paay (2.31), ang jwoboro >0 nafinerca nomep N(e) Ta-
KOH, 4yTo

|tnr (%) +tnga(x) + .. Ftngp(x) | <e (2.33)

JJsl BceX HOMEpOB 7, YZOBJETBOPAIOUIHX ycJjoBHIO n>=N (e), Bcex Ha-

TypaJbHHEIX p H BceX ToYeK x MHoxecTBa {x}. CunTas B HepaBeHCTBe

(2.33) ¢urCHPOBaHHEIMH HOMEpPa n W p M mepexoiss B 3TOM HepaBeH-
0

CTBe K Ipezeay IpH x-+~Xx (Takofl mpeJeibHbIi NEPEXOX MOXHO
OCYLIeCTBHTL MO JI0GOH IMOC/Jes0BaTeIbHOCTH TOUYEK MHoXecTBa {x},
0

cxogsuieficss K TOYKe X), MOJYYHM
| Ongprdbnyot .o Fbpip| <e<2e
{(ana kaxgoro nz=N(e) ® Kaxkjoro HaTypajibHoro p). B cuay kpu-

tepus Kown psan ¥ b, cxopmtes.

E=1
OueHuM Temepb pasHOCTb

S(W—Y b,
k=1
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AJIS BCEX TOYEK X MHOXKecTBa {x} M3 JOCTATOYHO MaJO¥ OKPeCTHOCTH
0

TOYKH X. Tak Kak

(=]

S () =Y u(x)
k=1

AJIs1 BCeX TOYEK X MHOXECTBa {X}, TO aas Jwboro HOMEpa n cupasel-
JHBO TOXIECTBO

SO—Y t=[Y t:(9—Y ]+ ¥ u@— T b
k=] k=1

- 241 k=n+1 k=n+l
H3 KOTOpOro 1osy4aeM HepaBeHCTBO

[S0—=F b|<[T n@—F ba+] £ we|+] T o239
k=1 k=1 k=1 k=n-+-1 k=n+1

CrpaBenJHBOe JJS1 BCceX TOYEK X MHOXecTBa {x}.
(=]

®ukcHpyeM npoussoibHOe £>0. Tak Kak psap Z b, cxoputes,
ke=1

oo
a pal ); u, (x) cxonutcs pPaBHOMEDHO Ha MHOXKecTBe {x}, TO A
k=1
dukcuposanunoro £>0 HafAeTcAd HOMEp n Taxol, 4YTO AJs BCeX TOYEK
X MHoXecTBa {x}

| i b << | i e (1) < - (2.35)
ke=n+1 k=n+1

Tak Kak mpexpes KOHeYHOH CyMMH paBeH CyMMe MNpexesoB cJjarae-
MbIX, TO Aas ¢uKcHupoBaHHOro HaMuH e€>0 H BnOpaHHOro HOMepa 1
MoxHO ykasaTtb >0 Takoe, 410

|ium—im
k=1

k=1

<i3 (2.36)

IAs BCeX TOYeK X MHoxecTBa {x}, yAoBJeTBOPAOIHX ycaoBHio 0<

0
< p(x, x)<O. U3 (2.34)—(2.36) caenyet, uTO A BCeX TAKUX ¥

(=]
|S@0—=Y, bu| <.
Rex]
0
ITo NOKa3blBaeT CyllecTBOBaHHe mpexensa S(x) B TOUKe X, a
€JeJJoBaTeqbHO, H CNpaBeAJHBOCTb paBeHcTBa (2.32). Teopema moka-
3aHa.
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B tepMunax ¢byHKUHOHAJBHEIX [OCJeLOBaTeJbHOCTeH TeopeMa 2.7
3BYUHT TaK:

Teopema 2.7% Ecau QyHKyUOHAALHAA NOCAO08ATEALHOCTY
{fn(x)} cxolurcs paswomepro Ha mHoxcecTée {x} Kk npedeatrolt
pynxyuu f(x) uosce 3AeMeHTbL 3TOll nocAe008aTeAbHOCTU  UMEHT

npedes 8 Touke X, TO U npedeasvras Pynkyusa f(x) umeer npedea &
0
TOYKE X, npuksem
limf (x) =lim (lim f, (x)) =1im (lim f, (x)),
0 0 nNoow n—>o 0
XX XX XX
T. e. cumgoa lim npedeasa nocaedosaresvrocTu U cumsos lime
n—>o (14
X %

npedesa yuKyUL MOXHO nepecTasinre Mectamu (Uau, KAK 2080pAT,
0

K npedeay npu X—» X MONCHO NePexo0uTs ROYAEHHO).
CuengcrBue | u3 teopeMu 2.7. Ecau 8 ycaosusx Teope-
0

Mor 2.7 OonoanuresvHo norpebosars, 4ToGbl TOYKA X RpPUHAOAeHa-
Aa mMHoxcecTey {x} u 4robul 6ce uAeHbL Up(X) (PYHKYUOHAALHOZO Pl
0

(2.31) 6viau nenpepoisrol 8 Touke x, TO u cymma S(x) srozo pada
0
6yder nenpepoidna 6 TOUKE X.

0
B camoMm gene, B 3TOM caydyae b, =u,(x) H paBeHcTBO (2.32) npu~
HUMaeT BH],

0 0
iy (%) =S (%),

lim S (x) =
¢ 1

XX

T1s

0
a 3TO U 03HAYaeT HENPEePLIBHOCTh CYMMH S(x) B TOUKe X.
Canencreue 2 us teopeMu 2.7, Ecau sce unenst ¢yuk-
yuonasvrozo pada (PyHkyuorasbHoU nocaedos8aresbHOCTU) Henpe-
poleHbL HA naoTHOM 8 cebe muoocecree {x}® u ecau sror pynkyuo-
HaavHold pad (9Ta PYHKYUOHAAbHAA nOCAE008ATEAbHOCTb) CXOOUTCH
PAsHOMEpHO Ha MHONcecTse {X}, TO U cymmMa yxasawnoeo pada (npe-
deavHas (yHKyUs YKAZQHHOU NOCAeG08ATEALHOCTU) HenpepsleHa HA
muoscecrse {x}.
s floKasaTelbCTBa JOCTAaTOYHO NPHMEHHUTb Npeabiyniee clei-

CTBHE K KaXJ0#l TOUKe X MHOMXKecTBa {x}.

% HanoMuHuM, uTO MHOXKecTBO {X} Ha3HBaeTcd NJAOTHHM B cebe eciw
KaxJasl ero TOukKa SIBJSETCH IPelebHON TOYKOH 3TOr0 MHOXKECTBa.
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§ 4. NMOYJ EHHOE HHTETPHPOBAHHE H NOYJEHHOE
AHPOEPEHIIMPOBAHHUE ®@YHKU HOHAJBHBIX
HNOCHNEJAOBATEJIbLHOCTEN H PANO0B

1. MouneHHOe HHTerpupoBaHme. JlOKaKeM CAeAYOLLYIO OCHOBHYIO
TEeopeMy.

Teopema 2.8. Ecau ¢ynkyuonarshas nocaedosaresbrocTo
{fn(x)} cxolurca k npedeavroi pyuxyuu [(x) pasrHomepro Ha cee-
MenTe [a, b] u ecau kaxOas Ppyuxyus [,(x) unreepupyema na cee-
menre [a, b], To u npedesvran pyuxyus f(x) uunreepupyema Ha 3TOM
CezMenTe, NnpudeM YKA3AHHYIO ROCAe00B8ATEAbHOCTy MOJNCHO UHTE2PU-~
posars na ceemente [a, b]l nouwrenno, 1. e. npeden

lim f [a(x)dx

n-»o
a

b
cyuecreyer U pasex (f(x)dx.
a

JokaszaTeabcTBo. CHayasa JOKaXeM, YTO npedenvHas (yHk-
yus f(x) unreepupyema Ha ceemenre [a, b].

@dukcupyeM npouspoaphoe £>>0. JlocTaTouyno A0OKa3aTth, YTO AJA
npefenbHOll ¢yHKUHH f(x) Halilercs XoTa OH OAHO pasbueHHE cer-
MeHTa [a, b], AAA BepxHel CYMMHl S H HHXHell CYMMH § KOTOpOTO
CIIpapelIHBO HepaBeHCTBO S —s<eg (M. m. 1 § 3 ra. 94, 1), -

Jasa 3Toro LOCTATOMHO JOKa3aTh, 4TO AJs (HKCHPDOBAHHOTO HAaMM
npou3BoJbHOro £>0 HaiiieTcss Takod HOMep n, 4To A8 Jawboro
pas6bHenusi cerMeHTa [a, b] BepxHsis cyMMa S U HHXKHAA CcyMMa §
<$yHKUHE f(x) B BepxHsAd cyMma S, H HHXHSI CyYMMa S, (GYHKUHH
fn(x) cBA3aHB HepaBeHCTBOM

S—s \<(sn—s,.)+%. (2.37)

{B camom pene, ec1u s gwoGoro pazbuenusa GyleT AoKaszaHa crpa-
BeJJHBOCTL NSl HEKOTOPOro HoMepa n HepaBeHcTtBa (2.37), T0 B
CHJIy HHTErpHpPyeMOCTH Ha [a, b] ¢yHKuuM [,(x) pa3bueHHe MOXKHO

Bpi6paTh Tak, 4TO OyldeT CHOpaBeJIHBO HepaBeHCTBO S, —s, < %,
43 KoToporo B cuay (2.37) cienyer S—s<e, uTo U 3aBepliaer [o-
Ka3aTeJbCTBO HHTerpHpyeMocTH Ha [a, b] dynrumm f(x).) Paccmor-
puM npousBoJbHOe pa3buenme {x,} (k=1, 2,...,m) cermenra [a, b]
#i 0603HaYHM CHMBOJIOM @ (f,) Ko.seGannHe® Ha k-M wacTHYHOM cer-
MeHTe [Xp—i, xx] yHKIHH [,(x), a cuMBoJOM w(f) KomeGauue Ha

TOM JXe 4aCTHYHOM CcerMesTe npeaesbHOH GYHKUHH [(x).

%) HanmomuuM, 4T0 KonebGaHHeM GYHKUHH Ha JIOGOM cermMeHte HasH-
BAETCs Pa3HOCTb MEX]Y TOUYHOR BepxHeH M TOYHOH HHXHeH rpaHsaMH 3Tol (QYHKIUHMH
Ha YKa3aHHOM cerMeHTe.
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HepasencrBo (2.37) OGyaeT 10Ka3aHO, €CIH MBl YCTaHOBHM, 4YTO
IZasl ZOCTAaTOuHO OOJBLIOrO HOMEDAa n CIpaBeliHBO HepaBeHCTBO

o (f) < @ (f")+2(TB—E' (2.38y

(B camom gene, ymuoxas (2.38) Ha IJHHY AXp=Xp — Xp-; UaCTHU-
HOTO cerMeHTta [Xx_j, Xx] H CyMMHpys nogaydamolieecs IOPH 3TOM He-
paBeHCTBO IO BceM k=1, 2,...,m, noJy4udM HepaBeHcTBO (2.37).)

YcTtanoBuM s 10600 YaCTHYHOTG CerMeHTa [Xp—1, Xp] H a8
Jio6oro gocraTouHo 6GoJBLIOrO HOMepa n CrpaBeaJHBOCTb HepaBeH-
crBa (2.38). Ins snwo6oro HoMepa n M Jio6HX IBYX Touek x' H x7
CerMeHTa [xp_i, X3] CIPaBeANHBO TOXKIECTBO

F)—=FE) =7 () —=F. G+ [F, () —F. N+ [F, () —F (£)],

H3 KOTOPOI'O BbITEKACT HEPABEHCTBO

VD) —F &) < V&) =T (D)= 6N 17,37 —F (")
(2.39)

B cuay paBHOMepHOH Ha cerMeHTe [a, D] cXoAHMMOCTH mocjeroBa-
TenbHOCTH {f, (x)} x ¢ynkuuu f(x) zas PHKCHPOBAHHOrO HaMH IIPO-
H3BoJibHOTO €¢>(0 HadpmeTcss HOMep 7 TakoH, YTO OJsI BceX TOYEK X
cermenTa [a, b]

€
N—fx)) < ——. 2.40
(DT ()] < 5 (2.40)

HUcnone3sya B mpasoiét yactu (2.39) uepabenctBo (2.40), B3sToe

JJis TOUKHM x==x' H IJs TOUYKH x=x", moayyrM u3 (2.39)

T =F < )= + 555 (24D

(zns BHIGpAHHOTO HAMH AOCTAaTO4HO GOJBIIOr0 HOMepa n H AJd Jio-
ObiX ABYX TOUeK x’ H x” cerMeHTa [Xp_1, Xu]).

Tak kak mpu Ja060M pacrnoJiokKeHHH Touek x’ ¥ x” HA cerMenre
[Xr—1, xx] cupaBemiHBO HepaBeHCTBO

[fn(x7) = Fn (x") [ <<or(fs),
To u3 (2.41) moayuum

FEO=F N S ol + 55— (2.42)

a)’

3aMeTuM, 4TO HepaBeHCTBO (2.42) cmpaBeisiuBo mpH Jw06oM pac-
HOJIOKEHHH TOYeK x’ M x” Ha UaCTHYHOM CerMeHTe [xp.1, Xa}.

O603Ha4uass TOYHYIO BEDXHIOO H TOYHYIO HHXHIOIO I'DaHH (DYHKUIHH

f(x) #a ykasaHHOM HacCTHUHOM CerMeHTe COOTBeTCTBEHHO uepes M,

H myp, B CHIY OnpeleJeHHs TOUHHIX rpaHefl HafileM /[Be MOC/JeIOBa-
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TeNbHOCTH Touek {xp’} W {xp”} (p==1, 2,...) cermMeHTa [Xp_i, Xz] Ta-
KHe, 4TO

lim x) =M,, lim x) = m,.

p—>@ p—>x

B cuay (2.42) ana awboro HoMepa p

’ " 8
| (x)—F (el < o () + " (2.43)
Tlepexonst B nepaBenctBe (2.43) K npellely IIpH p—-o© H 3aMedad,
410 mpexpen JaeBoll yactu (2.43) paBen Mp— mp=owx(f), monyyum B
npeneie u3 (2.43) Tpe6yemoe HepaBeHCTBO (2.38)
TakuMm 06pa3oM, I0OKa3aTeldbCTBO HHTEIPHPYEMOCTH NIPeAebHOH
¢yukuud f(x) na cerMenrte [a, b] 3aBepureno.
3aMeTuM, UTO €cjay Obl MH B yCJOBHAX TeopeMbl 2.8 JONOJHHTENb-
HO moTpe6oBaJH HENpephiBHOCTH KaxKAOH QYHKUMH [, (X) Ha cermes-
Te |a, b] (uro Jenaercs B GOJBIIMHCTBE yueOHHKOB IIO MaTreMaTHye-
CKOMy aHaJHu3y), TO A0Ka3aTesIbCTBO MHTErpHPYEMOCTH IpejesbHOMN
¢yukumn f(x) Ha cerMenre [a, b] cTanoc 6H cOBceM TPHBHAJIbHHEIM:
B CHJYy CJHeJCTBHA 2 M3 TeopeMbl 2.7 IpPH TakKOM JOTNONHUTEJBHOM
TpeGoBaHHM TpenenbHas QYHRuusA f(x) sBAssace Ol HenpepHBHOH
Ha cerMeHTe [a, b], a mOTOMY M HHTerpupyeMofl Ha 5TOM CerMeHTe.
Ocraetcq AokasaTh BTODOe yTBepKJAeHHe TeopeMbl 2.8 O TOM, 4TO
HHTEeTDHPOBAHHE IOC/HeLOBATENbHOCTH {f,(x)} Ha cerMeHnre [a, b]
MOXKHO IPOH3BOJAHTL IIOUJNeHHO. JOCTaTOYHO AOKa3aTh, YTO AJs JO-
ooro £>0 nHafgercs HOMep N (g) Taxoﬁ, 4To 1as Bcex n=N (g)

an dx——\ f(x)dx\I < e.

o

[~

Ho 3710 BHITEKaeT H3 TOrO, UTO B CHJy PaBIOMEpPHOH CXONHMOCTH
{fn(¥)} ¥ f(x) Ha cermenre [a b] cymecrByer HoMmep N (e) Taxoii,
uTO /1 BCeX X H3 cerMeHTa [a, b] W Jas Bcex HOMEpPOB A, yAOBJe-
TBOPAIOUHX yCJIOBHIO n=N (&),

[ () —F (%) < = (2.44)

b—a)

M3 nepaBencrBa (2.44) u N3 M3BECTHBIX OIEHOK H3 TEODHH OIpe-
JIEJIeHHOTo HHTerpadia ) moayuum

% HMeoTcs B BHAY C/AeAyiOllHe YCTAHOBJEHHHE B . 2 § 4 ra. @ u. 1 oneHkH:
1) ecan F(x) uHTerpprema #a [a, b], To u |F(x)| unrerpupyema na |a, b] NpH-

yem IJ F (x) dxl< SIF(dex; 2) ecam f(x) m g(x) HHTerpHpYeMH Ha CerMeH-
a a

b
Te [a, b] u Bciony Ha atoM cermente f(x) <g(x), 10 Sf(x) dx < \ g(x)dx.

a1
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b

qun(X) dx—ff(x) dxl:“ [F (1) —F (%)] dx‘ <

a
b
€

b
< U=t < 5t far == <

JlokazaTenbcTBO TeopeMH 2.8 NMOJHOCTHIO 3aBepIIEHO.

IlpuBezeM dopMynupoBky TeopeMul 2.8 B TepmMuHax (QyHKuuO-
HaJbHLIX PSLOB:

Teopema 2.8* Ecau ¢pynxyuonasonoil psad

o

2: U (x)

k=1

cxodurca k csoel cymme S(x) pasHomeprHo Ha ceemeHTe [a, b] w
ecau xaxcOvil waen 31020 paoda uy(x) npedcrasaser coboil pyuryusw,
uuTeepupyemyro Ha ceemente [a, b], ro u cymma S(x) unreepupyema
Ha ceemente [a, b], npuuem yxasannoll pAO MONHO UHTE2PUPOEATL
Ha ceemenTe [a, b] nowaenHO, T. e. MOMHO yreepHOars, 410 4uc-
20808 pad

o b
Z ug (x)dx
k=1 a

b
cxo0uTca u umeer ceoetl cymmol SS(x) dx.

a

Sameuaunue. B caenywoumeil rnase GyzeT ykKasaH aHaAol Teo-
peMbl 2.8 (cM. Teopemy 3.9) Ans cayuas, Koria (yHKIHOHAJbHAR
NocjieI0BaTesIbHOCTh ONpenesneHa W HHTerpHpyeMa B HEKOTOpPO#H 06-
NaCTH mM-MePHOTO eBKJHA0BA NpocTpaHcTBa E™ (mpu m2=22).

2. Noynennoe puddepenuuporanue. B nanpHefillleM 10OJ CI0BAME
«pyHKuHs f(x) HUMeeT NPOH3BOIHYIO Ha cerMeHTe [a, b]» Mul GyneM
noApasyMeBath, uTO QyHKuuA [(x) HMeeT OOWUHYIO (ZBYCTOPOHHIONW)
NPOU3BOAHYI0 B JNI050H BHYTpPeHHeH Touke cerMenta [a, b], mpasyio
npoussonnywo f'(a+90) B Touke a u jeByw npousBoanyio [ (b—0) B
TOYKe b

Teopema 2.9. Ecau kascdasn ¢pynxyus [,(x) umeer npoussod-
HYyrw Ha ceemenre [a, b], npusem nociedo8areabHOCTd NPOU3BOOHLLX
cxo0uTCa pasHomepHo Ha ceemente [a, b], a cama nocaedosaresv-
Hocro {fn(x)} cxodurca xora 6ol 8 o0nol Touxe x, ceementa [a, b],
T0 nocaedosareavHocte {f,(x)} cxodurca K weKoropoid npedevroit
pyuryuu f(x) pasnomepso na ceemenre [a, b], npuwem 3ty nocie-
dosareavrocTo MOJMCHO Oupdpepenyuposare na ceemenre [a, b] no-
“NeHHO, T. e. 8C00y Ha ceemenTe [a, b] npedesvbras yukyus
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umeer npoussodnyro® f['(x), asaswowyroca npedervrod Gyukyuerl
nocaedosareavrocru {f,"(x)}.

HokasareabcTBo. JlOKaxkeM cHayala, YTO HOCAed08aTEAb-
tocre {f.(x)} cxodurca pasnomepro Ha ceemenre [a, b]. H3 cxoan-
MOCTH YHCJOBOH mocJezoBaTeNbHOCTH {f,(xp)} H H3 paBHOMepHOH Ha
cerMente [a, b] cxomumoctu {f.’(x)} cieayer, uto zaa aoboro >0
Hadizercs HoMep N (&) Taxoi, uTO

[rko (o) —Fa (50)| < -, W) = o) < 5o (2.45)

Ans Bcex nz=N (e), Bcex HaTypaJibHBIX p U AJA BCeX x H3 CerMeHTa
[a, b].

Ilycte x—npounsBoabHasg Touka cerMeHra [a, b]. Tak kak
Anst QYHRUHHE |[fnyp(f) —fn(f)] npu nM06bIX PHKCHPOBAHHBIX HOMe-
Pax n 4 p BHIOJHEHB Ha CerMeHTe, OrpaHHYeHHOM TOYKaMH X H Xp,
Bce ycJoBHA TeopeMul JlarpaHxka, To MeXJAy X H Xo Hafjercs TOYka
& Takasd, 4TO

[t p (%) —Fr ()] —[Fato (x0) —n (x0)] = [fr;+p (§)’—fn (&) (x—x,).

H3 sToro paBeHCTBa H M3 TOrO, YTO MOAYJb CYMMEl ZBYX BeJIHUHH
He IPEeBOCXOAHT CYMMy HX MozyJieH, NOJAyYHM, YuuThiBas (2.45) mu
HEepaBeHCTBO |x— xo|<b—a, uTo

|Fnin (x) — fa (%) [ <e

(zns moboro x u3 [a, b], nas mwoboro nz=N (e) u a1060r0 HaTypaib-
HOTO p).

JT10 H o3HayaeT B CHIy KpHTepus Kolun, yTo mocjenoBaTeSbHOCT
{f»(x)} cxonurcs paBHOMepHO Ha cermente [a, b] K HekoTOpoi#l mpe-
JenbHOU QYHKUHH [(X).

Ocraercst gOoKa3aTh, YTO 3Ta mpexesbHas ¢GYHKUHS B JI0 60
¢uKCcHpOBaHHONA TOYKe x cermeHra [a, b] HMeeT NPOH3BOAHYIO (B
TPAaHHYHBIX TOUKAaX OJHOCTOPOHHIOIO TPOU3BOAHYIO) H 3Ta MPOH3BOI-
Has sABAfeTcs IpelejdbHON (yHKIHeHd mnociexnoBarenbHocTH {f,(x)}).

dukcupyeM NPOH3BO/IbHYIO TOYKYy X cermenta [a, b] u no Hed
8>0 rakoe, yTOOBl 8-OKPeCTHOCTh TCUKH X LEJHKOM COJAepHKanach B
[a, b] (B ciyuae, ecqn x sBJsieTcsl TPaHMYHON TOYKOH cerMenrta |[a,
b] nox 8-OKPecTHOCTBIO TOUKH x Oyxem MoapasyMeBath MpPaBylo NO-
JYOKPECTHOCThb [a, a+8) TOYRHM @ H JeBYK HOJYOKpPecTHOCTh (b—6,
b] Touku b).

O6osHaunM cuMBOJOM {Ax} MHOMKECTBO BCeX HHcead AX, yIAoBJe-
TBOPAIOWHKX ycaoBuw 0< |Ax| <8 mpu a<x<b, ycnosuio 0<Ax<8
IpH x=a H ycaoBuw —8§<<Ax<0 npu x=~, 1 AOKaxKeM, YTO IIOCNe-
JOBaTEJbHOCTh QYHKUHHA apryMenra Ax

®) B rpamMummx Toukax [g, b] uMeercss B BMAY OJHOCTOPOHHSISt NPOH3BOAHAL,
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Ax) —
@ (&) =L EE I =/ ) (2.46)
X
CXOJHTCSl PaBHOMEDHO Ha YKa3aHHOM MHoxkKecTBe {Ax}.
IOas npousBosawHoro >0 B cuay Kpurepus Koy paBHOMepHOH
cxoauMocTH nocaegoBateaptocTH {f,’(x)} nHaitmercs noMep N (g) Ta-
KoO#i, yTO

|t (1) —Tn (x)] < e (2.47)

Lisi BceX x u3 [a, b], Bcex n>N(g) U BCex HaTypaJbHHX p.
durcupyeM Temepb NPOH3BOJBbHOEe Ax H3 MHOXecTsa {Ax} u mnpu
JI06EIX QHKCHPOBAHHEIX HOMepax n M p NpUMeHHM K (QYHKIHH

[Frtn () —Fn ()]

[0 cerMeHTy, OTPaHHYEHHOMY TOYKaMH x H x+ Ax, teopeMmy Jlarpan-
xka. Cornacuo 310#i TeopeMe Hafizercs uucio 6 u3 uuTepBana 0<
<0< 1 Takoe, 4TO

[fnep (x+ Bx) —fn (x + Ax)] — [Fnyp () — Fn (%)] —
Ax
= frtp (X4 0Ax)—fn (x + 0Ax).
Hcnoapsys ob6o3nauenue (2.46), mocienHee paBeHCTBO MOXKHO Tepe-
nHCaTh B BUIE
Pnep (AX) — @ (AX) = fop (x + 0AX) — f1r (x+ OAX).

M3 s1oro paBenctBa u u3 (2.47) 3axiaiwodyaeM, 4TO

[@nip (Ax) — @n (Ax) | <e

ans mo6oro Ax u3 {Ax}, mwo6oro n=N(e) u Ja1060r0 HaTypaAbHOTO
p. B cuny xpurepusa Kommu (1. e. TeopeMn 2.1) mocjenoBaTeJbHOCTD
{pn(Ax)} cxomutcsi paBsoMepHo Ha MuoxecrBe {Ax}. Ho Ttorma x
3TOH NOC/NEI0BATEJbHOCTH MOXKHO IPUMEHHTH TeopeMy 2.7 0 mouJieH-
HOM IlpeZenibHOM mepexoze B Touke Ax=0 (B TepMuHax (yHKuHO-
HaJbHBIX TocsaenoBaTednHocTeli). CorsiacHo 3Tofi TeopeMe (YHKUHS

flx+Ax)—f(»)
Ax i

ABAAIOIIAsCA TpeAe bHOH ¢QyHKUHeH mnocaefoBaTeasHocTH (2.46),
uMeer mpenes B Todke Ax=0, OpHUEM 3TOT mpede] MOMKHO BHIYHC-
JSITh NOYJIEHHO, T. €,

lim L&D =T® gy [lim g, (Ax)] =

Ax—0 Ax AX -0 nw

=lim [lim g, (Ay]=lim |lim f"(x+A;i_f"(x)]=1imfr;(x)-

n—o>mw Ax—> n—>o | Ax—0 n—on
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310 H JA0Ka3LBaeT, YTO NPOu3BoZHasA mnpelenbHoll GyHKuuH f(x)
B TOUKe x CywlecTByeT H paBHa liin f,(x). Teopema mokasana.

H—>ao
B repMuHax (yHKIHOHANBHHX pAZoB TeopeMa 2.9 ¢opmyau-
pyercs Tak:

Teopema 2.9* Ecau kamdas pyukyus u,(x) umeer npousgod-

Hywo na ceemenre la, b] u ecau pad usz npouszsoduoix T u, (x)

k=1

[}
cxodurcs pasromepro Ha cezmente [a, b], a cam psad S‘ u,(x) cxo-
k=t
durca xors 6bl 8 00HOL TOuke xy ceementa |[a, b], o aror nocaednuil
pald cxodurca pasHomepHO Ha ceemenre [a, b] k Hekoropold cymme
S(x), npusem sror pad moxmno Qupdepenyuposate nHa ceemenre |[a,
b] nouaenno, 1. e. eco cymma S(x) umeer npoussoOHYyI0, ABAAOUYIO-
(o<

s cymmotl pada u3 npouseoduoix Y u, (%).
k—1

3ameuanue 1. IlomuepkueMm, uto B Teopeme 2.9 npennocaa-
raeTcsi TONBKO CYLIECTBOBaHHe Ha cermeHte [a, b] mpousBomHoil vy
Ka)Joro 4jeHa IOCJHeROBaTeNbHOCTH f,(x). Hu orpanuyennocts, HH
TeM GoJiee HeNPEePHIBHOCTh YKas3aHHOW MNpPOH3BOJHOH (Kak 3To He-
Jaercsi B OOAbLIMHCTBE Y4eOHHKOB IO MaTeMaTHYeCKOMY aHaJH3Y}
He NpeamnosiaraeTcs.

3aMeuanue 2. Eciu Bce ke JONOJNHHTENBHO MNPEATNONOXKHTh
HEeNIPEPEBHOCTb [IPOHU3BOJHON Y KaXKIOro ujeHa MOCAedOBaTeSbHOCTH
Ha cerMeHTe [a, b], To B cuny crnexcTBus 2 u3 TeopeMu 2.7 W mpe-
Jenpnas ¢yuruus [(x) OyZeT uMeTb NPOUSBOLHYIO, HeNpepHBHYIO Ha
cermesre [a, b].

BaMeuanue 3. Iaa QyHKUUH m NepeMeHHHIX TeopeMa 2.9 Mo-
XKeT GuiTh cOpPMYNHPOBAHA B CJEAYIOLIEM BHJE:

Teopewma 2.9** Ecau xawmdaa u3 ¢yaxyud fo(xY=f,(x1, %2 ...
evo X)) UMeeT 8 3aMKHYTOU oepanuiernoi obaactu G npocTpancrsa
Ihn_
Xk

9fn
008arebHOCTE NPOUBBOOHBLX > }cxoauTc;z pasHomepHo 8 o6aa-

E™ wacruyo npoussoduyro no nepemenuoll x, W eciu nocae-

[
cru G, a cama nocaedosareavrocre {f,(x)} cxodurcsa 8 kaxcdodi To4-
xe obaactu G, To nocaedosarenstocts {f,(x)} moxuo Oupgpepenyu-
posars no nepemernoll xp 8 obaactu G nouAeHHO.
H3 teopeMub 2.9 Jerko BHTeKaeT CJAeAyIOlIEe yTBepkKIeHHE.

Teopema 2.10. Ecau rascdan ¢yuxyusa f,(x) umeer nepsoob-
pasuyro na ceemente [a, b] u ecau nocaedosaresvuocre {f,(x)} cxo-
odurcs pasHomepHo Ha ceemente [a, b] K npedenvnodl gynxkyuu f(x),
TO0 u npedenvnas Qynxyus f(x) umeer nepsoobpasHytd na ceesmenTe
la, b]. Bosee Toeco, ecau xo— awban touka ceemenra [a, b}, To no-
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caedogarenavHocts nepsoobpasnblx M, (x) pynxyud f,(x), ydosae-
Teopauux ycaosurw O, (xg) =0, cxodurca pasHomepHO HA CeemenTe
[a, b] x nepsoobpasnoti @ (x) npedesvnoldl pyuxyuu f(x), ydosae-
Tgopsroweld ycrosuro O (xy) ==0.

JoxaszateabcTBO., [Hias mocaedoBaTeJbHOCTH mepBOOGpas-
ueix  D,(x) yukuudi  f.(x), yooBieTBOpAKOIIHX  Tpe6OBaHHIO
D, (x0) =0, BHIOJAHEHH Bce ycjioBHA TeopeMHl 2.9. 1o obecmeunBaer
paBHOMepHYIO Ha [a, b] cxoauMocTh nocaejnoBatenpHocTH {Dn(X)} K
npenenvHolt GyHRuuu @ (x), y KoTopoHl B Kaxk/aofi Touke [a, b] cy-
llecTByeT IPOH3BOZHAsl, paBHasi IpelejbHoli (yHKIHH nOCAEIOBA-
TenbHOCTH {fn(x)}. TeopeMa mokaszana. A

3aMeyanue K TeopeMe 2.10. B Teopeme 2.10 ne Tpebyercs
HH OrpaHHYEHHOCTb, HH TeM Gosiee HHTerpHpyeMocTh QYHRUHA fn(x)
Ha cermeHre [a, b].

TeopeMHl, 10KazaHHble B QAaHHOM W B INpeiblAylieM naparpadax
1IC3BOJIAIOT HaM cZejaTh CJeIyIOIHH 3aMeuaTelbHBHH BHIBOI:

Yreepxzenue PasHomepras cxo0umocte He s61800ur U3
Kaacca yuxyul, umerowux npedea 8 O0annoid touxe (reopema 2.7),
U3 kaacca Henpepoigrolx yuxyul (caedcrsue 2 us reopemor 2.7), u3
kaacca unrezpupyemotx Gyuxyuid (reopema 2.8), u3 kaacca Pyrk-
yuil, umerowux nepsoobpasuyro (reopema 2.10) u (8 cayuae pasHo-
MepHOLI cx00UMOCTU npoU3BoOHblx) U3 Kaacca Ouppepenyupyemoix
Pyuxyuii (reopema 2.9).

3. Cxopumocts B cpeaneM. [loTpebyeM, uTo6H Raxaas (YHKIHA
frn(x) ¥3 GYHKUHOHAJBHOH NOCHEZOBATENbHOCTH {fn(x)} H OyHKuUHA
f(x) ABASIHCH MHTEIPHPYEMBIMH Ha cerMeHTe [a, b].

Torza (B cuaty § 4 1. 9 4. 1) u dyHRuns

[fa () —F ()12 = fa (x) —2F4 () F () + /2 (x)

Takxke Oyzner ABAATbCS HHTerpUpyeMoH Ha cerMente [a, b].
BeeneM ¢yHzaMeHTalbHOE NOHSATHE CXOXMMOCTH B CPeIHEM.
Onpenzexenune 1. Bydem 2080purs, 4To PyHKYyUOHAAbHAS nO-
caedosareavrocry {f,(x)} cxodurca 8 cpedunem Ha cezmenre
[a, b] k @Pynryuu [(x), ecau cyuwecrsyer pasnoili Hyato npedes

b
lim [, (x)—F (x)]Pdx=0. (2.48)

Onpenenenue 2. byOem 2o80puts, 410 PyHKYUOHAALHOIL PAO

@

Z Ui (%)

k=1

cxodurca 6 cpedHem Ha ceemente [a, b] k cymme S(x), ecan
n0c1eB08aTEAbHOCTD HACTUUHbLY CYMM 3T020 pada cxodurca 8 cped-
Hem na ceemenre [a, b] x npedeavnoil pynxyuu S(x).
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3ameuanune. M3 onpezesenuii 1 u 2 HemocpenCTBeHHO BHITe-
KaeT, uTo ecJH (YHKUHOHAJbHAs MOC/AeACBaTeAbHOCTh  ((PYHKUHO-
HaJlbHBIYI PAN) CXOZHTCA B cpeiHeM K f(x) Ha cermenrte [a, b], TO
aTa NOCJAEJOBATEIbHOCTh (3TOT PSx) CXOAKTCA B cpegHeM K f(x) H
Ha gio6oM cermente [c, d], conepxamemcs B {a, b].

BruisicHuM BOIpOC © CBSI3H MeXIY CXOJAHMOCTBIO B CPeAHEeM H paB-
HOMEDHO# CXOZHMOCTBIO TIOC/I€A0BATENBHOCTH,

Yreepxaenue 1. Ecau nocaedosaresvrocre {f,(x)} cxodurcs
K ¢yuxkyuu [(x) pasromepro Ha ceemenre [a, b], To 3Ta nocaedosa-
TeAbHOCTb cxodurca K [(x) u e cpedHem Ha ceemenre [a, b].

®ukcupyeM mnpoussoirHoe £>0. B cuiy paBHOMepHOH Ha cermen-
te [a, b] cxoaumoctn HochenoBaredbHOCTH {fa(x)} K f(x) maa moso-

. € o v
HKHUTEJBHOTO HHCJa 20—a) Hafizercs HoMep N (g) Tako#, utor
—a

/e
|Fn()—F(x)] < V So—a) (2.49)

JJIsl BceX HOMEpOB 7, YIOBJIETBOPSIOIHX yciaoBHi0 n=N(e), H Bcex
TOYeK x cerMeHra [a, bj.

Ho Torza B cuiy HM3BecTHO#l OUEHKM H3 TEOPHH OIpeleseHHOro:
HuTerpana (cM. m. 2 §4 . 9 u. 1)

b b
Y [fa(x)—F ()P dx < ﬂTi;)—jvfdxz—;— e

JUIsT BCeX HOMEpPOB 7, YIOBJETBOPAIOIMX yciaoBuio nz=N(e). dTo w
03HauaeT CXOJHMOCTb I1ocaenoBaTeNbHOCTH {fn(x)} K f(Xx) Ha cermeH-
Te [a, b] B cpelHeMm.

Yreepxaenue 2. CxodumocTo nociedo8aresbHOCTU HA HEKO-
TOPOM CezmMenTe 8 CpeOHeM He 8.edeT 3a coboil He TOAbKO pasHO-
MEPHOL HA 3TOM CeeMeHTe CX00UMOCTU, HO U CXO0UMOCTU x0TA 6Gbvl &
00HOU TOUKE YKAZAHHO20 CeeMenTa.

PaccMoTpuM mocaenoBaTesqbHOCTs TNpHHAZTexamux [0, 1] cer-
MeHTOB [, Is,...,1,,..., HMEIOIIUX CJACAYIOMIHH BU:

L=[0, 11
12=[0, %J 13=[—;—, 1},
O T

~
[X)
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I
—
(3]
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~
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OnpenenuM n-# uied [n(x) GyHRUHOHAJABHOHN moOCIE10OBaTEIbHOCTH
{f~ (x)} crenyomuM COOTHOMIEHHEM:

1 Ba cermente [/,
[n ()C) =
0 B ocranbHbix Toukax [0, 1].

Y6enuMcst B TOM, 4TO nocaedosareavHocTe {f,(x)} cxodurca &K

npedeavrol pyuxyuu f(x)=0 6 cpednem na ceemenre [0, 1].
B caMmom peue,

1
5 [frn(X)—Hx)]?dx = 5- dx= pJMHa cerMeHTa [,
0 i,

TakK 4yTo CyLIecTBYyeT MIpeaea
1

tim { [f, () —F (1)} dv=0.
n—wo o

Y6eauMcs, HaAKOHEI, B TOM, YTO ROCTPOEHHAA NOCAEG08ATEAbHOCTG
#He cxodurcs nu 8 o0nold Touke ceemenra [0, 1]. B camom mene, Ka-
Kyl OB TOYKy x, cermeuta [0, 1] MB HH (HKCHDOBaJH, CpelH KakK
YyroAHO GONbUWIKUX HOMEDOB n HaigyTcsd KakK TakHe, AJs KO-
TOPHIX CerMeHT [, COHepXKHUT TOUKY X, (A1 3THX HOMeEpOB [, (xg) =
=1), TaK 1 TaKue, IJis KOTODBIX CerMeHT [, He COZEPXKHT TOYKY Xp
(mns Takux HoMmepoB f,(x¢)=0). TakuM o6pa3oM, TNOCIeJOBATENb-
HOCTh {fn(%¢)} comepkKUT GecKOHEYHO MHOTO UYJIEHOB, DPaBHBIX €JHHH-
1e, 1 OGECKOHEYHO MHOIO 4YJIEHOB, paBHEIX HyJl0. Takas mnociaejosa-
TeNbHOCTD SIBJITeTCA pacxoasuelcs.

OkasplBaercs, CXOIHMOCTb ITOCJeLOBATEJLHOCTH B cpeineM obec-
TIeYHBaeT BO3MOXKHOCTb IIOYJIEHHOTO HHTErpPHPOBAHHA 3TOH NOCHenO-
BaTEJBHOCTH:

Teopema 2.11. Ecau nocaedosaresvrocre {f,(x)} cxodurcs a
cpednenm x f(x) na ceemenre [a, b], 1O 3Ty nocaredosaresbHOCTD
MONCHO NOYACHHO UHTE2PUpCBaTs Ha ceemenTte [a, bl, 1. e. npedea

n—-»ow

lim ffn (x)dx

cyujecTsyer u pasex jﬂf(x) dx,

a
HoxasarenbcTBO, QuKCHDYeM mpou3BoabHOe £>0. B cuay
CXOAMMOCTH mocJefoBarenbioctd {f,(x)} x f(x) B cpeasem na cer-
MeuTe [a, b] naiimercsa Homep N (e) Taxo#, uro nast Bcex n>=N (e)

b—a

b
(U —Fprde< 2 (2.50)
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A2 Bz
3anucas oyeBHAHOe HepaseHcTBO” |A]-|B]| <T +T RS Be-

JHYHH
A=Ifa(x)—F ()] \/":“: B=l/bia’

a0 =T OIS Va0 25+ 2 (@251)

M3 (2.561) u usBecTHOH OLEHKH M3 TEOPHH ONpeleJeHHOTO HHTerpasna
ciaelyer

OJIYYHM

2e

b b
(11—t 01dx < 222 (U (T P di -
Otciona u u3 (2.50) scuo, yto npH Beex n=N (g)

b
Slfn(x)—f(x)ldx<%+ %=e. (2.52)

Tak kak

b b
|ffn<x)dx— {fax|=|[If()—F ()] dx| <

<

LY DU

o (9—F (%) dx,

TO H3 (2.52) mosyuuM, 4TO AJIS BceX HOMepoB n==N (&)
|{Fa e — [ 1) ao| <
a a

Teopema nokasaHna.

§ 5. PABHOCTENEHHAS HENPEPbIBHOCThb
NOCJENOBATEJIBHOCTH ®YHKL HHA

[MpennonoxuM, uro kaxpas u3 QyHKuMil f,(x) OGYHKIMOHAJIbHON
nocaenoBaTeJbHOCTH {f,(X)} ompeleseHa Ha HEKOTOPOM IJIOTHOM B ce-
6e MHOXecTBe {x} npocTpaHcTBa E™.

Onpenenenne. [locaedosareavrocte {fn(x)} Hasvigaercs pa s6-
HOCTeneHHo Henpepoi8Holl Ha MHOMecTB8e {x}, ecau
a5 aw0boeo >0 nadderca §>0 rakoe, 410 HepaBeHCTEO

7) 310 mepaBeHCTBO SKBHBaJeHTHO HepaBenctBy ([A|+|B[)2>0.

4 3ak. 25
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|Fn (¥) —fn (x7) | <e (2.53)

cnpagedaugo Aas ecex HoMepos n u 8cex touek x’ u x” mHoscecrsa
{x}, ceazannbix ycaosuem p(x’', x”) <8.

M3 3Toro ompemeneHHs OYEBHAHO, YTO €CJAH BCH MOCHeNOBATETb-
HOoCcTh {f,(x)} paBHOCTeImeHHO HempepHBHA HA MHOXecTBe {x}, TO H
qi06asi ee NOANOCAEA0BaTeNbHOCTh PABHOCTENEHHO HelpephHBHA Ha
3TOM MHOXECTBe.

Jasa npoctoTsl 6yzeM paccMaTpHBaTh HOCJHexoBaTeabHOCTH {f,(x)}
GyHKIME OAHOH mnepeMeHHOH x, PaBHOCTENIEHHO HellpepHIBHYIO Ha
cermente [a, b]. Ilo ompenenenuro zasi aw6oro e€>0 Hahdercs 6>0
Takoe, uTO HepaBeHcTBO (2.53) cmpaBensuBO A7l BCeX HOMEDOB N H
Bcex Touek x’ H x” cerMenta [a, b], cBs3aHHBIX ycaoBueM |x —x"|<
<8.

IokaxeM yTBepxkleHHe, mpeacTtabjsiouee cob6oil (GYHKIHOHAb-
HBEIY aHajor TeopeMul Dosbpuano — Befiepmrpacca.

Teopema 2.12 (teopeMa Apuena). Ecau dyrkyuonassras no-
caedosarenvHocTy {fn (X)} pPABHOCTENEHHO HenpepbleHa U PABHOMEPHO
oepanutena Ha ceemente [a, bl, To usz aTod noCLe008aTEABHOCTU MOXC-
HO Bbideauts nodnocaedo8aTesbHOCTb, CXO0AUYIOCA DABHOMEPHO HG
ceemenre [a, b).

HokaszarteanbctBo, PaccmorpuM Ha cerMenrte [a, b] craenyio-
MYyK CHeUHaJbHYI0 TOCIEAOBAaTENbHOCTL TOUEK {X,}: B KayecTBe Xi
BO3bMeM Ty TOUKy, KOTopas jenutr cerMeHt [a, b] Ha 1Be paBHbie ya«
CTH, B KayecTBe X; H X3 BO3bMeM Te J/iBe TOUKH, KOTGDHE BMecTe C
X1 nenasT cerMeHT [a, b] Ha ueThipe paBHEIE YaCTH, B KayecTBe Xy, Xs,
Xg H X7 BO3bMEM T€ YeThipe TOUKH, KOTODHIE BMECTe C X, Xz H X3 Je-
AT cerMeHT {a, b] Ha BoceMb paBHHIX yacTed (cM. puc. 2.3), u T. A.

) } J L } ] 1 Il Il
s T =t Y T T 1 =

1
a Ty &, Ts &y T§ Ty & b

Prc. 2.3

Iloctpoennasi mocnegoBaTeNbHOCTh O6JazaeT CAEAYOIHM CBONCT-
BOM: Oan awboeo 8>0 naiiderca Homep ny rakod, 4ro Ha Ar0O0M
npunadresxcawyen [a, b) ceemerre daunvt & aewmur xorsa 6. 00uH u3
BAEMEHTO8 X1, X3, . .., Xn, .

IlpucTynuM Temepp K BHZENEHHIO K3 MOCJELOBATENbHOCTH
{fn(x)} paBHOMepHO Ha cerMente [a, b] cxopsweiics moamocsienoBa-
TesJbHOCTH. CHauaJjla pacCMOTPUM IOCA€ZOBaTeNbHOCTh {f,(x)} B TO3-
Ke x;. [lonyuuM oOrpaHHYeHHYI0 UYHCJIOBYI0 MOCJH€ZOBATENbHOCTH
{fn (x1)}, U3 koTOpOHl Ha ocHoBaHuH TeopeMbl Doabuano — Beiep-

8 Tlpo mochepoBaTe/bHOCTb, O6MAAAIOILYI0 TAKHM CBOHCTBOM, FOBOPSIT, UTO OH&
fBJIsieTCsT BCIO Ay NJIOTHOM Ha cermente [a, b].
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wrpacca (cM. § 4 . 3 4. 1) MOXKHO BHJIEJIHTH CXOASAUIYIOCS HOJIO-
clelOBaTeIbHOCTh, KOTOPYI0 MH 0603HAYHUM TakK:

fux), fiz(x1), ..., fin(x1), ...

Hanee paccMoTpuM (DYHKUHOHAJBHYIO MOCHeL0BaTeJbHOCTD

fii(x), frz(x), ooy Fin (), ...

B TOuKe x;. [To Teopeme Bosrnmano — Belepmrpacca u3 Hee MOXHO
BH/EJHTh CXOAAILYIOCH IIOJIOCHENOBATENbHOCTb, KOTOPYIO MHEl 060+

3HAUKM TaK:
for(x2), fea(x2), ..., fon(x2), ...

Taxum o6pasoM, GpyHKIHOHANBHASA TOCAEN0BaTEeIbHOCTD

for (%), fa2(x), ..., fan(x), ... (2.54)

siBJAeTCs cxonasuiefcs U B TOUKE X1, H B TOUKE Xo.
Ianee paccMaTpuBaeM (DYHKUMOHAJBHYIO TOCJIELOBaTEIbHOCTD
(2.54) B TouKe x3 W BBHAENSIEM H3 Hee CXOAALIYIOCA IOANOCHENOBA-

TeJbHOCTh
fa1(xa), faa(x3), ..., fas(xs), ...

HpOllOJDKaﬂ aHaJIOTHYHBIE DPacCyXACHHSA, NOJYUHM 6ecKoHeyHOe
MHOXKeCTBO IIOAIOCJeN0BaTebHOCTEN

Fia(0)s fra(x), fra(®)s -oos Fn(X)s o005
far (%), faa (%), fas (%), ..., fan(X), ..o
f:u(x)’ faz(x)» fsa(x)v R | fan(x)v ey

fIpHYeM MOJANMOCAel0BATENbHOCTb, CTOSNIAs B n-H CTPOKe, sBJASETCH
cxopsulefics B KaXJ0H H3 TOYEK X1, X2, ..., Xn-
PaccMoTpUM Temeph Tak Ha3bIBAEMYIO <«AHATOHAJBHYIO» IMOCJIEN0-

BAaTEJIBHOCTH
fin(x), fa2(x), faa(x), ..., fan(x), ...

HoxkaxeM, 4T0 3Ta NOCJeNOBaTENbHOCTh PABHOMEPHO CXOJHTCS Ha
cermente [a, b]. [lasi cokpauieHHs 3amucH OyleM B JajbHelileM 060-
3HayaTh 3Ty AMArcHaJbHYIO IOCJAeACBATEJbHOCTh (KaK M HCXOAHYIO
T0CJIel0BaTebHOCTb) CHMBOJIOM

fi(x), fo(x), fs(x), ..., fn (%), ...

(T. e. BMeCTO CABOEHHOrO MHAeKca GyAeM IHCATh OAMHApHHI).
Durcupyem mpousBoibHoe £>0, Tak Kak AnaroHajbHast nocjaeno-
BaTeJbHOCTh SBJAAETCH PABHOCTEIIEHHO HEIpPephIBHOR Ha CerMeHTe

4%
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{a, b], To pns durcuposannorc e>0 Hafizetcs 6>0 Takoe, 4TC KaKo+
BBl 6Bl HY GLIIM JBe TOYKH X H X, H3 cerMenta [a, b], cBa3aHume ne-
PaBeHCTBOM |X—Xm|<(8, Jisl Bcex HOMEPOB n CIIpaBeLJHBO HepaBeH-

CTBO
[fn () —fn (xm) | <e/3. (2.55)

3ameruB 570, pa3ofbeM cerMeHt [a, b] HA KOHEeUYHO € YHCJIO OTpes3-
KOB IJIMHH, MeHblIeR 5. M3 nocnenoBatensHocTd {¥,} BrbepeM KoHey-

HOe YHCJIO fig IEPBHIX WIEHOB Xy, X, ..., Xng HACTOJBKO GOJbLIOE, UTO-
6K B KaX/J0M M3 YIOOMSAHYTHIX OTPE3KOB cojaepxkaJnach X0Ts Obl ONH&
H3 TOUEK Xy, Xg, ...y Xng

OueBuaHOo, AHATCHAJbHAs IIOCJAEIOBATENLHOCTb CXOAUTCS B KaX-
JO# M3 TOYEK X;, Xg,-.., Xn,, 1109TOMY 11 QUKCHDOBAHHOIO BHIIE
e>0 naiizerca noMep N Tako#, uto

| Frtp (Xm) —Fn (¥m) | <e/3 (2.56)

s Bcex n> N, Bcex HaTypaNbHHX p H Bcex m=1, 2, ..., n,.

Iycts Temeps x — NpoH3BOJbHAS TOYKa cerMenta [a, b]. drta ToU-
Ka 0653aTeNbHO JIEXHUT B OAHOM H3 YIOMSHYTHIX BEIIIE€ OTPE3KOB LJIH-
HH, MeHbIed §. IloaToMy Assl 5TOW TOYKM X HaHJeTCst XOTb OJHAa TOU-
Ka Xm (m — OIMH W3 HOMEpPOB, paBHHX 1, 2, ..., ng), YAOBJETBOPAIO-
mas yCJIOBHIO |X—Xm| <.

B cuay TOrc uTO MOZYJL CYMMK TpPEX BEJHYHH HE IIPEBOCXOLHT
CYMMH HX MOAYyJeH, MOXeM 3alHcaTh:

If’H—P(x)_fn (x)| \<Ifn+p(x)_fn+l7 (xm)l +

+ [fatp Fmd—fu () | + [fn (em) —Fa (£)]. (2.57»

Bropoii unes mpapo#t wacth (2.57) OuUeHMM ¢ NOMOIIBLIO HepaBeH-
ctBa (2.56), a AJs OLEHKH NEPBOTO H TPETbero 4JeHOB MPaBOH YacTH
(2.57) yureM, uto |x—xm|<8, ¥ ucmonb3yeM HepaBenctBo (2.55),
CIpaBelJiuBOe s JI06oro HoMepa n (a caefxcBaTenbHO, H AJAS J1060-
ro n+p). OKoHYATENbHO NOJIYYHM, YTO IJis TPOM3BOJbHOrC ¢>0 Haii-
nercsi Homep N Tako#l, 4To

|Frtn (x) —fn (x) [ <e

AJ19 Becex n=N, Bcex HaTypaibHHX p H 0608 TOUKH x u3 [a, b]. Pas-
HOMepHasg CXOAHMOCTh ZHaroHaJbHOH IOCHEZOBATENbHOCTH JOKa3aHa.
Teopema 2.12 nokasana.

3ameuanne 1. B reopeMe Apuena BMecTo paBHOMEpHOH orpa«
HHYEHHOCTH nocJjaenoBaTteabHOCTH {f,(x)} Ha cermenrte [a, b] nocratou-
HO MOTpe6CBaTh OTrpPaHHYEHHOCTH 3TOH INOCAeJOBAaTENbHOCTH XOTS
6b B OZHO® TOYKeE 3TOrO cerMeHta. B caMoM jese, cripaBelJin-
BO cjexyollee YTBepXkIeHHe: ecau nocaedosaresvrocTs {f,(x)} pas-
HOCTenenHo wenpepuisHa Ha ceemenre [a, b] u oepanuxena xors Obi
8 00HOU TOUKe Xo 9TO0 CeeMeNTd, TO 3TA NOCAe008aTEAbHOCTb PABHO-
MeEPHO Ogpanuvena ua ceemente [a, b]. Jlns nokasarenbCcTBAa 3TOTO
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yTBEPIKIEHUs] 3aMeTHM, 9TO IO ONpeleJeHHI0O PaBHOCTENEHHOH Hempe-
pHIBHOCTH 1nisi =1 Hnafigercs 6>0 Takoe, uto KoaeGaHue 1060#
¢byHRUHE fn(X) Ha J1060M cerMeHTe IJIMHBI, He NpeBblllalomel 6, He
npeBocxofHT uncaa e=1. Tak Kak Bech cerMesrt [a, b] MOXKHO HOKPHTH
KOHEUHBIM YHCJIOM Ho CeTMEHTOB AJMHH, He NpeBHIIAIONEH §, TO KOs
JeGanne Ja1060H QyHKIMH f,(x) Ha BceM cerMenre [@, b] ue mpesoc-
XoAMT 4Mcaa ny. Ho torma u3 HepaBenctBa |f.(x0)| <A, Bhpaxalo-
IIero OrpaHHYeHHOCTH NMOCJIeNO0BaTeabHOCTH {f,(x)} B TOuKe xo, BHITE-
KaeT HepaBeHCTBO |[n(x)|<A+ny, cnpaBemnuBoe fasi J1060# TOYKH
x ©3 cermenra {a, b] ¥ Bepaxawlliee paBHOMEPHYIO OrpaHHYEHHOCTb
paccMaTpHBaeMOM MOcJAef0BaTeILHOCTH Ha 3TOM CerMeHTe,

3aMeuanue 2. YCTaHOBHM N OCTAaTOYHHH MpH3HAK
PaBHOCTENEeHHON HEeNDPEPHBHOCTH: ecau nociedosaredb-
rocre {fn(x)} cocrour us Ougpgepenyupyemvix Ha ceemenre [a, b]
Pyrryuil u ecau nocaedo8aTesbHOCTs npou3sodnsix {f,’(x)} paswo-
MEPHO 02DAHUYEHA HA 3TOM Ce2MenTe, TO nocaedosareavHocts {fn(x)}
PAsHOCTENEHHO HenpepblaHa Ha ceemente [a, bl

Ins moxasatenncrBa BosbMeM Ha cerMeHTte [a, b] qBe mpOH3BOJbs
Hble TOYKH x’ W x” W 3anuieM AJsi GYHKUHH [p,(X) Ha cerMesre
[x’, x”] dopmyny Jlarpanxka (cM. § 3 ra. 6 u, 1),

Coraacuo TteopeMe Jlarpanxka Ha cerMmenre ({x/, x”] wHaiimercs
TOYKa &, Takas, 4TO

|Fa (%) —fn{xa”) | = |a" Bn) | - | %" —2"]. (2.58)

IMockonbky mocaeqoBaTeNbHOCTh NPOH3BOAHEIX {fn’(x)} paBHOMepHO
orpanHuyeHa Ha cerMente [a, b], Halimercs moctosiHHas A Takasi, 4TO
IJIsi BCeX HOMEpPOB 1 CIPaBelJHBO HepaBeHCTBO

Ifn' (Bx) | <A. (2.59).
IMoacrasaas (2.59) B (2.58), nomyuyum
[Fn () —fn(x”) | <A]x'—x"]. (2.60)

®uxcupyem a06oe £>0. Torma, Bass 6=¢/A u ucmoansopas (2.60),
MOJyYHM, 4TO [JsI BCeX HOMepoB n H aas Bcex x” u x” us [a, b, cBd-
3aHHHIX YCJa0BHeM |x'—x”|<8, GymeT cOopaBelJHBO HepaBeHCTBO

|[Fn(x) —fn (x") | <e.

PaBHocTenennass HempepeBHOCTh mociefoBaTensHOCTH {fn(x)} HOKa=
3aHa.

B kauecTse nmpuMepa paccMOTPHM MOCJAENOBaTeNbHOCTh {sinnx/n}.
STa nmocaefoBaTeNbHOCTh PABHOCTENEHHO HeNpephIBHA Ha JIOO0M cera
MeHTe [a, b], Tak Kak Ha Ji060M cermenTe [@, b] mociaenoBaTebHOCTD
H3 NPOM3BOAHHX {COS nx} paBHOMEPHO OorpaHHYeHa.

3ameyaune 3. [lousiTue paBHOCTENEHHOH HENPEPEIBHOCTH MO~
HO BBOAMTH He HO OTHOUICHHIO K [OC/A€10BaTeJpHOCTH (PYHKUHH, a 1O
OTHOIIEHHIO K JI0G0OMY GeCKOHEYHOMY MHOXKeCTBY (yHKUHH.
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§ 6. CTEITEHHDIE PAJDbI

1. Crenennoii pan u o6aacth ero cxogHMocTH. CTenmeHHH M P f-
IoM HasbBaercsd ()YHKUHOHAJbHBEIHA psn BHAA

a, + Za,,x":ao—{- ax+axi+ ..., (2.61)

n==]

rae ag, ai, ag, ..., Apn, ...— HOCTOSHHHEE BellleCTBEHHblE YHCJA, Ha3Bl«
BaeMee Ko3®Pduuuenramu pana (2.61). IlocrapaeMcs BHSsiC-
HUTh, KaK yCTpPOeHa o006JacTh CXOAHMOCTH JIOGOTO cTemeHHOro psjia.

3aMeTHM, 4TO gcakuli cTenennoi pad cxodurcs 8 Touke x=0, npH-
YeM CYLIECTBYIOT CTeNMeHHBle PSAbI, CXOJSIIHECs TOJBKO B 3TOH Touke

(nanpumep, pag X nlx").
n=1
CocraBuM ¢ nmoMomplo Ko3(GGHIHEHTOB a, psAa (2.61) caenyios
LIYI0 YHCJOBYIO NOCJE]0BaTEJbHOCTE:

VT (=1, 2, ... (2.62)

MoryT npeacraBuThes ABa caydasi: 1) mocaejnoBaredbHOCTh (2.62)
ABJSETCHd HeOTpaHHUYEeHHOH; 2) mocaenoBatenbHocTs (2.62) sB-
JsieTci OTpaHiHYe HHO M.

B cayyae 2) y mocaenoBatenapHocTH (2.62) cymecTByeT KOHe Y-
HH I BepxHuil npejea (cM. n. 1 § 3 ra1. 3 u. 1), xoTopH# MBl 0603HA«
yuM yepe3 L. DTtor BepxHuH npenen L 3aBeioMo HeoTpHuaTeseH (TakK
KagK Bce 3JeMeHTH nocjejgoBaTeabHocTH (2.62) HeoTpHuaTeNbHB, a
caenoBateqbHO, H J06as IpeiedbHas TOYKa 3TOH NOCJe]0BATENbHO+
CTH HEOTPHIaTeNbHA).

IlopBoast wror, MH HNPUXOAMM K BBIBOAY, UYTO MOTYT HpeACTaBHTbCSH
ciaeaywolune Tpu cayuas: 1) nocaenoBatespHOCTH (2.62) saBasietcss He-
orpanuyenno; II) mocnenosatesbnocTh (2.62) siBAsieTcss orpaHHyes-
HOH M HMeeT KOHeuHBH Bepxuuii mpefen L>0; III) mocnenoBatenn-
HocTh (2.62) sBiasieTcs orpaHMueHHON M HMeeT BepxHMH mpenen L=0,

HoxaxeM Tenepp cleayiomiee 3aMeuaTelbHOE YTBEPIKJEHHE.

Teopema 213 (reopema Komm — Apnamapa). I. Ecau nocaedo-
sareavHocTy (2.62) He oepanuxena, to crenenHot psd (2.61) cxo-
gurcs auuie npu x=0.

I. Ecau nocaedosaresvrocre (2.62) oepanusena u umeer sepx-
Kuii npedea L>0, 10 pad (2.61) abcoarorro cxoourca 0aa 3Haxwenul
x, ydosaersoparoujux Hepagercray |x|<l1/L, u pacxodurca dia sHa-
uenuii x, yoosaersopsowux Hepasencray |x|>1/L.

III. Ecau nocaedosareavrocrs (2.62) ocpanudena u ee eepxuuil
npedea L=0, to psan (2.61) abcoarorro cxodurca OAs 6cex 3Hade-
Huti x.
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HJoxkasarteabcTB 0. I. Ilycte nocaenoBatenpHocth (2.62) He
orpaunvueHa. Toraa npu x#0 nocienoBaTenbHOCTD

%1V Ta,] =V Ta.x"]

TakKe He OrpaHHYeHa, T. €. y 5TOH MOCJeIOBATEJNBHOCTH HMeIOTCS
YJEeHbl CO CKOJb YrOAHOC OOJBIUMMH HOMepaMH 1, YJOBJETBOPSIOIIHE

HepaBeHCTBY "1/|a,,x"|>1, uIn |apx*|>1. Ho 370 o3uauaer, uyTo
ansa papa (2.61) (mpu x¥#0) HapymeHO HeoGXOJHMOE YCJOBHE CXO0-
auMocTH (cM. m. 2 § 1 ra. 1), 1. e. paa (2.61) pacxoaurca npu x+0.

II. Ilycte, mocaenoBateasHocTh (2.62) orpanwuera B ee BepXHHH
apeaea L>0. Iokaxem, uto pan (2.61) abconioTHO CXOAHWTCS IIpH
|¥|<1/L u pacxoaurcsa npu |x|>1/L.

a) PukcHpyem cHauaja Jio6oe x, YAOBJETBODSIOIEe HepaBEHCT-
By | x| <1/L. Torpa maiinercs >0, takoe, uto |x|<1/(L+e¢). B cuny

n______
CBOHCTB BEPXHEro npejena Bce 3JeMeHTH V|dn|, HauuHasi ¢ HEKOTOPO=
ro HOMepa H, YAOBJETBOPSIIOT HEPaBEHCTBY

VTa.] <L+

Takum oépasoM, HadyHHag ¢ 3TOro HoMepa n, ClipaBeJJHBO HepaBeHa

CTBO .
P T Lte?
Ve = 151V Tal< 2 < 1,

T. e. pan (2.61) aGcomoTHo cxoautcsi mo npusHaky Komu (cM. m. 3
§ 2ra. 1).

6) Quxrcupyem Tenepr Ji060e X, yAOBJIETBOPsIOLlee HepaBeHCTBY
[x|>1/L. Toraa maiinercs ¢>0 Takoe, uto |x|>1/(L—e). Ilo ompe-
JlefIeHHI0 BepXHero Ipegeja H3 IocaeloBaTenbHOCTH (2.62) MoxHO

n
k —
BREIJEJUTh MOANOCJIEN0BATEJbHOCTD [/la,,kl }(k= 1,2, ...), cxonfia

mylocss X L. Ho 310 03Hayaer, 4To, HauMHAas C HEKOTOPOro HoMepa &,
CnpaBelJIMBO HEPaBEHCTBO

L—e <V Ta,] < L+e.

Taxum o6pasoM, HauWHAs ¢ 3TOro HOMepa K, ClipaBeJJMBO HepaBeH-

CTBO
TS " L—e
VNl = 121V la,| >E=2=1,

Iankxnkl > 1’

OTKyAa BHMJHO, YTO HapylleHO HeoOXOJAHMOe YyCJOBHE CXOJHMOCTH pf-
Aa (2.61) u sTOT pPsig pacxojauTes.

HJH
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III. Ilyets mocaenoBatedbHocTh (2.62) orpanuyena M ee BepPXHHH
npenea L=0. doxkaxem, uto psa (2.61) a6conMOTHO CXOAHTCA NPH
J1060M x.

dukcupyem npoussoibhoe x70 (mpu x=0 psap (2.61) s3aBenoMo
a6comoTHo cxoautes). ITockonbky BepxHui mpeien L=0 u nociaeno-
BaTeNbHOCTh (2.62) He MOXKeT HMeThb OTPHLATEJIbHHIX NpeJeNbHBIX TO-
4yer, yHeao L=0 spasercs eJHHCTBEHHOH NpeleJbHOH TOYKOH, a
CJ1e/10BaTeNILHO, SBJSIETCH NPEeJeJOM 3TOH IOCJe]0BaTENbHOCTH, T. €.
nocienoBaTeapHocts (2.62) siBasiercss 6eCKOHEYHO MaJIof.

Ho Torza aas moaoxurenshoro ukcaa 1/(2|x|) nafimercs Homep,
HaYHHas ¢ KOTOPOro

1
2/x| °

Vel <

CTaJIO 6HTb, HayKHasi ¢ YKa3aHHOro HoMepa,
n n,— 1
V Ianxn| =|xIV lan‘ <?<1,

T. e. pan (2.61) abcoaoTHO cxoautcss K npusHaky Komm (cMm. m. 3
§ 2 ra. 1). TeopeMa NMOJNHOCTBIO JOKa3aHa.

HokazanHas TeopeMa HeNOCpeJCTBEHHO NPHBOAHT K cjelyloLeMy
¢ynraMenTanbHOMY YyTBEpIKAEHHIO.

Teopema 2.14. [as kaxmdozo crenennoeo pada (2.61), ecau oH
He agaserca padom, cxodaujumca auus 8 toike x=0, cyujecrayer no-
A0OXKUTEAbHOE 4UCA0 R (803MOMHO, pasHoe O6eCKOHEYHOCTU) TaKoe,
4To 370T pad abCoAr0THO cxodurca npu |x|<R u pacxodurca npu
|x|>R.

910 uyneao R Ha3biBaeTcs paJHyCOM CXOAHMOCTH paccMart-
pHBaeMoro cTeleHHOro psja, a uutepBaa (—R, R) Ha3swBaercs mp o-
MEeXYTKOM CXOJHMOCTH 3Toro psijga. Jas BuUHcaeHHs pajiuy-
€a CXOJMMOCTH clpaBeJauBa GopMya

Re— (2.63)
—H—mV|an|

n—>o

-—n, —
(B cayuae, xorga limy/ [a,| =0, R= oo).
n—o
Gameuanne 1. Ha koHmax npoMexyTka CXOJHMOCTH, T. €, B
TOYKax x=—R ¥ x=R, creneHHo#l psa Mo¥XKeT GHTh KaK CXOJSMIMMEH,

TaK K pacxoasmumcs 9,

) OTMetM caenylomylo TeopeMy AG6enas: ecau crenemnot pad (2.61)
cxolutca npu x=R, To cymma ezo S(x) sseasercs Henpepuisroii 8 Touke R caeea.
Bes orpanmuendsi OGHIHOCTH MOXHO CYMTaTh, 4T0 R=1, HO B TaKOM BHIE Teopema
Abens (bakTHYecKn yTBepKIAIOWAs PETYJAPHOCTb METOna CyMMmHpoBanns Ilyac-
cona—AGens) nokasana Bn. 2 § 7 ra. 1
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w
Tak, nas pana 1+ zx” paauyc CXOJMMOCTH R paBeH elHHHIE,
n=1
NPOMEXYTOK cXoAHMocTH HMeeT BHA (—1, +1), u 3ToT psAA pacxo-
JIUTCS Ha KOHLAX 3TOro NpOMeXYyTKa,
L~

Ons psana 2 iz IPOMEXYTOK CXOAHMOCTH TOT Xe (—1, +1),
n=1 "
HO OH CXOJHTCH Ha 060HX KOHLAX 3TOTr0 MPOMeXyTKa.

Sameuvanune 2. Bce pesyabraThl Hacrosimiero HyHKTa CHpaBef-
JHBH 145 psina (2.61), B KOTOpOM BellecTBeHHas IepeMeHHas X 3a-
MeHeHa KOMIJeKcHOH nepeMenHol z. Jlisi Takoro psiia ycTaHaBJIH-
BaeTCs CylieCTBOBaHHe MOJOMXHTEJBHOIO uYHcaa R TakKoro, 4To psj
abcomoTho cxoauTcs npu |2| <R ¥ pacxoautcs npH |z|>R.

s suuucaenus R copasenauBa dopmyaa (2.63). Uucao R Ha-
3bIBAa€TCH pajJHYyCOM CXOAHMOCTH, a obaacte |2|<R — Kpy-
roM CX0OJUMOCTH CTENEHHOrO pAja.

2. HenpepsiBHOCTh CYMMBbl cTenenHoro papa. Ilycte cTenenHo#
pan (2.61) umeer paauyc cxogumoctd R>0.

JleMMa. Kaxkoso 6bi Hu 6610 NOAOHUTEAbHOE HUCAO T, yOOBAET-
soparowee ycaosurw r<R, pad (2.61) pasHomepro cxodurca Ha cee-
meure [—r, +r], 1. e. npu |x| <r.

JlokaszarteansncTBOo. B cuny teopemws 2.14 pan (2.61) abco-
JIIOTHO CXOMMTCS IIPH X=, T. €. CXOJHUTCH P

laol + ¥ laalr.

n=1

Ho 3toT uncioBoit psj CAYKHT MaxopaHTHBIM AJs psja (2.61) npwu
Bcex x M3 cermeHTa [—r, +r]. Ha ocHoBanuu npussaka Beiepmrpac-
ca pap (2.61) cxoamtcs paBHOMepHO Ha cermente [—r, +r]. JleMMma
J0Ka3aHa,

Crnencrsue H3 aeMMB. B ycaosuax semmol cymma pada
(2.61) ssaserca (ynkyuell, nenpepoisnoli na ceemente [—r, +r] (8
cury reopemol 2.7).

Teopema 2.15. Cymma crenennozo pada aHYyTpU €20 nPOMENKYT-
Ka cx00UMOCTU R8AALTCA HENPEPLLBHOL pyrKyuell.

HokasarteabctBo. Ilyets S(x) — cymma crenmensoro psiaa
(2.61), a R — ero paauyc cxoaumocTd. DuKcHpyeM J06oe X BHyTpH
NpoMeXyTKka CXOJHUMOCTH, T. e. Takoe, uTo |x|<<R. Bcerma nalizercs
4HCNO r Takoe, 4To |x|<r<R. B cuny cieactBus u3 JeMMB QYHKIHS
S(x) HempepeiBHa na cermenrte [—r, +r]. Cienosarteabno, S(x) He-
npepoiBHa W B TouKe x. TeopeMa jpokasaHa.

3. IMounennoe mHTErpHpoBaHMe M NoYJeHHoe AHdepeHuHpoOBaHHE
CTENEHHOro psifa.

Teopema 2.16. Ecau R>0 — paduyc cxo0umocTu crenennozo
pada (2.61), a x ydosaersopser ycrosuro |x| <R, 1O pad (2.61)
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MONHO NOYAEHHO UHTe2puposarey Ha ceemente {0, x]. Ioayuennsii 8
pesyabTare NOYACHHO20 UHTe2PUpPOBAHUs PAd umeeT TOT e paduyc
cxodumoctu R, 4T0 u Ucxo0rbui pad.

HokasaTteanbcTBo. /Iaa aoboro x, yaoBJIeTBOpSIOUIEro yCJoO-
BHI0 |x| <R, nafiferca r takoe, uto |x|<r<R. Coraacho neMMe psij
(2.61) cxoautcs paBHOMEpHO Ha cerMeHTe [—r, +r], a cienoBaTeib-
Ho, ¥ Ha cerMente [0, x]. Ho Torma B cuay teopemnt 2.8 sTor pan
MOXKHO IOYJIEHHO MHTerpupoBaTh Ha cerMenre [0, x].

B pesyapTaTe NOYNEHHOrO HHTErPHPOBAHHS HOJYYHTCS CTeNeHHOH
pan

a0x+aT‘x2+... +%x”+--..

paaMyc CXOAMMOCTH KOTOoporo (corsacHo teopeme 2.14) asasercs Be-
JHYHHOH, o6paTHOH BepxHeMy INpeaesay HOCJIeA0BaTeNbHOCTH

VIan-ll _ } lan-| (2.64)
n ’V’T

Tax kak BepxHMi Npejes nocjaenoBaTeNbHOCTH (2.64) TOT Ke, YTO M
y (2.62) 19, 10 TeopeMa noxasaHa.

TeopeMa 2.17 Crenennoil pad (2.61) sryrpu eeo npomexcyrka
cxodumocTu moscHO Oudppeperyuposars nowaenno. Pad, noayiennoiti
nouiennoiy Oupepenyuposanuen, umeer Tor se paduyc cxodumo-
CTU, 4TO U UCXOOHWLE PAd.

JlokxasateascTBo. Jocratouno (B cHay TeopeMH 2.9 u JeM-
MEI) JOKa3aTh JIMIIb BTOPOE yTBEPXKIEHHE TeOpeMEH.

B pesyabrate nousennoro pudpdepenuupoBanus (2.61) moayuum
psin

a+2asx+. . Anapxn 4 (n41) @ppxn+. L,

paaMyc cxoauMocTH R Koroporo (corjacHo TeopeMe 2.14) obpareH
BepXHEMY Hpefieny nocaeloBaTeNbHOCTH

Vi + Dlannl |- (2.65)

Tak kak nociaegoBatenbrocTs (2.65) mMeeT TOT Ke BepXHMH Ipeled,
4T0 ¥ (2.62) 'Y, TO TeopeMa mOKa3aHa.

n

- N - — 1,—— N —\n¥1

10) Tak kak lim ;‘/nz 1, lim "1/|a,,_1 [ = lim "+1/|a,,| = hm {r;'/|a,,|}"+l=
n—w n—s»w n—»>w n—»c@

= Tim v/ 1anl»

n—»w

n
. n, —f—— el e ]
) T can im 3 Tt T3/ Ta, = Tm ™y TanT= fim £/ Tanl}"™" =

= Tim Y lan].
n—->w
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CanencrBHe U3 TeopeMbu 217, Crenennoti pad sHyrpu ezo
nPOMENHYTKA CXOOUMOCTU MOXCHO OugepenyiposaTo NOYAEHHO CKOAb-
KO y2oduo pas. Pad, noayuenHbill n-KparHolsm nOYAEHHbIM Ouppepen-
Yuposanuem UCXOOR020 CTENEeHHO20 pada, umeeT TOT He Paduyc Cxo-
OUMOCTU, 4TO U UCXOOHbLL pad.

§ 7. PA3JIO)KEHHUE $YHKIUWN B CTENEHHBIE PAIbI

1. Pasnoxkenre QyHKIIHE B cTeNeHHOil psf.

Onpenenenune 1. Bydem zo080purs, 4r0 ynkyus [(x) Ha un-
repsare (—R, +R) (Ha mHoowecTse {x}) moxer Ob6iTob pasaso-
Werna 8 cTenennod pad, ecau cywecrayer crenesnoll pad, cxo-
dawuiica Kk f(x) Ha yxasanHom unTepsase (YKA3AHHOM MHOXNCECTSE).

Ilpusenem HeoGxojauMble H JOCTATOYHBIE YCJOBHS TOro, 4YTOOH
¢yukuus f(x) Moraa OHTL pasjioXeHa B CTeNeHHOH pAA.

YrBepxaeuue 1. Jasa toeo uroboi pynkyus f(x) moesa 6oiTo
pasironmcena 8 crenenHol psad nHa unrepsase (—R, +R), Heobxodunmo,
4To0bL 3Ta (QYHKYUS UMEAQ HA YKA3AHHOM UHTEp8ale HenpepuieHbie
npoussodrsie At06020 nopadka '),

JeiicTBHTENBHO, CTeNeHHOH Psifi BHYTPH €ro IPOMEXYTKa CXOAH«
MOCTH, KOTODH | BO BCAKOM CJayuae cOjAepXHT wuuTepBad (—R, +R),
MOXHO HOWJIeHHO AHP(PepeHNHPOBATL CKOJbLKO YrOAHO pas, MNpHYeM
BCe IOJyYeHHBIE NPH 3TOM PIAB CXOAATCS BHYTPH TOro Ke IIpoMe-
KYTKa cXoZHMOCTH (TeopeMa 2.17).

Ho Torna cyMMBel psijioB, HOJAYUYEHHEIX CKOJb YLOJHO KPATHHM TH(D-
pepenupoBanneM (B cuay Teopemn 2.15), mnpeacTaBASIOT co6of
(yHKIHH, HempepHIBHbIE BHYTDH YKa3aHHOTO IPOMEXYTKa CXOAHMO-
CTH, a CJeq0BaTeJbHO, HENpEephIBHEE Ha HHTepBaje (—R, +R).

Yreepxaeuue 2. Ecau ¢ynxyun f(x) moocer 6biT6 Ha unrep-
saze (—R, +R) pasaoxena 8 crenennoii pad, 10 Auulb eOUHCTBEH-
HolM 06pasom.

B camoMm pgene, mycrte QyHkuusa f(x) MoxeT ObITH pasjoxeHa Ha
uutepsaJse (—R, +R) B crenennoil pan (2.61). Juddepenuupysa stor
pPAL HouYJeHHO n pa3 (4TO 3aBelOMO MOKHO JAenaTb BHYTDH HHTep-
Bana (—R, +R)), noayunm

[ (x)y=ap,nl+a,p (1) 1x+. ..
Orciona npu x=0 naiinem
[ (0) =ann!,

(n)
Ha a,——1"0) (2.66)

n!

1) OTMeTHM, UTO CYLIECTBYIOT (YHKUHH, HMEIOL(HE HA HHTEPBAJe HelpepHBHHE
NPOH3BOAHME /MOGOTO MNOpsAKa, HO He pa3jOXHMHE HA 3TOM HHTEPBaJe B CTeNEH-
HORA psin. ITpuMepoM TakOR YHKIHH MOMKET CAYKHTb

—1/x3

f(x)={e npH x 5=0,
0 npn x =0.
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Takum o6pasoM, KospPuuHeHTs crenmeHHoro psaxa (2.61), B koro-
PHE MOXeT OHITL pasjioXeHa QyHKuus f(x), 00HO3Ha4HO onpeae/m-
rorca popmyaoii (2.66).

[IpeamonoxuM Tenepp, 4T0 (GyHKuHs f(x) HMeer Ha HHTepBalje
(—R, +R) uenpephBHble IPOH3BOAHEE JI060I0 HOpSAKa.

‘ Onpe,aeneﬂne 2. Crenennoi psad (2.61), xosgpppuyuenror Ko-
T0po2o onpederswrca gopmyrod (2.66), nasvieaerca padom Teli-
A0pa ¢yukyuu f(x).

TBePK/eHHe 2 NPHBOAHT HAC K CJEAYIOIIEMY yTBepKIeHHIO.

Yreepxnaenue 3. Ecau ¢pynxyusa [(x) moscer 6vi16 pasiosce-
Ha Ha uHnrepsase (—R, +R) 8 crenennoii pad, To 310T pad Asaner-
ca padom Teiiropa ¢yrkyuu f(x).

W3 pesysabratos § 8 ra. 6 u. 1 HemocpeaCTBEHHO BHITEKaeT cJe-
Iywouiee

Yreepxaenue 4. [Jasa rozo utobol ¢ynkyusn f(x) moesa Goire
pasaoscena 8 pad Teliropa na unrepsare (—R, +R) (na muoxecr-
se {x}), Heobxo0umo u OocTarouHo, 4Tob6bL OCTATOYKGLL Yaen 8 ¢op-
mysre Maxkaopena 0as 310l PyHKYUL CTPEMUACA K HYAIO HA YKA3GH-
HOM unTepsase (YKA3AHHOM MHOXCECTSE).

2. Pa3noxeHHe HeKOTOPBIX 3jemeHTapHbix dyHkuuit B pap Tedno-
pa. B u. 1 (M. n. 2 § 9 ra. 6) mokasaHO, YTO OCTATOUHEE UJEeHH B
tdopmyse MaknopeHa masi QyHKUHE e*, cOSx H Six CTpeMSTCH XK
HyJ10 Ha Bced UHCJIOBOH OpAMOf, a OCTaTOUHHH ujeH B (opmyae
Maxknopena ans oyskuuu In(l+x) cTpeMHTCsi K HYJI0O Ha MOJycCers
MeHTe —] <x<1

B cunay yTBepxkiaeHHs 4 M3 OpEABLAYLIEr0 NYHKTa 5TO NPHBOIHT
Hac X CJeLVIOU(HM Da3JOoXeHHIM:

n!
n=1

. (__1 )nxsn
cosx=1 +2 (2n)!

Rl

— (___l)flxﬂﬂ'ﬂ.
sin x 2 @t 1) _—

—1)nt1n
In(1+ %) = 2 e i 40
n
n=l

[TepBbie TpH H3 3THX Pa3/IOXKeHHA CXOLATCS JJIs BCeX 3HaueHHH X,
a mocjefHee — JJis 3HaueHHH x u3 noaycerMeHta —1<x<l.

OcTaHOBHMCSl Teneph Ha DAa3fIOXEHHH B CTENEHHOR paAn (GYHKUHH
(1+x)®, wiu Ha Tak Ha3wBaeMOM OHHOMHaabHOM psaje. Ecau
f(x)=(1+x)° 10
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[ (x)=a(a—1) (a—2)... (a—n+1) (1+x)* ™.

[TostoMy ¢dopMyna MaxknopeHa ¢ ocraTouHmM djaeHoM B dopme Ko«
wu uMeeT BuA (cM. § 8 rn. 6 u. 1)

(1 +x)a=1+ E a(a—1)(a—2)...(a—k+1)

pr x* + Rnp1(x), (2.67)

k==l
rne

Rut1 (1) = L= yrtifinh (6 =

z—(l_le)n g (a—1) (@—2) ... (a—n)(l +0x)e—1 =

n

- 1—6\" (a—1)(a—2)...(«
<1+6x/ n!

=) (14 0x)e—txntl  (2.68)

{0 — nexoropoe umcJ0 M3 HHTepBasa 0<6<I).
Cuavana y6epuMcsd B TOM, ut0o npH «>0 BCcloJy Ha HHTepBale
—1<x<1 ocTaToyHHi 4iaeH Rp4i(x) cTpeMHTCH K HyMIO (IpH n—>o0o).

1—0\n
B caMoMm pene, Bce uleHh NOCaEN0BAaTEJbHOCTH — )
X

BCIOLYy Ha YKa3aHHOM HHTePBaJje He NPEBOCXOAAT €JHHHIUN; MOCHEN0~
(o—1)(e—2)... (¢ —n) e
BaTeJbHOCTD orpapuyeda, a uHeao afl+

n! )
+0x)*"! ompeneseno mpu J1060M (HKCHpoBaHHOM a>0 H IpH JIOGOM
x u3 uHtepBaja —1<x<l; HakoHeu, nocienoBateapHOCTh {x"*1} sB-
Jissercss GeckOHeUHO MaJoH AJs mo6oro x M3 HHTepBata —l<x<l.
TakuM o6pasoM, B cuay (2.68) ocratounmfi uneH Rnp+4i(x) crpe-
MHTCH K HYJIO AJs Jio6oro puxcuposaHHOro a>>0 u Ja060ro x H3 HHs

TepBasa —I1<<x<l.

CnenoBarenpuo, B cuay (2.67) npu a>0 BCIOAY Ha HHTepBaje
—1<x<1 copaBeaJuBO pa3joxKeHHE

_ O (o —1)(a—2) ... (@—k41)
(1+x)0=1+ 2 . . (2.69)
A=sl

! Hoxaxem Tenepb, uto npu a>0 pad, croawud 8 npasoil 4a-
ctu (2.69), pasusomepro cxodurca k Pyuryuu (1+x)* Ha 3amxHy-
ToMm ceemenre —l<x< 1.

Bclony Ha yKa3aHHOM CerMeHTe 3TOT psili MaXXOpPHPYeTCs YHC-
JIOBEIM PSI0M '

el |l —af- ... -|k—1 —a)

- (2.70)

ke 1
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B cuny npusnaka Beilepuitpacca assi ycTaHOBIEHHS paBHOMEp-
HOH Ha cerMenTe —1<x<1 cxoauMocTH psija, CTOsiLIEr0 B NpaBoil
yacta (2.69), mocraToYyHO J0Ka3aTh CXOAHMOCTb MaXKOPHPYIOLIEro
psana (2.70).

CboskaunM k-fi unen paga (2.70) cumBonoMm pe. Torga nas
BCeX J0CTaTOYHO GOJNBLUIMX Rk MONYyUHM

Pr E+1 k417
U3 popmyan (2.71) BHTEKaeT, 4TO

limk(l————p’”‘ ):(1 o) lim—2—=(1+a)> 1,
ko Pr ko> 1

T. e. psaA (2.70) cxoauTca B cuay nmpusHaka Paabe (eM. m. 5 § 2
ra 1).

Takum o6pa3oM, nokasaHo, yto npu o>0 paj, crosmuufl B npa-
Boi uactu (2.69), cxoaurcs paBHOMepHO Ha cerMenTe —l<x<l1.
Ocraercss Q0Ka3aTh, YTO YKAa3aHHBIH Psi CXOAMTCS HAa CerMeHTe
—l<x<1 k ¢pyskuun (14+x)*

B cuay jnoxaszaHHOro BHILIE CyMMa yKasaHHoro psja S(x)
¢yukuus (1+x)* coBnajaloT Bcloay Ha uHTepBaie —1<{x<1. Kpo-
Me Toro, o6e ¢yHkuuH S(x) u (l4x)*® HempepHBHB Ha CerMeHTe
—l<x<1 (pyHxnus S(x) Kak cyMMa paBHOMEPHO CXOASILErocs
psilia U3 HelNpepHBHHIX (PyHKIMI; HenpepHBHOCTb ¢yHKuuH (l+x)*
npu o.>0 oueBHAHa).

Ho rtorna smnauenus S(x) u (l+x)® B toukax x=—1 u x=lI
o6si3aHEl COBHajarth, T. €. psj, CTosuii B mpaBodl uactH (2.69),
paBHOMepHO cxoAurtcs K (1+x)* Ha 3aMKHYTOM cerMenTe —l<x<
<L

3. BnemenrapHble npeacTaBieHHA 0 PYHKIHAX KOMIJIEKCHOH Me~
pemennoii. BHiue oTMeuasoch, yTO Ha ciayyali cTelneHHOro psaa
OTHOCHTEJbHO KOMIIJIEKCHOH NlepeMeHHOH Z

aptaz+agz?+-. . Aazrt. ..

nepesocarcs TeopeMul 2.13 u 2.14 (o cyuecTBoBaHHM M BeJIHYHMHE
pajauyca cX0AMMOCTH). Psipl TaKOoro THIA HCHOJB3YIOTCS AJs Onpe-
JleleHHs (GyHKuHH KOMIJIEKCHOH mepeMeHHOH 2.

OyHKUME €%, cOSZ H Sill 2 KOMILIEKCHOH IlepeMeHHOHl z ompeje-
JAIOTCS KaK CyMMHEl CJelyIOIIHX pSAJ0B:

Praa _ k—a l4a (2.71)

er=1+ z (2.72)
ngl nl
cosz=1+ (_(.211);;2'1 (2.73)
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_(=1)ng2nn
smz_E @i (2.74)

JIerko HpoBepHTh, YTO 3TH PAAH abCOJMIOTHO CXOAATCA I BCeX
3HaueHu# 2z (HX pajgHyc CXOJHMOCTH R=o0).

YcTaHOBHM Temeph CBsI3b MeXAY GYHKUHAMH €%, cOoSzZ M sinz.
3aMerdas B popmyae (2.72) z Ha iz, mOAVYHM

(tz) (52)3 (iz)* (iz)®

r.z._ =l
e 14+iz + 3 + T + 5l +...
22 2 . 2 2
=] =4 % . _ . .75
(1—5+5 )+L(z 22 ) (2.75)

ComocraBasig npasylo 4acTk paBeHctBa (2.75) ¢ pasioxeHus-
mMu (2.73) u (2.74), npuaeM x cieiynlomell 3aMeuaTeJbHOH (opMy-
Je:

ei*=cos z+isin z, (2.76)

®opMyna (2.76) urpaer ¢yHIaMeHTaANbHYIO POJb B TEOPHH
GyHKUHH KOMIJIEKCHOH IlepeMeHHOH H HasmBaercs (GopMyno#ft
Difinepa.

ITonarass B ¢opMyne Diinepa nepeMeHHYIO 2 paBHOH cHayaJja
BEIECTBEHHOMY YHCHAY X, 4 3aTeM BelIeCTBEHHOMY YHCIYy —X, M-
JyUHM clejyionine (hopMyJIbl

ei*=cos xt+isinx, e *=cosx—Isinzx.

CknajabiBasi W BHIUMTash 3TH (OPMYJH, NOJAYYHM (GOpPMYJNH, BHpa-
JKalouHe COS ¥ U Sinx yepes MOKa3aTeJqbHYI0 PyHKLHIO:

34 —L{x
COoS X == —e—%—,
' px . pie (2.77)
sinx = .
2i

B sakaoyenwe OCTaHOBHMcs Ha OINpeJeJeHHH JorapHpmuie-
CKOil QYHKIMH W==1n2z KOMILIEKCHOH HepeMeHHOH 2. DTy (YHKIHMIO
€CTECTBEHHO OlNpeAeauTh KakK (PyHKUHIO, 0OpaTHYI0 INOKa3arelb-
HOH, T. e. U3 cooTHomenusi 2=e¥, [lonaras w=u-+iv, z=x-+iy, no-
CTaBUM nepes coboif melb — BHIPA3HTh U H U yepe3 2=x-+iy.

3 cooTHOLIeHHd

2=x+tiy=e*tiv=e¥%{cos v+isinv)

NOJMYUYHM, HCNOJAb3Yd MNOHATHA MOAYJdd H apryMeHTa KOMIIJIEKCHOIO

ypeaa,
2] =V x* + y? =e", argz=uv—2ank,
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rae
k=0, =1, £2, ...

U3 nmoclielHHX PaBEHCTB HAXOJHM, YTO
u=Inlz|=InV 2+ 43,
v=argz+2nk (k=0, =1, £2,..)),
HJIH OKOHYaTeJbHO
Inz=In|z|+i(arg z+4 2nk), rae k=0, =1, =2, ... (2.78)

®opmyana (2.78) nokasbiBaer, YTO JOrapH@Muueckas (yHKIHS
B KOMIIJIEKCHOH 061aCTH He AgAfercsa OOHO3HA4HOU: ee MHHMAaf
9acTh AJA OJHOI'O H TOrO Ke 3HAaUeHHl 2 HMeeT OeCUHCIEHHOe
MHOKECTBO 3HAaYeHHH, OTBeUAIOMUX pasnuyHuM k=0, =1, +2

Jlerko nNOHsSITH, YTO aHAJOrHYHAs CHTyauMs GyneT MMeTb MeCTO
H TPH ONpeJeseHHH B KOMILIeKCHOH o6JjacTd oOpaTHHX TDPHIOHO-
MeTpHYeCKHX PYHKIHHA.

4. Teopema BeilepmTpacca o paBHOMepHOM npHOJIHXKEHHH Henpe-
PLIBHOH (PYHKUHH MHOIOYJEHAMH.

Teopema 2.18 (reopema Beiiepmitpacca) 3. Ecau ¢pynxyua f(x)
Henpepolena Ha ceemenTe [a, bl, TO cyuwjecréyer nociedos8arevHOCTH
mrozousenosg {P,(x)}, pasHomepro na ceemenre [a, b] cxodawanaca &
f(x), 1. e. daa awboeo £>0 natiderca mHozousen P,(x) ¢ Homepom
n, sasucAwUM OT &, TAKOL, 4TO

| Pa(x)—f(x) | <e

cpasy 0aa aecex x u3 ceamenra [a, b].

HubniMu cioBamu, senpepoldnyto na ceemente {a, bl ¢pynxyurwo f(x)
MOXCHO PABHOMEPHO HA ITOM CEZMEHTe NPUbAUBUTL MHOZ0YAEHOM C
raneped 3a0arHOI TOHHOCTHIO €. :

JdokaszatenbctBo. He orpaHuumBasi OGIIHOCTH, MBEl MOXKeM
BMecTo cerMenTa [a, b] paccMaTpuBaTh cerment {0, 1], Kpome Toro,
JOCTaTOYHO J0Ka3aTh TEOpPeMy AJs HeNpepblBHOK QyHkuuu f(x), 06-
pamjarmoliieiics B HyJb Ha KoHuax cermenTa [0, 1], T. e. ynosaersopsio-
meit ycaosusim f(0)=0 u f(1)=0. B camoM nene, eciu 68 f(x) He
YIOBJETBOPsaa 3THM YCJAOBHSM, TO, MOJOXKHB

g (x)=f (x) —f(0) —x[f (1) —F (0) ],

MB Tionyuusu OH HempephiBHyio Ha cerMente [0, 1] dynxuuio g(x),
yaosiaerBopsaiouyo ycaosusaM g(0)=0 m g(1)=0. Torna u3 BO3MOXK-
HOCTH HpeJcTaBieHHs Z(x) B Bule INpejesia pPaBHOMEDHO cXoxsiefi-
¢s HMOC/elOBATENLHOCTH MHOIOYJIEHOB BHITeKano Ge, uTo  f(x) npen-

3 Bra ¢dynnaMmenTajbHas TeopeMa Obla foKasaHa BedepmrpaccoM B 1895 r.
'* TTocKoIbKY ONMH H3 5THX CErMeHTOB Npeo6pa3yercss B APYrol JHHEHHO# 3a-
MeHOlt x= (b—a)i{+a.
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CTaBHMa B BHJe Npejesa PaBHOMEPHO cxojsmefics NoCJel0BaTe]bHO~
CTH MHOTOYJIeHOB (TaK KaK pa3HocTb [(x)—g(x) siBAsieTcss MHOrouJes=
HOM NepBOH CTeNeHH).

Hrak, nycts dyukuua f(x) HempepsiBHa Ha cermente [0, 1] ¥ ynos-
aersopsier yciosusaM f(0)=0, f(1)=0. Takywo dynxumio f(x) MOXHO:
MPOMOJKHTL Ha BCIO NMPSAMYIO, NMOJIOXKHB ee pPaBHOM HyJNIO 3a Ipeje-
naMu cermerTa [0,1], u yTBepxkjaTh, 4TO Tak npojojkeHHas GyHKUHS
ABASETCA PABHOMEPHO HenpepuisHoll Ha aceli npamoil,

PaccMOTpHM cleAylomyl0 KOHKPETHYIO MOCJIe0BaTeNLHOCTE HeOoT-
DHIATENbHBIX MHOTOYJIEHOB CTENEeHH 27:

Qr(xy=cn(1—x%)" (n=1, 2, ...), (2.79)

Y Kaxjaoro U3 KOTOpbIX HOCTOSAAHHAA Cp Bblﬁpal'la Tak, yTOOB BHINOJ~
HAJOCb PaBEeHCTBO

.;'Q,,(x)dx=1 (n=1, 2, ...). (2.80)
=t

He BHIyHCASS TOYHOrO 3HAYEHHS MOCTOSIHHOH C,, OLeHHM €e CBep-
xy. Oasi atoro 3amMeTuM, YTo AJs Jloforo nomepa n=I1, 2, ... u 1as
Bcex x u3 cerMenta [0, 1] cnpaBeniuBo HepaBeHCTBO 1

(1—x%)n>1—nx?. (2.81)

1
ITpumensis nepaBenctBo (2.81) u yuuteiBasi, uyt0 —= <X | npu o~
n

7

60M n>1, 6yaem umeTh

1 1 Va
S(l—xz)"dx=2 (1—x)rdx > 2 S (1— x?)dx >
° 0
Ve . ) .
)y =~ 1 _. 2.82)
225(1 net)dv = > 4 (2.82)

0

M3 (2.79), (2.80) u (2.82) sakaiouaeM, YTO JJ/isl BCeX HOMEPOB
n=1, 2, ... cnopaBeAJuBa CJeJyloulasi OLeHKa CBepPXy AJs NOCTOfH=
HOH Cp:

c, < V'n. (2.83)

15) DTo HepaBeHCTBO BHTEKAET M3 TOro, 4To nHpu JboM n>1 dyuxmua @(x)=
= (1—x2)»—(1—nx?) wueorpuuartesnbHa Bcloay Ha cerMeHTe O<x<1, TaK Kak 3Ta
¢dyskuus obpamaercss B Hyap npH x=0 M HMeeT BCIOAY Ha 3TOM CErMeHTEe He-
OTpHLATENbHYIO NPOH3BOAHYIO ¢’ (x)=2nx[l— (1—x2)"~1].
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M3 (2.83) u (2.79) BuTeKaeT, yTO OpH J06oM §>0 Ang Bcex x H3
cermenTa §< |x| <1 cmpaBejJHBO HepaBEHCTBO

<Qu(x) <V (1—8). (2.84)

U3 (2.84) caeayer, uto npH Jwbom PHKcHpoBaHHOM &> nocJie-
JOBaTeJbHOCTL HEOTPHIATeJbHBIX MHoroudenoB {Q,(x)} cxoiaurca K
HYJI0 paBHOMEpDHO Ha cerMenTe 6< |x| <119,

ITosroxuM tenepp A a06oro x u3 cerMenta 0<x<l

+1
Po(x)= [ F(x+1)Q,(t)at (2.85)
-1

u y6eaumcs B TOM, 4To AJad JwbGoro n=1, 2, ... ¢yHKuHa P,(x)
€CTh MHOTOYJeH cTenenu 2n, npuueM {P, (x)} u aBjasieTcsd HCKOMOH IO-
CJ1e/10BaTeIbHOCTBI0 MHOIOUJIEHOB, pPaBHOMEPHO CXOAsdulefics Ha cer-
mente [0, 1] K pyurupu f(x).

Tax xak H3yyaemas QyHKuHsA f(x) paBHa HyJIO 3a NpeleJaMH Cer-
MenTa [0, 1], To mnaa Jgo6oro x u3 cerMenta [0, 1] murterpan (2.85)
MOXKHO 3alHucaTh B BHJE

I—x

Po(x)= | r(x+0Q. (0 dt.

—X

3aMeHss B NMOCJTe/]HEM HHTerpaljie mepeMeHHyIO ! Ha f—x, MBI [IPH-
JajuM eMy BHJ

1
Py(x)= | [())Qu (t—x)dt. (2.86)
0

s (2.86) u (2.79) dacHo, uto QyHKuHS P, (x) NpejCTaBIseT €O
$0H MHOrOYJIeH CTeneHH 2n.

Ocraercsa nokasaTh, 4To noclepoBateabHocTs {P,(x)} cxoautea X
f(x) paBmoMepHo Ha cerMenTe O<x<l. ®PuKCHpyeM IpOH3BOJbHOE
¢>0. Ilna (GUKCHPOBAHHOTO & B CHJY DAaBHOMEPHOH HelpepHBHOCTH
f(x) ua Bcefi uucaoBofl npamMol Halaerca 6>>0 Takoe, uTo

[f(x)—f(y) | <e/2 npu |x—y| <. (2.87)

3aMeTuM emre, 4TO TaK Kak f(x) HempepeiBHa Ha cermente [0, 1],
TO OHa OrpaHHuY€Ha Ha 5TOM CerMeHTe, a CJeJ0BaTe]bHO, H BCIOAY Ha

16 B camoMm Jese, JOCTATOYHO JAOKa3aTh, YTO NOCIELOBATENbHOCTh dn= (] —
—&82)" ¥n cxomMTCA K HYJIO, a 3TO BHITEKaeT, HANpHMep, M3 TOTO, YTO, NMOCKOJLKY
[+ ]

1/2
lim Van—(l——b") 11 /"

n—o

suaxky Kowm (cm. Teopemy 1.6.).

=(1—8) <1, pan Z an CXOAHUTCS 1O TpH-

n==l
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YyHCJIOBOYM NPAMOH. DTO 03HavyaeT, YTO CYUIeCTBYeT NocTosinHas A Ta-

Kad, 4TO JJId BCEX X
If(x) | <A. (2.88)

Hcnonnsys (2.80), (2.84), (2.87) u (2.88) u yuHTEIBasg HeoTpuUILa-
TeabHocTh Qn(x), ouennm pasuocts Pn(x)—f(x). Ias Bcex x u3 cer-
MenTa 0<x<1 6ygeM uMeTp

1
1P (x)—f (x)] = \ S [F (% +1)—F(%)] Qu (8) dt' <

S 1 (% + O —F (x)]Qq () di < 24 SQn(t)dH

—1
8 1
g - avn® g
+7S Qu () dt 424 Qu (1) dt <44V n (1—8f+ -
—8 8

ﬂJIH 3aBeplieHHd OQOKa3aTeJbCTBa TEOpPEMBl JOCTATOYHO 3aMETHTD,.
YTO AJiA BCeX J0CTATOYHO OOJNBLIHX HOMepOB 7 ClipaBedJIHBO HepaBeH-
CTBO

4AV 0 (1—8) < /2.

CnenpmcrBue u3 teopemnu 2.18. Ecau He Toavko cama
dynkyua f(x), Ho u ee npoussodnble do HexoTOpPO20 nopadka k
BKAOYUTEAbHO Henpepbisror Ha ceemente [0, 1117, 10 cywecteyer
nocied08aTesbHOCTy mHo204AeH08 {P,(x)} Taxas, uro xandas us
nocaedosaressrocrei {Py(x)}, {Pn'(x)}, ..., {Po®(x)} cxodurcs
pasnomepro Ha ceemente [0, 1] coorsercrsenno k f(x), [ (x),

, [®(x).

B camoM gmene, He orpanuuuBas OOUIHOCTH, MBl MOXEM CUHTATh,
uTo Kaxpaas u3 ¢yukumit f(x), f'(x), ..., f®(x) obpawaercs B.
Hyab npu x=0 u npu x=11%, a npu Takux ycaoBusax QyHrumo [(x)
MOXKHO IPOAOJXKUTL Ha BCIO MPAMYIO, MoJlarasi ee PABHOH HYJIIO BHE
[0, 1], Tak uyro mpomonxeHHasi QYHKIHS H BCe ee MPOH3BOJHBIE L0
NopsAjKa & BKJIIOUHTENBHO OKaXXYTCSi PABHOMEPHO HeNpepPHIBHEIMH
Ha Bcedl YHCA0BOW MpsIMOH.

Ho rtorpa, o6osnauasi uepes P,(x) ToT e MHorouneH (2.85),.
YTO H BBILIE, H NOBTOPAS PacCyXJeHHs, TpOBeJeHHbe NpH JAOKasa-
TeJAbCTBe TeopeMbl 2.18, MH JOKaXKeM, 4TO KaxJas H3 pa3HocTeR

P.(x)—f(x), Pa' (x)=f (), ..., Pat® (x)—f® (x)

1) Kouneuno, smecto [0, 1] moxuo B3sts [a, B].

18) Ecam 6n f(X) He yJOBJeTBOpsJAa STHM YCJAOBHAM, TO Mbl HallIH OB MHO-
rowes pp(x) CTEMeHH 2k TaKOM, uTo AAsn OGYHKUHH g(X)= f(x)—pr(x) aTH ycnosusm:
OblJIH OHl BBINOJHEH.
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ABJseTcss GecKOHEYHO MaJjof, paBHOMEPHO OTHOCHTEJBHO X Ha
cerMente 0<x <.

Sameuanune 1. HagoxeHHOe HaMH J0Ka3aTeIbCTBO JErKO
obobuwaercs Ha caydyalt QyHKuMH m NepeMeHHHX f(x;, Xg, ..., Xm),
HenpepHBHOH B m-MepHOM Kybe O<x;i<1 (i=1, 2, ..., m).

CoseplieHHO aHaJoruybBo Teopeme 2.18 noKasmBaercs, 4TO AJd
Tako# GyHKuuu f(Xi, Xe, ..., ¥m) CyLIECTBYyeT DPaBHOMEPHO CXOJsI<
mascs K Hed B m-MepHOM Ky6e IocJel0BaTeJIbHOCTL MHOTOUJIEHOB
OT M NepeMeHHHIX Xy, X3, ..., Xm-

Bameuanue 2. 3aMetuM, 4YTO QHrypHpylouHe B TeopeMe 2.18
MHOTOYJIEHB MOKHO 3aMeHHTh GYHKuHAMH OoJiee 0oOlefi MPHPOAH,
COXDaHdAsl IPH 5TOM YyTBEpXKJeHHe O BO3MOXKHOCTH PaBHOMEPHOTrO
npHOIHXKeHHs TAaKUMH QyHKUMsMH JI000H HeENpepuBHOH (PyHK-
uuH f.

JloroBopuMcsi Ha3bHIBaTh NMPOM3BOJBHYIO COBOKYyNHOCTH A (yHK-
UHH, onpeeIeHHHX Ha HEKOTOPOM MHOXectBe £, anre6poH, ec-
a9 1) f+geA; 2) fgeA; 3) af=A npu npousBoabHHX feA
U §SA ¥ IpH BeleCTBEHHOM .

WNunMu cinoBamu, anre6pa ecTb COBOKYNHOCTh (DYHKUHH, 3aMK-
HYTasi OTHOCHTEJbHO CJIOXKEHHS M YMHOXeHHs (GYHKUHH W yMHOXe-
HHsT QyHKUMI Ha BelecTBEHHBIE UHCJA.

Ecnp pns kaXa0H TOUKH x MHoxectBa E Halinercs HexkoTopast
byukuuss g=A rakasi, yto g(x)#0, To ropopdr, uto anre6pa A
He HcyYe3aeT HH B OJAHON TOUuKe X MHOXecTBa E.

ToBopsT, yTo coBoKymHOCTh A (QyHKUHH, oNpejeNeHHEX Ha MHO-
wectse £, pasnensier TOYKH MHoOXecTBa E, ecain pas aio-
6rlx IBYX pasJWYHHIX TOYEK X; H Xp TOrO MHOXecCTBa Hafijercs
byuxkuus f uz A takas, 4to f(x1)#f (x2).

ViMeer MecTo cieayioliee 3aMedaTe]bHOe YTBepXKeHHe:

Teopema 2.19 (teopema  Befiepmrpacca — Croyna?9),
Hycte A — ancebpa Henpepsi8Hbix HA KOMRAKTHOM 2\ muoOxmcecTse
E ¢ynxyuii, xoropas paszdeaser rouku muoxcecrsa E u ne ucue-
3aer Hu 8 OOHOI TOYke 3T020 mHuoxecrsa. Toeda kascoas Henpe-
poienas na mrowecrse E pynkyua f(x) mooscer 6ovite npedcrasae-
Ha 8 sulde npedeaa pasHomepHo cxodauwjelica nocaedo8aATEAbHOCTY
ynkyud aseebpot A.

19 HanomunM, uto cumsoJ feA o3nauaer npHHamjuexHOCTh f K A.
20) M. CTroyH — cOBpeMeHHHIi aMepHKAHCKHH MaTeMaTHK.

1) HanmoMHHM, 4TO KOMNAKTHBHIM Ha3hBaeTCH 3aMKHYTOE OrPAHHYEHHOE MHOMKEe-
£TBO,



I'masa 3

JBOAHDBIE U n-KPATHBIE HHTETPAJIbI

Bo BBoAHO# ryaBe 4. 1 OHJH yKasaHH BaXKHHE 3aJauM O BHUYHC-
JEHHH NJOajd KpPHBOJHHEHHOH TpamelHH M O Hax0X/]eHHH npoi-
JIeHHOro MarepHaJbHOH TOUKOH IIyTH, NpHBOAfAIIME K IOHATHIO OJHO-
KpaTHOrO OmpeJleJIeHHOTO HHTerpana. AHaJIOTHYHEE <«MHOTOMepHHe»
3ajaud, TakKHe, HallpHMep, KakK 3ajlaya O BHYHCJEHHH 00beMa HJH 3a-
Jla4ya 0 BHIYHCJEHHH Macchkl HeOJHOPOJHOro TeJja, ecTeCTBeHHHM o6pa-
30M NPHBOAAT K PAcCMOTPEHHIO ABOAHBIX H TPOHHBIX HHTErpaJos.

B HacTosimeli rsiaBe M3Jaraercs TeOpHSl n-KPaTHHIX HHTerpaJsios
(n=2). TlocTpoeHue TeopHH NH-KPATHHX HHTErpajoB IIPOBOJHTCS B
NOJHOH aHAJOTHH C MOCTPOEHHEeM TEODHH OJHOKDATHOrO HHTerpaJa.
Hna 6onee 3¢h(eKTHBHOrO HCNOJB30BAHHA aHAJOTHH C OJHOKPATHHIM
HHTerpaJioM cHaualla BBOJMTCH NOHsITHe JABOHHOrO HHTerpaja AJjs
NpAMOYroJbHMKA. 3aTeM BBOJAHTCH MOHATHe JABOAHOTO HHTErpaja Io
IPOM3BOJBHOH O6JaCTH KakK C NOMOUIbI0 [PAMOJHHEHHOro, TakK H C
HOMOIIBIO NPOH3BOJBHOTO pa3buenust 3ToH ob6aactd. IlocTpoenHas
TEOpHsl MEepPeHOCHTCS Ha cayyaif n-KpaTHOro WHrerpaJsa. B koHme ria-
BBl H3y4alOTCcs KpaTHHIe HeCOOCTBEHHEIEe HHTErpaJiH.

§ 1. ONPEAEJIEHHUE H YCJOBUA CYIECTBOBAHUA
ABOAHOIO MHTETPAJA

1. OnpegeneHne IBOIHOrO HHTErpaja AJd MNPAMOYroJbHuKa. Pac-
CMOTpPHM NPOH3BOJIBHYI0 GYHKIHIO f(x, y), ONpeleseHHYI0 BCIOAY Ha
npsMoyroabiuke R=[a<x<b] X [c<y<d] (puc. 3.1). BseaeM mo-
HATHE HMHTerpajbHOH CyMMHl ¢yHK-
wan f(x, §). v)

Paso6beM cerMent [a, b] nHa n d=y,
YACTHYHHIX CErMEHTOB OPH IOMO-

I TOUeK a=Xo<lX <Xp<..<Xp= y
=b, a cermenrt [¢, d] Ha p yacTHU- !
HEIX CErMEHTOB DM IIOMOINH TOYeK Yt
C=lo<h <Ys<..<Yp=d. IDromy
pa3bHeHHI0 CErMeHTOB COOTBeTCT- ¢=4
ByeT pas0uenue NPSIMOYroibHHKA |
R OpsMBIMH, napaJliebHBIMH OCAM 0le=x  &Zx; T  b=x,%
Ox u Oy, Ha n-p YaCTHYHHX

OPAMOYTOJALHHKOB Pxc. 3.1
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Rkl=[xk—l\<x<xk]><[yl—l\<y\<yl](k= 1’ 2) AR (3 l‘-—‘l, 27 ‘e ’p)‘

YKkasanHoe pa3bueHHe NpPSAMOYroJbHHKa R 0o6o3nHauuM cuMmsosoMm 7.
Pasz6uenne npsiMoOyroJpHHKa R, nojyyeHHoe U3 pas36ueHust T mobas-
JeHHeM MNpsIMBIX, napajneabHelx ociM Ox u Oy, Ha30BeM H3MeJb-
yeHHeM pa3bueHus T u OyteM o603HayaTh cuMBoJoM T7.

Bcrony B 3To# riaBe N0 TEPMHHOM <«NpSIMOYTOJBHHK» MBEL GyjpeMm
IIOHAMATb NPSIMOYTOJbHHK CO CTOPOHAMH, MapaJJeJbHEIMH KOOpAHHAT-
HelM ocaM. Ha KaxkJoM 4YaCTHYHOM NpSIMOYroJbHHKe Ry BhGepem
NpOU3BOALHYIO TOUKY (&g, M:). [loN0XuUM Axp=xXe—%s1, AYyi=y1—Y11
H obo3HauuM uepe3 ARy Iomaipb OpAMoOyroibHHKa Ry OueBuiHO,
ARw=Axy-Ay;. JnuHy JuaroHaJdd OpsIMOYTOJbHHKA Ry, paBHYWO

VY (Axe)2+ (Ay:)?, Ha30oBeM JHaMeTpOM 3TOr0 NPSIMOYTOJBbHHKA.
HauGoapmyuii u3 auameTpoB BceX YaCTHUYHBIX IPSIMOYTOJBHHKOB Ha3o-
BeM AHaMeTpoMm pa3bueHusd T npamoyrospHuka R u ob6o3Ha-
YHEM CHMBOJIOM A.

Onpenenenne 1. Jucao

n p
o=0(f, T)= Y, % [ (&, M) ARy (3-1y

k=1 l=1|

Ha3ogem unTeepasbrHol cymmoil ¢pynkyuu f(x, y), coorser-
créyowed dannomy pasbuenuro T npamoyeorvruxa R u dannomy
8bibopy npomencyrounvix To4ex (Er, 1) HA YACTUYHLIX NPAMOYSOAbHU-
Kax pa3buenun T.

Ouapepnenenue 2. Jucao I Hasvisaerca npedesom UHTE 2~
paoasvrhox cymm (3.1) npu A—0, ecau 018 206020 NOAOHUTEAL-
HO20 HUCAG & MOJNCHO YKA3ATb TAKOE NOAOKHCUTEAbHOoe uucao 8, 4To npu
A <8 Hesasucumo ot 8vibopa npomenxcyrouroix Touek (&g, Mi) Ha Ry
soinoanaerca Hepasencrso |o—I| <e. ‘

OTMeTHM, YTO HHTErpajbHylo cyMmy (3.1) MOXHO paccmaTpuBaTh
KaK NpSIMOYTOJbHYIO YAaCTHYHYIO cyMMY S,, NBOHHOro psija, a Ipejen
uHTerpaabHuix cyMM (3.1) npu A—0 — xaxk mpezrea limS,, npmw

P
HE3aBUCHMOM CTPEMJIEHHH 11 H p K OECKOHEUHOCTH, T. €. KaK CyMMy
COOTBETCTBYIOIIEro JBOHHOrO psifa. (DJeMeHTBl TeOPHH JBOITHHIX
PS0B H3J0XKeHH B . 1)

Onpenenenune 3. Pyukyua f(x, y) Ha3vleaerca uUHTE2P U-
pyemoid (no Pumany) Ha npamoyeosvruke R, ecau cyujecrsyer
KoHeuHbul npeden I unrezpaseHolx cymm 37100 Pyuxyuu npu A—0.

Ykaszannoui npedea I nasviéaerca O80UHbIM UHTE2ZPAAOM
or Pynxyuu f(x, y) no npamoyzorvhuky R u o603Hawaerca 00HUM.
U3 cAedyrujux CUMB0A08!

1={] 1 gaxdy= [[ 1 do.
R
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GaMeuanue. TouHo Tak Ke, KaK K AJ5 OJAHOKPATHOTO OIpejie-
JaeHdoro uuterpana (cM. § 1 ra. 9 u. 1), meronoM JoOKa3zaTelnCTBa
OT IPOTHBHOIO ycTaHaBJHBaeTcsd, 4yTo jalo6as HHTerpHpyeMasi Ha mps-
MoyroJbHEKe R ¢yHKUHA f(x, y) siBAsfeTCS OTrPaHHYEHHOH Ha 3TOM
npsaMoyroapHuke. IlosToMy Be3jle B 3TGH riaBe, KpoMe IIOCJENHEro0
naparpaca, He OoroBapuBasi 3TO JONOJHHTeJAbHO, OyaeM paccMaTpH-
BaTh JIHUIb OrPaHHYEHHEE (DYHKIHH.

2. YcaoBHA CYLIECTBOBAHHS ABOHHOIO HHTETPAJda AJA NPAMOYTOJb-
Huxa. Teopus J1apOy, pa3Buras B ra1. 9 u. | Aa4 oJHOKpaTHOTO ompe-
JleJIeHHOr0 HHTerpaja, NOJHOCThIO NePeHOCHTCd Ha claydad ABoHHOTO
HHTErpajia B npsiMoyroabHHke R. BBHAy NoJHOH aHAaJOTHM MH orpa-
HUYHMCS yKa3aHHeM oOIleH cXxeMH pacCyKieHHH.

CocraBuM a5 aanHoro pasGueHus 7T NpAMOYrosJbHHKAa R [Be CyM-
MBL: BEDXHIOID CYMMY

S

I
IngE
™M~

MuAR, (Mg =zﬂpf(x, Y))
kil

ar
I
-
-
it
X

# HHUXKHIOIO CyMMY

i
™=
o

muBRy  (my =inif(x, y)).

k=1Fk kil

-

CropaBeA/UBHL CleLylOllMe YTBEpPkKAeHHs (JO0Ka3aTeJbCTBAa HX
fIOJHOCTRI0 AaHAJOTHYHBL J0Ka3aTeJbCTBAM, IIPHBEIEHHHIM B II. 2
§2ra 9u l).

Yreepxaenue |, Jara arwboeo pasbuenus T npamoyzoivrHuka
R npu arobom svibope npomescyrourolx towex (&g, M) HA HACTUHHObIX
npamoyzosbruKax Ry uxreepasvnas cymma ¢ ydosaersopser Hepa-
sexcTeam S<o<S.

YrBepxnaeHue 2. Jas arboeo ¢uxcuposantozo pasbuenus T
u aroboeo wucaa >0 npomescyrounvie Touku (Er, M) ERpt  MmoOAHHO
86i6pATH TAK, YTO UHTESPAALHAA CYMMaA ¢ O6yder yooBAETBOPATbL Hepa-
serncream 0<S—o<e.

Touku (Ek, M1) MoxHO 86I0paTo U TAKUM O0OPA3OM, HTO UHTEe-
paasvHas cymma ¢ 6yder yoosaersopars Hepasencrsam 0<o—s<e.

YreBepxaeHHe 3. Ilycro T’ — usmeavuenue pazduenus T
npamoyeosvsuka R u S’, ' — COOTBETCTBEHHO B8epXHAA U HUJCHAA
cymmo. pa3buenus T'. Toeda cnpasedausgeo. HepagencTaa

s<s’, §’<S.
YreaepxpaeHue 4. Iycro T u T” — awbole 06a pasbuexus
npamoyeosvruka R, S’, s u S”, 8" — sepxHue u HuxcHUE CYMMobL ITUX
pasbuenuti coorsercraenno. Tozda

<87, §"<S.
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YrBepxaeume 5. Muoxcecreo {S} sepxnux cymm GauHol Qyrk-
yuu f(x, y) 0aa 8cego3moxcHbix pasbuenuil npamoyzosvHuka R oepa-
HUYEHO CHUBY. MHOXNECTBO HUNCHUX cymMm {S} Ozpanuyeno csepxy.

Takum ob6paszoM, CylIecTBYIOT yHciaa

I=inf {8}, [=sup {s},

Ha3blBaeMBle COOTBETCTBEHHO B€DPXHHM H HHXHHM HHTerpa-
aamu Jap6y (or dysxumu f(x, y) no npamoyroipHuky R). Jlerko
y6enuthesi B ToM, uto [<1.

Yreepxaeunue 6. [Hycro T" — usmeavuernue pazbuenus T npa-
moyeoavruka R, noayuennoe uz T Oobasienuem p HOBOIX NpAMbIX, 1
nycre S’, 8" u S, s — sepxHUe U HUNCHUE UHTE2PAAbHbIE CYMMbL pA3=
6uenuii T' u T coorsercreenno. Toeda umeroT mMecTo oyenKu

(S—8' < (Mg—mpg) pAd; s'—s < (Mgr—mpg) pAd,

20e MR=sgpf(x, Y), mR=igff(x, y), A — Juamerp pasbuenus T,

d — Juamerp npamoyzorvrurxa R.

B nosHOB aHaJOrHH C MOHSITHEM IpejleJa HMHTErpPajbHBIX CyMM
(ompenenenne 2 m. 1) BBOAWTCH NOHSTHE Mpefesa BEPXHHX H HUKEHX
cymM. Tak, uncao I HasbiBaeTcsl NpelesoM BEepXHHX CyMM S 1mpH
A—0, ecan aas mwoboro &£>0 MoxHO YyKaszaTeb 06>0 Takoe, uTG
|S—TI| <<e npu A<C8.

Yreepxaenue 7. Bepxuwi u nupcrutl unrezpasvt HJapby T ul
or ¢yrkyuu f(x, y) no npamoyeoavruky R sasararorca npedeaamu co-
OTBETCTBEHHO BEPXHUX U HUNCHUX cymm npu A—-0.

M3 npuBeneHHHX yTBepiKAeHHH 1—7 BEITeKaeT cJeaylomias

Teopema 3.1. Jaa 1020 4T06bL O2pAHUUCHHAA HA NPAMOYLOAbHU-
ke R ¢ynxyua f(x, y) bbiaa unrezpupyema Ha ITOM RPAMOY20AbHYKE,
Heob6x00uUMO U JOCTATOYHO, 4T00bL Jan A06oz0 €>0 Hawnoce Takoe
pasbuenue T npamoyeorsruka R, 0as koropozo S—s<e.

Kak u B r1. 9 4. 1, reopema 3.1 B coeauneHHn ¢ TeopeMmoii o pas-
HOMEDHOH HENPepLIBHOCTH fI03BOJISIET BHAEAUTb BayKHEHIIHE KJacCH
HHTETPHDYEMBIX (PYHKIIHH.

Teopema 3.2. JIwbas Henpepoisran 8 npamoyzorvHuke R pyrr-
yus f(x, y) unrTeepupyena Ha 3TOM NPAMOY20AbHUKE.

npeneseunune 1. Hazosem saementaproid Gueypoid
MHONCECTB0 TOouek, npedcragaanouiux coboli o6veduHeHUe KOHe4Ho20
YUCAQ NPAMOYSOAbHUKOE (CO cTOpOHamu, napaaresvHoimu ocam Ox
u Oy).

3amernM, uTo B ompeaeseHHH 1 MoxHO 06paThb NPSIMOYrOJNLHHKH,
Kak uMewomue ofliiie BHyTPEHHHE TOYKH, TAK H He KHMEIOI[He HX.

Onpepnenenme 2. bydem 2o80pure, uro pynxyusa f(x, y) obaa-
daer 8 npamoyzorenuke R (8 npoussoavroli samkuyrod obaacru D)
I-csoidcreom, ecau: 1) f(x, y) oepanusena 8 R (8 D); 2) daa aro-
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6020 £>>0 Halidercs saemenrapHas pueypa naoujadu, meHouweld e,
codepicauias 8ce TOHKU u AUHUU paspbiea dynkyuu f(x, y).

Teopema 3.3. Ecau ¢pyukyusn f(x, y) obaadaer 8 npamoyaorvru-
Kxe I-ceolicTsom, TO OHa uHTeepupyema HQ 3TOM NPAMOYSOAbHUKE.

JokasaTtenbcTBO TeopeM 3.2 H 3.3 NOJHOCTHIO aHAJOTHYHO AOKAa3a-
TeabctBY Teopem 9.1 H 9.2 u. 1. '

3. OnpeneJense H yCJOBHA CYUleCTBOBAHHS [BOHHOro HHTerpaia
s npoH3BoJbHON oGiaactH. B m. 2 § 2 ran. 10 u. 1 6BIH  BBeJeHH
fIOHSITHS KBaJAPHPYeMOCTH H INIOIAAH IJIOCKOH ¢urypel. HanomuuM,
YTO TJIOCKOH GHUrypoil Mbl Ha3BajJH 4YacTb IIOCKOCTH, OrpaHHYeHHYIO
npoctofi 3aMkHyTOH KpHBOH. [lnockas ¢urypa HaseiBaeTcs KBaJpH-
pyeMol, ecqid BepXHS H HHXKHAS IUIOWAAK 3TOi ¢Hryphl ) paBHH
Mexay co6oii. DT0 uHCIO HaspIBaercd MIOMAALI0 QHrYpH. DTH NOHSA-
THS 6e3 KaKHX-JHGO M3MeHEHHH mepeHocATcs Ha C¢jyyall MPOH3BOJIb-
HOTO OTPaHHYEHHOrO MHOXKEeCTBA () TOYeK MJIOCKOCTH.

Bo Bcex onpeneseHHIX H YTBepKJeHHIX YKa3aHHOro NMyHKTa BMecC-
TO MJIOCKOH (Urypel MOKHO OpaTh IMPOHM3BOJIBHOE OTpaHHYeHHOE MHO-
xkectBo Q HA MIOCKOCTH.

B toMm e myHKTe ObIJIO NaHO onpefesieHHe KPHBOH (HJIH TpaHu-
Ubl GUryps) IJomaid HyJb: ' HasnBaeTcd KPHBOH MJOWAAM HYJb,
ecqH pas gmoboro e>0 HafifeTcss MHOTOYrOJbHHK, COAEPIKAUHH BCe
Touku [' W HMeromu#i miomanb, MeHbINYI0 &. B 3TOM onpenencHUH
TEPMHH «MHOTOYTOJIbHHK» MOXHO 3aMeHHTb TepMHHOM <«3JeMeHTapHas
tdurypa». 310 ciaenyer W3 Toro, 4to Jwobasd saeMeHTapHas ¢urypa
ABJSIeTCA MHOTOYTOJIBHHKOM, a J000# MHOTOYTOJBHHK C INIOINAJbIO,
MeHbIIeH YHCJa €, CONEpPXKHTCS B 3JeMeHTapHOH <¢urype, HMelomed
mAoIafb, MeHbIyIo uncaa 32 (cM. Teopemy 10.2”7 4. 1),

Vreepxaenue 1. fTycre kpusas T umeer naowads Hysd u
NAOCKOCT nokpoiTa KeadpaTHoll ceTkol ¢ wazom h. Toeda das awbo-
2o >0 nadderca wucao h>0 raxoe, uto cymma naowadeil acex
ksadparos, umerouux obujue Touku ¢ I', menvute e.

HeficTBUTENBHO, a0 Kaxaoro e=>0 MOXHO (QHKCHPOBATh HEKOTO-
pyI0 sjeMeHTapHyw ¢urypy Q, copepxamyio BHYTPH cebqa [' u umero-
myio nJjomans, Mensiyio €/4. Ilpu nocratouno Majgom h Bce KBajapa-
THl, uMelomHe obue ¢ I' TOUKM, copepkaTcad B dJeMeHTapHo# (QHTy-
pe, noayuamouefics 3aMeHOH KaXKAOro NPSMOYIOJbHHKA IPSAMOYrOJb-
HHKOM CO B/iBOe GOJIBIIUMH CTOPDOHAMH H € T€M 3Xe ILeHTPOM.

OTMeTHM, YTO KJacC KPHBHIX IIOIAAH HyJb BeCbMa IHHPOK. ITO-
My KjaacCy TNpHHAAJeXHT, Hanpumep, jaobad clOpsAMJaseMas KpHBas
(cm. § 1 o, 10 4, 1).

BpeaeM moHsTHe ABONHOTO HHTerpaja AJs IIPOH3BOJLHON ABYMEp-
Holt o6aactu D. Ilycts D — 3aMkHyTas orpaHHueHHas oGJacTs, rpa-
#una I' kotopoil umeer njomane HyJds, a f(x, y) — HPOH3BOJIBHAS

1) BepxHss IJIOIIajb ONpele/AeTCs: Kak TOYHAR HHMHAA rpaHb MoWaned Beex
MHOTOYrOJILHHKOB, COAepXamHx OHIypy, 8 HHXKHAS NIOWAaAb — Kak TOYHasd Bepx-
HAA rpaHb IJoMAajAeHi BCeX MHOrOYTOJbHHKOB, COAEpXKaIIHXCA B (Hrype.
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orpaHHyeHHas (yHKuuA, onpefeneHHas B obaacry D. OGoznauuM ue-
pes R n06ofi mpAMOYroJbHHK (CO CTOPOHAMH, MapallieIbHEIMH KOOp-
AHHATHBIM OCsiM), colepxamH#i obaacte D (puc. 3.2). Onpenenum
B NPAMOYToJAbHEKe R ciefyomyio ¢byHKIHIO:

_ [f(x y), (x, y)= D; .
F&. 1= [ 0, (x, y)=R\D. (3-2)

Onpenenenue. DynKyuIo
¥l f(x, y) nasosem uHTezpupye-
mod 8 obaacru D, ecau ¢ynkyusn
R F(x, y) unrezpupyema 8 npamo-
YeonbHUKe R. Hucao I=

= SS F (%, y)dxdy nasosem Osoti-
R

A Z  HblM  UHTe2pAAOM OT (YHKyuU
f(x,y) no o6aacruD u obosrnawum
Puc. 3.2 CUMBOAOM

j [ 70x, y)drdy= jjf

W3 sToro onpeneneHust BHITEKAET CJefYiOlIEe
VrBepxpenue 2. Hureepas S\ 1dx dy pasen naouadu
b

obaacru D.

I eficTBHTENbHO, MOABEPrasi COOTBETCTBYIONMH NPSAMOYTOJBHHK R
Bce Oojiee MeJKHM Da3OHEHHSM, NMOJYYHM, UTO BEpPXHMe HHTerpaJ/ibHhe
CYMMH 3THX pa30ueHHH OyAyT paBHH INIOMIAAAM 3JeMeHTapHHX ¢u-
ryp, copepxamux D, a HHXKHHE CYMMBl — IIOMaAfM 3JieMeHTapHHIX
¢duryp, copepxamuxcsi 8 D. MaTerpupyemocts dyuxunn f(x, y) =1 B
obnactin D caepyer u3 teopeMhul 3.3.

Yreepxneunue 3. [lycro ¢pyuxyus f(x, y) unreepupyema 8 oe-
panuuennold Keadpupyemoll obaactu D, naockocTe nokpeira ksadpar-
Hot cerxot ¢ wazom h, Cy, Co,...,Cniy — K8aOparsl yKazarnHot cer-
Ku, yeaukom codepwcaujuecs ¢ obaacrtu D, (L, Mz) — npoussosvran
royka keadpara Cp, m.=inf f(x, y), k=1, 2,...,n(h). Toeda raxdas
us cymm Cr

n(h) alh)
f f (B M) A2, Y_‘ mh?

k=1 k=1
umeer npedea npu h->0, pasnbiil “‘f(x, y) dxdy.
D
17 AOKa3aTeNbCTBA AOCTATOUHO 3aMETHTh, YTO YKa3aHHBIE CYyMMBE

OTJIHYAIOTCS OT OGBIYHOf MHTErpasbHOH CYMMBI  (COOTBETCTBEHHO OT
HHXKHEH cyMMmbl) ¢yHKUHM f(x, y) B o6aactH D TOJLKO OTCYTCTBHEM
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claraeMbix 1o kKBajpaTam, ¥meiomuMm oOliHe TOUYKH ¢ rpanuueit T

obnactH D, mpHueM cyMMa BCeX OTCYTCTBYIOUIHX CJAaraeMblx IO MO-

YN0 MeHbUIeH mpousBefeHus uncaa M=sup|f(x, y)| Ha mwiowmans S
D

3JIEMEHTApHOH (HrypHI, COCTOSUIEH H3 KBAaApPaTOB, HMEIONMMX OOIIHE
Toukd ¢ I'. [TockospKy rpanuna I' uMeeT mioulafb HYJb, TO COTJIACHO
vrBepxkAenHio 1 S—0 opu A—0.

W3 1eopembl 3.3 H mpHBeJeHHOrO BbIIIE OnpefeseHHS JBOHHOrO
MHTEerpasia BbITeKaeT CJelylolas OCHOBHAas TeopeMa.

Teopema 3.4. Ecau pynkyusn f(x, y) obaadaer 8 obaractu D
I-cso0iicTeom, TO OHa uHTezpupyema 8 atoll obaacru.

HoxaszarteancTBo. QPynkuua F(x, y), onpenejenHas dopmy-
Joft (3.2), B manHOM cayuae oOnanaeTr I-CBOMCTBOM B NpPSAMOYIOJbLHH-
ke R. B camom gmene, ¢ynkuus F(x, y) orpanHueHa 8 R Hu Bce ee
TOYKY H JHHHH pasphiBa Ju60 COBINAAaOT C COOTBETCTBYIOUIHMH pas-
poiBaMu f{x, y), nnGo nexar Ha rpanuune I' obaactu D. Ho rpannmna
I' umeer naomazns Hysb. Takum oOpasoM, yTBepxKAeHHE TEOPeMH
crnelyeT H3 TeopeMbl 3.3. Teopema pokasana.

CnepnctBue 1l usteopewmsn 3.4. Ecau gpyuxyus f(x, y) oepa-
Huuena 8 obracty D u umeer 8 310l 06aaCTU  PA3PLIBLL  AUWL HA
KOHEUHOM 4uCAe CnpAMAAembix Aunub, 10 f(x, y) UHTeepupyema 8
obaacru D.

CnepctBue 2usteopemu 3.4. Ecau pynkyus f(x, y) obaa-
daer 6 obaacru D I-ceolicteom, a g(x, y) oeparnudena u cosnadaer ¢
f(x, y) 8cro0y 8 D, 3a uUCKAKOUeHUEM MHKONECT8A TO4eKk naouadu
Hyav, TO ynxyus g(x, y) unreepupyema 8 obaacru D, npusem

ij'g(x, y)dxdy = Sfo(x, y) dx dy.

B oTHomIeHHHM AAaHHOTO HaMu oNpejesenns ABOHHOrO HHTerpaja
BO3HHKZeT BOMPOC O €ro KOPPEKTHOCTH. 3aBHCHT JH (AKT CYIIECTBO-
BaHHA JBOHHOro MHTerpaJja H ero BeinunHa l) or Bebopa Ha maoc-
KOCTH KOOpAHMHATHBIX oceft Ox u Oy, 2) ot BEHOOpa HPSIMOYTOJbHUKA
R, na goropom onpegnensercs ¢bynkuus F(x, y)?

B caenyroomeM NyHKTe OyZeT AAHO [pyroe onpefeseHHE HHTETpPH-
pyeMoctH GYHKUHH f(X, y) M ABOHHOTO MHTerpaja, He 3aBHCALIee HH
oT 3H60pa KOOPAMHATHBIX Ocel, HH OT BhHIGOpa NPAMOYrolbHHKa R,
H J0OKa3aHa 3KBHBAJCHTHOCTH 3TOrO OIpEjeNeHHA NPHBEIACHHOMY
srlie.

4. OGulee onpepeteHue nBoitHOro HHterpaaa. [lycte D — 3aMkHy-
HyTas orpanuuenHas o6aacts ¢ rpanunedl I' naomany HyJab. PazobbeM
obaacth D IIpy noMoIly KOHEYHOrO YMCJd [IPOM3BOJLHBIX KPHBHIX [JIO-
Uy HyJb Ha KOHEUHOe YMCJIo r (He 06A3aTe/IbHO CBSSHEIX) 3aMKHY-
TBIX YacTHUHBIX obmactedt Dy, D, ..., D, Kaxpas o6aacte D; umeer
rpaHHly NJOMAAH HyJab W motoMy kBaapHpyema. OGo3HauuM mnjo-
wanb obaacty D; cumBosom AD; B kaxnon o6aactH D; BhbGepeM
fIPOH3BOJIbHYI0 TOUuKy P;(E: m:i).
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Onpegeaenune 1. Qucao

o= Z (P) AD (3.3)

{e=1

HQ3bLBAeTC UKTe2PpaAbHOL cymmold pynkyuu f(x, y), coorser-
creyroujeldl dannomy pasbuenuro obaactu D na wacruuwsle obaacru
D; u Jannomy eui60py npomexcyrodnsix Touek P; 8 4acruwnolx 06-
AGCTAX.

Hasosem nuamerpom o6mactu D; yucao d;= Sl,é,p p(Ml,Mg)

(o (M, M;) — paccrosiHue mMexnay ToukaMu M;, M;). N ua MeTpOM
pas6uenus obaacrtu D HasoseM uncao A=maxd,.
1<i<r
Onpenenenne 2. Hucao I nasviBaercs npedensom unTee-
paarvuox cymm (3.3) npu A—0, ecau Oas ar06020 nosroKuressb-
HO20 HUCAQ €& MOXCHO YKA34Tb TAKOE NOAQNCUTEAbHOe HUCAO0 O, 4TO

npu A<8 Hesasucumo or seibopa Totex P; 8 uacTuynselx 006aaCTAX
D; sbinoanserca nepagencrso |o—I| <<e.

Onpepneanenue 3 (ofmwee OmNpegeseHHe HHTETPHPYEMOCTH).
Dynkyus f(x, y) Hasvieaercs unreepupyemod (no Pumany)
8 obaactu D, ecau cywecreyer kowneunoid npedea I unreepasbrbix

cymm ¢ arod ¢pyukyuu npu A—0. Iror npedea I Haswisaercs 080 d-
Helm unTeepaanomorT pynkyuu f(x, y) no obaactu D.

JoxkaxeM caenyomyo QyHIaMeHTaJbHYIO TeOpeMy.

Teopema 3.5. Obuee onpedesenue unTE2PUPYEMOCTU IKBUBQA-
AGHTHO onpedesenuto, OGHHOMY & TI. 3.

HokasarteasbcTBo. 1) Ilycrs dyHkuus f(x, y) HHTerpHpyema
B obnactn D corsnacHo ofmieMy ONpPefeIeHHI0 HHTEIPHPYEMOCTH H ee
IBOWHON MHTErpPaj COIMIACHO TOMY ONpeleJieHHIO paBeH /. 3ak/0uuM
D B npsimoyrosbHHK R, pa3oObeM €ro Ha YacTHYHble IPAMOYrOJbHHKK
H BBesieM Ha R ¢ymkumio F(x, y) mo mpasuay (3.2). Paccmorpum

HHTErpaapHylo cymMmy (3.3) o OYHKUHMH f(X, y) U HHTErPAJbHYIO CyM-
My (3.1) o dynkuun F(x, y). DTH CyMMH MOrYT OTJIHYAaTbCA APYT OT
Apyra JHLb CJaraeMblMH, COOTBETCTBYIOUIHMH YacCTHYHHIM MPAMO-
yroJbHHKaM pa3bueHud, HMEOWHUM o6mMe TOUKH ¢ rpanumeit I' o6-
dactu D. [Mockoasky I' umeeT miomans Hyab, a ¢yHKnusa f(x, y)
orpaHuyeHa, TO 3Ta QYHKIHSA HHTETPHPyeMa H COTJIaCHO OIpEeACJeHHIO
m. 3. ITo sToMy Xe onpeXeseHHIO OHAa HMeeT TOT XK€ caMulfi ABOHHOA
unTerpaxa I,

2) Ilycre ¢yurmms f(x, y) MHTerpHpyeMa B obnacti D coraacHo
onpeneneHuto m. 3 U | — [BOHHOK HHTerpax oT f(x, y) mo 06JacTH
D cornacno stomy ompenenenuo. Jlokaxem, uro Aad  PYHKUHH

f(*, ¥) cymectsyer pasublfi | mpeAes HHTETPaJbHHX CYMM O TpH
A—-0.
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CocraBum Anst AaHHOrO pa36HeHHs oGJactH D BEPXHIO M HHK-
HIOIO CYMMBEI

S= Z MAD, u's = Z mAD;

fm=1 {=l

(3mech Mi—supf(x Y), mL==mff(x ¥)). Tak kak agaa gwo6oro pas-

Guenus (an JnoéoM BEIGOpE npomemyTqumx TOYEK B MHTETPaJbHOR
cyMMe g)
§<0<S,

TO JOCTaTOYHO AOKa3aTh, uto ob6e cyMMu S u § crpemsarca Kk [ npn
A—0: gna awboro e>0 Hadimerca 6>0 Takoe, YTO KaxKpas U3 CyMM
S u § oTkaoHseTcs OoT / MeHbIIe YeM HA ¢ OpH A<<s.

QuKcHpYeM POH3BOJIbHOE £>0. B cany reopems 3.1 u yTBep}K;Le-
Hug 1 gas storo € Haligercs paszGuenue T mpsamoyrosasHuKka R (DcR)
Ha YacTHYHHE NPSIMOYrOJBbHHKH R Takoe, YTO AJS HEro

S—s<%n E DRy <~ (3.4)
RyNT3 °

rae Mo=s1;3p|f(x. vl

3akJI0YHM BCE OTPE3KH NPSMBIX, NPOUsBOAAMHX pasbuenue T, w
rpanuny I' o6aactu D crporo BHYTPh 3JeMeHTapHOH dHrypH Q, mio-

Hage KOTOPOH MeHblle Yyucjaa

Torna 3aBeIOMO CyLIECTBYET
0
MOJIOXKHTEJbHASL TOYHAsh HHXKHSASA IPaHb § DPACCTOSHHA MEXAY ABYMSA

TOYKAaMH, OZHa H3 KOTOPHIX NPHHAAJEXHT rpaHune ¢urypu Q,
Apyrasi — OTpe3KaM INpsAMHX, NpOU3BOAAuHM pa3bueHne T, WM rpa-
Huue I' o6aacru D. HOCTpoeHHe ¢uryper Q MoxeT OHITH NPOBEAEHO
IO CXeMe, MpelJIOoxKeHHOH NpH OGOCHOBAHHH yTBepkKAeHHA 1 B m. 3.
,[onameM 4TO AJSL_CYMM . S u § moGoro pasGuenHs obmactu D,

YAOBJIETBOPSIOIIETO YCIOBHIO A<6 CIIpaBe[JIHBLL HepaBeHCTBA
S<S+e/2, s—ef2<5. (3.5}

Jokaxem mepBoe HepaBeHCTBO (3.5) (BTOpoe HepaBeHCTBO HOKa3biBa-
eTcsl aHaJOruYHo).

Ypanum u3 cymmer § Bce caaraemele A;AD;, cooTBeTcTByMOULHE
obnactaM D;, Kaxpass H3 KOTOPHIX HE JIe:KHT IIeJHKOM B OAHOM dac-
THYHOM NpSMOYTrOJbHHKe pasbuenns T. Bce takne obnactu D:<Q
(Tak Kak dl<A<6) a mostoMy ofmas cymMma mJowaged TaKHX
obsacrefi MeHbIne yHcaa &/6M.
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CienoBaTeqbHO, CyMMa BCeX yJaJieHHBIX ciaaraeMuix M;AD; meHb-
ule wicaa €/6, H crpaBeAsHBa OLEHKA

S< Z MAD: + = (3.6)

TAe WTPHX 0603HAYaeT, YTO CYMMa paclpocTpaHeHa JHIIb Ha OGJACTH
D;, kaxjasi U3 KOTOPHIX LEJHKOM COAEPIKUTCA B OAHOM U3 IPAMO-
YrosLHHKOB pasbuenus T.

3ameHuM Teneps B npasoil yacTu (3.6) Tounne rpanu M; B ob6aac-
TAX D,, COZEepPXKAIMHXCA B YaCTHYHOM INPAMOYroJibHHKe Ry, TouHOR
BepxHell rpaHbio Me B npsmoyronbiHike R, BBellem oGosnauenne
Rk= U D;  u uepes AR, 0603HaunM naouwanb obaacrtu Re. Torpa

iCR kR

J0JYUUM

P EM,CAEWL%- (3.7)

Has npaMoyroaprukoB RrcD obaactu R\ R,cCQ, mnostoMy pas
HUX

ZA ROR) = Y (AR—AR,) < AQ <
k

GMO
JUIst IPSMOYTOJIBHUKOB Rp, mepecekaromuxcs ¢ I,
<
E A (Rk\Rk E ARk < 6M¢
H, CJELOBATEJbHO,
I - > e e
‘S— Z MAR, =\Z M (AR, — AR,)| < —;-+T= 5
k k

ZMkA§k<S+%.

K3 mocsefnero HepaBeHCTBAa H M3 HepaBeHcTBa (3.7) moaydyaeM,
4TO

I € e [
s<s+?+?_s+_2_.

4 TepBOe HepaBeHcTBO (3.0) noKasaHo. Bropoe HepaBeHcTBO (3.5)
JIOKa3biBA€TCsl aHaJOrHYHO.
M3 (3.5) moayuum

s-—%<;<§<8+—;-- (3.8)
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Tak kak B ouay (3.4) Kaxkpas H3 «¢yMM S H S oTkJoHsieTcs ot [
MeHblIe yeM Ha e/2, To KaxAaas u3 cyMMm § u S B cuay (3.8) orkao-
Hfercsi oT / MeHbIle yeM Ha &. Teopema JoKasaHa.

§ 2. OCHOBHBIE CBONCTBA JABOWHOI0 UHTEIPAJIA

CaoficTBa ABOHHOrO HHTerpaja BIOJHE aHAJOTHYHE COOTBETCTBY-
IOIIHM CBOHCTBAM OJIHOKPATHOrO OIpefieJIEHHOr0 HHTerpaja.

1°° AggutuBnoctb. Ecau yukyus f(x, y) uHTeepupyema 8
obaactu D u ecau obaacte D npu nomowu kpusoli T naowadu Hyas
pasbusaercs Ha Ose CB8A3HbIE U He umerowjue oOwWux BHYTPEHHUX
Toyex obaactu Dy u D,, 10 ¢ynxyus f(x, y) unreepupyema 8 xandod
uz obaacreid Dy u Dy, npusem

ij F(x, 9) dxay=j;j' F(x, y)axdy+jpjf(x, y)dedy. (3.9

s pokasaTesscTBa 3TOrO CBOHcTBa pasoGheM obaacti Dy u Do
Ha KOHEYHOEe YHCJO KBaADHPYyeMBIX o6jiacTel, TEM CaMhEIM IIOJyYHM
pas6uenue obmactu D. Ilycte S u §, §; u §;, 82 0 S, — BepxvHe U
HHXHHe CyYMMH (YHKUMM f(x, y) COOTBeTCTBeHHO B obaactax D,

1y Dz.

Tak kak DycD u DD, 10 §;—5<<8—5 n §:—38,<S—3§, oTkyaa
H BBITEKaeT HHTEPHPYeMOCTh QYHKUHH f(¥, y) B KaXKAOH H3 obaacTeh
Dl H Dg.

CnpaseannBocTs cooTHOWCHHA (3.9) cleAyeT u3 TOrO, 4TO

g=g1+gz, §=§1+§2 (310)

3ameuanue CnpaBeinnBso H oOpaTHOe YTBeDXKACHHE: U3 UHTEE-
pupyemoctu pyuxyuu f(x, y) 8 kasood ua obaacred Dy u Dy caredyer
uHTeepupyemocre pynkyuti e obractu D u cnpasedausocre popmy-
ast (3.9).

HeficteutensHo, pasGuBasg o6nacTe D) Ha KOHEYHOe YHCJO KBajpH-
pyemblx yactell D; m BBOAS BePXHHE ¥ HHXHHE CYMMB (GQYHKIHH
f(x, y) B obaacrax D, Dy, D,, Mt noayunm papenctsa (3.10), BepHble
¢ TOYHOCTBIO O cJaraeMbix, OTBeyawlnHx teMm obgaactam D;, KoTophle
umeroT obuiHe BHyTpeHHHe ToykH ¢ Kpusoll I'. Kpusasa I' umeer miuo-
wajp HyJab, byHKuus f(x, y) orpaHHyeHa,103TOMy 00Ulasg CyMMa STHX
craraembix OyAeT CTPEMHTBCS K HYJIO IPH CTPeMJICHHH K HyJiO JAua-

MeTpa pas3buenusa A.

BriBoa nocienyomux cBOHCTB (Tak ke, Kak H BEIBOJ cBoficTBa 1)
BIOJIHE aHAJOTHYeH BHIBOAY COOTBETCTBYIOIIMX CBOHCTB OJHOKPATHOTO
onpejeseHHoro uHterpasna. QOrpaHHYHMcsi  (HOPMYJHPOBKOH  3THX
CBOICTB.

2°. Jlunefinoe cBoHcTBO. [Tycre pynkyuu f(x, y) u g(x, y)
untezpupyemo. 8 obaactu D, a u B — npoussosbrble seujecT8erHble
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aucaa. Toeda ynkyus af(x, y) +PBg(x, y) TaxkKke unreepupyema 6
obaacru D, npuuem

{§ laf (x, 9)+Bg (. 9)] dxdy»wSDIf(x, y)dvdy +
D

+p IDS g(x, y)dxdy.

3°. Ecau pynkyuu f(x, y) u g(x, y) unreepupyemo. 8 obaacru D,
70 u npouseedenue aTux pyuxyuil unreepupyemo 8 D.

4°. Ecau pynxyuu f(x, y) u g(x, y) unreepupyemo. e obaacru D
u 8cro0y 6 srod obaractu f(x, y)<g(x, y), T0O

f;f(x, y)dxdy < ijg(x, y) dx dy.

5°. Ecau ynkyus f(x, y) unreepupyema 8 obaactu D, 10 u pynK-
yua |f(x, y) | unreepupyema & obracru D, npusen

Hbjf(x. y)dxdy|\< fo |f (%, y)|dxdy.

{O6patHOe yTBep:ik/€HHe HEBepHO: H3 HHTerpupyemoctd |f(x, y)| B
D, BooOwmie roBopsi, He BBITEKaeT HHTerpHpyeMocTh f(x, y) B D.)

6°. Ecau ¢ynxyus f(x, y) unreepupyema e obaacru D, a g(x, y)
oepanuvena u cosnadaer ¢ f(x, y) écrody e D, 3a uckarouenuem muo-

xHecrea TOweK naowadu HYyas, TO U g(X, y) uHTezpupyema 8 obaac-
ru D.

7°. TeopemaocpeaHneM 3HaYe HMH. Ecau pynkyuu f(x,y)

u g(x, y) unreepupyeme. 8 o6aracru D, ¢pynrxyus g(x, y) Heorpuya-
Tenvra (Henoaoscuteassvna) ecody & arol obaactu, M =supf(x, y),
D

m=inff(x, y), 10 Hadderca uucao pe=[m, M] raxoe, uro cnpa-
D
sedausa popmyira

5§f(x, y) g (x, y)dxdy=p j'ng(x, y)dx dy.

Ecau npu srom ¢ynkyus f(x, y) Henpepesua 8 D, a o6aracre D
£BA3HA, TO 8 3TOU 00.aacTu Haiderca taxkas touka (&, m), #T0 pu=

=f(E, n).

8. 'eoMeTpHUeCKOe CBOHCTBO. .” ldxdy  pasen nao-
s

wadu obaactu D (cM. yrBepxienune 2 M3 1. 3).
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§ 3. CBEAEHUE JABOWHOI0O MWHTETPAJIA
K MNOBTOPHOMY OAHOKPATHOMY

Db dekTHBHHIM cnoCcOOOM BEHIYHCIEHHS ABOHHHIX HHTErpaJjoOB SBJS-
eTcd CBeJeHHe HX K OAHOKPaTHBIM HHTerpaJiaM.
1. Cayyaii npsamoyroibHHka. Haunem c mpoctoro cayuas, KOraa
06/1aCTb HHTErPHPOBaHHSI NPEACTaBJseT CcOOOH NPSIMOYTOJbHHK R=
=la<x<b] X[c<y<d].
Teopewma 36. ITycre Ppynkyus f(x, y) unreepupyema 8 npamo-
yeoasHuke R, u nycre dan kamcdoeo x<[a, b] cywecrsyer oonokpar-
HbL uHTezpan

d
[(x)= jf(x, y)dy. (3.11)

Toz0a cyujecrayer no8TOPHLLL uxTe2pPAA

b

b d
Sl(x)dx—s'dx_[f(x y)d
u cnpasediuso PasencTeo -
b d
”f(x, y) dx dy = degf(x, y) dy. (3.12)
R a c

JokxasateapcTBO, PazobreM mNpAMOYroJbHHK R € MOMOIIBIO
ToueK {x:}, {¢;} Ha np YACTHUHBIX HPSMOYTOJBHHKOB

Ru=[xr<x<xp] X [y <yi]
(=1, 2,...,n: I=1, 2,...,p) Tak, 4TO xXo=a, xn=b, yo=c, Yp=d u
Axp=xr—x,—1>0, Ayi=y1—y1-1>0.

ITycts, kak u B § 1, uHca0o A o6o3HayaeT guaMeTp paszOHeHHH
npsMoyroipHiaka R, Mk, —Supf(x y), my -—};nff(x Y, aSus —

Rut
BEPXHSAA H HHUXKHSA CYMMBI OYHKUHH [ (X, y). Toma BCIOAY Ha opsiMo-
YyroJibHUKe Ry
mu<f(x, y) <M. (3.13)
DuKcUpYeM NPOU3BOJIbHOE UHCJIO Ex&[Xk-1, Xk] H NPOHHTErPHpPYyeEM

HepaBencTBo (3.13) mo y B mpedenax OT Y- MO Yi, NMOJONKHB B HEM
x=E. [lonyunm

L7}
myAyy < j f (& y)dy < MuAy;. (3.14)
L{

5 3ak. 25
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YMuoxuM (3.14) Ha Axg, IPOCYMMHpDYEM NOJyYeHHHE HEPABEHCTBA
cHauana 1o scem [ ot 1 10 p, a 3aTeM 1o Bcem £ ot 1 jo n. Hcnoas-

3ys o6osnauenue (3.11), 6yneM HMeTb

n 14 n p
s=Y Y mulndy < Y /(&) Ax < Y ¥ Mubxdy;=S. (3.15)
k=1 I=1 P

kel k=1
[ycts A—0. Toraa ¥ maxAx,—0. [Ipu stom s H S crpemsiTca K
k
JBOHHOMY HHTerpajy H f(x, y)dxdy. CrenosaTebHO, CYINECTBYET

npeiea W cpensero uwieHa B (3.15), paBHHEA TOMYy e CaMOMy [BOH-
HoMy uHTerpasy. Ho sTor mpeaen 1o OmpejeseHHI0 OAHOKpAaTHOrG

HHTerpaja paBeH \

b d
51(x)dx= j'dxjf(x, y)dy.

a

Takum 06pasom, AOKa3aHO CYLIECTBOBAaHHe NOBTOPHOrO HHTerpaJa
u paseHctso (3.12). Teopema aokasaHa.

3ameuanune, M3 norasarennscTsa TeopeMu 3.6 sicHO, UTO X U g
MOXKHO IIOMEHSITb DOJIIMH, T. €. MOXHO INPeAIIOJOXHTb CYyLeCTBOBA-
HHe JABOMHOrO HHTErpaja M CyllecTBOBaHHe JJs Joboro ye(c, df

OJAHOKPATHOrO HHTErpaJa
b

K ()= |} ydx.

Torna teopema OyldeT yTBepXKAaThb CylleCTBOBAHHE IOBTOPHOTG
HHTErpaJia

d d b
[ K@) dy = [dy [F(x, p)ds

H PaBeHCTBO €ro JBOMHOMY HHTerpaJgy.

2. Cayvaii npoH3BoJibHOH o0sactH. PaccMoTpHM Temeps NpOH3-
BOJIbHYIO OrpaHHYeHHYI0 3aMKHYTYI0O KBaJpHpyeMmyio obaacte D c
rpanunest T'.

Teopewma 3.7. Ilycre evinoanenst caedyowjue ycaosun: 1) o6~
aacte D rakosa, 4to aroban npamasn, napasseavran ocu Oy, nepece-
kaer epanuyy T' no yeaomy orpesky [yi(x), y2(x}] aubo ne 6Goaee
Yem 8 08Yx TouKkax, OPOUHATBL KOTOpbIX CYyTe Yi1(x) u yx(x), ede
Y1 (x) <ya2(x) (puc. 3.3); 2) pynrkyua f(x, y) unreepupyema 8 ob.racTw
D u 0an awboeo x<|[x;, x2] Oonyckaer cyujecTeo8anue 00HOKPATHO-
20 UHTEZpaAG

H(®)
§ Fox g)dy

Y1(%)
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([x1, x2] — npoexyus obaactu D na oco Ox). Tozda cywecreyer
noe8ToOpHbLL uHTEeZpaA

Xy (%)

Vax § Fx vyay

Xy yi{x)

u cnpaeedauso paseHcTso

Xg ya(®)

5 § 1, y)dxdy=5 dx S f(x, y)dy. (3.16)

D X3 vi(%)

JokasateabctBo. OG03HawuM uepes R NpSIMOYroJbHHK CO
CTOpOHAaMH, MapaJJeJbHEMH KOODJHHATHHIM OCSIM, CofepKaiuf#i o6-
nactb D, a uepes F(x, y) ¢yukuuo (3.2), cosmaparomyo c f(x, y) B

v
,‘l
Y d ¥ |
2 D
S
‘z‘ [ —
Puc. 3.3 PRc." 3.4

D u pasHyio Hymo B ocTaibubix Toukax R. Ias F(x, y) BHIOJHEeHH
B R Bce ycnoBus TeopeMH 3.6 u, Clea0BaTeNbHO, CIpaBenJuBa ¢op-
myna (3.12), kxoropas mepexoaut B ¢opmyay (3.16) (B cuay BuGOpa
dynxunu F(x, y)). Teopema noxkasana.
3ameuvanue 1. B TeopeMe 3.7 MOKHO NMOMEHATL PONAMH X H Y,

T. €. MOXHO IpENNOJIOXHTb, YTO BHIOJHEHH CJEAYIOmHe JBa YCJO-
Busi: 1) obnacts D TakoBa, 9TO Jio6as mpsiMasl, MapaJjieabHas OCH
Ox, nepecexkaer rpamuny I' aubo nmo uenoMmy orpesky [xi(y), x2(y)],
71160 He Goslee yeM B ABYX TOUKaX, aOCUMCCH KOTOPHX cyTb Xxi(y) H
x2(y), roe xi(y) <x2(y); 2) ¢yuxums f(x, y) umTerpupyeMa B 06-
aactd D u pns moboro ye [y, y.] mONycKaeT cymecTBOBaHHE OJHO-
KPaTHOT'O HHTerpaJa

)

f(x, yydx
x3(#)

([y1, y2] — npoekuus D na ocp Oy).
5.
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IIpH BHLIMOJHEHHH 3THX YCJOBHH CYMIECTBYyeT MOBTOPHHEIH MHTErpat

Vs x3(t)
fag | rx yyax
" x4y

H CIpaBe€AJinBO pPaBEHCTBO

Ys X:(y)
jDSf(x, y)dxdy=de j;)f(x, y) dx.

3ameganue 2. B cayuae, eciu obaacts D He yEoBIeTBOpSET
TpeGOBaHUAM TeOopeMH 3.7 HJIH 3aMedaHHsa | kK 3Tol TeopeMe, wacto
yAaeTcs pa3GuTh 3Ty 06JacTh Ha CyMMy KOHEUHOro 4HcJa obJjacTei
TAKOro THIA, He HMeWInHX OO6UIHX

y BHYTPEHHHX TOuYeK. Torza wHre-
rpajg nmo obmactd D B cuiy CBO#-
CTBa aJ/IMTHBHOCTH paBeH CyMMe
MHTErpajJJOB II0 COOTBETCTBYIOUHM
obnactaM. Tak, ob6aacte D, H306-
PaXKeHHyI0 Ha pHc. 3.4, MOXKHO
pa3buTb Ha cyMMy Tpex oGaacrelr

D;, Dy, D3, x Kaxkno# H3 KOTOPHX

OpHMEHHMa WJH TeopeMma 3.7, WIH
3aMeuaHHe l. - i

Iipumep. Ilycts obaacts D

OrpaHHYeHa KPHBHMH |x+y| <!l u

’+y’<l, a f(x, y)=xy (puc.3.5).

JIro6as npsiMas, mapandienbuas OCH

Puc. 3.5 Oy, nepecekaer rpauuuy D He Go-

Jiee yeM B ABYyX Toukax. s ymo6-

CTBA 3aMHCH TIOBTOPHHIX HHTErPaJIOB

pasobbeM ob6aacts D Ha mBe oGaacth Dy u D, oceio Oy. IlpuMensisn

o Kaxaoh us obaacrest popmyay (3.16), nonyunm

_Uf(x, y)dxdyz.gxydxdy +jl;5 xydxdy =

0 Vi—x® 1 1—x 0
=Sxdx j ydy—i—gxdx 5. ydy=-—S(x3+x2)dx+
1 0 —1

—V1—x

1
1
3___ 42 —— —
+S(x x%) dx .
0
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§ 4. TPORAHBIE H n-KPATHBIE HHTETPAJIbI

H3noxeHHass HaMH TeOpHS ABOHHOrO HHTerpajia 6e3 KaKHX-THGO
OCJIOXKHEHHH W HOBHIX HAeH NepeHOCHTCH Ha cJjydali TPOHHOTO ¥ BOOG-
me A-KpaTHOro MHterpaja. OcCTaHOBHMCH Ha OCHOBHHIX MOMEHTax
TEOPHH M-KPaTHOTO HHTerpaJa.

IIpu onpeneneHnu Kiacca KBaApHPyeMbIX MHOXecTB B E? u kjac-
ca KyOHpyeMbIX MHOXecTB B £% MBIl 3aHMCTBOBaJiH H3 Kypca cpelHedl
IBKOJILI TMOHATHA NJOMAAH MHOTOYTQJbHOH (QHIYpH M o0beMa MHOrO-
TPaHHOro Tesa, KOoTopule 006J1aAai0T CBOHCTBAMH aJAHTHBHOCTH, HHBA-
PHAHTHOCTH, MOHOTOHHOCTH (cM. § 2, 3 rai. 10 u. 1). B mpocrpancree
Er, n>3 peno ocnoxHSAETCS TeM, YTO HaM He H3BecTeH 00'beM MHO-
xkecTBa (Tesna) B E”, OrpaHHYeHHOTO THOEPINIOCKOCTAMH. s BBene-
HHA KJacca KyOupyeMBIX Tea B E” GyleM CUMTaTh H3BECTHHIM CHOCOG
BHIUHCJEeHHsT o6beMa uyacTHOro Buia Tea B E" — pn-MepHOro mpsMo-
YroJBHOTO HapaJjieleltnena.

Hanomuum (cM. § 1 ra. 13 u. 1), gyro mHOXKecTBOo R=/[a;, b;] X
X[as, b2] X...X[an, bsa] Bcex TOuek x= (X1, X2,...,%s) B E™, ana Ko-
TOPHIX ai<X;<b;, i=1, 2,..,n, Ha3HBaercy n-MePHBIM KOOD A H-
HaTHHM NOpPSIMOYrOJNbHHM mnapaljedenHnenoM. Ecuau
bi—a;=h ans Bcex i, To R Ha3BIBAalOT -M epPHHM KOODpJAHHAT-

HBIM Ky6oMm c pebpom h. Touku (¢, Cg ..., Cn), TAE C: PaBHH
au6o a;, au6o b;, HazoBeM BepmHHaAMM R, a CerMeHTH, <COe-
JHHAIOUIAE BEPUIMHBl THOA (C1, Co,...,Cicl, @iy Cisly-y Cn) H (€1, Cay ...
ey Cicty iy Civyy oo, Cn), — pebGpamu R. Bee pe6pa R napajsejbHH

KOOpD/JHHATHHIM OCSIM.

Ilo ananoruu ¢ E!, £2, E3 ecTeCTBeHHO ONpeAe/UTh 00beM n-Mep-

HOT'O NPSMOYTOJBHOTO HapaJjilesientneia R Kak YHCJIO, PaBHOE MpPOH3-

BeJIeHHIO AJHH BceX ero pefep, BHIXOAAIIHX H3 OJAHOH BEPINHHH, T. €.
n

KaK YHCJIO p.(R)=n(b,-———a[).
1=l

HasoBeM sJeMeHTapHHM TeJOM MHOXecTBO TOouek E”,
npeacTaBisfwilee co6ofi ob0beaMHeHHe KOHEUHOro YHCAA A-MepDHBIX
IPSIMOYTOJIbHEIX MapaJjlie/IeHIe0B, He HMEIOmHX OOLIHX BHYTPEHHHX
TOueK, pe6pa KOTOPHX MapaJjJelbHbl ocsiM KoopAuHaAT. O6beM m1060-
ro 3JEMEHTapHOTO TeJa HaM M3BEeCTeH H paBeH cyMMe 00GbeMOB COC-
TaBJIAIOLHX €ro HapaJJeselHnefos.

[Tyets Temeps D — mnpousBosibHasi orpaHHueHHass oOjacts B £7
Hasosem HUXKHHM oG6beMoM o6iaacTu D TOUHYI0O BepPXHKWOI
rpanb p.=p. (D) ob6beMoB Bcex cogepxamuxca B D sjeMeHTapHBIX
TeJ, a BepXHHM 06beMoM o6GuaacTu D — TOUHYIO HHKHIOIO
rpanb p*=p* (D) 06beMOB BCeX BJEMEHTaPHHX TeJl, COfepKallHX 06~
Jactp D. Jlerko y6eUTECS B TOM, YTO Pa<<p™.

O6aacts D HasbiBaetcss KyGupyeMoil, ecn p.=p*. [lpu stom unc-
70 p(D) =p.(D)=p*(D) nasuBaercs n-MepHbiM obbeMoM obuaac-
TH D.
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B nonHO# aHaJOTHM €O CciyuaeM IIOCKOA OGJAcTH NOKa3HBaeTcH
clefyollee yTBEpPKACHHE:

Oaa 1020 410661 N-MepHaa obaacTe D Geira kybupyemoti, Heobxo-
Oumo u Oocraro4ro, 4Tobbl Gaa atwobozo >0 Hawucy Fsa SreMeR~
Tapuslx Teaa, o0HO u3 Koropeix codepacur D, a Opyzoe codepicurcs a
D, pasnocte 06Bemo8 KOTOpbiXx no modyAalo meHbule 4ucaq e.

[ToBepxuocThi0o (MAM MHOTroo6GpasHem) n-MEpHOTO
o6beMa HYJb Ha30BeM 3aMKHYTOe MHOMKECTBO, BCE TOUKH KOTOPOTO
NpHHAJJIeKAT 3JeMEeHTapHOMY TeJy KaK YrojHO MaJioro n-MepHOro
o6bema.

M3 npuBeneHHOro yTBepXKIEHHs MOJydYaeM, 4TO n-mepHas o6AaAcTb
D ky6upyema roeda u rosbxo T028a, Koeda epanuya 3Toli obaacru
npedcrasiser cobol MHO2000pasue n-MepHoeo 00BeMa Kyas.

Onpenenum n-kpaTHHH HHTErpajJ OT GYHKIHH 1 [NepEMEHHHX
f(x) =F(x1, Xo,...,%s) CHauaNa B N-MEPHOM KOODJHHAaTHOM IIPSMO-
yroabHoM napannesenunese R. C 3Tof nesplo NpOH3BOAHM pasbuenHe
T napaanenenunesa R KOHEUHHM YHCJOM THIEPIJOCKOCTeH, mapas-
JIeJIbHBIX KOOPIAHHATHHM OCSIM, HA KOHEYHOE YHCJIO YaCTHYHHX 7i-Mep-
HHX MapaJyejenHnenoB.

Has ykazanHoro pas6uenust T B MOJHOA aHAJOTHH CO CJyyaeM
n=2 ompenejseM HHTETpPaJbHYIO, BEPXHIOIO H HHKHIOIO CYMMH JIIOGON
orpanHueHHo# B R ¢ynkuun f(x). Tenmepp onpenesmuM rn-KpaTHH A
HHTerpaJ or pyHKuHH f(x) mo mapaaaenenuneny R
KaK Ipejlesl HHTerpaJbHHX CyMM IIpH CTPEMJIEHHM K HYJIO AHaMeTpa
pa3buenuss T mapassenennnena R.

Kak u nas caysast n=2, teopust lap6y ycraHaBjJuBaer He 06X o~
JHMOEe H JOCTATOUHOE YyCJOBHEe HHTEIDHDPYEMOCTH
Bclejgyomed popme:

Han unreepupyemocru ¢pynxyuu f(x) e napaasresenunede R neob-
xo0umo u GocrarouHo, yrober 0as at0boeo e=>0 nawsoce paszbuerue
T napaaseaenuneda R, 0asn KOTOpo2O0 pA3HOCTL BepxHel U HUCHEU
cymm 6biaa menouie e.

[lyete Temepr D — mnpousBoJbHas 3aMKHYTas OrpaHHuYeHHast
n-mepHast 06J1acTb, TPAHHIIA KOTOPOH HMeeT rn-MepHHH o0beM HYJb,
n-KkpaTHB® unTerpasa oT yHkuuu f mo o6aactu D
onpeenseTcs KaK HHTerpaJ IO 7-MEePHOMY KOODJIHHATHOMY NPSMO-
YyroJbHOMY HapaJjJenendmneny R, coiepxauieMy o6aacts D, oT ¢yHK-
nuu F, coBnagawome# ¢ f B D u papHo#l Hysao Bue D.

Jlas 06o3HaueHuss n-KpaTHOro uHTerpana or QyHkuMH f(x) mo o6-
Jactd D ecrTecTBEHHO HCIOJb30BATh OIHH H3 CJHEAYIOIIHX CHMBOJIOB:

(r@ae=({ .. (1o 50 .o m)dede . dy,.  (317)
D D

OTMmeTHM, uTO npousseseHue dx=dx,dx;..dx, OOHYHO HA3HBAIOT
9JeMeHTOM 06 beMma B npocTpaHcTBe E”.

Touno Tak Xe, KaK W AJMA caydas rn=2, JIOKAa3HBA€TCsl HHTErpH-
pyeMocTb o n-MepHO#l o6aactu D mi060fi HenpepHBHOH ¢QYyHKUHH, &
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rakxe GyHKUHH f, o6nanaromeli B o6nactu D I-cBoiicTBOM (T. €. or-
pannueHHOA B D ¢yHKUNH, MHOXKECTBO TOUEK pa3pHBa KOTOPOH HMeer
n-MepHbi 06beM Hyab). BooGiie, H3MeHeHHe HHTErpHpPYeMOi (YHK-
IHY [ HAa MHOXeCTBe TOYEK n-MEpHOTO o6beMa HyJb He H3MEHSET Be-
JNHYHHY HHTerpaia ot 3Toll QyHKIHH.

Hns onpeneneHHsl n-KpaTHOrO MHTErpaja MOXKHO HCIIOJNb30BAaTh
pa3buenne o6aacty D w npy NMOMOIIM KOHEUHOrO YHCJIA MPOH3BOJb=
HHX MHOTOOOpasHii ofbeMa HyJb Ha KOHEYHOe YHCJO YACTHYHHIX 06-
Jacteit Tpou3BoJIbHONA ¢opMul. B mosHo#i aHajsormH ¢ Teopemoifi 3.5
JIOKa3HBaeTcs, uTo Takoe ofiee ONpejejeHHe n-KPaTHOTO HHTErpaJia
SKBHBAJEHTHO YKa3aHHOMY BHIIl€ OTIpejeseHHIO.

Jlns n-kpaTHOro HHTErpajla OCTAalOTCH CIOPaBeAJIHBHMHU 8 OCHOB-
HBIX CBOHCTB, cdhopMyanpoBaHHble B § 2 aas JBOHHOro MHTErpaJa.

B mosHO# aHamoruu c TeopeMamu 3.6 u 3.7 ycraHaBauBaercs ¢op-
MyJla IOBTOPHOTO HHTETPHPOBaHHA AJfA HHTerpasa (3.17).

ITycre n-mepnas obaacts D, 06aadaer Tem caotcreom, 410 arobas
npanan, napassesvran ocu Ox,, nepecexaer ee epaHuyy He Goaee
4em 8 Osyx Toukax (UAU RO YEAOMY OTPE3KY, OZDAHUHCHHOMY OBYMSR
Toukamu), npoexyuu Koropelx Ha oce Ox; cyre a(xs, Xs,..,Xn) U
b(xg, x3, ..., xa), 20€ a(xq, X3, ..., Xn) <b (X9, X3, ..., Xn).

Mycre pynxyus f(x) unreepupyema 8 obractu Dn u Jonyckaer
cywecTeos8anue Oan AOGBLX X2, X3,...,X%n u3 (n—1)-mepuod obaacru
Dy, seasiouelica npoexyuell Dn Ha KOOpOUHATHYIO 2UREPRAOCKOCTY
Ox9x3...Xn, OOHOKPATHO20 UHTEZPAAG

bixy, Xy, . .. v )
J(x’) « vy xfl)= S f(xl’ x” MRS | xﬂ)dxl'

a(xy, Xy, . .-, Xp)

Toz0a cywecrsyer (n—1)-kparHetii unreepan

S..'j-’(xz, ceey Xp)dxg ... dx,=
i b(x.,...,xn)

=Sj...de,dx3...dxn j f(xp gy « -0y xn)dxl
Dpy

axg, ... "n)

no obaacru D, u cnpasedausa popmysra no6TOPHO0 UHTE2PUPOSA=
Hus

ijj‘f(xl’ Xy ..oy xn)dx1dx2-..dxn=

b(x,, Xy, ... ,xn)

— (. Jdndey.. a0 [ Fry 2. x)dn. (318)
Dy,

AXy, Xay .o iyXp)

B chopmynupoBaHHOM yTBEPXKAEHHH B POJH X; MOXET BHCTYIATb
Ja106an U3 MepeMeHHHIX Xo, X3, ..., Xn.
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JorosopuMcsa Ha3bBaTh ofJactb D OPOCTO i, eclim AJA KaXAOH
H3 KOOpJHHATHHIX ocell Jio0ad npamasi, nmapaJJesbHasi 3ToH OcH, JHGO
IlepecekaeT IpaHHIy 3ToH 06JacTH He 0o0Jice yeM B ABYX TOUKax, JHGO
HMeeT Ha 3TOH rpaHulle LeJblll oTpe3ok. IIpuMepom mpocroli o6aactu
MOXKET CJHyXHTb n-MepHHH NpAMOYrOJbHHIH Hapajienenunen {(pebpa
KOTOpOro He 00fA3aTeJbHO ITapaliiesbHBl KOOpAHMHATHHIM ocaM). Has
npoctoit objaactu ¢opMyJly HOBTOPHOTO HHTEIDHPOBAHHS MOXKHO IPH-
MEHATD J10 JI060H K3 NMepeMeHHBIX Xy, X2, ..., Xn.

B 3akaioueHHe OTMeTHM, YTO, KaK H AJf cjayuasd n=2, cupaBej-
JIHBO CJefylolllee YyTBepKIeHHe:

ITycre ynxyun f(x) unrezpupyema 8 oeparnuvennoll Kybupyemod
obractu D. Ilycre npocrpancreéo E™ nokpbiTo ceTKod n-mephoix Kybos

¢ pebpom h; Cy, Cs,...,Cnny — Te KYybbl YKa3aHHOU CETKU, KOTOpblE
yeauxkom codepmucarcs 8 D, §‘k)=(§(1k), P, N S.k’)— npoussosb-
Hasa rouka kyba Cp; my=inff(x), k=1, 2, ..., m(h). Toeda kaxdan
Cy

us cymm

m(h) m(h)

Y ™ u Y me

At b1

umeer npedea npu h—-0, pasneid n-kparrnomy unreepasy (3.17) or
pynryuu f(x) no obaacru D.
[Tpumepsn. 1° Buunciantes o6beM T,(h) n-mepHOro cuMmJIeKca

n
{(xll xll. ey xu)EEn: x‘ >0| t=l’ 2v veey n; Z xl<h}-
Y |
ITpumensas dopmyay (3.18) mnocaenoBaTesqbHO 5O NMEpPeMEHHEIM X,

Xg,...,Xn, IOJIYUHM CJIefyIOllee BEIpAXKeHHe AJd o6beMa:

n—1t
h— 2 x;

B A—x, =1

T,.(h)=f(0j (.. é’ lde,)...)dey)dy.  (3.19)

ChenaeM B KaXIOM OZHOKPATHOM HHTerpaje B mpaBoit wactH (3.19)
3ameHy NepeMeHHOH x=hEi, xo=HhEy, ..., Xn="HE,. [lonyunm

n—1

-y

1 1—g fmal

_T,.(h)=hﬂ5(a[ (... S dE,)...) d&)dE.  (3.20)

0

H3 (3.20) caenyer, uto Trn{h)=h"T.(1). Ona Buuucaenus T.(1) no-
JyyaeM CJIeAyIOUIyl0 PEKYPPEeHTHYIo popmyJy:
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n—~1
-2k

1 1=, =1 1
T,,(l)ms(j (( é' dgn)...)dgﬂ)d§1=§Tn—l(l"'§1)dE1=

1

-j(l—e,)"“ Toet (1) dy =T () | (18" dby = T (1) .

Cnenona're.nbno T,,(1)=—l--n ! e

0
_.—;--Tl(l), n Tak xak Ty(1)=1,

o T (h)— "
2°. Bouncautb o6bem V,(R) n-mepHoro mapa B(R) pannyca R:

B(R)={(x,, Xy ...y X)E E™ i x%<R’}.

f=m]

Hcnonssys dopmyay (3.18), moayuaem

Va(R)= Sj;(.R.).j' dx, dx, ... dx, =

_
=2

(=]

=_§( S G T B P P

B onHokpaTHOM HHTerpaje mo mepeMeHHOH X; clejaeM 3aMeHy Iepe-
MenHOf x;=RE; (i=1, 2,...,n). [Tonydum

Tn=1_

, Vid ok

voR=r [( | (. [ d&)..)dt)ag =RV, (D).
VAT =

Jas seuncaenuss Vn,(l), Kak U B mpeibAylleM IIpHMepe, NOJyuaeMm
PEKyppeHTHYIO GOpMyJTy
n—1

Va(l)= jvn_ (VI—E) dE, = j(l—:ﬁ T, (1) dy =
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1 n—1

=V () [(1—8)7 a,.

|
Crhenaem 3aMmeHy nepemeﬂﬂnﬂoﬁ Ey=cos 0 B MOCJeAHEM HHTerpalie, BBe-
JeM o6GosHaueHHe [,= S sin®6d0 wu mpuMeM BO BHHMaHHe TOT
dakrt, yro V,(1)=2. TOI‘}IZ

/2

V(1) =2Va_y (1) § sin"8d8 =2V, (1) ],=... =

0
=2 ey LV () =20y ..
Takum o6pa3om, o6beM n-MepHOTO Wapa paiHuyca R Bhpaxaercs

dopmynon
Vn(R) = 2"Rn]11]n_l .ee ]2,

OTKYAa, HCIOJNb3YS H3BeCTHHE (OPMYJn AJd HHTerpasioB [, ?, OKOH«
yaTesbHO HOJyYaeMm

—”—R"n ? | ecsIH 1 HEYETHO;
ni
Va(R)y=1 ',
b o? T
l - R*n?, ecnu n yerHo.
nl

§ 5. SAMEHA NEPEMEHHBIX B n-KPATHOM HHTETPAJIE

YcranaBauBaemass B 3ToM naparpade ¢opmysia 3aMeHH NepeMeH-
HOU ABJSETCS OKHHM M3 BaXKHEHLIHX CPeACTB BHIYHCJEHHH n-KPaTHOTO
HHTEerpaJa.

[peanonoxum, uro ¢yHkuus f(y)=F(yi,..,Ya) HHTErpUpPyeMa B
HEKOTOPOH 3aMKHYTOH, orpaHHUeHHOH KyOHpyemOH o6jacth D B mpo-
crpancrBe E”. IlpeamosoxuM, Aallee, UTO OT NEPEMEHHHX Y1, Y2, ». s Yn
MH IePeXOUM K MepeMeHHKEIM Xi, Xg,...,Xn, T. €. cCOBeplllaeM Ipeobpa-
30BaHHe

2 Bn 4§ 5 ra 94 1 nokasaro, 9To
{ (k— 1)U
RN
=1 k=1t =
Rl 2

, €CaH k HeyerHo;

, €CJH E werHo.
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Y1=P1(%;, ..., X);
Tl e (3:21)
Yn="Vn(Xy, ..., %),
KOTOpO€ KpaTKO MOXXHO 3aIlHCaTb B BHIE
y=%(x), (3.21)
NOHUMas NOJ Yy TOYKY #-MepHoro npoctpaHctBa (yi,...,Ys), IOA X
TOYKY n-MepHOrO MpocTpaHcTBa (X, Xo, ..., Xn), 4 HOJ 1§ COBOKYI-

HOCTb n GYHKUHE Y1, Po,..., Pn.

O6o3nauum uepes D’ Ty obaacts 8 E”, KoTopas npu npeobpasoBa-
Hun (3.21) mam (3.21") nepeBomutcs B D, T. e. modoxum D =+ (D).
[lpu sToM MH Bcerga GyzeM Tpe6oBaTbh, uTOGH IpeoGpasoBanue (3.21)
unu (3.21°) nomyckano o6patHoe, Tak uto D'=¢~1(D).

Hoxkaxem, uto ecnn ¢yHkuuu (3.21) mMeior B obmacth D’ Hempe-
PHBHBEIE YacTHble NPOM3BOJHHIE [EPBOr0 NMOPSiAKAa H e€cdu B 3TOH 006-
aactd D’ ornnyeH oT Hyas sKo6HaH (cM. § 2 ra. 14 4. 1).

D(y) _D( ..., yn) (3.22)
D(x) D(x, ..., %)

TO AJSl n-KpaTHOro HHTerpana ot ¢yHkmuu f(y) no obaactu D cmpa-
BepauBa cieayomas GopMyJa 3aMeHK mepeMeHHRB X,

{Fw) dy=Sf[¢ ()] \%l | ax (3.23)
D D’

KoTopas B NOApOoOHON 3anucH NPHHHMAeT CJAELYIOIHH BHA:

I...Si(yp ceey Yn)dyy ... dY,=
D

=j...yf[\p1(xl, cver Xp)y ooy Wy, ey X)) X
iy

\%1—-”"’ dx, ... ix,. (3.23"
D(Xl, cees x,,)

Tounee, MH AOKAaXKeM CJAeAYIOLUIYI0 OCHOBHYIO TEOPEMY.

Teopema 3.8. Ecau npeobpa3osanue (3.21) nepesodur obaacte
D’ 8 D u snsasercsa 83aumHo 0OHOSHAuHbIM U ecau (ynkyuu (3.21)
umerorT 6 obaacru D’ Henpepoisrble 4ACTHBIE NPOUBBOOHbIE neps8ozo
nopadKka no 6cem NepeMeHHbIM U OTAUYHBLL 0T HYyas akobuan (3.22),
T0 Oan KasOoi unreezpupyemot 8 D ¢ynkyuu f(y) cnpasedausa -
popmysa 3amens. nepemernbix (3.23').

OtMeTuM, YTO NPH YCJOBHSAX TeopeMh 3.8 cyuiecTByer mnpeobpa-
soBaHHe P!, o6paTHOe npeo6pPa3OBAHHUIO .
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HokasatenscTBy TeopeMu 3.8 mpeanomJem ceMb jgemM. CHaua-
Ja Aajum o6oCHOBaHHE (OPMYJH (3 23) ang cayuad, korjpa Ipe-
o6pasoBaHHe (3.21) sBasercs JHHeHAHHM (nemMMbl 1—4), a 3aTem
CBeAeM K 3TOMY c.nyllalo oémee mpeo6pasoBanue (3.21) (JeMMH
5—7).

Jlemma 1. Ecau npeo6pa303auue 2=y (x) nAsaneTca cynepno-
suyuel (usu npousselenuem) 0syx npeobpaszosanuil z=+;(y) u
Yy=vs(x) (1. e. 2=y [P2(x)]), npuvem sce ywacTeyouyue 8 3STUX
npeobpazosanuax (yHKYUL UMEIOT HenpepbleHbie HACTHbLE RPOU3-

D (2)

800Hble nepsozo nopadka, 70 AKOGUaH —D—()—, 83ATHLL 8 TOUKe
X
X= (;2,, ceny xo,,), pasen npoussedeHury aAKobuana giy;, 83AT020
X
8 Touke f, Ha akobuaw —D?%, 83ATbLL 8 TOUKe y°=(°y,, e, &n),
o o y
ede y=1q(x), 7. e.
D D D
(2 _ D@ D (3.24)
D (x) D(y) D(x
uasu 8 nodpobroi aanucu:
D(Zl, ceey Zn) =D(Zl, ceny Zn) .D(ylv <oy yfl)
D(%, ...» %) D@y vovy Yn) D(xy, ...y xp)
JJokasaTeabCTBO JeMMBb 1. 3aMeruMm, 4To AJs JIOOBIX
. 0z ,° .
i=1,2, ...,nu k=12, ..., n 3/1eMeHT —a——(x), CTOSIIMHA Ha Ie-
X1
- D(z) .
peceyeHHH i-H CTPOKH H k-ro cTtoabua sxobuaHa D2 H B3ATHH
X
B TOuYKe X= (X, ..., X5), 1O NpaBHJIy AHb(PepeHIHPOBAHHSA CJIOXK-
HOH ¢yHKLHH paBeH ‘
¢ )
e (x)=2_‘— L (3.25)
axk ay

=1
Tie Y qaz(x) i
Ho N0 NpPaBHJy TEPEMHOXKEHHsS ONpEeJeJHTENedl PaBEHCTBO

D N o
(3.25) u osHauaer, uTO AKOOHaH D(Z; , B3fITHH B TOYKe X, paBeH
X
D (y)
(x

MPOH3BeJleHHI0 sIKOOHaHa , B3ITOrO B TOYKe X, Ha siKOGHaH

D (z)
D(y)

HaHOMHPIM yro JHHeHHHM npeobOpa3oBaHHeM KOOD-
JAHHAT Ha3hHBaercs npeoOpasoBaHHE BHAA

B3ATHIH B TOuKe y. JleMma 1 AokasaHna.
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Y= au_xl +t112x2 4+ ... +a1,,x,,;
BT I T S T (3.26)
Yn=QpiXy T QnoXy + . .. +AppXp,
rae air (I, k=1, 2, ..., ) — NOpPOH3BOJILHBIE NOCTOSHHHE YHC/A.
. D
Hnsa nuunefinoro npeobpasoBanus (3.26) skoOHan LW op.
X
najaer ¢ ONpeJesUTE]eM MaTpHUH 3toro npeobpasoBanus T =
=lla;ll, T. e. R
DW _ getT. (3.27)
D (x)

Ecsn 3710T ompejennTenb OTJHYEH OT HYyJs, TO JHHefiHoe mpeobpa-
3oBanHe (3.26) Ha3nBaeTcs HEBH DOXJAEHHHM. B stom cay-
yae cyllecTByeT obpaTHoe nmpeobpa3oBaHHe, TaKxe JHHEHHOE M He-
BHIPOXKIEHHOE, H ypaBHeHHs (3.26) MOXHO pa3pelluTh OTHOCHTE/b-
HO X1, X2, ..., Xn. KpaTKo OyneM o6o3Hauarb JHHeHHOe npeobpaso-
Banue (3.26) cumBosoM y=Tx, a o6paTHOe eMy Ipeobpa3zoBaHHE
cuMBOJIOM x=T"ly,

OCHOBHO# LeNbl0 CAEIYIOLHX TPeX JIeMM fBJSAETCA J0KasaTelb-
c¢TBO TOrO (akra, 4TO AJS HEBHIPOKIEHHOTO JHHEHHOro npeobpaso-
Banusa (3.26) u gns Kaxnolt Henpepw BHO A GyHkuuu f(y) cnpa-
BefsiuBa (QOpMyJia 3aMeHH mnepeMeHHHX (3.23), KOTOPYIO C yueToM
coorHolleHus (3.27) MOXKHO NpeACTaBHTb B CJAELYIOIEM BHJE:

(F@ydy=§F(Tx)ldetTidx=det T| { F (T dr,  (3.28)
D D’ . D

rae D'=T-1D.

CHavaJa paccMOTPHM [Ba JHHCHHHIX NpeoGpa3oBaHHA YACTHOTO
BHIA:

1) numeiinoe mnpeobGpasoBanue T, 3aKJIOYaoOLIeecs B TOM, YTO
K i-# KoopauHate AobaBJsdercs j-f KOOpDJAHHaTa, a BCe OCTaJbHHEE
KOODJAHEATH NPH 3TOM COXPaHSIOTCH:

Ye=x, apu k=1, 2, ..., i—1,i+1,..., n;
Yi=x;+ X%y,

nian y=7T;x (KpaTkas 3amnuch);

2) nunefiHoe npeoGpasoBanue T,*, 3akmaiouaioleecs B TOM, YTO
i~ KOOpJHMHaTa yMHOXaeTcsi Ha 4HCJI0 A540, a Bce OCTajJbHHE KO-
ODAMHATHI IIPH 3TOM HE MEHSIOTCH:

{yk=xk opu k=1, 2, .., i—1,i+1, ...,
y,-:?»x‘,

min y=T/x (KkpaTkas 3amHch).



142 IFa. 3. Bofinnie H n-KpaTHHE HHTErpajnl

Jlerxo BuIeTh, 4TO

detT,;=| :°. : |[=1, detTh=| & |=1,

no3ToMy npeo6pasoBanus Ty H T;* HEeBHPOXKIEHHHE.

Jlemma 2. [Jaa npeobpasosanut Ty u T npu a1060i Henpe-
poisroti 8 obaacru D pynxyuu f(y) cnpasedrusa gopmyaa 3amensr
nepemennbix (3.28).

JdokasarteabctBo deMMH 2. Ilycte R — n-MepHHE
OpSIMOYTOJMIBHHE mapaJsuieienunel, cogepxamuii D, dyaruus F(y)
uMeeT BHJ

Iy) mpn ye D,
F(y)= N
0 nmpu ye R\ D.
JlocTaTouHo nokasaTh, 4TO
{Fwyay= | F(Tx)|detTax, (3.28')
R TR
rae cumBoJoM T 06o3HaueHO OZHO u3 mpeoGpasoBanuft Ty uaum T
3aMeTHM, YTO ecid R — NpsMOYroJibHHA NapaJjienenunes
{Yr: Qr<yp<<bp, k=1,2, ..., n}, 10 [TA]7'R — cHOBa mpsMO-

yr‘OJIbHHﬁ napadanesenuien

{xk: a, < X, < by, R, %<x;\<-i—‘ npu A >0 u %\<x,<

\<% npH A<0},

a [Ty]"'R — xky6upyemas obJacTb
{xk:akgxkgbk, k-, ai—x,gxggbi—-x;}.

Ha ocHoBanuu ¢opMysin MOBTOPHOro HHTerpupoBaHusi (3.18)

£F<y)dy=
b, Vi1l 0, 4
=0 VoSS P ey dn]dyy . dyir dyegs < dy,.
a S84y 8, 4

(3.29)
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[MpuMensis X OXHOKPAaTHOMY MHTerpaJy Mo nepeMeHHoR i ¢op-
MyJy 3aMeHH NepeMeHHOf y;=Ax; AJaf ciyuas mnpeo6pa3oBaHHsA
T u yi=x;+x; nas cayuas npeoGpasosauusi T (eMm § 5 . 9
y, 1), noaygum

a) anas cayuasi npeo6pasosanus T

b.
S‘F(ylv ey yn)dy,——-
%

Fyy <oy Yoy My Yo oo n yu)Adx, mpu A > 0;

»l-“h—-\ >'| &

- (3.30)
S

A
bﬁ F(0y s Yogr Miy Ypags + - - Ya)(—D)dig mipr AL 0
T

L

6) nas cnydasi mpeoGpasosanusi Ty;

[ b, —x

i

; .
IF(yp LIRS} yn)dytz g F(yp eeesy Yo xi+xi’ yi—{-l' ooy yu)dxl'
at a,:—x.

(3.30")

i

[logcrasum (3.30) mwau (3.30°) B (3.29); 3areM, BOCHOJbB30BaB-
mHch ¢opMynol NOBTOPHOro HHTErpHpoBaHMs (3.18) H Tem, 4TO

1 maa T=Ty,
ldetTl={|l| s T=T*,
a Takxke nojarag yy=x, npu k=1, 2, ..., i—1, i+1, ..., n, npu->

neM K pasencrBy (3.287). JlemMa 2 mokaszana.

Jlemma 3. Beakoe HegulposcOernOe aunelnoe npeobpasosanue
(3.26) npedcrasumo 8 sude cynepno3uyul KOHE4HO20 HUCAG ripe-
obpasosanuil suda Ty u T npu A=40.

HdoxasaTeabcTBo JeMMHu 3. PazobbeM 10Ka3aTeabCTBO
Ha TPH 3Tamna. ,

1. TlokaxkeM, uyTo JuHefiHOe mpeoGpasoBanue T’, 3akjarouaplle-
ecsl B MepecTaHOBKEe MeCTaMH i-H H j-H KOOpAHHAT (IpH COXPaHEHUH
BCEX OCTaJbHHX KOOPAMHAT), NPEACTABHMO B BHJAE CYyNEepPNO3HIHH
mectd npecbpazoBanuit Tuma Ty v T/

B caMoM neJse, coxpaHsia mpH 3amucH (X, ..., Xp) TOJBKO i-10
H j-I0 KOODAMHATH (OCTaJbHBHIE He MEHSIOTCS), MOXKEM 3allMcaTh:
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(s, xi)r_l-,"*(xi‘*‘xiv xf)TTl‘*(—xt—xf, xf)'ﬁ**
i
= (—Xi—x;, —X) > (—x—x, Xi)T(—x,w %) —— (% x1),
Ti T

T.e. T =T7'TyT; 'TuTT' Ty,

2) OTMeTHM, YTO NIyTE€M KOHEYHOTO UMCJa MepecTaHOBOK MecTa-
MH JBYX CTPOK HJH JBYX CTOJIGHOB (T. €. MyTeM KOHEYHOTO 4HCJIA
npeo6pasoBaHuit THNa 71’) MBI MOXeM IpPHBeCTH Jio6oe auHeliHOe
HEeBHPOXJeHHOe Npeobpa3oBaHHe K JHHEHHOMY Mpeo6pa3oBaHHIO
¢ marpuueil |la;l|l, y KoTopo#i OTJIHUHHB OT HyJs BCe TJIaBHbE MH-
HOPBL, T. €. ONpPeJeHTeNH

Ay .- Qg
Ag=|-w o |, k=1, 2 ...

Qpy -« - Qpp

3) Ocraercs LoKa3aTb, uTO JHHeHHOe mpeoGpa3oBaHHe C OT-
JHYHHIMH OT HyJs IVIaBHBIMH MHHOPaMH MOXHO IpPeJCTaBHTb
B BHAe KOHeuHOro uyuciaa npeo6GpasoBanuii Tuna T u T/ Joka-
KeM 3TO N0 HHAYKIHH.

Oasa n=1 paccMotpuM npeoGpasoBanue T ¢ MaTpHlei

a, O
1
. ’ A1=GU_¢O.
0 1
[TIpeo6pasosanue T9:  mepeBORAHT X= (X, X2, ..., X1) B
(anxi, x2, ..., Xa) =Tx, 1. €. T=T 9, yTBepXKJeHHE CIpaBeJJHBO.
PaccMorpum Teneps npeo6pasoBanne T ¢ MaTpHuel
@y ...0y )
R |
Gy« - Op
1
0 ",
t 1)

IlpepnonoxuM, yTo 310 npeobpasoBaHHe T MOXKHO HNPEICTABHUTh
B BHJE KOHEYHOro yHcjaa mpeobpasoBanuil THma Ty u T#, T. e. uro
CyImecTBYeT KOHE€4Hoe uHcjo mpeobpasoBaHuit Bupa Ti u T;*, mepe-
BOASIIHE X= (X1, ..., Xz, X&t+1, -++» Xn) B

(a11x1+. ot QeXe, ..., QX1 o QX Xty o, x‘,,) =Tx. (331)

D55l 3aBeplleHHs MHAYKIHM AOCTATOYHO JOKas3aTb, 4TO TyTeM
CyNepno3HIHH KOHEYHOro 9ucja npeobpasoBaHui tHna Ty u T
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MOXKHO [IPHBECTH MOC/eN0BaTeJbHOCTh KoopAuHAT (3.31) K BHAy

(anxit+. . taie+nCet, -. . GaXi Qe Less
(3.32)
Qe+ X1+ o o+ Qetny e+ DXkt Xkd2y ..oy Xn),

T. €. IpelcTaBUThL NpeobpasoBaHue T ¢ MaTpulei

fau el Qyp A1(k+1) )

akl veo Qpp Ap(k11) 0

At - -« Gtk a<k+l><k+11» (3.33)

0 -
{ |

B BHJe CyNepHO3HIUH KOHEYHOTO uucjaa mnpeobpa3oBaHuii BHIA:
Tij H Ti".

Jisi nokaszaTeabcTBa 3TOr0, cHauaja JJs KaxJIoro Homepa.
i=1, 2, ..., k, 115 KOTOPOTO 3JIeMeHT Q;x+)7=0, npousBeaeMm mpe--
oépﬁaosaﬂne, IpeACTaBHMOE Cylleprio3uiuedl Tpex npeobpa3oBaHHi:

a; a;, .
Tkﬂt(lk“) Ti(k+1)Tkﬁk1+') (mas Tex i, AJs KOTOPHX Qik+1y=0, aToros
npeobpasoBanus He npoussonuM). Cynepnosuius BCeX yKa3aHHBIX
TpOeK npeoGpasoBaHuil Ass Bcex i=1, 2, ..., k nepeBefieT 3/eMeHT
(3.31) B

(e +. ..+ QeXet Qe+ Xetl, -y X1+, QrpXe+
+ Qrrt1) Xetls Xetly, Xrd2y - oo Xn). (3.34):

Jlamee 3ameTuM, YTO NMOCKOJIbKY MHHOP A, marpuuu (3.33) or-
JUYeH OT HyJs, TO OTJIHYEH OT HyJs H PaBHHUH €My OIpeleNuTeNb
MaTpHIH

Ayy o« Qg Qurt1)

ay pr k1) (3.35)
0...0 1
Ilo Teopeme 0 6a3UCHOM MHHOpE CYHIECTBYIOT YHCAA Af, --., Artl,

JUHeHHAsg KOMOHHALHS ¢ KOTOPHIMH CTpOK Martpuunl (3.35) paBha
Aty <.y Arthky ARt1)k+1)s

T. € DaBHa nepBHM k-1 snementram (k+41)-i cTpokH MaTpUUH
(3.33). 310 03HauaeT, 4TO ecaM MH s Kaxpgoro j=1, 2, ..., k+1,.
Ias Kotoporo A;#0, npomssesem npecOpasoBaHue, NpeACTaBUMOE:
cynepnosuunelt Tpex npeo6pasosanufi: T;)V*T oyny;T/* (o1 Tex j,
Jas KOTOpHX A;=0, COOTBETCTBYIOWYyI0O TPOHKY mnpeo6pa3oBaHHi:
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HE MPOM3BOAHM), TO CyNepHO3HIHSA T",’ji{ (|Ae+1]>0) n Bcex
NPOH3BEIEHHBIX TpoeK NpeoGpa3oBaHHH mepeBeneT sJjemeHT (3.34)
B (3.32). Unnykuus saBepiena. Jlemma 3 gokasana.

Jlemma 4. [Jas 2106020 HesblpodcOeHH020 AUHeilHO20 npeob-
pasosanus (3.26) u awboi nenpepoisroii 8 obaactu D ¢gynkyuu |
cnpasedausa opmyasa 3amensr nepemennsix (3.28).

B camoMm pene, dopmynaa (3.28) cnpaeepsuBa JJI KaXKJAOTO H3
npeobpasoBanuit suga T; u T (nemma 2), Ho Jjio6oe JuHelHOe
HEBLIDOXKASHHOEe Npeo6pa3oBaHue NpeJCTAaBUMO B BH/IE CYNeplo3H-
LHH KOHEYHOI'0 YHCJa TakHX npeobpasoBaHHi (eMMa 3), mpHyeM
Ako6HaH 3TOH cyneprno3uluu npeo6pa3oBaHHil paBeH NpOH3Beje-
HUIO sKOOHaHOB (JemMa 1).

CanenctBue u3 adeMMu 4. Ecau G — npoussoabras kybu-
pyemasn obaacre 8 Er, T — npousgoavroe HesbipoxOeHHOe AuHeli-
Hoe npeobpasosanue, 70 n-mepubii obvem V(G) obaacru G u
n-mepuei o6ven V(TG) ee obpasa TG ceszanst pasencrsom

V(TG)=|detT|V(G). (3.36)

Insi 1oKa3aTeabCTBA 3TOTO YTBEPKIEHHS TOCTATOYHO B (oOpMY-
ne (3.28) Basth f(y)==1 B obmactu D, D=TG, D'=T-'D=QG.

Ilycte Temepp pmano al06oe npeo6pasosanue (3.21) ((3.21%))
H BHINIOJHeHH YyciaoBus TeopeMH 3.8. Ilpm aToM o06a uHTerpana
B (3.23) cymectBywoT, ecii TONbKO D'=v¢~1(D) — kyGupyemas
0671acTh, TaK YTO HaM HYXKHO JOKasaTb KyOupyeMmoctb D’ u paBeH-
cTBO HHTerpasios B (3.23).

ov; .,
Ilycts —a&(x)zJ,-,-(x) (¢, j=1, 2, ..., n) — 3jeMeHTH
X
MaTpulll S1KoOH, B3sTHE B TOUKE X= (¥i, ..., Xa), CAMY MaTPHIY
Akobu ||Ji;j(x) |l obosnaunM cumBosoM J,=J,(x). Hasosem wHo p-
MO# TOUKH X=(Xx|, ..., X») BeJHuuHy [|x||= max |x;|. Haso-
1<i<n
BeM nopMo#l matpuumu A=|ay;ll (i j=1, ..., n) Benuuuny

n
AN = ‘rriag 1all
1Al lggn[éllau”
flcho, uro ecan y=Ax, To

lgll = lAxI<IAN- lixll. (3.37)

Kpome Toro, ajs enquunyHofi MaTpuun || E||=1.

Hlemma b. Ecau svinoanenst ycaosus rteopemst 3.8 u C —
n-mepusli KoopOunatnviil Kyb, npunadasescawjuil obaractu D', ro
n-mepubvie ob6vemst kyba C u ezo ob6pasa Pp(C) ceazanst Hepasews
CTBOM

V($(C) < [ffle%x g (I V (C)s (3.38)
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HokasateabcTBo adeMMHu 5. [Iyctb C — n-MepHH# ky6
0 0

0
C HEeHTPOM B TOYKe X=(Xj, ..., Xa) H ¢ pe6pom 2s. Torma ky6 C
MOXHO OIpe/e/IHTh HepaBeHCTBOM '

0
Ix—xl<s. (3.39)

B cuay ¢opmyan Teitiopa st GyHKUHH n NMepeMeHHHX v (X)
(cm. m. 3 § 5 ro1. 12 u. 1) nafigercs uucno 0; u3 unrepsana (0, 1}
TaKoe, 4TO

W)= () =Y Ty [£ 48, (r— )] (5, — ).

=1

Orciofia 4 H3 COOTHOLIEHHA (3.37) 3akK/alodaeM, yTo

11 () —p (D] < max |17, (4] e —xll (3.40)

0 0
[Monaras y=1(x), y=2(*), noayuznm u3 (3.40) u (3.39):
0 .
ly—yll < s max ||Jy (x)ll.
xeC

Takum ob6pa3om, eciiu TOuKa X HaxoZHTcs B Kybe C c pe6pom
0
25 H C UEHTPOM B TOYKe X, T0 06pa3 y=1(¥) TOUKH X HAaXOJIHTCS
0
B Ky6e C LleHTpOM B Todke y H ¢ pebpom 2s max ||Jy (x)||. IlosTo-
xcC

My MHoXecTBO P (C) Kybupyemo u

Vi (O) < [gréacx 174 (T V(C).

Jlemma 5 nokasana.

CnencrBue 1 u3 nemMMH 5. Ecau sboinosnenst ycaosus
reopemvt 3.8 u obracte G xybupyema, To u ee o6pas P(G) xybu-
pyem. B uacrnocru, ecau D xybupyema, to u D’'=+¢~'(D) xybu-
pyema.

JefictBHTeabHO, rpaHHLa Jio6oro kyOupyemoro MHoxectBa @
SIBJISIETCS] MHOXECTBOM n-MepHOro o6beMa HyJib, a TaKOe MHOXe-
CTBO COIVIaCHO [JOKa3aHHOMY yTBepXJAeHHIO NpecbpasyeTcsi B MHo-
XKeCTBO, N-MePHHH 06BEM KOTOPOTO TaK¥Ke PaBeH HYJIIO.

Ky6upyemocts obnactd D'=v¢~'(D) cmeayer u3 TOro, 4to B
yCAOBHAX TeopeMHl 3.8 njsi npecbpa3oBaHHA P! BHIIOJHEHH Te XKe
YCJOBHSI, 4TO H s 1.

CnenctBue 2 U3 neMMu 5. Ecau ¢pynxyus f(y) unreepu-
pyema 8 obaacru D, D'=v~1(D) u 8binosHeHbi ycaos8us Teopemvi
3.81,), 0 f(P(x)), a noromy u flp(x)]|detJo(x)| unrecpupyense.
s D, }
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Jemma 6. ITycro soinosnenst 8ce ycaoéus Tteopemot 3.8 u
nycte G — npousgoavroe Kybupyemoe nodmwosxcecreo D', a
P(G) — ezo o6pas npu npeobpasosanuu (3.21). Tozda 041 n-mep-
noeo o6vema obaacru ¢(G) cnpasediuso HepaBeHcT8o

Vp(Q) < { |det J,, (x) | dx. (3.41)
G

JHokasarteabcTBo AemMMb 6. PasobbeM H0Ka3aTeJbCTBO
Ha [ABa 3Tama.

1) HokaxeM, uTo s JIO60r0 HEBHIPOXKAEHHOrO JIHHEHHOTrO
npeobpasoBanust T u ans Jo6oro n-MepHoro Kyba C—D’ cnpasen-
JHBO HepaBEHCTBO

V(P(C) < |Gt T) [max [Ty IV (C).  (3.42)

B cuay caeiactBusi M3 JeMMH 4 jais Jio6oro KybupyeMoro MHoxe-

crBa G W Aas JuHefiHoro mpeo6paszosanus T clpaBeiJJHBO paBeH-

ctBo (3.36). Ilomoxum G=T-'¢(C), torma TG=T(T-$(C))=
=} (G) u

V(p(C)) =|det T| V(T-19(C)). (343)

Ouenus npaByio uacTs (3.43) ¢ noMompio HepaBeHcTBa (3.38),

B KOTOPOM BMeCTO npeoOpa3oBaHHs | BO3bMEM CYINEPIO3HLHIO Npe-
obGpasoBanuiéi T~l, noayuum

Vp(C) < [det T| [max ||/, OII*V (C). (3.44)

Ilo nemme 1 Jymy=JmJy=T"1J,, n60 matpuua Skobu muuel-

Horo npeobpasoBaHUsl COBNajaeT ¢ MaTpHuell sToro npeobpasoBa-
wug. Ho 5T0 u osHauaer, uto HeEpaBencTtBo (3.44) MoxkeT ObITh
nepenucaHo B Bue (3.42). HepaseHncrBo (3.42) nokasaHo.

2) JHoxaxeM Temepb HENOCPeACTBEHHO HepaBeHCTBO (3.41).
ITokpoem mnpoctpancTBo E” cerkofi n-mepHbx Ky6oB ¢ pebpoM A.

Ilyers Cy, Cs, ..., Cpny— T KyOH, KOTOpPHE ILEJIHKOM cOnep-
karcsi B G, u nycte G,= |J G,
1< e<Sm(h)

B kaxgaoMm Kyb6e C, QHKCHDyeM NpPOH3BOJbHYIO TOYKY Xp H 3a-
nuileM fAJjs storo Ky6a C, HepaBeHcTBO (3.42), mojarasi 1IpH 3TOM
T=J,(x:). [lonyunm

V(D (Cp)) < |det Jy (x)] {néa(l:x Ty ()12 Ty (O} V(Cy).  (3.45)
*ely

ITockoabKy aieMeHTH MaTpuubl IKo6H J,(x) sABASIOTCS Hempe-
PHBHHIMH (YHKUHSIMH nepemeHHOft x BoO Bcell obaactu D/, a caeno-
BaTeJNbHO, U DAaBHOMEpDHO HemnpepuBHHMH B D’, 1o ||y (x)|| — paB-
HOMepHO HenpephiBHasg ¢yHkuus B GcD’, Orcoopa 3akjiawuaem,




§ 5. 3aMeHa mepeMeHHBIX B n-KpaTHOM HHTerpaJie 149

uyto ¢yHKRUHA || [Jy(x)] "4 (x)[|” Takxe paBHOMepHO HempepniBHA
B G. Yuurnas, uto ||[Jy(xe)]| e (xe)ll=1, mnonyuaem, uto pas
moboro €>0 Hakhigetca 6>0 Takoe, uTo AJA BeceX X, X,e=CG, Aaa
KOTOPHX p(X, %x) <6, BHIMOJHAeTCs HepaBeHCTBO || [Jy(xz)] X

XJo(x)I"<1+e. Takum obpasom, ecnu BmépaTb h>6, To max X
*€C,

X [y ()2 Ty ()|I” < 1+ e (naa Bcex k) u onenky (3.45) MoxHO
3anycaTh B BHAE

V($(C) < (1 + ) |det Ty (x)| V(Cy).

CymMmupys mocjejnHee HepaBeHCTBO 1o BceM k=1, 2, ..., m(h),
TOJIYYH M
mih)
V(@) <(1+e) Y Idet Jy(x,)| V(Cp). (3.46)

k=1

U3 yTBepxkieHnud, chopMyJHpOBaHHOTO B KoHIe § 4 3TOH riasnl,
clejyer, uTO npenes npu A—0 Bcell mpaso# uactu (3.46) cyiect-

Byer u paBeH (1 +e)s |det Jy(x)[dx (e>0 — mpousBoJLHOE YHC-

G
10). Kpome toro, 1limG, =G, tak uro B npenene npu h—0 u3
k

—0
HepaBeHcTBa (3.46) noayuaercsd HepaBeHcTBO (3.41). Jlemma 6 no-
KasaHa.

JlemMma 7. Ecau soinoanenst 8ce ycaosus reopemet 3.8 u 0o-
NOAHUTEABHO npednoaazaercs, 4To Gyuryus f(y) HeoTpuyaresvHa
8 D, to cnpasedaiusa gopmysra 3amenvt nepemennvix (3.23).

HokasateabcTBo neMMun 7. [lokpoeM npoctpanctBo E*
CeTKOH n-MepHHX Ky6oB ¢ pe6poM h u o6o3Hauum yepe3 Ci, Co, ...

, Cmn) T€ M3 3THX Ky6OB, KOTOpble LeJHKOM cojepxkarcsa B D.
Tlyete Gr=4¢'(C). Qasa raxpoit obaactu G, 3anulieM HepaBeH-
ctBO (3.41):

V(CY < 5 |det Jy (x)] dx. | (3.47)

Gy

YvHoxuM o6e yacTu (3.47) Ha my, rae

my, = inf f (y) = inf f [ (x)],
Cr Gy,

H NPOCYMMHpYeM TOJyueHHHe HepaBeHCTBa 1m0 BceM k oT 1 jo
m(h):

m(h) m(h)

Z mV (C) <Y, my § |det J, (x)| dx. (3.48)

k=1
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ITo Teopeme o cpenHeM 3HAYEHHH
[ FL¥)] (det Jy (x)] de=p, ; || det Jy (x)1 dx,
G 3
rie s & [my, Myl, My=sup /[ (x)]. Tostouy
k

o

my, [ det Jy ()] dx\<pk§ |det Jy (x)] dx = ﬂf[mp(x)] |det Jy (x)| dx
Gy [ Gy

H HepaBeHcTBO (3.48) MOXKHO yCHJ/IMTD!

m(h) m(h)

Y mV(C)<Y _( FIb (0)]1det Jy (x)| dx. (3.49)

B cuay ytBepxienus, chopMyJHPOBAHHOIO B KoHUE § 4, Jesas
yacte (3.49) mpu h—0 uMeer mnpenes, paBHuIH jf(y)dy, H I10-

D
m(h)
CKOJMBKY lim Y, G,= G, rae G=vy'(D), To B npenene 1mpH
h—~0 bt
h—-0 nosnyzaercs
(Fwdy< [Flo@)] det Ty (x)] dx. (3.50)
D D’

Menss B 3THX paccyxpeHusax poasmu D u D’, paccmarpuBas
B D’ dynkuuo g(x)=f[p(x)]|det/e(¥)| u ucnonbays nemmy 1
H Teopemy 00 ompejenHTesi€ NPOH3BEAeHHS ABYX MATPHI, MOJYYHM
MPOTHBOINOJIOKHOE HEpaBEHCTBO

[ Flw()] 1det Jy (x)1 dx < { F () dy. (3.51)
D’ D

H3 (3.50) u (3.51) BHTekaer JoKasnBaeMas (opMyJa 3aMEHH
nepeMeHHHX. JleMMa 7 pokasawua.

HokasateabcTtBo TeopeMu 3.8 Ilycte f(y) — mpowus-
BOJIbHAs1 HHTerpupyemas no o6sacTd D QyHKUHS H BHIIOJHEHH Bce
yciaoBusi TeopeMH 3.8.

W3 unrterpupyemocts ¢oyHKuuHu f(y) B ob6aactu D mosyuaem, ato-
cymecTByer nocrosiHHas M>0 rtaxas, uto |f(y) |<<M B D.

Has  kaxnofi M3 HeOTPHUATENBHHX ¢yHKUuA fi(y)=M n
fo(y) =M—f (y) Teopema 3.8 cnpaBsemauBa (B cmay Jemmnl 7). Ho
TOrAa H3 JHHeHHOro CBOHCTBA HHTerpaja BHTEKAaeT ClpaBelJil-
BocTb Gopmyan (3.23) u aas pasHocTH fi(y)—fz(y) =f(y). Teope-
mMa 3.8 pokasana.
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3aMeuanue 1. B ycaoBusax teopeMH 3.8 MOXHO AONYyCTHTb OG-
pameHue B HyJb siko6Hana (3.22) Ha HeKOTOpOM NpuHaaJdexaiem D’
MHOXKECTBE TO4YeK S, HMellueM 7n-MepHHH o0beM Hyab. B camom
Jlene, MHOXKECTBO S JIEKHT BHYTpH 3vsieMeHTapHo# ¢urypu C kak
yroZHO Majoro ob6bneMa, NpHYeM COIVIACHO JOKa3aHHOMY BHINE chpa-
BeJJIHBa ¢dopMyaa

fy)d { W (%)) Idet Jy (x)] dx. (3.52)

YD'\C)

Ocymectsass B popmytie (3.52) npepnesvHHi nepexof mo mocjaeno-
BaTeNbHOCTH 3nemeHTapHHX ¢uryp {Ce}, S<Cp n-MepHmit o06heM
V(Cx) xOTOpHX CTpeMHTCH K HyJi0, y0elHMCA B CIpaBeIJHBOCTH
dopmyan (3.23) u pag paccMaTpUBAaeMOro CJaydas.

3ameuanue 2. MMeeT MecTo cienymolinee yTBepKIEHHE, SBJTIO-
Iieecss YaCTHHIM cJAydyaeM TakK Ha3nBaeMoll Teopemnt Cappna?d.

YrBepxpeHue. [Tycte G — 3amkryTas ocpanudexnas Kyébupy-
eman obaracre 8 E", a ¢ynkyuu (3.21) umeror 8 G HenpepoigHbie
4acTHble NPOU3BOOHbIE NepBo20 nOPAOKA No 8cem nepementoim. ITycte
A={x=G :detJ,(x)=0}. Toeda n- Mepubtu o6vem mHoxcectsa A pa-
BEH HYAI0.

3TO yTBEpxKJeHHe H 3aMeuaHHe ] MO3BOJSIOT OCBOGOAMTHCS B TEO-
peMe 3.8 o1 TpeGoBaHua HeoOpaiueHHs sgkoO6MaHa (3.22) B HyJ b B 06-
Jacta D',

3ameuanue 3. Kak mokaspiBaeT paccMaTpHBaeMBIH HHXKeE npu-
Mep, Tpe6oBaHHe B3aHMHOH OJHO3HAYHOCTH Npeo6pa3oBaHusd P cylue-
CTBeHHO Jaxe B ClAyuae CBsA3HOH o6jactd H ychaoBus detJ,(x)=0
s Bcex xesEn,

MMpumep. Iycts D'={(x1, x2)=E?: x,=[0, 1]; x.=[—2m,2n]},
a y=1(x) onpeneneHo paBeHCTBAMH

Yy = €*1C0S Xy, Ya=€*15in x5,
Torna D=y (D")={(y1, y2)=E?: 1< (y,>t+ys:*) 2<e}. Jlerko nopacuu-
TaTh, uTO Ako6HaH mpeoGpa3zoBanus detJy(x)=e?* He paBeH HyJIO
Ans Bcex xeE2 CpaBHuM Mexiy coGoH HHTerpaas B ¢opmyde
(3.23) s f(y)=1:

j 5‘ dy,dy, =m(e?—1); 5 5 |det Jy (xy, *o)| dxydx, =
D D’

27t 1
= j dx, 5'32& dx,=2n(e*—1).
0

Takum obpasom, ¢opMysia 3aMeHH NEPEMEHHBIX He HMeeT MecCTa.

3 Apryp Capn — amepHkaHckHfi MaTeMaTHK (pon. B 1909 r.)
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3amMeuanune 4. B ycmoBusax TeopeMn 3.8 MOXHO JONyCTHTb
HEOJHO3HAYHOCTh NPpeoGpa30BaHHA P HA HEKOTOPOM IPHHaAJIEKAIeM:
D’ muoxectBe S, uMeromeM n-MepHHil 06beM HYJIb.

JokasatesbcTBO 3TOr0 (paKTa NOJNHOCTHI0 AHAJOTHYHO NOKa3aTelb-
CTBY yTBEpXKJEHHS B 3aMeyaHuH l.

§ 6. BBIYMCJIEHHE OBBbEMOB n-MEPHbDIX TEJ
B § 4 37108 ryaBu 6blJI0 OTMeUY€HO, UTO HHTerpas

1=”...51dy1dy2...dy,, (3.53)
D

paBeH n-mepHoMy ob6wemy V(D) ob6aactu D. Tlostomy BenuunHy
dyidys ... dy, ecTecTBeHHO HasBaThb 3JeMeHTOM obOmbeMa B

paccMaTtpHBaeMoH JekapToBoit cucreme koopauHat OyYs, ..., Yn
C nomMousio npeo6pazoBauus (3.21) mepefizeM OT NeKapTOBHX KO-
ODAHHAT Yy, Y2, ..., Yn K HOBBIM, BOOGIle TOBOPS, KPHBOJNHHEHHHM KO-
OpAHHATAM X|, X2, ..., Xn. |IOCKOJIbKY NpH TaKOM mepexofe (coriacHos

dopmyse 3amenn nepeMensnix (3.23)) uHTerpaa (3.53) mpeobGpasy-
eTcsl K BHAY

IZH Sl D (41s Y2> .-+ Yn)
;:;" D (%1, X3, ... 5 Xp)

TO BEJHYHHY

dx,dxy ... dx,,

’ Dty - 290 | gy gy, ... ds,

D(x, %2, ..., Xp)

ecTeCTBEHHO Ha3BaTh 3JMeMeHTOM o6GbeMa B KPHBOJHHeEH-
HOH cucTeMe KoOpAHHAT OX Xy ... Xn.

Hrak, monyas sko6uaHa XapaKTEPH3yeT «pacTskeHHe» (HIAw
«cxKaTHe») of6beMa IPH [epexoje OT JeKapTOBHX KOOpAMHAT
Y1, Y2, .-+, Yn K KDHBONHHEHHBIM KOOPAHHATAM X, X, ..., Xn.

INoncuynraem sneMenTH o6beMa B CepHUECKHX H IIMJIHHAPHUECKHX
KOOpJHHATaX.

1°. Ons cepuueckux KOOpAHHAT B MpocTpaHcTse £3
x=rcosgsin®,
y=rsingsing, (r=0, 60, n], 9 = [0, 2x))
2=rcosf

AKOOHAH HMeeT BHJ

D cos@sin —rsingsin® rcosqcos 6
D((:Y;/,—;)) =|singsin®  rcosgsin® rsingcos 6|=r2sin0.
o cos 0 —rsinf

CuaenoBaTenbHo, sneMeHT o6beMa paseH r? sin 0drd6de.
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2°. Ina uMIHHAPHYECKHX KOOpIHMHAT B NMpocTpaHcTBe E3

X =TrCosQ,
y=rsin(p, (f‘>/0, (PE[O, 231), ZE(_ 0, +°°))
2=z

AKOOHAH HMeeT BHJ
cosp —rsing 0

=|sing rcosg O0|="7-
0 0 1

D(x,4,2)
D(r,9,2)

CJyepoBaTtesnbHO, 37eMeHT o6beMa paBeH rdrdgdz. B wactHOCTH, NJs
TIO/IIPHBIX KOOPJHHAT Ha IIJIOCKOCTH 3JIEMEHT IJIOllajau paBeH rdrde.

3°. B mpoctpaHctBe £7 cepHuecKHe KOOPAHHATHL ONpeNessioTCs
PaBEHCTBAMH

xy=rsin0;sin0, ... sin 0,
n—l1
Xy =rcoSOpu—y [] sinb, m=2,3,...,n—1;
kR=m
Xp=rc0S$Opy, (r =20, 0,=][0,2n), 6,,=[0,n], m=2,3,...,n—1),
sIKoOHaH HMeeT BHI

n—1
D(xy, %2, ... » X .
(1. % n) _ pn—i n sin*—10,.
k=l

D(r,Bl, .--1en—1)

TakuMm 06pa30M, 3JleMeHT o0heMa B N-ME€pHBIX ccpepmecxux KOOp-
n—1

aunatax pased ro~idr [] sin®—10,d6,.
k=1

[Ipumepn. 1°. Boruucauty o6veM V Tesa, BhIpe3aHHOI'O NHJIHHA-
poM x2+y2=Rx u3 chepn x¥2+y>+22=R? (puc. 3.6) 4.

Tes0 CUMMETPHYHO OTHOCHTEJBLHO KOODPAHHATHHIX Iockoctelt Oxy
# Oxz u pacnojoxeno Hanpaso or maockoctH Oyz. Ilostomy nocra-
TOYHO BEIYHCJIMTH 0OBbEM 4eTBEpPTH Tesa, JexkalleHdl B IePBOM OKTAHTE,
T. €.

V=4 dxdydz,
iif
D={(x, Y, Z) eEL:xe [0! R]! ye [0! VRxf—x2]’

4 Dra ¢Hrypa HasmBaercs <«TeJOM DBHBHAHH» NO HMEHH HTaJjbsHCKOrO MaTema-
THRa XVII B.
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2&[0, VR—( + )]}

[Tepefinem K UMAHHApHuecKHM KoopmuuataMm. O6jaacts D’ onpene-
JIsieTcsl TakK:

=[(q;, rnebios [0,%], re [0, Reos 9], z& [0, VI—?E:’_]}

¥ l}
2R
R (R,R)
AN
Z _
g R 2R &
Puc. 3.6 Puc. 3.7

®opmysa 3aMeHH TepeMeHHBIX NaeT

/2 Rcos @ V Re—r*

V=4J‘j5rdrdq)dz=4j|dq) 5 rdr S 1dz=

/2 Rcos @ 4 a/2
—4 Sd(p S rVR“‘—r“‘dr—?j R3(1—sin’ ¢) dg =
0 0
A g _2)
T3 R ( 2 3 )

Takum o6pasom,

A p(n__ 2
V——=R ( . —— )
3amucas pesysbrat B Buie V=(2/3)nR%—(8/9)R®, ormerum, uto BHI-
uncaseMuii o6beM Ha (8/9)R® MeHbile o6bema mNoJyuwlapa paauyca
R, U3 XOTOpPOro OHO BHIpe3aHo.
2°. BRIUHCAHTD HHTErpas

I= ﬁj Y dedyds,
gd X +y
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tie D — tesio, orpaHHYeHHOE CBEPXY MOBEPXHOCTHIO
(224 y2+22)2=a2xy, (3.54)

a CHH3Y IJIOCKOCThI0 2=0,
B chepHuecKHX KOOpAHHATAX ypaBHeHHe nosepxHocTH (3.54) npH-
MeT BHJ
r?=a?sin? 0 sin @ cos @.

Tak xak 2220 pna Touek NoBepxHocTH D, TO, yUMTHIBAs CHMMeT-
PHIO Tejla OTHOCHTEJbHO ocH 0z, mocjie 3aMeHH TePEMEHHHX TMOJYYHM

n/2 @/2  asing Vsingcosg

1=2 jldq)SdB jl r¥singcos ¢ sin 0 cos Odr =
0
/2 /2
=2 sin® @ cos? pdo y sin® 0 cos 840 = —2
2 144 °
0 0

3°. BHYHCANTbL HHTErpai

1=jj...ij'f+x§+...+xf‘dxldx2...dx,,,
D

eae D — n-MepHofl miap pajgmyca R ¢ LleHTPOM B HauaJieé KOOpAMHAT:
n

D={(x1, Xy oo, K S E Y x§<R“‘}, n>2.

k=1
Ilepefinem k cepuueckuM KoopiHHaATaMm B E™
D'={r, 0, ...,00)=E":res |0, R],
0, [0, 2xn], 6,0, n], £=2,3,...,n—1},
T. e. obsnacts D’ — napassenenunen.

PopMyan 3aMeHn mnepeMeHHBIX (3.23) u NOBTOPHOTO HHTErPHPO-
BaHus (3.18) npuUBOAST K HHTErpaJjy

R 2n F ] n , 0
I=\r*dr\ do in0,d0, ...\ sin"26,_1d0,—;.
§r J 1é'sm 40, §sm 1 1

Bocnosb3oBaBmnck ¢opmyniofi, BHpaxamwilell HHTerpaju OT CTe-
‘ieHel cHHyca (cM. m. 4 § 5 ri. 9 u. 1 uaH cHocKy Ha c¢. 138 atoh
KHHTH), TOJYYHM

Rn+1
n+1

=2

A(n),
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n—1
9 2 n—~1
—————mn % , ecJIU n HEUeTHoe;
(n— N
roe A(n) =
n—2
2 2 —
——— 2, eCJIH N YETHOE.
(n— 2N

4°, Boiuncnute unrerpada Ilyaccona

af e—*dx.

0
PaccMOTpHM Ha TJIOCKOCTH ABe 06JaCTH
Cr={(x, )= E*: 2+ < R?, x>0, y>0},
Ke={(x, )= E*:0<x<R, 0<y<R)

H HeOTPHUATEJNbHYI (QYHKUHIO JBYX IepeMeHHbIx e~@®+4), Ha
pHC. 3.7 usobpaxensl obsacth Cg, Cop— ueTBEPTH KPYroB DaJHYCOB
R u 2R B nepBom kBajpaHte, H o6mactb Kr — 3alITPHXOBaHHHI
KBajpar.

[ockoabky Cr Kr=Car, TO

SS e dxdy < Sj e dydy < SS e dedy.  (3.55)
CR KR C2R
HOas cpennero uurerpana (3.55) mosayuum

S f o) dxdy = fe—x’ dx fe—y’ dy= (fe"" dx)z.
Kp 0 0 0

Uto6nl NMOJCYHTATH OCTABIIMECH JABa HHTerpana, cliejlaeM 3aMeHy Ie-
peMeHHKIX, nepexois K NoJaspHHM KoopiuHaraMm. O6iaacte, KoTOpas
npH 3ToM npecOpa3oBaHdH nepexoaut B Cg, HMeeT BHJ

c;={(r, P =E% re[0,R], 9= [0, %”

[Tpumenssi ¢opMysny 3aMeHH NePEMEHHBIX, NOJYYHM
R

nj2
Sj e~ dxdy = “. e~ rdrdp = j d(pj e rdr= % (I—e="),

0

j S e+ dydy = 2 (1— %),
Cor
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[ToncraBuM nosyueHHble BHpaxeHus B (3.55):

—_ R -
‘/;‘ Vl-—e—R“\<§e—"’dx< ‘/;‘ Vi—e " (3.56)
0

[Tepeiinem k npegeay B (3.56) npu R—»-co:
-] VR

j e dx = .
2

0

DTOT 3JIeTaHTHBIN NpHEM BHIYHCJIEHHS NpuHAmIexuT [1yaccony.

§ 7. TEOPEMA O NOYJEHHOM UHTErPHPOBAHHH
®YHKIIHOHAJIBHBIX NMOCJHENOBATEJIBHOCTEA
u PANOB

B § 4 rn. 2 6u1a goKa3aHa Teopema 2.8 0 MOuJIeHHOM HHTETPHPO-
BaHUH (YHKUHOHAJbHOH mocaenoBaTeabtocTH {f»(*¥)} Ha cermenre
[a, b] uucsoBoit npsiMoi. AHajOTHUHASI TEOpeMa HMEET MECTO W IJIf
ciydasi, korja (QyHKIHOHaJIbHAS IOC/EeJ0BaTeIbHOCTh ONpejesneHa H
UHTErpupyeMa B HEKOTopoil obsacTH mpocTpaHncTBa E™ (m>2).

Teopema 3.9. Ilycto D — HexkoTOPAs O2PAHU"EHHAsS 3AMKHYTAA
Kybupyemas obaacte 8 Em. Ecau pynxkyuonassnas nocaedosaress-
nocte {f2 (%)} cxodurcs k npedeasnoii pynxyuu f(x) pasromepro e D
u ecau kaxcoas pyuxyus f.(x) unreepupyema 8 obaacru D, To u npe-
denvHas ynKyus uxTeepupyema 8 aroil 0baacru, npulem YKasanHyio
nocaedos8aresbHOCTs MOJNCHO uHTezpuposats 8 obaactu D nouaenno,
T. e

jf(x) dx=lim an(x) dx.
D el

HJokaszareabctBo. Pukcupyem npouspojpHoe £>0. Kak u
NpH J0Ka3aTeJbCTBE TeopeMnl 2.8, AJs JoKa3aTeJbCTBa HHTETpHpye-
Moctd f B obaactu D [0CcTaTOWHO AOKa3aTh, UTO Hafgercs HOMEp n
Takof, uro AJs gawboro pasbuenus obaactH D BepxHAd cymMMa S H
HUXHSA CyMMa S TmpefebHON QYHKUMH f(X) uU BepxHss cymMma S, u
HHXHSS CyMMa S, HHTerpupyeMoil B D ¢yHRuuM fn(x) cBsizaHH He-

PaBeHCTBOM
S—s<{(Sn—sn) +¢/2. (3.57)

PaccMoTpuM npousBosibHoe pasbuenue obaactd D mpu  NOMOULH
KOHEYHOTO WYHCJIA INPOM3BOJNBHHIX MHOTOOGpasufi m-MepHOro o0beMa
HyJb Ha KOHEUHOEe YHCJO yacTHuHHX o6xaacredt D; (i=1, 2, ..., r)
NPOH3BOJILHOH GOPMEI, He HMelOWHX O6IIHMX BHyTpeHHHX TOoueK. O6o-
3HaYUM cUMBOJIOM w;(f.) koseGanue QyHkuuu [r.(x¥) B obJaacTu
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Dy (o, (f,,)—supf (x)—mff,, (x)), a cumBosioM i(f) KoneGauue B Dy

TIpe LeJbHOA (pyﬂxlmu f(x)
JlokaxeMm, yto J1Js Jo060ro HoCTaToyHO OOJBIIOIO HOMEpa n
‘CIIpaBe/JIHBH HepaBeHCTBA

0i(f) <oi(fn)+e/(2AD), i=1, 2, ..., r, (3.58)

tae AD — n-MepHHA o6veM obaactu D. Ymuoxas satem (3.58) Ha
obbeM AD; vactuynofi obsacth D; B cymMmHpys moJyyaloliHecss NPH
5TOM HEPaBEHCTBA 10 BCeM [, NMOJYYHM HepaBeHCTBO (3.57).

IOns no6oro HoMepa n u Jio6ulXx NBYX Toyek X' M x” ob6aactH
D; cnpaBeAsiHBO TOXKAECTBO

F()=F (") =[F (&) =fa (&) Fr (&) =Fa (") I Fa (£7) = F (27)].
(3.59)

B cuny paBHoMepHo#i Ha D CXOAHMOCTH TNOC/ef0BaTeJbHOCTH
{fa(x)} ¥ dyskuuu f(x), D8 PUKCUPOBAHHOrO HAMU TPOUIBOJLHOTO
e>0 HaiiieTcs HOMep n TaKo#, uTo IJs Bcex Touek x obnactu D

|Fn (x)—F (x) | <e/(4AD). (3.60)

Ipumensis Kk npaBoi wactH (3.59) nepaBeHcTBO (3.60), B3sATOE
IJs Touek X=x" 0 x=x", NoJAy4HM

|F () —F ()| < [fa(*)—Fa (¥")| +&/(AD). (3.61)

W3 "epaBeHcTBa (3.61) mosyuyaem
|F (") —F(¥)| < o (fs) + ¢/ (24D),

OTKyla, KaK H B cayyae TeopeMH 2.8, cielyeT NoKasniBaeMoe Hepa-
seHcTBo (3.58). Takum o6pa3oM, AOKa3aTeJbCTBO HHTErPHPYEMOCTH
npeneabrod GyHKnuH f(x) B ob6aactu D 3aBepuleHo.

YTBepKAEeHHE 0 BO3MOXKHOCTH IIOYJEHHOTO HHTETPHPOBAHHS IOC/e-
nosateJbHOCTH {f(¥)} caepyer u3 oueHku (3.60), cnpaBemiinBofi Ajs
Bcex Touek x&D, u u3 orMeueHHoro B § 4 ¢akra: 3HaueHHe HHTErpa-

aa Sldx paBHO n-mepHoMy o6neMy AD o6aactu D. Teopema 3.9

JOKasaHa.

IIpuBenemM (GopMynupoBKY TeopeMH 3.9 B TepMHHAaX (YHKIHOHAJb-
HBIX DSNOB:

Teopema 3.9* Ecau ¢pynxkyuonarsreli pad

oo

Z Up(x) (x=1(%y %3, ..., %) E Em)

k=l

cxodurcsa K cgoell cymme S(X) PABHOMEPHO Ha HEKOTOPOWL OepaHUYeH=
Kol 3amkuyTold Kybupyemol obasactu DcCE™ u ecau KasxcOoul 4ieH
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37020 pada up(x) npedcrasiser cobold (yHKYUro, UHRTezpupyemyto
8 obaactu D, To u cymma S(x) unreepupyema 8 obaacru D, npuuem
YKa3aHHoUL PO MONCHO UHTE2pUpPO8ATs HA mHOXecT8e D nouaerno,
T. e.

5 S(x)ds= f_: [ 4 (x)dx. (3.62)
D k=1 D

§ 8. KPATHBIE HECOBCTBEHHbBIE WHTEIPAJIbI

JtoT mnaparpacg nocBsAlleH OGOOGLIEHHIO NMOHATHA KPaTHOTO HHTET-
pana Ha cjayuau HeorpaHuueHHoH 06JaCcTH HHTErDHPOBAHHS W Heorpa-
HUYeHHOH NOJHHTerpanpHO#i GYHKHHH. Mmul chopMmynnpyeM HOHsITHE
HecOOCTBEHHOTO KPaTHOIO HHTErpaja Tak, 4To OYAYyT oxBaueHH oba
yKasaHHHX cayyasi.

1. TlonaTHe KpaTHBIX HecoOCTBeHHBIx MHTerpanoB. Ilycte D —
OTKDHTOE CBSI3HOE MHOXKecTBO mpocTtpaHctBa E™. CumBosaoM D 06o-
3Ha4yUM 3aMuKauue D, KOTOpoe mnoJiyyaeTcss NyTeM NPHCOSRNHHEHUH
K D ero rpaHuus.

Onpenenenue 1. bydem zos0purs, uro nocsedo8aressHOCTE
{Dn} OTKpHITELX CBABHBIX MHOXCECT8 MOHOTOHHO UCHEpRbLBAET
mHoxecrso D, ecau: 1) dan aro6ozo nomepa n DnDayy; 2) 06%-
edunenue acex mroxcects D, cosnadaer ¢ D.

ITycte Ha MHOoXecTBe D 3apmaHa yrguus [(X), x= (¥, Xo, ...
.«., Xm), HHTErpHpyeMas no PuMaHy Ha Ja060M 3aMKHYTOM KyOHpye-
MoM noaMHoOxkectBe D. Bynem paccMaTpuBaTh BCEBO3MOXKHHE MOCje-
noBateibHOCTH {Dn} OTKPHITHX MHOXKECTB, MOHOTOHHO HCUePIHBaOLIHe
D u Takue, yto 3aMbiKaHue D, Kaxpmoro MmHoxectBa D, KyGupyemo
(orciona, B 4acTHOCTH, BHITEKaeT, UTO KaxJoe MHOXectBo D, orpa-
HHYEHO).

Onpenenenue 2. Ecau dasn 41060il Takoid nocaedo8aresbHoCTu
{Dr} cyuwecrsyer npedea 4uca080il nocred08aTesbHOCTU

= 5 f(x)dx (3.63)
D,

u 3TOT npedea He 3asucur or svibopa nocaedosareavhocTu {D,}, TO
3TOT npedes Ha3bI8AETCA HECOBCTBEHHbLIM UHTE2pPAAOM OT
pyuryuu f(x) no muomecrsy D u obosnadaerca oOHum u3 caeCyroujux
CUMBOA08!

5 f(x)dx wan 5 5 Flen %o ..., X)daydx, ... dx,.  (3.64)
D D

IIpu sToM HecoGcTBeHHHE HHTerpas (3.64) HasHBaeTcs CXO M S ILHM-
c 1.
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OtMerum, uto cuMBoa (3.64) ucmosb3yercs H B cJayuae, Koria
npejesa yKasaHHHIX Bholllle TOCJef0BaTeJbHOCTEH He CYIECTBYeT.
B stoM cayuae wunTerpas (3.64) HasHBaeTC pacXOA S LLHMCSL.

2. Jlpa mpu3HaKa CXOAMMOCTH HEeCOOCTBEHHBIX HHTETrpPajioB OT He-
OTpHuATEALHBIX DYHKUHA.

Teopema 3.10. Jaa cxodumocTu HecobCTBeHRO20 uUKTEZPUAQ
(3.64) or Heorpuyaressvrol 8 obaactu D ¢ynxyuu |(x) neobxodumo
U docraTouno, 41066l x0T 6bl 3451 OOHOU hocaedosarTesbHOCTU Kybu-
pyemoix obaacret {D,}, monoTorHO uctepnoiaaroujeli D, 6oiaa oepa-
Hu4ennol wucaoaas nocaedosaresvtocre (3.63).

HJokasateabctBo. Heobxodumocts. CXoAUMOCTh HEcOOCTBEH-
Horo uurerpana (3.64) no ompejeseHHio 2 03HayaeT, YT NOCJAENOBa-
TEJNBHOCTD {a,}, onpenensieMas paBeunctBoM (3.63), cxomuTes A Bcex
nocjefoBarenbrocteit obnacreii {D,.}, MOHOTOHHO McuepubBaiomux D,
a, CJIe0BATEJbHO, MOCAEA0BATENbHOCTh {@,} OrpaHHuYeHa A9 KaXAoMH
TaKo# 1oc/aeA0BaTeNbHOCTH {Dx}.

Hocrarounocts. IlocaenoBatenbHocth (3.63) orpaHuueHa M He
ybnBaetr, Tak XKaK DnDnyy ¥ f(x) =0, crnenoBaTenbHO, OHa CXOAUTCH
K HekoTopoMy umcay I. OcraeTcsi A0Ka3aTb, UTO €CJH MH Bhbepem
a0yl APYrymw OO0CAefoBaTelbHOCTb KyOupyeMmblx obaacreit {0},
MOHOTOHHO HCUepHHBaIIyio 06Jactb D, To nmocnenoBaTeqbHOCTh

an= S f(x) dx

Dn

CXOAuTCs1 K ToMy Xe uyncay /. Qukcupyem mao6oit HoMep no H pac-
CMOTPHM 067acThb Dno HafineTcss HOMep n, TakoH, wio' Dpn, < Dy,
JleficTBHTEJbHO, AOMYCTHM, 4TO 3TO He Tak. Torpa ajs Jio6oro Homepa
k MOXHO yKasaThb TaKyi0 TOUKY MkED,, KOTopas He IpHHAaIJe-
xuT obnactu Dr. M3 mocinenoBaTensHoCTH {Mk} MOXHO (B CHJy 3aMK-
HYTOCTH H OrpaHHYeHHOCTH Dp) BBIAEJHTH CXOASILYIOCS K HEKOTOpO#
TOukKe M€ D,',o OC/JeA0BaTeJbHOCTH. Touka M BMecTe C HEKOTOPOH
OKPECTHOCTBIO NPHHAIJIEKHT ONHOMY H3 MHoxectB D,. Ho Torma
atomy xe MHOoxectBY D, (n Bcem MHOxectBaM D, ¢ 66abpliMMH
HOMepaMH) NpHHAAJIERAT TOYKH M; ¢ Kak yroZHo GOJbIIHMH HOMepa-
MH. A 3TO MPOTHBODEUHT BHIOOPY TOUeK M.

WUtaK, cymectByer HOMep n; Takoll, 4To D, < D,. Ilostomy
a,'zo <a, <.

‘OTciofa ciaefyeT, Y4TO MOCJAEAOBATEIBHOCTE {@n'} CXOAHTCA K HEKOTO-
pomy uncay I’s<C/. MeHsis MecTaMH B HAIIHX DACCYXAEHHSX NOCJIEH0-
BaTteabHocTH {a.'} u {a.}, npuiem K HepaBeHctBY [<(/’. CienoBareinb-
Ho, I’=1. TeopeMma foKa3saHa.

B § 6 MoxHO HaliTH TpHMeD BHIUHCJIEHHS HeCOOCTBEHHOTC HHTEr-
pana
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R

I= jj e—*—% dxdy = lim Sj e—¥—¥ dxdy = _:.f_ ,
D Cn

rie D={(x, )= E%, x>0, y>0)}, C,={(r, = E% x4+ <n’,
x>0, y>0} n=1,2,... (cM. npuMep 4° §6, B KOTOpOM cJegyeT
3aMeHHTb R Ha n).

Teopema 3.11 (obwmii npusHak cpaBHenus). ITycre ¢yuxyuu
f(x) u g(x) scrody na orkpoirom mruoscectée D yoosaersoparor ycao-
suw 0<f(x)<g(x). Toeda uz cxodumocTu HecOGCTBEHHO20 UHTER-

paaa S g(x)dx seirexaer cxodumocTe HecobCTBeHHO20 uHTe2paAQ
D

J‘ f(x)dx, a us pacxodumocru y f(x)Ydx seiTexaer pacxodumocrs

D D

Sg(x) dx.
D

HokasateabctBo. Ilycrs {D.} — nocnenosatenpbHOCTh KyGH-
pyemHx ofJacredl, MOHOTOHHO HcyepnhBaiomux o6iacte D. M3 oue-
BH/JHEIX HEPABEHCTB

a,= [ [(dr < | g0 dx=b,

Dn Dn
cle[lyer, 4TO orpaHuyeHHocTb {b,} BJieueT orpaHuueHHOCTb {@.} KU He-
OTPAHHYEHHOCTH {G,} BJeUeT HeorpaHuyeHHOCTb {b,} (ans nM06Goi moc-
aejgoBatedbHocTH obaacrell {Dn}). Orciona u u3 teopemn 3.10 BhITe-
KaeT CIpaBelJHBOCTh CHOPMYJIHPOBAHHOH TEOPEMHL.

O6BIyHO NpH HCCJAEJOBAaHHHM HECOOCTBEHHHIX MHTErpajioB Ha CXOAH-
MOCTh HCHOJB3YIOT CTAHJAPTHHE (3TaJioHHHEe) (YHKUHH CpaBHEHHS,
HauboJsiee ynoTpeGUTESbHOH H3 KOTOPLIX fABAsercs OYHRuus g(x)=
=|x|~?, p>0, |x|=V**+x2+...+x%  Jlerko HpOBEpHTb, UYTO
ecau obGaacth D — map- paanyca R (R>0) c ueutpoM B HauaJje Koop-
AHHAT, TO HecoGCTBEHHHA HHTErpai oT GyHKuuH |x|—° mo obaactu D
CXOANTCA HpH p<<m M pacxogutrca npu p>m. Ecanm xe D — puenl-
HOCTb TOTO K€ Illapa, TO HeCOGCTBEHHHA HHTerpas ot GOyHKuuH |x|—°
110 obsacTH D cxopuTcs NpPH p>mM H PACXOAMTCA NPH P< M.

3. HecoGcTBeHHBle MHTerpaJini OT 3HaKONEpPeMEHHBIX (yHKUMH.
B 5TOM NyHKTe MH BBHISICHHM CBSI3b MEXJY CXOAHMOCTHIO H abcoioT-
HOH CXOAMMOCTBIO KPaTHBIX HecOGCTBeHHHX HHTerpaJsioB. [lpu atoM,

KaKk H B OJHOMEpPHOM cJjydae, HecOGCTBeHHBH HHTerpaJ _s' f(x)dx
D

6y,ll€M Ha3wBaTb a6COJIOTHO CXOAAMHMCS, €CAH CXOAUTCA

MHTerpan 5 |f(x)| dx. KpaTuble HecoGCTBeHHBIE HHTerpajibl B OTJH-
D
4¥e OT OJHOMEepHOro cjayyas o06JaflaloT TeM CBOHCTBOM, YTO H3 OOHIY-

6 3ak. 25
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HOH CXOXMMOCTH HecOOGCTBEHHOTO KPAaTHOTO HHTErpaja BbITEKaeT ero
a6coJI0THASE CXORHUMOCTD.

Teopema 3.12. [Has HecoOcTBenHbIX M-KPATHOIX UHTEZPAN0E
npu m>>2 NOHATUR CXOOUMOCTU 4 AGCOMOTHOL CXOOUMOCTU 3KBU-
BAACHTHDL.

JdokasatenbctBo. 1) JlokaxeM, uto H3 aGCOJIOTHOH €XO-
JEMOCTH KPATHOrO HecOOCTBEHHOrO HHTerpaJsia B obnactu D ciexy-
eT ero obblyHasi CXOAMMOCTb B 3TOH obsactH. Paccmorpum pBe
HeoTpHLaTeNbHBlEe QYHKLIHH

f+(k’): If(x)|2+f(x) , f_(x)z |f(x)|2—f{x) ) (365)

[MpeacraBum ux B Buie

fe (x):{ f(x), ecmu f(x) = 0,
e v 02 (3.66)

f (v):{ —[(x), ecn f(x)<O0;

o 0, ecmn f(x) >0

H OTMETHM CJIeAyIOlHe COOTHOLUEHHS!, HENOCPeACTBEHHO BBITEKalo-
HiMe U3 onpejesenus 3THX gyukuuit:

0<F ()< 1@ 0< /()< IF (5 (3.67)
F)=fp ()—F=(); 1J®] =f+(x) +f=(r).  (3.68)

W3 unrerpupyemoctH B COGCTBEHHOM CMbicie (YHKUHE f(x)
no Ja1060ii Kybupyemoii nmopobaacty obaactd D BHTekaeT HHTErpu-
pyemocTtb 1o 6ol Tako# nomoGaactu ¢yskumu |f(x)|, a caexo-
BaTeJbHO, H GYHKUHH fr(x) H f_(x) (40 cneayer us Qopmy
(3.65)). Hcnonb3yst cXOAHMOCTb HHTerpaJga j]f(x)ldx, TOJILKO

D
YyTO yKasaHHoe cBoiicTBO ¢yHkuuit fi(x), f-(x), HepaBeHcTBa
(3.67) u Teopemy 3.11, ybexpaemcss B CXOAMMOCTH HecOOCTBEHHBIX

HHTEerpasioB sﬁfﬂ-(x)dxn j/‘_(x)dx. M3 onpenenenuns HecoO6CT-
b D

BEHHOTO HHTErpajia CJelyeT, UTO eC/IH CXOAUTCS HecOOCTBEHHBbIH HH-
terpaj no o6aactu D oT Kaxaon H3 ¢yHkumd fi(x) um f_(x), TO
CXOJAATCS HHTErpasbl OT CYMMBl H pasHoctH atux ¢ysknui. M3 nep-
BOTO coOoTHolleHuss (3.68) caedyer  CXOAHMOCTH HHTerpaJsaa
S/‘(x) dx. Ilepmas yacte TeopeMbl JOKa3aHa.
2 :

2) Ilyctp xparTHbli HecOOCTBEHHBIH HHTerpa f/‘(x) dx cxo-

D

autca. JlokaxeM, yto OH CXOAMTcA a6COMOTHO. JlonycTHM, 4YTO 3TO
yTBep:kieHue nesepHo. Torna us reopemn 3.10 BHITEKaeT, yTO IOC-
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6#

Jel0BaTeIbHOCTh HHTErpasios ot ¢yHruuu |f(x)| mo 6ol MoHo-
TOHHO HcYepnnBawlled 06sacty D NHocCjelOBaTeNbHOCTH KyGupye-
MbIX obnacredt {D,} O6yier MOHOTOHHO BoO3pacratuei
6eckoHeuno 60JbWIORA [OCTEHIOBATENbHOCTBIO. B uacTHoOCTH,
riocjegoBaTebHoCTy {D,} MOXKHO BHIODaTh Takg, YTo AJAs JHO60ro

n=1, 2, ... BEINOJHAETCH HEPABEHCTBO
f |f(x)|dx>3§ |f(x)| dx -+ 2n+ 4 (3.69)
D D,
n+l n

(mocTatouHo B3sAThH MO0y nocaefoBaTetbHOCTh {Dy} u «1popeanTh»
ee, oT6pocHB Te 06/aCTH, AJIsi KOTOPHIX HepaBeHCTBO (3.69) He BhHI-
nonusercs). O6osnauum uepe3 P, mMHoXectBO D,y \ D, Toraa us
(3.69) mosyuum, uto pas J106OT0 N

j |f(x)|dx>25 |f(x)|d$c+2n+4. (3.70)

Fn b,

M3 Broporo cootHouieHus (3.68) ciemyer, yto

n

[ 1Fax= [ frde+ | fo(x)dr. (3.71)
P, P,

‘Dn n

OuxcupyeM HnpousBosbHHN momep n. Ilycte anst storo n us
IByX HHTErpaJioB B NpaBofi yactu (3.71) 66nbwinM OGyneT nepBuiil.
Torna u3 coornowenun (3.70) u (3.71) nonyuum

g fr(x)de> { [f(0)] dxe+n+2. (3.72)

Fpn Dn

Pa3o6bem o6sacts P, Ha KOHeuHoe yHcj0 obsactedl P’ Tak, uToObt
HMXKHAS cymMMa Zm;Ac; GyBkuud fi(X) AJas 3T0r0 pasbHeHust yLOB-
1

JleTBOpsi/ia HepaBeHCTRy o)

0< X Fr(x) dx—Y mAo; < 1.
=) i

n

Torpa, 3aMeHHB B JieBOH yacTH (3.72) HHTerpas HHXKHEH CYMMOH,
HOJYYHM CJeAylollee HePaBeHCTBO:

Y Ao, > { 1f ()] dx+nt L. (3.73)
: 3

Dy

% 3pece mi=inff (x), Aoc; — m-mepHuli 06peMm Pnl
Pt
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Tak kak m;>0, TO OCTaBHM B CyMMme 2miAcri JHIIp Te cjlarae-

i
mule, jas koTopeix n;>0. O6benunenne obaacreft P,f, coorBer-
CTBYIOIIHX OCTaBLIHMCH B CyMMe cjaraeMmuM, o603HayuM yepes P,.
B obaactu P, ¢ynkuua fy(x) nosoxkuresabHa, NO3TOMY B 3TOM

obnacte fy(x)=f(x) (cM. (3.66)). CunenoBaTesbHo, COrJacHO
(3.73) nonyuaem HepaBeHCTBO

(7F@de> [ 17 ()] dxdntl (3.74)
= [_)n

Pll

O6o3HaynM uepes D,* o6nenunenue D, u P, Torpa, ckaagmu-
Bas HepaBeHCTBO (3.74) ¢ HepaBEHCTBOM

f Fde>— (17 () dx,
D,

n Dﬂ.

3aB€lOMO ClipaBenJHBbIM AJIs Q)HKCPlpOBaHHOI‘O HaMH n, IIOJyYUM

3’ f(x)dx >n+1. (3.75)
-
Dﬂ.
Ecnn ans GpuKCUPOBAHHOTO HaMHM HOMepPa n H3 ABYX UHTErpaJioB
B npaBofl wacTu (3.71) 6GOsbluiHM (HJAH paBHHM IepBoMy) Oyjer
BTOpOH, TO, NpofesnaB aHaJOrMYHble [peobpa3oBaHusl, YYHTHIBad,
yto B obsnactu P, f_(x)=—f(x), nonyysm HepaBeHCTBO

F(x)dx < —n—1. (3.76)

:‘D.ll‘-,

H3 coornomenuit (3.75) u (3.76) caepyer, urto pas Jawboro
n=1,2, ...

| § 10 dx|>n+1. (3.77)
5

“ *
MocaenoBarensHocts obaacrei {De,} yAOBJAETBOpsSieT BceM  YCJO-
BHAM ompejeneHHs 1, Kpome, OHTb MOXET, YCJIOBUsI CBSI3BHOCTH 06-
nacteii Dy, (cBf3HOCTB O6siacTelt D} Morna GuITe HapylleHa IIpH
orbpacuiBanuk H3 P, tex obsacrefi P,’, Ha KOTOpBIX TOYHAsl HHK-

HAS TPaHb m; paBHa HyJAW). Maaoi depopmayueii cOeaaem 3Tk
obaacru ceadnoimu 5,

Coennnum Kaxayio obnacrs P.'u3 P, ¢ obnacroio D, m-mepHoil
Ky6upyemoil cBsA3HON oGaacteio K.' (xoTopylo OyzeM Ha3HBaTh

® KIMeHHO 3TOT MOMEHT JOKA3aTeJAbCTBa CYLICCTBEHHO HCMOJb3yeT TpeGoBanue
m=>2 (npH m=1 ONHCHBACMHE PACCYKJAECHHS HE MPOXOANAT).
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CBA3KOH HIM KAaHAJOM) Tak, YTOGH MOJYYEHHOE MHOMKECTBO
crano cBA3HHIM. Ilockosbky uucno oGaacreit P.f B P, KOHeuHo,
T0 ¥ YHCJO KaHaJoB kKoHeuHo. OG03HauuMm obbefAHHEHHE BCeX KaHa-
n0B yepe3 K, Hamoxum orpanuyenne Ha m-mepHblit o6nweM V (K,)
KaHaJIoB.

Tak xaxk ¢yHkuusa f(x) mHrerpupyeMma, a cjeioBaTeNbHO, H Or-
paHrueHa Ha P, TO

| {7y dx | < [ 1@ dx < M-V (K,
Kp Ky
rane M=sup |f(x)|. IlorpeGyem, uToGwn m-MepHHi 00beM KaHa-
JI0B V(K:)n yxosJserBopsn ycaosuw V(K,) <1/M. Toraa
|§ fods|< 1. (3.78)

K
n

M3 nepaBenctea (3.77) u (3.78) noaysaem pnas mo6oro n Hepa-
BEHCTBO

| | fdx|>n (3.79)
DK,

IlocnenoBaTenbHOCT CBA3HHX ky6upyemnix  cbaacreit
\d 7
{Da |y K;n} MoHOTOHHO nCuepnbiBaeT o6nactb D ). M3 HepaBeHCT-
Ba (3.79) chaefyeT, YTO MOCJAEAOBATEJbHOCTh HHTErpaJioB B JEBOH
YacTH ITOrO HepaBeHCTBA PACXOAHTCH, T. e. HecOOCTBeHHHH HHTer-

paJn jf(x) dx pacxoaurca. Ho no yc/oBHIO TeopeMmHl 3TOT MHTer-
D

pan cxonxutcs. ITosyyeHHOe npoTHBOpeuHe A0KAa3bIBAaeT CIpaBElIH-
BOCTh Halliero yTeepxkjaeHus. TeopeMa NOJHOCTBIO JOKa3aHa.
4, CnaBHoe 3HAUYCHMEe KPATHHIX HecoOGCTBeHHBIX MHTerpaaos. Q6o-
3HauuM yepe3 B(R, xo) m-mepHbfi Wap paauyca R ¢ LeHTPOM B TOY-
K€ Xo, ¥ NYCTb HAa4aJI0O KOOPJAMHAT HaXOAUTCA B Touke O Em,
Onpepneaenune. [lycre gyuxyus [(x) onpedesena npu ecex
xeEm™ u unteepupyema e xawdom wape B(R, 0). bBbydem ezosopute,
410 ynxyus f(x) unteepupyema no Kowu 8 E™, ecau cy-
ujectgyer npedea

lim { f(x)dx.
R br.o)
3r10T npedes mo. 6yOem Ha3b16aT6 2AABHOIM 3HAYEHUEM HECOO-

D Mun fepem {D*:,UK:zs} Bmecro {D*;UK,}, uT06H ynOBJETBOPHTL YyCJOBHIO
DanKanDz(ﬂ+1)UKz(n+1) H3 onpeje]eHHda 1.
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CTBEHH020 unTeepasa or gyuxyuu f(x) 6 cmoicae Kowu u o6o3nauars
CUMBOAOM

5‘ f(x) dx.

B(R,0)

—> 0

V. p. S f(x)dlelzim
Em

[Ipumep. Herpynano npoeeputs, 4To Ans GYHKuUMH f[(%, y) =X
B E?
g‘ xdxdy = 0;
B(R,0)
TeM caMuiM GyHKuMA f(x, y) =x uurerpupyema mo Kowwn 8 E? n

V. p. Sxdxdyz 0.

E3

OtMmeTuM, 9TO HecoGCTBEHHBIH HHTErpaJ fxdxdy pacxoJHres.
EZ
B ciyuae, korga ¢yHkuus f(x) MMeeT 0COGEHHOCTb B HEKOTOPOH
Touke X, o6aactH DcE™ n f(x) uHTerpHpyema B Kakjaoi o6JacTH
Dr=D\B(R, x), rae B(R, x¢)cD, unrerpaa B cmHcie Komu BBO-
LHTCA Kak Ipeje:

V. p. 5f(x)dx=lim S f (x) dx.
b R-0 Br



IF'nasa 4

KPUBOJUHENHDBIE HHTEIPAJIbI

B 310il rsiaBe Mbl HepeHeceM IOHSITHE OJHOMEPHOIO Olpeae/NeHHO~
ro HHTErpaja, B3fITOrO MO MPAMOJHHEHHOMY OTpe3Ky, Ha cJyuai,
KOrjia o6/acrthio WHTErDHPOBAHHSA ABJIAETCA OTPE3OK HEKOTOpOH mJjioc-
KOH HJH HpOCTpaHCTBeHHOPI KpuBo#l. Takoro pona MHTErpabl Hashl-
BalOTCH KPUBOJUHEHHBIMH.

§ 1. MOHATUA KPUBOJHUHEAHBIX HHTEIPAJIOB
NEPBOro U BTOPOTro POJA

Paccmorpum Ha miockocTH Oxy HEKOTOPYIO CHPSIMJSEMYIO KPHBYIO
L, He HMelOlIyI0O TOYEK caMmonepecedeHHsI H yYacTKOB CaMOHaJieraHusi,
[Tpennonoxkum, yto 3Ta KpHBas Olpefessiercss [apaMeTpHYECKHMH
ypaBHEHUsIMH

{x=cp(t);
y=y(t)

H cHayajna GyfeM CUMTaTh ee HE3aMKHYTOH M OrpaHUYeHHOH TOYKaMH
A u B ¢ goopuunatamu A(@(a), y(a)), B(e(b), v (b)).

[lycrs Ha kpuBoii L=AB omnpegeinensl tpu ¢QyHKumx: f(x, y),
P(x, y), Q(x, y), Kaxjaas U3 KOTOPHX ABJISETCA HENpepHBHOH (a cie-
JOBaTeNbHO, U PABHOMEPHO HeNpepHBHOH) BHLOJb 3TOH KPHBOH
(rak, ana ¢ysknuu f(x, y) 370 0O3Hauaer, uro Ajas Jwo6oro >0 Haii-
nercs §>>0 rakoe, uro |f(M;)—f(Ms) | <e ana awbeix Touek M, Mo=
€L, paccrosnue Mexay KOTOPHIMH MeHblle §).

PaszoGrem cerment [a, b] npu nomouu Ttouek a=Ilo<t;<fp<...<
<t,=b Ha n 4aCTHYHBIX CETMEHTOB [fr—;, ] (k=1, 2, ..., n). [lpn
3TOM KpHBas L pacnajaercss Ha n yacTHYHHX Ayr: MM, M\M,, ...,
coo, Mo M, rre toukn My (xk, yr), k=0, 1, ..., n, HMEOT KOOpAH-
HaThl Xp=@ ({), Y= {lx).

Bri6epem Ha Kaxpuoil yacTHuHOH ayre M, .M, npoH3Bo/IbHYIO TOU-
Ky N (&, Me), KOOpAUHATH KOTOPOH OTBEYAIOT HEKOTOPOMY IpHHae-
Kalemy cermeHty [fr—i, fx] 3HadYeHHI0 T, napamerpa f, Tak 4To &=
=@ (Tr), Ne=V (7). O603HaYUM cuMBOJIOM Al, AJUHY R-H YacTHYHOH
nyru M, M, (k=1, 2, ..., n). Kak 6bu10 nokasano B § 10 ra. 10
u. 1, naua Al, cupaBepnuBa ¢opMyaa

(a<t L)), 4.1)

1
=] VW OPF W Or ¢ (42)

fpa
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Hasosem nuamerpom pasbuenuss KpuBo# L yuciao
A= max Al,.

I<kn

CoCTaBHM TPH HHTerpajbHHE CyMMBI:

0’1:

[ (8e M) Al (4.3Y)

%

ar
= 10=

Oy = Z (Eey M) Axy; (4.3%)
k=t
= Y Q (& M) Ay (4.3%)

k

l|

e Axe=Xir—Xe—1, AYr=Yn—Yr—1.

Onpenenenune 1. Hazogem uwucao I npedesom unTee-
pasvnod cymmeor os (s=1, 2, 3) npu crpemaenun K Hyaro oua-
merpa pasbuenus A, ecau 0an aro6ozo £2>0 Hailderca §>0 rakoe, 4To
-(He3asucumo or svibopa Touek N, Ha uacTuuneix Oyeax M. My)
|os—1| <e, kax Toasko A<S.

Onpeaenenune 2. Ecau cywecrsyer npedes unTeepasbrol cym-
Mol oy npu A—0, 170 370T npedes HA3bIBAETCA KPUBOAUHEHHOM
UHTeepaaisom nepsoao poda or ¢pyuxyuu [(x, y) no xpusoil
L u obo3nasaerca o0HUM U3 CUMBOAOE:

jf(x, y)d! wm _( F(x, y)dl. (4.4Y)
L

AB

Onpeaneneunne 3. Ecau cywecrsyer npedes UHTE2PAAbHOL
cymmot oy [cooTeercTeenno o3] npu A—-0, To aToT npedea HaswleaeTcs
KPUBOAUHECHHBIM UHTE2ZPAAOM B8TOPO20 POo0a or Pywnk-
yuu P(x, y) [ Q(x, y)] no kpueoii L=AB u o6o3nauaercs cumsorom

S P(x,y)adx [COOTBeTCTBeHHO E Q(x, ) dy]. (4.4%)
Cymy 2B 4B
§ Prpyde+ | Qx,p)dy
2B A8

IIDHHATO Ha3biBaTh OOWHM KPUBOJHHEUHHM HHTELrpaloM
BTOPOTroO pofa K 0003HayaTh CHMBOJIOM

{ Plxy)de+Q(x m)dy. (4.4)

AB

W3 onpenenenust KpHBOJIHHEHHBIX HHTeTrpPa/iOB CJeAyeT, UTO:
1) KpHBoOJMHeHHBIH MHTerpaJ NEepBOr0 poOJa He 3aBHCHT OT TOTO,
B xakoM uanpabieHuu (or A Kk B unu or B k¥ A) npoberaer kpusas
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L, a AnA KPHBOJHHEHHOrO HHTerpaja BTOPOrO Pojia H3MeHeHHe Ha-
npaBJeHHs Ha KPHBOH BeleT K H3MEHeHHMIO 3HaKa, T. €.

[ Plx,g)de+Qx g)dy=— [ P(x, y)dx+Q(x, ) dy;

AB BA

2) ¢u3HYecKH KpPHBOJMHHEHHEIE HHTerpajd mepBoro pofa (4.41)
npeacTasnaser coGoil Maccy KpHBOH L, MnHeHRHast MJIOTHOCTb BAOJb KO-
TOpoft paBHa [(x, y); oOWHil KPUBOJHHEHBIH HHTErpas BTOPOro poja
(4.4%) ¢usnyeckn npexpcrasager co6oi paboTy N0 NepeMeIleHHIO Ma-
TepHaJibHON Touky u3 A B B Baons kpuBoii L noia AefcTBHEM CHJM,
umewuteil cocraBaswmue P(x, y) 1 Q(x, y).

3ameuanue. Jaa npocrpaHcrBeHHod KpuBoii L=AB auanoruu-
HO BBOJATCS KPHBOJHHEHHBIH HHTErpaj nepBoro poia Y f(x,y,2)dl

AB
H TPHM KPHBOJHHEHHHIX HHTErpaja BTOpPOro poja

S P(x,y, 2)dx, 5 Q(x,y,2)dy, ( R(x,y,2)dz.
AB ;

AB AB

CyMMy Tpex moc/eaHHX HHTerpajoB NpPHHATO HasbiBaTh OO HM
KPHBOJHHEHHHM HHTErpaJoM BTOpOro poxga H 060-
3HaYaTb CHMBOJIOM

[ P(x,y,2)de+Q(x, y,2)dy+ R (x,y,2) dz.

o

§ 2. YCJOBUA CYULECTBOBAHUA KPHBOJIMHEAHBIX
UHTEIPAJIOB

Onpenenenne Kpusan L naseisaercs earadkoid, ecau
pyniyuu @ (1) u () u3 onpedessioujux ee napameTpuieckux ypas-
Henur (4.1) umeror na ceemenre [a, b] HenpepbisHbie npou3eo0HbLe
Q' () u Y (f) (1. e. npouzeoOuble Henpepbienbl 8 uHTepsase a<t<b
u 004a0a0T KOHEUHbIMU NPeOesbHbIMIL 3HAYEHUAMI 8 TOYKE A Cnpasa
u 8 Touke b caesa).

Hanomuum, o B ra1. 13 4, 1 MBI JOTOBOPHAHCH HA3HIBATH O C O 6 H-
MH TOYKAaMH KpHBOH L TOYKH, COOTBETCTBYWIIME TOMY 3HAYEHHIO
napamerpa ¢ us [a, b], ana koToporo [¢’ (¢) P+ (£)1*=0, . e. obe’
NpPOH3BOJAHEIE 00pallaTcs B HyJb. Te TOUKH KpHBOH L, ;g KOTOPHIX
[o"(H) P+[¢' (£) ]P0, Mbl Ha3Baim OGHKHOBEHHBIMH TOYKAMH.

Teopewma 4.1. Ecau kpusas L=AB seaserca 2aadkoii u He co-
depacur ocobbix Touex u ecau gyuxyuu f(x, y), P(x, y) u Q(x; y)
Henpepoienst 80046 ITOL KPUBOL, - TO KPUBOAUHEUHblE UHTE2ZpaAAbL
(4.4') u (4.4%) cywecTeyoT U MO2YT Gb6ITO BOHLAUCAEHDL NO CAEOYIOULUM
popuyaram, ceodauum 3Tu KPUBOAUHELHbIE UNTE2PAAbL K OObLYHBIM
ONpPedejeHHbIM UHTESDAAAM:
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b
{ feyydi={te®, v OIVI OF + [ OF dt (459

AB
b
[ Plx,pdc=[Plo(), v(O] @) dt; (4.5%)
AB a
b
[ Qg dy=[Qlo®), O (1) dt. (4.5%)
AB a

JdokasateasnctBo. [Ipexae Bcero 0OTMETHM, YTO ONpeJE/EHHbLIE
HHTErpaJbl, CTOsI[HEe B NpaBHX wactax ¢opmya (4.5'), (4.5?), (4.5%),
CYLIeCTBYIOT, H6O NpH CAeNAHHBIX HAMH IIpe]IIONOMKEHHSIX IIOJBbIHTeT-
pasibHble ()YHKUHM B KaXXJAOM H3 3THX HHTErpajoB HeNpepHBHH Ha
cermenTe a<it<b.

OrmeTHM Takxke, 4TO BHBOA cooTHoiuenui (4.5%) u (4.5%) andg xpu-
BOJIHHEHHBIX HHTErpaJoB BTOPOTO po/Ja BIIOJIHE aHAJOrHYeH, IO3TOMY
Mbl GyfeM BBIBOIHTH TOJNBKO cooTHollenHs (4.5') m (4.5%) u nokasm-
BaTh CylE€CTBOBaHHEe HHTerpasoB (4.4!') u (4.4%).

Kak u B § 1, pasoObem cermeHT [a, b] HA n YaCTHYHBIX CETMEHTOB
[te—1, tel, k=1, 2, ..., n, B cocTaBHM HHTeTpajbHbie cymMmbl (4.3'),
(4.3%). YuntbiBasg cootHolueH#e (4.2) H COOTHOILEHHe

fe
A =9(t)—9 )= [ @ (1) dt,

ey

NpeiCTaBuM HHTerpasbHbie cymmbl (4.3') u (4.3%) B caeayoomeMm BuAe:

% =i {F [0 (w), ¥ (z)] f Ve (OF + [v" (OF dt};

k=l et
n £,
=Y {P [9(T), ¥ (T)] S 9’ (t)dt}_
k=l 1

O603Haunm onpenesieHHbie HHTErpaJbl, CTOSLIME B IPaBbIX YacTAX
¢dopmyn (4.5') u (4.5%), coorBercrBeHHO uepe3 I W [z H HpeAcTaBUM
STH HHTETPaJIbl 10 cerMenty [a, b] B BHJe CyMMHl n HHTETPaJIOB IO 4a-
CTHYHBLIM cerMeHTaM [fr—1, tr], k=1,2,..., n.

PaccMoTpHM 1 omeHHM pasHOCTH

n t
o—I =Y f {f [ (), v (x)] —F [ (O, (O]} V'o” (O] + [V (5)]*dt,

k=1t

k-1

(4.61)
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n

o—L=Y [ {Plo@), v(WI—Plo®vOl ¢ (dt.  (4.6%

k=1 7, |

Ilpn caenaHHBIX HaMH NPEANOJNOXKEeHHAX O OyHRUHAX [(x, y),
P(x, y) u Gynxunax (4.1) dynxunn flo(t), v(£)] v Plo(f), ¢ (f)] Kax
c/IoXKHBle (YHKIMKM apryMeHTa ! HenpeponiBHH Ha CerMeHTe a<f<b,
a CJleJ0BaTe]bHO, ¥ PaBHOMEDHO HelpephIBHHI Ha 5TOM CerMeHTe,

3ameTHM Tenepb, Y4TO MPH CTPEMJIEHHH K HYJNI0 AuaMerpa pasbue-
HMA A KpHBOH L cTpPeMHTCS K HYJIO H HaubOJbllias H3 pasHoOCTeR
Atp=t;—tp-1.

HelictBuTeNbHO, TaK Kak QyHKuuH ¢’ (f) u ¢’(f) HenpepuiBHH Ha
la, b] u He o6pamaoTcsa B HYJb OXHOBPEMEHHO, TO

1
m= min V[e' (OF+ [ (HF>0u Al =m 5 dt =mht,, 1. e.
ast<Ch fr

A< —;— Al, (mbt yunu dopmyay (4.2) ans onusab Alg).

Takum o6Gpasom, gas aw6oro ¢>0 MoxHO ykasath 6>0 Takoe,
uto npr A<§ ¢durypHas ckob6ka B ¢opmyne (4.6!') no mMoxynwo MeHb-
we ¢/l, rue | — pnuna kpuBoh L, a ¢urypuas cko6ka B (4.62) no mo-

&
Ay MeHbille o, rie M= Dax lo” (0)] .

[Monarasa, yro nuamerp pasGHeHHss A MeHplle §, NOJIYYHM AJIS
pasuocreii (4.6'), (4.6%) ciaenywluse OUEHKH:

n tk n
o nl< =Y | Vi OF + 5 O =+ Y st =,
k=1

k=11, 4

(0Tl € 2_{ 9 (t)|df < MLAtﬁe

Htak, MBl JOKa3ajiu, 9TO HHTerpajbHue CYMMH O; H 6 npe A—-0
HMEIOT mpelesbl, COOTBeTCTBEHHO paBHue [; W [,. Takum oObpasom,
JOKa3aHo CyIIeCTBOBaHHe KDHBOJMHEHHbIX HHTerpasioB (4.41), (4.4%)
H CHpaBelJHBOCTL 151 Hux ¢opmyn (4.5'), (4.52) cooTBeTCTBeHHO.
OtMeTnMm, uto npu BuiBoge (opmysasl (4.5%) MBI He HCNOJB30BaJH yC-
JIOBHSI HenpepwiBHOCTH (pyukuuu ¢ ({). Teopema noxasana.

3ameyanue 1. Bynem waswmBate XpuBylo L KycouHo rJjaf-
KOH, eC/IH OHa HelmpephiBHAa M paclajfldeTci Ha KOHeUHOe YMCJIO He
HUMEIOIHX OOLINX BHYTPEHHHX TOUYEK KYCKOB, KaXKABH H3 KOTODHIX
npeiacrasiser cobofl Iiajkyw XpHBYW. B ciyuae KycouHO TIIafKoit
KpuBOii L KpuBOJMHHeliHble MHTErpalJel MO 3TOH KPHBOH €CTECTBEHHO
ONpeJe/uTh KaK CYMMHBl COOTBETCTBYIOIIMX KDHUBOJHHERHBIX HHTErpa-
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JIOB 10 BCEM TJIaAXHM 4YacTaM, COCTaBAAWINHM KpuByi L. [lpu stoM
paBencrBa (4.5'), (4.5%), (4.5%) 6yayT crnpamelJIHBH H AJI KYCOYHO
rinagkoii KpuBo#l L. DTu paBeHcTBa CnpaBelJuBH M B cjyuae, KOrZa
oyugnun f(x, y), P(x, y) u Q(x, y) ABAAWTCA JUlIb KYCOUHO Hempe-
PBIBHBIMM BOJb KpHBOH L (1. e, Koraa kpuBas L pacnapaercs Ha Ko-
HeuHoe YHCJI0 He HMMeWIIHX OoOIHMX BHYTPEHHHX TOUYEK KYCKOB, BJOJb
KaJl0ro H3 KOTODPHIX yKa3aHHHeE (YyHKIHH HelpephiBHBI).

3ameyaunue 2, AHaJoruunble pesysJbTaTel H (OpMYJHI cnpa-
BeJVIHBbl M JJI KPHBOJHHEHHBIX HHTErPaJsIOB, B3SATHIX IO NPOCTPAHCT-
BEHHOH KPHBOH

L=AB={(x,4,2): x=9(t), y=%(t), z=x(t) mpr a <t <b}.

Tax, ¢dopMynbl A BHUYHCAEHHS STHX HHTETPAJIOB HMEIOT CJIEXYIOMHA
BHJ:

5 .
[ T2 di=[Fle® v @, x OV T OF + v OF + [ OF dt
AB a

b
[ Px,y,2)de=[Plo®. v, xO] e () df;

aB

b
[ Qx5 2 dy=[ QLo ) v, 2 (O] ¥ B dts
AB a.

. |
[ R(x g, 2lz= [ Rlo (.9 (1), z(O] 1 (B dt.
AB a

3ameyanne 3. Buiue 65710 OTMEYEHO, YTO KPHBOJIUHERHBIN HH-
Terpaji BTOPOTO poAAa 3aBHCUT OT HanpasJeHHss o6xofa Kpuso#i L—
=AB. TlostoMy ciexyer HOTOBOPHTBCH O TOM, 4TO MHl OyjeM NOHH-
MaTp I0JA CHMBOJIOM '

(P ) dx+Q(x, y) dy (4.7
L

B cayuyae, Korna L — 3amkHyTas KpuBas (T. e. Koria Toyka B coBna-
naeT ¢ TO4YKo# A).

M3 1Byx BO3MOXKHBIX HarnpasldeHHH 06X0ia 3aMKHYTOI'O KOHTYypa
L pazoBeM NMONOXHTEJNbHB M TO HamnpasjeHHe ob6xona, npH Ko-
TOpOM 06/1aCTh, Jiexallass BHYTPH 3TOTO KOHTYDA, OCTAeTCH MO0 JEBYIO
CTOPOHY N0 OTHOIIEHHIO K TOYKe, coBeplawuieii o6xox (T. e. Hampas-
JieHHe [BHIKEHHS «IPOTHB YacCOBOH CTPEJIKH»).

ByneM cuurtarh, 4to 8 uurezpase (4.7) no 3amMKHYTOMY KOHTYPY
L aror KonTyp 8cezda 06x00UTCA 68 NONOHUTEABHOM HANPABAEHUU.

B cayuae, Korza Heo6xOJHMO NOJUYEPKHYTh, YTO KOHTYp L 3aMk-
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HyT, 6yleM HCHOJb30BaTh cjeAywollyio ¢GOpMy 3anmHCH HHTerpafa
{4.7):

¢ P(x,y)dx+Q(x, y) dy.

3ameuanue 4. KpuBosnHneiinsle HHTErpasn 06/aal0T TEMH Ke
CBO{lCTBaMH, UTO ¥ OGLIYHBIE OlpefieJIeHHBIe WHTerpasn (ZoKasaTelb-
CTBa aHAJOTHYHLI H3JOXKeHHnM B § 4 ra. 9 u. 1). Ormernm, 49TO INpH
foJiee KECTKHX [peJOJIOXKEHUAX yKaszaHHble CBOACTBA cpa3y BHITEKa«
ot 43 dopmya (4.5'), (4.5%), (4.5%). Ilepeuncnum >TH cBoicTBa NpH-
MEHHTEJbHO K KPHBOJHHEHHBIM HHTErpajaM NepBOro poia. -

1°. luueitnoe cBodicTBO. Ecau 0an ¢pynrkyui f(x, y) u
& (x, y) cywecrsyror Kpusoauretinsie unreepass, no kpusoi AB u ec-
Au o u B — aoboie noctosnnste, To 04s pynxyuu [of (x, y) +BE(x, y)]
TaKAHCe CYWECTBYET KpueoAunelinblll unreepas no xpusoid AB, npuysem

{ o (x, )+ Ba (x. )] l—aj Fx, y)dl+ﬁj g(x,p)dl.

AB

2. AnautuBuocte. Ecau éyea AB cocrasaena uz Oayx Oye
AC u CB, ne umeroumjux o6wux BHYTPERHUX TOYEK, U eCAL O0AR (yHk-
yuu f(x, y) cywecrsyer xkpusoaunelinvii uxrteepar no Oyze AB, ro

045 310l PYHKYUU CywecT8yeT KPUBOAUHELURbLE UHTE2Ppas no Kaxdod
u3 dye AC u CB, npuuen

[ Hopdi={ e pd+{ [y

AB AC cB

3°. OueHKa MoayJas HHTerpaaa. Ecau cywecreyer kpu-
soaunelnoll unteepanr no kpusod AB or ¢ynxyuu f(x, y), T0 cyue-
CT8YeT U KpusoAuHelnoll unreepanr no kpusod AB ot dynkyuu
{f(x, y) |, npuven

| Fegdl| < 1F(xg)ldl.

AB AB

4°. GopMyna cpeXHEro 3HayeHHUs. Ecau  ¢ynxyus

§(x, y) nenpepeviena 6doae kpusod AB, To na sroi Kpusoil Halidercs
rouka M rakas, uro

[ 1 g ar=1p(m),
AB

20e | — dauna xkpusoil AB.

3aMeuanue 5. B noanoil aHaJOrHM C HM3JOKEHHOH 3/[eChb TE€O-
PHeil KDHBOJMIHHEHHOrO MHTerpajna Ha IJOCKOCTH CTPOHTCH TEOPHS KPH-
BOJIHHEHHOTO HHTerpaJa B npocTpaHctBe Er  (n>2),
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I[Ipumepsn. 1°. Hafith AJMHHY AYrH NOpOCTPAHCTBEHHOH KDHBOM
L, onpenensieMoii mapamMeTPHYECKHMH ypaBHEHHAMH

x=etcost, y=etsint, z=e! npu O<t<2m.

3angaua cBOAHTCA K BLIUHC/IEHHI) KPHUBOJHHEHHOTO HHTErpana rep-
Boro poxa J ldi. C nomompbio GopMyJabl AJS BHYHMCIEHHS KPHBOJIH-
L

HeHHOro HHTerpajia HepBoro poja, NPHBEACHHOH B 3aMeyaHHH 2, mo-
JYYUM

L

f ldl= 25? Vi(e'cost)' 2+ [(e~*sint) P+ [(e7?) ]2 dt =
0

2n
= S Ve fedtedi=y3 (1—e ™).
0

2°. BBHYHCAHTH KPHBOJHHEHHBIH HHTErpajs BTOPOro poja
={ (x+y)dx+(x—y)dy,
AB
2 2
B KotopoM AB — 4acTh 3jJHICa —Z; +%=1, y=0, A(a, 0), B(0, b).

YKa3aHHY KPHBYW MOXHO 3aJaTh HapaMeTPHYECKHMH YpaBHEHHAMR
“ 14
x=acost, y="bsint npr 0 <t \<7_

[Tostomy ¢ nomowbio dopmya (4.5%), (4.5%) nmonyuum
n/‘2
- 5 [(@cost+ bsint)(—asint) +(acost—b&sint)bcost] dt =
0

kL3

=[——sm(2t)] —cos (2t)} 0._2— —GZT_W.

OTMeTHM, YTO MHOABLIHTETpaJbHOEe Bhipaxenuwe (x+y)dx+(x—y)dy
ABAAETCH NOAHBM JupPepenuranoMm bHyHKIHH

2 2
”(x,y)=x—2y— +xy.

Kak Gyner jnokasaHo B ri. 6, u3 sToro ¢akra cienyeT, uTo MHTErpat
I He 3aBHCHT OT KyCOYHO IVIaJIKOTO MYTH HHTErPHUPOBAHHUSA, COCAMHSIO-
wero Toukd A u B (paccMoTpeHHAas YacTb 3JUIMICA — JIHIIb OJHA H3

TaKUX KPHBBIX), H PaBeH Pa3HOCTH
w(B)—u(A)=u(0, b)—u(a, 0) = — L1+

2



IF'nasa 5

JIOBEPXHOCTHBIE HHTETPA/JIbI

B 3To#i rzaBe GyZer paccMoTpeH Bonpoc 006 HHTerpHpOBaHHH
GyHKuMH, 3aHaHHBIX Ha HNOBEPXHOCTAX B TpPeXMepHOM  eBKJHIOBOM
npocrpaictBe £3, a TakXe HCCIeAYETCS BONPOC O MOHATHH [MOBEPXHO-
CTH H INOHATHH IWJIOLI4AH NOBEPXHOCTH.

§ 1. MOHATHUA MOBEPXHOCTH U EE NVIOWAIH

1. MoHaTHe MOBEPXHOCTH.

Onpenenenne 1. Orobpasenue f o6aactu G HA nAOCKOCTU Ha
MHomecTgo G* TpexmepHoz20 NPOCTPARCTEA  HA3LIBAETCA 20 ME€O-
MOpPHBILM, ecau 3ITO OTOOPANEHUE OCYU,ECTBAALT B63AUMHO OOHO-
3HauHoe cooreercraue memdy toukamu G u G*, npu koropom xaxcoan
pyndamenrarsnas nocaredosareavrocte  toexk G nepexodur @
pyndamenrassnyro nocaedosareabnocts rouex G¥ u, HA0OOPOT, KAXKC-
das ¢yndamenrasvras nocaedosareavHocte Todek G* seaserca o6-
pasom pynOamenTarbHOl nOCALO08ATEALHOCTY TO4eK .

Onpenenenne 2. Orobpaxenue f o6aacru G na G* na3eisaer-
CAAOKAABHO 20MEOMOPPHOBLM, ecaun y xaxool toukuy G ecTs
OKPECTHOCTL, KOTOPAS 20MeOMOpHo orobpancaerca Ha ceoll obpas.

Onpeneneuune 3. Ob6aacrs G ua naockoctu T nassieaercs
3AeMEeENTAPHOE ecau 3Ta 064acTb A8ARETCA 00 PA30M OTKPHITORO
kpyea D npu someomopgrom orobpascerun 3aTo20 Kpyea HaA nAOC-
xocre T.

Onpeneneune 4. Ceasnan obaacte G Ha naockocru T Ha3w:-
saerca npocrod, ecau ao6as rouka G umeeT OKPECTHOCTb, ABASIO-
wyroca aaemenTaproti 06.aacraro.

Onpenenenne 5 Mnoxecrso rosek @ npocTpancrsea Hasbiea-
eTC NOBEPXHOCTbLIO, ECAU ITO MHONECT8O SABAALTCA 0GpPA3OM
npocrog naockoll oGaacre G npu AOKAALHO 20MeOMOpiHOM OTOGpa-
acenuy f o6aactu G 8 npocrpancrso E3,

B naspueiiiieM Mb JOrOBOPHMCS Ha3biBaTb OKPECTHOCTHIO
TOYKH M noBepXHOCTH P NOAMHOXKECTBO TOueK P, npmxazx-
Jiexalnee OKpecTHOCTH Touky M B £3

ITpumep. Ilycte G — npocras o6aactb Ha maockoctu Oxy (Ha-
npumep, Kpyr), (X, y) — KoopIHHaTh Touek MG, z=z(M) — He.
npepoiBuasgs B G ¢yHKuusa, G* — rpaduk sroii ¢pyngunu. OueBHIHO,
otobpaxenue [ obnactH G ua G*, 3ajaBaeMOe COOTHOLICHHSAMH -
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x=u, y==v, z=z(u,v),

ABJAsAETCA TOMeOMOpP(pHBIM OTOOGpaxeHHeM 3TOR O6GJacTH Ha MHOMXKeCT-
Bo G* a ®=G* aBaseTcyg NOBEPXHOCTHIO.

ITycte na niockoctu (4, v) 3amana npocras obnracte G H Jds
BcexX ToueK 370l 06J1acTH onpejeneHbl Tpu GYHKIKH:

x=x(u, v), y=y(u, v), z=z(u,v), (5.1)
HJIH, YTO TO € caMoe, OLHA BeKTOpHas (yHKUHS
r=r(4, v), (5.1)

rae r(u, v) — BeKTOp ¢ KoMmoHeHTamu x (4, v), y(u, v), =z(u, v).

Bynem cuuTaTh BBHIMONIHEHHBIMH CJ€AylOliMe fRBa TpeG6oBa-
HHA A:

1) ¢ymkumn (5.1) umeor B obnactH ( HempepbiBHHIE YacTHbIE
NPOH3BOAHEIE MEPBOTO MOPAAKA MO NMEPEeMEHHBIM U H U;

2) Bcioay B obsaacts G MaTpuua

Ox dy 0z \
ou ou du

A= (5.2)
Ox dy 0z

du du du

HMEeT DaHr, paBHbBIH IBYyM.

Yreepxneune Ilpu setnoanenuu atux 0syx Tpebosanui A
mromecrso O Touex, onpedessemotx ypasrenusmu (5.1), npedcras-
Aasier €060l nogepxHocTL, T. e. ABAfeTcd o6pa3oM IJIOCKOH o6JjacTh
G npu n0KaJbHO roMeoMopdHOM oToGpaxenun G B E3.

ITycts No(uo, vo) — mobast Touka G. SfcHo, yTO Manas oOKpect-
HOCTh 3TOM TOYKH OTOOGpakaercsi B MaJyld OKPEeCTHOCTb TOYKH
M(xo, Yo, 20), THE Xo=%(lo, Vo), Yo=y(to, Vo), 20=2(lo, Vo) (ANA
3TOTO AOCTATOYHO, yTOGH (GyHKUHM (5.1) SIBAANIHCL HENpepHIBHbIMH B
G, uTo B HallleM CJyyae 3aBelOMO BBINOJHAETCH).

SlcHo Takxke, yto ecad N,{(u4,, v,) — QyHAaMeHTanbHasA NOCAENO-
BaTEJbHOCTL TOYEK B Masofl OKpecTHOCTH TOuKH Ng, TO mociaenoBa-
TeJIbHOCTb 006pa30B 3THX TOU€K M, (X4, Yn, Za), THe Xpn=x(Nzr), yn=
=y(Nn), 2,=2z(N,), Takxke sABiserca (yHAaMeHTalbHO# B O. D10
cpa3y BbiTeKaeT u3 HenpeprslBHOCTH ¢GyHkuuit (5.1); Hanpumep, pas-
HOCTb |Xnyp—Xn|=|X(Nntp) —x(N,)| moxeT OHTb clHeNaHA MeHblIe
Npou3BOAbHOrO yucia e>0 npu p(Nnpip, Np) <8=8(e).

Ocraercs -10Ka3aTh, 4TO TPH OTOGpa’KeHHH, OmpelessseMOM ypaB-
HeHHAMEU (5.1), xaxpofi Touke MHOXecTBa ® m3 jocTatoyHo Masoft:
OKpecTHOCTH TO4YKH My oTBeyaer ompegeneHnas Toyka obaacth G u3
MaJjioif OKPeCTHOCTH TOYKH No, nprueM JI0O60H (yHAaMeHTabHOH I0-
Clefl0BaTeNbHOCTH TOYeK {Mnp} H3 yKa3aHHOHK OKpPeCcTHOCTH TOYKH M,
OTBeYaeT -dyHAaMeHTaIbHas nocaefoBaTeabHoeTh {Nn} Touek G.
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Tak kak B Kaxjoi touke No(u,, vo) =G paur marpuus (5.2) pa-
BeH JBYM, TO B 3TOH TOYKe Ny OTJIHYEH OT HyJ/s XOTs Obl OAMH MHHOD
BTOPOTO NOpsiAKa MaTtpuus (5.2).

Ilycte 37O GyAeT MHHOp

Ox oy

. :—M;&O B Touke N,.
dx  dy D(u, v)

dv ov

OGbepnHsAs 3TO yCJOBHE ¢ NepBBHIM M3 1ByX TpeboBaunit A, npu-
JeM K BEIBOLY, YTO HJIfl CHCTEMBI

lx(u,v)——x—O; . (5.3)
y,v)—y=0

B OKPECTHOCTH TOYKH M, BHIIOMHEHH Bce ycaoBHS TeopeMbl MOunra —
KoBanesckoro (cm. § 2 ra. 13 u. 1), Ilostomy cucrema (5.3) HMeer

B OKDECTHOCTH TOUKH Mo eIMHCTBeHHOe HenpepHBHOe M AH(depeHIa-
pyeMoe pelieHHe

=u=u(x, Y); (5.4)
v="0(x, ¥).

JTO 03Hayaer, YTO CyllecTByeT romeoMmopcnoe oroGpa)keHne Ma-
JIOH OKDeCTHOCTH Toukn No&=G Ha Manyld OKPecTHOCTb TOYKH
Py (%o, yo) nmockocte Oxy. (B omuy cropony sto oroGpamxenue 3a-
laercq HenpepulBHHIMU QYyHKuHAMH (5.4), a B APYTryi0 CTOPOHY — Iep~
BEIME JABYMs COOTHolleHHAMH (5.1}, B KOTOpHIX QYHKuMH x=x (U, ¥)
H y=y(u, v) TakKe HenpepHIBHH; HENPEPHBHOCTb W T€X H APYTHX
¢yukuuit obecneunBaer nepeBox QyHniaMeHTaJbHOH NOC/T€A0BATE/bHO-
CTH B OKPECTHOCTH OAHOH H3 Touek Ny min Py B (yHILaAMeHTaNbHYI>
I0CTIENOBATENBHOCTh B OKPECTHOCTH JPYrol H3 3THX TOYeEK.)

IoacraBnsas ¢ynkuuu (5.4) B tperpio ¢pyHkumio (5.1), noayyum
HENPEePLIBHYI0 B OKPECTHOCTH TOYKH Py (xq, yo) DyHKUHIO

z=2lu(x, y), v(x, Yl=¢(x, y). (5.5)

Ita ¢OyHKuMa ocyulecTBAseT roMeoMoppHoe oTOGpaXKeHHe MaJoit
OKPECTHOCTH TOUKH Py(Xo, o) miockoctr Oxy Ha Majyil0 OKPeCTHOCTb.
Toukn Mo (%o, Yo, 20) =P. MoxHO cKaszaTb, yto (5.5) npoekrtupyer P
B MaJIOH OKpeCcTHOCTH TouKH M Ha miockocts Oxy.

Tak Kak cyneprnosuuusi roMeoMOopP(QpHHX OTOOpaxeHHH InpelacTas-
Jsier coboit cHOBa romeoMopgHoe oTOGPaKeHHE, TO TOMeOMOP(HO H
oTo0paxeHue MaJsoii OKpecTHOCTH TOYKH No=( Ha Malyio OKpect-
HOCTh TOYKH My ®.

Taxkum o6Gpazom, mMHOoxecTBO @ TOueK, onpelessieMhX ypaBHeHHS-
My (5.1), npu BuinosHeHuH 5TuX TpeGoBaHuil A npescrasaser coGoit
NOBEPXHOCTb. : :
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3ameuanune . ITosepxuocte P, onpeneinsieMyw ypaBHEHHAMH
(5.1), npH BHLINOJHEHHH NEPBOrO H3 ABYX TpeGoBaHHA A NPUHATO Ha-
3bIBaTh I'Ja/AKOH, a NpH BBIIOJHEHHH BTOpOro u3 tpeboBauuit A --
He uMewiied ocobbx TOUEK.

HTak, MOXHO CKa3aTh, YTO noBepxHocTs P, onpedensemas ypas-
HeunsiMu (5.1), npH BBHINOJHEHHH 3THX TpeGoBamMil A, aBisercsa r1al-
KOM M He HMeeT OCOOHX TOYeK.

3ameyanne 2. IlonyTHo MBI YCTAHOBHJH, YTO TIJajgkas 6e3
OCOGHIX TOYEK I[I0BEpXHOCTh B JOCTATOYHO MaJOf OKpPeCTHOCTH KaX-
JIOH M3 CBOHX TOYeK OJHO3HAYHO NMPOEKTHpYyeTcas XOTA Obl HA OAHY H3
Tpex KOODAHMHATHHIX IJOCKOCTEH.

Paccmorpum nosepxpocts @, onpepensiemyio ypaBHenusmu (5.1),
JJisi KOTOPBIX BBHINOJHEHB! ABa TpeGoBanus A.

3anucaB ypaBHeHus (5.1) B BektopHoM BHZe (5.17), BBHIACHHM
TeOMeTpHYECKHHA CMEIcH BeKTOpHOH dyuruuM r(4, v). Ecan dukcupo-
BaTp HEKOTOpoe 3HayeHHe U=U,=const us o6aactu G, T0 ypaBHeHHe
r=r(u, vy) OyAer onpelensTe KPHByW Ha noBepxHocTH P, HasbiBae-

" o dr
MY KOODJAHHATHOMW JHMUHHENH, a BEKTOp —a—(u, vy) Gyner dB-
u

JIATbCsi KacaTeNbHBIM K 3TOH JIMHHH. AHaJOTHYHO Npu u=uy=const
YpaBHeHHe == (4, v) Oyner onpeiye]siTh HAPYTYH KOODZHHATHYW JiH-

T o
HHIO, a BEKTOp —a—(uo, v) OyAeT KacarelbHBIM K 3TOH JHHHH. Ye-
U

pe3 Touky Mo (%o, Yo, 20), rHe Xo=x(ds, Vo), Yo=Yy (Uo, Vo), 2o=
=2(uo, vp), OYRYT NpOXOIHTH 06e yKa3aHHbLIE JTHHHH.

Bropoe ycnoBue TpeboBanuit A, rosopsiliee 0 TOM, YTO paHI Mar-
puuel (5.2) paBeH ABYM, T. €. YCJIOBHE OTCYTCTBHS 0COGBIX TOUEK,

or or
O3Hayaer, YyTO BEKTODHI a—(u°’ V) ¥ p (t4a, vy), KOMIOOHEHTH KOTO-
u v

DHIX COCTABJSIOT CTPOKH Marpuubl (5.2), ABJAAIOTCA JHHEAHO He3aBH-
CHMBIMH, T. €. HEKOJIIHHeapHBIMH. DTO 03HAyaeT, YTO 3TH /[Ba BEKTO-
Pa onpejensoT MJOCKOCTb, KOTOpas MBIsleTci KacaTeJbHOW

NJIOCKOCTB 0 Kk noBepxHoctd @ B touke M,. Hopmansubii BekTOp
3TOA KacaTeJbHOH IJIOCKOCTH Ha3hiBaeTcss BEKTOPOM HODMadJH

(vt HOopMaabw) Kk nosepxHoctH ® B TOuke My IDTOT BEKTOP
or
MOXKeT OhlThb OMpeJeseH Kak BEKTOpHOe NpPOH3BeJeHHe BEKTOPOB —

or
1 —. Takum o6GpasoM, BEKTOp

dv
o or
o

du ' v

npeAacTaBiser co0od BeKTOp €AMHHYHOH HOpPMAJH K NOBEPXHO-
ctu @. B cuay tpeGoBanuii, HalOxKeHHBIX HA (yHkuuH (5.1), sToT
BEKTOp HeNpepHBeH 10 4 H U B HEKOTOPOH OKPEeCTHOCTH MPOH3BOJb-
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HOH TOYKH IIOBEPXHOCTH. B 3TOM c/Jyuyae TOBOPAT, UTO 8 OKPECTHOCTL
2106011 Touku 2aa0Kxoll nosepxHoctu 6e3 0cobbix TOYEK cyujecrsyer He-
npepuleHOe 8eKTOPHOE nojAe HOpMaael.

B nenom Ha Bcell NOBEpXHOCTH TAKOTO HeNpephLIBHOTO NOJS HOP-
MaJel MOMXET H He CyLIecTBOBATh.

ITpumep. Jluct MébGuyca. Ecau ckiedTs NpAMOYTOJNbHHK
ABB’A’ tax, uyto6n A coBnana ¢ B’, a B cosnana c¢ A’, nonyuurcs
NOBEPXHOCTh, Ha3biBaeMass JucToM MeéobGuycal, Ilpu obxoze no
aucty MéE6nyca HopMasib MeHsieT HanpaBJjieHHe Ha NPOTHBOMNOJOMXHOE
(em. puc. 5.1).

B paabHefilmeM GygeM paccMaTpHBATH TOJMbKO TaKue HOBEPXHOCTH
@, Ha KOTOPHX B LEJOM CYIIECTBYeT HelpepHBHOE [0Jie HopMaJiei.
Takue NOBePXHOCTH NPHHATO HA3bIBaTb ABYCTOPOHHHMH.

[ToBepxuocts (@ wHaseiBaercss M0 .J-

HOW, ecau mawbass (yHaaMeHTajlbHast 8 g
NOCJEe0BaTeJbHOCTh TOYEK 3TOH NOBepX- AL IA‘
HOCTH CXOAHTCSI K TOUYKe 3TOH MNOBepx- 8 A'

HOCTH.
IloBepxHocTr @ Ha3wpiBaeTcs OT P a- \

HHUYEHHOH, ecsH CYLLeCTBYyeT TPexmep-
HBIA 11ap, coxepiaiiui Bcé TOYKHU 3TOH

MOBEPXHOCTH.
IlnockocTts, cdhepa, SAMHNICORA, OTHO-
NOJIOCTHRIH Tunep6oJOHL — HNPHMepH

- Puc. 5.1
NoJHBIX noBepxHocTed. Ilpw sTOM ce-

pa H 3JJIKICOMK — OrpaHHYeHHbIE [o-
BepxHOcTH, Kpyr Ge3 rpaHuuml, Jio60e OTKpHTOE CBS3HOE MHOMKECTBC
Ha cpepe — HenoJiHbe NOBEPXHOCTH.

B nanabneiilnem mMbpl 6yjeM paccMaTpuBaTh OBepXHOCTh @, onpepe-
JAseMyio ypaBHeHHAMH (5.1) M yAOBJeTBOpA0OULYIO NATH TpeGOBaHUAM:
OHa JOJXKHa OuThb 1) raaakoll, 2) Ges ocobHX TOYeK, 3) HBYCTOPOH-
Hed, 4) NOJHOH H 5) OrpaHHYEHHOH.

2. BcnomorareabHble JieMMBIL.

Jlemma 1. Ecau ® — enadkasn nosepxnocte u My — He ocobas
ee TO4Ka, TO O0OCTATOYHO MAAASL OKPEeCTHOCTy TO4Ku My 00HO3HAUHO
RPOEKTUPYeTCA HA KACATEAbHYIO NAOCKOCTb, NPOXOOAUYI0 4epe3 Ato-
6yt0 TOYKY ITOL OKPECTHOCTU.

HokaszatenbcTBo. Ilycts okpectnocts @ Touku M, Takosa,
uTo: 1) HOpMaJp B npexesax 3TOH OKDECTHOCTH COCTaBJsieT € HOp-
Manbio B Touke Mo yros, menpminii m/4, 2) okpectHocts @ oxHO3HAY-
HO NpPOEKTHPYeTCs Ha HEeKOTOpHH Kpyr B OAHOH M3 KOOPIAMHATHHIX
naockocteln (Hanpumep, Oxy). BoamoxkHocTs BhiGOpa Takoil OKpecT-
HoctH O BhiTeKaeT 3 TOrO, UTO B NpEAbIAYILEM NyHKTE OBLIO ycTa-
HOBJIEHO CYLIECTBOBAHHE OKDECTHOCTH paccMaTpuBaeMoil TOuRH Mo,
obnanamouiell AByMsl CBOACTBaMH: 1) B 3TOH OKDECTHOCTH CYIIECTByeT

1 A, Mé6uyc — ueMeuxuii matemartuk (1790—1868).
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HenpepbIBHOE BEKTOPHOEe MoJjle HopMaJel; 2) 3Ta OKPecTHOCTb OIHO-
3HAYHO TIPOEKTHpPYeTcs Ha OAHY M3 KOOPAMHATHBIX IJIOCKOCTe# (ode-
BH/IHO, B 5TOH OKPECTHOCTH €CTb 4acTb, NPOEKTHPYIOILAACA HA HEKOTO-
PHIl KPYr B KOOPAHHATHOH MJOCKOCTH). _

OTmeTnM, uto 0bble aBe HopMmanu K ToukaM @ cocrasasior
yroi, MeHbWH A /2.

Ilpeanosoxum, 4TO paccMaTpHBaeMasi OKPeCTHOCTb @ wne npoek-
THPYeTCSl OJHO3HAYHO HAa KacaTeJbHYK IJIOCKOCTb, MNPOXORALLYIO ue-
Pe3 HeKOTOPYI0 TOYKY Me®. Torxa B 3TO/ OKpeCTHOCTH HalixyT-
<a nBe Toukr P u Q Takue, uto XxopAa PQ mapassenpHa HOpMaJH K
@ B Touke M. Paccmorpum JauHHi0 nepeceuenuss P ¢  niockocTbio,
napainensHoli ocu Oz u mpoxoasiedt yepes xopay PQ  (mpeamona-
xaeMm, uyto O opxHosHauHO mnpoekTHpyeTca Ha maockocTh Oxy).
9TOH JIMHHM B cujy TeopeMHl JlarpaHxka Halifercss Touka N, KacaTedb-
#as K KOTOpOH mapaJsesnbHa xopie PQ, a nostoMy mapa/iiesnsHa HOp-
Manu B Toyke M. DTo o3Hauaer, uTo HOpMastu B Toukax M u N co-
CTaBJAAIOT yroa w/2, uro npotuBopeunt BrOopy @®. Ilosyuennoe mpo-
THBOpeyHe yGekjaer HAC B CHpPaBeJJAHBOCTH JeMMb. JleMMa AOKa-
3aHa, :

ByneM roBopuTh, YTO y4YacTOK MOBEpXHOCTH M MeeT pa3MepH
MeHbiie § (8>0), ecnn OH JIEXKHT BHYTDH HEKOTOporo 1iapa pa-
anyca 6/2.

Jlemma 2. Husn eaadxod oepanuuennold noanoli nosepxnocru @
deg ocobbix rouex wnatderca wucao §>0 Takoe, uro A060L Y4OCTOK
D, pasmeps. KoTOpOo2O MEHbUlE O, OOHO3HAYHO NPOEKTUPYETCA a) Ha
WOHY u3 KOOpOUHATHLIX nAocKocTed, 6) Ha KacaTeabHyr0 AAOCKOCTS,
npoxodauyro 4epes A06Y0 TOUKY ITO20 Y4acTKa.

JokasareanrcTBo, Buine, B 3aMevyanus 2 u B jemme 1,
JlIOKasaJid, 4yto s Ka)KILOf:IATO‘lKH noBepxHoctu @ Haliercs HocTa-

‘TOYHO Mauas okpecTHocTs @, KoTOpast 0AHO3HAYHO NpPOEKTHPYeTCH
4) Ha OJHY M3 KOODAHMHATHHIX MJIOCKOCTeH, 6) Ha Kacare/ibHYyI0 ILIOC-

KOCTb, NPOXOAAILYIO Yepes M6y Touky @. ‘

HpelIHOJIO)hHM, 4TO YTBepiKieHue JeMMH HeBepHO, T. e. He Hai-
Jerca yucna >0, ykKazaHHOro B ¢OpMyJHDPOBKe JeMMH. Toria Ajs
Joboro 8,=1/n (n=1, 2, ...) HalizeTcs yuacTok ®,, umewwpii pas-
MepH MeHbllle §, H He MPOEKTHPYIOLWINHACA OXHO3HAYHO JAHOGO HA OAHY
H3 KOODAHHATHBIX IUIOCKOCTEHl, /MO0 HAa KacaTeJbHYW MJOCKOCTb,

NPOXOAAINYI0 Yepe3 HeKOTOPYIo TOUYKY M, e CD BriGepem B Kamuoi

vyactn @, Touky M, u BbIeTHM H3 NOCIELOBATENBHOCTH {Mn} TO-
YeK OrpaHHYeHHOH MOJ HO# nmoBepxHocTH D mopmocienoBaTeNbHOCTD

{M }, cxomsauywocs K HekoTOpoil Touke Mo M.
B cuny sameuanus 2 u semmsl | Hafizerca goctaTouHo MaJjas

‘OKpecTHOCT, @ Toukr Moy, KOTOpasi OXHO3HAYHO NPOEKTHPYETCs Ha
©ORHY M3 KOODAMHATHBIX IJIOCKOCTeH M Ha KacaTeJbHYIO HJIOCKOCTb,
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npoxoasiulyo 4yepes awbywo Touky @. Bce DK, HauuHas c Heko-
TOPOTO HOMepa ks, MOnaiyT BHYTPe @, a 3TO NPOTHBOPEYHT BEHIGOPY
gacreit @,. Jlemma gokasaHna.-

Jlemma 3. ITycre @ — 2aadkas 6e3 ocobbix To4ex O8YCTOPORHAR
NOARAA 02PAHUYEHHAs NOBEPXHOCTb, onpedeifiemas YpABHERUAMU
(5.1). Toeda das aobozo >0 naiiderca 6>0 rakoe, 4o daa Kax-
doeo yuactka nogepxroctu ®, umeroujezo pasmepot MeHowie O, yeoa
v MewcOy O08Yyma A0ObIMIL HOPMAAAMU K TOYKAM ITO20 YHAcTKA yoos-
AETBOPAET YCAOBUIO

cos y=1—a, (5.7)
rae O<a<e.

HoxaszartenbcTBo. IloBepxnocts @ ABYCTOPOHHSIS, IO3ITOMY
110Jle HOpMaJieH HelpephBHO, a CAel0BaTeJbHO, H PABHOMEPHO Hempe-
PLIBHO Ha Bcelt noBepxHoctd ®. DTo 03Hauaer, yTo Aad Jawb6oro >0
Hainercs 6>0 Takoe, yto mist AO6bIX AByXx Touek My u M, pas Ko-
TOpHIX p(Mi, Mz)<<S, cnipaBelJIHBO HEPABEHCTRO

In(Mg)—n(M)] < V2 (5.8)

{N — BeKTOp eNMUHYHOH HOPMAJIH).
Tax kak

cos ’Y=(I’I(M1), ﬂ(Mz)),
a BeJHYHHA

= (n(M)—n (M) =

- T
= In(My)|* + — [n (M) |*—(n (M,), n(My)) =1— cosy,
“To

cosy=l—a
‘M Aas o B cudy (5.8) cnpaBenJHBE HEPABEHCTBA

0\<a<—;-(Vﬂ_)2=e.

JleMMa noka3sana.

3. Naomanp nosepxHoctH. Ilyctb @ — moBepxHOCTb, onpexedsie-
Mas ypaBHenuaM# (5.]1) ¥ yJOBJIeTBOpAOUIAS YKAa3aHHHIM BHILIE ff-
Td Tpe6GoBanusM (rnagkass Ge3 ocoObIX TOYEK OrpaHHYEHHAs NoJ-
‘Had, ABycTOpoHHAA). C noMoupblo TJIafKHX KPHBHX pasobbem @ Ha
KOileyHoe YHCJAO TAagkex ydacTkoB @;, uMeomHX pazMep MeHblle B,
rae 6 focTaToYyHO MaJjo (4 onpexenseTcst ycsaoBusamu jeMmmb 2). O6o-
3HaYKM 4Yepe3 A MakKcUMaJbHbid H3 pa3MmepoB udacreli @; (auamerp
pasbuenusi). Ha Kaxpgom yuactke @; BoiGepeM NPOH3BOJLHYIO TOUKY
M; u cnpoexTHpyeM D; Ha KacaTelbHYIO NMJIOCKOCTb, NPOXOASIILYO Ye-
pe3 touky M. Ilycts 6; — mioumann npoekund @; Ha yKa3aHHYIO Ka-
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caTeJbHyI0 MWI0CKOCTb. COCTAaBHM CcyMMy Iuomanefi NpoeKkumui Bcex
YUYacCTKOB
ZO’[. (59)
i

Onpenenenue 1. Yucaro o Haswgaerca npedesom cymm
(5.9) npu A—0, ecau 0aa arwoboeo £>0 natiderca 6§>0 rakoe, uro dan
8cex pasbuenuil M 2Aa0KuMu KpUBbLIMIL HA KOHEYHOe 4UCcAO 4acTell
&;, dan koropeix A<, Hezagucumo or geibopa Todex M; na uacrax
D, 86INOAHACTCA HEPABEHCTEO

,Zof—o'|< €.

Onpenenenue 2. Ecau 0ana nosepxroctu @ cyuecTsyer npe-
dea o cymm (5.9) npu A—0, T0 nogepxnocts ®© Hasvisaercs k8aol-
pupyemot, a 4ucao ¢ Hassi8aerca ee n A0 Uy ad b 1.

3aMeuaHnne Hens3s nodyunts nmJouiafb NOBEPXHOCTH, aNIPOK-
CHMHDPYsl MOBEPXHOCTh BIHCAHHBIMH MHOTOTPAHHHKAMH NpPH H3MeJjbue-
HHH pa3MepoB rpaHedl #u 6epsi B KauecTBe IWIOLLAZH TOYHYIO BEpPXHIOIO
rpaHp NJOmaJeH BNHCAHHBIX MHOTOTPAHHHUKOB (KaK MBI 3TO [eJajn
NPH HAXOXJEHHH AJHHH KpuBOf). CyuiecTByeT KJacCHUECKHH npHMep
lIsapua?® (rak HasbiBaemulit «canor HlBapra»), mokasbiBaloOIHH,
YTO y NJoiajed BIHCAHHBIX B LHUJHHIAPHUECKYIO NOBEPXHOCTbH MHOTO-
FPAHHHKOB HE€ CYINECTBYET KOHEUHOH TOUHOH BepXHeH TpaHH.

Teopema 5.1. ['radkas oepaHu4eRnas NOAKAA OBYCTOPOHHAR
nogepxrocrs ® Ges ocobsix Touek, onpedesneman ypasHenuamu (5.1),
ksadpupyema, u daa ee naowyadu ¢ cnpasedauso pPageHCT80

ozﬂt[% aa—:Hdudv. (5.10)

HdokxaszarteabcTBo. Ilpn ycroBusx Teopembl NMOABIHTErpajbHAR
¢yuruus B (5.10) HenpepuiBHa B G u uurterpan (5.10) cyiecrsyer.

dukcupyem Jswoboe e>0 n no nemy 6>0 Takoe, 4TO BLINOJIHEHBI
JBa YCJOBHS:

1) mobas yacrs @; noeepxHoctu @, pa3Mepkl KoTopo# MeHblue §,
OJHO3HAYHO IPOEKTHPYETCsl Ha KacaTeJbHYyl0 MJIOCKOCTb, NpPOXOAsi-
mywo yepe3 ni06y10 Touky D;;

2) KocHHyC yIyia y MeXAYy JABYMsl HOPMaJIsiMH KaXJOro yyacTKa
@; pasMmepa MeHnblle 8, mpexCTaBHM B Buje cosy=Il—a; rae a;<e/c
H a;<l (0 — BenuyuHa uHterpana (5.10)).

Tako#l BE6Op uncia >0 BO3MOXKEH B CHJIY JeMM 2 H 3.

2 TI'. A. llIsapn — nemeuxkuit MatemaTHk (1843—1921). Bonee noapo6uo o npu-
mepe llIBapua cm. konen 0. 1 § 2 ra. 5 kuurk B. A. Hnbuna n 3. T. Ilosuska «Oc-
HOBH MaTeMaTHyeckKoro ananusa, Y. 2» (M.: Hayka. I'n. pen. ¢Hs.-MaT. JHT-DH,
1982).
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Pa3zo6peM c noMolipio IMTafiKHX KPHBLIX nMoBepxuocth @ Ha wacTHy-
Hele yuacTKH (D; pasMepa MeHbile d M, BeIOpAB Ha KaXXAOM yuacrtke
@; npou3BosbHYI0 TOUKy M;, cnpoektupyem ®; Ha KacaTeJbHYIO MJjoc-
kocTh B Touke M; OO603HauuM uYepe3 0; mJowanb NPOeKUHH H COCTa-
BHM cyMmmy (5.9).

Jnst BHUYMCIEHHS! TJIOMIAAM O; TMJOCKOH 06JACTH BOCHOJbL3YeMCs
dopMysofi 3aMeHBl NepeMeHHBIX B IBONHHOM uHTerpaje, Bribepem ne-
KapToBy CHCTEMY KOODAHHAT Tak, 4rofbl ee HauaJjo coBmaimo ¢ M;,
ocb Oz GuJsa HampaBJeHa MO BEKTOPY HOPMaJH K MOBePXHOCTH B M;,
a ocn Ox u Oy 6blnu OH pPacmosioKEHH B KacaTesbHOH IJIOCKOCTH B
Touke M, B 3Toli cucTeMe KoopauHaT moBepxuocth @ onpexpensieTcs
napaMeTpHYECKHMH  ypaBHeHusmu  (5.1), a  BeKTOp HOpMaJH

{i, —a—r-] umeer Koopauuatel {4, B, C}, rae

ou dvu
oy 0z 0z Ox dx Oy
du GOu ou Ou ou Ou
A= , B= . C=
oy 0z 0z Ox dx Oy
o0 ov dv Ov ov Ov

OTMeTHM, YTO KOCHHYC yIJla Yy MEXIY HOpMalibio B Touke M yuact-
kKa @; u ocbio Oz paBen

C0S Yy = c___|. (5.11)

or or
' dv M
Jas touek yuactka @, B cuny BuGopa § H opuentanuu ocu Oz,
C>0. Slcno, 4TO yroa ym SBJASIETCS YIJIOM MEXAY HOpPMaJsiMH B TOY~
Kax M u M; yuactka @;, ¥ nO3TOMY IJis1 HEro cOpaBelJHBO Npex-
craBjenue (5.7).
Ecau yactu O@; orBeuyaer yactes G; mpocro#i Iiocko# o6aactu G,
TO, HCMOJAbL3yst (popMyay AAs mJjowlaAH NJAOCKOH o6jacTH NPH Nepexo-

e OT KoopauHat (x, y) K KOOpAMHATaM (4, U) C HOMOWIbIO COOTHO«
weHn#t x=x(u, v), y=y(u, v), NOJAyUUM

_H D(i 5; du dv. (5.12)

Dx )
D (u, v) >0
ITpuHsAB BO BHHUMaHHe BLIpaXKeHHE (5.11) AJs1 cOS yM, MepenHiieM

(5.12) B Bujge
U_SSCOSYMH o i”dudv. (5.13)
ou ov

(Mul yua, uro Beanunna C =
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[pumensas x unterpany (5.13) nepByro ¢opMmydy cpelHero 3HayeHHs,

Oy YHM
0; = COS Y SH[ g; g:; Hdudv, (5.14)

rie M;* — wuexortopas Touka uactH @i 3ameHHus COS Yy B (5.14}

npexcrasiaenHeM (5.7), NONyYHM paBeHCTBa
1—a,)HH o, Or ”dudv. (5.15)
ou  dv

IlpocyMMupyem stu paBeHCTBa 10 BCEM i, YUHTHIBAS, YTO

e ]2 s
Zc,:o_ Zag( [% ‘;—Z] \du‘dv.

Orciona, ucnosib3yst OueHKy Aas a;, 6yleM aMeTb

Vg, o or
Rome|< Bt f| [ 2 2]
i i G;
—2 EH or | or ”dudu=ic=a.
au du G

Teopema nokasaHa.

3ameuanue 1. Qopmyna (5.10) HHBapHaHTHAa OTHOCHTEJNLHO
BHOOpa oceil KOOpAHHAT.

3ameuanue 2. Teopema 5.1 nokasana B OpPeANOJIOXKEHHH, YTO
nosepxHocTh @ ompepensiercst ypaBHeHHsaMu (5.1). B ofuiem cayuae
corylacHo JeMmMe 2 noBepxHocts @ MmoxeT ObiThb pa3buta Ha KOHeU-
HOEe YHCJO yYacTeH, KaxAas H3 KOTOPHX OIpeJessieTcs] CBOHMH ypaB-
HeHusiMu (5.1). Ilocse sToro nsomans HOBEDXHOCTH MOXKHO Ompeje-
JHTh KaK CYMMY IJlouiafe#l ykaszaHHbiXx dacref. Iljgomaap Kaxxupof Ta-
KOH yacTH MoxeT ObTb Bhiuucaena no dopmyrae (5.10). Takum obpa-
30M, HMEeT MECTO CJeAyIoLIas

Teopema 5.1*. [aadkas ozpanu4eRHas noAnas O8YCTOPOHHAR
nogepxrocty 6e3 ocobbix TOYeK Kaadpupyema. '

3ameuanue 3. [lycrp noBepxnoctsb @ Kycouno riaikas, T. e.
COCTaBJIeHa H3 KOHEYHOTO YHCJa TJafKHX OTPaHHUYEHHLIX NOJHBIX ABY-
CTOPOHHHX nNoBepxHocTed. OueBHAHO, MOBEPXHOCTL D KBaapHpyeMa, H

IMoayuum
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ee nJaolllaib MoxkeT OBITh OoNpelesieHa KakK CyMMa IJollajed cocras-
JSIOUKX €€ MOBEpXHOCTeH.
3ameuanue 4. Ecau BBectu oéosﬂaqeﬂuﬂ

or \2 or |2 Or \2 or |2 / Or or °
() =l =5 () =5 = (o )=

ou v v . Ou ov
TO, MOCKOJMBLKY [AJ5 Ji00bIX BEKTOPOB a H b crnpaBeasnBo paBeHCTBO
|[a, b]}%+(a, b)2=|a|?- |b|?, nonyuum

H_af_, a_’} \:ED__Fz, (5.16)
dou du

Tlostomy Beipaxenue (5.10) nas mjomaad TOBEPXHOCTH MOMKHO 3a-
fIHCaTh TaK¥Xe B ciaeayioued ¢opme:

o:“VEDTFz dut dv. (5.17)
G

3ameuanune 5. [Ilrowazs mnoBepxHOCTH 006/1a1a€T CBOHCTBOM
AJAHTHBHOCTH: eClH IOBePXHOCTL P pa3buTa KycouHO raajakoi
KpuBo# Ha uactu P; u D, ne uMeouHe oOUIHX BHYTPEHHHX TOYEK,
TO maoulals noBepxHocTH @ papHa cymMe miowageli yacrefi @ u P,.

3TO CBOHCTBO BEITEKAeT M3 NpEICTaBJEHNA NJ0UIAJIH NMOBEPXHOCTH
C OMONIBbIO HHTETrpata M aJJHTHBHOTO CBOHCTBA HHTerpaJja.

§ 2. NIOBEPXHOCTHBIE UHTETPAJBI

[lyets @ — raaikas, ABYCTOPOHHSISI MOJHAs OrpaHH'eHHas MoO-
BepxHocth 0e3 ocobbIX TOUEK, Onpeje/sieMasl napamMeTpHUYECKHMH
ypaBuenusiMu (5.1) (uau, uTo To xe camoe, (5.1')) B obaactu G.

ycrs na @ ompedenenn uyertnpe ¢yukunu: f(x, y, 2), P(x, y, 2),
Q(x, y, 2), R(x, y, 2), xaxknasi 43 KOTOPBIX SIBJISIETCS] HENPEpPLIBHON
(a, cnenoBaTenbHO, H PABHOMEDHO HENpPEpPBBHOH) Ha MHOMKECTBE TO-
yeK noBepxHocTH .

Pazobbem mnopepxHocts @ npum nmoMoulH TIaJKHX HJAH KYyCOYHO
TAaJKHX KPUBBIX Ha KOHEUHOe UHCJIO YAaCTHUHHX noBepxHocTed P; H
o6o03i11auuM uepe3 A MakcHMMaJbEBI pa3mep uactell ®; (Anamerp pas-
OHeHust NoBepXHOCTH). BrpibepeM Ha Ka:xKAOil YaCTHYHON NOBEPXHOCTH
®; IPOU3BONBHYIO TCYRY M.

ITycts n(M;) — enunnuHas Hopmans B Touke M; a cos X;, cos Y,
€0sZ; — KOMNOHEHTHl 3TOH eIHHUYHOH HOpManay (MJH, KaK HX HasH-
BalOT, HanpasJsiiolie KocuHyckl). OGo3HauuM yepes o; NJowalb Ya-
cTHYHOH noBepxHocTH P;. Kak nokasauo Brie (cm. (5.17)),

ciz‘gSVED-——F'Z du do,

rile G; — nogo6nacte G, o6pa3om Kotopoil siBasiercs Di.
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CocraBuM yeTHpe CyMMBI:

lezif(Mi)Gi; (5.181)
3, =;P (M;) 0, cos X;; (5.18%)
Y =Y. QM) orcos Vs (5.18)
Y., =Y. R(M)c;cos Z. (5.18%)

Onpenenenue 1. Hucao Ip (k=1, 2, 3, 4) Hasvigaerca npe-
deaom cymm 2y npu A0, ecau 0aa awbozo >0 naiiferca b=
=8(e) >0 rakoe, uro npu A< (Hesasucumo or seibopa Tovexk M=
=®;) 66LN0AHAECTCA HEPABEHLTEO

| Zp—1| < e.

Onpeaenenne 2. Ecau npu A—0 cyujecrayer npeden cymm Xy,
TO 3TOT npeden HA3bLBAETCA NOBEPXHOCTHOIM UHTEZPAnoM
nepsoeo poda or ¢ynkyuu f(x, y, ) no nosepxrocru ® u obo-
3HAYAETCA CUMBOAOM

1= [ 1 (M) do. (5.19%)

D

Onpenenenue 2* Ecau npu A—0 cyuwecrsyror npedeaot
cymm X, 20e k=2, 3 uau 4, 10 aru npedensl HA36I8A10TCA NOBEP X-
HOCTHBIMU uHTEepaasamu 8TOpoeco poda u o603HAUAOT-
€5l COOTBETCTBEHHO CUMBONAMIU

I,={ { P(Mycos X do; (5.192)
D

I,= [ [ QM) cosY do; (5.19%)
D

I,={{ R(M)cos Z do. (5.19%)
D

CyMMa Doc/leIHHX TPEX HHTErpasioB Has3piBaeTcsl OO6uUIHM 1O-
BEPDXHOCTHBM HHTETpaJoM BTOPOro ponxa. ITOT HHTer-
paja moxer ObiThb 3amHCaH B BUIE

{f@, nyao, (5.19%)
<D

rne A=A(x, y, z) — BekTop ¢ KoMmnoueutamu P(x, y, 2), Q(x, y, 2),
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R(x,y,z),a n={cos X, cosY, cosZ} — Bekrop €IHMHHYHON HOpMaJH
K mopepxHocTd .

M3 onpenenieHHii NOBepXHOCTHBIX MHTErpPAJOB CJAEAYET, UTO:

1) moBepXHOCTHHIH HHTErpaJ mepBoro pojga He 3aBUCHT OT BmGOpa
CTOPOHBl TOBEPXHOCTH H HE MEHSETCS NPH H3MEHEHHH HAanpaBJeHHS
HOPMaJii Ha NMPOTHBONOJOXKHOE, 3 TIOBEPXHOCTHBIE MHTErpadhsl BTOPOTO
poia MeHsIIOT 3HAaK HPH H3MCHEHWH HanpaBJieHHss HOpMaJH Ha NpOTH-
BOIOJIOXKHOE;

2) noBepXHOCTHHIH mHTerpas nepeoro poga (5.19') u o6mwuii mo-
BEPXHOCTHBIH HHTErpas BToporo poaa (5.19°) me 3aBucAT oT BhiGOpa
CHCTEMB! KOOPAHHAT W HHBAPHAHTHEI OTHOCHTEJBHO MEpPeXofa K HOBHIM
KOODAHHATAaM,; '

3) ¢usnuecku unterpan (5.19°) npemcrasasier coboif NMOTOK BeK-
Topa A yepes mosepxHocTs (D, a uHTerpan (5.19') maer maccy Harpy-
KEeHHOM NoBepXHOCTH (D NMpH YCJOBHH, YTO NMOBEPXHOCTHAS MJOTHOCTb
pacrnpeneseHusi Maccs paBHa f(X, y, 2);

4) kaXJHil U3 NOBEPXHOCTHHIX MHTErpayion BTOPOro poia (5.19?)—
(5.19%) cBOAMTCA K TOBEPXHOCTHOMY HHTerpasy mnepsoro poga (5.191):
MOCTAaTOYHO B3sITh B IOBEPXHOCTHOM HHTErpaje NEPBOTO pola MOABIH-
TerpajibHyio ¢yHKnHio f(M) coorBercTBeHHO paBHOH P (M) cos X,
QM) cosY u R(M) cosZ, npuueM ecau P, Q u R siBastioTcsi Hempe-
PHBHBIMH Ha D, To u [ oKaxercsl HenpepblBHOH B1oab .

OTMeTHM, 4TO B cJyuae 3aMKHYTOH noBepXHOCTH @ BEKTOp HOP-
MaJ/Ii BCErAa CYHTAIOT HATPABJAEHHBIM BO BHEUIHOCTH 00J1aCTH, OrpaHHu-
EeHHOH 3TOH MOBEPXHOCTHIO.

Teopema b5.2. Ecau @ enadkan O8YCTOPOHHAA NOARAR O2paHU-
ueHHas nosepxHocts Gea ocobblx TOHex, 3a0a8aemMas YpPABHEHUAMU
(5.1), a ¢pyHnkyus f(x, y, z) [coorsercrenno pynkyuu P(x, y, 2),
Q(x, y, 2), R(x, y, 2)] nenpepbrgra 8dose ®, 10 nogepxrnocTHoLl UH-
reepan (5.19') [coorsercrayrowull U3 NOBEPXHOCTHLLX UHTe2pais08
(5.19%) —(5.19%)] cywyecrsyer u ceodurca k obbigHoMy OBOLUHOMY
UHTe2pasy € ROMOWbIO HopMyLbL

(Tromdo={{i1e( o, v o), 2z, ) VED—Fdudo (5.20
<D G
[c momoubio coorBeTcTBYlOmIER H3 HOPMYN

ij(M) costG:SS Plx(u, v), y(u, v), 2(u, v)] X

x cos X YV ED— F? du dv, (5.20%)
ffaancosyds = [[Qlxw v), g 0), 2(u, v)] x

X cosY V ED— F? du dv; (5.20%)
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{{RMycoszdo = [[RIx(u, v), y( v), 2 (1, V)] X
[ G

x cosZ )V ED—F? dudo]. (5.20%

JNokaszarteabcTBo. JlocTaToyHo NpoBEeCTH AOKa3aTeNbCTBO Cy-
IeCTBOBAHHs TOJbKO HHTerpaina (5.19') u cnpaseanuBocTH GopMydn:
(5.20'), TaK Kak BCe MOBEPXHOCTHHE HHTErpajil BTOPOTO poja CBO-
HATCA K 3TOMY HHTerpasy.

3ameTuM, uro HHTErpaj, cTosului B mpapolt uactu (5.20') (o6o3-
HaunM ero I;), cymecTByeT (NOCKOJbKY NOABIHTErpajibHasi (yHKIHSA
HenpepblBHA), NO3TOMYy JAOCTAaTOUYHO J0OKa3aTh, YTO Mpeaesd CyMM
(5.18') npu nuamerpe pasbuenns A—0 cymecTByer . u paBeH /).
Dukcupyem Ja1060e £>>0 1 OUEHHM Pa3HOCTD

Y =Y imyo—Y || VED—Pdudo=
i i G;
=Y i) S VED=P auav— Y, {{ f() VED—Fdudv=
i G; i G;
=y jaj [f (M) — F(M)] VED—T® du do. (5.21)

3Jecb Mbl HCHOJb30BAaJH HpeictaBieHHe (5.17) ansa o, Taxk kax
¢yuxuus f(M) paBHomepHo HenpepbiBH2a B G, TO ajas (HKCHPOBaH-
Horo £¢>>0 Hainercs 6=0(g) >0 Takoe, uto npu p(M, M;) <8 BH-
DOJIHAETCS HEPABEHCTBO

|F (M) —F (M) < —, (5.22)
rre ¢ — mromans nopepxnoct @. M3 (5.21), (5.22) moayuum

15— 1,1 < %EXSVED—deudz):
.G
=i” VED—Fdudv=-2-o0=¢
g & g

npu A<C§. 370 03Hauaer, 4TO CyLIeCTBYeT paBHHIH /| mpegen cymm
2, npu A-»0. Teopema n0Kazaua.

CanenctBHe. Ecau nosepxnocte @ 3adana ypasreHuem 2=
=2z(x, y) (1. e. x=u, y=v, z=2(u, v)), 20e 2(x, y) — Henpepovi8HO
Jupdpepenyupyemasn 6 o6aracru G naockocru Oxy pynkyus, To, olbu-
pas Ha nogepxrocTu D Ty CTOPOHY, OAA KOTOPOU 8EKTOp HOpMAAU
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nosepxHocTu cocrasaser c¢ oceio Oz ocTpolil yeoa, moxem nepenucars
gopmyay (5.20%) caedyroyyum obpasom:

SSR(x, Y, 2)codeU=“‘R[x, Y, z2(x, y)]dxdy.
¢

@

B camom pgene, 10CTaTOYHO yuecThb, 4TO
0z \2
do=YV ED—F*dxdy, ED—F*=1+ (_52_) + (_) ,
X
1
! { 0z \2 0z \2
V +( Ox ) +( ox )
AT0 onpaBjbiBaeT cielywouiee o603HaUeHHe AJS1 MOBEPXHOCTHOTO HH-
Terpajia BTOPOrO poja:

[{R@, 4, 2ycoszao= [§R(x, y, 2)dxay. (5.23)
< D

cosZ =

OrmeruM, uto o6osnayeHHe (5.23) ucnmosbsyerca W B cayuae, KOT-
na @ re sAsjsiercs rpadukoM OYyHKUHH 2=2(X, y).

Inst obuiero moBepXHOCTHOTO WHTerpaja Broporo popa (5.195)
TaKXe NpHMeHsieTcs cheayloulee o603HaUeHHe:

{§ (Pcos X +QcosY + ReosZ)do= [ | Pdydz+Qdz dx + Rdxdy.
[+8} 47

3aMeuanne. ITOHATHS NMOBEPXHOCTHBIX HHTErpajioB NEpPBOTO H
BTOpPOTO pOJ2 €CTeCTBEHHO pPacHpOCTPaHsAIOTCH Ha cJiydyall, Korja mo-
BepxHOCTh (D sIBAsieTCs KycOUHO raankodt. Has Takux noBepxXHocTed,
OYEBHHO, TAKXKe CIpaBeJJIHBA JIOKa3aHHas B 3TOM maparpade Teope-
Ma CyllecTBOBaHHA.
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TEOPUA NOJA. OCHOBHbIE HHTETPAJIbHBIE
®OPMY/JIbl AHAJIU3A

B sToit raase 6yAyT paccMOTpeHbl CKaJsipHBIE H BEKTOpHbIE MOJ,
4 TaKXe OCHOBHBIE NOHATHS H ONEPAaUHH, CBSI3aHHBIE ¢ HUMH. Bax-
He#ime# (opMyJoil aHa/ju3a fIBJSETCS yXKe H3BeCTHAast HaM (GOpMyJa
Heiorona—Jlefibunua. 3aecs 6yayr noayuens ¢opmyast I'puna, Ocrt-
porpaackoro—I'aycca u CToKca, KOTODHIE, C OJHOA CTOPOHBI, SIBJSIOT-
cad o6obmenneM ¢opmyan HeiotoHa—/lelibHHLAa HA MHOTOMEPHLIH
ciayyad, a ¢ APYrol CTODOHBI, COCTABJSIIOT BAaXKHYI0 YacTh almapara
HHTErpaJjbHOTO HCUUCJIIEHHS.

§ 1. OBO3HAYEHHUS. BUOPTOTOHAJIbHbLIE BA3UCHI.
HUHBAPHAHTDI JIUHEXHOI'O ONEPATOPA

1. OGosnauenns. Hrxxe Ham yacTo NpHAETCS 3aNHCHIBATH CYMMHE
HEKOTOpOro uHcaa caaraembX. [losichuM o6Go3HaueHHs, KOTOPBIMH Oy-
AeM ToJb30BaThest. Mul OyneM HMeTb Jeslo C CHCTEMaMH BeJIHYHH,
KOTOpHe NMOMeYeHbl HeCKOJNbKHMH HHAeKcaMH, nanpumep  a. . O6biu-
HO B TaAKHX CJAyYyasX OAMH HMHAEKC NHIIYT BHHU3Yy, APYrod —— BBepXy.
Ecnu nHAeKcH MeHSIOTCA He3aBHGHMO, TO OHH 0D03HAYalOTCAd pa3HBIMH
6ykBamu. Ecinu HHAEKCOB MHOTO, To OHH 0003HAUalOTCs OAHOH OYKBOH
C HOABIHIEKCOM.

Hanpumep, oy, ..., wam &' ... E;ﬂ. B HekoTOpHIX ciryuasx AJs
0003HaYeHHS CyMMHpOBaHdsi OyaeT ucnoJb3oBana 3amuce A (o),

9

rje CyMMHpPOBaHHe NPOH3BOJHTCS [0 HOKOTODOMY MHOXECTBY BEJIH-
ydH ©. ECAH HHAEKCH CyMMHpOBaHUS ij, ia,...,Lp MEHAKTCS TaK, YTO
IIpH 3TOM i <lo<C...<lIp, TO OyjAeM MHCATHb

B;
P

< <. . < ﬂ?.“lp
Haxkonen, 3akjaiouuM cJjeayoniee COrjalleHHe O CYMMHDOBAHHH.
[Iycth uMeeTcst BHIpaxKeHHe, COCTaBJIEHHOE M3 COMHOXHTeaeld. Ecau B
ITOM BLIpAaXKEHHH HMeeTCs1 ABa OYKBEHHBIX HHIAeKcCa, H3 KOTOPLIX OAHH
BEePXHHWH, a Apyrof HH:xHHH, To OGyAeM MmoJaraTth, YTO MO 3THM HH/EK-
caM NPOHCXOAMT cyMMupoBanue. [IpH 3TOM HHAEKCH MOCJe10BaTEIbHO
NPUHUMAIOT 3HaueHue 1, 2,..., a HOJYy4YeHHHe cJaraeMble CKJajablBa-
I0TCH.
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Hanpumep, ecau i, j=1, 2,...,1, To
ael=ael+ae’+ ... +a,e,
a;plel =a el +ayete 4 ...+ a, et =

=ayetel +apete + ... 4 apele’ + ayee! +

+ ayee’® + .. A g%+ L. et aetet L L+ aeen.
Ilpun 3THx oOo3HAueHHSIX pa3joXeHHe BekTopa a mo 6asucy e,
€3, ...,€n npocrpaicTea E* mMoxer ObITh 3aMHCAHO TaK:
a=a"e[,
rre aé — Ko3(pdhHLleHTE Pa3joXEeHHS 3TOro BeKTopa. 3Ta 3anHCh

03HayaeT, 4To
n
a—= Z ae,.
=1

CumBosiom &8/ Oyziem o00603HayaTb BeJHYHHY, HNPHHHMAOLIYIO
BCEero ABa 3HAYEHHS:

8i=1, 8;/=0, npu i=j,

8/ — Tak HasuBaeMblfi ciMBOJa Kpounekepa b.

CxaJnsipHOe NpoH3BejleHHe ABYX BEKTOpOB a M b B mpocTpaHcTBe
E® o6osnauaercsi (a, b).

2. Buoproronanbubie 6Gasucwe B npocrpaHcTee E7. Ilycte e, i=

=1,2,...,n — 6asuc ¥ B n-mepuoMm npocrpancree £7. OueBupHo, u4to
€; — JHHEHHO HE3aBHCHMEbIE BEKTODHI.
Onpepnenenne. Basuc e (undexc eeepxy), j=1, 2,...,n, na-

3bi8aeTcA GUOPTOCOHAAbLROIM K Oa3ucy €, ecau 8blNOAHEHbE
COOTHOUWLERUA

. I, i=j;
(e;, &)=05= i, j=1,2, ...,
0, i5].
Vreepxpaeunue., [Aan acakozo basuca e, i=1, 2,...,n, npocr-
paucrea E" cywecrsyer eQuncrsennsil GuopTozoRanbHoli  basuc €,

j=1,2,...,n )
JokasaTeabcTso. Obo3nauum JuHeliHyl0 060J04Ky (T. €.
MHOXKECTBO BCeX JHHEeHAHHX KOMOHWHAaUHH) BEKTOPOB €i,€z ..., i 1,

1) J1. Kponekep — HemeuxHii maTtemaThHK (1823—1891).
2) BeKTOpH! €1, €3, ..., €, 06pasyloT Gasuc B E”, ecau mo6oii pexTop a u3 E”
NpejCTABHM €JHHCTBEHHEIM 06pa3oM B BHAE

a=a'e;+ale;+..+a"en=a'e:.



192 Ta, 6. Teopust noas. OcHoBHble HHTErpaJbhbie GOPMyYJb aHajH3a

€i41,...,€, ueped M;. B3sgB H3 OpPTOTOHA/JAbHOTO JOMNOJHEHHA K
M;®) BexTop €/, HOpMUPOBAHHHI YCJIOBHEM
(e, e) =1,

Mbl, OUEBHAHO, HaliaeM, 4TO
(¢, &)y =8/, i, j=1,2,..., n.

Bektopu e/ Takxe obpasyior 6asuc mpocrpaHcrsa E”. [leiicTBu-
TeJbHO, eC/IH Obl 3T0 ObJI0 He TakK, To HaweJcss 6b BEKTOp H3 3TOTO
NPOCTPAHCTBA, KOTOPHIH HeOoZHO3HaYHO pasJjaralics 6B 1O CHCTEME
€/, T. e.. HyJleBOH BeKTOp HMeJ 6n pasjioxkeHHe mo 6a3Hcy ¢ KO3(hGH-
{lHeHTaMy, He pPaBHBIMH OAHOBPeMeHHO HyJw. ClejpoBaTesabHO, KaKoH-
HUOYIb BEKTOP e* u3 cHcTeMBl e/ npHHajJexan Obl JunselHOH 060-
Jouke ¥ M* mekTopos e!, €%, ..., e&-l ekl | e” Ho sroro GulTh He
MOXeT, TaK KaK e* B 3ToM cjayuae OblJ OHl OPTOrOHAaJeH BEKTOPY €y
(mockosbKy (ex, €?)=0 mnpu k+#p). OzaHako BekTOop ef He MOXer
OHITb OPTOTOHAJNLHHIM €, MOTOMY YTO MO MNOCTPOeHHIO (e, e%)=1.

Takum o6pazoM, K NpPOH3BOJALHOMY 6a3uCy e€; MOCTpPoeH GHOpTOro-
HaabHH#A 6a3uc e/, npHueM Bce BEKTOPBHl 3TOr0 6a3Hca ONpelensioTcs
€1UHCTBeHHHM o6pa3oM. B camom fene, ecu 61 Hapsiay c e/ 6Bl OH
enle OAHH GHOpTOTOHANBHBIN 6a3uc €/, To MBI HWMmend Obl, 4TO (e,
e,—e/) =0 nasn Bcex i,j=1, 2,...,n. Orciona caeayer, uto e/=e/,
TIOCKOJIbKY €CJIH HEKOTOpPHIH BEKTOpP OpTOroHaJieH BCceM BReKTopaMm 0a-
3HCa, TO OH OPTOTOHAJEH H caMoMy cele, MO3TOMY fIBAACTCS HYJEBHIM
BEKTOpOM. YTBepiKieHHe A0Ka3aHo.

3amernm, uTO €cJH Ga3HC €; — OPTOHOPMHPOBAHHHH, TO GHOpPTOrO-
HaJbHHHA K HEMY COBIANAeT C HHM CaMHM.

3. TlpeoGpasoBaHus Ga3ucoB. KoBapHaHTHble H KOHTPBapHAHTHBIE
KOOpPAHHATH BeKTopa. MH uacTo 6yleM INOJb30BaTbCH IEPEXOJOM OT
OHOPTOTOHANLHBIX 6a3HCOB €;, €/ K HOBBIM GHOPTOrOHaJbLHBIM GasHcam
€y ei,-

Hcnonbsyst maurd corjiauieHHst 0 CYMMHDOBAHHH, 3amHineM pasJo-
XKeHHA OA3HCHBIX BEKTOPOB:

e =be, e=be i i'=12 ...,n, (6.1)
e'=be, e=be’, i, i'=12,...,n (6.2)
3nech (bi-)— MmaTpHUa mepexoaa OT CTaporo (asnca €; K HOBOMY
e, (bi )—  wmaTpuua ofpaTHoro mnepexoaa ot GasHca € K €.
Aunanoruuno (4 ) u (b)) —  MAaTPHUB TPSIMOTO M OGPAaTHOrG me-

pexoxa ot Gasnca €' K 6asucy e'’.

3 T. e. H3 NOANPOCTPAHCTBA mpocTpaHcTBa E™, BCe BEKTOPH KOTOPOrQ OPTGrO-
HaJbHE M.
“ T. e. BekTOp €* GHJI Gl JHMHeHHOH KOMGHHalHell BEKTODOB €° NpH pFk.
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®opmyan (6.1) — 370 ¢opMysasl mepexoxna oT craporo 6asuca e
K HOBOMY € H ¢QopMyJn ofpaTHoro nepexoaa. Popmynu (6.2) —
310 (hOpMyJE Mepexoma oT craporo 6asuca e’ K HoBomy €Y U dop-
MyJasl oOpaTHOIO Nepexona.

IIpeoGpazosanus (6.1) B3aumMHO 06pATHB, MO3TOMY H MaTpPHIH

(b)) u (b;) B3auMHO OGparHbl. JlefACTBHTEIbHO, YMHOXHB IlepBOE
H3 paBeHctB (6.1) ckaasipHo Ha €', a Bropoe u3 paBeHcTB (6.1)
Ha e/, NoNyYHM, YUHTHIBast OHOPTOrOHAJNLHOCTh 6a3HCOB:

8 =bl (e, e), 8 =0l (e, e).
OnHako, Kak clelyeT H3 Tex Xe ¢opmya (6.1), _
(e, &) =660 =bl, (e, el)=bL.&[=0]. (6.3)
Taxum ofpa3zom,
8 =blbl, 8l=0ibl,

1. e. Matpuns  (bi) u (b)) B3amMHO oGpaTHHL. _

AHanoOrHYHO yCTaHaBIHBAETCS, YTO M MATPHIBI (E)f) u (b) B3a-
HMHO 00paTHHL.

CrnpaBepsiuBO Clefyioliee yTBepXkKjeHHE O CBSI3H MeX1Y MarpH-
wamn  (0) u (Br), (6:) u (B0).

YrBepxpeHnue. Marpuya (b%) cosnadaer ¢ marpuyeil (64)
a marpuya (bi) coenadaer ¢ marpuyei  (B)).

Hokas aTeabCTBO. OueBHAHO, B_CHIY B3aUMHO 06paTHOCTH
marpuy (b)) u (b ) u ‘MaTpul (i) u (: ),  AOCTAaTOYHO [0Ka3aTh,
ato copnanaor (bi-) u (bl).

B cuay (6.3) moayuuM, uro

b = (e, €). (6.4)
Ananoruuno ¢ nomompsio (6.2) mosyuum, uro
B = (e, €). (6.4")

IlpaBeie uyactu cooTHowenuit (6.4) u (6.4') paBHbl, nO3TOMY bi =
=bi», u4TO M TPEGOBAJIOCE.

Caencreue. [Jan nepexoda or 6asucos e, e xk Oasucam e,
e'’ JocTarouno 3HATHL TOAbLKO Marpuyy (b5) nepexoda or 6asuca

e k 6asucy e, (mampuya (b)) seasercs obparnoil & (bi'), u et
qucaserca no Hetl).
Taxum o6pasoM, MBI IPUXOIUM K ciaenynomuM ¢opMyaam npeobpa-
30BaHUs 0a3HCOB:
e =bie, e, =be,
(6.5)
i

’ { : [
e =b; e, e =be,

7 3ax. 25
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BuiBenem Ttenepn GopMyJasl npeobpasoBaHusl KOOPAHHAT BEKTO-
pa npu nepexone K HoBoMmy 6asucy. CHayasna mnpoBeneM CJHeIyio-
IIHe pacCyXIeHus.

[lycth €; 4 € — OuoproronajbHble 6a3HChl, & — IIPOH3BOJAbHBIE
BeKTOp. TOrjga pas3joxeHHs! BEKTOPA a HMEIOT BHJ

a=a'e;, a=aqe’ (6.6}

Buoproronanabusifi 6asnc paer oyeHb yAOOHBIA cnoco6 BeIUHC-
JeHdst KoapUIHeHTOB @ W a; B pasnoxeHun (6.6). elictBuTenn-
HO, YMHOXasl NepBoe M3 cooTHomeHuH (6.6) ckanspuo Ha e/ a
BTOpO€ — Ha €;, NoJyyaeM

a'=(a, ef), aj=(a, e;), j=1, 2,...,n. (6.7)
CnegoBatenbHo, hopmyan (6.6) ¢ yuetroM coorHomenuft (6.7) npu-
HHMAIOT BUHA

a=(a, e)e;, a=(a, e;)e’. (6.8)

B uacTHOCTH, mpeACTaB/sisl B mepBoe paBeHCcTBO (6.8) BMecTo Bek-
TOpa a BEKTOp €/, 2 BO BTOPOE DAaBEHCTBO —— BEKTOP €, MHOJYYHM:

e/=(e/, el)e;=gle;,
(6.9}
ej=(e;, e)e! =g,
rae
gli= (¢, &), gji= (e, &).
Ecau YyMHOXUTh mepBoe H3 cooTHomeHHH (6.9) ckalsipHO Ha ey,
a BTOpoe — Ha e*, To

giigin=0:, g,ig"=08;%, |, k=1,2,...,n,

T. . martpulll (g} u (g;;) B3anMHO OOpaTHH H IO CBOEMY HO-
CTPOEHHIO B CHJy CHMMETPHH CKaJSDHOTO NPOHU3BENEHHSA CHMMeT-

PHYHEL.

BrisegeM ¢opMyns npeobpa3oBaHHS KOODAMHAT BeKTOopa HpH
nepexcfe K HOBOMY Oasucy. Ecnu €; — crapmuil 6asuc, a €;- — HO-
BbiH, e W e’ — GuOpTOroHaJbHBE K HHM 0Aa3HCH H €CJH

a=aqa;e’,
TO, KaK MBI 3HaeM, us dopmya (6.7) cieayer, uto
a; =(a, e;).

[ToxacraBnsiss B NMpaBylo 4acTb 3TOTO COOTHOIIEHHS BMECTO  €;-
ero Bhipaxenue u3 (6.5), moayuynm

a; =(a, bi’ei) = bi (a, ¢)= bf’ai-
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Hrak, koopaunatel @ BeKTOpa a, PasIOKEHHOTO mo Oasucy
e’ (OMOpTOrOHaJBLHOMY K HOBOMY Oasucy €;), B HOBOM 0asH-
ce e’ HMEeIOT BHA

a; = bia;, (6.10)

{
3geck (b;)—  MaTpuua mpsMOr) mepexofa oT craporo 6asmca e;
K HOBOMy 6a3HCy €, @;— KOOpAHHATHl BEKTOpa a B pasJioxe-

HHH MO OMODPTOroHAaJLHOMY 6asucy ek
a=aq;e’.

Takum o6pa3oM, KOOpAMHATHI Q; NPH MEPEXoie OT craporo Oa-
3Mca €; K HOBOMY e€; mnpeoGpaayiorcst ¢ momombio (b)) — Mar-
pHIlLI NEepexoaa OT craporo 6asMca K HoBoMy mo ¢opmyne (6.10).
[ToaTomMy roBopsT, YTO KOOPAHHATH g; mMpeobpasyloTcs «COrJaco-
BaHHO®, H 3TH KOODAMHATH HAa3bIBAIOTC KOBAPHAHTHBMH
(4To O3HAYaeT «COrJaCOBAHHO WU3MEHSIOMHHCA») KOOpAHHATAMH

BEKTOpA a.
Ecau teneps corsacHo ¢opmynam (6.7) 3anucathb

a’ =(a, e’)
H MOJACTaBUTHL ClOAa BMmecTO e ero BnipaxeHnue u3 (6.5), to
ai’ =(a, bi'e’)=0bl (a, e)=b}a’. (6.11)

N3 dopmyasl (6.11) BuaHO, 4TO mpH mepexoie K HOBOMY 0asucy
KOOPAHHATHl G‘ B Da3JOXEHHH BEKTOPAa a MO CTapomy 6asucy
e;(a=a’e;) npeoGpasyloTcst ¢ moMoubio MaTpuie (i) mepexoaa
OT HOBOTO §a3uca K CTapomy.

ITosToMy TrOBOpPSIT, YTO KOOPAHHATH a' NMpeobpasyrTcst <HECO-

I7acCOBAHHO®, U 3TH KOOPMHATHl HA3LIBAIOTCA KOHTpaBapHadHT-
HB MH (4YTO O3HayaeT <«INPOTHBONOJOXHO H3MEHSIOWHHCS>) KOOp-
LHHATaMH BEKTOpa a.
4, HaBapHaHThl JuHeHHOro omneparopa. JiMBepreHuMs H poOTOD.
Bciony B najbHefiiiem MBI OyqeMm NpeanoJarath, YTOo y Hac paccMmart-
pHBaeTcst TpeXMepHOe mpocTpaHcTBO E£%. PaccMOTpHM  NPOH3BOJBHBIA
JuHeAHBIH onmepaTop A B 5TOM mpocTpaHcrBe. HamoMHUM, 4TO omepa-
Top A HasblBaeTcsl JUHEHHBIM, ecaH AJs A0OLIX BEKTOpoB a U b H
J100bIX BEIIeCTBEHHLIX YHCed A ¥ | CIPaBEeIJHBO PABEHCTBO

A(Ma+pb) =rAa-+ pAb.

IIyctb €; u e — OGuoproronaivHele 6asucel B E3. Huxe Ham mo-
HagoOsTC ABa paBeHCTBAa, CIPABEJIMBLIE [J51 JIHHEHHOrO oOlepas
Topa A:

1) (e, Ae?) = (¢!, Ae;) ¥,

%) HamoMHHM, YTO eciH B BBIDAa)K€HHH y COMHOXHTe/Iefi BCTPEYalOTCH MNOBTOPS-

7%
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2)e;XAei=ei X Ag;
(aXb osnauaer BexkTOpPHOE NpPOH3BEAEHHE BEKTOPOB a H b).

Hoxaxkem atH cootHomenusa. Corsaacio dopmyaam (6.9) noay-
unM ei=gike,, e;=g.e°. IlosTOMY

(e, Ae') = (gipe?, Agiter) =gipg' (€7, Aey) =
= 8% (€7, Aer) = (e, Ae;) = (¢!, Aey).

Bhlnie Mu BOCHOJB30BAJHCh TEM, YTO MATDHUM (gip) M (g%) B3a-
HMHO ob6paTHbl M cumMmerpuuHb. CoorHowenue 1) pokaszaHo. [Tepei-
IeM K J0Ka3aTedbCTBY cooTHoureHus 2). HMcnosap3ys te xe papBeHcTBa
Iast el U e; U CBOfiCTBa MaTpull (gip) H (g%*), monyuum

e; X Aei =g, e° X Agite, = g, g"*e” X Ae,=
=8fe? X Ae,=e* X Ae,=¢' X Ae,.

HekoTtopoe BripaxKenue Ha3bBIBAeTC! HHBAPHAHTOM (HAH HH-
BapHAaHTHEBI M), €CJIH OHO He MeHsieTCsi OpH npeobpasoBaHun Oa-
3Hca mpocrpaHctBa. HanmpuMep, HHBADHAHTOM HABJSETC CKaJspHOE
NpOH3BEACHWEe JBYX BEKTODOB, 3HaUeHHe CKaNsApHOH (YHKIHH B JaH-
HOH TOUKe MPOCTPAHCTBA.

PaccMoTpuM HeKoTOpbie BeJHYHHBI, CBsi3aHHBlE ¢ onepaTopoM A,

apasiiouuecss uupapuantamu. [lycts e; -~ 6Gazuc  npoctpaHcrBa E3,
e/ — OnoproronajbHbii 6asuc.

Yreepxneuue 1. Beauwuna (e, Ae’) (uau ed pasnas (e,
Ae))) — unsapuanr.

HokasareanncTBo. Heo6xonuMo mokasaTb, UTO €CAH IepedTH
K Apyromy Gasucy e€; (e‘— OuopToroHa/lbHBIA 6asuc K €), To

6yJleT BHIMOJHEHO DaBEHCTBO

(e;, Ae’)=(ey, Ae’’).
3anunuieM, ucnosabays ¢opmyan (6.5):

e :b:.'e‘,, e = b;,,ep’,

. ;
rae (b; )— wMaTpuna nepexona or Gasuca € K Gasucy e, (by)—
ob6patuas efi marpuua. Toraa

(e;, Aet)=b! b (e, Ae”)=
=08 (e, Ae”)=(ey, Ae").

CpaBHuBasi NepPBHI H NOCHEAHHA UJNEHBl B 3TOH LENoYKe PaBEHCTB,
noJiyyaem J0Ka3aTeJbCTBO YTBEPIKAEHH.

IOLIMEC HHAEKCH, OXHH H3 KOTOPHX BBepXy, a JPyroi — BHH3Y, TO CYMMHDOBaHRHE
OPOBOAKTCH MO 3THM HHAEKCAM.
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Onpenenenue 1. Husapuant (e;, Ae’) (uau (e!, Ae;)) auned-
Hoz2o oneparopa A Hasvisaerca dueepeenyuel 3TO020 Oonepa-
Topa u obosnauaerca div A.

Takum o6pasom,

divA= (e;, Aei) = (¢!, Ae;).

3amevanue 1. Beaxkuil auHeHHBIA onepaTop B JanHoM GasHce
€; OJTHO3HAYHO MOXeT ObiTh 3a/laH C MOMOLIBI0 MATPHILI, HasLIBaeMOH
MaTpHIell Aunefinoro omepartopa. J[las mocTpoeHHst 3TOH MAaTpHIHI
JOCTaTOYHO 3aaTh omepaTop Ha Oa3HCHLIX BeKTOpax e; T. €. 3aJaTh
BeKTOpH Ae;. Pasnaras std Bektopbl Ae; no 6asucy ej, nmosayuaem

Ae;=ae, u (e/, Aeg)=a,-" (e/, ek)=a,~/. (6.12)

Marpnua (a:*) u ectb MaTpHua JauHeHHOro omepatopa A B (asH-
ce ¢€;.

Tenepp AuBeprenuust oneparopa A moxer GHTh BblpaxKeHa uepes
3JleMeHTH MaTpHUbl (a/*):

div A= (e;, Ae’) = (€, Ae;) =a,'+a?+as’.

Jameuanue 2. Bennuuna a,'+ax?+as® B suHefinofi  aareGpe
Ha3LIBAETCS MATpPHUHHM clegoM omepatopa A. TaMm XKe XOKasbIBaeT-
Cfl, 4YTO 3TOT MATPHUHBIA cJe] paBeH cyMme COGCTBEHHBIX YHCEJ oOme-
patopa A ¢ yueToM HX KDaTHOCTH (CNEKTPaJbHOMY CJelly Omeparo-

pa), T. e.
a4+ ag? +azgd=A +Az+As,

rae Ai, A2, A3 — 3aHYMepOBaHHBIE C YYETOM HX KPATHOCTH cOOCTBeH-
Hble yHcaa omepatopa A.

Slcuo, uto cymma A1+Az+2s He 3aBHCHT OT BhIOGOpa fasuca mpocT-
pancrBa. CrnegoBatenbno, n divA He 3aBHCHT oOT BHOOpa ©Gasuca,
T. €. SABJAETCA HHBAPHAHTOM. JTO eule OAHO JOKa3aTelJbCTBO yTBEPK-
JeHusi 00 HHBAPHAHTHOCTH JHBEPTeHLHH. '

Yreepxnenue 2. Beauuuna e; X Ae! (uru el pasnas et X Ae;)—
UHBAPUAHNT.

HDokaszarenncrso. [Tycre €r— mwuosbilt Gasuc (ef'—  6u-
OpPTOroHaJbHHI 6asHc K €r). 3anuuem corjacuo ¢opmynam (6.5):

e, =b;er, e =bye.
INopcTaBUB 3TH BeMHUHHBL B BEIpaxkeHue e;XAel, moayuum
e X Ael =bj bhep X Ae” = 8¢, X Ae” =e;r X Aet’.

Takum o6pasoM, uHBapHaHTHOCTb BesuuuHbl €;XAe’ noKasana.

Onpenenenune 2. Husapuanr e; X Aei (uau e X Ae;) auneiinoeo
oneparopa A nasei8aeTca poTopom 3Tozo oneparopa u 0bo3-
Haugercs rot A.
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Takum o6pasom,
rot A=e; X Ael=e! X Ae;=¢e, X Ae! + e, X Ae2+
+esxAed=elx Ae;+e2 X Aey+e2 X Aes,

5. BolpaxeHHss AJsi NHBEPreHUMH H POTOPa JHHEHHOro oneparopa
B oproHopmHpoBaHHoM Oasuce. [lycts B npocrpaHctBe E® Bhi6paH
opronopmuposannsili 6asuc i, j, k. B 3tom cayyae, Kak yxe roBopH-
JloCh, OHOPTOTOHAJIbHEIA 6askc coBmagaer ¢ caMuM cofoit (cMm. m. 2),
Cornacno ¢opmysnam (6.12) noayuaem

a'= (i, 4i), a'= (i, 4j), as'= (i, Ak),

(6.13)
(112= (j) Ai)v a22= (j’ Aj)’ a32= (j’ Ak),
(113= (kr Ai)r (123_—‘ (k: Aj)x a33= (k’ Ak)
IosTomy
div A=ay'+ a4 as>= (i, Ai)+ (J, Aj) + (k, AK). (6.14)

Hafinem Boipaxkenue pist rot A. Mmeem
rot A=iXAi+jxAj+kXAk.

Ocranoch BHIYHCJHTL BEKTOPHble IIPOH3BENEHHS CJAraeMhx crpa-
Ba yepe3 3JeMEHTH MaTpulu omepatopa A. 3anumeM mno gopmyle
(6.12):

Ai=a11i+a12j+al3k.

Iostomy
iXAi=qliXi+a2iXj+alixk=
= —a13j+a12k.
Anagnoruyno
' ixAj=ali—as'k, kX Ak= —a3?%i+ as'j.
Iostomy

rot A= (as’—as?) i+ (as'—a®) j+ (a*—a2!) k. (6.15)

§ 2. CKAJISPHBIE N BEKTOPHBIE NOJK.
JUSCEPEHIIUAJNIbHBIE ONNEPATOPbI BEKTOPHOTO
AHAJIM3A

1. Ckaasipible H BeKTODHble fmodf. B Teopuw moas paccmarpuBa-
I0TCst QYHKIHH, KOTOpble Kaxao# touke M QuxcHpoBanHolt o6aacTH
D comocTaBasiioT HEKOTOpHIH crmelHaJbHbifi o6bekt a(M), HasbiBae-
Mu#i TeHsopoM. B 3Tom cayuae roBopsAT, uro 8 obGaactu D 3anaHo
TeH30pHOe moJge. Mol OyneM H3yuaTb TOJbKO ABa TNPOCTEHIINX
YACTHBIX CJyuasi TEH30PHOTO IIOJIs, a UMEHHO CKaJisipHOe H BEKTOpHOe
HOJSt.
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Byaem roeoputb, uto B obGnactu D 3amaHO CKaJdsIPHOE IMOJE,
ecJH KaxAo# Touke M 3ToH 06/JacTy COMOCTaBJ/EHO IO HEKOTOPOMY 3a-
KOHy omnpezeseHHoe unciao #(M). Takum o6pasom, DOHATHA CKAJAP-
HOTO IOJISl H CKaJsipHOM (YHKUHH, onpegesieHHOH B obaactu D, cos-
[ajganT.

AHaJsoruyHo rosopst, yTo B 06aactd D 3ajaHo BEeKTOpHOE I O-
Je, eca Kaxaol toyke M stoii obnacTu conocrasiieH N0 HEKOTOPOMY
3akoHy BeKTtop a(M). TakuM 06pa3oM, MOHATHS BEKTOPHOTO TOJAA H
BEKTODHOH (YHKUHH, onpejeseHHOH B obnaactu D, cosmapmaor.

ITycts, Hanpumep, E(M) — Hanps:KeHHOCTHb 3JEKTPHUECKOTO NOJS,
CO3/aHHOTO €JHHHYHBIM OTPHUATEJbHBIM 3apsij0M, MNOMELIeHHHM B
HayaJo KOOpAHHAT TpexMmepHoro mnpocrpancrBa £3, Torga B Touke
M(x, y, 2) Bektop E(M) umeer, Kax usBecTHo, maJauHy l/p, rae p=
= (x2+y4?+2%)12, u wanpasaen or Toukn M K Hauany KoopauHart. ITo-
JydaeM chaejyoulylo ¢GopMmyay aJs 3afaHust JAaHHOTO BEKTOPHOTO NOJs
E(M):

o= (=~ =)

JlpyruMu mpuMepaMi CKaJsiPHOTO H BEKTOPHOTO NoJeH MOryT GHITh
CKaJIApDHOEe IIoJie TEMIepaTyp BHYTPH HArpeToro Tejia, BEKTOpHOE HoJie
CKOpOCTeH yCTaHOBMBILIETOCS MOTOKAa KUAKOCTH U T. A.

IIpuBesem elle psAx NPUMEPOB CKaJspHHX H BEKTOPHBLIX TOJEi,
HI'PaIOLINX BaXKHYIO POJb B aHaju3e H ¢usuke. [1Jas 3T0ro moHajgo6HT-
€l U3YyUHThb HNOHSITHE AH(PPEpeHUHPYEMOCTH CKaJADHOTO H BEKTOPHOTO
noJsem.

ITockoabKy ckasApHOE NOJe — 3TO YuCa0Bas (QYHKIHA, 3ajaHHasn
B obsaactd D, To noHsitHe au¢epEeHUHPYEMOCTH CKAaJSAPHOrO IHOJA
(37Ol uHCJOBOH (YHKUHH) MBI yKe 3HaeM (cM. ompenejeHue n. 2 §4
ra 12 4. 1),

HanoMHum 3T0 onpeaenenne, 3aMeHsist CJIOBO «(YHKUHUA» Ha ¢JOBa
«ckalsipHoe noJes. Ilyctb 3aJaHO CcKaJspHoe moJse u=f(x, y, 2) B
obnactu D us ES.

Onpenenenue 1. Ckaraproe nore u=f(x, y, 2) =f(M) nasgot-
saerca Jupppepenyupyemoim s Towke M(x, y, 2) obracru D,
ecau e2o noanoe npupaujernue Au(M) 8 aroit Touke moxcer OoiTe nped-
CTasAeno g gude

Au (M) =A Ax+AAy+AsAz+a;Ax+aAy + asAz,
20e A, Ay, As — Hexoropsie ne 3asucaujue or Ax, Ay, Az wucaa, a
oy, Qg, oz — Oeckoneqno manrvie npu Ax—0, Ay—0, Az—0 pyncyuu,
pasnoie wyaro npu Ax=0, Ay=0, Az=0.

Ycaosue gub¢epeHIHPYEMOCTH <CKaJApHOTO moad u=f(x, y, 2)
(xak mokazano B m. 2 § 4 ra. 12 y, 1) Moxer GbITb 3aMHCaHO B BHAE

AH(M) =A11Ax+A2Ay+A3AZ+O(p),

rae p= (Ax?4 Ay?+Az?)1/2) npudeM 5TO OpeLCTaBJEHHE €IHHCTBEHHO,
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A1y (opMyay MOXKHO mepenucarth B 6oJiee KOMIAKTHOM BHIE:
Au(M) = (A, h)+o(lhl), (6.16)
rie (A, h) — cKaJasipHOe NpPOH3BEAEHHE BEKTOPOB
A={Ay, Az As}, h={Ax, Ay, Az}, |lhii=p.

Takem 06pa3oM, MOXHO AaTh cleayioliee

Onpenenenue 1* Ckaasproe nose u(M) Ougppepenyu-
pyemo e rouke M, ecau 8 370l TOUKe 04l NOAKO20 NPUPAULEHUR
cnpagediuso cooTHowerue (6.16). Craasproe nose u(M) oud ¢ e-
penyupyemo s obaactu D, ecau ono Ouggpepenyupyemo 8
kamcdoll Touke 3Toll obaactu.

HaroMuum (cMm. n. 8 § 4 ra. 12 u, 1), uro ycjaoBHe gugdepen-
mupyemoctd (6.16) mMoxkeT OBITh mepemucaHo B BHAE

Au(M) = (gradu, h)+o(lhl), (6.17)
rre sektop gradu(M)= Ou (M) , au(M), Ou (M) }
ox oy 0z

@opmyana (6.17) npHBoaMT Hac elle K OLHOMY NpDHUMEPY BEKTOD-
HOTO NoJIsl, a HMEHHO K IOJII0 T'paadeHTa AxddepeHuHpyeMoro B obnac-
i D ckansproro noas u(M). OnpeneneHne rpafveHta He 3aBHCHT
oT BHIG6OpA CHCTEMHB KOODJIHHAT, H NOSTOMY OH fBJsercd HHBapHaH-
ToM 9,

CoranacHo paccmotpenusM I. 8 § 4 ra. 12 u. 1 8 cayuae mudde-
peHuupyemoctu moast u(M) MoxuO BBecTH npoussoiuyro u(M) no
HapaBJeHHIO BEKTOpa e:

6) CBouM moOsBJeHHEM Ha CBeT IOHATHE rpajHeHTa 00s3aH0  BHJ2KOLIEMYycH
UIOTJAHACKOMY (H3HKY, CO3JaTeNi0 MaTeMaTHYeCKOH TEODHH 3J/IeKTPOMAarHHTHOIO mo-
aa xeimcy Knepky Maxkcsenny (1831—1879) M mpoHCXOAHT OT JATHHCKOIO CJIO-
Ba gradior, o3uaualouero «pact». Kak Mu 3HaeM H3 u. 1, rjaBHOe CBOHCTBO rpa-
IHEHTa COCTOHT B TOM, YTO OH ONpeje/seT HaNpaBJieHHe HaHOICTpefmlero cnycka.
IMostoMy MakcBean coGupajcs cHadasa HasBaTb 3TOT BeKTop cjoBoM slope —
«CKJOH», HMpnaupckuii MateMaTHK M MeXxaHMK Buabsam Poyen TamuabTon (1805—

1865) npHayMaa aas 5Toro BeKropa crenHajJbnoe 0603pauesHe V — mepeBepHy-
Tyi0 rpeueckyio GYykKBy A («ienbTas). TakuM o6pasoM, ecan i, i, k — ¢HKcHpO-
BaHHB} OPTOHOPMHPOBaHHLIK 6a3HC, To
d ou i ou o ou "
raddu=vyu=——Ii+4— —k,
g v ox oy 0z
{ 5} j 0 K 0
V=1 T dy dz "

CHauasa masBaHHe 3Hauka V GHJO «atTjells — NPOYHTapHOe HAOGOPOT CJAOBO AeJb-

ta. 3ateM aurauiickde yuemble (O. Xesucafii, P. CMHT) uame cranH HaswBaTbh 3TOT
3HAYOK CJOBOM «HAGaa» (M3-3a CXOACTBA C OCTOBOM JDeBHEACCHPHICKOTO MY3HKaJb-
HOTO HHCTpYMeHTa Ha6anl). Ha6na — oueHb yno6xoe B ¢H3uke o003HAyeHHe, MHO-
rie (OpMyJH ¢ ero HpHMeHeHHeM CHabHO yrnpomaiotcsi, CaM MakcBeJs NOCBATHA
HabJsle creHaJbHYIO Oy B BOCbMH YacCTsX.
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Ze—f‘ — (e, gradu). (6.18)

IpousBoxHasl no HampaBJEHHIO 3aJaeT, OUEBHJHO, HEKOTOPOe HOBOE
cKaJjisipHoe noJe B ofaacta D.

ITepefirem X H3yuyeHHI0 AHGGEepeHUHPYEMOro BEKTOPHONO MOJIA.
ITonatue pupPepeHUIHPYEMOCTH BEKTOPHOTO MOJs Jaercs B IOJHOR
aHaJOTHH C NOHATHeM AH(Q(PepeHUHPYEMOCTH CKAaJsIpHOIO NOJs, H 3TO
HOHATHe OBIJIO HAMH 0aHO B QONMOJHeHuH 2 K T, 12 4, 1,

ITycts B obaacth D mpoctpancTBa E® 3ajaHO0 BEKTOpHOE HOJIe
a{M) (Bexropuas ¢ynxuus a(M) touex M, mpunagiexamux D),
Hanomsaum, uro a(M) kaxnpo#t Touke M(x, y, 2) CTaBUT B COOTBET-
cTBHe BeKTOp a(M).

Onpenenenne 2. Bexroproe nose a(M) naswsaerca Jud ¢ e-
penyqupyemom s rouxe M obaacru D, ecau eeo noawoe npu-
pawenue Aa(M) npedcrasaserca s sude

Aa(M)=Ah+o(|hl), (6.19)
20e A

HexoTopbill aunelinoui oneparop B E3,
h={Ax, Ay, Az}, ||h]|= (Ax?+Ay?+A22%)'/2,

o(llhll )— sexrop, dauna roropoeo crpemurca k #xyswo npu ||hll—-0.
YreepxaenHue, Ecau 8eKTopHOe nose Oupepenyupyemo, To
npedcrasaenue (6.19) eduncreento.

HeiictsureqpHo (cM. Takxe AomoJHeHHe 2 K 4. 12 u. 1), ecan 6H
6r710 1Ba mpeicTaBJieHust BHia (6.19), T. e.

Aa(M)=Ah+o, ([lhl]), Aa(M)=Bh+o.([Ih]]),
(A—B)h=o([Inll),

rae o([lhll) =0y (llhll)—oz(llhll).
Pasnenus va |h|l o6e wacTH MOJy4YeHHOTO DaBeHCTBA, MOJYUHM

TO

A B)e— 0ibl)
(A—Be=—u

h o
rae e=—"h—“— BekTOp enunnuHOll AauHH. ChnpaBa crour Geckoneu-

HO Majbi BEKTOp (ero JNJHHa crpeMuTcs: K Hymo npu [[h||l—0), cae-
_IOBATEJBHO, AJs J1060T0 eIMHHYHOTO BEKTOPA € BeJHUYHHA CJleBa DaB-
Ha HYJIO:

(A—B)e=0.
Ho ecau pBa siunefibix onepatopa A H B coBmajaioT Ha eJHHHYHOH

ctepe, TO OHH paBHBI, OUEBUIHO, Ha JI060M BEKTODE, T. €. COBNAaJaloT
Bciony: CaenoBsaTenbho, A=B,
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Tak Xe, KaK H B cly4Yae CKaJspPHOTO MoJisl, BEKTOPHOe ToJje Oug-
pepenyupyemo 8 obaacru D, ecin ono aud¢depeHIMpyeMO B KaxKa0f
TOuKe obaactd D.

Kak u B cayuae cKaJspHOro noJs, BO3HHKaeT BONpoc 06 ompeje-
JIEHHH NPOH3BOAHON MO HaNpaB/eHHIO AN BeKTOpHONo moas a(M).

ITycts M — Touka o6aactd D, € — eIUHHYHHIA BEKTOP € KOOP-
JHHATaMH COS o, COS P, COsvy, OnpeleNqontil HeKOTOPOe HalpaBJeHHe.
[Tyctb M’ — .mo6as Touka M3 D, oTiHuHas ot M H Takasd, 4TO BeK-
TOp MM’ Koannueapen Bekropy e. O603HauuM paccrosHne Mexay M
u M’ uepes p.

Onpenenenue 3. IpouszsodHoll B8eKTOpHOZO NOAA
a(M) 8 Touke M no Hanpasaenuto e nasvigaerci npedes OTHOWE~
Hus

lim Aa (M) _ da (M) ___E_
p-»0 P Je de

(8 cayuae, ecau aror npedea cywecrsyer). 30ece Aa(M)=a(M')—
—a(M).

Yreepxnenue, Ilycre sextoproe nose a(M) oupgepenyupye-
Mo, A — auneinolui oneparop, onpedesnemeiii u3 COOTHOWERUA Oug-
depenyupyemocru (1. e. usz coorrowenus Aa(M)=Ah+o(||hll)). Toe-

oa .
da npoussoonasn 5 [104% 6 9TOU TOUKE M no arobomy nanpasientito
e
e cyujecrsyer u onpedesserca pPasencTEoOM

02 (M) _ ge. (6.20)
Je

WnrepecHo cpaBHUTH 3Ty popmydy ¢ ¢opmyaoit (6.18). B dopmy-
Jae (6.18) cnpaBa TaKxke CTOHT pe3yJbTaT JAeficTBHA omepatopa A=
= (A, A;, A;) Ha BextOop e. PesynbraT sTOro JAefiCTBHS H €CTb CKa-
JSIDHOE MpOH3Be/eHHe rpafiieHTa MoJig H BEKTOpa e.

HoxkasareabctBo. [lycth € — (HKCUDOBAHHBIH BeKTOp. BH-
Gepem Touky M’ Tak, urobn h=pe. Toraa coraacro (6.19) moayuum

Aa(M) =pAe+o(|hl).

IMockoanKy ||hli=p, To
Ba(M) _ pey o)
P P

Ilepexolss B 3TOM COOTHOHIEHHH K mpejaeay mnpH p—-0, nmoayuaem ¢op-
myay (6.20), 1. e. 10, yro H TpebOBaJOChL LOKa3aTh,
Bepuemcs cHoBa K paccMOTpenH0 Gopmyan (6.19):

Aa(M)=Ah+o(|hl|l).

3aeck A — nuHeHHHH onepaTop, AefAcTByOIHA Ha BekTOp h H3 E3.
Kak mbl smaeM, B ¢durcupoBanHOM 6asnce BCAKHH JHHEHHHH onepa-
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TOp ompefensiercs cBoed martpHueH. Hailinem wMaTtpuuy JuHeHHOro
onepatopa A B opToHOpMHpOBaHHOM 6asHce i, j, k, ¢ KoTopeM cBS-
3aHa JeKapToBa NpsAMOyroJbhas cHcteMa Koopausart Oxyz. Ilycts B
aToM Ga3zuce Bektop a(M) umeer xkoopaunath P, Q, R. CoraacHo
dopmyaam (6.20)

Oa - Oa :Ai, Oa - Oa =Aj, Oa _ da — Ak. (6.21)
ai ox 0j dy ok 0z
[\]
Io dopmynam (6.13) BrluHCAseM 3/leMeHTH MaTpHubl A onepatopa A:
oP 0P 0P )
ai a; az ox 0y oz
[\]
A=| & ad |=| 982 R Q (6.22)
3 a3 2 dx 0y 0z
ay 2 3 aR iR__ aR
Ox Oy 0z )

2. JiuBepreHuus, poTop M NPOU3BOAHAS MO HANMPABJEHUIO BEKTOP-
Horo noas. Ilycre a(M) — nudodepenunpyemoe B ob61actH D Bexrop-
Hoe noJse. Torpa coraacko (6.19) Aa(M)=Ah+o(lhll), rne A — au-
HelHHH omepaTop, 3aBHCALIMi OT TOYKH M, BekTOp h — mpupamende
aprymerta a(M), o(/lhll) — BekTop, cTpeMsamuiicdi K HyJ© HpH
lhi—-0.

Onpenenenne 1, Jueepeenyueid saexkTroproeo noas
a(M) s rouxe M naswsaerca dusepzenyus aunelinoeo oneparopa A
u3 ycaosua oupgepenyupyemocru (6.19):

diva(M) =div A.

Onpenenenne 2, Poropom s8exropunozo noasn a(M) @
To4Ke M naseisaeTca porop Aumeiinoeo oneparopa A u3 ycaosus
Jupgepenyupyemocru (6.19):

rota(M) =rot A.

3aMerym, U4TO MOCKOJABbKY BeKTOpPHOe moJde AHddepeHIHpyeMO BO
Bceli o6nacty D, to diva(M) u rota(M) onpenenens B KaxJoH TOY-
ke M obaactu D. 3Tu BeJIMUHHBEL 10 CBOEMY Ollpele/ieHHI0 HHBapHaHT-
HBl, T. €. He 3aBHCAT OT BHOopa Gasuca. [losromy diva(M) mpex-
craBasger co6ofl ckaJjspHoe moJe, a rota(M) — Bexkropuoe nose.
Bri6epem oproHOpMHpOBaHHHEIA 6asuc i, §, k H cBAxXeM c HHM Je-
KapToBYy NpsMOYTroJbHYI0 cHcTeMy koopaurat Oxyz. Ilycrs goopaHHa-
Tn nons a(M) B 6Gasuce i, j, k ecto P, Q, R. Marpuua oneparopa A
B atoM Gasuce HaMH yXe Hafiiena (cM. dopmyay (6.22)). ITockonbky
diva(M) =div A, no popmyse (6.14) cpa3y noayuaem
divaM)=(i, Ai)+(j, Aj)+(k, Ak)=
Q

—a+ai+ai=2 4 2Ly M(y, am),  (6.23)
X dy 0z
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rjie
a a a . .
— k% —a= .
v=i—+io-+k_—, a(M)=a=Pi+Qi+Rk

Hanee, tak kak rota(M)=rotA, To mo popmynam (6.15) u (6.22)
NOJNyYuM

rota(M)-(—gg 2 ) i+ (g—f ~—‘;§) i+
(6.24)
i § ok
+(3—f-——zyi)k VXa= Bix 7;2[ —gz— .
P Q R
Hanucanuuil onmpeiesuTenh — CHMBOJMYECKAas 3alHCh pOTOpa,

yao6Hasi g 3allOMHHaHH.

BbiyHCAHM NPOM3BOAHYIO BEKTOPHOrO Iovia a(M) mo HampaBiieHHIO
e, BOCHOJIb30BaBMIHCh (opmysnofi (6.20). ITockonbky esMHHUYHHEA Bek-
TOp € HMeeT KOODPJHHATH {cOS &, €os B, cosy), TO

%=Ae=A(icosa+jcosB+kcosy)=

= cos & ( Al) 4 cos B (Aj) + cos y (Ak).
Hanee, no dopmynam (6.21)

A= pj=2  gk=2
Ox dy 0z
IMostomy 5
da (M) Oa 2 da
—_—=C0s A —— 1T COS Pp — COSY —.
Oe ox + B oy + Y 0z

YuurnBas, uto a=Pi+ Qj+ Rk, 3anuimem einle OjHO BHpaXKeHHe
IJ1 TPOH3BONHON [0 HallpaBJ/IEHHIO:

da(M) _ (P aP ap
e ( = cosa -+ o cosPB + ——cosy) i+
+( % cosa + —— 9Q cosp+ — 9Q cosy) i+
0y

oR dR R
+(a—xcosa+ % cos f + % cosy)k.

3. Hekoropnie apyrue ¢opmyan BeKTOpPHOro aHaaMaa. JomycrHm,
uyrto B obsacTu D 3anaunl ckaasipHoe moJe u(M) u BekTOopHOE mOJe
a(M), npuueM Bce 4yacTHHe NPOH3BOAHHE BTOPOro mMopsiaka GyHKuuf
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u(M) u a(M) nenpepnsHn B o6aactu D. Torga diva(M) — nud-
¢epeHuHpyeMoe ckajstpHoe nose, gradu u rota(M) — puddepenun-
pyemne BeKTopHbie moas. C/eloBaTeNbHO, MOXHO TOBTOPHO IIpHMe-

HATb AHbPepeHunansisie onepatopn grad, div, rot, u uMewoT cMBICA
cJe/lylolllHe ONepaluH:

rot grad u, div grad «, grad diva, divrota, rotrota.

ITycrs i, j, k — ¢uKcHpOBaHHHI OPpTOHOPMHUPOBAHHKI{ 6asHC, C KO-
TODHIM CBsI3aHa JeKapTOBa IpPsMOYroJbHas cHCTeMa KOOpPAHHAT
Oxyz.

YrBepxaeuune Hmetor mecro caedyoujue nars cOOTHOWeHUL:
rotgradu=y X yu=0;

0%y 0% 0%u

Ox? ay? izt

2P, Q@ , R
graddiva=y(y, a)= ( +axay+ axaz)

a2p a2Q 2R\ . ( 0P a02Q 2R .
+(6x6y+ dy? + 6yaz)1+ (6x62+ 6y62+ 928 )k’
divrota=(y,y X a)=0

rotrota=y X (y X a)=graddiva—Aa,

divgradu=(y, yu)=yu=

i+

20e

=i tj— k-2
y=i +J + %

JdoxasateancTBo. Bece 3TH QopMyan ROKasHiBalOTCs HO OA-
#HOfl cxeMe: MOCJeNOBaTeNbHO HpHMeHAIOTCH AHddepeHuyHanbHule One-
PATOPH K CKalsIDHOMY HJIH BeKTopHoMy mouio. JlokaxeM, HanpHMep,

du
mepBoe paBeHcTBO, Bekrop grad u=Vu uMeeTr KOOpAHHATH —_—

ox '
_gu_’ %), nosTomy aas rotgradu=VXgradu mo dopmynam
y z

{6.24) monyuyaem BhlpaxKeHHe

. Pu d?u \ .
= d = —
rotgradu=y X gradu ( %505 % ay) i
0% 02 0%y 02y
— —_— k=0.
+ ( 0z 0x 6x62) I+ (6x6y 6yax)

JlokaxkeM BTOpOe paBeHcTBO (cM. ¢opmyay (6.23)):

divgradu =(y, vu) =(l— +:—+k-52—
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0% u 0%
_x_]+b—_1+—k)~ 6x2+ day? + 022 = Au.

CumMBonn A («ienbra») HMEET ClelHallbHOe Ha3BaHHe —OoHepaTop
Jlanaaca?, CUuMBOJHYECKH MOXHO 3amHcath: A==V?2

HoxaxeM emie Tperbe COOTHOILIEHHe, NPEJOCTaBHB JOKa3aTelb-
CTBO [BYX OCTaJbHHX PaBEHCTB UHTATeN[0. 3aMHIIEM COOTHOLIEHHE

. aP a ad
graddlva:v(v, a)=y (W_F%_‘___R_) =yb,

0z
rage

oP aQ oR

p="F L 9 R

Ox + dy + 0z

Haanee,

ob , ab . ab

Vo= it g i 5k

[ToxcraBasii BMecto b ero BhHpaXeHHe, NOJYYHM IIPaByl0 YacTb
TPETbEro COOTHOIICHHA. YTBEPXKAEHHE JOKA3aHO.

3amevaHnue Kaxk yxe HeOJHOKPATHO MNOAYEPKHBAJIOChH, BEJH-
yupe grad u, divu, rota uHBapuanTHBE. [lo3TOMy HHBapHaHTHH U Be-
anuyunb rot grad u, divgradu, graddiva, divrota, rotrota. Caeno-
BaTeJbHO, B JNIOO0H cHcTeMe KOODAHHAT HMMeeM, HalpHMep, 4TO

rot grad u =0, divgradu= Au=

62u 0%
=— — + , divrota=0.
6x2 dy?
4. 3akmounrenabHble 3aMeuannd. OGcyaum uanueckufl cMbich

pPacCMOTPEeHHHX TMOHATHH AHBepreHUHH H poropa. JlWBepreHIHio Bek-
Top#iofi  ¢yukuuH diva=(y, a)= — T 62 +6Tz eme  Ha3bBAKT
pacxoauMocTbio. Ona onpeﬂ,enﬂeT CKOPOCTb H3MEHEeHHsS KaxJAof
KOMIIOHEHTH BEKTOpa B CBOeM <«coOcTBenHOM» Hanpabaennd. Ecawu
BEKTOPHOE INOJIe ONHCHIBAET HOTOK JKHAKOCTH, TO IIOJOXKHTEIbHOCTH
pusepreduud (diva>0) B naHHOH TOYKe O3HAyaeT, YTO H3 3TOH TOY-
KM BHITEKAeT $OJblie XHAKOCTH, YeM B Hee NpUTeKaeT. [oBopAT, uro
Takas TOYKa CJAYXKHT HcTOuHHKOM. Ecanm xe diva<0, to Habaio-
naercst obpaTHHIH 0ajaHuc ¥ TOUKA CAYXKHMT CTOKOM, T. €, B HEe NpH-
Tekaer Gonpine, uyem BoiTeKaeT. Ecau diva=0, To cymecrByer 6a-
JIaHC — XKHAKOCTH TIPHTEKAeT CTOJBLKO XKe, CKOJbKO H BbITEKaer,
Besyuusa poOTOp BEKTOPHOrO HOJS

aQ OR \ . OR P\ .
rofa=yXa=|———}i -
v < oz dy ) - ( Ox dz > +
D MMeep Cumon Jlannac — BHpaoumufics (paHny3cKHA aCTPOHOM, MATEMATHK

H ¢usux (1749—1827).
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i ]k
YA A T,
oy Ox dx Oy 0z

P Q R

elle Ha3blBAaeTCA BH X p e M. DTO Ha3BaHHE CBI3aHO C TeM, 4TO OH Kak
OBl «CMellIHBaeTy [POH3BOAHbIE H KOMHOHEHTH, OH KaK Obl «CJELHT>,
KaK MEHAIOTCH KOMIOHEHTH BeKTOPHOro noJjsi a (M) B «uyxHX» Ha-
npasieHuaX. TakumM 06pa3oM, poTOp — 9TO Mepa <«BpallleHHA» BeK-
TopHoro noJad. Kcratu, ecad V— quHefHad CKOpPOCTb, TO BEKTOD ®
yrjaoBofi cKOpoCcTH Bpaulenuss ectb ©=(1/2)rotV. Dror BekTOp Ha-
mpaBjed No ocu BpauieHHA. OTCIOZ2 H BO3HHKJIO HasBaHHE pOTOpa.

B zakawmoyenne npUBejeM CHCTeMy YypaBHeHHH MakcBesia aas
BJIEKTPOMArHUTHOrO NOJS B BaKyyMe:

1) divE =2 2) divB=0;
&g
oB i 1 OE
3) rotE= — —; 4) rotB= —+ — . —,
) ot ’ ) £yc? e* ot
3nech p(M, t) — NJIOTHOCTb 3JEKTPHYECKOro 3apAjna (KOJHYECTBO
3apaia, OTHeCEHHOe K elHHHIe obveMa), j(M, {) — BekTOp mJIOTHO-
€TH 3JEKTPHYECKOr0 TOKa (CKOPOCTb HMpOTeKaHHsl 3apsija yepes efH-
HU4Hy0 nhomanky), E(M, ¢) u B(M, {) — BexkTOopH HampSXKEHHOCTH
SJIEKTPUYECKOTO H MaCrHHTHOrQ HoJiefl COOTBEeTCTBEHHO, €y H e — pa3-
MepHHe NOCTOSIHHbIE, ¢ — CKOPOCTh CBeTa B BaKyyMe.

§ 3. OCHOBHDIE HHTEIPAJIbHBIE ®OPMYJIbl AHAJIH3A

B stom mnaparpae O6yayT HOKa3aHbl OCHOBHEIE HHTErpajbHHE
«popMynrl anaauza — popmyna I'puna®, popmyna OcTporpaickoro—
Taycca® u ¢popmyna Crogcal®. Dtu ¢opMysas, ¢ OAHOH CTOPOHH,
ABJAIOTCA JajleK0 HAYUHMH o06061eHHssMH ¢opMyanl Heorona—
Jlefi6Hu1a — ocHOBHOH (OpMyJIbl HHTErpaJbHOTO HCYHCJEHHS, a C ApY-
TOH CTOpPOHHI, ABJSAIOTCA BaXXHEHIIUMH (POPMYyJdaMH MAaTEMaTHUYECKOro
aHalli3a U MaTeMaTHYeCKOH (PU3HKH.

1. ®opmyaa I'pura. [Tycte n— nnockocTs B mpocTpanctBe  ES,
& — efMHHYHHI BeKTOp HOpMand K 7, D — onnocBA3Hast o6nacTh Ha
n (HanoMHHUM, yTO O6Jjacth D HaswBaercd ONHOCBA3HOMH, eciu J0bast
KYCOYHO IJIaflkas 3aMKHyTas 6e3 caMonepeceyeHnii KpHBasl, pPacnoJo-
XKeHHas B D, orpaHHuHuBaeT 06JacTh, BCe TOUKH KOTOpPOH TaKXe IpH-
Hajpaexar D). Ilycrts, nanee, o6nacts D yaoBierBopsieT CJAEAYIOUIHM
JABYM YCJOBHSM!:

8 k. I'pAn — aurnufckun matemathk (1793—1841).

® M. B. Ocrporpanckuit — pycckuit maremaruk (1801—1861), K. &, l'ayce —
#emenkuli marematk (1777—1855).

10y Nx. I'. Croke — aHramfickufi ¢usHK u marematuk (1819—1903).
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1) rpannna C o6nactd D ABiseTcs 3aMKHYTOH KyCOYHO IJ1ajJKOH
KPHBOH 6€3 0CO6EIX TOYEK; '

2) Ha TJIOCKOCTH 5 MOXHO BHIGpaTh Takyl0 JAEKapTOBy IpSAMO-
YrOJbHYI0 CHCTEMY KOOPJAHHAT, 4TO BCe IpsiMble, mapaJjuleNbHble KO-
OpAMHATHHIM OcsiM, nepecekaloT C He Gojlee ueM B JBYX TOYKaX.

Iycts, HakoHen, t— eAHHHYHBIA BeKTOD KacaTeJbHOH K KDHBOR
C, cornacoBaHuei c K, T. e. MONOXKHTeNbHOE HampaBJeHHe O0xOxAa
KpHuBoit C coBmajaeT B TOUKe NPHJOXKeHHS BeKropa t ¢ HampasJe-
HHEM 3TOr0 BEKTODPa, H eCiH CMOTpeThb ¢ KOoHIAa HOpMaad Kk, TO KoH-
Typ C OpHEHTHpPOBaH MOJOXHTeJbHO (ero o6xon ocyluecTBJAgeTCs
APOTHB uacoBOii crpenku). [oBopAT, uTO OpHeHTanus Kpusoi C co-
[712COBaHa C HOPMAJbI0 <O HPaBHJY IUTONIOpA»,

Teopema 6.1 (dopmyna I'puna). [Iycre a— sexroproe noaxe,
ougppepenyupyemoe 8 obaracru D, ydosaersoparowetl ycaosuam 1),
2), u raxoe, 4T0 e2o npoussodHas no a0OMYy HANPABAEHUIO nenpe-
poiera 8 o6wsedurnenuu DUC=D. Toeda cnpasediuea Gpopmyra

(k, rota)do=1%(a, t)dl. (6.25)
i viner—g

Brelpaxenne crnpasa OGHYHO Ha3WBAOT UHPKYJASUHEeHd BeK-
TOpPHOTro noJas ano gpuBofl €, a BUpaxeHHe cjeBa—1 O -
TOKOM BEeKTOpHOTro moJad rota uepes obaacts D.

[Hannas dopMyna nomyckaer Takyl (H3HYeCKYI0 TPAaKTOBKY: HO-
TOK BEKTOpPHOro moJgs rota wepes o6aacTs D (mOTOK Temaa, KHIAKO-
CTH W T. N.) paBHfARTCA LHPKYJASUHH BEKTODHOTO NOJIsl a NO 3aMKHY-
ToMy kOHTYpy C (pa6GoTe cHJA noJs a No HepeMelieHHIO TOYKH
Broab C).

HokxasaTtenbcTBo. ITockonpky Bce BXOnsiiHe B opMyay
(6.25) ¢yskuHH HenmpepWBHEI, TO 06a HHTErpajaa CyHIECTBYIOT.

3aMeTHM TakXe, 4TO HHTErpaJH CAeBa H clpaBa B ¢opmyae
(6.25) HHBapHAHTHH OTHOCHTEJIbHO BHOODA NPAMOYTOJbHOA CHCTEMH
KOOpZAHHAT, MocKoAbKy Beawuunn (k, rota) u (a, t) HHBapHanTHH,
3JIeMeHTH nuomand do H AJuHH JyTH dl He 3aBucsT OT BHIGODa ne-
KapToBOH CHCTeMH koopaMHaT. IlosTomy aocTaToyHo noKasath (op-
MyJay (6.25) B kxako#-TO OJHOH cHelHalbHO BHIGPaHHOR CHCTEME,

BrifepeM nexkapToBy INpSMOYTOJBLHYK CcHCTeMy KoopauHaT Oxyz
TaK, YTOOW BLIMOJHAMOCH ychoBue 2), u ock Oz unanpasum BJoabL K,
ITockonbky BekTophOe moje a=P(x, y)i+ Q(x, y)]+R(x, y)k maoc-
Koe, To R(x, y)=0, f={cosa, cosP, cosy}={cosa, cosB, O0}=
={cos a, sina, 0}.

CnenoBaTebHO, MOXHO 3alHCAaTh:

_ (2R 99N, (2P R,
mta~(6y 62)1+(62 6x)l+
0 P\, _(00 _ o
+<_5x—— ay)k (ax ay)k'
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Haunee,
(k, rota)=-2 _ % (4 t)— Pcosa+Qsina.
ox Oy
Tak KaK aasi njaockoii obaactd do=dxdy, To dopmyaa (6.25)
NMpHHHMAeT BHA

j_j(k, rota)do= SDS (%S— % ) dx dy=

D

=§5(Pcosa+Qsm @) dl = <§>de +Qdy. (6.25")
o c

3nech MH BOCNOJB30BaAMCh TeM, 4T0 dx=cosadl, dy=sinadl,
rae ! — nauna ayru C, BHOpaHHasi B KauecTBe IapameTpa, BO3pacTra-
HHe KOTOPOTO COrJ1acoBaHO C HampaeJenueM o6xoma C.

HAnst nokaszatenbctBa $opMyan I'pHua 10CTaTOYHO HOKa3aTh JBa.

paBeHcTBA:
—SX op dxdy= @»de,

J= _” % dxdy= (ufPQdy

O6patamca ans unarasgHocTd K puc. 6.1, Ilycts npsmasi, mapaJ-
aenapnag ocu Oy, nepecekaer C B TouKax (x, p1(x)) H (x, ya(x)),.
Y1(x) <ys(x). Ilycts x; u xp —

HauMeHbllass W Haubosbluas abe- 44 (% (x) [}
HHCCHl TOueK o6aacti D, xpHuBas
C; coenunser Ttouky (x1, yi(x1)) ‘
c TOuKOH (X3, yi(x2)), a KpuBas Al Bty )
Cy — TOUKy (X3, yo(x2)), ¢ TOUKOH
‘(xl, yg(x,)) H C=C1UC2, Cl, Cs @JW‘?}) Cy
OpDHEHTHPOBaHH coraacoBauHo ¢ C.
Torna no ¢opmyJe cBeneHus ABOH- z, z z re
HOro HHTEerpaja K MOBTOPDHOMY IO- 2
JAYYUM Puc. 6.1
Xy Yalx) X3
]=—S [ S M—)dy] drx= (. P(x, y,(x))dx—
dy J
Xy y(x) Xy
X
— S P(x, y,(x))dx= ( de——(— S de) =§,de.
oJ
x ' Ce C

Ananoruuno BHuHcasietcs: uirerpan J. Teopema qoKasaHa.
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3ameuanune 1. Teopema 6.1 cnpaBenauBa u Aas Gojee OGIHX
-ob6aacreit D (c rpanuHuelt C) TakKHX, 4YTO C NOMOIUbIO KOHEUHOIO 4YHC-
Jla KycO4yHO rnafKHX KDHBHIX 3Ta 0o6JacTb MoXet GHITh pa3bHTa Ha
KOHeunoe yHcso obuaacteit D; ¢ rpawuuamu C;, i=1, 2,...,n, yroB-
JIETBODSIIOUIMX ycjaosusaM 1) u 2). JleficTBHTeJNbHO, a5 KaxXIOH 06-
Jlactd D; no JoKa3aHHOMY (opmyna BepHa. CJIOXKHB 3TH paBeHCTBa,

n
‘B CHJy aJJHTHBHOCTH JBOHHOTO HHTErpaja cJesa ). S._Y MOXHO
i=1 3

i

n
3aMeHHTh Ha SS , @ CHpaBa 2 gﬁ = C‘), NOCKOABKY HHTErpajn mno
D i=1C; ¢
«BHYTDEHHHUM» KDHBHIM !) cokpaTaTca (TaK KaK HHTerpHPOBaHHE MO
HHM TIPOH3BOAHTCS B NPOTHBONOJOXKHBIX Hampasjenusax). Ocranercs
JIMIUb uurerpad no rpasune C obnactu D.

3ameuanue 2, B popmyanpoBke TeopeMul 6.1 OT ycaoBHA 2)
MOXHO H30aBHThCS, T. €. CUHTaTh, YTO IpaHHla obaacTH D ecTh Jio-
6as 3aMKHyTas KycOuHo runazakasi kpuBas C 6es ocob6bix Touex. Opn-
HAKO A0Ka3aTeJhCTBO TEOPEMbI HECKOJNLKO YCNOXKHSAeTCS.

3amMeuanue 3. YeIOBHE HAa I1aJKOCTh BEKTODHOIO MOJSA MOX-
HO TaKXKe HeCKOJbKO ocnabuth. [ocratouno Tpeb6oBaThb, UTOOH IOJE
- Opino HempephuBHO B D|JC=D, a nupdepernupyemo 101bk0 B D, H
NPOH3BOJHAA IO Jw0OOMy HampasJjernHio Oblia HempepbiBHa B D. ®op-
‘Myna (6.25) nmpu sTOM coxpaHseTcs, OLHAKO BXOASLHI B Hee IBOH-
HOH HHTerpas sBJSETCSl NpPH 3TOM, BOOOILE roBOps, HeCOOGCTBEHHLIM.

3ameuanue 4, Teopema 6.1, 1. e. dopmyna [pusa, BepHa H
B 0o6ueM cayuae obJdacreii D c¢ rpanuuedi C, sBAAIOMEHCS TOJALKO
CAPSIMJIEHHOU KpHBOH 12,

3ameuanune 5 QPopmyna ['pusa (6.25) Moxer OwbiTh 3anuca-
‘Ha, KaK 3TO CJelyeT H3 A0Ka3aTelbCcTBa, B BHie (6.25%):

0Q _ P =
S_S<6x ay)dxdy i)deJery.
D

HHTerpaau cieBa H cnpaBa HMeIOT HHBapDHaHTHHI XapaKTep, T. e,
HX 3HayueHHe H (opMa He MeHAIOTCA NDH NeEpexoje K HOBOH JeKapro-
‘BOH cHcTeMe KOODIHHAT, JlefcTBHTeNbHO, 3HAYEHHS IOJbIHTErpallb-
HBIX BhIpaXKenHil cjesa W cmnpaBa B ¢opmynae (6.25') paBHB cooTBer-
<TtBenso (k, rota) u (a, t) — uHBapHaHTHNM BeanunHaM. Oopma
HOABIHTErpaJbHLIX BhIpaXKeHHH B (opmynae (6.25°) Toxke, oueBHIHO,
He MeHsieTCs NDH HepeXOofe K HOBOH JeKapTOBOH CHCTEME KOODAHHAT
‘Ox’y’; ecin B HOBOM 6asyce BEKTODHOE II0JI€ a MMeeT KOOPAHHATH
P'u Q, 10

1) T. e. IO BCAOMOraTeJbHHM KYCOYHO T/IafIKHM KPHBHM, Da3GHBAIOIHM  06-
aacrs D.

12) Cm. crarbio D. T, Ilosuska, E. B. Ilukusa// (JAH CCCP, 1980, 253,
Ne 1, c. 42—44).
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(k rota)z(_‘?g_a_l’\___(k (ﬂ_fp_') k)z
’ dx dy ) P\ ox oy

=0 9 (4 tydi=Pdx+Qdy=
ox’ dy’

=(P'cosa’ + Q' sina’)dx=P'dx' + Q" dy'.

HagoHen, sko6uan npeoOpa3oBaHHS NPH NMEpeXoje K HOBOH CHcTe-
Me KOOpJHHAT TO MOLYJI paBeH elHHHIE, a mapaMeTpH3allug ¢ IIO-
MOIIbIO JJIMHBEI JAyTH He CBfI3aHa ¢ cHcreMoH KoopaHnaTt. [loatomy
MHTETpaJsl cjeBa U chnpaBa B (6.25) He MeHSIOT CBOero 3HaueHHs W
¢opMHI,

2. ®opmyaa Octporpaackoro—Taycca. Ilycts D — ofHoCBA3Hast
o6aacte B E3 (T. e. pias a060#i KycOUHO r1ajkod 3aMKHYTOH KpHBOH
C, pacnonoxesHoii B D, MOXHO yKa3aTb OpHEHTHPyeMyl0 KyCOUHO:
rJaajKylo HOBepXHOCTh (J, pPacmo/OXeHHYI0 B D, HMeILyl0 TpaHHIed
C), S — ee rpaHuua, yAOBJIETBOPSIONLAs ABYM yCJHOBHSIM:

1) nmoBepxHOocTh S — KycOuHO raajkas JBYCTODOHHsIA HOJHAas
orpasuyeHHasl 3aMKHyTast H 6e3 0COOBIX TOYEK;

2) npsIMOYroJIbHYIO HEKapTOBy cHCTeMy KoopiusHaT B E3 MoxHO
BHIGpaTh TakK, UTO AJ4 KaKAoH H3 ocell KoopAHHAT jaiobasd mpsaMmas,
napanjenbhas 3T0il ocH, 6yleT TepeceKaThb NOBEPXHOCTH S He Gojee
YeM B JBYX TOYKaX.

[TycTs n— enuuuyHbf BekTOp Buelune#l HopMaau x S. Cnpaen-
JHBa cJelylolias TeopeMa.

Teopema 6.2 (dopmyana Ocrporpaackoro—Iaycca). Ilycre
a—sekToproe noae, Ouppepenyupyemoe 8 obaacru D, yoosaerso-
panoweld ycaosuam 1), 2), u rakoe, 40 npoussodnas no ro6omy Ha-
npasaenuro Henpepoiena 8 D|JS=D. Toeda cnpasediusa gopmyira

divadv= ,n)ds. 6.26
5%5 ivady fﬁs.(ﬁ(a n) ( ¥

Huterpan cnpaBa B dopmyae (6.26) HasbBaeTcsi ITOTOKOM
BEKTOPHOro moJf a Yepe3a NOBePXHOCTHL S, a HHTErpai
cnesa B 3ToH ¢GopMmyse — 310 OObeMHHIH HHTerpajJ OT AHBEPreHIHH
BekTopa no o6aactu D. [losToMy TeopeMa 6.2 pomyckaer Takyw ¢op-
MYJIHDOBKY:

Ob6semublil unreepaa or ousepeenyuu gexropa no obaacru D pa-
8eH NOTOKY 8EKTOPHOZ0 NOAR a 4epe3 Mo8epxHocTd S — epanuyy 3710l
obaacru.

HoxaszarteabcrBo. Bce Bxoasmue B dopmyay (6.26) oyuk-
IUMH HeMpepHBHHE, NMO3TOMY HHTErpannl CJeBa W CIpaBa CYLIECTBYIOT.

3ameTuM, uTo hopmyna (6.26) mHBapHAHTHA OTHOCHTENBLHO BEIGO-
pa NpsSMOYroJIbHOH CHCTEMBI KOODIHHAT, MOCKOJbKY BCE BXOASINHE B
Hee BeJHYHHB — HHBapHaHTH. [looTOMYy noCTaTo4yHO AOKasaTh G¢op-
Myay (6.26) mpH KakKOM-TO OJHOM BuI6Ope NeKapTOBOH CHCTeMHl. Bhi-
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fepeM IeKapTOBY NMpSAMOYLOJLHYI0 CHCTeMy KoopauHat Oxyz Tax,
uTo6H  BHINOJAHAJOCHL YycaoBue 2); mycth a={P, Q, R}, n={cosa,
€0s B, cos y}. Toraa, yuutaBas, 4To

cos a ds=dydz, cos B ds=dzdx, cosyds=dxdy,

0y UHM

&”( + aR)dxdydz @ﬁ(PCOS“‘FQCOSﬁ-FRcosy)ds_

- @(ﬁ (Pdydz + Qdzdx + Rdxdy). (6.26")
S

Jlokaxem, 4TO cnpaBendHBH CJeIYIOUHE TPH DaBEHCTBA:

I= )'j"j" dxdydz = @@dedz
J= ﬁj’ 9 dxdydz—§>(5>czdzdx
L=S%U0—zdxdydz=§>s§31edxdy.

OrpaHpuuMcH J0Ka3aTeNbCTBOM paBeHCTBA [Js HHTerpasa L, Taxk
Kak paBeHcTBa ais | W J poKa3nBaoTcsl aHasjoruuso. O603HauuM
yepes D’ mpoekuuwo obaacty D Ha
naockoctb Oxy. Uepea rpanHuHbe
TOuKH o6aactH D’ mpomenem nps-
Mble, nmapaJJenbine Oz, Kaxnas
H3 3THX NPSIMBIX Hepecekaercsd ¢ S
JHLIL B ONHOH TOuKe. MHOKeCTBO
3THX TOYeK pasjeiser S Ha 1aBe
yacti: S; 0 Sy (cm. pue. 6.2). Ec-
JIM MH NPOBEJeM NPSAMYIO H3 BHYT-
penneil ToukH o6aacty D’, napad-
Jenbhyo ocH Oz, TO OHa TepecedyeT
0 NOBEPXHOCTh B ABYX TOUKax: (X, Y,

' ' 2i(x, y))ES, v (%, y, 22(x, y)) =
| — eS8y 21(x, Y)>22(x, y). 3ameTum,
uT0 2;(X, ¥) ¥ 22(X, y) KycouHO H
J HeNpepuiBHO  JAHdepeHUHDYyEMHE
z (z,y) pyHKuHE B D’. Tlo ¢opmyae cse-

JeHHs TPOHHOrO HHTerpana K HO-
Puc. 6.2 BTOPHOMY HHTErpajy HOJy4YHM

<y
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2y(x, y)
L=IS[ j' M)—dz}dxdy=S§R(x,y,zl(x,y))dxdy_
’ Y ” dz J)
D 25(x, Y’

1

—H R (x, 4,2, (%, ) dxdy = SS R (¥, y,2)dxdy +
2]

+ IS R(x,y,2)dxdy = @@ R (x, g, 2) dxdy.
ss P

31ech MH BOCIOJAL30BaJHCh TeM, yTo S=3S,|)Ss, ¥ COOTHOINEHHEM

__LS R (x, y, 25 (x, y)) dxdy = Ssj' R (x, y, 2)dxdy = 5;5 R cos yds,

CIOpaBeNIMBHM B CHJY TOro, 4TO BHEINHSS HOPMAaJb N K JOBEPXHOCTH
Sy o6pasyer tyno#t yroa ¢ ocbo Oz (nostomy cosy<0). Teopema
AOKasaHa, .

3ameuanue 1, ®opMmyaa Ocrporpanckoro—Ilaycca (6.26) wmo-
XKer 6HITH JOKa3aHa H B cayuae obsacTtedi D Gojee obuiero BHAa,
YeM YKa3aHo, a HMEHHO /i TaKHX, Y KOTOPBHIX CYILECTBYeT KOHeuHoe
pa3buenHe na obaactu Dy, i=1, 2,...,n, paccMoTrpensoro Bupa. Ilas
aroro pocTtatouno Gopmyny (6.26) nanHcath njas Kaxuoll o06JaacTe
D; u noJsyyeHHHE pe3y/abTAaTH CJOXKHTb, I1pH 3TOM NOAYYHTCH HCKO-
Masi ¢opmyna, [leHicTBHTeNbHO, B CMJIY aJJHTHBHOCTH HHTErpana B
JieBofl yacTH noJsyuutca uurterpas no D. B npasofi uactH moBepx-
HOCTHBIE MHTErpaJjbl II0 COOTBETCTBYIOLIMM uacTAM TpaHuHU o6aacTelt
D; B cyMMe maAyT HOJb, TAK KaK BHelllHMe HOPMaJH B TOYKax rpa-
Hun obsacrell D;, NpHHajJeXallHX IPaHHIAM [BYX TaKux ob6aacreil,
HANpaBAeHH B pa3Hbie CTOPOHH. TakuM 006pa3oM, OCTaHYTCA TOJBKO
HMHTerpajul Ho YacTaM rpasHun D;, cOCTaBJSIOLHM B COBOKYIHOCTH
rpauuny S obxaacry D.

3ameuanue 2. B popmyanposke Teopemu 6.2 ot ycaoBus 2)
MOXKHO H30aBHUTLCSl H CYHTATh, YTO S-— KYCOYHO IJajiKasi ABYCTODPOH-
HAS IOJIHAsi OrpaHHYeHHas NOBePXHOCTb 6e3 ocoOux Touek. OmHako
B 3TOM CJiyuae JO0Ka3aTeJbCTBO TEOPEMH YCJOXKHAETCH.

3aMeuanne 3. MOXHO CUHTaTh, UTO BEKTODHOE IIOJIe a4 Hempe-
PHBHO AH(EPEHUHPYEMO TONbKO B OTKPHTOH o6i1acTH D M Henpe-
puBHO B DUS=D. Toraa Tpofinofi uurerpan B dopmyae (6.26) cie-
AyeT NOHHMAThb KaK HeCOOCTBEHHHIH.

3ameuanne 4. Qopmyna Ocrporpagckoro—Iaycca (6.26) mo-
Xer GuTb 3amHcaHa, Kak 3TO CjelyeT H3 JI0Ka3aTeJALCTBa, B BHJE

opP aQ OR .
m (K+—ay_+-£) dxdydz-@(ﬁ(dedz+dedx+Rdxdy).
5 S

BKMGTHM, YTO HHTErpa/id CJleBa U ClipaBa HMeEIOT HHBapHaHTHHﬁ Xa-
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pakrep, T. e, UX 3HaueHHe H Popma HEe MEHSAIOTCH NPH Nepexoje K
HOBOH JeKapTOBOH CHcTeMe KOOpAMHAT. Jlis 3TOro J0CTaToyHO mpo-
BECTH PacCyX/JeHHs, aHaJOrHYHHE NPOBeJeHHHM B 3aMeuyaHHH 5 mo-
clle J0oKasaTejbeTBa TeopeMu 6.1,

3. ®opmyaa Crokca. Ilycre S — opHocBa3HaA!'3 noBepXHOCTL B
E3, ynosaetpopsionias AByM yCJIOBHAM:

1) S —KycouHo riaajikas [BYCTODOHHAS MOJHA#A OrpaHHYeHHas
NOBepXHOCTL §e3 ocoOHX ToueK; ee IpaHHIleH fABAAETCH 3aMKHYTHR
KYCOUHO riajikuit KOHTyp C;

2) NeKapToBy CHCTEMY KOODAMHAT MOXKHO BHOpaTh Tak, 4To6H S
OIHO3HAYHO NDOEKTHpPOBaJach Ha JMIOOYI0O H3 TpeX KOODAHHATHHX
HNJIOCKOCTeH.

[Tycts n— enMHUYHEIA BeKTOp HOpMaJdH K S, t— eIHHHYHHIA BeK-
TOp KacarejbHo#i Kk C, cornacoBasHull ¢ n (cMm. m. 1). [Ipu aTux yc-
JIOBHAX MMeeT MecTo cJejyiouias Teopema.

Teopema 6.3 (popmyna Crokca). [Hycre a-— gexroproe noaie,
HenpepoiHO Oupepenyupyemoe 8 HeKOTOPOL OKPECTHOCTU Nosepx-
Kroctu S (T. e. Ha HeKOTOPOM OTKPGITOM Muoxectgee 8 E3, codepica-
wen S). Toeda cnpasedrusa popmyira

U(n, rota) ds =€ﬁ(a, t)di. (6.27)

N [4

dra TeopeMa JOMycCKaeT elle Takylo GOPMYNHDOBKY:

llotox sextopa rota uepes nosepxwocTo S pagsen YUPKYAAYUL
8eKTOPA a No 3AMKRYTOMY KOHTYDPY C.

HokasarteapcTBOo. B cuny ycaoBu#i TeopeMn HHTerpajin B
tdopmyne (6.27) cywectByor. Popmyaa (6.27), oueBunHO, HHBapH-
aHTHa OTHOCHTENbHO BhIGopa Gasuca. [1o3TOMy nocraTtouHo n0KazaTh
3Ty ¢dopMyay INpPH KakOM-TO OAHOM Bhbope 6asnuca. Bribepem mnps-
MOYTrOJIbHYI0 AeKapToBy cHcteMy koopauHar Oxyz Tak, uto6e S oj-
}Ix_Iosﬂaqu IPOEKTHPOBajaCh Ha BCe TDH KOOPAMHATHEIE TMJIOCKOCTH.

ycTb

a==Pi+ Qj+ Rk, n={cos X, cosY, cosZ},
t=={cos a, cos B, cos¥}.

Corgacyem BHOOD CHCTEMH KOODAHMHAT Tak, YTOOH BEKTOp HOp-
Maau n 06pa30BEIBAJ OCTPHIE YIJIH ¢ KOODLHHATHHIMH OCSAMH,

YuutHBasg BHIpaXeHHe AJd rota B JeKapTOBOH HpAMOYTOJbHON
CHCTeMe KOOpAMHAT, MOJYYHM

13) HanOMHHM, 9TO NOBEPXHOCTh S Ha3HBaeTCs OJHOCBA3HOH, ecaH Jo6ad Ky-
COUHO rJajKasi 32MKHYTAsl KDHBasi 6e3 TOUEK CAMOINepEeceueHHs, DACNOJOXKeHHAs H&
S, OrpaHHuYHBaeT MHOMXECTBO, LEJHKOM COCTOSIE® H3 TOYeK 3TOA NOBEPXHOCTH,
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SS (n, rota)ds =
s
(o ()

§
-+ (ﬂ———ai) cos Z] ds=(§(a,7t) dl=(§(Pcosa+QcosB+Rcosy)dl=-
dx dy S * &

=§§5 (Pdx + Qdy + Rdz). (6.27")
[

HOCTaTOQHO OYeBHJHO, N0Ka3aThb, YTO

I= ﬂ(_csy———cosz) @de

.uJIﬂ OCTaJIbHRIX CJlaraeMeulX:

=(f(22 —9Q =
J—jf( P cosZ % cosX)ds (ﬁQdy,
v S

J0Ka3aTeJbCTBO aHAJOTHYHOE.

3aMeTuM, 4YTO IOBEDXHOCTh S — KYCOYHO rJajKas# H OJ(HO3HaUHO
npoekTHpyeTcsa Ha Oxy. Ilycts D —ee nmpoekuusi, I' —npoekuuss C
Ha miaockocTh Oxy (cM. puc. 6.3). Ilostomy cymectByer nucddepen-
uupyeMasa ¢yHkuug 2=z(x, y),Ko-

TOpasl 3ajlaeT ypaBHEHHe MOBepX- Y
#Hoctd S. Ilpn sTOoM
1 z;
0 =z
cosY = 4 =
Vg +4
, )
_ z, ¥
S N
v r

AHanoruyno cos £ =
2 2
I+2z, +2, Puc. 6.3
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ITostomy, yuuTeieas 3TH Gopmynh, 6yJeM HMeTb

—_(f(op 02 9o° _ ({2 ed
f= 5] \ %z oy T oy )COSZ ds 515 5 [P(x,y,2(x,y))] dxdy,

HOCKOJbKY Ha nosepxuoctd S ¢dyuxuus P(x, y, 2) paBHa
6P 8z , 8P OP(x.y,2(x,y))

'8z oy | oy oy

P(x,y,2(x, ¥))

H TOBEDXHOCTHBIA MHTerpad no S paBeH JBOHHOMY HHTerpanay mo D.
Ianee, ucnoansys dopmyay I'puna, HonyuynM

_j'j'a_ay[P(x, y, 2(x, y))]dxdy:ér‘)P(x, Y, 2(x, y))dx:é‘)P(x, y,2)dx.
D

31ech MEI BOCIOJB30BaJHCh TeM, YTO €cAH TOYKa (X, y) HaxoJuTcs
Ha KpuBo# I', To Touka (x, y, 2(x, ¥)), OUEBHIHO, APDHHAJJEKHT KPH-~
Bo#i C. Teopema noka3aua.

dopmyna Crokca BepHa u jaad OoJee oOmHMX OrpaHHYEHHHIX MOJ-
HEIX KYCOYHO IVIaJJKHX JBYCTODOHHHMX TOBEDXHOCTeH ¢ KyCOYHO Liaaj-
KOH rpaHHued.

3ameyanue 1, Ilpexknae Bcero mokaxkeM, uto (opmyna Crok-
ca BepHa JJs HOBepxHocTell S, yNOBJETBODAIOIIMX ycnoBHIO 1), HO
He YJOBJIETBODSIIOMIMX, BOOOLIE TOBOPS, YCJHOBHIO 2) OAHO3HAYHOIO
NPOEKTHPOBaHHA S Ha Mw06Y0 M3 KOODAHHATHHIX IJIOCKOCTEH.

OxkasbiBaeTcs, 4T0 cyujecrayer raxkoe qucio §>0, uto dana arwboit
yacru @ nosepxnocTu S pasmepa menvuie § moxcno Tak svlbpaTs
dexaprosy koopdunaTthyio cucremy, 470 © OOHOBHAYNO NPOEKTU-
pyeTcs Ha 8ce KOOPOUHATHble NAOCKOCTU. JleACTBHTENBHO, MNYCTh
M, — bukcupoBansas ToukKa S. IlpoBemeM KacaTe/bHYH MJIOCKOCTB
yepe3 TOUKy Mo, NyCcTh Np, — BeKTOp €JHHHUHOH HOPMAJH MOBepPXHO-
CTH B Touke M, BribepeM NpAMOYroJbHYI0 CHCTEMy KOODJHHAT Tak,
4TOOLl BEKTOD flar, COCTABJSJ OCTPHE YIJIE C OcsiMH KoopjuHaT. [To-
CKOJIbKY TOJI€ N HOpMaJeill HempephIBHO, TO CYLIECTBYeT OKPECTHOCTb.
TOYKH Mo Takasi, YTO Bce HOpMaJH B TOYKaX 3TOH OKpecTHOCTH 06pa-
3yIOT OCTpHIE YrJH ¢ ocsiMH KoopauHaT. Ho Torma cornacHo yrsep-
Xaeuuo 0. 1 rn. 5 ¥ 3aMeuaHHIo 2 X HeMy MOXHO YTBepXKIaTh, UTO
CyLlecTBYeT HEKOTODas OKDecTHOCThb panHyca 6/2 touku M, KoTopas
OLHO3HAYHO NPOEKTHDPYETCSl Ha BCe KOODAHHATHBIE TJOCKOCTH.

OTMeTuM, 4TQ yKa3aHHOE YHCJO § 3aBHCHT, BooGlie TOBOpPH, OT
Toukun Mo: 6=06(M,). TlokaxeM, 4TO MOXKHO BhIOpaTh VHHBepCalb-
Hoe, He 3aBHcfllee OT TOYKH uucao 6>0. lomycTHM ApDOTHBHOE, 4TO
Takoro yucjaa § He cyumecTByer. Toraa IJs Kaxpaoro 8,=I1/n, n=
=1, 2,..., MOXHO ykasaTh uacth @, nMoBepxuHocTH S, pa3Meps Ko-

t4) Takass yacThb IOBEDPXHOCTH MOXeT OHTb pacnoJokena B cpepe pagHyca
8/2.



§ 3. OcHoBHBe HHTErpajbHue GOPMYJIH ananusa 217

TOpOH MeHblle 8, M KOTOpas He MPOEKTHpYeTcsl OJ\HO3HAYHO Ha Bce
TPH KOOpPAHHATHHIE IIJIOCKOCTH JI060fi HeKapTOBOH CHCTEMH KOOD-
JHHAT.

BuiGepem B kaxjoi uacti @, Touxky M,, a H3 MOJY4YEHHOH MOcCJe-
JOBaTeJbHOCTH BHIfepeM MOC/AeJ0BAaTeNbHOCTD, CXOJSLIYIOCS K HEKO-
Topo#i Touke M mosepxsoctH S1!9. CornacHoO mNpOBelleHHHM BhIle
paccyXJIeHHsIM y TOUKH M cymecTByeT OJHO3HAYHO NPOEKTHPyeMas
Ha KOOpJHHATHHE IJOCKOCTH HEKOTOPOH NPSAMOYTOJbHOH CHCTEMH
OKPeCTHOCTb. 3Ta OKPECTHOCTbL JUJISi HEKOTOPOrO HOMEpa N COJNEPKHT
qacth @,, KOTOpas Takxke OygeT OJHO3HAYHO MNPOEKTHPOBATBLCS HA
BCce TPH KOOpAHHAaTHHIe maockoctH. IMosyusioch MpOTHBOpeYHe C BH-
6opom @y, 3aBeplIalollee A0KA3aTeJhCTBO.

Tenmepp yxe HeTpyAHO CJAeldaThb 3aKJIIOUYEHHE O CIPaBeJHBOCTH
Gopmyan CTOKCa AJf MOBepXHOCTeH, YAOBJIETBOPSIIOMIHX YCAOBHIO 1)
H He Y/JOBJETBODSIOIMX, BooOlle roBopsi, ycaoBHio 2). Has sTtoro
pazobheM MOBEPXHOCTb S Ha KOHEYHOe YHCA0 TIyajkux udacrefl D,,
Pa3Mep Kax/J0H H3 KOTOPHIX MeHblie §, yKasanzoro seime. ITockosb-
xy yacTb P, ONHO3HAYHO NPOEKTHPYeTCs HA Bce KOODAHHATHBHIE IJIOC-
KOCTH HEKOTOPOH JeKapToBOH CcHCTeMbl KOODAMHAT, TO ¢Qopmyna
Ctokca BepHa 1Js1 KaXJoH yactH @,. [IpocyMMHpyeMm JeBnie u npa-
Bble yacTH 3THX ¢opmyn. HMHTerpanw no oOHIMM Yy4YacTKaM TIDaHULH
@, Gepytcsi B NPOTHBOHMOJOXHBIX HaNpaBJeHHs X H HO3TOMY COKpa-
TATCA.

Takum o06pa3oM, ceBa MH MOJYYHM HHTErpaj no NMOBEPXHOCTH OT
BeJIHuyHHB (n, rota), a cnpaBa — HuTerpaa no rpasune C moBepxHO-
CTH S oT BeJHYHHH (a, t), T. e. bopmyay CrTokca nast obuiero caydas.

3aMeuaHne 2. Popmyna Crokca BepHa H 1Jd IOBepXHOCTeR
S, nomyckamoumHx pasfHeHHe C NOMOUIBI0 KYCOYHO TAajKHX KPHBBIX
Ha KOHEYHOE YHCJ0 OJAHOCBSI3HBIX, obaanaromux cpofictBom 1) r1o-
BepxHocTed. JlOKazatenabcTBO 3TOro ¢akra OueBHAHO: MAOCTATOYHO
IPOCYMMHDOBaTh MHTerpaJel cjJeBa H crnpaBa B (opmyaax Crokca
AAf OJIHOCBSA3HHIX TOBEPXHOCTEH H yuecTb, YTO HHTErpafjbsl HO KpH-
BbIM, BXOJSIHM B pa3bHenHe, OepyTcsi B Da3HBIX HaNpaBJeHUSX H
HO3TOMY COKpPAaTsTCH. '

3ameuanue 3. Popmyna Crokca (6.27) moxer 6HIThL 3anuca-
Ha, KaK 3T0 cJelyeT M3 J0Ka3aTeJanCTBa, B BHie (6.27'):

OR __9Q oP R
@é@{(ay az)COSX“L(\az ax)cosY+

0Q 9P .
+ ( 5 _a_y) cosz} ds_(éS(PdH Qdy + Rdz).

15) D10 MOXHO ClesaTh B CHJAY OrpaHHYEHHOCTH H HOJHOTH, HCIOAB3YA Teope-
sy Bossuano—Befepiurpacca.
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HHTerpaas cheBa M cnpaBa MMEWT HHBAaDHAHTHHIH XapaKTep — HX
sHayeHHe W ¢GOpMa He MEHSIOTCA NPH Nepexole K HOBOH neKapTOBOMR
cucTeMe koopauHaT, UTo6b yO6eiHThLCS B 3TOM, AOCTATOYHO NPOBECTH
paccyXaeHHs, aHaJOTHYHLIe NPOBEJEHHLHIM B 3aMedyanuu 5 1. 1.

§ 4. YCJIOBHA HE3ABUCHMOCTH KPHBOJIHHEAHOTIO
HHTETPAJIA HA NIJIOCKOCTH OT NYTH
HHTETPHPOBAHHKA

[TycTts a (M) — BekTOpHOE mOJIe, 3aJlaHHOE B CBSI3HOH MJIOCKOH 06-
aactu D.

Onpenenenune 1. Pynkyus U(M) Hnaseisaerca noren-
yuaarom noasrn a(M) 8 obaacru D, ecau 8 aroil ob6aracru

a(M)=grad U ((M).

Iloae a, o6iradaroujee nOTEH{UANOM, HA3LIEACTCA NOTEHUUQAAL-
HolM NOLEM.
Teopema 6.4. Tycre yuxyuu P(x, y), Q(x, y) Henpepoianot 6
D. Iasn at0boix dsyx rowex A=D, BED snauenue unrezpara
f Pdx + Qdy
AB

S’
He 3asucur OT KYycoHHO eaadkoil xpusol ABCD, coedunaioujed TOYKI
A u B, To20a u toavko T020a, K020a noie

a(x, y)={P(x, y), Q(x, y)}

ROTEHYUANBHO. B stom caydae

i Pdx +Qdy = U (B)—U (4),

AB

ede U(x, y) — norenyuanr norsn a(x, y).
HoxaszatenscrtBo. Jocrarounocrs. Ilycts

2(59) ={P (%,4), Qv 1)) =gradU (v, )= [ =, 2},
Ox dy

Ilpoussoabubie Toukn A H B u3 o6aactu D coepunum HeKOTOPOR

KYCOYHO [J1aaxofi KpUBOi }\l—é, H nycth x=x (1), y=y(f), a<<i<b —

€e napaMeTpHYeCcKOe INpeJACTaBjeHHe. B cHNy HempephBHOCTH %

H %ummqaeM, yto ¢pyukuua U(x, y) nuddepenuupyema B D,

Y
Torna no ¢opmyne Hewrona—Jleli6uuna nonyyaem
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b
S Pdx+Qdy = j (Px(@),y @) x (1) +Qx (), y (1)) y' (£))dt =
AB a

[
= S U'di=U (x(b), y (6))—U (x(a), y (a)) =U (B)=U (4).

Heobxodumocts. ®urcupyem B D HekoTOpylo TOUKY Mo(xo, Yo) H

nycTh M(x, y) — npousBoabHass Touka obaactd D. TMonoxum
UM)= S Pdx + Qdy,

MM

Tlle HHTerpan Gepercsi mo J0OOH KycOuHO TaaiKoH KDHBOH, COEIH-

gsomel Toukd My u M (cM. puc. 6.4).
[TokaxeM, 4TO TakK oNpeleseH-

#Hasa pynxuus U(x, y) siBasercs ue-

KOMBIM MOTEHIHaJoM TmoJast a(x,

9 ={P(x, v), Q(x y)}. Loxaxem, ¥}

HallpHMeD, CyLIeCTBOBaHHE r
X

# PaBeHCTBO Z—U =P(x, y). Ot TOU-
X

Kd M(x, y) cmecTHMcsi B TOUKy
N(x+Ax, y) Tak, 4To6H OTpe30K
MN cogepxancs B D. 310 Mox-
HO clenaThb AJsi BCEX MOCTATOUHO

MaJjBX NpHpamieHH# Ax, Tak Kak
D — oTKpHITOE MHOXKECTBO, COCTOSI-
{ee H3 BHYTpeHHuX Touek. IIpu Ta- Prc. 6.4
KoM cMmemennd dysxunsa Ul(x, y) T
fIOJNYYUT HpHpalieHHe

U(x+Ax, y)—U (x, ) = S Pdx+ Qdy — 5 Pdx +Qdy =

®y

MoMN MeM
= S‘ Pdx +Qdy.
MN
Ha ortpeake MN koopamnaTa y HMeeT NMOCTOsHHOE 3HayeHHe, H, cle-
HAOBAaTENbHO,
g
S i Qdy =0.
MN
IToatomy

x+Ax
Ur+Ax,g)—U(s,y)={ Pax= [ P(t,y)at.
MN

x
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B cuny HenmpepuisHocTH (yHKHHH P (X, y) H3 TeOpeMH O cpejHeM HO-

JYUUM
Ux+Ax, y) — Ul(x, y) =P (x+0Ax, y)Ax,

rie 0<6<1, oTkyna
U(X+Axl y)—U(x,y) _—:P(x+ eAx y)'
Ax ’

Ilepexons x npexeay npu Ax—>0 B CHIYy HeNpepHLIBHOCTH (YHKUHR
P(x, y), nony4aeM, 4To NpeJea CyLLeCTBYeT H
ou

2 =P(x0).

COBepI.LIeHHO aHaJIOTHYHO JOKa3bIBA€TCAd DPABEHCTBO

oU(x, y) _
o Q(x, y)-

Teopema 6.4 nokasana.
Ecau noae a(x, y)={P(x, y), Q(x, y)} noTeHunanbHO U DYHKLUR

P(x, y), Q(x, y) BMecTe CO CBOHMH YaCTHLIMH NPOH3BOJHHIMH Helpe-
puiBHBI B 06/1acTH D, TO A0J2XKHO BHIOJHATHCH PABEHCTBO

P Q
dy dax '
KOTOpOe 03HayaeT paBEHCTBO CMeINaHHHIX IIPOH3BOJHBIX:
*U U
Oydx oxdy

B cuny teopemMn 6.4 HeOGXOAMMHIM YCJAOBHEM HE3aBHCHMOCTH
KPHBOJIHHEAHOTO HHTErpaga

f Pdx + Qdy
AB

OT NYTH HHTETDHPOBAHHA NDPH YCJIOBHH HENPEPHIBHOCTH (YHKIHA
P(x, y), Q(x, y) ¥ UX YacTHHX NPOHM3BOJAHLIX B o6nactd D gsasiercs
JIETKO MpOBepsieMOe PaBeHCTBO

oP aQ

ox ox

Ecan obnacte D opnocBsidaHa, TO 3TO ycJOBHe OyAeT H [0CTAaToY-
HbIM [JIsi HezaBHCHMOCTH HHTerpania {Pdx+Qdy or Bri6opa KpHBOR,
AB
coenunswoulefi nannpe Toukn A u B. UTo6H [pH H3/I0XKeHHH He HC-
N0Jb30BATh HE J0Ka3aHHYI B obuwem caydae c¢opmyay [puna (cm.
3ameuande 2 K TeopeMme 6.1), paccMOTpDUM cHa4daJa cJaydyal, Korja
obnacts D sBasieTCs KPYrom.
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TeopeMa 6.5. ITycre ¢pynxyuu P(x, y), Q(x, y) u ux wacrnvie
npoussoonsie nenpepoisusl 8 rexkotopom kpyze K. B arom cayuae
noze a(x, y)y={P(x, y), Q(x, y)} norenyuarsro e 3ToM Kpyze T020G:
u Toabko To20a, Koeda 8 K

P 3Q
dy ax’

JdokazatensrctBo. OueBunno, TpebyeTcs1 J[OKasaTb TOJbBKO
JOCTAaTOYHOCTh ycAoBHs., Uepe3 LEHTp Kpyra, Touky M, nposeleM
npsimiie Mox’ 1 Myy’, napaanenbubie KoopiHHATHBIM ocsiM Ox u Oy
CoOTBeTCTBeHHO. M3 mpousBoabHO# TOoukH M (x, y) =K onyctuMm nep-
neHfZukyasapu MM, 1 MM, ua Myx’ 1 My’ coorBercTBenno. Touky
M, coennnuM ¢ ToukamMn M, u M, orpeskamn M M; u MM,.

pumMensia dopMyay I'puna (6.25’) x npsamoyronsuuky MM, MM,,

noayuaem
L — 6_1 _ﬂ —
S Pdx -+ Qdy 5;5( % o ) dxdy =0,

—

MoM;MM,

OTKyHAa ciaenyer, 4YTo

5 Pdx + Qdy = 5‘ Pdx +Qdy,

MMM MMM
T. e. unterpan §Pdx+Qdy He 3aBHCHT OT ABy3BEHHOH JIOMaHOH v,
4

coenunusiiomefl ¢ukcupoBanHylo Touky M, ¢ HeKoTopofi Toukol M.
NostoMy onpefenuM QyHKLUHIO

Uy= [ Pdx+ Qdy,
MoM
S’

rae M¢M — nBy3Bennas nomanasi, 3BeHbsl KOTOPOH napaiienbHH Ko-
opauHaTHEIM ocsM. IlpoBepka, Yto Tak onpeneieHHass (QyHKUHS
U(x, y) sBasieTcs NOTEHIHAJOM JaHHOro mois a(x, y), NPOBOLHTCS
aHaJAOrM4YHO TOMN, KOTOpas NpOBeJeHa MpH JHOKa3aTeJdbCTBE TeOpPEeMH
6.4. TeopeMa 6.5 nokasaHua.

3aMeuaHnue Teopema 6.5 cmnpaBegauBa B cjiydae IIPOH3-
BOJIbHO#I OfHOCBA3HO# o6nactv D. UToOb yOeiuThest B 3TOM, HO-
KaXeM, YTO Ins He3aBHCHMOCTH KPHBOJHMHEHHOrO HHTerpasa

f Pdx + Qdy

AB
oT BH6Opa KpHBO# A\B, coepuusiomeli Touke A m B, mocratounc
BHINOJIHEHHe B o6hactd D ycioBus %=;—3.

Ilycte L — npou3BoanHas 3aMKHyTas KYyCOYHO rdajgkKas KpH-
Basi, pacnonoxeHnas B D. O6o3nauuM uyepes D* o6aacTe, KOTOPYI®
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orpaHH4YHBaeT KpHBasi L. B cuay onHocBsizaHOCTH ofaactH D Kax-
Jdass touka obaactu D* npunapinexuT D. IlpuMensas K o6JgacTH
- D* dopmyny T'puna (6.25") (cM. sameuahne 2 K Teopeme 6.1), mo-

AYYHM
(ﬁde—i—Qdy 5 ( )dxdy 0.

Otciona caepyer, 4ro 1as A06HX (uUKCHpPOBaHHHX Touek A u B
obnactu D ® A06HX OBYX KycouHO TINTagkux Kpusnix ACB u
AC’B, coeHHSIOIHX S5TH TOUKH, BHIOMHAIOTCS paBeHCTBa:
0= j Pdx + Qdy = 3‘ Pdx +Qdy + j Pdx + Qdy =
A7BUBC'A ACB BC'A
j Pdx + Qdy— S Pdx + Qdy.

ACB AC'B
ITosromy

5‘ Pdx + Qdy = s Pdx + Qdy.
ACB AC'B
CJIe[LOBaTeJIbHO, 3HauYCHHE HHTErpanaa
S Pdx + Qdy
rAB

He 3aBHCHT OT KyCOYHO Iankoii kpusoii AB, coemnssiioliell TOUKH
Axn B,

§ 5. HEKOTOPBIE NPUMEPDBI TIPHJIO)KEHUNM TEOPHH
noJs

1. BoipaxkeHnHe NJOIWAAH NJOCKOH 067aCTH 4epe3 KPHBOJIHHEHHBIA
anterpaa. Ilycte D — oanocesianas obnacte c¢ rpanunefi C, ynosae-
TBOPSIOHIEH YCAOBHAM TeopeMs 6.1,

ITonaras B ¢opmyne I'puna (popmyna (6.26')) P=—y, Q=x,
TOJY4YHM

2dxdy =@ —yd dy.
SDS xdy gﬂ ydx + xdy

Has nnomanu o(D) obracty D Ha NJIOCKOCTH HMeeM cJenylouiee
BEHIpaXKeHHe uepe3 KDHBOJNHHEHHHLIH HHTEIDal MO OPHEHTHPOBAHHOHM
rpaguune 3Toi obJacTH:

a(D) =%(§’> —ydx + xdy.
C
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C noMompio NOJYy4YeHHOH (opMyas HalfeM mJoliaib o6Ja4acTH,
OrpaHHYeHHOH HHKAOHIOH x=a({—sint), y=a(l —cost), 0TI
<2n, a>0, u npaMo#t y=0. Tak kak

5 —ydx + xdy =0,
v

rie y— orpe3ok 0<{x<{2n, y==0, TO B COOTBETCTBHH C IOJOXKHUTEIb~
HOJ OpHeHTalHeH KOHTypa NOJYYHM

0
(D) =%5 (—a®(1—cos £)? -+ a® (—sin t) sin {) df =
2n

21
@2—2 cost—-tsint)dt=2na2—“72j tsintdf =
0

25
= 3na’.
0

aﬂ
T

OL’?‘;

—on? . 2
=2na® + 5 (t cost)

2. Boipaxenue o06beMa uyepe3 noBepXHOCTHBIH wuHTerpad. I[lycTe
D — onnocesiznasi o6nacte B E3 ¢ rpanuuefi S, yhoBseTBopsiouiel
ycjoBusiM TeopeMH 6.2 (¢popmyna Octporpagckoro—Iaycca). IToso-
¥KHM, 4yTO B obaacTH D

P(x,y, 2)=x, Q(x, 4, 2) =y, R(x, y, 2) =2

OTH QyHKUHH YAOBAETBOPSIOT YCJOBHSM, NPH KOTOPHIX CIpaBefJiHBa
¢opmyna Ocrporpaickoro—Iaycca, noatroMy

“' xdydz -+ ydzdx - zdxdy = HS 3dxdydz = 3V (D),
§ D

raoe V(D) — o6bem obaactu D.

3. PaccMoTpHM BEKTOpHOe MOJIe, KOTOpOe cO3JaeT 3JAeKTPHueCKHT
3apsp BeanudHnl g. [lomectuM sToT 3apsj B Hawano Koopiuuat. CH-
Ja, JeHCTBYIOl[as HAa ENHHHYHBIA 3apsfj, NOMEINeHHHH B TOYKY
M(x, y, 2), no 3akony Kynona BeipaxkaeTcst ¢opMyJoi

T

EM)=—1—. L

4ne, 3’

rIe T — paguyc-BeKTOp TOuKM M, r=7Yx2+y2+ 22, gy— MOCTOSIHHAS.

dnekTtpocratdueckoe noje E noremnuanbno B E3\{0}. Hanowm-
HHM, 4yTO noje a(M) HasbBaeTcs MOTeHHHANBHHIM B obnactd D, ecnu
B 5T0# ob6nactu cymecTtsyeT PpyHknus U (M) Takas, uTo

a(M)=grad U(M).
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Tlotenunanom moas E cayxHT GOyHKIHSA

OM)y=——2-. L,

4me,

Ilone F, cosmaBaeMoe TOYEYHOH MaccO® m, NMOMeIeHHOH B Haua-
JI0O KOOpAHHAT, HAa3blBaeTcss FPAaBHTALHOHHB M, H OHO TaKxke
1I0TEHIHAABHO.

ITo 3akony Heiorona cuna F(M), ¢ kotopofi moJe feficTByer Ha
€IHHHYHYIO Maccy, NOMeHIeHHYI0 B TouKy M (x, y, 2), BLipaxaercs
dopmyaoi

= —gm L
F(M)= —gm o

ITotennmanom noas F Bo BceM E3 (3a HCKAIOYeHHEM Hayazna Ko-
ODAHHAT) CAYXHT QYBKUHA

U(M)=gm—lr—-.

Jlas nmoTenumanpHOro MoaAs
a(M)={P(x, y, 2), Q(x, y, 2), R(x, y, 2)},

3agannoro B o6aacth D—E3, He3aBuCHMOCTb MHTerpania

S Pdx +Qdy + Rdz
b4

OT NYTH HHTerpHpoBaHus (MHTErpaj 3aBHCHT TOJBKO OT Hayaia H
KOHLlA TIyTH) [AOKashIBaeTCs TakK ke, Kak H B TeopeMe 6.4, B cayuae
obaacty D, npuuaanexamei E£2.

ITostromy pabota, coBepliaeMasi TaKHM IOJIeM NPH NepeMelleHHH
eAMHHYHOA nmpo6HON yacTHUE! H3 TOukH A B TOYKy B, He 3aBHCHT OT
nyTH nepemenenus. Ecan paccrosHus oT Hawala KOOpAHMHAT IO TO-

yeK A B B paBHH r; H r; COOTBeTCTBEHHO, TO 3Ta pabora noasi E
paBHa

D (B)— O (4) = q(i—iy

41'[50
a pa6ora noJs F paBHa

U@—mm=m4f—iy
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JOMOJHEHHE K TJIABE 619
AAGPEPEHUHAJNIbHBIE ®OPMDI
B EBKIITUOBOM NMPOCTPAHCTBE

§ 1. SHAKOTIEPEMEHHDBIE TIOJIHJTUHEAHBIE ¢OPMBI

1. Jluueiinbie dopmbl. Ilycts V — nponsBoJibHOe f-MEDHOe BeK-
TOPHOE MpPOCTPAHCTBO, 3JeMeHTH Kortoporo Oyjgem ofo3HauaTh
cHMBoJaMH E, 7,... . IlpeamMerom Haliero u3yueHHs 6yayT (yHK-
HHH, CONOCTaBASIOUINE KaXIOMy 3JeMeHTy EeV HeKoTOopoe Belle-
CTBEHHOE YHCJIO.

Onpenenenune 1. Pynxyus a(E) Hasvieaerca aunednol
popmol, ecau Oaa moboix E=V, n=V u awboeo seujecrsenno-
20 HUCAQ ) BbINOAHAIOTCA PABEHCTEA

1) a(§+m)=a(§)+a(n);
2) a(AE)=Ara(g).

Onpenenenne 2. Cymmoid 0syx aunelinoix opm a u b
Rasosem aunelnyio gopmy c, xoropas xasdomy sexropy gV co-

nocragaser 4ucao
¢(§) =a(§)+b(%).

ITpoussedenuem aunelnoll ¢opme. a nHa eeu,ecT-
6EHHOE 4YUCAO A HA308eM Aurelryro gopmy b, KoTopas Kajc-
domy sexropy EV conocrasaner 4ucao

b(8) =Ara(§).

TakuM 0o6pasoM, MHOXKECTBO BceX JAHHEHHHIX ¢opM obpasyer
BEKTOpHOE MPOCTPAHCTBO, KOTOpoe MH 0GO3HAYHM CHMBOJIOM
L (V)" Haiigem npeacraBienue JHHEHHOR GOPMH a B KaKOM-THGO

6asuce {e)i—i. [ycts
n
E=), e,
i=1

rge yucaa g ompenensiioTcss ofHo3nayHo, Ecam o6o3naunts a;==
=a(e;), TO HCKOMOe IIpeACTaBJeHHe 6YIeT HMETh BHJ

a(®) =Y. ta,.

i=l

HoxaxeM, uto pasmepuocts dim L(V) sauneliHoro mnpocTpas-
crBa L(V) paBHa n. Ilas 3TOro mOCTaTOYHO YKa3aTh KaKo#-1u60

10) TexcT NAHHOTO AOMOJHEHHst B3SAT H3 KuHru B. A. Wabuna, 3. I'. Ilo3nska
«OcHOBH MaTeMaTHueckoro asaiamsa. Y. 2» (M.. Hayka, I'n. pen. ¢us.-mar. aur-
pu, 1982).

i) Ipoctpancteo L(V) 0603HauaT TakkKe CHMBOJOM V* M Ha3HBAIOT CO-
OpIXEeHHHM (HWIH AyanabHHM) K V.

8 3ak. 25
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6asuc B L(V), comepxalliuil TOYHO 71 3JEMEHTOB, T. €. 1 JTHHEHHHIX
dopM. DukcHpyeM npousponbHHE 6Gasuc {e,} mpocrpancrBa V n
paccMoOTpuM JHHeHRHBEE (hOPMBEI

er(E) =& (k=1, 2,...,n),

rae {&*}— xoapduUHEHTH pa3NoXKeHHS BEKTOpa & [0 >sJeMeHTaM
6a3auca {e;}. Mnaue rosops, auneiinas ¢opma e* neficTByeT Ha
aneMenTthl 6asuca {e;} mo npaBuay

et (&) =0y, =

: { | mpu i=k;
0 npu iztk.
B rtakom cayuae B naHHOM Gasuce [e;} audeiinas ¢opMa
HMeeT BH]

a(®)=Y ae(€), a=ale),

i=l1

T. ¢. auuefinsle gopmu e' (), €2(E),...,e"(E) obGpasywor Gasuc B
L(V). 91071 6a3dc HAa3HIBAIOT CONPAXEHHHM (a Takxe B3a-
HMHB M HIH JYaJdbHDB M) K 6asucy {e;}.

2. Buauneitunie dopribl. OGosnauum uepes VXV  MHOXectBo
Bcex ymopsipouenuux nap (&, &), rde =V, t,=V, n pacemor-
paM dysxuun a(%;, %), CONOCTaBJSIONIHE KaxKIOMY 3JeMEHTY H3
VXV (1. e. kaxiabnM AByM saemedtaM E &V n EeV) nekoropoe
BeIeCTBEHHOE YHCIO.

Onpenenenune DPyuxyun a(E, T) Haszvleaerca 6uau-
Helinotl popmod, ecad npu KaWOOM PUKCUPOBAHHOM 3HAYe-
HlIL O0HO20 QP2YMEHTA OHA ABAAETCA AuHelHol Gopmoll orHOCU-
Te2bHO JpYaozo apeyMenTa.

Huaue robopsi, Ans nw06GbX BEKTOPOB &, B, 71, 1Mz H JI00BIX
BElLIECTBEHHBIX UNCeNn Ay, Ag, W1, ne BEHITOJAHSRTCS DaBEHCTBO

a (Mg +umy, AE Hpam,) =
=MAa (§), §g) + Ao (81,m5) +120@ (M, &) + 11ta (M, Ma)-

MnoxectBo Bcex OGHauHefiHbIXx POPM Jerko NPeBpPaTHTb B JH-
HefHOe MPOCTPAHCTBO, BEOASI B HEM €CTECTBEHHHIM 00pasoM onepa-
LUHH CJOXKEHHS M YMHOMKEHHS Ha BelllecTBeHHOe uHca0. [Toayuen-
HOe mnpocTpaHCTBO OGHAHHEHHHX ddopmM o0603HAYHM
cumBosioM Lo(V). ‘

Hafiiem mpeacraBnenue Guauneiinofi dopmel a(g;, &) B Ka-

n

KoM-1n6o Gasuce {e;}i—1 npocrpauctsa V. IlycTs gkzz tey,
=1
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8*

k=1, 2 .Tlonoxus af{e; e;)=a;;, NOJIY4HUM HCKOMOE NpelCTaB-
NeHHe

a(E, &)=Y, Y. a,LE.
i=l1 j=1

Ins Toro uToGH oOnpefesMTh pPa3sMePHOCTb NPOCTPAHCTBA
Ly(V), ob6pasyeM c nomompbio JAuHefiEnX ¢dopm et(E), cocTaBiasio-
mux B L(V) 6Gasuc, compsakeHum#t k O6asucy {e;}, 6HIHHEHHHE

thopMul ) .
eV (&, &) =e' (k1) e/ (%).

Torna npousBosbHas OuaHHeliHass ¢opMa 6GyleT OJHO3HAYHO Npel-
CTaBHMOH B BHIE

£

n
a(§;, &) =§j alle] (81 &)

310 03HaYaeT, 4TO GOPMEI eﬁ(El, E;) ob6pasylor Gasuc B Ly(V)
H, cJIeIOBaTeJNIbHO, pa3MepHOCTE Ly (V) paBHa n?,

3. INMoannunedinpie ¢opmul. IlycTh p— HaTypanpHOE YHCJIO.
O6o3naunm cuMBojoM VP=VXVX... XV MHOXeCTBO Bcex Yymo-
psiaoueHHbX HaGopoB (&, B2, ..., &) H3 p BEKTOPOB, KaxkKAHH H3
KOTOPHIX NPHHANJIeXUT V H paccCMOTPHM (YHKIHH, CONOCTABJSIO-
IlHe KaXJOMY TakoMy Habopy HeKOTOpOe BELleCTBEHHOE YHCNO.

Onpenenex—me Dynxyun a(€, E...,Ep) Hasvieaercs no-
ausruneldnot popmod crenenu p (usu p-popmoil), ecau
OHQ A8ARETCA AUHEUHOU opmoli no kaxdomy apeymenry npu
PuUKCUPOBAHRBIX BHAUCHUAX OCTAAbHBLX.

BBeoas B MHOXKecTBe Bcex p-GOpM JIHHefiHble omepauuH, NOnNY-
4dM JHHe#HOe MNpOCTPAHCTBO, KOTOpoe OGO3HAYHM CHMBOJIOM
Ly (V).

Hafinem npepcraBierne npoH3BOJBHOH mNOMHAHHEeHHOH ¢OpPMH
a(E;, &,...,Ep) B KakoMm-n1uGo Gasuce {e;};—; mnpoctpanctBa V.
O603naunm

u' {

ai.i....tp=a(eip €l v e ny e;p).
n

Torna eciu §k=z Ele;, TO
(=1
p p .
Ay Ba s B)= Y . Y, G BB
' { =1
12

iy=1

Ecan e*(E) — 6asuc B L(V), conpsikennnii x {e;}, T0, O4eBHA-
HO, p-popMHl

el,t,...lp (gl’ §2v ey gp) =el (§1) el (gz) “ee e‘ﬂ((gp)
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o6pasyor 6asuc B L,(V), cnenoBarensHo, Ly(V) umeer pasmep-
HOCTh HP,

4, 3nakonepeMeHHBIC NOJHAHHEHHBe (POPMBIL,

Onpenenenue, lloauaunednas gopra a(, B,...,Ep) Ha-
3bi8aeTcs 3HAKONepeMeHHOM, ecal NpU NepecTanHosKke A0-
boix Osyx apeymenTo8 oHa meHser 3Haxk'®, Hnaue eosops,

a(§1, %2,..., §l-, ...,Ej,...,gp):———a(gl, §2, ey §,~,..., Eg, ey Ep).

OueBHHO, MHOXKECTBO BCEX IOJHJIHIEHHBIX 3HAKOMEePEMEHHBIX
¢opm crenenn p ob6pasyeT NMOAMPOCTPAHCTBO JHHEHHOTO mpocTpau-
crBa L,(V), xotopoe Mel o603nHauuM cuMBoJOM Ay (V) 9. Die-
MeHTHl npocrpanciBa Ay, (V) 6yAem o603HauaTh CHMBOJIOM

0=0 (8, &,...,8p).

3amernm, uTo ecnu {e;} — Npou3BoJbHbIHA Gasnc B V H

n
X o

TO YHC/IA O .;, MEHAOT 3HAK NPH NEPECTAHOBKE JBYX MHACK-
COB. JTO BLITEKaeT H3 TOrO, UTO

(1):

TT'M=

—

[ T =(D(e[1, RN e,'p).

A

EcrecrBenno cumrars, uro A, (V)=L,(V), a Ao(V) cocTour us
BCEX MOCTOSIHHBIX, T. €. COBNANAaeT ¢ YHCJIOBOH NMpsiMOH.

5. BueirHee npou3BeleHHe 3HAKOmepeMeHHbIX (opM. Paccmor-
puM [Be 3HakomepeMeHnubie ¢opMe: wPEAL (V) n wisd, (V).
B sToM nyHKTe Mbl BBEleM OCHOBHYIO ON€pauHiO B TEOPHH 3HAKO-
nepeMeHHbIx (OpM — Omepautio BHEIIHEro yMHOXeHHs. Ilycte

0?=0P (N, Mz...,Mp), MEV;
wq:wq(gh §2a~--)§q)’ ;]EV'
PaccmoTpuM caenyiowylo noaununefinyio ¢opMmy asLyi,(V):

a(dy & oo Spra)=0" (& .. E) 0T (Ept, ...y Bpta)- (6.1.1)

3ra dopma, Boobuie TOBOPs, He SIBJASETCA 3HAKONEpPEMEHHOH: TpH
nepecTaHoBKe apryMeHToB E; U E;, rae 1<i<{p u p+1<j<p+yg,
dopma (6.1.1) MoxeT He H3MEHHTh 3HaKa. DTHM OGCTOSTEILCTBOM
H BbI3BaHa HeOOXONHMOCTb BBENEHHSI BHEIMIHEr0 NPOH3BEAEHHS.

18) 3HaKkonmepeMeHHbE [NOJHJHHENHble (OPMH HA3HBAIT TAKKE AHTHCHM -
METPHYECKHMH KOCOCHMMETDHYECKHMH, KOCHMHE, BHEIIHHMH.

%) 310 mpocTpaHCTBO OGO3HAYAIOT TAKXKE CHMBOJOM APV* u HasHBaloT p-&
BHEGWHeH CTeneHbI0O NpocTpancraea V*
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Jlns toro uTO6GH BBeCTH BHElIHee NMPOH3BejeHHe, HAM MOHALO-
6sTcst HeKOTOphHle (aKTH H3 TEeOpHH NepecTaHOBOK., HamoMuuMm,
9T0 mepecTaHoBKO# uncen {1, 2,...,m} HaswBaOT QYHK-
HHI0 g=0(k), ONMpele/eHHYI0 Ha 3THX YHCAax N OTOGPaxKamwInyio
HX B3aHMHO OJHO3HAYHO Ha ce0s. MHOXKecCTBO BCeX TaKHX mepe-
CTaHOBOK 0003HayaeTcsi CHMBOJOM X2p. OueBHAHO, 4TO X, coaep-
XKHT Bcero m! pa3IHYHBIX NEpecTaHOBOK. Jlls ABYX HepecTaHOBOK
0EE, U TE2X,, eCTecCTBEHHEIM 06pa3oM ONpe[ensieTcss CYNepro3H-
nusl or=Xn. IlepecranoBka o—! HasmBaercsi ofparHoil K o, €clH
o lo=co!=¢, rne &—TOXKIECTBeHHAs mepecTaHoBKa (T. e.
e(k)=Fk, k=1 2,...,m).

[lepecTanoBka ¢ Ha3biBaeTcsi TpaHcCNO3HHHel, ecan OHA
nepecTaBisieT JBa YHCAA, OCTaBJAssA APYrHe Ha cBoeM Mecre. HMua-
ye roBops, eclH cyllecTByeT mapa uyucen [ ¥ j (I<<isKm, 1<Kj<Kim,
i#j) Ttakas, uro o(i)=j, o(j)=i, o(R)=k npas k¥*i u k#*j.
OueBnaHoO, ecI¥ ¢ — TPAHCIO3UIUSA, TO ¢~ '=¢ H g-0=¢.

HsBecTHO, YTO BCsIKasi NepecTaHoBKa ¢ pasfjaraercs B Cynep-
MO3HIHI0 TPAaHCHO3UIHM, NepecTaB/sIIOUMX YHCAA C COCeAHMMH HO-
MepaMH, MPHYEM YETHOCTh YHCJAA TPAHCNO3HIHH B TakOM pasfo-
JKeHHH He 3aBHCHT OT e€ro BHOOpa M Ha3sblBaeTcs YeTHOCThIO Nepe-
CTaHOBKH (.

BBenem caenyiouiee 0603HaueHHe:
1, ec/M mepecTaHOBKA O YeTHa,
sgno=
g —1, ecaH MepecTaHOBKA O HEUETHA.

3ameruM, uto ¢opMa acsL,(V) mnpruagarexur Ap(V), ecan
Anst mo60f NepecTaHOBKH 02,

a(&o(, Bos - -+ Go@)=(sgno)a (g, &, ..., &)

PaccMoTpuM chHoBa noauaunefinyio dopmy (6.1.1). Has mroGoi
NepecTaHoBKH 0=2p , NOJOKHM

aa (El, Ceay §p+q) =a(§0(1), ey Eq(p+,,)). (6.1.2)

Herpynuo y6eluTbcsi B TOM, UTO €CIH TEZpyy H 0EXp4q TO
(ro)a=1(oa).

Onpegenenue. Brewnum npoussedenuem op-
Mot wPeAy (V) u gopmer 0isA, (V) Ha3b18aeTC  POPMA O
€A p14(V), onpedersemas pasencreom

o (&, ..., Borg)=Y.(sgn o) 0a, (6.1.3)

c

ede cymma Gepercs no 8cem nepecTanHo8Kam o< piq, YO084€TEO-
paowum yca08uto

o(D<o(2)<...<o(p), olp+<...<o(p+q), (6.1.4)
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a geauutina oa onpedesnerca pasencreamu (6.1.1) u (6.1.2).
Brewnee npousBefenne GpopM w? i ©?7 0003HAYAETCS CHMBO-

J0M
o= A\ .

ITponnaiocTpupyeM Ha npuMmepe, Kak AeHCTBYeT IlepecTaHOBKa

0, yAoBaerBopswlnas ycaosuwo (6.1.4). Ilpeanonoxum, uto no ne-
KOTOPOH Jopore mnapajlelbHO ABHXKYTCS JABe KOJOHHH aBTOMOOH«
Jefl, B MepBOH H3 KOTOPHIX p, a BO BTOPOH ¢ MawmuH. Uepes Heko«
TOpOe BpeMs Aopora cyxaercsi H o6e KOMOHHH Ha XOLy HepecTpaH-«
BaloTcsl B oqHy. [Ipu aroM asroMoO6u.u nmepBoil KOJOHHEL 3aHHMAIOT
MecCTa rje-To cpeljd aBTOMOOHJeld BTOpPOH, OLHAKO MOPSAAOK CJaelo-
BaHHsI aBTOMOGH/Iel BHYTPH KakJO# KOJOHHBI coxpaHsieTcsi. B pe-
3yJbTaTe Mbl NOJy4aeM NepecTaHOBKY, V/IOBJETBOPSAWILYIO yCIO-
Buo (6.1.4). Jlerko BujeTh, uTo H O6PATHO BCSiKasi Takas nepecra-
HOBKa MOXeT GLiTh pealn3oBaHa Ha Halllel MOJE/H.
Hast Toro uto6el yGeUThCS, YTO AaHHOE HaMH OnpeleseHue fB-
JSIETCA KOPPEKTHBIM, HeoOXOAHMO J[0Ka3aTb, 4TO0 o=’ Ae'S
=Apq (V). OueBnano, B J0Ka3aTejibCTBE HYXKAAETCS TOJNLKO 3HA-
KOIIEPEeMEHHOCTh QOPMEL .
IMoxaxeM, uTO NOpH HepecTAaHOBKe OBYX apryMeHToB & H &+
dopMa o mensier 3nak. Orciofa jaerko OyLeT cileloBaTh, UTO OE
EA,44(V). Ilycts 13,44 sfiBAsieTca TakoHd nepecTaHOBKOH. Y6e-
JUMCSL B TOM, YTO
To=—0=(5gn1)o. (6.1.5)

U3 paBencrBa (6.1.3) nomyuum
o = Z (sgn o) (7o) a.
a
Paso6neM 3Ty cyMMy Ha ABe:

TO = Z' (sgn o) (to)a + Z” (sgn 0) (vo) a. (6.1.6)

K nepBoit cyMMe OTHeceM Teé TepeCcTAHOBKH ¢, AJIH KOTOPHX JAu60
o '(i)<p, o '(i+l)<p, mubo o '(i)=p+l, o l(i+])=p+l.
Jns xaxao# Takoil mepecTaHoBKH (10)a=—aa.

Jast Toro uto6Bl clenaTtbh 3TO yTBepxkaeHHe 6oJee OYEBHIHBIM,
o6o3uauuM k=o'(i), [=o-i(i+1), 1. e. i=0(k), i+1=0(l). op-
Ma oa npeiacraBJisier co60f npousseneHue GOpM ®P H ®?, NMPHUYEM
apryMeHTaMH of SIBJSIIOTCS BEKTOPH Bo1), Eo2) ..., Eop)y @ apLy-
MEHTAMM @7 — BEKTODH Eo(pt1), ..., Bo(p+q). ECAM R<p n I<p, TO
E=%m u Eir1=E8 sBASIOTCS apryMeHtaMu ¢GopMbl &P, KOTOpas
o YyCJI0BHIO 3Hakomepemedna. CllefoBaTelbHO, NPH IepPeCTaHOBKE
g u &4 PopMa P, a 3HAUWT, H 0Q MeEHSIOT 3HAK. AHaJOrHYHO
paccmarpuBaercsi cayuafi, xorga B=p+1 u (= p+1,
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Hrak, ans nepeoli cyMMBbl BLINOJIHSIETCST DPaBeHCTBO

Y (sgno)(ro)a=—Y. (sgn o) oa. (6.1.7)

o

Ko BTOpOIl cyMMe OTHeceM Teé NepECTAHOBKH o, [JA KOTOPHIX
anbo o' (i) <p, o l(i+1)=pt+l, mubo o 1(i) =p+l, o 1(i+])<
<p. ITokaxeM, YToO MHOXKECTBO NE€pPeCTaHOBOK {0}, ydoBAETBOPSIO-
IIHX 3TOMY YCJOBHIO (a Taxxe, pasyMeercs, yciaosuwo (6.1.4)),
COBRajaer ¢ MIOXKeCTBOM NEPecTaHOBOK td, rae ge{a}. O6paTum-
cl K HalmeHl MoJeJau ¢ ABYMSI KOJOHHAMH aBTOMOOHJeH. YTBepX-
JleHHe NPHMeT CJAeAYIOUHA OYeBHIHbIH BHJ.

Ecan 1pu Kaxom-jiu60 nepecTpoeHHH aBTOMOOMIbL C HOMEPOM R
M3 NePBOH KOJIOHHBI OKayKeTCsl HemoCpejCTBeHHO Nepej aBTOMOGH-
JeM ¢ HomMepoM [ H3 BTOPOH KOJOHHEI, TO JErkO MOXKHO YyKa3aTh
Ipyroe mepecTpoeHse, B pe3yJbTaTe KOTOPOrO 3TH aBTOMOGHJH
MEHSAIOTCS MeCTaMH, B TO BpeMs KaK MOPsIOK [BHKEHHS OCTalb-
HEIX COXpaHHTCS.

TaxuMm o6pa3oM, Tak Kak Sgnto=—sgnao, To

Z" (sgn o) (10) a == —Z (sgn 7o) (w)a——y (sgno)oa. (6.1.8)

c

Moacrapasa (6.1.7) u (6.1.8) B (6.1.6), monyuum (6.1.5).

[Tpumepsn. 1° Paccmorpum aBe Junelinbe ¢opmu f(§) e

A{(V) u g(§)=A,(V). BremnuM npoussesesneM 3tux GopM sB-
Jasiercst 6unubeiinas ¢popma

FAg =Y (sgno)of (&) g (&) =F(&,) (&) —g (&) (%)

°. Nyers f(B)=A1(V), (&1, &, ..., E)=A,(V). Buemnum
ﬂpOHSBe,HeHHeM o=f/\g 6y11eT (g+1)- (popMa apryMeHTH KOTOpO#
Mbl 0603HauUHM uepes &, &i, ..., &¢:

I

Z sgn U)Uf g() glv gzv C) (,J)

=§: (—D fE)gEo -y Eicty Bitrs oo, &)

6. CeoiicTBa BHeLIHEro MPOM3BeleHHA 3HAKONEepeMeHHLX (opM.
1°, JlunefiHOCTB:

a) ecau oA, (V), owi=A,(V), 10 028 406020 sewjecTeen-
HD20 HucAa A

(ho?) Aat=0? A (ho?) = (0" A07);
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l

6) ecau o*sA,(V), wPsAp(V) uowi=Aq(V), To
(@PF+w:°) Aof=aw P Ao+’ Aol

JlokaszaTenbcTBO OueBHIHO,

2°. AHTHKOMMYTAaTHBHOCTh: ecau oPSA,(V) 1 o'
e4,(V), 1o 0P \a=(—1)P109 A\ o".

HokaszateanctBo. [Iycts

o’ No'=w=0(§, &, ..., Ertq¢).

Jlerko BHpeTh, uTO

0! N\0"=0 (Ep+1, Ep+2, -+, Epta, By - -» Ep).

Y6enumcsi B TOM, 4TO mnepecTaHoBKY (Epi1, ..., Eptq, E1, --., Ep)
MOYKHO NOJY4HTh H3 BeKTOpoB (&, ..., Ep4q) C MOMOIIbIO pg nocne-
JIOBATeNbHBIX TPaHCNO3NLUHH. Bexktop Epy; MOXKHO NepelBHHYTh Ha
IepBoe MecCTO, HCNOMAb3ysl p TPaHCmO3HUMH. 3aTeM ¢ NOMOIBID Ta-
KOTo K€ YHCJa TPAHCHO3WIHA NepeiBHHEM HA BTOPOE MEeCTO BeKTOP
Esi2 U T. A. Bcero Mbl mepefiBUHEM ¢ BEKTODOB, HCIOJb3YS Ka bl
pa3s p TPaHCMO3WLHH, T. e. YHCJAO BceX TPAHCMNO3HLHH paBHO pg.
B TakoMm ciyuae aHTHKOMMYTAaTHBHOCTb OyJAeT cjAefoBaTh H3 3HA-
KOIePEeMeHHOCTH BHELIHero NpPOH3BeNeHHS.

3°. AccoummartuBHocTh: ecau oPsA,(V), w'e=4,(V),
o' €A4,(V), o (0P Ao No"=w? A (07 A\a").

HoxkasateasctBo. Ilyete 03,44+ PaccMoTpuM Bentu-
9HHY

0=Y(2n0)o[07 (&, - .., )0 (Eptrs - o» Epta) X

X0 (Bptatts «-or Eptatr)] (6.1.9)

CyMmMa (6.1.9) 6yner pasna (0”07 Aoe’, ecnd BHauajle INpo-
H3BECTH CyMMHpPOBAaHHE [0 BCEM MepecTaHOBKaM, OCTaBJSIOLHM
6e3 uamenenusi yucaa p+qg+1, p+g+2, ..., ptg+r u ynosaerso-
psomum ycaosuio (6.1.4), a 3ateM MPOCYMMHPOBATb INO BCEM Ie-
PeCTaHOBKAM, COXpaHSIOIHM NOJYUHBIUHIACS MOPsAOK NepBHX p+gq
apryMeHTOB H TOPSAOK apryMeHTOB &pig+i, - .., Eptgtr

AHaJIOrHYHO MOXKHO MOJYUHTh BeNHUYHHY 0’ (0IA\ 7).

ITokaxeM, uto B 06OHMX cCiayuasix IOJyYaercs cyMma MO BceM
nepecTaHOBKAM, YAOBJIETBOPSIOIIHM YCAOBHAM

a()< o)< ... < o(p);
op+1)<a(p+2)< ... <a(p+9); (6.1.10)
o(p+g+ 1)< ... <a(p+qg+r).

Jas sToro cHoBa o6paTHMCs K Halell MoOAedH C KOJOHHaMH
aBToMobuJeH. Hpennonome, YyTO0 10 jpopore ABHXKYTCA TPH KO«
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JOHHH aBTOMOGH/EH, B NepBOH H3 KOTOPHX p, BO BTOpPOH ¢, a B
tpethelt r MawgH, OZHH H3 cIOCOGOB ITepecTPOeHHs STHX Tpex Ko-
JOHH B OJHY 3aKjioyaeTcsi B TOM, 4TO BHadaje CAUBAIOTCS nepBas
M BTOpas KOJIOHHEI, a 3aTeM NOJyYeHHas COENMHSIETCs C TpeTbedl.
ITpu mpyroM cmocofe BHayaJje CIHBAIOTCS BTOpasi H TPeTbs KOJOH-
Hbl, a K HUM npucoeguusercs nepsas. OueBHAHO, NepecTaHOBKA O,
nonyyaeMasi B peayabrTaTe AIOGOTO H3 3THX IepecTpoeHHi, yAOB-
naersBopsietr ycaoBuwo (6.1.10), u, Haobopot, n06asi mepecTaHOBKa,
ynoBaerBopsiomas yenosuio (6.1.10), Moxer GHITE HoJyueHa KakK
¢ HOMOMNIBI0 NEPBOro, TaK M C NOMOHIBIO BTOPOro cmocofa mnepe-
cTpoeHHs. JTO U o3HayaeT coBnafenue (WP A0 Ae™ 0 o? A (A
A7),

A)CCOI.LHaTHBHOCTb BHEILHEro YMHOXEHHS JaeT BO3MOXKHOCTb
paccMaTpuBaTh JM060e KOHEYHOe NPOH3BEe/leHHE

o1 Ao\ . . Nom, rie oA, (V).

ITpumep. Ilycrs ai(§), a:2(8), ..., am(§) — Jaunefinme ¢op-
mu. Torpa

GABLA .. Nan =) (sgn0)0 [a, (§)a () .. - 2, (En)], (6.1.11)

rie CYMMHPOBaHHEe HPOH3BOAHTCS [0 BCEM INEPECTAHOBKAM OE 3.

3TO paBeHCTBO JErkKo NpOBepsieTcsi ¢ MOMOUIBIO HHIAYKIHH. 3a-
MeTHM, 4To ecad BBecTH Matpuuy {a;(§;)}, To paBenctso (6.1.11)
MOXKHO [epenHcaTh B BHIE

(Aa ... \ay) (&1 8o ...y Ep)=det {ai (gj)} (6.1.12)

7. Basnc B mpocTpascTBe 3HaKomepeMeHHbIX ¢opm. Brifepem
Kako#-1n60 Gasuc {e}ii B npocTpancTBe V ¥ 0603HAUHM uepes
(¢! conpsixeHHHH K HeMy 6asuc B npocrpancree L (V). Ha-
IOMHHM, uTo €/(E) — nuHefiHas (opma, KoTopas Ha sjeMeHTax Ga-
auca {e;} npHHHMaer 3HadeHHe e (e;)==0;;.

B n. 3 MBI nokasaiu, YTO BCEBO3MOXHEIE NPOHU3BENECHHS

el (&) e (Eg). . .elr(Ep)

obpasyior 6asuc B L,(V). Ilockonbky Ap,(V)c=L,(V), To raxnas
3HaKonepeMeHHas p-(hopMa Moxer GHITh Pa3jioxKeHa eJHHCTBEHHHIM
06pa3oM B JHHEHHYI0O KOMOGMHALMIO yKa3aHHHIX IPOW3BEJCHHH.
Onnako 5T mpousBegenusi He obpasylor Gasuca B A,(V), no-
CKOJIBKY OHH HE SIBJSIIOTCS 3HAKOIepeMeHHRIMM p-popMamu, T. e. He
npunagnexar A, (V). Tem He Menee ¢ NOMOLIbI0 BHEUIHETO YMHO-
XKEHHSI H3 HHX MOXKHO CKOHCTPYHpoBaTh 6a3uc B A, (V).

Teopema 6.6. ITycro {e;}iei— Oasuc 6 npocrpancree V,
{e}i=1— conpaocennsui 6azuc e npocrparcree L(V). Jlwobas 3na-
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Konepemenrnan p-¢popma o=A,(V) moxer 6ure npedcrasrena, u
npurom eQuHcT8eHHbIM 06pa3oMm, 8 sude

o= Y, 0NN AED, (6.1.13)

ISH<...<i,<n

Kascdoe caraeaemoe cymmor 8 npasoi wacru (6.1.13) npedcrasaser
coboli npoussedenue NOCTOAHHOL Oiy,...0, HA  3HAKONEpeMennyo
p-gopmy e Ne ... Aeb.

HoxasareanbcTBo, B cuny pesynpraTtoB I. 4 MOXKHO 3anu-
carTh:

n n
0= Z Z Diyy...1 €€ ev, (6.1.14)
iy=l lp=l
rge umcaa @i, =o(eh, e, ..., €'P) onpemeneHsl  OJHO3HAYHO.
Tak gak ¢opma @ (%1, §z, ..., 5p) 3HaKomepeMeHHA, TO AJIA JKO-

60li mepecTaHOBKH 0E2%,

@ (8ot Bo@y -+ ap)) =(5gN0)0 (81, &2, ..., o).

CaenoBaTenbHO,
Otg(y o). Loy = (581 0) Outy.. . (6.1.13)
CrpynnapyeM ciaraemele B cyMme (6.1.14), oTyHuaomuecs me-
pecTaHOBKOIl HHIEKCOB fy, i3, ..., ip, H BOCIOJIb3yeMcCsl PAaBEHCTBOM
(6.1.15). ITonyunm

_ . Gty et —
0= Z Z w‘a(l)~--‘c(p)e - -€
h<h<...<l, ©

= Z (Dili,.,.ip[oz (sgn @) oy eicV”J. (6.1.16)

lt<l,<...<lp

B cuny npumepa u3 1. 6 cyMMa, cTosilas B KBaJpaTHBIX CKOOKax,
ectr eftA\eir A\ ... /\é'p. TeopeMa HgoKasaHa.

CanegnctBre 1. Aaemenror er Aex/...N\eb(l<ii<i<... <
<i,<n)obpasyor 6asuc 8 npocrpancree Ap(V). Jror 6asuc nycr
048 p>n 1 COCTOUT U3 00HO20 IAEMEHTA, ecAl p=H.

CaepctBue 2. Pasmeprocte npocrpancrea Ap(V) pasna
CrP.

B panpHeluieM, Xak NpaBMsO, Ml GyAeM CuUMTaTb, YTO BHIOpaH-
HHIH 6a3uc €, €y, ..., €, HaMH 3aQHUKCHPOBAH, N JTHHeHHbEe QOPMEL
e!(t¢) 6yaem obosnauaTe cuMBoioM é‘(§)=t'. Torna awbasi ¢op-
Ma oe=A,(V) npumer BHA

O@p, By .0 E)= Y, 0 EIAL L AER (6.1.17)

h<<.. .<Ip

I
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[MTpumepwn. I°
BAE = (' A\e?) (&, &)=Y, (sgno)c[e! (&,)e? (E,)] =

=e' (§;) € (&) —e' (§) €® (§,) =EIE2—ELE),

rae &/ — j-#i xoapdunuent B pasnoxenun BekTopa & mno Gasu-
cy {es}.

2. BARA. . AEr=det (&),

n

rae E,; =Z E{el’.

j=1
§ 2. ANPPEPEHIHUAJIbLHBIE $OPMBI

1. OchxoBHble 0003Ha4YeHHd. PaccCMOTPHM NPOH3BOJBLHYIO OTKpHI-
Tyio obsacte G n-MepHOTO eBKJAHAOBA mnpocTtpaucTBa Em. Touku
obnactd G GyneMm o6o3nauaTh cHMBOJaMH x=(x!, x%, ..., x"), y=
=L yh ..., y") T 4

Onpenenenne. Jupdepernyuaarvnod Gopmod
cTeneru p, onpedesennotl 8 obaacru G, 6ydem HA36180TH PYHK-
yuro o(x, &, &, ..., Ep), KOTOpPAA NpU KAWOIOM (HUKCUPOBAHHOM
xe=G npedcrasaneT coboil srnaxonepemennyto p-gopmy us Ap(Er).

MuoxecTBo Bcex AuddepernuanbHux p-¢opM B obaactu G
o6o3naunm gepe3 Q,(G)=Q,(G, En).

Mnu OGynem cuuTaTh, 4TO NpH (HKCHPOBAHHHX &, ..., §,=E®
p-popma o npelcTaBasier cobol GeckoneuHo AuphepeHLHpyeMyIo
B G ¢yskuuio. Mcrnoan3ysi pesyapraThH § 1, MH MOXeM KaxIylo
p-dopMy © 3amHcaTh B BHIe

o= Y, oy A AE (6.1.18)

i,<...<ip
Bciony B naabpHefimieM BexTop § OyleM 06Go3HauaTb CHMBOJIOM
dx=(dxi, dx? ..., dx"), a BekTOpH §E, — cHMBOJAMH dpx=
=(dex}, dex? ..., dex™). B xauectBe 6a3snuca B E™ BuibepeM Bek-
Topw e;={0, 0, ..., 1, 0, ..., O}, re eqununa cCTOMT Ha k-M MecTe.

dneMentaMu conpsixennoro 6asuca 6ynyt ¢yukunu e* (£) =e* (dx),
onpeneisieMble paBencTBaMu e*(dx)=dx* Torma anbdepenunanb-
Has dopma (6.1.18) mpumer BuI

0%, dit, ..., dX)= Y, ©n.0 (x)dxi AL Adx,

<<, ..<ip

IIpumepn. 1° [Iuddepennuanpuas 0-popMa — 370 amobas
¢byukuus, onpeaenennas B o6aactu G (B, B CHIY HalUIMX NpenoJo-
Kenuii, 6eckoHeuHO AHpdepennupyeMas B G).
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2°. Iudodepenunancias 1-bopMa HMeeT BHJ,

o(x, dx)=z oy, (x) dx®.
k=1

B uwacrnocts, Korpa n=1, w(x, dx)=f(x)dx. Huddeperuunaipuyio
tdopMy crenenn | Ha3HBAlOT Takxke JHHeHHOH nud depen-
nHanpbHOH dopmoi.

3°. Dudodepennnannuas 2-bopMa HMeET BHI

o(x, dzx, dzx)zz Wy (x) dx A dx*,
i<k
ITo onpepenennio

det Ndk = (e Ne¥) (dy, dat) = e (dyx) e* (dt) — e’ (dy1) € (dy¥) =

dyx* dx*
=d,x' dyx*—d,x? dyx* = dyt dyt |
B yacTHOCTH, NpH N=2 NONYYHM
d,xt dix®
®(x, dix, dyx)=[(x) dytt dyi? |

Onpenennresp paBeH 3JE€MEHTY MJOLIAfH, COOTBETCTBYIOIEMY BeK-
T0paM d\x H dyx.
B cnyuae, korga n=3, o6osHauas w;2=R, w=P, w13=—Q, mNo-

AYYHM
P Q R

1 2 3

dxt dx* dx
2

dox dox® dox®

o=Pdx® ANdx®—Qdx*A\dx® +Rdx*Adx*=

4°. Oudpodepenunannhnas 3-¢opMa B TPeXMepHOM NPOCTPAHCTBE
HMeEeT BHJI
dxt dyx? dad
doxt dox? dyx®
dgxt d.x? dyx?

o(x, dx, dyx, dgx)=f(x)d* Adx¥*A\dx® =f(x)

Omnpepenutent paseH 3/7eMeHTYy o6beMa, OTBEYAIOMIEMY BEKTOPaM
dlx, d2x, dsx.

2. Buemnuii nuddepennnan.

OnpeneneHue. Brewunum Jugpppepenyuaron
p-aunedrot dugppepenyuaroroil gopmor 0=Q,(G) 6ydem Haswi-
8ary gopmy do=Qp(G), onpedersemyto cooTHower LM

do= ¥ do. ., NdxAA.. . Ndi,

h<...<i,
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20e

do;,. —2 M P

Takum o6Gpa3om, eciu

@ == 2 I dxB A ... N\dx'p,
L <,
T0

m—z }.‘ ”dx AdxA ... Adx'e,

k=1 i<, <L

Mpumepn. 1°. Jduddepenunan dopmsl crenend Hyan (T. e.
¢yuxunu f(x)) umeer BuA
n

af .
df (JC) == —a—k- dx®,
k=1
2°. Buuucanm auddepeHunan ot JuHeHHON GopMEI

n

o= (x, dx)=Z o (x)dx*,
i=l1
TTonywnm

YN G (1)
do =do (¥, dix, dgx)= -—kdx Adxt,
;:]“Z:]I Ox

Tak kak dx* Adx‘= —dx'Adx* u dx*Adx*=0, 10
dm-—-Z Jos dxk/\dx‘-{—E Jo dx* Adxi =

k<l <<k

— Jdo; k i Owy k i
E det Adxi — Z_M dxt Ndx! =

ki ki
Jdu¢ Owp, b ;
_E(avk— w )dx/\dx
ki
B uvactnoctn, Korna n=2, 12 o=>Pdx'4+Qdx? nonyuum
do = (2%~ P\ gapnase,
ox dy

3. Cpoiictea BHemHero au(p¢epennnana. HemocpencrserHHo u3
onpeneseHdsl BEITEKAIOT cAeRyIollHe CBOHCTBA:
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1) ecau (-)1EQP(G) 02EQ,(G), 10 d(0+0s) =dw+dws;
2) ecau 0=Q,(G) u A — seuwjecraennoe yucio, 1o d(ho)=Ardo;
3) ecau 1=, (0), 0,=Q,(G), ro

d (01 Aw2) =doi Aoyt (—1)?01 Ada,.
Hoxa:xewm csoiictso 3). Ilycts

i
®:== Z Oy, dXN L NP
_fn<...<fp

BBesieM caenyioulee oGo3HaveHue

o,
7 ]0) [P ;
= ._‘_p_dxil/'\““/\dx’p‘
dxk oxk
l‘<"'<ip

Toraa do MOXHO 3amHcaTh B BHAE

n
da =
k=1

BcooMunM, 4To

o=uw1Awy=(—1)?0sA\o;.

Haunee,
do  0v, __ 0wy _1\pq 0wy
axk  oxk e 2-{—(01/\ T axk AL D Ox* A 0y
Torna
dm—-dek/\ 2(1 Xt —— am‘ NAwg +
k=l k=l

n
+ (—l)Pquxk/\:Zi): /\(01=d‘01/\‘°a +(__1)ﬂ'ldm2/\m1.
b=1 *
tHockoawsky dws ecth {g-+1)-dopma, 10
dogAwr=(—1)7"e; Ada,.

Otrcona do=dw Aozt (—1)?oiAdos.
OcHosroe c804cT80 gHewHe20 Ouppepenyuara:

d (dw)=0.

HoxrxasarteabcTso. [IpeinosoxHM BHauaJe, 4To w — ¢op-
Ma crenenu 0, 1. e. @ (x)=f(x). Torna
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d(df)—dz O gyt = Z‘Z axkaxl dxt Ndx!

i=l k=l i=1

Tax kak dxtA\dxi=—dx'/\dx*, 5T0 paBEHCTBO MOKHO NEpenucaTh

B BHJC
d(df) =N (=Ll %\ gy adt
-—Ejzk_axfaxk dxk axi) oo
1<,

OTKyla u caenyer, uro d(df)=0.
Ilycty Teneps

o= Z (Di,...ipdxi‘/\ L Adx'.

Torpa

d(u———E Z dm,-‘_,.gp/\dx"-/\.../\dx"p.

k=l l,<...<zp

3aMeTHM, uTO KaXKIblH 4YJeH CyMMBl IpelcraBiaser co60H BHeLI-
Hee nponaaeneﬂne miqo(pepeﬂuuanoa topM crenenn 0, a HMeHHO
dopm «;, ... (x) eh (dx), ..., er(dx). OcTaercsi nNpPUMEHHTb CBOii-

cTBO 3) W BOCHOJ‘IbSOBaTbCﬂ TeM, uTO AJs1 ¢opMel crenend 0 OCHOB-
HOE CBOIICTBO JOKa3aHo.

§ 3. A1HPPEPEHUHPYEMBLIE OTOGPA)KXEHUA

1. Onpenenenne puddepeHunpyemoix orobGpaxenuii. Paccmor-
pPHM IPOH3BOJNBLHYIO M-MepHY10 o6aacTb D eBKJAHIOBa NPOCTPAHCT-
Ba E™ u n-mepuylo o6nactb G E™. Toukn o6nacth D 6yneM 060-

3HayaTh cuMBosdamu {=(f!, 2, ..., ™), a Toukn obnactu G cHMBO-
JaMu x=(x!, x?, ..., x™).
Byznem roeoputs, uto ¢ orob6paxaer D B G, ecan
o={9', ¢% ..., 9"},

roe ¢f(f) onpeneneHw B obGaacTd D, a BEKTOpHI X C KOOpAHHATA-
MH x®=q@* (f) nexar B ob6aactu C.

Onpenenum oto6paxeHHe ¥ KoTopoe mepeBoduT Q,(CG) B
Qy(D) nna awboro p, O<p<n. Ilpu sTom Mel GyHeM CYHTaTh,
YTO KaXkjas KOMNOHeHTa ¢*(f) oro6paxeHHss ¢ sBasierca Oecko-
HeqHO JHddepeHnpyeMoH.

npenenenue. Ilycre ¢ — orobpascenue DcE™ ¢ GoE™.
O6o3Hauum ttepea @* orobpancenue, kotopoe 0an adcex 0<p<n
deiictayer uz Q,(G) 8 Q (D) no caedyrouemy npasury: ecau

o= Y . iy AXBAN L . Adx's,

<. <i
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mo

@)= ¥ 0n.s @) @A A (@),
H<.. <,
20e

otk
k=1

@ (dxl’)=2 20 g,

ITpumepn. 1° Ilyets @ — dopma crenenn 0, T. e. o=f(x).

Torpa
o*(N=f(e(?)).

2°, Tlyetb @ oro6paxaer n-mepuyio ob6aacts DcEm B n-mep-
Hy1o ob6aactb G E™, u nycth @ — caeaymomas n-popma:

o=dxIA\dx2/\...A\dx".
Torna
a S
" (@) = (2 o dtk‘)/\ A(E aj’n d* )
kn

k=1

n

_ 5@" by -
_2_: ath LA N

n 5(]) opn
=di'A\...\dt 2 (sgn )~y - -+ 500 =

— 1 n _r
YWY det[aﬁ.J.

Takum oGpasom,

- 1 2 n___D(‘plv ‘pz""’ (Pn) 1 2 n
Q" (dXINdREN .. N\ dx™) = DA ditAdEEN ... AdE".

3ameuanne. Popmy ¢*(w) HaswBalOT AHbGepeHIHANBHOR
dopmoit, nonyuatouefics u3 ¢GopMbl © IPH NMOMOLIH 3aMEHH Nepe-
MEHHBIX @.

2. CpoiicTBa oTo6paxenusi ¢*. CnpaBelJIHBH CleAyIOIIHE CBOMi-
cTBa oToGpaxeHus @*.

1°. Ecau 01€2,(0), 0:=94(G), 10
¢* (01 \w2) =9* (01) A9* (02).

HoxasareannctBo. [Iycts

0, = Z ail.,_;p(x)dxfx/\.../\dxip,
<.,
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0= Y. Bi..h (XY AN . Ndx"a,

Torna

0, A\@, = Z Y a,_,,ip(x) bk,‘..kq (%) %

{4<o. <L k,< <k

Xdxis A .. ANdxeAdxmA L. NdxPa

H, CjenoBaTeJbHO,

@ @ A0) = T T a: (@) b (@ () & (dx) A ... A ¢ (de's) =
[ 1
=V a (@9 @A .. A F (@) A L b ()7 (dr) A
{ k

A NG |= 9" (@) A ¢ (o).
2°. Ecau 0=, (G), 10 ¢* (do) =do* (w).

HDokasarteancTBo. JlokaxkeM 3T0 paBEHCTBO cHauyala
ans p=0, 1. e. 113 o=f(x). INoayunm

do =Y j—fdx " (@)= F(9 (1)),

i=1

0-F 100w -$L s

k=l i=1

M:

@l =" (do).

Il
-~

L

JJisi TpoH3BOJIBHOTO p IPOBEJEM J0Ka3aTeJbCTBO IO HHAYKIHH..
[Tyctn

o=fi_ i ()des AL A dx'e. Torma do =dfi,. i, AMxXBNA L NdXp..
[Toatomy mo cpofictey 1°
¢ (do) = 9" (@) A ¢ (d5) A ... A " (dXP).
C npyro#t cTopoHH,
do* (0) = de* [(fdxis A ... A dxgpt) A dx'e] =
=d[o* (fdxis A... A dx'r) A ¢° (dx'P)].
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Hasee, B cuny coficrBa 3) BHeluHero An(pdepenuuana
do” (0) = do* (fdx's A\ .. A dx'e1) A @ (dx'p) +
(=1t (fdxis A L. A dx'er) N dg (dx'e).
3arernM, uto @ (dx'r) = dg* (x'?) B cuny TONBKO UTO AOKA3aH~
HOTO, a TOTAa IO OCHOBHOMY CBOHCTBY BHEIUIHEro nHQ@depenuuana
de* (dx'r) =0,
ITo npenmosoxeHHI0 HHAYKUHH, CpaBefAJuBoMy aas p—I,
do* (fdxt N .. . N dx'pry=@* (df A des A ... A dx'e).
B pesyabrare noayuum
do* (0) =" (df A dxis A ... A dx'o-1) A " (dx'p),
H 1o cBoficty 1°
do* (0)=@* (df A dxis A\ ... A di'»).

3. TpausuTHBHOCTL. PaccMOTPHM OTKpHTHE obaactu U
cE!, VoEm™ WcE™, TOYKH  KOTODHX  COOTBETCTBEHHO U=
=(u', w? ..., u), ov=(! 0v: ..., ™), w=(w! w? ..., w").
Ilycts ¢ oroGpaxkaer U—V, a ¢ orobpaxaer V—W. Uepes Yoo
0603HauNM oToGpaxkKeHHe, Ha3biBaeMOe KOMIMO3HIL K e, KOTOpoe
JeHCTByeT 110 IpaBHIY

(Yoo) (1) =yle(4)]
AnasnoruuHo BBeleM KOMIO3HIHIO ¢*oy*, KoTopas Ajas Jio6oro p
nepeBogut 2, (W) B Q,(U), 1. e.
(@*oy*) (0) =0 [p* (0)].
Cnpasedauso caedyroujee pasencTso:
(peg) *=g*op*.
JdokaszareabctBo. OGo3zHauuM f=1yo@. ITO 03HaAUaeT, 4TO

B=(ﬁliﬁ2’ MR Bn)7 rﬂe ﬁk=1pk ((P1) (P2' cer q:)m) . . .
IlpoBenem gokasaTeNbCTBO cHayasda AJaf  JuHeHHOH ¢GOpMH
dwtrQ(W). loayuum

" T _ . opk 0 1&6;1)5 ;
B () = (@) =dp () = 35 7t = 3 375w

Hagnee
(9" o V") (dw*) = 9" [H* (dwh)] = ¢ [dY’ (w*)] =

vl

i=m]

m m
. ) JvE . . LI
=" (dYr) =¢ (2 b dvl) - _6151 " (dv).
i=t
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Ho

1 aq)J

@ (dvl) =do" (v) =d¢/ = du’,

i=l

% ow)(dwk)—‘?z W 29 gy,

ovi  out

TI03TOMY

j=1i=1

PaBeHnctBo nokasano. OTciofia cjeayeT COpaBelJMBOCTh CBOACTBa
3° pas moGoi auunefiHo# dopmul. Hanee nokazartenbcrBo mpoBepeM
no uuaykuuu. Ilycrs

©=F (@) doh A ... A\ do'e = Q,(W).
Torza B*(w)=P" (Fdwhr A ... A dw'p-s) A B (dw's) =
=(Q* o) (fdwi A ... A dw'r1) A (§" ") (dw'p) =
=(@ o) (fdwis A\ ... A dw'r)=(¢*o}") (@).
§ 4. MHTETPHPOBAHHE JH®®EPEHIHANILHBIX ®OPM

1. Onpenenenns. O60o3HaunM uyepes [™ eauHUyYHHIE KyO B eB-
KJIHI0BOM IIPOCTpPaHCTBe E™:

Im={tek”, 0<i<l, i=1,2, ..., m}.

IMox oroGpaxkenueM ¢ Ky6a [™ B n-MepHyIo ob6aacte G E™ 6y-
IAeM ToHumMatTh orobGpaxeune B G Hekoropolt ob6mactu D<E™, co-
Iepxaiie BHYTpH cebst [I™ AHajoruuHo aHdgepeHUHaTbHOR
p-popMOH ®, onpelienenHol B /™, 6yjeM HaseBaTb p-¢HopMy, ompes-
LeJennylo B HekoTopoil obmacty D E™, cofepxameii /™.

Onpenenenne l. Hureepaaom or p-pop s

o=f (1) dI NAEA. . . \d2?,

onpedesennoll 8 kybe [P, no kyby 17 6ydem nazvisars geautitny

fo={... ff(t)dtldt?...dtp
0

Hamelt 6mxafilled unesapio sABAAETCS ONpeJeseHHe HHTErpaaa
or nuddepenunanbHoli dopMbl o Ja1060# moBepxHocTH. EcrecTBen-
HO, YTO IPH 5TOM CTeneHp (OPMBI OyAeT coBmajaTh C pa3MepHO-
CTBbI0 HOBepxHOCTH, lloa moBepxXHOCTBIO MBI GyJeM IIPH 3TOM IOHH-
MaTh OTOOpaxeHHe eIMHMYHOrO Kyba Tofi Xe pasMepHOCcTH (Ha-
IOMHHM, YTO NOHSITHE OTOOpaXKeHHs BRJIAKYaeT B cebs Kak o6aacTb
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3HAYeHHH, TaK M 3aKOH COOTBETCTBH#). Bnpouewm, unoraa Mu 6yxeM
Ha3BBaTh NOBEPXHOCTBIO TOJBKO JIHIIL 06pas Ky6a,

Onpenenenue 2. Hazosem m-mepHoum cuneyasp-
Hoom kyb6om s npoctpancrse Em (m<n) duppepenyupyemoe
orobpancerue kyba I™ & Em. Takum ob6pasom, 0603nawas cuuey-
Anproild kyb uepez C, MONHO 3anucars:

C=g: Im—En

Bydem eosopure, uro cuneyiapneiti ky6 C codepwcurca 8 GCE™,
ecau (I <G.
Temepb M0OKHO ompeAeNHTH HHTErpas oT N06oH p-PopME 0=
=Q,(G) mo nobomy p-MepHOMY cHHTyJasipHOMY Ky6y CcG.
Onpenenenue 3. Hureepaaiom or popro oacQp(G)
no cuneyaspromy Kyby C=q: IP—~E™, codepocauemycs 8 G, Haso-

8eM BeAUUURY
j @ = S 7" (0).
[ 24

Y6enuMcs B TOM, YTO HHTErpajJ OT p-(OPMH @ IO p-MEPHOMY
cuHryaspHoMy ky6y C 3aBucuT Jumb or obpasa ¢(/°), a He oOT
3aKOHA COOTBETCTBHA .

IIpexzne Bcero paccMoTpuM moipofHee OmpefesNeHHe HHTErpana

OT @ MO CHHryJApHOMY Ky6y C.

[Tycts 0eEQ,(G) umeer BUR © = f(x) dxt/\ .. .A\dx'e, Torma ¢* X
X (@) =Flp®)] ¢ (dxisA ... A dx').
1 B cuny mpumepa 2° m. 1 § 3 moayyaem

. D(¢", g", ..., P
¢ (0) =g ()] Pt dD at NP ANt

CuienoBatesibHO,
iy 1
D Y X 4
fo={ o~ de ANt
[ V4

Onpenenenune 4. [Mycro Ci=q:IP~>Em y Co=qy:IP~E" —
dea cuneyaapnetx kyba. Bydem eosopurs, uro C,=C,, ecau cyuje-
cT8Yyer 83aUMHO 00HO3HA4HOe oTObpadcerue t Kyba IP Ha ceba Ta-

Koe, 4T0:
1) @1 (f)=gdr()]
D(<, 1%, ..., T°)
) D(8, 82, ... ,tP) > 0.

Slcro, uto ecau C;=C;, To u Cy=C;, TaK Kak ob6paTHoe 0T00-
paxenue 1! 6yzer yAOBJIETBOPATh HEOOXOAHMBIM TpPeOOBaHHAM.
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Byaem romoputh, uro C;=—C,, eciu B ycaosuu 2) ¢yHKHHO-
HaJNbHBEIY ONpPEJEeJIHTENb BCIOAY MeHbllle HyJsl (OYEeBHAHO, IIPH 3TOM
Co=—C,). Huorna B atoM chaydyae roeopsT, uto C; u C; oT/HYas
I07TCA OpHeHTanuex.

CrnpaBefaunBo ciaepyiouiee

Yreepxpenue. Ecau C=C,, 10

é‘m:ym.

: C,
HdokxasateabcTBo. [IpoBeseM N0OKa3aTeNbCTBO IJS CJYy-
yas, Korjxa
o=f(x)dx* Ndx2A...\dx*.
ITo ompenenenno

D(®}: Bs -+ %)
50)-——-5 Hoal] — sy 4 A A
P

Cs

Ilo ycaoBHio cymecTByer oro6paxenne t© Kyba [P Ha ce6,
yhoosaerBopsiomee ycaoBHaMm 1) u 2). ClenaeM B HHTerpaJje 3ame-
Hy nepeMeHHo#l f=1(s), s<I°. IlonyunM @z2(f)=@dt(s)]=q:(s) 1

_ D(92, 95 ... . 98)  D(w, 7, ..., %) .,

Sm_S F9: ()] D, B, ..., D\, & ..., ) ds* I\
Cs 4

D(@l, ...,

AdS AL A ds”=5 f[@l(s)]—udsl/\.../\fds".:ym.
D(st, ...s")
w Cy
AnaJjiornyHo MOXKHO IMOKa3aTh, yto ecy C;=—C,, TO
o=—\| o.
Jo=—]

2. Nuddepennupyemele nend. HaMm NmoHano6ATCA MMOBEPXHOCTH,
KOTOPBHIE PacmafaloTcs Ha HECKOJbKO KYCKOB, KaXIHf H3 KOTOPHIX
ABaseTcss o6pa3oM HeKoToporo m-mepHoro Ky6a. IIpumepom Takoit
IIOBEPXHOCTH MOXKET CJAYXKHTb COCTOSIIAS M3 JABYX OKpYIKHOCTeH
rpaHdna KoJbua, Jexallero Ha AByMepHoH mnxockoctH. [Ipu 3ToMm
Mbl 6yJieM pasjiMiaTh OPHEHTALMH 3THX OKpyxHocTteH. B cBsisu ¢
3THM BecbMa I[OJIE3HBIM OKa3hbiBAaeTCsl BBeJEHHe JHHeHHBIX KOMGH-
HalUHMA CHHryJspHEX KyO6OB C BelleCTBEHHHMH Ko2bdHIHEeHTaMH.

Onpenenenue 1, Bydem naseieaTe p-meprnoll yenovio
C npoussorsreili nabop

{A, A2, ..., Ag, C1, C, ..., C:},
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ede A; — eseujecteernnsie yucaa, a C; — p-mepHoble CUH2YAAPHbIE KY-
661, [Ipu arom 6ydem Lcrnoab308aTy 0603KAUEHUE

C=MC1+. . .+7\,ka.

Bynem rosoputh, uto C npuHapnexut G, eciu Bee C; mpuHal«
aexar G.

MuoxxecTBo p-MepHBIX nemeil o6pasyer JHHelHOe MPOCTPAHCT-
BO, €CJIH BBECTH €CTECTBEHHBIM 06pa30M OTepauHy CAQXKEHHT H YM-
HOXEHHS Ha BellleCTBeHHBbIE UHCJA.

Onpenenenue 2, Hurezpasrom gopmbl @ no p-mep-
roil yenu C, codepamaweiica 6 G, Hazosem seAudunY

gmzz’hlé m;—l-xzb( o+ ... -H”‘.S‘ o.

s Cp

Tenmeps MOKHO ONpeNeNHTh IPAHHLY IIPOH3BOJBHOTO CHHIY/SAD-
Boro kyGa. Huas storo ompejgenuM cHavasia TPaHHLY €AMHHYHOTO
kyba.

Onpenenenune 3. I'panuyeid kyba I[° Hazosem
(p—1)-mepryro yeno

D
o . . .
P =Y (—1) g ()1 (),
i=]
2de 1P (i) — nepeceuenue kyba 1P ¢ eunepnaockocToro X'=a (a=
=0, 1).

HOast toro 4To6n 370 OmpejesneHHe OBIJO KOPPEKTHLIM, HeoOXo-
LHMO pasbsCHHTb, KaKOH CMbICA BKJAaJbiBaeTC B YTBepXkKJeHue O
ToM, yTo [ (i) sBAsteTcs (p—1)-MepHBIM CHHTYJASDHBIM KyGoM.

[TocTpouM KaHOHHUYECKOe oToOpaxeHHe ¢=p;*° xy6a [°~!

Ha ky6 [.°(i). Ilycts s=(s!, s, ..., sP~l)ye/r~L. [lonoxum
sk,  ecan 1 < k<
PE(s) = a, ecau k=1i;

st=l ecau i < k< p.

OueBuguo, ¢=(g¢!, ¢?, ..., ¢?) orobpaxaer [P~} Ha [,”(i) B3a-
IIMHO oAHO3#auHO. B uacrhocru, npu a=0 u i=p orobpakeHHe @
ABasieTcss cyxenHeM Ha [P(p—1) ToXIeCTBEeHHOr0o OTOOpaxKeHHS
npocTpadcTBa EP Ha cebs.

Onpenenenne 4 I'panuyed p-MepHO20 CUHRYARPHORC
kyba C=g: ["—~E™ naszosem (p—1)-mepryro yeno

p
oC =Y (—1) o U5(N—e(f )]
i=1
Takui o6pasoM, rpauuna obpasza kyba [P sBisercs o6pasom

.« I

I'pauulel {7 ¢ ecTecTBeHHOH opHeHTaUHeH,
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[Ipumepw. 1° PaccMOTpHM Ha INIOCKOCTH KBaipat /2. Oqe:
BHAHO, TOT KBaJApaT MOXHO paccMaTpHBaTb KaK CHHIYJspHBIH
xy6, B3sB B KauecTBe ¢ TOXAECTBEHHOE OTOOpaXKeHHe. Ha puc. 6.5
yKasana rpanuna 9Toro KBajipaTa, IpHUYEM eC/H CTOPOHa KBajpara
BXOAUT B memb 0/? co 3HakoM +, TOo HanpabJjeHHe CTPEJOK COBIa-
JaeT ¢ HanpaBJeHHeM BO3pacTaHus mapaMerpa ¥, Mo KOTODOMY
NIPOH3BOAKTCS HHTErPHPOBaHMe; €CJH Ke cTopoHa Gepercs CO 3Ha-
KOM —, TO HalpaBjeHHe CTPEJOK fBJAAETCs MPOTHBONOJIOKHBIM Ha-

r

vy

") 17(0)
| (N

L) 2 12(1) %
I & \i-/} a+R T
y N /
0 12(2) i

Puc. 6.5 Puc. 6.6

v/

NpaBJAeHHIO BO3pacTaHHR napamerpa t*. Takum o6pa3om, Halle co+
rJallleHHe 0 3HAKaxX IPHBOIHT K OOBIYHOMY OOXOAY rpaHMUBl IIpO-
THB YaCOBOH CTpeJKH.
2°, PaccMoTpuM cHHryJAsipHbi Ky6 C=¢: [2—>R? rge ¢ umeer
BHI
@'=(a+Rt') cos 2nt?;, @?=(a+Rt')sin 22

Jlerko Buzerh, uro ¢(/?) — KoawIoO, rpaHHna kKoroporo obpa-
30BaHa OKPYKHOCTSIMH paZuycoB a u g+R. BuoisicHHM, uto siBaider-
cs rpanuuell cHHryaspeoro xy6a C. Owuesupno, ¢(/p2(1)) —
OKDPYKHOCTb

¢1=acos 2nt?;, @2=a sin 2xt2.

Hanee, @([;2(1)) — okpyxkHocts pazuyca a+R. Hagonern,
9([?(2)) u 9(/?(2)) — 3T0 orpesor x*=0, a<x!<a+tR.

Ha puc. 6.6 cTpeakaMu ykasaHo HanpaBjeHnHe 06Xoja IpaHHIB
0C, ecnn o6xol rpaHHum O/? coBepllaeTcss NPOTHB H4acOBOM
CTPEJIKH.

[Tockomeky @ (/o?(2))—@(/12(2))=0, T0 MOXKHO CUHTaTh, UTO
0C=0(12(1))—9 (I*(1)),

a 3T0 CoBmajaer ¢ OOWUHKIM TNOHHMAaHHEM I'PaHuIBl KOJabLA.
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l

BrisichuMm, kakuM 06pa3oM cBf3aHB HHTErpajisl orT GopMbl @ MO
rpanuie Ky6a C u ¢pop™ul @* (o) no rpanuue /7,
YrBepxpaenne. [lycte C=¢: [P>E" — npoussosvroill cun-
eyaapubii Kyb, codepmawuiica 8 G, u nycre o=Qp_1(G). Cnpa-
8e04480 pasBeHCTs80
{o={ ¢ ().
éc FYid

ﬂ OKa3aTeJdbCTBO. OquHIlHO, B CHJY onpenejeHuss HHTer-
paJja no penu AOCTAaTOYHO AOKa3aTh paBE€HCTBO

5‘ W= S (P' ((1)).
(B 0) A0

PaccMoTpuM KaHOHHYecKoe oToGpaxkenne @Q=q;*P: [P~1—I.P(i).
ITo oapeaenennio

[ o @= | ol¢" @)

Py p-1
150 !

B cuny cBoficrBa 3° auddepenunpyeMux oto6paxennfi (cm. n, 2
§ 3) umeeMm

709" =(909)"
Takum o6pasom,
[ = @dw= [ o= [ o
124 Pt (@) (1P QUP (1))
HOCKOMBKY (@ o ) (12—1) =@ (17 (1))
3. ®opmyaa Crokca.
OcnoBHas Teopema. [ycre C=¢: IP=>E™ — npoussois-

noui cuneyaapnel kyb, codepacawutcs 8 G, u nycto 0&Qp-1(G).-
Cnpasedausa popmysra Crokca

do = .
jo=le

HoxaxeM 31y ¢opMyJy chayajia B CJelyiolleM YacTHOM Cay-
yae:
Mycre © — Ougppepenyuarvras gopma crenenu p—1, onpede-
sennasn 6 IP. Toeda cnpasedauso pasencTeo

[do={o (6.1.19)
P

arP
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HDokasareascrtso. ITycts o=f(t)d?A...A\dt*. Tlo onpene«
JIEHHIO

Jo=3 (-1 (f o= ] o)

arr i=l U N 10
BriuscsauM cieayomuil HHTErpad:

5(0, ree i=1,2,...,p, a=0,1.
15,0

PaccMoTpuM — KaHOHHuecKoe  oroGpaxenne ¢ : [~ — IG (i).
B cuay pesysibraroB 1. 1 HMeeM

o= [ 1&g AL Ade.

D ¢ P-1
la(l.) I

Ilo onpeneseHHI0 KaHOHHYECKOTO oTobpaxkenus @ sgkoOuaH
MMEET BH]

] D(s?, ...,s71, a,s, ..., sP1) 0, econ i1

D(st, s?, ..., sP71)
J =
D(st, s2, ..., sP)

D(st, s?, ..., s 1)

=1, ecau i=1.

Takum 06pa3oM, OTIHYHEIMH OT HyJs MOTYT OBITb TOJBKO HH+
Terpads mo /.” (1), H MH IoJydaeMm

Sm.—_(—l)( 5 o— S m)= 5 F(1, st 82 ..., )dst A ..
P

ar® 75m LA

CAdsT — RO, L ) dst AL LA dsP
e

ITo onpepenenmio uHTerpana no ky6y [P~}

1 1
=S S[f(l,sl, e ) —F(O, 8, ..., PN dstds?. . .dsP =
0 0

11 l
=” "f dsdst . ﬁn—l:j’%dso/\.../\dsn—l.
S0
00
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C IApyro#l CTOpPOHEL,
do =aitfldt1 AdEA ...\ di.
CrenroBaTenbHO, ) 3 N
o=\ — ... .
Pagsencrso (6.1.19) npokasano,

HokasarteasncTBo teopeMu Crtokca. Ilo onpenene-
HHIO HHTerpaja Mo CHHryJsipHOMy KyOy

j do =j 9* (do).
C P

B cuay csofictBa 2° auddepenunpyeMslx oro6paxenuii (cMm. m 2
§ 3)
[ " (do)={ do*(w).
” i

Hanee BocnonbsyeMcsl yxe jgokasanHoH (opmynoil CTokca Ans
Kyba I7:
[ do'(@)= [ ¢ (o).
P

P

Ocraercss 3aMeTHTh, 4TO IO CBOHACTBY HHTErpajoB IO rpaHHIE
CHHTyJApHOro Ky6a (cM. yTBepXAeHHE 1. 2)

j ¢’ (0)=| o.
aIP 5C
Teopema nmonuocThio nA0Ka3aHa.
4. Mpumepsi. 1°. PaccMorpum cayyait p=1. OxHoMepHHA CHH-

ryaapublfi ky6 C B E* — 3TO HeKOTOpasi KPHBasi, KOHIH KOTOpOR
06o3nauuM uepe3 a U b. ®opmyna Crokca npuobperaer BHI

fdf={ F=F O (@).
c ac

B yacrroctH, korpa n=I1, noaysaem popmyay Hrwortona —
Jenb6uuua

b
(' (de=F(b)—f(a).
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2°. Ilycrs teneps p=2. IBymepHuil cunryaspHsii ky6 C — 3710
JABYMepHas MOBEPXHOCTb, POPMa WEQ, HMeeT BHJ

n
0= Z w,dxk.
k=l

Hcnonbays npumep 2 1. 2 § 2, noayunm

‘YE( Zf:: %a;f )d xt /\ dxf = Yzmkdxk'
Ch<d

Ecin n=2, 10, o6o3navas o=Pdx'+Qdx? noayuuMm ¢$opmMyay

Fpuna
5 ( oq _ op ) dxt A dx? —5 Pdx! + Qdx2.
C

axl O0x?

Ecau n=3, o nonyunm o6uiunyio popmMyay CTokca.
3°. Ilycts p=n. Toria 0 =Q,—; UMeeT BAA

n
0= Z ORdxE A L N A AN dxETU N LN dan
k=l
Hauaee,

_,:‘ nﬂ 00y i -1 n__
dm-}dl e Ndet AN dx

k=) i=1

.22(—1)k“%)c°§-dxl/\dx2/\.../\dx".
k=1

B vacrtuoctu, npu n=3
o = Pdx® A dx®—Qdx® A dx®-+ Rdx* N dx?,

— (9P . 9Q 1A gy 8
do (6x1+6x~ aa)dx/\d}./\dx

H MH nosyuaemM popmMyay OcTporpajgckoro.



I'masa 7

WHTETPAJIbl, 3ABUCAIIHUE OT NAPAMETPOB

Jra raaBa NOCBSIIEHA H3YUEHHIO CHElHaJbHOTO KJacca (yHKIHH,
NpEeNCTaBHMEIX B BHAE COOGCTBEHHOro MJH HECOGCTBEHHOTO HHTErpaJa
N0 OAHOM MepeMeHHOH X OoT (QYHKHIHH, KOTOpasi KpoMmMe YKa3aHHOH
[IePeMEHHOH X 3aBHCHT €lle OT OAHOH [epeMeHHOH Yy, Ha3blBaeMOW
napamerpomM. ODyHKIHH, NPEACTABHMBIE TaKHMH HHTerpajaMy,
IPDHHATO HA3bLIBATH HHTErpaJaMH, 3aBHCANOHMH OT IHapa-
MeTpa.

EcTecTBeHHO BO3HHMKAIOT BONPOCH O HEIPEpPHIBHOCTH, HHTErpHpye-
MOCTH, AHD(epeHIUPYEeMOCTH TAKHX (PYHKUHH 10 mapaMerpy.

§ 1. PABHOMEPHOE 1O O HON NEPEMEHHON
CTPEMJIEHUE $YHKIHUH ABYX HEPEMEHHDIX
K NMPELAEJNY NO APYIronm NEPEMEHHOR

1. Cpsiab paBHOMEPHOTo MO OAHOH NMEpeMeHHOH cTpeMJIeHHs (QYHK-
HHH JByX NnepeMeHHBIX K NMpejeny mo APYrod npeMeHHo#i ¢ paBHOMep-
HOH CXOOHMOCThI0O (YHKHHOHANBLHOM mnocaenoBateabHoCTH. [IycTh Ha
MHOXecTBe Z, NpHHaAJexalleM IpocTpaHcTBY E? u  cocrosimeMm H3
nap (x, y), rie X NpHHA/JJEXHT HEKOTODOMY MHOXKECTBY YHCJAOBO#H
ocd {x}=X, a y NPHHAAJNENKHT HEKOTOPOMY MHOKECTBY YHCJIOBON
ocu {y}=Y, sanana ¢QyHKUHHA ABYX NepeMeHHHX [(X,-y). B mpocrei-
IleM cayuae noi Z MOXKHO IIofpa3yMeBaTb NpPAMOYroabHHK II=
={a<x<<h, c<Y<d}, e {x}=X=[a, 0], {y}=Y=|c, d], a (%, y)—
¢ynkuus, sajansas Ha npsimoyroabHuke II. Ilycts panee yo, — mpe-
AeJpHas TOYKa MHOXKecTBa {y}.

Ecan npu KaxpoM X, npuHapjexkameM MHoxecTBy {x}, cymecrt-
ByeT KOHEUHAIH Npeges

jijf} [(x, y)=g (x),

TO Oy/leM TOBODHTb, 4TO QyHRUUA f(X, y) MTOTOYEUYHO CTPEMHUT-

¢ K QyHKUMM g(X) Ha MHoXKecTBe {x} IpH y, CTpeMsuIeMCH K Yo,
H OyleM IHCaThb:

f(x, y)—>g(x) npu y—yo.

[Tonarue noroueuHoro crpemaenus f(X, y) K g(x) obobmaer mo-

HATHE CXOAHMMOCTH B TOuke (HYHKUHOHAJNBHOH [oC/e/10BaTe]bHOCTH
(cM. § 1 ra. 2).
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HeficTBATENBHO, B YACTHOM CJyyae, KoOrza MHoxecTBo ({y}=Y
ABJISIETCA  MOCJAELOBATENBLHOCTHIO {Yn} M Yn—Yo, OyHKUHIO (X, y)
MOXHO pacCMaTpPHBATh KaK (YHKIHOHAJbHYIO NOCJAEA0BATENBHOCTD
fn(x) =f(x, yn), onpegenennyio Ha MHOXKecTBe {x}=X.

OmpenenuM temepp NOHATHE DaBHOMEDHOro IO MEPEMEHHOR X
CTpeMJeHHst GYHKUHH (¥, y) ABYX IepeMeHHBIX K IpeleabHodl (YHK-
UHH g(X) IpH y—Yo.

Onpenenenue. Pyuxyusn f(X, y) cTpemurca pasnomep-
RO OTHOcCUTeAabHO x Ha {x} kK pyrnKyuu g(x) npu y, cIpe-
mAYeMCR K Yo, ecau 041 ai0boz20 £>0 cyuwecrsyer §==8(g) >0 raxoe,
410 Oas 8cex Y=Yo u3 muosecrsa {y}, 0aa Koropeix |y—yo| <6, u
cpasy 0an 8cex x U3 MHOMCECT8a {X} 8bINOAHAETCA HEPABEHCTBO

|f(x, y)—g(x)] <e.

JokaxkeM yTBepKJIeHHe, yCTaHABJHBAalOllee CBA3b MEXKAY paBHO-
MEpHHIM Ha MHoOXKecTBe {x} crpeMJjeHHeM OYVHRIMH [(X, y) K g(x)
ApH Y—>Yo H PAaBHOMEPHOH Ha MHOXecTBe {X} CXOAHMOCTLIO (DYHKLHO-
HaJbHOA NOCTEA0BATENBHOCTH fn(X) =[(X, Yn) TPH Yn—>Yo, THE YnFYo
JLJIst BCEX A, Yo — UPejesbHAs TOUKA MHOXKecTBa {y}.

Yreepxaenne 1. Pynkyus f(x, y) cTpemurca kK ynxyuu
g(X) pasHOMEpHO OTHOCUTEAbHO X HO MHOXCecTse {x} npu y— Yo 10200
U TOAbKO TO20a, K020a (PYHKYUOHAALHAR NOCAEJOBATEALHOCT [n(X) =
=f(%, yn) cxodurcs pasHomepHO Ha MHOXcecT8e {x} « npedesvHoU
Gynryuu g(x) 0as kaxdoli nocaedosareabHocTd {Yn), Yn—>Yo, 20€ Yn
npunadaexcar {y}, YnF"Yo.

HokasateabcTBo. Heobxodumocrs. Ilycth f(X, y) cTpemurcs
K g(X) paBHOMepHO Ha MHoxKecTBe {x} npH y—yo. Bo3bMeM mpomus-
BOJIBHYIO MOCJEN0BATENBHOCTS (Y}, TAEe Yy, OpHHaAdexar {y}, Y.7 Yo
H Yn—Yo. IlokaxeMm, yro mnocaefoBatenbHocTh {fn(x)}, rae fa(x)=
=f(x, y») paBHOMEpPHO Ha MHOKECTBe {X} CXOAHTCA K £ (X).

®urcHpyeM mpou3BoJsbHOE yucjo g>0 u no HeMy uHcao §=05(g) >
>0 ragoe, uTo Aas JIOGHX y W3 MHOoXKecTBa {y} Takux, uro 0<
<|y—yo| <8, m mam Bcex x u3 {x} BHIIOJHAETCS HEPABEHCTBG
|f(x, y)—g(x)|<e. ITocKONBKY Yn—-Yo, TO HaABAETCH TAKOH HOMED
N=N(8), uto npu J106b1X >N BHIOJHAETCS HEPABEHCTBO

I Yn—Yo I < 6)
H3 KOTOpOro CJaeAYeT, UTO

|F(x, ya)—8& (%) [ <e

IOpH BceX X, OpHHaAJexamux {x}, u mpu aw6oM n>=N. dto o3nauaer,
uTO fn(X) CTPEMHTCH pAaBHOMEPHO HAa MHOXKecCTBe {¥} K g (x).
Hocrarounocre. Tlycts ans awboit cXoAswefcs K Yo MocjeloBa-
TeNbHOCTH {Yn}, THe Yy, DpuHamnexar {y}, Yn7Yo, COOTBETCTBYIOWIAS
nocJeJoBaTedbHOCTb [n(X) =[f(X, Yn) paBHOMEpPHO Ha MHoKecTBe {x}
cxoautcs K QyHkuuH g(x). Loxaxem, yro ¢yukuus f(x, y) pasHo-
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MepHO Ha MHoxKecTBe {X} CTpeMHTCA K g(X) NpH y—Yo. Homycrum
[IPOTHBHOE, T. €. AOIYCTHM, YTO CYUIECTBYET TaKoe 4HCao go>0. uto
A awb6oro 8>0 HalHAyTCS Ys#Yo, |Ys—Yo| <8, M Touka X, H3
{x} Taxue, uTO

| (x5 y5)—8 (%s) | =e0.

[Tyctes {87} — mnocaeloBaTENLHOCTh NOJOKHTEJILHBIX YHCEN, CXOA-
masicss K Hynaw. Torga Aas COOTBETCTBYIOMIMX MOC/EA0BATEIbHOCTEH
{yn}, {x:}, TRE Yn=UYs,, Xn=Xs,, OyAeM HMeTb Yn—>Yo, |Yn—Yo|<b,
Toraa Kak |f(Xn, Yn)—g (%) |>=e0. CuaenoBaTesibHO, HOC/ELOBATE]b-
HOCTh QYHKUHHA f(X, yn) =[»(¥) He cXomuTcs K g(X) paBHOMepHO Ha
mHoxecTBe {x}. Takum o6pasom, MH NPHULIH K NPOTHBOPEUHIO. ¥YT-
BepkKAeHHe | MOJHOCTHIO JA0KA3aHO.

2. Kpurepnii Komwn paBHOMepHOro crpemijeHusi (yHKIHH K Inpe-
JdeNbHOM.

Teopema 7.1. [asn 1020 urcber ¢ynkyusn f(x, y) crpemuracs
pasnomepro Ha MHONcecT8e {X} K HexkoTopol ynxkyuu g(x) npu
Y—>ly, HEobxo00umo u OocTarouno, uwtobe. 0as at06020 uwucia £>0
cyuiecreosano 6ot wucao §=35(g) >0 rakoe, uto das awboix y', y”
uz mroocecrsa {y}, 0Oaa xoropuix 0< |y —yo| <8, 0<|y"—yo| <8, u
0as 8cex x U3 MHOMCeCTBA {X} BbHINOAHRAOCH, Gbl HEPABEHCTB0

[T (x, ") —F (%, ") | <e.

IlokaszareabctBo. CoraacHo yTBepXKAeHHIO 1 JoCTaTOYHO
paccMoTpeTh MOCAeROBATENLHOCTh {f (¥, yn)}, COOTBETCTBYIOUIyI0 IOC-
JeL0BaTeJIbHOCTH {Yn}, THE Yn—>Yo, Yn U3 {y}, YnFYo, B BOCIOJb-
30BaTbCsl KpHTepHeM Kolud paBHOMepDHOH CXOAHUMOCTH (DYHKLHOHAMbL-
HOH Toc/eA0BaTe bHOCTH (cM. § 1 ra. 2).

3. IIprMeHeHHs MOHSTHA PasHOMEDHOrO CTPEMJi€HUSA K IpelenbHoH
dyuknpn. IIycte muoxkectBo {x}=X coBmajgaer c cermeHtoM [a, b],
Yo — TIpellesbHAs Touka MHoXKectBa {y}=Y. PaccMoTpuM QyHKIHIO
f(x, y), rae x u3 [a, b], a y u3 MHOxectBa Y. ChopMmyaupyem psiz
YTBepXKAeHHH, BLITEKAIOUINX H3 COOTBETCTBYIOIIMX YTBEDXACHHH Asst
paBHOMEpHO CXOASIIHXCA  (YHKIHOHAJABHBIX  MOCJAEAOBATEIbHOCTER
(cM. ra. 2). DTH yTBep:KIAeHUs JOKA3LIBAIOTCS NyTeM Mepexoja K Hpo-
U3BOJIBHOH TOCJIeR0BATENbHOCTH {Y.), Yn H3 Y, YnFYo, Yn—>Yo IPH
n—-co,

YrBepxaenue 2. Tycte ¢ynryusn [(x, y) unTezpupyema Ha
[a, b] npu ramdom urcuposansom y uz Y u f(x, y) pasHomepHo
Ha [a, b] crpemurcs k g(x) npu y—Yy,. Toz0a g(X) uHnrezpupyema Ha
[a, b] u chpasedauss. pasencrsa

lim?f(x, y)dx = f g(x)dx = Sb[limf(x, y)] dx.
Lng L 4 g Yo

,U,JIH JOoKa3aTeabCTBa 3TOro YTBeDXKACHHA AOCTATOYHO l'IpHMeHHTb T€O-
pemy 2.8.
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YrBepxaenne 3. Ecau chynryus f(x, y) Henpepvisna no x
na [a, b] npu kaxcdom purcuposarsom y usz muoxcecrsa Y u f(x, y)
pasHomepro na [a, b] crpemurcs k g(x) npu Yy-»Yo, T0 g(X) — He-
npepbieuasn na [a, b] dynryus.

Ins pokasatenbcTBa cJiellyeT BOCIOJNB30BATHCH CJAEACTBHEM | H3
T€OpeMHl 2.7.

YrBepxaenne 4. ITycre ¢gyuxyun f(x, y) nHenpepoisHa no x
Ha [a, b] npu kamcdom (uKCUPOBAHHOM I U NPU CTPEMAEHUU Y K Yo
8 kascdoil (uxcuposannoll Touxke x ceementa [a, b] ara pynkyus,
He gospacras (He ybOwvieas), cxoduTca K HenpepoisHoli npedeabHod
pyuxyuu  g(x). Tozda f(x, y) crpemurcs Kk g(X) pasHomepHO
Ha [a, b].

n 310 yTBepxKAeHHe SIBJIsIETCS aHAJOroM TeopeMH 2.4 ra. 2 (npH3HAK
HHH).

Ilpu mepexolie k mocnenoBaTenbHOCTH {Yf,} HeoOXogUMO BHIGHpATh
ee Bo3zpacramonleil H Tax, yToObl Yu~>Yo.

Yreepxaenue 5. Ecau npu xaxodom (purxcuposarrom Yy u3
muomecrea Y ynrxyuu or x f(x, y) u [ (x, y) Henpepoisrol HQ
[a, b] u npu y—>y, Pyuxyus f(x, y) crpemurcs k g(x), a gynxyusn
f<'(x, y) cTpemurca k h(x) pasHomepro na [a, b], 0 pynkyus g(x)
Jupgpepenyupyema na la, b], npusem

g'(x) =h(x),
uau
{lim f(x, y)}x = lim fz(x, y).
Y—>4o Y=Y
Has noKa3aTenbCTBA STOrO YTBEPXKAEHHS He0OXOAHMO BOCMOJb30BATh-
cs TeopeMont 2.9.

Yreepxaenue 6. [Tycre ¢ynxyusn f(x, y) sadana na npamo-
yeoavnure IT={a<x<b, c<y<d} u nenpepsisra xa Hesm. Tozda npu
At060m Yo u3 ceemenra [c, d] npu y->yo PpynKyun f(x, y) crvemurca
pasnomepro no x Ha [a, b] & gynxyuu f(x, yo).

HokazatenbcTBo. IlocKOMBKY HeNpepblBHAS Ha MPSMOYTOJb-
nuke I ¢yHRUHS sABJsSETCH H PABHOMEDHO HENDEPEHIBHOM HA HEM, TO
s ao6oro ducaa >0 CYWECTBYeT TaKoe UMC/O 8=28(e)>0, uro
anst ao6eix  Touek (x', y’), (¥, y”), AAs KOTOpHIX |x'—x"|<S§,
|y’—y”| <6, cupaBessuBO HEpPaBEHCTBO

I (2, )= (x", y") | <e.

Iycers x'=x"=x, y'=y, Y’ =y, Torna pna mobux y u3z [c, d]
TaKHX, 4T0 |y—yo| <6, # mas a0bbix x H3 [a, b] BEmoOJHsieTCSs Hepa-
BEHCTBO

|f(x, y)—T(x, yo) | <e.

Ho 3To u o3Hauaer paBHomepnoe Ha [a, b] cTpeMaenne (X, y)
K f(%, Yo) UPH y->Yy,. YTBepKAEHHE LOKA3aAHO.
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§ 2. COBCTBEHHBIE UHTETPAJIbI, 3ABHCALLHE
OT NAPAMETPA

1. CeoficTBa MHTErpana, 3aBHCsAHIero oT napamerpa. [1ycTs ¢yHK-
UHs ABYX IIepeMEHHBIX f(¥, y) ompexeseHa 1S X, NPHHAAJMEKAIIUX
cermenry [a, b], u Ang y, NpHHAAJeXKalIHX HEKOTODOMY MHOKECTBY
{y}=Y. HonyctuM, uTo NMpH KaxXAOM (HKCHpOBAaHHOM y U3 Y (YHK-

1Ha f(x, y) uurerpupyeMa mo [a@, b]. Torga Ha MHOXKecTBe Y ompe-
Jesena GyHKUHA

b
I(g)={f (x, g) dx, (7.1)

‘HasplBaeMag HHTErpaJoM, 3aBHCAUMM OT napamerpa y.

M3yyum cBoiicTBa HHTerpaJsa, 3aBHCALIEro OT napaMmerpa. 3ame-
THM CHayaJa, 4YTo COTJIACHO yTBepxkJeHHio 2 u3 § 1, ecan dyunxuus
f(x, y) crpemurca paBHOMepHO Ha [a, b] ¥ dyHKUHE g(X) T0pH
Y—Yo, To B uHTErpajte (7.1) MoOXHO clesNaTh Mpele/bHHHA IEpeXon
1I0J, 3HaKOM HHTerpaJja.

Teopema 7.2 (o HempepHBHOCTH HHTETrpaja IO THapameTpy).
Hycre ¢ynryus f(x, y) Henpepvisna Ha rblpfmoyawzbnuxe M={a<sx<<

b, cLy<d}. Toz0a unrezpas ](y)=j f(x, y)dx sasasercs nenpe-

a
poisrot pynkyuel napamerpa y wa [c, d].

HoxkasarteancTBo. B cuny yrBepxaenus 6 § 1 dyukuus
7(x, y) crpemutcst paBHOMepHO HA [a, b] K QyHRuHU [(X, yo) fpH
Yy—yo. CllefoBaTeNbHO, KAK OBLIO OTMEUEHO BHILIIE, MOXKHO CHEIAThb
npejleibHBIH NepexoRk O] 3HAKOM HHTErpaJa:

e’/ Yy

b b b
lim/(y)=1im [ f(x, p)dx = [ limf(x, y)de= [ f(x, yo)dx=1(g),
a a 9 a

uTo U TpeGoBaOCh.

Teopema 7.3 (06 MHTErpHDOBaHHM HHTerpaJa IO Napamerpy).
Ecau  ¢ynxyus [(x, y) HenpepuisHa 8 npamoyeosbHuke Il=
b

={a<x<h, e<y<<d), 10 pynwyus 1(y)= [ f(x, y)dx unrezpupye-

a
Mma na ceemente {c, d]. Kpone 1020, cnpasedausa gopmyia
d

d d
f1@)dy= j[Sbf(r, y)dx]dy=f[jf(x, y) dy| dx.

¢ a

WHBIME CJI0BaMH, 8 YCAOBUAX Teopemol UHTe2paA, 3asucaujuil oT

napamerpa, MONCHO UHTeZpUpOosaTs NO NApAMeTpYy Nno0 3HAKOM UHTE2-
paaa,
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HOokasareabctBo. CoriacHo mpeanaylueii teopeme 7.2 ¢yBk-
HHs HenpepnBHa Ha [¢, d]. IloaToMy ona HHTerpHpyeMa Ha 3TOM cer-
menre. CrpasefauBocts (OPMyJH cAefyeT H3 DPaBeHCTBA IOBTOP-
HHX HHTETPaJioB, MOCKOJBKY 006a OHM paBHH [ABOHHOMY HHTerpaJay

SS f(x, y)dxdy (cm. ra. 3). TeopeMa pokasaHa.
o

Teopema 7.4 (o auddepennHpyeMoCTH HHTErpaJsa 1o Iapamer-
py). lycre ¢pynryus [(x, y) nenpepvisna Ha npamoyzosbtuke I u
umeeT Ha Hem Henpepoleryro npou3sodryro [,/ (X, y). Toeda onpeders-
emasn pasencreom (7.1) ¢pynryus 1(y) oupdepenyupyema na [c, d] u

b

I'(@)={ fy(x y)d. (7.2)

a

HWHHMMH ClIoBaMH, 8 yCA08UAX Teopembl MONCHO Oughheperyuposars
noo 3HAKOM UHTe2pPalq.

HokasaTeabcTBo. PaccMoTpum nosayyaemMoe H3 (HOpMyJaH
Jlarpanxa cooTHoOIIeHHe

h) — .
(=, y+’)1 f(x, y)=fy(x,y +9h),

rie 0<6<1. 3amerum, uto f,/(x, y+0h) cTpeMHuTCS pPaBHOMEpDHO Ha
[a, 8] x [,/ (x, y) mpu hA—0.

CaenoBarespHO, NpH A—»( DONYCTHM TpefelbHHE Tepexol TOA
3HAKOM HHTErpaJia B COOTHOUIEHHH

b
1(y+h)h—1(y) =S £y (%, Y + 6h) dx.

Orcrona u nonyuaem dpopmyay (7.2). TeopeMa nokasaHa.

2. Cnayuyai, korja npeneinl HHTErPHPOBAHHS 3aBHCAT OT nmapamer-
pa. Ilyets dyukuus f(x, y) ompeieseHa Ha NpAMOyroJbHuke II=
={a<x<p, c<y<d}, a 3anaunne Ha [c, d] dyukunn a(y) u b(y)
orobpaxaiot [c, d] B cermenT [a, B].

Ecau npu mo6om ¢HkcHpoBaHHOM y H3 [c¢, d] dyurnns f(x, y)
HHTEEpHpyeMa o x Ha cerMmeHre [a(y), b(y)], To, oueBHAHO, Ha
[c, d] onpeneneHa ¢yHROHA

b(y)

](y)= j f(x9 y)dx9 (71’)
ay)

npexcraBiasiomas coboft HHTerpaJ, 3aBUCAINMA OT mapamerpa Y, y Ko-
TOPOTO TIpeAesbl HHTePHPOBAHUS TaKXKe 3aBHCAT OT TOrC mapaMeTpa.

Teopema 7.5 (0 HempepHIBHOCTH HHTerpaja IO MapameTpy).
ITycre ¢pynxyusn f(x, y) nenpepeisra na npamoyzorsvruke 11, a (pynk-

01/, 3ak. 25
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yuu a(y) u b(y) nenpepuisuol na ceemente [c, d]. Toeda ¢ynkyus
b(y)

I(y)= f f(x, y)dx nenpepobisna na [c, d].
a(y)
JogasaTeabcTBO. 3adHKCHpYeM IIPOH3BOJIBHOE Yo M3 Cer-
menra [c, d]. Torna B cany cBoficTBa afJHTHBHOCTH HHTerpaJa

b(ys) by) aly)
Ho)= | (e o)det | Fx, o)de— | F(x )de.
a(yy b(yo) a(yo)

IlepBuiii uMHTErpas B mpaBofi 4YacTH mpeAcTaBiseT co6oil  HHTerpad,
3aBHCAWMI OT NapaMeTpa Y, C TOCTOAHHBE MH MpelejaMH HHTEr-
pupoBanus. CJlegoBaTeJbHO, OH fABJSETCS HelpeprBHOH (DYHKUHEH OT
Y H IO3TOMY IPH Yy—>Y, cTpeMurcs K I (Yo). Hdas ABYX Lpyrux uurer-
paJioB MoJay4yaeM OLEHKH

b(y)
| | Fe 9 x| < MIb@)—b o)1,
blyo)
a{y)
| [ 165 9)de| < Mla(@)—at)l,
a(yo)

rae M=sup|f(x, y)|]. U3 HenpepmBHOCcTH OGyHRIHE a(y) u b(Y)
I

CJelyeT, UTO NMPH Yy-»Yo 06a ITH HHTErpaja CTPeMSATCA K HyJd1o. Takum
o6pasom, I (y)—1(ye) nmpu y—Yy.. Teopema noKa3aHa.

HokaxeM rtenepr TeopeMy o auddepeHUHPYEeMOCTH HHTerpasa
I(y), onpenensiemoro paBeHcTBoM (7.17).

Teopema 7.6 (o nuddepeHIHPYEMOCTH HHTerpaJa Io mapaMmer-
py). Tycre ¢ynryus f(x, y) HenpepvisHa 6mecTe ¢ NPOU3BOOHOL
fv' (%, y) na npamoyeoronure 11, a Ppynxyuu a(y), b(y) dudpdeperyu-
pyemot na [c, d]. Toeda unreepanr I(y), onpedessemoil pasencTsOM
(7.1*), Ougppepenyupyem no y na [c, d] u cnpasedruso pasencrso

b(y)
I'(y)= j fo(x, p)dx+Fo(y), 10" ()—Fla(y), yla' (v). (7.3)
aly)
HJdoxkazateabctBo. 3adHKcHPYeM IIPOH3BOJBHOE Yo H 3alH-
1eM COOTHOLIEHHe

A / blye+-h) b(gs)
Mt At o LT Fn st iyde— § Fs g de | (2.9
h h
a(yet-h) algre)
(h euibpaHo TaK, uto Yy,+h < |[c, d]). Tak kax
b(yath) a

(Ye)
Fr ot hydes [ F(x ot W) dr+
a(ye+h) a(yet-h)
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b(g0) blyo+-h)
+ [ gothydet | fr, yot+h)d,
a(ye) b(ye)
TO
b(yo)
I(yo+h)—l(yo)=S F5 Yo+ B)—F (% 00) gy
h h
a(ye)
1 a(yo) 1 blyeth
to |t wrmdct o | 700 g0+ hyax.
aWe+h) b(ge)

B mepBoM cjlaraeMoM NpaBOfl yacTH 3TOro PaBEHCTBA COTJIACHO TEO-
peMe 7.4 MOXKHO TepelTH K Hpefesny NOL 3HAKOM HHTErpajia mpH
h—>0.

Bocrmonn3yemcst nepBofi GopMyJo#i cpefHero 3HayeHHWd /I HHTer-
paJIoB U IPEJCTaBHM BTOPOE H TPEThe CjlaraeMeie B BHAE

aly,)

% S f(x) y0+h)dx=f(§, y0+h) a(yo)_Z(yo+h) ’
a(yeth)

rae & 3akJI0YeHO MEeXAY YHCIaMH a(yo) H a(yoth);
p e , b (o +h) —b (40)
- | 1t mar=fE, g+ ntE =),
bya) .
rae £’ 3aKJI0YEHO MeXAy YHcIaMH b (yo) H b(yot+h).

M3 5THX paBeHCTB H H3 HempepHBHOCTH GYHKUIHHA a(y) u b(y)
nonyyaem, yto npH A—-0

aiye)
r F(x, Yo +h)dx—~—F[a(yo), Yol a’ (%);
ayet+h)
b(yeth)
- F(x, yo+h)ydx—F[6(yo), yo] &' (Yo)-
bye)

Taxum o6pa3oM, B paBeHCcTBe (7.4) [ODYCTHM NpeHeNbHBHIH TEPEXof
npu h—0 u cnpaBemnuBa ¢opMmyaa (7.3). Teopema pHoka3aHa.

§ 3. HECOBCTBEHHbBIE UHTEIPAJIbl, SABUCALILUE
OT NMAPAMETPA

B sToM naparpade mbl GyaeM H3yyaTh CaAyYalt paBHOMEPHOLO OT-
HocHTenbHO y={y} cTpeMyeHHs GYHKUHM ABYX HepeMeHHHX F (X, Y)
K npefensHo# ¢yakuun G(y) mpu x— 4 oo.

‘91/2-:
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Ilycrs dyukius F(x, y) onpeneneHa Ha MHOMXKeCTBe Z, COCTOSIIEM
u3 map (x, y), rle X NPHHAJJEXKHT MHOxeCTBY {x}=X, a y npHHan-
JAexnT MHOXecTBY {y}=Y, X u Y — muoxkecTBa uncsoBoi ocH. IIpen-
NOJIOXKHM, 4TO + 0o SIBJAAETCS MpEeNeabHOH TOYKOH MHOXKecTBa X (T.e.
s moboro yHCaAa a MHOXeCTBa (@, +00) COAEpPKHT Mo KpaihHeH
Mepe onHy TOuKy u3 X).

Onpenenenue 1. Pyuxyus F(x, y) cTpemurcs pasuo-
MEpHO OTHOCUTEABHO Y Ha MHOMecTse X K pyHkyuu
G(y) npu x, ctpemawemcs k +oo, ecau dasn a06020 ¢>0 Haddercs
TAKOe 4UCAO Xo, 4TO OAf A006IXx X, npunadasexcawux X u yoosier-
BOPAOWUX YCAOBUIO X>Xo, U O AW00ObLx Y U3 Y 86INOAHAETCS Hepa-

B8EHCTB0

1. HecoOcTBennbie HHTErpaabl NepBOro poja, 3aBHCsLIHe OT mapa-
merpa. [lepefineM Temepb K H3YYeHHIO HeCOOCTBEHHBIX HHTErpaJjos.
Ilyctes dynkuus f(x, y) onmpeleneHa NIpH BceX X¥>>a, NPH BCeX Yy H3
HEKOTOpOro MHoxecTBa {y}=Y u npu kaxaoM ¢HKCHPORAHHOM Y
u3 Y urerpupyema Ha [a, +oo0), T. e. Ans Kaxoro y u3 Y cxoautcs
HHTerpaJ

1(g)= {f(x y)dx. (7.5)

Onpeneaenue 2. Hecobcreennoii unreepanr (7.5) naseisaercs
CX00AuW,UuMCA PABHOMEPHO NO napamerTpy y Ha MHO-
secrse Y, ecau pynkyus

14
F(t, 4)= [ F(x, y)ds (7.6)

pasHomepHo Ha mHOxcecT8e Y CTpemurcs K npedenvHoll Qynrkyuu
I(y) npu t—-+o0.

CopaBennuB cjaeAyOIMHA KpUTepHH DaBHOMEDPHOH CXOJAHMOCTH He-
CO6GCTBEHHOTO HHTEerpajia, 3aBHCAIIEro OT napamerpa.

Teopema 7.7 (kpurepusi Kowmu). Jas 17020 4T066L HEcobCTBEH-
noul unreepaa (7.5) cxolduics pasHomepHo Ha MmHoxcecTse Y, HeoO-
xo0umo u docrarouno, 4TobbL 0asn at06020 £>0 cyu,ecTe08a.10 TaKoe
wucao to==a, 4To npu scex t', ¥, npesocxodaujux t,, u npu scex y u3
Y 66110 cnpasedauso wepasencrso

r
| 5‘ F(x, y)dx|< €.
e

CrnpaBelJIHBOCTh 3TOr0 KDHTEpPHS BHITEKAaeT W3 TEOPeMH 7.1, NIpH-
MeHeHHOH K (PyHKUHH

H
F(t, y)= [}z, y)dr.
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W3 kpurepusi Ko, B 4aCTHOCTH, BHITEKAET CJAEAYIOMHH NpH3HAK
CpaBHEeHHs.

Teopema 7.8 (npusnax Behepiurpacca). ITycrs npu scex y u3
Y u scex x, npuradaexcaujux nosayocu [a,, o), ede a;>a, 048 PyHk-
yuu f(x, y) 86LNOAHENO HEPABEHCTBO

If (x, y) |<o(x),

20e ¢ (X) — unrezpupyeman (8 HeCOGCTBEHHOM cmbicae) Ha [a, oo)
¢ynryun. Toeda unreepar (7.5) cxodurca pasromepHo.

Hoxkxasareabcrso. Ilockoabky wunTerpan \' @(x)dx cxonmures,

a
10 Adg gwboro uyucna >0 Hafizerca Takoe uyucao fy>a,, 4TO IpH
Jo661x 1/, 1”7 Takux, 4ro fr<l’<(f”, BHINOJNHSIETCST HEPaBEHCTBO

e
S ¢ (x)dx < e.
e

Torna
t 7
{70 wde| <]
, P

-
f(x, 9)ldr < [@ (M) de <,
?

YTOo 4 Tpe6OBaNOCh JOKA3aTh.

3ameuanue 1. M3 kpurepuss Kown paBHOMepHOH CXOAHMOCTH
t#ecOOCTBEHHOTO WHTerpala BHITeKaeT, 4To uHTerpasn (7.5) u ero «oc-
@

TaTtoK» (T. €. HHTerpaj BHAA ff(x, y)dx, rie a’>a) paBHOMEpPHO CXO-
o
AATCA OXHOBPEMEHHO.
3amMeuanue 2. AnanoruuHo Tomy, Kak OBl JOKasaH NPH3HAK
Hupuxne—AGenss nnsi HecoOCTBEHHBIX MHTerpasioB (CM. monoJHeHhe 1

K T 9 u. 1), JoKasmBaeTcsl caejyiollee yTBepXJeHHe (IpH3HaK
Hupuxne—AbGens):

t
" Ecau unreepan F(t, y)=5‘f(x, y)dx pasromepno oepanuden,

a
T. e. npu 8cex t>a u y us Y eovinoaneno ycaosue |F (L, y)|<M,
a g(x) oepanudena u MOHOTOHHO CTPEeMUTCA K HYAO NPu x—-+co, T0
L]

urrezpan j'f(x, y)g(x)dx cxodurcs pasHomepro.

a

[lepeiinem Tenepb K H3yueHHIO CBOMCTB 33aBHCSILHX OT NapaMeTpa
HecoOCTBEHHBIX HHTErpPalos.

Teopema 79. Ilycro Oan aoboeo b, npesocxodauiezo a, Pynx-
yus f(x, y) pasromepHo Ha CeemenTe a< X< b CTPemuTcs K ynKyuu
g(x) npu y—Yo, ede yo — npedesvnas To4Ka Muoxcectéa Y, u uxrezs
9 3ax. 25
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pax I(y)zj f(x, y)dx cxodurca pasHomepHo wna mHoowecTee Y.
Tozda ’
1im1(y)=1imjf(x, y)dx=fg(x)dx.

y"yoo a

Y—>Yo

Hokasateabcrtso. JlokaxkeM MHTerpHpPyeMOCTb Ha [a, oo)
dyskuun g(x). Jas npousBoapHoro €>0 HauneMm 4Hcao fo==fo(e) >0
TaKoe, YTO AJs JAwo6uix #/, {”, npeBocxonsiuux fo, H AJA Bcex y u3 Y
BHINIOJIHEHO HEPaBeHCTBO

‘Ff(x, y)dx‘< £,

3adukcupoBaB mnpousBosbHele ! u ¢”, mpeBocxosuiue fo, nepeizeM
B 3TOM HepaBeHCTBe K IIpefiesly IPU y—>Yo, [HOJAYIUM

|tj:g(x)dx|\<e.
P

@
ATO H [KOKa3BIBaeT CXOLUMMOCTH HHTErpalja j g (x)dx,
a

ITycts {f{;} — npoussonbHass NOCAENOBAaTENBHOCTh Takasd, uTO
[n~>+oo. BBeflem B paccMoTpeHHe (YHKIHOHaJBHYIO NOCAEIOBATENb=
-HOCTb

I

()= § fx 9)dx,
a
KOTopasi paBHOMepHO Ha MHoxecTBe Y cxoautca K dyHknuu /(y),
onpexenseMoll paBeHcTBoM (7.5). B cmay yTBepxkpenua 2 § 1 mns
Kaxpoll u3 dynruuit /,(y) cymecTByeT KoHeuUHHH mnpefes NIPH y—>Yo.
Bonee Toro,

lim 7, (4) =

lim
¥yt Y—=>Yo

t th n

[ 9 de={ [lim f(x, )] dx=  g(@)dx.
e a Y=Y a

Ho TOrZa CymecTBYeT H INpeAct

t @
lim / (y) = lim 5 gx)dx = j‘g(x)dx,
Y-rYs ty—>o A ¥

OCKOJIBKY COrJiacHo TeopeMe 2.7 rj. 2 cumBosil  lim  npepesa pas-

1 ~>om

HOMEpHO CXoAsieiics nocnenoBarteabHocTd {f(y)} u cumBoa lim mpe-
¥=>¥e
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Jdena GyHKUHH [,(y) MOKHO IepecTaBJiiTb MecTaMH. Teopema JoOKa-
3aHa.

Honyctum, B 4acTHOCTH, YTO TOYKA Yo NPHHALJNEIKHT MHOXKECTBY
Y n Oynxuus f(x, y) HenpepbiBHA B TOUKe yo, T. €. (X, y) npu aw0bom
b>a cTpeMHTCS paBHOMEPHO Ha cerMeHTe a< x<(b K [(Xx, yo) npH
y—yo. Torna limI(y)=1(y,), T. e. I(y) HenpephiBHA B TOYKE Y.

e

Taxkum o6pa3oM, MEI IPUXOJHM K cjaefyolled Teopeme.

Teopema 7.9*% (o HenpepblBHOCTH HecoOCTBEHHOIO HHTErpaja
Ho napamerpy). Tycre f(x, y) KaK ynKyus 08YX Nepemennslx nenpe-

peisna npu x=a u y u3 [c, d], a unrezpas 1(y)=5'f(x, yydx

’ a
paswomepro wa [c, d] cxodurca. Toeda ¢yuxkyus 1(y) wenpepoisua
xa [c, d].

JlokasaTeabcTBO. MoOXKHO YyTBepxKaaTb, 4YTO IJs KaxXA0ro
npsMoyroabunka [I={a<x<t, c<y<d) dynxuus f(x, y) papHOMep-
HO Ha cerMeHTe a<{x<(f cTpeMHTCs K f(X, yo) =€ (x) mpu y—Yyo (cM.
yrBepxkaenne 6 § 1). Ilostomy npu t=?¢, nas wuuterpaaoB I.(y),
BBeJEeHHBIX HPH [OKa3aTeAbCTBE TeOpeMHl 7.9, BHINOJNHEHH YCJIOBHS
HpeleJbHOrO nepexoja NOa 3HaKoM HHTerpana. OTciofa ¥ M3 PaBHO-
MepHolt Ha [c, d] cxoaumocTH [.(y) ¥ I(y) nonydaem, uro lim/(y)=

Y=Y

=1(y,), 7. e. byuknus /(y) nenpeprBra. TeopeMa AoKasaHa.
Teopewma 7.10. lycry f(x, y) xax Qyuryus dsyx nepemeHHbIX
HenpepoulBHa 1 HEOTPUYATeAbHA RPU X, NPUHAOAEHAWeM HOAYNPAMOL
[a, o0), u y, npunadaexncawem ceementy [c, d]. Ilycre Jdaree unree-

pas 1(y)=j'f(x, y)dx wuenpeptisen no y na [c, d]. Toeda sroT

a
uxTeepan cxo0UTCs PABHOMEPHO HO y Ha [c, d].
HokasarenbcTBo. PaccmoTpuM mnocienoBatenbHoctb 1, (y)=
i

n
=Sf(x, y)dx HempepHBHEIX Ha [¢, d] (yHRUEH, M nycTh fn—>+ 00
a

He y6nBas. IlocnenoBaresnbuocTh {/4(y)}, MOHOTOHHO He YOBIBasi, cXO-
LHTCS K HempepbiBHOH yHruuu /(y). CienoBaTenabno, MOMHO NpPHME-
HHTb npH3HaK [uun (Teopema 2.4 rua. 2). Teopema noiazalis.
Teopewma 7.11. Hycre f(x, y) Kax ¢ynkyus dsyx nepesiennbix
HenpepuLBHa U HeOTPULATeAbRA RPpU X, nPuKadaexauiem NOAYNPSMOL
[a, o), u y, npunadrexcawem ceementy [c, d]. Hycre npu Y-y,
¢ynryua f(x, y), MOHOTOHHO He ybuisas 8 Kaxmdou Touke X NHO Y,
cxodurca K Henpepeisnot gynkyuu g(x). Toeda uz cxodumocru ux-

o
Teepasa S g(x)dx caedyer 803moxcnoCTs npedenvrozo nepexoda npu
a

Y—>Yo nod anaxom unreepasa (7.5).
9‘
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HNoxaszareabcrtBo. [eficTBurensno, uaTerpan (7.5) cxopurcs
paBHOMepHO Ha [¢, d] no npusHaky Befiepuitpacca (teopema 7.8),
NockoabKy f(x, y)<<g(x) u g(x) — uHTerpupyema Ha [a, oo). Ilo-
3STOMY B CHJY TeopeMH 7.9% MOXKHO nepexoiHTb K npenesny noji sHa-
KOM HHTerpaJia, 4To u TpebOBaJOCh NOKA3aTb.

[lepefineM Tenepp K paCcCMOTPEHHIC BcIpoca 00 HHTErpHPOBaHHH
HecOOGCTBEHHOI0 HHTerpaja no napamertpy.

Teopema 7.12 (o6 uHTerpHpoBaHHH HecOGCTBEHHOIO HHTerpaJa
no mapametpy). lycre ¢ynkyus f(x, y) xax @yurkyus OJsyx nepe-
MEHHBIX Henpepulena npu x, npuradiexcauiem nRoaynpamol [a, o), u
npu Yy, npunalaexcawjem ceementy [c, d], u nycre unreepan

o

1(y)=ff(x, y)dx pasHomepro cxodurcs. Toeda ¢yaryus 1(y)

uuTeepu;)yema na [c, d] u umeer mecro gopmysa
d d w ) d
(1)dy=(dy (e vyar={adx[fx, p)dy. (*)
c £ a a L4

HokasateabctBo. CornacHo Teopeme 7.9*% dynkuus [(y)
HenpephlBHa Ha [c, d], a clenmoBaTenbHO, M HHTerpupyema Ha [c, d].
Hoxkaxem ¢opmyny (). PaccMoTpum nocnenoBaTelbHOCTb GyHKUHA

t

n
1,,(y)==Sf(x, y)dx, rae t,~-+oo. B cuny teopemu 7.3 nas Kaxuaofi

¢yHKunna1,,(y) noJjiyqaem
d ‘n d_
(1. dy = [dx 1 (x, y)dy. (7.7)

[Mockoabky Ha [c, d] nocaesoBaTenbHOCTh [(Y) paBHOMEPHO CXoO-
nutca K /(y), To mox 3HaKOM HHTerpaJsa, crosilero cieBa B dopmyne
(7.7), MOXHO clenaTh NpefelbHH{l Nepexon HpH n-»oo. CrepoBa-
TeJBHO, NPH A—>00 CYLECTBYeT HpeAe] NoCAeRAOBATENbHOCTH HHTEr-
panoB, crosuiux B npaBo#t yactu (7.7).

Taxnm obpasoMm,

_ t, ®
lim flﬂ(y)dy=f1(y)dy=jir25 dxjgf(x, y)dy=jdxj’df(x, y) dy,

R~

910 H TPebOBaJNOCh JOKA3aTh.

Tenepp Aokaxkem TteopeMy 00 HHTerpMPOBaHHM HecOOCTBEHHOTO
unTerpana (7.5) no GeCKOHEUHOMY TNIPOMEXYTKY H3MEHeHHsl mnapamer-
pay.

Teopewma 7.13. [Tycre f(x, y) Kax pyuxyus Jsyx nepemenHblx
HenpepsiBHA 1 HEOTPUUATEeALHA 8 064aCTU a< X<, (LYoo, ULH-
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reepan | (y)=5 f(x, y)dx wenpepeisen Ha noasynpamod [c, oo0),
J A

a unrezpar K(x)= S f(x, y)dy wHenpepoisen na noaynpamod [a, o).
. ¢
Toeda u3 cxodumoctu 00HO20 u3 08Yyx UHTe2paaos j[ (y)dy u
4

oo
SK(x)dx caedyer cxodumocTy Opyz020 U3 ITUX UHTE2pAAOS U Cnpa-
a

8e04UBOCTL PABEHCTBA

@ [ ]

[ 1) dy= [ K (x)dx,

4

Uil -
§dy § P gyde=[ax (7 (x, p)dy.

Takum ob6pasoM, B ycJOBHAX 3TOH TeopeMbl HeCOGCTBEHHBIH HHTer-
paJi, 3aBHCAILHA OT mapaMerpa, MOXKHO HHTETPHPOBATH IO NMapaMeTpy
NoJ 3HAKOM HecoOCTBEHHOrO HHTErpasa H B caydae GeCKOHEYHOTro
NpoMexXyTKda H3MEHEHHs mapameTpa.

HdokaszateabcTBO. B cuay ycnoBri#i jokasbiBaeMoll TeopeMb

K B cuny TeopeMn 7.10 uurerpanm /(y) u K(x) cxomsTcs paBHOMEp-

HO: mepBuifi Ha cermente [c¢, d] npu awbom d>c, a BTOpoft Ha cer-

menre [a, b] mpu awbom b>a. Ilycrs, Hanpumep, CXOJHTCA OOBTOP-
oC

HHIA HHTerpathl(y)dy. PaccMOTpHM HeyGHIBAIOLLY IO NOCTEI0BATENLHOCTD
¢

t, tnf’b o tn
{ta), tr——+oo. Torza j K (x)dx= j 5f(x, y)dy= 5 dy j f(x, y)dx.

IMTocaenoBaTenbHOCTD
t

1, )= (x, 9)ds

npn awo6oMm d, npeBocxojsllleM ¢, pPaBHOMEPHO Ha cermente [c, d]
cxongutea x /(y). Ilpu stom nocnepoBatenbnoctdb {/ (y, {z)} He y6GriBa-
er Ha [c,d]. Orcioga u us TeopeMbl 7.11 BbITeKaer, 4TO HHTErpall

@
yl(y, t)dy cxoputcs paBHoMepHo. HO TorRa noa 3HaKOM 3TOrO HH-
¢

TerpaJia COIJIACHO Teopeme 7.9 MOXKHO c/lenaTh OpelelbHEIH mepexof,
T. €. HMeeT MecTO (opMmyJaa
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o« 'fl. o oo
SK(x) dx= lim j K (x)dx= lim 51(y, tn)dy=§1(y)dy,
p4 t>+o " tn—>+oo g :
4To H TpeGoBajoCh AOKA3aTh.

PaccMoTpuM Tenepb Bonpoc o AHGGdepeHIHPOBAaHHH II0 NapaMeTpy
HecoOCTBEeHHOTO uHTerpaJa.

Teopema 7.14 (o muddepenunpyeMocTd HecOOCTBEHHOTO HHTEr-
pana mo napamerpy). Ilycre gynxyusn f(x, y) u ee npouzsodnas
fv’ (x, y) nenpepoisrsr 8 obaacruy a< x<oo, c<y<d. Ilycrs, OJaxee,

unrezpan 1(y)= j f(x, y)dx cxodurca 6 rxasndol Touxke y ceementa
a

@
[c, d], a unrezpaa jfy(x, Y)dx cxolurcsa pasHomepro Ha cezMeNTe

a
¢, d]. Toeda npu awbom y uz [c, d] ¢yuryua I(y) umeer npous-
800HYy10 V), npuuen

I'@) = | Fux, y)ds.

tn
HNoxasateabctBo. Ilycts t,—>+oo, a 1,.(y)=5‘f(’f, y) dx.
a

ITocnenoBatenbHoCTh HempepHBHHIX GYHKUHHA [,(Y) CXOZHTCA B Kax-
ot touke [c, d] K byHKuuH /(y), a NOCAENOBATENBHOCTh NPOH3BOI-
Hux [,/ (y) cxomuTcs paBHoMepHO Ha cermente [c, d]. Toraa coraacuo
yTBepxKaeHuio 5 § 1 gas no6ofi TOUKH y cerMeHTa [c, d] cyuiecTsyeT

I' (5) = lim I (9).
tﬂ

Ho I,(y)= S f; (x, y)dx. CaegopatemHo,
a

I'(9)={ fy (5, )dx.

2. Heco6cTBeHHble MHTErpaJbl BTOPOro poaa, 3aBHCAUlHE OT mapa-
metpa. [Iycte dyuknus f(x, y) onpengesiena npu x, NpHHAZIeRKAUEM
[a, b], n y, npuHagnexamem Y. IlycTh npH KaxaOM (OHKCHPOBaHHOM
y u3 Y dyHkuua f(X, y) sBJsfercsd HeorpaHHUYEHHOH HpH X—»a, HO Ta-
KOH, YTO CXOAHTCH HecoGCTBEeHHBII HHTerpadJ

b
()= [1(x, y)dx. (7.8)

b Ipu y=c I(y) umeer npasywo npoussonnyw I’(¢+0), a npu y=d — Jesyw
npousBoxuyio I’ (d—0).
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Onpenenenne 3. Hecobersennvii unTeepaa 870po20 poda
(7.8) Haswbisaerca pasroOmMepHo CcX00AuWUMCA RO napa-
MeTpY y na mrnoxecrse Y, ecau dan t, ydosiseTeoparoujezo
HepasencTaam a<<t<b, pynkyus

b
F(t, )= [f(x, 9)dx
?

apu t—a+0 crpemurca K ¢ynxyuu I(y) pasHomepro OTHOCUTEABHO
yeY.

OrMeruM, yTo C NOMOILBIO Npeofpa3oBaHHA NlepeMeHHOH x, YKa-
B3aHHOrO B JONOAHeHHH | K ra. 9 u. 1, HecoO6CTBeHHBIe HHTErpaJHl
BTOPOrO pola CBOJATCS K HeCOOCTBeHHHIM HHTerpajaM IepBOro
pona. ITostomy Ha uHTterpanwm (7.8) moryr OHTH pacnpocTpaHeHH
OCHOBHHle TeODEMEI O fpeJebHOM TMepexoje NOX 3HAKOM HecolcrT-
BEHHOro HHTerpaJsa, o6 YCJOBHAX ero HelPephIBHOCTH Mo IlapaMerpy,
00 HHTErpHpOBaHHH H AH(dGdepeHUHPOBAHHH IO NapaMeTpy NOJ 3Ha-
KOM HHTErpaJa.

B sakaiouenne naparpadga samerHM, yTO HHTerpaja BHIa

[ s ae= {105, 9yde+§ Fox, ya,
a a b

TAe [epBoe cJaraeMoe — HHTErpaj OT HeOrpaHHYeHHOH (YHKIIHH, a
BTOpPOe — HHTErpaj IO HeOrPaHHYEHHOMY NPOMEKYTKY, Ha3bBaeTcs
PA4BHOMEDPHO CXOLAUHMCSH, €CJH pAaBHOMepHo CcXoAasTcs oba
HHTErpana, cTosiide B IIpaBofl 4acTH.

§ 4. NPEUMEHEHHE TEOPHH HHTEIPAJIOB,
3ABHCAIIKHX OT NAPAMETPA, K BbIYHCJI EHHIO
HEKOTOPBLIX HECOBCTBEHHLIX UHTEFPAJIOB

PasButeie B npeabiaymiux naparpadax meToAbl NOG3BOJSIOT BHIYHC-
JISATb pas/jHyHbBe HecOOCTBEHHBIE HHTErpasbl.
1°. BeiyncniuM HHTErpan

Q=§ sinx dx.
0

X

CXONHMOCTb 3TOr0 HHTerpasa OblJia yCTaHOBJEHa paHee (CM. LONOJ-
#Henne | x ri1. 9 u. 1).
PaccMOTpHM BCIOMOraTesbHYI0 (DYHKIHIO

sinx
e*?"——x— npa x#0;

f(x, p)=
1 npd x= 0.
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Oyukuus f (x,y) 4 ee npoﬁsaonﬂaﬂ fyj (x, y) =—e¥* sin x HenpepHIBHbE
B obnactu x>0, y=0 1  f(x, 0)=-"22 Ilycrs

X

@ -]

1(y)=§e-v*%dx=g F(x, y)dx.
[i]

0

YcTaHOBHM paBHOMEPHYIO CXOAMMOCTb 3TOrO HHTerpala mpH y=0.
Hans 3TOro, Ou4eBMAHO, HOCTATOYHO YCTAHOBHTH PABHOMEDHYIO CXOAH-

-]

. 1
MOCTb HHTerpaJja S(e—y‘sm x)—dx. K 3ToMy HHTerpaly npuMeHHM
X

1
npuBefeHusid B § 3 npusHak [upuxae—A6ens. [eficTBHTeNnHO, HH-
Terpa
t

. t
S e¥*sin xdx = —
1

e Y% (y sin x 4 cos x)

T+

1

ABJASETCA OrpaHHUY€HHBbIM, TaK Kak

._yt -

e 7 (ysint 4 cost)
144

2(1+9)
2Ur9 (s,
STEe S

e~y (ysinl 4 cos 1)
1442 ‘<

t
| S e~ b* sinxdx‘ <
1

1
QyHKUHSA — NPH X — -} 00 MOHOTOHHO CTPEMHTCSI K HYJIIO.
I

V3 paBHOMepHO#M CXOZMMOCTH HHTerpaJja W HeNPepLIBHOCTH NGJAbIH-
TerpaJpHOfl QYHKIHH coraacHo TeopeMe 7.9 § 3 BhTekaeT HempephiB-
Hocth (yHkuud /(y) mHa [0, o0), T. €. COpaBeAJHBOCTL PaBEHCTBA

lim I (y)=171(0)=1.
y—+040

Hafinem 3nauenue /(y). PaccMOTpHM BCHOMOTAaTeJbHHIH HHTErpatt

o«

Se’y’ sinxdx. Coraacio unpusHaky J[dupuxje—AG6eisi, KOTOpHI,
0

OYEBHJHO, IIPHUMEHHM K 3TOMY HHTeTpany, 3akJiouyaeM, 4TO 3TOT HH-
Terpaj paBHOMEPHO CxoauTcsi B 06JaacTH y=yo, rae yo>0. "Orcrona
cornracHo Tecpeme-7.14 § 3 caeayer BO3MOXKHOCTBL JH(depeHLHpOBA~
HuA uHTerpana /(y) mo mapamerpy y B Jiob6oit touke y>0. Takum
obpaszoM, Aas aoboro y>0

e ¥ (ysinxfcosx) jo_ 1

14 g2 0 1+y“'

I'(y)=— S e—¥*sin xdx =
0
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HHTerpupys ato cooTHOlleHHe 1o [y, + ©0), NONYYHM

I(00)—1(y)= —arctgt|, = ——’21+ arctgy.

sin x
ITockoapky |——

<« 1, TO An8 y=Yo HMeeM NPH Yo—+ o
X

e—yoxlgf’: 1

1GI< § v dim ——
0

-0,
Yo

Yo
Orciona moayuaeM, uto /(o0) =0 H, CaeHOBaTeNLHO
y>0

OAs  Jo60re

1(y)=— —arctg Y.

Ilepexons B 3TOM paBeHcTBe K npeneny npu y—0+0, moayunm
S sinx ___1
7
0

o

1o)== ax.

2°. PaccMoTrpuM HHTErpas

0

Ha#inem ero snauenus mpu y>0, y<0 u y=0. Ilpu y>0 B unterpane
I(y) npousBeneM 3aMeHy nepeMeHHOH, noJiaras yx

=1, Torga
I(y)= S s“’%dx:S _§it_“’_dt= ?“
0 0

Ilpu y<0 npomsBenem 3ameHy nepeMeHHoH, nonaras yx=—;t (¢>0)
Toraa

__‘S.; sint dt — .
H
0

2

Ilpn y=0 unrerpan /(y), oueBupHo, paBed Hyao. CJeNOBATENbHO,

—- 1pE y >0,

0 nmpu y=0,
——i npd y < 0.

O

{
I(y)= smyxdx |
|
{
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DTOT HHTerpasl HHOTJa Ha3HLBAIOT pPa3PLIBHHIM MHOXHTE-
JdeM JlupuHxae B yaCTHOCTH, ¢ NOMOMBIO Pa3pHIBHOTO MHOXH-
Tens upuxJje noJsiydyaeM IpejcraBlieHHe A GYHKUHH

1 npu y >0,
sgny = 0 npu y=0,
—1 npu y< 0
B BHIE
sgny:ﬁ—gﬂdx.
n P4

0

w©
3°. Buuymcaum uuterpan Ilyaccona? 5 e—*dx. PaccMmot-
—®
PHM uHTErpan

I= S e‘”dx:% S e dx,
0 —w
Tlonoxum x=yt, rae y>0; Toraa

@

I1(y)= 5 e—v** ydt.

0

VYMHOXHM 06e 4acTH 3TOr0 COOTHOIUEHHsS Ha €% H NPOHHTErpUpYyeM
@o [0, oo0):

8

”~

1T evdy=r= [ ey [ [ vt dy.
0feyy jeyy{afey }dy

o

Paccmotpum dyukuuio f(y, t)=ye—0+M¢*, B  obnacta y=0,
120 sra dyHKuMa orpaHHYeHa, HeNpePHBHA H HeoTpHuarteabHa. HH-
TerpaJinl

{4 dt=ye fevtrdt=ev'I;
0 0

Lty |* = 1

Bdy= { ge—titowdy— — L —
§f(y f)dy _§ye Y 2(1+ 1) o 2141

FIBJAIOTCA HelpephHIBHHMH GYHKIMSMH B 00JacTaX HM3MeHEHHA napa-

%) CM. takxe § 6 ra. 3.
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MeTpa, T. e. COOTBeTCTBeHHO B obsacru y=0 u B obaacrn {=0. Kpome

“TOro,
dtjgo fy, t =L§ 5.
’ 2 2 4
0 0

Takum o6pa3oM, BHINOJHEHH Bce ycsoBHA Teopemnl 7.13 u3 § 3. Ilo-
ITOMY

o8

[

P= S ey | § e—y'f'dt} af dt
0 0

0

dy ==
f(y, t)dy e

Oy 8

e dx =

i
o3 8

S‘ e dx =V .

§ 5. HHTEFPAJIbI 3AJIEPA

B aroM naparpade ME H3y4yHM HEKOTOpPHIe CBOHCTBA BaKHHX
HesJeMeHTapHhX (yHKIHHA, Ha3HBaeMbIX HHTEerpaJaaMH JDiiie-
pad.

OHNepOBEIM HHTErpajJoM nNepBOro pojfa UM «6eTa-dyHK-
unef» (B-byHkuuefl) Ha3bIBAIOT HHTETPaJ

B(a, B)= jx“'l(l—x)ﬁ—‘dx.

0

B stoM muHTerpasne o H B ABasiorca napamerpaMu. Ecau 3Tt napa-
MeTpPH YAOBJETBOpPAOT ychoBHAM a<l, f<1, To uarerpan B(a, B)
6yner HeCOOCTBEHHRIM, 33BUCSIINM OT 3THX NapaMeTpoB, IPHYEM OCO-
6eHHOCTH Y HOABIHTErpanabHoH QyHKuMH OynyT B ToukaXx x=0 g x=1.

OHiNepOBEIM HHTErpajoM BTOPOTO POJda HIAM «TaMMa-pyHK-
uuefi» (I-pyHgiueir) HA3LIBAIOT HHTETP AN

I'(a) = j x%~le—*dx,
0

3ameTuM, uto B uHTerpane I'(a) HHTerpHpOBaHHE NPOHCXOLHUT
1o noaynpsamoll 0<{x<oo u npy a<l rouka x=0 sABagercs ocoboit
TOYKOH MOALIHTerpasbHOH (PYHKIHH.

%) Bosee noapo6Ho ¢ MHTerpataMd DJiliepa MOXKHO NO3HAKOMHTBCA B KHHre
D. T. Vurrekepa u Jx. H. Bartcona «Kypc coBpeMensoro anaJjusa. T. 2» (M.:
®usmartrus, 1963).
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1. I'-dpynkuns. Hurerpan

1
j x> le*dx
0

CXOAMTCS NPH KaxkAOM a>0, nockoabky 0 x*~le~*<x*~!, W mHTErpan
1
Sx“—‘dx npu o>0 cxomurcs.

B o6aactd a> ao, TAe ap — NPOH3BOJALHOE MOJOXKHTEJNBbHOE YHCIO,
3TOT HHTErpaJ CXOJHTCA PaBHOMepHO, TaK Kak 0Cx*le7*Cx* ! n
MOXHO MpHMEHHTDh Npu3HaK Beflepmtpacca (tecpema 7.8 § 3). Cxous-
mAMCs npn BCeX :-maqe}mﬁx a>0 ABJSIETCS W BeCb WHTerpaj

I'(a)= fx““‘ e dx—fx“*‘ e*dx~+ _fx“—’ e~*dx, TaK KaK BTopoe
0

cjaraeMoe npaBoH qacm ABJSETCS HHTeI‘pa.HOM, 3aBeJIOMO CXOMAUIHM-

cs npH Jw6oMm a>0. Jlerko BHAETh, YTO 3TOT HHTErpaJ CXOHHTCS paB-

HOMepHO Mo a B objgactH 0<apaiAo<oo, rae yncio Ay, mnpoHs-

BoJbHO. [lelcTBHTENbHO, ANS1 BCeX YKAa3aHHBIX 3Ha4YeHHH a M AJA Bcex

oo
x>0 xole* g e ¥ [x%t 4 x4 B TaK Kak Se—‘ [x3=1 4+ x4—l] dx
0
CXOJIHTCS, TO BLINOJHEHH YCJOBHA NPUMEHHMOCTH NpH3Haka Beiiep-
umitpacca. Takum o6pasoM, B obuactH 0<apKaK{Ao<oo HHTErpask
-

I'(@)= _f x%le~*dx  CXONHTCA PaBHOMEPHO.
0
Otciona BHITekaeT HelnpepulBHOCTH GyHKIHH ['(a) B ob6aactu a>0.
HokaxkeM tenepsr Auddepennupyemocts atoft PyHkuuun npu a>0.
3aMerum, uTo (YHKUHA fo (¥, @)=Inx-x°"1e~* HenpepniBHa npH
a>0 u x>0, 1 moxaxeM, 4To HHTErpan

-] @©

f(,l (x, a)dx:f In x-x%1 g—% dx
0

Oe

CXOJZHTCSl DaBHCMEPHO N0 a Ha KaXaoM cermente [ao, Ao], 0<ae<
<Ag< oo, BrbepeM uHCIO gy TaK, uTo6u 0<ey<ag; Toria xtlnx—0
npu x—0. IlostoMy cymecrByer uncio § takoe, uyro 0<6<1 u
[x% Inx|< 1 Ba (0, 8]. Ho torna Ha (0, 8] cupaBemyuBo HepaBeHCTBO

I ln X xG-—le*l l \< xa,—e.—l’

]
dx
H TakK - KakKk HHTrerpaa S‘*—l:m—- CXOIOHUTCH, TO HHTETrpa:
. X
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8
jlnx.xa—le—‘dx CXOJHTCS PABHOMepPHO OTHOCHTEJIBHO ¢ Ha [ag, ©0).
g

Anagornuno gas a<Ap, CymiecTByeT Takoe yncao 8;>>1, 4yTo Ajsd Bcex

Inx 42
x>0, BHIoOMHsETCS HEpaBeHCTBO ———t———~
e

x
u Bcex a<{Ao nonyunm |In x-x®~le—*|<1/x?% oTKyaa B CHJIy NpH3HaKa
o0

< 1.Ilpu Tagux x

CpaBHeHHs! CJe[yeT, YTO HMHTEerpan Sln xx%le—*dx cxoaurca paBHo-

8
MEpHO OTHOCHTENLHO a Ha [ag, Ao]. HakoHen, unterpan
6,
j‘ Inx-xo—te—*dx,
]

B KOTOPOM NOJHHTerpaivHas ¢(YHKIHS HelnpepnBHA B ob6aacty 8<C
<x<<b!, ap<<a<<A,, OYEBHIHO, CXOAHTCS DPABHOMEPHO OTHOCHTEJBHO &
fHa [ag, A¢]. Takum obpasom, Ha [ay, A¢] HHTerpan

5 In x-x—le—*dx
0

CXOQHTCA paBHOMEpHO (1o o), a caeaoBarteabHo, GyHkuua I'(a) aud-
depennupyema npu ao6om >0 H cnpaBeAJuBO PAaBEHCTBO

I (@)= 5‘ Inx - xo—le—*dx.
]

OrHocuTenbHo MHTerpana I'Y(a) MOKHO NOBTOPHTb Te IKE PacCyX-
ZleHHs H 3aKJIOUHTh, YTO

I (o) = j In? x- x%—le—*dx.
[t}

Ilo unAyKuUuH NokaswBaeTcd, yTo [-¢pyHKUHA OeckoHeuno Aubde-
peHnupyema npu >0 H ana ee n-fi NPOH3BOJHOH CHpaBeiNHBO pa-
BEHCTBO

I'o (o) = 5 In" x - x@—le—*dx.
]

YcraHoBHM Tenepn HEKOTOpoe COCTHOWEHHe Zas D-pyHKuuH, Ha-
3niBaeMoe GopMyao# mpuBefeHHdA Jl1g 3TOro BhlpaxkeHue
aas I'(a+1) npouHTerpHpyeM no 4acTsM:

«© o
A

L(a+1)=[x%edr= —x%e*|{ +a | xe—le=dx.
[ ]
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CaeoBaTesbHO,
I'ae+1)=al'(a).

ITO COOTHOIIEHHEe H Ha3uBaercs] GOPMYJOH NPHBENEHHS
aas I-¢pysxuuu. Ecan a>1, 1O, npuMesuB ¢GOpPMyJay npHBeIeHUs.
K I'(a), nonyunm

F(a+1)=al'(a) =a(a—1)T(a—1).

Ecan n—1<a<n, T0 B pesyjbTare MNOCJeJOBATEJILHOIG NpPHMEHEHHs
(dopMyJibl HpHBefeHHs NONYyUHM

I'la+1) =a(a—1)...(a—n+ 1) (a—n+1).

DTo paBeHCTBO NOKAa3HIBaeT, YTO JocTarouHo 3HaTh I'(a) Ha (0, 1],
yToOBl BBIYHCJAHTE ee 3Hayenue NpH JwboMm o>0. Hanpumep, npr
a=n noJydaem

Fn—1)=n(r-1)-....2-1.-T(1).

Nockoneky I'(1)= {e~*dx=1, 10
0

I'(n+1)=nl
Us 310#i hopMyasl, HanpHMep, NCJAyYaeM
r{)=1=0,

4YTO COOTBETCTBYeT corsauleHnio =1,

W3yunm Tenepp nosefenue [-QYHKIHH M IOCTPOHM 3CKH3 ee
rpaguxka.

W3 BeipaxkeHus HJas BTOpOH NpOH3BOAHOH I'-yHKIHH BHMIHO, 4TO
I'(a)>0 anss Bcex a>0. CnepoBartennno, I”(a) Bospacraer. [Jo-
cxoabpky I'(2) =1-T'(1)=I(1), To nmo Teopeme Poans ra cermeHte
[1, 2] npousBomnas I'(a) HMeeT eJHHCTBEHHHIH HyJdb B HEKOTODOl
touke a!. CaepoBarensHo, ["(a)<0 mpu a<a!' w I"(a)>0 mpnu
a>al, 1. e. I'(a) mMoHoTOHHO yOniBaeT Ha (0, a!) H MOHOTOHHO BO3pac-
raer Ha (a!, o). [axee, nockoapky I'(a)=TI(a+1)/a, 10 TI'(a)—
—+o00 npu a—0+0. IIpn a>2 u3 dopmyas I'(a)=(a—1)T(a—1)>
>(a—1)T(1)=a—1 creayer, yto ['(a)—> +oo npu a— +oo.

Pasenctso I'(a)=TI(a+1)/a, cnpaBennuBoe 1npH a>0, MOKHO
HCNOJL30BATh TPU pacrnpocTpaHeHHH [-QyHKIHH Ha OTpUIlaTeJbHBIE
3HAUYEHHS a.

[Mosoxkum pas —1<a<0, uro I'(a) =T (a-+1)/a. IIpaBasg wactb
5TOTO DaBeHCTBa CIpefeneHa aas o #3 (——1, 0). Iloayyaem, uto Tak
npoioskennag dyHruug I'(a) npunumaer Ha (—1, 0) orTpHmaTesn-
Hble sHaveHud u upu a——1+0, a Takxke npuw a—0—0 GyHKUHA
I'(a) >—o0.

OnpenenunB Tagum obpasom ['(a) ma (—1, 0), mbl MOXeM no
TOH ke (GOopMyJie NpoJO/KHTh ee HA HHTepBan (—2, —I1). Ha srom
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HHTEpBaJe npofoskeHueM I'(a) okaxkeTcs yHKIHA, NPHHEMAKOMmMas
IOJOKHTEbHbIE 3HAYeHHst H Takad, uto I'(a)—+oco npu a—+—1—0
" a——2+0. Ilpogonkas 3atoT mpouecc, onpeaennm GyHKIUKIO '(a).
HMEIOILY10 Pa3phIBul BTOPOTO poO-
Ja B IeJOYHCJIEHHBIX TOYKax

a=—k, k=0, 1, 2, ... (cM. |
puc. 7.1). \/

OtMerum ewe pas, uto HuTe-
rpan

| Tfe)A
|

2L

I'(a)= 5 xe—~le=xdy
1]

onpenesser I'-OyHRIHIO TO.Jb-
KO NPH NOJOXHTEJNbHB X

3HaAYeHHAX a, NPOJONKeHHE —1-2
Ha OTpHLATEJIbHblEe 3HAUeHHA o
OCyILeCTBJIeHO HaMH (GOpMAaJIbHO —-3

C NMOMOUILI0 (GOPMYJH mNpHBeHe-
Hust ['(o+ 1) =al'(a).

2. B-pyHkums. PaccmoTpHM
HHTEerpagn, onpenensoai
B-bynxuuio: Puc. 7.1

1
B(a, )= j x%=1 (1 —x)f—1dx.

0

1/2
Hnrerpan j'xa—l(l——x)ﬁ“‘dx cxoaurcs npH a>0 H Jwobom B,

0
TaK Kak npu 0<x<1/2 cnpaBeamuBo HepaBeHcTBo 0<x*1(1—x)P-l<g
1/2

<cx*7! nupu HekoropoM ¢>0 H unTerpan g'x“‘—l dx  npu a>0 cxo-

LHUTCSL.
IToT HHTErpas CXOLHTCH PABHOMEDHO OTHOCHTEJBHO o H [ B 06-
JaCTH 0=20do>0, f==0, NOCKOIBKY

0 x* 1 (1—x)P=1  cx%o!
npu Bcex a>ap H f>0 u aag Bcex x= (0, 1/2].
AHaNOTHYHO npoBepsercss CXOAMMOCTb HHTErpaJa
1
x T (1—x)P1dx

1/2
npr aobux =0 u >0, a Takxke ero paBHOMEDHas CXOJHMOCTb
B obanactH a0, B=Po>0, roe Pr>>0 — NpOH3IBOJbHOE YHCJIO.
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Takum o6pa3oM, vHTErpan
1
B(a, 5)=§xa—1(1—x)ﬁ—ldx
0

cX0fHTCS npH BceX a>0 u >0 ¥ CXOAHTCA PaBHOMEDHO IO a4 H P Ha
MHOXKecTBe a=ao>0, p=Po>0, rze ao H Po — NPOH3BOJBHLIE NOJO-
JKHTeJbHbIE YHCNA.

Touno Tak Xe, kak ¥ jpias I'-PyHKLMH, MOXKHO [I0Ka3aTb, 4TO
B-dyskuusa spasercs Geckoreyho nHddepeHnupyemoii npu 0<a< oo,
0<p<oo. OnHaKO 3TO MBI YCTAHOBHM HHIKe, HCIIOJB3Ysl BHIPaXKeHHE
B-¢yuxuun yepes I'-dynxuuio. ITosToMy nokaspiBaTh HeNOCpPEJCTBEHHO
JAnddepennHpyeMocTb B-QyHKIHH MBl He GyLieM.

YcranoBuM HexoTophie cBoHCTBa B-GyHKLHH.

1°. CumMmMerpuuHOCTL B-dyukuuu: npu scex a>0, B>0
UMEET MeCTO PABEHCTBO

B(a, B) =B (B, ),

T. e. B-pynxyus cummerpuuna OTHOCUTEALHO CBOUX APYMEHTOB.
B wuHrerpane, onpeiensiomem B-dyukiHio, cleraeM 3aMeny mne-
peMenHoli, nonoxus {=1—x. INonyuynm

B(a, ﬂ)=§x“—1 (1—x)P-ldx = — f(l_t)a—ltp—ldt=
1
j! B—l l_t)a—ldt_B(B a).
b

2°. ®opMmyaa npuBefeHus AxAA B-bdyuxkuumu: dan aro-
Boix a>0 u >0 umeer mecro caedyowjan gopmysa npusedenus:

JelicTBHTENBHO,
1
Ba+1, f)= [ w#(1—xftdr= — e (1P|} +

0
1

'y S st (1—npdy=— {251 (1—2) (1 —p-tdr =

0 0
1

= % [ S %21 (1—x)F—1dx— S x® (l—x)ﬂ—ldx] =

0

=Bl p—5B@+1, B).
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Takum ob6pa3om,
B(a+1, B)=% B (a, ﬁ)—%B(a-H,'ﬁ),

OTKyZa
Bla+1, p=—"7B( B).

H3 cBofictBa cuMMeTpuH Aad J00HX >0 1 B>0 noxyyaercs Tak-
*Ke opMyna

Bla p+1)= 1B, B

[TocnencsaTennHoe npHMeHeHHe 3THX (OPMYJ LaeT BO3MOKHOCTH
BLHIPa3UTh JioGbie 3HaueHHss B(a, B) uyepe3 3HaueHHs 3TOH ODYHKUMH
B npsamoyroasiuke II={0<a<l, 0<p1}.

3. Ceaspb MexAy 9iJepOBHIMH MHTerpajaMH. B uHTerpase, ompe-
neasiomem I'(a), clenaem 3aMeHy, noaaras x==ut, rie u>0, a B HH-

Terpane, onpefeasiomeM B(a, B), clenaem 3amedy x=

144

ta—l

I'(x)=u> S; to—le—udt, B(a, B)= S': dt.
: .

] (1+nFP

3aMeHuB B neppoM HHTerpate u uepes 14v, a o yepes a+p, noayuum

o]

(Il‘ E: -;— GI_S}_)B - S fatB—lp—(+otgf
v

YmHGKHM 06e yacTH HOCNeJHero paBeHcTBa Ha v*l:

%1 2
—— a+p—1,—(14v)tya—1
I @+B) e §t e—t+aga-igy,

Ilpeanonoxum, uto a>1, p>1, u paccmorpum B obractu 1220, v==0
(DYyHKIUHIO
f (t, v) — ta+B—1 va'—l e—(1+0)t.

QueBnano, uto B 3108 obaactu [ (f, v)==0. [lanee, unrerpan

ple—b

I(v) = j'f(t v)di=T(e+B)

ABJsieTcs HenpephBHOH (yHKuued oT v Ha moaynpsamoi v==0. HaTer-
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pan mo ApPyroMy aprymeHTy or 3To# (DYHKUHH TakXe HelpepunlBeH NG
t Ha nonynpamo# =0, NIOCKOJABKY
-

K(@t)= j f (¢, v)dv=totp—1lgt ( e—toy~1dy =T (a) et
: 0 )

Haxkonell, cyIlecTByeT NMOBTOPHHE HHTerpas
S K(t)ydt= s' dt s'f(t, v)duv= S T(o)ttletdi =T (2) T (p).
1] 1] 1] 1]

CrepoBarenbHo, B cuay TeopeMh 7.13 § 3 uMeeT mecto paBeHCTBO:

T!(v)dv:]: K(2)dt,
HJIH ’ ’

a—1

j](v)dv—jf‘(a-}—ﬂ)ﬁ v=I‘(a+ﬁ)jmdv
d

o

=SK(t) dt =T (&) T (B).
Takum o6pasowm, ’

PR B _
P(G+5)as de—F(a+B)B(a, B)=T(a)T (B),
IZle MB BOCIOJIb30BAJHCh YCTAHOBJIEHHHIM BEHILE PaBEHCTBOM:

Sde—B(a ﬁ)

B pesynbrate nmosayunm, uto aas scex a>>1, f>1

_ T(a)T(B)
Bl PD=Tats

Pacnpoctpanum 3ty dopmyay ua 3nadenus «>0, p=>0. [To goka-
3aHHOMY cIpaBejJHBa (opMmyaa

r nr
Ba+1 p+1)="FEEED
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Bocnoab3osaBunch PopMysaMu npHBeLeHHs, [ONYYHM

_— __«* B .
B(a+1, 6+1)_a+ﬂ+lB(a, 5+1)—a+ﬂ+1a+58(“' B

[(a+1)=al'(a); I'(B+1)=pI'(B);
MNa+p+2)=(a+p-+1)(a+p)T (a+p).

Honcrapass atu Bepaxenns B opmyay ana B(a+1, p+1), moayunm
popmyay

I (a)T(5)

Bl ="ty

Aada Bcedl obaactu >0, f>0.

4. Tpumepsl. IIpHBeneM NpHMepH BLIUHCIEHHS HEKOTODHX HHTer-
PAJIOB NyTeM CBeJleHHA HX K 5HJepOBHM HHTerpaJjaM.

1°. BHYHCAHM HHTerpalg

1=Sx‘/4(1 +x) " dx.
0
QYyeBHAHO, UTO
r()r ()
r=p(&, 1) A e (L) (),
4' 4 T (2) 4 4 4

2°, HafinemM sHauyeHHe HHTerpatia

EL

il
[= j sin®—1¢ cosP—! ¢ df.
0

Tlonaras x=sin?{, nonyuum

1 o
Fi =_1_5 27 1——x) dx=-—l-B(_“_,-B—>=—I—
2 ] 2 2’ 2 2

3°. BeluncauM mHTErpan
2

Io = f sine—1 ¢ df.
0

Hicnoabsys npumep 2° (npu f=1), noayuum
a
r (%)
o-+1Y °
r(%57)

1 1
L
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Haunee,
N a o —\s
(% Se —t 4 =2Se—“’” d (V7).
0 0
3amenas ‘VFHa X M BCHOMHHAS, YTO HHTErpan Se—"dx=—y2—“ {cm,

0

opumep 3° § 4), noayurm T (%) =¥ =n. Tloatomy

/2

@
'(%)
lo_1= S sine—! t dt = Va 2 .
2 a4 1)
P55

§ 6. POPMYJIA CTHPJIHHTA

Mu yxe 3HaeM, 4TO
=T(n+1)=| xe~rdx.
0

HafineM npezpcraBiieHye BenHYHHH n! npH GoJbIUUX 3HAYEHHSX 72
(rak HasblBaeMoe aCHMNOTOTHYEeCKOE€ TNpeACTaBJIeHHE).
Mu nokaxem dopmyay

n\n Sy ®
n!=(———) V2:m(1 + —_),
e Yn
roe BeJJHYHHA ® 3aKadiodeHa mexny —1 m +1. 3to K ectb opMmy-

aa CTHpARHTA.

TlepefineM k ee [OKa3aTenbCTBY. 3ameTHM, uTo (yHKuHA x"e ¥
wn

Bospacraer Ha [0, n] or 0 mo (__ne_) H yOnBaetr Ha [n, +o00) or

n n
(") a0 0. 3ameruM, uTO

e
no—% nA" i" n—x
e (e) (n) o
nl= (L)nj‘ (—x—)n en~*dx.
e 5 n

OyHKIHA (i)"e"—f Ha [0, n} Bospacraer or 0 mo 1, a Ha [n, +oo)
n

a nosromy

y6uBaer ot 1 no 0. ITosToMy MOXHO clesarb 3aMeHy IepeMeHHOH
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X n
(o) emrme (+)
n
fIpn stoM cermenty [0, n] H3MeHeHHs x 6ylJeT OTBedYaTb IOJYOCb
(—oo, 0] n3MeHenus £, a NOJAyoCH [n, 00) M3MEHEHHS ¥ — IHOJYyOCh

[0, o) namenenus f.
Hist npoBeneHusi 3aMeHbl nepeMeHHOR (%) HeoOXOAMMO HaHTH

S1POM3BOJHYIO ﬂ, Has nw6oro x=<n, nubdepeHUHPYa JeBYyI H

dt
npaBylo YacTH () 0O f, MOJYyYHM PaBEHCTBO
dx 2x
dt x—n

C apyroft CTOpOHBI, JOrapHOMHPYsT PaBEHCTBO (%), MOJYUHM

2=x—n—nln (l + 2= )

n

3anuceiBag ans ¢ysxuuu f(y) =In(l+4y) dopmyny Makaopena
€ OCTAaTOYHBEIM YjJeHoM B ¢opme JlarpaHka, MBI TMOJY4HM, 4YTO Hafi-

zIetrcst uneao § H3 uHTepBasa 0<C0<1 Takoe, uTO In(l+y)=
% —_
—£ 1 1ak uro npr Yy = —"
2 (14 0y)2 n

xt—n \_ x—n 1 (x—n)?
l“(1+ n ) n 2 fnt0(x—mp

# TIOTOMY
2__n_ (x—n)?
2 [n40(x—n)*
Orcona
$ = ‘/ __x—n _n 1
10 (r—my 2 g0
X—n
Tlostom = ——6 a, cJaeI0BaTebHO,

dx x n 1 /T
—:2 — = — —_— J— _—
&gt 2t[1 +x_n} Qt[t Vo5 e]

=2 ‘/%4—%(1—6).

o
X n
Tenepp B HHTErpase S(——) e""*dx TpOH3BeNeM 3aMeHy nepe-
n

MEHHOH (*):
{0 3ak. 25
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nl=(ei)j<%> en—* dx = (L) f e~t'{2 ‘/—%—-{—Qt(l—e)]dt:

e
—o

f

(%)Vﬁ[ aj e*“dt+722_ﬁ— I'e*"t(l—e)dt}.

+ o
OuenuM HHTErpad S e~"t(1—06)dt. 3amerum, uro

—a

+ o ©
S e*”f(l—e)df<2Ste—"dt=——e—"|3°=l.
—_—0 1]

+ o
VuuTbiBasi, 4to S e~?dt=}n u}V n>2, OKOHYATENLHO NOJyUHM
— 0
! n\n o
n'=(—) l/ 2“’1(] + —=1,.
e Yn
rie |o|<<1. ®opmyaa Crupannra oGocHOBaHa.
3ameruM, uTo GoJiee AeTaNbHBI aHaAu3 NOKA3HBAeT, YTO CIpa-
BeJJIMBO, HalpuMep, CJeAylollee pasJjoxeHHe ¥):

nl=T @+ )=V 2 (L) 1+ T +0 ()]

2n 288n? 5184018 n*

B KOTOPOM OCTaTOK He IPEeBOCXOLHT NOCJAEIHEro ymepKHBaeMoro cJja-
raemoro.

§ 7. KPATHBIE HHTEI'PAJIbl, 3ABHCAILHE
OT MAPAMETPOB

1. CoGcTBeHHble KpaTHble HHTerpaJbl, 3apHCALlHe 0T NapamMeTpoB.
Ilycts x=(x1, X2,...,%:) — TOUKa orpaHHueHHOH o6JjacTu Q. n-mep-
HOTO eBKJHIOBa npocrpaHcerBa E7, a y=(yi, Yo, ...,Yn) — TOUKa OT-
pannueHnofi obnactu D, mpocrpancrea Em™. O6o03naunM uepes Q,X
XDpm npsiMmoe npou3BejeHHe oOaacth Qn Ha obaactb D, sABasio-
Hieecss TOAMHOXKECTBOM (n-+-m)-MepHOrO €BKJHAOBA HPOCTPAHCTBA
En+m_ cOCTOSIIHM H3 TOYEK 2= (21, 2,...,2x+m) TAKHX, YTO TOUKA
(z1, 22,...,2,) TPHHANMEKHT Qn, @ TOUKA (Zn41, 2n42,...,2n4m) HPH-
HagaexkuT D, (uacTo mumyTt Tak: z=(x, y)).

Tor ¢akr, 4T0 TOuKa Z NPHHALJIEXKHT QnXDsm, OOBHYHO 3amHCH-
BAIOT CJAEAYIOUUM 00pasoM: 2= (x, Y) EQaX Dp.

%) Cwm., panpumep, § 5 rii. 9 kuury B. A. HMapnna n 3. T. [losusika «OcHoBR
MaTeMaTHYeckoro aHajusa. Y. 2» (cM. cHocky Ha c. 299),
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3ambikanue o6nacTh Q, 6yieM 0603HaYaTh CHMBOJOM Q,, a 3aMH-
kanue D, — cumsoaom D,,. Jlerko Bumerb, uTo 3aMblKaHde Q,XDn
coBnajgaer ¢ Q,XDp.

[lycrs dynkuns f(x, y) onpeneneHa B Qn XDy, npuueM AJAS JHO-

6oro yo=D,» ¢ynxkuns f(x, y) HHTErpHpPyeMa 1O X B O6JACTH Qn.
Torpa ¢yHKUHIO

1@)= [ f(x ydx, (7.9)
Qn
onpeneseHuyo B D, Ha3HBalOT HHTETrpPaJOM, 3aBHCAUIHM OT
napamerpa y=(yi, Yo ...,Ym), T. €. (HaKTHUECKH OT M HHCJOBBIX
napaMeTpoB.

TouHO Tak e, Kak ¥ B § 2, MoKaspBaOTCA CJAEAYIOUIHE TEOPEMEL.

Teopema 7.15 (0 HempepeIBHOCTH HHTerpaja Imo mapaMerpy).
ITycre ynryua f(x, y) Henpepbi8Ha nO COBOKYNHOCTU GPSYMEHTO8 8
samknyrod obractu R,XD,, T02da unreepas (7.9) nsasnerca He-
npepulenol pynkyueld napamerpa y 6 obaacru Dp.

Teopema 7.16 (06 WHTErPHPOBaHHWH HHTErpaja HO TapaMerpy).
fTycro ynkyusn (X, y) HenpepoiBHA nO COBOKYNHOCTU ApeyMEHTO8 8
3amkuyrold obaactu QX D,. Tozda ¢yuxyuro (7.9) moxHo uHree-
puposars no napamerpy nod 3HAKOM UHTEzpaAq, T. e. cnpasediuso
pasencrso

{rwyay= [dr § fn ).
m Qﬂ Dm
Teopema 7.17 (o nuddepeHIHpyEeMOCTH HHTErpaJa HO HapaMer-

py). Iycre pynxyus f(x, y) u ee 4wacthas npou3eéodHas —g— He-

- = k
npepoigrot ¢ QX D,. Tozda unteepanr (7.9) umeer ¢ o6aactu D,
Kenpepoulenyro YacTHY NPou3so0HYI0

ol () 8l () of (x, )
—21 | nputem = dx.
Y puse oY S Oy,

2,

2. HecoOcTBeHHBIE KPAaTHbIE MHTErpaJibl, 3aBHCSHIMEe OT nmapamMerpa.
Paccmvorpum aas mpoctorthl cayua#, Korga Qun=2D,=D. [Iyctb GOyHK-
uust f(x, y) TakxKe HMeer cneuHadbHbli BHA: [(x, y)=F(x, y)g(x),
rae F(x, y) HenpeprBHa npu x=~=y B DX D, . a ¢ynkuus g(x) or-
pannueHa B D, |g(x) |<<M. Takum o6pa3oM, pacCMOTPHM HHTerpas

V(y) =§, F(x, y)g(x)dx, (7.10)

Tlle NOABHTEerpajJbHad (QYHKIHS MOXKET HMeTb OCOOEHHOCTb JIHIIbL IIPH
x=y. Takum o6pasoM, 0cOGEHHOCTH NOJBIHTErpaJbHON (YHKIHH 3a-
BHCHT OT Iapamerpa.

i0*
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BBenem omnpefieseHHe PaBHOMEDHOR CXOJJHM OCTH HHTErpa-
aa (7.10) B touke. OGosnauuMm yepes B (yo, 6) m-MepHbIft map paguy-
ca § ¢ LeHTPOM B TOYKE Yo.

Onpepnenenune. Hureepaar (7.10) nHasosem cxodaujumcs
pasHomepHo nonapanerpyy 8 Touke Yo=D, ecau 0as
2106020 £>0 moxcrno yxasare §>0 rtaxoe, uro By, 6)<D, u Oasn
at060id Kybupyemod o6aactu GB(yo, 8) u scex y=B(yo, 8) svinon-
HAETCA HePaBeHCTa0

uF(x, » g dr|<e.

Teopewma 7.18. Ecau unrezpar (7.10) cxodurcs pasromepuo no
y 8 Touxe Yyo=D, To oH nenpepbiser 8 TOUKE Y.

HdoxasateabctBo. Tpebyercs JoKasaTh, uTO AJAA JM060r0
£>0 cymectByer §>0 Takoe, uto npu |y—uyo| =p(y, Yo) <6 BHINOJ-
HeHo HepaseHctBo |V (y)—V(yo) | <e. VI3 paBHOMepHOH CXOAHMOCTH
HHTerpajia B TOUKe cJefyeT, uTo cyuiecrByer 6,>>0 takoe, wro B (yo,
81) =D u npu y=B (y,, d1)

| | Fe ogma| <

B(yo,8y)

Vi = § Fix e dx
B(ys, 8y)

Iycrs

Vi)= § Fix pendx,
B’(y,.81)

rae B’ (yo, 6,)=D\B(ys 61) — nonosnenne mapa B(yo, 6;) mo 06-
aacrd D.

3ameruM, uto npu x&B (Yo, 81), y=B(yo, 6,/2) dyurmus F(x, y)
6yxer paBHOMEPHO HENpEepPbIBHON IO COBOKYNHOCTH aprymentoB. Ilo-
9TOMy HaHIeTCss MOJNOXKHTENbHOe uHca0 §<61/2 Takoe, uto mpu p(y,
Yo) << GyJeT BHIMOJHEHO HepaBEHCTBO

IF(X, yo)_F(x, y)l<

e
aMm|Dy '’

rie M — KoHcTaHTa, OorpaHuunBawouias ¢yskuuio g(x) 6 D, |D| —
o6wem obaacta D. Ipu p(y, yo) <<6

1
Ve@—Vawl <M {1F(x g)—Fx )ldr< e
B (yo, 8y

ITostomy
V() —V(yo) | <|Vi(m) |+ Vi(go) [+ | Va(y)—Va(yo) | <,
tak Kak | Vi(y) | <<ef3, |Vi(yo) | <e/3. Teopema npokasaHa.
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YKaxeM IOCTAaTOYHOE yCJOBHE PABHOMEDHOH MO MapaMeTpy CXOmH-
moctd uHterpasa (7.10) 3 kaxnmo# Touke yo=DCE™,

Teopema 7.19. fTycro pynxyus F(x, y) Henpepoiena 6 DXD
npu xy, a g(x) pasHomepro oepanuuena ¢ D. [Ipednosoxcum, yro
cywiecrayror nocrofnnele A, 0<<h<<m, u ¢>0 raKkue, uro 0an 6cex
x=D, y=D cnpasediuso HepagencT80

|F(x, y) | <Clx—y|™

Toeda unreepaa (7.10) cxodurcsa paguomepHo no y 8 Kasdol Touke
y()ED.

HJokasateabcTBo. [TokaxeM, yro jus aob60H TOUKH Y, obJac-
@ D u moboro ¢>0 cymecrByer § >0 Takoe, yTo 1Js J10060# KyOH-
pyeMmo#t o6aacth G B (y,, 8) u Bcex y=B(yo, §) BHIOJHEHO Hepa-
BEHCTBO ‘

[P ngwdx|<e.
G
YuutbiBast olleHRY st F (X, y) W OrpaHHYEHHOCTb g(X), NOJYyUUM

|2§‘F(xr y)g(x)dx|‘<M1£|x—y|_}' dx.

®uxcupyem Touky yeB(y,, 8). M3 ycnosus G B(yo, §) BHTEKaer
yeaosue G B (y, 26). [Tostomy

|[Fex, pear|<m, [ 1x—yi™ax,
G By,28)

Huterpan B mpaBofi 4aCTH MOXKHO BBIYHCJHTH B M-MepHBIX cepuie-
CKHX KOOpJIHHATaX; TOTAa

m—

26
m—A
| j F(x, y)g(x)dx \ <M, S S MT & — MR
G 0

$IcHO, 4TO IpH MOCTATOYHO MaJIOM & BeJHYHHA HF(x, y)g(x)dx|
G
MOxeT OHITh CA€NaHa MeHblle £. Teopema goKasaHa.

ITpumep. [IpuMeHnM nONyyeHHBlE Pe3yabTaThl K TEOPHH TaK Ha-
3BIBAEMOrO HBIOTOHOBAa nOoTEeHI Haaa. [Iycte B HEKOTOPYIO TOY-
Ky Ao(x, y, 2) moMelleHa Macca mo. Ha maccy m, nomellleHHy©O B
TO4KYy A;(x1, ¥, 21), N0 3aKOHY BCEMHDHOLO TSAI'OTEHHS JeHCTByeT
CHJa

—_ mmy
F=—y s r,
rie R=p(A, A;), y — rpaBHTAllHOHHAs NOCTOSIHHAS, r—R
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eJIHHHYHRIH BeKTOD, HanpaB/leHHe KOTODOro COBIajaeT ¢ HampagJe-
—
HHeM Bekropa Ao, Ilycts y=1, m=1; Toraa

my

= — r
R ’
HJH DOKOMNOHEHTHO
X=—r(m—2), Y=—22@—y) Z=——2(—2)

OueBHJHO, YTO NOTEHIHaJ CHJBbI TATOTEHHS, ONpeje/]sieMbli Kak cxa-
JaspHas GyHkuuA u Takas, yro F=grad 4, pasex

m

u=—

R
Ecnn xe Macca cocpefotoyeHa He B Touke Ag(x, y, 2), a pacnpeiene-
Ha 1o obJsactd D ¢ maoTHOCTBIO u (X, y, 2), TO AJS HOTEHIHaAa H AJA
KOMIIOHEHT CHJIBI NOJYYHM

Uxy, Yo 21) =S§SL;R%‘Q dx dy dz,
X= —Sﬂ%(xl—x) dx dy dz,
Y= —jﬂ%(yl—y)dxdydz.

Z=—j”%(zl—z)dxdydz.
D

Hnrerpanst aasa X, Y, Z npencraBasoT co6ofi yacTHHE NPOH3BOAHEIE
noTeHnxana 4. IlopwHTerpasbHble Bblpa:KeHHs BO BCeX HHTerpaJax
MOXHO OueHHTb uepe3 CR™, rae A=1 pas uHTerpaJja, IpeicraBJsio-
ero NOTeHUHAN 4, H A=2 JJIl HHTerpajioB, NPeACTaBJ/SIOMIHX KOMIO-
HeHTH CHJB. Tak kKak A<C3, TO B CHJY TeopeMnl 7.19 Bce HHTerpaJm
CXO/SITCSI PaBHOMEPHO N0 napameTpaM B 060k Touke A;(x1, y1, 21).
CienoBaresibHO, 10 Teopeme 7.18 OHH mpexcTaBAAIOT COGOH HelpephB-
Hele QyHKIMH TOukH A; (X1, Y1, 21).



TFT'aasa 8

PAND! ®YPLE

Hayuaemas B HacTosue#f rsiaBe npo6aeMa pasioxeHHsi QYHKUHH
8 pan Pypoe sABAseTcs 06O0OLIEHHEM H DPa3BHTHEM HIEH pasJIoXKeHHs
gekTopa 1o 6asucy.

M3 nuHeliHOH anre6pH H3BECTHO, UTO €CJM B JIHHEAHOM IPOCTpaH-
CTBE KOHEYHOU Pa3MepHOCTH BbIGpaThb HeKOTOpbIH 6asHc, TO J06OH
BEKTOD 3TOTO IPOCTPAHCTBA MOXKET OBITb Pa3NOXKeH N0 6asucy, T. €.
fpeJcTaB/ieH B BHAE JHHEHHON KOoMOHHauMH 6asHcHbIX BekTOpOB, ['O-
pasno GoJiee CJHOXKHBIMH SIBJASIOTCA BONDPOCH O Bh6ope 6GasHca H O
pasyioxeHHH 0O 0asHcy IJs caydast OecKOHeuHOMEepHOzo TPOCTpaH-
cTBa. B Hacrosiled raaBe 3TH BONPOCH H3YyHAIOTCA IJA CAydYasl egrAl-
dogstx GeCKOHEUHOMEPHEIX IPOCTPAHCTB H JJs 6a3HCOB CIEIUAabHOTO
THIA (OPTOHOPMUPOBAHHbLX 6A3HCOB).

Ocobenno noapobHO usyuyaercst Gaszuc, o6pa3oBaHHBI B HPOCTpaH-
C€TBe BCeX KyCOUHO HENpPepbIBHBIX Ha HEKOTOPCM cerMeHTe (PyHKIHA
TaK Ha3blBaeMOH TPHIOHOMETPHYECKOH CHCTeMOH.

§ 1. OPTOHOPMHUPOBAHHBIE CUCTEMDBI K OBLIHUE
PAlbl ®YPBE

1. OpronopmupoBaHHbie cuctembl. DyneM paccMarpuBaTh IIPOH3-
BOJIbHOE €BKJHIOBO IPOCTPAHCTBO OecKOHeUHOH pasmepHocTH. Ha-
TIOMHHM, YTO JHHeHHOe NpocTpaHcTBO R HasbiBaeTcss €BKJAH L OB L M,
€CJIH BBINOJIHEHH B YCIOBHS:

1) usBecTHO mHpaBH.IC, MOCPEACTBOM KOTOPOrO JIOGBIM IOBYM 5Je-
MeHTaM f H g IpocTpaHcTBa- R cTaBHTCSl B COOTBETCTBHE YHCJIO, HA3hl-
BaeMOe CKAaJAPHBIM DPOH3Be€ L eHHEM ITHX 3/eMeHTOB H 0603-
Havaemoe cuMmMBoJaOM (f, )5

2) ykasaHHGe NDAaBHJO YAOBJIETBODSIET CJAEAYIOLIHM ueTbipeM ak-
CHOMaAM:

1°. (f, & = (g, f) (:mepemecTHTeJbHOE CBOHCTBO);

2. (f+& h)y={(f, h)+ (g, h) (pacmpenenurejbHOE CBOHCTBO);

3% (Af, @) =A(f, &) Aast MOCOTO BELIECTBEHHOTO A;

4°. (f, f) >0, eciu f — HeHy.1eBOH 3JEMEHT;

(f, f) =0, ecau f — HyaeBOH 2JeMeHT.

Hanomuum, najnee, uto JuHefiHOe (M, B 4YaCTHOCTH, €BKJHAOBO)
TIPOCTPAHCTBO Ha3biBaeTcsi GeCKOHEUYHOMEDHH M, eCIH B 3TOM
TpocTPaHCTBe Haliflerca so6oe Hanepel B3sITOE YHCJAO JHHEHHO He3a-
BHCHMBIX 3JIEMEHTOB.
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[TpuBeneM KnaccHyeCKHH NPHMeD eBKJIMAOBA IPOCTpPaHCTBA Gecko-
HeyHOH pa3MepHOCTH.

HanoMuum, uyro QyHKUHS f(x) HasbiBaeTcd KYCOUYHO HENp e-
PBIBHOI Ha cerMeHrte [a, b], ec/iu OHa HempepBIBHA BCIOAY Ha 3TOM
CerMeHTe, 3a HCKJIOUeHHEM KOHEYHOTO YMCJA TOUEK, B KaxJIOH M3 KO-
TOPHIX OHa HMeeT Pa3phB IepBOro poxa .

Hnst muHeHHOro mpOCTPAHCTBA BCeX KYCOYHO HENPEPBHIBHBIX Ha Cer-
Mente [a, b] GyHKUMI ecTeCTBEHHO BBECTH CKAJSIpHOe MPOH3BeleHHE
Jo6bBIX ABYX QYHKuHE f(x) u g(x), onpelesuB ero paBeHCTBOM

b
(f, =1 () g()d 8.1y

Jlerko mpopepsieTcsi, 4yTO TPH TAKOM ONpPEJeJEeHHH ClpaBelJHBHE
[epBble TPH aKCHOMBlI CKaJsipHOro npouspeneHus. OAHAKO IJs TOro,
4TOOb OKa3aJjach CHpaBelJHBOH H yeTBepTas aKCHOMa, NPHXORZHTCS
IPHHATD JOHOJHHTEJNBHYI0 AOrOBOPEHHOCTH O TOM, YTOOLI 3HAUYEHHE Ky-
COYHO HenpephBHOH (YHKUHH f(x) B KaxKJOH ee TOYKE paspbiBa x;
PaBHAJOCH HOJyCyMMe IIPaBOrO H JIEBOTO €€ NMpefesoB B 3TOH TOYKe:

f(xi) =f(xi +0) jf(xi —0) (82)

b
B camom nmene, Bo-mepBHIX, Bcerna (f, /’):ff2 (x)dex>0. [a-
a

Jee, 3aM@THM, 4YTO TaK KaK f(x) KycOYHO HempephiBHa Ha [a, b], TO
BeCb CerMeHT [a, b]| pacnajaeTcd Ha KOHEYHOe YHCJO CETMEHTOB
[xi-1, x:], Ha KaxxZOM H3 KOTOPbIX (YHKUHs1 f(X) HenpepblBHA NPH
YCJOBHH, YTO B KauecTBe 3HaueHHH f(X) Ha KOHILAX COOTBETCTBYIOIe-
ro cermeHra [x;i, x:] 6epyrca f(xi-1+0) u f(x;—0). M3 paBeHncraa

b
Efz(x)dx=0 BBITEKAET, YTO IJs KaxJOro CerMeHTa [Xi-1, Xif
a

*
crpaBelJIHBO PABEHCTBO S [2(x)dx=0.
*i1
V3 sTOro paBeHCTBa U M3 HEeNPepPHIBHOCTH f(x) Ha cerMeHTe [xi-i,
x;] BLITekaer, yTo Ha 3ToM cermente f(x)=0. B wactrocTH, f(xi-1+
+0) u f(x—0) paBubl HyJw0. Tak KaK 3TH paccyxx/eHHsl clpaBelJiH-
BBl aJist JI06Oro cerMedta [xi-y, X:|, T. e. Aas Bcex i=1, 2,...,n, TO
HpaBHE u JeBbH MNpenensl B JOO0H TOUKe x; paBHB HYJIO, @ OTCIOJa
B cuay coorHouleHHst (8.2) M camo 3HAuyeHHe f(x;) B J060H TOUKe
x; paBHo. Urak, pyskuus f(x) paBHa HYJIO BO BCEX TOYKAaxX CerMeHTa
[a, b], T. e. siBasieTCsT HYJEBBIM 3JIeMEHTOM JHHEHHOrO HPOCTPAHCTBa
BCeX KyCOYHO HeNpepLIBHBIX Ha cerMeHTe [a, b] QyHKuui.

9 T. e. B KaJ0OH TOYKe Pasphisa xo y GyHKuMH f(x) CyluecTByeT KOHEUHHE
JIeBLI M KOHEYHBIH NpaBblii NpeAesH.
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Tem caMbIM MBI JOK23a/H, YTO RPOCTPAHCTBO BCEX KYCOHHO Henpe-
poletolx Ha ceemente [a, b pyuxyuil ¢ ycaosuem (8.2) 8 kavcdoit
TO4Ke paspuléa U CO CKAAAPHOIM npoussedeHuem, onpedesnembim co-
otHowenuem (8.1), asaserca e8xkAUIOBLIM NPOCTPAHCTEOM,

3TO eBKJIHIOBO NPOCTPAHCTBO MBI B AaJjbHelmeM Gylem o6o3Ha-
4aTh CHMBOJIOM R,.

HamoMHuM Tenepb ABa OOIIHMX CBOHCTBA J10GOro eBKJHIOBA IpO-
CTPaHCTBA, KOTOPbIMH, €CTeCTBeHHO, Oyler o6gagaTe H NpOCTpaH-

¢1B0 Ry:
1) 80 gcakom e8KAUOOBOM NPOCTPAHCTEE OARL AHOGBIX 08Yx IremeH-

T08 f U g cnpasedAUBO HePaBeHCTEo

(f, &)<, ) (& &), (8.3)

nagvigaemoe nepasencréom Kowu—byunaxosckoeo?,

2) 80 BCAKOM €8KAUOOBOM NPOCTPAHCT8E OAR A06020 3AeMmeHra
f aroeo npocrpancrTsa MOsCHO 88eCTU NOHATUE HOPMbL 3T020 34€-
MenTa, onpedeaus ee Kak 4uucio, obosnawaemoe cumsoson ||fll u on-
pedeasnemoe paseHcT8om

I l=V'{ P, (8.4)

Tak 4ro 6yoyr cnpagediussl caedyroujue Tpu ceolicraa:

1°. lIfI=0, npusem ||fll=0 suws r020a, koeda f — nyiresoil sie-
MENT,;

2°. IAfll=|A| - NIfll dan ar060c0 snemenra f u awb60eo geujecTen-
HOeo \; ’ _

3. Ni+gll<lifll+ligl. (8.5)
0 ar0box 0syx ssementos [ u g (3TO HepageHCT80 HA36l8AETCA H €~
paseHcT8OM TpPeyeoaAbHUKA).

B caMom jpede, cripaBedJHBOCTh CBOficTBa 1° cpasy ke BBITEKaer
H3 (8.4) u M3 akCHOMBI 4° CKaJsipHOrO IPOH3BENEHHS.

Hast oGocHoBaHHst cBOficTBa 2° 3aMmeTHM, 4TO B cHay (84) =
aKCHOM CKaJISIpHOIO NpPOH3BeJAeHHS

WA=V @f M=V A M) =VLA], D=V H=I1r"lfl.

Haxonen, cnpaBenansocTh cBofictBa 3° BHTekaer H3 (8.4), H3 ak~
CHOM CKaJISIPHOTO NpOH3BeIEHHS] H H3 HepaBencTBa Komn—DbByHsAKoB-
ckoro (8.3). HeficTBHTEIBHO,

2 lns pokasatenbcrBa HepaseHctsa (8.3) 3ameTHM, 4TO AJs JOGOTO BelecT-
BEHHOTO A B CHJY daKCHOMH 4° CKaJsipHOTO NPOH3BEJEHHsS CNPaBe[JHBO HEPABEHCTBO:
(M—g, AM—g)=0, koTOpOe B CHIY aKCHOM 1°—4° S5KBHBAaJEHTHO  HEPaBEHCTBY
A2 (f, }—2Ar(f, g)+ (g, g)>0. Heo6xonuMblM H AOCTATOYHHM YCJOBHEM HEOTpHIA-
TEJbHOCTH KBAJAPaTHOTO TpexyjeHa, CTOSIEro B JEBOH YAaCTH NOCJENHEre HEpaBeH-
CTBa, SABJACTCA  HENOJOXHTEJbHOCTb  ero  AHCKPDHMHHAHTZ, T. €. HEePaBEHCTBO
(., 2)2—(f, ) (g, g) <0, xoropoe sksHBaneHTHO HepaBeHcTBY (8.3).
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if+ell=V{F+e F+e)=VF H+20( a1+ g <

<V h+2VFE DV 0+ o=V IVF Hh+VE a)'=
VT H+VE 9=Ifll+lel.
B YaCTHOCTH, BO BBE€ASHHOM BHIIIE€ €BKJIHIOBOM HpOCTpaHCTBe Ro

BCeX KyCOUHO HENPepHBHHX Ha cerMeHte [a, b] ¢yuxruuii mopMma
(8.4) moboro snemeHTa f ONpenesseTcss paBeHCTBOM

R
Ifll= ‘/.[ P2 (x) dx, (8.6)

a HepaBeHctBa Kown—bByHnsikosckoro (8.3) u tpeyrosbHHRa (8.5)
TPHHHMAIOT BHJ,

b b b
(frmemar)’ < (iIf@ar | g2 () dx; (8.7)

b / b b
1/5 Fo+e@ra< ) [Pwd+ 1/Sg2(x)dx. (8.8)

Brenem Tenmeps B mpousBOJbHOM OeCKOHEUHOMEPHOM €BKJIHIOBOM
mpocrpaHcTBe R TMOHSITHA OPTOrOHAJBLHEIX 3JE€MEHTOB H OPTOHOPMHPO-
BAHHOH CHCTeMbl 3JIEMEHTOB.

Onpenenenune 1. Jlea saemenra f u g eskiudoséa npocrpan-
£T8a HA36LBAIOTCL OPTOCOHAAbHOLMU, ecAU CKAAAPHOE npousee-
denue (f, g) arux saerenTos pasHo HYAIo.

PaccmMOoTpUM B HPOH3BONBHOM OECKOHEYHOMEPHOM  €BKJHIOBOM
npocTpaHcTBe R HEKOTOPYIO MOCTE€A0BaTENLHOCTD 3JEMEHTOB.

V1, 2,00, Vnyenn. (8.9}

Onpenenenue 2. Ilocaedosareavrocrs (8.9) nassieaercs o p-
TOHOPMUPOBAHHKHOU cucTemol, ecau gxo0aujie 8 3TY nocAae-
008aTEAbHOCT 34EMEHTbL NONAPHO OPTOZOHANbHOL U UMEOT HOpMY,
pasnyro edunuye.

KiaccHyeckKHM npHMepoM CPTOHODMHPOBAHHOH CHCTEMBI B IIPOCT-
paHerBe Ry Bcex KyCOUHO HENPepHIBHBIX Ha cerMeHre [—m, 1] QyHK-
OHH sIBJsIeTCs TaK HasHBaeMass TPUHTOHOMeTpHUecKas CcHC-
TeMa

1 cos X sinx cosnx  sinnx

}/2—:'1:) V'Ry R"!"'! _:.El V'R!"'
Unraresp JErko nposepur, yto Bce ¢pyHxuuu (8.10) nomapHo op-
TOTOHAJBHEL (B CMEBICJIe CKajsipHOro npoussegeHust (8.1), BasaToro

(8.10)
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1npu a= —n, b=m) K yTO HOpMa KaxAOH M3 3THX GyHKUHH (ompexe-
Jasiemasl paBeHcTBoM (8.6) nmpu a= —mx, b=nx) paBHa eAMHHIE.

B maremaTHKe ¥ ee NPHJOXKEHHSIX YacTO BCTPEUAIOTCS DasjHyHbIe
OPTOHODMHpPOBaHHEE (HAa COOTBETCTBYIOUIMX MHOMXECTBAX) CHCTEMH
¢yukuui. IIpupenreM HEKOTOpPHIE MPHMEPH TAKHX CHCTEM.

E I[TpuMepsn. 1°. MHOroOuNeHw, onpenessieMbie paBeHCTBOM

Po)=— =D (o 9, ), (8.11)

21l dxn

IPHHATO HasHBaTh HOJMHHOMAaMHu JlexXaHIDa.
HetpynHo y6emnuTbcst, 4yTOo 06pa30OBaHHHE C IIOMOHIbIO MHOTO-
ujieHoB (8.11) byHKUHH

\p,,(x)=‘/2";_1P,,(x) (n=0,1, 2, ...)

o6pasyloT OpTOHOPMHPOBaHHYIO (Ha cermeHte [—1, +1]) cucremy
QYHKIHA.

2°. MHorounmeHs, onpegeasemble  paBeHcTBaMH  To(x) =1,
Th(x)=2'-"cos[n(arccos x)] npu n=1, 2, ..., Ha3LBAIOTCS MO JH-
EoMamu Hebwmmesna, Cpeld BceXx MHOIOUIEHOB N-H CTENEHH
¢ K03 bHIHEHTOM TIpH X", PABHHIM eAuWHHUE, HOAHHOM YebHllera
Tn(x) uMeer HauMeHbmHHA Ha cermMente —l<x<1 MakCHUMyM MO-
Ayasi. MOXHO J0KasaTh, UTO NOJYYEHHEE ¢ NOMOIIbIO IOJHHOMOB
YeOrnilliepa HyHKLHH

n—0,5 -
1 , ‘-Pn(x)_2 Th (x) (n=1, 2, o)

nyT—x Ay T— =

06pasyioT OpTOHOPMHpPOBaHHYI Ha cerMeHre [—1, +1] cucremy.
3°. B TeopHH BepOSITHOCTEH 4acTO IpHMeHsiercs cicTema P a-
nemaxepa?

Po (x) =

Vo {x) =9 (2"x) (n=0, 1, 2,..),

rae ¢(f) =sgn(sin2nf),

Jlerko mporepsieTcsi, 4TO 3Ta CHCTEMa OPTOHOPMHpPOBaHa Ha cer-
MenTe O<x <.

4°. B psage uccnegoBaduil o Teopur GyHKUHH HaXOZHT ITPHMe-
FeHHE cucTeMa Xaapa?, apaswomascsl OpTOHOPMHPOBaHHOH Ha
cermenTe 0<x<l. DremenTH 5TOH CuCTeMBl OTNpeAeslOTCA AJSA
Bcex n=0, 1, 2,... ¥ naa Bcex k, MPUHHMAIOWIHX 3HaueHHs 1, 2,
4,...,2" OHH UMET BHLI

%) Panemaxep — HeMeUkHil matematHk (pod. B 1892 r.).
Y Xaap — ueMenknfi marematux (1885-—1933).
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2k — 2 2k —1
VQ" IpH <x<L — ,
! 2n«}—l 2n«}—l
x(k) x) = 28— 1 2k
) i MpH T <SS AT
l 0 B OCTaJbHBIX TOukax [0, 1].

Kaxpnas ¢yrxkuus Xaapa npencrasiseT co00¥ CTyneHbKY TaKOro
XKe BUAa, KaK pyHkuusa V2" sgnX Ha CerMeHTe [ g~ +h 2“"“’]_
HOas  kaxaoro ¢HKCHPOBAHHOTO HOMepa #  NPH yBequeHHn
3HayeHHd Kk 3Ta cTylleHbKa 'CABMIaercsi BnpaBo. Bceropy BHe coOT-
BETCTBYIOLlEH CTYNeHbKH Kaxpnas OYHKIHS Xaapa TOXIECTBEHHO
paBHa HyJIO.
2. MouatHe 06 oGuem psine Pypoe. I1lycTb B NPOH3BOJBHOM GecKO-
HEYHOMEDHOM eBKJIMAOBOM HpocTpaHcTBe R 3ajaHa npoH3BOJbHASA
OPTOHOPMHPOBaHHasl cHcTeMa 3jaeMeHTOB {{r}. PaccmorpuM Kakoit
yrogHo sJeMeHT [ npocrpaHcTBa R.

Onpenenenue 1. Hasosem padom @ypove osremenra f no
opToHOpMuUposaroli cucteme {Pr} pad suda

Y At (8.12)

k==l

8 KOTOpOM uepe3 f, 0603HAHEHbL NOCTOAHHbIE HUCAQ, HA3bleaembie
kosdppuyuentamu Dypove ssementa [ u onpedensemoie pagen-

craamu
fe=(f, ¥r) k=1,2, ..

EcTecTBeHHO Ha3BaTh KOHEUHYIO CYMMY

Sa=Y, Fubs (8.13)

k=1

n-ivactTHyHOR cymMMoi psiga Dypre (8.12).

PaccmoTrpum Hapsiny ¢ n-# yacTnyHOH cymMmoHd (8.13) npou3BoJb-
HYIO JMHeHHyI0 KOMOHHALHIO NEPBHIX 71 3JEMEHTOB OPTOHOPMHPOBAaH-
HOH cHCTeMBl {3}

Y c (8.14)
k=1

C KaKHMH yrOJHO MOCTOSHHEIMH uHcaamu Cy, Co,. .., Ca.
BoisichuM, 4TO OT/HYaeT n-10 YacTHYHYIO cyMmy psiga Pypee (8.13)
OT BCeX APYTHX cymMm (8.14).
Horosopumcesi HaswBath BeauuwHy [If—gll oTkaoHenuem f or
g (mo HOpMe NaHHOIO eBKJMIOBA NPOCTPAHCTBA).
Fmeer MecTo caenymoolnasi OCHOBHas TeopeMa.



§ 1. OpToHOpMHPOBAHHME CHCTEMH H obuiHe psaan dypbe 293

Teopewma 8.1. Cpedu acex cymm guda (8.14) Haumensiee oT-
KAOHEHUe OT 3aeMeHTa [ no nopme 0anHo20 e8KAUCO8a NPOCTPAHCTEA
umeer n-a wacruunas cymma (8.13) pada Pypve sarementa f.

JHlokasaTedbcTBO. YUATHIBAS OPTOHOPMHPOBAHHOCTb CHCTE-
MBI {{x} H TOJB3YSICH AKCHOMAMH CKAaJSIPHOrO MPOH3BELEHHS, MOXeM
3alKHcaTh:

Hk):.:l Ck‘Pk—fH—(é: Cobe—F Y. Cti— f) =

I==1

=deww4§QM%Hmﬂ=

k=1

Zcrafcm+ww Z@rﬁﬁ Zn+ww

k=1 k=1
Urak,

HYGM—W— (G TP+ NI 2& (8.15)

B sepoil wacth (8.15) crouT KBagpaTr OTK/IOHEHHs CYyMMH (8.14)
OT 3JeMeHTa f (0 HOpMe NAHHOTO €BKJHIOBa npoc'rpamcma) Us
BHAa npaBol uacTd (8.15), caenyer, 4To yKasaHHHI KBaJApaT OTKJOHE-
HH5 ABJsercs HauMeHbIWHM IpH Cr=[, (Tak Kak IDH 5TOM B NpaBOf
yactd (8.15) mepBas cymma ofpauiaercd B HyJb, a OCTaJbHBEIE CJa-
raemeie ot C, He 3aBHCAT). TeopeMa HOKasaHa.

Canencreue 1. Jaa npoussoasroeo saemenra | danHozo esxkau-
008a npocTpaHcTsa u A06OL opTOHOPpMUpOBaHHOU cucTemor {{x} npu
npousgoavHom eeiGope nocroauustx Cp dasn ar6oeo HoMepa n cnpa-
804160 HepaseHCcTB80

|w27n<U6m—w (8.16)

HepagencrBo (8.16) sABisercs HeNmocpeACTBEHHBIM —CJEICTBHEM
ToxgectBa (8.15).

CaencrteHe 2. Jasa npoussonrsnozo asemenra [ daHHOz0 esKkau-
dosa npoctpancrsa, A10606 OPTOHOPMUPOBAHHOL cucTembl {\Ppr} U ArO-
0020 HOMEpPA n cnpasedAu80 PageHcTs8o

n n
2 2
IS fobe—t = 1F12= Y £, (8.17)
Py h=l
wacro Haszvieaemoe Toxndecreaom becceanad.

5) @punpux Buanbreabm Beccenb — HeMeuxHii acTpoHoM H maTeMaTHK (1784—
1846).
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Jasi pokasatenbctBa paBeHcTBa (8.17) AOCTATOYHO HOJNOXKHTL B
(8.15) Cr=fe.

Teopema 82. Jasn aroboeo ssemenra [ dannozo eexaudosa npo-
crpancrea u At0bol opToHOpMuposannoil cucremot {\} cnpasedauso
caedyroujee HepaseHcTso:

Y R< IR (8.18)

k=1

Hasvi8aemoe Hepasencreom becceaa.
HoxasateabctBo. M3 HeOTPHUATENBHOCTH JeBOM UacTH
{8.17) cnenyer, uto ansi 110 6 Or O HOMEpa n

n

Y. R<IFIe. (8.19)

k=1

Ho 310 03Hauaer, ur0 psJ H3 HEOTPHLATEJBLHEIX YJEHOB, CTOSIIHA B
aeBoii yactd (8.18), obramaer orpaHHYEHHOH IOC/IEIOBATENBHOCTBIO
YaCTHYHBIX CYMM H NO3TOMY cxoauTcs. Ilepexoiss B HepaBEHCTBE
(8.19) k mpepeny npu n—oo (cMm. Teopemy 3.13 u. 1), monmyuum Hepa-
peHcTBO (8.18). Teopema moxasaHna.

B kauectBe mpHMepa ofpaTHMcs K npocTpaHCTBY Ry Bcex Kycouno
HeNpepHBHHX Ha cerMeHTe —a<x<m OYHKUHA H B 3TOM NpOCTpaH-
crBe K psany Pypre no tpuroHomerpuueckod cucreMe (8.10) (sroT
PSX [OpHHSTO HasHBaThb TPHTOHOMETPHUECKHM pALAOM
®ypoe). Odas mobofi KycOUHO HenpephIBHOH Ha cermente [—m, n]
¢yEKuME f(x) yxasaHHBEH pan Pypbe nMeeT BHI

= 1 - - coskx | ¥ sinkx
f07§+k2(fk v thys). o (820

rae koapduumenter Pypre ?k H Tk olipeJleIsIoTCss  HOpMyIaMH

n

1

70: }/27[ f(x)dx,

51
fo=—

yn

1
yn

f(x)coskxdx; [o= f(x)sinkxdx (k=1, 2, ...).

9 By
]
A Gy 1

Hepapencteo Beccensi, cnpaBepsivBoe HJs1  JHOOOH KYCOYHO HenpepoiBHOM
Ha cermente [—m, 7] QyHKuHH f(X), HMeeT BHJ

B+ Y B+ < Efﬂ (x) dx. (8:21)

k=]
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Orknonenne f(x) or g(x) mo HOpMe B 3TOM cJjydae paBHO TakK
Ha3LBAEMOMY CpP€I1HEeMY KBaLIpPAaTHUYHOMY OTKJOHEHHIO

i—gl=} [re—gwra. (8.22)

OTmerHM, 4TO B TEODHH TDHIOHOMeTpHueckHX psaos Pypwe npu-
HATa HECKOJbKO HHasi opma 3amucH Kak camoro psga Pypne (8.20),
Tak ‘W HepaBeHCTBa Deccens (8.21), a HMeHHO: TPHIOHOMETPHUECKHE
psin Oypoe (8.20) o6bHUHO 3aNMHCHIBAIOT B BHAE

Loy E (a, cos kx -+ by sin &x), (8.20'y
2
k=1
rae

2f

2%

~n
—
Ko
5

I
a -

&
f
‘

-~
]|

-
l

f (x) cos kxdx; (8.23)

=

by

f (x) sin kxdx

I
al-

2

,,
\
aj
a|-

:‘:'-—-——:n ‘!:l—'t:: :lx‘-—’\a

(k=1,2,...).

Tlpu Takoii ¢opme 3amucH HepaBeHcTBO Deccens (8.21) mnpuHHA-
MaeT BHUJI
n
1

D] (-]
a,
Sty @+ <— [P (8.21')
k=1 -3

3ameuaHnHne M3 HepaBeHcTBa Deccenss (8.21') BHTekaer, urto
st 060K KyCOUHO HENpPepHBHOH Ha cerMeHre [—m, m] GYyHKUHH
f(x) BennuuHbl a, u br (Ha3biBaeMble TPHTOHOMETDPHYECKH -
MH KOO pHunuentaMu ®ypbe GyHKuHM [(x)) cTpemsaTcs K HYJIIO
IpH n—-oco (B CHJy HEOGXOZMMOTO YCJOBHSI CXOXHMOCTH Psiia B JIEBO¥K
gyacty (8.21%)).

§ 2. 3AMKHYTBIE H NOJIHBIE OPTOHOPMHPOBAHHDBIE
CHCTEMbI

Kak u B npeiniymeM naparpacde, 6yieM paccMaTpusaTh NpOH3-
BOJIbHYI0O OPTOHODMHPOBAHHYIO cHcreMy {{.} B KakOM yrogHo 6ecko-
HEeYHOMEPHOM €BKJHAOBOM NpocTpaHcTBe R.
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Onpenenenue 1. Opronopmuposannasn cucrema {\.} Hazvi8aer-
€L 3AMKHYTO U, ecau 0an A00020 remeHTa | OaHHOeO e6KALA0Ba
npocrpanctéa R u 041 A106020 NOAOXHCUTEALHO2O 4ucAa & Haldercs
Taxkas aunednans xkomburauyus (8.14) KoHeunOzo 4ucaa 3AeMeHTO8
{{x}, orkaonenue koTopoid or f (no Hopme npocrparcrsa R) MeHb-
uie e.

MHubIMH cioBaMmu, cucreMa {\yx} HaA3bHIBaeTCs] 3aMKHYTOH, €CJH JI0-
‘60 3JeMeHT f NaHHOrO eBKJIHJ0BAa IpocTpaHcTBa R MOXHO TpHOJH-
34Tb IO HOPME 3TOr0 IPOCTPAHCTBA C JI060H CTeneHbI0 TOYHOCTH JH-
HeHHBIMH KOMOGHHALIHAMH KOHEYHOT'O UHCJa 3JeMeHTOB {).

Sameuanue l. Mn onyckaem BOOPOC O TOM, BO BCSIKOM JIH
eBKJHJOBOM HPOCTPAHCTBE CYIIECTBYIOT 3aMKHYTHE OPTOHODMHPO-
BaHHHe cHcreMbl. OTMeTHM, 4TO B 4acTd 3 OyjAeT H3y4deH BaXKHBIA
NOJK/IACC €BKJHJIOBBIX HPOCTPAHCTB — TaK HasbBaeMble T HJ b-
6epTOBEH NMPOCTPAHCTBA — H OyJeT YCTAHOBJEHO CYIIECTBOBaHHE
"B Ka)/JOM TaKOM NpPOCTPAHCTBe 3aMKHYTHIX OPTOHOPMHDOBaHHHBIX
CHCTEM.

Teopema 83. Ecau opronopmuposannan cuctema {$.} 16841ercs
3AMKHYTOU, TO Oas 400020 IAEMEHTA | PACCMATPUBAEMOEO €B8KAUC08E
npocrpancrea Hepasetcrgo beccens (8.18) nepexodur & TouHOE pa-
BEHCTBO

o«

Y B=IIfE, (8.24)

k-_—l
nasvlgaemoe pasgencreom llapcesana®,

HokasateabctBo. OHUKCHPYEM NPOH3BOJBLHBIA 3JeMeHT f

PacCMaTPHBAEMOr0 €BKJHAOBa NPOCTPAHCTBA M TPOHM3BOJBHOE MOJO-
KHTEJIbHOE YHCI0 e. Tak Kak cHcreMa {yx} ABJAsercs] 3aMKHYTOH, TO
uafigeTcs takoi HoMep n W Takue uucaa Cy, C,,...,C,, uyTO KBagpar
HOpMBI, cTosuii B npasol uyactH (8.16), Oyner MeHbuie €. B cuay
(8.16) 3T0 O3HauaeT, YyTO HJSI MPOH3BOJBHOrO £¢>0 HaigeTcss HOMep
N, 1] KOTOPOro

=Y, 7z <e. (8.25)

k=1

Jins Bcex HOMepOB, NPEBOCXOMSINIAX yKa3aHHBIA HOMep n, HepaBeH-
ctBo (8.25) Gymer TeM Gosee cnpaBelJMBO, TaK Kak IPH Bo3pacra-
HHH n CyMMa, crosimas B Jepod dacTu (8.25), MOXKeT TOJBKO BO3-
pacTh.

Hrak, MH A0Kazaju, 4TO OAJs MPOH3BOJBHOrO &>0 HalIeTcs HO-
Mep n, HauHHas ¢ KOTOPOro CIpaBelJHBO HepaBeHCTBO (8.25).

B coexunennu c HepaBeHcTBoM (8.19) sTO0 oO3Hayaer, uTO PAA

o
E f2 cxomurcs x cymme |If||2. Teopema pokasana.
k=1

® M. A. Tapcepans — dpanuyscknii matematnk (1755—1836).
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Teopema 84. Ecau opronopmuposansas cucrema {{} asrnercs
3aMKHYTOU, TO, KAKO8 Gbl HU Gbin 3aement f, pad Pypve 3rozo sae-

MEHTa cXO0UTCS K HEeMy no HOpMe paccMaTpusaemozo eskaudosa
npocrpancrsa, T. e.

lim “2 Fobe—1f “ =0. (8.26)
k=l

n—>co

doxazatenbcTBo. YTBepXKIeHHe 3TOH TeopeMbl Henocpel-
CTBEHHO BHITe€KaeT M3 papeHcTBa (8.17) M w3 npenmgyliefl TeOpeMHL.

3ameuanue 2. B npocTpaHcTBe BCeX KYCOYHO HeNpPEPHIBHHIX Ha
cermMenTe [—m, ] GYHKUMH cXoZMMOCTh mo Hopme (8.26) mepexogur
B CXOAHMOCTb Ha 3TOM cermeHTe B cpeiHeM {(cM. n. 3 § 4 ra. 2). Ta-
KM o6pa3oM, ecad Oyner HOKaszaHa 3aMKHYTOCTh TPHI'OHOMETpHue-
ckofi cucremnl (8.10), To Teopema 8.4 Gymer yTBep:KAaTh, UTO AJSI JIO-
0oit KyCOUHO HENpPepLIBHOH Ha cermeHTe [—m, 7] GyHKiuH f(Xx) TpUrO-
HOMeTpHUeCKHH DAl Dypbe sToH PYyHKUHH CXOZHTCA K Hell Ha ykas
3aHHOM CErMEHTe B CPeJHEM.

Onpenenenne 2. Oprowopmuposannan cucrema {Ppz} HaA3bL-
8aeTca noAKO U, ecau, KpOMe HYAEB8020 IACMEHTd, He CYulecreyer
Hukakozo Opyeozo saementa f OaHHo20 esKkAudO8a NPOCTPAHCTEA,
roropoill Ooin Obl. OPTOZOHANEH KO 6CeM  3AEMEHTAM Py CUCTEMbI
{pe).

HupiMu cnoBaMmH, cucreMa {{»,} Ha3bIBaeTCH MOJHOH, €CJH BCAKHH
3JIEMEHT f, OPTOTOHAJLHBIH KO BCEM 3JeMeHTaM \p, CHCTeMH {{x},
ABJAETCA HYJEBHM 3/J€MEHTOM.

Teopema 8.5, Bcakas 3aMKHYTAs OPTOHOPMUPOBAHHAS CUCTEMA
{y«} s8a5eTCA noanod.

Hokasateabcrtso. [Tycte cucreMa {,} ABAsAETCS 3aMKHYTOH,
U NycTh §f — JM1000H 3JeMeHT HaHHOTO €BKJHJAOBa IPOCTPAHCTBA,
OpPTOrOHAJBHEIA KO BCeM 3JeMeHTaM . cucteMbl {Y.}. Torma Bce
K03 duiuentsl Pypoe f, sjaeMenta f mo cucreme {Yr} paBHH HYJIO, H,
crajo OuTh, B cuay paseHcrBa [lapcesans (8.24) u [|fll=0. ITocnex-
Hee paBeHCTBO (B CHJy cBoiicTBa 1° HOPMH) O3Hauaer, 4To f — HYy-
JeBoll seMeHT. TeopeMa j0Ka3aHa.

3aMeuaHHe 3. Mu foka3anH, 4yTO B MPOH3BOJBLHOM €BKJHIO-

BOM IIPOCTPAHCTBE H3 3aMKHYTOCTH OPTOHODMHPOBAHHOH CHCTEME
BHITE€KaeT ee mojHora., OTMeTHM (€3 JOKa3aTeJbCTBA, YTO B NPOH3-
BOJIBHOM EBKJIHIOBOM HPOCTPAHCTBE K3 NOJHOTH OPTOHODMHDOBaH-
HOH cHCTeMHI, BOOOIle TOBOPA, He BHITEKaeT 3aMKHYTOCTh 3TOH cHC-
tembl. B u. 3 Oyzmer pokaszano, 4TO JJsl THAL6EPTOBBIX IPOCTPAHCTB
IOJIHOTa OPTOHOPMHPOBAHHOH CHCTEMBl 3KBHBAJIEHTHa €e 3aMKHY-
TOCTH.
Teopema 86. Aaa acakoid noanold (u rem 6oree Odas  8CAKOL
3amknyTod) oproHOopmuposannol cucrembl {Pz} 08a pasziudnelx 3ae-
MenTa f u g paccmarpusaemozo ee6Kaudosa npoCTPAHCTEA He MO2YT
umers oduHakossie psdet Pypoe.

11 3ak, 26
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HokaszarteabctBo. Ecau 66 Bce Koadpduuuentst Pypbe sae-
MEHTOB f H g coBmnajaJjH, To Bce KospduumentH Pypre pasHOCTH
(f~—g) Oblin OBl DaBHBL HYJIO, T. €. pasHOCcTb (f—g) Omaa 6B opTO-
roHaJbHAa KO BCEM 3Je€MeHTaM . NOJaHOH cHcteMH {i.}. Ho ato o03-
HayaJo 6B, 4TO pa3HOCTb (f—g) sIBJsIETCS] HYJEBHIM 3JeMEHTOM, T. €.
o3HayaJo Obl coBmajeHue anemenToB [ u g. Teopema nokasana.

Ha sToM MBE 3aKaHuHBaeM paccMOTDeHHe obmero psaaa Dypbe
TIO IPOKH3BOJBLHOH OPTOHOPMHDOBAHHOH CHCTEMEe B JIIOOOM €BKJIHAOBOM
npoctpaHcTBe R.

Haiia ouepesnHasi uelb — JeranabHOe H3ydeHHe psga Dypoe o
TpHroHOMeTpHuyecKol cucteMe (8.10).

§ 3. BAMKHYTOCTb TPHITOHOMETPHYECKOW
CHCTEMbI U CINEACTBHUA H3 HEE

1. PaBHoMepHOe NPHOJHIKEHHE HENPEPLIBHOH (YHKUMH TPHIOHO-
METpHYECKHMH MHoroujeHamu. B sTom maparpade 6yaer ycTaHOBJIeHA
3aMKHYTOCTb (@ CJELOBATEIbHO, H INOJHOTa) TPHTOHOMETPHUYECKOH
cucteMb (8.10) B mpocTpaHCTBe BeceX KYCOYHO HenpephIBHBIX Ha Cer-
meHTe [—x, 5| ¢yHKuHA. Ho mpexie yeM HPHCTYNHTH K JOKa3aTesb-
CTBY 3aMKHYTOCTH TPHFOHOMETPHUYECKOR CHCTEMBI, YCTAHOBHM BaXKHYIO
TEOpeMy O PaBHOMEDHOM INpHOJHIKEHHH HeNpepHBHOH (YHKIHH Tak
Ha3bIBaeMBIMH TPHUT'OHOMETDHYECKHMH MHOTOUJEHAMH.

Byaem HasmBath TPHTOHOMETDHUYECKHM MHOTOUJEHOM
POH3BOJIBHYIO JIHHEHHYI0O KOMOGHHALHIO JIO60r0 KOHeYHOTO YHC/Ia 3Je-
MEeHTOB TPHTrOHOMeTpHYecKOH cucteMbl (8.10), T. e. BhHIpaXKeHHe BHIA

n =
T (x) =EO+Z (Cpcos kx + C, sin kx),
k=1
rae n — mo6olt Homep, a Co, Cr B Cr (B=1, 2,...,n) — NPOU3BOJB-

HbBIe NOCTOSTHHBIE BE€INECTBEHHBIEC YHCJA.
OTMeTHM JABa (COBEPUICHHO 3JeMEHTApHBIX YyTBEDXKIAECHHI:

1°. Ecau P(x) — kaxot yeoOno ascebpauyeckuti MHO204AEH HPO-
uzgoavHol crenenu n, To P(cosx) u P(sinx) — TpueoHomerpuye-
CKUE MHOZO4ALHOL,

2°. Ecau T(x) — TpuczonomeTpuyeckuti mHozo4leH, TO Kaxdoe u3

sopasicenud [T(x)sinx] u [T(x)sin?x] raxoce npedcrasaser coboit
TPUESOHOMETPUHECKUL MHO2OHACH.

O6a yTBepKIeHHs BBHITEKAIOT W3 TOTO, YTO NPOH3BeJeHHe IBYX (a
HO3TOMY H JIOGOro KOHEYHOTO YHCJA) TPHIOHOMeTPHUYecKHX (YHKUHE
OT apryMeHTa x NPHBOJHTCS K JHHEHHOH KOMOHHALIHH KOHEYHOIO YHC-
Jla TPUTOHCMETPHUECKHX (YHKIHHA OT apryMeHTOB THHa kx (ybBelmHrech
B 3TOM CaMH).

7 Tlon, TpHUroHOMeTpHUECKHMH (YHKIHSIMH B JAHHOM cJydae NOHHMAIOTCA KO-
CHHYC HJIM CHHYC.
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B reopun TpHroHoMeTpHUYECKHX psgoB Pyphe BaXKHYIO POJIb HrpaeT
TOHSITHE NePHOAHUECKOH (YHKIHH.

Onpenenenne. Pyuxkyuna f(x) HasoleaeTcs nepuoduue-
cKod pynrkyueld ¢ nepuodom T, ecau: 1) f(x) onpedesena Oasn scex
seujecTeennbly x; 2) 0an 4100020 8eUeCcTBEHHO20 X CNpasedauso pa-
BEHCTBO

Fr+T) =F(x).

DTO paBeHCTBO OOBIYHO HA3BIBAIOT YCJAOBHEM NEPHOAHUYHOCTH.
K paccmoTpennio nmepuoiHuecKHX (QYHKIHHA IPUBOJHT H3yuyeHHe pas-
JHYHBIX KoJebaTe JbHHX NIPOLECCOoB.

3aMeTHM, YTO BCe 3JEeMEeHTH TpHIOHOMeTpHuyeckol cHcreMHl (8.10)
SIBJSIIOTCS] TIEPHOAHYECKHMH QYHKIHSIMH C IEPHOXOM 2.

Teopema 8.7 (reopema Beliepmrpacca). FEcau ¢pynxyus f(x)
HenpepoleHa Ha ceemenTe [—m, m] u YyOoBAETBOpPAET  YCAOBUIO
f(—mn) =f(x), TO 3Ty PYHKYUIO MONHO PABHOMEPHO HA YKAZAHHOM
ceemenTe NPUOAUBUTG TPUSOHOMETPUHECKUMU MHO204AEHAMU, T. e.
Oasn aTodl  (pyuryuu f(x) u 0an 4106020 NOAOHUTEALHOZO HUCAA €
raddercs Tpusonomerpuueckuil muozousen T(X) raxkoid, uro cpasy
Oas 8cex x u3 ceemenra [—m, n] cnpasediuso HepaseHcT80

[f(x)—T(x) | <e. (8.27)

HdokaszareabctBo. Jasg yno6ctBa pasobbeM [0OKa3aTeNbCTBO
Ha [Ba 3Tana.

1) CHauajla JDOMOJHHTENBLHO NPEINOJOXHM, 4YTO GYHKIHUS f(x)
siBJsieTcd Y€ THOMH, T. e. Aas JOGOro x H3 cerMeHra [—aum, mt]| yAOB-
JIETBOPSIET YCJOBHIO f(—x) =f(x).

B culy TeOpeMnl O HENPEPHBHOCTH CJIOXKHOH (yHKUMH y=f(x),
rne x=arccost (cm. § 1 ro. 4 u. 1) dynkuus F(f) =f(arccos f) sBJs-
eTcsl HenpephiBHOA (yHKUMeHd apryMmeHTta ! Ha cermeHtre —I<Cf< +1.
CaenosaTtebHO, Mo Teopeme Beflepmurpacca ans aare6panyecKHx
mHorouseHog (cM. teopemy 2.18) mas moboro e>>0 Ha#jgercs ajredb-
panueckuii MHorousen P(f) takofi, uro |f(arccost)—P(t)|<e cpa-
3y nJs Bcex t u3 cermenra —I1<{i<1.

[TonoxuB {=c0Ss x, MBI OJYyYHM

|f(x)—P(cosx) | <<e (8.28)

€pasy AJs Bcex x H3 cerMenta O<x <.

Tak kax ob6e QyHkuuu f(x) U P(cosx) SIBJASIOTCS YETHBIMH, TO
HepaBeHCTBO (8.28) cmpaBemnmMBO M AJd BCeX X U3 CerMEHTa
—na<{x<0. Taxum obpa3om, nepaBeHcTBO (8.28) cnpaBelyHBO AJA
BCEX X H3 CEerMeHTa —mWS_X< g, H NOCKOJBKY (B CHJy yKa3aHHOTO
BHIIe yTBepxAeHnus 1°) P(cosx) siBAgeTcss TPHTOHOMETDHYECKHM MHO-
TOUJIEHOM, TO AN uyeTHOH GyHruuuM f(x) Teopema ZOKasaHa.

3aMeTuM Tenepb, yTO (YHKUHIO f(X), yAOBJETBOPAIOMYIO YyCJIO-
BHSM JOKAa3bIBAEMOH TEOPEMHI, MOXKHO NEPHOJIHUYECKH C NepPHOIOM 27
TIPOJOJIKHTb Ha BCIO GECKOHEUHYIO NMPSMYyI0 —oo < x<( + 00, TaK YTO

11*
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NpojoKeHHas (QYHKIUA OyLeT HempepHIBHA B KaxIof Touke x Gec-
KOHeuHOH mpsimol. Kpome Toro, ecan ¢yHKIHA f(x¥) HPOLOJKEHA Ta-
KuM obpasoM, To (MOCKOMBKY P(cOsXx) TakxKe sIBAseTCH ME€DHOLHYeE-
ckoii QyHKIHeH mepHOma 2n) Jaa weTHOU (PynKyuu f(x) HepasexHcrso
(8.28) cnpasedauso 8crody na npamoli —oo <<x << -+ oo,

2) Ilyctb tenepn f(x) — mnpoH3BOJBHAS PYHKIHS, yIOBAETBOPAIO-
Hmiasg yCcJAOBHSM JOKasbipaeMOH TeopeMbl, DTy (YHKLHIO MBI HEpHO-
IHUECKH C MEPHOAOM 21 HPOAOJIKHM Ha BCIO IPSIMYK) H COCTaBHM C
NOMOIIBIO 3TOH (YHKUHH cJedyOulHe YeTHhle QYHKLIYH:

B, () = LRI +2f (=) (8.29)
fa (x)=—&)—2fﬁ- sinx. (8.30)

INo nokaszannomy B 1) aast mo6oro ¢>>0 Ha#AyTCS TPHIOHOMETpPHUE-
ckue MHoroudeHnl T)(x) u To(Xx) Takue, YTO BCIOLY Ha YHCJIOBOH

npsiMOf
|F1 (%) —T1(x) | <el4; |f2(x)—T2(x) | <el4,

[f1(x)sin?x—T,(x)sin?(x) | <e/4;

| f2(x) sin x=T2(x) sin x| <e/4.
CknajniBas 3TH HepaBeHCTBA M YUHTHIBAs, 9TO MOAYJb CYMMH ABYX
BeJIHYHH HE NPEBOCXOAHT CyMMY HX MOIyJiell, a TakXe NPHHHMAs BO
BHHMaHHe paBeHcTBa (8.29) u (8.30), mosyunM, 4TO BCIOLY Ha YHCJO-
BOH NPSIMOH cHpaBeAJHBO HeDABEHCTBO

|f (x) sin? x—T3(x) | <e/2, (8.31)

B KOTOpOM uepes Is(x) 0603HaUeH TPHIOHOMETPHUYECKHII MHOTOWIEH,
pasHuft Tg(x)=T;(x)sin?x+To(x)sin x.

B npoBeneHHBEIX HaMH pacCyXIeHHSIX BMECTO QyHKUHH f(x) MOX-
HO B3sATh QPyHKUHDL f(x+/2)®. B nonno#t ananormu c¢ (8.31) moay-
9HM, 4TO AJs QYHKUHH f(x-+/2) HAlgeTCs TPHTOHOMETpHUECKHH MHO-
rousieH T4(x) TakoH, YTO BCIOAY Ha YHCJOBOH NpPSIMOH

|f(x+1/2) sin? x—T4(x) | <e/2. (8.32)
3ameusis B (8.32) x ra x—mn/2 u o6oznauasi uyepes Ts(x) TpHIOHO-

MeTpuuyecku#t MHorouneH Buaa Ts(x) =T,;(x—x/2), mnoayuum, uro
BCIOAY Ha YHCJOBOH NPAMOH CIPaBeJJHBO HePaBEHCTBO

|f(x)cos? x—Ts(x) | <<e/2. (8.33)

Haxkonen, ckaaanisasi HepaBeHctBa (8.31) u (8.33) u o6o3Hauas ue-
pe3 T(x) tpuroHoMerpHueckuii MHOrousneH Buma I (x)=T,(x)+Ts(x),

H IO3TOMY

8 Tak Kak 9Ta OGYHKUMS YAOBJETBODSET TEM K€ YCJAOBHSM, YTO H ROJyUeHHAS
mocje nponoJxenus ¢yuknous f(x).
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MOJIy4uM, YTO BCIOLY Ha YHCJIOBOH NpAMO# CMpaBeANHBO HepaBeHCTBO
(8.27). Teopema pokasana.

3ameyanne. Kaxjgoe us ycaoBuii 1) HelpephiBHOCTH f(x) Ha
cermMeHTe [—m, 5] M 2) paBeHCcTBa 3HaueHudt f(—mx) u f(m) sBASA-
ercs Heo6xoO0uMmoim YCJIOBHEM JJsI PaBHOMEPHOrO Ha cermeHre [—,
n] npubsHKeHHst GYHKUHH f(X) TPHTOHOMETPHYECKHMH MHOFOUJe-
HaMH.

Hubimu cioBamHu, Teopemy Befilepmirpacca mMoxHO mepedopMyJiH-
POBaTh CJeLYIOLIHM O6pasom:

Teopema 8.7*. [aa 1oeo urobor ynryuro f(x) Moskno 6oir0
pPasHOMEPHO Ha ceeMerTe [—m, m]| npubAU3UTL TPULOHOMETPUYECKUML
MHO2O4NeHaMU, HEOOX00UMO u JOCTATOYHO, 4TobbL PyHKyus f(x) Gblia
HEnpepoleHoll Ha ceemente [—n, n] 4 YOOBAETBOPAAG YCAOBUIO

f—n) =f(a).

ﬂOCTaTO‘tHOCTb cocTaBJisieT coJepkaHue Teopemnl 8.7,

OcraHOBHMCA Ha AOKasaTesbCTBe Heobxodumocru. Ilycts cymecT-
ByeT IOCJEeA0BATEJIbHOCTh TPHIOHOMETpHUYeCKHX MHorouwsrtenoB {7, (x)},
PaBHOMEpDHO Ha cermMeHTe [—m, ®] cxofsmascad K QyHKHHu f(x). Tak
Kak Kaxpaasad ¢yHruusa T,(x) HempepriBHa Ha cermeure [—m, x|, TO
Mo cnelcTBHIO 2 u3 TeopeMbl 2.7 B GyHKuusA f(x) HelpephHBHA Ha cer-
menre [—m, m]. Has gwo6oro £>0 wnaiigerca MHorowaeH T,(x) Ta-
KO#, uto |f(x) —Tn(x)|<e/2 Anst Bcex x U3 cermeHra [—m, m].
CJIeﬂ,OBaTeJIbHO

[f(—a) —Ta(—n) | <e/2, [[(x) —Tn(n)|<e/2.

Y3 nociieiHUX IBYX HepaBeHCTB M M3 BHITEKAIOUIErO H3 YCJAOBHSA Ie-
puoauunocTd (c mepuogoM 2x) pasedcrBa T, (—n) =T, (n) 3aKiro-
waem, uto |f(—m) — f(x) | <e, OTKyRa f(—m)=F(n) (B caiy npo-
H3BOJILHOCTH &>>0)

2. Joxa3aTeJbCTBO 3aMKHYTOCTH TPHIOHOMETDHUYECKOH CHCTEMbI.
Onupasch Ha Teopemy Beitepuirpacca, JoKaxeM cJelYIOIIYI0 OCHOB-
HYI0 TeopemMy.

Teopema 88. Tpueonomerpuueckaa cucrema (8.10) asssercs
3amKHYTOU Y, T. e. Oz 410001 KYCOYHO HEnpepul8HOL HA CecMenTe
[—m, ®] Pynryuu f(x) u 2106020 NOACHUTEALHO20 YUCAQ & HALOETCA
rpuzonomerpuieckuil munozossen T (x) Takoid, uro

If () —T ()| = ‘/ [[f) =T @)Pde<e. (8.3%)

HoxasarteanbcrtBo. [Ipexne Bcero 3ameTHM, 4TO a8 JIOGOR
KyCOYHO HelpephIBHOH Ha cerMerTe [—m, m] GYHKUME f(x) H AJA
Jwboro ¢>0 Hafjerca HempepblBHAS Ha 3TOM CerMeHTe (yHKUHA

") A caenoBaTeabHO (B cujay TeopeMH 8.5), B moJHOM.
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F(x), ynosiersopsitomiasi ycaoBuio F(—n)=F(n) u Takas, uto

nf(x)—F(x)u:\/ [i—Fopd< = (8.3

—T

B camoMm pene, pocraTouHo B3sATh pyHKuHIO F(x) coBmaparowme#t c
f(x) Bclomy, KpoMe AOCTATOHHO MAJIBIX OKPECTHOCTEeH To4eK pa3phiBa
GyHKLEE f(X) ¥ TOYKH x==g5, a B YyKa3aHHBIX OKPECTHOCTHX B3SATb
F(x) nuneifinoft ¢pynkume# tak, yrobel F(x) sBJsJNace HempepHBHOH
Ha BCeM cermeHre |[—i, ®] H YAOBJETBOpPsJIa YCJIOBHIO F(—mr)=
=F(n).

Tak kak KycouHO HempepbiBHas GyHKUHS H cpe3amowmias ee JIHHeH-
Hasg QYHRUMS SIBASIOTCS OrpPaHHYeHHBIMH, TO, BHI6Hpas yKa3aHHBbIE
OKPEeCTHOCTH TOYeK pasphiBa f(x) H TOUYKH X=mn JOCTAaTOYHO MaJbl-
MH, MBI o6ecliednM BHIIOJHeHHe HepaBeHcTBa (8.35).

ITo Teopeme Befiepmtpacca 8.7 nans o¢yHkuuu F(x) uafipercs
TPHTOHOMETPHUECKMIT Muorousen T (x) Takol, 94TO AJs BCeX X U3 Cer-
MeHTa [—m, m] cHpaBeaJHBO HepaBeHCTBO

IF(x)—T(x)|\<2}/;2T. (8.36)
U3 (8.36) sakaouaeM, 4To
\F(x)—T (x)|| = 1, f [F(x)—T (x)]dx < % (8.37)

M3 (8.35) u (8.37) ¥ H3 HepaBeHCTBA TPeYroJbHHKA IJS HOPM
BhITeKaeT HepaBeHCTBO (8. 34). Teopema joka3aHa.

3ameuanue 1. M3 teopem 8.8 u 8.5 cpasy ke BhITEKaeT, 4TO
Tpueonomerpudeckas cucrema (8.10) asaserca noswoli. Orcioga B

2
CBOIO Ouepelb BHITEKAeT, UTO CUCTEMA {‘/—— sin nx} (n=1, 2,..))
b

ABARETCA NOAHOL HA MHONCecT8e 8cex (PynKyudl, KYco4Ho Henpepols-
notx Ha ceemente [0, n] (uau cooreercrsenno Ha cezmenre [—am, 0]).
B camoM pene, Bcsikast KycouHO HempephlBHas Ha cermeHTte [0, m]
GyHKLHA f(x), OPTOTOHaJbHAS HA 3TOM CerMeHTe BCeM 3JJeMeHTaM

2 .
CHCTEMBI v — SInnx¢, Nocjie HEYETHOro MpPOAOJKEHHS] Ha CerMeHT
14

[—n, 0] okasbiBaeTcs OpPTOrOHaJLHOH Ha CerMeHTe [—mx, o] BCeM
5heMeHTaM TpUroHoMerpuueckoll cucremsl (8.10). B cuany nmosroTa
cuctemn (8.10) sta ¢y=HKUHA paBHa HYyJNIO Ha [—mx, m], a CJAedOBa-
TeJbHO, H Ha [0, m]. CoBepmleHHO aHAaJIOrHYHO AOKA3HIBAETCA, 4YTO

1 2 , o
cHcTeMa ——cosnx (n=1,2,...) ABagercsa NOJHO¥H Ha MHO-
a 19

JKecTBe BceX GYHKLHH, KyCOYHO HempephBHHIX Ha cerMmente [0, n]
(Anu cooTBeTCTBEHHO Ha cermente [—, 0]).
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3aMeuanue 2. MOXHO NOKa3aTh, YTO CpPeAH OPTOHOPMHPO-

BAHHBIX CHCTEM, YKa3aHHBIX B § 1, cuctemsl, o6pa3oBaHHEIE ¢ [O-

MOMIbIO NOJUHOMOB JlexaHnapa, mosuHoMoB UeOwllneBa H yHKuuH

Xaapa, fiBJAIOTCA 3aMKHYTBIMH, a CHcTeMa Pajgemaxepa 3aMKHY-

TOH He sIBJSIeTCH.

3. CneacTeud 3aMKHYTOCTH TPUIOHOMETPHUECKOH CHMCTEMBI.

CanencrBue 1. [Jaa 20606 KYCOYHO HenpepoisHOU Ha ceameH-
e [—n, +n] pynryuu f(x) cnpasedauso pasencreo llapce-
8aaA

a

2 o

S SR Y <

: +Lak+b) - )f (x) dx (8.38)
k=1

(BHTEKaeT U3 Teopemu 8.3).

CnencrtBue 2. Tpueonomerpuueckuti pad Pypoe awoboil Ky-
COUHO HenpepbigHoll Ha ceemeHTe [—n, ;] Pyunryuu §(x) cxodutca k
3TOl (YHKYUU HA YKABAHHOM CeeMeHTe 8 cpedHem (BHTEKaeT H3
teopeMbl 8.4 u 3ameuanusa 2 K Heft).

CanepctrBue 3. Tpuconomerpuweckuli pad Dypee Aw0606 Kycou-
HO HenpepolBHOU Ha ceemenTe [—m, m] Pywkyuu f(x) MoxHO no-
YACHNO UHTE2pUPOBATb HA ITOM ceemenTe (BHITEKaeT M3 NpexblLylie-
rO CJIeACTBHA H M3 TeopeMH 2.11).

CnencrBue 4. Ecau 08e Kycouno HenpepoieHble nHa Ce2MeHTe
[—n, »] Pyuryuu f(x) u g(x) umeor o0unakossie TpUSOHOMETpU-
yeckue pader Pypve, TO 3TU PYHKYUL COBRAOAIOT 8C1O0Y HA ITOM cee-
menTe (BHTEKaeT u3 TeopeMsl 8.6).

Cunepncteue 5. Ecau Tpuconomerpuueckuii pad Dypve Kycouro
HenpepolBHot Ha ceemenTe [—m, m) Gynryuu f(x) cxodurca pasHo-
MEpPHO Ha HexoTopom colepocaujemcs 8 [—n, n] ceemente [a, b], TO
OH cx00uTCa Ha ceemente [a, b] umenno Kk pynryuu f(x).

HdogazateabcrtBo. [lycts g(x) —Ta QyHKUHA, K KOTODPOI
CXOJHTCSH paBHOMepHO Ha [a, b] TpuroHomerpHuecku#i psax @ypse
¢yukuun f(x). JokaxeM, uTO g(x)=f(x) BClIOAy Ha cermente [a,
b]. Tak Kak H3 paBHOMEDHOH CXOAMMOCTH Ha cerMeHTe [a, b] BEITe-
KaeT CXOJHMOCTb B cpeljHeM Ha 3ToM cerMente (cMm. m. 3 § 4 rn. 2),
TO TpHrOHOMeTpHuYeckHil psag Pypre dyHKHHH f(X) cxoauTcad K PyHK-
IHH g(x) Ha cerMeHTe [a b] B cpeanem. DTO O3Hayaer, YTO AJf
Mpou3BOJBbHOTO €>0 HaljeTcst HOMep n;, HayHHas C KOTOPOro n-s
dacTHYHas CyMMa TPHrOHOMeTpuYeckoro psina ®dypoe S, (x) ynosie-
TBOpPSIeT HePaBEeHCTBY

b
llg (x) —S, (¥l = ‘// ‘f lg(x)—S, (0)PPdx < % (8.39)

C apyroit cTOpOHHI, B CHIy CneACTBHS 2 NOCJELOBATEIBLHOCTH Sy (X)
CXOAUTCHA K f(x) B CpelHeM Ha BceM cermesTe [—m, @], a CjeloBa-
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TEJbHO, H Ha cerMeHTe [a, b], T. e. Aas DHKCHPOBAHHOrO HAMH IIpO-
H3BOJIbHOrO £>0 Halizercss HOMep ny, HayYHHAA C KOTOPOTO

[]
WS (¥)—F ()| = ‘/f [Sa(0)—F(0)]* dx < -—;—- (8.40)

H3 (8.39) u (8.40) u 3 HepaBeHCTBa TPEYroJbHHKA
lig (x) — F(x) I<llg (¥) — Sn (x) | +11Sn (x) — F ()

BhITekaer, 4to ||g (x) —f(x)ll<e. M3 storo HepaBeHcTBa H H3 IpO-
H3BoJIbHOCTH ¢>0 caenyer, yto [lg(x) —f(x)|=0, a orcioga ma oc-
HOBaHMH IIePBOTO CBOMCTBA HOPMBI 3akJaouaeM, 4to g(x) —f(x) —
HyJIeBOH 3JIeMeHT NPOCTPAHCTBA KyCOYHO HeNpepHBHHX Ha [a, b]
OYHRUHH, T. e. QyHKUHS, TOXAECTBEHHO DPaBHAsl HYJNI0 HAa CermMeHTe
[a, b]. CnexcTBue 5 noxasano.

3ameuanune 1. Koweuno, B caeaCTBHH 5 cermeHT [a, b] Mmo-
JXeT COBNIaAaTb CO BCeM CErMeHTOM [—m, m], T. €. H3 paBHOMEepHOM
cxonuMocTH psfa ®ypre QyHKumu f(x) Ha Bcem cerMeHTe [—m, ]
CJIeIYEeT, UTO 3TOT PSA CXOZHTCH HAa YKa3aHHOM CerMeHTe HMeHHO K
byHkIHE f(x).

SaMeuanune 2. CoBepIIEHHO aHAJOTHYHHE CJAEACTBHSA G6y-
AYT cnpaBelJWBb H 1Ja psaaa Pypbe mo Ja1060ft APyrof 3aMKHy-
TOH OPTOHOPMHPOBaHHOH CHCTeMeé B HPOCTPAHCTBE KYCOYHO Hempe-
PBIBHBIX Ha IIPOH3BOJbHOM cermeHTe [a, b] ¢yHKuui co ckausap-
HBIM mpousBefeHunem (8.1) u Hopmosi (8.6). [IpuMmepamH Takux cH-
CTeM MOTYT CJYXHTb YKasaHHhe B § 1 OopTOHOpMUpDOBAHHHE CH-

CTeMBl, CBA3AHHLIEe C NOJHHOMaMH Jlexangpa n UeOnineBa, a Tak-
Xe cHcrema Xaapa.

§ 4. IPOCTEAMIHKE YCJIOBHAA PABHOMEPHOH
CXOQHMMOCTH H NOYJIEHHOIO
AHPPEPEHUHPOBAHUA TPHTOHOMETPHYECKOTO
PAJA ¢YPBE

1. BeonHbie 3ameuanusd. B MaremaTHuecKOH GH3HKe H B pafe
IPYrHX pasjiesioB MaTeMaTHKH CyLleCTBEHHYIO POJIb HrpaeT Bompoc o6
VCJOBHSIX, NpPH BHIIOJAHEHHH KOTOPHX TPHTOHOMETPHYECKHH piR
®dypbe ¢yHruHH f(x) cxomMTca (K 3To¥ GYHKIHMH) B HaHHOH TOuKe
X cerMeHTa [—m, m).

Emje B KOHHe INpPOIIJIOrO BeKa OBLJIO H3BECTHO, YTO CYLIECTBYIOT
HelpepbiBHble Ha cerMeHTe [—m, m] QYHKIHH, yAOBJAETBOpAIOLIHE
ycaoBuw f(—mn)=f(n), TpHroHoMerpuuyeckdHe psaiabl Pypbe KOTOPHIX
pacxoifATcs B HamepeX 3ajaHHOH TOYKe cermMeHta [—m, m] (WJH
Haxe pacxXomsaTcss Ha OeCKOHEeYHOM MHOXECTBe TOYeK CerMeHTa
[—m, @], Bclony mioTHOM Ha 3ToM cerMenTe) !9,

10) [lepsunii mpHMep TakOH QYHKUHH OhJ NMOCTPOSH (PaHUY3CKHM MATEMaTHKOM
M Bya PafimonouM B 1876 T.
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Takum o6pasom, ojna HenpepHBHOCTL (PyHKIHH f(Xx) Ha cermeH-
Te [—n, x] 6e3 MOMOJIHHTEJbHEIX YCIOBHA He OGecreyHBAaeT He TONb-
KO paBHOMEPHYIO CXOJHMOCTb TPHrOHOMETpHUECKOro psifa dypne
STOH (GYHKLIMH, HO JaXKe CXOXHMOCTBL 3TOTO PsiAa B Hamepejl 3alaHHOR
TOYKe YKa3aHHOrO CerMeHTa.

B sroM ¥ B crexyomemM naparpadax Mbl BHSICHHM, KaKHe Tpe6o-
BaHHA ciaefyer A06aBUTH K HeNpepuIBHOCTH (YHKuMH [(x) (MaH BBe-
CTH B3aMeH HelPePHIBHOCTH f(x)) nJs obecneyeHHs CXOJHMOCTH TpH-
roHoMeTrpHueckoro psana Pypbe sTolt GyHKUMM B 3ajaHHOH TOUKe, a
Takxe I oGecneueHusi PaBHOMEDPHOH CXOZHMOCTH 3TOr0 p#HAa Ha
BCceM cermeHTe [—m, ;] HJIM Ha KaKOH-JHOO ero wacTH.

IIpn H3yyeHHH CXOZHMOCTH TDHIOHOMeTpHuecKoro psaga ODypse
BO3HHKAaeT W JAPYyrofi BONpOC: JNOJIXKEH JIH TPUTOHOMETPHYECKHH Ppsif
Pypre 10604 KycOYHO HeNpepHBHOH (MJH Jaxe CTPOrO HelpephiB-
HOHl) Ha cerMeHTe [—m;, n] GyHKUMH f(x) cXomHTbCA XOTH OB B O~
HOH TOYKEe 3TCrO CerMeHTa?

- llonoxuTespHbd OTBET Ha STOT BONpOC OHUI MOJNYYeH TOABKO B
1966 r.

DTOT OTBeT SBJsETCS CJIeLCTBHeM (YHIaMEHTAJbHOH TeopeMsl,
JoKasaHHo# B 1966 r. JI. Kapaeconom ') § pelunBIneli 3HaMmeHH-
Tyio npobaemy H. H. Jlysuua'?, nocraBaennyio eme B 1914 r.:
TpueorHomerpuseckuti pad DPypve 10601 pynrxyuu f(x), G/Lﬂ KOTO-

poli cyujecTeyer nonumaemuili g8 cmoicae JleGeea unreepan jfz (x)dx,

-2
cxodurca Kk 3TOL  (ymKyuu  nouTU  BCI00Y HA  CeeMeHTe
[—n, n] ¥,

M3 teopemmt KapJiecona BuTekaeT, uto psax Pypbe He TOJBKO
JI060H KyCOUHO HempepHBHOH, HO H Ji060#f HHTerpHpyeMoil Ha
cermeHTe [—mn, ] B cobcTBeHHOM cMbicie PumaHa ¢yHRumu f(x)
CXOAHTCA K 5TOH (YHKUHMH NOYTH BCIOLY Ha cemeHTe [—n, =

(Tak KaK AJsi TakOH QYHKUHM CYLIECTBYeT MHTerpal Efz (x)dx B

cMmuicsie Pumana, a ciefoBaresbHO, H B CMEICAE JIeﬁera)

3ameruM, uTo ecaH (yHRuHMs f(x) HHTerpUpyeMa Ha CerMeHTe
[—n, =] He B cMBIcne PumaHa, a ToJbkO B cmbicae JleGera, TO
TPUTOHOMeTpHUYecKH# paf Pypbe 5TOl (YHKIMH MOXKeT He CXO-

) JI. Kapnecon — coBpeMeHHHIR MIBeACKHH MaTeMaTHK., IlosHoe aoka3saTessCT-
BO TeopeMH KapJjecoHa MOXHO HafiTh B cOOpHHKE NEepepofHHX cTaTell cepuu «Ma-
tTematHka» (. 11, Ne 4, 1967, c. 113—132).

12) Hugosait Huxonaesuu JIy3sMH — COBETCKH MaTeMaTHK, OCHOBAaTejJb COBpe-
MEHHOH MOCKOBCKOH MaTeMaTHYeCKOR IUKOAHW no TeopHH ¢ynxuui (1883—1950).
HNocranosry npoGnemn Jlyshna, perienHod KapaecouoM, H mpyrux ero npo6Jem
moxno Haity B xHure H. H. Jlysuna «Huterpan u TpHroHomeTpHueckuit psi» (M.;
J1.: Tocrexuspat, 1951).

13) OnpeznesieyHe HHTerpaja B cMEcie Jlebera H CXOZHMOCTH MOYTH BCIOAY Ha
JaHHoM cerMenTte GyJeT JaHO B 4. 3.
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JUTbCA HH B OfHOH Touke cerMenta [—m, n]. [lepBrift npumMep uH-
Terpupyemoit Ha cermente [—m, n] B cmuciae Jlebera yrKUHH
f(x) co Bcioay pacxoAsIlHMcsA TPHTOHOMeTPHUYECKMM psinom Pypre
661 moctpoed B 1923 r. coBerckum MaremaTnkom A. H. Kosmoro-
POBHIM 14,

2. Mpocreiimue ycaoBus aGcoaOTHOH M PABHOMEPHOH CXOJMMOCTH
TPHTOHOMETpHUECKOTO psina Pypbe.

Onpenenenune 1. Bydem eosopuTe, 4ro (ynxyus f(x) umeer
Ha ceemente [a, b] KYyco4Ho wHenpepbLBHYw npoussool-
H Y10, ecau npousgodnan [ (x) cyujecreyer u HenpepvleHa 6cto0Y Ha
ceemenTe |a, b], 3a uckarouenuem, GolTo MONCET, KOHEUHO20 HUCAQ
TOYeK, 8 Kaxcdol u3 koTopulx Qynkyus f(x) umeer xoneuwnvie npasgoe
u resoe npedesvrole 3HA4EHUS 1O,

Onpenenenune 2. bydem cosopurs, uro ynxyus f(x) umeer
Ha ceemente [a, b], Kycouno Henpepu8HYyto npouseod-
Hyw nopadka n=l, ecau pynkyus [~V (x) umeer Ha stom cee-
MEHTE KYCOYHO HenpepbiBHYyio npoussooOnyo 8 cMbicie onpedeaenus 1.

Teopema 89. Ecau ¢pynryua f(x) HenpepvisHa Ha ceemenTe
[—x, m], umeer Ha 3TOM CeemeHTe KYCOYHO HENPepulBHYIO NpoU3-
800Ky u ydosseTsopser ycaosuro [(—mn)=f(n), To TpueoHomerpu-
yeckuli pad Pypve dynryuu f(x) cxodurca k Tol PYnKyuu pPAGHO-
MepHo Ha ceemenTe [—m, n]. Bosee Toeo, pad, cocrasaennsiii uz mo-
Oyaeli wrenos TpuzoHomerputeckozo pada Pypve pynkyuu f(x), cxo-
OuTCA pABHOMEPHO Ha ceeMenTe [—m, m].

HokasartenbcrBo. JOcTaTouyHO ROKa3aTh, YTO pAA, COCTAB-
JEHHHH H3 MOJYJeH UJIeHOB TpHrOHOMeTpHuYecKoro psga Oypbe
¢yuRunm f(x):

lal |\ in Ex
1801 V) ({axcoskel + Ibysinkl), (8.41)

k=1

CXOIMTCH PaBHOMEPHO Ha cerMeHre [—m, m], TaK KakK orcioxa Gyaer
BLITEKaTb KaK paBHOMepHasl Ha cerMeHTe [—m, 71| CXOZHMOCTL ca-
MOTO TPHTrOHOMeTpHYecKOro psana Pypoe ysruuu f(x), Tak H cxo-
ZHMOCTb 3TOrO psga (B cHJAY cJeAcTBHA 5 W3 NI. 3 § 3) HMeHHO K
bynruuyu f(x).

B cuny npusnaka Be#lepmrpacca (cM. TeopeMy 2.3) aas aokasa-
TeJbCTBA pPaBHOMEPHOH Ha cermeHTe [—m, ;] CXOXHMOCTH psaja

(841) nocraTouHo AOKa3aTh CXOAHMOCTb MaXKOPHPYIOMErO ero YHC-
JIOBOTO psifia

4) Tloctpoenne npumepa A. H. KoamoropoBa MOXHO HaliTH na c. 412—492]
xuurd H. K. Bapu «Tpuronomerpuueckne psge> (M.. dusMatrss, 1961).

9 Tlpu atom o¢yHkuma f/(x) MoxXeT oKa3aThesl He ONpEENeHHON B KOHEHHOM
YKCIe TOouek cermenta [a, b]. B 3THX TOUKax MH HOONPEeJEJHM ee npOH3BOJBHHM

OﬁpaSOM)(HaHpHMep, MOJIOXKHM PaBHOH NONYCyMMe [PaBOro H JIeBOro NpeReNbHEIX
3HAYeHHUH) .
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o

Y {lael + 16,1} (8.42)

k=1

O603HauHM uepe3 ap H P TPHFOHOMETpPHYeCKHE KOIPPHUHEHTH
®ypoe ¢yHruun ' (x), ZoompeneJHB 3Ty (QYHKLUHIO NPOH3BOJbHBIM
06pa30oM B KOHEYHOM 4YHCJe TOUeK, B KOTOPHX He CYIeCTBYeT NMpOH3-
BojiHaa GyHkuuHA f(x) 9.

[pousBoas HHTErpHPOBaHHE IO YacTSIM H YYHTHIBas, 4TO (yHK-
uMs f(x) HenpephBHA Ha BCeM CerMeHTe [—m, m] U yZAOBJeTBOpSET
coorHowenuaAMH [(—n)=f(m), nMoayuum cHaeAylol(He COOTHOLIECHHS:

14 a
1 1 ¢ .
oy =— Sf’ (x)coskxdx:k-;— jf(x)smkxdx;kbk;
11
—1 —1

n

Be = Sf’ (x)Sinkxdx=—k_:t- Sf(x)coskxdx:—kak,
“n e

4
14

KOTOpble CBSI3BIBAIOT MeXAYy cO60f TPHrOHOMeTpHYecKHe K03 pHuH-
entl ®ypoe pynkunu [ (x) H camoli dyHKuHH f(x) 'V
Takum o6pasoM,

oyl | Bl
lak|+|bk|_—_k =

H LJs J0Ka3aTeJbCTBa cxoauMocTH psifa (8.42) pocraTouHo noKa-
3aThb CXOLHMOCTb pfALa

o

)) [ﬂ'—+ 'B—’*‘} (8.43)

k k,
Rexl

CxoguMocTth psiga (8.43) BeiTeKaeT H3 3JeMEHTAPHBIX HepaBeHCTB '

dol o 1 (a§+—l—>;
k 2 k3

(8.44)

[ Bel ! (g2, ] >
PR (ﬁk+ [2

1) Hanpumep, MOXHO NOJ0XKHTb Qyukiuio [/(X) B yKasaHHEIX TOYKaX paBHON
NOJyCYyMMe NpaBOro H JieBOro mpefe/bHEIX 3HaYeHHH.

17) TlpH MHTErpHPOBAHMH IO YaCTAM CjeAyeT pa3bHThb cerMeHT [—x, ;] Ha Ko-
HeYyHOEe YHCJO HE HMeIoIHX OGIHX BHYTPEHHHX TOYEK YACTHYHHX CErMeHTOB, Ha
KaXAOM H3 KOTOpDHX npoHssoauas f['(x) npenpepmBHa, u, Geps (OpMyay HHTErpd-
pOBaHUA MO HACTAM A8 KaMIOro H3 3THX YaCTHUHHX CErMEHTOB, YUYecTb, 4TO NPH
CYMMHPOBAHHH MHTETrPaJIOB TMO BCEM YaCTHYHHM CErMEHTaM Bce NOACTAHOBKH 00pa-
TATCH B HYJAb (BCJIEACTBHe HempepHBHOCTH f(X) Ha BceM cermente [—x, 1] H yc-
aosuit f(—n)=f(n)).

18) Mu HMCXOAHM H3 3JeMeHTapHOro nepaseHcTBa |al-|b|<(a?+b%)/2, BHTe-
KAIOIEero H3 HeOTPHIATENLHOCTH BeJHUHHH (|a|—|b])2.
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H H3 CXOAHMOCTH psAAOB

Y@, Y- (8.45)
k=1 k=1

mepBHIH H3 KOTOPHIX CXOAHMTCA B CHJay paBeHcTBa [lapceBans aas ky-
COYHO HenpepHBHOH ¢(yHKuuH f (x), a BTOPOH—B CHJY HHTErpajb-
HOro mpusHaka Kommu—Makiopesa (cM. 1. 4 § 2 ra. 1). Teopema go-
Ka3aHa.

3ameuanune Ecau ¢yuruuio f(x), yLOBJIETBOPAKLIYIO YCJO-
BusIM TeopeMbl 8.9, mepHoiuyecku (C MepHOJOM 2x) NPOJOJKHTb Ha
BCio OeCKOHeyHyIo NpsiMylo, To TeopeMa 8.9 6yleT yTBepXAaTb CXO-
JHMOCTb TPHrOHOMeTpHuecKoro psifa ®ypbe K TaK NPOLOJNKEHHOH
OYHKUMH, pABHOMEPHYI0 HA 8cell 6eCKORe4HO npAMOL.

3. Iipocreitmmue yciaoBuA NMOUWIEHHOTO AHGPepEHUHPOBAHUS TPHIO-
HoMeTpHueckoro pspa ®ypee. Ilpexae Bcero AoKaxeM CJIELYIOILYIO
JeMMy O NOpSgKe TPHrOHOMeTpHUeCKHX Ko3pdHuHeHTOB PDyphbe.

Jlemma. ITycre ¢pyurxyus f(x) u ece ee npousgoOHvie 00 Heko-
TOpo2o nopadka m (m-— yesoe HeOTPUUATEAbHOE HYUCAO) Henpepbis-
HoL Ha ceemenTe [—mx, 1t] U yOOBAETEOPAIOT YCAOBUAM

f(—m)=f(n);
[ (—m)=F (;t): (8.46)
Fm (— ) = i ().

ITycte, kpome rToeco, ¢ynxyus f(x) umeer na ceemenre [—n, n] Ky-

CO4HO Henpepol8HYyto npoussolnyio nopadka m+1. Tozda cxoourcs
caedyrouuti pag:

WACAEIL]) (8.47)

k=l

8 KOTOpoM ay u by — Tpuconomerpuieckue Kospduyuentor Pypoe
pynryuu §(x).

HokazateabcTBo. O603HauuM 4Yepe3 ap H Pr TPHUTOHOMETpH-
ueckHe KospduuHentn Pypre ¢yurumu fmt)(x), noonpesenus 3ty
GYHKIHIO NPOU3BOJBHEM 06pPa3oM B KOHEYHOM HYHCJe TOYeK, B KOTO-
PHIX He CywiecTByeT mpousBoiHo# nopsaka m-+1 ¢yukuuu f(x). HUn-
TETPUPYS BHIPAXKeHHS -AJ9 ar M Pr m-+ 1 pas no vacTaAM H yUIHTHIBAA
HermpephBHOCTE Ha BCeM CermMeHTe [—m, ;] camMod QYHKUHH f(x) H
BceX ee IPOH3BOAHEIX 1O MOPSiAKa m, a TaKXKe HCHOJNb3ys COOTHOLIE-
HHA (8.46), yCcT2HOBUM CJEAYIONIYIO CBSi3b MEXAY TPHTOHOMETPHYE=
CKUMH Kosdduunentamu Pypbe QynxuHu fm+)(x) u camolt PyHK-
uHd f(x) 19);

%) TlpH MHTErpHPOBaHHH MO 4acCTsiM CerMeHT [—x, ;] caepyer pas6uTL Ha Ko-
HeuYHoe UHCJIO0 He MMEIOIHX OOLIHX BHYTPEHHHX TOYEK YacTHUHHX CErMEHTOB, HA



§ 5. Bosiee TOYHHE YCJAOBHS CXOJIHMOCTH 309

|2kl + 1Be] =F™F (|@y] + 5el)e
Takum o6pasom,

B (o] + 15,)) =20 4 B

# CXOOHMOCTHL psajga (8.47) BhTeKaer U3 3MEMEHTapHBHIX HepaBeHCTB
(8.44) m u3 cxomuMocTH psifoB (8.45), mepBH H3 KOTOPBIX CXOZHTCH
B CHJy paBeHcTBa IlapceBassi MJIsl KyCOYHO HeNpPEPHIBHOH (QyHKUHH
fm+D(x), a BTopoii —B cmay npusHaka Komm—Makiopena. Jlemma
JOKa3aHa,

HenocpencrBenuaM cJencTBHeM JeMMH 1 sBjsercd clefymouias

Teopema 8.10. ITycro ¢ynrkyus f(x) yodosasergopsaer Tem e
ycaosuam, uto u 8 semme 1, npusem m=1. Toeda Tpuzonomerpuye-
ckuti pad dypve ¢pynkyuu f(x) moxmHo m paz noureHro Ouggpepen-
yuposarts Ha ceemenre [—mx, m).

HokasarteancTBo., [lycts s—ao6oe u3 wucesa 1, 2,...,m.
B pesynbraTe s-KpaTHOro NouYJieHHOro AH(PbdepeHNHPOBAHHA TPHIOHO-
MeTpHueckoro paga dypre GyHkuuH f (x) nmoayuaercs psan

iks {ak cos(kx —%> +bksir1(kx —%)] (8.48)
k=1

3aMeTHM, 4TO AJI1 BceX X M3 cerMeHTa [—m, m] Kak HCXORHHA TpH-
roHoMerpuueckuii psaa  Dypre, Tak u pax (8.48) (c yobmm s==1,
2,...,m) MaxXOpHPYIOTCH CXOASLIHMCS YHCJIOBHM psjoM (8.47). ITo
npusHaky Befiepuurpacca (cM. TeopeMy 2.3) KaK HCXOAHHH TPHIOHO-
MeTpHuecKuil paa ®Pypbe, TaK ¥ KaxjaHi H3 psagoB (8.48) (mpu s=
=1, 2,...,m) cxoaATrcsa paBHOMEpHO Ha cermMeHTe [—=n, xn], a 3TO
(B cuny TeopeMbl 2.9) ofecneyHBaeT BO3MOXKHOCTh M-KPaTHOro IO-

yjeHHoro au¢depennnpoBanna HcxofHoro psga Pypoe. Teopema no-
KasaHa.

§ 5. BOJIEE TOYHBIE YCJIOBHS PABHOMEPHOHR

CXOJHMOCTH H YCJIOBHA CXOJHUMOCTH B JAHHOM
TOYKE

1. Monyas HenpepmBHOCTH (yHkuuu. Kaaccel T'éanpepa. Bsenem
TIOHAITHA, XapaKTepH3YIOIHe [VIaAKOCTh H3yuaeMbiXx GYHRIME, H ompe-
IeJEM KJacChl (YyHKIMH, B TepMMHaX KOTOpHIX OynyT chopmyaupo-
BaHB YCJOBHS CXOAHMOCTH TPHIOHOMeTpHUecKoro psna Pypbe.

IMycte ¢yHxums f(x) ompeldeneHa u HempephiBHA HA CcerMeHTe
[a, b

KaX/OM M3 KOTOphX f(m+1)(x) mpempepHBHa, H yuecTb, UTO NPH CYMMEDOBAHHH HH+
TEerpasOB MO BCEM YaCTHYHHM CECMEHTaM BCe NOJACTAHOBKH JAIOT HYJIb,
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Onpepeaenne 1. [Jaa kawdozo >0 nazosem molyirem
Renpepo8rnocTu (ynukyuu f(x) Ha ceemenre [a, b] TOUHYtO
sepxnioro epans molyaa pasnoctu |f(x') —[(x”)| wa muoxecrse
scex x' u x”, npunadrescawux ceementy [a, b] u ydosaersoparouux
ycaosuro | X' — 1" | <8.

DBynem 0603nauath MOALYyJb HempephBHOCTH QYEKUHH f(x) Ha cer-
MerTe [a, b] cumBosoM (6, f). Hrak, Do onpenesexu:o

o (3, f)= e |F(x")—F ()]

x’,x"€[a,b]

HenocpencrBenro us teopemn Kantopa (cM. TeopeMy 4.16 u. 1)
BEITEKAeT, YTO MOOYALb HEnpepul8HocTU o (8, f) 4wboil nenpepbisroti
Ha ceemente [a, b] Pyuryuu f(x) crpemurca k wysro npu §—020,

OnHako Ans MPOH3BOJBHOW TOJBKO HeNpepuiBHOH Ha CerMeHTe
[—r, n] dynkumm f(x) Henpss, BooGmie TOBOPsS, HHYEro cKasaTb O
nopadxe ee MOAYJSA HENPepHIBHOCTH o (6, f) OTHOCHTENBHO MaJOTo:
8. PaceMoTpum AMpdepeniupyeMole Ha cerMedTe (QyHKUHH.

YrBepxkaenune Ecau pynxyus f(x) OJugppepenyupyena ua
ceemente [a, b] u ee npouszsodwas f'(x) oepanu4sena Ha 3TOM cee-
MeHTe, TO MOOYab Henpepol8HOCTU QyHnKyuy f(x) Ha yka3awnom cee-
menre w (8, f) umeer nopadox w (8, f) =0(8) 2Y.

B camoMm pene, u3 teopemnl Jlarpauxa??) BriTeKaer, YTO IJIf JIIO-
6ux Toyek x’ M x” cermeHTa [a, b] HafizeTcd TOYKa §, 3aKJIOUeHHAS
Mexay x’ H x” B Takas, yTo

P —=F ) [=1F @) |- [x'—x"]. (8.49y

Tak kak mpousBoigHad ' (x) orpaHuueHa Ha cermeure [a, b], To Haii-
gercs moctogHHas M>0 Takas, 4to AJIA BCeX X H3 3TOTO CEerMeHTa
| (x) |<<M n, caeioBaresbHo, |f’(g)|<M W3 nocaepnero HepaBeH-
CTBA H H3 (8. 49) 3aKJ0YaeM, 4TO |f(x’)—~fﬁ ") | <M8 nas scex x”
H x” u3 [a, b], ynoBieTBopswomux ycjaosuio |x' —x”|<8. Ho 310 u
03HAYaeT, YTOo (o((S, fIMS, T. e. 0 (6, f) =0(9).

ITycts o — s06Goe BelmecTBeHHOE YHCJIO H3 moJycermenta 0<a<Cl.

Onpenenenune 2. Bydem eosopurs, 4To @ynkyus f(x) npu-
HaldaexcuT Ha ceamente |a, b] xaaccy T'éavdepa C% ¢ nokasa-
resem o (0<a<l), ecau mModyssv HenpepviBROCTU (o((S f) Qynxyuu
f(x) na ceemente [a, b] umeer nopadox (6, f)=0

s o6o3naueHns toro, yto GyHKuMA f(x) NPHHAIJIEKHT Ha cer-
MeHTe [a, b] kJaaccy Fénbnepa C%, 06bYEO ynoTpeGJAAIOT CHMBOJIH-
Ky: f(x)=C%|a, b].

20) 6o (B cuay TEOpEMH Kanropa) nas alo6oro e>0 Hafizerca §>0 Takoe,
uTo |f(x’) —f(x”)| <e mas Bcex x’ u x” n3 cerMeHta [a, b], yZoBieTBOpIOLMX yC-
aosu0 |x'—x”| <6.

21 Hanommm uro cumBoa a=0(8) 6Ha BBefen B 4. 1| M 0603HaYaET CYWECT-
BOBaHHe NOCTOAHHOK M Ttako#, 9ro |a| <M6.

22) CM. TeopeMy 6.5 4. 1.



§ 5. BoJiee TouHble YCJIOBHA CXOJMMOCTH 3t1

Cpa3y xe OTMeTHM, YTO ec/]IH Ha cermenre [a, b] ¢yuguus f(x)
AuddepeHnupyeMa U ee NPOHU3BOAHAA OrDAHHYEHA, TO 3Ta (DYHKIHA
3aBeAOMO NPUHALJEKUT HAa 5TOM cerMenTte Kiaccy I'éapgepa C! (3T0
yTBEpIK/eHHEe HeNMOCpeJCTBEHHO BHITEKaeT W3 AOKA3aHHOIO BHIIE CO-
otHOleHHA o (8, f)=0(8§)) 2.

3 aMedanue. Iycrs [(x)=C%[a, b]. Tounywo BepxHIOI TIpaHb
RpoGH [ () —F &)

[ —x"|@
cerMedTy [a, b] B He paBHBIX APYr ADPYTY, Ha3HBAlOT KOHCTAaHTOH
F'énbnepa (unu xos3dobunuenroM Iénbpepa) byHkuuH
f(x) (ma cerMenrte [a, b]). Cymmy xoHcTanTh [éapmepa OyHKuUH
f(x) na cermenre [a, b} u Tounoi Bepxme#r rpaHm |f(x)| ra arom
cerMeHTe Ha3HBAWT réabgepoBOH HOpPMOH GYHEKLHH f(x)
Ha cerMenTe [a, b] H 0603HaYarOT CUMBOJIOM ”f“c“ﬁa,b]-

ITpuwmep. Oyurnus f(x)==)x npuHagJexur Ha cerMenrte [0, 1]
Kaaccy C!/2, tak xag gas ao6uix x” u x” u3 [0, 1], cBA3aHHBIX yca0-
BHeM x'>x”, CIpaBeAJIHBO PAaBEHCTBO

Ha MHOMKeCTBe Bcex x’ W x”, nmpuHaAsexamux

|fuv—fu0vsz—w“7%§f§%;

(npu atoM KoHcraHra [éiabmepa, sBJAKOLIAsACH TOYHOH BepxHeH
xl_xll
rpanbio Ha [0, 1] npobm V.

VAV
HODMa paBHAa JBYM).

2. Bolpaxenue gjad YacTHYHOH CyMMbl TPHTOHOMETPHYECKOro psfa
‘®ypbe. Ilycts f(x) — npousBosbHasi QYHKUHS, ONpefeJieHHass H Ky-
COYHO HellpepbiBHAS HA cerMeHTe [—m, m).

Mpbr 6yneM Ha3bpiBaTh NepPHOJLHYECKHM NPOAOJNXeHHEM
3TOH (YHKLHH Ha BCIO NPSAMYIO TaKyl0 OIpejesJeHHYI Ha Bceidl NpA-
Mot dyHKUHIO f(x) 2%, KOTOpas yLOBJETBODseT TpeM TPeGOBaHHAM:

1) coBmajgaer c mepBOHa4YaJbHO 3aZaHHOH (yHKIHEeH Ha HHTepBa-
ae —n<x<m,

2) HMeeT Ha KOHIAX CerMeHra [—m, %] 3HaYeHHs

, paBHa eIHHUIE, a TéabJepoBa

F(m) == (— 1) =—[F(— a4 0)+ f (—0)],

3) YAOBJIETBOpsieT YCJOBHIO MepHOAHYHOCTH C HePHOJOM 2m, T. e.
YAOBJIETBOpsieT 1JsA JI0OOr0 x COOTHOWEHHI0 f(x-+2;m)=f(x).

JleMmMMa. Ecau ¢pyuryus F(x) sasaserca nepuolduueckum npo-
JonviceHuem Ha B8Clo 4UCA08YO npamyro Pyukyuu F(x), nepsonauars-
HO onpedenenHoll U KYCOYHO HenpepulsHol Ha ceemenTe [—m, m], 10

23) Kaace T'énbgepa C!, oTBevawmiuit ayaueHH0 =1, 4acTo Ha3bIBAIOT KJac -
com JlunmHuma.

28) QcraBisem AJa 31oll (GyHKUHM ofo3HaueHHE HcXoxHOH OYEKmHE f(x).
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8ce unTeepaast OT 3106 PynKyUU no 1r0b6OMY OTPEsKYy OAunbL 21 pas-
wol Opye Opyey, T. e. 0as 4106020 X CnpasedAU8O PABEHCTBO

n T+x
| F(tydi= [ F(t)dl. (8.50)
iy —.;r—}—x

JdoxasaTenbcTBO. B cHly CBOHCTBA aZAHTHBHOCTH HHTErpa-
Ja uMeeM

Txp(t)dt: T F(t)dt+ YﬂF(t)dtJr:TxF(t)dt. (8.51)
—ntx —ntx = 7

Hcnonpsyst ycioBue mepuoguuHocTH F(y— 2n) =F(y), ¢ nmomoumpio
3aMeHBl y=1{+ 2;x MONYUYHM

— 14 i1 ni-x
F(t)dt = 3 F(y—2n) dy = 'f F(y)dy = — f F(y)dy. (8.52)
—Tx ntx +x 11

M3 (8.51) u (8.52) priTekaer coorHowmerue (8.50). Jlemma noxaszana.
Ilycte Teneps dysxumsi f(x) SBJAsSETCS MEePHOLHYECKHM NIPOJOJ-
JKeHHeM Ha Bco OpAMyw OyHKIHH f(x), TMepBOHAYANBHO ONpeaeIeH-
HO!l W KyCOYHO HeNpephBHOH Ha cerMeHTe [—mx, m].
BeiynciuM a5t 3To# GYHKIHH B JIOG0H TOYKE X YaCTHYHYIO CyM-
My ee TpuroHomerpiuueckoro pssa ®ypee S.(x, f), umeromyw BUI

S,.(x, f) =_‘;-°— + 2 (@, cOs kx + by sin kx).

k=1

HUcnospsys BupaxeHus AJsS KodbodunHeHToB Pyphbe

It n
1 1
a0=-;— j fo)dy, a=— j' () cosfydy, by=— y f (y) sin kydy

(k=1,2,...)

H CBONCTBO JIHHEHHOCTH HHTErpaja, Bhipaxenue ajas S,(x, f) MOXHO
mepenHcaTth B CJeAYIONeM BHIE:

I n
S, (x, f)=% j f () [%—{» E(coskycoskx—i—sinkysinkx)] dy =
- k=1

—

=Tl Snf(y) [—;——}—icosk(y—x)] d

k=1
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ClenaeM B NMOCJHEAHEM HHTerpajie 3aMeHy NepeMeHHOR y=={+ x:

S, (% f) :% T}(H t) [% +£coskt] dt.
—a—x k=1

Haxkoneu, ucnonpsys Jemmy 1 H 3ameyas, YTO IOJBIHTETPallbHAask
(QyHKIHS B NOCAeAHeM HHTerpaje sBJseTCs IepPHOJHYECKOH (yHK-
Ouefl apryMenTa f ¢ nepuoioM 2w, NOJYy4HM

S, (+, f):% ff(x—H) [—;——+icoskt]dt. (8.53),
—7 k=1

Brluncaum cymmy, crosimyio B (8.53) B KBagparHmX cKoOKax. Jlus
3TOTO 3aMeTHM, YTO AJs JI06oro HoMepa £ M Jio6oro 3HadeHus ©
CIIpaBelJHBO PaBEHCTBO

\t.

/

2 sin - cos kt = sin (/k + L) t—sin [k —
2 \ 2 / \

L’)I-—-

ITpocymyzpyem 3TO paBeHCTBO IIO BCeM HOMepaM k&, paBHHM 1, 2,..,n:

n
a . 1 .t
.4smLEcoskt=sm (n + ——J {—sin—,.
2 y 2 2

k=l
Orcona

n
. { 1 1 . 1
2 sin— | — Ecoskt =sin (n —I\t
2 |2 + J T
k=ol
H, CJleJ0BaTesbHO,

o1
n smkn—y——‘?-)t
(8.54):

95 t
k= sl —
! 2

IToacrasass (8.54) B (8.53), OKOHUATEJBHO MOJYUHM cielyloliee Bhl-
paxeHdHe AJS n-B 9aCTHYHOH CyMMBl TPHIOHOMETDHUECKOTO psna:
Oypoe:

S, (x, f) =-;— f Flx+1) i—(i?-)—t d, (8.55)

2sin —
2

CIipaBeAJIHBOE B JIIOOON TOUKE X YHCJIOBOH NPSAMOH.
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3amegaune. M3 dpopmyan (8.55) m u3 TOrO, YTO BCe YaACTHYU-
Hble cyMMBl S, (x, 1) ¢yrkuuu f(x)=1 paBHbl eannune?®, BhITeKaeT
clelyIouiee PaBeHCTBO:

) fsin (n-a:— —21-) t
l=— ) ———F——dt. (8.56)
T — 25in7

3. BcnoMoraTeabHble NPexJoXKeHH.

JTemm™ma. Hycte f(x) KycowHo HenpepulsHa Ha ceemente |[—m, m)
u nepuodudecku ¢ nepuodom 2m npodorxcena Ha 8cro OECKOHEYHYIO
npamnyio. Toeda 0aa mobozo >0 natiderca §(e) >0 rakoe, 410 npu
scex u, ydosaersopawouux ycrosuo |u|<8, cnpasedauso Hepasen-
cT80

(1rwrn—rora<e.

JdokxaszareabctBo. OurcupyeM npousBoibHoe e>0. Coraac-
HOo TeopeMe 8.8 (0 3aMKHYTOCTH TDHTOHOMETPHYECKOH CHCTEMBI) AJs
(yHKUHH f(x) Ha#jgeTcs TPHrOHOMETPHUYECKHH MHorousner I (x) Ta-
KOH, uTo

IF () —T (5)l| = }/ j[f(t)—T(t)]Zdt< o

4 NOTOMY Ha OcHOBamMH HepaBeHcTBa Komu—DBynskosckoro 26

—T

X F(O—T ()] dt < }/ X [F (=T ()] t- j dt <%. (8.57)

M3 nepaBencrsa (8.57), u3 geMMbl 1. 2 u ua Toro, yro f(f) u T(f)
SBJSIIOTCS [EepHOAMYECKHMH (YHKIHSMH TNepHoxa 2m, 3aKJaouaeM,
4yTO AJs JO6oro ynucaa u

S |f(t—+—u)——T(t+u)|dt<—§—_ (8.58)

ITockoabKy MOLYAb CYMMBI TpeX BeJHYHUH He NMPEeBOCXOZHT CYMMY MO-
Ayneil 3THX BeJAHUYHH, TO AJs JI060TO YHCJIa U CIpPaBedJHBO HepaBeH-
CTBO

%) Tak kKak BeauuMsa (8.55) nas ¢yskmum f{x)==1 pamma cymme S, (x, 1),
B KOTOPO# @o=2, ar=>0,=0 npu k=1, 2, ...
26) CuM. nepasercrso (8.7) mpu a=—mn, b=n.
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(it o—fora< [ 1Ft+0—T@+w)d+

+§ |T(t+u)—T(z)[dt+5 |T (t)—f (t)] dt. (8.59)

Teneps ocraercsl 3aMeTHTb, YTO B CHJY HEIPEPHIBHOCTH TPHIOHO-
MeTDHUYECKOro MHOrousJeHa H TeopeMbl Kanropa (cM. Teopemy 4.16
4. 1) pas ¢urcupoBannoro Hamu e¢>0 nafigerca §>0 Takoe, 4TO mpH
|#|<8 u npu Bcex f u3 [—n, =)

| T (t+u)—T(t) | <e/(bm),
H HOTOMY

jﬂ |T(t+u)—T ({)] dt < /3. (8.60)

ConocraBasis HepaBencrso (8.59) c¢ sepaserctBamu (8.57), (8.58) w
(8.60), momyyum

n
Vlfe+w—F@)ldt<e (8.61)-
—n
AJsL BceX 4, Aad Koropbix |u|<C8. Jlemma gokasaHa.

HsBileuem Temepb W3 3TOH JeMMBl PAJ BaXXHBIX AJS JAajbHeHILero
CJIeACTBHH.

Caeancreue 1. Ecau gynxyun f(t) KycouHo HenpepoviéHa HQ
ceemenTe [—m, ] u nepuoduuecku (¢ nepuodom 2m) npodoaxcena Ha
8C10 GeCKOHEUHYIO NPAMYIO, a x — 110008 PUKCUPOBARKAA TO4KA Cee--
MenTa [—m, m], To 948 a0boeo e>0 Hatderca >0 Takoe, 4To

Snlf(x+t+u)—f(x+t)|dt<e (8.62):

npu |u|<8.
JdokasarteanctBo. ChenaeM B HHTerpane, CTOALIEM B Je--
Bojl yactu (8.62), sameHy nepemeHHOH T=x-{:

Flfart+a—parnld = | \fe+0—F) d
B cnny_;aBeHcTBa (8.50) o
[+t @ dr= | 17+ w—F @)
CJIeILOBaTeJ:::(:, HepapencTBo (8.62) :;meTca cnenctsrem (8.61)..



316 Ta. 8 Psiagr dypbe

CaenctBue 2 Ecau ramdas us pyuxyud §(t) u g(tf) xycouxo
HenpepoieHa Ha ceeMenTe [—mn, m] u nepuoduuecku (c nepuodom
2n) npodosiena Ha BCIO NPAMYIO, TO PYHRKYUA

I(x)= ((nf(x+t)g(t)dt

—I

ABARETCA Henpepol8Hoil Qynkyuell x Ha ceemenre [—m, x].
JoxgasarteabcrBo. [lyerp x — nwbad Touka cermeHra [—m,
n]. Torma

[+ w—1 (0= [Fle+t+u—F e+ 0] g (0 d

H TNIOCKOJIBKY KYCOUHO HelpepbiBHAasl Ha cerMeHTe [—m;, x] QYyHKIHS

g (¢) ynmosieTBOpsieT Ha 3TOM cermeHTe YCJOBHIO OrpaHHYEHHOCTH
,]g(t)|<M T0

[ (x+u)—I(x)] < Mf |F(x+t+uw)—f(x+1t)] df,

# notoMy B cuay (8.62) mas awboro >0
|1 (x+1) — I (x)| <e npr |u|<8 (e).

HenpepriBrOCTE /(X) B TOUKe X HOKa3aHa.

CunenctrBue 3. Ecau kaxodas us pyuxyui f(t) u g(t) rycouno
HenpepoiBna Ha ceemenTe [—mn, m] u nepuoduwecku (¢ nepuodom
2%) npodoinena KA 8CIO NPAMYIO, TO TPUBOHOMETpUYECKUEe KOI(pu-
yuento, Pypove pynryuu F(x, t)=f(x+t)g(t) npu pasrosenuu ee
no nepemennol t

n

a, (x):% j’ Fx+1) g (t) cos ntdt, (8.63)
b, (x) =‘:T j F(x+1) g (t)sinntdt (8.64)

—I

APU N—>00 CXCOATCA K HYAIO PABHOMEPHO OTHOCUTEABHO X HQ CeeMeH-
Te [—m, n] (a caedosareisvro, u Ha 8cell npamoi).

HdokasateabcTBo. [na m060fi GUKCHPOBAHHOH TOUKH X Cer-
meHTa [—m, n] byHRuMA F(x, {)=f(x+{)g(¢) sABasiercs KyCOYHO
HENpepHBHOH (GYHKuHelH apryMeHTa { Ha cerMeHTe [—g, ;]|, MO3TOMY
IS Hee CIpaBeqJIMBO paBeHcTBO [lapceBaujis 27

2D Cm. caeacteue 1 n. 3 § 3.
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“0( )y Z[ak(x)m(x)] -1 g P(x+t)g(t)ydt.  (8.65)

k=l

U3 paBencrBa (8.65) BhHITeKaeT CXOZMMOCTb psija, CTOAIIErO B JIeBOH

€ro YacTH, B Kax[oH (PUKCHPOBaHHOR ToUKe x cermeHra [—m, ni].

Tak Kak yKasaHHBI{ DAL COCTOMT H3 HEOTPULATEAbHbLX YJIEHOB, TO B

cuiy TeopeMmnl uuu?® pjas poKasaTesbciBa paBHOMepHOW Ha cer-

MeHTe [—m, ;] CXOLHMMOCTH YKAa3aHHOTO psfa JOCTaTOYHO JO0Ka3aTh,

49T6 Kak QYHKUHH  an(x) H ba(x), Tak H cymma psga (8.65)
a

L S P(x +1)g?(t)dt — HenpepuBHB2 (QYHKUHH X EHa Cer-
a

—n
MeHTe [—m;, 7], a 3TO cpa3y BHITeKaeT K3 IpelBbIAYIIero CJelJCTBHA
(mocTaToYHO ydecTh, YTO KBajpaT KycOYHO HeNpepHBHOH ¢YHKIHH
SIBJIIeTCST KyCOUHO HellpepHBHOH (yHKuHe#d H 4TO cosnt u sinnt npu
KaxJoM (DUKCHDOBAHHOM HOMepe 71 SIBJSAIOTCA HENpePHIBHRIMH (VHK-
HHAMH).

CunenctrBue 4. Ecau ramdaa uz ¢pynryuii f(t) u g(t) Kycouno
HenpepoisRa Ha ceemente [—m, n] u nepuoduuecku ¢ nepuodom 2x
npodosdcena Ha 8CHO NPAMYIO, TO NOC1ed08ATeAbHOCTb

¢, (x) = —;- ff(x+ £ g(¢)sin [(n + %) t] dt (8.66)

CXO00UTCA K HYAI0 PABHOMEPHO OTHOCUTEAbHO X HG ceeMenTe [—m, 7]
{a caedosareavro, u Ha 8cetl NPAMOLL).
HdokasateabcTBO. JIOCTaATOYHO YUeCTh, YTO

sin [ (n + %) tJ =cos nt sin %+sinntcos%

# [OPHMEHHTb Npejblayulee cJaenctBue, 6epa B (8.63) BMecto g({)
¢ysruuo g (f) sin % , a B (8.64) Bmecro g¢t) dynkuuo g (f) cos %

4. TpuHuMn JokKadu3auud. B 3TOM NyHKTEe MB JOKaKeM, 4TO BO-
TIPOC O TOM, CXOAHUTCSI HJIH pPACXOAMTCA TPHIOHOMETPHUUYECKHH psii
Dypbe KycOYHO HeIPepHIBHOH Ha cerMeHTe [——m, 1] H OEPHOJHUYECKOH
{c nepuonoM 2n) ¢yHKUHM f(x) B AaHHOH Touke X, pelmaercs JHUIb
Ha OCHOBAHMH NOBeleHHs (QYHKUHH f(x) B KaK YrOAHO Mano#l OKpecT-
HOCTH TOYKH X. JTO 3aMeyaTel]bHOe CBOHCTBO TPHTOHOMETPHYECKOrO
pala @Dypbe NPHHSTO HA3HBATh NPHHUHOOM JOKAaJH3aHHH

HauneM ¢ noKasaTesbCTBa BaXKHOM JieMMbl,

JlemMmma (nemma Pumana). Ecau ¢ynkyus f(x) kycouno nenpe-
puiBRa Ha ceemente [—x, n] u nepuodu4ecku (¢ nepuodom 2m) npo-

28) CM. teopemy 2.4 ((bopMyJHPOBKY B TEPMHHAX PsijiOB).
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Joadsicena Ha BCI0 NPAMYIO U ecAd 3Ta PYHKYUs obpau,aerci 8 HYyalb
na HeKoTopom ceemente [a, b] 2%, 1o Oan 4106020 nOAOHUTELLHORO:

b—a .
qucaa 8, mensuleeo o TpueoHoMeTpuseckul pad Pypve QyHk-

yuu f(x) pasnomepHo xa ceemenre [a+06, b— 8] cxofurca x wnynrio.
JdoxasateansbcTBo., [lycTs 6 — MpOH3BOJbHOE MOJOXKHTEAbHOE

YHCJIO, MeHbllee

YactuyHasd CyMMa TPHTOHOMETPHYECKOTO

paza DOypre dyukuuu f(x) B IPOH3BOJBHOH TOUKe X YHCJIOBOH mps-
Mo#i onpexedsiercs paBencTBoM (8.55). Iloaaras

— e st <
2 sin—
2
— 8.6
4sin?
0 mpu |f| < 6

H y4uThIBas, 4To f(x-+{) paBHseTCA HYJIO TPH YCJIOBHH, UTO X IPH-
HaJJeXHUT cerMeHTy [a+6, b—S8], a ¢ npHHamJexuT cermenty |[¢|<
<630, MOXHO chaenyiomHM 06pasoM mepemHcaTb paseHcTBO (8.55)
JUIS KaXO0H TOYKH x cerMenrta [a+b, b — 8]:

S, (x, f) =% Snf(x+t)g(t)sin[(n + %) t] dt.

OcraeTca OPHHATH BO BHHMAaHHe, YTO MOCJEJOBATEJ]bHOCTb, CTOSIIAST
B NpaBoi YacTH MNOCJEZHero paBeHCTBA, B CHJAY caeAcTBHA 4 m. 3
CXOZHTCH XK HYJI0 DPaBHOMEDHO OTHOCHTEJBHO X Ha BCeH UYHCJIOBOH
npsaMoi. JlemMa goxa3saHa.

HenocpencTBeHHEIMH CJEACTBHSIMH JAOKA3aHHOH JIeMMbl SBJSIOTCS
cllelyIolIHe [iBe TeOpeMEL,

Teopema 8.11. Ilycre ynryua f(x) KYycouwno HenpepvieHa HE
ceemente [—m, m] u nepuoduuecku (c nepuoGom 2n) npodoaicena
Ha 8Cr0 npamyro, u nycrs [a, b] — nekoropeili ceement. an  TO20
41066l TpueoHoMeTpudeckull pad Pypee Pynrkyuu f(x) npu awbor
noaoxcureaviom 8§, menowen (b— a)/2, cxoduaca (K aToll Pynrxyuu)

20) Cerment [a, b] sBAseTCss COBepUIEHHO NPOW3BOJBHEIM CETMEHTOM JJAHHHI,
menblilelf 2n. B 9acTHOCTH, 3TOT CerMEHT MOMXET He COXepXKaThCl LEeJHKOM B
[—m, a].

30) B cuay Ttoro, uto QYyHKuHs f(x) paBHa Hymo Ha BceM cermente [a, b].



§ 5. Bojee TouHble YCJOBHS CXOJIHMOCTH 319

pasromepro na ceemente [a+8, b— 8], docraTtouno, 4ToG6L CYULecT-
80844 KYCOYHO HEnpepolBHas Ha ceemenre [—m, m] u nepuoduye-
ckas (¢ nepuodom 2n) yukyus g(x), ob.iadaoujas PpasHOMEPHO
cxodawumcs Ha ceemente [a, b] Tpueonomerpuseckum padom Pypoe
u cosnadaroujan nHa ceemente [a, b ¢ pynryued f(x).

HokasaTteabctBo. [lpumenas JeMMmy PHMaHa K pasHOCTH
[f(x)—g (x)], moayuuM, uTo TpHrOHOMeTpHUECKHH pax Pypbe pasHoCTH
[f(x) —g(x)] npu arbom & u3 wunreppasa 0<8<(b—a)/2 cxo-
IUTCSE K HYJdI0 DaBHOMepHO Ha cerMeHrte [a+8, b—48], a orcwona H
U3 DABHOMEPHOH Ha cerMeHTte [a, b] CXOAHMOCTH TPHIOHOMETpHYe-
ckoro psina Oypbe GyHKuHH g (x) BbITEKA€T paBHOMEpHAas Ha CerMeH-
Te [a+8, b— 8] CXOXHMOCTb TPHTOHOMeE  pHUecKoro psina @ypbe
byuknun f(x). Tor daxr, 4To nocaenHull PAA CXOLHTCS Ha CerMeHre
[a+8, b— 8] umenno k pynryuu [(x), HeNOCPEACTBEHHO BHITEKdeT
us caeacrsus 5 n. 3 § 3. TeopemMa foka3aHna.

Teopema 8.12. Mycro Pynryua f(X) KYycouno Henpepuléra HA
ceemente [—mn, n] u nepuoduuecku (¢ nepuodom 2m) npodoirdena
HA BCIO NPAMYIO, U NYCT6 Xo— HEKOTOPAs To4ka npamou. [[as 1020
4TO6bL TpuzoHomeTpudeckull pad Pypve Qynryuu f(x) cxoduacs 8
TouKe xo, 0OCTATO4HO, 4TOObBL CYULCTBOBANA KYCOYHO HENnpepol8HAs
Ha ceemenTe [—m, n] u nepuoluueckas (¢ nepuodom 2m) QyuKyus
g(x), obaadarowyasn cXoO0RUUMCS 8 TOYKE X, TPUSOHOMETPUHLECKUM
padom Pypee u cosnadarowan ¢ f(x) 8 Kax yeodwo marol §-okpect-
HOCTU TOYKU Xo.

JdokaszateanbcTBO. JlocTaToOuHO TPHMEHHTh JeMmMy Pumana K
pasHocTu [f(x)—g(x)] mo cermenry [xo—8/2, xo+8/2] u yuects uro ua
CXOIHMOCTH B TOYKE X, TPHTOHOMEeTpHUYECKHX pAAOB OyHKuuM# [f(x) —
—g(x)] u g(x) BHTEKaeT CXOAHUMOCTh B 3TOH TOUKE H TPHUrOHOMET-
pruueckoro paxa Pypoe dyHruuum f(x). TeopemMa poxasaHna.

Teopema 8.12 He ycranaBiHBaeT KOHKPETHOrO BHJAA YCJOBHH,
obecileyuBaONIHX CXOAHMOCTb TPHIOHOMETpHUYeckoro psaa @Dypee
dyskunn [(x) B Touke xg. OHa JHIIb JOKa3HBAeT, YTO 3TH YCJAOBHS
OIpefesAIOTCS TOAbKO MOBeleHHeM f(x) B KaK YroAHO MaJOH OKpecT-
HOCTH TOUYKH Xo (T. €. HMEIOT 10KQAbHbIL XaDaKTep).

5. PaBHOMepHasA CXOAHMOCTb TPHIOHOMETPHYECKOro psapa Pypbe
ang GyHkuHH W3 xnacca Féabiaepa. B 3ToM ¥ B ciaenymoiiem nyHKTe
MHl YTOYHHM YCJOBHfA, ofeclneynBaoliie PABHOMEDPHYIO CXOAUMOCTH H
CXOZMMOCTb B JaHHOH TOYKe X, TPHIOHOMeTpHUYeckoro psaxa Pypsbe.

Teopewma 8.13. Ecau gpynryus f(x) npunadresmur na cezmenre
[—n, n] Kaaccy Térvdepa C% ¢ Kakum Y200HO NOAOHCUTEALHBIM HO~
kasarerem o (0<a<l) u ecau, kpome toeo, f(—an)=f(n), 10 TPU-
eonomerpuyeckul pad Pypve pyuxyuu f(x) cxodurca (K 3Toll Pyrk-
LUU) pasHOMEPHO KA ceemenTe [—m, m].

HNoxazarenbctBo. Kak o6nuHo, 6ygeM c4yuraTh, 4T0 (PYHK-
uus f(x) mepHogHuecKH (C mepHOAOM 2;) NPOAONIKEHA Ha BCIO UHC-
JOBy10 npAMylo. YciaoBue f(—mn)==f(n) obecneynBaeT NPHHALNEK-
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HOCTb TaK OPOROJKeHHOH ¢yHKuuH knaccy [énpaepa C® Ha BceR
YHCJOBOR NMpAMOH,

IIycry x — nw06as Touka cermeHrta [—am, m]. YMHOXKaa ofe yacTH

paBenctBa (8.56) Ha f(x) M BHUYHMTas NOJy4YeHHOe IPH 3TOM paBeH-
cTBo H3 (8.55), nosyuuM paBeHCTBO

I sin (ln-f——l— t
Sa(, f)—f(x)=—:t— 5 [f(x+t)—f(x)]——t—2—)—dt. (8.68)

2 sin—
si 5

M3 ycroBus npuHagsiexHocTH f(x) waaccy Iéapgepa C® BuTe-
Kaer cyuiecTsoBaHHe mocTossHHo# M Tako#l, uro
|F(e+t)—f () | <M t]* (8.69)

BO BCAKOM Cjy4ae AJiS BceX X H Bcex { U3 cerMeHnTa [—m, m].

Qukcupyem npousBojbHOe >0 u mo HeMy 8>0, ynomiieTBOpsIiO-
iiee HepaBeHCTBY

M2, (8.70)

a 3

Pas6uBas cermeHT [—mn, %] Ha cyMMmy oTpeska |f|<8 M MHOXKeCT-
Ba 0<|#|<{m, mpunaauM paBeHcTBy (8.68) cienpywoumuit Bun:

) sin (n —J,—-;—) t
Sule N—F =1 [ i+ n—f @) ——F—at+
<o 2sin—- (8.71)
1 1
sin{n4—|¢ sin (n+—) t
+% [ rx+n ( f ) dt— L —f-dt.
a<if<n 2 sin Y 7 aciti<n 2sin Y

Jns oueHku mepBoro HHTerpaja B mpaBoft gact# (8.71) BocnoJb3y-
eMcs HepaBeHcTBOM (8.69) u yuteM, uTO

1 Fid
<
o

¢
2 | sin—
sm2|

Ui Bcex { W3 cermeHTa [—m, m] 3. TakuMm o6pasom, miasi n060rc

31) YKasaHHOe HEpABEHCTBO Cpa3dy BHITEKAeT M3 TOro, 4ro (GryHkuus (sin x)/x npu
sinx

H3MeHenun x ot 0 go n/2 y6uBaer ot | no 2/7. PakT y6nBaHHA (YHKIUHH

sinx \’ cos X
B CBOIO ouepefib BHITEKAeT H3 TOro, 4YTO =

; a (x—1tgx)<<0 Bcoay
npr 0<x<n/2, TaKk Kak x<tgx mpu O0<x<m/2 (cMm. ra. 4 . 1).
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HoMepa n u J1060r0 ¥ U3 cerMeHTa |[—mx, x| MOaIy4uM

| j [F(x+)—F ()] —(i dt|<

<8 2sm7
siﬂ(n—{—%)t\
< [ 1e+o—im dt <
<o 2 sin?|

)
<M2" 5 |t|a—ldt=Mn§t“—‘dt=ﬂ6“.
¢4
<o 0

Orcrofa na ocHoBanuu (8.70) Ans mioboro HoMmepa n U J1060r0 x U3
cermenra [—m, n] GyAeM HMeTb OlIEHKY

= [f(x+t)—f(x)1M

< 25m—

dt| <2 (8.72)

Bropoit u3 uHTerpasnoB B mpasoil wactu (8.71) ¢ moMompio KyCouHO
HermpephiBHOM Ha cerMmente [—x, nt] ¢yukuuu (8.67) 3anuchHBaerca

8 BHOE
sm (n—{—%)t

o<|t| n 2 sinT

=_": S Fx+1t) g(f)sin [(n + —;_) t]'dt.

dt =

B cuny caenctsus 4 n. 3 mpaBasl wacThb NOCJAELHEro paBeHCTBa IIPH
n—>00 CXOJHTCS K HYJIO DaBHOMEDPHO OTHOCHTEJNBHO X Ha CerMeHTe
[—=, =n]. IlosTomy Ans puKcHpoBaHHOro HaMu £>0 Halijercs HOMep

N, rakofi, uro
sm( n+4-— )
‘ S Hx+t) —————

[i 2sm—
alfi<n )

dt| < £ (8.73)

A5 Bcex n>N, u Bcex x U3 cermMenra [—mx, n.
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Jast ouenkn mocsenrero uurerpasa B npapofl wactu (8.71) same-
THM, 9TO ¢ TIOMOINbIO KycOouHO HenpepeiBHOH GyHkuuu (8.67) stor
HHTerpaJs 3amuChHBaeTcs B BHIE

1
sin (n+—) H n
1) j N 2 =T j’ g(t)sin[(n n L)t]dt.
T I/ n 2
s<jt{<<n 2 sin ry —n

WurerpaJj, cToslKit B OpaBof 4acTH MOCJAEAHEro paBeHCTBa, NPH n—

‘—00 CXOZHTCS K HYJI0O B CHJAY BCe TOrO e cjeAcTBHa 4 1. 3 (Zo-
CTaTOYHO IPHMEHHTH 3TO CJeACTBHe K QyHKUMu [(x)=1). YuuruBag
Takxe, yTo QyHKUUsA f(xr) BO BCAKOM CJydyae OrpaHuyeHa Ha CerMeH-
Te [—m, m], IOJAyyHM, 4TO ANA (PHKCHPOBAHHOTO HAMH NPOH3BOJbHO-
ro ¢=>0 HafizeTcss HoMep N, Tako#, 4TO

1
sin (n +—) t
‘”T) ____f-_ dtl < _z_ (8.74)
o<C[tj<n 2sin—2—

7151 Bcex n>=>N, M Bcex TOYeK X M3 cerMenra [—m, n].

OGo3nauuB yepes N HauGosbluHi W3 ABYyX HomepoB N; u Ny, B
cuay (8.71)—(8.74) mosmyumM, 49TO AN (PHKCHPOBAHHOTO HaMH IpO-
u3pogabHOro £>0 Hafinerca Homep N Takol, 4To

|Sn(x, 1) —F(x) [ <e

Aas Bcex n=N H Bcex x u3 cerMenta [—m, n]. Teopema nokasana.

3ameuaunue 1. OueBHAHO, YTO B YCJOBHAX TeopeMu 8.13 TpH-
TOHOMeTpHUeCKHA psig Pypbe CXOAHTCS PaBHOMEDHO HE TOJBKO Ha
cerMenTe [—m, m], HO H Ha Bcell mpsiMOH (K (PYHKUMH, SABJISKOLIEHCH
IepHOJHUECKHM (C mepuojoM 2m) NpojosxkeHHeM (YHKUHH f(x) Ha
BCIO IPAMYIO).

3ameuanne 2. OTMETHM, 4TO NpH OleHKe HHTerpajoB (8.73)
H (8.74) MB HCIONB30OBAJIH JHIUb KYCOUHYI HEIPEPHIBHOCTh (H BhITe-
Kaloulyo H3 Hee -OrpaHHueHHOCTb) GyHRHMH f(x) Ha cerMesre
[—na, =] (npuHagaexHocth f(x) wnaccy I'énbmepa C® nmpu oleHke
3THX HHTErpajoB He UCIOJb30BAJach).

3amMeyaunue 3. EcrecTBeHHO BO3HHKAEeT BOOPOC O TOM,
MOXKHO JIH B TeopeMe 8.13 ocnabuTh TpeGoBaHHe TIVaAKOCTH HA
GyHKUHIO f(X), cOXpaHssl yTBepxKJEHHE 3TOH TeOpeMH O paBHO-
MepHOH Ha cerMenrte [—m, 7] CXOZHMOCTH TPHTIOHOMETPHYECKOro
paga ®Pypre 3T0# PyHKIUH,

HanoMnuM, 4To npHHag/MexHOCTh f(x) Ha cerMeHTte [—m, =]
Knaccy Iéapgepa C° mo onmpefe/eHHI0 O3HAaYaeT, uTO MOAYAb He-
TIPEpPBIBHOCTH f(X) Ha 3TOM CerMeHTe HMeeT NOPSALA0K

o (8, f) =0(8%).
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OTMerum Ge3 JoKasaTelbCTBa TaK Ha3bBaeMylo TeopeMy
Jdusu—Jlunomuia:

s pasHomeproli Ha ceemente [—mn, n] CxOOUMOCTU TPU20HO-
merpuneckoeo pada Pypve pynxyuu f(x) docrarouno, 4robor ITA
pyuryus ydosaersopara ycaosuro f(—n)==f(n) u 4robo. ee mo-
Oyab Henpepbl8HOCTU HA ceemenTe [—m, nt] umea nopadok

‘m(x,f):o(;),

1n(1/6)

T. e. sgaserca npu 86—>0 beckoneuno maaoll seauuuroll 6oiee gbi-
COK020 nopsadka, 4em —
In(1/6)

Teopema [duun — JIHnmuua coaepkKHT OKOHHATEAbLHOE (B Tep-
MHHAX MOZAYJs HEeNPephBHOCTH (YHKLUHH) YCJOBHE paBHOMepHOM
CXONHUMOCTH TPUTOHOMETpHUYeCKOoTo psila Pypbe (YHKLHH, TaK Kak
MONHO IIOCTPOHTH (YHKUHIO f(x), YAOBJIETBORAOIIYIO YCJOBHIO
f(—an) =f(n) ¢ MOAysNeM HENPEpPHIBHOCTH, HMEIOUIHM Ha CerMeHTe
[—=n, =] nopsizok O(W) H C TPHTOHOMETPHYECKHM psAOM
dypbe, pacXOASUMMCS HAa MHOMKECTBE TOYEK, BCIOAY IJIOTHOM Ha
cermenTte [—a, mi] 32.

B ycaoBusix Teopemn 8.13 mocie nepHOAHYECKOro (C IepHOAOM
2n) npoposxKenusi GpyHKuHs f(x) oxkasasach NpHHALJEXAUIEH KJIACCY
I'énpnepa C® na eceii wucaosoli npamoti. EcTecTBEHHO BO3HHKaeT BO-
IpOC O NOBEJeHHH TPHIOHOMETpHYecKoro psfa Pypee PyHRuum f(x),
npuHamexamed kiaccy I'énbaepa C* TOAbKO HG HEKOTOPOM Ce2MEH-
Te [a, b], a Bclogy BHe 3TOr0 CerMeHTa Y/JOBJETBOPSIOUIEH JIHLIb
O6bYHOMY TPeGOBaHHIO KycOuHO! HempephiBHOCTH. OTBeT Ha 3TOT BO-
TIpoc faer ciaelyolias Teopema.

Teopema 8.14. llycre ynxyua f(x) Kycoumo Henpepoisna HA
ceemenre [—n, n] u nepuodunecku (¢ nepuodom 2:) npodoaxcena Ha
8cto ducarosyro npamyro. Ilycre daree Ha Hekoropom ceemente [a, b],
umerowem OauRy, MeHbuylo 2m, 3TQ PYHKYUA NPUHAOAEHUT KAACCY
T'éavdepa C® ¢ npoussosvnelm nosoxcuressvHoim nokasareiem o (0<
<ax(l). Toeda 0asn arbozo & us unrepsara 0<H< (b— a)/2 rpueo-
HomMeTpuseckuli pad Pypve pyukyuu §(x) cxodurcs (k 310 PYHK-
yuu) pasHomepro Ha ceemente [a+8, b — 6]

dokasartenbcrtBo. IToctpoum ¢ynkuuo g(x), Kotopas Ha
cermente [a, b] coBmagaer ¢ f(x), na cermente [b, a+2n] sBasercs
JuHeAHoH Gynkumeli Baga Ax+ B, obpawawweiica B f(b) npu x=b

32) JlokasaTenbcTBO Teopembl JIHHH—JIMmIHIIA H NOCTPOEHHE TOJBKO YTO YyKa-
3aHHOrO npHMepa MOXKHO HaiTH, Hanpumep, B Kuure A. 3urMysia <«TpHroHOMeTpH-
yeckue psaasl. T. l» (M.: Mup, 1965. C. 108 u 477).
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u B f(a) npu x=a-+2r3, u KoTOpas NEPHOAHYECKH (C NEPHOLOM
2n) mpojosxKena cC cermMedta [a, a+2n) Ha BCco npaMyn (Ha-
puc. 8.1 x®upHas JHHHA H306paxkaeT rpadux QyHkuum f(x), a WTPH-
XOBasl JIMHUS — rpa¢uK NOCTPOeHHOH Mo Hell QYHKUMH g(x)).
OueBuzmno, yto mocrpoenHass Hamu (yHKuus g(x) yZOBheTBoOpsieT
ycaoBui g(—mn)=g(n) ¥ npuHaAJeXKHUT Kiaaccy [énblepa C% (c
TeM Xe NOJOXHTEJbHBIM NOKasaTeJeM «, 9TO W (X)) Ha Bcell nps-

T
0 a T b 2¢  a+2r 3w b+2wr o

Puc. &1

Moii 39, B cuay Teopembl 8.13 m 3ameuaHus 1 TPHTOHOMETPHYECKHH
psaa Pypbe pyHKuHH g(X¥) CXOAMTCA PaBHOMEPHO Ha BCell uUHCIOBOH
nOpsMoiH, a MO3TOMY B CHJIY TeopeMhbl 8.11 TpHroHoMeTpuueckHil pslk
dypre pyukuuu f(x) npu Jgwo6om § u3 HuTepBana 0<6<(b—a)/2
cxogutcs (K 3TOH (YyHKUHH) paBHOMEDHO Ha cermMeHTe [a+8, b—
—6]. Teopema gokasaHa.

3ameyvanue 4, YTBepxkienne TeopeMmun 8.14 ocTaercs chopa-
BeAJIMBEIM H AJs1 cerMexdTa [a, b], uMelowero AJHHY, pasHyro 2%
(T. e. ans cayuas b==a-+2n, HO B 3TOM CJyyae IPH AOKa3aTeJbCTBe
TeopeMH cJaeayer, (PHKCHDPOBaB NpPOH3BOJbHoe 6 U3 HHTepBasa (<
<8<, B3aTh pyHkuHIO g (x) coBnajamwiueil ¢ f(x) Ha cerMente [a-+
+6/2, a+2n—6/2], aunelinoit mna cermerre [a+2r—§/2, a+2n+
-+ 8/2] u nepuozuvecku (C nepuoAoM 2r) NPOJONKEHHOH c cerMeHTd
[a+6/2, a+2146/2] ma Bcio yncnoByo npsMyn. Ecan xe cerMeH¥
[a, b] umeer pauHy, npesocxodsuyro 2m, TO H3 NPHHAAJIEKHOCTH
f(x) knaccy I'énbaepa C® Ha 5TOM CerMeHTe H H3 YCJOBKA MepHO-
anuHocTH f(x) (c mepuoaoM 2;) BHITEKAaeT, 4YTO f(X) NPHHAIJIEKHT

3 Ycnosue obpamienus ¢ydxkuuu Ax+B B f(b) npu x=b u B f(a) npu x=
=a+ 27 OJHO3HAUHO Ompeieiser nocrosuuse A u B:
4@ —f() (a4 2n)f(b) —bf(a)
at2n—b "’ a+2rn—b )
%) IloctaTouHo ydects, UTO g(x) BCIOAY HeNpephbiBHZ H UTO JAHHefHAs GYHKIUS

HMEET OTDAHMYEHHYIO NPOH3BOJHYI0 M MOITOMY INpHHAJJNEXHT KJaccy I eabaepa
C® npu mo6oM a<1.
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Kinaccy C® Ha Bcefi IPSAMON, T. €. B 5TOM CJy¥ae MH NPHXOAHM K Teo-
peme 8.13.

6. O cXomHMOCTH TPHIrOHOMeTpHUYecKOoro psana Pypbe KYyCOUHO
réabaepoBoft GbyHKuUMH. .

Onpenenenune 1. Bydem Haswsare ¢ynkyuro f(x) KYco4HO
2érvdeposold Ha ceemenTe [a, b], ecau ara Qyukyus Ky-
COHHO HenpepwiaHa Ha ceemenre [a, b] u ecau 3ToT ceemenr npu no-
MO KOHEUH020 HUCAA TOUEeK Aa=xq<X1<Xo< ...<Xp=b pa3bu-
BAeTCA HA HACTUYHbIE CeeMeHTs. [xn—1, xp] (k==1, 2,...,n), Ha KaX-
dom u3 Koropeix Qpynxyus f(x) npunadaexcur xaaccy I'éavdepa C%,
C HEKOTOpbIM noAoXcUTeAbHbiM nokasareiem ap (0<op<<l). Ipu
Jrom npu onpedenenuu xaiacca I'éavdepa Ha 4acTuyHOM ceamexre
[*r—1, xr] 8 Kauecrse snauenuti pynxyuu Ha KoOHYax cesmenTa cae-
Oyer Gpars npedervhvie 3HAYEHUS

f(Xxa—1+0) u f(xp—0)39.

MupMH caoBaMu, o6JacTh 3aJaHHSl BCSIKOA KYCOUHO TélbIepOBOMH
(GYHKUMH pacrnajaeTcsi Ha KOHeYHOe YHCJIO He HMEIOHmHX O6IIHX BHY-
TPEHHHX TOYEK CETMEHTOB, Ha KaXKAOM H3 KOTOPHX 3Ta (YHKIHS
NPHHAAJIEKUT KiIaccy ['é/blepa ¢ HEKOTODHIM MOJOXHTEJIbHHM IOKa-
3arejeM.

KaxAui U3 3THX CerMeHTOB MH 6yleM Ha3bBaTh Y1acCTKOM
ra1aAKOCTH (YyHKIHH.

Onpenenenue 2. bydem Hasvisars Pynkyuio f(x) Kycou-
HO 2aadKkoli Ha ceemenTe [a, b], ecau ara yHKYUA KYCOUHO
HenpepoleHa Ha cezemenTe [a, b] u umeer Ha 3TOM ceemeHTe KYCOYHO
HenpepuleHyto npou3sodnyro3®, . e. ecau PyHkyua f(x) KYco4Ho He-
npepoviéHa Ha ceemente [a, b] u ee npoussoduas f’(x) cyuwecrsyer
U Henpepolana 8CIO0Y HA 3TOM CezMenTe, 3a UCKAtoUeHueM, 6uTo MOo-
HeT, KOHeuno20 4ucAa Touek, 8 Kaxcdod us xoropwix gyuxyus f'(x)
uUMeeT KOHe4Hble npasoe U Aesoe npedeibHble 3HAYeH U,

ficHo, uTO BcAKasi KycOYHO IVajkas Ha cerMeHnrte [a, b] yHKuus
SABJISIETCS Ha 3TOM CerMeHTe KYCOUHO éJbAepoBOi.

Teopema 8.15. [lyctv Kycouno eéavdeposan Ha ceemenTe [—m,
n] @ynxyua f(x) nepuoduuwecku (¢ nepuodom 2;) npodorsena Ha
scto npamyro. Toeda rpuzonomerpuueckuii pad Pypve pynxyuu<f(x)
cxodurcs 8 Kaxdold Touke X npamol K 3Hauenuro f(x)= [f(x+0)+
+f(x—0)]/2, npusesn cxodumocrs 31020 pAda ABAAETCA pPABHOMEp-

#%) Kak y BCAKOl KYCOYHO HENpPEpHBHOH (YHKiUKH, y KYyCOUHO TI&1bIepoBoR
(QyHKIMA 3H3YEHH B KaXXJ0H TOUKe X, 0673aHH OHTb PaBHBl MOJYCyMMe NPaBoOro
H JIEBOTO NpeneNbHHX 3HaueHH# B 3TON TOUKe, T. €. LNOMXKHO OLITh CnpaBeNIHBO pa-
BEHCTBO

1
f(x) ="2"[f(xk+0)+f(xk—0)]-

36) CM. onpenenenre 1 us n. 2 § 4.
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HOU HA KAHOOM (PUKCUPOBAHHOM CE2MEeHTe, AeHauem SHYTPU YLacTKa
eaadkocru pynkyuu f(x).

JJokaszaTeabcTBO. YTBEepXKAEHHE TEOPEMH O paBHOMEPHOH
CXOAMMOCTH Ha KaxJ0M (UKCHDOBAHHOM CeTMeHTe, JekalleM BHYTPH
‘yuacTKa TJIaJKOCTH, cpa3y BhITeKaeT H3 TeopeMu 8.14. Orcioga xe
BLHITEKAaeT H CXOAHMOCTb TPHIOHOMeTpHYeCKOro psjfa dypbe QyHKUHMH
f(x) B xaxnoh sHyrpenHell TOUKe y4YacTKa IVIAAKOCTH (QYHKUHH
f(x) 3. Ocraetcs noKa3ath CXOJHUMOCThL TPHIOHOMETPHYECKOTO psja
‘Dypbe PyHKUuH f(x) B KakAOH TOUKE COEJHHEHHS JBYX yYacCTKOB
TJ1a4KOCTH,

DHKCHDPYeM OJHY U3 TaKHX TOUEK W 0603HAUMM ee depe3 x. Torga
HalAyTca nocrosiHHele M; u M, Takue, uTo NpH JIO60M JOCTATOYHO
MaJloM MOJIOXKHTEeJNbHOM ! GyZeT crnpaBelJHBO HepaBeHCTBO

[f(x+)—F(x+0)] < Mt*" (0< o, < 1), (8.75)
4 TpH JI60M Z0CTaTOYHO MaJOM OTPHLATENBbHOM { — HEPaBEHCTBO
a4+ —Fx—0)] <M 1t]™ 0 <ap<l).  (8.76)

O6o3naunM uepes M nauGoabluee 3 umcen M; u M,, a uepes a
HauMeHbllee M3 YHcesll a; M az. TorZa npu |#|<C1 B npaBoii uwacTu
Kaxjoro u3 nepasencts (8.75) u (8.76) moxkHo mucate M|f|e

QukcupyeM Temepb NpousBosbHoe >0 u mo meMy §>0, yzosie-
TBOpsiOINee HepaBeHCTBY (8.70) m HacToNbKO Masoe, 4To mpu | ¢ <
cnpaBelIHBE 06a HepaBeuctBa (8.75) u (8.76) m B mpaBoii uacTH
3THX HEDaBeHCTB MOXHO OpaTh umciao M|t|® TloBTopss paccyxje-
HHA, TPOBEAEHHHIE NMPH AOKa3aTesJbCTBe TeopeMu 8.13, MH npuieM K
paBeHcTBy (8.71), w Aas NOKa3aTesJbCTBa TEOPEMH HaM  OCTaeTcsi
yOenuThcs, 40 B (DHKCHPOBAHHOH HAMH TOUKE X CHPaBENJHBH OLEH-
ku (8.72), (8.73) u (8.74). B 3ameuannu 2 m. 5 MH OTMETHJH, YTO
ouenkH (8.73) u (8.74) cnpaBeiJsiuBH [Jst 060K TO16KO KYCcO4HO He-
npepoieholl u nepuoduueckoli (¢ nepuodom 2m) (pynxyuu. Ocraercs
JOKasaTbh CIpaBeANHBOCTb AJIS1 BCeX HOMEDOB n OueHKH (8.72).

Tak kak f(x)=1/2[f(x+0) +f(x—0)] u3®

65in(n+_;‘)t °Siﬂ(ﬂ+%)t °sin(n+—;—)t
S_—?——dt=2 —tdt=2 ——  dt

8 2 sin 7 0 2sin ry =5 2sin—

¥

31 Tak Kak KaXAyl0 BHYTPEHHIOI0 TOYKY YYacTKa TJafKOCTH MOMKHO OXBAaTHTDL
CErMEHTOM, J€XKAIUUM BHYTPH 5TOTO yuacTKa.
38) PyHKRuHS

ot :sin (n +%) t

2si ¢
sin =
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TO MHTErpaJ, CTOSIHi B JeBol yacth (8.72), MOXHO Hepenucath Tak:

1
sin|n4-—|¢
- [ te+ro—im ) dt =
16 2sin7
1
6 sin{n4—11¢
- [f(x+t)—f;<x+0)1—(——f—)—dt+
n ) 251!1-2—
( 0 sin (n-{_%)t
+TS [F e+ ) —F (x—0)] —————dt. (8.77)
s 2sin —

2

Il oueHKH WHTErpasoB, CTOAWMX B IipaBoit yacth (8.77), Boc-
noJib3yeMcsi HepaBeHcTBaMH (8.75) w (8.76), Geps B mpaBoit HacTu
9THX HEPaBeHCTB uHca0 M || YuuTHBas yxe NPUMEHSBIUYIOCS NIPH
JloKa3aTebcTBe TeopeMbl 8,13 oneHky

L <% (upn |t < =)

2fsnie| P
2
u HepaseHctBo (8.70), 6ymem umeTh
1 sin (n—{-%) ¢
= § vern—f at| <
1116 2 SinT

5 0 )
<~M—Ht°‘—‘dt+s |t|°°—‘dtJ Myl
2 N 5 o 3

0 —

Ounenka (8.72), a ¢ Helf H TeopeMa J0Ka3aHH.

o
ABJSETCA YeTHOHN, NO3TOMYy Jierko yO6eIHThbed, 4TO JJs Hee y Q(¢)ydt=
0

0
=5q>(t)dt (ZoCcTaTOUHO B OJHOM H3 3THX HHTErpajoOB CHeaTh 3aMeHy f=—t).

—6
CreoBaTeibHO,

9 [V} 0
dt=2owydat=2 (g ar
_jﬁ@ ) dt (5@ ) _i@ t)
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Cnencreue 1. Yrsepocdenue teopemer 8,15 Gyder Tem 6Goaee
€npasedaiuso, ecau 8 ee HOPMYAUPOBKe BMECTO KYCOHHO 2éAb0epogoll
834Tb KYycoyno eaadkyto (Ha ceemente [—n, m]) ¢yHnxkyuro, nepuodu-
wecky (¢ nepuodom 21t) npoOOANCeHRYIO HA BCIO RPAMYIO.

Hasi popMyMPOBKH emie OZHOTO CJAEACTBHA BBEAEM HOBOE MOHS-
THe. [Tyets 0<a],

Onpenenenune 3. Bydem eosopurs, uro hynxyusa f(x) ydoes-
aeTgopaer 8 JaHHoOl TO4YKke x cnpasa (caeea) ycao-
guw Fénvdepa nopadka a, ecau pynkyus flx) umeer 8 TouKe
x npasoe (aesoe) npedenbHOe BHAYEHUE U eCAU CYUECTBYET TaKaR
nocroannas M, 4to 0z 8cex OOCTATOYHO MAABIX NOAOKHCUTEAbHBLY
(oTpuyareasnoix) t cnpasediuso nepasencrso

If(x+l)-;f(x+0)| <M(If(x+t)I;f(x—0)l \<M).

OueBnano, uto ecnu QYHKUHA f(x) HMeeT B JaHHOH TOUKe x mpa-
BYIO (JIeByI0) NPOH3BOJAHYIO, IOHHMAaeMYIO KaK Ipejel

lim fE+H=FE+0) (

lim flx+8—f(x—0) )
1040 t ’

t—»0—0 t

To QYHKUHS f(X¥) 3aBeJOMO YAOBJIeTBOpSIeT B 3TOH TOuYKe X CIpaBa
(ceBa) ycaosuiw I'énbaepa aoboro nopsaka a<l.

CaexctBue 2 (ycjoBHE CXOAHMOCTH TPHTOHOMETPHUECKOTO psiia
Dypoe B AanHOM TouKe). Qs To2o 4T06b6l TpUZOHOMETpudeckus pad
Dypse Kycouno Henpepvisnoli u nepuodudeckold (¢ nepuodom 2m)
Pynxyuu f(x) cxoduaca 8 dannoll Touke x 4ucaosol npamot, docra-
TO4HO, 4T0ObL ynkyus f(x) ydosaereopsara 8 Todke X cnpasa ycao-
8uro I'éavlepa kaxKoeo-aubo NOAOKHCUTEAbHO20 NOPAJKA o) W 8 TO4Ke
x caesa ycarosurwo I'éasdepa Kakozo-aubo NOAOHUTEABHOEZO ROPAOKA
az (u Tem boaee Qocrarouro, 4robel ynkyus f(x) umesa 6 ToUKe X
UPaAsyro U 1es8yro npoussodnsie).

JdokasaTeanbcTBo. JocTaTouno 3aMeTuTh, 4TO H3 TOTLO, 4UTO
{Pyukuusa f(x) YyAOBJETBOPSET B TOUKe ¥ CHpaBa (CjIeBa) YCJIOBHIO
I'énppepa mopsgka o, (NOpsLKa og), BHTEKaeT CYIIECTBOBAHHE [MO-
CTOSSHHO# M, (moctosiHHOH Mj) Takoi, 4TO A/ BCeX AOCTATOYHO Ma-
JBIX TOJIOXKHTEJbHBX (OTPHILATENBHHX) [ CHIpaBefHBO HEPABEHCTBO
(8.75) (mepaBenctBo (8.76)). Tak Kak 4OKasaTeJabCTBO TeopeMH 8.15
HCHOJb3yeT JHIIbL HepaBeHcTBa (8.75) m (8.76) u Kycounywo Hempe-
PEIBHOCTb H NEPHOAMYHOCTD f(X), TO yTBEPKACHHE CJAEACTBHSI 2 BepHO,

[Tpumep. He suuncias xosppuunentos dypbe GpyHxuun

cosx nmpu —n < x <L 0
f(x)= 1/2 npun x=0;

Vi mpu 0< x<m,
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MOXKHO yTBepXKAaTb, 4TO TpHroHoMerpuueckufi paj Pypse srokt
QYHKINH CXOAHTCS B TOuKe x=0 K 3HaYEHHIO — + TaK Kak HyHKIHSA

f(x¥) mMeer B 3TOH TOuKe JNEBYI0 NPOM3BOAHYI0 H YAOBJETBODSIET B
3TOH TOYKe cmpasa ycjoBHio ['éablepa nopsiika a,= %

7. CyMMHPYeMOCTb TPHrOHOMETPHUYECKOro psapga Pypne Hempe-
PHIBHOH (YHKIHM METOAOM CpeiHMX apupmeTmueckux. MH yKe 0T-
Me4anH, 9To TPUTOHOMeTpHuecKuH Psf Pypne BCIOAY HenpepHBHOH
¥ NepHOAMYecKol (c mepnoaoM 2m) (yHKuWH MoxeT OHTb pacxo-
IamuMmcs (cM. 1. 1), Jlokaxewm, 4TO TOT pPsjJ TeM He MeHee Bcerja
CymMmHpyeM (paBHOMepDHO Ha Bcell mpsiMoHl) MeToioMm Yesapo (me-
TOLOM CPeLHHX apH(pMeTHUecKuX) 39,

Teopema 8.16 (treopema Deliepa) 49, Ecau ¢pynxyun f(x)
HenpepuleHa Ha Ceemente [—wn, m] u ydosaeTsopAeT  YCAOBUIO
f(—n)=f(n), 70 cpednue apupmeruueckue wacTuuHblX CYMM ee
Tpuzonomerpuseckoeo pada Pypve

0, (x, f)= So(x, f)4+ Salx, )+ --- + Sna(x, f)

n

cxodarca (k 9Tofl PynKyuu) pasHOMEpHO Ha ceemente [—n, ]
(a 8 cay4ae, ecau Gynkyus npodositena KA 8C1O npAMyw C ne-
puodom 25, pasHOMEPHO Ha scell npamoLl).

IHokasateabctBo, U3 paBenctBa (8.55) mna S,(x, f) cae-
LyeT, yTo

s, D= § f_(x_ﬂl[ﬁsm( PR PR

—n 2sin— =0
2

s BouucjeHHS CyMMBI, crosimell B (8.78) B KBaZpaTHHX CKOG-
Kax, NpOCYyMMHDPYEM TOXIeCTBO

2 sin-g- sin (k + %) t —coskt—cos (& + 1)t

o BceM 2=0, 1, 2,...,n— 1. B pesysbTare noJaydum

n—1
2sin-t2—Zsin (k + —;—) f=1—cosnt =2sin? %’
k=0

3 Cum.. 1 §7 . 1.
) JI. Odetiep — Benrepckut mareMmatuxk (1880—1959). IIpuBenennas Tteopema
AOKa3aHa aM B 1904 r,

12 3ak 25
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C nomowpio aToro paseHcrsa (8.78) npuBOAHTCH K BHAY

nt
sin® —

o (x,f)=—§f(x+t> —2at. (8.79)
2 sin? —
2
U3 (8.79) B cBOw ouepeAb HEMEANEHHO CJeAyeT, YTO

nt

i n sin? 2

1 S — 2 di=1, (8.80)
nn i t
—n 2sin? 2

Tak Kak JeBas yacte (8.80) paBua cpeaHeMy apH(pMeTHUECKOMY
YacCTHYHBEIX CYMM TpHTrOHOMeTpHUeckoro psiga Pypbe yHKuUHK
f(x)=1, a Bce yxkasaHHBle YacCTHUHble CYMMBHI TOXJECTBEHHO paB-
HH epuHHume (cM., m. 2).

@ukcupyeM npoussosibHoe &>0. CorjacHo TeopeMe Beiiep-
wrpacca 8.7 Hafijercs TPHroHoMeTpuueckuii MHorounen T (x) Ta-
Ko#, 410

|F(x) — T (x) | <e/2 (881)

s BCeX X YMCJIOBO¥ npsMoH. B cuay JHHeHHOCTH cpegHHX apH-
MeTHYeCKHX O, (%, [)=0n(x, f—T) +0,(x, T), TaK uTO

Idn(x’ f)—T(x)|<|Gn(x’ f_T)l + Ian(x’ T)_T(x)l (882)

3anumem paseHcrso (8.79) ana ¢yuxuuu [f(x) — T(x)]. Yuurn-
Basg HeOTPHIATEJbHOCTh HasnBaeMoli sizpom Pefiepa ¢yHk-

sin? nt
WHH ————— H HCOOJb3ys OUEHKY (8.81) n pasencreo (8.80),
2sin2—2~
MONyYuM
1. (x, f—T)I<
i nt
n Sm"T
<L (et =T@+n —-a<
an —n QSiHZT
. nt
AT e
<= — dt = —. (8.83)
2 an , ¢ 2
—n 2sm27

HepaBenctBo (8.83) cmpaBegiuBo aasi Jw06oro HoMepa n.
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3aMeTnM, 4TO TPHrOHOMeTpHuecKui psax @yphre MHOroudeHa
T(x) coBmazaer ¢ 3tuM MHorouneroM. OTcioja cieryer, 4To Bce
YaCTHYHHE CYyMMH S, (x, 7), HauuHasg C HEKOTOPOro HoMepa r,
paBun T(x). Ho 3To mosBosisieT HaM [J151 (PHKCHPOBAHHOIO BhIllle
NIpoH3BoOJbHOrC g>0 OTHICKaTh HOMeD N TakoH, 4TO

lon (x, T) — T (x) | <e/2 (8.84)

npu Bcex n=N u Bcex x.

M3 HepaBencts (8.82)—(8.84) 3akuaouaeM, uto |on(x, f) —
—f(x) |<e npu Bcex n=N u Bcex x. Teopema fokasaua.
8. 3akaouMtesabHble 3amedanus. 1°. [Ipu pemeHun psiza KOHKper-
HBIX 3ajay IPHXOAMTCS pacKlaibiBaTh (YHKUHIO B TPHTOHOMeTpHYe-
ckuit psax Pypoe He Ha cerMente [—mn, ], a Ha cerMeHTe [—[, [}, rue
[ — mpousBoJMbHOE nNOJMOXKHTENbHOE uyHuc/0. s mepexoia K TakOMY
CJIyyal JOCTAaTOYHO BO BCEeX IPOBENEHHHIX BHIIEe DacCyXJAeHHSX 3a-

11

MeHHTb HepeMenHylo x Ha 7~ x. KoHeuyHo, mpu Takoi JHHelHOA 3ame-
He IePEeMEHHOH OCTaHyTCsl CHpaBelJUBBIMH BCE YCTAHOBJIEHHBIE HAMH
pesy/bTaTH, KOTOphle GYAYT OTHOCHTBCS K TPUTOHOMETPHUECKOMY pi-
ay Dypre

@

5_ A in
-+ E(akcos l kx 4 by sin ; kx) (8.85)
k=1

CO CTeAYIOIMMH BHIpaXKeHHAMH 1 KospduunentoB Oypoe:

i
1 .
“":T_Sl ft)at;
(8.86)

ak=+ 5‘ f(£) cos (—’;kt> dt; bk=ll f(#)sin (—’;kt) dt;
-l

k=1, 2, ...

Mu e Gynem 3aHOBO ()OPMYJIHPOBATh BCE YCTaHOBJIEHHHE TeOpe-
MBI, a JHIIb OTMETHM, YTO BO BCeX (OPMYJHMPOBKax cerment {—im, )
Clellyer 3aMeHHThL cermentom [—I, ], a mepuon 2m — nepuogom 2.

2°. s Buna (8.86) Tpuronomerpuueckux xosppunuentop Pypbe
BBITEKAeT, UTO JJis1 YeTHOH QYHKUHMH [(X) paBHB HyJa10 BCEe KO3hhHHIH-
eHTH b, (k=1, 2, ...), a AJs neueTHOH (yHKuuH f(X) paBHBEI HyJIIO
Bce ko3p¢uuments a. (k=0, 1, 2, ...). Takum o6pa3oM, weTHas
pynkyus f(x) packradeisaercs e tpuzonomerpuueckuil pad Pypoe
TOAbKO N0 KOCUHYCAM:

LL“’_:N

o
B + Zakcos = kx,
2 1
k=1

12+
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a HeweTHAs (Pynkyus f(x) packaadvi6aeTcs 8 TPULOHOMETPUUECKUL
pad Pypve TOALKO NO CUHYCAM:

2 b, sin —T; kx.
k=l

3°. IlpHBezeM BecbMa 4acTo YHMOTPeGJseMyld KOMIOJEKCHY IO
bopmMy 3amucu TpuroHomerpHueckoro psiza Pypee (8.85). Hc-
NoJb3yst cooTHomenus: (cM. . 3 § 7 rai. 2)

n
—{ —kx 2 7
e ! =cos-T kx—isinT kx,

Ly . 8
e ! =cos—lkx+isin -n—kx,

JIeTKO YGeauThCA B TOM, uTO TpUroHoMeTpHueckufi psax Pypne (8.85)
¢ koappuunentamu Pypre (8.86) NPUBOAHTCS K BHAY

Ecke L (8.87)

B KOTOPOM KOMIIJIEKCHHIE KO3Q@HUIHEHTH Cr HMEKT BHJ

i Iy

1l
ck=%l Sz flye b dt

H BHIpaxawTca 4epe3 Koahduuuentu (8.86) mo dopmyam

C "
QTO’ C_k=ak_2ﬂ, o=t (1,92 ...

§ 6. KPATHBIE TPUTOHOMETPHYECKHE PAABbI ®YPbE

1. [IoHSATHA KPaTHOro TPHrOHOMeTpHYeCKOro pspa ®dypne m ero
MPAMOYTOJbHLIX M chepHYecKHX HacTHUHHIX cyMM. ITycTb yHKIHA
N nepeMmeHHBIX (X1, X3, ..., Xn) ONpeleseHa M HHTerpHpyeMa B
N-mepnoM kybe —n<xp<mn (k=1, 2, ..., N); o603naunM 370T KyG
cumBosioM II. KpaTHH# TpuroHoMerpuuecKuil Pl TakoH (YHKIHMH
YA06GHO 3aNlHCHIBAaTL Cpa3y B KOMIVIEKCHOH (opMe, HCHoAb3ys AJsA
COKpalleHHs 3alHCH [OHSTHE CKaJsgpPHOrO NPOH3BedeHHs IBYX
N-MepHBIX BEKTODOB.

[Tycts x=(x), X2, ..., Xy) — BEKTOp C NPOH3BOJBHLIMH BelleCT-
BEHHLIMH KOODAHHATAMH Xi, X2, ..., Xy, @ O=(n1, Ny, ..., AN) —
BEKTOP C YeAOUUCACHHbIMU KOODJIUHATAMH 71y, N2, ... , NN,
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KpaThHeim TpuroHoMeTpuueckuM pagomM ®ypre

pyurnuum f(X)=f(xy, %3, ..., Xy) HaspBaeTCHA PSA BUAA
Y o Y Fae™®?, (8.88)
ny=-—aw rlN‘z—m

B KOTODOM uHCJa f, HasHBaeMmHe KO3 dpHuuneHTtamu Pyphe,
ONPEENAITCA PaBeHCTBAMHU

fan =?nw,...n~ =
(8.89)

= (2n)—NS = Sf(y, Yas « ooy Yn)EGHTHIN gy dy

a cUMBOJ (X, n) oGO3HAuaeT CKajspHOEe NpPOM3BELEHHE BEKTOPOB
X U N, paBHOe xn;+Xongt. . .Fxnniy.

Koneuno, KpaTHuit TpuroHomerpuueckuit psg Pypre (8.88)
MOXHO paccMaTpPHBaTh KakK pai Pypre N0 OPTOHOPMHUPOBAHHOH (B
N-meprom kyGe IT) cucreme ), o6pasoBannofi ¢ NMOMOUILIO BCEBO3-
MOXHBIX NPOH3BEAECHHH 3JIEMEHTOB OJHOMEPHHIX TPHTOHOMETpHUe-
CKHX CHCTEM, B3SITHIX OT N€pPeMeHHHX Xj, X2, ..., Xy COOTBETCTBEHa
HO, 03Ty OPTOHOPMHPOBAaHHYIO CHCTEMy NPHHATO Ha3biBaTh KpaT-
HO¥ TDHTOHOMETDHYECKOH CHCTeMOHL.

Kak u 1Js1 BCSKOH OPTOHOPMHPOBAHHOM CHCTEMH, AJSl KDAaTHOM
TPHTOHOMETPHYECKOH  CHCTeMBHl CIpaBe[JIiBO HEPpaBEeHCTBO
Becceuxns, KoTopoe umeer BUA

-] o

Y .Y <@yt P o dn . de,
Nym— npe=—os I
(8.90)
rae f(xy, X2, ..., xy) — Jr06Gass HenmpephiBHas B N-mepuom Ky6e IT
$HyHKIUA.

PaccmoTpyM Bonmpoc O CXOAMMOCTH TPHTOHOMETDHUECKOro psfa

®ypre. Ecan 310T pAAf He cxodurca B AAaHHOR TOuKe X= (X, X, ...
., Xy) abcoarOTHO, TO BOIIPOC O €r0 CXOAHMOCTH (B CHJy Teope-

mMbl Pumana 1.10) 3aBucuT oOT nopsijka CJeNOBAaHUS €ro 4YJieHOB
(unH, yTO TO K€ camoe, OT NOPsiAKAa CYMMHPOBAHHs 1O UHAEKCaM
fhy, ny, ..., nN)'

Iupoko pacnpocTpaHeHH [Ba cnoco6a CyMMHDOBaHH§ KpPaTHO-
ro TpuroHomerpuyeckoro pajga Pypbe — cdepHuecKHit H HpsAMO-
YTOJbHBIH.

ChepuuecKMMH YACTHYHBLIMH CYMMaMH KpPaTHOro
TpUrOHOMeTpHYecKoro psia Pypoe (8.88) HasmBawTCad CyMMHE
BH/JA

) Tlpu 3TOM CKaJspHOE MPOM3BENCEME ABYX JOOHX GyHKuMi onpexessercs Kak
HHTErpaJ OT NpousBeJeHHs 3THX QyHruumid no xy6y II.
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Ta. 8 Pagu dypee

Su(x, =Y, fae—itmm,

Jnl<h
B3ATHIE€ 110 BCEM ULEJNOUYHUCJECHHBIM 3HadYeHUsIM 7y, My, ..., Ay, YIOB-

JIETBOPSIOUIAMH YCJIOBHIO |n|= 1 i+ .. 4 <A.
ToBopar, uro xparneui Tpueonomerpuyeckusi pad Pypoe (8.88)
cymmupyem 8 OanHoll TOuKe X chepuneckum merodoMm, ecau 8 3Tofl
TOuKe cyujecrayer npedei iim S, (x, ).
-0

[IpAMOYyroNbHHMH YAaCTHUYHHMH CYMMaMH KpaT+
HOTO TpHroHOMeTpHYecKoro pana Pypoe (8.88) Ha3HBAKTCA CyM-
MBI BHZA

“ ©  F it
—i(x, n
Sm,,m.,.“.mN(X, f)= Z Z fne e .
ny=—m, ny=—mpy

ToBopsaT, uto kparneui Tpueoromerpuyeckuii pad Pypve (8.88)
cymmupyem 8 OaHHOL TOUKe X RPAMOYeorbHbIM MeToOom (Uau me-
rodom [Ipunceeima*?), ecau 8 370l TOUKE CYU4ecT8yer npe-
dea

lim Sm,.m,. ceamy (x, f)
my—+o
ms—>o
mpy—o
(npu Hesasucumom crpemaeHuy Kk GeCKOHeuROCTU Kando2o uHdek-
ca my, Mg, ..., My).

O6a Merona CyMMHPOBAaHMSI MMEIOT CBOH NPEHMYIIECTBA H CBOH
HemoctaTKH. Ilpy paccMOTpEHHH KpPaTHOTO TPHTOHOMETPHYECKOLO
paza Pypre Kak psaja Pypbe no OPpTOHOPMHPOBAHHOM CHCTeMe ecC-
TeCTBEHHO pacmoJiararth ero uJeHsl B TOpsiiKe BO3pacTauus [n| u
HMeTb 1eJ0 CO chepHueCKHMH YaCTHYHBIMH CyMMaMH.

IIpsiMoyrosbHble YaCTHYHBIE CYMMbl NPHMEHAIOTCS NPH HCCJeN0-
BaHHU NOBENEHUS KPATHHIX CTENEHHBIX DPAJOB OKOJO TpaHHIL o6Jia-
ctu cxoxuMoctu. Cjenyer OTMETHTh, UTO ONpejeseHne CYMMH Dsia
KaK mnpejena IPSMOYTOJbHBIX CYMM (B MPOTHBOIOJOXHOCTL OIpe-
JleTeHHIO, ONUpaloIeMycsi Ha mpejen cQepHyecKHX CYMM) He Ha-
KJaJLBaeT HHKAKHX OrPAHHYEeHHI Ha GeCcKOHegyHOe  MHOXKECTBO
YaCTUYHBEIX CYMM 3TOrO psija.

ITpexxne uem QopMmysupoBaTh YCAOBHS CXOAMMOCTH KPaTHOIO
TPUIOHOMeTpHYecKoro psfa Dypne, onpelesdM HEKOTOPHE Xapak-
TEPHCTHKH TJ1afKOCTH QyHKUuH N [IepeMeHHHIX.

2. Monynb uenpepniBHOCTH W Kiaaccel Téabjepa AJast QYHKUMH
N nepememnbix. Ilycts ¢ynkuma N  nepeMmeHHHX [(x)=
=f()g, X2, ..., Xy) omUpejleseHa M HenpepeBHa B N-mepHo#t oGaa-
ctu D.

2) Anpdpen Ilpuncrefiv — nemenxuii Matematuk (1850—1941).
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Onpenenenne 1. Haa xaxdozo §>0 Hasosem modyrem
HenpepolBHOCTU ynkyuu f(x) e obaactu D rounyro eepx-
Hio10 2pany modyaa pasnoctu |[(X')—f(x”)| na muoscecrse ecex
Touex X' u x”, Koropvie npunadaextar obaactu D u paccrosnue
p(x', ") mexdy KoTopoLmu Menve §.

Bynem o6osHauaTe MOZYJIb HENPEPHBHOCTH (GyHKUHH f(X) B 06+
Jgactu D cumBosioM o (5, f).

Onpenenenne 2. Jaa ar06020 % us noayceemenra 0<x<l
6ydem eosopurs, 4TO (hynxyus f(x) npunadirexcur 8 obaactu D
kaagcy T'éavdepa C* ¢ nokasarenem w, u nucars f(x)e
eC* (D), ecau modyss nenpepovisnocru pynkyuu f(x) e obaacru
D umeer nopadok o (x, f)=0(8%).

Ilycte Temepp a — 41060e NOAOKUTEAbHOE YACHO, He 006s3a-
TeJIbHO mesioe. DTO YHCJAO MH BCerja MOXeM INpeACTaBHTL B BHJE
a=r-+x, rie r — HeJoe, a ® NPUHALJEKHT nojaycermMenty 0<x<l.,

Onpenenenue 3. Bydem eosopurs, uto ¢pynryusn f(x) npu-
Hadaexcur g obaactu D kaaccy F'éavdepa C* ¢ nokazaresem
a>0, u nucare j(x)=C*(D), ecau 8ce HuacTHbie npou3sodHsie
pynxyuu f(x) nopadka r wenpepoisnol 8 obaacru D u xaxmdas ua-
CTHas npousdgodnas nopadka r npunadaexur xaraccy C*(D), sse-
dexnomy 8 onpedeseHus 2.

3. ¥Ycaosua a6GcoJOTHOH CXOJAMMOCTH KPAaTHOrO TPHUTOHOMETpPH-
yeckoro psajga Pypoe. BrsicHUM ycaoBusi aGCcoIOTHOR H paBHOMep-
HOH CXOJHMOCTH KPATHOTO TPHIOHOMETpHUYecKoro psiza Pypee.

Teopema 8.17. Ecau ¢pynxyus f(x) nepuoduwecku (¢ nepuo-
Jom 27 no xaocdoti us nepemennovix) npoldoidtena HA 8ce NPOCTPAR~
créo EN y o6aadaer 8 EN nenpepolgHoimu npoussodHsimu nopaoka
s=[{N/2]+1, ede [N/2] — yearas uacre wucia N/2, TO kparneui TpUu-
2oHomerputeckuli pad Pypve pyuxyuu f(x) cxodurca (x arod
Pynxyuu) abcoarOTHO U pasHoMEPHO 80 8cem npocTparcree EN.

HokaszarennctBo. J[oroBopuMcs oﬁgg?aqau CHMBOJIOM

jm
( g,i) KoapPpunuenr Pypnre npousBonHOA ax™ € HOMepOM n=
Xt /n

=(m, Ny, ..., ty). [Ipou3sBoas MHTErpHpOBAHMHE IO YACTAM, IMOJY+
3 .o

THM a—f = ifiyfn (Zns1 m06oro k=1, 2, ..., N), tak uT0
Xk /n

= |fal (7] + |a] + ...+ |nn])

N -~
Nie
axk n
k=1
H, CJeA0oBaTeNbLHO,

(8.91)

N o~

—~ -\ of

| fal =(Inl + Ingl + ... + 2xl) IL‘ ( Oxp, )n .
k=1
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dopmyaa (8.91) cnpaBenuBa He TOJABKO A5l PyHKUMH f, HO M A5
KaXJOW YacTHOH NpOM3BOAHOH (yHKuuM f Ao mopsaika (s—1)
BKJIIOYHTENbHO.

OTcrofa cpasy e BHITEKAeT COOTHOLUEHUE

&t
Fal <Umal + gl + oo+ lnyl—t 3 ( . axw) *
si+sgt.. . Asy=s N
(8.92)
CyMMa B NPaBOH YaCTH KOTOPOro Gepercs IO BCEM LJEIM- HEOTPHU-
HATEJbHBIM Si, S2, ..., SNy, YAOBJIETBOPSIIOUINM YCJOBHIO Si+So+

+...+sy=s (TaK YTO YHCJIO CJaraeMbix B 3TOH cyMMe paBHO N¥).
Uz (8.92) B cBowo ouepenn caenyer *d), uro

|fn|<'2_(ln1| + |ns| + ...+ oy )=+

R ¥
+ 2 2 ‘(6,\.’?%..6}:’;\1’")“

S4t...+sy=s

2

(8.93)

N
YuurbiBas, uro S=—2-.+8, rie e=1 paa uernoro N u e=!/e
Isis HedeTHoro N, H urto
(Ing) + [ngl + ... FnyE=(ny| + ||l + ...+ [nyl) V2 <

_1_2 2 —1—2
N N
<lnl Y lngl oo |yl .
u3 (8.93) mosnyunm
F2e 2e 2e
—1—W —-1-—W _1..W
|fn —|n1| |yl con | nyl +
D Y [t 2
2 | oxpory .. oxy )n (8.94)

s1+Spt. .. Sy =8

Jas a6coqrTHOR ¥ pAaBHOMEPHOH CXOXHMOCTH KPATHOTC TPHUTIO=
HoMmerpHueckoro psina Pypre (8.88) nocrarouno (B cHiy NIpPH3HAKA
Beftepitpacca) mokasaTh CXOAWMOCTh MaKOPHPYIOIIETO €ro 4HC-
JIOBOTO pAAa

oo oo

Y ... % Ikl

n=—o ny=—w

4) Mm mosesyemcss HepasenctBaM# |al-|b|<a?/2+b%/2 n (las|+laz|+..+
+|as])2<p(aid+a2+..+a?).
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HO (B cuay HepaBencTBa (8.94)) cXOAMMOCTH NOCJHERHErO PSfa sBs
JSIeTCA NPAMBIM CJEACTBHEM CXOAMMOCTH jJs Jioboro k=1, 2, ...

2e
3 —_—] =
, N uucioBoro psga Z | 7 | ¥ M CXOZMMOCTH I/ JIO-
nk=——m
6uIX Sy, Sg, ..., SNy pada
o5f 2
S % i) |
Ny=—— N=—m n

BHITEKalomed u3 nepasenctBa bBeccens (8.90), sanucannoro gas ne-
of

NPephIBHON QYHKUHH 0rfdxd ... axSAJIV'

Tor ¢akr, uto KparHHH TPpUrOHOMeTpuYeckuit psg Pypre (8.88)
CXOIUTCH UMeHHO K (QYHKUMM [(x), BHITEKaeT H3 NOJHOTH KpPaTHOH
TPHTOHOMETpHYECKO# cucreMul *, B camoMm gene, ecium O psf
(8.88) paBHOMEpHO CXOAMJICS K HEKOTOpOH (YHKUMH g(x), TO H3
BO3MOKHOCTH IIOYWIEHHOTO HHTErPHPOBAHMSA TAKOrO Psija BHITEKAJO
6u1, uto Bce Ko3(pduuuentnr Pypre PyHKUMH £ (X) cOBHagaloT ¢ CO-
OTBETCTBYIOIIHME Ko3bduunentamMmu Pypoe ¢pynkuuu f(x). Ho rtor-
Ja pasHocTb {f(x)—g(x)] 6ba 6B OPTOTOHAJbHA BCEM 3J€MEHTaM
KPATHOH TPHUTOHOMETPHIECKOH CHCTEMH H (B CHJIY MOJHOTH 3TOH
CHCTEMBI) paBHsaJach 6H HyJI0. TeopeMa AOoKa3aHa.

3ameuanue. Teopema 8.17 Moxer GHTL yTOYHEHA.

Teopewma 8.18. Ecau ¢pynxyus f(x) nepuoduura no kavic-
doid u3 nepemennsix (¢ nepuodom 2m) u npunadaesxcur 8 EN kaac-
cy Téavdepa C* npu a>N/2, To Kparneui TtpusoHomeTpuveckul
pad Dypve f(x) cxodurca (k arofi pynKkyuu) abCOAOTHO L PABHO-
MepHo 80 scem npocrparcrae EV,

BuisicHenne yciaoBuil Heabcoat0THOL CXOAUMOCTH KPATHOTO TPH-
TOHOMETpHYeCKoro pspa Tpefyer mpuBjieueHusi Gojiee TOHKOH Tex-
HHKH,

&) TMosHOTa KpaTHOM TPHMrOHOMETPHUYECKOH CHCTeMBl cpa3y BHTEKaeT H3 noJ-
HOTH COCTABJAIOIUUMX €€ OJHOMEPHHX TPHTOHOMETPHUECKHX CHCTEM, NpOH3BeleHHeM
KOTOPHX OHa SIBJIAETCH.



IF'nasa 9

NMPEOBPA3OBAHHUE ®#YPbLE

Ecan dyuruus f(x) 3agzaHa ua Bcell YHCJAOBON NpSIMOH WJHM Ha MO-
JYNPAMOH M He SIBJISIeTCS TEPHOJAMYECKOH HH C KAKHM IHEpPHOJOM, TO
3Ty (YHKUHIO €CTeCTBEHHO pPAaCKaajblBaTh He B TPHTOHOMETPHYECKHI
pax Pypbe, u3yueHHHN B mpeinAyuiefi riase, a B TaK Ha3HBaeMBIH
uuterpan @Pypoe. M3yueHHi0 TaKOro pas/OKeHHs M TOCBslleHa Ha-
cTosiIiast ryiana.

IlpuBenem cHauasa HeKOTOpHe HaBOJsliHe coobpaxkenus. Ilycts
nepHoANUecKasl C NepPHOAOM 2/ M NepBOHAYaJbHO 3aJZaHHas Ha cer-
menre [—/, [] dyukuus f(x) pasnoxkena B psig Pypne:

__ 1 . T
f(x)--—2 +k§l(akcos—l kx+bksm——l kx)
rae

i
1 =1 = =
Gy =—r Sf(f)dt, Bp=— f(#) cos—-ktdt, by

_LL/)-.

1
=L in -
= Slf(t)sm -kt dt.

@opMaJIbHO NMOACTaBUB BhHIpaXKeHUs A/ @r M by B pasiioxeHHe (PyHK-
uun f(x), monyuum

f(x )——— S f(t)dt+ 2[ ‘l §f(t)cos—’l‘kxcos—’;ktdt+

k=1

+— S (0 sin ke sin = ktdt] =2L F(f) dt +

—l

J_L/j-.

1 - EL] L .1 .
TZ S f @) [cos—lkxcos-—l—kt+sm—lkx sin—- bt ] dt,
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RJH
1 @ 1
f(x)=% S f(t) dt + -,'72—7 S f(t)cos—f;k(t—x)dt.
—1 k=1 —1

Ilpenanonoxum, uto dyHkuMs f(x¥) a6GCOIIOTHO HHTerpreMa Ha Bceft

IPAMOH, T. €. CXOAMTCA HECOGCTBEHHHIH HHTerpasn le(t)ldt H Ie-

peitieM umcTo GopMaILHO B paBeHCTBe LA f(X) K npeaeny npu [—

—co, Ilpu 3TOM nepBoe ciaracMoe NpaBOH YacTH paBeHCTBa cTpe-

MMTCS K HYJIO, a BTOpoe CJjaraeMoe MOXKHO paccMaTpuBaTh Kak MH-
o

TErpasibHyI0 CyMMY JJIs1 MHTerpaJja Sg(?»)d?» OT (PYHKIHH

3
g(h):Ln S F(£) cos A (E—x) dt,
. =1

eCJM TOJOKHUTh Ay = —T; k, Ah= —7—

ITosToMy ¢opMasbHHIH NpelebHBIH Nepexo] HOPHBOAMT K paBeH-
CTBY

fl=—

Oy 8
Q.

A § f(t)cosh (t—x)dt.

3To paBeHCTBO M Ha3biBaerca popMyJaoi Pypre.
Ecau nosoxurh

“’v=‘+: S F(f) cos Mt dt, b,v=_lﬂ_5'f(t)sinxtdt,

To popmyy Pypbe MOKHO 3anucaTth B BHJE
fx)= S(a,v cosAx + by sinAx) dA.
0

Ilepefizem Temepr K CTPOIOMY H3JIOXKEHHIO TeopuUu npeobpa3oBa-
uust Oypeoe.

§ 1. NIPEACTABJIEHUE ®YHKILHHX HHTEIPAJIOM ¢YPbE

Bcrogy B manbHeiimeM nogumHuM ¢yuHguuio f(x) tpebosanuio a6-
COJIIOTHOIl HHTETPHPYEMOCTH Ha npsAMoH (—oo, oo), T. e. morpebyem,
4TOGH CXOAMJCS HECOGCTBEHHRIH MHTErpasn
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{17 (#Hdx. 9.1)

Onpenenenne 1. bydem eosopurs, ‘uro ynxyus [(x) np u-
Halaeomur Ha npamoli (—oo, o) Kaaccy Ly u nucars [{x) s
eL,(—o0, ®), ecau Ppynxyus [(x) unreepupyema (8 cOGCTBEHHOM
cmoicae Pumana) na arobom ceemente (2oeopar, uro f(x) — aokars-
HO uHTezpupyema) u ecau cxodurca Hecobcrgennvui unreepan (9.1).

1. BcnomorateanHbie yTBepXKIeHHs. 3aMeTHM, YTO B jajbHefiluem
KOMIJIekCHass QyHKuus g(A) BeliecrBeHHOrO apryMeHTta A GyZer pac-
CMaTPHBaTbCsl KaK mapa BeulecTBeHHBIX GyHkuuit u(A) u v(A):
g(A)=u(A)+iv(A). HenpepmBHocTs g(A) B NaHHOH TOYKe A NOHH-
Maercsi Kak HenpepelBHOCTH B 3TOH TOYKe Kamao# u3 GyHKuui u(A)
1 v(A).

Jlemma 1. Ecau =L (—o0, 00), 10 0an a1060i TOUKU ) 4ucio-
80 npamotl (—oo<A<oo) cyujectTsyer HecobCT8eHHbll uHnTEZPAA

g(AM)= 3' eMef (x) dx} (9.2)

Hasoigaemovli npeobpaszosanuem DPypove (uau obpasom
Dypoe) pyncyuu f(x). Dynxyus g(A) nenpepvigna no A 8 xascdoil
TOYKE 4UCA080U NPAMOLL.

HokaszatenbcrBo. M3 pasencrBa |f(x)e**|=|f(x)| u u3
CXOAMMOCTH HHTerpasa (9.1) BHITeKaeT CyleCTBOBaHHe HeCOGCTBEH-
HOrOo HHTerpaJsa g(A):

leM) =| | (x| < § 17()ar< oo.

W3 npusnaka Beiliepmrpacca (cM. Teopemy 7.8) BhiTekaeT paBHO-
MepHas 1O A CXOAHMOCTb HHTerpaja (9.2); oTcioga B CHJy HeNpepHB-
HOCTH ¢™* mo A JIerko CJeldyeT HeNpepHBHOCTh g(A) Ha Kax-
JIOM CcerMeHTe, T. e. B KaXK/J0H TOYKe YHCJIOBOH NpAMOI.

JJemma 2 (nemma Pumana). ITycre ¢pynxyuu f(x) — aoxaas-
HO uHTezpupyema Ha (—oo, +oo) u [a, bl — npoussossbnblli Purcupo-
BAHHBLL UHTEPBAA HUCAOB0L NPAMOL; TO20A

ff(x)e”*‘dx—»o

a

npu A—~oo (A — 6ewjecTéennoe 4ucao0).

HJokaszareabctBo. PurcupyeM npousBosbHOE yHCIO £>0.
Tax kak GyHKuHA [(X) no ycJOBHIO TeOpeMbl JIOKaJIbHO HHTErpupye-
Ma Ha YHCJIOBOH UPSAMOMN, To f(x) MHTerpupyema Ha 3aJaHHOM CermeHs
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Te [a, b]. TloaToMy aas BeI6paHHOTO uHcia ¢>0 HalneTcs Takoe pas-
‘Onenne T cermenta [a, b] Ha YaCTHYHBIE CETMEHTH [%e—1, x2] (R=1,
2, ..., n, a=x0<x1<<...<xp,=b), uTo and HMXKHell cymmB Iap6y sr
CIpaBeJJIHBbl HEPABEHCTR A

b
0< ff(x)dx—-sT< e.

HanomunmM, uto
m
Sp= Z m;Ax;,
j=1
TIe

m;= inf f(X), Ax,-:xi-——-x,-__1.
xElx]_l, %3

PaccMOTDHM KyCOYHO NOCTOSIHHYIO Ha cerMente [a, b] dyukuuio

p(x)=my, npu x<=[x;—, x1, j=1, 2, ..., n, p(xe)=m;. QOueBHgHO,
P(x)<f(x) Ha [a, b] u LS BCeX BellleCTBEHHHIX YHCEJ A

b b b
0S| F(merrde— [ p()edel< [ 1 ()—p ()] - [eM]dx =

b b
= F@—p ] de=[f(x)dr—sr <.

Ho nas duxcHporanHoro HaMu pa3bueHHs T

b n xi n
; 1 .
jp (x) ef},xdx = Z S mielde = T E (mielM) ':]l_l -0
a =1z, j=I
b -
fipu A— 00, Takum 06pa30M, IIpH A—>00 HHTEIr'pana ‘S‘ p(x) eilxdx
a

CTPEMHTCA K HY/M©O. JIeMMa gokasaBa.
JlemMma 3. Ilpeobpasosanue Dypve g(A) Gynkyuu f(x)e
&Ly (—o0, 00) cTpemurca Kk nyato npu |A|=roo, 1. €.

lim |g(»)] =0.
(Moo,
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HokazatenbcTBo. QPukcHpyeM npou3BoJbHOe YHCA0 €>0.
B cuny cxogumoctu unTerpana (9.1) MoxHO BHOpaTh uHciao A>0

Takoe, UTO
—A

[ 1)l + 17 ()ldr <
A

—0

ITpu TakoM A cnpaBeAsMBO HepaBEHCTBO

lg(d)] = ’ § f(x) e**dx <|:§ f(x)e‘“dx' +%.
S ~a

[Tocneauuit MHTErpas HpH JOCTATOYHO GOJBIIOM |A| MOXeT OHTL
[
OLEHEH CBepXy YHCJIOM > (cM. memmy 2). Tak Kak & NPOH3BOJA-

HO, TO }vim |lg(M)] =0. JleMma goxasaHa.
[A]—>o2

B KayecTBe CJeACTBHA U3 JeMMbl 3 AOJydaeM

-« [ -]
lim j‘ f (x) cosAx dx =0, lim j f(x)sin Axdx=0.
Ao 2o ] Ao e

2. OcHoBHas Teopema. Popmyaa olpanieHHs.
Onpenenenne 1. [Jas KawoOod ¢yukyuu f(x) u3 karacca
Ly(—o0, 00) Hazosem npeden

A A ®
im0 —ne g lim L Mt—1) J
Jim—- jAg(k)e dh=lim — SA[ S M= f(f)dt | dh (9.3)

(npu ycaosuu, uro 3TOT npedes cyujecTéyer) PAINOHEHUEM
pynkyuu f(x) 6 unteepansr dypvoe.

Bosnukaer Bompoc 0 cyliecTBOBaHHH pasfioXeHHsi QYHKIHH f(x)
- B HHTerpan Pypee (9.3). OTBer naercs caedywoluel TeopeMoi.

Teopema 9.1. Ecau ¢pynsyus f(x)eLi(—oo, o) u ecau f(x)
ydosaersopser 8 Aannoil Touke x cnpasa ycaroeuro I'éavdepa nopad-
Ka o), ede 0<ai<l, a caesa ycrosuro I'éavdepa nopadka ap, ede
0<ay<1, 70 6 OaHHOU TOYKE X BLINOAHEHO PABEHCTBO

A
lim - S g (M) e=tdh = f[(x4+0) +F(x—0)
Arn 27 2
—A
Taxum obpasom, e kaxdol Touke x, 8 KOTOPOU 3Ha4exue f(x) pas-

HO noaycymme f(x)= f(x+0)"2H(x—0) , 8 4aCTHOCTY, 6 Kandolk

TO4Ke HenpepbuiHocTU f(X), cnpasedauso paseHcTso
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D

f(x)=7ln— S g (A) e—ir=dh, (9.4)

—00

-8 KOTODOM HECOOCTBEHHOI UHTeepas NOHUMACTCA 8 CMbICAE 2AA8HOZ0
BHAYEHUR, T. €. NPU CUMMETDUYHOM CTPEMAEHUU npedenos uHTezpupo-
BAHUA K 6ECKOHEeYHOCTU.

HokazarteabcTBo. [lockombky g(A) — HempepuiBHaa QyHKIIUS,
To npu Jio6oM A>0 cyluecTByeT HHTErpas

Aa A [
1 —ihx ), — L —ixh ith
(g emean~— SAe H e f(t)dt]dx

B cuay toro uto uHTerpan, 3akialOUeHHHIH B KBaJipaTHbE CKOOKH,
‘PABHOMEPHO 1O A CXOZHTCA Ha JwboM cermente [—A, A], MoxHO moO-
MEHSITh NOPANOK MHTETPHPOBAHHs OTHOCHMTENbHO ! M A. Bocmosb3osas-
ALHCh PaBEHCTBaMH

eM—9 = cos A (t—x) +isin A (t —x);

A A
Scosx(t—x)dx SBinAl=x), Ssinx(t—x)dx=o,
') (t=2 e §

A TakKXke 3aMeHoH f=x-tu, NoJaydumM

A ® A
1 —ihigp b iME—x) -
— Sg(x)e dh= S [SAe da.]f(t)dt

_ 1 ¢ smA(t—wx) " S ¢ smAu
- uS () LU =%) ay nS F o+ u) 222 gy

—X

«C/1eg0BaTeNbHO, NpH JI06oM A>0

- S g(x)e-f“dx——g Flr+u) S22 gy
+Ln§f(x +u) Si"uA“ du. (9.5)
0

IlockonbKy
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TO

f(x2+ 0): f(x+0) sin Au du;
u

1
T

f(x—0)_ 1
2 Fi4

o Otemmg

f (x—0) sin Au du.
u

-

Briuuras mocnenuue gba paBeHcTBa H3 (9.5), noayuum
A

Sg(}') =M, — f(x+0)+f(x—0) :
A 2
= (1 ) —F (e 4+-0)) S22
5
+—J‘;S [f(x+u)——f(x~0)]smTAudu. (9.6}

—m
Tak kak ¢yHkuMs f(x) yZoBJeTBopsieT cnpaBa ycJoBHIO ['énpuepa

nopsaakKa @p, TO CywleCTByeT HNOCTOSAHHas M[ TakKasi, 4yto AJd jpocrta-
TOYHO MaJHX HOJOXHTEJIBHHX U 6YIIeT BHIIIOJIHEHO HEPaBEHCTBO

[ (xFu)—f(x1+0) | <M, 0<ay<l. ()
Anasnornyso u3 ycaoBus [é€npaepa cneBa mopsigka g NoJydaem He-

paBeHCTBO
|f (x+u)—f(x=0) | <Mz |u|=, O0<a<l, (%)

IJIs BCeX AOCTATOYHO MaJhX [0 MOAYJMI0 OTPHUATENbHHX u. Ilycrb
M=max {M,, Mj}, a=min{a,, a}. Torza HepaBenctBa (*) u (**)
MOXKHO 3aMMCaTh B BHJE OJHOTO:

|f(x+u)—f(x+0) | <M|u|® (9.7)

npu |u| <6, rae 6>0 gocTaTodyHO Malo.
IlepenuuieM cootnomenue (9.6) B caenywolieM BHIE:

A 8
S‘ (}') e— M), e f(x+0)—|2-f(x—0) =_I_S[f(x+u)_
—A n 0
—F e+ 0)) S22 du S[f(x+u)—f(x 0)] <22 du +
—6
+% S Flx+u )smAu du—

[ul=8
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o —48
_ f(x+0) sindu _ F(x—0) sin Au :
. é' = - S 2 du. (9.8)

Ilyctes ¢ukcupoBaHO mpousBodbHOe €>0, a § BHGpPaHo H3 yCjo-

(]
Mo < % H TaK, 4To6n npu |u|<8 6o cmpaBeaauBo (9.7)-.
no

OuennM nepsBele aBa HHTerpada B npaboil yactH (9.8). Ilosbsysce.
(9.7), moayuum

BHA

8 . 8
T | JU G010 2 du| < - fif e —T 015 <
0

i
¢

8
< ﬂSu“—‘du =
aT
0

M&*
ke

AnanoruuHo
0 : 0
|t —pe—0) 2 du| < - § iF e —fa—0)1 - <
-8 s

0
(¢
\<_/_”_ S |u|a—ldu=_/‘16_,
n L
-8
[TosTroMy B cuny Bubopa 6

6 .
j[f(x+u>-f(x+0)1 sin u du\+
0

L
aT u

+17‘ j [F G+ w)— F(r— 0] S22 du| < 5 (9.9

Ilisi oueHKH TpeThero HHrerpajta B npasoi uyactd (9.8) paccmor-
PHM GYHKUHIO

1 u

L”x——’_u) npu |u|> 6;
q(u)=

0 mpu |u|< 8.

®ynkuusa g (u) npuHamJIeRHT Kaaccy Lj(—oo, o0), a Mo3TOMY B CHAY
JdeMMmsl PuMaHa

-]

lim { ¢(u)sinAudu=lim L S F o4 u) S04 gy — 0.
Ao Ao I u
—® lu] =6
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Ho 310 u o3Hauvaer, uTo A1 (UKCHPOBAHHOIO HaMH HPOH3BOJBHOTO
£>0 cymecTsyeT 4dc/a0 N, Takoe, 4T0 npH A> N,

Lﬂ‘ S f(x+u)“"TA”du,<%- (9.10)
lul>>6
Haunee,

—b ® @

S‘ sin Au du:j sin Au du — S sm-rd"‘__)_0
T
8 Ad

u u
—m

1pu A—oco. OTcrona cieayer, YT0 /st QHKCHPOBAHHOTO HaMH HPOH34
BoJbHOrO £>0 W paccmMaTpHBaeMol TOYKH x Hafigercs Ny Takoe, YToO

\f(x—i—O)? sin Au du‘—i—‘ f(x—0) S sin Au du‘<i (9.11)
n n u 4

. u
[\] —o
npu A>N,. Ilycts N=max {N;, Ny}. Torna, noacrasasas (9.9)—(9.11)
8 (9.8), nonyuaem, uyto mpu A>N

A
‘S g (A e—Medh — f(x+0);-f(x~0) |<e.
A

Teopema gokasana.

3aMeuaHnue. TpeGoBaHHsl, HajNaraeMbe Ha OyHKRuuio f(x) B
TeopeMe 9.1, MOXKHO HECKOJBKO OC/alHTb.

Onpenenenue 2. bydem zosopure, uro ¢ynkyusa f(x), sadan-
Has @ HeKOTOPOil NPOKOAOTOI OKPECTHOCTU TOYKU X, yOO08AETE0pPAET
8 TOUKe X ycaoeuam Junuu, ecau:

a) 8 TOuKe X cyuiecT8yroT 06a 0OHOCTOPOHHUX npedesa

f(x+0)= lim f(x+u), f(x—0)= lim f(x—u);
u—-+0+4+0 u—>0+0

6) 0saa KkaKo2o-HUbYGb NOAOHUTEALHO20 3HAYEHUS & 064 UHTee-
pasa

j’af(x+u)—f(x+0) i ff(x—u)—f(x—o) »
| 2 ’ ] P
0

CX00ATCA A6COAOTHO.
SIcHO, uTo ecnu Gyuxkuusa f(x) ynoBJeTBOpseT B TOUKe X CIpaBa
M cneBa ychaoBHIO ['énbpaepa

|f (x+u)—f(x£0) | <M|ul|* 0<a<],
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TO, MOCKOJIBKY

[f(xAu)—f (x30)| < M

u ‘ul(l-—l '

A pyukuuu f(x) BuinofHeHO ¥ ycnoBhe Huuwu.

O6parHoe, KoHeuHo, HeBepHO, MOXHO 10Ka3aTh, UTO ycJIoBHe Hu-
HH TeM He MeHee ofecrneuHBaeT pasJioxeHwne QyHKuUMH f(x) B uHTer-
pan ®ypoe B 1aHHON TOUKe.

CllenaeM HEKOTOphie BHIBOAH H3 IOJYYEHHHIX pe3ynbTaToB, Ilpu
ycioBun f(x)eLi(—oo, o0) y GyHkuuHu f(x) cymecTByer npeofpa3so-
BaHHe Dypbe

gM= | [(x)endx;

o6o3nauum ero tak: g(A)=F(f), rne F — onepatop Pypre, npume-
HSIeMBIH K QyHKIHH f.

Ilpu Bbimosinenun ycioBuii Teopemnl 9.1 u ycaosua [ (x)=
= f(x+0)-’2_f(x_0) , Kak M»l Jloka3aJH, GyHKuus f(x) pasnaraer--
¢ B uaTerpaa ®Oypoe, 1. e. cupaBedanBa popmyna

fe) =5 [ gMyen=an.

3ty ¢opMysy HaswBaloT OGpPaTHHM npeobGpaszoBaHHEM
® ypre O6o3naunMm ee Tak: f(x)=ﬁ1“_l (g), rme F-' — obpar-

HHH onepatop Pypbe, npuMeHseMbli K GyHkuun g (A), T. e. K 06pasy
®ypbe pynkunu f(x).

OtMmeTuM, uto xots HOpMyJasl npeobpa3oBanus Pypse H 0GparHo-
ro npeotpasosanust Pypbe BHellHe MOXOXH (cM. popmynanl (9.2) w
(9.4)), no cymecTBy OHM Pa3JIHUHH: B NMepBOH H3 HUX HHTerpaJ cy-
LIeCTBYeT B OGLIYHOM CMHEICAE (MOCKOMBKY f&L,(—o, 00)), a Bo BTO-
poH, BooGIle roBops, JHIbL B CMHCJe IVIaBHOro 3HadeHus. Kpome Tto-
ro, paeerctBo (9.2) — 370 onpenenenne ¢pysKunu g(A), a B PaBeHCT-
Be (9.4) comepXUTCsi YTBepXKJeHHe O TOM, UYTO HHTerpas paBeH Hc-
xonHo# GyHKUHH [(x).

3. MNpumepsl. PaccMorpum mnpamoe u o6paTHoe npeo6pas’oBaHHuS
®ypbe AJ4 clydyaeB YeTHOH W HeueTHOH (QyHKUHI.

1°. Cnyuait yetno# ¢dyHkuuu [(x). OueBunno, B cayuae,.
ecqd f(x)=f(—x), us popmyan (9.2) noryuzaem

g\ = 32 f(x) (cosAx+isinAx)dx=2 S f(x)cosAxdx.
——00 0



348 Tn. 9. TIpeobpasoBarne Pypbe

OTciopa caenyer, uto g(A) ToxXe uerHas GyHkums. [losTomy

f(x)=_2‘__ Sg(L)cosAdi———% g (A)cos Ax dA.
T

Oty 8

TlepByio 3 3THX (GOpPMY/ HasHBaIOT NPSAMBM KOCHHYC-Hpeo G-
pasoBanueM Q®ypbe GyHKHHH f(x), a BTOpylo — 06 paT-
HHM KOcHHyc-npeob6pasoBaunueM Pyphbe,

2°. Cnyuali HeweTHOH oGyurunu f(x). Ilyers f(x)=
=—f(—x). Torpa, oueBHAHO, DOJYIYHM APSAMOE CHHYC-OIpeobpa-
30BanHe Pypbe

g(M)=2 | f(x)sinAx dx
¢

# o6bpaTtHoe cuHyc-npeoGpa3zoBaunue Pypsre

fx)= %F g (\)sin Ax dh,

0
3°. Ilyers f(x)=e¥*, vy>0. Torna

F(Hh=gM)= j e—VIxlgihx dy — 2 j e—¥* cos Ax dx,
by

—0

€ noMouip JABYKPaTHOrO HHTErPpHPOBZHHS MO YacTAM HaXOLHM

F(f) =g (b)) =—2

A g2t
4°. Tlyctp
1 mpr [x|<a;
f(x)={0 npu |x|>a.
Toraa
3) = wf iy — C oM dy = eM— =™ 9sinig]
g = {i@erdr={ - 2l
— —a

3ametuM, uto g (\) He npuHagexuT Li(—o0o, 00).

§ 2. HEKOTOPHIE CBONCTBA NIPEOBPA3OBAHHSA
DYPbLE

YCcTaHOBHM HEKOTOPYIO CBI3b MEXAY CKOPOCTBIO yOHBaHHA (PyHK-
muu f(x) u raagkoctblo (muddepeHnupyeMocTeio) ee npeobGpa3oBas
Hus ®ypbe, a TaKkKe MEXLYy [VaAKOCTHIO DYHKIHH H CKOPOCTBIO YObI-
BaHHs ee npeo6pa3oBaHusa Pypbe.
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Yreepxaenue 1. Ilycre O0an yesoeo wHeoTpuyaresvrozo k
(1+|x|)*f(x)=Li(—o0, o©). Toeda npeobpazosarue Pypve g(A)
PyrKyuu { (x) Jugpepenyupyemo k pas, npuxem,eeo nPoussOOHYO no
A aw0boeo nopadka m=1, 2, ..., k MOxHO ebluuUCAATb Ouhhepenyu-
posaruem nod snakom unreepasa (9.2), r. e. no opmyre

g = [ [ rmersdy, m=1,2 ..., b  (9.12)

HokaszardeasctBo. das umoBoro m=1, 2, ..., k cnpaseiIHBo
#HePaBeHCTBO

(e (NP ] = e (i) F ()| < (1+ |21 ()],
Wnrerpan

{4 1191 f () 1dx

cxonutcsd. M3 cxoguMocTH 3TOro MuTerpaja M H3 MNpH3HaKa Beiiep-
mTpacca (cM. TeopeMy 7.8) BEITEKaeT paBHOMEpHas MO A Ha KaX-
-]

JOM cerMeHTe CXOAMMOCTH HHTerpaJta j' f (x) e?* dx. U3 teopemn 7.14
. —c0

BBITEKaeT BO3MOXHOCTH NpoaHddepeHuHpoBaTh 3TOT HHTErpajJ IO M
Jo nopsizka m=1, 2, ..., kB, a Takxe CIOpPaBelJHBOCTL (GOpMYy-
Jaut (9.12). YTBepxdeHue DOKa3aHo.

Yreepxaenue 2. Illycre ¢pynxyun f(x) umeer 8 xaxcdol Tou-
Ke x ece npouszeoOneie do nopadka k=1 exawouurenssro, npuvem f(x)
4 gce [ (x), m=1, 2, ..., k, abcoAOTHO uxTEe2pUpYEMbL HA (—00, 00)
& 0as aoboeo m=0, 1, ..., k—1 [™(x)—>0 npu |x|—>o0 (fO(x)=

=/ (x)).
Tozda |g(\) |=o0(|M]|7*) npu |A|—oo, 2de g(A) — npeobpasosa-
sue Pypoe pynryuu f(x).
Hokasar easbcrro. [Tycts A>0, Toraa
A

5 f® (x) e dx = [f&D (x) etm]ﬂA___ [ (x) (iA) ez'hx]’iA -+
—A

A
+ o (—ipae [ Fryetedx,
—A

Yerpemasist A K 6eCKOHEYHOCTH M YUHTHIBAasi CTPEMJIEHHE K HYJIO MPO+
H3BOAHBIX QYHKUMH f(x), mOaAyduM

-] o

J 10 ) etrede—(—inye [ F(n)enedr=(—inyg (b,

-—0
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Cornacno semme 3 npeo6pasoBanne ®@ypve PysHKuuu f* (x) cTpeMur-
¢ K uyaw. [Tosatomy
|g () |=o(|A]7%).

YTBepKaeHHE [OKa3aHo.

YrBepxnenne 3 (paBeHctso Ilnanmepeas D). Iycro ¢ynk-
yus f(x) u ee sropas npou3eo0Has AGCOANOTHO UHTe2PUDPYeMb. HE
(—o0, 00), f(x)=0, §(x)=0 npu |x|—oo. Hycre pynryus ¢(x)
abcoaoTHo unTe2pupyema Ha (—oo, oo). Toeda

Sf(x)tp(x)dx=ﬁ {empma

e0e g(AM)=F(f), $(A)=F(p) — npeobpasosanus Dypve pynryuii |
U @ cooreercreenno; wepra Had P(L) O03HaA4aeT KOMRAEKCHOe CO-
npsxcenue.

I[oxasaTerCTBo ITo ¢opmyne obpautenus  f(x)==

-——F" (g)—— Sg(l Je~*d\, mpuueM coryacHO YTBepXie-

HHIO 2 -
lg (M) | <c(1+(|A])—2

Hostomy unTerpan aas f(x) cxomurcs abCoJIOTHO M PaBHOMEPHO (OT-
HOCHTeJIBHO Xx) Ha (—oo, oo), YMHoxkas ofe uyactTH GopMynasl s
f(x) na @(x) u ugTerpHpysd no x ot —A o A, nMoayunM

SA fx)e(x) dx—— Scp(x [ Sg(l e—""‘dl dx.

B cuny paBHoMepHO# nmo x Ha [—A, A] cXOaMMOCTH HHTerpana
-}

j g(A)e?* d) MOXKHO NOMEHSTh MOPSAOK HHTEIPDHPOBAaHHA B 3TOM
~—00

cdopmyse cnpaba:

[«

ff(x)g(x) dr=—— { [S’Aw(x) ea‘“dx]gm;dx. (9.13)
—c0 —mo —A

2n

rie yepra 03HauaeT KOMILJIEKCHOe CONpAXeHHE.
CorJsacHo oueHKe

| 5cp<x e dx|- g (M) < c(1+ M) hcp(x |dx

1) M. Inangumepens — weefinapckuil Matematk (1885—1967).
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u npu3Haky Befiepurtpacca uuterpan B mpaBod uyact (9.13) cxoxmut-
<A paBHoMepHO Mo A Ha Bcell npamofi. [IpuMensas Teopemy 7.9, B
(9.13) MoxHO mepeiiTH K mpenenay npu |A|—-oco mox 3HAKOM HHTerpa-
Ja. [Toxyuum

« 2]
[ 1g@dr=o- [emBoyan
._ra; —
YTO H Tpe6oBa/oCch NJOKA3aTh.

B saksawuenne nokaxkeM TteopeMy KoTelbHHKOBa?), Hrpamomyo
BaXKHYI0 POJb B TEOPHH pajHocBA3u. g 3Ttoro CHeMaeM HeCKONBKO
npeaBapuTenbHbx nosicHeHudl. Ilycres dyHruusi f(x) ompendesnena Ha
cermente [—/, /] u nepuoguuecku (C mepucaoM 2[) mMpoAosIKeHa Ha
BCIO NPAMYIO; OyCTh 3Ta (PyHKuMs a6COJIOTHO HHTErpUpyeMa Ha He-
puoze. Pasnoxum f(x) B psan @ypee (koTophifi B ciyuae, ecau f(X)
YAOBJIETBOPSIeT AOMOJHHTENbHBIM YCJIOBHSIM, CXOLHTCH K Hei):

flay=—2 +Z(akcos—kx+bksm_ ) Lcke i Jrkx

k=1 k=—oo

®yHKuu0o f(¥) HA3HBAOT CHTHAJAOM, uucaa {do, ar, be} nam
{c:} — cmekTpoM cHrHama, a BeauuuHy £&/2/ — vacToTOH
CHruauaa f Pasroxenue nepHogudyeckoii ¢ynkuuu B pax Pypse
HasHlBAIOT TAPpMOHHYECKHM aHAJH3O0M JaHHOH OyHKUMH.
B cayuae neproznueckoi (yHKuuH f(x) ee cmeKTp AMCKPeTeH, T. e.
COCTOUT H3 He GoJiee yeM CUETHOI'O MHOXKeCTBa 3Ha4YeHHH.

Ecnu dyuruua ne sBasercs mepuoimueckol, To psaa Pypee, Kax
Mbl 3HaeM, MoXeT OHTh 3aMeHeH uHTerpajoM Pypee ¢yHKuMH f(x) ¥

@

Fx)=——r 5 g (k) e dh.

—0

Dynkuuio f(x) MOXKHO HO-TIpeXXHEMYy HasblBaTb CHTHAJOM, a
¢yuxkuuo (M) — cneKTPOM CHTHaJa (B JaHHOM c/yuyae CHEKTp
HeNpepHBeH) H A — YaCTOTOH cCHrHama.

Ha npakTtrke BaXHOH 3anavell sBisieTcs 3ajaya BOCCTaHOBJEHHS
CHMrHasia no cnektpy. IloguepkHeM, YTo YacTo HeT HeOGXOLUMOCTH
3HaTh cleKkTp £(A) mas Bcex 4acToT A, Aa M NpubOpH  yJIaB/JIHBAIOT
CHEKTP TOJIbKO B HEKOTOPOM JAMamna3oHe dacToT |A|<a. (Hanmpumep,
yeJloBeyecKoe yxXo yJiaBJHBaeT CHrHaJ B jguamaszoHe ot 20 repu zno
20 kuaorepi.)

IlostomMy Gynem cumtath, uto curHaa f(x) (x — Bpems, —co<x<
<00) uMeerT GHHUTHHH CIEKTP, OTJAHYHEIA OT HYJs JHUIb AJSl 9acTOT

2» B. A. Kotenbukos (pox. B 1908 r.) — cOBeTCKHH aKaJeMMK, CIEHaJHCT
B TEODHH PaIHOCBA3H.
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A npu |A|<a. Takum o6pasoM, npu |A|>a umeem g(1)=0. Caego-
BaTeJIbHO,
a

<m-%ggmrmazﬁjgmrmw (9.14

PasnoxuM Ha cermenTe [—a, a] dynkumo g(A) B psanx Pypee:

had e
g =Y. de * .
k=—w

Vuurebas (9.14), nonyunm

a

%S (L)e_mdl=—“—f(——‘:—k). (9.15)

ToxcTaBass 3TH Ko3dGhHUMeHTH B psig aast g(A), a 3areM g(A) — B
uarerpan (9.14), 6y11eM HMeTb

ll

9= | ( Y (= )“w ") dr=

=-—00

ih(%k—x)
£ Bz [P

k=—aux

TakuM o6pa3oM, AOKasaHa cjeaymolmas
Teopema 92 (reopema Korenvuukoba). [asn cuexasa f(x) ¢
GuHuTHbLM cnekTpom g (1) cnpasedauso CoOTHOULeHUE

K11
© sing (x _ k)
= 2 F(Zk \ a
a T
he—o alx——kFk
a
Teopema 9.2 mokasniBaer, UTO CHTHAaJ, ONHCbiBaeMBH OQyHKUHeH
f(x) ¢ unuTHBIM cnekTpoM g (A), COCPELOTOUEHHBIM B MOJIOCE YacTOT
|A| <a, BoccTanaBAHBaeTCs JHUIb HO OTCUETHBIM 3HaYeHUsAM f (—k)
a

nepesaBaeMbIM uepe3 paBHBIE NPOMEXYTKH BPEMEHH ft/a.

§ 3. KPATHBIYI HHTEIPAJI ®YPbE

3llech MBI AalHM JHUIb CAMBIE HaYa/JbHble MOHATHA O KPaTHOM HH+
terpaiie @ypoe. Ilycte yukuus N nepemeHHuX [(x)=f(x;, xg, ...
..., Xy), N>2, TakoBa, 4To CyImecTBYeT HeCOOCTBEHHHIH HHTerpas
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S...Sf(xl, Koy vey Xy)dx dx, ... dx,.
EN

Hasopem npeo6paszoBanunem (o6pasom) Pypbe Takoi
PyHkuuu f(x) BeNHYHHY

gM) =gy Ay ..., ?»N)=S.}v.j‘f(x1, Xy ... Ky) EEN dy dxy ... diy,
E

Tae (x, A) o3HayaeT CKajAsipHOE NMPOM3BejeHHe BEKTOPOB Xx= (X, X, ...
, xN) H },=(A1, Ag, ..., }.N), T. €.

N
(x! A’) ZZ xili-

{=al

Toyno Tak XKe, Kak B § 1, MoxHo mokasats, 4yto £(A) aBasercs
genpepuiBuoft  PyHKuMei A B EY H cTpeMHTCs K HYJIIO TpH A=

= (i xf) 2 0. Tipemen

(=l
tim § . [ @by Mav oov A)eeD dhydh, .. dhy
A+ EN

TIPH yCJIOBHH, YTO OH CYUIECTBYeT, HA3HBaeTC pa3JOKEHHEM
dyukupu f(x) B N-kpatubi#i uaTerpaa ®ypse C noMomeo
nmepexoaa K Mpefeny MoJydaercs (rak XKe, KaK B cJaydae OLHOH mes
pemenHo# x) QopMmysa oﬁpameﬂnﬂ

f()= j j"g (M) e—iN A,

(2 )”

e
x=(x1, xﬂ! LIRS ] xN)’ A":(A’]_’ A’zv CEEIEE | A’1\')-



TIpeaucnosne

Or'JIABAEHUE

TJAABA 1, YHCJIOBBIE PAADBI

§ L.

§ 2.

§ 3.

NN
DD

§ 7.

§ 8.

TlonsiTHe UHCIOBOTO psila . P U
1. Cxopsimuecs B pacxoisiinecs pﬁ}.‘lhl (7). 2. Kpurepufi Komn cxonu-
mMocTH paga (10)

Pags ¢ HeOTpHUATEJbHHMH YJIEHaMH .

1. Heo6xonuMoe M I0OCTaTOYHOE YCJOBHE CXOLMMOCTH pfma c Hempﬂua-
TeJbHRIMH yieHamH (12). 2. Tlpussakum cpaBmesns (13). 3. Tlpusnaku
HanamGepa u Komu (16). 4. Hurerpanpustit npusanak Komun— Mak-
jgopena (21). 5, Tlpussak PaaGe (24). 6, OtcyrcTBHe yHHBepcaJbHOTO
pana cpaBHeHus (27)

A6COMOTHO H YCNOBHO CXOAsIHECs PsAbl e
1. TlonaTus aGCOMIOTHO H YCJOBHO cxounmuxca psw.oa (28). 2. O ne-
pecTaHOBKE WIEHOB YCJIOBHO cxopsmerocs paza (30). 3. O nepecrasoBke
yneHoB aGCoOMOTHO cXoasuierocs paga (33)

. TlpHaHakH CXOZMMOCTH NpPOH3BOJBHHIX DSAIOB .
. ApndmeTHueckne onepauyH HaJ CXOASALIHMHCS pﬁu,aMH
. BeckoHeuKble TIPOH3BeIEHHS

1. OcHoBrble noHATHH (44). 2. Castab Me)xu.y CXO}.IHMOCTBIO 6eCKOHEUHBIX
NnpoH3BeneBHH H panoB (47). 3. PasnoxenHe ¢GyBKUHH sinx B OeckoHed-
Hoe npoH3BexeHue (51)

O60o0mieBHble METOAE CYMMHDOBAHHS pacXoisilHXCs psjaoB . . . .
1. Meroxn Yesapo (MeTon cpennux apupmeruuecknx) (56). 2. Meron
cymmupoBaHus Ilyaccona — AGensa (57)

dieMeHTapHas TeOpHA ABOHHEIX H IOBTOPHHX PALOB

TJIABA 2. dYHKIHOHAJNDBHBIE NOCJHENOBRATEJIbHOCTH U PANbI

§ L

TIoHATHST CXOAHMOCTH B Touke H paBHOMepHOH CXOJHMOCTH Ha MHO-
XKecTBe

1. Tlouarnsa (pyHKuHOHaanon IIOCJIe}.IOBaTEJIbHOCTH H (byHKuHonaJIbHoro
psaga (67). 2. CxoanMocth ¢GyHKHHOHANLHOH NOCAEROBaTeIbHOCTH ((DyHK-
IIHOHAJILHOTO psina) B TouKe W Ha Muoxectse (69). 3. PaseomepHasn
CXOZHMOCTb Ha MHoxecrBe (70). 4. Kpurepuit Kolln paBHOMepHOH cXo-
JHMOCTH nociefoBaTeabHocTH (pazxa) (72)

. HocraTounnie NpH3HAKH pPaBHOMEDHOH CXOZHMOCTH (YHKIHOHaJbHBIX

nocJie10BaTeNbHOCTER H pAnoB

. ousenns# nepexox K hpepeny
. TlouneHHoe HHTerpHpoBaHHe H NOYJEHHOE u,mj)cpepeﬂuﬂpoaaﬂne (pyﬂxuuo—

HaJIbeIX nocJefoBaTeNbHOCTEl H pALOB
Tlounennoe uHTerpHpoBanne (87). 2. Tounexntoe ump(pepeﬂunpoaauae
(90) 3. CxoxuMocTb B cpenteM (94)

. PaBHOCTeneyHas HenpepHBHOCTL NOCAELOBATENLHOCTH (YHKIHH
. CTeneHHne paasl

l. Crenensofi psp u 06aacTh ero cxo;mmocm (102) 9. Henpepuaﬂocm
cyMMHl cTemeHsoro psaga (105). 3. IlouwseHHoe HHTerpHpoBaHHe H NOYJEH-
Hoe auddepeHiHpoBaHHe cTeneHygoro psifa (105)

. Pasjioxenne ¢pydHKuu#i B cTeneHHble PAAH .

1. Paasoxenyue QyHkuHH B cTeneHHo# pax (107) 2. "Pasnoxenne Hexo-
TOpHX 3jeMeHTapHblx ¢yHkuuil B psag Tedtnopa (108). 3. Daemenrapubie
npeacraBleHHs o ¢GyHKUHAX KommjekcHo® nepemensoft (110). 4. Teope-
Ma Beilepmmpacca 0 paBHOMEPHOM INpPHO/HXKEHHH HeNpepHBHON (QyHKIHH
MHorousneHaMH (112)

12

28

35
41
44

55

59
67

67

74
83

87

97
102

107



TJABA 3. NBONHBIE U n-KPATHbBIE HHTEIPAJIb!

4§ 1. OnpeZenenne H YCJOBHA CYIIECTBOBaHHA ABOMHOTO HHTerpaja .
1. OnpeneneHne ABOfiHOrO HHTErpaja [aAs DPSAMOYTOJbHHKa (117)
2. VCIOBHs CYIIeCTBOBAaHHA [IBOMEHOTO HHTerpajia IJis IpSAMOYrOJbHHKa
(119). 3. OnpeneneHnde H YCJOBHA CYIIeCTBOBAHHA JBOAHOIO HHTerpaja
Ui npoHsBoJbHOA o6sacth (121). 4. O6mee onpeneneHne IBOAHOro HH-
terpana (123)
. OcHoBHbie cBOHCTBa JABOWHOTO HHTerpafa
. CBejeHHe JABOfiHOTO HHTErpaja K NOBTODHOMY om{oxpamomy .
1. Cayua# TIPAMOYTOJLHHKA (129). 2. Cayyalt TpOH3BOJILHOMN o6;1ac’m
(130)
. TpoiiEbie H n-KpaTHble HHTerpajhbl . .
. 3amMena nepeMeHHHX B A-KPaTHOM HHTEI‘paJIe .
. BruiuHc/ieHHe 006BeMOB M-MEpHBIX TeJx . e e
. TeopeMa 0 NOYNCHHOM HHTETPHPOBAHHH (pyHKuHOHaanHx HocJie0Ba-
TeJbHOCTEH H pAIOB e
. KpaTnb.e HecoGCTBEHHHIE HHTEI‘paJIbI e
. TonsiTHe KpaTHBIX HecoGCTBEHHbLIX HHTerpaJIOB (159) 2, JlBa npH3Ha-
Ka CXOLHMOCTH HeCOGCTBEHHHX HHTErpajoB OT HEOTPHIATeJbHHX (GYHK-
unit (160). 3. Heco6cTBeHHHe HMHTerpasinl OT 3HaKolepeMeHHHX (yHKIHA
(161). 4. I'naBHOe 3HaYeHHe KpDaTHRIX HecOGCTBeHHHX HHTerpasoB (165)

7 7]
w N

a0 =3O O

TJABA 4. KPHBOJIHHEAHBIE HHTEIPAJIbI .

4§ 1. IousTHs KpHBOJMHEHHHIX HHTerpajoB NepBOro H BTOPOTO poja .
4§ 2. YcaoBHs CYIMeCTBOBAHHS KDHBOJHHeHHHX HHTErpalioB

fJABA 5. NOBEPXHOCTHBIE HUHTETIPAJIbI .

4§ 1. TlonaTH noBepXHOCTH H ee NJomaid . e
1. Ilonatue noBepxvoctn (175), 2. Bcnomora'renbnue aemMu  (179).
3. Mnomaxny nosepxHoctn (181)

4§ 2. TloBepXHOCTHEIE HHTErpaJh

TJIABA 6. TEOPHUYA HOJ]ﬂ OCHOBHbIE HHTETPAJIbHBIE $O0PMY-
Jibl AHAJIU3A .

§ 1. O6o3nauersHus. Bnop'roronanbﬂme 6a3Huchl. I/IHBapHaHTH JHHefAHOro one-
paTopa
1. ObosnauerHs (190) 2. BHOpTOI‘OHaJIbHHe 6asucu B IIpOCTpaHCTBe
Er (191). 3. Ilpeo6pasoBaunsa GasucoB. KoBapHaHTHHE H KOHTPBaDHAHT-
Hble KOOpAHHATH BekTopa (192). 4. MHBapHaHTH juHefiHOTO omepaTopa.
ﬂnsepreﬂuuﬁ H poTop (195). 5. Bripaxenns Ans AHBEpPreHUHH H POTO-
pa JiHeHHOro onepaTopa B OPTOHOPMHpOBaHHOM Gasuce (198)

§ 2. Ckanspurle H BekTopuble noas. [uddepenunalbHEE OINEpAaTOPH BekK-
TOpHOI‘O aHaJH3a e e

. Ckansnphble H BeKTOprIe noas (198) 2. JluBeprenuus, poTop H Ipo-

Haso:maﬁ no HanpasJeHuio BekTopHoro nonsi (203). 3. Hekoropme npy-
rue (GOpMyJIH BekTOpHOro anajusa (204). 4. 3aKJIOUHTEJbHEIE 3aMe-
yarus (206)

§ 3. OcHoBHble wHTerpaJbHble (popMy.rm aHaJH3a
1. @opmyna I'puna (207). 2. Gopmyna OCTporpancxoro*I‘aycca (211)
3. ®opmyaa Crokca (214)

4§ 4. YciOBHA HE3aBHCHMOCTH KpHBOJlHHEHHOI‘O HHTEerpaja Ha MJOCKOCTH OT
OYTH HHTeTPUPOBAHHA . . .

§ 5. HekoTopue npumeps npnnomeﬂnn Teoppm nons .
1. Belpaxenue njomajd mJOCKOH 06aacTH uepes KpHBOJIHHEHHHH HH-
1ie2r2p3a)n (222). 2. Bhlpaxenne o6beMa Yepes NOBEPXHOCTHHIH HHTerpan

Jononsenne K raase 6. Jluddepenunanbiuie (OPMH B E€BKJIHLAOBOM IIpO-
CTPAHCTBE . . . . . . . . . ..o

117
117

127
129

133
138
152

157
159

167

167
169

175
175

185
190

190

198

207

218

222

225



§ I

§ 2.

§ 3.

§ 4.

Bﬂaxonepemeﬂﬂue noJuJnHeHHEe (GOpPMEL . e e
Jlunefienie ¢opmul (225). 2. Buannefinne (popMH (226). 3. Tloanam-
He]“mhle dopMmu (227). 4. 3HaKonepeMeHHue NONHAHHEAHble GopMbl (228).
5. Brelniree nmpoH3BejeHHe 3HaKomepeMeHH»IX Gopm (228). 6. CsolicTsa
BHEUiHero IPOH3BeleHHA 3HaKomepeMeHEHX d¢opm (231). 7. Basuc B
NPOCTPAECTBEe 3HaKonepeMeHHHX ¢opM (233)
Anddepennnansie opmer . . . . . ... L,
1. OcuoBuble o6o3nauenus (235). 2. Buewnnit nuddepernuan (236).
3. CpoiictBa BEemHero AHdbdepeHunana (237)
JuddepenunpyeMue orobpaxKeHus e e
1. Onpeu.eneﬂue auddepeHIHpyeMBX 0T06pa)erHH (239). 2. CsoficTBa
oTobpaxenua @* (240)
HHTEI‘pHpOBaHHe napdepeHaNbHbIX  GOPM . Coe .
. Onpenenennst (243). 2. Jluddepenunupyemse venn (245) 3. ®opmy-
na Crokca (248). 4. Tlpumepnt (250)

TJIABA 7. HHTETPAJIbl, 3ABHCAIUHE OT NMAPAMETPOB .

§ 1L

§ 2

§ 3.

§ 4.
§ 5.

~ o,

PaBHomepHoe N0 onHOH NepeMeHHOH CTpeMjeHHe (YHKUHH IBYX mepe-
MeHHHX K IIpefesy Mo IPYFod mnepeMeHHoH .

1. Cpasp paBHOMepHOTO IO OXHOH nepemem{ou CTpeMJIEHHﬁ (pym(umi
JBYX TIEPEMEHHHIX K Mpelesy Io JAPYrofi mnepemMeHHOH C paBHOMEpPHOM
CXOJIMMOCTBIO (YHKUHOHAJbHOH nocienoBateipHocTd (252). 2. Kpurepufi
Koma paBHOMepHOro cTpeMiienHsl GYHKIHH K npeieabHofl (254). 3. Ilpm-
MEHEHHS] [OHATHS DaBHOMEDHOTO CTPeMJIEHHs K MpelelbHOH ¢YHK-
Hn (254)

Cob6cTBeHHbIC HHTErpajbl, 3aBHCAIHE OT mapaMerpa . . . . . .
1. CroiicTBa HHTerpaja, 3aBHcsAmero OoT napameTpa (256). 2. Cayuah,
KOrla TpefeJiel HHTETPHPOBAaHHA 3aBHCAT OT napamerpa (257)
HecobcTBeHHRle HHTErpajiH, 3aBHCAIHE OT MNapaMerpa .

1. Heco6cTBeHHEIC HHTerpajsl NMepBOrO poja, 3aBHCSIIHE OT napameTpa
(260). 2. Heco6cTBeHHEIE HHTerpajhl BTOPOro poja, 3aBHCSALIHE OT Ma-
pamerpa (266)

TIpuMeHeHHe TeOpHH HHTErpajioB, 3aBHCAMHX OT NapaMerpa, K BBIYHC-
JIEHHI0 HEeKOTOpHIX HecOGCTBEHHBIX HHTErpaJioB .
Waterpanu Dditnepa . e
I T-pyrruns (272). 2. B-(pyHKuHﬁ (275). 3. Casiab Mexay 3HJIepoBH-
MH HHTerpajamu (277). 4. llpumepn (279)

. ®opmyna CrupaHsra .
. Kpamue HHTErpasnm, 3aBucAmue OT HapaMeTpOB .

CoGcTBenHbie KpaTHble HHTETpasbl, 3aBHCALIHE OT napameTpoa (282)
2 HecoGcTsentsle KpaTHee HHTErpajibl, 3aBHCAIue oT Mapamerpa (283)

TNABA 8, PSlibl ®YPLE

§ 1.

§ 4

OpToropmupoBaHEEHe CcHCTeMH u ofmue psagn Pypee
1. OproHopmupoBaHHBe cucTemH (287). 2. Ilomatue o6 oneM pﬁue
Pypse (292)

. SBMKHyTbIe H MeJHBE OpTOHOpMHpOBaHHbIe CHCTEMEI .
. SaMKHyTOCTb TpHI‘OHOMETpH'{eCKOH CHCTEMH H CJIeACTBHA U3 Hee

1. PaBHOMepHece mNpubamKeHHe HeNpephiBHOH (YHKUHH TPHIOHOMETpHYe-
CKHMH MHoroujgeHamu (298). 2. Jloka3aTeJbCTBO 3aMKHYTOCTH TPHTOHO-
MeTpuueckoi cucTemul (301). 3. CnencTBus 3aMKHYTOCTH TPHTOHOMETPH-
gyeckoft cuctemnl (303)

TIpocrefimine ycnoBusi paBHOMEDHOH CXOAMMOCTH H TIOYWJIEHHOTO u.mp(pe—
PEHIIHPOBaHHA TPHIOHOMeTpHYecKoro psaga Pypee .

l. BeogHue 3aMeuanus (304). 2. [lpocreilinne ycioBus aGCOJIIOTHOH H
paBHOMEpHOH CXOJHMOCTH TpHroHoMeTpHyeckoro paga Oypbe (306).
3. Tpocrejimive ycioBusi nouwjeHHoro Iudp¢epeHUHPOBAHUS TPHTOHOMET-
puueckoro psiga ®ypee (308)

225

235

239

243

252

252

256

259

267

27t

280
282

287

287

295
298

304



§ 5.

§ 6.

Bosee TouHbe ycloBHA paBHOMEPHOH CXOAHMOCTH H YCHOBHS CXOXH-
MOCTH B JaHHOH TOuKe

1. Monynb HempepHBHOCTH (pymmuﬂ Knacen I‘enbuepa (309) 2. Bupa-
JKeHHe AJs YACTHUHOR CyMMH TpHroHoMeTpuueckoro psga ®ypoe (311).
3. BcenomoratennHue npepnoxenus (314). 4, [IpuEmHnD  jokannsanuy
(317). 5. PaBHoMepHass CXOZHMOCTb TPHTOHOMETDHUECKOro psxa (dypbe
aas yskunu u3 Kaacca I'éapaepa (319). 6. O cxoauMOCTH TPHrOHOMET-
puueckoro psaga @dypbe Kycouho rénpiepoBod ¢yskumun (325). 7. CyM-
MHpYeMOCTb TpDHTOHOMeTpHuecKoro psajaa @ypbe HenpepHBHOH (YHKIHH
METOAOM CpeAHHX apHdMeTHueckHx (329). 8. 3akaouHTejbHbe 3aMeya-
HHs (331)

KpaTHbie TpHroHoMeTpHUeckHe psabl ®dypbe .

1. TIoHATHA KpaTHOrO TPHIOHOMETPHYECKOTO DPsAa d>yp1>e i ero np;mo-
YroJbHHX H ctepHyecKHX uacTHuHHX cymm (332). 2. Moaynab Henpephs-
Hocth M kKaaccl Ténpmepa pgaa  ¢yskumr N nepemennnix  (334).
3., Ycaosus abconoTHOH CXOZHMOCTH KPaTHOTO TPHTOHOMETPHUECKOro
paga ®ypbe (335)

IJIABA 9. MPEOBPA3OBAHHE ¢YPbE

§ 1.

§ 2.
§ 3.

[peacrapiesne ¢YHKUHH HETerpasoM Pypne ., .

1. BecmomoraTenbhble yTBepXieHus (340). 2. OctoBHas Teopema <I>op-
MyJa oépameHHﬁ (342). 3. Ilpumepn (347)

HeroTopnie cBoficTBa npeoGpasoBanua @ypbe

KpaTsHii uHTerpan ®ypbe . Coe

309

332

338
339

348
352



