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§58. BYwjhh wpp, Gpw qniquihwnnipynitGp L gnudwpp: BYwjhh
2wppbph wwpqugnyG hwwnynipynGGbipp: Swpph qniqudhwninipjw
whhpwdbzn  wwjdwlp: Ypwhwdl winwiGkipnd wppbph
hwibdwwndwl hwjunwGhGtpp:

Ohgmp, npywé t
a,,a,,...,d,,... (1)
pywjhl hweonpnwiwbnepjnilp [19]):
UwhdwGnd 1:
a+a+-ta, +o (2)
wmnwhwpnmpimp Ynsymd t a, (n=1.2,..) wlnwdlGbpny pyuyhl wnp b
Opwlwlymyu ¢

2.4, @)
wuwydwlwGpwhny:

UwhiwGnl 2: (2) swnph wowphl n wlnwdbbph gnidwpp (n=12,...)
Ynsymid t wyn pwipph n -pn dwulbwlh gmidwn b Gpwowldmd ¢ s, -my, puly S6w-
qwo winuwdbbphg wqlyws wnpp’ Gpw JGwgnpn n-nn wlnuwdhg hbun Jwd
ywpquybu n -nn Gwgnpn:

Uwyhuny, hwowdwyl pbpywé vwhdwldwd, (2) rwpph n -pn dwulbwlhh
qmudwpp b JGwgnppp n -pp wlnwihg hbunn hwiwwuwwnwufuwlwpwn mGbG

S=a+a+ta, 3

a, +a,,+= Z‘Tam (n=12,.) ®

wbupp:

Thuwplyynn pduih 2wpph qniudwph hwuluwgnipynibp Gepdnudbint hwdwp
Ywqitlp wyn 2wpph dwulGwyh gmdwplGbph

N A . (4)
hwonpnwywbnipynilGp:
UwhdwGnwd 3: (2) swnph dwubwlp gnidwpbbiph (4) hwonpnwlwlnippwl
Ybpouninn wd whdbpy s vwhdwdlp.

s =lims,
Yngimd ¢ inpfwo pwinph gmidwn b wyn hwunp Gpulwlpdnid ¢ hbnlyuy Ybpuy
s=Ya,:
u=l
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§ 58
UwhdwGnd 4: Cwnpp Ynsymd t qniquitn, bpl wyl nilh Epowynn
qmdwp, L nwpwdbn, tpt Gmw gmdwnp hwdwuwn ¢ wyniw Yud dhmu wi-
uwhowlmpywl quwd gympymb snilp:
Uuyhuny, hGswbu inbulmd bap, (2) 2wnph qmqudtin (hGbIp hwiwndtp
t (4) hwonpnwlywbmpywl bpouninp vwhiowl mG6GwnG:
OnhGwy 1: Mwpqby hbwnbywi 2wpph qniquishnnpjwG hwpgp’
a+aq+---+aq" +--- (@#0): (w)
Lowdnud: UnwGdhG-wnwhGdhG pGGwplyblp htwnbjwy hGwpwynp abwpbpp
w) ¢g=0:
UyGhwnnptiG pGGwpyynn nbwpnd tpdwé wppp qruqudhnind t:
P g=1: :
Ruwlh np pGGwpyynn ntiwpnid (w) 2wppl pGnnLGnud t
a+a+--+a+-- (w)
wbiupp L 7 -p wlhuwhdwlnipjwl dquntithu (W) 2wpph SwulGwyh qnuiwpGbph hwenpnw-
YwlnupymGp vwhdwGunhwy st [21,p27.

. . . +o, bph a> 0,
lims, =limna=alimn={ >
o ~—e o -, hpu a<0’

hbnlwpwp, g=1 nbupnid tpfwé wppp twpwshund t:

9) ¢g=-1:
RGGwpyynn nbwpnd (w) 2wppG pGanLGNLY L
a-a+a---+(-0)"a+.- (w)
wbupp:

Rwlh np n-h qniyq wpdbplbiph nhiwpnud (w”) 2wpph SwuGwyh qrudwpGbpp
hwyjwuwp BG qpnh, puy YaGun wpdbplGbph nbwpntd” a -h.
0, bt n=2k,
s =
" la, vpt n=2k-1 (keN),
hbwnbwpwp, n-p wluwhdwinpjwi dqunkthu, (W) 2wpph GwuGwyh qnuswpGbph hw-
onpriwlwGnipynilp npnawih uwhdwGh sh dqunud, hGsp Guulwymd b, np ¢ =-1 nbw-
pnud npywé 2wppp wwpwihuind t:
M k<1 @=0):

Ruwih np pGownpyynn nbwpnid (w) 2wpph winwilbnp Yuqind GG weYbp GJwqnn
bpypwsunhwwt wpngqpbupw, hbwnbwpwn wjl qniqudhwnnd t, pGn npnud wyn 2wpph

QnuiwnG wpunwhugnynud t s =a/(1-¢9) pwGwalng:

b) |q|>l:

Lywwhp nGbGwiny, np pGGwplynn nbypmd (w) 2wpph Swulwyh qnudwplbpp ¢
hwjnwpwpny bpypwswhwiwt ypngpbupwGliph qnuiwpltp GG.

q -1 _
pr n=12,.)

b hwayh wnGtny, np -1-hg thapp ¢ -Gph hwiwn BMe” uwhiwGp gnyneynLG snuGh, huy 1-hg
0té g -bph hwdwp wyo hwyjwuwp t wyymu wiuwhdwbGnpjwl’ bqpuwiwglmd bGp, np

s,=a
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QLN XI
|q|>l WwydwGhG pwjwpwpnn ¢ -aph hwdwp nhrwpyynn 2wppp wpwdhunnd t:
Upnyhuny, wipnipbny bpnapyuy wpymGplbpp” vnwlmd bap, np |g| <1 nbupmd

(w) Jwnpp qmeudpnnid ¢ huly lg| 21 plpmd” unupwdurnd:

Ujdu 6wlnpwlwlp pluyhG 2wpptiph wwpqugniG hwunlynipintGGtiphG:

unpbd 1: BYuypl wnph qniquidhwnmpiniGhg hbwnlmd ¢ Opw guiblu-
gwd vGwgnpnp qiquipunnipinilp b hwlwoaudp” Jwpph gwilwgws dGwgnp-
nh qriquispinnipyniGhg hbinbmd ¢ wyn wpph qniqudpwnnipnip:

Uy funupny, 2unph ulyqphg Ybpowynp pyny wihnwdbbph nbl Gwnmdp fuwo
Opw ulyqpenid Ybpgundnp pyny winwdlbph wybjwgndp sh wanmd wn swnph
qmueuipwnnippul ypw:

Uwuwgny)g: Epb tingGklGp 7 -h nplt wpdtip L (2) 2wpph 7 -pn dGwgnpnh
k -pn dwuGwih gnuiwpp GawlGwytGp o -ny.

o!=3a,.,
-l
Yuunwlwip
Oy =543, (nk=12.): (5)

Btnpboh wnwehG dwul wwwgnighim hwdwp GGpwnpthp (2)-p qniquiibn
2wnp t, wjuhGpl bGpwnpbtGp qnynpynth mGh

lims, =5,
hnbwpwp Gul’
s =
dbpowynp uwhiwhp L (5) hwywuwpnipjwh dbe wiglhkGp uwhdwGh, tpp £ -G
dquinud t wluwhdwlnmpywG [21, p1].
I.il*na,',‘ =lim(s,,, -s,)=lims,,, —lims, =5-35,:
Lwlih np (3) 2wpph dwubwhh qmuiwnpGbph hwonpRwywbnipynGlG nbh
ybpgwynp uwhdwh, htnbwpwp wjé qniquitn pwpp t:
Utgltyny plinptidh bpypnpn dwup wupugnigdwbp, (5) hwywuwpnipyniGp
GhpYuywglbGp
Spa =S,408  (n,k=12,.): (5)
wnbupny: GGpwnpbiny, np (3)-p qruquiibin wpp t, wyuhlpl' tiGpwnpbiiny, np
k -0 wOuwhdwlnipjwh dqunbthu gnjnupynth nuGh
limo, =0, (nk=12,.)

ytippwynp uwhdwGp? L (5) hwywuwpnipywh dbe wGghkiny uwhdwGh, tipp & -0
dguinud £ whuwhdwGmpywG, YuinwGwp, np (2) 2wpph dwubGwyh qmuiwpGbph
hweonpnwljwbnpyniGa nGh Ybpowynp uwhiwa.

*) Jwuluwlug h t, np plnhwlnup nbwpnd (3) upph gnudwnp Ywhajwo t 7 -hg:
-8-



§ 58
. —1 X . . k _
lims,. = lim(s, +01)=lims, + fmo} =5, +o,,

hGgp GawlGwynmd t, np (2)-p qniquidbivn 2wpp £

hyw
LjwunkGp, np qniqudbn 2wnph qnudwpG hp »-pn dGwgnpnh gnidwphG
Juwuyws t

s=s,+0, (n=12,.) (6)

wnGsmpjwdp, npntin s -p wpjws 2wpph qnudwpG b, huly s,-p L o,-p° Gpw
hwiwywunwuliwlwpwn 7 -pn Swubwyh gnudwpl nt 7 -pn dGwgnpnh
qnudwpp:

Bunptld 2: 6pb (2)p qiquilbn punp b wupw Gpw n -pp dGwgnnnh gni-
duwpp n -h wodwlp qmiqplpwyg dgunmd b gpmyh:

Uwuwignjg: Thgnip (2)-p qniquibin 2wpp £ L s -p Gpw qnudwnG E:

(6) wnGsmpynGp Ghplywjwglbing

o,=5-5s, (n=12,..) (6)

nbupny L unwgywd hwjwuwnpnipjub ke wightiny vwhdwGh, bpp 7 -p
dquinid £ wiuwhdwGmpywG' YnGbGuhp

l'ga,, =£u£(s—s,)=li£s—@s, =5-5=0:

huyw
Bunpbd 3: bpli (2)-n qriquibin 2wpp t, L Opw qmudwnp hurjuwuwn t s <p,
wuw

ca +ca,+--+ca, +- - (7)
2wnpp, nunbn ¢ -0 jwiowywlwl hwuwnwnmé t, Gnybwbu gniqudbn & L Gnw
gmdwpp hunjwuwn t cs -fr:

Uwwgniyg: Btnptidl wwywgnigbint hwdwp (7) 2wpph 7 -pp dwulwyh
qnuiwpp GwGwlbbp 7,-ny L w)t wpnwhuynblp (2) wpph hwiwwwwnwu-
fuwG Swubwyh qmuiwpny.

7., =ca +ca,+---+ca, =cla,+a,+---+a)=cs, (n=12,.):

Ujuwhuny, gwiljwgwé n -h hwdwp unwimd tGp

Ya =S, (®)
huwuwpnipyniGp: (8) hwywuwpnipjwld dbe wiglGhiny uwhdwGh, pp 7 -p
dquind t whuwhdwGmpyw, YnGhGwlp

limy, =lim(cs,) =clims, :
0 o a0

Jwzyh weGtiny, np (2)-p qnquibn 2wnp t, L Gpw qnuiwpp hwwuwp t
s -h" JuunwGwiGp

limy, =cs : (9)



QLN XI
bGswbu qhwnkGp, unwgwéd hwyjwuwpnipynilp Gawbwynud k, np (7)-p qni-
qudbw wpp t, L Gpw gnudwpp hwjwuwnp t es -h:

huyw
Uuyhuny, bpb gmiquititn wpph pninp wlnwdlbpp pwqiwwunnybiop
Uhlln 0 hwutnunnmGny, wuww Gpw gmdwpp GnyGwbu Ypwqdwwunnipdh wn
hwwanunnniGny:
Bunptl 4: Lpb

a+a+-+a, +eer (10)

b+b+-+b 4 (11)
wppbpp gqmauwibn 66, L Gpwlbg gnidwnplbpp hwiwwuwnwufuwlbwpwn
hwywuowp 6G A -h b B -h, wwyw qiquibn 66 Gwh

(a,+b)+(a,+b)+--+(a,+b,)+-- (12)

(@,=b)+(a =b)+-+(a,~b) +-- (13)
wpnpbnp, pan npnud wyn wnpbnh enudwnGbpp hwiwwuwnwufuwbwpwn hw-
Ywuwn 6G (A+B) - (A-B) -fr:

Uwuwgnijg: BLnptdh (12) 2wppht Ytpwpbpnn winnuibd wuwgnigbpn
hwdwnp (10), (11) L (12) 2wpptiph 7 -pn SwulGwlyh qnudwpGlipp hwiwwwunwu-

huwbwpwn Gawlwyklp 4,-ny, B,-nynt C,-nd L C, p wpuinwhwjinbGp 4, -h n
B,-h dhengny.

C =(a+b)+(a+bh)+-+(a,+b,)=
=(q+a,+-+a)+(B+b+--+b)=A4,+B, (n=12,.):
Uuwhuny, gwlliwgwé »-h hwiwp uvtnwbnud Gip
C,=4 +B, (14)

hwjwuwpnpynilp: (14) hwdwuwpngjwb ke wGgGbiny uwhiwGh, bpp 7 -p
dquinud b whuwhdwlnpjwl L oquiytiiny pbnpbidh wwyiwGGphg” YnlGEGwGp

limC, =lim(4, + B,)=lim4,+limB, = A+ B
Ywd'
limC, = A+B: (15)
hGswbu ghnbilp, unwgwd hwywuwpmpinop GpwGwlynd t, np (12)-p qnt-
quibiwn 2wpp t, L Gpw qnudwpp hwjwuwp t (4 + B) -h:

Jwulwbwih t, np GnyG duny Ywpnn bGp wwwgnighy penptdh (13) wpphG
yGpwpbpnn wonmip:

hwyw
-10-



§ 58

Yuyhuny, bpt bplynt qmiquidbiin wnpbp winwd we winwd gmdwnpbip
(hwlblp), www unwgdwd rwnpp Gnylwbu YihGh qniqudbun, pbn npntd wyn
2uwpnph qmiwpp hujwuwn Yhbh inpdwo wppliph qmdwnlbph gnidwphl
(tnwppbpmpywlp):

Cuwppbiph nuuniGwuhpmpywG hhdGwlwh fuGnhpp GpwiGg qniqudhwninp-
Jwl (Ywd vwwpwihunepjw) hwpgh wwpqnedl t: 3twnwquynid [59], [60] dkhp
YptiptGp wyn hwpgp wwpqnn dh pwh hwynwbhGbp: bul widd dwinpwGwhp
2uwnph qniquihwnipjwl wihpwdtn wwydwGhG, wyuhGpG’ Sh wwydwGh, nph
spwjwpwpybint ntiypnud nhvwplynn 2wnppp YihGh nwpwidtn:

Bunpbd 5: (BYuwyhl wnph qmieuidfwnmpwl wahpwdbpn wuwydwln) n -p
whuwhdwlnipywl dquibipu qmuquidbin wnph plnhwlnip winwdp dgunnd ¢
qannjh.

Etga, =0: (16)

Uwwgnig: Thgnip (2)-p qniquibitn 2wpp t, L Gpw qrudwpp  hwdwuwp
s -h.

!.i_r.gs, =5: 17)

Lwih np n-p whuvwhiwbnpjwl dqunbihu (n-1)-0 £ t dquinud wluwhdw-
Gnepjw(i, niunh wikinh nGh Gwb
lims,, =s (18)
hwywuwpmpynGp: (17) hwywuwpnipyniGhg wlnwd we winwd hwikiny (18)
hwywuwpnepynilp L GYuwnh MGEGwny, np gwliwlwgwd n -h hwiwp ntinh
niGh
s, —S,,=a,
wnGsnepyntGp” YuunwGwiGp
lima, =lim(s, ~s,,)=lims, -lims, ,=s-5=0:
hwyw
3wnbwGp 1: Epb n -p whuvwhdwlimpywl dqunbipu (2) wnpph plnhwlnin
wlnwdp sh dqunmd qnmh, mpbdl wyl twpwdbun pwnp t:
Uwwgniyg: bpnp, bipt GGpwnpbGp, np # -p wGuwhiwbnipjwG dquntithu
(2) 2wpph pOnhwlnip wGnwdp sh dquimd qpnjh, L (2)-p qniquittitn wpp t,
www Gwiunpn pbnpkdh 2Gnphhy Yqwilp hwlwunipjwl, npwbinhg hGunlnd t,
np winiwG wwjdwbp wtinh nGGGwnt pbwpmd (2)-p twpwdbn 2wpp t:
bPuwuw
OphGwy 2: Mwpqb) htwnlywy 2wpph qniquishuintpjwG hwpgp’

> ()

Sn+l’

Lnuénud: NuOtGp [21.06]
lima, = lim—2—=120,
>~ b "+|
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wjuphlpG 7 -p whuwhGwinpjwb dqubihu nipdwd 2wnpph pGohwGnp wlnwdp sh dquinud
qpnjh: 3bwnbwpwp, hwiwdw)G hbwbwlp 1-h, (p)-0 twpwdtn wnp t:

Yhwnnnupynel 1: Junnely Gp6Gp, np n -p whuwhdwlmpywl dqunbihu (2)
2wpnph pnhwamp wnwdh qpngh dgunbyp wihpwdtyn &, puyg ns pwgwpun,
apubugh inpywo pwnpp (hGh qniquisbnn:

Lwlhbpyws pfunngmipiman dwulbudnpuybiy Guuwlwynd &, np (2) ownpp
lwpnnn ¢ (hGly vwpwdbn Gwh wiG nbuypmd, bpp n -p wuwhdwbnipywl 4q-
wnlipu Gpw plnhwlnip winuwdp dquh qpyh:

OphGwy 3: Mwpqbi hbwlywy, wjuybu Yngws, Gepnwtwy (hwpdnGhy) 2wpph
qniqwihunnpjwl hwpgp’

il=l+;+ +]+ q)
Lnuénud: Snug wwlp, np pbl 7 p wﬁuwhdwﬁmp‘wﬁ dqunbhu GbpuwGwl 2wpph
pGnhwlnup winudp dqunmd & qpngh.
tim Y =0,
~n
pw)g wjlinuwdbGuChy w)G nwpwibn 2wnp t:
Un Guunwigh hwowp ppwmwnbynn 2wpph winwdGpp (ujuws bpypnpnhg) hwenp-

»-d

nwpwp wpnhtGp 2°,2,..,27, ... puny winwiGbp wwpniGwynn fuipbph.

1Y (1 1Y (1. 10 1 1Y (11 1 )
l+(-—)+(—+—)+(-—+—+—+—)+(—+—~+---+—)+-~. (']
2) 3 4)\56 781910 16
Gpb (Q) 2wpph Jnpwpwignip fudph painp winwAGEpp thntuwphGbGp win fudph

wokGunhnpp (Yupehl) winwdny L hupyh walklp, np Gawd 2wpph 2 (n=1,2,....)
tunudpp wwpmGwynus £ 27 winwd, Yunwbwhp

1 1 1 1 111 || 1 "
l+(—)+(-—+-J+(—+—+—+—)+(—-+-——+---+—)+---= (q97)
2 4 4) '8 8 8 8 16 16 16
1 1 1 1 1

=l+-—+2--—+4-—+8~—-+---=1+—+—]-+~---
2 4 8 16 2 2

Ruwlh np

1 1
I+=—+=+.
2 2

2wnph SwuGwlh gnudwplbpp Ybpbhg vwhiwbwihwy sbG [18,u 30} (wk'u ophGwy 1-h

R) nbwpp) L (q) 2wnph dwubwlh grudwnGbpp, vyuwd s, -hg wlGhwynnpbt Ghé bG (g
2wpph hwiwwwwnwupwG Swubwyh gnudwpGbphg, htnLwpwn (gq) zwpph dwubwyh
qntwnGtpp OntyGwbu Ybpbpg vwhiwlunpwly s6G:

Ujuwhuny, Ghpnutwy 2wpph dwubwyh qnuswpGhiph hwenpnuwbnupynlp hGb-
1y dnGnnnb wenn? yYbpbhg uwhdwluwthwy st Poywtu ghuinbiGp, (q) 2wpph Swulwlh
gnudwnlbph hwenpnuwinipjwGp Yspwpkpnn bqpwlwgnipiniGhg htinlnd t, np wyn
hwenpnwywbnipjuwl vwhdwlp wynu whuwhdwGrpinlGG t [21,p4]), h6s0 by Grwbuw-
ynud t, np GEpnwGwy 2wppp Lwpwdbn t;

*) Npadhbnb wyn 2wph winuadGbpp apwywo 66 L hbnlwpwp dtyhg k6 Quibusgwd » - h hudwp
wbnhmbp s, +a,>s,, huwdnpGnyGot s, > s_, whhuwjwuwpnipjnbp:

-12-
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UGghbiny npwlwl winwiGkpny wppbph hwikiwndwo hwjunwihGk-
nhG Swinpwlwnil’ Gwiu wuwwgmgbkbp hbwbyw) ptnpkdp

Renpbd 68: Jpwhwld winwdlGbpny wppp qmouwibn ¢ fwd tnwpwdbn
quwfuwjwo Gnwihg’ npywo wnpph dwulbwlh emdwnlbbnh hwonpnwlwlnipnt-
Gp (bplpg vwhowlwhwy ¢, pb° ns:

Uy funupny, bpb npwlwl wlnwdGbpny wnph dwulbwlh gnidwpGbnh hw-
onpnwlpwlnigymln bpbhg vwhdwbunpwly t, www win swnpp qmeudbun ¢,
huwlwnwly nbwpntd wyl tnwpwdbn £:

Uwwgnyg: hgnip (2) 2wpph wGnwditbpp npwywh pytip bG:

LbpnwGwy 2wppl niunuiGuuhptihu dt0p wnbuwbp, np npulws winwd-
Gtpny 2wpph Jwulwyh gnidwpbbph hwenpRwlwinpynibp InGnuinG wEMy
t: IGwnbwpwn, dnGnunG wonn hwenpnwlwinipjwl uwhdwGhG ybpwpbpnn
pbnptith 26nphhy, Gpt npwlwl wlnwdbspny 2wpph dwulwyh gniiwpbbph
hwonpnwlwbnipnilGp Yytpbhg uwhdwGwpwy t, wwyw wjts mbh yepowynp
uwhdwDb, hwiwnwy nbwpntd, wyn hwenpnwywimpjwl vwhdwlp wyniu wi-
uwhdwGnipyntlGG t: PEnptidh wwwgntjgh wywpunbint hwdwp dGnul £ oqunyby
2wpph qniquihwnnipjwl uwhdwilnuihg L hwingyti;, np wrwehG nbwpntd (2)
2wppp qniquihunnud k, huly Gpypnpn nbwpnd® twpwdhunnud:

hwyw
Ujdd wwwgnighGp 0h ptinptd, npp hGwpwynpnipynte £t wwihu npuywa
wlnwdiGtpny 2wpph qniquihwninpjwl Yud thwpwidhnmpjwt hwpgp wwpqb)
hwikdwwnbiny wyt 06y wy; npwlws winwiGbpny 2wpph, nph qniquidbnn Yud
vnwpwibn |hGbp Gwhiwwbu hwjnGh t:
Btnpbd 7 2hgmp wnipdwo 66 ppwlwl wanwdGbnny bphyme wnp.

f:a_=al+az+---+a,+---, (a.>0,) (19)

=l

S b, =b byt tb, 4o (b,>0, n=12,.): (20)

ns=)
6pt (19) wpph wlnwdlbbpp UGS s66 (20) wnph hwiwyuinwufuwlb
wihnwdGbphg, wuhlpl, bpl gwllwgwd n -h hwiwn wnbnh mah

a,<b, (21)

whhwwuwpmpim p, wupw (20) ;wnph gniguidfunmpimbhg pfuntd t (19) zwnph
qniqwdhwnipinilp, huly (18) )wpph wnwpwdpunmpinthg' (20) rwnph
wnwpwdhunmpmanp:

Uwwgnyyg: tpb S.-ny L »-ny hwlwwwinwutswlwpwp GawbwykGp (19)
L (20) 2wpptinh Swulwyh qnuiwpbbpp.
ss=Ya, o6,=3b, 22)
[ k=l
L oquytiGp plinpbiph wuwyiwlhg, YuunwGwip

*) Guainnpbt npusliut ulmuniGipny 2unpp Shan mGh gauiup’ wilwtu Gpwihg wyn 2wnph dustuslsh
qnuiwnGbpp YopLhg vwhdwGunhw’y bG, pb° ng:
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5,80, (n=12,.): (23)

UjGnthbwnb LGpwnpGiny, np (20)-p qniquiibn 2wpp L, wyuhlpl GGpwnnt-

Lny, np 7 -p whuwhSwOnipjwh dqubihu wyn 2wpph dwulwhh gnuiwpGhph
hwenpnwlwlnipym GG niGh Ytpowynp vwhiwd.

limo, =0 (0 <+x)

L hwyh waGbiny, np nhinwnlynn wpptiph winwdGtpp Apwlwa pybip GG
yn GGGuwGp

5,£0,<0 (n=12,.): (24)
Uunwgwd wibwywuwnpnepyniGGbphg bpumad k, np (19) 2wpph dwubwyh
qnuiwpGbpp Ybplhg vwhiwbwhwly b6 LYwwnh GkGwiny Gwb, np {s,,}-n

dnGnunG wnn hwenpnwljwlnipymG t, kapwlwglnud GGp, np wyl mbh Ytp-
pwnp uwhdw(.

lims,=s<o:

UGnpwnwneGuwiny ptinpkdp bnu;:nn dwuhG' GGpwnntlp (19)-p twpwibn
2wpp t: Wn nbwpnd, hwzgh webbiny, np {:,,}-n dnGmunnG wénn hwenpnwljw-
Gripynil | YuunwGwGp

Etgs, =+0:
Oquytiny (23) wihwywuwpmpyniGlliphg® tqpuywgGnud bGp, np {a,,}

dnGninnG wiénn hwenpnwlwinipynilp Gneyybwbu Yiplhg vwhiwbGwdguwy sk
[20,p1].

limo, =+,
hGsp GawGwymd t, ap (20)p vwpwibn 2wpp t:
huyw
OphGwy 4: Mwpgb) npwlwi wenwdGbpny
1 1 1
1+— Py +3—,+ --+—nT+--~ )
L
1 1 1
l+2—2+?+---+F+--- (1)

2wppliph qniquidhunnipjwb hwngp:
Lawénud: Rwih np (b) wpph wlnwdlbpp (ujuwé Bpypnpnhg) Yuqdnid BO whybpe
Guwaqnn Gpypwswnhwiwi wpngpbuhw, hinluwpwp w)b gnuquistn wpp t, L gnudwnG by

hwywuwp t 3/2-h: Ujnwa Ynnishg, pwlh np (n) 2wpph wenwdGbpp dbd sbG (G) 2wpph
hwiwwwwnwufuwl winuwdGiphg, nuwnh hwiwdwiG Gwlunpn pinpbdh, w)G Gnylwbu

qnuquidtitn 2uinp t, pGn npnud wyn 2wpph gnuswpp th gbpwqutgnul 3/2 p:
OnpGwy 5: Mwpqb hnljwy zwnph qmqwohmmpjwﬁ hwpgp’

P @
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Locénud: RwbGh np nhunwphynn 2wpph wlinwdGbpt wyGhwynnptlG hnpp sk
Gtipnw2Gwy 2wpph hwiwwwinwuhawt winuwiGtphg, hbnlwpwn, hwiwdw)G pinpbd 7-
., wjl wwpwsbwn wpp t:

AhunnnmpmG 2: pwlhwl winwdGbpny )wppbnh hwibdunndwl pbn-
pbdp Shon ¢ Gwh ns pwgwuwlywl winwdlbnny wnppbph hwdwp: Uwlwyd,
bpt (19) ywd (20) wnpbph wlnwdGbph dbe Ywl Gwl pwgwuwlwl pybp,
www, ponhwlpwwby wuwd, win pbinpbdp nwnwpmd ¢ ghown (hGbng:

YhuonnnmpyniG 3: RLwih np zwpph vyqrhg dbpowynp pyny wlnwdGbph
nbG Gwnnudp sh wqnmd wyn wpph quueudpnmpuwl ymw, munp ppwlwl
wlnwdtbpny wnppbiph hwibduwndwl pbinplidp 8hpwn ¢ Guwb wyG nbupnd, bpp
(21) wwydwlp wntinh mGh ns pb hblg ulqphg, wy " dbiihg V66 nplt hwiownphg
uljuwo:

dbponud AlwlybpwybGp Gwb phinptd 7-hg plunn hbwnlyw) oquiwlwn pbin-
ptdGhpp.

Rtnptd 8: Lpb npwlwl winwobbpnd (19) L (20) rwppbiph winwdGbpp
Pwiwmwpmd &G

b

E:J. <= (n=12,..) (25)

wuwydwaabnh, wuyw (20) Jwnpph qriguidhunnipinhg pfud t (19) swnph qni-
qudunmpimlp, huy (19) rwpph wnwpwdhunnpimhg’ (20) wpph twpwdh-
wnLpynlp:

Bbnpbd 9: bpb n -p whuwhvwlmpywl deubihu npwlywl wonwdabpny
(19) L (20) wnpbph hwduwwuwwnwufuwl wlnwdGbph hwpwpbpmpiniGG nLGh
npmuilyip k  uwhdwa.

|im‘;—-=k 0<ks+). (26)

wupw k< +o pliypmd (20) zwpé/; gniquihnmpimGhg pfumd ¢ (19) pwnpph
qmqudpwnmpimap, hulp k>0 pbuwpmd, (19) wpph wnwpwdpunmpinGhg ' (20)
2uwinph wnwpwdhnmpmlp: Uuphlpl 0 <k <+o wuydwihl pufwmwnpnn k -tph
hwdwp (19) L (20) )wppbinp qw? dhwowdwlwl qmiqwihunnd 66, jwd t;”
dhwdwdwlbwly nwpwdpinntd:

OphGwly 6: Mwpqbp npwlywl winwiGbpny

gsin% (0<a<x) ()

2wnph qnigudhunnipjwl hwngp:
Lawsnud: Yhunwplyynn 2wppp hwidbdunnbiny Gopnuw2Gwy 2wpphl L oqunybyny (26)
pwiwdbhg’ Yuunwbwbp [25,(2)]

.. a .. a
sin— sin— .
lim—2 =g lim—2L =alim* =g.1=4 (::1}
e ] — a =" n
n n
LwGh np a-0 ppuwlwl hwurnwwnG t htwnbkwpwp, hwiwdw)G pnpbd 9-h,
Gbpnw 0wy 2wpph hbwn dalnkn nwpwdnnd t Gwb (k) 2wppp:
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§59. TpwlwG winwdlGbpny wpptiph qnuquihwninpjwl
Qwwdpbph, Unzhp L Un2ph hGwnbgpuiwyhG hwjwnwGhGbpp:

UnyhG nhuwpyblp npwlwid winwibkpny

ia_:a,+az+---+a,+--- (1)
L]

2wnpp L Swlnpwlwlp Gpw gniquidhunipjwl 5h pwGh hwpnwGhGbphG:
Bunpbd 1: uwywdpbph huwponwihyp) Epb n -p wluwhdwinipywl dqunk-
thu (1) pwnph wonwdbbphg fuqdwo

d =22 (n=12..)

hwenppwlywGmpyn GG nLGh vwhowd.

lim® L =d (420, )
A= a.

wwyw 0<d <1 pbupni (1) pwnpp qmiquidbn t, puly d >t pbypmd” tnwpwibn:
Uwuwgnijg: GhpunplGp 7 -p wlhuwhdwlnipyjwl dqunbthu {d,,} hwenpnw-
YuGnpymGG nuGh Styhg thnpp (g pwgwuwlwi) ¢ uwhdw.
0<d<l
L (d,)) dhpwlwjphg plinpbilp nplt ¢ phy.
d<g<l:
Ruwlh np d<g, hbwlwpwp, hGswbu ghintlp [19,p17, qnnipjntl niGh
wjlyhuh 7, hwdwp, np wyn hwdwphg ujuwé inbinh nLGh

anl < q
a

Ywd np GnyGa t
a,,<44, 3
wlhwywuwpnepyniGp: YbpghG wihwywuwpnipjwl d69 n-h thnfuwpbbd hw-
onpnwpwn wbnwnpbiny ny, ny +1,n,+2, ..., YmGLGwap
a,.<qa,, a,,<ga,,<q'a,, a,,.<4qa,,<q’d,,.., (3)
nputnhg hiwbnd t, np (1) 2wpph winwdGtpp b6 qbpwquGgnid ppwlwh
wlnwdiGbpny
a+a,+--+a, +qa, +q'a, +-+q'a, +-- (4)
2wnph hwiwwwunwuluwl winwdGbpp: REnpESh wrwehl Jwuh wwwgnigh
wywpunbint hwdwn 8Gnd ¢t GQwwnky, np (4)-p gniquidbn wnp t [58,01,p1], L
oqutiny npuwyuwb whnwibtpny wppbph hwitdwwndwt pinpbdhg [58.p7]
tqpwlwgGti, np (1)-p Gnijbwbu qnuquiititn 2wpp t [58,u3,ud]:
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§ 59
Ujdd tGpwnpbGp 7 -p wGuwhdwbnpjwh dqubihu {d.} hwenpnwywbnip-
yGG mGh dbyhg U6 @ uwhdwG.
liﬂd, =d, d>1:
RwGh np pGGwplynn nbwpnid nhnwpyynn hwenpnwlwGnpjwt uwhiwGp

Uk6 L dtiyhg, htinbwpwp, hGswbu qghwntilp, qnyntpintl nGh wjlwhuh 7 hwdwp,
np wyn hwiwphg uluwé wnbnh mGh

a,
L‘)l
a,

Lwd np GryGa £

aﬂl > al (5)
wohwjwuwpmpymbp: Unwgwé wihwywuwpnipyniGhg htwnbkmd t, np fuwpun-
ynud £ (1) 2wpph gmouihwintpjwl wihpwdtizn wwydwGp, npunbnhg tp hbunlnd
t, np pGGwpyynn nbwpnd wyld nwpwibn 2wpp t [58,h1]:

hwyw
OphGwy 1: Mwpqb| hbwnbjwy 2wpph qniqushnnpjwb hwpgp

g% (c>0) ™ (w)

Laudnud: Nhuwplyynn ophGwynd nuGtGp [21,06]

|im"A=|im[ < -5]=|imL=o:
—o g ==l (n+]) "] ==n+l

Rwbh np (w) 2wnpph Wwpwquynd (2) uwhdwGp thnpp t deYhg, niunh, hwiwdw)l
Qwpwdpbph hwjnwihzh, c-h gulwgwé npwljw wpdtiph nhiwpnid wyG qniquidbn wpp t:

AYhwnnmpinil 1: Alswbu wnbuvwlp, npwlwl winwdbbpny (1) swnpph
qniquihunmpiwl (Ywd wnwpwdpunnipywi) hwpgp twiwdpbnh hwpnwihh
dhongny Yuwpnn blp uwnqby, bpk uyn zwnph winuGbnhg yuqdws la,.,/a,}
hwonpnwlwlnipywl uwhdwlp grynipymG mGh b hwdwuwn st 064H:

UybGp, np bpl (2) uwhowlp hwywuwn t 064H qud qrynipyntG snmubh, wupw
Gowo hwpnwhzh dhongny (1) ;wnph qiquidfinmpwl (Qwd tnwpwdhinnp-
Jwl) hwngp upwpqliy hGwpuwynp st:

TYhunnmpnG 2: Epb npwlhwl winwilGbpny (1) Jwnph wwpweuyntd (2)
vwhdwlp hwwuwn t 064H L pGg-np hwowphg uluwd nbnh mbh (5) wihw-
Ywuwpmpimbp, mpbdl n -p wovwhdwlmpywl dqunbihu wyn wnpph plnhw-
Gmup wonwdp sh dquncd gpngh, pOsG by Grwlbwlymd £, np wyl nwpwdbn pwnp
¢

OphGwy 2: Mwpqbp hbunbjw] 2wpph qniquihunpjwl hwpgp’

*) AhzbGp, np n'=1-2 .. -n:
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Lawdnud: Ywnwplynn ophGuynid nGhGp

2
lim =4 = §i n+l: n)lim™ ;0-2n+l=l:
e g =\n+2 n+l) =~ n'+2n

Ujniu Yynndhg, pwlh np gwGiwgwéd 7 -h hwiwp wlGhwjnnpbG wnbnh mGh
n+2n+1
n+2n

wihwywuwpnipynilp, ntunh, hwiwdwjG Gpypnpn nhunnnpjwa, (p)-6 twpwstn 2wpp £

Bunpbd 2: (Ynphh huyinwihyp) bl n p whuwhdwlnipywl dgunbihu (1)
2wnph wlnwdbphg ywqiwo

¢,=%a, (n=12,.)

hwonpnwlwbnipynt6G6 mbh vwhiwa.

L“.“.\/"_ =c (c20), (6)

wupw 0< c <1 pbwpmds (1) pwnpp qriqudbn b puly ¢ >\ nbwpnd” nwpwitin:
Uwwgnijg: Yhgnip n-p whuwhdwGnipjwl dqubihu {c,} hweonpnwlw-
GnipyntGG mGh dtyhg thnpp (ng pwgwuwlwh) ¢ vwhiwd.
0sc<l:
(c,1) dhowlwphg plGuptilp nplt ¢ phy L g—c nwpptipnupynlp Gawbw-
yblGp s -ny.

>1

e=qg-c (£>0):
Jwenpnwlywinmpywl uwhdwGh vwhiwliiwl hwiwdwyt pGupwéd € -h
hwdwp qnjnpimG nuGh wyGwhuh 7, hwdwp, np wn hwiwphg ujuwé intnh

niGh
|;[Z-c|<q-c=e M
wohwywuwpnipynilp: Ytpghlt wihwyjwuwpnipynilhg dwubwynpwwybiu Yu-
nwbwhp, np wyn GnyG 7 -tiph hwowp wnbinh nGh
%a, —c<q-c
Ywd np GGG L
Ja, <gq ®)

wlwhwywuwpnpynilGp, npwnbnhg b (GYwwnh nuGbGwny, np (8) wihwjwuw-
patpywl Gpyne Ynndbpp npwiwh G6) YynOGGwGp

a,<q" (n2n,): ®
NYhuwpytlp

q»\ +q~‘l+q~02+'" (9)
*) St'u [58,02)-p:
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a,,a+a

o+ a

2 4o (1’)
2wppbpp:

Rwbh np (9) 2wpph winwdilkpp Ywqimd b6 whybpe Glwaqnn bpypwsw-
thwlywG ypnqpbiuhw (0< g <1), htnbwpwp wit gnuquibkn 2wpp t: Ujnw Ynn-
Uhg (8) wGhwywuwpnipyntGGbph 2Gnphhy (1) 2wpph wlnwdGhpp thnpp bG (9)
2wnph hwiwwwwnwuhuws winwdkphg, npuntnhg hiwlnid £, np (1)-p Lu qni-
quuibiin 2wnp b dbpowwbu GYwwh nGbGwiny, np 2wpph ulqpenid Ybpowynp
pyny winwilbpp wbjwgndp sh wqnmd wyn 2wpph qniquidhinmpywi Ypuw,
YuuwGwGp, np pGGwplynn ntiwpntd gniquistivn t Gwb (1) 2wppp:

Ujdd wwwgniglilp pnpbith Gpypnpn dwup:

9hgnip 7 -p wlhuwhdwGnipjwl dquatithu {c,} hwenpnwlwGnpymGG niGh
dtyhg Utidé ¢ uwhdwb.

limc,=c, ¢>1:
Lwbh np pGGwpyynn ntwpnid nhinwpyynn hwenpnwywinipjwi vwhiw-

Gp 06 L dbyhg, htwlwpwp, hGiwbu ghuntbp, gnnep)ntG nLGh wybwhuh 7
hwdwp, np wjn hwiwphg ujuwé nknh nbh

Ya, >1
Ywd np GnyGG t°

a,>1 (10)
wihwywuwpnipintGp: Unwgwéd wlihwywuwpnipyniGGbphg hbwbnuwd t, np pG-
Guwplynn nbwpnud fewhuinynud k(1) 2wpph qniquidhunnpjwi wihpwdtizun wwy-
dJwap, npunbinhg b hbwlinud £, np w)G Lwpwdtun wpp t:

hwyw
OphGwy 3: Mwpqb hownlyw) 2wpph qniquidhunnpjwl hwpgp’

g(znn+ 1). :

Lménud: Fhwwpyynn ophGwlyntd nGhGp

n Y . n 1
lim =Iim-" =lim ==
-—-’dz - (2n+l) —e2n+l 2

Rwih np npdwé wpph wwpwquynid (6) vwhiwbp thinpp t dbyhg, ntunh, hwdw-
AdwjG Unzhh hwytnwGhoh, wjl gniquistn 2wpp t:

Yhunnnpinth 3. PGswbu inbuwlp, npwlwl wanuwdabpny (1) 2wnph qni-
quidpinnpwl (uwd inwpwipunmpywl) hwnpgp Ynphh hwpnwihzp dhengny Yuw-
nnn blp upupqty Bhuyl wil ;wnpbph nbupmd, nanbg winwdbbphg Ywqowo

{a/Z } hwonpnuwlwlmpywl vwhowlp enympma mah L hwywuwn st dhyh:
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QLN XI
Btnpbd 3: (Unphh hGwnbigpuiuyhls hwpnwihyp) thgnp npwlwld winwd-
Gbpny (1) Jwnph wonwdlbnp Jwqdmd &G swonn hwenpnuwlwlnigyntO.
a2a2--2a 2 (11)
L f(x)-p [l,+oo) dhowlwyprmd npnpywo wipbnhunn b swonn wiGuhuh pmbl-
ghw &, nph hwdwp inknh nG6G

fm=a, (n=12,.) (12)
hwjwuwpnmpymO66pp: U nbwpmd, bpb
1=7 (el (13)

whpulyutywl plinbepuyp qmouwibn ¢, wyw qniqudbnn ¢ Gwl (1) Jwppp, huly
bplk wn hGunbgpuwip tnwpwdtin b wuw (1) pwppd b t inwpwdbn:

Uupugni)g: BEnpbih wupwugnigtijnt hwdwp, (1) 2wnph winwdGbpp «wywun-
YbpkGp» bpypwswihnpbl. wpughulitph wowbgph Ypw JYbpgltlp wyn winwd-
GEpp hwiwnGbpp, huy opphGwwnltiph wnwhGgph Ypw' GpuGg wpdtipGipp (GY.1):
UpmniGpnid (1) 2wpph winwdGtph L YnnpohGwwnwlwh Oxy hwppnpyuwl

M,(na,) (n=12,.) Yuwbph pwq-

YA
M(La) dnipjwlb Ghol Yuwnbnébklp thnju-
o Jhwpdtip hwiwwwwwuluwbnLp-
o M, (2,a,) Jnil: Wybnihbnl, Gpb GnuyG qéwaph
o M,(3,a,) ypw wwuinltiphGp Gwl ptnpkdh
y=r(x dLwlybpwdwh dbe Gywé f(x)
2 | M% ) dnibyghwih qpwdphlip, www (12)
5 - 1 > ww)ydwoh 26nphhy wyG YwhgGh M,

Kk n n+

Ybwnbpnd (n=12,..):
GYy.1
Lwbh np (1) 2wpph 5, (n=12,..) SwuGwyh gnuiwpp hwyjwuwp t wyb nun-
nwilyniGGbph Swybpbubbph qnuiwphG, npnlg Shwynpnudp wwpnGwymd t
(@ Ynpny, Ox wnwlgpny, x=1 L x=n+1 nuphnGbipny uwhdwGwwlyyws
Ynpwahd ubnuwlp, hbnbwpwp nbnh MGLG

al
5.> [fx)ax (n=12,.) (14)
1
wihwwuwpnipymbGbpp [43,1°): Ujnwu Ynndhg, G24wé Ynpbipny uwhdwbw-
thwidwé wwnybipp wwpniGwyned t w)b nupnublynilGGhph Shwynpnudp, npnig
JuwltptuGbnt wpunwhwynynid 66 a,,a,...,a,,, pUGPNY: IGinbuwpwp, YpyhG oqun-
ytinyd Ynpwghé ubinuGh dwlybpbuh pwlwdlbhg’ Yuunwbwip

a+l

If(x)dx>a2+a,+---+a_,,
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§ 59
Ywo np Gnua t

el
[f®a>s,,-a, (n=12,.) (15)

wohwywuwpmpjniGGbpp:
Ujdd LopwnpbliGp (13) wGhuhwlwh hGwnbgpwip gqniquikiun t [42,u1,u2]:
Ujn nbwpntd (15) wihwdwuwpmpynGGbpp Geplwjughhpng

a4l
Sw<a+ [f(Nd& (n=12,.) (15)
1

wnbupny L hwayh wnlkiny, np guwlywgwé 7 -h hwiwnp wnknh nGh

nel +m®

[ f@)dx< [ f(x)ax

] 1
wihwywuwpnepyntGp®, YniGhGwiGp

5, <S,,,<q +Tf(x)dx <a, +Tf(x)dx (n=12,.): (16)

Unwgwé wlhhwyuwuwnpnipyniblGliphg hwnbnud t, rp (1) 2wpph SwuGwiyh
gnuiwnGbph hwenpnwywnipiniGp Ybpkhg uwhdwGwdhwy t [18,u30]): LYw-
wh nlGtiGuny Guwb, np {:,,}-n OonGnunG wsnn hwenpnulwanipyma t (hh2tGp,
np nhnwpyynn 2wpph winwdGbpp npwywh pytp 6G), Gapwlywglnud Lop
[21,p4], np pGGwplynn ntiwpntd (1)-p qniquiitinn 2wpp L:

UGgGLny plinptidh Gpypnpn dwuh wwwgngdwlp® LGpwnpbilp (13)-p Lw-
pwibitn wGhulwywG hGunbgpuwy k.

Tf(x)dx =+0:

Uwwwpywd GGpwnpnipyntGhg htinumd £, np (14) wGihwwuwpnipyniG-
Gbph Uk JwuGwlygnn hGuinbgpwilbpp, htnlwpwp Gubl (1) 2wpph dwubwlyh
qnudwplbbpp 7 -h wEdwG hbwn dkLnntn weuwhdwlwhwynpbb wend G, hGsb
tp GawOwlymd t, np plGGwplynn nbupnid (1)-p wpwidbn wpp t:

huyw

OphGwy 4: Mwpqb) hbnbjw) 2wpph gniquihnntpjwh hwpgp'

(N | 1 1 1 .
§7=1—,+7+---+F+‘-- (p>0): CY

Lniénud: 2wGh np phuwpyynn 2wpph pGnhwinip winwdl wpnwhwpnyntd t

ael
n

pwlwdlny, hbwLwpwp

S0=
X

*)Rwhhnp f(x) Inblghwl wybhuynpt plnnulnud b ShuyG npudjwb undbpGlp:
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aLnth Xi
$nLlyghwa, (9) 2wpph wwpweuynd pwywpwnnid b pbinpbd 3-nd f(x) PnLllyghush

Ypw npywd wwybwiGbphG: dbpngpywihg htivnbinid £, np tnpdwé wpph qniqudhunnpywi
hwpgp wwpqbim hwdwp wGhpwdbw b phnwpyty

I+
whhufwiwh hGunbgpwip: Iwybiny
i_dx’_ b>1)
1 X
npn2jw) hGunbgpwip [35,3°,4°)], [41,(6)].

I_=

L (n) hwywuwpmpynGGipmd wiglGhiny uwhdwGh, bpp 5 -G dqunnLl t wluwhdwbnipyw,
'l_i“n;lnxzm, Ex’ =+, ‘_'llﬂx" =0 (a>0)
hwjwuwpnipyniGGoph hwywnenwdng YunwGwGp
+o, bph 0<psl,
={—l-,hph p>1: ®
p-1

(b ?_1), tph p#1l,

lnb, wpt p=1 "

“tdx
£

Swiwduyl Ynzhh hGnbgpwiwhG hwpnwihzh” sunwgws hwywuwpnipyntGGephg
htwnbnid t, np 0< psl nbwpnd (g) 2wppp wpwihnnd t, huy p>1 nbwpnd qnuqu-
dhunud:

LluntiGp, np '\wuuéphnh Yuwd Unzhh hwpnwGhzh dhengny (q) 2wpph qniguwdhunne-
PJwG hwngp upupgby hGwpwynp st:

Pnng, oqunytiny

E—;’L m) =1 lim¥n=1. limifa =1 E(T]

uwhdwGGEphg L GYunnh nGbGwiny wewehG L Bppnpn phunpnp)nLGGEpp” YhwingqybGp
dhwlbpywd wlindwh G0wpunwghnipjwl tby:
YhunnnipynlG 4: Lwih np (13) L

freoas @>

wophuywlwl hainbepuybbpp Ywv dhwowdwowly gmeuidpuinnd &6, jwi Y
Shwowdwlwly nwpwipinnd [42,p1)], htiinbwpwn (wohpwdtynnpwl nbuy-
emd) (13) hGunbgpwih Gopplh vwhdwlp upbyp t hnfuwuphGly 6hhg v66
qwllywgws pyny:
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§ 60
§60. Ytippwquuynn GwGGkp niGignn winwiGkpny wppbp:
LEjpGhgh hwjnwbhzp: LawGwdhnju 2wpptp: LawGwihnju 2wpph
qniquihnnpjwt hwjpnwbhp: Pwugupdwy b wWwjiwbwlwh gne-
quophwnniLpynb:

Luwpunpn wwpwqpwdplbpnud dEGp Swhnpwguwlp npuwywb whnuwidbbpnyg
2wppbiph wrwGAhG hwwnlnip)niGGbphG, ppbghGp wynuwhuh 2wppbiph qnuqu-
dhwnipjwl wGhpwdbizn wuwydwbp, dh pwih pwupwp wuwiweGbp, hiswtu
Gwl dLwlybpwytghGp Gpwhlg hwitdwniwlp Jepwpbpnn tptp pbnpbd: Upu
wwpwqgpwdnd YnhunwnybGp 2wppbp, npnlp wwpniGwymd GG hGswbu npuw-
Ywi, w)bwbu b pwgwuwlwl winwdbtp:

Ubp nuunudGuuppnepyniGitipp uyublp htippwquynn GawGGbp nuGkignn
wonwdGtpny 2wppbphg:

UwhdwGnd 1: Cwpnpp Ynsdnid t hbppwquynn GrwlGEp mGbgnn wa-
nuwdGhpny wnp Ywd wwpquwbu hbppwaeuwynn GrwlGknny wnp, tpb Gnw
gqwlljwgwo bphym hwpbwl wlnwiGbp mbbG hwlwnhp Grwhobp:

Uy funupny, wnpp Yngynid t hppwaquiynn GrwlGhpny pwnp, bpl wyl niGh

S (-1"a, =a-a, -+ (-)a, 4o ™

wbupp, npnbin a,,a,,....a,... pYGnG mGkG dhllnyl Grwlp:

Jwdwpbyny, np a,a,,....q,... pybpp npwiwi 66, wuwgnigblGp hippwquynn
GwhlEpny 2wppbphG YGpwptpnn htnbyw) Yuplnp pnpbdp’

Btnnbd 1: (LbypGhg) Epl hbppwauynn GrwlGhpny (1) )wnph winwdGb-
np pwgwndwly wpdbipnd dnGnunnb Guqmd &G.

a>a>-->a,> (a,>0 n=12.) (2)
b n -p wvwhowlnppuwl dqunbihu dgunnd &G qpnyp.
lima, =0, (3)

www wyn wppp gniqudbn ¢, pon npmd Gnw gmidwnp gpwlwl t b ghinpp ¢ pip
wnwoht winwihg:

Uwuwgni)g: BLnpta6 wuwwgnigbint hwiwp ybpglhbbp guiiwgwsd m
pGwywG phy, nhtnwpytbp (1) 2wnph wrwehG 2m wlnuwiGkph qnudwpp.
S =(a—@) (g~ a) + + (A, — ), 4)
L wyn gmiwnpGbphg Ywqiwd {sz_} hwenpnwlwGnupyniGp:

Rwbh np (2) wGhwywuwpmpymGGhph 2Gnpbhy (4) wpunwhwjnnipjwb pninp
thwlwqébph Gepuh twpptpmpyntGGEpp npwlwh GG, hbnbwpwp m -h wEiwh

htiin dbywintin {51.} hwenpnwlwbnipiniGp dnlnnnG wéntd k: Uynu Ynndhg,
tpb s,, gqnuiwpp GhpYwywglhGp

Sim =G "[(az —a)+(a,-a)+-+ (., —ab-—l)+a2-]
wbupny L Ypyht oqunytilp (2) whhwywuwpnipniGltiphg’ YuwnwGuwip
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qLNHu XI

S0 <@
Ujuwhuny, m -h wedwl htin dkYuntin {u',.) hwenpnuwlwinipjntlp dnGn-

uinG wénud t L §Gnud t Yiplhg uwhdwbwuwy: PGswhu qhuinkGp, {S,.} hwonp-
nwlwonipjwl Jwuhl wpyws tqpwlwgnipiniGhg htwlinud t, np wyG nGh ybip-
owynp uwhiwh [21,p4].

lims,, =, (5)
pGn npnud ntinh nGh

O<s<agq (6)
qlGwhwunwlwhp:

Uydd nhunwpybGp (1) 2wpph wnwohG 2m+1 winwdGbph gnudwpp L wyb
GbpYwywglhGp

Srmit = S1m T Dy (7)
wntiupny:

Jdbpeht hwyjwuwpmpjwi dbe wGglbiny vwhdwGh, bpp m -p dqumd
wluwhSwinpjwl L oguybiny (3) L (5) hwywuwpnipynLGGbphg™ YnGLGwlp
[21,p1]

lims,,, =lim(s,, +a,,,)= !:_'Eszn +£'ﬂa2m =s:

Phswbu wnbubnud kGp, (1) 2wpph hGswbu qniyq pyny, wyGubu b YeGwn pyny
winuwitbphg Yuqiwéd JwulGwyh qnuswpltph hwenpnwlwbnpyntGGbnG nuGkG
vhuOnyl s uwhdwlp: dbpngpjwihg htiwbinud t, np inbnh nLGh

lims,=s (0<s<aq)
hwywuwpnipyntGp, hGgh ty Gawbwynid t, np (1)-p qrrquidbun 2wpp L [58,u3,u4]
(pGn npnud Gpuw gnudwpp npwlwa t L ghinpp t hp wnwehG winwidhg):
bPuyw
OphGuwy 1: Mwpqb hbnpmqw]nr[ ﬁzwﬁﬁhpnq
L TLIS SR
Z(l) " 5*3 +(=1) ot (w)

2wngh qniquihunipywl hwpgp:
Lawdnud: Ljwwbinyg, np npdwé wpph winwdbbpp pwywpwpnd BG LeypGhgh
plinplidh wuwydwhGGeph, Gapwlwglnid blp, np wyl griqudbn Jwpp L
YHhunnnepynis 1: RwGh np htppwquinn GawGGbpny 2wpph quwGywgwé
dlGwgnpn GnyyGwbiu hippwquynn GawGGbpny wpp t, ntunnh LbjpGhgh pinptidh

Wuw)ydwaGEphlG pwdwpwpnn (1) 2wpph (a, >0, n=12,...) 2m-pn L 2m-1)-pn
dGwgnpnlbph hwiwp hwiwwwwnwuhiwbwpwp Junwlbwap

0<a!- =gt ~ B+ <Ay

Ot = =l + By =+ =~y — By ++2) <0

*) Wwnwplydnn zunpp huxdbduknhn GipnwGwy 2umght [58,03):
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§ 60

Io'zn—nl S0y A T <Gy, !

Uuyhuny, hbppwquynn Gruwllbpm pwpph gullwgws vowgnpn mGh hp
wewehl whnwdh Gpwln b pwgwnpdwly wndbpny hnpp t wn wonwdh pwgwn-
dwly wndtiphg:

Pbpdwo npunnnmipyntGhg hbwnlmd £ np hbppwquynn GrwlGObpny wnph
qmiwnl pp Jwulbwlh gmdwpny hnfuwphGlint dwdwliwly pnyy nws ufuwp
pwgundwly wnpdtipny hnpp t nbG Gbwnwd wlnuwdlbphg wowohlh pwgwndwly
wndtiphg:

Ujdd wigbtilp Jwiwjwlwh wppbiph nuntdGuuhpnipyjwip, wjuhlpl wyl-
whup wpptph nuunuiGwuhpnpjwGp, npnig winwibtpp Yuwiwjwywb duny
Yuwpnn 66 (hGtp hGswbu npwlwb, w)Gybu b pwgwuwyw:

Uwhdwlnwd 2: UG wppp, nph winuwdlbnp jwiwwlwl dbmy fwpnn 66
1h0b; hGswbu npwlwl, wibwbu b pwgwuwlwl, Ynsynid t Gruwlwihnfu pwnp?:

Luwfu Glwintlp, np bipk GawGwihntu wpph pninp winwdGbpp, ujuwd deYhg

ut6 0h nplt 7, hwdwphg npwlwG 6G, www kG GEwnbind w)n 2wpph wnwehG

ny —1 wonuwiGbpp” Yuunwbwbp npwyws wGnwstbpny 2wpp, npp tnpjwd 2wp-
ph htwn dbyuntn qniquibun b Ywd nwpwikn [58,p1]: UjuhGpl, pGGwplyynn
nbwpnd Gawlunpnju 2wpph qniquihwnnipjwl hwpgh wwpgnudp phipynud t
npwywl winwiGkpny 2wpph qniquidhwnipjwl nuundGwuhpnipjwlp: Mwn-
Ybpp sh hinfjugnid Gwb wyG ntigpned, pp 2wpph papp winwdGbpp pwgwuw-
Yw@ 66 Ywd nwnlnud 66 winwhuhG dkyhg 666 Jh npuk hwiwphg uyuwd: Jdbp-
ohG ntwpntd 2wpph pnpnp wGnwibtphg dhGnw d6Y wpunwnphss ponhwbnep
hwGtny [58,p3] Gnphg wjn 2wpph qniquishwnpjwl hwnpgh wwpqnudp Ypb-
ptbp npwlywl winwiGspny 2wpph gniquihunnpjwl nuuntdGwuhpnpjwbp:

Ujuwhuny, twwbu Gnp nbiyp YihGh uyb ntwpp, tpp Gawbuwihnfu 2wppp
wwpnibwyp juiwjwywh duny nwuwydnpwsd’ wiybpe pwhwlnipjunip hiGg-
whu npwliwa, wjGwbu b pugwuwlwl winwdGtn:

Lawluihnfu 2wnph.

ia,=a,+az+---+a_+-~- (8)
L

qniquihunip)wb hwpgp wwpqbinte hwiwp wyn 2wpph htivn dtlntn nhunwp-
YtGp Gpw wlnwiGtph pwgwpdwy wpdbkpltphg Huqiws

Sl -lal+lafs---+fa - ®

2wnpp L wuwwgnigklp hbunlyw) uplnp ptinptdp’

Bbnphd 2: Lywowhnfu jwpph winwdlbph puwguwndwl wpdtipbbnhg Ywq-
Uwo wnph qriquiunnpimbhg hbinbkmd ¢ Guwlunpnfu pwnph qniquidpnnt-
p/neap:

Uwwgntg: Thgnip (8) GawGwihnfu 2wnpph winwdGbph pwgwpdwy wp-
dtipltinhg Jwqiwé wppp qniquidtinn t:

*)3wulwGuy h t, np hbippuquann GausGbnny 2unpp GauGushnhu aunph SusGuainp nhiuplt:
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QLN Xl
Gpb s,-ny L o,-n (n=12,..) hwiwwwunwuluwlwpwnp Gwlwytip (8) L

(9) 2wpptiph 7 -pn SwuGwyh gnidwnGtpp, huy sy -nd b s, -ny” s, gnudwph dbg

unGnn hwiwwwwnwuwhwGwpwp papnp phwlwt wlnwdGtph gnudwpp L pn-

np pwgwuwlwls winuibGtph pwgwndwly wpdtipGtph gnuiwpp’ YmGLGwhp

5,=5,-5,, O,=s;+s; (n=12,.): (10)

bGsutiu ghwntiGp, (9) 2wpph qniquishuinipynilp GawGwyned t, np gnynipyntG

niGh

!'ir_.xlo, =0 (11)

ytpowynp uwhdwGp: Ujnwu Ynndhg, pwGh np npwiwl winwdiGbpny {s:} L

{v;} hwonpnwlywbnipniGGtpp dnGnuninG wénd BG? nu Ybplhg uwhdwlw-
thwy tG (ophGwy o -ny), hitnbwpwp qnynupntd MGLG Gwl

!’i_{!.}s: =5, Eﬂs; =5 (12)

Jtpowynn uwhdwGGhpp: Ujdd, bpb (12) uwhdwGGbph hwdwnnidny (10) hw-

JwuwpnepyntGGiphg wnwehGnud wigGtlGp uwhdwGh, bpp 7 p dqunud t w-

uwhdwbnipjwl, YunwGwbp, np {s,} hwonpnwlwinipntGG niGh Ytpouynp
uwhdwa.
‘l.i_.n_;s, =,l.:“3(s: -s;)=lims;} —liﬂ"; =s'-5, (13)
hGgG by GawGwymd t, np (8)-p qniquuibitn pwpp t:
hyw
hGswybu wnbubmd bGp, qmiqudtun GuuwGunpinfu pwnph gnidwpp hwwuwn ¢
pn npwlwl wanwdGbph gnidwphg hwiwds pwgwuwlhwl winwdGbph pwguwn-
dwly wpdbplbinh qmdwpp:
OphGwy 2: Mwpqb| htinbjwy 2wpph qniquishuntpjwl hwpgp'

&sinna _sina  sin2a sinna
g "2 = lz 21 con "2 4o
npubn < -0 Ywiwjwlywh hpwlws hwunwunneG t:

Lnwomud: luGnhpp nudtignt hwdwp windwé wpph htitn SEiunbn nhunwplybGp hbunbywy

wpplipp’
sinna| [sina| [sin2a sinna
_"’_l=|_]—’-|+i7|+'“+|7.|*m' (q)

i;l?=|+§l?+...+nl_2+...: n)
»-~|

hGsutiv ghunkiGp, (n)-G qnLquidbitn wipp t [59,04): Ujniu Ynndhg, pwGh np (q) 2wpph
winwiGepG wyGhwpnnpbt shG qlipwqwbgnld () 2wpph hwdwwwuinwufuws wenueGt-
np, htwkwpwp wyl GnyGwbu qniquibn 2wnp t [58,p7]: Oquiytny plnptd 2-hg,
YJuuwlOwGp, np Ywlwjwywl ¢ hpwywt hwunwwnniGh hwdwp qngwdbn & Gwl (p)
wpgg:

(3]

°) Stiv 12-pn tgh wnnuwnwlih wunqupwinudp:
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§ 60

UpbiGp, np plinpbd 2-p Guwlunhnfu 2wnph qquidfunmpiwl pwiywpwn, puyg
ng wihpwdtizn wuydwl t: Wuhlpl, Gawlunhnfu wnph wlnwdGbph pwgwn-
dwly wndtipllbiphg Yuwquiwo )wnph qniquidhinnpiniGhg htiinbmd ¢ inpdwo pwpn-
ph qiquidhunmpynip, puyg hwlwewlp, plnhwinwwbu wuwd, ghn st° Grw-
Guithnfu pwnph qniquipwnmpintlhg sh hbwlbmd uyn wpph wlnuwdbbph pw-
gupdwly wpdtipliphg Ywqowds wpph qmeuwdfunmpnilp:

OphGuwy 3: hGswbu nbuwGp [58,03], (w)-G qniquibun 2wnp t, ShGsntin wyn 2wpph
winwiltph pugwpdwy wpdtplbphg Yuqiwéd wppp nwpwihunndd t:

Ujdd, oqutiiny hwenpnwlwbnipjwl qniquihwnnipjwl uyqpniGphg
[19,p4] L Gwwh nGkGwiny, np gniquidtivn 2wpph qnudwpp hwdwuwp t hp
Swulwyh gqnidwpbbph hwenpnwlywlnipjwl vwhiwGhG, dLwlybpytap
htiwnlywy pinplidp

Btinptd 3: Mpwbugh Ywiwwlhwl wanwdbbpny (8) wnpp 1hGh qniqu-
dbwn, wihpwdtpn t L pwifwpwp, np gwlwgwdsd € ppwlhwl pip hwiown gn-

Jupymad mO6Ow wyGuhuh ny hwdwp, np win hwowphg viuwd, jwiwwlwls
m pOwhwl pyh hwiwn nbnh nGbow
[$pem —5.| < £
Ywd np GnyGo t
. +a,, 4+ +a,,| <€ (14)
wohwiywuwpmpmap:

Uy funupny, nnwbugh Ywiwywlywl whnwdGbpmy wnpp (hGh qniquidbn,
wohpwdbyn t L pwywpwn, np gnympintG mG6Gw hwiwp, nphg vhuwd wyn
2unph gulywgws pyny hpwp hwenpnnn wlnwdlbbph emdwnp pwgwnpdwly
wndtipny pnpn (pGhH Gwhrwwbu npywd Ywiowwlwl npwlwl pypg:

ULztGp, np Gawlwipnfu 2wpph qniquihwnipjul wGhpwdtn L pujwpwp
wwjdwlp qnpélhwywbnud qpbpt whuwGh sk, ptik wyn wWuwjiwGh wbuwywh
YwplnpnipymGp whGdtunbih t:

Jdbtpomd Gbpdndblp Gwbl GowGwihniu wpph pwgwpdwly qniqudhuineg-
Jwl L wwplwGwywt qriquihunipywl hwulwgmpniGGGpp:

UwhdwGmd 3: Lywlupnfu uppp Yngdmd ¢ pwgundwly gmeuwidtin )wnp,
pt wyn wpph htiin dbuinbn qriquipnmd t Gpw whnwdlGbph pwgwnpdwl
wndbplbphg Yuwqows wnpp:

BLnptd 2-h 2Gnphhy, npwbugh Grwlwhnfu swppp thih pwguwpdwy
qniquistun, puwlwa t, np Gpw wlnwdGbph pwgwndwly wpdtipbbinhg jwqowo
2unpp (hah ququibn:

UwhdwGnd 4: LywGunpinfu pwppp Ynsydmd ¢ wuwydwlwlwl qniquitn
2uwnp, bpt wyd qiquibn t, puly Gpw wlnwdGbph pwgwpdwl wndbplbbnhg
Yuquwd unpp’ Lwpwitn:

OphGuwly 4: Mwpqby htnbjw) 2wpph qrequidhuninipjwl pinypp’

Z( I)H_=l_2_+?l"' +(- |)" el ()
fwah np nhmwnutlnrl 2wnph winwdGbph nwgwmwu wndbtplbphg Yuquiwo 2wnppep
qniquidbinn t, htnbwpwp w)G pugwpdwly qniqudbn wpp t:
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OphGwly 5: Mwpqb) (w) 2wpph qniquihunpjwi pGnypp:

Lnwénud: Rwlh np (w)-G qniquidtn wpp t (nb'u ophGwy 1-p), pul Gpw whnuwitt-
nh pwgwpdwly wpdtpGbphg Ywqdws wppp’ wpwidbn, hbnbwpwp wjo ww)iwGwywi
qniqudtivn wpp L:

udihniplny bpngpyuwy wpymGplbpp® vwnwlnd 6Gp hbinlywy bepwljw-
gmpnlp’

Gwluwhnfu 2wnpp Yupnn t (hGG;.

w) pwgwnpdwl qniquibn, p) wwdwiwlhwl gmeuwdbn, q) inwpwdbn:

L2wGwihnfu 2wppbphG ybGpwpbpnn dtp nuunudGwuhpnepynuGGtipG wjwp-
nbkGp hGwlywy Gpynt ptinptidGtpny’

Bbnptd 4: Pwgwnpdwl gniquibn wpph wlnwdlbbph wiwywlhwl Yb-
pwnwuwynpnidhg vinwgwd rwnpp OnyGybu pwguwpdwly qniqudbn t, pan
npmd wyn pwnph qmidwpp wfudwo st Gpw wlnwdGbph nuuwydnpnipimbhg:

Blnptd 5: Epb Lrwlunpnfu )wnpp Wuwydwliwlwl qmewdbin wpp £, huly
a -0 Jwowywlhwl phy, wwyw wp pwnpp fupbih t wowbu J6pwnwuuninpby,
np Opw emdwpp hwywuwn (hGh a -h: Ui hl, wwydwlwlwl qniqwidbin wn-
2o Yupbih t wiowbu J6pwnwuwynply, np wl nwerbw wnwpwibn:

§61. dnibyghnbwy 2wpptbp: Jwjwuwpwswih
qniqudhwnnipjnil: dnulGyghnGwy 2wpph qriqudhwnnipjwl
wnhpnyypp: YwhnGwynp qniqudhwinn $nilyghnGuy wpptlp:
PtnphdGhp PniGlighnGw) 2wpph gnudwph wipGnhwnnipjw,
winwd we winwd hGuntqpdwl L wéwlgiwl Jwuhb:

UGgGLny PnillyghnGw| wpptph nuntdGwuppnipjwlp’ nhunwpykGp
ghuGnuyG X dhpwluwypnid npnwé PnGhghwGbph
Ji), £,y ees £1(X)s oe. 1)
hwonpnuwywbnipynGp® L GGpwnptGp nhuwplyynn dhowlwphG wwwnlwlnp
x -h jntpwpwliginup wpdbph hwidwp wnpywé pniGyghnGwy hwonpnwlwbnip-
jntGhg unwgdwé pywihG hwonpnuwlwhnipymGe nGh Ytppwinp uwhdwa.
lim £, ()= £(x) {£(x) < +o): 2)
Pwhh np x -h Ytipgpwé wpdtipny (2) uwhdwlp npnaymd t ShwpdtpnntiG,
hwnbwpwp wyl GnyGwbu > -h pnbhghw t (npndwd X dhowlwypnid):
UwhdwGnwd 1: (2) hufwuwpmpuul dhongny npnpynn f(x) Pmblyghws

Ynsymid ¢ (1) PmibGlhghnGuy hwonpnwlwlmpwl vwhiwluyhlG pmlhghw:
Pwjht hwonprwywinipjwl uwhdwbh vwhiwGiwhs hwiwdw)a [19,u)

(2) hwjwuwpnipynilp GawGwynid t, np pwywlywi t X dhewlwipnd pGupby
x -h nplut wpdtp, npwhugh guGlwgwé ¢ npwlwh pyh hwdwp qnnipnih
nObOw wyGwhuh n, hwdwp, np wyn hwdwphg ujuwéd nbnh NGLGW

|/, - f(x)|<e 3

*) X' Shouwljunpp Wwpnn b (hGhy dbnguainn fuad wiiybpg, hGyuwby Guds dwuly, pug Yusd Yhuupuwg:
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wlhwywuwpnepyntlp: Iwulwbwih t, np ipt X dhowlwypnid plunpkhp x -h
Uk wy wpdtp, www, pnhwipwwbtu wuwd, (1) ImbGyghnGuw) hwenppwlywhne-
pimGhg YuunwGwhp d64 wy pYwihG hwenpnwlwbmpyniG L Gwiuyhb s -h hw-

dwp G2wé 7, hwiwpp Yupnn b wpnbG whwwGh ghGep (Ghnpp (hab): LEWG
wwpwaquyntd wlhpwdtiawn t n, wpdtipp hnfuwphGly Gnp’ wybih 066 wpdb-

pny: Pwyg nhuwpyynn Showlyuwypnid x -0 pOnniGmd £t wGdbpe pwGwlnep-
jwip wpdtipllip, wjGwtu np dkGp qnpdé nLGbGp whytpe pwhwynipjwip hpw-
phg nwpptip qniquititn pywhG hwenpnwlwGnipynGGtiph htw, npnlighg jni-

pwpwbgmph nbiwpntd wpwé £ -h hwiwp gnymepyneG nuGh 7 -h wjGwhuh wp-
dtp, nphg ujuwd wnbnh nubh (3) wGhwywuwpnipynGp:

POwYwG hwpg t dwamd. grympynG nGh” wpmynp n -h wluypup wpdtip,

npp nindwo € -h hwdwnp ponmGwy 1hoh vwwuwplybine wyn ppnp hwenpnw-
YwlnipyniGGtpp:

Uwhdwlnwd 2: YwubiGp, nn X dhowluwypmd (1) dnblghnGuy hwonpnu-
Yuwlbnpm GG fip vwhdwluyhlG f(x) Ppnllyghuyhlb qmquidfunmd ¢ x -h Ghunn-
dwidp hwywuwpwsunh, bpb gwlhwgwo € nppwlwl pyh hwiwn qninipiml
mah wyGwhuh ny, hwdwp, np wn hwowphg vluwd (3) whwywuwpmpyniGp
wbinh nGh X dhpwlhwiph pninp x -bph hwdwnp dhwdwdwlwl:

OphGuwy 1: [0;1] dhewlw)pnid nhuwplbny dnibyghwhbtnph

X

nx
L.(x)= o g.(x)= Toni? =12.) (w)
hwenpnwijwGnipjntGGpp’ GYuinnud bGp, np 7 -p whuwhSwinpjwG dquntithu tplnt hw-
enpruulwGnipyniGGlpG b gniquidhninud G0 @(x) = 0 Imbyghw)hG [21,06]: UwluwyG Yuw-
nbh t hwdnq:l:bl, np {f_(x)} hwpnpnwlwinipinGp npywé Showluwpntd ¢(x) uwhiw-

GwjhG PnLGyghwihG gniquihnimd t x -h Ghundwidp hwwuwpwswih, huy {g_(x)} hw-
enpawlwbnpynibp’ ng:
Uydd nhunwpytlp (1) hwonpnwywbnipjwb pmGlyghwitiphg Ywqdwsd

gf;(x)=ﬂ(x)+fz(x)+---+L(x).{.... @)
wpunwhwjwnnepynilp:
UwhdwGnus 3: f,(x) (n=12,..) Pmblhghwlbphg Guwquws (4) wnunwhuwy-

winpimlp Ynsyfmid ¢ f,(x) wonwdGbpny pmlGlhyghnGuwy wnp:

Thuwnplynn $nilyghnbwy awpph dke * -h thnhuwupkG wbnwnpbind X dh-
ewlw)phl wuwwnywinn hpwphg wwppkp wpdbipGlip, Yurnwbwbp hpwnphg nwp-
pbp pywjhG 2wppbp, npnGp Ywpnn 66 (hGby hGswbu qniquiibin, wybwtiu b
nwpwdibn:
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Uwhdwlnd 4: X dhowluwypnid npmpdwé f,(x) (n=12,...) PnGlhyghwib-

nhg Ywquwé (4) pniblyghnluy rwnph qriguifuinnipywl wfipnyp wubiny hhwu-
Ywlwlp wyn dhowluypht wunnlwlnng wyl wpdtipGbnh pwqdmpyniap, npnlghg
Jmpuwpwlymph hwdwp (4) prlblyghnuy 2wpphg unwgwé pyuyhl 2wppp qnt-
qudbn t :

OnhGwy 2: Qunlb| htinbjwy PnbyghnGw) 2wpph qniquihnnejwG whpnypp’

ix'=l+x+xz+...+x'+--.: (p)

Lawénud: Lywnh nGbGwgny, np |x|<l wwjlwlhG pwywpwpnn x -tph hwdwp (p)
Pnilyghnluy wpphg uwnwgynn pYwjhG wppbipp qniquittitn bG* pGn npnud qniquish-

uninud GG .l—l—x InGyghwyhG [58,01].

1+x+x’+---+r+~--=7'— (-l<x<l),
-X

huy HZI wuwydwohG pwywpwpnn x <tiph hwdwp” nwpwdbnn, bqpuiwglnid GGp, np

nhunwnldnn PnullyghnGun 2wpph qniquidhinnipjwl whpaypp (-1,1) dhowluwph t:
Ghpwnpbiny, nn (4) Pnilyghnluwy 2wpph qriquishwnipywl whpnypp X

dhowluypl t* f(x)-nd, s,(x)-n4 L r,(x)-n| hwiwwywinwuiwGwpwnp GawGw-

4t0p win 2wpph qmuiwnp, Gpw # -pn JwuGwyh qrudwpp L 7 -pn dGwgnpnh
qniiwpp [58,u2,u3).

f®)= gf.(x), 5.(x)= gf.(x), r(x) = gf ® (1=12..): (5)

UyGhwpwn t, np X dhowlw)ph jnupwpwGsjmp Yhwnud nbinh nGlG [58,(6)]
Sx)=s5,(x)+r,(x) (6)
Ywd np GnyyGG ¢t
r(x)=f(x)-s5,(x) (n=12,.) (6)
hwywuwpnipymGGLpp:

UwhdwGnmd 5: bwubilp, np (4) prniGhghnOwy rwnppp X dhowlwypnid
puwn x -h huduuwpwsunh t qiquidfinmd pp f(x) gnidwphd, tpl n -p wi-
vwhdwGmpywl dgunbihu wyn rwpph dwulwlh gnidwnplbph {s,,(x)} hwonpnuw-
Yuwlmpimp x -h Ghwndwde hwjwuwpwswh t gniqudpuinmd f(x) pnby-
ghuyhl ywd np GnylG ¢ n -p whvwhdwlnipywl dqunbithu (4) pwnph n -pn
JGwgnpnlbph eqmdwnbbnhg hwqlwoé {r,,(x)} hwonpnuwlywlmpyntlp x -h Gywn-
Jwdp hwjwuwpuwswh t dquimd qpmyh:

Oquytiiny $neGyghnGus hwonpnwlwinpywl hwyjwuwpwiwgh gniquidh-

unintpjwlp Ypwptpnn uwhdwblmihg' Yupnn GGp $niblyghnbw) 2wpph hwyw-
uwpwswth qniquihinntpyntlp vwhdwob) Gwl htwbywy Yepw'
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Uwhdwlnwd 8: bwublp, np X dhpwluypmd f(x) pmlighuyhlG qmqu-
dfnnn (4) pnellyghnlwy swnpl uyn dhowluwypmd pun x -h hwdwuewnwsunp ¢
qiquidfunntd pp gridwnppl, bpt gwllpuwgws € npuwlwl pyh hwdwp gnymp-
JmG mGh wiGupuh n, hwiwn, np wn hwiwphg viuws X dhewlwyph paynp
x -bph hwdwp dhwowdwluwly wnbnh nGh

Is.(0)- fx) < @
ywd np OmyGo

I <e )
wohwywuwpntpntOp:
UGgGLinyY JwhnGwynp qniqudhwnn nillyghnGuy 2wpph hwulwgnipyjwip
owlnpwlOwiniG’ plipkGp htinbyw) vwhdwGndp’
Uwhdwonwd 7: bwubilGp, np (4) pniGlghnluwy wnpp Ywlnbuninp ¢ gnt-

quipinmd X dhowlwipntd, bpk gnympyml nGh ppuwlpwl winwdGbpny wyl-
whuh qniquidbnn wnp.

ic,=c,+c,+---+c,+---. (8)
)
np Gpywd dhowluwyph gqwllwguo Yinmd wnbnh mo6G
| se, (n=12,..) (9)
wohwywuwpmpinGGbnp:

Uy funupndy, (4) pmblghnwy pwppp Ynsymd t GuwlnGuninp gmeuibn X
Uhowluwypnid, bpl wyn wnph whnwdlbpp Gydwdé dhowluwpmd pwgwpdwl
wndtipmy s66 gbmuquibgmd npwlwl wonwdGtnmy b qniqudbnn nplt pyuyhl
2wnph hwiowwunnwufmwl wonuwiGbpp:

UwhdwGhil 8: Lwfunpn uwhdwGowl U6 dwulwlgnn pnblhghnluy swp-

oo yngdmd t X dhowluyprid (8) puyhl 2wppny Swdnpynn zwpp, huly (8)
PYuyhG pwnpp’ Onyl Showluypmd (4) pntllighnGuy wnph dwdnpwln pwnp:
OphGuwly 3: Uwywgnigly, np [60,02)

e.sinnx sinx sin2x sinnx
g 7 ='—]z_ 3 e 3 rapps (q)
dnLGlyghnlwy zwppp YuinGunjnp t gnigwdhuntd wipnne plunhl wewGgph Ynw:
Lawdnud: tuGnhpp (nwobnt hwdwn (q) 2wpeh hbwn dbhnbn nhnwpyklp npwywh
winwiGkpny

L 1 1 1
§?=[+?+3_2+...+_"_2.+...
qniqwitwn wnpp [59,04]:
Rwlh np x -h gwliwgwé wndtiph hwiwp wknh Nl
s‘:,"‘ s% (n=12,.)
wlGhwpn wihwywuwpmpyniGGpG, nuwnh, hwiwdw)G 7-pry uwhdwGiwG, wopnng pYw-
JhG wnwGgph Ypw ahunwnyynn 2wppep YwGnGuwynp t qniquishuninud:
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Ujdd wuwuwgnigilp pnLGyghnbw) wpptiph hwywuwpwswh qniqudhunnt-
pjwlp ytpwptpnn htnlywy hwjnwGhp

Bunpbd 1: (bybpywnpwu) Ept nplt dhowluwypmd (4) pniGlhghnbuwy swnpl
pn quiwpht Ywlnbwinp ¢ qriquidinmd, wupw Gyl dhowluwpmJ uylb Gp-
Ywé gmiwphl qmuqudpinmd ¢t x -h Gjunndwdp hufwuwpwswh:

Uwwgnig: hgnip (4) dniGyghnGwy 2wppp X Shewlwypmd hp f(x)
gnuiwphG YwGnGwynp t gniquidhwind b (8)-p nhuvnwplyynn 2wpph dwdnpwbn
2unp k:

(8) 2wpph qnudwpp, 7 -pn (n=1,2,...) Swulwyh gmuiwpp L 7 -pn SGwgnpnh

qnuiwpp hwiwwywunwufuwlwpwp Gawlwybind s-ny, s,-nd L o,-nd" Yuunw-
GuwGp [58.(6)]

o,=5-5, (n=12,.): (10)
LwGh np s -p (8) 2wpph qmuiwnG t, hinbwpwp ntnh NGk
lims, =s, limg, =0 (1)

hwywuwpnipynGGtipp [58,p2]: UjGnihbwnk, oqunytiny (9) wlihwywuwpnip-
GGbphg, X dhowlwiph gwllwgwd Ytinmd (4) PnGlyghnlbw) wpph 7 nn
dbwgnpnh (n=1,2,...) qnuiwph hwiwp YuunwGwGp [18,(3)]

rl(x‘ =|fml(x)+ f»z(x)"'"'lS‘fm(""'lfnz(x)""”' Scnl +ca»2 +ee
Ywd np GnyGa t

A6 ETA

qlwhwwnwywhp: Yhuwpyynn PniGyghnGwy 2wpph tGwgnpnGhph gmudwnpGliph
hwiwp unwgwd qhwhwnwlwlGtphg U (11) hwywuwpnipyntGGbphg bpypnp-
nhg htwlunud t [20,(8)], np gwljwgwé £ npwywh pyh hwdwp qnnpynLi
nGh wyluwhuh 7% hwiwp, np wyn hwiwphg ujuwd X Showywjph pninp x -tiph
hwiwp dhwdwdwlwy wnbnh mah (7) wGhwywuwpnepymbp, hGsh b, hwiw-
dw)0 vwhiwGiwG, Gowbwynid t, np GYwé Showlywpnid (4) Pnllyghnlu
2wppl punn x -h hwjwuwpwswih b qniquidhunnid  hp qnudwph:

huyw
OphGuwy 4: Mwpqli| htwnbywy HnLGyghnGuwy wppbph qniquidhnnipywG plnypp’
ia,sin nx, ia_cosnx, ()
-] =)
tipt
§“~ (a,#0, n=12,.) (b)

pdwjhG 2wppp qniquihinnid b pwgwpdwy [60,u3):
Laténud: Liwwnp nbbGwiny, np gwGlwgwd x -p hwowp wbnh nGbG [18,(5)]

wyGhwjin qlwhwinwywilipp L hwadh weGkind, np (b)-6G pwgwpdwy qnuqudtinn wpp
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t' bqpulwglnud GGp, np pYushb wewligph gwiywgws dhewlupnd hiwplynn 2wn-
ptipp dwdnpynud b6 ppuwywl winwdGspny

Zlall
wppny: hGswbu ghunblp, Ybpngpjwip GawGwlynid t, np pYughl wnwGgph guiGyjwgusd
dhowlwypntd (n) dnibyghnGuwy 2wpptipp YwinGwynp 66 qniquidhuninud hpkbg qnudwp-
GbphG, npuintinhg b pnpbid 1-h 26nphhy unwmd bap, np pYwjhG wewGgph gubywguwd
Showluwypnid npywd 2wppbipl hpliGg gnudwplbiphG qniquishuninud GG x -h Glwndwdp
hwywuwnpwgwih:

UGgOkGp (4) 2wnpph Ymblyghnlwl hwunympntGlGepht dwlnpwlwnG:

bGsubiu qhwnkGp, nplt dhewljw)pntd npndwéd Ytppwynp pynd wipGnhwin
ImGyghwGtph qnudwpp GnylGwbtu wyn Shpwlwypnd npn2jwé wGpGnhwn
dnllyghw t [24,p1]):

Muwpgynud t° npnawiyh wuwydwbGiph pwywpwnpiwh nbiwpnid wiplnhwn
InGhghwibtph qnudwphG Jopwpbpnn wonnudp wywhwwGymad b Gul (4) 2wnp-
eh wwpwaguynud:

Blnpbd 2: Epb X dhpwluwpmd npnpwo f,(x) (n=1,2,..) dmblghwGbpl
wopGnhunn b6 wyn Showlhuypmd L Gpwlghg wqdwd (4) ;wnpl pun x -fr hur
Ywuwpwgunp ¢ giquidpwnmy Gwo dhowlhwypmd, wupw nfuwplpydng swpph
qmiwpp Gnylwbu wipbnhunn t inpdwds dhowluypnts:

Ywnbh t wwwgnigly, np (4) 2wpph hwjwuwpwswh gniquibn |hGkp
pwdwpwp t, pwyg ng wihpwdtwn, np wGpGnhwwn InmGyghwbliph wWwpwqu-
nud wyn 2wnph qnudwnp GnyGwbu |hGh wipGnhwwn X dhewlwipnd: Ujn hw-
wuwygnipjwip dLwlbpwblp hbwnlyw; pnptidp

Bbnptid 3: Gpt X dhowluypmd npnpywo wlplnhunn b npuwlpwl pnGl-
ghwitinhg Yuwquwd (4) )wupph emdwpp Gnylbubu wiplnhunn t wmn Showlwy-
o, wuw Grdwd 2wnpl pun x -h hwduwuwpwswih t gniqudfunmd wipdwo
dhowluwypm d:

UGgGbiny (4) 2wpph gnu nuGyghnliug hwinynipjwlp SwinpwGwinil’
hhztiGp, np yipgwynp pyny hGubgnbith Pniblyghwlbph gnidwph npnzwy hG-
wnbgpwip nplt showywypnud hwydwuwp £ wyn ImblUghwlGtph npnzjw) hGuntg-
pwiGtiph qgnudwphG’ GnyyG Showluwypnid [40,2°):

TMwnqynd t° Ypguninp puny hwntigntith dnbyghwbbph gnidwphG Y-
pwpbpnn wGnnudl, pinhwipwwbu wuws, hp nudp YnpgOnud t whdbpg qniiw-
nh Wwpwquynid: UwlwyG $nblyghnGuwy 2wpph hwyjwuwpuwswih gnquibn
thGbp thnfunid £t hpwdhSwyp Gwl wju nbupnLd:

Rbnpbd 4: Lpb X =|a.b] dpowlwipnid plinbignbih f,(x) (n=12,.)
dublghwlbinhg wquwd (4) swnpl wyn dhowlhuypmd puwn x - hwfwuwnw-
sunp t qruquidhinimd pp f(x) emdwnhl, wuw Gpwé Showluypmd npywd
2uinpp wptyh b winwd we wanwd hGnbenb).

jf(x)dx=j‘f,(x)dx+if,(x)dx+-~+if,(x)dx+---: (12)
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Uuhuny, hainbgpbih prullghwlbnhg wqiws hwywuwpwswh gniqu-
dbin pmilGlhyghnluy wnpp emdwph pGunbignwip hwdwuwn t wn wnph wa-
nwuoakph hGwnbepuwyGph gmbwphi:

Yuwpbh t wwwgnigti, np (4) 2wpph hwjwuwpwswih qniquidtivn |hGtip
pwywpwp t, pwyg ng wlhpwdtw, np [a,b] dhowlwpnd hGubiqptih $niGy-
ghwitph wwpwquynd wyn 2wpph hwiwp wntnh nbkGw (12) hwywuwpnip-
JjnuGp:

dtpenud Gakind, np Ytpgwynp pYyny woéwlgtijh $nGyghwGbph qnudwph
wéwhGgjuiht Ypwpbpnn wanmuia t t [28,p17], pGnhwlpwwtiv wuwd, hp ndp
Ynpglnmud whybpe qnidwph wwpwquynud® dLwltpwkGp htwbjw) ptinpbdp’

Btnpbd 5: 5pt X =[a,b] dhowluypmd wlpGnhunn wéwlgyuwy nibbgnn

[,(x) (n=12,..) dullyghwlbnhg uwqowe (4) ;wnpp Gryfwd dhowlwpmd qni-

quipinmd t f(x) dmbhyghuyha, puly f)(x) wowlguybbphg Yuwquwe wnpl £

pun x -h hwywuwpwswh b gniquihinnd wyn Showlwpmd, wwyw inpfwd
wnpp lwnbith ¢ winwd we winwds wowbgly [a,b] dhewluwypmd.

F0)= f)+ Fx) 4o+ fi(x) 40+ (13)

Uuwhuny, bpb nplt dhowlwypmd wiplnhwwn wowbguwy mobgnn pnibly-

ghwibphg Yuwquwé wppp qmiqudbn t wyn dhowlhwpmd, huly Gpw winwdlh-

nh wowlguyGbphg Ywqiws wnpp' hujwuwpwsunh qiquwibn Gnyl dfiow-

Yuypntd, www inpwo wnph emdwph wowlgywp hwywuwn t wn wnph
wlnwdlbbph wowlbgubbph emdwnha:

§62. Uunh8wlGwjhG wppbip: Upbh pnpbdp: UunhGwGwyhG
wnpeh qniquidhuninipjuwl 2wewyhnp: UuwnhSwGwjhG wppbph
hwwlnLpynLGGLpp:

dnulyghnGwy wppbtph GGe hunnniy hbunwppppnpyntl GG Goplwjwgbned
wutnhSwGwjhG wnpbpp:
UwhdwGnd 1:

Yax"=a,+ax+ax’ ++ax"+- (1)
)

dniblighnGuwy wnpp Ynsynid ¢ wunhdwluyhl wpp, puly a, (n=0,,.) hwu-
L Ga6pp* wyn wpph gnpdwlihgGbn:

(1) wuwhSwGwjhlG 2wpph qniquihwnipjwh whpnypp [61,u4] quGkint
hwiwp Gwh wwuwgnighlp hbunbyw) phnpbip

RBtinpbd 1: (Upby) Epb (1) wunpBwluyhl ;wnpp qniquihunnd t x -h nplt
Xy (xo #0) wpdtiph hwiwp, wuw wyG pwagwndwly gniquipunmd ¢t Gwl

[l <l 2)
wuwydwipl pudwpwnnn x -bph hwown: 6pt (1) wunhswluyhlG wppp tnwpw-
dhunmd t x -h nplt % wpdbph hwdwp, wuyw wil tnwpwdpinnd ¢ Gwb
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> x| @)
wuwdwoht pwiwpwpng x -6ph hwdwn:
Uwuwgneyg: Thgnep (1) 2wnpp qniquidhwomd b x -h npld x, (x,, :0) wndb-
ph hwiwp: Yunwpywd GapwnpnpynlGp GawGwymd t, np gniquidhwinud t
ia,x;=ao+a,x0+a2x§+---+a,x,‘,'+-~ 4)
)
pYwyhG 2wppp, npinbinhg by htitnlnud £, np #2 -p whuwhdwGnipjwG dqunbihu wyn
2wpph pOnhwlinip wGnwidp dqunud Lt qpngh [58,p5).
lima,x} =0: (5)
Ujnu Ynndhg, pwGh np ytpowynp uwhdwl mGtignn hwonpnwlwlinipynt-

Gp vwhiwGwihwy t [19,p3], hbunlwpwn qnjnipynts nGh wyGwhuh M apw-
Ywo phy, np gwllwgwé 7 -h hwiwp inknh nGh

x| s M (6)

wihwywuwpmp)niGp [19,(5)]:
Ujdd Jbpglbip (2) wuydwGhG pujwpwpnn x -h nplt wpdtp L nhinwpltlip
(1) 2wpph wonwiGph pwgwpdwl wndtplnphg Yuwqiwé 2wnpp.

ila,x"
L]
Oquytiny (6) wGhwywuwpnipyniGGbphg® (7) 2wpph pGnhwinip wlnwdh

hwdwp YuwwlGwbp [18,(5)]
a,xgi,‘= i|' SMH :
Xo Xo )

npnbnhg, Ghwwnh mbbGwiny (2) wihwwuwpnipynilip b Ywwwnbing 9 = |J‘/ Xo|
GwGwyniip’ YnGbOwGp

=|a0|+|a|x|+|azx’|+---+|a,x"|+---: 7)

ax"

a,x

<SMq" (n=0),..; 0sg<I): (8)

ax"
UjGnihbunbl Yuqdbiny
iMq'=M+Mq+Mq’+---+Mq"+--- 9)
=0
qniquidtitn 2wppp [58,01] L (8) wlhwywuwnnipinliGbph hwajwnenuing hwik-

Gwwnbiny npuwlwi winwdbbpny (7) L (9) 2wpptipp [58,p7.n2]° hwidnqymd Llp,
np (7)-n qniquudbin 2wpp t, hGsp Gawlwynud £, np x -h Yepgpwé wpdbph huiwp
(1) wunh8wGwjhG wppp qniquihunnud t pwgwpdwy [60,u3,p2):

UGgGLiny pbinptish bpypnpn dwuh wuwgnigdwGp, bGpwnpklp x -h nplk
X wpdtiph hwdwp (1) 2wnppp wwpwihunnd b L pGopbGp (3) wihwywuwnnip-
JwGp pwywpwpnn x -h Guwdwjwlwh wpdtp:
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tpt LGpwnpblp, np (1) 2wppp qniqudtitn b x -h pGupwé wpdliph hwdwp,
www pbnptih wewehl dwuh windwh hwiwdw)d YuunwGwGp, np w)l qniqu-
dtwn t Gwlk x=x;, wpdtph hwdwp, hGsp, hwiwdw)ld GGpwnpnipjwl, hGwpw-
unp st:

Uunwgwé hwlwunipynilp wwwgnegnid b plinptidh tpypnpn Swuh wGnnudp:

huw

dnbyghnluwy (1) 2wpph Ut wbknwnpbind x =0, yhwinqytiGp, np x -h win
wndtiph hwiwp pninp wunh8wbuhl 2wpptpp gniquidhwnnud GG:

Lwl wunhSwlwyhG wpptp, npnGp niph ng dh wndtph hwdwp $6G qne-
quwdhwnud:

OphGwy 1: QunGb hbwnlywy 2wpph qniquihinnipywl whpnyypp

in!x':x+2x’+---+n!x'+---: {w)

Lnwénud: JbpglGp x -h nplt % npwlwl wpdtp b hwytlp hbnbjw| vwhiwGp
[21.p1.p27].

i
lim (n+1)lx,
SwiwdwyG Ywwopbph huyunwGhzh [59,p1]° unwgwd hwywuwpnipynilp Gawlw-
ymd £, np npuwljwi winudGhpny

=x,,[_l£1(n+l)=+m:

PILES
-]
2wnpp nwpwitn t, wuhlpl x=x, wpdhph hwiwp nwpwdbn t (w) 2wppp: Rwih np
X, -0 Yuwiwjwyws npwywh phy t, hbwnbwpwp, Upbh pinptdh 2Gnphhy, pwgh x=0
wpdtiphg nhunwplynn 2wpet wikGnipbp wpwihund t:
Yl OGwb wybwhuh wunhSwlwihG wppbp, npnGp wikGniptp (wjuhGph

x -h pninp wpdtplbph hwiwp) gniqudhwnud GG:
OphGul 2: QunGby hbwnlywy wuinhBwluyhG 2wpph qniquidhwnpjwG whpnipp’

oy 7 .
g;-'-zx+3"-+...+;!.+.... (p)

Lnénud: Oqunybiny pyunhG wpph qniquihnnipjwl Mwpwipbph hwywnwihzhg b
x -h gulwgwéd npuwlws wpdtiph hwiwp hwaytny [21,06]

Iim[ " :i]=x|imL=o
==l (n+1)! —op+]
uwhiwbp’ Yuunwbwhp, np nhunwpydnn 2wppp x -h npwiwi wpdtipGph hwiwp qniqu-
Ghuinnud t: Oquaybing Upbth pbnpbidhg, Ywpnn bGp winty, np (p) 2wppp qniquishuind t
Owl x -h puwgwuwlwh wpdtpGbph hwiwn: Uuwhuny, wdpnng pujhl wowlgph yYpw
nhwnwnlynn 2wppp (pugwndwl) qniquishnncd t:

Ujdu tGpwnptGp qnynipinih nbbG x -h wjlGwhuh x wpdtpltp, npniGg
hwiwp (1) wunhSwGwihG wppp qniquihnind t, L phowplbGp wyn

wndtplbiphg Ywqdyws X ={x} pwqdmpjnilp:
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3Gwpwynp t tpynt nbwp Yuwd X pwquinipynilip ybplhg uwhdwlwgwy t
4wd® ng [18,u30): Gpypnpn niwpnid x -h hGgwhuh wpdtip b YLpgGGp, wyG-
hwywnpbG gnynpyniG YniGbiGw X pwqinpjwlp wwinlwinn wjluhuh * wp-
dtip, np wibinh YnuGblw |x|<|*| wGhwwuwpnipyniGp, npubinhg by Upbih pbin-
pbdh 26nphhy YuunwGwGp, np ybpgpwé x -h hwdwnp (1) 2wppp qniquidhunind t
pwowpdwly:

Ujuwhuny, tipt X pwqunipynilp Ybpbhg uwhdwGuhwly sk, www (1) 2wppp
witimpbp pwgwpdwy qmqudhwnmd t:

UjGnthtnk LGpwnpbGe X pwqdnipyniGp Ybplhg uwhdwGwwy t L R-p
wjn pwqunipjwl G2qphwn YbphG bqplG t (R>0) [18,u32]:

Muwnq t, np pGGwplynn nbwpmd |x|>R wwySwGhG pwywpwpnn x -tiph
hwiwp (1) 2wppp wpwdhuind t: Mwpq t Gwb, np Gpb YtpgGhGp x -h nplk
wpdtip, npp pwywpwpnud t | xj< R wwydwGhG, wyw pduyhG pwqinpjwh 62q9-
nhw dtpht Gqph uwhiwGiwl hwiwdw)s wihpwdtnnwpwp qnynupyntd Yne-
GbGw X pwqinpjulp wwinwbnn wiGwhuh ¥ wpdbp, np nbnh YniGbGw
I <|5|s R wGhwywuwpnipjniGp, npinbinhg, hwiwdwG Upbih pbnptidh, Yu-
nwbwap, np ybpgpwé x -h hwdwp (1) 2wppp qniquidhunnud b pwgwpdwly:

Yuwhuny, bpl R -p wyl X wpdbplbphg yuwqidwo pwadmpjuwl 829ppn
yiphtG tqna t, npnlGg hwdwn (1) wunhowluyhl wppp qniquidhnmd ¢, wuw
(~0,~R) U (R,+) Uhpwluwypbpnd inpywo rwppp tnwpwdpunmd &, hul (-R, R)
dhowlwpmd® pwgupdwly qmowdpunmd:

L2tiGp, np (-R,R) dhowywiph 6wjpwltintiph dwuha, (1) 2wpph qniquiih-
wnpjwl hduwuwnny, nplt pGnhwinip winnud wibp hGupwynp st* jmpwpwhs-
jnip wnpph hwiwp wihpwdbwn b Yuwnwpb) |pwgnighs hbtnwgnunepinil L
wuwpqby x=+R Ybwnbpnid wyn 2wppp qriquidhnn’ud k, pE° ng:

Uwhdwlnud 2: UG X wpdbplbiphg Jwqddwd pwqdnipjws Ggpfin b-
nha bgpp, npnGg hwdwn (1) wunpdwGuwyhG swppp qmeudpunmd &, ynsgmd ¢
wyn 2wnph qmueudfnnipywl pwewdhn:

Udthnihtny 2wpwnplué nuunnnpntGGtpp, Ywpnn Ghp dbwlbpwbi
htnlyw pbinptdp’

Bbnpbd 2: UunpdwlughG )wnph qiquipinmpiwl wnppnypp pwg, huly
yuwd Ypuwpwg oh dhowluyp ¢, nph dhelwlhbinp YnnpnhGuinGbph ulyqplw-
YbwnG t, pGn nprmd qmquidpinmpwl dhewlpwyph Ghpumd inpdwd 2wnpp qnt-
quwdpuinmd ¢ pwgunpdwy:

LhwuinkGp, np wibkGniptp twpwibn (pwgh x=0 wpdtiphg) wunhBwiw-
JhG 2wpph qriquidhwnipywlb Shewlwpp Ybpwoynud t YnnpnhGwinGlph ulqp-
Gwytiwnh (R =0), huy wikGnipbp qniquitin wunhSwGwihG 2wnpph qniquih-
nnipjwl Showlwpp hwipGyGnud £ wipnne pyuwihG wrwigphl (R = +w):
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PGwywlwpwn, hwpg t Swanl. pGswt v qull; wunhdwluyhl pwnph qnt-
quidpwnmpwl weuwihnp:

Quuybipywsé hwpghG wwwnwuluwbtine hwiwp (1) 2wpph hbwn dklywnbn
Onphg nhnwpytiGp npwiwt winwdGpny (7) 2wppp, npl wju wiquwd Gaplyw-
JugltGp

W+ 14}

a.

Sl =fao]+ o]+ ol +---+
wbupny L wjn 2wpph pGnhwGnip winwip GawGwybGp u,-ny.

ol (n=0L.):
GGpwnpbiny, np gnjnipymG niGh

u,=

limest=1 (120) (10)

uwhdwGp’ YnGEGwGp [18,(8)]

lim %22 = lim lanad™ _ HE’.E{‘:,M =|AL:

— =
ey —o |a.“x|

LiwinkGp, np hwiwduwyG Mupwdpbph hwjnwGhzh, L =0 nbwpnd (7)) 2wp-
pl wibGnipbp qniquidhwninud t, npunknhg t| htiwbknwd k&, np wyn nbiwypmd (1)
2wppl wotGnupbp pwgwpdwy qniquidhund t: UjGnihbwnk, GnuylG hhdGwdnp-

dwdp, IA1L<1 Ywd np GnyGG t° |—\'|<1/ L, (L#0) wGhwjwuwpnipjulp pwjw-
pwpnn x -tiph hwdwp (7) 2wppp nwpdjwy gniqudhund t, npuinbnhg hbounbnud
t, np wyn GnyG x -bph hwdwp (1) 2wppp qnLquhnud t pwgwpdwl, huy |x|L > 1
Ywd np GnyGo ¢t |»1>1/L wihwywuwpnipjwlp pwdwpwpnn x -tiph hwdwp
wyl wwpwidhwnud t, pln npnud wyn 2wpph, htnbwpwn Gub (1) 2wpph pGnhw-
Gnip whnwdp sh dqunud qpagh?, npubinhg hbwnlinud t [58,h1], np |x]>1/L wG-

hwjwuwpmpjwlp pwywpwpnn x -tiph hwéwp (1) 2wppp bu Lwpwdshnnd
Udhnihliny ybipngryuyp, Gapuwlwglnd &Gp, np (1) wunhbwluyhl pwnph
qriquipinmpywi wawipnp wpnn GGp hwpity

R=1

t~

ywd’

- (11
pwowdlbiny:

“)Sbu Tugudpbph hujunwbhzh usaugndgh bplpnpn dwup:
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Ughuny, (1) wunhowluyhlb zwnph qiquifunnipyuwl wfipnypp —R -hg
ohgsh R pwg, phuwl) wd Ypuwpwg Showlhuyp £ npinbin R -p npnpdmd ¢ (11)
pwlwdbny:

UniyG Sbny, oqunbiny npwlywl winwdbbpny wnpliph qmiqwdpinnipui
nahh hwypmwGhzhg [59.p2), Ywpnn blp hwingyby, np (1) wunhdwlbuyhl wp-
oh quouidfunnipyw pwawdhnp uwpbih ¢ hwpty

1

R=
] @
pwliwdlny:
OphGuwly 3: GnGby hbunbjw, wunhSwbwjhG 2wpph qniqushuinpjwG thpmypp'
- 2 3 »
N Qxy ), 29 (2% -'-.+(—l)"'@-+---: (@)
-t n 2 3 n

Lnténud: Oquybiny (11) pwlwdlkhg' nhunuwplynn wpph gniquihuinipjwt w-
nwynh hwiwp YuunwGwip

Rz—@l(—lr'z' . (—1)’2'*‘[_5’_ n+l_

n  n+l I—*:Zn

1
5

UjGnihtinnk, ndwp st hwdnqyby, np (-1/2;1/2) dhewluwph weo dwjpwybuninud wp-
wé 2wppp hwdpGlyGmd t

1-——4 === +(_l)"'l+...
n
2uppht L htwnbwpwn qniquiihnmd t [80,01], hul dwhu dwjpwlbuimy’

1 1 1 )
= l+ =t —F b=t
[ 2 3 n

2wpphl L hbinLwpwp wnwpwdhnnd t [58,03]:
Udthnihbiny wprynGpGhpp® uinwlnud BGp, np (q) 2uspph gqniquishiinpywG thpnpp

=
272
4huwpwyg Showlwyps t:
UGgGt nY wuwnhSwliughG 2wpptiph hwilympynGGbph 2wpwnpdwbp, GG-

punntGp (1) 2wpph qniquihwnipywl 2wnwdhnp hwduwuwp t R-h (R>0), bk
wwuwgnigGp hbinlyw; pbnpbdp.

Bunpbd 3: ~p qmeuwdhnmpwl wnppnypmd pliwoé guwlywgwd [-r,r]
(0<r < R) dhowluwypnidl (1) wunnhwluyht 2wppl putn x -h hunfwuwpwswh t
amquidfunmd hp gridwphi:

Uwpwgnijg: Shgnitp R-p (R>0) (1) wunhSwGwhG 2upph gniqudhunntp-

Jwl 2wnwyhnG t, huy »-p° R-hg thnpp nplt npwlwG phy:
Jwdwdw) pbnptit 2-h, uunwpywéd thpwnpnipyniGhg hbitnlinud t, np (1)
2wnpp pwgwnpdwy qniqudhnnud t x=r wpdbph hudwn, hGsp GawGwynud L,

-39-



QLN Xl
np qniquihunnud b

ila_[r" =|ay| +|a)r +lafr +e#a |+ (13)
L)

pyuwjhG 2wnpp: UjGnihbwbk wwpq t, np |.r|_<.r wwjdwGhs pwdwpwpnn x -bkph
hwdwp (1) 2wpph wlnwdGtpp shG qbipwquigmd npwywt winwdGspny (13)
qnguitin 2wpph hwiwwwwnwuluwh winwdbbpp: IGnbkwpwp [-r,7], dhow-
Yuypnd |hGGny YwlnGuynp qniquibn wpp [61,u7], hwiwdw)b dbjtpawn-

pwuh pbnpbioh [61,p1], wyG Gywé Showlwipnd putn x $ hwjwuwpwsw t
qniquihnmd hp gnudwphG?:

huw
OphGuwy 4: PGswtiu ghnkGp

l+x+x 4ot X" 400
wunhSwGwihG 2wpph qniqudhunipywG whpnuypp (-1;1) dhewyuwypG t [61,02): Ibwbiw-
puwp, hwiwdw)G panpbd 3-h, Gaywé ShewYuwiph Gbe pGiws gwlywgws [-r,r] Shewlw)-
pnud nhrwpyynn 2wppl pun x -h hwjwuwpwswih b qnigudhunid hp gnuiwphG:

Itwnbwbp 1: Ep6 R-p (R>0) (1) wunhowluwyhl )wnph qniqwihunp-
Jwl pwounhnt t, wyw -R -hg hGsk R wnpdbpbbnh dbe pGlwé x -bph hwdwnp
wyn awnph qmuldwnl whplnhuww pmblyghw ¢:

Uwuwgnijg: Ppnp, 6pb (1) 2wpph gniquihwninipjwb Showlwph Ghpund
ytpgltGp nplt x, wndtp, www (0,R) dhowlwipmd (R-p nhunwnplynn 2wnph
gniquihwnipjwl wewdhnG t) Ywpnn GGp pGupb) wiwhuh 7 wpdtp, np nb-
nh nGkGw |xo|<r wihwywuwpnipyniGp: Pwjg, pwbh np nhvwpyynn 2wpph
wlnwdiGbpG wibGmpbp wGpGnhwuin dniGyghwbp 66 [24,01] L hwiwdw)h
Gwlunpn ptinpbth wyG [-r,7] Showlhwipnid punn x -h hwyjwuwpwswih t gniqu-
dhuned hp qnudwphl, hinbwpwp Gwé Showyuwypnid b Swubwynpwwbu x,
ytimd (1) 2wpph qnudwpG wipGnhwwn dmGyghw t [61,p2):

huyw

Jtwnbwhp 2: 6pb a L b pylinp qubymd 64 (1) wunhdwluyhl wnph

qmqwipinmpywl inppnyph dbe, www wyn rwpph emidwnpp hGinbgpnuwil a -hg

Jhash b uwhdwGGbpmd hwdwuwn b npdwé wnph wlnwdGéph plnbepuw-
Gbph qmdwphG® Grywé vwhdwlGEpnd:

Uwwgne)g: bpnp, tipt a L » pybpp qunGynud LG (1) 2wpph gnigwdhunnt-
Piwl whpnyph Gbg, npbidG [a,6) dhewlwypp Ywnbith t qgbi wyn whpntypnLd
wuwpnibwlynn dh nplt [-r,r] dhowlw)ph dbg, npunbin, hwiwdw)G Gwiunpn

*) Ljunnblig, np pbL  -p Ywnpnn bGp whuwhdwbunhuwlnpbG Snnbglhy R -hh, uwlw)s wynnbnhg
nbnlu gh htwntnid, np (1) 2umpp [—R, R] dhgwlupnid puwn x -h hwjuwuwnwswih t qrequaihinncd:

-40-



§ 62

pbnptidh, wpgwé 2wppl pun x -h hwwuwpwswih t gqniquidhwnnud hp gnuiw-
phG: Pwjg pwbh np nhunwnplynn 2wpph winwdGbpp (npybu wikGmpbp w-
GpGnhwwn pnLbGyghwibp) hGwntiqpbith G0 gwGywgwé dhpwlwpnd [40,p2] L
Jwuliwynpwwtiu [a,6] dhpwluwpnid, npintin GnyyGwbiu wyn 2wppl putn x -h
hwjwuwpwswih b qpequdhuind hp gnudwphb, hnbwpwp (1) wunhSwlwhG
2wnpl a-hg dhGsk b uwhdwbbabpmd Yupbh t winwd we winwd hGntiqpb)
[61,p4]:

hww
Bunptd 4: Pp qniquidhinmpnul inppnyph Ghpuntd (1) wuinhowlbuwhl
auwnpp Ywnbip t wonuwd we winwd wéwlgly.

(i"-x') =iM.XH, (14)
) -
pon npntd wowbgowl wpymbpnid uwnmwgywd 2wnpph gmeudunmpiul pw-

nwipnp hwdwuwn b opdws pwnph qiquidunnpywl swpuninhi:
Uwwgny)g: Btnptidh wnwehlt dwul wwwgnigbint hwiwp Gwlu gniyg

wwbp, np (1) 2awpph gniquishnntpywG whpnyph d6e piljwé quilwgws [-r,7]
(0<r<R) dhowlyuypmys”? wyn 2wpph winwdttph wowGgyw)Gtiphg Ywqiws

3 na 5 (14)
—1
2wnpl pun x $ hwjwuwpwswh t gniqudhumd hp gnudwphG:

Wn Guwwwyh hwdwp (7, R) Shewlwipmd pGuinpbGp nplk 2 wpdtp: Rwbh
np pGwpwé wpdbiph hwiwn (1) 2wppp qniquidhnind t, hnbwpwn intinh nuGh
Er’_na_p" =0
hwl.[wuwnmpjhl.ﬁn: Upnwu ynndhg, pwGh np Ytpgwynp uwhdwG mGlgnn hw-
onpruwlwantpyntGp uwhdwGwehwy t, hbnbwpwp gnyjnipymG nbh wyGuhuh

M npulwG phy, np gquilwgwé n -h hwiwp inbnh nGh
a,0"| < M (15)

wlhwywuwnpnipynLGp:
Ujdud tpt [—r,r] Showlwyphg YtipgltbGp x -h nplit wndbp, wupw (15) wihw-
JwuwpnipyntGGlph 2Gnphhy (14) 2wpph plnhwGnip winwdh pwgwpdwy wp-

dtiph hwdwp YnGLGuGp
~ Tl
p.H l < n‘A_{' L‘ ’
pl o plp

= o™ =,

npuntnhg Ywwwpbiny q=L (0<g<1) GauwGwynip' Gwé pwgwpdwy
p

°) R-p (1) 2ungh qrLquishumpyusli 2auounjhnG t:
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wpdtiph hwiwp JunwbwGp

Ina,x"'l <n %q"" (16)

qlwhwwnwywip: Ywiwdpbph hwjpnwbh2h oqlnipjwip hwinqybiny, np
npwljwl winwiGkpny

M& .

- ;nq’”
2wppp qniqudbn t L Gywwnh nGEGwiny, np gwlywgwd n-h L [-r,r] Ghow-
Yuyph gwllwgwéd x -h hwdwp wnbknh nGh (16) wihwywuwpnipnilGp’ Ywbn-
Guynp qniquihwnn 2wppbphG YyGpwpbpnn Jbjtipvpwuh pinpdh 2Gnphhy
YuunwGwGp, np [-r,r] Ghewlw)pnid (14) 2wpplb pun x -h hwyjwuwpwswdh t
qniqudhwnnd hp qnudwph:

Wuwhuny, (1) 2wpph winwdGbind wyn 2wpph qriqudhwinipywl whpnyph
ub9 pGywd [-r,r] dhowlwipnid nbliG whplGnhww wéwhgyuGhp [27.(7)], L
wyn wéwhGgywilbtphg Ywqiwé 2wppp Gawé Shewluwypnid putn X -h hwywuw-
pwswih t qruqudhwnid hp qnudwph(:

hGswbu ghuinbGp, Ytipngnwy bgpwlywgnipniihg htwlnud t, np [-r,r] Gh-
swlwpnud wipuwé wppp Yuntih b winwd we winwd wéwhgk) [61,p5): Lw-
Gh np (1) 2wpph qniquihnnipjwG whpnyph JnpwpwGsnp GepphG Yhw Yw-
ntiLh t qgbii wyn whpnyph dbe wwpniGwlynn nplk thwy dhowlwph dbg, ntuwh
plinptdh wnwehl Jwul wwwgnigyws t: UYL hG, yepngpywy nuwunnnnpnbit-
nhg htiwnlinud £, np (1) 2wpph gniqudhwnipjwlb whpnuyph Jnupwpwlgnep Gep-
RhG YGwinLd qniquidhuinud £ Gul (14) 2wppp, w)Gwbu np wjn 2wpph gqnuquish-
wnnipjwl pweuwnhnp thnpp st R-hg:

Ptnptsh tpypnpn dwul wwwgnigbint hwdwp dGnud t gnyg twy, np (14)
2uinph qniquihunipjwl wnwyhnp Gwl 066 st R -hg:

Jwinqybint hwiwp, np (14) 2wpph qniquidhnnpywl wnwypnp dké st
R +hg, bGpwnptlp hwiwnwlp, wyuhlpG LGpwnpkilp R, > R, npwnbn R -p (14)
2wnph qniquidhwinipywlb wrwyhnb t:

(R,R) dhowlwypmd plGupbiny x -h npt x; wpdtip L GYwwnh MbbGwiny
htunbwlp 2-6 m (14) 2wppl wlnwd we wlnwd hGunbgpbiny 0-hg thGsl *

uwhowGGEpnLy” uunwbwip, np (1) 2wppp qniquihnnud t x, Yennd: Unw-
gwd hwwumpyntlp GowGwynid t, np dbp GopwnpnpntliG w)G JwuhG, np
(14) 2wpph qniquihnnpywi wawdhnp Gt6 t R -hg, ufuwy t:
Ujuwhuny, (1) L (14) 2wnpptipG Gkl qniqudhwnipjwl GnyG 2wnwyhnp:
buyw
PLnpty 4-p hwonpnwpwp Yhpwabiny (1) wpphg winwd we winwd w-

Swlgbiny uvnwgynn Gnpwlnp wuwhSwbwiht 2wppbph hwiwp® YuinwbGwbp
htwbyw| ptnpbip’
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©tnptid 5: 2mquidfinmpywli R (R >0) pwawpn nbbgnn (1) wunhw-

Guyht pwnph gmdwpp oh pmlblyghw &, npp (-R,R) dhowluypmd niGh hp pn-
nn qupgh wowlbgyuyGbpp: Can npmd wyn wowbgyubbphg jntpwpwlsimpp
dh awnph emudwpn ¢, npp vunwgynid b inpywo pwnpp hwdwuunnwufuwl pydny
whouwd winuwd we winwd wowbgbiny, L nph qmieudpnmpuwl waunlhnn
hufwuwn € (1) wpph gmqudhunmpyuwi Jwnundnh:

dtipgnid nhuinwptilp Gwb x-x, GpYuwlnuidh wunhSwiGbpny nwuwynp-
uwd, pGnhwlnip wnbuph

30,5 = %) = 4+ (5= %)+ b a, (5= x) 4 (17)

wunhSwbw)h6 2wppp, npp x, =0 Swulwynp pbwpntd hwdpGyend t (1)
2wnphG:
Ruwbh np thnthnfuwlwGh
y=x-x (18)
tinfuwphGnudny (17) 2wnpp ptipynud t (1) 2wpphG.

ia,y'=ao+a,y+---+a_y'+-~-, (17
=0

nunh uyl twwbu sh nwpptipdnid wn 2wpphg: Gepwnpbiind, np (17) 2wnpph
qniqwihwnnipjwlG whpnypp (-R,R) dhowlwypl t° YuwmwGwbGp, np
-R<x-x,<R Jud np GnuylG &' x,— R<x<x,+ R wlhwjwuwpnipjnGGEphG

Pwiwpwpnn x -tiph hwdwp (17) 2wppp qniquishunud t, hul wn Shewlwiphg
nnLpu’ wwpwdhnmd:

Uwwhuny, bpl hnipnfuwlwih (18) hnfuwnhGowl 2Gnphhy pGnhwlmp
wibuph (17) wunhowluyhl rwnpphg unmwgynn (17) 2wpph quiqudhnmpywl

nppnypp (—R,R) dhowluypl t, unyw (17) pwpph qrequdfunnipywl inhpnypl
ly x, dhobuiptinny (x, ~ R, x, + R) dhowluwypl ¢:

Jwulywbwih t, np bpb (17) 2wpph qniqudhnnipjwG thpnypp thwy (Y
bGhuwpwg) Showlwp t, www (17) 2wnph qniquiihninupywG whpnypd by b thwy
(4wd Yhuwpwg) Shewluyp:

OphGwYy 5: QunGb) hbnbyw) wunhSwiughG 2wpph grrquihwnntpjwl thhpnepp’

S 43 =x 43+ (x4 3 ok G +o

Lnénud: OnhnpuuwGh y=x+3 hnfuwphGiwh wpnyntGpnid npnwplynn 2wppp
YpGnnGh
R SR IR 3k ToN (n
wbupp: 2whh np () 2wnph qniquidhntpwG whpnupp (<1;1) Shewlw)pG t, htwnbwpwn
upywé 2wpph qruquishuninipywl wnhpnyph by (—4;-2) Ghowlw)pG t:
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§63. dniGyghwjh ybLpniénidp wunhSwbwihG 2wpph: BGjnph
wnp: e, sinx, cosx, (1+x)*. In(1+x) $nmbGYyghwGbph dlipinidnidp
UwlyinptGh 2wpph:

dmaGyghwlbph wnbumpywl dbp huluywlhwl Grwlwlympimb mGh wnpdwod
dnGlhghwi

Z.:oa.(x—xo)'=ao+a,(x—xo)+---+a,(x—x0)'+---. (1)

ia,x‘=a°+a,x+---+a,x'+--- (2)

wuwnhswluyhl zwp?bp/:g nplt 064p qnidwpp wnbupny GEpLuwywgllipnt
hGwpunpmpywl hwpgh wwnpqnedp:

QLuuybpwwé hwpgp wwpqbint b hGwpwynpnipjwl nbwpnd vipjuéd
IniGYyghwG (1) Ywd (2) wunhSwlwghG 2wpph gnudwph ntupny Ghplw)jwglt-
int hwoiwp GGpwnpkbp nhinwplynn f(x) dnGyghuyh npndwl whpnyph X,
yGwnd L Gpw Sh nplt 2pewlwypnid qnynupinthd nGtG wyn pniGyghwh painp
Ywpgh wowhgjunbtipp:

f(x) dnGyghwyh BLjinph pwlwdbbtipnud [32,(11),(15)].

0=+ LB e+ L . )] "“"(x %) +olx-xy] @
n)
=1+ L ) L i s LB ey
fw)( )( y+ (Jc0 <cszx, x02c>x) 4)

( +I)!
n -p 2wpniGwy dtéwglbiny’ Yqwip wyn PnGlyghwh hbwnlywy whybkpe YLppne-
onipjwlb dheongny Ghpywjwgbbint dwphG’

()
1@ =1+ L L) o g+ L g PALCY) )G ry 4 (8)

Uwhdwbmad 1: (5} .ﬁmﬁl/g/mﬁwl 2wnph qnpdwl//rgﬁtiﬂ[r.

f'(xo) f'(xo) f“')(xo)
f('xo)a 1 s 2 LRI nl goee (6)
Ynsfmid GG f(x) pmllyghuyh Plynph gnpowlhgltp, puly wyn 2wppp’ f(x)
dnGlyghuyh Bhynph wpp’ wilwfy Gpwibhg qniquidpinntd ¢ wilb, p6° ns L
qniquiunbine nbypmd f(x) -0 t° Gpw gmudwipp, pt° ng:

Swng t Swanll. pGswhuh” wuydwlaph wbnp t pwdwpwnpp f(x) pmay-
ghwd, npwbugh wylG hp npnpdwl inppnypnid hGwpunfnp (hGh GEphyuywgllby
wuwnhowluyhl wnph gmidwnh wnbupny:

QLwybpwwé hwpghlt wwwnwupuwibim hwdwp JuunwpbGp
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f'(x.,) I (xv) f*"(x.,)

Pa(X) = f(x) + =2 (x — ) + 25 (x = x,) +- -+ 2 (x—x )",  (7)

R (0) = d(x-x,)'] r.(x)=%(x-xo)"‘ (s Sc<x x2c25)  (8)
GwlwyniiGbpp® [32.(7),(10).(12)], (3) L (4) pwGwalbpp GhpYwwgGtGp

J(x)=p,(x)+1,(x) (9)
Ywd np GnyGa t

r.(x)=f(x)-p.(x) 9)
wnbupny [32,(8)] L wwwgnighlip htwnlyw) ptnptdp’

@tnpbd 1: &pb f(x) Ppmbyghuyh npndwl infipnyph x, Lbnmd qnimp-
G mG6G wyn prcblyghuyh ponp Gungh wowbgyuwGbpp, wupw npwbugh wnp-
Yws dmbyghuyh npnpdwl wnppnyph 064 wyy Yonmd wnbnh mGbGw nhunwnl-
ynn pncllghuyfr (5) Jbpymémpinilp, wihpwdtyn b L puwwpwn, np wyn Yinmd

n -h wodwlp qrugplpwg f(x) pmlyghuyh Blynph pwlwdlhp pwgnighs r,(x)
whnwdp dquip qpnp.
lim, (x) =0: (10)
Uwwgnyg: Ubhpwabyinmpm: bapunpbing, np f(x) dnGyghwih npnz-
dwh whpnyph dh nplt * Yhwnnwd wbnh mGh wyn $nGyghwih (5) Yepnionig-
np L (9) hwywuwpnipjwl dbg whGgGtiny uwhdwGh, Gpp 7 -p dquind b wl-
uwhlwlnipjw@’ wyn GnyG x -h hwiwp Yunwbwip [21,(2)]
limr, () = lim[/(x) - p,(x)]=lim £ (x) - lim p,(x) = £(x) - () =0:
PwfwpwpmpymG: Uydd Lhpwnphitp £(x) dntlGlyghwih npndwG whpneyph
gh nplk * Y nkinh mGh (10) Yuwd np GneyGa Lt
lim[/ ()~ p,(x)]=0 (10)
hwywuwpnyp)nilp:
dbpohlG hwywuwpnepynilip GhipYwjwgGbyng
f@®)=limp, ()
wbupny, oquytiny pyuyhG 2wnpph qnequihwnnipjw uwhiwGnidhg [58,u4] L
GYwwnh nuGkGuyny, np p,(x) -p (5) 2wnph 7 -pn JwulGwyh qnedwnG £ Lapuw-
Uwglnid kGp, np x -h Ytipgpwé wpdtiph hwdwp wknh mbh f(x) $nyghwiph
(5) ytpnionLpynihp:
huyw

*) 3hz6tip, np (8) PnLblghuGibipp Yngnul bG f(x) Prblaghush BENPh prlwdld, huduwupanuuhey-
Guwpwp MEwbngh L Lwgpuwidh nbugny pipdusé jnuwgnighy ulinuniGhp:
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OphGuwy 1: y=Inx Pnilyghwl x, =1 Ykwh 2pgwljwipntd Ybpnedtiy BLjLAnb 2wnph:

Lnudnud: Oquifbny |nquiphplwlwG dniGyghwih » -pn Ywpgh wowbgywih
pwiwdlhg [29,(4)].

(nx)" = (-1 i"_;_‘ﬁ
YnLGhGwGp

(=), =0 (-1p (=129,

npnbnhg JuunwGwip

(o x)'L -1, (mx)'L =1, (x) |

=2l,..:
xel

£(x) Imblghuyh (5) Ybpmontpyw dhg plnniGbyny f(x)=1Inx, % =1 L oquubiny
wnpywd Yeinnmd y = Inx $nuGlighwh woéwhgyuiGph hwiwp vnwgwé wpdtipGhphg' YniGb-
Gwp
1 It 21 (n-1) )
lnx=lnl+i(x-l)—-£(x-l)' +§(x—l)’ +---+(-1)”T(x-|)' 4o
Ujuwhuny, y=Inx $niGyghwsh BLjnph 2wppp x, =1 Lhwnh 2pewlwipnid niGh

inx=x-1- G-I + 261 4ot C L= 4 (6>0) (w)
wnbiupp:
Jwlwh wihpwdtw t (hGnud gnpd nulkiGw; x, =0 Jwulwynp nbwph L
wjn nbwpmd f(x) dmbhghwih (5) YtpindnipyniGhg unwgynn

f(x):f(0)+f'—l(!02:+f—.2(!)x’+---+%(0)x" oo (11)

GbpYuywgiwh hbwn:

UwhdwGmd 2: (77) pmbGlyghnGuy pwppp Ynsdmd t f(x) dmblyghuyh Uwl-
[npbGh pwpp” wolwfy Gpwihg qmeudpunn’td t wilb, pt” ns L gniqudunbint
nbupmd f(x) -0 t° Gpw qmedwpp, p6° ng:

Ltlip, np f(x) dnilGyghwyh BLjnph pwlwdlh, Lwgpwidh wnbupny ptip-
Jwé d0wgnprwiht winwih wpnwhwjnnpywb dbp pGnniGbind x, =0, wyn
wlnwdh hwiwp hunwGwip [32,(12))

(1)
=5 - jf‘)x"’ (0so<1): 8)

Ujdd wwwgmgtiGp dh ptinpbd, npp hGwpwynpnipyniG £t viwhu dh 2wnp
nwppwlwh nGlyghwGhp Ytipyméty Uwlynptbh wpph:
Btnpbd 2: Gpb [0,a] (Ywd [-a,0], a>0) dpowlwpmd qnympyml ntGbo

f(x) prulblyghuyh poinp yuwpgh wowbgnuGbpp, npnlp pwgwndwly wpdbpny
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60 qbpwquiGgmd dhblnylG M npwiwG phyp’ bpp x -p hnpnfufnid t npdwo
dhowlyuypmd, wuyw wyn wlpnng Showluypmd wnbnh nbh f(x) dniolhyghuyh
(11) {bpynedmpynGp:

Uwugniyg: Nhgnip gulliwgwd » -h hwdwp [0,a] (a>0) Ghowlwipnid
wntnh nGh

lrG)sm (M >0) (12)

whhwywuwpnipymbp: Un ntiypned Gdwé x -tph L # -h pngnp wpdtipGlph
hwiwp f(x) pmbGyghwsh Bty nph pwlhwdkh, LwgpwGdh wnbupny pbipdwé dGus-
gnpnwjhl wlnwdh hwiwnp Yunwbwip

j“”' 0x a™
Y MW (059Sl) (13)

qOwhwwwlwGp [18, (5)]): UjGnihtiwnk, Lpb

liﬂ%:O (c>0)

hwywuwpnipjwl hwzjwnntiny [21,08], (13) whhwlwuwpnpjwl tpynt Ynn-
tbpnud whglhlp uwhdwGh, Gpp 7 -p dqunnud & wluwhdwGnpjwG, YmGLGwhp
[20.p1]
lim|r, (x) <0:
Ljwwnh mGkGwiny, np puh pwgwpdwl wpdtipp sth Yuwpnn pugwuwlwh
LhGL|, ybpoht wlihwywuwpnipynilhg Yuuinwbwip

npwntinhg YbpolGwlywGwubtu YnGEGwhp
limr, (x)=0:
2wih np tpdwé PnuGlghwt [0,a] Showluwypnud punjwpuwpnud b pbinptig 1-nud
ptpjws nuGyghwyh Ypw npywéd wuwydwbibphG, hbunbwpwp wyn dhowluw)-
pmld wnnknh niGh f(x) dnGyghugh (11) YbpinionipymGp:
hww

L2kigny, np $nullyghwi wumhdwﬁw;hﬁ 2wnph ybppnidymd t Shwly duny’
whGglkGp npnwih YbpndnpyntGGbiph:

1°. f(x)=¢" Pmblyghwl ybpinoly Uulynpblh 2wnph:

Oqujtiiny nhwwplynn $mGlghwh » -pn Ywnoh woéwbgjwih pwiwdlhg
[29,(5)]. Y GLGwGp

(ex)(-)L-o = e‘lw =1 (’l = 1’2,...):
Twnq t Gwl, np gwlljwgwé # -h L gwlljwgws npuwlwh g -h hwiwp [-g,q]
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dhowlw)pnid wnbnh nuGh
I(ex)(n) =|ex = x

qOwhwwnwywbp? : Rwbh np nhnwplynn InGyghwh Gzwé Shewlywypnid pw-
qupwpnid t pbnpbd 2-md f(x) InGlghw)h Ypw npdwéd wwydwGGEpha,
htinbwpwp wjn dhowlw)pnid w)lG wpnn Gap Ybpinidty UwynptGh 2wpph:

(11) pwlwdlnid phnnGbiny f(x)=e* L hbnbwpwp guliwgwd n-h
hwiwp plnnuGbnyg

f(")(0)= (er)(ll)L-o = l .
Yunwlwlp dbq htnwppppnn Ytipniénipynilp.
2
e —l+l+—£-+ —Z——- (14)
Udipniplyny bpnepyuwyp b Gluwnp mﬂliﬂwlm,{, np a -0 ywlwwlwo npw-
Juw phy b bqnuilwglntd EGp, np guwllwgwd x -h hwdwn f(x)=e* dnill-
ghuyh UwlynpbiGh 2wnpl moh (14) nbupp:

e’ pnilyghwjh hwiwp vinwgwé Ybpinidmpjwh d9 x -p thnfuwphGbiny
-x-ny’ YnGLGwaGp

e-'=1-li!+—— +(- 1)'—+ —Z(—l)'—: (14)
2°. Ujdd Uwlynpbth wnph ffbpiniéblp
f(x)=sinx, f(x)=cosx (15)
dmiblyghwbbnp:

Lywwh nGEGwny, np phunwplyyng Gnwinubwswhwywh pnGlghwbbph
n-pn jungh wowbgjwiGtpp [29,(6).(7)].

(sinx)“"=sin(x+%n), (cosx,":cos(x+—n) (n=12,-)

wdpnng pywjhl wnwigph Ypw pwgwpdwly wpdtpny sho qgbpwqutgnud dkyp.

sin(x+£n <1, co{x+£n <1,
2 2

Gqpwywglnud LGp, np juwiwywlyws npwywb a -h hwdwp (15) nbyghwhbpp
[—a,a] dhewlwjpnid pwywpwpnid 66 pbnpbd 2-mud f(x) pmGyghwih Ypw
nnYwé wwydwGGkphG, npwnbinhg b htwlnud £, np pywjhG wnwiigph guGlwgwd
Ywnd wyn Inblyghwbtipp Ywpbih t ybppnestp UwlinpbGh 2wpph:

(11) pwlwdlnid plnnlGbiny f(x) =sinx L hwayh wnGkiny, np wjn ntiwpnid
[32,(19Y)]

*) Npnyhtunbl undpang puyhl wnwbgph Ypw f(x) = ¢* InGlyghwl dnGnunnh ubnu t:
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70)=r0)=0, r*No)=(-1y" m=12,-),

YuwnwGuwGp (15) Pnibyghwhtiphg wnwehlGh UwyinpkGh 2wnpp.

3 xS

shx:x—%+—5!-—---+(—l)""(2—z:)— 2( 1)"'(—17 (16)

(11) pwlwdbnud pGnntGbnd f(x)=cosx L GYwwh nGEGwnyY, np wyn
nbwpnid [32,(19))]

70)=1. 80)=(-1y. f*0)=0 (m=12,-),

Yuwnwbwbp (15) dmblyghwitphg bpypnpnh UwlnplGh 2wppp.
cosx = '“_v+7' (-1)'(—¥ . —Z(_IYW (17)

Yuhuny, guwllywgwé x -h hwdwp f(x)=sinx [ f(x)=cosx] pmblghuyh

UwilynpliGh pwnpl map (16) [(17)] wnbiupp:
3°. UGnihbink npuinwnliblp

f(x)=(1+x)' (18)
dnllyghwdl, nnbn a -G Gwiwywlwld hwutnunmG ¢:
3wzyh wnhkny, np BLj nph pwlwdbh SGwgnpruwihG winuith gGwhwinnuip
nhinwplyynn $nubyghwih wwpwquynmd Yuwyws t npnawlh ndywnnipniGGl-
ph h6w® w)b wunhSwGuihG 2wpph YtpnuobGp wy bnwGwyny:
Ljwwnbny, np (18) dnullyghwl pwdwpwpnd t

(+x)r()=aslx) (19)
nhdtipbighw) hwywuwpdwhG [50,u1] nu
f(0)=1 (20)
ulqpiwywl wwydwbhG [50,u8], win hwywuwpiwh (neénudp hbGunpkGp
l+ax+ax* +--+ax" +-- (21)

wuwnhGwlw)hG 2wpph gnuiwph wkupny?, nptin g, (i =12,--) qnpoéwyhgll-
np tOpwlw GG npndwG: Stnwnpbiiny (21) 2wppp (19) nhdtiptGghwy hwyw-
uwndwG dkp [62,p4].

(1+x)a, +2ax+--+nax" +--)=a(l+ax+ax’ +---+a,x" +)
L hwjwuwpbgbiny unwgywsd hwywuwpnpywd tpynt Ynndbph hwiwww-
nWwuluwl winwibbph qnpéwyhgGbpp’ YnuGEGwGp

a=a, a+2a=aa,,na+(n+a, =aa,-,

npwntinhg k) (21) 2wpph qnpéwyhgbbph hwdwp YunwbwGp

a=a,gq ___a(a—l) \a _a(a-—l)(a—2),m’ a =a(a—l)---(a—n+l)

a7 3 ’ n

9 oen

*) (21) wunhSwhuyhG wnph wquan winudp pinmGbghGp hunjukwn Siyh, npwtiugh Gpw gmudwnp
punjwnwnh (20) ulqpGuilywG uuwdwihG:
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Stnwnptiny (21) 2wpph gnpdwlhgltiph hwiwp unwgwsé wpdtipltinG wn
2uwpph Gtie" YnuGLGwhp

a(a—l)x,+m+a(a-l)---(a—n+l)x,+“_: 21

2 n

JwulwGwh t, np bpt @ -G hwywuwp (hGh 7 -h, wyw x* wpnwnphgp
wwpniGwynn winwdhg ujuwé (21) 2wpph qnpéwlyhglbpp Yhwywuwpdtl
annsh, hGsp GawGwlynid t, np wyn nbiwpnid (21) 2wppp YYtipwoyh pwqiwtnw-
Oh: Mwpq £ Gul, np tpt a -0 pGwlwh phy st L wppbp t qpnjhg, www win
nbwpmd YnObGwip wiybpg 2wnp:

unGbny (21) 2wpph qniquipwnipjwl wnwyhnp [62,u2,(11)], [21,086].

e I a(a—l)---(a—n+l)'a(aﬂ--(a—nHXa—n)]:. n+l|_
R—l’-"“l;:l—'l'-“"‘!’ n ' (n+l)! | !H‘a-n L

tqpwlywglnud  GGp, np (-1;1) dhowlwpnmd wyn 2wppp qriqudhwnmd t, pln
npnid quiquihwnid b pwgwpdwy [62,p1)], huy (—o,-1) L (1,+0) Ghowlw)pb-
pnud’ twpwdhnned?:

Ujuwhuny, hGswtiu (18) dniGyghw@, wyGugbiu by (-1;1) Showlwipnid qniqu-
dhwinn (21) 2wpph s(x) qnuiwpp pwjwpwpmd GG (19) nhybptGghw) hwyw-

uwpdwap L (20) uyqpowywi wwjdwbhG: IGnluwpwn, hwdwdw)G wepwehb Yuwp-
gh nhdtptGghw) hwywuwpdwd gmédwh gnjnipjwlp L ShwiynpjwbGp Ybpw-

ptipnn pinptidh [50,p1]° (21) 2wpph s(x) qnuiwnp (-L1) Shewlwpntd hw-
JdpaYyGmd t (18) pwGwadlng npnynn f(x) PnilGlyghwyhG:

Udpniplbyny bipngmuwyp’ bigpuwlpwgbnid 6Gp, np (-1)1) dhewluwpmd wnbnh
mGh

l+ax+

(1+xy =l+m+£2!—l)x’+---+a(a_l)"r;sa—"“)xw--- (@=const) (22)

ybpninpmbp:
Uwulunnp nbupmd, (22) bpimoémpul dko plnmibbinyd a=-1, a=1/2,
a=-1/2, hwiwyuwnwufuwlwpwn Ymb6Gwlp

1

lT:l--JH-x’-x’+.\:‘—--- (-1<x<1), (22)
x
Jl+x=l+%x—2—li-x’+zl;36x’—21'43.658x‘+--- (-1=<xsg1), (22)

“)U2blg np (- 1;1) dhguspuiph Suypuslibinbpnud (21) 2unph qruqueshinn usd rupualtive thGbip Yuhuwjuwd
tGwl a -hg:

-50-



§ 63

] 1 1'3 1'3'5 1'3'5';
=]-— —_ 3 ... - ) 22
JI— X - X — X+ YW X (-1=sx<1) ( )

4°. Jdbppmid wuwnhowluyht wpph Jbpinébop Gwh
f(x)=1n(1+x) (23)

dnGlyghwa:
3wdnqybiny, nnp (22) hwyjwuwpmpjwt w9 Ynndmd gpYwé wunhSwGuwhG

2wpph qniquihwnipjwl whpnypp (-51) Shewluypl t [61,02] L Gwéd hw-
Juuwpnpjwl tipynt Ynndtpl winwd wn winwd hGunbgpbiny 0-hg dhGsl x
(-1<x<1) vwhdwGGhpnud [62,h2]" YuwnwlwGp

] jdt —]tdt +j'r’dt- v (l<x<): (24)

Swyybigny (24) hl.ul.[u.uuu.mmp]mﬁ dti9 Jwulwygnn hGunbkgpwGhpp
[35,2°,3°,4°], [41,(6)]' ynGLGwGp

2 ] »
ln(l+x)=x—-{2—+%-—---+(-l)"'fn—+--- (-l<xs<1): (24)

Uuwpuny, (-11] dhowluwypmd wnbinh nGh (23) pwlwdlny tinpyng pnlbl-
ghuyfr (24) ybpynidmpniGp, pGsp GruwlGwlmd ¢, np Gywdé dhowlhwphl wun-
qwlnn x -6ph hwown (23) (nquphpdwlwl pniGyghuyp Uwlnpboh wnpl
map (24) hwdwuwpmpywl we Ynndntd gnywo inbiupp:

ln(l + x) Inblyghwyh hwiown wnwgwd fbpiniémpywl dbp x -p infuwnp-
Gbiny —x -ny’ YuunwlOwlp (1 - x) pmbyghuyp Uwlynpblh swnpp.

]

In(1- x)-{x+—+%+ +7.+ (-1sx<]): (24"

(24) huwjwuwpmpymbhg winwd wne winwd hwibind Jbpphl hwywuw-
nripinilp [58,p4]° Yhwinqybitp, np (-1;1) dhowlwpmd wbnh nGh Gwh

1+x X X
h—= —t—te 24
N Z(x+3+5+J (24"
YbpymidrupyniGp:

OphGwy 2: Itwkyw) $mﬁl;gh|.u0bnn ybppnuoty UwlynpbGh 2wpph’

lﬂ)y=sin3, p) y=cos’x, q) y=x(l+x):
Lnonud: w) y=sinx dnGyghuyh hwiwp uinwgws Yopnténipjwi g x -p thnfuw-
PhGGny x/2 -nY’ YuuwiwGp nhnwpyynn dnuGyghwih UwlinpbGh 2wppp.

*) St'u Gwjunpn toh wnquanudih wwpquipwGnuip:
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p) Oquybiiny bnwGlyniGwswihnipintGhg hwjnGh

cos’a=1+—l-oos2a
2 2

pwlGwdlhg L y=cosx Inillyghwsh hwiwp unwgwsd Jtpiniénipintlhg” Yunwbwbp cos? x
Pnilyghuh UwlyinpbGh 2wppp.

3 4 2 2%
oos’x=l— f—sz‘.‘""f(- lr—sz—an'f""] :
Q) y=ln(l+x) dnGlyghwih hwidwp vnwgwd Yopménpjwb tpyne Ynndtpp pwq-
Swwwwnibind x -nY’ YunwGwip npyuws Inbyghwih UwlynpbGh 2wppp.

3 4 o
xln(l-’-x):xz_x_+x__...+(_|)'-'x_+... (—l<xSl):
2 3 n

§64. dnupjbh 2wpp: hphluth pnpbdp: dmpjh 2wppep qniq
L YbGw PpniGYghwGbph hwdwnp:

dnpybh 2wppbiph nuunuiGwuhpnipyntGp uljubiGp htnbywy uwhdwbmdny
UwhdwGmd 1:

%+Z(a,cosnx+b,sinnx) (1)

2wnpp Ynsdmd t Eowllym Gwsunfulywl pwnp, huy a,, a,, b, (n=12,..) huu-
wunnm GGbpp” wyn wnph gnpowlhglbbn:

Ruwlh np guwiywgwd plwlwh 7 -h hwdwp sinax L cosmx  pnilyghwGinh
wibtlwihnpp pGnhwnup wwpptipnupyniGp hwydwuwp t 27 -h, hbnbwpwnp? (1)

2wpph gqniquidhwnnipywl whpnypnud [61,u4], Gpw qnudwpp Y4hGh 27 wwp-
pbpwlwh pnGyghuw:
AGGGp htwlyw uGnhpp' AGswhup” wuwydwlbobph pwywpwpdwl nbuypmd

2n wwnppbpwlwl pmllyghwt Gwnbih t Gepluwywglly hpba gniquidunng bnwi-
YmGuwswipwlwl rwnph gmdwnp nbupny:
Mywé hulnhpp (ndtine hwiwp Guiu plipkGp htunbyw) vwhdwbnuiGepp’

UwhdwGnd 2: [a,b] dhowlwpmd npnpywd ni GnylGwpwn qpnihg tnwn-
ptp 9x) b w(x) Prublyghwblipp Ynsymd bG oppngnluy wyn Shouluypmd, bk
uipdws pmbyghwlbnh wpnwnpugh hoinbgpuwil a -hg dhGsk b vwhdwaGt-
nmd hwdwuwn t gpngh.

fole)v o= o: @

Uwhdwlnd 3: [a, b] dhowlwpnid npnpywd L GnybGwpwn qnpnihg twpn-
pbp pnlblyghwlbph

*) a,/2 husmumunnibp Ywpnn blp hwdwpby 2x upupplipusysG $mGighw:
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a(x), 2,x), .. 0. (x), . 3)
hwdwfuncdpp Ynsdmd t oppngnOwy wyn Showluypmd, bl m -h L n -h hpwphg
umupplip quiuwgwé plwlwl wndtpltph hwiwp @,(x)e,(x) wmnwnpuyp
hownbgnuyG® a -hg dhlsk b vwhdwGGbpmd huwdwuwn ¢ qpngh.

j.p_(x),p,(x)dx =0 (mn=12,., m#n), 4)
huly @}(x) Pmblghuyh hGinbgpuwip” npwlwd ¢.

iw:(X)dn A, (4,>0,n=12.): (5)

OphGuwy 1: Uwnniqbiny, np = -h L 7 -h gulywgwsd plwywh wpdtpGaph hwiwn
(m=n) wbnh nGhG

Isinnxdx-o. ]oosnxdx-o. ]'sinmrcosmdx=0 '

-

j"sinm:oosnxdx=0. jsinmxsinnxdx:O. _'[oosmxcosm:dx=0.

]"l’dx=2x. I'sin’nxdzzx. Im’mdx:z

hwywuwpnip)ntGGopp [35,1°,2°,8°,9°], [39,010,011], [41,(6)], Lqpwlwglnid LGp,
np dnelyghwbtiph

1, sinx, cosx, sin2x, cos2x,..., Sinnx, COSnx,... {w)
hwiwhundpG oppngnliuy t [-x,2] Shewlw)pntd:

Ywpnn GGp hbthmipjwdp hwdngqyti, np dnGyghwlbph (w) hwiwhunuipG oppngn-
Gy gk [0, 7] Showlupnts, npinbinhg hbwnlncd t, np wju Yuwd wyG Shewluypnid PnLbyghw-
Gbph nplt hwiwheiph oppngnGuy LhGbLp Yuwiudws t ng ShuyG wyn hwiwhudph $niGyghu-
Gtph hunnynipyniGGaphg, wy), Gwl tipdwé dhowlwiphg:

Ujdi LGpwnnbGp 27 wwppbipwywh f (x) IniGYyghw hGinkiqpith t [-x, 7]
Uhpww)pnid [40,u4] L wyn Showlwpnid Ghpywywgynid b hpkG griqudhwng
(1) brwGlyniowswihwlws wppny.

&)= "7" +3(a, cosnx + b, sin nx): 6)
-]
GlhpwnpbkiGp Gwl, np (1) 2wpph qnpéwlhgltiphg Ywqiwé pduwjhl 2wnpp

Pwgwnéwly qniqudbin t, wyuhlpl LGpwnpbGp qniquidbtnn bt npulwl winwd-
Gbpny

’ﬂz°-‘+|a,|+|b,|+|a,|+|b1|+-~-+ a4+ )

2wppp [60,u3]: Ujn ntwpntd oquytiny
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|a,,cosn.x+b_ sinn.rls|a, b| (n=12,-) (8)
qOwhwunwywGGhphg? unwinwd tlp, np pywihG wnwigph gqwGlwgwd thow-
Yuypnud (6) 2wppp dwdnpymud t (7) 2wppny [61,u8] npunnbinhg | htwlnud L, np
pywjhl wnwigph guwljwgwsé Shewlwipntd wyl puwnn x -h hwjwuwpwswih t
qniquihinned [61,p1]:

hGswbu ghwntbGp, (6) GhpYwywgiwh tke dwubwlygnn ImGhyghnGwy 2wnph
hwyjwuwpwswih qniquihwnntpjwl JwuhG juwunwpywd gpwlwgnipinilhg
pluntd t, np gwliwguwé dhewywipnid wyG Ywpbith t winwd we winwd hGunbq-
nby [61,p4]: (6) hwywuwpnipywl Gpynt YnndbtpG wlnwd we winwd hGunkq-
pbiny, ophGwl, -z -hg OhGslk » uwhdwGlbpnud L bwayh weGGny, np $nLGY-
ghwlbph (w) hwiwpnuipG oppngnGuy t G2dwd dhewlw)pnud’ YunwlwhGp
[40,1°]

+

_:[f (e)x =_1%dx+ g[]a, cosmxdx + Ib, sin nxdx) =ra,,

npubnhg f(x) $niGyghwh (6) bpnéntpjwl g, qnpdwlgh hwdwp
YnGEGwGp

&= e ©

uGgGtiny f(x) dmblyghwh Gywé Yupndnpywl a, (n=1,2,..) gnpow-
YhgGtipp qunGligniG” (6) hwjwuwpnipywl tpynt Ynnibpp pwqiwwwnytlp
coskx-ny (ke N).

f(x)oosla=-€2°—coskx+i(a,cosnxcoskx+b,,sinnxcoskx): (10)

Luwih np (10) hwyjwuwpnipjwl we Jwunid unwgwd pniGyghnbGuwy 2wpph
winwiGbpp GnyGwbu pywihlG wewigph gqwilwgwd Showlwipnid dwdnpyntd
60 npwlwl winwdGkpny (7) wppny, htwnbwpwp win 2wppb by ¢t pYwyht w-
nwigph gwGlwgwé dhowluypnd punn x -h hwjwuwpwswih qniquihunud,
npwnbtinhg htitinid t, np, ophGwly, -7 -hg BhGik » uwhdwGGEpnLd wyG Yupbih
t winwd wn winwd hGubgpb: Uanwd wne winwd hGubgpbiny (10) hwjwuw-
pnpywlG Gplyne Ynndtipp -x hg dhGs » uwhdwGGhipnud L hwaydh wneGbiny, np

Inillyghwbph (w) hudwhumdpt oppngnbwy t [-7,7] Shewlwipnid” uunwGwGp
1/ (x)cosknds = % feoskxd + i(a Joosnxcos kxdx + b, Jsin nxcoslcxdx) =
e - »~l -x -x
=a, ]cos’ kxdx=rma,,

*) MGbGp [18,(3).(5)]
Jwcosns + s o, cosnf+ . s . oas e+ . finr s+ ) :
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npibinhg f(x) $niGyghwih (6) Ybipinénipjwl a, qnpéwlhgGbph hwiwp
YynGGGwGp

a, =~ [ fx)oosmxdx  (n=12,..): 1)
.

LnyyG dlny, bpt (6) hwywuwpmpywh Gpyme Ynndbpp pwqiwwwwnlytGp
sinkx -ny L unwgwd hwywuwnpnepniGl winuwd we winwd hGnbgptGp -x -
hg ShGsk 7 vwhdwGbbpnLl (Ybplnid 2wpwnpywé qunnnnupynlGGtipny hhd-
Gwynptnyd, np wyn ppwyniGpl nLGtGp), YuunwbwhGp

[ 7x)sin ke = b, fsin’ kedix =z, »

npntinhg f1 (x) dnLlyghush (6) Yapimdnipjwl b, qnpdwlhgltiph hwiwnp yni-
OhGwap

b, = l ]’ f(x)sin nxdx (n = 1,2,...): (12)
7T e

UwhiwGnwd 4: f (x) dmlGhghuyh (6) ybpiniémpyul gnpéwihgbbph hw-
Jwp unwgwd (9), (11) L (12) pwlwdlbpp Ynsdmd 66 wyn pmlblhghuyp tybp-
dmpbp pwlwdlbn:

Uwhdwlnwld 5: &4n-dmpyth pwowdlbpny hwpdynn gnpowlhgbbpp §ns-
ymd 6G f(x) prullyghuyh tybp-dmipybh gnpdwlhgltn, huly wyn gnpdwlpglt-
nny Ywqdwo (1) brwblymGwswpwlws pwppp” 1(x) pmbyghuyh Smpybh
2unp:

NhuinnnepniG 1: Lywnblp, np 2 wwppbpwlws g(x) pmllhgpuyp

o+dx

!g(x)dr

hawnbapugh wndtpp Ywfwwé st ¢ -hg, wlubu np 27 wwppbpulws f(x)
dmllhghuyp dmpsbp qnpéwipglbnp Ywpnn EGp hwpdly Gwl hbnlbyuwy pw-
Gwalbpny

a, = %Ij F(x)cosnxds (n=01...). (1
= lzff():)sin mds  (n=12,.): (12)
o

UG thwuwnp, np (1) nwGymGwswhwlwh wpph qnpéwyhglGtipp unwgyti
b0 f(x) dnLGyghussh Shengny, uyuhGpG wyG thwuwnp, np (1) ErwGlynGwsunh-
Uwi 2wppp f(x) HriGlghwsh dnepyth 2wnpG t, YG25Gp hbnbyuwy Yupy'
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f(x)~a—2°+i'(a,cosnx+b,sinnx): (13)

Conhwlpwwbu f(x) $nibyghush dnipybih wnpp Ywpnn t (hGb| nwpw-
ubwn, upnn t (hak Gwb qniquibin: 2mquibn (hGGn nbwpnd wyn 2wpph
qnuiwpp Ywpnn t x -h ng dh wpdtph hwdwp hwywuwp 5hGtp wpdwd nby-
ghwjh hwiwwwwnwufuwt wpdbphG, Ywpnn t x -h ShwyG npn wnpdbpGbph hw-
dwp hwywuwp (hGb) Gpw Gdwé wpdtiplbpho L Ywpnn t GnyGwpwp hwdpGy-
Gty f(x) PnLlyghuyht: Blwplws wyu Ywd wyl nbwph hpwiwGwbwip Ywh-
wé t nhrnwpldnn pnblyghush hwinlympyniGGbphg:

UwhdwGnud 8: f(x) pmbhyghwt Yngfmd ¢ lunnp wa luinnp dnGmunnG [a,b)
dhpwlyuwypmd, bpl wyn dhowluypp hGwpurdnp t tnpnhty bpgudnp pyny wyl-
whuh dhowlhuwypbph, np unwgyws Lapwidhewluwypbnhg ympwpwlsmpnd tnp-
Ywo prulblhghwl dnlGnunnb t (wyuhlpl Yw's dnGminnG wdnn t, w'd b dnGnunnG
Gywann):

UwhdwGnd 7: Guwubilp, np [a,b) dhowluwipmd f(x) pmbhyghwl puyfu-
pwpmd t Wppfubh wuwydwlGbph, bpt wyn dhewluyntd wyl Ywv whplnhunn
L i by lnnnp we Yunnp dnlGmunnG L mubh bpowdnp pyny wnwehl ubinh fuq-
dJwl Ybwnbp:

Udi, winpwnwnlwlp wu wwpwqpwdh uliqenud npwé fulnphG. paswh-
uh” hunnlynipintG06p wbunp t nGbGw wwppbpwlwd pniblyghwd, npubiugh
apw dmpybp ownpp (hah qmquidbn b wyn wnpph gnidwpp hwdpllyh npdwo
Dnullyghuypl:

ywé uGnph indnuip wnpynud t hbwlyw) ptinptidny, np pbpnud GGp wpwig
wwwgnigiwG’

Bunpbd 1: (27 wwppbpwlhwl Pncbyghwl Snuybh rwpph Jbpyndbim
Wnhhubh hwyinwlhzp) bpb 2n wwpplipwlywl $myghwt [-x,x) dhowluy-
pnd purjupwpmd t Yphfubh wuydwllbphl, wyw wyn pnbyghuyh dnipybh
2wnpp ququdpunimd ¢ puyhl wnwlbgph pninp Yenbpmd, pbn npnud inpdwd
Pullyghuyp whpOnhunmpywl Ybinbpmd Gpdwé rwpph s(x) gmdwpp hwyur
vwn t wyn dnbhyghuyp hwiwwunwufuwld wpdbph, puly fuqdwl Ybinbpmd’
Opw Swfwwlynndywt b wewlhynndywl uvwhdwlOuwhG wndtplbnh dhohl pywpw-
Gwlhwiha, wyuhipd.

s(x)=1(x). (14)
bpl x, -G f(x) pmbhyghuyh whpGnhunnmpyws Yt ¢,

o(x)= Jit3 —O)Z.f(xo +0) (15)

bpt x, -G f(x) Pmblyghuyh fuquwt Ybuwn t:

-56-



§ 64
OphGwy 2: (-7,7] Showluypnid f(x)=x pwGwdlny npnaynn 27 wwppbpwywG
YA dnullyghwh Ypynedty dnupjtih awpph:
3 Lnténud: RwGh np nhvwpyynn 27
i, WwppbpwywG dniGlghw [-x,x) Sheow-
ié-y- X 0 % a3z > dwend (G4.2) pwywpwpnid t Yhphhe-

Lbh wuwydwGGephG, htwnbwpwp, hwiw-
_____ Swyb ptinptd 1-h, wyl Yupbih t ybppae-
ot dnenbh 2wpph:

GYy.2

Oqungtiny (9), (11) L (12) pwlwdlbphg, tipdws PnLblyghwyh dnupjh anpowlyhglb-
ph hwdwp YnGEGwap [35,3°], [41,(15)]

b, =%ixsinmdx=—ﬁ[xcosm{' _[cosnxdx) (-1)"‘-.

a, a,, b, (n=12,..) qnpéwlhgbtph hwiwp unwgwé wnpdtpGlnp wknwnpbiny (1)
tnwbyniGwswihwlwi 2wpph Sbe" Yuinwlwlp nhinwnplyynn InLGyghw;h dnepjbh 2wnpp.

@)~ {““’—ﬂ‘—zi ﬂ----+(-|)~*"i‘:“+...]:

SwiwdwyG Yhphtuieh hwynwGhzh, wpwés PnGyghwih wGpGnhwwnpjw Yhwnk-
nnud tbnh mGh

16)= 2[‘“"-3‘535 P ®

hwywuwpnipyniGp, huy luqiwG uhmhnmﬂ Gpw dnipjbh 2wpph gnudwpp hwywuwp t wyn
Inuliyghwh dwhauydnijwi L wowynndjws uwhiwbwihG wpdbplbph GhohG pYwpwii-
YwGhG (nwy nbwpnid” qpngh) [24,u7]:

UGgGhinY qnmijq L YuGn nGyghwhbpp nipyth 2wnppny GhplujwgbbpnlG®
Gwh wwwgnigblp hbnlyw plinpbdp’

Bunpbd 2: Epb [-x,x) Jhowlwpmd npnpywd, hwiwupwnmwyfuwGwpwn

qnyg L 4G f(x) m g(x) PmbyghwabnG hGinbgnpbih 6G wyn dhowlhwypmd,
www wnbnp mG6G

Jrhs=2f slekis . Jelokix=0 (16)
hwwuowpmpym GGbpp:

Uwuwgniyg: hGswbu ghunbGp, (16) hwywuwnpnipynGGbphg wewehGh dwhu
4nninud qpywd hGunbgpwip Ywpnn bGp Ghpluwjwgbby

J fle)ax= [ ek +] fekes (an
wnbupny [40,8°): Pbpywé hwywuwpnipjwh we Ynnih wnwehG hGubgpuwynui
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Yuwnwpbiny thrhnjuwlwth
x=~t (18)

thnfuwphGned [41,p2] L hwadh walbinyg, np f(x) © qnuyq InLGlghw Lt
YunwGwGp [40,7°]

[ £()ds = [ (-t =] f@)de = @)t = | fx)a:
MwhwGgynn wnGsmpjnGGhphg wnwehlh wujwgniygh wywpwunbint hwdwn
dGmd t (17) hwyjwuwpnipjwG GkL9
[ i)
hGwbqpwin hnfuuphGhp hpbl hwyjwuwn
[ fx)ax

hGubgpuwny:
Ghpunpbiny, np g(x) ¢ Y6 dnLGyghw t* Gm )G dlny YhwingyblGp (16)
wnGsmpyn60tphg Gplpnpnh G20wpinwghnupywl dhy.

lg(x)dr = j;g(x)tﬂ +Ig(x)zb = Ig(— 1)d(-1) +i’ glxkdx =
= Ig(x)dx +i8(x)d" = —Ig(x)dr +Ig(x)dx =0:

huw

UunnbiGp, np (16) pwlwdlibnl hpblg mdp s6G Ynpglh, Gpb pbnpbd 2-mdJ
x -G pnfuwphbblp 064y wy npwlhwl pyny:

Uydd GuntiGp, np bpb Pnupjth 2wnph dtipinidynn f(x) PniGlghwh qnyg
dnulyghw t, www f(x)sinax wpuwnpwip YEGin dniGyghw t, huly f(x)cos nx
wpnwnpjwip’ qniyg dnibyghw: buy tph dnupjkh 2wpph Ytippnusynn f(x)
InGyghwh YbGin dniblyghw b, www f(x)sinax wpnwnpjwip qniyq dnellghw
t, huy f(x)cosnmx wprwnpup’ Ykl pnGlghus:

dbpngpjwi nwunnnnupynulGGtpp Shwynptiny ptinptid 2-hG" hwGgnud bGp
htwnbyw) Ggpulywgnipjwlp’

Drupybh 2wnph dbpirdydnn 2x  wuppbpwlwl qnyg pmllyghuyh dnipybh
qnnowlphglbnG wpinwhwumydnid 66

a,= ;2;[ f(x)dx, a,= %j f(x)cosmxdx, b,=0 (n=12,.) (19)
pwhwdlbpny, huly Y66 pmbyghuyh dmpybp gnpowlpgbtinp’
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a,=0, a =0, b= %j f®)sinmdx (n=12,..) (20)

pwlwdlLbpny:
Unypuny, qnyq pnillyghuyh pmpybh rwppp Ywqodws t dhuyl «ynup-
GneulGbphgs.

7@ ~ 243, cosnx, 1)
2 &
puly YGin pniGyghuyh dmpybh wnpp’ dhuyl euplniulbbphg.
gx) ~ 3b,sinmx: (22)
=]
Y “X OppGwy 3: [-7,7] Ghowlywypnid
; 5 345° Px _% tpb x €[-7,0),
-3x -2¢x¢ ~% o * 2x  3x f(x)—{ x, bpb xe[O,;r] (@)
ay. 3

pwlwdlny npn2ynn 2x wwppbpwiwb mbyghwa Yipnsty dappbh 2upph:

Lnménud: LwGh np nhunwplynn nGyghwi [-#,x] Shewlwipnid (G4.3) pwywpw-
nnud & Yhphiuth wwypdwGGEphG, htunluwupwp, hwdwdw)l pnpbd 1-h, w)l Yupbih b yepne-
otip dnupybh 2wpph: Upnwu Ynnihg, pwGh np nhinwplymd t qnuyg Pniliyghw, nwunh Gpw
dnuppbih 2wippp Yuqiyws b ShuyG YnuhGnuuGliphg:

Oquntyny (19) pwlGwdlbiphg” nipwé nibighwh dnipjth gnpswihglbinh hwiwp

YnGGGwGp
cosnxY _
n 0

-i,,m n=2k-1, keN, b=0 (n=12.):
m

a, =£dex=x, a, =-2—Ixcosnxdx=i(xsinm+
g L& m

=§k—n’—l]={

0, tpt n=2k,

a,, a, b, (n=12,..) qnpéwyhgGtph hwdwn unwgws wpdtipllipp nbnwnptinyg (1)
tnwiyn Gwguhwywl wpph 069" YuinwGwip nhinwplan $ncbyghwih dawpjeh 2wppp.

cosx  cos3x cos(2n-1x

zx 4 .
f(x)=?‘;[ T VT ey ] m

Rwih np (q) PniGyghwt whpGnhwwn t wipnne pYwihG wowlgph Ypw, hbwnbwpwp
hwdwdw)l Wphturbh hupnwBhzh, win $niiyghush daupgth 2wppl waibGnipbip qnuquch-
wnud t, pGn. npnud Gywé 2wipph qnuswpp GnuGwpwp hwdpGyGned t wipdwé $nbyghwyhG:

Uwubwynp nbwpnd () Pniyghwsh (n) dupiniénipjwlb ok plnnilbiind x=0.
UniGbGwGp

‘1
_-_-]+._1+_1+...+_’+...'
8 3 s n-1)
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§65. 2/ wwppbpwywl $nGyghwitph dppneénudp dopgth
2wpph: N wwpptpwiwlG ynibyghwitph ybpiniénudp doupjth
2wpph:

Luwiunpn wwpwqpwdnud dtlp npuwnplbghlp wipnng pywihl wewigph
dpw npndwé 27 wpuppbpwywi wiiyhuh $niblyghwtn, npnbp [-7,x] dhow-
Yuypnud pwywpwpmd &G Yhphluibh wwydwGGEphG [64,u7], L 6wlnpwguwlp
wjnwhuh dnLiyghwltipp dnupgkih 2wnph Ytpnuotint hphtubh hwynwGhzho
[64,u5,p1]:

UGgGbind 2/ wwppbpwlws $nGyghwlbpp (/= x) dapgth 2wpph dbpint-
ot julnphG® nhunwplybGp wdpnne pduyhb wewGgph Ynw npnadwd 21 wwppk-

pwiwh wybwhuh f(x) InGlyghw, npp [-4,7] dhowlwipnud pwywpwpmd t
Shpblulbh wwjdwGGbphG:
Onhnfuwlwfh

GEpYywjwgndp:

x=tt (xstsn) Mm
4

(nfuwnhGiwG dhengnyd nhwwplynn Pmbyghwh thnfuwphGliny

e
n

dnulyghuyng b 7, -nd m 7, -n hwiwwwinwuhwGwpwp Gaubwybing £(x) L
o(t) Pnillyghwlbph hhdGwlywl wwppbpnupynilGbpp, YniGhGuwGp

I ]
T =T :—=2:—=2x":
v J/ T T

Wuwhund, thnthnfuwlwGh (1) thnfuwphGiwa 2Gnphhy 2/ (1 = x) wwppbpw-
Ywh f(x) $nGyghwshg unwguip 27 wwppbpwywh @(f) $niGlyghwa: L{wwnh
nGbOwiny, np unwgws mblyghwl [-7,7] Showlwypnid pwywpwpnd t Th-
phiutbh wwiwGGhphG® wys Giplwjwglblp dnipbh 2wppny.

o) = % + f:(a_ cosnt +b_sinnt), ]
=)

*) f(x) b o(r) Inllghulitiph hhiGusjurl wusppbpnupynGGbpp Shdjuwbg usynn pbpdwd unbsnpmi-
Gp huywnbh t hwGpwhwadh aupnguwljwi nwupGpuwghg:
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npwntin, hGswbu ghwklp, a,, a,, b, (n=12,.) qnpéwlhgltpG GGG

1% l 1% I 1% !
Tr T ’ =7 T dl, == _ i = voe
a ”J;f(”t)dt a, ”-j; ”t)cosm b, ”_I' ”t)smmd: (n=12,.)(3)
wbupp [64,(9).(11).(12)]:
t =§x hwywuwpnipjwG Shengny (2) b (3) pwlwdlbpmud YbpwnwnaGuny

x npniuwlwihl” Yunwbwbp f(x) nGyghugh dnipjkh 2wppp [41,p2).
f(x)~ i’z': + Z(a cos%x +b,sin ﬂlix} @)
npnkn
g = %j‘l f()dx, a,= %i fs)eos"Exds, b, = %j, s sds (1=12,..): (5)

Uuwhuny, Gpt 21 wwppbpwlywl f(x) pmilbyghwl [-1,1] dhewluwpnd
pudupwpnid t hpplubp wuydwlGbphl, wyw ogunydbiny hphfubh
huwpinwbpiohg Yupnn GGp wyl |bpinidlyy dnipjbh wpph (npb nilh (4)
hwwuwwpmppwl we Ynpdmd gpywé nkiupp):

OnhGuwy 1: [—I,I] dhowlwjpnid f(x)=|.r| pwOwdlknyg npnaunn 2/ wwppbpwlwa
Inlyghw Ytipinisty dnupjbh 2wpph:

Laudnud: UpyGhinyg [64,03}nud Ywinwpyws nwwnnnnipntGGenG nu gnpénnnipynil-
GEpp L oqudbiny (4) L (5) pwlwdlbphg, Yunwbwhp nhvwnplunn PniGlghwih daupgth
2wnpp.

cos%x °°s3xx 2n-1
! 4l 7 A .
f(x)=3-7 11L+ 3,’ oot (2n£l)’ 4o {(w)

L2uwh np nipwé Pnibyghwl whpbnhwn t wipnng pluhG weiuGgph Ypw, hbnbuw-
pwp, hwiwdwyG Yhphlutih hupnwGhzh, win PaGighwsh dnupbh 2wppG wikGnupbp
qniquidhunnid t, pln npnd Gpus gnulwpp GnyGwpwp hwdpGyGeus £ nhuwwpldnn $nuGy-
ghuwyhG:

Ujwpunbiny wwppbipwlws pnublghwlbepp dnipgth wnph ybipinuétpnt hub-
nhnGliph nhwwpynuip” GpbGp, np wybith hwéwiu wihpwdtizw b hGnd Doepgth
2wnph dbingnudti ng wwnpbnwlwt $mGYghwhtn: Wnwhuh $mGlghwGtiph dnp-
J&h dbppaednupinuGibpp unwbwnt hwdwp nhnwplkGp [-2,7] Shewlwipned
npn2gwé L uyn Showlwypnid thphtuptih wuwyiwGGephG pwwpwnnn £(x) dnuby-
ghwi: UjGnthbnb GipdnusbGp 27 wwppbpwlwh wyGuhuh o(x) Pmbyghw,
nnp (-x,x] Yhuwpwg Showluypntd hwipGyanid t f(x) $nLblyghushl.

(-r<xsx) (-r<xsa) (6)

L puwwpwpnud t g(-x) = p(r) wwySwGhG: fwGh np e(x)-p [-7,x] Ghpwluy-
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pnud thphlulbh wuydwGGephG pwywpwpnn 27 wwppbpwlwa dnGyghw t,
htwnlwpwp Ywpnn GGp wiG Ytippnuéty dnpgth 2wpph: Iwdwdw)G Yhphtubh
huwjinwhzh’ @(x) PnmbGyghwih wipGnhwinnipjwl Yhwntipnud uwwgwd wnph
qnuiwpp hwipGyonud t wyn $nGyghwih hwiwwwunwuhuwt wnpdtiphlG, npunk-
nhg (6) hwywuwpnipjwl 2Gnphhy hGwknd t, np f(x) InbYyghwjh npndwG
whpnyyph GhpphG Ytwbipnid Gyws wpph gnudwpp hwipGytnud ¢ nhuvwpy-
ynn $nuGyghwyh hwiwwwinwuhuwb wpdtiph: Liwwnh NLGLEGwiny Gwb, np e(x)
dnLGyghuwyh dnipjh 2wpph gnpéwyhglbph hwzdwl pwiwdbbpnd dwubwly-
gnuit f(x) dnllyghwG’ Ywpnn Llp whnkiy, np Ywenigliiny f(x) dnLllghwihg

unwgywé 27 wwppbipwywl e(x) Pnibyghwih dnupgbh 2wppp, wpnynilpnid
(-7,7) Showlwpnid unwlnud kGp f(x) PnLllghuyh dnepybh YbippnednupyniGp:

Ujdd nhunwnlytlp hbwnlywy Ywpbnp hGnppp® [0,7] dhowluypmd npnyfuwé
L wyn dhowlhuypmd Wiphfubh wuydwalbphl pujwpwpnn f(x) Pmabhyghwi
ybpimoty dmpylh zwpnph:

QLuwlybpwwé puGnhpp (nudtine hwdwp, [—-z,O) Yhuwpwg Showlwjpnud
ybingltGp Mphhubh wWwiSwGGAG L g(~7) = £(r) hwwuwpnipjwlp pwyw-
pwpnn nplt g(x) Pnblyghw L JuenighGp
&(x), ipli x e[-7,0),

f(x)={f(x)'bphx€[0’”] )

dnLbyghw: UpyGhiny ng wwppbpwlyws $niGyghwih dopjth Ybpinudnipyne-
Op unwOwin’ Yyepbmd ppdwé nunnnnpntGGlpp” GgpwlywglGnd BGp, np
ywnnigtiiny (7) nilyghwyh dnpyh 2wppp, wpmyniGpnid (0,7) Showlwypnid
YuunwlwGp nhinwpyydnn nGyghwih dnipyh Ybpnuénep)nip:

LywwnkGp, np f(x) $mbyghwih dnpgtih YeppnuénpyniGp Yuibuduws t g(x)
$nuGyghush pGupnipniGhg: Upuwbu, bpt [-7,0) Yhuwpwg dhewlwipnud f(x)
$nullyghwl JwpniGwlyblp «qniyg» duny (GY.4w), wyuhGpl Gpt wWwhwhGekGp,

YA YA
Py=g@ | y=f( A y=fA
P / a—)/;
: i X -x X
-r 0| E 4 - : [9) Fd i
s -a
T y=g8x)
w) R)
Gy.4

nn f7(x)-p thGh qnuq Pnilyghw, www hwulwGwih b, np f(x) Imbyghwih
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dnpgbh 2wppp YwwpniGwyh Shwya YnuhGnuubbip: buly Gpb [—n,O) dhowlw)-
pnd f(x) InGlhghwl wpnibullGp «YbGune» duny (GY.4p), wyuhlpl bpb ww-
hwGgblp, np f”(x)-p LhGh Y&Gwn ImGlghw, wyw f(x) IniGlghwih dnupth
2wppp Yuuwpnibwyh dhwjG uhGniubbp:

Uughuny, (0,7 dhpudpuyprnd npnpduss L uyn dhpuiyuypmd Yiphfubh uuy-
JwllbphG pujwpwpnn  f(x) dmbyghwi wnpbip t Jbppm oty pGswbu dhuyl
YnupGmulbnhg, wbwbu by dhuyl uhlmulbbphg Yudduwd Smpbh )wnph:

OphlGwy 2: [O,x] dghowlwjpntd npndwé f(x)=x Pnlyghwl Ytpmoétp Shuyb
YnuhGruGtiphg Yuqigwéd dnpjth 2wpph:

Lniémua: [-;r,o) Yhuwpwg Showhuwpnud nhniwpldnn dnilyghwd 2wpnibwlybiny
«qnijg» duny’ YuinwlwGp [—;r,x] dhowiuypntd npnjws £ (x)=|r| dnlyghwa: UjGn-
htwnk phnwpltbp 2> wwppbpwlwio wyGuihuh e(x) Inbyghw, npp [-z,z] dhowljwy-

pntd hwiopGyGnud & £°(x) dniGlyghwyhb: hGgybu ghinbibp, Yuwanigbinyd ¢(x) dniGyghwyh
dnupjh 2wnpp [64,03].

l_il:cosx+cos3x+”_+cos(2n—l)x+m] ®)

2 7 T 3 2n-1y’
wpryncGpnud [o,x] dhpwlupnd YunnwGwlp ghunwnyynn dnGyghwgh dnipjh yhipn-
énupyniGp: )

Ujuwghuny, [O,ft] Shpwlwiph jnipwpwGgnip Yenmd  f(x) = x $mbyghwb Ywpnn
t0p ObpYunywglt| (p) upnuénipjwG Shongny:

L2tGp, np ng wwppbpwiwl $niGyghwibphG Yapwpbpnn 2wpwnpywé nw-
wnnnLpynLGGEpnLY 7 -G thnfuwphGbiny guibwgwé ! (/= ) npwlwG pynd, Yw-
pan bGp [~4,/] ywd [o,/] shewlwypnud npngdwé £(x) Pniblghwsh dnupykh Y-
tneonegynGp unwbwim fulnhpp (bnthnfuwlwah (1) hnfuwphGiwb dhengny)
plipt yGplinid nhunwplywé hwiwwwunwuhuwb huGnphG: LG Gwl, np ng wwn-
pbpwlwh $nibGhghwitinp dnipgkh 2wnph Ytpimetipnt fulinhpGepnd wihpwdtizin

t unwgynn 2wpptiph qriquidhinnpjwG wenwdny phinwplynn Showlwptphg jnt-
PwpwGyniph dwjpwlbnbpnd Juwnwpby |pwgnighs hbinwgnuninepnib:

dbipentd Gywwnbtp, np [-7,0] Shewlwipntd npndwé ny wwppbpwlwG
S(x) pnGyghugh dnpytp Ybpinidnipynibp unwbuine hwiwp wibpwdbwn t
(s0nnwlwiny "hphlutbh wwydwGGbph SwuhG) wiG nplt dLny 2wpnibuwlt) (0,7:]

Yhuwpwg Showywipntd b Ywnnigby win dnibyghwih hwiwuwnwuhwd (%)
dnGyghwih dnupgth 2wppp:
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§66. huGnhp, npp hwGqbglnid t YpyGwyh hGwbgpwih
hwuluwgnipjwip: UpyGwyh hGubqpwih vwhdwbnip L hhdGwywo
hwwnlnip)nLGGbpp:

unyGwlh hGunbgpwih hwuyugnipjwip dwinpwlwint hwdwp nhunwpylip
htinbywy ulnhpp’

z Jwyly wyl dwpdGh swywp, npp
z=f(xy) Jbplipg uwhdwlunpulpfwé t z = f(x,y)
= huwjwuwnmdG mlbbgnn dwlbpbnypny,

Ggnbphg® Ynnppplwnnwlwld Oz
wowlgphld qmiquhbn 6GhsGlinny (G4.5)
Y quuluyhl dwlbpbnypny [10,2°], puy
" Obpplpg Oxy hwppmipywl vbip pllwo
L puwly Ynpnyd vwhowlGunhwlyyws p
hwpp wppnypny:

ay. 5
dws hulinhpp (nuobiint hwiwp Oxy hwppntpjwG dbg pGYws Ynpbiph Yu-
Jwjwlwh gwlGgny P whpnipp wpnhtGp Ytppwynp puny A, A ... £, nwppw-
Yuwh whpnyplbph L wyn whpnyplbph Jwibpbubbpp hwiwwwunwuluwGwpwp
Gawlwybbp Ap -ny, Ap,-ny.,..., Ap,-ny: UjGnihbnk nhwwpltlp Oz wnwg-

phb qnquwhtin 6GhsGipnd w)b qwlwihG uyniGbnp, npnGg hhdpkpp A
(i =1,2,...,n) inhpnyplbnG LG L npnGg dhwdnpnuihg wewpwGnud b wnipywé Swp-
GhGp: LYwwh nGtiGwiny, np OYwpwgpywé unGhph dwywiGbph qmudwpp
hwywuwn t phnwplynn SwpdGh SwywihG L B (i=12,..,n) hhipny ujniGp
thnfuwnphGbiny Oz wnwlgphl qniqwhtin 6GhsGEpnY L GniyG hhdpny w)G wiwp-
pwlwh qiwbnyd, nph pwpdpnipniGp hwywuwp t wyn qwbh hhdph nplk

M, (.n) Yaons f(x,y) dmbyghuwsh £(£.7,) wndbphG' Yunpnn LGp wpywé
Jwpdth wjwil wpnwhwjnt

V“if(;p",)Ap, (1)

=]
dnunwynp hwjwuwpnipjwip:
Uwhdwlnd 1: Sppnyph Gbinbph d66wanyl hbnuninpmpinilp Ynsymd t
wyn wppnyph inpwdwaho:
P (i=l,2,...,n) wnhpnyph tnpwdwaghdp GawlwykiGp 4 -ny, huy 4 npwiwg-
otnphg dkodwqnlp’ A-ny.

-64-



§ 66
A=max4; ()
UyGhwyin t, np nppwi thnppwgltiGp P, inhpniyplGtnh npwiwqébipp (hbnbw-

pwp nppwl GtkowgGLGp win whpnypltph phup), wyGpws (1) dnuwynp hwyw-
uwnpnipywl Sainmpyntlp Ydkidwbw: dbpngpjwihg htwbmd t, np (1) dnunwyn-

prtpjwl dkip whghbing uwhdwGh, bpp 4 -G dquemd t qpngh, nhnwpiynn dwnd-
Gph Swywip YupunwhwntGp

v=lmd [, (1
62qphn hwjwuwpnipjwip:

UGghtiny pGnhwGnip nbwyph nhunwpldwbp” bGpwnpkGp YnnpnhGwnw-
wl Oxy hwppnipjwl db9 wpyuwd L thwy Ynpnd vwhiwGwihwiyws P thwy
whpnypnud npndwé bz = f(x,y) pmbYghwh [46,u2]:

Lnphg Ynpbiph Yuwiwjwlwh gulgny P wnhpnuypp winnhtiGp Yipgwinp pyny
B, B,... P, viwppwlwG whpnypGtiph L wyn whpmyplbph dwybpbuGEpG ne
npwiwqoétipp hwiwwwunwuhpwGwpwp GawbwlkGp Ap -ny m 4-nd, Ap,-ny
n 4-nd,..., Ap,-n mv 4, -nyY, huj wmpwdwqstiphg dtdwqnGp™ 1-ny: 7,
(i=12,...,n) whpnyph uwhiwGGbpnd Ybpglktp Ywdwjwhwl M,(£,n,) Utuwn,

f(x,y) dniGyghwjh wpdtipl wyn Yhwnd puqiwwuwinytGp Gaywé whpnyph
dwybpbuny L Yuqiblip

A =Z_‘:f (Z.m)Ap, (3)
qnuiwpp:
Uwhdwlnd 2: o, gmdwpp Ynsymd t Oxy hwppmpypwl Jbo inpdwo P

iy inppnypmd npnpwo f(x,y) pmblyghuyh hbwnbepuy gmdwn’ inwpwd-
Ywo wyn inhprypd:

UwhdwGnmd 3: YwwubilGp, np A -G qpngh dqunbithu (3) @mdwnl nGh (-
sunnp) 1 vwhdwl, bpl guwllwgwd ¢ npwlwl pifr hwdwnp qrympimlb mGh
wibyhuh & ppwlhwG phy, np htGg A < 5 , wuhlpl hbGg P tnhpnypp wnpnhbGp
8 -hg npn inpwiughd mbbgnn P, iwppwlhwl wppnyplbph, www wihywfy
upnhdwl bnuwGuwihg b P nppnypbbpmid M, Lbinbph plGuinpnipynilhg nbinh
mGh

lo.-1|<e (4)
whhwdwuwpmpmap:

UwhdwGnud 4: 1 -G goyh dquibpu o, gmudwph bpgwinp 1 vwhdwlp

Unsdma t f(x,y) Prulblyghuyh Ynllwhh hinbepuwy " twpwédwd P unppmypny
L Gywlwlpfmo ¢
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[[1@ndp. [Jf(m)dxdy 5)

wudwlowlpwblbphg nplt d64yny:
Oquytiiny UplGwlh hGwnbqpwih vwhiwGnudhg b (1) hwjwuwpnipiniGhg®
ytpunud ghnwpyywdé dwpdth dwjwip YuwpunwhwjntGp

v=[[ f(x,y)dxdy (1"

YpyOwyh hGuntbgpwih dhengny:

UwhdwlGmd 5: (5) plwnbgpuih enimpywl nbuypmd f(x,y) Pmblyghwl
Ynsymd t hGinbigpbith P inppnypntd, P -G Ynsymd b f(x,y) PmbGhghuyh hG-
wnbgpidwl wnhpnyp, huly dp = dxdy wpunwhwynmpynilp® dwlybpbup nwpp nun-
qwolyma YnnpphGuunGbnny:

UlunnbGp, np hlinbgnbih pmilGlhghwl wihpwdtiyunwpwn wbup t (hGh vwh-
dwlhwihwly hGuinbepdwl wppnypntd:

bpnp, Gpt f(x,y) PnGyghwlG P whpnypmd, ophGwy Ybpbkhg uwhiwGw-

iy sk, www hGswtu kL wyn whpnypp npnhtiGp twppwywb whpnupGbiph,
unwgywd wnhpnyplbphg weGwql dtynid wpywé Pnublyghwb YihGh wGuwh-

Gwlwthwy: Un nbwpnud hwiwwwwnwuluwh whpnypmd M,(€,7,) Ybuwh plGun-
pnpgpwl hwadhG  f(£,7,) -G, htwnbwpwp Gwlk o, qnudwpp Yupbih b nupdGb
gwllwgwé npulwl pyhg dk6, hGsp Gawbwlynud t, np pGGwpYynn nbwpnd o,
gnuiwpp Ytipgwynp vwhdwl nGEGwy sh Yupnn, wjuhGpl f(x,y) pmGyghwh

P whpnupnud hGunbtignbih st:

Uunwgwé hwwunipiniGp wwwgmgnud b dlwlbpywdéd wGnnuip:

Liwwnh niGGGwiny Yepngpjwip’ wju wwpwgpwdpnud Ynhunwpyblp Shwjh
uwhdwGwgwy $nlGyghwbtip:

Ujdd P (i=l,2,...,n) whpnuypnud £(x,y) dnilyghwh pGnniliwé wndtiplb-
ph 62qphwn unnphG L G2qphwn YbphG bqpbpp [18,u32] hwiwwwunwuuwbw-
pwp GawlwykGp m nyd nu M, -ny L Yuquiklp

s=YmAp,, =3 Map, 6)
=]
qnuiwpGbipp:
UwhdwGmd 6: s 4L § gemiwplbpp hwiwwuwnwufuwGwpwn Yngdmd 66
P wppnypnd npnpdwo f(x,y) dmbhyghuyh Twppnh uinnphl b ybphG ha-
wbiqpuwy qmownlbp.
Mwpq t, np Gpb  f(x,y)-0 wGpOnhww $niGhghw t P whpnipnid
[46,u12,u13], www wpywsd wpnhdwh nbwpmd (6) gnuiwnGkpl hptiighg Yyhbp-

Yuwjwglbl wyn $nibyghwih hwlwuwwwnwuhuwbwpwn thnppwagneji L SEdwaqn)o
hGwbkqpw) gmdwpbbpp:
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§ 66
Oquytiiny plwjhl pwqdnipjwG G2qphwn unnphG L G2qphwn YbiphG Ggpbph
uwhiwbGnudGeppg’ YniGhlGwbp

m < f(&.n)SM, (i=12,..,n): (7

(7) Ypyowyh wihwywuwpmpynGlbph winwiltbpp pwqiwwwnlbiny

Ap,-ny L unwgywd wihwywuwpnipntGGEpG wGnwd we winwd qnidwpb-
4" (3) L (6) GwlwynLiGhph hwaweniing YunwGwiGp

s<0,<S: (8)

hGswbiu nbuGnd BGp wnpdwé npnhiwi nbwpnid s -p L S -p hwunwnniG-

Gtp &G, huy o,p" hinnfuwlw (pwGh np wib Ywhnwé t M (S.n) Yownbph
pOwnpnipnilhg):

3wng t dwaqnid. npnGp 66 Yplyowlhh hownbepuwyh erimpwl uuwydwGabpp,
wyuhlpl hOswhuh” wuwydwllbph wbup t pudwpwph P inhpnypmd npnafwé
J(x,y) Pmblyghwa, npuybugh wyl (hGh hlinkepbih wyn inppnypniv:

3bunlywy plinpbdp, npp pbpnul B6p wewlGg wwwgnigdwl, nwihu bt wyn
hwpgh Wwwwuluwbp®

BGnpbd 1: P wpipnypmd npnpwd z = f(x,y) Pmlbhyghuyh YphGwih ho-
wligpuyfr qrymipywl hwdwn wohpwdbyn b b pwfwmwp, np wnbnh mbbGw

l}yg@ -3)=0 (9)

wuwydwlp, nntn s -p L S -p wyn pmbyghuyp Twppmp hwdwupunuwufuwbur-
pwn wnnphl L YbphG hGinbepuwy emdwplbpl b6 nipdwo inppnypmd:
UywwnbGp, np M,-m =, (i=12,.,n) tnwppbpmipimlbp widwbliny

T(x,y) PubGhghuyp tnunnwlntd i -pn wvippnypmd b oqundbiny (6) Grwlwlyntd-

bliphg" ywpnn Llp wyn Pmlbyghuyh Ynlybuwiyh hGinbepwih gnmpuwl wihpw-
dtan b punfwpwn wuydwip Gepluywglly

!l"_gg':mlApi =0 %)
wnbupny:
QLwybpwhGp Gwl htwnbywy Yupknp pbnpbdp’
Bunnpbd 2: Epb z = f(x,y) Pmblyghwl wlplnhun t P inppnypmd, wuyw
Wl hanbiqnbih t wyn inppnypmd:
dbpenud bGpunpbiiny, np nhuvwplynn $nGyghwGtpl hGunbgptih GG wp-

Ywé whpnypGbpmd’ pdwplybGp YpyGwlhh hGubgpwih hhiGwywh hwnynip-
JjmGGbpp:

1°. Jwuwnunnm b wpnnwnphsp uptyh ¢ nmpu pbiply §plGwlh hGabignuwih
Gywip inwlhg.

Hcf(x,y)t&) = cﬂf(x,y)tto (c =const): (10)
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2. dbpguninp pyny pmllghwlbph gmdwnh Ypllulh hbnbgpwip’ nw-
pwodwo nplt inppnypny, hwdwuwn b uyn rllghwlbnh YnlGuwlp pGunbgnuy-
G6ph qmudwphG’ tnwpwdydwd Gnyl inppnypny.

[+ fixy)+-+ f,(x.9)p =

= [y + [[f,.9)dp + -+ [[f.(x.3)dp: M)
3. Gpb painbgndwl inpipnyph jupwpwlsmp Ybinnd wbinh niGh
f(x,y)<g(x,y)
whhwwuwpmpmlp, www nbnh mah Gwh
[[fx.y)dp < [[g(x.)dp (12)

whhwywuwpmpinilp:
Ibunbwlp 1: ApLt nppnypnid ns pwgwuwlwl wndbplGhn pGnmlng

Drllyghuyh YplyGwlhh hnbgpup’ twpwoywo wyn infipnypny, nf pwguiuu-
lwla dtornpima L.

[[fx»)dp20, bpt f(x,y)20, tpp M(x,y)e P: (13)

4°. JwununnmGh YplGuwih pGinbgnuyp’ inwpwddwds P wppnypny, hw-
Yuwuwp t hGunbgnowl wnippnyph s Jwlhbpbup L inpdwd hwwmnunnmbh wp-
wnwnpuyha.

[Jedp=cs (c=const): (14)
5°. Epb P wppnypmd f(x,y) Pmllhghuwyh hnpmuwgnil L d66wgnyl wp-

dbpltinp hwiwwwnwufuwGwpwpn hujuwuwn 66 m -h L M -h, hul) s -p wn
whpnyph dwlybnbut t, www wbnh moh

ms < [[ /(x.y)dp s Ms (15)

qGwhwwnwlwlp:
6°. 6pb z= f(x,y) Pnlyghwl whpbnhunn t s Jwlbpby mbbgnn P wp-

pnypmid, wwyw wyn whpnypmd qrympiml nllh wybwhup M, b, np nbnh
niGh

§§ . y)dp =5 £(M,) (16)
hwywuwpmpnbp:

7°. bpli P wfipnypp nipnhdwé t wyGwhuh P, L P, whpnyplbph, npnlp
snoba pnhwlmp GEpphG Yin, wuyw

g S(x.y)dp, { [/ (x.y)dp,, { [£(x.y)dp, (17)



§ 67

hGinbgpuy Gbphg wrwohlh qinipimbhg hbinbnid ¢t hwonpn bplyniuph grymip-
Jyulp b JlinohG bphyniup qrympymGhg” wnwpehlh qympniGp, pln npmd inbinh
nGp

[ [f G, y)dp = £If(x,y)¢v.+ { [/ y)dp, (18)

hwywuwpmpymGp:

8. &pl hGunbigpdwl nfipnypncd GaphGunbgpuy pniGlighwl sh infuntd hpn
Opwlp, wyw hwlwwuwanwufuwl UplhGulh hGunbigpuyn oh phy £ npp Grwinp
hwdpGyomd t vipdwo pnllyghuyp Grwlhio:

®. bpb f(x,y) Prllyghwl hGinbgnpbih ¢ P inppnypnid, wuw |f(x,y)
dnullyghwt GnybGubu hlGinbgpbih t uyn wnhpnypned, pln npmd wbnh nGh

‘ {Jf(x,y)dpls j /G ylp (19)

whhwiwuwpmpiniGp:

§67. LpyGwyh hGunbgpwih hwdniG nupnubGlynl nEYwpnywi
L pubpwihG YnnpphGwnGbpny: Uwltpbunyph dwlbpbuh hwzynidp
UpyGwyh hGntqpwih dhengny:

UplyGwyh hGubgpwih hwydws pwliwdlbp unwbwint hwiwp Gwle Swin-
pwiwlp YwGnlGwynp whpnijp hwulwgnipjwlp:

Uwhdwlnwd 1: wnnmphbGunnwlwl Oxy hwppmippwl 0bp pOlwo P wly
wnhpnypp Ynsdmid ¢ Guwlbnbuninp Oy wnwlgph nipnmpywdp, bpl wyn wfinny-
Bh GbnphG Ybinny wlgbnn b Gyywé wawlgpht qniquhbe jmpuwpwlsnn ni-
nhn nindwé inppnyph bgpughon hunnmd t bphne Y d:

LnyG duny uwhdwbynud L Gwh Ox wowGgph ninnnipjwip YwinGunnp
whpaypp:

Uwhdwbnid 2: P hwly wppnypp Ynsymd b GwlnGuninp, bpb uyl ywbn-
Gunfnp ¢ hGswbu Oy , wybwbu by Ox wowlgph mnnmppudp:

Ujdd bGpwnptiGp [a,6] Shewlwypnud

y=@(x), y, =@y(x) (1)

b7 hwywuwpnuiGpG nuGlignn wipGnhww Ynptipny

y=0,(x) (pGn npnud G2dwé Shewlwiph jnupwpwlynip Yb-

wnnud inknh nth @ (x) S @ (x) whhwywuwpnipynt-

= . Gp) b x=a, x=»b nunhnobpny vwhiwGwhwlyws

o a —> P QuGnGwynp whpnypnid (G4.6) npn2dwe t
z= f(x,y) wGpinhwwn dnllhghwi [46,u12]:

Gy.6

-89-



qLnk Xl
UwhiwGnd 3:

bl #(x)
A =I[ [ f(x.y)ay ()
al a(x)

wnwhwypnmgynp Ynsdmd t f (x,y) pmblyghuyh Yplbwuunnply hinbgpuy
vwpwoyws [a,b] dhpwluypmid (1) hwdwuwpmdGbpt mbbgnn wlplnhwin
Ynpbpny b x=a, x=b hwwuwpmdGbpG mGgnn ninhnGbpny vwhiwlw-

Yuwlws P YuwlnGuninp nhpnypny:
UnyG obny

| v Q)

Jp=[| Jfxya (3)
cLm»

wunwhwyinmpnidp Ynsdmd ¢ [e,d) dhowhuypmd (064.7) x=y,(y), x=y,(»)

hwywuwpmdG6nG nGbgnn whlpbnhunn Ynpbpny

YA (pGn npmd Gpywd Showlwyph jnpwpwlynip -

] —
wumd nbnh nGh w,(y) Sw,(y) wlhwywuwpnpynt-
x=p(y *=v:0) Gp) L y=c, y=d mnpnlbpny vwhiwlunpulpfwd
= P YuwlnGuninp wnhpnypnd npndwd z = f(x,y) w-

GpGnhun pnLlyghwyh Yphylwwyuinhy hGinbgpwy
tnwpwoyws uyn inhpnypny:

Gy.7
ULatGp, np (2) YplhGwwywinhy hGunbqpwind Gwiu Yhwyyblp pwnwlniuh
thwlwqdtiph Gopund qpwé hGunbiqpuip, pln npnud hGukgpnudp Ylwunw-
ptGp pun y-h, huy x-p YhwiwpblGp hwuwnwnnil, wyGnihbnb hGwntiqpdwh
wpnyniipntd unwgywé Pnibyghw?) pun x -h YhGuibiqpkiGp a -hg ShGgl b
uwhdwGGbpnLd:
unyyG auny (3) Ypyhwwwwnhl hGunbtiqpuih pwewyniuh thwlwqdtph Gep-
unud gplwd pGuntiqpwinid y -p YhwiwpbGp hwunwwns L f(x,y) dniby-
ghwG puwn x -h YhGunkiqptGp w,(¥)-hg dhGsk w,(¥) uvwhdwGGGpnd, wylne-
htiwnb hGunbqpiwG wpnynilipnud unwgywé Pnblyghwb punn y -h YhGnbgnptGp
¢ -hg UhGsh 4 uwhdwGhbpnLd:
ThwnnnpyniG 1: bpb ¢(x) L @,(x) PmbGlhghwlbpp (Ywd Gpwlghg nplt

Ublp) hGwpunp st [a,b] dhowluypmd wmpnwhwynty vbYy shwulwlws pur-
Gwélny, wwyw wnwhup nbuwpbpmd (2) yYphlwyuinhly hGbingnwip Yobplw-
Jwglbbbp dh pwlh hunbgnuwibtinh gnidwnh dhongny:

*) Ywpbth t gniyg viuy, np wyn HnGlyghwlb [a, b] Jhpwluspnid npnadwé wipbnhwan dmbGyghwt:
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OphGuwy 1: bpt @,(x) Inibyghwh wpynmd t

Y, ()= w(x),bppasx<c,
y=0,(x) A= @(x), bpp c<x<bh

pwlwdlng, npuntin ¢(x) L w(x) PmGyghwhGtpp hGwpw-
_ : P ynp st wpnwhwynt Y Shwubwlwt pwbwdlbny (GY.8),
0| 4 = 5> wuw (2) YpYGwupnhly hGnbapuwip YGbnywywgGhGe bp-
Yne hGuinbigpwGtph qnudwph wnbupny.
0y.8

[feomfeomle [l

JwuljwGwih t, np wGhpwdtizninupjwG nbwpnid GmyG dlny Yywpytlp Gwl
(3) uplowwwwnhy hGwbkgpwih htw:

Ujdd wnwlg wuwwgnijgh dLwlybpwttp YpyGwwwnhy hGunbigpwih hbnbywy
tpym hwwynmpymGGtpp’

1°. 6pb YnnpnpGunnwlywl Ox L Oy wewlgplbphl qniquhbn ninpnGb-
Y P uwlnGuinp inppnypp winpnhywo t (bpouninp pyny B, P,,....P, wlnGw-
ynp wppnyplbph, wupw P wppnypnd npnpdwd f(x,y) whplnhunn pmibly-
ghwyh YplyGuwupunnply hownbepwyp’ inwpwodwo Gryws wnpipnypny, hwfwuwn ¢
npwo pmbyghuyh, B (i =12,....n) nhpnyplbpny tnwpwoyws yplbwwunnfrly
hGunbepuyGbph qnidwnpl.
L=l +1,++1,: 4)
2°. (UpyGwuwwinhly hawnbepuyh Shohla wndbph hwnynipinilop) Epb
z=f(x,y) Pmbyghwl whponhunn t' [a,b] dhowluwypnd (1) hwwuwpn JGh-
Y wpdwdé whpbnhunn Ynpbpny b x=a, x=b mapnGbpny vwhiwbupwy-
Ywo P YuwlnGunfnp wnppnypmd, wyw wyn nhpnypmy qrympynti mofh wyl-
huh M, Ybwn, np wnbinh niGh

y=w@Yy =0 |

‘[:!;f(x,y)dy}t-sfw ) )

hunjwuwpmpymGp, npinbn s p P inppnyph dwibpbul t:
b U‘ﬁgﬁbmq ynyGwyh hGunbgqpwih hwiwbp’ wwwgnighlp htitnbywy ptin-
nGup
Bbnp6d 1: P YwlnGuninp inppnypnid npnpdwé f(x,y) wlpGnhuwin
Prulyghuyh 4plyGulp b YnlyGuwunnhly hGinbepuybbipp* nwpwédws wn np-
mypny, hunfunnwp 86 ppwpn:
Uwywgniyg: Npnwyhnpjwl hwiwp bGpwnptGp P YwinGwynp whpnypl
nGh 6-pn GRwpned wwnlbpdwé ntupp L gniyg tiwGp, np wyn whpnypnud npng-
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Jwoé f(x,y) wipGnhwwn PniGlyghwh YnyGwyh hGunbgpwip Yunbith t hwayby

i[r (x,y)dp=i["r}’(x,y)dy (6)

4 o Aalx)
pwlGwadlny [66,u4]:
Jwinqybint hwdwp Gwhe YnnpnhGwnwlwhs wewGgpltpht qniqwhbn ni-
nhnGtpnd P whpnipp wpnhtiGp Ytpgwynp pyny A, F,,.... P, GwlnGwynp wh-
paypGbph L wyn whpnypleph wnpwiwgdtiphg dEowaqnlp Gawbwykbp 2 -ny

[66,u1]: UjGnithGwnl oqunybiny YypYlhwwwnhy hGunbiqpwih ytpbmd pbipdwé
hwwnympinGatphg’ YuunwGwGp

I =

P

nir)
Sxy)dyldx=1p +1p +--+1,

| a(x)

.
]

L hGwnLwpwp

-q(x)

L [ fx, )y =Z;‘,f(M,)Ap, m

a(x)

&

hwywuwpnipynitGp, npnbin Ap, -G (i=12,...,n) P whpnyph dwybpbuG t, huy
M, -G" uyn whpnyph Yhiwn: dtpehl hwywuwpnipjwi 0ty whghbiny uwhdwGh,
Gpp 2-0 dquinid t qpngh L hwzdh weGbiny, np wjn hwjwuwpnipjwG dwfu dwup

Ywhudwé sk 1-hg, hul we dwup f(x,y) dniGyghwih, P whpnipny twpwo-
Jwéd YpYyGwlyh hGunbiqpuih hGwnbgpuwy gniiwnG b YunwGwlp wwhwbeynn
hwywuwpnipjnilp:

y hww
OphGuwy 2: 3wyt
y=x I= ”’254’
P
P
o 3 UpGwyh hGinbgpuwip, npinkn P-6 y=x,y=0 L x=1nhnGbpny
/| 1 (6Y.9) vwhdwlwhwyywsd nhpnypb t:

ay.9
Lawénud: Oquytiny YplyGwlh hGunbigpwih hwydws (6) pwlwdlbhg' wipwé hG-
unbqpwih hwiwp Yunwbwip [35, 3°,7°w], [40,1°], [41(6)]

1=i(ie‘5ay)dx=j‘(uf)‘ au=j’x(e—l)ab:=‘T" .

YhannnpyniG 2: Epb P ywlnGunfnp inppnypl mGh 7-pp Gywpned upunn-
Ybpwo wnbupp, wyw, Yphllyny pbnpbd 1-md pbpdwé nunnnmpyntGGEAp’
uyn unhpnypmd npnfwé f(x,y) wlplnhuwwn pmbyghuyh YpyGwlh houwnbq-
puh hwowp qunwlbwlp
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4 i)
[ 7, y)ixdy = I[ f’ f(x,y)rix]dy (6)
4 < %)
pwhwdbp:

Uwhumy, Oh nplt wilnGuninp inhpnypntd npnaywo  f(x,y) wapGnhunn
dmblyghuyh Yplybuwlyh hbinbgpuyp hwadbym hwdwp, wylb wbnp t pbipbp 4pg-
Gwupuinply hownbigpuigh, npG hGswbiv wnbuwlp, wpbip ¢ ppuwlwlwelly (6) L
(6) pwlwdlbbpny: Gwpudws hGunbigniwl wnppnyph inbuphg jmpwpwlsinin
Vwubuninp pbwpmd wbwp ¢ painply (6) Yuwd (6) pwlwdkp:

WnnnnupyniG 3: Gpl P lwlnGunjnp nppnypp Yunlish t oy [a,b] dp-
ouwlwipmd y=@(x) L y=,(x) huwwuwnpmdbnG nGbgnn wlplnhunn §n-
;n y=a() nepmyf (04.10) qwi & [c,d] dhowluypmd x =w,(y)
b x=y,(y) hwiwuwpmdGbpl nbbgnn wiplnhun
Ynpbipny, wuyw uyn inhpnypmd npnadwd f(x,y) ho-

y=a(x) H x
2 > vibgnbih prlblghuyh Ynllwhh hownbgpuwp yuwnb-

1 & hwaity L (6) pulwdlny, & (6) pulwdlny:

Gy.10
dbpngmuwihg hbwnlbmd L, np pGowplpdnn nbwpmd wnbnh mop

s afx) d| waly)
| [ ](f (e yMy pix = | [ ff (x,y)rix]nv (8)
a| m(x) cLmly)

pwlwdlp, npp Ynsmd t YplGwuyunnhl hGnbgpwimd hGunbepdwld Yupqep
nfubym pwlGwdl:

YhunnnpyniG 4: Epl plhinbigpowl wppnypp Ynnpnhwnwlwl wrwigp-
Gbphg L ng dbip npnupywdp Guwlnbundnp st, wupw wyn wnfpnypny upwo-
qwe YnplGwih hbinbigpwip hbwpuninp gt pbipby Ypybwyunnply hlwnbgpuwih:
Puyg, bpk wyn wolwhnG whpnypp hGwpundnp t inpnhby Jbpeundnp pyny’ 4nnp-
nhbunnwlwl wawlgplbinhg nplt JbLp manmpywde YuwlnGwifnp inhpnyplt-
Ph, wyw winwgyws inppnypllinhg jmpuwpwlsympntd hwpidbiny npdwo prby-
ghuyh ypbyGuwip pGinbgpuyp b gmidwpbyny wpnynilplbpp” fuinwlbwlp G-
wnbgniwl wdpnne wnfipnypny nwpwoyws hbinbgpuih wnpdtipp:

YhunnmpniG 5: &b f(x,y)m1 Pmblghuyh hwdwp s dwlbpbu mabgnn
P inppnypmd Ywqoblp hGunbenuwy gmidwn [68,(3)), www upupq £ np whlwfu
nipwd wnhpnypp inwppwlpwa inhipnyplbnh npnhowl bnwibwlhg, win emiw-
e hunfuwuwn ihGh ppuinwpldng inpipnyph swlbpbupd.

5= Z:l ‘Ap, (i=12,.,n): (9

Tbnbwpwn, (9) hujwuwnmpywl 69 waglling uwhdwif, bop P, (i=12,....n)

inuppwilpull inhpnyplbnh innwowqdbnhg vkowqnylp dawnntd t gnryp, P uih-
ryph dwibpbup hwown YniGbGwlp
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§= g dp = j;[dmjw : (1 0)
Udthnihbny dGpngnyuwip’ unnwGnd GGp htnbyw) wlnmudp’
Jwpp wnppnyph dwlbpbup hwdwuwn t f(x,y)=1 pnllyghwih YplyGuwlh
hownbgnuihls’ inwpwoywo wyn nppnypny:
bEpt, dwulwinp nbwpnid, nhpnypl nuGh 6-pn Ghwpnul Wwwnytipdwéd nbu-

pn, wayw oquytiny ptinpbid 1-hg, wyn whpnyph dwybptiuh hwiwp Yunwlwp
Ubq hwjnlh pwGwdl [43,(3)].

i["j(%y]dx=i[¢,(1)—ﬂ(x)]nbr: (1)

o| ale
Ywhujwé tGphGunbgpwy nubGlyghwih L hGunkqpdwh whpneyph wnbuphg' bip-
pGuG hwpdwp t hGnud wyn whpnypnd npnjwé dnLblyghugh YpyGwyh hGunbg-
pwip hwybint hwiwp wighh) pubnwjhG Ynnpnhlwwnwlwh hwiwlwngh [44]:
UwhdwGnid 4: YnnpnpGuinwlwl Ope hwppmipywl Jbp pGlwd P huwly
whpnypp Ynsyntd t qwlnGunnp plbruyhl YnnpphGunnbbnny, bpb pLbnhg
nnpu Ghynn b wyn wnppnyph GpphG Ybinny whlglnn jmpwpwlsinin Swrwquw)p
wpfwo wppnyph bgmuqoh hbn hunndmd t Gplynt Ybuinncd:
Uydd, Gapwnpbiny, np P LuwlnGunnp inppnypp (GY. 11) vwhdwlunpwl-
qwo t [a, ﬁ] dhowlwpmv
p=R(9). p=R(0) (12)
hwywuwpm 866G mGbgnn waplnhwwn Ynpbpny (pln npnd Gpgws dhowlw ph

Gy.11
Jmpwpwlymp Ybunmd nbnh moh R(p)s R(e) wohujwuwpnigymbp) b pbb-
ehg nmpu bynn p=a L ¢=pF Gwawquplbpny nG6lp wn whpnypntd npny-

Ywo z = f(p,p) whiplnhunn prblghuyh Ynlluish hGinbgpuyp phbiauyhl ynnp-
nhGuwuinGbpny hwpibime fulnppp:
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Npwé fuGnhpp (nedtine hwdwp pubnuyhG YnnpnhGwnwlwb bwppnp-

Jw
P=Po P=Py > P=P, (m&(¢)=po<p,<---<p.=m&(¢))
hwiwltGuwpnt 2powGwqétpny L plbinhg nnipu tynn
P=@, P=0,...0=0, (@=¢, <@ <<, =f)
Swrwquw)plbpnd hGubqpdwG P whpnypp wipnhtGp P, (i=12,--,m
j= l,2,---,m) unwppwlwb whpnypltph: UjGnihtnl oqubiiny trwGlywh dwlb-
ptuh
=labsina
2

pwiwdlhg (GY.12) L hwzyh waGbind, np thnpp whlymGGEph hwdwp wnbnh

nGh sina e Unnudnp hwywuwpnipynGp [23,06), G;-
/\ ywé wphpnyplbph dwitintuGbph hwiwp Yuunwlwap
1 1 ,
ad AP, = —p;zﬂ Aq’/ '—pleq’/ = plAplA¢1! (13)

a 2 2

Gy.12
npwnbn

r o P¥ Py el
Ap=p,-p, AP, =0,,-9,, b 2 (1—0,],...,}!—1,]—O,I,...,m—l)'):

Gpt nhwwplynn pnilyghwih hGntigpwy gnidwph dbe npwbu £
(=12-m j=12,--,m) nwppwlws whpnuyphG wwinlwlnn M, Yo Ybng-
G6Gp wyn whpnyph gullwgwé Y, npp qubYmd t p= g «bhghl pgwlug-

Sh» Ypw, G24wé whpniypGhiph SwybpbuGliph hwiwp unwgwé (13) pwiwdlh
hwaywnniing wyn gnudwph hwowp YnGEGwlp

o, = f[zf(p;.«f,)p:m A¢,], (14)
oLt

npbn @, -p (j=0,L..,m-1) M, Ytnh Ytwh plbinuyhG whlyn G t [44,u1]

PGswbu nbuGnud bGp, 0kq htuwppppnn hGunbgpw) gnuiwph wpunwhw)-
nnLpjwi Sbg welw t YpyGwih qnudwp (wyjuwbu Yngdwé’ GepphG L wpunwphG),

hGsp, pOwywGwpwn, wwppwywG £, whpnypGnp bpyn hGntpulitinh Shengny
hwiwpwlunbint htnluwGp t:

‘} A aungimd t g, L g, 2umunjhnlbph Shel pGlws ShohG wnunihn:

**)2whh np, pinhwnLn phugenid =@, L #=@,, (/= 0,1, m - 1) GuwnuqupGhph b pllywe ng
POIND wumpuiliuwt whpnypGbnG bG uusnustnus P inhpngphG, haunliupuwn (14) wnwhuwpnnegpiut Gopphl
9nudwnh dbg / hGabpup Yuwpan t L npnz wndtpGbp snbaaclhy:
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A¢, wpwwnphsp nntpu plintipny GepphG gnudwph GawGh wwyhg 2 Yuwpnn
LGp (14) qnudwpp GhpYuwywgGli

o,= 'f‘.[Zf (p,',w;m’Aa]Aw, (14)
ol

wnbupny:
LbGp, np (14) qnuiwpned, j -6 hwdwpbiny hwuwnwinni G, Gwiu YhwzytGp
GtpphG qnuiwpp, wjGnihbul, unwgywé gnuSwpp (npp Yuhudwd b 5 -hg) puiq-

Gwwuwunlytiny Ae, -n’ YhwykGp wpwnwphG gnudwpp:
Adywp st hwainqybi, np (14) hwdwuwpnipjwl dbp whGghbiny uwhdwGh,
Lpp wnhpnyplGbiph wpwdiwqétphg dGéwqnyGp dguinud t qpnjh’ Yuunwbwip

I’jf (p,¢)ip=f[h]{’}(p,¢)pdp]d¢: (15)

a| &(e)

Wupuny, |a,p] dhewlhuypmd (12) hwywuwpmdGbpG nblignn wlpln-
hunn Ynpbinny L pblinhg nnipu bynn p=a L ¢ = p Swowquyplbpny vwhiuw-
OGwipwipwo P JuwlnGunnp inppnypmd npnpfwé f(p,9) wlplnhunn pnilly-
ghuyh P wnfipnypny nwpwdywd YplGuwlyp hGinbgpuwp hudwuwn t wyn pnay-
ghuwyh GnylG wnhpnypny tnwpwédws Ypylbwuwunply hGinbepuygha:

Swibkdwuwnbiny L (6) L (15) pwlwdlbpp’ tqpuluwglmd GGp, np Jwlbtptuh
wnwppp [66,u5] pLlbnwihG YnnpnhGunGhpny wpwnwhwjnynd t
dp = pdpdp (16)
pwlwdlny:
Ljwwnh nGbGwiny (16) pwGwdlp L ogunybiny Ybwnh nuinqwalynil ntlwp-
njwl b plbnuyhG YnnpnhGwwnGtpp dhijwig Yuwnn
X=pCos@, y=psing (17)
pwlwdlbphg [44,(1)]' P YwGnGwynp whpnuypnd npnadwé  f(x,y) wapGn-
hwwn pniGlyghwjh, niqnwilynild YnnpphGwinGopny wpdwé Ypylwyh hGunnbg-
pwih hwaynuip YhwiGqblghtGp wyn InilGlyghwih GnyG wnhpnijpny twpwdywd
pltinwjhG YnnpphGwinGhpny wnpdwé YpylGwyh hGunbgpwih hwzgdwGp.

ffr (x.yHp =ij (pcosg, psinp)odpde . (18)

Yughuny, ninnuwblymb pbwpuywl nnpnpGuinbbnny wipdwdé YphyGwih
hbawnbgpuyp plbruyhlG YnnpphGuintlinny UnlyGuwih pGinbgpuyh Shunpnfubnt
hwiwp wohpwdtpn t x L y phnipnfuwlwlblbnp hwdwwunnwufuwbwpwn oin-

fuwphltby pcose -ny L psing -ny, huly duylipbup dp wwppp’ pdpde -ny:

*) Usn hpuriniGpG nLGhGp, puGh np A@, -G GipphG qnidwnph qnudwpbiihGhph hwdwn pGrhwGnip
wpunwnphg t b huwhalws st i hGnbpuhg:
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tpt Jwubwynp ntiypnild hGunbgpiwb P YwGnGwynp wtnhpnypl nh 11-pn
Ghwnnd wWwinybpwé inbupp, www wyn whpnypnld npndwd f(x, y) wipGn-

hwwn pniGyghwih manwiyjws YnnpnhGwwnGtpny wnpjwé YplyGwyh hGunkg-
pwih hwydwi hwiwp YunwiwGp

8] mle)
I If (x.y¥p= (ff (pcosw.Psin¢)ﬂdp]d¢ (18)
P al| Rlp)
pwlwdbp:
- p=p(®) Ujdd tiGpwnptGp pubnuyhlG YnnpnhGwwGbph
ulqpiwybnp qunlGynid t hGnbgpdwG P whpniph
19) Gbpunud (GY. 13), huly pubnwyhG wnwyhnG win wnh-
pnyph iqpughép hwwnmd b obY uhmnuf’:
GYy. 13

Upyabiny yGplnud ptpjws hwiwwwunwuhuwb nwunnnnepntGGbpp” nh-

wwnldnn whpnypnud npndwé f(p,e) wipGnhunn PniGlyghuh YpyGwyh ho-
wbqpuip hwzytiint hwiwp YuunwGwbp

2] ple)

[[(p.0)p= 1 fr (P-(’)NP]M (19)

P oL o
pwlwdlp, npuntin p= p(q))-[l P whpnyph tqpuqéh pubnwjhG hwywuwpnidG
t:

tpt Jwulwynp niugpnd P wnhpnyph tqpuqsh pubnwihG hwdwuwpnidG

nGh p=R (R=const,R=0) wbupp, wuhtp, bp P wnhpnipp O YbGupnGng L
R 2wnwynny 2ppwG t, www (19) pwlwdlp YpGnneGh

ﬂf V,¢yp=*j['jfb,¢)Mp]d¢ (19

wbiupp: (19) pwGwdlinid pGnnGbing f(p,@)=1, R 2wnwynny 2pewGh dwlb-
ptiup hwiwp YuunwGwGp

s= [fdp= [fpdpdp= ziﬁndp P = ?-’%-@ =R

LiwwnbGp, np dwybptuh dp wnwpph (16) pwlwdlp plwlwiwpwp hGw-
nwynpnepynth b wiwghu plbrwihG YnnpnhGwinGbpny hwaybint Gwl Yuwiwjw-
YwG P YwGnGwynp whpnuyph s Gwybkpbup.

s=[[pdpde : (20)

OphGwy 3: Jwayby 14-pn Gywpnd u:wmubpt[wa L6dGhuwinny vwhdwGwthwy-
Ywé wunbiph dwibpbup:

*) Wmughoh YusGinGuanp whpnypp Yngdnd t pubah dluwnduntp swunnwdlbe nhpnyp:
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Lawdnud: 3wyh waGbiny, np [EdGhujwwnh gpudhyp hwiwswh t YnnpahGwnw-
Ywl wewlgpltph GUuwndwip L oquiytiny wyn Ynph pLbinwihG hwywuwpnidhg.
¥y p=af2cos2p (a>0) (w)
nt (15) L (20) pwlwalLbphg' Ukq hbuwppppnn Sw-
a2 * ybpbuh hwowp YniGLGwap [35,9°)

5= 4[];11;”0’ = 43[.#?;/7]40 = “"i"“w’ =24

G6y.14
dtponud LGpwnpbiny, np P whpnypp vwpwoéwlwb I' Ynpny uwhiwlw-
2 thwlyywé S dwybpunph wpnjtiyghwo t
r Oxy YnnpnhGwuwnwywl hwppnipjwG Ypw

(GYy.15), piptiGp YplOwyh hGuinbigpwih pwe-
Jwphy YphpwnnipyniGGphg sLYO wpnw-

hwpnnn S dwitipunyph ¢ Swybptiuh hwat
Y dwG

TG

GYy.15
pwGwalp, npunbn z = z(x, y)-p wpdwé Swhtiplnyph hwywuwpnuda t, pGn npw

bGpwnpymud t, np hGswbu z(x,y)-p, wylwbu ty Gpw 6z/éx L dz/dy SwuGwlh
woéwbGgywGpp P whpnypnid npnwé wipGnhwn $niblghwitip G:
Swulwbwih t, np tpt S Swltplnyph hwyjwuwpmdG nbh x = x(y,z) wnbiv-

po. npubin x(y,z) PnGlyghwh hp &/dy L ox/dz dwulwlyh wowGgyuwGkiph htw
dblwtin npnwé t L whpGnhww npwé dwytpumyph® Oz YnnpnhGwnw-

YwG hwppnipjwl Ypw nGbigwéd P wpnitiighwih Ypw, wugw wyn Swibplntjph
Jwybptup Yuptih t hwytg

_ , &), (&Y
o= ‘,U 1+(®) +(&) dydz (21
pwlwdlny:

UnuG abny, tpt S dwybiplnuyph hwwuwpnidl nGh y = y(x,z) wbupp.
npunbn y(x,z) pnilyghwG pp d/ax L dy/& Gwulwyh woéwhgyw Ghph htwn
dtijintin npndwé t L whpGnhwin wnpdwé dwybpunyph’ Oxz YnnpahGuunw-
YwG hwppnipywl Ypw nilibigwd P wpnjtiighwh Ypw, www wyn Swlbplnyph
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dwytpbup Yupbih b hwayby

of(3) (3 e @
pwiwdlny:

Lt0p, np (21), (21) L (217) pwGwdlbpmd Jwulwlygnn LGphGnbqpwy wp-
wwhwjunipyntGGbpp Yngynid 66 Jwhbplnyph Swybpbuh uuunn'):

OnhGwy 4: 3wty htwnlyw) hwdwuwpnuil nibbgnn qlnwihlG dwibpunyph dwlt-
pbup’

X+y'+2'=R (R>0): (p)

Lowond: RwGh np (p) hwywuwpnudG nGtignn Swibpunypp hwiwswtih t Ynnpnh-
Gwnwlwl Oxy hwppnipjwl Gywwndwdp [10,1°], nwunnh hwzybind Gpw YbphG YGuh
dwybpbup L wpyniGpp YpYGwwwnlybnyd’ Yunwlwip wyn Swybplnyph Swytpbup:

Llwinh niGbGuiny, np wnipdwé Swibpunyph ybphG Yeuh hwywuwpnudG nuGh

z= JR’ -x-y
nbupp YniGbGwip [46,u16), [27.(5). (7).(w)]. [28.(16)]
oz x oz

%z __ & __ y
& JR’—X’—yz - 4 ;]R’—x‘—yz’

1+ (Z]z +(z)z = R :
) \y) JR-2-y
2uwh np nhunwplynn fuGnpad hGunbgpoiwG whpnpp npnymd t
*+y' <R

wihwywuwpnipniGitinny, nwuinh oquidbiiny (8) L (21) pwGwabbphg' (p) hwywuwpnidG
notignn Swltiplintyph Swibipbup YupuwhwjinkGp

o= .
> JmLe JR' -5 -y
Pwlwabnyg: NunqwiigniG nbywpuyws L pubnwihl YnnpnhGwnGtipp Shdjwig Ywwnn
(17) pwlwdbbpny wighbyny plbrwhG YnnpphGunnGliph b Gywwnh neGbGwyny, np 2-G Nt
#-0 hwlwwwnwuuwGwpwp thnhnhunmd 66 0SS p<S R L 0< ¢ < 2x uwhdwGGEpnLY,
nhwnwplyng Swybtiplnyph Swybpbup hwdwp Ybpglulwbwwby Yunwbwip

;[;W,ﬂ]d o

————

) bplnud ahununlws S Sulibplinuph uwnng GawGulibing do -nd’ unGudnpunyby Yn GbGulp

aY (&Y., .
do = “{E;) +[3)¢dy (22)
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§68. Gnhp, npp hwGqbglinid t Gonwlhh hGunbqpwih
hwulwugnipjwlp: bnwlyh hGnbgpwih vwhdwbGnidp L hhdGwlwb
hwwynipjntGGtpp: Gnwlh hGubqpwih hwynidl ninnwbyynch
nbjwpunjwi YnnpnhGwwnGtpny:

tnwyh hGwnbgpwih hwulwgnipjwip Swhnpwlwnt hwiwp nhunwpyklp
htwnlywy fuGnhpp’

Qi Q wrwpwowlwl infipnypl qpwnbglnn Jwpdth quibqywdp, bpl wn
dJwpdth jmpwpwlymn M(x,y,z) Ybwnmd huwyinbh ¢ quigyuwolbph pwyfudwl
p(M)=p(x,y,z) hannigymip:

Mywé hulnhpp pmébnt hwiwp dwybiplnypGbiph Yudwjwlwe guigny
Q whpnypp wpnhtiGp Yupgwdnp pyny ©,,€,,-++,Q, wwppwywh whpnyplkph
L wyn whpnypGhph dwyw)bbpp hwiwwwwnwuhuwiwpwp Gawlwyklp AQ -nd,
AQ,-ny, ..., AQ, -ny: UjGnthtnbk Q, (i=1,2,--,n) nwppwlwb whpnijpnid Yw-
twjwlwb duny YbpghtGp nplt M,(.f,,r/,,c,) Yt L wyn Ybwnnud hwpybbp quiig-

ywdoGbph pwziudwl o(M,) funnpynilp: bph hwdwptlbp, np i-pn (i=1,2,---,n)
whpnyph papnp Yhinbpnd quibquuwéGtph pwtudwG futnnpyniGp GniyGG k& L
hwlwuwn t p(M)) = p($,7,,¢) -h, wuww wyn nhpnyph quiquuéh hwiwn dn-
nwynpwubu YnOGGwbp

m, = p(fn”n(:)m (i=L2-,n):

Anudwpbny pnpnp nwppwlwi whpnypatph quiqywéGtipp” wipnne dwpd-
Gh quiqwoép Yupuwhwjnbklp

m, = P& 1.4, )AQ (1
dnunwynp pwlwdlny:

Jwuywbuwh t, np nppw hnppwglhGp wwppwlwh wnhpmyplbph npwiwg-
6bipp [66,u1] L htitnlwpwp, nppwh JEGwgGLEGE win whpnypGtph phyp, wjlpwh
(1) dnuvwynp hwjwuwpmpjwG Gannipynlp Yubdéwlw: Jdtpngpjwihg htwnlnd
t, np Gpk (1) Snvwynp hwywuwpnpjwG dtg whglhlGp uwhdwGh, Gpp Lwppw-
YuwG whpnyplbph wpwiwqdbphg dtdwaniGp dqunid t qpnjh, nhwwplynn
JwpiGh quiqywép YwpuwhwjnkGp

m=lim3 ot 7.£,)80, (1

629nhn hwjwuwpnipjwidp, npntn 4-6 Q (i=1,2,---,n) whpnplGtph wnpw-
dwqdtiphg dLéwqnyGh L:

UGgGtind pGnhwGmp nbwph nhvwpldwlp” GGpwnpbGp S tduwl dw-
ytpknypny vwhiwbwhwlyjws Q wnwpwoéwlwl whpnejpned npngws t
u=f(x,y,z) Pnlyghwh [46,u2]: Lnphg JwltipLnypGbph Ywiwjwyws gwe-
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gny npwsé whpnypp tnpnhtiGp Ypewdnp pydnyd Q,,Q,,---,Q, nwppwlwG wh-
pnyplhiph, win whpnypGlph 6wywiGenG n wpwdwqétpp hwlwwwunwupuw-
Gwpwp Gawlwlblp AQ -ny L 4-nyY, AQ,-ny mt 4,-ny, -+, AQ, - niL 4 -ny,
huy 4 wpwiwqsbphg dkdwanyGp® 4 -ny.

A=max4 .

Q (i=12,-,n) whpnyph vwhdwGGbpnd ybpglbbp Yuwiwjwlws
M&.n,¢) G, f(x,y,z) $niGlghush wndtpl win Ytwnnud pwqiwwywinytGp
Q, whpnyph owdwiny b YwqukGp

0,= 21 €:m.¢)80, @
qnuiwpp: -
Uwhdwomd 1: o, gmudwpp Ynsymd ¢ inwpwowlwa Q wppnypnid npny-
yws f(x,y,z) Pmblyghuyh hlunbiopuy gmdwn’ inwpwoyws wyn nppnypnid:
UwhdwGmd 2: bwubGp, np 4 -G qpryh dgunbihu (2) gmudwpl G (Jbpowr-
Ynp) I uwhiwl, bpl gwlluguwe s npwlwl pdf hwdwnp grympymG nGh wyl-
Whuh & npwlpwt ph, np hbitg 4 < & . wyuhlpl hlibg Q wnfpnuypp wnpnhbiGp & -hg
hnpp inpwdwehé nibGlignn Q, twppwlwd inhpnyplbnh, wupw wllwfy wnpnh-
Jwl bnwGwhpg b Q, wppnyplbpmd M, bwnbph pGunpmpimlhg wnbnf mGh
lo.-1|<e (3)
whhwfwuwpnpm Op:
Uwhdwinid 3: §-0 grmyp dqubiihu o, gnidwph Jbppuninp uwhdwlp

Unsyrmid € f(x,y,2) Pmblyghuyh bawlyh hGinbgpuw " tnwpwoyws Q whpnypny
b QuiGwipmo ¢
| ‘[ [ £(x.y.2)d0, [{ [ £ (x,y.2)dxdydz @

WuwdwOwGwhGbphg nplt S6ymy;

Oquiybiny bnwyh hGunbgpwih vwhdwGnuihg L (1) hwlwuwpmpmbhg’
yplnud nhiwpws SwpdGh quiqyuép YwpunwhwjnbkGp

m= _m p(x, y,z)dn
]
trwlh hGubqpuwih Shengny:

UwhdwGnid 4: (4) phuntigpuifr grympywl nbwpmd f(x,y,z) Pmblyghwl
bnsymd ¢ pGintigptip Q@ wppnypmd, Q -G fngdmd ¢ f(x,y,z) PmGlyghuyh
hGunbgpdws wnppnyp, pul d = dxdydz wpunwhwyinmpynGp® dwywih wwpp
mnnwllyma YnnpnpGunntbpny:
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UunnbGp, np hGuntignbih pmGyghwl wihpwdbyunwpwn whwnp t (hGh vwh-
Jwlunpuwly hlGuinbepiwl wnhpnypmd 7.

Lywwnh nGGGwiny, np dLwlbtipywd winiwhs wuwwgnigp ulqpnilpnpbtl
sh wwppbpynud YpyGwyh hGunbgpw)Giph nuunudbwuhpnipjwd dwiwGwy pbp-
Jwé hwiwwwunwuluwl windwh wwwgnijghg™ wjb pwg bip pnnlnud:

Wdd Q, (i=12:-,n) whpnypnud f(x,y,z) dnillyghwh plnniGwé wndbp-
Gbph 62qphwn uwnnphG L G2qphw Ytipht Gqpepp [18,u32] hwiwwwwnwufuw-
Gupwp Gawlwlytlp m -nd m M, -nd L Yuqdiklp

§=im,AQ, , §= ZM.AQ, (5
=]
qnudwpbbpp:

UwhdwGnud 5: s & § gmiwplbpp hwdweuwnwufuwGwpwn §nsymd 66
Q wppnypmid npnpfwé f(x,y,z) dmbhyghuyh Twppmp wnnphG b ybphG ho-
wnbgpuwy gnidwnbbip:

Muwnq t, np Gpb f(x,y,z)-p wipGnhww dnGlyghw t Q whpnypnid
[46,u12,u13], www npwd wnpnhdwh nbwpnld (5) gnudwnpGlnG hptGghg YGtip-
YuywgltiG wyn $ncGyghwih hwiwwwinwuswlwpwp thnppwqne)a L SEdwqne )6
hGunbqpwp qnuiwnpbtpp:

Oquytiny pw)hG pwqdnipywG S2qphn uninphG L Sgphwn tiphG tiqptiph
uwhdwGnudGbphg”™ YmGEGwlp

m, Sf(;n”nc/)SMi (i = Lz’""")- (6)
npwnbnhg, hOswtu L YpyGwyh hGwnbgpwih wWwpwquntd unwiwiGp
$$0,<8: m

hGswbtu nbubnd GGp, tpdwd wnpnhdwb ntiypnd Ywuppnth gnuiwplipp
hwuwnwuwnh &G, huy o,-p" hnhnfuwlwh (npnyhbivk wyb uiuws t
M(£,m,¢,) Ybunbph pGupnipiniGhg):

3wpg bt dwqml. npnlp bG bnwih plinbigpuyh qrympwl wuydwlobpp,
wyuhlpl hsupuh” wuydwlEph whbnp ¢ puwpwnh Q nppnypnd npnfwo

flx.y.2) Prublghwt, npubugh wyl (hoh hbwnbanpbih wyn inppnypnd:
Quultpwwsé hwpgh wwunwuhuwGp wpynud t htnbyw) pbnpbiny’

Rtnpbd 1: Q wppnypmd npnpyws f(x,y,z) pmblghuyh brwlyh hlinbq-
puwih gimpywl hwown wahpwdtyn t L pujwpwp, np wnbnh mGbow
&“1.3(51)=0 8)

wwydwlp, nnbin s -p L S -p wyn prblghuyph Qwppmp hwdwwunwufuwbu-
pwn uwnnphl L JbphG hGunbigpuy qidwplbnG bG wnpydwd infipnypmu:

*) Cununinn wrnwapuwnud hnunwnybitp dhuyl uuhdwiuhuly pnublghwibn:
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UjwinklGp, np M,—-m, =w, (i=1,2,--~,n) wnwppbpnipniop wGywobiny

f(xy,2) Pmbhyghwyh runnwlbnmd i -pn nhpnypnd b oqundbyny (5) Grwlw-

YmdGbphg” qupnn GGp wyn pmlyghuyh brwlhh hGinbepuwyp enymipywl wih-
pwdbian b puwdwpwn wuwydwip GGplwwglbly

lim 20,40 =0 ®)

wbupny:

QLuwybpwhGp Gul htwnbjw Ywplnp pnptidp’

Btnpbd 2: 6pb f(x,y,2) PmlbYyghwl whplnhunn t Q wnppnypmd, wuw
wyl hbwnlignlith t wyn wppnypmd:

Ujdy, Ghpwnptiiny, np nhunwplynn Inllyghwitpl hGinbgptith GG wpywé
whpnyplhpnd” pupytlp tnwyh hGunbqpwih hhdGwywa hwwnlynupynubGhpp:

1°. JwuwnunnntG wpwnwnppsp qupbih t nnipu pbpby Grwih pGuinbepuyh
Gowlh inuwlhg.

Iy cf(xy, 20 =¢‘I£f f(x.y,2)02 (c = const): 9)
2. dJbpouninn pyny rblyghwlbph gmdwph brwlh hGinbgpuyp® tnwpwd-

Yywé nplt wnppnypny, hwywuwn t wyn PmlGhghwabph bawlyh hGinbepuwyGbnh
emiwphl’ vnwpwéydwd Gnyl inppnypny.

j!j[’:(x'y:z)+ f,(X,y,z)+ et j;(x,y,z)k) =
W ate v fley e [ 1Gr 0 o)

3°. bpl hawnbigpiwl winppnyph jnpwpwlsmn Ybwnnd wbnp mop

fxy.2)< glx.y.2)
wohwywuwpmpymbp, wupw winbnh nlh Gwl

ny (x, 3,202 S]‘{Ig(x,y, )0 (11)

wohwywuwpnipyniGp:

Ibwbwlp 1: pbt wppnypmd ng pwgwuwlwl wpdbpbbn pGnniGng
dnblighuyp brwih hGinbgpuyp’ inwpwdyws wyn wnppnypny, ns puguwuwlwl
dbonipini( ¢,

[[[ fGy. 2220, bob £(x,y,2)20, bpp M(x,y,z)eQ :

&. JwununnnGh brwlyp pGnbgpwip’ nwpwodwos Q wnppnypny, hwyw-
uwp t pGinbepowl wnppnyph v Swywih b wn hwuwnunnmGh wpunwnpyuht.

[[fed@=cv (c=const): (12)

5°. bpt Q wippnypnid f(x,y,z) Pblyghuyh hnppwenyt b J6owenyG wp-
diplbpp hwiwwunnwufuwGwpwn hunjwuwn 66 m -h b M -h, puly v -G wyn
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qLnku XII
wppnyph dwyuyl t, www wntinh moh
mvSHIf(x,y,z)zK!SMv (13)
qOwhunnwlywlp: )
6°. Epb f(x,y,z) Pmlblhghwl wlplnhunn t v Sunfuy mbbgnn Q wfipny-
pnd, www wyn inhpnypntd erympyntld mGh wybyhup M, Yk, np inbinh nGh
];[If .y, 2 =v f(M,) (14)

hwiwowpmpyniGp:

7°. Epb Q wppnypp wnpnhywo t wbwhup ©, L Q, inppmyplbbpp, npnlp
sma6a plnhwbnip GbpphG Ybwn, wyw

I‘I)]f (ey.2)Q, .!!If (or.2), .‘q,[f (x.,2)e2, (15)

haunbepuwGbphg wnwehlh qninipimGhg hbwnlbmd ¢ hwonpn bpyniuh qynip-
Jmbp L bpohlG Epyniuph erympynilhg” wewehGh qnympyntp, pGn npnid wbinh

17
gﬁf (x,y,z)ﬂn = ,H,[f (x,y,z)an, +J‘;{If (x,y,z)an, (16)

hwywuwpmpinilp:

8°. 6pb hGunbigndwl inppnypmd GaphGinbgmuwy dnLllhghwl sh hnfumd pp
Grwlp, wuwyw hwlwwunnwufvwl awlh hownbgpuyp dh phy t, nph Grwlp hw-
dpGlyGmdo t inpdwo pmblyghwyh Grwihi:

. tpli f(x,y,z) Prullyghwl plwnbgnbih t Q unppnypmd, wyw |f(x,,z)
dnLllyghwt Gnybwbu hGinbgpbip t win nppnypntd, pan npmcd wnbnh moh

i ,LIV (x,y,z)m| < IOI 1/(x.y.2)dQ “n

whhwywuwpnipimOp:

UGgGtiny tinwyh hGwnbiqpwih hwydwlp’ Gwiu Swinpwlwlp nwpwiw-
Yuwl YwlnGwynp whpnyph hwulwgnipjwbp:

Uwhdwlnud 6: Sl dwlbipbnypny vwhiwlunpwlyws inwpwowlwl
Q wppnypp Ynsymd t YwonGuwinp, bpt wyl odnydwé t hbinlywy hwwnlynip-
nGGbpny’

w) Q whpnyph GEpphG Ybwny wogbnn b Ynnpnpbunnwlhwl Oz wrwlg-
pPhG qniquhbn ympwpwlymn ninpn S dwlbpbnypp hunmd ¢ Gpyme Ybnmd,

P) Q wppnyph wpryblyghwl Ynnpnpbunnwiywl Oxy hwppmippwl pw Yuw-
GnGunfnp inppnyp ¢,

q) Q wppnyph jmpwpwlsymp dwu, nplG wyn nphpnyphg wiounydmd t
YnnpphGuninwlwl hwppnipinGGbphg nplt U6UHG qniquhbn hwppnipywdp,
GniyGybiv odinyfwé t w) L p) hwwnlympinGGbpny:
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Ujdv, tGpwnptiGp GtppLhg L Ytplhg hwiwwywwwupwGwpwp
= llll(x’y) ' 2= "Pz(x,y) (18)
hwywuwpndGtipG nGtignn dwitiplnpGtpny uwhdwGuhwlyywsd nwpwow-
Yuwi © YuwGnGwynp whpnypnid (64.16), nph wpnjtlghwG YnnpahGwwnwyws
Oxy hwppnipjwl Ypw vwhiwbwhwlws t

: i y=al), y=0,0) (19)
z=yy(x.y) hwjwuwpniGtipl nGkgnn Ynptipng L

0 x=a, x=b hwjwuwpniGtnl nbbgnn
S — nitnhnGGpny, npnawé t

z=yy(x.y) u=flxy.:2) (20)
— 3 whpGnhwin $niGyghwh b SwinpwGwip
Jy=g UIN Pmoyghwsh® Q whnnupny nwpwe-
Jwd bnwwwinhy hbwnbgpwih hwuljugne-

pjwlp:
Gy.16
UwhdwGnid 7:
b | o(N walxy)
lo=] 1“[ [/ .2} |y e (21)
o |aln)Lmiry)

wpnwhuwyinmpymbp Yngdmd ¢ inwpwowlhwl Q Lwlnbwnp nppnypmd n-
mpwé f(x,y,z) wlplnhuwn pmblyghuyh bawwunnply plnbepuy’ mwpwo-
Yo wyn wppnypny:

Ltlp, np (21) bnwwwinhly hGunbgpwinid Gwiu Yhwatlp pwnwyniuh thw-
Ywqdbiph Gepunid qpwéd hGwbtigpup, pGn npaud hGntigpnidp YHwwnwphGp
pun z-h, hul x-Gm y-p jhwdwpbGp hwunwinnGGlp, wjlGnihtivnl hGunbiqp-
dwl wpnniGpnud utnwgywé Gpynt hinhnfuwywGh pniyghwa, x -p hwiwpb-
1Y hwuwnwwmG, putn y -h BhGuntiqpbGp ¢,(x)-hg GhGske q(x) uwhiwGGbpnLd
U dippwwbiu uwnwgyws obY thnnfuwlwGh PnGyghwh pun x -h YhGwnkg-
pilp @ -hg hlsh & uwhSwGGbpmud:

Jdtipgnud, wnwGg wujwgmgh dlwlbpwbbp Grwyh hGunbgpwih hwaydwGp
Ybpwpbpnn hwnbywy Ywplnp ptinpbdp’

Rtnpbd 3: Q wwpwowlwl YwlnGuninp whpnypmd npnws f(x,y,z)
woplnhuwn prullghuyh brwlp b bowwunnhy phnbepuibbpn® tnwpwoywé
wyn inhpnypny, hwywuwn EG ppwp:

Lljwwnblp Gwl, np bawyh hGubgpwih sgnppapn hwnynipniGhg hbunbined
t op wwpwowywe Q YwGnGwynp whpnyph dwyuwil wpnwhwpnynd t

v= [fjanr= [fasches 22
Pwlwdliny:
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OphGwy 1: 3wyl ¥=xz dnlhghwih towyh hGunbgpwip’ wpwows
x=0, y=0, z=0, x+y+z=1

hwyjwuwnpnidGept nGbgnn hwppnipyntGGpny vwhiwGwhwiywsd Q whpnypny (GY.24):

Laémud: Ljwwh nGbGuny, np phunnwpyynn whpnypp GippLhg L 4tplhg hwdw-
wwunwuhawbwpwn uwhiwlwhwiywd t z=0 L z=1-x-y hwwuwpniGhpG nGhgnn
hwppnpyntGGepny, huly uyn whpnyph wpnjbyghwb Oxy hwppnipjwl Ypw® y=0 L
y =1-x hwywuwpnuiGbpl nbignn nunhnGbpny, (21) pwiwdbh oqlnipjwdp YniGhGwip
[35,37], [41.(6))

eI s
OphGuwy 2: 3wayhby

?+y'+2=R (R>0) (w)

hwywuwpnuiG nGbgnn qGnuyhG dwitplnypny uwhdwGuwhwyyws qlnh dwyw)p:

Laudnul: Liwwnh nGbGwinyg, np phuwpynn gnGnp hwidwswih & YanpphGwwnw-
YwG hwppnipyntGitinh Gwintwip (GY.17) L oqundtiiny pbinpbd 3-hg nt (22) pubwélihg’
YniGbGwGp [10,1°], [35,2°), [41,(6)]

AT AT

dbpohG hGunbgpuind Yuwuwpbing ghinhnfuwlwGh

y=JR -x*sint

tnfuwphGnud [41,p2] wpywé qlnh dwiwih hw-
dwp Yunwlwhp [41,02], [39,010]

=RP

yv=sf ]JR’-:‘-(R’-x')sin': JR’—x’dsint}9=

s; j(a‘-x’)eos’m]mdj-:-(kz-x‘)h%m’:



§69
QLNHu X1

unrugerd b4 Uuusrsydnt3m®u3ru huStaruLuer

§69. huGnhp, npp hwGqlghnud t Ynpwqhé hGunbgqpwih
hwujwgnipjwGp: UnwehG ubrh Ynpwqhé hGubqpwih
uwhiwGnLdp, hwwlynipynGGaplG nL hwaynudp:

UnwohG utinh Ynpwghs hGunbqpwih hwulwgnipywip dwhnpwGwnt hw-
Gwp nhunwpltiGp htnlywy ulGnhpp®

Qunlly Ynpnpbuwinwlwl Oxy hwppmpiwl Ypw inpdwo | whplnhunn Gynt-

pwlwl Ynph quibgywop, tpk wn Ynph jmpwpwlymp M(x,y) Ybivimd huyn-
Gh t qulgywolbiph pupfudwl p(M) = p(x,y) funmpmlp:

Andwé fubnhpp nustine hwdwp /

B=4, Ynph 4 L B 6wjpwltintph dhol: Yu-

Jwjwyw6 duny wnbnunptlp 4,, 4,,

vrn Ay (A=A, B=A) Jwmbpp

(0y.18), hwiwpwlwbiny wjn YLwnb-

o A-hg nbwh B nupanupjwdp, sGw-
Jwd nghGs sh fpwhGqupnd Gywé hw-
5 > Jwpwlwmip Jwuwnby hwwnwy
Ywpqgny:

YA

Gy.18
UjGnthbnb jnupupwlynip 44, nwppwlywt wnbnh ypw judwywyuwh
dlny ybipgGkGp npLt M,(£,n) Ybw L wyn Yhnmd hwpyblp quiqyuwéthph
pwhuiwG o(M,) tuinmpnilp: bpb hwiwntiGp, np 44, wnbtnh pninp Yewnb-
Pl quibqquébtph pwiudwh funnipynitlbp GnyGG £t L hwywuwp t
M) = p(&,,m,)-h, www nhunwplynn watinh quiqywsh hwiwp Snunwynpw-
Whu YniGLGwhGp
m “’p(‘fn’h)m: ,
npuntin As, -G 4,4, -wnbnh bpqupnipyntGG £ (i =0,),...,n-1):
Snudwpbiny pnpnp twppwlwl wnbnGbph quiGqyweéttpp’ 7 Ynph qulg-
Jwép YwpunwhwyinkGp
~
M~Z_.;p(«f,.rr,)m.- (1)

dnunwynp pwGwaling:
JwuywGuwyh t, np nppwl thnppwglbbp nhunwplynn wwppwyws wabknGt-
ph tpYwpnepyniGGbpp L hnlwpwp nppwl GLéwgGLGp win wntnGph phyp,
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wybpwG (1) dninwynpnipjwl Sninepymbp Yabkdwlw: Jbpngpjwihg hbunlined t,
np bpb (1) dntnwynp hwdwuwpnipjwl dbe wGglbkGp uwhdwah, Gpp wppuw-
YwG wnbnGbph GplwpnpymGGhphg thowqnuGp dquinud t qpngh, www / Yn-
ph quiqyuwép Yupunwhwjnklp

=l
m=lim3 ple.n ) 5
62qphunn hwjwuwpnipjusdp, npunbin
A=maxAs, ; (2)
O<i<a—)

CGnhwGnLp nbwph nhunwpldwlp wiglbint hwiwp pbpliGp htiwnlyw uwh-
JwGnudp’

UwhdwGnud 1: | §aph dpw npnpdwé f(M) = f(x,y) Pmlblhyghwl ynsymd
¢t waplnhunn wyn Ynph Ypw, bpb gwllwgwsé ¢ ppuwlwl pyh hwiwnp qnynip-
JmG mGh wybuhup &5 npwlw phy, np hkGg wyn YnphlG wunnlwlng Yuwduyw-

uwt M, L M, Ybuintinh hbownpnipimiGp thnpp (hah & -hg, wnbinh mh
|lr(,)-r(M.) <€ 3)
whhwywuwpnipim ap:

Ujdd bGpwnpblp YnnpnhGwuinwhw( Oxy hwppmpjwi Ypw nplwd [ = 48
wapGnhwwn ng thwl Ynph Unw npnadwé t (M) = £(x,y) wGplnhwwn Hnully-
ghw(: Unphg / Ynpp Yuwiwywlwh dLny wnpnhtiGp Ytpowdnp pynd 44, 44,.
s A A, (A=A,,,B=A_) nwpwlwl wnbnGbph?, Gwd wnbnGtph GpYwpnip-
JnGGhpp hwiwwunwuuwGwpwp GawGwybGp As, -ny, As, -nd,..., As,,-ny, hul
wjn bplwpnipyniGGbphg dkowenyGp' 2 -ny: 4, 4, (i=0,1,..,n—1) wnbnh Ypw
YtipgGtiGp YwiwjwlhwG M,(&,.n,) Yo, f(x,y) InGyghunh wpdtipl win Ytinnud
pwqiwwunrnyklp 4, 4,, wnbnh Gplwpnpjuwdp L YuqibGp htnbyw; gnuiwpp’

s =§f(¢.,n,)As, : )

Uwhdwlmd 2: o, gmdwpp ynsdmd t Oxy hwppmpyul dbo inpywd |
Ynph dpw npnpdwé f(x,y) Pmlbyghuyh hbinkignuwy emiwn’ nwpwédws wn
Ynpny:

VwhdwGmd 3: Gwublp, np 2 -G gpngh dqunbitpu (4) gnidwnl map (Jbp-
sunjnp) 1 uwhdwl, bpb gullpwgws ¢ npuwlwl pdh hwdwn qrympyns mih

*)bpb 7 -p v Ynp ¢, wupn wyn Ynph tipw Ybpgliblp Yustuguilusl 4, = 4, Yhun, huly SGuguss 4.
A . ..., 4., 4bnbpp Ynwewnpblp nplt nuannupjunip:



§69
wlwhuh & npwlwl phy, np hb0g A < & , wyuhlpl hliGg | Gnpp wpnhblp 5 g
npn EplywpnipymG nlbgnn nwppwlwl wnbnbbpp, wyw wilwfy inpnhowl
bnwlwlhg b 4 A, wnbnbbph ypw M, Ybwnbinh pGinpmpinilhg, nbnp nh
lo,—-Ike (5
wohwywuvwpntpymOp:
UwhdwGmd 4: 1 -G qoyh dqunbiipu o, qmidwiph {bpouninp 1 uwhiwlp

nsmed t f(x,y) PmiGlhghuyhr wowohl vbnh Ynpweho plinbgpuwy * inwpwoywo
1 4npny L Grwlwlpfmd ¢

{ f(M)s | { S(x,y)s (6)

wudwlwbrwllGbphg npbt JdbYny, npinkn ds -p hhr6glmid b A A,

(1=0,1,n 1) wppustywsG winbnGtinp As, EplwpnupmGGtnp:

Oquidtiin wnwghG ubnh Ynpwahd hGunbqpwih vwhdwbGnuihg L (1) hw-
JuwuwpnipyniGhg' Yaplmd nhunwplwé Gmpwlws Ynph quibqyuwdp Yupunw-
hwjuntiGp

m=[p(M)ds
1

Unpwghé hGwntqpuih Shengny:
Junnmly GpbGp, np pbpdwd uwhdwlowl dbg ng dh Grwlwlhnipimb snGh

mannigimGp, npnyd | Ynpp inpnhmd bGp inwppwlwl wnbnlGbph:

4 L B Swypuytinbpny ng thwly 7 Ynph wwpwaquyntd dluuybpuwé whnni-
0p GawGwymd t, np wbnh mGh

Jf(M)d’ = If(M)d’ (¥4)
(AB) {BA)

hwjwuwpnipyniGp:

Jwulwlbwih t, np Gnyb duny Yupbiih t Singlby wwpwéwlwG L Ynpny
nwpwéyws Ynpwghd hGwnbgpwih hwulwgnipyniGp.

{ S(M)ds = { flx.y.z)ds . (6)

pntn f(M) = f(x,y,z) 0 L Ynph dpw npnzfwd wlpGnhunn dnilGyghw t:
Ujdd SLuulybipwtiGp wnwehG ubnh Ynpughé hGnbtiqpuih hnbjw) bpynt
huwwnynipjnilGbpp’
1°. Unwohl ubnh Ynpuwghd hGunbgpuyp npnadmid t EGphlnbenwy pnill-
Shuyny b uyl Ynpp inbupny, npny inwpwédwé t wyn hGnbepuwyp:

2, 5pbi | Ynpp vipnhywo t plnhwlmp GEpphG Ybinbp smObgnn 1, , 1, , ...,
I dwubpp (1 =1 ULVU...UL), wupw uyn Ynph dpw npnpdwd (M) Pmblghuyf
(6) hwnbgpuyp qrympymGhg hbinbmd t



aLNr Xl
[ 70, [ (M), ..., [ 1)t (@)

hGunbgpuyGbnh qrympinilp L (8) hGinkgpuyGbph qrympiniGhg’ (6) hawnbignus-
th erympymilp, pln npmd wnbnh nGh

[raYis=[ (s + [ 7Y+ [ (MYt ©)
hwiwuwpnmpymbp:

UGgGbiny wnrwehl utinh Ynpwghd hGwnbqpwih hwaydwip' GGpwnptGp Ynp-
nhiwwnwlywG Oxy hwppnipjwl Ypw wnpdws / Ynph Ypw Gpynt hGwpwynp
autiphg nplt dbyny pGupdws t npnawlh ninnnepynild wyGwbu, np M Ybwh
nhnpp wn Ynph Upw Yupnn t dhwpdtipnptiG npnaytiy AM wnbinh s bplwpni-

pjwip’ hwajwé A4 ulyqplwlwi Ybwnhg: Un nbwpnd ! Ynpp uwpbih t Geplw-
Juglhby

x=x(s) y=p(s) (0<ss<a) (10)
wuwpwibnpuwywi hwwuwpnudGpny [28,u1] (npunbn g -6 wpwd Ynph bp-

YuwpnipyndGG £), hul / Ynph Ypw npnwéd  f(x,y) wlpGnhwwn pnOyghw’
S1x(s), y(s)] wGpGnhwwn pwpn dnibGlghwih nbupny [48,(1)]: UyGnihtinl, bpb
s,-ny L 5 -nd hwiwwwunwuhwGwpwp GawlwltGp 44 L AM, wnbnlbph
GpywpnpynuGGbpp (GY.18), YnLGLGwGp

5,S5S8,, S.-5=As
npuntn, hGswbu ghwnblp, As, -G (i=0,1,:--,n—1) A4 A, nwppwywld wnbnh Gp-
YupnipyntGG t: dbpngpjwihg hbwnbnid t, np Gpb (6) hGwnbgpuwih hwdwp Ywq-

Gblp hGuwbqpw| gnuiwpn, www wyGhwynnpbb wyl YihGh hGunbgpwy gnidwn
Gwb unynpuwjwl npnzjwy hGunbgqpwih hwown [40,uf].

gf(;,m)m.- - gnx(i,),y(s,-nm, : (1)

3twlwpwp, bpb (11) hwyjwuwpnupjwh dke wlgltGp uwhowbh, tpp 4 4,
nwnppwywt wntinGbph GplywpnupyniGatpp dqunnid GG qpnjh YuinwGwbp

[ £tx,y)ds =] fIx(s) A)Nds (12)

Uydd tiGpwnpliGp hGinkgpiwG / Ynpp wvipywé t
x=9(t), y=y(t) (@<tsp) (13)
wwpwibnpwlwl hwywuwpnudGepny, npnbn (f) -G M (1) -6 hpblg @'(r)
nt y'(r) wowhgyu Gbph hbwn dblwnbn [a,F] Showluwipnd npnzdwé whpGn-
hwwn dnllyghwlbp GG:
Jwzyh welbiny, np pGGwpYYnn nbwpnud 7 Ynph A4M bnthnfuwywl wnb-
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nh tpywpnipniGp ¢ wwpwdbuph nibyghw t b oqundbipny uyn nuliyghwih
nhdtipaGghwih hwiwp hwjwnth [45,2°)

ds = \[@) + [y’ ()Y dt (14)
pwGwdlhg™ Yuwpnn GOp (12) hwywuwpnipinelp Ghplw)jwghtiy
2
[7p)ds = [ fle@).w OWIF OF +Iv'()F dt (15)

wnbupny:

Uuwhuny, Ept YnnpnhlGunnwlwl Oxy hwppnipywl dpw inpdwdé | wipln-
hunn Ynph wwpwobinpwlwl hwywuwpm dGbpa nGba (13) wnbupp, wwyw wyn
ynph dpw npnpywo  f(x,y) wlplnhunn pnillyghuyh wrwohl ubnh Ynpwghd
hanbgpuwyn’ twpwéywd wyn ynpny, wpbih t huwpdlby (15) pwlwdlh dhongniy:

OphGuwy 1: 3wyt
1=[\2yds (w)

1
Unpwgho hGhgpwip, npwnbin 7-p
x=a(t-sint), y=a(l-cos?) (p)

hwywuwpnuiGbpG ntbtignn ghlyinhnh wewehG YwdwnG t [28,010]):

Lnténud: Oqunybiny wnwehG ubinh Ynpwqhé hGnbgpwih hwyswi (15) pwGwdlhg
U hwayh waGbiny, np (p) hwywuwpnuiGipny npywé ghinhnh wnwehG Ywiwpb unw-
Gwint hwowp wGhpwdbawn t ¢ -G thathinfuby 0 -hg OhGsl 27 uwhdwGGEPNLY' YN GhGwGp
[35,2°,9°], [41.(6)]

1 = [ y2ali—cost)flall— cost)f + (asint) di = 2avla | (1- cose)d = 4xaa -

Gpti / wipGnhwwn Ynph hwywuwpnidp npdwé t

y=y(x) (asx<b) (16)
pPwgwhwjn nbupny, wwyw x hnhnuwywip hwiwpbiny wWwpwdbtup® (15)
Pwlwdlhg YuunwiwGp [45,1°]

[ fGy)ds = [ flx. y@ON1+ Y T dx : (17)

Wuhuny, bpl Ynnpnplbunnwlwi Oxy hwppmpywi Ypw inpgdwds | wipln-
hunn Yynph hunjwuwpnidG map (16) pwgwhwpn nbupp, wupw wyn Ynph Ypw
pnpws f(x,y) wlplnhunn pmlGlyghuyh wnwehl ubnh ynpwehd hGinbgnu-
10" vwpwoyws wyn Ynpny, wpbigh t hupfty (17) pwlwdlh dhongny:

OphGuy 2: Iw;yby

1=[xyds @)

1
Unpwghé hGuibgpuwip, npuntin 7-p (GY.19)
2+y'=R
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hwywuwnpnuiG nGbhgnn 2pewlwqdéh wowehG pwenpnb t [7,1°):
Lawénid: RwGh np nhunwplynn Ynph hwywuwpnidh nGh

y=JR-#

YA wbupp, htwbwpwp [27,(5).(7)]. [28, (15)]
S J . S

R I B A L e

UjGnihbwnl oqunybiny wrwphG ubnh Ynpwghé hGunbg-
pwih hwzqdwh (17) pwGwdlbhg' (q) hGunbtiqpwih hwdwp
YurwGwGp [35,3°]

> R R R Rl
R - Ll :' = T —
o 1 ’!XJR: X md R!Xdl 2!
GYy. 19

§70. ulnhp wluwunwbGph JwuhG: Epypnpn vbrh Ynpwqhé
hGuntqpwih vwhiwbnudlG n. hwzynLdp:

ThuwpybGp dh JEhuwbhywlwb fuGnhp, npp hwiqtiglnud t Gplypnpn ubnh
Ynpwghé hGunbgpwih hwulwgnipjwip:
hgnp dhuninp quibqywény M Gmpwlwi Ybinp
Flx,y)=F(x.y)i + F,(x.y)j
ppnfuwlywl mdh wenbgmpwl wnwly Ynnpppbwunwlwl Oxy hwppmpuwl

dbp wnpdwo | whplnhuwn Ynph Ypuyny A Ybinpg inbnunpnfuw/md t B Lbinp:
Nwhwlodmd ¢ hwpyby npuinwplpygnn Gripwlwi Ybnp inbnuhnfuwwi Ypw Ju-
wnwpwé wpfuunnwipp:

Myws fuGnhpp ot hwdwp 7 Ynph 4 L B Ytnbph Shol (GY.20) Yuwdw-
JwlywG duny wbnunpkGp 4, 4,, ...
4,, (4 =4, A, =B) Ytwnbkpp’ hwiw-
pwhwibin wyn YtnkinG A4-hg nbwh
B munnnipjwilp: 4, 4, (i=0,,...,n-1)
nwppwywld wnbnh GpywpnipynGp
(wlwlybGp As, -ny, huly wyn wntin-

> Gtiph bpywpnupyniGGliphg Ub6waqny-
Gp' 2-ny.

A=maxAs,. 1)
UjGnihbinl F(x,y) nudh wndtipG 4(x,y,) Yawomd (@i=0,l,..,n-1) Gawlw-

Ublp F(x,y)={F,(x,5), F,(x,)} -nd b oquabiny YnnpnhGunGlipny wpywo
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tipynt JtywnpGliph vhupywp wprnwnpuih pwowdlhg [4,u1,(7)]° YwqikGp
F, mudh ni

Z;m = (xm - x:)? +(y~| - y,)} = (A‘xl);" + (Ayl)j
yeywnphp [3,(11)] ujwpwp wpnuwnpwp.
F; 'ﬂm = ]"x(xl’yl)Axl + Fy(X,,y,)Ay, . (2)
Ljwé uywpwp wpwnwnpjwip hwiwpbind nhunwpldnn GinpwlwG Yewnp
! Unph dpuynd 4, Yhinhg A4, Ytinp inbinwihniubint Jpw junwpud nwppw-
Yuwi w2fuwwnwbph Snniwynp wpdtipp L gnudwptigny pnpnp tnwppuywG wpfutw-

nwipllpp” YunnwGwGp A7 Ytwnp 7 Ynph dpwynd A Ybnhg dhGsk B Ytnp
nwnwhniubm Jpw Guwunwpwéd whuwnwiph dnnwynp wpdtipp.

el -l
anY F-4d, =Y [F.(0)85+ F(5.5)85]: 3)

Swulwlbuw b £, np nppwl thnppwgltip Ybpnd GaJwéd nwppwlwh wnbin-
Gbph BpywpmenuGGlpp L hbwbwpwp nppwh dLE6wgGLGp wyn wnbtnGtph ph-
Up, wylpwG (3) dnunwynp hwyjwuwpnipjwG Saunipynilp YuibowGw: dbpngpjw-
thg htitnlined £, np bpb GYwd hwyjwuwpnipjwl dbp wiglhbGp uwhdwbh, tpp
nwppwywb wnbnGbph BpywpnipyniGGbphg dESwqnGp dquinud & qpnjh, M

Yawp / Ynph dpwynyd A4 Ytiwnhg ShGsl B Ybwnp wbinwihntubipne Ypw uinwpws
w2tuwinwilpp Yupuinwhwpntlp
-~
a= !HEZ[E(IHYI)AXJ + Fy(xnyl)Ay:] 4)
=0

S29nhin hwywuwpnipjwdp:
UGgGkny Gpypnpn ubinh Ynpughd hGwnbgpuwih uwhdwbdwbp' GGpwnpbap

Unnpnhliwnwywb Oxy hwppnipywl Ypw wpdwé 4 L B dwjpwytintpny |/
wlplnhwwn, ng thwy Ynph Ypw npndwé t 7(x, y) wﬂnﬁnhwm dniayghw
[69,u1]: Lnphg YwiwjwlwG dLny / Ynpp wpnhtGp Ytpowynp puny 4 4,
Adyo ALA, (4= 4, 4, =B) nwppulwh wnbinGbph L wjn wntinGbiph tplw-
nnipynLGGlpp hwiwwwwnwuuwGwpwp GawGwykbp As, -ny, As, -nd, ..., As, -ny:
4.4, (i=0,l,...,n—l) wnbnh Ypw ybpgGhGp Yudwjwyws M,(£,7) Yew L wn
Wtwnud hwaytiGp f(x,y) Pnillghwih wndtipp: UwlwiG pGGwplynn nbuwpned
f(x.y) $nGyghuyh /(£.7) wpdbiplbpp pwqiwwwinytilp ng pb hwiwww-

nwufuwlG wnbnGbph GpYwpmpmGtbpny, wy YnapnhGwnwlwl Ox wnwig-
Bh Upw wjn wnbnGbph wpnjtlghwGbph SEénpnLGhLpnyY L YwqikGp?

————

*) Sb'u 88-pn toh wnnuanawiyh nfunnnpimGp:
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o, =Z':,f(§.,rz.)Ax, (5)
qniiwpp: )

UwhdwGnid 1: o, gmdwpp Yngimd t YnnpnhGuinwlwl Oxy hwppnip-
Jwi Ypw inpwd 1 ynph dpw npnpdwo f(x,y) wlplnhun pmblhghuyh hGinkq-
Wy gnidwn” nwpwdyws wyn Ynpny:

UwhdwGnd 2: Ywublp, np A &7 qpmyh dqunbipu (5) qmudwnl miGh (fbn-
ounfnpn) 1 vwhdwdl, bpt gwlwgws ¢ npwlwl pih hwdwp, gynpymb nGh

wylbughup & npuwlywl phy, np hbGg A < 5 , wyuhlpl hbGg | Ynpp wnpnhbilp & g
hnpp bplwpmpywdp tnwppwlwl wnbnGbph, www wywfu wtnpnhdwl bnw-

Owlhhg L A 4, wnbnGbph dnw M, Ybnbph pGunpmpimGhg, nbinh mGh
lo.- 1| < (6)
wohwywuwpnipymGp:

UwhidwGmd 3: A -G qayp Squibipu o, emdwph fbpounfnn I wvwhdwlp
Ynsdmid t 1 ynph dpw npnfwé f (x,y) wlpbnhunn niblyghuyh bplpnpn ubnh
Ynpwgho hlwnbepuy * tnwpwoyws uyn Ynpnyd b Gpwlwldmd ¢

[f(M)dx, | f(xy)dx 1)
] I
wuwdwlwbpwllbbphg nplt Jb6Yny:

LnyG auny, Gpt 7/ Ynph Ypw npnaqws f(x,y) whGplGnhwwn $nilGlyghwh

f(&,n) wpdtplbpp puqiwwwnytlp hwiwwwunwubuws nwppwliws wnbn-

Gbph, YynnpnhGwwrwlwl Oy wnwigph Ypw niGbgwé wpnjblyghwhbph dkont-
pjuip L gnuiwplilp unwgywé wpunwnpwGbpp’ Yunwowhp

~
2./ €.n)ay, ®
hGunbkgpwy qnudwpp:

Epli A -G qnnyh dquibiifhu (8) hGunbigpuy enudwnl mGp (Jpownp) uwh-
dJwdl, npp Guwpfwo st ng | Ynpp nwppwlwl wnbnbGbph npnhbine bnwlwihg,
Lnzl M, (i=0,,..,n-1) Ybwnbph plinpmpimlhg A A,, wnbnbbph dnw, wum
wyn wwhdwlp GnyGwbu Ynsdmd £ 1 Ynph Jpw npnpywd f(x,y) wlpbnhun
dnGyghuyp tphypnpn vbnp Ynpughd pawnbgpwy” tinwpwdywd | Ynpny L Grw-
Guilpfmo ¢

Jra)ay. [ 16y )

wuwydwlwbywblbphg npht dbl/m{:l

) A0 A A, (i=0,1,..7-1) nwppwlws wabinGaph bpluwpnipinGGbphg ShowgnyGa t:
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Uwhdwlnud 4: Yanppplwinwlwl Oxy hwppmpul Jkp wnpdwé | §nph
Ynw npnpdwé P(x,y) L Q(x,y) wilplnhunn $rullghwibph Eplypnpn ubrh §n-

nuwahd hbinkepuwbGbph
!P(x’y)ix + IQ(X,)')!}'

gnudwpp Ynsdmd E wyn dnLlyghwlbph bpypnpn vbeh pOnhwlmp wnkuph §n-
puwghé honbgpuy ™ tmupwddws | Ynpny b Grwlwldmd ¢

!P(x, y)x + Qlx,y )y (10)

wuwdwowGywbny:

Oquytitny Gpypnpn ubrh pGnhwinip wbuph Ynpwghé hhGwnbiqpuih uwh-
dwonuihg L (4) hwjwuwpnipyniGhg™ gbiplnud nhunwpyywéd fuGnpnud A7 Gyne-
pwlwh YGwp / Ynph ynuyny 4 Ytwhg shGsk B Ybup nbnuihnfubine Ypw
Yuwunwpwsd wuuwnwipp Jwpnn bip wpnwhwpnbi Gpypnpn ubinh pGnhwinep

wbuph
a= _'[li(x.y)dx+1",(x,}')dy (1)

Unpwahd hGutiqpuiny:

Jwulwlwyh t, np GnuyG dlny Yuwpbih t GGpdnét] Gl wwpwéwywe L
Unph dpw npnjwé P(x,y,z) , Q(x.y.2) L R(x,y,z) wiGpGnhwin $mbyghwhbiph
tpypnpn ubinh

[Pxy,20x, [Q(x,y,2My. [Rix.y,2)dz
L L L

Urpwghd hlivbgpwibtiph, hGswbu Gwl wyn Ynpny wwpwéywsd tpypnpn uknh
pGnhwénip wnbuph

!P(x,y,z)dx + {Q(x,y,zw + !R(x,y,z)dz = !P(x, y,z)dx + Q(x, Y, z}iy + R(x,y,z)dz (12

Ynpwghé hGunbiqpuwih hwulwgnipyntGGhpp:

Ljwwnblp, np hwibdwinbiny wrwehlG L tpypnpn ubirh Ynpwghé hGunbg-
nwGbph vwhdwGnuiGbpp wbkulnud bGp, np wyn hGinbiqpwiGhpp hpwnhg tiwp-
PipYnid 66 twwbu. w)G nbwpnid, tpp wewehl ubeh Ynpwghd hGukgqpwih
hGwbgnuwy qnudwnh dbe 7 Ynph dnw npnzdwé £(x,y) wopGnhwn dribhghwh
f¢.m) (i=0,,...,n-1) wndbiplbpp pwqiwwwwlynid GG wyn Ynph 4 4,
nwppwlywl wntnbbph GphwpnpynlGObpny’ Bpypnpn ukinh Ynpwghd hbwnbg-
Puwih hGunbgpw gmudwph dbe f(x,y) pnbyghwh Gadwé wpdbpGhipp pwqiw-
wuwinfyned GO0 hwiwupwunwuuwG nwppwiwi wnbnGbph, YanpnhGunwywh
Ox Jwi Oy wnwGgph Ypw nibbguwéd wpnjkyghwGhph dkénpyniGhGbpny: Ybpng-
MNuwihg hbwnlnud £, np h LwppbpnipyntG wowehG ubkieh Ynpwghéd hGunbgpuih,
Gnlnnpn, ubinh Ynpwahé hGunbqpwintd hGnbqpuiws Swhwwwphh ninnnuejntlp
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Yuwplnp t, npnghGunnl G2dwé vwwppwywi wntnGeph wpnjtlghwbph dGonip-
JnuGGEpp twwbu 66 Ywhwjwd wyn wntinGeph nunanpyniGhg L hGunbgpdwG nun-
nnipymGp thnjubihu thnfunwd GG hpbGg GawGp:

Uuwhuny, bpypnpn ubnh Ynpweho htinbgpuyp hwiwn wwnwlmd bGp

[feykr=- [fleyre, [fOy== [flcy)y (13)
(B4) (4A8) (B4) (AB)
pwowalbnp, pan npmd (13) hwdwuwpmpym Gaphg Jjmpwpwlsiniph nplt §nn-
dmd gnwo poinbgnuyh qrympymGhg pfuntd ¢ Owl wyn hwdwewpmnipywl dinuy
Ynndnid gpywo hGwnbigpugh qnynipyniGp:

Jwinqybiny, np npn2jwy hGunbgpwih wwpqugnyG hwnlnpyntGGtpp nk-
nh nGLO Gwl Gpypnpy ukinh Ynpwghé hGubigpwih hwdwp, funtuwihbing YpyG-
ybinig, wyn hwunynpynilGGliph pwpymudp pwg tiGp pnnGnud:

AwunuiGwuppydnn Ynpughé hGunbgpuh hwzyiwb pwGdLbpht Swlnpw-

Guwint hwiwp, LGpwnptlp Oxy hwppnipjwl Ypw npjws /= 4B wlpGnhwin
Ynph wwpwibnpwlwo hwyjwuwpnuiGbpt mGkG [28,u1]
x=0(t), y=y@®) (@stsf) (14)

wbupp, npntin @(7) L w(z) PnGyghwlbpG hptGg ¢'(1) L y'(r) wowhGgyw)lliph
htitn dbYwntn [a,8] dhewlwpnid npnwé whpGnhwn PnLGyghwbtp GG, pln
npnud ¢ wwpwibwpp e -hg 6hGsk  uwhdwGGtpp hnhinfubithu, nhnwplynn
4npp GYwpwapymud t 4-hg niwh B nunnLpjwdp:

TNwpqymd t, np pt f(x,y)-p L g(x,y)-p (14) hwdwuwpniGtpG nGkgnn
! Ynph Ypw npnwé wiplGnhwin $mGyghwGbp 66, wwyw qnpnipynth NGkl
[fende, [gendy, [fGy)d+gxy)dy (15)

(4B) (48)

(48)

hGuntqpwyGbpp, hOswbu Gwl wbnh nGEG wyn hGunbqpuwiGbph hwydiwG

'} ']
[fxy)dx=[florwlp ) [gxy)dy = [gleO.wnl'@)at (16)

(4B) 48)

'
[fxy)dx+ g(x )y = [{low O O+ glo@wl )t (16)

(48)
pwlwdltpp:

Uuwyhuny, bpb YnnpppGuinwlwl Oxy hwppnipywl Ubp pllywd | = AB
wapbnhunn Ynpp npdwé t (14) wwpwdbinpwlwl hufwuwpnidGEpny, www
wyn ynph dpw npnpwé f(x,y) b g(x,y) wlplnhunn pnllyghwlbinh bplpnpn
ubinh (15) Ynpwaho hGunbgnuwibbnp hwydbim hwidwn wohpwdtin t EGpha-
wnbepuwy wpunwhwyinmpymbbph dbp x L y papnfuwlwGlbpp hnfuwnhlly
hnbag (14) wpunwhuynmpymGabpny, dx L dy wmmunphsGbnp® hwdunyw-
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nwufuwwlbwpwn @'(Hdt -mf L y'(de -ny, huly hGunbepmdGbpp Juwnwpby a -hg
opGsh B uwhdwlGEpnid :
bpbt Gwubwynp nbwpmd 4B Ynph hwyjwuwpndG niGh
y=yx) (asxsb) (17)

pwgwhwjin wbupp, wyw x -p hwdwpbny Wwpwdbwp, (15) hwkqpuiltphg
wnwghlp hwaytiint hwowp Yuunwbubp

[ fxy)de = [ fTx, x)lx (18)

(4B) o
wwpq pwlwdlp:
LnyG dLny, tipt 4B Ynph hwjwuwpnidG niGh
x=x(y) (csy<d) (19)

pwgwhuwyn wnbupp, www (15) hGwbgpwiGtphg Gpypnpap hwybint hwdwp
YuowGuwlp

f8x.y)dy = [ glx(y). v}y (20)

(AB) <
pwGwdlp:
Uuwhuny, bpb Ynnpphbwnwlwld Oxy hwppnipwl U9 plywd | = AB
whpbnhunn Ynpp wnpywo t (17) [(18)] puwgwhwn hudwuwnpnidny, wupw wyn
Yrph dpw npnpdwo f(x,y) (g(x,y)) wlplnhwin Smblyghuyh bplhpnpn ubnh

[£ G y)ae [ | g(x,y)dy]
(AB)

(AB)

ynpwghs hGwnbigpuyp hwpdbim hwiwp wihpwdtyn t Eophlnbgpuwy wmnmw-
hwpnmpywt dbg y hmpnfuwlwlp (x pmpnfuwlwlp) pnfuwphlly hp y(x)
[x()) wpuwhwypnnpymlng b wnwgdws f1x,y(x)} b {glx(y),y1} Pnlhyghwi
hlunbigpby a -hg Jhlsk b (c -hg Uplsk d ) uwhdwlGEpmY:

dbipgnud GYuwntiGp, np tipt Gpypnpn utrh (15) Ynpwghd hhwnbgpuw) Ghphg
wnwyhGp hwidynud t YnnpphGwwwlywG Oy wnwigphG qriqwhtn 4B hwwn-
Qwond, www wyn pibigpwip hwywuwn t gpnh (pwlh np phinwplynn nbw-
enud hwiwwwnwupuwG hGunbgpw) gnuiwph b Jwulwlgnn pnipp Ax, -bipp
hwywuwp 4G qpnjh): LnyG duny, bipb bpypnpn utnh (15) Ynpwghd hGwnbkgpu-

Gtphg Gpypnpnp hwayunid t YnnprhGwunwlwG Ox wrwigphl qniqwhtn AB
hundwény, www wil hwywuwn t qpogh:

“) umlwiug h t, np YbpghG huuwnmpinuGGlipnud dusiGuygnn npnguy hewnbgpus Gbph uushdusiGh-
N Yuwhniusd bG 7 Yoph Ypus plinpyws honbqpdwt nunnapniihg:
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OphGuwy 1: 3wyyb; Gpypnp ubeh pGnhwinip wbiuph
I={y'dx-x'dy
Ynpwqhé hGinbigpwyp, npwnbn 7 -p Shwinp 2wowynny wjG 2ppwGwighéG t, nph YaGuwpn-

Gp ynnprhlGwwnGaph ulqpGultinG t:
Lniéned: Lywinh niGbGwyny, np hGunbiqpdwG Ynpp nipdmd

x=cost, y=sint (0s1<2x)

wwpwibnpwyws hwywuwpnuiGepny [28,(p)] L oquidbiny tpypnpn ubnrh pGrhwinip
wnbuph Ynpwqghéd hGunbigpwip hwadwi (16) pwlwdbhg’ Yuunwbwhp [27,(10),(12)],
[35,2°,3°], [41,(6)]

1= —T(sin’t +cos’ ’)‘i’ = T(‘ - cos’ f)lCOSt - 2]f(l —sin? t)dsint =0:
OphGwy 2: 3wty bplpnpn ubeh pGrhwinip nkuph
1= [2xydc+ xdy

Ynpwghd hGwnbqpwip, npunbn 7-p y=x' hwijwuwpnuiG nGbgnn wwpwpenih [7,4°
M(0:0) L P(22) hownbipp Shwglinn wntinG t:

Lntdmd: x thnthnpowlwGp hwowpbiny wwpwdbwp, puy y thnhnjuwlwGp' win
wwpwitnphg Yuhwsé L [0;2] Shewluypnud npnzdwéd wipbnhwin dnuliyghws’ (16)
pwlwdlh oqlGnipywip YmGeGwip [27,(7)]

1=fr +20)te =16

§71. QpphGh pwlGwdlp: GpYypnpy ubkinh Ynpwghé hGubiqpuih
wnpdtipl hGwbqpiwl Ynph dLkhg whlwju hGbnt wGhpwdtn b
pwiwpwp wwjdwbGhpp:

Ujdd wpunwébGp dh pwlwdl, npp Yuy b hwuwnwnnd nplt hwpp wnhpni-
pny nwpwdjws YpyGwlh hGntgpwih L uyn whpnyph Gapuqény twpwoywd
Unpwghd hGunbgpwih dhol:

Lwiu Swlnpwlwbp thwly Ynph 2powlgiwl npwlwbd ninnmpjwip:

VwhdwGnwd 1: Gwubilp, np | huwly hupp UYnpp cppwlgynid ¢ apwlwl

! manmpywdp, tipk wyn ynpny awnpdiinn nfunnnhl inpyud
Ynpny vwhdwOwpwiyyws D wppnypp tpbmd t Gpw
duwfu Ynndmd (G4.21): Uy funupny, shusdy hwpp Ynph 2n-
owlgowl apwlpwl  mnnnigymGp hwdpllyGnd ¢ dwiw-
anygh upwph unddwl hwiwnewly maonnppwip:

GYy.21

Ujdi bGpwnplilp Oxy hwpnipjwl dtg pOlwé 7 thwy Ynpny uwhdwGw-
thwljwé D YwbnbGwynp wnppnypp [67,u2] Ghipplhg L YbpLhg hwiwwwunwu-
fuwGwpwp vwhiwGwhwydws t [a,6] Showlwjpnid npwd y=y(x) L
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¥=y,(x) whpGnhunn? Ynpbipny (GY.22): GGpwnpbiiny Gwl, np P(x,y) L QO(x,y)
Y y=y(x) InGYghwGbpG hptiGg oP/dy L oQ/ox SwulGwyh
1 woéwlgjw Gtph htwn dtlwbn npndwé GG L w-
A }B GpGnhww D wppnypnis’ hwpykiGp
Y e H
T oyEne aP(x,
: | Pz _[[Md*dy' f
o @ b 5 o :
Gy.22 ypyowyh hGunbigpwiGbpp [66,u4]:

Oquytiiny Gwfiunpn wwpwqopwdh (13) L (18) pwlwdlbphg” Yunwlwip
[67.(6)]

(1)

(o[t

= [{PIx,y,()]- Plx, y,(x)]}dx = [ PLx, y,(x)}dx - [ Plx, y,(x))dx =
- Il;’(x,y)abr g | 1;’(x. )= —(Bg)’(x,y)r# » [ f(x, )= 4 Plx, ).

npwnbin t{ wwydwlwbwlip Gwlwynd t Yynpwghd hGunbgpw)” nwpwoywd

npwlwl nunnaupjwidp 2pgwigdnn / thwl Ynpny:
Uuwhuny, P(x,y) $nblghwih Ybpwpbpjwi juwunwpwsd GGpwnpnipyniG-
Gbph nbwpnLl utnwGnud GGp

aP(x,
fP(x,y)rh=—IDI%dxdy )

Pwliwdlp, npuintin /-p Oxy hwppnipjwh ke wpwéd twly Ynp t, huy D -G° wyn
Unpny uvwhiwGwihwlywsd YwGnGwynp whpneyp: )
Lnyh duny unwlwiny

Jolyv= | 5 ey 3)

Pwlwdlp L winws wn whnwy qnu)wpblm[ wyl Gwlunpn pwGwdlh0™ Yunw-
OwGp pwqoiwphy YhpwanipyntGGlp nilikignn AphGh pwlwadlp.

IJ[BQ(;J') _ a”(ay&y)]d,dy=fp(x, y)dx+0Ox, y)dy . 4

OphGwy 1: hwayb ApwlywG nunnnepjwidp 2newlgynn 7wy Yapny wwpwdywo
tpynnpn ubinh

I'=§y(1-x")dx+x(1+ y')dy
1

————

*) [a,5} Shousjuiyph jmpuwgulyncp Yownus wbnh ntbh y,(x) < y,(x) wlhwywuupmpjniGp:
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Ynpwqhé hGnbgpwip, npnbn /-p x* +)* = R (R>0) hwywuwpnidny npynn 2pguwibu-

qhéG t [7,1°):
Lawémud: Ljwwnh nlGGwiny, np wnpdws 2ppwlwqéh wwpwitinpwiwi hwjwuw-
pndGbpG nuGLG

x=Rcost, y=Rsint, (0<1<2x)
wnbupp [28,(p)]" YynGEGwGp [70,(16°)], [35.9°), [27,(10),(12)], [39,010], [41,(6)]

l=zﬂ-R’sin’t(l-R:cos’r)+R’eos’r(1+R’sin’t)}lt= R’i[.[cosm+%zsin’zx)¢=%;

Wdd, D-ny Gawlwybiny / Ynpny vwhdwGuwhwyywéd 2pewlp’ nipywd hGunbgpwip
hwybGp Gwk AphGh pwGwdlh oglnipjwdp [44,(1)], [67.(18)], [35.,2°,3°).

2 32 2 R
1=]’I{M-a 1-x =‘“("+y2)My=Id¢Ip3dp=£:
b & ay D [) [ 2
LtGp, np AphGh pwlwdlp Shawn t Gwl wibwhuh ng ubnGwynp nhpnyphb-
ph nbupnd, npnGp tipnhyntd GG Ytpgwynp pyny YulnGwynp tnhpnypGbph:

UGgGtiny Gpypnpn ubinh Ynpwghé hGubgpwh wndtpa hGutiqpiwb Ynph
dLhg wilwlu (hGhm wGhpwdtn L pwywpwp Ww)dwGGEphh 6winpwlw-

G’ LGpwnpbGp YnnpnhGwwwlywG Oxy hwppnipjwlb dbe pGwsé D Ywln-
Guynp whpnypntd npnwé 66 P(x,y) L QO(x,y) whpGnhwun pnillyghwbtpp:
Spjwd wnhpnypnud Yipgltlp Yuwiwjwlws 4 L B Ytwnbp, wyn Ybnbkpp
GpwglbGp D whpnyph dbg pGUwé nplk 4B w-
GpGnhwwn Ynpny (GY.23) L nhuwnlbGp Gpypnpn
ubnh plnhwlnp wbuph
[PGx.y)dx + Q(x, y)ay (5)
> (4B)
q Unpwghd hGwnbgpwip:
Gy.23
3wng t swqnid. (5) pGunbigpuih wpdtipp Yuwfuw’s t wpynp A L B Ybunb-

np dhdywhg Shwglng AB Ynph dlpg, pb” dhwndtipnnbG npnpynd ¢ wyn Gbunb-
nh nhnpny:
Quuybpwwé hwpght Wwwnwupuwbbine hwiwp GGpwnpbGp Gywd hGunbg-

pwih wpdtpp Ywhwéd st D whpnyph dbe pGhwé 4 L B Yhwbpp dhijulg
dhwglGnn 4B Ynph dLhg, wyuhGpl LGpwnpbGp wnbnh mGh

[P(x,y)dx+ Qx, )y = [P(x, )+ O(x, y)dy )

(4FB) (4EB)

hwywuwpnipynilp, npuintin AFB-0 U AEB-G 4 L B Ytwnbtipp ShdjwGg ShusglGnn

L D whpnyph dbe pGYwd, hpwphg wwppbp Yuiwjwywh Gpym wipbnhwn
Ynnbip GG:
Jdbpoht hwdwuwnpnipymbp Gbpluwjwgbbing
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( Il)’(x,y)tth(x,y)dy-( J_l;(x,y)mQ(x,y)mo 6)

wnbupny L unwgywd hwjwuwpnipjwb GpYypnpn hGinbgpwpnud ghinfubiny ha-
wbtgpiws nnnnepintlp’ YuunwGwip [70,(13)]

( Il)’(x,y)dx+ Q=M+ Il)’(x.y)tbc+Q(x,y)¢b/=0 )
AFB, BEA
Ywyd np GnuyGG £

$ PG y)ds + O )ty =0 7

hwywuwpmpynGp, npunbin /-p D whpnyph 0Ge pGywé AFBEA thwl YnpG t:
Uuwhund, wyG tGpwnpntpntlhg, nn tipynnpn utinh (5) Ynpwghé hGunbg-

pwih wpdtipp Ywhuwé st D wmhpnyph d6p pGlhwé Guiwjwlwa 4 L B Ybwnb-
pp Shdjwlg Shwglnn Ynph &Lhg, htitnnud k, np GnyG GGphGuinbgpw) $nLGl-
ghwjny Ynpwghé hGwnbgpwip’ wwpwédws 4 L B Ytwnbpnd wGglnn L D
whpniyph Gbe pGlws guwlljwgws ! hwly Ynpny, hwdwuwp t gpngh: Ujnwu ynn-
dhg, (7) hwjwuwpnipyniGp GopYwywglbing (7) wkupny L wyn hwjwuwpnep-
Jwl 8ty SinGnn bpypnpn hGunbgpwip nknwhinfubing hwywuwpnipjwb we Jwu®
{70,(13)] pwlGwalh hwaqwnniiny Yunwbwip (6) hwywuwpnipjnilp, npunb-

nhg tqpwlwgGnud LGp, np (7) hwjwuwpnupyniGhg by, npuntin 7-p D whpnyyph
uwiwjwywlé 4 L B YLwnbpny whGglnn L wyn whpnyph dbe pllwsd Yudwjw-
YwG thwl Ynp t, hGwlnwd £, np (5) hGubiqnuwip Ywiujws s¢ 4 L B Ybwnbpp
GhiywGg Shwglnn 4B Ynph d&lLhg:

Udipmipbiny Jpnouup® bqpulpwgbmd bGp, np ynnpppGunnwlwl Oxy
hwppnppul 0bp plljwd D JulnGwinp infipnypnd npnpwd P(x,y) b Q(x,y)
whplnhunn pauGhghwtinh Eplpnpn ubnh panhwinen inbuph (5) Ynpwaehd
hawnbgnugh wpdtipl, win wnppnyph dbo pGiws uwdwpwlywl A L B Ghinbpp
Uhdywtg dhwglbnn AB Ynph dbpg wllwfu (hGbim wwydwlp hwdpbylnd ¢
wyn Ybinbpny whgbnn b D wnppnyph Jbp pllhwd uwiuwywlwd 1wl Ynpny
nwpwows

fP(x,y)dHQ(x,y)dy ®)
ynpwgho hGuinbgpuyp qpnyh hunjwuwpybim wuydwahs:

Iinbuupwp hwpg t dwaqnil. phswhuh” wuydwGGbph wbinp t puwpwnbl
Oxy hwppmpywt sbp pOlywd D Lwlnluninpn inppnypnid npnaywd P(x,y) L
O(x,y) whpbnhunn pmblhghwlbnp, nmwbugh Gpwd wnppnyph dbe pllywd yuw-

Jupwlpwt | thwly Ynph nbwpmd nbnh mGbGw (7) hunjwuwpmpnilp:
Auuybpwywé hwpgh wwwnwubuwlp nwihu b hGunlbyw) pbnpkidp’
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©bnpbd 1: Ygmp P(x,y) L Q(x,y) PmbGlyghwlbbipa hpblbg oP/3y L 8Q/ox
wubwlh wowbgyuybbph hbwn Ublpunkn npnpywé 66 L wlplnhunn Oxy hwp-
pnpywl Ubp pGlywo D Lwhnbuinp inhpnypmd: Uin nbwpntd, npwbugh D
wippnyph Ubo pblywo qwiduwywlwl | pwly Ynpp nbypnd nbnp mGEGw (7)
hwywuwpnpymp, wihpwdbyn t L pwywpwn, np Gpdwé wnppnyph jnipw-

pwlynmp Yawnmd wnbnp mO6ow
6P(x,y!_ 6Q(x.y!
y & (9)

wwydwap:

Uwwgn)g: Pwywpwpmpml: 6GpunptiGp D YwlnGwynp whpnyph jni-
pwpwbgnip Ywnnud wbinh nuGh (9) wwjdwlp L gnyg thwGp, np wjn whpnyph
Ub9 pOywé Ywiwywywh ;/ twy Ynph nbwpnid wbinh nGh (7)) hwywuwpnip-
JnGp:

Jwdnqytiint hwiwp nhwnwpyynn whpmepnud YtipgGtGp nplk 7 thwl ynp,
wyn Ynpny uwhdwlwwyyws whpnupp GawbwlkGp S-nd b P(x,y). QO(x,y)
dnillyghwhbph hwdwp wyn whpnypnud qpbiGp AnhGh pwGwdp”.

(—@——ar-}bdy ide+Qdy (10)

Rwiwdw)i juwnwpdws GGpunpmpjwl’ (10) hwywuwnpnipjwb Sk dwu-

Guwygnn YpYyGwyh hGunbgpwih LGphGnbgpw| PniblighwG D whpnipnid Gnij-
Gwpwn hwywuwp t qpnjh: dbpngpjuihg hbwnbndd £, np qpnjh t hwdwuwp Gub
wyn hGwnbgpwip, npwntinhg t| hiwbnd t, np GYwé hwywuwpnipjwb we Ynn-
dnud qpywé Ynpughéd hGunbiqpuip Gnuwbu hwjwuwnp t qpnjh:
UGhpwdtipinmpym b: Uydd GGpwnpklGp D whpnyph dbe pOGlwé Yuwdw)jw-

Ywh / thuwy Ynph nbugpnd nbinh nGh (7) hwywuwpmpyniGp L gniyg vwbp, np

wyn whpnyph JnLpwpwGynip Ywnnd nbnh nuGh Gwl (9) wwydwGp:
Uwwgnegbint hwiwp GGpwnpbGp hwywnwyp, wjuhGpG’ GGpwnptGp D

whpnpntld qnynipynilG nGh wyGwhuh M, Yhwn, np wyn Ybwnnd wnbnh neGh,
ophluwl,
oQ oP

Ywd np GnyGa t°

-0 (11)
wlhwywuwpnipyniGp:

*) Apmppusl uumqnupjwl hwidwn (10) pusGwdlinud dunGuwlignn HnLbghwibph YushwjwonipymGp x L
¥ nthntuudjwGGbphg puig bGg panGnud:
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Ljwwh nGbiGwiny, np npbt whpnepnid npnzdwé tpyne thnhinfuwlwth

wGplGnhwwy $mGYghwGtiph nwpptpnp)nilp GnyGwbu wGpGnhwn b wyn wh-
pnpned L hwyh weGbiny, np pun wuydwbh dP/dy-p L 8Q/a&x-p D whpnyy-
pnud npndwéd weplnhwwn pnibyghwltip L6' Ggpwlwglnud Glp, np

éQ orP

* o (12)
$nbyghwl whplnhwn b G2dwé whpnypnud?: bwwnwpywé Gopulugnepynbhg
htwnbnd £, np D whpnipnud qnynupym G mGh M, Ytiwnh wjGwhuh D, 2pow-
Lwyp, np wyn 2pewluwyph pnpnp Yhntpnd (12) IniGyghwh pGanGnud t npw-
YwG wndtipGlin™, npwnbinhg b oqudtiiny YpYGwih hGuntigpuwih 8-pn hunlnep-
jniGhg [66,8°], unwGnud GGp, np D, wnhpnipnid wbknh nuGh

6
H(aQ " Jeedy >0 (13)

wibhwlwuwpnipynilp: Ujnwe Ynndhg, pwGh np D, whpnuypld pGiwé £ D wh-
pnuyph dbg, niunh wyn whpnypnd P(x,y) L QO(x,y) IniGyghwGliph hwdwp

wnbnh mGh GphGh pwGudlp.
[?g_fﬁ)dxdy §Pdx+Qdy, (14)

npntin /,-G D, whpnyph LqpuighdG t:

Rwlwéuwyl bGpwnpnipjul’ (14) hwywuwpnipjwl dbp JwuGwlgnn Ynpw-
Qhd hGwnbgpuip hwywuwn t qpajh: IGwnbwpwn, qpagh b hwjwowp Gub wyn
hwjwuwpnipjwG dwhu Yandnd qpywé hGnbtigpuip.

oP
ﬂ[g'— dy=0: (15)
Ljwunbiny, np (13) wGhwywuwpnipintGh nt (15) hwywuwpnupiniGp hwijuw-
umd 66 hbpwp’ bgpulwgGnud Ghp, np LGpwnptind, np D whpayph M, U&-
nnud nbnh niGh (11) wihwywuwpnipynibp, uluwiyty tap:
LnyG duny hwingybinyg, np nhuviwplunn whpnypnul gnynepntG gnulh Yo,
np wjn Ynnud nikinh nuGbiGw
K o
& oy
wihwjwuwpnipyniGp” hwinqymd bGp, np (12) nmbyghwh GnyyGwpwp hw-
*) I unnuiud windwo wupugnign uiiqpnilpnpbi sh vwpptpymd [24, p1Hh wuywgnyghyg:
%) Quuybipugusd wlinniop (npp huyunGh b Sh pwlh Gngwnfuwlywih $riGlghwbbnh wnbunipymihg)
hwibdwahp [22, h1}-hG:
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wuwp t qpnh D whpnypnid, hGgp Gawbwyned £, np Juwunwpywé GGpwnpnt-
pjwl nbwpntd Gawé whpnuph pninp Yewnbpnud wknh nuGh (9) wuydwhp:
hyw
Uh pwGh thnhnpuwywGh $nillyghwhbph nbunipynilhg hwjwnGh t, ap dh
nplt whpnypnd (9) wwjdwlh wbinh nubbGwip wGhpwdbwn t L pwyjwpup,
npwtugh wyn whpnypnud gnynupyntG nuGkGw wyGwhuh u(x,y) Ppniblyghw, np
P(x,y)dx +Q(x, y)dy (16)
nhytiptiGghw| wpnwhwynmpynilp hwywuwn thGh win pniblyghuh iphy nh-
dbptilghwihG [51,p1], pn npmd P(x,y). O(x,») b u(x,y) pmblyghwlbipg dhy-
Julg Juwwywé La

Ou
P(x,y) = %, o(x,y)= >

wnGgnip)ntGGtipny:

Udthnthtiny tipypnpn utnh Unpwghd hGunbgpwih wpdbpG hGunkgndwd Yn-
ph dLhg whywh |hGEnG Ybpwpbpnn nuwinnnpnGGbpp” unwGnid blp
hbwnlgwy ptinpbdp’

©tnpbd 2: 2hgnp P(x,y) L Q(x,y) Pmlblghwlbnt hpklbg oP /oy L dQ/dx
Jwulbwlh wowbguuybbph hbwn Jblunkn npnpwo 66 L wlpbnhunn Oxy hwp-
pipywl Ubp pGlpwd D GuwlnGuninp infipnuypmd: Um nbwpntd, npwbugh bpl-
nnpn ubah plnhwinip wnkupp (5) Ynpuwehd hbinbgpuh wpdbipp Ywhnjws sih-
Gh winpdwo nppnyph dbp pllws wiwywlywl A L B Ybwnbpp dhdywlg dhwg-
ann AB lnph dLpg, wohpwdbyn t L pwiywpwn, np Gpdwo wnppnypnd (16)
nhpbpbilghw) wmnwhwynmpymlp (hoh oh nplt u(x,y) Pmblyghuwyh (phy np-
pbnboghw):

§72. UnwohG utnh dwybpLni)pwihlG hGunbqpwih uwhdwbnidp
b hw2ydw6 pwGwdlkp:

UnwehG ubinh dwibiplnypwihG hGunbgpwip hwGnhuwlnd b YpyGulyh hi-
ntiqpwih wjGuhuh plnhwGpwgnil, hGswhuhG wawehb ubnrh Ynpwaghd hGunbig-
pwil t unynpwlwG npnzjwy hGunbgpwih hwdwp:

Thgnip S-p ' npnpYy Ynpny vwhiwbuhwlywd nnnpYy dwlybplinyp t, wy-
uh0pG wylwhuh Swybplnep t, nph jnpwpwGynip Yhwnnd upbih t wyn dw-
YtipuniyphG 2nzwihnn hwppnipyntG Gk, pGn npnud Yhnhg Ybwn whGgGkihu
2muithnn hwppnpjwl nhppp thnthnfuynid b wlpGnhwn [49,u4):

GGpwnpbiGp wpdwé dwybipbnyph dpw npnadwé t £(M) = f(x,y,z) whpln-
hwun pniGlghwh [689,u1): Uwninp wr Yuinp nnpYy Ynpbiph YuwdwjwlwG guigny
S duwytipunipp wpnhtGp Ybpgwynp pyny S,, S,, .... S, wwppwlwh dw-
Ytiplnyphtiph, wyn SwybpLnypbbph dwybpbubbnG nu wpwiwqdstpp [66,ul]
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hwiwywunwufuwlwpwn GawlwytGp As -ny ni 4-nd, As,-nd nt 4,-ny, ...,
As,-ny m 4, -ny, huly wyn npwiwqétiphg dkéwaneGp® A-nyY: S, (i=12,...,n)
Swybpunyph uwhdwGGbpnd Ybpglblp Ywiwywlhwe M,(£,.7,.L) Ybw,

f(x,,2) Pnibyghuyh wndtipG wyn Ynnd pwqiwwunytiGp S, dtytplnyph
dwybnpbuny L YuqibGp

o, =§f(§.-,n.'6.)m, 1)
qnuiwpp:
UwhdwGned 1: o, gmdwpp §nsdmd t S dwlbpbnyph pw npnrfwo
f(x,y,2) Pmblyghuyh houinbgpuy gmiwn’ tnwpwoywo wyn Julybpbntpny:
UwhdwGmd 2: Ywublp, np A -G qomyh dguibthu (1) gmdwnpl mGh ((J6p-
ouninp) 1 vwhdwb, bpb gulhugws ¢ npuwlwl pdh hwdwn qnimpimlb mGh
wlwyhuh 5 npuwlwl phy, np hblg A <5, wyuplpl hblg S Juwlbplnypp lyur-
Jwywlywl olny wnipnhblp & -hg hnpn npwiwghd nibbgnny nwppwlhwl Jw-

Ybplnypltiph, wupw wolhwfy S, dwlbipbnypbbph Ypw M, Ybunbph pGunpmp-
JmGhg, wnbnh mah
lo.-1<e 2)
wihwywuwpmpimGp:
Uwhdwlmd 3: 1 -0 qayh dqunbypu o, emdwnh dbpouninp I vwhidwop

bngdmd t f(x,y,z) Pmbhyghuyh wowphl uvboh dwibpbnypuyhlG hGnbepuw;’
nwpwojws S dwlbpbnypny b Grwlulpfmd t

J&VM‘” (!f' e,z ®)

WuwlwbwGwlGbphg nplt JbUny, npnkn ds -p hh2bgomd t S, nwppwlhwl
Jwlybplnyplltiph As, dwlbpbulbpp:

UGgGbiny T nnnply Ynpny uwhdwGuwhwldwés S nanply Swhbplngph dpw
nnwd f(x,y,z) wGpGnhwwn dnGyghwyh, wyn dwlybpLnypny nwpwows
wowohG utinh dwybipuntpwhlG hGunbgpuih hwaddwGp' bGpwnpklp Oz w-
2wlgphG qniqushtin Jnupwpwhgnip ninhn wyn Judibplniypp huranud t oby Yb-

nnud: Jwulwhwih t, np nhuwnlynn nbwpaud S Swibplinyph hunjwuwpnidp
Ywnbth t GEpYw)wglty

z=2(x,y) 4
Pwgwhuyn wbupny: bopwnptGp Guwl, np (4) $rbughwl hp wnwehG Ywngh
Jwubwyh wowGgyw)Gbph htwn dkhwnby npnadwé t L wlpGohukn P wihpnty-
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pny, npinbn -G S dwibtplinyph wpnybyghwa t YnnpnhGwwnwlwi Oxy hwp-
pnipjwl Ypw:
Oquytny (4) pwgwhuyn hwywuwpniing wpdwé S Jwybiplngph dwiyt-

pbuh ds wwpph
a) (&)
ds= l+[—) +(—) dxdy (5)

[67.(22)] pwGwdlhg L (3) SwytplnypwihG hGunbgpwih GGphGwnbgpuwy dnLly-
ghwyh dtip z-p thnhawphGbiny z(x,y)-nd" YuunwGwGp

& 2 & 2 '
f(x,y,2)ds = fIx,y,2(x,y)] ]+(a) +(5) drdy:

Ljwuwh nGbGwiny, np vnwgywéd hwywuwpnipjwh dwhu Ynndh hGunbg-
pnudG pun S Swybplunyph hwjwuwpwagnp t Gpw we Ynndh hGunkqpiwip’

puwn wjn Swytiplnuyph Oxy hwppnipjwlt Ypw mbGtgws P wpnjtyghwyh’ Yyni-
GGGwGp

(];!f (x,y,2)ds = {If [x,,2(x, ) l+(%)2 +(%)zdxdy : (6)

Uuyhuny, bpl S nnnply dwlbplnypp inpdwo t (4) pwgwhwin hwywuw-
pmdmy, wyw wyn Swlbpbnyph dpw npnpfwo f(x,y,z) wlplnhun pmly-
ghuwyh, wyn dwlbpbnypny nwpwodws wrwehl ubinh dwlbipbnypuyhl hlunbg-
pwip 4plyGulhh hGunbgpunh pbpbyint hwdwnp wohpwdbon t f(x,y,z) Pmly-
ghuyh dbig z -p hnfuwphlly z(x,y) -ny, dwlybplnyph dwibpbuh ds wwppp’ b
(5) wpunwhwyinmpywdp b hGunbgpmdp junnwply inpdwé dwlbplnyph, ynnp-
phGunnwlpwl Oxy hwppnipywl Ypw mbbgws P wpnybyghuyny:

OphGwy 1: 3wyt wowehG uknh hbunbywy dwybplnipuwghG hGunbgpwip

1=[[xnzds, (w)
s
npinbn S Swlbplnypp
x+y+z=1 (p)

hwppnipjwh [8,u4], YnnpnhGwwnwywh wowohl oyunwbnmyd (x20, y20,z20) pGywd
SwuG k:
Ladmud: Spwd hwppnipjwl hwywuwpnudp gptigny
z=l-x-y
pwgwhwywn nbupny L oqunibiny (6) pwlwdlhg’ (w) hGunbgpwih hwiwp Yunwbwhp

! =’]’7('“'J'N'+(-l)’ "’(‘I)z‘&@:\ﬁj;"ly(l—x—yyxdy .
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npwtin P-G (p) hwdwuwpntdG niGbgnn dwytiplnyph, YnapphGuwnwlwi wewehl oy-
nwbnnd pGYwd Jwuh wpnjbyghwi k (64.24) Oxy hwppnpjwl Ypw:

bnph (ndnudG wyjwpunbine hwdwp, SGnud t Gyunh
nGbGus, np P whpnypp uwhdwGwhwiyws t

x=0,y=0, y=1-x
Z=1-X-¥ hywuwnniiGbnG niGbignn ninhnGapny L oguidby YnkGuw-
yh pGwnbgpwih hwydwh [67,(6)] pwlwdlhg [35,3°],
Y [41.(6)].

S y"' x 1= J'I:{jy(l x- y)dy]dx '/-Ixa )’a&-l‘;
GYy.24
Jwuljwluwyh t, np Gpb § nnnpYy dwlbplnyph hwywuwpmiG nih
x=x(y,2) )

pwgwhwjn inGupp, npuntin (7) $mbGyghwi hp &x/dy L ax/&z Jwuliwhh wéwb-
gjwiGtiph htitn dkYwntn npnzdwé b L wipGnhwwn npjwéd dwytplnyph, Oyz
ynnpnhGuwunwywl hwppnipjwl Ypw nGtigws P wpnjtijghwih dpw, wwyw wyn
dwybpLnyph dpw npndwé  f(x,y,z) whplnhwn $nGlyghwyh, G2qwd duw-

ybplnypny vwpwéywé wnwehlG ubnh dwybpunypwihG hGubgpwih hwdwp
yniGEGwhp

){f(x.y,Z)ir= [ly.2)y.2 1+(%) +(%) dyds: (6)
unyG duny, tpt S nnnpl Jwybplnyph hwywuwpndGa mGh
y=y(x,2) (8)

pwgwhwjn wbupp, npuntin (8) $nellghwl hp dy/éx L dy/dz TwuGwlh wowb-
gywiGbph hbwn dbywnbn npn2qws b L wlpGrhwn npdws dwibplngph, Oxz
UnnpnhGwunwlywl hwppnipjwl Ypw nlbbgwsd P’ wypnblghwih Unw, www
wn dwybpLnypp Ypw npnwé f(x,y,z) wiplnhwnn $mGYghwh, Glws dw-

Lbplnipny vwpwéywsd wawehG ubrh JwybplnypwihG hGunbgpwih hwiwp
YuunwlwGp

f[ 7052 = [ et 1+(%) +(§z’-) drds ; )
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§73. VhwynndwGh L tpyynniwlGh dwybplnrpltip: Gpypnpny
ubinh dwybplnypuyhG pGwnbgpwip vwhdwGnidp b hw2ydwb
pwlGwdlp:

Uh 2wpp nbupbpnud dwybplnyph Ynndh hwulwgnepntGa pGYwibip pw-
Juiwlwswh wwpgniGwy t: Ophlwy, tpt 0z YnnpnhGwunnwywh wnwligpl
ninnyuwé t nunnwdhqg nbwh ybip L S dwlbplnypp wnpywé t

z=2(x,y) (1)
pwgwhwjin hwywuwpniiny, www Yupbiih t tunubp wyn Swybpunyph ybpth b
Gtpplh Ynnibiph dwuhG: Gpb dwybtplnypp uwhiwGwhwynid t nplt whpnyp,
www wyn nbwpnd dwytplnypt nGh GhipphG Ynnd, npG ninnywé t nbwh wyn
whpnypp b wpwnwphG Ynnd, npb ninndwé t ntwh G2wé whpnypp 2pewyw-
winn dhewdw)pp:

Canhwlnip nbwpnd dwltplnyph Ynndh dwuhG nwwinnnpynlGGbp Yw-
nwpbint hwiwp nhvwpytlp Yunp we yunp T nnnply Ynpny vwhdwGuwhwy-
Jwdé S nnnpl dwybpLnypp L wyn swytplnyph Ypw YbpgGhGp nplt M, Yhwn:
Lqwéd Yhwnd nwGklp S dwlwpunyph Gnpdwip [49,u5] L wyn Gnpdwihb
ytpwqptGp npnawlyh nupnnipnG’ hGwpwdnp bpyne nunamepynuGhephg nplt
dtyp: UjGnhbnk ghuwpyynn dwybplnyph ypw nwGbGp M, Ytunnd wiGglnn
wjGwhup ¢y Ynp, npp sh hunnd wpdwéd Swybplnyph tqpughép: Unh-
whGp M, YtwnhG 2wndyti win Ynph Ypwyny L / Ynph hwenprwlw Genbpnud
dwlybplnyphl twpwé GnpdwihG YepwqptGp tpynt hGwpwynp mannupyntl-
Gtphg wjyG nunnnupynLlp, nphG wGpGnhwwnnpkG hnfuwlgynud t M, uljqplw-
Yuwl Yhwnnd wwpwé Gnpdwih mannupyniGp: ¢ Ynph pnpnp Ybnbpny wGgGhim
wpmynLGpnid Yuwpnn t wbnh nuGbGw) hbnbywy Gpym nbwptphg nplt dbyp.
Yw'd 2pewlgnuihg hwnn M, Yo YybpwnwnelwGp Gnpdwih uyqplwlwh mn-
nnipjwdp, Jwd k" win ninpnipywt hwlwewly nunnnipjwip:

UwhdwGnd 1: Epb S dwlybplnypp jwdwywlwl M, Ybwnny, wn dw-
Ybpbnyph dpuynyd m Gpw bgpwqdh hbwn shwwnn hGswpup | hwly Ynp U
wnwlblp b fbpumd Glwpwenpyws dbny wyn Ynpp sppwlgbimg hbinn Gyywd
Ytwnp Jbpwnwebwlp win Yinmd swlibpbnyphl wwpwé Gnpduyh vhqpow-
qwl nnnupywdp, wuw S dwlbplnypp Yngymd t bpllynniwah:

UwhdwGmad 2: 6pt S dwilbipbnyph Jnw qrympymlG niGh wibwpuph M,
Ybwn b wyn Ytiwnnd wiogling nt inpdwé Jwibpbinyphl wunnlwinn L Gpw bq-
npwqdh hbwn shwwdnn wybupup 1, puwly Ynp, np Jbpbmd Gwpwepywé dunyd
wyn ynpp ppwlgbymg hbwnn Grwo Ybwnp Jbpwnwerliwlp wn {onmd dw-
Ybplnyph wtnwpwo Gnpdwip ulqpowlwl nnnmpywl hwlwnwl ninnnpuwip,

wuyw S Jwlbpbnypp Ynsdmd b Spuwlnndwih:
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UhwynndwGh dwytipnyph wwpq ophGwy t, wyuwbu Ynswd, Uinphniuh
plippp (GY.25), npp Ywpbith b unnwGwy, ophGwy, pnphg Wwwnpwunnwé dwww-
JtGh Swypbpp unuGdtiny’ Gwhiwwbu dkYy
wlqwd npnpbny wyG:

LptiGp, np shtinwgGbiny YpdhGp Ujnphne-
uh ptipphg L shwwnbiiny Gpw bgpwqhép’ Yw-
pbth b wyG Gepyby dGY gnyGny, hGsp hGwpw-
tlnr:j .)zt tpyynndwGh dwitiplinyph wwpwquw-
Jnud™;

B {)

GYy.25

UGgGLInyY tynpnpn ubinh dwytiplnypwihG hGuntqpwih uwhdwGiwGp® GLGp,
np wyu Gnp nbuwyh hGunbgpwih hwulwgnipymbGp GdwG t bpypnpn utinh Yn-
pughé hGuntgpwih hwulwgnipjwbp [70,u3]:

tapwnpblp (1) pwgwhwjn hwywuwpnidng wpdwé bpyynndwGh S nanpy
dwytipuntyph ypw npndws bt (M) = f(x, y,z) whpGnhwun $mGyghwa [69,u1]:
Ynnp wn Yunp nanpy Ynpbph Yuwidwjwliwe gulignd wpwé dwlbplngpp
wupnhtiGp Ypownp pyny S,, S,, ..., S, nwppwiwh dwybplnypGtph, wyn
Swlbplnyplbph wpwiwqdébpp [66,u1] hwiwwwunwuhruGwpwp GawGwybGp
A-nd, 4,-ny, ..., 4,-nd, huy wyn wpwidwqétphg dkéwqnybp' A-ny: S,
(i=12,...,n) nwnppwywi dwytipbnyph Ypw YbipgGhlp Ywiwywlwe M, (£,.7,.4,)
4w b wyn Yowned hwpgtGp f (x, y,z) Pnlyghuyh wpdbipp: Uww)l pGGwpy-
dnn nbwpnid f(x,y,z) dnGyghwh f(£,7.¢,) wpdtipp pwqiwwwinykGp ng

pb hwiwwywwnwufuwl nwppuyw dwybplnyph dwytptuny (hGswbu Ywpyb-
ghGp wnwehG ubinh SwlbkplnypwihG hGunbigpwih wwpwaqwynud), wy Ynnpnh-

GwunwywG Oxy hwppnipywl Ypw wyn dwibplnyph nGgwé P wpnjtyghwh
4p, dwytpbuny, bpb S, Lwppwlwh Swybplnypp qubGyntd t S dwybplnyph
Ubplp Ynnih Ypw L' -Ap, -ny, tipt wyn dwitipLnypp qunnGynud £ S dwlytiplnyph
Gapplh Ynndh Ypw L JuqibGp

0,=2f&.n.$) Ap; )

qnuiwnp, npuntin Ap; -G (i =1,2,..,n) hujwuwn t Ap, -h, wd -4p, -h" Yuwhuwé
Gpwlhg S,-G S dwybpunyph Ytpbh Ynndh Ypw t quGynud, pt" Gepplh:
UwhdwGnd 3: o, gmdwnp Yngymd b phynndwlh S dwlbpbnyph pw

npnws (x, ¥, z) dmillhghuyh hownbignwy gmdwpn ™ tmupwodws wyn dwlbplng-
pny:

“) EphiynnuwGh Swibplayph Gh Ynndhg SjnLul wigGhyp hGwpuwap t Shw)G bqpugsh Ypuyny:
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UwhdwGnud 4: Ywubilp, np A -G qpmyh deunbihu (2) gnidwnl nuGh (fbp-
swynp) 1 vwhdwl, bpk gwllwgws s npwlhwl pih hwiwnp qrympynti niGh
wyGupuh 5 npwlwl phy, np hbGg i <&, wuhlpl hbiGg S dwlhbiplbnypp Ju-
Juywlwl alny wnpnhblp & -hg hnpn wipwiwaeho nillignn nwppwlywld dw-
Ybplnyplbph, wwyw whlwfy S, dwlhbpunypltbph ypw M, Ybinbph plGunpng-
JmGhg inbinh nLGh

o, - 1|<&
wohwywuwpmpyntGp:
Uwhdwlmd 5: A -G gyh daunbitpu o, qnidwph Ybppwiynp 1 uvwhdwlp

Yngdmd t f(x,y,2) Pmblyghuyh bplpnpn ubnp dwlbplnpuyhl hGunbepuy’
wnwpwowo bphynndwbh S dwlhbplnyph pGinpdwé Ynndny, L Grwlwlynd ¢
htunlywy wuydwlwGrwllbphg npld d6iny’

[frande,  [[fay,2)axdy, @

(s) (s)
nmnbin dp = dxdy -p hfipbglntd £ wnwppwlwl dwlbplnyplbnh, nnpphlGunnu-
wl Oxy hwppnipywl Ypw mGbgws wpniblighwbbph Jwlbpbubbpp:

LnyG duny, tpt YnnpphGwinwlywG Oxy hwppntpjwlb thafuwptl Gpyynn-
OwGh S dwytiplnypp wpnjiynydnud £ Oyz , Ywd Oxz hwppnipjwl Ypw, wwyw
(3) hGwnbkgpwih thnfuwpbkt hwiwwwunwuluwlwpwp YunwGwlp Gpypnpn ubeh

Hf (x, y,z)afvdz, Hf (x, y,z)dxdz (4)
(5} )
Gwybplnypwiphl hGunbigpwiGepp:

YhpwnnepyntGGbhpnud wybh hwdwhu hwGnhwymd t (3) L (4) dwybpuntpw-
JhG hGubgpuyGbph qnudwpp:

UwhdwlGnwd 8: Epypnpn ubnh dwlhbpbnypuyhlG hGinbigpuyGlinh

HP(x, y,2)dxdy + HQ(x, y,2)dxdz + HR(x, ¥,2)dydz (5)
(63} (8] [e9]
gmidupg, npnbn P(x,y,2) -0, Q(x,y,2) -0 b R(x,y.z) -0 bplynndwtp S dw-
Ybplnyph pw npnpywo whpbnhunn pniblhyghwbn 66, Ynsymd ¢ wyn pntby-
ghwlbph bphypnpn ubnh pGnhwlmp winbuph dwlhbpbnypuyhlG pGnbgpuwy ™ nw-
pwoldwé S dwlybplnyph plinpygws nndny L Grwlwlydmd ¢
HP(x, y,z)dedy + Ax,y,z)dxdz + R(x,y,z)dy dz (5)
)
wudwliwGrwlny:
uGgGbiny (1) pwgwbwjn hwjwuwpnit nGkgnn bpyynniwGh S dw-
YtipLnuph Unw npn2qwo £ (x,y,z) wapGnhwin $nilyghwih tiplpnpn utkinh dw-
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ybpunypwhG hGunbgpuih hwzydwip’ LGpwnptlp dtq htinwppppnn hiwnbg-
pwip vwwpwédws t S dwlbiplnyph Ytpth Yandny, wpdwé pnibyghwih (2)

hGutqpuwy qnudwnh dbe &, -0 (i=1.2,...,n) dhnfuwphGeGp hp 2(¢,n) wnpdtpny
L wyn gnudwpp GEpYuyuwgGhGp

0,=3 fle.n.E.n)lawi @)
wnbupny:
Ljwwbny, np (2) hwyjwuwpnipjwb we dwup
[[ 715, y.2(xy)ldxay
P

UpyGwyh hGunbigpuih [66,u4] hGuntigpwy qnudwpl b L wyn hwywuwpnipjw
Ob9 whglbiny uwhdwGh, Gpp 4-6 dqumd t qpnjp” YuunwGwGp

[If =y adcdy = [[flx,y, 25, )ldsay (6)

<) P

npnbn P-0 S dwybiplnyph wpnjbyghwa b YnnpphGwwnwlywh Oxy hwppnip-
Jwl Ypus:

Uuypuny, z =z(x,y) pwgwhwun hwfwuwpndl mbbgnn bplynnowah S
dwlbplnyph dpw npnpdwo f(x,y,z) wlplnhunn prblghuyp, wn dwlbplng-

ph {biplh Ynndny iwpwddws bplpnpn uboh dwlbplnypayhl honbepwip 4ny-
Gwih hGinbigpuyh pbptiint hwown wohpwdtyn t inpwd prlGlghwyh dbp z -p

thnfuuphlby z(x,y) -ny L hOwnbgpmdp Yunnwply S dwlbpbnyph, YnnpnhlGuw-
nwlywl Oxy hwppmppwl ynw mbbgws P wpniblghuyny:

Mwpq t, np tpb (3) dwlybpLnypwyht hGnbgpuwip wwpwows £t S dw-
YtpLnyph Ghpplh Ynndny, www (6) pwiwdlh thnfuwpbG YniGhGwhp

[[fxy.2)aedy=-[[f [x,y, 2(x,y)}dxdy : (6)

)] Ls
Jdbpgnud GwunkGp, np bpt S, -G YnnpphGuwuinwlywl Oz wnwGgphb qriqui-
htr ninpnGbphg Yuqiywé giuwbwihG dwybplnyp t [10,29), www wn Gw-
Utnnuyph dnw npngdwé f(x,y,z) wGpGnhwin $nilyghuwsh bpypnpn ubich du-
YbiplnyypwihG hGunbgpwip” nwpwéyws S, dwykpnyph nplt Ynndny, hwyw-
uwn t qpnyh (pwiGh, np hwwplyynn nbwpntd (2) hGubqpw gmiwnh ot Juwu-
Gwlgnn pninp Ap; dwlbpbuGbpp hwywuwp BG qpngh).

L6y, 2xxay=0: e

LnuyG dLny, tipb bpypnpn ubrh (4) SwytiplntpwihG hGunbkgpw) Ghiphg wrw-
ohGp (Bpypnpng) wpwoyws t YnnpnhGwwnwlwb Ox (Oy) wawlgphl qriqu-
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htn nuinhnGbphg Yuqidwé qulughl dwhbtplnypny, www wn dwiybtplnyph
Unrw npndwé £(x,,z) whpGnhwwn $nGhghwih tpypnpn ubirh dwibplngpw-
JhG hGinbgpwip’ wwpwéjws S Swlbplnyph nplt Ynndnyg, hwjwuwp t qpnjh:
OphGwy 1: 3wyl bpypnpn ubinh hbnbjw) JwybpLnypwihG hGunbgpwyp’

I= (J;j)fy’zdxdy, (W)
npatn S
L4y +2 =R (R>0)

qnuyhG dwytpLnyph [10,1°] Gipplh Ybuh Ybiph YnndG t:
Lawénud: Ljwwh mGkGwynyg, np nhunwplyynn qlnuyhG Jwytpunyph GtppLh Ytup

hwywuwpndG neGh [10,(17)]
z=- R -2 -y
wnbupp L hwyh wnGkiny, np wyn Yhuh wpnjiyghw YnnpnhGwinwlwG Oxy hwppnepjwi
Ypw
X+ =R
hwjwuwpnudG nGbgnn 2pewbwqdny [7,1°] vwhiwGwhwlyws 2npwa t, (6) pwhGwadlh
oqGnipjwip wplwé Swibpbniypuwihl hGnbgpwih hwaymdp YhwGgbglGp P whpnty-

P tnwnuibyws
—gfy’JR’—x’—y'dxdy P
YpyGuwyh hGunbgpuith hwzddwGp, npinbin P -G Yuplned Gaywd 2pewGG t: UGQGLInY plb-

nwjhl YnnpnhGuunGliph [44,u1,(1)] L hwzybiny (p) YpYGuwyh hGubgpwip [67,(18)]
Yuunwbwlp (w) dwytpunijpwihG hGunbqpuih wpdbpp [35,2°,3°), [41,(6)).
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HWcSh stunr@3ntru

§74. Uhwywp nuaw: USwiGgjw) wpdwéd nunnnipjwdp: Ujwywp
nwawh qpunhbbuwp:

UwhdwGntd 1: bwwblp, np D wnppnypnid wnpdwé t phahlywlws nwpn,
bpt wyn whpnyph jnipwpwlsimn Yoinnd npdwé t dp nplt u  pheplwlwl
U66mpyuwG npnpwlh wpdtip:

UwhdwGnd 2: D wfipnypnid wipdwo u pheplwlwl nwpnp Ynsyfmo t
vhwywn nwpwn, Epl u -0 vlwyywn J66mpiml t, wuplpd, bpk wyl pGnipwagp-
ymd ¢ dhuyl pp pyuyhl wndtiplbpny:

UwhdwGnwl 3: 6pb v phehlwlwl S6ompynilp pwpfudwd ¢ hwpp wnp-
pnypny, www hwlwuwuwnwufuwl vjwywn nwanp Ynsdmd t hwpp vlpwywn
nwpn:

Uwhdwlmd 4: Gpb u dGompywl wndbipGbpn Juwiujwd 366 dwiwlw-
Uhg, www uyn sbompywdp iipydnn nwpinp Ynsdmd ¢ wnwghnGuwn viwywp
nwpwn, huly bpb u Jbonipywl wndbplbpp hnpnfudmd b6 Gwl dwdwlwih
pOpwgpmy, wupw wyn vGénipypwdp npnpydnn nwpwnp §nsdmd t ns unwghnbwn
ulpwpwn nuipan:

OnhGuy 1: Epb gtipdnipynh hwnnpann dheowdwypnid phtnwpybGp Lwpwgpws
GwpdGh vwobgiwi bplnypp, www YGYwinbGp, np wyn Shewdwph jnLpwpwGynip Yawnh
ptpdwunhSwiip Yuiuwd b dwiwbwyhg, hisp Gwlwynid b, np nhtnwpyynn ophlwlntd
mGhlp ebpdwunhGwGlbph ng vtnwghnlwn nuwn:

LakGp, np ukGp YnhuvwpybGp dhw)é utnwghnGwp nwawnbn: « -G Jupnn t
thGby gEpdwuwnh6wa, (hgph fuinnipynil, quigh 6Gzantd L wy(G:

COnhwlpwwbu wuwé, Yownhg Y whgbbihu ¥ Phghlwlws Shonpjwb
wpdtipp Yuwpnn t hnpugty, hGsp GawGwyned t, np wyG nGlyghw t nhvnwplyynn
whpnyph Ytnbphg.

u=u(M):

Rwulywhwih t, np bpYsweh wnhpngpnud wpdwd »(M) ulwywp SEonpynilp
Epyne thnthnhuwlwGh $nibyghw t.
u =u(x,y),

huy brwgwh whpnypnud nipdwé ufwywp SkémpGp’ ipbp hnghntuwywGh
dnGyghuw.

u=u(x,y,z):
Yupuny, tplr nplt D wnppnypnid mGblp ulwywn nwpwn, www wyn -
nnypntd mGGGp inpdwo nupwnp npnpnn w(M) dmelhyghw: Uinwu §nndhg, gui-

Ywgwo w(M) PpmGlhghw pp npndwl wnppnypmd pGnipwepmd ¢ vlwywn
nupwn:
OphGwy 2: tpbp hinthnjuwlywGh
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u(x,y,z)= R -x* -y - 2* (R>0)

Pnullyghwl x* +y* + 22 = R hwwuwpned nGlgnn qGnuihG dwybplnypny [10,1°] uwh-
dwlwthwijwé whpnypnd npnznud b uljwywp nuan:

Jwulwbwih t, np ujwpywp nwawnp npnann w(M) InbGlighwih nwip pwyw-
nwp st wyn nwawnh SwuhG |hwpdtp wwnlbpugned uqdtim hwdwn: Un wywn-
Swnny Gepinudynud GO uwywp nwanh qubwqub pGnpwqphsbbip: Unwhuh
plnipwaphsGbphg t w(M) PnLlyghwyh hnhnfudwt wpwqnipinibp, Gpp M
Ytwp 2wpdynud t win nwwnnud:

9hgnip nwpwowywl D whpnypnd npdwd b u(x, y,z) pnGlghwyny npng-
zA Unn ubwpwn nwawn: Shinwplynn np-
! pnypnud YbpgGklp nplt A, (x,, ¥5,2,)
r p Ybw L wyn Ytinhg nnepu bynn nplt |

7 M(xy.2)  Swnwow)p (G4.26): /| Gwnwqujph L
T ynnpnhGunwywG Ox, Oy. Oz w-
i nwGgplbtph Yuqiwé whlynGGbpp

hwiwwwunwuluiwiwpwp GwGwykGp
a-ny, g-ny L y-ny: UjGnihGuinb pGunp-

GYy.26

uwé Swewqujph Ypw yhpglhkiGp M,-hg vnwppbp nplt M(x,y,z) Yewn L MM
hwuwéh Gpywpnepynilp Gawlwyblp o -nyY: Rwlh np MM ybywnph [1,u3]
wpnjblighwGtipp YnnpphGwwnwlwl Ox, Oy L 0z wawbGgpltph Ypw dh Ynn-
dhg hwiwwywinwufuwbwpwp hwywuwnp GG pcosa -h, pcos f-h L pcosy -h
[1.p1], hul gjnu Ynndhg' (x-x)-h, (¥-)-h L (z-2,)-h [1,u 25], htinbuw-
pwp wnbnh nGLG

X—X,= pCcosa, y—y,=pcosP, z—z,= pcosy
Ywd np GneyGa t°

x=x,+pcosa, y=y,+pcosf, z=z,+pcosy (1
hwdwuwpnpyniGGbpp: LjwwbnY, np / Swnwqwyph Ypwind M, Ytwnhg M
Yo nbnuwihnpudbihu «(M) dnullighwih unwgué

Au(M,) =u(M) - u(M,) = u(x, + pcosa, y, + pcos B, z, + pcosy) —u(Xy, ¥os2)  (2)

wth wptnwhwynnipjwt Sk Shwyb o -h SkdnpInLGG t thnthnfudnd, pGn npnd
p -G qpnjh dqunbhu wyn wép dquinud t qpnjh’ YwqdbkGp Au(M,)/p pwlnpnp L
LGpwnpbiny, np p -G qpnjh dqunbiphu wyl mGh uwhdwG' hwkGp wyn uwhowbp.

lim Au(M,) =lim U(xy + pcosa, y, + pcos f,z, + pcosy) — u(Xy, o, 2,) . 3)
0 p 0 P
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Uwhdwlnwd 5: Epli | mnnmppwdp u(M) Pnblhyghuyph unwgws Au(M)
wdh b wyn wol wowpwglnn p hhnfuwlwlh hwpwpbpnigmlp, p -G qpngh
dqunbipu mGh vwhiwd, www wyn vwhowlp Ynsdmd t u(M) PmilGlhghuyp wowl-

quy | manpmpywdp b Gubwlpmid ¢ u/dl, ¥ wuwydwOwlpwlbbbnhg nplt J6-
Yny:
Yuwhuny, hwiwdwyl pbpdwd vwhowldwl, bpt M, Gtwnd | npnnp-

qudp w(M) pnillghuyp wowbgwin qrympimlG mGh, wyw wid wpnwhwyn-
ymo t

w(,) = i ) @

hwywuwpmpywdp:

UyGhwjwn t, np (3) uwhdwGp Yuwhijwé t hGswbu M, YGinh YnnpnhGwunGb-
phg. wyGwbu t YnnpohGwwnwlwb Ox, Oy L Oz wewGgpGbph htiv hwiwww-
vwuhiwlwpwp @, A L y wilynGGbp Yuqdnn / ninnnipyniGhg:

u)(M,) woéwlgywip pGnpwgpnild t ufuywp nuawh yuppp M, Ybunud.
wjl gnyg t vwthu (M) pnlGyghwih phnhnfudwh wpwgnepintlp, Gpp M Ybwnp
wnpdynud b A, Ytnhg / Gwewquph ninnnpjwdp: Mwpg t, np Gpt D wnhpney-
pnud npndwd (M) =u(x,y,z) IniGyghwt wyn whpnyph GepphG M, Yhwned
| Swnwquyph nuinqnipjwip nlh ppuwlywit (pwgwuwywl) wéwilgyw), www
G2qwé Yaunh pujwlwuwsunh tnpp 2nowlwipnid wyl npyuwé Swnwqu)ph nin-
nnipjwlip wéned b (Gugned t) [30,11): Mwpq t Gwl, np nppwl ;(M,) wéwig-
jwih pwgunpdwly wpdtpp 0L6 hGh, wylpwb u(M) Inllighwh ! Swnwqujph
ninnepjwdp wpwq Ywsh (Ywd wpwq Yadwah):

Wughuny, D wnppnypmd npnpdwo u(M) PnLbyghuyh u)(M,) wowlbgwih
Pwgwndwly wpdtiph vdmpudp npnaydmd ¢ Gpwé wppnyph M, Yhwnnd |
mnnmpywdp u(M) PmbGhghuyp hnipnfudwl wpwqmpywl J66mpynap, huly

wn wowagyuwyp Grwiny' inpdwdé pmblyghuyh hnpnfudwl plnypp’ womdp
ywv Gwamop:

Gpt dwulwynp ntwpmd / Swnwquyph ninnpntGp hwdpGyGnud t, oph-
Gwly, ynnpphGwwnwywls Ox wowGgph ppwlwt ninnnpjwip, wjuhGpG, bpb
a=0", B=y=90, wuw (3) hwjwuwpmpyntGa pGnGnud k

lim Au(M,) =lim U(Xy + P, Yos Zo) = U(Xgs Yos2o) (3)
p—0 P 0 P
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Ywd np GnyGG t

Ou ou
E!U. B ‘Iatu. (3.)
wnbupp:

Yuwnnn kGp GniyG duny hwingyby, np 84/dy L du/dz Swubwyh wowhgjw)-
Gbpp hwinhuwGnud 6G ! nunpnnupywdp w(M) IniGlyghwh wowbgywih Swubw-
Unp nbwpkin:

u(x,y,z) dnGyghwjh woéwbgywip ! manmpjwip hwzybint hwdwp Yoqu-
ytlp htimlyw) ptinptidhg’

Bunpbd 1: D wippnypnd npnpfwo u(x,y,z) wowbgbip pmbyghwl gwl-
ywgwé | mpnmpywdp nGh

—=@cosa+9£cosﬂ+ﬁcosr

o & EY % (5)
pwlwdlbny wmnwhwynynn wowbgwy, npnbkn cosa -G, cosf -G L cosy -G |
mnnpywl nenanpn YnupbniulGbpG 667:

Uwwgniyg: BLnpbilt wwwgneghin hwdwp Gnphg D whpnypnd npng-
qwd u(x,y,z) pnlyghwnd npnzdnn ujwywp nwzinmd YtpgGhGp M, L M
Ytwbpp (G4.26) L hwyyh waGbny, np M Ybwnp / Swnwaqw)ph Ypwjny 2wndyt-
thu nhwvwpydnn dnLbyghwh wpwwhwjinnipyjwb Ske dhwyG o -G t hnginfu-
ynud® wyn pnuGyghwi GhpluwywgbhGp

u(M)=u(x, + pcosa, y, + pcos B, z, + pcosy) = ulx(p), Xp), z(p)]
Jwd wwpquwtiu
u(x, + pcosa, y, + pcos B, z, + pcosy) = u(p) (6)
wbupny: dbtpohlG hwiwuwpnipjwG Gty plnnulbiny p=0.
(X9, Yos ) = (0)
L bGpwnpbiny, np u(p) Pnbyghwl p =0 Yhwnd nilh woéwbgjwy® (3) hwyw-
uwpnepyntlp GeplywjwglbGp

lim M(Mo) =lim “(P) - u(o)
0 P p—0 pP

Ou '
Bl-lun I (0) (3’”)

*) bGswtiu ghunbGp [9,(2)), / nuannLpswG nunanpn YnuhGniuGbpG wyn nupnapywi Shusjnp Ybalwnnph
YnnpnhGunGepG b6 [1,u7,(1)], [3.(11)].

I, = {cosa, cos B, cosy) :
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wnbupny: UjGnihtink oqutiiny dh pwGh thnthnjuwlwGh pwpn dnibyghugh w-
Swhgiwh YwhnGhg [48,(5)] L Gwwh nGliGwiny, np plinpbdh dLwlbpwowh
dbig G2qwé wuwydwlp wbnh mbGwint ntiwpnid

u(p) = ulx(p), y(p),2(p)]
nGyghwG nGh woéwGgjw® YnGLGwGp

W(p)= b 0%

Ljwup nblGwgny (1) hwjwuwpmpyniGGbpp’ #'(p) woéwlgjwih hwiwp
YuunwGwip [27,(5)], [28.(9)]

u'(p) =-qu—cosa+ﬁoosﬂ+ﬁcosr'
x ¥ P : ("

u'(p) wdwlgjwih hwiwp unwgwd pwGwdbmd pGnnbtind o =0 L ogun-
ybiny (3™) hwywuwnnpymGhg' YnGhOwGp

ﬁ{ & oosa+a" cosﬂ+a" cosy: -
al,, o, .., al,, 7

dtpohG hwywuwpnepjwl dtg pwg pnnGiny M, hGntipup’ YuinwGwGp (5)
pwlwdlp:
hwyw
Uwuliwynp nbiwpnud (5) pwGwdlnd pnmGhiny ¢ =0°, #=y=90", YnGt-
GwGp

Ywpnn LGp GnyG dLny hwinqyty, np [ Swawquiph nuipnnpyniip Ynnpnh-
GwnwlywG Oy Ywd O wnwhgph ninnnipjwlp huwdipGYGhin nbwpnud du/dl
wéwlgjwip hwiwwwwnwuhruGwpwp YhwipGysh du/dy Ywd du/dz dwulwlh
wéwhgjwihG:

(5) pwlwdthg bplmd & np u(M) Pmbyghwip wowlguuip | manmpywl

hwlpwnudy - mppmppude hunfuwuwn t wn pmGyghwh wowlguhl | ma-
nmippwdp” Ybpgpwd hwlwnwly Gruwlny:
bpnp, tGpwnpbiny, np ~-p /| mpnnpjwl hwlwewly nnnnpniGG £ (5)
Pwlwdlhg YuunwlwGp
t_;ll_=%cos(a+180’)+-Zylcos(ﬂ+180‘)+%cos(7+180‘)=—%:
hwyw
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Uugpuny, |- L 1 hwlwnwl mannpini0G6ph hwdwn inbinh nGh

a  al ©)
hwywuwpnipymGp:
bGsuybu inbulmd GGp, nplt monnpywl hwlwnpp nugpmpywdp ulwywn
nupinp npnann pntllyghuyh hmpnfudwl wpwempynilp J6md ¢ Gnylbp, hul
panypp hnfufmd t: Yuhlpl, bpt nplt manmipywdp u(M) Pnlblghwl hGs np
wnwqmpwip womv {, www win manmpjwl hwlwewl manmpjwdp wyl Gnyl
wpwanipywdp Gwqnid t:

OnhGwy 3: Rwayb| u(x,y,z)=xyz dInilyghuyh woéwGgjuih wpdbpt A(5;12) yb-
wnnd® A Yhnp B(7;-1;3) YbinhG dhwglinn nunnnipjudp:

Lowdnud: hwowplynn hulnhpp (nudtpne hwowp Gwfu 4 Ybnnd hwpdblp npdwé
$nilyghuyh Swubwyh wéwlguiltiph wpdtipGbpp [46,u15), [27.(7)].

du ou Ou .
Y 2 Y nfn0. 2 -l
UjGnthbuinl qunGhGp 4B ytyunph ninnnwpywl nunnnpn YnuhGnuGbpp.

cosa—z eos}?—-z cosr-l'
3’ 3’ 3

huGnph (nLénLG wywpubine hwdwp §Gmd £ oqunyty (5) pmﬁwbbhg".

ou =2.£+10.(_Z +s.lo 1L
al,” 3 3

U)G thwuwnp, np npnlbth wowGgyuih wpdbpl 4 Yhwinud pwgwuwlwh t, fununud
w)G SwuhG, np nhinwnpyynn dnilyghwt 4 Yeinnud 48 yblpnnph nippapgudp Gywqnud

Ulwywp nwawh 0bY wy Ywplinp pGnipwgphgh’ ufuywp nwawh qpunhb-
whG Swinpwlwint hwiwp Gwju GyuwnbGp, np oquidbiny YnnpnhGunGhipny
wpjuwé tpynt dblwnpGbph uywywp wpnwnpwih pwiwdthg [4,(7)]° Ywpnn
tGp (5) pwhwdlp Ghpluw)wglhby

u - -
Ela (5)

§=04 Ou Ou
oy o

Jtywnpp Ywhudwé £ ShwyG M(x,y,z) Ybwh YnnpnhGwinGbphg L hbwnlwpwp
Gwhuwo st I ninnnupyniGha, huy I, = {cosa, cos B, cosy}-G ! nunanupjw Shuw-
ynp gtlywnnpG t L Yujudws st M Yewnh YnnpnhGwinGbphg:

nbupny, npnkin

*) 1 nunAnpntliG nGh 48 ybyunnph nunqnepyniGp:
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UwhiwGnLd 6:

- Ou- Ou- -
A=al+—6‘-1+azk (10)

yblpnnpp Ynsdnmid t u(x, y,z) pmllyghuyny npnzdnn ulwyipwn nwzinh epuinhbin
M(x,y,2) Ytinmd L QulGwlpfmv ¢ gradu upuydwGwGpwing.
A=gradu: (11)

Uuwhuny, nplt whpnypntd npdwé u(x, y,z) pnGlghwyny npnzynn uyw-
pwp nwawnh jnpwpwbgnip Yhnh hwiwwywwnwupswtnd t npnawyh Yeinnp
u(x,y,z) PniGyghuh qpwnhtiGunp:

Oqujtiiny uhwywn nwawnh qpunhbbwh hwulwgnipynilhg, Ywpnn LGp
(5) hwjwuwpnipgnilp StYGwpwGs) htnlyw| Ytipwy'

u(x,y,z) Pntllyghuyh wowlgyuyh wpdtipp inpywd | nunnmppwdp b inpywd
M Ybwnnmd hwdwuwn t uyn foinmd  u(x,y,z) Pmbhyghuyny npnzdnn vhwywnp
nuwnp qpunhbGunp b Gx4wé ninnmpywl Shwynp JGlwnnph vlwywn wpnwn-
ryuha:

Jwydh weGkiny, np nplt Ythwnph L Shwynp ytyunnph ujuywp wpnwnp-
Juip hwjwuwn t wnpdwé Jehwnph wpnjtiyghuyhG® Shwynp Ytywnnph nuinnnip-
Jwh Jpw [4(2)] L (5) hwjwuwpnipynilp GhphuywgGtiiny

V4 i— 2
5 o = un (57
ou Ywd np GnuyGa t [1,p1].
oL o 1 du 1~
o . y —aT=|A|cos¢ 57
/ ~ wbupny, npntn @-0 (G4.27) w(M) PmaGY-
ghwjny wpynn vjuwywp nwawnh M(x,y,z)
GYy.27

Ytwnnud nwplwé 4 yeywnph L ! nuinnepjwlb Yuqiwd wilynGa t' bqpulwg-
Gnud GGp, np nhuwplynn nwawnnh Jnipwpwiynip M Yhnnud w(M) PnGlyghw-
)h wéwhgywip nplt nupnntpjwidp hwywuwp t wyn GnuyG Yhonad ulwywp qu;-
wh gpunhtGuh wpnjtlyghwihl' wéwGgiwhb ninanpyjwl Ypw: JdbpohG hwyw-
uwpnipyniGhg Gplinid t Guwl, np uuywp nwawnh JmpwpwGgnip Yhwnnud du/dl
wéwhgyuiG hp GbodwgniyG wpdtipp unwbnud t @ =0 nbwpnud, wyuhGpG, bpp
win Yhunid wéwGgiwh nuipanpynilGp hwdpGyGnud t vjwpwp qwawnh qpw-
nhtGwh nuipnnipyjwGp, pGn npnud wyn ShéwagnyG wpdtipp wnpyned t [4,(8)]

e CECRC
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Udnhtiiny ujwpwp nwawnh qpunhtlnhl Yipwptpnn nwwnnnnipynuGG-
np’ hwGgmd GGp htnlyw; Ywplnp tgpuljwgnipjwip

Uywywn nupnp jepwpwlymp Yanmd nwpdws qpunhbtng oh (blunnp
& nph mpnmpymp hwdpGlymd ¢ uyn nuawp npnznn dnblyghwyh wibbuw-
nwq woswl manmpywlp, huly v6énipymlGp’ Gnyl prGlyghuyh wodwl wib-
Gwibé wpwenipywlp:

SwulwGwh t, np ujwywp nuawnh gpwnhbbnh hwwewy nunnnupnuGG t
hwipGyGnud t wyn nwawnp npnznn PmGYghwih wikGwwpwq Gwqiwh nug-
nnpjwip:

Cwpwnpywo nunnnnmpintGGLpp gnyg &G inuyhu, np vlwywn nuwpinh gpur-
apblwnp Yuwfudws st YnnpphGunnwlwl hwdwlwngh pGunpmpynibhg, wyuhlpl
wyl odindwo t whhnpnfubiyhmpywl (hGdwphwlnmpywl) hwinlymppuwdp:

Oqubyyny pilblghuyp wéwlgyuwih hwiwwunwufuwl hunnlynipniG66-
nhg. wpnn GGp h6pinmppudp hwingyby, np ulpwywn nupnp grunhbibnG odn-
Ywé t hbwnlywy hunnhnipinGG6pny [28,p1,p2,11,p4).

I. grad(u,(M)+u,(M)]= gradu,(M) + gradu,(M), (13)
Il. gradlcu(M))=cgradu(M) (c = const), (14)
. gradlu,(M)u,(M)]=u,(M)gradu,(M)+u (M) gradu,(M), (15)
IV. grad flu(M)] = f'(u)gradu(M), (16)

nmnbn u(M) 0, w(M) -, w,(M) -p b f(u) -0 iipdwo pmblyghwibn bo:
OphGuwly 4: QunGt|
u(x,y,z)=xsinz - ycosz
PnGyghwih wibGwwpwq thnpnfudwG nupanpynitip YnnpnhGwwnwwo uyqpGwybunned:
Lawénud: Ywnwplynn fulinhpp (nuétnt hwdwp Gwiu hwyblp wpywd pnibyghwih
Swulbwlh wéwbgyw)Gbph wpdbpGbpp O Yy, npintin O -G YnnpphGwinGeph uyqpiw-
YbwnG t [27(10),(12)].

Ou . ou Ou .
gla:smzln:o, El(’:—eoszlo:—l. -az—-L=(xoosz+ysmz)|o=0:

Ujonthbunb oqunytipny (10) pwiwalhg’ npdwé IniGlyghwyny npnzynn uljwywp nwz-
uh qpunhtiGnh hwiwp phinwpyynn Yennd YnGbGwGp

g'adnt7 =-j:
fwGh np - ; Jthwinph nuganepyniGp hwipGyGned t opnhGwinGtinh wnwigph pwgw-
uwlwb mannpjwip, nuwnp Ybpunud pipdwé bqpuijwgnipjwi hwiwdw)e npyws dnlly-
ghwjh wibGwwpwq thnthnhwiw nupnnepyntlp YnnpghluanGiph uyqpGuybnnud hudptly-
Gl t opnhGwinGbph wnwigph pwgwuwlwh nipnnpywbp:

L2bGp Guwl, np npuvwplynn PniGyghwsh wEdwh wikGuwité wpwaqnipyntlp Ynnpnh-
GwuwnGbph uyqpbwltinnd hwywuwp t degh, pwGh np

i
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§75. dbjuinpulwi quwn: diyunnpuliwd puznh hnupp L Gpw
dhqhjwlwl hdwuwp hnunn htnnyh wpwqnipnilGGhph nwwnnud:
Quniu-Ounpngpwnuynt pwGwdalp:

UwhdwGmd 1: Gwwblp, np D wnhpnypmd inpywo t blpinnpuwlwl nuipwn,

tpb wyn wppnyph jupwpwlymp hbinmd inpdws ¢ nplt 4 JElpinnpulwl O6-
Smpuwli npnywlh wndbp:
UwhiwGnid 2: 6pb A4 {blwnnpuwlws Stompinlp pufudws ¢ huwnp

uppnypny, www hwlwwyuinwufuwl JElnnpwlwl nupwnp Ynsdmd ¢ hwnp
Ypunnpwlywl nwpwn:

LkGp, np GbGp Ynhwwpytibp dhw)l unwghnbwp [74,u4] JtjunnpuwlwG
nwawntn, wjuhlpl YLGpwnpklp, np nwawp npnznn Yehuinpwlywh sEénLpjwh
wndtipllipp Jwhujwd 60 dwiwbwyhg:

RwGh np Ytwnhg Ybwn whglbpu 4 YuyunpwywG dkénipyniGp Yupnn t
thnthntuyby, hbuinlwpwn wyb dniGyghw £ D whpmyph Ytwnbphg.
A=AM):
wulwiwih t, np pnhwGnep ntiwpnid Gphswid whpnypnud ipdwd  4(M)
Juhuinpwlwl dGEénepyntGp Bpynt thnihnfuwlwbh Yeiwnp $nGyghw t.

AM) = A(x%,y)= A,(x, )i + A, (x, )], (1)
huyj bnwswith whpnypaul® bptip hnthnpuwlwGh dblunp $niGyghw.
AM) = A(x,y,2) = 4,(x,3,2) + A4,(x,7,2)] + A,(x,3,2)k, (1

npunbn A.-p, 4,-p U 4,-p 4 dblwnph YnapnhGunnGbnG bG [2,u8], [3,(11)):

Wuwpuny, Epb nplt wnppnypmd nlG6lp YEunnpuwlwl nwown, www wyn
uhpnypnd nGbGp inpydwé nwpinp npnznn Ybipnnp pallghw: Uiniu 4nndhg,
quwblwgws dblpnnp peGlyghw, hn npnydwl inppnypmd Glupwepmd b Jby-
nnpuwlwl quipn:

OphGwy 1: w) RwGh np bpypwqgbnh «Stpdwluyph» Jnepwpwbygnp Yonnd nk-
nwnpwsd Ginipwlwh Yewnp Ypw wqnnud t Epypwqlnh dgnnnipjwl nidp, nwunh wyjn
nwpwonpyul kg mbLGR dwipnipjwl mdbph YbiunnpuwG nwaw:

p) Inunn honnuyny qpuntignwé wwpwéwywh D whpnypnid mGhGp hbnniy Swu-
GhyGbph wpwgnipnLGGbph YEYwnpwlwh nugwn:

Q) 6pb D wihpnypnid tipdwéd w(M) PnuGlghwiny npnzynn uwpwp nuznh jngpw-

BuGgymp s YbunhG hwiwwwnwubuwGhgGhGp gradu|“ ybywnnpp, www GnyG whpnyy-
puld YmGEGwGp Gwl Ybyuinpulwh nupw:
Yuyhuny, nplt inppnypncd inpfwo ympwpwlymp vlywyywn nuipw Gnyl ahpnypnd
wrwpwglmd t wyn nupinp npnznn pmllghuyh epunhbnny inpynn Yblpnnpuwliwl nwpwn:
UwhdwGms 3: 2M) blnnp pallyghuyny wipydnn dblinnpuljws nup-
wh dbp pGlyws wylG | npp, npp Jmpwpwlsymp Ybinmd win YnphG nwpwo
neninnf nenpmupiniGp hwdpllyGnes ¢ bpgpwo Ybnp hwdwwyunnwufuwl
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AM) Yblpnnph manmpywGp, fnsymd t AM) {blnnp Brullyghuyny npnyynn
Yblpinnpuwlyw nwownh Ylpnnpwlwl gho:

L260p, np Yhlunpwlwh qétpG nLiko $hqhlwlwh hiwuw: OphGuly, hnung
hbonniyh dwulhyGbph wpwqnpyntGlbiph Yeiwnpwlwb guaunnd eyunpw-
Ywa qétipp hbnnuy GwuGhyGbph htwvwqdébpb tG: dehwnnpulywl qétph ogbni-
pjwip ytiwnnpuwlwi nuawnp wwnibpymad t Gpypwswihnpbl b npn2 nbiwpt-
pnud wyn qotipp Ywpnn GG pinipwqpt) tipdwd nwawnhi Yuwydwé hqhlulywi
dtonLp)nGGhph bwlywh hwwynpyniGGtip:

Ujdd (1) ytywnp $nmbGyghwyny npnzdnn Ybhunpuwyuwl nuuinid nhuwp-
4G0p BpyynniwbGh nplt S Jwybplnype [73,u1], wyn dwybplniph Ypw plu-
pkGp nplt Ynnd L pGonpwé YnndhG nwpwé Gnpdwip GawGwybGp 7 -ny [49,u5):

UwhdwGnud 4: 4(M) yblpnnp dnublhyghuyny npnzynn Yblunnpulpws nwp-
wh hnup’ wyn nwanh Jbp plyws bplynndwlh S duliplnyph dheny (nbujh
apw pOnpdws Ynndp), Ynsdmd t inpdwd dwlbpunypny tmwpwdwo wilG Jw-
Ybplinypuypli pnbigpuyp, nph bOphOunkgpuwy Smllghwl AM) Yblnnph b
S dwlhbplnyph pGunpdwdé Ynndh Gnpduygh dhudnp JGlinnph vlwywn wp-
wmwnpywil t:

Wuwhuny, hwiwdw)l pipdws vwhiwbiwh, 4(M) dbyuninp nilyghwing
npnzadnn Ytijvinpulyws nwawh hnupp bYynndwGh S dwybtiplnyph Sheny (nb-
uh Gpw pGwnpywé Ynnip) Sh ufuywn SEénipinih t, npé wpnwhwjnymd t
wnwohG utinh hnbyw) dwybplnypushG hGunbgpwih dhengny [72,u3)], [4.(7)]

k=J’J’Z(M)-a°ds=J‘J‘(A,cosa+A,eosp+A,cosr)¢s, 2

[£5] (€]
npunbin 7#° ={cosa, cos B, cosy} -G S Gwlbplnyph pGwpywé Ynnsh Gnpdwih (@)
dhwynp ytiyunnG t:
OphGwy 2: 3wyt
A(x,y,z)=xi +yj +zk
Ybunnpwiwh nwawnh hnupp
x+y+z=1 (w)

hwywuwpnud6 nulbgnn hwppnpjws wyG dwuh dhony, npG pGiws t YnnpphGwnwlwl
wowohG oyunwGunintd (hwppnipjwl wyG Gnpdwih nunanpywdp [8,u2], npp Ynnpphbwunw-
YwlG Oz wnwlgph hbwn Lugqinud t unip whiyniG):

Lnbnud: QunGhpng wnpgwé hwppnipjwi (GU4.24), YnnpahGwunwlws Oz wnwigeh
hbw untp wilgnG Yuqien Gnpdwih Shwynp Yelwnpp [1,(1))

— 1 1 1
n= > >
{73' & 75}
L oqunybiny (2) pwlwdlhg™ shiq htivnwppppnn hnuph hwdwn YnGbGwGp

) dlnnpudiust uzinh haug wijwindp Yusyus t hhnpnbhauthlutiusG dh Ganh, npp Ynhus-
L4bGp Ghpplaed:
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k =7]§»H(x+y+ z)ds,

[8)]
npnbin S -6 (w) hwywuwpnudlG ncGignn hwppnipjwl, YnnpphGunnwlywl wowohG oy-
wwiunnd pGlwéd Swul t:
Ujanthbunl oquiybny wowehl ubnh SwybpLnypuhG hGunbgpuih hwydwG pw-
Gwdlhg' YunwGwhp [72,(6)], [35.2°,3°]. [41.(6)]

_ l el =l -z =l
k-fj,.](x+y+l x y)ﬁdmy ![!dy x
npnbn P-6 plwnwplynn dwiipbnyph wipnilyghwa t YanprhGunnwywG Oxy hwnpnip-
JwG puw:
Oquytiiny Gpyne YEhwnpGeph ujwpywp wpwnpjwih vwhdwGnudhg
4.u1,(2)]" Ywpnn GGp (2) hGunbgpwip GEpYwywglt)

k= gli“ﬁ,,[ooswdt

Ywd np GnuyGo t°
k= [[A.ds @)
®

nbupny, npibin @G 4 L 7 YbywnpGbph Ywqiwé whlymGa t, huy 4, o' 4
yGywnph wpnjihghwG 7 Gnpdwih nuannpywl Ypw.

A =unA: 3)

LztiGp. np Gpt Yblwnnpuwi nwzwnh hnuph uwhdwldwh ke dwybtplniph
oh Ynndp dhnfuwnhGlGp dnwuny, wjuhGpG, bpb nhunwnlynn dwybtiplinuph Gnp-
dwih nunnnupynLGp thnjutGp hwliwnhp nunnpwdp, wupw wyn dwlytpLnyph
theny wiglng Yhlpnnpudjwt nwawh haupp Yihnfuh hp GawGp:

dhqhluwilpwG fuGnhpGbpmd Yuluvinpuwlyws nwaunnh haupG nuGh npnawlh $h-
ghlpulwt hdwuwn:

fhgnip tiplynnduwGh S dwibiplnypp qunlymd Lt hnunn htinnuyny qpw-
ntgpwéd unwnwowlwi inhpnypmd, pon npncd GGpwnpynud t, np hbnmyp Yuw-
i b wquin hnubp wyn Switplunaph Shony:

WhGp wlfbpg pnpp dr Swdwlwlunlhon-
gl npnpudyh nnmppwdp S dudybplinypny hn-
unn hbinmbh puwlbulnpymbp qunlbint fulnppp:

Ipwéd fuGnppp (Mot hwdwp nhunwnl-
gnn S Gwlbplph Ypw wnwGdGWgLLlp Sw-
Ytiplnyph nplit ds unwpp (64.28), pGupbGp win
wwpph npnwih Ynnd L wyn Ynnohs wwpwd
Gnpdwip GawbuwytGp 7 -ny:

Gig.28
Unhbnk, Epumptitnd, np (1, @) dwdwGudiwdhengnid dwlbplnuph ds
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wnwpph dheny wigGnn hbnnil JwuGhyGtph wpwqnipjniGGpp hwunwunnib
60 L hwjwuwp 66 ¥ -h, JunwbwGp, np Gwé dwiwGwlwdhongntd dw-
ybpunyph wnwbdGwgywé wwpph dheny wGghnn htnniyh pwlwlynipynilp
wdpnnentpjwdp LigGh ds hhipnd L A=v,d¢ pupdpnippwdp quwbp, npwnkin v,
v ytywnph wpnjbyghwh t dwybplnyph ds wwpphG twpwéd Gnpdwih nug-
nnpjwl yYpw:

3Gnniyh funnpynilp GawGwybiny o -ny snnh ubénupnGp pGnhwbnup nbu-
pnd Jupnn t ywiujwé |hGbp dwiwGwyhg ' L hGnnly dwulGhyGEph Ynnpnh-
GuuwnGbphg), & dwiwlwlwdhgngnud Jwybiplnyph d4s wnwpph dheny whgling
htnnly quiqywsh hwiwn YunwGwip

dm= pdsv dt (4)

pwGwadlp, npnbin dsv,dt wpnwnppup s hhdpnd bW A=v,dr pwpdpnipjuip
qlwih swywil b Iwuljwbuwih t, np npdué fuGnph (PLdnLdG wjwpunbpne hw-
Gwp dGmd t (4) hwjwuwpnipynilp hGubgpby pun § dwybplntyph: Ywwnwnb-
1y Gaywd hGunbgpnudp, ¢¢ dwiwlwlywdihgngnud S dwybplnyph dhony wlg-
Gnn htnmy qubqywéh hwiwp yhippbwlwlwwtu YniGbGwhp

m= aY(gpv,dv: (4‘)

6pt, Jwulwynp nbupmd plnnlblp p=1, www Shwynp dwiwbwluwsh-

ongnid S dwytipLnypny, phunpywé nunpnnupjudp wigGnn hbnniy quiqyuwéh
hwiwp JurnwGwGp

m=||vds: .

I )

Jwibkdwwnbiny (47) U (2) pwlwdlbpp” igpulwglnud Ghp, np (47) hwyw-
uwpmpjwl w9 Ynninud qpiwéd hGunbgpwip, wjuhGpl dhwynp dwiwbwlwdh-
ongnid GpyynniwGh S dJwytplnypny npnwlyh ninanepjwdp wighnn Shw-
ynp hunnipywip hbnnuyh pwGwympyniGp hptGhg GepYw)ywgaGnud t hnunn ht-
nniyny qpwnbgpwéd nwpwéwlywh whpnypnd htnndy dwuGhyGbph wpwant-
pintGGEph v(M) Ybyunpwlwh nwywh hnupp wpdwé dwytplnyph dheny:

UGgGhny Qwniu-Ounpnqpunuiynt pwlwdlh wpnwésiwp, Gwhu hhatg-
GLGp, np Ynpwghd hGubqpwiGbph wbunpjwh dkp JEGp dwhnpwgly LGp Aph-
Gh pwGwdlhG [71,(4)], npG, hGswbtiu ghwnbiGp, Yuuy t hwuwnwinnud nplt wy
(hwpp) Ynpny wwpwdywé Gphypnpn ubrh pGnhwbnip nbuph Ynpwghé hGuntig-
pwih [70,u4] L wyn Ynpny uwhdwGwihwlyywé whpnypny twpwéyws YnpyGw-
4h hGwbqpwih dhel [66,u4]:

Quwniu-Ouwnpngpwnuiynt pwlwébp hGwpwynpnpyniG t tiwhu S thul
dwytipunipny nwpwéywé bplpnpn ubrh pGohwinip wbuph Jwlbkplnypw-

*) Cuwn tnupyush GbGp nhunwplynid bGp hbantyh ng uunwghnGun 2wpdnud:
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JhG hGwnbgpwih [73,u6] hwaynuip hinjuwphGlip win dwybplnypny vwhiwGw-
ulyywd whpnypny nwpwédwsd towyh hGunbgpuih hwadnising:

gbnpbd 1: (Qumu-Ounnpngpunulh) pb P(x,y,z), O(x,y,2) L R(x,y,z)
InGlghwltnl hnblbg wewohl fuwngh oP[éx, dQ[dy, oR[/oz Jwulbwlp wéwl-
quabph htwn dblpnbn npnpdws 66 L whplnhunn S hwly dwlbplnypny uwh-
Jwiwhwlpwo Q wnwpwowlywl YwlnGwynp wnhpnypnid, wwyw nbnh mﬂ/f’

oP oR
m(& ‘;f az}lxdydz gPaydz+dedz+Rdxdy, (5)

pwlwadlp, nmnbn ﬁ wwlwlwlywlnp Gruwlwlynd ¢t dwlybpbnypughl hlunkq-
s

" twpwodwds S thwly dwlhbpbnyph wpunwphl §nndny:
Uwwgng: uuwibipywé ptinpbil wuwgnighint hwiwp, tGpwnptlp Q

z,} =506y YuwlnGuynp whpnypp Gqnbphg uwhdw-
' Gwhwlyws t ynnpnhGwwnwywld Oz w-

5, nw(gphlG qniqwhtin 6GhsGpny S, qluw-

Q z=z(xy) GuwjhG dwytiptnypny, huy Gtipplhg L
oo ~§| """"" J ytphg’ hwiwwwuwnwuluwliwpwp S, L

ol N Y 8, dwlbplnypGtnny (G4.29): Ghpwnpb-

"""""""""""" N 1ny Gul, np S L S, dwytplnypGlph

x w hwwuwpndGtpp hwiwwwwnwuluw-

Owpwp nGGo
GYy.29 z=z(x,y) L z=2,(x,y)
wnbupp’ YnGLGwGp [68,(21))

33(x.5)

[ t= [t ;"ga&:gmx,y,z* ey

a(xy) A (xp)
= [[{RLx, 3, 2,(x, )]~ Rix, y,2,(x, y))dxdy =
= [[ Rlx,y,2,(x,y)ldxdy - ([ RIx,y,2,(x, y)}dxdy,
nntn P-G Q whpnyph wpntijghwt £ Oxy hwppnipjwl Ypu:
Unuwgyweé YpyGwyh hGunbiqpuiGbpp thntuwphGtinyg Gpypnpn ubrh hwidw-
Wwwnwuhuwb dmuhnhnqumﬁ hGunbqpwGbpny® YnGbGwGp [73,(6),(6)]

HI = [[Rasdy+ [[ Rsdy, ®

) 9nnepjwh wupgnipwl hwdum P(x,y,z) . Xx,¥,2) b R(x,y,z) dnubighwlbph Yusuwénipynilp
X,y bz hndnhuwlwiGhinhg pwg bGp panbnud:
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npunbin hGunbgpnuip Yuwuwpdnud t S, dwytipLneyph dtpth Ynndnd L S, dw-
Ybtiplnyph Gpph Ynninyg: YGpghG hwwuwnpnipyjwl we YnndhG wybiwgGhing
tpypnpn utinh

[[ Rasay

(S)
dwybpunypwihG hGunbgpwip L hwzyh waGtiiny, np wyn hGuitigpup hwdwuewnp
t apnjh [73,(7)]" YuunwlwGp

OR
il =, ez = §f Raxay, )
Q [&)]
npubin S-p S,, S, L S, dwybplunepGliph Shwynpnuihg wowowgwéd il dw-

yoplnypG b (wo uvwhiwGwhwymd t Q whpnypp):
LnYG Alny unwluyny

oP o0
[[[ 5 dsdves = ff Py, [[[~=dsdydz = §§ Qeindy ®)
Q ox ] Q ay ]
pwlGwdlbpp L winwd we winwd qnudwpbiny (7) L (8) hwuwuwpnipymGGlipp’
Yuunwlwlp Swnu-Ounpngpwnulnt pwGwdlp:
huyw
Oquybinyd bpyynndwGh S nanpy dwybplnyph [72] Ypw npnywd
P(x,y,2z), Q(x,5,2) b R(x,y,z) whpGnhwwn dnGhghwhtiph, wyn dwlytplnipny
nwpwdywd wewehb L bpypnpn ubrh dwibpunypwihG hGunbgpuGepp dhd-
jwlg Ywwnn
[[Pdydz + Qdxdz + Radxdy = ﬁ(i’cosa+Qcos,8+Rcosr)dv ©)
)
pwlwdlhg (npp ptpnud GGp wrwig wwwgniygh), npnbin cosa -G, cosf-G L
cosy -0 nhvwpyynn dwybpuniph pOwnpdwé Ynndht vwwpwéd Gnpdwih nip-
nnpn YnuhOnwulGbpG GG, Yupnn G0p (5) pwOwdlyp GEplwjwglbp Gwb

I

0]
nbupny:
OphGuwly 2: 3wyt bpypnpn utinh pGnhwimp wbuph
1= §fxdydz + ydxdz + zdxdy
)
dwybplnypuyhG hGwnbgpwip, npinbn S-p x* +y* + 22 = B hwijwuwpnudG mGhgnn qb-
nuyhG Swybplnyph [10,1°] wpwnwphG YnnaG t:

Lnudnud: Oqunybiny (5) pwlwdlhg L bnwyh hGinbgpuwih snppnpn hwwnynipyniGhg
[68,4°], Yn GbOwWGp

N C W —
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§76. dtywnpwliwl nwwh gpnudp (nhytipqbGghwa):
tunqnjuwiwdl nuaw: Unnpuh pwlwdbp: djunnpuwywl nwawp
dpphlp L 2ppwunnijunp:

AM) Jbywnp $niGyghwyny npnadnn D YbYwinpwlwl nwawinud bpg-
GkGp npLt A Ybw, wyb 2ppwthwltiGp wjGwhuh S thwy dwybpunypny, nnpl
wdpnnompjwip wwwnwbh D whpnyphG, hwayblp wpdwéd yeywnnpulywn
nwawh hnupp § dwybplnyph dheny [75,u4] L nhvwpyklGp wyn hnuph nu S
twytplnypny uwhdwGuwhwydws Q@ whpnyph v dwywih hwpwpbpnupynibp.

1
i abas: (1)
tnney SwulGhybbph wpwgnipynGGlph Yehunnpuwlwh nwaunmd (1) hw-
pwptipmpynilGp gniyg t wviwhu chwynp dwywnud, dhwynp dwdwbwlwdhen-
gmd wpunwnpynn Shwynp funnupjwdp hinmiyp pwGwynipymGp [75.(47)] Yuwd,
hOswbu wuntd GG, wnpjnph hqnpniep)nuGp:

UwhdwGnid 1: A(M) ¢blwnnp pmllhghuyny wnpydnn blnnpuwlwl nup-
nh gnmd” wyn nupinh M Ybwnndd, gnsdmd E Gpgwé Ybinp snounpwlynn nplt S
thuly dwlybplniyph Shony AM) {blnnp pmblghuyp hnuph b npuwpldnng
dwlbpbnypny vwhdwGunpwldws nppnyph owdwih hwpwpbpmpiwl uvwh-
Jwlp, bpp S dwlbipbnypp Yohbing dqunmd ¢ M YbunhG:

Jwiwdw)G phipdwd uwhiwiiwh A(M) ytiuinp $niblyghwyny npnaynn

YtynnpulwG nuwnh gpnudp GawGwlbing div AM) wujtwbwhwbny, YnGb-
GwGp

div A(M) = lim %ﬁA,(M)ds : )
(L))

hGswtu nbubnud GG, Yhhnnpwywh nwawh gnnudp uquywp Génupyntd t
L wyn dtonpywl uwhdwlnuip Ywhjws st YnnpphGwwnwyws hwiwlywpgh
pGwpneppnlGhg: LhwwnbkGp Gwl, np nplt whpaypnd ipdwé JnupwpwGgnin
YblwnpuywG nwawn GnuyG whpnupned wnwowgbnud t wyn nwawnp npnann Yby-
wnp dmGhghwh gnnudny npnzynn ujwywp nwawn:

UwhdwGm 2: Jbyumpwlws nupnp M Gbup Yngygnid ¢ wnpmp (Grw-
0hg), bpli wyn Ybwmd ppunwplpdng Yblpnnpwlwt nwanp gnmdp npwlwi (pw-
quuwlwa) t:

RBunpbd 1: &pt vwpwowlwl D wnppnypmd inpywé Yblpnnpuwlwl nwp-
np npnpdnid ¢

AM) = A4,(x,3,2)0 + A,(x,y,2)] + A(x,y,2)k @)
Yblpnnp prullghuyny b A (x,y,2), A,(x.0,2), A(x,y,z) PulblyghwltnG ppblg
-127-



qLNt XIV
OA,[ax, 0A, [0y 04, /0 Jwulbulp wowlguubbph hbun Jblunbn wlplnhunn b6

Opiwé wnhpnypmd, wuw npuinwplpdng JEnnpwlwl nupwnh gnmdp D wp-
nnyph jmpwpwlsimp M Ybonmd wponwhwpondmd ¢
- A
divA(M):%+—65yL+% @)
puwlwébmy, nunbn 3A,[dx, 04,[dy ,04,/6 Jwulbwlp wowlguwibbph wndbp-
Gbpp hwpddnid 66 M Ylinmd:

Uwpugnyg: Binpbdl wuywgnigbine hwiwn AM) ytyunnp $niGyghuyng
npn2ynn YGwnnpulwb nuunnud phnwpyblp nplt § thwly dwybiplinyp, wjp
dwybplunypny vwhiwlwhwlyywé wnhpnypp Gwiwytlp Q -ny, wpunwphl
Gnpdwyp” 7 -ny [49,u5], puly wyn Gnpdwih nunnnpn YnuhGneuGepp® cosa -ny,
cos #-n4 L cosy -ny:

Oquijtiiny [75,(2),(2).(5)] pwiwdltiphg’ nhunwpyynn Ybywnpwywd
nuiainh hnupp S Swhtinlnyph Sheny wanwhuynblp trwih hGwnbapurh Shengny.

24
k= § A,(M)ds = §§(4, cosa + 4, cos B+ A, cosy)ds = ﬂj’(a"’ +—2+ E}Mﬂz (5)
) (8]

L oqunyti ny uyn hGuntigpugh ShohG windtph hwmumpjmﬁhg [68,6°]" w)h Ghpyw-
JuglbiGp hbwnlyw| wnbupny’

o4, 0
k—V(g+E+;1~, (5)

npuntin v-G Q wnhpniph Swyuwy b t, huy M,-G° wn whpnyph Ybwn:
Ujdd, tpt S dwybplnypp Yoyytiny dquh Q whpnyph nplt A7 Ybwnh,
wwuw M, G GniyGubiu Yaquh wyn Ytinha L (2),(5).(6) pwlwdbtiphg YniGLGwip

divAM) = lim _l_v[%+a_‘4z.+.a_‘4:.] 6A, oA, aA

oS & ¥ @), ax ay &

Puw
OphGwly 1: Jwzyby

AM) = grad(* + y* + 2*)
ytynnn InuGyghuyny nipunn dbyunpuiiut nuianh gpnuip:
Lnwonid: 3wiwdw)l ujwpwp nuanh qpunhbGunh vwhwGdwG nuGbGp [74,u8).
[27.(5).(7)). [28,(1)]. [46]

grad(x’+y’+z’)=a(x]*a’:'”’)7+a(xz+af+z,)f+a(xz+a):+zz)l;=2x7+2)i+2zi,

hGzp GawGwynmd E, np nhuvwplyynn Yoyunnpuws nuanp vipymd t

Z(M) = {2x, 2y, 2:}
tbywnnp PnuGlyghwnyg [3,(11)]:
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Gnph (LonudG wywpubpne hwéwp JGnd t oqunytip (4) pwiwalhg [28,(9)].

div My =232 92 | 922)

*x o &
Oquuytiiny Ytiuinpuwi nwawnh gpiwh pwiwdlhg L (5) hwywuwnpnpymG-
Gbphg’ Ywpnn GGp Qwniu-Ouwnpngpunuynt pwlwdlp [75,(5)] GepYusywglty

j‘!javi(u)m = 4, (M)as @

(8]

6:

wnbupny:
Uughuny AM) blpnnp Srcllyghuyny inpynn Jblpnnpulywt nwpnp hnu-
Bp win nwawnh Jbg pOywo S iy dudibipbnyph dhony hufwuwn t indpuy Yby-
mnpwlwl qupnp gndwl brwlhh hGnbgpunhl’ tnwpwédws S dwlbplnypny
vwhdwGunpwlpdws Q wnpipnypny:
Ophlwly 2: Oquybny Gwniu-Ounpngpunuint pwGwdbhg’ hwyby
AM)=(e" —x)i +(xz+3y)j +(z+x)k
bywnp InuGhghuyny wipynn Yhlnnpuijwh nuzinh haupp
2x+y+z=2 x=0, y=0, z=0 (w)
hwyjwuwpnuiGepl nlbtignn hwppnwpynilGtpny vwhiwlwthwiywé thwy Jwytplnyph
dheny” wyn dwitplntph wpuiuphG Gepdwih nunanupjwdp:
Lménul: Oqundtiny (7) pwGwdlhg' Gkiq hbunwuppppnn hnuph hwynidp YhwGqbg-
GiGp wpywé Yoyunnpuwlpws nuanh gndwh bowyh henbgpuih hwytwip’ nwpwéjws

(w) hwjwuwpniGopG nuGegnn hwppnpyniGGipny vwhiwGuhwiws Q whpnypny
[68,u7,p3], [35,2°,3°.1V].

k= j!jdivi(u)aa:m:s[‘{jm:si {zlh[z_lra'rz]ny]nnz:

bwpnn bGp hbpuinmpyudp hwingyby, np Yblpirnnpwlywl nwpwnh gnnidl odn-
Ywo t htinlywy hunnlyrmpymGGhpny*

12, divle, (M) + ¢, 4, (M)]= ¢, div A,(M) + c, div (M),
2. divk(M)4(M)}= u(M) div 4(M) + gradu(M) A (M),
npnbin A(M) -p b A,(M) -0 fblpnnp Prcllyghwitp 66, w(M) -p° uluywp niy-

ghw, huly ¢, -p L c,p hwwnnunnmGabp:

UGgGbiny funanywlwél nwawnh nwundGuuhpnipyjwlp’ pipbGp htwnbyuy
uwhSwGnudp'

UwhdwGnud 3: &G Jblinnpuwlwl nwanp, nph pninp Ybnbpmd Gpw gpmi-
dp hwdwuwn ¢ qpngh, Yngydmd ¢ funpnyfwlywdl (umblnpnwy) Yblpnnpwlws
nwywn:

PEpYws uwhiwGniihg L (7) pwiwdlhg htwnbnid t, np bt 4(M) Ybluwinp
dnuGlyghwyny npnzynn YtyunnpwlwG nwaunp lunnnjwlwdl nwaw t, wuyw guwt-
Ywgwd S thwy dwybpLnypny, npG pGYws t win nwanh dbe, A(M) Yblwnnp

-129-



QLN XIV
$nGyghwih hnupp hwdwuwn t qpnjh.
M)ds=0:
gA,( ) ®
Wdd 4(M) Joywnp dniGhyghuyny npnzynn lunnnquwiwél YEhunpuywi
nuwawnd GpgltGp nplt S, hwppwl (Gi.30) L win hwppwyh tqpuqoéh jaLpw-
pwignmp Ytwnd nwhbip ybyumnpwywhd ghd [75,u3]: Swpdwé Ytyunnpulws
qoétipny uwhiwGwthwlyyws nhpnypt weywobing Yeyunnpwlwhd funnnduwy’
A(M) nhuiwpybip wjn lunnnjuih wyl dwup, n-
np uwhiwGwhwliwe t S, L S, -hg np;

A htnuwynpnupjwl Ypw qunGynn S; hwppwy-
GGpny: S,-nd Gwlwytiny phtwplynn

funnndwiyh S, L S, hwppwlGliph dtg pG-
Ywé YnniGuwyhG dwybplnypp L oqudtiiny
(8) pwlwdkhg' GunwlGwiGp

[[Ads+ [[Ads+ [[Ads=0: ©)
()] (So) )

Ljwwnh mGGGwiny, np 4,-p 4(M) ybywnph wpnjblghwG t nhuwplyng
dwlbplnph wpwnwphG Gopdwih nunanepywb Ypw L hwgh weGbinyg, np Ghw-
puwqpyuwé funnndwlh YnniGuwyhG Switipnyph 7 Gnpdw|G ninnwhwjwg t vp-
Jwd yehwnpuwlws nuwh Gnyl Yhnnd wpdwd 4(a) 4oywnnphl’ Ynulb-
Gwlp
[[4.ds=0: (10)
(C Y]

dbipghlG hwywuwpnipjwl hwywnenidng (9) hwywuwpnipyniGhg Yuunw-
Gwip

[[Ads=- [[4.ds
($2) &)
Yuwd np G0 Lt

[jads= [[4_ds (1)
53} &)
hwywuwnnipymbp, npwnbn 7 -p S, hwppwlih wpuwphG Gnpdwih hwlwnhp
JblwnnG t (GY.30), wyuhlpG" S,, S, L S, dwybplnypbtipny uwhiwiwthwy-
qué Q whpnyph GhipphG GnpdwG k:
3wyh wnbbiny, np S,-p L S, -p nhvwpyynn Ytywnpwyws tunqnywih

hpwphg viwnpptp hwppwlbp 66 Ywpnn GGp (11) hwywuwpnipyniGp Sbylw-
pwlb) htwbyw) Yepy'
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Junaqnwlwdl Yblunnpwlywl nwpnp hnupp wyn Jwpwnp obe pOljwo t{bl/um-
pwlhws funpndwlh wnwppbp Yupdwdpbbnny hwuwnmwinm G s66mpint G £ u
htwnbwpwn Yuwfudwd st uyn Yinpdwopbbnh dwlhbnbulbnhg:

bwwnwpdws bapuwlwgnipintlhg hbiinbmd t, np funanduwlwdl Elpunnpw-
ywl nwpwnh 06p pOlhwo blwinnpuwlhwl funnnfwlp plowndwly inbnwdwubpm s
wyn nuwpwnh hnupp hnppwlGmd ¢, puly Gbn wnbnwdwubpmd® J66wimJ:

Ujdd dlwlbpwbGp oh Yuwplnp pbinpbd, npp hGwpwynpnepyniG t wwihu
nplt dwybplnypny nwpwodwd dwybplnypwihG hGwntgpwip thnfuwphGb win
dwybpLnyph Gqpuqény nwpwédwsd Ynpwghd hGwnbgpwiny b hwljwnwyp
nwpwowywh nput Ynpny nwpwddus Ynpwghs hGunbgpuwip thnfuwphGb) win
Ynpny vwhiwGwihwlywéd swytinlneypny tnwpwdéjwd JwlbtpuntpwihG hGnbg-
pwiny:

Runpbd 2: Wwnpu) Epl P(x,y,z), Xx,y.z) 4 R(x,y,z) Pmblyghwlbnl
fintilGg wrwohl wpgh wulbwlh wowlbguybbnh hbwn Bblunkn wapbnhunn G
tupwowlhwl Q wppnypntd L unnnp we Yunnp nnaply | Ynpny vwhdwGw-

hudpfwo Eplynndwlh S nanply Swlhbplnypl pGlhwd t wn inppnyph dbp, w-
ww wbnf nGh

LN °) WA (A OO <B4 )
(Q[[ay &J"““*(az ax)wsﬂ"[& ay}mr]dw fpdc+ 0t + Rt (12)

pwlwdlp, npnbn cosa -0, cos B -0 L cosy -0 S dwlbplnyph pGwnpydwd ynn-
UhG rwpwo Gnpdunh mannpn YnupOmuGbnG bG:

LatiGp, np (12) pwlGwdlnid (npp Yngyned t Unnpup pwlbwdl) dwulwygnn
1 thuwly Yrpnd wpwoywsd Ynpuwghéd hGunbgpwinid hGunbiqpiwG nunnnepynilGp
hwiwduyGtgynud t S dwytpunyph pGupwé YnnohG hbwnlywy YubnGny

Gpt nfunnnp S Jwlhbpbnyph | Egpuwqdny rwpdymd £ Ynpweghd hbinbq-
pugh pGinbgpowl nenpmpywdp b Omw mnpbpafhg nbwh qumfup wnwpwd ningnh
mnnmpyniGp hwdpGhGnid t ipdwé dwibpbnyph pGuinpdwd Ynndh Gnpdwifr
mnnmpywlp, wyw wipnnp wpdvwl dwlwlbwly nhunwplpydnng dwlbplunypp
whunp t qunbilh Gpw dwfu Ynndmed:

Unnpuh pwlwdlinid wewehl ubnh dwybplnypwjhG hlnbgpwip thnjuw-
phitnyd Gpypnpn ubinh SwlbpLnypwihG hGnbgpwiny [75.(9)]. YunwbwGp
wjn pwiwdlh dbY wy nbup.

R +(?£—6—R (BQ aP) ds=dPdx+Qdy+Rdz: (12
({!{(ay az)dydz P o | |ds = §Pas+ Oy (12)
Swdwpbing, np S dwybplnypp quGynud t Oxy hwppnipjwl kg’ (12)
Pwliwdlhg Yuunwbwlp AnhGh pwlwdlp [71.(4)], npnbnhg htwlnud £, np
GphGh pwlwdlp hwGnhuwlnd t Uninpuh pwlwdlh Gwubunnp nbupp:
Jdbpwlwybiny 9phhh, Swnu-Ouwnpngpunuynt L Uninpup pwlwdlbpp’
GYwwinmd G, np wyn pwGwdbbipp bpypwswihwlwb nplt whpnypny wwnwo-

——

*) G Yngdnud t Yblunpuwlwb uanaduiyh mdqlnipined (hGunbGuhgnipynib):
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Juwé hGunbigpwip thnfuwphbned GG wyn whpneph bapuqény nwpwéywéd hwnbg-

pwiny: £Gn npnud SphGh pwlwdlp gnpdnud t Gphswg wpwontpywh Gy, hul

Quniu-Ounpngpwnulnt b Unnpuh pwlwdébbipp’ trwgwih tnwpwénipyntG dhy:
Ujn nbuwGlymbhg hGunbgpwp hwayh hhiGwywl pwlwdlha.

1]

[r@ax=r)- 1@,
Yuwntith t Guyby hppl Gwd pwlwdbbph GdwGwyh, npp qnpéntd t Shwswih
wnwpwonpywl Uky:

dbyunpuwywi nwawnh YupbnpwgnyyG pGmipwqgphsGiphg Lu Gpyniup® gby-
unnpwlwiG nwzwh Spphyht L YEiwnnpuwywi nwawh pewwuninuynhl Swhnpu-

Gwpm Gwwuwnwyny Gnphg LGpwnpkGp, np wpwéwywb Q whpnypnud np-

Juwé t (3) yayunp nubyghwyny npnaynn eyuinpulwl nuawn: Unnpup pw-
Gwdlnd pGnmGLiny

P(x,y,2) = A,(x,5,2), Qx,,2)=4,(x,y,2), R(x,y,2)=A,(x,y,2),
YuunwlwlGp

E) o
-2 - -

={Adx+ Ady+ Ade:
!

(13)

VwhdwGnud 4: Ynnmppbwnwlwl Oxyz hwiwlwpgnid
aAl aAy an an aA’ an

puwnuwnhnsGbpt nGbgnn Yblpnnpp Yngmo ¢ AM)= {A4,.A4,,4,} yblpnnp Pl
ghuyny npnzynn Yblpnnpuwlywl nwawnh dpphly (rnunnp):
Jwdwdwyl phpdwé uwhiwbiwG A4(M) Ythwnp nGyghuyny npnaynn

ybywnpwlwt nwawh Spphlp GowGwybinyg ror A(M)-nY" YnGLGwGp

iy = bk (34, 24 (04, 24, );
rot AM) (ay . +(az p +(&x ay)k. (14)

tpb wéwhgdwh §/ax, d/dy L 9/8z GwlGkph L u(x,y,z) dnilyghwyh «wp-

nwnnjw» wubing hwuYwGwlp du/ax, du/dy L du/dz Swulwlh wowbgwl-
itipp, www (14) Ybhuwnp Inibyghwh YGEpYwjwglGp htinbywy (htiwn hhadnn)
wnbupny.

J
- )
I'OIA(M)= ?@:— (14,)
A

_‘LQ) Q ™~
ARl

<
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UwhiwlGnd 5: (73) pwiwdlp wp dwuh

fA,dx+Aydy+ Adz (15)

ynpwghd hGwnbignuyp (npunbn 1 Ynph ppwlgmdp Yunnwpynis ¢ ppwlwl
manmpywdp) Ynsdmid b A4M) dblpnnp Bnllyghuyny npnpdnn yblunnpuwlpwl
nwunh 2pgwugennin 1 sy ynpny:

Lywwntigny, np (15) hGubiqpwih bGphGunbgpw) wpunwhwpnnipmbp 4(M)

L (;={dx,dy,¢t} JthwinnpGbph uyuwpwp wpnwnpw G t [4,(7)] L hbnbwpwp
hwdwuwn t Ad/ -h [4,(2)], nmnbn 4,-p A(M) dblywnph wpnybyghwG b 7 Ynph

2nguihnnh nunAnepjw dpw, huly gr = dr|. A(M) dblnn Snulyghuwih Jpguiy
wnyup / thwy Ynpny Yupnn bGp Ghpluywgll) Gwl

unbtiuptinhg nplt dGyny:

UatiGp, np JGlunnpwlwG nwawnh 2ppwupnnijinp Sh phy t, nph dGénpynLGp
Ywhwws t nhuinwplynn nwawinp npnznn dbiuinp dnLllyghwyhg, npdwé Ynphg L
Unpwghé hGunbgpwih hGnbgpdwh ninnnipiniGhg: dtpngpjwihg htinlnd t,
np (16) hGunbgpwiGbpnid hGunbqpiwl nunantpnilp thnfubiihu YGhunnpuwlw6
nwawnh 2pewwnnunp thnfuned b hp GawGp:

Ndjwp st GYwnby, np oqunytiiny JtpghG tpynt vwhiwbnuiGphg, Ywpnn
tlp (13) pwlhwadbp GbpYuwjwglty

(j;!'rot Z(M) -n’ds = ?’Z(M) . :ﬁ" (13)

Ywd np GnyyGo t

= {cosa,cos B,cos 7} H’ ot, A(M)ds = ‘,fAldI (13)

)

wbupny, npunkin ?={cosa,cosﬂ,cosr} -6 S duwybplnyph pGwpdwé YnndhG

thwpwé Gnpdwih Shwynp YblwnnpG t, huly ror, 4(M) 0 rot A(M) Ytywnph wpn-
Joyghw@ Gadwéd Gnpdwih nnnnpjwG Ypuw:

Udthnihtiyny Ybiplned pbipywé nwnnnepimuGGlinp” Ywnpnn bGp Uinnpuh plin-
phdp Ybpwaliuybpwty hbnbywy Yepy'

Bunpbd 2 Jbhwmnpuwlws nwpnp dppphyp hnupp® tnwpwdyws inpdwé
nwawnh dbe pGlhwd nplt dwlhbpbnypny, hwdwuwn t apuinwplpdng Jelpnnpw-
bwo nupwnp npnznn Elunnp prullhghuyh spewupnniunpl’ twpwéywo Gniyl
dwhbplinyph bepwedny:

Sbwlbpupjws pbnpbidhg htinkmd t, np bpk nplt Yblunnpuwlwl nuwpwnh
Ubp pllywo bplhym rwppbp SwlbplinyplGbpn niG6G dpllnyG bqpuwehdp, wuyw
Unywo puipinp dppplyh hnupbpnG wyn dwlbpbnyplbpnyg hwdwuwn 66 ppwp:
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LtGp, np (137) pwOwdlp hGwpwynpnipynil t wihu ptptpnt YeYwnpuw-
YJwG nwawh dpphyh wyGwhuh vwhiwGned, npG wGlwiu b YnnpnhGwwnwlws
hwiwlwnpgh pGuipnipyniGhg:

Oqgunfbny Yblpnnpulywl nwpwnf dpphlh vwhdwlndhg® ndywn st hwdng-
by, np wyl odinywo t hbwnlywy hwanlynmipymGabnny’

I. rotic, A(M)+c, 4,(M)]=c,rot 4(M)+c, rotA,(M),

L. rotfu(M) A(M)] = u(M)rot A (M) + gradu(M) x 4,(M),
npntin 4(M) -0 b 4,(M) - bipnnp Brublyghwlbp b0, u(M) -p° ulwywp nuly-
ghw, hul c,-p L ¢, -n’ hwuwnunnm GaGbp:

LYwwinblp Gwl, np pwGh np ror A(M)-p GnuyGutiv Ytuwnp $mGyghw t,
hbwbwpwn nhuwplynn Q whpnypnid wjb Yuwewpwgbh dh Gnp blhunpw-
Yuwl nwawn: Oquytiny (4) L (14) pwbusdlbphg, Ywpbith t hbunnpjwdp hwing-
b, np ror A(M) Jlyunp nillghussh wnwowgnwd nwawnp (npp Ynsymo t AM)
Jtywnpwlywl nwawh dpphlGhph Yeinnpuiwb nwaw) funnnjwlwdl nuawn t:

Jdtponmd Swinpwlwlp Gwl htnlyw) hwulwgnipjwlp’

Uwhdwlnd 8: UG ybhyumnpwlwl nwownp, nph pninp Ynbpmd dpphip
huwuwpn t qnngh, Ynsymd t whdpphy (yminbGghwy) Yblnnpwlwld nwpn:

OphGwy 3: QunGby

AM) =z + 3] + y'k
yutannp $nulyghwyny wpynn Yalpnnpulpwt nuawnh dpphih wpdtpp win nuainh A(L23)
Ybwinu:
~ Lowdnud: Oquybiim| (14) pwGwdlhg” aiwmupipinn nuainh Spphlh hwdwp YuuwlGusdtp
ion-|2 &y (& ) (& & sk
rot AM)= > @ +(& . +(a: > =2yl +2zj +2xk :

nph |nt6nudt wywpwbnt hwdwn 8Gmd t npdws Gownnud hwyb) uunwgwé Yalwanp

$dnLlyghwih wpdtipp.
mZ(M)L =47 +6]+2Kk:
OphGuy 4: 3wzyby

AM)=(2-y)i + (P +0)]
dapunp PauGyghwiny nipynn Yalunnpulut nwanh 2pgwupnnung x* + y* = R (R>0)
2nowlwqdny:
Lménud: Oqunytiiny Ybyunnpwywt nuaunh 2pewupnaiinh uwhdwGndhg b nplws
2npwlwqéh hwywuwnnidp Goplw)ywgGbyny
x=Rcost, y=Rsint (0st<2x)

wwpwdbnpwywh hudwuwpnwiGapny’ nhvwnlynn Yblunnpulipul nwawh 2pgwugunnty:-
wh hwiwp YunwGwip [27.(10),(12)). [28.u1.(p)). [35.8°]. [70.(16))

i,
$(2* - y)de+ (0’ + x)dy = I[(R’ cos’t - RsintX~Rsint) + (R*sin’ t + Roost)Ronst]dt =

= R‘t!.(l -—:-s'm#}t= 2xR* :

-134-



§77
QLN XV

juduvuyuvnr@3ntvusrk SsuNtB3NEL

§77. UhwgnipjnLGGlph wnbunLpjwl wwpnpbpp.
ywpquynpnipjniiGbp, wbnwginfunipyniGlbp, qnignpnpynLGGln:

Uhpwnwlwl quiwqwi fuGnhpGbp (NLéGhu hwiwiu wGhpwdtwn b |hGnud
upjwd puqinipyniGhg wrwGdGwglty npnawih hwinynipywdp odndwéd nwn-
pbp, nwuwynpbi npwip npnawyh htippwywinipjwdp, hwadbi wn vwppbphg
npnawyh duny Ywqdws ShwgnipymGGliph (fudptinh) pwGwlyp:

Uwpbiwwmhywih wjG pwdhGp, npp qpwnymid £ ybiplnud pywplwd hwngb-
nh nuunuiGwuhpnipywdp, Yngydnid t dhwgnipniGGtiph wnbunipyniG:

Uu wuwpwgpwdnid 56Gp YowGnpwlwGp dhwgnipntGGbph wbunipjwl
nwppbphG, YnwunudGwuppblp ShwgnipintGGEph” YwpquynpnipyniGGlph, wb-
nwnfunipyntGGliph L qnugnpnnupynLGGtinh hwwnynupynuGGipp:

UwhdwGnd 1: a,a,,...a, tnwuppbnhg fwqowd dshwgnipmnilbp (Grdwo
hbppuwlwlmpwdp) YGrwowlbGp

(a,a,,---,a;) (1)
ywdwlwlpwlny: k -G Ynsymd t (1) Shwgnmpywl EplwpnipymG, puly a, -G’
(i=12,...k) wyn dpwgmpywl i -pn YnnpphlGunn:

Uwhdwimd 2: n wviwpp upupmGuilyng pwqdmppul k (k =0,,...,.n) twp-
pbip nwnpbiphg (puqdwd dhugnipyniGatpp Ynsdmd bG n inwppbphg k -wlhwG
Ywpqwiynprpini GGEN:

Uy fupny, n wruppbinhg k -uywl Ywpquinpmpymb66p wubiny hwu-
Ywinid 6Gp wyn n 1munpbipphg uwquwd wyl ShuwgmpintGlGbpp, nanlp wwpnt-
Gwlynid 6G & wwnp U fipwnpg vnwppbpdmd b6 Yw vwupptpny, Ywd b wyn
inwnpbph nwuuninprupywdp:

OphGwy 1: a,a,,a, uuunpbiphg Yuupbih t Luwqdb) 1-wlwl, 2-whwl L 3-wiws

(@), (@), (&),
(a,a,), (a,q), (9,,a), (a,,0)), (a,.0), (a,.,a,),
(@.a,,)), (a.9),0,), (a1,4,.8,), (a,,0,,0), (a,,0,,a,), (a,,0,,4)
YwnquaynpnipsnuGGting:

Uydd LGpwnptiGp 4 pwqbmpniGl mGh » wwnp [18,u], wn pwqdnip-
JwG wuppbiphg Lwqdwd & wlwG (k =0,l,..,7) panp YwnqunpnepimGitnh
Pwlwlyp GawGuwlgGp A -n L vwbulp puwlwdl wm Gkonpyws hwdwn:

Judwnbyng, nn ng oh vwpp jupupmGuwynn LwnquydnpnipynGp Rwnwny
Pwqdnipm Gl t° LuumwGwip

L=\
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UjGnihtinnks, pwlh np 4 pwqimpjwG vnwpptiphg Yuqiwé 1-wywb pnpnp
YupquynpnpyntlGtiph pwOwyl wylbwywnnptl hwjwuwp t win pwqdnipjwh
wnwpptph pyhG, htinmbwpwp

A=n:

Mwnq t Gwl, np nhunwpyynn pwqintpjwlb nwpptphg Ywqiwé pnpnp 2-
wlwh YwpqwynpnipyniGGlpp unnwGwint hwiwp wihpwdtiwn t win pwqinip-
jwl vwpnpbphg Juqiwé 1-wywhb pnpnp wpquynpnipynGGEphG hwenprw-
pwp Ygb| 0Gwgwéd »-1 wnwppbphg jnpwpwlynipp: Ywwnwnbing Ytpngpjw-
10" YuunwGwGp

@,a). (4.a)., ..., (&,a,),

(@.a), (a,,a). ..., (a,a,), (2)
(a,,a), (4,.a), ..., (a,,a,,)
wrynLuwyp:

Ruwih np (2) wynuwlyp wwpnibwynd t » vinq b z—1 uymG, htitnluupwn
A pwqinipjwl wwppbphg Juqiwé pninp 2-wlwl upquiynpnipyniGGbinh
pwlwyl wprwhwpunynid t

A =n(n-1)
pwlwdliny:

UYydd, oqunfbiny dwpbdunnhlyuwlywl hGnmyghuwyh dbpnnhg, gnyg wnwlp,
np n wnuwnppbphg k -whwl pninp JupguynpmipiniGGEpH pwlwlp wnbiih ¢
hwdty

A =n(n=-1)-[n-k-1)] (k=L2,...,n) (3)
Pwlwdlny:

bpnp, hGswbu nbuwGp, (3) pwlwdbp 6hpnn t k=1 L k=2 wpdtpGlph
hwdiwp: CannGhny, np wyb Shown t Gl &k = m wpdtiph hwidwp, wyuhGpG pi-
nntGbyny, np wntinh mGh

A’ =n(n-1)-[n-(m-1)] (<m<n)
hwywuwpnipyniGp’ hwpdiGp » wwppbphg (m +1) -wywG Ywpquynpnipjntl-
Gbph pwlwlp:

Spwéd 4 pwqinpjwl 7 wwppbiphg (m +1) -wywG pnpnp upqwynpnip-
JneGObpp unwGwint hwiwp wohpwdtian t wyn pwqintpjwlb » wwwppiphg m -
wlwG pngnp YupquinpnepyntGGEphG hwenpnwpwn Ygtip wyn pwqintpjwi Jow-
gwd n-m wwnpptiphg jnipwpwhgnipp: Iwulwbwih t, np wyn nbwpmd 7 nwp-
ptiphg m -whwh jpwpwignip YwpquynpnpynilGhg Yuwnwgyh » wnwppbiphg
(m+1)-whwh n-m JupquynpnipjniG: bnbwpwp 4™ dEGNRjwG hwdwn
ymGLEGwaGp

A = A" (n-m)=n(n-1)--(n-m+1)n-m):
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Uuwhuny, wyG bGpwnpnipjnilhg, np (3) pwGwdlp Shown £ npbt x=m
(2<m<n) wnpdtiph hwiwn, pfund t win pwiwdlh G0wpunwghnpynlp Gwb
t=m+1 wpdbtph hwiwp: Ljwwnh NLGEGwnY, np Ypnhhjw) pwGwadlp Shaw t
Gwl k=1 wnpdtph hwiwp, dwpbdwwhywlwh hGnnyghwsh dpanh 2Gnphhy
unwbnid GGp, np wyG Ghaw t 7 -p sqbipwquibgnn & -h gulGlwgwd wpdtiph
hwdwp:

huyw
LywwtGp, np (3) pwlwdkh we Jwup pwqiwwywwlybing

(n-k}n-k-1)---2-1 wpnwnpuiny L pwdwGtind wyn wpunwnpuih ypw, »
wnwppbphg & -wlwb pnpnp YuwpquinpnupynuGGtiph pwiwyp Jupunwhw)jinklp?

n

k _
A= (k=12..m) (3)
pwlwadliny:
OphGwy 2: Gl Ypytynn pYwGwhlbp swwpniGwlynn pnnp pGwlwt bowbh?
pytinh pwlwlyp: .

Lménud: LwGh np phyp sh wpnn ufuyby gpn pwbwing, niuwnh dq htunwppppnn
pybiph wowphG pywGwip whitnp t pGunpbp 9p nwppwing 4 ={1,2,...,9} pwquinipiniGhg,
tpypnpnp’ GnyGugtiu 8- wwppwbng B ={0,1,....9}\n pwquinipniGhg [18,u8], npunbin 7 n
piwnpywé bowlhy pybph wowehb pywlwhh t, huy bppnpap’ mp nwppwing
C={0,L...9}\{n,k} pwqinipyniGhg, npnbin & -G pOupwé binwGhz pYtiph Gipypnpn pYws-
2wl t:

Yuwhuny, s4nyGynn pywlwGGbpny pninp powlwl bnwGh pdtph pwlwyp Gaw-
Gwytind m -nyY L oqunytiny (3) pwlwadlhg Yuunwbwip

m=9-A2=9.9-8=648:

U)dl Swhnpwlwhp ShwgmpyntGGhph wbunipjwl G6Y wy hwuluwgnipywi:

TYhuwpybind » wppwing 4 pwqlinpjwl pnpnp 7 -wlwi Yuwpquwynpni-
pnGGtpp” Yuunwbwlp ShwgnupyniGGlp, npnbp Yuqiywé GG 4 pwqinipjwl
poiop wwpptiphg L hpwphg nwpptipynud GG Shwys wyn wwppbiph Rwuuyn-
pnpjwdp: Cun tnipjwl 4 pwqimpyui Gjwd GupquynpnpyntGGhpp dtyp
Ujniuhg unwgynid GG twppbiph wnbnuginfuntpjwdp b wyn wwwnGweny b Yng-
Ui 6G whnwhnfuntpynGGtip:

UwhdwGmd 3: 4 pwqdmpywi painp twppbphg Ywqowsé jnipwpwis-
Jmp ShwgnipymG Yngygnid ¢ wyn pwqdnipywl tnwppbiphg Ywquwd nbnupn-
funipyriG:

Uy funupny, n vwpp wwpneGuwlynn pwqdmpywl n -wlwl Jupqwynpnip-
InGGEpp Yngidmd GG inbnwipnfunipimGGbn n  tnwppbphg:

twLwpwn, tpt 7 vnwpptphg Yuqiwd papnp nbnwihnfuntpymGGbph puw-
Gwyp GawGwybGp P,-ny YnGLGwGp

————

*) LGnniGmd bGp, np O!=1:
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P=4: (4)
(3) pwGwadlnLd pinnGGiny £ =n, n wwppbphg Yuqdwd pnpnp wnknwihn-
tunipynGGbph pwlwyp Yupuwhwjnklp
B=n! @
wwpqniGwy pwlwdliny:
OphGwy 3: QunGhy 0, 1, 2, 3 L 4 pYwhwhltphg Yuqdwd, Ypylynn pYwGwGGbp
swwpniGuwynn painp pGwlwh hGqubhz putiph pwwyp:
Lménmud: Oquidtiiny (4) pwlwdbhg’ Gwiu hwzyblp npdué pYwGwGGbphg Yuq-
dwd pnnp nbnwhnfunignilGbph pwlwyp.
P,=5!=120:

UjGnihbunb hwayh waGtiny, np phyp sh Ywpnn vyuyt) qpn pywiwiny’ nkG GhunbGp
wyn pYwlwiny uluynn nbnwihnfunipjniGGipp: Rwh np NG Ghnwd wnbinwdnfunip-

JnGOEph pwGwyp hwywuwn t 24-h (P, = 4!=24), nuunh Bkiq httnwpppnpnn pYtph pwlw-
Yp hwywuwnp t 96-h:

Owinpwlwlp Gwlk dhwgnpynGGtph wbunpjwl gnignprnepyntl hwu-
Yywgnipjwlp:

UwhowGmd 4: » vwpp wwpniGwlynn pwqdmpwi k (k =0,,...,n) unup-
nbnhg qwqiws bOpwpwqdnipnbllnp Ynsymd &G n tnwppbphg k -wlwl
qmgnpnnLpyntGabn:

Uy funupny, n wrwppbiphg k -wlwl qmignppmpiniGlbn wubiing hwulw-
Gl 6Gp n wrwppbiphg Ywqowd wyl k -wlhwl (k =0,),...,n) Ywpquynpnipml-
Gbpp, npnlp hnwphg twppbpynid 66 gnlt 06l unwwupnny:

Ophlwy 4: g,,a,,a,,a, nwppbphg Yupbh t Yuwqiby 1-wlwa, 2-wlw, 3-wlwh b
4-wywl hbwnlyw| gnignppnipyniGGbpp’

(@), (&), (@), (a),
@.a). (a.4), (@,a), (&4.4), (@.a), (a.a,),
(@.a4.4), (a.a.a,), (a.4,,a,), (@,8,a,)

(@,4.0,,a,):

UybiGp, np qregnpnmpyniGp npnpdncd ¢ ShuyG fin twppbipny L Quifudws st
wyn tnwppbph nwuwynpmpyntGhg: Cunn tnupywl qnignppnupinilp unynpuw-
Yl pwqdmpiniG t L sh wpnn wwpmbwlby hwdpGlybnng wnwppbp:

Wdd LGpwnptiiny, np 4 pwqinipymGi mGh 7 nwpp L wyn pwqintpjwl
wwppbiphg Ywqiwé k -wlwh (k=0,L..,n) pninp qrignppnepntGGtph pwlw-
Yp GawGwybiny C!-ny’ unwibwip pwlwdl C*-h hwiwp:

Luwfu, pwGh np 4 pwqdnipywl qpn niwpp wwpniGwynn dhwy Ghpwpwq-
dnipynilp nwwwpy pwqdmpyntl6 t, huy » viwpp wWwpmOwynn Shwy bopw-
pwqinipyntlp’ hklGg 4 pwqdnpyniOp, hinnbwpwp wbnh nGGG

C=C) =1 O
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pwlwdlbpp: Ujnthbnb hwadh walbind, np 4 pwqdmppub #» wwppbphg £ -
wlwh pngnp qnigrpnmepynlGGbpmd Yuwwnwptpnd pnpnp hGwpwiynp inbnwidgn-
funpyniGGlipp, YunwGwip win pwqinpjwb 7 twwpptiphg & -wywG pnynp Yup-
quunpnipniGGepp” YnuGbOwap

C.h=4, (6)
npuntinhg (3) L (4) pwGwalbiph hwwening C! dbdnLpywl hwiwn YunwGwGp

A n(n-1-[n-(k=1)]
= P fr (k=0,,..,n): (6)

LjwwnbGp, np (6) pwGwdlp ybpehG Ynwnpwyh hwdwphsl n hwywnwpwnp
puwqiwwwnlbind (n-kXn-k-1)---2-1 wpnwnpjuiny, 4 pwqinipjwl »
nuwpptiphg & -wlwG pnpnp qnignpnpnpyniGGiph phup Yupuwhw)juntiGp

Ct

Ct = n P
.= k'(n_—k)' - E (k=0,...,n) (7)
pwlwdlny™:
dbpomd wupugmgblp Guwl
Ct=C (k=0,,.,n), (8)
CreCH=CH (k=0,L..,n-1) (9)
oquwlwp pwlwdlbbnp:
Uwuwgneyg: Oquytiny (7) pwhwdlhg’ YnGeowGp
P P

C»—l' = ” = » = Cl .
" PyPs, HRP, * k=0L..n):
Oquytiiny Gwl (6) pwlwdlhg’ Yunwlwhp

n(n—1)---(n-k+1) + n(n—=1)---(n—-k+1)n-k) -

Cl+C" =
s k! Kk+1)

- n(n—l)---(n—k+l){]+ n-k)_ (n+Dn---(n=k+1) ., .
k! U7 k+1 (k+1)! o (k=0L...n-1):
buw
OphGwy 5: CwhutwuuhlG pwih” wwpwhw b lpwnwgyb) 2nowliukdl wowelnip-
Jwl dwiwbwy, tpb wn wowelmpywip Gwubwlgt) t 10 2whsiurnhun;
Lnénud: Rwhh np 2powwebk wnwelnpjuwl dwiwGwl 2wheswnhuinibphg wiks
dlp Gjnte SwuGuwlhgGbphg jnupwpwisniph hbuy hwinhwned b obly woqwd, hiwnluwpwp

) LhuunbGp Gwl, np (7) pwGwdlnud hwenpnuwpwn pGanbbing £ =0 L & = » . YunuwbwGp (5)
Pwlwdlbpp:

-139-



aLnthu XV

wowplnupjwi phpwgpnid fuwnwgynid t wyipwl wwpwnhw, nppwl qnig Yupbih b jwg:
Gt 10 whuiwinhuinGhphg: Liwwnh nGGwiny, rp 10 2whudwnhunGnhg Yuqows pninp
qnyyqbinh phyp hwljwuwn t C,’,-h L oquytiny (6) pwGwdlhg Guunwlwip, np wnwelnt-
pjwl dwiwbwl hunquglwsd whiwnuwihG wwpnhwibph pwbwyp hwywuwnp t 45-h:

§78. Mwuwhniyplbip L Gpuwlg nbtuwlGbpp:
Rwjwliwywinpjwl nwuwlwl vwhdiwGndp: Mwunwhnyph
hwSwjunipjnilp: Swywliwywinpjwb yhSwjwqpuwlywi
uwhdwbnudp:

Utp hpwiywlmpjwh dtig wnknh nbkgnn 2w GplnypGbp L hpwnwpdnip-
GGG GG wwwwhwlwh pGoyyp: SnynupynilG nuGhG pwqiwphy fuGnhpGip,
npuintin wGhpwdtiawn b (hGmd pwlwywwbu qlhwhwntp wwnwhwyws tplknyp-
Gtpp L vwy wyn tiplnuypGlph plpwgph ophGwiwihnipynGltipp: Wnwhuh ful-
nhpObp (neétiint hwowp, npwbu dwpbiwwnhywywh wbump)nil, dSwnwymd t
hwywGwywbnipynGhGlph nbunipynibp: PGgwbu jpLpwpwlginip wbunipjwG,
wjlGwbu t; hwywiwlwbnipyntGGbph wnbunpjwt dhe qnjnLpjnh mGEG, wju-
whu Ynsywd, hhilGwhwh hwulwgnipynibGbp:

JwywiwlywinpynGGeph wnbunpjwl hhiGwlwi hwuljwgnipyniGGbphg t
wwwwhnijph hwulwgnipyniGp:

Nunnwhnyp wubingd hwulpwlmd EGp npld hnpdp hbwn uwupfwo ppwnuwn-
Srupyml, npl wyn thapdh wpymbpmd lwpnn ¢ wbnh mo6owy ywd" ng:

Nuunwhnyplbpp YOwlwybGp (wwhGiptt wypnipbGh dGéwwnwntpny:

OphGwy 1: Ubnwnwnpwdp Gewnbihu phy hwinbu quip, Ypwhtithu phpwluhG nhu-
sip, fuwnnuyp (qun) Gewbthu Gpw Ybpha Ghunh Ypw 3 pyh hwinbku quip’ wwinwhnyp-
Gbp bG:

JwuywGwih t, np njuy thnpdh dwiwbwly, pGnhwlpwwby wuwé, nwp-
ptip wwunwhnypGbp nbth hwintiu quint wpptp hGwpwynpnipynGabp: Mw-
nwhne)pllipp pwlwywwbu hwitidwnbint hwiwp GpwGghg Jnupwpwbgniphl
YytpwanptiGp dh phy, nph dGompnLGp Yuhuws b njuy thnpdh dwiwGwly win
wwwwhniph hwinbu quint hGwpwynpnipjwG wuwnhdwihg L uyn phyp Yuwl-
YwGhkGp wwwwhniph hwinbu quint hwywGwywGmpmb jud wywpquubu
wwwwhntjph hwywGwlwhnpynih:

LzbGp, np wwinwhnyph hwywlwlwanipynOp hwywGuwlwbnipyniGGtph
wnbunpjwG hwenpn hhdGwlwh hwulwgnupyniGa L:

Uwhdwlnd 1: Twumwhnypp jwldwlblp hwdwuinh Jwd unnyg ww-
mwhnip b YGpwlwlblp U -ny, bpb ufjuwy hnpdh dwiowlwly wyl wlhpwdty-
wnwpwpn wbunp t hwinbu qu:

OphGwy 2: lvwnnulyp Ghwnbghu Gpw YaphG Ghunh Ypw 1-hg ShGsk 6 pytiphg nplt
Gbyh hwlnbu quip hwywuwh wuwwnwhnyp t:

Uwhdwind 2: Nunnwhnypp GwifwGblp wihGwn wunnwhnyp b §Gpuw-
GwltiGp v -ny, bpl iyuy hnpdh cwowlGwly wyl sh wpnn hwinbu quy:

OphGwy 3: vwnnuypp GbniwG dwiwGwy Gpw YephG Ghuwnh Ypw 7 pyh hwinbu
quip wihlwp wwunwhnyp t:
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UwhdwGnd 3: 4 wunnwhnypp Ynsymd ¢ B wunwhnyph dwubwifnp
nbup, bpli tnfywy hnpdh dwilwlbwly A -h hwlnbu Quinig hbinbmd ¢ B -h hwG-
nbu quyp:

UG thwuwp, np 4 wwuwnwhnmypp B wwwwhmph dwubwynp nbwph t°
yG26Gp hGwlywy Ytpwy®

AcB:

OphGwy 4: tvwnnuyp Gewnbihu Gpw YephG Ghuwnh Ypw 2 pyh hwinbiu quip wyn
Ghuwnh Ypw qnuyq phy hwinbu quint Swulwynp nbwp t:

UwhdwGnd 4: 4 -6 m B -G §nsyymd 66 hwowndtip wunnwhnypbtip, bpb
Opwlghg jmpwpwlympp dintuh dwubwinp nbwpl t:

UjG thwuwnp, np 4-Gnt B -0 hwdwpdtip wwunwhnypGbip 66° YG60p hGunlyw
Ypw’

A=B:

UwhdwGnwl 5: Sy thnpdmd A -G nt B -G ynsymd 66 whhwdunnbinbiih
wunwhnypllip, bpt wyn inpdh dwidwlwly Grywsé wuwnwhnyplbbiphg d64h
hwinbu quyp pwgwnmd t Gmup hwlnbu quygnt hGwpuwnfnpnipnip:

Uy funupny, biplym wunnwhnyplbn Ynsymd 66 whhwdunnbinbyh wnfpwy hnp-
dmd, bl wyn hnpdh dwiwlbwly nfunwplpdnn wunnwhnyplbnp shwodwdwiwl
hwlnbu quiy s6G Ywpnn:

UG thwuwnp, np 4-6 nu B -6 wihwdwwnbtinblh wuwiwnwhnyplbp GG' Yo6Gp
hGwnbyw) Yhpy'

ANB=3:

OphGwy 5: Jwdwdw)G pipdwsé vwhiwldwh E,-G n E;-G (i# ), npnbn E, -0 wjG
wwinwhnypl t, np Gonywé fuwnnuyph yepht Ghuwnh Ypw hwinbiu Yo £ (k=12,...6)
Shwynp, wihwiwwnbntih wwunwhnypGtp bG:

UwhdwGnid 6: U pwlh wwinwhnypllbin Ynsymd 66 wihwdunbnbih
iy thnpdmid, bpl wyn (inpdh dwdwluwly nfunwplyynn wunmwhnyplbpp qniyq
wn qnyq wohwdunnbnbyh 6G:

OphGwy 6: Lbwywd haunnuyph hopdnus E,, E,, E,, E,, E; L E; wwunwhnyp-
GnG wGhwdunnbnbh 6G:

UwhdwGmd 7: Gwublp, np 4, 4,,... wuinwhnyplbpp wfyuy pnpdned
Ywqdnd 66 wunnwhnypGbinh (ppy fumdp, bpt wyn inpdh dwiwlwly Grfwo
Uunnwhnyplbnhg qnot Jdbyp wohpwdtiinwpwn wtinp t hwinbu qu:

Uyt funupny, wnfpwy shnpdmid 4,, A, ,... wunwhnyplbnp uwqdmd 66 ww-

tnwhnyplbph (nhy fumdp, bpb wyn pnpdh dwowlbuly Gywo wunnwhnyplbpp
uwywnmd 6G hinpdh pnpnp hGwpudnp wpnymGpGbpp.
OphGwy 7: luwnnuyp Gownbrhu Gpw YephG Ghuwh Ypw 1, 2, 3, 4, 5 Ywd nplk qnuyg

phy hwinbu quip Ywqintd b6 wunnwhnyeGph |phy funwdp: LG hapdnud E,, E,, E,,
E,, E,, E, wuwunwhnipGbpp Yuqinud 56 wihwiwunbnbih wwuwwhnypGph iphy funtdp:
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UwhdwGmd 8: Syyjwy hnpdmd bplym wunnwhnyplbin nsymd 66 hwlw-
npn wunnwhnyplln, bpl wyn hnpdh dwowlwly Gpwé wunnwhnyplbnp wo-
hwounnbnbyhr 86 b quwqdmd 66 wunwhnyplGbph (nhy fumdp:

OppGuwl 8: Ubrnwnwnnwd Ghwnbipne thapdnd phy b ghGwlwl hwinbu quiint ww-
tnwhnyplbpp hwwnhp wwnwhnypbtip bG:

A wwunwhnyph hwywnhp wwwwhnypp YGwlwykGp A -ny:

Uwhdwlmd 9: Sywy thnpémd A L B wuwwnwhniplGbphg qnGt dbyh
hwonbu quyp dh wunmwhnye t, np nsymd ¢t wyn wunnwhnyplbnh gnidwp b

Guuwbwlymd ¢t AU B wwydwiwGywlny:

UnyG by ufpuyy shnpdmt A, 4,,..., A, (n>2) wuwnwhnyplbphg qnbt
dblh hwinbu quyp dh upnwhnyp t, npp Ynsdmd ¢ wyn wuwwwhnyplbph qt-
dwp L Guuwowlymd ¢ 4U 4 U..U 4, wwdwlwGwbny:

OphGwly 9: Gpb Ytnp Ghwnblp 4 L B whpnyplbpl hp Bte wwpniGwynn D hwpp

wppnyph Ypw b 4-ny GulwlykGp wyl wwwnw-

hnypg, np Yewnp Ypoyth 4 whpnyph ypw, huy B-

W n" wjG wuwnwhnpp, np Yeunp 4pGyGh B whpny-
ph Ypw, wwyw AU B-0 wyl wwwwbhnyph k, np 4b-

b wnp YpGyGh 31-pn Gywpned gniyg wipdwé vnydbpwg-

Swé (Gnup L fupwn) nhpnyph Ypws:
Gy. 31

UyGhwypn t, np wbinh nuitG hiwbyjwp hwywuwpnepynuGGbipp’
1° AUA=4, 2°. AUV=4. 3. 4UU=U., 4. 4U4=U.

5. AUA4U..UA4, =U,npuntin 4, 4,,..., 4, wunnwhnypGtipp vwywy thap-
dmud Yuquinud 66 wurnwhnyplliph 1nhy funuip:

UwhdwGnud 10: Sy hnpdmd A L B wunnwhnyplbnh hwiunnbn hwi-
nbu quip dh wuwwmwhnuyp t, npp Ynsymd b wyn wunwhnyplGbnh wmnwnpyw b
pwiwlymd t ANB wuwybwlowGpwiny:

UnyG obny iy shnpdmid 4,, 4,,..., A, (n>2) wunnwhnyplbph hwiw-
wnbkn hwinbu quyp dh wwwnwhnyp £, npp Ynsymd ¢ wyn wunwhnyplbnh wp-
wnwnpywy b Guuwowlygmd ¢ ANAN..N A, wuwdwlwbwlng:

OphGuwy 10: tpti 4-G L B-0 Gwlunpn ophGwind phpdwé wwunwhniplbnG ba,
wyw 4N B-0 wb wwnwhnypl t, np D whpnyph Ypw Gengwé Yownp (GY.31) YpGyth
huhw sinyGpwqbws nhpnyph Ynw:

OphGwl 11: tpb piwnwpnpbph Ywwynghg hwibtp wwinwhwlwt fuwnwpntnp b
A-ny Guulwlyblp w)i wwwwhnipp, np hwiywé huunwpninpl ntGh Ywpdhp gnyG, hul
B-n{" wjb wwuwwhnipp, np w)l ybgulng t, wwyw 4N B-0 wyl wwwnwhnypt t, np
hwOywé fuwnwpninpp Gwpdhp bgwing t:

UyGhwpn Lk, np wbnh nuGbG hbwbjwy hwywuwpnipyniGbbpp’

6. 4NA=4. T°. ANV=V, & 4NU=4,
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. ANB=V, tip njwy thnpdnd 4-G ni B -0 wlhwdwwnbnbh wWwwnw-
hniypltp GG,

10°. ANA4, =V, (,j=12,...,n; i# j), tpti 4-p, 4D, ..., 4, - "y thnp-
anud qnyq wn qnyyq wihwdwwnbnbth wuwunwhnypGhp GG:

UwhdwGmd 11: Sywy thnpdmd A wunnwhnyph hwinbu quyl wnrwbg
B wunnwhnyph oh wunnwhnip t, npp Ynsymd t A L B wunnwhnyplGbpfh
wnuppbpmpymG b Gpwlwldnid t A\ B wuwydwlwGpwlny:

OphGwly 12: Gpb Ybwp GhwnkGp 4 L B whpmypGipG hp dbe wwpnGwynn D
hwpp whpnyph Ypw b 4 ny Gwlwybip wyb upw-
wnwhnypp, np Yt YpGyGh 4 whpnyph dpw, huy
B-nd wylG wwwnwhnypp, np Ybuip YpGyGh B wp-
nnyph Ypw, www 4\ B-0 wyl wuwwnwhnypl t, np
Ybwp YpGuGh 32-pn Glwpnud gnijg wpywéd unyb-
pwqdwé nhpnyph Ypu:

Gy. 32
UyGhwywn t, np nbnh nGGG htnbyw hwjwuwpnpynlGGlpp®
1% J\4=V, 12°. y\4=4. 13°. A\B=ANB:

Uwhdwlnd 12: Sywy hnpdmd 4,, 4, ,... wunwhnyplbpp Ynsgmd 6G
hwwuwpwhGupuwninp, bpl hhdp syw vwwubim, np wn wuwwmwhnypbbphg
nplt 064h hwonbv quiG wybih huwlwlwa t, pwl KmuGbphlp:

OphGwy 13: Iwdwswh Sbrnwnwnpwip hwppnpjwi Ypw Ghnbihu phy Ywd qh-
GwlwG hwinbu quint wwinwhnyplbpp hwywuwpwhGwpwynp 6G:

UwhidwGnd 13: JwywuwpwhOwpwinp, wohwiwnbnbih wuwnwhnyp-
Gbph ippy fudph jmpwpwlsimp wunnwhnyp Ynsymd b ndywy thnpdph umwppw-
wt &ip Ywd trnwppwlwl wunnwhnyp (nbu Gwh [80,41)n)-

UwhiwGnud 14: Sy hnpdh papnp inwppwlwl wwinwhnyplGbiph A, ,

A A fdph A, A, ..., A, wunwhnyplbpp §nsdmd 66 Gupuunudnp
ywo pwpbiGupwun A wunnwhnyph hwlnbu quim hwowp, bpl win wunnuw-
hnypbbphg ympwpwlsimpp hwonhuwlmd t A wunnwhnyph Swulwynp nbuy-
o0’ wyuhlpd, bpk A, , A, , ..., A, wuunwhnyplbphg jmpwpwlymph hwinbu
Qumg htinkm ¢ A -h hwinbiu quip:

SwulwGugh t, np nppwlG dE6 & 4 wwwwhnphG Guwuwning nwppwlwb
Wuwwnwhnypltph phyp, wylpwG ik t uyn wwuwnwhnyph hwinbu quim hwyw-
GwywGnpymGp: Uynwu Ynnohg, nppwG Ské t vwjwy thnpdh papnp nwppwywG
wwwnwhnpGbiph phyp, wyGpwh thnpp £ 4 -h hwintu quint hwjwGwlwbantp-
Im0p: Ibwnbwpwp, Yoppwynp pynd hwywuwpwhGwpwynp nwppuywb bip
nlkgnn thnpdnid wwnwhnyph hwinbu quint hwywbwywinipnGp plw-
4wl t uwhdwGby hbnlywy Ybpw'
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UwhdwGmd 15: (Fwywlwlwlnipywl nwuwlwls vwhdwlnidp) n hw-

YwowpwhGupuwynp tnwppwlwd bip mbbgnn hnpdmd A wunwhnyph hwi-
nbu quym hwfwOwlwGmpymbp hwfwuwn ¢ win wunwhnyphl Guwuinnn
twppwlwt bebnh pdp hwpwpebpngpwln ndwy hapdh popnp Grpbiph pyYps:

Uuyhuny, n hwjwuwpwhGwpuwynp inwppwlwl bip nlGbgnn hnpdmd
A wunnwhnyph hwinbu quynt hwywlwlwbmpnt66 wpnwhwywndnd ¢

Puay="40 M)

pwowdlny, npunbn P(A) -0 nywy hnpémd A wwwnwhnyph hwinbu quynt

hwywlwlhwlnpym b t, puly n(4) -G° wn wuwnwhnyphl Guwuwnnn nwppw-
ywa bpbph php:

OphGwy 14: h°0s hwywlwlwGnipjwip Ghwnydwé fvwnnuyph Yepht Ghuwh Ypw
hwGnbu Yquw LG phy:

Lmdned: RwGh np wfjwy inpdh popnp twppwiywi bptph phyp hwywuwp t 6-h,
hul dbq hGwnwppppnn 4 wwuwnwhnyph hwinbu quntG Gwwuwnnn Bptph phyp” 3-h.
nwuwnh, oquytiny (1) pwlwdbhg' YuunwlwGp

1

3_1,
P(A)=z ==

OphGuwy 15: 10 Ywpshp L 5 uyhunwl qlinwy wwpnilwlnn wplinhg wwinwhwlw-
Gnpb0 hwGynd t Gpyne qGnwy: P G hwywbwlywGnipjwdp hwGywé bpynt qlnwyGbpa ty
YhGG Ywndhp qnyGh:

Lnuonud: Rwih np vy, thnpdh pnpnp wuppwlwG bpbph phyp hwywuwp t CX -+

[77.u4], huy Gbq htwnwppppnn 4 wwwnwhnuyphG Guwuwning Gipiph phdp’ CJ -h, nwuwnh,
hwiwdw)b (1) pwlwdlLh, YniGhGwip [77,(6)].

p(A)_glzl__lo'g =3,
Ci 1514 7°

Ujdd wwywgnighlp hwjwlwywGnpiniGliph nwuwlwl uwhdwGniihg

plunn htinlyw) wGnnuiGtipp®
I. Nunwhnyph hwonbu quym hwywlwlwGmpinip sbyp sebpwquilbgnn

ng pwgwuwlwl phy t:
bpnp, pwGh np juwiwjwlwl 4 wwunwhmphG Gywuwnn tuwppulwo tipt-
nh phup thnpdh pninp niwppwlwG bptph phup qtipwqulgnn ng pwgwuw-
YuwG phy L.
0sn(A)<n,
nwuwnh, hwdwéw)G (1) pwGwdlh, wn wwinwhniph hwinbu quint hwywiw-
YwlnipywG hwiwp GuunwlwGp
0<S P(4)s1: (2)
hyw
W. Junjwunp wutnwhnyph hwinbu quym hwywOwlwGnipiniOp hujw-
uwp t dGyh.
PWU)=1: 3)
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bpnp, hwywuwnh Wwwnwhniph uwhiwGiwG hwiwdw)G, wyn WwwnwhniphG
Gwwuwnnn nwppwlwh Gptiph phyp hwyjwuwp t thinpdh pnpnp twppwywG
bptph pUhG: Lwwh NGLGwiny Ybpngpjup” YniGEGwGp

hwyw
. UGhGwn wunnwhnyph hwonbv quim hwywbwlwlGnpimOp hwdsz/p
t qonyh.
P(V)=0: (4)
bpnp, wihGwp wwwwhnyph vwhiwGiwt hwiwdw)G, win wwunwhnyphG
sh Guwuwnud thnpdh ng dh tiwppwlw bp: dbpngpywihg htwbnud t, np
pv)=2) 2.
n n
hww
IV. bpt A wunnwhnypp B wwinwhnyph dwuluninp nbyp ¢, wyw A
wuwwwhnyph hwlnbu quym hwywGwlywimpiniGp 66 st B wunnwhnyph
hwinbu quym hwywGwlwlompiniGhg:
bpnp, tpt 4 wWwwwhnypp B wwunwhnyph dwuGwynp nbwpG t, nupbil
A wuunwhnyph hwinbu quinii Guwuwninn nwppwlwb bebph phyp dté st
B wwwwhnyph hwintu quimb Gwwuwnnn nwppwlw Gptph pyhg.
n(A)<sn(B),
npinbnhg Yn GbGwGp

n(A) n(B)

P(A) = =P(B):

huyw
V. Jwdwndtip wunmwhnyplbbnl mabG hwonbu quynt JhuGnylG hwywiwlyw-
GmipyniGp:

bpnp, tipt 4-G m B -0 hwiwpdbp wwnwhnyplbip GG, nupbkdG, hwiwdw)G
Gwjunpn windwh, wknh MGG P(4)s P(B) L P(B) < P(4) wGhwywuwpnip-

JntGGGpp, npuinbinhg k) hbwnlnud &, np P(4) = P(B) :
hwyw
VI. Jwlhwnpp wunnwhmpbbph hwonbuv quynt hwywlwlywbmpnGabph
emdwpp hwiwuwpn t I64p.

P(A)+ P(A)=1: (5
bpnp, oqutiny n(4) = n - n(4) wyGhwn hwywuwpnipyniGhg, YnGbGwGp

P(A)+ P(4) =

n(4) | n(4) _nd) n-n(4) .
n n n n

hyw
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bGswbu wnbuGnud GOp, hwywlwywinpjwl nuuwiwl vwhdwlinidhg Yu-
nnn LGp oqunbii wyb nbiwpbipnid, pp ghinwplynn thnpdh pninp twppwjwG
Gietiph phun dGppwynp t, pGn npnud wyn Giptipp hwjwuwpwhGwpunnp &G L
wlhwiwwntinbh: Uwlw)G 2uwwn nbwpbpnud hGwpwynp sh (hGnud nhunnwplyynn
thnpdh pninp wppwlwi Gptpp G26: UYL hG, ginpdh pninp tiwppwwb ti-
ptiph pwqinipyniGp Jwpnn t (hOb] wGytipg, huy wyn Gpbpl b ng hwjwuw-
pushfwpwynp: Jwulwbwh t, np G24ws nbuptpnud hwywlwlwGnpjwlb nwuw-
Ywl vwhdwlndp whuwbh st L wyn ywntweny Giwb pliwptipnd oguynud
G0 hwywlwywGnipjwl Yhwywgnwiwh vwhiwbnidhg, nph knpjniGp
hwnlywind t

9hgnip Yuwwwpyty £ # thnpd, npnig dwiwbwy 4 wwwnwhnipp hwinbu t
Lyt m wlqwi(m<n):

Uwhdwlnud 16: n ¢pdbpmd A wunnwhnyph hwinbu quint pyh (m)
L pnynn pnpdbinh pyh min hwpwpbpnipnlp Ynsymd t Guinwpdwds hnpdb-
il A wunnwhnyph hwinbu quim hwowfunipnil:

Nwpqynd £, np hnpdtph pyh dtdéwgdwbp qnigplpwg wénud t Gwb m -p
L m/n hwpwptpnpynilGp Snunwdnpwwbu GnyyGG £ GGmud:

Nunnwhnyph hwanbu quiym hwowfunpwl Glunngwds hunlynipyntGp §ns-
ynd ¢ hwowfumppwl YuynGmpywl hunnynipinto:

UwhdwGnwd 17: UG phyp, npp 2mpep tnunnwlymd ¢ indjwy wwawhniy-
ph hwlnbu quim hunjwlwlhwGmpinibp, bpp hnpdbph phyp dbéwlnd L,
Ynsimd ¢ wwnwhnyph Yhowlhugnwws hwfwiwlwbnipiml:

Mwpq t, np oqundbiny wuwwnwhnyph YhSwhwpwgnwlwl hwjwiwlwin-
pjwl uwhdwbnuihg, wGhGwp t npn2by wyn wwuinwhnyph hwinbu quint 629-
nppu hwywlwywbnpjniGp:

§79. AwdwlwlwbmpjniGGepp qgmudwpdwl pLapbdp:
Muydwlwwé hwwiwywGnpyntd: UGYwh L Juwljw
wwwwhnyplbip: IwwlwywbnipynGGobph pwquiywnlyiwb
ptinpbdp: GpYpwswhwluwls hwjwlwywbnipynih:

Uu wwpwapwdnud dkGp Yowbnpwlwbp wyu Yuwd wii wwwnwhnyph hwo-
nbu quint hwywGwywGnipyniGp qunGbinG Yepwptpnn Sh 2wpp plinpbidGlnh:
BBnpbd 1: Epti A -p L A, -p iy thnpdh wlhwdunnbnbih wunmuhntp-
Gbp 60, wuyw wyn wunnwhnyplbph qmdwph hunjwlwlwnipymbp? huw-
vwp t Opwlg hunjwlwlwGmpniGGEn gnidwphl.
P(4U 4)=P(4)+ P(4): (1)
Uwuwgntyg: bpb nifjwy thnpdh papnp viwppwlwG bipbph phup [78,u13]
GawlwlykGp »-ny, huy 4 L 4, wwuwhnpGphG Gwwuwnn [78,u14] tiptinh
phup” hwiwwwuwwuliwGupwn n(4)-ng b n(4,) -ny, YnGEGwGp [78,(1)]
*)3hzbGp, np wwinwhnyyph hunjwwlwinupnit wub|ny [78), Ghuanh nLbbGp unjus hnpdh dudw-
Gwy nhunwplnn uwusnuhngph hwinbiu quani husjwiGuljwlnipnGp:
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P4y =" | pay =24
n n

Ruwlh np 4 -p b 4, -p wihwiwwnbnbjh Wwinwhnpllp GG [78,u5], htiinluw-
pwp Gpwighg nplk dbYhG Gwwuwninn twppwlwG biptphg L ng dGYp sh Ywpnn
Gywuwnnn (hGb Gwk Siwuh hwdwn: Mipbdh 4 U 4, wuwnwhnyphG Guwuinn

nwppwlwh Gipbph phup YihGh n(4)+n(4,), npitinhg ti win wwwnwhnyph
hwjwiwlwlnpjwl hwiwp YunwGwip

nAU4) _n(4)+n(4) _n(4)  n(4)
n n n

n

P(4UA4)= =P(4)+P(4):

huyw

UwptidwunhlwlywG hGnniyghwih depnnny Yupbih b wywgnigl| Gwb
hbwnlywy pGnhwGnip pbnpbdp’

Bunpbd 12 &pb A p, 4, p, ..., A -0 (k>2) unjuy hnpdp whhwdunnbint-

Uh wwwnwhnyplbp 60, wwyw wn wwunwhnyplbnh enidwph hwfwluwlwinp-
nap hwywuwn t Gpwig hwywowlywampym Gabph qnidwphl.

P(AUA4U..U4)=P(4)+P(4)++P(4,): (1
Ywwwpbiny
A=4UA4U..U4
GwGwynuwip b hwaydh weGkiny, np 4 (i=12,...k) wihwiwnbnbih ywnw-
hnpGtpp 4 wwwnwhnyph Jwulwynp nbwpbpG 66 [78,u3]" Ywpnn LGp pbn-
nbd 1p Ybpwéliwuybpwl hbnbyw) Yepw'
Btnnbd 171 Mwwnwhnyph hwywbwlhwlinipynGp hwywuwn t wn yw-

tnwhnyph prynp wihwduwwnbnbh dwulbwynp nbypbph hwwbwlwanpma-
Gbph qmudwnpG:

JtnbwGp 1: 6pb 4, 4,, ..., 4, wohwiwwnbnbih wunnwhnypbbpp iy

hnpdmd wqdmd 56 wunnwhnyplbph (pfif funtdp, wuw wyn wuwnwhnyplb-
nh hwywGwlhwbnpimGG6ph emidwpp hunjwuwn t J64h:

Uwqugniyg: GGpwnpbiny, np 4, -p, 4,0, ..., 4, -0 ndjuy thnpdnud Yuqinud

G0 wwwnwhnypGiph |phy funidp, GqpulwgGnud LGp, np (4UA4,U..U4,) -0
unniyq wwinwhnyp b, wjuhGpl Gigpulwglnud BGp, np wknh nGh

P(4U4U..U4)=1 (2

hwywuwpnipyniGp [78,u1,u7,55,II]: Ujnwu Ynnihg, pwGh np 4,-p, 4-p, ...,

4, -0 wGhwiwwnbinbh wwwnwhnypblp 66 htwnbwpwp wbnh nuGh (1) hwdw-

uvwpmpyntGp: Uhwynpbipny Yuwnwpywé GopuwlwgnipyntGGtipp” uwnwinud tGp

P(4)+ P(4)+--+ P(4) =1
hwilwuwpnipymGp:
huw
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3wyyh weGkiny, np 4 L 4 hwlwnhp ywwwhnypGbpp [78,u8], Ywqinud
b0 whhwiwwtinbih wwuwwhnypltph |phy funwip L oquybny wwwgnigwéd
htitnbwGphg, Gnphg YuunwGwip, np hwiwnhp wwwwhnypbiph hwjwbwlw-
GrupyntGGepp gnudwpp hwywuwp b deyh [78,Vi):

OppGuwy 1: Upynned Yw 6 Yupdhp b 3 uyhuinwy qlnwly: Gk wyG wwunwhnyph
hwiwGwywbnipimbp, np wwinwhwlywl Jopgpwé tipynt qlnwyGhphg qnGb dbyp YihGh
uughunwly:

Lawdnud: Ubq hbuinwppppnn 4 wwunwhngpp YihGh 4 b 4, wihwiwwnbnbih ww-
unwhnypGliph gnuiwpp, nputin 4, -p w)l wuwnwhnypb t, np Ybpgpwé qlnwyGbphg dY6
t uwhuy, huy 4, -p° wyl wwwnwhnypp, np yepgpwé bpynt qGnwyGnG bty uwhwwy bG:

Oquybny (1) pwlwdlpg L hwzyh wnGbiny, np » wwppiphg m wwpp (m<sn)
pOwpbgnt GnwGwyGtiph phdp hwdwuwp t CF-h [77,u4,(67], YniGLEGwGp

ac, cto1
- ==,
P(A)=P(4)+ P(4,) c + TR
L2bilp, np nlunwplpin fulinhnp hGwpusinp b (nedt Guls [78,(5)] pwlwdlh oqlnipjudp:
Ujdd wupugnigblp htwnlyw ptnpldp
Bunpld 2: Epli A o L A4, -p vy thnpdh hwiunnbinbith wunnwhnyplbbn
60, wyw wyn wunnwhnyplGbiph emdwnh hwywlwlhwlmpnGp (qwd np GnyGo
¢’ wyn upunwhnypllbinhg gnlb dbih hwanbu Quym hwywGwlwbnipimbn) hw-
Ywuwpn t Gpwé wunnwhnyplbph hwwlwlwlnipintGGph gnidwphg hw-
Gwé Gpwlg hwdunnbn hwlnbu quin hwywGwlwGmpniap.

P(AUA4)=P(4)+P(4)-P(4N4): )

Uwugniyg: GGpunpkilp 4 -p L 4, -p hwlwwbnblh wwwnwhnyplbp 667, L
wjn wwunwhnypGliph gnuwpp GhipYwwgGbGp (GY.33)

= \ 4
wm mhupnin[;Jaﬁmj‘:{l(]fz Ane @
6Yy.33
Lywwh nGkGwiny, np 40 L (4,\ 4N 4,) -p wyGhwyunnpbl wlhwiwnk-
ntth wwuwhnyplbip 66° (1) pwGwdlh oqlnipjwip YuunwlwGp
P(4U 4)=P(4)+P(4\4N4,): ®)
Ujnwu Ynnidhg mGkGp
4, =(4N4H)HUMA4L\4N4), (6)
npunbin (4N A4)-p L (4\4NA4,)-p Gnylybu wihwiwnbnbiih wwanwhnpGlip
e UnyhG oqudtiiny (1) pwGwdlhg (wyu wiqud Yhpwnbiny w)G (6) pwbwdlp

*) UpuhGpG bGpwnpblp dhnpdh dwiwbwy 4 L A4, upuunwhnyplbphg npld dbyph hwinbu quuyp sh
pwgwentd djnuh hwGnbu quan hGunusjnpupynibp:
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dpw), YuunwGwhp

P(4)=P(4N4)+P(4L\ AN 4,)
yuwd np GnyyGG t°

P(ANANAL)=P(4)-P(4N4,) )
hwywuwpnpyniGp:

Btnptidh wwwgntjgh wwpubint hwdwp dGnwd £ Guwnby, np (7) hww-
uwpnipjwl hwdwantiny (5) hwywuwpmpynilGp YplGnniGh wwhwGeynn (3)
wnbupp:

bwyw

OphGwly 2: 1-hg dhGsk 12 pGwywa pybphg wWurnwhwlywG duny pGunpywéd phys
h°Gs hwywlwlwbnpjwdp Ypwdwbyh 3-h Ywd 4-h:

Lnudmd: Yhuwpyynn thnpdh dwiwbwy 3-p Yypw pwdwiynn phy hwiinbu quint
wwwwhnypp Gawlwyblp 4 -ny, hul 4-h Ypw pwdwGynn phy hwinku quint wusnw-

hnpp” 4, -ny: 4 -pL A -p hwidwinbinb) h ypunwhnyplbp 66, npndhbunk 12 phyl pGupk-
1t nbiwpnd wjn pynt wunwhnypGinG b wanh YnGEGw: IGwnkwpwp, oquybiny (3)
pwiwduhg b huwywiwiuwinpnth puuwwi uwhdwGnudhg [78.u15], dkq htuwenppnn
wuwwnwhnyph hwinbu quint hwlwlwlwbnpywi hwdwp YnGeGwbp

PUAUA) = P(A)+ P - PAN )=t o=
Lzt0p, np Gpbp hwiwwbnbh wwwwhnyplGtph nbwpntd (3) pwGwdlh thn-
hwpth YunwbwGp

P(AU 4 UA4)=P(A4)+P(4)+ P(4)- P(4 N 4,)-

-P(4N4)-P(4N4)-P(4NA4N4) (3)
pwbwdlp:

Jwilwhu wohpwdbw b (hlnd qunGbp dh nplk 4 wwwwhnyph hwintu
quint hwywGwlwhnpnulp w)G (pwgnighs wuydwGh niwpned, np wpntt hwb-

ntiuv t LYs, B wwuwwhnypp: LYW nbwptpntd 4 Wwwnwhnyph hwinbu quint
hwjwiwlwanipyniop YowbwltGp Py(4)-ny L YwldwibtGp 4 wwunwhniyph

Wwydwlwywlo hujwlwywlnpnia® B wwwwhny)ph hpwlwlGwgdwl wwj-
dwlny:

OphGwy 3: 5 wpohp L 6 uwhwnwy qGnwy wwpniGwynn wplynhg hwenprwpuwp,
wwnwhwiwb duny hwhnud b6 bpyne qlnwly: GnGby hwGywé Bpypnpn qGnwlp uwhunwly
LhGbnt wwydwGwiwi hwywbwlywGnieintiop wyb ww)ydwinyg, np wowehG qGnwyp tinty t
Ywnpdhp:

Lnuénuld: 2wGh np, puwn wwjtiwGh, hwGwé wowehG qGnwyp tintkit t Ywpshp, hbnbw-
pwp wyl hwGbynig hbwvn wpynnud YdGw 4 Yuwpdhp L 6 uughviwly qGnwy, npinbinhg, hwdw-
w6 hwwlwywinmpjub nuuwywt uwhhwGiwd, npnGbh hwylwGwlwinuewl hwiwn
QuunwiGwGp

6_3.
Plu(”-)—ﬁ = 5"

UGgGbiny wGhwhe L Ywhywy wwwwhnyplbph hbn Swinpwlwmb’ pb-

niGp hbwnbjw) vwhdwGndGtpp’
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Uwhdw@Gmd 1: 4-6 nt B -G Ynsdymd 66 whlwfy upwinwhnyplbp, bpb
wnjywy thnpdmid Gnuwbghg U6Uh hwanbu quip sh wqnntd dymuh hwinbu quint
hwwOwlhwompywl Jpw:

Uy funupny, A-G nt B -G Yngymd 60 woywfy wunnwhnyplbp, bpt wnbnh
nGb6o

P(B)=P(B), F(4)=P(4) 8)
husfwuwpmipym 6G6np:

OphGwy 4: Ltwnygnud £ bpynt donwnunpud: 4 ny Gwlwlblp w)l wwnwhnypp,
np wowphl dbnwnunpwdh ypw hwinbu Yow phy, huly B-ny* wyb wwwnwhnpp np
tpyprpnb Ypw hwinbu Yqw qhlwlwl: RwGh np 4 wwinwhnyph hwinbu quip wyt-
hwywnnpbG sh wqnnd B wwuowhnyph hwiinku quint hwywGwywlnpjwb Ypw, nunh
A-6 m B-0 nwjyuy thnpdnrd whuh wwinwhnplbp GG:

UwhdwGmd 2: A-G6 m B -0 Yngdmd 66 Ywfyw; wunwhnplbp, bpb
gy shnpdmd Grwighg 064 hwonbu quip wanmd t Jmup hwinbu quint
hwiwluwlpwlmppwl pw:

UwhiwGms 3: 49 4,4..., A -p (n>2) Ynsymid 66 hwiowfudpmppudp

whljwfy wunnwhnyplbp, bpb wyn wunnwhnyplliphg jmpwpwlyniph ppwlpu-
Owguwl wuydwowlwl hujwlwlwompmlp, wl wwydwony, np hpwlwiur-
gl t Jhwgws wwumwhnyplbnh guwlliwguwd funidp, hunjwuwn t nhuwplynn
wunnwhnyph ns wudwliwlwl hufwGwlwimpuwip.
Pionnna (4)=P(4) (i=12,.n; mk,..., j#i): (9)

Uwwgnighilip Gwl hbwnbjw; pkinpbdp

Btinpkd 3: 4 L B Yuwfywy wunnwhniplbph hwiunbn ppwlwliwglwl
hwwGwlwlnipymp hwwuwn ¢ wn yuinwhnyplbnhg npbt db4h hunjw-
OwlwOmpyw b wyn wuwnwhnyph ppwlwbwgdwl wuwdwing dimuf wwydu-
Owlwl hwdwbwlwlmpywlG wmmwnpuihG.

P(AN B)= P(A) P,(B)=P(B) P,(4). (10)

Uwwgniyg: 4 wwiwhnupp Ghipyuwjwglibiny ANB L ANB wihwiuwnk-
ntith wwwnwhnyplGhiph gnudwnh wnbupny (G4.34) L » -ny, & -ny nL &, -ny hwiw-
wwwnwufuwGwpwp Gawlwlyting wgw) thnpdh pagnp nwppwlwa Gipbph L
ANB nt. ANB wwwuwhnypGbph hpwywlwlwimnt Gwwuwnng nwppwlwl

tebnh phyp’ hwywlwywhnpjwl nuuwywh uwh-
mll/u Jwhdwi L (1) pwGwdLh 2Gnphhy Yuunwlwlp
GY.34

b _k+k

P(4)= P(AN B)+ P(ANB) =21+
n n n

UjGnthbwnl oquybiny
k
P(By=—1—
A(5) k +k
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wyGhwjn hwywuwpnpyniGhg’ YniGEGwGp

+
P(A)&(B)=*‘T"’-Zf—kl=%
Ywd
P(4) P,(B)=P(AN B):
Ptnptith wwwgn gl wywpwbint hwiwp 3Gmd £ Gnyyb dbny hwadngyby,
np wkinh nuGh
P(B) P,(A)= P(ANB)
hwywuwpnpyntGp L ybppht tipynt hwywuwpnipynGGhipp hwibdwnb|:
Iy
Itwbwlbp 2: 6pb bphym wwwnwhnyplbphg V646G wolhwly ¢ dmupg, wzz
wyn wunnwhnyplbnG wolwfu 66:

Uwuwignt)g: BGpwnptiny, np ophGwy, B wwwwhnypt wijwiu t 4 ww-
wnwhnphg.
P(B)=P(B),
(10) pwlwdlh 2Gnphhy Guunwbwip
P(A)=Fy(4),

hGgp GwGwymd t, np 4 wwuwhnyph b wilwlu t B wuwwnwhnyphg:
huyw

Uwwgnigwd ptinptdmd 4-G nu B-G hwiwpbiny wiywh wwwnwhnp-

Gbp’ YuunwGwGp
P(ANB)=P(A) P(B): (10)

Ujuwghuny, Ywpnn blp dLwybpwby htwnbywy pbnpbip’

Bbnpbd 4: SYyuwy hnpdmd bpym wohwfy wuwnwhnyplbbnh hwiwwnbin
hnwhwbwgdwl huywlwlwlnpimlbp hwdwuwn b wyn wuinmwhnyplbph hw-
YwhwlhwbnipymG06pp wpwnwppupl:

OphGwy 5: b°Gs hwywlwywimpjwdp Ghndwd bpynt seunnwnwnpwiGbph Ypw by
hwinbu Yqw qhGwGwa:

Ladnud: RwGh np SinnwnuwnpwidGiphg nplt dayh pw qhGwlwh Ywd phy hwh-
nbu quip Ywhwjwéd st Gpwihg, pb h0g hwinku Yqw dinwu Shwnwnpwioh Ypw, nwnh
RuGrhnp Yupbih t 1nuoty (10) puGwdlh oqGnupjwdp:

P(I2)-ny, P(I12)-ny L PU2LIQ)-ny hwiwwwunwuhwubwpwp Gzwlwybiny w-
awehG Strwnwnpwih Ypw qhGwGw6, tpypnpnh Upw qhGwlw, wewphGh L pypnp-
nh Ypw qhGwGwh hwinbu quint hwywGwywGnipintGGipp” YN GhGwGp

PUI2LII9) = P(12) P(1I2) = %% = % :

Uwunwnpbiny 4=4N4 L B=4, GuwlwyndGtpp’ Ywpnn bGp (10) pw-
Owdlp GhpYwjwglby
P(AN AN A)=P(A4NA4,) Py, (4)
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Ywd np Gy t°
P(4NA4NA)=P(4) P, (4) P, (4) (11)
wbupny, npuntin Py, (4) -p 4 wuunwhnyph wwlwlwywh hwjwGwlwine-

pinGG k, 4 L 4, wwuwwhnypGbiph hwiwwnbn hpwlwlwgdwh ww)jdwiny:

LnyyG nuwnnnnpyntGGbpnyd unwlwlp Gwl

P(ANAN..NA)=P(A)P,(4) Py (4)Poun u (4) (n>3) (11)
pwlOwdlp:

dbpehlG pwlwdlLbpnd hwiwpbiny, np 4, -p, 4, n,.... 4, -p hwdwhnipnip-
Judp wiywh wwunwhnyplbp 667 YnGEGwip

P(ANAN..NA)=P(4)P(4)-P(4) (n23):

Ujuwhuny uwnwlinud GGp htwnbjw ptnpbdp.

Bunptid 4" SyYywy pnpdmd hwiwfudpmpywdp wiwfu 4, 4,,..., 4, ww-
wnwhnyplbph hwdwwnbn ppwlwlwgdwl hwywlwlwbnipinilp hwywuwn ¢
wyn wuwnwhnyplbph hwwGwlhwbmpimGGeph wmnwnpugho:

OnhGwy 6: 6 uwhinwy L 4 Ywpdhp qGnwy wwpmlbwynn wpynhg hwenpnupwn,
wwunwhwywt duny hwGmd b6 bptp qlnuwly: PGy hwyjwiwwinpywdp hwGws qb-

nwyGtinhg tpYniup YLhGEG Ywnpdhp, hul dGYp" uwhuwy:
Lnémul: 3wlywo qlnuwyGbphg wawghGp Ywpshp, tpypnpnp Ywpdhp, bppapng

uyhnwy wwwnwhnypp GawGwibing A4 -ny.
Awl I,
wnwehGp Ywpdhp, bpypnpnp uwhuwy, Bppapnp Yuwpdhp wwwwhnupp” 4, -ny.
YN/
wnwehGp uwhwwly, bpyprpnp Yupdhp, bppapnp Ywpdhp wwwnwhnypp' 4 nd.
A= I
L hwayh waGbny, np dbq hbwtnwppppnn 4 wunnwhnypp 4,, 4, L 4, wGhwdwwnbntih
wwwnwhnpGbph qmuiwnG t [78,u6], (1) pwlwdlh 2Gnphhy YniGbGwhp

P(A)= P(A4)+ P(4,)+ P(4,): (w)
Ujlinthbwnl oqutiiny (11) pwlwdlhg’ YuinwbwGp

P(4) = P, 11, 111) = P(1,) - Py (I1,) P (11,) = 438 1,

LnyG dLny YnGbGwhGp
PUA) = P(A)= 5

P(4). P(4) L P(4) hwjwlwywbnpnGebph hwiwp vnwgwé wpdbpGhpp nb-
nunpbiny (w) hwywuwpnpjwi 09" YunnwGwhap

3 .
PA)=15:
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JwSwju wGhpwdtw bt (hGnd phnwpyt) w)Gwhuh hnpdtp, npnGp NLGLG
wlybpg pwqimpjwip nwppwlywa bptp: PGswbu ghwntGp [78), GiwG nbwpb-
pnud hwjwGwluwinpjwl nwuwlwls vwhiwbGndp whunwGh sk
Owlnpwlwlp wynwhuh dh pwbGh thnpdtph:
Thgnip M Ytunp «Gtwnyned t» a tpywpnpyniG nGbgnn 4B hwandwdh
dpw (GY.35), npG hp Obe wwpnibwymd £t 5 GpywpnpniG nlGbgnn CD hwwn-

b Jwoép, L wwhweynud | gl M Ybtwp CD hwwnjw-
A C D B 6h ypw pGyGLnt hwywGwlwGnipjniGp:
GYy.35

Lywwnh nGEGwyny, np npnGbth hwwGwlwGnipynGp, wybhwynnpbG, ni-
nhn hwibtdwwwlwh t CD hwwnydwsh tplwpnepjwbp b Yuwiwwd sk win hwn-
Jwéh nhpphg 4B hwwndwéh dpw' YunwGwip

P(M eCD)=kb, (12)
npintin, npn20wh bGpwlyw k hwunwunniip hwitdwnwywimpywb gnpéwlhg
t, huy P(M e CD) -G wjl wwuwwhnyph hwywGwywbGmpjnGt £, np 48 hwuw-
Jwsh Ypw Ghndwé M Yhwnp YpGyGh CD hwindwéh ypw:

Jwalh wnbGbiny, np 43 hwunywéh Ypw Ghndws M Ybunp 06y hwywbw-
Ywlnipywdp YpGYoh wyn hwinwéh Ypw' YmGLEGwGp

P(M e AB)=ka=1,
nptinhg £ hwuwnwwniGh hwiwp YunwGwGp

k= 1 :
a
k -h hwidwp vnwgwé wnpdtipp nbnunptiinyg (12) hwjwuwpnipjw6 gk’
YnGEGwGp

P(MeCD)=%: (13)

Yuwyhumy, AB hunnmfwop Ypw Ghinfwo hbwnp wyn hunndwdh dbe pllywo
CD hunnywoh fpw pGYGEint hwywlwlhwompniap huwfwuwn t CD L AB
hunnwoGbph EplpwpmpymGGEph hwpwpbpnipuwap:

LhGp, np GUwpwgpyuwé duny Gepdntéywé hwywbwywanipniGp Ynsynid
t bpypwswihwywl hwyjwbwlywbnipyntG, pGn npnud wyn hwyjwbwywinipjuG
hwdwp wnbnh MGLEG wiG pnpnp wnnusGhpp, npnGp pluntd 66 hwywGwYwine-
PIwl nwuwlywl vwhiwGnithg [78,1-VI]:

UpyGtny (13) pwlwdlh wprnwodwlp Ytpwpbpnn nuuninnpynGGlipp’
GnyG dLny YuunnwGwGp, np D,, L D, whpniyph dbe plywé D, hwpp whpniypGh-
nh (G4.36) wWwpwquynud Gwd pwlwdlbp YpGnmGh

*) Npaghbnb Gwéd uwhiwGiwG dby bGpwapynid L, np thapdh painp wppwiwi bipbph phyp
Ybpgunfnp t:
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P(M e D,)= 3 (14)
l
wbupp, huy Q, L Q whpnyph dGe plhws Q, vnwpwdwYwh whpniypGph
wwpwquyniy’
D, PMeQ)= =% (15)
Vv,

GYy.36
wbupp, npwntbn s,-p L s,-p hwiwwywunwuluwbwpwp D, L D, whpnypGbph
dwybpbuGlnG GG, huy v, b v,-p" hwiwwwnwuluwlwpwp Q, L Q, whpnp-

_B Gbph SwwGtpp:

X T OnpGwy 7: (P)nLddnGh tuGnhpp) Iwppnipjwl Ypw, n-
A zf ph ypw vupywé 66 Shjwhghg 2a htnwydnpnupjwh Ypw qunb-

Unn qniquihbin ninhnGbp (GY.37), qgumi t 26 (b<a) bplu-

T

l prpjuidp 4B hwunyweé: h G hwywGwywGnipjuwdp wjn huwn-
Jwép Yhwnh nunhnlbphg nplt deyp:

Gy. 37
Lnénud: bulinhpp (nudtiygnt hwiowp 4B hwunwéh SheGwltinp htnwynpnipjnilp
hwppnpjwh Ypw npdwéd Sninwyw ninnhg Gawhwyblp x -ny, huy nhvwpyynn hwingw-
6h L wyn nunnh Yuqiws wllynGp” @ -ny: Iwulwbwih t, np x L @ pybpny 4B hwunywoéh
nhppp Snnwlw nennp Ghurndwip Ynpnayb dhwpdbpnpbG: Lywwnh nGEGwnY, op x L @
GtonpnLGbpp huwdwwwinwuhwGwpwp pwywpwpned 66 [6,u14]

0s<x<a, 05¢s%
uydwGGeph0’ bqpwlwglnud bGp, np tipjwd hwindwéh shelGwlbinh pninp hGwpwynp
nhpptpp npnYnd 6G a L x/2 Ynndtpny nunnuGlyjwh prinp Yewnbpny: Upnwu Ynnohg,

npwbugh 48 hwwywép husnh hwppnpywl Ypw npywd qnigushtin ninhnGbphg nplt
Ublp, whhpwdtian t L pwywpwp, np x -p pwywpwph

XA xS bsing
a wihwywuwpmpjuwGp: dbpnqpjwihg htwnbnwd t, np nh-
b x=bsing vnwplydnn hwinywép Yhwinh npdwé qniquhbe nunhnlb-
3 | | p nhg nplt dtyp wyG b ShuyG w)b dwiwGwy, bpp w)n hwwn-
7 LU /2 > Jwoh dhpGwybuinp pGyGh 38-pn GUwpnud gnyyg nipywé un-
Ubnwqdws whpnyph dbe:
Gy.38

3wgbiny G2ywé whpnyph dwybpbup [35,8°], [40,(10)].

s= j bsinpdp = -boos ¢,

L oqunybiny (14) pwlwdlhg ﬁhq htwvnwpppnpnn wuwwnwhnyph hwwlwywinepjws hw-
dwn YuunwGwip

-II
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§80. Fwdwlwywbnipjwl wpuhniwwhy vwhdwbnudp: Lphy
hwjwlwywbnpjmGGiph pwbwdbp: Pwjbup pwlwdLbpp:

Mwwwhnyph hwjwlwlwlnipjwl nuuwlyws, Yyhwlwgpuljwh L bpypw-
swihwwl vwhiwGnuiGEpp Gepdnuoytp GG hwwGwlwGnpnlGGlph wbunt-
pjwi dLwynpiwb uyqplwlyuwb wwphOtpht L wn wjuop skG Ynpgpky hpkGg
gnpolwlywh GawlwynipyniGp: plwp dwiwlwly hwjwlwlwGnpynGGbph nb-
untpjwl hhdGwlywh hwulwgnepyniGGlipp G2qphwn Ybpwny vwhdwGywé skhG:
Plwlywb ghinnpymiGGlph pnnG qupquignidp Gnp, wybih fuhun wwhwGeGtip
GEpYwjwgnptg hwywGwywbnpntGibph wbunipjwlp, hGsp, Jwubwynpuiybu
hwiqbgptg wjn wnbuntpjwG wpuhniwwhqugiwbp: Iwywlwlywlnpnbit-
ph wbunpjwl wpuhndwwnhbuwyh bhdpnid apgnud £ wwppwlwb wwwnwhne)p-
G6ph pwqimpjwil Ywd pGupdwh nwpwonpjwh hwuljwgnipyniGp, npp YGw-
GwykGp U -ny:

VwhdwlGnd 1: @npdfr uyl wpymbpp, npb inbGhg pweh wy dwubuninp
nbuyp snelh, nsymd ¢ inwppwlpwl wunmwhnyp:

SmpwpwGgynp thnpd nibh hp vwppwlwG wwunwhnypGiph pwqinupyniip:

OphGwy 1: Lhnynn SEwnwnpwsoh hnpdnll wppwlws wWwinwhnypltiph pwgq-
Unpynelp pwnyugwé t phy b qhGwGwh wwuinwhnpltphg, huly Ghwnynn fuwnnuyph
thnpémd” £, E,, ..., E, wwwuwhnpGbphg [78,05):

Ujdd nhuwpltlp nwppwywl wywwnwhnpbbph pwqdinipjwi GGpwpwq-
UnpjnLGGlphg Yuwqidwé wyGwhuh F pwqdnpynil, npp pwdwpwpnud k
htwnbyw; wuydwGGhphG’

. F pwqdnpnilGp npwbu vwpp WwpnGwymd t U -G,

I.tpk U pwqimpjulG 4 L B bGpwpwqinip)ntGltpp wwnwlnd 66 F

pwqinipjwlp, www AUB. ANB, 4 L B pwqinpniGGlipp GnijGugtiu wwun-
Ywlmd GG Gpwa,

Hl. tpb U puquimpjwﬁ 4, 4,, ... A4, .. GGpwpwqinipymGGlpp wwunlyw-

Ond 660 F pwqinipywlp, www 4UA4U..UAU... L 404,N..NA4N... pwg-
dnipyntGGbpp GnyGwbu wwanwind G0 GpwG?:

Ywpnn GGp htaunnpyudp hwinqyby, np nwwnwny pwqinpnip wWwnluw-
Gmd bt F -hi:

bpnp, hwiwdw)é F pwqdnpjwi Yypw nplwd wnwghb wwydwbh™ U -G
Wwwnwamd &t F -ha, huy hwdwdw)G tpypnpn wuwypdwGh' 7 =@ pwqdinipjnt-
Gp Gnuybwbiu wwnwGnud b GpuwG:

Gpypnpn wwjdwGhg hbwbnd £, np F -hG 66 WwnwGnd Gwb wyn pwq-
dnipjwip wwwnlwinn Jppwynp pyny wwwwhniplbph gnudwpp, wpunwnp-
Juip, hGswbu Gwl Gpwhg |pwgnuiGhpp:

OnhGwl 2: Ndyup st hwdnquby, np Ghindng fuwnnuyph thnpdnud wwwnwhnypGlinh
F puwquintpniGG mGh C? +C, +---+Ce =2° =64 wwpp [77.u4), npnGp bG ¥ -6, £ -p, E,,

*) F puqinipjwlp huSwiu wijwinud b6 wunnwhnypGbph nwan:
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o Eg-p, EE;-p. ..., EEg-p. EEE,-p, ..., EEEs-n, EEEE, -, ..., EEEE-p,
EEEEE-p, ..., EEEEE-p, EEEEEE,
UwhdwGmd 2: U -G Yngynid t hunfwunp wunnwhnyp, puly § =y -0° wih-
Gwp wunnwhnyp:
UwhdwGmd 3: 4-G m B -G ynsymd 66 whhwdunnbnbyh wwwnwhnyplbp,
bpl qrynupynil gmiGh U pwqdmipywl tnwpp, npp wunnljwih b A -pG, L B -pG:
Munwhneph hwywGwlwonipintGp npnann wpuhndbbpp dlwltipwbng
hwdwn Gwh wywwnwhnyplbph F nwanhb wwnwlnn jnupupwGginip 4 wue
vnwhnyph hwiwwwinwuhuwbbglbGp dh phy, wn phyl wiywibip Gagwéd ww-
wwhnph hwywGwlwlnipyniG L wjl Gaubwlytbp P(4)-ny:
| wpuhni: Jwywuwnp wwinwhnyph hwfwlwlhwlnipiniip hwywuwn t
ugbyp.
PU)=1: (1
Il wpuhnd: 6pb6 4,, 4,, ..., A, wwunwhnypllbipp qnyq wne gqnyq wihwdur
wbnbih 66, wupw wnbnh mGh
P(4AUA4U..UA4)=P(4)+P(4)+ -+ P(4,) (2
hwiwuvwpmpymbp:
Nl wpuhnd: 6p6 4,, 4,, ..., A,, ... wunmwhnyplbnp qnyq wn qniyq wihur-
dJunnbinlygp 66, wwyw wbnh moh
P(A4UA4U..UAU..)=P(4)+P(4)++P(4,)+ 2)
hwiywuvwpmpnilp:
LzkGp, np plpnpn wpuhndp Ynsymd £ hudwiwywGnipniGGbiph qnudwp-

dwiG wpuhnd, huy Gpprpnp’ hwdwGwywGnpniGGiph gnuiwndwh pGnhwi-
pwgywé wpuhnd:

Pywplwé wpuhniGtiphg hbunpjwidp unwgynt GG hbnbyw) htinbuwGp-
Gbpp’

1°. UGhGwp wwinwhnyph hwywowlhwGmpinip hwwuwn b gpoyp,
2°. bwilwpuwljwl wunnwhnyph huwwbwlwonigynGp d6hp sqbmuwquiagnn
ng pwgwuwlwl phy &,

3. AL A hwhuwnpp uwumwhnyplbph hunjwlwlwGmpymGGEph qnidur-
np hwfwuwn ¢ 064,

4. bpt A wuwnwhnypp B wunnwhnyph dwulbuwinp nbuplb t (Ac B),
www A -h hwjwlwlhwlnipimanp J66 st B -h hujwlwlwlnigim ghg,
5°. buduwywlwl A L B uwunnwhnyplbph hwdwn wnbnh noh

P(AU B) = P(A)+ P(B)- P(AN B) (3)
pwOwdlp:
Ljwwh nGbGwiny, np P(ANB)20, (3) pwlwdlhg YuunwibwGp
P(AU B)< P(A)+ P(B): (3)
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Uuwhuny, jwidwywlwd Gpymt wunmwhnyplGbph gnidwph hwywowlwin-
pmlp U066 st wyn wuwnwhnyplbinh hwwbwlwlnipinG6Gbph gnidwnhg:

Sw. bwiowywlhwl 4, 4,, ..., A, wwuwhnyplbph hwdwn nbnh moh
P(AUAU..UA)S P(A)+P(4)+--+P(4,) (3"

pwlwdlp, wuplpl’ Ybppuninp pyny wunnwhnyplbnh emudwph hwywbwlyw-
GripymGp 066 st win wwwnwhnyplbph hwywlwlwbnipymGabph gmdwnhg:

ULztGp, np wpupndGbph phipdwd hwiwlwpgp wihwywubih t, pwyg ns inhd.

GnuyGhuly dhLOnLG U pwqinipjwl hwdwp F pwqlinipjwl twpptph hwywGw-
LwGnpynLGhGtpp Ywpnn GGp pGupbp wwppbp dlbpny:

hPGswtu wtiuGnud bGp, Wwwwhnyph hwinbu quint hwywiwlwinpjwa
wpuhndwwhy vwhdwGiwb gty dtGp qnpd nubklp thnpdh Lwppulwl wWwnw-

hnypGtiph U pwqinpjwl, wyn pwquintpniihg utnwgynn wwwnwhnypGph F
pwqintpjwl L F pwqinpjwl ypw npnadwéd P dniGyghwyh hbwn:
{U,F,Py hwiwfuntdpp yuwlywlbGp hwdwluwlwluyhl vnwpwénpimb:
uagGbiny |phy hwywlwlywGnipymGibph pwGwdlh wpunwdiwbp” GGpwn-
nkiGp nyjwy thnpdh dwiwlul 4 wwwwhnypp Ywpnn bt hpulwiwGwy Shw)l
inhy tundp Ywqdnn H,, H,...., H, wGhwiwwbtnbtih [78,u5-u7] wwunwhnip-
Ghiphg dbyh htwn”:

Rwbhnp H,, H,,..., H, quunwhnjpGtpp uqintd LG wihwiwwnbnbijh ww-
nwhnypltiph (phy unudp, hGunlwpwp wntinh mGh 4 wwwwhnyph

4 =§3(Anﬁ,) )

GEpYuywgmuip, npntin (4N H,)-p, (ANH,), ..., (ANH,)-p Onylhybu wGhw-
Jwinbnbiih wwwwhnypltip 6G: Oquytiiny wihwdwunbnbih wwnwhmplliph
gnuiwpdwh plinptihg [79,p17 YniGGGwhp

P(4)=3 P(ANH,): (5)
kai

UGnihtwnl P(4NH,) (k =1,2,...,n) hwwlwlwlnpyniGGtph Jpw Yhpuwnb-

10y hwywlwywhnipymGGoph pwqiwwwnldwh ptnpbdp [79,p3]° (5) hwyjw-
uwpnpjwlp YuwGp

P(A)=§P(‘H.) P, (4) 6)

tnbiupp:
Unwgwd pwlwdlp Ynsymd ¢ (nhy hwywlwlwbnipm GGph pwlwdl L
Yywplnp nbp ¢ fuwnmd hwywbwlywlmpimbGtnh nbumpywl Ubp:

‘)H,, H,,..., H, wuinwhmplbpp YulyuwibGp Junpluwsbbn:
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Ophlwy 3: Gpynt wpynbphg wowehGnd Yw 5 uwhwwy L 6 Ywpdhp qGnuwy, huy
Gpypnpnnud” 3 uyhwwy L 2 Ywpdhp qGnwly: Unwehl wpynhg wwunwhwlwb dlny gy
qlnwy wbnwihnfund GG Gphpnpnh Gbe. nphg hbwin Gpypnpn wpynhg Wwuwwhwlyws
4uny hwinud 66 dbYy qlinwy: P°0; hwywGwlywGnipjwdp hwijwé qlnwlp YhGh Ywpdhp
qn)Gh:

Lnuénud: 3wipgh weGbiny, np diq hivnwppppnn wwunwhnypp hwdwpdtip t htinbjw,
wwnwhnyphl’ wowehG wpynhg hwinud GG uwhwwy qlinwy, huy bpypnpahg” Yuwipdhp
qlnwy Ywd L wawghGhg, L bpypnpnhg hwhnid bG Ywpdhp qlnwly: Oquutiny phy
hwyjwlwywGnipyntGGbph pwliwdlhg’ wyn wuwirwhnyph hwdwiwlwbnipjwG hwdwp yni-
GEOwGp [78,(1)]

PUl)=Pd L)+ P(I‘I.sll.) =P(1)-F 1)+ P,) Ph(ll.) = I-l-z+ l_l --6-- 5 :

Uydd Gnphg thpwnptiGp, np wjun thnpdh dwiwlwy 4 wwwnwhnypp Yuw-
pnn ¢t hpwlwbwGw) Shw)b phy funuip Ywqdnn H,, H,,..., H, wGhwiwwnbnbh
wwwnwhmpltiphg dtyh hbitn (wyuhlpl Gnphg GGpwnpbGp wbnh nlGh 4 ww-
wnwhnyph (4) Giphwjwgnidp) b nGEGp htiwnbywy fuGnhpp’

Qunbb; H, (i=12,..,n) wuunmwhnyph wuydwluluwl huwwiwlwonmpnlp
179], A wwwnwhnyph hpwlwliwgdwl wuwydwlny:

pywé ulnhpp potine hwdwp YpyhG ogquyblp hwywbwlwlnpynGGt-
ph puqiwwwwnldwb ptnpkdhg.

P(ANH,)=P(4) P(H,)=P(H,) P, (4) @
L P,(H,) hwjwGwlwbmpnGGbpp (i =12,...,n) GEpLwywglbGp
P(H;) P, (4)
PA(HI)=T (i=12,.,n) ®)

hwiwuwpmpynGGtph dhongny:
Lphy hwywlwywGnpyniGGtph pwGwdlh 2Gnphhy (8) hwywuwpmp)nil-
Gbpp YpGnnLGhG

P(H)) B, (4)

-l_— | = 9
3 P(H,) B, (4) =12m) ®

PA(”{)‘

wnbiupp:
Uinwgws hwdwuwnpmpimGGbpp Yngydmd 66 JuplhwolGbph hwywiwlhw-
OmipymGGEp Yuwd Pwybup pwlOwdlbbp:
Lakhp, np
P(H|)= P(Hz)="'=P(H,.)
dJwuGuwynp nbwpmd Pwjtivh pwlwdlbpp YplnnGkG htipin hhaynn

P, (A

P(H)=~ A% (i=12,.,n) 9
2 P (4

wnbupp: bl
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OphGwl 4: LnyG swihh wubnGEp wpnwnpnn bpyne hwuwnngGbphg wowehGh wp-
nwnpnqwlwinipynibp bpbip wiquwd dk¢ t pypnpnh wpunwnpnqwywinue)nibhg: Iuwjn-
Gp £ Gwl, np wawehG hwuwinngh wWwwinpwuwnwd wubinGph dhw)G 40%-G t npwyny, huy
tpyprpnh” ShwyG 60%-p: Mwhbunnhg Wwwnwhwlwbnpth pGupyby t npwyny wutin: Gn-
G hwywbwlywlmpyniGp, np wyn wubknl wpnwnpby t Bpypnpn hwuwnngp:
Lnédmud: Gpb 4 -ny Gowlwyblp wjt wwwnwhnypp, np Yopgpwé wubinp npwyny t,
H, " w)@ wwwwhnypp, np wyn wubnp ywwnwpwuinb] t wnwehG hwuwngp, huly H,-ny
w)l Wwwwhnypp, np wjl ywwnpwunbi t bphpnpn hwunngp, YniGbGwGp

3n 3 n 1
P(H)=—==, P(H)=—=—,
#) 4n 4 () an 4
1 40 1 60
P, (A)=—-3n-—=04 P, (A)=—-n-—=06
w(A) =330 700 =04, By (A)="om- 105206,

npwnbn » -p bpypnpn hwuwningh wpnwnpwd wutinGiph puwGwlyG t:
huGnph nénil wywpinbine hwiwp, dGnud t oquiyt) Pwjbuh pwGwdlhg.
P(H,) F, (4) _1
P(H,)P, (A)+ P(H,) P, (4) 3°

§81. UGYwh thnpdtiph fuGnhpp: Lwyiwuh ajw) L
hGuntqpwiwyhG pinptidGhpp: MnLtwuunGh pnpkdp:

P(H))=

UwhdwGnud 1: Ywwublp, np mO6Gp wllwfu pnpdbiph hwenpnwlwlw-
Gmipy@, bpl yjmpwpwlymp hinpdh dwilwlwly hwinbu Gwd wunnwhnyph
hwjwowlwGmpymbp Ywluwjwé st Gwfunpn hnpdbinh wpynGplbnhg:

topwnptiGp Ywuwwnynd 66 » wllwlu thnpdbp, npnlighg jnupwpwlbsjne-
el A wuwwwhmypp Yupnn t hwinbiu qup Ywd ng: Gapwnpbiny Gwl, np wjn
thnpdtiphg jnLpwpwbsnipnd 4 wwwnwhnyph hwinbu quim hwjwlwlwGnt-
pymGp GniyGh t L hwywuwp t p-h° nGbGp htnlywy fuGnhpp

Yunnwpywo n wolwfu hnpdbpnd hGs hwfwlwlpwlmpyuwdp A wwow-
hnypp hwlnbiv Yqw dhan k wiquyd (hinbwpwn 4 [78,u8] wunnwhnypl b
Ghan n-k wlquu):

Anpwé fuGnhpp (nudtne hwdwp Gwiu GYyunnbkbp, np 7 wllwhu thnpdtipnud
A wwuwwhnypp Ywpnn t hwinbiu qwy & wGqwd C! [77,u4] nwppbp bnw-
GwyGlpny:

bpnp, w)l, wjuwbu Yngdwé, pwpn wwinwhnypbtinh phyp, np juwnwpyws
n wiwhu thnpdbpnid 4 wwuiwhnupp hwinbiu Yow & wiqus (4 -GE n-k
wlquwd) hwyjwuwp t » wnwpptphg & nwpp pGunpbine BnwbwyGeph pyha,
wjuhGpl hwywuwp t » nuwpptphg & -wywh qrignpnnipjnuGGlph pyhG:

Ujnuu Ynnihg, hwiwdw)t wiywhi ywwnwhnyplbbph hwjwlwlywinipynG-
Giph pwqiwwwiniwG pbnpbsh [79,p47, dkq hbwwpnpppnn JnLpwpwsintp
Pwpn Wwwwhnyph hwywlwlwbnepyntlGp hwdwuwnp t p*e™* -h, nputin
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¢ =1-p-G nhrnwpyynn whywlu thapdtipmd 4 wwunwhnuph hwinku quint
hwywOwlwbnipynGa t [78,(5)]: 3wzyh weGhiny Gwl, np Glwd pwpn ww-
nwhnyplbpp nhwwpldnn thnpdnud wihwiwwnbnbih GG [78,u6] L oquytiiny
wGhwiwwnbntith wywwwhnyplbph hwjwlwlwbnpjntGGeph gnudwpiwG pbin-
pbihg [79,p17 Ywwwplws r wilwhu hnpdbipmd 4 wwwwhnyph Ghan &
wOqwd hwinbu quint hwyjwGwywinipjwl hwiwp YmGLEGwGp [77,(7)]

N =C* ptg™ = n: k mt
p.(K)=C, p'q el (1)

Unwgwé pwlGwdlp Yngynd t PtinGnyhh pwGwdl:

OphGuwy 1: Gnlb| Stnwnwnpwdh 5 GhnnudGph dwiwlwy 4 wiqwd phy hwintiu
quint hwywGwywbnipynilp:

Lawdnud: 3wpyh waGbiny, np 0bq hbunwppppnn wwwnwhnypp

00302, BBB2IB, BB, B2BPBB, 2B

wGhwdwwnbinth, pwpn wwnwhnyplliph gnuiwnG t, npunbn © GawGwyned t,ap SkY top-
4h dwiwbwy hwinbu t yby phy, huy 2° ghGwlwG L Gywnh NLEGEGwNY, np jnLpwpwhs-
jnup thnpdnud dsunwnwapwdh ypw phy (qhlwGwG) hwinbu quim hwywGwlwbnipnt-
Gp hwyjwuwp t 0,5h° (1) pwGwdlp 2Gnphhy npnGlh hwywlwYwhnipjw hwdwp Yunw-

Guwip
wo- (35
LywwnkiGp, np RinGmpyhp pwlwdlp hGwpwynpnpynitG b nwihu hwaybint
Guwl wyG pwpn wwunwhnyph hwjwlwlwbnegniGp, np juunwpdwd n wGywfu
thnpdbpnid 4 wwuwwhnypp hwinbu Yqw k-hg dhGsk & wGqud
0=k <k, <n): Uwulwynpwwbu, » wiGiwiu $hnpdbpnd 4 wwinwhnypp w-
UdbGwphsp & wGqwd hwinbu quint hwyjwbwywinipywl hwdwp YnGLGwip

P =2p(m=3Cip"q"": 3]

-k o=k
hGswbu nbulnud GGp, » -h U6 wpdtiplbph nbwpnid RGnGnehh pwlwdlhg
oquybiip ptipnud ¢ pwyjwlwlwswg a6 pykph htitn gnpédnnnpynlGGbp Yuwnw-
ptnG: Ujn wwwnSwaeny hwpg t éwqnud. gnjnipynilG nulh” wpnynp » wGlwlu
thnpdtipntd 4 wwwwhniph Shawn & wiqwd hwinbu quint hwwGwywbnip-

Jwi hwydwl wybih wwpq bnwGwy, tpb wyn hnpdtiphg JnLpwpwGgnipmd 4
wwwnwhnyph hwinbu quint hwywGwlwenpynilGp GnuyGG L:

Quwytpwwé hwpgh wwinwufuwbp wwihu t Unuwyp-Lwwwuh gnuy ptin-
ptidp, npp phipnud GGp wnwlg wwwgnigiwG:

Bunpbd 1: (Unwwyp-Lwuywu) et n wllwfy pnpdbphg jnupwpwlsnt-

il A wunnwhnyph hwinbu quym huwdwlGwlwGmpiniGp GnyGo ¢ L hufur
vwp t p-h(0<p<l, hinbwpwp A4 wunnwhmph hwinbu quym huwwlw-
qwlnipimG by q =1~ p -h), wwyw uyn hnpdbpmd A wunnwhnyph dhan k
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woqud hwinbu quym hwwlwhwompymbp (wihwfu Gpwihg pt hGs hwenp-
awlwlmpywdp) dnunudnpuwwbiv hwiwuwn ¢

o(x)

r @

dmlbyghuyh wpdtphl x, Ybwrnmd, npwnbin

2
w(x)=ﬁe , x..=kﬁ: 4)
POswbiv wbulmd &Gp, n -h pwywhwlwsuh b6 wndbiplbph nbupnd n
whlpfu hnpdbiphg jmpwpwlsimpntd Gnyl hwwlwlwOmpin 66 nGbgnn A
yunwhnyph dhrwn k wlquwd hwlnbu quint hwywlwlwlnpmbp hban t
hwifby
P(x,)
P.(k)"fnpoq (3)
Ununufnp pwlwdlny’, npinbn o(x) -G nt x, -0 npnzdnid 66 (4) pwlwdlbinny:
Ljwwh nGbGwiny, np (3) pwGwdélb nGh qnpéGuwlwh dté Gawhwynep-
G @(x) PnGyghwih hwiwnp Yuqiyb] 60 SwGpwiwul wyniuwlyGhp: Rwh
nn o(x) -0 wyGhwpnnpliG qnijq niGyghw k, ntunh wyn wyntuwlyGepp Yuqs-
Yt bG x -h dhuylG npwlw wpdtplGbph hwiwp (hwulwGwih t, np apnhhwy
wnyntuwlGbphg Yuptigh t oquiybi Gwl x -h pwgwuwywl wpdtpGhiph nbiwpntd):
Mwpqynud t p, (k) hwywlwlwinipjwl wpdtipp Ywhnjwd t ng ShwyG » -hg
L £ -hg, wy Gwh pg wpunwnpwih pGnnGwé wpdtphg: CGn npntd, nppwh wn
wpuinwnpwip dnnbGnid t hp dkéwqnyG wpdbphl, wyGpwb Gywé hwywbw-
YuwGnipyniGp dninbkiGnud t hp 62q9nhn wndtiphG: RwGh np p L ¢ npwlwG pytph
qnuiwnpp hwjwuwp t dbyh, nunh p =g =1/2 nbuwpnid pg wpunwnpjuwil pnnt-
Gnud t dbowqnuyG wpdtip: Itnbwpwp, nppwb p L ¢ pybpp dnunbkGwo 1/2-h,
w)GpwG p,;(k) (k=0,),..,n) hwjwlwywinpjwh' (3) pwiwdlny hwyws wndb-
Pp YdnunbOw wjn hwywbwlwbnipjwG Gqphin wpdtiphl: LEPYWjwWgYwS Rw-
nnnnpynLGGphg hbwbinud £, np nppwG p L ¢ hwjwlwywbnipymGGph wp-
dtipGtpp hnwGwG 1/2-hg, wGpwh (3) pwGwdlny unwgwéd wpnntGpp Yhb-
nwlw Sqphin wpnymGphg:
wadbiny o(x) Pnilyghwih wnwehG L pypnpn Ywngh wéwhgywGhpp
[27.(7).(8)], [28.(2).(9).(15)].

s 2 2
x 2 xi-1 -2
P'(x)=- e? ¢'(x)= e’
321! :/271'
*)2Gn npnLd 1 -+ wETWG hbwn SbYnbn wyn dnununpnepynGp Ggpunydnid t:
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L quGEny wyn wéwhgywiGtph qnnGlpG nu GawlwwwhwwGiwb Jhewlw)pt-

np’ YuunwlwGp nhvnwplynn $nGlyghwh tpunpbidnidp, 2n9dwh YGwbpp, dnln-

wninGnpywG, nienighynupjwG L gngwynpnipjw Showluypbipp [33], [34]: Iwdng-
ytiny Gwl, np wpughuGbph w-
nwigpp ¢(x) PnilGlghwih qpuw-
$hyh dhwly wuhdwywnwni t° bg-

. pwlwglnud bGp, np wyn nuly-

> ghwjh apwdhylG nGh 39-npn Ghw-
pnud wwuinbpywé inbupp:

Gy.39

Lzthp, np @(x) Pnibyghwih qpudhyl wiywbnud &6 hwywlwywlnipniG-

Gbph Ynp (x =+1 wpdtpGtipp wyn Ynph 2nedwh Yhwnbph wpughultipG Ga):
Qnpélwlwhnid dté hbunwppppnipyntl b Geplwjwglmd hbwnbywy uGnhpp'

Yuwnwpymd b6 n wolwfv hnpdbip, npnlghg jmupwpwlympmd A wwnw-
hnypp hwonbu quimt hwywlGwlywlnipiniGp GmyG6 ¢t b hwydwuwnp p -p

0< p<)): Mwhwlodmd t qunlilty wyG pwpn wwwnwhnyph hwywlwlwbnipynt-
ap, np qwwnwpdws hnpdbpnid A wunnwhnypp hwinbu Youw ng phs, pwil k,
wlqud b ng punn, pwl k, whqwd:

dbpnbhjw) hwywGwywGmpynibp YowlwlbGp p,(k <ksk)-ny Jud
wwpquugu p,(k, k) -nd b Yuljwiblp » wlGlwlu thnpdtiphg jntpwpwlgni-
pnud Onyl bwjwlbwlwlnipynGG nGignn 4 wwuwwhnyph & -hg dhasl £,
wiqwd hwintu quint hwywGwlwGnpynih:

3Gwnlyw) pinptidp, npp GnyyGwbu ppnud G0p wnwig wwwgnigdwl, hwe-

nhuwlnd t ybplmd dbwhbpwwé fulnph (nuénuip’
©@bnpbd 2: (Lwwywup pGunbgnuwiuyhl pbnpbdp) 6pb n wllwfu thnpdb-

nhg jpwpwlsmpmd A wuanwhnyph hwonbu quint hwywGuwlywlnipm Gp
anylG ¢t b hwjwuwn t p -/7' 0< p<)), wuw wyn thnpdbpmd A wunnwhniiph
k, -hg dhGsl k, wlqwd hwlnbu quynt hufwOwlwlnueym 60 wpwnwhuyudmd t

12
Pulkuhy) = J;Je 2dt (5)
Snwnurdnp pwﬂwd&m["’, npwnbin
a=kl_np b=kz_"p . .
ﬁ'. g (Osk <k,<n;a<b): (6)

*) 4 uunnwhnyph hunjwlwlulnpmGGly ¢ =1- p +:
**) n - wBdwh htin dblpnbn (5) SmnuainpnupinGp S2qnpuwinLd t:
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bGswbu qhwntGp, (5) pwlwdlmd dwubwygnn hGubkgpwip nwppwlywh
dnGyghwlbpny sh wpunwhwynyned [37]: Muwnh wyG luGnhpGhipnud, npuntin
oquwgnpdynud t Lwwjwuh hGunbkqpuiwihG ptinptidp, oqunid LG

O(x) =

1 32
it m

$nlyghwyh hwdwp Juqdws (npp Ynsund ¢ Lwyjwuh niGyghw) hwwnnoy
wryntuwlGiphg:

Lwuinh nlGEGwiny, np &(x) -p YtGwn pniblyghw t (hwingytiint hwdwp whh-
nwdtizin t (7) pwlwdlned Yuwuinwpbp hGunbgpiwl ghnhinfuwywbh ¢ =-z hnfuw-
phGmud), wyn wyntuwlGtpp Yuqidt) 66 x -h dhwyl npwlwh wpdbpGhph hw-
dwn:

3Gwwgnunbiny o(x) Pnby-
ghwG™ Yhwinqytlp, np wyn

PnuGyghwyh apwdhyh nuGh 40-pn
172 GYwpnus wwwnytpyws nbupp:

V= 0(x) Lwwjwuh pnilyghwih dhen-

o 2 gy p,(k.k) hwjwlwywGnip-
mGp hwzybin hwdwp wGhpw-
dtiwn t (5) pwGwdlp we Swub wp-

=172 nwhwjnby wyn pnGlghwsh wp-
dtpGtpny [40,8°).

YA

ay. 40

2”! ’dl-?le dt+J_Ie ’dt Tfe’dt—

l 1] i l a i
= e dt- e ¥dt=d(b)-D(a):
JZII ! 327: ‘! (

Uuhuny, bpl n wllhwfu pnpdbphg ympwpwlympmd A wwinwhniph
hwlnbu quym hunjwlwlwompymbp Gny60 t b hwfwuwn ¢ p -/7) O<p<)),
www wyn pnpdbpmd A wunnwhniph k, -hg dhlsk k, wlqwd (0<k <k, <n)
hwlnbu quymt hwywGwlywlnipinibp Ywpbyh b hwodby

Pk k) = O(b) - D(a) (8)

Omnunfnp pwlwdlimy, npuntin &(x) -p nipydmd ¢ (7) pwlwdlny, puly a -Gt b -G°
(6) pwlwdlbpny:

Uniwyp-Lwwjwuh (nlwy ptnpbdp pGhwpybihu Sblp nbuwlp, np hGipwh

n wiywh pnpdbpnd 4 wwwwhnyph hwinbu quint p hwywlwywlnmpjnt-
Gp GnunbGnud t qpngh, wyGpwG wyn pnptitp Jwun t qnpénud, wjuhlpG wyGpwl

*) Stru Gwtunpn teh wnnuanwih unwphG wpupqupwindp:
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p.(k) hwjwliwywbnpynGp htrwGnud t hp G2qphwn wpdtiphg: Ujniu Ynnihg,
2w fulinhpGhpnid wlhpwdtwn b (hGnud hwadbp p, (k) hwdwGwywbnup)niG-
Gbpp” hwunljwwbu thnpp p-tiph nbwpnud: Mwpqymd t gnynepynit nubh pw-
Gwal’, npp hGwpwynpnepyniG t wwihu thnpp p-tiph L 2w 866 n -tiph nbiwy-
pnd wiGwG uuwind hwayby p, (k) hwjwlwywbnipynGGtpp: LYwsé pw-
Gwdlp unwbwin hwdwp GGpwnpblp Yuwwwpynud GG thnpdbkph wwppbp tud-
pwpwlwlyGtp, pGn npnud wewehG fulpwpwlwlp pwnlwgowd t OtY thnpdhg,
tnlpnpnp’ Gpyn thnpdhg, tppnpnp” bnkip thnpdhg L wynwbiu 2wpnibwy: GGpwn-
pbGp Gwl »#-pn (n=12,.) hWpwpwliwlyh wwwnwhnpltpb hpwphg walwiu
606 L GGG opLGnylG p, hwyjwlwlwbnipynilp, npp Ywhwé t ShunG uyn fud-
pwpwlwyh hwiwphg:

Cwpwnpyuwé wwydwaGtph hpwlwlwGwint nbwpnid wbnh nGh hGunlywg
ptinptdp’

Bunpbd 3: (Mnwwwunt) bpl n -p wouwhdwlnpywl équbiihu p, hwyw-
GulywlGnipintGp dqumd ¢ qpgh, huly a, = np, wmwnwpuyp’ npwlwl hwuwnw-
umniGp.

limp, =0, limnp,=a (a>0),
wuw wbnh mah

. a

lim p, (k)= 7e ©)
pwlwdlp, nnbin k -G ¢npdbph n -pn fWpwpwlwlhnid gy wunnwhnyph
hwlnbu quym phG ¢:

Uwwgniyg: Ljwwh mGbGwiny, np nhvwwplynn fulGnpnid

a
Pa=—,
n

PtnGnihh pwliwdtng wpthwhwynynn p, (k) hwjwbwywbnepjwl hwdwp Yu-

nwlwGp
-k
(l - &) =
n

A(-2)(-2]
_nn-D-n-(k-1] " n n) _

n k!

AOOY, 2 k-1 (e )
G G A 0 () e

*) WG uunugh) t MnLwuunlp:

CCtotget =D [n=(k-D](a, Y
p.(k)=C,p,q, T K")
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Uydd, tpti hbnbkjwy uwhdwGh hwdwenuiny [25,(11),(16)].

- lim a,
~re

” —.('..) =
lim(]—a—') =li [|+ ! )" = lim[l+ ! J ) =e”
e n s -n/a, e —nla,

p.(k) hwjwbwywlmpjwl hwiwp vnwgwéd wpnwnpumd wigltbp uwh-

dwGh, Gpp 7 -p dquinud t wluwhdwGnipjwl, hEunnipjudp YuunwbwGp (9) pw-
Gwdlp [21,03]:

huyw

OphGwy 2: bwwupydby t 5000 Ypwyng: Gnlhp weGwql bpyne wliqud phpwiuhG

nhwsbint hwywbwlwbnupynilGp, tpt jnupwpwGginup Ypwyngh dwdwbuly Gpwb nhwsbint
huwywlwlwbnipymGp hwywuwp t 0,001-h:

Lawdnud: NpnGbgh hwdwlGwlwGmpynilp Gawlwytind p(k 2 2)-ny L oquybiny

$000
tz Psono(k) =1

wyGhwpn hwywuwpnpymGhg' YnGEGwGp

pk22)= ’gpm(k) = 1= Do (0)~ Do) :

Swuh webhiny, np nhunwplyynn fuGnpnid
Qs = 5000-0,001=5

L (9) pwGwalkh Shongny QUIGEINY Puw(0) b Pen(l) hwiwlwlwGnipymGGEpp.

Pum(@)~ €™, pu()~5e”,
dbq hbrwpgnppnn wwwwhnph hwiwbwlwinipywi hwiwn Yurnwbwlp

pk22)m1-6e? %096

§82. Mwunwhwlwb JGénpnLGGEp: Yhulypbn Wwinwhwlwb
Gbénipjwl pwfudwG opbGpp: IwjwlGwlywbnipiniGGhph
pywlnwdwyhG (phGndwlw) pw2funidp:
JwjwlwlwanpniGGiph MawwuunGh  pw2funidp: GpYysw
ywwnwhwlws dbénipjnLihhip:

Ujdd Swhnpwlwlp hwywlwywhnipjnilGGhph wbkunipjwl uplnpuqgneh
hwuywgnpnGGuphg Ly GLYHG:

Uwhdwlnud 1: &G d&émpiniap, npp hnpdh dwiwlGwy pn wpdbplbipnh
Pwqdmpimhg wunwhwlwlinpbG ponnned t npbt wndbp, Ynsymd t ww-
nwhwlhwl g&émpna:

Nwunwhwlwh d6émpymGatph ophGwlGtip B6° GEnydwéd fuwnnulyph Y-
PhG Ghuwh yYpw hwinbu tlwsé Shwynpltph phyp, hinwluinuwywywbh wngwy
onw YuwGstiph phyp, Ypwyngllinh dwiwlwy phpwiup funglint phyp L wy G:

TNwwnwhwywh dténppnLGGtpp YowlwlykGp jwnhlbpta dhéwwnwnbpny,
huy wyn dbGnpynLGGBPh hGwpuynp wpdtipGlipp” hwdwwwuwuliwh thnppuw-
tnwebipny:
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Swuywwih t, np Wwunwhwlwa dtonpjwl wpdtpGtph pwqinipjwl nw-
10 pwywpwp gt wyn dEdnpjwl Swuhl (hwpdtip wwinlbpwgnid Yuqdbin hw-
dwp: Mwunwhwlywa dksnpynip w)G niwpmd Ynwebw hwywbwywbnepinii-
GGph wbunpywG nuunuiGwuhpiwb wewplw, Gpb wpykG wyn Gtidnpjwh pninp
wpdbpGbph pwqdnipniGp L wyn wpdbplbphG hwiwwwwnwubuwbnn hwyjw-
GwywGnLpyniGGLpp:

UwhidwGnld 2: YwubiGp, np X -p phulpbn wwmnwhwlwl J66mipyms ¢,
tpt wyn dGormpwl wpdtiplbnh pwqdmpymbp bpowynp t wi” hwaybith?:

NYhuypbivn yuwwnwhwlwh dbonpntGp npynud t wyniuwlyh duny, pGn npnud
wjn wryniuwyh wewehl wnqmud npdnud 66 GYwd dtdnpjwhd pninp wpdtip-
GGpp, huy Bpypnppnud” Gpwbg hwiwwwwwuhwl  hwywGwywbmpynGGbpp.

Unynuwly 1

X| x| x || x

n

Pl p| p|ee]| Pa

P.=P(X=x) (n=12,.):

Unymuwlyp, npp Gepwemd ¢ nhulpbn wwnwhwlwl J66mpjwl wndtp-
G6pph pwqdnipimbp L wn wpdbiplbph hwiwwuwnwufuwl hwyfwGwlwinp-
JmGatpp, Ynsymd t inpywé ywnwhwlwl d6émpywld hwywiwlwbnipim G-
Gbph pwpfudwl opblp Ywd wwpquwby wnpdwd vGompywl pwimiwl opbilp:

bpb X wwwnwhwwh sténpyntlh pGnnGnud t ytpowynp pyny wpdtphtp.

X, X, X, ,
www
X=x,X=x,,.., X=x,
nwppwiwl wwwwhnypbbipp Juqinud 60 wihwiwnbnbh wwwwhnypGbph

tphy funudp [78,u6,u7,u13] L wyn WwwndSwnny wjn wwunwhnypltiph hwywiw-
YuwlmpyniGGeph gnudwpp hwywuwp b Sbyh.
P(X=x)+P(X=x)++P(X=x)=1: (1)
LnyG duny, wryniuwly 1-h dkp dwnGnn hwywlwlwGnpyniGGhph qnudwpp
hwyjwuwp t dbyh.

Z;p.=1 0<p, sk n=12,.), )]

pwGh np Z}p,. -0 wyG (hwywuwnh) wuwunwhniyph hwywlwywGnipymGa t, np X

wwuwhwywh dEdnpynGa pbGnntlnud t hp pngnp wipdbpltphg nplt dbyp:
OnhGwly 1: LbnYwé huunnuyph YophG Ghuwnh Ypw hwinbu biwé phyp wwnwhu-
YwG dGompynth t, nph pw2udwG opbGpp nipynud b wnyniuwy 2-ny.
Urynuwly 2
X 1 2 3 4 5 6
P 1

1 141101
6 |6 |6 |6 |6

|-

*) Stu [18,u13]}-p:
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Ujdd Gnphg winpuwnwnbwlp PtnGniyhh wGwhu thnpdbph hwenpnwlw-
GnupywGp [81,u1]:
bGswbu ghintlp, tplk Ywwwpywé n wGlwiu thnpdbiphg jnupwpwbsjnupnud
A ywuwhnyph hwinbu quint hwywlwywGmpmbp GryGa t L hwjwuwp t
p-h, wyw wyn thnpdbpnud G2dwd wwwnwhnyph Shan & wiqwd hwinbu qu-
(nt hwywbwYuwonipyntGl wpnwhwjunynd k
p(k)=C;p'q™ (0sk<n) (3)

pwlGwalny [81,(1)], npwnbn ¢-G (g=1-p) 4 wwwwhniph [78,u8] hwinku
quint hunjwlwlwlnupyntGG t: LYwwh nGEGwny Ybpngpjwip LW hwygh welk-
ind, np » wilwtu hnpdbipmd 4 wwwnwhnyph hwinbu quim phyp wwinwhw-
Juwh dkénpyniG t° bqpwlwglnid tGp, np wyn dEonLpjwG pwuiwh opklpl
mGh hbulyw| inbupp’

Urynuwly 3
X 0 1 k n-1 n
P | g | npg | - | Cp'q¢ | - | g | P

Uwhdwlnwl 3: YwublGp, np npulpbn wunnwhwlwG S6ompnioG niGh
hunjwOwlwOmpim Gabph bpwlnuwduwhG (phindwijwl) puyfumd, bpk wn J6-
ompywl puspfuswl opbiGpp wnpdmd ¢ wyniuwly 3-ny:

PEpYwé wiywlnuip Yuwwywd b wjb thwuwnhG, np 3-pn wiyniuwyny wnpynn
pwfuiwl hwywbwlhwGnip)ntbGhpp hwGpGltns GO g+ p bphwbnwdh (ph-
Gndh) » wuwnh8wGh

(@+p) =q" +npg™ +--+C'p*q"* + -+ p" [(q+p)‘ =§C:p‘q“] )

dtppnudnpjwl hwdwwwinwufuwG gnudwnthGnhG:

h nbw, hwah weGkny, np g+ p =1, (4) yepnénpyniGhg YunwGwip, np
3-pn wynwwyny wpynn pwiuiwG pninp huwiwywbnpynGGtph gnudwpp
hwjwuwp t dkyh.

g +npg™ +---+C,plg" + 4 mpTig+ pt=1: (4)

L2bGp, np hwlwGwywbnpyntGobph GpYwlnwiwihG pwhutwh opkGpp
wwpniGwymd £ Bpyne wwpwdtnp® p-6 L 7 -p:

OphGwl 2: Unnwnwnpwip Gawnnud b6 Gpynt wiqud: Gnbbp qhiwiwl hwintiv
quint pdh bplulnudwiht pwatusws opblpp:

Lnwdned: Lywinh nGbGuynd, np phinwpyynn fuGnpmd =2, p=¢=0,5 L oquult-
1Y 3-pn wrynwwwlhg” YuunwGwip dbq hbivnwppppnn pwiutwG optGpp.

Urynwuwy 4
X 0 1 2
pluvali1iz2] 14

Udd SwhnpwlwhGp nhulpbiin wwunwhwlwh Shénpjwb hwywbwlwbmp-
imGGbph MnuwuunGh pw2hudwl opkGphG:
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UwhdwGnid 4: bwubilp, np phuypbun wunnwhwlywlb 06énipiniGl mih
hwiwOwlwonpinGoEpH Mniwuunbh pupfumd, bpl wyn Jomppwl puzfudwi
onbilpp wipdmd t hbinlywy wiymuwyny’

Urgymuwy 5
X 0 1 .. n
P e’ ae™® . a"

_e—‘

n!

npunbn o ppwlwl hwuwnunmbp gnsdnid ¢ pwpfudwl ywpwdbnn:
Snudwpbiny 5nn wynuwynd wpydnn pwziudwt pagnp hwdwlwywGng-
JnGGEpp° YuuinwGwGp [63,(14)).
4 o~ =e"za—=e" e =1:
-0 Il! - ﬂ!
Uunypuny, hudwOwlwlmpimGGph MTmwuunbh puwpfudwl pngnp hwyur-
GuwlwlnipinGabnh qmudwnp hwywuwn ¢ dGup.

$ & oot 5)
w0 ’l!

Jwzyh wnGbiny, np g -0 npwlwi hwunwinnit t, (5) hwywuwpnipniGhg
Guwnwlwbp

0< % e*<l (n=12,..), (6)

hGsp Gwlwynd t, np Tnuwuunth pufudwl hwywGwlywanipntbGhpp tiyhg
thngp npwiwh pytp tG:
Snpdlwlwind hwdwhu wihpwdtizwn t thGnud nhuiuplt) wytwhuh thnpatip,
nanGg wprymGpp npnzynid E Bpynt wunwhwlwG dt6mpynGGbph wndtpGtpny:
OphlGwy 3: UnnpnphGwwwiwh hwppnpjwl Ypw Guindwé Ybinh 2bnnudp tipwd
Yowhg npnzynud t bpynt wWwwnwbwlwa dténpynuGlph wpdtpGbpny:

Uwhdwlmd §5: X L Y wuwwnwhwlwl otompimGbiph wnpdbplbbphg {wq-
Uwd pngnp hGwpwynp (x,y) pdwanyqbiph pwadmpmlp, npinbn x -p b y -0
hwiuwyunnwufuwGwpwn uunnlypwlind 66 X b Y wunnwhwlwl 06onpni006-
ph wndbipltiph pwqdnipintGaBaHG, Ynsinid t Gyiwd 06Onipym GGLEHg Ywqlywd

bplppunh wwonwhwlpwl 06émpym b Grwlwldmd £ (X,Y) wuwybwlwGpwliny:

Fwowdw)b phipywéd uwhdwhiwd, ophGwl 3-nud hhzwwnwydwé 2tnnudp wnpyws Yb-
wnhg bipYswgh wwinwhwlwh dEonpymG L:

UwhdwGnd 8: YwubilGp, np (X,Y) -p phulnbn bpljsunh wunnwhwlwl
d66rmipimi ¢, bpl wyn JEompnwl wndtipbph puwqdmpniln bppwynp b yud
huwpbih:

Nhgnip X L ¥ wwunwhwyuwl doénpntGGhph pwbudwl onhﬁpﬁbm{’ hw-
Jwywwwujuwlwpwp npymd 66

*) Npn2wihotpywl hwidwp bhpwnpnud kG, np X L Y wusnwhutjuwh SténpjuilGhinh wpdbpbbph
puwqimpynilp yopguainp t:
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Urynwuwy 6 Unyniuwy 7
X | x x, x, Y |y Y2 | e Vi
Pilp | P | | P Pla |4 |« |a&

wrynwuwlGtpny: Un nbwpemd (X,Y) nhuypbin Gplswh ywunwhwlws dténe-

pintGp tpynid t Gh wynuuwh oqGnpjwdp, nph wrwphl vjwh JE9 L wnwphl

nnpnud hwiwwywunwuhiwlwpwp npdmd 66 X L ¥ ywuowhwyw dténp-
Unynuwly 8

Y N Y2 e | Y, e I W
X
X Pn P see Py oo Pu
X, P Pa ooe Py soe Pu
X, Pa P oo Py oo Pa
Xy pul Pa2 b pq oo pd

mGGph pnpnp wpdtipGlipp, huy i-pn (i=12,..,n) wnnh L j-pu (j=12,.,k)
ywlh hwniwG ghwond X =x, L Y =y, wwunwhnyplbph hwiwwnbin hwinbu
quint

py=PX=xNY=y) 7
hwywlwywGmpyniGp:

Unymuwlyp, npp Gepwenid t (X,Y) phulypbn wunnwhwlwl 0bonipjwl
wpdtiplbph puwqdmpymlp L wyn wndtipbbph hwiunywonwufuwl hwywGwlw-
GupymGGpp, Ynsymd ¢ inpdwé bplsunh wpunnwhwlwl dEompywl pupfudwl
opliGp:

Mwnq t, np wyniuwy 8-h dbg dinGnn p; hwywbwlwGnipjnGibiph gnuiw-
np hwywuwp t dGyh.

33,1, (8)
L]

pwGh np (8) YpyGwyh qmuiwpp wit hwywuwnh wuwwnwhnyph hwjwGwlwine-
GG t, np (X,Y) wwunwhwliwG deénpyntGe pGnnuGntd t hp pninp wndtipGb-
nhg nplt dblp:
Uy, mGkGuiny (X,Y) nhulpbnn wyunwhwlwl dtémpjwi pwiuiwi o-
ntiGpp” unwbwlp X L Y wuwunwhwiwi deémpmGGbnh pwhaiwG opbGpGnpp:
Ljwwnh nbbGwiny, np X wwunwhwliwb dtémpjul x, wpdtipp wpnn k
hwlntiu quy ¥ wwuinwhwlyws dtonpywh jnpwpwbynip wpdbph hbuwn.
X=x=(X=xNY=y)UX =x,NY=y)U..UX=xNY=y,)
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L hwayh wnGbiny, np
X=xNY=y), X=xNY=p),., (X=xNY=y)

wwunwhnyplbpl wGhwiwwmbnbih B0, wihwiwwnbnbih wwwnwhnyplbph qni-
GwpdwG pbnptidh 26nphhy YnGkGwip [79,p11]

p=PX=x)=PAX=xNY=p)UX =x,NY =y,)U..UX =xNY =y,)]=
=PX=x,NY=py)+P(X=x,NY=y,)+-+PX=xNY=y)=
=py+ Pyt p, (i=12..,n):

Uwnnn GGp GnuyG duny hwdngybi, np ¥ wwuinwhwlwG dkénpymGE hp y,
wnpdbtipl pGnmGnud L

9, =P(Y=y)=p,+p,,++py (j=12,..k)
hwywGwywintpjwdip;

Wuwhuny, bpb (X,Y) wunnwhwlwl sbémpwl pwfudwl opliGpp wnp-
yntd ¢t wyniowly 8-y, wwyw X upnwhwlwl SESmpntGo hp x, wpdbipl
plnniGmd b o huwluwlwGnppudp, npp hwywuwn ¢ (p,) dunnphgh i-pn
innnh twppliph gnudwphG, huly Y wunwhwljwl 066mpimGa hp 'y, wndtipl

ponmlmd t dh hwfwGwiwlmpywdp, npp hwywuwn t wyn dunnphgh j -pn
wwl twppbph qnudwphi.

p=PX =x,)=§Pu (i=12,...n), q,=P(Y=.v,)=Z;:p., G=12..5: (9

Uy funupny, bpl (X,Y) npulipbn wunwhwipwl kémpuwl puspfudw onbil-
oo vnymd t wymuwly 8-ny, wyw X L Y wunnwhwlwl 86npmniGGbnh
Pupfudwl opliGplbpl b hwlwuunnuwufuwbwpwn inmdnd 66 6-pn b 7-pn wi-
JmuwllGbpny, npunbn p, (i=12,...n) hwlwhwlnpinGotpp npnaynid &G (9)

pwlwolbphg wowghlny, puly 9, (j=12,..,.k) hwjwGwlwlnipymGabpp®™ win
pwlwdlbphg bphypnpany: ,

VwhdwGmd 7: X L Y phulpbin wunwhwlws obénpmGabpp Ynsynid
60 woljwfy wwmwhwlws S66mpimb6bp, bpb gwlliwgws i-h (i=12,..,n) L
quWilpwgws j h (j=12,...k) hwdwp X =x, -6 L Y =y, -0 wilwfv ujunnuwhnijp-
o6p 6G:

Nupqymd t mobbuyny X L Y wllpwfu upunnwhwlwld sbénpmGatinh
pufwiwl opliGplbpp” wpnn 60p uinwluy 6wk (X,Y) wuwnwhwlwl Jkont-
Pl pwptuwdwi opblpp:

bpnp, nhgntp X L ¥ wuwnwhwlwh sténipymGGtph pwhuiws opbGplb-
np hwiwwwwnwuluwGwpwp npydmnd 66 6-pn L 7-pn wynwuwlGlipny: Oquyb-
id wilwiu wwwnwhnypltiph pwqiwwuwinydwh ptinptidhg [79.p4]° Yuunwwdp
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p=PX=xNY=y)=P(X=x)P(Y=y)=p,q, (i=1,2,..,n; j=12,.,k):(10)
(X,Y) Gplswh ywunwhwlwb d6énpjwl pwtudwb opblpp unwGwint

hwiwp SGni £t p,=P(X=xNY =y,) hwwbwywGnipynGGtph hwiwp unuw-
gwd wpdbplGtpp wknwnnty 8-pn wrynwwwlyh dky:
hyw

OphGuwy 4: LEnnmd BG bpyne fewnnulyp: UnwGwy (X,Y) bpliwd yunwhwlwh
sbénpjwl pw2tudwl optlpp, npntn X wwunwhwwb SGénupynLip wowphh fuwnnuynph
ytiphG Ghuwh Ynw hwinbiu bYws phdl L, huy ¥ -p° Eplpnpnh:

Lmémud: Oqutiiny ophGwy 1-hg L ybpLnud wwwgnigwd winnuwihg' tqpulwg-
Gnwd GGp, np dbq hbvwppppnn bpyswh wWunnwhwlwt SEénpywl pw2iudwG opbGpnud
SwuGwygnrn pninp hwwlwyuwGnp)ntGGpp hwywuwp 66 1/36-h:

dGpenud plipbGp Gwl hbwbjw) uwhdwlnuibGbpp®

UwhdwGnd 8: ¢ hwutnwinntGh b X nphufypbn wuwinwhwlwl Jbénip-
Jwi wpnwnmuwy wubing (hwoywlwlp wid wuwnwhwlwl 066mpymap, nph
wndbplGbpn vinwgmd 66 X JE6mpywl wpdbiplbnp ¢ hwunuwnmbony pwq-
Jwupunnlybyny: Can npnid, bpk X U66mipywl puphdwl opliGpp wipynid t wn-
muwly 1-ny, wyw cx wuwnwhwlwl v66mpywl pupfudwl opbapl by wnpdnid
¢ hbunlywy wymuowlyny®

Urynuwy 9
X |ex, | ex; | oo | oex,
P lp | P || P

Uwhdwind 9: X &4 Y wunnwhwlhwl d6émpymbGoph wnpdtipbbnhg ywq-
Jwé pninn xy wmnwnmuwyGbph pwqdmpimp, npwnbn x -p wuwnlwamd ¢ X
dbompywl wndbplGbnh pwqldmpywip, huly y -pn° Y d6émpywl wndtiplbph pwq-
Impywlp, Ynsymd t X L Y wuinwhwlywl s6émpniGGbph wpinwnmywy b
Guwowlpmd xy -ny:

LnyG duny uwhdwlynid b Gub Gpyniuhg BBS pyYny wwwnwhwywh dkonL-
pinGGEph wpuwnnywyp:

UwhdwGnwd 10: X &4 Y wwinwhwlwl d6émpym Gabph wpdbplbphg
Ywqowd pninp x+y qmdwnlbph pwqimpinlp, npunkn x -p wunlywontd t
X Ubormipywl wpdtplbph pwedmpywln, huly y -p° Y Jdbémpywl wndtipGbph
Pwadmpywlp, Ynsdmd t X L Y wunnwhwlwl dbémpymbabph gnidwn L Grw-
Gwlpma t x +y -ny:

LnyG dlny uwhdwGyntd t Gwl bpymuhg GG pyYny wwinwhwlwh dLone-
pinGGGph qnudwpp:
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§83. Thulyptin ywunwhwwt duénpjul Jwpbdwwnhfwlwh
uwwuniip, nhuwbpuhwa, ShehG pwowyniuwjhl 2tnnudp L Gpwig
hwwnlynipynGGlpp:

NMwuwhwlwh dténpyntGGipha Yepwpbpnn 2w fuGnhpGbpnd wGhpw-
dtwnnipyntlG t wnwowlnud hdwGw) npn pdwjhG dtonmpynLGGep, npnGp nh-
nwnlynn wwunwhwlywh dEénipyniGp pGnipwigpmud 56 gnudwpwjhG hdwuwnny:
Ujnuwhup pyuwyhG pGnipwqphsllinhg 56 wwwnwhwlwb dkénpjwh dwpbdwwh-
YJuwywG vwywumdp, nhuwtpuhwl L ShehG pwnwyniuwshG 2tnnudp:

GGpwnptiny, np X nhulpbinn wWwuinwhwlwh deénpynGG pGnnlGnud t Ytip-
owynp pyny wpdbipGtp’ é6whnpwlwlp wyn Stonpjwl Gdwsd pywihG plni-
pwanhgGtphG:

UwhdwGnud 1: X phulpbin wwnwhwlwl o6omppwl pninp wpdtiplbph
L wyn wpdtiplbiph hwiwwwnwufuwls hwfwbwlhwlmpim GGEph wpunwnpw)-
abph qrudwipp Ynsdmid ¢ Gpwo wwanwhwlwl 066mpwl dhohl wndtip Ywd
Jwpbvwunpywlwl uywumd b Gpwlwldmd ¢ M(X) -ny:

Ujuwghuny, Gpt X wwwnwhwywb daénpjwl pwiudwh oplGpl niGh 6-pn
wryniuwlynd [82] pbpwé wbupp, www, hwiwdw)s uwhdwGwiwh, wn db-
Onpjwl Swpbiwwnhywlwl uywumdt wpnwhwpnymd t

M(0)=3xp, (gp =1) )

pwlwdlny:
NYhulypbvn Wwuwhwlywt dhonpjwh Jwpbdwwnpljulws vwwundl odwn-
Jwoé b htwnlyw) hwnlynpymGGbpny’

1°. Jwwnunnnt G dbompywl swpbdwnhlywlwl vwwumdp hwywuown  wm
dJ&onipwap.

M(c)=c (c=const): (2)
bpnp, ¢ hwunwunlp hwdwptiny wWwonwhwywb dténipnG, npd win

wpdtipG plGnmGnud b 06Y hwywiwlwempywdp L wy wpdtp sh pGrncGnud’
twpbiwnhiwiwl vywudwl vwhiwiiws hwiwdw)i YnlGEowhp

M(c)=c-1=1:
huyw

2°. Jwuwnuninm G wpnwnppsp Yupbih ¢ nmpu pbipty dwpbdunpluwlwl
wwwudwl Guuwih inwlhg.

M(cX)=cM(X) (c=const): (3)
bpnp, GGpwnpbiny np X wwunwhwlwh d6émpywh pwztudwh optiGpp wp-

ynud t 6-pn wyniuwyny L ogudbiny X (c = const) wwwnwhwiwG SEénLPJWG
uwhdwGnilhg [82,u8] nt (1) pwGwdlkhg' YuwwiGwhp

M(cX)=cxp,+cx,p, ++cx,p, =c(p+ X,p +-+x,p,) =c M(X):
hyw
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3. Gpym ppulpbin wwnwhwlwld bompinGGlnh emidwph dwpbdunp-
Yuwlywl vupwumdp hwywuwn t wyn J66mpntG06ph Swpbdunplywlwl vww-
untdobph emdwnhi.
MX+Y)=M(X)+M(Y): (4)
bpnp, LGpwnpbny, np X L Y nhulypbivn wwunwhwlywh dkénpynlGhbph
hwiwGwlwbnipyniGGiph pwztudwb optiGpGtipp hwiwwwuinwuliwGwpwnp wp-
ynud G 6-pn L 7-pn wyniuwyGtipny [82], hGswbu Gwl oquytiiny [82,(9)]
pwlwdlbtphg” X +Y wwwwhwlwl dtompjwh [82,u10] swpbdwwhlwywh
uywudwl hwiwp YniGEGwGp

n & n k L 3
MX+)=3 3 (X +Y)P, =D 2. %Py + 2. 2.¥,p, =
=l jed =) f=l i=l f=1

] k k » I} k
=2 XL Pt Y, 2P =2 5P+ 2y, 4, =M(X)+ M(Y),
sl = = =l Jal
ﬂnlnbﬂ Py = P(X =X, ny= y/) (i= 1,2,...,nm; Jj= l,2,-..,k):
hyw
4. Epynt phulpbn wuwnwhwlwl saompymGGbph wnwppbpnippwl Jwpb-
Junnhywlywl vwwumdp hwywuwn b win 066mpimGG6pH dwpbdwnplwlwl
uwwuntdGbpp twppbpmpywlp
MX-)=M(X)-M(Y): 4)
bpnp, oquybiny nhuypbn Wwunwhwlws dEénpjwl Jwpbiwnhwywl
uwwuiwb Gpypnpn L Gppnpn bwinympintGGephg” YnLGaGwGp
M(X =Y)=M[(X +(-Y)]=M(X)+ M(-Y)= M(X)- M(Y):
hwyw
5°. Epym wllwfu ppulpbn wunnwhwlwl d66mpntGGph wpunwnpuwh
Vwpbdwinhlywwl vwwundp huywuwn t uyn J&émpim GGbph dwpbdunnp-
Yuwlwl vwwuntdGbph wpunwnpyuyha.
M(XY)= M(X) M(Y): (5)
bpnp, LGpwnpbny, np X L Y wilwh wywunwhwlws dténtpymGGLph
[82,u7] hwjwlwywanpjnliGtph pw2hwiwh opklpGtpp hwiwwwunwuluwbu-
pwp wpydnud GG 6-pn L 7-pn wynwuwlyGepny, ogquytiny [82,(10)] pwlwdlb-
nhg L hwayh weGkiny, np xy wwunwhwlwh dEompywi [82,u8] pwudwb
opbGph nLGh

Uryniuwly 10
XY Xy, e | Xy, e LB
P Pa | | Py | | P

nbkiupp’ wyn dEonpywl Jwptdwwhiwywt vwwudwl hwiwp Yuunwbwbp

n & L » 4
MXY)=3 Y xy,p, =22 %Y,P4, =2 %P, 2. ¥4, = M(X) M(Y).
= f il el = J=1
hyw
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Ujdd LGpwnptiny, np X nhuypbinn ywunwhwlwh dEonpjwlb wpdbiplbph
pwqdnipynilp hwzybiih t L wyn dE6nLpjwl hwywlwluwGnipynGGhph pwptu-
Jwi opbklpp wpynid t wryniuwly 1-ny [82]° nhunwnytiGp

2x.p. ©)

wppp:

UwhidwlGmi 2: Epli (6)-n pwgwpdwly gmniquidbin wnp b wwyw wn zwnph
gmdwpp §nsymd b wymuwly 1-ny inpynn hwwbwlwlnipimGobph pwfudwl
onbip mObgnn X wuwwnwhwlwl J6émpult dwpbdunpywliwl vupwuntd.

M(X)=§x.p., N0

hwlwnwly nbwpmd qwubiGp, nn X wunwhwlhwl deémpintlp Swpbdwwnp-
uwlhwl vwwumtd smip:

Muwpqynud £, np tpb wyntuwy 1-nyd wipynn pwfudwG optiGp nuGkgnn ww-
nwhwlwb StontpynLll nulh Jwpbdwwhlwlwl vwjwuntl, www wjn uww-
undh odundwd t Gneja hwnynipynlGGtipny, hos L yepowynp pyny wndtpGtin
mibgnn wwuwhwliws sEdmpjwl dwpbiwwnhljwlwi uwwunidp:

nGnhp 1: Ywwgmgby, np phulptin wwinwhwlwld Sbémpwl dwebdunnpluwlws
uwpwunidp @unbymd ¢ wyn J66mpywl wibbupnpp L wibbwdbe wpdbplbbnh dheb:

Lnwdmud: Shgmp X nhuypbunn wwwnwhwyuwG Seénipjwlb puwhuswG opbGpp wpynud
t 6-pn wyniuwlny 82 m -ny L M -ny Grwlwhbiny wnpud wwnwhwlwh shéncpjwi
hwiwwwnwuhawbupwp witGwihnpp b wibbwdité wpdtpbbpp” YuunwlwGp [82,(1)]

M(X)=xp +%,p,+-+X,p, SMp+Mp +---+ Mp, =M(p + p+--+p)=M-1=M,

MX)=xp+xp+-+xp2mp+mp+--+mp,=m(p+py+-+p)=ml=m:

Ujuwghuny, Gaqwé puzfusws opbGpG nGkgnn X wwunwhwlwh dténpjwlb Swpb-
dwinhjwlwl vwwunwp pwywpuwpnd t

m<MX)YSM
wihhwywuwpnpntGobphG, hGgp b wwhwbeydnud tp wupugnigh:

luGnhp 2: Upynnud Yw 3 uwhnwy b 7 Gwpdpp qGnul: MwnwhwlwGnpbG hwGynid
t 2 qlnuly: GGy hwGdwé uwhwnwy qlnuilGeph pyh Swpbdwwnhwyws vwwuniip:

Lawdnuld: Ubq htunnwppppnn wwinwhwlw6 sadnwpynilbp Gawbwytbp X -ny: Jwu-
YwOwh t, np X dhoénpjwl hGwpwynp wpdtplbnG 46 0-G, 1-p L 2-p: Ujn wpdtipGbpht
hwiwwwunwuhswbnn hwywlwliwbneyntGitpp GawGwybny p,-nd, p,-ny L p,-nd’ Ynt-
GtOwGp [77,(67]. [78.(1)]

a1 ac_ 1 ¢
A R TR O R TR Clalrs MR TS

hGnph nudnudl wwpunbpne hwowp 3Gnud £ oqunyty (1) pwliwadlhg.
M()=0L41.Le2. L 3.
15 15 15 5
LjwwntGp, np twppbip wywuwhwlwb dkénpinGGEp Ywpnn 66 nuGGGuwi
OhlOny)0 Swpbdwwnhywlwh uywuntdp: Ibnbwpwn, pGnipwqntiny Shw)t ww-
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nwhwlywl dEénmpjwb dhohlt wpdbpp’ dwpbdwwnhlwlwh vwwumidp sh Yuw-
pon (nhy wwwnlbpwgnd vwy inpgwé dhdnipjwl JwuhG: Ujn wwwGwneny Sw-
ptiduwnhywywl vwwudwl hbn dblwnbn Gepdnéynud b6 Gwl Wwnwhwlwh
Suémpjwlb wyp puyhb pGnpwgnphslbip: Uuwbu, qGwhwunGint hwiwp wwunw-
hwiwa Jeompjwl wnpdtipGtph gpnidp hp Swpbdwwnhljwlywt uwwudwhb nip-
op’ Uinglklp wjn Oténpjwl nhuwbpupwih hwulwgnipyniGp:

Lwhu 6winpwlwbp wwwwhwwb dhénpjuib 2tndwl hwulwgmpjwp:

UVwhdwlnd 3: X wuwnwhwlwl otémppwl b Gpw Swpbdwwnhlywlwl
wwwudwl wnwppbpmpnlp Ynsymd t X d6ompywl knmd hp dwpbdunnp-
Yulhwl vupwumdhg Ywd wwpquwbuy X JEémpywl bnmd b Gpulwlhydmo ¢
X -ny:

Uuwhuny, hwiwduwyl pipdwéd vwhiwGiwG, X wwunwhwlwhs deomppul
2tnnuiG hp dwpbdwwhhuwywb uwywunidhg wpnwhugnynud t

X’ =X -M(X) (8)

pwlwdlkny:
WbGp, np X L X° wunnwhwilywG dbompniGaiph puwfudwl opliGplbtnp
ubpinnnbl hwupjwo 6G vhdywlg. bpt X Ubémpywl pwpfudwl onblpp wnpnis
twynmuwly 6-ny, www X° SGémppul pupfudwl opblpl b npdmd E htnlyuy

wymuwyny’
Unyniuwly 11
X x-MX) [ x,-MX) | ... [ x,-M(X)
P P P2 b P.

Bunpkd 1: X wwwnwhwlwl dE6mpul )nvwl dwebdwinplywlwl vuyw-
umtdp hwfwuwpn t gpogh.
M(X")=0: 9)
Uywgnijg: Oquybiny wwuwhwlwt d6énmpjwl dwpbiwwnhywlywb
uwwudwl wrwohG L gnppnpn hwwnynpynilGlephg’ YuunwGuGp
M(X°®)= M[X - M(X)]= M(X)- MIM(X)]= M(X)-M(X)=0:
huyw
UwhiwGnd 4: 2huypbn wwinwhwlwl 0bénipywl 2bndwl pwawlnt-
unt Swpbdunnplywlwl vupwunidp Yngdncd ¢ wyn d6onipwl nhuwbtipupw L
Dywlwlpfmo ¢ D(X) -ny:
Ugpuny, hwiwdwyl vwhdwldwl, X wunnwhwlpwl Sbémppul nhuwbin-
uhwl wpwnwhwym/myo ¢
D(X)=M[X - M(X)} = M(X°Y (10)
Pwlwidliny:
Lwinh nbbGuwiny, np X wuwwnwhwlwl ddnpjwh 2tindwh pw2iuiwi o-
pGpl mGh 11-pn wrynwuwynd pipdwéd wnbupp L oquitiny wwwnwhwyw
GbonLpjwl dwpbiwwnplulwl uwywudwb vwhiwGnidhg' YunnwGwiGp
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D(X)= p,[x, - M(X)F + p,[x, ~ M(X)F +--+ p,[x,-M(X)}  [D(X)20]: (11)
Uwwhuny, npulpbn wunnwhwljwt 6émpywl nhuwbpupwld hwwuwn ¢
wyn J&émpywl pbndwl pwewlniunt papnp wpdtiplbph L wyn wpdtipGbph hw-
Jwwwinwufuwl hwywlwhwlnipimbGph wpwnwnmuwGbph enidwphl:
Ujdu, wnpunwétilp wprunwhwlywh dtontpjwl nhuwtpuhwih hwaddwl pwlwéblp:
Btnpbd 2: X wwuwhwlywl d6émpwl nhuybpupwli hwywuwn t wnp-
Ywo UESmpywl pwawlynium Swpbdunhywlywl vupwudwl b win 06onipuwl
dwpbdwinpywlywl vwwuswl pwawlniunt tnwppbpnipywip.

D(X)=M(X")-M*(X): (12)

Uwwgniig: Liwwh mObGwiny, np M(X)-p L M?*(X)-p hwunuwinmGGhp

G0 L oqunytiiny wwuwnwhwlywh dESnpjwl dwpbiwwnhluiwl vwwulws wnw-

ohl snpu hwwnlynipynLGlGiphg” YnlGLEGwGp

D(X)= M[X - M(X)F = M[X* - 2X M(X)+ M*(x)}=
= M(X?)- 2M (X)M(X)+ M*(X) = M(X?)- M*(X):

hyw

OphGwy 1: QunGb} w)l Wwinwhwlws Jeénpjwlb nhuwbpuhwb, nph pwtudwi

optlpp wpynud £ hbuinbyw) wrynwewyny’
UnynLuwy 12

X 11 3 6

P |02]05]0.3
Lawdnwl: Yewpht bnwlwy: Lwhe, oqunybiny (1) pwlwdlhg hwpyblGp nplwd ww-

nwhwljwl sEdnpjul dwpbdwnhulws uupuuntdp.

M(X)=102+3-05+6-03=3.5:

WGnihbink Yuqoble X° nu (x°f uwuanuhwlwG Siénupsnubbinh puizfubwG opbGpetnp.

Unyniuwly 13 Unynwuwly 14
x° |25[05]25 (xof [625 025|625
P 02 05 |03 P 02,05 )] 03

Oquytiiny Gwl (10) pwluwdlhg’ nhvwplyynn wwinwhwlw Seénpjwh nhuwbn-

uhwjh hwiéwp YuunwluwGp
D(X)=625-02+025-05+625-0.3=3.25:

Eplypnpn bnwlwy: Ljwnh nlbGwing, np x? wwinwhwlwi dEénpjwh puztutwl
onklpG nuGh

Unynwuwly 15
x? |1 9 36
P 0210503

nbupp” hwaytlp win Sompjwt dwpbdwwhywywh uwwuntdp.

M(X*)=1.02+9-0.5+36-03=155:
Ujbnthbwnk, oqugbiiny (12) pwlwdlhg' hwagblp nhunwpyydnn wuwwnwhwlwb deont-
PJwG nhuwbpubuwuG.
D(X)=15.5-1225=13.25:
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Ahuyptivy wwuwhwlwb dténipywih nhuwbipuhwG odunjwé t hbunlyw) hwwn-
YnipyniGGlpny.
1°. Jwuwnunnm G saénprwl nhuwbpupwl hunjwuwn t qpnyp.
D(c)=0 (c=const): (13)
bpnp, oqudtitny (2) L (10) pwlwdlbtiphg' YnuGLGwhp
D(c)=Mle- M)} =M(c-cf =M(©0)=0:
huyw
2°. JunnunnmG wpnwnphisp upbh t pwewlmup pwpdpwglbbing pmpu
pbpky npuwbpupuyh Grwilh nwlhg.
DleX)=c*D(X) (c=const): (14)
bpnp, oqunytiiny (3) L (10) pwlhwdlliphg™ uinwGwip
Diex)=M[cX -MX)f = MleX -eM(X)} =

=mE[x - MO} )= eM[x - M(X)F = *D():
bhuyw

3. X LY wiywfy wunnwhwlpwl s66mpimGGEph qmidwnp nhuwbpupwl
huwwuwp t wyn 066nipmGGEpH nhuwbpupwibnh qmdwphda.

D(x +Y)=D(X)+D(r): (15)
bpnp, oqindtiny (4) L (10) pwGwdltphg” X L ¥ wilwh wwunwhwlwh
dbonupynLGGliph qmudwph phuwytpuhwih hwiwp YnGEGwop
D(X+Y)=M[x+Y-M(X+Y)} =M[x -M(X)+Y -M(Y)} =
M[x - M(X)F + My - M)F + 2M{x - M(X)JY - M(Y)}:
Uyanihtinnls oqunybiny (5) L (9) pwlwdélbphg' YuunwlGwip

M{x - OOy - M(r ) = Mx - M(x)paly - M()]= (5 pa(r)=o,

npunbinhg Ytpplwwliwwbu YniGhEGwhp
D(x +Y)=M[x - M(X)} + My - M(Y)} = D(X)+ D(Y):
huyw

3bnbwilp 1: JwurnwwnmGh b wunnwhwlwl 066mpywl gnidwnh npu-
Wbpupwl hwywuwn £ wyn S66mpywl ppuwbpupuyhl.
Dlc+X)=D(X) (c=const): (16)
bpnp, oqunytiny wwwnwhwlwhd d6énpjwls nhuwbtpuhwh wnwehG L tp-
pnpn hwwnympynitGGphg” YunwGwGp
Dfc+ X)=D(c)+ D(X)= D(x):
hww
4. X LY whywfy wyunnwhwlwG 066mp/mGaGaph nwppbpmpwt nhu-
wbpupwl hwwuwn t uyn J66mpymGaEph npuubpufwGbnh emdwphs.
D(x -Y)=D(X)+ D(Y): (17)
bpnp, oquybiny wwuwwhwlwa SEdmpywt nhuwbpuhwh Gpypnpn L bp-
nnpn hwnynupnGobphg’ YniGkOwap
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D(Xx -Y)=D[X +(-1)]= D(x)+ D(- Y)= D{x)+ (-1} D(¥)= D(X)+ D(Y):

bupw
Lywnbkhp, np (15) L (17) pwlwdlbbph hwibdwwnipynilip hwaqbkiglnud t
hbwnbjw) pbinpbdhG’
@bnpbd 3: &pymt whwfu wunmwhwlwl s6énpm GGLpH gnidwph b tnwp-
pbpmipywl nhuwbpupwlbpp hwywuwn 6G hpwp.
D(X +Y)=D(X -Y): (18)
Ujdd Swhnpwlwip nhulptivn wwwnwhwlw dE6npjwb dhohG pusnuslym-
uwjhfi 26ndwl hwulwgnipjwip:

Uwhdw@Gnid 5: X) wpuwhwpinmpinlGp §nsdmd ¢ X wunnwhwljwl

dbkompywl dhohl pwnwlmuuyhl sbnncd L Lpwlhwlydmd ¢ o'(X )-ny:
Ujuwhuny, hwiwdw)G ppjwé vwhiwGiwh nuGkGp

o(x)=JDX) = yMx -M(xX)F : (19)
bGswbtiu nbulnd Ghp, wwinwhwlwh dténtpyjwl dhehl pwnwyniuw)hb 2t-
AnLdp GnejOwbu pGnpwgnpnid b wyn dkénipjwl gpnudl hp Jwpbdwinhlwlywb
uwwudw( 2npep: Vwlw)h, h tnwpptipnupynil nhuwbpuhugh, npG nuGh nhinwpy-
ynn wwunwhwlwh dtonpjwd pumwlnium swhnquywGnipynlGp” nipjwd ww-
nwhwlwl deénpjwl Shohl pwewyniuwihG 26nnudG mGh htiGg wyn SadnLp-
Jwl swhnnwywlnupyniGp: IGnlawpwn, tipb nplt fuGnpnud gwllYwih t, np ww-
nwhwlwa dE6nLpjwG gpndG hp Swpbiwwhliwlwl uywudwh 2npeG nulb-
Gw wyn dhdntpywh swihnnwywGnipynilp, whhpwdbzn t ogqunyb Wwuinwhwlwh
dbdnpjwl ohohl pwawyniuwihlG 2tindwl hwulwgnipjniGhg:

dbponud hwayblp h pwGh wuwnwhwlwb S6&nipjnGGhph dwpbdunh-
Ywiwl uwwuntdGbpG nu nhuwbpuhwGbpp:

OnhGuly 2: Qnlbp dbYy thapdnd 4 wunnwhnyph hwinbu quint pyh dwpbdwinh-
Ywlwl uwwuntdG nu nhuwbpuhw(, bpb wyn thapdnud G2Yws wwwnwhnyph hwinbu qu-
tnt hwywlwlwbnpyntGp hwjwuwp £ p-h:

Lnténud: 2wih np 86y thapdnd 4 wwuwhnyph hwinbu quint phyp (Gpuntdbbph

phyp) wunnwhwlwG dténtpynih t, nph hwiwGwlywGnipintGitph pwatuswG optiGph nlh
hbwljw| wnbupp’

Unynuwy 16
xJoTJ1 @=1-p)
P q9 p

nwwnh, hwiwdw)t (1) pwGwdlh, wyn Shonppuut Swpbdwwnhywiws vuwudws hwiwp
YnObGwhp

M(X)=p: (w)

Uuypuny, d6y shnpdmid A wunnwhnyph bplmdlbph pydp dwpbdunnplpwlywl veyuw-
umdp hwywuwpn ¢ wyn npdh dwiwlwy nfunwplyyng wuwnwhnyph hwinbu quint hw-
Ywlwlwlnipyuwlp:

Oqunijbiny nhuypbn Wwwnwhwiywh dkénpywl nhuwtpuhbuh hwaydwa (11) pw-
Gwdlhg L Gywwnh nGGwny, np ahvnwplynn wwinwhwlwG SEénipjwh 2bndwh punw-
Ynrunt pwhudwG optiGpG mGh 17-pn winyntuwlnd phipdwé nbupp’ w)n dbdntpjwG nhu-
wbpuhwjh hwdwp YuinwbGwbp
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Unyniuwy 17
X | PP | @ DX)=p'q+q’p=palp+q)
P q P
npinbnhg, hwaydh wnGking, np p+q¢=1 YmbGbGwip

Dix)=pg (g=1-p): (r)
Unnghuny, 06l hnpdmd A wpuumwhnyph bpbmdGbph ph nhuwbpupwi hwiwuwn
tuyn spnpdh dwowlwly A b 4 uunwhnyplbph hwbnbu quym hwiwGulwGnipin 666-
nh wenwnpuihl, nunbn 4 -0 A -h hwlwnpp wunwhnypd
OphGwy 3: Iwzyb huyjwlwywbnipjnGobph tplwlnuiwhG puztunid nultignn
[B2,u3] X wwuwhwiwl dEémpjwls Swpblwinhjwlws vupuuntdG m phuwbpupwG:
Laeémd: Oqunftiiny nhulpbinn wwnwhwijwl dkénipjwl Swpbtuwnhlpulws uwwu-

w6 hwayowd (1) pwGwdkhg' nhuwpyynn Shénpjwld Jwpbdwnhyuwiwls vwwudwi
hwiwp Yuunwlwip

M(X)=§kc.'p‘q”: (a)
82-pn Wwpwqpwdnuld pbpjws
(p+qf = gc‘.‘p‘q"
hwywuwpnipjwl [82,( 4)] bpym Ynnibpl wéwGgbinyg puwn p-h [27,(7)], [28.(17.(9)).

n(p+q)” = gk cipte™ m
L unwgwé hwdwuwpnipjwl we nt dwhs Ynndbpp pwqiuwyunibind p-ny” YnubbiwGp
nplp+q) = gkcfp'q“ : (b)
Jwdbdwwnbiny (q) b (6) hwywuwpmpnitGGipp’ Yunwlwlp
M(X)=rplp+a)”.
npunbnhg, G4wwh nGbGunny, np p+4q =1, Yopphwlwbwwbu YnGaGwGp
M (X )= np: (Q)

UYuwpuny, hwwlwlwbnpim6abph Ephwlnwidughl pufomd mbbgnn wunmwhus-
qwt vbompywl dwpbdwinplyuwlws vwwumdp hwywuwn t pagnp hnpdbph pdh b 06y
hapdnid pfunwiplpfng wunnwhnyph hwinbu quynt huwdwlwlwlmpwl wpnmwapupa:

UGgGhyny wnpywéd wuwunwhwlwd saénpywb nhuwbpupwih hwydwbp” Gwlu unw-
Gwlp wyn Stonpjwl pwawyniunt dwpbdwinhwlyws vwwundp.

m(x*)=3ectp'e: (t)
(m) hwywuwpnipjws bpyn unnﬂbnhﬁ. wéwlgliny pun p-h.
- 1)p+q)* = S ke -1)C!p g™
L unwgywé hwyjwuwpnipiwG we nt dwhe Ynndtpp pwqlwwuwnisiny p? -ny Yunwbwip
rn-1)p*(p+af = Sk -1)Cip'a™ :

UplhG oquuibiny p + ¢ =1 welGsnpyniGhg” Yanehl huwejwuwpnipyinelp YobiptruywgGhGp
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n'p? - np? -—-isz' (P chl
=0
wnbupny, npinknhg, Ghurnh nGkGwiny (g), (@) L (t) Iunqmuwnmp]mﬁﬁhpn‘ YnLGbGwap
M(X*)=rp* - +np: ®
Oqunytiny nhuypbivn wwwnwhwlwh SEonpjwh nhuwbpuhwh hwydwG (12) pw-
Gwdlhg' nhnwplynn Shdmpywl nhuwbpuhwih hwiwp Ybpetwlwbwwbu funwbwhp
D(X)=np’ - np* + np -’ p* = np(1 - p)
Ywd np GnyyGG t°
D{(x)=npq ®)
pwlwdlp:

Uuwhuny, hwjwlwlwlnpymG6ph plwlnuidughG pupfumd mbbgnn wunnwhw-
Ywl Jbémipywl nhuupbpupwl hwwuwn t poynp hinpdbph pyh b dbly hnpdmd ppuwnly-
ynn wunnwhnyph ne Gpw hwiwnpp wuwnwhnyph hwlnbu quym hwwbwlwbmpnt G-
abph wpwnwnpyuhi:

OphGwy 4: Qunlb] hwywGwywbnipyniGGbph MnwwuunGh opbiGpny pwtufwd
[82,ud] nhuypbnn Wwwnwhwlwh JEonpywl Jwpblwwnhjwywl uwywunwdp b nhuwbp-
uhwG:

Lnuénud: Oquytiny hwaybth pwqdnipjwip wpdtpGtp plnniGnn wwwwhwywo
dGonpjwl dwpbdwwnhiwywl uwjwudiwh uwhdwGnshg L y =¢* Inllghwih

r _ 3 i
‘= .Z‘o m
ybpiniénipyniGhg [63,(14)], nhuvnwplynn wwunwhwiywt dEonpyjwl Jwpbdwwnhluyws
uwwudwi hwéwp YnGbGwip

Lo det o et e at eat
M(X)—gn - —g.. e ga_m-ae Z‘oml e’ (m=pn-1)

Jud
M (X )- a: (9)
Yuwghuny, hunjuwGuipubnipymbobph Tnuwwunth opbilpny puzfufud nhulpbn -
iyl Bsnipyunl dupbdunnpipulpul uupumnulp hunfuwown ¢ wyn pupfudwl upupudinphl:
UGgGhyny wpdwé wwinwhwlwl sténipjwG nhuwbipuhwih hwzdwip’ Gwlu (d) hw-
wuwpnipjwl oqlinipjwip unwlwGp wyn dténpjwh pwewyniunt Swphdwwnhwlwb
uywunidp [82,(5)].

M(x*)= Z"’ a"e g "'"Z[(" I)H}(_i
=a§(m+])a‘;!"w(gma‘:d"+§a'; J:a(a+l)=a’+a (me=n-1):

Oquybiny nhulpbinn Wwuinwhwywh SsénpjwG nhuwbipuhwyh hwqiwG (12) pw-
Gwdlhg' nhunwplynn deénpywt nhuwbpupwih hwiwp JunwGwGp

D(X)=a* +a-a’
D(X)=a )
pwlwdlp:

Uuhuny, hudwbwlwlnggimGabph Mmwwuunbh opbGpny pwiwjwd phulpbn wyw-
nwhuwlywl SEompnul nhuwbpupwl Onylupiv hunjwuwn t wyn pwfdwl upupudbnppo:
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§84. Mwuwhwlwl daénpjwld hwwbwywGnipjniGGtph
pwtudw@ Pniblyghwl, Gpw hwwynp)nGlbpG noe qpuwdhyp:
UGpanhwwn Wwunwhwywb JEénpjwl pwludwhd funnipynilp,
jwpbdwwhlwlywld uwwuntdp, nhuybpuhwlG L JdhohG
pwnwlniuwjhb 2tnnidp:

tpb nhulpbinn Wwuwhwlwh Sénipjwld pwzhudwh opklipp hGwpwynp t
nwy wrgneuwlh wnbupm, www ng hwybith pwGwynipjwip wpdtplbp pGnnt-
Gnn? wWwunwhwlws dhénpjwl pwziudwl opbGplh wnwbu GEpYwjwglti hGw-
nwynp st Un wywwnSweny wGhpwdtnnmpynit b wowewGnid Ghpdnudbine ww-
nwhwlwl dténipywb Gnp pGnipwqphs:

UwhiwGmd 1: X wwowhwlwl J66mpjwl hwyfwbwlwbmpimGG6nh
pupfudwl pniGlyghw wd wwpquwby X J&onipywl pwpfudwli pnlGlhghw ins-
ymd ¢ wdpnnp puyhl wewlgph ypw npnpdwé wyl F(x) pnillghwl, npp
e ¢

F(x)=P(X<x) (—oo<x<+co) 1
pwlwdlny:

Uy funupny, X wunnwhwlwl vbompwl puwpfudwl pnillghuwyh wnpdtop
gwlwlwgwo x Yinmd hwjwuwn t wlb wyunwhnyph hwywGwlhwongwip,
nn phurwplpydng wunnwhwlywl Seémpyntlp Yplnmbh x -hg hnpp wndbp:

Nuwuwhwlwb deénpjwl hwyjwiwywimpyntGGtiph pw2iutwG $nblyghwh
odunduwé t htwnbywy hwwnlynipinlGGipny’

1°. Munnwhwlwl deémpywl hwywlwlhwimpymbGph pwolvdwl pniGy-
ghuyh npnydwl whpnypl wipnng pyuyhl wowlgpl ¢:

Nuwuwhwlwl dbonpjwl pwiudwt InbGyghwihG Ytipwpbpnn hwwnynp-
jnlp wipwqpduwé t ugn dnillghwih vwhiwGiwh dby:

huww

2. Munnwhwlwl dEémpywl hunjwlwlhwlmpintG0ph puwfudwl pnGly-
ghuyh wpdtplbph pwqdmpymap [0;1] dhowluypl ¢

bpnp, pwGh np pun uwhiwGiwG F(x) $niGlighwsh wndtiplbpp hwywbw-
YwlnipyntGGbin 60, hbwLwpwn win Pnilyghwih hwdwn nbknh NG

0< Flx)s1 (o <x <) 2
wihwywuwpnipyniGGtpp [78.(2)):
hww

3. Yl yunnwhnyph hwywiwlhwonigimlp, np X wunnwhwipwl J6onp-
JwG wpdbipbbnp YpoliGbG [a,b) (a <b) Ypuwpwg dhowlwyph vbo, hwywuwn ¢
undwo dhowlhuwpmd X dbompywl pwpfudwl prubhyghwih unwguwd wopl.

P(a< X <b)= F(b)- F(a): (3)
bpnp, GYunbiny, np a <5 nbwpmd X <b wwwnwhnpp X <a b as X <b

*) Ywh hwydbih puqdnipynGGbphg [18,u13] hqnp pwquimpnuGGhp (ophGwly [0;1) hwunwéh
bunbiph pwqdnepyniGp):
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whhwdwwntnbh ywwwhnypGph [78,u5] gnudwnl £ L oquytiiny wihwiw-
wnbnbith wwwwhnyplbph qnuiwpdwil pnpkdhg [79,p1]° YniGtGwap
P(X <b)=P(X <a)+ Plas X <b) (4)
npnknhg, (1) hwjuuwpnipjwh 2Gnphhy, Yuunwlwbp (3) pwhwdlp:
huyw
4°. X wwuinwhwlwl vESmpywl hwiwlwywlinpmGobph pwyfudwli

PmGyghwi sGfwann Pnblhyghw t, wuhlpl x <x, wwdwlhl pufwpwnnng
guwluwgwo x, L x, wpdliplGbph hwiwp inbnp moh

Flx)s Flx)
wlhwwuwpnipimbp:
bpnp, YbpglGhlip x, <x, wwydwGhG pwjwpwpnn juiwjwlywt x L x, pdbp
U [x,x,) dhwlwyph hwiwp qnbp (3) pwlwdbp.
Px, S X <x,)= F{x,)- F(z): (5)

3wzyh welbiny, np wwinwbnyph hwywlwlwGnpimbp ng pwgwuwlwl
dbénpynLl L JtipghG hwywuwpmpjnibhg YuunwGwGp

Flx,)- Flz)20

Flx)sFlx) (x<x,)

wihunjwuwpnpimGp, hGsp GawGwinud £, np F(x)-r_l sijuwqnn dnublyghuw t [22,u14]:
huyw

5°. bpt X wwnwhwlwl sbénpinG6 hp x, wnpdbpl plnmtbmd ¢ p, hwyw-

GwlwlGnipywdp (p,, # 0), www ppinwplpinng Sbémpywl pupfvdwl pmblghwl
npwé Yenmd nlh wlpGnhwinmpywl wowohG ubah fugmd, pn npmd wb

X, Ybwmd wopbnhuwn ¢ dwfuhg, huy pahspp hwydwuwp t p, -h:
bpnp, Ywpnn LGp hwinqyti, np x, wpdtiph hwdwp nbinh nibh
F(x,, + 0)= P(X s x‘,)
hwywuwpnipyniGp, npnbinhg, GYwinh nlbGGwiny, np X dG6nLp)ntGh pp x,
wndbtpl pGnnilnud t p, hwjwlwywbnipjwdp® YuunwbwiGp
Flx, +0)= P(X <x.)+ p,

Ywd np GnyyGa £

Yuwd np GGG t°

Flx,+0)-Flx)=p, (0<p<1) ®)
hwywuwpnipynilp:
Ujntu Ynndhg, Yupnn GGp gnijg vy, np wbnh niGh Guwb
F(x,)- Flx,-0)=0 @)
hwywuwnpnpjnilp:
dbpohG bplynt weGsnip)niGGlipp wwwgnignid b0 dlwlybpwwé wlnnudp:
bwyw
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(6) hwjwuwpnpymGhg htitnbnud &, np bpli x,-0 X wwwwhwlws JEénip-

Jwl pw2huiwh pniGyghwyh wlpGnhwinnpjwl Yew t, wuww

P(X =xo)= Po =F(xo +0)_F(xo)= 0,
wjuhlpl hwywlwlwGmpyntlp, np X wwuwhwlwh démpnlp YpanniGh
hp x, wndtipp, hwjwuwn t qpnjh:

Jdbpngpjwihg hbnbmd t, np tpt X wwwwhwlwh dbénpywl pwiuiwh
PnilGlyghwl wikGnipbp wGpGnhww t, wwyw hwjwiwywenipyniGp, np w)n dk-
onepyniGp YpGnnGh hp wpdbiplph pwqinepnGhg nplt wpdtip’ hwyjwuwnp t
qnnjh: Uwlw)b vnnwgywd bqpulwgnipiniGp sh GawGwyney, np pGGhwplynn
nbwpmd X =x (x 0 wwwnwind £ X wywunwhwlws deénpjwG wpdbpGbph
pwqinpywip) wwwwhnplbpt wGhGwp GG (hGgp Ghaw t nhulpbun Wwnw-
hwlwb SEoNMpjwlG wwpwquynid), npnytwnk, tpt wyn wwuwhnyplbpp (hGGG
wihOwp, wwyw Yunwgyh, np X wwunwhwlywh dténpjntGb hp wpdtpGbphg L
ng 0LYp sh pOGnnGnud” hGgp, phwplyt, wGhtipipnipyma t:

6°. x -p dplniu whvwhdwlmpywl dqubiihuy X wunwhwlwl s66mpwi
pupfudwl pniGlhyghwl dquimd t qpngh, huly wymu wivwhowlnpywl dqunk-
Lhu” dbyp.

lim F(x)=0, lim F(x)=1: @)
bpnp, 0h Ynnihg nlGLGp
lim F(x)= lim P(X <x), P(X <~o)= P(V),

pwlh np wwunwhwlwG dkénpjwl wpdbplhpp 66 Ywpnn thnpp hGkp dhGnw
wluwhdwGnipyniGhg, puly Gynu Ynndhg”

lim F(x)= lim P(X <x), P(X <+2)=P(U),

pwGh np wwunwhwlws dJ6émpjwl wpdtiplhipp hnpp 66 wyniu wGuwhdwbne-
pinLGhg:
bll:?umh nGEGwny, np [78,(3).(4)]
PU)=1, PV)=0,
YuunwlwGp (8) hwywuwpnepyniGGLpp:
hyw
Ujwpuntiny wwwnwhwyws deontpjwl hwywliwywbnpnGGtph pwhuiwG

InGyghwyh hwwnynpymiGhbph pywpynuip’ wigltbp wyn $nibyghwih qpuw-
dhyhG SwhnpwGuymG:

Qhgnip X nhuypbnn wwuinwhwlwG dEompjwl pwahudwh optiGpp wnpynid

t 6-pn wynwuwyny [82], npwtin x,, x,, ..., x, wpdtipltpp nwuwynpyws L6 we-
Jwl Ywpqny:

Oqunytiiny wwunwhwyws dkénpjwl pwtuiwh dniGyghwih weweh, tiny-
nann L snppnpn hwwnynpyntGGtphg, hGiwbu Gwb hbwnbjw whGhwin hwyw-
uwpnpynGGlphg’

F(x)=P(X <x)=0, F(x, +0)=P(X <x,)=1,
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baqpwlwgGnid Lop, np (-oo,x,] Shewluwpnd F(x) PniLhyghwb GnyGwpwn hw-
uuwn t qongh, huy (x,.+0) Showluwypmd® dtyh: Mwnq b Gk, np (x,,%,.,]
(k=12,...,n—1) Showluwyptiphg jntpwpwbsnipnid F(x) Pnbyghwh dGnus t

hwuwnwwnntG, pin npned £ -pn Showlwpnud wyn hwunwwnnGh wpdtpp hw-
Jwuuwp t

k
G =ZP;
=]
qnLiwnhG:
dbpnanjwihg L pw2iudwh dnibGyghwih GGwgwé hwwnynep)niGlitiphg

htitnlmed £, np Bpb wwwnwhwlwit Seonpywl pwhuiwG optiGpl nh 6-pn wn-
jnuwiynid pbpdwéd wtiupp, wujw wyn dEémpjwl pwziuiwh pnuliighwG mhh

(0, tpb  x<x,
Py bph  x, <xsx,,
F(x)=< P+ P, bpk x, <x<zx,,
9
P oyt py, bt x, <x<x,,,
(At Py +-+p =1 btp x>x,
wnbiupp:
Unwgywé pniGyghush qpuwdphlip wwwnijbpyweé t 41-pn Oywpnod:
yl} hhswbu wnkuGmd GGp, nhulpbn
1 wwwnwhwlwh deéntpjwl pwudwl
P, $niGlyghwih qpwdhys mGh wuinh-
y=F@) _¢ Swlwdl inbiup L luqymud t x,,x;,...,X,
T I Ybwbpnud:
Pz‘_ Loy p, UGgGLiny wlpGnhww wwinw-
: : P hwywil §G&npntGGEph nLunLdbw-
il i 5 Z uhpnpjwlp’ Gwlu phipbGp htwbywy
xn 0 X o Xy X, uwhdwGndp’
Gy. 41

UwhdwGmd 2: Ywubilp, np X -p whplnhun wwowhwlwl J66npntl
¢, bpt uyn Jbompywl hunjwlwlwampmbabnh pwfudwl pncllhyghwl wipn-
hwan ¢
Yh- MNwunwhwlwb JEénpjwl pwzlv-
i dwl $niGyghwih hunnynipyniGGtphg
plunud t, np wipGnhwun Wwwnwhw-

YFE it sbnpywl puitudiwG $nityghus-
o z 1h apwdhlG niGh 42-pn Gywnnid
5 ~ wwwibpywé wntiupp:

GYy. 42
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UwhdwGnd 3: 6pb X wilplnhun wunwhwlwld sE6mpwl pupfudwi
Idmblhyghwl nGh (wlpGnhwwn) wowlguy.

F’(x)=f(x). (10)
wyw f(x) Prublyghwl Ynsdmd t inpywsé wunnwhulywl Sbénpwl hunfwous-
Yywlmpym GOEph pupfuwdwl funmpyml qwd wupqubu X dGomppwl pwyfu-
Jwl fuwnnipyntG:

Oquutiiny wwwwhwlwh dGonLpjub pwziuiwl dniblyghwgh tppnpn hwan-
ynipynGhg L bGpwnpbinyg, np X wwunwhwlywbt dénpyntGG nbh pwfudwG
funnipynil’ YuunwGwGp [26,(2)]

7(x)=F(x)=lim F(x+ax)- F(x) = lim P(xsX <x+Ax):

Ax m A (11)

Uugpuny, wpunnwhwlwl 066mpywl pupfudwl funmpuwl wpdbpp oh nplt
Ybinmid hujwuwp ¢ wyn 066mipywl wndtpbbpp [x,x + Ax) dhowlyuwyph Ubp nGY-
Goym hwwlwlwlmpywl b win Shepwluwyph Ephwpmpywl hwpwpebpmpjwl
wwhdwbhl, Epp phunwplpydnn dhowluwiph Eplpwnpnipimlp dginmid ¢ gpngh:

MNuwunwhwlwh dténtpjwi pwudw funnupyntGl odinywé L htnbywy hun-
YnipynLGGEpny’

l. X wunnwhwlwl d6émpuuwl hufwlwlwlnpinGGtph puwpfudwl funnd-
P0G wdpnnp pduyhl wrwhbgph Ynw npnpydwé ns pwgwuwlywl pnblghw ¢,
wuplpl x -h gwllwgws wndtiph hwiwn inbnp mah

f(x)=0 (12)

whhunfwuwpnmpynilp:
bpnp, hGswbu ghwblp, wWwunwhwlwh Sbdnpjwb pwiudws Pnellyghwh
$0dwgnn $nGyghw t: Pwhudwl funnipywl hwdwp dlwlbpwws husnynpjwG
wwwgnijgh wyjwpinbpnt hwowp, 96nud £ oquuybp wyl thwunnhg, np sGdwqnn
dnLGlyghwyh woéwhGgywil pGnnibnud b dhwyG ng pwgwswlwh wpdtptip [33,p2]:
hww
. X wuwwnwhwlwl J66mpul wndbplbnl [a,b) Yhuwpwg Showluyph
Ubg pOlyGEnt hunfwOwlwlnipini GG wyn SESmpywl pupfudwl fmnmpywl dhen-

gny wpunwhwyindmd

]
Plas X <b)={ flx)x (13)
pPwlwdlny:
bpnp, oquuytiiny hwyjwlwlwbnep)niGGbph pwfuiwG $nuGyghwh ppnpn

hwinynipniGhg, pwiuiwG funnupjwt uwhiwGnudhg L LjnunnG- LbgpGhgh pw-
Gwdélhg' LuwnwGwGp [41,(6)]

Pla< X <b)=F(p)- Fla)= j F () =j Fxds:

hwyw
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LwwnbGp, np (13) pwlwdlp tpYpwswhnpt Gawlwynd £, np X wwinw-
hwiwG dtEénpjwlG wndtplGLpG [a,b) Yhuwpwg dhowlw)ph ke pGYGENL hw-

YwlwywhnpynGp hwywuwp t [a,6] hhipny, 7(x) PmGyghwsh qpwdhyny
(GY43) L x=a, x=» hwdwuwpnuilbpG mGtgnn nunhnGtipny vwhdwGwhwy-
qwé Ynpwqghsd ubinwbGh SwybptupG [43,19:

. X wwwunwhwliwl vbénpjwl
PuRfuiws prllyghuyh wpdtipp gwilyw-
guwo x Ybwnmd hujwuwnp ¢ wyn J6on-

. pwl pupfudwl fmnmpiwl hGinbepw-
> (hG° OhGniu whfbpnohg dhGsh x uwh-
JwhGabpmd.

Gy. 43 Flx)= l fle)s: (14)

bpnp, oquytiny wnwehl ubnh wlhulwlwl hGunbgpuith uwhdwinidhg b
pw2tudwil pniGyghwsh Yhgbpnpn hwnlynpjut wrwehl Jwuhg YmGbGwGp
[42,u1]

J £t = tim | £(erat = tim [ (1)t = lim FeY] =

= lim F(x)- lim F(a) = F(x)- 0= F(z):

hup
V. X wunwhwlwl 0b6mppwl hujwlwlwlngpym GGaph pwafwi funnt-
pwl hGunbgpwip' inwpwodwo widpnnp pduyhl wewlgpny, hwywuwn t S6UH.

40

[f@)ax=1: (15)

bpnp, oquitiny wnwohl utnh wGhulwlw hGubgpwih uwhdwGndhg,
UjnunnG-LG)pGhgh pwlwdlhg b pw2iudwh dnllyghwih Ykgbhpnpn hwalynip-
jwl Gpypnpn dwuhg' YunwGwGp

If(x)dx=m?(::)a:mir‘(x)dxﬂﬂf(x]: = lim F(a)- lim F(-a)=1-0=1:

huyuw

V. x -p wymu quwd dhonu wivwhdwlmpyws dgunbihu X wunnwhuwlywl

dbonpywl hwwliwlwlnmpmO0bph pupfusws pnnmpjwl vwhdwip hwyw-
uwp ¢ qpnjh.

lim 7(x)=0: (16)

bpnp, hGswbu qhinbiGp, hwwlwlwbnipnGGbph pwleiwG funnpynGo

pGnnibnud t Shwjl ng pwgwuwlws wpdtipGtp, hbnbwpwp (16) hwjwuwpnt-

pjwl dbp dwulGwlygnn uwhdwlp sh Ywpnn pwgwuwlwh (hoG: Uinwe Ynndhg,
tpb wyn vwhdwip (pGh npwlwh, www
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If(x)dx

pGwbqpwip YihGh wwpwidbw, hGsp Yhwywuh (15) pwbwdlbhG: IGnbwpwn,
G4wé uwhiwGp sh Yuwpnn Gwl npwyw hGb):

Ujuwhuny, dkiq htwwppppnn ng pwgwuwlwh dtdnLpjwlG uwhdwGp sh

Ywpnn npwwa hG6p: IGnbwpwp wyG hwjwuwnp t qpnjh:
hwyw

Nuunwhwlwl J6émpywl hwifwluwlpwlnipymGGbph pupfudwl funmpqwin
Ybpwpbpnn hunhmpin GGphg hbwnbntd £ np wyn pmGlhyghuwyp gpuwphlp quni-
ymd t Jbppl Gphuwhwppripywl vk, wpughulbph wewilgpp hwinpuwlmd ¢
pw hnphgnOwlwl wuhdywnmnp [7,u12), [34,(9).(97)], wmn Ynpny L wpughu-
Gbph wnwigpny vwhiwlwpwldws wwinlbph dwlhbpbup hwdwown t 06Lp:

Nuunwhwlwl J66mpwl hwywlwlwimpymGGbph pwrfudwl funmpiwl
gnwdhlyp Yngymd ¢ wyn dbomppul hwywlwlhwlnpmGobph §np:

LjjwuwntGp, np bpb wwwnwhwlwb dkénpynGp pwiudwsé t [a,6] dhowlw)-
pnud, www wyn Showlwipht sywuniwinn Ytwnbpnid npdud deonpjwa pusfu-
OwG funmpyniGp hwywuwp t qpnjh:

OphGwy 1: Qb X wwuwhwlwl deénpjwl hwywbwywbnpintGGph pwfu-
Gw hunnupyneGp b wil hwywlwlpwbnpynilp, np wyn dtbénpjwl wpdtpGhpp Yuuwnjw-
G6G [0;1/3) Yhuwpwg dhowlw)phG, bpt npdwd dEénpjwl hwywiwlwbnpymGGaph
pw2ludwG $niGyghwld wpnnwhwpnynad t

0, tpp xs-l,

F(x)= 2x+2, bpp —l<xsl,
4 4 3 (w)

1
1, tpp x>§
pwlwdliny:

Lawdnud: USwGgbiny (w) pwlwdlkny wnpwé pwiuiwlG dnbyghw?, YunwGwlp
nhnwpldnn wWwinwhwliws SEénpjwls pwiudwh junnipjwl nbupp [27.(5).(7)].
[28,(1).(9)].

0, bpp x<-1,
f(x): 3 tpp -l<x<-]-,
Iy 3

1
0 & -
np X>3

Oqunytiiny pw2tudwG pnuGyghunh tppnpn hwninepiniGhg™ npnlbth hwywliwyw-
Gripywl hwiwp YniGkGwGp

*) LjunnbGp, np F(x) PnLGlhghwl x = -1 b x =1/3 Ybwnbpnd wowhgpuy smGh:
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fosr gy rore2]_om2]

OnhGuly 2: hgnp X wwinwhwlwl SEénpjwl hwywbwlwbnpinibGtiph pwpiu-
Jwi funntpyntGh wptnwhugunynud t

0, Gpp  x<O,

£&)=12sin3x, bpp  0<xsZ,
3 3
. (p)
o’ b —_—
pox>3

pwlwdling: Anll| hwwGwlywGnipynilp, np nhunwplynn wuwwnwhwwb dténpyws wp-

dbpGnp YuunnluiGbG [x/6,%/4) Yhuwpwg Showijupht:

Lneémd: Oqufbind wunwhwlwl saémpjuwlt buwjuwbwlwlinpniGGaph pwyfu-
Gwh funnipjwG bpypnpn hwwnlynipymGhg” npnGbih huwGwlwGnpjwl hwiwp Yuinw-
GwGp [35.8°]

i

x ) 2% . 2 g V2|
P(—6-SX<:)—;.J;‘sm3xdr=--9—0033xLﬁ——6—

Uydd, LGpwnpbiny, np X -p whplnhwin wwinwhwlwG dténpmbG t L £ (x)
uyn obénLp)wh hwywhwywhnipyniGlbph pwfudwh fwnnupymGa L nhinwplklp

Txf (x)ax (17

wlhuywywi hGunbkqpuwin:
YwubiGp, np (17) htunbigpuip pugunpdwl qmiquitun t, bpl qniquidbnn

IHI (x)ax (an

hownbgnpwp [42,u3):

VwhdwGmd 4: Epb (17) plinbepwin pwguwpdwly qmquibn ¢, www win
hGunbgpuh wndtipp Yngdmd t hunfwluwlywlnpymGGbph puzfudwl f(x) fwnni-
pmlb mbbgnn X wlplnhunn wunwhwlwl Jbdmppulb dwpbdunnplywiwl
uwumd Yud dhohl wpdtp b Gulwimd ¢ M(X) -ny.

M(X)= [x f(x)Mx, (18)
huwlwnowly npuypmd Ywublp, np X wlplGnhwin wuwwnwhwlwl Jbénpynlp
dwpbvwinpywlwl vwwuntd smih:

Muwpqynud t, np tpt wiplnhwin wwinwhwlws dkonpNLGE nGh Swpb-

dwuinhfuiws uvywuntd, wyw wn uywunidG nGh GnyG hwnynpynGabpa,
hGs L nhulpbn  Wuwwnwhwijwh dEénpjwh Swptidwwnhywlwl vewumdp:

*) 3h2tip, np f(x)-0 ng prgumiwlurt $nGlghw t:
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Jwinqyblp, np bpb X wlplnhunwn wuwmwhwlwl 066mpyntln puwpfufws

¢ [a,b] dhowlwipmd, wuw wyn 06éniprwl Swpbdwinplywlwl vwwumdl wnp-
wnwhuwyudmd ¢

M(x)= jx fe)ae (19)

hawntignuyny:

bpnp, GGpwnnbiny, np X wwwwhwhwb dténpinGp pwhujws t [a,b]
Ghowlwjpnid, wyuhGpl LGpwnptiiny, np wjn SaénLpjwh pwiuiwh fuwnnipynulp
(~0,a) L (b,+0) Showlwypbpntd GnyGwpwn hwyjwuwp t qpajh’ YuinwGwGp
[42,p1]

M(X)= T fx)dte = [O-xddx+ [ £ ey + [O- xde =] x f (21

huyw
UGgGbkiny X wiplnhwwn wwunwhwlwh SEénpjwl nhuwbpupwjh uwh-
GwlidwGp’ nhwwplytiGp hbwnbyw; wihulwlws hGunbtqpwip’

Tle- MOOF el (20)

UwhdwGnd 5: &pb (20) wohulywlwi pGinbepuwyp qniquidtin t, www wyn
haunbepuyh wpdbipp §nsymd t hwdwlwlwompym6Geph f(x) pwpfwws funm-
Pl mGbgnn X whplnhunn wunnwhwlwl dbémpywd nhuwbpupw b Grw-
Guwlydmd t D(X) -ny.

D(X) = [lx- MCOF fx)at: 1)

Ywpnn GGp htnnepjwdp hwdngyty, np bpt X waplnhwun wWwunwhwlw
G6onLpnLGO nuGh nhuwtipupw, www wyG Yuwpbih b OGpguywglt) Gwl

D(X) = [**f(x)x - M(X) 21)

Pwlwdlny:

Lywwnbiny, np (21) pwGwdlmd dwubwygnn hGubqrwip x?* wwuwhw-

Yuwl dtonpjwl Swpbdwwnhlwywld uwwundG b YmGLGwhp
D(X)=M(X?)-M*(X): (217)

hlswbu wbuGnid bGp, nhulypbivn Wwwnwhwlwh dEenpjwh nhuwbpuhwjh
hwydwG pwGwdkp [83,(12)] dGmud t Shown Gwlk whpbnhwn wwwnwhwlwh
UbkdnLpjwG nbwpmd (Lpt, hhwplyt, YpehGu mGh nhuwbipuhw):

Mwngynid t, np bpb wlpGnhwwn Wwunwhwiwb Teonpm GG nGh nhu-
whpuhw, www wyé odindwé t Gnyh hwnbnepymGGbpny, has L nhulpbn ww-
nwhwlwh shonmpywl nhuwbpuhw:
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Jtipenud GabGp, np wiplnhwwn wwinwhwlwl dkdnpjwha ShohG pwawlyni-
uwghl 26ndwl uwhdwbnudp sh wwppbipymd nhuypbin Wwwnwhwlwb SEénp-
jwl hwiwwwuwnwuhswl hwulwgnipjwl uwhdwGnihg: UuhGpb wipbnhwwn
wwwwhwlywh dEénpjwl dhohG pwrwyniuwhG 2tnnuip GnuyGwybu wpunw-
hwjnymad t

o(X) = JD(X) = |M[X - M(X)} (22)
pwlwdlny:
OphGuwy 3: QunGhy X wlpGnhwwn Wwwnwhwlws diénpjwl Swpbiwnhlwywd
uwwunuip, tpt ugn dténpywl pwfudwl HnLGyghwG nGh

(a)

wbupp:
Lnudnud: NbbGwiny X wwunwhwlpwt saénipiwt pwziudwt $niGyghwl L oqunyt-
1y hwyjwluwhwbnpyntbGbph pwhudwl funnpjwl vwhiwinwhg' YuunwGwip

0, bpp x<O
S@={g. bmp O<x<4,
0, bpp x>4:

Spwéd upunwhwiwb dbonpjwl Swpbdwwhuwyws uvwwunidp qunGbpm hwiwp
0Gnud t oqunyb (19) pwlwdlhg [35,3°]

4
M(X)=f%xdx=%[=2:

OphGwy 4: QnGbp X wipGnhwn wwnwhwyws sEénpjwl nhuwbtpuhwi, bpb
wjn Shonpywl pwludwG hunnipym GG mGh

0, btpp x<0,
f(x)= ﬂ;—x. bpp O<x<n, m

1, tpp x>=x

wnbupp:

Ladmud: Lwtu, oqunybiny (19) pwlwdlhg™ hupydbtGp npywd wwinwhwyws sként-
piwl Swpbdwinpywlwl uwwunmdp [35,9°), [41,(15)).

1% . 1% 1 P x
M(X)=-2-!zmx¢k=-3!xdoosz=—;(xoosxio -!cosxdx)=-2-.
nphg htwn, (21) pwGwdlkh oginpjwidp qunGhGp Gpw nhuwbpuhwa.

4 2 2 _
D(X)=%Ix’sinxdx—'7=x 8:
0

4
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§85. IwjwliwlywbnipyniGGhph hwjwuwpwswi, Gnpdw] L
gnigswjhG pwluntiGbpp:

Ujdd nhviwpltbp qnpéGwlwind hwiwfu hwinhynn hwywlwluwGnp-
ynbGEph 0h pwGh wipGnhwwn pw2lumudGlpp ophGuwlGtn:

UwhdwGnd 1: X wlplnhun yunnwhwlwl d66mpmlp Ynsymd b hw-
Yuwuwpwisunp puzfuwd (a,b) dhewluypnid, bpb wn d66mppuwl hunjwiwlw-
GrupymGG6pp pufudwl fnmpyniGp inpdmid ¢

0, bpp x<ag,
f(x)=4¢, bpp asxsh, 1)
0, bpp x>b

pwOwdkny, nmwnbin ¢ -G npnpdwl Gapwlw hwuwnwinnG ¢:

Nuwunwhwlwh 0GEénLpywl puziudwh funnpjwl snppnpn hwwnlynupynclp
[84,(15)] Yhpwntiiny (1) wbupl nlbkgnn pw2fudwh hnnepywl Ypw® YuinwGuGp
[40,1°], [41,(8)], [42,p1]

Tf(x)dx: jf(x)dx+jf(x)dx+Tf(x)dx= IO-dx+icdx+T0-dx=cjdx=c(b—a)=],
- - a b —® a 14 a

npinbinhg ¢ hwuwnuwnmbh hwdwp YmGEGwhp

1
b-a

c=

: (2)
¢ -h hwiwp unwgwd wpdtipp nmbnwnpbiiny (1) hwywuwpnipjwh 89" [a,b]

thowlyuwypnd hwjwuwpwswih pwziujwéd X wlplnhwn wwnwhwlwl db-
onpjwl hwywlwywGnpnlGGlinh pwfudwl funmpynip YGbpYuwjwgGhGp

0, tpp x<aq,

1
f(x)- ‘b_—a, bnp asxsbh, (1,)
0, tpp x>b
wbkupny:
Oquytiiny [84,(14)] pwlwdlhg’ YuunwlGwlp Gwlh phvwpliynng Wwwnw-
hwyws Stompjwh pwbudwl $nGyghwsh wnbupp.

10, tpp x<a,
ulnly bpp asx<),

b-a (3)
1, bpp x>b:

F(x)=

44-pn L 45-pn GlwpGEpnud hwdwwwinwutuwlwpwnp pipdwd GG [a,6) dh-
swlhuwypnud hwyjwuwpwswh pwiujwéd yuwunwhwyws dhémpjud hwjwGw-
YwlnipymGGbpp pwztudwh funnpywl L pw2fudwt dnilyghuh gpwdhlGhpp:
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YA YA

y=F(x)

b-a

\ B

| B

¢; b 0 a b
GYy.44 GYy.45
Wdd [a,b] dppwluyph vbp bipgllbilp nplt (a,b) Yhuwpwg dhowlhuwyp L
nabhp hbnlywy fulnppp’ (a,b] dhowluwpmv hwywuwnpwswh pupfufwé X
wwuwhwlwl s6émpywl wndtiplbpla hGs hwjwowlhwompywdp Yupunlw-
066 (a,b) dhowluyphl:
Oquuytiiny wwunwhwlwb JEdnipjwl hwywbwlwlnpymbGtph pwudwl

huwnnipywl Bpypnpn hwanynipyniGhg” npnGth hwywGwlwGnueywls hwdwp Yu-
nwhwbp” [84,11]

p(a,SX<b,)=Ib‘fa=%: @)

Yuyhuny, bpk [a,b) dhowluypl plywo t [a,b) dhowluyph Jbp b X upw-

wnwhwlhwl deompintlp hwijwuwpwsunp t pupfjwo (a,b] dhowlhwpnd, w-

ww inpwé deompywl wndtiplbng (a,,b) dhowluwyph dbo pGhGEM hwwliw-

Ywlnipym GG mnpn hwiobdunnwilwl ¢ wn dhowluyph bplwpnippwln b ywfv-
Ywo st o, L b Ylnbph npnphg:

Oqutiny [84,(19)] pwlwdlhg' [a,b] Ghowlyuwypnid hwywuwpwswi

pwziujwé X wwuinwhwlwl dEénpjwl dwpbkdwinhjwywl uwwudwh hwdwp
YuunwGwGp [35,3]

b 2
M(X)=I X = 1 .X_ a+b:
sb-a b-a 2

Uuphuny [a,b] dhowluypmd hujwuwpwsunp pwrfufwoé X wunnwhw-
Ywl o66mpywl swpbdwunhlyuwlws vywumdp hwdwuwp ¢ inpwo dhowluwy)-
bh dhotwlbinh wpughupl: i

MOLOwiny X wuwinwhwywh stémpjwlh Jwpbiwwnhlwlwh uwwunip
[84.(21),(22)] pwhwdlbph dhengny YquiGtiGp Gwl wyn Shénpjwh nhuwtp-
upwl L dhohl pwnwyniuwhb tinnudp.

4 a+b) & _ 1 (  a+b "=(b-a)'
D(X)‘,,(" 2 )b-a‘s(b-a)kJr 2 )L 2

*) Utnwguwd puiGwdlp husbdurnhp [79,(13)] puwGwdlhi:
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b-a
23"
Uuhuny, (a,b] dhowluwpmd hwyjwuwpwsunh pupfujwdé X wuwonmwhw-

qwl vGompywl Jwpbdunpyuwlwl vywumdp, nhuwbpupwl b dhohl pwnw-
Ynmuwghl 26nnudp hwidwwwanwufuwbwpwn wmnwhuwimimd 60

_a+b _(b-a) _b-a

a(X)=yD(X) =

Pwlwidlibpny:

hGsuwtiu inbubmd bGp, [a,b] Ohewluwipnd hwyjwuwpwswd pwziijwsd ww-
nwhwlwil Sténpywl nhuwtipuhw6 L JheohlG pwowynmuwihG 2tnnuip Yuiju-
Jué G0 dhuyl wyn dhowlwyph tplwpnipyniGhg L hwinhuwGnmd GO GYwé
tpywpnpjwb wénn nGlyghw, hGsp pOwlyws t, npndbinl nppwh 066 b ww-
nwhwlywb dbéntpywl hGwpunp wpdbpGhiphg juqiywé dhewlw)ph Gplw-
pnpynLlp, wyGpwld d66 ¢ Gwl wnpyws Stdnupywlb wpdtpGhph gpnudp hp dwpk-
dwunhywlywlb vwwudwb (ShehG wpdbph) 2npep:

OphGwy 1: GunGhy [2;8] dhowyuypnid hwwuwpwswth puiwjwé X wwuinwhu-
YwG dbonipywl Swpbdwwnhwlwt vupuunilp, nhuwbpupws L ShohlG pwrwyniuwihG
2bnnuip:

LnE&nLd: Oqunybiiny (5) pwlwdlbphg npnGbth SbéneynLGGEph hwiwp YniGEGwGp

M(X)=5, D(X)=3, o(X)=43:

UGpGnhwwn ywuwhwluwb duénipnGheph pwztundGbph Okg, YtGwpn-
Gwlwh ntn t gpunbglnul hwywbwywinupyntGoliph Gnpdwy pwiunuip (Gwne-
uh puiztuncip):

VwhdwGmd 2: X wlplnhunn wwnwhwlwl 0bémpymbp gnsdmd ¢ Gnp-
Uwy pupfujws, bpl uyn vb6mppul hudwbwlhwampymGlbph pupfudwl funnt-
pmap inpdmd ¢

o
f@)=ce ¥  (06>0) (6)
pwiwolny, nmnbin ¢ -0 npmpdwl Gopuwlyw hwuwrnwinnG ¢:

a L o hwununnmOGbpp Ynsgmid 66 X wuwnwhuwilpwl 066mpywl hwifw-
GwlwlmpnGGbnph Gnpdwy pwpfudwl wwpwobnpbp:

TNuwunwhwlwh SEénpjwh puziudwh funmpywl sgnppnpn hwnynepyneGp Yh-
pwnbiny (6) nbupl mGbgnn pwziudwl funnipjwt Jpw®' YuunwGwGp [42,p3]

(ra)?®

. c«ievdx=l: (6)
LYwuwpbiny hnthnfuwlywGh

=

o
tnfuwphGnud® (6 hwywuwpnipynitlp yGEpYwywgGhtp
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w 2
co fe 2dt=1 (6"

wnbupny: 3wyyh wnlkny, np (6) hwjwuwpnipyjwl ke SwuGwygnn hlwnbgpw-
th wndtipp hwjwuwp t /2 -h" YnGkGwhp

l .
o2
¢ hwunwwnGh hwdwp unwgwé wpdtpp nbnunpting (6) hwywuwpni-
pjwi dbp" YuuwbwGp Gopiw| pwiijwd X whplnhwwn wwinwhwlwh dGont-
pjwl pwohuiwi funnpywl Ybpelwlwd wnbupp.

Cc=

o)
f(x)=:;=2;—e ¥ (o>0): 6
Oquytiny [84,(14)] pwlwélhg” nhunwpyynn wwinwhwlwl Sbénpjwl
pw2iudwG $niGyghwyp hwiwp YnGEGwip

x _ap

1
F(x)= dt:
W= Y

Ljwuwnbigny, np (67) pwlwdtny mpjwéd f(x) pmbyghwl ¢ L o wwnpwibin-
piph a=0 L o=1 wpdbplbph nbwpmd hwdipGyGnud k

1 =2
x)= e?
o(x) Tzz
$mGyghwyhl L YplGliny 81-pn wWwpwepupnid e(x) PniGyghwyhb Yhipwpk-
pnn nwnanapynLGobpp” YuinwGuwGp, np
w) x=a Ybunmd f(x) Pnllyghwl unnwlmd t pp dEGwqne)o wpdtipp.

1
Jaw(x)= f(a) P (8)

p) (67) wtiupl niGlignn InLGyghwih gpuwdhyp hwiwsuwnh t x=a hwjwuw-
pmuiG nlGtgnn nunah GYuwandwdp,

Q) %, =ato wndplbpp f(x) ImGyghwih gpuwdhlh 2ngdw Ytnkiph wpu-
ghulGtipG LG [34,u4],

n) wpughultiph wnwlgpp hwlnhuwGnid t £(x) $nbyghwsh qpwdhyh hn-
phanOwlywl wuhdwwnunp [7,u12], [34.(9).(97)):

Ljwunbp, np o wwpwibnph thnthnhwdwG nbupnd f(x) mbGyghwsh qpw-
$hlup (npp Yngdmad t hwwGwywbnipyniGGbph pwptudwG Ynp) sthnfubiny hp
dLp Ox wnwlgph ninnmpjuwdp nbqwihnfuymd t we Ywd' dwhu (Yuiujws a-h
GawGhg): o -G pmpwapnui b £(x) nilyghwih qrwdhlh lp L hGswbu bplnwd
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t (8) pwlwdlhg hwywlwlywbnipnlGatph Gnpiwy pwziudwt win wwpwidbkn-
np dtdwglbihu f(x) dnilyghwih dtéwgntd wpdtpp Gwqnid t, huly thnp-
pwglbhu wonwd t (GY.46): CGn npnud, pwGh np (67) $nGlghwih qpudhyny L
YA wpughulGtph wnwGgpny uwh-
Jwiwhwyws wwnybph dw-
Ytptup hwywuwp t dbyh,
htnbwpwp o -6 JG6wghGhihu
X wwunwhwlwt dE&npjwG
hwywlwlhwGnipynLGabph
; H * x pw2puiwl Ynpp nweGnud t hn-
a-o,0| a a+0, > Jwd, hul tnppwglbihu’ upw-
Suwyp:

Gy.46
Uydd {bipgltilp nplt [a,,b) Ypuwpwg dhowlhuyp b nGbGp hbinlywy fulinh-
np’ Gnpduy pupfuwjwé X wlplnhwn wwnwhwlwl s6émpywl wpdbplbpp
hGs hwwluwlwbmpywdp Yupunnlpwlbbo (a,b) dhowluwphl:

Oquytiny wwuwhwlwb dténpjwl hwwiwywGnpnbbbph pwfudiwG

hunnpywG Gpypnpn hwwnymepyniGhg” npnGbh hwwlwlwGnipywl hwdwp Yne-
GLGwGp

P sX<b,)=}f(x)dx= L ]e(—:’tw
4 ! ov2r '

o

UjGnhbwnl Yuwuwptiing thnhnfuwlwih

xX—-a

o

thnfuwphGnmud” YunwGwbp

Ao 2
P“"”"’"T;T I "—2"'=°(h;a)"°(%} (©)
a-o

npunbn @(x) -p Lwugwuh $nllghwa t [81,(7)] :
Uwhuny, Gnpowy pupfumd mbbgnn wipGnhuwn wywnwhwlwl J6onp-
Jwl wpdbiplbpp Gwfuuwybiy vipdwo la,b) Ghuwpwg dhowluwyph dbo palyGlym

huwiGwlpsGripynGp Yuwnbih t hwadby (9) pulwobh oqlmpudp, nuwnbn &(x) -0
Lwuywup prulblyghw t:

Oquiytiiny [84,(18)] pwlwdlhg' hwywlwywbnipniGGhph Gnpiwy pwp-
funtd nuGbgnn Wwinwhwlw6 dbénipywl dwpbdwwhlwywh vywudwh hw-
dwp ynGbGwGp




qLntu XV

ra)? o (e
Tf(x a)e_L;rdx+a J-Z;L[.e 2 gy

Ywpnn bGp hGunnpjwdp hwingyti, np pipdwd ybpehl hwywuwpnipjwl
w9 Jwuh wnwehl hGunbgqpwip hwjwuwp t gpnjh: Iwdh weGkiny, np wWwwnw-
hwiw6 dbénpjwlt hwlwlwywlnipynGGhph pw2fuiwl funnupywl snppnpn
hwwnlynipjwl 20nphhy witinh nGh Guik

- _(xe)?

1 )
dx=1
= (o
hwywuwpmpnilp’ npnlbh Swpbiwwhiwywl vwwudwl hwiwp Yunwbwhp
M(X)=a: (11)

Uwwhunyd, hwwlwlywlnpimGGbph Gnpduy pwfumd mGbgnn wipbn-
huwn wunnwhwlywl d6ompywl dwpbdunnplywlwl vwwuntdp hujwuwn £ wyn
Ubompywl pupfudwl o upupwdtinppl:

LLGp, Np a wwpwibtnpp Yngynd t hwywiwlwbnipyntGGtph Gnpduwy
pw2hudwh YEGupnG:

MGbGwind X wwuwhwlywh dténpjwl Swpbiwwnhwiwl vwwundp b
oquybiny [84,(21)] pwlGwdlhg' wyn dtonpywl nhuwbpuhwih hwdwp Ynibb-
GwGp

()

® )
e
LYwuwnuwptiny dwubpny hGuntigpmd [41,(15)] L oqunybiiny

. o _
limee™ = 7—
uwhiwGhg [31,p4]' nhunwplynn luwmulhwuluﬁ uténLpywl nhuwbipuhwih hw-
(H)’

dwp YuunwiwbGp
D(X)= -—]m[—a(x ~a)e ¥ | +o Ie ’; :| o?,

npnbnhg, [84.(22)] pwlwdbh hwyjwnnidny, YnGbGwip Gwl wyn wwunwhw-
YwG dtonpjwG dhohl pwrwlniuwjhG 2bniwG wpdbpp.

o(X)={DX) =0:

Uuyhuny, hwywlwlwlnipimbabph Gnpdwy pwpfumd mbbgnn X upw-
vnwhwlwl d66mpywl nhuwbpupwl L Bhohl pwawlmuuyhl s6nmdp hwiw-
wwinwufuwlbwpwnp wopnwhwpmdmyd 66

D(X)=a?, o(X)=0 (12)

-
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PwOwiobbnny, wuhlpl Gnpduwy pupfunid mGbgnn X uuunwhwlwl 06dnip-
Juwl phuwbipupwl hwwawn ¢ win J6ompywl pupfutwl o wwpwibnph pw-
pwhntum @, huly dhohl pwewlmuunht Jnmdp’ hblGg wn wwpwlbinph:

hGswytu nbuGnd Ghp, hwywGwlwinpymGGEph Gnpdwy pwtunid nbGkgnn
wwuwwhwlwb dbénpjwl ¢ b o Wwpwibnpbpl NGbeG hwwbwywbw)hG
npnwyh hdwun:

LjwuinbGp Gwl, np hwywlwywinpyniGGeph Gnpdw) pw2tuntdp (hnyhG
npnynud £ hp dwpbdwinhfuwt uwwumdny L nhuwbpupwny:

Opplwly 2: QunGby Gnpdwp pwzivjwd X wWwuwhwlwl sbdémpywhd hwywbwlw-
GnpymGOtiph pwziudwG punnipyndbp, pb wyn dbénpjwt Jwpbdunhwlwl uujwuntiG
nt nhuwbpuhwl hwiwwwunwuhwGwpwp hwwuwp 66 3 L 16-h:

Lodnud: Cunn wwytswGh mGhlp

a=M(X)=3, o' =D(X)=16:

3wzyh wnGbyny, np Gnpdw pwziviwb ¢ wWwpwibupp wbnp b npwlwi |hGh* Yunw-

Gwhp
o=4:

a L o wwpwidbuptph wpdbpGpp nbnwnpbiny (87) pwbwdlh ke’ Siq hbivmuppg-

pon pw2fudwG funnpywG hwiwp YnibbowGp

-3

f(x)=w127¢ 2 -

UwhdwGmd 3: X wilplnhunn wunwhwlywlG sbompymap Ynsygnd ¢ gnig-
suyhl onblpny puwpfwfwo, bpb wyn J6omprwl hwywbwlwlmpimGobnh puwfv-
Jwal funmpmbp wnpgdmd ¢
0, tpp x<0,
ce™, tpp x>0 (4>0) (13)
pwlwobny, nmnbn ¢ -G npnpdwl bpwlhw hwuwnwnm &

A -G Yynsim ¢ huJwOwlwOmpinGGepp gmigsuyhl puzfudwl wuwpwdbnp:

MNuwunwhwlws sénpyuwid pwziuiwh fuinntpjwb sgnppnpn hunnynepymGp Yh-
pwebpny (13) wnbkupG nilhignn pwiudwh funnipjwl Ypw® Yunwiwhp [42,(5)]

f(1)={

Troode=fode+ Jeevaemcferan =221,
- - ° °

npntnhg ¢ hwuwnwwnilh hwiwp YmnGEOowap
c=4: (14)
¢ hwunwwnnGh hwiwp unwgwé wpdtipp wbnwnpting (13) hwywuw-
pnupjwil Gbtig gnigswhG optiipny pwphuwé X wiplnhwen wwinwhwlwl Gb-
onpjwl hwywGwlwbnpniGibph pwhiws funnepynGp YGhpYu)wglbtGp
0. Gpp x<0,

f(x)={/1e“‘. tpp x>0 (41>0)

(13)
wbupny:
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Oquytiiny [84,(14)] pwlwdlhg’ uumwﬁwﬁp Gwl nhunwplynn wwinw-
hwlywb dténpjwl pufudwh PniGyghwih u'lbupn [35,7°w).

Flx)= 0, tpp x<0,
l-e*, tpp x>0 (4>0): (15)

Ywpnn GGp hbrnupywdp hwdnquti, np gnigswihG optilpny pwhujws X
whpOnhwin wWuwwnwhwywh dEémpjwl pwiudiwi funnipjwi L pwudwh $nibly-
ghuyh qpwdhytbpG mGtG 47-pn Gwpmd ptpywé nbupn:

YA YA
A

-f®
™ F=F()

\ K

Yx

w) p)
GY.47

Uydd Jbpglblp nplit [a,,b) Ypuwpwg dhowlpwp L @unlbGp wyl uunnwhnyph
hwywowlhwampynbp, np gnigsuyhl puwpfumd nilbbignn wlplnhun wuwonw-

huwlqwl dbonppul wpdtipGbpp GupunnlwGbi [a,b) dhowluyphl:
Oqunytiiny wwwnwhwlwl dEénpjwls hwywlwlwbnpniGGlph pw2iudwh

tunmpywG Gpypnpn hwinynupyniGihg” npnGtith hwwiwwGnieywl hwdwp Ynt-
GLGwap

0, tpp a <h <0,
P(a, s X <b)= }f(x)dz_l —e™, bpp g s0<h, (16)
““-e'“" tpp 0<aq <h:

Uypuny, gmgsuyhl pupfuntd mobgnn wiplnhunn wunnwhwlwl o6ont-

pwl wndtplbnp inpywé a,b,) Ypuwpwg Showluypp vk polhbbim hwiwiw-
YwlmpimiGp upbyp t hwpyby (16) pwlwdlp oqlmipywdp:

Nuwnqynid t hwywGwlwGnpyniGltiph gmngswyhl pwtuiwG wwpwibnnl
nGh hwywiwlwbwhG npnawlh hdwuwn, npp Wwpqwpwbbipe hwdwp gun-
GGGp nhvwpyynn wWwnwhwiwb dbénpjwl Swpbitwnhiwywl uwwumdi nt
nhuwbpuhwa:

Oqutiny [84,(18)] pwlGwdlhg' hwwlwywhnupynGhGbph gnigsuyhl pw2-
funud nubbgnp wWwnwhwlwl dkénpyws Jwpbdwnhlwiwl uwwudwi hwiwp

0, tpp xS0,

*) F(x)= lf(t)d' = I-¢™, tpp x>0

0, bpp x<0, |0, bpp x50,
Ilz“’dr.hnp x>0 |- ]e“’d(-ll). tpp x>0 ={
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YuunwGwhp
4o L] 4o +®
M(X)= [xf(x)dx = IO-xdx+lIxe""dx=—dee“'=%:
- - (] 0
MOLOwind X wwuwhwywb Sbémpjwl Swpblwwhiwlwh uywumdp'
[84,(21)] pwGwdlh dhongny LquGblGp Gwl wyn dGompyjwa nhuwbpuhwi.

DX)= Ix’f(x)dx—-;?=lfx’e"’dx-—-;‘7=-jx’de"’-—%:
- (] )

=—x'e"’l;°+Te‘”df—-%=27m'“¢—i=}__l=L;
0 [

Uuwhuny, gnugsuyh pupfumd mGbgnn X wlpbnhunn wuwwnwhwlwl vt-
onmpywl swpbdunnplywlwl vwwunidp, npuwbpupwi b dhopl pwrwlniuwhl
tnmdp hwowwwinwufuwowpwn wpnwhuwyumd &G

1

M(X)=%. D)=,

a(X)=% (7)

pwlwdlbpny:
hOswbu inbubmy blp, hwywlwlwimpymGGbiph gmgsuyhb opliGipny pwfu-
Ywo wunnwhwlwl dtompywl dwpbdunpywlwl vwwumdp b Shohl pwnw-
Ymuuypl 26nmdp hujwuwn 66 npygwd dbonippwl pupfwiwl wwpwibnph
hwlpwnwnd d66mpywip, hul nhuwbpupwi’ win upupwdtngh hwlwnwpd J6-
ompywl pwnwlhymum :
OphGwl 3: Qi)
0, tpp x<0,
Fx= {l -e®, tpp x>0
pwi2iudwG pniGyghwyny wnpywéd wipbnhwn wWwunwhwlywh seénpjwl Jwpbdwwnhyw-
Ywl uwwunudp:
Lawénud: Oquuytinyd wwwnwhwlywG dtémpjwl pwiudw6 funnpjul uwhdwln-
thg [84,u3] Gwfju qunGhlp nhinwplynn wuwwnwhwiwh Shénpjwi hwywbwywbnipynib-
Gph pw2huwiwG fwnnipynilp.

ye B 0, tpp x<0,
S(x)=F) 01-e*.bpp x>0:

UyGnihbtnk oqunytiny [84,(18)] pwlGwdlhg' hwayblp npnGhth dwpbdiwwhwlywh
uwwundp.

MX)= Txf (x)ax = 0,1Txe‘°"'dx = -Txde"’"' =10:
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§86. 2tphuh wihwywuwpnipynilp L 066 pyliph opbGpp:
PtnGni hh db6 pytiph opklGpp:

Swpnibwlbpny wwwwhwlwb dténpynibph ntunuiGwuhpnepyniGp’
nGtGp hbwnljwy fuGnhpp’

QunGly wyG wwwnwhnyph hudwowlwlmpyniGp, np X wwnwhwlhwl ob-
ompywl 2inmua pn Jwpbdwunpywliwl vupwunshg pwguwndwly wnpdtpny sh
qbpwquigmyv Gwfvwwby wnpdws ¢ npwlwl phip:

Jwufwiwih t, np & $ pwjwliwlwswth thnpp wndbplbbph nbwpnid juGnh-
pp hwignud t wyl wwwwhnyph hwyjwlwljwbnipynGp qunGhinG, np X ujw-
nwhwlwb dhdnpjwl pGnnbwé wnpdtpGhpp qptipt hwjwuwp L6 wyn dLone-
pjwl Jwphidwnhywiwl uwwudwlp:

Uupwgmgblp, np (bppunnp phuwbpupw nitGbgnn Yuwiwwlwls X ww-
nwhwlywl dGémpuul L jmpuwpwlynip ¢ npwlhwl pih hwdwn nbnh mbh

D(X)

EZ

A X-MX)se]>1-

M

wﬂhwt/wuwpmpjmﬁp'):

Uwwgni)g: GGpwnpkGp X-p nhuypbnn yWwuinwhwlwb dGdntpnLha t, nph
pw2fuiwi optilipp wpdnd b wyniuwly 1-ny [82):

JdbpglGblp Yuwiwjwlws s npwiwh phy L nhnwplynn wWwwnwhwlwh d&-
6npjwl wpdtiplbph pwqinpyntlp tpnhbGp tpynt LGpwpwquinpyniGGph:
UnwphG bGpwpwqunipjwi dhe qghip X dbonpjwG wyG L Shwjb wyb wpdtplb-
np, npnGg hwdwp nbknh mGh

|X-M(x)|>e
wlhwywuwpnipyniGp, huly Gpypnpnh dG° wipYwé dbonLpjwl JGwgws wp-
dtiplbinp, wyuhlGpl wyn dLémpjwt wyG L Shw)b wyb wpdtipGpp, npnlGg hwiwp
intinh nLGh

X -MX)|se
wihwywuwpnipyniGp: Wonthtnk Y p) -ny Gawlwlbing X wwwnwhwlwi d6-
onpjwl wpdtiplGph pwqinpjwi wnweh( Ghpwpwqintpjwlp wwwnwbnn wp-

dbpGtiph hwywlwywbnepyniGatiph gnidwnp, huy Y pY -nd’ wpdwé dtontp-

Jwh Bpypnpn Gopwpwqinipjwlp wwnwinn wpdtpGbph hwywiwlwbnip-
jnuGhbph gnedwpp.

Plx-M(x)>el=3p!, Pjx-Mx)sel=3p, @
ynLGLGwGp [82,(2)]
Pix - M) > e+ Plx - M) sel=Spl+ T p! =3 p, =1,
-
npunbnhg Gtiq htitnwppppnn hwyjwlwlwntp)wl hwiwp Juunwlwbip

*) Npg Yngynud t 26phlh whhwumwnpnie)niG:
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Pjx -M(X)|se)=1-Pjx - M(X) > &]: 3)

Fwiwdw)s wwydwlwynpwonipjwh, tpt X wwunwhwlywh dEontpjwl  x,
wndtipp wuwwnjwlnd b wyn donpjwl wpdtipGph pwqinipjwl wnwehG LG-
pwpwqunipjwlp, www wntnh nGh

x, - MX)>¢
L hGwnbwpwp Gub

[x.-Mx)f > ¢ (4)

wlihwywuwpmpyniGp: Iwydh webbinyg Gwl, np nhunwplynn Wwnwhwlwh
duénpjwl nhuwbpuhwl wpnwhwynygnid t

D00 =3 pfr, - M)
pwlwdliny [83,(11)] L (4) wGhwwuwpnpynilp Ghpywjwglbing

1<§[X.—M(X)]’ @)

wtiupny® (3) hwywuwpnipjwl wp Jwund qgpywé hwywlwlwbnipjwa hwdwnp
YurnwlGwip

Pl -MO0)> el= T pl 1< Tl - MOOF s 55 p k- MO,
w)juhGpl*

Plx - Mx)> )< 222 D(X ) (5)

qGwhwunwlwp: dbpohG wihwywuwpnipjwl hwzd_wnmﬁnq. (3) hwywuwpne-
pintGhg YuunwGwhp bphLh wGhwywuwpnipynilp:
hwyw

Ruwlh np SLYPG dnn hwwGwywhnp)nil nikgnn wwwnwhnypGtipp hwiw-
pw Gh2in wnbinh G mGEGMLS, huy qpnphG Unuin hwywGwlwbnpynmb nGkgnn
wwuinwhnyplbpp qptipt wkinh $66 nLbbGnLY, nwuwh G2wé wwwnwhnyplbpp
qnpéGwlwimd 066 GawGwlynipyniG nLGka:

JwjwlwywbnpmGGtph wnbunipywl hhiGwywh uGnhpGhphg dtLyp JLYHG
tnu hwywlwywbnpjuwdp wnbnh nlkgnn ophGwswihmpnGGtph hwjnlwpb-
pedG e wpdwGwqgpnudG t, pGn npnud GJwd ophGwswihnipyniGGtph dke hw-
wnnly nbn GG qpuntglnud wyGwhuhGbpp, npnGp Jwiujwé GG dLé puny hpw-
nrhg wilwh ywunwhwlwh qnpénGibphg:

Utié pytiph optiGp wubiny hwywbwlwGnpinGGbph wnbunipyjwl ke hwu-
YwGnud BG 0h 2wpp uwhdwGwjhG ptinpkdGhn, npnGp hwutwwnnd GG, np dEYHG
Unun hwywlwywbnipywdp wnbnh YnGbOwh npn wwwnwhneypltip, npnlp Ywlu-
Jwé 60 pwywywbhG dté pyny wwwnwhwlwh dténipymGGeph qnudwphg, pln
npnud wyn OE6nLpynLGGEphg JnLpwpwbyniph wqntgnupynilGp G2dwé gmudwph
Ypw wabw t:
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Bbnpbd 1: (2bphlp S6 pybnh opblpp) bpb {X,} -n (Yppuninn) wpb-
Jwinhlyuwlwl vupwuntdGbp mbbgnn L qnyq wne qnyq wiiwfu wibuhuh wunnw-
hwlwl dbonmpinGlbnh hwenpnwlwlnpym ¢, npnbg nhuwbpupwlbbnp vwh-
Jwounpwly G ShlulmyG hwunnwinmbny (hwywuwpwswh vwhdwGupwly 6G).

D(X)Sc (i=12,...; c=const), (6)
wwyw guwblwgws ¢ npwlhwl pyh hwiwn wnbinh nuGh
. 1 1 _
EP”;;X,—;Z:M(X,*S&]—I 7)

hwiwuwpmpyniGp:

Cwn trupywl 2bpholp plinpbidp winmd L, np bpl npunwplpdmd 66 (fbpow-
ynpn) dwpbdunpywlywl vwwuntdabn mobgnn pwywlhwliwsunh 066 pyny qniyq
wre qniyq whhwfv wunnwhwlwl s66mpym GGEn, nnnbg nhuwbpuhwlbnp hwyw-
vwpwsuh vwhdwbunpuwly 66, wwyw J64HG Unin huwlwlywbnipywdp wnbih
¢ wnby, np wyn vbompymalbnh Jhoht pYwpwlwlhwbh 26nmdp npwnwnldnn
JaonmpimGGbpp dwpbdwnpywlwl uwwum dGbph dhohG pywpwlwlwihg,
pwgwndwly wndbipny sh ebpwquilgnid Gwfvwwbu inpdwd Jwlwywliwl ¢
npwlwl phyp:

Uwywgniyg: BLinpbda wwwgnigtini hwiwp nhunwplybip Wwunwhwywb
dkonipyntGGLph

x=13x, ®)
nm
gnudwpp b Gywinh mGGwiny, np wyG Gnylwbiu wWwinwhwlwl dEénpynia t,
wyn dGonpywl hwiwp qpbhp 26phuh wWGhwywuwpnipynilp.
Plx -MX; )|Ss]>1-ﬂﬁ 9)

npubtin £ -p Yuwdwjwlws npwlwa phy t:
Oquytiny (6) wihwywuwpnipynilbGiphg L hwadh wnGtiny, np
(83.(3).(4).(14),(15)]

MU=~ MU0, DO =3 DX, (10)
(9) whhwywuwpnipyniGhg Yunwlwip

Zx -—ZM(X){Se]n- . ,ZD(X)Zl

I=| i=] i=]

Ywad

p[ ZX ——ZM(X)‘Se]N—— (1)

L= ng
wlhwwuwpnipynGp: Uinwgwéd wnbsnipywl dkp wighbiny uwhdwGh, tpp 70
dqunud | wluwhdwlmpjwl® YmGLGwGp [20,01]
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P[ Zx ——ZM(X)ISe]H (12)
1=l 1=l
Jwzyh welbiny, np Wwwwbhneph hwwGwywbnipynilp, hGunbwpwn Gwb
wyn hwwGwlywGmpjwlb uwhdwip, dkyhg dGé (hGL sh Ywpnn® (12) wGhwyw-
vwpnipyntGhg Yuunwlwlp wwhwioynn hwywuwpnipynilp:
hwyw
Gpb, Jwulbwynp aiwppmyd X, (i=12,...) qnuq wn gnijq wijwiu wywinwhw-
Ywl dbonpynLGOLPG niGGG dhLlnyl dwpbiwwnhywiwl uwwundp.
a=M(X))= M(X;) == M(X,) =~

L wyn dkoémp)nLGGEph nhuwbtpuhwlbpp hwjwuwpwswgh vwhiwGwhwy ba,
www (7) bwjwuwpnipynibp YpGnniGh hbwnbjwy nbupp’

a5 -dse] o ”

Uuwhuny, tplb qnyq wn qnyq wiywfu n wuwnwhwlywl vGémpinGaGn
mGbl dhllnylG dwpbdwnhywlhwl vwwundp b win J66mpmGGEph nhuwbn-
uhwlbpp hwwuwpwsunp vwhdwlwhwly 66, www J64HG dnin hwywlwlw-
Gmipywdp Yupbih t wlnby, np wipdws Sbompymalbph dhohl pywpwlbwlwln
n -h wodwlp queplpwg dninblmd ¢ win d66mpynG06ph Jwpbdunnplywlwl
wwywudwap:

LwuwnbGp, np 2bphLh ptinptidh tnupyniGp hbwnlywinedG k. qniyq we qnug
whlwh wowGdhs wwinwhwlywh dEdnepyntGGtp Ywpnn GG pGnniGhy hpbGg
twpbiwwhywlws uywunishg htinnt wpdtipGhp, pwjg pwjwywlwswh J6o
pUnY Wwinwhwlwh dGénp)ntGGEph nbwpntd wyn StidnupntGGtiph ShehG pyw-
pwlwlwbp StYHG dnun hwywliwywinpjwdp pGnnanld £ wpdwé dtonLpyniG-
Ghph Jwpbiwwnhjwlwywlb vwwuntiGaph dhohl pwpwhwywbhG tnwn wp-
dtipGbp: Uy funupny, qnijq we qniq wiljwh wpwGdhG ywunwhwlwh dEontp-
JnGGlp Ywpnn BG mGLGw) 066 gpnud hpliGg Jwpbdwwnhiwywl vwwudwh
nipop, uwlwyG wpdwé dEénpyntGGeph dhehl pywpwlGwlywbh gpnidd wyn
UL6nLpynLGhbph Jwpbdwwhywywh uwwuntiGhph Shehh pwpwlwlwGhg
thnpp L:

Uuwhuny, bpb (fbpouninn) dwpbdwinhlywlhwl vupwuntdGbn mabgnn qniyq
wa qnyq wllwfy wunnwhwlhwl doémpymGobph nhuwbpupwabnp hwywuw-
puwswh 60 vwhiwlGuwhwly, wyw wyn vbompynGGph pyh 066 wndbpbbph
nbwpmd inmfws JE6mpymGGEph dhopl pywpwlwlwlp nunwpmd ¢ wunw-
hwlwl s66mpwl pGnyp moGbowimg:

LptiGp, np pt’ 26ph2Lh wihwywuwpmpynibp L pt’ Gpw ptinptidp Ghawn GG
Owl wopOnhwwn Wwuinwhwlwh skénipyntiGeph hwdwp [84,u2]:

REnGnL hh 66 pYtinh optiGphb 6winpwGwint hwiwp LGpwnpltp Ywwwnp-
ynud t whlwlu dhnpdtiph hwonpnwywGnipyniG, npnGghg jntpwpwGgnipnid 4
wwwwhnyph hwinbu quint hwywGwywbntpynGp GnyGa t L hwjwuwn t p-h:
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bpb i-pn tinpdnud (i=12,...) 4 wwwnwhnyph hwinbu quint phyp GawGw-
ytGp X, -nd, huy Yuwuwwpwé » wilwhu thnpdbipnud” & -ny.

k=3 X,
www hwyh weGhny, np [83,02]
M(X)=p, DX)=p(1-p) (i=12,..) (13)
L Gywwnh mbEGwiny, np nhunwplynn wWwunwhwyws deénpyniGibph nhuwbp-

uhwatpp hwyjwuwpwswih vwhdwGunhwy &6 (ophGwy’ 1-ny), (7) hwywuw-
pnepiniihg YuunwGwbp Rtntngyhh dbé pytph optlpp.

. k 1.
Lnﬂi’[;—-plSé’]—l. (14)

Uughuny, bpb n whlwfu hnpdbiphg jmpwpwlympmy A wunmuhnyph
hwlnbu quim huwdwGwlwompimp 6niyGG ¢ L hwfwown ¢ p -h, huly k -0

Yuwinwpdwe n wllwfu thnpdlipnid A wunnwhnyph hwonbu quym phyi ¢,
wuww Ywiwwlwl ¢ ppwlwl pdh hudwp nbnh nGh (14) hwwuwnmpinip:
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§87. Mwwybp L ulyqplwlwh $nGyghw: BEnpLdlGap wwwybph
gnjnipjwlG L ulyqplwlywG pnLGyghwih Shwynipjwlb dwuhlG: 7(r) ,
e, sint, cost PnmlGYghwlbph wwwlbtplbpp: LIwGnLpjwh
punpbdp: sinar L cosaz PnLlGyghwGhph wwwnybkpGhpp:

Uyu gqplunid Yowlnpwlwlp dwptidwnhjwlwh wlwihgh Ywplbnp pwdhG-
bphg dLiyh" owbpwghnG hwyh hhiGwlywh hwulwgnipyniGGtphg th pwGhuhG
L wyn hwyh dGpnnibpny YnudtiGp npn2 nhdtiptGghw| hwywuwpnidGbp:

UwhdwGmd 1: Ydpnnp pduyhl wnwbgph ynw npnpdwo f (1) (Ynduybp-

uwpdtip) pnellghwl Ynsymd t vyqpbuwlwl pmblyghw (Pniblyghw-ophghluwy),
bpt wylG pujwpwpmd t hbwnlyw; wuwydwlobphG*

1°. f()=0, bpp 1 <0, wuhlpl t -h poynp pwgwuwlywl wpdtplbph hw-
dup f(t) mlbyghuyh wndbipbbpp huwuwn &G qpnh,

2°. [0,+oo) Uhowluwyph guwlblwguwo fbpounnp Jwuntd f(t) Ppnllyghwl mi-
Gh ng unfby, pwa Jbpouninp pyny wnwehl ubinh fuqiwl Ybinkp,

3. f(t) Pubhyghwl womy t gmgsuyhl pnlblyghuypg ng wpwq, wuplpl
qrympyrn G mGL0 wybwhup M b s, (M >0, s, 20) hwununnm GGEn?, np gwilyws-
qwo t -h hwown wnbnh nh

|fe)s Me¥ (1)
wohwywuwpnipymop:

UyGhwywn t, np uwhdwGwhwy uyqplwlwt PmGyghwbbph Wwpwquyma
Yuwntih t plinniGby s,=0:

7 OphGuwy 1: Uyqpowlwb PnGlighwih wwpquagnijG o-
phGwy t htunbjw), wjuwbu Yngdwd, Shwynp dnuGyghwh
1———— (GY4.48), nphG whwbny 66 Gwl Ithuwnh dnGlyghw’
JO)=n() K] 0, bpb <0,
0 ” "")={1, bpb 120: (w)
Gy.48

LijunnbGp, np tipb 2° L 3° wuwydwGGbphG pwjwpwpnn o) dnblghw sh
pwywpwpnd 1° wuwydwGhG, wwyw ) =(t)7(r) InilGyghwl wyGhwynnpki
pwywpwpnid t Gwl 1° wwjswGhG.

_ _§0, Gph 1<0,
f(t)—tp(t)r)(f)-{ o), bpt 120, (2)

°) 3, hunnwunncGp Yngdma t £(r) Inbyghush wéh gneghy:
-205-



QLNku XVI
npuntinhg htitnbnud £, np Lipk () PmGlighw pwywpwpnid £ 2 b 3 wwydwhGt-

nhG, www (2) pwiwdbny wnpynn @(f) (1) wpuwnnwip ulqpiwlwh dnbyghw t:

UyqplGwywh pniGhyghwih wwnibiph hwuywgnipjwlp Swinpwlwint huw-
Jwp Owju pbpkGp htwnlyw) vwhdwGnuip

UwhdwGnd 2: wublp, np ynduybpu pifbphg wqidwé D pwqdnipjuwl
ypw npnpdwo t w pnllghwl.

w=f(2),
bpt tnpjwé ¢ onpbilp, npp Gwé pwqinipywl jnpwpwlymn = wnpdbph hwiw-
wunnwufuwbbgmd ¢t Q pwqdmpywl U6y Ywd dh pwlh w wndbp:

Unwoht nbupmd f(2) -p Yngydmd t dhwpdbp prubhghw, huly bpypnpn nbuy
oy’ pwqdwndtip pnillghw: D pwadnipinilp Ynsynd ¢ ynduybipu hnghn-
fwwywlh f(z) Prublyghuyh npnadwl wnppnyp, huly Q pwqdmpnilp” wpdtp-
abph wppnyp:

Ujdd LGpwnpbiGp f(¢) -6 uyqpluwlywh Pnbyghw t, huly p-0° Yndwkpu thn-
thnfuwyuwG [368,u1]:

Uwhdwlnd 3: Ynduyybipu hnpnfuwlywih

F(p)=[e* 1Mt (p=a+ib) &)

DulGlgfuwl [42,u1) Ynsfmd ¢ [(t) vhqpluwlpwl pnGlghuyh Lungqwufr dbunpn-
JumpimG qud f(0) dniblyghuyp upunlybp pun Lwugwup?:

Ujh hwuwnp, np F(p) dnllghwG £(r) uyqplhwlwb pnillyghwih wwu-

ytpo t pun Lwwwup’ YatGp hbwnbyw) Yepy'
Llr©)= Fpy:

Owbpwghnt sbpnn Yuwd oulbpwghnG hwzhy wubiny Yhwulwlwlp wil
pninp gnpdnnnupymbGbnh m Obpnnlbph dhwnpndp, nph dhongny Yqunlbilp
npwo vyqpluwlyws prilbyghuyh wunnlbpp Ywd npdwé wunnhbiph vlqpiu-
Ywl pnGlyghwa:

LtiGp, np owbpwghnG stpnnG nuGh (wjG YhpwnenipynGGbp: Uyn dbpnnh
oqhinLpjwip wwpqbigynd G 2w fulinhpGbph nudnudGtip: UwuGwynpuwbiu,
owbtipwghnG hwydh Yhpweiwdp hwuwwnwannld gnpéwihgGhipny nhdbptlGghwy
hwjwuwpnuiGtph (mémop hwlgnid b wwpquagnyl hwGpwhwzwywb gnp-
onnnep)nLlGObph YuwinwpdwG [89):

Ujdd nhunwnybiGp Ynduybipu pninfautiwGh nplt F(p) $mbGlghuw: Jwng t ow-
. grynupymil mGh” wnnynp F(p) upunlybinG mGbgnn (o) vlqpbwlwl pmbl
ghw L qrympymi G niGbGwim nbwpmd wpnynp wil dhwndtpnpbl ¢ npnadnd:

*)3wpnGh £, np hpusit tadwnhasliwGh w(r) = g(r) + iy(r) Yndugbpuundtp Hruilghuyh hinbopuah
hwaymudp pipdnudt o(r) L w(r) hpudywl Pnibyghwhbnh hGwbqpua Gbph hwaddwGp.

’ ) .
Jwtede =[ oty + ifwie)dt :
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Twpqynud £, np npnwlh wWwjdwGGtph hpwywbwgiwb nbwpmd G2Ywéd
mblghwhGtphG tpwpbpnn dLwybpwwé bpynt hwpgbpG b mGGG npulwl
wwwwuliwl: Vwubwynpwwbu, npjwd wwwnytpt nGhignn ufqpiwlwa
nbyghwjh dhwynipynilip uwpqudnpynid t htwnbyusy pbnpbidny, npp pbpnud
tlp wewlg wujwgnygh®

@ntiptd 1: &pt f() L g(t) whplnhunn uvlyqpluwlwl pmblhghwlbpl niGbG
dhllnyG F(p) wunnlbpp, wupw wyn Smllhghwbbpp GnyGwewn hwdpGlamd BG.
f()=g@):

UjGnihtuinl nhunwpytGp nplt £(1) uyqplwlwh IniGyghw: Iwnpg £ Swqmud.
wpyne f(t) PmbYyghwl mbh wunnlybp:

Muwpqynid t dbwlbpwyws hwpgh ty nbh npwlwlb wuinwohuwG:

Bnpbd 2: s, wdph gmghs mbbgnn quwiwwlwl vyqpiwlwl pnblghw
Rep>s, (p=a+ib) Yhuwhwppmpywl dbp mGh wunnlybp:

Uwugniyg: BinpbdG wuwwgnmgbim hwdwp GGpwnpbGp” () uyqpbwlywi
dnibyghwsh weh gnighsp hwywuwn t s,-h, b oqundtiny tjbiph pwGwdlihg
[36,(18)]' Jwuwwpbtlp htwnbjw) dLwihnfunipymGibpp’

er )= f)=€e"e " f(t)=
=e™"(cosbt —isinbt) f(t) =e™ f(t)cosbt —ie™ f(t)sinbt :

WGnihtwnb (3) wihuwlwi pGuintgpwih GGphGntgpwy PnLGyghwih hw-
dwp vnwgwsé Geplwjwgiwh 2Gnphhy wyn hGunbqpwip qplGp Gpynt whhuljw-
YwG hGubgpwiGph qnuiwph wbupny [42,p4].

Ie”’ f(t)dt=Ie“" £(6)cosbudt —iIe" £(¢)sin bidt @)

Oqungbind f(r) dnGyghwih (1) qlwhwinwlwbhg L Gyuwnh mGGGwny,
nn, hwdwdw)l LGpwnpnpjwl, a>s, (a-s,>0), (4) hwjwuwpnpjul wp dw-

uh wnwohG hGunbgpwih pwgwnpdwy wpdtph hwiwp Yunwlwhp [35,7°w],
[40,1°,9°]

Te"‘ f(t)coshtdd| < Tle"’ f (t)eosbtldt <M Te“' e¥dt =
] [}] ()

M M .

o s ‘!e‘(ﬂ)‘d[—(a-so)t]=— Py }Ee*ﬂﬁt = oy (M >0,5,20):
Unwgwé qGwhwwnwlwibhg htwnlnid t, np Gdwé hGwnbgpuip qnynipynil

nGh L pwgwnpdwy gniquibn t a>s, Yhuwhwppnipiniinld [42,u3):
Ptnpbuh wwwgnygl wwpwnbine hwdwp d6md t GnyG duny hwdnqybi,

np (4) hwjwuwnpnpjwG wy Jwuh tpypnpn hGunbgpuip GnuyGwbu qninupynl

nGh nu pwgwpdwy qmiqudbn t Gzywsé YhuwhwppnipyntGnud L ogqunyby whhu-

Ywlywh hownbtgpwiGhph gnudwph qmuguidhwnipjwip yhipwpbpnn ptinpkidhg:

hyw
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Ujdd whgGhGp 7(f). e (@ =const), sint b cosr Inibyghwltiph wwuwnlbip-
GGpp unwBwyniG:
Oquytiiny uwhdwlnud 3-hg, YnGLGwdp

B +o 1 1 .. 1 N
w) Lbn®)= [e it = [emat = fim[edr = —— lim fed(-pn) =

= Lime"-e=L  Rep=a>0):
p P
) L[e"]: Te"' e~dt =Te*’*‘"dt =

-1 lim e*"""d[— (p- a)r]——l— (Rep>a, a=const):
p-a'i>= p-a

o) Lsine]= e sintat = lim je" sintds :
[ °

tnynt wiqwyd hwenpnwpwp Jwubpny hGunbgpbiny’ YuunwGwGp [41,(15)]

1
Jim [e sinsdr = lmps“‘””s'r ! (Rep>0):
[ ]

i~e e*(pPl) || P41
n) LnyG dlny YnGLGwhp

1
smt pcostl p o
e”(p +1)L pr+1 (Rep>0):
Uuwhuny wnbnh mG6G bbby pwlwolbpp’

Lcost]}= je costdt = hmfe""oostdt

L[ﬂ(r)]=% Rep>0), (5)
alo_ 1 -

L[e ]— -a (Rep >0, a =const), (6)
. 1

L[smt]= p_’-b-—l (Rep>0), (N

L[cosr]:’pzi (Rep>0): (8)

buwmbﬁp'). np w) - f) Ytnbpnud pipdwé hGunbgpwiGhpp Ywpbith £ hwadbg
Gwl bytiph pwlwdlh oqGnipjwdp’ wyn hGwnbgpwiGbpt hpwlws PmGYghwit-
ph hwlwwwunwuhwG hGntgpui Giph ptpbkint dhengny:

*) 3wdbdunntiiny (7) L (8) pwGwalbpp’ unnwind bGp hbwnlyuy webGgntpymp’
Lfcost)= pifsint]  (Rep>0): ®
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sinat , cosat (a =const) pmbyghwitiph wunybipGbpp vnwlwint hwiwp
Gwju wwwgnighlp htwnlywy pbnphkip’
Bunpbd 3: Wdwonprwl pbnpbdp) 6pb F(p) -G f(t) ulyqpbwlwl pnily-
ohuwyh wunnljlipl t.
Llrol=Fp),

VP
unys o F) (;] Gl @>0) f(at) prublyghuyp upunnlytnt .

L[f (@)= %r(f) (@>0): ©)

Uwuwgniyg: Oquytiny ulyqplwlwh niblighwsh wunlybph uwhdwinuihg
ynGhEGwGp [41,p2]

df @)= [ fiann=— e+ st = [e = =

=lF(£) (x=a a>0):
a \a
huyw

Oquytny (7). (8) pwlwdlbphg L Giwlmpywh ptinpbdhg” hwiwwwinwu-
hwlwpwp YunwbuGp

a
+a?

. 1 1
L[s‘"“]=2'(p/a)’+1 TP

(@>0),

1._pla __p
L[cosat]—a (laf+1 p+a (@a>0):

Uuyhuny, inbnp nG6G

Lo a

Lsinaz]= Sea (Rep>0.a>0, (10)
P

Lfcosat]= Fra (Rep>0, x>0) (10)

Pwlwdlbpp:

dtpgnud pbipklp Gwl hbtwbyw) wpunp pbinpbidp’

Bunpbd 4: (Qwytmpnul plinpbdp) bwilwuwlws a b B (hpwlhwl wd
Ynduybpu) hunnnunnmGGbph hwiwp inbnh nGh

Lia 1)+ Be®)]=a F(p)+ BG(p) (11)

*) Jwulpwbusht, np bpb 1 (7) -G vhqeGuljwh IncGlghw t, wupn f(ar) -G (a > 0) GayGubu ubqplu-
Ywi PruGlghuwt:
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pwlwdlp, nunbn F(p) -G L G(p) -0 hwlwwuwnwufuwbwpwn f(t) b g(t) ulqp-
Gwlywl prblyghwlbnp wunnybplbnl 66 :

Ptnpbkidh wwwgnugp Ywnnigynd b wipululyws hGunbgpw)btiph hwiw-
wwinwuhuwG hwwnynpynuGGeph ypw [42]):

OphGuwly 2: Oquybiny qéw)Gnpjwi pinptidhg” unwGwy (10) L (10) pwlwdlbpp:

Lnudnud: Oquigbny GnwGyniGuwswihwywh $niGyghwltipp gnigswihG dntlGlghw-
Gbph dhgngny GpYwjywgGtim tjtph pwGwdabtphg [36,(197)]. (6) L (11) pwGwdltiph
hwdwnenuiny® YnGhGwip

e” -e 1 1 a
Linar)= L[ ] _(p na—p+xa} p+at’
Lcosar]= L[‘ e ] ( 1,1 ]: zp — (Rep>0, a>0):

p-ia p+ia) p +a
OphGuwy 3: GunGbyg

S()=5n(t) + 4sin 2t (r)
ulqpiwlwG Hnibyghwih wwwnlibpp:
Lnwonud: Oqunytiny (5), (10) L (11) pwlwdlbbphg YunwGwip

L[f0)]= L[5n(r) + 4sin 2] = 5L[p(n)}+ 4Lfsin 2¢] = 3, Ts__
p p+4
wjuhGpG (p) uyqplwlwh PniGyghwih wunytinG nGh
5 8
2 pea Rep>0) CY

wnbupp:
OphGuwy 4: QunGhy (g) wwwybtph uyqplwlws pnilyghwi:
Lnuénud: Oqungbiny ptinpbid 1-hg L npdwé wuwnltipp Gepywjywgbbing
1 2
wkupny, (5) L (10) pwGwdlbph hwagwenidny YunwGwGp, np nhnwplynn wunltiph
uyqpiwlwl Pnillghwb nGh (p) nbupp:

§88. Mwwltiph wbnwwpddwhG panpbdp: e*sinX ., e cosH
PnlGyghwlGlph wwwybpGbpp: Uy4qpGwiwG PnGyghwih L
wwuwjbph woéwGgnidp: »~ Inblighwih wwwlbpp: UYqpGwlwd
dnlGyghwjh nwgdwb pbhnpbidp:

Uu wwpwgpwdpnild Yowlnpwlwbp owtipwghnG hwyh th pwGh Yuplnp
ptinptdGLnh:

Runpbd 1: (Munnybph wnbnuwndvwl vwuhl) 6pl F(p) -0 s, woh gnt-
ghs mlbgnn f(t) viyqpbwlwl prilbyghuyh wunnlybina t.

Llr0)=Fp),

*)UzhGp, npbipt (1) L g(r) uyqpGuiljwt PniGyghwbbph uh gnighsGhpp huswupumuuhaulupwn

S, L 5, -G b0, wuw aF(p)+ SG(p) upmnlbpp npnadwe t Re p > max(s,,s,) hwppnipjwl dbe:
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www ywidwywlwl a Ynduybpy hwununnnp hwidwp F(p+a)-0 b e f(t)
vlyqprlwlywlG pmblyghuyp wunnlbnl t.

He"f@0l=F(p+a)  [Re(p+a)>s,]): )

Uwuwgnijg: Oquiybiiny ulqplwlwi $nibyghwih wwinlbph uwhdwbnidhg
[87,u3] YnGLGwGp

te=rwl=T [ e= s = je*'"”f(r)d: =F(p+a) [Re(p+a)>s,):

hyw
Uuwphuny, wunnlbnh ewnbnupwndpy a hwuanwnndlnyg hwdwnpdbp t win
wunnlbpG mGbgnn vyqprwlhwl pmbGyghuwyh pwqlwwunnydwlp ¢~ pnly-
ghuyny:
Luwn trupywl wunnlybiph wnbnuwpwndvwl plinplidp hGwpunprpinl t nw-
Lhu nplt vhyqpowlwl pmbhyghuyp wunnhbinG mGEGwim nbwpmd qullk; Owh
wyn dmblyghuyp b = Imllhyghuwyh wpnwnpyuh uunnlbipp, nnbn a -0 yw-
Jwyuwlywl Ynduybpu hwuwnunnma t:
Uwuwgnigwd ptinptidp Yhpwnetiiny () =sinBt, f(t) =cosft InblghwGb-

nh Ypw L oquujtiiny [87,(10),(107] pwiwdlbiphg” YuniwjwlwG Ywiwbpuy «
hwuwnwwnniGh hwiwp YunwGwip

- +a
[e sin ﬂ]-m [f-’ 005ﬂ']=m’;),—+ﬂ, [Re(p+a)>0, 8>0]: (2)
OphGwy 1: Qb

1
F(p)=—————
@) P +2p+5

wwwnlybpG nuGbgnn uyqpGwlwd Hnibyghw:
Lménud: Oqungbiny (2) pwlwdlkbphg wowehGhg Iqmﬁhﬁu.lﬁp

Lfsins]= an . L[sin 2«]-

+4°

2
L[e sm?.t] (p+l) +4 r +2p+5’
npintinhg, GYwinh nGbGuwny qéw)Gnpywt pnpbidp” YuunwGwip [87,p4])

L[1,~ sin 21] S N—

2 P +2p+S

Ujuwhuny, nhunwpyynn wwnytiph uyqpiwywG dnibGhghwb nbGh
1= —;-e" sin2¢

nbupp:
Punpbd 2: (Vyqpowlwld pniOyghuyh wowlgdwl dwuhl) Epb F(p) -G
(0,400) Uphpwlwypmd wlplnhunn b s, woh gmghs mbbgnn f(t) wyqrlwlywl
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Dnblhyghwyh wunnlibnt t Rep > s, YhuwhwppmpimGmd b 1'(t) -0 & t ulygpGw-
Ywl prilblyghw, wuyw pF(p)- f(0) Pmlbyghwl, nmnbin
JO)=limf(0) [limf()=0],
() wowbgpuh upnnlybna t.
Lrol= pF(p)- f0) Rep>s,): (3
Uwuwgniyg: Oquybiny uyqpbwlywl pnibyghwih wwwytiph vwhdwGni-
dhg L pbnpbdh wwjdwhGbphg' YnGEGwhp [41,(15)], [42,u1]
)= Je* rwd=jimferdro = Jime” 1Y, -
X gy @)
- fim [ f(@)de™ =fime ™ S 1), + PF(p):
Ujniu Ynndhg, hwayh wnGhiny, np gulwgwé ¢ -h hwdwn inbinh miko
loosbt + isinbe| = voos bt +sin?br =1, |f (1)< Me™

wnlsmpyniGGEpp [36,(7)], [87.(1)] L oquftiiny [36,(18)] pwlwdlhg, e f(r)
Pnllyghwih hwiwp YunwGwip

|¢_"f(i)| < Me"'le""“"l = Me™“™|cosbt + isinbt| = M

e(ﬂ)'

(p=a+ib)

qOwhwwinwywlp: Yddwp st GYwnnby, np unwgwd qGwhwwnwlwih 26nphhy
YniGLiGwGp
lime” fOf, =-S©)  Rep>s,): (5)

Btnpbdh wwwgniygl wywpnbint hwdwp dGnd t (5) uwhiwGh wpdtpp
nbtnwnpti (4) hwjwuwpnipyntGGiphg YbpehGh we dwuh dhy:
hyw

UlunnbiGp, np £(0)=0 dwulbuninp nbupnid (3) pwlwdll pGnmbnd ¢
Lr©)= pF(p) 3
wuwnq wbupp, hlsp Grwlwlmd & np ppunwplpydnn nbupnd vlqpbulpwl pnilly-
ghuyh wéwlgmdp hwiwndbp t wyn prlhyghuyh wunlybph pwqlwuunnydw-
op p-ny:
Ibwnbwbp 1: &b F(p) -G (0,+w) Uppwlwpmy wlplnhunn b s, woh gnt-

ghs mabigny f(t) uyqplwlwl pmibhyghwyh wunnlbpl t Rep>s, Yhuwhwn-

prpyniGmd b f'(6) -G, f°t)-G, ... , f*O@) -0 (n>1) Gnyluybu vlyqplwlyuwl
dnGhghwlbn 60, wyw Grywé GhuwhwppnipinGmyd wnbnh nGh

LI/ @)= p"F(p)- p f(0)- P f'(0) = -+ = pf(0) - S™(0) (6)
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hwiwuwpnmipintGp, npunbin

SO =m0 (k=12,..,n-1):
Uwwgnijg: 3L0YLnyY wpdwéd wwydwGGapp ypw L (3) pwlwdlmd £(r)-h
thnfuwntG hwenpnwpwp pinnGlnd /(). @, ... . @), Yunwhwbp

LU O1= LS 0)) 1= PoF(p) - F O] - £©) = p*F(p) - pf 0) - £'(0) »

LUOl= LU 0) 1= F (@)= p~ f O~ P~ (©) —++~ o *P(0) - /*(0):

huyw
UlyunnbiGp, np
JO)=f(0)=-="2(0)=0
dwulunnp nbwpnd (6) pwlwdll pGnmbmd ¢
L ®m)=p'F(p) (6)
upunq wnbupp:
OphGuwy 2: SunGhy
S())=cos’t (w)

uyqpowlwb pmblyghwih wwwnibipp:
Lawdnud: Tthgmp F(p) -G (w) Pmblyghwih wunnlbpnG t Rep>0 Yhuwhwppnipynt-
Gma.,
Lcos*tl= F(p) (Rep>0): (p)
Ujn nbiwpnd oqungbiny (3) pwGwdlhg” YniGbGuwtip
Li(cos’ £)'] = pF(p) - cos’(0)

Yuwy [28,01]
L-sin2e]= pF(p)-1: (@)
Ujnw Ynndhg, hbswbu qhnbGp [87,(10)], wbinh nuGh
. 2
L[stt]:W (Rep>0)
hwywuwpnipjnilip, npuntinhg, oqunybny [87,(11)] pwiwdlhg™ YuinwiwGp
. 2
1.[-a;mz:]=—pz VE ™
Jwibdwwnbyny (q) L (1) hwywuwpnpyniGibpp” YnGbGwGp
_ p+2
FO=—re ®eP>O)
npnbinhg L. (p) hwywuwpnipjwl hwzqwneniing YbpeGwlwiunytiv YunwGwip
3 '+2 .
L[eos t]= p{p’i 5 Rep>0): (b)

L2tp, np nhunwnlpdnn $nuGlyghwih wunnlbinp Ywpnn bGp qnbby Gwb oquybiiny wjn
dniGlghwh htinbywy Goplujwgniihg’
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cos’t-—--l—+loo52:;
2 2

bpnp, nLGtGp [87,(5)]
1 l p - pl+2 .
tos'rl=1 [ ‘mﬂ % W pprsy PO

UGghtny uyqpiwlywa Iniblyghwih wwwltiph wéwlgiwbp’ Gwhu dwn-
pwlwlp wwpwibknphg Yuwhjwé hGunbgpuih hwuljwgnipjwGp:

Nhgnip [a,b;c,d] nuinnwllywh d69 npndwd f(x,y) PnilGyghwh [46,u2]
[c,d] Showlwyph jnpwpwignip ¥ -h hwdwp huluwlywa Ywd wohuywlw hdwu-
wnny [42,u4] hGuntgptith t [a,6] Showlwpnid: Un nGwpnd y thnthnjuwlwbp

[/@x.y)ax

hGunbgqpund Yngynud b wwpwdbunp, huy wyn hGwnbgpwip' wwpwibnphg Yuwiu-
Jwd hGunbkqpuy:

Ujdd wnwGg wwwgnygh pbpklp hbwlywy pnpbdp’

Bbnpbd 3: 6pb [a,b;c,d] mpnwllywl dbe npnpdwd f(x,y) Pmllyghwi
[c,d] dhowlwyph jmpwpwlsmp y -h hwdwp pun x -h wlpbnhunn t [a,b) dhow-
yugpmid L f(x,y) pmllhghuyph npnadwl wppnypmd qrympymb mGp f,(x.y)
wopGnhwn Jwulwlp wowlguy (npwbu Eplym hnpnfuwlwGh pmGlhghw),
wwyw {c,d] dhowlwiph gwllpwgwo y -h hwdwp wnbnfp nGh

[If(x,y)dx] - [£x ) )

y
pwlwailp:
Mwpqynud L, np npnwyh wwjdwGibph pwdwpwpdws nbwpnid (npnGg

e (1) Imlyghwl pwywpwpned t) (7) pwGwdlp wnbnh nGh Gub
F(p)= [e ftyar ®)
wihuywlwh hGunbqpwih hwiwp [27,(8)]. [28.(9).(15)].
Fﬂm=-ﬁe’ﬂ0w, 9

npnbn p -0 Yuwiwywyws Yndybpu hwunwnntG t, huy £(r)-6° nplt ulyqpiw-
Ywh pnilGyghw:

Btnpbd 4: (Muwnlbph wowbgdwl Jwupl) Nwinkbiph wowlgmdp hw-
dwndtip t wn wunnlbiph vyqpbwlws dnilhghwyh pwqlwuunnlydwlp -t -ny.

Fp)=L-110). (10)
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L ponhwlpwwbu inbnh mop

FO(p)=LI-D)'"f(] (n=12,..) (10)
pwowdlp:

Uwwgnug: bGpwnnkGp F(p)-G s woh gnighs mbgnn () ulqrGulwG

PnGyghwih wwwnlbpG t Rep>s, YhuwhwppmpiniGnud, wyuhGph GhpwnpkGp

G2ywé Yhuwhwppnipntlnud qnnipynth mGh (8) wlGhuywlywh hGunbgpusp:
YGuwwnwpbiny [87,p2]-m0 phipdwd nuwwnnnpyntGlbphG Gowl nwwnnnp-

ymGobp’ YwhwinqykGp, np GJwséd YhuwhwppnipintGnud gnynipnth nulbG Gwl

4

[tyerfyar (n=12,..)

hGwnbtqpuwiGtpp: Ujnwu Ynndhg, (8) hwywuwpnipjwl tpynt Ynndbpp hwenp-
nwpwp » wiqwd wéwhgbiny pun p wwpwibtnph' uunwGwip

F®(p)= [em(-1y ()= [e (-1 P SOt (n=12,..)
(] []

Ywd np GnyyGo £ (10) pwlwdlp:
huyw
OnhGuwy 3: QunGhg
f(@®=tcosat, g(t)=tsinat (a>0)

dnuGyghwiGbph wwwnybpGlpp:
Lneéned: Oqunytiny [87,(10)] pwGwdlhg' (10) hwywuwpntpjwlh hwjwenidny
YnGbGuiGp

( P ) - L[ roosaa)}:

p1+al

Oquytiiny Gwl qéw)Gnipjwl ptinptidhg™ YunwGwGp [27,(5)], [28.(12)]
P -a

(pl +a2)1
SwulywGwih t, np Yupnn GGp Gnylb duny wpnwot) Gwl

Ltcosar]=

(Rep>0, a>0): (Q)

L[tsinm]=(p,—2:’;ﬁ (Rep>0, @>0) ®

pwGwalp:
UnwGwiGp pwiwdl Gwl wunhSwGuwihG $neGyghush wwwnlbph hwdwp:
Oquytiny [87,(5)] pwlGwdlhg' (10) hwywuwpnipjwl hwzdwnnidng ynilb-
Owip [27,02]

-1=-—
p
Jwad
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1
L[f]=7 Rep>0): (1)
UnuyG &by (11) pwlwdlhg YunwGwip [27.(7)]

i
=2
P

CwpniGwybpny hwenprwpwp wéwlgh unnwgynn wwunlybpGtpp L oquit-
tny (10) pwlwdlhg’ ¢~ wunhSwGuwihlG $mGyghuyh wwinytiph hwdwp YmGhb-
Gwlp

L[t.]=pn_m!»l (n=12,..; Rep>0): (12)

dtipenul wwuwgnigblp Gwl hbwnlywy pbinptidp’
©bnpbd 5: (Uyqrawlhwld pniblyghuyh mowgdwl vwuhl) Epl F(p) -G f(1)
vlqplulywG dniblghwh wunnlybpl t, wupw e ™ F(p)-Gt f(t-a) vhqpiwlwl
Pnublyghwih wunnlybpd &
Lfu-a)=e"F(@p) (a>0): (13)
Uwuwgniyg: hgnip F(p)-G f() ulqpiwlwG PrGlyghwih wwinlbnG t,
huy a -G' nplt npwlwh hwuwnwnnG: Wn nbypnd £t - ) -G GnylGwbu uyqp-
Gwywh pniGyghw t, muwh a -hg thnpp ¢-bph hwiwp wyl GnyGwpwp hwdw-
uwnp t qpnjh.
f(t-a)=0, tpp t<a:
Liwwh nGbGwiny Yepngmuwip b uwwpbiny dhnginfuwlwbh

u=t-a
thnfuwphOmud® YuunwGwGp [41,p2], [42,p1]

Lfe-a)= Te"' f(t-a)dt = ie"' ft-a)dt +Te"’ f(t-a)dt =
= Te"’f(! -a)dt= Te"’""”f(u)du = e""Te"’f(u)du =e™F(p) (a>0):

buyw
OphGwly 4: Qunbby f(1)=n(~3) Pnlighush wuwwnltpp:
Lnénud: Ljwwnh nubbGuiny, np 1/ p 6 Ibdhuuynh Pnibhghwih wuwnlbpG b L ogun-
ybiny (13) pwlwdlihg” YniGbGwGp

e

L[;,(:-3)1=T Rep>0):
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§89. Iwutnwwnnili qnpéwyhglGlpny qéwjpl nhdLptGghwy
hwywuwpniGbph nuéndG owybpwghnG hwyh dGpnnbtpny:

hGswbu G2k LGp Ybplnud, owbipwghnG dtpnnG nuGh (wyG YhpwenipniG-
Gap: Vwulbwynpwwbu, wyn dopnnny twwbu hbinnwGnd t hwuwnwnnG gnp-
dwyhglbpny qéuwyhG nh$tpblghw) hwwuwpmdGhph (nuénudp:
Nhuwpytlp »-pn Ywpgh
. Ll
‘;f+a,%+---+a,_,%+a,x=f(t) 1)
nhdbptGghwy hwjwuwpnidp, npunbn £(1) -0 wpdwsd InlGyghw k, huly g -p,
a1, ..., a,-n° hpwhwl hwunwnndGlbn: Iwdwpbiny, np 7)) -6 uyqplwljwi
InGyghws £ qunGhiGp (1) hwywuwpdwl wyG nuenudp, npp puwdwpwpnd £
x(0)=x,, x(0)=x,..,x""(0)=x"" (2)
ulqpluljwl wwdwbGEnhG:
GhpunpliGp x = x(r) PnGyghwh (1) hwlwuwnpdwh' dtiq htitnwppppnn nt-
onusG £ Sbnwnpbing wjb Gywé hwywuwpiwb dbg Yunwwhp GouyGnipymG,

npuntinhg htwnbnud £, np wyn GnuGnupjwl we L dwhu Ynndbpnud gpdué dnuGy-
ghwbkpG nlGbG ShLGnyG wwwnlbpGbpp.

d. dn—l dx
L[—dt—f+alT:+---+aHE+a_x]= LIf(nl: (3)

Oquybiny qéwjGnpjwG ptnptdhg [87,p4] L uyqplwywt Iniblyghwih w-
Swigdwlp YGpwpbpnn pbnptdh hbwnLwGphg [88,h1], (2) uyqplwlywb
wuwySwhbbph hw2ywnminy (3) hwywuwnpnepynulp YGLiphuywgltiGp htinbjwy
nbkupny’

PXP) =[P 5, + P2y 4o 4 X014 @ X (D) =[P x + PO o 4 XD+
+-+a,,[pX(p)-x]+a,X(p)=F(p), (4)
npunbn X(p) -0 L F(p) -0 hwiwwunwupuwbwpwp x(r) L £(r) Imbyghwhliph
wunnybpGtinGg 6a.
Lx())= X(p), LIf(O]=F(p):

UwhdwGmd 1: (4) hwywuwpmdp Ynsymd ¢ hwununnmG gnpdwlhgbt-
pny (1) QouyhG nhpbpblghwy hwijwuwndwl odwlnwly ywd owbpunnnpuyhl
hwywuwpnJ:

Yuwunwpbinyg Gowl winwdGsph dhwgnud® (4) owbpwwinpwyhG hwywuw-
pnudp YGeEpYwjwgGhGp

A(p)X(p)=F(p)+B, (p) 4)
wbupny, npnbin n-pn ungh 4,(p) L (#—-1)-pn ungh B,,(p) pwqiwbnuwd-
Gtpp hwiwwwwvwulhiwlwpwp wpdnud bG

A(p)=p +ap™ ++a, p+a,
*) QGnmGmed bGp, np x(¢) <G b Gpw ShGgl # -pn Yupgh wéwligyuy Ghpp uyqpbulyub nblghusditip bO:
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B (p)=x(p" +a,p"" +-+a, )+ x(p" +ap" +-+a, )+ -+ 70 (5)
pwlwdlLbpny:

Lnudtiny (4) hwjwuwpnuip, wpdwé nhdbptGghw hwywuwpdw (2) ulyqpe-
Owlwlh wwydwGlbphG pwdwpwpnn x(/) Mmédwh wwwnltph hwiwp Yunw-
Gwbp

F(p) , B,.(p)
X(P)=—"1 42l
4(p) " A(p) )

Wdd, tipt quGlGp (6) pwGwdlny wpynn wwwnybph ulqplwlywhd x*(r)
PnGlyghw, www uyqprwywG PmGyghunh dhwynipjwip Ypwptipnn plinpb-
Uhg [87,p1] Uhtiwnh, np x*(r) -G (1) nhdbipblghwy hwywuwpiwb (2) uyqpGw-
Ywl wwjdwhGtpht pwywpwpnn (nénudh t:

LljunnbGp, np nhiwnplynn nhdbiptGghw) hwjwuwpdwl qpnjwyws ulyqp-
Gwiwl wwydwGGeph nbwpmd.

B=x=x==x =0 2)
B, ,(p) pwqiwGnuwip OGnyGwpwp hwywuwpymd t qpnjh L (6) hwywuwpmp-
GG pOnmGmd t

F(p)

X - "
) P +ap™+-+a p+a, ()

wwpq wnbupp:

bGswtiu Gplnud £ (6) hwywuwpnipyniGhg, (1) nhdtiptiGghw hwywuwpiwb
(2) uyqpriwlwl wwdwGGtphG pwydwpwpnn (Nédiwl wwinybpp Gpynt gnudw-
pbhGEph gnedwn t, npnGghg Gpypnpnp YulnGwynp nwghnGwi Ynuinpwy Lt
[37,u3], huy wnwehGp® dh Ynwinpwy, nph hwdwphsp wpdwé nhdbiptiGghwy
hwjwuwpiwh wg dwuh wuwnytpa t, hwpnwpwpp' 4,(p) pwqdwbnwdp: Gpk,
dwubunnp niwpnud, F(p)/4,(p) hwpwpbipnpnGG b t nwghnGwy Ynwnnpwl,

www wjn nhwpmd X(p)-6 Gpynt YwinGwynp nwghnlGwi YnunnpwlyGtph qnt-
dwnp t: 3Gwnbwpwp, Gwd Swubwynp nbwpnd, npdwéd nhdbiptiGghwy hww-
uwpiwi (2) uyqplwlywl wwpiwbGbphG pwywpwpnn (néndp qunGhp Yuw-
ynud t htitnbywy juGnph htn®

Qunbly wyl vhqpbwlhwt pniblhghwl, nph wunnhbpp YwlnbGuninp nwghn-
Guy Ymnnpuwly L.

BB 4 cny:

(7)
4,(p)
Jwzyh wnbGbiny, np hpwlwh qnpéwlyhglbpny JnLpwpwbginip JubnGuaynp
nwghnGwy Ynwinpwy GhipYuywgynid t ybpowynp pyny

2
M —, sz+N — (m=1,2,...,l——q<0) (8)
(p-a)" (p"+ip+q) 4
wwpquqnyG nwghnGwy YnwinpwlGeph qnudwph nboupny [38,u1,p1], Ybplnid
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dlwybpwwé fuGnph pneonudp YptiptGp (8) YnuinpwiyGbph ulyqplwlwd niGy-
ghwGbpp quGtinLG: )

Unweohlt wwpquwqgntyli nwghnGw| Ynwnpwiyh nbwypnid Unlﬁbﬁwﬁg’
[87.(6).(11)]. [88,(1).(12)]

«_ M M Ll M _

L[Me ] p-a’ (m—l)!l ¢ ]— (p-a)” (m=23): ©)

bGs ypwpbpnd t Gpypnpn nbuwyh wwpqugne G nwghnGuw YnuinnpwyGtip-

hG, www wyn YnunpwlGliph vyqplGwlwd Pmblyghwbbph unwgniip nnblg-

ymad t fupunn dEdwéwywy hwzqwpyGtpny b win wWwwnSweny nnipu £ quihu
opwqgph uwhdwGGbphg:

Udipniplyny ybpngmuwy wpnymGplbpp® bgpwlwglmd bGp, np owbpwghnl
hwylp Yppwndwdp hwuwnunnntG gnpdwlihglbbpny gouyhl nhpbpblghwy hw-
Ywuwpdwl (mémdp wnwlbwim fulnppp pbpdmd ¢ hwlpwhwpdwlhwl wywpq
qnpdénnnipintGGlnh dhongny wyn (niodwl wunnlybpp qunbbintb L unwgwd
wunnlbph dhongny Gpw vlyqpwlwlwl pmblghwl (wyuhlpl wpydwds nhpb-
pboghwy hwywuwpdwl (momdp) unwlbwima:

OphGuy 1: QunGhy Gpypnpn Ywpgh hwunwinnG gnpéwyhglbpny

x"+3x'+2x=t (w)
qéwyhh wihwiwubn nhdbpblghw) hwywuwpiwa qpnjwywit uyqplwywd wwjiwebb-
phG pwywpwpnn (nuénLdp:

Laénud: Spjwé hwyjwuwpiwl wwhwigynn |nuéndp qunGbgnt hwdwp Gwhs Ywg-
UGp wyn hwywuwpdwl owbpwwinpwjhl hwywuwpmip [88,h1], [88,(11)].

I +3p+2)X(p)=#:

UjGnihbunk, nhunwpyynn hwywuwpdwh gpnjwiws uyqplwyws wwydwGGhEphG puw-
Jwpwpnn (métwb wwnytph hwiwp YnbGwap

1
X(p)=—o————:
P = 0D

JdbpohG hwywuwpdwl we Swup Yopwoéting wwnpquqnyl pwghnGwy Ynnnpwylb-
nh” wyl GepluywgbbGp
11 31 1 1 1
)= o ol a2
wnbupny [38.01]:
QunGhind X(p) wwwnytiph uyqpliwlywb pnibyghwh’ Yuunwlwbp (w) nhdbptGghwy
hwywuwpdwl qpnjwlwi uyqpbwlwl wwydwGGkipht pwywpwpnn (nuénudp [87,(5)).
! 3 - l -2 .
ﬂf)—;fz"'f —:e (‘ZO). (p)
L2bGp, np unwguwlip (w) nhdbpbGghwy hwywuwpdwb |nednip dhwjb ng pwgwuw-
Ywi ¢-tph hwiwp: VwlwyG Yupnn BGp hbunnnipjudp hwinqyby, np (p) dnGyghwl
puwywpuwpnud t npdwé hwyjwuuwpiwip 6wl pwgwuwlws ¢ -bph hwdwp:

*) Ppng, oquudbiny hhzunnuildus puGullbphg’ uunwtudp

~ 1 M . _l M e M
"[(m-m]“ 7 L[(m-m' ] o L[(m-m' "] (p-ay (M=23.):
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2hGwpwpnpjuwl whnwwi hwdwiuwpwGh
nwugnmpjul b (pwuympjut YsounpnGh utwwpwtned:

{wugt’ Gpluwl, Stpw( 105:




