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Npeancnosne k «Jlekunam»

Cpedu mupos, 8 Mepyaruu cgemun
O0noli 38e3061 1 NOBMOPAIO UMSA...

He nomomy, umob s Ee arobun,

A nomomy, ymo 3 momaioce ¢ dpyaumu.

H ecru mne comnenve maxceno,

S y Hee oonoti uwy omsema,

He nomomy, ymo om Hee ceemao,

A nomomy, ymo ¢ Heii e nHado ceema.

HWHHOKeHTHI1 AHHEHCKMIA

,[l)'lﬂ HOPMAJIBHOI'O U3YYECHUS J11000ro MaTeMaTUYECKOTO npeamera
HEOOXOMUMBI, 1O KpaliHel Mepe, 4 MHTpeAUeHTa:
1) ocusoii yuumens,
2) obbicHOGeHHbIT NOOPOBHYII YHebHUK,
3) padoeoii 3adaunux;
4) yuebHuk, 0ce060%cOeHHbII OM pymuHbl, HO 0QIOWsULl O6WYI0 KapMUHY, MOMUBHL,
CBA3U, «HMO 3auem».
ﬂO YETBCPTOIro NMyHKTA Y CUCTEMBbI 06paaoBaHm] PYKH HE€ OI0XO-
WU, KOHC‘-IHO, l'lOIlOGHaﬂ 3agaya HWHoraa CTaBHJIaChb U pfellaiach,
HO B OOJIBIIMHCTBE CJiyyaeB — IMpH NapalieIbHOM MCIOJTHEHUH
(YHKLMIT OOBIKHOBEHHOTO Yy4YyeOHMKAa. AKLEHTHI M3-3a Meperpy3ku
MEHSUIMCh, 1 HAMEPEHHS CO BTOPOM-TPEThEI I1aBbl HaYMHAIM JIpeil-
¢oBarb, He mocTUras pe3yibTaTa. B BUPTyabHOM MPOCTPAHCTBE Tak
6bIBacT. AHaIOT OObeIUHEHUS FaHTEJM ¢ TEHHUCHOW paKeTKOM mepe-
CTaeT peullath 00e 3aMayM, XOTA 3TO He cpa3y GpocaeTcsl B IJa3a.

«JIekLMM» cTaBAT 4-i MYHKT cBOE# IJ1aBHOM Leblo. ConyTcTBYIO-
1ast uaesi — 3KOHOMHS CJI0B M cpeAcTB. [1paBaa, Ha oHe meknapaLHii
0 KpPaTKOCTH M SICHOCTH U3JIOXEHHUS MpearojaracéMoe U3aaHue 0KoJo
20 TOMOB MOXET I0Ka3aTbCH TSAXEIOBECHBIM, HO 3TO CBA3aHO C 00-
LLIMPHOCTbIO MaTEMATUKH, a HE C Meperpy3Koil eTaiaMu.



8 Mpeawucnosue « «Jlexumusam»

Heo6xonMMo cka3aTh, Ha KOTO pacCUUTaHO. OTBET «Ha BCEX» BBI-
JISAUT HauBHO, HO OH B KaKO#M-TO Mepe oTpaxaeT CyTh nejia. O603pu-
MBI BUI, 06HaXKeHHbIe KOHCTPYKLIMHM JOKA3aTeJbCTB — TaKOTro CopTa
KHUTU ynoGHO UMETh ITod pyKoii. He cexpert, yTo cie iMaIuCTbl caMoit
BLICOKOM KaTeTOpPMM TPaTAT MacCy CWI M BpeMeHH Ha OCBOeHMHE Ma-
TEMaTUYECKUX CEKTOPOB, JIEXKaLlMX 332 paMKaMH cOOCTBEHHON crelm-
ajiM3almnun. 31ech Xe KO MHOIMM TpoGJieMaM TipeljiaraeTcss KOpoTKasi
J0opora, To3BoJisiiolias GbICTPO OCBOUTH HOBEIE 00JIaCTH U OCBEXHUTH
crapble. JIa HAUMHAIOUIMX «KOPOTKUE OOPOTH» TeM 0oJjiee MOJIe3HbI,
MOCKOJIbKY 06J1er4aioT ABHXKEHHE JTIOOBIMU APYTUMHU OYTSIMU.

B Bomnpoce «Ha KOro paccuMTaHO», — €CTb U ADYroil acrekT.
Ha cunbHbiX wim cinabuix? Ha cpeguuii By3 win ¢pu3tex? OnaTb-Taku
BBIXOIUT «Ha BCeX». 3BYYUT CTpaHHO, HO peyb He UIET O perjaMeHTa-
LUK Kpyro3opa. [IpocThiM 3bIKOM, KOPOTKO U MPO3pavyHO OIMKChIBA-
eTcsl TipeaMeT. VI3 3TOro KaXkIblif M3BJIEYET CBOE U ABUHETCS Jajbliie,

Haxkownel, nociequee. B yciaoBusx mHGoOpMaLMOHHOTO HaBOIHe-
HUSI UHCTPYMEHTHI BUEpalllHero qHs nepectalot pabotars. He motomy,
4YTO M3y4YyaeMmble TUCLMIUIMHBI Yepecuyp pa3poC/HCh, a MOTOMY, YTO
HOBBIX CEKTOPOB XU3HM CTaji0 CJMIIKOM MHOTO. M B 3TMX ycmoBusx
MaJIO KTO TOTOB YAEJATh MHOTO BpeMeHU YeMy-To ogHoMy. [1oartomy
YYUTb BCEMy — HaiO KakK-To MHaue. «Jlekuumn» maioT npumep. Ilno-
XOMH JIH, XopolIuit — nokaxer Bpemsa. Ho B nio06oM ciyyae, 310 npo-
JIYKT HOBOTO TTOKOJIEHUs. Te Xe «Kojieca», TOT XK€ «pyJib», Ta Xe MaTe-
MaTuyeckKasi CyTb, — HO NO-IPYTOMY.



Mpeancnosue K 4eTvIPHA[LATOMY TOMY

Bokpye eecenve xmypumcs,
Besde uyxcan yruua,
ITpumankoro packudanst
Maznumoi HebbLAUY...

Ho 6 nemyxa auws kypuya
Haeseuno moxucem emrwopumeocs,
B meumax nackas udona

H3 naemenu ncap-nmuy,.

Teopusi yucen cpogHu XpaMy, rae BCSIK BXOOSILLUMI OCTaBisSIET
MHUpPCKHUE MOMbIC/BL 3a ToporoM. Ho ceil maHTeoH Bce XXe MUpHalbl
HUTEN CBA3BIBAIOT C OCTAJbHOI MaTeMaTHUKOW, OXHUBJISISL U 3a3eMJsis
upeosiornyeckoe sapo. IaBHas npobsiemMa — He MOTEPSiThCA B Ha-
TPOMOXIEHUHU pe3yJbTaTOB, KAKOBOE HMKaK He paccachiBaeTcsi U3-3a
TaMHCTBEHHOCTH KOPHe# U nepen30biTKa (akToB, 3aCJOHSIOILIMX Kap-
TuHY. [TosTOMy B Hayajie MyTH lejecooOpa3HO OTCeUBaTh JIMIIHEeE,
BbIAEJSIS] U KOHLEHTPUPYSICh HA MarucTpasix.



Mhasa 1

OrnpaBHbIe TOYKH

The early bird may get the worm,
but the second mouse gets the cheese.

IlepBas m1aBa BbIHYyXIeHa IpeoaosieBaTh ' -
y YMTaTe/ ISl BO3MOXHOE OTBpallieHUE K apudpMeTHKe, \ ) / /
YTO MOATAJIKMBAET K HEOOXOAUMOCTH paccCTaBIATh 5
aKLEHThl BOIPEKHU ecTeCTBEHHO# jioruke. [Toatomy . (
3aJaya Ha NepBOM 3Tarle MUHUMalbHasi — cO3[1aTh
HEKOTOpbIi 3armac MHTepeca.

1.1. Mup coctouT U3 no6oYHbIX pe3ynbTaToB

[TepBUYHbIe LEJIM HE NOCTUralOTCS, €ClIW 3HauuTeJbHbl. M1 moTomy
BceneHHass cOCTOMT U3 MOOOYHBIX pe3ybTaToB. BcmoMHUTE cTpemiie-
HMe BBIXHUTD, BeAylliee CKBO3b OynHU. WU nocaednroro meopemy @epma
0 Hepa3pelMMOCTH B LEJbIX T, Y, Z YpaBHEHUS

" +y" = 2", n>2,

urpasuiyio 360 JIET posib «<MyXH Ha ApYroil ctopoHe JIyHbI» D, Yaiinc,
pelMBIIMIT 3aJayy, HaHEC YYBCTBUTEJbHBIA Bped HaydyHOH cpele,
YHHUUYTOXHB MasiK U OCTaBUB 0e3 opueHTHpa MyOJIHKY.

[T1aToHMYECKUiA XapaKTep meopuu yuces 10JTOe BpeMs MeCTOBaI-
s ¥ NpeBO3HOCHUJICA Ha (OHE MOHMMaHMS OTNOCPEIOBaHHOTO BIUSHHUSA

N Tosopsr, 6yaro lurbbepm BbLIETWT KAaK-TO B KayecTBe BAXHOM MpobjeMbl OUMKY MyXH
Ha Apyroit ctopoHe JIyHbI, MOSCHUB, YTO HAa 3TOM ITyTH Mor/ia Obl GbITh pellieHa Macca MoJIE3HbIX

3ajay.



1.2. Yuusepcannam AMOQpaHTOBbIX ypaBHeHn 11

OHO# Ha Bclo MareMaTUKy. Ho COXpaHUTb «I€BCTBEHHOCTb» HE yna-
nock. [IpuoxXeHUs war 3a LwaroM MpOHUKIIM B caMoe sipo apudme-
THKH. B mepBylo ouepenb 310, KOHEYHO, Kpuntorpadus. Kpome Toro,
HeMaJIo OTAAJIEHHBIX KOHTAKTOB C TEOPUEH IPyIIl, aHaAIM30M, TEOMET-
pHeii crayiu nepexoauTb B ¢a3dy cpaiuuBaHusi. Ho Mbicab 0 XypaBie
B Hebe BCE Xe OCTAeTCsl, U 3TOro UACATUCTUYECKOro YCTPpEMJIEHUS OKa-
3bIBa€TCsl JOCTATOYHO JUISl YTHIIMTapHOro pa3BUTHUs. Kak coOCcTBEHHO
1 ObLI0 €llle B JOMCTOPUYECKUE BpEMEHA.

«MaTteMaTHKa HMKOrAa He A0CTUIJIA 6bl TAKOM CTENEHU COBEPLIEHCTBA, He NMpH-
JIOXH IpeBHUE CTOJILKO YCUIMIA U1 U3yYeHUS BOIIPOCOB, KOTOPBIMU CETOAHSI MHOTHE
npeHe6peraioT U3-3a UX MHUMO# GeCIUIONHOCTU», — Mucal Jiaep.

1.2. YumBepcanu3am anodaHToBbIX ypaBHEHUA

3HaYMMOCTb TEOPUH YMCEJ HACTOJILKO BCEOXBAThIBalOLLIA, YTO 06 3TOM
HUKTO HE MOMHMUT, 1a M MAJIO KTO 3HaeT. Jleknapauusi cusi — He amna-
TaX, a YyMcras IpaBaa, XOTs U He Bcs. EciM roBopuUTb KOPOTKO, TO
nobasi MaTeMaThyeckasi npobsieMa CBOAMTCS K pa3peliMMOCTU TOrO
WIM HHOTO duoganmosa ypagHenus B LEJbIX YUC/IaXx. DTO, KOHEYHO,
clopnpu3, NMpuyYeM BblaalolUiicsa. Peub UIOET He TOJIBKO O Teope-
THKO-YMCJIOBBIX Mpodjemax, a o JoOblX MaTeMaTUYECKUX: eunome3a
Pumana? nacuer nyneii 13eTa-byHKLMM [5, T. 9], paspewtumocTs ypas-
Henus Hagve—Cmokca (5, 7. 11] n 1. . [To3TOMY TeOpHst AMOGDAHTOBBIX
ypaBHEHHI, OXBaThiBalolllasi BCE pa3pelllMMble U Hepa3pelIMMble 3a-
Jla4yu 3), He MOXET ObITb MpocTOil B mMpuHUUMeE. [pyroe Aejao 4To
CJIOXHBIM 3aiayaM MOIJIA Obl OTBeYaTh CJI0XHBIE YpaBHEHUS, HO U Ta-
KHMe HaJeXabl He OnpaBIbIBAIOTCS.

HamomMHum [5, T. 6], uTO duoghanmossimu Ha3bIBAlOT TOJMHOMMU-
aJibHble YpPaBHEHUs BUIA

P(21,...,2p) =0, (1.1)

) B crarve: Wiles A. On the conjecture of Birch and Swinnerton—Dyer // Invent. math.
39(1977), No. 3, P.223-251, — pnaercsi anodantoBa (opma eunomesw Pumana W npobaemss
vemuipex Kpacox.

3) C nekoTopbiMU orosopkami [3, . 6].



12 Maea 1. OrnpasHble TOYKM

4
rae p(-) — MOAMHOM C LeabiMu Ko3dbHULIMeHTaMU ), peLeHUs TOXe

Noapa3yMeBaloTCs Le/IbIMH.
Yacts nepemeHHbix B (1.1) BblOENsieTCs Aajiee B KayecTBe Mapa-

METPOB, M TepenuchiBaetca B Bume p(a, ) =0, T.e.
pla,zy,...,Tm) =0, (1.2)
rae napamMeTp MOXET 6bITh BEKTOPHBIM,
a={ay,...,a},

NpUYEM Bce
a;, ¢ € N= {1,2,...}.

1.2.1. Muoocecmeo A noroxwcumensHbix 6exmopos Hasvieaemcs ouoPan-
5

moeovim ), ecau npu aobom a € A u moasko npu a € A ypasnenue (1.2)

DA3PEULUMO 8 UCAbIX NOAOHCUMENbHBIX T1, ... , Tpy.

TpeGoBaHMe MTOTOKHUTENLHOCTH TEPEMEH -
HBIX He NMPUHLMMHUATILHO U CBSI3aHO C TEXHU-
YECKMMHU NpuuMHaMu. OTpuLaTenbHble Ko3d-
¢duumeHTs nonuHoMa p(a, £) MpU 3TOM He
ucKIoyaroTes. B rex ciyyasix, koraa no ypas-
HeHuIo p(a, £) = 0, Hepa3peLIMMOMY B LIEJIbIX
TMOJIOXUTEIbHBIX YUC/IaX, HEOOXOMAMMO YKa- :
3aTh ypaBHeHHME Hepa3pelMMoe B Narpa (1736-1813)

Z={..,-1,01,...},

BbIpy4aeT u3BecTHas meopema Jlaepanxwca 3.11.1: kaxwcdoe yenoe no-
AOHCUMENbHOE HUCAO A6AAeMCS CYMMOU vembipex Keéadpamog. I1oaTomy
ypaBHeHUe p(a, £) = 0 10CTaTOYHO 3aMEHMTH Ha

pla,1+p* + @ +r2+s%) =0.

IIpu m > 1 Teopema JlarpaHxa MPUMEHSIETCH K KOKIOMY T OTIAENBLHO.

 Tuna Z - 4z,z§ + 32.
3) Juoganmoent gyrxyuu onpenensiorcs Kax (GyHKUNM, rpauK KOTOPbIX (MHOXECTBO nap),
G=A{z,...,z,, y = f(z\,..., Ts)}, mnopaHTOB.
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OnpenesieHHyl0 cBOOOIYy MaHeBpa NMPU UCIOJb30BaHUHU MOHATHSA
1.2.1 maer cnenyoimii, BooOlLie roBopsi, HEOXUIAHHDIH pe3y/bTarT.

1.2.2. Nlemma. Muoxcecmeo A C N ouogpanmoso ¢ momm cayuae,
K020a OHO A613emCsi MHONCECMBOM NOAONCUMENbHBIX 3HAYEHUL HeKomo-

poeo noaunoma P(zy,...,TE).

®dyHnaMmeHTaIbHOE HOCTHXeHUEe Mamuscesuxa, NOCTaBUBLLErO
MOCJIEAHIO TOYKY B pelueHUU 10-i npobaemsr Turvbepma 6), 3aKJ10-
Yajnoch B yCTaHOBJEHHWH (paKkTa, B KOTOPbIH «10 TOro» Majo KTO T'OTOB
6bLT BEpUTb.

1.2.3. Teopema Matusacesuua. Juogarnmosocms mHoxcecmea paeHo-

7
CUnbHa e2o nepevucaumocmu )

C yuetoM jsieMMHbI 1.2.2 oKa3anioch, HapuMep, 4To:

1.2.4. Cywecmeyem noauHom, MHOMNCECMBO NOAONCUMENbHBIX 3HAYEHUL

Komopoeo cognadaem ¢ MHOMWCECMBOM NPOCMbIX HUCeA, U MAKOU NOAUHOM
8

Moxcem Gbimb KOHCMPYKMUBHO YKA3AH ), "

JAnobaHTOBEl MHOXECTBA YIOOHO XapaKTepU30BaTh Takxe C MO-
MOLLbIO «Pa3pelleHHbIX» ONepaLuil apugpmemuueckozo A3vika

L0={+,X,=,3}, (13)
aonyckKamoumero mjiss KOHCTpyYUpOBaHUs 8bICKa3bl6aHUll 4YEeTbIpEC oOIe-

paluu: caoxcenue -+, yMHOMCeHUe X, pABeHCMBO = U OeKAapayuro
cyuwecmeoeanus 3 .

1.2.5. Teopema. Mnoxcecmeo agrsemca OUOPanmogoim 6 momm cay-
Yae, K020a oHO onucvleaemcs Ha A3vike Ly.

OrpanuyeHHocTb cpeacts (1.3) ynoOHa npu Qoka3aTesbCTBE pe-
3y/ILTaTOB MPUHLMITHAILHO-AJITOPUTMUYECKOro TosKa. [lis nomele-
HHSI KOHKPETHBIX MaTeMaTHYECKHUX NMpobJieM B JIOHO 0HOGAHTOBOCTH

©) CocTosiiueit B BO3MOXHOCTH YHHBEPCATILHOTO AJITOPMTMHYECKOTO PELLIEHUS BOMPOCa O Ha-
JIMYUHM LIEJIOYMCIICHHBIX KOPHEN Y NOJMHOMA.

Cwm. 3fech rasy S, a Takxke [5, T. 6], rae Tema uanaraercs 6osiee OGCTOATENLHO M MPHBO-
JIUTCS1 10KA3aTeJIbCTBO LEHTPAIBHOTO pe3yJibTaTa.

9p [5, 7. 6] ecTb npumMep Takoro nosimHOMa, 6-it cTEneHu OT 26 NEpeMEHHbIX.
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XeareseH, KOHeYHO, Oosiee IWIMPOKUM aCCOPTUMEHT MHCTPYMEHTOB
Hexenn Ly. Ha 3Ty ciyyau ecTh TeopeMbl 00 SKBUBaIEHTHOCTH Lo
ApYruM si3bikaM (M. 5.4.1), kotopele Goraye u Jierye B yrnoTpeGaeHHH.
C ux nomotipbio B chepy paspeitiMocTd auohaHTOBbIX ypaBHEHHUIH
NepeBOAMTCS MOAABJIAIOLIAs YaCTh MaTeMaTU4eCKHUX MPpobieM U3 aHa-
7133, TEOMETPUH M IPYTMX AUCLUMIUIMH.

IIpobnema loavdbaxa 9), HarpuMep, ¢ MOMOILbIO MoAMHOMa P(zy, ..., Tp), He-
PEYHUCISIOLIEro MPOCcThle Yyncna, nepeopMyaupyercsa Kak nmpobjieMa pa3peliiMOCTH
I1ModaHTOBa YpaBHEHUS

Qk+2-q-@) +la - P@i,....,20)) + @2 - Py, ..., yn)]* =0

OTHOCHUTEJNIBHO q1, @2, Ty -+« s Ty Y1y - - - » Ym TIPH TIOOBIX 3HAYeHHUsx k € N, yto Kxax

pa3 COOTBETCTBYeT 3HayeHHuo n =2k + 2 > 4.
OT napaMeTpM4ecKOil 3aBUCUMOCTH 3[€Ch MOXHO M36aBUTbCS MOCPENCTBOM

HEXUTPOH TEXHUYECKOH YJIOBKH [5, T.6].

ITepeBon 3anay M3 pa3HbIX 00JiacTeit Ha A1M0(pAHTOB SI3bIK TOBOPMT,
KOHEYHO, JIMlIb 00 aJIropMTMU3YeMOCTH 3THUX 3anay. [IpuyeM korma
NOCJIEAHSAS U3HAYAJIbHO SICHA, TO CHA M NPUHLMIIMAIbHAS BO3MOX-

HOCTb JlPlO(baHTOBa OITUCaHUA 10).

1.3. J1abupuHTtbl HaTypanbHOro psaa

Yucno p € N, p # 1, Ha3bIBalOT npocmbim, ECIIA OHO AEJTUTCS TOJIBKO
Ha 1 U camo Ha cebs. OctanbHeie n € N, n # 1, cuuTalorcs co-
CMAagHbIMU YUC/IaMU, KaKOBbIE€ OKa3bIBaIOTCS €NIMHCTBEHHBIM 00pa3oM

npeacraBuMbl B KAHOHUYECKOM euoe 1)

a); Qa
n=p|'py’...p,".

% Cocroswas B MpPeANOJIOXEHUH O NMPEACTABUMOCTH JIIOGOr0O YETHOTO 7 > 4 B BUAE CYMMbI
ABYX MPOCTHIX yKces. KOMMeHTapuu B CliefyloLIeM pasieie.

1 He Bce matemarmyeckue npoGieMbl ONMKCHIBAIOTCS Ha AIrOPUTMHUYECKOM s3bike. IIpu-
MEPOM MOTYT CJIyXHTb HEKOTOpble MpoGJeMbl, CBSI3aHHBIE C IPPeKmueHoil KoHeyHOCMbIO WIH
Geckoneurnocmoro. s ypasHeHust P(z) = 0 HeBO3MOXHO B 061ueM ciydae (o meopeme Paiica
[5, 7. 6]) yxasarb anroput™, KOTOpHIii Gbl OTBEYa]l HAa BOMPOC, KOHEYHO WIH GECKOHEYHO
MHOXECTBO pelieHuit. M Bce HepeweHHbIe MOKa NpoGieMsbl, rae YTBEPXIAeTCss KOHEYHOCTb
WIH GEeCKOHEYHOCTh MHOXECTBA 3JIEMEHTOB, YAOBJIETBOPSAIOLIMX HEKOTOPHIM CBOMCTBAM, —
MonanawT nof noao3peHue. Takosa, HanpuMmep, npobaema GecKoHeMHOCMU NAP NPOCMbIX Hucen-
6au3Hey08.

1 IMonpo6HocTH B riiaBse 2.
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ITpocmuie wucaa Takum obpa3oM SBIAIOTCS aTOMaMH, M3 KOTODBIX
COCTOSIT «MOJIEKY/IbI» HAaTypaJIbHOIO psia

N={1,2..},

M TNOTOMY MpEICTAaB/AIOT NMEPBOCTENEHHBIA HHTEpec, KaK nepuodu-
yeckaa mabauuya Mendeseesa B xuMuHU. TeM He MeHee YCTPOWCTBO
COBOKYITHOCTH ITPOCTBIX YMCENl OKa3bIBaeTCs MyOMHHO HETpHBHAJIb-
HbIM. CaMmbie MPOCThbie BOIMPOCH HE UMEIOT OTBETA.

Haub6onee u3BecTHbI: npobnema loavdbaxa, — cocTosiiliasi B Mpef-
MOJIOXXEHHUH, YTO JII0OOE YETHOE 7 > 4 MpeaCcTaBUMO B BUIE CYMMbI
JIByX MIPOCTBIX YMCEN, — U npobaema uucen-6au3Heyos 12) T u npyras
He pellleHbl 10 CUX nop. Y TyT yMecTHbl HEKOTOpbIE LUTPUXH, CBUIE-
TEJIbCTBYIOIIME O MacluTabax yCUJIU U TpyOIHOCTEM.

IIpobaema Ioavdbaxa BO3HMKIA Gosiee TPEXCOT JIET TOMY Ha3aJ B IepenucKe
Tonvdbaxa ¢ Diinepom. Tonbadax BbICKaszal IMPeNNoNOXeHHe, YTO J1060e HedyeTHoe
n > 5 npeacraBUMO B BMIE CYMMbl TpeX MPOCTbIX YMUCEN — 3TO Ha3blBAlOT Tenepb
caaboiti eunomesoil Toavdbaxa. Ditnep ycwnun ioa ¢dhaHTa3uM A0 YKa3aHHOM Bblilue
¢opmyauposku. ITouTy ABeCTH JieT 3alaya «CTOsAAa Ha MeCTe», HECMOTpPS Ha yuya-
ctie caMord Diirepa. Jlen TpOHysics B MEpBOii MOJOBUHE
npouvioro Beka. CHavana Xapou u Jlummasyd (1923)
MOKa3aJii CrpaBelIUBOCTDb «C1aboii IMIIOTe3bl» IS BCeX
JOCTaTOYHO GOJIbIIMX HEYETHBIX YUCEN, HO B MIPEANoNo-
XEHUU CMpPaBeTUBOCTH HEKOTOPOro aHalIora 2unomessl
Pumana. Ot o6peMeHHUTENbHbIX AOMYLIEHUH O0CBOGOIMI
pesyabrar Bumnozpados (1937), oQHaKO OLEHKM MMHHK-
ManbHoro N, HauMHasi C KOTOPOrO HeveTHble YKC/a pac-
KJIa[IbIBaIOTCS B CYMMY TpeX INPOCTbIX, — 3alUKaTHBAIOT
o cux nop. Ceityac N ~ 10¥ °°°, M MaccHB B Ayalna3oHe
[0, 10% 000] NpakTUYECKH HeTNpoBepsieM.

C BapuaHTOM Jiinepa, HacyeT NpPeacTaBUMOCTH YETHBIX _
YyHcen CyMMOH ABYX IPOCTbIX, CUTYalLlUsl HAMHOTO XyXe.

¥ yX 1ip » CHTY ~ LLIHupenbmaH
Ectb pesynbrar Bunoepadosa—3Icmepmana o tpeGyemoit 1905-1938
MPEACTaBUMOCTH hoymu 6cex 4YeTHbIX uucen. Ilnupens- ( )
Mau TI0Ka3aj, 4TO JOCTaTOYHO GosibliMe YeTHble yucaa

12) CyuuecTByeT i1 GECKOHEYHO MHOTO Map MpPOCThIX YHMCeI-GIN3HELOB, OTAEIEHHDbIX APYr
OT Jpyra BCEro OAHMM YHCIOM. Bee maps npocTsix 6an3HeL0B, kpome (3, 5) umetoT Bua 6n £ 1.
Ha nanmbiii Moment (09.2013) HauGosbluas nipecTHas mapa 3756 801695685 - 2566665 + |
(200700 uncp).
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MpeAcTaBUMBl B BUIE CyMMbl He Oosiee K mnpocThix yucen, u K moHayany Obu1o
HEMHOTMM MeHee MWUIHOHa. Ceifuac pesynbrar noseaeH 1o K = 4, Ho paccTosiHue
no K = 2 Bce paBHO BUAMTCH B napcekax. Ha nmpuneramouieit TeppuTOpUM €CTh TaKXKe
ApyrHe acCOLMMpPOBaHHbIE Pe3yJIbTaThl, HO OLLYIeHHe OJIM30CTH LieJU He MOSIBIISeTCs.
Ha koMrmblorepax npobiema lonba6axa npoBepeHa BIUIOTh 10 N Mopsiaka 10'8.

Cutyauus ¢ yucnamu-61M3HellaMu coBceM Oe3pagoctHa. HexBaTka upeit en-
Ba i1 He aGcomoTHas. 2Kaxaa pesy/ibraTa BbUTMBAETCS IJIaBHBIM 00pa3oM B KOMITbIO-
TepHblit cyeT. Camas 6osblasi M3BECTHAs Mapa

200 366 3613 - 2! 4 1,

yKc/a B CBOEi AecATHYHOM 3amycy uMeloT o 58 711 uudp.

3aragoyHbsie OOCTOSITE/]ILCTBA COIYT-
CTBYIOT IIOYTH BCEM MOMBITKaM pa3obpaTh-
Cci B «aTOMapHON CTPYKType» HaTypaJib-
Horo psina. EcTb npenmnosioxeHue, Hampu-
Mep, YTO BCAKOe uemHoe T OecKOHevHbIM
Koauuecmeom cnocoboe npedcmasumo 6 6u-
de pasHocmu 08yx nocaedoeameabHbvIX Npo-
cmbix yucen. OIHAKO HE NOKa3aHO daxe,
4TO J1I000E YETHOE 7t MPEACTABUMO B BUJIE
Pa3sHOCTH ABYX KaAKux-nubGyods MPOCTbIX YU-
CepnuHckni (1882-1969)  cen xots 6b1 omHMM crmocoboM. Boraras
KOJIEKLIMsI 0e30TBETHBIX BOIMPOCOB €CTh
y Cepnunckozo [17]. He Bce OHHM, KOHEYHO, TOTO Xe Kaiubpa 4uTO
U npobnaema loavdbaxa, HO 0 MacluTabe «HEJaBHUX» 3aJay HE Bceraa
Jierko cyauTb. be3menauiua wHorma oGopayuBaeTcs NMpobieMoii Beka,
a CoJIMAHAas ¢ BUOY 3ajaya — JIOMAeTCS KaK MbUIbHbIH My3bIpb.

TpynHo pa3obpaTbcsi, B YaCTHOCTM, HACKOJIbKO OCHOBAaTEJbHBI
MHOTOYMCIIEHHDBIE 3ala4M O IMPOCTHIX YMCJIaX CHELMATBHOTO MOKPOS.
CylliecTBYeT JIM 6ECKOHEYHO MHOIO MPOCTHIX YKCeJT BUAA:

(a) 111...111, 3anMcbIBa€MbIX C MOMOILBIO TOJbKO EIUHMIL 13);

(b) 100...001, y koTOpbIX MeXny KpailHUMHU €IUHMLIAMMU OJ-
HM HYJIHY;

108 —1

1) PeKOpﬂ noka NpUHAIEXUT YUCTY
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(¢) ocTaronuxcs MpoCcTbIMU NPH J1060# NepecTaHOBKE UMD B UX
JECATUYHOM 3anucu?
(d) KoHeyHO MM GECKOHEYHO MHOXECTBO MPOCTBIX YMCJIOBBIX

naauHopomos 14)9

3amayd OTKPHITHI, ¥ 3TO O HEKOTOPOW CTEMEHM YAMBUTEJIBHO
Ha ¢oHe crenyiowero pesyiasrara [17].

1.3.1. Ilo awbbim 08ym nocaedosamenvHocmam uyugp ay,...,an U
bi,...,bm, npu ycrosuu by, € {1,3,7,9}, 6cezda moxncro yxazamo
npocmoe 4ucao ¢ 0ecAmu4HOU 3anucelo

Gy...0n...01 .. .0y,

m. e. cywjecmeyom npocmoie YUCAQ, OeCAMUMHAS 3ANUCh KOMOPbIX HAYU-~
Haemca u 3aKan4ueaemcs A06biMU Hanepeo 3a0aHHBIMU NoCAedo8amens-
Hocmamu yugp, 3a UCKAIOMeHUeM nocaeoHeil,

bm # {2,4,5, 6, 8}.

1
BeckoHeyHOCTh MHOXeCTBa [P NMPOCTBIX YHUCE 00111eU3BECTHA 5).

Knaccuueckoe paccyxnenue Eexauda (m.2.2.2) maer ToMy 0GOCHO-
BaHME B ABE CTPOYKHU. OIHAKO HACHILIEHHOCTb HATYPAJIbHOIO psiia
NPOCTBIMM YUCAaMHM WHOTZA Bbi3biBaeT yauieHue. C ogHoil cTO-
pOHbI, HanpuMep, B N €cTb CKOJb YrOOZHO AJIMHHBIE MPOMEXYTKH
cBoGoxHble oT diemeHToB P (pasznen 8.3). C npyroii CTOPOHBI, psi

11 1 1
—=—+—+...+—+... (1.4)
P P1 P2 Pr

pacxoauTcAa, YTO TaK HJIKM MHA4YC BICYATIISACT, u60 Bcex HaTypaJIbHBIX T
«CJie-eJie XBaTacT» I paCXOaUMOCTH

X1
>

a TYT moclie XyTKOH BbIGpaKoBKH ciaraeMbix 1/n cymma (1.4) rpeui-
HBIM [I€JIOM BCE PAaBHO YXOANUT B 6ECKOHEYHOCTD.

) Yyraemmix OAMHAKOBO B 060MX HanmpamieHusX, Tuna 131, 313, 727,929,
13) Tpu6aM3UTENBHO Ha YPOBHE LapoO6pa3HOCTH 3eMIIH.
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1 -1
1.3.2. Teopema Jiinepa. Cymma (1.4) u I I (] - ;) , — Pacxo0amca.
pEP

<« Ecin 2" 2 T, TO, KakK Jierko yoeauTbcs 16)

lz]

H(l—%)_l> II (1+p+ S+ ) Z— (1.5)

peEP p<zT,pEP

YTO MPUBOIAUT K PacXoAMMOCTH MPOU3BeNeHHUs U3-3a CBOHCTBa
0o
1
d =
n

7
B TO e BpeMs B CITy JIErKO [IpOBepsieMOro HepaBeHCTBa | )

Lo (1 ')_l : (1.6)
->In{l-- -— .
P p 2p(p—1)
HmMeemM .
L
Z > In H(l - —) -5
pElP pEP

YTO B UTOTE rapaHTUpyer pacxogumocts (1.4). »

1.4. Ha cTbike ¢ KOMOUHATOPUKOM

Kak B caM0it apudmetHke, Tak M 3a ee IMpelenaMd IMOCTOSIHHO
BO3HMKAIOT YMCJia, MpeNCcTaB/isieMble pa3MYHbBIMU (GOpMYJIaMH JiH-
60 OMMCaHUSIMMU TOM WIM MHOM Mpupondbl. OOIUH U3 UCTOYHUKOB —
KoMOuHaTopuka. IIpy 3ToM 0COGBIN MHTEpEC MPENCTABASAIOT T€ CUTY-
alMM, B KOTOPbIX OOHAPYXUBAIOTCS CBSI3U C yOAIEHHBIMU O0JaCTSIMU.
XapakTepHblii IPUMED — NAMUY204bHbIE HUCAA '8), U3MepsIoLIHeE KOJTU-
YECTBO «LIEJIbIX TOYEK» B KOMILJIEKTaX TOMOTETHUYHBIX MATHYTOJIbLHUKOB
(pMCYHOK HUXe) C LieJoYHCIeHHbIMU cTopoHamu 0, 1,2, ...

1 .
6 ITepBoe HepaBeHCTBO B (1.5) MpoMCTeKaeT U3 3ameHbl CYMMbl GECKOHEYHON reOMeTpHye-
CKO#i MpOrpeccuu ee KOHEYHOM YacThio. PackpeiTHe CKOGOK MpHU MepeMHOXEHHH COMHOXHUTENEH

1 1 1
(l +—-+...+ p_"> 6narogapst yCJIOBHIO 2k 2 T [IacT BCe cjlaraeMble n npu n < [z], orkyna
caenyer Bropoe HepaBeHCTBO (1.5).
17) Hepasenctso (1.6) nosnyyaeTcs NoACTaHOBKOH 2 = 1/p B OYEBMIHOE PaBEHCTBO
2 53 2

_ 1 z
ln(l—z) '—Z=—+?+...< E(Zz+13+...): m,

2 €(0,1).

18) W3BecTHbIE eLue JAPEeBHUM IpEKaM.
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Jlnst nATUYroJbHOTO YMCaa fp JIErKo yCTaHaBIMBaeTCs opMyia

fa = 3l3n 1), (17)

Aalouiasi psn
1, 5, 12, 22, 35 51, 70, 92, 117....  (18)

DkcnoHarsl (1.7), (1.8) KaxyTcs BLICOCAaHHBIMU U3 Naibla. [e-
cKaTb, Maio Ju Geagenyuiek BOKpYr. OmHako Dizep HEOXUIAHHO
0GHapYXHJI, YTO pasoXeHUEe GECKOHEYHOTO NMPOU3BEAEHHUs

(1-z)(1-2)(1-2%... (1.9)
)

JaeT CTeNneHHOM pﬂlll9
l—z-2'+2°+2" -z -2 e +2® 2P -2 (1.10)

B KOTOPOM HEHYJIeBble MOKa3aTeJIu CTeNeHHU onpeessiorcs: popMysioi
(1.7) npu ycnoBuun pacuiMpeHUs 3HaYeHUH

1
5n(3n—1) ¢c neN mo nezZ.

K NATUYTOJIBHBIM YMUCJIaM KakK Obl 1006aBISAIOTCS «MATHYTOJIBHBIC IMO-
TYCTOPOHHHE».

19 Paencrso (1.9) u (1.10) Becbma mpuMeyaTeabHbIA M HeTpUBMatbHbIA akT. Crporoe
o6ocHoBaHKe Jivtepy yaanoch HAUTH JHILb YEPe3 MHOTO JIET.
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Dilrep TaKkxe Mokasal, 4To MOC/IEA0BATENBHOCTb %n(3n —1), n € Z, BunereHa
B hopmyny
o(n) =cn—-1)+o(n-2)—oc(n-5-ocn-7)+
+o(n-12)+o(n—-15—-0(n-22)—o(n—-26)+..., (1.11)
rae o(n) obosHauaeT cyMMy Bcex AenuTenedt n, U B npasoit yactu (1.11)

og(n—k)=0, ecmm n-k<0.

TakuM o0pa3zoM, NMepBOHayalbHas HECKOJbKO MpecHas M Haay-
MaHHasi reOMeTpUYecKas JIETeHIa O NAMUY20AbHbIX HUCAAX HEOXUAAHHO
obopaunBaeTcs IJIyOMHHBIMU B3aUMOCBSI3IMU C aHAJIM30M U TeopUeit
JenuMocTy. HerpuBHaNbHBbIE B3aUMOCBSA3H, KOHEYHO, TPEDYIOTCS CO-
BpEMEHHOMY MCCJIe0BaTe/0, U30aI0BaHHOMY AejiMKaTecaMu. [peB-
HMe nudaropeiibl 06XoAUIMCh MeHbIUMM (WK 66ab1KMM). OnUpasch
Ha ¢ usocodcKoe YyThe, OHU TPUITUCHIBAIIA MHO20Y20AbHbIM HUCAAM 20)
BAXHYIO pOJib B YCTpOicTBe MMpo3gaHus. Kak 6bl TaM HM ObL1O,
HO TaKMMH YHMCJIaMM 3aHMMAJIMCh MHOTHE BbIIAIOIIMECS MaTeMaTHKH,
Depma, Jiinep, Taycc, 94T0 KaxeTcsl yAMBUTEIbHBIM HbIHE, KOTA Yy/e-

ca HMBEJMPYIOTCS MOA OObIIEHHOCTb.

KomM61HaTopuKa NpeacTaBiseT ellle MHTEpeC KaK MeXaHU3M, I10-
POXIaOLIKi MaIbIMU CPENCTBAMU OTPOMHBIE YHCIA. DKCnOHeHYyuanb-
Hble KOMOUHamopHsle 83pblébt PYHAAMEHTATLHO BILIETEHBI B yCTPOUCTBO
Mupo3saanus, ¥ yX Ha apupMeTHKY BIMAIOT TaK Win uHaye. Crielu-
(buyecku B 3TOM OTHOLIEHHU BblOenseTcss meopus Pamces, Kakopas
MollLjIa OT «IETCKOM 3ajadu». cpedu Aobbix uwecmu 4eao6ex ecez0a
Haiidymea mpoe, Komopbie 6ce — AUG0 3HAKOMbI Mexcdy cobol, aubo
He 3HaKOMbL dpye ¢ OpyeoM.

To ecTb: 8 ar0bom wecmu-gepuurHom epaghe scezda Haiidemces mpu-nodzpag, ro-
mopotii 2ubo noanwiil, aubo nycmoi — He codepacum pebep eoobuye.

Pamceii nokazan, uto no awbem k,l € N moxcno yxazame marxoe
wyucao R, umo e awbom R-eepuwunnom cpage ecezda Hatidemcs aubo

20 MnozoyzonvHbie yucaa ONpenensitoTCs BIOXEHHMEM MHOTOyrolbHUKOB. IHTepecHa 3o010masn
meopema Pepma (1670): (3) ecaxoe namypanvhoe wucao — ecms aubo mpeyzonsoe, aubo cymma
08YX unu mpex mpey2onsHbix wucen, ... , (5) acaxoe namypansroe yucao — ecms aubo namuyeonsHoe,
Aubo cymma om 0gyx do namu namuyeonshsix yucea u m. 0. ToaHoe aokaszatenscTso Aan Koy
auub B 1813 roay.
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noauwiii k-nodzpag, aubo nycmoii l—noc)epad)zl). MuHUMaNbHBIE U3 Ta-
kux R senmunnbl R(k, 1) HassiBaioT yucaamu Pamces.

CootBercTBYIOIas TeopUsi 6orata OGOGLIEHUAMM U OOJBILIMM
pasHooOpa3ueM COAepXaTeJibHbIX UHTEPNPETALHii, HO BHIYUCIUTENb-
Hble YCIEXU YIUBUTEIbHO MU3EPHBDI.

O uucaax Pamces R(k,l) uspectHo coscem mano. R(3,3) =6, R(4,4) = 18.
Vxe mns moacyera R(S5,5) He xBaraer COBpeMEHHbIX KOMIBIOTEDHbIX MOLIHOCTEIA.
WUaBectHel, mpaBaa, AMana3soHbl,

R(5, 5) € [43,49], R(6,6) € [102, 165], ..., R(10, 10) € [798, 23556],

HO TOYHOE€ OINpEnejcHUE YINUPAETCS B HEIIPEOMAOJTUMbIC o6beMbl BbiuMcaeHUuid. To
€CTb CaMH YHC/a HE TaK BEJIUKH, HO 1A cbuxcaunn HX MECTOITOJI0XECHUSA Tpeﬁye'rca
KoJioccasibHasi TexHUYecKasi pabota, /Ui BbITOJNHEHHs KoTopo# y LluBunusauuu Het

cpelcTs.

daHTacTUYeCKas CUTYaliMA. YCIOBHE 3aa4M YKIIanbIBa€TCs B CTPOY-
Ky, R(5,5) =?, — a Bce KOMMbIOTepsl MHpa He MoryT CIpaBUTHCS.
Ecnu yrogHo, nmycTh OyaeT 3ada¥a pacno3Hasanus 2), R(5,5) Gonb-
we 45? Huxkro He 3HaeT. [To3ToMy pa3roBopbl O TMIOTETHYECKOI
BO3MOXHOCTH OBICTPOro pelleHMs 3a1ayl MPU YCJIOBUH €€ KOPOTKOTO
OMucaHMUA He Bcerna KOppeKTHHI. 3amaya

R(k, k) > K?

3KOHOMHO OIMMCBIBAETCS, HO TNPAKTHYECKU HE pelIaeTcs Jaxe MpH
Maabix k. OnHako 310, Haxo nojaratbh, He NP-3adaua.

bin3kass no nyxy npobGieMatdka cBsidaHa C apU(pMETHYECKHMHU
nporpeccusiMmu. Ban odep Bapden yctaHoBun cienywomuit dakrt. [lo
mobomy k € N moxcno ykazame maxoe N, umo npu awboi packpacke
Kaxcdoeo wucaa 6 duanazone om 1 do N 6 odun u3z deyx ysemoe — écezda
Haiidemcsa o0HOyBemHAs nocredogamensHocmb U3 k 4aeHo8, A6AA0UWAACA
apughmemumeckoli npoepeccueil.

21

) U Gosee TOro: ecau yucao o6sexmos @ co80KYyNHocmu 0Cmamo4Ho 8eauKo U Kaxcovie 0ea o6s-
exma cen. odno uz r OmHO i, mo eceeda cywecmeyem noomMHoNcecmao 0aHHOU co-
eoKkynHocmu, codepxcawiee 3a0anHoe Yucao 06sexmoea, Komopoie C8A3aHs om. 00HO20 muna.

2 cu, riasy 7.
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C ouenkoit N no k Tyt aeno obctout elile xyxe. ns k = 3 xBa-
taeT IV = 9. Jlajlee HQYUHAIOTCS TOJIOBOJIOMHBbIE OCIOXHeHHUs. [Jaxe
TeopeTU4eckue. Ban dep Bapoeny TIpULLUIOCH UCIOJIb30BaTh B MO-
Ka3aTeJIbCTBE J60lHYI0 UHOYKYUIO, KaKOBasi, BOOOLLE roBOps, BHIXOAUT
3a pamku axcuomamuxu Ieano [5, 1. 6]. CootBetctBeHHO OLieHKU N (k)
MOJYYHUJIUCh «UYyIOBHILHbBIE», U3MEPAEMbIe 3HAYEHUAMU pyHKyuu Ax-
kepmana (pazmen 1.5). Y XxoTs oT ABOiHON peKypCUM BIOC/IEACTBUM
yaanocs yittu (Caapon Illena, 1987), ouenku N (k) HeckombKo yiyy-
IIWIKCh, HO OCTAJIMCH 3a MpeleiaMy pasyMHOTO.

Bce 310 siexuT B pyciie meopuu Pamces, B 4ape KOTOPOit 3a/10XKeH
dunocodckuii Te3UC: «8cakas docmamouro 60ablas cmpykmypa cooep-
Jcum pezyasapHyio noocmpykmypy Ai06020 Haneped 3a0aHHO20 pasmepa».
Crona NpUTArMBaeTCs 32 YLLUM, TPELIHBIM JIEJIOM, JajleKOUIyIlass KOH-
KPeTH3aLMs: 043 2apaHmMupo8anH020 CYUECMBOBAHUs HCUHU mpebyemcs
Auws, ymoobbl Beenennas 6biaa docmamouro eenuxa.

1.5. PyHkuua AkkepmaHa

Dynxyus Axxepmana A(n,n) onpenensieTcsi ABONHON peKypcUeH,
n+1, ecaum=0;
Am,n) =< A(m-1,1), ecaum>0un =0 (1.12)
Am—-1,A(m,n—1)), ecaum>0un>0,

M CIYXHUT NpUMEPOM BBIYMCIIUMOM, HO He RPpUMUMUBHO percypcueﬂoﬁ

dbyHkuuu [5, T. 6], koTopas aHTacTMYeCKU ObICTPO pacTeT. Yxe
265536

2 . o
A(4, 4) BbipaxaeTcst 4YMCIOM 2 , UMEIOLLUM B CBOEH AECATUYHOI
3anucu 1iuc¢p Gosblie, 4eM aTOMOB BO BceneHHOM. A yx

2265536
A(5,5) = A(4,A(5,4) = A (4, 2’ ) (1.13)
COBCEM 3allIKaJINBACT.

C Toyku 3peHHsi apubMETUKH QyHKUUA AKKepmara TIPeACTaBIs-
€T HUHTEpeC B HECKOJIbKMX OTHOILEHMSX. YMc/oBas IByXMHIECKCHas
nocjenoBarebHOCTh {A(m,n)} sBiseT coboit mpumep creHorpadu-
4eCKH SKOHOMHOM 3amucu cBepXOOJBLIMX YHCe, YTO B NMPHHLIUIIE
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no3BossieT (opMyJHMpOBaTh YTBEPXICHHS, 3a J0Ka3aTeJbCTBO KOTO-
PbIX HE MMeEET CMBIC/Ia Jaxe GpaThes.

Codepwcum au {A(m,n)} becxoneuno mHozo npocmoix wucea? YTo6bl OLEHUTDH
6ecrepcrieKTHBHOCTb TAKOTO poia 3alay, HMEET CMbICI MPUCMOTPETHCS K ABOHHOM
peKypCHM, KOTOpasi HEBHHHO BbIIJISLAMT, HO TIOATAIKUBAET B IIPOIACTb.

Boiuncnenune A(1, 2) MOXHO TpPOCTEANTD TIO CXEME
A(1,2) = A(0, A(1, 1)) = A(0, A(0, A(1,0))) =
= A(0, A(0, A(0, 1))) = A(0, A(0,2) = A(0, 3) =4,

HO Jlajiee YMCIIO «MTepaLMil» HApacTaeT ¢ OrpoMHOIt ckopocTbio. Ckaxem, A(4,4) =

= A(3, A(4, 3)). Nanee

A(4,3) = A(3, A(4,2))
= A(3, A(3, A(4, 1))
= A(3, A(3, A(3, A(4,0))))
— A(3, A(3, A(3, A(3, 1))
= A(3, A(3, A(3, A(2, A(3,0)))))
= A(3, A(3, A(3, A(2, A2, 1)))))
= A(3, A(3, A(3, A(2, A(1, 4(2,0))))))
= A(3, A(3, A(3, A(2, A(1, A(1,1))))))
— A(3, A(3, A(3, A(2, A(1, A(0, A(1,0)))))))
= A(3, A(3, A(3, A(2, A(1, A(0, A(0, 1)))))))
= A(3, A(3, A(3, A(2, A(1, A(0,2))))))
= A(3, A(3, A(3, A(2, A(1, 3)))))
= A(3, A(3, A(3, A(2, A0, A(1,2))))))
= A(3, A(3, A(3, A(2, A(0, A(0, A(1, 1)))))))
= A(3, A(3, A(3, A(2, A(0, A(0, A(0, A(1,0)))))))
= A(3, A(3, A(3, A(2, A(0, A(0, A(0, A0, 1))))))))
= A(3, A(3, A(3, A(2, A(0, A(0, A(0,2))))))
= A(3, AB, A(3, A(2, A0, A(0, 3)))))
= A(3, A(3, A3, A(2, A(0, 4)))))
= A(3, A3, A3, A(2,5))))
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CxeMa BBIYMCIIEHMIf 1EMOHCTPUPYET CHayaaa MPHBBIYHYI0O KApTHHY [TOCTENeH-
HOTrO yMeHbLIeHHs1 apryMeHToB. Ho 3atem o6pasyercst Bhibpoc n = 5. [Janee BpeMs
OT BpEMEHHU 7 TIPbITaeT Ha eIMHUYKY BBEPX M J0GMPAeTCs B KOHLIE KOHLOB 10 YMOTIO-
MpauMTe/IbHbIX 3HaueHuit. [Tonyyaetcs, 4yto Mis Boiyucinenus A(4, 4) Hago mpoiitu

yepe3s A(3, 2 3).

KaptuHa 6e3panocTHasi. BblyHCAeHMSI CTpaHHO OJMyXOalOT MO apryMEHTaM,
He O0HapyXXHuBasi [IPU3HAKOB YNOPSANOYeHHOCTH. 3aberaHue BIiepell CTAHOBHUTCS BCE
6onbuie. Ha kKakoM-To 3Tare jaXe BO3HUKAET MOAO3PEHHUE, YTO METIS BHIYUCIEHHI
MOXeT BOoGlLle He 3aMbIKATbCS, CTABS KPECT HA ABOMHOM PeKYpCUM KakK 3bceKTHB-
HO# npoueaype. OgHako mMoao3peHus He ornpasabiBaloTcs. IIpolecc 3¢ deKTHBHLIH,
HO Yepecyyp AOJTOUTpalOLIHIA.

1.6. ApudpmeTnyeckme reHmm

ApHbMeTHKa Ha MaTeMaTHYECKOM TIoJie
BbIIE/ISIETCS OCTYMMHOCTBIO [UISi MOMCO-
3HaHusi. B HeKoTopoM poie, KOHEYHO.
He BcsikoMy uMcnoBble (DOKYChI IO 3y-
0aM, HO CYLIECTBOBaHHME HEOOBIKHOBEH-
HBIX BbIYHUC/IUTE/IE O MHOTOM FOBOPUT —
He BIIOJIHE SICHO O YeM. BbimaroluMucs
CHOCOOHOCTSIMM apU¢MeTHYECKOTO TOJ-
Ka obnamanu Biaep, laycc, ¢pon Heiiman,
nipuyeM /aycc, 110 ipeJaHUI0, IEMOHCTPH-
POBaJI UCKYCCTBO CYETA €llle B TPEXJIETHEM
BO3pacTe, KOIa MareMaTHYeCKUe MO3HA-  gyoy Heliman (1903-1957)
HHsI HE BMELIMBAJIMCDH B IIPOIIECC.

be3 0ocobbix MaTeMaTHYECKHMX 3HAHMIA OOXOMSITCS M 3CTpaaHble
¢eHOMeHBI-CUETYUKHU, He TOBOpPSA 00 YHMKAJIbHBIX BBIYMCIIUTENSIX
C TIOHMXXEHHBIMH YMCTBEHHBIMH CIIOCOOHOCTSIMM OoJsiee LLIHMPOKOTO
HazHayeHMs. TemMa CAMILIKOM MHTEpPECHA M OOILMpHA, YTOObI €€ 31eCh
noapo6Ho ob6cyxnatsb. C OJHOM CTOPOHBI, U3BECTHA Macca alrOPUTMH -
YECKHX YJIOBOK, MO3BOJISIIOILMX peLlaTh HEMPUCTYIIHbIE C BULY 3a/layH.
C npyroit, — TakuMe pelLeNTbl YIIMPAKOTCS BCE XK€ B HEOOXOTHMOCTh
3allOMMHAHUS TIPOMEXYTOUYHBIX pe3y/JbTaToOB, MPEBBIILIAIIETO OpOr
cpeqHecTaTUCTUYECKOro MHAMBUAYyMa. Tak 4TO BBIXOA — TOTO WIH
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MHOro Kajubpa — 3a npeaeabl cTaHaapTa 3iech Haauuo. Ho oobsc-
HECHUsI MAaTEPHUAJIUCTHUYECKOIO0 INMOKpPOsA HE XOTAT MUCTHUKHU, U CEKPET
BUOAT B DKCTPAOPAMHAPHOM MaMsTH 2),

OnHako, Kak Obl TaM HM ObUTO, HAO NMPU3HATh, YTO HEMTOCTHXH-
MbLii 2/IeMeHT 37ech INpUCYTCTBYeT. [1o KpaliHeit Mepe B HEKOTODPBIX
CUTyaLUsIX apu¢pMeTHYeCKMe MAHUITYISILMM SIBHO TlepelaloTcsl B TMOJ-
CO3HaHUeE, U BereTaTMBHasl HepBHasl CCTeMa, yIpaBJsioLas Mnuilepa-
peHHeM, SHIOKPUHHBIMHU IPOLIECCAMU, IbIXaHUEM U MHOTHM APYTHM,
YTO He MO CHJaM KOMIIbloTepy, OOHapyXXUBaeT TaJaHT K apudMeTHKe.
C oudypamMu He cnpaBisieTCsi, a BOT YKMCJa OTKYAAa-TO OKa3bIBAlOTCS
eit 3HakoMbl. Oco3HaBaeMast UH(popMallvs BpeMeHaMy HbIpsieT U3 S B
OHo (o Dpeiidy), v 3arafoyHbIM 00pa3oM BO3BpALLAETCsl B epepabo-
TaHHOM BuIe. He Bcerna v He y KaXIoro 3To NpoMCXOAMT, JaXe peaKo
U BecbMa u3buparesibHO, HO MOACO3HAHUE, B3pallleHHOE Ha OMbITE Te-
LLIEPHOTO CYLIECTBOBAHMS, JEMOHCTPUPYET MHOTAA CIIOCOOHOCTH, KO-
TOPBIM BpOJle HEOTKy/a ObLIO B3SIThCS, €CU ToaraThCsl Ha JJapsuna.

[MapagoKc B TOM, YTO MOHATHE aGCTPAKTHOTO YMC/IA MOACO3HAHHIO
HEBEJI0MO, TI0 JIOTMKE Belleil. YMECTHO HanoMHUTh [4]: HUBXHM, aGo-
purenbl CaxaivHa, 10 HelaBHETO BPEMEHU
MMeJI¥ pasHble YUCAUTENIbHbIE I KPYT/IbIX
NpeaMeTOB M NIPOAOATOBaThiX. B cuTyaLusax
«TPM OTypLia» U «TpU TIOMUAOPAa» — HUYETO
obuiero. IloatoMy, yuciaa B JIOHO MHTYU-
LMM He MMEIOT BXOAa, Kak Gyaro.

Ewe Gosee ynuBuTeNbHBI apuMeTHU-
yecKue MPO3PEHHUsT TEOPETUUECKOTO XapaK-
Tepa, MOKOSILLIMECS HA MUCTUYECKOM (YH-
naMeHTe. O TakOBBIX Yallle BCErO TOBOPST
MPUMEHUTENbHO K Pamanydxcany, purypa

PamaHynxaH (1887-1920)

23
) KakoBasi X0TS ¥ NOTHMMAETCS! HacTo 110 CBEpXbECTECTBEHHOIO YPOBHSI, OCTaeTCsl, BCE Xe, B
paMKax KOJIMYeCTBEHHOTO TOJNIKOBAHH S, He TPeOYIOIEro u3MeHeHUs (PHIIOCOdCKOi NapatnrMsl.
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KOTOPOTO SIBHO BBIJESIETCS Ha TEOPETHKO-4YMCiioBoM HuBe. [Topasu-
tenbHble opMyIbl Pamanydxcarna HEpEOKO CBS3bIBAIOT C YyAEeCHBIMH
03apeHHUSIMH, HO NIOTOM HaxomsATcs Gosiee-MeHee pallHOHaIbHbIE 06b-
sicHeHHus1. Borpoc B TOM, Kakas 4alila IiepeBeLLINBaET.

1.7. TabnuyHble npeacTaBNeHUs

WHTepecHa OTHOCHTENIbHO HedaBHssi eunomesa luabpaiima (1958).
B TpeyrosibHOi TabMulle B EPBOi CTPOKE TOCIENOBATENBHO BHIMUCH -
BalOTCsI [POCTHIE YUCIA Py, JAJIEE B KAXIOW CIIEAYIOLIEH CTPOKE MO
KaXI0i Mapoi COCeAHMX uYMCea M3 NMpeAblaylleil CTPOKM 3amuChiBa-
eTcsi aGCOJIOTHas BeIMUMHA X PasHOCTH 2. MUHHaTIOpHas ceBepo-
3anafgHas 4yacTb TabNMLIbI BBIIVISIIUT TaK:

2 3 5 7 11 13 17

1 2 0 O (1.14)

Ivnore3a cOCTOUT B NpEATIONOXEHHH, YTO Kaxdas CTpOKa, HUC-
KIlo4as nepBylo, HaunHaercs ¢ 1. [Tono3peHe poBEpeHO MO KpalHei
Mepe IS Tabauubl M3 63 418 cTpoK, T.e. sl MOCJIeA0BaTeIbHOCTH
MPOCTBIX YMCes BIUIOTh A0 P 63418-

Oco6blit MHTepeC TaGIMYHBIX MpeacTaBieHni Thna (1.14) cocro-
UT B HEKOTOPOM paclIMpeHUH ropu3oHTOB. OOBIYHO Benb U3ydyaeMble
B MareMarTUke 3aKOHOMEPHOCTH M aJlTOPUTMbI HaXOLATCS B MPOKPY-
CTOBOM JIOXE MPOCTEHIUMX CTepeoTUNOB MbiuuieHus. M3yyaercs To,
4yTOo YAOOHO misi M3ydeHUsa. YTo Jjierko BUOAMTCA M ©e3 Harpsixe-
HUS MBICIHUTCA. YTO BBICTpauMBaeTCsl B JIMHUIO, B IIOC/EA0BATENbHOCTD
OIHOTHUIIHBIX OeicTBMA. A TabiMua ¢ B3aMMO3aBUCUMBIMHU CTOJOLIA-
MU U CTPOKAMHM — OITO YXKe ABOHHasi peKypcusi, elie Oosiee-MeHee

) Bo BTOPOil CTPOKE CTOSIT Pa3HOCTH |Py — Pr—1].
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yXnaabiBaloLiasicsi B rOJIOBy, HO Majioyno6Hasi. UucIoBble Xe Maccu-
8bl, PaCIIONIOXEHHbIE TEM WJIM MHBIM 3aKOHOMEPHBIM 00pa3oM B R,
He roBopsi 00 R* u manee, octaioTcs 3a 60pTOM aHaIM3a, TIOTOMY YTO
TaM CaM 4epT HOTY CJIIOMMUT.

JIByMepHasi opraHu3aliMsi MACCMBOB, KOHEYHO, OCTaeTCs B TOJie
apeHusi. [TonynsipHbIX MAei, MpaBaa, He axTU CKOJBKO. Tpeyeonsruk
lMackans, macuveckue u ramunckue Keadpameol.

Tpeyeonvrux Ilackars BO3HUKaeT cieaylolium obpasoM. [lepBas ropu3oHTab-
Nas 6ecKoHeuHass B 06€ CTOPOHBI CTPOKA COAEPXMUT OfHY €AMHULY, OCTATbHbIE HYJIH.
B HMXecnieaylOlIMX CTPOKAX KaXa0€e YUCJIO PABHO CyMME ABYX PACriO/IOXEHHbIX Hal
HUM uMcen. Eciu Termepb Hylu CTEpPeTb, OCTAETCSl TPEYrONbHUK

(1.15)

1 6 15 20 15 6 1

HecMOTpsi Ha TpMBHMaIbHOE YCTPOCTBO 06beKT (1.15) o6HapyxuBaeT yau-
BHTEJIbHOE 6OraTrcTBo coaepxaHus. Boonb amaroHaneit okasblBalOTCSl BbICTPOEHbI
TpeyroyibHble, NMpaMUJaIbHLIE U APYTHE YUCTa ), Bcrpoennsimu B (1.15) okasbiBa-
torcs uncna Pubonauyu, Kamanana, bunomuarsnole Koaghuyuenmst v T. 1.

Ha noapo6HoCTsIX Mbl He OCTaHaBJIMBaeMCsl IO MPUHLUMTHATBHBIM
coobpaxeHusiM. Tpeyeoavnux Ilackans, BCce-Taku, — YaCTHbIN BOIPOC
(mo kpaiiHe#t Mepe, B JaHHOM KOHTEKCTe), O KOTOPOM IOAPOGHbIE
cBeneHMs1 jierko Haitth B UHTtepHete. JdononHuTtenbHass vwH¢popMa-
LMsI, MOXeT MokKa3aThcsl, M 31ech He nomeliana 6sl. Ho oTBnekasch
Mo KaXxaoMy NMOBOAY, TPYAHO OCTaBaThcsl B apBaTepe.

26
YTo KacaeTCsl MazuveckKux U AaMuHCKUX Keadpamoe ), obpalleHue

K MHTtepHeTy 31ech elie 6ojiee yMecTHO. OTMETHM JIMILIb, YTO BCE 3TO

25) TpeyronbHble (MMpaMUmaIbHble) YHCAA YKA3bIBAIOT KOJIMYECTBA LIAPOB, KOTOPbIE MOTYT
OLITh YIOXEHBI B BUIE TPEYrojibHUKa (TeTpasapa).

26) Tabnuua pasmepa n X 7, 3aMoJIHEHHAsk HATYPAIbHBIMU YMC/IAMHU OT | 10 n2, Ha3bIBaeTCs
Maeuveckum keadpamom, €Clii CyMMbl YUCEJT BO BCEX €€ CTPOKaX, CTONOLAX U B ABYX AMArOHAIAX
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He TonbKO (oKychl. JIaTHHCKMe KBaApaThl, HATIPUMED, UCTIONb3YIOTCS
NpU MOCTPOEHUU K0008, Ucnpaeasouux owubku (5, 1.4], He roBops
06 «OKKYJIBTHBIX CBOWCTBAX».

DTUM, B 3HAYUTEJbHON CTEMEHH, UCIOJIb30BaHHE TabJIMUL] B T€O-
PHUH YHUCEJT UCUEPITBIBACTCA, TOrAa KaK NMOACITYOIHO 3p€lOT YHUKAJIbHBIC
rionbl. Co6CTBEHHO, o6HapyXuBaeTcsl cTpaHHas Bewlb. U3 mo6oi
Ta6aMIbl BbUIE3AIOT MOpa3UTebHbIE 3aKOHOMEPHOCTH. BbinuchiBaeM
B cTpouky n* (1", ok 3k .), TIOI HeM CTPOKY pasHOCTei COCEXHHX
YWIEHOB, 3aTeM CHOBA CTPOKY pasHocTei U T. a. Ilonydaiotes cnenyio-
1Me TabIMLbl:

1 4 9 16 25 36 49

1 8 27 64 125 216 343
3 7 19 37 6l 91 127

n
12 18 24 30 36
6 6 6 6
1 16 81 256 625 1296 2401
15 65 175 369 671 1105
n' 50 110 194 302 434

60 84 108 132
24 24 24

oauMHakoBul. TabnuMua n X n, 3anoJjIHeHHas HaTypalbHbLIMU YMCAaMH OT | A0 N, Ha3bIBaeTCA
AQMUHCKUM K8adpamom, eClIN B KAXAOH CTPOKE M B KAXIOM CTONGLE HAXOAUTCH MEPECTaHOBKA
yucen ot 1 go n.
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7776 16 807
4651 9031
4380

1830

243 1024 3125
781 2101

570 1320 2550
390 750 1230

360 480 600
120 120

1 32
31 211
5 180

Kaxapiit pas Tabnuua «n*» sakanumsaercss (k + 1)-it cTpokoit
taxropuanos k!. U Tyr HaumHaeT Ka3aThbCsl, 4TO 10 meopembi Pepma
PYKoii noaars.

BpeMeHaMu 10XOOUT OO aHEKAOTOB. Yiam Kak-TO Ha CKYYHOM
3acefaH|M CTaJl 3aNMChIBaTh HA KJIETYATOM JIMUCTe OyMaru HaTypaJibHble

YKC/1a BOOJb PaCKpYYMBAIOLIEICA CTUPATH

145 | 144 [ 143 | 142 | 141 [ 140 | 139 | 138 | 137 | 136 | 135 | 134 | 133
146 [ 101 (100 | 99 | 98 [ 97 | 96 | 95 | 94 | 93 | 92 | 91 | 132
147 /102 | 65 | 64 | 63 | 62 | 61 | 60 | 59 | 58 | 57 | 90 | 131
148 | 103 | 66 | 37 | 36 | 35 | 34 | 33 | 32 | 31 | 56 | 89 | 130
149 (104 | 67 | 38 | 17 | 16 | 15 | 14 | 13 | 30 | 55 | 88 | 129
150 | 105 68 | 39 | 18 | 5 4 3 12 [ 29 | 54 | 87 | 128
151 (106 | 69 [ 40 | 19 | 6 1 2 | 11|28 | 53 | 86 | 127
1521107 | 70 | 41 | 20 | 7 8 9 10 | 27 | 52 | 85 | 126
153108 [ 71 | 42 | 21 [ 22 (23| 24 | 25|26 | 51 | 84 | 125
154 1109 | 72 | 43 | 44 [ 45 | 46 | 47 | 48 | 49 | 50 | 83 | 124
1551110 ( 73 [ 74 | 75 [ 76 | 77 | 78 | 79 | 80 | 81 | 82 | 123
156 | 111 ( 112 | 113 | 114 [ 115 | 116 | 117 | 118 | 119 | 120 | 121 | 122
157 | 158 | 159 | 160 | 161 | 162 | 163 | 164 | 165 | 166 | 167 | 168 | 169

U BIPYT 3aME€THJI, YTO NPOCTbie YMUCJIAa MMEIOT TeHAEHUHUIO JIOXHUTb-
Cd Ha TpsMble, Mayluve mox yrioM =+45°. Pa3pieueHHe MHOTMM
MoHpaBuJjioch. [loMeyaTb KieTKM € INMPOCTHIMM YHCAAaMM TOPYYMJIH
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KoMnbioTepaM. TabnuLbl pa3pocauch 10 pa3MepoB [alakTvKH, a TEH-
NEHLMS BCe Ta Xe,

(1.16)

U OOBSICHEHUS TOKA HE UMEET, MMOTOMY 4YTO BCEPBHE3 €0 HUKTO HE UCKaAJI.

Ha atom ¢doHe ycnexu wmymeposoeuu BBITISIAAT BIIOJNHE 3aKOHO-
MepHBbIMH. Eciiu yX enBa 1M He TTPOM3BOJIbHO YCTPOEHHbIE YHCIOBLIE
MacCHBbI 00/IafalOT YyAECHBIMM CBOMCTBaMH, TO TMO4YeMy ObI MMEHM
B YMCJIOBOM Kojie (WM Aaxe pa3Mepy GOTHHOK) He KOPPEIHMPOBAThH
¢ cynbboit UHOIUBUIA.

1.8. O rpaHuuax Teopumn

3anayM Ha MrpoBOM TMojie Hamypaavhozo pada N = {1,2,...} Bpe-
MEHaMH CO3[alOT BlleyaTieHHe MEIIaHMHBI, IOTOMY YTO MakpoTeye-
HHUSI He BUAHBI, U TEOPETHYECKMI CKEJIET OTCYTCTBYeT. A yX Korna
YTBEPXKOAETCS, YTO GbiCUiAs apupMemuxa ) 3auuMaeTcs M3ydeHUEM
MHOXCECMBa yeabix uucen,

z={..,-1,01,..},

TMoJIOXeHHe AeKIapaTUBHO UCKaXaeTcsi, 6o Z caMo 1o cebe HUKAKOro
rnyouMHHOro ycrpoiictBa He uMeer. OHO y Hero TOSIBISETCA IMOCHe
npupiaeyeHuss apupmMeTHyeckKux omnepauvii. IToaroMy o kakoit Obi
TO HHM OBbLJIO TEOPMM MOXHO FOBOPHTD, JIMILIb MOABS3bIBas K Z Habop

) Bbxpa)xeuue <«BbICILIAA apmbme'mxa» HUCNOJIb3YETCA KAK CHHOHHUM <«TCOPHHU YUCCIT».
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aeliceuit {+, —, X, :} wau ero yactb. [1Ipu 3TOM He sICHO CTaHOBUTCH,
KaKasi [10JIOBMHA B TaHAEMe

{Z,{+,-,%,:}} (1.16)

saxHee. He rosopsi o ToM, uto npucyrcrBue Z B (1.16) oka3biBaetcst
B HEKOTOPOM pOJie YLIEPOHBIM, TIOTOMY YTO IJarojam (meiicTBUsIM)
{+, —, x,:} TecHo Ha TeppUTOPUH Z, 1 IUIOLIANKY NPUXOMMTCS TaK
WIM MHaye pacLIMpsTh, B pe3y/IbTaTe Yero BOZHUKAIOT COBOKYITHOCTH
pALMOHAIBHBIX YMCe U BOOOLIE pa3Hble alrebpanyeckue mos.

Hpaeio none3Ho yJ10BUTb B CAMOM Hayalle Ha KakOM-TTH60 XapaKTepHOM MpHMepe.
Bo3sbMeM ps0 Pubonayuu:
1,1,2,3,5,8, 13,21, 34, 55, 89, 144, 233, ...,

YCTPOEHHBIH 1O TpaBUITY
Fn+2:Fn+l+Fn7 (117)

T. €. KaXIO0e MOC/eAYIOLIee YUCIO PABHO CyMMe ABYX TPeAbIAYLIMX.
OGBEKT LIETOYHCIEHHBIH, OMHAKO MOMCK N-TO uneHa B Buge F, = =" B cuny
(1.17) npuBOAMT K HEOGXOAMMOCTH PELLEHUS KBAAPaTHOTO YPaBHEHMUSI

zz—:c—I:O,

KOPHH KOTOpOTro

1£V5
Ty, = ,
1,2 2
u Torna o6uiee pewenue F, = ¢,z} + ¢,z B cuny HayanbHbix yenosuit F) = Fy = |
naercsi goopmynoi Buns

nn (5 (5D o

[pucyTcTBHe HppaLMOHANbHOCTENW CBMIOETEJBCTBYET O MECTax IpoJieraHus
mapwpyta noucka?>. Bbixoma 3a npenensl N 3nech He u3bexarb, MOTOMY 4YTO
pelLleHHe UILETCS C NOMOLIBIO AeHCTBHIi, KAKOBbIE JOKHBI 06palaThcsl U COrIaco-
BbIBaThCs 2, B pe3yJibTare Yero MoJjiyyaeTcs yHHBEpCaibHbIi OTBeT. [TonbiTKa C/ieAuTh
3a «00bEMHBIMHM MpOLIECCAMH» B TUIOCKOM LIEJIOYHCEHHOM Cpe3e HHYEro He AaeT
KpOMe HeJJOyMeHHS.

2)To xe camoe MOXHO CKalaTh O uenouuCIeHHbIX peleHusx (2.54) ypaenenusn Ileans
C TIOMOIIIbI0 HPPALMOHATLHOTO V2.
) Yy nansiparbes b NPOKPYCTOBO JIOXe ycnoBus 3agauu (1.17).
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Ho mnoaxiioyeHHe MPpallMOHATLHOCTH BCKpbIBaeT He BClo mpapay. Koe-yto
CTaHOBUTCSI SICHEE C NO3WULIMU NMpoU3BoAsiied GyHKUUH

1—z—z2 }:Fz

a KO€-4YTO — C KOJIOKOJIbHU MAaTpHUYHBIX MaHHl’IyJ!ﬂLlHﬁZ
(o) =Ci )
10 F, F,,
IMpuMepoB TONOOHOrO copTa OyNeT pacCMOTpPeHO elle MHOTO,
HO 3apObILLI aIredpandyeckoro 3amaxa XxejaaTeJbHO BUIETh alipUOPH.

IMone3Ho craTh Ha TOYKY 3peHMsI, C KOTOPOi TeOpHsl YMCea GOoJbliie
HHTepecyeTcs He YUCIaMHU, a NeCTBUAMU.

M Torama mbicnb OyaeT OCTATOYHO pacKpenoliieHa, YToObI JIerko BOCIIpUHUMATh
II0IMEHY KOMIUIEKCHBIX YuCes a + i (B onpenesieHHbIX 3agayax [5, T. 8]), Hanpumep,

MaTpULIAMH
(5 &)=< DG 0):

C YYETOM COOTBETCTBHS
| & 1 0 ’ PN 0 1 ’
0 1 -1 0

fiIpy KOTOPOM YCJIOBHIO 2 = —1 orpeuaer paBeHCTBO
2
( 0 1) _ ( 1 0)
-1 0 0 1)’

1.9. Benukas ponb 0603HaYeHU

[eHMATBHOCTD TIO3MIMOHHOM cHCTeMbI ),
an...a|a0=an-10"+...+a1-10+ao, a; < 10, (1.19)

OCOOeHHO OlyTMMa Ha (hoHe pUMCKOi1 3alIMCH YMCeNl, KOTopasi MOr-
Ja Obl, cTaB BO I7laBe, IOJOPBaTh Gaarornojayyue MaTeMaTHKU.

30 MNHoraa no3vMuMOHHas 3aMUCh Ay, ... G1Q¢ 3aKII04YaeTcsl B CKOGKH.
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[IpaBuno (1.19) xapaktepu3yeT NEeCATHYHYIO CHUCTeMY, k-M4Has
cucrema >’ CTPOUTCS aHAJIOTMYHO:

Gn...0180 =an k" +...+a;-k+ag, a;<k. (1.20)

Ha nepsblii B3rsia Tpiok (1.20) nmeer cyry6o creHorpaguyeckoe
npenHazHaueHHe, HO 3 dheKT oKa3biBaeTcss HAMHOTO LIUPE.

e Xopowuit npumep — urpa «Hum». B xaxcdoii kyuxe no ny cnuvex. [eoe
Bepym no ouepedu noboe koauvecmso (> 1) cnuuex, Ho Kaxcobili pa3 moabKo u3 o0Hoil
xyuxu. Komy e umoee neuezo 6pamo, — mom u npoupan.

BbInISSAMT NMPOCTO, OAHAKO, BBIMIPHIBAIOILUI AJITOPUTM HAUTU — TPYAHO, MOKa
He NPUXOOUT MOesl 3anmucaTb Bce 7; B JBOMYHON cucTeme. Toraa BbIYMCIsETCS
nopaspsiiHasi cyMMa @ BceX 7y 10 MOIYJIIO 2: eC/IM CyMMa eIUHULL B pa3psijie YeTHasl,
nuuercs 0; ecnn HeveTHass — 1. YToObl BbIMIpaTh, HalO NMPOTHMBHUKY BCE BpeEMSs
OCTaBJIATb 0 U3 OAHUX HYJEM.

Ot 0603HayeHuUit MHOroe 3aBUCUT. CoCOOGHOCTb OPUEHTUPOBATD-
CSl Y IBUTaThCsl B IPUAYMAHHON peaIbHOCTH OMPEAEISAETC Ka4eCTBOM
CHMMBOJIBHBIX CpeacTB. Boiawouiecss noctxeHus Juoganma teM 60-
Jiee yIMBUTENbHBI Ha (DOHE UCMOJIb30BAHHON UM 3HAKOBOM CUCTEMBI,
B KOTOpOH
20227 + 13,

HanpuMmep, 3aluCbIBaJIOCh KakK 32)

A’IHIGB M IHIF.

Ipu 3TOM Miesi MO3ULIMOHHOM 3aMMCH YHMCEN YXe TNPUCYTCTBOBaJa,
HO LHdpbI U300paxanuch 6YKBaMH, a pealn3allis CUCTEMbI B LIEJIOM
elile He Obuia «qoBeneHa 10 yMa». KoHeyHo, TYT MOXHO YIUBIAThCA
TalTaHTIUBOCTH Juogpanma, ocBouBliero (M Bo MHOTOM MpHIyMaB-
11ero) HeyHOOHbIi MHCTPYMEHT, HO MOXHO BCHOMHHUTb TakXe, 4TO

3'),ZIeoulman cucmema cHucreHus SIBIIAETCS YaCTHBIM ciayyaeM k-uunoi. [peacramiexue
(1.20) nto6oro uncna A ogHo3HauHo. [Tpu aenenun Haueno A Ha k B OCTaTke nosyyaetcs ap.
Ipu AeneHun 4acTHOro (MOJY4EHHOTO B Pe3y/LTaTe MPEAbLAYLIEro AejieHHMsi) CHOBa Ha k —
B OCTaTKe moJjiyyaercs a;. Y tak nanee.
B ciyyae k = 2 menuth Hago Bce BpeMsl MOMOJaM — OCTaTKH OYAYT HYISAMH M €IMHHULEAMM.
Hanpumep, 33 = 2P+ 1, 1. e. B nBOoMuHoOI cucreme 33 = 100 001.

32 Hacuer obosnauenmit Juoganma cM. [2].
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KOMY-TO — HErpbl Ha OJHO JKLO, KOMY-TO —
KuTaiilel. B TOM cMbICae, YTO pa3GoOpYUBOCTD
cpenbl 3aBUCHT OT MPUBLIYKY U TPEHUPOBKH.

I110c K TOMY, pacnpocTpaHeHbl HHIUBU-
IyanbHble 06pa3bl MBILILIEHHWS BOTIPEKH 00ilie-
NMPHUHATHIM. TeM He MEHee, BHEIIHE Y3aKOHEH-
Hasg «cTeHorpadusi» MIPaeT, Bce Xe, KiIloye-
BYIO pOJib.

[IpuHsTOit HBIHE CUCTEMOI anreGpanyecKux s
Buert (1540-1603)

o0o3HayeHHnii Mbl 00g3aHbl Buemy. 3mech Bo3-
MOXHBI BCSIKHE OTOBOPKH, MOTOMY 4YTO Buem
BMECTO

A*+74B=C

nucan
A cubus + B planum in A 7 aequatur C solido,

HO NPEITIPUHSATHIE UM Laryd, BCe-TaKH, IPUHIMITHATLHO PaCKpPernoCTIWIH
a1reOpanyecKylo MbIC/b, TPUOIU3UB POPMY 3aMCH K COBPEMEHHOIA.

1.10. leomeTpuyueckne MoOTUBLI

33
HOCKOﬂbe BC€ MaTCMaTHYECCKHUE ) 3aJa4yu MNnpourpbiBaloTCsa Ha KOM-

nbloTepax, — BO B3aHMOCBSA39X apUOMETUKH C JII060i APYroit QUCLIM-
TUIMHOM HeT HuYero yausuTelbHOro. Ho Hau-
6oJiee LIeHHB IpsIMble KOHTaKThI C TeOMETpUEi,
ubo repeBond 3ama4 Ha FeOMETPUYECKUIM A3BIK
MOAKJII0YAET MHTYMLIMIO. B 3TOM HampaBJieHUH,
npaBaa, He TaK MHOTO 3allerOK, HO Cpeld HUX
ecTb (hyHIaMeHTaJIbHbIE,

TToMMMO OYeBUAHBIX Napajuiesei Tuna ac-
couuyaluu aHo¢haHTOBBIX YpaBHEHHIA

Mudarop s 5 s
(VI B. #O H.3.) a“+b" =c (1.21)

My HEMareMaTH4YecKue.
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€ NpsAIMOYTOJIbHBIMH TPE€YroJlbHUKaMH

C LIEIOYMCIIEHHBIMU CTOPOHaMH (cM. paszen 9.3), eCTb U HETPUBHAb-
Hbl€ COMOCTaBJIEHMS.

OnvH U3 HEOPAMHAPHBIX Pe3YJLTaTOB MOLOGHOIO COpTa — meo-
pema Munkoeckoeo (1896):

n
1.10.1. 3amxnymoe evinyknoe meao S C R”, cummempuunoe omuocu-
meavto Hauana koopdunam O, umeroujee obsem ne menee 2", codeprcum
yenouucrentyo moyxy, omauuryro om O.

CBs13b pe3yJ/isTaTa ¢ TeOpHeil YMuces J0CTaTOYHO npo3payHa. Eciu
CHCTEMa YpaBHEHUIA WM HEpPaBEHCTB UMEET pEeLUEHHE B LIEJbIX YHUC-
Jax, TO TeOMETPUYECKOE TeNO, «BbIpe3aeMoe» 3Toii cucteMoii B R”,
CONEpPXUT XOTsA Obl OOHY TOYKY LieJIOYMCIEHHOM pelieTku. M3 meo-
pemot 1.10.1 BbITEKaeT psii BAXHBIX CJEACTBUI B TEOPUM JIMHEHHBIX
M KBaapaTU4HBIX HOpM, TUOGDAHTOBBIX NMPUOIMXKEHHI U Ap.

Hano ckasarb, uto [MudaropoBa untepnperauust (1.21), xots
U 3JIeMeHTapHa, UMEET MOILHBII MOTeHLHAT — JOCTATOYHO MOCMOT-
petb Ha reomeTpuyeckoe peutenne (1.21) (pasgen 9.3), ucyepnoiBa-
louiee Bce pelieHHs. [1OTOM BBISICHSIETCS, YTO TOT Xe BU3YaIbHbIi
CTWIb pacCyXIeHHUii paboTaeT B APYTUX CUTYyaLUsIX, B pe3yJibTaTe 4ero
POXAAETCSI TEOPUS IAMUNMUHECKUX KPUBLIX, MOOYAAPHBIX GhOpM, 2uno-
me3a Tanusmel U B UTOTE OKA3aTeILCTBO meopemst Depma.

A coBceM HauBHOE Bpoje Obl IOHATHE KOHEPYIHMHO20 HUCAA, KAK
[UIOLIA0M TMPSIMOYTOJIBHOTO TPEYrOJbHUKA C palMOHAIbHBIMU JUTH-
HaMM CTOPOH, OKa3bIBa€TCSl TECHO CBI3aHHBIM C BecbMa ITyOOKMMH
¢axTamMu U runote3aMu Teopuu yucen (pasgen 9.5).

CrnenyloliMii pe3yJ/israT, CTOSIIIMII HECKOJIBKO OCOOHSAKOM, IpU-
Hamiexut I1. Jlesu, BHITASOUT OOBOJBHO HEOXMOAHHBLIM M HE TakK
JIETKO JOKa3bIBaETCS.
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1.10.2. IIyems P u @ Ose mouku Ha naOCKOCMU, pACNOAONCEHHble
Ha paccmosnuu 1 dpye om dpyea. Toeda ecakas HenpepvleHas Kpueas 34),
coedunsrwwan P u @, umeem xopdy 33) napaaneasryro PQ oaunot

a=—
n

Oasn moboeo n € N. Ecau xnce o He seasemcs 00pamubim yeaomy, mo
Haiidemcs Kpueas, coedunswuwas P u @Q, ne umeowas napanrnessHoli

PQ) xopdvt Onunbl a.

34
) Moxwo FOBOPHTB aX€ O MAOCKOM KOHMUHyyMe — OTPaHU4EHHOM, 3aMKHYTOM, CBSI3HOM

mHoxecTse B R”.
%) Xopdoii npousBonbHOro KoHTMHYyMa C Ha3biBaeTcs JOGOM OTPe30K MPAMOf, KOHLbI

KOoToporo npuHamiexar C'.



MaBa 2

S/1eMeHTbI KJ1aCCUKU

Ham pymuny neuem kpoimo,
Ckonbko cae3 Hu aei,

Hado xc kax-mo danvwe ncumeo
Cpeoo bepes u wei.

Krnaccuky ¢hopMHpYIOT 3aKOHBI XaHpa. Tak UIM HHaye, B TEOPUHU M-
ceJl CIOXWIOCH TPaAMLIMOHHOE MpeacTaBleHUe © siape yueHUs. U xors
MOJIOXEHHUE e C TeX 110p CHJIBHO MOMEHSIOCH, a2 KOHLIEMLIUS YCIOX-
HWJIaCh, 6a30BbIi KCMIUIEKT HHCTPYMEHTOB OCTA/ICA NpeXHUM. [ToTomy
YTO FOPU3OHTHI PACLIMPAIOTCS — LIEHTP HEMOABUXEH.

2.1. QenumocTb
2.1.1. Hauboavwum o6wum deaumesem (HOI) yeroix
a,b,...,s€Z
Hazvleaemcs HauboAbuiee NONONCUMENbHOE HUCAO
d=(a,b,...,s), (2.1)
Oenswee Hayeno Kaxcdoe u3 a,b,...,8 € Z.

Kpyrisie ckOGKH CIMILKOM MOMYJsPHBI, YTOObI U3 BO3HUKAIO-
LWMX acCOLMALMi KaXablii pa3 BbOMpaTh MpaBUJIbHOE TOJIKOBaHMe.
[Moatomy BMecTo (2.1) yaute ucnonb3yercs

d =HO[ (a,b,...,s),
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0COOeHHO MpU «HeoXUIaHHOM» nosieieHnu HOJL nu6o nipu cocencTae
C aJIbTepHATUBHBIM MCITOJIb30BAHUEM KPYIJIBIX CKOOOK.

IMouck HOJ (a, b) obecneunsaer arzopumm Eexauda, pabortaio-
LM B MpeanoNOXeHUU 6 > b cienyloniuM o6pa3oM.

<« CHayana a genurcsa Ha b:
a=bq +m,
nocie yero b Aenurcs Ha T:
b=rq +r;.

Jlanee octaTok T, OEIUTCS Ha T3, — M TaK OO OCTAaHOB-
KA HTEepallMOHHOro Iipoliecca, KOTOpasi Heu3bexHa, UOO
OCTaTOK Ha KaXAOM liare CTporo yMeHsbuiaetcs. B uenom
npouecc uMeeT BUA:

_ EVCLIDES

— 25 Wilelopefar Socradip b
( o =bg+ry ST
b =ma+r,
J Ty =T3¢+ 14,
i (2.2)
Ta-2 = Pp=1qn-1 + Tp,
\ Tn-1 = Tnqn,
HeH36eXHO MPUBOAA K pe3ynsTaty r,,, = 0 npu HekotopoMm n. [IpocMarpuBas

Tenepb (2.2) cBepXy BHM3, oGHapyXuBaeM: ofwue genureau a u b cosnamaior
C OGLIMMM JeauTeNs MU b U T5, KOTOpBIE, B CBOIO OYepedb, COBMANAIOT C OGLIMMH
NEJUTESIMU T2 U T3 U T. 1. TakuM 06pa3oM,

HO[ (a,b) = HOJA (b, ;) =
= HOM (r,r3) = ... = HOH (141, 1) =14,

T.e. 'y, = d oka3biBaeTcsl UckoMbiM HO. »

Npumep. Mouck HOJI (327, 234):
327 =234-1+493,

234 = 93-2 + 48,
93 = 48 - 1 + 45,
48 = 45-1+ 3,
45=3-15.

B urore HOJI (327, 234) = 3.
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BpeMs paGoTh! aseopumma Eexauda nMeet nopsamok log3 a,a>b.
To ecTb aNrOpUTM NOAUHOMUAAbHBIE, KYOUYECKMH OT AJIMHBI 3aMUCH
yncna a (ot Konuyectsa uudp B a) D,

Eciu B (2.2) 0603HauuTh @ = 1, b = 11, TO areopumm Eexauda
OMHCHIBAETCS eMHOOBPA3HO ONHOI CTPOKOIt 2):

Tk = Tht1qQk+1 + Th42 (2.3)

C 3a0aHUEM IEPBLBIX IBYX 3JICMEHTOB INOCJACA0BATCIBHOCTH Ty, U IIpA-
BWIOM OCTaHOBKU:

Tk+2 = 0 = omeem: Ty ,.

o HauGonbiuuit obwiuit genutens Gonee asyx yucen, HOJ (ay, ..., a,), cBO-
aMres K onpeneneHuio HOJI map yucen:
(al, 0'2) = d2a (d29 0,3) = dl» LR (dn—la an) = dna (24)
YTO JaeT UCKOMBII pe3yJbrar,

HO (ay,...,a,) =dy.  (?)

Hepxa cxemy (2.2) B noJie 3peHMus, JIETKO MOHSATD, YTO 3

(ah, bh) = (a,b) - h,

(59)-42

roe s — Jmo0oit oOwmit neauTens a M b. B yacTHOCTH,

(@ @m)

n TpynoeMKOCTb aNiropuTMOB CYLUECTBEHHA NPH paboTe ¢ 6ONBIIMMH YUCIaMH, YTO XapakK-
TEpHO Ui Kpuntorpapuu — cM. rnasy 7.

¢ CYLIECTBEHHO OrOBOPKOM, 4TO (2.3) onpesensieT ry4) Kak OCTaTOK MPH AENEHHS Tk
Ha Tg4.

3 Tpuctasxy HOJI nepex (-, -) Aanee omyckaem.

a TaKXe
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2.1.2. Teopema. Bcezoa moxcro ykazams maxue u,v € Z, umo

av + bv = (a, b). (2.5)

Huaue 2060ps HOJI (a, b) auneiino evipaxcaemces uepes a u b ¢ nomowsvio
Koaghguyuenmos u, v € Z.

« 3anyckas anrroput™ EBkimaa u npocMatpuBas 3anuch (2.2) CHU3y BBepX,
JNeHcTByeM clienytoliumM obpasoM. [lockonbky r, = d, To nonaras

u =1 v =-¢-
U3 MpeAnocieHero paBeHcTsa (2.2) uMeeM

d=rpou +ra 0.
[Monaras nanee 4, = v, v; = 4| — V;qp-, NONYy4aeM

d = ro_3uy + Troavs.

IMponosnxasi nogHUMaTkCs BAOAD (2.2), B UTOTe MPUXOAMM K (2.5). »

ITpugedennoe doxaszamenbcmaeo daem makice aA20pUMM peuleHUs ypPAGHeHUsA
(2.5), onuparowuiica na anzopumm Eexauda u umerowuii mom xce nopsadox

mpydoemkocmu log3 a,a>b.

OnucaHue Ipoleaypsl B 10Ka3aTeabCTBe meopemst 2.1.2 He o4YeHb
XOpOLIO YKJIaibiBaeTcsi B rosoBe. M mpocToii nmpuMep TyT ropasmo
addexTBHEE, eCid OOBACHATb YEJIOBEKY, a HE KOMITBIOTEDY.

2.1.3. Npumep. Pewum ypasrerue

3lu+23v=1.
Anzopumm Eexauda das noucka HOJI (31, 23):

31 =23-1+8,

23=8-2+7, (26)
8 =7-1+1,

7 =7-1

Tenepo uz mpemveii cmpouxu (2.6) umeem d = 1 =8 — 7. 3amem
7=23-8-2
u3 émopoii cmpouxu (2.6), u ocmaemcs nodcmagums

8§=31-23-1
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u3 nepeoii cmpoxku. B pesyremame:
1=8-7=8-(23-8-2)=8-3-23=
=(31-23)-3-23=31-3-23-4.
Takum obpa3zom, pewenue ucxo0Hoeo ypasHenus: u =3, v = —4.
WHTepecHo npu 3ToM, uto

32317, (-4 2237,

3l
310 o6wee npaBuio. [Tockoabky (—4) = 27, TO B KayecTBe 06pamHoz0 31emerma
23~! MoxHO B3ATH Takxe ynCIO 27.

Taycc Teopemy 2.1.2 dopMyaIHpoOBa HECKOIBKO MHAYE:
2.1.4. HOJ (a, b) pasen munumanvhomy d € N 6 npedcmaenenuu 5)

d =au + bv, u,v € Z.

B yacrHoctn, HOJI (327,234) = (—5) - 327+ 7-234 = 3.

Durypst 3:»}:«:o:&:&:(;:#:0:0:@:4:{{
JInccaxy — RRXXXXXXXXXXLN

B CCADOCK AR

2.1.5. Bcayuae (a,b) = 1 uucra a u b naswieaiom é3aumno npocmoimu.
H3 meopembt 2.1.2 evimexaem, wmo a u b e3zaumuno npocmet 6 momm
cayuae, Ko2da MoXCHO nodobpams makue U, vV, 4mo

au+bv =1.

9 o nosoay o6o3HaueHuit cM. pasgesns 2.7, 3.2.
3) IMoayepkHeM, 4T0 MHHUMYM au + bv umeercs B BuAy nosoxurebubiif, d € N, uHaye
npu 4 = —b, v = a Gyner —ab+ba =0.
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[eoMeTpUYECKUM OT3BYKOM Map B3aMMHO MPOCTbIX YHUCET MOTYT
CIAYXUTb gueypst JTuccaxcy. TpanuLIMOHHO gueypa Jluccaxcy npenctaB-
JsieT coboii cien rapMOHMYECKM KOJeOiolleidcsi Bo B3aMMHO Tep-
MEHAUKY/ISIPHBIX HAMpaBlI€HUSX TOUKU, TIPH COU3MEPUMBIX YacCTOTaXx.
Ilpu omxasze om eapmoruyHocmu COOTBETCTBYIOIIME (DUTYPHI MOay4a-
10TCs1 6oJsiee 3aMBICTIOBAThIMHU,

HO BCE OHM HECYT Ha ce0e OTHe4aToK B3aMMOOTHOLIEHH <«4acTOT»,
TaK WM MHaye BHIPAXAEMBIX OTHOLIEHUSAMH LIEJIBIX YHCETT.

Ipu noGaBAeHNH TPEThEro HAIpaBieHUsl KoneOaHusl, IepreHIu-
KYJIIDHOTO MEPBLIM ABYM, KADTMHKH CTAHOBATCSI OObEMHBIMH M IMIpeE-

CTaBASTIOT coﬁo:bl’ /\
BRI

TaKkKe OTpaxarollue MHOOPMALIMIO O «B3aMMOIEHCTBHM LIEBIX YHCE»,
y4acTBYIOLIMX B OMUCAHUM KoJieGaHuiA.

6
2.1.6. Haumenvuum obuum xpammuovim ) (HOK) yennix
a,b,...,s€Z
HA3bl8AEMCA HAUMEHbBUUEE NOAOHCUMENBHOE HUCAO

m = [a,b,...,s], (2.7)

%) Yycno @ cumraercs Kkpamnoim b, ecny OHO aenutcs Ha b. B aTOM ciayyae Taxke mUyT:
b|a — «b menut a», T.e. a AeauTCs HaLENO Ha b.
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densueeca Hayeno Ha Kaxcdoe a,b,...,s € Z.

[a,8] = % @7

e Anayornyto (2.4) HOK (a,,...,a,) cBoaurcs k onpeaeneruro HOK nap
yycen. TlocnenoBaTebHOE BhIYHCIEHHE
[ai, ;] =my, [my, a3] =ma,...[mu_, a] =m, (2.8)
BaeT UCKOMbIH pe3yJbTarT,

HOK (a),...,a,)=m,. (?)

2.2. MpocTbie ynucna Kak NepBoOCHOBA

2.2.1. Yucao p € N, p # 1, nHazvieatom npocmoim, ecau oHo umeem
moavko dea deaumensn: 1 u p. OcmansHbie

neEN,n#£l,
HA3b16Q10M COCMABHBIMU YUCAAMU.
2.2.2. Teopema EBxknupa. lIpocmbix yucen 6eckoHeyHo MHOeO.

<« JlonycTMM MpOTHBHOE, MHOXECTBO MPOCTHIX
yucel KOHEYHO,

pl"“’p”'

Ho toraa nio6oit npocroit aeauTens yucaa

Pr'pr---pntl

OT/IMYaeTcsl OT J1060ro Py, ..., Pp. P 8

3ameuanne. Korna nuuiercsi yyeOHMK, NpUroa- ‘
HBIi, B TOM uMcJie, 4TOGbI B3SITh ero B «HoeB KoByer», 0 / /A
H3NOXEeHHe OpraHusyeTcsi NOTouiHO. Bce omnopHbie
TOYKH, BIUIOTb A0 MEJKHX TUMNA:

Esknupg (Il B. po H.3.)

7 TpousseaeHue ab, Ge3yc0BHO, KpaTHO U a, U b, Ho (@, b) B ab BxoauT B KBajpare, T. €.
JIMLIHMIA pa3.

 Ys MPUBEACHHOIO pPacCyXICHHUsl CEAYeT, YTo Mexay n > 2 u n! o6s3aTeNbHO eCTh
npoctoe 4ucno. Yeboiues 10Ka3an, yTo MPOCTOE YHUCIO BCErAa €CTh MEXIY 1t > 3 M 2n — 2, 41O
BieyeT npu alobom k € N cywjecmeosanue no Kpaiineis Mepe mpex npocmoix wucen, 3aNUCHBAIOYUXCA
¢ nomowsio k wugp [17].
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2.2.3. Haumenvwuii omauuneiii om edunuybl Odeaumenv yenozo, bonvuie2o eOUHUUbI,
A6A8MCA NPOCMbIM YUCAOM

2.2.4. HaumeHbwuii omauunsiii om eOuruybl 0eaumens cOCMasHo20 4UcAd . He npegoc-
xodum /n

— aKKYpaTHO BBICTPAaHBAIOTCA B LICINIOYKY. 3BT0 coBCceM He IJI0X0 9), HO Yy HacC HUHbIC
LeJeBble YCTAHOBKH, M MOTOMY KO€-4YTO «TPUBHAJIBHOC» OIYCKaeTCd, a MO Mepe
HagoOOGHOCTH MCIONb3YEeTCS KaK HU B yeM He ObIBajlo.

B mo e epemsa, neobxodumo ommemumes, umo poas axmos muna 2.2.3, 2.2.4
HegeauKka AuWb npu HAueHoM nodxode k meopuu uucen. Beaxas we nonsimka
abliimu 3a npedenvt Z é0pye obHapyxcueaem, 4ymo He éce mpusuanbHoe 8 00biHol
apugmemuxe nepesocumcs 3a npedeabi Z aubo nepeHocumca «C mpyoom»,
cM. danee.

Jlna cocraBieHUs Tabaulibl IPOCTLIX YHCEN, HE MPEBOCXOAAIINX
naHHoro NN, MOXET ObITh MCIIOJIb30BaHO peuiemo Ipamocghera. Peuent
3aKJIIOYAETCsl B BBIYEPKMBAHUM U3 psna

,2,...,N

CHayajla BCEX YMCeJl KpaTHBIX IBYM, KPOME CaMOil NBOWMKM, 3aTeM —
o o . 10

TpEM, KPOM€E€ CaMOH TPOMUKH, 3aTEM — NATH, KPOME CaMOH IMMATCPKH ),

uta Ilo 3aBEPLICHUU TIpoLicCCa HEBBIYCPDKHYTBIMH OCTAlOTCA BCE

MNpocCThIC YHCJla, MCHBIIIHE N.

Takum 06pa30M, NPOCThIC YHUCJIA IJIECMEHTAPHO XapaKTECPHU3YIOTCA
M JICTKO NMEPEYHUCIIAIOTCS. Bce kak 6b1 Ha BHUAY, @ YXBAaTUTHCS HE 3a 4YTO.
He sicHbI 3aKOHOMEPHOCTH psna

2,3,5 7,11, 13, 17, 19, ..., pp, ... .

Koe-4To mpocMmaTpuBaeTcsi, HO Kakasi-TO TAWHCTBEHHasl YacTh OCTa-
eTcsl 3a TpeaejaMM TMOHMMaHMs. B KOHLIEHTPMpOBaHHOM BMAE 3TO
MPOSIBJISIETCS. B OTCYTCTBMM «XOpOLieii» HOpMYITbl IS Py .

23] YKa3aHHOM KIII0Y€ HalMCaH 3aMevaTesibHblit yue6HUuK Bumozpadosa [7]. TIpocto, Ko-
poTKO, U Bce ompeneseHo. OnHAaKoO, aKaneMUUYECKHt CTHJIb UMEET CBOM MHUHYCH.. Hekortopas
MOHOTOHHOCTb, Ciabble aKkUEHTHl, Aa M 3aTParuBarb MHOIME TEMbl OKa3bIBA€TCS HE € PYKH,
[OTOMY YTO B M36PaHHO#I TOHaJILHOCTH MOTPe60BANOCH Obl CAMLIKOM MHOFO MECTa Uil peBe-
PaHCOB.

19 Ha kaxnom CJIeyIOIEM 3Tale BLIGUPAETCS MepBO€ HEBBIYEPKHYTOE YUCJIIO U3 «HETPOHY-
ThIX» paHee.
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Yro Takoe «popMysia», U YeM OHa OTJIUYAETCS OT aIropyTMa —
BOTIPOC pacTSXKHMMBbI. U ecau yX Ha To MolwIo, TO — HUYEM He OT-
AvYaeTcsi. AJITOPUTMBI ISl BbIYUCJIEHUS Py, IPaBAa, €CTh, HO BCE GHU
MO CYyTH — MepeOopHBbIE.

MHoro ycuauii 6bU10 MOTpayeHO Ha «IMOJNyMepbl», 0GecreYuBalo-
wive 3¢p¢heKTUBHYIO T'eHepaLUIo P, NJOCTATOUHO OOJILLKX MOPSAKOBBIX

HoMepoB. HauGosee nmomyasipHbl A0 CHUX MOp 4ucaa Mepcenna .

p=2F—1 (2.9)

Ecnu k B (2.9) cocraBHoe, k = mn, To p neaurcs Ha 2™ — 1. [losTomy
(2.9), kaK runoOTETHYECKUIt UCTOYHMK TPOCTBIX YMCE, MOXET UMETb
CMBICJI TOJILKO JIMILb B CJydae MPOCThIX K, YTO rapaHTHEil MPOCTOTHI P
BCE paBHO He ABJISETCS, 2''—1 = 23-89. BeckoHeuHa 11 COBOKYITHOCTb
MPOCTbIX YyHceal MepceHHa — HEU3BECTHO. AHAJOTMYHA CUTYyalMs
C MpOCThIMM yucaamu Pepma 12)

p=22+1. (2.10)

Camoponku tuna peuenrta Muasca (1947), yrBepxialoiiero cy-
LLleCTBOBaHHME TaKOTO [, YTO Liesasl 4acTh

@”] 2.11)

npu J106oM . € N gBasieTcs MpOCTbIM YUCJIOM — KaHyju B Jlety. [le-
JI0 B TOM, YTO pe3ysibraThl THMa (2.11) uMeroT 06GHaaeXHBaIOLMIi BUA,
HO HuYero He nawT. M6o BellleCTBEHHOE YUCIO — CYTb MOCJIEA0Ba-
TeJbHOCTb LIM(Gp, B KOTOPOiI MOXET ObITh 3aKOAUPOBAHO YTO YrOIHO:
BECh CITMCOK MPOCTbIX YMCEJ, UICTOPHSI MUPOBOI LIMBUIM3ALIMH, 11000#
nepeyeHb TeopeM U T.M. M Takux yydecHbIX, HO HEYJOBUMbIX Mppa-
LHOHaJIbHOCTENl — okeaH. OHAaKO €C/M MX MCKYCHO 3aMacKMpOBaTh

) Eexcaud obmapyxmn: ecnu 2P — 1 — npoctoe, 1o 2P~ (2% — 1) smasierca cosepuentsm
wucAOM, TO €CTh PABHO CYMME CBOMX COGCTBEHHbIX AeauTeneit (Hanpumep, 28 = 1+2+4+7+14),
a Jirep noKa3al, YTO BCE YETHbIE COBEPLIEHHbIE YMCAA TakoBbl. CyLIECTBYIOT JIM HEYETHbIE
COBepLIEHHbIE YUC/IA — HEHU3BECTHO.

12) Cpeau uucen 2" + | npocTbIMM MOTYT GBITh ML yucna Buaa (2.10). B mo6oM apyrom
cnyyae yucno 2" + | cocrasHoe. (?) Pepma npeanonaran sce uucaa (2.10) npoctbiMu. Jiep

s
Hawen (6e3 koMnbioTepa!), YTo 2% 4 | nenutcs Ha 641,
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Hanono6ue (2.11), Kakoe-To BpeMs MOXHO AypauuTh HaceleHue. EcTb
Takxe BIIOJIHE ONpene/eHHble KOMOMHATOpHbie (QOpMYJbl IJisSl 72-T0
MPOCTOIC -mcna”), HO M OHM Majio TOJIE3HBI C BBIYHUCIUTEIbHON

TOYKH 3pCHUA.

Teniepb, KOHEYHO, €CTh KOHKPETHbIH noiuHoM (1. 1.2.4), nosno-
KUTEJIbHbIE 3HaueHUS] KOTOPOro MEPEeYMUCISIOT BCE IPOCThbie YMCIA.
Ho 3T0 He criacaeT nmonoxeHusi. 3arBo34Ka B TOM, YTO P, MEPEYUCIIS-
I0TCSl B 3alyTaHHOM TOPSIAKE '4), Jla ¥ apTyMeHTbl COOTBETCTBYIOLLIETO
P(z) npuxoautcs mepeGuparh, MOKa HE HATKHEILbCS Ha IOJIOXH-
TeabHoe 3HayeHue P(z). 3aro, mpaBha, KOTAa «HATKHEIILCS», YUCIIO

P(z) > 0 rapaHTUpOBaHHO NPOCTOE — MPOBEPATH HE HAIO.

B riaHe o6HaXeHHA TalHbI COBOKYMHOCTH {p,} MHOroo6ellaiomie BhIIAIAT
dopmynv lllepxa—Cepnurckozo 5)
pZn =1 i’p| ﬂ:pz +... ip)n—h
(2.12)
P =EPrEpy . Epony + P,y

CIpaBeUIUBbIE TPH MOAXOMAALIEH pacCTaHOBKe 3HAKOB, KaKOBasi, KaK YTBEpXIaeTcH,
BCeraa CyIIECTBYeT.

IloHayany Bo3HUKaeT BIleyaT/leHHE «COpBaHHOM MacKku». MiMes nepBbie r npo-
CTBIX YMcel, 415 noyyeHus (r+ 1)-ro — Hano Jauis B (2.12) npaBUIbHO paccTaBHTh
3HaKU. B KpaiiHeM cllyyae MOXHO MepeyruCIUTh BaApHaHThl U BhIOpaTh HalJlexalluii.
OfHaKo BapMaHTOB TYT 2", YTO BBITAJIKMBAET B Ty e 06/1acTh 3KCIIOHEHLIMATBLHOIO
nepeGopa. Ewe noxxka aerrs (ecnu He Bcs Gouka) — opmyist (2.12) ropares mis
J11060# MOC/Ie0BaTEILHOCTH, KOTOPasi «XOPOILO HauuHaeTcs» (MepBble CeMb YIEHOB,
HafpuMep, COBMANaloT C TMEPBbIMM MPOCTHIMU YHCIAMM), a MOTOM HE CIHIIKOM
6LICTPO pacTeT [18] — He GbICTpee reOMETPUYECKOl TMOCIEN0BATENLHOCTH CO 3HAME-
HaTeJieM 2, YTO MMEET MeCTO M st {p,}.

Tak YTO YCTPOICTBO COBOKYMHOCTH {p,} ocTaercs 1o GoJblIoMy
cyeTy 3aragkoii. Hekoil moTycTOpOHHEH 3aKOHOMEPHOCTbIO, B3SITOM
Kak-0yITO COBCEM CO CTOPOHBI M IUIOXO COIIAaCOBAaHHOM C MpPUPOIOi

13) Cm. Gandhi J. M. Formulae for the n-th prime // Proc Washington state Univ. Conf. on
Number theory. 1971, pp. 96-106.
") A nen MopsAKe BO3PACTAHMUS, KAK XOTENOCD Bbl.
19y Lllepka Bropas cTpoyka (2.12) 6blia He TaK KpacHBa:
Pmr1=1xpEpr ...+ pon-t + 2pon.
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HatypaibHoro psina. CIOBHO P, OMpeaesieHbl B AyXe WHAKOMBICIHA
MHOIUIaHeTHOro Maciitaba: yucio p € N, p # 1, sBisieTcst mpocThIM,
€CJIM M3 P KBAOpPAaTOB HENb3sl CJIOXHTb TNPIMOYTONBHUK, P = ab,

a,b#l.

MOopManbHO BCe MPaBUILHO, HO «OPTdH CIOXEHHUSI U YMHOXEHHUS»
ocTaetcsi BHe UIpHl, U eHOMeH {p,} NpeacTaeT B pojM BbIIYMKH,
npuBHeCEHHOMH M3BHE. C TeM Xe yCIeXoM MOXHO ObLIo nMoTpe6oBaTh,
yTo6bl U3 P KyOMKOB Hejb3sl ObLIO CJIOXHUTb INPSIMOYTOJIbHBIN Ta-
pajiesienuIe Wi ellle KaKylo-aubo XUTpyio (urypy BblAyMaHHOTO
tuna'®. Boshukna 6bi Jipyrasi pa3HOBUIHOCTb YMCEJ U MX TEeOpHS,
60Jiee MU MeHee ynayHas. M Torma 6el JyManoch, YTO MPOCTLIX YKCE
B N Het. Ouu, neckaTh, B rojioBe ¥ «MYy3bIKaHTa».

Bce 370 MOXeT Moka3aTbCsl MyCThIM YMCTBOBaHHEM, HO MpH
B3aHMOOTHOLLEHHSX C MPEAMETOM MCC/IEA0BaHUS O4EHD BaX-

HO NMOHHMMaTbh, UMeeM JIM Mbl [IeJI0 C KaHapeiikoii, KoTopas

cama I10eT, WIM CO CKPMIIKOii, KOTOpasi TONbKO OTKJIMKAeT-

csi. B nepBoM ciyuae ceKpeThbl NepBO34aHHbI, BO BTOPOM —

POXIaloTCs ABMXEHHEM cMbluKa. CUTyalus ¢ apuMeTHKOR [
OT4YacTH, KOHEYyHO, npoMexyroyHass. [ToMuMmo mepBo3naH-

HBIX CeMsIH, Terepb MPHXOAMTCS PaccjienoBaTb M CIOXETHI,

3amnyieHHble KOra-To BEJIMKHMH pexXHccepaMH.

1 Yro cromr B pany M306peTeHui, Iie MPUCYTCTBYIOT COBCEM AMKME IUIOAB ¢haHTa3UU.
Hanpumep, 4ucna, 13 puMCKO# 3amucy KOTOPBIX MOXHO M3BJI€YD ABa APYTMX YHcAa (MCMOMb3yst
[N MX 3aMHCH TONBKO MMEIOLMECS 3HAKM), KOTOpble GyayT HaXOMMUTbCS C UCXOAHBIM B HEKOM
38aHHOM OTHOLLUEHHH.



48 Thaea 2. 9nemeHTbI K1accukm

2.3. OcHOoBHas Teopema apudpMeTHUKU

TakoBOil Ha3bIBAIOT Meopemy 0 eOUHCMBEHHOCMU PA3A0NCEHUA BCAKOTO
LIeJIOTO YMCJIa Ha NPOCMble MHOXCUMEeNU.

2.3.1. Teopema. Bcakoe n € N o0no3nauHo paznazaemcs 6 npousge-
. 17
6enue RPpOCMbLX COMHOMcUmMeneu, ¢ mo¥YHoCmsto do ux nopﬂaxa )
« Ilycte p; — HaumMeHbwmii geaurens n. Torma n = pin,. Ecm ny > |

U p; — €ro HauMeHbLIHUM AENUTENb, TO N = P,n,. Ecin ny > 1... 10 n; = pyn;,
M TaK MpOoAOJXKaeM, MOKa HE NOCTUTHEM 3HaueHust n; = |. B urore

n=p\p...D0 (2.13)

JlonycTum, CyLLECTBYET APYroe paioXeHHe Ha NMPOCThIE COMHOXHUTENH
N=qq@...4=pp2-- Pk (2.14)
OGe yactu (2.14) penstess Ha ¢ — NOSTOMY Kakoe-TO p; HenuTcs Ha ¢p. Kak

NpPOCTOE YMCIIO, P; HE MMeeT HETPUBHAIBHDLIX AeNUTeed, CIEeL0BaTeIbHO §) = P;.
AHaNOrM4YHO ¢, PaBHO KaKOMY-TO p; M TaK Jajee, 10 McuepnaHus auGo Bcex g,
anbo Bcex p;. Ho ecnu ¢, U p; He KOHYAIOTCA ONHOBpPEMEHHO, — BO3HUKAET
NPOTHBOpEYHE, YTO 0KA3bIBAET €AUHCTBEHHOCTb panoxeHus (2.13). »

ComHoxwutenu B (2.13) MOryT NOBTODATHCS, B CBSI3U C YEM KaHO-
HU4eckoe paznoxceHue 3arUChIBaIOT B hopMe

n=pl'py*... P~ (2.15)

OGocHOBaHHE EAMHCTBEHHOCTH pasnoxeHus (2.13) koe-komy
NpeCTaBIAETCS UITHLIHEH POCKOLIBIO, KGO BCE 10KA3aTeNbCTBO TEO-
pembl 2.3.1 onupaercss Ha fABa TPMBHaJIbHbIX — MO KpaiiHeil Mepe
OYeHb JIETKO YCTaHaBAMBaeMbix — ¢akTa: m.2.2.3 u

2.3.2. Ecau npouseedenue deaumcs Ha npocmoe P, mo xoms 6bl 00uH
U3 comHoNcumenei Oeaumcsa Ha P.

Ha 1 cama teopeMa 2.3.1 Ha 3TOM (OHE BMECTE C €€ 3aypsil-
HbIM J10Ka3aTeJIbCTBOM BBHITISIAUT GaHanbHOM. Ho CKpbIThIE MpYXXHUHBI

17
) Pasymeercs, n # | mpennonaraercsi, MOTOMY YTO €IMHULA HE OMNPEAEASETCH KaK MPOCTOe
yucno. Ho Mbl cTapaeMcst M36erarb TPMBMATLHBIX OTOBOPOK, YTOGBI HE 3arpoMoXaaTh 0630p.
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JaloT O cebe 3HaTh NpM TOMBITKE CMEHUTh UIpoBoe nojie. B mpy-
IMX YHMCJIOBBIX CHCTEMax BO3HUKAIOT HOBbIE OOCTOSITE/NLCTBA, O YeEM
Jajiee He pa3 GyneT 3axOAuTh peyb. BO3MOXHbIE TPYIHOCTH BCKDbI-
BalOTCs1 2JIEMEHTApHBIM NIPUMEPOM Kopomkoii apugpmemuru Tursbepma
Ha MHoxecTBe G umcen Buga 4k + 1,

G={1,5,9 1317, ...},

¢ €eIMHCTBEHHOM omnepalueil 0ObIYHOr0 YMHOXEHMSI, HE BbIBOASALLIETO
3 G. Yucno 693 B G packianbiBaeTcsl Ha MPOCTbie MHOXMTEIN ABYMS
crnocobamu:

693 =21-33=9-77,

YTO [aeT MPUMeEp HETpUBUATbHOTO paBeHcTBa (2.14). He mpoctsie B N
coMHoxurenu 9, 21, 33, 77 npoctel B G.

Heo6GocHOBaHHOE NPUMEHEHHE OCHOGHOU meope-
Mbl apugpmemuku K o6bEKTaM MHOM NMPHUPOIbI He pa3
NMPUBOAMJIO K CBoe0oOpa3HbiM Kasycam. Jlams B XIX Be-
Ke «[10Ka3aJl» nocaedHioro meopemy Pepma, XOHTIUPYS
YyKC/aMH BUza

ao+a,(+ e +an_zcn_2, (216)

rae K03¢hHUUHEHTH! a; — lLiejble, a

2r .. 2w
{ =cos — +1sin —.
n n

Kymmep Hactynun Ha Te Xe rpabiu, He 3aMeTHUB i
noHayany, yro yucia (2.16) He padnaraloTCs eAMH- Kymmep (1810-1893)
CTBEHHBIM 00pa3oM Ha NpOCTbie MHOXHTE/H, 0106~

HO 4YMCJ1aM HaTypayibHOro psifa. Ho caM xe reHHasbHO

BBbINYTalICA, JOTNIONTHUB MHOXeCTBO (2.16) GUKTHBHBIMM 4MCiamMy (Tenepb UX Ha3bl-
BAIOT dueu3zopamu). EANHCTBEHHOCTb PalTOXEHHMsI Ha MPOCTbIE MHOXHTEJNH 6blla
BOCCTaHOBJIEHa, [0Ka3aTe/IbCTBO 3apaboTajio, XOTd MU He Ha MOJHYI MOLIHOCTh —
«(UKUHSA» NPUBHECTA CBOH TPYAHOCTH.

Tprok KyMMmepa paGotaer u B kopomkoii apugpmemuxe lussbepma. EnnHCTBEH-
HOCTb pavIoXeHHs uuciaa 693 BoccraHapiuBaercs BBeieHHeM B G (GPUKTHUBHBIX YHCEN,
YAOBIETBOPSIIOILIMX PaBEHCTBaM

af =9, 90=77, ay=21, pd=233. (2.17)
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Yucna a, B, 7, 0 duxTuBHbI, KOHeuHO, B G, HO B okpyxeHuu N cucrema (2.17)
KOHKPETHO pelaercs,

a=p=3, q4=7, =11, (2.18)

YTO 3MOLMOHAIBHO CHUXaeT 3cdekT yyna. Ho Tyt Hano 3ameTuts, yto B G uHucna
3, 7, 11 «BHe 3aKOHa», U HUYEM He Jyuyule abCTpakTHLIX a, 3, 7, d.

2.4. Uenasa n ppoGHas 4acTb

Llenas yacth [z] uncna ¢ € R onpeaensiercss Kak Gauxaiiuiee ciesa
uejoe. HanpumMep,

[5]1=5  [321=3; [-27]=-3.

Toit xe uenn cayxut obosHaueHue |z| = [z]. B mpotusosec |z]
MCIIOJIb3YETCS OKpYIJIeHHe A0 GIMXKaiillero Leaoro crpasa:

[z] = |z] + 1.
JIpo6Hy10 4acTh 0603Ha4alT GpurypHsie ckobku: {z} = ¢ — [z].
{5} =0; {3,2} =0,2; {-2,7} =0,3.
O wuenoil U ApobHOI 4yacTax Kak o (QYHKUHSX, Ka3alocCh Obl,
Y TOBOPHTb HE CTOMT M3-3a «<HUYTOXHOCTH» heHoMeHa. TeM He MeHee

«IYCTSYKH» 3aC/Iy>KUBAIOT BbIIEJEHHS B CAMOCTOSITENbHbIE MMOHSTHS.
Bort npocreiiiuas wutrocTpauus ux 3EGeKTHBHOCTH.

2.4.1. [loxazamens, ¢ KomopbiM npocmoe P 6X00um @ pa3noXceHue
yucaa n! Ha npocmole COMHOMNCUMENU, PAGEH

ENERE A

ade pt — Hauboabuias yenas cmenels P, He NPEBOCX00AWAs T, m. e.

‘o log
~ |logp]”
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n
<« Uncio comHoxuTesieit B ! = 1-2...n, KpaTHBIX p, paBHO [—] . Cpenu

2 ni. 3 n 18)
HMX KpaTHbBIX p~ HMeeTcs F ; KpaTHbIX P~ — I? T O »

Yucno 101! penutcs Ha 3", rae MakCHMalbHO BO3MOXHOe k paBHO

101 101 101 101
- Jiiel —_ — | =334+11+43 1 =48.
[3]*[9]*[27]+[81] HHHI1=4

®opmyaa (2.19) npuHUMaeT yyacTue B pa3IMYHbIX TPOU3BOAHBIX
cootHolueHusx. [lycts, Hanpumep, Q(z) obosHayaer HOK Bcex Le-
JIBIX YMCeJl, He MPEBOCXOMAIINX T. PasnoxeHue

Q(z) - Q(%) Q(%) (2.20)

Ha MpOCTbie MHOXHUTEAW oOHapyxXuBaeT (?), 4TO MPOCTOE P BXOTUT
B pasnoxeHue (2.20) B crenenu (2.19). IToatomy

Q(a:)-Q(g) Q(g) Q(%) = [2]!, (2.21)

YTO C MOMOILBIO Yu(Z) = log, () 3anuchIBaOT B Bune moxcdecmea
Yebvuuesa

Ya(®) + V0 (;) + e (;) +..=loglz]!  (2.22)

PaBHocubHOE onpeaesieHne P, (T) = E log, p. Kcratu,
i<z

Ya(2) = 9a(2) + 92(VE) + 9a(VE) + ..., (2.23)

rae U,(z) = »  log, p.
<z
OyHKuMK Yo(z) ¥ Vo(r) HasviBaior gyukyuamu Yebouuesa ).
CootHotuenus (2.21)—(2.23) saBasior co6oit HeCNIOXHbIE OGCTOATEb-
CTBa, COMPOBOXIAIOLIWE M 00Merdaiolye aHaim3 aprubMeTHIecKux

3aKOH0MCpHOCTCl71 .

18 Yrorna «yM 3aXOAMT 3a pa3yM». B 3TOM ciyuae Mojie3HO PacCMOTPETb CHMTYalLHMIO,
n
B Kotopoit psag (2.19) oGpbiBaeTcsi Ha BTOPOM CJIaraeMoM ;2— .

19) OGBLIYHO MOJAralT @ = €.
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2.4.2. B cayuae uppayuoHanbHoeo @ nocaedoeamenbHoCcmb
z; = {ak}
6ctody naomna Ha [0, 1].
dakT 2.4.2 ecTb IO CyTH U3BecTHasA meopema Kponexepa:

2.4.3. [as npouseoavhoco a € R u awbbix T < Y 6ceeda MOx#CHO

20
yKaszamb yeavle m u n, makue 4mo )

z<ma-n<y. (2.24)

« CunraeM |z —y| < 1 — B NPOTMBHOM Cily4yae T M Y MOXHO COJIU3UTD,
yxecTouuB TpeGoBanue (2.24), — u (z, y) C (0, 1) — uHaye wist GAM3KUX T, Y (MMe-
IOLMX OAMHAKOBbIE LIEJIble YacTH) ycnoBuio (2.24) MOXHO yAOBIETBOPHTb, MEHSS 7.

Paszo6bem aasnee (0, 1) Ha [ocTaTOuHO 60JIbLLIOE YHUCIO PaBHBIX 110 AJTUHE UHTEP-
BaIOB A, ..., Ay TakK, YTOObI KaKOH-TO MHTEpBAJ A; nona UEJTMKOM B IPOMEXYTOK
(z,y). Cpean {ma — n} npu BCEBOIMOXHBIX M U N HaloyTCS

ma-—-n U MmMa-—-n, (m #m,),
nomnagaioiuue B OQUH U TOT Xe UHTepBal Aj. ﬂoa'romym

T=(m -m)a—-(n -ny)) €A, = jJy€EA;C(z,y) »

O6pailieHHe K MppalMOHATBHBIM YMCJIaM MOMOraeT pelaTh Le-
JIOUMCJIEHHBIE 3a0a4yM. 3aech yIO6HbIM Ciydail Uil JeMOHCTPALIUH.

2.4.4. Bcezoa cywjecmeyem keadpam yenoz2o 4ucaa, 0ecCAMU4Has 3anucs
Komopoeo Hawuraemcs ¢ 060l Haneped 3adanHoii hocaredogamensHocmu

uugp A =ay,...,aN.
<« Hexnapauus 2.4.4 o3Hayaer, yTO HailayTcs TakHe Lieabie kK U P, 4TO
A-10° <K < (A+1)-10%.
Mocse norapudMUpOBaHHUsi HEPABEHCTBO NEPEXOAMUT B

lgA<2lgk-p<lg(A+1).

2) YupiMu coBamu, MHOXECTBO ma — (m,n € Z) nIoTHO Ha BeWECTBEHHOM MpsAMON
npy o60M MppaLUMOHaILHOM . B ciyyae pauMoHaibHOro a yreepxaeHue 2.4.3, caMo co6oit,
TPUBHATBHO.

21) papencrao (m) — ma)a — (n) — ny) = 0 HEBO3MOXHO B CWIY MPPaLMOHAIBHOCTH «

um#£n.
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Monaras k = 2™, p = 2q, nonyyaem
IgA<2mig2—-2¢g<ig(A+1).

}IMCC OCTaEeTCsl COCJIaTbCA Ha meopemy Kpone/cepa. »

2.5. MynbTMNAuKaTueHbie PYHKUMMU

B Teopuu uucen NOBOJBHO YacCTO BO3HUKAIOT MYAbMUNAUKAMUBHbIE
¢ynkyuu 0(x), 3anaHHble Ha N, KakoBble OMPeNENsIOTCS YCIOBHEM

O(zy) = 6(<)6(y), (2.25)
¢ MCKJIIoYeHHeM BapuaHTa 6(z) = 0.

U3 (2.25) cpasy cnenyet 6(1) = 1. SicHo Takxe, YTO npouseede-
HUe MyAbMUNAUKAMUGHbIX DYHKYUIE A6A5eMCs MYAbMURAUKAMUEHO

dynkyuei.

[IpUMEpPOM MyYJIETHIIMKATUBHOMN (DYHKIMHM MOXET CIYXHTh
6(z) = z°, (2.26)

rie 8 — n10060e BelleCTBEHHOE MM JaXe KoMIulekcHoe yucio. Ho apy-
rue BapuaHThl TOMUMO (2.26) Tak MPOCTO B FOJIOBY HE MPHXOMAT, OTO-
MY YTO B HHTYUTUBHO OXMJIAEMOM CHUTYallMM HENpepbIBHON PyHKLIMH
Ha BeLIeCTBEHHOM MPsMOi Apyroro peiueHusi (2.25) cOGCTBEHHO HET.
Ha auckpetHom urpoBom mnosne N Bo3MOXHOCTH Goraye, cM. Jajiee.

— M 02 Qe
2.5.1. Ecaux =p|'p,’ ... p" — Kanonuueckoe paznodcenue uucra T,
a 0(x) — myabmunauxamuenas @ynxyus, mo

> 6@ = (1+6@)+... +60])) ...
d|z

v (T+8(k) + ...+ 6(p5)),  (2:27)

22)

20e cymmuposarue creea udem no écem deaumenam -’ wucaa .

gy | £ o3Hayaer «d menuT T», T.€. T AEIUTCA HaLes O Ha d.



54 Maga 2. 3n1emMeHTs K1accuku

<« [paBas yacTh MocJjie paCKphITUS CKOGOK TMPEBpAIaeTcs B CyMMY C/laraeMbIxX
BHOa
ﬂ] Brey £ B
0(p)")...0(p*) =0(p)" ... ")
Tae Ka)l(ﬂoe ﬂ] MCHSAETCA B JHaNa30HEe OT Hy/lA 10 a]'. Takum o6pa30M BCC JCIUTCIH
d= p ...pﬂ" 4KCla T UCYeprbIBaAKOTCH. P

2.5.2. B uacmuom cayuae 9(z) = x° us n. 2.5.1 caedyem

S & =1+pi+...+01°) . (1+Ph +... + D),

dlz
umo npu 8 = 0 daem wucao deaumeaeii 7(x), a npu s =1 — cymmy
deaumeneii S(T) uucaa .

2.5.3. IIpou3soabHasa MyabmunauKamueHas GyRKuus moxcem 6sims 3a-
dana onpedenenuem 9(p®) dns 6cex npocmbix p u 6cex HamypaibHbix @,
u npodoancenuem 9 Ha ocmansnvie T = Pi' Py’ ... Prt & coomeemcmeuu
C NPaguUAOM

8(p7" ... p*) = 6(p7") ... 0(p*). (2.28)
o Eciu 6(z) MynstuiuiMkaTiBHa, TO U 7)(z) = Z 0(d) My bTHILIHKATHUBHA.
dlz

2.6. dyHkuun Mébuyca u diinepa

Pynxyus Mébuyca p(x) Hayucnax ¢ € N,
HMCIOILIMUX KAHOHUYECKO0e pa3nodceHue

T=p\p2... Dk, (2.29)

ornpenenseTcs paBHON

u(z) = (1)),

rae £ > 1 4UCcIo IPOCTBIX COMHOXHUTENEM
B (2.29). Ha octaybHbix T € N dyHKuus
u(x) monaraetcs paBHOM Hymlo. B cayyae
z = | cyutaeM

M&6uyc (1790-1868)

t=0 = p(l)=1
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Unaue rosopsi, p(z) = 0, KaKk TONbKO B KaHOHuveckom pazroxcenuu (2.15)
BCTpedaeTcst XoTs Obl OMMH MoKasaTenb a; > 2. Ewe rosopsar: p(z) =0, ecmn
He c80600HO om Keéadpamoe ) , T. €. IPEACTaBUMO B BUIE T =@ * b2

B nyxe m.2.5.3 p(z) onpenensiercst 3anaHueM p(p) = —1 Ha npocThIX p

p(@®)=0 npu ax2,
¢ moc/eyIoL UM NPoJo/KeHHeM GYHKUUH HAa OCTalbHble Z MO npaBuiy (2.28).
HecMmoTpsi Ha BHELLHIO HENPUTA3aTeabHOCTb GyHkyus Mébuyca
WrpaeT B TEOPUM YMCeJl BeCbMa BaXHYIO pOJib, OKa3bIBasiCh TEM IPH-

crnocoGyieHueM, KOTOPOE IO3BOJISIET B ONHO KacaHHWe pellaTh Maccy
HeYyIOOHBIX BOMTPOCOB.

2.6.1. [na nwo6oi myasmunauxamusnoi gyuxyuu 6(x) evinoansemcs
coOmHowerue

D w(@)b(d) = (1-6(p1)) ... (1 - 0(ps)) , (2.30)
dlz
20e cymmuposanue udem no ecem denumenam uucaa T = p;'py’ ... ppk.

<« PaBeHctBO (2.30) ecTh He 4TO MHOE KaK (2.27), 3anucaHHOe NSl MyJILTHILIH-
KaTuBHO# dyHKunu p(z)6(z) c yuetom u(p)d(p) = —6(p) n p(p®)8(p®) = 0, ecnu
a; > 1. »

BoiGop B (2.30) pasnuyHbix 6(Z) MOpOXIaeT cepuio MOJE3HBIX
Toxaects. Hanpumep, wist z = p}'py* ... ppt > |

> ud) =0, (2.31)

@:(1-%)...(1-#). (2.32)

JoBosnbHO yacTo nmpuMeHsieTcs: opmyra obpawenus Mébuyca:

FO =310 5 f@=-Sua@r(3).  »
d|z dlz

b
) Yucna (2.29) Ha3bIBaIOT c60600HbMU OM KEADD , MOCKOJIbKY OHHM HE NEJIATCA Ha KBal-
paThl HaTypalbHbIX 7.
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KOTOpasi HECMOTPA Ha TEXHUYECKMII XapaKTep MOBOJLHO BaXHa, IO-
TOMY UYTO BITMTHIBAeT B cebsi rpoMo3akue GJIOKH pacCyXIeHHM, No-
CTaBJISAIOIME B HEYTIAKOBAaHHOM BHUIE MacCy HeymZOoOCTB.

<« [loka3aTteabCTBO MPOCTO, HO TpebyeT pyTMHHON M3006peTaTeibHOCTH M MOo-

BbILIEHHOTO BHMMaHusl. CHayana «cieBa Hanpaso»: 1ycTs B (2.33) BbiMo/HEHO JieBoe

cootHoluenue (L). Torna F(-) cnipasa Bbipasum uepe3 (L) — BO3HMKHET ABOMHOE CyM-
z

MupoBaHue (Mo JeauTeNsaM d|T 1 Mo OenUTeNsM 8 3 ), KOTOpOE ¢ MOMOLIbIO OTpe-

LieJIEHHOTO0 XOHIIMpOBaHUsA npeobpa3syetcs B f(z). BHelHss KaHBa BBIVISIAUT Tak:

Zp(d)F(%) =Y pd Y f(s)=

dlz dlz s ’f
d
=" pd)fs) = F(5) D w(d) = f(z),
dslz sz d ,f
S

rlie MocneAHMit war onupaercs Ha (2.31) ¢ yrouHeHueM: E p(d) =1.
dj1
PaccyxneHue «Crnpasa HajleBO» MPOBOAUTCS aHAIOTHYHO. P

Haubosnee n3BecTHa Cpeau MYJILTHILIMKA-
TUBHBIX apudMeTHUeCKUX DYHKUMK @ynrkyus
Diinepa (), u3MepsIOLLAst KOJTUYECTBO YK CE]
B psALy

0,1,...,z—1,

B3aMMHO NPOCTHIX C T. Hnst CHSTUSL HEJOMOJI-
BOK HMMEET CMBICJ B3IJIAHYTh Ha HECKOJIBKO
NEePBbIX 3HAYEHUN:

p()=1, (2 =1,

p3) =2, 94 =2, ooy

T. €. HyJb UCKJIIOYAETCs U3 UIPhl, a eAWHMLIa — 3aCUMTLIBAETCSl B3a-
MMHO TIPOCTOI C JI0OBIM .

Quinep (1707-1783)

OuesuaHo, ¢(p) = p — 1 Ha 11I0GOM MPOCTOM P, OTKYAa SICHO

ay __ a—l, — @ _l
o) =" (p - 1) p(l p), aEN, (234
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yTO, GyIyYH MPONOJKEHO Ha J06oe T = pi'py? ... pL* no mpasuiy
(2.28), onpenensier ¢(z) Bciony Ha N (m.2.5.3) u maet gopmyay

3124epa24
1 1
r)=z(l——)...[1——], 2.35
#(z) ( Pl) ( Pk) (239

nepexonsiiuyo B cuiay (2.32) B

@)=z @. (2.36)
d|z

Eiie onHa HeoxXuaaHHas ¢opmyna
D pd) =z
d|z

nosy4aeTcsl IpUMeHeHHeM 1. 2.5.1 K GYHKUMHU @(T) ¢ mocienyonm

yaetom @(p®) = p* — p*~! s mpocTix p.

2.7. ApudpmeTrKa BbIHETOB

Ype3BbluaifHO BaAXHYIO U TMOJIE3HYIO POJib B LIEJIOUMCIIEHHOH apudMe-
THKE UTPAIOT CPAGHEHUs.

Ecau yucna a v b npu fejieHuH Ha m Oal0T OAMHAKOBLIE OCTATKH,
TO TOBOPST, YTO @& U b cpasrnums: no Modya0 M, W MULIYT

a = b(mod m), (2.37)
25)

Jk€Z: a=mk+b. (2.38)

YTO PaBHOCHJIBHO

) B yactHocTH,

30=2-3-5 = ¢(30)=3o(1—%) (1—%) (1-%) =3

! ! !
600 =2°.3.5 = —V(1=2)(1==) = 160.
3 = p(600) = 600 (1 2) (1 3) (1 5) 160

) B (2.38) wacTo npeanonaraiot b < M, T. €. Koraa b ARIAETCA OCTATKOM OT J€/ICHUS @ HA M.
BpemeHamu orpaHuyenne b < m mbl nogpasyMesaem u B (2.37), yro nmuGo oroBapuBaercs,
6o SICHO U3 KOHTEKCTA.
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O6o3HayeHue (2.37) U3UiLIHE TPOMO3IKO, HO YKOPEHWIOCh. Ml

m
6YHCM MOJIL30BaThCsl 00J1ee 9KOHOMHBIM €ro 3KBUBAJIEHTOM = b,

17

32, 2Z_p,

5

MHOrAa BO3Bpallasich K obuienpuHsiToMy ctaHaapty (2.37).
Jlerko nmpoBepsitoTCs cleaylole CBONCTBa CpaBHEHMIA:

a £b = bZa a-b =0,
a gb, bZe = agc,
aZb ¢cZ2d = a+cZb+d,
agb, cZ2d => a-cZbp- ,

a+b2¢c = aZc-b,

aZbh > akgbk,

aZ2b = a+cZb+e,

eaZb = a-cZb-c

Bce 310 BMecTe B3ATO€ MNO3BOJISIET TOBOPUTh 00 apugmemuxe
ebluemos, WM apugmemuxe ocmamkos. Ilo MepBoMy BIIeYaTIEHHIO
CBOWCTBA OMHOWEHUA IKBUBAACHMHOCMU <«=» BO B3aUMOLEHCTBUM
¢ apudMETHYECKUMHU OIlNEpalUsIMU TMOTHOCTbIO aHAJIOTMYHBI CBOWA-
CTBaM OOBLIKHOBEHHOT'O PaBEHCTBA, HO | 3TO HE COBCEM Tak |.

m o
2.7.1. Obe wacmu cpasnenus a = b moxcHo pazdesums Ha ux obwuii
deaument, ecau nOCAeOHUll 83aUMHO RPoCm ¢ M.
<« EcniuBa=mk+b
a=adld, b=1"b'd,

M m He nenutcs Ha d, To BeiHYXaeHHO k = k'd, v torna @' = mk' +b. »

Ecnmn xe cpaBHeHMWe OEJUTCA Ha YMCII0, UMelolilee OOLIuii neu-
TeJb C M, — PE3YJbTaT Moxcem MOJNYYUTbCS OLIMOOYHBIM: 20 s 26
nocje JejieHUsi Ha 2 MNpUXOOUT K HeBepHoMy 10 £ 13. OnHako
14 £ 26 Tmocie HeNeHUs MOMNOJaM OCTAeTCs BEPHBIM CpaBHEHHEM
7813,
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Dmo He3nauumenvHoe ¢ udy 3ampyOHeHue nopoxcdaem Hemano
uccaedosanuil U nao0oe, npeooPaX carouux meopur 8 Yeiom.

Ol'[pCIlCJ]CHHblﬁ HHTEpEC NMpPEACTABIAAIOT ONAHOBPEMEHHBIE MAHU -
nyasauum C JIeBOM U npaBoﬁ 4YacThlO CPABHEHUSI U CaMUM MOOYJIEM.

m
2.7.2. Obe uwacmu cpasnenus a = b u mM00y1b T MONCHO YMHOMCUMb
Ha OOHO U MO Xce 4UCA0, a4 Mmakxce pazdesums Ha w60l ux obwui

deaumens.

2.7.3. EcouaZb,aZb, moa=b, 2de s = HOK [m, n].
2.7.4. EcouaZbum= kd, mo a 2 b.

2.7.5. Ecau a Z b u HOJ, (a,m) =d > 1, mo b kpamno d.

Jloka3aTensCTBa MepeyrcaeHHBIX (aKTOB TpUBHAIBHBEL. Ho camu
(akThl HyXIAlOTCS B OCO3HAHWU M (PUKCALMM, eCIM AyMaThb O CBO-
600HOM BJIafieHUM MHCTPYMEHTAMM CpaBHEHHUI.

W3 nepeuyncneHHbIX Bbillie CBOWCTB JIETKO BBITEKAET CedyIOLINi
BaXHBIN ISl NAJIbHEHLIErO pe3y/ibTar.

2.7.6. Teopema. Ecau ﬁ(m,, .o+, Tp) NOAYHACMCA U3 NOAUHOMA C Ye-
AbIMU KO3hDuyuenmamu
k kn
P(:c,,...,:c,,)=Zakhm,knzl' e, & (2.39)

3amenoii ¢ (2.39) koagppuyuenmos u nepemennvix Opy2umu, CpAGHUMbIMU
C NPEeNCHUMU NO MOOYAIO T, MO

P(zy,...,zy,) gﬁ(zl,... , Tn).

2.8. Paposble 3agaum

CpaBHeHMS MPOXOIAT KPAaCHO HMUTBIO 4Yepe3 BCIO apuMETHKY, IMo-
3TOMYy B OHOM MecTe 00 MX MPUKIAOHOI 3HAYUUMOCTH HE CKaXellb.
B To xe Bpemsi Wi Hayasia XxeaTtejbHa XOTs Obl MpoCTeiiiias UIIIO-
cTpalusi paboThl UHCTPYMEHTA.
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729 Ha 7.

L] HaﬁneM OCTaTOK OT ACJICHUSA 3
3712 = 37200 L1200
A mockonbky 8 = 2% = 1 u 2009 = 3- 669 + 2, To

372009 ; 22009 = 4. 8669 ; 4.

o IIpusnak aesumoctd Ha 9. [Tockonbky 10 2 1, T0
N=0,-10"+am - 10" +... 480 =6 +...+ao.

IMostoMy N nenutcs Ha 9 B TOMM ciiydyae, KOraa Ha 9 neauTcsi ero cyMMma uuop.

o [Ipusnax aeammoctu Ha 11. [TockonbKy 10 & (—l)", TO

-1 11
NZG,,' 10"+a,,_| -10" +...+a =(ao+02+...)—(a| +a3+...).
IMostomy N nenutcs Ha 11 B ToMMm cinyyae, Koraa Ha 11 nenurcst ero cyMMa uuop,
CTOSILIMX Ha YETHBIX MECTaX, MUHYC CyMMa LiM¢p Ha HEYETHBIX MECTaXx.
[Mpu3Hak nen1MMocTy Ha 11 MHOro coprta noJiyyaetcsi U3 NMpeacTaBleHUs
N=(ay...0)=a,-10" +a,_,-10"" +... +a

B BUIE
N = (a|00) + 100(0302) + 1002(0504) +...,

OTKYa SICHO

N2 (a1a0) + (a3a;) + (asas) + ...,

noromy yto 100 4,

7
o Ilpu3nak aeaumoctd Ha 7. C yyerom 1000 = —1 M NMO3MLMOHHON 3amucH
N =a,...ay, nMeeM

N = (a,a,a0) + 1000(asa4a3) + lOOO’(asamG) +... L

7
= (@889 + 30706 + ...) — (G54a; + @11B 089 + .. .).

o VpasHennue 2° 4+ 7Y = 13° He uMeerT pellleHUs B HAaTypaibHBIX Z,¥, 2 € N,
IOTOMY YTO

EX

221, 721, 1331

Mostomy 13° = 1 npu mobom z € N, a nesast yacts 2° + 7% = (=1)° + 1, Te.

160 X 0, nu6o X 2.
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2.9. [1Be cucTembl BbIYETOB

OTHollleHUe 3KBUBAJIEHTHOCTH «I10 MOIYJIIO M » pa30uBaeT Z Ha KJjac-
. 26
Chl CPaBHUMBIX MeXIy co0oif yucen ).

(a)m ={z:z=a+km,k € Z}.

ManeHbKH# npuMep, KOHEYHO, CWIbHee obluei aexiapaluu. B ciyyae m = 6
HUMeeTcsa 6 TaKMX KI1accoB:

e =12,-6,0,6,12, ...
e =11,-5,1,7,13, ...

1L (2.40)
s =T7,-1,5,11,17, ...

TepByio cTpouKky (2.40) MoXHO 0603HauuTh Kak (0), 1160 (—12), 116o, B KOHLE
KoHLIOB, KaK (0 + 6k) npu mobom k € Z; (1) — 310 yxe BTopas cTpouka’’.

B obuieM ciaydae Z pa30uBaeTcsl Ha m Kaaccoé evttemos. Jlio-
6ble ™M mpencTaBuTesIER MO OHOMY M3 KaXIOIo Kjacca Ha3biBalOTCS
B COBOKYITHOCTH HOAHOU cucmemoli gbtuemog no modyao m. B kayecTse
«ITOJIHOM CHUCTEMBbI BBIYETOB» OOBIYHO MCMOJIB3YIOT

0,1,...,m—1. (2.41)

2.9.1. Jliobbie M uucen, nonapHo HecpasHumbie no Mooya M., o6pa3sy-
10m noAHyIo cucmemy 8bi4emos.

2.9.2. Fcau HOJI (a, m) = | u x npobezaem noanyro cucmemy ebiuemos
no modyao m, mo ax + b npu arbom b € Z maxxce npobezaem noanyo
cucmemy 8biuemos no Mooyt m.

<« Jonyctum npotusHoe: az, +b = az; + b, — otkyma T, = z,, uTO

MPOTHBOPEYHUT MPEATIONOXKEHHIO O PAVIUYUU T U Ty U UX IPUHAIIEXHOCTH NMOJHOMI
CHCTEME BbIYETOB. P

B npenenax nioGoro kinacca BhiyetoB — HOM (z,m) omuu
1 TOT Xe (11.2.7.5). OcoByio posib UTPAIOT Te KJIACChl, B KOTOPHIX
HOJI (z,m) = 1.

) Ha kaaccw @biuemos, T. €. Ha (PAaKTOp-MHOXeCTBa.
) (a) B TeopuH rpynn 0603HAYAET NOATPYIILY, HOPONCIEHHYIO MHONCECMEBOM, B NAHHOM Clyyae
OJHHM 3JIEMEHTOM a.
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Jl106ast COBOKYMHOCTH NPEACTaBUTEEH TT0 OMHOMY M3 KaXI0ro TaKOro
KJlacca Ha3bIBAETCH MpUBEOeHHOU cucmemoll ebi4emos no MoOyalo m.
OGBIYHO npugedennylo cucmemy HOPMHUDPYIOT U3 3neMeHTOB (2.41).
Oast m = 28, HanpuMep, Noay4yaeTcs:

1,3,5,7,9,11, 13,15, 17, 19, 23, 25, 27.

2.9.3. B cayuae npocmoeo modyas npusedeHHaa cucmema omauuaemcs
. 28
om noanol uckarouenuem u3 (2.41) nyasn ),
Ponb npusedennoii cucmems: Oynet najee npopUCcOBLIBATECA B pa3-

2
HBIX aCI€KTax, HO ITO CYTH BCE€ OYE€HBb ITPOCTO. YypPABHCHUE 9

az Zb (2.42)

rapaHTUPOBAHHO MMEET PeLIeHHe T IpH JIIOOOM b, eciu @ — 3neMeHT
npueedenroit cucmemst II. B wactHocTH, y a106oro a € II ects obpar-
HBI 3JIeMEHT MO0 YMHOXEHHIo, a - ' E 1, — cM. pazgmen 2.11 —
v peureHueM (2.42) siBnsietcsi T 2ot b, T.e. £ nonyyaeTcss KakK Obl
JeJIeHueM Ha a, JJIs 4ero B OObIYHOM MOHUMAaHMHU a4 JNOJDKHO OBITh
HeHyJeBbIM. B cpe3e «apudmeTHKH mo MOLYNI0» 3KBUBAIEHTOM MO-

HATUA «HE€ PABHO HYJIIO» OKa3bIBAC€TCS «B3aUMHO IIPOCTO C MOIYJIEM».

[MockonbKy B psimy (2.41) KOIMYECTBO YMCET B3AUMHO IMPOCTBIX
c m usMepsieT ¢pyHkUus ODiinepa @(m), TO NpUBeNeHHas CUCTEMA
HacyuTHIBaeT poBHO (m) uucen. [oHsATHO, YTO:

2.9.4. Jlio6bie p(m) uucea, nonapro necpasrumbie no Mooy m u 63a-
UMHO npocmbte ¢ T, 06pa3yiom npugeOeHHyI0 CUCMeEMY 8biHenog.

2.9.5. Fcau HOL (a,m) = | u T npobezaem npugedennyio cucmemy
8bIHEMO8 HO MOOYAI0 TN, MO GT MaKice hpobezaem NPUBCOEHHYIO cucmemy
8bluenoe no Mooyao m.

HokasaTtenbcTBa yrBepxiaeHuit 2.9.1-2.9.5 TpuBUaIbHBI, HO OHU
onsThb-TakM (KaK M KII0YeBble MYHKTHI pasaena 2.7) HyXIaloTcsi B 0COo-

®p oblueM ciyyae — MCKIIOYEHHEM YHCJa KpaTHOro m.
») Urpatouiee MPUHUMMHAIBHYIO POjib BO MHOTHX NPUKIAAHbIX 3afayax.
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3HaHUM U (UKCALUH 30), ITpocThie ¥ OYeBUIHbIE BELIX — CaMble KO-
BapHbie, MO0 YCKOMb3aloT, a 6e3 HUX He 00ONUTHUCS.

2.10. Teopembl inepa n depma

2.10.1. Teopema dinepa. B crywae HOL (a, m) =1, m > 1:

a?™ 2, (2.43)

<« Korna z npo6eraeT HauMeHblIIMe HEOTpULIATENbHbIE BLIYEThI B IPUBEACHHOMN

CHUCTEME BBIYETOB,
T = A| sy A¢(m); (2.44)

az 1o Moayo m npoGeraeT Te xe 3HadeHust (2.44) (n.2.9.5), passe 4TO B APYroM
nopsiake. [TepemHoXas

ax z [T D W z Ho(m)»
rae Kaxoe j; paBHO HEKOTOPOMY A;, HMeeM
a“’("’)/\| cen A‘F(m) z K- Bo(m)s

YTO MOC/E COKPAIUEHHUS HA A, ... Aym) = M1 - - - Pyp(m) DaET (2.43). »

2.10.2. Maaaa meopema Depma. B cayuae npo-
cmoeo p > 1 u HOJI (a, p) = 1:

a?' 21, (2.45)

Teopema 2.10.2 cpa3sy cienyeT U3 TEOpEMBI
2.10.1. YmMHoxas (2.45) Ha a, uMeeM

a® La,

npuueM (2.46) cripaBeauBO yxe M Ge3 TpeGOBaHUS B3aMMHOMN IpO-
CTOTHl @ U P, YTO B ONPEAEJIEHHDBIX YCIOBUSAX UMEET CBOM ILTIOCHI.

30) Il1s yero uMx MoJE3HO MPOKPYTHTb, MYCTh AaXe MepeiMBas U3 MyCTOrO B MMOPOXHEE, HO
B roJiose. B KHHUre Takve BELUM TOJILKO 3arps3HSIOT UIIOXKEHHE.
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Pe3synbrar, KOHEYHO, COBCEM IPOCTO# (Koraa coobpasuiis).
P P P P p!
d=(1+...+1)P=1"+...+17+ _
( Pollt +0+)
PaBHO a

r1e CyMMHPOBAaHUE MIET 1O BCeM k; < p TpH yCIOBUH
ki+...+k,=p,

H IIOTOMY BCE cCjiara€éMbI€ 1104 3HAKOM E AEJATCHA HAa p, €CIAU D

npocmoe>"). Cnenoarensno, a” = a + p - ¢, 4To Breuer 3a coboit
(2.46). Temepb Hamo NpPeANONOXUTb B3aUMHYIO MPOCTOTY @ WU P,
yT0GbI (2.46) MOXHO GBUIO pa3fenuTh Ha @ ¥ Moay4uTh (2.45).

IMpuuynHa 00s13aTeILHOrO HAMWYMsA B apuPMETHKE BBIYETOB CO-
oTHouweHuit Tna a" Z 1 goctaTouHo oyesuaHa. U3-3a orpaHHuyeH-
HOCTH OCTATKOB IpM [€JEHUU Ha ™ B PANY CTEINEHel a, az, a’ ens
HeU30eXXHBI COBMAAeHMUS:

at Zd. (2.47)

U ecnu a e3aumno npocmo ¢ m, o (2.47) MOXHO pa3iennTh Ha at , UTO
u naet a” 2 1 npu n = k — I. OnHako B (2.45) n BoBCe He 06si3aHO
ObITh paBHBIM p — 1. 3mech OGHapYXMBAIOTCS CTPaHHbIE Ha TNEPBbIi
B3MJIs], 3aKoHOMepHOcTU. CreneHu 2* 1o Moaynio 5:

2,4,3,1,2,4,3,1,2,...,

NelCTBUTENBHO, 10OMpaloTcs a0 1 nepBbiit pa3 mpu k = 5 — 1, nocie
k

Yero, eCTeCTBEHHO, BCe Nepuoandecky nosropsieTcss. Ho 2° nmo mony-

J10 7 NOBOJIBHO OBICTPO ynupaeTcs B edMHUIly: 2, 4, 1. A o Momy.io

11
11 cHoBa Tpebyercss p — 1, T.e. 11-1 waros, 210 =, OnHako 3k
11
HaTbIKAETCS Ha eIUHULY paHbllle, 3P =1.

Bce 3T0 MOXeT moka3aTbCsl MIPOif ciaydas, HO 3a KaJpOM TyT
CTOSIT BaXHbIE MEXaHM3MBI (CM. nep8oo6pasHulii KopeHb, UHOEKCbL).

!
kil. .. kg!
He 06s3aHbI BLIMOJHATHLCA, s

3 W60 Torma nenutca Ha p. [lna cocraBHOro p coorHoiuenus (2.45) u (2.46)

S5, 58,
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2.11. AnreGpaunyeckas nogonneka

Ha apudmeTnyeckue MOHATUSA C CAMOrO Hayajla IOJNE3HO CMOTPETh
(nnu xoTs GBI MOCMAaTpPMBaTh) C OOLIMX anreGpanyeckux MO3ULIMIA.
B yacTHOCTH, MOJIHYI0 CHCTEMY BbiYeTOB (2.41) ecTecCTBEHHO MHTEp-

MpETUPOBaTh KaK adoumueHylo zpynny Z;, 8biemos no mooyar0 m
C 3JIeMEHTaMH 32) 0,1,2,...,m— 1 v gpynnogsim npousgederuem, paB-
HBIM OCTaTKy OT JeJieHUsI OObIYHOM cymMmbl a + b Ha m. EnuHuuei
TPYIIBI CAYXUT HYJIb.

Hanomuum onpenenexns [5, T.8).

2.11.1. Ipynnoii G Ha3zvieaemcs KoHeuHan unu 6eCKOHeYHAs COBOKYNHOCMb 31eMeRmoa,
Ha Komopoii 3a0ana 2pynnoeas onepayua « -», CONOCMaersiowas Aoboii nape nemenmoe
a,b € G nexomopebiii anemenm ¢ us moti e cosoxynnocmu G:

a-b=c

Tpu 3mom 2pynnoeas onepayus, Ha3vieaemasn obsi4Ho ymHONCeHuem ), ob6azana yooene-
meopame mpem yCA08UAM:
e p-(q-r)=(p-q)r (accoyuamusnocme).
o B zpynne cywecmeyem edunuynwiii snemenm 1, obaadarowuii ceolicmeom 1 - =
z-1 =2z dna nobozo T € G.
o Kaxcoviil anemenm ¢ € G umeem obpamusiii T~

2.11.2. Ipynny G, codepxcawyio n snemenmos, Ha3vigarom Koneunoit, a |G| =n — ee
nopadxom. Tlopsdok |G| moxcem 6oimb 6eckoreunbim.

MoamHoxectso H C G, ofpasywoluee rpymnny, — MpH TOH Xe TPYMIOBOi
onepaluH, 4To U B G, — Ha3biBaeTcsl nodepynnoii. IpynnoBoe Mpou3BeNeHne T ... T
C T COMHOXHTESIMM 0603HaYaloT Kak ", ipn 3ToM z° = 1. Tpynna G, B KoTOpOit BCe
37IEMEHTBI MOTYT ObITh MOJYYEHbI MyTEM MOC/IEN0BATEILHOTO BO3BEAEHHS B CTEMEHD

OJIHOTO 3/IEMEHTa a,
-2 -1 0 2 n
G={..,a%a ,a,a,a°,...,a" ...}, (2.48)

HasbiBaeTcs qukauneckoil. Ecivi B (2.48) Bce crenenn a¥ (k > 0) pannunsl, rpynna G
6eckoHeyHa. KoHeyHasi rpynmna uc4epnbIBaeTcs CTeNeHIMU

32) Bmecto 0,1,2,...,m — 1 MOXHO roBoputb 0 ¢akrop-rpynne Z/mZ.
3) Jns o6o3HayeHHs TPYNTOBOI OMepauMy MCHOJIb3YIOTCS M OPYTHMe 3HaKM, PABHO KakK
M OTCYTCTBHME 3HaKa, KaK NMPU OGbIYHOM YMHOXEHHH.
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MunMManbHoe n B paBeHcTBe b" = | Ha3bBAIOT nOpAdKOM WV nepuodom
anemeHTa b M obo3HayaloT uyepe3 |b|. B cayyae b” # 1 npu mo6om n > 0, —
cuutawr |b| = oo.

Ipynnosyio onepauuio OObIYHO Ha3bIBAIOT YMHOXCEeHUeM. DTO COOTBETCTBYET
myabmunauxamuenoil mouke 3penus. s abeseevix (KoMMymamuensix) epynn, B KOTO-
PBIX, I10 ONpeneNeHuIo, a-b = b-a, 06bIYHO UCTIONBL3YETCA A0OUMUEHAR MEPMUHONOUA.
Ipynnosylo onepanuio Ha3bIBAKOT CA0X¥ceHUem W 0GO3HAYAIOT 3HAKOM +, a €XMHM-
1y MMeHYIOT HyJeM. KOMMYTaTMBHOCTb IpyNIoOBOii Onepaluy YNpouiaeT TEOPHIO.
Ho Hano MMeTh B BUAY, YTO NMPHUBBIYKA K «MYJBTHIUIMKATUBHOMY MBILUIEHHIO» Me-
LLIAeT «MbICIUTbh AIUTHUBHO», U HA06OPOT.

I[Ipu mepeBoae MONHOM cUCTeMbI BbIYeTOB (2.41) B JIOHO TeopuH
rpyIn ecThb cobla3H MCIOJb30BaTh B KaYeCTBE IPYNIIOBOI onepaluy
OCTaTOK OT YMHOXEHMUSs ) Ho 3ieCh Ha MyTH BO3HMKAIOT MpEnAT-
ctBus. Bo-nepBbix, Hyab B (2.41) 3aBegoMO HeoGpaTHM, [O3TOMY
coBokKynHocTb 0, 1,2, ..., m — 1 NpuxoauTcsi COKpallarh A0

1,2,...,m— 1. (2.49)

Bo-BTOpHIX, HE roasiTcsi COcTaBHble Moayau. B ciydyae, Hampumep,
m = 6 TOJABKO ABa 31eMeHTa, 1 u 5, uMeloT obpaTHbIeE,

17'=1 (1121, s5'=5 (5-5%),

a npousBelgeHusa 2-3 u 3 -4 obpawalorcd B HyJdb [0 Moayaio 6.
[Moatomy (2.49) paccMmaTpuBaeTcss B KaueCTBE MY4bMUNAUKAMUGHOI
2pynnot @vl4enoe no mMooyar0 m JUilib 1Jisl IPOCTOTO M.

Ipynna nu 3To — ToXe BoImpoc.

<« [lepBbie n1Be aKCMOMBI FPYNIbl O4EBUAHbBI. ACCOLIMAaTUBHOCTD SICHA, MOCKOJIb-
Ky a-b...h, xak ¥ B ciyyae OBYX COMHOXHTeJeEil, PAaBHO OCTaTKy OT JeJIEHUs
o6bI4HOrO MpousBeneHust ab...h Ha m. OGocHoBaHMe TpeTheit aKcHOMBI (cylue-
CTBOBaHMe 06PAaTHOTO 3/IEMEHTa) — HECKOIBKO CIOXHEE.

EnnHuua obpatHa cama cebGe. [ajiiee Halno n0Ka3aTh, YTo J060€ YUCAO T M3
{2,...,m — 1} umeer obpaTHoe. PaccMOTpUM m LenbIX YKCEN,

z,z°,...,2

Hu onHO M3 HHUX He OeJMTCS Ha m, MOCKOJLKY m rmpocroe, a £ < m. Pasgenus
Kaxzoe ' Ha m, NoJAyYMM M OCTATKOB CTPOro MeHbIux m. [1oaToMy xoTst 651 ABa

34) Ocrarok ot nejieHus oGbIYHOrO NMpou3BeneHust ab Ha m.
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yucna " M $k NMpH ACJE€HUN HAa M Aal0T OJAUH U TOT XK€ OCTATOK. Orciona

" —zF =2 -1) 2o,

m
- m
aTakkak z¥ # 0,10 2" F -1 2 0.
k-1
TMycth § 0603HAYaET OCTATOK OT AeeHus yncia z° * ' Ha m, T.e.
Zhk-t m

YMHOXasi 00e 4acTH MocieiHero paBE€HCTBA (cpaeHele) Ha T, nojay4yaeMm

- m
" Z gy

HO, KaK yX€ IMOKa3aHo, Zn—k NpH ACJICHUU Ha M OaeT B OCTAaTKE €AMHULY. Cneno-
1

BaTeJbHO, TY Z 1. Moatomy ] Zz7'»

Apudmetnuecku Gosiee mosie3Ha Apyras KOHCTpyKuus. B ad-
dumueHoli epynne Z;, 8bl4emos no Mooya0 M TIOMMUMO CJIOXEHMS
BBOAMTCA YMHOXEHHUE a - b, paBHOe OCTaTKy OT jAeJieHUs OOBIYHOrO
npousBeneHuss a ¥ b Ha m. Torna kaacc esiwemos no modyaro m 00-
pasyeTt Koabyo 33) Zp , KOTOPOE B CJIYYa€ MPOCTOrO M SIBJISIETCSI NOAEM.
Ecam m cocraBHoe, TO Z,, OyaeT KOJbLUOM, UMEIOLIMM IETUTEIU
Hyast (3-2 =0 B Zg), HO He moneM. Tak WIN MHauye, B pe3yiabTaTe
TaKoro oopamyieHUsl K TEOpUM YMCeN MOAK/IIOYAETCH anmnapar ooLei
anrebpbl. U Kak Bcerna, 6osiee ob1as TouKa 3peHHUs T03BOJISIET BUAETD
MPUYUHBI ¥ 3aKOHOMEPHOCTH, HaxosALIUECS «Ha APYrOM 3TaxXe».

2.11.3. Koabyom Hazvieaemcs muoxncecmeo X ¢ 0BYMA OUHADHLIMU ONEPARUAMU, CAO-
Heerusn + U YMHOMNCEHUs «, npu ycroeuu:
o X — xommymamuenasn epynna no caoxceruro (ad0umuenan spynna Koavua).
36)

o YMHoxceHue accoyuamueno™"’.
o Boinoansemcs oucmpubymuensliii 3aKox,
p-(g+r)=p-q+p'r, (g+r)-p=q-p+r-p
onpedensiouiuil 83aumodelicmeue CAONCeHUA U YMHOXCEHUs.

HeHyneBoe KOJMbLO HE MOXET ObITh IPYNION MO YMHOXEHHIO U3-32

p-0=0-p=0.

) B cywHoct Zy, ectb dakrop-konsuo Z/mZ.

%) g cjlyyae KOMMYTAaTHBHOCTH YMHOXEHHsl KOJIbLO Ha3bIBAIOT KOMMYMAMUuGH&M, a €CIIN
B X ecTb eqMHMUA MO YMHOXEHHIO, TOBOPAT O Koavue ¢ edunuyeii. OnpeneneHue KojbLa
He UCKJIIOYAeT CUTYauuit a - b = 0 npu HeHyJeBbIX a, b. Takue 3/1eMEHThI KOJIbLIA Ha3bIBAIOTCS
deaumensmu Hyas. Kosbua 6e3 geauteseit Hyns (npu ycaosuu | # 0) Ha3blBAIOTCH 4eAOCMHIMU.
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OflHaKO HEHYJ/IEBBIE 3JIEMEHTBI KOJblia MOIYT COCTaBISITH 2pynny no YMHONCEHUID
(Myavmunauxamuenyro zpynny). B 3TOM cllyyae KOJbLO Ha3BIBAETCS mMeAOM, a meno
C KOMMYmamuenoim ymHoxcenuem — nosem. Ilone BMeCTe C JIIOOBIMU 1BYMS 9/IEMEHTa-
Mu @, b conepxut Takxe ab, a+b, a—bu a/b (npuycnosuu b £ 0)". Cmpykmypa
noAs 2apanmupyem pa3peuiumocms AUHEdRbIX YPaGHEHU, 4ymo evideasem noas 6 ocobo
Grazonpusmnusie 065eKmbl UIYHEHUR.

HUTak, KoOJbLO BBIMNETOB Z,, IIPEICTABJISIET CO0OH MHOXECTBO
(2.41), Ha KOTOPOM 3aaHbI CIOXEHUE U YMHOXEHHUE 110 MOAYJIIO,

a + b(mod m), a - b(mod m).

MuoxectBo (2.41), 1.e. {0,1,2,...,m — 1}, c onepauueii cio-
xeHusi a + b(mod m) oGpasyer addumuenyio epynny Z,T, KONbUa Zyy,.
Yro KacaeTcst cCOBOKYNHOCTH (2.41) mo ymHoxXeHuio a - b(mod m), To
OHa rpynnoii He apisietcs. Ho anementst (2.41), umeiouire obpaTHbie
110 YMHOXEHHUIO, YXe 00pa3yloT IrpyIiny, KoTopas Ha3bIBAETCS Myab-
munauxamuenoii epynnoii Z,, xonbla Zp,. B rpynny Z, BXomT Te
M TOJILKO T€ 3JIEMEHTHI Kojiblla @& € Zy,, KOTOpbl€ B3aMMHO IPOCThI
cm, T.e. Zy — 3TO npusedeHHas apynna ebi4emoe.

Ecan m mpocrtoe, To Bee aneMeHTh (2.41), 3a UCKIIOYEHNEM HYJIS, KaK YXE
OTMe4anoch, BXOAAT B Z,, — M Torma Z, siBiserca nojiem. B obiem cayyae 310

He Tak. Hanmpumep,

z; ={1,3}, Zs={1,5)}, Z5={1,3,57}, Z5={1,2,4,57,8},
tae Z; = (3), Zg = (5), Z§ = (2) = (5) — yuxauweckue epynnsi, Zy — He UUKIH-
yeckasl.

IMToBbilIeHHOE BHUMAaHWE K TIpyInaM Z;k OOBACHAETCSI TEM, UTO

k k
Zm B clyyae pasnoXeHus m = p|' ... p,' Ha [IPOCTble MHOXHUTEIN —
€CTb NpsIMOe NMPOM3BeJeHHEe TPy

Z} (1 = p¥),

KaKOBbI€ 0Ka3bIBalOTCSI «CTPYKTYPHBIMU OJ10KaMu». Bee rpymnmnbl Z;:. LIMK-
JIMYECcKHe 33 UCKIIOYEHUEM Z;k, k > 3. Mopsanok rpynnsl Z,, paBeH
3HaueHuIo @(m) gynkyuu Jiinepa ¢.

) Drement ¢ = a/b onpenensiercs KaK peuieHue ypasHeHus bz = a.
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2.12. UenHble apo6u

Lennoii (wn nenpepbienoii) dpobbio Ha3bIBAETCS BbIPAXKEHUE BUAA:

1
Tr=qy+ , (250)

q +

Q@+
Q3+

qn+ -

rie go € Z, a Bce octanbHeie ¢j € N. [lna o6osnayenus (2.50)
MOJIB3YIOTCS TakXe 0603HaYeHueM T = [qo; qi1, G2, ---].

KouHctpykuwmio (2.50) 6énbuias yacTh HaceleHUsT HenomobanBaeT
3-3a POMO3KOCTH U HenpuBbIYHOCTU. HO OHa (KOHCTpYKLus) ABIS-
€T coboit KaKylo-HUKaKyI0 CUCTEMY 3aITMCH YKCel, KaKoBasi U3 6e31Hbl
Halllero HEMOHMMaHUS KOe-4YTO M3BJIEKaeT Ha MOBEPXHOCTb.

Benpb ecnu BOyMaThCsl, TO CHCTEMA 3alMMCH — 3TO S3bIK, OT BHI-
60pa KOTOPOro 3aBUCUT, YTO I1OMNAAAET B 10JI€ 3pEHUSA U YTO OCTAETCS
CKDBLITHIM, He3aMeueHHBbIM. ITo3MLIMOHHasg cucTeMa Yucen yaoOHa,
HO OHa MHOIOe 3aCJOHSET, BbIABMIas Ha IepedHMii IIaH pa3Hbie
3a/1ay¥ MHCTPYMEHTAJILHOIO XapakTepa: Kakue LM@ph CTOAT Ha Ta-
KMX-TO MECTax, KaKue CBOMCTBa He MEHSIOTCS MNMpU IepecTaHOBKe
uudp 1 T.1. Y auHo3zaspa (2.50) apyrue HeaOCTAaTKH, HO €CTh TaKKe
mocrouHcTBa. M motomy (2.50), Kak Teneckon 0630pa apupMeTHKH,
BpeMeHaMM 3aCIyXUBAeT yroTpedaeHus.

Pa3snoxeHue T B LEMHYIO ApoOb JAET CAEAYIOLINI pELIENT.

Qo =lz], zTo=T—q,

1 1

Q=|—: Ty =—-4q,
o o
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1 1

’
Tp-| Tn-1

an =

rae |z, HaroMKUHaeM, 0603HayaeT LieJaylo YacTh YuCaa T.

s mo6oro pallMOHAJIBHOIO T pa3jioXeHHe OOpbIBaeTCs IO A0-
CTHXEHHUU HeKoToporo £, = 0. Ipobb nonyuyaercsi koHeyHoit. Mppa-
LIMOHAbHbIE T NpPEICTaBAAIOTCS 6ECKOHEYHBIMU ApOOSIMH, KOTOpbIE
OKa3bIBalOTCA MEPUOANYECKMMM B TOMM CJiydae, Korja & SBASIETCSA
KBaJIpaTUYHO MppPaLlMOHAIBHOCTBIO:

1 145 1
- 1 2 - 1
1 1
2+ 1 1+
24 — 14+ —
a
Ecau pPa3ji0XeHHUe pallMOHAJIBHOIO T = 3 COIMIOCTAaBUTh C aJiro-

putMom Eskiuna (2.2), To snerko y6emuTbcs, 4TO B 06O3HAYEHMAX
(2.2) umeem

2 g+
b—QI )
Q@+

a5+
q4 +

1

n-1+ —

n
T.€. BCE qi,...,Qn U3 (2.2), KaK rOBOpUTCS, B OXHOM (bJIaKOHE, 4YTO
MO3BOJIIET FOBOPUTb O CKejeTe uenHoit apodu kak o JHK o6bik-
HoBeHHoit. Kak Obl Tam HU ObL10, (hopMasibHOE COBIIaJeHUE OCTOBA
LenHoi Apo6u U HaGopa ¢; Ha BMAY — KaK M PaBEeHCTBO MHEPTHOI
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M IPaBUTAMOHHON Macchl — HO CHIeJIaHbl JIM OTCIOAA BCE BO3MOXHbIE
BbIBOAbI? HauBHbBIE MHIPEOAUEHTH O0jice-MeHEe OUEBUIHBI.

Bcsikas nienHas Apo6b MOpOXIAaeT Mocje 0BaTeIbHOCTh Ipobeil,

S0 = {qo, $1 = [qO; ql])32 =[q0; q, QZ], Sp = [QO; q, 92 --e,y qfl]s"'y

Ha3bIBaEMbIX H00X00AWUMU, KOTOPbIE, pasyMeeTCsl, MOTyT ObITh Ipe-
o0pa3oBaHbl B 00OBIKHOBEHHbIE

Py
= S

Qr
MPUYEM JIETKO MPOCAEAUTb, YTO YUCIUTENU U 3HaMeHatenu Pp, Qp
MEHSIIOTCS 1O NpaBUy:

Sk

Py = gy Py + Py,
(2.51)

Qr = @ Qr—1 + Qr—2,

P
a CaMH 8 = —— CXOOATCA K T, YETHbIE — MOHOTOHHO BO3pacTas,

k
HEYETHbBIE — MOHOTOHHO y6bIBaH. Hpn 3TOM 3HAQUYCHUE T BCC BpPEMA

3a)KaTO MEXIY COCEAHUMH Sz; M Sty -

Pa3nuua
P Py &

Qx Qi QuQx-i’
rae O = PyQy- — QrP:—,. HecnoxHble npeoGpasoBaHus ¢ yueToM (2.51) mpusoast
K & = (—1)*. B utore

Sk — Sk-1 =

R ot )
Sk — 8k-1 = Qka_| s (252)

oTKya
1 1

- A < _7
Q1@ Qi

YTO BBIACNACT NMOAXOAsIINE )1p06|r[ cpeay OCTaJbHbBIX CIEAYIOLIUM CBOHCTBOM.

|z — 8| <

P

2.12.1. Teopema. [lodxodsauwas 0pobs —— A6AAeMCA HAUAYHUWUM NpU-
k

bausxenuem T cpedu eécex dpobeli, 3HamMeHamenb KOMOPLIX He NPesOCXo-

dum Qk .
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DTO caMblil TIPOCTOI, HO BeCcbMa I10JIe3HbIN pe3y/bTaT B 00J1aCTH
duogarnmosbix npubauxceruii.

a

B ciayyae palMOHQIbHOIO & = 3 nocjaedHssl noaxoasiasi 1podb
P, a P,y
— = —. B npeanocnenHein npobu 00HapYy>XMBAEeTCd HEOXU-
Qn b Qn—l
JNaHHBI (heHOMEH:
' E (D). () (2.53)

2.13. AunodaHToBbI NPpUGAMXKEHUS

Teopema 2.12.1 — nuib MajleHbKHi (PparMEHT TEOPUU JUOPAHMOBbIX
npubauxcenuii, B OCHOBE KOTOpPO# JieXaT HOCTaTOYHO MPOCThIE BOMPO-
chl, ¢ Buay GecruoaHbie. HackonbKo Xopoluo V2 MOXHO NpHGAN3UTD
apo6bio a/b? C n1060i TOUHOCTbIO, O4EBMAHO. U TyT, Kasanoch 6bl,
Halo [OCTaBUTb TOYKY M 3aHAThbCS APYrMMM AeaaMu. OQHAKO CTOUT
00paTUTh BHUMaHHUE, KaK BbBIMYUYeHHbIE, Ha NEPBbIii B3MsI, IIPOGIEMbI
MpHUBOIAT K ITOCTAaHOBKE MHTEPECHBIX 3a/1a4, a TOTOM U K B3aMMOCBSI-
35IM C APDYTMMM AUCLUMUIUTMHAMH.

Kak MMHUMU3HPOBaTh OLUHOKY MPUOIMXKEHUS I\/f—a/bl Npy OrpaHNYeHHOM b?
Oka3biBaeTcsl, CyLIeCTBYeT KOHCTAHTa 7y, TaKasi 4To

a Y
Vi-3l <5
M Oaxe JBe KOHCTAHTBI, MO3BOJIAIOILIME OWMUOKY 3aXaTh B TUCKH:
ol a 72

3

B To Xe Bpems V2 ¥ MHoOrMe Npyrie 4Mcia, OCOBEHHO TPaHCLEHAEHTHbIE,

npubANXKaloTCs pauMOHaATbHBIMU ApoOsiMu ropasno 6onee 3ddexkTnBHO. YacTHYHO
pa3o6paThCsi B NPUYMHAX [IOMOraeT

2.13.1. Teopema Nluysunna. Ecau € — Kopens nenpusodumozo™® nonunoma f(z)
¢ yensimu Kodgpuyuenmamu cmenenu n > 1, mo cywjecmgyem Kowcmarma ) v>0,
makas ¥mo

6= 51> 5

®) Cu. pasgen 6.2.
%) 3apucamas ot £.
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<« B cuny HenpusoauMoctu f(z)

a [Ana® + Ap—16™ 0+ ... | 1
/ 3=

Z .
Kpowme Toro, ¢ ysetom f(£) = 0, umeem

- =
10-1(3) = (e-3)r@

MPH HEKOTOPOM T, CKaxeM, M3 uHTepBana (€ — 1, £ + 1). Takum o6pasoM,

w<lt(3)i=le-3|r@r<sle-3].

,TEE-LE+L). »

QU=

e 7 — KOHCTaHTa B HepaBeHcTse |f'(T)| <

IMonyyaerca, uTo XapakTep NMPUOITHXKEHUS MOXET CJAYXHMTh MHIU-
KaTOpOM, ITOMOTAIOLIUM KJIacCHHULIMPOBATh HPPaLMOHATbHBIE YHUCIA.
Cpa3sy, KOHEYHO, He MPHIYMaelllb, 3a4eM 3TO HYXHO. JINYBU/UIb, TEM
He MeHee, COo0pa3il, KaK UCII0Nb30BaTh Ceil MHCTPYMEHT, U MOCTPO-

WJI TPAHCUCHACHTHOC YHUCJIO 40)

o0
€= 107",
k=1

YAOBJIETBOPSIIOLIEE, KaK JIETKO YOeIUThCSI, HEPABEHCTBY

n
2
—k!
¢~ ; 107 < 10(+1)°

KOTOpOE He BIMCBIBaeTCA B paMKM TeopeMbl 2.13.1, — u noTomy ¢
He MOXET OBbITh ajire0pauyecKuM YUCIIOM.

Bo3Bpaujasich K annpokCHMalHUH V2, 3ameTM, yTo npy Uenbix T,y 7 0
-2 £0

B CWIy MppalMOHaIHOCTH V2. T03ToMy MuHHMyM |z° — 2y%| paBeH enmmmue,
M HauMeHbLIas olubKa npubAKeHHS I\/f — z/y| noctvraetcst Ha pelieHMAX ypas-
wenus Mems*V

%’ - 2y2 =1,

40) CyLiecTBOBaHHE KaKOBbIX B €70 BpeMsl GbUIO He ACHO.
40 ChbIrpaBuiero BeCOMyio posib B pewieHuH 10-d npobaemor Turobepma.
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06/1a1a1011eT0 YHUKAILHBIMU cBoHCTBaMH [5, T.6]. Bce ero LenounceHHble peleHns
(Zn, Yn) BHIYUCIAIOTCS M3

T, +V2y, = (1 +V2)", (2.54)

YTO ABJISET CO6OM MOKA3aTeNbHBIN MPUMED YCMEIHOTO B3aUMOAEHCTBUA apH(PMETHKH
HaTYPaJIbHOTO pAfa C «<MPPALIMOHAILHBIMU TPIOKAMH»,

2.14. 3apaun ana 0603peHus

3agayM MOJIE3HO pellaTb, HO M IpOCMArpuBaTh MX HE XYyIO I
pacllIMpeHus1 peacTaBleHu# o IMcuuIUIMHe. Peub He CTONIbKO O HU-
XeceAyIoLIMX 3ala4yax, KOTOpbIX CMEXOTBOPHO MaJIo, a O CaMoii Hee.

1. [dns na060ro npocToro p U jio6oro MHorowieHa f(z) ¢ ueabiMu ko3dduLm-
CHTAMM MMEET MECTO CPaBHEHHUE

P
() = f(a).
00 N
2. TapMmoHuYeckuit psaa Z n! PacXoaMTCHA, HO YaCTHYHbIE CYMMBbI Z n”! npy

n=1 n=1
N > | uenbix 3HaYeHU HE MPUHHUMAIOT.

3. HarypanbHoe p > 2 sBIseTCS MPOCTHIM B TOMM
cnyyae, korna (p—2)!—1 genntcs Ha p (meopema
Jleiibnuya).

4. Myctb a,b,..., wENuUHa+b+...+w=n.

Torna
n!

a!b!...w!eN'

5. YpaBHeHue 15:c2—7y2 = 9 He pelaeTcs B LIEJbIX
YyHucaax.

6. Eciu cymma uucbp umMcia He MeHseTcss TNpu . .
YMHOXEHHMH €ro Ha 7, TO OHO JeNHUTCs Ha 9. Netibhuy, (1646-1716)

7.  YpaBHeHMe
N4+ 2+, + 2 =y

UMEET TOJbKO YEThIPE PELICHMUS.

4 4 2
8. YpaBHeHMe T +y = z° He MMeeT HEHyJEBbIX LIEJIOYUCTIEHHbIX pellieH UM,
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Teopwms cpaBHeHUH

Buineii 6ooxu ¢ ITycmomoro
Tem-a-mem,

H Hacmpoiica no-npocmomy:
Hem — mak nem.

Huxecneayomii  Marepdan  OTHOCMTCA K 3jle- (Y

MEHTaM KJIaCCMKH, HO B IJ1aBy 2 He NOMeLlaeTcs U3-3a

JMCIPONOPLMH pa3MepoB. Maeosiorus TyT npocTa rno 3aMbic-

J1y, onHako 6oraTa pe3yarTaTaMH, U MOJHWUMAaETCs MeCTaMH @
0 TaKMX BBICOT, C KOTOPHIX HEKOTOpbi€ I1yOMHBI BHUIHBI.

Ipu 3TOM yueHHe O cpaBHEHHUAX 00ecrneyuBaeT He OTAENb-

Hbl€ pa3pO3HEHHbIE MPOPBIBHI, @ AaeT OCHOBY Il pelUeHUs

LIMPOKOro Kaacca apudMeTHyecKHX 3anay.

3.1. AAvodpaHTOBbI ypaBHEHUS

,Zluod)aﬂmoebuuu Mbl Ha3bIBa€M INOJIMHOMHUAJIbBHBIC YPDABHCHHUSA C LECI0-
YUCJICHHBIMH K03¢)¢)HHM€HT8MM N NMOUCKOM LECJIIOYUCIICHHBIX pCllIe-
Huii. B CJiyya€ OOHOro HEU3BECTHOIoO T 3TO 6o YPAaBHCHHUEC

an~m"+an_1-:c"_l+...+a0=0, (3.1)

6o
AT+ Gy ..+ agZ0. (3.2)

B cayuae (3.1) u3 npencrasienus

-2

(@n- 2" ' @y 2"+ .. 4 a))z = —ag

cpasy SICHO, YTO & JOJIXXHO OBITh JAEJTUTEJIEM Gg, U 3TO CBOAMT peLLIEHUE
(3.1) K uzeosOrMYECKH MPOCTOMY Tepe6opy.
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Jlist ypaBHEH st
2+z+1=0

JOCTaTOYHO MNPOBEPUTh JIHUIL ABE BO3MOXHOCTM T = 1. O6Ge He MoaxomaT —

pelueHMit HeT. s
©+z+10=0

MOTeHUMATbHO BO3MOXHbIMM, B cuy 10 = 2 - 5, MoryT 6bITh

+1, +£2, &£5, =£I10.

MoaxoauT nvub T = —2.

Yro KacaeTcsi ypaBHeHHi Buaa (3.2), To OHM TaKXe pellalTcs
OrpaHUYEHHBIM Tepe6opoM, MOCKONBKY Bce Koadduimentsl B (3.2)
MOXHO 3aMEHHMTb OCTATKaMM OT AEJIEHUS Ha M, U pelleHUue T UCKaTh
cpenu h 0,1,...,m—1 (meopema 2.7.6). ipyroe neno, yto npu Gojib-
LIUX m B aeOpsx nepedopa xoresoch Obl BUIETh «KOPOTKHE IyTH»,
IU1a 4yero tpebyercs omnpeleiaeHHas U300peTaTeibHOCTb U KakKasi-HH-
Kakag Teopusi. KpoMe TOoro, MHTEpecC 4acTo MNMpeicTaBJsIOT He CaMu
pelleHHs, a YCJIOBUSl UX CYLIECTBOBAaHMSA. DTO 3acCTaBisieT CMOTPETh
Ha npobieMy IMonm ApPYrdM yrjioM 3peHus. Bo3HMKalOT Takxke J0MnoJj-
HUTEJIbHBIE BOMPOCHI: CKOJIbKO PELUEHUH, MOXHO JIM CYLUECTBEHHO
COKpaTHUTb Nepedop U T.1I.

JI151 TOJIMHOMUIbHBIX «YpaBHEHUM MO MOAYJI0» C HECKOJIbKUMH
nepeMeHHbIMHU

f(@,...,z,) 20 (3.3)

HMYero 1o cyTu He meHsieTcs. [lepexon K ocTaTKaM OT JejieHusi Ha m
CBOIMT TIOMCK pelIeHUS] OMATb-TaKW K OrpaHUYeHHOMY Mepebopy.
Pa3Be uTO MIeONOrMYECKash MOTHBAIUSl YCUJIMBAETCsA. A BOT OOBIYHbIE
ypaBHeHUsl (pa3yMeeTcsl, LeJIOUHCIeHHbIE)

F@i, ..., z5) =0, (3.4)

CTaHOBSITCS JOBOJIbHO HEeyHOOHbIMM O0OBbEKTaMM — B OOLLEM cCiiydyae
2
Jaxe aJITOpUTMHUYECKH Hepa3pelluMbIMU ) .

" [MoacoeaMHMB 3aTEM K HAAEHHBIM T COOTBETCTBYIOILME KAACCH E64emos.

2 [MoHATHO, ecJiu pelueHue y (3.4) ecTb, TO paHO WIH NO3THO Er0 MOXHO HAITH Mepe6opoM.
Ho ecnu pelleHHMs HET, TO 3TO MPUHUMMHAIBHO HENO0Ka3yeMO [l HEKOTOPHX YpaBHEHHH,
CM. raBy S.
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PaspewnmocTts (3.4) Bieyet 3a co6oil, oue-
BUIHBIM 06pa3oM, pa3pelunMocTs (3.3) npu Jito-
6om m. [Toatomy, ecnu y (3.3) HeT peLIeHu#
NpPY HEKOTOPOM 7, 3TO O3HAYaeT Hepa3pellu-
mocTb (3.4). OnHako ecau (3.3) pa3peuinMo npu
Jo6oM m, OTCIoAa He cliefyeT (KaK MOXHO Obl-
70 6b1 MOAYMAaTh) paspewinMocTsb (3.4).

Auodant (ok. 1l B.)
YpaBHeHHe
(@® - 13)(x* - 17)(z* - 221) 20

paspeurnmo npu mio6om m (?), Ho (z — 13)(z’ - 17)(z? — 221) = 0 He umeer
LIeI0YNCIIEHHbIX PELIEHHIA.

3.2. CpaBHeHUs nepBoM CTeneHu

3.2.1. Teopema. Ypasrenue nepeoii cmeneru
az Zb (3.5)

6 cayuae 63aumno npocmeix a u m — HOI (a,m) = 1 — umeem
3 o .
edurHcmeenHoe peliernue ) 6 110001 NOAHOI cucmeme 6blHemos.
<« Ecin HO (a,m) = 1 u z npoGeraet MOJIHYIO CUCTEMY BHIYETOB MO MO-

Aynio m, TO ¥ 6T npoGeraer MONHYIO CUCTEMY BBIYETOB No Moaynaio m (m. 3.2.1).
TMo3ToMy TONBKO NPH OAHOM T YMCIO AT GydeT CpaBHUMO € b. »

Eciv xe HOM (a,m) = d > 1, To mis paspewnmocti (3.5)
obsi3aresibHO, 4To6bI b 6bU10 KpaTtHO d (cM. 1. 2.7.5). Ilpu aTom a, b
M M MOXHO pa3ienuth Ha d (cM. 11. 2.7.2), B pe3y/ibTate Yero CUTyaLus
cBoauTcs K 1. 3.2.1. [loaToMy cripaBelsIMBO clieaylollee YTBEPXIEHHE.

3.2.2. Teopema. Ecau HOL (a,m) = d > 1 u b ne kpamno d,
ypaenenue (3.5) nepaspewumo 9. Ecau ace b kpamno d, mo (3.5) umeem
eduHcmeenHoe peuienue 6 1000l npuseOeHHoil cucmeme evitemos u d
peuienuti 8 11060i noaHol cucmeme aviuemos (no Modyaro m) 5,

3 Pasymeetcs, no moxynio m. Ecnu =¥ — pewennue (3.5), 10 z* +km, k € Z — Bce
peweHus ypaBHeHus (3.5) B Z.

4 Hepaspewnmo, B 4aCTHOCTH, 4T Z. [To3TOoMy 2/1€MeHTHI @ He MMEIOT OOGPaTHBIX, €C/IH
HOO (a,m) =d > 1.

3 Ceit ¢axT noJsie3HO CONOCTaBUTh C 1. 2.9.5
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O6patum BHMMaHMe, yTo (3.5) pasHocusbho paspelIMMOCTH JIK-
HEMUHOro ypaBHEHMUS

acr=my+b, Te ar-—my=> (3.6)
C IByMsl TIEPEMEHHBIMU Z, Y € Z.

Kak pemarb ypaBuenue (3.5)? M3 cka3aHHOro Bbll€ SICHO, YTO
MOXHO orpaHuuuthes ciydaeM HOJI (a,m) = 1. YmHoxas (3.5)

-1 -1 - x
Ha a , rae a — oOpaTHBIH1 K @ 2JieMEHT B rpynmne Z,, T.e€.
. -1 m
JAKOLIHUHN B IIDOU3BCACHHUHU @ a = 1, — HUMEEM
m -
z2Za .

Takum obpa3oM, pellieHue nojiydyaercsi 6e3 Bcsikoro mnepebopa, eciu
3HATb oBpamubiii snemenm a~ ', K MOMCKY KOTOPOrO HalO MPAaBMIBHO
nonoiitu. KoHneuHo, no meopeme Jiirepa 2.10.1

m
a‘ﬁ(m) =1,

T.€

-1 m

a-a?™M 12
- m —_

OTKylda SICHO a I E a""("’) ' Ho BO3BEAE€HHE @, ObITb MOXET,
B OosbLylo cTemeHb @(m) — 1 — MHOra He caxap %), Docratouso

3¢ beKTHBHOM abTepHaTHBON MOXET ObITh opmysa (2.53), a Takxke
CTaHIAPTHBIN MyTh, MpOJIETAIOLINIf Yepe3 UCIIOJIL30BAaHUE an20pumma
Esxauoda. Ieno B ToM, yTo 1o TeopemMe 2.9.2 ypaBHEHHE AT Z 1 umeer
€IMHCTBEHHOE pelleHue T = a'l, PaBHOCWJIBHO €IWHCTBEHHOE pe-
LIEHHE UMEET ypaBHEHHE 7

ar—my =1, (3.7)

KaKoBoe peliaeTcsi aseopummomEexauda (cM. 10Ka3aTenbCTBO TeO-
pembl 2.1.2) 3a ~ log3 m apudMeTnyeckux omnepauuit. Tak yro 06-
pamHbie 31emermot (RO YMHONCEHUIO NO MOOYAIO) PA3bICKUBAIOMCS NoAU-
HOMuaabHo — TiepeGop He TpebyeTcsl.

6)ﬂ,m1 BO3BEACHHUS B CTEIEHb MO MOOY/II0 MMEIOTCS OOCTATOYHO 3KOHOMHBIC aIrOPUTMbI

(cM. pasgen 3.3).
7
) yxe He no MOAYJ110, a OObIYHOE ypaBHEHHE B LIEJIBIX YHMCIAX.
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3.2.3. Kwuraiickas Teopema 06 octatkax. Kaxogut bt Hu Obiau 83aUMHO
npocmete ny,...,ny € N u yeavie ¢\,..., T € N, — cywyecmayem
makoe T, umo

T =T,
n
T =2 Iy, (38)
‘s
n
T = Tk,
m.e. T, 0arouee npu 0eneHUU Ha Ny, ..., Ny OCMamKu L1, ...,Tq. llpu

3MOM OOHO U3 80IMONCHBIX peuleHUl:
k —
* n l
T=T — E — Ti,
° n;
=1

n\"! . » n
2den=nmny...,ng,a | — — obpamnubtii 6 Ly, Kk 37eMeHmy —.
n; n;

Ocmanvhvie T, ydoenemsopawouue (3.8), cpasnumbt ¢ T* no modyaro n,

U Opyeux pewieHui Hem 5,

n .,
<« DileMeHT — JIeJUTCA Ha Bee n; TpH § # 4. Toatomy

L
(n)_l n; i, ]=Z,
— i = .,
n; 0, j#i,

nj 3
Y10 O3HavaeT ' = z; npu noboM §. Otciona st T M3 (3.8) uMeeM

n; .
z-z' 20 npumobom j,

« B
yro gaetr £ - = 0. »

3.3. Aniroputm BO3BefileHUS B CTeNeHb

B apudMeTnkKe ocTaTKOB CTaHAapTHOI OrepaLueii siBlseTcs BhIYUCIIe-
HUE HauMeHbwe20 Heompuyamenvroeo ebitema a”(mod m) NpU oyeHb
GonblUX 3HaYeHUsAX M U 7. [IpsAMonnHeiiHas MONbITKA A€ACTBOBATh
B J106 (BBIYKC/IAS CHayaia a” MOC/Ie10BaTENbHBIM YMHOXEHHUEM Ha @),

8 o
)IIpyI'HMH CJIOBaMHM, B npeaecaax MoJHOH CUCTEMBI BHIYETOB.
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KOHE€YHO, HCpa3yMHa. Brixon 13 nosoxeHus 3aKI104YaETCS B JABYX IIpO-

CTBIX YJIOBKAX 9 .

1. Bcsikoe ripousBeseHue TYT Xe (He JOXHMAASCh CIeAYIOIErO YMHO-
XEHHsl) 3aMeHSeTCs] HaMMEHbIUUM HEOTPMLATENbHBIM BBIYETOM
mo moaymwo m. Toraa B mpoiuecce BBIUMUCIEHHI HE BO3HHMKAIOT
uncna 66abiKe M.

2. Jlng BHIYMCIIEHUS T - CTeNEHW @ BO3BOAMTCS B KBaapaT, 3aTeM
B KBaJpaT BO3BOIUTCS az, MOTOM a4, nanee a®, .., — M TaK
moka 2F ocraercs membiue nm. IMocie Yero 3ajaya CBOAMTCS
K BO3BEIEHUIO @ B MEHBIIYIO CTENEHb N — 2",

10
01024 _ a2 21 — (116+4+l.

, a

HecoxHblii aHaIM3 MOKAa3biBaeT, YTO CYMMapHOE KOJIUYECTBO
JBOMYHBIX OMepalHuil, HeobXxoauMoe sl BhuucieHus a”(modm),
2
umeer nopsinok ~ (log n)(log” m).

3.4. NMonuHoMManbHble cpaBHEHUS

3.4.1. Ecau m = mm;, mo noAUHOMUANbHOE CPAGHEHUE
f@) 20,  f@@)=an-2"+an1-2"" +...+a, (39)

BbINOAHACMCA 8 MOMM CAyHae, K020a 6biNOAHAEMCA Kaxcdoe cpasHenue
(cm. nn.2.7.3, 2.7.4)

fz) 2o,  f(z) 2o. (3.10)

m
[To3TOMy KaXIOMy peLIeHHI0 T = i, T3,... ypaBHeHus (3.9)
B3aMMHO OJIHO3HAYHO COOTBETCTBYET Mapa pPa3HOMMEHHBIX pELLEHUIA
(3.10) u3 HaGopoB

m m)
:E:AI’AZ’"" z=ﬂ'l9ﬂ'29""

T.e. T < {A;, pj}. Tlostomy, ecnn N(m) o603Ha4aeT YMCIIO pelle-
HUii cpaBHeHus (3.9), a N(m;) u N(m;), COOTBETCTBEHHO, — UYHCJIO

% Tpioku KomeeyHble, HO AAIOT OrPOMHBII 3¢ dexT.
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peiwieHuit cpaBHeHuit (3.10) 19 10
N(m) = N(m)N (m,),
YTO O3HayaeT myasmunauxamuenocms bynkuuu N(m), u
N(m)=N (p7")... N (p*) .

rae m = p'py? ... Pyt — KkaHonuueckoe pasioxcenue m.

DKBUBAIEHTHOCTb ypaBHeHus (3.9) u cuctems! (3.10), Hapsay
C KAHOHUYECKUM pa3IoXeHUEM MOIYJIS, 00bACHAem, nouemy OCHOBHOU
unmepec npedcmaensiom cpagrenus (3.9) no modyaw npocmoeo uucaa
6 Hexomopoii cmenenu. B cBolO ovyepenb, pellieHHe

f@) o (3.11)

P
aBTOMAaTHYEeCKH HaXOOMTCS MO pelieHuio cpaBHeHus f(z) = 0 mo
MPOCTOMY MOZYJIIO P.

«ABTOMaTHYECKU» — He 3HAYMT 6e3 Tpyaa. [lyctb £ — Kakoe-To
P
pewenue f(z) = 0. Bce pewenus torna: £ = z; + t;p, 4T0 mocine
MOICTAaHOBKU B

f(@) o (.12)

¥ pasjioXeHust eBoit yact (3.12) B psia Teitniopa mocsie ot6pacbiBaHusi
WIEHOB KDAaTHBIX p° — NPHHMMAET BUI YPABHEHMUSI

f(z1) +ptif (1) Z 0,

KOTOpoe onHosHauHo pelaeTcsi OTHOCUTENbHO t;. B peaynbrate
onpenensieTcss peuieHue T, = T; + t;p cpaBHenus (3.12) mo mo-
Ly/110 pz. Hanee rnpolecc MOXHO NpPOAOXAaTb B TOM Xe€ AyXe, IMO-
C/1elloBaTeNIbHO OIpefeisisi «BblpacTaolune u3 » pewenus (3.11)
MO MOIYJIsSIM p3, p4,

10 . M
) Kaxablit pa3 peub MIET O YMCIIE PeLLEHHIt B peaeiax COOTBETCTBYIOLUEH MOTHON CHCTEMbI
BbIYETOB.
1 Pazymeercs, no monynio pz.
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3.5. CpaBHeHMs N0 NPOCTOMY MOAYIO

W3 npezasiayiiero paszena sicHo, YTo pelleHue cpaBHeHus (3.9) 1o co-
CTaBHOMY MOJY/IO CBOJIUTCH K pELIEHHIO COBOKYITHOCTH CpaBHEHMIi
0 NPOCTHIM MOAYJIAM BHOa

fz) £o. (3.13)

[To nosoay (3.13) HamoMHuM, 4TO K03(dULMEHTHI MoMMHOMA f(Z)
MOXHO (meopema 2.7.6) 3aMEHMTb OCTaTKaMM OT [EJEHUS Ha P,
pelleHHst T TOXe MOXHO MCKAaTh TOJILKO B TOJIHOW CHCTEME BBIYETOB

0,1,...,p—1.

Bnob6aBok U cTerneHb MOJMHOMA MOXHO YMEHBIIUTD:

3.5.1. Ypasuenue (3.13) pasnocunvno ypasnenuo R(z) £ 0 cmenenu

He ebiwe p — 1, 20e noaunom R(x) npedcmaensem coboii ocmamox
om denenus f(z) na =¥ — z.

<« U3 f(z)=("-2)Q(z)+ R(z)uz’ -z e (manras meopema Depma) —
cnenyet f(zx) £ R(z). »

Takum obpa3om, B
f@ =an-z"+ap 2" +...+a £0 (3.14)

MOXHO cuuTath M < p, MHAYe B COOTBETCTBUMM C II. 3.5.1 cTemeHb
ypaBHEHMS MOXET OBbITh OHUXEHA.

4
3.5.2. Teopema. Cpasnenue (3.14), p npocmoe, n < p, ap, # 0, —
umeem He b6onee N pewieHull 12), DPa3AUYHbBIX N0 MOOYAIO D.
<« [lpolue Bcero BOCIMOAb30BaThCs MaTeMaTHyeckoi uHAyKuueit. IIpy n = 1

yTBepXAeHHue crpaBeiMBO. JlonyctuM, uTto ¢akt 3.5.2 mMeer Mecto misa n — 1.

[MokaxeM, 4TO Toraa OH CrpaBeIMB U IS 1.
MNycts z, xopeHs (3.14). Nenenue f(T) Ha T — T; NPUBOAMT K TOXIECTBY

f@) = (z-2)Q(z) + R,

8
12) IMpocrota Momyns 3gech cywecrBeHHa. CpaBHeHHe 22 =1 = 0 umeer 4 peLeHus:
c21,357.
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TIO/ICTaHOBKa B KOTOpoe T = z; HaeT f(Z,) = R. A mockomsky f() £ 0, 10
uRZL 0, B cuny yero (3.14) paBHOCHJIBHO CPaBHEHHMIO

(z - 1)Q(z) Lo,

KaKoBoe UMeeT He Gollee n pelieHUit, TOTOMY 4TO Q(Z) Z 0 umeer ne 6onee n — 1
peLLEeHHs] TT0 UHAYKTUBHOMY I1peaNoIOXEeHHIO. b

[TonuHOMMANIbLHBIE CpaBHEHUSI MPU T > 1 LEJOYMCIEHHBIX pe-
LIeHUA MOryT He uMmeTh Boobuie. [Ipumep:

5
VeeZ:a'+z+1 # 0,

2 5 .

T.e. -+ + 1 = 0 He peuraercsi. KopHeil HeT, pa3joxeHHe Ha MHO-
5

xutenn =2+ + 1 = (z— 21)(¢ — £2) HeBosMoxHo. [1oTMHOM

7’ + z + 1, TakuM 06pa3oM, Henpueodum 1o MOIYJIO P.

AHasorus ¢ Teopuei 06bIYHbIX MHOTOWIEHOB [ 5, T. 8] coxpaHsieTcs
u naree. Muorowren z* + 22 — 2 + 2, He UMEIOLLMIA KOpHE# B Z,
pasJiaraeTcs B IIpou3BeaeHHe HEMPUBOAUMBIX MHOIOYJIEHOB:

ot + 22 - 2% +2 é(:1:2+:1:+1)(37:2-l—:1:+2).

3.5.3. Teopema. FEcau d denum p — 1, p — npocmoe, mo ¢ £
umeem 6 mouHocmu d pasAuHHbIX peuleHuil.

<« Ilyctb p — 1 = ds. Torna

@ -1 = (@ -1) ((z")"' +(@) .. a2l + 1) :

=1 2t ) ((z")’“‘ F(@) 2t 1) . (3.15)

Ecnu 661 y 2% — 1 2 ) 6outo MeHee d KOpHeH, To y MoJMHOMa crpasa

B (3.15) 6bul0 GBI MeHee p — | KopHeil (mo Teopeme 3.5.2). Ho ™' — 1 Lo
HMeeT p — | pa3TU4HbIX KopHeit 1, ..., p— 1 (Maran meopema Depma), 4TO NPUBOAUT

K MPOTHBOPEYHIO. P

3.6. Teopema BunbcoHa

YactHbiM ciyyaeM (3.13) siBasieTcs ABY4IEHHOE CpaBHEHHUE

1120, (3.16)
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KOTOpOE uMeeT p — | pelleHHi 13), 1,2, ...,p— 1. Eciu p# 2, 10
p — 1 4etHo, ¥ (3.16) MOXHO TIPENCTaBUTh B BUJIE

(7 -1)(z'T +1) Lo,

YTO 3KBUBAIEHTHO CHCTEME IBYX CpaBHEHU

il il
g7 120, u 7T 4+1 20, (3.17)
—1 ., 14)
KaXIoe U3 KOTOPBIX, B CWIY meopemst 3.5.2, UMeeT peleHui .

3.6.1. Teopema BunbcoHa 1) . B cayuae npocmoeo p
Y 2 (3.18
@P-1)'+1 =0. .18)

<« CpaBHeHMe

' -1 2@-)z-2)...z-p+1), (3.19)
kak u (3.16), uMeer p — | pewennii 1, 2, ..., p — 1. PackpsiBast cnpasa B (3.19)
CKOBKM U cokpamas z'~' c JeBbIM 2™ nonyuaem ypaBHeHHe CTeNeHu p — 2,
KOTOpOE Mo-TipexHeMy HMeeT P — | pewieHuii — MHorosaTo To meopeme 3.5.2.

IMoaToMy Bce KoaduuueHTh! ClleBa U crnipaBa B (3.19) nomKHBI OGbITh PaBHBI, B TOM

yucye CBOOOAHbIE YJI€HbI, T. €.

-1 L£-1. »®

HemanosaxHo, uro meopema 3.6.1 obpatuma.

8.6.2. Ecau (n—1)!+ 1 =0, mo uucao-n npocmoe.

<« B ciyyae n = ab, a, b > 1 dakropuan (n — 1)! gennncs 6bl Ha @, HO TOraa
Ha a He genunach 6ul cymma (n— 1)1+ 1. »

%) Ha ocnosanuu manoi meopemst Depma.
Y M3 meopemst 3.5.2 Bhirexaet, uto ecin fi(z)fi(z) £ 0 umeer k + 1 pewennit (k u 1

CTemeHM NMOTMHOMOB fi 1 f;), To CpaBHeHUs fi(z) £ 0u fi(z) £ 0 umeror cootsercraeHHo k

u | peruenmuit,
19 Ccopmynnposana Bapunzom, COCNaBIUNMCS Ha Buascona. [lokasana Jlazpancem.

16) Jpyroit BapuanT goxasarenbcTsa. B rpynne Z; TobKO | M p— 1 06paTHH CaMH cebe, n6o
H3 a2 LA 1 cnenyer a 2 +1, 1. e. 160 a = 1, 1160 ¢ = p— 1. [NoaToMy umcia 2,3,...,p-2
pa3buBAalOTCs Ha Maphl B3aMMOOGPATHbIX, OTKyaa 2+ 3...(p — 2) L 1, 4TO MOCaE YMHOXEHHUS

Hap—1 Z_1 maer (3.18).
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TakuM 06pa3oM, AenuMocTh (n — 1)! + 1 Ha n saBnseTca Ge301In-
GOYHBIM KPUTEPHEM, MO3BOISIIOLIMM OTBEYaThb HAa BONMPOC, YMCIIO 7
NpoCcToe WK cocTaBHOe. Ho BhIUUCIATDL akTopran B 106 npu 6oJib-

IMX 7L HE O 3ybaM faxe KOMIIBIOTEDY.

B paccCMaTpHBaeMOM PYCJIC JICXKHUT TAKXKE

3.6.3. Teopema JleitbHnua. Hucio n aeisemca npocmoim 6 momm
cayuae, koeda (n — 2)! — 1 deaumes na n [17).

3.7. CteneHHble u KBagpaTU4YHbIE BbI4ETbI

Ha o6uiem ¢one (3.13) mo cBoeH BaXXHOCTH BBIAENAIOTCSA YPaBHEHHS

n m

z a,

PEILEHUS] KOTOPbIX — TaK HA3bIBAEMBIE TL-CMENeHHblE GblYembl HO MO-
dya10 M — B HEKOTOPOM poJ€ ABJAIOTCS LENOYNUCIEHHBIMA KOPHAMH
z = Va no monymo m, ( %)n Z 4. Huxe paccMaTpuBaeTcs mpo-
CTeHILMI BapUaHT:

2 Lg (3.20)

B NPETIOIOXEHUH B3aUMHOM NpocToTsl @ U p, T.¢. HOA (a, p) = 1.

3.7.1. Te uucaa a > 0, npu komopeix (3.20) paspewumo, nassieaiom
xeadpamuynbimu vivemamu no mooyno p. Ocmansisie a > 0 (npu ko-
mopuix (3.20) nHepaspewumo) Ha3biéalom K6aOPAMUUHBIMU HeGbiemamu

no modyaio p.

PasyMeeTcsi, He U3 Bcex @ M3BJIEKAETCs KOPeHb KBaIpaTHBIH B 3TOM CMbICTe.
2 13 13 2 13
Hanpumep, 5° = —1 (kak 661 5 = v/—1), HO ypaBHeHHe T° = 7 He peluaeTcs.

-1

3.7.2. Teopema. /s npocmoeo p > 2 cywecmeyem poéHO
p—1 17)
2

xeadpamuwbzx 8blyemoes u rceaapamwmbzx Heeblivemos .

" o momymo 13 yucna 1, 2, 4, 9, 10, 12 — xeadpamuurtie gbiwems:,
2,5,6,7,8, 11 — xeadpamuurbie Hegbiuensi.
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<« Bowty s £ (p— )%, uto oueBmnHo u3 (p — s)* £ p? — 2sp + 8*, nepsas

18
MOJIOBMHA KBaApaToOB )

12,22,...,(p-1) (3.21)

JaeT Nnpy neJieHUH Ha p Te€ XK€ OCTaTKM, YUTO M — TIOC/IeaHsASA. 310 O3HayaeT, 4YTo

1
. C opyroii CTOpPOHBI, YyUcia

p-
KBaapaTU4YHBIX BHIYETOB HEe MOXET ObITh Gosee

—1\?
122, (”—2—) (3.22)

éce pasnu4Hsl ho Modymo P, NOCKOJIbKY LIS J1106bIX

p—1
bel, 2, ..., —
¢ { 2 }

pasHocts a’ — b’ = (a — b)(a + b) He MOXeT HeiMThCA Ha P, MOTOMY YTO 0Ga
comHoxuTens (a —b), (a+b) MeHbuie p. [ToaToMy octatky ot AeneHus yucen (3.22)

yucenus 1, 2, ..., p—1

p
BbIYETOB 10 MoayJIto p. OcTaBluMecs

Ha p naioT

6ynyT HeBbIUETAMU. P

3.7.3. Teopema. Yucro a aersemca 8vluemom uau Hegolvemom no mo-
Oyaro npocmozo p > 2 8 momm cayyae, Ko20a 8btNOAHAIOMCA coomeem-
CMBEHHO CPABHeHUs

-1
et £ (3.23)
unu -l
ar £, (3.24)
-1
< Eciv a — BBIYET, TO BO3BEAECHHUE :Dz é aB (p—z‘) -10 CTeMEHb NMNPUBOAUT

k (3.23), — B cuny manoi meopems: Pepma 1 £ 27", Ho

" '-1= (ap'i_'—l)(aa%l+l) Ly

. .
1o Toii xe TeopeMe PepMa umMeet (p — 1) peutenuii, U3 KOTOPBIX BBIHYXIEHHO

~1
NPUXOAATCS Ha BTOPOX COMHOXHUTENDb T +1 £ 0, T.e. yXe Ha HeBbIYETHI,
YIOBJIETBODSIOLIME, TAKUM 06pa3oM, COOTHOILEHHIO (3.24). »

1

®) Pewenns ypasHeHus (3.20) npu 11060M JaHHOM @ 7 0 ZOCTaTOYHO UCKATb B MPUBEAEH-
HO# cucreMe BblyeToB, nonarasg £ = 1, 2, ..., p—1. [Toatomy Bce a, pa3nyHbIE 110 MOAYJIIO P,
npu KoTopsix (3.20) pa3pelinMo, CoaepXarca Cpear OCTaTKOB OT AeiaeHus yucen (3.21) Ha p.
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3.8. Cumsonbl JlexaHgpa u slkobu

OnpenesieHHOW peakiiMeil Ha HECKOJIbKO He-
YKJIIOXYI0O TEPMMHOJOIMIO OBLIO BBEIEHHE

a
cumeona Jlexcandpa (— , OIIpeaessieMoro
p

a
U1 BCEX @, HE KpPaTHBIX P. (—) =1, ec-
p
5 a
JM @ — KBaJpaTUYHBI BoiYeT, U | — | = —1,
b
€CJIM @ — KBaApaTUYHBIA HEBBIYET. Jlexanpp (1752-1833)

TakuM oOpa3oM, cumeon Jlexcandpa HUYEro MOHATHHHO HOBO-
r0 He BHOCHT, OJHAKO IMPUJAET PACCYXIEHUSM CTEHOrpapUyeCKylo
KpPaTKOCTh, a HECKJIaIHBIM BhIYETaM/HEBHIYETAM — BM3YaJIbHYIO Ha-
IISIAHOCTD NpH (hOPMYIMPOBKE Pe3yJIETaTOB.

B cuny teopemsr 3.7.3

a -1
(—) 2,5, (3.25)
p
3.8.1. Hacmuoeim cayuaem (3.25) aeasemes
(=) = e (3.26
? . .
Tlosmomy a = —1 aensemcea kgadpamuurbim gol4emom AU 04 Yucen P
euda 4k + 1, u — Heevtuemom 022 p = 4k + 3. Caedosamensho,

22 +1 £0 umeem peweHue 8 momm cayuae, Koeda p = 4k + 1.

) -GG

ab? a
umo cpasy eoimexaem u3 (3.25). B wacmnocmu, (—) = (—)
p 4

3.8.2.



88 [naBsa 3. Teopus cpasHenui

a b
3.8.3. Ecau a £ b, mo (;) = (P?>’ Ymo ACHO U3 onpedeneHus,

HO noAe3HO 8 038Y4eHHOM gude.

3.8.4. Onpepenenne. Illycmve P > | newemno, u P = py...pym —
DA3N0NHCEHUE HA BPOCMble MHONCUMENU, 20€ P; He 00A3aMenbHO Pa3AUUHbL,

a
uenoe a g3aumuo npocmo ¢ P. Cumeoa Hxobu (F) onpedensiemca Kak

npou3seederue cumeonos Jlexcanopa:
(7)-G)-G)
7)=\o) \o)

3.9. 3akoH B3aMMHOCTH

Ilo moBonéy 3akona eé3aumHocmu KEAOpAMUUHbIX 6bl4emo8 TIPHUHITO
«OUTBH B KOJIOKOJIa», 0603Hayas BbIAAIOUIMICA XapakTep heHOMeHa.

3.9.1. Teopema. s npocmoix p, q > 2 umeem mecmo pasencmeo

@ o

Hnaue eoeops, (g) = =+ (%) , é0e 3Hak + 6Gydem, ecau xomv 00HO
u3 yucen p, q umeem gopmy 4k + 1.

B 1moka3aTeNbCTBE CYILECTBEHHYIO POJib MIPAET CACAYIOIIMI pe-
3YJIBTAT, CXBaTHIBAIOILMMI SIAPO MPOOIEMATHKH.

3.9.2. Jlemma laycca. Ilycmbv npocmoe p 6oavuwte 2, yenoe a He Oe-
AUMCA HA D, U [L 0603HA4aem KoAu4ecmeo ompuUUamenbHbix ucen cpeou
HAUMEHbUWUX N0 a6CONOMHOL BeAUYUHe 8blMemO8 Hlcen

1
a, 2a, ..., L —a. (3.28)

To2da (g) = (-1)*.
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p-1
<« Urak, npasuio npeanvceiBaeT Kaxioe ka B pany a, 2a, ..., —2—0 3aMe-
HUTb PaBHBIM [10 MOLYJIIO P YUCIOM psla
-1 -1
D A T PO i (3.29)
2 2

[Ipu 3TOM, K2K JIeTKo y6eIuTbCs, HU OfHO Yuciao B pany (3.29) He Bcrpetutcs Gonee
19
onHoro pasa. [TepeMHoXas cpaBHeHMs ka L (£!), nonyyaem )

a-2a...’—’—2_——1a 2 (21)(22)... (i’%l),

YTO MOCJIE COKPALIEHHS Ha 2, ..., NMPUBOIMT K

QT B (k). (1) =(-1)" »

JMemma Iaycca mpoctoi, HO oYyeHb 3PGPEKTUBHBIA UHCTPYMEHT
B paccMaTpuBaeMoii obnacti. Bor kak oHa paboTaeT B Ciyyae @ = 2.
Psin (3.28) mpu @ = 2 ectb: 2,4,...,p— 1, — ¥ [U1a ONpEIETCHASA [
HeoOXOIMMO oOMpedesnTh, CKOJBLKO YHCEN IpHU TMepeBole B CHCTEMY
BbIYeTOB (3.29) craHyT orpuiiatebHBIMU. [ToHATHO, YTO OTPULIATEb-
HBIMH CTaHYT YMcJia OOJblLIME %p. [lonaras p = 8k+r (r=1,3,5, 7),
BONPOC CBOAMM K OIpeeieHHI0 Yucia pelleHHi y HepaBeHCTBa

1 1 1
§p<2z<p = 2k+zr<w<4k+§r,

B KoTopoM 2k U 4k MOXHO ybpaTh, HE Hapyluas YETHOCTH 4HMCIIa
peuieHuit. ITo3ToMy Ui OlLIEHKHM YETHOCTH fi HOCTaTOYHO paccMar-

1 1
pYBaTh HEPABEHCTBO — T < T < 57‘, MMEIOILEee OJHO PELICHUE TPHU T
paBHOM 3 MM 5, M YETHOE YMCJIO PELIEHHA B OCTaJIbHBIX CIy4asx
(1 onHoro npu r = 1, u aBa npu r = 7). [losTomy:

3.9.3. Yucao 2 seasemcs k6adpamuuHbiM @bluemom 04 NPOCMbIX P

6uda 8k + 1 u — nesovemom das npocmovix p éuda 8k x 3. Omomy

coomeemcmeyem 3anuch
2 21
Q-
p

19 Ckobku B (1) o6o3HauaroT BLHIGOP ONpEIEIEHHOTO 3HAKA.
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Peaynsrar Gbin u3pecteH elle Pepma; BrepBble N0Ka3aH Jisepom, TpUIEM
BechbMa 3aMbICJIOBAThIM 0OPa3OM.

Tak xe npocTo semma laycca 3.9.2 paboraer u B OOILEM Ciydae
MpH LOKa3aTeabcTBe TeopeMbl 3.9.1.

<« YHcTo TexHMYecKH YCTaHABIMBaeTcsl (CM. HampuMep, [7])

pt g‘: [%z] : (3.30)

T. €. YeTHOCTb J4 COBTIAzaeT C YETHOCTBIO CyMMBI B (3.30).
IMyctb z, y npobGeraloT 3HaYCHHUA:

p—1

= cees ) =12,...,
z=1,2, 3 Yy 2 5

PaBeHcTBO Tq = Yp HeBO3MOXHO, IOCKOJIbKY p U ¢ HepaBHbIE MPOCTbIE YHCHa,

az< [g] y Y < [%J . Moaromy

p—-1 ¢qg-1
‘2—'—2—=01+0'2,

Ine 0, — uMcio nap (z, y), YOBIETBOPAIOLIUX YCIOBHIO Zg < yp, 0, — YMCIIO nap,
YIOBJIETBOPAIOIIMX Tq > yp. TakuM o6pa3om,
4t 5

0= By @=%

y=1 q z=1

¥ nemma laycca 3.9.2, ¢ yuetom (3.30), naer

YTO MoCJle MePeMHOXeHHs1 NPUBOIHT K (3.27). »

3.10. Teopema LLieBanne
3.10.1. Teopema LLesanne. Ecau noaunom f(xy,...,Ty) ¢ Hy1e6b1M
CBOBOOHBIM YACHOM Umeem CMeneHs T, Cmpoe0 MEHbULyio 4UCAa nepe-
Mennbix (m < n), mo y cpasHerus

f@i,...,z0) 20 (3.31)

hpu A0bom npocmom p cywecmeyem HeHnynegoe peuienue 20).

0p KOTOPOM He BCE T; Ly,
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)
< B npeanonoxeHuu npotusHoro, f(z,,...,T,) # 0, cpaBHeHHe
= (f(@r,...,za))’ " 21 =2f") .. (1-227") (3.32)

ARIAETCS TOXAECTBOM, B CWIy Manol TeopeMsl ®epma. C apyroit cropohbl, (3.32)
He MOXET 6biTh TOXAECTBOM, ITOTOMY YTO OHOMMEHHbIE KO3((ULIMEHTH! TOTMHOMOB
ceBa U cripasa B (3.32) He MOTYT GbITH PaBHBI 1O MORYJIO P, M6O CTENEHb IOJTMHOMA
cnesa pasHa m(p — 1), cnpaBa — n(p — 1). [IpotnBopeyuse BO3HMKAET M3-3a M < 7.
Brixoa u3 nonoxenust onuH, (3.31) 06s13aHO MMeTh HEHyJIEBbIe PEILEHHUS. P

Teopema 3.10.1 gOBONBHO MpOCTa, HO YACTO SKOHOMHUT YCHIIMA.

3.10.2. Jlw6as keadpamuunas gopma (¢ yeaouucreHnbimu ko3pduiuu-
enmamu) om m > 3 nepemenHbix 6bipodcOeHa no a06oMy npocmomy

. P
M00yato p, m. e. ce2da Haidymcs yeavle Ty, ..., T, (ne éce T; =0),
maxue umo
n
Z Qi TiTj £ 0, n >3 (3.33)
ij=1

<« Joka3biBaTh (akTHUYeCKH Heyero. JocTaTouHO cKasaTb, YTO BCe MpPeNnoJo-
XeHus TeopeMbl 3.10.1 BHINOTHEHBI. B

3.11. Cymma yeTtbipex KBagpaToB

s MONMHOMHUANIBHBIX ypaBHEHUH HM3BECTHO MHOrO pa3po3HEHHBIX
pe3ynsraToB. HekoTopble M3 HHUX CTOAT Ha OTiuMOe, Apyrue — Bpe-
MS OT BpeMeHU OKa3hIBaIOTCA B lieHTpe BHUMaHusA. OauH U3 TaKUX
TO U JeJI0 UCIONb3yeMBbIX (PaKTOB — Hnpedcmagumocms 06020 Hamy-
panvroeo 1 cymmoll yemuipex kéadpamog. IHaye rosops:

3.11.1. Teopema. Ypasgnenue
n=z+y> +ul+0’ (3.34)
paspeuwumo 6 yeavix ¢, Yy, u, v € Z npu arobom n € N,

Pa3top nosieToB yno6HO HauMHAThL ¢ moxcdecmea Jiinepa
@+ 4+ + )42+ B + C + DY) =
= (@A +bB + cC + dD)’ + (aB — bA — cD + dC)* +
+ (aC + bD - cA — dB)* + (aD — bC + ¢B - dA)’, (3.35)
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13 KOTOPOTO SICHO, KaK MpeacTaBjleHHe CYMMOii YeTbipeX KBaApaToOB Mojy4yaeTcs LI
TIPOM3BENIEHUST YMCEJl, €C/IM KaXIblii COMHOXMTEb YXe MMpeNcTaBleH «KaK Haio».
[MoaToMy docmamouno ymemo npedcmaeanms uemoipoma K6adpamamu npocmboie HuCAQ.

3acnyxuBaeT KOMMeHTapHeB caMo ToxaecTBo (3.35), cmocobHoe
BOTHaTh B TPaHC CBOei He0603puMocThio. Kak npaBujio, TEXHUYECKH
TPOMO3/IKHE MIEH MMEIOT B MOJHOTOTHOM TOT MJIM MHOI cekpeT. Tak
u 3zeck. ToxaecTso (3.35) BblpaxaeT paBeHCTBO HOPMbI TPOU3BENEHHS

21
KBAaTEpHUOHOB ) IIpOU3BCACHHUIO UX HOPM.

Cnpaska. KeamepHuons: sIBASIOTCS YETHIPEXMEPHBIMU YMCTaMU BHIA
Z=a+if+ jy+kd,

rne a, 3,7, — neicTBUTENbHbIE YMCHa, a 1,4, j, Kk — YeTbipe Ga3UCHBIX EAWHHLIBI,
YIOBJIETBOPSAIOILIME COOTHOILIEHUSM

OTKyZda cienyet
ij=-ji=k jk=-kj=i, ki=-jk=yj,

YTO COBMAnaeT ¢ MNpaBWIAMH BEKTOPDHOTO YMHOXeHMSI eAMHMYHBIX oproB {1, j, k}
B R®. CnoxeHue u YMHOXeHHME Ha YUCIIO OmpenesieTcsi OObIYHBIM (4J1s1 BEKTOPHBIX
npocTpaHcTB) obpasoM. KsatepHuoHsl Buma Z - 1 + y « ¢ obpasyior nodaszebpy,
HU3oMophHYyI0 arebpe KOMIUIEKCHBIX YHMCe Hall MoJieM — JeHCTBUTENIbHBIX.

Enuvnuupsl 1, ¢, 7, kK MOTyT GbITh «<H30MOpPGhHO» NMpecTaBieHbl MAaTPULIAMHU:

1 00 0 0 1 0 O 0 0 1 0 0 0 0 1
0100 -1 00 O 0 0 0 1 0 0 -1 0
0010”0 00 -1 [-1 0 0oo0 JO 1 0 0
0 0 0 1 0 01 0 0 -1 0 o0 -10 0 O

<« [oka3sarenbcTBo TeopeMbl 3.11.1 pacnanaeTcs Ha JBa 3Tana.

3.11.2. Hexomopoe kpamnoe mp (0 < m < p) awboeo npocmoeo p ecezda npedcma-
8UMO 6 8uUde CyMMbl Hembipex Keadpamoa,

mp=a’+b +c+d. (3.36)

Mo KOTOpbIX, MpaBjaa, Jiep ele He 3Hal.
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<1 JbcraTo4yHo YCTaHOBUTDH pa3pelUMMOCTb CPABHEHUS 2

Z+y*+1 2o, (3.37)

YTO paBHCWILHO
mp=2z'+y + 17+ 0.
p-1

O6pa3zyen yucia z} u —y2 — 1, rne ¢ ¥ y npoberaiot 3Hayenus 0, 1, ..., T

Mpu ST HUKAKKE T: M T3, TaK Xe KaK —y; — | M —y3 — 1, HE MOIYT GbiTb
cpaBH UMi 10 Moay/Tio p (cM. Joka3aTenbcTBo Teopemsl 3.7.2). Ho Tak kak ymcen
kaxaoromaa z° u —y’ — 1 umeercs (p + 1)/2 wryk (8 cymme p + 1), a ocratkos
Mo MOZYI0 P TOJMLKO P LUTYK, TO KaKOe-TO z’ ;maeT npu JeneHuu Ha D TOT Xe
OCTaTOK, iT0 U —yz — 1. D10 03HayaeT pa3pewrnMocTb 3.37 u gokaseiBaer . 3.11.2.

>

Tempb MOKaxeM, YTO MUHHMaIbHOe m B (3.36) paBHo 1, T.e. ecnmu m > 1,
TO HAaMmrcs r < m, obnagaioliee TeM Xe CBOWCTBOM, 4to U m. [lns 3toro a, b,
¢, d B (136) 3aMeHMM paBHBIMU 1O MOIYIIO M MUHUMATBHBIMU MO aGCOMIOTHOM
pesuaMH Bbivetamu A, B, C, D, T.e.

1 1
AB C,DEe€ (—5m+ I,Em).

IMock oy A+B+c*+Dp' 2 0, TO CyLIECTBYET TaKOE T, YTO
mr = A+ B’ +C? + D% (3.38)
B cwty
mr < sm? 4 tm? 4 lmt g Ll = w2
=4 4 4 4 ’
uMeeM r< m. PaBeHCTBO 7 = m UCKIIIOYEHO, TaK KakK B IIPOTMBHOM CJIyyae BCe

1
A,B,C,D= Em,

M TOr.ma ke
2]
a,bc,d = 4—m2,

2
OTKyZ1a CefoBao 6bl mp = m’, HEBO3MOXHOE U3-3a MPOCTOTH p. Tak uTo 1 < M.
HakoHey, nepeMuoxast (3.36) u (3.38) u monb3ysick Toxaectsom (3.35), nonyyaem
n’rp = (A + bB + ¢C + dD)? + (aB - bA ~ cD + dC)*+
+(aC +bD - cA — dB)? + (aD - bC + cB - dA)’, (3.39)

YTO ITOCE COKpalleHHsi Ha M’ (1erko BUMETh, YTO BCE CIaracMble CIpaBa Ae/sTcs
Ha rnz)naeT TpeGyeMblii pe3y/LTar. »

2) Cumaem P > 2, NOCKONBKY B ciyyae p = 2 yTBepxaeHue 3.11.2 oueBuaHo.
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Eciun KOMY-TO OITMCAaHHO€ pACCYXIECHUE KAXKETCsl CJIOXHOBATHIM,
TaK O0Ka3aT€JbCTBO HE AAaBaJIOCh JaXxe inxlepy, HEyI1a4Yu KOTOpOro
HE MEHEC LICHHbI, YeM NOCTHUXEHHUS. KpOMC TOro, Ha10 UMECThb B BULY,
YTO HEKOTOpPBIE NOKA3aTCJIbCTBA, COTHH JIET KOITUBLINEC Pl306peTaTeJIb-
HOCTb MO Kpynuuam, I.LIJ'[P[(DOB&JIHCB U penakKTupoBaluChb MHOTMMH
MOKOJIEHUSIMH MaTE€MaTHUKOB.

Pesynbrat 3.11.1 cyuecTBeHHO AONONHSET meopema SHxobu:

3.11.3. Koauuecmeo yeaouucaennvix pewenuii {,y, u, v} ypasnenus (3.34) npu nobom

n €N — pasno 8 Z d npu newemnom n u 24 E d npu wemnom n.
din din



hasa 4

MepBooGpa3Hbie KOPHH

boe cozdan ee pazdemoii
B 3a66imebu,

Onemenu daxce 3mu,
Conosbu.

H menepo 0dexco ne rado
3adapma,

Om Hee 6oH cnaouib u psoom
be3 yma.

Ha nonnylo cucTeMy BbHIYETOB MOXHO CMOTPETh
Kak Ha none Z, ¢ ONnepauMsMH CIOXEHHS M YMHO-
KEHUSI

a + b(mod m), a - b(mod m),

YTO — €C/TU JOrOBOPMTBCS — OCBOGOXIaeT OT He-
06X0IMMOCTH KaXIbif pa3 Hal PaBEeHCTBOM CTABUTh
6ykBy m 1160 Kaxaylo CTPOYKY MapKMpOBaTh 3Ha-
koM (modm). Cpasy nexkiapupyercsi «BCe MPOMC-
XOOUT B Zgp», TIOCAE YETO MCTIONB3YIOTCH OBGBbIYHbIE
apudMeTHYECKUE 3HAKH, @ «[I0 MOAYTI0 m» hep-
Xutcs B yMe. Takoe cornalieHde B OaHHOI IiaBe
nopa3yMeBaeTcs.

4.1. CyTtb npobnemaTtukm

4.1.1. Onpepeneuune. leroe { Hazvieaemcs npumumugnsLyM KopHem D
no npocmomy mooyaro p, ecau { nopoxcoaem epynny

Zy={1,....,p—1}, (4.1)

n Hpu.uumuenue KOPHH Ha3bIBAlOT TAKXKE — nepeoo6pa3numu.



96 MMmaea 4. [lepsoobpa3Huie KOpHU

2
m. e. 6ce anemenmot (4.1) okasviearomes cmenenamu ) ¢k,

) ={¢" 4.y =1

PaBHocuIbHOE onpenenenne: ( — NPUMHTHBHBIH KOPeHb IO IPOCTOMY MOZYJIIO P,
ecnu (p — 1) — HauMeHbllee MOJOXUTENbHOE YUCIO, [T KOTOPOro

¢t L (4.2)

Bhirogpl cyilieCTBOBaHUSI IPUMUTUBHOIO KOPHS OYeBUAHBI. [pyn-
na Z;,( 0Ka3blBaCTCSl YuKAuueckoiu, BCE ee MeMeHTbl 1,...,p — 1
HCUEpIbIBAIOTCA CTENEeHIMU (k . [Moatomy, HanmpuMep, yMHOXeHHe
a-bB Z; CBOIUTCSl K CJIOXEHMIO TOKa3zaTesieil y COMHOXMTeseH

a = (" b= (’. O6neryaloTcs O0Ka3aTeJbCTBA OGLIMX YTBEPXKICHMUIA,
¥ BOOOLLIE JOCTUTAETCS] HEKOTOPast MPO3payHOCTb.

Hacyer npo3payHOCTH, KOHEYHO, CHJILHO CKa3aHo. [ToToMy uTo npu 6GecxuT-
POCTHOM MOAX0Ae 06HaPY>XKMBAIOTCHA CTPAHHOCTH, 4YTO YXe OTMeuastoch B pasaesne 2.10,
M He Ha BCe BOTPOCHI JIerKo oTBeTMTb. Hanpumep, 2* mo moaynio 5,

2 22,4,3,1,2,4,3,1,2,...,

nepBblit pa3 obpaliiaeTcs B eAMHULY Ipd K = 5 — |, mocje Yero Bce MepuoauyYECcKH

nosropsiercs. Ho 2 1o moaynio 7 obpaluaetcss B eqMHMLY yKe Ha TpeTbeM Luare:

7 M
2% £ 2,4,1. 3ato Tpoiika okasbiBaeTcs MPUMHUTUBHBIM KOpHeM IO Mogynio 7.

B nopsiake Bo3pacTaHus MoKasaTesei:

3*132,64,51,3,2,....

3nech BO3HMKAET BOMNPOC, BCErAa JIM CYLUECTBYIOT MPUMUTUBHbIE
kopHU? Kaxk BbISICHUTCS — Bcerna 3. Unaue roBOpSI, MYJIBTHIUIMKA-
TUBHAsi rpymnmna Z; o6si3aTenbHO UMKIMYeckasi. Ho kak oHa ycTpoeHa?
CKO/1bKO MUMEET MOArPYIN M YTO 3TO 3a MoArpymnnbi? Jeao Beab B TOM,
4YTO HECMOTPSI Ha MPOCTOTY WHIEKca p rpynna Z, uMeer p — | aue-
MEHTOB, a yucao p — 1 (p > 2) cocTaBHOE, U OT €ro pasoXeHHs
Ha TPOCTble MHOXHMTeJIM MHoroe 3aBucut [5, T.8]. Ho pa3 uucio
p — 1 Bce paBHO coCTaBHOE, MoyeMy Obl U3HAYAIbHO HE OTKA3aThCsl
OT TPOCTOTHl P, U HE PacCMaTPUBAThb MYJLTUIUIMKATUBHbBIE TDYIIIbI
Z, ¢ mOGbIM ™M ¥ KOJIMYECTBOM 3JIEMEHTOB PaBHBIM p(m). B aTom

2 Xopo1o 6bl, KOHEYHO, (', (2, vee, ("_' nepeynciIsuiM 3neMeHThl (4.1) B TOM Xe mopsiaxe,
HO 06 3TOM MeYTaTb HE INPUXOAUTCS.
%) Onnako MpocTbie CNOCOBH! HX HAXOXIEHMUS HEUIBECTHEI.
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cJiydyae omnpeneieHue NMPUMUTUBHOTO KOPHSA mpuoOpeTaeT Gosee 00-
yio ¢opMy 1o cpaBHEHHIO ¢ 1. 4.1.1.

4.1.2. Onpepenenue. Ileroe ( Hasvieaemcs npuMumMueHbIM KOpHeM
no modyao m, ecau

m
M 2y K1 npu k< p(m).
TyT 3aranoyHbIX 06CTOATENLCTB Goblie. Ipynmbl

zi ={1,3}, Z&¥={1,5)}, Z;={1,2,4,57,8}

umkimuHel, Jlerko nposepsietcsi: Zy = (3), Z¢ = {5), Zy = {(2) = (5). OnHako
Zy = {1,3,5,7} — He uMK/IMYHa, a 3HAYMT, IPUMUTUBHBIX KODHEii He UMeeT. Bot
Hayajio CMKHCKAa HauMEHBLIMX NepBOOOPa3HbIX KOPHEH MO MOIY/IO m:

m |2]3l4]s|6[7]8[ofw|[nn|n|n]4
om) | 1|23 |2]5[3|—|2]|3|2|—|2]3

TakuM o6pa3oM, B ciyyae COCTAaBHOrO MOIYJisi NMPUMMTUBHbIE
3JIEMEHTHI CYLIIECTBOBATb HE 00s13aHbl, HO «BpeMeHaMM» CYIIECTBYIOT.
Korma, cko/ibKO LITYK — TakK cpa3y He sICHO. 3aberasi Briepel, CTOUT
OTMETUTb, YTO TPUMMUTUBHbIE KOPHU CYILIECTBYIOT TOJbKO IS MOIY-
Jiell m BUIa

m = 2,4,p% 2p%,

rae p > 2 — NpocToe YUCIIO.

Camo co00o0it, BOKpYT IOMSIHYTOTO BpalllaeTcsi Macca OJIM3KHMX
o npupoae BonpocoB. Cpeau HUX — 3HAMEHUTas eunomesza Apmuna
0 NEepBOOGPA3HOCTH JIIOGOro LEJoro a # =*1, He sBJSIOLLIErocsl TO4-
HBIM KBaJIpaTOM, 10 OTHOILIEHHIO K HEKOTOPOMY IIPOCTOMY MOIYJIIO 4,
Bosnee Toro, KoJMYeCTBO TaKHUX MOIyJei p M KaXOAOro 4 Ipel-
nosiaraeTcsi 6ECKOHEYHbIM, C YKa3aHHEM aCUMIITOTHKH, O KOTOpOii
HeT 0c060ro CMbIC/Ia TOBOPUTD, MTOKa TMITOTE3a HE N0Ka3aHa XOTs Obl
B CBOEM IPOCTEMLIEM BHUIE. A HACUET GECKOHEYHOCTH MOAXOASIINX P,
TO 3TO He SICHO jaxe sl @ = 2. Uucno 2 asisieTcs: NIpUMUTHBHBIM
KopHem mis p = 3, S, 11, 13, 19, 29, 37, 53, 59, 61, 67, 83, ...
BbeckoHeuHa 1M 3Ta Mocjef0BaTeIbHOCTh — HUKTO HE 3HaeT.

*) Jlerxo YOEIUTBCS, YTO KBapaThi @ = b’ BOOGLUE HE TOATCA.
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4.2. CTpyKTypa MynbTUNIMKaTUBHOMW rpynnbl

Eille pa3 HanOMHUM, YTO MHIEKC M B Z,, CBUIETEJbCTBYET JIHMILb
0 Mopy/e, MOPOAMBILIEM MYJBTUIUIMKATHBHYIO rpynmny. Yucio aie-
MeHTOB (nopsdox epynnsi) Z,, paBHO p(m). B ciyyae npoctoro m —
p(m) =m — 1.

4.2.1. Teopema. B cayuae npocmoeo p 6 epynne
Z, ={1,...,p—1}
Cyujecmeyrom npumMumueHble KopHU, 4ucao Komopuix paeio @(p — 1).

<« Mycts d memur p — 1, u &(d) obo3HayaeT KONUYECTBO 3NEMEHTOB Z,
nopadka d. Uncno pelieHuit cpaBHEHHUs z? £ paBHo d (TeopeMa 3.5.3). [Toatomy

Z ®(s) =d,

s|d

OTKyza 110 gpopmyne obpawenus Mébuyca (2.33)

a(d) = 3" ulo),
sld

rie npasas Yactb paBHa @(d) — cM. (2.36). B yactHoCTH,

op-D=9p@E-1). »

[abbl KOPOTKOE [0Ka3aTeJibCTBO He BBEJO B 3a0iyXIeHHe, aK-
LIEHTUPYEM HEOPAMHAPHOCTb TeopeMbl 4.2.1. Pe3yabTaT GblJI aHOHCHU-
poBaH Jilrepom, Noaroe BpeMsi MpedbIBal BO B3BEILIEHHOM COCTOSIHUM,
CTpOroe A40Ka3aTeJbCTBO B HECKOJIbKHUX BapuaHTax gan laycc. UMeHa
YY4aCTHMKOB M PACTSIHYTOCTb IIpoliecca BO BPEMEHMU B OIpeaesieHHOM
Mepe CBUAETENbCTBYIOT O INTyOMHE 3ajeraHust ¢pakrTa, KOTOPbIi U fajiee
MpUBJIEKaJl 3aMETHOE€ BHUMaHHE, UCTOPUYECKH HAKOIMHUB HECKOJBKO
[ECSITKOB 10Ka3aTeNbCTB. JJaHHOE BbIllE MMPOCTOE 000CHOBaHME 10 He-
KOTOpOi#l cTerneHu OOMaHYMBO, MOTOMY YTO 3HAYUTENbHYIO TSXECTb
Geper Ha cebst gopmyra obpawenus Mébuyca (2.33), KakoBasi, XOTs
U TEXHUYECKUII MHCTPYMEHT, CIIpaBisieTcsi ¢ OOJIBIIMMU OObeMaMu
HEYLOOHDBIX pacCyXIeHU 3),

5
) O uem MoxHO CYIUTb MO HETOPOTUTMBOMY M JOBOJIBHO NPO3payHOMY JOKA3aTe/bCTBy B [9].
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MpuseneM wimoctpauuio. [loBeneHMe 3MEMEHTOB & TPyNbl Z{) IPU UX NOCIe-
JOBATETbHOM BO3BELEHMH B cTeneHb k = 1, ..., 10 BBIMIAAMT creayiowmm o6pasom .

Lk [ v [2]3[afs[6[7][8]o]10]

lk

1019171361
1
1
1

2):
3):
4
5[:
6k
7k
8k
9k
10%

WIN (NI (A[(O|(Wn]|00
nN|iHd W IOV |[V|lwW|H]|w

S\Doo\lo\uu-hwg_-

—|ld|lOlUn|wWw]lwlwv|O|n

[IpUMUTHBHBIE 37IEMEHTBI — UX YeTbIpe — B pamke. OcTanibHoe:
() =p()=1, 22 =p(2)=1, 2(5)=p(5)=4, 2(10)=p(10) =4.

Ha npuMepe aGeneBbix Ipymi Z; ObIBaeT MOJIE3HO 00ayMaThb
o61werpynmnosble MoHATUsA [5, T.8]. KoHeuHo, k meopeme Jlazpannca
(nopsinox BCSIKO# MOATPYNITBI AEMUT MOPSLOK IPYIIIbI) 3TO MO YTO
JI00aBUT, HO BOT HEKOTOPbIE TIPY>XKUHbI CUI08CKUX MeIpem OOHAKAIOTCSI.

4.3. CocTtaBHble MOAYNN

JlanbHeiklliee MpoABUXeEHHUE B 00J1aCTH TPUMUTUBHBIX KOPHE 0c060ro
CMbIC/Ia HE MEET, €CJIM Ha TEOPUHU YMCEN CBET KJIMHOM HE CXOXMTCS.
Ecau cxonutcst MK 3aHSTbCSI HEYEM CUIOMMHYTHO — TOIJa, KOHEYHO,
apyroe npeno. OnHako mo OGosblloMy cyeTy TeopeMbl 4.2.1 BMecTe
C TIpOHMKHOBEHHMEM B €€ CyTb — XxBaTaeT 3a mMa3a. Ilocienyolee
COBCEM IMPOCTO, HO MECTaMM BCE€ Xe MOYYUTEJIbHO.

4.3.1. U3 npumumuenoeo xopna ¢ no npocmomy modyao p > 2 seeko
coenamb npumumusnbiii Koperv £ no modyao p* npu awobom a > 1. Ina
amozo docmamouno & Kaacce evitemos (()p 6bi6pams 1060l Inemenm

1
6) Kak tomxo z¥F 2 1 — CTpOKa B TabNMLE Jabllie He 3aMoaHseTcs, 00 BCe MOBTOPSIETCS
nepuoauuecku. JUTMHA 3aM0JHEHHOM CTPOKXM PaBHA MOPAIKY COOTBETCTBYIOLIETO 3JIEMEHTA.
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¢ = (+38p mak, umobot £P ~1_1, Gesycaoeno deanueecs na D, He deaunocs

Ha pz, m. e. umobbt k 6
¢ —1=kp

He 0eauaocs Ha p.
OnopHbie MyHKTHI 060cHOBaHus [1, 7]:
4.3.2. /las npocmoeo p u awbozo n € N
a = bmodp") = af = b(modp™™")7.
<« CpaBHeHue a £ b osnavaer a = b + cp”. [Moaromy

p
o =t + ) Cpb* (cp")*,
k=1

n+tl 8)

roe E ..., OYCBUOHO, OCIIUTCA Ha P | 4

4.3.3. [Mna npocmozo p > 2 unoboix n>22uk €Z
(1 +kp)”"" = 1+ kp™ ' (mod p™)?. (4.3)
4.3.4. B cayuae npocmozo p > 2 u HO[ (k,p) = | nopadox uucaa
1 + kp no modymo p" pasen p™ .
<« 3aMenss B (4.3) n Ha n + 1, umeem
(1+kpf" = 1+kp"(modp™"),
orkyaa (1 +kp)” = 1(modp"). Mosromy nopsdox uncra (1 + kp) nemur p"~.

Ho u3 (4.3) cnenyer (1 + I‘:p)""_2 # 1(modp"~?). »

<« Tenepb o6ocHoBaHUe 11.4.3.1 anemeHTapHo. JJocTaTouHO YOeAUThLCA B Cripa-
semsoctn '
" = 1(modp") = p@")=p""'(-1)Im,

rae £ — yKasaHHBbI B M. 4.3.1 NPUMUTHBHBIN KOpeHb (ITOKa MO MOAYIO P).

) B nannom ciyyae CTaHAapTHOe 0603HaYeHHUe HarjsaHee.

§) Jenumoctb GUHOMHMANTBHBIX K03GPHULHEHTOB C,’,‘ Ha p — mpocToit ¢akT, HO OH YacTo
HUCTONB3YyeTCH.

% Joka3sbiBaeTcsi MO MHAYKLMH C OMOpoit Ha m. 4.3.2.

10) Hariomuum, a | b o3nayaet: a neaur b.
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B cuny E”_' = 1+ kp, cornacHo n. 4.3.4 nopsnok anemenra 1 + kp (no mony-
mo p") pasen p"~'. Toaromy, ecnu

(1+ kp)™ = 1 (modp"),
10 m xemutcs Ha p™ ', T.e. m = p"~' - 1. Torna
" = (€)' = ¢ (modp"),
M B cuy
§" = 1(modp"),
OyIeT Takxke
¢ = 1 (modp).

A TOCKO/bKY £ — MPUMMTUBHBIA KOPEHb B TOM YKCTIE Mo Moy p, To (p— 1) | L.
Takum o6pazom, p"~'(p— 1) | m. »

4.3.5. Ecau & npumumuensiii kopers no mooyaio p* (a > 1, npocmoe
p > 2), — Heuemnoe u3 wucen & u & + p® Aensemcs npumumuensim
Koprem no modyaro 2p°.

<« U3 1Byx xopHeit £ u £ + p° — omuH, AcHO, HedyeTeH. C OPYroit CTOPOHDI,
BCAKO€ HEYETHOEe T, YAOBJIETBOpAOLleC ONHOMY U3 CpaBHCHHﬁ

z¥ = 1(modp®), z¥ = 1 (mod2p®),
yIoBieTBopsieT U apyromy. Kpome Toro, B cuny
p(p") = p(2p%),

BCSIKOE HEUYETHOE &, SBNSIoLIEECs NPUMUTUBHBIM KOPHEM MO OZHOMY U3 MOIYJEi,
ABAAETCS NPUMUTUBHBIM KOPHEM M IO IPYromy. p

Yrto kacaeTcsi MpocToro p = 2 — OBOMKY B apuU(pMETHKE 4acCTo
MPUXOIMUTCA pacCMaTPUBATh OTIAEJbHO, TO IPUMUTHUBHbBIE KOPHH OYe-
BUIHBI B Cllyyae p =2 U p = 2% ODTUM, COOCTBEHHO, GJIarONpUsITHLIE
BapuaHTHl p = 2% MCYEPNBIBAIOTCA.

4.3.6. [Ipumumuensie Kopru no mooyaam p = 2% npu a > 3 ne cywe-
cmeyiom.
« CHavyana yCTaHaBJIMBAETCA
577 = 1428 (mod2*), k33,

M3 Yero BBIBOAMTCS, YTO MNOPSAOOK YMCAA 5 MO MOIYNIO 2k paBeH 2¥2 3atem
yCTaHaBJIMBAETCS, YTO {:I:St :0<t< 2"_2} SIBJISIETCSl MYJIBTUIUTMKATUBHOM Ipynmoi
o moayimo 2*. TMoxpo6uocru B [1, 7). »
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4.3.7. Ilpumumusrsie KOpHU NO MOOYAIO N CYUECMEYIOM 6 MOMM CAY-
yae, Ko2oa

n=24,p°% 2%, npocmoe p > 2. (4.9)
<« Ecnu uckioyensl BapuaHTel (44) M n = 2", k > 3, — ocraercsi npea-
MOJIOXUTL N = ab, roe a, b B3aumMHO MpocThl M Kaxpaoe 6onbuie 2. Ho Torma o6a

3HayeHus p(a) v p(b) yeTHble, YTO BeyeT 3a coboOi HaMMUUe B 06enx rpynnax Z,
u Z; 3nemenToB nopsaxa 2. Ho toraa rpynna

Z;:Z:XZ:

HE MOXET ObITb LIMKJINYECKOMH ", »

4.4. Kpyrosbie nons

B maHHOM KOHTEKCTE MHTEPECHO O0OpAaTHUTHCS TaKXKe K KPYrOBbIM I1O-
JSIM U MHOTOuWIEeHaM |5, T. 8].
Jlerxo BuaeTh, YTO YMUCIa

2 2
LG C=cos Thisin T (45)

Jensiie eAIMHUYHYI0 OKpYXHOCTh B C Ha n paBHbIX YacTeld, ABIASIOTCS

. .12 .
yurauteckoi epynnoii "2 oTHOCUTENBHO yMHOXeHUSI ¢ 06pasyioLLIei (.
Yucno ¢, KaK ¥ BCE €ro CTeNneHu

2kmw . 2kIIw

k

(" = cos — + i sin s
n n

YIOBJIETBOPsieT ypaBHeHuio z" — 1 = 0. [ToaTomy
" —1=(@-1)(z—-C¢)...(z-¢"),

OTKyZa ACHO, yTo paciuupenue Q((), Ha3biBaeMOe Kpy206bim nosem
KOpHeii cmenenu T u3 eOuHuysl, SIBISETCS TONEM Ppa3JIOXeHHs IS
MHoOrouneHa z" — 1.

m [MTockonbKy UMKIHYECKas TPyNNa «MMeeT NpaBo» CoaepxaTh He 6Gosiee OQHOroO dMeMeHTa
nopsaka 2.

12) H3omMopdHo addumusroit epynne Z,T Konbla Z,. YMHOXeHHIO B rpynmne (4.5) oTBeyaer
cnoxenue B Z; .
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Yucno ¢ npeactaByser coboil OLUH U3 NPUMUMUBHBIX KODHei
€l,...,Ep, KAKOBbIE ONPENENSIOTCH YCIOBUSIMHU

€ =1, no ef;él npu k< n.

IIpu atoMm psn 1, ej,ei, ,6}’_' (mpu m060M j) MCYepribIBaeT BCe

KopHH (4.5). [ToaTOMY yukauveckas epynna écex KopHeii hopoxcoaemcs
AH00bIM NPUMUMUBHbIM KODHEM €.

PazyMeeTcsi, eCii M TpPOCTOE, BCE KOPHHU Ck IIPUMUTHUBHBIE.
Ho B ciiyyae coctaBHOro n cuTyauus He Takas npoctad. Jaxe rmoacyer
yyucsia MPUMUTHUBHBIX KOpHE TpebyeT ornpelaeeHHbIX YCUIU — 3TO0
YHCJIO OKA3bIBAETCA PaBHBIM 3HAYEHUIO PyHkyuu inepa p(n).

I[Mpu usyyeHuu paciunperns Q(¢) BaxHyIo pojib UTPAIOT Kpy2oebie
MHO204.1€eHbL

Gu@)= (@ —cp)...e—&), r=pM), (46

KOPHSIMU KOTODBIX CIYXaT HCKJIIOYUTENbHO HNpUMUMUBHbIE KOPHU
13
u3 exnnnusl ). DxBuBaneHT (4.6)

n—1

k
Su(@)= J] (1-¢" (4.7)
k=1
(k,m)=1
BCKPbIBAeT BHyTPEHHHUE MPYXUHbI. Onupasich Ha (4.7), Jierko ycraHo-
BUTb popMyy 14)
g" —1=]] ®ulz), (4.8)
din
JaloIUyl0 MHOYKTMBHOE MpPaBWIO BbIYMCIEHHUS KPYrOBbIX MHOIOYJE-
HoB. Hanpumep, B cuny (4.8)

z6 —1 5

Polz) = @-DetD@tary ° =L

13 Muorowrensr &, (z) Henpusoanmbl Han Q.
14) IMpoussenenue B (4.8) MaeT no BceM aeauTensM d 4ucaa n.
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B ciydae npocroro n
Sp(z) ="' +...+z+ 1

B obiwem caydae wist BoiuucneHust P, (z) NpUXOAMTCA BHUKATh B TEOPETHKO-YUCIIO-
Bylo cnieunduky. Havyano psna BeIJISOUT Tak:

d(x)=x-1, d@)=z+1, dx)=c'+z+1, S(z)=2"+]1,
s(z) =z’ —z+1, Bg(z)=2z"'+1, ®p)=c*-2"+z’-z+1.

Koaduuments: Bcex ®,(z) LeTOYUCTEHHDBI, XOT 3TO HE CPaly OYEBMAHO,
HO He 00s3aTe/ibHO paBHBI *1, KaK MOXET MOKa3aThCs MO Hayajly psa.



hasa 5

Anropurmuyeckas Hepa3peLwnmMocTb

Hanem acmpanvHoi nycmomot
H 36e30H0i nouu —

Tenepy mupaxc. H ece meumyi
ITpowau nasvirem.

[po6neMbl AITOPUTMUYECKOH HEPa3pelIMMOCTH Mo-
npobHo paccMartpuBaiack B [5, T. 6]. s Teopun uucen
BaXHO, YTOGbI 3Ta TeMaTHKa GbLIa pacronoxeHa MO6IN30-
CTH, KaK ToJI0Ba /UIS TYTOBMILA.

5.1. AnropuTmsbl U BbIYHUCAAUMOCTDb

C noMollbio Tpex JecATKOB OYKB ajipaBUTa MUIIYTCA JUTEPATypHBIE
meneBpol. KoMOUMHALMSAMU HEGOJBIIOTO KOJUYECTBA aKCUOM M Ipa-
BUJI MCUEPITLIBAIOTCS MATEMAaTHYECKHE TEOPUM, B TOM YHC/IE KOHTUHY-
anbHble. Bce 3To B MpUMHLMIIE KOAUPYETCS Dy MepeBOAUTCH B YMCIa.
BcesnieHHasi B pe3ynbTaTe oGopauynMBaeTcs Urpoit Lucp, 4To Bo3jiaraeT
Ha apudMeTHKY poJib HayKu Bcex Hayk. U xoTs, kak rosopun llpoka,
«BCe€ BO BCeM», MeHee oblliee MONIoXEHUE «BCe B apU(PMeTHKe» yn00-
Hee VIS OCMbICIEHHUS.

BbIMprl[U napTum, 0OKa3aTeJbCTBO TCOPEMBI, JETEKTUBHOE pac-
CJI€HOBAHUE, CTUXOC/TIOXKEHUE — BCE ITO IOCIE pa3p360TKM CXEMBbI
JOCTUXEHMS pe3yjbTaTa MpeacTacT B BUAE asre0pumma, KOTOPbIA MoO-
XeT ObITb ONMUCaH Ha ArboM YHUBEDCANbHOM A3bIKE nNpOoepaMMUpPOBAHUA

D Koouposanue ectb ycraHOBJIEHHE COOTBETCTBHS IPYIIT CHMBOJIOB OXHOTO ajldaBHTa C rpyn-
naMM CHMMBOJIOB Ipyroro aigaBura.
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U p€ain3oBaH B BUIAE KOMIIBIOTEPHOI'O CyeTa 2). Ha Bxon aJlroputMa

noJaeTcs ONUCaHUWe 3allayu M crocoba ee pelleHMs], YTO MOCje Ko-
JUPOBaHUS OKa3blBaeTC HEKOTOPBIM YHMCJIOM 7, a TOC/Ie pealu3aluu
aJIropuTM™Ma Mosyyaetcs pes3yasrar f(n), onsTb-Taku YUCIOBOM, KOTO-
pbIii TIpU XENaHWU MEepeBOAUTCSA Ha Opyroit f3blK. BoT Tak kopabib
AITOPUTMHYECKUX BBIYMCIIEHUI 3arulbiBaeT B raBaHb apugpMeTnye-
CKMX TIpEMYAPOCTEN, U TYT BHIAICHAETCS HEOTIMUMMOCTb BBIYMCIUMBIX
(bYHKLIMI OT aJITOPUTMOB.

5.1.1. Onpepgenenue. Llerouucaennyro gynrkyuro f(n) yesouucaennozo
apeymenma” Ha3bi6alom GLIMUCAUMOI, echu cyujecmeyem aazopumm,
eviuucasiouuil 3navenus f(n), Ho He o6s3amenvHo npuodsWUil K pe-
3yabmamy.

Bbluuciumas ¢yHkLMsI, TaAKMM 00pa3oM, He oOsi3aHa ObITb BBIYHUCIHMOM
B OObIYHOM MOHMMaHHuH. (!) AJITOPUTM, ee BHIYUCISAIOUIUIA, HA HEKOTOPBIX,
a TO M Ha BCEX N MOXET 3aBHUCaTh, He AaBasi OTBETA.

Hrak, BelyncaMMas GyHKUUSA — 3TO MO CYTH aJITOPUTM Ha HEKO-
TOPOM f3bIKE B HEKOTOPOM ajihaBUTE A,

P=aa;...a,, 6ce a;€A, (5.1)

NpU YCJIOBUM UYTO BXOJHBIE M BbIXOOHbIE JaHHbIE KOAMPYIOTCS YMC-
JaMu. 3anuch NMporpamMMbl BolYMCIeHU B Buae (5.1) nosBossieT gce
gbiyucaumMble QYHKYUU nepeHymeposams,

i), ..., feln), ... . (5.2)

CHayajia TepeyMciIsIoTcss BCE MporpaMMbl M3 OOHOI OYKBBHI, IOTOM
M3 IBYX, IIOTOM M3 TpeX U T. 1.

Hymepylorcst, TakuM o0pa3oM, He PYHKLIMH, a IpOrpaMMbl, ¥ BO3-
HMKaeT eCTECTBEHHAs! MbIC/Ib M3THATh QYHKLIMH U3 JIEKCMKOHA, OCTa-
BUB aJIropuTMbl. HO IIPUHATO roBOpUTh 0 (DYHKLIMSX, MHAYE MOTeps-

) Ha MHMKPOYPOBHEBOM Cpe3e SICHO, YTO MallIMHA BCEro JIMILb BBIMOMHSAET YeTbipe apudme-
THYECKHEe OMepaurM M mpocreifiume soruyeckme. OcTaibHOe — 3TO yXe cucTeMHbie 3(deKThI.

3 AprymeHT f(n) Moxet 6biTb BekTOpHBIM, 1 = {n|,...,nx}. Oyukuno f(ny,...,ng)
B 3TOM C/lyyae Ha3sbiBaloT k-mecmHol. Brawoue X 8 angh ¢ nocaedyroueli nepexo-
Ouposkoi yugpamu — noseoasem ece PyHKuuU cuumamo 0OHOMECMHHIMU.
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€TCsl BO3MOXHOCTD B ITPOCTBIX CUTyauusx Tuna f(n) = n’ obxomnThCA
6e3 YIOMUHAHUS KOHKPETHBHIX Mporpamm. I103TOMy o0 BBIYMCIMMOM
¢yHKLMH TOBOPAT Kak 0 GYHKUHUH B OObIYHOM ITOHMMAaHHH, HO 33 Kal-
poM Moapa3yMeBaeTCs Hajluuue alropuTMa (MpaBuiia BbIYMUCIEHHIA).
B npocThIX CUTyalUsiX 3TO He MPUBOAMT K HeIOpa3yMEHHSIM.

Hasee MOXHO UMETh B BUAY Clielylolllee yTOYHEHHE ompeneJe-
HuA S5.1.1: ebiuucaumas yHKyus — 3mMo MHOHCECMBO IKEUBANCHMHBIX
anzopummos, darouux Ha a06om 6xode T 00UH U mom xce pe3yrbmam —
onpedenennblii uau Heonpedenennviid. B nymepayuu (5.2) xaxcoas ¢ynk-
Uus. umeem GecKOHeuHOe HUCAO ceoux npedcmagumeneii (Homepog) .

HanoMHMM Takxe, YTO ONpeAeieHHe aJITOPUTMA JOMYCKAET A410-
6ble npozpaMmbi, B TOM UYMUCJIE€ CUHTAKCHYECKH HEIpaBWIIbHbIE JIMOO
3aLMKIMBAOIIMECT Ha BCeX MJIM HeKoTopbix Bxogax. [Toatomy cpe-
OU BBIYMCIUMBIX (PYHKLMIT 00s3aTeNIbHO €CTb — HeOINpeneleHHbIE
Ha BCEX WJIM KaKuUX-To aprymeHTax. [Iporpammsl (Impouenypsi), dao-

e oTBeT f(n) Ha M0O0M BXOZE 7, Ha3bIBAIOT Ighpexmusnomu 3,

5.2. NepeuncnumocTb U paspeLunMocTb

MHOXeCTBO CUMTAETCS NepevucauMbiM, eClIN CYLIECTBYET 3¢hdpexmus-
Has npoyedypa TIOPOXAEHUS €ro 3JIEMEHTOB, U — pa3peuluMbiM, €CIN
cyuiecTByeT 3¢ dekTHBHas MpoLeaypa Ajisl BbISCHEHMS PUHAMLIEXHO-
CTH J1060ro 7 3TOMY MHOXeCTBY. [OBOpAT TakXke, 4TO pa3pellnmoe
MHOXECTBO Pacho3Haeaemo.

JlaHHbIe onpeneeHUs Jerko YKJIaablBaloTCa B rojoBe, HO UMH He
O4YeHb YI10OHO rojb3oBaThcs. BoT Gosee neiicTBeHHbIE MHCTPYMEHTHI.

5.2.1. Onpepnenenue. Muoxcecmeo X nepeuucaumo, ecau oHo aersemcs
o6nacmbio 3Haveruli aubo 06aacmoto onpedeseHus 8bIMUCAUMOL DYHKYUU.

“) B rakoM pakypce BCe CTAHOBMTCS Ha CBOM MeCTa, HO MOABASIOTCA TPYIHOCTH NpH
HEOOXOIMMOCTH TYMAHMTAPHO CYAMTb O BBIYHCIMMOCTH HEKOTOPBIX AHOMATbHBIX (DYHKLIMIA.
Y10 Kacaercsi COBMANEHHsl Pe3y/bTaToB paGoThl pa3HbIX AITOPUTMOB — B OBLIEM CJIyyae 3TO
HepaspewnMas npobrema [5, 1. 6].

3 g eniHuUC, e ¢ynkyuu f(n), BBIYMCIMMBIE NPH MIO6OM T, B TEOPHUH PEKYp-

b4

CHMBHBIX QYHKLIMI HA3BIBAIOT 06U4epeKypCUBHLIMU.
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ledbuunums 5.2.1 He cpasy ypasbiaeTca ¢ npeasiayium. Eciu X — o6nacts
3Hadehuii f(n), TO KaK mopoxnarh ero 3neMeHTH? [Ipoleaypa «3aBHCHeT» Ha Mep-
BOM Xe i, npu xOoTOpOM 3HaueHMe f(n) He ompeaeneHo. [is napanieabHOro BHIYKUC-
JeHus f(n) cpa3y npu Bcex n TpeGyercs (Bpoze 6bl) GecKOHEUHOE YHCIIO KOMITBIOTE-
POB, 410 He OyeHb coraacyeTcsl ¢ MpeACTaBIeHUEM O BO3MOXHON peajM3alUH ajro-
PUTMa. Ho 3anaua Bce Xe JIErKO pellaeTcs ¢ TIOMOLIbIO OAHOTO KoMMbioTepa [S, T. 6].

5.2.2, Onpenenenue. Mruoxcecmso X paspewumo, ecau e2o xapaxme-
bucmuyeckas ghynkyus,

l, emuzx€lX,
OX(.'L'):

0, & npomusrom cayuae,

8bidUcauma.

¢ MHoXecTBa KBaJAparoB nz; NMPOCTbIX YMCeN; KBaApaTHLIX YpaBHEHUH C Le-
JIBIMM K03(h(PHLIMEHTAMH, HE UMEIOWNX AeCTBUTENbHBIX KODHEl, — MepeyHCaIuMbl
W pa3pemiuMel. MHOXECTBO CTO3HAYHBIX YHCEJI, BCTpEYAIOLINXCS B NECATUYHOM 3a-
NMUCH T, — nepeuncIuMo, HO He SICHO, pa3pelluMo JiH.

3.2.3. Teopema Nocra. /nsa paspewumocmu X reobxodumo u docma-
mouno, ymobs: X u ezco donoanenue X 6Gvinu nepeuucaumol.

<« Heob6xooumocms. Ecau mporpamma P onpelensiet, NpMHaJJIeXUT 1. MHO-
XecTBy X WM HeT, TO ee MocieaoBaTelbHas pabora Ha n = 1, 2, ... pa3OuBaer
HaTypasLHbIA psill Ha OBa cnucka X U X,

Aocmamounocmy. Ecnu P nepeunciser X, a Q — X, To nonepeMeHHas pa6ota
iporpamm P u Q paHO WM MO3aHO MoBOe 1 BHECET B ONMH M3 criuckoB X wmu X,
ITO AdeT paspellaollHil AITOPUTM. P

NpuHuMnHanbHy0 Pojb B TEOPUU AITOPUTMOB MTPAET CIIEAYIO-
KA 1ocTaTOYHO MPOCTOM U B TO XK€ BpeMsl BbIIAIOIIMIACS pe3yJIbTaT.

5.2.4, Teopema. Cywecmeyem nepeuucaumoe, HO Hepapeuiumoe MHO-
HCECMBO NONOHCUMENBHBIX UEAbIX HlCen.

<« Hyc‘rb S1,82,... — 30]eKTHBHOE TMepeyUCIeHHE BCEX TEPeYHCAMMbIX
MHoxecTs® . 3ameTHM, eciin 651 Bee S, GbUIM pa3pelLinMbl, TO M BCE NOTIOHEHUA Sy
Bxoauny 6bl B nepeuucneHue Sy, Sy, ... (Teopema 5.2.3).

6
) Cy1iecTBoBaHHE MEPEYHUCTEHHS TIEPEYMCTUMbBIX MHOXECTB CEAyeT U3 HATUYMsA Mepeunc-
Jlenms (5.2) BbryMcIUMBIX GYHKUMH, 061aCTH 3HAYEHHM KOTOPBIX M SIRNSIOTCH MHOXECTBaMH
S,
15925 ...,
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O6pasyeM MHoOXecTBo D U3 Tex HOMEPOB 7, KOTOpEIe MpHHaLIeXaT Sy, . Takum
obpa3oM,
nebDNS, & nebDuUs,,

OTKy/a cjieyeT HeBO3MOXHOCTb " DNS, =2 nBTO Xe spemss DU S, = N. 910
o3HayaeT, yTo D He coBmajaeT HU C OAHMM S,, T. €. HENepeuUuCIUMO, a 3HAYMT
(Teopema 5.2.3) u Hepaspewnmo. »

TeopeMa 5.2.4 — KpaeyroJibHblii pe3y/bTaT, OT KOTOPOro He Tak
Jajeko 10 3HaMeHUTOoit meopembr [édens o Hepaspelunmoctu apud-
meTHKU (I 5.5.1), 1 BooGuie a0 Jo6bIX (HAaKTOB alrOPUTMUYECKOIA
Hepas3peiiMMOCTH, CBETAILMXCS eIUHOM 3araikoi.

5.2.5. Teopema. Mrooxcecmso aghgpexmueno eviuucaumolx yHxkyuil He-
nepeuucaumo (3ghpexmueno ne nymepyemcs).

<« [lonycTuM, CyLIECTBYeT Takas HyMepauus f,. Toraa ¢dyHKUus
9(n) = fa(n) + 1

3aBeIoMO 3(h(hEKTUBHO BbIYMCIMMA, HO He TIPHUCYTCTBYeT B criucke {fp,}. »

5.3. AnodaHToB A3biK

Mawuno Tolopunea, pexypcusHbie (yHKYUU,
HopmanbHble aneopummsl Mapkoea, cucmembi
Ilocma — Bce 3T0 pa3Hble A3BIKM, UM MY3bI-
KaJIbHbIE UHCTPYMEHTBI, Ha KOTOPbIX TEOPUSI
ITOPUTMOB 3BYYUT IO-Pa3HOMY, HO CYTH
cBoeit He MeHsieT. OOMH U3 TaKuX SI3bIKOB
(Ouoghanmos) MOSBUIICS OTHOCHUTENLHO He-
naBHO (B cBSA3M ¢ peieHueM 10-i npobaemsi
Tunvbepma |5, T. 6]) ¥ MHOTOE MEPEBEPHYT —
B JIy4lUYIO CTOPOHY.

AuocdanToBa mnpobiemMaTHKa, noapob-
HO M3JIoXeHHas B [5, T.6] M mocTaBneHHas

n Henycrora D npu n1060i opranusaumu nepeyncnenus {Sp} cnenyer xors 6bl M3 TOrO,
yro {S; = N} npu kakoM-To ¢.
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30eCh C NeaarorM4eckKMM YMBICIOM Briepeau naposo3a (pasmen 1.2),
HYXKIaeTCsl B HEKOTOPOM paclUMpeHUH 0630pa.

Juodantoss! ypasueuus (1.1), T.e. p(z,...,2,) = 0, rae p(-) — noauHOM
¢ LesbiMM KoadduenTaMu, 06bYHO MepenuchiBaTcs B Buae p(a, z) =0, T.e.

pa,z,...,z,) =0. (5.3)
rze a = {a,, ..., ax}, BOOGIUE rOBOPs, BEKTOPHbIH MapameTp, NpUYeM BCe

a,‘,z]‘ GN: {1,2,...}.

Onpenenenue 1.2.1: «Mnoxecmeo A nosoxcumenbHoix 6exmopos ouoganmoeo 9

ecau npu nobom a € A u moasko npu a € A ypasnenue (5.3) paspewumo 6 yeavix no-
NOHCUMENbHBIX T, ..., Ty,» — YCTaHABIMBAET, Ka3al0Ch Obl, XEeCTKHE OrpaHUYeHMS,
U KaXeTcsl MaJIOBEPOSATHBIM, YTO NHOGMAHTOBLIMU OyAYT CKOJNBKO-HUOYIb HETPUBU-
aNbHBIE MHOXECTBA.

OnHako Teopema Matusiceuua 1.2.3: «Jluoghanmosocms mHoxce-
cMmea pagHocuAbHa nepewucaumocmu» — npoussena ¢pypop B psaax mMa-
TEMAaTUYECKOIl 0O1IECTBEHHOCTH, YpaBHAB B ITpaBax AUO(AHTOB A3bIK

¢ MawuHoM ThlOpUHra, U CyLIECTBEHHO O0OraTUB TEM CaMbIM acCoOp-

TUMEHT MHCTPYMEHTOB Ui U3yYyeHHUs NPoOJeM Hepa3pelIMMOCTH 9,

CoO6CTBEHHO, OUOGAHMO8bIM A3bIKOM, TIO3BONSIOUIUM OMUCHIBATh MEPEYUCTUMbIE
MHOXeCTBa, BAsieTCs apuDMETHUECKH It A3BIK

L0={+,x9:,3}9

NONYCKAIOLUHA 111 KOHCTPYHPOBAHUS 8bICKA3bI6AHUL YETHIPE ONEpaLUu: croxcerue +,
YMHOMNCeHUe X, paseHcmeo = u Odexaapauuto cywjecmeosanus 3. SI3bik Ly Ha BUO
coBceM OenmHblit, TeM He MeHee: «MHoxcecmeo sgasemca OUOPAHMOBLIM 8 MOMM
cayuae, k020a oHo onucsieaemea Ha sstike Lo» (Teopema 1.2.5) 10 Tyt Hano n06aBUTD,
YTO CpencTBa s3bika Ly MOIyT 3HaYMTENbHO MOTMOJIHATLCSA B paMKaX 3KBUBAJIEHTHOCTH
(m. 5.4.1), 4To 3HAYUTENBHO O6NIErYaET pellieHHe KOHKPETHIX BOMPOCOB.

5 Oyukums f(z) duoganmosa, ecnm anodanTos ee rpadux
G={z),...,2a, y = f(z1,..., Z0)}.

%) Takum 06pa3oM, 1M0GaHTOBbI YPaBHEHHSI OKA3aIMCh €LE ONHHMM CPEACTBOM H3YYEHHs
BbIYMCIMMOCTH. B KaKOM-TO CMbIC/IE — 3KBUBAJIEHTHBIM, B KAKOM-TO — Gosee 3¢pdeKTHBHBIM,
B KakoM-TO — MeHee. [Ipu onope Ha MawmHbl ThIOpPHMHra NMPOLECC BbIYMCAEHUH — «HE JaH
B OLUYIIEHHSAX»>. 31€Ch X€ HHCTPYMEHTOM CIIY>XHMT MOJMHOM, KOTOPBIf MOXHO «[OTPOraTh».

19 gapik Lo nossonsier 3anucath A1060ii MOAMHOM p(a, T) M Henath BbICKA3biBaHUA I T :
p(a,z) = 0, oTKyna AICHO, 4TO QUOParMOoEn MHOXCECMEA — 3TO KaK Pa3 Teé MHOXECTBA, KOTOPbIE
MOTYT ObITb BblpaxeHbl B Lg.
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Oco6Goro BHMMaHUs 3aciayXuBaer jemMma 1.2.2: «Muowecmeo A C N duogan-
mo6o 6 momm cayqae, K020 OHO A6AAEMCA MHONCECMBOM NONONCUMENbHbIX HAHEHUL
Hexomopozo noauroma P(Z), ..., Ty)». DTO NPOCTON U B TO Xe BPeMst HEOXHUIAHHbIN

pe3yabTarT. []0Ka3aTelbCTBO 3/IeMEHTapHO.
« [eiicTBUTENBHO, €CiM A — MHOXECTBO MOJIOXHTENbHBIX 3HAYEHHIl MOJIK-

HoMa P(z),...,Zy), TO ypaBHeHHe
pla,z,...,z) =a—-P(z,...,z) =0

onpenensier A kak — nuodaHTOBO.
O6pamno. Tlyctb A — MHOXECTBO TeX @, IIPH KOTOPBIX

Q(a,z.,...,z,) =0
pa3peuIuMo. Torna A — MHOXECTBO IMOJOXUTEJbHBIX 3HaYEHU I MOJUHOMA

a[l - Qz(a, z,...,z)]. »

Takum obGpa3oMm (1emma 1.2.2 miioc
meopema Mamuscesuya): KaXa0My TOJTHHO-
My P(z) oTBeyaeT repevyncinMoe MHOXeC-
TBO €ro0 MOJNIOXHUTENIbHbIX 3HaYEH U

y = P(z).

ITostomy TeopeMa 5.2.4 o cylliecTBOBaHUM
MEePEeYUCIMMOro, Ho Hepa3peLIMMOro MHO-
XeCcTBa, — O3HayaeT CyLIECTBOBAHUE TAKOTO
nonuHoMa P(zx), 4To npy HEKOTOPOM Y 110- ;
JIOXHTe/IbHas Hepa3pelMMOCTb ypaBHEHHSA Maruscesuy (p. 1947)

Q,...,zx) =P(xy,...,Tk) — Yo =0

AITOPUTMHUYECKHN HENMPOBEPACMaA. PC3yJ'IbTaT 3acCJlyXXuBaeT 0ocoboro BbI-
JEeJICHUA.

5.3.1. Teopema. Cywecmeyem noaunom Q(x), He umerowuii KopHeil
6 N, no pakm ¥ = € N : Q(z) # 0 ancopummuuecku Henposepsem.

O6paTuM BHUMaHue, 4YTO:

5.3.2. Muoxcecmeo P noaunomos, He UMEIOUUX NOAOHCUMENBHBIX KOD-
Hell, — Henepeuucaumo, mem bonee, HepapeuLumo.
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<« B npeanonoxeHu NpOTUBHOTO U MPH yyeTe NEPEeUUCTUMOCTH MOJTHHOMOB,
uMerolmx KopHu '), MHOXecTBO P 0Ka3anoch 6bi pa3peiinmMo, 4TO TapaHTHPOBAIIO BbI
CYLLIECTBOBAHHME PaCMO3HAIOLET0 AITOPUTMA, BPa3pe3 ¢ OTPULIATENbHBIM peEllleHHEM
decamoii npobnemovt Tunvbepma. »

OnpeneeHHBII UHTEPEC MPEACTABISET BOIIPOC O TOM, HACKOJIBKO
CJIOXHBI MOJUHOMBI, ONMUCHIBAIOIINE AHOPAaHTOBBI MHOXecTBA. OTBET
B OIlpedejieHHON CTerneHu yauBuTeneH. as jaioboro auogaHToBa
MHOXecCTBa A MOXHO yKa3aTb MOJMHOM cTeneHu N < 4 (BO3MOXHO,
C OonpIMM YMCIOM TEpPeMEeHHBIX M) anu6o m < 9 (HO, MOXeT
ObITh, GonbwiuM n). Uncen n M m mnopsiaka OByX-TpeX HECSATKOB,
KaK npaBujio, NOCTATOYHO JUISi CaMbIX CJIOXHBIX cliyyaeB. Takoro
MOPSIAKA M Y 1 NOCTAaTOYHO M JUISA 3aNMCH YHUBEPCAAbHO20 NOAUHOMA,
reHepupylowero Joboe 11ohaHTOBO MHOXECTBO MO €r0 HOMEDY.

Ecin S, S3,... — 3ddekTUBHOE NMepeyncieHue BCEX INepEYnc-
JIMMBIX MHOXECTB, TO yHueepcaavhviti nosunom U(n, S, Ty, ..., Tk)
nepeyuciser sce Sy,

sES, ¢ FI(xy,...,zx):Un,s,zy,...,2) =0,

npudem U(n, s, ) CTPOUTCA KOHCTPYKTUBHO.

B 5KBUBAIEHTHOM BapuaHTe: cywecmeyem noaurom U (n,zy,...,zx),
MHONCECMBO NOAONHCUMENBHBIX 3HAUEHUL KOMOPO20 NPU PUKCUDOBAHHOM T
cosnadaem c Sy,

o~

seS, & I(@,...,zx):s=U(n,zy,...,z)A8>0.
[pu 3TOM MMeET MeCTO yAMBUTENbHBIH (BaKT.

5.3.3. Kakoe 6bi nu 6bi1 nosunom P(zy, ..., z2x) (ar060ii paameprocmu),
cyuecmeyem nOAUHOM

ﬁ(zl,...,wk)

@urcuposannoii pasmeprocmu k , MHONCECMB0 NOAOHCUMEAbHBIX 3HAHEHUT
KOmMopozo 6 mounocmu cogénadaem c MHONCECMBOM ROAOHNCUMENBHBIX
3nauenuii noaunoma P(zy, ..., zy).

1 .
) Hx nepeuncnenue obecrneynBaeT O6BIKHOBEHHbII repe6op.
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5.4. NpumutusHaa apupmerTuka

Ipumumuenoii apugmemuroit NL) Ha3plBalOT TaHAEM Juogarmosa
asoika Ly = {+, x, =, 3} u HarypasibHOTO psina, He CYUTast OYKBEH-
Horo ancdaButa. OTpULIaHUE, UMIUIMKALIMSI, KBAHTOP OOLIHOCTH, —
UCKJIIoYeHbl. U, rnaBHOe, UCKITIOUEHA Mamemamuyueckas UHOYKYUA —
octpue apugpmemuiu IlTeano. B NLy HU4ero Henb3st 10Ka3aTb, MOXHO
TOJILKO TIPOBEPHUTH Pa3peLIMMOCTb NOJIMHOMUAIBHOTO YpaBHeHHst (Te-
pebopom). MHaue rosops, Bce BepHble yrBepxaeHus 3z : P(z) = 0,
Y ToNIbKO OHM, B NLj moka3siBaloTcs.

BoamoxHocTy s3bika Ly He Tak GeqHbl, KaK MOHayany Kaxercs. Bor npumepst
MHOXECTB, OMHUChIBAaEMbIX B L.

o MuoxectBo A nap {a|, a,}, y KOTOpbIX @; AenUTCS Ha @ («a@; HEJHT ay»,
MULLYT «@) | @3»),

A & dz:az=a, & pla,z)=az—a;=0.

o MuoxecrBo A ynopsimoueHHbix nap {a, < a,},
A & 3zr:a+z=a & ple,zr)=z+a —a =0

B ciyyae A = {(a),a;) : a; < a,} ycnoue Iz : a) + T = a; MeHseTca Ha 3T :
a+c=a,+ 1.

o «MHOXeCTBO HeYeTHBIX yuce» <& 3Jz:a =2 — 1.
o «MHoxecTBo a #2"» & 3Jz|,z;:a=1,2T,+ 1).

BHumarenbHOe paccMOTpeHHe MPUMEPOB CO3JaeT BrieyaTieHHe O JOCTaTOYHOMH
3pdekTMBHOCTH NOAO6HO! TeXHMKH. HOo ee BO3MOXHOCTH, KOHEYHO, OrPAaHUYEHBDI.
Ecnu, HanpuMep, cocmaenbie vucaa Nerko ONMucaTh NapaMeTpUuYeCKUM ypaBHEHHEM
a= (z. + l)(a:2+ l), TO npocmeie yucaa a € I yxe He CHO, Kak onucaTh. PasymeeTcs,
3TO JIETKO clesiaTh Ha KaKoM-HUOyab Gosiee MolLHOM f3bike. Hampumep, a € II,
€CJIM U TOJILKO €CJIH

(@> 1) AV (z),z; <a): {a#(z,+1)(z; + 1)}, (5.4)

HO 3ecb Ha60p MHCTPYMEHTOB HECKOJIBKO LIUpe, YeM B L.

IpaBaa, u3 pacCMOTPeHHBIX BbIllle MMPUMEPOB SCHO, YTO B acCOPTUMEHT Ly
MOXHO BKJIOYHUTb 3HAKH «0OJbllE» M «MEHbILE», YTO MOBBbIILAET ynobctBa Ly,
HO B NPUHLMITE — CBOAUTCA K HUCIONB30BaHHI0 cTaHaapTHOro Habopa {+, X, =, 3 }.
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Oto obuias unesi. Bee, uto Bolpaxaetcss ¢ momownsio {+, X, =,3}, MoXHO
Boyate B Ly. M3 Tex xe npumepos sicHo, uyro {+, X, =,3} 6Ge3bonesneHHO
IOTOJIHAETCA ONepauHeii (CBOHCTBOM) «ieumocTi» («a | b»).

Jlerko BuaeTh, 4To B Ly MOXHO BKITIOYHTb TAKXKE KOHBIOHKYUIO W OUIBIOHKLUIO
(6e3 paciuMpeHust NPUHUMNHANBHEIX BOIMOXHOCTEH f3biKa). JleficTBUTENBHO, eciu
NMoJIMHOMMaNbHBle ypaBHeHus P, = 0 u P, = 0 BeIpaxaloT Hekue cBoiictBa B Ly, TO

(P=0)A(P,=0) & PI4+P}=0,
(P=0)vV(P,=0) & PP=0.

3HaKM V, A, B CBOIO OYepelh, MO3BOJISIOT C YAOGCTBAMU BhIpaxXarh JOMOJHUTEIbHbIE
Bo3MoxHocTtH. Hanpumep,

a#£b © (a>b)Vv(a<h).
Hepeqncneﬂﬂoro JOCTATOYHO 1JI1 9KBUBAJIEHTHOCTHU Lo A3BIKY
"= {4, %, =,#>,2, VA3 )

Ho atoro Bce xe HemocTarouHo wis (5.4), re UCMONB3YETCS 02paHUUEHHbIE Kearmop
12

obwHocmu ) v <. Apyroe neno, uto V ¢ MOXeT 0Ka3aTbcsi — M oKa3biBaeTcs (1) —

BbIPa3UMBIM B si3bike L',

El.l.le OJWH BapHaHT 3alUCH MHOXECTBA NMPOCThIX YHUCEIT:
ea€ll & (a>1)A(HOO{a,(a—1)} =1),

HO 31ecb Apyras «HenpusaTHoCTb», HOJ| u ¢akropuas. MOXHO JM BBIpa3uTh 3TH
¢yHKUMKM ¢ noMouislo Ly, — cpa3dy He OYEBUIHO.

Eue /édeas nokasain, 4yto B I3bIKE
Le={+ x,=,A3,VY<}

BbIpa3uMBl J106ble YaCTUYHO PEeKYpCUBHbie DyHKuMH. Mamuscegut
yCcTaHOBWI BoJiee TOHKUIA pe3yJibTar.

5.4.1. Teopema. H3oicu Lg u Ly axeusanenmbi.

Teopema 5.4.1, pewaloliias 3aoHo decamyro npobaemy lunsbepma 13) , MOKa3blBaeT,

YTO CpeAcTBa ONMUCAHUA BBIYUCIUMBIX (byHKllHﬁ U NEpeYHUCITUMBIX MHOXECTB MOTYT

12) PaGoraiowmit Tak: V <, 03HAavaeT yuld BCEX T K N».

13) OrpuuarensHoe pelueHue decamoit npobaemot lunsbepma naet ripoctoil NEpeBod Ha APYToi
A3blK (PaKTa CyLIECTBOBAaHMSI MEPEYNCIMMOro, HO HepaspelMMOro MHoxecrsa. [locnenmee
O3HayaeT CyLIeCTBOBAHME TAKOro moauHoma P(Zi,...,ZTx), YTO PaspelIMMOCTh YpaBHEHHA
P(z),...,z¢g) ~y = 0 no £,,...,Z; Npu MOGOM MONOXUTENLHOM § — AITOPHTMHYECKH
HemnpoBepsiema.
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6bITb yXaThl IO YMCTO apudMeTHyeckoro s3nika Lo, BBUIEASIOLIETOCS Ha 0OLIEM
(poHE 3IKOHOMHOCTBIO M (PYyHIaMEHTATLHOCTBIO, KAKOBbIE BAXH bl MPU 10Ka3aTENbCTBE
061X TeopeM. Pa3zHOOOpa3ne MHCTPYMEHTOB — CYLIECTBEHHO B IPYroi CHUTYyalMH,
KOTZIa HY>XXHO MMOCTPOUTh KOHKPETHYIO (GYHKLIMIO, HAaHCaTh KOHKPETHYIO [TPOrpammy.

K 3aBemomo HeromHbIM cpeacTBaM paciuupeHusi Lg oTHOCATCS:
HEeoTpaHUYEHHBIN KBAaHTOp OOIIHOCTA V M JIOTMYECKOE «HE» —, MO-
JI03pEHHE O HENPUTOAHOCTH KOTOPbIX BO3HUKAIOT ecTecTBEHHO. Ecin
MPOBEPKY KCTUHHOTO BbicKasbiBaHus 1 ¢ : P(z) = 0 anroputMudeckn
peayiu3yeT 00bIKHOBEHHBIM MOKMCK, TO MPOBEPUTh HCTHHHOE

{-3z:P(z)=0 pasnocurbno vz :P(z) # 0}
B O6LIEM CJlyyae HEMOHSTHO Kak.

IMepeBecT apoMaT MOAO3PEHUS B OOGOCHOBAHHBIN 3alpeT He TaK MpoCTo.
Crnacaer «tsixeJiasi apTHIEPHs» — CYLLECTBOBaHHE Hepa3pelIMMOro ypaBHeHUs

P(z),...,zx)—y=0, (5.5)

TOYHee roBOpsi, HEMEPEYUCAMMOCT MHOXECTBA Y Tex Yy, MPH KOTOPBIX ypaBHEHHE
(5.5) He nmeer peweHus. Ho

yeY & Vz:P(z)#y,

ambo
yeY & -3z:P(z)=y,

¥ noJsy4aercsi, yTo V ¥ - MOTYT BBIBOAMTb 32 MpEAEbl MepeYUcaInMbIX (110paHTo-
BbIX) MHOXECTB.

5.5. deHOMeH Heno0Ka3yemocTu

O61LuMit B3MISiM Ha MpobJieMy 10Ka3aTeJbCTBa KaK Ha MOMUCK LIEMOYKHU
aKCHOM, Benyllei OoT NpeanoyioXXeHU K BbIBOAY TEOPEMbI, — CBOIUT
3afavyy K BbIYMCJIEHHIO, HO OCTaBJISIET 3a KaApoOM NMPUHUUMUAIbHbIN
MoMeHT. CyliileCTBOBaHHE He0Ka3yeMbIX TEOpeM, KaK U3BECTHO, BJISI-
€TCsl CIeCTBHEM CYILIECTBOBAHUS MEPEYUCTUMBIX, HO Hepa3pelluMbIX
MHoXecTB. Ho Kak ObITb ¢ npumumugHoil apugpmemuroii, rae ecThb
tonbko Ly 1 N, u Bce nokassiBaeTcsi? TouHee roBopsi, JOKa3bIBalOTCS
BCe BepHbie yTBepXaeHus 3 : P(z) = 0, v Tos1bKo oHHU. [Ipyrux npa-
BWIbHBIX TEOpEM HET — He XBaTaeT CPeaCTB I UX (GOPMYJTUPOBKH.
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[loaToMy npuUMUTHBHas apupMeTUKa paspeiinMa. OgHaKo Kak
TOJbKO Lo AOTMOJIHAETCA KBAaHTOPOM OOIIHOCTH V , MOSIBASAIOTCS He-
IIOKa3yeMble TEOpeMbI BUIA

Vz:P(z)#0, (5.6)

K KOTODbIM HHMKaKHe «leMO4YKH» He BeAyT, MOTOMY YTO — OTKyla
TaHueBaTh? HeT oTnpaBHBIX TO4eK, rae Obl XOTb YTO-HMOYAb ObLLIO
SICHO «Isl BCeX &». Torma MOXHO M3BJeUb Ha CBET aKCUOMAMUKY
ITeano ¢ ee mamemamuueckoi unoyKyueid, U MHOrHe UCTHUHbBI (5.6)
CTaHOBATCS A0Ka3yeMbIMU. Ho He Bee.

B cTpeMyieHMM paciliMpUTh «I0Ka3yeMoe noJje» axcuomamuiy Ile-
QHO MOXHO JOTOJHUTh YTBEPXIEHUSMU THIA

Vz:P(z)#0,...,Vz:Py(z)#0, (5.7)

rae P; — KOHKpETHbIe MOJUHOMBI, U JIIOObIMY IPYTUMH aKCHOMAMH,
4YTO BCE PaBHO HE MEHSIET CUTyaluio panukaibHo. Hemokasyembie

4
ucTuHbI Braa (5.6) ocraotcs ' ),

[OBOpUTb O HEIOKa3yeMbIX UCMUHAX BO-
oblIe-To HEe C pyKH, MO0 KTO TrapaHTUPYeT
uctuHHocTh? [Toatomy Iédeab cBOM 3HAMEHU-
ThIA pe3yasraT opMyaupoBai, usberas o0-
pallleHus1 K MOHSITUI0O MCTUHBI, JOCTYITHOMY,
Ha TepBblit B3rAsd, MUlllb Bcegudsuiemy Oky.

5.5.1. Kakosa 6bi Hu 6bira cogokynHocmy aK-
CUOM 6 apugbMemuKe, ecau OHQ HERPOMUBOPeEYU- v
8a, cywecmeyem maxoe ymeepycoenue A, umo rénenb (1906-1978)
HU A, Hu e20 ompuyanue (—A) — ne dokasyembi.

Tox ropvcauKIMeit «3aKOHa UCKITIOUYEHHS TPEThEro» 3TO O3HAYAEeT:
mo au A, mo au ~A — ucmunno, Ho HeOoKa3yemo.

) BooBiwe roBopsi, ¥Mest AeN0 ¢ akcuoMaMy THna (5.7), MOXHO CTaThb Ha CHHTaKCHYECKYIO
TOYKY 3peHus1, cuuTasg V mpocto GykBoil. Ho mocne KoqMpoBaHHsA TEOpHsi Bce paBHO OTOOpa-
XaeTcs B apudMETHKY HOMEPOB C BO3BpalUeHHEM K MawMHaM TbhiopuHra aubo nModaHTOBLIM
HWHCTPYMEHTaM, He JOMYCKAIOLIUM MCIOJIb30BAHUS HEOTPaHMYEHHBIX KBAHTOPOB OOILIHOCTH.
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B anodaHTOBOI KyxHe BO3MOXeH 60Jiee KOHKPETHBIN TPIOK:
Vz:Q()#0

HedoKa3yeMo, HO UCMUHHO, — TIOCKOJIbKY M3 JABYX MPOTHBOIOJOXHBIX
YTBEPXKIAEHU I

Jz:Q(z) =0, Vz:Q(z)+#0,

nepBoe, ecyid BEpHO, TO NMpoBepseMo, XoTd Obl nepebopomM. IToato-
My BOIpPOC yNUpaeTcsi JIUIb B CYyHIeCTBOBAHME MOAXOAALIEro MOJU-
HoMa @(z), 4To rapaHTUpyeT Teopema 5.3.1.

5.5.2. Teopema. Kakoea Obt HU ObLaa HenpoOMUBOPEHUBAS MEOPUS, CO-
depocawian apugmemury, cywecmeyem He UMEIOWUN NOAOHCUMENbHbIX
Kopueii noaunom  Q(Ty, ..., Ty), omcymemeaue y KOMOPo2o Ueabix no-
A0NHCUMENbHBIX KOpHell HedoKa3yeMo.

<« D10, cOOCTBEHHO, ABJsETCA NMepechOpMyIUPOBKOIi TeopeMbl 5.3.1, n10Ka3aH-
HOIf BbhIllle «B JIBE CTPOYKH» 15

Teopema 5.5.2 npencraBnsieT coboii mo cyulecTBy obobuieHue
Knaccuueckoi meopemet [édeas. Ilo-cocencTBy ¢ M. 5.5.2 wenecoob-
pa3HO TOCTaBUTH CJIEAYIOLIMI pe3yabTar, obecrneynBalOIIMi aKLUEHT
Ha «HE3aBUCUMOCTH OT aKCHOMATHKK».

5.5.3. Teopema. Cywecmeyem noaunom Q(Zi,...,ZTx), makol umo
goickasbiganue <N x @ Q(x) # 0» ucmunno, Ho HedoKka3yemo Hu 6 Ka-
Kol Henpomueopexugoii cucmeme QKCUOM, BKAIOHAIOWeEH NPUMUMUBHYIO
apugmemuxy.

<« bBoula 6 moaxonfilas akCHOMAaTHKa, CyILECTBOBaj Obl ajJroput™M, HOG0
B COBOKYIMHOCTH BCE€X AJITOPUTMOB €CTb aJITOPUTMbI, PEAJTUIYIOLIME ITOUCK MPH mo6oi
MBICJTUMO¥ cucTeMe akcuoM. CuctemMa akCHOM ellle He OroBOp€Ha, HE NNpUAyMaHa, —

a B CITUCKE aJITOPUTMOB YX€ €CTb COOTBETCTBYIOLIAsA NporpaMMma. Tak Xe KaK B CITUCKe
BCEBO3MOXHBIX TEKCTOB €CTh BCeE ellle HEHan1McaHHble pOMaHbl. P

PazymeeTcst, ykasatb moanHoMm @Q(z) B TeopeMax 5.5.2 u 5.5.3
NPUHLMUIHATLHO HEBO3MOXHO. ONHAKO N0I03pUTE/IbHAS TEPPUTOPHS

5} KpatkocTs TyT OnMpaeTc Ha MHOTOCTAHMYHOE OKA3ATELCTBO meopems: Mamuscesuya
[5, . 6].
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MOXXET OBITh CYXXEHa [0 NMapaMeTpUUeCKOi HeolpeneaeHHOCTH,
Qz,...,zx)=3An,y:U(n,y,zy,...,Tk),

rae U — KOHKpPETHBII YHUBEPCATbHBIN MOJMHOM.

B koHTekcTe TeopeMbl S5.5.3 oueBHIEH CIEAYIOUIMI pe3ysbTar
NEeCCUMUCTHYECKOTO XapakKTepa.

5.5.4. Teopema. Apugpmemura neakcuomamusupyema, 0axce npu 6Kk -
ueHuu 6 cucmemy beckoHeuH020, HO KOHCmpykmuero (nepevucaumo) 3a-
0asaemoeo MHOXCeECMEa AKCUOM.

5.6. HenpoTusopeuuBocTb

O nopo4yHOM Kpyre B YCTpoiicTBe BceneHHOM CBUIETENbCTBYET 6Mopasn
. 16
meopema [édens o nenpomusopeuugocmu )

5.6.1. Teopema. Ecau meopus T nenpomugopeuusa u cooepxcum é cebe
apugmemury, mo nenpomusopeuugocmo T nedokaszyema ¢ T.

Teopus T HasbiBaeTcs Henpomuéopeyugoii, ecnii B T He MOTYT ObITbh JOKa3aHb
IIBe MPOTHBOMOJIOXHBIE HopMy/bl (TeopeMbl): A u «He A». 3pech mox meopueii
JIOCTaTOYHO MOHMMAaTh aKCMOMAaTHKY IUTIOC MpaBWla BblBOAA, IUIIOC OKa3yeMble

dbopmynbl.

Bot npocToii runoTeTHYecKuii clieHapuii opraHM3aluy NPOTHBO-
PEeYMBOI CHUCTEMBI aKCMOM, KOTOpasi Tak Xe XOpollia, Kak U HEeMpoTH-
BOpeyMBas. BMeCTO HCTUHHOTO, HO HeI0Ka3yeMOoro

Ve>0:Q(z)#0 (5.8)

B aKCMOMATHKY MOXET ObITh 100aBJIEHO MIPOTHUBOIOIOXHOE YTBEPXKIe-
Hue «3 z > 0: Q(z) = 0», npuueM 6e3 ywepba 013 apugpmemuru, He-
CMOTPS Ha OIKUGOYHOCTb. [ToTOMY YTO O6HAPYXHUTH HEMPABWILHOCTD
«d z>0:Q(z) = 0» NPUHLMIHKATLHO HeBO3MOXHO 7). Pasymeetcs,
HHM O KAaKOM KOHKpemHoMm TIOJIMHOME 3TOro CKas3aTh HeJib3si, HO TaKoM

6) KopoTKoe  ZOCTATOYHO NPO3PaYHOE JOKA3ATENLCTBO MMEETCA B [, T. 6.
') Mnave 310 6bU10 b1 OGOCHOBAHMEM HENOKA3YEMOTO «V T > 0 : Q(z) # 0».
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TMOJIMHOM CYLICCTBYET. HOSTOMy — MOXHO yrajaTb, HO HeJlIb3s rapaH-
TUPOBaTh, YTO Aorajaka rpaBuJibHa.

[MpuMepHO Tak M MpoucxoauT GOpMHUpPOBaHWe CUCTEMBbI akcuoM. MMes nuiib
nofo3peHuss 06 MCTUHHOCTH YTBepXAeHHI Tvma (5.8), Mbl NPHUCOBOKYIUIAEM HX
K CTapTOBOif COBOKYMHOCTH aKCHOM, IOJiy4yasi <«[1OJ03PHUTEJbHYIO» CUCTEMY, CUIA
BHYTPHU KOTOPOIf, HUYETO HE MOXEM CKa3aThb 00 MCTHHHOCTH (pyHAaMeHTa.

Yro KacaeTcs MIyOGHHBI NMPONAcTH, TO TeopeMa 5.6.1 He MCKITIOYaeT BO3MOXHO-
CTH pellieHUs NMpoGeMbl 3a CYET MPUBJIEYEHUS AOMOJHUTENbHBIX CPEACTB, U TAKOTO
COpTa yTBEPXAEHUS O HENMPOTHBOPEYNBOCTH apU(METHKH TMOJTydeH I, Hanpumep, Jex-
yerom noGapneHHeM K apudmernke TpaHchUHUTHOM nHAYKUMH. Ho rapaHTHpoBaTh
HeNMpOTUBOPEYNBOCTb PACUIUPerHOl aKcuoMamuKu ONSITb-TAKH HeJib3s B CHJTY TOI Xe
TeopeMbl 5.6.1. HeobGxonum creayiownit akt pacuiuperus. I1yTh BeneT B «HUKYyOa»,
Y B 3TOM CMBICJIE Hpobaema Henpomueopeyugocmu He UMeeT abCOJIIOTHOTO peleHUs.
OnHakKo TaKoro copra «HemnoJHOLEHHbIe» 000CHOBAHHUS BCe-TaAKHU MPOACHSAIOT CUTY-
auuio. OGbIKHOBEHHAast KOHCTaTalMs OTCYTCTBHSI rapaHTHi He JaeT OILYILeHHs Kpas
U NpeAcTaBieHus o0 Maclutabe GeactBusi. PacuiMpeHe aKCMOMAaTHKH MOKa3bIBaeT Ty
«MaJIoCTb», KOTOpast HyXHa, YTOObl KOHLIBI COLUTMCh C KOHLAMH.

5.7. YHuBepcanbHble Hymepauumu

DddekTBHAs HyMepaLUsa BbIYUCTUMBIX DYHKIIMIA,

fi@),..., falx),..., (5.9)

MO3BOJISIET CYUTATh IBYMECTHYIO DYHKIIHIO
U(n, z) = fa(z) (5.10)

ynusepcanbroll. TakuM 00pa3oM, cyuecmeyem 6ceco 0OHA BbIMUCAUMAA
dynxyus (5.10). () Cmena B yHuBepcaibHoii mporpamme U(n, )
BXOLHOro cjioBa (4ucna) n obecrieurBaeT TpaHcdopmauuio U(n, T)
B J100yi0 Apyryio nporpammy fn(z).

TyT, KOHEYHO, €CTh TOHKOCTh. Ha mepBrIit B3risn onepauust MOAHATUS MHAEKCA
B apryMeHT siBjseTcs BoripocoM opdorpacdun. Ho B nanHoM ciyvae pynkuua U (n, )
06s13aHa GbITh b/4UCAUMA TEMH Xe CPeACTBaMHU (Mawunoi ToropuHea, HaTIpUMep), KO-
TOpble BBIYMCIAIOT camu GyHKuMK f,(Z). OnHako npocTbie CrnocoGhrl HyMepauuu
nporpamm (Tuna ynopsiioyeHHs Mo JUTMHE) JIETKO Pealn3yloTcsl JIIOGHIMM CTaHIapT-
HBIMH B TEOPUH AITOPUTMOB cpeicTBaMHu. Ho npu atoM MHoraa TpebyeTcs HeKoTopas
H3o6peTtartenbHOCTh. [IpH «HeynayHoi» HyMepalHUH MOJUHOMOB P), P,, ... MHAEKC
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Hekyna nonuumars. Oyukunst Q(n, z) = P,(z), Booblue roBops, He MOIMHOM —
18
¥ TpebyeTcs onpeleneHHas SKBUTMGPHUCTHKA, YTOBbI HOPMATH30BaTh CHTYaLHIO ).

CpelM BCeBO3MOXHBIX HyMEPAlIUi eCThb «XOPOLUIHe U TIOXHE».

5.7.1. Onpepnenenve. Hymepauus u ¢ynxyus U(n,x) nazwsaiom-
ca 2édenesckumu, ecau cywecmeyem 6ctody onpedeneHHaa EbiHUCAUMAR
dyuryua $(n), maxas wmo dna aoboi deymecmruoii gynxyuu f(n, x)

1
cnpaeseodnueo 9)

f(n,z) =U(s(n), z).

[TepBbiii aprymeHT B U(n, T) SIBASETCS HOMEPOM MPOTPaMMbl
B nepevrcieHuy (5.9), U B 3TOM CMBIC/IE i — €CTb cama NporpamMma
(omHO3HAYHO BOCCTaHAB/INBaeMast 10 HOMepy). [103ToMy yHUBEpCalb-
Hylo ¢yHkuMio U(n, T) MOXHO TPaKTOBaTh KaK MeXaHH3M, MO3BO-
JISIIOUIMIA OTBJIEYbCS OT MpoLecca BEIYACICHUH U CKOHLIEHTPUPOBATh-
Cs Ha MapKHpoBKe. AJITOpUTMHYECKHE BBIYHMCIEHUS TpeBpalllaloTcs
B UIPY YMCEJI, a UCIOJIb30BAHUE 2€0ene6CKUX HyMepayull NenaeT Urpy
OTHOCMTENIbHO KoMbopTHoi. Hanmpumep, mo HoMepaM ABYX (yHK-
uiit f;, fj cpady omperensiercs Homep ux komnosuuwnn fi(f;),
MUHYS XJIOMOTHI MOCJIeA0BATE/IbHOTO COeIMHEHMsT MalllMH ThlopyHra
Jnb0 rmoaxoasero oobeaMHeHUs MOJIMHOMOB.

YHuBepcaibHble hYHKIMY 06/1eryaloT B TEOPUH aJITOPUTMOB MHO-
rue paccyXxaeHus. YacTb TpIoKOB 11og06HOro copTa KOHCOJIUAUPYIOTCS
B MHCTPYMEHTHI ILHPOKOro Ha3HAYEHHS.

5.7.2. Teopema KnuHu o HenoaBnxHoi Touke. Kakosa 6bt Hu Oblra
gbiuucauman 6crody onpedenennas @ynkyus g(n), Haiidemcs n, npu
KOmopom

U(n,z) =U(g(n), z)

moxcdecmeseno no T, 20e U(n, T) — 2éenesckan yHUBepcanbian yHKuuA.

'®) 310 nenaetcs MepeBOIOM KakoH-HHOYynb Hymepyioieit ¢yHkunn (Kiunu, Hanpumep)
Ha IMOQaHTOB A3BIK.

19) Ipu ¢uxcuposanuoM n dyukumus f(n,T) — ecTb HEKOTOpas OZHOMECTHAs (yHKUHA
fi(z) B mepeumcnenuu (5.9). Coorsercteue k HOMepy m — u ecTb dynkumsa k = s(n),
KOTOpasi B o61ieM Cilyyae «HEM3BECTHO Kakas». B rémeneBckoM BapHaHTte $(n) ofs3aHa GbiTh
BBIYUCIIMMON M BCIOAY ONPEAEICHHO.
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<« PaccMoTpyM BRIUKCIIHMYIO BCIOLY OMpPEAENEeHHYIO GyHKIUIO
w(n) ~ u(n) =U(n,n),

uto o3navaet f(n, z) = U(u(n), z) = U(w(n), T).
[TycTb, B MpeanoIOXeHUH MPOTUBHOTO, ¢(1) He UMEET HEMOABHUXHON TOYKH,
T.e. g(n) » n npu mobom n. Torna
u(n) ~ w(n) » g(w(n))

npu m0GoM n, 4TO BiedeT 3a coboit u(n) # g(w(n)). Ho or u(n) nuxakas
BHIYMCAUMas GyHKIMA — B ToM uncie g(w(n)) — He MOXET OmIMYaThCs BCIOLY,
B iy u(n) = fu(n). [IpotnBopeyne 3aBepllacT 10Ka3aTeNbLCTBO. P

B nebpsix Hepa3pelmiMMocTeii 0OCTaHOBKAa AOBOJIBHO CTpaHHasl.
B HEeKOTOpOM pojfie «Bce Hepa3peluMo».

5.7.3. Teopema Paiica. JIroboe HempubuanbHoe c80LiCMeEo BblMUCAUMBIX
yHKYUil aneopummutecky Hepa3peusumo.

« INycts G — HenycToe NOAMHOXECTBO MHOXECTBA BHIYMCIUMBIX GyHKLMIA [F,
He coBnanaiouiee ¢ F, 1 A — MHoXecTBO TéfieseBCKUX HOMepoB ¢byHKuMi u3 G.
Eciu npeanosoxurk paspeuinMocth A, TO BCIOLY onpefeneHHast GyHKUUS

a, ecmMne€A, _
q(n) = _ (A nononHenue A)
a, ecaune€ A,

re a € A, @ € A, — He 6ygeT UMeTh Henodsuicroii mouku B cMbicie 5.7.2. »

TpeGoBaHUe «HETPHBUATLHOCTH», QUTYPUPYIOLIEE B TEOPEME, KaK
BHIHO W3 10KA3aTeJIbCTBA, BRIMOJHAETCS, €CJIM UMEIOTCS PYHKIUU KaK
obnanarolliMe 3TUM CBOMCTBOM, TaKk M He obnanarouide. Takum obpa-
30M, M0 nporpamme fr,(Z) HEBO3MOXHO B OOLLEM CJydae OMpeaenTh,
BXOIUT WIH HeT GYHKLMSA B Ty WIM UHYIO KaTeropuio. AJIrOpUTMUYe-
CKHM Hepa3pellMMBIMU OKa3bIBAIOTCS MPOGIEMbI BBISICHEHUS:

o [Tepuoduunocmu, o2panusenrocmu, nopadka pocma f(z).
o Koneunocmu mnoxicecmaa xopreii y nonunoma P(z).
o Koneunocmu mroxcecmaa nonoxcumenshoix snavenuii P(z).
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Anrebpanyeckas Huwa

Juws mo, ¥mo mbt meneps cHumaeM npazoOH6IM CHOM, —
mocka HesCHAA 0 4eM-MO He3EMHOM,

Kyda-mo cMymHbie CIMpeMAeHbR,

apaxcda k momy, umo ecmo, npeduyecmauil pobkuii ceem
U HCaxcoa Hceyuan cesmbinb, KOMOPLIX Hem, —

O0HO AU IMO HYHCOO MAEHDA.

H. MuHckuit

Iomanoxuts B XepHOBa apuPMETHYECKUX AEHCTBHI YTO-HUBYID
BMecTO N — 10BOJIBHO ecTecTBenHas WOes, M OHa PaHO WJIM MO3JHO
NMOATANKUBACT K PA3IUYHBIM 3KCNepuMeHTaM. BruioTh 0o cioxeHus
U YMHOXEHHS MHOTOUYJIEHOB, MaTpull, FeOMETPUYeCKUX Uryp, jJoru-
YECKMX KOHCTPYKLUHWH U JaXe 3neKTpUYecKHX cxeM. IIpu 3ToM yma-
JIEHHBIE MaTeMaTHY€CKNUE TEPPUTOPUHM HAYMHAIOT B3aUMOJEHCTBOBATD,
NMOpoXIast CoracoBaHHOE CUM(OHUYECKOe 3ByYaHHe U I'pe3bl OCBOOOAHUTLCS OT OKOB
apupmeTuku. I1oToM, KOHeYHO, TAHET O6pPaTHO.

6.1. Yxoa B aGcTpakumio U Bo3BpawieHne

OuepTUTb rpaHuLbI TEOPMHU YHCES HEBO3MOXHO. AGCTparupysch oT Lie-
JIOUHCJICHHOM crieuuduKku, apeiidyelns B HUKya, T. e. B anredpy. Ha-
YKa OY€Hb I10JIe3HasA, HO apxucTepuibHas. [1oaco3HaHUIO TaM CKYYHO,
TpebyeTcs comepxaTe/ibHOe HamnosHeHHe. [103ToMy MHTEpecHee 1O-
CpeluHe, rae oOlUMiIl 3amax COCEACTBYET C YACTHOCTAMH, KAaKOBBIE
BOKDPYT apU(PMETHKM HMEIOT B OGOJBIIMHCTBE YHCIOBYIO IPUPOLY.
Ha BewiectBeHHON OCH KonocHTcs Takoe pasHOOGpasHe, YTO MILTIO-
CTpalMH ecTh Ha o0ylo TeMy. K TOMy e, BBISICHSETCSI He TOJIBKO,
4YeM 3aHHMMAETCSl «COCEl», HO M €r0 «HHOIIaHETHbIe» MpUcIocobie-
HUSl HaxooAT NpUMEHEHHUe JaJIeKo 3a IMpefeaaMH.
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PCLICI'IT BBIYHUCJIEHUA C, YU CJIOBOM nmocneaoBaTeIbHOCTH
Cnt2 = 2Cpy) — 2y, c=c¢ =1,

pacrnioniaraeTcsi Ha KOMIUIEKCHOI IJIOCKOCTH:
_ (I+9)"+(1—9)"
n — 2 ’
a pad Pubonayuu 1,1,2,3,5,8,13,21,..., onuckiBaeTcsi ¢ MOMOLUBLIO HPPALMOHATBHBIX
upcen (1.18).

Bce momoOHble «LITyYKW» BO3HMKAIOT B paMKax
OOBIYHBIX cxeM paccyxneHuid. HeussecTHoe Kak-To
0003HayaeTcst, MOCjae Yero HAYMHAETCS CTaHAapTHOE
«KOJIIOBCTBO» TUNA: €CJIU K T NMpubaBUTh TpaMm-Tapa-
paM, a IOTOM YMHOXHUTb CaMO Ha ce0sl U BblYeCTb Tpax-
Tapapax, JJ0J)KHO MOJyYUThCS TO-TO U TO-TO. B pesyib- “
Tare Memis yMO3aKII0YEHHUS 3aMbIKAeTCsl, a TOCKOJbKY
YTO-TO C YEM-TO CKJIA[bIBAETCS U HA YTO-TO YMHOXa- '
€TCsl, ToTyyaeTcs airedpanyeckKoe ypaBHeHH e, U 3ala-
ya CBOOUTCA K BbIUMCJIEHUIO KOpHs TNonuHoMa. KopeHb mosiyyaeTcs
LIeJIbli, eCIM 3aJaya KOPPEKTHA, HO BOT €ro 3aBUCUMOCTb OT KO3 hu-
LIMEHTOB MOJIMHOMA He 00s13aHa ObITh «13 TOW Xe onepbl». Y B 3TOM
OUH U3 [NIaBHBIX KO3bIpeil BOCTpeOOBAaHHOCTU anrebpanyeckux KoJierl
Y NOJIEH YuceJsl, KOHLIEHTPUPYIOLLIMI BHUMAaHUE HA U3YYEHUU MHO20-
4neH08 U UX KOpHEM.

ITpu 3TOM Bpoze Obl HE OTHOCSLLIHECS K Jie-
JIy BONIPOCHI THIa pa3/iOXEHUs] MHOTOWYIEHOB
Ha MPOCTbleé MHOXUTENHN PE3OHUPYIOT B CaMOi
apudMeTrKe, BbI3bIBasi aCCOLMALUMA U pacLIu-
psis ropu3oHTel. Camo coGoit pasymerolvecs
BEIIM OOpeTaloT BAPYr COBCEM JpYyroe JHULO
M HalpaBJIsIIOT MBIC/b K HOBbIM Oeperam.

6.2. MHorouneHsl

MHorowieHbl, KaK pe3yJbTaT HaHWU3bIBaHUS CIIOXEHWIT MU yMHOXe-
HMI, eCTECTBEHHO BO3HMKAIOT B caMOil apudpmeTruke. Ho ux ponb,
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KOHEYHO, ropasio mpe. Muozouienom, WU noaunoMom, Hao nosem K
Ha3bIBaeTCsl (popMaibHOE BhIpaXEHUE

1

fn(@) = apz” + apn 12" +... + a1z + ao, (6.1)

e ay, ..., a, € K CyMMa ¥ npou3BeaeHHEe MHOTOUIEHOB OTpEnes-
I0TCS1 110 OGBIYHBIM MPABUJIAM CIIOKEHHUSI U YMHOXEHHSI, YTO TIOPOXIa-
eT koabvyo mHozounenoe K[z D Mepemennas & moxer NIpUHAUIEXATh
TOMY Xe€ WJIM APyroMy Moo, TU60 Jaxe 0CTaBaThCS MPOCTO CUMBOJIOM.

OGbIuHOE meleHHe B CTONGMK MHorowieHa (6.1) Ha (z — ¢) OaeT B 4acTHOM
HEKOTOPBIH MHOTOWIEH h,_(Z) ¥ HEKOTOPOE YUCIO T B OCTAaTKe, YTO PABHOCHILHO

TOXIECTBY
fa(2) = (z = )hp-i(z) + 1,

nosiarasi B KOTOpOM T = ¢, NojydaeM meopemy besy:
r = fa(c),

B COOTBETCTBUU C KOTOPOH, €C/I & = ¢ — KkopeHs ypasnenus fo(z) =0, T0 r = 0,
4YTO B KOHEYHOM HMTOTe MPHUBOAMT K Pa3ioXeHHIO

fn(z) = an(z - zl)(z - 32) oo (z - :B,,), (6-2)

rae ,,...,T, — KOpHU MHoroureHa fp(x), — ecin f,(x) paccmarpuBaetcs
kak MHorouneH Hag C. B ofuieM ciyyae npoGieMa pa3peliMMOCTH YpaBHEHHs
fa(z) = 0 — u xak cnencrsue, npusodumocmu MHorounena f,(z) — numeer apyrue
TOJIKOBaHHS.

Jl1s1 CONOCTaBIeHHsl C TEOPUEN JIeTMMOCTH YUCEN eCTECTBEHHBIH
MHTEpeC NpeACTaBIsieT MOJTMHOMHUAIbHBIN aHaor. EciM MHOrouIeHb!
f(x), p(z), Y(z) cBsi3aHBl COOTHOLIEHHEM

10 () M Y(x) cunraiorcs deaumensmu f(z). Hauborvwum obujum
deaumenem (HO[) mHorouneHoB f(z) u g(r) Ha3biBaeTcsl TaKoi
ux obumit nenurens d(z) = (f(z), g(z)), KoTOphIit nEemUTCS Ha BCe
Apyrue obuiue aenutean MHorowieHos f(z) u g(z).

V' R[z] — xonbLIO MHOTOWIEHOB BCeX cTeMeHelt C AeHCTBUTENbHBIMU KOIDbHLUMEHTaMH,
Q[z] — c paunoHanbHBIMH.
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Ipy TOroBOPEHHOCTH O pasencmee eOuHUYe «CMapuiux» Kod3p-
guyuenmos paccMatpvBaeMbiX MHorowieHoB — HOJl, ¢ TOYHOCTBIO
Jo =+, onpenenseTcs oqHO3HAYHO. B criyyae

MHorouieHbl f(z) v g(z) HaswiBalOT 63aumno npocmeimu. HOI (£, g)
onpeznensieTcs anrzopummom Eexauda, KOTOpbIA 1O CTPYKTYpe HHYEM
He OTIMYAETCS OT TEOPETUKO-YUCIIOBOrO.

2
6.2.1. Bcezda moxcro ykazams makue mrocounenst u(z), v(z), 4mo )

f@)u(z) + g(z)v(z) =d(z),  d=(f.9), (6.3)

m.e. HOL (f, g) «iuneiino» evipaxcaemes uepes f u g.
B wacmnocmu, muozounens: f(x) u g(z) e3aumno npocmor 6 momm
cayuae, ko2da moxcHo nodoGpams makue u(z) u v(zx), ymo

f@)u(z) + g(z)v(z) = 1. (6:4)

AH&JIOroM TIPOCTBIX YUCEN CIYXAT Henpueooumbie MHO204AEHbI.
[MonvHoM fr,(Z) Ha3wIBAIOT npusodumeim Haa K, ecid OH packiiaibl-
BaeTCs B MPOU3BEJEHHE IBYX MHOTOWIEHOB HEHYJIEBOM CTENEHHU.

o Muorounen 2”41 npuomum B C, 2° +1 = (z—i)(z +1),
HO HenpuBomHM B R. A monunom z° — 2 = (z — V2)(z + V2)
npuBoauM B R, Ho HenpuBoauM B Q.

e B C HenmpuBOAMMBI TOJILKO MHOTOYIEHBI 11€PBOii CTEMEHH.
JIio6Goit MHOTOUYIEH CTeNneHH n > 2 NpUBOAMM B R, MOCKOJBKY
B pasnoxeHHe (6.2) KOMIUIEKCHbIE KOPHH BXOIST COMPSKEHHbI-
MH mapami, a (z — a)(¢ — @) — eCcTb KBaApaTHHI# MHOTOWIEH
C NeHCTBUTENbHBIMU KO3dduLKreHTaMu. Poib «mpocTeix YHCE»
B R[z] urpaiot, TakuM 06pa3oM, MHOTOWIEHbI NIEPBOii U BTOPOIi
CTEMNEHHU.

o [IpMBOIMMOCTbL MHOTOWIEHA, BOOGLIE TOBOPSI, HE CBSI3aHA C CYIECTBOBAaHH-
4
eM KopHeit. Muorowten z* 42z’ + 1= (2’ + 1)’ npuBoAMM B MoNe PALIMOHATBHBIX
yKcen, HO He uMeeT B Q HU OIHOTO KOpHSI.

2 Ipu 5ToM CTEMEHM MHOTOWIEHOB u(z), v(T) CTPOro MeHblie — COOTBETCTBEHHO —
creneneii g(z) u f(r), ecnu ctenenu f(z) u g(z) Henynessie. JoKa3aTeNbCTBO eCTh B [5, T. 8],
HO OHO 10 CYTH HHYEM HE OTJIHYAETCA OT 10KA3aTeNIbCTBa apudMeTHyecKoro avaiora 2.1.2.
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B cnyyae konbla esbix ynces Z HeMpUBOAMMOCTh MHOTOY/IEHOB
ONpenesisieTcss TOYHO TaK XK€, KaK U B CJiydae MoJisi, HO TyT He BCe-
TIa BO3MOXHO JejieHHEe Ha CTapliuil Ko3(dGhHULMEHT, pa3Be YTO —
Ha HaubGonbwmit o6wmit nenurens HOI (f) Bcex KoadduumeHTOB
ag, ...,0qq.

6.2.2. Nemma faycca. B Z[z] HOL (fg) = HOI (f) - HOM (g).

<« JocratoduHo paccMotpeTs crydah HOI (f) =
= HO[ (g9) = 1. Nycrpb

f@=) ', g@)=) ba*, fe@)=) ad’

u HOJ (fg) = d > 1 umeer npocroit gesntens p, T. €. Bee
k03 duumeHTs MHOTOWIEHA fg nensaTcaHap,ay fu g —
He Bce. Ilycte a; u bj nepsble o cyeTy KO3OOUUUEHTS,
He gensilnecs: Ha p. Torna

P
Ciyj = a;bj + E ai-sbjys + E aiyibjy Zaib; # 0
s t

Faycc (1777-1855)
BelIeT K POTHBOPEYHIO. P

MHorouneH f,(z) ¢ pauroHanbHbIMY KO3 dHULIEHTAMH HETIPH-
BoaMM Hax Q B TomMMm ciyyae, koraa Haa Q HempHMBOIMM MHOTO-
WIeH C LeabiMU KoabdULMeHTaMH, TTOyYeHHbI YMHOXeHHeM fi(T)
Ha HOK 3HameHareneit Bcex ero KoaddUIMEHTOB.

6.2.3. Mnocounen

1

f(@) =anz" +an 12" 4.+ @iz +ag (6.5)

¢ yenvimu Ko3ghguyuenmamu nenpusodum nao Q é momm cayuae, Ko20a
OH He packaadvieaemcss 6 npousgedenue 08YX MHOZO4AEHO8 HEHYN€8oU
cmeneru ¢ kosgpduyuenmamu uz Z 3,

6.2.4. Kpurepwii Qirzenwreitna. Muozouren (6.5), éce kodgpduyuen-
mbl KOmopoeo — kpome G, — 0eaAmca Ha HeKOmopoe nPoCmoe Hucao p,
HO Gy He deaumcs Ha p2, — HenpueoouMm HA0 noaem PayUOHAAbHbIX Yucen.

3
) YrBepxaeHue 6.2.3 cneayer u3 emMmbl 6.2.2 ¥ CBOIHUT pEIICHHE BOTIPOCA O NPUEOAUMO-
cmu/nenpugodumocmu X UENOYUCIECHHOI 3amade.
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<« JlonycTUM NMpOTHBHOE,

f=pp= (Zbkz")(z c:z'),

TIE ¢ M Y MHOTOWIEHbI HEHYJIEBOI CTereHH C LenabMu KoadduuneHTamu. CBoboa-
HbIit 4ieH @y = bycy menuTcs Ha p, MO3ITOMY Ha P JAENMTCS OMHO U3 yuceld by, ¢g —
MyCTb, JUIS ONpeleNIeHHOCTH, by. Torna ¢y He AeNUTCS Ha P, TOCKONBKY @y HE AENUTCA
Ha pz. Ecnu 661 Bee by mennnuch Ha p, To @, aenwnoch 66 Ha p. [ToaToMy xoTs Gb1
oIHO b He nenuTcs Ha p, U ecnu B3ATh Takoe by ¢ MUHMMATbHbIM HOMepoM k > 0,
TO @ = bgco + br_1c; + ... + boc He menmnock O6bl Ha p BOMPEKH MPEANONOXEHHUIO
n.6.24. »

M 3BeCTHO MHOXECTBO JPYrUX MPU3HAKOB HEMPUBOAUMOCTH, HO
Kputepuii 6.2.4 Haubosee MOMy/sApeH, U €ro 0ObIYHO «XBATaeT».

Kputepuio 6.2.4 ynoBneTBOpsieT, HampUMepP, MHOTOYJIEH
72° + 8z — 42’ + 62 — 2,
VISl KOTOPOro MOAXOAMT YUCIO P = 2.
6.2.5. Ecau He paziuuamb mHoeouneHbl, noayyaroujuecs opye u3 dpyea
YMHOXMCEHUeM Ha HeHynegylo Koncmanwmy u3 noaa K, mo ecaxuii muo-

eounen f € K|z| eduncmeennvim obpaszom paznazaemcs 6 npoussedenue
HenpueodUMbIX MHONCUMenell.

HenpusoauMblit Hax Z MHorowieH f(Z) MoxeT GbITb IPHBOAUM KaK MHOTOYJIEH
Haj rojieM BblYeTOB Z, mnpu joGom npoctoM p. TakuM cBoiicTBoM obnanaer,
Harpumep,

fz)=z*+1.
<« PaccMOTpUM TpH BapHaHTa npeicraBieHus f(z):
'+ 1= (2" £ 1)’ - (F2)2* = (7))’ - (-1).

Tpu yucna £2 u —1 He MOTYT ObITh BCe KBaJpaTHYHBIMM HEBbIYETAMH TPH JIIOGOM
npoctoM p > 2. [To3aToMy B 0OfHOM M3 Tpex cnyqaea")

f(@) £ ¢(z) - 0’2’ = (g(2) - az)(9(2) +a2).

B ciyvae p = 2 umeem z* + 1 ;—(z+ )% »

4) p o
) PasymeeTcu, KBaIApaTUYHbIN BbIYET G 3aBUCHT OT P.
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6.3. PacwupeHus nonei

MHOeCcTBO Z MOXHO BOCIIPMHHUMAaTh KaK paclliipeHHe HaTYPATIbHOrO
psaa N ¢ uenblo onepauuio CJIOXeHHUS caenatb 06paTuMoii,

a+xz=b —-> zxz=b-a.

AHaJTOTMYHBIN TPIOK C YMHOXeHHeM, aT = b — = = b/a, npuBoAUT
K pa3pactaHuio Z 1o nojs (Q pauyoHaabHBIX YKMCEJI, KOTOpOe Aajee
MOXHO pacmiMputh o R unu C, U npu Mo3srax «TOMOJIOrMYeCcKOro
TUMA» MOCIESAHUI BapUaHT MPEACTABAAETCA CAMBIM JYYILUM, TIOTOMY
YTO «BCe NEMCTBUSA BRIMOJHAIOTCA U BCE YPaBHEHMSI PElLAIOTCSI».

OnHaKo pa3pelMMOCTh BCEX MOJMHOMMAIbHBIX ypaBHeHUi B C
C TOYKM 3peHHs OOIIMPHOTO Kjacca 3aiady — KPYIMHbIA HEAOCTaToK,
b0 MellaeT B Kydy CUTyaUHMM pasHoii mpupoasi. He 6buio 6b1 C
CJIMILIKOM BCESITHO, MO pa3peliMMOCTH YpaBHEHHH MOXHO ObLIO Obl
CYIHUTb O Pa3peliMMOCTH YMCIOBBIX 3amay. [Tosromy pacumpsath Q
XeJlaTeJIbHO ¢ YMOM, He mpbiras cpasy B C. Ho u He orpaHU4YMBasiCh
CJIMILKOM OJTM30pYKMMH pedpopMaMK, KOTopble HapawuyBaioT Z iuto Q,
He JIOCTUrast paHra IMoJjsi WiK XOTs Obl KOJMblA.

<« [loka3saTelbHBIM MPHMEPOM 3[€Ch CIAYXHT M3BECTHBI MaccaX B CBA3M
¢ nokazarenbcTBoM (Diaep, 1768) nocaedneii meopems: @epma B 4acTHOM ciydae n = 3.
HcTtopusa noapo6Ho onucana B [14]. B 1aHHOM KOHTEKCTE MHTepeC MpPeACTaBisAET TOT
cpe3, KOTOPhIit CBA3aH C UCMONB30BAHUEM YHCEN BHUAA

a+bv-3, a,beZ.

. 2 2
Jiinepy notpe6boBanach ClpaBeUVIMBOCTh MMIUIMKAUMHK: ecau @ + 3b° — kyb
Kenoeo wucaa, mo cywecmayiom maxue 8,t € Z, umo

a=s8—9st’, b=23st-3t" (6.6)
O6ocHoBaHue ais XVIII Beka 6bU10 BecbMa MUKAHTHBIM. B cuity
a’+3b" = (e +bv=3) (a — bV-3), (6.7)

Y TPUBHAJIBHOTO [UISl OOBIYHON apudMeTHKH aKTa

«ecru T = Yz u y, z 63auMHO npocmbl, Mo Y u z — moxce KyGbi», (6.8)

iinep nonaran, yro o6a comHoxuTens B (6.7) — Toxe KyGul. B wacTHocTH,

a+bv/-3=(s+ t\/—_3)3 = (s* - 9st?) + (35°t — 3t°) V=3,
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oTKyna, Mo, Bbitekaer (6.6). » Jlanee C MOMOLLIbIO HECKOJBKO IPOMO3IKHX,

HO MWIEOJOTHYECKH YXKE MpPOCThIX COOOpaxeHHit Jinep 060CHOBLIBAI HEBO3MOX-
2 2

Hoctb a’ + 30 = 2°.

Cnaboe 3BeHO 31ech omopa Ha (6.8). B cayuae
z,y,z € Z pesynstar (6.8) rapaHTHPYeTCs OCHO8HOU
meopemoii apugpmemuku O €INHCTBEHHOCTH pasjioxe-

HHUA Ha TMPOCThle MHOXWTEIU, — HO 3[eChb 0OCTOS-
TeJIbCTBA JIpYyrue:

4=(1+v=-3)(1-v=3) =22,
npuyeM 2 (l + \/—3) Hepa3JoXMMbl B MHOXECTBE
{(a,b): a+bvV-3},

4YTO JIETKO YCTAHaBJIUBACTCA. Tem He MeHee XOpOLUVll?l 3aMax HE€ Ipo-
nagacT gapom. Bcsikast reHHanbHasi oliMbKa rocjie oToeIMBaHUS 000-
paynuBacTCA UCTHUHOIA.

3
HepaBpel.lIVlMOCTb 273 +y = 23 B LEJIbIX 4YUCIaX €CTCCTBCHHO
HaYUHaTb C Pa3IOKCHUA JIeBOM 4aCTHU Ha JUHEHHbIE MHOXUTEIH )

2 +y’ = (@ +y)(z +Cy)(+ ), (6.9)

rie ( € C — oauH M3 KyOHYecKuUX KopHei u3 1, HO He cama I,
Hanpumep,

¢= %‘7 (6.10)

Pacuipenne Z pnoGasneHueMm snementa (6.10) maet xonbuo Z(¢)
(2z-y)+yv-3 |
2 o

yncen T + Cy =

p+agv-3

> (6.11)

5) C Tem 4TOBBI MOTOM BOCTIONL3OBATHCA B MOAXOASIEM DACUIMPEHHOM KOMbLE MHOXECTB
aHanorom pesyasrara (6.8).



130 MaBa 6. Anrebpauyeckas Huwa

rae ueabie p U ¢ UMEIOT OIMHAKOBYIO aetHocTs ¥, HeBo3MOXHOCTB
BceM coMHOXHTeNsAM (6.9) GbiTh KyGamu B Z({) 0GOCHOBbIBaETCS
HECKOJILKO YTOMUTEJILHO, HO PYTMHHBIM 06pa3oM.

Konblesoit akCHOMaTHKH, KCTaTH, Ul €AUWHCTBEHHOCTHU Pa3jIOXEHHMS Ha Mpo-
CThle MHOXMUTENHM — HenocraroyHo. llenecooGpa3Hoe yxecToueHHe TpeOOBaHHIA
3/1eCh CBA3aHO C BBEAEHUEM HOPMBI.

)

6.3.1. Onpepnenenune. Koavyo R Ge3 deaumeneii yssn Ha3vieaemcs e6KAU008bIM 7 ecau:

(i) Jna nenyresvix a € R onpedenena yenouucnennas nopma N(e) > 0, N(0) = 0,
npuem

N(ab) > max{N(a), N(b)}.
(ii) na mobuix a, b # 0 cywecmeyem npedcmaenenue a = gb + r, ¢ komopom aubo
r =0, aubo N(r) < N(b).

B KoJIbLie LEJIBIX YKcen Z HOpMO¥ MoxeT ciykutb N (z) = |z|. B konbue P[z]
B KaueCTBE HOPMbI TOMUTCS CTENEHb MHOTOWIEHa.

6.3.2. Jloboii 3nemenm eexaudosa Koavya eduHcmeeHHbim 06pa3om packaadviéaemcs
6 npou3sgederue NPOCMbIX COMHOXCUmenei.

Yro Kacaercs MpobJeMaTUKU paclIMpeHus TMoJiei, To oHa Oosee-
MeHee 1MoIpoOHO paccMaTpuBaiach B [5, T. 8] ¢ HEKOTOPBIM YKIOHOM
B meoputo Tanya. OCTaHOBUMCS Ha CTEPXKHEBBIX MYHKTaX.

IMone F no oTHolIeHHIO K JIOGOMY CBOEMY MOZA-
nomo P HasbiBaetcs pacwupenuem P. HanMeHbluee
MO BKJIIOYEHHIO ToJie

F = P(S),

cozmepxauiee noarnone P u MHOXecTBO S, — Ha3biBaeTcst
pacuupenuem noas P na S. B cnyvae, korma S coctout
13 onHoro anemeHTa @, o P() rosopsiT Kak o mpocmom
pacwupenuu nons P. Paclu¥peHUst 06bIYHO KOHCTPYHPY-
10TCA 106aBIEHHEM KOPHEN MOJTMHOMOB.

—_— 6.3.3. Kopnu nenyneavix mnozounenos f(z) € P[z] nazei-
Fanya (1811-1832) eaiomes arzebpauneckumu wucaamu nao nosem® P,

%) U tonbko B CJly4ae YETHBIX P U ¢ «TpaBWibHbie» yucna (6.11) nepexonat B uncna ditnepa
a+bv=3.

7) Mio6oe esraudoso Koabyo ABNAETCA KONBLOM 21a6nbx udearos |5, . 8.

8) Jlio6oe ymcno, anreGpanyeckoe Hax nosneM P, anreGpaudHO U Hax JIIOGBIM pacIUMPEHUEM
F O P, Ho He Hao60poT.
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6.3.4. Munumaavnoim MHozouaenom 4ucaa & Hao P nasvearom mom u3 Hewynesvix
muoeounenos f(z) € Plz], f(a) = 0, — xomopuii umeem naumenbwiyio cmenems
(cmenens o Hao P) ) u cmapuuii ko3pduuuenm 1.

KOPHH MMHHUMATLHOTO MHOTowieHa a Hax P Ha3biBaloT YUCIAMMU, CONPAICEH-
Homu ¢ a. YacTHbIM CJy4yaéM 3TOro OonpeacjcHUud sIBIsACTCA 00blYHOE TOHSATHE
KOMNAEKCHO COnPANCeHHO20 Hucaa.

TMpocroe pacumpenne Q(v2) kosvya Q, nomydeHHOe MPHUCOSTMHEHHEM YHC-
na V2, cocTouT M3 uncen Buaa a+bv'2; a B cnyvae NPUCOETMHEHNS V2 — NPOCTHIM
pacuipeHreM Q oka3bIBaeTCs KOJbLIO YHCEN @ +b\3/§ + cw, rae a, b, c € Q.

Ecnu roBopuTh 0 paclIMpeHUAX Kombua Q, paccMaTtpuMBaeMoro Kak nose, TO
Q(V2) cocTouT U3 3neMeHTOB

a+ b2
c+dv2’

a Q( \3/5) — U3 3JIEMEHTOB

a+bv2+cV4
a+bV2+¢ V&
OJIHAaKO B TOM M JApYIOM C/yyae W3GaBjieHHe OT UPPALMOHAILHOCTH B 3HaMeHarese
NMO3BO/IAET CYMTaTh, YTo paciumpenus Q(vV2) u Q( \3/5) noas Q cocroAT, Kak
W TIpeXe, U3 SMEMEHTOB @ + bV2 1 a + b2 + ¢ V4, cooTBETCTBEHHO.

a,b,c,deQ,

a,b,c,a,,b|,c| GQ»

AHaJlorH4Hasi CUTyallUsi UMeeT MeCTO U B oOlieM ciydyae, 4yTo (UKCHpYeTCs
C/eAyloLKM Cpa3y He OYeBUIAHBIM PE3YJIETATOM.

6.3.5. Teopema. ITycmv ancebpauueckuii 3nemenm a Had P umeem cmenens n. To-
20a pacuupenue P(a) seasemcs n-Mepubim AuHelinbiM npocmpancmeom ¢ 6a3ucom
{LLa,a®...,a"'}, m.e. awboii nemenm B € P(a) eduncmeennsim obpazom nped-
cmagim 6 eude

B=po+pa+...4+p,a"", ece pj EP. (6.12)

6.4. AnreGpanyeckue pacliMpeHus 1 Yucna

N3 obuimx omnpeneneHUit MpeablAyLIero pasiena BbIAEISIOTCS MO,
KOoHcTpyupyeMble Ha 6ade Q. Uncno a € C Ha3bIBalOT aseebpauveckum
(6e3 ynoMuHaHMsI Hal KaKUM IOJIEM), €CJIM OHO ABASAETCS KOPHEM

%) MunumanbHbt (Henpusodumumil) MHOTOWIEH He MOXET HMETb KPaTHbIX KOpHeii. MHaue
/
Bmecte ¢ f(a) = 0 6buto 611 Heo6xoaumo [ (a) = 0, 4To MPOTHBOPEYWIO 6bI MUHUMATLHOCTH f.
n .
MuHMMAIBHBIE MHOTOWIEHBI Yucen —3, V2, i paBub: T+ 3, z" -2, 22 +1.
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HEMPUBOAMMOro0 MHOTOYJIEHa ¢ PaUMOHAIbHBIMA KO3(DOHUUMEHTAMH.
Ecnu craplunit koadduumeHT paseH 1 (Takue MHOrOWIeHb! Ha3bIBaIOT
YHUMApHbIMU), @ BCe OCTalbHble KO3(GUUMEHTHI LEjble Yucia, TO
YHCJIO @ HA3bIBAIOT YenbiM aneedpautecKum.

6.4.1. Ecau o u B — anzebpauueckue wucaa, h(x, y) — npouseoavnulii
MHO20HA€H C payuoHansHomu kodgdguyuenmamu, mo h(a, f) — anze6-
pauHecKoe Yuco.

Orciona jierko BBIBOLUTCS, YTO ascebpaueckue 4ucaa obpasyiom nose, a ueavie
aneebpaueckue yucaa obpasyom Konsbiyo.

EcTecTBeHHO 3a1aThCsl BOIMPOCOM O KOPHSIX MHOI'OYJIEHa C KO3(-
¢duuMeHTaMm U3 nons anrebpanyeckux yncen. He Gyaer nu packpy-
YyUBaTbCsl CMUPAIb, YEro ecTeCTBEHHO ObUTOo Obl oxuaath? Ho kpyr
cpa3y 3aMbIKaeTCsl.

6.4.2. Jhoboii kopenv ynumaprozo mrozounena f(x) ¢ ueavimu anee6-
pauvecKumu yucaamu 8 Kawecmee Kodg@uyuenmos — a61aemcs Ueabim
aneedpau4ecKum Yucaom.

<« Ecniv @ — Kopenb nonnsoMa f(z) = " + 7,,2"' +... + 7, T0 @ TaKke
KOpEeHb YHHUTApHOIO TIOJIMHOMA C LIENbIMU alre6panieckuMy Koa(dHLHeHTaMHU:

[1G" +3nia™" + .o +7)

raoe ”71‘ o6o3HavaeT YHUCJIO, COIPSAXEHHOE 7Yk, U IPOU3BCACHHE GepeTCH no BCEM
COIPSAIXEHHBIM YKC/IaM. b

BONBIIMHCTBO pe3yAsTaTOB O PaCLIMPEHHUSX MOJed OOCTaToy-
HO TMPOCTBI, B CMbICJIE MHOTOXOJOBOCTH, HO M3-33 HEMPHUBBIYHOCTH
00OCTAHOBKM M IMKOBUHHOCTH MOHSITUH BHI3BIBAIOT OTNpPEICICHHBIE
3aTpydHeHus y HenpodeccHoHaloB. M TyT ecTh ABa BbIXoAa U3 IO-
JnoxeHus. JIn6o Boobliie U36eraTh, €CIU UMEETCS BO3MOXHOCTD, IMOO
MpOKPY4YMBaTh B TOJIOBe ONpenesaeHUss U (PakTbl OO TeX MOp, MoKa
MO3TH He Mepe3arpy3sTcs.

HanomHum Hekortopbie ofiuve nonoxeHus. O pacumpernn Play, ..., ap)
c anrebpanyeckMH Han P aneMeHTaMH @ — OBBIYHO TOBOPAT KakK O KOHeHOM
pacutupenuu nons P. Tounee, pacwupenue F D P koneuno, ecnin F — KoHedHOMEpHOE
JIMHelHoe MpocTpaHCTBO Haf P
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Jaa ao6ozo muoeounena f(z) € Plz] cywecmeyem pacuupenue F O P, nad
kxomopeim f(T) packaadeieaemcst 6 npousgedenue AuHelHbIX MHONCUMEnNeL

f(@) = anle —2))(z - 22) ... (& - z2).

Tpu aTOM nosem paztoxcenua HeNpUBOLMMOTO MHorowicHa f(r) cuurtaercs Hau-
MeHbltee paciuupenne nosst P, conepxauuee sce kopuu f(z).

BaxHyio posib HUrpaeT NOHSTHE HOPMaNbHOTO paciuupeHus. Pacuinpenuwe F
nosist P HasbiBaeTcs HOPMAALHBIM, €CTA BCAKUIA HENMPUBOAUMBIA Haa [P MHOTO4NEH,
uMelni xopeus B F, paanaraercs Haa F Ha nMHeliHble MHOXUTEH. MHave rosops:
pacwupenue F D P nopmaasno, ecau aoboe a exodum ¢ F co ceoumu conparcennoimu

Hucaramu.

3
e Pacumpenne Q( V2) ne nopmaabho, W60 He CONEPKUT BCEX KOPHEH MHHU-
3 .
MaIbHOTO MHOTOueHa & — 2. HopMatbhbiM pacimpenuem Gymer Q(v2, e2™/%).

BecbMa HeoxunaH cienylowmit dexoMen. Hanpumep, mone Q(v2, v/3) o6pa-
3yI0T YMcia BUAA

{=a+b\/§+0\/§+d\/8, a,bc,deQ,
KaKOBbI€, B TO € BpeMS, HCUEPIIbIBAIOTCS JIMHEHHBIMU KOMOHHALUAMHU

E=a+p0+98+66°, a,8,7,6€Q, 0=V2+V3,

MOCKOJIbKY

ﬁ:%(a3—9-o), ﬁ:%(n'o—aﬂ), \/8:%(02—5-0).

Takum o6pasoM, Q(V2, V3) = Q(V2 + V3), T.e. pacumpenne Q(V2, V3) pasHo-
CWIBHO MPOCTOMY pacwMperuio Q ¢ MoMoliblo ogHoro anemenTa 6 = v2 + V3, —
YTO BHIMJISAMT UCKIIOYEHUEM, HO SIBJISIETCS OGIUMM MPaBHIIOM.

6.4.3. Teopema 0 NpUMHUTUBHOM 3neMeHTe. Joboe arzeGpauxeckoe pacwuperue F
nona P uyneeoii xapaxmepucmuxu moxcem Gbimb NOPOXCOeHO OOHUM NPUMUIMUGHBIM

3semenmom 0, m.e.
F=Pay,...,ay)=P(8),

KaKosoii moxcent Gbimb 6bi0pan 6 sude AuUHeliHOU KOMOUHAYUU
0=sa)+...+3nan, 6ce s;EP,

U 6ce KOpHU T|,...,Tq M00020 mHo2owrena [(T) ¢ kosdduyuenmamu u3z P, maxum
00pasom, payuoHansHoO 8NpaXCamcs Yepe3 «00HY uppayuoranshocmo» 8:

T = 80; + 8y; 0+... +8(,,_|)j'0n_l, sce 8 €EP.
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MyukT 6.4.3 TpeGyeT MOSICHEHHUS HACUET HyAegoil xapakmepucmuKu. Xapaxmepu-
cmukoii noas F Ha3biBaeTcsi MMHUMAaIbHOE P B PaBEHCTBE
pl=14+...41=0, (6.13)
N———
p paz
rae 1 — envnuua nous F. Eciu (6.13) HeBosMoXHO, F Ha3bIBaloT nodem xapakme-
pucmuxu ny/w'o). KoHeuyHoe none kaaccos ewvemos no mMooyaro p MMeeT XapakTepH-
CTHKY P.

6.4.4. Henynesan xapakmepucmuka p ece20a A6aA3€mcs NPOCMbIM HUCAOM.

<« B npomuegnom caymae p = s-t, s < p,t <p, — 6 cuny p-1 =0 6bt10 661 2ubO
8§-1=0,aubo t-1=0, ymo npomusopeuuno 6o MunuMarshocmu p. »

6.4.5. Ecau none F umeem xapaxmepucmuxy p, mo p-x = 0 das awboeo ¢ € F.

IMons BBIYETOB MOTYT GBITh B TOM WM HHOW CTEMEHW HEMOXOXH Ha Zg,.
Jonyctum, p(Z) — NpocToil 3/1eMeHT (Henpueodumsiil noauHOM) B KOJIbLIE MOJIMHOMOB
P[z]. Ecau f(z) € P[] ne deaumes na p(z), mo & Px] cywecmeyem nosunom f~' (),
makoit ymo

f(@)f'(z) = 1 (mod p(z)),

m.e. f(z)f '(z) =1 deaumen na p(z). ToOITOMY OTOXIECTBICHHE 3MEMEHTOB
f(z), g(z) € P[z], pasHocTh KOTOpBIX AenuTcA Ha p(T), MpeBpallaeT Koibuo Plz]
B nose esvemoe Plz] (mod p(z)).

6.5. Teopua p-aanuyeckux ymcen

OOHUM M3 MHTEPECHBIX pPAcUIMPEHHil MOJS PaLMOHATIBHBIX YHMCEN
spnsercss nose Qp p-aduueckux uucen, BBENeHHBIX lensesem (1897)
IJ1 U3y4eHUS] MOJMHOMUATbHBIX CPaBHEHMIA

pa
f(xy,...,zq) =0, (6.14)
O pOJIM KOTOPBIX YK€ TOBOPWJIOCH B pasuene 3.4.

[TpobnemMaTrka HOCTaTOYHO crneliMdUYHa, YTOObl OpaThcs 3a ee
M3y4YeHHe TMpPU OTCYTCTBUM TpodeccHoHanbHOro MHTepeca. OqHako
3I€Ch UMEETCS BBIIAIOIIMICA HHTPEAUEHT, MpOJIMBalOIIMi CBET Ha de-
HOMEH BELLECTBEHHOI NMpsIMOii, CTaBllIMii OymHMYHBIM B pE3yJikTaTe

10
} Mnbimu C/IOBAMH, XapaKTEPUCTHKA TOJISI COBMANAET C MOPAAKOM CAMHHLb! AIANTHBHON
rPYMIbI TOJIs1, €C/IM MOPSAIOK KOHEYEH, U CYMTAETCS] PABHON HYJIO, €CJTM NMOPSAAOK GECKOHEYEH.
KoHeyHoe moste, pasyMeeTcs, He MOXET UMETh XapaKTePUCTHKY HYJIb.
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HactoitumnBoit PR-neatenbHOCTH. K 3TOT MHIrpenUeHT XaJIko ynycKaTh
C TOYKU 3peHHUsI o0lIEro MaTeMaTUYeCcKoro o6pa3oBaH usl.

EcTb nBa ucToyHmKa |3, 11], B KOTOpBIX p-amiuyecKHhe Yucaa
paccMaTpMBAIOTCA CO B3aMMHO JOTOJHAIOLUIMAX MO3ULIMA, U 3[€ECh Mo~
BTOpATbCSI GbUTO ObI HEyMECTHO, TeM 0ojiee YTO KOHTEKCT TpedyeT
cobnoaeHUs MPONopLUii U3JoxeHusl. [la ¥ BHUMaHUE CTEPXXHEBbIM
MOMEHTaM Jierye yaeJuTh B 00CTOATENbCTBAX, MO3BOIAIOIUUX UTHOPU-
poBarh 1eTanu, 61aro ecTb Kyaa 0ToC/IaTh 33 MOJAPOOHOCTAMMU.

WUrak, 11a npocToro p M HEHyJIEBOro & € Z MONOXuUM ordy T
pPaBHBIM KpPaTHOCTM BXOXIEHHUs P B Pa3joXKEHUEe T Ha TMpOoCTble
MHO)KPITCJIH“), u ordy 0 = oo mna snwboro p. s palMOHaIbHBIX
z=a/db

a
ord, 7= ord, a — ord, b.

Hanee Ha MHoxecTBe (Q palMOHaJbHBIX YMCENT BBEIEM CEMEMCTBO
HODM:
llz|l, = p~° %, ecmn z #0, (6.15)

H ||0]], = 0. AkcrombI HOpMBI TIpOBEPSIOTCA Ge3 ocoboro Tpyna.

KoHeyHo, Hopma (6.15) BHIIISAOMT 4epecyyp HaayMaHHo. Pa-

a
LHMOHAIbHOE T 3aNuChiBaeTcsi B GOpME T = pkg, raoe LeJjbie a,b

He JenaTcs Ha p, M Hopma ||z||, monaraerca paBHOI p*. Pac-
crosinue ||z — y|[, Mexny uMcnamu, TaKHM 06pa3oM, TEM MEHBbILE,
yeM Ha GOiblIylo cTeneHb p* HenMTCA MX pasHOCTb. TeM caMbiM
o6bIlyHast ymopsyI04eHHOCTh ynces paspyiaercsi. U Bce-taku (6.15)
oKasbiBaeTcsi HopMoi. Bosiee Toro (meopema Ocmposckoeo): ecskas
nempusuanonas > nopma na Q skeusanenmna 13) Il |lp 022 Hexomopoeo
npocmoeo p aubo p = oo. IMosToMy Apyrux HopM Ha QQ Her.

Jpyroe meno, uro metpuka p(z,y) = ||z — yll,, 3anaBaemas Hopmoit (6.15),
B CaMOM JgeJie «aHOMaJIbHa», eCJu CyauTh TpadapeTHo. [IpuynHa 3aKkiTioYeHa B TOM,

") Hanpumep, ord, 8 = ord; 24 = 3, ords 24 = 0.
12) TpusuanbHas HopMa: ||| = | w1s BcsAKOro HEHYNEBOrO T.
13) 06 3KBUMBANIEHTHOCTH HOPM CM. [5, 1. 5]
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yro (6.15) npunamnexur KJIaCCy Heapxumedoasix HOpM, XapaKTepU3yeMbIX YCUIEHHBI M
HEpaBEHCTBOM TpeyrojbHUKa:

llz + yll < max]|z|], lly]]). (6.16)
Hepasencrso (6.16), kasanoch 6bl, HEHAMHOTO «XyXe» O6BIYHOTO

llz +yll < llzll + llyll,

HO NOCJENCTBUsI «kaTacTpoduyeckue». Bee TpeyronbHUKM OKa3bIBaloTCsi paBHoGe -
14
PEHHBIMH "7, 3 jii06asi TOYKa B KpyTe SBJASIETCS €r0 LEHTPOM.

Kax 6b1 Tam 1 6610, HOpMa ECTb HOPMA, U C 3TUM HOBBIM (p1aroM
MOXHO HITH nyTeM KJIacCHYEeCKOro aHajiu3a, INOIMOJHAA MHOXECTBO
pauHOHanbHbIx yucen Q 1o nosHoro npocTpaHcTsa Qp, ABNAIOLIETOCS
aHajoroM R. [TonATHo, A1s Kaxaoro p monoiaHeHue (Q, — cBoe.
Ho rae oy stu Qp? XoTenoch Gbl pacTONOXUTD MX Ha BEIIECTBEHHOM
MPAMON, HO He TyT-TO 6b110. IIpUXOOUTCS BCIIOMHHTD, YTO U OOBIYHBIE
BELLECTBEHHBIE yUCNia — CYTb GuKuma [5, T. 5].

Paumonanbuas nocnenoBatenbHOCTL {z,} n3nayaiLHO OnpegeNseTCa KaK CXO-
nawance, ecnu p(z,, :z:‘) — 0. Takas nepuHuums Gecrnosie3Ha, MOCKOJbKY alipuoOPU
TpeGYeT WMeTh B pyKax Npeaesibl T, KaKOBBIMM MbI TOJLKO COBMpaeMcs MOMOJI-
HaTe Q. Tostomy COOTBETCTBYIOLLAsl 3MorNesi BbIHyXAeHa 6a3npoBaTbCd Ha BHYT-
PEHHEM OIIpefesieHUH «IOCJIeA0BaTeIbHOCTb CXOAUTCS, €CJIH d)yudaueumanbna's)».
W rtorna npenenamu ¥ oka3bIBalOTCS caMH nocredosamensrocmu Kowwu'®. IMpaBna,
B cJ1y4ae oBLiyHOoit HOpMBI

llz - ylloo = |z — gl

YAAETCs1 «HapucoBaTb» reOMETPUYECKUT 06paa H OTMETHUTL HZ2 HEM d)y}mamema.nbn bIC
MOCJIEA0BATEILHOCTH TOYKaMU MOIOJHEHUS z'.

Huyero nono6Horo He nonyyaercs B ciyyae (6.15), — p-MOHOTOH-
HBbI€ TIOC/Ie10BaTEAbHOCTH MeYyTcs Mo Tepputopuu (Q, He oGHAPYK M-
Basl CKOJIbKO-HUOYAb YMOPAAOYEHHOTO C TOUKH 3peHHs R noBeaeHUs.

") Ecnn ||z]| < |ly]l, o 8 ciny (6.16) iz — yll < Ily]]. Tlo Toi xe mpusnne
lyll = Iz = (z — y)Il < max([|z]], ||z — ylI),

orkyna [|yll < ||z — y]|, notomy uro ||y|| < [|z|| He BrmOnHsETCS MO NpeanonoxeHuo. B uTore
lyll = llz — yi.
Ansercs nocredosamensrocmuio Kowu.
19 C yuerom TOTO, YTO 3KBUBAIEHTHBIE MOC/EIOBATENBHOCTH (XapaKTEPU3yeMbIE CXOLN MO-
CTbIO Pa3HOCTH K Hymo) CXOIATCH K OMHOMY M TOMY Xe z*.
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B npuHumIe paboTaeT Ta Xe CXeMa MOMOMHEHHUs, HO YyyeJio HTOTOBO-
ro nojHoro npocrpaHctBa Qp cobcem He HanmomuHaeT R. KoHeuHo,
€CTb HOpMa, a 3Ha4YUT, ECTh METPHKA, TOMOJIOTHS, HENPEPHIBHOCTh, —
HO HeT 1nokosd. Bce mo-apyromy. Ecin o6biuHas Hopma |z — y|, mpo-
J0JKeHHas 1o HenpepblBHOCTH ¢ Q Ha R, HauMHaeT NPUHUMATb BCE
BEILECTBEHHbIE 3HAYEHMUS], TO ¥ ||T — y||p, MponomkeHHO# p-Hemnpe-
priBHO ¢ Q Ha Qp, aCCOPTUMEHT 3HAYEHHUH COXpaHAETCH.

C aHanorom mnepexoga oT R k C cutyauusa euie xyxe. Eciu
pacuiupenue mojigs R mo C pgocturaeTcss NMPUCOEAMHEHHEM BCETo
JIUIIb KOPHA YpaBHEHUs z? 4+ 1 = 0, uto nenaer pa3peuiMMbIMU JTIO-
Oble TOJJMHOMUAIbHBIE YPAaBHEHHUSI, — TO OTIIPABIAACH CO CTAPTOBOM
wiomwanku Qp, mpuxoauTca o6pa3oBbIBaTh GECKOHEYHYIO MMOCJE0-
BaTeJbHOCTb pacUIMPeHU TpUCOeIUHEHUEM KOPHEN HENMPUBOAUMBIX
Han Qp MOJMHOMOB, @ MOTOM ellle 3aMa3biBaTh ILEIN LIS MOJIy4YeHHUs
aHaAJIOra KOMIUIEKCHOM TIOCKOCTH.

Yucro aJII‘CGpaM‘—ICCKI/Iﬁ nyTh K Pp-aAM4Y€CKUM H3BICKAaM HayHUHa-
€TCA C NMOCTPOCHUA Yenblx p-aaurtecxux Yucen, KaKOBbIMHU Ha3bIBalOT
OECKOHEYHbIE MOC/IEeN0BaTE/IbHOCTH BbIYETOB Iy O MOOYJIIO pn,

{z,} ={=zo,2y,..., 2y, ...},
YIOBJIETBOPSIOLINX YCJIOBUIO 17)
pn
Tp = Tp_). (6.17)

6.5.1. CogokynHocmb yeabix P-aoutecKux Huces Hecuemua.

OGBIYHBIM LieJIbIM (PaLMOHATIBHBIM) T COTIOCTABJISIIOTCS P-aauye-
ckue yucna {z,...,z,...}. Cymma u npoussemenve {z,}, {yn}
onpenensitotcsi Kak {Tp + Yn}, {Znyn}. B pesyasrate obpasyercs
K0abYo @Qp LENBIX P-aTU4ECKHX YHCEL.

HaneHeiiiee paciuupenue Qp 100 noas R, OpobHbix p-aduue-
CKUX — TIPOMCXOAMT OOBIYHBIM MYTEM HEJEHUS LIENbIX P-alUuYeCKHX

n4
") Ipe Takux nocnenosatensHoctn {Zn}, {yn} npu ycnosun Vn : z, Y= y,, — oxsusa-
NEHTHBI, T.€. 3a7aI0T OQHO U TO Xe YUCJIO,
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yuceJs YT Ha Apyra, Ui 4ero B (), BbIIE/IAETCSA CHayana rpynna
4KceJ1, UMEIOIUX 0OpaTHbBIE MO YMHOXEHHUIO, — U TakWe YUCIa Mpu-
HATO Ha3bIBaTh e()uﬁuuamu's) Koabya, 4TO BHOCHMT, Hamo ToOJararh,
YMBILIJIEHHYIO MYTaHUILY, OTpaXmaasi TEOPUIO OT HETMOCBAIIEHHBIX. 3a-
TeM BBOIMTCA HopMa (6.15), u pacumpeHue R, 1o Q, nmpoucxomut
yX€ Ha TOTOJIOTUYECKOI OCHOBE.

JuckoMdopT B CBA3M C TEOpUEN P-aaUYECKUX YUCET Y MHOTMX
CHHMMaeTcs (PakTOM BO3MOXHOI 3amucH J1000ro p-aaguyeckoro 4uc-
na § B o0paTHOIi (cripaBa HaJeBO) P-MYHON CHCTEME:

E=p ™a+ap+...+ap" +...), (6.18)

rie Bce aj Haxomarcss B nuamasoHe [0,p — 1], U ag # 0. Ho un-
JIIO3Us1 TIPUBBIYHOCTU 3I€Ch JOCTUraeTcs «0OMaHHBIM» IyTeM. Psan
B (6.18) cXomMTCs TONBKO B P-aJMyeCKOl HOpME, U TOTOMY «be3
BCEX 3THUX XJIOMOT» He 0B0MTUCH, P-anquYecKue YKucIia pacnonaraloTcs
He B R wiam C, a Ha apyroit ruiaHete. ONMH JHIIb KOHTUHYYM LEJIBIX
P-aqM4ECKUX — BBIGMBAET MMOYBY M3-TIOJ HOT Y MOJACO3HAHMUSI.

6.6. KsaagpaTtnyHbie ¢popmbl

HerpynHo BumeTh, 4To cpaBHeHus (6.14) pa3pelinMbl NpH Jo6oM
a € N B TomMM cnydae, korna

F(@1,...,Tp) =0 (6.19)

pa3peliuMO B LEJIbIX P-aadecKUX YHCIIax.

Bo/IBIIMHCTBO MPAaKTUYECKUX BOMPOCOB TEOPUM YHCE CBA3AHO
C BbisiCHeHHeM paspelinMocty (6.19) B Z wim B Q. PaspemnMocTsb
B () 6o B Qp yalle BCETO CIYXHMT WHCTPYMEHTOM IOCTHXEHHS
uenau. Ho paspeuinmocts

.f(zl,"'9zn) p:aO (620)

18) Tax X€, KaK 06bIYHYIO equHuLYy, Z + 1 = x. PaHee Mbl TaKylo «rpyniny €IMHHL» Ha3biBAIH
MYAbMUNAUKAMUBGHOU 2pynnoil Koabya.
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npu JIO6BIX P M @ TaK MPOCTO B PYKH TOXE HE JAETCH U TPEOYET
TeX WIM WHBIX OOXONHBIX MaHEBPOB. B 3ToM oOTHoweHMM 6biBaeT
3¢ dexTUBEH Crenylouii pe3yasrar [3].

6.6.1. Ecau f(zy,...,x,) — abcomomno Henpueoawwuﬁlg) noOAUHOM
¢ Ko3puyuenmamu u3z Z, mo ypaenenue (6.20) paspewsumo npu a106bix
a € N u a106bix npocmeix docmamouno boabwux p (60abutux Hexo-
mopozo Po).

Oco0blit MHTEpeC Ha JaHHOM 3Tare pa3BUTHS TEOPUU YKCesT TIpel-
CTaB/sAOT ypaBHeHHUs (6.19) BToporo nopsiika. Bot onuH U3 HanbGosee
MU3BECTHBIX HEOPAUHAPHBIX (PaKTOB B 3TOI 06/1aCTH.

6.6.2. Teopema MuHkoBckoro—Xacce. Ypasnenue

D aijzizi =0 (sce ai; € Q) (6.21)
i.j

umeem HempuUBUANbHOe peuleHue 8 PAYUOHANbHBIX YUCAAX 8 MOMM cay4ae,
Ko20a oxo HempueuanbHo paspewumo 6 R u & Q, npu arobom npocmom p.

[MyHKT 6.6.2 NPUHLUMNHUANBHO YTOUHSAET CJEAYIOLINI Pe3y/bTaT.

6.6.3. Jpasnenue (6.21) ¢ payuonanvHoli KeadpamuuHoii Gopmoii om
N > 5 nepemMeHHbix umeem HemMpusuUaAbHOEe DeuleHue € payUOHANbHbIX
yucaax 6 momm cayiae, Ko20a oHO HempueuarbHo pazpeuumo 6 R.

060611eHHe meopems: Munkoeckoeo—Xacce Ha hopMbl 6osiee BBICOKOTO Nopsaka
He mpoxomut [3]. Hanmpumep, ypasHenue 3z + 4y’ + 52° = 0 HeTpusuabHO
paspewnMo B R 1 1060M Qp, HO HE UMEET HETPUBHANLHLIX pellieHH#H B Q.

6.7. O OyneBbix CTPyKTypax

YT06b! Jyyllie MOHATb TY UJIK UMHYIO TEOPUIO, €€ UMEET CMBIC «IOllie-
BEJIUTb», TIEPEXOMsi, HAlpUMep, K APYrMM YMCJIOBBIM NojsaM. Ho «Ba-
pbHUpOBaTh» MOXHO HE€ TOJIbKO WIpOBOE TOjie, HO W NMpaBUjia UIPHI,
HEKOTOPbIM 00pa3oM MeHsISl aKCMOMATHKY. [ToaxoasamuMu HLTIoCTpa-
uusamu Gorata obwas anre6pa [5, T.8]. [MokasareneH npumep 6y1eebix

19) HenpuBoanMMbIit HU B KAKOM MOJE.
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cmpyKkmyp, KakOBbIMU Ha3bIBalOT MHOXECTBO B C IByMs omnepalus-
MHU: CJIOXEHHUSA «+» U YMHOXEHUS «», YIOBJIETBOPAIOIIUX CJIETYIOIIUM
TpeOOBaHUSIM:

1. OGe onepaur KOMMYTaTMBHBI M aCCOLIMATHBHBI.
2. Onepauuu AMCTPUGYTHBHBI OIHa OTHOCHUTENILHO APYro#, T. €. MIOMUMO OOBIYHOTO
(151 KoJibLa)
z+y) -z=c-2+y-2,

CIIpaBeTUBO
(-y+z=(z+2) (y+2).

3. B B cyuiectByioT 3;71eMeHTbI 0 M1 1:
zt+0=z, z-l=c.

4. JlioGomy snemeHTy T € B oTBeyaer Tako#t aeMeHT £~ € B, uro:
-1 -
c+z =0, z-z7' = 1,

HHa4ye€ rosops, oﬂpamﬂww 3JIEMEHTY T, KakK IO CJOXEHHI0, TaK U MO YMHOXE-
HHIO, OKa3bIBACTCA OAUH U TOT X€ IJIEMECHT E_I .

Koppensiuns ¢ apudmMeTHKOI 10BOJIBLHO OYEBHIHA, HO OTJIMYMA B KOPHE MEHSIIOT
065uK cucteMbl. OlHa U3 M3BECTHBIX MOJIEJIbHBIX peain3auuit OyneBoit anrebpbl —
MaTJOrMKa C IM3bIOHKLIMEH U KOHBIOHKLHEH B KaYeCTBE «CJIOXEHUSI» U «YMHOXe-
HUSI». YHUBEpCaIbHbIN XapakTep UMeeT Apyrasi MojieJib; MHOXeCTBO B 1 HekoTtopasi
cUCTeMa ero MOoAMHOXeCTB 4 ¢ OObLIUHBIMM onepauusMHU oObeAHHEeHHUs, Nepeceye-
HUS U OTIOJIHEHUS,

T+ye Uy, zyezNy, ' o B\z.

Eciu 98 COCTOMT BCEro M3 AByX MOAMHOXeCTB, & = {&, B}, Bo3HMKaeT cUTyauus
H30MOp¢Has MaT/IOTHKeE.

BynieBbl anreOGpbl BO3HMKAIOT BO BHELIHE BeCbMa HECXOAHBIX cuTyauusx. Ha-
npuMep, Npy BBeAEHUH olepaLuii
4 N

z+y=HOK{z,y}, z-y=HOd{z,y}, = =7

Ha MHoMcecmee Oeaumeneti HeKoToporo uucia N, KoTopoe mNpexacrariser coGoi
MPOU3BEIEHNE MPOCTHIX YUCEN B MEPBOI CTENEHH.
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IpgexkTusHocTs cyera

Coa08b51 06pe4eHHO NPOKAUHAem 60pOHa,
He 3naem cmpacmu, 6ednas, cunvheii...
Headomex eil, 4mo 6 KPOHe 8eco om 20ps 3eneHblil

Boporoii cmame mevmaem conogeil.

CTOPOHHMKH TUIATOHWYECKOH HayKu TeppUTOPMIO KOHKPETHBIX BbI-
YUCJIEHUH NpeanoyuTaloT OOXOOWUTb CTOPOHOI, M PpOCT MOMYJIAPHOCTH .
cyry60 NpakTHYecKuX 3anay MX yapyyaeT. OfHako HE CTOMT 3abblBartb,
yro Benukue TeopeTHKH, 1OCTATOYHO YNOMSAHYTb Jinepa, NCKAIN UCTHUHY
Y BIOXHOBEHHE B TPACHHE YMCIIEHHBIX IKCEPUMEHTOB, — YAenss Ge3aHy

BpeMEHH PYTHHHOMY CYETY.

7.1. PNP-npo6nemaTtuka

KoMnbioTepsl Ha 6a3e YUCTO apudMETHYECKOrO A3bIKa PEIlAloT (ak-
THYecKU JoOble 3amayu. [Ipu 3ToM OyXrajJTe€pCKue IUTYYKH, Urpa
B 1LIaXMaTbhl, COYMHEHUE CTUXOB, MEAULIMHCKUA OUAarHO3, 3KOHOMH-
YEeCKUl MPOTHO3 — CBOAATCA K 3jJeMeHTapHbIM Bbl‘lHCHeHmlMl),
KOMIUIEKCHOE M3yYyeHHE KOTOPBIX poxkaaeT OOJbiloe pa3HooOGpasue

NMpUKIaAHbIX Hal'lpaBJ'leHl/lﬁ N TEOPETHUYECKUX ﬂp06HCM.

OcTtaHOBHUTCS Jy nporpamma cyeta? MoOXHO JIM B IPUHLIMIIE TaK
OpraHM30BaTh BHIYUCIEHHUSA, YTOOBI MOJYYUTh OTBET HA TOT WIM MHOM
Bonpoc? CyllecTBYIOT JIM Hepa3pelnMble 3afa4u? JTo Bce U3 06.a-
CTH @IrOPMTMHYECKOif Hepa3pemnMocTy (r1aBa 5), T NpUXOaUTCs
He CTOJIbKO CYUTATh, CKOJIbKO pa3MbliiLiATh. ECTh TAKXE Macca 3aBe0-
MO pa3pellMMBbIX 3a/1a4, B KOTOPHIX HESICHO, KaK IOOUThCS pe3yibTara

1 M
) HHoraa TpyaHo 0603puMBbIM, HO BCE Xe 3JIEMEHTapHBIM 110 CBOEH MPHUPOJE.
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«KpaT4yaiiiMM» MyTeM, U 31ech 00Jblliag YacThb BOMPOCOB YITUPAETCS
B «PNP-npobnemaTuky».

P- u NP-3anayam nocssiueH oTaenbHblii ToM [5, T. 10]. Bkpartue
CYTb NpoGJieMaTUKHM 3aKo4eHa B cieayioumeM. KpaeyroibHbiM cily-
XHUT MOHATHE NMOJUHOMHUaANbHOrO cyeta. Ecnu pa6ora anropurMa 2
pelIaoLIEro 3a1a4y ¢ JUIMHOM ONMCAHUA T, XapaKTepu3yeTcss HeobXo-
IMMOCTBIO BBITIONIHEHHS f(T) 3/IeMEHTapHbIX OTepaLuii, TO areopumm

CYMTAETCS NOAUHOMUANbHBIM B CITydae
k
f(z)=0(z") (7.1)

npy HekoTopoM k > 0, T. €. IpH YCJIOBUH CYIIIECTBOBAHUSI KOHCTaHTbI
C > 0, Takoit uto f(z) < Cz* wis mocratouno Gonbwmx z.

Tak KaK MOJMHOMUAIBLHOCTb UMEET AaCUMITTOTUYECKUI XapakTep,
IUIMHY OTMMCAaHHUS M KOJIMYECTBO OMEpalUii MOXHO U3MEPSTH C TOY-
HOCTBIO 1O YMHOXEHMSI Ha KOHCTaHTy. IS M3MepeHUs1 T TOOUTCS
KOJIN4YeCTBO OMTOB JIMOO KOJWUYECTBO CUMBOJIOB B JIIOOOM LIM(POBOM
angasuTe (KpoMe eJMHUYHOTO0), HEOOXOIMMOE ISl OTTUCAHUS JaHHbIX
3anauyu. [IpousBosn B onpeneseHUM 3J€MEHTApHBIX OMepalUil Takxke
BECbMa BEJIMK. DTO MOTYT ObITb apU(PMETUYECKHE OTNEepalliy, CABUTH
TOJIOBKM MalIMHbI ThIOpUHTa, ONMEpaToOphl AJITOJIONOAOOHBIX MPOrpaMM
1 T. 1. Bce 310 He Hapywaet acumnroTuky (7.1).

Teopus airOpUTMUYECKON CIOXHOCTH ONMpaeTcsi OObIYHO Ha 3a-
dauu pacno3nasanus, KaKoBbIE, TIO OTNPENEIEHNIO, MOTYT UMETb TOJIbKO
IBa OTBETa: «1a» WM «HeT». CyllecTByeT JU B rpacde eamussmonos
Koumyp? VIMeeT iy 3a1a4ya JIMHEIHOTO NMPOrpaMMHUpPOBaHuUs pellieHre?
SAsnsercss am N npocTteiM YMcaIOM? DTO BCe 3aayM pacro3HaBaHUS.

Ho mmpoko pacrpocTpaHeHbl TAKXE IUCKPETHbIE SKCTPEMAJIbHbIE
3ala4yy MaKCUMM3aLUHU LeeBOi PyHKLINHU 3, OnHako:

7.1.1. Ecau yenesan ¢ynxyus npunumaem ne 6osee N 3HaueHuid, mo
cywecmeyem npouedypa peuleHus onmumusayuoHHol 3adaqu 3a logy N

2)Anropm'm — 3TO NporpaMMma BLIYHC/ICHHI Ha J11060M YHUBEPCAJIbHOM fI3bIKE MpOrpaM-
MHPOBaHMSA.

3 Hanpumep, 3anaun kommugoaxcepa, 4eao4ucCreHH020 NpoepamMmuposans, MOCTPOEHUS CETH
JOpOr MUHUMAJIbHOH CTOMMOCTH M T. .
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waeoe, Ha Kaxcoom u3 KOmopbiX peuaemcs coomeemcmeyrowasn Komobu-
HamopHaa 3a0a4a pacno3naeanusn.

Tak 4TO 33mauu pacrno3HaBaHUsI CKPOMHO BBITJIAAAT, HO MHOTIO¢€
OXBaTbhIBAlOT, — W K HHUM NPHUBA3BIBAIOTCA OINPECACTICHHUSA P- u NP-

KJIaCCOB.

7.1.2. Cosoxynnocmb 3ada4 pacno3nasaHus, Komopsle mozym Obims pe-
WeHbl HeKOMOPYIM ROAUHOMUANLHBIM AA20PUMMOM,, Ha3bieaemca Kaaccom P.

7.1.3. Kaacc NP onpedensemcs Kak cOB0KYRHOCMb NOAUHOMUAALHO NPO-
eepaeMbix 3a0a4 pacno3na8anus 4 , 8 KOMOPbIX, eCAU pewleruem 1615emcs
omeem «0a», mo cyujecmeyem «CA080» A ROAUHOMUANbHOU OAUHbBL U HO-
AUHOMUAAbHBIL om A anzopumm, Oarowuli omeéem «0a» 5) .

Cpean NP-3amay ecTb B HEKOTOPOM poOjJI€ YHUBEPCAIbHbIE, KaK
ropopsit, — NP-noanbie, KakoBble MOJUHOMMAIBHO 3KBUBAJICHTHbI
npyr apyry. I1o onpeneneHuio 3anaya NP-rosHa, eciy K HEil MOIUHO-
MHUAIBHO cBOOUTCS nobast apyrass NP-3amaya. [TosToMy MOJaMHOMU-
albHOe peleHUe J1i060ii N P-nonHoii 3ana4n NoIMHOMHATBHO PeLlaeT

Bce ocTaibHble NP-3amauu 6) .

Bonpoc «P ;NP» O COBMAJEHUM WJIM HECOBMANEHUM KiiaccoB P
U NP 1o cux nop octaercsi OTKpPbITbIM, YTO SIBJISIETCSI KPYNMHEHILEH
MaTeMaTM4eckoit mpoOieMoi, 3a pellieHHe KOTOpOH yupexaeHa mnpe-
MHsI B MUJUIMOH J10J1J1apOB.

TemaTHKa CJIOXHOCTY BBIYUCJIEHUI, pasyMeeTcsl, He UCYepIblBa-

2
etcst npobaeMoit «P =NP». Hekotopble 3a1a4u He CBOASTCS K pacro-
3HaBaHHIo. [lepeyrcauTesnbHble 330a41, HAaIpUMeEp, B KOTOPBIX JIMHA

9 Knace NP TPaIMLUMOHHO OMpeleNseTcss WHaye, HO pa3HMLA TYT 3aKiioueHa B (opme,
cM. [5, T.10]. 3an0XHTh B OMpefeNeHHE MOJMHOMHUATBHYIO NPOBEPAEMOCTb GBIBAET XAIKO,
NOCKOJIbKY TOrAa 6yeT BceM BCe MOHATHO.

%) Ecam 3anaua npUHALIEXHT Ki1accy P, To u ee nonosiHenme (Ta Xe 3a0a4ya C OTBETOM «HET»)
aexut B P B NP-knacce cummerpus Hapyuuaetcs. JononHeHue NP-3anauu, Boo6uie rosops,
He 06s3aHo nexatb B NP. lononnutensHbie K NP-3ana4am o6pa3sylot kaace co-NP.

Oy MOTOMY BHAMMOE MHOroo6pasue TpyqHOpeLIaeMblx 3a1a4 — CyTb MHOroo6pasue ¢popm
€AMHCTBEHHON 3amayn. PakT oyeHb mpocTtoit (cM. [5, T. 10]), HO [0 ero OTKpbITMs MOpE
TPYAHOPEWAeMbIX 33124 NPEACTABAAIOCh HEOGO3PHMBIM.
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OTBETa 9KCMOHEHLUATBHO 3aBUCHUT OT BXofa (CKaXeM, MepeyrucieHne
BCEX UMKIIOB rpacda). [MnoteTnyecku TpynHopeliaeMa 3ada4a ¢pakmo-
pusayuu (pasnoxXeHHus Ha MHOXHMTENW) wenoro N. 3anaya pacrio3Ha-
BaHMS «CYIUECTBYIOT M Take N1 > 1 U Ny > 1, uto N = N Ny», —
JIEXUT B KJ1acce P kak monoiHUTeNIbHas 3a1aya K BhIICHEHWIO TTPOCTO-
Thl YUCJIA, YTO, KaK Tereph CTAIO SICHO, JOCTUraeTCs 3a MOJMHOMH-
anbHoe BpeMst (cM. nanee). OnHako B ciyyae N = NN, onpeneneHue
N; v N, B nipokpycTtoBo yioxe (7.1) moka He yKJIaapIBaeTcsl.

7.2. Apuopmetuyeckue NP-3apaumn

TpynHopeliaeMble 3a1a4u 7) (BBIMNBIBAIOT» [TABHBIM o0pa3oM U3 KOM-
O6uHaTopyKU U TeopuM rpadoB. B 1aHHOM ciyyae MHTEpeceH ApYyroi
MCTOYHMK, TEOPETUKO-YNCIOBOi. BOT Heckonbko NpumepoB u3 [8],
riae 3a npenaesnsl kjiacca P Bpl1€3al0T HEBUHHBIE C BUIY BOIIPOCHI.

o Cywecmeyem au yenoe x, npu komopom N deaumcs Ha ax + 1 6e3 ocmamka?
Kasanocs 651, yero npoiue, Ho 3anaya cBoeo6pa3Ho TpyaHopeiuaema (7 -noaua [8]).

o Cywecmeyem au pewenue T < @ y cpagnewus T = b (mod N)? 3anmaua
NP-nonHa, Ho B cnydyae mpocroro N ¥ CHpaBelJIMBOCTH pacuiuperHoil 2unome3ol
Pumana — nonvHoMHUanbHa.

o Cywiecmayem au Hamypanvhoe ¢, 0ersugee Goavbuie 4aeHo8 nocaedo8amenbHoCmu
{ai,...,a,}, vem wienoe nocaedosamenswocmu {by,...,by}? 3anaya NP-nonHa.

2
o Hmeem au ypasnenue az” + by = c, 20e a,b,c € N, pewenue 6 yenvix
noaoxcumenvvix T, y? 3anaya NP-nonHa. Jis BbIsICHEHUS pa3peLiMMOCTH IMHEHHOTO

YpaBHEHUSA E ATy = C BOCTATOYHO MOJJMHOMHUAJIbLHOTIO BPEMEHH.
k

7.3. 3apauu kpuntorpadpum

Kpuntorpadusi npumaer «miaToHM4Yeckoil» apudMeTike mparMaTy-
YECKYI0 OKpacKy, ¥ 00 3TOM LieJiecooOpa3HO cKa3aTh A0 OOCYXAEHHUS
Ha BUJ aOCTpaKTHBIX 3aJay TUTIa BBIACHEHUS IIPOCTOTHI YUCIIA.

O cpaBHHTENbHOM CTIOXHOCTH 3a1a4 MOXHO TOBOPHTb JIAXe B MMIIOTETHUECKOM Clyuae
P=NP, cm. [5, 1. 10].
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Majyio KoMy M3BeCTHA, HO OYEHb IIKHPOKO HCIOJIb3yeMa CHCTEMa
mudpoBaHuA RSA8), onupalolllascsi Ha OYEHb NMPOCTYIO, U B TO XKe
BpeMsi heHOMeHanbHyI0 1aelo. Llndpopoii TekcT T WKbpyercs ¢ no-
MOILBIO JIETKO BBIYMCIISIEMOI QYHKLIHN

f(z) = z° (mod N), (7.2)

rae yucia € u N oOuenoctyrnHsl — o0pa3yloT TaK Ha3blBacMBIi
omxpoimbtii Karou. Tlpu onpeneneHHbIx TpeGoBaHusX K {e, N}, o Ko-
TOPbIX cKa3aHo painee, pyHkuus (7.2) obpatiMa, HO f ~! Bbruncnsercs
coBceM He nipocto. TouHee roBops, 3HayeHUs1 f~ JIETKO onpenensioT-
csl, €C/IM M3BECTEH CEKpeT, 6e3 KOTOporo paciindpoBKa NMPaKTUYECKH
HEBO3MOXHa. B ckazaHHOe TpynHO MMoBepUTh, OO A1 paciindpoBKU
cooflieHust Y = f(z) Hazo Bcero JMUIb PELIMTh ypaBHEHHE

z° = y (mod N), (7.3)

HO TyT cobaKa ¥ 3aphbiTa.

B RSA o6piuHO mnonaraior N = pg, TI€ p U ¢ — pa3iuyHbIE
MpOCThlE YMCJa, a [OKa3aTeNb € BbIOMPAETCd B3AUMHO IPOCTBIM
co 3HayeHUeM @yuxyuu Jinepa p(N).

7.3.1. B yxazannvix npednonoxcenusx omrnocumensio N .
u e pewenue (7.3) eduncmeenno u onpedensemcs opmynoii

z =y* (mod N), (7.4)

20e namypansnoe d < p(N) cywecmeyem u 00HO3HAUHO
useneKaemca u3 ycaoeus

de = 1 (mod p(N)). (7.5)

<« Pewenue (7.5) cymectsyer B cuny HOI (e, p(N)) = 1,

a eIMHCTBEHHOCTb d BbITEKAET M3 IPYINMNOBLIX CBOMCTB BbIYETOB.

o nepsbiM GykBaM umeH aBropoB: Rivest R. L., Shamir A., Adleman L. M. Kpunro-
rpapuyecke monyin RSA ucnonsdyiotca B MS Windows M COTHSIX APYrMX NpOrpaMMHBIX
MPOAYKTOB, CBSA3aHHBIX C 3alUMTOM 6aHKOBCKOI, KOMMEPYECKOH, BOCHHON U APYroi CeKpEeTHOM
uHdopmauuu. [Toatomy Bce MMEIOT Aea0 ¢ RSA, Ho He BCE NMPEACTABIAIOT, YTO 3TO TaKOE.
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B cnyyae N = pq, ouesunto, HOI (y, N) € {1, p, q}. Ecau HOOA (y, N) =1,
To B cuny (7.5) v meopeme: Jiinepa,

z*™ =1 (mod N),

MMeeM
y? = 2% = £ (mod N),

yto npuBoautr K (7.4). Ecin xe HOH (y,N) = p, to ¢(N) menurca Ha p(q).
a u3 (7.3) caenyer HOJI (z, ¢) = 1. lanee aHaJIOrMYHO MpeabLAYLIEMY T107yYaeM

=y’ (modq) = (74). »

Ilo nepBoMy BreyataeHHI0 d Majo Moxoxe Ha cekpeT. 6o uto
MeEIIaeT pa3ioXuTh N Ha MPOCTbIE MHOXHUTEHM, IMOCHE YEro BbI-
uncauth p(N) u pewnts (7.5) 9), onpenensis d? UHpiMM croBamy,
knod {e, N} comepXuT nojHyio MHbopMauuio o cekpere. OJIHAKO
MEPBBIi Xe 1ar BeIYUCIEHUA d CTAJKUBAEeTCsl ¢ HEOOXOMUMOCTBIO
pasnoxeHuss N Ha NMPOCTbie MHOXHUTENN, YTO NPU COBPEMEHHBIX TEX-
Hosorusix st Gonblinx N oKa3biBaeTCsl HEMOCHIIbHOIM 3amaueii. s
200-3HayHoro NN HeoOXOAMMBIIT 00bEM BBIYMCIECHUN HMEET Mops-
JIOK 1023, YTO BBIXOJHUT 3a PaMKH KOMITBIOTEPHBIX BO3MOXHOCTEH 10),

[TomuMo RSA ectb u apyrue kpunrorpaduyeckie CUCTEMBI C OT-
KPBITBIM KJTIOYOM, UCHONIb3YIOUINE 00HOcmoponHue gyrxyuu: f(z) ner-
KO CUMTaeTcs, a f_'(a:) TpynHOBbIYMcIMMA. [IpaBoa, UHTYMTHUBHO
KaxeTcsi, 4To Bce (yHKIUU TaKoBbl. EC/IM, CKaxeM, 3HauYeHHE IO-
nuHOMa y = P(Z) OTHOCHMTENILHO JIETKO BBIYMCISIETCS, TO pelieHHe
ypaBHeHUs1 ¥ = P(Z) OTHOCUTENbHO T AaeTcsl ¢ GONBLIMM TPYIOM,
ecnu BooOule naercsi. M Ttak noytd Bcerna. [opa oniHa M Ta Xe,
HO CKaTbIBaThCs JIETKO, B30UpaThcs TpyAHoO. [IponsBoaHbIe OEpyTCs,

% 3navenue ©(N) merko BBIMMCISETCS, €CTM U3BECTHO padioxeHue N Ha npocTbie MHO-
xurenn, uo p(p*) = p*~'(p — 1) ana npocteix p, n Y(pg) = p(p)p(g) w15 B3aMMHO npoc-
TBIX D M ¢.

10) ABTOpel RSA 1151 AeMOHCTpauMu CHIbl METOAA MCIOJB30BAUIM MEHEE YCTPalUaloLIUA
npumep (1978), 3awndposas Hekyio Gpazy (nepeBemeHHyl0 Hymepauueit 6ykB B LubpoBOH
KOZI) ¢ HOMOWIBIO OTKPBITOTO KI04Ya co 129-3HauneiM N u e = 9007, — 1 0GbABUIN NPEMHIO
B 1008 3a pacuwmdposxky. [Mpemmnio npuuutock BeiiaTHTh, PaGoTa mo pacmmdposke 3aHsU1a
Gonee monyroza (a Ha mpUroTosiaeHue yuuio 17 net), B Hee GbUIO BOBJIEYEHO HECKONLKO COTEH
4EJOBEK W MOJTOPH THICAYH KOMIBIOTEPOB NpHU CeTeBOM B3aumoneicTauu. IlpoaesanHbii
06bEM BBIYMCIIEHUI NIPEBOCXOMM 103 oriepaumi.
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MHTErp1UpoBaHue conpoTussiercs. [TokasatesibHas GYHKLMS BOCTIPU-
HUMAeTCsl C X0y, Jlorapr M yKJIanbIBaeTCsi B roJioBe CO CKpUIoM. Tak
YTO NMPOTHBOMOJIOXKHBIE HallpaBJIeHNsI OGBIYHO HepaBHOLIEHHBI. OfiHa-
KO pa3inyusi YaCTO IMOLIMOHATBHBI, 8 TPYIHOCTH cou3mepumbl. Torna
KaK B JaHHOM cily4yae MoipasyMeBaeTcsi hyHIaMEeHTaIbHOE pasiinyue:
f(z) BBIMMCHSIETCA MONMHOMMATBHO, a BhIyMCIeHHe [ (Z) — nepe-
OopHas 3amava,

fzyeP, f'z)eNP.

Peanu3anyis Takoii BO3MOXHOCTH OcTaeTcs noj BorpocoM. He ro-
Bopsi 0 Bo3MoxHocT P=NP, onHocTtopoHHUe ¢hyHKLINU, TOOHBIE LIS
KpunTorpapuyeckoro ynorpebyieHUsl, JAOMXKHBI JIETKO BBIYUCISATHCS
NpU HaJIMYMU JOTOJHUTEIbHONW «CEKpeTHOI» MHMOpMaLMU — Kak
B RSA. CyectBoBaHude TakuX (PYHKLUMIA He J0OKa3aHO, HO MX «IIpH-
3paku» LIHPOKO TPUMEHSIOTCS, XOTS M BUCHUT Hal HUMM JaMOKJIOB
MeY MOJIMHOMUAJIbHOM Pa3pelliMMOCTH «BCex» 3a1ay.

Bot euwie onuH atasioH Kpuntorpadbuu: 3adava opmuposanus
cexpemnoeo kaoya abonenmamu A u B, é3aumodeiicmeyowumu no om-
Kpbimomy Kauaay c8s3u ') B coorsercTBMM C aneopummom upgpu—
Xeamana A v B He3aBUCUMO ApYr OT Jpyra BuiGupatoT uyucia X4
U Xp, ¥ He pacKpbiBasi MX, C MOMOIIbIO OOLIEAOCTYNHBIX @ U N

BBIYMCJISIIOT KaXIbIM CBOE:
_ X4 _ X8
Y4 =a"4 (mod N), Yp =a”"? (mod N),

nocJie 4ero B OTKpPBITYlI0 OOMeHMBaloTcsi yuciaMu Y4, Yp M BbI-
YUCJISAIOT, ONSATh-TAKU KAXIbIi CBOE 4YUCIIO, Yé"", Yf” , KaKOBbIE
0Ka3bIBalOTCH paBHBI MO Moayaio N,

Yg" = Yf” = a*4%5 (mod N),

&Y Kpunrorpadus Gorata yHHKanbHbIMM 3allayaMH, C BUOY HepeluaeMbiMH. Pa3Be MOXHO
MOBEPUTb, HaNPHUMEp, B OPraHM3alMIO OTKPHITOro quanora A ¥ B, He maioulero noacnyinBaio-
e CTopoHe HUKaKoit MHGopMaLmK, Toraa kak B y6exnaet A, uto eMy M3BECTEH naposib JH60
pelieHHUE HEKOoit PeHOMEHATbHOM 3amayn. 3TO U3 06NaCTHU cucmem ¢ Hynegoim pasenauienuem
[5, = 10].
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B pe3yJIbTaTe y KaXKIOTo TOSIBISETCS CeKpemHblil KatoH
XaX
d=a"*"% (mod N),

JIOCTYTIHBIH «[TOCTOPOHHUM» JIUILb MIPH YMEHUU BLIYUCIISITD OUCKpem-
. 12
Kbl noeapugm ) , T.¢. onpenensath X4, Xp no 3HayeHusm Yy, Yp.

Ha cerogHslIHWIT JeHb TPYAOEMKOCTb BHIYMCJICHUS] TUCKPETHOIC
aJIrOpUTMa COMNMOCTaBUMA C TPYLOEMKOCThIO ¢axmopusayuu N. OGe
3a0a4Yy ¢ TOYKHU 3PEHUS HEMOJMHOMHUAIBHON NMPUPOILI OCTAIOTCS MMOA
BOTPOCOM.

7.4. TecTbl Ha NPOCTOTY

BoluMcnuTenbHble 3aJayu, CBsi3aHHBIE C KjaccuduKauueid uucen
Ha TPOCTBIE U COCTaBHBIE, C KOHCTPYMPOBaHUEM npocmbix U (akTo-
pu3auMeit cocmasHnbix, — 3aTparuBaloTcsi B pasnenax 7.4—7.7 ¢ LeIbio
0003HaYNUTh KaHBY. [leTabHOE pacCMOTpeHMe TMpeaMeTa MmoTpedoBa-
J0 Obl CIMIIKOM MHOro MecTa, a M efBa JM Lejiecoo6pa3HO B OT-
CYTCTBME Y YMTaTeNsA NMpodeCcCUMOHANBLHOIO MHTEpeca, NpU HaIWYUU
KaKOBOTO CTOMT O0OpaTUThCA K CIeLMabHOM JIUTEpATypeE.

IMpoBepka aenuMoct N Ha BCe MPOCThIE YKC/Ia MEHBILNE KOPHS
M3 N — Ipu oTpULATENIbHOM DPE3YJIBTaTe rapaHTUpyeT NpocToTy NN,
HO is Gonbiinx N npakTuyecku Oe3HagexHa. KoanuecTBo MpocThiX
yncen MeHbwHX VN aCHMITOTHYECKH TTPONOPLHOHATLHO

VN
InvN
(rnaBa 8). Mostomy wist 100-3HayHoro N, a B KPUITOCHCTEMAX UC-

MOJNB3YIOTCS 3HAYMTEJbHO OONbIINE YHCIa, HEOOXOAMMO TPOBEPUTH
50 48 N
okono 107°/501n 10 ~ 10™ npenuteneit, 4To abCOMOTHO HEPEATBHO.

12) ﬂ“C’CpemelM an2opummom Ha3biBalOT LESTOC T B PaBCHCTBC
a® =b (mod N),

rne N — mnpocroe 4ucno Gonbuiee ABYX, @ — 0Gpa3yloLMii 3MEMEHT MYTbTUIUIMKATUBHOA
Tpynnsl BeuETOB Z)y , ¥ uenoe b < N. O6b4HO MUWYT T = log, b.
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HcTounnkoM 3ddeKTUBHBIX TECTOB CITYXUT Mataz meopema Pepma:
s npoctoro N 4 J11000ro , B3aMMHO NMpocToro ¢ NN,

V' =1 (mod N). (7.6)

Iposepky (7.6) HasbiBatoT mecmom Pepma. PaseHcTBo (7.6) He sIB-
JIieTcsl HeOOXOMMMBIM M JOCTaTOYHBIM YCIOBHEM NpocToThl V. [ToaTo-
My mecm @epma paboTaeT ¢ rapaHTHEN TONBKO B OIHOM HarlpaBJIeHUU:
ecnu (7.6) Hapymaercsi, o N — cocraBHoe. B npotBHOM ciyyae N
MOXeET ObITb NPOCTbIM C HEKOTOPOW BEPOSATHOCTBIO, KaKoBas BO3-
pacTaeT NpHM MOBTOPEHHUU TeCTa C APYTMM OCHOBaHMEM Z. OIHAKO
CYLLECTBYIOT COCTaBHbIe yucaa Kapmaiikaa, KOTOpHIE TIPOXOAAT mecm
Depma 1S BCeX T, He SBASIOIMXCS MX gesutensmu ).

Npyrumu cnosaMu, N — wucao Kapmaiikaa, eCiv OHO COCTaBHOE U 2V =1

s noboro T € Zy, rae Zpy MyIsTUIMKaTHBHAs rpynmna BeiaetoB, Cam Kapmaiiki
ycranoBu (1912), uto Hewemnoe N sieasemcs wucrom Kapmaiikaa 8 momm cayqae, kozda

N=pps...p;, 123,

20e p; pazauunsie npocmoie yucaa, u N —1 deaumces na p;—1 npu ecex j. Topa3sio nosxe
ObUTO IOKa3aHO, YTO Hucen Kapmaiikaa Geckoneuno muozo, — noatomy tect MepmMa,
KaK TeCT Ha NPOCTOTY, UMeeT PyHIaMEHTANbHbIH U3bsiH. M3bsiH He Tako#t yX ManeHb-
kuit, Hanpumep, uncen Kapmaiikia menbiiux N = 10”, — Oonee MonyMWUIMOHA.

Ha yM npuxoauT, KOHEYHO, meopema Buavcona 3.6.1 BMecTe
c ee obpauieHreM 3.6.2, oGbenuHeHHe KOTOpsix HaeT: «(n — 1)! +
+1 20 ¢ momm cayqae, koeda n npocmoe». Ha 3TOT pa3 Kputepuid
paboTaeT B 000MX HarpaBjieHUsiX, HO Oena B apyroM. He sicHo, kak
H30eXaThb «HEIMOJUHOMUANIBHBIX BEIYUCEHUI» DakToprana. [TosToMy
6e3 1akMycoBoii GyMaxku (7.6) He Tak JIerko 06OMTHCH.

Tect MepMa ynydiiiaeTcsi U3BJIEUEHNEM KBaJpaTHOToO Kophsi U3 (7.6),
B PE3YJIbTATe YEro IOoJyqaeTcs

gW V2 = 11 (mod N), N #2, (1.7)

YTO NPUBOAUT K mecmy Jlemanna: ecnv Ui Kakoro-im6o ¢ < N
(7.7) ne Beinonusercss, To N — coctaBHoe. Eciu BbImosHseTcs,

13) Ho ne TonbKo Hucsa Kapmaiixna nytalotr Kaprhbl.
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To N — BO3MOXHO, NMPOCTOE, MPUYEM BEPOATHOCTb OLIMOKH HE Tpe-
Bocxomut 0,5. Ecnu (N — 1) /2 onsiTh HEYeTHO, TO OMNEPALIUI0 MOXHO
MOBTOPUTDb U TaK aajiee. Ha 3ToM nyTH Bo3HUKaeT

7.4.1. Tect Pabuna—Munnepa, cocmoswuii 8 npogepke 8btHOAHEHUA
00H020 U3 08yx ycaoeuii.

™ =1 (mod N) aubo 3Ir<k:z™ =—1(modN), (7.8)
20e N newemnou N —1=m- 2’“, 20e m HeyemHo.

Kputepnit (7.8) onsitb-Taku paboTaeT ¢ rapaHTHeii TOJIBKO B OfI-
HOM HampasjiieHuHd. Yucio NN, He Mpoxonasilee TeCT, — COCTaBHOE.
B nporuBHOM ciyyae N MOXeT ObITH NPOCTHIM C HEKOTOPON Be-
positHocThio. Ho yto BaxHo, misg Tecta 7.4.1 HET aHAJIOroB YM-
cen Kapwmaiikna. Bonee Toro, moka3aHo, YTO BEPOSITHOCTb OLIMOKH
(npu otBete « N — mipoctoe») He npesbinaet 0, 25. Takum o6pasom,
TPU YCTMEIIHOM MOBTOPEHUM TecTa £ pa3 BEPOATHOCTh OLUMOKHU paBHa
47t Mdaktuyecku MOJy4aeTcsl MOJMHOMHUAIbHBINM aJITOPUTM, «rapaH-
TUPYIOLIHUIl» npocToTy N €O CKOJIb YrOAHO MalOd BEPOSTHOCTBIO
OLLIMOKHU.

3ateM Muanep noiien pajbliie.

7.4.2. Teopema Munnepa. Ecau eepuna pacuupennas eunomesa Puma-
wa'¥ u N npoxodum mecm 7.4.1 npu arobom

:c:l<a:<2log2N,

mo N — npocmoe.

OTC yXe YMCTO MOJUHOMHUAIBHBIA TECT Ha MPOCTOTY, HO Tpel-
TOJIOXEHHE O CIpaBeJIMBOCTH pacuiupenrol eunomess: Pumana onsith
NMOPTUT MaINHY. TakuM 006pa3oM, 3aaya HECMOTPSI Ha KOJIOCCAIbHBIE

|
4 OGblyHas eunomesa Pumana COCTOMT B TpeaNnoJOXCHHH, YTO BCC HETPUBHATIBHBIC HYJTH
00

03ema-ynKkyuu, aHATUTNYECKN MPOIOXAIOILEH DAL E —; » PacronoXeHsbl Ha BEPTHKAIBHOMR
n
n=0

1
npaMot ¢ = 5 «PacuimpeHHas» — mnpeanonaraer To Xe camoe y Jioboro pada Hupuwame

o x(s)

, cM. (8.11), rme dynkumns x(s) — xapaxmep Hupuxae.
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ycuius HE naBajlaCb, XOTsS U Jpa3HUIIa 01130CTBIO PCLUCHHUSA. Ontu-
MHU3M NOCTeNeHHO Uccsakan. Ha atom (DOHC MOJIHOA HEOXUIAAHHOCTBIO
0Ka3aJIOCh OTKPBITUEC NMOJMHOMUAJIBHOIO aJIrOpUTMa AKS.

7.5. NMonuHomuanbHbii Tect AKS

[MonuHoMWaNbHbIR aseopumm AKS 15) NMPOBEPKH 4YuClia Ha MPOCTOTY
yXe onuceiBaics B o6wmx yeprax B [5, T. 10]. TMoHauany 6but0
HaMepeHUe M3JIOXKUTb CyTh lela B JaHHOM ToMe OoJiee MmoapoOHO.
Ho no 3apaBoMy pa3MbILICHUIO CTAIO SICHO, YTO 3TO JIMIIL HAPYLIUT
MU30paHHbI YPOBEHb AeTAIM3aLMH, U MAJIO YTO 1OOABUT TEM, KTO XOUET
MOJIyYUTh 00lllee MpeACTaBieHUEe, SKOHOMS Tpyao3aTparbl. [Toatomy
BOIpOC Jajiee U3/IaraeTcsi B TOM Xe KIIoye.

ITpu oueHke asreopumma AKS BaxeH dunocodckuii acriekT. [Tpak-
THKa 10 CUX MOp OCTAETCs B pyCJI€ aIrOPUTMOB, ONMMCAHHBIX B Mpe/ibl-
ayieM pasaene M MM noaodHeix. Ho tect AKS pewmmn Bompoc
MPUHLUNHUAIBHO, YTO ObLIO cyuiectBeHHO juisi PNP-npobnematuku
[5, T.10]. LeHTpanbHas umes anropuTMa OMNMPAETCd Ha ClELyIO-
ui daxr.

7.5.1. Hamypaashoe n, npu ycaoeuu HOJ (a, n) = 1, seasemcs npo-
cmbiM 8 moMM cay4ae, K020a

(z—a)" = (2" - a) (mod n). (7.9)

<« B paznoxenun (z—a)" = E C"z (—a)* “F MoryT He fenuTbCS Ha npocToe n

TOJIbKO KpaiiHue ciiaraembie, npwxeM no manoii meopeme Pepma
" = a (mod n),

yto u paer (7.9). Ecnv xe n coctaBHoe, n = p'q M ¢ He Aenutcs Ha p, To C}
He penntcst Ha n — u (7.9) Hapywaertcs. »

Teopema 7.5.1 no3BossieT 3aMEHWTb MPOBEPKY 7 Ha TIPOCTOTY
nposepkoit Toxaectsa (7.9). TIpu GeCXUTPOCTHOM MOAXOLE ITO €ll-
Ba JIM MOXET JaTh BBIUIPLIL, HO ONpele/IeHHbIE YIIOBKH MOATATMBAIOT

13) AGGpesuatypa AKS — mo nepsbiM GykBaM HWMEH aBTOPOB airoput™a; Agrawal M.,
Kayal N., Saxena N. Primes in P. 2002 (http://www.cse.iitk.ac.in/news/primality.pdf).
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TpyAo3aTpaThl K TMOJMHOMHU&IBHOMY YpOBHIO. B wyacTHocTH, Heo6-
XOOMMBIH NepeGop 3HaYMTENbHO COKpalllaetcsi nocse aeneHus (7.9)

Ha HEKOTOPBI/ MOAWHOM BuAa T — | M paccCMOTPeHMsi OCTaTKOB, —
4TO B UTOTE 3aMeHseT (7.9) MeHee TsKeaoBecHbM 'O
(- a)" = (z" —a) (mod n, z" - 1). (7.10)

[1aBHBII pe3yabrat, B HECKOJBKO MOIIH(I)ML[P[pOBaHHOM BUAC,
COCTOUT B YCTAHOBJICHUU CJICAYIOLLICTO (l.)aKTa.

7.5.2. ITycmb namypanbHoe . u npocmoe T makoebt, 4nmo
(i) nopadok n ¢ epynne Z, 6oavuwe (log, n)z;

(i) n He Oeaumcs Ha npocmbie HUCAQ MeHbUUE T |

(iii) moxcdecmeo (7.10) evinoansemces das ecex a € [1, /T log, nj.

Toeda n — cmenenb npocmoeo wucaa.

7.5.3. Ha 6a3ze 7.5.2 ancopumm AKS pabomaem mak:
1) deaumocms n na uucaa om 2 do | (logy n)° | nposepsemes 6 106,

2) umemes r < |(logy n)® |, 013 komopoeo evinonnsemes (i) e 7.5.2'7;

3) npoeepsiemcs (iii),

4) npogepsiemcs, He u3eneKaemcs AU U3 T yeablil KOpeHb.

ANTOPUTM TOJIMHOMUAJIEH, HO BBHIYMCIIUTENIBHON 1IEHHOCTH TTOKa
He TPEICTABIISIET, XOTs MPOAOIXaeT 00pacTaTh YCOBEPLLIEHCTBOBAHH-
SIMH, CHUXAIOLMMK Mokasatenb k B (7.1).

7.6. O npakTuke BblYMCNEHUIA

TeopeTnyeckoe 30HAMPOBaAHHUE TMTAHTCKMX YMCeEJT ObLIO OBl HE TaK MH-
TepecHO 0e3 BO3MOXHOCTEI NMpPaKTHYECKOoi peanusaluu. Jaxe mpo-
cTeiiine apudMeTHYECKUE MaHHUIYJISALMM C MHOropaspsiagHbIMU 00-
pa3oBaHUSAIMHU TPEOYIOT CIELIMAIBHOrO MPOTrpaMMHOro o0ecredyeHusl.
Ho 310 BCce-Taku TeXHMYECKHE TPYAHOCTH, KOTOpPble OTHOCHTEJIbHO

16) Paencreo (7.10) osHauaer cymectBoBaHue Takoro nonuHoma ¢(z) € Z[z], uto Bce
koadpuumentsl nonutoma (¢ —a)" — (2" — a) — ¢(z)(z" — 1) xpatHsI n.
') NMomxonsimee r rapaHTMPOBAHHO CYIECTBYET — TEXHHUECKAs NEMMa.
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JIerko TpeonosieBaloTcs. B To e BpeMsi Kpumnrtorpacdhus HyXIaeT-
cA B pelIeHHH NPUHUMUIHAILHBIX 32044 NOUCKa «aCTPOHOMHYECKOTO
Maciitaba». OtonBuras B CTOPOHY TMOJMHOMHAJILHO Hepa3pelluMbie
noka 3anauu gaxmopuzayuu (pasmen 7.7), HoCTATOYHO OOPaTUTH BHU-
MaHHe Ha MOCTpoeHue OOJNIBIIMX TNMPOCTHIX YHces, 0e3 yero cucreMa
RSA, nHanpumep, tepsier onopy. Iie B3ATh GosbliMe NPOCTHIE P U ¢,
HeoOxoauMble LTSl GOPMUPOBAHUS OMKPbIMO20 KAI0YA

{e, N=p-q}?

3amaya peuraeTcsi OTHOCHUTENBHO MPOCTO, XOT U He 6e3 uueo-
JIOTMYECKUX 3aTpyAHEeHUi. Bo3MOXHOCTb MOJUHOMHUATIBHOTO TECTH-
pOBaHUsl MPOCTOTBI — CBOOUT MpOGJieMy, Ka3aioch ObI, K 9KOHOM-
HOMy noabopy KaHIWIATOB Ha NpoBepkKy. Ho Ge3 H0MONHUTEIBHBIX
yXulllpeHu#H TyT He obxoautcs. OaHa U3 TPOMMHOK IpoJieraeT yepes
CHIEMYIOLINI «U30TON» Manoli meopemsbr Depma.

7.6.1. Ilyemv N, S — newemnoi, N — 1 = R-S u oaa kaxcooeo
npocmoeo deaumens q uucaa S cywecmeyem yeaoe T, makoe 4mo

2V 2, (7.11)

a 2™ V41 gsaumno npocmo ¢ N. Toeda kaxcdwiii npocmoii deaumens p
yucna N yooenemeopsem cpasHeruro

2.

Ipu s3mom echu R < 45 + 2, mo N — npocmoe uucno.

Teopema 7.6.1 maeT pelLienT MOCTPOEHUS IO MPOCTOMY YHUCTy S
npoctoro N > $?, uMelowero B cBoeil 3aMUcCK BIBOE GOJbIIE e~
caTH4HbIX 1udp. Jns atoro mojaraetcs N = R-S+ 1, rne R
BLIGUpaercsl ciy4ailHo B MpoMeXyTke S < R < 4S5 + 2, 1o Tex nop
noka N He okaxeTcs NpocThiM. MHTEpECHO, YTO Ha MPAKTHKE PEeLIENT
Xopolio paGoTaer 18) , XOTS JIO CUX TIOp HET TEOPETHYECKUX OCHOBAHHUI,
KOTOpble Gbl TapaHTUPOBAIH cylllecTBoBaHHe ripoctoro N = R-S + 1
B aquamna3zoHe S < R < 4S5 + 2.

18) Pa:iymeercu, NOKa AECATUYHAs 3anmuch N He 3alUKATUBAET — OCTaeTcsl, HanpuMmep,
B npeaeax TeICAYH 3HAKOB, 4€ro 11 KpunTorpadmn 6osnee 4eM JOCTaTOYHO.
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PexkopaHble BbIYMCTEHUS GOMBIINX MPOCTHIX YMCEN BEAYTCSA B Ha-
CTosilee BpeMsl Ha MHOXeCTBe 4ucea Mepcenna M, = 2’—1,mmep —
npocToe. Ycnex focTuraercst 6iaronapsi y3oCTH CEKTOpa MOUCKa U BbI-
cokoit apdekruBHOCTH mecma Jroxa—J/lemepa:

7.6.2. Yucao My seasemca npocmuim 6 momm cayuae, koeda
Ly_y =0 (mod M,), (7.12)
20e wucna Ly, onpedeasromes pexyppeHmHbimM cOOMHOUEHUEM
Lyo =L -2, Li=4
<« OrpaHHYuMcs BbIBOOOM docmamounocmu. JIETKO MpOBEPAETCS:

Ly = 2+ V3P 4 2- V3@,
TakuM obpasom, B cnyyae L,_; = 0 (mod M,) uMeem

Q2+ V3P 4 2= V3P = ru,
npu HekotopoM r € N, uto nocne yMHOXeHust Ha (2 + \/?_:)(zp_z) NepexoauT B

Q+ V3T =M+ V3P - 1. (7.13)

HonyctuMm Ttenepb, 4to M, coCTaBHOE, T.e€. JEIHTCS Ha HEKOTOPOE NPOCTOE
g < \/AT,, , U paccMotpuM rpynny G (¢ yMHOXeHHEM MO MOIYMIO ¢), COCTOALIYIO
3 yucen BUIa a + bvV3 npu ycnosu, uto a, b € {0,1,..., ¢ — 1} u, pasymeercs,
Kaxplil aneMeHT U3 G uMeeT o6parHbIil TOro Xe Buta. O4eBHAHO, TOPANOK TPYIIIbI
|G| < ¢* = 1, a u3 (7.13) crenyet, uto B G MMeeT MecTo

Q+V3)® = -1, omyma Q+v3P =1

Takum o6pasoM MopsiioK 3neMeHTa 2 + V3B G paBeH 2°. A mockonbKy MOpsAOK
3/IeMeHTa He GoJIblile MOpsiAKa [PYNIbI, TO

PLE-1<M=2-1,
YTO NMPUBOAUT K NMPOTHBOPEUYHIO. P

BeryncnutensHas CIoXHOCTb 3KOHOMHBLIX pealu3saluii mecma
Joxa—Jlemepa npubnuxaercst K 19)

O(log® N log log N)  (wsiN = 2P — 1).

") O6patim BHHMaHKE, 4TO BMECTO OKCMOHEHLMATHHO pacTyluei NOCNeI0BATENLHOCTH
Liyy = L} -2 pocratouso sbncants Lyy) = L} — 2 (mod My), nockoabky kputepuii (7.12)
PacCUMTBIBAETCS NO MOTyio M.
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DTO CYIECTBEHHO NPEBOCXOAUT 9(PHEKTUBHOCTL YHUBEPCAIBHBIX T~
CTOB, MPUTOAHBIX [UIS1 AMATHOCTUKM JIt0ObIX yucesi. Kpome Toro, B nosie
3peHusi TYT MONaJaloT JMilb yhcaa 2P — 1, uTo cyllecTBEHHO orpa-
HMYMBaeT obaacTh roucka. IlostoMy umenHo cpenu N = 2P — |
HaiiieHbl camble OOJIbIIME TMPOCThbIE wucna®. C ropasao MEHbLUIUM
yCrexoM BeNeTCsl MOMCK TPOCThIX cpeau uucen Pepma ¢ TOMOIIbIO
mecma [lenuna.

st xpunrorpaduu uucra Mepcenna He TIPEOCTABISIOT UHTEpE-
ca, MOCKOJIILKY MX MaJo M OHM Bce Ha Bumy (BucsaT B MHTepHere,
cM. http://primes.utm.edu/mersenne/).

7.7. AnroputmMmsbl ¢pakTopusauum

PasnoxeHue coctaBHoro N Ha MHOXHTEIW TOKa He YKJIaIbIBaeT-
csl B Kjacc TMOJUHOMMANBHBIX 3amay, U MO-BUANMOMY, — TaK Hdy-
Maer OOJNIBIIMHCTBO — He ynoxurtcs. OmHako kpunrtorpadusi, cu-
OsIIasi Ha CYKY <«IIOJIMHOMHAJIbHON HepaspellMMOCTH 3alayu dak-
TOpHU3aLKHU», CUJIBHO OMacaeTcsi, 0COOEHHO K8AHMOBbIX KOMNbLIOMEPOS
[5, T. 10]. TTepe6op TeM He MeHee yIaeTcs 3HAYNTELHO COKPAaTUTh, KGO
B 3aJaye BCE-TaKH MPOCMAaTPHBAIOTCS HEKOTOPblEe 3aKOHOMEPHOCTH.

OnuH 13 NPakTU4ecKH 3O (HEKTHBHBIX TPIOKOB OMUPAaeTCcs Ha Mpe-
CTaBJIeHHe COCTaBHOTO N pa3HOCTBIO JIBYX KBaIpaTOB:

N=a-b:(a:b)2—(a;b)2. (7.14)

Hckars pewenne (7.14) MoxHo Tak. Bepercst HaMeHbLLIMii KBaJl-
pat £°, npesocxonsiumit N < z = [v/N|. danee u3 HaitieHHOTO Z°
BolunTaercss N. Ecniu us y = 2’ — N u3BJIeKaeTcs KOPEHb 2, TO

N=z’-2=(z+2)(z —2),

2) Ha MoMeHT HanMcaHHA naHHoro ToMa (2009) u3BectHO 46 npocTbix uucea Mepcenna, caMoe
601bIWwoe M3 HUX, 2¥ 12609 _ 1, UMeeT B 3anUCH NOYTH 13 MWLIMOHOB JECATHYHBIX UMD,
Tpynna EFF (Electronic Frontier Foundation, http://www.eff.org/) 3a HaxoXmeHHE MPOCTOro
Gonee uem 10%-3naunoro uncna HasHaymwia npemuio B $150 000.
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W B Cliyyae £ —2 # | — 3amaya pellieHa. B mpoTBHOM ciiydyae GepeTtcst
ciaenyouui KBagpaT nocie *urt I.

Jpyroit TpioK Ha3bIBalOT «po-memodom I[loanrapda». B xonvue Zy
3anycKaeTcsl UTepallMOHHBIN MpoLecc

Trr1 = f (@) (7.15)

C NMOMOILBIO HEKOTOPOro otobpaxeHus f : Zy — Zy Tvna
f(z) = z* + 1 (mod N),

M KaX[bli pas Ty CPaBHMBAETCA C MPEAbIAYLIMMM T; 1O TeX I0p,
NoKa He Haiiiercs rnapa c

HOO (zx —zj, N) =1 > 1, (7.16)

4TO B Cc/lyyae ycriexa JaeT cOOCTBeHHbIN aenutensb N.

BemonHenue (7.16) o3Hayaer, 4TO T; M Ty NpPHHALIEXAT OfI-
HOMY KJlaccy BbIYETOB 1O Momy/o T, a mpouenypa (7.15) B ciyvae
N =T -q «roHAeT» N300paxalouyio TOUKy Ty MO KjiaccaM BBIYETOB
Takxe Mo Moayawo 7 < N, KakoBbIX MEHbILE YeM KJIacCOB MO MOIY-
mo N, 3a cyeT 4ero JAOCTUraeTcsi 3KoHOMHUS nepedopa. Kpome Toro,
B IEHUCTBHE TYT BCTYMAalOT GIaronpusiTHbIE BePOSITHOCTHbIE cOOOpa-
KEHHsI, a TAKXKe HEKOTOpHhIit POKyc, MO3BOSIOIMIT HA KaXIOM Iiiare
npoBepsTh Beero auiib oquH HOI (7.16), a He Bce ¢ MHAeKCaMU
j < k [12]. Ho pocTYb NOAMHOMHATIBLHOTO YPOBHS JaXe B BEPOSAT-
HOCTHOM CMbIC/I€, KOHEYHO, HE yIaeTcs.
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Pacnpepgenenne npocrbix yncen

Ihaeroe sceeda 3a kadpom.

O noxcnyaHbIX MeXaHU3Max KOe-4TO FOBOPHUT CTATUCTH-
Ka clyyailHbIX BbIGPOCOB. Yepe3 HeKOTOpoe BpeMsl rpelliHbIM
ZIEJIOM BBISICHSAETCS, YTO YXe€ BCe CKa3aia U Oosblie He ro-
BopuT. OHaKO TeMaTrKa Habpasia HHepLHIo, GUHAHCHPYETCH,
npocaapiserca. M Kakas Tenepb pasHHL@, H3-3a YETO KOHLIEH-
TpaUusi CWI U CPEICTB.

8.1. IpyOble NpuumnHbI

INoHrMaHUIO Fp)’6le MECXaHU3MOB B pacrnpeacjiCHUMU MpocCThbIX YHCEI
CI'IOCOGCTB}’IOT JIEMCHTApHBIC COOﬁpa)KCHPlﬂ Ha najbuax.

KonuyecTBo mpocThiX 4YMCEN, HE TNPEeBOCXOASIIUX &, — 0060-
3HayaloT 4yepe3 m(z). [Ipu oGpabGoTKe HATYpaIbHOIO pPsiia peuiemom
Bpamocd)eua') 10N YKCEN B MPOMEXYTKe [z, T + Az], nenswmxcs
Ha MpocToe P, paBHA

1
Az-p 5’

1
a He JenAmuxca — ( 1 — = ). Jlons xe 4yucena B 3TOM MPOMEXYTKE,
p

He JeISLMXCs HA Ha OIHO MPOCTOE YUCIIO p < T + AT, paBHa

p(z)z(l—%) (1—%)...(1—%), (8.1)

DW3 sanucu Beex HaTYpaIbHbIX YHMCEJ BbIYEPKHBAETCs | — MNeEpBOE HEBBIYEPKHYTOE
4yucJao 2 — npocroe. Jlanee 3auepKHBAIOTCA YMCa, AENALUMECS HAa 2, YHCI0 3 — mepBoe
HeBHIYepKHyTOe — Mnpoctoe. U Tak aanee.
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MIPUYEM SICHO, YTO «IIPUHMMAIOT YYacTHE» JIUILUD MTPOCTHIE P, MEHBLINE
VZ,u Az € T, Ho AT > €T TIpH HEKOTOPOM MasioM € > 0.
CaMuX NPoCTHIX YKcen Ha [z, T + Az] Gymer

p(e)Az & (2 + Az) - 7(2),

T.€. p(T) Urpaer posib MIOTHOCTH.

1 -
Ins 6onpivx p npubauxexHHo: 1 — ; =e /P, [Noatomy

1

In p(z) = - P

rie p; 0603HayaeT k-¢ MpPoOCToe YMUCIO.
B npomexyTke [z, T + Az], B cuiy Az < T, MOXHO CUMTATh Py ~ T, U CymMMa
MO 3TOMY MPOMEXYTKY

1 1
— ~ —p(z)Az,
Zpk —p()

_ oyl [ew
Inp(z) = Zk:Pk ]/u d

410 nocie AuddepeHIIMPOBaHMS O T NMPUBOAUT K YPaBHEHHIO

pe) __ow)  d_ i

OTKyaa

plz) ~ = Pz’

peieHue Koroporo p(z) = 1/(C + Inz) npu GonblIKX T MEPEXOIUT B

plz) = Inz’

Yro kacaercst w(Z), TO

du z 1 r! 1
= _— = —_ _ . 8.2
m(z) = {1+ +- +l z+0(]n'+'z)} (8.2)
2

Inu  Inz Inz

Inst npuMepa, TouHoe 3HayeHue 7(4000) = 550. [TepBbie TPU WieHa pa3noxe-
Hus (8.2) nator npubauxenue w(4000) = 554.
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8.2. dyHkuuu YeObllieBa U aCMMNTOTUKA

CogepxaHue Mpenblayliero pasiesia He BbIAEPXKUBAET CTPOroil Kpu-
THKHU. B yactu o6ocHoBaHus. CaM pe3ynsrar (8.2) GblT M3BECTEH elle
Tayccy, no-BuanMomy, Garofapsi He BIOJIHE YyOEIUTENILHBIM PacCyX-
neHusM. Crporuii aHanu3 6bu1 HayaT Yebbiuegbim, VCTIOb30BAaBIIUM

B CBOMX MOCTPOEHUAX JBE BYHKUHUU 2), cM. (2.22), (2.23),

I(z) = Z Inp " Y(z) = Z In p, (8.3)

Pz <z

rae p o603HayaeT MpocToe yucio; £ > 0 — He 06s3aTeJILHO LENIOE.
Ecan p* — HamGonbluasi cTenenb p, He npeBocxonswasi €, To Inp
BO BTOpO#l cymMe (8.3) 3acuuThIBaeTCsl, KaK JIETKO BHOETh, POBHO k
pa3, npuyeM k = [log, z], T.e.

Y(z) = > [log, z] Inp. (8.4)

p<z

W3 omnpeneneHuss ICHO, 4TO @ pPaBHO TNpPOU3BENEHUIO BCEX
MPOCTBIX p < T, a e¥®) _ HOK Bcex LIEJIBIX TIOJIOXKHUTEIbHBIX YHCE,

MeHbINX T (< T).
B cuny p* <z ¢ p < ¥z nmeem

P(z) = 9(z) +9(Vz) + (V) + ..., (8.5)
NpUYEM psil KOHEYEH 110 MpUyYuHe oGHyneHnst ¥(z) npu z < 2.

MHorue yucnoBbie GYHKLIUKM B3aMMO3aBUCUMEI M3-3a OGLIHOCTH
HUCTOYHHKOB. B 4acTHOCTH,

Y(2) =D An), (8.6)

rae A(n) — gynkyus Manzonsoma 3,

2) Pynxyuu Yeboiuesa.
3 A(n) = logp, ecnu n = p*, p — npoctoe, k — Lenoe monOXUTENBHOE, H A(n) =0,

ecnMnEp .
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8.2.1. Teopema. /Tpu T — 00 gepxrue npedeavt ynryuii (a maxknce —

Hce) w@)  e) P
z/Ilnz’ z ’ z ’

pasrs mexcdy coboil.
<« U3 (8.4) cnenyer

P(z) < Z[Iogp z]lnp=Inz Z 1,

<z pP<z

P(z) < w(z) Inz,

OTKyna
¥(z) < ¢Y(z) < m(z)Inz,

YTO MoCse fejleHHsl HA T U Mepexona K BepXHeMy Npeneny AaeT

¥(z z w(z
lim sup Q < limsup M < limsup L
0 T 0 T za00 Z/Inc

(8.7)

Hanee. Ipu mo6oM v € (0, 1) u = > | BbINOAHsETCA

() > Z Inp,
rae cymmuposanie Haet o p € (z”, z]. C yuetom Inp > In ¥ umeem
d(z) 2 ving E 1 =vInz(n(z) — m(z")),
V<p<zt

YTO HECJIOXHBbIMH MAHUNYJIALUHUAMHA NPUBOIUTCS B UTOTE K

. J(z (T
lim sup Q > vlimsup L, Yve(0,1),
00 T 200 Z/Inz

OTKyZa BbiTeKaeT OOpalieH1e HepaBeHcTB (8.7) B paBeHCTBa.
PaBeHCTBO HUXXHUX NPELEIOB YCTaHABNIUBAETCS aHATOTMYHO. B

Pesynbrar 8.2.1 IOBOJIBHO MPOCTOIA 4), HO OH Mpo6uBaeT Opelllb

B yKpeIUIeHHAX HaTypaibHoro psina. M3 n. 8.2.1 moBojbHO Jierko

BBIBOJUTCS CYLLECTBOBAHHWE MOJOXHUTENbHBIX KOHCTAHT A U A, Takux
YTO MPU JOCTATOYHO OONMBIINX T

A2 < m(z) <A 2z

Inz Inz

4 TMpocroit no A0Ka3aTeabeTsy. Ho 10 3T0ro Hamo 6bUTO OTKPHITH ¥ M 9, NPeaBHAs B TO Xe
BPEMSA MX MHCTPYMEHTAIBHYIO MOJIB3Y.
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Yebouues (1850) cysun mmana3oH mo 3HadeHuit A = 0,9, A = 1,1

() s)
———— UMeeT Npejiesi, TO OH paBeH eArHULE ™.
z/Inz

CyliecTBOBaHME mMpefeja MojABeKa HE MOANABaIOCh OGOCHOBAHMIO,
1 GbLTO ycTaHOBNEHO Adamapom v Baane-Ilyccenom (1896), cM. nanee.

H Jokasal, 4To, €CJIH

8.3. Mo kaHanam aseTa-PpyHKUUKN

JanvHeiinit nporpecc B u3ydeHun m(z) ¥ BooOGlle NaGMPUHTOB
TEOPHH uKces GbLT (M IO CHUX MOP) CBSA3aH C 03ema-@ynxyuel

C(s)=1+2—18+3i8+..., (8.8)
BBEIEHHOI DiltepoM W BIOCIENCTBUU HA3BaH-
HON ¢hynkyueis Pumana. [donroe Bpemst ((s)
M3yyanach Kak QYHKUUS NEACTBUTENILHOTO Te-
pemenHoro (Diurep, Qupuxae, Yebvuues). Cyie-
CTBEHHOE Yry6ieHHE PE3YJIBTATOB MPOU3OIILIO
B cBsi3u ¢ mepexonoM (Puman, 1876) x pac-
cMoTpeHHio ((s) Kak GYHKUHUH KOMHAEKCHO20

apeymenma, Puman (1826-1866)
s=0+ir,

M YCTaHOBJEHHEM CBSI3M MexXay m(z) u HyasMu ((S).

O n3era-GyHKIUHU %) Gonee ecTecTBEHHO YUTATh B cpene TOKII
[5, 1.9]. OnHako 3aech MMEET CMBICI KOE-4TO HATIOMHUTD XOTS OBl 3¢C-
Ku3Ho. Psix (8.8), pdBHo Kak ¥ npousBeneHue (6)), MHOrIa Ha3bIBAIOT
n3eta-GbyHKUHeR, HO 3TO OIIMGOYHO B TOM CMBICIIE, YTO HACTOSLLAS

5
)COBOK)’HHOCTB NEPCUUCNCHHBIX DE3YNbTaTOB BMECTEC € HEKOTOPHIMHU COMNMYTCTBYIOLWIWUMHU

Ha3bIBAIOT Mmeopemamu Jebviuesa.
6 J3eTa-pyHKUMS UMeET PaBHOCWILHOE NpPEACTaRIeHHe B BUjle 6eCKOHEYHOrO NPOU3BEAEHHs

<(s>=n2:fl$ “[(-5) e

PEP

4TO HA3LIBAIOT Moxdecmeom Jiaepa.
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n3eTa-GbyHKLUUs SBISETCS aHarumuueckum npodoaxceruem (6)) Ha KOM-

TIeKCHyI0 myiockocTb C ¢ BBIKOJIOTOM TOYKOM § = 1, U ya0BeTBOpsieT
7

@YHKYUOHANbHOMY YDABHEHUIO )

¢(s) = 2°7° ' sin ? (1 - 8) ¢(1 — 8). (8.9)

Tot daxkr, yrto

Iceoﬂcmea ¢(8) noanocmoio onpedenstomcs ee HempuGUARbHLIMU HYAAMU, |

BLITEKAET U3 meopembi Adamapa o paznoxceHuu Ha MHOICUMenu yeaoi
dyuxyuu [5, 1.9)]. Ipaena, caMa ((s) — He uenasi, HO TyT MIOMoraer
nepexon K Lenoi Kcu-gynkyuu Pumana

s(s—1
£ = *C D (2) o)

Monoc {(s) B Touke 8 = 1 racutcsi MHOXUTeeM (s — 1), a Hymu ((S)
B TOYKax —2, —4,... aHHUTWIMPYIOT ¢ nomocamu I'(s/2). Hynesoit
nomoc I'(s/2) nukBUAMpYETCSt MHOXUTeseM S. B urtore £(s) — momy-
yaeTcs Leoit pyHKLMel MepBoro nopsiaka, HyJiM KOTOPO# COBMaaaioT
C HeTpuBMaIbHBLIMU HYJISIMU ((s). TIpuMeHsisi faee YITOMSIHYTYIO BbI-
11e meopemy Adamapa, Nony4aeM

£(s) = e’”H (1 - pi) e’/
Pn n

[e @ — KoHcTaHTa®), p, — HetpuBManbHble Hymn ((s). PasmarbiBas
manee xiIy6ok B HanpasieHuu £(s) =  ((s), momyyaem

¢(s) = %ebs(s -1y (% + 1) ﬁ (1 - i) e*Pr, (8.10)
n=1 n

roe I
b= E1"'(1)+1nz7r— L.

K 3nech ['(s) — eamma-@ynkyus Jiinepa [5, 1.9).
Ya=m2+0n VT — 1 —79/2, ¥ — nocmosunas Jiuepa.
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[Mockonbky ((8) #0 B MNOJYMIOCKOCTH
o > 1, 1o u3 (8.9) cnenyer, uto ((s) npu o < 0
MMeEET JIMIIb TaK Ha3bIBaeMblC MpuUBUANbHbIE
Hyau BTOUKax s = —2k, k= 1,2, .... Octaib-
Hble (Hempusuansusie) Hynu ((s) cocpemoro-
YeHbI B BepTHKaIbHOM mosioce o € [0, 1], npu-
YyeM MX GECKOHEYHO MHOTO M BCE OHH KOM-
njeKcHole. Adamap W Baane-Ilyccen cy3nam
nojocy no o € [0,1), T.e. «Ha Komeiky»,
HO 3TO rapaHTUPOBAJO, HAKOHEL-TO,

7(z)
—— =1 npu z— 00,
z/lnz Anamap (1865-1963)

OTKyZa CJIEYeT, MEXIY MPOYMM,

Pn
ninn

-1

9)

npu n — 00 "7, TA€ Ppp — N-€ MPOCTOEC YHUCJIIO.

3aTeM NocnefoBaTIM MHOTOYUCIEHHBIE YTOYHEHUSI TPAHMLL HY-
neit ((8) u, Kak cnencTsye, yro4HeHH1sl OCTATOYHOTO YWieHa B ACHMITTO-
THYecKUX dopmynax st (z) u ¢ (z). CyxkeHue IuanasoHa 1o o =1/2
OCTaeTcs 10 CHX MOp NMpeeNoM MEYTaHHU.

Tunomesa Pumana o pacnososxceruu ecex HempuguanbHulX Hyaeil Ha npamoil
g = 1/2 — HepewenHas (2009) MaTeMaTnyecKas npobaeMa «HoMep oanH». Mmeercst
MHOXEeCTBO apryMEHTOB «3a» OOLIEro xapakrepa, HaulHas OT JoKa3aHHOI 6ecKoHey-
HOCTH YHCJIa HyJedl ¢ AeiCTBUTENbHON YacTblo 0 = 1/2, ¥ 3aKkaH4YMBasi Pa3TUYHbIMU
JIOBOJIBHO TOHKMMH oleHKaMH. Bompoc octaeTcsi OTKDHITBIM, HO YX€ Malio KTO
COMHEBaETCs1, 4TO MpeAnosoxeHre BepHo. OCOBEHHO B CBA3U C YHUCIEHHBIMH JKCITe-
pumentamu. Bee nepsble 10 HeTPUBHANBHBIX Hy/elf — HyMepaLMsi WAET B MOpSKe
BO3pacTaHUsl MOAy/si MHMMOM 4acTH — JieXaT Ha npsiMoit ¢ = 1/2. Kpome Toro,
JBa «IpOGHBIX> MWLTMApaa HyJ1eii B paifoHe HyJIs ¢ HoMepom 102 Takxe nexar «rie
Hano». Cebuika ecTb B [5, T.9].

9) ﬂpu 3TOM CyLIECTBYIOT CKOJIb YTOAHO JUIMHHBIC NMOCIEA0BAaTCIBHOCTH
nn+l,n+2,...,n4+m,

He cozepXauire npocTbix yucen. Hanpumep, k! + 2, k' +3,..., k! + k.
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MHorue cBs3u ((s) ¢ apudmMeTHKON JieKaT Ha MOBEPXHOCTH.
1 = 1
e |In¢(s) |= —Zln (l - }7) = —;[w(n) —7(n—1)]In (1 - ;) =
= 1 1
=3 win (1- ) - (1- )| =

n=2
0 n+1 d 00 ( )d
s ax m(T)ax
=§1r(n)/ :c(:c’—l)z 3[2(1:’—1)’
o [lepem ! H(l l) U y4yeT OCHOBHOI1
€pEMHOXEHUE B —— = - — y
¢(s) P’
TeOpeEMbI apu(METUKH Jal0T
R f: p(n)
) &= w
) g IR T 1 = 7(n)
ECED DI MO BEETS D
p=1 v=1 n=1 ‘pv=n n=1

160, Kak jierko ybeauThes, Z 1=7(n).

prv=n

o HakoHel,

G- (103 -

W3 nepeyncaeHHOro, Ha1o MmoJiaratb, BO3HUKAET XOTs Obl MpUOJIN-
3UTEJIbHOE TMpeACTaBleHHe O HAIpaBJIeHHOCTH NMpobaeMaTUKu ¢ yye-
TOM MHCTPYMEHTAJIbHOTO obecrnedyeHus. g MpUCTATbHOTO U3Yy4eHHUs
NMpeaMeTa HYXHa CrelMalibHas JiuTepaTypa U TOTOBHOCTb IpeonoJie-
BaTb TPYAHOCTH.
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8.4. Xapakrepsbl OQupuxne

Toxcoecmeo Diinepa (6)) naet ellle OJHO NOKA3aTENILCTBO OGECKOHEY-
HOCTH MHOXECTBAa MPOCTBIX YHCEN. B npeamnosoXeHnu npoTUBHOTO
npoussenerue (6)) nmpu s — 1+ 0 uMesio Gbl KoHeunwili TipeeN, a psil
cTpeMuiicsi Obl K pacxoosuemycs TapMOHUYECKOMY.

Takoii M30TON J0OKa3aTeabCTBa JIETKO
He 3aMEeTUTb 3a HeHaloOHocTblo. TeM 6o-
Jlee MHTEPECHO, KaK uiaes pabortaeT B Ipy-
TUX O6CTOATENIBCTBAX, TIe paccyxiaeHue Es-
kauda (m.2.2.2) teprnur duacko. Jupux-
ne (1837) zameiicTBoBan cxeMy Uit o6oc-
HOBaHUsSI GECKOHEYHOCTH MHOXECTBa NMpo-
CThIX YHCEJT B apu(PMETHYECKOI MPOrpeccHu
C pasHOCTbIO d M MEPBBLIM WIEHOM @, IPH
ycnosun a < d u HOJ (a, d) = 1. Ans aro- _
TO OH BBeJl MYJILTUIJIMKATUBHBIE MTEPHOIU- Lvpuxne (1805-1859)
yeckue dyHkuum x(n) (xapaxmepo: Jupuxne
no modyaro d), obiafaiouive CBONCTBaMHu:

x(m) 20,  x(n+d)=x(m), x(l)=xm)x(),

KaKoBble, NPH 3aJaHHOM d, CYyIIECTBYIOT B KoJi4ecTBe ¢(d) IUTYK.

Xapaxmepv: [Jupuxae obnanaioT 6oraTbiM HaGopoM IUIOMOHOCHILMX CBOMCTB,
6naronaps ueMy IIMPOKO MPHUMEHSIOTCS B pa3HbIX o6acTaAXx MaTeMaTHKH. Mx ucxon-
Hasi OpHUeHTaLMs Ha apuPMeTHYECKHE TTPOrPECCHH COXPaHSET 3HaYeHHE.

Cpemnn x(n) xapaktepos'® ects maBHbiit — Xo(n) (w1a Kaxaoro d cBoif),
pasubiii 1 mpu HOI (n,d) = 1, u pasubiit 0 npu HOJ (n,d) # 1. Bor koe-uyto
M3 UTOLOHOCSLLETO» aCCOPTUMEHTA.

x*D(n) = xo(n)  (VX),

p(d), ecaun x = Xxo,
> x(n)=
0, eclu X # Xo»

n(mod d)
¢(d), ecnn k=1 (modd),
> xky=
x(mod d) 0, ecau k # 1 (mod d).

10
) Jinsa ux noctpoeHust Jupuxae pa3Buil KOHCTPYKTHBHBIN METOA MOCTPOEHHS.
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HaKOHCl.l, c8olicmeo 0OpMO20HANbHOCMU .

Z (k) = { 1, ecann =k (modd),

x(mod d) 0, ecann #k(modd),

no3poasiollee BbiaeaaTh B N maHHyio apupMeTHYECKYIO MOC/IeN0BaTeIbHOCTb U pa-
6oTaTh ¢ Hel.

B xayectBe 060611eHust ((s) Jupuxie paccCMOTPEN 34b-@yHKKUIO 1)

S S
n=I n P p

aHaJIM3UPYsT KOTOPYIO, YCTAHOBUJ OECKOHEYHOCTb MHOXECTBa IMpO-
.12 .

CTBIX umcen B Jo6oii 12 apudmeruyeckor nporpeccuu. bonee Toro,

MPOCTBIX YUCENl B TAKUX MPOTPECCUAX HACTOJIbKO MHOTO, YTO CYMMH-

pOBaHHe UX OOpaTHBIX BEJIMYHUH AT PACXOASLUMIACS psil
S
D

8.5. Nocrtynar BeprpaHa

[ToMHMO acMMMTOTHYECKOrO MOBEAEHUS HHTEPEC MPEACTaBASIOT TaK-
e pe3yJibTaThl, rapaHTUPYIOLIHE HATNUYUE MPOCThIX YMCE B TEX WIH
MHBIX IUana3oHax.

8.5.1. Nocrynar BeptpaHa. Mexcdy aobbm n > 1 u 2n ecezda
3AKAI0O4EeHO0 hpocmoe YUcao

00
) pan (8.11) — onuH u3 psdoe Hupuxie 5 a,n”" [5, 1.9], 3HaueHHe KOTOpBIX WIS
n=1
apubMeTHKH 3aKiTioyaeTcsi B cneunduke UX MepeMHOXEHHUS:

00 00 o0 00
(Z an) (Z bn) _ E( 3 a,,b,,)n”,
n=I| n=| n=| \ pv=n
rae BHyTPEeHHEE CyMMHUPOBaHH1E MIET MO BCEM PAaIIOXEHHSAM 1. B MPOU3BENEHUE JBYX COMHOXH-
TeNel, YTO HEKUM O6pa3oM yXBaThiBaeT MYJBTUIUIMKATHBHOE YCTPONCTBO HAaTYpaibHbIX YHCEN.
2y OTOBOPEHHBIX BbILUE.
1) BO3MOXHO, Mexay Jio6biM n > 117 M n 4+ /i Bcerma 3aKMOYEHO MNPOCTOE YHCIIO
(eunomesa Llunyenn [17]).
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Yebbiwes >Kosed beptpaH BepTtpaH Paccen
(1821-1894) (1822-1900) (1872-1970)

®dakt 8.5.1 B BUae runorte3bl Obl1 BRIIBUHYT JKosegpom bepmpa-
nom ' v nokasan YeGbuuessim (1850). Huxxe mpuBOOUTCS AOKA3aTeb-

cTBO Pamanydxcana 15,

16
<« Jocraro4yHo YCTaHOBHTDb )

1’2(217,) - 192(71) >0, (8]2)

160 pa3HocTb (8.12) paBHa CymMe J10rapudpMOB MPOCTHIX YUCENT MEXIY 1 U 21,
B cuy (8.5)

$2(2n) — 295(V2n) = 9,(2n) — 92(V2R) + 95(V21) — 9,(V2R) + ...,

otkyna 9,(2n) = 9(2n) — 2¢,(V2n), a u3 (8.3) cnenyer 9,(z) < ¥,(z). Kpome Toro,
HecloXHoe MaHunynrupoBaHue ¢ (8.4), (8.5) u moxcdecmeom Yebbiuesa (2.22), —
MPUBOAMT K

220) = () + s (3 ) > 108: .

"Cpe‘lldCJICHHOC B KOHCYHOM CYETE N1a€T HEPABCHCTBO

2n
:0m) - () > 1o8: C v (2 ) - 292, (5.13)
4TO C YUETOM JIerKO MPOBEPSICMOIO HepaBeHCTBa - < C3, < 4™ u HeKoTopbIX

JOTIONHUTENBHBIX CooGpaxeHuit obecrieurBaet (8.12) wisa n > 512. CnipaBeUTMBOCTD
m. 8.5.1 1A ocTaJIbHBIX N NMPOBepsieTcs B J106. »

) Ho ne bepmpanom Paccenom.

) Mo kuure Wnupersmana [22).

19 e 9y(n) — yuxuus Yebomesa, cm. (8.3). VHIekc 2 CBUAETENLCTBYET O BhGOpE
OCHOBaHM# JIorapucdmoB @ = 2.
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[pnBeneHHOE HECKOJbKO CKOMKAaHHOE pacCcyXIeHHe He TpeaHa-
3HAYEHO CIYXHTDb JOKa3aTebCTBOM, YUTAEMBIM C JINCTA 1, TyT nuiib
KOHTypbl. He 3KoHOMUM 18) YEpHWJ pajiy, a IIOTOMY, 4YTO PE3yJbTaT
IaBHO M3BECTEH, H0Ka3aTeJbCTBa B U30LITKE pa3bGpocaHbl TaM U CAM,
DIaBHBIA Xe MHTepeC 3aKIloueH HE B MAHWMY/ISLHUAX, a B QyHKyu-
Ax Yebblwesa, VHCTPYMEHTAIBHO TJIOAOTBOPHBIX Ha IIMPOKOM ITOJIE.
IToaToMy XOHINMpOBaHHE HEPAaBEHCTBAMU 3ECh — BCEro JIMILUb Ma-
TepUalbHAs peaJM3allds, TOrga KaK <«aCUMIITOTHYECKOE IMomodue»

(meopema 8.2.1) byHkuwii
m(z)
logz’

o) wn (@),

COCTaBJIsIET UOECOJOTUYECKYIO OCHOBY OAHOTO U3 MOAXOIOB K CTaTH-
CTHKe NPOCThIX YUCEIL.

1 Bonee pa3BepHyToe 060CHOBaHMe ecTh B [21, 22].
18) Kakosan B JIAHHOM CJIyyae COBCEM KOleeyHas.



hasa 9

Ot ®epma go Yannca

Buskcy s no eybam — ussuaunoil,

Ilo nadmennocmu ux ycunennoii,

ITo masxceavim Haobpoensim 8vicmynam:
Imo cepouye bepemcs — npucmynom!

MapuHa LiBetaeBa

Iocaednss meopema @epma o HePa3PELIMMOCTH B LIEJLIX T, Y, 7 YPaBHEHUSA
" +y"t =2", n>2, 9.1)

KOHEYHO, BbLIAIOLIEECs SIBlIeHHE B TeOPUU uncesl. TP ¢ MOJOBUHOI BeKa yTBEpXae-
HHe OCTaBaIOCh TMIOTE30M, OMHAKO Ha3blBATOCh TeopeMOi. Jl0Ka3aTeJIbCTBO MOKa
CIVILIKOM JUIMHHO [UTA U3JI0XEHHUA B y4eBGHOM JIMTEpaType, HO 31eCh MMEETCA Macca
MOYYMTEJILHBIX COMPOBOXAAILINX TEYEHUI, 3HaYeHHE KOTOPBIX, GbITh MOXET, Ipe-
BOCXOIMUT pOjib CaMOrd 3aKJIIOUYMUTENbHOrO aKKOp/a.

b

depma TaHusiMa Yaiinc (p. 1953)
(1601-1665) (1927-1958)

9.1. O6wasn KapTuHa

Mexny Pepma v Yaiircom nomumo Tarusmsl, ChIrpaBLIETO POJib KaTa-
JIM3aTopa ycliexa, 3acJyXHBaloT noyecTeit purypel pasHoro Kanubpa:
Diinep, laycc, Tame, Kymmep, Kowu, Copu XKepmen, Ilumypa, Opeii,
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Pubem, — pa Bcex n He nepeyucauuib. OTAEIBHOTO YIOMHHaHHS
« 1 o .

IocTOuH Teiirop ), yCTpaHUBILMH B nape ¢ Vaiuicom mpobesbl 1oKa3a-

TeJIbCTBA TEOPEMbI Ha 3aKJTIOYUTEILHOM JTare.

[TepeckasbiBaTh BCIO UCTOPUIO HET CMbIC-
na, u TeM 6onee — BO3IMOXHOCTH. O nocaed-
neli meopeme Depma MUIIYTCS KHUTH, TPUYEM
He TOJILKO MaTeMarnyeckoro Ttojika [20], npu
3TOM BCE€ paBHO MHOTrMe IUIaCThl OCTalOTCH
HETPOHYTHIMM. 3a paMKaMH YUCTO MaTeMaTH-
YeCKOTO ColepXaHus 3[eCh Macca MOYyYUTENb-
Horo Matepuayia. IICUXOJIOTMYECKHMI acCIeKT,
JIMYHOCTHBIN, HY U BOOOLIE «KaK TeyeT peKa
XHU3HU»., W Kak pelnalotcsl npoGieMbl — OT-

Coodun XepmeH JIeJIbHBIMHM JIIOABMU WJIM co0Dllla «3a KaIpoM».
(1776-1831)

ITpu yriy6ieHWH B MpOLIECC TPYAHO OT-
JielaTbCsl OT OLIYIIEHWS, YTO B3aUMOIEHCTBHE MIeH KaK-TO OUPH-
Xupyetcsl usBHe. Kakue-To 3arafoyHble HCTOYHUKH ONMPENENSIOT X0
COOBITHI, U BCE OKa3bIBaeTCS TaK MeperieTeHO U CUHXPOHM30BaHO,
4TO 1IeJIoe He OeJUTCA Ha 4vactd. KoHeyHo, Misi MomoOHbIX BIie-
YaTIeHUH HYXHa KOHUEHTpallMs Ha npobieMe, a TO M CTO I'pamM.
TToBepXHOCTHBII B3rJIsiA TpeOyeT MeHbllle YCWIHH U AaeT GOJbLIYIO
cBOOOMIY [UIi MHTEPIpETALUH.

OObIYHbIE MPUYUTAHUS O MOBOJLY KOJOCCAIBLHOTO BIMSHUS meo-
pembt Depma Ha TEOPHIO YHUCEN HEPEIKO CTABAT MPEIMET C HOT Ha ro-
noBy. HepaspewmmocTs (9.1) cama o ceGe HUKaKoi cepbe3HOM! posH
HE UTpaeT, NMpeaCcTaBisisi coboi 0ObIKHOBEHHBII MpHUMep B 6eCKOHeY-
HOM pslly Hepa3pellIMMbIX ypaBHeHHWii. Y Obuto OblI, KCTaTH, ropa3no
UHTEpECHEe U MoJie3Hee, OKAXHUCh (hakKT NMPUHLIMITHAIbHO HEAOKa3y-
eMbIM, cM. TeopeMy 5.3.1. Torna 661 y 6€CCMBICIEHHBIX, HO B TO Xe€
BpEMS TIOJIHBIX CMbICJIA MOMBITOK (PUKCALIMU UCTUHH ObUT Obl B 3a-
nace 0e30peXHBIi OKeaH BpEMEHM, a He Kakue-To Xaiakue 360 jer,
Ha KOTOopbie XBaTuio TeopeMbl Pepma. O MoONE3HOCTH 3[€Ch MOXHO

) BoBwmit acnupaHr Yaiinca.
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BECTH peyb 60Jiee B KOCMHUUYECKOM CMBIC/IE, HEXENH MaTEMAaTUYECKOM.
As3apTt, cyMaclLIeCTBU€, BIOXHOBEHHWE — BOT YTO JAIOT BEJMKHUE 3a1a4U.
Teopema ®Pepma ybeperia OT Ka3MHO ¥ HAPKOTHKOB CTOJBKO Hapony,
4YTO apU(PMETHUYECKUE AOCTHXKEHUS] MEPKHYT Ha 3ToM (hOHe.

Ja ¥ He TaK YK BEJMKM 3TH HOCTHXEHHS, KaK UX ODBIYHO TIpe-
Bo3HOCAT. KpynHoe uaeonoruyeckoe 3aBoeBaHue, COGCTBEHHO, OJHO:
KYMMEPOBCKasl TEOPUS UOeanbHbix uucen 2) (pasmen 9.2). Snsunmuue-
ckue Kpugvie U eunomesa Tanuamo: (paszgenst 9.3, 9.4) UMEIOT Apyrue
HCTOYHUKH, U TaM TeopeMa PepMma npocTo nmomasach Mo Xo4y zeia,
U He ycrosuia. YTo KacaeTcs oCTaILHOrO «KOJIOOPOXeHUs BOKPYI», TO
MHOTOYMC/IEHHBIE PE3YALTaThl 3[€Ch PYyTMHHH U MajlO3HAYUTEJbHBI.
B TO >Xe BpeMs B COBOKYNMHOCTH OHU NOPOXIAIOT MOKa3aTeJbHBIN
ucroprko-punocodpckuit dpeHoMeH, matormii o6pasibl BO3MOXHBIX
apudMeTYECKUX aHOMAJTHIA.

XoonoTsl B cBA3M € (9.1) MOCTOAHHO 3aCTaBIIAIM AYMaTh O MIOUCKE KOHTDIPH-
mepa. OnHaKo 6bLIO ACHO, 4TO B cilydae " + y" = 2" HeobxoauMo T,¥, 2 > n.

« JIeCTBUTENbHO, eCIM 2 =T +a, a > |, TO
" +y"=z"+nz" 'a+... + nza"' +a",

otkyma y" > nz""'. Ananormuno " > ny""', uTo B KOHeuHOM MTOTe MPUBOAMT
K Z,Y, 2 > n. » Takum ofpa3om, xoraa Hepa3peluuMocTh (9.1) GbL1a ycTaHOBIEHA
BIUIOTh 10 1 = 100 000, cTaso sicHO, YTO KOHTPIPUMEDP MOXHO MCKaTb, JIMLIb pabo-
Tag C YMCJIaMU KaK MUHMMYM MOpsiaKa 10°¥%° Ho 370 He n06GaBNAIO ONTHMU3MA,
MOCKOJIbKY, BOTMIPEKM OCTAIBHOMY XH3HEHHOMY OMNbITY, MCKJIIOYeHUs B apudme-
THKE HepeaKO OOHapYXUBATUCb B aCTPOHOMHYECKOM YNATEHUH OT OMU3/exallux

TEPPUTOPUH.
Diinep, HanpuMep, Besel 3a (9.1) NpPEANONIOXWI HePa3PELIMMOCTb
"y +u"=2", "4y +u"+v"=2" uta (9.2)

OuyeHb ecTeCTBeHHasi TMnore3a, Kcratd. [lotomy uro ecan Tteopema Pepma —
NpeAcTaBUTEb HEKOW obuieil 3aKOHOMEpPHOCTH, a He Ciy4yaiHbIA OCKOMOK , TO
cxema Ditnepa (9.2) NpAMO-TaKyM HanpawlBaeTcsi. TeM He MeHee B KOMITbIOTEPHBIH
BEK HalleJICs KOHTPIPUMep

2682 440* + 15 365 639* + 18 796 760° = 20 615 673°,

?) Koropbi€ Tenepb Ha3blBAIOT dugusopamu.
3 Kax, co6CTBEHHO, H 0KA3aJ10Ch.
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noToM 6oJiee 3KOHOMHbII
95 800* + 217 519% + 414 560* = 422 481%,

HO BCe paBHO CIMIUKOM Gosbuioro kanubpa. M 310 BCero Juilb psiioBOH 3MU30[I
B LIEMH UCMOJUHCKHUX MYCTAKOB TEOPUU YHMCEN, B KOTOPOii Ge3aeNyLIKH 4acTO HEOT-
JIMYMMBl OT MUPOBBIX UCTHH.

Yem 3HaMeHUTass meopema Pepma OTANYAETCS OT Ma-

JIO KOMY M3BeCTHOro nughacoposa kupnuua? CyluecTBy-

A €T JIK MpAMOYTOJNbHbIN MNapajlie/ieNuIen ¢ Keao4ucaeH-

N3 HbiMu pebpaMH, AMaroHaIsIMH IrpaHell M IIaBHOM Quaro-

S Hanbo? Hukto He 3Haet. Torma xak BOMPoc HaBCKUIAKY

HU4YeM He XyXe TeopeMbl ®Pepma. MMeeT am pelueHue
z,Y,2,u,v,w, 8 €N cucteMa ypaBHEHUIA:

I Y
1:2+y2=u2,
2 2 2
T+ 2=,
9.3
y2+22=w2, (93)

2 2 2 2

Ty +2°=38".
KoHeuno, Tyt He xBataeT sakoHUyHOCTH (9.1), HO €CTh CHMMETPHUS M B3aMMOCBA3b
CO 3HaKOMbIMH 0OCTOATENBCTBAMU. TeM He MeHee OOGpeMeHUTDb cebsl HccieloBaHHEM

(9.3) mano xenatounx. TyT HyXeH TM60 UCTOPUYECKH CTOXHMBLIMIACA XKHOTaX, TGO
Bepa B (hyHIaMEHTaTbHYIO MPUPOAY 3aa4yu, IGO0 Xopolas JeHexXHas! MpeMUs.

Ha ¢oHe Brllecka3aHHOTO BIOJIHE MOHATEH CKETCHC Oosnblieit
4YacTU MaTeMaTHKOB, CONPOBOXIABIIMII rHIepTpoGUPpOBaHHbBIN IHTY-
31a3M IUJIETAHTOB.

Bor yro nuwter H. H. Jlyaun B nuceme A. M. Buno-
2padosy (ot 16.04.1946): «OyapoBanue umenu Fermat
IUISl MEHSl OTHIOAb HE CBA3aHO C €ro ,,MOCIeXHUM
MpeAIoXeHHEeM, HO C er0 MHOTOCTOPOHHEH nesTeNb-
HOCTBIO KaK npeauiecTBeHHUKa Jexapma B u3obpere-
HUM aHUIMUTHYECKON IeOMETpUH, KaK MpelaliecTBEeH-
HuKa Hoiomona wn Jleibhuya B n306peTeHUHU aHAIH-
3a GeckoHeyHO Manbix». M nanee: «Yto Xe Kacaercs
[0 ero ,, OC/IeHETO NMpPeJIOKEHUS “, TO IMYHO y MEHS
K HeMy HHTepec Bcerna Obul paBeH Hymo. TsroreHue
K HeMY OTpMLATENbHO XapaKTepH3yeT YelloBeKa, cpa-
3y nomelluasi ero BHe Kpyra MCTHMHHBIX uiocodos
U ydeHbIX. <...> 3TO B JyyllleM C/ly4ae — TOJbKO
CIOPT, €C/IM He TOBOPHUTb O BellaX MHOIO XYIOUIWX».

JlyanH (1883-1950)
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JInuHocTh Pepma, B NiepBYyI0 o4epelb KaK MaTteMaTHKa, Ha Mpo-
TSXKEHUM BEKOB MpeACTaBisijia 0COObIii HUHTEPEC B CBSI3M C €rO «He-
norpelinMocTblo». [1ouTH Bce, ocTaBiueecsi 0€3 10Ka3aTeNbLCTB, BIO-
CNEACTBUM MOATBEpAMUJIOCh. Ha OIIMOOYHBIX MpPEANONOXEeHHUsIX, TUNA
MPOCTOTBHI YHCE 2 + 1, Depma Hukorna He Hactaubal. [TosaTomy
€ro U3BeCTHOE 3aMevyaHWe O HalIeHHOM J0Ka3aTe/bCTBE Hepa3pellu-
MOCTH «Z" + y" = 2"» 6bUIO BOCIIPUHATO BCEPbE3, M «DaKT» OBUI
Ha3BaH TeopeMoii. Cepnunckuii [17] Hawen Tpu OWMGOYHBIX YTBEP-
XKAEHUS CDepma4), M 3TO MOPOAMJIO HEKOTOpBI B3MOX 0OJieryeHus,
MOTOMY YTO IOCJIe TpeX BEKOB Oe3yCHEIIHbIX MOIMbITOK pelleHUs
«x" +y" = 2"» xorenocw Beputh, uTo ¥ Pepma UHOrAA OMIMGATICS.

B uurvpoBaHHOM BbiLie nucbMe Jysun nucan: «bbul nu y Fermat ocoOblit
MeTol B ero TBOpYeckux akrax no Teopuu Uucen? Meton XuBoit, He HCUYEPHaHHbIA
JIMYHBIMU JTOCTUXEHUSMU camoro Fermat, HO yTpauyeHHBIN yXe IJIsi €r0 COBpeMeH-
HHUKOB, U TeM Oojiee Wis noTtoMKoB? Sl He konebaioch I caMoro cebsi OTBe4aTb
YTBEPAMTENbHBIM ,,JIA“, XOTs BIOJIHE NMOHMMAaID (POPMATBbHYIO NMO3ULUIO TEX, KTO
oTBevyaer orpuuarenbHeiM ,, HET“, <...>

Te KazaBlLIMeCS paHblie HEBEPOATHBIMU OTKPBITHS B UCTOPUH HayK, KOTOpblie
JieNlaloTes ceifyac, A0CTaTOYHO MOYYHTEIbHbI M COBEPILIEHHO HAMISAHO FOBOPST O TOM,
YTO HayyHble (aKThl He TOJILKO NPHOOpETAIOTCA, HO M yTpauuBaloTcs. J1abbl He ObITh
TPUBUAIBHBIM, S YIIOMSIHY TOJIbKO 00 yTpaueHHOM Metoze Frenicle’s pacro3HaBaHUS
MPOCTOThl WM HeNMpocToThl yucaa B 40—50 3HakoB B TeyeHHUe 2-X cyTok. <...> Meroxn
Frenicle’s yTepssH No BMHE aBTOpa, YTPATUBILUErO UHTEPEC K ,,YMCIaM™ U yluequiero
B IyXOBHOE 3BaHHE».

9.2. Aueusopbl Kymmepa

HoxasarenbcTBo Ditsiepom meopemv: Pepma nnsi n = 3, pasgen 6.3,
CJIyXXUT €CTeCTBEHHbIM MCTOYHMKOM 0600LIeHHs1. CxeMaTUYHO uaest
BeIrIsAAMT Tak. Ecniu ( o6o3HayaeT mepBooOpa3HbIi KOpeHb n-#
cTeneHyu u3 1, — n > 2 MOXHO CUMTATh IPOCTBIM, —TO  Z"+y" = 2"
PaBHOCWJIBHO ypaBHEHHIO

n-—1

H(:c + Cty) = 2", ¢ =e¥/m, (9.4)

k=0

4 B yacTHOIt mepenucke.
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KaKoBOe MOXHO paccMaTpuBath B Kojiblie Z(() uucen
ao+a1(+...+an_|("_', (95)

B KOTOPOM BCE COMHOXHUTeJH B (9.4) B3anMHO npocTsl — U 6yab B Z(()
BBITMOJIHEHA TeopeMa O eAMHCTBEHHOCTH pa3ioxenust uucen (9.5)
Ha MPOCTble COMHOXHTENIN, — BCE

z +¢Fy

B cuiy (9.4) 6butM Gbl T-MH CTEMEHsSIMHM, YTO, OTYACTH TPOMO3IKO,
HO 6e3 He3aypsiIHbIX TPIOKOB, MPUBOIMJIO ObI K NMPOTUBOPEYMIO.

Bo3snukaloliee Ha 3TOM MyTH MPEMSATCTBUE 3aKJIIOYAETCS B TOM,
4TO TeOpeMa O eAWHCTBEHHOCTH Pa3JioXEeHHUS Ha NMPOCThie COMHOXH-
tenun B Z(¢) He Bcerna paboraeT. B pamkax coBpeMeHHOM anreGpanye-
CKOIi MapafurMbl HalpalMBaeTCsl MBIC/Ib: TaK pacMpHTh Z((), 4T00bI
He HapyLIUTh B3AUMHON MPOCTOTHI COMHOXMTeel (9.4), HO IPU 3TOM
BOCCTaHOBUTb €IMHCTBEHHOCTb Pa3JIOXEHHUsS] Ha NPOCThIE COMHOXM-
Tenn. Wineio peannsoan Kymmep®), 106asus K Z(() udeanvhbie wucaa,
TaK Ha3bIBaeMble (Ternepb) dusu3opbl.

KoHeyHo, CKOpo cKa3Ka cKa3bIBaeTcsl... leopus Ousuzopoe —
OTIeJIbHAs IJIaBa, 0 KOTOPOH MOXHO JMOO MMETh OTAAJIEHHOE ITpel-
cTaBjieHUe, MO0 YX IMOrpyxartbcsi C rojoBoil. Becsikasg cepeauHa Tyt
obpeMeHUTeIbHA MPU OTCYTCTBUM pe3yJibTaTa.

9.3. Annuntuyeckme KpuBbie

Teopemy Depma ecTeCTBEHHO pacCMaTPUBaTh B KOHTEKCTe 00LIei mpo-
GeMaTUKK pa3pelliIMMOCTH duoghanmossix ypasHenuii. B To xe Bpems
cneuuduka

X"+y"=2"

nocsie JejeHUsl ypaBHeHUs Ha Z" MPUBOIMT €ro K BHIY

" +y" =1 (9.6)

5 HactynuBwmii noHauany Ha te xe rpabiau, uto u Jinep, a motom Jame.
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¢ pauMoHalbHbIMU T = X/Z, y = Y/Z, 4To CBOOUT MCXOIHYIO
npo6JieMy K BOTIPOCY O palMOHaIbHOM pasperunmocTH (9.6) 6,
KoneuyHo, nepexox K (9.6) HaroMMHaeT CTapblii aHEKIOT O TeJie-
rpamMme B AkageMuio Hayk: «Jlokasan teopemy Pepma Tuk [iaBHas
uaes — MepeHocMM Z" JIeBYIO YacThb TYK». TYT BBIPMCOBBIBAETCS
HeyTo noxoxee. Kakas pa3HuLa, Ka3ajioch Obl, paACCMaTPUBaTh «3K-
BMBQJIEHTHbIE» BONPOCHI 0 PaLMOHAIbHON pazpewnMocTH (9.6) 1160
o uenouncaeHHoit — X" 4+ Y™ = Z". Kak rosopurtcs, uto B J106
yTo 1o Ji6y. TeM He MeHee, Ipyroit I3bIK pacUIMPsSiET BO3MOXHOCTH.
BrIroabi MOSIBSIOTCS YXKe B MpocTeitiueM ciydyae n = 2. [Tugaeopoéu:
mpoiiku tana (3,4,5) HaBHO W3BECTHBI, HO KaK MEPEYUCIIUTh BCE

pelieHus X +Yi=2%

Juoghanm B cBoeit «ApubMeTHKe» Mcuepnal 3anavy:

)

« . 7
Jlobas npocmeiiwas nugazoposa mpoiika'’ umeem euo

m? —n?, 2mn, m* + n?, 9.7)

2de m u n — 08a 63aUMHO RPOCMbIX UeNbIX NONOHCUMENbHBIX YUCAA, PA3HOCMb KOMOPbLIX
m — n noaoxcumenbHa U Hevemua.

Ha coBpeMeHHOM KOOpAMHATHO-TeO0-
METPUYECKOM $13bIKe oOocHoBaHue Juo- y A
ghanma BHITISOUT ClEedYIOLIUM 06pa3oM. P(z, )
PauuonanbHble pewenust (9.6) — cyTb
paunoHalbHble TOukH P = (z, y), Jexa-
1I{Me Ha OKPY>XXHOCTH o

4yt =1, (9.8)

1 BCE 9T TOYKU P MOXHO MOJIY4HT B pe-
3y/bTaTe MepecevYeHnss C OKPYXHOCTBIO
(9.8) mpsimbix I = {(z,y) : y = oz — 1},

6) C rouHOCTBIO 10 0UeBMAHbIX 0roBOpoK. Ecnn X™ + Y™ = Z® umeer pewenve X, Y, Z € N,
o u kX,kY,kZ npn nobom k € N Gyner pewenueM. [103TOMY JOCTaTOYHO TFOBOPHTH
o pewenusix npu ycnosud HOJL (X,Y, Z) = 1. CoorsercreHHo, B (9.6) moapasymeBaioTcs
z,y # 0. Bce 3T0 YTOYHSTh KaXIblA pa3 HE TOJBKO YTOMHMTEJIBHO, HO M BpelHO, M6O
3arps3HAETCA KapTHHa.

7 Mughazoposy mpoiixy (a, b, ¢) Ha3biBalOT npocmeiiweii npu ycnosuu HOM (a, b, ¢) = 1.
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MUMEIOLINX pallMOHaIbHbIe K03 ULMEHTH HakiIoHa o. [ToacTasiss
y = oz — 1 B (9.8), nonyuaem

20 | o2 —1
L= ———-, =0z -1 =——o0.
02 + 1 y o2+ 1

n
[Monaras najee 0 = —, NpUXoAMM K nMUdaropoBbIM Tpoiikam (9.7).
m

MBI He ocTaHaBIMBAEMCS Ha JETAAX, IOCKOIbKY BCE PacCTaBJIsi-
eTcsl MO MecTaM MPOCTHIMU YTOYHeHUsMH. Auoganmy o6ocHOBaHMeE
JaJIoCh ¢ ropa3ao GOJBIUINM TPYAOM, MO0 B TO BpeMsl KOOpAWHATHasl
CBSA3b areOphl ¢ reoMeTpUeii elle He ObliIa MpUAyMaHa, U BMECTO Mpsi-
MBIX ¥ K03¢ULUHMEHTOB HAaKJIOHA MPUXOAUIOCh TOBOPHUTh O «B3SITBIX
C MOTOJIKa» 3aMeHax MepeMeHHbIX 9. 3nech xe (B paMKax 1eKapToBoii
MIEOJIOTHH) TMePeXoa OT UEJOYMCIEHHOM 3aqayd K paluOHATbHON
NOJKJIOYaeT HOBblE KaTErOPHH MBILUIEHHS], TO3BOJISIOIIAE KOMDOPT-
HO Y HaJeXHO pellaTh 3a/ayy.

O61as 3a1a4a 0 PAUHOHATbHOMN PA3PEIIMMOCTH ypaBHeHMs )
F(z,y) = Z aijz'y’ =0 (9.9)
i.j

C LUEeIOYMCIEHHBIMM KO3 dHUUNEHTaMH a;;, — oXBaTbiBatowas (9.6), —
obagaeT yHUKaJbHBIMH M BECbMa HEOXHWIAaHHBIMUA CBOICTBaMM.

Ocobyio, ¥ Iaxe IaBeHCTBYIOLIYIO poJib B ceMmeiicTBe (9.9) —
UTPAIOT Jaaunmuyeckue xpuebtelo), OMUCBhIBaEMbIE B KaHOHUYECKOIA
¢opMe ypaBHEHHSAMH BHIA

2_.3 2
Yy =z +az’+ P+, (9.10)
K KakOBbIM CBOIMTCS OMMCAHHUE JIIOObIX HEOCOObIX KPUBbIX

G(u,v) =0

%) [pu 3TOM He BIOJIHE ACHO OCTAaBAIOCh, MCUEPITAHbI JIK BCE PELUCHHUSA.

9 Crenensio Monoma ziy" Ha3bIBAIOT CyMMY rnokasareseif ¢ + j, a CTENEHbIO MOJIHHOMA
(9.9) — MaKkCUMAaIbHYIO CTENEHb MOHOMA, BXOISLIETO B CYyMMY.

10) HasBanwue, co3naiouiee 1uckoMpopT 6eCIpUYUHHOCTH, MHHLIMMPOBAHO CBS3bIO C JUIHMN-
THYECKHUMH MHTErpalaMd M (YHKUMAMH, BOSHUKLIMMH MEPBOHAYATBHO B 3alaye U3MEPEHHs
nyru atunca. Cpsi3b C MIEPBOUCTOYHHUKOM BIIOC/IEACTBMHU COLLIA HA HET.
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TpeTbeif CTereHW — C MOMOIIbIO 3aMeH MepeMeHHbBIX, BbIpaXXaeMbIX
pPalMOHATBHBIMU (DYHKIUSAMHU.

Heocobbimu cuutalotcsi KpUBbIe, He HMelOLLHe 0COBbIX ToueK (o3gpama, camo-
nepeceuerus), v B onucaiuu F(z, y) = 0 xotopbix — MHorowieH F(z, y) He pacna-
JlaeTcsi B NIPOM3BeJleHHE ABYX APYrMX MHOrOYJIEHOB MEHBIUMX CTerneHel. YTOUHeHUst
M JIeTallM eCTb, HanpuMep, B [13, 15]. CooTBeTCTBYIOLIME KPHBBIE B IUIOCKOCTH (Z, y)

BbITNIAOAT ﬂp“6.1H3HTCJ'le0 Tak:

17
‘ »
k_——\ ]

N

[pusTHAas HEOXHAAHHOCTb B CBA3U C IAAUNMUYECKUMU KPUBHI-
Mu 3aKioyaetcs B cienylowleM. Ecinu npsamas L nepecekaet rpaduk
(9.10) C B aBYX pauroHaIbHbIX TOYKaX (Z1, Y1), (Z2, Y2), TO U TPeThst
TOYKa nepecevyeHHs: (T3, y3), KOJM TaKOBasi MMEETCs], TaKXe palyo-
Ha/lbHa, T. €. pallMOHANBHBI 00 KOOpPIMHATHI,

A

A A

e
-—

N

Y 3TO MO3BOJISIET — C YYETOM BePTUKAIbHOM CUMMETpUU KpUBbIX C' —
«pa3MHOXaTb» palMOHaIbHBIE pelueHus ypaBHeHus (9.10).

Inst aTOro yepe3 paluMoHajbHble TOYKH P U () NpoBOIUTCS Tpsi-
Mas, nepecekawliyass C B Touke S, 3aTeM S 3epKalbHO OTpaXxaeTcs
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!
OTHOCHUTEJIBHO OCU I, MOpoXnas TOYKy S, Mocjie Yero HOBYIO pa-
/!
LMOHANbLHYIO TOYKY AaeT TOT Xe TPIOK ¢ ToukaMu P U S, U T. .
!
Onepauus nonydeHuss S° no toukam P u Q,

S =PxQ,

Ha3bIBaeTCsl «cjioXeHueM» P u @ c¢ momowpio (9.10). MHTepecHo,
" o1 .
YTO palMOHAIbHBIE TOYKH Ha IJUIMNTHYECKON KPHBOM Y no Takoit
orepaluy o6pa3yioT HEKYIO IPyMITy G’. «Cnoxenue» P u P ornpene-
JIsieTCsl ¢ MOMOILBIO KacaTeJIbHOM B TouKe P,
17

— .
N

KOTOpasi yKa3aHHbIM Bbillle 0Opa3oM HaeT TOYKY S'=2€P=Px«P
TeMm cambIM omnpenensieTcss Touka kP npu moboM k € N,

A

BeprukaibHble KacaTeJibHbHIE M CeKyllHe «Iepecekalor» C, Tak MMOJarawor,
B OECKOHEYHO yIaleHHOMN TOYKe e, KOTopas, Oyay4d Tak ONpenesieHHOM, sBiseTcs
eounuyeii 12) rpynnsbl G'. Iertanu (paunoHaibHOCTb P % Q npu paunoHanbHbiX P v Q,
CyLIECTBOBaHME OOPATHBIX 3JIEMEHTOB, aCCOLMATHBHOCTb OMEPALMU «*») TPeGYIOT
060CHOBaHHSA, HO JOCTHUTAIOTCA CPEACTBAMH IUKOJbHON MaTeMaTHKH.

Bce 310 npu 6erioM U3NM0XEeHUM MPOM3BOAMUT BIieYaTIeHHUE PYTH-
HbI, TeM He MeHee, eHOMeH Bblaatoluiics. Kpusbie (9.10) TpeTbeit
CTeNEeHU BAPYT HEXIaHHO-HETaJaHHO OMpENeJSIOT IPyNy, NMPUBOASA
Bce pauMoHaIbHbIe peleHus (9.10) Bo B3auMozeicTBIEe MexXIy cOBOit.
Yerpoitcrso G’ Toxe 10 HEKOTOpO#l CTerneH! yauBUTeabHO. OTNpas-
JISISICh OT TOYKH P M BBICTpauBasi psill

P,2P,3P, ..., (9.11)

") Mononxennie GeckoHeuHo yoaeHHOW TOUYKOM, ABRIAIOWENCS, AEKIapaTHBHO, TOYKOM
nepeceyeHmsi BCEX BEPTHKAIbHBIX NMPAMbIX.
1) Jlugo HyneM, eCJIN UCNONb3YeTCs alIMTUBHAsE TEPMUHOJIOTHSA.
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MOXHO CTOJIKHYThCS C [IBYMsI BO3MOXHocCTsMHU. JIuGo psm (9.11)
Ha HeKoTOpoM ware 7 o6pbiBaeTcs ), okassiBaerca n.P = e, 6o —
He OoOpbIBaeTCs, HO TapaHTHU HCYEPNaHHsl MOCAENOBaTEbHOCTBIO
(9.11) Bcex paUMOHATBHBIX TOYEK Ha KPUBOi, KOHEYHO, HET 4 Or-
MpaBssiCh OT APYroi TOYKH @, MOXHO IMOJIYYUTb COBOKYITHOCTh

Q,20,30,...,

oTanyHyio ot (9.11).
Iyankape (1901) npeamonaran, 4to rpynna G’ mio6oit TUITH-
4eCKOil KpUBOH MMeeT KOHEeYHBIH paHr. Haye rosops:

9.3.1. Ha awboii kpusoii (9.10) umeemcs KoneuHoe 4UCAO PAYUOHANbHBIX
movek Py, ..., Py, makux umo aroban payuornansshas mouka P ra smoi
Kpueoli npedcmaguma 6 eude

P=nP+...4+n.P+T,
20e T — mouka KoHeuHo20 nopsadka.

@akrt noxasaH (1922) u Ha3biBaeTcst meopemoii Mopdensa. 1o 1976
rojla He SICHO OBLJIO, KAKOBa MOXET OBbITh Ipynma KpydeHus: T, cocTo-
s1lasi U3 TOYeK KOHeuHoro nopsinka. [IpobneMy pewnn Masyp.

9.3.2. Teopema Ma3sypa. Kowneunwvii nopsdox n mouku T ecezda
nexcum 6 Ouanazone n < 12, npuwem n # 11, u Ha xpusoi (9.10)
He Moxcem Obimb 6onee 16 payuoOHAIbHbIX MOYEK KOHEYH020 nopadka.

Pesynbrat, BooOllle roBOpsi, MOTPSICAIONINIA, U OTOAET TNyOMHOI,
KaK BCe TPYIHO M3BJieKaeMOe U He COBCEM MOHSITHOE. 3arajoYHOCTb
3JUTUITUYECKUX KPUBBIX MOAYEPKUBAET Cleaylomnii peHoMEH.

9.3.3. Yucno payuonanrbhbix mouex Ha aoboii Heocoboii kpueoii (9.9)
nopsoka n > 3 — koueuno. (1)

To ecTh auIMNTHYECKUE KPUBbIE (N = 3) NMPUHLUMIUATLHO BbI-
JeJISIIOTCsl Ha o0leM poHe KPUBBIX Ti-i CTENMEHM, YTO MO OOJIBILIOMY

%) B s10M cllyyae TOBODAT, 4TO Touka P umeet xoneunwii nopsdox. Ilopadkom P Ha3bIBAIOT
MHHUMaIbHOE 1 B paBeHCTBe nP =e.
") Xora He uckmouero.
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CYETY YAMBUTEJbHO U JaXe CBEPXbECTECTBEHHO. YTBepXieHue 9.3.3
poausIoch CHavyasia Kak eunomesa Mopdeara (1931), Tenepb 3TO meo-
pema Parvmunzca (1983).

KoHeyHOo, Hac4yeT CBepXbeCcTeCTBEHHOCTH 1. 9.3.3 cWiIbHO cKa3a-
Ho. Pa3mbluuieHue Haa npo6eMoii 0OHapyXHBaeT 3BPUCTUKY, «ITPHU-
O/MM3NUTENbHO BedylIylo K Lieiu», MHade Mopdensy He ymanoch Obi
Haugynate runotedy. OnpeneneHHasi 4acTb YIMBJIEHHMS IO TIOBOAY
m. 9.3.3 ucyesaeT C y4eTOM PacCCMOTPEHHS TOJBKO HeocoObix KPUBBIX.
Ecnu 6b1, Hanpumep, mHOTOouweH F(z, y) pacnagaics B npousBeleHu e

Fy(z, y)Fa(z, y),

rae F\(z,y) = 0 onpenensio 6bI NOAXOASALLYIO JUTUIITUYECKYIO KPH-
BYIO, TO PAalMOHATBHBIX TO4eK Ha (9.9) 6bU10 GbI CKOIBKO YTOAHO.

9.4. Tunote3a TaHusambl n Teopema depma

Tunomesa Tanusamb, noxa3aHHas Yaiiicom, 3aKJI04AETCS B yTBEpXKJeE-
HUU «BCAKAA INAURMUMECKAS KPUBAA ABAAEMCA MOOYASAPHOI».

O Modyasprocmu cxa3aHO HUXE, HO B JaHHOM KOHTEKCTE 3TO
Jlaxe He TaK BaXHO, MOCKOJbKY (popMasIbHBIE OMpeaesieHUs TYT MaJio
4TO H00ABIAIOT K MOHMMaHMIO Mpoucxoaaiiero. [IpocTo KocThUIb MO-
OyAapHbIX (hopm OKa3aics yIOOeH Ha MyTH K J0Ka3aTeJbCTBY meopembl
Depma. HeoXnaaHHO BAPYT BBIICHUIOCH, YTO 3JUIMIITUYECKAsS KPUBast

y* =2 + (a"b" — a"c" — b"c")z + a™b"c" 9.12)

npu yciaosuu a” + b" = ¢" He MoXeT ObITb M0OYAAPHOIU BOTPEKU
eunomese Tanusmo..

BeisicHUI0Ch, KOHEYHO, He cpasy Bce. CHavana Tanusma (1955)
BBIABMHYJI CBOIO CYMacCLUEAUIYI0 TMIIOTE3Yy, B KOTOPYIO TPYAHO ObLIO
MOBEpPUTb, — NpUuYeM K meopeme Pepma 3TO He UMEJI0O HHUKAKOIO
OTHOLLEHHUS Ha TOT MOMEHT. «[unorte3a» nponexana B 6€3BECTHOCTH
okos10 20 JieT ¥ Jullb ¢ cepeArHbl 70-X TOOOB MPOLIOTO BEKa cTaia
obpetatb GOJbILIee TpaBaoONoA0GHe Giarogaps pabotam Lllumyper.
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3arem I. ®peir nipuwen K Mbicau (1985) o HemomynsipHOCTH
KpuBoii (9.12) B ciyuae

a" +b" =c",

TEM CaMbIM CBsI3aB HUTOUYKOIt meopemy Depma ¢ eunomesoi Tanusmol.
Yyrb no3xe K. Pubem ob6paThN 3Ty CBSI3b B TEOpPEMY, IOCJIE YETrO CTa-
JIO SICHO, YTO OOOCHOBaHME «THITOTE3bl» aBTOMAaTUUYECKH TOKa3bIBaeT
meopemy DPepma.

U Tyt Hacrana oudepenw Yaiisca, Bocemb JieT HakTUYECKU TaHO
3aHHMMaBLIErocss obocHoBaHMEM eunomesbt Tanuamoi, 1 B 1993 ro-
Iy OOBSIBUBILETO O MOJYYEeHUH COOTBETCTBYIOLIETO J0OKa3aTeJIbCTBA.
He oGouutock 6e3 apaMaTuyeckoro nopopora. B nokasarenbcte 6yk-
BaIbHO HaKaHyHe My6iuKaluu obGHapyxwiach Opellib, Ha 3aHeNKy
KoTopo#t (coBMecTHO ¢ Teinopom) yuien eiue ron. OKOHYaTesbHbIHA
BapMaHT J0Ka3aTeJIbcTBa ObUT onybauMkoBaH B 1995 rony, u yactb Ha-
ceJieHUs MOTepsijia ONopy B XHU3HU, MO0 HATMYME KPYITHBIX HEpELIeH-
HBIX 3a/1a4, KaK BBISCHSIETCSI, UTPAET BAXHYIO POJb B YCTOMYMBOCTH
TICUXUKH.

Tenepb HECKOJIBKO CJIOB O MOAYJISApHOCTH. Mooyaaproii epynnoii I' Ha3biBaloT
rpynny Apo6HO-IMHeHHbIX Npeobpa3oBaHuit ¥(z),

az+b a b
= = 1.
W) =rar o (c d)

DyHKUWH, TEM WM UHBIM 06pa30M acCOUMUpPOBaHHbIE ¢ I', TakKe Ha3bIBAIOT MOAY-
AapHoimu. B aToM opmare mony4aioT cBoe onpelesieHHe MOAYIspHbIE SJUIMIITHYECKH E
KpuBble [13], chirpaBlLine OKasHHYIO PoJib B cydsbe Tanusme™>. B paMKax COOTBET-
CTBYIOLLETrO ONpeaejeH!s: K MOAYJSAPHON 3JUIMNTHYECKOM KPUBOM MpPeAbsBASIOTCSA
BECbMa XeCTKHe TPeBOBaHMsA, U BCEM allpHOpH Kasaloch (He cuuTas Tanuamol), 9To
aBTOMaTHYeCKH BBIMOJIHATLCA OHU HUKAK He MOTYT. B 3TOM, COGCTBEHHO, M 3aKIIO-
qazncsi Hakal ApaMaTyprui.

13) Tanusama, BUOIMMO, TIPUKOCHYJICA K «3alIPETHBIM IUIOAAaM», B PE3YJILTAaTE YEro MOKOHYMJI
¢ co6oii, He JOXHB 0 TpuyMda CBOEro npeaBuieHHs. B npeacMepTHOM MHUCbME OH MHCAT:
«YTO KacaeTcs NMpUYHHbI CaMOYyOGHIICTBa, TO OHA He BIIOJIHE MOHATHA MHE CaMOMY, M BO BCAKOM
cJlyyae He SIBJISETCS Pe3y/ILTaTOM Yero-HuOYIb KOHKpPETHOro. Mory JIMLIb CKa3aTh, YTO HAXOXYCh
B TaKOM YMOHACTPOEHMHM, YTO YTPAaTHJ BCAKYIO YBEPEHHOCTb B MoeM Gynywem». W manee:
«...[ HE MOy OTPHLIaTh TOTO, YTO MOH MOCTYNOK OTAAET MPEAATEILCTBOM, HO NMpPOLIY OTHECTHCH
K HEMY CHHCXOOMTEJbHO, KaK K IMOC/IeAHEMY MOCTYNKY, KOTOPbIN S COBEPLIAIO 10 CBOEH BOjIE».
Yepes mecaL MOKOHYWIA C OGO ero HeBecTa.
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9.5. KOHrpyaHTHble Yucna

Ecny roBoputhb 0 B30yI0paXKeHHO BbILLE TEMATUKE, TO MHTEPEC 31€ECh
NPEACTaBJIAIOT HE TOJILKO M He CTOJIbKO BTEKAlOllMe MMOTOKH, CKOJIbKO
yXoIsillMe KpYraMu IO BOJe «3a TNpelesibl». Dasunmuueckue Kpuebie
3acy>XXMBalOT BHUMaHHUS He TOJIbKO M3-3a CONPUKOCHOBEHHUS C meo-
pemoii Pepma. TyT BOZHUKAET Pe30HAHC C LIMPOKUM KPYroM SIBJIEHHIA.
YynecHble heHOMeHbBI OKa3bIBalOTCS pa30pocaHbl 3/eCh U TaM. B3ATb
XOTs1 Obl KOHTPY3HTHbIE YMCJIa, U3BECTHBIE €1lIe JPEBHUM IpeKaM.

9.5.1. Onpepenenune. PayuonasbHoe 4UCAO T HA3bI6AEMCA KOHZpY-
SHMHbIM, €CAU CYUuecmeyem HpIMOY201bHbili MpPeyeOnbHUK NAOWA0U T
C PAYUOHANBLHBIMU ONUHAMU CIMOPOH.

B KauecTBe KOHZpYIHMHbIX TOCTATOYHO PaCCMaTPUBATh Ueable T , C60-
600HbIe oM Keadpamoe 1) dpnenne KOH2py3HmHocmu,, KaKk HA CTPaHHo,
0Ka3bIBaeTCs TECHO CBA3aHHBIM C BeCbMa ITyOOKMMU (akTaMu U T'H-
NnoTe3aMU TEOPUU YHUCEJL.

9.5.2. Yucno T koHepys3HmMHO 8 momMm cayuae, K020a HA IAAUNMUHECKOL
Kpueoi

2 2
Y =z —r’z

cyuwiecmeyem payUOHANbEAA MOYKA OeCKOHeuH020 NopsodKa.

®akT 9.5.2 10BOJBLHO MPOCTOIA, XOTA U cioprnpu3. OIHAKO ajlro-
DPUTMHUYECKH MPOGJIEMY KOHTPYSHTHOCTH 3TO He pellaer.

Onucanue (9.7) nu¢aroposbIx TPOEK MO3BOJNAET AITOPUTMHYECKH NEPEUHCIHUTD
BCE KOHIPY3HTHBIE YMCJIA, HO MOABJIEHUS T NPU TAKOM NepeYHCIEeHUH MOXHO XIaTh
CKOJIb YroAHO 10Jr0. [103TOMY CyllieCTBOBaHME pellalolero airOpuT™Ma OCTaeTCs oA
BOIIPOCOM, XOTSl €CTb Cepbe3Hasi KaHANAATypa:

9.5.3. Kpurepmit TaHHena. Heuemnoe n € N, ceoboonoe om xeadpa-
mo8, KOHZPYIHMHO 8 MOMM CAy4ae, K020a ypaeHeHue

=2z + y2 +322°

') Ecnm r € Q KOHIpY3HTHO, M &, Y — KaTeThl COOTBETCTBYIOLIErO TPEYrolbHHKA, TO
2
TpeyroibHUK ¢ kateTamu (z, (Y umeer rowanb ¢“r. [pu 3tomM { BCeraa MOXHO BbIGpaTh
TaK, YTOGbI (2r GbLIO LIENLIM, c80600HM Om KEadp
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umeem po6Ho 8060e MeHble UCNOHUCAECHHBIX peweHuIJ, Hexcenu ypasnenue
2, .2 2
=2r" +y +82°.

A wemnoe n € N, ceo600H0e om Keadpamog, KOHSDYIHMHO 6 MOMM
cayuae, K020a ypasHenue

n
5= 4z’ +y2 + 3227

uMeem POBHO 6080€ MEHbUIE UEAOYUCAEHHBIX Pellleruli, Hexceau ypasHeHue
n 2 2 2
'2— =4z + i/ + 8z°.

TlocKonbKY BCE pelIEHMs NMepeYMCNIeHHBIX YPaBHEHWH OMNpeaensiotcs repe-
6opoM, Kpurepuit 9.5.3 B NPHHLMIIE MOXET CJIYXHUTh pElIalOIMM aJTOPUTMOM,
HO NICKa OCTaeTcs JIMILIb «ITOYTH JOKa3aHHbIM», EC/IM 11 KOHIPY3HTHO, YTBEpXIEHHUS
O peUICHUAX NEePEYUCISHHBIX YpaBHEHUH rapaHTUPOBaHHO BHIONHEHbL. B o6patHOM
HanpapieHHM peuent 9.5.3 ynupaerca B eunomesy Eépua—Ceunuepmon-anﬁepa”),
COINAaCHO KOTOPOH PpaHT 3JUIMIITHYECKOH KDHBOH COBMagaeT ¢ KPaTHOCTbIO HyJs

z = | TaK HasbiBaeMoro L-psia 3Toit KpuBoii, cM. [15].

Ha KOHrpy3HTHBIE YHMC/Ia MHTEPECHO, KOHEYHO, TTOCMOTPETD. IlepBoe 1o cuery

3 20

KOHrpyaHTHoe 1 € N paBHo 5. [Tnowans 5 MMeeT TpeyronbHHK ¢ KaTeTaMu 33
IMudaroposa Tpoiika (3, 4, 5) onpeaensieT TPEYroAbHUK C TUIOLLAMIBIO

1
--3-4=6.
2

Haﬂbueﬁume BBIYHUCJICHHUA AOBOJIBHO 6blCTp0 NMPUBOAAT K aCTPOHOMHNYCCKHUM BbIK1ad-
kaM. CkaxeM, yucio 157 oka3biBaeTcs KOHIPY3IHTHBIM, HO NOAXOAS LMY TPEYTOJbHUK
UMeeT [I3] BeCbMa «IPOMO3JKHE KaTEThI»:

_ 6803298 487 826 435 051 217 540 b 411340 519227 716 149 383 203

T 411340519227 716 149 383 203 ° T 2166655 569371461 309610 °

17) OnHa U3 ceMu npo6JieM ThICSAYENETHS, 3a peLleHe KOTOpoit Mamemamuueckuti uncmumym
Knen yupennn (2001) npemMuio B MWUTHOH [0JU1apOB.
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OnpeneneHns n pe3ynsrarsi

Bce mewem ne myoa,

Ecau xcaxncdews weeo-mo do 6oau,
Bce mevem nonepex

Oxcudansam Hauerelwux epes.

He noipnem nonaaeox,

Ecau e321s00m eco mot Heeoauuy,
He omcmynum 6eda,

He doxcdasuwuce omcymemeus caes.

IMaBa 3aHMMaeT NMPOMEXYTOUHOE TMOJIOXKEHHE MEXAy
OrJlaBleHHeM U COGCTBEHHO COJAEpXaHWEM, COAEHCTBYS
pelleHUI0 HEeCKONbKWX 3amay. Bo-nepBblX, Hymepauus
OMOPHbIX ToYeK (ONpeAeseH it U TEOPeM) COBMANAET C UC-
XOJHO#, Gnarogaps yeMy Jierdie HaTH COOTBETCTBYIOLINH
pe3yJabTaT B OCHOBHOM TeKcTe. Bo-BTOpbIX, AOCTaTOYHO
OBICTPO MOXHO TOJIYYUTh XOTS Obl OTAQJIEHHOE Tmpea-
CTaBJIEHHUE O NMpEeAbIAYLIUX IJ1aBaX. B-TpeTbuX, HEKOTOpbIE
MPUHUMITHAIbHBIE (AaKThl M3BJIEKAIOTCA Ha CBET B YM-
CTOM BHUJIE.

10.1. MpocTbie u cocTtaBHble YUCNa

v 2.2.1. Yucno p € N, p # 1, naseiéatom npocmoim, ecau oHo umeem moabKo
06a deaumens: 1 u p. Ocmanvhoie n € N, n # 1, nazwearom cocmasuvimu yuciamu.

v 2.2.2. Teopema Esxnupa. lIpocmbix uucen beckoHeuHo MHO20.

v s cocmaenenus mabauybi npocmoix 4ucen, He npegocxodaujux oarnozo N,
Moxcem Gbimb UCnOAb308aHo pewemo Ipamocera. Peyenm 3akaouaemcs é ebiuepKuea-
Huu u3 pada

,2,...,N
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cHauana 6cex 4ucen KpamHolx O6YM, Kpome camoii 0BOlKu, 3amem — mpeM, Kpome
mpoliku, 3amem — namu, kpome camoli namepku, u m.n. Ilo 3aeepuwenuio npoyecca
HeabiepKHymbIMU 0Cmaromca éce npocmoie yucaa menvusue N .

v’ Mnoeo ycuauii nompaueno na «noaymepow, obecnewusaiouue s¢hgexmuenyio
2enepayuio p, docmamourno Goabwux nopadkoswbix Homepos. Haubonee nonyasprs do cux

nop yucaa Mepcenna:
p= 1.

k
Eciu k ¢ p = 2° — 1 cocmaenoe, k = mn, mo p deaumcs na 2™ — 1. Ilosmomy
k N
p = 2" — 1, kak eunomemuveckuil UCMOYHUK NPOCMbIX 4UCeN, MOXNCEM UMeMmb CMbICA
moabko autb 6 cayqae npocmbix k, wmo eapanmueti npocmombsl P 6ce paeéHO He A6AAEMCA.

v L1L3.1. ITo aobum deym nocaedosamenvHocmam yugp @, ..., G, u by, ...,
vvvy b, npu ycnosuu by, € {1,3,7,9}, ecezda moxcro yxazamo npocmoe uucao ¢ decs-
mu4Hol 3anucoio

a ...an...b| ...bm,

m. e. cywecmeayrom npocmbie yucaa, decamuynasn 3anuco Komopbix Ha4uraemcs U 3aKaH-
yueaemcs A06bIMU Hanepe0 3a0aHHbBIMU ROCAE006aMENbHOCMAMU uud)p, 34 UCKAKHeruem

nocaeoneil,
bm # {2, 4, 5, 69 8}'

v 1.3.2. Teopema Jiinepa. Cymma
1 1 1

1
= — =t — .
5P PP Pr

u npouseedenue H(l - 1/p)" — pacxodsmes.
pep

v 2.3.1. Teopema. Bcakoe n € N o0Hosnauno paanazaemcs e npou3seedenue
npocmbix coMHoXCumeneil, ¢ MOYHOCMbIO 00 UX nopadKa:

— %1 32 @
n=p Py - P>
Hmo HA3biearoMm KAHOHUMECKUM pA3N0XNCeHuem 1.

v 2.3.2. Ecau npouseedenue deaumcs Ha npocmoe p, mo xoms 6bi 00UH U3 CO-
MHONcumeneti deaumcs na p.

V' Cywecmeyiom cKkonb y200HO OnunHble nocaedoéamenvHocmu
nn+l,n+2,...,n4+m,

He codepxcaujue npocmuix yucen. Hanpumep, k! + 2, k! + 3,... k' + k.
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10.2. Teopus aenumoctu
v 2.1.1. Hauboavuum o6ugum deaumesem (HOM) yervix
a,b,...,s€Z
Ha3bieaemca Hauboabliee NOAONCUMEbHOE HUCAO
d=(a,b,...,s),
densuee Hayeno kaxcooe u3 a, b,..., 8 € Z.
v' Touck HO/JI (a, b) obecnieuuBaer atzopumm Esxauda, pabomarowuii 8 nped-
noaoxcenuu a > b caedyrouyum obpasom. Cravana a deaumcs na b:
a=bq +r,,

nocae uezo b deaumces na r,:
b= ™q + 73.

Janee ocmamox ry deaumca Ha T3, — U MAK 00 OCMAHOBKU LMEPAKUOHKO20 npoyecca,
Komopas HeusbexcHa, ubo ocmamox Ha KaxcOoM wiaze cmpo2o ymenvuiaemcs. B yeaom
npouecc umeem @uo:

( e =bq +1,
b =nrng+n,
Ty =133 +Ts,

Th-2=Tp-1qn-1 + Tn,

\ Tn-1 = Tnqn,
Heu36excHo npueods K pesyasmamy T, = 0 npu nexomopom n,
HO[ (a, b) = .
v Hauboavwuii 06uwuii deaumens 6oaee dayx uucea, HOJ (a,, ... , a,), céodumcn
K onpedenenuro HOJl nap vucen:
(a1,8)) =dy, (dy,a3) =ds,...(dp-y, ap) =dy,
umo daem uckomsili peyasmam,

HOd (ay,...,a,) = dy.

v 2.1.2. Teopema. Bcezda moxcno ykazame maxkue u,v € Z, umo
au + bv = HOA (a,b).

Hnaue 2060ps, HOJ (a, b) auneiino empaxcaemea uepes @ u b ¢ nomowpio kospguyu-
enmoe u, v € Z.
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v 2.1.4. HOJ (a, b) pasen munumanshomy nosoxmcumeasromy d € N é npeo-

cmaenenuu
d = au + bv, u,v € Z.

v 2.1.5. B caywae (a,b) = 1 wucsa @ u b naszvieaom e3aummuo npocmeimu.
H3 meopemwur 2.1.2 eoimexkaem, ymo a u b eé3aumno npocms @ momm cayuae, kozoa
MOXCHO hodobpamb makue %, U, 4mo

au+bv = 1.

v 2.1.6. Haumenvuum obugum xpamuoim h (HOK) yenbix
a,b,...,s€Z
Ha3vieaemcs HauMeHbliee NOAOHCUMeENbHOe YUCA0
m = [a,b, ..., s],

denawjeecs Hayeao Ha xaxcoce a,b, ..., s € Z.

10.3. ApudpmeTuyeckue pyHKUUU

v Henas wacmo [z] uucaa T € R onpedeasemcs kax 6auncaiimee caesa yenoe.

Hanpumep,
[51=5  [32]=3  [-27]=-3.

Toii xce yeau cayxmcum obosnawenue || = [z]. B npomusosec |x| ucnoavzyemcs
oKpyanenue do Bauxcaiiuezo 4ea020 cnpasa:
(2] = |2 + 1.

Apobryio wacmo obosnauarom guaypnoie ckobru: {z} = ¢ — [z].

{5}y=0; {32}=0,2; {-27}=0,3.

v 2.4.1. [Tokazamenb, c KomopbuiM npocmoe p 6xo0um 6 pasnoxcerue vucaa n!
Ha npocmosie COMHONCUMENU, PAGeH

Gl e+ ]

20e p‘ — Hauboabuan yeaas cmenens P, He NPeGOCX00AWAR T, M. e.
logn
t= [L]
log p

D Yycno @ cumraercs Kpamuom b, ecnu oHo menutca Ha b. B 3TOM cayyae Takoke MULIYT:
b|a — «b menut a», T.e. @ NENUTCA HAUENO Ha b.
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v’ 2.4.2. B cayuae uppayuonanbHo20 o nocaedosamensHocmb
=y = {ak}

aciody naomna na [0, 1]. Pasnocunbro: drs npouseonsiozo a € R u aobex T < y ecezda
MOJCHO yKa3amp yeable M U 1., maKue 4mo

z<ma-n<y (meopema Kponexepa).

v’ Myasmunauxamuensie gynxyuu 0(x), 3adannme na N, onpedeasiomes ycaosuem

O(zy) = 6()6(y),

¢ ucknrouernuem éapuanma 0(z) = 0.

v 251 Ecau x = pl'py?...pe* — KanoHuueckoe paztocenue wucaa I,
a 0(z) — myasmunsuxamuenas GyRKRUS, Mo

S0y =(14+6@)+...+0@") ... (1+6@) +...+6(ps")),
d|z

2de CyMMupoearue caeea udem no écem deaumenam wucaa T.

v’ B uactHoM ciyuae 6(z) = z’ u3 n.2.5.1 cieayer

ags

Zd’ =1 +pt+...4+p0") ... (T+pk+... +5:),

d|z
4To NpH ¢ = 0 fgaeT Yucho genureneii 7(z), a npu s = 1 — cymmy aenwmreneit S(z)
yucia .

v’ 2.5.3. IIpoussonvras myssmunauxkamuenan Qynxyus moxcem Gumt 3a0ana
onpedenenuem 0(p®) 0as 6cex npocmbix p u 6cex HAMPANbHBIX &, U npodoaxceruem
Ha ocmanbhble

— 31,02 @k
=P Py ---Px
& coomeemcmeuu ¢ nPaguUAOM

0(py" ... pi*) = 0(p1") .. O(p;*).

V' Dyuxyus Mébuyca p(z) na wucrax © € N, umerowux Kanonuveckoe paino-
ocenue

Z=piP2---Pk>
onpedensemcs paenoii p(z) = (—1)!, 20e t > 1 wucro npocmuix commoxcumeneii

6 pazowcenuu. Ha ocmansnorxx z € N ¢ynxyus p(x) nonazaemcs paenoii wyao.
Beaywae € =1 cuumaem t =0 = p(l) = 1.
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v 2.6.1. s moboii myabmunauxamueroi @yrnkuuu 6(x) esnoansemes coom-
Howenue

> u(@6(d) = (1-6(p)) ... (1 - 6(p)) ,
d|z

20e cymmuposanue udem no ecem deaumensm wucra T = p|'p3? ... ppr.

B vacmnocmu,
> ud) =0,

diz

v @opmyna obpawenus Mébuyca:

PO =Y 1@ s @)= udr(Z).
diz dlz

V' Haubonee useecmna cpedu Myasmuniuxamuersix apugpmemuyeckux QyHKyuli
Pyuxuus Jiisepa, uimMepaIOuan KoAUUECMeo uucen  paoy

63aUMHO hpocmbixX ¢ T.

v’ Dopmyaa Jiinepa:

<p(z)=a:(1—pll> (l—plk).

v Jlpyrue cBOHCTBa:

10.4. CpaBHeHus U BblYETbI

v' Ecau uyucna @ u b npu Oenenuu na m Oarom odunaxkoebie ocmamku, mo
2060pam, wmo @ u b cpasHumbl no modyaro m, u nuwym

a =b (modm),

4Mo paeHOCUNbHO
dk€Z: a=mk+b.
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Obo3nauenue a = b (mod m) uzauwne 2pomosdxo, Ho ykopenunocs. Mu ucnoav3yem
6onee sKOHOMHBII €20 SKeugarenm @ = b,

v a,Zb = b=ag a-b=0,
a=b bZc = aZg
aZb, ¢cZ2d = a+cZb+d,
aZb, ¢cZd = a-c Zp.d,
a+b2c = aZc-b
aZb = " Zp,
aZb = a+tc=b+e,
aZb = a-c=b-c

m .
V' 2.7.1. O6e wacmu cpaenenun a = b moxcro pazdeaums na ux obuuii deaumens,

ecau nocnedrull 63aUMHO npocm ¢ m.

m
2.7.2. Obe wacmu cpaenenus a = b u Modysb M MONCHO YMHONCUMb HA OOHO
U mo xce uucao, a maxwce paszdesums Ha a1w0604 ux obuul deaumens.
m n
2.73. Ecaua=b,a=>, mo

a=b, r1es=HOK[m,n]|

2.74. EcuaZbum=kd, moaZb.
2.7.5. Ecau a Z b u HOJl (a,m) = d > 1, mo b kpamro d.
v' 2.7.6. Teopema. Ecau ﬁ(a:,,... , Tp) NOAYMACMCA U3 NOAUHOMA C UEAbIMU
K03¢ppuyuenmamu
P(z,,...,:z:,,)=Zakhm_k"a:f’ e,z (10.1)

samenoli ¢ (10.1) Kosgpuuuenmos u nepemennsix Opyeumu, CPABRUMBIMU C RPEHCHUMU
no modyarwo m, mo
m =
P(z,,...,z,) = P(z,...,T,).

v Omnowenue 3keueanenmuocmu <«no Mooymo m» pa3busaem Z Ha Kaaccol
CpasruMbx MexcOy coboil uucena, Ha KAGCCHI BbIMEMOE:

(@)p={z:z=0a+km,k€Z}.
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B o6uem caynae 7 pazbusaemca Ha m kaaccoé aviwemos. Jlobsie m npedcmasumeneti
no 00HOMY U3 Kaxc0020 KAAcca HA3bIBAIOMCA 8 COBOKYRHOCMU ROAHOI cucmeMoll ebiiemos
no modyaio m. B xauecmee «noaHoli cucmemst 8biuemoe» 06bIMHO UCROAL3YIOM

0,1,....m—1.

V' 2.9.1. Jliobote m uucea, nonapro HecpasHumbie no mooyaio m, o6pasyiom
HOAHYIO cucmemy 8bi4emos.

v’ 2.9.2. Ecau HOM (e,m) = 1 u = npobezaem noawyio cucmemy 6bivemoe
no modyaro m, mo azx + b npu aobom b € Z makxxce npobezaem noanyio cucmemy
8bi4emog no mMooyao m.

V' Ocobyro ponb uzparom me kaaccol, 8 KOMopbixX
HON (z,m) = 1.

Jlio6ote m  npedcmaeumeneli no OOHOMY U3 Kaxc0020 MAK020 KAACCA HA3bi6AMCA
npugedernHoll cucmemoil 8vtuemoe no Mooyo m.

v Ypaenenue
m
ez =0>

2apaHMUpoOBarHo umeem pewtenue T npu arobom b, ecru a — anemenm npueedennol

cucmemst I1. B wacmruocmu, y ar6oeo a € I1 ecmb oGpamubiii 3neMerm no YMHONCEHUIO,

T m m
=1,—u pewenuem AT = b seasemca

a-a
m
Tt =a -b,
m.e. T noayyaemca kax Gt Oenenuem Ha @, 048 4e20 6 06LIMHOM NOHUMAHUU G OOANCHO
Obimb HeHyneabiM. B cpese «apughmemuku no Mooyaro» 3KGUEANEHMOM NOHAMUS «He PABHO
HYA10» 0KA3bI6AEMCA «63AUMHO RPOCMO C MOOYAEM».

v 2.9.4, Jlobsie p(m) wucea, nonapro Hecpasrumbie no MoOyal0 M U 63GUMHO
npocmoie ¢ m, 00pasyom npueéedeHHyI0 cucmemy 8bi4emos.

v 2.9.5. Ecau HOJ (@, m) = 1 u = npobezaem npueedennyio cucmemy éviuemoe
HO MOOYAI0 T, MO AT MaKxce npobezaem npueedeHHYI0 CUCeMy ebiHemoe no Mooyl m.

v 2.10.1. Teopema dirnepa. B cayvae HOL (a,m) =1, m > 1.

a™ Z 1.

v 2.10.2. Manas reopema ®epma. B cayuae npocmozo p > 1 u HOL(a,p) =1:

-1 P
@' £
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10.5. Anre6Gpa u Teopus uucen

v TloHYI0 CHCTEMY BBIYETOB €CTECTBEHHO MHTEPNPETHPOBATh KaK addumue-
+
HY?0 epynny Z,, 6biuemos no mModyar0 m C 3JeMEHTaMH

0,1,2,...,m—1 (10.2)

U 2pynnoeuiM npou3seedeHuem, PaBHBIM OCTaTKy OT JejeHUsl OObIYHON CyMMBbI @ + b
Ha m. EnuHuuel rpynnbl CIyXHUT Hylb.

v' Tlpu nepeBoie MNONHOM CHUCTEMbI BBHIYETOB B JIOHO TEOPHMH TPYIIN €CTh
co6/1a3H MCMob30BaTh B KaYeCTBE IPYINIIOBOi OrepalMy OCTaTOK OT JeJeHHs1 06bly-
HOro npousseaeHus ab Ha m. Ho 3gech Bo3HuKawT npensatcreus. Bo-nepsruix, HY1b
B (10.2) HeoGpaTuM, n03TOMY COBOKYNHOCTb 0, 1,2,..., m — | NPUXOMUTCS COKpa-
1aTh 10

,2,...,m—1. (10.3)

Bo-BTOpbIX, He TOOATCS COCTaBHble MOIynH, M6o Toraa He Bce anemeHThl (10.3)
HUMEIOT obpaTHEIe.

v' B addumuenoii epynne Z,t, 6biyemo8 no Mooyaro m TIOMMMO CJIOXEHMHs
BBOJMUTCS YMHOXeHHE a - b, paBHOE OCTaTKy OT AeJieHUsi OObIYHOTO MPOU3BEAEHHUS a
u b Ha m. Torna xaacc evinemos no modyaro m obpasyet koabyo Z, , KOTOpOe B cydae
npocToro m siBnsieTcsi nosem. Ecim m cocraBHoe, T0 Z,, GyaeT KoJbLOM, UMEIOLIUM
aemvrenn Hynst (3-2 = 0 B Zg), HO He noneM. Tak WIM MHauye, B pe3ysbrare
TaKoro oopamjieHHs K TEOPHUH YKCeN MOAKIIOYAETCs annapar oolueit atreopel. M kak
BCerna, 6osee ob1asi TOYKa 3pEHUs MO3BONSIET BUAETh NPUUYHHBI U 3aKOHOMEPHOCTH,
HaXOMSIIIHECS «Ha IPYIOM 3Taxe»,

Taknum 06pa3oM, KOJIbLUO BbMETOB Z, NpeAcTaBiseT coboil MHoxecTBo (10.2),
Ha KOTOPOM 3allaHbl CIOXEHHE ¥ YMHOXeHHE 10 MoayJio,

a + b (modm), a - b (mod m).

Muoxecrso {0,1,2,...,m — 1}, ¢ onepauueit croxenus a + b (modm)
o6pasyet addumuenyio zpynny Z;: xonbua Zy,. A COBOKYITHOCTh (10.2) no yMHOXeHHIO
a - b (modm) rpynnoit He siBnsietca. Ho anementst (10.2), umelowme oGpaTHbie
M0 YMHOXEHHIO, yXe 006pa3yloT IpyIiy, KOTopasi Ha3blBaeTCsl MyAbMmuniuKamueHoil
epynnoii Z;, xonvua Zg,. B rpynny Z; BXOHAT Te W TOJbKO Te JIEMEHTBHI KOJIbL@A
@ € Zy,, KOTOpble B3AUMHO NPOCTBI C M, T. €. Zy, — 3TO npueederHas 2pynna eniemoe.

v'  TloBbllIeHHOE BHUMaHME K rpyrnam Z;,, 0GBACHSIETCS TeM, YTo Z,, B C1yyae
pavIoXKeHUss m = p'," e pf‘ Ha NPOCThble MHOXUTEN — €CTb NPSMOE MPOU3BEdEHHE
rpynn Zy, (n = pf‘), KaKOBble OKa3blBAlOTCS «CTPYKTypHbIMM O10KaMu». Bee
IPYNIbl Z;, UMKIMYECKHe 3a McKiTioueHueM Zy,, k > 3. TTopsiok rpynibi Zy, paeH
3HaueHuio @(m) @ynkyuu Jinepa .
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10.6. NMepBooGpa3Hbie KOPHU

v’ 4.1.1. Onpepnenenue. Lleroe ( Haswiéaemcs npumumueHbLM KOPHEM no npo-
cmomy modyaio p (npumumugHsie KOpHU HA3LIEaOM MaKxce — nepeoobpasnsimu), ecau ¢

nopoxcoaem zpynny
Zy ={l,....p -1}, (10.4)

m. e. 6ce anemenmst (10.4) okaswearomen cmenenamu C*,

(() = {Cl’ Czr"' ’Cp_l} = Z;

v’ Bbiroabl cyuiecTBOBaHHS NMPUMMTMBHOIO KOPHS oueBMAHBL. Ipynna Z;
OKa3blBaeTCs Yukauyecxkoil, Bce ee 3yeMeHThl |,...,p — | vcuepnbiBalOTCs CTene-
HAMU (". [ToaToMy, Hanpumep, YMHOXeHHE a - b B Z,’,‘ CBOIMUTCA K CJIOXEHHIO

nokasarenieil y comHoxuteneit a = (', b = ¢’, yro obneryaer nokasatesnbCTBa,
¥ obecrneynBaeT HEKOTOPYIO MPO3pPayHOCTb.

v B obuuem ciyyae (He 0653aTebHO IPOCTOTO MOJY/IS) MOHATHE IPUMUTHB-
HOT0 KOpH$ npHobpeTaet 6osee obuiyo GpopMy:

4.1.2. Onpepenenue. Lleaoe ( Kasvigaemcs npuMumueHsLM KoOpHeM no MOOyAIo M,
ecau
m
M 21 oy ¢* £ 1 npu k< p(m).

B ciyyae coctaBHOro Mounysisi IPMMUTHBHBIE 37IEMEHTHI CyLIECTBOBaTh He 006si-
3aHBl, HO MHOI/A CYLUECTBYIOT, TOJIBKO VISl MOAyJiel m BHaa
Qa a
m=4,p,2p,
rae p > 2 — npocToe YMCIIO.

v 4.2.1, Teopema. B cayuae npocmozo p 6 zpynne (10.4) cywecmeayiom npumu-
muenrsie KOpHU, Hucao komopeix paho p(p — 1).

v 4.3.1. H3 npumumuenozo kopna { no npocmomy modyaro p > 2 aezko coeaamo
npumumuenuii kopens £ no modysro p® npu awbom a > 1. Jas smozo docmamouro
6 Kkaacce ebiemos ((), evibpame aroboi nemenm § = ( + sp mak, umoGst &,
be3ycnoero denswieecs Ha P, He 0eaunocs Ha pz, m. e. umobbt k 6

&' -1=kp
He deaunocd Ka p.
v 4.3.5. Ecau ¢ npumumuenwii xopers no modyso p° (a = 1, npocmoe

p > 2), — Hewemnoe u3 wucen £ u & + p® A6A7eMCA NPUMUMUEHBM KOPHEM nO
Modyaro 2p°.
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v’ 4.3.6. Ipumumuensie kopru no modyaam p = 2° npu a > 3 He cywiecmeyrom.

v' 4.3.7. ITpumumugHsie KOpHU no MOOYAIO Tv CYULECMBYIOM 8 MOMM CayHae, Ko2oa

n=24,p% 2", npocroe p > 2.

10.7. «<ApudpmeTuka» MHOro4seHOB

v’ Mnocounenom, wnn noasunomom, Had nosem K HasbsiBaetca (opmaibHoe
BbIpaXKeHHE

n n—|
fa(2) = apz” + ap " + ...+ a1Z + ao, (10.5)
rze ao, ..., 6, € K. CymMma 1 npou3BesieH1e MHOTOYJIEHOB ONpEeNSIOTCS 110 06bIY-
HBIM NPaBUJIaM CJIOXKEHHUs U YMHOXEHHs, YTO NOPOXIAET Koablo MHozourenoe K[z]
(R[z] — KonbLO MHOroWwWIeHOB BCex cTemeHeM ¢ AeHCTBUTENBHBIMU KO3 GHLIMEH-

tamu, Q[z] — ¢ pauroHanbHbiMH). [lepeMeHHasi T MOXET MPHHAIEXATh TOMY Xe
WJIKM IPpYroMy IoJilo, HO MOXET OCTaBaThbCs MpPOCTO CUMBOJIOM.

v TonvHOMMaBHBIN aHAJIOT YMCTIOBOM TEOPUH IETMMOCTH PacliMpsIeT TOpH-
30HTBI NpeACTaBIEHNI 0 MaTemaTKe. Ecnu MHorowneHst f(z), ¢(z), ¥(z) casaHbl
COOTHOLIEHHEM

f(@) = p(@)¥(2),

10 () u Y(z) cunratorcs deaumensmu f(z). Haubonvwum obugum deaumenem (HOJ)
MHorowieHoB f(z) n g(z) Ha3biBaeTcs Tako# WX OBLUMIA denUTESD

d(z) = (f(z), 9(=)),

KOTODBIi IENUTCSA Ha Bce ApYrue obLuMe AenuTeNn MHorowieHos f(z) u g(z).

Tpu DOrOBOPEHHOCTH 0 paeescmee eduHuue «cmapuwiux» Kosgduyuermos pac-
cMaTpuBaeMbix MHorouieHoB — HO/I, ¢ TouHocTbio A0 +, onpenensieTrcs OAHO-
3HayHo. B cnyyae d = (f,g) = 1 MHorouneHs! f(z) M g(x) Ha3bIBAIOT 83AUMHO
npocmemu. HOL (f, g) onpenensiercs aseopummom Eexauda, KOTOpBIHA MO CTPYKType
HUYEM He OTIMYAETCS OT TEOPETHUKO-YHUCIIOBOTO.

v 6.2.1. Bce2da moxcHo ykazame makue mrozounens u(z), v(zT), umo
f(@)u(z) + g(e)v(z) =d(z), d=(f.9),

m.e. HOL (f, g9) «auneiino» esipaxmcaemcs vepesz f u g.
B wacmuocmu, mrozounrens f(x) u g(T) 3aumno npocmer 6 momm cayuae, ko2da
MOXCHO nodobpame makue u(z) u v(z), umo

f(@)u(z) + g(z)v(z) = 1.

V' AHajloroM TpOCTBIX YHMCEJl CIYyXaT Henpugodumwie mHozousersl. TlonnHOM
fn(z) Ha3biBaloT npusodumuim Haa K, eciivt OH packiaabiBaeTcs B MPOU3BEACHHE ABYX
MHOTOWIEHOB HEHYJIEBO CTENEHHU.
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MHorowieH z° + 1 npuBoauM B C,
4+ 1=(z—i)(c+1),
HO HenpuBoauM B R. A nojsvHoM
2’ -2=(z-V2)(z+V2)

npuBoaum B R, Ho HenpuBoaum B Q.
[pyBOAMMOCTb MHOTOWIEHA He CBsi3aHa C CYLLECTBOBaHHMEM KOpHeil. MHoro-

WieH
' + 4z +3= (2 + 1)(x* +3)

TNIPMBOIMM B TNOJIE PALMOHAILHBIX YMCesl, HO He MMeeT B () HU ONHOTO KOPHSL.
v 6.2.2, NNemma laycca. B Z[z] HOA(fg) = HOA(f) - HOO (g).

v 6.2.3. Mnozounen (10.5) ¢ ueavimu kosgppuyuenmamu Henpugodum Hao Q
8 moMm cay4ae, K020a OH He packaaovieaemcs 6 npousgederue 08X MHO2O4ACHO8
HeHynesoll cmenenu ¢ Koagguyuenmamu u3 7.

v 6.2.4. Kputepuit diaeHwrTeitHa. Muozouren (10.5), ece koappuyuenmeor
Komopozo — kpome G, — Oeasmcs Ha Hekomopoe Rpocmoe HUcao p, Ho Gy He deaumcs
Ha p*, — Henpueodum Had nonem payUOHANbHBIX Hucen.

v’ 6.2.5. Ecau He paznuvamb MHO20uA€HbI, noay4aouguecs opyz u3 opyea ymHo-
oceHuem Ha Hewynesyio Koxcmarmy u3 nosa K, mo ecsxuii mnozownen f € K|z]
eduHcmeenKbm 06pa3omM paznazaemcs @ npousgederue HenpuooUMbIX MHoONCumenei.

10.8. PacwupeHnusa noneu

PasnnuHble UMcOBbIE OISl paccMaTpuBaiotes B |5, T. 8] u 3nech B pasnenax 6.3, 6.4.
TeMa BaXXHa HE CTOJIBKO OTAEIbHBIMU PE3Y/IBTaTAMH, CKOJIILKO CAMHM TMOJIXOJ10M.

v MHOXecTBO Z MOXHO BOCHPHHHUMAaTh KaK pacClUIMPEHHE HaTypaJbHOro
psna N c uenblo onepauuio ClOXEHHsI CaesaTh 06paTMMON. AHAJOTHYHBIA TPIOK
C YMHOXEHHMEM MPHUBOAMT K pa3pactaHuio Z o nous Q pauMoHaIbHBIX YHCell, KO-
TOpoe fajiee MOXHO paciinputh 10 R win C, v Torna «Bce AeHCTBUSA BbINOTHSAIOTCA
M Bce ypaBHEHUs pelnaiorcsi». OAHAKO pa3peuIMMocTb BCeX MOJMHOMHAIbHbIX ypaB-
HeHuit B C ¢ TOYKH 3peHHsI HEKOTOPBIX 3a/la4 — CEpbE3HbIA HEN0CTATOK, MOCKOBKY
B TIPOMEXYTOYHBIX MOJIAX MO pa3peliMMOCTH YpaBHEHHI MOXHO CYIHTb O pa3peLIu-
MOCTH YHMC/IOBbIX 3amay. [Toaromy pacuimpsars Q XesiaTeJIbHO ¢ YMOM, HE Mpbiras
cpasy B C.

v' TeMmaryvka MHOTOrpaHHa, 1, Kak 1 Bcsl o61uas anre6pa, IJIoXo YKiiaibIBaeTcs
B rosioBe. [103TOMY 3HAKOMHTbCS C Heli TyYllle HE MO CTEHOrpadUYEeCKUM 3aMeTKaM.
ITone3Ho 03HaKOMHUTBCS C YTIOMHMHAEMBIM B pasfesie 6.3 MpUMepoM HMCNOIb30BaHUS
Diinepom uncen Buaa a + bv/—3. CMm. Takxe pasaen 9.2 o dususopax.
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10.9. Teopus p-aauyeckux yucen

v Tose Qp p-aduueckux uucen BBeneHO Jensesem JUIS U3Y4EHUs MOTHHOMMU-

a
ANBHBIX CpaBHeHUi f(T),...,T,) = 0.

v" Heyno6Ho, korna teopusi uanaraercsi 6e3 MpeaBapHTENIbLHON OLEHKH ee
poNM M 3HaueHHsi. TyT, KOHEYHO, JIErKO OLIMGHTBCS, X MHOTOe 3aBHCHT, OTKyaa
cmorperb. Kiaccnyeckuit yue6HMK Bunozpadosa |7] obxoautcs Boobiue 6e3 yno-
MHMHaHUA p-aduuecKux uuces, a B CONMMAHON MoHorpa¢uu [3] oM npoHM3BIBalOT
coaepxXaHHe HackBo3b. OIHaKO U1 HOBUYKA UMEET CMBICJI OTMETUTH, YTO Npobiie-
MaTHKa JOCTaTOYHO crneuMduyHa, 4tobbl GpaTbcs 3a €€ M3y4yeHHe NMpPH OTCYTCTBUM
npocgeccrnoranbHOro MHTepeca. Ho Hano MMeTs B BUAY, YTO 3TO HE (PParMeHT Ha OT-
1wnbe TEOpUH YHCEI, @ ONMH U3 MarMCTPAIBHBIX MyTeH.

v’ Bkpariie cyTb Jles1a cBOAUTEA K ciieaylomeMy. JUis IpocToro p v HEHYJIEBOTO
T € Z BBOAMTCA YUCIOBAsk XapaKTEpPUCTUKa ord, T, paBHast KpaTHOCTH BXOXIEHUS P
B padiOXeHHWe T Ha MpOCThle MHOXHTEMM, M ord, 0 = oo mis Joboro p. s
paLMOHANBHBIX T = a/b

a
ord, ? = ord, @ — ord, b.
Hanee Ha mHOXecTBe (Q pallMOHANBHBIX YMCEJT ONpPENESIAETCS CEMENCTBO HOPM:
llzll, =p %%, ecmn =z #0, (10.6)
u [|0]l, = 0.
Ecnu Baymarscs, HopMbl (10.6) abGeypanbl. C OGBIYHOMH yMOpSAOYEHHOCTHIO
He COIJ1acyloTcsl, BCE TPEYTOJIbHUKH OKa3bIBalOTCS paBHOOEAPEHHBIMH, a Jito0as TouKa
B Kpyre — ero ueHTpoM. U Bce-taku 310 Hopmsl. bosnee Toro (meopema Ocmposckozo):

acaKan nempusuanvuan vopma ha Q sxeusanenmua || - ||, das nexomopozo npocmozo p
aubo p = 0o. [Moaromy apyrux HopMm Ha Q Hert.

v [anee Teopus pa3BMBAETCA NyTeM KJIACCHMYECKOTO aHalW3a, MOMOJHSAS
MHOXECTBO pallMOHaIbHbIX uncen Q o nmomHoro mpoctpaHctBa Q, SABIAIOLIETOCA
aHanoroM R. O6 MHTYMTHBHOM NPOTHBOECTECTBEHHOCTH P-aINYECKHUX YMCEN KOPOTKO
HanucaHo B pasaene 6.5, co CBOMCTBAMM M pPE3Y/ILTaTAMM JIyyllle 3HAKOMMTHCA
10 CreuMabHOMN anTeparype, cm. [3, 11].

10.10. OuodaHTOBbLI YpaBHEHUSA

v B nvModaHTOBbLIX YpaBHEHHMAX CIpATaHAa BCA MaTteMaTHKa, CM. rnaBy S.

v Juopanmoesimu Ha3bIBAIOT MOJMHOMHATbHBIE YpaBHEHHs BUIa

p(z1,.-.,2,) =0,
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rae p(-) — MONMHOM ¢ LebIMU KO3 ULMEHTaMY — HANpPUMED, z,s - 42:,,2:23 +32, —
peLIEHUs TOXe NMoApa3yMeBalOTCs LIEJIBIMU.

Yacrb nepeMeHHbIX OGBIYHO BBLAEJSAETCS B KA4€CTBE NMapaMeTpoB, U ypaBHEHUE
nepenucoiBaercs B Bune p(a,z) =0, T.e.

pla,z,...,z,) =0,
rle napameTp MOXeT GbITh BEKTOPHBIM, @ = {4, ..., Gy}, NpU4YeM BCe
a;, T; EN= {1,2,...}.

v 1.2.1. Mnoxecmeo A nonoxcumenshoix 8exmopoe Haswieaemcs ouoganmo-
8bim, ecau npu arobom a € A u moavko npu a € A ypasnenue

pla,z) =0

DPA3peliumMo 8 KenbiX NOAONCUMENbHBIX Ty, ..., Tn,. Huodanmosv: gynxuuu onpedeasn-
omcesa Kax Qynkyuu, epagux komopsix duogarmos.

v’ 1.2.2. Nemma. Mrowecmeo A C N duogarnmoso 6 momm cayuae, Ko-
20a OHO ABAAEMCA MHONCECMBOM NOAONCUMENbHLIX 3HAHEHUUl HEeKOMmOopoz20 NOAUHOMA
P(zy,...,zy).

v 1.2.3. Teopema Martuscesuva. Juoganmosocmos mMHoXdceCmea pasHoCunbHa
€20 nepeducaumocmu.

V' Teopema Mamuscesuua npencrapisier co60i BbLAAIOLUMIACS Pe3yJbTaT, pe-
walownit MumoxonoMm 10-r0 npobaemy ITunvbepma M NOKa3bIBaIOIIMNA, YTO SA3BIK
IHOoGaHTOBBIX ypaBHEHUH SIBNIiETCA YHUBEPCATbHBIM AJITOPUTMHUYECKHM SI3bIKOM, Ta-
KHM Xe Kak mawuna Tviopuraa.

v' U3 teopemsl 1.2.3 BbITEKAET, HANPUMED, CEAYIOLLUI PE3YJIbTaT.

1.2.4. Cywecmayem noauHom, MHOXCECMB0 NOAONCUMENbHBIX 3HAYEHU KOMOpO20
coenadaem ¢ MHOXCECMBOM NPOCMbIX ylUcen, U MAKOU ROAUKOM MOXcem Obimb KOHCMPYK-
MUBKO yKa3aH.

v HHO(DQHTOBH MHOXECTBa y}106H0 XapakKTepH30BaTh TaKX€ C NMOMOUIbIO
«pa3pCLUCHHBIX» onepauuit apu¢M€mu‘leCK020 A3blKa
L0= {+yxy=y3},

Jomyckapuero mis KOHCTPYHPOBaHUA BbICKA3bIBARUI YETbIpE ONEpaluu: caoxce-

Hue +, yMHONMCEHUe X, paGeHcmeo = u OeKaapayuio cyusecmeoganus 3 .

v'  1.2.5. Teopema. Mroxcecmeo seasemca Ouoganmosbim 6 momm cayuae,
K020a oxo onucbieaemca Ha a3vike Ly.
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v’ 5.3.1. Teopema. Cywecmeyem nosunom Q(x), He umerousuii xopreii 8 N,
Ho pakm N = € N: Q(z) # 0 anzopummuuecku nenposepsem.

V' 5.3.2. MHoxcecmeo noauomos, He UMEIOWUX ROAONCUMEAbHLIX KOpHel, —
Henepevucaumo, mem 6oaee, Hepapeuumo.

v’ Kaxoe 6bi Hu Gbu1 noaunom P(2,, . .., 2y) (060 pasmeprocmu), cywecmeyem
noaurom U (z1, ..., Tx) Puxcupoeannoii pazmeprocmu k, MHONCECMEO NOAOHCUMENBHBIX
3HA4eRUll KOMopozo 8 MOYHOCMU CO8nAGAem ¢ MHONCECMBOM NOAOHCUMENLHBIX IHAUEH U
noaunoma P(z,..., zy) (pasgen 5.2).

10.11. AnodaHToBbl ypaBHEHUA U BbIYETDI
v'  Hapsay ¢ amodaHTOBbIM ypaBHEHHEM
Gp T+, 2" +...+a,=0, (10.7)
YacTO pacCMaTPUBAETCs YpaBHEHHE

G T +apy 2" ... +ag Z0. (10.8)

v B cnyuae (10.7) u3 npencrasieHus
(@n 2" +apy 2" +...+0a,)z = —ap

cpasy fICHO, YTO & AOJXHO ObITh HENUTENEM @y, W 3T0 cBoauT pewenue (10.7)
K MOEOJIOrMYECKH NMPOCTOMY Tepebopy.

Yro kacaercs ypasHeHnuit Buaa (10.8), To OHM TaKxKe pelaloTcss orpaHHYEHHBIM
nepeGopoM, NMOCKONbKY Bee KoadduumeHTsl B (10.8) MOXHO 3aMEHMTh OCTaTKaMH
OT JeNEHHUs Ha m, W pelleHne T uckath cpeau 0, 1,...,m — 1 (meopema 2.7.6).
JIns NONMHOMMANIBHBIX «ypaBHEHMH MO MOAYJIO» C HECKOJbKUMH NEPEMEHHBIMHU
HHMYero no cyty He meHsercs. [Tepexon K ocTtaTkam OT JeJIeHUSl Ha M CBOAMT MOUCK
pelIeHMs ONSATb-TAKK K OrpaHUYEeHHOMY nepebopy.

v’ 2.9.2. Teopema. YpasHenue nepeoii cmeneru
az = b (10.9)

6 cayuae e3aumno npocmoix @ u m — HOI (a,m) = | — umeem eduncmeennoe
pewenue (no modyaro m) é a106oii noaHol cucmeme 8biuemos.

v 3.2.2. Teopema. Ecru HOI (a,m) = d > 1 u b ne kpamuo d, ypas-
nenue (10.9) wepaspewumo. Ecau ace b xpamno d, mo (10.9) umeem eduncmeennoe
peuuenrue 6 ai060ii npuederroli cucmeme eviuemos u d peweruil 8 21060l noaxoll cucmeme
abiemog (no modyato m).
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v 3.4.1. Ecau m = mym,y, mo noauromuansroe cpasrernue
m n n-1
f(z) =0, f@)=a,-z"+ap - 2" +...+a,
8bINOAHAEMCA 8 MOMM CAYHae, K020a GbINOAHAEMCA KAXCOoe CpasHerue

fl@) 2o, f@@) 20

v O keadpamuunbix euemax, a Takxe o cumeonax Jexcandpa u Skobu nydiue
YUTaTh HEMOCPEACTBEHHO B pa3nenax 3.7, 3.8, — TaM M Tak KOPOTKO, a JajibHeilllee
COKpalUeHHe TYT HEMPOAYKTHBHO.

v 3.10.1. Teopema LWeBanne. Ecau noaurom f(z, ..., Ty,) ¢ Hyresbim c80600-
HblM 4NeHOM UMeem cmeners M, Cpo2o MeKbULYI0 YIICAG T NePEMEHKbIX, MO Y CPAGHEHUS

f(z),...,z,) Lo

P
npu at0bom npocmom p cywecmeyem Hekynegoe peuierue, 8 KOmopom He éce Ty — 0.

v 3.10.2. Jobas xeadpamuunas gopma (¢ ueaoqucaeHnomu Ko3pguyuermamu)
om n > 3 nepeMennvix 6bipoxcoena no a6omy npocmomy Modyaro p, m.e. écezda

Halidymes yenbie T, ..., T, (He 6éce T; £ 0), makue umo
n
Z QijT;T; L 0, n 2> 3.
ij=I|
v 3.11.1. Teopema. Ypasgrenue
n=+y+ud 4ot

paspewumo 8 yeavix T, Y, u, v € Z npu abom n € N.

10.12. LienHble apobu

v/ UenHsle npo6u — HacesneHue He mo6uT. HeynoGHBIM annapar, rpOMO3OKHIA.
U Bce Xe TYT Kakue-TO 3aralki U3 IJIyOUHBI BBIHOCATCSI Ha MOBEPXHOCTD.

v Lennoii (wn Henpepsianoit) dpobvio Ha3bIBAETCA BbIDAXKECHUE BHA:

1
$=q0+ ’

q +

Qo+
s+

G+
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rne ¢ € Z, a sce ocranbHbie ¢; € N. Jlag 0603HaYeHHs MOJb3YIOTCA TaKXke
o6o3HaueHueM T = [qo; qi, ¢2, ---].

v PasnoxeHue T B LenHyio ApoOb AaeT caeayloLuil pelent.
0= lzl,zo=2 - qo,

1 1
=|—|,2,=——q,
q o 1 %o q

1 1
qn = y Ty = — qh,
zn—lj

Tn—|

a
v’ Ecnu Pa3nmOXEHUE pAaLMOHAJIBHOIO T = — COMNOCTaBUTb C AJITOPUTMOM

Esxnuna (2.2), To nerko y6eanTsesi, uto B 0603HaueHusiX (2.2) umeeM

1

g_ +
p @ 1 ’
@+ "
g+ "
9 +
1
qn-1 + —
n
T.€. BCE ¢,...,Qn 43 (2.2), Kak roBOpUTCS, B OLHOM (JaKOHe, YTO MO3BOJSAET

FOBOPUTH O cKejleTe LienHoi apo6u kak o JJHK o6bikHOBEHHOIA.

V' Bcsakas yennas dpobe nopoxcdaem nocaedosamensrocms dpobelil,

S0=100,% =g @], %2 =190 a1, ©2].3n = [90; @1, @2s -+, @], .-,

Ha3b6186aeMbix nOOX00ugUMU, Komopsie, pazymeemcs, mozym Gbimb npeobpazoearst @ 0bbik -
HOBeHHble

Sy = —

Qx

P,
v 2.12.1. Teopema. [lodxodawas dpobs —* sersemen Hauayvuwum npubauxce-
k
Huem T cpedu ecex dpobeil, 3HameHamenb KOMopuix He npegocxodum Q.
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10.13. AnropyTmMuyeckas HepaspeLunmMocCTb

V' TIpoGaeMbl BBIYMCIMMOCTH U JOKa3yeMOCTH MOAPOGHO, HO KOPOTKO H, XO-
4eTcs HalesaThes, ICHO — pacCMaTpUBaloTes B [ 5, T. 6], a Takxe Gojiee CXaTo — 31ech
B riaBe 5. TeMartuKa HbIHE BeCbMa TOMYJIipHa, HO BHE TEpPUTOPUM apUGMETHKH, Ka-
KOBast OCTaeTCs NMoKa B TPAAULIMOHHBIX paMKaX, — M B MO3raX O4eHb BaXHO CJIOMATh
COOTBETCTBYIOLLME NMEPErOpPOAKH, YTOGBI pOACTBEHHbIE 06/1aCTH MPHUILIX BO B3aUMO-
neicraue. I1oaToMy BCsIKoe AOMOMHHUTEIBHOE YTOMUHAHKE AJITOPUTMHUYECKUX CTPYH
B paMKax apu(pMETHKH MOATATKHBAET CTOPOHBI KO B3aMMHOMY OIUIOJOTBOPEHHIO.

v 5.1.1. Onpepenenwve. Llerouucaennyro gynkuyuro f(n) yeaouucsenrozo ap-
2YMEHMAa HA3bIBAIOM BbIMUCAUMOU, €CAU CYUecmeyem aA20pUMM, 8uMUCARIOWUI 3HAYe-
wua f(n), no He o6s3amensHo nPUGOOAWUE K pe3ysbmamy.

v Takum 06pa3oM, BeIUMCIHMAS QYHKLHS — 3TO AIFOPUTM HA HEKOTOPOM
S3bIKe B HEKOTOPOM asidaBuUTe A,
P=aa,...a,, 6ce aj€A, (10.10)

MpH YCJIIOBUM YTO BXOOHBbie M BBIXOAHbBIE JaHHbIe Koaupylorcsa uuciamMu. CoorseT-
crBenHo 3amucy (10.10) Bce BeiYMCANMBIE GYHKLIMKM MOXHO NMPOHYMEDPOBATD,

fl(n)""!fk(n)"-- . (10.11)

CHayana nepeyucisioTcss Bce NMpOrpaMMbI U3 ONHOM OYyKBBI, MOTOM M3 ABYX, MOTOM
U3 TPeX U T. . )

v 5.2.1. Onpepenenne. Mnoxcecmeo X nepevucaumo, ecau oHo feraemcs
obaacmbio 3Haveruli Aubo obaacmoro onpedeseHus GoiMUCAUMO QYHKKUU.

v 5.2.2. Onpepenenve. Mnowecmeo X paspewumo, ecau e2o xapaxmepucmu-
veckas YyHKYUA 8bIMUCAUMA.

v 5.2.3. Teopema MocTa. [ua paspewumocmu X Heobxodumo u docmamouHo,
umobot X u ezo donoanenue X Gotau nepequcaumot.

v 5.2.4. Teopema. Cywecmeyem nepeuucaumoe, Ko Hepapeutumoe MHOXecnmeo
nonoxcumenshbix yeabix vucen”.

) Taxum 006pa3oM, LMUCAUMAR PYHKUUA — 3MO MHONCECMBO IKGUGANEHMHBX AN0PUMMOE,
Oarowux Ha a1060M 6xode OOUH U MOm e pe3yabmam — onpedeseHHud UAu HeonpedenreHHbll.
B nymepayuu (10.11) kaxcdan @ynkyus umeem beckoneunoe wucao Homepoe. B kawecmee npocpam-
Mmupyrowezo uncmpymenma (33vika) o6ouHo ucnoassyemces mawuna Toiopunea |5, 7. 6].

3 310 KpaeyroJibHbli pe3y/IbTaT TEOPHH AJITOPHTMOB,
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v’ 5.2.5. Teopema. Muoxcecmeo 3¢pdhexmusro awmucaumsix gyrxyuii Henepe-
uucaumo (3gppexmusno ne Hymepyemes) 9,

v Teopema Martusacesunya 1.2.3: «Juoganmosocms mroxcecmea pagHocussha
nepetucaumocmu» — Tpou3Besia Gypop B psilaXx MaTeMaTHYecKOW OGLIEeCTBEHHOCTH,
ypaBHSAB B npaBax AM0(haHTOB A3bIK ¢ MaIMHOM ThlOpHHTa, H CYLIECTBEHHO 060raTHB
TEM CaMbIM acCOPTMMEHT MHCTPYMEHTOB ISl U3yYeHMsl nMpobieM Hepa3peLIHMOCTH.

A oakr 5.3.1 cywecmeosarun nosunoma Q(zx), He umerowezo xopueii ¢ N,
ons Komopozo ymeepwcdenue N ¢ € N : Q(x) # O npunyunuansro nedoxazyemo, —
dakTryecku yewnnn meopemy Iédeas, 0CBOGOIMB €€ OT HECKOJIbKO METahHU3MIECKOTO
TOJIKOBaHHSI.

v' Uro kacaercsl CyLIECTBOBaHUS HEHOKa3yeMOCTH, TO (eHOMeH sBJAETCA
CNEICTBUEM HATUYHS NEPEeHUCAUMbIX, HO HEPAa3PeluMbix MHoXcecma. YIoOHasi MHTEP-
MpeTaLHs TYT CBSI3aHA C HEKOTOPHIM U3MEHEHHEM YIJla 3pEHHsA, NOCKOIBKY TOBOPUTD
0 HeOKa3yeMbIX UCmuHax Kak-To He C pyKH, H60 KTO rapaHTHpYeT MCTHHHOCTb, KpO-
Me Bcesudaweco Oka? Toatomy I'édeas cBOM 3HAMEHUTHIM pe3ysibraTt GopMyIHMpOBa,
n3berasi obpallleHHUs K MOHATHIO UCTUHBI:

v’ 5.5.1. Kakosa 66 Hu Gbira co80KynHocms aKcuom 6 apugmemuxe, ecau oxa
Henpomueopeuuea, cyusecmeyem makoe ymaepxcoesue A, umo nu A, Hu e2o ompuyarue
(~A) — ne dokazyemst® .

v’ Cneaylouue ABe TEOPEMBI C TOYKH 3pEHHsI TEOPHH AITOPUTMOB (PaKTHYECKH
HHU yero He nobGamnsioT K m. 5.5.1, HO Ha TEPPUTOPHUH MATIOTHKH CMOTPATCS KakK
NOpa3sUTE/bHbIE IOCTHXEHHUS.

5.5.3. Teopema. Cywecmeyem noaurom Q(z,, ..., Ty), MaKoit ymo 8sicka3biéanue
'z : Q(z) # O» ucmunno, Ho Hedokazyemo Hu 6 KAKoil HeNpOMUEOPeHU8ol cucmeme
AKCUOM, BKAIOMAIOULEll NPUMUMUGHYI0 GpUPMEemUKy.

5.5.4. Teopema. Apugmemuxa veaxcuomamu3supyema, oaxce npu KAO4eRUYU 8 CU-
cmemy Geckonewnozo, HO KoHcmpykmueno (nepeuucaumo) 3a0aeaemozo0 MHOMcecmea
aKcuom.

v'  Ellle oIMH BaXHBbIil acnekT — amopas meopema [édeas o Henpomueopeuusocmu:

5.6.1. Teopema. Ecau meopus T Henpomugopewuea u codepxcum 8 cebe apugme-
muxy, mo nenpomugopewusocms T nedokasyema 6 T'.

4
)HporpaMMbl, faoume oTBeT f(n) Ha JI060M BXOAE 7, Ha3bBAIOT IPdexmusnbimu.

Ipexmuano evimucaumsie Gynxyuu f(n), BBIMUCAUMBIE NPH TIOGOM 72, B TEOPHH PEKYPCHBHEIX
(YHKUMIt HA3EIBAIOT 06IEPEKYPCUBHBIMY.

3 Mox IOPUCANKUHEN «3aKOHA HCKITIOYEHHS TPETHETO» ITO O3HAvaeT: mo au A, mo au ~A —
UCMUKKO, KO HEOOKAIYEeMO.
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Pe3ynbraT cuMTaeTCs OYEHb CIIOXHBIM, U NMPUBOANUTCS 0OBIYHO Ge3 noKa3aTesb-
CTBa, — HanpuMep, B byHIaMeHTaTbHOM MaHycKpunte Kaunu [10], rne penaxrop
nepesoia JaeT BCe Xe O0GOCHOBaHHe B MpHIOXeHMH Ha 50 crpanuuax! B [5, T 6]
NPHBOIMTCA KOPOTKOE [NOKA3aTebCTBO (B MpeenaX CTpaHULbI).

V' TecHylo cBsI3b TEOPHM AIrOPUTMOB C aprPMETHKOI 0becrieunBaeT TEXHO-
JIOTMSl YHUBEPCAIbHBIX HYMepaLHii, HANPAMYIO CBOMSILUMX Bce K Mrpe uuces. LleH-
TpajibHas uaes cosceM npocra. DddeKTUBHasA HyMepaLna BbIYUCIUMBIX GYHKUMH,

fi@),..., fal2),...,

MO3BOJIAET CYUTATh ABYMECTHYIO DYHKLHIO 6

U(n,z) = fa(z)

yHueepcanbhoil. Tlonyyaercs, cyuqecmeyem 6cezo 00Ha GbIMUCIUMAR QYHKYUA.

10.14. PNP-npo6GnemaTtuka

v Ecniu paGora anropMtMa, pellaloniero 3amgayy ¢ MJIMHOW OMUCAaHUS T,
XapaKTepH3yeTcst HEOOXOAMMOCTBIO BHIMIONHEHHS f(Z) a/MeMeHTapHbIX onepaumit, To
aneopumm CYMTAETCS NOAUHOMUANLHHIM B CITydae

f(z) = 0(z")

npu HeKoTopoM k > 0, T.e. IPH YCITOBHUH CYLIECTBOBaHMS KOHCTaHThl C > 0, Takoi
yro f(z) < Cz* wia nocTatouHo 6OBLUINX T.

v 1.1.1. Ecau yeneean ¢ynkyusa npunumaem ne 6osee N 3na4enuii, mo cyue-
cmeyem npoyedypa peuieHus onmumu3ayuorHoll 3adavu 3a log, N wazoe, Ha kaxcdom
U3 KOMOpLIX peuiaemca Coomeemcmeylouian KomM6uHamopras 3a0a4a pacno3Hasanus.

v 1.1.2. Cosoxynrnocmb 3a0a4 pacno3naeanus, Kkomopvie mozym 6Gbimb peuieHsl
HeKomopbIM NOAUHOMUGABHBIM AN0PUMMOM, Ha3bieaemca Kaaccom P.

v 1.1.3. Kaacc NP onpedeasemcs KaKx cO80KYRHOCMb ROAUHOMUGALHO NPO8epA-
embix 3a0a4 DPAcnO3HABAHUA, 8 KOMOPbIX, eCAu peuieruem Aeasemca omeem «0a», mo
cywecmeyem «cn080» A NOAUHOMUGAbHOU OAUHbI U NOAUHOMUGAbHWLIG om A an2opumm,
darowuii omeem «da» n,

v Cpedu NP-3ada4 ecmb ¢ Hexomopom pode yHueepcanvhvle, KaK 2080pam, —
NP-nonnvie, Kkakoevie nosuHoMuanbHo 3Keusanenmuwl Opye dpyey. Ilo onpedenenuto
3adava NP-noana, ecau k Heil nonunomuanbHo ceooumcs arobas dpyzas NP-3ada4a.

%) Bemoyenue 3anaThix B andaBuT ¢ nocnexyoueit NepeKoaHpOBKON LKdpaMH NO3BOJSET
Bce k-mecmuvie dyHkumu f(n), ..., ng) CYMTaTh OTHOMECTHBIMM.
K JononxurenbHbie Kk NP-3anauam o6pasyiot kaacc co-NP,
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2
V' Bonpoc «P =NP» o coénadenuu uau necosnadenuu kaaccoe P u NP 0o cux
nop ocmaemcs omKkpsimsiM, Ymo A6AReMcA KpynHeliweld mamemamu4eckoli npobaemol.

V' 3ajaum BbIICHEHMS MpocToThl N U BO3MOXHOCTH ¢paxmopusayuu N B3a-
MMHO JOTIOJTHUTENbHBI, U 06e MpHHayiexar kiaccy P (pasgen 7.5), Ho 3To crano
SICHO JIMIUb B pe3yJbTaTe TUTAHMUYeCKUX ycwiui. [TyTh K MONMHOMHAILHOMY a4-
eopummy AKS BKpatue onMcaH B pasmene 7.4, HO TNMpPUBENEHHbIE TaM PE3YJILTAThI
HMEIOT HE TOJIbKO MCTOPHYECKOE 3HAYEHHE, HO M TMPAKTHYECKOE, MOTOMY YTO MX
¢akTHueckas 3¢p¢heKTUBHOCTh OCTaeTcsl noka Beilie AKS.

v\ ®@axmopuzayus N noJMHOMMAIbHA KaK 3a[a4a pacno3Haeanus, Ho OCTaeTCs
JI0 CUX MOp TPyAHOpellaeMoi Kak 3a1aya noucka paszinoxeuuss N = N|N,.

10.15. PacnpeneneHue npocTbix Yyucen

V' Konu4ecTBO MpPOCTHIX YMCeN, HE MPEBOCXOAAILMX T, — OGO3HAYAIOT ye-
pe3 m(z). CoobpaxeHus «Ha NaibLax» MPUBOMAT K OLIEHKE IUIOTHOCTH pacrpenee-
HHSA MPOCTbIX YUCES B OKPECTHOCTH GONBILOTO Z:

|
) = —
pl) =,
COOTBETCTBEHHO

n(z) = [ au =-i{1+i+...+%+o(;)}. (10.12)

J Inu Inz Inz In In"t'z
2

V' Cmpoeuii anaauz (10.12) 6ota navam Yebbiwesoim, ucnons3oeaguium @ ceoux
nocmpoenuax 0ee QyHKyuu

d(z)=) Inp u (@) =) Inp,
Psz <z

20e p obosnayaem npocmoe uucao; T > 0 — He 0683amenvHO Yenoe, U YCMAHOBUBUIUM
caedyrowuii peyabmam.

8.2.1. Teopema. lTpu T — 00 eepxnue npedeavl Gynryuii (a makice — HuxcHue)

@) =) ¥=)

z/lnz’ z z
paensi mexcdy coboil. A ecau npedensi cyuwecmeyiom, mo paers eduruye.
CyulecTBOBaHHe IIpefiesia JOITOe BPEMS HE MO1aBa10Ch 060CHOBaHMIO, U GbLIO

ycTaHoBneHO Adamapom v Banne-ITyccenom (1896). danbHeimuii nmporpecc B H3yue-
HUHU 7(zT) GbLT (M 1O CUX TOp) CBSA3aH ¢ 03ema-@ynKyued, cM. pa3nen 8.3.
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v’ TloMHMO acHMNTOTHYECKOTrO TMOBEAECHHS HHTEPEC TMNPEACTABIAIT TaKXe
pe3ybTaThbl, rapaHTUPYIOLUUE HATUYHUC IMPOCTHIX YACE B TEX WIH MHBIX AUAINA30HaX.

8.5.1. IToctynar Beprrpaﬂas). Mexay mo6eiM nn > 1 M 2n Bceraa 3ak/lOYeHO
npoctoe unciao”.

10.16. dnannTuyeckue Kpusbie

V' naunmuueckan xkpueas B KaHOHUYECKOi (hOpMe OMUCHIBAETCA YpaBHEHHEM
BUIA
V¥=24+az’+Pz+7, (10.13)

KaKOBO€ MPOU3BOJIMT BrieyaT/ieHHe METKOM yacTHoCTH. OHAKO NMPU KOMEEYHOM C BU-
Iy 3aMaxe ynap monay4aercs py6naesbim. [Tox topucavxumio (10.13) nomagaer MHoro
3ajay AaleKo He TpeThero nopsaxa. Hampumep, Kak BbISICHUIOCH, SJUTUNTHYECKAsS
KpHBas

y2 — z3 + (anbn —a'c" - bncn)z + a"b*c"

npu ycnosuu a” + b" = ¢ He MoXeT 6bITh ModyARpHOI BONpEKYU 2unomese Tanusamol,
KoTopylo 060cHOBan Yailac, u 10Ka3an TeM caMbiM meopemy Depma.

v"  HeoxuzaHHO 0Ka3a10Ch, YTO MPOCTelINE TreoMETPUUECKHE MaHUMYJs-
UMM C JUTHNTHYECKON KPUBO ONpeneNsioT CBoeoOpa3HOe CI0XEHHUE, N0 KOTOPOMY
pallHOHATBHbIE TOYKH Ha KpUBOIl 06pa3yloT rpyrny, XapaKTepusyeMmylo cepueit ynu-
BUTEJIbHBIX PE3Y/ILTAaTOB.

v' 9.3.1. Teopema Moppenna. Ha awboii kpueoii (10.13) umeemcs roreunoe
Hucao payuonanbHeix mouex P, ..., P., makux umo aobas payuonanvras mouka P
Ha 3moiil Kpueoli npedcmasuma @ eude

P=n|P|+...+n,P,+T,

20e T — mouka Koneuro2o nopadka.
v 9.3.2. Teopema Ma3sypa. KoHeuHblit mopsinok n touku T Bcerza JIEXHUT
B AManasoHe n < 12, npuuem n # 11, u Ha xpusoit (10.13) He Moxer GuiTh Gonee

16 paLMOHAIBHBIX TOYEK KOHEUHOTO MOPSIKA.

v/ 3arafioyHOCTb THNTHYECKUX KPUBBIX MIOI4EPKHBAET CEAYIOLIMI PeHOMEH.

8 JlokazaH YeOviuesoim.
9 Bo3MoxHO, Mexay moGbiM 7 > 117 U n + /7 Bcerma 3aKmIOYEHO MPOCTOE YHCIO
(eunomesa llunyeas).
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9.3.3. Yucno payuonassrbix mouex Ha aioboli Heocobol Kpuaol
L R
E a;jTyY =
ij

nopadka n > 3 — KOHe4Ho 10

v DJUIMNTHYECKHUE KPUBbIE PE3OHUPYIOT ¢ IUMPOKUM Kpyrom siBieHui. Bor
OIMH U3 (PeHOMEHOB.

)

" . .
9.5.2. Yucno r konepysnmno ' 8 momm cayuae, K020a Ha Inaunmu4ecKol Kpueol

v =1 —rlz

cyujecmeyem payuUoOHaNbHas mo4ka 6ecKoHeyH020 nopm)xa.

19 To ectb annunTHUECKHE KpHBbiE (1 = 3) NPUHLUHKIMHATLHO BLUIENSIOTCS Ha obiueM ¢oHe
KPHBBIX N -/ CTENMEHH.

n PaumnoHasbHOE YHCIO r Ha3bIBAETCSA KOHTPYIHTHBIM, €CJIH CYILECTBYET MPAMOYTOJbHbIH
TPEYro/IbHUK IUIOWAAM 1 ¢ pAaUMOHATbHBIMHM JUIMHAMH CTOPOH.



CokpaweHns n 0603HaveHns

< 1 > — HaAYaJo U KOHell pacCyXXNeHHs, TEMBI, 10Ka3arejbCTBa

(?) — TMpelylaraet NpoBEPUTh WIN J0Ka3aTh YTBEPXICHHE B KayecTBe yIpax-
HEHUS, 1160 OBECTH pacCyXAeHHE IO «IOTMYECKOH TOUKH»

(!) — npennaraet o6paTHTh BHMMaHHE

«B TOMM CJlyyae» — «B TOM H TOJIBKO TOM C/Iy4yae»

(a,b) = HOJ (a, b) — nanGonbuinit o6 WMt genuTeNs Yucen a u b

[a,b] = HOK [a, b] — HaumeHbLiee 06uiee KpaTHOE unceN a U b

A= B — u3 A cnenyer B

Tz € X — z npuHamiexur X

XUY, XNY, X\Y — obbeaMHeHHe, NEpeceyeHHE U pa3HOCTh MHOXECTB

X CY — X noaMHOXecTBO Y, B TOM 4HC/Ie UMEETCS B BHAY BO3MOXHOCTb
XCY,1re mexny X CY u X CY paznnuusa He aenaercs

~ — OTHOLUCHHUE IKBUBAJICHTHOCTH, OINPECACAAEMOC KOHTCKCTOM, B cCiy4yac
H3OM0pCbM3Ma BMECTO ~ Yall¢ UCIOJB3YETCA 3HAK 06BIKHOBEHHOTO paBC€HCTBa =

@ — MycTOe MHOXECTBO

Q — 3ambikanue §

Q = 0Q — rpaunnua

2% — MHOXECTBO BCEX MOAMHOXECTB MHOXECTBA 2

N — MHoxecTBO HarypanbHbiX uucen {1, 2,...}

Z — rpynna uensix yucen {...,—1,0,1,...} no croxeHuo
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+
Z, — anIMTHBHAas TPYNIa BLIYETOB M0 MOIYNIO p

Z; — MYJIBTUIUIMKATMBHAsA IPYNIa BEIYETOB [0 MOAYJIO p

R = (—00, 00) — BeluecTBeHHas npsimMast

P — MHOXECTBO MpPOCTBIX YHCE

Q — MHOXECTBO paUMOHAIbHbIX YHCEN

R" — n-MepHOE €BKIMIOBO MPOCTPAHCTBO

C — KoMruIeKCHas MJI0CKOCTb

[a] — uenas wacts uncna a

la] — oxpyrnenue uKca a O LEJOTO B MEHBILYIO CTOPOHY, T. €. |a] = [a]
[a] — oxpyraeHue uncna a 10 uesoro B 6GIbLIYI0 CTOPOHY

{a} — npo6Has yactb yucna a

{(a)m — xunacc BbiueTOB 10 Moayao m: (a), = {z:z=a+ km, k € Z}
3 — KBaHTOp CylIECTBOBAHMS

V — KBaHTOp OGLIHOCTH

Iy — toxnecTtBeHHoe oTo6paxeHne X — X

R[z] — KOMbLO MHOTOY/IEHOB C AEHCTBUTENBHBIMU KO3 (HULIMEHTAMH
Q[z] — xONbLO MHOTOWIEHOB ¢ paUKOHANbHBIMU KO3 GHLUHEHTAMU
Z[z] — XOonbLO MHOTOWIEHOB € LENBIMH KO3 OULMEHTaMK

|G : H| — unaexc noarpynnsl H B rpynne G

z =a (modp) — T ¥ a NpM AENEHUHU Ha P NAIOT OAWHAKOBBIE OCTAaTKH;
JM6O0 YaCTHBIK Clyyail: £ paBHO OCTATKy NPH AENEHHU @ HA P

m
Z = a — paBHOCWIbHO T = a (mod p)
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a | b — «a nenunt b», T.e. b menuTcs Haueno Ha a
7(Z) — uMcno nenuTenei Yuca T

p(z) — gynxyus Mébuyca

o(z) — gynxyus Jiinepa

Pr — T-€ IO CYCTY NMPOCTOC YUCJIO
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1. Anayms. 2. Inddepenunanbhbie ypasuenus. 3. JInHeiinan anredpa.
- 4, BepoaTHocTb, HHOPMAaMsA, CTATHCTHKA. 5. DYHKUMOHATBHBIH

aHa/m3. 6. AITOPUTMBI, JIOTHKA, BbIYHCAUMOcTh. Ot JInoganta

1o Teopunra u I'énens. 7. Onrumuzamus. 8. Teopus rpymn. 9. TOKII.

10. Ilepe6op n 3ddexTHBHBIE anropuT™bl. 11. YpaBHeHHs

MaTeMaTHiecKoii ¢pu3nku.12. KoHTpupumepsi H HapaaoKChl.

13. Tonosorus. 14. Teopus uncen. 15. HeuHeiinbie onepaTopbl

H HenoBwkKHbie ToukH. 16. Teopus muoxects: Ot Kanropa no Koana.

.ﬁj B ycuobusax

UHPOPMAYUOHHOZO | e B e e
naboduenusa
UHCMPYeHmeL
Buepauwrnezo Ona
nepecmarom
pabomanme.

Jlosmouy ywume

Hado Kak-mo uxaue.
«Aekyuu» darom
npuuep.

Jluoxoit au, xopowuit —
nokaxem Bpeatq.

Ho 8 uwobou cayvae
amo npodykm nHobozo
NoKoLeHUA.

Jlle xe «xoreca,

mom xe «pyis», ma we

H3 om3bi606 vumameaeii:

Y100B! yCBOUTH NPEIMET,
Ha0 0CBODOANTH €0 OT JeTaleH,
O0HaXKNTH HEHTPAJIbHBIC
KOHCTPYKLHH. ITO TAKEas
pabora, kotopas B «JIexiusix»
NPOIE/IBIBACTCS ABTOPOM.

Jlaercs To, gero negoctaet. Obmas
KapTHHA, MOTUBALIMA, B3aUMOCBS3H.

s U camoe r1aBHOE — JIETKOCTD
cyms — HO no-Opyzosny.
BXOJKJIEHHA B TIO0YIO TEMY.
B. bocc

Coziepikaiue npogyMaHo H Xopomio
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