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lMpegucnosue k «Jlekymnams

Whether you think you can or whether
you think you can’t, you’re right!

Henry Ford

Jlnsi HOpManbHOrO M3yuyeHUst JIOOOro MareMaruuyeckoro mnpeaMera
HeoOXOIUMBI, IO KpailHel Mepe, 4 MHIrpedueHTa:

1) ancusoii yaumens;

2) ofbikrogernblil nOOPOGHBLI yHEOHUK;

3) psadosoii 3adaunux;

4y yueGnur, ocgoboxcoenHblid om pymunst, Ho Oalowuil 0bwylo Kapmuny, Momugs!,

CEA3U, «HMO 3a4eM»,

Jlo 4eTBepTOro NMyHKTa y CUCTEMBI OOpa30BAHUS PYKU HE J0XO-
aunn. Koneuno, nmogobHast 3aJaya MHOIAA CTaBMIach M pellaiach,
HO B OONBIIMHCTBE CJy4aeB — TMpU NapajieIbHOM HCNOJHEHUH
GyHKUMIT OOBLIKHOBEHHOr0 y4eOHMKa. AKUEHTBI M3-32 MNeperpy3ku
MEHSLTHCh, 1 HaMEpeHUs CO BTOPON-TpeThel IaBbl HAYUMHAIM Apeii-
¢osaTh, HE AOCTUTast pe3yabrara. B BUPTYalbHOM NMPOCTPAHCTBE TAK
ObiBaer. AHaJOr O0beJUHEHHSI TAHTENN C TEeHHUCHOM paKeTKoil nepe-
craer peuiarh obe 3amayM, XOTS BTO He cpa3y OpocaeTcsi B Iasa.

«Jlekumnu» cTaBsit 4-i MyHKT CBOei taBHOM Ueabio. ConyTcTBYIO-
ast uaesi — SKOHOMMUs cJIoB M cpeacTs. [IpaBaa, Ha doHe Aexnapauuit
O KPAaTKOCTH U SICHOCTH U3JIOXKEHUS TIPEANoNaraeMoe U3naHue OKOJI0
20 TOMOB MOXET IOKA3aThCH THXKENOBECHBIM, HO 9TO CBA3aHO C 006-
IUMPHOCTBIO MATEMATUKHY, a HE C MEPErpy3KOi JeTansiMH.

HeobxoauMo cka3aTb, Ha KOro paccuuraHo. OTBET «HA BCex»
BBIDJIAIUT HAUBHO, HO OH B KaKOH-TO Mepe OTpaxaeT cyTh Aena. 060-
3pUMBIN BUI, OOHaXeHHbIe KOHCTPYKIUM JOKa3aTeNnbCTB, — TAKOTO
COpTa KHUIM ynoOHO UMETH T pyKoit. He cekpert, 4To cneuuaiucTol



8 MNpeancnosue k «Jlekunam»

CcaMOM BBICOKOI KaTeropuu TpaTAT MacCy CHUJ M BPEMEHHM Ha OCBOE-
HHE MaTeMaTHYEeCKHUX CEKTOPOB, JIeXaliuX 32 paMKAMH COOCTBEHHOM!
cneuyanu3auuy. 3[ech Xe KO MHOrMM IpobjeMaM Npeaaaracrcs
KOpoTKasl gopora, Mo3poasgiomas ObICTpO OCBOMTH HOBbie 00jacTu
W OCBEXUTH crapblie. JJia HauMHAIOMIUX «KOPOTKUE AOPOru» TeM 6o-
Jiee MOJie3HBI, MOCKOJBKY OO0Jer4amr IBUXXKEHUE NI0OBIMM IDYTHMH
MYTSMH.

B Bompoce «Ha KOro pacCyUTaHo», — €CTb WU APYroil acmexr.
Ha cunpHbIX AW cnabeix? Ha cpennuit By3 mau dusrex? Onsrob-
TaKHU BBIXOIUT «HA BCeX». 3BYYMT CTPaHHO, HO pe4b HE HIET O pe-
miaMeHTaluuu Kpyrozopa. [IpocTBIM S3BIKOM, KOPOTKO U IpPO3pavyHo
OIMMCHIBAETCs TMpeaMer. M3 a1oro Kaxabiii M3BJEYET CBOE M ABUHETCS
JlanbLie.

HaxoHeu, mocaeaHee. B ycnosusix MHGPOPMALIMOHHOIO HAaBOJHE-
HUsI MHCTPYMEHTBI BUepaluHero JaHst Nepecralor paborats. He noromy,
4YTO KU3ydaeMble NUCLIMIIMHBI Yepecuyyp paspoCiHCh, 4 MOTOMY, YTO
HOBBIX CEKTOPOB XHM3HM CTAJIO CAMLIKOM MHOro. M B 3TuX yCaoBMSIX
Majo KTO F'OTOB YAENSiTb MHOIO BpeMEHM 4YeMy-To oaHoMmy. [loaro-
My YYHUTh BCEMY — Hag0 KaK-TO MHaye, «JIekuHMH» JaioT TIpUMeEp.
IInoxoit nu, xopownii — mnokaxer speMs. Ho B ni0boM ciydae, ato
MPOLYKT HOBOTO TOKOJIeHUst. Te Xe «Kojeca», TOT Xe «pyJab», Ta XKe
MAaTEMATHYECKASE CYThb, — HO TNO-IPYTOMY.



Mpeaucnosue kK NATHA[UATOMY TOMY

When my horse is running good,
1 don’t stop to give him sugar.

William Faulkner

ToMm mnaHupoBayicst O HEJAUHEHHOMY aHanmyl), HO Majlo 4TO TO-
Mectwiaocs, M conepxanue B utore OBLIO CrPYMIMPOBAHO BOKPYT
HEMOABMXHBIX ToueK. Temaruka WIMpPOKO H3BECTHA MO Ha3BaHMIO,
HO HE OYEHb XOpOLIO — IO CylecTBy. Toraa Kak B pa3peliMMOCTb
YpaBHEHMII U CBOMCTBA pelllcHUA — Bce ynupaercst. B KkauectBe npu-
JIOXEHUH paccMarpyBatOTCst JMHAMUYECKHE CUCTEMBI M OUDYypKaLMu.

n Kiaccuyeckuii aHaiu3 B CBOEd OCHOBE JiMHeeH, MO0 CKONL3WT 110 HEeNMHEHHOCTSM, (o-
KYCHPYSICb Ha MaJIbiX OKPECTHOCTAX. HenuHelHbIi aHau3 CTPEMUTCSI BUAETL 3324y LETUKOM,
110 1C BCeraa ojayyaercs.
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CumnrTomsel n 3a0a4u

Imagination is more important than
knowledge. Knowledge is limited D,

Einstein

JInueiinast TeopHs OmMpaercst Ha OAMH MPOCTOH TPIOK,
npagia, Bblaalomuiics. Ha nprHIMD Cyepno3HIIMK pe-
wennii. Ho pasnoobpasue O6CTOSITENLCTE MOPOXKAACT
Takofl OyKeT cieACTBHi, yTO 3abLIBAaETCST JaXe, OTKY-
ha u3obuare. HennHedinas kapycenb MeHee ycleliHa.
HyxHb1 Apyrue HHCcTpyMeHThl. Ilnroc K ToMY, NTHHEeHHbie
CTEPEOTHITb! MBILLIEHHSI TO H AEA0 3aMaHHBAIOT B JO-
BYLLKY, TOJCTEperasi Ha pOBHOM MecCTe.

1.1. JIuHenunbi# ¢oH

JluneitHble MOJEIM BO3HMKAIOT KOrAa Kak. Eciu cucTeMa onMchiBa-
€Tca KOHEYHBIM HabopoM NapaMeTpoB

z={xy,...,Tpn},

TO TIOMCK PaBHOBECHSI CBOAUTCS K PEIICHUIO YpaBHEHUSI AT + b = 0.
KM BoOG1IE, cHcTeMa OKa3LIBAETCA 3ameyarnieHa b Marpuue A.

[Tpu u3yveHU M ITMHAMHYECKHX NMPOLIECCOB BO3HUKAIOT 0OHOPOdHbLe
n60 Heodnopoouste nuddepeHIUaNnbHbIC YpABHEHUS

&= Az, T = Az + b(t),

0 Anurpacbt M pemapku natoTes 6e3 nepesona ymbilveHHO. Ha npyroM s3blke COCTapuB-
LIMECs UCTHHbE HHOIA 3BYYaT OTKPOBEHUAMH, YeMy CYGTHTDbI TOJIbKO MeILAoT. HeMaloBaXHb
u noboynbie 3dexTb.
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U TYT KaXerTcsi, YTO CUTyalMsl KapJAUHaIbHO Jpyras. OT4yacTu 3TO
JIeMCTBUTENIBHO TaK, HO AMDYphl MOXHO 3anuchiBath B Buge Lz = 0
C dughhepenyuanbrbim Onepamopom

b=2_4 o D=2 A-p()
Ta T T :

W pasHULA C NpeblIylUM 3aKiovyaercs B ToMm, uTo AT +b6 =0 —
ypasaeHue B R", a LT = ( Heo6X0MMO paccMaTpUBaTh B KAKOM-1160
GecKoHeYHOMEPHOM IpocTpaHcTBe. To eCTh ypaBHeHUsT 0JUHAKOBLIE,
IPOCTPAHCTBA Pa3HbIE.

B caysae 2™ + ;2™ 4+ ... 4 ap_ 2 + ez = b(t) samasa onsTh-TaKH
peayuupyercst K Lz = b(t) ¢ auHeiiHbiM andbepeHIHaTbHBIM OIIEPAaTOPOM
Lz=2" £ a,2" " + ...+ 0, +a,z.

To Xe caMoe TNpOMCXOAWT B CHMCTEMAX C DPacTipeneeHHbIMH TapaMeTpaMH,
e AMHeHHbIE YpaBHEHHS C YaCTHBIMH NPOM3BONHBIMK oBpetaior dopmy Lz = b
no Tomy xe peuenty [4, T. 11].

Takum o0pazoM, s1po JUHEWHON Mare-
MaTUKU o0pa3yloT TUHelHHbIe olepaTophl, Xa-
paKkTepHu3yeMbie CBOUCTBOM

L(az + py) = aLz + fLy, (1.1)

KOTOpOe Kak pa3 ofbeclieyuBaeT MpUHLHUI Cy-
HePIO3UILIUU:

ecau T u Ty — pewernus Lr = 0, mo pewenuem agraemeca maxice
T = ar; + fr;

ApU nPoU3B0AbHLIX KOHCmanmax a, 3. B cnyyae HEOJHOPOJHOIO ypas-
HEHUS MPUHUMUI CYNEPNO3MUMU NPUOOpeTaeT HHYIO (hopMy, XOTH
110 CYyTU Ty Xe: ecau T; = L—lbl — pewenue ypaguenus LT = by,
a Ty = L—lbl — pewenue Lz = by, mo axy + fxy — pewenue

Lz = ab) + (b,

N -1
I CUJTy TUHeHHOCTU obpartHoro oneparopa L.
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Bnaronapst aromy, cenn zx(t) — pewenue L = ay sin kt u

o0
b(t) = Z ay, sin kt,

X
ro a(t) - E zy(t) — pewenne Lz = b(t), 4To MO3BOISET peliaTh
YPaBlICHHMsl HA OCHOBE paxloXeHHs MpaBoil 4acTu B psax Pypse.

Dmo yace (okyc ¢ 0aneko uoywumu nocaedcmeusmu, KaKogie
POXCOAOM HACMOMHbIE MeMOO0bl U3YHEeHUS AUHEHHbIX CUCHEM.
Ha coomeemcmeyiouem smasice Kopru yxo0am Ha emopol
HAGH, U HAYUHAEM Ka3ambCA, Ymo 6ce 0en0 8 apMOHUYECKOM
arnanuze. Tomom euje xyace, (heromenb, muna unmepgepenyuu,
Juppakyuu — HA4UHAIOM BOCHPUHUMAMBCA KAK ampubymbl
yempoiicmea Bcenennoil, a ne caedcmeus cynepnosuyuu (1.1).

Cnencraust (1.1), koHeyHo, HaMHoro ©Gorave. YacTOTHHIN aHa-
M3 — He eqMHCTBeHHas uatopMa, Ha KOTOPO MOXHO pa3MeIlaTh
JIMHEIHbIE CUCTeMbI. BaxxHbIN cpe3 o0pasyloT pasIuyHbie MHTETPAb-
Hble TipeacTaBneHuA. CkaxeM, obpaieHue aubdepeHIHATLHOTO OTTe-
patopa B IMHEHHOM 3anade L = b(t) 06braHO HMeeT By

o(t) = L'b(t) = / G(t, 5)b(s) ds, (1.2)

G(t, s) — @ynkyusn Ipuna 3,

B crauuonaproMm ciydae G(t, s) siisiercst GyHKIMEH OXHOTO
napametpa 7 = — §, u (1.2) mepexomur B

o0

z(t) = / G(T)b(t — 7) d, (1.3)

—00

2
) Tlpu Onpeac/ICHHbIX HAYATLHBIX HIHM KPAeBbIX YCIOBUSIX.

g TEOpHH aBTOMATHYECKOTO perynupoBarus G(f, §) Ha3BIBAIOT umnynechotl nepexoduol
gynruueil, u Ha cucremy Lz = b(f) cmoTpAT Kak Ha npeoBpasosanue éxoda b(t) B esxoduoil
cuenan (t).
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rie G(7) ompenensieTcs Kak peaklusi CHCTeMbl Ha €IMHCTBEHHOE
UMITyJbcHOE BodneictBue §(7) u3 ypasHeHus LG(7) = &(7). Takum
o0pa3oM, 4yToObl BBIYMCIATh PeakiMio CUCTeMbi Ha Ni00oe BHELIHEee
Bosuelicteue b(t) no dopmyne (1.3), peakuuio cHCTEMbI 1OCTATOYHO
M3MepUTh OIMH pa3 Ha BosieiictBue §(7). Ha Bxon nonaercs nessra-
dyHkua — v 00beKT «paciin(poBat».

IMepeuncneHHOE OTHOCUTCA X alMapaTHbiM CPEACTBaM, ¥ BCSIK
MOHUMAET, 4YTO 3a TMpejesaMM JIMHEHHOM Teopuu JeecrnocoGHOCTh
9TUX UHCIPYMEHTOB orpaHuuyeHa. Ho BOT noObIBacMble TIOALI He-
PelKO KaXyTCAd YHUBEPCAIbHBIMU 3aKoHaMU MMposfaHus. Co3zHanue
3aKyMOPUBAeTCs, U BCE BRIXO/ALIEE 3a Mpee)ibl THHEHHON 10rMaTUKY
NPe/ICTAaBJISIETCS ePECHIO.

1.2. HenwvHeliHble CUCTEMBI

Yyer HenUHEHHBIX 3aBUCHUMOCTEN, KOHEYHO, MOPOXAAET HOBBIE (e-
HOMEHbBI, OJlHaKo aHTasusi ObICTpO HCCIKaeT. YTO NMepBbIM JIE/IOM
NIPUXOAUT B TOJOBY IIPU HEJIUHEWHOM YCIOXHEHUU Mojenei?

Ecau MTUHEHHbIE CUCTEMbI 06ue20 HOA0MCEHUS UIMEIOT eIMHCTBEH-
HOe paBHOBecHe, 00asi OKpeCTHOCTb KOTOPOro MpeACTaBIseT CAenoK
(bazoBOro npocTpaHcTBa B 1EJI0M &
yaoberBo Tepsietcs. [TonoxeHuid paBHOBECUSI MOXET ObITh HECKOJIb-
KO, pa3HbIX M0 XapaKTepy YCTOHYUBOCTH. BO3MOXHBI TakxKe yCTOMYHU-
Bble KojebarelbHble pexXuMbl. bonee-MeHee oyeBUIHA NMOTEHIMATb-
Hasl BO3MOXHOCTbL XUTPOYMHBIX Ougyprayuii B CBSI3U C BETBIACHUEM
peuieHUi PU U3MEHEHUU MapaMeTpOoB.

, TO B HENMHEHHOM cliyyae cue

TyT moTtok BoobpaxkeHust U nepechbixaer. OcobeHHO, eCaM He XBa-
TaeT CTPaAHCTBMH IO TEPPUTOPUM COAEPKATEALHBIX 3a4ay, KAKOBbIE
B MaTeMaTWU4eCKOM cpeje He TaK TIOMY/SIpHBI, HO BAaXHBI C TOUYKU
3peHrs IMMPOTHE 1Mana3zoHa Bolpocos. [locaeatee CyillecTBeHHO, 6O

4 o
)J]OKBJ'[bHaﬂ YCTOMYMBOCTD, HAPUMED, O3HaYaeT — LI0GATBHYIO, U T. 1.
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He UMesl BOIIPOCOB, Kakue OTBEThI MOXHO Mckarb? [ToaToMy K He-
JUHEUHOMY aHaJIM3y eCTh Pe30H NOAXOAUTh C HEKOTOPBHIM 3aracoM
HPaKTUYECKUX CUTYAIMi, TUTAIOIIUX OOLIMe MOCTAHOBKHU 3a1a4 U 1103~
BOJIAIOIIUX IIPOUTpBIBATh HAa ceGe aGCTpakTHBIE BHIBOIBL.

MexoTpaciesoit 6anauc. I[TycTh 3KOHOMMYECKasT CUCTEMa COCTOMT M3 7t B3a-
MMOCBSI3@HHBIX OTpaciieif; i-s1 oTpacib BBIMYCKAET i-I MPONYKT B KOJMUYECTBE I,
KOTODPBIA BHYTPM CUCTCMbI 3aTpayMBaeTCs B KOJIMYECTRE

pilxy, ..., T,) = pi().
Hucmeili gbinyck 1-ro OpOAYKTa NpH 3TOM paBeH

yi = i — pi(T),

5
W BCC CBOAMTCA K M3YYEHHIO BEKTOPHOIO ypaBHCHUA )

T — P(.’l)) =Y,
P(z) = {Pl(-’”)’ ,p,,,(.'t)}.

3pech BO3HUKAIOT CAeayiomiue Bompockl. MoxXHo M ofecnednTs 3agaHHbIA
Hatop ¥y = {yi,---, Yo} MOOXOASALIMM HABOPOM TUIRHOBBIX BBIIYCKOB

(1.4)

z={xz,...,2,}?

EnuHCTBeHHBIM JIM 06pa30M 3T0 MOXHO caenars? MoxHo 1y obecneaurs 060k Ha-
niepen 3aaaHHbIA Habop YMUCTBIX BbINYCKOB? Hano nu yBenuMuuBarh OObEMbL T, - - . , Ty
JUISl YBEeJIMUeHWsl YUCThIX BbiyckoB? — He Bcerma, KCTaTu.

C hopMaibHOM TOYKH 3peHusl MepedMcieHHble BOMpOchl (M UX JIOTUYECKHUE
ApPONOJIKEHHSA) 3BYYaT HpuMepHO TakK. CylwecTBYeT M pelleHue YpaBHEeHMs (1.4)
npu sananHom ¥? EnunctBeHHo i ono? CyluecTByIor N peleHus (1.4) npu Beex
(B nanHOM ciyyae HeoTpuL@ATebHbIX) ¥? Eciu Aa, TO oxHO3HaYHa JIM M HEApephIB-
Ha nu dyukuus z(y)?

Coanancuposanubiit poct. [Tycth B k-11 mepuoa B cUCTeMe UMEIOTCSl TIPOAYKTHI
K £ K .,
B KonmuectBax £ = {z|,...,Z,}, U3 KOTOPBIX B CIEAYIOUMI NEPUON MOXET BbITh
fipou3BefeH HaBop NpOAYKTOB

! = F(zk)

5 N
) Ecn onepatop P(T) BHYTPUCHCTEMHBIX 3aTpat JIMHEEH, MOO@1b HA3bIBACTCS NCOHMbESCKOLL.
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B03MOKHOCTb MPONOPLMOHAIBLHOIO POCTa BLIMYCKOB CBOAMTCA K BOMPOCY O paspe-
LIMMOCTH NApaMETPUIECKOro ypaBHEH WSl 6

F(z) = Az, A> 1, (1.5)

T. €. O CYIIECTROBAHUM Y HenuHeiHoro oneparopa F cOGCTBEHHOrO BeKTOpa.

Poinounas Monep. JoNycTUM, Ha PbIHKE NIPOAAETCs 72 TOBAPOB, X; — LIEHA % -T0
toeapa, fi(Z,...,%,) — usbbumounslii capoc Ha i-i Toeap g (cipoc Munyc npenno-
KeHue). JlMHaMMKa LeH ecTecTBeHHA. PplHOuHas weHa ¥; pacret, ecnu fi{x) < 0,
U yObIBaeT, ecliy fi(x) > 0. B 3TOM cinyyae paBHOBECHBIM MOXKET ObITh JIMIib Ta-
KOM Habop 1eH Z, TIpU KOTOpOM BCe (YHKIMM H3OBITOYHOIO cripoca 0bpaiialoTcs
B HYJb 8,
3anaya OoNATL-TAKK CBOAUTCA K U3YYEHUIO HETMHEHHOrO ypaBHeHUs

f@) ={fi{@),.... fa(®)} =0.

CyiuecTBoOBaHUE M eAMHCTBEHHOCTh PELICHMS] aBTOMATHUECKM MONagatoT B (POKyC
BHUMAaHMWs, HO MOABIAIOTCA W crneuuduyeckue BOMpockl. B nanHOM ciyvae, Ha-
npUMep, onucaHue cucTemsl (oneparopa f) NOBOMBHO pasMbiTo. EnBa a1 MOXHO
DACCUMTBIBATD, YTO (PYHKIKUM U3OBITOUHOTrO cripoca f;(Z) u3BeCTHbI CKONBKO~-HUOYb
TOYHO B LIMPOKMX AMANA30HAX U3MEHEHHs peH. B MOnoGHBbIX CUTYALMSIX MOHAYATY
OOBIUHO BOZHHKAET OmylieHue Oe3BBIXOAHOCTH, Kak MOXHO rOBOpUTh O paBHOBE-
CHM, €CIM HUYEro He W3BeCTHO O cucTteMme? KOHEUHOo, ecau COBCeM HUYEro, — To
Hukak, Ho B Takux clyyasx, Kak MPaBUIO, BCE-TAKU €CTb WH(OPMAIIMs KauyecTBeH-
HOro XapakTepa, 4ero ObiBaeT AOCTaTO4YHO. OOHON NHlIb 2emepomoHHOCMY UHOTIA
JNOCTATOUHO AJIS JaJ€KOMAYILKHX BBIBOJOB.

Pasuosecue no Hamy. [TycTb 9KOHOMHUECKasi CHCTEMA COCTOMT U3 7t B3aMMOCBS -
3aHHBIX 31emMeHTOB (fueek) A;. Kaxnawiii 4; pacrniopsxaeTca BRIGOPOM NMepeMEHHOMN
z; € X;, a Di(z,,...,,) obosHavyaeT @yukyuio ebiuepoiua A;. B teopuu urp ;
Ha3bIBAIOT CTpaTerveii urpoka A;, YTO IUIOXO YKIANBIBAETCA B ceMaHTHUKY CI0Ba
«CTPATerksl», HO TEPMUH OBILENPUHAT.

OnycanHas CUTyalusl THIIMYHA 11s SKOHOMMKY. Kaxnasa syeiika uMeer CBOIO
crenens co6oab Z;, HO BHIOOp Z; He onpenesseT NOJHOCTbIO COOGCTREHHDBINH Bbi-
urpbitl D); — KOE-YTO 3aBMCUT OT ACUCTBUIA IpYrUX 3JEMEHTOR CHcTeMbl. Bo3HuKaeT

6) Tpebopanne A > 1 npoMcTeKaeT M3 HEOOXOAMMOCTH POCTA, a HE 3aTyXaHHs.

7 Bo3moxHas 3aBUCMMOCTb f; HE TOJIbKO OT COBCTBEHHOH LeHbl T; — ouesuaHa. Poct
MSICHOH LEHbI YBEIHYMBACT CMNpoc Ha pbidy, a yaopoxaHMe 3anmuacteil YMEHbUIAET CIpoc
Ha HU3JENHe.

8 Touree FOBOPS, BEKTOP LIEH £ CUMTAETCS PABHOBECHDBIM, €CJIH ISl KAXAOTO ¢ BbITIOMII-
erca onno M3 asyx: ww fi(z") = 0, i fi(z") < 0, 2 = 0. Ho GecruiaTHple ToBapbl THNA
BO3AYyXa Le1eco00pa3HO UCKITIOUATh U3 PACCMOTPEHHUS.

9
) Obzembt BBINYCKOB, 3asBKH Ha Cbipbe, rpaduk paboT u T. 4.



16 Masa 1. Cumnromsl 1 3a0a4m

BOMNPOC: Kakoi BelboOp cTpareruit
z={z,...,z,}

oyner paBHoBecHbIM? B mpuuHuMne OTBeTOB MOXeT Obth MHOro. OOMH U3 LIHpPO-
KO PAcHpPOCTPAHCHHBIX BADHAHTOB — pasHosecue no Houty, B KOTOPOM HH OZMH
U3 2JICMEHTOBR HE MOXET JOOMTbCA YBETUYCHHMS! CBOETO BBIMIPHILIA U3MECHCHUEM
CODCTBEHHOM TIEPEMEHHOI ;. B €CTECTBEHHBIX NMPENIIONIOXKEHUAX COOTBETCTRYIOIIEE
paBHOBecue T' OYAET PElllEHHEM CUCTEMbI YPABHEHMUI

w:O, i=1,...,n.

aﬁ,‘

Bosnee akkypaTHas U MeHee 00s13bIBaoIas GopManu3alMs ONMpaercsl Ha orepaTop

f@) ={fi(@)...., fa(@)},
OMNpeAeIsieMblii COOTHOLUCHUAMU

Di(zy, ..., 2y, fi($)7$i+17--. ,Tn) = flea)g‘ Dy(z),
1 t1

B pe3yJbTaTe YEro HIMEBCKUE PELICHUS] CTAHOBATCS HEMOABMXHBIMM TOYKAMHU OTI€-
paropa f(z), T.e. 1uGO pelieHMSIMY ypaBHeHUs T = f(z), Jm60 (B MHOTO3HAYHOM
BAPUAHTE) PELICHUAMHU BKIIOYCHUS

z € f(z).

Buonornyeckue coodmectsa. Ilycth &; 0603Haya-
€T YUCJICHHOCTb i-il MONYNALMU B YCJIOBUAX COCYILE-
CTBOBaHHS 7t GMOJIOrMYECKUX BUAOB ¢ ODLIMM apeajloM
o6uTtaHusi. CKOpocTs U3MEHEHHUs Z; (pa3sHOCTb MexXny
POXIAEMOCTBIO M CMEPTHOCTBIO) B OOIIEM Clydae 3a-
BUCHT HE TOJIbKO OT Tj, HO U OT APYTUX YMCIIEHHOCTE]
T; B CHITY B3aUMOOTHOLUECHUHA TUNA «XUIUHUK — XEPT-
Ba», KOHKYpeHUMU M Ap. TakuMm o6pasoM, AMHAMMKA
coo0lllecTBA ONMUCHLIBACTCS HEKOM cucrteMoit nudde-
peHUIMalbHBIX YpaBHEHUI

:ti:fi(zl;---yzn)~ i:l,...,n,

WJIM B BEKTOPHOM BUIC
&= f(x). (1.6)

B mparyio yacTb (1.6) MOXET BXOAMTb HEKHii BEKTOD Y, CUMBOJIM3UDYIOLIMi
BHELIHYE BO3ACUCTBUS HAa CUCTEMY: OTCTPEN WIM MOAKOPMKA XUBOTHBIX, HCIIONb30-
BaHUE SANOXMMMUKATOR ANl 60pBObI C BpEAUTENAMH, BoIpyOKa Jleca, ocylleHUe O0noT,
BHEAPEHUE B COOOILIECTRO HOBBIX BUAOB U T. M. JAMHAMMKa cUCTeMbl IPM 3TOM OMNU-~
cbiBaeTcsl nudgepeHIMaNbHbIM YPABHEHUEM C NapaMeTPOM

T = f(z,y). (1.7)



1.2. HesmHeliHbie cncTems! 17

PaszHoo6pasue 3a1a4 31€Ch 1OCTATOYHO BEIMKO: CYLLEECTBOBAHUE 1 YCTOINYHBOCTD
CTAaIMOHAPHBIX PEXUMOB U NEPHOAMYECKUX KOMeOaHuil, XapaKTep pocTa MOMysiLuii,
BBIpOXICHUE BUAOB, OudYpKAaLUOHHBIE M3MEHEHWs B cucTeMe M T m. Bce 3To,
MOMHOXEHHOEe Ha MHOrooGpasie KOHKPeTHKH, MIOpOXAaeT Pa3BeTBICHHYIO Npobie-
MaTUKyY KaK BHOTOTHYECKOTO, TAK U MATEMATUYECKOTO TOIKA.

Xumryeckne peaxTopsl. [1yCTh B XMMUUYECKOH peakifuu ot
YYaCTBYIOT 7t BEIIIECTB, U T; 0003HaYaeT NPOLEHTHOE Coaep-

JKaHHe 1-T0 peareHTa B cMecH. JMHaAMKKa CUCTEMbi OMTUCHIBA- s
€TCA HEKWM YpaBHEHHEM TUIIA (1.7), TJ€ BEKTOD Y ONpPENENAET

BHELIHKE YCIOBMs: TEMIIEPATYpy, JABIEHHWE, KaTalu3aTophbl, i } \
MHATHOMTOpBL M T. . Ha MonenbHOM ypOBHE BCE CBOJMTCA W“%&

K yrnoMHHaBLIMMCA yxe 3aiayaMm. Ho pepxath B Ione 3pe-

HHSL pasHOE COlEpXKaTelbHOE HarloNHEHUE MOJEIU TOJIE3HO %

no mHoruM npuiuHam. C onHoit cTopousl, du3uka 3ana- ooy

¥
%

4y HaCcTpaMBaeT W OPUEHTUPYET MATEMaTHYECKYIO MBICTb.
C gpyroii — He3aBUCMMAasg MOIETb MOATAJKMUBACT K IOCTa-
HOBKE «[I[POTHBOECTECTREHHBIX B paccMaTpuBaeMoii obnacTu
BOIMpPOCOB», BEAYIIIMX MHOIAA K HEOXMWARHHBIM OTKPBITHSM. :.-:
Tak Wiy YHaye, CONPUKOCHOBEHHKE a0CTPakiUU C KOHKPETH- etk
KOif IIPMBOOMT KO B3aWMHOMY ODOraieHHIo CTOPOH. SIpKoii
WLTIOCTpaL el 31ech MOXET CIyXUTh peakyusn benoycoea—
Kabomuncroeo (BZ-reaction).

e

Jonroe Bpems CuMTANOCh, YTO ARTOKOAeOAHMsI B XH-
MUYECKHX CHCTEMaX HeBO3MOXHBL. OTKpbiTHE beaoycogsim
(1951) arrokoneGaHuii B peakiuu OKUCICHUS JUMOHHOM
KHCIOTHI OpOMaToM Kajlisl cHayajla ObUIO BOCIPMHATO C HEJOBEpMEM, HO B UTOre
nopoauno ' MHOroYMCICHHbBIE MCCTEN0BAH A, OGOTATHBINME KAK XMMUIO, TaK U a6-
CTPAKTHYIO TEODHIO HEIMHEHBIX CHCTEM.

19) X orst u He Ges MPOTHUBOAEHCTBUA, XapaKTEPHOI O BOOOLIE 1151 BOCHPHSITUS HOBOTO. OTKAa3bl
B NyOIMKAallMH, 3aMaTyMBaHHE, 8 TO H BbICMEHBAHHME PE3YJIBTATOB, — BCE 3TO COMYTCTBYET
BCAKOMY IIPHXOAY HEOXHaaHHOro. B 10 Xe BpeMs HOBOE M HEOXKMAAHHOE, KAK MNPaBiIo,
OKa3bIBAETCSl «XOPOLIO 3a6bIThIM CTAPbIM», KAK H B JAHHOM c/Tydae, HO 3TO yXe Jpyrast HCTOPHS.
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1.3. MapapoKcel HENMUMHERHEIX Yenei

PaccmoTpuM opueHTUpoBaHHbIi rpad G(P, E), tae P — MHOXecTBO
BepiluH, F — coBoKynuocTb ayr. Kaxmoe pebpo e € E xapaxrepusy-
eTCs TpeMsl BeJIMYMHAMU: T; — HanpsxeHHe, y; — Tok, u; — BAC.
BossT-aMiiepHbie XapaKTepUCTHKN B JIyraX OMMCHIBAIOTCA (PyHKUMS-
MU Y; = f; {z;). MonHeL pacyer 2eKTPUYECKON LIETTH BHITIOIHSETCA

Ha OCHOBC 3aKOHOB Kupxeod)a, KOMITAKTHO 3aItMChbliBACMbIX B BHUJC 1
Ry =0, Cz = Cu, y = f(z), (1.8)

rie B — mampuya unyudenyuii rpada G, C — mampuya yuxios.

MHorma BOBHUKAET WJUTIO3USA, YTO pa3peliuMocTh cuctembi (1.8)
BhITEKaeT U3 GH3UYESCKUX coobpaxenuii. Mo, cobepeM coOTBeTCTBY-
IOILIYIO 2ACKTPHYECKYIO CXeMY U BKJIIOUMM ee. B cucTteMe ycraHoBUTCA
HEKOTOPOE pacCIpeeIeHue TOKOB M HAmpsDKeHUH, KoTopoe u Oyner
HUCKOMBIM pellieHHeM. YBBI, pacCyXIeHHE He BHLACPKUBACT KPUTHKH.
[Mpocreiiine MpuMepsl MOKa3bIBaIOT, YTO pelieHHe HeJIUHEHHOU CcH-
cTeMbl ypaBHeHu# (1.8) MoXeT He cymecTBoBarh. HeTpynHo NMOHAT,
YTO B COOTBETCTBYIOIIEH 2MEKTPUYECKON CXEME IPU 3TOM HHKAKOro
CTallMOHAPHOTO paclipeAe/ieH!s TOKOB M HaIPSLKEHUH He YCTAHOBUT-
csl, a OymeT MpoTeKaTb CIIOXHBIH AUHAMMYECKMH Tpolecc, ollpenae-
JsieMbiii MalbiMU (TIApa3MTHBIMH) MHAYKTHBHOCTSIMH M €MKOCTSIMH,
KOTOpbIe HE yJUThIBAIOTCSA MOfeNbio (1.8).

CkazanHoe NOOYEPKUBAET HE TOJNLKO BAXHOCTh NMPOBIEMbl Cy-
IECTBOBAHUA PELIEHHUA, HO LI ¥ poJib MalBlX IapaMeTpoB B Golee
IIUPOKOM KoHTeKcTe. JoryctuM, peurerue (1.8) cymecTByeT 1 equH-
ctBehHo. ECTh JTM OCHOBaHHS OXHIaTh, YTO TOBeJEHHE peaJbHOU
CUCTEMBI OYAIET €My COOTBETCTBOBaTh? Befb napasuTHbie WHAYKTUB-
HocTH ¥ emxocTu 2 ectb Beerna. He 6y/IyT JIM OHM HIpaTh OKasHHYIO

1
) TTop06HbBIE MOLETH MOTYT HMETh He 00s13aTeIbHO 3NEKTPHUECKYIO MPHpoIy. TAKOBbI MO-
nend HUHAHCOBBIX NMOTOKOB, TOBAPHBIX, HH(OOPMALMOHHBIX, NOTOKOB He(TH B TpybONpoBOaax,
NacCaXxHpoNnoTOKOB M T. M.

12
) Crnacalomme ot IIpOTHBOPECUYUS B NPCABLTYIIIEM Ciydac.
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posb? [lo cyTH 3TO CTaHAApPTHBIH BOIMPOC O CTPYKTYpHOH yCcToW4H-
BOCTH MOAECIH, KOTOpask AOKHa ObITh HEYYBCTBUTE/NbHA K MAlbIM
BO3MYLLECHUSIM. MlHaye 4To MOXHO CKa3aTh 0 CHCTEME, KOTopas 3aBe-
JOMO, XOTS U MaJjlo, OTIUYaeTCsl OT MOAEIu?

[TpucyTcTBUEe MaJIbIX MapaMeTpoB 3a KajpoM MOAENH CIOCOBHO
Urpath Takke MO3UTHBHYIO POJib, TOMOrasi BBIXOAUTh M3 JIOFUYECKUX
TyrmukoB. Bot npocToii npuMep GJI0K-CXeMB 13), rie rnapagokKc BO3HU-
KaeT Ha POBHOM MeCTe.

z,5) Y Ecnu B 11eNU MOJOXHUTENbHOU 0Opart-
<D .

HOM CBA3U (PUCYHOK C/eBa) CTOMT (DyHK-

IIMOHAIBHBIN IIpeoBpaszoBartesnb

fy) = /|yl signy,

TO Pe3yJIbTHPYIONIas CBA3L MEXIY BXOIOM yt
Z ¥ BBIXOOM ¥ OIpEAENSIeTCS PaBEHCTBOM
z+ f(y)=y, 4TO IPUBOAUT K MHOTO3HAYHOM
3aBUCHMOCTH BBIXOJA OT BXOAA, U306pa-
XeHHo#t cripaBa. HeoXHIaHHO BBISCHAET-
Csl, YTO BBIXOJ He ONpeae/seTcs OqHO3HaY - z
HO BXOJOM, XOTA BCE 3BEHbS CHCTEMB] 1€~
TePMHUHMPOBaHbl (OCYLUECTBIIAIOT B3aHM-
HO OfHO3HaYyHOe NMpeobpa3oBaHHMe CHIHA-
JIOB) — M He SICHO, KAaKOB XK€ BBIXOH ¥
B peabHON CUCTEME NPU JAaHHOM BXOJE L.

Hesicer u BbixoA U3 MOMOXeHHUs B paMKax CTaTU4YECKOU MOJENH.
3arpynHeHUEe NHKBUAMPYET y4eT AUHAMHKH. 3alepXKH B IIPOXOXie-
HHMM CUrHaJIA IO LIEMU BCe CTaBAT Ha cBOW Mecrta. Paszymeercs, Her
HEOOXONMMOCTH BBOAUTh YUCTOE 3alla3fiblBaHue. AEKBATHOCTU OIU-
CaHMsl MOXHO JOCTUYb U C IOMOIILIO OOBIKHOBEHHBIX AU(DYPOB,
MOACTUPYIOIIUX «HUITOXHBIC» HHEPIIHOHHbIE CBOMCTBA CHCTEMBI.

3 "
I),Il,ym LENCH BbILlE XapaKTePH3OBATHCh ABYMSI NMEPEMEHHBIMH (TOK M HAIpsKeHue),

KaKOBbIX B OBLIEM Cllyyae MOXET GbiTh GONbIUE WIM MEHblle (MHOTONPOAYKTOBbIE THMGO
OJHONPOAYKTOBbIE MOTOKH, HANPHMEP), @ 3aKOHb! «CTBIKOBKH» — MOTYT ObiTh HE 06A3aTENbHO
KHPXroHOBCKUMH.
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[TpuMep B HEKOTOPOM poAE ABIAETCA MPOCTERLIUM HMAEOJIOTHYE-
CKHM 3TAJTOHOM, MOOYXIAI0IUM K OCTOPOXHOCTH TpH abcTparupopa-
Huu. B Goslee TPOMO3AKUX MOAEIAX HEMPUITHOCTH MEeHEee OUEBHIHBI,
HO UX MpUpoJa TaK Xe TPUMHUTHUBHA, XOTS 3aMACKUPOBAHA U IPHU-
ykpaureda. [109TOMy TPUBHAIBHBIMM C BUAY MPUMepaMH He CTOUT
npenedperars. HaoGopoT, UX CTOUT KyabTUBUpoBarb. [loToMy 4TO
B MHHHUATIOPE OHH HMTIDPAIOT POJIb CTOPOXKEBBIX MYHKTOB, AEMOHCTPH-
pysl KoBapcTBO BcelleHHOM U yA3BUMOCTb HayKH.

JBMKEHME 1apuKa Macchl 1 B BA3KOU cpefie ecTh peurenue 3adaui Kowu
mi + pt =0, z(0)==,, #(0)=v,.

Ho kak Oynet npoucxonuTh aBmxenue npu m = 0? CreneHeit cBoboabl i yIoBJe-
TBOpEHMs1 HaYaJIbHbIX YCJIOBHU MlepecTacT XBaTarh,

ITpumep caM no cebe HEe CTOMT BBIEAEHHOTO fAifla, HO TO Xe CaMoe MOXeET
MPOMCXOAUTH B 3aByaIMpOBaHHOM dopMe B 3ajayax o O6udypkanmsx, rae NpUYMHBL
MeHee OOHAXEHBI,

Bepnemcs k nernsim tura (1.8). PUKCHPyeM B 2IeKTPUYECKOM CXe-
Me [1Ba y3/1a ¥ 3aMeHHUM BCIO CUCTEMY OJHUM NaCCHBHBIM HETMHEHHBIM
COIPOTUBJIEHHEM C NMOAXOAALIEH BOIBT-aMIepHON XapaKTepUCTUKOM.
3TO cTaHAapTHAas B MEKTPOTeXHUKE olepalius, KakoBas, Booblue ro-
BOpSl, HEe BCeria NnpaBoMOYHA, HO B ONpeAe/IeHHbIX NPednoIoXKeHHIX
Takoil nepexoa Bo3MoxeH. IIpH 3TOM BO3ZHHKaeT CepUsl BOIPOCOB
O BJIUSHUHM MU3MEHEeHHH B 2JIEKTPUYECKOH CXeMe Ha BOJIBT-aMIEpHYIO
XapaKTePUCTUKY 3KBHUBAJEHTHOIO CONPOTUB/IECHHUA. 30eCh MOXKHO yKa-
3aTh psill MHTYUTUBHO HEOXUAAHHBIX 3D GhEKTOoB.

Hanpumep, XopoLuo M3BECTHO, YTO SKBUBAUIEHTHOE CONPOTUBICHME JTMHEHHOM
uenu (ece fi(x;) = ;/r;) yBeAnuMBaeTCA C POCTOM JIIOGOTO ONHOTO MM HECKONBKMX
COTIPOTUBACHUHA T;. VIHTYUTUBHO TaKoe HONOXEHMe BelleH NpeacTaBiIsieTcsl BIOMHE
€CTECTBEHHBbIM, ECIM B HEKOTOPOM 3BEHE CO3AAETCA MPENSATCTBUE LISl IPOXOXKACHMS
TOKA, TO CyMMApHBIii TOK Yepe3 IeMNb AOMKEeH yMEHBIIUTbCS., B He/IMHEMHBIX uernsix
KapTMHA MOXET ObITb MHOM, YTO Ha MPAKTMKE MOXET O3HAYATb YMEHBILICHHE MpPO-
TYCKHON CHOCOBHOCTH TPAHCHOPTHOM CETH B LENOM NPM YBEINYSHMM MpPONYCKHBIX
COCOOHOCTEH OTAENbHBIX Marucrpanei 14), yBEIMYEHHME MPONYCKHOM CHOCOGHOCTU

14 .
) H paxe CTPOHUTEILCTBE HOBBIX MArUCTpaICH.
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CETH BOMOKAHAIOB MPH MOJHOM HEPEKPHITHH ec OTAe/bHBIX YYacTKOB M T. 1. Bor
npocTast WLTIOCTPalusl.

PaccMOTpUM  2JIEKTPUYECKYIO CXEMY,
M300paXeHHYIO ClIpaBa, Iie HeJIMHEeH Hbe co-
NpOTURIIEHUs] R, HMEIOT BOJBT-aMIIEepHYIO
XapaKTepUCTUKY

2 .
z =y signy,
a R, xapakTepu3yercs CBA3bIO

T = \/[y_[sign .

Pe3ybTHpYIOLIast BOJIbT-aMIepHas Xa-
paKTepUCTHKR 1AM Mexny Toukamu A n B
B ciiyyae Ry = 0o (toukm C u D He coean-
HeHBY) JIETKO BHYUCIIAETCA:

=[5 T

rme X — nanpsxende Ha zaxumax A u B, a Y — cymmapHbii tok. B ciyuae
R; =0 (touxy C' ¥ D coefuHeHb! HAKOPOTKO) UMEEM

Y= [(%[)24- %ﬂ] sign X.

Jlerko npoBepuTh, YTO npH Jobom HampaxeHnn X € (0, 2) ypennuenue R;
C HyJs 10 OeCKOHEYHOCTH BileyeT 32 cobolt yBelnyeHHe Toka Y, T.e. YMEHbLIEHUE
9KBHBIEHTHOIO conpotusnednss R = X/Y. [ipyruMu cJloBaMU, 3aKPBITHE KaHala
R; yBEeJHYHBACT APORYCKHYIO CHOCOGHOCTh CHCTEMBI,

DTO ene OOUH MPUMEP, HE MMEICILMI CaMOCTOSTEALHOTO MNMpHU-
KNaJHOro 3HauyeHMsi, HO OJiarOTBOPHO TOAMMIMBAICINMI JiMHeHoe
MHPOBO33pEHHME, KAKOBOE 3aMEYaTeibHO B CBOEM CeKTope, HO yOuii-
CTBEHHO KaK YHMBepcaJlbHas mapagurMa.

1.4. BeckoHeuHoMepHbLIE 3agaun

BeckoHeuyHbie pasMEepHOCTH BO3HMKAIOT BCIKMI pas TIpU Iiepesoje
CaMpIX TIPOCTHIX 3a8a4 B GYHKUMOHAILHbIE TIPOCTPAHCTBA.
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W3yyeHne yCTOWYMBOCTH YMPYTUX KOHCTPYKIIMMA
onupaercsad Ha TpocTeiimue 3TajoHsl. OAUH M3 HUX —
3aia4a o6 ycToiuuBLIX popMax HIAPHUPHO-3aKPETUICH-
HOTO CTePXHS ¢IMHUYHOU IJIMHBI U NEePEMEHHOM XecT-
KoctH p(Ss) B ciiydae MpoAOHbHOM HArpy3ku A.

8

ﬁ”ﬁﬁw&&wﬁxa@z

g,
T

31ech He MECTO BHMKATh B MexaHU4YecKue nojapodHocTh. YTo ke
Kacaercsl BHellIHe i KapTHHBI, TO Nporud Z(s) , Kak U3BECTHO, ABIAETCS
pelueHHUEM dgyxmoueuroli 3a0auu

d’z

z 2
EﬁZ‘M“)1_<%)“” z(0) =2z(1) =0,  (19)

1
KaKOBasl «3KBUBAJICHTHa» 5) WHTCTpAaJIbHOMY YPaBHCHUIO

y(s) = Ap(s) [/Gstﬂszg y(t)dt,  (1.10)

Gtt.9) ts—1), t<s<1, 5 ;

rae ,8) = — ¢yuryus Ipuna oneparopa
st—1), 0<s<t,

Lz = —z" npw HyneBbIX rpaHUYHbIX YeIoBUsX [4,T.2], a y(s) cBsa3aHO

¢ z(s) nocpeacTBOM

d’z
E = —y(s), :B(O) = :B(l) =, (1.11)

15) .
) OKBUBAIEHTHA B KaBblUKaX B CMbIC/IE 32aBUCUMOCTH [TOHUMaHMS 3a0a4H OT BbIéOpa (I)yHK-
HOHANTBHOTO NPOCTPaHCTBA.
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T. €. mocne pewenust (1.10) M1a BbIYMCTEHMS Z(S) HALO PELUINTH elue
nnHeiiHylo 3agaqy (1.11).

3agaya Bcerga mmeer Hynesoe peleHue z(s) = 0, a npu manbix
A — Toabko Hynmepoe. Ilpm A, GOMBIIMX KPUTUUYECKOTO 3HAYECHMA,
TOSIBJIAIOTCA CMEXHbIe (POpPMBI PaBHOBECHS 1) Takum obpa3oM, pedb
MJIET O napameTprueckom ypaBHeHnu F(z, A) = 0, peiieHue KoToporo

z(A) BeTBUTCA, NpeTepneBas OupypKallMOHHbIE U3MEHEHUS.
b

Crincok 3a1a4 nogoOHOro Copra JErko NPUyMHOXUTb, PakTHye-
CKM 9T0 JIIOObIE 32/1a4H1 M3 «INU(DYPOB» UK «yPMATOB», TIe PELICHUIMMU
CIIyXKaT He yucha, a ¢pyHkumu. [puyem dopma npeacraBneHUsT — MH-
terpanbHoe ypasHeHue (1.10) win xpaesas 3agava (1.9) — c Touku
3pEHNA UCTIONb30BaHHA (DYHKIIMOHATBHBIX MTPOCTPAHCTB 0COBOM PONH
He nrpaer ). Bo Bcex TaKMX 3aauax OBbIYHO UTypUpYIOT napaMeT-
PbI — CHWJIbI, CKOPOCTM, TEMIIEPATYPhI, — KOTOPLIE Yallle BCEIO MOLYT
NMPUHUMATh KPUTHYECKHE 3HAYSHMS, MOPOXAAsA BETBACHWE M CMEHY
XapaKTepUCTUK peLteHUsT T(A).

16) JIJIA OLEHKM YCTOMYMBOCTH KOTOPhIX TpeOyeTcsl, BOOOIE TOBOPS, AOMOJIHUTENbHBIR MH-
CTPYMEHTapHit.

M Ha npoussoanbie B (1.9) MOXHO CMOTpeTh MO/ Pa3HbIMK YIIaMu 3peHus, Hanpumep, Kak
Ha 00001weHHble GyHKuMKM U T. 1, PopMa npeacravieHus 3aJadu ObIBaET BaXxHa C TEXHUYECKOI

TOYKH 3peHUSL.
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MeTtpuyeckmne MHCTPYMEHTbI

The fox has many tricks. The hedgehog
has but one. But that is the best of all.

Erasmus Roterodamus

Peub, raBHEIM 00pa3oM, UAET O HPUHUUNE CHCUMAIOUUX
omobpaxcenuti, KOTOPBIA IPOCT, MOTYY M CIMIIKOM XO-
pOIIO M3BECTEH, YTOOBI Ha HEM JOJTO 3aePXMBaThCS,
HO M 000OMTH ero He 00OHACINE — Ha NMYTH K HEMOABUX-
HBIM TOYKaM ormeparopa f,

£ = f()

2.1, MpuHuMN cxumaloWmX oToOpaxeHnin

2.1.1. Omobpaxcenue f, delicmeyloujee 6 MempuvecKkom npocmpan-
cmae V) (X, p), Hazeigaemcs cocumarouum (cocamuem), ecau cyuje-
cmayem maxoe A < 1, umo

p(f(@), ) < Ap(z,y) Onnmobex z,y€X.  (2.1)

2.1.2. Teopema. Bcakoe coucumaiouee omobpaxcenue f, deiicmayio-
2

wee 8 MOAHOM MEMpUHecKom NpPOCMPAHCMEe ) (X, p), umeem neno-

Oeunchyo mouky &, Komopas eOuHCMEEHHA, NPUHEM NOCIeO08AMENbHbLIE

") PcrounuxoM mempuku OBBINHO CAYXKHT HopMa, plz,y) =z -yl

2 Napa (X, p), rie X — mHOXecTsO, p(&,y) — METPHKA, SBIACTCA NOAHBIM MCMPULECKUM
npocmpancmeéon, eclu JioGas nociesosarensHocTs Ko cxoaures. Jdpyrumu ciosamy, (X, p)
TOJIHO, €CJIH U3 p(Ty, Try) — 0 BBITEKAET CYECTBOBAHUE NPEJENA Y NOC/NEAOBATEIBHOCTH Ty,
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npubauICcerUs
k+1 k
gt = f(a)

0
cxodamea Kk € npu a0b6om HauaneHom 3nadenuu T € X.

k | 3
< JlioBas nocnenosatensHocTs ', onpenenseman urepatvamn = = f(z ).
ABASAETCA nocjiegoparebHOcThIO Koy, JelicTBUTENBHO,

pa",a") < p(&", 1@) + p(£(a"), ") + p(S(&"), 2™,

pa”, 2") < p(a") + Mola®, 2") + p(a"),
rae p(z) = p(z, F(z)). CregosatebHo,

pEn) + o)

X (n.m — 00),

(e, ") <

o -1 g
6o p(z) Ha Mo6oit nocaenoBatensuoctn z° ' = f(2*) yowiaer no nyss, nocxkoanky

3 (2.1) Butexaer p(z*") < Ap(zh).

Takum obpaszom, RoOCIeN0BaTe/IbHOCTh z* PYHIAMEHTA/IbHA, U B CHJIY TOJHOTH!
(X, p) cxomures, 5 €. A Tak Kkak orepatop [ HerpepbiBEH, YTO BbITEKAET
us (2.1), To £ = f(€). JBYyX HenoABUXHBIX ToueK ObiTh He MOXET, Gaarofgaps
TOMY 3Xe HepapeHcTBy (2.1). »

Bot kak teopema 2.1.2 paboTaeT nipu 060CHOBAHUH Pa3peliMMO-
¢t 3adavu Kouiu

z = f(.'B, t)a $(S\ = Ty, (22)
B IPEANONOKEHNN aunuiuuesocmu” f(x,t).

< 3agava (2.2) Ha npomexyTke [tg,ty + At] 3amensercs 3KBMBATEHTHbBIM
HHTETPAIbHbIM YpaBHEHUEM

z(t) = z(te) + / f(:c('r), ‘r) dr, (2.3)

z
KOTOpOE fI0JYYaeTCsl HHTErPHPOBAHNEM i f(z,7) no 7 or ¢y no t.
T

3 o
)(DyHKmm f(z,t) naspiBaeTCs MMMUMUEBOl MO T, €CJIM CYLUECTBYCT TaKad KOHCTaHTa L,

4yTO
If (.8 — fly, Il < Lllz -yl

Ui JLIoObIX Z, ¥, § B paccMarpuBaeMoi oGmacTH.
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Mpagas yacte (2.3) npu At < L' (I — xoHcranta Jlunuimuya) mpescrasiser
coGoii cxumMatolunii oneparop F, mockoneky st t € [#g, ¢y + At]

|/ en7) = 1(ute). ) dr| < Lt =i,

rze ||-]| — Hopma B Clt, ta+At] — re. ||z(t)]| = max |z(t)|. Mo Toii xe npuunne F

RepeBoanT B cebs wapuk us Cltg, ¢, -+ At] 1ocTaToUHO MaIoro paanyca ¢ LEHTPOM
B Touxke #(t) = x(ty). Hanee peluaer ccplika Ha 1. 2.1.2 »

Tor xe nrcTpyMeHT 2.1.2 nipu Goee HCKYCHOM O6paiueHHH Jaet Sosblie:

2.1.3. Ilyems f(z,t) npu t € [0, T ydoesemeopsem ycaosuio Junwuya c xKoncmarn-
moii L. Toeoa uepes awbyio mouxy paccmampusaemoli obaacmu npoxedum eduncmeennoe
pewenue 3adaqy Koww (2.2), onpedesennoe na [0, T].

< Bmecto o6euHO# HOpME [|Z(t)]] = n[1a¥] |z(t)] B C[0,T] BO3BMEM 9KBHBa~
telo,
nenTRyI0 Hopmy ¥

-~Lt
.= t)l. 2.4
lzll. = max e lz() (24)

Heobxogumoe 3akiiioueHue Clesyer u3 TOro, u4ro ONepaTop B npaBoit 4actu (2.3)
-LT
cxknMaer ro HopMe ||+ ||« ¢ kosddunnerToM 1 — e, YTO BHITEKAET 13 HEPABEHCTBA

max
tel0,T]

t t
e_Lt/ f(z(r),7) = f(y(7),7)] d7| < max /eLT t)e_LTL|:c(7')—y(7')|d7'<

<llz-yll tlglldaxT]/eL(T_”LdT: -e™z-yll.. »

2.1.4. Ecau X komnaxm, mo 043 coxparenus évigodoe 2.1.2 emecmo
(2.1) docmamouno nompeosame

p(f(@), fy)) < plz,y) onamoborx z,y€X, zTHyYy. (2.5

< HenpepoiBublii pyHKuuoHan ¢(z) = ||z — f(z)|| na komnakte X nocruraer
MHHMMyMa B HEKOTOPOU TOMKE T , M 3TOT MHHMMYM 00513aH GBITh DaBeH HYIIO,
WHaYe BO3HMKaeT NpoTuBopeyue ¢ (2.5):

p(f(@) = [|£&") = F(FEN] < llz* = F@) = p(=). »

4 DKBUBAIEHTHYIO B CUIY € ||a:( N < | lz@®)|l« < |lz(®)Il, otkysa creayer, yto U Hopma
|l 2(t)]| saxara & Tickm, 2@l < 2@ < iz ()]l
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2.2, NMpumepbl U BapuaLum

HWcnonb3opanue SKBUBAJEHTHBIX HOPM. [{0KA3aTEILCTBO TeopeMbl 2.1.3
B CBA3M ¢ TPIOKOM (2.4) WIUTIOCTPUpPYET TUIIOBOI repexon K HPyroi
METPHKE, 110 KOTOPOM M3y4YaeMblil OIEPATOP CKUMAET CO BCEMM BbI-
TEKAIOIUMH [TOCTEACTBUSIMH.

[Tepexon K Apyroit METPHUKE MOXET NMPOMCXOONTh U 1104 APYruM dnarom, umes
LENbI0 YJOXHTh CUTYAlMIO B PaMKM KakKoro-aubo crangapra. [IpM 3ToM 3KBUBa-
JEHTHOCTB METPUK (HOPM) OCTaBIsieT 3aady B M30paHHoM npoctpanctse. B R Bee
HOPMbl KBMBAICHTHbBY, ¥ Tam TOAMTCA Jiodas, Hanbonee ynobnas. B GyHKUNOHAIb-
HbIX MPOCTPAHCTBAX TPEOYIOTCS MPENOCTOPOXHOCTH [4, T. 5].

B xauectBe pasBuTHs npumepa (2.3) paccMOTpUM MHTETpPASbHOE yPaBHEHUE
t
z(t) = / G(t, s)f [s, z(s)] ds + p(t). (2.6)
ty

Ecaun f(z, ) aunumuesa no @ ¢ koncranroit L' u
6 = max {|G(t, s)| : s, t € [0.T]}.

TO oneparop A, ORpeAeIeHHbIN 1paBoit yacTbio (2.6) K yaosnersopsiowuii 8 C[0, T

HEpaBEeHCTBY
/

oL .
ll4z ~ 4yll, < Z-(1= e )|z - yll.,

OKa3bIBAETCA CXMUMAOWUM no Hopme (2.4). Ipu sxeJaHUM 0OeCNeYHTb YCIOBUS
cymectBoBanus peutenns (2.6) 8 C[0, T] nocratouno B (2.4) nosoxuts L > 6L,

BriGop ¢yHKIMOoHABHOTO pocTpaHeTsa. OOpaTMM BHUMAHUE, YTO
3anuch onepartopa (2.6) He mpeanonaraeT anpuopu GyHKIMOHaAIb-
HOTrO NMPOCTPAHCTBA, B KOTOPOM JIOJIKHbI pa3BOPAYMBaTbLCA COOLITHL.
DTO XapaKTEepHO I MHOTMX 3aday. B3anMoOTHOLIEHMS mnepeMeH-
HbIX POXAAIOTCS TEXHUYECKUM ONYKAaHUEM MbICIH, a YX <«IoJe
OUTBbI» BLIOMPACTCA 33JHUM YMACIIOM, TJaBHbIM 00pa3om, U3 coodbpa-
xeHuit ynobersa. CojepxaresbHasd CTOPOHA Jiesia TOXe UTPaeT Pob,
6e3yCIOBHO, HO 337a4y Bce Xe MPUXOAUTCA CTaBUThL TaK. YTOObI OHA
peuianaco.

IMostomy L» BMecTo C' BbIOMpaAeTCs MHOTIA faxe B yiuepd cMbic-
JIOBOM TOAOIJIEKE, eCMu M3ydyaeMblii omnepaTop B € HENOJATIMB,
a B L, oka3bIBaeTCs, HaNpUMED, CKUMAIOIIUM. 3aKa3uMK HacTauBaer,
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YTO CUTHATBI JOJKHBI ObITh OJM3KK NMOTOYEYHO, a MCIIOAHUTENL BMe-
cTo max |z(t) — y(¢)| m36upaer SIBHO «IPOTHBOECTECTBEHHYIO» MEpy

6nmsocTn / [z(t) — y(t)}2 dt, v TeM He MeHee HOOMBaeTCA ycrexa

(ecnn poGuBaeTcsl), NOTOMY YTO HENOABIKHAS TOYKA IONYYaAeTCst
(ecnu mony4vaercsi) Bce-Taky HelpepbiBHON (yHKIMEH.
AHanornuHbele MOTHBBI BO3HMKaIOT B 3afaye Komuin (6.1), kakosas
MOAMEHsSIETCS SKBUBATEHTHBIM (C HEKOTOPOH HATSIKKOM) ypaBHEHHEM
(2.3), n zamaua jgpeiidyer u3 ecrectBeHHoro mmsi (6.1) mpoctpaH-
cra C'[0, T| B «niporusoecrecrsenHoe» C[0, T]. [dpyroe meno, 4ro
HEeMO/JBVMXHAsl TOYKAa WHTerparbHOro omeparopa (2.3) okasbiBaercs

HeNpepsIBHO AUbdhepeHLIMPYeMOoil (hyHKITMEH 5,

Bribop hyHKIIMOHANBHOTO [IPOCTPAHCTBA, Pa3yMEETCsI, CIIOCOOCH BIMSTh Ha caM
hakT HATMYMSA WIK OTCYTCTBUS HEIIOABHMXHOM TOUKH. YpaBHECHUE

!
z(t) =/G(t,s):c(s) ds

C HempephbiBHBIM Ha KBajipate [0, 1] X [0, 1] sopom

1/2-1

1/2-1
se , ecmn 0K s<te R

Git, s) = 121
t, ecin  te <s<l1
HE HMEET HEHY/IEBBIX CYMMHDYEMbIX DELICHHM, HO Y HEro €CTh HECYMMHpyeMoe

—, 1 €(0, 1] (npumep Ypuicona).

peutenue z(t) = ;

HHorpa cobaka 3apbiTa He B IOAGOPE HIPOBOIO MOJS, a B MICXOAHOMN MOCTAHOBKE
3agaun. M Torga RPUXOAMTCS MATH Ha KPaiiHHE MEpbl, MEHSIS, CKAXEM, MUHUMHU3AIIMI0
2
moayis | f(z)| na MuRMMuM3aumMio KBagpara f°(z).

2.2.1. O kommyTupyowmx oneparopax. Eciu AB = BA u odun uz
onepamopos, ckaxcem, B — cocumarowuii, mo A mooxe umeem wHeno-
OBUMNCHYIO MOUKY 6,

5 o
) IMockosbKy MHTerpai €1aroTBOpHO AeHCTBYeT Ha MHTErpHpyeMble (PyHKLHUM, MPOU3BOAS
muddepenumpyeMble Ha BBIXOAE M3 HEMIPEPBIBHBIX Ha BXOAE.

6 Ty xe camyro, uto 4 B.
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<« Eciu BE = {, To 1 A{ — HenogBuxHas Touka oreparopa B, u6o
BA{ = AB{ = AL
Ho B, xak cCXUMAOIUNA OnepaTop, MOXeT UMETh TOJIBKO OJHY HEMOABHXHYIO TOUKY.

[ostomy A =¢. »

Iynxr 2.2.1 He BLIMIALUT MHOTOOOeIaole, U0Oo r/e 3a rmpejaena-
MM BUPTYaATbHOIO MHpa HailTHM KOMMYTHUpYOiliMe onepatopni? KMies,
TeM HE MEHee, HAXOAUT MPUMEHEHUE B JOCTATOYHO pachpoCTpaHEH-
HOM cuTyauMM, KOTJa HeKOoTopas cTeleHb orneparopa A sABIAETCH
ckarueMm, B = A¥. B s1oMm cnydae w3 2.2.1 cneayet, yro £ = Ak§
SBJIAETCS HETOABUXKHOI TOUKOM caMord omeparopa A.

2.3. HopMbl U nuHeliHbIe NPUBAVKEHUS

B R" HauOombInei M3BECTHOCTBIO MOb3YETCS e6KAUA08a HOPMA
| —
izl =4/ (z, ),

Hapsay ¢ Kyouteckol,

12]lm = max [z, (2.7)

W 0KMa30pudeckoil Hopmol

2l = feil- (2.8)

1=1
Jnga HacTpo#ikm B TeMaTW4YECKMH pe30HAHC TYT HerJoXo BCIOM-
HUTh OCHOBOMonmaratoluue ¢akThl. XapaKTepUCTHYECKHEe CBOMCTBA,
JIBOIiCTBEHHbIE W MMpPeodpa3oBaHHBIE HOPMbI, — BCE 3TO €CTb, Ha-
npumep, B [4, 1.3]. B R" npMHUMMMaTbHA SKBHUBANCHTHOCTb BCEX
HOpPM 7), B CHJIY KOTOPO#H CXOJAMUMOCTD IO OJJHOH HOPME 3KBUBAJIIEHTHA

CXOAMMOCTH MO JNIO0OK Jpyrofi — T103TOMY J/Isl pPeliagMOM 3ajadu
") Hopmbt [Ill15 |lll2 cumMTaroTes SKBHBAIEHTHBIMH, ECIIM MOXHO YKA3aTh TAKUE KOHCTAHTDI ¢
u 3, uro
lzlh <ellzllz, izl < Bl

Bribop HOpMBI «1104 3azauy», KaK NPaBUIIO, CYIIECTBEHHO ofJieryaer pelueHHue.
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MOXHO BBLIOMPATs> HaubONee NMONXOAAILYIO HOpMY 0€3 BCIKHX ITpeno-
. 8
cTopoxHocTel. ITpnunHa 3akioyaeTes B CISIYIOIUEM )

Pynxung @(z)=||z||; Ha chepe ||z]|; =1 mocrrraer MUHHMATB~
HOTO M MakCMMAaJIbHOTO 3HaYeHMH, v > 0 u & > 0, 6Gmaromaps yemy

Vz e R": vzl < |zl < dl|z|l,.

B ofiueM cnydae 6aHaxoBa IpoOCTpaHCTBA TaKOU (DOKYC HE MPOXOAMT.

Hopma mampuypi 066IMHO onpesenseTcea Kak %)

4] = max || 4] (2.9)
llz]|=1

Hopmam ||« ||, ¥ || ||, MogumHERbl, COOTBETCTBEHRO,

[[ Al = max Z laijl  (cmpounas nopma),
=1

n
I|Al]; = max Z la;j|  (cmoabyosan nopma).
——
EBKINI0BOH HOpME MOAYMHEHA TaK Ha3biBACMasl CHeKMpaaoHGA HOpMa Mampuusl,
paBHas KBAIPATHOMY KOPHIO M3 MaKCHMAIbHOTO MO/l COBCTBEHHOIO YNCIA MaT-
puus ATA.

Jna HennHelHOroO Magkoro oTobpaxeHus f B R" nmeeM

<

If@+y) - F(@)] = (( / fe +ry)ydr
0
1

< [ @+l Iyl ar =117 + o5 Iy,
0
npu HekotopoM 6 € (0, 1). Tloaromy, ecnu
Vz:lf' @)l <A<, (2.10)

8) Hanomnum, HOpMa OJHO3HAYHO ONPCALIIACTCA yKazaHMeM CAMHHYHOTO iapa, B KauecTee

KOTOPOTro MOXeT ChiTh «Ha3HayeHo» J110G0e BhINYKIIOE L{eHTPATbHO-CHMMETPUYHOE TEN0.
% Coorrowenue (2.9) 3anmaer Tak Ha3bIBACMYIO HOOHUHEHHYIO HOPMY MATPHUILbL, U COXPaHSET
GHopMy NPU ONpPENSIEHUH HopMbl Aukeldno20 onepamopa B GaHAXOBOM NPOCTPAaHCTBE.
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10 f cxumaer B Metpuke p(z,y) = ||z — y||, n HepasencTBo (2.10),
TaKUM 06DPa3OM, MOXET CIYXMTb YIOGHBIM JOCTATOYHBIM YCIOBUEM
TOTO, 410 f — CXarue. B 4acTHOCTH, NpH YCIOBUM

0fi
(9:1,']'

n

max <l-g, €>0,

f cxumaer no Hopme (2.7), a B ciyyae

o Hopme (2.8).

Kputepuit (2.10) nuiiHuMiA pa3 MOAYEPKMBAET OCOGYIO pOJb JIU-
HENHBIX ONEPaTOpOB B HEJIMHENHOM TEODHM.

2.3.1. Ecau cnexmpansnwiii paduyc p(A) < 1, mo cywecmeyem nopma
| - |l«, 6 komopoii ||All« < 1, m. e. auneineii onepamop seasemcs

CHCUMAIOUUM.
< B xauectse || - ||, MOXHO B3sTh, HarpUMeEp,
[ A5z
= iy 2.1
lal. =, max =5 10
rae p(A) <A< 1, || || mpoussonbHas nopma'?, — noromy uro
||Az|, = max M = A max M < Alzl|
T ko.M =, AP T ¥
OTclofa cpa3sy CIENyeT, YTo gceeda cyuecmeyem nopmd || - ||,, 6 xomopoii npu awbom
e>0
14ll, < p(4) +e, (2.12)
TTOCKONLKY ONEPATOP
-1
(p(4) +€) 4,

KakoBO Obl HY ObUTO A, MMeeT CIEeKTpallbHbIil paguyc < . »

19 Makonmywm (2.11) cymecrsyer, u6o p(4/X) < | = (A/)\)k — 0 npu k — .
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HanoMmuum TakKe cieayolui U3BeCTHbIA pesyabTat [4, T. 5]:

2.3.2. B awboii Hopme cnexmpanbhbill paduyc AuHedHo20 onepamopa

p(4) = lim ¥/147]. ©
k—r00

e PaccMOTpUM B KayecTBE NPUMEDPA Unmezpanbhbiii onepamop Boasmeppa ¢ He-
npepuiHbIM siapoM G(t, 9),

Az(t) =/G(t, 8)z(3) ds,

aedicteyoumii 8 C[0, 1]. ITociesoBateibHble UTEpaUMM T4y = AZ, cxoadarcs
K HyJ110 GbIcTpee Jilo0oii reoOMETPUYECKOM Mporpeccu, JeiicTBUTEIBHO,

0<1,8<1

t
|zk(t)|<K/|zk_l(.9)|d.9, e K = max |G(,s)|,
o

oTKyzna' D

Knin
ax |z0(t)|’

z,(t)| <
I (&)l < n! orgtsl

Kﬂ
re. ||[A"zll —'||:u0||, YTO HA3BIBAIOT (PAKMOPUANLHOU CXODUMOCHIBIO.
n

B HTOre CIIeKTpabHbIH Pamyc p(4)=0.

e Hopmy || - ||« tuma (2.11), B xotopoii ||4]|, < 1, eciu p(4) < 1, Beerna
MOXHO OIPEAENTh TAKXKE € MOMOINBIO TIOAXOJAIEIO CKAISPHOIO NPOU3BEASHUS,
||:c||f = (Va,z), rne V — mNojloXuTe/ibHO ompeaclieHHas Mmarpuua. Jiis aToro
JIOCTaTO¥HO MoKaszath, 4To U3 p(A) < 1 ciiefyer cyECTBOBAHUE IIOJOXHTEIBHO
onpeeieHHoi Matpuusl V, Takoi 4To mpu & # 0

(VAz, Az) = (A"VAz, 2) < (Vz, 2),

(ATVAz, z) — (Ve, z) = (Wz, 2),

WHaye roBopst
ATvA-V =W, (2.13)

rie W — oTpuuare/ibHO OIpee/icHHas MaTpULia.

¢ ucnonb3osanmem GOpMYNBI 7-KPaTHOTO HHTErPUPOBAHUSA

i i 1
/.../zp(s) ds = (n_ll)! /(t—s)"_lzp(s) ds.
1] 1] 1]
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JleBast yacThb (2.13) npeacTaBaseT coboii TMHeNHHbII onepaTop A, AeicTBYIOLM
B NPOCTPAHCTBE MaTpHll, T. €.

A=4A"va-V.
{[TokaxeM HEBHIPOXIEHHOCTD 4. [IpeanonoxuM rnpoTUBHOE! ATVOA - Vo =0 npu

N 0 N 00
HekoTopoM V, # 0. Dukcupyem HEKOTOpbIH 31eMEHT &, Takol uro (Voz Lz =
= & # 0, ¥ pacCMOTPUM UTEPALMOHHEILI TTPOIIECC

' =4d*,  k=0,1,..., (2.14)

HaunHaowwmiics B 2°. B cuny ATVOA—VO:O MBI TTONTYYUM (Vo:ck,:ck):a;éo npu
moboMm k>0, Ho 3To nporuBopeuut cxopumoctd (2.14), sbiTekalowed M3 ycio-
Bist p(4) < 1. UTaK, oneparop A HeBbIpoxaeH. [Toatomy ypaBHeHue (2.13) umeer
pEIlEHHE.

Ocraercsi MOKazarb, 4TO NPU OTPULATENBHO ONpeaeneHHoi Mmarpuue W pe-
meHue V' ypaBHenus (2.13) — nonoXuTENLHO OnpedeNeHHas Matpuua. B npea-
TONIOXEHNM NIPOTHBHOTO Hailercs Takoii Bektop z° # 0, uro (Va', ) < 0. s
NMOCIEA0BATENbHOCTH (2.14) B 3TOM Ciy4ae OyaeM UMEThb

va*, ") < (W, 2%) <0

nipu mo6om k > 0, HO 3To NPOTUBOPEYUT cXoauMocTH (2.14).

Bosspauasch k (2.10), 3aMeTum, 4TO B Clyyae
Vz:ip(f(z)) <A<l (2.15)

HEeJIMHEeHBIN oreparop He 0053aH ObiTh CXKAaTUEM BO BCEM IPOCTpaH-
CTBE, XOTs1 JJOKAJIbHO OH CXKMUMAeT B OKPeCTHOCTH JII0O0H TOUKM, Tem
He MeHee JJ1 pasHbIX Z HOPMBI, IO KOTOPbIM f JIOKaJbHO CXKIMAET,
MOTYT ObITh Pa3HbIE, W KOHCOJUAUPOBATh 3TOT Pa3HOOOM 1MoJ KphILIEH
ONHOM METpUKHU He BCErja BO3MOXHO.

2.4. Teopema 0 HesBHOW YHKUUU

HpuHuun HenodeUNCHO Mo4KY JeXWUT B OCHOBE MHOTHMX KJIACCUYECKUX
pE3YILTaTOB.

2.4.1. Teopema o HesteHo# dyHkunn. [Tycme (g, yy) = 0, u npo-
uze0dnas Ppewie B,, nenpepviena (no opme onepamopa) 6 mouxe (g, Yo),
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a AUHelHbL onepamop <I>_fc (%o, Yo) Henpepoiero obpamum. Toeda ypasuerue
®(z,y) =0 (2.16)
AOKAABHO PA3PeUUMo 12) ¢ mouxe (%0, Yo)-

[1pu moxasaTeNbCcTBE 30eCh YAOOHO OmMparbesd BMecTo 1. 2.1.2
Ha ciaenylomui 6ojiee OOLUMI pe3yabTar.

2.4.2. MpuHumn paBHoMepHoro cxatusi. Fcau omobpancenue F(z, w)
A6aReMCS paGHOMEpHbIM coeamuen ) u nenpepuigHo no W, mo peutene
z*(w) ypaenenus © = F(x,w) nenpepuvieno.

<« CymecTsonaHue peneHus €' (w) Npu KaXJoM w BHITEKAET U3 Teopemsl 2,1.2.
B cuny p(F(:c, w), F(y, w)) < Ap(z, y) uMeeM

p{F u) 9, F( u) w)}+p{F (), ), F(z*(w), )} <
p{F(z"(u), u), F(z* (u), w) } +Ap{z’ (u), 2" (w) },

V/ANAN

oTKYZ2
p{a"(w), z'(w)} < (1 - 1) "'p{F(z*(v), v), F(z*(uv), w)}. »

Teneps BepHemcest K 1. 2.4.1, 4 3ameHum (2.16) 9KBUBATCHTHAIM ypABHEHHEM
z = F(x,y), rie oneparop

F(z,y) = 3 — [®,(20, )] ®(a, y),

KaK JIETKO yOENUThCS, YIOBIETBOPSIET YCIOBUSIM TEOPEMH 2.4.2.
. -1
JeiictButenbHo, npoussonsas Fy(z,y) = I — (@, (ze, %o)]  @y(z,y) Hempe-
phIBHa U F;(:co,yo) = 0. [losTOMYy B OKPECTHOCTH, ONMPEAECNAEMON HEPABEHCTBA-
mu [z — zoll < 7, |lv — wll < 7, npu gocratouso manoMm 7y > 0 umeer Mecto
| Fa(z, y)|| < A < 1. Hakomnen,

F(zo,yo) =20 = ||F(2o,y) = oll < (1-A)y

npu ||y — yo|| € @ u pocratoyno ManoM a < vy, OTKyAa creiyet, urto F(x,y) npu
lly = ol € @ npeobpasyer map ||z — xp|| < v B cebs. Janee ocTaeTcss NPUMEHHUTh
Teopemy 2.4.2. »

) Ypastetue (2.16) Ha3b1BAIOT 0KANLHO paspewumbin B TOUKE (Lo, Yo), ecin B(zo, yo) = 0
Y B HEKOTODPOH OKPECTHOCTH 9TOH TOYkM ypasHenme ®(z,y) = 0 ONHOZHAYHO onpemensieT
HesgHyio Pyukyuo T(Y), TOXIECTBEHHO YIOBIETBOPSIOYIO cooTHoueHmo $(z(y), y) = 0.

) [Ipu n1060M (PUKCHPOBAHHOM W CXKHMaeT NO NEPBOMY apryMEHTy ¢ KodddHUIHMeHTOM
A < 1, HE 3aBUCAIINM OT W.
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B uactHom ciyyae ®(z,y) = f(r) — y Bomnpoc O cyuiecTBOBa-
HUM HeABHOW (PYHKLMHU NpeBpalaeTcs B BOIPOC 06 06paTMMOCTH
orobpaxetus f(z). B cnyuae f: R"™ — R™ pocratounsim yciosu-
eM JIOKIbHOM 06paTMMOCTH SABASETCS, HATPMMED, HEBbIPOXKAEHHOCT

mampuywt Hdkobu 14)

f'(z) = [0fi/9z)].

K soxanbHoii romeoMopdroctu f @ R® — R"™ nocrarouro npu-
COBOKYITMTE TpeGoBaHHe

lim |[|f(z)|| = oo,

llzll—o0
4to6H1 f 6bL10 romeomopdusmom R" na R", cm. [4, 1. 13].

2.4.3. Teopema Apamapa. [Tycme omobpaxcenue f: R" — R" nenpepuigro dugpgpe-
penuupyemo u N T : H (f'(:c))_l H < p < 0. Tocda f — zomeomoppusm R* na R, 1>

2.5. OGpaweHne NPUHUMNOB CXaTUR

2.5.1. Onepamop f nasosem cucamuem, ecau Oas awboeo X € (0, 1)
cyujecmeyem Mempuka p), IK6UEAIeHmHA UCX0O0HOU, no komopoid f
seasemes A-cocamuem 6 cmovicae (2.1).

I
HaroMHuM, METPUKH p', p° CHUTAIOTCS SKBUBANEHTHBIMH, ECITH MOXHO YKa3aTh
TAKHE KOHCTAaHTbl U 3, uTO

pl@.y) <eap’(zy), =y <Pp'(z.y) (2.17)

Ecy METpUKHM ITOPOXKIEHb HOPMaMH, TO 3TO PABHOCHUJIBHO TOTIOJIOTHYECKOH IKBH-
BaJIEHTHOCTH. B ofLueM ciyuae nociesmss MeHee «obs3bipaloiar, ueM (2.17).

Ornpeaenenue 2.5.1 Ha niepBbIA B3I KaxeTcsl 00jee XKEeCTKUM,
yeM 2.1.1, HO BCAKOE A-cocamue SBIAETCA cycamuem, Kak OyJeT BUTHO
U3 JajbHEeullero.

Lleaslo paspena ABISETCA OOpAILCHUE HPUHUUAQ CHCUMAROULUX
omobpaxcenuii. Ho dopmyaupoBka 2.1.2 HeobpaTuma, NOTOMY 4TO
NPEAIONIOKEHHUSI U BBIBOABI He cOanaHCcUpoBaHbl. CIHMIIKOM Majlo

) Pasymeercs, B 11pearION0XEHUU T1aIKOCTH.
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yrBepxaaercs. OQHAKO TPAIULMOHHLIN BapHaAHT HPUHUUNG CHCUMAIO-
wux omobpaxcenuli MOXHO CYILIECTBEHHO JOIOIHUTD.,

2.5.2. Eciu f — A-cocamue, X € (0, 1), mo:
Al f umeem eduncmeennyio nenodeuncuyrw mouxy £ € X;
A2 f¥(z) > ¢ npu k — 00 uawbom z € X;

A3 cywecmeyem oxpecmuocme U mouxu &, maxas umo fk(U) — {¢}
npu k — 00;

Ad onepamop f nenpepwigen;

A5 no awboi oxpecmnocmu W mouxu £ MOMCHO yxkazamb MaKyo
okpecmruocmy mouxu &, umo uz © € V caedyem fk(z) CW npu
awbom k > 0.

CsoiicTBa A3—AS5 CyLIECTBEHHO AOHOJHSIOT XapaKTEPUCTUKY UTEPALIMOHHOTO

rpolecca
2= f(zk)

Y HEAOCPEACTBEHHO HE BBITEKAOT M3 ycaoBuii Al, A2. B 1o Xe BpeMst ux JoKa3a-
TENLCTBO B NMPEANONOXEHUAX TEOpeMbl 2.5.2 coBepIieHHO 3neMeHTapHo. KoHeyHo,
A1-A5 He Bce ue3aBucUMbL. Hanpumep, yemoiduusocms A5 npouecca = f(:uk)
cnenyeT U3 A1—Ad, a BOT 151 pagHomepHoli cxodumocrmu A3 B NMpeanonoxeHusx Al,
A2, Ad, A5 Hano elie NPENITONOXUTb CYLIECTBOBAHUE Y £ KOMHAKTHON OKPECTHOCTH.
HemanoBaxHo Takxe, 9To B ycHoBUsiX Al—AS cyuiecTBOBaHUE HEIOBUXHON TOUKH
y ofiepaTopa f CTPYKTYpHO YCTOHYMBO, T. €, COXPAHsIETCH MPU MaJlbIX BO3MYIUEHUSX f.

Teriepb, OTIIpaBasAsCh OT TeopeMbl 2.5.2, a HE oT 2.1.2, MOXHO
TOBOPHTL 06 O0OpalicHUM HPUHYUNA CHCUMAROUUX OMOBpaxceruil.

2.5.3. Teopema Maitepca. [lycmos nenpepwienwiii (Ad) onepamop f,
omobpaxcarowuii 6 cebs nosnoe mempuueckoe npocmpancmeo (X, )R
umeem edurcmeennyio nenodsuxcryio mouky € € X (Al), fk(z) — & npu
awbom T € X (A2), u umeem mecmo pagromepnan cxodumocms (A3).
Toeda f — coucamue. >

JlokaszaTeabCTBO, a4 TAKXKe MHOTOYMCIEHHBIE BapHauMu M 0606-
LLIEHKS BOKPYT TeopeMbl 2.5.3 — uMetotcd B [15]. TemaTKa 10BOJIBHO
rpoMosakasi. [loaToMy aJisi WINIOCTpaly¥ TEXHUKK OTpaHUYUMCS J0-
Ka3aTesJbCTBOM MeHee O0IIero, Ho 60siee U3AIIHOrO pe3yibrara.
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2.5.4. Teopema HAuowa. [Tycms (X, p) xomnaxm, onepamop [ He-
npepuleer U
o

X = {8 (2.18)

k=0
Toz0a f — cocamue.

< 1171 10Ka3aTenbCTBA JOCTATOUHO 1O Jo6oMy A € (0, 1) ykasarh METPUKY py,
15 .
SKBUBANEHTHYIO ) p, TI0 KOTOpOIit oneparop f ABasercs A-cxuMaoiuM, Crenaem
5TO B TP JTarna.

1. TlocTpoum METPUKY g* , SKBUBANEHTHYIO g, 110 KOTOPOii oneparop f ABnseTcA
HepacTaruBatonm, T. €. p' (f(z), f(y)) < p' (%, y). Nonoxum

o (x,y) =max {p(f"(z), f"(y)) :n=0,1,2,... }.

AKCHOMbBI METPUKH 3ECH NPOBepsIoTCst 63 Tpyaa. OUEBUAHO TAKXKE,

p'(f(@), f(y)) = max {p(f"(2), f"(¥) :n=12...} <
<max {p(f"(z), f'(y)) :n=0,1,2,... } = p'(z, p).

TlokaxeM, HakoHELl, IKBUBAIECHTHOCTh METPUK g M p'. M3 ompenenenust cieayer
p'(z,y) = p(z,y). TTosTOMy OCTEAOBATENBLHOCT, (YHIAMEHTANbHAS 110 METPHKE
g, dyHnaMeHTansHa M mo p. OBpatHo, IMYCTh T, LN z, n.e. p(z,, ) = 0. Io-
R
KaK€eM, YTO B 3TOM Cydae I, LI TIPEANONOKEHUH TTPOTHUBHOIO, &, ;4 z,
U3 TI0CIENOBATENbHOCTH {Z,} MOXHO BBUICIUTH TAKYI) TNMOAMOCIENOBATENLHOCTD,
KOTOPYIO CHOBA 0GO3HATNM 1epe3 {Z,}, YT0 p’ (Zn, ) > € > 0. Onpenenum nanee
110CeA08aTENbHOCTD {ky} M3 yCIOBUST

pi(xn, x) = P(fk" (), fkﬂ (:L'))

Ecnu nocnenoBarenbHocTs {k,} orpaHudeHa, TO B Hell HMeeTCs GECKOHETHO MOBTO-
pstioIuiicss HoMep k, u TOrZA Ha MOAXOASIIMM 00pa3soM BrIOpaHHoOMW moaocienoBsa-
TETBHOCTH UMEEM p( ), 1F (2)) > €, 4To B cHIly HenpepBIBHOCTH f (B MCXOAHOI
TOMONOrMK) MPOTHBOPETHT YCIOBUIO T, 2 2.

Ecnn xe {k,} HeorpaHuyeHa, To p(f""‘ (), f* (z)) > € Berynaer B npotuso-
pedue ¢ ycnoBuem (2.18). UTak, METPUKM p* U p SKBUBAIEHTHBL.

15
) B CuIly KOMNaKkTHOCTH (X, p) HOCTaTOYHO YCTAHOBUTD TONOJIOTMUECKYIO IKBUBATEHTHOCTD
COOTBETCTBYIOMMX METPUK.
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I1. Mo moGoMy Hanepes 3azanHoMy A € (0, 1) mocrpoum dyHkumonan dy(z, y),
Tako# 4TO

d\(f(), f(y)) < Mr(z, ). (2.19)
Honoxum Hy = X, Hy = f(X), H, = f}(X), ... u Beeaem dbyHxuuu
v(z) =max{n:z € H,}, v(z,y)=min{v(z),v(y)}.

OyHKIIMOHAN
dr(z,y) = XV p*(z, )

B CHJIy OYEBHIHOIO l/( f=@), f y)) v(z,y)+ 1 ynosierBopsier HepaseHcTBY (2.19).
3aMeTUM TaKXke, 4To d)(Z,Y) YAOBNETBOPSET BCEM aKCMOMAM METPUKH, 38 MCKITIO-
yeHHEM, ObITh MOXET, HEPABEHCTBA TPEYIOJbHUKA,

1. Caenaem mocneanuit mar. OG03HaYMM yepes {2, MHOXECTBO Lienei

Wey = {Z =T, Z1,..., T =Y}

(7 — TIPOM3BONLHO) M MONOXMM JUTUHY LENH PABHOH

MWag) = D da(@ir, ).
i=1
FTokaxeM Ternepb, 4To
=, y) = inf{DA(wzy) twgy € sz}

SIBJISIETCST UCKOMOM METPUKOM,

Y6enuMcsi, BO-NIEPBBIX, YTO P, — MeTpHKA. OueBUAHO, pA(Z,y) CUMMETPHY-
Ha u py(z,z) = 0 ast moboro £ € X, a HEPABEHCTBO TPEYTOJILHMKA BbITEKACT
U3 BKITIOYEHUA )y, U 2,y C Q. Ocraercs IOKAa3aTh MMOJOXUTENLHYIO OINPEEIEH-
HocTb py. FlycTs © # y u 6e3 orpaHudeHust o6wHocT! ¥(y) > v(z). Eciu y = £, 1o
oAz, €) = N (x, H,zy+1) > 0. B cnydae y # £ 1106ast Uellb Wy, WM TOMHOCTHIO
Jexut B MHOxeCTBE X \ Hy(y)4 1, WM HE JIEKHUT, OTKYAA

pa@,y) > X min {p*(z, ), p* (¥, Huyy11)} > 0.

Hrak, py — MeTpuka.
,HoKaxeM SKBUBAIEHTHOCTh P U Py, A Yero JOCTATOYHO TMOKA3aTh SKBUBA-
JEHTHOCTh p° M Pa- Uz ompeaenenns BoitekaeT px(z, y) < da(z, y) < p'(z, y).

HOSTOMy U3 T, ——) T CEAYET T 2 g O6paTHo, NyCTh Ty 2 g, [Mpeanonoxum,

ut0 , 7 . Torma B cuiy KommaxktHocTH (X, p*) MOXHO BHIGPaTh TaKyio NOATIO-

*
p
CJIE0BATENLHOCTE, KOTOPYIO OMATh 0003HAYMM yeped {Z,}, 4To Z, — ¥, ¥ # Z.
P
Ho toraa z, — y. INojy4eHHOE IPOTHBOPEYUE JOKAZHIBAET IKBUBAJIEHTHOCTh MET-
¥
PUK p H p.
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Hakowuen, cBoiicTBo

pa(f(@), () < Apa(=,y)

MOAYYACTCSI NMPEACAbHBIM MEPEXOJOM B HEPABCHCTBE
DA(f(wzy)) < AD/\(wa)s
rne f(wzy) = {f(zo), (@), .-, f(2a)}. »




lnasa 3

Torionornyeckmne npuHUUIIbI
HernoABWUXHOU TOYKH

No great intellectual thing was
ever done by great effort.

John Ruskin

Korma Teopust B3MBIBAET BBBICh, YXOAS OT KOH-
KPEeTHKH, HO TeM He MeHee NOOUBAETCS pe-
3y/ibTaTa, — OHA BIOXHOBJISIET U HACTPAUBAET
«Haneko 3a npeaejiamu», IbdekT MHOroKpar-
HO YCWJIMBAETCs, €C/AU IT0 X0y Aejia CIOXKHOE
M IIPOCTOE CAMBAIOTCA BOEAMHO, a MTOTOM ME-
HSIOTCS MECTAMHU,

3.1. Bpawexne BeKTOpHOro nons

MHoroe B oLeHKax 3aBHCHMT, OTKyga CMOTpeTh. PakT repecedyeHUs
HENPEPLIBHBIX KPUBLIX, COCAMHSIONINX TTPOTHBOIOIOXHEBIE BEPIIHMHEI
MNpSIMOYTOJBHUKA, HE BBI3BIBACT OCOOBIX 3MOLIMM.

(3.1)

Ho coBcem apyroe geno, korga K HeMy CBOAMTCS CTaBIlas Kjaccuye-
CKO# 3aaya, BpoJe OBl COBCEM U3 ApPYIOil ONeEphl.
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H3 nynkma A 6 nynkm B eedym dee dopoeu Ly u Ly, no komopbim
oee mouku uz A ¢ B moeym deucamecs, ocmagascs éce 8pems 6 no-

B

A
Ae 3penus dpye dpyea . Bonpoc 3akawuaemcs

8 moMm, mozym au mouxu oeuzamoeci, — o0Ha u3 A 6 B, dpyeas uz B
6 A, — ocmasasce éce 8pema Heeudumst dpye opyey?

<« Ilycrb x o6o3Hayaet paccrosuue or A Ao touyku Ha L, Booib L. Coortser-
CTBEHHO, Yy — paccrosiHue ot A go touku Ha L, Bions L,. OfHa KpHuBas Ha pUCYHKe
(3.1) onmceiBaeT ABHXeHHKE ToYeK M3 A B B, KOra OHM OCTAIOTCS BCE BPEMS B [10JIE
3peHust Apyr Apyra. JIBHXeHMIO To4yeK, oiHoi m3 A B B, apyroit uz B B A, —
OTBEYaeT HEKOTOpas TPaeKTOpHs, M306paxeHHas Apyroit xpueoit Ha (3.1). B cuiy
HEeNpepbIBHOCTH KPHBbIE NepeceKalTcs. B nepeceyeHUM TOYKHM BHAHBI APYT OPYTY.
Peienue 3amaum — orpuuareabHo. » Bavansdocrs (3.1) mpespaluaetest TakuM
06pa3oM B U3IOMHHKY.

OnuchiBaeMast gaee TeOpust B HEKOTOPOM pojie NofoGHa UHCTPY-
meHTy (3.1). BpemMeHaMy BOCIIPUHUMAETCS KaK €CTECTBEHHAs U sicHas
METOQMKA, UHOTJA 3aMyTHBAETCA, HO B HAMBBICIIMX CBOWX HPOsBIE-
HMSIX NPEMOIHOCUT HEOXKHUIAHHBIE 1 BaXKHBIE Pe3y/IbTaThl.

Chayvana mb! o6pucyeM (rm. 3.1-3.6) He BHOJHE CTPOryio, 3aTO
reOMETPUUECKU HATTSAOHYIO KAPTUHY 8pauieriis 8eKMOPHbIX noaeil.

PelueH st HeHHEMHBIX YPABHEHHIi HA3bIBAIOT HEAOOGUNCHBIMU MOYKAMU, UMESL B
BUAY, uto oboe $(z)=0 npusosurcs x Buay f(z) =z c nomouso f(r)=d(x)+x.
Jla ¥ caM Hynb BeKTopHOTO N0J1s $(Z) HENOABHXEH B TOM CMbICIIE, YTO PABHOBECHE
AuHaMHYecKolt cucteMbl & = ®(x) crour Ha Mecte. Tema 3atparuBanach B |4, T. 1],
noapoBHee uanaranach B [4, T 13], v 3aech paccmarpupaetcsi 6ojiee JeTanbHO.

Hrak, nyctb {2 — HekoTopas o6nacts B R”, Q=T —ee rpaHulIa,
a f(I') — o6pa3 rpaHuiB IpY Henpepsienom omobpaxcersuu f. B stom
cayuae f HasblBAIOT TAKXKE 0nepamopom D u ropopst, yto f 3agaer
B R" gexmopnoe nose f(z).

1
) Omobpaxcenue, onepamop, PyHKyua — NCIONb3YIOTCS KaK CHHOHHMBIL.
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JornyctiM, peub MIET O CYLIECTBOBAHUU PEINEHUsT YPABHEHUS

flz)=0 (3.2)

B obnacti (2, T.€. O MPUHAJIEXHOCTH HyJs obpasy f(). Jdpyrumun
cloBaMH, HakpbiBaeT o6pa3 f(2) Touky 0 mau mer? Ecam ga, To
aneMeHT & € (), nepexonsAunit B Hyab, f(z*) = 0, HaspBAIOT Hysem
gexmopnoeo noas f(x).

B npocteiiuieM ciydyae, Korga Hekasi «6jgaroobpasHas» oGmactb

ciaerka nedopMmupyercst npeobpasosaHueM f Bo yTO-

HUOy1b TUIIA , BOMpocC 0O BKJIO-
yeHuu 0 € f(2) cBOAUTCS K BbIACHEHHIO PACTIONOXEHHUS HYJs BHYTPH
oGpasa rpanuusl f(I') uin — cHapyxu. B obiiem ciydae rpanuua I’
MOXeT MepexoguTb B AOBOJBHO XUTpoyMmHble ToBepxHoctd f(I') —

XoTs1 Obl, HAIIpUMep, N , U TYT yKe He SICHO, ecTh JIu

BoOGLIe pe3oH rooputb o BHyTpeHHoctd f(I'). Ho kak 6Bl Tam
HM 6bLno, paspewrnMocts (3.2) B Q) no 3HayeHusiM f(r) Ha rpaHuLe
() nonnaercs Bhisichennio ”. TlyTh K 3TOMY He OuEHb WIMHHBIA, €CIH
He 3710ynoTpeOIsATh JeTATSIMU.

Wrax. MMonoxum Q M f riankumu (B MPOTMBHOM CIydae MOX-
HO HepeiiTH K IMadKuM amnpokcuMauusM), u y nosepxuoctd f(T)
OMpeNeNuM BHEUIHIOW M BHYTPEHHIO CTOPOHBL. [ 3TOro Bo3bMEM
MaJeHbKUI KycoueK A MOBEpXHOCTU ' — y HETO BHYTPEHHSSA CTOPO-
Ha Ta, KoTopas conpukacaercsi ¢ 2, — u Ha dparmenre f(A) C f(T')
CTOPOHBI OTPENEIUM CTAHAAPTHHM 06pa3oM:

B pezyasproii Touke T € A joKanbHbA 6asuc {e;,...,e,} BoOUpacTCs TaK,
ytoBbl BeKTOp €| Obll HAINpaBleH MO BHEWIHEH HOPMAIM, & BEKTOPH €3, ..., Ep

%) AHANOFHIHO TOMY, KAK B ORHOMEPHOM CIIyuae 0 HyJle f(z) na [a, b] moxHO cynuth, ecin
f(a) n f(b) uMewT pasuble 3HAKHU.
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!
nexanu B kacarejibtioM fpoctpadctse T, k A Btodxe z. Hopmans €} k nosepxdoctu
J(A) B Touke f(x) HA3BIBAIOT BHELIHEH, eciH Gasmc

{ei,...,ent={ei, f(es ..., f(@)en }

OLMHAKOBO OPHMEHTHDOBaH ¢ Gasncom {er, .., ex}.

Hanee pa3oGbeM f(Q) Ha MalleHbKUe YYaCTKM — HaKAaowéa-
rouuecs dpye na dpyea — WM, HAYKHASA C UCXONHOIO A, MPOROIKUM
omnpeneieHHe BHELIHEN CTOPOHBI Ha COCETHUE YYACTKH, COTIACcYsl OpH-
eHTALMIO Ha MepecedeHusx. [loka He onpeeanTcs BHEUIHASA CTOPOHA
Ha Bceil MOoBEpXHOCTH f(Q) B niiockoM cilyyae 3TOMY COOTBETCTBYET
[IPOKATHIBAHUE IIAPUKA 10 ONHON M3 CTOPOH, KAaK Ha HUXKECIENYIO-
HIEM PUCYHKE,

Cuuras noie f(x) uessipowcdennoim Ha 2, t.e. f(x) # 0 npu

T € (), MpeanoloXuM Takxe (Wi ynoGcTBa paccyXIEeHHit), dyTo
: 4
noBepxHOcTh f(§1) CBA3HA M HE UMEET CIAMMNILUXCS yUIaCTKOB

BrinyctuM M3 HyJis MPOM3BOILHBIA JIyd [ ¥ MocYUTaeM, CKOJIBKO
pa3 [ npotsikaer f(Q) usHympu Hapyxcy — JONYCTUM, Yg Pa3, U CKONb-

! !
%) Ipa Gasuca {ey,...,ex} 1 {€}, ..., €} HABLIBAIOTCH OAMHAKOBO OPHEHTUPOBAHHHIMH,
ty sEn 1s s n
ecm e = ) ajje; u det [a;;] > 0.

 Bee ot TpeGOBaHMsI CHUMAKOTCSL PYTUHHBIMH [IPUEMAMU, CM. Jajiee.
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5)

KO — CHapyxcu éHymps — TMYCThb Yo pa3” . BeauuuHy

(. Q) =70 — 7o (33)

HA30BEM @paueHuem 6exmopnozo noant f na ).

g Koppexkmuocmu OTNpeneieHUd TpeOyeTca He3aBUCUMOCTD
v(f, Q) ot Beibopa [. OueBuaHo, BenmmyuHa (f, Q), Kak ¢yHxkuyd [,
JIOKAIBHO MOCTOSHHA — He MEHSIETCA IPH MaJIbiX [IeBeeHUAX J1y4a.
HsMeHeHN MOXHO OXWIOATb, €CIU TIPU [TOBOPOTE JIYY IEPECEKAET
Touky camonepecedenusa C vnu kacahug A. OIHAKO reOMETpUYECKH
SICHO, YTO TP BpallleHWH | NPOTUB YaCOBOU CTPEIKM M MEPEXO-
1€, CKaXeM, KPUTHYECKOrO MOJNOXeHUd l;, MOABISAETCI napa TOUYEK
npoThikaHus. [IpuyeM, ecd B OMHOM M3 HUX Ny4 mpoThikaeT f(€)
HM3HYTPU HApYXYy, TO B ApYrod — HaoOopoT. [103ToMy TOYKM MpPOTHI-
KaHUs! MOsIBISIIOTCS WM MCYE3aI0T TONBKO NMapaMH (MOSAPHBIMHA), U Y
HE MEHAETCA.

Ecmu f(€2) MMeer CAMILIMECT YYACTKH, TO HANO CUMTATh, YTO B COOTBETCTBY-
IOLIEM MecTe JIyd MpPOTHIKAET MOBEPXHOCTh CTONLKO pa3, CKOMbKO TaM CIIMILIOCH
CJIOEB — M BCE OCTAETCS MO-TIPeXHEMY. DTo Xe JNOKHO GHhTh CKa3aHO B OTHOLLE-
HHUHM Jy4yeil, IPOTHIKAILIMX IOBEPXHOCTh B TOYKaX camonepeceyeHus f (Q) (myu I
Ha pHcyHKe). B paccMatpuBacMoM citydae nofyuaercs y(f, ) = 2.

B curyaumu cnpasa

7(f’ Q) =1,

ecnu O JeXut B cepoit obnacTy;
15,9 =2,

ecnn O — B obnactu E; HakoHell,
1, 9) =0,

ecan O — B obnactu D.

5 .
) y 3 TIPORCIIBIBAIOTCS
’

C KaX/10#l KOMIIOHEHTOM, M 3aCYHUTHIBAIOTCA B OOLIYIO KOTMIIKY.
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A B CUTyaLUM CleBa

7(f’Q) =-1,

ecian O nexur B obaactu L.

3.1.1. Ecau 0 € ), mo eépawenue modsxcoecmsennozo omobpaicenus
I(z) = x na 2 pagno 1.

BT0, MoXanyil, eIMHCTBEHHAsA cH-
Tyallus, LIe onpeleJeHUe BHELUHEH cTo-
pouel y I (Q) HE BbI3bIBAE€T BOIMPOCOB,
MMOCKONBKY Q) ocraercs Ha Mecre. Jyu
cHayajga MpOTHIKACT Q U3HYTPH, IIO-
TOM — CHApy>XH, HaKOHel| NOoCIEqHUN
pa3s — U3HYTPH.

Bce BbIlllecKa3zaHHOE mojpa3ymeBaer npocTpaHctsa R” pasmep-
HOCTH 1 > 2. /114 onpeneneHHoM «CBOOONB! MePEABUXKEHNS» MTONE3HO
JOOIPEASTUTb BPALICHUE B OJHOMEPHOM Clly4ae.

JioGass orpaHuueHHas obaacte ) € R! npeactanisgser coboi
uHtepsan (a, ). Ecnn f(a) <0, f(B) > 0,10 v(f, 2) = 1. B cyuae

f@>0, fB)<0 = 7(f,9)=-L
Ecnu xe f(a) u f(B) onHoro 3Haxa, 10 (£, ) = 0.

B cayuae n > 2, Kak OyneT BUOHO U3 JajbHEILLIEro, BpalleHUe
v(f, €2) MoXeT MPUHMUMATb JIO0bIE 1IEIOYUCTIEHHbIE 3HAUYCHUS U3 Z.

3.2. BpauieHue kax BpalieHue

M3 npegbiayiliero He OUYeHb SICHO, OTKyJa Oepercs caMO Ha3BaHUeE
«BpameHue». TepMUH MPOUCXOLUT U3 crielindUUEcKOro crnocoba BBe-
nenus v(f, Q) MPUTOJIHOrO TONBKO UIA TIGCKOCTH, HO MpOIUBAIO-
IIETO JOIMOJHUTEIbHBIA CBET HA MPUPONY TMOHATUA.
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[lyctb {} — HekoTopas o6iacTh B R? ¢ rpanuneit I'. lomyctum
110Ka, 4TO 3aMbIKaHHe () roMeoMopdHO Kpyry, 1 Ha KoHType I’ 3axaHo
HamnpaBneHue 00xoa MPOTUB YacOBOM CTPENKHU (TaK, 4TO MpHU 00Xome
obmactb §) ocraercs ciesa). Bektops! f(z) oToGpaxeHus

2
f: TR
MOXHO NpeacTapisaTh cebe HauMHAIOWMMKCs B TouKax & € I

Ilpu oOxope m3cOpaxaltoureit Toukoil & KoHTypa I' — BekTop
f(z) coBeplumt Henoe vucio 060pomos, KAKOBOE HA30BEM BDAU4EHUEM
v(f,T') eexmoproeo noas f(x) Ha T.

Jlerko ybGenmthbcss B YCTOMYMBOCTHM XapaKTePHCTHKH 7( f,F) 0 OTHOIIEHHIO
K HEBBIPOXJIEHHOMY rOMOTOIMYECKOMY NpeoGpasoBatuio ¢yHkunm f. Bo-Hepehix,
HeBbIpoxieHHoe Ha [ moste f() MOXHO HOPMHPOBATh — OT ITOrO YHCIIO OGOPOTOB
y f(x)/||f(z)]| ve wamenmntcs. ToaroMy HeBbipoxaeHHY nedopmamnio H(z,t),
nepepogsauyio fo(z) B fi(z), 6€3 orpaHuYeHHs OBLIHOCTH TaKXe MOXHO CYHTATh
HopMuposatHoit, ||H(z,t)|| = 1. Ho toraa nepexoa ot

fo(z) = H(z,0) x fi(z)=H(z,1)
MOXHO HPEACTaBHThL B BHAE MOC/IEA0BATEIFHOCTH JOCTATOYHO MaJIbIX 1IATOB [10 TOY-
kaM £, ..., ¢, = 1, OpH KOTOPBIX Pa3HOCTEH YIJIOB
H(m, t,’+;) - H(m, t,)

Byaer Mana npu jiobom T € I' — nosromy H(z, t;1)) u H(z,t;) He MoryT pasoii-
THCh TIO YHCIy OGOPOTOB, @ 3HAYUT, HE MOTYT PasOTHCE o Yucily oboporor H(z, 0)
u H(z,1). Crenosareibro, y(f, ') HHBADMAHTHO [0 OTHOLIEHHIO K HEBHIPOXICH-
HbIM IepopMaLMsIM.

Ecnau o6aactb €2 He romeoMopdHa 1Iapy U ee TpaHuHa {2 COCTOUT
13 KOHTYpoB I'g, T'y, T'z, ..., 10 ¥(f, ?) ompenensercs Kak

v(f, Q) = Zv(f, ),

rIe HalpaBieHUs1 00Xoga KOHTYPOB BbIOpaHbBI Tak, 4To IMpHU oOXoge
qmoboro T'; obnacth {2 octaeTcs cieBa.

COOTBETCTBUE OMPEENEHHS ¢ METOIOM <IIPOTHIKAIOLIETO JTyda»
JIETKO MpociexuBaercss. OTHOCHTENBHO NOAPOGHO TIOCKHIA BAPHAHT
meopuu 6pauenus paccMoTpeH B [4, T. 13], cm. Taxxke [10].
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3.3. Tononornyeckue aHoManumm

3aberas Briepen, HaIO OTMETUTD, YTO U3JIOXKEHHAS BBILLIE TeOMETpUUE-
CKag KapTHHA JaeT NpeiacTaBieHue 06 «OCBelIeHHOW» YaCTH TEOPUH.
Koe-uto ocTaeTcs Bo Mpake M MO3HAETCS HAOIIYIIb.

Bo3bMeM MOJOCKY BHA “~ ¥ cBepHeM ee
B 6eCKOHEYHO PacKpyYMUBAIOIYIOCS CIIUpalb BHYTpU Kpyra B.

Cepas oGnacth { UMeeT rpaHuLy Q, COCTOSILIYIO U3 08yX KOM-
AOHeHm céA3HOCMU: V3 OKPYXKHOCTH B M M3 [OCTHXHUMON H3HYTpH
4acTH FpaHI/l]_Iblé) Q. Ecin HyJIb JeXUT BHytpu B, a f(z) Toxie-
CTBEHHOE OTOOpaXxeHue, — TO JOCON Jyd, BLIXOAAUIUNA M3 HyNd,
MPOTHIKAET ) GeCKOHEYHOE YMUCIO pas, ¥ MHCTpyMeHT (3.3) mepecra-
eT paborath. AHAJOTMYHAsA TPYAHOCTh NPUHLMIHAILHOIO Xapakrtepa
BO3HMKAET U NP OIPEACTICHUU CTEHEHU OTOOpaXeHUs depe3 Ilaji-
Kue anmpokcuMauuu (pasmensl 4.2, 4.4), Ho Gapbep TeM He MeHee
MPEeON0JIEBAETCS ¢ MOMOUILIO ONPENETEHHBIX TEXHUYECKUX VIOBOK —
CM. TeKCT B paitoHe ¢opMybl (4.6). B pesynbrate epaujenue u cmenens
OKa3bI6AIOMCS Onpedenersl 043 APOU3BONbHBIX 0ZPAHUYEHHbIX 0DAacmei.

WHTepecHo, 4To cBeTnas cnupais (Y, cresa Ha pﬁ
puc. (3.4), KaK BHYTPEHHOCTb jononHeHus B\(2, (@
MMEET Ty XK€ CAMYIO TPaHUILY, T. €. ~

Q=g e

OKpyxHOCTh B SIBISIETCS YacThIO IpaHMUBI O6MacTH §2, HO €€ TOYKH He NOCTMIraloTcst
BJO/Ib KPHUBBIX, JIEXKALINMX UEIUKOM B §2.

6
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TeM caMbIM MBI UMEeM IpUMEpP IBYX OrPAaHUYEHHBIX OOMacTeH
C OJHOM M TOM Xe rpaHuieil 7 (!), Gonee MpocToii M HArMAMHBIN, YeM
npumep Bpayspa — cM. [4, T. 13] nubo [3], — rme pesyasrat JOCTUraeT-
CS1 3aMbICJIOBATBIM TIPENCAbHBIM MIEPEXOAOM, 3aTO, MpaBaa, CTPOUTCS
CKOJIbKO YIOHO OrpaHUYe€HHBIX 00jacteil ¢ oOIel rpaHuLIeH.

3.4. TomoTONMA BEKTOPHLIX Nonei

BepHeMcs Ha Maructpaib usnoxeHus. [lepBocreneHHYIO posib B TO-
NOJIOTUM UTPAiOT nedopMaliii, MM rOMOTONUYECKUE TTEPEXOIbL.

3.4.1. Onpepenexve. Hesvipocdennsie®) na omobGpaxcenus fo u fi
HA3bL6AIOMCS 20MOMONHbIMU Ha §2, eCall CYusecmeyem maKas HeebipoXc-
dennas HenpepuiéHas degpopmayus (comomonus) H(z, 1),

H:Qx[0,1] = R"\ {0},

H(:B, O) = fO(m)’ H(:B, 1) = fl(m)

Onepaliiii TOMOTONMYECKOTO IE€pEXoqa COOTBETCTBYET Helpe-
phIBHOE 1epOPMUPOBAHHE TIOBEPXHOCTH fo(Q) B IIOBEPXHOCTH fl(Q).
Hesblpoxaennocts romotonuu, H(x,t) # 0, osHayaet, yto medop-
MHUpYEMas OBEPXHOCThL HE MepecekaeTt Touky 0.

[eoMeTpUUECKH SICHO, UTO Hegupoixcdennas nedopMallds He MO-
XET NOMEHSITh BEJTMYMHY BpaleHus (), MOCKOJAbKY — JBUTaeTcs Jn
ay4, 1eHOPMUPYETCS M IMOBEPXHOCTh — TOYKM IPOTHIKAHUA MC-
ye3aloT ¥ BO3HUKAlOT mapamu. Pasymeercs, moka medopMupyeMast
MOBEPXHOCTh HE Mepecekaet Hyns, T.e. H(x,t) # 0. [Tosromy cnpa-
BEIUIUB CIEAYIOLUIA BaXHbIA pe3y/ibTarT.

3.4.2. Teopema. [omomonHbie 8eKmOpHble MOAS UMeEOm QOUHAKO8ble
epaujenus.

D yro arpuopH, Kak MpaBWIO, HE YKIAAbIBAeTCs B rOJOBe,
8) He oObpaiualomecst B Hyib.

% MoctpoeHie roMoTOmMH OT fo K fi PaBHOCHIBHO MPOROIKEHHIO OTOGPAXEHHS
H: X x {0} x {t} = R"\ {0} ua npocrpaucreo X x [0, 1].
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CTaHOBUTCS SICHO, YTO OECKOHEYHOEe pa3HooOpa3ue NpakTHhde-
CKUX cUTYallMH MOXET ObITh pa30UTO Ha KaTeropui. egopMupoBanue
f(Q) Ha enMHMUUYHYIO cdhepy £, ¢ LEHTPOM B HyJe, U mocienylolee

a pasrnaxuBaHUe CKJIANOK — MOPOXIAET MHOTOCIOHHYIO MOBEPXHOCTD,
oxyteiBatonryio chepy |v(f, Q)| pas’ 0, OtpuuatenbHbiii 3HaK ¥(f, Q)
CBSI3aH ¢ BBIBOpAaYMBaHUEM Q HAU3HAHKY.

«UuCI0 OKYTHhiBaHMI» — HE 006s3aTenbHO CREphl, TIABHOE: HYJIsl — H eCTh
ppauietne y(f, ) ¢ TouHOCTHIO 10 3HaKa. ECiii Ha MIOCKOCTH B HyJlb BGUTb TBO3b,
TO UMCII0 OKYTHIBAHHIH HYITs1 AedopManmeit koutypa H (€, £) noMeHsT, HeBO3MOXHO,
He Hapywast ycioeust H(z,t) £ 0.

HecmoTtps Ha sinemeHTapHBIA XapakTep yTBepxneHus 3.4.2, oHO
Urpaer MpUHLUMUIUATBHYIO POjib, MOCKOAbKY CAYXHT OCHOBHBIM MH-
CTPYMEHTOM 1151 BIYUCIEHUS BPAILIEH U BEKTOPHbIX Noei, N0o3Boss
MEePEXOONTh C TOMOIIbI0 FOMOTONHUMU OT M3ydyaeMbIX MojeH K Oojee
MPOCThIM, YACTO CTAHAAPTHbIM, BPALIEHUE KOTOPbIX H3BECTHO.

3.4.3. Camwnii pacnpocmpanennbiii Ha npakmuke ud degopmayuii —
AUHEHHARA 20MOMONUSL.

H(z,t) = (1 - 1) f(z) +tg(x),
cenzvigarousasi omobpaxcenusn f u g.

JluHeiiHask TOMOTONHS MOXET OKA3aThCs Bbi-
POXIEHHOI JIMILbL B TOM Cilyyae, KOrga Haimercs
Touka z € §2, B KoTOpOit f(x) u g(x) MMEIOT pas-
Hble 3HAKH,

¢

f(z) = —1—_29(1)-

0
19 Eeny f oro6paxaer § B S, 10 Y(f, S) — 3T0 TaK HA3BIBACMAsH MONOAOZUHECKAS CIIENEHD
omobpadicenus f.
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[MoatoMy B cityyae HEMPOTHBONOJIOKHOH HANPABJIEHHOCTH B 1000 TOuKe T € () 0T06-
paxenus f(z) u g(z) ImHeHHO TOMOTONHBI M, B COOTBETCTBHM C TeopeMmoif 3.4.2,
HUMEIOT OJMHAKOBHIE BpALICHHS.

B cBs3u ¢ TeopeMoit 3.4.2 3aKOHOMEPHO BO3HUMKAET BOMPOC O clipa-
BEIJIMBOCTH OOpaTHOro yrBepxkmeHusa. O643aTeibHO JM FOMOTOITHBI
MoJjid C OJUHAKOBBIM BpameHueM? B oOuieM cnydae 310 He Tak. Ec-
K Xe {2 — 1Iap, MOJOXUTENbHBIA OTBET Ha MOCTABIEHHbIH BONPOC
JaeT 3HaMeHUTaa meopema Xongha.

3.4.4. Teopema. Hegvipoxcdennsie nHa cgpepe S C R™, n > 2, gek-
MmOopHble N0 C OOUHAKO8bIM GDAUEHUEM — 2OMOMONHbL. >

Teopema 3.4.4 He yyacTByeT B GOpPMMPOBaHUM MU3JIAraeMoro Ja-
Jjiee anmnapara, HO MOKa3bIBaeT, YTO «alllapats JOCTUraeT MakKcuMyMma
BO3MOXHOT0. B TOM cMbiciie, YTO 32 paMKaM¥ COOTBETCTBYIONLIEH «Ie-
(opMallMOHHON UICONOTUN» HE OCTaeTCs KaKWX-JIUOO IpYTrUX TOMo-
JIOTMYeCKUX WHBapUaHTOB (MIOMUMO BpAIEHHS ), U3 KOTOPBIX MOXHO
Ob110 OBl BBITAUIWUTH JONOIHUTENLHYIO HHpOPMALIMIO.

Beilile moapasyMeBaicsi TOMOTOMIUYECKHIA mepexon oT fy K Bek-
TopHOMy nomio fi, nedopmupyloummit nosepxHocts fo(€2) B fi(2),
C [IOMOIIbIO FOMOTOIMH

fi(z) = H(z, ).

OpHako jgedopMaliusa MOXET OCYLIECTBIATLCI HE TOJBKO 3a CYET
U3MEHEHUS oIleparopa, HO M 3a cuyeT M3MeHeHus obmactu. Kak Gbl
ne¢opMaliia HY IPOUCXOINNA, IUIA COXPAHEHU BETMYMHB BPALIEHUS
CYLIECTBEHHO JIMILb, YTOGh! nepopMUpyeEMas MOBEPXHOCTh HE Iepe-
cekata Touky 0. Bor touHas dopmynupoBka pesynprara. Ilyeth ()
(t € [0, 1]) onuchiBaeT HernpepbiBHBI mepexor OT obaactn g K ;.
Pesyasrupyouyio nedopmMalinio ft(Qt) HA30BEM HEBBIPOXIEHHOIA,
ecan fi(x) # 0 npu mobeix ¢ € [0, 1], x € Q.

3.4.5. Teopema. [lycms degpopmayus ft(Qt) Heebvipoxcoena. Tozda

7(fo, Q) = 7(f1, Q).
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Bt1o npoctoe 00001IeHKe Teopembl 3.4.2 MHOTAA OKa3biBaeTCs 1o~
JIE3HBIM, TTO3BOJISIS TIPY BhIYMCAEHMHN BpAllleHMsI TIEPEXOIUTh HE TOJb-
KO K 0oJlee mpocToMy TOJIIO, HO M K GoJiee MpOCTOH 001acTH.

3.5. flapo Teopum

BparieHue BEKTOpHOTro NoJisl 00NIaaeT C80LCMEoM AadOUMUBGHOCMY B CJIE-
IYIOILIEM CMbICJIe.

3.5.1. Teopema. [Tycmv eexmoproe none f(x) onpedeneno u Hegwi-
PoXcOeHo Ha epanuyax obaacmeil

nputem ; nonapro He nepecexaromca u ) = U . Tozda y(f, )
OMAUMHBL OM HYASA AUULD RPU KOHEUHOM HUCAe UHOCKCOB |, U

YE Q) =D (F, Q). (3.5)

0%
o
SR ZRXRS RIS
RS
patdteteteleteteleiett ey

<« Peaynbrar oueBMIEH B KOHTEKCTE Onpenenehus 7(-) METOIOM <«IPOTHIKAIo-
wero ayva». Eciv §; u § rpanuyar apyr ¢ apyrom, to rpakuvar u f(Q;) ¢ f()
no HexoTopomy yyactky L. IlporsikaHuio dydom [, HallpuMep, M3HYTpH Ipu
noncyere ([, Qi) GyneT COOTBETCTBOBATh MpOThIKaHWe [';; CHapyXu Npu MoacyeTe
1(f, Q,.) Tostomy B cymme (3.5) cripaBa — Bce NpOTbIKAaHWS BHYTPEHHMX Nepe-
roponoK B3aWMHO cokpararcs. Otmuuue ot Hyast (f, Qj) JMIUb OPH KOHEYHOM
qucie MHAEKCOB § BBITEKAeT U3 TeopeMbl 3.5.2 B KOMOMHALMK C NOMOIHUTENbHBIMU
c00BpaXKeHUSIMU IEMEHTAPHOIO Xapakrepa. »
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ByeM TOBODUTH, 9TO HEBHIPOXIEHHOE Ha {2 BEKTOpHOE TOJIe
f(z) mmeer axuanecoso nanpaenenue'?, ecnu f(z) He mpunHmmaer
3HAa4YeHMil Kaxkoro-To HampaBieHus, KaK Ha puc.a. WHaue rosops,
f(z) # Ah g Beex x € €2, A > 0 u HexkoTOpOTO Henynesoro h € R”.
Ha puc. 6 u ¢ Hatpasnenus f(z) McUepIIBIBAIOT MOJIHBIN «TeIECHBII»
Yroji, HO CHTyalyH, O4eBUIHO, PasHbIE.

a) 6)

3.5.2. Teopema. Ecau eekmopnoe none f(x) na ) umeem axuinecogo
nanpaenenue, mo Y(f, ) = 0.
<« Jlns [oKa3aTeJlbCTBA JOCTATOYHO B KadvecTBe [ B3ATH JIy4, 3agaBaeMblil

BEKTOpOM h,
I={z:z=An,A€[0,00)},

OH MOBEPXHOCTL f({2) BOOGINE HEe MPOTHIKAET. W

Ecnu none f(z) Ha () NpUHMMAaeT Bce HamnpapieHus, T.e. ma-
pameTpu4ecKoe ypasHeHue f(z) = Ah uMeer pemieHue z € {2 npu
Jio6oM Bektope h # 0 u HexkoropoM A > 0, 1o mis 'y(f,Q) #0
3TOro, KOHEYHO, HeROCTaTo4Ho. OoHAKO:

3.5.3. Ecau nose f(z) na 9) ApUHUMAem 6ce HANDAGACHUS MOAbKO
no 0duomy pasy'?, mo v(f, Q) # 0, mounee: [y(f, Q)| = 1.

3.5.4. Nemma. [lycmo nose f(x) nesviposcdeno na sambiicanuy obna-
cmu Q, m.e. f(x) £ 0 npu mobom z € Q. Toedoa y(f, Q) = 0.

< Pasoboem (2 Ha Hemepecexaloluuecss obnactu €2; HACTOJIBKO MalblX pas-
MEpOB, YTO BCE BEKTOpH Ha K&XIOM 3aMBIKaHWM {); COCTABISIIOT ApYT C JAPYroM

g |4, 1. 13] Hanmume axurrecosa nanpasaenus XapaKTepn3OBAIOCH KAK NPOKOA BEKTOPHOTO
nons, a B [10] MCMONE30BATICA TEPMUH «n0ge BbINYCKAEM Hanpasaenue» , XOTs1 TIO CYTH — Kak pa3
«HE BBITTYCKAET»,

2 7. f(z) = Ak npu moGoM h £ 0 uMeer eIMHCTBEHHOE pelieHne T € Q.
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ocTphiit yron. B arom cinywae Ha moGoii rpaHuue (2; noie f MMeET axuanrecoso
Hanpaenenue. TloatoMy (teopema 3.5.2) Bce 7(f, §;) = 0. OKOHYATENbHLIH BHIBOL
cienyer U3 teopeMst 3.5.1. »

i
U3 siemmel 3.5.4 BoiTeKaer (hyHIaMeHTalbHbIA pe3yslbTar:

3.5.5. Teopema. Ecau y(f, Q) # 0, mo ypasuenue f(z) = 0 pas-
peuumo 6 U, m. e. @ 0 cywecmayem Hyas 6exmopuo2o noan ' € 2,

f@) =o.

Takum obpa3som, Jirobas TeopeMa 00 OTIIMYMHK OT HYJIS BpalleHUS
BEKTOPHOTO MoJisi f MOXET TpakTOBaThCS KaK MPUHLMIT paspelnMo-
¢t ypasuenus f(z) = 0.

OTMeTHM B 3aKJIIOYEHME CITPaBedJIMBOCTb MOJE3HOTO HOMOIHE-
HUS K TeopeMe 3.5.1, BbITEKAIOLIEro M3 00bLeAMHEHUs TeopeMbl 3.5.1
¢ JeMMol 3.5.4.

3.5.6. Vmeepocdenue meopemor 3.5.1 cnpageoauso 6e3 npednoaoxcenus
Q= U Q_] , HO npu ycaoeut Hesvipoxcdennocmi f na Q\ U Q_] .

Yo KacaeTcs MPaKTHYECKOTo BhuuceHus Y(f, {2), To riaBHblit
AKIIEHT MPUXOIUTCS OObIYHO HA HOUCK 20MOMORUL M3Y4aeMOro IoJisi
K KakoMmy-mb0 10BosibHO Hpoctomy Tuna I(z). B xpaitHem ciydae
«CTaHIMEW Ha3HAYCHUSI» CIYXHUT JMHEHHOE MOJiE.

3.5.7. Bpauienue nunesiHoro nonsi. Tycmb 0 € Q u A — auneiinoe
HegbipodcdernHoe npeobpazoeanue. Toeda

v(4, Q) = sign det 4, (3.6)
npusem y(4, Q) = ind (4, 0).

<« Eciu B wap ¢ LEHTPOM B HyJle HACTOILKO MIoro paguyca, uto B C 1, To
¢ yyeToM 1. 3.5.6 umeem
7(4, Q) =7(4, B),

NOcKOIbKY AT HesblpoxaeHo Ha 2\ B. O6pas AB cbepbl B Takxe siBiseTcs
cdepoii, Boobwwe ropopst, B npyroilt Hopme. CilenoBartenbHO, 000# Jyd MpOThIKAET
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noBepXHOCTL AB pOBHO ONMH pas, oTKyaa |y(4, Q)| = 1. 3uak Bpawenus onpene-
JIIETCS] OPUEHTALIMEN, KAKOBAs JIETKO KOHTPONMPYETCS HECKOJILKO CKYYHBLIM 06pa3oM
[4, T 13]. »

Pasymeercst, B ciayvae atdhdbuHHOro npeodbpa3opaHust
f(z) = Az +0, Az +b=0,
C HEBLIPOXIEHHOM Marpulei 4 — nMeeM

ind (f, zo) = ind (4, 0).

3.6. Pa3pewmmocTb ypaBHeHWi

CraHgapTHbIE CHTYalliM B CBSI3H C Pa3pelllMMOCTbIO ypaBHEHH

flz)=0

o6pasyior byaxuuu f(z), Xotopbie 3a1aHbl Ha BceM R”| HO cyauThb
00 MX cBO¥MCTBaX JIErKO, HATIpMMEp, rae-HUOyab Ha cdepax JOCTATOYHO
Gosbiioro panuyca. MHade rosops, dyHkuuu f(z) naHbl, HO cebe-
CTOMMOCTbL MX HAOJMI0JeHMS TIpYEMITeMa JIMIb MECTaMU.

3.6.1. [Tycmo 0 € Q0 u na epanuye, m. e. ds 2106020 T € 2, GbINOAHSA-
emcs 00HO U3 ycaoeuir:

e gexmoput T u f(T) He Hanpasrensl NPOMUBONONONCHO;

o I£(2) - all < I f @)l + lz;

e ckanaproe npoussedenue (f(z), z) > 0.
Tozoa ypasnenue f(x) = 0 paspewumo 6 Q.

<« B ciyyae HenpoTHBOMONOXHOM HanpaBieHHOCTH £ ¥ f(z) Teopemst 3.4.2,
3.1.1 obecnieynBaioT paBeHCTBA

(£, ) =1(I(z),2) = 1,

yTO o TeopeMe 3.5.5 Breyet 3a coboit paspeiuumocts f(z) = 0. JlBa APYrux yCioBus
BJIEKYT 3a coBOii HEMPOTHUBOITONOXKHYIO HanpasieHHOCTh T U f(x). »

W3syyaeMble ypapHEHMS 4acTO MMEIOT CIIeLIMalIbHBIIA BUJI

z =T(z). (3.7)
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B orom ciydae pewmeHue (3.7) HasblBAIOT HENOAGUNCHOU MOHKO
oneparopa 1. YtoObl BOCNO/Nb30BATLCS 30€Ch pe3yinbraroM 3.6.1, go-
CTAaTOYHO MepeiTH K BexropHoMy momo f(z) = = — T(z). B urore,
HAMPUMED, MOXHO rapaHTHpOBaTh CYIIECTBOBaHME y T’ HENOIBHXHOMK
TOUKH, €CIU

(Tz,z) < (z, ), z € Q.

[[TMpoxo M3BecTHa HMXecHeaywuas meopema bpayspa.

3.6.2. Teopema. Onepamop T, nepesodauuii 6 ce6s 3amiHymuii wap B,
ecezda umeem nenodeuxcuyio mouxy €' € B. Ipusmom y(I-T, B) = 1.

<4 be3 orpaHuyerust obUIHOCTH LieHTp 1wapa B MOxHO
CYMTAThb PACMONOXEHHLIM B Hyje. IIpennosoxuM npoTHB-
Hoe: T He umeer HemonBuxkHOM Touku B B. Toraa nome
z — T(z) HeBbpoxaeHo Ha chepe B u, B cuiy T(B) C B,
BEKTOpH L € B u T — T(x) — HenpOTHBOMOIOXHO Hanpas-
JIEHBI, MHAY€e TOYKE T('z:) NPUULIOCH Obl JIeXaTh Ha NMponoi-
KEHWW pAAMyC-BeKTOpa € € B, YTO NPOTHBOPEHUT YCIOBHIO
T(B)CB.w»

M3 noxasarenncTBa BHOHO, YTO HEMPOTMBOINOJIOXHAS HAmpas-
neHHocTs £ U T — T(x) obecmeumpaercst U B Gonee CBOGOIHBIX
NpeanonoxeHusix. [103ToMy CripaBeLTUB CAEAYIOLIMI PE3yJIbTaT.

3.6.3. Ilycms Q! — npouzeonvras obaacme, O € 2 u onepamop T
Ha epanuye ) yooeaemeopaem YCA08UI0 T(z)_;é Az npu A > 1. Toeda
y T cywecmgyem nenodsuxcuas mouka T € Q.

3.7. O Teopeme Bpayapa

MeuTast BIMIIHYTh B KaKylo-HHOYb KpacHBYlO MCTOPMIO, yallle BCEro
rnomnajaaeulb B 6aHalbHbE CUTyaluu. Tak ¥ ¢ BpalleHUEM BEKTOPHOTO
nosisi, Xopollo Obl HATOAKHYTLCS Ha HETPMBUAJILHYIO 3a1ayy C Bpa-
wenuem tina y(f, Q) = —37, HO ypaBHEHHS TO ¥ JEJIO MOMaaanTCs
C HaOMBIIMM OCKOMMHY

Y(f, Q) =1 (3.8)

Ha obnactv {2 TMma uwiapa.
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Curyauyst (3.8) odeHb IIMPOKO paclpocTpaHeHa 13), M €€ MOXHO
M3y4aTh Ha OCHOBE KAKOTro-J{nbo M36paHHOro 3TAIOHA, 6o Mo meope-
me Xongha 3.4.4 Tipy OnMHAKOBOM BpalleHuM sce f aebopMAUUOHHO
3KBUBAIEHTHB! (roMoTomHbl). McTopruyecky Ha polib TAKOIO 3TaNOHA
nonana meopema bpayspa 3.6.2. llone f(z) = ¢ — T(x), roe onepa-
top T nepepoauT B cebst 3aMKHYTbIH 1ap B, ynoBIeTBOPSIET YCIOBUIO
¥( f,B) = 1, 0 KOTOPOM IO YyKa3aHHbLIM BHIIIE¢ TMPUYMHAM MOXHO
3a6bITh, ¥ CKOHLIEHTpUpOBaThbesi Ha cpolictse T(B) C B.

B pe3yJibrare IpakTukKa MCIIOJIb30BaHHWS TOIIOJIOTMYECKHMX TIPpUH-
HHUIIOB HCHOHBM)KHOﬁ TOYKH 066,IIHH6TC5I, 3aUUK/IHMBasicb Ha €OWH-
CTBEHHOM CHMIITOME

T(B) C B.

Ho oxsar npwioxeHUH MoJay4aeTcsl BCe-TaKUA TOCTATOYHO LIMPOKMH,
a cama meopema bpayspa, nonanasi B (GoKyc BHMMAHMS, CTAHOBUTCS
TPaMIUIMHOM TSI pa3iMyHbiX 0600mIeHMit. Cpa3sy sSICHO, HampuMep,
yro wap B B 1. 3.6.2 c paBhk IM YCIIEXOM Modcem Obimb 3aMeHeH NPouU3-
BOABHBIM 3AMKHYIbIM 02PAHUYEHHbIM BbINYKAbIM MHOMcecmeom. He cpa3y
SICHO, HO JIETKO OOHApYXHBaeTcs, YTo B MOXHO 3aMEHUTH JIIOObIM 4,
roMeoMop(dHbIM 3aMKHYTOMY 1lApy.

<4 Jle#cTBuTenpHO, nycTh omnepatop T mnepeBoguT B cebsi MHOXeCTBO A4,
romeoMopdHOe 3aMKHyTOMY lilapy B, u G — cooTBeTCTBYIOIMiII roMeoMopduam.
B sToM ciyyae onepatop G~'TG oroGpaxaet B ce6s B 1 no teopeme 3.6.2 umeer
HEeMONBMAKHYIO TOuky ¢° € B, T.e.
G 'TG(z Y=z = TG(')=G(z)).

CunenosarensHto, y' = G(¢') € A — Henonsuxnas Toyka oneparopa T. »

HanbHeue 06001eHMs1, CBI3aHHbIE C pempaKyusmy M IPYTUMU
u3bickamu (cM. [4, T 13]), umeror Gonblue MeTahu3MyeCKue yeTpeM-
JIEHMsI, HEXENU yTWIMTapHble. KUTIOYoM K DPEellIeHMIO MPAKTHYECKHMX
3a1ay yalle BCEro OKasblBaeTcsl MepBOMCTOYHMK 3.6.2 nubo ero ca-
MbI€ IPOCTHIE 06OOIIeHMsI. PaccMOTpuM B KayecTBe NMpuMepa jsemmy
Knacmepa— Kypamoeckoeo— Ma3sypkesuua, B XOTOpor meopema bpays-
pa BHICTYITAET B POJIM CKPBITOTO MEXaHHW3Ma.

13
) Buaumo MoToMmy, 4ro «Bor U30LIpeH, HO He JTOHAMEPEH».
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3.7.1. Nemma. [lycmo X npouseoaviioe muoxcecmeo ¢ R", A(z) —

moueyno-muoxcecmeennoe omobpaxcenue (u3 X ¢ R™) ¢ xomnaxm-

Homu  obpasamu. Ilycmv 0aa 6cAK020 KOHEMHO020 ROOMHONCecmed

ix1, ..., X} C X ewinykaas obosouxa movex {Xi, ..., Xx} codepycum-
k

s 6 obvedunenuu U A(x;). Toeda

i=1

ﬂ A(z) # @.

zeX

<4 B cuiy KoMnakTHOCTH 00pa3oB NOCTATOMHO MOKa3aTb, YTO HE TMYyCTO Mepe-

ceyeHue JI0GOro KOHEYHOro MHoxectBa 0Opa3os. IIpennonoxuM NpOTHBHOE, T. €.
k

k
ﬂ A(X;) = @ 1151 HEXOTOPOro MHOXeCTBA TOYEK {Xy, ..., Xx}. Torna U Y, =R,
i=1 i=1
rne Y; o6o3Hayaer nononkeHue K A(x;).

[Iycrs Tenepk p;(z) — pasbueHue EAMHULbI B R", cornacoBaHHOE C TOKPHITUEM

{Y;}, T e. Takoit Habop dyHKuMiL, yTO 1

k
> pi(z)=1,  suppp; C Y
i=1
k
Ortobpaxetue () = Z pi(T)X;, oyeBunHO, npeobpasyeT B ceOs BLITYKIYIO
i=1
060104Ky CO{Xy,...,Xx} W, N0 meopeme Bpayipa, UMEET HEMOABHXHYIO TOYKY X .
Tpu 31oM p;(x*) >0 11 ¢ M3 HEKOTOPOTo noaMHOXecTBa MHaekcoB M C {1,..., k},
u pi(x") = 0 anst i ¢ M. Ho torna

x' = Z pi(xX )% € cof{x:i € M} C U A(xy).
ieM ieM
CitenoBatensho, x* € A(x;) anst Hekotoporo i € M, T.e. x* €Y;, a 3nayut, p;(x’) =0,
YTO MPUBOJMT K MPOTHUBOPEYHIO. B

3.8. Teopema KapamapguaHa

«Kpyru no Bone» ot TeopeMbl bpayspa pacxoasiTcs BecbMma Aalleko, U,
TaKk WIK WHaye, MHOTME De3YJBTaThl SBISIIOTCS €€ CAEACTBMSIMU. BoT
cBoeoOpasHasi M3IOMHMHKA.

) 3nech supp p oBosHavaeT HoCHTEb BYHKLHH P(E), T. €. MIOXECTBO TEX &, JUsi KOTOPHIX
plz) > 0.
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5)

3.8.1. Teopema Kapama anana ', Tlycmu nenpepoienslit onepamop
pamap,

f@)={h@..... @}

onpedenen npu ecex T > 0 u aeisemca P-omobpayxcenuem, m.e. 044
ar0bozo Henyneeoeo eekmopa T > 0 moxcHo ykazame makod uxdexc j,
4mo

zj - fi(z) > 0.
Toeoa nepasencmeo f(z) > 0 noaoxcumensio pazpewumo 16),

WHbiMu cnosamu, ypaBHeHue §¥ = f(x) npu HexkotopoMm y > 0
KuMeeT peileHue T >0. Bkyc ¥ apoMar cKyYHOMY Ha BUJL YTBEPXKIEHHIO
MpUIAET cleayloliasi coaepX)areibHas MHTepIpeTaIus.

HasoseM nepeMeHHble T; delicmeuamu, Y; — pesyavmamanmu. Ha-
npyUMep, &; — KOJMYECTBO ¢-TO JIEKApCTBa, ¥; — &-¥ Mokasareib
300poBbst (TeMriepatypa, AasieHue). OOMHAKOBble HOMepa 3a jeii-
CTBMSIMM 3aKpervisioT «CBOW» Pe3yiabTaThl. [IOHSTHO, YyTO TMpH HalK-
YMH MMOOOUHBIX BIMSIHMM COBMECTHBIC CTEPCOTHITHBIE OEHCTBUSI MOTYT
MPUBOAUTL K OTpULIATEIbHBIM TOCJIEACTBHAM, B PE3YyJbTATe YEro M3-
JICUCHHE OOJILHOTO MOXET 0Ka3aThCsl HEBO3MOXHBIM.

Odnako nycms ceéasu y; = fi(z) onpedensiomes P -omobpascenuem,
M. e. AH06aa COBOKYNHOCMb NONONCUMENbHBIX Oeilcmeull He moxcem Oamb
OMPUYAMeNbHbie Pe3yabmambl N0 8CeM HOMepaM, das Komopbix T; > 0.
Xoms 6b1 00un pesyavmam 6ydem odxcudaembuim. Toeda meopema 3.8.1
eapanmupyem 803MOXCHOCMb mak nodobpame Oelicmeus (nekapcmea)
z; > 0, umo éce pesyavmamol 6y0ym cmpo2o noaoxcumensvroimu (éce no-
Kasamenu YAYHWAmMcs, HeCMOMPA HA NOBOYHbIE GAUSHUS).

<4 Joxaszamenvcmeo meopemst 3.8.1. [lpuMeHuM iemmy 3.7.1, KoTopas, 3aMeTUM,
OCTaETCsl CPaBe/IMBO NipH 3aMeHe MPEANONOXeHHs 0 KOMIAKTHOCTH 00pa3os A(z)
TpeGOoBaHUeM UX OTKPHITOCTH U OrpaHMyeHHOCTH. B KayecTBe X BO3bMEM 7t BEPUIUH

1) Karamardian S. Existence of solutions of certain systems of non-linear inequalities //
Numer. Math. [968. 12. Ne 4, P. 327-334.

'9 Ton f(z) > 0 nonpasymesaercst f;(z) > 0 mast peex i = 1,..., n.
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cummiexkca A ={z : ||z||= 1,z

> 0}:
% =1{0,...,0,1,0,...,0},
U ROJIOXHUM

A(x) = {z: fi(z) >0,z € A}.

W3 onpenenenus P-omobpascenus ClenyeT, YTO BblIykJasi 060j0ouKa J1i06oro
MOJMHOXECTBA BEPIIMH CUMILIeKCa A TMOKPbIBAETCH COOTBETCTBYIOLIMM 0ObENMHE-
HUEM U A(x;), 4to no3sosiet (emma 3.7.1) rapaHTUPOBATL HEMYCTOTY MEPECEYEHU
Beex A(x;). b
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Crenenb orobpaxkernsi U Bpalujesmne

BusyasibHast ICHOCTb XOpOlla ¢ TOYKH 3peHHUs OCBe-
IIEHUsI, HO pe3yJIbrarhl JOCTHTalOTC M3BOPOTIMBOH
nefaHTHYHOCTHIO. [103TOMY MEI BO3BpaIliaeMcCst B MC-
XOIHYIO TOYKY C I{eJIbI0 HaBeCTH HEKOTOpbIi (op-
MaJIbHB NOpsAaoK.
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4.1. AudpepeHuuanpHas npeambyna

Koe-y1o HanoMHuM, YyTo6E UMETh MMHHUMYM ITOJ, pYKO#.

O romeomopdu3imax u xuddeomopduamax — yxe cTO pa3 rOBOPUIOCH, HO OCBe-
JOMJIEHHOCTH [OJKHOIO YpOBHS 3TO, KOHEYHO, HE rapaHTHpyeT. Tak yro HayuHarhb
NPUXOJUTCS C TOH XK€ CTAPTOBOM NMO3HMLHH.

Tomeomophuam — 310 63aumHo odro3HauHoe u Henpepvigroe omobpadcenue f :
X — Y, obpamnoe k xomopomy f_] moice Henpepblero D Tpocrpactea X u Y,
MEXIy KOTOPBIMM MOXHO YCTaHOBUTb TOMEOMOP(MU3M, CUUTAIOTCS 20MeOMOPPhIbIMU,
W torga nuwyr X ~ Y.

Otobpaxenue [ Ha3LIBAIOT A0KAALHbIM 20MeOMOpPU3MOM, €CIIM Y OGO napbt
TOYEK I, ¥, TAKOH 4TO f(Z) = y, HaiilyTcst OKPECTHOCTH roMeoMop(PHo oToOpaxae-
Mble JPYT Ha Opyra.

Huppeomopgpusm f : X — Y — 310 2nadkuii comeomoppuzm. Touynee, oba
otobpaxeHust f u ! MpEAToNaraloTCs 21a0Kumi, T. €. Henpepblgho duggepentupye-

! -1
) Hacuer HeoBX0IMMOCTH OTOBAPMBATSL HETIPEPHLIBHOCTL f° cM. [4, T. 5], Ho 210, BooGuIe
FOBOPS, 3KIOTHKA., B3aumno odno3naunoe omobpaxcenue f . X — Y neasemcs eomeomoppuirom

mencdy X u obpazom f(X) 6 momm cayuae, kozda f(Q) = f(Q) dna moboeo Q C X.
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2
moimu . IIpoctpaHcrea X U Y, MeXay KOTOPBIMH MOXHO yCTaHOBUTEH AUt heoMop-
busm, cyurarorcs dugpeomopgreimu, U ONSITb-TakH NUiLyT X ~ Y.

I\(apTu " amiacel. Cucmema Koopounam, U1 APYTUMH CIIOBAMH, MapaMeTpU3aLius
MHOXecTBa M,
z: M —R",
Ha3bIBaeTCsl Kapmoii Ha M, 1pH YCIOBUM YTO T dugpgeomopgusm M wna z(M).
Kapry Ha orxpeirom noamMHoxectse U C M Ha3blBalOT A0kareHoil. Takum oGpa3oM,
Aokaasnan xapma onpepensercs napoit (U, T), orkpbitbiM MHoXectsomM U C M
U roMeOMOP(HU3MOM Z.

BapHaHTbI KOOpAHHATHBIX CETOK Pa3IMYHbIX KPUBOITHUHEHHBIX KOOpIOHHAT XOpo-
IO U3BCCTHBI, HO JIOKAJbHBIC KApThl HA 3AaMKHYTLIX ITOBEPXHOCTSX HE BBICTPAHUBAXOTCSA

BO B3aMMHO OHHO3HayHbIe NT0GaIbHbIE KOOpOHUHATHBIC beHKLlHH

z(p) = {z/(p), ..., z.(p) }.

U Torma «Bo u3bexaHue» NpEANPUHUMAIOTCS AOMOTHUTENBHbBIE MEPBIL.

Ase xaprst (U, z), (V, y) Ha3biBaIOT coanacosannswmu, eciu oGpasbl Hepecede-
3
HHUA :1:(UﬂV) " y(UﬂV) — orkpoithi? B R". B 3aBMCHMOCTH OT KOHTEKCTA
NpEebSBISIIOTCS TAKXKE T€ MM MHbIE TpeGoBaHUs IMagkocry: AM(pdepeHUpyEMOCTH
-1

KOMTIO3ULHU YT .

HakoHelt, MHOXECTBO

A= {Ua, $a}

COracoBaHHbIX MEXAY Coboit moxanbHbIX Kapt (U, Z,), NOKPBIBAIOIIUX B COBOKYI-
HoctH M, — Ha3sbplBaeTcst amaacom MHoxecrea M.

2 HernpepeiBHOM audbepeHUMpPYeMOCTH, KaK npaBuio, xBataeT. Ho He Bcerna. B meopese
Capda, uanpumep, Tpebyercst xiacc raagkocTd f € Ck, k = max{0,m —n} + 1, ecau f
AcHicTBYET U3 R™ s R™. [Moaromy aelenne mpeanonarath 6eCKOHeY HYIO AU GepeHIMpYEeMOCTD
f: XY

9 [MycToe MHOXECTBO & CUMTAETCS! OTKPBITHIM.
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[nagkue MuorooGpasus. Muoocecmeo X C R" nasvieaemca 2aadxum m-meproim
MHO2000pa3uem, ecau 0ast aoboli mouxu T € X mMoocro ykasams oxkpecmuocms V ﬂ X,
dugpgeomopgryio omrpeimomy muoxncecmey U C R™,

YcraHosneHue nupgpeomopduzma Mexay U u V ﬂ X paBHOCUJIBHO BBEACHUIO

napaMeTpusaidd oGaacTu VﬂX I TOYKU Y € VﬂX OIUCHIBAKOTCS B3AUMHO
OTHO3HAYHBIM W B3aUMHO TJIANIKUM TIpeoGpa3oBaHUeEM

Yi =Y (21, .., Ta), j=1,...,n.

[lepeMeHHbIE Z1, . .., T, HA3BIBAIOT A0KateHsMU KoOpOuHamamuy Ha V' ﬂ X

Hanee. Mycrs Q,, oGo3HayaeT MoayNpoCTPAHCTBO
Qu={z:z={z),...,20} €ER™, 2z, > 0}.

Kpaem Qp, naswiBaercs mockocrs z; = 0.

Muoxncecmeo X C R" nasweaemcn 21a0Kkum M-MepHbIM MHO2006pasuem ¢ Kpaem,
ecau dan mobozo T € X MoxucHo yxasamb oxpecmuocms 'V ﬂ X, ouggeomopgnyro
omipeimomy muoxcecmey U C Qp noaynpocmpancmea Qy,. Kpait X — 3mo mnoonce-
cmeo mex mouek X, Komopsle nod delicmeuem coomeemcmeyiouux ouggeomopguimos
nepexo0am e mouKi Kpas ) Qp

B omnpeneneHHbIX ycnoBusiXx Gonee ymoGHa GecKOOpAUHATHAs TOYKA 3PEHMIL.
Ecnu X C R" — m-MepHoe Ilanxoe MHOroobpasue ¢ KpaeM umu 6e3, — To
B Kaxaoi touxe T € X BBOAUTCA KacaTejbHas M-MEpHAas IUIOCKOCTh, HauIyY-
UM oGpa3om annpoxcumupyioutass X BGnu3u z. MapauieasHas el miockocrs Ty,
npoxonsuias yepe3 Hayallo KOOPHMHAT, HA3BIBAETCS KACAMEAbHbIM NPOCHPAHCIEOM
mHoroobpasus X B Toyxke z. MHorma, yToOsl MOOYEPKHYTH, YTO peYb MHET O Kaca-
HUK MHorooGpasuss X, smecro T, ucnonbsyercss o6osHavyenue T X,. AHamoruyHo
onpezestiorcsl Kacarenbhble npocrpancrsa Ty (TY,) B Touxkax y = f(z) € Y.
Hauny4inas nuneiiHast annpoxkcuMmauust f, oroGpaxaromass T, B T,, HaswBaeTcs
npousBonHoi f B Toyke . B clyyae MHorooGpasust 6e3 xpast ara Npou3sBogHas f'
MOXET ObITb 3anucaHa xaK mMampuya Hixobu B NTOKaNbHBIX KOOpOWHATAX.

OO opuenTauuu yxe 6510 CKa3aHo B paszeiie 3.1, v wist dopmau3aumy KapTUHBL
HYXHBI JIUIIb HEKOTOPEIE AOMOMHUTENBHEIE IUTPUXH.
3 M
B R’ ynopaao4yeHHas TpoilKa HEKOMIUIAHAPHHIX BEKTOPOB
a,bc

HAa3BIBACTCST Mpagoil, ecnu A1 Habnropartensi, pacioNOXEHHOTO B Hyle, 00X0oa KOH-
uoB @, b, ¢ B yKa3aHHOM MOpPSIAKE MPOUCXOIUT 110 YACOBOH cTpesike. B nporuBHOM

4 Hanpumep, kpaeM 3amMxryTOrO Wapa geisercs cgepa. Chepa xe — Mroroo6pasue 6e3 Kpasi.
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cayyae Tpoika a, b, ¢ — aeeas. COOTBETCTBEHHO KIaCCHGMUUHMPYIOTCSE GasUChI,
B o6ieM ciydae R” MOHATHIT «1paBOro» U «IeBOrO» HE CYHIECTBYET, HO AMXOTOMHUSI
ocraercs. [Jlga 6asuca {e,...,e,} u {e},...,e,} B R" cuurawrcs odunaxoso opu-
CHMUPOBAHHBIMU, ECITH

{el,...,e,}=4A{e,,....e,} u detd>0.

TIpu aTom B citydae det 4 < 0 roBOpSIT, YTO GAZUCHI APOMUBONOAOHCHO OPUCHMUPOSAHbL,
B pe3synbrare Bce 6a3UChl paciiagaiorcsl Ha ABa K1acca 3KBHBAJIEHTHBIX MeXy coboit.
basuc

e ={1,0,..,0}, e={0,1,...,0},...e,={0, 0,...,1}

Ha3bIBAIOT CMaHdapmueimM, & COOTBETCTBYIOMIYH) €MY OPHEHTALMI0 — CMAaHOApmMHOIl
.5

opuenmayueil ) R" Wcnomb3osanue cmandapmuo2o 6azuca yPAaBHUBAeT B Npapax

(puxcaunio 6azuca U HUKCAIUIO CHCTEMbI KOOPAMHAT.

OpueHTau M riaaaxoro MHorooGpasust 2 C RrRY onpeaesieT 3aganue Ha
amaaca, COBOKYITHOCTH COMTACOBAHHBIX MeXNy coGOit aoxansHex kapm (kKoopounam).
IMpu Hanuyuu y Q xpas Q= ', ero opueHTaLMsl CYUTAETCS] CO2AACOBAHHOH C OPH-
eHrarneit ), ecnu gonoaHeHue 6a3ucoB KacateabHbIX npoctpaHcts T, BHEIIHUMHU
HopMaISIMU B ToYkax € I' o6pasyet Gasuchl, OAMHAKOBO OPUEHTUPOBAHHBIE C JIO-
KaJIbHLIMH KOoOpaHMHaTaMu {1 B TEX XK€ TOYKax .

BrnageHue MHCTPYMEHTOM OPHEHTALMH ONpPEAECTSETCs TTaBHbIM 06pa3oM yme-
HHEM COITACOBBIBATH OPUEHTALIMM «B3aUMOACHCTBYIOMIMX>» MHOroo6pasuit. Bot oaHa
M3 TUIMYHBIX CUTyaLMii, NpoU3pacTalomuX Ha (heHOMEHE 21adkoil 20Momonuy.

4.1.1. [Jsa omobpancenun fo: X =Y u fi: X =Y naseiearomen 2nadko 2omomoniel-
au (fo~ f1), ecau cymecmeyem maxoe 2radkoe omotpancenue f:X x[0,1] =Y, umo

(00 = folz),  flz: 1) = fi(2).

3aech €CTECTBEHHO BO3HMKaeT riaiaxoe MHoroobpasue X x [0, 1] ¢ kpaem,
COCTOSIILIMM M3 BYX 3K3eMILISIPOB MHOroo6pasust X :

Xx0 nu XxI1

[pu opuentauuu X X [0, 1] xax npousBegeHuUs AByX OPUEHTHPOBAHHBIX MHOI00G-
pasuit X u [0, 1], komnonenTs! xpas X X 0 u X X 1 06peraroT NPOTHBOMOIOXHYIO
OPHUEHTALMIO.

3) JIu60 noaoxcumensvroii opuenmayuet, OpUEHTaAUMU HYIBMEPHOrO MHOrooGpasusl Takxke
NpUNUCHIBAIOT (ist yaoGeTsa) cUMMBONLL +1 man —1.
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O npooGpa3sax perynsipHsix 3Ha4eHuUi

4.1.2. B caywae det f'(z) = 0, 2de f' npouseodnas, — mowka T € X
Hazvieaemes kpumuveckoi omoopaxcenus f : X =Y. A mouxy y € Y,
npoobpas f~'(y) xomopoii cocmoum monvio u3 Kpumumeckux mowex,
Hazbiaom kpumuueckum 3nauenuem f().

4.1.3. Touxu = € X, ¢ xomopbix det f'(z) # 0, nassiearomes peey-

aapuvimu, a y = f(x), npoobpass: KOMOpsIX COCMOAM UCKAIOUUMENLHO
6

U3 peynApHbIX mouex, Ha3uieaiom pezyiapHoimu suaenusmu®) f(x).

Ecnu B f : X — Y pa3mepnoct ppoctpaHcTB X, Y pasnndHbl,
onpeleNeHss KPUTHYECKMX M DETYISpPHBIX TOYEK U 3HauyeHuil oT-
TalKuBaioTcs oT paHra f (z). Vcnosue det f'(z) # 0 3ameHsercs
MaKCHMaTbHOCThIo paHra f'(z), coorperctsenHo, det f'(z) =0 —
ycoBueM «paHr f'(Z) MeHblue MaKCMMaJILHOMO.

Crenyionimii Ha BUJ TeXHWYECKUI pe3ynsTar MO3BOJsIeT pellaTh
HEeKOTOpbIe MPHHLMNV2TBHbIE BOIPOCHL.

4.1.4. Teopema Capda. Munoxcecmeo Kpumuyueckux 3HaueHuil omofpa-
acenus [ X = Y umeem uyneeyro nebezosy mepy ¢ Y.

<« OrpaHuyuMCs pacCCMOTPEHUEM CiTydasi paBHBIX pa3mepHoctedt X u Y. Ilo-
ckonbky X MOKpHIBAETCS CHETHBIM MHOXECTBOM OKPECTHOCTEN, TEOPEMY HOCTATOUHO
nokasarh, xorna X — eauHuuHbIl kY6 [0, 1]°.

Pa3o6bem [0, 1] na N™ pasHbix KyGuKOB, pa3ieup Kaxnoe pebpo Ha N pap-
HEIX Yacred. Jns mro6oil napel To4eK Tg, T, JEXalMX B OJHOM M3 TaKuX KyOUKOB,

1
15@) - 7 @@= al =o( 3 ) @)
Ecnu zy — xpurudeckast Todxa, T. €. det f'(:z:o) = 0, 1o U3 (4.1) sicHO, 4TO OObEM

N®
COHEPXAalIMX KPUTHYECKUE TOYKH, TO CYMMapHHBIif 0GbeM 00pa30B TaKuX KyOHKOB eCTh

1
obpaza sToro Kybuka ecrtb o(— . Ecu teneps k 06Go3Hauaer YMCIO KyGUKOB,

I
Nk.(,(m) , puyeM 3aBeIoMO k < n. B npegene npu N — 0C NPUXOAMM K BEBOLY

0 TOM, 4t0 JeGeropa Mepa B Y MHOXECTBA KPUTHYECKMX 3HAYeHMI pagHa HYTO. b

6 -1

) B ciayyae, Korma npoo6pas f (y) mycr, TOMKY J OTHOCSIT K PETY/SIPHBIM 3HAYCHMSIM.
OueBMIHO, ecii X — KOMIIAKT, TO Ipoo6pas JioGoro peryispHoro 3Ha4eHHAs COCTOUT He Goiiee
4eM U3 KOHEUHOIo YMCNa TOYEK.
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4.1.5. CnepctBue. MHodxcecmeo peeyaspHbiX 3HAHEHUl 0moopaxcenus
f: X =Y sciody naomno ¢ Y.

Ecnu ycroBue HeBbipoxkaeHHocTH f B puge det f'(z) # 0 3amenuth Gomee
0611uM TpeBoBaHUEM MAKCUMATLHOCTH paHra f'(Z), To 0 perynsApHbIX TOYKaX U 3Ha-
YEHUAX MOXHO roBopHTh M B ciydae f : R* = R™, m # n. [lna taxux cutyauuit
teopeMa 4.1.4 ocraetcs cipaBeanuBoii (paBHO Kax u cieactBue 4.1.5).

B onpejeneHHBIX cCUTYauMsIX MPeaCTaBISIOT UHTEPEC pes3yabTaThl
00 MHAMBUAYILHEIX TIPpO0Opasax peryasipHbIX TOUEK.

4.1.6. ITycmo f omo6pasxcaem (k+1)-meproe muoeoobpasue X 6 k-mep-
noe Y ; mouxa y peeyaspra, u ee npoobpa3 f_l(y) Henycm. Toeda f_l(y)
A615eMCST 2AA0KUM OOHOMEPHBIM MH02000pA3UEM.

< Ecmn z € f7'(y), To fT, = T,. Nosromy siapo JMueiiHoro oneparopa f'
B TOUKE T SIBNSETCS OFHOMEpPHBIM MPOCTPAHCTEOM, CKaxem, B'.

Mycrs X, Y CRY u P — OPTOrOHabHbINA MPOEKTOP RY ua E'. Onpeaenum
otobpaxenme g : X — Y x E' xax g = {f, P}. Ouesugno, ¢' = {f', P} asnserca
u3omopdu3smom npocrpancrsa T na T, X E', M [0 TeOpeMe O HESIBHOM (YHKLUU
orobpaxenne g muddeomoppHo oTOOpaxaeT HeKoTopylw okxpectrHocts U C X
Toykd T € X Ha oxpecrHocts V C Y x E' rouxn {y, Pz}. llpu 510M OTOGpa)eHUH
mHoxectso f~' (y) sBaseTcs npoobpazom npsmoit y x E', a muoxectso [ (y) NT
auddeomopdHo orobpaxaercs Ha (Y X E') nvV. »

AHaJIOrMyHO yCTaHaBIVBaeTCA:

4.1.7. Ilyems ¢ : X - R — enadxas dyynxyus na enadkom mro2006-
pasuu X, u nyas — peeyasproe 3navenue @. Toeda MHoICECME0

X={reX: px) >0}
sensemes anadkum muozoobpasuem ¢ kpaem X =~ '(0). <

4.1.8. Ilycme f omo6pascaem (k-+ 1)-meproe mnoeoobpasue X ¢ kpaem
6 k-meprnoe enadioe muoeoobpasue Y ; mouxa y € Y peeyaspua xax
onn f, max u onn cyscenus f wa xpaii X. Toeda f'(y) seasemcs
enaoKumM OOHOMEpHbIM MHO2000pasuem ¢ KpaeM. <l
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4.2. CreneHb oToGpaXkeHus

IMycter X 1Y — rnagkyvie OpUeHTUPOBAHHBIE 12 -MEPHbIE MHOTO00pa3usl,
ppuyem X KOMDAKTHO, a Y cBsi3HO. Cmenens deg (f; y) eradkoeo om-
obpaxcerus . X —Y dan peeyaspHozo 3Hauenus y onpenensieTcsl Kak

deg (f;y) = Z sign det f'(x). (4.2)

zef~1(y)

B cuny kommakTHOCTM X ¥ PeryisipHOCTH § — YKCIIO TOYEK B TPO-
obpase f '(y) xomeuno. M3 ompegenenus sicHo, uto deg (f;y) —
JIOKAIbHO TIOCTOSIHHAsK LeNIouUcTeHHass GyHKIMsI OT Y, OnpeeieH-
Hasi Ha OTKDBITOM TOIMHOXECTBe ¥ TONHOM Mepsi ). DTOro, pasa,
He XBataeT sl YCTaHOBJeHMsl Heszapucumoctu deg (f;y) or y. Tem
He MeHee dyHKuus deg (f; y) MOCTOsIHHA HA MHOXECTBE PeryJspHbIX
3HAYeHUil, CM. fasiee, U 3To oblee 3HayeHe deg (f; y) Ha3biBaeTcs
cmenenvio omobpancenus [ : X — Y u o6osHavaercs yepes deg f.

Bor nepBoouepeiHbie MEphl, pacyMIliAoIMe CTApPTOBYIO NNOIIaIKY.

4.2.1. Ilyeme X — (n+ 1)-meproe muoeooGpasue ¢ kpaem X , Y — ceasnoe n-meproe
mhoeoobpasue. Ecau f : X — 'Y npodonxcaemes do enadkoeo omobpancenun F : X = Y,

mo deg (f; y) = 0 dan aoboeo peeyasprozo 3naenus i Y.

<4 Jlonyctum cHadana, 4To y — peryiIsipHoe 3HadyeHHe Kax ost f, Tax u ais F.
B cuay . 4.1.6 MHOXECTBO F_I(y) SIBJISIETCST OLHOMEPHBIM INagKHM MHorootpa-
3UeM, Kpalt KOTOpOro, COCTOSIIMI U3 KOHEYHOIO 4YMCIa MPOCTBIX AYT, MOJy4aercs
B pe3ynbTare MepeceueHus F“I(y) C KpaeMm X [Ip4 oToM rpaHUYHbIE TOYKU AYT
nexar wa X. IMycrs T’ — oara u3 ayr F~'(y) u T = {a} U {b}. Toraa

signdet f'(a) + sign det f'(b) =0, (4.3)

OTKyna cieayeT yreepxaeHue 4.2.1, tak xak npooGpa3 f'(y) COCTOMT U3 KOHLUOB 1Y,
Jexaliux B npooGpase F'(y).

CnpaseanuBoctb {4.3) BbITeKaeT U3 POCTOTO aHANNH3a COIIACOBAHMSI OPHEHTa-
unit. Ucrounuk (4.3) 3aKU1i04eH B TOM, YTO €CITM KacaTeNbHbIM K I' B TouKe T BeKTOp
e {z) — nomoxurenbHO OpUEHTHPYET I', TO 0AMH M3 BeKTOpoB e(a), e(b) HanpabieH
BHyTpb X, Apyroit Hapyxy, oTKyaa B utore u cieayert (4.3).

7
)

B cuny meopeme: Capda.
Dro anator nemmel 3,54 0 paBeHcTBE Hym BpaweHus Y(f, Q), ecan none f(z),
HEBBIPOXAECHHOE Ha rpaHuLe 2, HEBLIPOXKACHHO IPOAcILKACTCs Ha §2,
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IlycTb TeNeps § — perymipHoe 3HayeHne otobpaxenust f : X — ¥, Ho He
F : X — Y. Ilockoneky moBasn AOCTATO4HO Maias okpecTHocte V CY Touku g
COCTOMT M3 peTYSIPHbIX 3HauyeHHit oToOpaxkenus f, — dyHkuus deg (f;y) nocro-
ssHHa Ha V. C apyroil CTOpOHBI, MHOXECTBO DETYJSIPHBIX 3HAaYeHUIl OTOOpaxXeHUs
F:X - Y nnotho B V' (n1.4.1.5). TlostoMy B V' Haiinercst Todka z, SBTHIOIIASCS
pErysipHbIM 3Ha4eHHEM Kak f, Tak  F, U 3ajada CBOAMTCS, IOCTE 3aMEHBI ¥ Ha 2,
K YK€ DACCMOTPEHHOH CUTyalMH. b

4.2.2. Inadko eomomonibie omotpaxcenus fo: X Y u fi . X = Y umerom oduna-
Ko6bte cmeneHy

deg (fo; y) = deg (f1; y).

< VY cyxenus f rmagkoi romoronuu f : X x [0,1] = ¥, casbiBatoineit f;
u fi, crenens deg (f; y) [ pETYNApPHBIX 3HAYeHMI § paBHa PasHOCTH CTeMeHei
deg (f1; y) u deg (fy; y), nockoneky MHorooGpasust X X 0 u X X 1 opveHTHPOBaHb!
ﬂpOTPlBOﬂOJ'[O)KHOg). [Janee ocraercs cociaTbes Ha 11.4.2.1. b

4.2.3. Jugpeomopprsie omobpaxcenusn fo, f1 1 X — Y naseisaromes 2nadco uzo-
monnbimu, eciu cywecmeyem 2nadkas 2omomonusi f o X x [0,1] — Y, xomopasn
coedunsem fo u fi, u npu xaxcoom 7 € |0, 1] omobpancenue f(z;T) neanemen oud-
geomoppuzmom X na'Y.

4.2.4. Nemma. flycme y u z — npou3soasbible MOYKU 21a0K020 CEA3HO20 MHO2000-
pasus Y, Toeda cywecmeyem 2padko uzomonuei moxcdecmgennomy oupgeomopdusm
h:Y =Y, nepeeodawuii y ¢ 2.

3a moxa3aTelbCTBOM, PABHO KaK U 3a APYTMMH [oApoOHOCTAMU AUPPEepeHLU-
aTbHOIt TOMONOTUM, MpOLIE BCEro orocnars yurareds X [13]. Ho Tyt Ha npumepe,
xoteock Gbl OGpaTHTL BHUMaHHE HA TEXHUYECKHUM MPHEM, MONE3HBI U HACTO HC-
M0JIb3YEMBIiA MPH MOCTPOEHUU TOMOTOIMHYECKUX MEPEXOIOB.

<4 Cam o cebe ¢axr 4.2.4 Gonee-MeHee OUYEBUAEH B MPOCTBIX CHUTYaLHUsIX 10),
HO MpH yCIIOXHEHUM MHOrooGpa3ust ¥ BO3HMUKaeT ollaceHHe «Kak Obl 4Ero He BbI-
LLTO», KOTOPOE B MTOTe HE ONpPaBAblBACTCS,

Hrtak, nmocrpoum cHayansa riagxyl H30TOMHIO R" Ha ceBs,
hiR"x[0,1] - R,

KOTOpas OCTAB/SIET HEMOABUXHBIMU TOUYKH BHE eJMHMYHOro 1mapa B u nepesoaut
Hayaio KOOp/JMHAT B Hanepes 3afaHHYI0 TOYKY z € B.

% Cwm. ab3au, uaymuit Beien 3a onpeneiacHueM 4.1.1

"9 B wacriiom cilydae n-mepHoit cepsl S moaxomstumit auddeomopdusM 1a€T NOBOPOT
5", nepeBomsimuit Yo B Y.
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Oneparop casura U; no tpaexropusimM b depeH1ManbHOro ypaBHEHUS

z = p(z)c,

roe ¢ : R" = R taxosa, yto ¢(z) >0 npu £ € B u p(z) =0 npu z € R*\ B, —
siBIsieTCsl JUpeoMoppr3mMom " R" Ha cebst npu moboM £, O4eBHIHO, P MOOX0-
JSIEM BbIOOpe Deut oroGpaxeHue U; nepeBoour ueHrp B B Touky z € B.

B o6iiem ciyyae cBsi3Horo MHoroo6pasus ¥ mo6ast Touka y € ¥ umeer okpecr-
Hocth B Y, mudpeomoppuyio R”, ToaroMy NpUBENEHHOE BBILIE PACCYXKACHHE [10-
Ka3bIBAET, YTO NOCTATOYHO OIU3KHE K ¥ TOYKH M3OTOIMHBI 13) y. CnegosarenbHo, ¥
pacnagaeTcsi Ha OTKpPbIThle MHOXecTBa (K1acchl) M30TOMHbIX Toyexk. [Tockonbky ¥
CBSI3HO, KJTACC M3OTOIMHBIX TOYEK MOXET ObITh TONBKO OAUH. b

Tenepb ycraHOBUM, HAKOHEL, KOPPEKTHOCTH OIpPEE/NeHUs CTENEHH 0ToOpaxe-
HusI, T. e. He3aBucumocts deg (f; y) or y.

4.2.5. Qyuxyun deg (f; y) nocmosanna na muoxcecmae pezyasphuix 3nauenuil y.

4 Ilyctb y M z — peryisipubte 3Hayeumst oroGpaxenuss f : X — Y, u
h:Y — Y — u30TONHBLt TOXaeCTBeHHOMY AMpdeoMopdu3M, nepeBomsuuuii y B 2
(nemma 4.2.4). Tak xax h coXpaHSET OPHEHTAUMIO, TO

deg (f;y) = deg (hf; h(y)) = deg (hf; 2),

a 10cKkoIbKy audheomopdu3m h eie M MIAOKO U3OTOIEH TOXKAECTBEHHOMY, TO f
IJ1aKO TOMOTOITHO OTOOpakeHMIo hf, IpHYeM Z — peryisipHoe 3HaYeHHe oTobpa-
xeuust hf. Torpa (n.4.2.2)

deg(hf;z) =deg(f;2) = deg(f;y)=deg(f;2). »

4.3. CeoiicTBa cTEenexlu

Koe-uTo yxxe OblJIo YCTaHOBJIEHO B MpebIAyIileM pa3aesie, Ho 06 3ToM
1enecooGpa3Ho cKasaTh elle pa3 ¢ ydyeroMm mocrosiHcTBa deg (f;y)
Ha MHOXeCTBe PeryIsipHHX 3HayeHuit (11.4.2.5), 3amensis obliee 3Ha-
yenue deg (f;y) cmenenvio deg f. Kak u npexne X, ¥ — mragkue
OpPUEHTUPOBaHHbLIE MHOr0O0pasus OAMHAKOBOM pasMepHOCTU, NpU-
yeM X KOMMakKTHO, a Y CBS3HO.

)
12)

H30TONHBIM TOXAECTBEHHOMY.
Hcnons30BaHKE ONeparopoB CABUra Uil M'OMOTOIMYECKUX MEPEXOMOB JIETKO Crnacaer
B HEKOTOPLIX CUTYALUMsIX, [I€ MPOCTBIX BEIXOAOB U3 MONOXEHHUS CPa3y HE BUAHO.

13 g CMBICJIE CYLIECTBOBAHMS U3OTOMHOTO TOXAECTBEHHOMY nupbeoMopduaMa, nepeBoss~
LIero TOYKY APYr B Apyra.
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4.3.1. ToMoTONKYeCcKan IKBUBANEHTHOCTb. [1a0Ko comMomontbie om-
obpancenus fo: X =Y u f1: X — Y umerom odunaxoeyro cmenens,

deg fo = deg f.

<« Daxr 4.3.1 nonyvyaercss oGpeIUHeHHEM YTBepXacHuUit 4.2.2 1 4.2.5. »

4.3.2. MpusHak Hynesow ctenenu. [Iycms Q) — (n+ 1)-meproe mno-
2oobpasue ¢ xpaem S), Y — cesznoe n-mepnoe muozoobpasue. Ecau
f Q= Y npodosxcaemcs do eradkoeo omobpaxcenus F : Q — Y, mo
deg f = 0.

4q ®Daxr 4.3.2 — nepegopmymmposka meMmbsl 4.2.1 ¢ yyerom m. 4.2.5. b
OuepuaHa aHamorust ¢ Jemmoit 3.5.4 o paseHcTBe Hymo BpaieHHs y(f, (1), ecmu
noie f(z), HEBBLIPOXACHHOE HA IPaHULE 2, HEBBIPOXAECHHO MPOXOIXKAETCS Ha (2.

4.3.3. Mpu3sHak Hyneeoit crenenu. flycmo f ; Q =Y — 2nadkoe
omobpaxcenue u f(QY) #Y. Toeda deg f = 0.

<4 Ecom y € Y\ f(Q), 10 y — peryispHoe 3HayeHHe OTOOpaxeHus f,
He UMeloliee MpooGpasos. » [Ipu3Hak 4.3.3 o4yeBUAHBIM 06Pa30M MepPeKIUKAECTCS
¢ Teopemoit 3.5.2 0 HyN€BOM BpallleHUH [OJISI, UMEIOIIETO aXUANECO80 HANPAGACHUE.

4.3.4. ApputuBHocTtb. [lycms eradkoe omobpaxcenue F na MHoz2006-
pasue Y onpedeneno na epanuyax obaacmei

Q,Q,..., 0 CR",

npuyem obnacmu (j =1,..., m) nonapro ne nepecexaiomes, 3ambi-
Kanue Q = Uﬁ-, uf,fi,-.., fm — cyowenusn F, coomsemcmeenno,
Ha Q, 8, ..., Q. Toeoa
m
deg f = E deg f;. (4.4)
i=1
< Ecmm §; u Q rpaHMyar Apyr ¢ Jpyrom, TO MpH HCIOIb30BAaHUM (HOPMYIIbI
(4.2) nnst noncyera creneHeit B (4.4) BoisCHsTETCS, YTO O6WME ToukM T € fi '(y),
TE fk_[(y) anyt B cymMe (4.4) craraeMble pa3HbiX 3HAKOB,
sign det f;(z) = —sign det fi(z).

Ttosromy Bce cmaraemble B (4.4) clpaBa 1o BHYTPEHHHM [EPErOPOIKaM B3aUMHO
COKpATSITCA, YTO U JaeT TpeGyeMoe paBEeHCTBO. b
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4.3.5. CreneHs guddpeomopdpuama.
Ecau ougpgheomoppusm f . X — 'Y coxpansem opuenmayuro, mo

deg f =1,
ecau He coxpausiem, — mo
deg f = —1.

<4 Bce 3HayeHus oroGpaxeHus f pETYIApHH M KAXIOMY OTBEYaeT ONMH
npoo6pas. [Mosromy | deg f| = 1. 3Hak onpenemnsiercs: opuenTauueit. b

4.3.6. Teopema o npousseaenum. /lycmes
f: XY, g:Y—>2Z,

n
ede X,Y,Z CR" — eradxue mHoeoobpasus, npuwem X KomMnaxmwo,
aY u 7 ceasun. Toeda cmenens KOMRO3ULLUL PAGHA NPOU3BEOCHUIO Cme-
neei

deg (9f) = degg - deg f.

<« Ecin z € 21 — perynspHoe 3Hayenue oroGpaxenmii gf u g, 1o y € g '(2)
peryisipHoe 3HayeHue f. [losromy

deg(gf)= > signdet(gf), = . signdetgfysigndet f, =

ze(gf)~'(2) z€(9f)~'(2)

= Z (sign det gy, - Z sign det f;) =
yeg~'(2) zef~\(y)

= Z signdetgy - deg f = degg-deg f. »
yeg~' (2)

4.4. CreneHb u BpalwieHue

4.4.1. Bpawenue y(f, Q) onpedeasiemcs Kak CmeneHs omoOpadcenus

N
FE) =15 (43

epanuypt §) 6 eOUHUMHYIO ciepy S.

,H.TIH «BOTUIOILEHHS CKA3aHHOTO B MeTa/llI» HeOOXOAUMBI KOe-Ka-
KM€ TeXHUYEeCKHe YCHIuA. HepBblM JEJIOM B OTIpCACIICHUHU CTCICHU
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CHUMAETCs TPeGOBAHUE IIanKoCTH oTobpaxenust F : X — S" ¢ no-
MOLLBIO TIadKUX €-anmnpokcuMaumii F, : X — S™,

|F(z) - Fe(z)l| <€ (V z€X),

cTeleHb KaKoBhIX, deg F, IpU AOCTATOYHO Majbix £ > 0 cTaOMIU3U-
pyercst (11.4.3.1), HOCKOIBKY

(1 - A FX(z) + AF.(z)
(1 = N F2(z) + AF ()|

F(a:;)\):“ (zeX, 0<AL])

. ., ., 1
SIBJISIETCS] TJIAKON TOMOTONUENR, COeqUHSIONIEN FE0 ukF,.

4.4.2. Obwyro cmenenb 2na0KuUX E-annpoxcumayuii omoopaxcenus F
nasviearom cmenensro deg F' smozo omobpadcenus.

[anee BBOAMTCS MOHSITUE FOMOTONUM HENPEPbIBHBIX OTOOpaXE-
HUH (Kak U B pasznene 3.4), M JIErKO YCTaHAaBIMBAETCs, YTO CTENEHb
HENPEPBIBHBIX OTOOpaXeHWH oO0namaer TeMH K€ CBOMCTBAMH, YTO
M CTeNeHb MagKuX otobpaxkeHuit (m. 4.3). B yactHocTu:

4.4.3. [omomonnvie omobpaxcenus Fy: X — 8", F: X — 8" umerom
00UHAKO6YI0 CMENeHd.
deg Fy = deg F.

Ecau teneps §) — orpaHuyeHHast o6aactb B R" ¢ rmaakoit rpaHu-
ueit 2, To w151 onpenenenus y(f, ) HATO TULIb 03a6OTUThCA O Tpa-
BUJIbHOW OPUEHTALMM IpaHuLpl §2. JUIsi 3TOrO B KAXIOM Kacareib-
HOM nipoctpanctse T2, BhIGHpaeTCs TaKoii Gasuc e (€),...,en1(x),
onpeaessionii opuentauuio T, YTo6bl €ro ONOTHEHUE BEKTO-
pOM BHelIHeid HOpManu 7(Z) K §) B TOYKE T ONpPERENsIo CTaHAapT-
HyIo opueHTanuIo R”, AHAJTOrMYHO OpMEHTHPYETCs eqMHUYHasK chepa
S§™ 1 C R™ Jlanee, B cooTBercTBMM C 0. 4.4.1, Bpauienue v(f, Q)
onpenessieTcs: Kak cTeneHb OToOpaxeHHs

WA F e — 57

Ecnu rpanuua ) He o0s13aTeIbHO ITManKasi, BOZHUKAET JOHOJHMU-
TenbHast Mopoka. [lycTe F' onpenenedo Ha 2, u Fy — npoussoibHOE
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HEBLIPOXIEHHOE HENpEpbIBHOE MpomokeHue nojisi F ¢ Q) Ha 3a-
MbIKaHUE 06aacTH (). Ilycts Zy — MHOXecTBO Hynei 1ons Fy.
[Mockonbky Zgy u ) KOMNaKTbl U Zip N Q=0 , TO CYILIECTBYET 00-
nacTh €y ¢ IagKoit rpaHMUe, sk KOTopoH

Zo C Q0 C Q. (4.6)

B cuny (4.6) none Fjy HeBbIPOXAEHO Ha Q. [ToaToMy onpeneneHo
ero spaienue Y(Fy, ), KOTopoe He 3aBUCHT HH OT Tpoxomkerus F
nonst F, uu or BeIGopa oGnacTU )y, YIOBJIETBOPSIIOLLEH YCIOBHIO
(4.6). DTO O6lee BpaleHUe HA3BIBAIOT epauyeruem Y(F, Q) nons F
Ha TpaHule Q o6nactu €.

Hnrtepecro uto B nocrnenueil konerpykunu y(F, Q) MPUCYTCTBYET HE TONIb-
KO rpaHuila ), 1o N obmacts ), Tora KAK ONpeHeTeHne BpALEHHs Ha 0BIACTAX
C DIagKUMHK rpaHuiaMy He Tpebyer npusiedeHus caMux obmacrert. M 3to npun-
{UMUAIBHO, YTO CBA3AHO C cylecTBoBaHMeM B R™ pasTU4HBIX HENEPECEKAIOLINXCH
obnacreil Qy, ..., ¢ obuieil rpaHULER “, Ilo3ToMy ecnn Ha obieit rpaHuile 06~
nacteil €); 3a5aHO HeBBIpOXACHHOE Noe F, To BpaeHus y(F, Q,-) MOTYT OKa3aThcs
pasnuuuniMid. Hosmomy s obosnanenuu (F, Q) cumsgon § HYWCHO NOHUMAMY KaK
epanuuy umenno obaacmu ).

C y4yeToM mnepeyUCIeHHBIX HIOAHCOB BCJIEH 34 CBOMCTBAMHU CTe-
neuu (pasmen 4.3) BBHINOJHSIOTCS aHANOTMYHbIE CBOMCTBA BpalLleHUs]
oroGpaxenust y(F, Q), onucaHHeie eule B 1. 3.4, 3.5. Jokazarenb-
CTBa CBOSITCS K MPOCTHIM pEBEPAHCAM B CTOPOHY ONpeIe/ieHUH.

K OroBOpeHHBIM yXe€ CBOMCTBAM BpAaUICHUs C TMOMOILBIO OIIpe-
IEJIEHUST YEPE3 CTeTeHb Jierye NMPUCOBOKYIUISIIOTCS HEKOTOPHIE Ipyrue
akThl, XapaKTepU3yIolllkue BpallleHue BeKTopHoro noisd. Hanpumep,
K yrBepxaeHusm 4.3.5, 4.3.6 oueBUAHBIM 00pa30oM 10GABISIOTCS aHa-
JIOTW IJisl BpallleHUs1 HENPEPBIBHBIX ITONeH, He 06s13aTe/IbHO TIaAKMX.
KoMmOuHalMsl 3TUX aHANOTOB NMPUBOIUT K CJEIYIOIEMY NPUHIIMITH-
ATHbHOMY DE3yJIbTarTy.

4.4.4. ITyems h: Q — Y — comeomopusm, u nose f(x) neeviposncoeno
na 2. Tozda

v(f, Q) =vy(hfh~', 7).

4 Ipumep Bpayspa [4, 1. 13].
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3to O3HA4acT, YTO BpalllcHHUE BCKTOPHOI'O NOJISI HC MEHSCTCS NPH
nepexone K JAPYroM CUCTEME KOOPAUHAT.

BBeneHHOe 31eCh BpaieHMe NOJIE3HO CONOCTABUTDb C OTNpejese-
HHEM METONOM NpoThiKarourero Jyda (n. 3.1). Jusl 3T0ro 1ocTaToyHo
NpescTaBuTh, yTo f({2) UEHTPaNbHO NMPOEKTUPYETCS! B COOTBETCTBUU
c (4.5)Ha S, re. F(z) = f(z)/||f(z)||. B pesyabrate noepxHocTb

15)

peayasprbix 3Hauenuil y € S cymMa B (4.2), BepHee

f(Q) yxnapbiBaercst Ha S B HECKOJBKO CJIOEB ', MOCHE YEro 0as

Z sign det F'(z),

z€F~Y(y)

JIaeT KaK pa3 «CyMMy» MpPOThIKaHUIA yya no dopmyne (3.3).

CrpyKTypHasa yctoityMBocth BpamieHHs. BaxHo nmomyepkHyth, yto
BpaillleHUE€ BEKTOPHOIO MOJisi OTHOCHUTCS K paspsiny 2pyfsix Xapakre-
puctuk. OHO He MeHsleTCsl IPU MabIX U3MEHEHUsIX KakK orobpaxe-
Hus f, TaK 4 obnactu (2. [loaToMy r0GEIE TEOPEMBI O Pa3peIIMMOCTH
ypaBHEHMH, OnMpalouIMecs: Ha OUEeHKM (), BBLAEPXKMBAIOT Maible
BO3MyilieHUsI. [Ipu BEIYMCIEHMM CAMOrO BPaLIEHMsI 3TO AAeT BO3MOXK-
HOCTb TOJIb30BATLCSL PA3MYHBIMU anNpoKCUMALMSIMHU, He Hapyluas
BBIBOAOB, — HanpuMep, BMeCTO f(Z) B OKPECTHOCTH Iy MOXHO
paccMaTpHuBarh JiHeliHoe npubInXKeHue f'(:z:o)(a: — Zp), pasymeercs,
€CJIM TTPOM3BOAHAS f'(a;o) HEBBIPOXICHA.

15) Yucno croeB Ham KaxI0U Toukoit ¥ € S MoXeT ObiTh Pa3HbiM.
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4.5. HeBblpoxaeHHOe NPoAoXEeHNe Nons

K uenTpaibHoii Teopeme 3.5.5 o paspeuumocty ypasHerus f(z) =0
B ciyyae Y(f, Q) # (0 — HanpallMBaeTcsi JOTOMHEHHUE, XapaKTepHu-
syroiee cutyaumio y(f, Q) =10. KoHeuHo, Hynb MOXET CYILIECTBOBATh
B JI0GOM ciyyae, Ho npu ycaosuu Y(f, Q) = 0 none f(x) Bcerna

N

MOXHO MPOJOJIKHUTE ¢ {2 Ha ) HEBBIPOXIEHHBIM 00pa3oM. BTO He TaK
YK JIETKO IOKA3aTh B Pa3MEPHOCTAX 7t > 1, HO U HE O4eHb

i

4.5.1. Teopema Xonda. Ecau f(z) # 0 na epanuye Q oepanunennoii
césznoil obnacmu Q u Y(f,Q) =0, mo f: Q — R™{0} moxcro
npodoaxcums 0o HeebipoXcdennoeo Ha 3ambuikanuu ) noas. <

KoHeyHo, Goslee 3HaMeHUTA Apyras meopema Xonga cucTteMoos-
pa3ylollero xapakrepa:

4.5.2. Teopema Xonda. Eciu neewponcdennvie na cgepe S C R
(n > 1) eéexmopnbte noas umerom 00UHAKO0G0E 6palenue, MO OHU 20MO-

MONHbL 16). >

4.5.3. Téopema 4.5.2 coxpansem cuay npu 3amere cgepvr S epanuyet

Q0 maxoii ozpanumennoii césznoii obnacmu U, umo R" \Q umeem dee
17

Komnonermet césznocmu’. >

Ponb meopems: Xongpa 4.5.2 u ee Gonee obiiero sapuanTa 4.5.3
3aKJII0YaeTCsl B XapaKTepHM3alluM cUJIbl MeToaa. Kak MHCTpYyMeHT, oHa

16) 3aMeTUM, 4TO 3aJaua O TOMOTONMMH ABYX OTOGPaXeHHit €CTh 3a7aya O BO3MOXHOCTH
npogomxenus H(z,t) ¢ § x {{0}, {1}} na muoxecrso § x [0, 1].

) B xavectse MOBEPXHOCTH Q rOIMTCA, B YaCTHOCTH, mop, U BOOOIUE chepur ¢ pyukamu
[4, . 13]. DanbHeitutee ochaabaenue Tpebosanuii K €} narankupaercs Ha npensrcreus. Hanpu-
MEp, BEKTOPHBIE MOJISI, UMEIOLIME OJUHAKOBLIE BPAIEHHUA HA TPAHMULE 1UaPOBOTO CJIOSl, MOTYT
OBITE HE TOMOTOIHBL.
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MasioynorpeOuTensHa. Ho BaxHa Kax oropa BCeil TEOpUM BpalLCHUSI.

U3 teopemnl 4.5.3, BKyne ¢ pe3yasraToMm 3.4.2, CleyeT, 4TO BpalleHHe
8

BEKTOPHOTIO nons ¥ wecer B ce6e UCYEPNBIBAOLLYI0O MH(OPMAIIUIO

JUTsl TOMOTONIMYECKON KilaccuUKalMy oToOpaXeHUi

f: 0 — R™M{0}.

TeM camMbIM rapaHTUpysi, 4To Bornpoc o0 o0si3aTeJIbHOW pa3peuinMo-
ctu f(z) = 0 B ) MO AaHHBIM O noBexeHuu f(T) Ha rpaHuue )
M OTCYTCTBMM Apyroit uH(opManuu o6 f(z) — Bceraa MoOXeT GbITh
petiieH (NPMHUMIUMATLHO) BHYMCTeHUeM Bpawenus Y(f, Q).

Bosspaiuasich k 11.4.5.1, 3aMeTHM, YTO 3aJa4a NPOIOKEHUS OTOO-
paxeHHi SIBASETCS OAHOW M3 LEHTpalbHBIX B Tomojoruu [4, T 13].
OTHOCUTENLHO GECXUTPOCTHBIE MPOJOKEHUS XapaKTepU3YeET Clely-
101IMi Goslee-MeHee OYEBUAHBIN PE3yJIbTaT.

4.5.4. Teopema. Jloboe sexmopnoe nose f : M — R™ | M — samkny-
n

moe MHOMCECME0, Modcem Guimb npodoaxcero Ha éce R co suauenusmu

6 3amKHymoli ésinykaoii obosouke cof(M). <

ITpogomxeHus: IpU XONOJHUTENBHBIX TpeOOBaHUSIX MOCTABISIOT
fonbuie x10MOT. B AaHHBIM KOHTEKCT €CTECTBEHHO BMMCBIBAETCSI,
HanpUMep, CIEAYIOIIN I MHCTPYMEHT, UHOLAA BLICTPEIUBAIOLLIUY C TEM
WJIU UHBIM 3¢ (eKTOoM.

4.5.5. Teopema. Bexmoproe nose f(z), 3adannoe u neevipoxcdennoe
Ha epanuye Q0 ozpanuuennoii cessnoii obnacmu 2, makoi wmo R™\Q
Umeem 06e KOMNOHEHMbL CEIZHOCMU, 6Ce20a MOXCHO RPOGOANCUMb HA e
R" do noas ¢ eduncmeennsim nynem x* € Q.

.

Ecau oce R™\Q umeem k xomnonenm cessnocmu, mo f(x) moxcro npo-
n

Oonxcums Ha éce R 0o noas ne 6onee wem ¢ k — 1 uyaamu, «<no 00HoMy»

6 DZPAHUHEHHBIX KOMNOHEHMAX CEA3HOCMU. D>

OcoGblit uHTEpeC (cM. pa3aen 5.1) npencTasisieT caeayioLas

18) [To kpaitneil Mepe 1151 yKazanHoro B 1. 4.5.3 Tuna obnacreii.
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4.5.6. Teopema. Henpepunoe éexmoproe none f(x), sadannoe u He-
viporcdennoe na epanuye oepanuqennoll obaacmu Q, MOXCHO mMaK
npOGOANCUMb HA 3aMbIKaHUE ﬁ, umo npodoaxcenue [ 6ydem nenpepvigHO
ouppepenyupyemoim na 2, Uy Heeo 6ydem KomeuHoe Hucno Hyred Tj
C HeGLIPONCOCHHBIMU NPOUIEOOHBIMU f’(:z:j). >



lfnaea 5

K Teopun BpalyeHns BeKTOPHOro nons

Some horses are specially trained
to buck their riders off.

Xopoutee BOOPYXKEHHE HET HEOOXOOUMOCTH NMPHUMEHSTD.
HocTrarouyHo (axkTta €ro CyLIECTBOBaHHSA, M3pegka Iom-
KperuIseMoro AeMoHCTpalsaMu,. Takas e ucTopusi Bo3-
HHKAET B CBS3M C TOMOJOIMYECKUMU METOIAMH, 1A U APy~
TUMH HaYYHBIMH OUCLUUTUTMHAMM.

5.1. WHpekcol u anrebpanyeckoe YUCNO Hynewn

Hyns xy € Q 6exmoproeo noas f(x) Ha3bIBAIOT U30AUPOGAHHbIM, €CITH
B JOCTATOYHO MO OKPECTHOCTH g HET ApYruX Hyaei. Bpauenue
nonst f Ha cepax AOCTATOYHO MATOro pagudyca ¢ LEHTPOM B Xy
Ha3bIBAIOT uHOeKcom Ly v obozHavatwoT ind (f, o).

KoppeKTHOCTE TaKOro oIipeAe/ieHus] BHITEKAeT U3 OAMHAKOBOCTH
BpailieHUH f Ha cdepax RocTaTOYHO MaJioro paguyca. JedcTBUTeNbHO,
ecnu wapel By u B, He comepXxaT ApyrMxX HyJdei, KpoMe Ty, U
B; C B,, To u3 teopeMnl 3.5.6 creayer

7(fa Bl) = 7(f9 BZ)

5.1.1. Teopema 06 anrebpanveckom uucne Hynei. llycms eexmop-
Hoe none f(x) Heeviposcdeno na 0 u umeem 6 S Auwb U3OAUPOBAHHYIE
uyau. Toeda

Y(f. ) = ind (£, 2;), (5.1)
J

a0e cymmupoeanue udem no 6cem wyasm T; € Q noas f.
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<« [TokasaTenbCTBO cpasy BeITEKAET U3 11. 3.5.6, ecmu obnactu {); ompenenuTs
Kak LIapsl JOCTATOYHO MalblX PagMycoB ¢ UEHTPaMM B TOYKAX T;. W

Teopema 5.1.1 uMeeT pazHooGpa3Hble IpUMeEHEeHUs. [apaHTUpYET,
HalpUMep, CYLIECTBOBAHME HEU3BECTHOIO HYJIS, €CIM CyMMa MHIAEK-
COB M3BECTHbIX HyJleil oTimMyHa ot Y(f, Q) B paznu4HbIXx BapuaHTax
MO3BOMSIET TAKKE YCTAHABNMBATE €AUHCTBEHHOCTD peillenns. CKaxeM,
nyets y(f,€) = 1 u npoussonnas (Matpuua Ako6u) f'(z) HeBbl-
poxaeHa Ha 2. DToro, 0Ka3blBaeTcsl, JOCTATOYHO IS CYIIECTBOBAHUSI
v eduncmeennocmy pemenus f(z) =0 Ha Q.

o !
<« /[leitcTBuTENbHO, €CTM Ty — Hyms nons f, 10 f(z) n f(zo)(x ~ )
HEINPOTHUBOIOIIOXHO HAMPABISHb! B JOCTATOUHO MANION OKPECTHOCTH T, ITOCKOIbKY

f(z) = f'(zo)(m — @) + o(||€ ~ zol).
B cuity HEBbIpOXIEHHOCTI f’(:z:) nerepmuHant det f (%) coxpamsier 3HaK, MO3TOMY
WHOECKCHI BCEX HYEN 00s13aHbl ObITH OMIMHAKOBSI,

ind (f, x) = sign det f'(zo) = L.

A 310, Gnarogapst yenosuwo Y(f, Q) = 1, moryckaer He Gosiee OIHOTO HYTS. B

C yuyerom Teopem 5.1.1 u 4.5.6 craHoBMTCSl sicHO, 4TO Jr0GOE
none f c noGeM BpaiueHueM Y(f, Q) MOXHO MPOJOKMTE C Qua Q
Tak, yro f Oyger uMeTb B {) KOHEYHOE YMCIIO HyleH ¢ WHAEKCaAMM
+1, a Bpawenue v(f, Q) B COOTBETCTBHM € (5.1) OyneT npeacrabisTh

coboit anredpanyeckyro cyMMyl
BUEDWCI

WHpaexchl Hylledt M3HayanbHoO 3a1aHHoro Ha ) nonst f(x), pasymeercs,

MOryT OBbITh JIOOBIMM, HO M3 CKa3aHHOIO SICHO, YTO TaKMe HYIHu
2 .

«BO3HHUKAIOT» B PE3YAbTATe CAUNAHUSI ) HyneH ¢ uHaekcamu 1.

CBoiicTBa MHIEKCOB B CUJly OIPEAECIEHUS] ECTECTBEHHBIM 0bpa-
30M NEPEKIMKAIOTCSI CO CBOHCTBaMM BpaiieHusi. M3 teopemsbl 4.3.6,
HanpUMEP, JIETKO CIEAYET

D Ty yMecTHO HanmoMuuUTL dopmyay (3.3).
B npouecce aedopMaliui, Halpumep,
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5.1.2. Teopema o0 npousBefeHUU UHOEKCOB. [lycms To — U30AUpO-
eannvii Hyay eexmophoeo noas f(x), a 0 — uzoaupoeannsiii 1yas noas
9(x). Toeda xy — usoaupoeannsiii wyas noas gf(x) u

ind(gf, zo) = ind(g, 0) - ind(f, o).

IycTe Teneps mone f(z) HeBHIPOXIEHO Ha rpanuie ) obna-
ctv €2, a g(x) HeBbIpOXIEHO HA MHoXecTBe Y = f(§2). Torma na §2
HEBBIPOXIEHA KOMNO3ULMs ToNeit ¢ f. [lonycTHM NpH SToM,

Oéﬂﬂi,
i

rae §; — orpaHM4eHHbIE KOMIIOHEHTHI CBSI3HOCTH MHOXecTBa R™\ 1.
B aToM ciydae cripaBemiuBa gopmysa npouseederus epaueHull.

198, ) =21, 9) - D7l %), (5.2)

cnenyioast M3 m. 5.1.2.

B cnyuae, xorga R”" \ T COCTOMT TOJIBKO M3 ABYX KOMITOHEHT
CBSI3HOCTH, M HyJb JIEXUT B OTpaHMYeHHOH KoMIToHeHTe {)y, COOTHO-
uieHue (5.2) nepexoaut B

5.2. Unpexcb! Ha 6eCKOHEeYHOCTH

Ecnu rone f HEBLIPOXIEHO NpU GonplIMX 1o Hopme = € R”™, To ro-
BODSIT, YTO ocobas mouxa oo noist f uzonupoBana. I1pu 3ToM Teopema
3.5.1 u semMma 3.5.4 rapaHTupyloT, uTo BpauieHue f(z) Ha cdepax
JIOCTaTOYHO GOJIBIIOrO paguyca OMHO U TO Xe. DTo obuiee BpalleHue
Ha3bIBAIOT uHdeKCcoM Ha Oeckonewrnocmy v 06o3HayaioT ind (f, 00).

Ecin rone f(r) MMEET T1Ib U30JIMPOBAHHBIE HYJIH T; WU ONMPENCIcH UHIEKC f
Ha GeckoHedHOcTH (T.e. f(Z) HEeBbIPOXKIEHO NMPU JOCTATOYHO GOMBINMX MO HOPME
T € ]R"), TO YNCIIO HyNe# T; KOHEYHO, U B CHITY IL. 3.5.6 IMEET MECTO paBEHCTBO

> Tind (£, &) = ind (£, ).
i
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JlonycTiMm, Uis HEKOTOPOH matpuisl f'(00)

- f(@) = floo)zll _
IlT»lIlITOO -——————Hz” — =0, (5.3)

B 3ToM ciyuae rofle f Ha3bIBAIOT aCUMAMOMUYECKY AUHEHHbIM, 3 MATPULLY f’(oo) —
npou3soonoil Ha Geckoneunocmu oneparopa f.

5.2.1. Hycme nose f acumnmomuvecku auneiino u det f'(c0) # 0. Toeda ocoban
mouxa 00 noas f uzoauposana u

ind (f, oc) = sign det f'(00).

< JloxasarenscTso coseeM npocto. [o yenosuio [[f(z) — f/(00)z|| = o(HzH).
Ho Ttak kaxk Marpuia f'(oo) HEBBIPOXIEHHA, 3TO BIEYET 3a cOOON CHpaBeA/iMBOCThL
HEPaBEHCTB

1£() — £'(c0)zll < IIf'(c0)al

Ha cdepax J0CTATOYHO GONBITMX PANMyCOB, HTO FAPAHTHPYET HEIMPOTUBOMONOKHYIO
HanpasieHHocTs noneit f(z) 1 f (oc)z. »

5.3. HaxpbiTs U romeomopduUsambl

Bornpockl 0 roMmeoMopdu3max 10CTaTOYHO MoApoOHO (Kak IMpaBUIIO,
C I0Ka3aTebCTBAMMU) paccMoTpeHsl B [4, T. 13]. Orpanuuumest 3mech
(hopMyTUpOBKOI 1BYX pE3YILTATOB.

5.3.1, Teopema. Ymobbr [ 6Gbiro comeomoppuzmom R™ na R™, neo6-
X00UMO U JOCMAMOYHO BbINOAHEHUE 08YX YCA0BUIL:

() f sersemcs roKanbHOIM 20MeOMOPPUIMOM,

(i) npoobpas 2106020 02PAHUMEHHOC0 MHONCECMBA 02PDARUYEH. [>
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Ycnosue (i) paBHOCHJIBHO

lim || f(z)[| = oo, (5:4)

ll]|—o0
4TO TIOJIE3HO TPEHMPOBOYHO OCMBICIHT .

5.3.2. Teopema. Ilycmo f: X — Y, 20e X, Y auneiino cessnwt, npu-
uem ai06as 3amMKHYmas Kpuéas 6 Y moxcem Ovlmb CHAHYMA 8 MOUKY.
Toeda, umobbt | Gviro comeomoppusmom X na 'Y, neobxodumo u docma-
MOMHO 8bINOAHEHUE 08YX YCAOBULL

(a) f seasemca nokanbHbIM 20MEOMOPPUIMOM,

(b) npoobpas srwboeo komnakma uz Y xomnakmen 6 X. >

Teopembl 0 roMeoMopdU3Max rapaHTUPYIOT OJHOBPEMEHHO: pa3-
pewMocTh f(x) = y mpy Mo6oM y € Y, eAMHCTBEHHOCTb PELICHUS
U HENpepbhIBHOCTL OOpaTHOIO oTepaTopa f_‘. WMHoraa Bo3HUKAeET
CaMOCTOSATENbHBIA Bompoc O paspewuMoctd f(z) = y Tipu mobom
y € Y. B ciiyyae MOJIOXHUTEJIBLHOIO OTBETa FOBOPSIT, YTO OTOOpaXKeHUe
f : X = Y HakpbiBaer 4) TIPOCTPaHCTBO Y.

5.3.3. Teopema. [Iycms ind (f, 00) # 0 u ésinoanaemes ycaosue (5.4).
Toz0a ypasuenue f(z) =y paspewumo npu nobom y € R”.

<« 19 [10Ka3aTenbcTBa NOCTATOYHO 3aMETHTh, 4TO B cuiy (5.4) Ha cdepax
JocrarouHo Gonbluoro panuyca nons f(z) u f(z) — y HENMPOTHBOIONOXHO HATIPaB-
JIEHBL. P

5.3.4. IIycms f(x) — aoxanvholii 2omeomopusm u obpaz f(R") sa-
micuym ¢ R". Toeda f naxpoieaem R™. <

B KOHKPETHBIX 3ala4ax JOBOJILHO YaCTO Pevb UAET 06 olepaTopax,
OTpeAe/IeHHBIX JIMIIb Ha HEKOTOPOM MoaMHoXecTse R”. B oTAe bHbBIX

3 - "
) Ecin (ii) cnpabetnBo, a (5.4) He BBIIONHSETCH, TO HAWIETCs [0CNENOBATENLHOCTD

Ty, yxomsiwasn B GECKOHEYHOCTb, HA KOTOpOit f(zx) = yr — y*. B sToMm citybae mpoobpa3s
orpaHuueHHoOro MHoXectsa {yx} U{y*} OyleT HeorpaHHYeH,

Hao6opor, fiycrs (5.4) ciipaBe/inBo, HO CYLIECTBYET OTPAHHYEHHOE MHOXeECTBO §2, npoobpas
koroporo f~'(§2) meorpanuuen. Torfa HaiIeTCs MOCAENOBATEABLHOCTh Tf € f“'(Q), TaKas
uto ||zg]| = co. B cuny (5.4) ||f(zx)ll — oo. C npyroit cropoust, Yk : f(zx) € 2, uro
[1IPOTHBOPEYHT OTPAHHYEHHOCTH §2.

4
) TomeoMOp(dH3M OCYLLECTRISICT OMHOJIMCTHOE HAKPBITHE.
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clydasix TIpU 3TOM YAaeTcsg OOOHTHUCH NMpUMEHEHHUEM OOIIUX TeopeM
0 TIPe06pa30BaHUsIX BCEro MPOCTPaHCTBA. BOT npocTas wimocTpaius.

OripenenuM Ha BHYTPEHHOCTH HEOmMpUuamenbHo20 opmanma R’i
OTOOpaXeHUe
L(z) ={lnz,,...,Inz,}.

5.3.5. Teopema. [lycmob aokanvheiii 2omeomoppuam G . int]Ri — int]Ri
yooeremeopsaem ycaouio

ILG(@)|| = 00 npu ||L(z)|| — oo.
Toeoa G — zomeomoppusm int ]R'fr Ha int ]Ri. <

Bonee obiieil 3a1aucii paccMaTpuBaeMOro TUNa SIBASETCS paspe-
WUMOCTb HEAABHBIX QYHKUUE, T. €. Pa3peIlMMOCTb YPaBHEHUs

®(z,y) = 2, (5.5)

rie ® : X xY — X — HenpepbIBHOe oTobpaxeHue. [1poctpaHcTBa X,
Y cuuTaeM NMHEHHO CBSI3HBIMU, a Y CTAIMBaEMbIM MO cede.

5.3.6. Onpepnenenue. Ypasnenue (5.5) aokansio paspemumo, ecau;
1) cywecmayem xoms 6bt 0dna napa xy € X, yo € Y, yoosremsopsiowas (5.5);

2) das moboii naper xy € X, yo € Y, ydosaemesopsioweii (5.5), moxmcro yxazame
oxpecmuocmu V.C X, W CY u nenpepuisnoe omobpaxcenue G : W — V, maxue
umo das Awoozo y € W

2(G(y),y) = =,

u ®(zx,y) # 2o, ecau T # G(y). Apyeumu caosamu, (5.5) na muoxcecmee V-x W
axeusanenmuo ypasnenuio T = G(y).

5.3.7. Onpepenenve. YpagHenue (5.5) enobanero paspewsumo, ecau cyuecmeyem He-
npepuigiioe omolpacenue G 1Y — X, maxoe umo (5.5) na X x Y sxsusasenmio
ypaswenuro = = G(y). B amom cayuae 208opam makoice, wmo (5.5) nessno zadaem
dyuryuo G(y).

5.3.8. Teopema [14] ). mobor ypasnenue (5.5) Gbu10 enobanbro paz-
PeuLuMo, Heobxooumo u 0ocmamouHo 8blROAHEHUE CACOVIOUUX VYCAOBULL:

o ypasnenue (5.5) 20KanbHo pazpeuwumo;

5
) JlokazareibcTBO HECKOJBKO MeHee o0lero yreepxiacHus ects b [4, 1. 13].
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o ecau muoxcecmeo S CY Komnaxmuo, mo muoxcecmso
T=A{z:9(z,y) =2,y €S} «omnakmnoe X. >

BoT MeHee yHUBEpcalbHBH HHCTPYMEHT, KoTophiit B R” Gonee yaobeH.

5.3.9. /s anobanvnoli paspewumocmu
®(z,y) =0, $:R"xR" 5 R"

OMHOCUMENbHO T HeobXxoouMo u docmamouHo 6blnoAHeHUe 08YX YCA08UL:
o ypasitenue 9(z, y) = 0 soxarsio paspeuwumo;

o ecau D(zy, yr) = 0, ||zx]| = 00, mo ||yl = 0. >

5.4. MapameTpuueckue ypaBHeHUs

Ha npakTuke 4acTo MPUXOJUTCSE paCCMaTpUBaTh YpaBHEHUs:
G(z,A\) =0 (5.6)

CO cKajIsIpHBIM mapaMmeTpoM A. IlapaMerpuyeckue 3agavyy, BOOOILE-TO
roBopsi, MpaBWiIo, @ He UCKII0UEHME, Kak MHor1a AyMaeTcs. B moboi
MOJIETU MPUCYTCTBYIOT CHITBI, TEMITEPATYPHI, LEHbl, YMCIeHHOCTH. Tak
yTo (5.6) MCKJIIOUMTENBHO, CKOpee, B TOM CMBICIE, UTO MapameTp
Bcero oguH. OJHaKO KOHLIEHTpaUMsi BHUMAHUsL Ha OJIHOM TapaMeTpe
UIpaeT BaXHYIO POJb, MOTOMY YTO AEJI0 HE TOJILKO B CYILECTBOBAHUU
petreHnst £(A), HO M B €TO BETBICHUY, CBA3aHHOM C OM(ypKaMOHHbI-
MU N3MEHEHMSAMH B chcTeMe ). ITpyu 3TOM KpUTHUECKME «Harpy3Ku»
onpenessior, KaK npaBuio, QUKCHpYS oCTalbHble NepeMeHHbie. O~
HOBpEMEHHOE OTC/JEXMBaHUE HECKOJIbKKUX MapaMeTpoB YBOJUT Tpo-
OonemMaTUKy B 00IacThb meopuu Kamacmpog.

6
) KpOMe TOrO, HECKOJBKO MAapaMeTpoB 4YacTo «YIaKOBBIBAKOTCSI» B OAMH. CKa)KCM, npo-

cTeHIuMe 3aJayd FMAPOAMHAMHMKHU OIPEASISIIOTCS: HAOMHOCMbIO P, KOIPPUYUeHmom 8a3Kocmu
/i, XapaKTEpHBIM JIMHEHHBIM paamepom | M XapakrepHoit ckopocmero v. U3 p, i, 1, v MOXHO

lup
00pa3oBaTh TOJNLKO OTHY Ge3pa3sMepHyI0 BeimiuHy R = — -, HaszuBaeMyio vuciom Peinonsdca.
7

IToaToMY 8 A1060it 3adave, onpedeasemoll nepewucaenrbiMu napamempamu, ece Oe3pasmepHsie seau-
wunbt yoym gynkyusmu moavko R [4, T.8].
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Qcobas cuTyauusl BO3HUKAET B 3ajade o6 aBTOKoNneGaHUSX B CUCTEME

& = f(z), (5.7)

rae U3HaYaIbHO MapaMeTp OTCYTCTBYET, HO Jajiee IIPUBHOCUTCS B KadecTBe MHCTPY-
meHTa. leno B ToMm, 4Yto B oTAMuue or Z = f(z, t) ¢ T'-mepuonudeckoil mpasoii
4acThio, B ciyuae (5.7) mepdon UCKOMOTO KOneGaHUs HEM3BECTEH — U B 9TOM I/dB-
Hast TPYIHOCTD.

Criacaer pacCMoOTpeHUe BCIIOMOTATeNbHOrO YpaBHe HUs
¥ = Af(y). (5.8)
Oueuano, ecmu z' (¢) — T'-nepuogudeckoe pelieHUe ypapHenus (5.7), To
y'(t) =z (Tt)

apnasercs |-MeplovyecKUM peiieHUeM ypasHeHUst (5.8), coorBeTcTBylOIUM 3Ha-
yeHnio A = T, 1 HaoGopoT. Takum ofpa3oM, 33a4aua OTHLICKAHUS TIEPUOAMYECKUX
pellleHut ypaBHeHus (5.7) SKBUBAIEHTHA NMOMCKY TaKUX 3HA4YeHUIl mapamerpa A,
Tpu KOTOpLIX ypaBHeHUe (5.8) uMmeer peutenus nepuona 1.

3anaua (5.8) cranaapTHBIM 0GPA3OM CBOLUTCS K MHTErPAILHOMY YPaBHEHMIO

y(t) = y(1) + A / Fly(s)) ds,

YTO MOMeiaeT curyauuio B pamku (5.6). Creunduka gaHHOH 3aaud 3aKIiOYeHa
7

B TOM, YTO HETpUBUaNbHOe ) pelileHUe Z(\) BO3MOXHO TONLKO MPU AMCKPETHLIX

3HAYEeHUsIX A — HeKMil aHAJIOT AUCKPETHOTO CIIEKTPa HeIMHeMHOro oneparopa.

Teopust BpamieHust B mapaMeTpuyeckoM ciyyae (5.6) paGortaer
B COYETAHUM C JOTIOJHUTENBHBIMY YXULIPEHUSMHU.

7
>$[Bnu10u1eecu HHMKIOM, a HE paBHOBECHEM.
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5.4.1. Ilycmo
7[G($’ /\l)’ Q] 7’4 7[G($’ /\2)’ Q]

To2da npu nexomopom A € (A1, Ay) Ha Q cyuwecmeyem peuienue ypae-
nenust G(z, A) = 0.

< B nporusHoM cayuae nonst G(z, X)) u G(z, A;) coenunsut Gbl He BHIPOXIEH-
HbIIl TOMOTOTIMYECKUI MOCT

H(z,t) =Glz,tA +(1 = A]. »

Ewe opHa nonyiasipHast uiest — @yuKyuonarusayus napamempa.
B (5.6) BMecTo A MOACTaBASIOT GYHKLUMOHAT A(Z), B pe3y/bTare uero
G(z, A\) = 0 mepexoaur B

G(z,A(z)) = F(z) =0,

u ecu BpameHue y(F, () oKasbBaeTCs HEHYNEBBIM, TO (5.6) umeer
pewenre z*° € Q npu A* = A(z¥).

Or daed 00 MCIMOJIHEHUsS IyTh, KOHeuHo, HeGnu3oK. Mo inyuybeMy BeNeHbIO
OOBLIYHO He ToydaeTcst, IOTOMY 4TO BhIGOp dyHKUMOHaNa A(T) — caMocTosiTeNnbHast
npobaema. Ho oHa Bce Xe MeHee coXHa M Gonee KOHKpPEeTHa, YeM paciliblByarast
3apaya (5.6), He NPUBSI3AHHAA HU K KaKOMY KOHCTPYKTUBHOMY 3aMbicay.

Korpma ypaBHeHHe ¢ TTapaMeTPOM MMEET CTICLMaIbHBINA BUJI

f(@) = Az,
8
€r0 pelleHNs HasblBAIOT cOOCMBEHHbIMU 6eKMOPAMU OREPAMOPA ) f

5.4.2. B newemnomepuom npocmparncmee ¢ cayuae 0 € Q) Heebiporcoen-
Hotii Ha §) onepamop [ ecez0a umeem na 2 cobcmeennvlii gexmop, m. e.
f(z) = Az npu nexomopoix A # 0 u x € Q.

<« Ecu y(f, Q) # 1, T0 mone f He rOMOTONHO TOXIECTBEHHOMY Y, CJE10Ba-
TeJIbHO, MpU HekoTopbiX £ € 2 u t € (0, 1)
t—1

tfz)+(1-tz =0, me flz)= T

8 o
) TTo aHaOrMM C NMHEHHBIM ClIydaeM.
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Ecau xe v(f, Q) =1, To none f He roMoromnHo nomo —I(x), U Toraa npu
HexoTOpuIx T € L u ¢ € (0, 1)

tfiz)-(1-z =0, me [f(z)= 1—:—tz >

e Mycrs 0 ¢ Q u Bpamenne nonst € — f(z) Ha ! He pasno Hymo. Torma
ypasHenue f(z) = Az paspeliumo Ha §) npu Hekortopom A > 1. (?)

5.4.3. B uneuemmnomepnom npocmpancmee cgepy
HeBOIMOX¥CHO npuuecams (6e3 Makywku), m. e. 3a-
dams Ha chepe HeabipoXcOeHHOe KaCamensHoe noae.

<« D10 Ccpa3y CTAHOBUTCS SICHBIM, €CIIU LEHTP cdeprl
pPacloNnoXUTh B HyJEe U NPUMEHUTD pe3ynbraTr 5.4.2 K Ka-
carensHomy riomo f(z). »

3
Orcrona caedyeT, utTo Ha chepe B R’ r06asg nuHaMuvecKas Cu-
cTemMa uMMeeT paBHoBecue. MHaue ropopsi, moboii omepaTtop ciaBura
Uy, ocyiiecTRISIONINNA romeoMophusM S Ha S TIpu J1060M (PUKCH-

pPOBaHHOM ¢, UMEET HETIOJBUXHYIO TO‘leg).

JuHamuueckue CUCTeMbl 003aHbI UMETh PaBHOBECHE HE TOJb-
KO Ha cpepe, HO U Ha ApPYrux rMagkux IOBEPXHOCTIX B R*. Ecim
U : M — M — onepamop cosuza TIO TPACKTOPUAM «IIPUIHYHOIO»
mddepeHuManbHOIO ypaBHEeHUs, UMeioniero Ha M ToAbBKO HU30NH-
POBaHHbBIE TIONIOXKEHUsE paBHOBeCUS, To [4, T. 13]:

Vi Z ind(I — Uy, z;) = x(M),
J

rae x(M) — xapaxmepucmuka Diinepa MHoroobpazusi M, zj —

HenoABMXHbIE TOUKYU U;. A TIOCKOJILKY B aCCOPTUMEHTE ABYCTOPOHHUX
10 3

CBSI3HBIX TTOBEPXHOCTEH )B R

MO,MI,.-«,MP,«-. (5-9)

% Ho CYLIECTBYIOT roMeoMopdusMel S Ha S Ge3 HemoABWXHLIX TOuek [4, T. 13].

10 g (5.9) M, — coepa, M| — mop, ..., My — cdepa ¢ p pyuxamu,
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HYJIEBYIO XapaKTepUCTUKY Ditiepa UMeET JIuib Top M|, TO KacaTellb-
Hoe 11oJie 6e3 0COObIX TOUYEK HEBO3MOXHO HM Ha OJHOM 3aMKHYTOMR
NOBEPXHOCTH M, p # 1, a He ToNbKO Ha cdepe S2.

5.5. Jlemma Jlepe—LWaygepa

YacTHasl Ha BUJ cuTyauusl, Kkoraa f(z), neicTBys B )
R" =R @ R’ (5.10)

(hakTHUECKU TIPOU3BOJUT U3MEHEHUSI JIUILIb B TIOATIPOCTPAHCTRE R* , —
OKa3bIBAETCS OJHMM W3 KpPaeyrojbHbIX KaMHEH TEOpUH BpaieHUs,
obecrieuuBasi B TOM YHWCJIE JIETKUI TEepexo] K pacCMOTPEHUIO KoM~
NAKMHbIX 8eKmopHyix noaeli (rnapa 7).

Wrak, nycts P, @ R* —» RY P, : R® - R® — npoextopsi,
oTBevarone pasznoxeHuio (5.10).

5.5.1. Jiemma Jiepe—Llaynepa. /Iycms Q@ C R™ — oepanuuennas
obaacme, Qp = QN R* # &, u npu smom nose [ onpedeneno na Q,
HeabIPOXMCOCHO U YO08ACMBOPAEI YCAOBUIO 12

VzcQ:Pf(z)=Paz. (5.11)
Toeda y(f, Q) = ¥(fx, ), 2de fi, — cyxcenue noas f na .

< OrpaHUYUMCS PACCYXKICHUEM B TPEAIIONOXEHUH CBAZHOCTH ().

HonycruM cuagana |y(fx, Qk)l =m#0, nnyers 4: R 5 R HeKoTopoe
HEBBIPOXAEHHOE TUHEHHOe OTO6paXeH e ¢ NeTepMUHAHTOM, 3HAK KOTOPOro COBIIa-
aaer ¢ sign y(f, QL) BriGepem B () pasjuuHbie TOYKH |, ..., T, U UHCHO 7 > 0
TaKMM 0GpasoM, yrobbl wapki B(r, z;) (¢ = 1,...,m) 1noHapHO He nepecekauch
U Jexanu B €.

[TocTpouM aajee HerpepbiBHOE OTOOpaxeHue g,

¢(z) = P.f(z) na Q,
p(z) = A(Pyz — z;) wawapax B(r,z;),

N Coornowmerne (5.10) noapasymesaet, uto Mo6oi Bektop & € R™ npescraBiiM B Buae
CYMMbL & = U4 + U, Tue U € Rk, v ER’.
) B nogxogsuieit cucreme KOOpAMHAT YCIOBHE (5.1 l) O3Hayaer

f(Z) = {fl (Z), ey fk(:c), ) N PO :E"}
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U TIPOJOTIKHM ero Ha (3, TaK, uTOGLI Y HETO He MOABUIMCH HOBLIE Hyu ) M 06pas (4
nexan B R¥. 3areM npogomkuM ero yxe NPOU3BOALHLIM 0GPA3OM Ha BCE MHOXECTRO
Q co snavennsivu B R¥ (reopema 4.5.4). TlonoxuM, Hakowel,

h(z) = p(z) + P,z. (5-12)

4
Tlo nocrpoeHUI0, HyasMU nons h OyayT TOUKU &; U TONLKO oHu. [1pu aToM )

ind(h, z,~) = il'ld(h,k, z,;),

rne h. — cyxeHue nons h Ha ﬁk. [TosToMy U3 meopemor 00 areebpauueckom uucae
Hyneil cnenyer
7(h, ) = y(hs, D).

A nockonsky h(z) = f(z) Ha §2, T0

1(f, ) = 7(Fe, ).

B ciyuae 'y( fr, Qk) 0 noka3arenbCTBO COBCEM TNpocTo. BHayane 0T06pa>1(e1-1y1e
P, f npojonxaercst 10 HEBHIPOXKIEHHOTO Ha €, oroGpaxenns co sHaueHusmu B RY,
a 3areM yxe MPOU3BOJIBHO Ha §! co 3HauexusMu B R¥. [lanee Bpogurcs q)ymcum
h(z) Buga (5.12), npu sToM ofa BpaLLEeHUs! 'y(h Q) u V(he, ()) 6yayT paBHbI HyO.
C apyroit ctoponsl, y(h, ) = y(f, ), v(he, %) = Y(fr, ). »

Jlemma 5.5.1 appexTuBHa KaK UHCTPYMEHT MOHMXXEHUS pa3Mep-
HOCTH 3allauyy TIpH BLIYMCICHUN BpalleHUS.

Ha nipakTuke «Ci1yqaiorcs» orobpaxeHus: ¢, ABisIonINecs npsmoil
cymmoli @ = O, &, noneit P, u P, B CMbBICIE

d(z) = P(Prz) + D5(Psz), (5.13)

rie P, : R" — ]Rk, P, : R" — R® — npoexTopbl, 0TBeYatoLIxe pasio-
xeHuo (5.10). Bro uyTh Gosee obuias cUTyaumns, YyeMm B Jgemme 5.5.1,
rne Ds(Psx) = Psx. Tlonpocty rosops, (5.13) mpu ynauHOM BrIGope
CHUCTEMbI KOOPIMHAT O3HAYaET, YTO TepBbie k KoMIOHeHT P(z) 3aBu-
CST TOIBKO OT {Z1, ..., T}, OCTaJIbHBIE — TOJIBKO OT {Tk11,---,Ln}-

5.5.2. Ilycmb noas ®y O, 3a0amst u He@bLPOICOCHDL, COOMBCMCMEEHHO,
Ha S = 0N R* 4 s = QN R®, u evnoansemes (5.13). Toeda none

13
) 3TO BO3MOXHO B cuily Teopembt 4.5.1, W60 BpalieHHe ¢ Ha rpaHuLle 061aCTH OMpeaesieHns
PABHO HYJHO, N0 MOCTPOCHMIO.
4 -
“ g cuily yTeepxhenus 5.1.2,
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O © D, nesuiponcoeno na S, u
7((1)k 7] (I)s; Q) = 7((1)k; Qk) ) 7((1)5; Qs)- (5-14)
<« Kommekr «5.1.2 rumioc 5.5.1» nerko cnpasngercs ¢ 0Ka3aTeJbCTBOM, P

TeopeMa 5.5.2 okasbiBaeTcst KCTaTU MpU M3YYEHUH CUCTeMbl C1abo ¢BA3aHHBIX
ypaBHeHU

{Gl(u,v)=Fn(u)+Ql(u’”):0’ (5.15)

Ga(u, v) = Fo(u) + Q,(u,v) = 0.

Cnabo cBSI3aHHBIX B TOM cMbICTE, 4o A06aBKY Q) U ), AOCTATOUHO Malbl 110 HOpMe
10 CpaBHEHUWIO ¢ HOpPMaMU IMaBHbIX Yacteil F| u F,. Manocrs no HopMme n06aBok
Ha €} ofecrieyrBaeT HEBBIPOXACHHOCTL TOMOTONKH

H(u,v,t) = {Fi(u) +1Q:(1, v), B(w) +1Qy(u, v)},
kotopas Aepopmupyer G = {G\, G2} us (5.15) B none F = {F, F,}. U ecnu
¥(Fy, Ql) # 0, y(F, ) # 0, To Teopema 5.5.2 rapaHTupyer
7(G, ) #0,

OTKyjla criefiyer paspelummocts (5.15).

5.6. Utepaunuu v npuHuun Bpaypepa

[locne TOro Kak IpeoiOJeBacTCs TOIOIOTMYECKMIT 6apbep, Teopus
BpaileHUs. Ha MEepPBbIX NOpax CTAHOBUTCS OYEHDb MPOCTON U CKYYHOM.
IToToMy 4TO BCE KPYTHUTCSI B OCHOBHOM OKOJIO JIMHEHHBIX AedopMa-
LM, ¥ MHOTOKPaTHO BapbUpyeTCsl U3-32 MHOIroo6pasust COMyTCTBYIO~
II1X 06CTOATENBCTB, OJHAKO Ha CICAYIOIIEM BUTKE CTIMPAIHN ITOCTPOE-
HUSA YXOAAT B IOBOJBbHO KPYThIe BUPaXXH, U TAM XBaTaeT rOJIOBOJIOMHBIX
OCJIOKHEHU, HAIIPUMED, B CBA3U C meopemamu poodcmeeHHocmu.

O CONpUKOCHOBEHUM TEOPUU BpalIeHUsE C TOHKUMU MaTepUsMU
CBHMJETENLCTBYET TaKXE Oojiee-MeHee IIMPOKO W3BECTHBIN NpuHyun
Henodeuxcroii mouku bpaydepa.

5.6.1. Teopema Bpaygepa. ITycmvs B C R" — 3amknymoe evinyrioe
MHOXCcecmeo, u onepamop A, delicmeyiowuii ¢ R", nenpepsisen, nputem
0as Hexomopoeo ko = 1 npu awbom k > kg

A*(B) c B. (5.16)

Toeda A umeem 6 B nenodsuxcuyio mouky, npuem y(I — A, B).
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Cpasy 0YEeBUIHO TIPUIOXKEHUE K OUCCUNAMUBHBIM CiCmeMaM, B KO-
15
TOpbIX (5.16) BHIOTHSAETCS ) uz-3a SHEPreTUUECKUX TIOTEPb, Y NPUH-
yun 5.6.1 rapaHTUPYET CYNIECTBOBAHUE PABHOBECHS.

JloxazaTenbcTBo TeopeMbl 5.6.1 rpoMo3ako, U mpu Bbl6pa1-iH0M
YPOBHE NeTaau3alUM U3IOXKEHUS mpolie 060iTH ero ctopoHoil. On-
HakKO Ha caMOM cXeMe eCThb Pe30H OCTAHOBUTKLCS, MO0 TaM BCIUILIBAIOT
MoJIe3HBIE (DaKThl OTHOCUTENbHO Umepayuli onepamopos 1) 4 sapucu-
MOCTH MeX[y BpallleHUSIMH BEKTOPHBIX IOJIEH

Py=I—-A u ®,=I—-A4A"

Ecmu APE = €, 1o € MoxeT He GbITh HETOABHXHON TOUKOM

17)

omeparopa '’ A, HO

AL A%, .. AP (5.17)

6y/yT HETNOABWXHBIMU TOukamu oneparopa A?, uto nerko ycranan-
nupaetcst: APAE = AAPE = A€ u 1. 4. Tlpu sToM ecim AE # ¢
¥ UKCJIO p npocToe, To ece moyuku (5.17) paznuuner. (?) A ecnmu £ —
¥301MpoBaHHblit HYb nonst AP (x), To (meopema 7.7.3)

ind(®,, £) = ind(®p, Af) = ... = ind($,, 477'¢). (5.18)

[TosTomy B ciyuyae npoCTOro p, ecau y A Hem HenoOSUNCHbIX
mouex, Bce HyaM @, = I ~ A? B B pacniapaiotcs Ha rpymiibl

gAL AN, AP

B pesyabrate no teopeme 5.1.1 06 ajgre6pauvyeckoM 4ucie UHACKCOB,
¢ yuetoM (5.18), JOKHO GBITH

7((1)}7’ B) =P Z ind(I — A7, &J),
J

T.e. 7(®,, B) = 0 (mod p), 4To B MmoGOM ciyuae He BSKETCS C He-
obxomumocTsio ¥(®p, B) = 1, BeITexalomeit u3 TpeGosanus (5.16).

15)
16)

Ecau non 4 noappasymeBath CABUI MO TPAEKTOPUSM 32 ERMHHULY BPEMEHHU.
Toppo6HO paccMoTpedHsbie B pasaeie 7.7.

5

7 CpasHute C yTBepxieHuem 2.2.1.
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TakuM oOpa3oM, NpeanoiokeHue o6 OTCYTCTBUU Y A HEMOIBUXKHBIX
TOYEK BeeT K MPOTHBOPEUHIO.

OCHOBHAs TSXECTh OKA3ATENBCTBA IPUXOIMTCS Ha obocHoBaHue (5.18), He cuu-
Tas BCAKMX OTOBOPOK, MO3BOJNAIOIIMX, B YACTHOCTH, BECTH PACCYXICHHMA B MPEINO-
JIOXECHUH M30IMPOBAHHOCTH HYJICH.

5.7. BexTtopHble nons Hopmaneii

B TeopernuecKux MOCTPOSHUSIX AOBOJBHO HacTO MPUXOAUTCS OLEeHU-
BaTh BpallleHHe BeKTopHOro noss f(z) BHELIHUX HopManeit obnacty 2
C THaukoi cBSI3HOM rpaHunei. IToaHbI CIUCOK JBYCTOPOHHUX IO-
BEpPXHOCTEH QOB R’ MCYEPIILIBAIOT cepot ¢ pyukamu [4, T.13].

IMpukneuBanue pyuku k chepe S§? ¢ R? moxno MpeaCTaBISITh
cebe Kak MpUKIIEUBAHUE K S° OOHOMEPHOI Oyrd C MOCHAEAVIOLIUM
pa3oyTyeM TO B IByMEpPHYIO TPYOKY U YAQIEHUEM MEePEropoaoK MeX-

8

Iy BHYTPEHHOCTAMU cdhepbl U pr61(Ml B pe3ynbrate

noayJdacTcs mop.

) 3
Bech CMCOK OBYCTOPOHHHMX MOBepxHOCTel B R mpuHaTO 3anm-
chiBath B Buzme (5.9),
M, M, ..., M,,...,

roe M, — cgpepa, M; — mop, ..., My — cpepa ¢ p pyuxamu. V1oBepx-
HOCTH KJTACCUMDUUIMPYIOTCS ¢ TOUHOCTHIO 0 roMeoMopdU3Ma, MOITOMY

®p [4, T. 13] onepauust onuceBaeTCs MHAYE, U Gosee MOTPOBHO.
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UX KOHKPETHBIM BUI MOABEpXKEH medopMalliOHHOMY NIpou3Bony. Bor
BapuaHThl My u Mj:

TToHavany MOXeT TOKa3aThCst, YTO CIHUCOK (5.9) HETONIOH, MOTOMY
4YTO OYTM MOXHO TPUKJICMBaTh He K MCXOMHOM cdepe, a K TOTOBBIM
yxe pyuykaM. Ho B mpenesnax TomoJornyeckoil 9KBUBANEHTHOCTH 3TO
He IaeT HOBBIX MOBEPXHOCTEH, B UeM JIerko ybeauThCs 1)

5.7.1. Bpawenue noas f(z) eHewnux nopmaaeli na cpepe ¢ p pyukamu
M, codepxcaweii Hyab npocmparncmea eHympu cebs, pasHo

1, Mp) =1~p. (5.19)

<« [lycrs ©, 0603HayaeT 3aMBIKAHME BHYTPEHHOCTH M, T.€. ©, — map ¢ p
pyukamu. B ciayuae p = 0 noBepxHocTe M, sBnsercs chepoit, u (5.19) oueBuaHo.

[Mepeitnem k Topy M. PaspexeMm O no mepuguaHy \

Y MPOJOIXUM Mosie Hopmaseil ¢ M| Ha ceuenne Il 6es Hynei 20)’ cobnonaa tpebo-
parue 2 If(z)|l = 1 n Hanpasaas Bee f(z), ckaxeM, Bupaso ot I1. [lajee passenem
06pa3oBaBILKECA TOPUBI, ¥ MOAyYMM UWIMHAP C ¢ G0KOBOM MOBEpXHOCTHIO M,
u ocuoBanuamu [y u II,., kakoBble cyTh KOmUu Il BMeCTe C NOCTPOEHHBIM MPO-
nomxexueM f(z) na II. OBpas rpaHHuBl UWIMHAPA f((f) COBIANAET C COMHHYHOM
chepoit S, npuuem o6passl ocHoBauuii 1I; u I, momanailor Ha S B OOHO U TO Xe
MeCTO, 06pasys IBYCIOWHOE <«ILITHO», B KOTOPOM OPHMEHTAUMM CIAOEB IPOTUBOIO-
JIOXHBL. ¥ MOTOMY

7(fle):7(f!®I):7(fsc):1—1:03

YTO OIATH-TAKM yKIaAblBaeTca B (5.19).

19) fopasno TpymHee OpHEHTHpPOBATLCH B KIACCHGOHKALMM OOHOCTOPOHHMX IMOBEPXHOCTEN,

P N

MOAY4AeMBIX 3aKJIEMBaHMEM OTBEPCTHI B S aucmamu Mébuyca, RO v TaM BOMPOC HCYEPMLIBA-
e peraercs [4, T.13].

20

) Bo3MOXHOCT, HEBHIPOXIEHHOrO Mpoxomkenyus f(z) Ha kpyr II ovenuuHa, TOCKOMBKY

MpOTOIKEHHE He 0BA3aHO OCTABATLCS B IUIOCKOCTH KpYTa.
D Yero Beera MOXHO JOBUTLCS IIEPEXOLOM OT f@) x f&@)/|\f(=)l-
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Hanee Takoe xe pa3pe3aHue ONHOM U3 pyl{exn) B My, p > 1, anajorn4nnm
obpasom yseauuusaeT Bpamenue y(f, M,) na emuuuuy, T.¢. go y(f, M,.,), uto
MHIYKTMBHO HOKasbBaeT (5.19). »

IlpoBeneHHOE pacCyXACHUE ABIAETCA He CTOJBKO HOKa3aTeJbCTBOM, CKOJBKO
OTIpPaBHBIM NYHKTOM IS CAMOCTOSITEJIBHOW TPEHUPOBKM, MOTOMY 4YTO COMEPXHUT
Maccy MeJIKMX MOrpeliHocTei, TpeOyIolMX YTouHeHi u oroBopok. Mmesa u kapkac
JOKa3aTeJbCTBA — 34ECh HAIMIO, OCTAIBbHOE B €CTECTBEHHBIX YCJIOBMSAX PazyMHO
ocTamiIATh 3a KanpoM. [loToMy uTo Korna Bce paszkeBaHO M 3a0pbl3raHo JETaNISIMMU,
pa3o6paTbes ObIBaeT ele cnoxHee, [TonpocTy roBops, ONMpaThCs Ha UYXKYIO OMOIIb
yIO0OHO, HO YMCTMTh 3yObl Jiyullle CaMOoMYy.

B R* na cepy S° nomumo pyYeK, MOJIy4aeMblX NMPUKIeUBaHU-
eM k §° OJHOMEPHBIX OYr C MOCIEAYIOIIUM UX Pa3oyTUEM, MOXHO
CTABUTb U [PYrue <«IPUCOCKW», TMOJyYyaeMble OPUKIEUBAHUEM K s
IOBYMEPHBIX KPYroB (He INepeceKalommx 53) MO TPAaHUYHBIM OKPYX-
HOCTSIM C TIOCTIEAYIOIIMM Pa3ayTHEM DTUX KPYroB B R*.

5.7.2. Ecau M, 4 obosnauaem cgepy S CcR e APUKACCHHBIMU D
PYUKamu U § «npUcOCKamu», mo epawernue noas f(x) enewnux nopmaneii
Ha My, pagHo

Y(f Mpg) =1—-p+gq (5.20)

« Xors neiizax B R* TepseT HamnaHOCTb, aHATOrMYHO NPEEBLIYILEMY, C [0~
MOILBIO Pa3pe30B YCTAHARIMBAETCS, YTO BPAILEHME TMOJNS HOPMAaied yMEHbLUAETCA
Ha | npyu gobaBieHUM PYYKH ¥ yBeJuuuBaercs Ha | Npu NOOABAEHUHM «[IPHUCOCKMW»,
uto ¢ yueroM y(f, S°) = 1 maer (5.20). »

3
OO6paTuM BHUMaHUe, yTo B R” BpallleHue MoJsl BHELIHUX HOpMa-
Jieii IBYyCTOPOHHEIN CBSI3HOMW MOBEPXHOCTU MOXET MPUHUMATh TOJIbKO
3HAYCHUA

=k, —1,0,1,

TOrzJa Kak B ]R4, a 3HayuT, ) yp R nmpu 1 > 4, MOXKET OBITh JIOOBIM.

25 HEKOTOPOM OTHOLICHUMH VEOGHEE NEeNaTh ABa pa3pesa, Bblpesass HeGonbUIon UIWTHHAPUK

1 npoxomkas f(z) Ha ocTaBuIeicS YaCTH «BOBHE», a HA LMIHHADUKE «BHYTPb», IOCIE YEro
nons3oBarkes Hopmynoit (3.5).

) o, neMmy 5.5.1 Jepe—llaydepa.
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5.8. HeueTtHble nonsa

BexTopHoe ToNle f Ha3bIBAIOT HeuemibiM HA LIEHTPAIbHO-CUMMETPHY~
HoMm MHoxectse I', ecnn f(—x) = — f(z) npu mobom z € I'. Ecn
HeuyeTHoe moJie f 3a7aHo Ha rpaHuile apa B ¢ HeHTpoM B Hylle, TO ero
BpallleHUE ceeda HewemHo, a 3HAUUT, He paBHO HyMo [4, T. 13]. DaxT
OTHOCHTCS K BECbMa YaCTHOMY CJIYYal0 HEYETHBIX MOJIEH, HO JIMHEHHas
TOMOTOIHUS «T1eDOPMHUPYET» O€3 MUY B IPOAYKTHBHOE YTBEPXKIACHUE:

5.8.1. [Iycmo eexmopbr HegbipoxcOeniozo Ha B noaa f(x) 6 cummem-
PUMHbIX MOYKAX HARPABNEHb. HeOOUHAKOGO, M. €.

f(z) f(=2)
If@)I " (=2

Toeoa y(f, B) Hewemito, u ypasnenue f(x) =0 paspewumo ¢ B.

# T € B.

<« B yxazanHweix npeanonoxedusx f(Z) roMOTONHO HEYETHOMY BEKTODHOMY
nomo f(z) — f(—z). Hedopmaumeit MOXeT CyXuTh

H(z,t) = f(z) —tf(—z). »
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HAuHamuyeckue cucremMsl

When a man is out of sight, it is
not too long before he is out of mind.

Thomas Kempis

HukTo He 3HaeT, UTO TAKOE PEalbHOE MPOCTPAHCTBO
u BpeMsl. Ho B MOIEJIEHOM MCHONHEHUMU 3TO KOppeny- (D
PYET C «u3MEPEHUAMK» K OILYIHECHHUSIMU, YTO OHCBACT
MMpO30aHKe B BUPTYAIBHBIE ONEXIbI, MACKUPYS CYTh, \

HO JaBas HamMex., M Mbr oOpedyeHB! MCKATh MCTHMHY, DO~
BOJIBCTBYSACEH AHAJOTHEIH.

6.1. Onepartop casura no TPaexTopUsM

Pemenue z(t) = p(t; s, Ty) 3adauu Kowu
= f(z,?t), z(s) = xo, (6.1)
MOXeT GbITh 3aIHUCaHO KaK
Uis(zo) = p(t; s, 20),

roe Uyg, mepeBomsumii Touky 2(s) = 2y B m(t), HAa3bIBAIOT Onepamo-

pom cdeuza o Tpaektopusm auddepertiansioro ypasiienus (6.1).
1 .

ABTOHOMHbIE cucTeMbl XapaKTepU3ylOTCsl CBOMCTBOM

Uts = UtAs-

Vg Kotopbix f(z,t) dhaKTuuecku He 3aBUCHT OT .
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Ioayepynnosoe ceolicmeo onepaTropa CIBUra,
UtsUsr = Utr, (6.2)

O3HA4yacT, YTO ABUKCHHUC U3 000 ToOUKHU Tg HC 3aBHCHUT OT TOro, Kaxk

2
cucTeMa ABUranach 10 9Toro. IpyruMu cIoBaMH, eciu -

Ty = Utrzr:

U «I10 JOPOTe» B MOMEHT § CHUCTEMa IIPUIILIA B TOUKY I, TO O MIpembiC-
TOPUH MOXHO 3a0BITh U ONPENETIUTb Ty Kak Ty = UpsTs.
B aBTroHOMHOM cityuae (6.2) TpaHchOpMupyeTcs B

Uy Up = Uyyr, (6.3)

OTKyaa
Ut =u,,

B CUJy Yero JuHaMuka £ = f(z) GoJblleit 4acTbIO CBOOUTCS K U3yde-
Hu1o uTepauuit U" onepatopa casura U = U; 3a eIMHUIY BpeMEHMU.

B HexoTophIX cpe3ax TeOopWMM TMpEeACTaBISIOT MHTEpeC YCIOBUS
IuddepeHIIUpyeMOCTH oniepaTopa COBUra.

Tycrs zo(t) = {Z1(t),...,zx ()} — pemewnue (6.1) B cyuae
s = 0. onycrum, npasasi 4acth f(z,?) HenpepsiBHO nuddepeHnn-
pyeMa 1o T B OKPECTHOCTH Tpaektopuu peteHus Zo(t) (0 <t < T).

6.1.1. Qyudamenmanvras mampuya Xo(t) auneiinoii cucmemos )
& = Ao(t)z, (6.4)

20e

_ afi(t, 20, ..., z%@))

Aolt) 0z;
j

b

seasemes npouseodnoti Ppewe onepamopa cdsuza Uy(zg). <

B
3

ApPTYMEHT Orneparopa C/IBUra 4acTo YKassBaloT 6e3 cko6ok, Uy T = Uy (z).

CucreMy (6.4) HasplBalOT Yp M @ Gap X

4
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« [ubdepenuvpya
d
P(E0,2) = f (t,p(t; 0, z)),

o & B TOYKES Ty, 11oJy4acm

d .
Egp;(t; 0, zo) = fo (¢, p(t; 0, 20) ) P2 (t; 0, o).

[osToMy Matpuua p, (t; 0, zy) ynosnersopser nubdepeHUKATEHOMY YPABHEHHIO

dx
— = 4H)X.
o = )

A Tax kax py(0; 0, z5) = I, 1o pg(t; 0, 2y) = Xo(t). »

6.2. BbiHyXaeHHble konebaHus

Korma B ¢ = f(z, t) npaBast yacts T'-nepuoduuta 4 no t,
flz,t+ 1) = f(z, 1), (6.5)

B CHCTeMe BO3MOXHbBI T'-TIEpUOANYHBIC PELIEHHUS, XapaKTepU3yeMble
ycnoBueM Z(t + T) = z(?).

6.2.1. Teopema. s cywecmsosanus T -nepuoduunvix pewenuii (t)
Heo0xo0umo u docmamouro, 4mobet y onepamopa coeuza U, = U, bbina
Henodsuncnas mouxa Ty, m.e. U, (Zo) = To.

<« Pasencrso U, (z,) = o o3Hayaer, yto Tpackropusa £ = f(z, 1), Boixonsawas
W3 Tg, BO3BPAILAETCS B Ty uepes BpeMs T, a 310 U ecThb T'-1ieproauueckoe pelleHue.
Tak 4TO Heobxo0umocms OUEBMEHA.

C docmamounocmoro TOXE BCe TPOCTO, HO He Ge3 wunosuit, cM. nuxe. Cien-
creueM T'-nepuoduunocmu f(z,1) sapasercs
Uprrr = Ut

MoaroMy u3 cyiuectBoBaHust T'-nepuonuueckoro pewenus (f) = Uy, (:l:(O)) , B CWIY
z{t + T) = z(t), Boirexaer U, (zg) = zg. »

 INpu ynomunanun T-NepHUORMMHOCTH NIOEPA3YMEBAIOTCS MAHMMANBHELE 3HaeHHs T > 0,
ISl KOTOPBIX MMEIOT MECTO ToxaeCTBa THMa (6.5).
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3agaua 06 aemoxosebanusx B ABTOHOMHOM cucTeMe
& = f(z)

C XOOy KaXeTcs Mpolle, HO PEMIAeTCss BO CTO KPaT CIOXHEe — H3-3a TOTO, YTO

o 5
NepuoI MCKOMBIX KoleOaHUli anpuopy HEM3BECTEH ),

VroMsaHyThle BBILE WITIO3MM CBSI3aHBl C TEM, YTO CJeH OT EepUOIMYECKOr0
pelenus B (hazoBOM NPOCTPAHCTBE MpPeACTABNAET COB0M 3aMKHYThLA KOHTYp, ¥ NpH
JIETKOMEBICJICHHOM B3IJIIE KaXeTcd, YTo Ji00as TOyKa 3TOr0 KOHTYpa HEMOABHKHA
B cMbicne U, (Zo) = Ty, M3-32 UETO TPACKTOPHMA KONCGAHMA HE MOXKET camorepe-
CcexaThCst. DTO B caMOM [ieJie TAK B CJyyae aBTOHOMHOI CHUCTEMEI. B HEaBTOHOM-
HOM cilydae Touku Z(f) NEPHOIUUYECKOTO PELICHMS ABIAIOTCA HETOIBUXHEIMM UTA
oneparopos U, . TIpnMEpOM MOXET CIyXMTb CaMOMepeceKaoLancst TPacKTopys

N 6
HEJIMHERHOTO ypashenus [yppunea )

. i+uw’+7$3 = Asinwt

Npy¥ HEKOTOPOM COOTHOLUEHMM [1apaMeTPOB.

Usyuenue ebiryscoennvix Kosebanuil €CTECTBEHHO U MIOYIUTENLHO
HayMHATh C JIMHEHHBIX CUCTEM BUAA

all(t) e aln(t)
t=Al)z, A= : (6.6)

ani(t) ... Gpp(t)

¢ T-nepuonnuuoil Matpuueit A(t). Pemenus (6.6), Kak u3BeCTHO
(4, 7. 2], MoryT OBITH 3amucaHsl B opMe

z(t) = X (t)zo,

%) Paptosecue B & = f(z) apasercs T-nepuonnyeckum npu moGom T'. Tlon agmokoneba-

Huamu NOPA3yMeBaOTCsl NEPUCIMYCCKUEC pELUICHUSA, OTIUYHBIC OT COCTOSHUI paBHOBECHSI,

1 4
6 TouHee, ypagnenus Y304, OIUCHIBAIOIIETO IBHKEHUE HIAPUKA B IOTCHUMANBHOM SME Z’y:c

NP1 HAIUYYK TPCHUSL,
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roe gyndamenmanvias mampuya X (t) ectb oneparop cusura Uy —
T'-TepuOoUIHOCTH KOTOPOTO TPOBEpPSIETCsl TIOACTaHOBKOM B (6.6).

®DyupameHTatsHyio MaTpuny X (1) (cABUT Ha MEPUOL) Ha3bIBAIOT
mampuyeil Moroopomuy, a €6 CODCTBEHHBIC 3HAYEHUS] — MYAbMURAU-
xamopamu cucrems (6.6) ).

PerieHust OqHOPOAHON cUCTEMbI (6.6) TTO3BOSAIOT CTAHAAPTHBIM
00pa30M BBIYUCIUTD PEIIEHUS] HEABTOHOMHOI CHCTEMBI

&= A(t)z + f(t) (6.7)

¢ T-nepuopnunsiMu A(f) u f(¢). PacmpocTpaHeHHBIA Mpu 3TOM
BapMaHT: MATPULIA — HE 3aBUCUT OT BPEMEHH, a BHEIIHEE BO3MEIICTBUE
Ha cuctemy f(t) mepuoanyHo.

« Pewenue (6.7), xak u3BecTHO, naetca GopMysIoH
t
T, = X(t)zo + / X)X (s)f(s) ds. (6.8)
0
Mostomy u3 g = z(T) (1.6.2.1) cnenyer

2= [1-X(@)]" [ XOX ()16 85, (69)

IUTST CIIPAaBETHBOCTH Uero Heobxodumo u docmamoyno, yToObl 1 He 6bU1a Mysbmunau-
xamopom cucremsl (6.6). »

YcToRuYuBOCTE Hepuoan4veCcKOore peHiCHus — ABASCTCA OOHUM
N3 TJIaBHLIX BOIIPOCOB.

6.2.2. Teopema. Eciu éce myavmunauxamopsi cucmemsi (6.6) no mo-
Oyaro cmpozo menvue eduruybl, mo nepuoduueckoe pewerue (6.7) cyue-
cmayem, eQUHCMBEHHO U ACUMNMOMUYECKY YCMOUYUEO.

7 Jns cuctemsl & = Az ¢ noctossnHbIMH Koo duunentamu: X (1) = eAT, a MYJIBTHILIN-

KaTopbi jg = e’\"'T, rne A — coGcrBeHHbie 3HaverHus MaTpuusl A. TIpu o1oMm |k < | B TOMM
cnyvae, korna Re A, < 0. W ecnu matpuua A yeroituusa (sce ReAp < 0), oneparop cipura
33 MEPUOM UMEET CEKTPAIbHbIM paTuyC MEHbIUNH 1, ¥ MO3TOMY CXKHMAET B HEKOTOPOIt HOPME,
m2.3.1.
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<« CyLuecTBoBaHmMe ¥ CIMHCTBEHHOCTh NIEPUOAMYECKOTO peluenus & (f) rapaH-
THpYETCA BHIYMCICHHEM Zg 0 (opMyJte (6.9) ¢ nocenyoueii noncraHoskoi B (6.8).
U3 obweit 3anucu (6.8) pewenns (6.7) BriTeKaer

z(t) - 2" (t) = X(t) [2(0) — 2" (0)],
rae oneparop caura X () no Tpaekropusm (6.6) T-nepuomuueH, ¥ MoIToMy, €CI1
t=kT +s,tne s<T,

X(t) = X (kT + s) = X* ()X (s),
yTo Bieder 3a coboit X(t) = 0, r.e. z(t) —z'(t) = 0. [loMumMo 3T0TO, B HOPME

w3 nemmbl 2.3.1 || X ()|, < A¥||X(s)|,. HosroMy X(t) crarusaer B Touky MoGoit
wap ||z||« € r, uTo obecneunsaer ycmoiiuugocms no Janynosy. »

[epuomuueckoe peuienue (6.7), MonydaeMoe BHIYMCTIEHMEM Ty MO (hopMyie
(6.9) ¢ nocienyioluei noncraoBkoi B (6.8), npuHATO 3anuckBaTh B hopMme

T
2 (f) = / Gt, 5)(s) ds, (6.10)
0
o€, KaK HETPYAHO IPOC/EIUTh,
X(@)(I - X(T) " X 7'(s), cam0< s <t< T,
G(t,s) = {6.11)

X (I-X(T))" X(T)X7'(s), ecm0<t<s<T.

@yuxkuusa Tpuna. SAnpo G(2, s) (¢, s € [0,T]) nuneitroro uHre-

rpajisHOro oneparopa G,
T

Gf:/G@@ﬂ@m, (6.12)
0

onpeleieHHOEe TpaBoil yacThio (6.11), Ha3bIBaOT (yukyueli Ipuna
nuHeAHoro nuddepeHIHanbHOTO onepaTopa

Lz = &(t) — A@)z(t)

npu T'-nepuoanyeckux rpaHUMHbIX yeioBHsIX. Onepatop G spnsercsa
o6patHeiM K L, G = L

Tpancdopmanusa 3amaud u3 auddepeHIMaabHOM B UHTErpab-
HyiI0 GhOopMy, U 0OpaTHO, MO3BOJISIET Ha «MYXOM» TEPPHTOPUH CHSITh
MeHKM ¥ JOCTUYD ONpeneseHHbIX Boirod. [1o 3ol mpuyuHe cBoiicTBa
oneparopa (6.12) monanaior B GOKyC NPUCTAILHOTO BHUMAHHUA.
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6.2.3. Teopema. Onepamop G Odelicmeyem u @noaHe HenpepvlgeH Kax
onepamop uz C[0,T] ¢ C[0,T], a maxuce uz Ly[0,T] ¢ C[0,T] npu
mobom p> 1. <

®yukupsa IprHa BO3HUKaeT M B Gosiee WHPOKOM KOHTEKCTE NPU OoOpaleH U
o 8
JnHEeHHOro JuddepeHIIMansHOro oneparopa ) ¢ TeMH WM MHBIMM KPaeBBIMH yC0-
susivu. Hanpuwsep, nycts G(t, s) 0603Ha4aeT pelueHe ypaBHEHUS

LG(t,s) =6(t—s)
MIpH HEKOTOPBIX 33JAHHBIX KPAEBbIX YCIOBUSX, i€
Lz = 2™ + ()2 + ... 4 anoi(t)2’ + an(t)z

— mudrdepeHLManbHbI oneparop, a §(t — ) — eXMHUYHDBIH UMITYJIbC.,
ITockonbky

10 = [ 10e-sds,  LI©GE ) = 1) - 9)

M CHCTEMA YJOBJIETBOPSET IIPUHILIMITY CYMEPIO3MIIMM, TO PEIUCHUEM YDABHEHMs!
Lz = f(t) Gyner

z(t) = / G(t,s)f(s) ds.

B TeoprM aBTOMaTHUYECKOIO perylupoBaHus G(t,s) Ha3bIBAIOT UMHYALCHOI
nepexodHoii gyrkyueti, u Ha cucremy Lz = f(t) cMotpsit Kak Ha npeobGpa3zoBanue

éxoda f(t) B evtxodnoil cuenan z(t),

B craumonapHoM citydae G(t, ) siBasiercsi hyHKIMEN JIMLUb OJHOTO Hapamerpa
7 =1t — 5. BTO NPUBOJUT K 3aBUCHMOCTH

o) = [ Gose -, 6.13)

ubo ypasuenrne LG(t — s) = d(t — s), onpegessiowee pyHKIMIO G, NOCTE 3aMeHbl
7 =t — s nepexomut B LG(T) = §(7), uro onpenensier G(7) KaK peakuuio cucte-
MBI Ha eIMHCTBEHHOE UMITYJIbCHOE Bo3aeiicTBue d(7), 3Hasi KOTODYIO, BIOCJIENCTBUM
MOXHO BBIYMCJIATE PeaKiMio CHCTeMbl Ha JloGoe BHeluHee Bo3aeiicTBie f(t) no gop-
myJie (6.13).

HexkoTtopble NpuHIMITHANBHEBIE acTIEKThl WCITOJb30BaHusA ¢yHKIuit IpuHa, ko-
TOpBIE YAaCTO OCTAIOTCA HE3aMeYeHHbIMM, 0bcyxaaiores B [4, T.2].

8 C 4acTHRIMH OPOY3BOAHBIMM B TOM 4uUCTIE.
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6.3. [paaneHTHble NMONS N HEBO3BPALLAEMOCTb

Jis1 M3yueHus Haubosnee KOMMOPTHEI TPaJUeHTHEBIE CUCTEMBI %)
z = V(). (6.14)

Yno6erso (6.14) 3akmoyaeTcst B KOHIEHTPALMU XUTPOCIIIETE HUI MHO-
rOMEpPHOTO BEKTOPHOTO IOJIsl HA OJHO| NMOBEPXHOCTH 2 = (). «Ipa-
exropun» {z(t), 2(t) }, 2(t) = ¢(z(t)), B3dUpaoTcH Ha BeplIMHBI
3TOI NOBEPXHOCTH, JMOO CTEKAlOTCSl BO BIIAJAMHBI B CIydae aHTUTDa-
JMEHTHOTO AByKeHust £ = —Vo(z).

%2%’% i
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B uumcroM Buje TPagVEHTHLIC CUCTCMBI DPEAKO BCTpEUalOTCsL 10),

HO AJIst U3YUYCHUA NTUHaMHUKH O6IJ_ICFO BHIOa

= f(z) (6.15)
9TajoHbl THMa (6.14) YacTo UrpaioT 61aroTBOpHYIo ponb. Ha cpasHe-
Huu (6.15) ¢ aHTUTPaIUMEHTHBIM JBIXeHUEeM & = —V(Z) OoCHOBaH,

coBCTBEHHO, 8mopoii memod Jlanynosa |4, 1.2|. llenTpanpHas uies co-
BceM npocta. Eciy cyuiecTByeT Taxol IIOTEHLIMAN @, YTO IBMXKEHUE
(6.15) IPOMCXOUT TIOJ OCTPBIM YIJIOM K IPAIUEHTY @, T. €.

Vo(z) - f(z) >0, (6.16)

TO TpaekTopuu (6.15) B NpoeKUHMH Takxe B3GUPAIOTCS Ha BepilH-
HBI TTIOBEPXHOCTH Z = Q(Z), XOTS yXe U He CTPOTO TepIeHAUKYIAPHO

Rl ToreHUMabl 34eCh U Jajee TPEAToNaraloTest HenpepbiBHO AudiepeHHpyeMbIMHU, ECaH
HE OTOBOPEHO TIPOTHBHOE.
9 Yroer & = f(z) uMeno sua (6.14), T. e. YTOOH CymIECTBORAN TAKOH NOTCHLMA o(z),
uto Vy(z) = f(r), HeoGXoaMMO U 1OCTATOYHO (B MPEANOIOKEHUH HENpephBHON nuddepe-
ofi _0f; oy
’ 3.’1)] - 313,: ’ J

LIHPYEMOCTH f) PABEHCTBO BCEX NEPEKPECTHBIX TIPOH3BOIHBIX
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BBEPX, — ¥ MECTOIMOJIOXKEHHSI BEPIINH 2 = (L) OKa3bIBAIOTCS yCTOM-
n
YMBBLIMU PABHOBECHSIMHA He TobKo (6.14), o u (6.15) 'V,

Dyukuws z = @(z) Ha tpaekropusix (6.15) Bce BpeMsi pacTet, MOTOMY 4TO ee
ITPOH3BOAHAS 110 BPEMEHH BJOJIb STHX TPAEKTOPHI NOJIOXKUTEIBHA,

a
zzzija—:;m(m:w-f(z»o.

Wuctpyment (6.14) MoxeT OBITh JIPHCIIOCOOIEH TaKXe K M3yue-
HMIO BBIHYKISHHBIX MIepUOJMYECKMX KONe0aHuil B cucTeMe

z = f(z,t) (6.17)

¢ T'-nepruoan4ecKoif npaBoii 4acTbIo.

Tlo Teopeme 6.2.1 cymuectsoBauue T -mepruognyecKoro pelieHus
obecrieunBaeTCsl HAIMYMEM HETTOABMXHOM TOUKHK Y ONepaTopa CIBUTa

U, = U,, 3a nepuop. IlostoMy ectecTBeHHO ObiI0 OB OPUEHTHPO-
12)

BATBCSL HA BBIYMCIIEHNME BPALIEHUs] BEKTOPHOTO HOJIS
P(z) =z - U,(z) (6.18)

Ha rpaHylie HeKOTOpOH Mmojxofsiieit obnactu 2, Tuna wapa 60JbIIOro
pagnyca. Ha 3ToM myTy BO3HUKAIOT TPYIHOCTH, CBA3aHHBIE C TEM, UTO
oneparop casura U,, KaxK [paBuyio, B sIBHOM BHJE HE M3BECTEH.
OpHako Bpamenue monst (6.18) B eCTECTBEHHBIX IIPEAMIONOXEHMSX
yiaeTcst CBsi3aTh ¢ BpauieHyeM nonst — f(z, 0).

6.3.1. Teopema. [lycmb gce mouxu epanuypl §) A6AAI0OMCA MOUKAMU
13)

Hegosepawaemocmu ' npu Oguxcernuu (6.17), u éexkmopHoe none
U(z) = —f(z, 0) (z € Q) (6.19)
DB reopun Janyrnosa npuwsito BMecto (6,14) paccMaTpuBars ABUXeHME & = —Vy(2),

M TOTAa YCTOHYMBbE TOYKH MUHMMYMA ©(Z).

g (6.18) Uy (z) = p(T; 0, z), rae p(t; 0, 2) — peuterue 6.17, NPOXOAAIIEE YEPES TOUKY T
B HYJICBOH MOMEHT BPEMCHH,

1) Touka  Ha3biBaeTes moukoii Hesosepauaemocmu, eciiu p(t;0,2) #  npu mobom t € (0, T,

T. €. TPACKTOPHsl, BbiXOAA M3 T, 0OpaTHO HE BO3BpALLIAETCS,



104 Mmasa 6. /JMHamu4eckue CUCTEMbI

neabiponcdeno na S2. Toeda epasenus ¥(®, Q) u ¥(¥, Q) pasns,
7(2, ) = (T, ).

CooTBeTCTBeHHO, B ciydae y(¥, Q) # 0 rapaHTHpyeTCs CyIllecTBO-
paHue T'-rieproguuecKoTo pellieHUs, KOTopoe, 0e3yCcIOBHO, MOXeT
0Ka3aTbesl M cTaudoHapHeM. Ho ecnu f(x, £) He paBHO ToXaecTBeH-
HO 1o ¢ HYJII0 HY B OXHOM TouKe BHYTpH {2, TTepHOJUYECKOe peilleHUe
3aBe/JOMO HETPUBHATLHO.

< Yto Kacaercst 060CHOBaHUA TeopeMbl 6.3.1, TO ¢ peBepaHCaMK HA 3TO MOXET
yATH Leas crpaHuua, Toraa KaK cyTh MpefesbHO npocta. [loss

z—Usz) uw z-Uz)
romMoTonHb! Ha ! npH JOBbIX $, § > 0, MOCKOIbKY TOMOTOMHES
H(z, A) =T — U,\,+(1_,\)t(z)

HEBBIPOXK/IEHA B CHJIy HEBO3BPALIAEMOCTH TpaekTOpuh Ha (2. A npu maswix L nose
z — Uy (z) romoronto noiio — f(z, 0) Ha } B cuily MX HEMPOTHBOIOJIOXHO HAMpas-
JIEHHOCTH BCJIE/ICTBUE

z — Uy(z) = — f(z, 0)t + o(t). >

6.4. O norexumanax

[MoteHuunans! (), rpagueHThl KOTOPLIX YAOBIETBOPSIOT (6.16), 3Ha-
YMTENBHO OO0JIeT4aloT aHaIN3 BEKTOPHBIX Toleit f(z), pABHO Kak
¥ IMHaMuueckux cucteM (6.15), — T03BOJISIs, HATIPUMED, BHUUCISAT
BpallieHye Gojlee MPOCTOro TpajfeHTHOro rois Vo(z) BMecTo Bpa-
LLEHHsL BeKTopHOro nojia f ().

I BixeHune
& = V() (6.20)

3aMedaTesbHO TeM, 4To Jiobast Touka, B Kotopoit V(z) # 0, siB-
JISIETCS MOYKOU HEs038paAuaemocmuy ) To xe camoe MOXHO CKa3aTh
M O ncegdogpaduermuom Oguxcenuu & = f(r) TION OCTPBIM YITIOM

' Mockonbky () He MOXET BepHYTbCsS K NpEXHEMy 3HadenMio u3-3a ¢(z) = V(z) -

V(z) 20u #0.
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K TPaIMeHTy Hanpasasiowe2o nomenyuara, Vo(x) - f(x) > 0. Tpaek-
Topust & = f(z), BBIXOASMIAsL U3 T, HE MOXET BEpHYTbCsl OOpaTHO,
ecin V(z) # 0. Bnaromapst aToMy aHanor Teopemsl 6.3.1 He TpeGyeT
NPENIONIOXEHUH O HEBO3BPAIIAEMOCTH 13),

6.4.1. Teopema. [Tycmb zpaduenmuoe nose V(x) Hedbipocleno Ha
epanuye Q oeparuuennoti obaacmu §2. Toeoa npu arobom t > 0 sexkmoprbie
nons U(z) = — f(z) u &(z) = x — U(x), ede Uy — onepamop cdsuca
no mpaexmopusim T = f(z), Vo(z)- f(z) > 0, umerom odunaxosvie
épaiyeHust,

7(®s, ) = (T, Q). (6.21)

< M3-32 «ueposBpamaemMocTi» Bee nois Py(z) = = — Uy(T) HeBbIPOXAEHbE
na Q, a npu Mansx £ > 0 — HEMPOTMBOMONOXHO HAPaRIEHD! C U(z) = —f(z)
Bereacrue « —Uy(z) = — f(z)t+o(t). » 3amernm, ¢ Tem xe yenexom noa Uy MoxHo
IofpasyMeBaTh ONeparop cBUra 110 TpaekTopusiM & = Vip(z), noo B kavecrse f(z)
roauTCsi, B TOM uncie, Ve(z).

Tak wiv uHade, eciu K f(z) ymaercsi nmomoGpaTe Hanpasasio-
wutl nomenyuan (), TPaJIUEHT KOTOPOTO COCTABIAET OCTPBIE YIJIbI,
Vo(z) - f(z) > 0, c momeM f(z), Xorst 6B Ha TpaHulie HEKOTOPOH
obnacti 2, — MCCIenoBaHMe f(z) 3HaumTenBHO ympoljaercs. DToO
MOBBIILAET 3HAYMMOCTD FPaAMEeHTHBIX MTOJIeH KaK MHCTPYMeHTa, HE To-

BOpA 00 MX caMOCTOSITEJIbHOU pPOJIM B 3aJa4yax ONTUMU3ALIMHA.

Ha obmeM ¢oHe 0cobo BEIIEIAIOTCS
NOTeHIMaIbi, HEOTpaHWYEHHO pacTyluue
Ha OECKOHEYHOCTH,

() = 00. (6.22)
llzj|—o0
DTO0 MOryT OBITH MPOCTHIE MapaboIOUIIEL,
HO BO3MOXHBI M 9K30THUUECKUE BAPHAHTEI
¢ OecKOHEUHBIM YMCJIOM B3KCTpPeMajbHbiX
TOYEK.

') Kakosbie B 06imeM ciyyae OYeHb TPYAHO MPOBEPSTh.
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6.4.2. Ecau ||[Vo(z)|| = €0 > 0 u p(x) > 0 npu
llzll = 7o >0,
mo p(x) yoosremeopsem ycaosuio (6.22). <

Ecau B momosnHeHue K (6.22) morpeboBaTh HEBBHIPOXIEHHOCTH
TpafMeHTa MpU AOCTATOYHO HONBIIKX 10 HOPMe &, CMCTeMa

T = —V(z), (6.23)

JIBUTAIOLIASICST CTPOTO TIPOTHB (6.20), CTAHOBUTCS TMCCHIATUBHOIMA, 10~
CKOJIBKY JII00ast TPAEKTOPHS € TeUeHHUEM BpeMEeHH MOTMaIaeT B HEKHI Liap
l|lz|| < Ry, v Gonee U3 Hero He BBIXOMUT. B pesynbrare Ha chepax S
JIOCTaTOYHO Oosblioro pamvyca spameHue y(—Ve(z), S) = 1 16),
[lpu 3Tom (B CHTYalM¥ M3ONMPOBAHHBIX KPUTHYECKUX TOUYEK ;)
1o meopeme 5.1.1 06 aneebpauneckom yucae Hyaei

S ind (-Vp(a) z) = ¥(-Vp(@), §) =1, (624)
J

¥ ToTla ((T) MMeeT IpaBo JMILb Ha OJUH MUHUMYM, eClIM KPUTHYE-
CKHMX TOYEK NPYroro THMa He JOKHO OBITh M B JaHHOM KOHTEKCTe
OUEBUIHO Takxe: JIIoboe aCMMIITOTHYECKH YCTOMYMBOE IOJIOXKEHHE
paBHOBecHe T (M30MMPOBAHHBI! MUHMMYM () UMEET MHJEKC

ind (V(z), %) = 1. (6.25)

To xe camMoe MOXHO cKazarb M 00 acCUMITOTUYECKU YCTONYMBBIX
TIOIOKEHUSIX PABHOBECUS £ HErpafMeHTHBIX CHCTeM & = f (z),

ind (— f(z), z") = L.

i6) Moromy 4to npu Goasliux ¢ oneparop casura U MO TpacKTOpUsM (6.23) otobpaxaeT
wap ||z} < Ry B cebs1, crencTBUEM YETO SBAAETCS

Yz~ U(z), Sy =1

(cM. noxasatenscrBo Teopembl 3.6.2 Bpayspa). Jlajlee ocTaercss cociiaTbes Ha TeopeMy 6.4.1,
nonarast f(z) = Ve(z).

) Ecom (6.22) e Boimonnsiercs, P(T) MOXET HMETh CKOJIBKO YrOAHO JIOKALHBIX MHHUMY-
MOB, HE MMesl KpHTHYECKHX TOUEK APYroro THIA.
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Penaxiiys BBILIECKA3aHHOIO C YTOUHEHHMSAMU BBLIMBACTCA B OIMU-
caHHMe OoJiee cTpororo popmara.

6.4.3. Teopema. [Iycmb T* — eOuHCMEEHHAA Kpumuueckas mouka %)

@yuruyuu (), yoosnemeopsioweil yeaosuro (6.22). Tozda 6 ™ docmu-
eaemcs eno6anbHbll MUHUMYM P{T).

< Ilpu mobom noctaroyHo Gosbuiom R muoxectse Ly = {z : p(z) < R}
SIBJINETCS KOMITAKTOM, B chuly (6.22). PyHkuua p(z) obs3aHa JOCTHTAT MUHHMalb-
HOTO 3HayeHns Ha Ly B HEKOTOPOIt KPUTHYECKOH TOYKE, T.e. B T . b

6.4.4. Teopema. Eciu gynkyus () yoossemsopsem ycaosuro (6.22)
u ee epaduenm Hegbipoxcoer npu 0oCmamoyno 60AbUUX RO HopMe T, MO
Ha cepax S docmamouro Goavuoeo paduyca epawenue y(—V(z), S)
paswno 1, unaue 2080pA,

ind (—Vy(z), 00) = 1.

9)

< IMycts Q(R) — Muoxectso ¥ Takux snementos z, yto ¢(T) < @, me

a =max {p(z) : =] < B}.

Ilycts nose Vi (z) HeBbipoxieno npu ||| > Ry. BoibepeM R Tax, 4robbl wap
llz|l < Ry conepxar QRy). Apwkenue (6.23), Haumuaioweecs Ha chepe ||z|| = R,
He MOXeT BBIiATH 3a mpeneint Q2(R;), 1 npu JoctatoyHo Gojbuiux ¢ > 0 momanaeT
u ocraerca B §)(Rg), Tak kak Hopma rpaguenta Ha SYR,) \ Q(Ro) orpaHuyena
CHHM3Y HEKOTOpOii MOJIOXUTENbHOMH BesMyuHOi. IToaToMy mpu JocTaTOuHO GOJIBLIMX
t > 0 oneparop U; oroGpaxaer wap ||z|| < R; B cebs1, orkyaa (I — Uy, §), tae S
oGosnayaer cepy ||z|| = R;. »

6.5. ledopmMaLMOHHBIE MOTUBD!

ToMoToITHpoBaHne BeKTOPHEIX ITOJIeH MOATAJIKUBACT K MBICIM B Ipa-
JHEHTHOM ciydae JedopMIpoBaTh caMy fIOTEHLMANB, pacCMaTpUBas
TOMOTOITMYECKHE TIepexobl ¢(T, A) oT

p(z,0) = po(z) x olz,1)=pi(2).

18 *
)Kpmmecxaﬁ TOYKA £ SIBJISETCS MOIOXKEHHEM JIOKAIBHOTO MUHMMYMa GyHKuMH o(Z)
Ed at
B TOMM CITy'Uae, KOI/Id PaBHOBECHE & cHCTeMbt (6.23) acHMMNTOTHYECKH YeToM B0, (?)

) OrpansmscamocTs Q(R) soitexaer u3 (6.22).
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He o coXpaHeHMM BpailleHHsl MIeT pedb, TOTOMY YTO OHO 3aBeJOMO
He MeHsietcda. Ja ¥ HeT CMbICa OrpaHudMBark cBOGONY MaHeBpa
2PAOUEHMHBIMU 20MOMONUMECKUMU nepexooamy BANA

H(z, \) = Vop(z, N), (6.26)

xorna H(z, A\) HaBs3pIBaeTCs TpaIMeHTHBI XapakTep B Iipouecce
nedopMauuu. Borpoc B mpyrom. He coxpaHstior v medopMmaniyu
tima (6.26) xapaxTep KpUTHYECKHX TOUEK, XOTsI GbI HEBBIPOXICHHBIX.

HalIOMHHM, KPHUTHYECKHWE TOYKH CHUTAIOTCSI HEBBIPDOXICHHbBIMH B TOMM CJly4ac,
2

KOra HeBbIpoxneHa Mampuya lecce [ ] . Jlemma Mopca [4, 1. 7] rapantupyer

dz;0z;
CYLLIECTBOBAHHE B HEKOTOPOH OKPECTHOCTH HEBBIPOXIEHHOH KPUTHYECKOH TOUKH —
JIOKQIBHOH CHCTEMbBl KOODAMHAT T, ..., Ty, B KOTOPOK
2 2 2 2
p=p0)+z1+...+2 —Tjy — ... — Tp.

ITpu aTOM (byHKUMS HasbiBaeTCsi Mopcosckum |-ceorom. B cnyyae I = 0 umeem
MaKCHUMYM, Npu | = n — MUHUMYM.

Jlemma Mopca naert nosiHyio Knaccudukanuio
HEBBIPOXKIEHHDBIX KPUTHYECKUX ToYeK. [lnist BHIpOX-
JEHHBIX KPHUTHYECKHX TOYEeK TaKOit Kilaccuduka-
LMK, BooOuie ropops, HeT. IIpocroii InprMep Bbl-
POXIEeHHOH KPUTHYECKOH TOUKM — obe3bsnse cedno,
KOTOpOE OMUchiBaeTcs QyHKiueit

p(z,y) =2 — 3y’

Camo NoHsTHE IKBHBAJIEHTHOCTH KPHTHUYECKUX TOYEK, PA3YMEETCS, CYIIECTBYET,
HO OHO HEKOHCTPYKTHBHO | CONPSIXEHO ¢ GOJIBLIMMMU XIONMOTaMu, cM. [4, T. 7], a Takxe
[18], tre Bonpoc uanaraetcst MOnpobHo.

6.5.1. Onpepenenve. ladkue pyrxyuu @, :R" = R soxkansro sxeuearenmuos & Hyne,
ecau cywecmeyem makoil aokanbhbill Ougeomopuam z(z), wmo p(z) = P[z(z)] + ¢
6 Hekomopoii okpecmHocmu Hyas npu nooxodsueir Kowcmanme &. Ecau npu amom
V(0) = Vi(0) = 0, mo 2060pam 06 3xeueaseHmHocmu Kpumuseckux movex.

Masiefiliie BO3MYLIEHHUS IOTeHUMANA () MOTYT OYEHb CHJIBHO
MEHATb TpajldeHT, paspyllasi ¥ HarpoMoXnas KpUTUYeCKue TOUKH.
OnHaxko Maible nedopMaliuyd HUKOTA HE JIMKBHAMPYIOT MUHUMYMa.
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6.5.2. JNlemma. Ecau uenpepwénan gynxuyus @(x, A) umeem npu Ay
UB0AUPOBAHHBLII MUHUMYM nO T 6 mouxe T (Xy), mo npu docmamouno
MAAOM GOIMYMEHUY AN MURUMYM COXPAHACMCA, CMEWasiCh 6 Gauznexca-
wyro mouxy " (Ag + AN).
< Ilycts, HanpuMep, @(Z) UMeeT B HyJle U30JMPOBAHHBIM MHHUMYM, H
¥(e) = min{p(a) : llz]l = e}.
Pasymeercsi, ¥(g) > ¢(0) npu nocrarouso Maibix € > 0. Eciu Bosmyuienne dyHk-

v(e) - (0)
2

10 () + dp(x) umeer B wape ||z|| < € xorst Gu1 oy MUHUMYM, HGO ©(0) +6<p(0)
MeHblile MEHUMYMa @(Z) + dp(z) Ha rpaHupe ||z]| = €. »

uHoHana dp(z) Mo MOMYJO MEHbLue fpu Jo6omM z u3 wapa ||z|| <

Ortciona BpoJe OBl HarpallUBaeTcsl BRIBOJ, YTO AedopMaiiiy Iio-
TeHuuala (HeBBIPOXKAEHHBIE Ha §1) BOOBIE HUKOTA He TUKBUIUPYIOT
MuHuMyMma. Ho 310 He Tak. bonee Toro, epaduenmubie noas

Vpo(z) u Voi(z),

comomontbie Ha S} KAk Henpepvigrbie omMobpacenus (pazden 3.4), ss-
ASHOMCA MAKICE 2PAOUSHMHO 20MOMONHBIMU, 8 CMbICAE CYUECMBO8AHUS
cenzvigaroueli ux Oeghopmayuu guda (6.26), resvipocdennoll na Q. D10
Jalleko He oueBUIHas meopema [lapycunckoeo 20),

TaxkuM o6pa3oM, JI00bIe nomenyuanbl Py W Py, 3a1aHHbIE Ha Q,
BpalLeHUs TPaJMeHTHEIX MojIeil KOTOPBHIX PaBHBI,

1(Veo(z), ) = 1(Vei(z), ),

MOTYT GBITb TPaIHEHTHO leOpPMUpPOBaHDI PYT B Apyra " Ge3 BbIxoAa
KpUTHYeCKuX ToueK V@ (Z, A) Ha rpaHuny ).

DTO 03HayaeT, YTO BCe mopcosckue l-cedra pacriaialoTcs BCero
JIMIOB Ha JBa KJ1acca, BHYTPY KOTOPBIX cellla TIEpeBOISTCS APYT B Apyra
rpagveHTHOH roMoTtonueil. B yactHocTH,

2m
¢ na wape ||z|| < | e uemnomeprom npocmpancmee R™ nomenyuan ¢, ¢ edun-
CIMEEHHbIM MUHUMYMOM MOXcem Obimb 20MOMORUPOBAH & @) € €OUHCMBEHHbIM
Marcumymom — neavipoorcdenroii na cgepe ||z|| = 1 degpopmayueii p(z, A);

0) JIOKa3aTe/IbCTBO U CChLNKA HA MEPBOMCTOYHMUK €CTh B [6].

Me Y4ETOM meopemot Xongha 3.4.4.
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e BR" n > 2, nomenyuan p,, uMeiowuii eduHCMEeHHbil 2106aabHbIT MUHUMYM
Ha samwkaruu ofnacmu Y, modcem Goimb 20MOMONUPOBAH & ©1 ¢ eQUHCMBeHHbIM
NOKAABHBIM, HO HE 2406anbHBIM MUHUMYMOM HA Q — neebiposcdennoii na )
Oehopmayueit @(z, A).

Bolillecka3zaHHOe HacTpamBaeT Ha TecCUMMCTHUecKuil Jaa. Bei-
XO[IUT, TIepexo K JehopMalldsiM ITOTEHIMAIO0B, BMECTO aedopManiuin
WX TPaJyeHTOB KaK POCTO HEIpepbIBHBIX IT0JIei, — HUAYETO He JAeT.

Ha 310M doHe J0BOJIBLHO HeoXugaHHa meopema bobuiresa:

6.5.3. [Tycms IF obosnauaem knacc enadkux gynxyuoranog o(x) c edun-
cmeennoii ¢ wape ||z|| < 1 wynesoii kpumuueckoi mouroi ). Ecau wo(z)
u () eomomonnvt 6 F u nyap — mouxa nokaavroeo munumyma po(z),
Mo MO MaKmce A0KANbHbIE MUHUMYM P (Z).

JlokasaTenbcTBo eCThb B [4, T.7], TaM Xe yKazaHo o0obuieHue:

6.5.4. Teopema. Ecau py(z) u pi(x) nodeusxcro eomomonnst ¢ F(S2) u
HYAb — MOYKA AOKAALHO20 MUHUMYMA Qo(T), MO HYAb — MOYKQ AOKAAL-
Hoeo munumyma @ ().

INon F($2) snech nonpasymeBaerca Kiace NIaAKMX GyHkuMoHanos ¢ | R — R
C eIMHCTBEHHOH Ha 3aMbiKaHUu OTPaHUYeHHO 00JacTH () KPUTHYeCKOM TOYKOM
T (p). Oyuxumonansl @o(x) M @ (&) cUUTAIOTCA ROJBUNHCHO 20Momontbmu B F(Q),
ecnu cyulecTByer riaakas degopmayus’ o(z, A) € F(Q), A € [0,1], Takas uto
p(z,0) = ¢o(2), p(2, 1) = pi(2).

Yepes oxymsip neMMBL 6.5.2, «He TTO3BOJISUIOIEH» MUHUMYMY HC-
4ye3aTh IpU Maibix gedopMmalusix, pesyasrarel 6.5.3, 6.5.4 moryr
ITOKa3aThCsl OUeBMIHBIMHU. T10CKONIBKY, ecKaTh, peiieHue T(A) ypas-
HeHust Vyp(z, A) = 0 npearnonaraeTcsi eTMHCTBEHHBIM TIPU JTI000M
A € [0, 1], — Touxka x(A) BBIHYXIEHa OCTaBaThCSl TIONOXEHUEM MH-
HumyMa. Ho He Tyr-TO ObUIO. M3 Jemmnbl 6.5.2 cieayeT nulilb, YTO
mHoxecTBo A Tex A € [0, 1], npu xotopbix (A) sABISETCS TOUKOM

) Mpy s1om romotonsocts B F yHKuuit wo(z) u v(z) o3nadaer, 4t0 V4p(z,A) = 0
npu moBom A € [0, 1] umeeT eduncmeennoe peuietne ().

2) Takum obpa3oM, no cpapHEHHUIO ¢ M. 6.,5.3 curyauus obobujaercs. lllap samensercs
NpOM3BONBHON OTpaHMueHHOoM o6nacthio 2. fIpu AedopManuy KpUTHUECKAs MO-TIPEXHEMY
06s13aHa ORITH €IMHCTBEHHOI, HO TErepb MOXET JBUTATLCA,
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MMHHMyMa @(Z, /\), OTKPBITO B [O, 1]. ObocHoBanue 3aMKHyTOCTH A,
9TO BKYIE ¢ Ipeablayiium obecrieanBaer A = [0, 1], cBazaHo ¢ Heko-
TOPBIMHU OCNIOKHEHHUAMH, OTYACTU TOJJOBOJIOMHBIMHU.
Bea tpeGoBaHNs «eAMHCTBEHHOCTH» Ha MHOXeCTBE £(A) BO3MOXHO BETBICHIE,
¥ TaM Re¢opMalivsg MOXET 3aBeCTH Kyaa yrogHo. Hampumep, B ciyyae
Ag— A

1
pla,d) = 5o+ 22t Vap(e, ) = (X - Nz + 2,

npu A< Ag noreHuman o(z, A) umeer

MHHHMYM B HYJI€, KOTODBIH IpH A > Ag
[IpeBpaLAeTCs. B MAKCHUMYM, 2 B €ro
OKPECTHOCTH MOARJIAETCS BA HOBBIX [10-
JIOXKEHUSA MUHUMYMAa T = £/ A — Xj.
TpeboBaHNe CANHCTBEHHOCTH PEILIEHUS
Veo(z, A) = 0 3anpewaeT nofoGHsle
bughyprayuu.
TakuM 06pa3oM, COBOKYIHOCTh KPUTHYECKHMX TOueK Z(A)} B JAHHOM Cilyvac

[IPEACTABAAET coboil Tpe3dybeu , M €CIM HE 3alpelyaTh BBIXOA,

BeTBell z(A) 32 Ipejensl paccMaTpUBacMON 00MacTH {2, TO BETBU T = £4/A — A
MOKHUHYT {2, 1 MUHUMYM OKaXeTcs Ae(POPMHUPOBAHHBIM B MAKCUMYM. OnHaKO 3ampeT
rpammenty V,o(z, ) o6HyNsThCH Ha rpanmue §2 sactapaser Aedopmaunio (z, A)
BAPUTLCS B COOCTBEHHOM COKY, HE BHIXOAA «3a IIpefesib». M Torna MUHMMYM He MOXET
o6paTuTECs B Makcumym 2¥ 110 meopeme Mapycurciozo, TOTOMy 4TO B HEYETHOMEPHOM
[IPOCTPAHCTBE MUHUMYM W MaKCUMYM MMEOT pasHble MHAEKCh. HO cTOUT nepeitu
K aHaNorMyHoH AedopMalli Ha IIOCKOCTH {Z, y},
Ao —

A I
<P($> Y, ’\) = sz + Zz4 +y2,

C BETBJIEHUEM Kak Ta xe meopema [lapycunckoeo rapaHTHpyeT

CYIIECTBOBAHUE TMPANMEHTHON NOMOTOIMH, MEPEBOAAIICH €QUHCTBEHHHH MUHUMYM
B €JMHCTBEHHH 1 MaKCHMYM, HO [IpH 3TOM, B cUIy aedopMayMOHHbIX TeopeM, 6e3
OudypKaMOHHOrO BETBACHUA BHYTPU ) HeMb3a 0G0ATHCE.

24 o 9
)EHHHCTBeHHblH MUHHUMYM — B €AUHCTBCHHbLIM MAKCHUMYM,
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BudypxauMoHHbIE BO3MOXHOCTH ITOJIYYaIOT AOTIONHUTENBHOE OCBELLEHHUE, €CIN
OTTAIKMBATbCA OT BEKTOpHBIX AedopMaumit. Hanpumep, XpUTHYECKMMH TOYKAMHU
MoTeHMana

i i
4 2
o(z, A, /\2) =-z + -z + Az
4 2
SIBJIAIOTCSL pelleHNs YpaBHEHUA
By

Vep =5 =2 + Xz + A =0,

3anaioulero kamacmpogy cbopxku [4, 1. 7).

Jpurasice B mockoctd {A;, A;} Brosb
pasubix kpusbix A(7) = {A,(7), \(7)}, 6y-
JleM UMeTh Da3lnyHble CKANsIPHBIE AedopMa-
unn (&, T), HENpEPbIBHBIE TGO pasphIBHLE,
B TOM YMCJe — [MeTIH TUCTEPE3nca, U Jaxe
repexoabl B HeCTaOMIbHYIO 00JlaCTh, BhIfiE-
JIEHHYIO Ha PUCYHKE 00Jjiee TEMHBIM L[BETOM,
rfe JOCTUraeTcd MaxCMMyM MoTeHuuana. Bee
3TH BO3MOXHOCTH CHPECCOBAHBI B OKPECTHO-
¢t oco6oit ToukH 5, cM. 1. 9.5.

6.6. HyxHa nu rnapkocTb

Crepxuesag onopa 6.5.2 gedbopmatodyoit peuentypsl 6.5.3, 6.5.4
B NPEANONIOXKEHUH TIaIKOCTH ¢(z, A) BoobLIe HE HYXIAeTcs, U BO3-
HMKaeT coba3H «0boiTuCh 6€3», YTOOB OXBATUTDH HETTIAAKUE TEPPUTO-
puu. Ho yeM 3aMenuTh B 1. 6.5.3, 6.5.4 TpeboBaHUEe €AMHCTBEHHOCTH
pewenus Vyp(z, A) = 0?

Bbixon U3 MOJIOXEHUST 3aKIIOYAETCA B UCITOJIB30BAHUU, HAIPU-
Mep, cybouddepenyuana Knapka [4, 1. 7] c onpenenenneM KpUTUIECKOM
TOYKM Z* KaK HYJIs MHOTO3Ha4HOTO BEKTOPHOTO MO,

0€df(z"),

4TO JOPUIMYECKH CTPOTO Ouep4yuBaeT Kpyr OocoBEeHHOCTEH, 3a KOTO-
pPHIMH HEOBXOIUMO CHIEAUTH B Tpolecce aedopmanuu. B utore Bce
pa3BUBaeTCA NO TEM Xe BEIKPOMKaM, ¢ TeMHU Xe hopMaTbHEIMU BEIBO-

JaMHUu 25). le/[ 29TOM HCJIb3sd CKa3aTbh, YTO PE3YyJIbTaTbl HYBCTBUTCIBHO

) [oo6Horo copra atatus cM. B [6].
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CIOCcOBCTBYIOT pellieHHIO TIPUKIAAHBIX 33034, HO OHU BaXHBI B UI€O0-
JIOTHYECKOM OTHOILIEHHUH.

Uneonornyeckas yacTh MaTEMATHKM 3aC/IyKUBACT HOYTUTEALHOTO 00pAIICHHA
M0 MHOTHM TPHYMHAM, XOTS CMOTPUTCH KaK HUKYEMHAsS COCTABIIONIAS, KOTOpas
nepesiMBaeT U3 MyCcTOro B NOpoxHee., PasyMeeTcsi, 3T0 HE MHCTPYMEHT NOBBILIEHHOTO
cnpoca s pellieH s X040BhIX 3anay. Ho s nparMaTuky 310 QyHAaMeHT, Jalolguil
onopy, ¥ cpefia, co3nalowas atMmochepy.

6.7. HerpapueHTHble CUCTEMBI

Ha (l)OHe NpEapIAyIIEro eCTCCTBEHHO BO3HUKACT MBICJIb O IPHMEHEHHU U
ILC(.’DOpMaU,I/IOHHbIX ME€TOI0B K HErpaou€eHTHBIM CUCTEMAM

& = f(z).

Koe-uyto B caMoM Jejle BO3MOXHO, TOJILKO He DOI BECTh CKOJIBKO.
Melaroniye npuInHbl odyeBUAHK. TIpocTeiiiive cucteMbl

& = [‘(1) _ﬂm u d= [(1) ﬂx (6.27)

C NPUTATUBAOIIUM U OTTAJIKHMBAlOIHUM PABHOBCCHUEM

*F

26
nedopMalliOHHO 9KBUBAJIE HTHBI ). ITepeBomaTcst Apyr B Apyra roMo-
torueit H(x, A), KakoBasi MOXeT ObITh BbiOpaHa Tak, YTO NpH J06oM
pHUKcUpoBaHHOM A OyIeT HEBBIPOXIECHHO JIMHEHHOI 1o .

CooteetcTByiomas aeGopMaius AOCTUIACTCH KYCOYHO-JIMHEHMHLIM TPIOKOM.

-1 0 . 0 -1
Cuayasa 0 | JIMHEHHO rOMOTONNpPYETCA B | ol

%) g KJIacce HenpepbiBHbIX AehopManuii, Onnako camu 110 cebe 06e cuctemsl (6.27) rpa-
JIHEHTHBI, XOTA rparMeHTHOM gedopmanueit ¢ edunc M p uem OpYr B Apyra He Tie-

pesogsarcs. Ecnu xe TpefopaHue eIUHCTBEHHOCTH PABHOBECHUS B TIpoLiecce AedopManui CHsITD,
TO OHHU OYAyT ¥ TPagMEeHTHO TOMOTOIHEI, 110 meopeme [lapycunciozo.
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1 0 0 - A A-1
A[o —1]“[_)\)[1 0}:[1—)\ —A]’

0 -1 I 0
3aTeM 0 — B o 1l PaBHOBecue B mpouecce nedopManuy OCTAETCH

€AMHCTBEHHLIM, HO (ha30BhIl NOPTPET CUCTEMBI CKAYKOOOpa3HO MEHSETCH.

Takum obpa3zoM, Jaxe cCyXKeHHE Kjacca JONYCTUMBIX aegopma-
umit H (.7:,/\) 10 HEBBIPOXAEHHLIX JIMHEHHBIX MO Z OTODpaKeHui
He coxpaHseT TMHAMHYECKHE XapaKTePUCTUKH DABHOBECHS B CHCTe-
Max & = Az. Kak u B Teopuu BpaueHusi, Az pa3buBaloTCcs BCETO
Ha OBa Kiacca, det A > 0 u det A < 0. OnHako JUHEHHBIe CHCTEMBI
MOXHO JehopMALIMOHHO TIOJEIMTh U C NPHIIESIOM HA ACHMNTOTHYE-
CKY}O YCTOMUYUBOCTD.

6.7.1. Ilycme C™ o6osnauaem muoxcecmeo HegbiporHcOeHHbIX Mampuy,
Keaodpambi KOMOpPbIX He UMEOm OMpUUAmMEnbHbiX COOCIMBENHbIX 3HAYeHUL.
Mampuust A u B 06e 00H08DeMEHHO 2ypeuleabl Ul HecyPEUUEesbl 8 MoMM
cayyae, koeda ¢ C + cyuecmayem Heavipoxcoennas degopmanus om Ak B.

<« JloHsts pesynsraT Jaerko. [lpu pedopmanuu
CHEKTp MaTpHLHI MEHSIeTCsl HeNpEepPbIBHO, a MOCKOIEKY B O
MaTpHLBI He MOIYT MMETh YMCTO MHHMBIX COOCTBEHHBIX 3Ha-
YeHMI, TO HeBHIpOXJeHHasd aedopmaums B CT He moxer
NepeBecT COOCTBEHHEBIE 3HAYCHMS M3 JIEBOM MOJIYILIOCKOCTH
B NpaByio, U HA00OpOT. »

C TOUYKM 3peHUsT YCTOWYUBOCTH KPUTHYECKUH
MOMEHT onucaHyoi Bhille gedopmMalluyl — TpaHC-

(hopMallUsl B POMEXYTOUHYIO CUCTEMY & = [O ] Z, UMEIOLIYIO

1 0

+iwt
*“!' U zanper Ha aBTOKONEDA-

nepuonuyeckue pelenus z(t) = e
HUs Cpasy peabuIUTUPYET AeGOPMALIMOHHBIA MHCTPYMEHT.

NurtepecHo, YTO B HEIMHEHHOM cllydae K ycriexy NpUBOIAT aHa-
Joruynbie Mephbl. TobKO 3allpeTa Ha aBToKoJe6aHus He xBataeT. [Ipu-
XOIUTCA 3aNPETHTh CYLIECTBOBAHUE B CHCTEME OrPaHUYEHHBIX pellle-
HMP — OTPaHU4EeHHBIX Ha Beeit ocu, npu t € (—00, 00). MMogxoxsauue
CIIy4alo pesysIbTAThI (IUIsl AUCKPETHOTO BpeMenHu) cM. B [11].
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6.8. AeToxonefaHus ¥ nocnepoRaHue

Onna u3 r71aBHEBIX TPYAHOCTEH M3yyeHHUsT aBTOKOJIeDaHUit B CUCTEME
i = f(z), z€R" (6.28)

— HEW3BeCTHOCTb NMepuona. JApyras HeNpUATHOCTb: HEU3OIMPOBAH-
HOCTb peleruit >, yukaos. Ecnn z*(f) — neproanueckoe peluenue
(6.28), To M z,(t + s) — pemenue (6.28), npu nobom s. Bee ato
BMECTe B3ATOE TPUBOAUT K ONpPEIEIeHHBIM HeynobcTBaM U Tpebyer
NPUBJIeYeHUs] JOTIOIHUTENBHBIX cOoBpaxeHuit. JJOBOIBHO YacTo uc-
noss3yetcsl MeTonuKa flyankape, OCHOBaHHAsl Ha BBEICHWUU (YHKYUU
nocaedosanus. B npocteimeit MogudUKaMU 3TO BBILIAAUT Tax.

Mycrs L C R" — (n — 1)-MepHas runepmiockocts; p(t, T) —
peieHue (6.28), HauMHaLeecst B TOYKe T B HyJI€BOH MOMEHT Bpe-
MeHu, u t(z) — BpeMs NepBOTO BO3BpALLEHHs
Tpaektopuu Ha L, ecnu £ € L. B 3ToMm ciydae
oTobpaxeHUe

P(z) = p(z, t(m))

Ha3bIBaeTcsa (pyrkyueii nocaedosanus. OueBUIHO:

6.8.1. Henodeuxcnvie mouyku onepamopa nocaedoganus, T = P(x),
AeHCam HA 3GMKHYMbIX MpPAEKmMOpUsx, m. e. AGASIOMCS HAYAAbHbIMU
yeaosusimu nepuoduueckux peuwsenuti (6.28).

TakuMm obpazom, eciiv Ha L yoaercs BeIIEIUTH TaKyto obaacts 2 C
L, uro y(I — P, Q) # 0, npobiemMa cyniecTBOBaHYs! MePHOLMIECKOTO
perierust B cucreMe (6.28) oKaspiBaeTCs pelIeHHOM.

CkaxeM, ecau apuxenue (6.28) umeer
«KPYTOBOW XapaKTep» U IPOUCXOIUT BHYTPU
crutolHoro Topa (puc. cripaBa), To onepa-
TOp n0CAe008aKUs NEPEBOAUT B cebs wap B,

B

7 . " .
7) B HeaBTOHOMHBIX CHCTEMAX & = f{(z,t) ¢ T-nepuoouieckoil MpaBoit YaCrbio PELICHHS!,
KaK [paBuiio, U30JUPOBAHbI.
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W meopema bpayspa B Xomnanuu c 1. 6.8.1 -— rapaHTHUpylOT cylle-
CTBOBaHUE aBTOKOJIeGaHHUsI.

*
Mpu atom, ecniu z* = P(z*), To mepuox cOOTBETCTBYIOLIETO
*
IIEPHORMYECKOTO pexuMa paBeH (z°). DTO He MCKIIIOYaeT cylle-
CTBOBAaHMS NEPUORMYECKUX TPACKTOPHIf, 3aMBIKaIOLIMXCA NOCIIE ABYX

060pOTOB , HO He MAYLIUX 1O cJIeAy TIepBOro,

B stom cayyae ¥ = P*(z*) ¢ nepuonom koneGanus t(z*) +t(P(z*)).

Ecnu e MHBapUaHTHBIM Jis (6.28) siBiIsieTcst He CIUIONLIHOM Top,
a ero rpaHuIa, T. €. IPOCTO TOp, TO HAIMYME aBTOKOJIeOaHUsI He ra-
paHTHpoBaHO. OKpYXHOCTb B, HanpuMmep, nocie 0060poTa MOXeT
MOBOPAaYUBATECA Ha MUPPALMOHAIBHBIR yrol, — W TOrma Ha UHBapH-
AHTHOM TOpPE HET HU OJHOIO MEePUOJUYECKOrO PelIeHH.

B cB43M ¢ OTMEUYEHHOM Bhbillle HEWU3OJIMPOBAHHOCTHIO NEPUOAM-
YeCKUX pelliecHUIt aBTOHOMHBIX CUCTeM %) o6bIUHOE NOHATHE HHIEKCa
COOTBETCTBYIOUIETO pelIeHUs 30 cranosutcs GecempiciennbiM. TTo-
9TOMY UHdeKC yukaa® b I', TpaHCcBepcansLHOrO 32) runepruiockoctu I,
onpezessieTcs ¢ noMowplo GyHKunu nociefosanust P(z) Kak oObIY-
HBIH MHREKC BekTopHoro noyia I — P: L — L,

indI'=ind (I - P,z,), rtne z,€L ﬂ T,

W TaKOC NMOHATHE OKa3bIBACTCA 3¢)(beKTI/[BHbIM Ha TPaKTHUKE.

B y Boobute, k 06OPOTOB.

) Mo sroit MPHYKHE, KCTaTy, HETPUBUANLHOE aBTOKONeGaHUEe HE MOXET ObITh acumnmo-
muyecku ycmotiuusaim no Jlanyrnosy, v Jaxe NMpOCTO YCTOWYHUBBIM — MO0 Maible BO3MYILEHHUs
YIJI0BOIT CKOPOCTH ITPUBOIAT K GOMBIAM PACXOXKICHUAM TpaeKTopuil, HO TyT BO3MOXHA U 10~
CTATOYHO WIMPOKO PACIIPOCTPaHeHa opbumanshas yemoiiwugocms [4, T.2).

39 Tononoruueckoro uHzExca B (yHKUHOHAILHOM IIPOCTPAHCTBE, CM. IMIaBy 7.

Y Ifuknom mbl HaspIBASM Clles 3aMKHYTOM TPaeKTOpUH.

2) Tpanceepcanbhocmy — SKBUBANCHT munuyHocmu, OTBEUAIOWMN cumyayuu obueeo nono-
Hcenus TIPU Tiepeceuennu MHorooOpasuil. JIpe runepmiocxocty L, M C R™ mpanceepcanshut,
ecou moboi sexTop 2 € R MpeicTaBiM BBUIE 2 =T+ Yy, tne £ € L, y € M.
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In the middle of difficulty lies opportunity.

Einstein

Bce HeBBIPOXIEeHHBIE HETIPEePBIBHbIE BEKTOPHBIE
NoJIsA, ONpefeieHHble Ha IpaHuue olpaHuYeH-
HOU obsactu B GeckoueunomepHom OAHAXOBOM
MPOCTPAHCTBE, NOMOTONHBI Mexay coboil. 3T1o
JpaMaTHyecKkoe 06CTOATENbCTBO UCKII0YaeT ro-
MOTONHMYECKYIO KJaccupUKalHIO0 HeNTPepbIBHBIX
nojieit B GPyHKUMOHAIBHBIX IPOCTPAHCTBAX U HE
M03BOJIAET MOCTPOUTH OOLYI0 TEOPHUIO Bpale-
HH, aHAOTMYHYIO KOHeuHOoMepHO#. Ho yMenb-
LIeHMe [IMPOTh 3aMaxa BCe CTABUT Ha CBOM MeCTa.

7.1. CrarueaemocTtb cdepbl no cede

CHauaya ecTb pe30H pa3o0paThCsa ¢ yrpo3aMn 0eCKOHEYHOMEPHOCTH,
Ux pgonro nepeyucliarb, HO BCE OHM MOIyT OBITh CPOKYCHPOBAHBI
B HapyleHUH cIeAyIONero KOHETHOMEPHOTO CBOMCTRA.

7.1.1. B R" cpepa S = {z : ||z|| = 1} we cmazusaemca no cebe ¢
mouky o € S ¢ nomowbro Henpepvienoli deopmayui.

<« B npoTuBHOM cilyyae cyliecTBOBaja ObI Takasi HenpepblBHas AedopMayusg
H(z,t), 4ro nna Beex ¢ € §

H(z,0) =z, H(z,1)==z,€ S, (7.1)

npuyeM ||H(z,t)|| = 1 npu mobom ¢ € [0, 1]. Ho 310 6B 03HAYANO PABEHCTBO
BpallleHui ToxaecTBeHHoro nonsa H(z,0) = = v nocrosinroro H(z, 1) = @, 4ero
He MOXeT OBITh. P
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7.1.2. B arobom beckoneurnomeprom banaxoeom npocmparcmee E gpaxm
7.1.1 mepsiem cuny. Cpepa S = {z : ||z|| = 1} C F cmazusaemca
no cebe 6 MouKy ¢ NOMOWbIO Henpepuienoli deghopmayuu.

<« TeoMeTpu4ecKy HarsaHbIA npumep crsarusanus S = {z ! ||z|| = 1} B npo-
crpancte C[0, 1] paccmarpusaica B [4, Tr. 12, 13]. YauBepcanpHas KOHCTPYKIIUA
ectb B [10]. »

Bot Hecnoxuelil npumep Kaxymanu B noprepxaeHue n.7.1.2. Ilycte E —
cenapabenpHOe TUIBOEPTOBO TPOCTPAHCTBO C OPTOHOPMUPOBAHHBIM 0a3ncoM
{ei,..., en,...}. HeTpyaHO BUAETE, UTO

ta+ (1= Hf(z)
Bz, t)= —— T pe]o,1],
@0 = i+ =0/ @I
roe
flz)=(z,e)es+... +(z,€n)€nr1 + ...,
Redopmupyer eanHu4HyIo chepy S C E B eannmanyio cdepy S, nonynpocrpa-

CTBa BEeKTOPOB &, OPTONOHAJILHHLIX €], — KOTOPYIO yXe Jerko aehopMupoBath no S

1
B TOYKY ).

U3 7.1.2 cpasy cienyet eomomonHocms 0pye 0pyey 6Cex Hegbipoic-
Oennbix na S omobpasicenuii ® : S — R\ {0}, ubo ecnu H(z,t) —
HenpepsiBHast gedopmanus suza (7.1), to ®H(x,t) nedopmupyer
d(z) B ®(z0), T.e. Bce (x) Ha S NoayYalOTCA FOMOTONHBIMH T10-
CTOSTHHOMY otobpaxenuto ®(zo). Ilpu 9TOM MOIbBITKA OTPaHUIUTECST
pPaBHOMEDPHO HEBBIPOXJEHHBIMUY Ha S 0TOOpaXKeHUSIMU He CIlacaeT 2),

Cmseusaemocms cpepbi no3eonnem negvipoxcoenno (be3 yaeii) npo-
doascums aroboe omobpaxcenue H(z) ¢ S na eece wap ||z|| < 1, 4To
JOCTUTAETCA OTOOpaXKeHUeM

U(z) = ®H(z/||zll, 1 - ||l=[)).

Tak 4TO NPpU GECKOHEYHOM YUCIIE U3MEPEHHH TPUHLIUITUATBHO HENb3S
CYAUTH O HYJIAX HENPEepPBhIBHONO Mojis BHYTpH 1apa ||z|| < 1 mo ero
noBedeHuio Ha rpauuie ||z|| = 1.

D Tak xe xax OKPYXHOCTb IO ABYMEpHO# cepe B R,
) HesbipoxaeHnoe otobpaxerue P(z) 7 0 HA3BIBAIOT PAGHOMEPHO HEGBIPONCOEHHBIM, ECITH
aoronuutenbo || ®(z)|l > € npu Hekoropom € > 0. Vkasanwuas nedopMauus DH(z,t)
PABHOMEPHO HEBBIPOXALHA, eC/ TakoBo P(z), mpuueM HeBbIpoxXaeHHOE D(2) aBTOMATHUECKA

PaBHOMEDHO HeBBIPOXAEHO, . 7.3.2,
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7.2. KomnakTHbie onepartopbi

Kak ciemyet u3 BoillecKa3aHHOTO, HelpePBIBHEBIE OTODpaxeHHUs B hyHK-
LIMOHAJIBHBIX IMPOCTPAHCTBAX C TOYKH 3PEHHUST TOMOJOTHYECKOTO M3Y-
YeHUA HEMOABHXHBIX TOYEK — HE HMEIOT IepCleKTUBhl. OmHako
HA NpaKTUKeE 330a9d NOZOOHOTO pola CBOIATCA OOBIYHO K MHTErPaib-
HBIM ypaBHeHUAM Tuna T — A(x) = 0, HanpuMep, C UnmezpaIbHbIM

onepamopom Ypuvicona
1

/ [¢, 5, z(s)] ds. (7.2)

0

B Takmx ciydasx ekropubie nons ®(z) = z — A(z) npuHannexar
0bbiyHO Bonee y3kMM KiaccaM OTOOpaXXeHUU, IS KOTOPBIX TEOpHs
BPAILIEHUS COXpaHsET MPeXHIO dhopmy.

WTaK, UTpoBbIM NoJeM gasiee BMecTo R” c1y:kuT BelecTBeHHoe Ha-

n
HAXOBO ITPOCTPAHCTBO F , 4TO He UCKII04aeT, KoHeuHo, F = R". Oto6-
paxenue ® HA3LIBACTCS 6nO/AHE HENPEPLIGHbIM GEKMODHbIM HOAEM, CCIH

d(z) =z — A(z),

roe A — 6noane Henpepwighbill Onepamop, NepeBolAlLIMit, no onpede-
Aenuro, orpaHuuyegHbie myoxectsa M C E B NpelKOMIIakKTHBIC, U,
pa3zymeeTcsl, HENpepbiBHLIA B OObIMHOM CMBbicie. 3aMeTHM, BMOJHE
HEMpPEepbIBHEIM MHOTAA HAa3bIBAlOT ONEpaTop, NepeBOMSLIUN OrpaHu-
YeHHBIC MHOXECTBa B KOMNAKTHBIE, a HE MPEIKOMITAKTHBIE, — 4YTO
CNocoOCTBYET HapacTaHMIO BCeIEHCKOTo becriopsiaKa 3,

TIpUYHMHEI NeXaT y TePMUHOJIOTHYECKNX UCTOKOB,

7.2.1. Muoxwcecmao M C E mbt nasvieaem Komnaxmusim, 2ubo KoMRaKmom, ecau
gcaxan nociedogamensrocms ¢ M codepcum nodRocaedo8amensHOCHIb, CXOOAUYIOCH
K anemenmy uz M. A muoxncecmeo M C E, 3amoixanue Komopo2o KOMRAKMHO, HA3bIBC-
encs npecKoMnaKnHbiM,

1
).Hm{euubm (byHxusoHan @(z /1 ) dt BrionHe nenpepbise B C[0, 1], HO 3aMKHYTOC
0

orpatnuenHoe Muoxectso dyukuuit M = {2z : ||z|| = 1, z(t) > 0} nepesoaur B noayuHTEp-
san (0, 1].
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JexapupoBaTh W3BECTHBIE OnpelielleHus NPUXOAUTCA M3-3a Hepasbepuxu B
¢YHKIIMOHANBHOM aHaiM3e N0 IOBOAY KoMmakTHoctH. KomnaktHoets M C X
HA3LIBAIOT TAKXE KOMRAKMHOCMbIO ¢ cebe, a MPEeAKOMIAKTHOCTE — KOMNAKMHOCMbI0
¢ X, Win npocTo KoMIakTHOCTBIO. He roBopd o TOM, YTO KOMIAKTHOCTh B JAHHOM
Bbllile OTIpeRelleHN Ha3bIBAIOT €Ilie OUKOMNAKmMHOCMbIO .

HanomHum 3aompHo onpeneneHust nuddepeHIIMaNbLHBIX CBOMCTB.

7.2.2. Onepamop A, delicmeyrowuii 6 6arnaxoeom npocmpatcmee E,
nazwiearom dugpgpepenyupyemoim no Opewe 6 mouxe x € E, ecau cywe-
cmeyem AUHeliNbill 02PAHUHERHbII 0nepamop Alz : F — E, nasweieaemutii
npou3eodnoli Opewte 6 mouke T, — MAKol ymo

A(z + h) — A(z) = ALk + o(||h])).

o !
[1pu 3TOM JNMHeiiHYlO YacTe npupamieHus A, h HasblBAOT Jugeperiyuaiom
! “ . .
Opewe, a A, — npouseodnoii Ppewe, MAOO cuabHOll Rpou3600HOI, NTUOO TPOCTO
npou3so0HOL, eCT U3 KOHTEKCTA ACHO, O YeM peyb.

<« Tlpousposnas Dpeule urmesparsrozo onepamopa Ypoicora (7.2) B ciydae
HenpeprIBHOCTH fapa G[¢, 5, Z] MO COBOKYMHOCTH MepeMeHHBIX M HeNpephBHOM
g depeHIPyeMOCTH 10 & ONPeNeNAeTCa BhIPAKEHHEM

ALh(t) = /G’z [t, s, z(s)] h(s) ds,

kak B C, Tak u B L. »

Huppepenyuason Iamo HA3BIBAIOT Opefen 3

§A(z, k) = lim ﬂ””jjh)_““@

70 T

B ciyyae qmnnerHocTH o h,
dA(z, h) = ALh,

! « . .
oneparop A, HasblBAIOT npouseodnoii Tamo (caaboii npousgodnoil) B TOYKE T.

[Ipoussodunas Dpewe, ecau cyuecmayem, aeasemca npousgoouoil Tamo. Obpamuoe
aepro, ecau rpouszsodnas Tamo nenpepviena no .

Y anbTePHATUBHON TEpMUHOJIOTHHU €CTh CBOS JOrvkKa., OnpenefeHHe NMpeIKOMITAKTHOTO
MHOXECTBA HA CaMOM Jejie IMoApa3yMeBaeT, YTo 0O6beMIIOIee MPOCTPaHCTBO X OroBOPEHO.
B POTHBHOM Ciydae BO3HUKAET HEOAHO3HAYHOCTh. MHOXeCTBO paHoHanbHBIX Touex u3 (0, 1)
MpeAKOMITAKTHO B R, HO He MpeKOMIIAKTHO B MPOCTPAHCTBE PALMOHANBHBIX YHCEN.

%) Cna6biit IncdepeHnan Ha3bIBAIOT TaKKe sapuayueid A.
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7.2.3. Teopema. [lpouzsodnas Qpeute enoane HenpepsiBHO20 OREPAMO-
pa — 6ROAHe HenpepbleHa.

7.3. BpaiwieHne BNONHe HeNpepbIEHOro nona

Tlyctb @ — orpanuyeHHast obnactb B E, Ha rpaHule {) KOTOpOil
3aJIaHO BIIOJIHE HeTIpepbiBHOE BeKTOpHOE nojte & = 1 — A. Kutiouesoii
daxT B onpeaeneHun BpauteHust y(I — A, Q) 3aKJII0YaeTCI B BO3MOX-
HOCTH KOHEYHOMEPHOW aniIpoKCHMallu KOMIIAaKTHOTO OfnepaTopa.

7.3.1. Teopema. s 06020 € > 0 cywecmeyem 6noane Henpepsierblil
xoneunomepnbtli6) onepamop A, annpoxcumupyrowuii A na ) ¢ mou-

HOCMbBIO.
|A(z) — A ()] < e (z € Q). (7.3)
<« Tlyers M oGosuauaer sambikanme Muoxecrsa A(S). B cumiy xoMmakr-
Hoct M mns mioboro € > 0 B M CyliecTBYeT KOHeuHast E-CeTb {Z,, ..., T,}.
C nomoiupio npoexmopa Ilayoepa
n -1 n
@) = (m@) Smloer (e ) (7.4)
k=1 k=1
rae

£~ |lz— =zl npu|lz -zl <€,
() =
0 npu ||z — z¢|| > €,
oneparop A, ynosietsopsiiowtnii (7.3), CTPOMTCS B BHIE KOMITO3HINH

A.(z) = P.(A(z)) (xeQ). »
BorT elile oaMH CylIeCTBeHHbIA TEXHWUECKHH MOMEHT.

7.3.2. Bcakoe negwlpoxcdennoe na ) 8noAHe HenpepblBHOe 6eKMOPHOE
none ® = I — A — pasnomepro neebipoxcdeno, m. e.

le@)i>e (z€9) (7.5)

npu wexomopom € > 0.

6 TIpHMMAIOIMI 3HAYEHUA B KCHEYHOMEPHOM IOAIpocTpaHcTee. Hanpumep, enepamop Tam-
m

Mepuwimelna Az{t):/G(t,s)f[s,&'(s)] ds xoneunomepen B cayuae G(t, s) = Z e;(t)hi(s)
A =t
3nauenus Az(f) nexar B nompecrpanctee ¢ 6asucem {e|(f), ..., em(f)}.
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<« B npeanonoxeHnu NpoTuBHOIO

fim [l — Azl = 0 (7.6)
k—-oo

Ha HEKOTODPOH IOC/IEI0BATENbHOCTH ToueK Iy, € §1.
Ho A(zy) — z* B cuny nonHoi HenpepsisHoCTH A, OTKyaa, ¢ yuetom (7.6),

lim ||z — 2°|| < lim ||z — A(zg)]| + lim ||A(zg) — 2*|| = 0.
k—co k—co k—00

B urore ®(z*) = 0, 4TO MPOTHBOPEUNT HeBHIPOXTeHHOCTH B(z) Ha (2. »

Bpawenue v(®, Q) HEBBIPOXNEHHOTO 8HOAHE HeNpepbisHO20 NOAS
®=I—-AHaQ onpeaensercs Tak. [Tycte F, C E — npou3BoIbHOE
MOIIPOCTPAHCTBO, COAEPKAiliee KOHEUHYIO €-CeTh MHOXECTBa A(Q),
a A, — BIIOJIHE HETIpEphIBHAs £-aNmpPOKCHMaLMs omepatopa A Ha O
(reopema 7.3.1).

KoHeuHomepHoe none &, = I — A, Ha rpaHune Q obiactu
Q. = QN E, C E, HeBbIPOXAcHO Ha (), HOCKOIbKY Ha §), TpH
yenosuu ||®(z)|| > 2¢ > 0, cM. . 7.3.2,

12e (@) = llz — Ae ()] > ||z — Az)]| - [|A(z) — Ae(z)[| > 26 — e =e.

TTosmomy onpedeneno epawenue y(®, Q) na Q., xaxoeoe u
nazosem epawseruem y(®, (1) enoane nenpepusrozo eexmopro2o
noas © Ha Q.

J1s1 06OCHOBaHMS KOPPEKTHOCTH 3TOTO OMpeieieHUs HeoOXomv-
MO yBeauThCs! B ETO He3aBUCHMOCTH OT BLIOOpa noamnpocTpaHcTBa F
U omepartopa A, — 4TO TpeOYeT HEKOTODPLIX YCHUIIWIA,

7
« Ilycrs B, v E, — paznnuHble KOHEYHOMEPHBIE MTOAITPOCTpaHCTBa, conep-
XKalye €-ceTh MHoxecTBa M, a
0 I} U . !
A, =PA:Q—E n A =P(A:Q—E,

COOTBETCTBYIOLIVE BITOJTHE HEMPEPBIBHBIE £-almpoKcuManyy oneparopa A Ha ().

MokaxeM, uro ppamwenus Y(®;, Q) u 7(@;,0) KOHEYHOMEPHBIX BEKTOPHBIX
moneii &, = I — A, u <I>; =I- A; Ha rpaHunax $% W Q’E obnacreii §2, = 2N E;
73 QIE =0 ﬂE; OMHAKOBHI.

Myets B — nuHeiiHas oBojouka nopnpocrpaHcts B, u E; Paccmorpum
Ha rpanuue T obnactn T = 2N E* BekropHOE none

U (z) =z — P, A(z) (z€).
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DTo Mone HeBBIPOXAEHO Ha T 1 ITOTOMY ONPELENEHO ero BPALLCH He ¥(¥e, ’i‘),
nprueM (1o iemme 5.5.1 Jepe— layoepa) v(¥,, T) cosnanaer ¢ BpamenneM y(¢., T)
cyxeHns 9. nons ¥, Ha {2, T.e.

7(\115; T) = 7('¢'E; Qe)
Ho Ha ), more % FOMOTOITHO ITOJII0 7 ®,.. [ToatoMy
¥(te; Qe) =7(2e; QE)

B pesynsrare
7(\1,6; T) = '7(@6; Q). (7'7)

AHZUIOFI/I'-IHO, OTTAJIKHWBAACH OT IMOJA

U,(z) =z — P.(A(z)),

yCTaHaBJIMBaeTCs
Y(Te; T) = 7(D5 ). (7.8)

Kpome Toro, nmonst ¥, n \II’E AWHERHO roMoTonHb Ha Y. [TosTomy
(., T) = y(¥,, T). (7.9)

O6wenunss (7.7), (7.8), (7.9), nonydaem
7(@6; QE) = 7(@5; Qe)a

YTO O3HAYaeT KOPPEKTHOCTb BBEIEHHOFO TOHATHS 6PAWEHUS GHOAHE HENPEPbiGHO2O
BEKMOPHOZO0 NOAS. W

7.4. BbluucnexHne v cBOWCTRA

Csovictsa Bpautenust Y(I — A, (1) aHaori4Hbl CBOJICTBaM BpaUICHHUs
KOHEUYHOMEPHLIX MOJeH, HO Koe-4To TpebyeT yTouHeHHUs. B mepByio
ouepesib, NOHATHE rOMOTONMY BIIOJHE HENpPEPbIBHbIX NOJEH.

7.4.1. Onpegnenenne. Bnoane HenpepbigHbie eexmopHbie noad Py =
=1 Ay u ® =1- A, onpedesennvie na epanuye Q oepanuuennoi
obnacmu Q) C E | HA3618A10MCS 20MOMONHBIMU 5 na Q, ecau cywecmeyem
maxoe 00HORAPAMEMPUHECK0E CEMEIICINBO HEBGBIPOICOCHHBIX EEKMOPHBIX-
nonet

(z,t) =z — A(z,t) (z€Q, 0<t<I),

7} TouuTea AMHEIHAS TOMOTOIIHS (1 = £)9e (2) +1DPc (), HEBBLIPOXKAEHHOCTL KOTOPOM JIETKO
1poepsercs.
8 Msoraa roBopat Hessposwdento omomonibim.
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umo onepamop A : 0 x [0, 1] = E enosne nenpepvisen 9y
CI>(:1), 0) = CI>0($), CI>(:1), 1) = CI>1($)

Takum 006pa3oM, K TOHSITHIO TOMOTOIIHH B R" (pasnen 3.4) noGas-
asiercst obszarenbHas GopMa nedopmaunu O(z, t) = x — A(z, t) ¢ Tpe-
BoBaHKEM MOJIHOW HenpepbiBHOCTH A(T, t). VTor npexHuii (cM. Teo-
pemy 3.4.2), HO yXe Ha HOBOM BMTKE CITHPAJIH.

7.4.2. [omomonHbie noas umerom o0UHAKOBbE 8DAULEHUSL.

JIoC/I0BHO MOBTOPAIOTCS, Ha TOM Xe BUTKe, W IpyTue (PaxThi:

7.4.3. [lycmb eexmoproe nose ®(x) = I ~ A onpedenero u HeabiponcdeHo va epaHuyax
obracmeit 0, S, ..., 0y, ..., npuwem obaacmu Sl; nonapho He nepecexalomes u

0= U ﬁj. Toeca spawenusn (P, Qj) OMAUMHG OM HYAS AUULb NpU KOHEMHOM wucae
UHOeKCO8 §, U

Y@, = 7@, ).
;

7.4.4. Ecau sexmoproe nose &(z) Ha ) umeem axuinecoso Hanpaeienue, mo
¥(®,8) = 0.

7.4.5. Ecau &(z) neabipocdeno Ha 3amvicanuu obaacmu 2, mo y(f,§)=0.

7.4.6. Ecau y(®,2) # 0, mo ypasuenue d(z) = 0 paspewumo 6 S, m.e. 8
cymecmayem Hyab gexmopnoeo noas ' € 1, ®(z°) = 0.

JokazareabcTBa nepeYrciIeHHOro, darofapsl olpeneaeHuIO Bpa-
LeHYsT BIOMHE HEempepbIBHBIX MOJei yepes BpalleHus moneit B R”,
CBOISTCS K MPOCTHIM CCHUIKAM Ha KOHEYHOMEPHBLIE aHAJIOTH 10) (m. 3.5)
yTBepxaeHui 7.4.2-7.4.6.

% Kak oreBpaxeHue OT 1BYX NepeMenHbix, A(z, t). Monnoii HenpepeieHocty A(z, ) npu
KaXIOM (DMKCHPOBAHHOM ¢ HeJOCTAaTOYHO (Wisi NOCHenyKUIei TOMOTONMYMECKO# Kiaccudyka-
UMy nosneit). 3aMeTHM Takxe, YTO HEBBIPOXAEHHOCTh TOMOTOINMH BiIeYer 3a coGoil pasHomepHyio
HEBBIPOXIEHHOCTb, KakeBas ObIBaET WHCTPYMEHTANbHC NOJe3Ha, M JIETKC YCTaHaBJIMBAaeTCA,
Kak u dakr 7.3.2.

19) Koe-rae noMMMO CChUIOK MMEIOT CMBIC HeGOJbILME PA3bACHEHMSE, HC TOTAA WIAT 33 WAroM
U3JI0XEHUE NPUCOPETaeT PYTUHHO-YCHIISIONUIN XapaKTep, YTC ABMETCS YIeJIoM MeHorpabu-
YCCKOH JINTepaTyphl.
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PasButue 6ecKoHEeYHOMEPHOM TEeOpHH BpauleHMUsI BO MHOTOM TIpO-
TEKAET NapaieSbHO ee KOHeUHOMEPHOMY BapHaHTYy, BILIOTh /10 aHajlo-
roB meopemsi Xonga 4.5.2 n ee o6obumenus 4.5.3. Coxpausizor opMy
U TEXHWYECKUE WHCTPYMEHTHI. TOYHO Tax X& BBOJWTCSI, HalpuMep,
TIOHATHE UHOeKca HyAs ¢ MOBTOpeHueEM pesyibrara S.1.1:

7.4.7. [Iycmos eexmoproe nose ®(x) nesvipoxcdero na §) u umeem ¢ 2
KOHeuHOe HUcAo Kyael Ty, ..., Ty, Toeda

¥(@,0) = ind (&, z;). (7.10)
J

MoxHO naxe COXpaHWTh (POPMY KOHEYHOMEPHOTO aHaiora 5.1.1,
TpeOysl JIMILb W30JUPOBAHHOCTH HyJEl Tj, & He KOHEYHOCTH HX
yKciaa, — NOTOMY YTO BTOPOE BBITEKAET W3 MEePBOT0O B CHJIY IOJIHOMK
HEMPepEIBHOCTH oflepatopa A B & =1 — A.

TouHo Tak Xe, MpH JOCIOBHOM TIOBTOPEHWM I0Ka3aTeIbCTBa,
YCTaHaBJIMBAaETCs T101001e meopems: bpayapa 3.6.2:

7.4.8. NMpunuun Waynepa. Brnoane nenpepwiensiii onepamop A, nepe-
sodawul 6 ceba 3amnymuli wap B C E, ecezda umeem ¢ B mneno-
OBUNCHYIO MOUKY 12)

Ilone3Ho uMeTh B BHAY CICAYIOINMH 3JIeMEHTApHBLIA pe3yanrart,
3aMBIKAIOLIKMKA Ha cebe HEMaIO 3aMACKUPOBAHHbBIX CUTYaLlU.

7.4.9. Teopema. Bcayrae Ty € ) epawenue sexmoproeo noas ®(x) =
=T — To Ha ) paeHo 1.

Yro KacaeTcs BpalleHUs Auneiinozo noan ® = I — A ¢ TuHEHHbIM
oneparopom A, To 3/1eCh HEOOXOAUM OOXOLHOM MaHeBD, YTOOLI OBORTH
ucronb3oBanue getepMunanta. B R™, oueBnaHo,

sign det C = (—1)°, (7.11)

" Hyno g € Q eexmoprozo noan () Ha3blBAOT UIOAUPOSGHHBIM, ECITM B JIOCTATOYHO
MaJloit OKPECTHOETH Zp Her APYyrMx Hyneil. Bpameuue mons ®(z) ua cdepax nocTarouHo
MAJIOTO PAZIMYCA C UEHTPCM B Ty Ha3blBAIOT uHdexcoM ZTo W obo3Havalwr ind (P, 2g).

12) Tap B hopMynupoBke 11. 7.4.8 MOXHO 3aMCHHUTD BHITTYKJIBIM 3aMKHYTbIM H CTPAHHYEHHBIM
MHOXeeTBOM. BeckoHeuHoMepHbI# aHaner ofobineHHoW TeopeMbl Bpayapa 3.6.3 Ha3blBaloT
npunyunoM Henodsuxcroi mouxu Jepe— Hlaydepa.
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rie 0 -—— 4UCIO OTPULATEIbHBIX BElIECTBEHHBIX COGCTBEHHBIX 3Ha-
yeHHit (C yueToM KpaTHOCTeﬁ) marpuubl C'. M 3T0 yXe rogurcs
B Ka4eCTBE OCHOBBI JUISI 0000LIEHUS.

7.4.10. [Ilycmb 1 ne aeanemea cobcmeeHHbiM 3HAYEHUEM 6NOAHE HENnpe-
poisroeo onepamopa A. Toeda undexc uz0AUPOBAHHO20 HYAS AUHEHHO20
noan ® = I — A onpedeasemca pagencmeom

ind(®, 0) = (-1)°, (7.12)

ede § — uucno seusecmeentblx coOCMBeHHbIX 3Hakenuli (¢ yuemom Kpam-
. . 13
Hocmel) onepamopa A, 60abuux eOuHuyb! ).

[MpocToii cebiiKoi Ha TeopeMy 3.5.7 naxe ¢ yuetoMm (7.11) snech tpynHO oTne-
JIaThCA, XOTA NPY HATWYKHK ONbITa pabOTH ¢ BaHAXOBHMHK NMPOCTPAHCTBAMK —— BCE 0Ye-
BuaHO. TeM He MeHee npuBeleM obocHoBaHKe. He cTONbKO paay caMoro pesyibrata
7.4.10, ckoNBKO IS WUTIOCTPALUWY BHYTPEHHEH KYXHW W NMOBBILICHNS OIUTEIBHOCTH.

<« ITlycts Ay, ..., Ay — BCe BEmeCTBEHHBIC COOCTBEHHBIE 3HAYCHWS 4 onepa-
Topa A, Génbinye eMHULL, ¥ P(A;) 0603HauaeT KOMMYTHpYIOWMI ¢ A THHERHEI
oreparop MpOeKTHPOBAHKS Ha KOpHEBOE MoinpoctpaHcTBo E(A;) oneparopa 4,
oTBevaroiee A;. Oneparop
Py=P(\)+...+P(X)

npoexTHpyer Ha nonnpocrpaHctBo By = E(A) + ... + E(A;) pasmepuocta d.
Cyxenne A, oneparopa A na E, nMeer Te Xe COOGCTBEHHBIE 3HAYCHUST A, ..., A
C TEMW X€ KPaTHOCTAMH, a CyXECHHe A" oneparopa A Ha HOMONHWTENBEHOE K E,
MOLNpPOCTPaHCTBO Fj HE WMEET BeIECTBEHHBIX COGCTBEHHBIX 3HAYEHNH, BONBLINX
elHULE, T103TOMY BIOTHE HENpephIBHAS TOMOTOIIHS

Bz, 7) =z — 21 + (1 — 1) 4] Pyz — (1 — 7)A°P’z
HEBHPOX/AeHA Ha elnHYHONM chepe S. CrenoBarensHo,
ind(2, 0) = 7(2(z, 0), §) = y(2(z, 1), 5),

uto ¢ yuerom ®(z, 0) = &(z), (z, 1) = & — 2Pz v 1. 3.5.7 Bmecre ¢ (7.11) — nmaer
(7.12), nockonsky ¥(®(z, 1), S) cosnanaer ¢ panientem () = — =z nHa AMHIIHOHK
cdepe §-mepHOro noanpocrpaHcrsa Ey, paBHBIM (—l)é. >

006 rHAaeKcax HyJleld HEMWHEHHOro nojisg MOXHO CYAHTb, OYEBHU] -
HO, 1O JHUHEHHBIM TPUOAVKEHWSIM, €CJIN TE€ HEBBIPOXICHBDL.

13
) OxBarIBACTCA B TOM UMCIIe curyauus ¢ = 0.

14
) «[ToueMy Mx KOHEYHOE YHCIIO», M HA APYrHe COMYTCTBYIONIVE BOIPOCH — OTBETH ClleayeT

MCKATb B CIEKTPaTILHOH Teopuy [4, T. 5.
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7.4.11. Ilycmb snoane nenpepbignbiii onepamop A duppepenyupyem no
Dpewie 6 HEKCOMOPOTE OKPECMHOCY MOYKY Lo, U eOUHUUA HE SA6AAEMCA
coBCMBEHKbIM 3HAUEHUEM ONEPaAMOopa A'(:l:o). Toeda o — usonuposarkwiii
Hyab noas @ =1— A u

ind(®, zo) = (—1)°,

ede § — uucno seujecmeentsix co6CmeennbIx 3nauenuil (¢ yuemom Kpam-
o ! s
nocmeii) onepamopa A' (%), 6davuiux edunuypsi.

OTMeTUM, HaKOHELl, MOJE3HbII TEXHUIECKWIA pe3yabrat, B HEKO-
TOpoM poje obobiyatoimis semmy Jepe— llaydepa Ha obuiuii caydaii
HanaxoBa npoctpanctsa E. Ilycts Ey C E — 3aMKHYTOE MOANPO-
ctpaHcTBo, )} C E — orpaHiyeHHas o6nacts, )y = ﬂ Ey. Iycrms
BIIOJTHE HEMPEPBIBHBI orepatop A Ha () NPUHKUMAET 3HAYEHHUS B ITOA-
npoctpanctse Fy 1 He MMeeT HerMoABIXHbBIX ToyeK Ha (1.

7.4.12. [Iyembv Ay — cyxcenue onepamopa A Ha Q. Toeda
V(I — 4, Q) = y(I — Ao, ).

7.5. HeBbipoXAeHHbIE NPOJOIIKEHUS

AHajior TeopeMbl 4.5.4 B obieM ciywae baHaxosa rnpocrpaHcTsa F
TpebyeT 1151 CBOEro OOOCHOBAHHUS OONBIIE YCHJIMKH, HO OCTaeTCsl BCE XKe
MPOCTbIM (HaKkTOM.

7.5.1. Teopema. Bnoane nenpepwignbiii onepamop A . M — E, 20e
M C E — 3amrnymoe mroxncecmeo, moxcem 6vims npodoaxcer na éce E
CO BHQUEHUAMY 8 3aMKHYMOU 8binyKAol 060nouke TOA(M).

[IprHUMNUAILHYIO POAbL B TEOPUU BpaleHUs urpaet obobieHue
meopemst Xonga 4.5.1:

7.5.2. Ecau enoane Henpepwignoe nose ®(T) Hesbiposcdero na epanuye
Q oepanuuennoii cesznoil obnacmu ) u (P, Q) =0, mo®=1I-A4
MOXNCHO BPOOOANCUMb 00 6ROAHE HEeNPePblGHO20 NOAA, HEEbIPONCOEHHO20
na samvikanuu Q. >
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Hpyrasi, bonee 3HaMeHHTast meopema Xonga 4.5.2 TaKkxke 06001wma-
15
eTCsl Ha BITOJIHE HenpepblBHbIE BEKTOPHBIC MOJIS ).

7.5.3. Teopema Xonda. Eciu nesvipornciennuvie na cpepe S C E snonne
HenpepbieHble GeKMOPHbLIE NOAS UMEIOM 00UHAK080E 8PAUEHUe, MO OHU
20MOMONHKbL.  [>

O6o611aeTca 1 TeopeMa 4.5.5:

7.5.4. Teopema. Bnoaue Henpepwighbiil onepamop A(:l:), He umernuui
HENOOBUNCHBIX MOYEK HA ePpanuye 9) o2paHuyerkol cea3noll obnacmu 1,
makoi umo E\Q umeem 0ee KOMROHEHMbL CEAZHOCMU, 6Ce20a MONCHO
npodoaxwcums Ha eéce E do enosne nenpepwignozo onepamopa ¢ 00HOW
Henodeuxcroll moukoii ¢ ). >

Ecau e E\S) umeem k xomnonenm cessnocmu, mo A(T) moxcHo npo-
doaxcump Ha ece E 0o enoane nenpepwignozo onepamopa ¢ k—1 nenod-
BUNCHBIMU MOUKAMU, NEHCAUUMU <HO OOHOW» 8 02DAHUMERHBIX KOMNOHEH-
max ceazRocmu.

CrieunduKa TeOpUH BpallleHUs!, KaK BUAHO U3 NEpeYUCIEHHO-
ro, 3aKjouaercs B «HEOOXOMUMOCTH» HM3J0XKEHHUS KOHEYHOMEpPHOTO
BapMaHTa TeOpUH C MOCJIEAYIOLIUM MOBTOpEHUEM CKa3aHHOTO IMOCIe
samenbl R" Ha E, — 4To HaBeBaeT CKyKy. M30exaThb MOBTOpEHMIl
MOXHO, HO 3TO He TaK JIerKo, Jia 4 eliBa JM LeaecoodpasHo, nbo npu
yHUGUKALUKUHU TepseTcsl HalgmHOCTb, KAKOBOM M TaK HeIOCTaeT.

7.6. TeopemMbl pOACTBEHHOCTU

OzxHy U Ty Xe 3afauyy OblBaeT yaoOHO paccMaTpUBaTh C pa3HBIX TO-
yek 3peHua. CKaxeM, AUHamuuecKast cucteMa £ = — f(z), ¢ ogHo#
CTOPOHBI, XapaKTepHU3yeTCsl NpaBoii 4acTeio — f(Z), ¢ APYroi — Bek-
TopHEIM TiosieM & — Uy(z), rae Uy — oneparop casura. Teopema 6.3.1
OOHapyXWBaeT PaBeHCTBO BpalllcHUU 3TUX MOJEH, YTO IMO3BOJSET
MO XOIy AEjia NepeMEeTHYThCS Ha Ooiee yIOOHBIA MyTh 16).

5

15) P4pHo Kak u ee Gonee o6mas Bepeua 4.5.3.

6

') Brunenss Bpaiienne — f(T) ¥ mepexoma K MCIONb3OBAHMI HEABHO 3a[@HHOTO BEKTOP-
noro mona ¢ — Uy(z).
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IMpasna, ecav pedb WAET O CYIIECTBOBAHUY PABHOBECHSI, TO NIEPEXO]t
oT f(T) K pacCMOTPEHHMIO OlTepaTopa CABMIa OCOOBIX MPEUMYILECTB He
IaetT. CKopee HaobopOoT, BTSATMBAET B MyYHHY pa3MBITBIX IIPEACTaBICHMIA.
3ayeM MCKaTbhb HETIOABIKHLIE TOUKHU omeparopa U;, 3aJaHHOTO OKOJIb-
HBIM ITyTeM, KOT/ia IIPOLLE UMETh AEJI0 C HyJISIMU BeKTOpHOTO Tosist f(x),
«JAHHOTO B OIyLIeHVstx». HO BOT €C/IM CTOMT BOIIPOC O HAJIMYUH aBTO-,
JIKOO BBIHYKISHHOTO KOJIebaHMsl, TO CMOTPETh Ha 3aJady uyepe3 NIpusmMy

t=f(z) wm = f(z,t)

yke ManoaddextuBHO. [pUXOZUTCS aHATU3UPOBATh HEMOABUXKHBIC
1

touku U,. IMpaBaa, Teopema 6.3.1 7 TYT Yalle BCEro He CIacaet, —

ITOTOMY YTO YCIIOBHE «HEBO3BpalllaeMOCTH» TPYIHO MPOBEPUTD.

Ho ects apyroii Beixog. MuTerpupys

dx
— = f(z, T
dr (z,7)
TI0 T OT HyJIs1 fio ¢, MOXHo nepeittn ot & = f(x, t)

K MHTerpajibHoMy ypaBHeHwio Ha [0, T'|:

t
z(t) = z(0) + / f(z(r), 7)dr, (7.13)
0

yXons TIpM 5TOM OT HeymzoOCTB, CBSI3aHHBIX C MCIIOJIL30BaHKEM OIIE-
paTopa CHIBHUra, HO Momajast B 6eCKoOHeuHOMepHbIe (yHKIIMOHAIbHEIE
NPOCTPAHCTBa, IIE OT TeOMETPHYECKOI HAITSAHOCTH HUYETO HE OCTa-
ercs. 3aTo ypaBHeHHE (7.13) SIBHO 3aJ1aHO ¥, KpOME TOTO, UCYE3aeT

1) 0 coBnanenny Bpauenuit Y=F(z,0), ) n ¥z — Up(z), Q).
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MIOTPEGHOCTDL B EAMHCTBEHHOCTH pellleHHT COOTBETCTBYIOIEH 3adauu
Kowu, v B HEJIOKILHOK NPOAOKUMOCTY TPAEKTOPUMA, YTO OCBOOO-
KAAET PYKH I8 JOCTHXKEHUS [TIABHOM LIEJIH.

PaccmoTpenHble MOAEIN 3aJaUd O MeproaMvYecKuX KosebaHusx,
HECMOTpPsi Ha pa3Hble NEKOpanuM, MMEeT OoBuIMi crepXeHb, AaI0-
UIMiT OCHOBaHWE PacCUMTHIBATL Ha COBNajJeHHE CBOHCTB. BoT omuy
U3 NPUHLANUAIBHBIX pe3yILTaTOB Ha 3Ty TeMy.

7.6.1. Teopema. Ilycms Uy — onepamop cosuea no mpaeKkmopusm
cucmemst & = f(z,t) ¢ T -nepuoduueckoil npagoii vacmeio;, u 06aacmu

T CR" u QC C|[0, T| umerom odunaxosyio cep@ueeuﬂylg). Toz0a
yI -U,, T)=y(I - F,Q),
ede F' — onepamop, onpedensemplii npasoii vacmoio (7.13). >

Pesynwratel THNA 7.6.1 Ha3bIBAIOT meopemamu poOCMEEeRHOCMIL,
| JIeTany 31eCh J0BOJbHO rpoMosaxu [10]. IMostomy B 061e06paso-
BaTe/IbHBIX LEJSIX TeMa el1Ba JIA 3aCJy>KMBAET MOAPOGHOTr0 M3y4eHHsI.
Ho ob6uiue mpencraBieHWs OOCTOWHBI BHHMaHWS, W00 paciIupsiOT
TOPM3OHTBI OCBEIOMIICHHOCTH, YTO CHUMAET HalpsLKeHKe.

[Tpo6aemarika B 1eAOM OOBEMUCTA HE TONLKO YACTHOCTAMU
060CHOBaHMI, HO U MHOrootpasuem oOCTOSTEIbCTB. Bo3bmeM, Ha-
npumep, 3a1ady o6 aBTokoineGaHusx B cucteme & = f(T), 9KBH-
BJICHTHYIO TOMCKY TaKHX 3HAaYCHWii mapameTpa A, IpH KOTODBIX
ypaBtenne § = Af(y) umeer pellexust nepuona 1 (cm. pasgen 5.4).
W nTerpaibHblii BApUAHT MOCTAHOBKH 3a1a4K

&) =y()+ [ 1(y(s) ds

® O6nacrn T CR™ n 0 C C[0,T] mmeior odunaxosyio cepduesuny, ecan neast I — Uy,
¥ J— F HeBbIpOXAEHbI, COOTBETCTBEHHO, Ha T v © v eciv MHOXECTBO exXamux B T HAYATbHbIX
3HayeHUH T'-NepHOIUYECKUX DeIleHHUH ypaBHeHMsl & = f(a:, ) coBnamaeT ¢ MHOXECTBOM
3HaueHu# npy §{ = 0 Bcex T'-nepuogUYEeCKUX pelieHMi 3TCTC ypaBHEHMS, Jiexamux B §2.
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hyrryronasusayueis napamempa CBOAUTCS K HHTErPATBHOMY YpaBHEHHIO

14

z(t) = z(1) + A=) / I (z(s)) ds, (7.14)

0

W TIpH «HadJlexailieM Bbibope» (byHKuMOHata A(Z) Mepromuyeckoe
pemenve z' (¢) ypasuenns (7.14) B C[0,T], oTsevawoiee u30n-
poBanHoMy uuMkny [', Takxke OymeT m3onupoBaHHBIM. OOlliee ais
JOMYCTUMBIX A(Z) 3Hadenve unaekca ind (I — A4, z*), tae onepatop A
omnpenenseTcs Mpapoit yactelo (7.14), — Ha3bIBAIOT GyHKyUOHANLHOL
xapaxmepucmuxoli (T yuraa T'. Teopema POACTBEHHOCTH, IPOGHBa-
1o11as 31ech TyHHe b mexay R” n C[0, T'], naet paBeHcTBO 9) 1(T)

indI" = w(T).

7.7. Wtepauun onepaTtopoe

IToa xpeLn0 meopuu podcmeenrocmuy NONaJAET MHOXECTBO CUTYarIni.
OnHa u3 HUX: HeoBXOIUMOCTh U3YUYEHHUS YpaBHEHMUS

z = BAz, (7.15)
TOorga Kak BeIrogHee ObUIO GBI UMETH JeJI0 C ypaBHEHUEM
y = ABy, (7.16)

rne A: Ey = E,, B: E, — E; — gnoane nenpepvigtsie onepamopot,
E|, B, — 6aHaxoBHl MIPOCTPaHCTBA.

KoneuHo, Besikoe pemenue ° € E| ypaBHenust £ = BAT naer
pemenue ypasHenns y* = Az* € E, ypasuenns y = ABy. U naobo-
poT, yiioGoe pelieHne §* € E, BTOpOro ypaBHeHWs faeT pelleHMe —
nepsoro ' = By* € E.

%) MoapobrocTu [10].
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2,

OnnHako 1eJ1o He TOJIBKO B pellleHUsIX, HO U B 00cTosITebcTBaxX. [1osTo-
My MHTEepec 4acTo MpeNcTaBisieET B3aMMOCBS3b BpallleHUH BEKTOPHBIX
nonen

I-BA u I-AB.

20
B yactHocTH, B OIIPENCIICHHBIX YCJIOBUAX )

v(I — BA, Q) = v(I — AB, (), (7.17)
e ) C By, § C E; — orpaHuyeHHble 001acTH.

7.7.1. Teopema. [Tycms obaacmu 4 C Ey u Q0 C Ey umerom oduna-
Ko8yH cepaueeuﬁyzl) omuocumenvro ypasrenuli © = BAz u y = ABy.
Toeda cnpasedauso pasercmeo (7.17).

<« Ha 3ambikanuu obnactu 2 = §; X €, pacCMOTPUM BEKTOpHbIE MO
¥(z,y) = {z - By, y — 4z},
U,(z,y) = {z — BAz, y — Az},
(z,y) € E=E, + B,
KaKOBhIE HEBBIPOXACHBI Ha (1, KAK HETPYAHO YGEAMTHCH, M HETPOTHBOTIONOXHO

HANpaB/ieHbl, W60 HANPABEHbl TIPOTUBOIIONOXHO MOTYT GbITh JWLIb TIPH YCJIOBHAU
y = Az. Ho B takux toukax (z,y) sextopbl ¥(z,y) u ¥y(z,y) OBMHAKOBBLI

Hostomy nonst ¥,(z, y) u ¥,(z, y) romoronnb Ha §2. ClegoBaTenbHo,
(), ©2) = (¥, ). (7.18)

MycTh MHOXECTBO A(ﬁ,) nexut B mape Us, U U = ; x U,. ITockonsKy nosne
U, He umeer Hyieii va U \ 2, 1o (1. 7.4.3) k (7.18) MOXHO [IPUCOBOKYIIUTD

7(\112’ Q) = 7(\112, U)

0) g (7.17) z—BAz v y— ABy — 5To BEKTOPHbIC NONA B PA3HBIX [IPOCTPAHCTBAX, NEPBOE —
B E,, Bropoe — B E;.

20 [Mox odunaxosoii cepdyesuroii B JAHHOM Cyyae MOAPa3yMEBAcTCs B3aMMHO OJHO3HayHoe
COOTBETCTBME MeXay MHoxectBoM X C € kopHeii (7.15) u MHoxectBoM ¥ C £ KopHeii
(7.16), .e. AX =Y, BY = X. Unaue rosops, Bce «06pa3s> Y Kopeit X C Q) nonanaiot
B {23, a Bce «npoobpa3pi» X kopHei Y C Q; nexar B ;.
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Hanee, none ¥, roMoTONHO HA U 1omo
¥3(z, y) = {z - BAz, y},
OISITH-TAKKU B CUJLy HEMPOTUBONOIOXHON HANPABIEHHOCTH, U TOTOMY
7(¥s, U) = (¥, U)-

A nockonbky W3 siBingercd npsaMor cymmoil nmons I — BA v TOXAECTBEHHOTO
mong I, To ¢ ydeToM Teopemsl 7.4.12 U yCTAHOBJIEHHOMN 1IEMOUKHM FOMOTOITUHA

YW, U) = (I - BA, Q) = 7(T1, ).

PapenctBo y(I — AB, ) = v(¥,, Q) ycTaHaBnuBaeTes AHATOTHYHO. B

B cnextp mpriioxeHuii Teopemsl 7.7.1 nonagaer M3ydeHue BeK-
TOPHBIX TOJNEeH € UTepaldsMH OIepaTopoB, O YEM Yxe 1lia pedyb
B pasgeire 5.6 mpu obOcyxmeHuUu npunyuna bpaydepa 5.6.1, xoto-
pBI OCTaeTCs CMpaBeUTUBBIM NpH 3ameHe R” 6aHaXOBBIM MpPOCTPaH-
¢TBOM F B NpeANoNIOXKeHHUH MMOJHOU HellpepbIBHOCTY onepatopa A.

WTaK, paccMOTPMM BIOJIHE HETpephIBHOE BEKTOPHOE MOJe
®p(z) = I - APz, zcE.

Ecmn A%¢ = ¢, 10
Ag A%, .. AP (7.19)

TaKKe SIBJSIOTCS HeMOABMXHBIMM Toukamu onepatopa AP, 4o oue-
suano: APA¢ = AAP¢ = A¢ wt.a. Tlpn atom ecnu AE # € u uucio p
npoctoe, To éce mouicu (5.17) pazauunss. A ecnyt ¢ — M30JIMPOBAHHBILI
nyns nona A¥(z), 1o u Bee Hysm (7.19) mzonuposansL.

7.7.2. Teopema. Ecau { — usoauposannbii wyae noas ©,, mo
ind (®,, A¢) = ind (®,, ). (7.20)

< Teopema 7.7.1 GpicTPO NMPHBOOUT K HeoOXOAMMOMY BbiBody. B kauectee 2,
1 ; BO3bMEM MaJIbIe OKPECTHOCTH TOYEK COOTBETCTBEHHO £ M A€. Hacrosbko Maibie,
yroBbI TOUKA £ Gblla eAMHCTBEHHBIM Hy/ieM nosist &, Ha Q,a A(£) — ennHCTBEHHDBIM
HyneMm @, Ha Q,. O6nacty Q) 1 £, UMEIOT OLMHAKOBYIO CEPILEBHHY IO OTHOILEHHMIO
k oM I — AB u I — BA, rne B = A”™', uro Breuer 3a coboit (7.21), T.e.

7(¢'p> QI) = 7(¢'p’ Qz)- (7.21)
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A s10 1 ects (7.20), ¢ yyetoM BeiGopa 2, M 5. »

HenocpencrBeHHoe cieactBue TeopeMsl 7.7.2;
7.7.3. Teopema. Ecau £ — usoaupoeaniwiii uyab noas ®,, mo
ind(®,, £) = ind(®,, Af) = ... = ind(Sp, 477'¢). (7.22)

OTMeTHM BCKOJIb3b CJISAYIOUIMHA Pe3yabTaT, KOTOPBIA CYIEeCTBEH-
HO JONOJIHSET npunyun bpaydepa.

7.7.4. Ilycms p — npocmoe uucno, A(X) C Q, ede X — muoncecmso
uyneii noas ©,, nexwcawux 6 samvikanuu §) oepanunentoi obracmu S,
nputem noae ®, nesviponcoeno na ). Toeda

YI- A", Q) =vI—- 4,9  (modp). (7.23)
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HenunHerinblie oneparopsi
B MPOCTPAHCTBAX C KOHYCOM

The whole of science is nothing more
than a refinement of everyday thinking.

Einstein

OTOBPAXKEHUS B N0AYYAOPAOCHEHHBIX APOCIMPAHCMBAX Bbl-
TIATU U3 CUCTEMBI OBIHETO MaTeMaTHUECKOro 06pa3oBaHUs
o HenopazyMeHuio, IToOTOMy 4TO TaM HE TONBKO BCE XO-
pOILIO pelllaeTcs, HO Tyaa IMOMEIlaeTcsl YyTh JIW He BECh
HETMHEeHHBIH aHaAIU3, €ClIH CMOTPETh, pa3yMeeTcs, ONTH-
MaJIbHO IIPUILHYPHBIIHUCE.

8.1. MNMonyyrnopaso4yeHHOCTL U ABAHCbI

Teopust NONOXUTENBHBIX OTIEPATOPOB BEIVIO paccMaTpyBaiach B [4, T. 2|
¢ akueHTOM Ha guddepeHIMalbHbIX ypaBHeHusax B R”, u 5 [4, 1. 5]
C OpMEHTalyeld Ha JIMHeWHble onepaTopbl. 3aech NMpodiemMaTnka M3-
Jlaraercsi ¢ 6ojiee WMUPOKUM 3aMaxoM. ITOCKONBKY TeMaThka oCTaeTcs
MaJIOM3BEeCTHOM, U3narath ee NPUXOAMTCS MAKCUMaTbHO IIPOCTO, YTO
caMo Mo cede He Tak 1oxo. Ho B 1aHHOM cityyae ICHOCTb M @aKUEHTH
0COBEHHO BaXHBI, ECIIY yMaTh HE CTOJBKO O «HAMOJIHEHWH COCYI0B»,
CKOJIBKO O <«3aXXWUTaHUHN (PaKeIoB».

8.1.1. Teopema [4, 1. 2]. [Tycms mampuya A(t) eHeduazonasso no-
noxcumensia V), b(t) > 0, u cucmema

& = A(t)z + b(t)

" Mput i # § Bee ai;(t) = 0.
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* *
umeem eduHcmeeHHoe noaoxcenue pasgrhosecua £ > 0. Toeda ©° acumn-
momudecky ycmoiuugo, >

Eciv mpucMoTpeThed — pe3yipTaT (paHTAaCTHYECKMH, YCTORYM-
BOCTBb 00€CITeYMBaETCA «ITOYTH Ge3 MMPEaITOIOKEHUMH».

Bor apyraa usioMuHKa [4, . 5]. Juneiinoii noacocumenshaiii onepamop 6 6anaxo-

2
80M HPOCMPAHCMEe, NOAYYNOPAOCHEHHOM 80CHPOU3ERORIUM KOHYCOM, — HEnpepblaeH ).

Eiue onuy «ayctsuok» V:

8.1.2. Muoeounen p(z) 2ypsuues ¢ momM cayuae, K020a Cmpozo ROACHCUMEAbHbI KO-
a@puyuenmer u p(z), u Muozounena q(2), UMelOwe20 KOPHAMU 6ce CyMMbL RAD KOpHel
muoeouneta p(z). ©

SIcHOe 1o, MOXeT OKa3aThCsl, YTO Peub MAET O crieudUIecKux
3anayax. Ho 3a cyeT yHHBEpCATBHBIX TPIOKOB B PAMKH «ITOJIOXHTENb-
HOCTH» yJIaeTCsl TIOMECTHTh OYeHb LIMPOKMe Kilacchl 3agad. Hampu-
Mep, ¢ TIOMOUIBIO CMeLHATbHOM MOMYYIOPSIOYEHHOCTH MTOMYYaloTCs
caMble 061IMe YTBepXASHMsI O CBOMCTBAaX MaTpHI{ MPOM3BOIBHOIO BH-
na (paszmen 8.6).

OcHoBHOI (OKyC paccMaTpHUBaeMbIX METOMOB 3aKJIIOYaeTCs, KO-
HEUYHO, He B [OJOXMTEIBHBIX YMCTaX, a B MOJIYYIOPSIOYEHHOCTH,
BBOAMMOM ¢ MMOMOMIBIO KOHYCOB,

8.1.3. 3amxuymoe gvinykaoe muoncecmeo K 6 banaxoeom npocmpan-
cmee E nasvieaemcs KOHycoM, ecau 0as ao6oeo Henyneeozo T € K

MEK npu A20 u M ¢K npu A<O.

B R" koHych ObIBAaIOT KPYIMble, rpaHeHble M apyrve. YacTHbIi
cnyyait: meompuyamensnwili opmaum R, — BapmanT HauGonee mo-
mynspHsiit. Jio6oit koHyc B R"™ mpencramisier coGoil o6sedunenue
COBOKYRHOCIMU YX00SUUX 8 BecKOHeMHOCMb AyYel, 8bix00SWUX U3 HYAS
U NPOMBIKAIOWUX 3AMKHYMOE SbINYKAOE 0ZPAHUMEHHOE MHONCECMEO, HE
codeprcauiee Hyas.

% 0 paspHBHLIX AHHEHAHBIX QYHKLMAX CM, [4, ©.12].
3 Strelitz Sh. // Amer. Math, Monthly, 1977, 84. 542-544,
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KakoB 66l HM OBUI KOHYC, 3/IeMeHThl £ € K TpPHUHSTO Ha3bIBaTh
nosoxcumenbibimu, 1o

ze K & z 20,
a 3HaK > TPaKTyeTcs Kak foabuie.

[TpocTeiflumMu mpUMEpPaMH KOHYCOB B OECKO-
HEYHOMEPHBIX MPOCTPAHCTBAX CIYXKAT KOHYCbl Heom-
puyamenviiox. Gynxyuii K 8 C v Ly, KOHYC BbI-
nykibix Ha [0, 1] dyHKumit ¢ HyleBBIMM KOHUaMM,
z(0) = z(1) = 0.

Konyc onpenensier B E noayynopadouennocms: € >y (PaBHOCHIIb-
Hoy < z), ecin £—y € K. Takue HepaBeHCTBa, Kak ¥ OObIYHBIE, MOX-
HO YMHOXaTb Ha HEOTpHULATe/IbHBIE YMCAa; CKJIAIBIBATh OJHOUMEHHBIE,
MepexoauTh K mpeaeliam; £ < Y, ¥ < z Bieder 3a coboit £ < z (cBoii-
CTBO TPaH3MTUBHOCTH); a M3 T < ¥y, §¥ < T CIIEOAYeT T = Y.

Ha6op cBoiicTB 3Haka > cyumecTBeHHO 6orade, Hanpumep, orpaHuyeHHas MO~
HOTOHHas Ty > Tp) YAC/IOBAs 10CIIEAOBATEALHOCTD {T;} 0GI3aTENBHO CXOLUTCA.
Ho mociienosareibHOCTh, MOHOTOHHASA B CMBICIE Zpi| 2> Ty, OyAb OHa OrpaHHYEH-

HO# XOTh IO HOPME, XOTh 110 KOHYCY (Bce Ty < z), — B obuieM cayqae He o6a3aHa
CXOMUTHCS, X0TA B R™ cXOMMTCA HE3aBHCHMO OT KOHYCA.

Tlonoxurensusie U MOHOTOHHBIE OnepaTopsl. Otieparop f: F — E
HasbiBaeTcs nogoxcumensibim, eciv f(K) C K; v moHomontsim, eCiiv

<y = fl@)<fy).

B cityqae nosyynopsaodeHHOCTH R™ HeoTpHUATENBLHBIM OPTAaHTOM, JIHHERHBIA
ONEepaTop MOMOXUTENEH, KOT/A y ONPEeAISIONIEH ero MATPULIBI HEOTPHLIATEIbH bl BCE
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3MEMEHTHI. VIHTEerpaibHbIC OnepaTopsl MPH MONYYNOPANOYEHHOCTH ¢ ITOMOIIBI0 K |
MOJIOXKUTENBHBL TIPH TTOJOXKUTETBHOM AAPE.

HAnst BBemeHMs1 TONYYIMOPSAAOYEHHOCTH HCIONB3YIOTCS JeCSATKH
pasHOBMIHOCTEH KOHycOB. Mx omucaHue NogyepkHYI0 Obl Cpasy
6oraTrcTBO U paszHOOOpa3ue TeopMM, HO ISt MepBOr0 3HAKOMCTBa
53TO eIBa JIM JOMycTMMO., Ha mpocTeimux pasHOBMIHOCTSX BCe XKe
HeoOXOAMMO OCTRHOBUTBLCSH, YTOOb! JANbIIE HE OTBJIEKATHCS.

Hopmansusie u npasuibabie KOHYCHl. KoHyc K HazblBaeTcst Hop-
ManbHbIM, eCIN CIIPaBeJUTUBA AeMMa 0 mpex MUAULUOHEPaX. U3 CXo-
dumocmu KpaiHux nocaedoeamenvHocmel 6 v* <zt < whk obuemy
npeoeny caeoyem cxooumMocms z* x momy e npedeny.

B obwem cryyae 310 He Tak. KoHyc K, HeOTpMLATENbHBIX (DYHKIMH B IIpO-
crpaucrse C' (HenpepbiBHO AuddepeHIUpyeMbIX DYHKIMI) CBOCTBOM HOpMallb-
HocTH He obnanaer. Bee xoHycsl B R” Hopmanenbl. Konycet Ky B C u L, rtakke
HOPMAJILHBIL.

Jlist TIpOBEPKM HOPMANLHOCTH MOIYT MCIONBIOBATHCS PA3THUHBIC KPHTCPHH.
Hanpumep, KoHyc HopmaneH, ecnd M3 0 < z < y crenyer |z < N(K)||yll,
¥ KOHcTaHTa N (K') He 3aBUCUT OT T U Y.

HopmankHOCTh paBHOCHZIBHA OTCYTCTBHIO B K 3JIEMEHTOB, KOTOPBIE «TOYTH
IIPOTHBONOIIOXHO HanpaBiieHbl». Tounee, koryc K Hopmasen ¢ momm cayyae, koeda cy-
wecmeayem maicoe § > 0, umo ||e;+€,|| = § 0an arobbix edunuyuneix eexmopos €, €; € K.

Konyc, comepxammit BHyTpeHHME TOYKH, CUMTAETCS MeAeCHbIM.
KoHyc HasbIBaeTCst 60cnpou3eo0auium, eciii KaxIbplil sjieMenT T €
NpeacTaBuM B BUJIE

rT=u—-v (u,v € K).

Bestxmit TenecHslit KOHyC sBgeTcs BocnponsponsiinM. Konye Ko
B C Tenecer, B Ly — BOCIPOM3BOAALIMIA, HO HE TeJeCHbBIM.

Hakoneu, xonyc K HazblBaeTCsl npasuibHbiM, €CJIU m0dast He-
yOBIBaIOLAst OTPAHUYEHHAs TT0 KOHYCY MOCIEA0BATENbHOCTL CXOIUTCS
MO HOPME, Y — 6n0/AHe NPABUABHBIM, €CIIV CXOASTCS TTI0 HOPME HeyObl-
BaloLLIMEe OrPaHUYEHHLBIE 1O HOpME TIOCIIENOBATEILHOCTH.
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IpaBu/ibHbIe KOHYCHl HOPMABHEL, BIOIHE MPABUIILHLIE — MpaBUIIbHBL Tenec-
HBIi IPAaBUIIBHBLA KOHYC BriojiHe npaswieH. Konye K, B L, BrojHe npaBuieH. Bee
KOHYychl B R" mpaBuiibHbIE.

8.2. Cneundurka MOHOTOHHOCTU

I1pu paccMOTpeHMHM MOHOTOHHBIX OMe-
paTopoB YacTO HCHOJB3YIOTCS TaK Ha-
3bIBaeMble KOHYCHble ompesku {v,w):
MHOXECTBa 3JJIEMEHTOB I, 3aKJIOYeH-
HBIX MEXIY V U W, T.e. v < < W.

o Ecnu KOHYC HODMATICH, KOHYCHBIH OTpesok (v, w) orpanmuen mo Hopme. (7)

B ciydyae MOHOTOHHOrO omnepatopa M3 v < z < w Clenyer
flv) < f(z) < f(w). TlosroMy komycweui ompesox (v, w) onepa-

TopoM f ortoGpaxaercss B cebst Kak Toibko | f(v) > v, f(w) < wJ
Coenunsisg ckazanHoe ¢ npunyunom Ilaydepa 7.4.8, nonyyaeM clieny-
IOMUA TPUBUAIBHBINA B KOHTEKCTE, HO BEChbMa MOJIE3HBIA Pe3yJIBTaT.

8.2.1. Teopema. [lycms xonyc K wopmanen. Toeda snoate nenpepwig-
Holi onepamop  f, y0061emeoparouuLl Hepasencmeanm

fv)>wv, flw) <w (v < w),
)

4
uMeem HQ KOHYCHOM ompeske (U, W) HEROOBUNCHYIO MOHUKY
* *
z = f(z").

TyT, KOHEYHO, TPYAHO He YINOMSAHYTb 3HAaMEHWTHIH #punyun
Bupxeogpa— Tapckoeo, TapaHTUPYIOIMMHA CYMIECTBOBAaHUE HETOIBHXK-
HOM TOYKM Y MOHOTOHHOTO OIlepatopa, He 0043aTeibHO HENPEPbIBHO-
ro. MakT yHUKaeH, HO GoJbllie Kak eHOMEH, a He KaK MHCTPYMEHT.
JloKazaresiscTBO B NpocTeiieit cutyauud R” ecthb B [4, T. 1], makcu-
MaJIbHO OOMIMi pesynbrat cOpMyIMpOBaH M 10KasaH B [4, T. 5.

4
) BHIMYKIOCTb KOHYCHOTO OTpPE3Ka OYEBUAHA, JAMKHYMOCMb U O2panutenHocms obecneuuea-
€mcs HOPMANLHOCMbBIO KOHYCQ, 3a0QI0Mee0 NOAYYOPAOOHEHHOCMb.
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MoOHOTOHHBIE ONepaTOPbl LIMPOKO MPUMEHSIIOTCS 1JIsi OpraHu3a-
LMY BBIYMCIEHUH C TOMOLIBIO UMepayUOHH020 npoyecca

S (G

KaKOBOM B Cilyyae MOHOTOHHOTO omnepatopa f obnanaer ciemyiomnm
xapakTepHbiM cBoWcTBOM. Eciu Touka 2° mon neiictsuem f uodem
eneped (nazad), 7.e. f(x°) > 2" ( < 2°), To Bea nocnenoBatensHOCTH
z* monomonno sospacmaem (y6vieaem),

<<t <. (:1:0>...>:1:k>...),

k k—1
YTO Ccpasy BBITEKAeT M3 MPMMEHEHHUSI K HEpaBeHCTBY £~ > &~  olle-

patopa f, B pe3yJsrare 4ero " = f(:l:k) > f(:l:k_l) =zF ntn

0 0
Ecny Tenepb ecTh ABE TOYKU ¥ < W, «MEHBIIasg» U3 KOTOPBIX
WUIeT BOepen, a «00/blIasy — Haszal, TO s

,Uk—H — f('l)k), wk-H — f(wk)
UMEEM

vo< <vk < ...wk< <w0.

8.2.2. Obe nocaedosamenvHocmu 'uk, w* oxassiearomes monomonnsimuy

U 02DAKUMEHHBIMU NO KOHYCY, U 8 cayHae Henpepvignozo [ u npasuavHozo
5

KOHYCa cxo0amcs K HenoOBUNCHbIM MOYKAM

v =), v =f@)
A ecau | umeem aumb 00HY HEROOBUNCHYIO HOHKY z*, mo aobas nocae-

dosamensrocms & npoyecca e = f(:l:k) npU ycaosuy v <2 <
oxassieaemes 3axcama & mucku®:

o < 2F < oF, (8.1)

k
u nomomy mooce cxooumca, r= — z*. <

5
) Taxum ofpazoM, B ciyuae MpaBWILHOTO KoHyca Tteopema 8.2.1 cnpapemima u 6Ge3
NPEANONOXEHHA O NOMHON HENPEPLIBHOCTH f, M Aaxe 63 NPEANONOXEHMS 0 HENPEPLIBHOCTH f,
HO 5T0 TpeBYET OTAENLHOIO JOKasaTenscTsa — oM, [4, T. 5.
©) [TockoneKy npHMeHeHHe MOHOTOHHOTO oneparopa f K HepaBeHCTBY v% < 2% < v° nger
0 0 0 l
F@°)<f(e¥)<f(@w?), e v' <z2' <w'. Mnayktuenoe nosropenne npouecca npusoauT K (8.1).
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B cayuae Fi(z2)

f@) = { fi(@2), fa(er)} z,

MepBbiil MTepallMOHHLINA ar n300pa-
XEH Ha pUCyHKe crupasa. KoHycHBIN
otpesok (v°, w’) Ha mepsom ware ne-
pPEXONNT B (1)1 , wl) — 3aIMTpUXOBAH-
Hbl nipgaMoyronsuuk. Jlrobas Touka
g MOCHe MIEPBON UTepaAlU IOTAlaeT z
B (1)1, wl),

fr(z)

8.3. ®eHoMeH MHBApUAHTHOCTU KOHYca

HonoxwurenpHelit oneparop f, Kak CHeAyeT U3 ollpeieNicHns, OCcTaB-
aget KoHyc uHBapuanTHbiM, f(K) C K. Kak HM Majo3HaYMTEIbHO
Ha NepBBINA B3MIAL cie OOCTOSITELCTBO — W3 HEM0 MHOrOE CJEOyerT.
JIOCTaTouHO BCIIOMHMTL TEOPUIO A0A0MHcUmenvhbx mampuy [4, T. 3]
U BOOOILE —— HOSUMUSHBIX AUHEUHbIX onepamopos [4, T.5]. OuryTnmel
BHIFOAB! ¥ JJIS HeJIUHEeHHOro aHanmsa.

OnHO NUIL IOHATHE 8PAUEHUSR HOAONCUMENbHO0 NOASL CBUIIETE/ b~
CTBYeT O BHYyIIMTEJIbHOM mMoteHuMane ssienns f(K) C K. Pabyna
3nech Takosa. [ycts Q(K) 0o603Ha4aeT orpaHudMeHHYIO 00J1acTh B KO-
nyce K C E, ne. Q(K) otkpuito B K, Ho He obsi3atensHo B F.
[MTpruem Q(K) comepXuT sepliMHY KOHyca — Hyl1b E. QueBHaHO,
BCerna MOXHO yKasaTh Takyw obiacts 2 C E, uto

oK =K), Qf)K=QK).

Hasiee monoxureabHOE BIIONHE HENPEPLIBHOE BeKTOpHoe none I — f,
onpeneneHHoe 1 HeBslpoXIeHHOe Ha ((K), MpoxoKaeTcs ¢ coxpa-
HEHMEM IONIOXUTEBHOCT M TIONHON HElpepsIBHOCTH Ha {2, mocie
uero y{(I — f, Q) OOBSIRISIETCS gpaujeHuem noaoxcumensroeo noaa I — f
a Q(K) ¢ dukcaumeii obosHauenns (I — f, Q(K)) . KoppekTHocTs
OnpeneNieHUs JISTKO YCTaAHABINBACTCSL.
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Ha nepsblii B30I, XMTPOCTb HeBeauKa. JlocTaTouHo SCHO, YTO
[oc/le HeKol IOonroTOBMTENBLHOH paboThl MOXHO pa3 M HaBceraa
U30aBUTHCS OT HEOHXONMMOCTH MOMOTOITMPOBATh OTOOpaXKeHUS Ha TOH
YacTH TpaHMLBl (), pHC. (8.2), Kotopas SIBASETCS ONHOBPEMEHHO
YyacThIO TPAHULBI KOHYCA.

(8.2)

Takoit addekT B caMoM Iefie NOCTHXIM, 9TO HEMAIOBAXHO ¢ TOYKU
3peHNsT yooOCcTBA M 3KOHOMUM — CM. janee. Ho mpenMymiectsa
BPAULEHUS NONOHCUMENBHOSO NOAS STUM He HcUepIibiBaloTes, CKaxeM,
KOHYC MOXET ObITb He TeslecHbIM (KoHychl K B Ly). B aToM cirydae
o6bryHOe BpameHne I — f Ha rpaHuue Q(K) BooOuIe He ONPENENeHO.

WHeKChl M0I0KUTEILHOrO onepaTopa. CTaHnapTHast TeXHHUKA U3y~
YEeHUs TOJNIOKUTEIbHbIX ONMEepaTopOB OPMEHTUDYETCS HA aHaIN3 MX
nosefeHus Ha nepecedeHusx S(r) cdep S, = {z : ||z|| = r} ¢ kony-
coM K, KaK MpaBujIo, B OKPECTHOCTH HYJISI M HA GECKOHETHOCTH, T. €.
TIPM MaJbiX M BOJBIIMX 3HAYEHUSIX T > 0.

8.3.1. Onpepnenenve. [lonoxcumensvubie 6nOAHE HENPePbiGHbIE ONEPA-
mopet o u f) HA3I8AIOMCA NOAOHCUMENLHO 20MOMONHBIMU HA MHOMCE-
cmee 1, ecau cywecmeyem maioli HOA0HCUMENBbHBIL 810AHE HeNpEepbIBHbL
(no cosoxynnocmu nepemennbix) onepamop H(x,t),

H:Tx[0,1] = K\ {0},

Ymo

H(z,0) = fo(z), H(z,1) = fi(z), z€Tl,

npuqen ‘ H(z,t)Zx npuz €T, t €0, Ilv].1|

8.3.2. [lycmb onepamop [ nososcumenen u enoaHe Henpepviser Ha Ko-
nyce K. Ecau npu docmamouno manwix (Qocmamouno Goavuiux) T > 0
onepamop [ nonoxcumensro eomomonen na S(r) onepamopy Hy(z) =0,
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mo undeic f 6 Hyne (Ha beckoHeunocmu) pagen 7) 1,
ind (f,0) =1 (ind (f, 00) = 1).
Ecnu xce f nonoxwcumensho eomomonen na S(r) onepamopy 8)
H.(z) =rhy, ho€ K, |[hol>1,
mo ind (f, 0) = 0 (ind (f, c0) = 0).
BOT mpocThie JOCTATOUHbBIE YCIOBHMS.

8.3.3. Ilycmo npu docmamouno mansix (Gocmamouno 60abuiux) no Hopme
x € K, ¢ # 0, nosowcumenvuvili 6n0aHe HenpepuleHbvili onepamop [
YOosnemeopaem ycAo8UH)

flz) % .

Toe0a ind (f, 0) =1 (ind (f, o0) = 1).

« [MonoxurensHo romoronueii ot f x Hy(z) = 0 MOXKET CILyXHTh, HalPHUMeED,
H(z,t) =tf(z). Hesblpoxaenuocrs £ f(z) #Z & sbiTekaer u3 (8.3). »

8.8.4. Ilycmo npu docmamouro mansix (Gocmamouro 60AbUUX) 1O HOPME
x € K, ¢ # 0, nosowcumenvuviii enoane nenpepvieHbii onepamop f
Yyooenemeopaem ycao8ur

(8.4)

Toeda ind (f,0) = 0 (ind (f, o0) = 0).

' B COOTBETCTBMM C MAHHBIM BHIUE ONPEAETCHHEM IONOKHTETHOO BEKTOPHOO MO
z — f(x). Ho Tak Kak cBsi3b C OOLieil CXeMOH Mbl 31€Ch HE MNpPOCHEKHBACM, ACKIAPALUM
B IAHHOM CJly4ae TPAKTYIOTCS KaK ONPEAeTICHHS.

¥ 3amerum, pee oreparops! Hg(x) = Bho (8 2 r) Ha S(r) nomOXHTETLHO FOMOTONHBI
JpyT Apyry.
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< Oneparop f HooxuTesibHO roMoroneH Ha S(r) oneparopy Hg(z) = fho,
rae f nocraro4Ho Beinko. IToNoXHTENBHON FOMOTOITHEN CYXKHT

H(z,t) = tf(z) + (1 — £)Gho.

HesslpoxaeHHoctb H (Z, t) BEITEKaeT U3 cielylolliero paccyxaerns. [Tpenmonoxum
nporusHoe, Torna wis oGO MOCAENOBATENBHOCTH [, — 00 MOXHO yKa3arth Hocie-
JOBATENBHOCTH T' € S(r) n t, € [0, 1], Takue uto

3 k

I — tkf(a: ) = (1 - tk)ﬂkh0~ (85)
Ho mak xak ¥ € S(r) u oriepatop f Brioise HenpepbiBex, Ge3 OrpaHHYeHHs OBIHOCTH
MOXHO CYUTATh f(a:") — z — B [IPOTUBHOM CJIy4ae MOXHO MepeiiTh K cxonsiencs
noanocienosarefbHocTH. OTCIONA BBITEKAET OFPAHUYEHHOCTD [MOCENOBATENLHOCTH
z* -t f(z*), a smaunr, u (1 — t,)Byho, UTO B CBOIO OYEpPEab NIO3BOISET CHUTATH

(I—t)f 720, &L
W3 (8.5) Temepb Ciiedyer, 4TO MOCAENOBATENBHOCT T' CXONMTCS K HEKOTODOMY

(U]
z € S(r), npuyem
(] (U]
z - f(@’) = 1ho,

re. f(z°) < 2°. Ho 3to npotusopeuut (8.4). »

8.3.5. ITycms ind(f,00) =1, 20e f nosoxcumenvuviii enoane nenpepoi-
Hbili onepamop. Toeda y [ cywecmayem 8 Konyce HeROOBUNCHAS MOUKA.

< Ycnosue ind (f, 00) = 1 rapaHTHpyeT CyleCTBOBAHHE [TONOXHUTENBHOM T0-
mororuu H(z,t) na S(R) (R mocrarouno Besnko) ot f(z) x Hy(z) = 0. IMycrs,
JJIST OTIpeNleiIeHHOCTH,

H(z,0)=0, H(z,1) = f(z).

BBegeM B paccMOTpeHHE orieparop (Beane z€EK )

f(z), ecm llzll < R
= II$|I (Rz II$II)
z) = 2—-—), ecin R<|z|| <2R,
0 ecin llz|l =2 2R

OveBuIHO, OrtepaTop f BIIONHE HeIpepbiBeH W fpeobpasyeT KoHyc K B CBOIO
KOMIIAKTHYIO 4acTb. I103ToMY M3 npunyuna Ilaydepa ciemyer CylleCTBOBaHWE y J
HeronBUXHOH Touku T° € K. JIns 3apeplieHus AOKa3aTeNbCTBA OCTAETCH YOEIUTHCA
B ToM, 4To ||Z|| € R. BosmoxHocts ||z|| = 2R ouyeBMAHBIM 06pasoM OTIIANAET.
Aeciu R < ||z]| < 2R, to H(z, 1) = 2°, e

BN T I

z =
R’ llz*|l”

4TO TIPOTHBOPEUMT HEBBIPOXAEHHOCTH roMoronuu H(z,t). »
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JTOBONBLHO YACTO B MPUIONKECHMAX YpaBHEHUE

z = f(z)

MMeeT HyJI2BOE pellieHe, KOTOPOe € CONSPXaTe/IbHOM TOUKU 3peHus
TPUBUAIBHO, M BOMPOC 3aKMIOYACTCS] B CYIIECTBOBAHMU HEHYJICBBIX
(HeTpuBHAaNbHbIX) pelleHMil. TAKOBO ypasHeHue

z(t) :/G(t, s)plx(s), 8] ds
)

nipu yenosiun (0, s) = 0.

8.3.6. Ilycmb undexcot 8 Hyse u HA OECKOHEUHOCIU HOAONCUMENAbHO20
8RONHE Henpepbieho2o onepamopa [ He paewwt,

ind (1, 0) # ind (f, o0).
Toeda y f cywecmeyem 6 Konyce HeHynesas HenoOSUNCHAS MOUKA.
<« JonycruM, ind (f, 0) = 0, ind (f, o0) = 1. B cuny ind (f, 0) = 0 cy-
L[ECTBYeT MonoXUTeSbHasg romoronuss H(z,t) wa S(r) {r gocrarouHo Maio),

cesipiBatoiast f(z) u Ho(z) = rhy (||ho]| > 1). Beemem B paccmorpenue one-
parop (esze ¢ € K)

. T
Eho’ ecnu llz]l < 5
—~ z 2
flz) = MH(T_EU - 1>, ecnn = <llell <7,
r o\l 7 2
@), eciu llzll = r.

o~

Tak kak f(z) = f(z) npu mocrarouHo GoibluMx Mo HopMme T € K, To
ind (f, 00) = ind (f, 00) = 1, u no TeopeMe 8.3.5 cyliecTBYeT HeNOABUXKHAs TOYKa

7 . r
z* € K oneparopa f. Ocraetca nokasats, yro ||z*]] > r. Bosmoxnocts ||z']| < 5

,.
3aBeOMO HeKIiodeHa. Ecnu xe 3 <llz*)l <7, mo H(z', ) = 2°, e

Al e
- -1

r = —
I B

YTO TIPOTUBOPEUHT HEBBIPOXACHHOCTH romoronuu H (z,t).
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Jpyroii Boamoxubii Bapuarrt ind (f, 0) = 1, ind (f, 00) = 0 cBoguTCsI K mpesl-
AYIIEMY ¢ MOMOLIBIO Mepexoaa K oneparopy”)

F(w)=||w||2f<“—z||), seK, z40,

tak Kak ind (F,0) = 0, ind (F, 00) = 1. JedcTBureisHo, nonoxum R = 1/r, n r
nocrarouto mMand. [yers Hy(z,?) — nonoxutensHas romoronus Ha S(r) or f(z)
x Hy(z) = 0, a Hy(z,t) — nonoxurenbuas roMmoronus Ha S(R) or f(z) x
Hy(z) = Rho (ho € K, ||hol| > 1). Torna ||z||°H, (z/||z||*,t) Gyner noroxurensHoii
romoronmeit Ha S(R) or F x Hy, a ||z’ Hy(z/||z||’, t) — MONOXUTENLHOH oMo~
ronuei Ha S(r) or F k H,.

[To3ToMy M3 yKe JOKA3aHHOTO CJIEyeT CyIECTBOBAHHE HEHYNEBOH HEMOABHX-
Hoit Toukn o € K y oneparopa F. Torma ¢* = /||| — Hemoaswxkwas Touka
onepatopa f. »

8.4. AuTtypax Texywero ¢apeartepa

B texyniem dapsarepe Gonce-MeHee OYeBHIAHBL CHEAYIOIUUE PE3YNIb-
1
TaThbl, KaKOBble MOJE3HO J0AYMATh 0,

8.4.1. Onepamop [ uasvieaiom cxcamuem Kownycd,
ecau npu docmamouno maavix (QocmamouHo 60abuiLx)
no nopme ¢ € K, ¢ #0

fl@) €« (f(z) # z),

u Haobopom, — pacmaxceHueM Komyca, ecau npu 0o-
cmamouno maseix (Gocmamounoe Goavuux) no Hopme
ze€K z#0

f@2z  (f(z) €2)
8.4.2. [Iycmp nosoxcumenvuuiii enoane venpepuieHoili onepamop f ag-

Agemca cocamuem uau pacmaxceHuem xowyca. 1oeda f umeem ¢ K
. o *
M0 Kpallneli Mepe 00HY HEHYACEYID HEeHOOBGUNCHYIO MOYKY T .

BesyciioBHO, 310 mpocTo Oonee cnabblil BapUaHT TeopeMbl 8.3.6.

11
Ho daxr 8.4.2 nerye 3armoMUHAETCS i JIerde IpoBepsIeTcs ) . ! 310 OBI-
BaeT BaXKHO, YTOOB! TeopemMa He morudia Noi rpy3oM MaKCHUMalbHOMH

%) BriBopauHBaomemy f(z) HansHanky.

19) MoapoGHOCTH ¥ AOTIONHUTENbHBIE AETANH €CTh B [14].

1
) Eco umeet mecro.
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oOIIHOCTU. BHATHBIE M yOOOHBIE YOPOINEHMS YacTO AAi0T OOMNBIINii
3¢ deKT, 4eM TIXKEIOBECHbIE 0000ImeHN)s.

8.4.3. Ycnosus
f(z) ¢z, flz) €2

Ha 00HOil u moii Hce nosepxrocmu S(r) Hecoemecmumsl. <)

8.5. Oneparopsbl caeura B yCAOBUSIX NONYYNOPSAROYEHHOCTH

B cnywae V z,t: f(z,t) € K oneparop cABura mo TpaeKTOpHaM

diE]

d—t = fl(ilﬁl, e ,il?n,t),

dz

dtn - fn($l>‘ . >$nst)a
T.€

MOJOXWTENEH, HO 3TO MAaJoOuMHTepecHas cuTyauus. BHuMaHusa 3a-
CIIYXMBAIOT cuCTeMbl (8.6), B KOTOPBIX JBMXCHUE HE MOXET ITOKH-
HYTb KOHYC 110 0oJiee AejMKATHLIM [IpMYXHAM, KAKOBBIE B IPHHLIHAIEC
oueBuaHbL. Tpebyercs f(z,t) > 0 KaK TONBKO TPAeKTOPHS BBIXOLUT
Ha rpaHMLly KoHyca. BHYTpH Xe KoHyca ABMXEHWe MPOU3BONLHO.

B cnyyae nonyynopsgoueHHOCcT! ¢ oMolitslo R’ 910 mproGpe-
TaeT QOPMY 8HEOUALOHANLHOU ROAOHCUMeAbHOCMY NPaBOoil yacTit (8.6):
ecoi npun mobuix £ >0, t€ERuj=1,...,n

fj(il}], ,$j_1,0,$]’+1, ,:I}n,t) = 0.

Hpyrumu cnosamu, sHadennst f(z,t) npu = >0, T.e. = € int K,
n

He KOHTPOJIMPYIOTCS, HO KaK TOJIbKO & MonafaeTr Ha rpaHnny R —

BekTopy f(z,t) 3anpemaercs ObITh HapaBJIeHHBIM BOBHE KOHYCA.

8.5.1. Teopema. Onepamop cdsuea Ug no mpaekmopuam eHeduazo-
HAALHO NOAOHCUMENbHOU cucmembt (8.6) — nosoxcumenet.
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<« TpaeKTopUHu BCITOMOTATEIBHON CUCTEMBI
&=f(z,t)+e¢ (8.7)

€O CTPOTO TONOXUTENBHEM € > 0 — He MOTYT BbiliTH U3 KoHyca, GO B rPaHWYHBIX
TOUKAX HarpaB/ieHbl cTporo BHYTPh RY} . [To3TOMY oneparop caBura Mo TPaeKTOPHSIM
(8.7) monoxurenen. IIpn ¢ — 0 Tpaexropuu (8.7) mepexonsr B Tpaektopui (8.6). »

[To ropsumMM ciegam pasfieiaeMcsi Cpa3y M ¢ MOHOTOHHOCTBIO.
[paBast wacTh (8.6) Ha3pIBACTCS 6HEOUALOHAALHO MOHOMOHHOMU, €CNN
npu aobbix >0, tERnj=1,...,n

fj(.’l)l,. ..,$j_1,0,$j+1,...,:l:n,t) 2fj(yl,...,yj_l,O,yjH,...,yn,t).

IIpoie roBopsi, BHeAMaroHajibHasi MOHOTOHHOCTb O3HA4aeT MOHO-
TOHHOCTH POCTa KaXuo# fi(x, t) o 060 YyXoi KOOpAHHATe zj,

Jj #£ . B MTagKkoM cityvae 3T0 paBHOCWJIBHO 6_:1]? >0,7#1.

J

8.5.2. Teopema. Onepamop cdsuea Ug no mpaexmopusm eHeduazo-
HanbHO MOHOMONHKOU cucmems: (8.6) — monomonen.

< Ecnn z(t) n y(t) ynoBaeTBopsioT, COOTBETCTBEHHO,
¢=fle,t) n  y=fb t2s
to z(t) = z(t) — y(t) ymosnerBopser cucreme
i=fy+zt)-7y1) (8.8)
C BHEIMATOHANBHO MONOXKTENbHON NpaBoii Yactbio. Teopema 8.5.1 rapamrtnpyer

z(t) = z(t) — y(¢) = 0 npu ycnosun z(s) = y(s). »

Teopemsbt 8.5.1 1 8.5.2 npu n3yyeHUM BHEIHAroHAIBHO MOJOXHM-
TeJIBHBIX W BHEIMAroHaJbHO MOHOTOHHBIX chcteM (8.6) Mo3BossiioT
NePeXOMUTh Ha CTAHAAPTHHIN SI3bIK TEOPUH TIOJIOXHUTENbHBIX U MO-
HOTOHHBIX OTEPaToOpOB, U3GBS OT HEOGXOIMMOCTH CTPOUTh HOBYIO
«BHEIMaroHaIbHyIO» TeopuIo. BoT Kak 310 paGoraer.

[Tycth cucTeMa nuddepeHINATBHBIX YpaBHEH K

& = f(z) (8.9)
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ONHCHIBAET JMHAMIKY XMMHYECKOro peakrtopa, T; o6o3HayaeT KOH-
LEHTPALMIO §-r0 peareHTta, ECIM cHcTeMa 3aMKHYTa, TO ABHXEHHE
npoucxonuT B mrockoctu S(1):

> mi=1 (100 %).
i

B cuty unpapuanTHocTH S(1) oneparop casura U; mo TpaeKTopHsMm
(8.9) He Moxer ymosnerBopsTe Ha S(1) Hu ycnoBuio Ui(z) > z,
Hu ycnosuio Uy(z) < z. U rtorma B cuny . 8.4.3 cucrema o0s3aHa
MMETb paBHOBeECHE 12). Koneuno, Tytr MoxXHO OblIO On 000HTHCH
meopemoii bpayspa. BoT MeHee 0UEBUAHBIN NpuMep.

[ycts (8.9) onuchHBaeT IMHAMUKY B MOJIENIH COCYILECTBOBAHUS 7t
OUONIOTMYECKUX BUIOB, I; — YMCIEHHOCTbH MONYJISALUM ¢-TO BUIA.
[1paBIONONOGHO BHIIIAAWT CENyIolIee Nnpeanonoxeque. Eciu cym-
MapHas YUCIEHHOCTh Z T; MOCTaTOYHO Maja (BeJMKa), TO YHC/IEH-

7
HOCTh XOTsI OBl OIHOro BHIa Bo3pacTaer (yowiBaer). Orciona cielyer

Ui(z) < = npu Mansix no Hopme z, u Ui(z) % T npu Gomblumx
no HopMe . Ho torma cyiiecTBoBaHue paBHOBECUS, TEEpUOAUYECKOTO
pexuma B citydae (8.6), BoiTekaeT U3 meopemst 8.4.2 0 cxcamuu xonyca.

Js oBRaieHUsT HHCTPYMEHTOM [10JIe3HO OCMBIC/TUTE IPOCThIe BOIPOCHI.

8.5.3. Ecau mpaexmopun x(t) cucmemst (8.6) ¢ monomonnsim ') onepamopom cdsuzca

Hawunaem Osucamvea eneped (hasad), mo ona éce eépems Gydem dsuzamves eneped
(nazad). <

¢ B cucTeMe ¢ MOHOTOHHBIM OIIepaTopoM cIBHIa W3 Z € (v, w) crexyer
v(t) < z(t) < w(t), (8.10)
rne v(t), z(t), w(t) — Tpaekropuu (8.6), BBIXOLAMIME U3 TOYEK

v(8)=v, z(s)==z, w(s)=w (s <)

'2) uso NEPHOIHIECKOE PEMIEHHE, ecad BMeCTO (8.9) cHCTeMa MOOYHHSETCSl YpaBHEHHIO
(8.6) ¢ mepuomHuECKO#H MPaBOIf YaCTbIO.

) H3-3a BHEIMArOHaNbHOH MOHOTOHHOCTH HPAaBOH 4aCTH WIM 110 APYrHM TpHYKMHAM,
HATIpUMEp, B CIIy4ae MamipuxHo2o KOHyca, CM. Janee.
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Ecimu monomHWTENbHO
f(u,8) >0, fw,s) <0,

to v(t) > v, w(t) < w, npuueM v(t) monomonno pacmem, a w(t) — yboieaem, T.e.
KOHYCHBIH OTpe3soK (v, w) nHBapuanten: v < z(t) < w, ecin z(s) € (v, w).

8.5.4. Ecau cucmema ¢ MOHOMONKHBM Onepamopom CO8U2A Umeem HA UHBAPUAHMHOM
Konycrom ompeske (v, W) eduncmeennoe pasiosecue T, MO U3 MOHOMONHOCMU pocma
v(t) u ozpanuvennocmu, & cuny v(t) < w(t) < w, — credyem v(t) — z*. Mo ananozun-
uoti npunune w(t) — . H mozda u3 cxodumocmu Kpaiinux dynxuuil 8 (8.10) k 0dnomy
npedeay — caedyem

z(t) > ' npu moboy  z(0) € (v, w),

a maKsde acumMnmomuveckan yClﬂDfl"tllBDClnb .’lJ*. <

BrigeauMm Takxe Gojiee-MeHee OUEBMOHBIA B paccMaTpUBaeMOM
OKpYXEHI PE3YNLTAT.

14)

8.5.5. Teopema ’. Ecau

&> ft), §<f@1),  z(0)>y(0),
u omobpaxcenue f(x,t) eHeduaeonanbho MOHOMOHHO, MO

z(t) >y(t) npu t>0. <

8.6. KoHyc nonoxurensHO onpeaeneHHbIX MaTpuyly

Huxecnenyomui IpUMep MOKA3LIBAET IIMPOKUE BO3MOXHOCTH HC-
MOJNBL30BAHUA MOJYYIOPAIOUEHHOCTH.

[Tonyynopsinouum OpocTpaHCTBO £ CUMMETPUUHBIX MaTpUI KO-
HycoM K HeoTpMUaTeNbHO ONMpPEIeNeHHBIX MaTpUil, U PACCMOTPUM
n
oneparop H : R™ =+ F,

) Teopema 8.5.5 06061Ia€T XOPOMIO H3BECTHBIH W MIMPOKO TPHMEHSEMBIH B CKaXsipHOM

Cy4yae pe3yJabTaT, TOE YCNOBHE BHEIHATOHANLHOH MOHOTOHHOCTH TEPAET CMBICT W TTOTOMY
HCKIIOYaeTcs.
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raoe
L1
$2 T
T = L] 2 =[$1$2...$n],
Tn
|1y T2 ... T1Tg
T2Z) TrXy ... Ty,
H = .
Tpl) Ty ... Tply

Mpoussoatas H(z) BIoNb TpAaeKTOPHIA TUHEHHON CUCTEMBI

T = Az
paBHa
dit(mmT) = zz" AT + Azz”,
T.c.
H=HA" + AH. (8.11)

Ypasuenue (8.11) JIHHEHHO U MOXET GBITh 3aIIUCAHO B CTAHAAPTHOH (opme
h = Ah,
rae h 3To BHITSIHYTas B CTOJIOMK MaTpulia H,
h=Ih h h Fn] T
- Iy s e s ionlyver s iblpy oo s fonpl »
a Martpuia A 3an1ChIBAETCs ¢ TIOMOLIBIO KpoHeKeposa npouseedenus |4, T.3|:
- T
A=1I®A+4 &I,
npuueM A HeBBIDOXKIEHA B TOMM CITydae, Kornma A4 He MMeET TAKHX coBCTBEHHBIX

3HAYEHUH, YTO A; + A; = 0 ripu J106BIX %, §, B TOM YMCie TIpH © = j.
j

Taxum obpaszom, ¢ pemrenueM (8.11) HeT mpoGiieM, Halo JIMILb

03260TUTBCS MIEPEBOIOM C KPOHEKEPOBa sA3bIKa Ha 00bIUHbI. B utore
15
nony4yaeTcs )

H(t) = e*H (). (8.12)

5 (8.12) s ynpommenus: oGosnauenuit nonaraetcss H(t) = H (z(t)).
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MoxHo 06oHTHCH ¥ G€3 3THUX XJIONOT, yoexXIasich MOICTaHOBKOM, 4TO
(8.12) ssnsiercs pewenueM (8.11), U ccbutasich Ha €UHCTBEHHOCTb
peuieHus JiMHelHoro mudypa.

W3 H,(0) > H,(0) cnenyer
H(t) — Hy(t) = U H, (0)e™" ! — e Hy(0)e't =
= e [H,(0) — Hy(0)]e*t >0,

YTO O3HAYACT MOHOMOHHOCHb ONEpAmMopa c08Uea NO MpaeKmopusM Mam-
putHozo Jugpepenyuansioeo ypaenenus (8.11), a 3a00HO U noaoxcU-
menvHoCcma.

J1Jifl aCHMIITOTUYECKOM YCTOMYMBOCTU HYJIEBOTO PaBHOBECUA CHU-
CTEMBI C MOHOTOHHBIM OIIEPaTOPOM CIBUra JoCTaTtoyHo (cM. 1. 8.5.4),
yToOBI Hamiack Touka Hy € int K, uayiiiasa nopx geicTBUEM olepaTtopa
casura Haszan. Ilpu stoM Touka —Hy € —int K aBTOMaTuyeckyd MIeT
BIiepen, U KOHyCHBI otpesok (Hy, —Hj) OymeT WHBapUaHTHBIM [UTS
oneparopa cIBura no tpaekropusM (8.11), B cu1y MOHOTOHHOCTH.
Hanuune takoro Hy B maHHOM cjyyae rapaHTUpYeT paspelliuMOCTb
B int K ypaBHeHUS

Hy AT + AHy = ~G, (8.13)

npu JioboM Gy € int K, KakoBoe TpeAcTaBifgeT coboil M3BECTHOE
16

ypaénerue Jlanynosa ), Jaloliee HeoOXoqUMBIE W JOCTATOYHBIE YCNO-

BMS TYPBULEBOCTH MaTpULILI A.

O6paruM BHUMAaHUE, 4YTO IIOJYYIOPSIOYEHHOCTh U MOHOTOH-
HOCTb IIPUBENU K HEOOXOIUMBIM U JOCTATOYHLIM YCIOBUSAM aCUMIITO-
THYECKOU YCTOWYMBOCTU NIUHEHHBIX CUCTEM 0bujeeo 6uda, 6e3 Kakux Obl
TO HU OBLIJIO OrpaHUYEHUN Ha CTPYKTYpY Marpul. Tak 4To KOHYCHas
UIICONIOrUSA HE TaK y3Ka U OJHOCTOPOHHS, KaK WHorjga kaxercs. Bo-
Mpoc MWL B TOM, Kak mnpeobpa3oBarh 3agavyy ¥ Nnogobpark KOHYC,
4YTOOBI BCKPBITH CIIPSITAHHYI0 MOHOTOHHOCTb.

%) g KoTOpoM 06hl4HO nonaraloT (7o = I Pewennem (8.13) B ciyuae rypuueBoii Matpuusl A
>4

T
smnsietcs Hy = /e’”GoeA g,
0
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8.7. letepoToHHbIe OTOGpaXeHus

Pacipsth guana3oH NMPUNOXEHHWI MOXHO, HE TOJNLKO MaHMITYIu-
pys1 BBIGOPOM TOAXOSILIEr0 KOHYCa, HO U TIpernapupys HaTeKalmm
o0pa3oM u3yyaeMblil omepatop. B pesysibrate npakTUUECKU Beerna
MOXHO JNOOUTbCS TpaHChOpMALUU 3adaud B <«MOHOTOHHYIO». BoT
OIWH U3 ECTeCTBEHHBIX CIIOCO0OB.

8.7.1. Omobpancenue f . E — E ha3vieaemcs eemepomoHHbIM, ecau
0HO npedcmagumo 6 JUazOHANBHOM 8Ude

f(z) = f(z, ),
npudem conymcmeywwui onepamop ?(v, W) MOHOMOHHO pacmem RO U
u yéwieaem ho w.

ConytctBytouuii oneparop f aeiictByer u3 E X FE B E. [lpu xe-
JIAHUU CUTYaLUIO MOXHO J0XaTh O YACTO MOHOTOHHOI CleayIOLInM
o6pasom. Beoaurcs muavda-onepamop

f:ExE—> EXxE,

cornoctapnsioutmit nape saementos (v, w) mapy (f(v, w), f(w, v)).
Jlerko BumeTh, uTO eciu Temepb mpoctpaHctBo E x E map (v, w)
nonyynopsinountb KonycoM {K, —K}, rne konyc K JieXUT B iepBom
sk3eMIuiape F, a —K — BO BTOpOM, TO f(v,w) OyieT MOHOTOH-
np 7 o konycy {K, —K}. B pesysisTate usyueHue f(z) cBomutes
K MCCIIENOBAHUI0 MOHOTOHHOTO onepatopa f(v, w) B B x E.

Wnest duazonanvrozo pacwsennenuss onepamopa 3aCnyXUBaeT GbITb OCMBICIEHHOMN
HA IpHUMepax.

¢ Ha npaxTiKe UIMpPOKO PacipoCTPaHeHH oneparopsl B R

filzy, ..., z)
f@) = fz.(:m,....,:c,,) ,
fn(-’cla- ,-'L'n)

i TMonyynopsinouenHocts B E X E ¢ nomoweko konyca {K, —K} o3nauaer:

(v',w') - v,w) & v v, v < w.
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y KOTOpbIX KaXIasl KOMIIOHEHTa f; MO Kaxuoif KOOpAMHATE T; JUOO BO3PACTAET,

18 .

6o yobIBaeT ). Takue OIIEPATOPb! Ha3bIBAIOTCS 2emepozermbimu. COIYTCTBYIOLIMH

ONEPAaTop B 3TOM CJIYYa€ MOXET ObITh MOIyUeH 3aMEHOH B KOMIIOHEHTax f; mepe-

MEHHBIX T; Ha v; JUbO w;, B 3aBUCUMOCTH OT TOTO, BO3PACTAET MM YObIBA€T f;

no j-my aprymenrty. Bor kak 3to suirasaut. Ilyctb
Ty
~x

fifg)=1-€"" +,/—,

()

(8.14)

= 202D

ComyTcTByIOUIMM OyAeT onepatop f ¢ KOMITIOHEHTAMH

~ o v
,w)=1—¢e " +,/—,
fi(v, w) € X

- n(l4+v) ,/u
,W) = ———= 4 #—.
Ia(v,w) o Vi

B ofmem cayuae ynobHo BBecTH e matpuubl P = [p;;] u Q = [g;;], e
g;; =1 —pij,ap;=1,ecm f; pacter no j-My apryMenty, ¥ p;; = 0 B npoTHBHOM
ciyuae. CoryTCTBYIOUIMI OTIEpaTOp 3alUChIBAETCSl TOTAA KaK

(8.15)

o~

f(v,w) = f(Pv+ Qu).

e Takoii xe (poKyc MOXKHO IPOAEIaTh ¢ MHTErPAJIbHBIM OTIEpATOPOM

Gz(t) =/G(t,s)m(s) ds, (8.16)
Q

eciu G(t, $) MPeACTABUTD B BUJE PA3HOCTH JABYX TIOJOXUTEbHBIX DyHKLIMH,
G(t,s) = P(t, s) — Q(t, 3),
YTO BCera MOXHO cliesaTh. CONyTCTBYIOIIMM OITepaTopoM OyneT

G (v(t), w(t) =/ [P(t, s)u(s) — Q(t, s)w(s)] ds. (8.17)

Q
AHaJIOTHIHO MOXHO TIPEACTaBUTL onepamop cynepnoduyuu f(t, x):
1t 2®)] = lt, 20)] - alt, 50)], (5.19)

TAE P U ¢ TOJOXHTENTbHbIE U MOHOTOHHO BO3PACTAIONIME IO BTOPOMY apryMEHTY
dynkunn. Conyrersyoimm ais f [t, a:(t)] Oyner

Flt, v(0), w®)] = plt, )] - a[t, w(e)]. (8.19)

%) Takon BCSIKHIA IMHEIHBII onepaTop AZ ¢ MaTpu1lei TPOM3BOABHOMN 3HAKOBOM CTPYKTYpBI.
TakoBbl GYHKIMKH H30BITOUHOTO CIIPOCA B PIHOMHBIX MOAE/SIX, HEHHEHHbBIE CBSI3H B MOJE/SX
COCYLUECTBOBAHUS GHOMOTHUECKHUX BHJOB M Ap.
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OGbenunsst terepb wien (8.17) u (8.19), erko onpefenuTb CONMYTCTBYIOLIMIA
JUIst UHTerpaibHOTO onepamopa Tammepumeiina

6[1(e)] = [ 6t.91]s.a(s)] ds

Q

.. 1
KaK COMYTCTBYIOWMUI — KOMITO3ULIIMU F€TEPOTOHHBIX OIEPAaTOPOB %),

G(Nw, w) = A(F(v, w), F(w,v)). (8.20)

e B cayvae oneparopa f ¢ KOMITOHEHTAMH

11?2
fi(z) = arctg ) + ‘/
hi) = [T+ T /—7
S+, \
YXe€ HeNb3sl cKazaTh, YTo fi, f; MOHOTOHHO BO3DACTAIOT WIH YOBIBAIOT 110 | WIK
Z,. OfHAKO WAes MOCTPOEHUs! COMYTCTBYIONIEFO ONEPATOPA MOXET ObITh OCTaBjieHA

npexHeit. Kaxioe KOHKpeTHOE ; 3aMeHsIeTCsl Ha U; WK W;, B 3aBUCHMOCTH OT TOTO,
BO3pacTaeT WK yOblBaeT 1o HeMy GyHKuust f;. B urore:

- v
Ji(v, w) = arctg v, + ‘/ 2
/111 + 112 111
5 —+ wl
e /Uit MoHOTOHHOro f(r) B KayecTBe CONYTCTBYIOLIEFO MOXHO B3STb
J(v, w) = f(v), p1a aumumonomonnozo (yorBaiowero no z): f(v, w) = f(w).

(8.21)

(8.22)

JlerkocTb 06pa3oBaHusl COMYTCTBYIOLIUX OIEPaTOPOB, KOHEYHO,
HactopaxupaeT. [loutu Bce oToOpakeHHs OKa3LIBAIOTCA [E€TEPOTOH-
HBIMHM, @ 3HaYUT, ¥ MOHOTOHHEIMU B F X F. W eciiv 61 MOHOTOHHOCTD
B rojioM BHJAE O0ecTeMHBana BBIUIPLIII, XU3Hb YIIPOCTUAACh ObI TO-
BceMmecTHO. OmHaKo MOHOTOHHOCTb caMma 1o cebe Majio 4To JaeT.

Ecnu Ha npuuene, Hampumep, HEMOmBUXHBIE TOUKU, TO Xeja-
TEJIbHO HaJlM4e MHBApUaHTHOrO KOHYCHOIO OTPE3Ka, POJib KOTOPOro
TETePb UTPAET CUALHO UHEAPUAHMIHbII KOHYCHBI OTPe30K (v, w), onpe-
IeJISeMbIl HEpaBEHCTBaMU

fw,w)>v,  Flw,v) < w. (8.23)

19) Dopmyna (8.20) 06pa3oBaHMst COMYTCTBYIOLIETO ONEPATOPA TOAUTCH JUISL KOMITO3ULMH
J1100BIX TeTEPOTOHHBIX OTOGpaXKEHUIA,
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HepaseHcrsa (8.23) obecreunBaioT OGLIMHYI0 WHBapHAHTHOCTb KO-
HycHoro otpeska ((v, w), (w, v)) ana mursda-onepamopa f(v, w).

Posnb NPeAIIONOXECHUSA O €AUHCTBCHHOCTH HEMOABUXHON TOYKU
TENCpb UI'pacT CAUHCTBCHHAs paspClIMMOCTb CUCTECMbI ypaBHCHI/Iﬁ

Fw,wy=v,  Fw,v)=w, (8.24)

O3Havalollas €JUHCTBEHHOCTb HEMOIBIKHOM TOYKM Y oreparopa
(v, w), obecnieunparoutyro (cMm. M. 8.2.2) cXOMMMOCTb MTEPALMOH-
HOU TIpoUEaYpbI

(vk-i-l k-l—l) f(v w ),

1 — ?(Uk, wk)’

o T o) (8.25)

K HETIOIBMKHOI TOuKe Z* omeparopa f,
k
v — 2, w* > o, z* = f(z*).

M3 ckazaHHOro ICHO, YTO K 6bi60pYy CORYmMCMmeEyIouweeo onepamopa
(Bcerna HEOTHO3HAYHOr0) HEOOXOTUMO TTOIXOMUT MIPEMYCM OTPUTE b~
HO. CxaxeMm [uaroHajbHOE pacllerieHue cKansapHoit dyHkuun f(z),
puc. (8.26) (a), Buna

f(z) = min {p(z), ¥(z)},
rae ¢(T) MOHOTOHHO Bo3pactaeT, a ¥ (Z) — yObIBACT, MOXET ObITH

06pa3oBaHoO C MOMOLIbIO pasiuyHbix GyHKkumM @(z) u P(z). dsa
BapMaHTa u306paxeHbt Ha puc. (8.26) (6, 6).
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KauecTBO CONyTCTBYIOILETO Oleparopa

7 (v, w) = min {(v), P(w) }

OyIEeT pasHbIM.

8.8. leTepoToHHas AMHAMUKA
U3yyeHre CUCTEMBI ypaBHEHUH
= f(z)-z (8.27)
MOXET ONUPATLCA Ha CONYMCMEYIOUYIO CUCmEMY
b =Ff@v,w)—v,
{u‘;: Fw,v) —w,

oTnepaTop CABUra Mo TPaeKTopuAM Kotopoit Uz ByneT «0J0BUHKOM»
MOHOTOHHOIO ONeparopa

Uss(v, w) = {Uss(v, w), Uss(w, v) },

U TP BBIMOJHEHMM ycioBuit (8.23) M eIMHCTBEHHOCTH peLICHHUS
(8.24) Oyxet cyuiectBOBaTh €IMHCTBEHHOE Ha (U, W) aCUMITTOTUYECKH
ycToitunBoe paBHoOBecHUe (T1. 8.5.4) ucxonHoit cuctemsl & = f(z) — .

O6o06uieHe TeopeMbl 8.5.5:

8.8.1. Ilycmo onepamop f(x,t) eemepomonnviil, u ?(v,w,t) — co-
nymemeyrowull oaa neeo. Toeda u3

=f(z,t), 0>f,w,t), W <Ff(wuvt), v0)<z(0) <w0)
cnedyem

Vi>0:0(t) < z() < wd). <

B rex cnyuyasx, Koraa AMHaMMKa He yKiialbiBaercst B paMku (8.27) M sanmcbiBa-
eTcst B hopme

& = f(z),
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COIyTCTBYIOLYIO CUCTEMY HAOO 3adaBaThk MHAYE:

v= ?(v’ w). (8.28)
W= ?(w, v),

Tie eHeduazoHaabHo conymemeyiouwutl onepamop f orTanuaercst ot f Tem, YTO B AMa-
TOHAJIBHOM IPECTABIEHUY KOMIIOHEHT

o~
=

fi(z) = fi(e, z)

kaxuast f;(x, z) pacrer mo BceM ; (Kpome j = i) 11EpPBOTO BEKTOPHOTO aPryMEHT4,
a 110 BTOPOMY BEKTOPHOMY apryMeHty ybuBaer (Kak oB6biuHO).

Onepatop cisura 1o Tpaekropusim (8.28) OKa3bIBACTCS 2emepomoHHbM.

8.9. CynepoaHopoaHbie onepaTop.!

Teopusi IeTepOTOHHBIX OMNEpaTOpoB [16| MOBOJBHO BETBUCTA M3-3a
MHOIroo0pasusi OOCTOSITEJILCTB — HEOJUHAKOBble BTOPUYHBIE IIPU-
3HaKM ONeparopoB (TMNA IOMHOM WM OOCBLIYHON HENPEPBIBHOCTH,
CWJIBHOIA MOJIOXUTENLHOCTH U IIp.), Bapuauuu NPeanoioXeHuit, pas-
HbIE [POCTPAHCTBa U KOHYCHI. TIpH 3TOM CTEpXHEBBIE UIEH BO BCEX
ciyJyasx OJWHaKOBbI, U C HUMU LEJNeCOO0pa3sHO 3HAKOMUTLCS Ha (o-
He TPOCTEMILMX TEKOPaLMil, YeMY YIOBIETBOpseT NpocTpaHcTBo R”
MOJIYYyTIOPSIIOYEHHOE HEOTPULATENBHBIM OPTaHTOM ]R’}r.

8.9.1. Monomonneuil cuibho nosoXcUmenshuil onepamop 2 f(z) naso-
6em cynepodnopodnbim, ecau Ons aobbix T > 0 u T € (0, 1)

firz) > 7f(z), (8.29)
2de 3nax > ycunueaem >, o3nauas: a >b => a—-bcint K

B paccmarpusaemoM noka ciyuae R", monyynopsiyioueHHoM oprantom R,
HepaBeHCTBO a > b o3Hauaert, yTto Bce a; > b;.

B [9] omeparops! 13 1. 8.9.1 Ha3bIBAIOTCS BOrHYTBIMHU. [10 HHep-
HMHU 3T «IICEBIOBOTHYTas» TEPMUHOJIOIUS COXPAHSETCS IO CUX TIOp,

20 N
) Cunvho nonosmcumensisint HASBIBAIOT OTEPaTOp f(z), nepeBonsuyit HeHyneBBIE TOYKU

2 € K Bo BHyTpennue: f(z) € int K.
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XOTSl U3HAYalIbHO OBLJIO SICHO, YTO Ha3BaHMe HEymauHo. Boruyreie
ckasipHble GyHKuUM HepaBeHCTBOM (8.29), KOHEUHO, OXBaThIBAIOTCA,
Ho (8.29) nokpbIBaeT ropasio Golee MIMPOKHE KI1acChl OTOOPaXEeHHIA.
B ogHOMEpHOM ciiyyae 3T0 Te QYHKUMH, KOTOPBIE C JIOOBIM JIYUOM,
BLIXOAALIMM M3 HyNd, NepecekaioTcs He Gosiee ogHOro pasa. TepMUH

«CYTICPpOAHOPOIHOCTB» NMPCACTABIACTCA Oonee agcKBaTHBIM.

UTo KacaeTcs OCHOBHBIX CBOMCTB CYNEPOIHOPOAHBIX ONIEPATOPOB,
~ -~ *
TO 3TO eQUHCMEEHHOCMb HeHYNe60ll HenodGUINICHOI MOUKU T , ecAl OHA
* o
cyuecmeyem, u cxo0umMocms K T Umepayuil

2 = f(z") (8.30)
u3 2106020 HAUANBHO20 NOAOKCEHUS L. > 0, z’ # 0.

< Cue NpocTo N0Ka3bIBAaETCsl C NIOMOIIbIO Mempuku Bupkeoga
p(z,y) =min{a:e %z <y < ez} (z,y > 0).
QOueBUAHO,
f(@) > () > eV f(y),
{ f@) > f(eVz) > eV f(a),
OTKYyZAa

p(f(=). 1) < plz,y), (8.31)

YTO U BJICYET 3a cO0OI1 BHILIIECKA3AaHHOE. B

TpeGosanue (8.29) HenoTArUBAET 10 KOHANLMIA,
00eCTIEeYHBAIOUIUX CYLIECTBOBAHUC HEMOIBUXKHOMN
TOuku. PUCYHOK clieBa gaeT NMpUMEP CKalsapHOH
GyHKUMU, KOTOpasl YAOBJACTBOPSIET BCEM YCJIOBHU-
sM ompeneneHus 8.9.1, HO ypaBHeHue T = f(T)
pelIeHu HE UMeeT.
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Yeunenue (8.29) no
flrz) >’ fz),  0€(0,1), (8.32)

YK€ rapaHTUpYyeT HATHYUE HeHYIeBOM HETTIOABUXXHON TOYKH, ITOCKOJIb-
21
Ky BBIK/IanKH, Beayime K (8.31), B ycnosusx (8.32) naror )

p(f(x), @) <p(z,y),

T.¢. f yIOBAETBOPSIET NPUHLUITY CKMMAIOIIMX OTOOpaXEHHI Ha BHYT-
PEHHOCTH KOHYCa, KOoTopas 1o Mempuke bupkeoga sIBASIETCS TIONHBIM
npoctpaHcTBoM. ONHAaKO Hag0 WMETh B BHMAY, YTO B NPAKTUYECKUX
3ajayax 4acTo BblnonHseTcs: auuib (8.29), Ho He (8.32). Ckaxew,
B caydae f(z) = AT + b, tne A monoxurtenbHas Matpuua U b > 0,
Ha (8.32) HeJib3s paccyuTbiBarh, HO (8.29) CripaBenTMBO — M 3TOTO
XBaTaeT JUIS TIOJIOXKUTEABHON Pa3peliuMocTu & = AZ + b.

Hanexbl 0XBaTuTh FETePOTOHHBIHM CITyYail CyNepoJHOPOIROCTBIO

tuna 8.9.1 NpuHIMITIMAIEHO 0OpeyeHEl Ha ITpOBaj 2),

8.9.2. lemepomonnuii onepamop f(T) npu ycrosuu

v,w>0 = Fv,w)>0

~ 1 ~
I (Tv, ;w) > 7 (v, w) (r€(0,1);v,w>0) (8.33)

Hasvweaemcs cynepodHopodHbIM 2

1
Ioxcrasnss B (8.33) v' = v, w' = —w, noTydaem obpaTHOE HepaBeHCTBO
T

1 1~
K (;v','rw') < 7—_f(v', w) (T €(0,1);7,w >0).

) C nionpaskamu Buna f(z) > f(e PEWy) » e P £(y).

) Hotomy 4TO KOHUBI ¢ KOHLIAMH He CXOAsTCA. Bo-NepBbiX, JUIst TOJOXHTEABHOCTH muas0a-
onepamopa Tpedyetcsi, YTOOH OQMH apIYMEHT B Mape (v, w) Obli NMONOXUTCACH, APYroH —
orpuuareneH. Ho Torna pacceimaercs rnaBHas uaes «ocMotpeBuiMch B E X E, BepHyTbCs
HA JMAarOHalb ¥ = W = Z». BO-BTOPHIX, EC/IH MOMBITAThCSE O0OHTUCH Oe3 MONOXUTEABHOCTH,
yenosue (8.29) wist munsda-onepamopa NPUBOAMT K HECOBMECTHMEIM HEPaBEHCTBAM,

) Tereporonnsie oneparopsl (8.14)—(8.15), (8.21)—(8.22) cynepoaHoposHsl.
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ITosTomy

f(@) = F(z, 2) >F (e "Wy, e’EVy} > o770V 1(y),

@) = Fly,v) >F(e "Wz, e/*Vz) > eV f(z),
OTKYyJa, Kak 1 B YHCTO MOHOTOHHOM cilyyae, BbiTekaer (8.31) ¢ Temu Xe nocinen-
crBusimi A f w3 1. 8.9.2, a UMEHHO: e(MHCTBCHHOCTh HEHYJICBOH HENONBHXHOM

TOYKM Z*, C/IH TAKOBasi CYILECTBYET, H CXOMHMOCTD K z* wrepauuit (8.30) U3 moboro
0
HAYATBHOTO NonoxeHus z° >0, ° # 0.

Yeunerue (8.33) uo

1
f(rv, iw) > 'F (v, w) (v,w>0,0€(0, 1) (8.34)
T
oBeCIeunBaeT CyIeCTEORAHIE HEMONBUKHON Touku T° > 0.

K ckasaHHOMY MOXHO MHoroe mobasuth. [1paBna, aro nonosHe-
HMsI BTOPOrO Mopsaka Manoctu. CkaxeM, B cnydae (8.34) cxumaer
1o mempuke bupkeogha He TOIbKO caM omneparop f, HO U ero muasda-
onepamop f Kax cnemcrBue, CXOOATCS TAKKe UTEPALMOHHbIE MPO-
uecchl (8.25), KakoBBIE 3KUMAIOT CHU3Y M CBEPXY BBIYMCIUTENbHYIO
npouenypy 24) (8.30), ecnv HAYMHAIOTCS B BEPLUMHAX CUALHO UHEADU-
AHMHO20 KOHYCHOI'O OTPE3Ka ('UO, wo), KOTOPbIi 33BEJIOMO CYIIECTBYET.
Bce aro coxpamster cuny, eciu (8.34) ocnabuts no (8.33), Ho oroso-
DHTB CYLECTBOBAHNE HEMOIBIKHON Touku z° > 0.

C BBIXOZOM B (DYHKUMOHATLHBIE MPOCTPAHCTBA TEOPUsT MHOTrO-
KparHo paccnauBaeTcs. OOCTOSTENBCTBA BAPBUPYIOTCS B UIHMPOKMX
JIMana3soHax, U B OJMH CaKkBOSDK He roMernalorcsi. HoBocru mosipns-
I0TCs1 B caMoM Hadaje. HenecoobpasHbIM, a4 WHOIIA HEoOXOMMMbIM
OKa3blBAETCSI OOPA30BAHUE NPOCHPAHCMEa Eu0 W3 U, -UIMEPUMDIX 31€-
MeHnmoe T € F, 3aXaThIX B TUCKU:

—yu, < T < YU, (8.35)
rne u, € K — usHayanbHO (bUKCHPOBAHHLIN HEHYJIEBOM 3JEMEHT.
Hanmensinee B (8.35) v > 0 HasmiBaeTcs U,-HOpMoll &, ||Z]|y

Ipu u,(t) = | ¥ nonyynopsyodeHHoctH ¢ romoupio K, B ciysae C'

1 s
IIPOCTPAHCTRO E“o copranaer ¢ C, a u,-HopMa — ¢ Hopmo#t C. B ciydyae L,

Ll Jasast TeM caMbIM OLGHKY IOCAeNOBarenbHbx npubamwxenuit (8.30).
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NPOCTPaHCTBO By~ coBNazaeT ¢ Lo, HAKOHEL, B Ciy4ac C «HW4Ero He MEHAETCSI»,
E,,0 = (C. Eciun xe uo(t) =t(1 -1), To E,,0 MIpeAcTaBaAsieT co0oif COBOKYITHOCTh
Takux GyHkuni z(t), uro |z(t)| < yt(1 —t), v > 0.

Hanee BBomutcst MHOXecTBO K (u,) HenyneBbiX T € K, ynosre-
TBOPSIIOLIMX HEpaBeHCTBY au, < & < fu,, Ipy HEKOTOpbIX &, § > 0,
v TpeGopanue f : K — int K B mm. 8.9.1, 8.9.2 3amensiercs Ha [ :
K — K(u,), TOCKONbKY YUCTOH TTOJIOXKUTEABHOCTH OIIEpaTopa GbiBa-
€T HEIOCTATOUHO, KaK HEJIOCTATOYHO HEOTPUIATETbHOCTH MATPHIIbI,
cKaxeM, Juist meopemst Ileppona [4, 1. 3].

B naibHeiiieM BETBIICHUM MCCIIENOBAHHS OTIPENEIEHHYIO POJTb Hauu-
HAIOT UIPATH CBOMCTBA KOHYCA (HOPMATBHOCTb, NPABIIbHOCTD), B3AUMO-
CBSI3b U, ~HOPMBI C MCXOIHOM HOPMOI pocTpancTsa E, rionHas Herpe-
PBHIBHOCTH ofiepaTopa (HO He Beerna). Cps3HOe u3ioxeHue ecTs B [16].

OrnpelieieHHbIH UHTEPEC TTPEACTABASIOT PAIMYHbIE TOCTATOYHEIE
YCIOBUST CYIEPOIHOPOIHOCTH, KOTOPYIO, B YACTHOCTH, MOXET 00ec-
MEYUBATL TEM WJIM MHBIM 00pa3oM YCHiEHHOe HEpaBeHCTBO

f(v, w) — f; (v, w)v + f;,(v, w)w >0, (8.36)

e f;(v, w), f;,(v, w) — npounsBonHsle Ppelne.

B ciydae R”, nonyynopsmo4eHHOTO TEIECHBIM KOHYCOM, B (8.36)
JIOCTATOYHO > TOMEHSITh Ha >. A JUIsl TE€TepOreHHOro olepaTtopa
B R" cooTBeTcTByIOLIEE HEPABEHCTBO, 00ECIIEUMBAIOLIEE CYTIEPOIHO-
POIHOCTD, NMPHMOOPETAET BUI

: il

( L z; > 0.

8.10. K -cucrembl

B pasgene K 0603HayaeT HEKOTOpBI TejecHbI KoHyc B R". OT06-
pPaxXeHusl MPeAIoNAaralTCsl HellPEPhIBHBIMU.

8.10.1. Onpepenenue. Onepamop f:K — R" nasvieaemcs K -omob-
paxcenuem, ecau spanu4nbie mouku K on He nepesodum 6o eHympeHHue,
m.e. ¢ int K.
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8.10.2. Omobpancenusn fy u fi nasvieaiomes K -20M0monubiMu HA MHO-
acecmee I C K, ecau cywecmeyem maxas Hesbipoxcoernasn oeopmayus
(eomomonus) H(z, M),

H:T x[0,1] > R"\ {0},

Ynio
H(z, 0) = fo(z), H(z,1) = fi(z)
u H(z, A) npu mobom A € [0, 1] seasemes K -omobpasncenuen.

OtHomeHnue K -romoronmuu pazdouBaer K -0ToOpaXXeHUsl Ha Kiac-
CbI BKBUBAIEHTHOCTH, TIO3BOJISISL TEM CAMBIM CTPOUTh TOIOJIOTHYECKYIO
TEOPUIO C OPUEHTALMEH Ha U3yueHHe HyJiel BeKTOpHOoro noss. M3be-
ras MOEOJIOTMYECKUX MOBTOPEHU I, OrpaHUYnMC HanboJlee pesysibTa-
TUBHBIM CPE30M.

8.10.3. [Iycmv K -omobpascenue f npu docmamouno marvix (docma-
mouro Gonvuwux) T > 0 K -eomomonno Ha nepecewenusix S(r) cohep
Sy ={x :||lz|| =7} ¢ xonycon K — onepamopy ™)

H.(z)=z—rhy, hy €K, |hol >1

B smom cayuae zoeopsam, wmo K -undexc onepamopa [ ¢ nyne (ha bec-
KOHEUHOCIU) PAGEH HYNI0, U NUULYM

il’ldK (f, 0) =0 (il’ldK (f, OO) = 0)

8.10.4. Teopema. Ilycmo f — K -omobpancenue u indg (f, 00) #£ 0.
Toeda ypasnenue f(z) = 0 umeem nosoxcumensroe pewerue T > 0.

8.10.5. Teopema. Ilycmo K -undexcoi ¢ Hyne u Ha 0GeCKOHEUHOCMU
He pasHbl,

Tozda f(x) = O umeem nenynesoe nosoxcumenshoe peuwierue & > 0.

Teopemst 8.10.4, 8.10.5 (cm. [14]), BooO1Ie roBopsi, TONOCIOBHEI, NOCKONBKY
HEHYNIEBHE WHICKCHI He OBUTH OnpefefieHbl. OINHAKO B pyc/eé TEOPHM BpallCHUS

%) 3ameruM, 4ro Bee oneparopsl Hy(z) npu 7 2 r K -TOMOTOITHBI APYT APYTY.
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HETIPEPBIBHBIX, X TeM Gosce MOJIOXUTENbHBIX, BEKTOPHBIX II0jIeil — JIETKO TOHATh,
o gem uzer peus>®. Hanpuwmep, indg (f,) =1, ecmu f Ha S(r) K -romoroitHo
TOXIECTBEHHOMY OTOGPaXkeHHUIO0.

K coxaneHuio, ynoOHBIe KpUTepuu olieHKW K -UHIEKCOB TUIIa
cocamus u pacmsaxcenus kouyca (teopema 8.4.2) B HaHHOM CJIydae
He paGoraloT. Ho ymo6cTBa coxpaHSIIOTCSI B cliydae TMOJYYIIOPsino-
YEeHHOCTH € MOMOUIBIO ]Ri, U @HeOUQ20HAABLHOL OMPULAMEAbHOCHU
oreparopa f, onpenesieMoil Kak

fi(@y, s i1, 0, gy, oo, Tn) <O

npu Jobeix £ >0, u j=1,...,n. B stoM ciaygae f 3aBemomo
seisieTcss K -oTobpaxeHueM.

8.10.6. Breduazonansno ompuyamenvbiii onepamop f nasosem K -cocamuem rouyca,
ecau npu docmamouno Manbix (Gocmamouno Gosbutux) no wopme T € K, x # 0

fley< 0o (f(z) %0),

u naobopom, — K -pacmsacenuem konyca, ecau npu docmamouno mansix (Gocmamo4no
Goavuux) no nopme T € K, x # 0

f@y20  (f(z) <0).

8.10.7. [lycms eneduaconanvio ompuyamensuslii onepamop f aeasemcs

cocamuem uau pacmaxcenuem kowyca. lToeda f umeem no kpaiineii mepe
*

O0HY HeHynegylo Henodeuxchyio moyky T > 0. <

Ciona MOXHO TIPUILIIOCOBATE TAKXKE YIpolieHue TeopeMbl 8.10.4.

8.10.8. Teopema. [Tycmb éneduazonansho ompuyamenshviii onepamop f
npu docmamouno Goavwux no nopme T € K, aubo npu x € S(r) dasn
Hexomopoeo T > 0, yooenemgopsem ycaosuio

f(z) £0.
Toeda f(x) = 0 umeem nonoxwcumenvroe pewenue £* > 0. <

KoHeyHo, ecnu 651 3aTest ¢ K -0T06pakeHUAMU KOHCTPYKTHMBHO
CBOIWIACH JIMIIb K BHEAUATOHAILHO OTPUIIATEBHEIM OIIEPaTOpaM, ¢

%) CM. xora 6bl IOKa3zaTeaLCcTBa TeopeM 8.3.5, 8.3.6.
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27
MOCAENHUX ¥ Hano ObLIO HAYMHATH, MUHYS JeKOpaLuu ), OnHaxo

K -uHOeKchl CYUTAIOTCS U B 0611eM ciydae. Eeau, ckaxcem, npu docma-
mouno mansix (Oocmamouno 6oabuux) no Hopme T >0 K -omobpaxcenue
umeem RofoxcumensHoe axuanecoeo nanpaenenue hy (f(x) # phy npu
A1066ix 14 > 0), mo

indg (f,0) = indg (f, 00) =0.

Curyauusi
indg (f,0) = indg (f, 00) =1 (8.37)

HECKOJIBbKO CJIOXKHEE, HO ¥ OHA pa3pyiuMBacTCs TaK UM MHaue,

Ho camoe rnaBHoe — 3To amnmapaTHasi pojib. K -oToBpaxeHus
OKAa3bIBAIOTCS TOU «Cpemoli», B KOTOPOl MOXHO nedhOopMHUPOBATH,
CK@KEM, BHENWATOHAJIBHO OTPUIIATEABHEIE OIIEpATOPhl, HE MEHSS TO-
MOJOTMYECKUX CBOMCTB.

8.10.9. Teopema. Ecau eomomonuss H(z, M) eneduaconansro mono-
mouna npu mobom A € [0, 1], mo ceolicmeo acumnmomunecioii ycmoii-
HUBOCMU PABHOBECUS COXPAHSEMCA NpU Oedhopmayuil.

< B xoHTekcTe pasena 8.5 AcHO, 4TO BHEAUATOHATbHAA MOHOTOHHOCTL H (T, A)
BieueT 3a co0oii OOBLIYHYIO MOHOTOHHOCTb OIlEpaTopa CIABHTa 110 TPaeKTOPHSIM
z = H(z, A). Hance, HeoOXOAUMBIM M NOCTATOYHBIM YCIOBHEM aCHMIITOTHYECKOH
YCTOWYHBOCTH HyJIEBOTO paBHOBECHs siBNIseTca cBoiictBo A”: B intRY cymectByer
TOuKa, WiyImas [Mojl JeHCTBUEM oflepaTopa CABUra Hasan, ¥ Todka B int R” | uaymas
non gedcreueM onepartopa caBura Briepen. [loaTomy s oxasaTenbCcTBa TEOPEMBI
JOCTATOYHO YCTAHOBHTH WHBADUAHTHOCTh YCAOBHA A’ 110 OTHOILEHWIO K BHENMAro-
HATbHO MOHOTOHHBIM Ae(hOpMalisiM.,

ITocaennue coxpaHsioT K -uHIeKC, IpHYEM ISl ACHMIITOTUYECKH YCTOHYUBOTO
paBHOBecHsA 1060 cucremsl & = F(z)

indg(—F,0) = 1. (8.38)

W3 (8.38) cienyet, uto oroGpaxenne —F(Z) He MOXET UMETh aXuiiecosda Hanpas-
aenus, T.e. WA moGoro h € R MOXHO ykasath Takylo Touky z € RY, uro
—F(z) = ph (g > 0). Ecnu B3ate b € int R’ , T0 B cHITY BHCAWATOHATLHON MOHO-
TOHHOCTH TOYKa Z, B Kotopoit —F(z) = ph, TakKe NpWHAICKHT BHYTPEHHOCTH
HeoTpyuarenbHoTo opraiTta. Ho

F(z) = —ph,  h€intR.

20 XoTs KaK cxazarb, CM. HHXE,
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osHauaer, yrto Touka € intRY mox geifcrBuem oneparopa cuBura WieT Hasa.
Hanuuue Toukn z € intR”, wayuiell nox neifcTBieM oneparopa COBHTA BHEPEN,
YCTaHABIWBACTCA aHANOTHYHO. b

8.11. Teopemul 0 HakKpLITUAX U HEPaBEHCTBA

TMycts f'(0) u f'(00) o6o3HavaloT npousBoaHble K -oTo6paxeHus f
B HyJe U Ha GeckoHeunocTu, n K = R,

B onpenenenun (5.3) marpuun f'(00) x ||z|| = oo uenecoobpasmo noSaputh
TpeGoBaHue T € K, uTo ocnabut ycnonus auddepeHurpyemocty f Ha GecKkOHEYHO-
cTd. B 9TOM ciy4yae oroOpaxeHue f ecTeCTBeHHO TPaKTOBATb KaK dCUMAMOMUHECKY
AUHEUHOe N0 KOHYCY.

Ecnu f HenpepbiBHO muddepeHuupyeMo u sipsiercst K -oTob-
paxeHnuem, T0 f'(0) u f'(00) — Takxke K -0ToGpaxeHus, 1 Ha060-
poT. [T09TOMY B ecTecTBEeHHBIX MPeONOXEeHUsX unnekcsl indg (f, 0)
u indg (f'(0), 0) cosmanator >
JeKcax Ha 6ECKOHEYHOCTH.

. To xe caMoe MOXHO ¢Ka3aTh ¥ 00 UH-

JIunetinsle K -oTobpaxenusi, B CBOIO O4Yepeab, OKA3bIBAIOTCS TEC-
HO CBSI33Hbl C TTOJIOXUTENBHON 006paTUMOCTRIO.

2
8.11.1. Teopema. Mampuya A nonoxcumensro ofpamuma %) ¢ momm
cayuae, koeda Az sensemcs K -omobpaxcenuem, u ypasuenue AT =y
umeem noAcHcumensHoe peuterue xomsa 6sl npu ooHom Yy > 0.

< JloxazarenbeTBo coBceM npocto. MHoxectBo AR ecrb koHyc, u ecnn Az
sipasieres K -0ToGpa)eHHeM, BOSMOXHbI JIHIIb [Ba BapHatTta . JTuGo

R’ C 4R, /

%) K -uujiekcel, Kax TOTONOTHYECKHE XapaKTEPHCTHKH, HE MEHSIOTCA TIPH JOCTATOYHO
MaIBIX BO3MYILEHHUSX ONepaTopa.

T eers ypaBHeHHe AT = Y HUMeeT IMOJOXHUTENbHOE peuleHue T > 0 npu JioGoM
NONOXHUTEILHOM Y > 0.

30 Yuave waitgercs rpaHUYHast Touka T € R:'L , nepexonsmas BHyTps R
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b0
T 4R} = .

B nepBoM ciydae Az = y paspellMMo MpH mo6oM ¥ > 0, T.e. A NOJIOKHUTENBHO
obparuma. Bo BTopoMm ciydae y AZ = y nonoKuTenbHbIX pelieHuit npu y > 0 Booblie

HeT. B cutyauuu marpuna A He MoxeT ObiTh K -0TOGpaxeHUEM, B

Henuneiinoe naxpoimue xonyca Ri, T. €. MOJOXUTeNIbHAs pa3pe-
HIUMOCTb YpaBHEHUs

f(z)=y (8.39)
npu JwoboM y >0, obecrieduBaeTcst SIU3KUMU TI0 LyXY YCIOBUSIMU.

8.11.2. Teopema. Eciu K -omobpaxcenue [ yooenemeopsem: ycaoeuio

lim || f(z)|| = oo, z € R, (8.40)
llzll—+o00
u indg (f, 00) # 0, mo ypasnenue (8.39) noaoxwcumensro paspewumo
npu mobom y € R}
< Bosbmem moGoe y > 0. B cuny (8.40) npy 10cTaTo4HO GOJBLINX O HOPME

z » 0 sexropsl f(z) w f(z) —y He MOryT GbITb NDOTHBOIOJOXHO HAIpaBICHBI.
Tostomy Ha S(R) ¥x CBA3bIBAET HEBbIPOK/ICHHAS FOMOTOITHS

H(z,A) = f(z) - Ay,

xaxoBas nipu JM0Gom A € [0, 1] aBasierca K -otoOpaxeHueM, eciu YX f Takoso.
CrenopatenbHO,

indg (f — y, 00) = indg (f, 00) # 0.

Jarnee ocraetca cociaTbes Ha Teopemy 8.10.4. »

Pesynetar 8.4.3 B OTHOMIEHUY TTOJIOXKUTENLHOTO OfIEpaTOpa O He-
coBmectumocTi yenosuit f(z) #» z, f(x) € T Ha onHo#i ¥ Toii xe
moBepxHOCTH S(T) MOr GHITH CHOPMYTUPOBAH B IKBUBANEHTHOH dop-
Me O pa3pellMMoCTH HepaBeHCTB. Bor ananor juisi K -otoOpaxeHuit.
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8.11.8. Ecau indg (f,00) # 0, mo nepagencmeo f(x) >0 paspewumo
6 R',.. Bosee mozo, dnst nobozo Henynesozo y >0 ypasuenue f(x) = py
ROAOHCUMENBHO PASPEUMO Npu Hekomopom 1 > 0. <

B ciyyae BHEIHAroHATBHO OTPHIIATEBLHOTO ONEpaTopa, B Y4aCTHOCTH, TTOJIOXKHU-
TeJIbHAs paspelMoctb HepaBeHeTsa f(x) >0 Bhtekaer (Teopema 8.10.8) ua ycnopust
f(z) < 0 npu moctarouHo 6obLINX 110 Hopme T € RY..

8.12. YHuBepcansHuie P -cucTemsl
BepHemMcsi k P -omobpaxcenuam, onpeeIeHHbIM B pasgenie 3.8 kak

f@)={fi@@),..., fal®)},

KOTOpbIE He 00pallaloT 3HaK HA OQHOrO HEHYJIEBOTO BEKTOpa I € ]Ri ,
T. €. U1 TIOOOro HEHYJIEBOIO T > 0 HaliAeTCsT TAaKOM MHAEKC §, YTO

zj - fi(z) > 0.

3aTpaiie3HOE OIpelENICHHE OXUBAET B CHCTEMAX «IEHCTBHS — DE3yJIBTaThi».
JeiicTBus T; 0BeCeqnBAIOT C80Y TOJIOXKHTEIbHBIE PE3YJIbTATHI

yi = fi(0,...,0,2,0,...,0), ~
HO MOryT raryGHO BAWATH Ha uyyxue y;. Ilosromy u3-3a 11OGOYHBIX BAUAHUI
COBOKYITHbIM pesyastar y = f(Z) MOXeT OKa3aTbCst Y4aCTHYHO OTPHLATENBHBIM.

WHuorxa P-orobpaxeHue yCTPOeHOo TaK, YTO CTPOTro MOJIOKUTEN b~
HbIX PE3YJIBTaTOB MOXHO HOOWUTHLCS, HE WCTOJb3ys BCeX AEHCTBHIA.
Npyriumu cnosamu, f(z) > 0 npu z >0, Ho He £ > 0. Comepxareb-
HO 3TO OTBeyaeT U3OLITOYHOCTHU Habopa geficteuil. Eciu ke Habop
nefcTBUil HensbbToueH, T0 f(x) — K -otob6paxeHue. Ilpuuem He-
3aBUCHMO OT TOrO, siBisieTcst it f(z) — P-otobpaxenueM. ITpocro
HEU3OLITOUHOCTL paBHOCWIbHA K -CBOMCTBY, 1 MoDia GbI UCIIOJIB30~
BaTbCsl BMecTo onpenenenus 8.10.1 (8 ciysae K = RT).

Ho camoii nio cebe HEM3OBLITOYHOCTH €lie HEJOCTATOUHO IS TTo-
JOXUTeNIbHOM paspeuMoctu f(z) > 0. JonosHuTE bHO TpeGyeTcs
yro-Hubynb Bpore indg (f,+) # 0. OxHako ecnu K -oToGpaxeHuUe siB-
Jisiercsi enie 1 P-oToOpakeHneM, TO yKe HA4Yero 6oJiblie He TpebyeTcs.
[MonoxwurenpHast paspeltuMocTs HepaseHersa f () > 0 rapanTupyer-
cs1 TeopeMoli 3.8.1 Kapamapouana:

Hepasencmeo f(x) > 0 ¢ P-omobpaxcenuen f : R — R" ecezda nonoscumensiio
Paspenumo.
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« B nipexnonoxenuu nporusHoro f smasercs K -oneparopom. Ho torma f
K -romoromno Ha S(r) (npu mo6om r > 0) eneduazonanbho ompuyamenshomy otoG-
PaXEHUIO

z® f(z) = {z,fi(z), ..., T fu(2) }.

K -romoronueii moxer ciayxuts H(z, 1) ¢ KOMIIOHEHTaMu
h,‘((l?,', t) = f;((l))(l -t 4+ t(l?,‘).

W3 onpenenienns P -otobpaxkeHus cienyer £® f(z) < 0 Ha S(r), uto Baever 32 co6oit
indg (f, 00) # 0, v Teopema 8.11.3 NIPUBOAKUT K MPOTUBOPEYHIO C NPENIIOIOKEHHEM
o Hepaspelumoctk f(z) > 0. »

[TepemeHHble T; MO-TIpEXHEMY OyoeM HasblBaTb HEHCTRUAMM,
y; = f(z) — pesynsraramu, HO Telleps OyIeM CYMTATH, YTO &; MOTYT
TIPMHUMATD HE TOJIBKO ITOJIOXKHUTEJIbHBIE 3HAYSHUST, HO M OTPULATEIIbHbIE,
npuueM f(0) =0 u
sign f;(0,...,0,%;,0,...,0) = sign z;,

T. €. «[IPY OTCYTCTBUH MOMEX» KAXA0E NeHCTBUE T; NAET PE3YJbTaT ¥;
TOTO XK€ 3HaKa.

HomycTiuM, HEKOTOphle ¥; HAIo YBEJWYUTH, IPYTMe — YMEHb-
muTh. ECTECTBEHHBINM BOMPOC: MOXHO JIM TAKOr0 U3MEHEHUS 100UTh-
Csl cmepeomunubiMy JEACTBUSIMM, T. €. YBEJIWYMBAs I;, €CJIM ¥; HALO
YBENUYUTh, M YMEHbUIAsA &;, €CAH Y; HALO YMEHbUIUTD.

TToJIOXUTENIbHBIN OTBET HA 3TOT BOIIPOC MOXHO AaTh, eciiu f(z)
ABJISIETCS YHUgepcanvhbim P -omobpancenuem, KAKOBbIM Mbl Ha3blBaeM
OTOOpaXKEHUE

f:R" - R", f(0) =0,

B TOM CJIydae, KOrma JUlsl JIIoO0oro BekTopa & # 0 MOXHO YKAa3aTh
Takoil Homep j, uyto ;- fj(z) > 0, T.e. XoTa Gbl OMMH DPE3YJIbTAT
SIBJISIETCS. «OXKHUIAEMbIM».

8.12.1. Teopema. [lycmv f(x) sersemes yuusepcanouwvim P-omobpa-
JHceHuem U ]Rﬁ_ obosnavaem Hekomopulli opmanm. Toeda cywecmeyem

sexmop € R"_, maxoii umo>" f(z) € R_.

3 To ecth Bee DE3YALTATHI SIBIAIOTCH «OXMAACMBIMH», BCE JEHCTBUS «CTEPEOTHITHBIMM»
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« [Ins joxasarenbCTBA JOCTATOYHO IMEPeHTH K JPYrofl CHCTEMe KOODIWHAT,
B KoTopoif R”, _ cTaHeT HeOTpHLATENbHBIM OPTAHTOM, H BOCIIONB30BATLCA Meopemoil
Kapamapouana. »

Yuueepcanvuvim P -omobpaxcenuem no npupauieHuro Ha30BeM 0To0-
paxenue f(z), ecan w1 moGoro £ € R" u moGoro HeHyneBoro
Az € R" cyuiecTByer Takoit HoMep j, 4TO

[fi(z + Az) - fi(z)] Azj > 0. (8.41)

Eciu (8.41) Boimonusierest juist Az, HOCTATOYHO MAJIBIX [I0 HOPME, OlTe-
patop f OymeM CUMTATL A0KAAbHO YHuGepcansHuim P -omobpaxcenuem.
1o HEKOTOPO#l CTENMEeHU YAUBUTENBHO, YTO

8.12.2. Jlokanvno ynusepcanvroe P-omobpancenue sensemcs yHueep-
canvhoim P-omoGpaxcernuem no npupawenuio.

4 B 11penrosioxeHy NPOTHBHOIO HANRNETCA 11apa TOYEK @ 7 b, TAKUX YTO

Vi [fi(a)— fi(6)](a; - b;) <0.

Bes orpannyeHus oGLIHOCTH MOXHO CYHTATh, 4TO @ >b u gaxe Vj : a; > b; (uHaue
MOXHO TepeHTH K «YCe4EeHHOMY» oreparopy, oOHynsa «iumHue» f;). Tlycts © —
MHOXecTBO Tex € (a,b), mna xoropeix f(z) € f(a). Ilockonbky orepatop f
HeripepbiBeH, © koMIakTHO, A Tak xak f JoKajibHO yHHBepcasibHoe P -orofpaxe-
HH{E — TOYKA @ ABJISETCA W30JMpOBAHHON TOYKOM MHOXectBa ©. Ho Torma xom-
nakrHo ¥ Muoxectso © \ {a}, Ha KoTopoM HenpepbiBHast GyHKUUS @(z) = Z |2

BHUHYKIEHA JOCTUIATh MHHHMAJIBHOTO 3HAYeHUs B HeKoTopoi Touke z* € © \ {a}.
C 1pyroli CTOpOHBI, JOMKEH CyluecTBOBaTh (meopema 8.12.1 B TOKATIBHOM BapHaHTE)
MaJibiit 110 HOpMe BekTop Az < 0, Tako# 4To

Vi:fi@ +Az) < fi(zh).
CnenoBatenibto, ' 4+ Az € © \ {a}, Ho Torna p(z* + Az) < p(z*). »

OOpaThM BHUMaHME, 4TO Jiloboe yHugepcanvHoe P -omobpaxcenue
no npupawenuio f B3aMMHO OZHO3HauHoO, a B ciydae ||f(z)| — oo
npu ||z|| = oo, f — emme u romeomopdusm R" na R".

Teopema 8.12.2 ocBo6OXIaeT OT HEOOXOHUMOCTH ClIERuTSH 3a f(Z)
B uesnoM. M ecnu otobpaxenue f(z) mamkoe, 3a1aya CBOTUTCS K BbI-

i
SICHEHHIO TOTO, SIBJISIETCS JIv pou3BogHas f (z) = [—] P-marpu-

3:12]'

ueH, T.e. JUHEeHHbIM YHUgepcanvibim P -omobpanceruem.
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8.12.3. Teopema. Mampuuya aersemca P-mampuuyeii 8 momm cayuae,
2
Ko20a 6ce ee 2naBHbIe MUHOPBL CIPO20 RONOHCUMENbHBL 32),

8.13. Cucrtembl ¢ OrpaHU4eHHbIM
MeX3JIeMeHTHbIM B3anMofencTasmem

MakcuMatbHO MPOCTH VISt U3YYEHMSt CHCTEMBI, B KOTOPBIX BHYTPEHHUX

B3auMocBs3eil (OGOYHBIX BIMAHKI) BoOGLIE HET, T.e. Bce ¥; = f(;),

COOTBETCTBEHHO, BCE YACTHbIE MPOMIBONHbIE == MPH § # § TOX-
m .

JecTBeHHO HyJieBble. IIOHATHO, YTO IMOAB/IIEHHE ManblX MOGOYHBIX
BJUSHUH 0 OTIpEAEJEHHOIo TIpeeia He JOKHO MeIlaTh YCHEUTHOMY
(PYHKIIMOHUPOBAHUIO CUCTEMBI.

ofi ., .
Ecnu a6CoMOTHYIO BETMUMHY YACTHBIX TIPOM3BOIHBIX e (2#7)
~

TIPUHKUMATD 332 KOJMIMYECTBEHHYIO MEPY BHYTPEHHUX B3aWMOJEHCTBUN
B CHCTEME, TO SICHO, YTO 3Ty MEPY HaJ0 COMOCTABIATL C BETUYMHON

2
YaCTHBIX TIPOM3BOIHBIX 9z, > 0. JlpyruMu c/ioBaMH, MajJloCTb B3aW-~
T

2
MOAENCTBUI NOMKHA OLITh He aOCONIIOTHOW, a OTHOCUTENLHOM.

Yuusepcaronoimu P -omobpaxcenuamu no npupawenuro 6yayT, Ha-
ApUMeED, TJIaAKWE OTOOPaXKECHUS, YIOBAECTBOPSIONIE OMHOMY U3 Clle-
OYIOUIUX YCIOBUH 33

afi(x) afi(z .

—_ = E —_ 0 =1,... 8.42
oz; ki T >0 ’ SRS (8.42)

afi(x) df;i(x) .

. ].E#i oz, >0, i=1,...,n. (8.43)

CTporo HoJIOXKUTENBHBI BCE INIABHBIE MUHOPH U Y HOJOXUTE/b-
HO ONpelne/eHHBIX MaTpull, ¥ TOTOMY B KATETOPUIO YHUBEPCAAbHBIX

) INoka3aTenbeTBO M KOMMEHTAPHY CM. B [4, = 3].
39 TIOCKOABLKY Y Marpulbl ¢ TIOJOXHTEJLHOH NOMHHHpPYIOILEH OWarOHaTbio BCE IaBHbIE
MHHOPbBI CTPOro NOJAOXKUTEAbHBI, ¥ Toraa 1. 8.12.2 Bcnen 3a 8.12.3 naet TpebyeMoe 3aKIIOueHHe,
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P -omobpaxcenuii no npupawenuio ionanaiot f Nnpu yClIoBUU

Y,z (f(2)z,2) > 0. (8.44)
Anajroru ycnosui (8.42)—(8.44) B KOHEYHBIX TIPUPAIEHHUSX BbI-
st Tk Y
Afp(z)Azy >0 (| Azi| = max |Az;)), (8.42)%
1

Z Afi(z)SignAz; > 0, (8.43)%

i=1

rne Sign o omIMYaeTcs OT Sign o TONLKO Ipu « — 0, NpuHEMAasg
B ciiyyae o = 0 Bce 3HaueHus u3 [—1, 1]. Hakonen,

Z Afi(z)Az; > 0, (8.44)A

i=l1

CyecTBoBaHMie TaKOTo MHIeKca %, 4to A fij(z)Az; > 0, B cuty-
amsx (8.42)°—(8.44)% ouesmuso.

IIpumep. TMyctb n notpebuTeneit ToKa napainebHO MOACOEHUHEHB K MCTOU-
Huky 3JC. Boasr-amnepHas XapakTepUcTHKa %-T0 MOTpebUTENsT UMEeT BUA
I = pi(U, z:),

rae I; — Tok, U — Hanpsixeuuwe, ; — npoBogumocTs. Heauueitnpe dyHkuuu
vi(U, 17,') npeAnonarajoTcs MOHOTOMHO Bo3pactraiommu, KMcrounuk BJC takke
Henuneen, U = U(I), tae I = ZI,», npudgeM U(I) MOHOTOHHO YBbHIBAET, U3-32
BHYTPEHHETO CONMPOTURIEHHST UCTOYHHKA,

U,z,)

3akoupl Kupxeegha TIipUBOASIT K cllefylolilell cucTeMe ypaBHeHUI:

L=eUI),z), I=Y I

M Afiz) = i@ + AT) ~ fil2).
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KOTOpAasi B YKAa3aHHbIX NPEIOI0XEHHUsIX BCErIa UMEET PellieHHe
L= filz, ..., 20). (8.45)

TMokaxem, YTo Habop GyHKuMi (8.45) ynoBieTBOPSIET yCIOBHIO (8.43)A. Bo3ssb-

MeM Az # 0 ¥ pa3o6beM MHOXECTBO UHIEKCOB Ha TPY MOAMHOXECTBA!

e K, COCTOUT U3 TaKUX UHIAEKCOB, uto Az; > 0;

e K_ COCTOMT M3 TaKMX UHAEKCOB, uTo Az; = 0;

e K. cOCTOUT U3 TaKUX UHAeKCOB, yTo Az; < 0.
Bosmoxubl Tpu cayyvast: AT > 0, AI =0, AT < 0. Paccmotpum curyauuio Al > 0.
B cuiy y6bisanus I; = ¢;(U(I), ;) mo I u Bospactanust no z;, umeeM AL < 0 st
Beex ¢ € K. U K_. Takum o6pazom,

SaR=Y AL- > AlL>o,
i

€K €K UK—

YTO O3HAYaeT (8.43)A. Crnyyau AT =0, AT < 0 pa3bupalorcst aHaIOrMIHO.,

8.14. KomMeHTapuu U [ONONHERUA

e Muoxectso 2 C E oepanuueno no Kowycy cBepxy, eclu & < Yy AN BeeX
z € 0 u HekoToporo 3neMeHTa ¥ € E, KOTOpbIil Ha3bIBAIOT gepxneil epanuyeil (2.
AHAOTUYHO ONPENeIISIETCS — HUNCHAA 2PaAHuyd.

Ecnu B MHOXecTBe P BepXHUX FPaHUL MHOXECTBA {2 eCTh HAUMEHbILUH 3JIeMeHT
20(20<2,2€ P), TO OH Ha3bIBAETCsT MouHol eepxnell epanuyeli MHoXecTBa ) v 060-
3HayaeTcst yepes sup 2. AHATOrMUHO ONPENENTETCS MOYHAA HudchAR eparuya inf Q.

Konyc K HasbIBaeTCs MUHUIOPANbHBIM, eClT JTI060e MHOXeCTBO U3 JABYX 3Jje-
MeHTOB {Z, §} UMeeT TOUHYIO BepXHIOIO rpanuLy sup{z, y}. EciM xe TouHas BepxHsist
rpaHULa UMeeTcs] Y KaXkI0ro orpaHUUeHHOr0 MHOXECTBA, TO KOHYC HAa3bIBACTCS CUAb-
HO MUHUIOPANbHbIM.

Konyc K, B C munuagpaneH, B L, — cuibHO MHHM3ApaieH. CuIbHO
MUHM3PATbHEL opTanTsl B R". «Kpyrisles konyes! K(§2) u rpaHensie, B obmeM
cayyae, — He MUHUBIPAIbHbI,

e Konyc K, B C[0,1] — Hopmanen, TemeceH, MHHM3ApaleH, He MPaBH-

1 ~ - "

nen. B C'[0,1] — He Bocnpou3BOASALIME, He HOPMAIbHBIN, He MUHUIAPATLHLIMA.

B L,[0, 1] — HOopManbHBIH, BOCTIPOM3BOASILIMIL, HO He TeNeCHbIH, CHITbHO MUHUAA-
PaJIbHBIA, BITOJIHE ITPaBUJIBHBIN,

e JluHeifHble TONOXUTENbHBIE ONIEPATOPH] UHTEIPUPOBAHEI B HEJIMHEMHBIH aHa-
JIW3, NO3TOMY MX Teopuio [4, TT. 3, 5] Xesare/bHO UMeThb nox pyko#. OcTaHOBHMCS
Ha GopMyTMpOBKe MPUHUUITUMATLHBIX pe3ynbsratos. Hanee A — JuHeHbIN NOI0XU-
TeJIBHBIH oliepaTop.
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8.14.1. Ecau Azy > vy, 2y € K, mo cnexmpanshstii paduyc p(4) = 7.

AHaloruyHasl oleHKa CTIEKTPAILHOTO PaAuyca 10 06paTHOMY HepaBEHCTBY
Azy < y20, 20 €K, 2 #0, (8.46)

B 06LUEM cryyae He MMEET MECTd, Ho B JOCTATOMHO CBOBOXHBIX MPEATIONOXEHMSIX
(8.46) mieuer 3a coboit p(A) < . Hanpumep, eciit K — HOpMabHbIil TelecHsblit
KOHYC, a £, — BHYTpeHHUH aneMeHT K.

EcTecTBeHHbII OTNPABHOW MYHKT U3yUeHUsT NIO3UTUBHOFO CIieKTpa JUHENHOro
NOJIOXHUTEJIBHOTO OrepaTopa — Kilaccuueckasi meopema Ileppona:

8.14.2. [Iycme mampuya A = [a;;] cmpoeo nonowcumensna. Tozoa:

o Cnexmpansnbiii paduyc p(A) > 0 seasemcs cobecmeennbim 3nauenuem drzebpautie-
CKOii KpamHocmu eOuHUYA, U MY OMEeHaem cmpo2o NOL0HCUMENbHbLE COOCMEeHH bl
eexmop.

e Jlpyeux nonoxcumenvHuix cobcmeennbix 3nadenutl u gexmopoe mampuya A ne umeem.

o Fcau Az = Az, A # p(4),  #0, mo || < p(4).

Croia MOXHO NPUIUTIOCOBATS: ecau mampuya A >0 nepaanoncuma, mo p(4) > 0
ABAREMCA COOCMBEHHBIM 3HAHeHUeM aneefpauteckoil kpamuocmu 1, komopomy omeeuaem
cmpo2o noaoHcumensHoli cobcmeentslll gexmop. Jlpyaux noacocumensHsiXx co6CmMaeHHbIX
3uauenuil u eexmopoe y A nem. [lanee mpobGreMaTHKa yriMpaercss B U3yueHUe uM-
APUMUMUGHBIX MAMpul, UMETOILVX nepugheputeckuii chexmp (COBCTBEHHbIE 3HAYEHUS,
coBMnajaowue 1o moxyiio ¢ p(4)).

MHoroe coxpaHsieTcsl B GYHKUIHOHANBHBIX TIPOCTPAHCTBAX, pa3yMeeTcs, B MO-
auduurposatHoi dopme.

8.14.3. Ecau xonyc K Hopmanehuill u e0cnpou3eo0awyuil, mo y AuUHeIH020 RoAoHCU-
menvHozo onepamopa A wucao p(A) seanemes mouxoi e2o cnexmpa.

8.14.4. [Tycmb auneiinblii Us-ozpanutentbiil onepamop A enoane Henpepbigen u Ug-no-
nowcumenen. Toeda A umeem eduncmeennbiii nosoxcumenvioli cobCmeennulii éexmop o,
Komopomy omeeqaem gedyuiee codocmeennoe 3Havenue Ay > 0.

8.14.5. [lycmb auneinsiil u-nosoxcumenvhbiil onepamop A umeem noaoxcumensholil
COOCMEEHHbII 6eKMOpP Ty, OMBEHAIOUUL NO3UMUBHOMY COOCMBEHHOMY 3HAHEHUI0 Ay = 1.
Toeda dna ecex © € K, omauunoix om vy (v > 0), anemenmor € u Ax necpasHumor:
r—Ac ¢ K, Az -z ¢ K, m.e.

x % Az, x & Az.



Tnasa 9

Bosmywenus u 6ugypxaumu

The ark was built by amateurs,
the Titanic — by professionals.

Teopusi 6udypkauuil 3HaeT OTBETBI Ha BO-~
Npochl, KOTOPhIE €lle He MPHULIH B IOJIOBY.
Jlo nopsl 10 BpeMeHH HIKTO Beib He AOTalbl-
Bascsl, K YeMy BEAET JTMILHHI rpaMM ypaHa.
A MasiITHUK, «CTOSIIUMIPA Ha yIiax» U3-3a He-
bobioi BUGpannu? A uyephble abipbi? Tak
4YTO 3aNeXM HEeBeJOMOro 3aC/IOHSIET JIHILb
6poHs koHcepBaTuaMa. Jla ocimabur Tocnions
WHEPHHIO CO3ePHAHMUSI, KOTOPasi TIPOTUBUTCSI
PE3KUM M3MEHEHMsIM KApPTHHbI SIBIIEHUSI.

9.1. O copepxaTtenbHbixX 3agavax
¥ abCTpaKTHbLIX NOCTAHOBKaX

[TapaMeTpuueckue ypaBHEHUS
G(z,A\) =0 (9.1)

CO CKISIPHBIM HapaMeTPoOM A, U aKLEHTOM Ha «HEHPUATHOCTAX», —
HACTOJbKO HIMPOKO PACHPOCTPAHEHEI, UTO JaXe HEYMECTHO JIOMUThLCSH
B OTKPBITYIO ABEPL ¢ KAKUMMU-TO YaCTHLIMU TIpPUMEpPaMU.

[Torepst yCTORIMBOCTH YIIPYIMX KOHCTPYKLIMA TIpH
YBEJIMUEHUH HATPY3KH, BOIHUKHOBEHHE B3PLIBHOMU
BOJIHBI, TIOPXAIOILIETO 3Xa, Pe30HaHca, TYpPGYJIeHTHOC~
TH, TPABUTAIIMOHHOTO KOJJTafiCa — Bce 9TO Te caMble
«YacCTHbIE IPUMEDPLI», BMELAIOINE GONbIIKE TEOPUU.
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O6u1it 3HaMeHare/Ib TIPU 3TOM — Me-
TaMOpG O3k, TIPOUCXONSIIIUE C pelieHreM
z (M) ypastenust (9.1). Pokyc BHUMAHUS —
Ha TOYKax 6ugypkayuu, B KOTOPHIX (M)
TaK WM MHA4Y€ BETBUTCI, — TO JHU Of-
HO3HauyHast GYHKIUS CTAHOBUTCSH MHOTIO-
3HAYHOMW, TO JIK MEHSIETCS YMCJIO BETBEW,
TO JIK BOZHUKAET XaocC.

HJIH ONpPECACICHHOCTH MOXHO HMMETb B BHIOY BO3-

HMKHOBEHHE CMEXHBIX GOpPM paBHOBECHS Y LIaPHHAPHO- f %

3aKPETUIEHHOTO CTEPXHS B Clydae YBEJIMYEHUST ITPO- 2
NONbHOK Harpysku A (1. 1.4), rme UCXOOHOE Hyneoe 2
pasHosecue HE 3aBUCUT OT A, a IPU A > A, MOSBJIAIOT- 5

CSl CAHMMETPUYHLIE HEeHyJiesre (DOPMBI PABHOBECHS, UTO
T

YCJIOBHO MOXHO M300pa3uth Kak 3 - Takum o6pa-

30M, HYJIEBOE pellieHHe CTOUT Ha MeCTe, U OT Tpe3yOua
OCTaIOTCH TOJAbKO YCHI.

9.1.1. Cumyauuio G(0, A) = 0 npumen 3a Kanonuueckyio, u A, nasoeem
moukoii oupyprxayuu, ecau aiobomy € > 0 omeevaem

e —6 A +e),

npu komopom ypasnenue (9.1) umeem xoms 6l 00Ho Henynesoe peulenue
6 wape ||z|| < e.

3axauM ¢ napeiiyromyM OTHO3HAYHBIM pelicHUEM m*(/\) IoMe-
LAIOTCS «B PAMKW» MEPEXOIOM K YPaBHEHMIO

G(m*(A) +z,A) =0.
[on (9.1) nanee noxpasyMeBaetcs MO0 ypaBHEHHE B R", nu6o
G(z,A) =z — A(z, ), (9:2)

rie A: F xR - F — pBrojiHe HENpepLIBHLIN omepaTop, 4TO MO3-
BOJIRET TIPUMEHATL Meopuio épauienus, HeCMOTps Ha 6GeCKOHEYHYIO
pazMepHOCTDb NpocTpaHcrsa F.
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B ToM ciiyuae, Kora nuHeiiHoe npubmkenne ) Gylz(A), A |z
HEBBIPOXIIEHO, otobpaxenue G(z, A,) B Touke T(A,) sBaAseTcst 10~
Kkanvrbim eomeomoppuzmom. CooTBeTcTBeHHO (meopema 2.4.1) — B He-
KOTOpOU OKpecTHOCTU (Z(A,), A,) CYLIECTBYET ¥ eIMHCTBEHHO peliie-
nue z(A) ypaBHenus (9.1). ITostomy, ¢ yuetom G(0,A) =0,

mo4koil bugypxayuu moxcem Gbimb Auwb maxoe A, npu Ko-

mopom onepamop Gy (0, A,) sviporcden 2,

O0partHoe, pa3yMeercst, HEBEPHO. BHIpoxXneHue G’x (0, ,\0) HeoOs13aTe)b-
HO BJieUeT 3a coGoit Gudypkanuio. OnqHako Jidrepom Gbuia TIpemioxe-
Ha Hekas PelENTypa OTLICKAHUS KPUTHMYECKUX HArpy3oK Ha OCHOBE
nepexona ot (9.2) k MMHeap¥30BaHHOMY YpaBHEHMIO, KOTOPasi OCHO-
BbIBadach KakK pa3 Ha BBIDOXIECHUM JIMHEHHOHW MOAEIM M BHE TO-
TIOJIOTHYECKUX PAMOK BHIDIAJENA TyMaHHO, NMPUYEM [IO0JITOE BpeMs,
HECMOTPA Ha MHOTOYMC/ICHHBIE TOMBLITKA, HE Noddasasrachk 0o60CHO-
paHuIo. B pamkax meopuu epawjenus NpaBoMepHOCTb Memoda Jiinepa
YCTaHABIUBAETCH TPUBUATLHO 3), CM. Janee.

HakoHern, BepHeMCS K caMOMY NOHATHUIO Ougypxayuu. TepMuH
HEOMHO3HAYeH, W BCTpEYaeTcst B pa3Hbix Momupukapmsx. laHHoe
BbILIIe OIPENe/ICHUE OPUEHTUPYETCS Ha U3MEHEHME YMCIa pPelICHUIA.
OnHako urpath pojib MOXET M KauecTBo peuieHus. [Ipu sToM Bo3-
MOXHBI cIopripu3sl. CKaxeM, B CUCTEME

z = G(z, A)
yeToiuuBLii GoKye MOXeT nedopMuUpOBaThCI B — HEYCTOWYMBBIIA,
6€3 BO3HUKHOBEHUS B OKPECTHOCTU JOMOIHUTEILHBIX 0COGEHHOCTE,

. A poacTseHHBIE, Bpoae Obl, YCTOWYMBLIE paB-

HOBECHSI MOTYT HE TIEPEBOIMTLCS IPYr B Apyra 0e3 aHOMajbHBIX
BUIOM3MEHEHUA, cM. pasnensl 6.7, 9.3. Ho 1i0ka ocTaHOBUMCS Ha GU-
dypkauMax, OCHOBAaHHBIX UCKJIIOUUTENBHO Ha BETBJIEHUM DEIIEHUH.

h B Npeanono)eHnH J0CTATOUHOR raakocth G,
2 B cayuae (9.2) BripoxneHHEIM 06a3au Guith oneparop I — A (0, A,).
R Kpacroceavckuii M. A. // YMH. 1957. 12, Buim. 1.
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9.2. NMpuHUMN CMeHbl MHAEeKCa

Joriyctum, z(A) — omHO3HauyHast BeTBb M30JMPOBAHHBIX Hyneﬁ4)

BexTOpHOTrO Nosist G(z, A), u 2y — o6/nacTb, He comepXaias qpyrux
HyJieit kpome z(A). Torma ro meopeme 3.4.5

5)

1. €. nedpopmanus 1o A € [y, ¥] He MeHsieT Bpamenus ~’ Ha () H, Kak
CNENCTBHE, UHIEKCA

ind [G(z, A), z(A)]. (9.3)

MMoaTomy, ecii MHIeKE (9.3) MEHSETCsl B HEKOTOPOH TOUKE A, TO 3TO
2apanmupo6ano Touka GUGYPKaIUH.

CxazaHHoe TpeGYET YTOUHEHHs, TIOTOMY YTO HE CHO, 33 KaKuM
PYKaBOM BETBJAECHMS Hamo CAEIWTh, ( . Y 3mecw
z(A)

yno6HO Kak pa3 BBemeHHoe Bbnie HpexnonoxeHue G(0, A) = 0, nipu
KOTOpOM OflHa W3 BETBE — HNPOCTO TOYKa (HYJEBOE pPaBHOBECHE).

4 To ectb 2(A) Npu KAXIOM GUKCHPOBAKHOM A SBIRCTCS WIONMPOBAKHLIM HYACM BEKTOP-
Horo nons G(z, A).

5) HenpephiBHocTs AeopMawHi £, IETK0 LOCTHIACTCH [IEPEXOIOM K AehopMaliy mapHKa
B, CQ,.
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B sTom ciyyae A, HazoBEM mouKoii cmerb: undexca, eCii CylECTBYIOT
CXONSILLMECH K A, ITOCIEN0BaTEIbHOCTH

e — Ay, vgp — A, npu k— oo,
TaKHE€ YTO
ind [G(z, pg), 0] # ind [G(z, v;),0] 1pu Bcex k.

9.2.1. Teopema. Bcaxas mouka cmeHbl UHOEKCA AGAAEMCS MOMKOL
bugyprayuuy.

<« PasyMmeercsl, UMeeT CMbBICT FOBOPHUTb JIHIIb 00 U30JUPOBAHHOM Hyneﬁ)
z(A,) = 0. Ho Torza MoXHO cuMTarh, 4To

ind [G(z, ), 0] # ind [G(z, A,), 0] npu Beex k. (9.4)

B 3TOM cilydae B J0CTATOYHO MalblX iuapax ||z|| < € ypasHeHue G(z, A,) =0
HE MMeeT HeHy/eBhIX pemeHuil. Ho B cuty HenpepsiBHOCTH ) G(Z, A) mpu nocTa-
TouHO Gonbiumx k mois G(x, ) GYLYyT HeBbIpOXIeHHI Ha rpaHuue ||zl = €, u,
¢ yuetoM (9.4), ypasuenust G(z, yx) = 0 06:3aHb MMETh HEHYJIEBbIE PEILIEHTS. b

TloHsTHO, 0OpaTHOE HeoOGs3aTeILHO, HO K 1. 9.2.1 MoxHO moba-
BUTD: 8 CUMYAUUAX «00uieco noaoxceHus» mouxu oupypkayuy a8A210mes
mouKamMu CMeHbl UHOeKCa.

Ha npakTuKe yaliie Bcero cueHapuit 6MQpypKaliMoHHON MyTaliuu
3aKJIIOYAETCS B BBIPOXICHUH G'I,(O, A) «Ha ONHO MIHOBEHME», T. €.
JIMLLIB B TOYKE A = A, cJieBa ¥ ClIpaBa OT KOTOPO#H orieparop G;(O, A)
HEBBIPOXKIECH X UMEET Pa3HbIE MHIEKCHI 8, Hpyrumu ciioamu, B GOJb-
HIWHCTBE CJy4aeB MHAEKCHI 110 Pa3Hble CTOPOHBI OT TOYKH OUypKa-
LMK paBHH 1 ¥ BEIYUCASIOTCS 110 JIMHEHHOMY HPUOIUKEHHIO.

o !
B Touke cMeHbl HHIEKCaA JIMHEHHOTo oneparopa G (0, A) momx-
! o o
HO NPOUCXONMTH BhIpOXKIeHHe (G, HEYeTHOM anrebpauyeckoit Kpar-

6 Hnaue cpasy acHO, 4To A, — TouKa OH(ypKaLHH.
) Iubo nonHo# HEIpPEpLIBHOCTH BeKTOPHOTo nons (9.2), ecin 3aiaya paccMaTpHBaeTCs
B (OYHKIUMOHATBHOM MPOCTPAHCTBE.
%) Pazubie 3naxu JETEPMHHAHTA, €CIIM CIOXET pa3shBaercs B R” (1. 3.5.7), au6o, B cyyae
1. 7.4.10, uncio BerecTBeHHBIX COGCTBEHHBIX 3HAYEHHH (C Y4eTOM KpaTHOCTElH) OrepaTopa

(9,'2)’
A, (0, A), GOABUIMX eAMHHLIBI, — C/IEBA W CIIPaBa OT A, AOJLKHO GbITh PasHbIM.

T
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HOCTH 9). HpOCTO TIOTOMY, YTO JIMKBUIAIIUST BECUHIECTBEHHBIX OTpHLiA-

TEJNLHBIX COGCTBEHMBIX 3HAUYEHUM MApaMyu — He HPUBOIUT K H3Me-
HEHMIO HHIEKCca 10), «[TdpHOE MCUYE3HOBEHHE» MOXET IPOMCXOLUTH B
ripouecce nedopMandui Mo A paciuenieHHeM KpaTHBIX OTPULaTe/lb-
HbIX COGCTBEHHbIX 3HaUEHUH Ha KOMIUIEKCHO-CONpPSIKeHHble (C BO3-
MOXHBIM, HO HeoBGf3aTeIbHbIM yXOIOM B TIPaBYIO TIONYIUTOCKOCTh B

pesysibTaTe lepecedyerHnsi MHUMOM OCH B TOUKax Fiw) o 7

Ho xoTst 66l OlHa TpaeKTOPHUS IBMKEHHUS OTPULIATENLHOIO COGCTBEH-
HOTrO 3Ha4YeHMsT BIPaBO NOJDKHA, Pa3 YK MHAEKC MEHSETCS, MPOATH
yepes HyJIb KOMILIEKCHON TIOCKOCTH.

IMosTomy o kpatHocTu BhipoxaeHus Gy (0, A) B cutyanusx o6-
IIEro THOJIOKEHUS MOXHO CYIMTh O Hanuuuu Oudypkanuu. B srom
pycne NpeacTaBIsieT HHTEPEC COBCEM IMPOCTOM — HO ITOKPLIBAIOIMI
Maccy YMPWIOXEHUA — pe3yibTar:

9.2.2. Teopema KpacHocenbckoro. IIycmb 6 cayuae (9.2) npouseod-
nan Az (0, ) umeem aud

A3(0, A) = AB, (9.5)

-1 . .
u A, — cobcmeennoe 3nauenue newemnoll KpamHocmu Auneiino2o one-
pamopa B. Toeda A, — mouxa 6ugyprayuu ypasuenus

T=A(z, ). <

Pazymeercst, oGoiiTuch Teopemoii 9.2.2 He Bcerma yaaetcs. Pam-
ki (9.5) Moryr okasaTbCst TECHBI, M TOra NPUXONUTCS BBISICHATS,

9 Mo MOBOJly PA3HHUIILI MEXAY AreBpanyecKoit ¥ reOMeTPHIECKOit KpATHOCTLIO cM, [4, T, 3.
1% Mockonbky numexe auueitnoro oneparopa Gy (mm. 3.5.7, 7.4.10)

ind(G%, 0) = sign det G, = (—l)ﬂ,

e 8 — 4MCAO BELECTBEHHBIX DTPULATENbHBIX COBCTBEHHBIX 3HAYEHH Gy,



9.3. Mepectporiku azosoro noprpera 181

He BO3BpallaeTcs U coOCTBeHHOe 3HaueHHe y Ay(0, \) obparo,
KOCHYBIIHKCH HY/IA U He Iepecekad MHUMYIO ock. He rosops o cutya-
1usx, rae Az (0, ) BHIpOXIAeTCs, Hauunas ¢ Ay, ¥ 1ajiee HEOBXOMMMO
MMETD JI€J10 JTU60 C UCXOMHBIM HETMHEIHBIM BApUAHTOM 3aJa4yu, JTUO0
¢ ee MpUOIMKEHUEM, HO YXE HEJIUHEHHBIM.

Pa3Gop MOJIETOB B 3a1a4€ O CMEX-
HbIX (POpMax paBHOBECUS IAPHUPHO-
3aKPEIUIEHHOTO CTEPXHA (CM. pasiel
1.4) — ectb B [10].

9.3. NMepecTpoiiku pa3oBorc noprperta

MeraMmopdo3bl, MPOUCXOAALINE C CUCTeMOI, MOryT OblTb CBSI3aHbI
HE TOJBKO C BETBJIEHUEM <«IIOJIOXKEHUH paBHOBECHS», HO U C Kaye-
CTBCHHbIMU M3MEHEHMSIMU MHOro copta. PoxneHue aBTOKOJIeGaHUI,
«[IePePOXIEHIE» IKCTPEMATIbHBIX TOYeK (pasmen 6.5), HaKOHel, pas-
JIMYHBIE MepecTpOoiiku (Ha30BBIX MOPTPeTOB AMHAMUYECKUX CHUCTEM.
Bo Bcex TakHx ciydasx cKaukKooOpa3HOro M3MEHeHUS CBOHCTB 00b-
eKTa TaKXe MPUHITO FOBOPUTH 0 OUpypKalHsX.

PaccmoTpyM TpaHCPOPMAIIMH HYJIEBOTrO PABHOBECHST CUCTEMbI

&= f(z,A), (9.6)

[PY YCJIOBHH YTO U3MeHEeHHEe CKaIIPHOIO MapaMeTpa A HE BEIET K I0-
ABJIEHUIO B OKPECTHOCTHU HYJIS IPYTUX MOJOXEHUH PaBHOBECUS.

Hndexcy pasHosecus cuctembl &= f(£) MOXHO GbUTO Obl MPUITH-

cate 3HayeHue ind (f,0), HO mpaBwibHO: |ind (—f, 0) |, u6o OHbIA
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eCTeCTBEHHO NPUBA3bIBATh K MHIeKCY Noyis & — Uy(z), rne Uy — orme-
parop caBura mo TpaekTopuam (9.6), u t mocrarouno Mand. A npu
Manbix £ > 0 nonsa z — Uy(z) u —f(z) - { HeNMPOTUBOMOJIOKHO Ha-
npasierbt B ety )

z—Uiz) = —f(z) -t + o(t),
1 noToMy unaekcehl £ — Uy(z) u — f(z) omvHAKOBBI.

9.3.1. Teopema. Hndexc acumnmomutecku YCMOUYUBO20 PABHOBECUA
(9.6) pasen
ind (I — U, 0) =ind (—f,0) =1, (9.7)

2de Uy — onepamop cdeuza no mpaexmopusim (9.6).

< Acumnmomunecicu ycmoituueoe pasrosecue =° ¢ R* seasemcs [15] pasnomepno
acuUMAMOMUMecKy YCModuugbiM, T. €, CYIIECTBYET OKpecTHocTb ) TOukM T*, Takas
yto UF(Q) = {2*} npu k = 00. Ho Torma ¢ yuerom meopems: Epaydepa (. 5.6.1)
ind (I — Uy, 0) = 1. Ipu atom ¢ > 0 — mo6oe 2

[Hupoko pacnpoctpaHeHo 3abmyxaenue, uto (9.7) MMeeT MecTo

) 13

W [UIS1 YCTOMUMBOTO MONOXeHUs paBHoBecya ). B R u Ha IiockocT
2 . .

R* 3710 meiicTBuTe/bHO Tak. Ho B 6AMBIIMX PasMEpPHOCTAX MHTYMLMA

CTAJIKUBACTCA C HCOXKMNIAHHOCTBIO.

9.3.2. Teopema. B R® undexc ycmoiiugozo paenosecus T* moxcem
Gbimb Ar06Gom ucrom u3 ..., —1,0,1, a6 R", n > 4, — a06bm yeavin
u3 7.

1 2
< Jlyerb 2° =0, n ©, D ©, D ... — MNOCNENOBATENbHOCTE BIOXEHHBIX IPYT
B IPYTa lapoe ¢ P pyuKami, TUaAMeTPbl KOTOPBIX CTPEMSITCS K HY/TIO, M BCE @;‘; cofiepXKar
Touxy z*. [Tycrb f"(m) — ToJle BHEUHUX HopManei M; . ITockonbKy BpaimeHus

1%, 65) =1(fF, M)

He 3aBHCAT or k M paBHbl | — p (TeopeMa 5.7.2), — BpameHHe COOTBETCTBYIOLIErO
10J1%t HAa KaX/OM «IIapOBOM CJIOE C P pyyKaMu» @;‘; \ @ZH paBHO HY/IO, 1 TTOTOMY

) Y10 rionywaeTcs TIEPEHOCOM CATaCMBIX B Ui(z) =z + f(z)t +o(t).

) Camé £ — Ui(z) cnyxur TOMOTONHENR MEXIY OrepaTtopaMH C PasHBIMM 3HAUECHMAMH i,
HeBuipoxaennocTs cienyer us Uy(z) — £* npu £ = oo,

13) bes TpeGoBatusl 06si3aTeIbHON CXOOMMOCTH TPAaeKTOPHil K PABHOBECHIO H3 JOCTATOYHO

Manoil OKPECTHOCTH.
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MOXeT GBITh NMPOJO/LKEHO Ha «CIIOH» HeBBIPOXIEHHO (TeopeMa 4.5.1). B pesyisrare
NOJlyYaeTCsl HEBBIPOXIEHHOE TpofokeHue f(z) Ha G)", \ {0}. Ilpu atom sicHo, uto
HYJIEBOE PaBHOBECHE CHCTEMBL

&= —f(z) (9.8)

y k
YCTOMYMBO, TOTOMY UTO TPAEKTOPHHM HE MOTYT TIOKUIaTh O, TOCKOIBKY Ha TpaHULe
ckopoctd — f () HanpaeieHH BHyTpb. HakoHew (cM. Hayamo pasziena), MHAGKC HYI
cucreMst (9.8) ecrs uHaeke ind (f(z), 0) =1 — p.

B GénplIMX pa3sMEpPHOCTAX CHCTEMa C YCTOMYMBBIM DPABHOBECHEM, HMEKLINM
moboit uHAEKC U3 Z, CTPOMTCS aHAJOTMYHO Ha 6a3e TeopeMHl 5.7.2. »

9.4. fedopmaunun ¢ orpaHUHEeHUs MU

U3 teopeMbl 9.3.1 cnemyet, UTO pasHoBecue 2apanmupoBano He A64d-
emes acumnmomumecku ycmoiuusoim, ecau ind (I — U, 0) # 1. Dro
ronesHblilt kpurepuii. Ho cayyait ind (I — Uz, 0) = | B HekoTopom
poZe TMOKPBIT MPAKOM, TIOCKOJIbKY JOIMYCKAeT «4TO YrOmHO», KaK I10-
Ka3bIBaeT MpUMeEp U3 pasidena 6.7, rae aCUMOTOTUUECKH YCTONUUBast

-1 OJ 14)
Z HEBBIPOXAEHO ~ He(OpMHUpYETCS B CHUCTE-

CHCTEMaA T = l: 0—1

. 10 o _
My &= | |, BCe pelleHs KOTopoii (3a ucxnouennem z(t) = 0)

yXomAT B OECKOHEUHOCTb, 2 MHAECKC B 000UX cayvasix paBeH 1.

OmHako cyXeHue Kiacca OONYCTUMbIX medopMaluii crnocobHO
B TOUHOCTY OUEPTHTh I'PAHULYY TYPBHIIEBOCTH, KaK yXXKe& OTMEUajoCh
B pasmene 6.7. Ho kmace CT (eMm. 1. 6.7.1), nedopMauuu B KOTO-
POM COXPaHAIOT T'YPBHUIIEBOCTb, HE COBCEM YIOOEH C TOUYKU 3pEHHUS
KOHTpoJIS Ipouecca. BOT mpyroil perienT, ocHOBaHHBIA Ha riepexomne
oT MaTpuil A pasmepa 1 X n K MaTpuuaM A* pasmepa n? x n’:

AA=T@oA+AT®1I, (9.9)

rie ® o003HAYACT KPoHeKeposo npoussedenue. POKYC COCTOUT B TOM,
uro [4, . 3]: cobemeennsie snauenun A* ucuepnviearomes KomOUHAUUAMU
A+ Aj cobcmeennbix sHaweHull A\p camoi mampuypbt A. VI 510 fenaet
OUEBUIHBIM CJIEIYIOIUI (PaKT.

Y To ecTb 663 nosBREHUS HEHYJICBBIX NOJIOXKEHHH paBHOBECHSI,
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9.4.1. Teopema. Mampuya A zypsuuesa 8 momm cayuae, kozda 2yp-
uyesa mampuya A”.

Bonee Toro, ecid MHOXECTBY E Bcex MaTpHil 1 X 71 IOCTABUTH B
COOTBETCTBUE MHOXeCTBO E™ MaTpyiL BHAA (9.9), To BHOJIHE SICHO, UTO
HegwiponcOennsie B E* nedopMani COXpaHsIOT HEM3MEHHBIM UMCIIO
COGCTBEHHBIX 3HAYEHWI MATpUIIbl Kak B JieBoM mojyriockoctd C,

., 15
TaK U B NpaBoii - ). [MoatoMmy:

9.4.2. Teopema. Mampuybvt A u B o6e 00HO8peMeHHO 2ypauyessl Uau
Hezypsuuesbl 8 momm cayyae, kozda cywecmsyem degopmauus om A
Kk B, Hesvipoxcdennas 1) ¢ B*,

[TonyuaeTca coBceM mnpoctoil Kputepuit. Hedopmauun H (-,t)
B E conocrapnsetcs nedopmarma H™(-,t) B E*, u nago «Bcero
JIULLIB» CEONTh 32 YCIOBUEM

det H*(-, ) # 0.

Hepbipoxnennsie nedopMarmu B E* oka3biBaloTcsi, TaAKUM 00pa-
30M, JOCTATOYHO TOHKUM WHCTPYMEHTOM 17), MO3BOJSIIONUM He TOJb-
Ko KiaccudUUUPOBATh YCTOHUMBbLIE U pa3HOOOpasHO HEYCTOWNUMBbLIE
JUHCHHBIC CUCTEMBI, HO M Pa300paThcs, CKaXeM, C HEBBIPOXIEHHbI-
MU KpumuHeckumu moykamu, He pasmeliss WX BCero Ha OBa Kiacca,
KaK 3TO MPOMUCXOJUT MPU UCIONb30BaHUU AechopMalUil B UCXOTHOM
npoctpancTLe. KOHeuHO, Bbixox B E* ¢BA3aH ¢ yBEMUEHUEM pa3Mep-
HOCTH, HO TYT PAaCCUMUTBIBaTh Ha OECIIATHBINA CbIp HET OCHOBaHMIL.

YMeCTHO BEepHYTbCA K pas3ineny 8.6 M HallOMHHTb, YTO MaHEBp
nepexoma oT A k Matpuue A cBA3aH C NMEpeXoIOM OT MCXOITHOM
CHCTeMbl £ = AT K MaTpUYHON cHucTeMe

H=HA" + AH, (9.10)

%) o TNIpUUHHE, KOTOpas yKassiBaiach B 1. 6.7. Heswpoxuentaa nedopmauus B B uckmo-
YaeT BO3MOXKHOCTh HAJIMYHS B CTIEKTPE YUCTO MHUMBIX COOCTBEHHBIX 3HAUCHH +iWw, U TOTOMY
HE MOXET NepPeBECTH COBCTBEHHBIE 3HAYCHUS U3 JIEBOM MONYIIOCKOCTH B NIPaBYIO, U HA0GOPOT.

') Ecnu H nedopmaius, To mMatpuua H* (., 1) HeBHIPOXICHA NPH MOGOM t.

) C 6onee BricOKHX 3Taxeil 3anaun BBINIAAT TpotLe, M, riasy 9 B [4, T.6].
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KakoBasg OTHOBPEMEHHO ¢ & = AX aCUMITOTHYECKH YCTOHUMBA
WIH HeycTOWYMBa, MpuueM onepamop cdeuza no mpaeimopusm (9.10)
nonoxcumener u monomoneH. Y1 Torma teopemsl 9.4.1, 9.4.2 nmoayyaior
HOBO¢ 000OCHOBaHME C YU€TOM COOOpaxXeHUH MOJyyHOopsiAOUEeHHOCTH.
IMocnemuue coctodaT B «0000LIeHUW» Teopembl 8.10.9, B koTopoit
yC10BHE BHEIMATOHAKBHOM MOHOTOHHOCTM HYXXHO JIMLIb IS TOTO,
4yTOOBI OTIEpaTOp caABUra 66U MOHOTOHEH, ITo3TOMY COOTBETCTBYIO LM
pPE3YJIBTAT MOXET 3ByYaTh TaK:

9.4.3. Teopema. Eciu onepamop cosuza no mpaekmopusm
= S(z, A), zeRY,

npu A06oM QUKCUPOBAHHOM A MOHOMOHEH, MO CBOIUCMBO ACUMNMOMU-
YeCKOll YCMOUMUBOCMU DPABHOBECUS COXPAHAEMC NPU HeBbIPONCOEHHOU
dehopmayuu S(zx, A).

[Mogbem u3 R™ x MaTpuuHBIM ypaBHeHHSM — c 3ddeKToM
HCTIOb30BaHUA UIeH MONyyIopsaaIoueHHOCTH — BO3MOXKEH U B HEJU-
HeliHbIX BapHaHTax. HanpuMmep, or & = f(z, t) mo cxeme

H(z) = 227, H=zf"z,t)+ f(z,t)zT < F(H, 1),

TpY YCJOBMM YTO ONeEpaTop cABMra mo tpaekropuam H = F(H,t)
MOHOTOHEH I10 KOHYCY MOJIOXUTENBHO OMpPEIeJeHHbIX MAaTPHUILL.

®oxkyc (9.9) paGoraer u B IpYroM KoHTekcre, [TonHHOM
PpA) = A"+ G A+ e A+ ag

npencrapim B Bufe det (A — AI), roe A conpososcdaroman mampuya [4, 1. 3],

o . . . 0 —a]

o . .0 —a,

A 101 0 . 0 -—a
0 . . 1 0 —Qp-2
0 . . 0 1 —a]

Ho torza MHorouseH g(z), UMelolUi KOpHAMH BCe CYMMBI ITap KOpHeli MHOTou/IeHa
p(2), MoxHo 3amucats B popMe ¢(z) = det (4* — AI). B pesynsrare (. 8.1.2): das
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eypauyesocmu muozounena p(z) Heobxodumo u docmamouHo, wmobsl Ko3duyuenmob:
MHO2041eHO08
det(4—AI) u det(4"—Al)

bbLau cmpoco NOAOHCUMENbHYL,

9.5. MHoronapameTpu4yeckue 3agayu

BHd)ypKauI/IOHHbIB MOTHUBb! YCJIOXHAIOTCA, KOrma B CUCTEME MCHA-
IOTCA Cpa3y HECKOJIbKO IIapaMETpoOB. HarnsmHon HUnoCTpannio mact

npecioByTas kamacmpogha c6opku, PeACTaRIIIOmAs MHOXECTBO KpU-
THUYECKHUX TOUEK MOTEeHIIHMAJIA

1 1
(,0(:12,/\1,/\2) = Z(E4+ 5/\25122—{-/\122, (9.11)
T. €. COBOKYIHOCTb TOUEK (T, Aj, A7), YIOBIETBOPSIOIINX YPaBHEHHIO
G = + M + A} = 0. (9.12)

Kamacmpogha cobopxu BCIUIbIBaeT Kaxmbid pa3 TIpH YIOMHHAHWUHA
TEOpUH Katactpod no Tpoctoit mpuuuHe. [lpH ABYX, KaK roBOpST,
ynpaB/IsIOIMX apaMerpax A, A, — HET «<HUYEro JpYTroro» CTpyKTyp-
HO YCTOMUMBOro, 3a UCKIIOUEHUEM elle Kamacmpoghv: ckAadKu
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KOTOpas TakKe OTHOCHTCSA K CHCTEMaM C JByMs ITapaMeTpaMH, XOTS
BTOPOH TlapaMeTp HeMoit %) Kak Tonbko VITPABIAIONINK TTAPAMETPOB
CTAaHOBUTCS TPU U OOJIbIIE — CHUTYaL s BHIXOIHUT U3-110 BU3YAJILHOTO
KOHTPOJIsl, IOTOMY YTO XOTS Obl €lle OAHUM NMapaMeTpOM ITPHXOTUTCS
OMUCHIBATL COCTOSHUE CUCTEMBI ).

Ocoboro BHMMaHUA B JaHHOM KOHTEKCTE 3aCHyXWBAET CHPYK-
mypras ycmoimueocms [18], o KoTopoit yxe rosopuiaoch B [4, T. 7],
U 3[ech He XoTeJoch Obl TOBTOPAThbCS. Ho GpocHTh elie OAMH KaMeHb

B TOT X€ OropoJA CTOUT IMOTOMY, YTO CTPYKTYpHAasi HeyCTOHYUBOCTh

MoTeHManoB ¢(z) = ' u

1 1
plz,d) = ; zt + 5 Aoz’ (9.13)

Ha (oHE CTPYKTYpHOIt ycroitamBoct (9.11) — 4Yacto BhI3bIBAeT He-
JIOYyMEHHNE, TIPOUCXONALIEe U3 HEXeJIaHWsI BHUKaTh B ONPEAC/ICHUE.

8.5.1. Onpeodeaenue. Cemeiicmea gynxyuii (x, A), ¥(z, A), m.e.
0,V R*"xR 2R,

axeusanenmubl 6 Hyne, ecru (T, A) = p[z(z, A), p(A)] + €(X), 20e £(A) — 2nadkoe
omotpancenue, () — ouggeomopuim, z(x, X) — cemeiicmeo duppeomopduzmos.

Heycroitunsocts (9.13) npossasercs
crneaylomyM obpasoM. Kputnyeckue toy- z z
KN @(Z, A;) ONpEeNSIOTCs ypaBHEHHEM \I \L
4 Az = 0, e mpexncrasisior coboit >
A A, ::)’ A,

18 .
) B 2 + pz + A or wieHa BT MOXHO M30aBMTHLCS 3aMEHON CHCTEMbl KOOPAHHAT, KAKOBas!
BXOIMT B PEECTpP NONYCTHMBIX 3KBHBAJICHTHOCTEH C TOYKH 3PEHHST CTPYKTYPHON yCTOWYHBOCTH.

o0benuHeHMe NpssMoi T = 0 u napabosnbt
i+ =0 (pucyHok cnesa). Ipaduk Bo3-
MYLUEHHOTO YPAaBHEHUS T + Ay + £ = 0

Q
) KoHeYHO, MOXHO PHCOBAaTb Pa3IUYHbIE TPEXMEPHBIC CPE3bl MHOMOMEPHBIX KaTacTpod,
ST+ Azi 4+ Az =0
7+ M2+ Az AT = (nacmourcun xaocm),
6 4 3
¥+ Mzt + Az + Azt Az =0 (6abouxa),

zf + )\szf + )\41:‘,1 + )\31:? + )\zzf + Az =0 (6ueeam),

TNoC HeGoNblnas cepHs ombuaudeckux kamacmpogy [18]. Ho 3TH «Cpesbl», Hamo NPH3HATh,
BU3YaJILHOM SICHOCTH He noGaBJISIIOT, a TO U 3alyThIBAIOT.
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. . 20
(pMCYHOK CIpaBa) UMeeT APYrod TOMOMOTHUECKU It THIT )
MaLMOHHOM OTHOHIEHMH OH KaKYIO-TO 4acThb HACENCHUS MOXeT ycTpanBaTh. ONHaKo
(opMaibHOE ompenencHue 9.5.1 Takux 3KCLEcCOB HE JIONMYCKaeT.

, XOTH B YUCTO allIIpOKCH-

CeMeiicTBO ke moBepxHocTedl (9.12) ykiambiBaeTcss B TNPOKPYCTOBO JIOXKe
onpeneneHus 9.5.1, MOCKOABKY JIMHEHHbIe WIEHb! M KOHCTaHThl «I1EraJiu30BaHbl»,
a OT KBa/JpaTHYeCKUX — MOXHO M30aBUThLCH 3aMeHOHM nepeMeHHbIX. [ToaroMy BO3-
MYIIEHUS CTeMeHH < 3 ¢ TOUHOCTBIO 0 «3KBUBAJIEHTHOCTH» MEHSIOT UMb Mapa-
Metpbl (9.12). Yto KacaeTcss BO3MYINEHHMH CTElleHH > 3, TO OHM He WUIPAIOT POJH,
MOTOMY 4TO B H@HHOM cjiy4ae HEé MOTYT U3MEHMTb TOIMOJOIHIO MTOBEPXHOCTH, HO 3TO
VYCTaHABJIUBAETCH YK€ HeTPUBUAIbHBIM 00pa3oM.

BepHeMcsa K OudypkanuaMm. Me-
HS 3HAauYeHWs MapaMeTpoB {Aj, Az}
cucteMsl (9.12) BIomb KpuBoit A(T) =
= {/\1(7), /\2(7')} , TIOJy4aeM OIHO-
MapaMeTpPUIECKYIO aedopMalnio

oz, 7) = ¢ (2, Ai(7), Ma(7)),

B pe3yJisTare KOTOpPOi MOTYT IpPOHC-
XOIUTh CKAYKU MMCTEPE3UCHOrO THUIIA.

Takoro copra «ipaMaTH4ecKue MPeoOpakeHUs», XapaKTepU3YIOLIue
CHCTEMY B LEJIOM, Ha (hoHE 0OBEMHOrO MPOCMOTPaA CUTYyal MU CTaHO-
BsiTCa Goyiee 3pMMbl M OHATHBI. Korma BUIHBI OKPECTHOCTH OIHOIIA-
paMeTPpUYECKOH nechopMalivi BAOIAb KPUBOM

A(r) = {\i(1), Ma(7)},

KapTHHA IPOSICHSAETCI 3a CYET JONOTHUTEIBHOIO 0030pa.

PaccMoTpeHHbie B MpeIbIAyLIHX Pasae/iax 3a1a4d 0 KPUTHYECKUX
3HAYEHHSIX NapaMeTpa COOTBETCTBYIOT IMPOXOXKIEHHUIO KPUBOA

{2(r), \i(7), Ma(7) } (9.14)

yepe3 TOYKy S. A B JaHHOM ciiyyae, TIpu 6oJlee IMUPOKOi TaHOpaMe,
BHUIHO, Kak Oudypkalusg 3aBUCUT OT BhiOOpa TyTH (9.14). Ho nmeno

20 HapymeHa CBSI3BHOCTb, HCUYEITO CAMOIMEPECEUEHHUE.
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HE TONbKO B 3TOM. BH3yanbHble OeKOpamiMM BOKPYr KaracTpodbl
cOOpKM BaxXKHBI TaKXKe Kak oOpasel, MOKa3bIBAIOLIWI, YTO MOXET
CTOSITh 33 KaIpOM M3MECHEHUs OJHOIO IapaMerpa.

O upukiaaanoit poau teopun karactpoth. Tocmon u Cmroapm [18]
MTUIIYT, YTO IPOHUKHOBEHHE TEOPHU KaTacTpod B TePMOIMHAMH-
Ky DIpOM3Bejo Oonblie TeIlia, YyeM CBeTa, — He PUCKysl CKasaTb
«HM TeIl1a, HU CBETAa», YTO MHOTHE MoAAepxKanu Obl. [omxaepxkanu Obl,
MOCKONbKY TexHHUUYecKoi nmomoumu or TK He BUAHO. la, ypasuernue
Ban-dep-Baaasca B 1Ba cuera CBOAUTCHA K ONMMCAHUIO Kamacmpogb:
cbopku, HO (DU3UKe OT ITOFO HU XOJOAHO HU XapKo. KOHeYHO, CTOJ-
MUBIIHECS BOKPYT (huiocotbl FOBOPSIT MHOTO HHTEPECHOTO O (a30BbIX
Mepexonax, Ho BCE 3TO HE BIMChIBaeTCAd B YyTWIMTapHOe pycio. U To-
rma GU3MKHU 3agBIAIOT, YTO He ObLIO ciydvas, korda 6bl TK npuHecna
MPaKTUYECKYIO MOJb3Y. OHO, KOHEYHO, TaK U €CTh, HO BCE XK€ HE Tak.
He Taxk B TOM cMbICiIe, YTO aKLUEHT AeJaeTCd HEeNPaBWIbLHO.

Xopolag TeopUs, KaK XOpOIIUI TOmapoK, He JOIXHA HMEThb
YTHJIUTAPHON I1eHHOCTU. BBbICh U BrIyOb, — BOT UTO MOALEPXKUBa-
€T U yIepXuBaeT IparMaTuky, T.e. [lomHeOeCHYI0 BMeCTe CO Bceil
PYTHMHOW W HayYHBIMHU JUCUMIUIMHAMH. YTWIMTApHBIM IIOTOKaM He-
00XOMUMBI paMKH, OIIOPa, — W 3TO IIaBHOE, XOTd He cpa3y Opocaercs
B I1asa. A Korga 0030p MOJHOCThIO 3aMbIKaeTcd B OBEIUECTBIEHHON!
yacTu BceneHHOI, HayKa, Kak M BOOOULIE XKU3Hb, CBOAUTCS K TpedO-
BaHUIO «xjIeha U 3pevli» U TepseT CMbICI,

Teopus xaracTpod MPUBUBACT ONPEACICHHBIA CTWIb MBILLUIEHNUS,
U B 3TOM ee posb. CTWIb Xe maeT pe3yabIaThl He TIPAMO, a OIo-
cpenopaHHo, [loaToMy McKaTh TLIOObI paHblie BpEMEHU HepasyMHO.
He crout maxe nyMmats 0 Hux. Curiosity has its own reason for exist-
ing, — NHUcan Jiunumerin.

9.6. UTtepaunoHHbie NpPoLECChI

Korma aynutopusi BHUMaTelbHa U OnaroxenarelibHa, TaM pasyMHO
He Tiepern6artb nanky. HemoroBapuBad, HemoolleHWBas, He HacTau-
Basi, — YTO CTpaTernyeckd onTUManbHO. Korma xe y ciyiiareneit Her
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HHTEpeca, BILUIOTh M0 TOUIHOTHI, TaM JHOIYCTUMO MEPEOLICHUTD, 3aiTH
¢ HCOXWIAHHOH CTOpPOHBI, Aaxe MpuBparb. Ho oTToxeHHas peak-
Mg MIpU 3TOM, KaK MpaBUIo, HeraTuBHad. Ilie xe, Mo, obOenaHHbIe
yyneca. C 4eM-TO nMoJOGHBIM CTOJIKHYJIACh Ha ONMpeAeIeHHOM 3Talle
Teopus KatacTpod. B MeHblilel cTeneHn Te Xe IMpodJIeMbl BO3HHKA-
IOT U B TEOpHUH xaoca. [lepBoHauaibHOE BOOMYIIIEBIEHUE CMEHSETCS
pa3ouapoBaHHMEM, a MPUUYMHA 3aKJII04aeTcd He B OTCYTCTBUU SKOOBI
00€eIaHHbIX Pe3yJILTATOB, & B HEONPAaBIAHHbBIX OXUIAHUSIX.

CKaxeM, 0 CUX IOp TpH OOBICHEHWH Tepexoaa K TUHAMUYe-
CKOMY XaoCy 00bIYHO TEpeCKa3biBaeTCsa KaccuUuecKas padora Pelicen-
1
6ayma2 ), OCHOBaHHas IJTaBHbIM 00pa30oM Ha aHaJIN3e OJHOMEPHOro

HUTEPALLMOHHOrO 1mpolgecca

Tygl = f(Zm, A)

B MpOCTeilieM BapHaHTe:

Y

Tmi1 = ATy (1 — o). (9.15)

Yurareab, BOCIPUHAMAsA MOAEIb KaK UIPYILIEYHYI0, OObIYHO O1a-
roIapeH 3a MOsSICHCHUS Ha Majblax, HO XIET Mepexoia K U3JIOKEHHIO
teopuu. M craHOBHTCS Ha mbIObl, Korma obIuye pe3yabrarst (myply-
AEHMHOCMb, aMmMpaicmopsl) HAUMHAIOT W3/IaraThCs JIUILIb 10 aHAJOTHU
co csolictBamut (9.15), ueM rpewnt cam Peiicenbaym. Hano npusnart,
yuTaTeb OTYacTH npaB. Ho Tonbko oTyactu.

J1eJI0 B TOM, UTO HAYKy éneped 08U2aI0M UCKAOHUMEAbHO UZDYIEHHbIE
3adauu. B nomb3y 31Oro Tesuca paboTAIOT MHOTOYMC/IEHHbIE TIPUMEpPDI
[3]. HatoMHWM oxvH TipviMep — dwiammep-3(germ, TPUBOIUBLUNIA

20 Feigenbaum M.J. Universal Behavior in Nonlinear Systems // Los Alamos Science. 1980.
Ne 1. 1. P.4-27. Tlepesox: YOH. 1983. 141 (smin. 2). C. 343-374.
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B TPUALIATBIC TOMIBI MPOLUJIOTO CTOJETUS K HEOOBICHUMbIM KaracTpo-
damM B aspauun. Ilpupozma sgpieHus ObUIa COBEpPLUEHHO HE SICHA.
OngHakKo B MOMBITKax pa3oOpaTbCst HUKOMY B TOJIOBY HE IPULUIO HC-
clienoBaTh OOTeKaHME Ta3OBLIM IMOTOKOM (lo3ensxka WM XOTd Obl
Kpbula camojieTa. Basimd mpocTeffulyio yOIpyro 3akperuieHHYIO IUla-
CTUHKY B Ta30BOM IOTOKE, 3alMCAIM YPaBHEHHS H AOJTO NMpodoBaIU
U OLIMBANUCh, TTOKA He «IodMan» 3¢hdexT.

[ToTroM, KOHEYHO, ObUIN 3KCIIEPUMEHTHI B a3pOIHaMUYeCKUX Tpybax,
HO MMHM~-3aJa4a ¢ NMPSMOYTOJIbHOM TJIaCTUHKOMN Chirpajia pellarolylo
pOJIb, BCKPBIB CYTh IBJICHHUS U €r0 3aKOHOMEPHOCTH.

AHAJIOTMYHYIO POJIb MO OTHOLIEHHIO K CIOXHBIM JHHAMHYECKAM
cucreMaM urpaer monesds (9.15). Kak HU Besvka IPONAcTb MEXIY
HUMU Ha NEepBBIYA B3I,

B aByx cioBax CyTb neia Takopa. Mrtepauuu (9.15) ectb &y =
= f(2m-1), t1€ 2) f(z) = Az(1 — ), 4TO PaBHOCHIBHO

Tm = f",), =10 0).
m pa3s

IMpu atom fm(m) — TOJMHOMBI Bo3pacTalomeit crenenu 2™, oro6-
23
paxatouine B ceOs otpesok [0, 1], u naxe [e, 1 — €], npu ycioruu )

AE(0,4—¢).

2) 3aprcHUMOcTb OF A He ¢durypupyer B o6o3nayennn f(z), yrobs He pAGWIO B Ia3ax.
Tpy HEOGXOMUMOCTH «HATTIOMHHUTH M TTONYEPKHYTh» UCTIONB3YETCS MHIEKE, f).

3 Cyxenue noss 3pesus 10 [€, 1 — €] yno6Ho ¢ ToukM 3peHus U36aBieHNs OT MELUAMLLEH,
B HEKOTOPBIX OTHOLICHUSIX, HYJ1E€BOM TOYKH.
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TMootoMmy Bece f™(r) obg3anm umeTh Ha oTpeske [, 1 — ] xora 6bl
OIHY HENOABUXHYIO TOUKY NMpy veioBuu 2 < A < 4 — ¢, [Ipu srom
v f(z) nenogeuxnas Touka z° = f(z*) Ha [e, | — €] Tonbko onHa.

A npu A, 61u3kux K 2, u y BceX f(Z) HET IPYTMX HEMONBUXHBIX
Touyek, Kpome z°. Ho mo Mepe yBeqMueHMS A HACTYIIAET MOMEHT
A = A,, IpPM MNPOXOXIECHUU KOTOPOTO MNPOUCXOOUT Gudypkauus,
ny fiz) = f(f(z)) nosensioTcs eme nBe HEMONBMXHBIE TOYKH T,
T35, He COBNANAIOLIUE C nonoxceHuem pagHosecus ' . [Ipy 5ToM ACHO:

f=]) = a3, f(@3) =z, HEE

YTO O3HAUAET BO3HMKHOBEHMe LMKia I’y mepuona 2, npuueMm ], T,

ABASIOTCS HEMOABMXHBIMU TOYKaMu BeexX hyHKmi f npu m = I ,
j € N. 3areM HacTynaeT MOMEHT, B KOTOPOM NpOucXomut Oucyp-
KallUg POKACHUS HEEbIPONCOCHHO20 UUKAQ 24) T4, u 1. 0. XapakrepHas
0cOOEHHOCTH NpoLecca — MOCASIOBATEILHOES POXIEHHE LIUKIOB I'yj
B OKPECTHOCTH Touek Oudypkamuu A = /\].. Ipn sTOM poXneHue
KaXIOT0 HOBOTO LIMKJIA, COIIPOBOXAAEMOE VABOCHHUEM IepHOa, pas3-
pywiaeT npensiaymue (B CMbICIE MOTEPU YCTOMYHBOCTH), HOBBIH Xe
LIMKJT MOABIAETCS HA CBET YCTOUUUBLIM,

ITocnenosaTenbHOCTD TOUEK OUdyYpKaLU

e

ALA, . A

]‘5

4
2 )Heabzpomcaennbm yuraom U'p JIMHE P HA3BIBAIOT TPAEKTOPHUIO Z1,...,Tp U3 MOMapHO
HECOBMAJaIoLMX TOYEK, YIOBNETBOPsOmY0 (9 15) u ycnosuio T = Zy.
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CXONUTCS K HEKOTOPOMY OHQYpPKailMOHHOMY 3HAUEHHIO A_, MPH KO-
2

TOPOM HACTYMAET Xaoc 3, Hsobpaxatouras Touka (9.15) Meuertcs

IO UTPOBOMY HIOJIO, «HE HAXONSA MOKOS».

QDelizenbaym 3aMeTHN CTAOUITH3ALIAIO

/\n - /\n—l
0, = ——— — 0=4,669...,
/\n+1 - /\n
U B HEKOTOPOM poAe HACTOsJ, YTO KOHCTaHTa 0 HE MeHSETCA B «1UH-
pPOKOM» IMAMAa30He BApbUPOBAHUS DPYHKIIUHU f(:z;) B IIpolLiecce

Tm+1 = f(zm)
6)

«3pUTE/NILHBIA 3aJ1» BOCIIPUHSI SBJICHHE KakK CHOTCLIMBATEIBHOE ° ,
M 3TO MOPAIKOM OXHUBWIO MHTEPEC K UTEPALMOHHDBIM [TPOLIECCaM, YTO
JIMIHHAKA pa3 MOKa3bIBAeT JOMHUHHUPYIOIIEE BJUSHHE BTOPOCTENIEHHBIX
¢akTopoB Ha penyrauuo. [IaBHBIA (eHOMEH B 3TOH UCTOPHUU BCe-
TaKd — IEPEXOJl K XaoCy yepe3 yNBOeHUe NepUoIoB KoueOaHHil.

9.7. Wepapxums unknos

HWmMess HaMepeHMe pacIpOCTpaHUTb, NO HEKOTOpOH CTeneHH, (Ppuiao-
coHI0 yABOEHHs LHMKIOB Ha MHOTOMEpHBI ciydail (pasaen 9.8),
33AePXKUMCS Ha ONHOMEPHOH Moaesid, 100 B Hell — HaMmek.

QDelizenbaym BMeCTE CO CBOUMH HpelI]J_[eCTBCHHPIKaMI/I27) KOH-
LEHTPUPOBAICS B OCHOBHOM Ha YIBOESHHM MepHoNoB. JlajbHEHLIHe
HCCNIeJOBAHUA CMECTIIN aKLIEHTHI, BHIIBUHYB Ha aBaHCLIEHY Uepapxuio
yurnoe Ilapxoseckozo, BOKpYr KOTOpOH 3aKpyTUJIach Liejlasg Kapycesb
pabot. LleHTpaibHbIil pe3ynsraT 3ech COCTOUT B cleaywomeM. Ecau
B UTEPaLUOHHOM MPOLECCe Tm+1 = f(ZTm) U3 CYLIECTBOBAHUA LIUK-
Jda T'p cnenyer cymecrBoanue I'g, muwyr p > ¢, aubo I'p > Ty,

2 "
5) Houstue dunasuneckozo xaoca HOCHT, BOOGILE roBOPS, PACIIILIBYATHIN XapakTep, CM. pa3-

nen 9.10.

%) Henbast ckasats, 9To axr HENpaBUIbLHEIH, HO apTYMEHTALMA B MOJB3Y — HECKOJIBKO
pa3MasaHa, XOTs 3TO He TaK BAXHO, ubo (dapBaTep B cTOPOHE,

7 Cm, 0630pHYI0 crateio: Misiurewicz M. Remarks on Sharkovsky’s Theorem // Amer. Math.
Monthly. 1997. 104. Ne9.
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Lllaproscicuii yCTaHOBWI ODIIYIO 3aKOHOMEPHOCTD;
3>5>7>=9>11»>...
2:3>2-5»>2-7>2-9%2-11> ...
2235225227229 2% 11 > ... (9.16)

U, SN, L N

34ech B nepBoil CTPOKE B MOpPSAKE BO3PACTAHUS MIYT BCE HEYETHBIE
ypcia, KpoMme 1, Jajee cieayeT neppas CTpoKa, YMHOXKEHHAas Ha 2,
sarem na 22, 2° n .o Hakownell, nocienHsas CTpOKa COCTOUT U3 CTE-
neHeid NBOHWKM B MopsiaKe YObIBAHUS BIUIOTH A0 2P =1.

Tak yTO NpH ynopsinodenuu (9.16) HaTypanbHOro psina U3 p > q
U CyIeCTBOBanUsA HKKIa I'y crenyer cymectBoBanue nukia I'y. Kpo-
Me Toro, no meopeme Illaproscioeo (1964) wist m0GOro P MOXHO
yKasath yHUMonanbhyio yukiuio f : [0, 1] — [0, 1], y koTopoii ecTb
unki I'y, HO OTCYTCTBYIOT LMKJIBI TIEPHONOB ¢ > P, YTO JIETKO yCTa-
HABJIIMBAETCA BBHIOOPOM MOAXOAAIIEH KyCOUHO-TUHEHHOW (PYHKIIHNH.

Takum oGpasoM, B ciyuae (9.15) npu YBETHIEHHH A €CTECTBEHHO
OXMAATh MOCIEIOBATEILHOTO MOABIEHUS LIUKJIOB NepHoaa 2% U nanee
BIUIOTH 1O HEKOTOPOTO MakKCHMalbHOro B cMbicie (9.16) sHaveHuUs.
Mpu A = 1 + 2v2 3nech BO3HUKAET NOMHHHUDYIOLIMII Hal BCEMH
uuki I's.

HUcxonHoe nokazatennCTBO meopems: lllaproeckoeo OBUTO CIOX-
HBIM, HO MOCTENIEHHO CTaJla BHIPUCOBLIBATBCSA OTHOCUTEIBHO MPOCTas
KapTiHa. YCTAHOBMM JUISi WJLTIOCTPAllMM YaCTHHIA pe3y/bTar.
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9.7.1. Teopema. U3 cywecmeosanus yuxaa I's 8 cucmeme

Tmt1 = [(ZTm),

2de f R — R npouszeonsnas nenpepvignas @ynxuus, caedyem cywecm-
606anue yukos 'y awboeo neproda %),

Munu-nogrotoBka. B mpoiiecce paccyxaeHU# nepeq rfiasaMu ro-

JICBHO MMETBh IrCOMETPHYCCKYIO KapDTUHKY 29).

(9.17)

Cermentsl A M B na (9.17), ¢ KOHIEBBIMY TOUKaMu u3 I3, obia-
IAI0T, KakK JIETKO IPOBEPUTS, CIEAYIOIINMHU cBolicTBaMu: obpa3 f(A)

HakpeiBaeT B — nuiem A i) B, a f(B) nakpeiBaeT u 4, u B, 1.¢e.
f(B) > A, f(B) > B. Takum o6pasom ",

A%4B BL4 BLB (9.18)

™) Makr 9.7.1 Hepenxo npumceBaior Ju u Hopre (Li and Yorke) (1975), wacruuHo
nepeotTKphiBILuM Llapkosckozo MHOTO JIET CITYCTS1.

) oGm0 pasHOCOpa3HTh BapUaHThi HAYMHATH HAO HE C (DyHKLUMH, a C LIMKIIA, U TIOTOM YXe
uepe3 TpH TO4KH Tpoeonuts rpaduk f(z). dns uukios supa (9.17) BO3MOXHA yHUMONANbHAS

dynkiusi. B ciyuae T'; tuma , rpaduk f(T) HeM36EXHO UIBUBACTCA.

3
0) Ecnu 3-uMKJI yCTpoeH NO-IpyroMy, NepeoGO3HAYeHHE CETMEHTOB, KOHLIAMHM KOTOPBIX
cayXar To4kd T'3, CBOIUT CHTYaLHIO K (9.18).
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9.7.2. Fcau ompesok [« B] npu omobpancenuu f nakpoieaem cebs, mo
v [ na [a, B] cywecmeyem nenodsuxcnan mouka’) z* = f(z).

J,
3aMeTuM, 4To B ciiyyae A - B cerMeHT A Bcerza MOXHO YXaTb
no cermenta A C A, HakpelBalolIero B B TOUHOCTH, HHAYE TOBOPS

1
YTO 3aMACHIBaEM Kak A = B.

[TosTomy nmobyio Lenouky

SN N SR

MOXHO cAeJ1aTh TOYHOH,

R N A | P
S = h=2J =3 Jpe 3 Ty,

! !
3aMeHss nocienosaredbho Ji, ... J,y Ha Jy C Jy, ... Jp_y C Jp_1,
HO TOJIBKO B 0OpaTHOM MOpsIKe:

o) = T F(Tha) = Toryee, f(5) = 1.

AHAJIOTUYHBIA TPIOK MOXHO TMpOOEIaTh ¢ 3aMKHYTON LIENbIO

30 Teopema Bpayspa Hanpsmyio He paGoTaeT, oco6eHHO ecu KOHII [a, §] yxonsT 3a npene-
an |, 8] B onxy ctopony. Ho sri6upas Ha [a, ] Touku @, b Tak, atobm f(a) = a, f(b) =3,
umeemM

fle)—a <O ) -0,

otkyma f(z) —z = 0 wis HEKOTOpPOro & Mexuy ¢ u b.
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B pe3yJIibTaTe 4Yero NoJydYuTcAa 3aMKHyTad «IMMOYTU» TOYHAaAg UECITb

A s
J=3hHh == J, > J.

9.7.3. A nockonvky
JC I = f"(J),

R '
m.e. J| = J|, mo f" umeem 6 J| nenodsuxcuyro mouxy ", Kaxosas

« 32
asmomamuvecKyy oKasbieaemcs 1 -UYUKAUHCCKOU )

4 Joxasameavcmgo meopemw 9.7.1. CymwecTBoBaHHe 1-UMKNa (HEMOABHXHOM

Touku f) ciepyer us B EN (m.9.7.2), a 2-umukna — u3 4 L B N (n.9.7.3),
NPUYEM B HEBBIPOXIEHHOCTH 3TOro 2-UUKNA JieTKo yGeautnes. Janee. [ moGoro
P> 3 B cwy (9.18) cnpasemuinBo

VSN : N I
p— 1 pa3

4=

oTKyHa (1. 9.7.3) ciieayeT CyleCTBOBAHHUE P-UHKIA

' €A, f(z')€B,..., " (z') € B, f"(z*) =z" € 4, (9.19)
HEBBIPOXIEHHOCTb KOTOPOTO BHITEKAET M3 ClieAyIOIUX coobpaxeHuil. KouueBbie
Toukn B 11ocie Tpex U Goyiee wtepauuit Baosib Uenouku B L B —f) .4 B

YXOJAT 3a npefiesist B, u MoToMy He MOTYT BxoguTh B uuki (9.19). CrenoBareibHo,
z* B (9.19) yexcur suyrpu 4, a f¥(z*) ¢int Anpu 1 <k < p— 1. A Tomko fP(z*)
cHOBa nomnanaet B int 4. [Toatomy z* WMeeT nepuon p. »

9.8. MHoromepHbIiA cueHapuit

HUrpyiieyHas Mojeiib (9.15) BbI3bIBAET €CTECTBEHHbBIE aCCOLMALIAU
C pealnbHbIMH JUHAMHUUECKUMHU CHUCTeMaMH. TeM He MeHee OObIUHbIE
paccyxaeHus o TypOyJeHTHOCTH ¢ SKHBOKAMH B CTOPOHY OIHOMEp-
HOTO GIYXIAHWUSA Tmt1 = AZm(l — Tp) BBIVISAAAT HECEPBE3HO.

32 .
) Xorst He ueKmoueH TPUBHAIBHBIH BAPHAHT 2° = f(Z*), 4TO HEBO3MOXHO, ec/IM B 3aMKHY-

TOM LIeTH CYILECTBYET XOTA Obl OJIHA Mapa CEIMEHTOB ¢ HellepeceKaloIMMHUCS BHYTPEHHOCTAMH,
a KOHLIEBEIE TOYKH Jj, He MOTYT GbITh HEMOIBEDKHBIMU MNf f MO TOM MM MHOH MpHYHHE,
HanpumMep, ecii KOHLEBbIE TOUKY Jy ipuHamiexar I'y, a n ¥ p B3aMMHO MpOCTbL
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XoT#, Hajo NpPHU3Hath, <«T€OPETHUYECKHE BbIBOJALI C MPUKIAAHLIM YKIOHOM»
MOUTH BCETla ONMUPAIOTC Ha TEOPeMHO HeoOecnedyeHHYIo aprymenTaumio ). Ou-
3UYECKHE TIPO3PEHHS TIPOUCTEKAIOT M3 JOralokK. A J0ragkKd BO3HHKAOT Ha Gase
HE OTHOCAIIMXCA K [ETy TEOPEM, BHI3BIBAIOLIMX MOOOUYHBINH pE30HAHC.

Tax wiu uHave, HO omHOMepHas Oesnenyluka (9.15) usnesa-
TENLCKU MHOTO3HAUUTeIbHa, [IpH 9TOM CTpaHHO, YTO «HCCIIENOBAHUS
BOKpYI», MOPOAUBILUME LEJIble HAYYHBIC AUCLUUATLIAHLI 34), HE BBIXO-~
AT B oOLIEM-TO B MHOTOMEDPHHIE TIPOCTPAHCTBA, YTOOBI XOThL KaK~TO
nojiepxarth usMbiienus Kocmuueckoro tonka. Beixon B 6anaxoBo
[IPOCTPAHCTBO F MO3BOMSET OCYIIECTBUTL MeopUs 8paueHUs 6eKmop-
HbIX nonel.

[anee paccMaTpuBaeTcs fUHAMUUECKas CUCTeMa

Tmt+1 = f/\(mm)s (9'20)

I€ CKaJIAPHBIA MapaMeTp A MEHAETCA B HEKOTOPOM Axarnasone [a, 3],
a BekTOp Z npuHamtexar R" wiu maxe z € E, HO Toraa Mpeino-
JaraeTcs JOMONHHTEIBHO noaHas HenpepbieHocmb onepatopa fi(z).
Cuuraercs, uro fy npeobpasyer B ceGs orpaHHYeHHYIO 00JacTh )
npu moboM A € [a, ], 3amMbikande @ roMeoMopdHO lapy, U nose
I — f) HeBbIpoXaeHO Ha §). HakoHell, HEeMogBIKHAsA TOUKA T Ore-
paropa f)(z) enMHCTBeHHA B ) ONMATH-TAaKU MPH JIOGOM A.

s obHapyxeHdss UUKNOB I'p Halo pacCMaTpUBAaTh BEKTOPHbIE
noasa I — ff , HYJIM KOTOPBIX (HEMONBUXHbIE TOUKH f;(’ )s

&, A, FRE) ... 17 @), (9.21)

o0pa3yioT LMK [epUofa P, CPEeNd KOTOpBIX BCEra eCTh LHKI
crosieit Ha Mecte Toukd Ty = f\(Z)), M BO3MOXHBI MONLHMKIBI
nepuosa ¢ B ciyyae COCTaBHOro p = sq. Yto xacaerca uukios I'y, To
OHH I10 OINPEAEICHHIO HEBBIPOXIEHDI, T. €. BCe TOUKH (9.21) pasnudHsl.

33
) Crowur YIOMSHYTh 3HAMEHUTYH) HCTOPHIO OTKPBITHS OMEra-MHHYyC 6apu0Ha, npeacKasan-

HOrO fean-ManHom Ha OCHOBe TyMaHHOM aHanorvu. McTopus Kparko ONMCaHa W MPOKOMMEH-
THpOBaHa B [3].

34
) Cumsoaunecran dunamura, KomMGuHamMopras ouHamuka.
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9.8.1. [lo meopeme 7.7.3 unoexcor ecex Henodsusicnbix mouex (9.21),
35
04151 Ka#C002o KOHKpemrno2o £, — 0OUHAKOEb! ), m. e.

ind(I — f2,€) = ind(I — f7, fa()) = ... = ind(I — £2, F77'(¢)).
(9.22)

®akT 9.8.1, npebpiBaBlUUit B 00IMKE HUKUEMHOTO UHCTPYMEH-
Ta, B JAHHOM KOHTEKCTE MIDAET MEPBOCTENEHHOE 3HaueHue. [To-
3TOMY 31€Ch CTOUT Ha MHT 3a7epXaThcs. BaxHo o6paruTh BHUMa-
Hue, uto (9.22) ypasruBaeT uHaeKCH Touek (9.21) mpu omHOM U
Tom xe p. Ho unnexcnt ind(I — f¥,€) u ind(I — ffp, &) MoryT ObITH
pa3TNYHBL

9.8.2. Onpepenenne. Cucmemy (9.20) Hazoeem HOpmaabHoli, ecau ona
npu ni0bom A He umeem pasuvix yukaog I'y 00nozo nepuoda p u ne ume-
em YuKn06 ¢ Hynegbim monosoeuueckum undexcom (9.22), a o6 undexcax
HenodsuxCcHbix mouek Tp(A) onepamopoe ff\’ 6He mouex Ougypkayuu
MONCHO CYOUmb no AUHelHbIM RPUORUNCEHUAM MOOLU & MAAbIX OKpecm -
Hocmsax Tp(A), m.e. no sHakam demepmunanmos 36)

1= (£ ).

B onpenenennu 9.8.2 cobpaHbl (PUIBTPH THIHYHOCTH CHCTEMBI.
XoTs, KOHEYHO, KakK IlocMoTpeTh. Ho 1iar B oMyT MHOIOMEpHO-
CTH Jajlee HaCTOJBKO PUCKOBAH, UTO VKa3aHHBIE MpegOCTOPOXHOCTH
HE BBINVISLAST Ype3MepHBIMU. Jla ¥ He MUHAMU3a1[ i TpeOoBaHU celi-
4ac CTOWUT Ha ouepend. [TpobieMa — B LIEHTPAILHOM MeXaHU3Me.

(9.23)

9.8.3. Teopema. B yKka3auHbIX 6blle NPeOnONON’CEHUAX HOPMAAbHAA
cucmema (9.20) mooxcem umems yukav. I'p moavko nepuodos p = 2k,
k=0,1,2,..., npuuem npu arobom gurcuposanHom A

T > > Ty =Ty > 1, (9.24)

) Hyau (9.21) nonst ¢ — ff(a:), caMo coBOI, MPENNOIaralTcs U30JIMPOBaHHBIMH,

36
)leymwm C/I0BAMM, MHIEKCHL IO pa3Hble CTOPOHBI OT TOYKH OudypKanudu pasHbl +1,
M HE TaK JIETKO yKa3arsb 3aaqM, rae 6bl MHIEKCHl ObUIM JPYTrMMH.
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U ecau 8 cucmeme CYWeCmayem KOHeYHOe YUCAO YUKAO8, MmO CIapUwiii —
!

¢ cmbicne (9.24) — yuka Ty umeem undexc +1, a undexco ecex ezo

noodyuxaoe pasHst —1.

4 [lockoneky f,, pdBHO KaK u BCE ff\’, otoGpaxator ! B cebsl, To (. 3.6.2
nmoc 1. 4.4.4)

7(I_ff,g'z)—_—1, p=12,....

COOTBeTCTBEHHO, 110 meopeme 5.1.1 00 anzebpauneckom wucae nyaeil, B CUI1Yy €IHH-
CTBEHHOCTH pasHosecus € (X) (HEMONBHXHOI ToukH omepatopa fy), nuaexc ' (A)
BAOJb BETBH OCTAa€TCs PaBHBIM +1,

zt(A) @
ind (I = fy, zy) =+1. ®

o Jlanee HEoOGXOAMMO paccMarpHBaTh BeKTopHble ronas I — ff\’ . MHoxecTBO

7
HEMOABMXHEBIX TOUEK OMeparopa fi CONEPKHT ik >

T, ¥ Bce ero noauuKIibi,
BKJIIOYAst TPUBHAIBHBIH ' = {z*(/\)} Takum oGpaszoM, y ff POBHO TPH HEIOABHX-~
Heie TOYKM: onHa z'(A) u gse u3 T,. [Mpuuem y napn 3 I'; MHAEKCH NOKHBL

cosnanats (11.9.8.1), a 8 cuny y(I ~ f2, ) = 1 u HEOGXOAUMOCTH
I -, = ind (I-fi, z;) (meopema 5.1.1)
i
BBIXOJL M3 IIOJIOXKEHUs] €AMHCTBEHHDINH: ¥ 'y MHAEKCH no +1, a y HeNnogBMXHOH
TOYKY f), HO YXE KaK HEMOJABHXHOH TOUKH ff, HMHIEKC MeHsieTca ¢ +1 Ha -1,

U Toraa, kak u tpedyercs, +1+1—1 = +1. BusyansHo OHdypKaLmOHHOE BETBIEHHE
[IPOMCXOJUT TakK:

z - fi(z) =0.

o ¥ ff — 4YeTwIpe HemoABMXKHBIE TOUKM: onHa z'(A) M Tpu u3 I3, npuuem
y Bcex u3 I'y UHJeKcbl OKHBI ObITh paBHBI MO0 +1 auGo —1. Ho Torna He ynaertcs
VIOBAETBOPUTDL meopeme 00 areebpauyeckom uucae wyrell ¢ yuetoM (I — f,\3 R Q) =1.
Llukn I's HeBo3aMoxeH. [10 aHanTOrMuHON NMPUUYMHE OTCEUBAIOTCS BCE LIMKJIBI 32 MC-
KJIIOYEHHEM LMKIOB I'yp .

7
) 3nementn TPAEKTOPHH.
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13
e Creuncduka oTobpaxeHus ff 3aKJTIOYEHa B TOM, YTO €T0 MHOXECTBO HEIo-
JOBUKHBIX TOYEK BKITIOYAET NEMEHTHI TPASKTOPHIA BCEX LIMKIIOB

Ty,oo s Tg, To, Ty,

W €CNU 9MeMEHTH [',x MMEIoT MHOEKC -+1, @8 MHASKCH €ro NoauMKiIoB —1, To 3To
€IMHCTBEHHO BO3MOXHBIM 06pa3oM MOMAEPKUBAET BPallleHUe Ha IPaHMLIE )

42F 2 2 =L
HarnpuMep, BETBASHHE PelleHWI YPaBHEHHUs
4
- fi(z)=0

€CTECTBCHHO NPONCXOINT CIACRYIOILUM 06pa30M,

W nocjie BTopoil 6ubypKaLMy BKITIOUAET YE€THIPE TOYKU HEBBIPOXKAEHHOIO LMKAa I'y
HHAEKca -+1 M TP Touku uHaekca —1 — mopumxinos I'; u Iy, uto obecneunBaeT
‘-

HeoGxonumyto cyMMy nHnexcos y(I — fy, §2) = +1.

o TeopeMa, pasyMeeTcst, HE YTBEPXKIAET CYNIECTBOBaHMe LMKIOB [, HO 10-
MycKaeT TONbKO mepuofbl p = 2%, npuuem ecin B cucTeMe mossnserca Iy, npu
M3MEHEHHMH A, TO TapaHTHPYETCA HAUIMYHE BCSX MIAMINKX, B CMBICHE YIIOPSNOYSHHO-
ctv (9.24), nukinoB. »

Peaynrwrar 9.8.3 pnepxurcsa Ha meopeme 00 ancebpaudeckom Huc-
ae Hysei (r1.5.1.1) ¥ OOIMHAKOBOCTH MHEEKCOB JioGoro iukia (9.21)
(11.9.8.1). OrnipeneneHHYIO poJib UIPAET U MPEANONOXEHHE O HOPMAJIb-
HOCTH cHCTEMBI 9.8.2, XOTS TYT KOe-4TO MOXHO yOpaTrh ¢ HeOOJIbILIMMHU
norepssmu. Teopema 9.8.3 nmocrtpanaia Ovl, HO HE PYXHYJIa, JaXe €CIIU
CHSITh OTpaHMYEHHE Ha KOJUYECTBO LIUKIIOB I') OMMHAKOBOIO repuo-
Jia p U 3arpeT Ha OOHyJieHWe UHIEKCOB. B cucreMe Toriaa MOIAM Okl

) Ya-sa OTPHUATENBHOCTY MHAEKCOB BCE MOMUMKIBI Dyp-1,...,[2,T') He moryr Guirh
ACHUMITTOTHYECKH YCTOMYMBEI,
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MMOSABUTHLCS ApPYrHe HUKIIBL, B TOM 4yHcae I';, HO OTpe30K Hepapxuu
(9.24) ocraics 6ul. C Toii pasHHIEH 4TO, CKAXEM, YHCIO LUKIOB I';
C UHaEeKCOM +1 BHIXOAMIO Obl Ha ONMH OObIlE, YeM C HHAEKCOM —1,
OCTaJIbHblE — C HYJEeBBIM MWHAEKCOM. TaK YTO MeXaHHU3M Y/ABOEHUS
LMKJIOB COXpaHSETCS 1 B MHOIOMEPHOM CLEHapUH, M BEIET K Xaocy
elBa J1 He TOH Xe joporoi. BMeliaTesCTBO LUKIIOB JAPYTUX NTEpPHO-
JIOB JTUOO HEBO3MOXHO, TUOO BTOPUYHO IO CBoeMY 3 heKTy.

9.9. 3arapgo4yHocTbh UMKNIOB TMNa I';

Luxiel 'y BO3HUKAIOT B Pe3y/ETare BETBJICHHUSI HEMOABHMXHEIX TO-

2k .
yek orneparopoB f- (£), — M 310 BGonee-MeHee CTAHNAPTHHIA THIl
6upypkaHoHHEIX MeTaMopho3. [1puBLIUHEIH U MOHATHBIA. Luki I'y
3
BO3HMKAET U3 HUOTKYIa 9), €CJIN BO3HUKAET.

TpH HETOABIKHHX TOYKM HeHyJeBoro muaexca omeparopa® f>(z) we mo-
ryT «BbipacT» M3 £ = f(£) — cymma muaekcos Gymer Henopxopsueit. Ocraercst
Bpole GL HEBEpOATHAA BO3MOXHOCT, KOTAA TPH HETONBUXHBIE TOuKM y f(z)
TIOSIBJIAIOTCS OZHOBPEMEHHO «C MoTonka». CHavana, pasyMeeTcs, MHACKC KaXIOMH
HETTOBBMXXHOM TOUKH HYJIEBOI, 2 TIOTOM 3TH TOUKH pa3iBalBaloTCs Ha TOUKH C Mpo-
THBOTIOJNIOXHKMHU MHASKCAMH, B PE3YJIETaTe 4YETO BO3HMKAIOT JBa YXKE CTPYKTYPHO
YCTONUMBBIX nukiaa I'3.

B CKAJIAPHOM CJIy4yac O3TO ITOXOXKE Ha TaKyio Iok-

3
z—f(z) 3
\\/\/\/ roHky rpacdmka & — f(z), 4ro6H Npu nedopMany Koc-
- - Y/
\ PR / HYTbCSA OCH abCLIMCC B TpeX TOYKaX CUMHXPOHHO, a TIOTOM

T yxe gpeiidoBaTth panbpllie BHUS3.

Cutyauus He BuIIAAUT TUNU4HOH. [loaTOMy Ha Oery aymaercs,
yro dherHomen I's — He Oosee yem marosords. Ho B omHOMepHEIX
MOAESIX-TO LUKIAbI 1’3 BO3HHUKAIOT 3aypsiHBIM 00pa3oM, peanusys
KaK pa3 CLeHapHil OJlHOBPEMEHHOIO MOSIBICHHS HYJEH BEKTOPHOIrO
MOJIs1, XOTS1 CUHXPOHU3allMENR 3aHUMATHCST BpOJie Obl «HEKOMY».

) To xe camoe MOKHO cKazaTb 0 uMKiax I'y npocThix nepHonos p.
40 [MapameTp A y fi MbI Onyckaem, 4To6bI HE 3arpoMOXaaTh 0630p.
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PaceMmoTpuMm IU1s1 WITIOCTPALIUKM CUCTEMY
Tgy1 = f(z) ¢ KycourHo-nuHeHHON GyHKIm-
et f(x), tme uMKI mepuona 3 BOT-BOT IMO-
SIBUTCSl — CTOMT NOIKIIIOUUTEL HEOOIBLIIYIO Ae-~
dopMalnp. 3arafoyHOCTh NPOSBISIETCA IIpHU
MOCTPOSHUHU TpapUKa TPOEKPATHOH KOMITO3U-

wnn f(z).

2
Ipadux f°(r) B maHHOM cirydae BBIIISIUT BIOJIHE HEBMHHO,
3
a BoT rpaduk f~(z) — HeoXMETAHHO, eCiH «Ha Gery».

Slapiku y = f7(z) KoHunKami (Geibie KpYXOHKH) CHHXPOHHO MpH-
GiukaroTes K NpsiMOit i = Z, Kak OyATO MMU YHpPaBisieT HEBUAUMAs
pyka. B OKPECTHOCTH MOJIOXEHHs PaBHOBeCHsl (UEpHbIH Kpyxkouek)
«HMYeTro He MPOMCXOIUT», HHAEKC OCTaeTCsl PaBHBIM 1.

dokyc, Ge3ycIOBHO, 3aKJIIOYeH B YCTPONCTBE KOMIIO3UIMH f 3(2:),
HO IPUPOIA SIBJIEHUsI A0 KOHLa Bce Xe He sicHa. OcoGeHHO cMYTHbIe
BreYaTJIEHHMs] BO3HUKAIOT B CBA3M ¢ uepapxueii (9.16). OGocHosakue,
KOHEYHO, MPOCTO M IMOHATHO, — HO OHO € TOrO XE 3Taxa, YTo
U Bornpoc. Torga kak xoreyxoch OBl — ¢ BEICOTBHI NTHYbEro nojiera. [ie
elle AUKUI NopsiokK (9.16) MOJAMEHSET aHapXHUIo?
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9.10. YcTOon4YMBOCTb U Xa0C

¥ ¥ 41)
Uuxn Ty = {z], 23, ..., Z,} B cucTeme

Tit = flzk)

. 42) ¢k
MBI Ha3bIBaeM YCmouuugsiM, eClii ) f(z) — z} npu k — oo mns
GAN3KMX K T], M HEycmoliMugbim — B IPOTUBHOM cllydae.

Takoe onpeneseHHe BbI3bIBACT €CTECTBEHHH accONMATHBHBIA OTKJIMK. XOTH
CTPOTO TOBOPS, 3eCh Hafo GbIIO OBl TOBOPUTb 00 aCUMITTOTHYECKOH YCTOHUYMBOCTH,
KaK O CXOAMMOCTH IUTIOC yCTOHYMBOCTH A3 — cM. pasznen 2.5.

Hrak, yemotinusocms NHKIIa XapaKTEPU3YETCs CIIEKTPATIbHBIM pa-
- 43)
JUYCOM p npouseodnoii Opewe (mampuypr Axobu)

(f2(2D), = fa(zh) .- falz}). (9.25)

Hst ycTORUMBOCTU 1IMKJIA J0cTaToyHOo p < 1; p > | Baeuer 3a coboit
HEYCTONYHUBOCTb.

Teopema 9.8.3, yTBepXIalomass OTPULATEILHOCTL HHIEKCOB BCeX
LMKIOB, KpoMe crapliero I'sx, TeM caMbIM rapaHTHpYeT HeycTOHYu-
BOCTb BCEX NOAUMKIOB I'pk-1, ..., Iy, I'|. V cTapiuero nukia tonouo-
rMYeCKHi UHAEKC paBeH + 1, HO 3To He obecneyrBaeT YCTOHUMBOCTH,
XOT U He ucKioyaer. [osToMy IS onpegeneHUust GUdYypKalMOHHBIX
3HaYeHUH A B oOlleM cydyae HAlIO CAeIUTDb 3a CMeHOU undexca y crap-
1iero unma44), a He 3a norepel ycroitunBoctu sk, YTO roguTcst aust
ONHOMEPHBIX MojeNeH.

UTo KacaeTcst LUMKJIIOB 32 npefenamu psiga (9.24), — KakoBble MOTYT BO3HHKATh
B CKAJISIPHOM CJTy4ae, a TaKke B MHOTOMEPHbIX BapuanTax Mozesu (9.20) npu ocnab-
NeHNUH TpeOOBAHMIA HOPMATEHOCTH CUCTEMBI, — TO OHHM BCETA BO3HUKAIOT C HYJIEBLIM

4
) Kak u paHee, nox I'y mompasyMeBaeTcs LMK eprHoma P 6e3 NOAUMKIOB.
) PagyMeercs1, BMECTO Z] MOXHO B3ATh JHOGYIO IPYTyIO TOUKY a.;
%) Crexrp marpub! (9.25) He 3aBHCHT OT NOPANKA COMHOXHMTENEH [4, T. 3].
“) To ecTb 32 cMeHOH 3HaKa nerepMuHanTa (9.23). [TosBAEHHE UHKIOB BCe GOMEE BLICOKOTO
nopsnka B Monesn {9.20) — neobszarebho. JUiA 3TOrO HAZO NENATh TC W MHBIE TPEANONO-
KEHHS 0 3aBHCHUMOCTH fi(Z) oT A.
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WHAEKCOM, T. €. HeycToiuuBbiIMU. M oT Maneii-
LIETO BO3MYLIEHUS TO JIM KCUYE3AIOT, «KaK yTpeH- G Y N i’
HMIl TyMaH», TO JIM Pa3iBauBaOTCA Ha LIMKIIBI j
C NPOTHBOTONIOXKHBIMH HHIAEKCAMH. : ,
|
|
L

ITosToMy M3 nABYX OJM3KHX LIMKIOB, CKaXeM
T';, onun o6g3aTebHO HEYCTONYMB, ApPYroit — -
MoxeT 6biTh. Ho eciu B ogHOMEpHOH Monenn
CYLIECTBYET KaKoii-Hubynb umki BHe (9.24), TO
BCE€ L(MKJIbI ’

N
RPN R —— ]

oy Ty, o Ty, To, T o—

HCYCTOﬁqHBbI, YEro BIIOJIHE XBATa<T JJid HaCTYIUICHHUA Xaoca.

IlocnenHee, KOHEYHO, Yepecuyp CHJIbBHO cka3ano. [loTtoMmy 4To
6e3ynpevyHoro onpeaeseH!s JeTEPMUHUPOBAHHOIO Xaoca B oGIIeM-To
HeT. BapHaHTHL KPYTATCSI OGBIYHO BOKPYT NepeMellinBaHus [4, 1.2, pas-
nent 7.1], pacXoaMMOCTH TPaeKTOPHIA, INIOTHOCTH OpOUT JInGo B0o061ie
OTCYTCTBUS YMCTO MEepUOAUYECKUX pewleHUH. Ho B kaxmoM Hampas-
JIECHMM HaxOHAATCSI CBOM NMOABOJHEIC KaMHU. Hanpumep, NoBBILLEHHAs
YyBCTBHUTEABLHOCTE K HayallbHBIM NaHHBIM HepPEeNKOo MPErNogHOCUTCS
KaK yBeJIMYEHHE C TeYEeHMEeM BPEeMEHU DacCTOSHUS MEXIY TOYKaMHU.
Jlerko cka3aTh, HO Kak CAeJiaTh, HMesl B BUAY 3aKPBITHIE CUCTEMBI?

9.10.1. Ecau f omobpaxcaem 6 ceds mempuueckuii komnakm C, u

Ve,yeC: p(f(z), f() = oz, y).

mo p(f(z), f(y)) = p(z, y), u Huxchuii npeden
lim p(z, f*(z)) =0
k—00

0a8 moboeo T € C.

Bribupast B xauectBe f oreparop casura U; npu Hekoropom t,
HMEEM TY XK€ ITOMEXY B HEMTPEPHIBHOM BpEMEHHU. BEIXO M3 [TOIOXEHHSI,
KOHEYHO, €CTh, HO BOJIOKHTZ — KaK «Ta Xe J00bYa pagus».
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MHoro3sHayHble nons
Anything you lack can be trained.

B rmaBe paccMaTpuBalOTCSt BOMPOCHI, CBA3aHHLIE
C Pa3peIiMMOCTLIO BKIIOYEHHIA

0€T(z) mbo =z € T(x).

B mepBoM ciyuae roBopsT O Hyae, BO BTODOM —
O HEenoOBUNCHOI MmouKe MHO203HOMHO20 GEKMOPHO20
noAsL.

10.1. NpUYMHbBI MHOFO3HAYHOCTTH

MHoOro3HayHele 0TOGPaXeHUsT BO3HMKAIOT BCAKMHA pa3, Korna GyHk-
LMK 3amalotes HesBHo. CKaxeMm, eciii

Q)((E, y) =0

onpeaensieT 3apucumocts y = T'(z) — B cmbicae ®(z, T(z)) =0, —
TO B O6LEM cilyyae HeT rapanThy, yro T'(z) omHosHauHas yHKuHS.
Ta e cUTyalus BOSHUKAET B CBA3U ¢ onTuMM3aiueil. Oneparop

T(z) = Arg m;x o(z, y),
KaK MpaBuJIo, MHOTO3HaYeH ). AHAJIOTMYHBI CLIEHAPHH B TEOPUHN UTP

[4, 7. 7] » apyrMx 3anadax, rae 3aBUCUMOCTU OCOBBIX COCTOSHUIA
OT NapaMeTPOB M3BJIEKAIOTCS U3 ONOCPE0BaHHbIX MOjIENEit.

1

) Ho JlaXe €CcIM OJHO3HAYEH, Ha 3ToM ObiBaer ynoGHee He (POKYCHpOBaThCcA, DOIYCKas
MHOTO3HaYHOCTb M NOJNY4asl TC K€ camble pe3ylbrarhl, — HanpUMep, ¢ HOMOIIbIO meopems
Kaxymanu Bymecto meopemor Bpayspa.
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. 2
MHoro3HauyeH cyb6dugpepenyuan ) dp(z), mupoko Mcnonbaye-
MBLi1 B BHIITYKJIOM aHaJIH3€, C TOMOILBLIO KOTOPOro MOJIoXeHHe MUHU-
Mymz T BBIIYKJIOH GYHKLIMK ((T) XapaKTepu3yeTcs yCIOBHeM

0 € dp(z"), (10.1)

T.¢. ' 06513aH GbITH Hy/leM MHOTO3HAYHOTO BEKTOPHOIO Moutst ().

Eme oaMH MCTOYHMK MHTepeca K MHOMO3HaYHbIM OObeKTaM —
IuhdepeH AT BHBIE BKIIKYEHUS

& € F(z,t), (10.2)

rie F(z,t) BO3HMKaeT OMATb-TAKU M3 PACCMOTPEHMS CUTYalMil, U3-
HaYaJlbHO OIMCHIBaeMbIX OOBIYHBIMHM (QYHKIUsAMA. CKakeM, HESIBHOE
JuddepeHIManbHOe YpaBHEHHE

fE@,z,t)=0
moxeT ObITh 3anmucaHo B Bune (10.2) ¢ onepatopom
F(z,t)={y: f(y,z,t) =0},
a mbdepeHIMAIbHOE HEPABEHCTBO
f@,z,t) >0
NMPUHUMAET BUJ (10.2), €CJIA MOJOXHUTD
Flz,t) = {y: f{y,2,2) > 0},

Ipoucxoxanenue (10.2) GuiBaer xpyrum. B cucmemax ¢ nepemennoi
CMpYKmMYpoii, HATpUMED, ABUXXEHUE BO3ZMOXHO 10 TPAEKTOPUSIM OJHOH
U3 JIBYX CHCTEM

&= f(z;0) mmbo &= f(z;1), (10.3)

YTO €CTECTBEHHO OIMUCHIBATH KakK
i = f(z;u), (10.4)

rjie ¥ MOXeT NPUHUMAaTh OJHO M3 ABYX 3HauyeHHH: 0 wmnm 1.

2 A rakxe cybougpepenyuan Knapka [4, T. 7], UpUronHbiit 1A UCCIETOBAHMA HEBBLIYKIBIX

GYyHKUMIHA.
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PazymHoe nepexiioueHue mapamMeTpa % crocoGHO oGeclrieunBaTh
HeoXHgaHHble 3P dekThl. CKaxeM, eciiv JABUXKEHUE B 0GOUX CIyYasx
(10.3) npoucXoaUT MO PacKPyYMBAIOIIMMCS CITUPATAM, TO HaTexa-
lee MEpeKIIoueHHe ¥, Kak IMokaszaHo Ha pucyHke (10.5), moxer
NPEBPATUTh CUCTEMY B YCTOMYUBYIO.

(10.5)

3anucs (10.4) BbI3bIBAET aCCOUMALMH C 3alayeil YpaBieHust
& = f(z;u), weU. (10.6)

B TomM M sapyrom ciysae Bce ykiansiBaercss B cxemy (10.2), ecim
MOJIOXKUTh

Fz,t)y={y:y=flz;uv), uwelU}

B ciyyae aByxToueuHOro MHOXecTBa U/ cMcTeMa MeueTcsl MeX JBYX
orHeit, Ho HeobOs3arenbHo B ayxe (10.5). IMpu GeckoHedHO GhICTpOM
NepexIIIOYeHUN MOTYT BO3HHKATD CKOAb3AUUE DEHCUMDbL.

o

\\ N\ !

N D
> %

(10.7)

. L
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Ecnu, nanpumep, B (10.3) f(z;0) = v, f(z; 1) = w, v nepexinio-
YyeHMe MEXIY CUCTeMaMHt

ITPOMCXOAUT Ha OCH Z |, TO BOSHUKAET CKOAL3SILIEE ABUXEHHE BAOND 1,
kak Ha puc. (10.7). Takoe ABHXEHHE OBBLIYHO MBICIUTCS KaK ITpejelt

\
3HF3&FOO6D&3HOPO JABUXKCHUS WV IMPpU YMCHBIICHUHN
7

«I1epeperyIupoBaHUs».

[MpenensHbIe TTepexofsl IMOJOOHOINO poja SIBJSIIOTCS CaMOCTOS-
TEJILHOH I'0JIOBHOM GOJILIO, TSI H30ABJICHUST OT KOTOPOI NMPUMEHSIETCST
crieHUaIbHOE TEOPEMHOE CONPOBOXIEHHIE, MEHSIONee OBIUK ITepBo-
HavalbHOM 3amnayu. [lpowmsBognas B (10.2) 3aMeHsieTCs Tak Hasbl-
BaeMOM Kkomwmuneenyuell, B pesynwrate vero & € F(z,t) nepexomur
B contz C F(z,t). MuoxectBo U npu 910M ecTecTBeHHBIM 06pa3oMm
OBBIITYKJIMBAETCSI, YTO Y3aKOHUBAET CKOAB3AIIME pexXuMbl. Ho 3To
Jipyrasi HCTOPHSI, KOTopasi Hac 3/IeCk HE UHTEPeCYyeT.

10.2. 3amKkHyTbie oTOOpaxeHus

Y
Mhnoeoznaunoim orobpaxennem I' : X — 2° Ha3eiBaeTCsi oIleparop,
COITOCTABJISIIONIUN KaxXIoMy 3JieMeHTY T € X HeKoTopoe HellycToe
rogMHOXecTBo MHoxectBa Y, T.e. T'(z) C ¥ s moboro z € X.

Y .

Hanee otobpaxenus T': X — 2" npednosazaromes o2panuMeHHbIMU,

MEPEBOAAIIMMHU KaxXIoe orpaHudyerHoe MHoxectBo A C X B orpaHu-
YeHHOE MHOXECTBO

T(4) = | J{T(=z): = € 4}.

Y
10.2.1. Onpepenenue. Mnuozosnaunoe omobpaxcenue T @ X — 2
HA3b16aeMCA 3AMKHYMbBIM, eCAU €20 2paduk

Z={(z,y)eXxY:zeX,yeT(z)}

samxHym ¢ X X Y.
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SamiHymbie OTOOpaxeHUs] Ha3bIBAIOT TaKXe HOAYHENPepbiGHbIMU
coepxy”. B uactHom ciyvae, korna T(Z) OKasHBAETCS ONHOBHAYHBIM
OTOOpaxXeHHWEeM, €ro 3aMKHYTOCThb, WJIM MOJYHEIIPEPHIBHOCTL CBEPXY,
paBHOCWJIbHA OOBIYHOM HeNnpepbelBHOCTU. [lepBoHayalbHOE 3HAKOM-
CTBO C orneparopaMHu Buga T : X — Y COIIpOBOXIaeTcsa OOBLIYHO
JOTIOJIHUTENILHOM aTpUOYTUKOMN: noayHenpepsieHOCMb CHU3Y, Henpepbié-
Hocmb no Kaxymanu u 1. 1. Bce 3T0 MaJionojie3Ho, HO HEOOXOUMO KaK
Jitoboe «oopmileHHe TOKYMEHTOB». UTO Xe KacaeTcs MojyHenpepbiB-
HOCTH CBEpXY, TO OHa ITPOXOJUT KpacHOM HUTBIO Yepe3 GONBIIIMHCTBO
MPUJIOXKEHU .

BpeMst oT BpeMeHHW Ha aBaHCLIEHY BBIXOAUT HenpepbigHocmb no Xa-
ycoopghy, BOSHUKAIONIAs B paMKax ciieqyloniei cxemul. JJOMycTHM, Bce
ob6pa3sl orobpaxeHua I': X — Y xommakrhb. Eciu yepe3 Yo 060-
3HaYUTh MHOXECTBO BCEeX KOMIMaKTHBIX MTOAMHOXECTB MHOXeCTBa Y,
To T MOXHO paccMaTpUBaTh KaK OOBIYHOE OJHO3HaYHOE OTOOpaxe-
Hue T : X — Y. Ecyjm npu 3tom Yo MeTPHU30BaHO ¢ IOMOILBIO
Mempuru Xaycoopgha 4), TO O HeMpepLIBHOCTU T MOXHO TOBOPHUTE Kak
O HeIpepLIBHOCTH OnHO3HauyHoro ortobpaxeHus 7' : X — Y. B arom
ciiyqae T' cunuTaeTcsl HenpepbwiaHbim no Xaycoopdy.

10.3. OTtoBpaxeHus ¢ BbINyKbiMKU oBpa3amMu

[lycth §) 0603HayaeT orpaHMyYeHHyIo obnacte B R™, mMHOrosHayHoe
orobpaxenne T 3anavo na Q, u obpasbl T'(z) C R™ BeIMyKIIH NpU
JioboM z € (1.

Brinyxsiocts 06pazos T'(z) xapakTepHa st GOJBIIHHCTBA NMPUIOKCHMIA. Cy6-
Oupppepenyuan n naxe cybouppepenyuan Knapxa [4, 1. 7] MMeloT BBINyKIIbie 06pas3bl,

3 Hp}{ HCKJIIOYEHHUH U3 CLUCHapHUs TpeGOBaHHs OrpaHNYEHHOCTH 06pa305 BO3HHUKACT HEKO-

Topasi Typ6yIeHTHOCTb BO B3aMMONEHCTBMH NOHATHH [2].
4 Mempuxa Xaycdopgpa KoHcTpympyercs caenyouium obpasom. s muoxects A, B C Y
yKaoHenue A OT B onpelensieTcs Kax
§(4, B) = sup p(z, B) = sup inf p(z,¥),
zEA zEA YEB
rae p — MerpHka B Y. Xaycdopgosom paccmosnuem mexiy A 1 B HasbiBaeTCs MakCUMalbHOE
u3 ykioHenuit §(4, B), §(B, A).
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a B 3ajayax YIIPaBJICHHs OBBIIIYKIIHBaHHE 00pa3oB Hen3beXHO, eClIM AOITyCKaloTCs
OBICTPbIE NEPEKIIIOYEH U YIIPABIAOIIKX [IapaMeTPOB.

MHoro3HayHoe oToOpaxenue T(Z) HAa3bIBAIOT TAKXKE MHOL03HAY-
HbIM 6EKMOPHbIM NoAeM, 8 TOYKY &, B KoTopoit 0 € T(x), — Hysem
muoeosnauno2o noas. Tone T(x) cunTaeTca HEBBIPOXIEHHBIM Ha MHO-
xectBe I', eciin Ha " OHO He uMeeT HyJdel. M3ydyaeMblie Aanee noss
11PE/INONAraloTcs HeBBIPOXIEHHBIMI Ha TPaHUI@AX §) paccMaTpuBac-
MbIx obnacteidl. Teopus BpallleHMS MHOTO3HAYHBIX O/l BO MHOTOM
aHAJIOTUYHA TeOpUM BpallleHUs 0ObIYHBIX BEKTOPHBIX MOJEH U Onupa-
eTCSl Ha CACAYIOUIYIO aIMMPOKCUMAIIMOHHYIO KOHCTPYKIHIO.

10.3.1. B cuny xomnaxmuocmu S npu siobom € > 0 6 § cywmecmeyem
g-cemp

LEZ {iL‘],...,iL‘N}.

B xawcdom muoncecmse T(x;) uikcupyem RnpoussoAbHYIo MoKy
y; € T(x;), u onpedeaums N secosbrx pynkyuil

61’5 (:I:)

Q; s
£ E 8]5 (m)
J

ade Bj(x) = max{0, € — ||z — z;||}. Samemum, umo E Oje(z) > 0
s awbozo T €, ROCKOAbKY Habop mouex T obpasyem €-cemp.
Hazogem meneps 00no3HaUHOE OMOOpaXceHue

N
te) = > ajelehys (10.5)

=1
€ -annpokcumayueti omodpaxcenus T(x).

10.3.2. Onpeanenenue. Ilycmy omobpaxcenue T(x) (c ebinyrkavimu
00pazamu) HesbipoicIeHo Ha Qu 3amkHymo. B amom cayuae spawjenuem
(T, Q) muoz03naun020 sexmoprozo noas T(x) na Q2 nazoeem epawenue
0dKo3Hautoz0 eexmoprozo noas (10.8) a Q npu docmamouno manvix €.

<t TIpoBepKa KOPPEeKTHOCTH OIIpeeleH s B JaHHOM Cllydae CBOAHTCS K NpoBep-
Ke He3aBHCHMOCTH BpaliteHus1 €-aripokcumatuii (10.8) ot Bmibopa e-cetn (npu no-
CTATOYHO MaJIBIX £) M OT BBIGOpa TOYEK ;.
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B cuy HesbipokaeHHoctH T Ha € 1060€ 3aMKHYTOE BBIITYKIOE MHOXECTBO
T(z) ue copepxut Hyis1. [ToaToMy CyilecTByeT HeKOTOpast BBINYKIIASl OKpECTHOCTD U
muoxecrsa T(z), takxe He conepxamast Hyus. Ho rak kak orobpakenue T no-
JIYHENPEPLIBHO CBepXY, To B U jexar Bce obGpassi T(y) ToYeK y M3 HEKOTOPOi
okpecTHOCTH V' HCcxonHOM ToukH 2. TaKMM 06pa3soM, Kaxmoi Touke £ € £ MOXHO
MOCTABUTH B COOTBETCTBHE IAPOBYID OKPECTHOCTD V., 06IaNaoNLy0 TeM CBOHCTBOM,
uto ee 06pas T(V,) NeXHUT B BHIMYKIOM MHOXECTBE, He CONepXaeM Hyisi. U3 no-
KPBITHS KOMITakTa §) OTKPHITBIMH IapaMi V, BbIGepeM KOHEYHOE MOAMOKPBITHE.
[TycTh Takoe MoanokpeiThe o6pasyior wapsl Vi, ..., V.

10.3.3. Nemma. Cywecmeyem maxoe § > 0, umo wap paduyca § ¢ yenmpom e 110608
moure T € S) yeauxom aexcum 8 00Hom u3 muoxcecme Vi, ..., Vp.

< [lycrs s(m) 0603HauaeT MaKCUMAJIbHBIN panuyc mapa ¢ IEHTPOM B I, LIeJH-
KOM JIEXKAIIETo B ONHOM U3 MHOXecTB Vi, ..., V. OueBunHo,

(@) 2 e() —llz -yll. () = e(@) - Iz -yl

JUISL IOCTATOYHO BNU3KUX ToYek &, Y. Orciona |e(z) — e(y)| < ||z — ¥, . e. dyHKUMA
¢(z) HenpepbiBHa Ha 2. I 3aBEpINEHHA JOKA3ATENBCTBA JOCTATOUHO TTOJIOXKHTE

§ =min{e(z):z € Q}. >

BosbMeM ni06yi0 € -CeTb U MI06YI0 €;-ceThb (€, €5 < §/2) Ha 2, u nycTs

N N
h@) =Y @@y, b= a0 (109)
i=1 i=1
COOTBETCTBYIOIIME ONHO3HAYHbIE anNpoKcHMatny suna (10.8). [l npoM3BOIBHOIO
z € ) B cyMMax (10.9) HeRryinesble KO3 DULMEHTH MOTYT GbITh TOIBKO TIPH TEX ¥,
Z;, KOTOpbIE TIpHHAIIEXaT 06pa3y d-OKpecTHOCTH TOYKH Z. Ho artor 06pas jexur
B OtHOM 13 06pa3zoB T'(V}), KOTOPBIH, B CBOIO 0Yepe/ib, JIEXHT B HeKOTOPOM BBIMTyKIOM
MHOXeCTBe, He copepxameM Hy. [loaroMy B 6ol Touke & € ) BCe BEKTOPH
Yi, 2i, KO3(h(HHULUMEHTH NPU KOTOPLIX B (10.9) OTIMYHBI OT HYJIA, TakXe Jexar
B BBITTYKJIOM MHOXECTBE, He coaepxaiieM Hynst. Orcioja BbITEKaeT HEBBIPOXKICHHOCTD
M HENpPOTHBOMOJIOXHASA HAMPaBIeHHOCTh ONHO3HAYHBIX noeit &) (z), £y(z) Ha Q,
91O BJEYET 3a CoOOM MX roMoronHocTtb. KoppekTHocTb omnpeneneHHsl BpallleHHs
MHOTO3HaYHOTO MOJIS1 N0Ka3aHa. b

10.4. Teopembl 0 HEMOABUXKHBIX TOUKAX

[Tocne Toro kak (T, Q) CBEJIEHO K BpallleHHIO OIHO3HAaUHOW arpoK-
cumatnu (10.8), Teopust BpanieHusi MHOTO3HauHbIX T10J1eil pa3BUBaeT-
csl IpOTOpeHHBIMU TyTsiMU. JlokasarenbcTBa hakTU4YecKU He Tpedy-
1oTest. JIOCTATOYHO CCBUTOK Ha CKAJsIpHBIE aHaitory 1. 3.5, 3.6,
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10.4.1. Onpepnenenue. Muozosnaunvie sexmopubie noas To(z) u T\ (z)
Ha3bIGAIOMCS 20MOMONHbLMY Ha S, €CAU CYUWecmEyem 3amMKHymoe no co-
BOKYNHOCMU NEPEMEHHBIX MHOZ03HAHHOE Omolpaxcenue (C GbINYKAbIMU
obpazamu) H(z,t) (z € Q, t € [0, 1]), maxoe umo npu aobom t € [0, 1]

nose H(x,t) Hesvipoxcdeno na 2 u
H(z, 0) = Tp(z), H(z,1) =T ().

10.4.2. Teopema. JomomonHbie MHO203HAUHbIC BEKMOPHbIE NOAS UME-
jom 00UHAKOBbIE BDAMEHUS.

10.4.3. Nemma. Ecau muozosnaunoe eexmoproe nose T Hesvipoxncoeno
na samvikanuu 2, mo (T, 1) = 0.

< Ilpn pocratodHOo MabIX € annpokcuMatin (10.8) 9 nons T HEeBBIPOXKIEHBI
Ha 2. Jlanee ocraerca cocnarbcs Ha Jdemmy 3.5.4. » Takomy oO6pasuy clenyioT
W JApyrHe I0Ka3aTe/bCcTBa.

10.4.4. Teopema. [Tycmb (T, Q) # 0. Toeda exaovenue 0 € T(z)
paspewiuno ¢ Q, m. e. cywecmeayem mouka ' € 0, 8 KOMopoii

0€T(z).

10.4.5. Teopema. Eciu npu awbom = € 9) NpOU3B0AbHbIE GEKHIOPHL
y1 € Ti(z), Y2 € Th(z) He nanpaeneHbr NPOMUBONOAONCHO, MO NOAS
Ty (x) u Ty(x) 2omomonkb.

Teopemy bpayapa oboOIaeT MONYYUBIIANA IIUPOKOE pPacIipocTpa-
HEHUe

10.4.6. Teopema KakytaHu. [IycmsmHozosnauHoe omobpaxcenue T(x)
nepesodum & ceds samiHymuili wap B, m.e. T': B — 28 Tveda yvT e B
ecmy Henodguxcnas mowka ©' € T(z").

« Be3s orpanuteHus o6UIHOCTH HEHTp 1Hapa B MOXHO CYUMTAaTh pacrONOXeH-
HbIM B Hyne. IIpeanonoxum npotusHoe: T He MMeET HENoABMXHON Touku B B.
Torna none z — T'(x) HeBbipoXAEHO Ha cepe B u, B cuny T(B) C B, Bextopsl
£ € B vz -y npu moboM y € T(x) — HeNMPOTHBOTIONOXHO HATIPABNEHDI, HHATE
TOUKE 3 TIPUIIOCH GBI IEXATH Ha TIPOXOIIKEHHUH PAIMyC-BeKTOpa T € B, uTo npoTH-
Bopeuur yenosuto T(B) C B. Jlanee pemtaet ccbiika Ha TeopeMy 10.4.5. » O6patiM

3 Hmerorea B BURY €-allMpOKCUMaLUKWK HE Ha rpaHuiue, a Ha 3aMbIKaHWH ﬁ
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BHMMaHMeE, YTO CXeMa JI0Ka3aTebCTBa MOUTH CJI0BO B CJIOBO NOBTOPsIET 0G0CHOBaHHE
TeopeMbI 3.6.2. Takasl aHaTOrMss UMEET MECTO U IS CIIEAYIOMINX PE3YIIBTATOB.

10.4.7. Teopema. [Tycmb 0 € Q u x-y = 0 das sioboii napbi sekmopos
T€Q, y€eT(z). (10.10)
Toeda exaiouenue 0 € T(x) paspewumo & Q.

10.4.8. Teopema. [Iycmv 0 € Q u -y < T - dan a06oil napw
gexmopoe (10.10). Tozda omobpaxcenue T' umeem HenodsUNCHYIO MOUKY
"€ Q. 4

10.4.9. Teopema. [Tycms 0 € Q2 u dns aoboii napwr eexmopog (10.10)
cyuwecmayem unoexc i, maxoi umo ;y; > 0. Toeda exmouenue O € T(x)
paspewimo 6 2.

10.4.10. Teopema. [Iycms 0 € Q uy # Ax das 4i060ii napbt sekmopos
(10.10) u arbozo X > 1. Toeda omobpaxcenue T umeem HenodeuxcHyio
mouxy x* € Q.

AHANOTHUIO ¢ OMHO3HAYHBIMU OTOOPAXKEHUSAMU MOXHO OBUIO Obl
NpOAOKUTD. TaK, HarnpuMmep, JIETKO JA0Ka3aTh aHaJIOTU TeopeM O Cy-
IUECTBOBAHMH Y MHOTO3HaYHBIX OTOOpaXeHUH COOCTBEHHBIX BEKTO-
POB, T. €. O Pa3peLIMMOCTU BIIIIOUEHHH AL € T(:I:) NpH HEKOTOPOM A.
JL1st MHOTO3Ha4HbIX OTODpaKEHUI cripaBe/UIMBa TaKKe TeopeMa 00 aji-
reOpandeckKoM 4YUC/Ie HETOABMXHBIX DJeMEHTOB 110/, aHAIOTUYHAs
teopeme 5.1.1. Tlom HenmoOABMIXKHBIMHU 2JIEMEHTAMU B JAHHOM CIIy-
4ae NOHWUMAIOTCS CBSI3HBIE MHOXECTBA HyJed MHOTO3HAYHOTO MOJIs,
U pedb UAET 00 U30JTUPOBAHHBIX HEMOABUXKHEIX /IeMEeHTaX, UMEIOoIUX
HerepeceKallecss OKpeCTHOCTH.

B npuBeneHHBIX BBIlIe TeOpeMax GUIYPUPYIOT PA3THUYHBIE NPEI-
TOJIOXEHHUs OTHOCUTEbHO Napsl BekTopoB (10.10). DU Tpenrnono-
KeHUs OblI0 OBl MONE3HO OCNabuTh, TpeOyst CIIPABENIMBOCTH TEX WU
MHBIX YCIOBMI He s moBoro & € () u mo6oro y € T(x), a wis
MoBOro T € £ M HeKOTOPOTO Y € T(z). B OTOENBbHBIX CIYHasiX TAKOE
nocaabnenye BO3MOXHO. BOT 1Ba npumepa COOTBETCTBYIOLINX YTBED-
SKIEHHH, 1tepBoe U3 KOTOpHIX 00001aeT meopemy Kakymanu.
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10.4.11. ITycmo B — 3amicnymolii wap u 015 4106020 T € B nexomopotii
eexmop y € T(x) npunadnexwcum B, m. e. nepeceuenue aiobozo obpaza
T(z) (x € B) ¢ B ne nycmo. Tozda 'y T ¢ B ecmb Henodsuxcnas mouxa
z" € T(z").

<« CHauaja 3aMeTHM, YTO meopema Kaxymanu ocraercs cripaBeinnsol, ecan T

nepesogut B B He Bech mwap B, a nmmb ero rpaHuny (TOmbKo 310 M GbUIO
HCTIONB30BAHO B 10Ka3aTenberse TeopeMbl 10.4.6). B naHHOM ciiyuae aToMY yCIOBHIO

VIOBIETBOPsIET OTOOpaXKeHHe B ﬂ T (x). dajtee Xenaemblif BbIBOA 0GecrieqHBaeTCs
ccbiikol Ha 1. 10.4.6). »

10.4.12. Teopema. [lycmy 0 € Q u x -y 2 0 0as awbozo T € Q
u nexomopozo y € T(x). Toeda exawouenue O € T(z) paspeuumo 6 Q.

<« TTonoxnm P(z) = {2 : ¢ - z > 0}. Orobpaxenne P(r) ﬂ T(z) ynosnerBo-

psieT TIpearoaoXeHdnsimM Teopemet 10.4.7, »



CokpalyeHus u 0603HavYeHns

<4 1 » — Havyajlo M KOHEW pacCyxXIEeHHsI, TeMbl, JOKa3aTCIbCTBA
[> — YTBEpXIEHNE NMPUBOANUTCA 06e3 J10KazarelibcTBa
<] — YTBEpPXIeHHE JIETKO MOXET ObITh 10Ka3aHO

(?) — npemnaraer npoBepHTb WM JOKa3aTh YTBEPXACHUE B KaUeCcTBe YIPaXHEHMS,
n6Go IOBECTH pacCyKIeHHE 10 «TOTHMYECKOH TOUKH»

(!) — npennaraer obpaTuTs BHMMaHHE

«B TOMM cllydae» — «B TOM M TOJIBKO TOM Clydae»

A= B — u3 A cnenyer B

z € X — z npuHamiexur X

XUY, XNnY, X\Y — obbenuHenne, nepecedeHie U pa3sHOCTh MHOXECTB
X CY — X noamHoxecTBO Y, B TOM YHC/IE HMEETCA B BHIY BO3MOXHOCTh
XCY re mexny X CY u X CY pasanuuus He nenaercs

~ — OTHOUNICHHE SKBUBANEHTHOCTH, OTIpElEeNsieMOe KOHTEKCTOM

& — TycTOe MHOXECTBO

Q — saMbikanue

Q = 8Q — rparnua

2" — MHOXECTBO BCEX MOJMHOXECTB MHOXECTBa )

N — MHoOXecTBo HaTypanbHbIX uncen {1,2,...}
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Z — rpynna uenblX uncen {..., —1,0,1,...} Mo cnoxennio
R = (—00, 00) — BeltecTBeHHAs Mpamast

R® — n-MepHOE eBKAMIOBO MPOCTPAHCTBO

3 — KBaHTOp CYWIECTBOBaHMS

V¥ — xBaHTOp OOIHOCTH

5" — enuununas coepa B R*

Iy — ToxaecrBeHHOe oroOpaxenue X — X

» — 3HaK MOIYYIIOPSROUEHHOCTH 1o KoHycy K; £ >y o3Hauaer z — y € K;

a BEKTOPHOE HEPAaBeHCTBO T > ¥ O3Ha4YaeT L — ¥ € int K
K. — KOHyc HeOTpHLATENbHBIX GYHKLMHA
R’} — neorpuuaTeNbHblit OpTAHT

z-y = (Z,y) — CKAISAPHOE NPOU3BENEHHE BEKTOPOB T U ¥

= o MPOU3BOJHAs 110 BpEMEHH
Ju , .
37 = 4, — 4YacTHasl MpOU3BoIHAas GYHKLUMH % IO MePeMEHHON T

Vf(z) — rpannent dyaxuun f(z)
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