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lMpeancnosne k «Jlekynsam»

Camonembi no3goastom aemamo, Ho 06u-
pambcs 0o asponopma npuxodUMcs camomy.

Il.]'lﬂ HOPMaJIbHOTO HM3YYCHUS JII000ro MaTeMaTHYeCKOro npeaMera HE-
00xonuMbI, MO KpaifHei Mepe, 4 MUHIpeAUEeHTAa:

1) ocugoii yywumens;

2) o6ukHoGeHHbIl NOOPOGHbII yHebHUK;

3) padoeoii 3adaunuk;

4) Y4eOHuK , 0c8000XCOeHHbIl Om PymuHbL, HO 0GIOUUIl 06UYI0 KapMuHy, MOMUBHL, CéA3U,

«4mo 3auem».

o 4eTBepTOr0 MyHKTa y CUCTEMbl 00Opa3oBaHMSI pyKM HE IOXO-
AW, KOHﬁ‘JHO, l'lOI[06HaH 3ajgaya HMHoOraa cCraBuJaCcb U pelialach,
HO B OONIBLLIMHCTBE C/y4aeB — IPU NMapajieIbHOM UCMOJHEHUHU BYHK-
LM 0OBIKHOBEHHOTO yyeOHHMKa. AKLIEHTBI U3-3a Neperpy3Kyu MEHSUTUCD,
M HaMepPEHHsI CO BTOPOM-TPETheM IMIaBbl HAUMHAIM Apeii¢oBaTh, HE A0-
CTUrasi pesynbsrata. B BUpTyaibHOM NPOCTpaHCTBE TaK ObIBaeT. AHAJIOT
00beIMHEHUS TAHTENM C TEHHUCHOM paKeTKOM IepecTaeT pelaTb obe
3adayy, XOTs 3TO HE Cpaly 6p003€TC$[ B rjaasa.

«JleKuuu» cTaBAT 4-i MyHKT CBoe# r1aBHOM Henblo. ConyTCTBYIO-
as uaes — 3KOHoMUs ciioB U cpeacts. [IpaBna, Ha doHe Aexiapauui
O KpPaTKOCTU M SICHOCTH M3JIOXEHMUS NpeArnojiaraéMoe U3faHUe OKOJIO
20 TOMOB MOXET IOKa3aTbCs TSLKENOBECHBIM, HO 3TO CBSA3aHO C OOLUUD-
HOCTbIO MaTeMaTUKH, a HE C MEPErpy3Koi AeTaisiMu.

Heo6xonMmo cka3aTh, Ha KOTo paccuuMTaHo. OTBET «Ha BCEX» BbI-
TJISLIUT HaMBHO, HO OH B KaKoOi-TO Mepe oTpaxaer cyTh aena. O6o-
3pUMBIIT BUO, OOHAXEHHbIE KOHCTPYKIIMM [OKAa3aTeabCTB, — TaKOTO
COpTa KHUTH YIOOHO MMETb Mo pyKoil. He cexkpeT, 4YTo CrieLlMaIuCThbI
caMoii BBICOKO#M KaTeropvu TpaTAT Maccy CUJI U BpEMEHU Ha OCBOCHHUE
MaTeMaTUYECKMX CEKTOPOB, JIEXAIUX 32 paMKaMU COOCTBEHHOM crie-
LMaIU3alMU. 30eCh XK€ KO MHOTUM Ipo0ieMaM TMpeaiaraeTcs KopoTkas



8 lpeancnosne k «Jlexynsm»

Jopora, MO3BOJISIIOLLAsl ObICTPO OCBOMTb HOBBIE 00JaCTM M OCBEXMUTb
crapblie. IS HAUMHAIOILMX «KOPOTKHE AOPOTHM» TeM Oosiee TMOJIE3HBI,
MOCKOJIbKY O0JIETYAIOT ABUXEHHUE JIIOOBIMU OIPYTUMM MYTSAMM.

B Bompoce «Ha KOroO pacCuMTaHO», — €CTb M [PYroil acmnexT.
Ha cuibHbix unu ciabeix? Ha cpenHuii By3 win dusrex? OnsiTb-Taku
BBIXOIMT «Ha BCEX». 3BYYUT CTPAHHO, HO PeUb HE UIET O periaMeHTalnu
kpyro3opa. IIpocTbiM $SI3bIKOM, KOPOTKO W TPO3PayHO OMNMCHIBAETCS
npenMet. I3 aToro kaxaplit U3BJIEYET CBOE U IBUHETCS JabLIE.

Haxoneu, nocneanee. B ycnoBusix nHbopMallMOHHOTO HABOMHEHUS
MHCTPYMEHTbl BY€pallHero AHsA mepectaloT pabortare. He roromy, 4yto
U3yyaeMbl€ IUCLMILIMHBI YEPECUYDP Pa3pOCUCh, a TIOTOMY, YTO HOBBIX
CEKTOPOB XMW3HHU CTAJIO CJIMIIKOM MHOro. M B 3THX YCJIOBUSIX MaJjio
KTO TOTOB YAENATb MHOTO BPEMEHM 4eMy-TO omHOMY. [103TOMYy Y4MUThb
BCEMy — Halo Kak-To uHaye. «Jlekuumn» mator npumep. [lnoxoi nm,
XOpouIMii — mokaxeT BpeMs. Ho B 1l000M ciyyae, 3TO MPOAYKT HOBOTO
MoKoJIeHUs. Te Xe «koseca», TOT Xe «pyJib», Ta Xe MaTeMaTuyecKas
CyTb, — HO MO-ApPYyroMy.



Mpegucnosue xk TOMy

MHoxcecmeo Heobxo0umbix ymoyreHuii
éce20a Heuc4epnaemo.

QyHKIMOHANBHBIM aHATW3 — AWCUMIUIMHA ocobas. BHMKaTh mpuxo-
JIUTCS C 3aBSI3aHHBIMU TJ1a3aMU. [ToToMy 4TO CIOXKET pa3BMBAaEeTCs B 00-
JacTH, rae He paboTtaeT WHTyMIMSA. UHTyMLIMS He paboTaeT, KOHEYHO,
U B JIUHEHHOM anrebpe, HO TaMm e 3aMmeHseT Wumo3uda. [Ipukuaka
Ha TUIOCKOCTHU OOBIYHO Ja€T BEPHBIE 3aK/IIOYEHHS O MPOCTPAHCTBE 71 U3-
MEpEeHU, YTo U hOopMHUpPYET MOJIE3HOE 3a0yXIeHue, 00 Bola KaMEHb
TouyuT. Ta Xe npoueaypa Np¥ G6ECKOHEYHOM YMUC/IE U3MEPEHMH 4YacTo
BEOET K OLIMOOYHBIM YMO3aK/IIOYEHUSM. B pesynbrate BMecTo Ipu-
SATHOM WUTIO3UM oOpasyercss HempusaTHass (HoOus, U 3HaHME HAYMHAET
yCBaUBaTbCsl BCJICMYIO.

IToaTomMy 31€ech, KaKk HUTAE, HEOOXOAMMA KOHLIEHTpALlUsd BHUMaHUSA
Ha TyTeBOAHBIX HMUTAX. Ha MoTHMBax M TPyZHOCTSIX, Ha POJIA TOJYy-
yaeMbIX pe3yibraToB. Ha moHWMaHWM, HaKOHELl, KOTOPOE B JMAra3oH
«TeopeMa — J10Ka3aTeJIbCTBO» HE MOMEIACTCS.



Mhasa 1

MHoxecTBa, npocTpaHCTBa, OTOBpaxeHus

Ecmb dee pasnwie 3a0aqu. Tak cdeaams
Knuzy, 4mobul ee aezko 6oino ywumams. Jlubo
mak, 4mobbl 1e2ko O6bia0 nucame.

1.1. Onepauum 1 COOTBETCTBUA

Kaky10-T0 4acTb TEOpUH MHOXECTB MOXHO CYMTaTb oOweu3BecTHoi. [lo kpaiiHei
Mepe, 3TOo KacaeTcsi obosHayeHuit £ € X, X UY, X nY, X\Y, 2.
MeHee u3BECTHA OnepauMs CUMMempu4ecKoli pasHocmu MHOXECTB,

XAY = (X\Y) U (Y\X) = (X UY)\(X NY).

AneMentst X AY npuHagnexat nu6o moasko X, nu6o moavko Y.

Jonoanenue X B S o6osnavaercs kak X' = S\X.

Yro kacaercs X C Y — «X noaMHOXecTBO Y », TO majnee moapasymeBaeTcs
BO3MOXHOCTb X =Y, T.e. Mexay X CY u X CY paznuuus He genaercs.

HakoHeu, X x Y o6Go3HauaeT dekapmoso npouseedenue MHOXecTB X U Y, T.e.
MHOXECTBO nap anemeHToB {z,y}, 2 € X, y €Y.

Cucrembl MHoxecTB. Ha MHoOXeCTBax OOBIYHO 3aJaeTcsi HEKOoTopas
CTPYKTYpa MU B3aMMOOTHOLLEHUSI MEXIY 3JIEMEHTaMHU. 3HAYUTEJIbHYIO
poJib UrpaeT, Kak MpaBWJIO, BblAeJieHWE Pa3/iIMYHBIX CUCTEM IMOIMHO-
XKECTB.

Mnoxcecmeo ecex noomuoxncecme Muoxectsa X OyneM oOo3HayaTb
kak 2%. Henyctoe cemeitctBo & C 2% HaswiBaetcs Koabyom, €CIU
M3 A,B C ® cienyetr ANBC ® u AAB C 9.

DKBUBAJIEHTHOE OTPEAESIEHUE: KOAbUOM TIONMHOXECTB U3 2* Hazbi-
BaeTcs Henycmasn cucmema  C X, 3aMKHYmMAs OMHOCUMENbHO Onepauuii
00veduHerun, nepeceyerus U pasHocmu.

Kosnblo cuutaercs o-k04blom, €CIM OHO 3aMKHYTO OTHOCUTENBHO
Ofepauuu cuemnozo o6seduHeHun.

Hakonew, kosbLo (0 -KOJbLO) HA3LIBAIOT aneebpoii (o -anzebpoi),
ecam X C P, T.e. camo MHOXeCTBO X BXOAUT B cucTeMy P.
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Dnemenmol MUHUMANLHOU O -an2ebpbl, codepxcawyeil 1o0ble ceemermubl
[a,b] CR,

Hasweawom 6ope/1eecxwuu MHOMCeCcmeamu, uau B -mHoxcecmeamu.

Konbua MHOXeCTB MCHONB3YIOTCA B TeopuM Mepbl. Ho TaM uccienoBaHue OT-
TAJIKUBAETCH OT CEMEICTB 3/IeMEHTapHBIX MHOXECTB, MPEACTABIAIOLMX CO00i 00benu-
HEHHUS KOHEYHOTO YMC/a HeNepeceKaloMUXCsl «[IPSIMOYTOJbHUKOB». Takue ceMeiicTBa
ABISAIOTCS noayKoasyamu (cM. pasaen 3.1).

DKBHBAJICHTHOCTb H YNOPAAO0YEHHOCTb. B aHaiiM3e N0BOJIbHO YacTO BO3-
HHMKAeT NOTPEOHOCTh OTOXIECTBJIEHUS HEKOTOPHIX 3JIEMEHTOB U3 X —
WTHOPUPOBAaHMSA ONpeAeNeHHbIX pas3anuuii. COOTBETCTBYIOIIAs Omepa-
LS — 0003HAYMM €€ MOKA 3HAKOM «~» — Ha3bIBAETCS IKEUBANEHMHO-
cmvio, U OHa 00si3aHa YIOBJIETBOPATh CJIEAYIONIUM TPEOOBAHUSIM:

T~Z T~y S Y~z T~NY, Y~z D> T~

IMepeuncrieHHble TpeOOBAaHHUA MO3BOJIAIOT Pa3doUTh MHOXECTBO X Ha
Kaaccel IKBUBANEHMHBIX INeMeHmMOo8, COBOKYITHOCTb KOTOPBIX Ha3bIBalOT
ghakmop-mnoxncecmeom.

Hpyroe 4yacTo HMCHOJIb3yeMOE OTHOLIEHWEe Ha MHoXecTBe X —
yacmuvHas ynops0oveHHoCmb, KaKOBOW Ha3bIBAIOT OTHOLIEHME < (> ),
YIOOBJIETBOPSIOLIEE YCIIOBUSIM:

<z T<Yy & yY>c T<Yy,y<c=>=y.

IpeoGpa3oBanns. PyHkuuio f(z), npeobpasyiouyio ssieMeHTbl 3 X
B 3JieMeHThI Y, 0003HAYaloT TakK:

f: XY

B cnyyae f(z) = fo(z) Ha Xg C X, — dynkumio f : X - Y
Ha3bIBAIOT npodoaxcenuem fo Ha X, a fo — cymenuem f Ha X,.

Iycts § — rpanuua oTkpsitoro wapa B. ToxaecTBeHHOe oTo6paxeHue S Ha cebst
HeNb3s MPONODKHTH O HEMPEPHIBHOTO oTo6paxenust F: B — §. (?)



12 Maea 1. MnoxecrBa, npocTpaHCcTea, OTo0bpaxeHns

1.2. Akcuoma BbiGopa
B TMxomM OMyTe, KaK rOBOPUTCS, YEPTHU BOAATCS.

1.2.1. Axkcuoma Bbibopa. B arbom cemeiicmee ® ={X,:a € A} nenyc-
moix mHoxwcecme X, 6 kawdom X, € ® moxucHo evibpams no odnomy
nemenmy, m. e. cywecmaeyem gyynxyus evibopa f : A — .

be3obunHbiit Bpone 6bi akt. 4o 1904 r. UM nosib30BaIUCL G€30T-
YETHO, U CHUTyallusi, CKOpPEH BCEro, COXpaHsulaChb Obl J0Jroe Bpems,
ecau 6bi Llepmeno He 03Byunn yTBepxiaeHUeE sIBHO. TyT MHOrMe 3anyMma-
JIUCb, Y CTAJO SICHO, YTO HE BCE TaK MpocTo. OGHAPYXHUIIUCH CTOJIb He-
BEPOSITHbIE CJIEACTBHUSI, YTO OT MPEANOCHUIKY BIOPY ObUIO U30aBIsATHCS.

Iapanokc Banaxa—Tapckoro. llap B donyckaem pasbuerue Ha KOHe4HOe HUCAO MHO-
wcecme A, ..., Ay, uz Komopovix MoxcHo cocmagums nepedsuxcenuem Aj, kaK meepobix
men (nepeHoc natoc nogopom), wap 606oe Goavwezo paduyca (uru 6060e MeHbUIe20, UNU
OOXCURY Wapoeé makoeo xce paduyca).

Takoro cieacTBusi BIOJHE ObUIO JOCTAaTOYHO JJIsi OTKas3a OT aK-
CHUOMbI, HO TOrga, KakK BbISCHWJIOCh, Hal0 OTKAa3biBaThCS OT APYrUX
YIOOHBIX W YXE TMPHUBbIYHBIX nncmymemon'). B wutore mareMartuue-
CcKast 00LLeCTBEHHOCTb CMUPHWJIACh C NMAapalOKCOM, MEPEOCMbBICIUB «Ka-
TacTpody» 2), — W Ha CErodHSIIHUI IE€Hb K aKCUOME BbIOOpA MPUHSATO
OTHOCHUTBCSI OAOOPHUTENBHO.

Ha npakTuke yalle rnojb3yloTcs ClieAyOLIMMU IBYMS YTBEPXKIEHH -
SIMM, KBHUBAJIEHTHBIMM aKCHOME BbIGOpa.

1.2.2. Teopema Liepmeno. Ha ecakom mHowcecmee X MOXNCHO 8ecmu
makoe omuowenue nopadka (enoane ynopsdouume ) x ), npu Konmopom
Y m06020 noomnoxcecméa A C X Gydem naumeHbwiui 3nemenm P cA

1.2.3. JNlemma WopHa. Ecau 6 vacmuuno ynopsadouenHom mHowcecmee X
AK060e ynopadouenHoe nOOMHONCECME0 ozpanu4ero ceepxy (chuzy), mo ¢ X
cywiecmayem MaKcumanbhoiii (MuHUManbHblil) nemenm " .

") Hanpumep, OT 3KBMBATEHTHOCTH OMpEMENEHHIl HEMPEPHIBHOCTH C TIOMOLLBIO CXOTMMOCTH
u (€, §)-TexHonOrMM.

2 KoMMeHTapuu u ipyrue npumepsl cM. B [2].

3 Otpe3ok [0, 1] npu 06LIMHOM OTHOLUEHHM > He BMOJNHE YMOPSAIOYEH, NOCKONbKY y MHTED-
ganos (a, b) C [0, 1] HeT HaumeHbLIMX 3MeMeHTOB, U [0, 1] HUKTO eule He ynopsmoumn (BRonHe)
KOHCTPYKTHBHO.
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OGpaTHM BHUMAaHHE, YTO HaumeHbwuii s1emenm A — 3T0 dnemeHT z° € A,
MEHbILMI NI06Oro Apyroro, T° < &, ecnu T € A. A Munumanoubiii (MaKcumanohoii)
anemenm — 3TO Tako# €' € A, uTo B A HeT sneMeHTa MeHbLuero (6onbiero) *.

JlornuHee 6bLT0 Obl, KOHEYHO, UCIOJIb30BAHUE TEPMHUHOB «aKCMOMa
Llepmenio» U «akcuoMa LIopHa», MOCKOJIbKY <«T€OpeMa» K <«JIeMMa»
CO3[AI0T MJUTIO3UIO CTPOTrOM MOKA3aHHOCTH M OCTABJISIOT 3a KaapoM
TOYKY OMOpHI.

1.3. HepaBeHncTBa

[Mpy usyyeHMM PYHKLMOHAIBHBIX MPOCTPAHCTB YaCTO HKCIMOJb3yIOTCS
HECKOJIbKO KJIACCMYECKUX HEPABEHCTB.
Hepaeencmeo Kowu— llsapuya:

é |yl < (imf) " (Zoo;yf) 1/2

N HEPABCHCTBO Munkoeckoeo:

[i(fm + yi)z] " < ( Zm: z?) " + ( 200; y?) "

JICTKO BBIBOOATCA MNMPEACIIbBHBIM NMEPEXONOM M3 KOHECYHOMEPHBIX aHa-
JIOI‘OB4) n yCTPEMJISIETCA K OO CHayajla cnpaBaS), a MOTOM —
OIHOBPEMEHHO.

Cl'lpaBCIUII/[Bbl TaKX€ MHTErpajibHbIC aHAJIOTH 3TUX HEPABCHCTB.

YHUBEpPCALHYIO POJib UTPaeT HepaseHcmeo [énvdepa 6),

[1en-wora < ( [iz0r dt)w( [iwor a) )
[1] 0 0

9B KOTOpPBIX BMECTO 0O CTOMT 7.
%) Y106b1 rapaHTMPOBATH CXOIMMOCT PSLOB, CTOSIIMX CIIEBA.
o) TIpu yCIOBUM CYLIECTBOBAHHS MHTETPATOB.
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rae
>1 : + : 1
p.qz -t - =
’ b p q
(aT0 Tak Ha3biBaeMble conpsxcertvie p u q). [Ipu p = ¢ = 2 HepaBEHCTBO
[€nboepa nepexoauT B unmeepansHoe Hepasencmeo Kowu— [lleapya.

7
W3 (1.1) BoiTekaeT unmeepanvhoe nepaéencmeo Munkoeckozo ):

\/p I/p I/p
( / 0 +vora) < ( ,,/ eopat) +( / wora) .

1.4. MeTtpunyeckue npoCcTpaHCTBa

MHoxecTBo X Ha3biBaeTCs MempuuecKum npocmpascmeom, eCiii Ha mna-
pax ero JIEMEHTOB 3alaHO paccmosHue (Mempuxa) p(Z,y), YIOBIETBO-
psilolLee YCI0BUSIM (aKCHOMaM):

* p(z,y)=0 & z=y,

* p(z,y) =ply, ),

* p(z,y) < plz, 2) + p(2,9).

[MocnenHee HepaBEeHCTBO HA3bIBAIOT aKCcUOMOl mpeyzoabHuka. EC He BBIMOHSA -

eTcs neppasi akcuoMa, GyHKUMIO p(T, y) HA3LIBAIOT NOAYMEMPUKOl.

B npobouny onpedenerusn ecezda npoaezaem umo-nubyde HenpowerHoe. Ax-
CUOMbI MEMPUKU 6 IMOM OMHOWEHUU — He UCKAtodenue. Mmenno nosmomy
MHO2Ue «04e@UOHble» dhakmbl mpebyiom 060CHOBAHUSA.

O MeTpHuYECKOM MNPOCTPAHCTBE MHOrHa FOBODPST, YTO 3TO Mapa
(X, p) — mHOxecTBO X anemenmos (movex) T € X, Tunoc 3amaHHas
Ha X x X dyukuusa p. [lonmHoxectBo U C X ¢ ToO# Xe€ METPUKOH p
Ha3blBaeTcsl nodnpocmpancmeom X .

p(z), z,) < z_: Pk, Tkyr). (?)

k=I

lp(z,y) — p(z. 2)| < p(y,2). (?)

EBkaunoebim npoctpanctsoM R" HasbiBaeTCsi MHOXECTBO BEKTOPOB

z={z,..., T4}

7 M
) NlokasaTenbCTBa MOXHO HAHTH B CTAHAAPTHBIX yYeOHUKaAX MO GYHKUMOHAILHOMY aHA/IU3Y.
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C METPUKOH
n 12
2
p(z,y) = [Z(-’B« - ¥) ] .
i=]
Ipu n = 1 nonyyaercs BelwlecTBeHHas mpsiMas R = (—oo,00) ¢ MeTpUKOI
p(z,y) =z -yl

8 YHCJIOBBIX NMOC/Ie0BATENbHOCTEH

IIpocTpaHcTBO M OrpaHM4YeHHbIX
z={c),...,Tp,...}
HMEET METPHKY
p(z,y) = sup |z; — y;|.
]

ITpoctpaHcTBO ¢ C M cx00AuuUxca YUCOBBIX TIOC/E0BATEIbHOCTEH C TOM X€ METpH-
KOl — siBiIsieTcs NoarpocTpaHcTeom m. (?)

Hpoc‘lpanc'mo lz: SJIEMEHTAMH CJ1yXaT MOCA€A0BATEIbHOCTH, YAOBJICTBOPAIOLLIHUE yCI0-
00

BHIO E £} < 00, a METPHKOI — (DYHKLHS

p(z’ y) =

JInst npoBepKM aKCHOMBI TPEYTOJNbHHKA 3€Ch YIOOHO OMUPATLCS Ha KJ1acCCHYECKHE
Hepaeencmea Kowu— lleapya v Munkogckoeo.

KonnuecTBO MPpUMEPOB Pa3iIMuHbIX TPOCTPAHCTB 10 MEPE Pa3BUTHSA
M3JIOXEeHHUs OynmeT Bo3pacTarb. MHOrma 310 pasmpaxaer, — MOJI, M TaK
sICHO. B 1aHHOM Ciyyae MpUMeEPHI UTPAIOT HE TOJIKO WLITIOCTPUPYIOLILYIO
posib. PYHKLMOHANBHBIM aHAIW3 B MPUJIOKEHHUSIX OTJIMYAET KaK pa3s
MU300peTaTe/IbHBIA MMOA00P MPOCTPAHCTB «ITON pellaeMylo 3agadyy» —
TIO3TOMY, Y€M LIMPE MATUTPa, TEM Jierde HalTH YTO-HUOYIb MOAXOIsIIIEE,

1.5. JlunenHble npocTpaHcTBa

MuoxectBo X uacto oGnagaeT JIMHEHHOIN CTPYKTYpoOii, T. €. ero aje-
MEHTbI MOXHO CKJIaIbIBaTh U YMHOXAaTh Ha YMUCJia MO MpaBUilaM, Xapak-
TEPHBIM TS JIMHEHUHBIX CTPYKTYD.

8) VioBNeTBOPSIOLIMX YC0BHIO SUp |Z;] < 00.
i
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. 9

B atoM cnyyae auneiinoe npocmpancmeo ) X onpenensiercs Kak
MHOXECTBO 3JIEMEHTOB, Ha KOTOPOM 3ajaHbl ABE ONEpaLUM: CyMMa
T + Yy v npousgedenue AT (3neMeHTa £ € X Ha YUCIO A U3 HEKOTOPOTO

nonst l0)), MPHYEM
z,y€X = az+fycX,

a CaMH oIi€palviy yonoBJIETBOPSAIOT CJICAYIOLLMUM aKCUOMaM:
® CYIIECTBYET «eAMHHUA»: | - T = T,
o Apuz) = Auz (accouuamuenocme ymHoxcenus),
o A+p)z=Az+pz, Mz +y)= Az + Ay,
a TaKxe:
1) ¢+y=y+ c (kommymamuenocme croxcenus),
2) (z+y)+2z=2z+ (y+ 2) (accoyuuamusrnocme croxcenus),
3) cywectsyet nyaegoit 31emenm 0 € X Takoi, yto T+ 0 = z,
4) cywecTByeT obpamuuiii 31emenm —T TakoM, uto = + (—z) = 0.

IIpuMepamMu JIMHENUHBIX TPOCTPAHCTB MOTYT CJIYXXUTb: COBOKYITHO-
CTH BCEX HEMpepbIBHbIX QYHKLMIA (Ha 3a1aHHOM TIPOMEXYTKE), OO —
OrpaHWYEHHBbIX, JIU00 — AuddepeHIIMpYyeMBbIX, TUO0 — YIOBJIETBOPSI-
IOKUX HEKOTOpOMY NG bepeHIIMAIbHOMY YPaBHEHHUIO. A TaKXe: COBO-
KYMHOCTH TOJIMHOMOB, CTEMEHHBIX WJIK TPUTOHOMETPUYECKUX, PUKCH-
POBaHHOW WIM JIIOO0K CTENEHHU; MHOXECTBO OECKOHEUHbBIX MOCJIEN0Ba-
TEJIbHOCTEW C €CTECTBEHHBIMU ONEPALIMSIMU CJIOXKEHUS U YMHOXEHHUS,
MHOXECTBO MAaTPUII U T. II.

JBa JiMHEWHbIX TpocTpaHcTBA X U Y CUMTAIOTCH U30MOpHbIMU,
€CJIM MEXIy UX DJIEMEHTAMU M JIMHEWHBIMM OTEpaLMsIMU MOXET ObITb
YCTaHOBJIEHO B3aUMHO OJHO3HAYHOE COOTBETCTBUE. Bce KoHeuHOMepHble
AUHeliHble npocmpancmea N usmepeHuti u3omopghHot dpye opyey.

Henyctroe nonMHoxecTBo X¢ C X Ha3bIBAIOT JAUHEUHbIM MH02000-
pasuem, €CIi IPUHALJIEXHOCTb JIIOOOro 4HCiia TOYeK Tp € X\ BIEYET
3a co00il MpUHAWIEXHOCTb X AuHelHbX KoMOUHaWu:

Az + ..+ Ay € X (12)

9 JIuHeitHoe NPOCTPAHCTBO HA3bIBAIOT TAKXKE GEKMOPHHIM NPOCMPAHCMBOM.

1 .
0 TIpocTpaHCTBO Ha3bIBAIOT KOMIUIEKCHBIM, €C/IM A MPHUHAIJIEXUT KOMIUIEKCHOM TUIOCKOCTH,
A € C, u — BElIECTBEHHBIM, eciM A € R.
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MHOXEeCTBO BCEBO3MOXHBIX JIMHEHbIX KOMOMHawmit (1.2) npwu 3a-
JIaHHOM Habope &1, ..., T, 00pa3yeT JIMHEHHOE npocMpaHcmeo, nopoxic-
denHoe BEKTOpPaMH T\, ..., T, (Hamauymoe na |, ...,T,). COBOKymN-
HOCTb BCEBO3MOXHBIX JIMHEMHBIX KOMOMHALMi 35ieMeHTOB U3 ) C X
Ha3bIBAIOT AUHeliHOi 000404K0i MHOXeCTBA §).

e [lyctp X|,..., X, — nuHeitHbie MHOrooOpasusi X. Eciau xaxablit 37€MeHT
z € X omHO3HayHO MpeCTaBiM B BUAE

=2z +...+x,, rOeBce € X,

TO roBOpAT, YT0 X — npamas cymma TUHEHHBIX MHOrooGpasuii X; U nuiuyT

X=X0o-0X,.

o OGbryHasi cymma miomecme X + Y onpenensieTcss Kak MHOXECTBO 3J1EMEHTOB

z=z+y, z€X,yer

DNEeMEHTH &, ..., T, Ha3bIBAIOT AUHEUHO 3aeucumbimu (He3agucu-

11
MbIMU), €CJIM CYLLUECTBYET (HE CyIIECTBYET) TaKas HEBBIPOXIEHHAs )
JIMHEeHHass KOMOMHALIMs, YTO

AT+ ...+ Az, = 0.

bBeckoneynaa cucmema 31emenmog auHeliHo He3agucuma, €ClU NIOOOH KOHeYHbli
Habop U3 Hee TMHEHHO HE3aBUCHM.

JluHeiHo He3aBucuMast cucteMa {e, } Ha3sbiBaeTcst 6azucom Tamensn, ecnu Kaxaplit
anemeHT z € X TmpencTaBiM B BUIE KOHEYHOro 4HCia 3/eMeHTOB U3 {e,}. Y BecA-
KOl JIMHEIHOI CUCTEMBI, B TOM YHUCJE y BELUECTBEHHOI MpAMOi, cymecTByeT 6asuc
Tamens '2), YTO YCTAHABJIMBAETCA C ONOPOIf HA aKCMOMY BbIOODa.

IMpoctpaHctBo X umeet pasmephocms dimX = n, ecniu B X
CYLLECTBYET 7 IMTHEWHO HE3aBUCHUMBIX JIEMEHTOB, a JIloObie 1+ 1 Toyek
B X — smHeiHo 3aBucuMbL. [Ipu cyiiectBoBaHUM B X CKOJib YTOIHO
6O0JIbILIOTO YMC/IA JIMHEHHO HE3aBUCHMbBIX 3JIEMEHTOB MPOCTPAHCTBO X
cyuTaercs beckoneunomepnbim, dim X = oo0.

) He Bee Aj=0.
1) O HeoXMIAHHBIX CIEICTBHSAX H3 CYLICCTBOBaHMSA Gasnca Tamens cm. [2].
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HopmMupoBaHHbIM MPOCTPAHCTBOM Ha3bIBAIOT JIMHEHHOE MPOCTPAHCTBO X
C 3amaHHOW Ha HeM Hopmoii (ckamsipHOit dyHKuMeN) ||z||, obs3aHHOM
YIOBJIETBOPSITb YCIIOBUSIM:

lzll=0 & =z=0, |lz][>0, [Azll=]Al-]=zl
U HepageeHCcmey mpey2oabHuUKa

llz +yll < ll=ll + lly

.

MeTtpuka B X omnpenesisieTcs O MpaBuIy:

plz,y) = ||z - yl|.

®yHKuMIO p(T) Ha3bIBAIOT NOAYHOPMOI, €CIIA OHA YNOBJETBOPSIET
BCceM TPeGOBAHUSIM K HOPME, 3a UCKIloueHHeM p(z) # 0 mpu = # 0.

CKaJmpHoe NpoOH3BEACHHE DJIEMEHTOB T, y BELLIECTBEHHOI'O JUHEHHOro
npoctpaHcTBa X omnpenesisieTcs Kak GyHKuus (T,y), npuHUMaloias
BCLLUECTBEHHbIC 3HAYCHUSA U YOOBJICTBOPsIOLLAsA YCIIOBUAM:

o (x,T) — oba3amensro gewecmeennoe Hucao, cmpo2o 6oabuiee HyAs NPU HEHYAE80M T

u pagnoe Hya0 moavko npu T =0,

o (z,y) =(y,2),
o (z)+ 2, 9) = (z1,9) + (22, 9),
o (Az,y) = Mz, y).

B ciyuae komnaekcrozo npocmpancmea BBOAATCS HeGONbILNE BUIOM3MEHEHHS. Bo-
NIEPBbIX, POU3BEACHHE (T, Y) MOXET MPUHUMATb KOMILIEKCHbIE 3HaueHHs. Bo-BTOpBIX,
akcuoma (z,y) = (y, ¢) 3amensiercss Gonee 06MM TpeGosaHueM (T, y) = (y, z)*, roe
3Be3404YKa 0003HaYaeT KOMMJIEKCHOE CONpsIXeHUe 13,

3amerum, uto (Az, y) = Az, y), Ho | (z, Ay) = A*(z, y) |, nockonbKy

(z, M) = Ay, z)" = Ay, z)" = X(z,y).

CkansspHOe TIpoM3BeeHHE MTO3BOJIIET BBECTU B X HOpMY

l|z|| = (z, z)'/?,

3 (a+if) =a+if =a—ip.
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1 B UTOTE — METPUKY:
p(z,y) = (x—y,z —y)'/%

[epeuncneHnbiM Tpe6oBaHusiM B R" ynoBIeTBOpSiET CTaHIApPT-

14)
(@.y) = zjy;,
J

HO€E

a takke (V,y) ¢ MONOXHUTENBHO ONMpeneieHHoi Matpuuei V.
Ans vHTerpupyeMbix GYHKLIMHA CKAISIPHBIM MTPOU3BENEHHEM 4YacCTO

CIIYXHT
1

w.) = [ vty .

0
Tpocrpancrse C(£2) HenpepsiBHbIX dyHKumii U(Z), 3a0aHHBIX X OrPaHMYEHHBIX Ha 3a-
MbIKaHuu @ obaacmu'® Q C R", onpenensercs ¢ NOMOLIBLIO HOPMBbI

|lull = sup |u(z)|.
z€Q

CnpaBeyIMBOCTh HEPABEHCTBA TPEYTOJMbHUKA OYEBUAHA:
llu + ]| = sup |u(z) + v(z)| < sup [u(z)| + sup Jv(z)| = ||ul| + [|v]l,
z€EN zEN TEN
oCTalbHOe — TeM Gonee.

B cnyyae oepanuvennoii obnacti Q2 onepauuio «Sup» MOXHO 3aMEHUTDb Ha «max»,
U 06 OrpaHUYEHHOCTH u(T) — HE YIOMHUHATb.

1.6. HenpepsiBHbie Nnpeobpa3oBanus

Dynkyuro (onepamop) f : X — Y Ha3sviearom nenpepuvignoli 6 mouke Ty,

. 1
ecau no awbomy € > 0 MoxcHoO yKazamb makoe 8, ¥mo 6)

p}'[f(w)’ f((l}())] <§g, ecau px(z’ 230) < 6,

u Henpepuiénoil Ha X , ecau ona HenpepuigHa 6 atoboii mouke X .

%) JIn6o (z,y) = Z Tjyj B KOMIUIEKCHOM BADHAHTE NMPOCTPAHCTBA.

j
15) Obracmoro Ha3bIBaeTCA HEMYCTOE CBABHOE M OTKPHITOE MHOXECTBO.
1) Unpexc y P YKa3blBaeT, O METPHKE KaKOTO MPOCTPAHCTBA MAET peyb.
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o Jlpyrumu cnosamu, f(x) HempepbiBHa B TOUKE Ty, ecnu f(z) = f(zo) npu
YCIOBUU T — Tg.

o Dyukuusa f : X — Y HasbiBaeTcs pasHomepro HenpepvigHou Ha X, ecnu
no nwoboMy £ > 0 MOXHO yKa3aTb Takoe d, YTo

pylf(2), fly)l <e

anst mobbIX T,y € X, YAOBIETBOPAIOLMX HEPABEHCTBY P, (Z,y) < 4.

C u3yyeHHeM OTOOpakeHUi CBSI3aHbl MHOTOYMCIIEHHbIE TIOHSTHUS.
Huxe maercsi KpaTKMii KOMMEHTapuil. be3 Kakoi-To yacTu TEpMUHOB
MOXHO ObIN10 661 OG0OMTUCH, HO OHU YXK€ BHEIPUJIUCH B JIEKCUKOH, U UX
MpOLE BbYUUTb, YEM OOPOTHCS 32 paLlMOHAJbHBIN CJIOBApb.

e B cayuae f: X = R dyHkuuio f Ha3bIBalOT GyHKYUOHANOM.

e B curyaunn y = f(x) aneMeHT y cunTaetcsi 00pasom T, a COBOKYMHOCTb 3Jie-

MEHTOB &, 06Pa30M KOTOPBIX CIYXHT Y, — npoo6pazom 7 y. [pooGpa3 y 3anmuchBaOT
-1
Kak [~ (y).

e MHoxecTBo 3HaueHuit f(X) C Y umeHyior obpazom X. A npu COBNaNEHUH,
f(X) =Y rosopsr, uto f — criopsexmusroe omoGpaxcernue, WA omobpaxcenue «Ha».
B obwem cnyyae f : X — Y rosopsr, uto f otobpaxaer X «B» Y.

o Ecnu o6pa3bl pa3nuuHbIX 31EMEHTOB I; # T, HE COBMAjaloT, f Ha3bIBaIOT

UHBEKMUBHBIM OmoGpadcenuem, UNU unsekyueii. B 3Tom cnydyae ypasHeHue y = f(z)

-1 -1
uMeeT (€Cu UMeeT) eAMHCTBEHHOE pelieHne £ = [~ (y), Tae f~ Ha3blBaIOT 06pamHbim

omobpaxcenueM, KOTOpoe MOXeT ObIThb ornpeaeneHo He Ha BceM Y. Ho ecnn f ewwe
-1
u ciopsexyun, 1o f 1Y = X.

B MOHOTOHHOM CITUCKE 3aCly>XKMBAC€T BBIACIICHUSA NMOHATHUE 2omMeo-
Mopdusma, KaKOBbIM Ha3bIBAIOT B3aMMHO ONHO3HAYHOE (MHBEKTHBHOE
TJTIOC CIOPBEKTHBHOE) U B3aUMHO HeMpepbiBHOE (HerpepbiBHBI KakK f,
TaK U f—') 18) otob6paxenue f: X — Y. [IpoctpaHcTBa, MeXIy KOTO-
PBIMU MOXHO YCTaHOBUTb FOMEOMOPGhHU3M, CUUTAIOTCS 20MEOMOPPHbIMU.
OtobOpaxeHue Ha3bIBAIOT J10KAAbHLIM 20MEOMOPPUIMOM, €CITA Y JIOOOM

17 o
).TIHGO NOAHBIM npoo6pazomM, OCTABIISS 32 TEPMUHOM «1poo0pa3» o6oi 3eMEHT T, nepexo-
AWK B Y.
1
%) Bo3sMOXHOCTb B3aUMHO OIIHO3HAYHOTO COOTBETCTBHS, HEMPEPbIBHOTO TOJILKO B OHY CTOPO-
Hy — KaXeTCsi COMHHMTENIbHOI, HO B 3TOM MHMpE CJTy4aeTCsi BCE, YTO He 3anpemeHo — cM. [5].
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rnapbl To4eK I,y TaKoii, uto f(r) = y, HAWOYTCSA OKPECTHOCTH, FOMEO-
mopdHO oToGpaxaembie (¢ moMolbio f) apyr Ha apyra 19)

Ecnu Mexay aneMeHTaMM NpocTpaHCTB X U Y MOXHO YCTaHOBHUTh
B3aMMHO OJHO3HayHoe cooTBeTcTBUe f : X — Y Tak, 4ToGBI paccTosi-
HHUE MEXIY 3JIeMeHTaMU OIHOIO NMPOCTPAHCTBA PaBHSLIOCH PACCTOSTHUIO
MeXIy COOTBETCTBYIOILIMMH 3JIeMeHTaMM apyroro, To0 X u Y HasbIBaioT
uzomempuyHbvimu, a f — usomempueii. [Ipn paccMOTPEHUM CXOOUMO-
CTM WIHA TIOJHOTBI — H3OMETPUYHBbIE TMPOCTPAHCTBA MOXHO CYMTATh
MIEHTUYHBIMHU.

Jluneiinbie oneparopbl H ¢ynkuuonanbl. [Iyctb X u Y — nuHeiliHble
npoctpaHctBa. Oneparop A : X — Y Ha3bIBa€TCst AuUHeliHbIM, €CITN OH
adoumueen:

A@) + ) = Az, + Az,

U 00HOpOOeH:
A(\z) = MMz.

PasymeeTcs, 3TO 3aMUCHIBAETCA KOpOYE:
A(az, + fz,) = aAz, + fAz,,

HO «/1eJIEHHE Ha [IBE YaCTH» MO3BOJISET OTAENbHO CChLIAThCSA HA AIIMTUBHOCTb U OIHO-
POHOCTb.

ApPryMEeHT JIMHEHHOro oriepaTopa OOBIYHO NUUIYT 0€3 CKOOOK.
MuoxectBo D4 2/1€MEHTOB T, IJii KOTOPBIX OMNpENESIEHO 3HaYyeHHUe
Az, — Ha3bIBaIOT 062acmbio onpedesenus A, a Ry = AD4 — obnracmoio
3HaueHUul.

MHoXxecTBO pelleHUil ypaBHeHUss Ax = 0 Ha3BIBAIOT HyAb-npo-
cmpancmeom (sdpom) oneparopa A u o6o3Hayaior ker A.

B cnyyae f: X — R oneparop f Ha3bIBAIOT AUHEUHbIM QYHKUUO-
Hanom.

O nuHeNHbIX (QYHKUMAX HA BEILECTBEHHOW MPAMON MPUHATO AyMmaTb Kak O 3a-
BUCHMMOCTSX ¥ = kx + b. Be3 npeanonoxeHus HEMpepbIBHOCTH 3TO HEMPABUIILHO.

19 Pe3uoBoe KoMbLO (Top) pa3pe3aem (o MepuaMaHy), OAMH KOHeEL( MepeKpPyYUBAEM Ha OOMH
060poT 1 ckilenBaeM (Kak 6bu10). Onepaumsi COOTBETCTBYET HEMpePbiBHOMY oToGpaxenuio F Topa
Ha cebsl, KOTOpOe, OYEBUIHO, ABNSIETCS JJOKATbHBIM TOMEOMOPMU3MOM, HO €TI0 HeJib3sl PaCLUMPHUTD
110 romeomopduama R* na R®. (?)
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JluneitHble GyHKUMM naxe HAa R 6LIBAIOT paspbiBHBIMU [2], HO WIS MX «[OCTPOEHUS
TpebGyeTcsa akcMoMa BblOopa, 6a3ucel [amens U npoyas 3k30THKA. B 6eCKOHEYHOMEPHDBIX
TPOCTPAHCTBAX Pa3pbIBHBIE JIMHEHBIE OMEPATOPbI CTPOSATCS MPOLUE.

[Ipn paccMOTpeHUM CKaISIpHBIX (DYHKUHMI N MEPEMEHHBIX

z={x,..., oo}
yIo6HbI CTeHOrpadpMYECKME TPIOKHU:

B aa1+...+a,,f(z)
ooy .. ozt

C MOMOLIBIO KOTOPBIX naxe psin Tainopa misi GyHKUUU N TIEPEMEHHBIX
3aMMCBHIBAETCS B MPUBBIYHOM Ha BELLIECTBEHHOM MPsIMOM BUIE:

al=ala!, 2 =zlzr, )

fa+z)=> f% lal = i +... +ay.

|al=0

1.7. Bbinyknocrtb

[MogmHoXecTBO X NUHEHHOro NMpoCTpaHCTBa F Ha3bIBACTCS GLINYKALIM,
€CJIM BMeCTe C JI00BIMM OBYMS TOYKaMU ,y € X OHO COmEPXUT
ompe30K, UX COCAUHSIONIUA,

Ax+(1-AyeX, A€o, 1],
a ckansipHasi GyHkuusi @(T) evnykaa, ecin

plAz + (1 - Nyl < Ap(z) +(1-Ne(y), A€[0,1].
n
Jlunelinyio kombunayuio Z Ajz;j Touek {Ty,..., Ty}, NpH yCIOBUM

j=1
n

Aj 20, Z Aj = 1, CUNTAIOT 6binyKAOH.
j=1
HaumeHbluee (Mo BKIIOYEHMIO) BBHIMYKJIOE MHOXECTBO, COmepXa-
wee Q C E, Ha3biBaeTCs 6binykAoll 000404Kol MHOXecTBa () 1 0603Ha-
yaetcst co{Q}.

MHoxecTBO 2 Ha3bIBAETCS yPABHOBEUICHHBIM,, ECTTA

z€Q, A1 = Azeq.
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Jpyrumu cnoBaMy, MHOXECTBO YPAaBHOBELLIEHO, €CJIN LIEHTPATbHO CUMMETPUYHO U BCE
€ro TOYKH «BHIOHBI» M3 LEHTpA.

MHoxecTBO (2 onpeaensieTcsi KaK nozaouarouee, eciv ais 1106oro £ € X MOXHO
yKa3aTb Takoe A > 0, yto Az € Q.

®yukuus p(z) = inf A, ecnu Q ypaBHOBelIEHHOE M MOMJIOLIAIOLLEE, SBISETCS
noayHopMoil, ee Ha3bIBAIOT elle Kaaubposounoii gynkyueid unu gynkyuonarom Mun-
K08CK020.

e Ecnu mHoxectBa A u B Bbinykibl, T0 AN B u A + B TOXe BbIMYKJbI
(Ho AU B — He o6Gs13aTesnbHO).

00
e Ecnu MHOXeCTBO S BBLIMYKJIO M BCE T, € S, TO BecKOHEYHass cyMMa E AeZ,

00
rae Z/\,, =1 nBce Ay > 0, — He obs3aHa (!) npuHamiexatb S (CM. udeasvran
8bINYKAOCMY).

1.8. MNMpeaBapuTenbHble «<HEMPUATHOCTU»

IMpuctynast X BOrpocaM u3ydeHUsT QYHKLIMI Ha MHOXECTBaX, UMEET
CMBICJI TIOMECTUTb B (DOKYC BHUMAHMsSI HEKOTOpPbIE (hakThl, HAITOMHUHA-
IOILIME, YTO HE BCE TAaK MPOCTO KaK MHOTIA KaXETCH.

KaHTOpoBo MHOXeCTBO. BeCKOHEYHOCTD, BTHCHYTas B OrpaHHYEHHbI auanasoH [0, 1],
MCKPHUT aHOManusAMHU. O6pa3LioBble NMAaToONOTHKM HaGNIONAIOTCS B KAHMOPOBOM MHONCe-
cmee, TIONlyYaeMOM TIOC/IEI0BaTENbHBIM BbiOpachiBaHUEM TpeTeit M3 cermenTa [0, 1].
Chavana [0, 1] genuTcsi Ha TpM paBHblE YacTH, M CPEAHss yacTb yaansercs. C Kaxmoi
M3 OCTAaBLUMXCS YacTeii MOBTOPSIETCS aHAIOTUYHAS ONepaLus — M TaK IO OECKOHEYHO-
cti. B npesene ot [0, 1] noutn Huyero He ocTaeTcsi, YTO M Ha3bIBAETCH KAHMOPOGHIM
mHoxcecmeom C. InviHa BbIOPOLIEHHBIX TPeTeH paBHa

! + 2 + 4 + 1

379 27 77
T.e. «Bcs piuHa» [0, 1] BuiGpacbiBaeTcss. OnHAKO OCTaBILeeCs «TOLiee» MHOXeCTBO C

2 .

OKa3bIBAETCS PAGHOMOWHO KOHMUHYYMY ), 4TO MPEACTaB/ISAET MIaBHBIA CIOPMPHU3.

Bce 310 10CTaTOYHO XOPOILIO U3BECTHO, HO HEKOTOPLIE BaXHbIE AETAIM OCTAIOTCS
BHE MOJISi 3pEHUS U3-32 HbIHEIIHETO DUTMAa XM3HH, NPH KOTOPOM OGONbluasi 4acTb
HHGbOPMALIMK He OCO3HaeTCsA. B To xe BpeMsi KAHTOPOBO MHOXECTBO JIEXMT B OCHOBE
MOCTPOEHUSI MHOTHX IIPUMEPOB, MHTEPECHBIX C TOYKHU 3peHHUs TeopuH dyHKumit. [Toarto-
MY UMEET CMBICJI 3aePXaTbC Ha HEKOTOPBIX OCOGEHHOCTAX, UMEIOILMX OOLIKHOBEHHE
MPOCKaJIb3bIBaTh MUMO YILEH.

) MuoxecTsa PAGHOMOWHY, €CTTY MEXIY UX 37IEMEHTAMU MOXHO YCTAHOBMTH B3aUMHO OXHO-
3HaYHOE COOTBETCTBUE. KOHmuHyymMom TIpUHSITO cuMTaTh oTpe3ok [0, 1].
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HUHTYUTHBHO KaxeTcsi, 4To C COCTaBIAIOT KOHLbI BHIOPOIIEHHBIX MHTEPBAJIOB,
HO | 3TO He TaK |, noToMy 4to Torna C 6bu10 Obl cyeTHO. Ho C He CYETHO, MOCKOABbKY

0
COCTOMT M3 YMCeN BUaa Z a_: , Tae a; MPUHUMAIOT 3HayeHus 0 WM 2, T.e. U3 Yucen,
B TPOMYHOM 3aMucH Kolfro;mx He BCTpeuaeTcsi enMHuua. IlocnenoBaTenbHOCTENH Xe
ay, @y, ..., TA€ a; MOTYT IPMHUMATb ABa Pa3HbIX 3HaUeHUs (KaK MpPHU ABOMYHOIA 3arucU
4Kcna), — HecyeTHOe xonunuectso 2.
KoH11b1 BLIOpOLLIEHHBIX UHTEPBATOB B C Ha3bIBAIOT TOYKAMU Nepgozo poda, OCTalb-
Hble — 8mopoeo poda.

C TOYKM 3pEHUsI U3MEPEHUS TUHBI HHTEPECHO BUIOM3MEHEHHE PACCMOTPEHHOTO
cueHapus. TlycTb @, — Moc/nen0BaTeNbHOCTb HeYeTHBIX uncen. Pasnenum [0, 1] Ha a,
YacTeil M CpeaHIol0 YacTb yaanuM. Kaxayio M3 ocTaBLUMXCS YacTeil Ha BTOPOM Luare
pasme/iMM Ha a, YacTeil M CpeqHME — OMNATh YAAIUM, M TaK A0 OECKOHEYHOCTH.
B npenene nmony4uTcs HEKMii aHAIOT KaHTOpOBa MHOXecTBa C,, Mepa KOTOpOro GyneT
OMpenensThesi GECKOHEYHbIM MPOU3BEAEHUEM

-1

]

1 MOXeT GbITb cliefiaHa BHIGOPOM nocsienoBatenbHocTu {a,} no6oii B auanasone [0, 1).
B 10 xe Bpems C,, Kak U C, He UMEET HH OIHOI BHYTPEHHEI TOUKU, — U npobieMa
U3MEPEHUS [UTHHBI NIEPECTaeT BHIMJISAACTb 31€MEHTApHOM.

Kanroposa nectanua. KaHTOpOBO MHOXECTBO C/IYXUT UCTOYHUKOM MOCTPOEHUSI MHO-
rux aHoManuit. ITycts, Hanpumep, dyukuus f : [0, 1] = [0, 1] Ha samuikanuu xaxnoro
BbIOpacKIBAEMOTO (B IPOLIECCE MIOCTPOEHHMSI KAHTOPOBA MHOXECTBA) MHTEPBAIA — MPH-
HUMAeT 3HaueHHe, PaBHOE cepenHe 3TOTo uHTepBaia. JloonpeaneneHue f(z) B TOuKax
BTOPOTO POJIa N0 HENpepbiBHOCTH 22 1aeT Henpepbigiyio ™ monomonnyio dyrkumio f(z),
npou3godnan KOTOpoit noumu éctody paena Hymo, — 1em He meHee f(0) =0, f(1) = 1.
Hpyrumu cnosamu, f(z) moutu nurme Ha [0, 1] He pacTeT, HO ycneBaeT OLIYTUMO
BBIPACTH HAa MHOXECTBE HYJIEBOM Mepbl. B pesynstarte

I 0
/f'(z) dz =0, HoHe /f'(a:) dz = f(1) - f(0) = 1.
0 0

20) 3nech 06 3TOM rOBOPUTCs GErI0 B pacyeTe Ha YMTaTeNsl, MPOLLUEILIENO OTOHb, BOAY M MEIHbIE
Tpy6bl. OcoGeHHO, BOay.

Kcratu, GyHKLMs, NepeBoasLIas TOYKY & = Z ¥ BTOUKY § = Z e HerpepbiBHa
k=1 k=1
n otoGpaxaeT KaHTOpoBO MHoxecTBo C Ha [0, 1].
) B 1ouxax BTOpOrO poxa Z nonaraercsi f(T) = lim f(zk), rae x = T ¥ Bce Ty — TOYKH
NepBoro poja.

) A 3Hauut, 1 PaBHOMEPHO HETPEPHIBHYIO.
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MeTtpuyeckne n HOpMUPOBaHHbIE NMPOCTPAHCTBA

Cnyx6bl obecrieyeHUst (TPaHCMOPT, AOPOTH, CKJIAAbl, CBS3b) ChEAIOT BCE PECypChI.
Ha ocHOBHOI4 mpoLiecc MOYTH HMUYETO HE OCTaeTcs, Aa M He Tpebyercsi. D10 obuias
3aKOHOMEPHOCTD. [103TOMY He CTOUT yAMBIATBLCH, YTO B MaTEMaTUKE YCUIMS KOHLIEH-
TPUPYIOTCS HA MPUTOTOBJIEHHUSIX U COMPOBOXIEHHH.

2.1. MeTtpunueckas naeonorms
IhaBHbie 3a1ayM Ha TIpULENe — 3TO, KOHeyHo, Lz = y(t), rae

Lz =z 4+ a,()z"™ " + ... + ap_ ()2 + an(t)z,
6o Lz = — A(t) z 8 R", 1u60 — omepaTop ¢ YaCTHBIMH NMPOHU3BOAHBIMH b,
HHTerpanbHble ypaBHeHUss — 000poTHas cTopoHa Menanu. ObpaiueHue L B 3anaye
Lz = y(t) npu onpedenennbix Ha4anbHuix Ulu KPaesuix ycA0BUAX UMEET BUI

a) = 17') = [ Glt.9(0) ds,
Q

rae G(t, s) Ha3bBalOT Pynkyueil I"puuaz). O G(t, 8) ewe roBopsT KaK O sAdpe uHme-
epanvHo2o onepamopa.

Ecnu B ucxonHoit 3anave y(t) = x(t) ambo y(t) = f[t, z(t)], BosHukaoT UHTE-
rpajibHble YpaBHEHHUSI

z(t) = /G(t, s)z(s)ds nubo z(t) = /G(t, s)fls, z(s)] ds.
Q Q

BoT, cOGCTBEHHO, M BCe 3alayd, KOTOPLIE XOTEJI0Ch Obl UMETH B TO-
ne 3penus. Ho ectb coGa3H MOAHATLCS BBILLIE IO JIECTHUIE abCcTpak-
LIMM, YTOOBI BCE YMECTHUIIOCH B OOHY cXeMy. EnMHooGpa3Hoe omucaHue

Takux 3amay | AT =y | XxapakrepusyeTcsi JTUHENHBIM orepaTopom A,

npeo6pasyowmM dyHkuuu («Bekropsi») (t) B y(t). OnHako Ha 3TOH

) Ha MOACTYNaxX K GYHKLUMOHATHHOMY aHAU3y €CTECTBEHHO MPEANoJiaraTh KOE-4TO U3BECT-
HbIM, U60 T1dyYpHl U MHelHas atrebpa yxe NpoiLeHbI.

) Cm.: Boce B. Jlexumu no matematuke: duddepeHumanbHbie ypaBHenus. T. 2. M.: YPCC,
2004.
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CTyrNeHbKe TOPU3OHT TaK OTOABMraeTcsi, YTO B MoOJie 3pE€HHUs Monasa-
€T BCSIKAasl «LIeyXa», U €€ MPUXOLUTCSA M3ydaTb, MOO MPOMEXYTOYHBIX
CTyneHeK HET. B pesynbrate yyeOHUKKM HAYMHAIOTCS C PaCcCMOTPEHUS
NPUYYLJIMBBIX OMEPATOpPOB M JAMKOBUHHBIX METPUK, B KOTOpBIX LIap
MEHBLIEro paguMyca cogepxut wap Gosbuiero. HopManbHas ncuxuka,
nonarasi, 4T0 €A MOpOYaT rOJIOBY, MBITAETCH YUTU TMPOYb K APYroMy
peMeciy. A «llejyxa»-To npu GinxaiilieM pacCMOTPEHUM OKa3biBaeTCs
ynoOHbIM WHCTpyMeHTOM. [IpocTpaHCTBO KakuMX HUOYAb «CJIUMLIMXCS
TOYEK» MOXET Cpa3y yKa3aTb Ha OLIMOOYHOCTb OOuLIEH TEOpeMbl WU
MOATOJKHYTb MBIC/Ib B NEPCIIEKTUBHOM HarpaBIeHUH.

PazyMHO, KOHEYHO, HE 3aLMKIMBATLCS Ha GYHKLMSIX, CUYMTAST «BEK-
TOpbl» £ € X U Yy €Y aneMeHTaMM HEKOTOpPLIX MPOCTPAaHCTB. Monenb
CTAHOBUTCSL 0O0Jiee BMECTUTEILHOM, B TOM UYMCJIE — Ui JIMHEMHOM
anreOpbl, YTO BCEJISIET HANEXAy MOJyyeHUs] OOLIMX pe3y/bTaToB, OMNU-
pasicb Ha aHasioruio. Ho oxunaHuvs OrpaBabIBalOTC B HE3HAYUTEIbHOM
creneHu. becKkoHeyHOMEpHbIE MPOCTPAHCTBA — 3TO ApYyrasi TUIaHETa,
Ipyrue 3akoHbl. B ]R3, Hanpumep, cdepa HenpepbIBHOW nedopmauueit
HE CTATMBAETCSl ho cebe B TOUKY. B 6ECKOHEUHOMEPHOM TPOCTPAHCTBE
3TO BO3MOXHO [2].

DyHKuHoOHAJIbHBIE TpocTpancTBa. YTo ObI TaM HM TOBOPWIIOCH, IIaB-
Hasi OpyMeHTauus QyHKLUMOHAIBHOIO aHajiu3a — MHOXECTBa (PyHKLHUIA
¢ Mepoii 06J1M30CTH

p(v, w) = Sl;p lv(t) —w()l, (2.1)

mbo
1

plv,w) = / [v(t) — w(t)] dt. 22)

0

160 ¢ KakoW-HUOyab eiue, HO MeTpuku (2.1) u (2.2) cnyxar npeacra-
BUTEJISIMM IBYX OCHOBHbBIX KaTETOPHUIA.

[eno B TOM, 4TO Ha MpakKTUKEe GECYMCIIEHHBbIE PyYeMKH BOIIPOCOB
oT «AT = y» cTeKalTCa B pyClo, TIe OCHOBHOW MIpOGJIEMOil OKa3bl-
BaeTCsi apryMeHT, a He omeparop. Yto u3 ceOs mpeacTaBisiioT £ U Y?
3a Kakyl0 BEpeBOYKY HM TMOTsSHellb, Bceé B 3TO ymnupaeTcs. HyxHa
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HEIMpepbIBHOCTb OMepaTtopa — MPUXOAUTCS OrOBapuBaTh GJIM30CThL ap-
TYMEHTOB M 3Hau€HUM. A (GYHKUUHM MOTYT ObITb OJM3KU paBHOMEPHO,
MOTOYEYHO, B CPEHEM — U €1ll€ MWUIMOH BO3MOXHOCTeil. YToOHI BCce
9TO CMOTPENOCH C €AUHBIX MO3UIUMH, — BBOIAATCS OOLIME CXEMBI.

IMonbiTka abcTparupoBaThest oT yactHoctei (2.1), (2.2) BemeT K MOHATHIO MeT-
pHYecKoro npocTpaHcTBa. B pesyasTate nepsas xe ¢pasa: «I[lyctb Ha X 3anaHa mer-
pHKa» — [OMYCKAaeT K PaCCMOTPEHUIO OKEaH BO3MOXHOCTEH, KaKOBble CaMM Mo cebe
naxe He MpencTaBasOT MHTepeca, HO BXOAAT B ce0ECTOUMOCTb NOCTUraeMoit oOLu-
HOCTH. XOTMM MbI TOTO WM HET, B CEKTOp MpHLEaa MomnagaeT macca aHOMAaJTbHbIX
CUTYaLMii, BIUIOTb 10 HEApXUMELOBbIX MeTpuK”. B nosne 3peHUst OKa3bIBAIOTCH U MEHee
3K30TUYECKME IKCMOHATbl, KOTOpble HEMOCPEACTBEHHOW NMPAaKTHUYeCKOM 3HAYMMOCTH
HE UMEIOT, 3aTO C MX MOMOLUBIO CTPOUTCSE 3a60p KOHTPINPUMEPOB Ha NYTH 3a0nyXaeHU i
obuuero xapakTepa. B pe3ynbraTe BO3HMKAaeT BHYTPEHHSSI KYXHsl, CO3/aloLIas BIieyatie-
HME, YTO (PyHKLMOHANbHBII aHaIM3 pa3BUBaeTCs caM mis cebs, He 0cob0 UHTepecysCh
npunoxeHussmu. Ha 99 % 31o Tak U ecTb, HO W1 TIPUIOXEHHIT — XBaTaeT.

IupoTa MOHATHUST METPUUYECKOTO MPOCTPAHCTBA MOATAJIKUBAET K
noucky crienduku, kotopasi Obl cy3usia auana3oH. Ha 3tom nyru Bo3-
HUKAIOT 6aHaxoeul v 2unbbepmoasi IpoCcTPaHCTBa (TOJTHbIE MPOCTPAHCTBA
C HOPMO¥ Y CKISIPHBIM Mpou3BeneHneM). OGILHOCTb OrpaHUYNBAETCS,
HO pe3yJILTaThl YCUJIUBAIOTCS.

B runb6epTOBbIX MPOCTPAHCTBAX CYLUECTBEHHYIO POb HAYWHAIOT UTPaTh OPTOro-
HaJIbHblEe pa3nioxeHus GyHKUMH (psaabl Pypbe)

f@) =) cpr(a).
k=0

IMo aHaJOrMM C KOHEYHOMEPHLIM ClyYyaeM, T = €, + ... + T,€,, BEAUYMHBI Cj
CUMTAIOTCS KOOPANHATAMH, a GYHKUMHU @i (T) — Ga3UCHBIMU BEKTOpaMHU GeCKOHEUHO-
MEPHOro MPOCTPAaHCTBA.

2.2. OTKpbITbIE U 3aMKHYTbIe MHOXECTBa

HUHcTpyMeHTBI M mekopalvy GyHKLUHMOHAJIBHOTO aHajiu3a B OOJbLUIMH-
CTBE CJIyyaeB MPEACTABJISIIOT CO00I 000011IEHUSI KOHEYHOMEPHBIX aHAJIO-
roB. MHorue NMoHsTHs Y (haKThl TOXOXH. DTO CO3MAET MPUATHOE OLLYIIIE-
HUE 3HAKOMBIX MECT, HO TIOCTETIEHHO YCHITUISET OOUTEbHOCTD, 6e3 KO-
TOpOI1 JIETKO YTOAMTD B JIOBYLIKH, KOTOPbIMM OOraTra nu3yvyaemasi 006J1acThb.

! KOTOpbIX BCE BHYTPEHHME TOYKM 1liapa ABIAIOTCS UeHTpamMu — cM.. Ckeopuos B. A.
Tpumepsl MeTpuueckux npoctpaHcTs. MLIHMO, 2002 (B-ka «MateM. npocseuieHue». Boim. 16).
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‘o Omkpoimoim (3amcrymoim) wapom B(r,y) (paduyca r > 0 ¢ yenmpom y)
B METPUYECKOM mpocTpaHcTBe (X, p) HasbiBaeTcs COBOKYITHOCTb Touek & € X, yno-
BJIETBOPAIOLMX HEPaBEHCTBY p(T,y) < r (COOTBETCTBEHHO, p(T,y) < ).

o Oxpecmuocmbio TOUKM 2z € X Ha30BeM (Moka) 11060i OTKPbITHII Wap ¢ LEHTPOM
B 3TOM 'ro'ﬂ(e‘”, a €-0KpecTHOCTbIO z € X — miap B(e, 2), € > 0.

e DneMeHT u € X cuuTaeTcs npedeasroli moykoi MHoxectBa U C X, ecnu niobast
OKPECTHOCTb U CONEPXHUT XOTA Obl OnHY TOYKY U3 U momumo camoit u. IpenenbHbie
TOYKH HA3bIBAIOT TAKXKE MOYKAMU CYUeHus.

o MuoxectBo U C X omkpbuimo, ecni BMecTe ¢ KaxIod Toukoit u € U oHO
CONEPXUT HEKOTOPYIO OKPECTHOCTb U, U — 3aMKHYmMo, €CIU CONEPXHT BCE CBOM
NpeaeabHbiE TOYKH.

o MHoXecTBO [7, NMOAYYCHHOE INMPUCOCAUHEHHEM K U Bcex ero npeaciabHbIX
TOYEK, HA3bIBACTCA 3aMbIKAHUEM U.

ITonco3HaHMe 3HAKOMO C TIOHSTHEM JJIMHBI He 110 yyeOHuKam. [lo-
9TOMY KOTJa paccTosiHUEe OObsABsieTcs (QyHKUMEH, YIOBIETBOPSIOIIEH
HEKUM aKCUOMaM, — MHTYMLHMS TPONOIKAeT «ayMaTh» 0 p(z,y) Kak
O XOpOLIO U3BECTHOMH Bewiu. Ho «akCMOMBI» OT OOBIYHON METPUKU Ma-
J10 4TO OcTaBAsIOT ). IToatoMy yTBEpXAEHMSI METPUYECKOTO XapakTepa,
HECMOTPSI Ha UX OOMaHYMBYIO TPUBUAIBHOCTb, HEOOXOAUMO YMETh HO-
Ka3bIBaTb, MOJIb3YSICh TOIBKO Pa3pelieHHBIMU CPeNCTBaMU (CBOMCTBaMH,
OrOBOPEHHBIMH B OTIPEIENICHUSIX).

®@axrbi (1460 ynpakHenus):

o Obvedunerue 106020 HuCAa U Nepecederue KOHEHHO20 YUCAa OMKPbIMbIX MHONCECME
ecmb OMKpbimoe MHONCECMB0.

o Obsedunenue KOHeYHO20 YUcAa U nepeceverHue 2106020 Hucra 3AMKHYMbIX MHOMCECME —
3aMKHymoe MHOoXMcecmeo.

o Jlonoanenue 3amkHymozo (omkpsimoeo) mMHoxcecmea do 6ce2o npOCMpaHcmea ecmy
omkpbimoe (3aMKHYmoe) MHOXCeCMEo.

o 3ameikanue 106020 muoxncecmea 3aminymo. (1)
e UCV=UCV, TUV=UUV, T=0.

9 [Ipy TOMONOrMYECKOM B3MJIsSIAE Ha NpeaMeT (I1aBa 5) OKpeCTHOCTbIO ToOYKKM z € X HasbiBa-
€Tcsl 11000€ OTKPBITOE MHOXECTBO, COAEpXallee TOYKHU 2.

9 cwm. pasmen 2.8.
% He GyAyT 1M MOCJIEA0BATENBHOCTH U3 TIPEAETbHBIX TOUEK AABATb HOGble TIPEAETbHbIE TOUKH?
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[lepeuncneHHble yTBEPXIEHUSI NOCTATOYHO BAaXHbl U MPUHLIMUIIU-
aJIbHbl U1 ODUEHTALIUM B METPUYECKUX MPOCTPAHCTBAX, a UX 0OOCHO-
BaHMS HE BCE YKJIaIbIBAalOTCS «B OBE CTPOYKU». TeM He MeHee JOKa-
3aTeNbCTBA 3AECh OMYLIEHbI — M0 TpeM npuUyuMHaM. Bo-repBbix, oHU
€CTb BO BceX yueOHMKax. Bo-BTOpbIX, OT HMX BEET CKyKOM. B-TpeTbux,
MIEO0JOTMUYECKU OHM AOCTATOYHO TMPOCTBI A CAMOCTOSITEJIbHOTO BOC-
Npou3BefeHUsL. DTOT KOMIUIEKT NMPUYMH paboTaeT W manbliie — B TeX
cJlyyasix, KOrga JoKa3aTesibCTBa HOCSAT PYTMHHBIM XapakTep, a yTBepX/e-
HMSI HAXOIATCS BOAJIU OT «CTOJIOOBOI noporv». K nmogobHo# kaTeropum
3[eCh OTHECEH Jaxe chnenyomuvin gyHaaMeHTaabHbIN (akT.

2.2.1. Teopema otpaenmmocTn. Ecau dea 3amkHymbuix muoxcecmea Uy,
U, C X He nepecexaiomcs, mo cyuecmeyom 06a 0mKpbimbiX MHONCECMEa
W, u Wy maxux, umo

U]CW], UzCWz u W|nW2=@.

Wu1i03ust 04EBUIHOCTH BO3HMKAET M3-3a TOFO, YTO MOACO3HAHUE
npumMepsieT GakKThl K NpOCTHIM (urypam Ha ruiockocTu. Ioatomy o6oc-
HOBAaHHWE HEOOGXOIMMO, HO MpPU HEKOTOPOM HACTOMYMBOCTH OHO MO-
XET ObITh MOJYYEHO CAMOCTOSITENIHO JIMGO, B CIyYyae YCTPEMIIEHHOCTH
«33 TOPU30HT», — 3aMEHEHO CChUIKOM [11].

CaMoCTOATe/IbHOE 10Ka3aTENbCTBO HEKOTOPBIX KPAeyrolbHbIX pe3y/1bTaTOB aHAIU -
3a MOXET I0Ka3aThCsl «nepebopom». Ho 310 BrioniHe mocuibHbie Beilin. [1pu roToBbix
onpezeneHusaX U GOPMYIUPOBKAaX — AOKA3bIBATDb JIETKO, XOTH MPUHATO IyMaTb MHave.
TpyaHo u306peTaTh MOHATUS U BbIABUTATb TMITOTE3bI.

Bor enie nopuusi onpeneaeHUi, KOTopbie ynoOHO OroBOpPUTbL 3a-
paHee.

o MuoxectBo U C X oepanuuenno, eCnu 3aKjIlOYEHO B HEKOTOPOM Luape.

o Buympennsas moyka u € U onpenensieTcsi HalMYUEM OKPECTHOCTH, LIEJIMKOM
nexatueit B U.

e OnemeHT u € U C X, He sBnsiouMiica npenenbHoii Toukoit U, Ha3biBaeTcs
u3oauposarnoii Toukoit U.

e 3amkHyroe MHOoxecTBO U C X, He coaepxaliee W30JIMPOBAHHBIX TOYEK,
Ha3bIBAIOT COBEPUIEHHBIM.

e MeTpHyecKoe MpoCcTpaHCTBO X CUUTAETCSH CEA3HBIM, €CJIM OHO HE TPEACTABUMO
B BUJIE OOBEAMHEHUS 1BYX OTKPBITBIX HEMEPECEKAIOLIMXCS MHOXECTB.
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o [0oBOpsT, yTO MHOXeCTBO U naomno B mHoxectBe V C X, ecau 3aMblKaHWe
UDV,ascayuae V=X — rosopst, yto U — eciody naomno. Metpuueckoe npo-
CTPaHCTBO X, B KOTOPOM CYLUECTBYET CYETHOE BCIOAY IJIOTHOE MHOXECTBO, Ha3blBAIOT
cenapabenbHoiM.

o MHoxecTBO U MeTpuueckoro npoctpaHcTsa X Ha3blBaeTCsi Huzde He NAOMHbLIM,
ecau noboit wap u3 X coaepxur B cebe iap, He nmepecekatoluiics ¢ U.
ITpumepni

e B C[0, 1] mHoxectBo dyHkumit U = {z(t) : A < z(t) < B} oTkpbiTO, 2 MHOXE-
ctBo U = {z(t) : z(0) = 0} 3amkHyToO.

S|—

e B I, MHoxecTBO nocnenosartenabHocteli {r,} npu ycnosun 0 < z, <
3aMKHYTO.

e Ha euwecrtBeHHON mipsaMoit R = (—00,00) MHOXECTBO PaLMOHAIbHbIX TOYEK
BClOAY TJIOTHO, a MOCKOJIbKY €€ M CYETHO, TO R cenapabenbHo.

2.3. CxoaumocTb

[MocnenoBatenbHOCTb {Z |, . . . , Ty, - - .} TOYEK METPUYECKOTO NPOCTPAH-
ctBa X HasbiBaeTCs cxodaueiics, €CAU CyLIECTBYeT Touka £ € X, and
KOTOPOW

lim p(z, z,) = 0.

n—o00

o YT06bl TOUKA T Oblna MpeaesbHO TOUKOH MHOXecTBa U, HEO6XOAMMO U JOCTa-
TOYHO CYLIECTBOBAHME MOCIEN0BATENBHOCTH {Z,} C MOMApHO PA3TUYHLIMHU JleMEHTa-

mu, cxonsweiicsi k ¢ ). (12)

Tpebosanue nonapHo2o paziuius 31emMeHmMoe 4acmo onyckarom — U mozoa
Gopmyaupoexa Hemouna, ubo He 200umca nocredosamensrocmo {T,},
Y Komopod, HayuHas ¢ Hexomopozo N , ece T, = T, n > N. Pazymeemcs,
«nonaproe paziuuue» — OOUH U3 B0IMONCHbIX éapuanmos. Ez20 moxcro
3amMeHumb, CKaxceM, yci08uem, 4mo 6cmpe4aomcs T, 7 T €O CKOAb
Y200HO GoAbUIUMU HOMEPAMU.

o Y cxopslueiics nocnenosareabHocTH {T,} nobasi nodnocaedosamensiocmo {Tp, }
CXOAMTCS K TOMY Xe npeeny.

7 .
) Bror $hakT No3BOJISIET 3aMEHUTH ONpEIENEHNE npedeabHoi mouku T TpeGOBaHUWEM cywe-
CMB06AHUA CXO0AUENICA NOCA1e008aMEAbHOCHIU Ty — T € NONADHO PA3AUMHBIMU I1EMEHMAMU.
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e CXomMMOCTb T, — T MOXHO OMpPEAEe/UTh (PABHOCHJIBHO) KaK BO3MOXHOCTb
no nodomy € > 0 ykaszatbh Takoe N, yTO

p(Tn, ) <e  mmBcex n>N.

Y onpeneneHusi CXOOMMOCTU €CTb YePBOTOYMHKA: OMOpa Ha Mpe-
IeSbHYI0 TOYKY T, K KOTOpoit cxomutcs {z,}. D10 MHorma cosmaer
0e3BBLIXOAHOE TMOJOXEHUE, T, — T, HO T HE <«BbIYUCIAETCS», a 3Ha-
YUT, HE YOAETCA YCTAHOBUTb CXOOMMOCTb. B TO Xe BpemMsi BO3HUKAET
OLIYIIEHHUE, YTO CXOOUMOCTb SIBJISIETCS «BHYTPEHHUM» CBOMCTBOM IIO-
CJIEI0OBATENbHOCTH {Zy, }, HE 3aBUCSLLMM OT TIOCTOPOHHEN TOYKH L. DTO
HE TaK, HO «B 3TOM YTO-TO €CTb».

2.3.1. Onpepenenue. [Tocaedosamenshocme {T,} Hazvieaemcs gynda-
Menmaavnoil, uau nocaedosameavnocmoio Kowu, ecau no arobomy € > 0
MoxcHO yKazamb makoe N , umo

(T, Ty) < €
0aa aobbix n,m > N.

WHbIMU cnoBamu, y nocnenosatesibHOCTH Kown wieHbl ¢ 6ONbLIMMH HOMEpaMH
HE MOTYT CHJIbHO OTJIMYAThCSl APYr OT Apyra, U

Jim (T, Tw) = 0.
m—00

(DyHnameHTa.anble NMoCaea0BaTCIbBHOCTU HA3bIBAIOT TAKXKE CXO()}?II{MM“C}I 8 cebe.

Ha BeuiectBeHHON npsimMoi paboTtaeT kputepuii Kowm: nocaedosa-
meaviocmb {T,} C R cxodumcs 6 mom u moavko mom cay4ae, Kozoa ona
dynoamenmanvha.

B npousBonbHOM MeTpuyeckoM mpoctpaHcTe (X, p) 310 yxe
He Tak. [IpMHUMNIHAIbHYIO PONb UrpaeT nosHoTa X .

2.3.2. Mempuueckoe npocmpancmeo (X, p) Hassieaemcs noanvim, ecau
arobas gpynoamenmanvras nocredogamenvrocmes cxodumcs ¢ X .

ITonHoTa — 3TO, MOXayi, caMOe MIaBHOE, YTO OMpPEAEasieT yCrnex
dyHKIIMOHANBbHOTO aHanu3a B NpuiaoxeHusx. [JoToMy 4yTo OCHOBHas
TPYOAHOCTb MpU paboTe ¢ MHTerpalbHbIMU U IuddepeHIManbHbIMU
YPaBHEHUSIMU MO0 BapUalIMOHHBIMM 3aladyaMU 3aKJIl0YeHa B MPEAEb-
HbIX miepexonax. M mpoGieMa He TOJNILKO B OOOCHOBaHMU — AECKaThb,
pe3yJIbTaT MoJyYyeH, HO KaK Obl €ro rnpuyecarb, YTOObI HE CTBIAHO ObUIO
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rokasbiBaTh. [Ipob6yiemMa yacTo yrupaeTcs B KaTacTpodHuyeckue ounbku,
€CJIM MAHUITYJISILMUA UCTIOMHSAIOTCSE 0€3 JOTOBOPEHHOCTH M MOHUMAaHMUH,
B KaKOM (PYHKLMOHAJIbHOM NMPOCTPAHCTBE BCE MPOUCXOAMT.

OG6OCHOBaHME MOJMHOTHI MPOCTPAHCTBA — 3TO CEpbe3Has 3amauva.
Penko — mpocTasi, yalle — CJIOXHasi, O YeM CBUIETEJILCTBYET MPUMED
BELLIECTBEHHOM NMpPsMOii, MOJTHOTA KOTOPO# Oblia ycraHoBieHa B XIX B.
B pe3YJIbTaTe HEJIETKUX U3bICKAHU 8,

e ITonnora R = (—00, 00) ynpoluaer aHanu3 Gosee CAOKHBIX KOHCTPyKumii. Ha-
TIpUMED, CXOAMMOCTS 1o HopMe B C (ﬁ) — 3TO paBHOMEPHAsi CXOAUMOCTb, a MOCKONbKY
PaBHOMEPHBIA MpPeAes MOC/IeN0BATEILHOCTH HENMPEPbIBHBIX QYHKLHMIA — HenpepbiBHas
dynkuus, To C(2) — noaHoe npoctpaHcTso. K nosiHote R OT «TeopeMbl 0 paBHOMEP-
HOM CXOAMMOCTH» — PETPOCMIEKTUBHO BEAET JJIMHHAS LUEMNOYKa pe3y/bTaToB.

e [IpoctpaHcTBo I, Takxke nosiHo. O60CHOBAHHWE TEXHHUYECKHU JOBOJBHO rPOMO3/-
KO, HO €r0 MOXHO HailTH B JIlOGOM yuebHuke — cMm. [11, 15].

e [TonHota X mpu nepexone K 3aMKHyTOMy noanpoctpatcrsy U C X — coxpa-
usercs. (?)

e MeTpuueckoe NpocTPaHCTBO HenpepbiBHbIX hyHKLM z(t) Ha [0, 1] ¢ MeTpukoii

1 1/2
plz,y) = [ / [z(t) - y(t)]* dt]
0

nenonxo. (?)

2.3.3. Teopema O BNOXEHHbIX Wapax. B nosHom mempuueckom npo-
cmpancmee X nepeceuenue 1000l hocaedoeamenbHocmu 3aMKHYmMbIX, 640-
HceHHbIX Opye @ Opyea wiapoeé B(ry, T,), paduycei komopbix cmpemamcs

9)

K HYAIO ", Henycmo.

<« B cuny B(r,z,) D ... D B(r,,z,) D ..., nocnenosatenbHocTs {z,}
(dyHmaMeHTanbHa, TOCKONLKY T — 0 U

p(mﬂh mﬂ) < Tn,

YTO CllenyeT U3 Ty, € B(ry, T,) npu m > n, TaK Kak B(ry, Tm) C B(r,, z,).
TMonnota X rapaHTHpyeT cymecTBoanue npenena {€,} — z'. Ocraetcs noka-
3aTh, 4t0 ' € B(ry, T4) NpH 1060M k.

8 Cwm.: Boce B. Jlexunn no matematuke: Ananus. T. |. M.: YPCC, 2004 — o AeaeKMHIOBbIX
CEYEHHSAX.

9 Ecau pedb umeT O GAaHAXOBOM TNpPOCTPAHCTBE, TO YcaoBHE rp — 0 HeobGszaTenbHO —
cM. pasgen 2.8.



2.4. lMononHexne 33

D10 nMoyTH oyesuaHO. Pukcupyem moboe k. ITocaenoBaTeIbHOCTD

{zrin} (n=1,2,..)),

CXOLAWAACS K TOMY Xe npexey z', EXUT B 3aMKHYTOM Luape B(rk, zx). Tloatomy
z* € B(r, x3) npu no6om k. Tor q)ax'r YTO B MepeceyeHUH BeeX B(ry, Tx) HeT Apyrux
ToYeK, Kpome *, — BhiTekaeTu3 r, = 0. »

Kak Hu ynuBuTENBHO, HO Oe3 mpebosanus T, — 0 nepecevenue acex
B(ry, xx) moxcem oxazameca nycmoim (cM. pasnen 2.8). Do elue OAuH
LITPUX HA TEMY TOTO, YTO CTOUT 32 aKCHOMaMU METPHUKH.

Teopema 2.3.3 cOXpaHSieT CHUJIY MPH 3aMEHE LIAPOB BIOXEHHBIMM
JIPYT B Ipyra 3aMKHYTHIMHW MHOXECTBAMHU, duamempbl XOTOPBIX CTPEMST-
CA K HyIIO 10

2.4. MononHexue

[NonmonHeHne MPoCTpaHCTBA — IJIaBHas mpobJyieMa aHayim3a. B kiaccu-
K€ — 3TO0 HabUBILEE OCKOMHUHY 3arOJHEHUE BELLECTBEHHON MPSAMOIA.
M3-3a mpUBBIYHOCTH TeMa BHINISIOAWT OaHanbHO. be3 muilieBapeHwus,
JIECKaTb, HET XU3HHW, HO YTO 00 3TOM roBOpUTb. B (DYHKIIMOHANBHBIX
MPOCTPAHCTBAaX COOTBETCTBYIOLLAS MPOLIEAYPA UAET HAOLLYNb U BBITIIS-
IuT 0oJiee TAMHCTBEHHO, YTO MHBIM 00pa3oM (OKyCUPYET BHUMaHME.
A BCSl pa3HML]a — B HaJIMYMUM M OTCYTCTBUM MHTYUTHUBHBIX 00pa3oB.
3a0nmyx/IeHHEe HacYeT CIUTOIIHOM MPSMOIi TTOICO3HAHME HayYHUJIOCh BOC-
MMPUHUMATb 32 UCTHUHY.

Ha npumepe (—00, 00) ynoGHO paccMoTperb uneio B Lenom. Cy-
IIECTBYIOT JIM UppallMoHaIbHbIE ynciaa? He cyiuecTByloT D Moxwo mm

. 1
oboiTUCh 63 HUX? MOXHO 2).

3BYYMT BHI3BLIBAIOLIE, HO 3ITO TNPABUIILHO WM HENPaBUJILHO —
B 3aBUCMMOCTH OT NPUHMMaeMoit JereHabl (Monenun). O6pa3s cruiom-
HOI1 BELLECTBEHHOM OCH TIpe0bJIafaeT, KOHEYHO, Hall ajikTepHAaTUBHBIMU

19 Jluamempom OTPaHWYEHHOTO MHOXeCTBA A B METPUYECKOM MpPOCTpaHCTBE X Ha3bIBAIOT
uucno d(A) = sup oz, y).
T,y€4
1D pasge YTO, KaK BbIIyMKa.
12) C TeM Xe yCrexoM MOXHO TOBOPUTb «Hesb3si». Ha BONPOC «MOXHO 1M 060MTHCH 6€3 TOro,
YTO HE CYLUECTBYET?» — XOpOLI JI0GO# OTBET.
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ToYkaMu 3peHus. Ho Tak i1 HeoGXonMMo 3anoiHeHUe rpebeHKU paLu-
OHaJIbHBIX yncea? KakoBbl apryMeHThI «3a»?

OObIYHO cCbUIalOTCA Ha KaTtacTpody B aHaim3e. be3 uppauuo-
HaJTbHBIX YUCEJ, MOJ, CTAHOBSATCS HEBO3MOXHBI MpeneibHble Mepexo-
Jbl, HA KOTOPbIX CTOMT MHTErpupoBaHue U auddepeHurpoBaHue. 310
OMATb-TAaKU MPABUJIbHO U HEMPABWIbHO OAHOBPEMEHHO. MOXHO BIOJ-
He 000HTHUCH paLlMOHAIbHBIMM YHUCIaMH, TTOTEPSIB HEKOTOPbIE yI00CTBA.
ITocMOTpHUM, KaK 3TO COeJaTh.

HppauyoHanbHbie YHCIa KaK TOYKH MPSIMOI — BOMPOC «CKa304uHbI». Bo BHYyT-
pPEHHeEl KyxHe QOpMaIbHOM TEOpUU — 3TO MpeAe/ibHbIE TOYKH MOCAeI0BATEIbHOCTEM
{z,} paumoHanbHbix uymces. C Apyroi CTOpPOHbI, BMECTO T, — T MOXHO MOJb30-
BaTbCsl AILTEPHATUBHBIM ONpeNeSICHUEM GHympeHHell cxoduMocmu, KOTOPOi 06JalaloT
dyHdamenmansHole nocaedogamenbHocmu, XapaKTepu3yemble yCJJOBUEM

|Tg —Zpu| 20 npu n,m — oo,

M TOTJA CaM Mpenesa T He HYXEH.

WHbiMM crioBaMM, MppaLMOHaNIbHBIE YMCNA MO3BOJISIIOT CHJIBHO YKOPOTHUTb He-
YKJII0OXHE BBIDAXEHHUS THUMA «€CNM 3HAYEHHUs TIEPEMEHHBIX 3alaBaTbhb BO3PACTAIOLIMM
YUCJIOM AECATHYHBIX 3HAKOB, TO YUC/IO BEPHbIX 3HAKOB B OTBETE OyNeT BO3pacTaTh».
Ilpu He3anmoJIHEHHOH BELLECTBEHHOM TMPSAMOI OnpeaesieHUe MPOU3BOAHOI MpeBpalia-
€TCsl B TBITKY.

IMoHATHO, YTO BeCh «AHAIM3» MOXHO MepeaesaTb, OCTaBUB TOJbKO
paLMOHa/IbHBIE YKcia U HyHIAMEHTaJIbHbIe MOCIEI0BATEIbHOCTH BMe-
CTO UppaLMOHaJIbHBIX MyJispkeid. Ho 3mech, coGCTBEHHO, HUYErO HOBOTO
HET, KPOMe TepMUHOIOTUMU. MppalnoHanbHasi TOYKa Ha NpsiMOH — 4M-
CTO TyMaHUTapHOe u3obpereHne. POpMabHO, 3TO IKBUBAIEHT (dyHAa-
MEHTAIbHOM MOCNEeA0BATENbHOCTH {Zy} PALIMOHATBHBIX YUCE 13, Toy-
Hee TOBOPSI, 3KBUBAIEHT IPYIMNbl «OAMHAKOBbIX» MOC/IEI0BATEIbHOCTEM
C KpUTEpUEM OIMHAKOBOCTH:

|Tp —Yn| =0 mpu n — o0o. (2.3)

HexenaHue onepupoBaTh mpeaeabHbIMU TOYKaMU T 0OOLLIOCH Obl
HEOOXOAMMOCTbIO MaHHUITYJIMPOBaHUS HaKTOP-MHOXECTBAMU TOCIEN0-
BaTEJIbHOCTEI M KJIaCCaMK 9KBUBAIEHTHOCTH B cMbicie (2.3). OT Takoi
MaTeMaTUKK HacejeHUEe OpOCHJIOCh Obl BPaCCBIMHYI0. A NENO0-TO BCE
B TOYKE 3PEHUS Ha OOMH U TOT Xe npeameT. [IpecnoByTeie dakTOp-
MHOXeCTBa (DyHOAMEHTAJbHBIX MOC/IENOBATEIbHOCTEN, 0003HAUYEHHbIE

13
) 3nech cxonacTMuHOE Ha BUIL TIOHSTHE n30MOpdU3Ma NPUXOAMTCS KCTATH.
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yepe3 T, 40T IOBOA 3aayMartbesi. ECTh M pasHuua, cooctseHHo? Hu-
Kakoil, He cuuTasi HeynoocTB. [To3TOMy CIIIONTHAS OCh B «AHAIU3E» —
00pa3 HanMaTteMaTnyeckuid. UppalimoHanbHble TOUKH YIOOHBI B rOJIOBE.

B byHKUMOHANBHBIX MPOCTPAHCTBAaX HAa aOCTPAKTHOM YpPOBHE CH-
Tyauusi aHasiornyHasi. C Toii JTUILIb pa3HHUIIEH, YTO HET TAKOTO YAIOOHOTO
JUIsi IOICO3HaHUS o6pa3a, Kak BellecTBeHHast mpsiMasi. CylleCTBYIOT JiH,
CKaxeM, CyMMUpyeMbie GyHKLIMU — BOMIPOC pUuTopuueckuii. CylecTy-
10T B TOM X€ CAMOM CMBIC/IE, YTO M BELLECTBEHHBIC YnciIa. BapuaHTos,
npasaa, B GyHKLMOHANBHBIX MPOCTPAaHCTBaX MHOTO. Bompoc «uto u Kak
TIOMOMHATE» UMEET OOJBIIIOE KOJIMYECTBO pa3yMHbBIX OTBETOB.

Obwas cxema. [lormonHeHWe MHOXeCTBA PAlIMOHATILHBIX YMCENT C MET-
PUKOW

p(z,y) =z -yl

MTOPOXIAeT BEIICCTBEHHYI0 MPsiMylo R. AHaJIOTMMHBLIA TPIOK MOXHO
MPOENaTh C JIIOOLIM METPHUUYECKUM IIPOCTPAHCTBOM.

2.4.1. Onpepenenne. [loanoe mempuueckoe npocmpancmeo X Hasviéa-
emcs nonoanenuem npocmpancmea X , ecau X — nodnpocmpancmeo X ,
npuuem X ectody naomuo 6 X.

2.4.2. Teopema. Jloboe mempuueckoe npocmpancmeo X umeem edun-
cmeenHoe (¢ mounocmolo do uzomempuu) nonoanenue X.

« B oOGuem ciyyae paboTaer Ta e Uaes, YTO U B TEOPUU AEHCTBUTEIbHbIX YUCETT.
TexHuyeckoe UCMOTHEHHE — AaXe MPOLIE, MOCKONBKY 415 BHOBb BBOOUMbIX 0GBHEKTOB,
TUMA UPPALIMOHATIBHBIX YMCE, HE HALO ONMpeleiaTh apudMeTHYecKue onepauuu. He-
KOTOpOE YCJIOXHEHHE, ¢ APYTOif CTOPOHBI, MOPOXIAET OTCYTCTBUE YMOPSAJOYEHHOCTU
3/IeMeHTOB U3 X .

HU3oMeTpuuHBIil BapyaHT X KOHCTPYMpPYETCSl € TIOMOLUBLIO cCaMUX (yHIaMeH-
TaILHBIX MoOcenoBatensHocTel {z,} C X, KoTOpbie pasOWBalOTCA Ha Kiacchl. e
nocsienosatenbHocTH {z,} u {y,} oTHOCAT K onHOMY Kiiaccy, ecau

p(Zn,yn) =0 mpu n— o00.

Jio6ast (yHOAMEHTaNbHAS [TOCAEN0BATENBHOCT {Z,}, KaK JIETKO BHMAETH, NPU-
HAIJIEXUT ONHOMY W TOJIbKO OINHOMY KJIacCy Z, a Kiacc I ompeaensieTcs mo6oit
TIpUHanMEXaWei eMy MOC/EA0BATENLHOCTDIO. DTH KIIACCH IPUHMMAIOTCS 33 JIEMEHTBI
HOBOTO METPUYECKOTO MPOCTPaHCTBA X ¢ METPUKOiA

p(i’ .ii) = lim p(:l:,,, yn), (24)
n-00

rae {z,} € T, {y,} € § — npou3BONBHbBIE MPEOCTABUTENH CBOMX KIIACCOB.
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Bor, cobcTBeHHO, M Bce — eciu no CyTu. TexHMueckasi HECKONBKO rpoMOo3aKas
yactb [8, 11] cBoauTes Kk mpoBepke Toro, 4to (2.4) neiiCTBUTENBHO MeTpuKa, a X —
MOJIHO MO 3TOW METPHUKE.

[MocnenHuit 3Tan 3akiio4aeTcst B Nposepke Toro, 4to X (¢ TOYHOCTBIO O U30-
METPUH) MOXHO PaccCMaTpUBaTh Kak MOAMNPOCTPAHCTBO X nnotHoe 8 X. »

B npuaoxeHHUsiXx NONoJHEHUE OObIYHO CTPOUTCS MHAYe — C MOMO-
1O KOHCTPYKLIMM, ONUPAIOLLENCS HA Cneayloluunii axr.

2.4.3. Nlemma. [Todnpocmparcmeo X\ noano2o mempu4ecko2o npocmpat-
cmeéa X noano mozda u moavko moeda, koeoa oko 3amkrymo ¢ X. (?)

[ToaToMy uHTepecyollee MHoxectBO U [OCTaTOYHO MOTPY3UThb
B TOJIHOE METPUYECKOE MPOCTPAHCTBO X M TaM B3STh €ro 3aMbIKaHUE
U — 310 u 6yaeT nonoaHeHuem U.

2.5. Kareropuu Bapa

MHoxectBo U C X Ha3blBaeTCs MHONCECMEoM nepeoll Kameaopuu, €c-
M OHO MpPEeACTaBUMO B BHMIE OOBENMHEHWS CUYETHOTO 4MCJa HUIAE
HE TUIOTHBIX MHOXECTB. MHOXECTBO, He SIBJISIIOLLEECS MHOXECTBOM
nepBoi KaTeropuu, Ha3biBacTCS MHOHNCECMEOM MOPOU Kamezopuu.

MHOXeCTBO paLlMOHAIbHBIX TOYEK BELLECTBEHHOM MPAMOM ABASETCS MHOXECTBOM
nepBoii KaTeropuu, a MHOXECTBO UPPALIMOHANILHBIX — BTOPOWA.

KareropHble uaeu BOZHUKIU MPH BbISCHEHWHW TOrO, HACKO/BbKO MI0X MOXET ObiTh
npeaen HernpepuiBHbIX GyHKuuit. [Tomouewnwiii npedea na [0, 1] ecrody cxodaweircs
nocaedogamenbHoCmu Henpepbi8HoIX QYHKUUU seasemca (yHKYueill HenpepuiéHoi 6ciody,
3a UCKNIOHEHUEM MHONCECM8A Mo4eK nepeoil Kamezopuu 14 (Bap). Orciona cnenyer (?),
4YTO MPOU3BOAHAA AU(depeHLMPYEMOI (PYHKLIMKU HE MOXET ObiTh BCIOAY Pa3pbIBHOM.
MHOXecTBO €€ TOUeK pa3pblBa — MHOXECTBO TOYEK MEPBOM KATErOpHUH.

2.5.1. Teopema Bapa o kareropuun. [losHoe mempuyeckoe npocmpam-
CcCmeo ecmb MHOMCECMEBO emopoa Kamezopuu.

DKBUBAJIEHTHAs HOPMYNMPOBKA: 8 HOAHOM NpoCMpaHcmee nepece-
veHue 106020 CHEMHO2O cemeiicm8a OMKpPbIMbIX CHOOY NAOMHbIX MHO-
oHcecme — 6cro0y NAOMHO.

14 o
) Y MOHOTOHHBIX Q))’HKLIMM MHOXECTBO TOYEK pa3pbiBa He 6onee YEM CHETHO.
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<« [lycte U}, U,,... OTKpbITHIE BCIOAY TUIOTHbIe NMoaMHoxectBa X, a Uy —
TPOU3BOJIBHOE OTKPBITOE MHOXECTBO. JI106ast MOCNeN0BaTe/IbHOCTD BIOXKEHHBIX IAPOB
¢ paauycamu r, — 0

.§|CU10U0, E;CU;“E[, E;CU30§2,

HMEET HEeMycToe TNepeceyeHue 15) (Teopema 2.3.3), uTo Baeder 3a coBOI HEMycToOTy
nepeceueHus cemeiicrea U\, Uz, ... . »

TeopeMa 2.5.1 BHIDIAAUT HECKOJILKO CXOJACTUYHOM, HO Ha IIPAKTUKE
OHa OKa3bIBaeTCs YAOOHBIM MHCTPYMEHTOM.

2.6. BaHaxoBbl M rMAL6EPTOBbI NPOCTPaHCTBA

JInHeiHOe HOPMMPOBAHHOE MPOCTPAHCTBO, €CAU OHO NOAHO, HA3bIBAET-
cst — 6aHaxoswiM.
B pasnene 1.4 npuMepbl METPMYECKMX MPOCTpaHCTB: R” , mpocTpaH-
CTBO M OrPaHUYEHHBIX MOCTeA0BaTeIbHOCTEH (¢ HOPMOH ||z|| =sup|z;|),
1

MPOCTPAHCTBO [; TIOCHEeNOoBaTENbHOCTEN, CyMMMPYEMBIX C KBaapaToM
o0

1/2
1 Hopmoit ||z|| = ( g zf) , — 8ce aeaaomesa 6aHax08bIMU.
i=1
«BaHaxoBOCTb» OXBATHLIBAET 3HAYMTENILHYIO YacTb MPUKIIAAHBIX T10-
TpebHOCTel. BOT elile HECKOIbKO MPUMEPOB.

o IIpocmpancmeo C|0, 1] venpepbiBHbIX GyHKuMii Ha [0, 1] ¢ HOpMOiA

llzll = max |z(t)],

Kotopasi B C' oTpefesieT pABHOMEDPHYIO CXOAUMOCTb, TOYEMY, COOCTBEHHO, C ABISETCS
MOHBIM TMPOCTPaHCTBOM. [Ipu HOpMe

el = / e &) R (25)
0

MHOXECTBO HenpepbiBHbIX GyHKLMH Ha [0, 1| He noano, MOCKOABKY CXORMMOCTB B Cpea-
HEM He 00ecrneynBacT HEMPEPhiBHOCTU NMPEACTbHON (I)yHKuun._

Hapsiny ¢ C|[0, 1] paccmarpusatorcs npocmpancmea C[S2] HenpepbiBHBIX (YHK-
LK1, 3aJaHHBIX HA 3aMBIKAHUK OrpaHWYeHHOM obnactu 2. U3 koHTekcTa O6BIYHO SICHO,
O KaKoi 06JacTH MAET peyb, MO3TOMY Yalle BCEro ropopar W nuiuyt — npocro C,
3KOHOMS Ha 0003HAUCHUSX.

19 CylluecTBoBaHMe MOAXOASILLEIO LIApa En Ha KaXIoM 1Hare o4¢BuUaHa.



38 MaBa 2. Merpuveckne n HOPMUPOBaHHLIE NPOCTPAHCTBA

o [Tpocmpancmea L, (p > 1) n3MepuMbIX ¢ p-il cTeneHblo QYyHKUMI M HOp-
Moii (2.5), rae noapasymeBaetcs unmezpuposatue no Jlebeey. B rnase 3 naHbl yTouHeHUs
HAaCYeT MOJHOTHI.

Bmecto [0, 1] MoryT paccMaTpuBathesi Apyrve ob6nactu, B TOM Yucie — Gecko-
HEYHbIE.

B HeKOTOpbIX cnyyasix BO3HMKAeT MOTPeGHOCTb B PACCMOTPEHWUHM NPOCMpaHcme

Ly, ¢ Hopmo#
| I/p
] = ( [voisr dt) ,

0

XapaxTepu3yeMoii IJIOTHOCTBIO ycpeaHeHus V(t).

o [Tpocmpancmeo Ly [0, 1] orpaHnueHHbIX H3MepHMbIX GyHKUMI (1aBa 3) ¢ HOp-
MOIi:
[lz]| = ess sup [z(¢)].

o [Ipocmpancmeo ct HenpepsiBHO anuddepeHunpyeMbIx (10 k-ro nopsiaka BKIIO-
ynTensHO) dyHKumit z(t) ¢ Hopmoii '¥

— (7)
z|| = max max |z¥’(¢)|.
” ” i<k I ( )l

[TonHoTa ONATL-TAKM OYEBMIHA U3 KJIACCHUYECKOTO aHaJIn3a.

o [Ipocmpancmea Cobonesa W,f MONYYaloTCsl B pe3yJibraTe MOMNOJHEHUs B HOpME

||u||—{/|u Wdz+ ) /|u‘°’|"dz}

I<al<t

MHOXecTBa | pa3 HemnpepbiBHO AuddepeHLpyeMbIX Ha JOCTATOYHO «XOpOlLLeii» o6na-
cri Q dyHkumit u(z,, ..., T,).
B cnyyae p = 2 npoctpaHcTBO Wzl TUNbGEPTOBO, M €ro NMpUHATO 0603Hayath H t

e B Tex cayyasx, Koraa To WM WHOE MPOCTPAHCTBO OMpEAESISETCS KaK MOMos-
HEHUE HEKOTOPOTO MHOXECTBA, — OTpENENEHNSI MOTYT CHJIbHO Pa3HUTBCS, MOCKOJIbKY
MOTIOJIHEHHS Pa3IMUHBIX MHOXECTB MOTYT NaBaTh ONMH U TOT Xe pe3yisrat. Hanpumep,
L, ectb nononHeHue no HopMe (2.5) MHOXeCTBA HEMPEPBIBHBIX (YHKLIHI, MHOXECTBA
MOAMHOMOB, U BOOGLLE JTI060ro NAOTHOToO B L, MHOXECTBA.

DksuBasenTHOCTD HOPM. HOpMbi |||, ||-||2 cunTaloTCcs akBHBaNneHTHBIMM
(C TOYKM 3pEHUs CXOLMMOCTH), €CJIM MOXKHO yKa3aTh TAKME KOHCTAHTBI &

1) Yinu sksuBanenTHOIM HOPMOV llz]| = Z max Iz(j)(t)l.
<k
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u B, uto
lzlh < allzll,  llzll2 < Bl

B R" gce nopmot sxeusarenmnsi. (1) €4 @ynxuus o(z) = ||z||; Ha
komnakte ||z]|; = 1 mocturaet cBoero MuHumaibHoro (7 > 0) U Mak-
cumaibHoro (0 > 0) 3Hauenust. [Toatomy

Ml < izl < dflell2

npu mobom £ € R".  »

BbaHaxoBo (T. €. MoJTHOe HOPMHUPOBAHHOE) MIPOCTPAHCTBO, B KOTOPOM
HOpDMa BBEIEHA C IMOMOLIBIO CKAJIAPHOTO MPOU3BEACHUSI, Ha3biBACTCS
2unbbepmosbim 17), KAaKOBBIM SIBISIETCSI, B 4acTHOCTH, R".

Hpyroii npumep runsbeproBa nmpoctpaHctBa — L,(€2) co ckansip-

HBbIM ITPOU3BECACHUEM 18)

(u,v) =/u(w)v(z) dz.

Q

Yactb cBOHCTB runbGepTOBa MPOCTPAHCTBA OMPEACHSIOTCSl CBONCTBAMM CKANsIp-
HOTO npou3eeacHUsl. MHoroe 6e3 W3MEHEHHIl TIepEHOCHUTCS U3 JIMHEIHON anre6pbl,
10 KparHei Mepe TO, YTO YCTAaHABIMBAJIOCh MAHUITYISLMSMHU CO CKAISPHBIM [iPOU3BE-
JneHHeM 6e3 onopbl HA KOHEYHOMEPHOCTD.

Hanpumep, packpbite ckoBoK B (T + Ay, T + Ay) > 0 maer

(z, ) + 2Mz, y) + Ay, y) > 0,

(z,y)
(v.y)

)

YTO TIpU A = — NepexonuT B Hepasencmeo Kowu— llseapya 19

(z,y) < lizl - llyll,

CrMpaBeIJIMBOC HE3aBUCUMO OT MPUPOABLI INICMEHTOB H (l)Oprl CKaJIIPHOrO MpPOU3BEC-
JCHHUA.

Tunvbepmosa nopma ||z|| = (z, )2
epamma™®

XapaKTCpPU3IYETCA pABEeHCMEOM hapanneno-

llz + 9l +llz = yII* = 2llzII” + 2lly]*. (2.6)

) Yro6m NOAYEPKHYTb TMABGEPTOBOCTD MPOCTPAHCTBA B €10 0003HAYE€HUH YACTO UCTOJb3YETCS
6yksa H (3arnasas ot Hilbert).

18) Mpumep ynoMuHaeTcs noka aBaHcoM. M3MepuMocTb yHKUMIT U MHTErpUpYyeMOCTh 1o Jle-
Oery paccMaTpHBalOTCsl O3XeE.

Y p npeanonoxeHuu y # 0. Cnyyait y = 0 TpuBHaneH.
20) Cymma KBAIPATOB CTOPOH NAPA/LIENOTPAMMA PABHA CYMME KBAIPATOB AMATOHANICH.
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B cnyyae (2.6) ckansipHOe NpOU3BeAeHHE BOCCTAaHABIMBAETCS MO HOpME:

1
(.9 =7 s+ il = llz-yl?) .

OneMentsl T,y € H opmozonasshe: npu ycnosuu (T,y) = 0 —
nuyt £ L y. DneMeHT & opmoeoHasern nodnpocmpancmey Hy C H,
€CJIM T OPTOrOHajeH JiloGoMy 3emeHTy B Hy.

2.7. DakTOp-NPOCTPAHCTBO

Jist 3agaHHOroO JTMHEMHOro MHOrooopa3us
XoCX

JIMHeHOoe npocTpaHcTBO X pa3GuBaeTcs Ha Kaaccel cmexchocmu (MHO-
xectBa) L. CunTaercsi, 4TO [Ba 3/IEMEHTA MPUHALIEKAT OXHOMY M TO-
My Xe Kiaccy L, ecliv ¥ TOJIbKO eClii T — I3 € X.

JIlBa Kjacca CMEXHOCTH MO0 COBMANAloT, JIMOO HE MEepeceKaloTCs.
CoBOKYIMHOCTb BCEX KJIACCOB CMEXHOCTH 00pasyeT gpakmop-npocmpan-
cmeo X/ X, HamensieMoe CTPYKTYpOW JIMHEIHOTO MPOCTPAHCTBA Cliey-
oM o6pasoM. Ecnu xnaccel Lj U Ly MMEIOT MPENCTAaBUTENSIMUA T
U T, To cyMMoi L + L) oObABIISIETCS KIJIacC, KOTOPOMY MPUHAIJIEXHUT
3JIEMEHT | + T3. AHAIOMYHO, Mpou3BeneHUe AL ompenensercss Kak
KJIacC, MpEACTAaBUTENIEM KOTOPOTrO CIYXHUT 3JIeMEHT AL, roe T € L.
KoppeKTHOCTb BBENEHHBIX OMEpalyii CIOXEHUSI KJIACCOB CMEXHOCTH
Y YMHOXEHMST MX Ha YMCJIO — JIETKO MPOBEPSIETCS.

Pa3mepHocTtb dakrop-npoctparcta X/ X (KoHeuHast uiu Gecko-
HeYHast) Ha3bIBACTCS KOPA3MEpHOCMbIO, VN OegheKkmom, TOAMPOCTPaH-
crBa X B npoctpaHcTBe X .

OnucaHHbI MEXaHU3M LUIMPOKO UCMONb3YeTCst MPH U3YYEHUH U3MEPUMBIX (QYHK-
uui (iaBa 3), KoTopble ecTecTBeHHO ) OTOXIECTBAATD MPU HECOBMAJAECHUU Ha MHOXeE-
CTBax HyJieBoit Mepbl. Toraa B kayectBe X, 6epeTcst MHOXeCTBO (DyHKLIMIA, paBHBIX HYJTIO
noyTH Bciony, — M B X/ X, «HopMa He oGpaLiaeTcs B HY/Ib Ha HEHYNIEBBIX AIEMEHTAX».

JHpyrast o6nacTb NpUMeHeHUs] — U3yYeHUe JIMHEWHBIX ONepaTopoB B 6aHAX0680M
npocmpancmee E. TaM BO3HMKAIOT ABa MOAMPOCTPaHCTBa, Adpo ker A, wnu Hyao-
npocmpancmeo, oneparopa A: MHOXeCTBO T, mns Kotopbix Az = 0; u ofpaz Ry:

2) Bephee, HEOOXOAMMO — YTOObI HOPMHMPOBATH TPOCTPAHCTBO.
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MHOXECTBO 3/1I€eMeHTOB §¥ = Ax. PakTOp-NpOCTPAHCTBO, HanpuMep, coker A = E/R,
HAa3bIBAIOT K0Adpom orepaTtopa A.

KoHeyHo, Bce 3TH «Kepbl» U «KOKepbI» He CMIOCOOCTBYIOT MONYJISAPHOCTH MaTeMa-
TUKH, HO 3eCb Hall0 MOHUMATb, YTO 3TO He 6oJiee YeM TOPXKECTBEHHAss TEPMUHOIOTUS
ISl TIPOCTBIX, XOTS M HENMPHUBbIYHbIX MOHATUN. [la MU HyXHbl OHM MO GONbLIOMY
cYyeTy JIMLUb Ha TOM cTaguu, Koraa Tiara K (GyHKLUMOHANbHOMY aHaAM3y CTAHOBUTCSH
XPOHUYECKOM.

2.8. AvomanbHble 3P PeKTbl

Bcsikoe mpoBosrialieHre 3aKOHa MepeKpaliMBaeT MHOTOLIBETHYIO Ta-
JUTpY B YepHO-6enbie ToHa. Koe-uTo M3 COMHUTENBHOrO MU HEI03BO-
JIECHHOTO paHee CTaHOBWUTCS AOIMYCTUMbIM. TOYHO Tak Xe meKJiapaius
onpeneseHU BbIHYXAAET U3yyaTb SBJICHUSI, KOTOPbIE Ha «IOTEOPETH-
YEeCKOM» 3Tare He MpeNCTaBlisuId MHTepeca.

Oka3bIBaeTCsI, YTO METPUKOM MOTYyT ObITh JOBOJIbHO CTPaHHbBIE
¢dynkuuu. Cxaxem, p(z,y) =1 npu z #y u p(z,y) =0 npu = = y.
Ty, moHATHO, U 06GCYXHaThb OCOOEHHO HEYero, HO OOILKME TEOopEMbI
Buna «[lyctb (X, p) HEKOTOpoe METPMYECKOE MPOCTPAHCTBO...», —
3aMMHHMPOBAHbI TAKOTO COPTa BO3MOXHOCTSIMM.

o «CrpaHHbie» SIBNCHUsS MOPOXIAIOT Mepexoasl OT P(Z,y) K MeTpPUKaM THma
Az, y) = min{1, p(z, y)}.
B oepanuuennoi mempuxe

|z -yl
z,y)= — > 2.7
Pz, y) - (2.7)
MHOXecTBa K, = [n,00) 3aMKHymbi, o2panudensi u 6aoxcensi dpyz 6 dpyea, HO ux

nepeceuernue — nycmo.
< Tlepsble aBe akCHOMbI MeTPUKHM st (2.7) oueBunmbl. TpeTbss — ycTaHaBIU-

t
BaeTCsl AOCTATOYHO MpocTo. DyHKIMS ! (t > 0) MOHOTOHHO BO3pacTaeT, MOITOMY

la+d la| + 14 lal |5]
I+la+b ~ 1+]a|+|b]  1+]a|+b] = 1+]a| 1+]b|

IMoacraHoBKa @ = T — y, b = y — 2 naeT HepaBEeHCTBO TPEYrojbHUKA. b

o KopeHb 3113, OIHAKO, 3aK/II0YEH HE B MPOTUBOECTECTBEHHOCTH MeTpUKH (2.7).
IMyctb E 6eckOoHeYHOMEpHOE 6aHaxoBO MpocTpaHcTBO. M3 nemmbl 4.3.6 BbiTeKaeT
CyllecTBOBaHUE Ha eaMHUuHOM chepe S C E mocnenosatenbioct {T,}, yaosnerso-
psIoLIeit YCIOBHUIO ||Z, — Z,,|| = | mpu n # m. MHoxectsa K, = {z; : k > n} onatb
3aMKHYTbI, OTPaHUYEHbI U BJOXEHBI APYT B APYra, HO UX MepeceyeHue — MycTo.
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Opyroit npumep: MHoxecTBa K, € C[0, 1], coctosiune u3 dyHkumit z(t) Takux,
yto |z(t)] < 2, z(0) = 0 u z(t) = | npu [/n <t < 1. MHoxectBa K, Tenepb eLue
1 BBIMYKJIbI, HO MEpeceyeHHe OMSTh MyCTO.

e OnHako nepeceyeHUe BJOXEHHbIX wapoé B GaHAXOBOM MPOCTpaHCTBe 00s3a-
TenbHO He mycto??. Jleno B TOM, YTO B J1060M GaHAXOBOM MPOCTPAHCTBE PaaMyChl
BJIOXEHHBIX LIAPOB MOHOMOKHO y6biéarom (?) (Uero Henb3s rapaHTMpPOBaThb B OGLUEM
cnydyae MeTpuyeckoro npoctpaHcrsa). Ho torma nam6o r, — 0, u Bonpoc peluaercs
Teopemoit 2.3.3, nu6o r, — r > 0, U TOraa LUEHTPbI BIOXEHHDIX LIAPOB «BbIHYXAEHbI»
CXOAUTBLCS, B pe3y/ibTaTe Yero rnepeceYeHue OnsTh HEMyCTo.

o BO3MOXHOCTb CMpo2020 6KkAIOMeHUs wapa 6 wiap cmpoeo MeHbwie2o paduyca
MHOIIA JOBOAMT 10 6eNoro KaneHusi, noka He coobpasuiub ). TpuunHa Ha camom
Aene TPUBUA/IbHA, M HUKAaKHE (PYHKLMOHAbHbIE TIPOCTPAHCTBA He HYXHBbI, 10CTATOYHO
otpe3ka [—1, 1] ¢ o6biuHO#t MeTpukoi. Illap |z — 1| < 2 — € panuyca 2 — € npu € > 0
HaxoaMTCs CTPOrO B eAMHMYHOM wape |z| < 1.

22 o
)d)aK'r, KOTOpbIH M3-3a TeopeMbl 2.3.3 MHOTAA CYUTAETCS OLUMOOYHBIM.

2
3) Yo MIPUXOIUTCSI [€NaTh CaMOCTOSTENbHO, MOCKOJNbKY YYeOHHKH CTECHSIIOTCSI TOBOPUTH
O CJIMLIKOM TPOCTbIX BELUaX.



Mnasa 3

Teopus mepsi

3.1. Mepa Jlebera

Ha ompeneneHHOM 3Tane pa3BUTUS MAaTEMAaTUKW MHOTOYUCJIEHHBIE 3a-
Ja4yM CTAIM YIUPATLCS B HECOCTOSATENbHOCTD MTOHATUM MHTErpaia U 06b-
eMa. [Tapagokchl M3MepeHHs 3K30THYECKUX MHOXeCTB (cM. [2]), cxo-
IUMOCTb psinoB Dypbe K HEMHTErpuMpyeMbiM Mo PumaHy (QyHKUMSIM
(vHoOrza BCiomy pa3pbIBHBIM), — BCE 3TO CO34aBAIO OLUYILEHUE GIyX-
JAHUS BIIOThMaXx.

HecMoTpst Ha ycuJIUsE MHOTMX MCCJIEIOBATeNIei MMOUCK HE JaBaj
pe3yiabratoB. Bce BpeMs GbLIO «ropsiyo», HO pellieHue yckob3ano. [lo-
JsioxeHue cnac Jleber. Kak 310 yacTo ObiBaeT, peluass YaCTHYIO 3agauy
M3MEpEHHUsT TUIOLLAaNeii HAa MCKPUBJIEHHBIX TTOBEPXHOCTSAX, OH B MTOTE
MOCTPOUJI OOLIYIO TEOPUIO MEPHI, PELLUB NTPOGIEMY B U3BECTHOM CMBIC-
Jie OKOHYaTeJbHO. Bce KOHCTPYKTHBHO 3a/laBaeMble MHOXECTBA CTaJlU
HU3MEPUMBIMHU D,

JocTaTouHO SICHOE M TMPOCTOE M3JIOXKEHUE TEOPUU MEPHI MMEETCS
B [11] (cM. Takxke [16,24]). Cammu TexHuueckue noapoGHOCTU MpH
M3YYEHUH TpPEIMETa UIPAlOT BTOPOCTENEHHYIO poiib. [JlaBHBIA MHTEPEC
MPEACTaBIIseT MOCOJOTUYECKAs CTOPOHA Jejia, Ha 4eM, COOCTBEHHO,
Y CKOHLIEHTPUPOBaH JaJbHEMUIINIA TEKCT.

BoT UTOrOBbIit KApKac OCHOBHOI KOHCTPYKLIMM Ha IPUMEPE «IUIOCKMX» MHOXECTB.
3a vcxoaHbii MYyHKT OepeTcsi onpeaeneHue Miowaau NpSIMOYTolbHUKA ) m(P) = ab,
rae @ u b — cropoHnl P. Ilnomans durypw S (nycts noka ua [0, 1] x [0, 1]),
MpeaCTaBUMOIA B BUIE KOMEHOU COBOKYTTHOCTH HenepeceKxarouuxca 1npsMOYyronibHMKOB
{P,}, nonaraetcs paBHoO#

m(s) = 3" m(P,), 3.10)

D Ilna nopTBepXaeHuMs pakTa CyllEeCTBOBaHMSI HEM3MEPUMbBIX MHOXECTB TpeOyeTcsl yXe akCH-
oma BbIGopa (€c/v rOBOPUTH C HeGONMBLIOH HATSXKKOI).

2 Hesasucumo ot TOTO, BXOAMT JIU B TPSIMOYTOJbHMK TpaHWLA, LUETMKOM MIM YaCTAMM.
B03MOXHOCTb OTCYTCTBHSI pebep BaxHa IJIsl COMIacoBaHUsl C APYTUMH onpeaeneHuamu. Hanpumep,
KOFa MAET peyb O FPaHUYALIMX, HO HEMEPECEKAIOLMXCA NPAMOYTOIbHHMKaX.
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YTO Ha3biBalOT addumuenocmsio Mepbl m(S). VU3 aiaMTMBHOCTH B AaHHOM Ciy4ae
BBITEKAET cHemHas addumueHocmp, WK o -addumuerocms, — T. €. CTpaBesMBocTD (3.1)
B Cllyyae 6eCKOHEYHOrO YUCIa C/IaraeMbix (pasyMeeTcs, 3TO Teopema).

anee a1 OrpaHUYEHHBIX MHOXECTB OTIPEAENAETCS GHEUHAR Mepa

p'(4) = infH_ m(P,), (3.2)

roe HHGUHYM GepeTcsi M0 BCEeBO3MOXHbBIM TOKPBITUAM MHOXeCTBa A KOHEYHBIMM WU
CYemHbIMU CUCTEMAMU MPSIMOYTOIbHUKOB.

HakoHel, MHOXecTBO A Ha3biBaeTcsi uamepumoim no Jlebecy, ecnu mo nobomy
€ > 0 MOXHO YKa3aTb TaKyl0 KOHEYHYIO COBOKYNHOCTb A, HerepeceKaloLUXcst npsi-
MOYTOJIbHUKOB, 4TO

B(AAA,) < €.

Mepy Jlebeeca p(A) u3amepumMoro MHOXecTBa A MojaraloT paBHO 3 u'(4).

B o6wem cayuae pabomaem ananoeuuHas cxema, ¢ moi Auwb pasruuei,
HImo eMecmo NPAMOY204bHUK08 Bepemcs ma uau uHas cucmema npocmeiiuiux
MHOXCECME, Mepa KOMopbix 3a0aemcs OupeKkmueHo, nocae 4ezo npooeavieéa-
10MCcA NOXoXcue Manunyasuyuu. B omauyue om paccmompennoii cumyayuu
0 -a00umueHOCMb MOXCem <He 8bimexame», U mozda ee npuxodumcs no-
cmyaupogamse.

BoTt, coGCTBEHHO, U BCSl TEOPUSI, €CJIM CMOTPETh M3nasexa. [pu 6mnu-
XaiillieM pacCMOTPEHUM MOSBIISIIOTCS NOMONHUTENIbHbIE NETAIU, U Kap-
TUHA HECKOJIbKO MeHsieTcsl. COBOKYMHOCTb HEMEPeCeKaloLMXCS MPSMO-
YTOJILHUKOB P TMpPeacTaBisieT COO0M n0AyKoAbUo MHONCecme, Ha KOTOPOM
3anaHa Mepa m(P), P € P. B o6weM ciyyae 3T0 U eCTb OTIpaBHast
TOYKA: MONYKONbLO P (He 06s13aTeNIbHO MPSIMOYTOIBHUKOB) C 3aaHHOM
Ha HEM alJIMTUBHOI MepoM, 0 -aaAMTUBHOCTb KOTOpoi JubGo mocty-
JiMpyetcs, MO0 yCTaHaBIMBAETCA 9. 3arem Mepa m ¢ Tnoiykoinbua P
MPONOJIXKAETCS HA MUHUMANbHOE KOABYO 3 R(P) no npasuiy (3.1). Kop-
PEKTHOCTb 1p000ANCeHUs Mepbl IETKO TTPOBEPSETCSI.

OnpeaeneHue «ONyKObia» B JAHHOM KOHTEKCTE, BOOOLLE roBOpsl, He TpeGyeTcs,
HO ero ynoMuHaHWe obneryaer uTeHue Apyroii Jauteparypbl. PopmanbHas CTOpOHa

3 Ynomsanyran B onpexeneHun BHewHeit Mepbl OrPaHWYEHHOCTb MHOXECTB MPUBOLMT
K p(A) < 00, HO MPOCTHIM TEXHMYECKMUM TIPUEMOM (pa3OMEHMs] MHOXECTBA Ha KJIETKU) 3TO
OTpaHHYEHHE OOXOMMTCS, OXBAThIBas MHOXECTBA GECKOHEUHOM Mephl TUIA BCEit TIOCKOCTH.

*) Tpu 3TOM B KOHEYHOMEPHBIX TIPOCTPAHCTBAX KIIOYEBYIO pOJIb MIPAeT BO3MOXHOCTb BHIGOPa
KOHEUHBIX TMOAMOKPHITHI OTPaHNYEHHBIX MHOXECTB.

5 Conepxailee paccMaTprMBacMoOE NOJIYKOAbLO.
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nena takosa. [loaykoabyom mHOMcecmé HasbiBaeTcsi ceMelictBo & C 2X , 3aMKHYyTOE
OTHOCUTEJIBHO TepeceyeHUss W obnaaaloiee cBoicTBoM: eciu A, B € &, o B &
CYLLECTBYIOT Hemepecekawowmuecs Py, ..., P, Takue, yto

AAB=PU...UP,.

Ecnu peub MmeT o MHOXECTBAaX OINPEAENIEHHOrO THMa (CKaXeM,
NPSIMOYTrOJIBHUKAX), TO TIPOBEPSETCS, YTO OOBEOMHEHME, TIEPECEUEHHE,
Pa3HOCTb U CUMMETPUYECKAsh pa3HOCTb MHOXECTB, UMEIOIIIHUX Pa3jioXe-
Hue S = P, U...U P,, — UMEIOT pa3jIoXeHHE TOr0 Xe TUIA, a Mepa,
BbluMcisieMast 1o dopmyne (3.1), He 3aBUCHT OT criocoba pasjioxe-
HUSA S. D10, COOGCTBEHHO, U SBJISAETCA OOOCHOBAHUEM <«IIPOJOKEHUS
Mepbl Ha KOJbLo» o npasiy (3.1).

Cnenyowmii 3tan: onpeseneHue BHeiuHed Meps! (3.2), M3Mepu-
MbIX MHOXECTB M, COOCTBEHHO, Mephl Jlebera, — C TEXHHYECKUMMU
npobjaeMaMu He CBSI3aH 5. B TEOPEMHOM OOECIeYeHUH HYXHaeTcs 3a-
KJIIOYUTENIbHBIN 3Tam, COCTOSILIMI B BBIICHEHUM TOTO, YTO X€ B UTOre
nosiyymiock. HacKobko BeJIMK 3amac M3MEPUMBIX MHOXECTB M KaKOBbI
CBOicTBa MEpHI 1?

3.1.1. Teopema Jlebera. CosokynHocmb U3MepuUMbIX MHONCECME 3a-
MKHYymMa OMHOCUMENbHO Onepayuii ctemnozo 006e0uUHeHUs U CHemHO20

nepecevenus, a mepa [ 0-a00umueHa N,

Jloka3aTe/ibCcTBO CBOAMTCS K HEKOTOPOMY KOJTMYECTBY NOCTATOYHO MPOCTHIX Lla-
roB [11]. Pasymeercsi, Bieyat/ieHHe JIETKOCTH BO3HUKAET 3aHUM YMCIIOM.

[Mockonbky n1060e OTKpbITOEe MHOXecTBO Ha [0, 1] X [0, 1] npeacraBamo B Bune
CYETHOTO 00bEANHEHUS 3aMKHYTBIX npsiMoyronbHukoB (?), To Ha [0, 1] x [0, 1] u3me-
PUMbI NI0Gble OTKPHITHIE U 3aMKHYTble MHOXECTBA, 8 TAKXKE MX CYeTHble OOBEAMHEHUS
1 NepeceyeHus (M HE TONBKO OHMU).

AKCHOMATHKa TEOPMM MEPbI OXBATbIBA€T BECbMa LIMPOKUH Kilacc
cutyauuit. BoT craHmapTHass MoJejlb M3 TEOPUHM BEPOSITHOCTEH WHOM
comepxaTenbHoi pupoabl. Ha cueTHOM MHOXECTBE

Q={w,...,wn,...}

6 Hago avwb OrOBOPHUTbL B o0iileM onpeneieHM H3MEPUMOTrO MHOXECTBA, 4YTO Ag — 3TO
3JIEMEHT MUHHUMAIIBHOIO KOJIbLi@, @ HEC COBOKYIHOCTb HEMEPECEKAOUIMXCS MPAMOYTOJIbHHKOB, KaK
B TUIOCKOM Ciy4ae.

00
D Te. u(Q) = z 1#(Qy), ecin MHOXecTBa (1, TONMAPHO He MepeceKaTes U ) = U Q.

n n
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3aaHa «Mepa Touek» pp, = m(wy), YIOBJIETBOPSIOLIAs YCJIOBUIO HOD-
(e o]
MM POBKH E pn = 1. N3MepuMbl OKa3bIBalOTCA J1100bIE TOIMHOXECTBA

n=1
A CQ,awmepa

p(4) = Z Pn

wp€A

MOJIy4aeTCHa O -aIIUTUBHOM.

Kouneunbie H 6eckoneunbie Mepbl. Korna peyb uaer 06 M3MepeHUH IIOAMHOXECTB KBaapaTa
X =10, 1] x [0, 1], mepa pu(X) xoneuHa, a X NPUHALIEKUT MUHUMATBHOMY KOJIBLLY
R(P). B obiuem ciayuae mpu yenosuu X € R(P) KONbLO HAIBIBAIOT KOAbYOM C eduHUUeil.
3Byuur, 6e3ycnoBHO, HayKOOOGpa3Ho, HO TaK TPUHATO, U €CTb apryMEHTHI «3a» y Tex,
KTO OCBOWJI TCPMHHOJIOTHIO, U «[IPOTUB» — Y TeX, KTO HE OCBOWIL

Ecnu X — BCA IJI0CKOCTD, TO OHA MOXET ObITb MoAeNeHa Ha KBapaTHbie KJIETKH,
pa3pe3atoiiue a06yi0 GUTrypy Ha 4acTH, Mepa KOTOPbIX ompeacnsiercs Mo OTaeib-
HOCTH, @ MOTOM BCe CyMMHpyeTcsi. [TOHSTHO, YTO Mepa (bUIypbl MOXET MONYYUTHCS
GecKOHeYHOM, He roBops 06 oueBuaHoM p(X) = co.

Yenosue X € R(P) He BBIMONHSAETCS BO MHOTMX APYTHX ClydasiX, HalpuMep,
korma X — oTkpeIThiii kpyr. [TouTH MOGBIE MPAKTHYECKHE CUTYaUMH OXBATHIBAIOTCS
ycIioBUeM npuHamwiexXHoctd X curma-konbly R,(P), B KOTOPOM AOMYCKAKOTCS CYeT-
Hble 0GBbeANHEHUs! 31eMeHTOB U3 R(P). Mepy B 3TOM ciiyyae Ha3bIBAIOT 0 -KOHEHHOI,
HO OHA MOXET MPUHUMaTh, B TOM yuclie, 6ecKoHeuHble 3HauyeHus. OQHaKO 3TO TeMa
i Monyanusoro B3aumornonuMmanusi — KI1J ¢ioB 3aech CIHMIIKOM HU30K.

3acnyXMBaeT YIIOMUHAHUS HenpepuieHOCMb J -addumueHoli mepe,
KaKOBOM Ha3bIBaIOT CJIEAYIOLIEE CBOMCTBO:

p(2) = lim p(Sn)
n—00
A moboi LENOYKH BJIOXKEHHBIX MHOXECTB KOHEUYHOM’ MEpPBI

QDML D... wn Q:ﬂﬂn-
n

o Ina Q, = {z :n < £ < 00} nepeceyeHue Nycro, MOITOMY
{(19) -0
n

HO lim p(Q,) = 00.
n—00

¢ Jli060¢ MOAMHOXECTBO MHOXECTBA MEPbl HyJIb — M3MEPUMO M TOXE HUMEeT
mepy Hylb. (?) D10 CBOMCTBO HA3LIBAIOT NOAHOMOIE Aebec08CKOll Mepbi.
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3.2. O nogonneke

Korna Bapyr pewiaercs cioxHas 3aaaya, MHTEPECHO BBISICHUTb «IIoYe-
My», — B Ha[leX/l€ Ha TTOYYMUTEJIbHbINH OTBET.

B nanHOM cnyuae, npaBaa, 3anaya He BbIJIAAMT CIoXHOM. [pocTbie
onpeneneHust, YTBEpXACHUsI CTaHAApTHOrO TUIA, JIETKUE IOKa3aTellb-
ctBa. HO 0 «CNOXHOCTM» MOXHO CyIUTb KOCBEHHO — IO YMUCITy Heymay
1 pedTUHry yuactHukoB (Bopens, XKopnaH).

bena 6bu1a B TOM, 4YTO peLlieHUE HAMpaLIMBaJIOCh, HO HE TPUBOAMIIO
K XejmaeMOMy pe3ynbraty. Eciiu He mbITaThCsi pa3bIrpbiBaTh AETEKTUB,
HaJo cpa3y CKa3aTb, YTO 6CH CAONCHOCMb 30ect npuxodumcs Ha onpedene-
Hus, T.€. HA IEPBUYHbIEC MOHATUSI. HOBUUKY MOBEPUTH B 3TO, KOHEYHO,
TPYAHO, HO TYT KaK pa3 HUKAaKOH XUTpOCTHM. UMEHHO Tak pa3BMBAaeTCs
MOYTH JII000I1 MaTEMAaTUYECKUIl CIOXET — HETPUBUAIBHOCTb CO3HAHMS
MOHATUI XapakTepHa s Jioboit ob6nactu. Peub, siCHOE meno, UAET
00 ymauHbix mMoOHATUSX. [IpM HeymauHbIX — KOE-YTO AOKa3bIBaeTCs,
HO He TO, yero xouercs. M Hago Tak «IOLIEBEJIUTb» ONpPENEICHUS
(HMKTO He 3HaeT KaK), YTOOH 06JIACTh «OXHIIa».

B naHHOM cnyuyae ynayHoe «lleBesieHHe» SBHO omyTuMo. CxeMa Jlebera uaeitHo
OYeHb MOXoXa Ha cxemy Xopdana, OMUPABLIYIOCSH Ha «1pPEBHErPEYECKYIO» amnmnmpOKCU-
MaLMI0 U3MePSAEMOro MHOXecTBa S U3HYTPU U cHapyxu: PC S C Q,rae P u Q —
ceMeiicTBa HermepeceKaloLMXCsl MPsSIMOYronbHUKOB, P yknanbiBaetcs B S, a Q@ —
HakpbiBaeT S. [Mpu coBnagenuu cynpemyma m(P) u uHouHyma m(Q) MHOXecTBO S
OOBABNANIOCH U3MEPUMBIM.

OueHb 611M3K0, Ka3anoch Obl, — HO H3MepsieTcs MeHble, yeM y Jlebera. Y JleGera
4yTh M0-APYrOMY, OOHAKO ONpeaeeHUs HaYMHalOT paboTaTh, B pe3y/ibTaTe H3MepsieTCs
He KOe-yTo, a «BCe».

Y npuuuHbl MHOTO JUil. Pazymeercsi, TanaHT, 6€3yciiOBHO, ynaua.
Ho ecTb 1 MaTeMaTHuyeCKHUiA paKypc.

Ecan Ha COBOKYIMHOCTU P HerepeceKalolmnxcsi NpsiMOyroJibHUKOB
onpeaeanTb GyHKLIUIO

p(P, Q) = m(PAQ), (33)

TO 3TO NOAYMempuKa 8. cTaHOBAIIAACA METPUKOI MOCIE OTOXIECTBIIE-
Hust Tex P u Q, mist xotopbix m(PAQ) = 0. B pesynsrate P, BepHee,

8 «IMonymeTpuka» u3-3a Bo3mMoxHoctH M(PAQ) = 0 npu HepaBHbix P U Q — padInyHble

CHUCTEMBI MPSAMOYTOJIbHUKOB MOTYT NOKPbIBaTb OHY U Ty Xe (Urypy.
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MHOXECTBO €ro 3KBUBAJIEHTHbIX KJIACCOB 9), no MeTpuke (3.3) cTaHOBUT-
Csl METPUYECKUM MPOCTPAHCTBOM. JlanbHeiilliee CBONUTCS K HONOAHEHUIO
3TOr0 MPOCTPAHCTBA, YTO U IMPUBOAMUT K «IIOJJHOMY MPOCTPAHCTBY W3-
MEPUMBIX MHOXECTB».

Ipu onucanHoii mouke 3peHus mansanm OAA NOAYHEHUs pe3yabmama yice
He mpeGyemcs. 3adaya nomewaemcs 6 Koaer 8bINOAHEHUS PYMUHHBIX One-
payui.

B 3mom u cocmoum npuxaadnas 3na4umocmo yHKyUOHANLHOO aHa-
ausa. Jlaemes KOOpOUHAMHAA cemKa MblUACHUS, NPePAWGIOWas Xa0muYy-
Hoe Gayxcoanue 8 KeneHanpaeneHHyo 0esmeabHoCmb.

Ha nononHenue P u3MepuMbIMU (YHKLMSIMU MOJIE3HO B3IJISIHYTb
eule ¢ Apyroi ToOYyku 3peHust. [lomosHeHWe pauMOHABHBIX YUCEN Mp-
pallMOHANLHBIMU — HE€ IJISi BCeX yOeauTesibHO. M3-3a MPUBBIYHOCTH
HE B MOJIHOI Mepe 4YyBCTBYeTCS HEOGXONMMOCTh M (yHIAaMEHTalIbHast
posib. «MI3MepuMocTH» B GOJbLLEH CTETIEHW MPUCYLLL apOMAT HOBU3HBI,
Y BOCTIPUSITHIO MIEN HE MellaeT OyIHUYHOCTb.

O BHyTpenneii Mepe JleGera. M3BecTHb! padnuuHbie CxeMbl BBeaeHMsi Mepbi JleGera,
B TOM YMClle — OCHOBaHHbIE Ha MIee 3aXUMaHUs UCKOMOI BETMYMHBI C ABYX CTOPOH,
HO He TaK, Kak y XopnaHa. Buympennsa mepa Jlebeca 1, onpenensieTcs Kak BHEIIHss
Mepa pononueHusi: p,(A) = p'(X\A). Usmepumocts A obecrieumsaet pt, = ',

O Gopenesckoii uaMepuMocTn. bopenesckue mHoxncecmea Kak 31eMEHTbI MUHUMATBHON
o -anreGpbl, conepxauieii nobbie cermenTsl [a, b] C R, yacTo ynoMuHaloTcs CKOporo-
BOpKOii. B pe3ynsrate uHoOraa cosmaercsi Bre4yaTmieHUE, YTO HA MPSAMOMA — 3TO U eCTb
uamMepuMble no Jlebery MHOXeCTBa. Imo Henpasunbho. Besikoe GopenieBCKOe MHOXECTBO
u3mepumo no JleGery, HO He BCsikoe U3MepuMoe Mo Jlebery — GopesieBCkoe.

TouHoe nonoxeHue aen: gcakoe uamepumoe no Jlebecy mHoxmcecmeo — ecmo Gope-
N€6CK0e NAKC MHONCECMBO MePbl HYAb.

3.3. Uamepumbie PyHKLUM

®Oyukuno f : X — Y HasbiBaloT u3mepumoii, ecin B X H3MepuMm
npooGpas f~'(A) moGoro nsmepumoro B Y MHoxecTsa A.

B ciyuyae f: X — R paboraer To Xe onpenejieHue, HO Ha Tps-
molii u3bupaercst cuctema GopeneBckux MHoxecTB (!), a He cucteMa

9
) Te. (akTOpP-MHOXECTBO 110 OTHOWIEHHIO 3KBUBaNeHTHOCTH M(PAQ) = 0.
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MHOXECTB, U3MepuMbIX 1o JleGery. [Ipy 3TOM «IIsi OYMCTKH COBECTH»
dyukuMio f Ha3bLIBalOT Gopenesckoii, NGO usmepumoii no Bopenio, nu-
60 B-gynkyueii,a f: X — Y, sl KOHTpacTa, Ha3bIBaIOT f4-UIMEPUMOIL.
OnHako OOpeMeHUTeNIbHasi aTpUOYTHMKA IOCTENEHHO CXOOWT Ha HeET,
Y BeLECTBEHHbIE (PYHKIMHY HAYMHAIOT HA3bIBaTh MTPOCTO U3MEPHUMBIMMU,
YTO BHOCHT OMpEAESEHHYIO IYTaHHLLY.

HenpepbiBHble GYHKUUH SBAAIOTCS, 6€3yC/IOBHO, B -GQyHKUMAMHU, HO He 00S3aHbI
6bITh U3MepuMbiMU B cMbicie JleGera (pasgen 3.11). [ToaToMy mpu MX MMeHOBaHUM
MPOCTO U3MEPUMBIMU — TIOSBIIAIOTCS «CTPAHHOCTU». Henpepbienan gpynkyus om usmepu-
MOl — 6ce20a u3Mepuma, a U3MepuMas om Henpepuieroil — Heobazamenvro. B To Xe BpeMst
rae-HUOYAb pSAOM pacnojiaraeTcsi Teopema, yTBepXaaouas H3MepUMOCTb KOMMIO3HLIMH
H3MepUMBIX GYHKLUI. AyTUTOpUS B Pe3y/bTaTe MOCTENEHHO PaccachiBaeTCs.

®Oyukuust f : X — R usmepuma (Ha camoM nene B-uzmepuma),
ecnu npu o6oM a € R M3MepUMBbI sebezo6cKue MHONICecmea

Xo(f) ={z: f(z) <a}.

3710 06BIYHO MPUHUMAIOT 33 ONPEAEICHUE U3MEPUMOCTH BELLIECTBEHHBIX
(YHKLMA.

EcrecTBeHHO, BO3HMKAET BOMPOC, moyeMy Obl He BHIOPOCUTL GOPENEBCKYIO KOH-
CTPYKLHMIO 3a 60pT, 3aMeHUB Jie6ETOBCKOH W JIMKBUAMPOBAB JBOHCTBEHHOCTb TOJIKO-
BaHus. [lotoMy uTO N1€GErOBCKYI0 M3MEPHMOCTb JIETKO JEKIapHpOBaThb, HO TPYAHO
MpoBepATh. [JOCTaTOYHO BCMIOMHUTBL O HETPEPBIBHBIX (DYHKIHSX.

B 10 Xe Bpems 6GopeneBCKMX MHOXECTB U (DYHKLMIi BIONHE XBAaTaeT Wi MHOTHX
npuwioxeHuii. Ilpy 3ToM GopeneBckue (YHKLMM MepeBOmAT u3MepuMbie no Jlebecy
MHOXeCTBa B U3MepuUMbie — no Jlebezcy '0), 4TO, COOCTBEHHO, U TpeOyeTcs Wit MHTE-
rpupoBaHus no JleGery (cM. manee).

DyHKIMK, 3HAYEHHUs] KOTOPBIX OTIMYAOTCS Ha MHOXECTBE HyJie-
BOI MepBbI, CUMTAIOTCS IKeUBaseHmHumu. B TpocTpaHCTBaX U3MEPUMBIX
(GYHKUMIA B KayecCTBE SJIEMEHTOB OOBIYHO TMOAPA3yMEBAIOTCSA KAQCCH
akeueanrenmuvix ynxyuii. KoHKpeTHyI0 GyHKLHMIO Ha3bIBAlOT npedcma-
eumenem CBOETO KJlacca.

Koraa roBopsiT 0 MOTOYEYHONH CXOAMMOCTH U3MEPUMBIX YHKIIUH,
HMeeTCsL B BULY cxodumocmb noumu eciody, fn — f,T.e. fa(z) = f(z)
MOXET HapyILaTbCsl HA MHOXECTBE HYJIEBOH MEpHI.

o H3mepumbie (YyHKIMM MOTYT CHJIbHO OTIMYATLCS OT HEMpPEPHIBHBIX, Oyaydu
pa3pbiBHBIMU B 060it Touke. C Apyroii cTopoHsl, dyHkuus f(z), u3mepumas Ha |[a, b],

10) TMockonbKy GOpeieBCKHE MHOXECTBA H3MEPHMBI.
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OT/IMYAETCA OT HEMPEPHIBHOW HE OYEHb CUJBHO B CllENyIOLEM CMbicne (meopema
Jlyauna): no noBOMy € MOXHO yKa3aTb HempepbiBHYI0 dyHKuMio ¢(Z) Takyio, Yto
f(z) # p(z) aMwb Ha MHOXeCTBE Mepsl < €.

¢ OnpeneneHHbiit «bunocodekuii» MHTEpeC npeacTasaseT Pynkyus Pumana f(z),
paBHas HyNIO B MPPaLUMOHaNbHbIX TOYKax, U f(z) = 1/q, rae ¢ = p/q — npencrarne-
HHE T B BUIE HECOKPATUMOM apobu. OueBUIHO, f(Z) HempepbiBHA B MPPALIMOHAIbHBIX
TOYKaX U pa3pbiBHa — B PaUHOHAIbHbIX.

o U3smepnMbie GYHKLIMHK €CTECTBEHHBIM OOPa3OM BO3HMKAIOT NMPH PACCMOTPEHHUHU
00

psanos Pypbe, MOCKONbKY CyMMa E €npn(T) He oOs3aHa ObITb HEMpPEPBIBHOI NMPH
HEMPEPDLIBHBIX Py, (T) ¥ MOXET CXOAMTBLCH K BECbMA IK3OTHYECKMM (DYHKLIMAM.

BoT HecnoxHble, HO NPUHLUUNUANbHBIE DAKThHI:

o Komnosuyus (¢ynkyus om ynkyuu) usmepumoix @ynkuyuii — usmepumas @ynx-
uyus m, bopenesckan gynxyua om p-uzmepumoii — p-umepuma.

o Cymma, pasnocmos, MaKcumym, npouseedenue u yacmuoe (ecau 3Hamenamenob He
o6pawiaemcs 6 Hyab) UMEPUMBIX DYHKWUI — UIMEPUMBL ),

o [Ipeden nomoueuHo cxo0auielica nocaedo6amenbHOCmu UIMepUMbX QYHKWul
fa(@) = f(T) — usmepum.

BoiaesieHHOE paMKO# YTBEPXACHUE C MPAKTUYECKOM TOYKHM 3PEHUS
o0

HauGonee BaxHo. Hanpumep, cxonMMocTh E CnPn (), KaK YKCIOBOrO

psana npu no6oM GUKCMPOBAaHHOM T, OOBIYHO JIETKO YCTaHaBJIMBAETCH,

HO BO3HMKaeT npobiemMa ¢ HenpepbiBHOW 3aBUCMMOCTbIO OT T. Mor-
o0

i Obl BO3HMKATh MPOONEMBI U C U3MEPUMOCTBIO Z Cnn(T), HO HX
HET, — [MO3TOMY B MPOCTPAHCTBaX U3MEPUMbIX (YHKLHMIA MOTOYEUHO
cxonsmecs: GyHKLUMOHAIbHBIE Psiibl MOXKHO CyMMHUPOBaTh 0€3 npeno-
CTOPOXHOCTEM.

< Wsmepumoctb npenena f,(z) — f(z) B cnyyae MOHOTOHHO YGbiBaioLeit
TIOCNea0BaTeNbHOCTH f,(T) O4eBHAHA, MOCKONbKY MHOXecTBO X, (f) M3Mepumo Kak

D Onucanus KOMIIBIOTEPHBIX TIPOrPaMM CeiYac HUKTO He YMTAeT (MHaye BPEMS YXOMMT
B TMECOK), a CaMM TpOTpaMMbl AENAlOTCA TaK, YTOOBI Jierko Gbuio moramarses. IMoxoxe, 3ToT
peuent GyzeT HaXOAMTb Bce GOJblEE NMPUMEHEHHE BO BCEX Cpepax XM3HH, B TOM 4MCIE —
B MaTEMaTH4YECKUX TEKCTaXx.

12) E)nememapno TIPOBEPSIETCSE U3MEPUMOCTD JIEGETOBCKHX MHOXECTB.
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obbeanHeHHe MHOXeCTB Xo(fn). B obwem cayyae f,(z) = f(z) MoxHO 3aMeHHTH
ABYMsl MOHOTOHHBIMH NpEAENaMHu CHayana 1o k, noTom no n ot

for(@) = max { for1(2), ..., farx(®)}. »

3.3.1. Teopema EropoBsa. /Tycmo pu(X) < oo u fy 2% f, 20e pews
udem 06 uzmepumovix @ynxyusx, deiicmeyrowux uz X e R. Toeda cywe-
cmeyem noomuoxcecmeo X, cxoav yeo0no manoii mepsi u(X,) < € maxkoe,
umo fn(x) cxodumes k f(x) pasnomepno na X\X;.

<« [Tonoxum
00

xi=U{:156 - 161> 3 }.

j=n

00
OueBunHo, p( n X,'f) — 0 npu n = 0o u no6om dukcuposaHHoM k. [To3aTomy
n=1
1o nio6biM € > 0 U k MOXHO yKasath Takoe n(k), uto p(Xny) < €/2*. TpeGoparusam
TEOpPeMbl YIORIETBOPSAET MHOXECTBO

00
k
XE = U Xﬂ(k)' | 4
k=1

Namepumylo dyHKuMio f HasbiBalOT CywjecmeeHHo 0zpaHu4eHHou
ceepxy, ecnu f(z) < a < 0o moutH Beiony. HauMmeHbliee @ HasbiBaeTcst
cyuwiecmeenHoii gepxneii epanvio f() U 06o3HaYaeTCst

ess sup f(z).

Cywecmeennan Huxchas epanb, ess inf f(z), onpenensieTcs: aHAIOTMYHO.
Korga peyb MIET MPOCTO O cywjecmeeHHoll 0epaHu¥eHHOCmu, NMEETCS
B Buny |f(z)] < a < .

3.4. Uurerpan JleGera

OnpeneneHHbIi HHTETpan Noapa3yMeBaeT BhIYUCAEHHE 06beMa noxa rpadmkom f(z).
B nioGoM cnyyae 3TO MPUXOOMTCA aenaTh Ha 6ase TOro WIM MHOIO NpeaenbHOro
nepexoaa, OTTANKUBAsACh OT «yXe U3BeCTHbiX» 00beMOB. «[Io PumMaHy» obnacts mHTe-
IpHpOBaHUsA pa3buBaeTCs Ha Majnble KyOMKH. JlanbHeliluee pa3BUTHE CIOXETa XOPOLLO
u3BecTHO. McKOMBIIT nmpemen 3aXHMaeTcs MeXAy HUXHeH u BepxHelt cymmamu HapOy,
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nocne yero pebpa KyOMKOB YCTPEMISIIOTCA K HYM10. B pesynsrate no PuMaHy uHTerpu-
PYIOTCS KYCOYHO-HENpepbiBHblE HYHKLHH 1% Ho anst MHOrMX 3amay 31oro Mano Y.

HHrerpan JleGera cTpoMTCS COBCEM MO Apyroi cxeMe. Pasbuenue
00J1aCTM MHTETPUPOBAaHUS Ha MaJTble 0OOBbEMbI OCYLLECTBASIETCS MO MpPH-
3HaKy OJM30CTH 3HaYE€HHI MHTErpupyeMoit dbyHKuUH. OObIrpbIBaeTCSA
3T0, HanpuMep, Tak. CHayana pacCMaTpUBAIOTCH U3MepuMbie npocmble
¢yukyuu f : X — R, npyHHAMaloLLKe He GoJiee YEM CYETHOE YHMCIIO 3Ha-
YEHHH Yy, ..., Yn, .- ., A 11 HUX uHTerpan o A C X onpenensiercst Kak

/ 1@ dp(@) = 3 yan(An), (3.4)
A n

rae A, = {z : f(z) = yn}, npnuemM MHOXecTBa A, U3MEPHMBI B CHITY
n3MeprMocty f(z) (kak mpooGpa3bl ToueK), a psia (3.4) npexnonaraercst
abcoAtOMHO CX00AUUMCA.

Mpu abconiotHoMt cymmupyemoctu psga (3.4) ans moGoro A C X mpoctyio
dynkumio f HasbiBaloT cymmupyemoii Ha X . TpeGoBaHHe aGCONIOTHONH CyMMHPYEMOCTH
psina (3.4) aBAsETCS NPUHUMITHAILHBIM — MMEHHO OHO OKa3bIBAeTCsl OTBETCTBEHHBIM
3a TO, YTO HEKOTOpble (YHKLUUH MHTErPUPYIOTCS 1Mo PuMaHy, HO HEe MHTErpHpYIOTCS
no Jlebery (cM. nanee).

3ateM yHkumio f(r) onpenensior Kak unmezpupyemyio no Jlebeey
Ha X, ec/ii CyIIeCTBYET CXOASLIASACS MMOYTH chnyls) K f(z) nocne-
IOBaTeNbHOCTh CyMMHUpPYeMbiXx Ha X npoctbix dyHkumit f,(z). Ipexen
/ f(z) dp uncnoBoit nocnepoBatensHocTi [ fo(z) du B 3TOM Ciydae
X

X
oObsaABNsAeTCH UHmezpasom Jlebeea. Ucnonblyercsi Takxke oOblYHOE 000-

3Ha4YeHHe / fn(x) du, xorma Mepa CTPOMTCS C IOMOLLBIO HETIEPECEeKalo-
X

LUXCS MPSAMOYTOJIBHUKOB, YTO Ha CAaMOM Jiejie Be3jie Moapa3yMeBaeTcs,
dy = dz, ecny He OroBOopeHO NMPOTUBHOE.

3 Ecnu FOBOPHTb TOYHO, TO I MHTErpUPYEMOCTH TO Pumany Ha [a,b] orpaHuyeHHO#H
dbyHKUMH — HEOGXOAMMO W LOCTATOYHO, YTOGHI MHOXECTBO €€ TOYEK Pa3pbiBa WMENO MEpY HYJIb.
Hurerpupyemas no Jlebery GyHKLMs MOXeT GhITh pa3pbiBHAa BCIOLY.

) He rOBOpsl O TOM, YTO MHOIAAa BO3HUKAET MOTPEOGHOCTb WHTErPUPOBAHHSA Ha MHOXECTBAX,
rie TOMOJOrHsl He 3aJaHa, U HETIPePbIBHOCTb HE UMEET CMBbICNA.

9 g HEKOTOpbIX yueGHMKAX ornpeaesieHue WHTErpupyeMocTu mo Jlebery onupaercs Ha nocie-
JOBATENbHOCTH fr(Z) «CXomsiLIMecs paBHOMEPHO». PasHuLa BO3HMKaET U3-3a Bbopa, MO KaKUM
CTYTIEHbKaM CTyNaThb, ABMTasiCb K KOHEUHOMY pe3yJibTaTy.
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B yactu 06ocHOBaHMs (MPOBEPKM KOPPEKTHOCTH OMPENENEHHs!) ONSATh «BbICTPE-
NUBaeT» onepayus nonosxenus. 1o KpaitHe Mepe Ha 3a1ayy MOXHO TaK CMOTPETb, U TAK
CMOTpETDb BbIFOLHEE BCEFO, OTOMY YTO TOFAA PacCyXIeHHe MepecTaeT GbiTb POKYCOM.

Ha MHOXecTBe npocmewx pyHKuMii BBOIMTCS nonymeTprka 'S

mﬂw=/vm—ammmx (3.5)
X

KOTOpasi 10 HEMpEepbIBHOCTH NMPOJONXAETCS Ha BCE CYMMMpYeMbie (MHTErpHpyeMbie
no Jlebery) GpyHKuMH. BOZMOXHOCTb MPOONIXEHHUS ONMMUPAETCA HA CNEyIOLIMi (aKT.
Ecau dse nocaedosamenvrocmu npocmoix ynkuuii {fo} u {gn} dyndamenmanvnor u

'fn(z) - gn(z)l -0
noumu ectody, mo p(fn, gn) = 0. (?)
Orciona f,(z) — f(x) Bneyer 3a coGoli CyliecTBOBaHME Mpenena

[ 1@ an
X

T.e. uHTerpana Jlebera.

Ecau menepb mexcdy 3K6usareHmHoiMu yHKUUAMU He 0eaamb paznuyus, mo Ha MHO-
oecmee Kaaccoé 3Keueasenmuocmu (npouie, KoHeuno, 2060pumo 0 DyHKuUAX, depxca
02080pKy Hacuem Kaaccog 6 yme) noaymempuka (3.5) cmanoéumca mempukoii, u 06-
was Kapmuna esi2aadum caedyrouum obpaszom. Mempuueckoe npocmpancmeo npocmoix
dynkuuii (02060pky depacum 6 yme) Ha0o NONOAHUMbL — 3AeMEeHmb NONOAHEHHO20 Npo-
cmpancmea (¢ mounocmoio o uzomempuu 3mo ghyndamenmansioie nocredogamensHocmu
npocmoix gynKkyuii — cm. pazden 2.4) ecmo unmezpupyemoie no Jlebezy ynxyuu.

Ocraetcsi npeBpaTUThb abCTPaKTHYIO SICHOCTb B KOHKpeTHY10. Kakue dyHkuuu
uHTerpupyeMbl no Jlebery? [Ipocteie — «ga», HO 3TO caMo coGoi. [IpemenbHbie
(GYHKLUMH — «Ia» MO ONpEeaeNeHHIO, HO YTO U3 cebsi OHM npeacTaBnsior? OTBET npocT
M IOCTaTOYHO BCEOOBEMIOL.

HuTerpupyemsl no JleGery moObie u3mepumbie Ha X (pyHKIHH.

4 JlokaxeM, [Jis MPOCTOTbi, MEHee OOLLMIA (PAaKT: UHTErPUPYEMOCTD CYLLIECTBEH-
HO OrPaHMYEHHBIX U3MEPUMBIX GYHKLMI B cuTyaumnu p(X) < 0o. BMecTo cyllecTBeH-
HO OrpaHHYeHHONH — GyneM paccMaTpUBaTh 3KBUBAJIEHTHYIO OTPaHHYEHHYIO (PYHKLHIO
f(z). Ons cywecrpoBaHMs WHTerpana Jlebera JOCTaTOYHO yKa3aTh CXOAALIYIOCS TIOYTH
Bciogy K f(z) mocnenoBatenbHOCTb npocmoix HYHKLMIA.

C noMoLIbi0 H3MEPHUMBIX MHOXECTB

sk,.={z:£<f(z)<@}

19 AKCHOMBI JIETKO NIPOBEPHIOTCA.
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onpenenum

1@ =3 Sxa),
k

€ Xkn — GYHKUMH-MHINKATOPBI MHOXECTB Sk, . PYHKUMH f,,(Z), O4E€BUIHO, NPOCTbIE
u fuo(z) = f(z) paBHOMEpPHO, a 3HAYMT, U NOYTH BClOOY. P

B dannoii mouke cmanoeumes acno, ymo dokazamenbHas 4acmos, C6A3GHHAA C UHMe-
2panom Jlebeza, Moxwcem Goimb coenana éecoma 3xoHomHoil. Koneurno, ecau 6ocnpouseodumso
KoHcmpykyuto meopems 2.4.2 (o nonoanenuu npocmpancmea) 041 0GHHO20 4ACMHO20 CAY-
4as, 3mo 3aimem MHO20 CMpPaHuy.

CNOBO «MHTErpaJi» TMITHOTH3UPYET — M CBOMCTBA MHTerpajia Puma-
na'? aBToMaTHyecku TIEPEHOCATCS B HOBYIO 00CTaHOBKY. TeM He MeHee
3TH CBOMCTBa TpeOylOoT 0OOCHOBaHHMS. AHajlorusi, Kak BCeraa, Mrpaet
JBOWCTBEHHYIO POJib (MOMOraeT M oGMaHbiBaeT). Peub HIET O MPOCThIX
¢akrax:

[au=nty.  [las@+po@ldu=a [ 1@ du+5 [ o) dus
A A A A

m<f@) <M = mu(d)< / f(z) dp < Mu(4),
A

‘ / f(z)dﬂ‘ < [1r@d
A A

KOTOPbI€ «OIMH K OMHOMY» BOCIIPOM3BOIAT CBOMCTBa HHTerpasia PuMaHa.
Ho ectb ¥ npuHuunuaibHoe otauyne. UHterpansl Jlebera

[1@a w [ir@Ids
A A

uau oba cywecmeyiom, uau oba He cywecmayiom. ICTOY4HHKOM 3TOro

neowcudannozo'® cBoiicTBa sBNsieTCS TpeBOBaHMe AGCOMIOTHOM CXOTH-
MocTH psina (3.4) B onpeneneHWn HHTErpaia NPocToii HYHKUMUH.

PY

) Kotopwiit 6 cayuae cywec c ¢ unmezpanom Jlebeea. (?)
18)

«HeoxumaHHOro» NnoTomy, YTO HHTErpHpyeMocTb 1o JleGery MOXET He BbITEKATh U3 MHTe-
rpupyemMocTu no Pumany. HecoGcTBeHHbIt uHTerpan Pumana

00
cosT
=2
z
1
cyuiecTyert, a Jlebera — HeT.
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3.5. NMpocrpancrea Ly n L,

B paspene 3.4 npu <«MOMOJHEHWH» MHOXECTBA MPOCThIX (YHKLMM
no merpuke (3.5) GbUIO MOCTPOEHO, MO CYWIECTBY, MPOCTPAHCTBO L
¢yHKUUHA, MHTErpupyeMbIX Mo JleGery. 3aTeM ObLJIO YCTAHOBJIEHO COB-
nageHue L; ¢ MHOXECTBOM BCeX, U3MEPHUMBIX Ha X , GyHKIIMHA.

TTocKOJIbKY «TMTOMOMIHEHUE» OCYLIECTBISJIOCHh HECTAHAAPTHO 19), 00
L, umeer cMbicn cKasaTb eiue pa3. L) — 6aHnaxoeo npocmparcmeo
usmepumoix Ha X @ynxuuii 20) ¢ HOpMO¥#

171l = / |F(@)| du(z). (3.6)
X

MeTtpuka (3.5) — 0ObiuHasi METPMKA HOPMHPOBAHHOTO MPOCTPAHCTBA,

p(f.9)=Ilf-gll
[1pH XenaHWM PacCTaBUTL TOYKK Han «i» — nuwyt Li(X, p) 1n6o
Ly,. Mipocto non L, 4auie NoapasyMeBaloT CUTYaLMIO du(z) = dz.

AxcroMmbl HopMbl aist (3.6) mposepsiores B yMe. [Monvora L) ycraHasnuBaetcs
B pasnene 3.6.

W3 npensiayiuero B NpHHLKIE SICHO, YTO MHOXECTBO MPOCTbIX QYHKLUI Beiomy
mnotHo B L,. U36bmounoe TpeGoBanue fn(z) — f(z) GbUIO HYKHO He WS 1O-
TNIOJIHEHUS!, @ Ul CXOOMMOCTH MHTErpaloB (M TO, OHO HeoOs3aTeNbHO, KaK MOTOM
BbisicHsIeTcss — pasgen 3.7).

Bonee Toro, Bciony mIoTHO B L; MHOXeCTBO (YHKLMI, NPUHUMAIOLINX KOHEYHOE
YHUCNO 3HAYEHMUI, H6O npenenblzl) TakKMX QYHKLHI NOPOXAAIOT BCE NMPOCThIE QYHKLIMH.

B L, ectody naomno makice mHoxcecmao Henpepoi6HuiX (hyHK U, TTOCKONbKY (GYHK-
LMK, NPUHUMAIOIIME KOHEYHOEC YHCNO 3HAYEHUH, MOXHO NMPEICTaBHUTb KaK NMpeaenbl
HemnpepbIBHbIX HYHKLMH.

B nuanasone npoctpaHcTB L, (p > 1) ocoGoe MmonoxeHue 3aHH-
MaeT 6aHaxoBO npocmpancmeo Ly, QyHKUuil usmepumsix u CyuecmeenHo
o2panuyennbix Ha X C HOpMO#

lIf1l = ess sup | f(z)|

19) Mpeanonaranack dbyHaameHTanbHoCTh {fn} No MeTpuke (3.5) moc fr 1B, f, — Ho no-

CJieIHEe YCIOBUE KaK Obl TMILHEE.

) Jiu6o «OrOBOPKY» Hamo AepXaTh B yMe, JHOO yTOUYHWTb, YyT0 L; — 3710 (pakTOop-npo-
CTPAaHCTBO, B KOTOPOM W3MepHMbie (DyHKI(HH, OTIHYAIOWIMECS HA MHOXECTBE HYNEBOW Mephl,
OTOXIECTRISIIOTCA.

2 Pasymeetcs, no Hopme L.
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U METPHUKOM
P (f>g) = esssup | f(z) — g(z)|.

B cnyyae pu(X) < 0o, oueBuaHo, Lo, C Lj.

3.6. ACCOPTMMEHT CXOAUMOCTEN

B Teopuu uHTerpana JleGera Bce BpeMsi MPOMCXOMUT XOHIJIMPOBaHHE
Mn.B.
OByMsi TUMAMH CXOAMMOCTH: MoytH Bcionmy, f, — f, ¥ 1o Hopme
L L
Ly, B 3anucu f, — f. CxomumocTb fp, —> f Ha3bIBalOT TaKXe
CX00UMOCMbIO 8 CpedHeM.

OnpeneneHHyIO posib Urpaer eie onHo nousTue. [locnenosarens-
HocTb fr(Z) Ha3bIBalOT cxodsueiics no mepe K byHkuuu f(z), 3anucel-

BAIOT KakK fp 5 f, ecnu nipu no6om € > 0
lim p{z:|fa(z) - f(@)| > €} =0.

CXomMMOCTb TIO MEpe M TMOYTH BCIOAY B TEOPUH BEPOSATHOCTEH Ha3bIBAIOT CXO-
IMMOCTbIO, COOTBETCTBEHHO, N0 6eposmHocmu U ¢ 6epoamHocmbio edunuya. Hecmotpst
Ha CXOLCTBO NMpPH GEIIOM B3I/ISAE 3TO pasHble NOHATHS 2. M3 cxodumocmu noumu eciody
ebimekaem cxodumocmb no Mepe, Ho He Haobopom. OmHako u3 cxodumocmu [, — f

1.B.
no mepe ésimexaem cyujecmeoéanue nodnocaedosamensiocmu f,, —> f (cMm. nanee).

"1.8. Ll "
Kak fo,—f, max u fo— f, — enexym 3a coboii cxodumocme
no mepe.

<« B nepBoMm cnyyae uMnaukauus oyeBuaHa. Bo BTopoM — cnenyet M3 Hepa-
BeHcTBa >

w@) < 7 [ 1@ - 1@ duca), (67)
X
rae Q. = {z : |fa(z) — f(z)| > €}, koTOpPOE BbITEKAET U3 OYEBUIOHOI LEMOYKH

[ 1@ - 1@ duta) > / @) - S@) duta) > ¢ [ duto) =en(@). >
X Qg Qe

e Jlpyrue wuMIUIMKaLMu — He BepHbl. [locnemoBaTesbHOCTh
nX[o,1/n](Z), TAE X[0,1/n] — YHKUMA-MHOMKATOD cermeHTa [0, 1/n],

) TMpuMepsi, IEMOHCTPUPYIOLINE pa3THYHe TIOHATHH, CM. B: Bocc B. Jlexunu 1o MaTeMaTHKe:
BeposiTHOCTb, HMOpMaLHs, cTatucThKa. T. 4. M.: YPCC, 2005.

) Anarnor Hepaeecmea Yebwwesa.
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cxomMuTes K Hyio Ha [0, 1] KaK no Mepe, Tak M MOYTH BCIOAY, HO HE CXO-
JMUTCS B CPEIHEM.

Jlexaluasi Ha MOBEPXHOCTH NMPUYNHA — HEOTPaHHMYEHHOCTb PYHK-
uMi nocnenosaTeibHOCTH. Ho Takoii nuarHo3 He coBceM ToueH. Hanm-
Yne MHTETPUPYEMOM MaXOPAHThl JMKBMAMDPYET UCTOYHUK BOZMOXHBIX
HenpusiTHocTe# (Teopema 3.7.2).

o [IpuMep, NOKa3bIBAIOLIHIA, YTO CXOAMMOCTD MOYTH BCIOAY HE BbI-
TEKaeT M3 IBYX IPYrHX, OMUCaThb CIOXHee, HO uaes npo3payHa. Jlo-
CTaTOYHO B3SITh TOC/EA0OBATENLHOCTh (DYHKLIMIi-UHIMKATOPOB XQ(,,)(:B)
MHOXecTB (}(n), Mepa KOTOPBIX CTPEMHMTCS K Hys0, a camu §2(n) Gec-
nopsinoyHo meuyrcst mo [0, 1]. KOHKPETHO 3TO MOXHO CHenaTh Tak.
Jli060e 7 oxHO3HAYHO mpencTaBUMO B Buae n = 2P + ¢, ecnu nOroBo-

4
PHUTLCA, YTO P BblGHpaCTCﬂ MAaKCHUMAJIBbHO BO3MO)I(HI>IM2 ) B kauectBe

1
(n) KOCTAaTOYHO B3SITH CETMEHT [;ip, %] .

MocnenoBateNbHOCTb Xo(n)(T) CXORMTCS K HYJIO Kak MO MEPE, TaK

M B CDEIIHEM, HO HE CXOIMTCS TTOYTH BCiony (He CXOMMTCS HU MPH OHOM
z € [0, 1]).

L
3.6.1. Teopema. Ecau f, cxodumcs k f no mepe uau fn = f, mo
us {fn} Moxcno ewbpamv nodnocaedosamenvnocme, cxodsuwyioca Kk f
noumu éctody.

L
<« TIocKONbKY M3 f, — f ChedyeT CXOmMMOCTb N0 MEpE, JOCTATOYHO PACCMOT-

peTb cnyyait f, 4 f-
IycTb uncnosbie nocnenosatensHoctu {e, > 0}, {4, > 0} Takossi, ytO €, — O,
a pan 0; + 0, +. .. cxooutcs. [loanocnenoBatenbHOCTb HHAEKCOB {n; } cTpouTCs cnedy-
IOLLMM 00pa3oM: iy BLIGMPAETCs: OAHO 32 APYTUM TaK, YTOObI g1y > g ¥ p(S2,) < 0.
[MonoxuM Teneppb

00 00
e;=Jo%. e=[)e;

k=j j=1

B cuny Henpepsignocmu mepsr p1(6;) = p#(0). A NockonbKy
00
1)) < Z Ok,
k=j

10 p#(8;) = 0, yto M O3HauaeT f,, — f moyTu BComy. M

) Pasymeercsi, npu ycsiosuu p, g 2> 0.
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3.7. MNMpepensbHblii Nnepexon Noa UHTErpanom

JIOBOJILHO YaCTO BO3HMKAET HEOOXOIUMOCTh %) nepexona K npeaeny non
3HAKOM MHTerpajia. Jlyisi paBeHCTBa

lm/nwwmw/hmmwwm
n—00 n—00
Q 0
HCO6XOI["M]>I JOIMOJIHUTCIIBbHBIC ﬂpeHHOJIO)KCHHH. B KJIAaCCHYECCKOM aHa-

JiM3e — 3TO paBHOMEPHas CXOIUMOCTh fn(Z) — f().

Pasymeercst, ecnu f ﬂ) f, 10
[ 2@ du@ > [ @) auta), (38)
Q Q
HO 3TO TaBTOJIOTHS.

PeanbHbie l'lOTpCﬁHOCTP[ CBA3aHbI B OCHOBHOM CO CXOJAHWMOCTBIO
MOYTH BCIOAY. l'IpoGneMaTm(y B 3HAYMTEJIBHOMW CTEMEHMU MOKPLIBAIOT
CACAyIOHUE pe3yjabTarThbl.

3.7.1. Teopema JleBn 0 MOHOTOHHOW CXOQUMOCTU. I[Iycmb MOHOMOH-
HO eo3pacmarowias nocaedoeamenbHocms 26) {fa} C L; u unmezpanwi
om fn ocpanuueHv 8 co80KynHocmu ) Toeda nowmu écrody cywecmeyem
nomoueunviii npedea f(x) = nh_)rgo fn(x), nocaedosamenvnocmo { fn(x)}

cxodumes K f(x) noumu ectody u cnpasedaueo (3.8) Ha aobom usmepumom
MHOXMCcecmge ).

<« TlocnegoBarenbHocTb / fa(z) dp(z), KaK MOHOTOHHass M OrpaHMYEHHas,
x

L .
MMeeT mMpenen, OTKyda cnemyet f, —» f. DTo Bieyer 3a coboit (3.8) — Ho noka
He rapaHTupyetcs, uto f — mnortodyeyHbid npemen f,. OmHako mo Teopeme 3.6.1

n.B.
u3 fu(T) MOXHO M3BNeub moanocnesosatenbHocts f,, —— f. IIpucoBoKynneHue
T.B.
MOHOTOHHOCTH B MTOTE JaetT f, — f. »

25) Tpu crase sk3aMeHOB, HampHMep.

%) fi(z) < fa(z) < ... noutw Bciony.

?7) Cymectsyer Takoe 7> 0, yto j fn(z) dpu(z) < 4 npu mobom n.
X
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3.7.2. Teopema Jlebera. Eciu

{fa} CL, |fa@)|<e(x)eLl; u fnﬁ’f,

mo f € L u cnpasedaueo (3.8) Ha nobom usmepumom muoxcecmee 2.

L I.B.

<« [loka3atb, 1o cytu, Tpebyercsa f, — f, yto u3 f, — f He cnenyer, Ho npu
HAJIMYMH UHTETPUPYEMOI MAXKOPAHTbI CUTYALIUSI MEHAETCS.

DyHKUMH

gu(w)=,jg§ fi(z) m hn(z)=:ggfk(w)

2
H3MEPHMBI *¥), MOHOTOHHBI (OHA YObIBAET, Ipyras BO3PACTAET), @ HX MHTETPAbI Orpa-
HHUYEHBl B COBOKYMTHOCTH B CHJIYy HAlIM4Msl MHTETPUpYeMO#l MaxopaHTbl Y |fn(Z)|.

Teopema 3.7.1 rapaHTHpYeT, MO CYLUECTBY, CXOAUMOCTb ¢y, ﬂ) guh, ﬂ) h x cBoMM
TOTOYEYHBIM NPEAEIaM, PaBEHCTBO KOTOPBIX, ¢(z) = h(z), ouesunto. Pyukumu f,(z),
3aXarbie MEXAY g,(z) M h,(z), cxomsres «tyna xe». B

3.7.3. Nemma Pary. ITycmo {f} C Ly, 6ce fo(x) > 0, 6ce unmezpansi
[ 14@ du@) <7 u £ 2% 1. Toeda
X

fCLi /fummw<m
X

<« [loutn Ge3 u3mMeHeHns paboTaeT NMpeabiAyLas CXeMa AOKA3aTeJIbCTBA. B

[po6neMaTHKy B MMHHMaTIOpe OTpaxaeT MpocToit mpumep. [lo-
cnenoBatensHocTh fn(z) = n’ze™™ wa [0, 1] noutw Bciomy cxomuTes
K HyMlio, HO TUioWanb Mox KpuBoit f,(z) — He cxomutcs. B aToMm Bes
3arBo3zka. [peen Mo MHTErpaIoM MOHMMAETCS Kak «IIOYTH BCIOY»,

L
a Hano Kak fp, — f. Torma NpUIyMBIBAIOTCS YCJIOBHMs, B KOTOPHIX
M3 TIEPBOIO CJIEAYEeT BTOPOE.

IMoanota L ¢ MOMOIIbIO MEPEUYNCIEHHBIX HHCTPYMEHTOB YCTaHaB-
JIUBAETCSA CIEAYIOLUM 06pa3oM.
< Tycrs {fp} C L} — dyHnaMmeHTabHas MOCIENOBATENbHOCTb.

be3 orpaHWyYeHHsi OOLIHOCTH MOXHO cuntars > | fn = fasrill < 1/2".

%) IMockonbky 1x MHOXecTBa JleGera nosyyalotcs Kak oObeMHeHHs MHOXecTB Jlebera u3me-
PHMBIX YHKUMH.

») HHade MOXHO nepeiTH K MOANOCAEAOBATEIbHOCTH.
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Torna psn
00

D len(@)], e @1=fi nnanee ©p=fo— fo 1,
n=1

cxonuTes no emMe 3.7.3 k Hekotopoit byHkumm ¢(z) € Ly, oTKyna cie-
AYeT fn 2 f, npnuem Bee fr(z) < p(x). Ho Torma no teopeme 3.7.2

/ma%ﬂwwm»w S falvg e
X

3.8. AGconoTHan HenpepbiBHOCTb MHTEerpana Jlebera

IpencTaBneHue Mephl

wa) = [ du

A
HaTAJIKUBAET HA MBICJIb paCCMOTpeTb PIHTCl'paJI
wm=/}ummw (3.9)
A

KaK QYHKIMIO MHOXeCTBa A M 3a1aThCsi BONPOCOM O CXOACTBE M pa3-
nnunu p(A) n v(A). HanymaHHas ¢ Buy npoGieMaTHKa OKa3biBaeTCsi
BaXXHO# JU1s1 HEKOTOPBIX MPHJIOXEHMIA M BHIBOINT HAa HHTEPECHbIE U IaXe
HEOXMIaHHble (MHOTHa) 3a1ayu.

®yHkuuio v(A) Ha3biBalOT 3HAKONnepeMeHHoil Mepoli, WIH 3apadoM.
Boo6uie-1o 3apssaoM Ha3biBalOT 0 -aqaUTHUBHYIO GYHKLMIO, 3aJaHHYIO
Ha HeKoTtopo# o -anre6pe noaMHoxectB X . Ho makaa dynxyus v(A)
npu ycaosuu abcoatomHoli Henpepwenocmu (cM. Hudce) 6éceda Moxcem
6bimb npedcmaenena 6 6ude (3.9) (teopema Padona— Huxoduma).

CBOIICTBO abconomHoil HenpepbiéHocmu UxnmMezpansa yCTaHaBJIMBAET
clienyiouiasi Teopema.

3.8.1. Teopema. s aroboii unmeepupyemoii no Jlebezy gynxuuu f(x)
no arobomy € > 0 Moxcro ykazamo maxoe § > 0, umo

[ 1@
A

<E€
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Onn 6cakoeo usmepumoeo A C X npu yeaosuu p(A) < 4.

Hanomuum, uyto ckanapHas ¢yHkuus @(z), 3anaHHas Ha [a,b], HasbiBaeTcs
abcoatomuo HenpepoieHoil, €Cay Mo Jo6oMy € > 0 MOXHO yKa3aTb Takoe d > 0, uto wid
J06o# KOHEYHON COBOKYITHOCTH HemepeceKaloLuxcs MHTepsaios (ax, by) C (a, b)

Dola=bl<d = Y lpla) - el <e.
k k

Dynxyus p(T) abcoatomuo HenpepvigHa, ecau U MOALKO ecau OHa nepeodum MHO-
Hcecmea Mepul Hyab 6 MHONcecmea mepvi Hyas. (?)

Ha nepBbIX CTYNeHsIX MaTaHaIM3a TAKOE YCUIIEHHE CBOMCTBA HeTpe-
PBIBHOCTH MHOTMA JaXe He YIIOMMHAeTCs, U HauMHAeT UrpaTh OLLYTH-
MYI0 pojib B cdepe M3MEpUMOCTU. AGCOMIOTHO HernpepbiBHasA QYHKLIMA
oToGpaxaeT M3MEPUMOE MHOXECTBO B M3MepuMoe, Ha [a,b] nmeer
02PAHUMEHHYI0 8aPUALUI0 30 u noutn BCIONly — KOHEYHYIO ITPOU3BOIHYIO

¢'(z), npuyem BapuaLms ¢(r) paBHa

b
WM=/wuwa

Teopema. Dynkyus f : [a, b] = R umeem oepanuuennyio éapuauuio 6 mom u moasko mom
cay4ae, Koe0a oHa npedcmasuma 6 eude pazHocmu 08yxX MOHOMOHHHIX QYHKUUI.

HenpepbiBHas ¢yHKUMS He 00s13aHa MMETb OTpaHUYEHHYIO BapHauuio. Bapuauus

f(z) = zsin % (£(0) = 0) Ha [0, 1] He orpaHnyena.

AOCOJTIOTHas HENTPEPbIBHOCTh MHTerpana Jlebera urpaeTt CyleCTBEeH-
HyI0 posib B 3agavax, rae B (pokyc BHMMaHHUs MOManaeT B3aMMOCBS3b
¢ audbdepeHumpyeMocThio. HampuMep, 1o aHajiorMM ¢ MHTErpajioM
PumaHa xenarenbHa, a UHOraa U Heobxonuma, popmyia

b

/f@Mx=ﬂw—ﬂ@, (3.10)

a

30) Bapuauus Va" () ecTb TouHasl BepXHsisi [PaHb CYMM

Z|¢(zk+1)—¢(zk)l, a=20<2,<...<Zp=b
&

Dynkyus oep i gapuayuu VMeeT He Goree YeM CYETHOE MHOXECTBO TOYEK pa3pbiBa.
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KOTOpasi B o6LIeM Ciyyae HeBepHa. Kanmopoea aecmnuua (pazmen 1.8)
JaeT MpUMep HenpepbiBHOW GyHkuuu f(r) ¢ Mpou3BOAHOM, paBHOM
HYJII0 MIOYTH BCIOAY, B pe3yJibTaTe 4ero

I
/ f'(z) dz =0,
0

onHako f(1) — f(0) = 1.
Pasenctso (3.10) obecrieunBaeT NMpeanonoXeHue abCoMOTHON He-
npepbiBHOCTH DyHKUMHU f(Z).

COOTBCTCTBYIOLLIMC I'IOTDCGHOCTH BO3HHUKAIOT, HANMpUMEpP, B CUCTEMAX OINTHMalNb-
HOro ynpaBJICHUA

& = flz,u],

roe ynpasieHue u(l) [B cuy ecTeCTBEHHOH OrpaHUYEHHOCTH] KYCOYHO-JMHENHO,
a ayyuie usmMepumo. Ho Torna nepexoa Kk MHTErpalbHOMY OMMCAHUIO CUCTEMBI

t
) =2(0) + [ fla(6). u(s) ds
0
NPUHLUHUMHAANBHO 3aBUCHUT OT CMPABEAJIMBOCTH COOTHOLLECHUSI
t
z(t) — z(0) = / Z(s) ds
0

suna (3.10). dopmanbHo TpaekTopHio T(t) MPUXOAMTCH CYMTATh aGCOMIOTHO Hempe-

] |
PbIBHOH ).

Heonpenenennblii uaterpan Jledera. Y3 Teopemsbl 3.8.1 BbITEKAaE€T CyMMHU-
PYEMOCTb M a0COJIIOTHAsE HENMPEPLIBHOCTh HEOMPEAEJIEHHOTO MHTErpaia

Kak nepBooOpa3Hoi GbyHKUMHM Ha [a, b].

1
3N Korna (bopma.nuaM HaYMHACT MeELLIaTh, €ro «HE 3aMeYyaloT».
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3.8.2. Teopema Jle6era. A6costomno nenpepwienas dynkuus f:[a,b] >R
noumu éciody duggpepenyupyema, u

t
[i6ras=10- 1@, telas)

Otciofia BBITEKAET, YTO HEOIpPEAEJeHHbI MHTErpajl OT CyMMHpYe-
Moii Ha [a, b] dyHkumu ¢(x) noutu Beroay nubdepeHUMpYeM U

t
7 [ #ords=e0.

3.9. Konctpykums Ctuntbeca

Ecnu cymma

n
Z f({j)[q)(tj) - q)(tj—l)], a=t <t <...<ty, =b,
j=1
rne f u & — HekoTopbie DYHKLIMU 32 Ha [a, b], — npu usmenbyeHun
pasbuenus, max(t; —t;_;) = 0, CTpeMMTCS K HEKOTOPOMY TIpeienty, TO
J

3TOT Mpenaesl Ha3biBaeTcsl uwmeepasom Pumana—Cmuamveca n o603Ha-
yaeTcs Kak

b
/ f(8) d2(s). (3.11)

Knaccuueckuii pesyasrar CTuntbeca: 044 cyuwecmeoganus unmeepasa (3.11) do-
cmamouno, ymobut f 6viaa wenpepwiena, a ® umena na |a, b] oepanuuennyro eapuayuro.

Hurerpan Jledbera—Cruntbeca CTpouTcsi MHauye. CHayajga Ha OCHOBE
3a1aHuA Ha [a, b] Mep 37eMEHTapHBIX MHOXECTB:

m(a, B) = &(B) - ®(a +0), mla, B] = 2(8 + 0) - &(a),
m(a, Bl = 2(8 +0) - 2(a +0), mla,p)=2(B) - 2(a),

32) O6ruHO & — TPEeAToiaraeTcsi HeMmpepbIBHOM cleBsa.
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10 CTaHAApTHOM cxeMe cTpouTcs Mepa Jlebera, Ha3biBaeMasi B JAHHOM
cinyqae mepoii Jlebeeca—Cmuambeca u 0603HayaeMas KakK fe.

MuTterpan Jlebera—Cruntbeca

b
/ £(5) da(s)

onpenensieTcs Kak uHTerpai Jlebera o Mepe pe,

/f a3 (s /f(s ) dis.

Ero 3HaueHMe coBnagaeT co 3HaYeHHeM uHTerpaia Pumana—Cruirbeca,
€CJIM NOCJIEAHUI CYLLECTBYET.

Mepa Jlebeca—Cmuamoveca — u unmeepan — He 6bi600Am 3a pamKu
1e6e208CK0il meopuu u npedcmaersiom Aulb CneyudUUecKyo mexHoao2uro
nocmpoenus mep Jlebeza. Ho sma mexnonoeun umeem camocmosmensHoe
3HaueHue, NOCKOAbKY A6AAEMCA MeM MUKPOCKONOM, Komopuiil no3gonsem
paccmompems onpedenenHblii Kpye 3a0a4, HedocmynHuiil 01 Opy2ux cpedcms
HabadeHus.

JlaHHas TeMaTMKa JIEXUT B CTOPOHE OT (apBaTepa M3JIOXEHHUS.
IMonpo6Hoct — B [11], 3anaun — B [10].

3.10. MpounssenexHne mep, Teopema OyouHn

IMyctb B X u Y 3anaHbl, COOTBETCTBEHHO, Mephl 4 U V. Ha nonykonbue
MPAMBIX TTPOU3BENEHUIT MHOXECTB

AxB, ACX, BCY, (3.12)
npouaeedenue Mmep ONpEncnAcTCsa Kak
(B x v)(A x B) = p(4) - v(B).

HanbHeitnii clieHapuii pa3BopaymBaeTCs MO TUMY ABOMHBIX U TO-
BTOPHBIX PUMAHOBCKUX UHTerpanoB. [TOHATHO, YTO He KaX1oe «ILIoC-
koe» MHoxecTBO 2 C X x Y mpencraBumo B Buze (3.12), HO ¢ mony-
Kosblla MHOXecTB Buaa (3.12) mo cxeme JleGera mMepa MpomoiXaercs
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Ha KOJIbLIO, B PE3YJIbTaTe YEro MOSIBIISIETCS BO3MOXHOCTb UBMEPSTh MHO-
xectBa 2 C X X Y mno Jlebery. CloXeT, eCTeCTBEHHO, COMPOBOXIAETCS
cBoel cnieuudukoi. B yacTHocTH: w3 @ -addumusenocmu mep | u v
gbimexaem 0 -adoumueHocms mepbl L X V.

Ecau Q (p X v)-usmepumo, u

Qx:{y:(z’y)EQ}’ Qyz{m:(a:,y)eﬂ},

wxn)(@) = [ vis) du(o) = [ us2o) dviw).

X Y

3.10.1. Teopema ®y6uHu. ITycmo @ynkuus f(x,y) unmezpupyema no
Mepe 1 = [z X [by, 20e Py u iy 0 -addumuenvie mepoi Ha X u Y. Toeda

,,/ senu= [ { / te.n iy} dus = [ { [ 162.9)duc} ds

X Q Y q

npuvem eHympeHHuUe UHMezpanbl Cywecmayiom noumu npu écex 3Ha4eHusx
nepemenHo20, o KOMopomy udem 6HeulHee UHMe2pupoBaHue.

3.11. 3agauv U AONONHEHHUSA

o Jlo6as moHomonnas™> gynkyus [ : [a,b] = R — usmepuma, oepanuuena,
cymmupyema u noumu 6ctody ougpgepenuupyema. A TaKXKe: Moxcem umemo pa3pbiéul
4
moavko nepeozo poda>?, mHoxcecmeo komopuix He Goaee wem cvemno.

o Ilycts f : [0, 1] = [0, 1] — kanmoposa aecmuuya. Toraa byrkuus g = ¢+ f(z)
oto6paxaer [0, 1] Ha [0, 2], HempepbiBHA, CTPOTO MOHOTOHHA — W MOTOMY B3aMMHO
OAHO3HaYyHa, MpuyYeM obpaTHass QyHKLMS g"' TOXE HEeNpepbiBHA ),

TMockonbKy MHTEpBanbI, ynansgembie M3 [0, 1] npu NOCTPOEHHH KAHTOPOBA MHO-
xectBa C, hyHKUMs g OTOBpaxaeT Ha MHTEPBaNbl TaKoit Xe MuHbI U3 [0, 2], To

u{g([0, 1]\ C)} = p{[0,1]\C} =1,

orkyna u{g(C)} = 1, T.e. g mepesoaut MHOXecTBO C' HYNIEBOIi MEPBI B MHOXECTBO MO-
noxutenbHoit Mepsl. Ho Torna B g(C) cymectsyer [21] Hensmepumoe MHoxecTBo C —
W MONYYaeTCs, YTO roMeOMOpH3M g MepeBoauT H3MepuMoe MHoxecTso ¢~ (C) C C
(Mepbl Hy/ib, MOTOMY 4TO0 C' MMEET HY/IEBYIO MEPY) — B HEH3MEPMMOE MHOXECTBO.

3 HeyGpiBalomas wiM HeBo3pacTaioLias.
3 Paspwe nepaozo poda xapaKTepU3yeTCsl CYLLECTBOBAHUEM MDEENIOB C/leBa M CRpaBa.
35) pyrumu cnosamu, g~" — romeomopduam [0, 1] Ha [0, 2].
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(!) Moaco3HaHue NErko MUPHTCS CO CKA3aHHbIM, TIOKA HE BCIOMHHUT, YTO QYHKLIHS
g_' M3MepHMa, KaK HemnpepbiBHas, — U «HEe MOXET» UMETb HeU3MEPHUMbIX NPo0o6pa3os
N3MEPHUMBbIX MHOXECTB. 30€Ch HACTaeT Yepe BCNOMHHUTD, YTO g U g'I U3MEPHUMBbI TOIbKO
no bopenio, — CM _KOMMeHTapuu B paszenie 3.3 N0 NOBOAY M3AEPXKEK TEPMUHONIOTHH.

K cnosy, g (C) C C npaet npuMep U3MEPHUMOro MHOXECTBA, KOTOPOE He sIBseTCS
6OpeneBCKUM.

e B cBasu ¢ mpobnemoit paserctsa (3.10) mpeacTaBnsieT HMHTEpPEC, «MOYEMY
M HacKONbKO»

b
/ f(z) dz < £6) - f(a).

Oka3sbiBaeTcs, Nt00as pyHKUHMs f orpaHUYEHHOI BapHaLMKU MOXET ObITh MpeacTaBieHa

B BUIe CyMMbI ? aGCoMIOTHO HENPEPBbIBHON KOMMOHEHTBI fans, PYHKUUU cKauK08 [y
W CUHYAAPHOU PYHKYUU fiing

f = fabs + fh + fsing«

IMon ¢ynkuuei ckauxoé MOXHO TIOHMMATb HEMPEPbIBHYIO Cl€BA MOHOTOHHYIO
(HeyGbIBalOLLYIO) DYHKLMIO (CTYNEHYATYIO P KOHEYHOM YHC/IE Pa3pbiBOB JIMGO «Ilpe-
DENbHO CTYNeHYatyio»). Cuneyaspuas — 3T0 HenpepbiBHas GYHKLHsS, OTIMYHAs OT TOo-
CTOSIHHOM, Npou3BOAHasi KOTOPOH TNMOYTH BCIOAY paBHa Hymo. [IpuMep — kanmoposa
AecmHuya.

Wuterpan ot fy, u fg,, no [a,b] paBen Hynio. [103TOMY npu MHTErpUpOBaHUH
BKJIaZ JaeT TOJIbKO TONbKO aGCONIOTHO HEMpepbiBHAsI COCTABAAIOLLAS,

/bf(-"-') dt:/bfabs(z)d:c.

e B cnyuae ®(t) =t mepa Jlebera—Cruntbeca pg COBRALAET ¢ OOLIYHON MepOii
JleGera.

Ecnu ®(t) ¢ynxyus ckauxoe c paspbiBamu B Toukax {t;} v ckaukamu {h;},
Mepa () = Z h; HasbiBaeTcsi duckpemnoii. Abcoatomuo HenpepwieHoi Mepe ) orse-

L EQ

yaeT abCONIOTHO HenpepbiBHas yHkuus P(t). HakoHeu, cunzysaproii mepe oTBeYaeT
cunryaspHas dyukuuns d(t).

CuHryasipHas Mepa fig COCPenOTOYEHa Ha TOM MHOXECTBE J1€6eroBOil Mephl HyIb,
Ha KoTopom npoussogHast &' # 0 nu6o He cyllecTsyer.

B cootBetcTBiM ¢ neberoBckuM pasnoxeHueM dyHkuuu P() Mepa pgp npen-
CTaBMMa KaK CyMMa IUCKDETHOMH, abCOMIOTHO HEMpepbiBHOW M CHHTYISIPHOM Mep.
TMozpoGHoctu 8 [11].

36) 510 HasbiBaloT paznoxcernuem Jlebeza.
37) KakoBoii sinsierca o6bluHas Mepa JleGera.
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o Heusmepumoe Muoxectso Butaim. [Tycts durypHbie ckoOku 0603Ha4aloT Apo6-
HYI0 YacTb yncia. Beesem Ha [0, 1] oTHOWIEHHE SKBUBANEHTHOCTH

z~y, ecu {z-—y} payuonasmo,

U OTHECEM K MHOXECTBY V' N0 OZHOMY 3JIEMEHTY U3 KaXIOTrO K/acca 3KBUBaJIEHTHOCTH
(axcuoma swbopa). Onpenenum fanee MHOXecTBa V, Kak CaBur V Ha paLMOHANbHOE T
no moaynio 1,

V,={z:z={v+r}, veV}

CuetHoe® oGbeauHeHme Beex HenepeceKalomnxcs MHOXeCTB V, JaeT BeCh NMpome-
00

xytok [0, 1]. TToatomy Zp(V,) = |, 4yero He MOXeT ObITb, ecniu V wu3MepuUMoO,

r
NIOCKOJIbKY B NpeanosioxeHun npotusHoro sce p(V;) = p(V).

3 B cuiy c4eTHOCTH MHOXECTBA paLlMOHAIbHBIX YUCE.
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KomnakTHocTh

HoBoe 3ByuyaHHe B GeCKOHEYHOMEPHBIX MPOCTPAHCTBAaX MPHOOPETAalOT MHOTHE ITIPH-
BbiuHble (Mo R") noHsatus. Ha nepenHuii ruaH BbIABHraeTCs, HANpUMep, MOHATHE
Komnaxmuocmu.

B ominume or R", HenpepbiBHas (yHKLHS Ha OTPaHUYEHHOH 3aMKHYTOH 06-
1acTH (PYHKLIMOHANBHOTO MPOCTPAHCTBA YacTO He JOCTHraeT CBOEr0 MakCHMyma. JTo
cepbe3Has rojioBHas 60jib. MakCMMyM Ha KOMIaKTe — APYToe OeJio.

Knaccuueckuit npumep Ha TeMy HEOOGXOOMMOCTH NMPaBHJIbHOI MOCTAHOBKH 3aa-
Yy — BapMalLMOHHas 3aza4ya HploToHa MUHMMM3aUMK DyHKLIMOHANA

1

zdzx
J= 0/Hy)z, y0) =0, y(1)=1

ISl TIOMCKA TeNa BPALeHHsl ¢ HANMEHDILHM COTIPOTHBICHHEM ra3oBoMy noToky. ITpu
«becneyHOM» MOAXOAE 3a1a4a He MMeeT pelueHust, mockonbky J > 0, Ho J(y,) — 0 mis

Ya(z) =  + sin® nnz.

PasyMeeTcs, 3T0 JMLUb OTNpaBHas TOYKA Wi MEPEOCMBICIMBAHUSA 3alaYd U ee
NMpaBUIbHOM MOCTaHOBKM. [ToTOMy uTO0 BCenieHHast He MepecTaeT CyLEeCTBOBaTh, €CAH
Teopus TaK cyutaer "

4.1. KoMmnakTHble MHOXeCTBa

KoMmnakTHOCTb cOnxaeT 6eCKOHEYHOMEPHbIE TTPOCTPAHCTBA C KOHEY-
HOMepHbIMU. B HeKoTOphIX YepTax, pasymeercsi. Ho ocobeHHo — B OT-
HOLIEHUHU CXOOUMOCTH, YTO JISi aHaJIU3a MMEET pELIaloIlyl0 PpOJb.
[1aBHbI MHCTPYMEHT Ha BelleCTBeHHOM npsiMoii R semma Boavyano—
Beitepwmpacca — «cyiiecTBOBaHUE CXOASILENHCS MOATOC/AEI0BATENbHO-
CTH y J1060# orpaHMYEHHOM IOC/IENOBaTEIbHOCTU» — B 0ODILIEM Cilyyae
nepecraer padorarb. Kak cienctsue, B TeopuM oOpa3yeTcsi MyCTbIHS

DB 10 xe BpeMsl 3[€Cb K MeCTy Te3uc DuauHrroHa: «[loka acTpoHoMuueckue HabmoneHusl
He MOATBEPXKAAIOTCS TEOPUE, BEPUTD UM HENb3s».
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C peIKMMM Oa3ucaMM conepXaTeilbHO MHTepecHbix ¢aktoB. Ha 6a-
3¢ KOMIMAKTHOCTH BO3HUKAIOT OECKOHEYHOMEPHbIE 0000ILEHHUS JIEMMbI
bonbuaHo—BeitepuiTpacca, — M TeOpUsi OXXMBAET.

4.1.1. Onpepenexne. Muoxcecmeo M C X mempuueckozo npocmpa-
cmea X Ha3svieaemca KOMNAKMHBIM, AUOO KOMNAKMOM, eCAU 6CAKAA nocie-
dosamensHocmb 8 M codepxucum noonocaedosamenbHocmb, CX00AUYIOCA
K 3nemenmy uz M .

o Komnakm, kax noonpocmparncmeéo M C X, — ecez0a a6asemca noaHoM mempu-
YeCKUM nPOCMpPaHCMeoM.

e B noiHOM MeTPMYECKOM MPOCTPAHCTBE MepeceyeHHue MOCieI0BaTeIbHOCTH
OrpaHMUYEHHBIX 3AMKHYTBIX BJIOXEHHBIX APYT B ApYTa MHOXECTB (IMaMeTpbl KOTOPbIX
He CTPeMSATCs K HY/IO!) MOXeT 0Ka3aThes MYCTHIM. Jist KOMNAKMHbIX MHOXCECE maKoe
nepeceuenue écezda He nycmo.

<« [eiictButenbHo, nycts M; D M, D -+ — 1I0CNe0BaTeJIbHOCTb BIIOXEHHBIX
KOMIIAKTOB, M T, € M, . O4eBHOHO, MOC/eN0BATENLHOCTb {Z,} C M), MO3TOMY U3 Hee
MOXHO BbIOpaTh CXOMALIYIOCS TIOATIOCAENOBATENbHOCTD { Ty, }. TTycTb Z,, — z*. Xeocm
nodnocaedosamensrocmu? {zs,} nexur B mobom M,, — orcioma z* € M, npu
JobomM n. >

o Ecau 3amoikanue nHekomopoeo muoxwcecmea U KoMnakmwuo, mo camo MHoxce-
cmeo U nasvieaemcs npeoKoMnaxmusim.

ITpu ymenuu numepamypoi Hado uMems 6 udy, ¥mo danHoii obaacmu co-
nymcmeyem onpedesennas mepMunonocudeckas nepasbepuxa. Komnaxmuocmo
M C X unoe0a nasweatom KoMnakmuocmoto 6 cebe, a npedKOMnaKkmHocmos —
Komnakmuocmeto 8 X , unu npocmo KomMnaKkmHocmel0, OKOH4aMENbHO CMEWU8as
xapmu. He 2060pa 0 mom, ymo KomMnakmuocmos 6 OaHHOM Gbiuie onpedeseHuu
HA3616G10M MAKXce GUKOMNAKMHOCMBIO.

B anvmepnamuenoi mepmunonoeuu ecmo ceos noeuxa. Onpedenerue npeo-
KOMNAaKmHo20 MHOXCECMEa HA CAMOM Oene nodpazymeeéaem, 4mo obsemaroujee
npocmpancmeo 02060perHo. B npomuenom cayuae 6o3nuxaem neoOnoznauHocms.
Mhnoxcecmeo pauuonanshoix mouex u3z (0, 1) npedxomnakmuo é R, Ho ne nped-
KOMNAKMHO 8 npocmpancmee payuoHanshuix wucen. Koneuno, moxcno mpebo-
eéams noanomy X , Ho mam 6o3nuKaem ceoii QUANA30H B03MONCHBIX 02080POK.

IIpu3nakH KOMNAKTHOCTH. B KaxImoM fiesie Hy>XXHbI MHCTPYMEHTBI. YCTa-
HaBJIMBAaTh KOMMAKTHOCTb «FOJIbIMM PyKaMU» OOPEMEHUTENbHO.

?) YnomuHaHHe o xgocme nocredosamenvhocmu {z,} monpasymesaeT COBOKYITHOCTD €€ YICHOB
Z, ipu n > N, rne N HacTONbKO BENMKO, HACKOJIBKO TPEGYETCSl MO KOHTEKCTY.
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4.1.2. Onpepnenenune. Mruoxcecmeo U mempuueckoeo npocmpancmea X
Ha3vieaemca €-cembvio mMHowcecmea V. C X, ecau oasa awboeo x € M
Haiudemcs makoi snemenm Yy € M, umo p(z,y) < €.

4.1.3. Teopema Xaycpopda. 3amkHymoe noomHoxcecmeo M noanoeo
Mempuyeckoeo npocmpancmea X KoMnaKkmHo moeda u moavko moeda,
Ko20a npu awbom € > 0 cyuwecmeyem KoHeuHan € -cemb mMHoxcecmea M .

<« Heobxodumocms. Tlyctb M komnaktHo. B mpennonoxeHuM npOTUBHOTO cy-
LECTBYET GECKOHEYHasi MOCNEA0BATENBHOCTb {Z,} C M C MONapHbBIMM PAaCCTOSHUSMU
p(zi, zj) > €, i # J, YTO UCKITIOYAET CXOOMMOCTb 1060 nodnocaedosamenshocmu {,}
¥ TIPUBOZMT TEM CaMbIM K MPOTHBOPEYHIO .

Jocmamounocmes. Tlyctb €-cetb M (€) MHOXectBa M CyliecTBYeT Mpu NI06OM
€ > 0. Bo3bMeM MpOU3BOJbHYIO TIOC/IEN0BATENBHOCTb {T,} C M M MOKaxeM, YTO OHa
COIEPXMT CXOASILIYIOCS TIOANOCNEN0BATENBHOCTb.

3agaguMcst YMCJIOBOI MOCNAEA0BATENbHOCTBIO €, — 0, £, > 0, — U paccMOTpUM
€ -ceTb. CoBOKYMHOCTb 1apoB B(€y, z), z € M(€,), HaKpbiBaeT M, a MOCKOJIbKY 3THX
IIAPOB KOHEYHOE YUCNIO, TO KAKOM-TO U3 HUX COAEPXMT XBOCT (BECKOHEYHOE YMUCNO
3J]IEMEHTOB) TocenoBaTenbHOCTH {Z,}. [Iycts 310 Gyzer wap B.

Hanee, aHaJIOTMYHO, PaCCMOTPUM £;-CeTh. [10 TO#M X€ TpUYMHE CPEAM LIApOB
B(e;, z), z € M(g,), Haiinetcs wap B,, cogepxaiiuii GECKOHEYHO MHOTO 3JIEMEHTOB
{z,} u3 Tex, uyro comepxarca B B,. XBoct {z,} 6yner conepxarb MHOXecTBO C; =
B,\B,. TIponosxeHue 3TOro MpoLecca NOPOXAAET MOC/EA0BATENbHOCTD BIOXEHHBIX
MHOXECTB

Cl =B1 3C2 :Bz\Cl DEEE DC,, :B"\C"—l :)"‘,

JIMaMETPBI KOTOPBIX CTPEMSTCS K Hy/IO ¥ M KaX10e M3 KOTOPbIX CONEPXHUT GECKOHEUHO
MHOTO 3N1eMeHTOB {Z,}. BbiGop nmo onHomy anemeHTy Z,, € Cj HaeT cCXomsLlylocs
NOANOCNEOBaTENbHOCTb. P
5)
‘YnpaxueHus
6
o JIi060e KOMNAaKTHOE METPUYECKOE MPOCTPAHCTBO cenapabenbHO ),

o KoMnakTHOCTb oqMHoXecTBa M C R” paBHOCH/IbHA €70 3aMKHYTOCTH M Orpa-
HUYEHHOCTH.

o KOMNakTHOE MHOXECTBO BCEraa OrpaHH4YCHO 7 H 3aMKHYTO.

3 s noctpoerus {Z,} AOCTaTOuYHO OpaThb Ha N-M lware Jobyl0 TOYKY Zn, OTCTOALLYIO
OT BCex NnpeAbiayuwnx {z, ..., Ty-1} Gonee yeM Ha €.

4)chmy €n — 0.

5 o
) HanomHuMm, 4To B «JleKuusx» yripaxHeHHsl B 60JIbLLEH CTENEHH SABIAIOTCS CTTMCKOM OTIOPHBIX
TOYEK.

6 .
) OGbeAMHeHUE BCeX £y -CeTel, £, — 0, O4EBMAHO, BCIOAY TUIOTHO M CYETHO.

7 - o
) OFpaHM‘ICHHOCTb Cpa3y BbITEKAET U3 NOAHOU 02PAHU4EHHOCmMU, O KOTOPOH rOBOPST B Ciyyace
CYLLECTBOBAHHSA KOHEYHOMN €-CETH.



4.1. KoMmnakTHble MHOXeCTBa 71

L 33MKH)’TO€ NMOAMHOXECTBO KOMITAKTa — KOMIIAKT.

e Komnaxkt M C X ocraeTcsi KOMDAKTOM MpH «rorpyxeHuu» X B Gonee WMPOKoe
MeTpUYecKoe npoctpaHcTso, X C Y.

o Cucrema MHOXecTB {F,} Ha3blBa€TCs yenmpupoeannoil, eCiin n106as KOHeyHast
ee NMoACUCTEMA UMEET HEMYCTOE NepeceyeHue.

Jha komnakmuocmu 3amkrymoeo muoxwcecmeéa M C X neobxodumo u docmamouro,
umoGel at06asn yenmpuposannan cucmema {F,} 3amxuymox nodmuonecme M umena
Henycmoe nepeceuenue. (7)

CucreMa {G,} OTKpBITHIX MHOXECTB B METPUYECKOM MPOCTpPaH-
cree X Hasbiaetcsi (omkpoimoim) noxkpoimuem MHoxectBa M C X,

ecnu M C ﬂ G,.
a

4.1.4. Nlemma o nokpbitum. YmobGet 3amkHymoe mHoxcecmeo M 6Obino
KoMNaxKmom, HeobXoO0umo u docmamouro, 4mobvl u3 06020 0MKpbIMO20
nokpoimus M modxcHo Gbir0 ebideaums KoHeuHoe noOnoKpsimue.

< Heobxodumocme. TIyctb {G,} — otkpbiTOe nokpbithe M. lonyctuMm, U3 {G,}
HEJb3S BBIIEJUTL KOHEYHOE MOAMOKPHITHE.
Iycts €, = 0, u {Z,..., 2, } — €,-cetb M. Torna

n
M=M,

i=l

rie M; — mepeceyennss M ¢ wapamu B(e,, ;).

Ecnu y M Her KoHe4HOro nokpbitisi U3 {G,}, TO KOHEYHOrO MOKPHITUS HET
xotsi 661 y 01HOro U3 MHOXecTB M;. ITyctb 370 Gynet M;, . PaccmartpuBas nanee €;-CeTh
U TIPOBO/S AHAIOTUYHOE PACCYXIEHHE MO OTHOLIEHHUIO M, , MONyYUM MHOXECTBO

M;, C M;,,

TAaKXe HE MMEIOLLEe KOHEYHOro NOKpbiTUs U3 {G,}.

WUHayKTHBHOE MpPOJOMXKEHHE MpOLECCAa JaeT MOC/AeA0BaTeIbHOCTb BIOXEHHbBIX
KOMIAKTOB, JMaMETPbl KOTOPbIX CTPEMSATCSA K HY/IIO, H NMOTOMY MMEIOLIUX B Tepece-
YEHMH TOUKY T5 € M, HEM3OEXHO MPUHALIEXALLYI0 KAKOMY-TO Go,. A MOCKONBKY
diam M;, — 0, To mpu HekotopoM k cmpaBeaiuBo BKmoueHHe M;, C Gg,, 4TO
MPUBOAMUT K MPOTHBOPEYHIO.

Jocmamourocms. Tlycts {x,} C M He uMeeT CXOAsILIEiiCs TIOANOCNEI0BATENBHO-
ctu. Toraa nobast Touka £ € M NpUHALIEXKUT HEKOTopoMy Luapy B(e, ), He comep-
Xalemy Touek u3 {z,} Kpome, OGbITb MOXET, 00HOd TOYKH T. DTH wWwapbl 0OpasyloT
OTKPHITOE MOKPbITHE M , B KOHEYHOM MOAMOKPHITHM KOTOPOTO HE MOXET CONEPXKATHCS
6ecKOHeYHast Mocen0BaTeNbHOCTb {Z,}. TIpoTHBOpEYHe. B
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TIpumepnt

o Muoxcecmeo G nocaedogamenviocmeii {z,, ..., Ty, ...} € by, noduunennsix mpe-

6o6anuio |

2n—l ’

1
|$1|< 1 IZ;lS 5! (R Imnl<

KOMnaKmuo 8).

<« [Insg moCTpoeHMsl €-CeTH LEeNoe n BbiOMpaeTcsi U3 ycnoBusi | /2"_2 < g,
M Kaxnasl OC/IEA0BaTENbHOCTD T = {Z, ..., &y, ...} 3AMEHSETCA TOYKOM

z={z,...,2,,0,0,...},

B pe3yibsTaTe G npoekTHpyeTcs (MO CylIeCTBY, eciM OT6pocHTh HynH) Ha R" W maer
B NPOCKLMM MHOXECTBO G, KOMINAKTHOE B CHIy KOHEWHOMepHOCTH. TMostomy y G
CYyLLECTBYET KOHeYHast €/2-ceTb, a paccTosiHie OT 6ol nocnenoBaresbHOCTH £ € G
110 Gmxaiiwei Touku u3 G Toxe He npesocxomut €/2. »

o Edunuuniii wap B 6 1, ne komnaxmen.
<« bBeckoHeuHOe MHOXECTBO TOYEK

e;=1{0,...,0,1,0,...} € B

PacmnoJIOXKCHbI APYr OT Apyra Ha paCCTOAHHH \/5, YTO HUCKJIOYACT BO3MOXHOCTb MO-
CTPOCHHSA €-CE€TH MNPHU AOCTATOYHO MAJIOM £. P

o Edunuunwe waps ¢ C u Ly, ne komnaxmuor. (?)

4.2, Kputepun xomnaktHocTu 8 C v L,

Hanomuum, uto dynkumu z(t) u3 Hekoroporo muoxecrsa M C CJ0, 1]
Ha3bIBAIOTCS pagHOCMeneHHO HenpepsigHsiMu, €CIU A1 i1oboro € > 0 cy-
uiecTBYeT Takoe 8 > 0, uyto wist mobsix ¢y, ¢, € [0, 1], ynosreTsopsiiowmx
HepaBeHCTBY |t — t5| < §, BHIMONHSETCSA

lz(t) —z(t2)| < e
wist moboi dyHkunu z(t) € M.
4.2.1. Teopema Apuena. s Komnaxmuocmu oepanuueunoeog) u 3a-

mruymoeo ¢ C|0, 1] mnowcecmea M neobxodumo u docmamouro, ¥mobot
QyHKyUU U3 3mo2o mMHONecmea Gvial PagHOCMENeHHO HenpepbiGHbI.

8 MuoxecTBo G Ha3BIBAIOT 2unb6EPMOBLIM KUPNULOM.
9 |z(t)] < K < 00 mns mo6oit dyHxkunu z(t) € M.
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<« Heobxodumocms. Tlyctb M xomnakTHo. Torma no Teopeme Xaycaopda npu
JI06OM € CYLLECTBYET KOHEYHas! €-CeTb {Zy,, ..., Tn, } C M. PyHKUHUH T, pABHOMEPHO
HenpepbiBHbI ', MX KOHEUHOE YHCIO0, — M MOTOMY OHM PaBHOCTENEHHO HENpEPbIBHBI.
310 03HayaeT: no nAbomy 1 > 0 MOXHO ykas3aTb Takoe 4 > 0, 4To npu A6oM k.

|k, (81) — Tk, (82)] <1, Kak TOABKO [t —¢,| < .

Janee ocraercst 3aMeTUTb, YTO Niobasi GyHKuust z(f) € M nonagaer B OOMH M3 €-
KopuaopoB: Z(t) € Ty, (¢) £ €. BO3MOXHOCTb B3STb MPOU3BOJABHOE € 3aBEPLIAET pac-
CYyXAEHHE.

Hocmamounocme. [yctb «z(t) € M = |z(t)| < K». U3 paBHOCTeneHHOMN Hemnpe-
pbIBHOCTH (yHKUMIt 3 M creayet, uto mo nioGomy £ > 0 MOXHO yKa3aTb Takoe
d >0, uto |z(t)) — z(t,)| < € npu ycnosuu |t; —t,| < d, z(t) € M.

Pasobbem npsimoyronbhuk ¢ € [0, 1], z € [-K, K| Toukamu {t;, z,},

t,=0<z,<...<t, = 1; T =—-K<,<...<zp =K

TaK, YTOObI
!
t,‘+1—t,'<6, $j+1—$j<5.

COBOKYMHOCTb JIOMaHbIX C y3/laM{ B BEpLUMHAX NOCTPOEHHOM CETKH "’, paccMmar-
pHUBaEMbIX B KauecTBe rpa)uKOB KYCOYHO-JMHEMHBIX HENpepbIBHbIX (PYHKUMIA, OaeT
KOHEYHYI0 €-ceTb M. »

Ilpueedennoie paccyxcoenus e nonsiy meopemol Apyeaa npuHAmo cuumams
Habpockom Odokazamenscmea u3-3a npeneGpexcenus demansmu. Ecau no €'
(co wmpuxom) moxcno nodoGpame maxoe 8, umo A < €', a u3 3mozo
ciedyem B < € npu docmamouno masom € (ywme Ge3 wmpuxa), — mo
Imo ewe He Ooxkazamenscmeo. Paccyxmcdenue nado obpamume, Oobueuiuce
6 umoee yxkasanua 0 no € 6ez wmpuxa, 019 4e20 npuxoOUmMcs «cmpeaimo
¢ ynpexcdenuem», noaaza, ckaxcem, € = €/5 u coenacya eenva uenu.

Takoeo copma ymounenus mpebyromcs nowmu 8 kaxcoom 0oKazamens-
cmee, u ecau Ha HUX 3AUUKAUBAMbCA, 2AA6HOE YXO0Um Ha emopoit naak. Beixod
U3 NOAONCEHUS — BCe u3yHaemcs Ha «ceoem» amane. Jpobu — 6 namom kaacce,
«€,0»-A30ik — Ha nepeéom kypce. ITomom oceéoennoe npumensemcs «beeno».
Ecau e noaywaemca, ayquie éeprymoeca u nompenupogamoca. [Ipoyenmor au,
cmepeomunhbie au cxembl <€, d»-paccyxcoenuii, — éce 3mo xopouio pabomaem,
K020a ucnoaxsemcs 8 00HO Kacauue.

®yukuuu z(t) u3 Hekoroporo MHoxectBa M C Ly (1 < p < 00)
Ha3bIBAIOTCH PAGHOCMENEHHO HENPEPLIBHBIMU 8 CPeOHeM, ECITN JUISI I060ro

19 g CHJIy HEMPEPbIBHOCTH.
" U3 toukn {ti, z;} nomanan moxet uatn 1m6o B 104Ky {tit1, Tj-1}, m60 B {tiy1,Tjt1}-
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€ > 0 cymectyeT Takoe d > 0, yto nipu |A| < &
1/p
(/ lz(t + A) — z(t)]P dt) <e
Q

wisi mo6ownt dyHkuuun z(t) € M.

4.2.2. Teopema Pucca. Ilycmo §) — oepanuvennas obaacmo 6 RV, s
KomMnaKkmuocmu ozpanu4ennoeo u 3amkiymozo & Lyp(QY) muoxcecmea M
Heobxo0umo u Odocmamo4Ho, 4ymobbl QYHKUUU 3M020 MHOMNcecmea Obiau
PagHOCMeneHHO HenpepbleHbl 8 cPeoHeM.

<« MHneonorryecku 0OKa3aTeNbCTBO MOXOXE Ha mpeabiayuiee. TloctpoeHue e-
CETH, ECTECTBEHHO, JOJXKHO YYUThIBATh crieuuduky L,. »

4.3. NHCcTpymMeHTbl U CBOWACTBA

[Ipy u3ydeHHH HEMPEPbIBHbIX OTOOpaXEHUI HMHTEPEC MPEACTABISIOT
3aKOHOMEPHOCTH TpeoOpa3oBaHMsi OAHMX MHOXeCTB B Apyrue. Ha-
MPUMEP, XOPOILLO U3BECTEH (DaKT: npoobpas omkpvimoeo MHOMCecmea —

12
omKpbsim ). Ho 00pa3 OTKPBITOro (3aMKHYTOT0) MHOXECTBA, KOHEYHO,

OTKDHIT (3aMKHYT) He 0BSI3aTebHO ),

4.3.1. Teopema. Henpepoignuiil 06pa3 komnakma ecms KoMnakm.

<« Tlyctb X — komnakr, f: X = Y — HenpepbiBHOe oTobpaxeHue. Heobxo-
IMMO MoKa3aTh, yto obpa3 f(X) komnakreH B Y.

PaccMoTpuM mpou3BosbHYIO nocnenosarenbHoctb {y,} C f(X), u nycrs z, €
f"(y,.). TMocnenosatebHOCTh {Z,} NPUHAWIEXUT KOMMAKTy X , OITOMY OHa MMEET
CXOISILLYIOCS TOANOCEAOBATENBHOCTb T, — €' € X. U3 HenpepbiBHOCTH f Terepb
cnenyer yn, = f(z'), T.e. {yn} C F(X) comepxur cxomsuiyiocs NOANOCENOBATE b~
HOCTb. P

4.3.2. Teopema Beinepwrpacca. Henpepvignviii pynkyuonan f, omoo-
paxcaowuit komnakm X e R, oepanuuen u docmuzaem ceoux eepxweii
U HuxcHell epaHeil.

<« Tlpeapiaywas Teopema rapaHTupyer, 4to oopa3 f(X) komnakteH B R, a 3Ha-
YUT, — OTPAHUYEH M 3aMKHYT. P

12 510 Moxer CILYXMTb onpeaeneHueM HenpepbiBHOcTH f : X — Y Ha Bcem X.
13) Mpumep: dynkuus p(z) = e~ cos . O6pa3 3amkHyToro MHoxectsa {km : k =0,1,2,...}
He 3aMKHYT, 06pa3 oTKpbIToro (0, 00) — He OTKPBIT.
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¢ 3amkHytoe MHOXecTBO K C C[0, 1] dyHKUMI TakuX, 4TO

z(0) =0, z(1)=1, max lz(t)| < 1,

HEKOMITaKTHO, MTOTOMY YTO HENPEPbIBHbIN (YHKLMOHAI

I
f(x)= /a:z(t) dt
0

He JocturaeT Ha K cBoelt HMXHeW HyneBolt rpauu, f(z,) — 0 nns
T, =t", Ho f(z) > 0 m1a moboit bynkuuu z(t) € K.

@yukunoHan f(z) HasbiBaeTCA noayHenpepvighoim chusy (ceepxy),
€CNM U3 T, — T crieayeT (npu 1 — 00)

B BapMallMOHHOM MCUMCIIEHHH LLIMPOKO TIPUMEHSETCS CeAyloLlee
0000u1eHre TeopeMbl BeiiepiiTpacca.

4.3.3. [loaynenpepvignuiii cnusy (ceepxy) grynkyuonan f, omobpaxcaio-
wuit komnakm X ¢ R, oepanuuen cnusy (ceepxy) u docmueaem na X
ceoeil mouHoll nuxchell (eepxneil) epanu.

4.3.4. Qynxyuonan f : M — R, nenpepvignviii Ha komnakme M, pae-
HOMepHO HenpepblgeH % a M.

< B npeanonoxeHun npoTMBHOTO ISl HEKOTOPOTO €y > 0 HaHayTCs mocieno-
BarenbHocTH {Z,}, {y.} ¥3 M, ana kotopwix z, — y, — 0, HO

1f(2n) = f(yn)| > €o-

B cuny komnaktHoctH M rmocienoBatebHOCTH {Z,}, {yn} MoxHO cuMTaTh cxoas-
wuMKcs (B MIPOTMUBHOM Cydya€ MOXHO TEPEHTH K MOANOC/ENOBATENbHOCTSM), YTO
MPUBOIMT K TIPOTUBOPEUHIO C HEMPEPBIBHOCTBIO f. B>

L4 PaBHOMCpHO HemnpepbiBHbIA (YHKUMOHAT Ha OrpaHUYCHHOM MHOXECTBE —
OTpPaHHUYEH, HO He 0053aTe/IbHO JOCTUTaeT TOUHOH HUXHEH U BEpXHEW IPaHH.

) Mynxumonan f: M — R pasnomepno nenpepwsen na M, ecnv 1o moGoMy € > 0 MOXHO
ykasarb Takoe 4, yto |f(z) — f(y)| < €, xax TonBKO [T — Y|| < 4.
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4.3.5. Teopema. B obeckoneunomepHom HOthlpO&‘aHHOMIS) npocmpan-

cmee L wap He saensemcs npeaxomnalcmubuu MHOHCECMEOM.

<« [Jonycrum nporusHoe: wap B = {z : |z|| < |} npeakomnakrteH. Torna B
TOKPBIBAETCS. KOHEYHBIM YMC/IOM WwapoB B,..., B, panuyca ¢ < | c uentpamu
B TOYKAX &, ..., T,, KOTOPbIE MOPOXIAIOT KOHEYHOMEPHOE MpocTtpaHcTBo L C L.
Mycts Teneps L C Ly C L, rae Ly — NOANPOCTPAHCTBO pa3MepHOocTH N . MHOXecCTBa

§|=B|0LN, ceey E,,ZB,,HLN, EZBnLN,

OYEBMIHO, fABASIOTCS wWwapaMud B Ly Tex Xe pamuycoB, € W 1, npuyem B, ..., B,
MOKpBLIBAIOT B, U Mo3TOMy MX 00beM B cymMme Oosnblle obbema B, YTO O3HayaeT
ne™ > 1, a 3T0 HEBO3MOXHO npH 6onbIMX N. B

YrBepxaeHue 4.3.5 o3HauaeT, 4To B 6eCKOHEUHOMEPHOM OaHAXOBOM
MPOCTPAHCTBE Ha eIMHUYHOM cepe Bceraa MOXHO yKa3aTh MocjeIoBa-
TeNbHOCTh {T,} 6e3 Touek crymieHusi. BoT HECKONBKO HEOXHAAHHBIM
pe3yJibTaT B 3TOM HarpaBliEeHUH.

4.3.6. JNlemma. Kakoeo 6bi Hu Obta0 3amkHymoe nodnpocmparcmeo FEy
banaxoea npocmpancmea E, e caywae Ey # E na eduHnuunoii cgepe
S = {z : ||z|| = 1} mnaidemca snemenm z € S, ydasennwii om E
Ha paccmoaHnue He meHee 1 — € npu awbom Haneped 3adannom € > 0.
Ecau oce Ey xoneunomepHo, ymeepxcoenue coxparsem cuny npu € = 0.
< Tyt 2 ¢ Egur = ing ||z* — z||. 3amkuyTocTh E, rapantupyet r > 0,
z€E)
a TaKXKe CyliecTBoBaHue (s moboro £ > 0) Takoro anemenTa z° B Ey, 40
r< et =2t < r(l +e).
AR
HcKOMBI 3/1IEMEHT Z €CTb 2 = ———, YTO JIETKO MPOBEPSAETCS.
ll2" — 2’|l
Myctb Teneps Ey KoHeYHOMEPHO, U E, 0603HAa4YaeT MpPOCTPAHCTBO, HATAHYTOE

Ha Ey v Bextop 2* ¢ Ey. [1o n0Ka3aHHOMy Bblllie J1060H MOC/IEA0BATEALHOCTH £ — 0
oTBeYaeT nocsuenoBareabHOCTb {2} C Ey Takasi, 4TO

"zk" = 11 p(‘z’hEO) > 1- €k

B cuny koHeuHomepHocTH Ey B {z;} MOXHO BBUIENMTb CXOAAILYIOCS MOANOCIENO-
BATENBHOCTh K HEKOTOPOHl TOYKe 2z € §, yNOBIETBOPSIOLLEH, OYEBUIHO, YCIOBUIO
p(z, Eo) =1 »

Jlemma 4.3.6 3pdhekTUBHO pabOTaeT B pa3IMYHBIX CUTYaLUsX.

15 o
) Ykazanue Ha HOPMHWPOBAHHOCTb aBTOMATHYECKHM NMOJAPa3yMeBaCT IMHEUHOCTb MPOCTPAHCTBA.
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4.3.7. Teopema. /lna Koneunomepnocmu Oanaxoeéa npocmparcmeéa E
HeobX00uMo u 00CmamouHo, Ymobbl KAWc0oe 02PAHUHEHHOE MHONCeCMEo
u3z E 6vi10 npedxomnakmuo.

<« Heobxo0umocms BbiTeKaet u3 yrBepxnaeHus 4.3.5. Jocmamounocmes. Tpeamno-
JIOXHUM, KaXIoe OrpaHMYeHHOoe MHOXeCTBO M3 E mpeakommnakrtHo. Bo3bMeM mpou3-

BO/IBHBIA 3eMeHT &, € E equuuyHol mmnbl, ||z,|| = 1, u nycts E, — nuHeiHOe
MPOCTPAHCTBO, TIOPOXAaeMoe 31eMeHToM I, . Ecin E| # E, BoibGepeM APYroi 3J1€MEHT
eIMHUYHOI LinHBI, ||T,|] = 1, ynoenetBopsioumii ycinoeuio [z — 24| = 1 (nem-

Ma 4.3.6), u nycts E, — nMHEHHOE MPOCTPAHCTBO, HATSIHYTOE Ha BEKTOPHI I, I;.
Ecnu E, # E, BO3bMeM CleAyIowWMii 3neMeHT, ||z3]| = 1, yaoBneTBOpSIOLIHii ycIIOBUSIM

lzs =zl =1, llzs— 2|l = 1.

M T1ak panee. Bo3aMOXHOCTb BbiGOpa Kaxod clienylomeil TOUKM ¢ cOOMIOAEHUEM
ycioBuit ||&, — || = | npu n > m rapantupyet nemma 4.3.6.

Ipouecc nuGo oOpbiBaeTCS Ha KOHEYHOM wiare, U Torga E KOHEYHOMEpHO,
Ex = E, 1160 — He 06pbIBaeTCs, HO TOTIa OrPaHUYEHHAs TIOC/IEA0BATENBHOCTD {Zy, }
He TpeakoMnakTHa ', »

16) MockonbKy He GyHIaMeHTANbHA: ||Z, — Tl = 1 nipyu 1 # m.
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Tononornyeckuns pakypc

@yHKLUHUOHAIBHBINA aHaiu3 Mo obbeMy — Benuk. [IpuynHa — B mio-
JOPOOMM TMOYBbI, B HEUCYEPNAEMOCTH M pa3HOooOpa3uu 3amay. Bcsik
BXOASAIIMNA HAXOOWUT cebe uyTo-HMOyOb MO IUieyy, U Yrpo3a TSDKEJIOoro
¢u3Myeckoro Tpyaa OTOABMIraeTcs. 3T0 OCHOBHOM MCTOUHWK Pa3BUTHUS
MaTeMaTUKH, KakK U J1000ii Apyroi Haykw.

[lybnuka nymaet, KOHEYHO, YTO MaTeMaTUKYy pa3BuBaloT BO Ona-
ro TanakTuky, a He MOTOMY, YTO TaK XW3Hb cKianbiBaeTcsi. OQHAKO
BceneHHast ycTpoeHa no-apyromy. TpaBbl pacTyT, MOTOMY YTO «TakK MO-
JyyaeTcsi». A YX Ha TMIIEHULY U COPHSKU UX HEIUT KTO-TO APYTOW.
3aiilly HpaBUTCS MOPKOBKA, KOJIOPAICKOMY XYKY — KapTodenbHas
6oTtBa. Ha onHOM mnosie oayBaHYUK — <«TOJIOBHasi 00Jb», Ha APYroM —
LeeOHbIA NPOaYKT.

B dyHkuvoHanbHOM aHanu3e — MpubaAn3UTENbHO Tak Xe. [lpu-
MEp — TOMOJIOTMYECKHE MPOCTPAHCTBA, O3 KOTOphIX obxoaarcs 99 %
NMPUKJIaAHBIX 3amay. Ho U3 TOMoOJIOrMyecKux NMpoCTPaHCTB MHOTO€E MO-
npyroMy cmotputcsi. HoBbiit B3msin, HoBoe ocBelieHue. be3ycios-
HO, BBIYEPKHU 3TH MPOCTPAHCTBA M3 TOJIOBbI, U MO OOJBILIOMY CYETY
He Haiaeilb, 4T0 Obl Takoe BaXHOE MOTEPSIOCH, €CJM HE TOBOPUTH
006 ymoboctBax. Ho 3amperu TOMojorvio, — WM mMaTeMaTukKa MoOJeKHET.
Huuero ctpamHoro, ka3anocb 6. HeMHOro 60Jible yraeKucioro rasa
B atMoc(epe, cBeTUMOCcTb COJIHLIA UyTh MEHBILLE...

5.1. Tononoruyeckue NPOCTPaHCTBA

Metpuka p B X no3BossieT ONnpenesuTh OTKPbITbIE MHOXECTBA, Nocie
4YeTo O p MOXHO 3a0biTh, COXpaHUB O0JbIIIYIO YacTb Teopuu. Ho cuctemy
OTKPBITBIX MHOXECTB MOXHO OIpPEAEINUTb TAKXKE MOCPEACTBOM aKCHUOM.
BTO0 U ecTb NyThb, BEAYWIUH K monoaoeuveckum npocmparcmeam. [lpu
3TOM AOCTUraercs OOnbiuass OOWHOCTL — B MOJi€ 3PEHUs] MOMafaioT
HE TOJILKO MeTpUuecKue npocTtpaHcTBa. Ho rasHoe, moxanyit, B Apy-
roM. B MHOM B3rJisiie Ha MPEAMET, B MOSIBJIEHUM HOBBIX MHCTPYMEHTOB,



5.1. Tononornyeckmne npocTpaHcTsa 79

B YNPOLLUEHUU [10KA3aTeNbCTB, B (DOPMUPOBAHUMU HOBbBIX MEM, KOTOPbIE
Ha CTapoM SI3bIKE MJIOXO BbIPAXaIUCh U ObUTH, MOTOMY, HE3AMETHbI.

5.1.1. OnpepeneHuve. TonoaoecuueckumM npPoOCMPAHCMBOM HA3bl6AeMCA
mHoxncecmeo X, 8 komopom ewideneHo Hekomopoe cemeiicmeo T om-
Kpbimbix noomHoxcecma, yoogiemsopsioujee 08yM mpe6o8aHuaM:

o Camo X u nycmoe mnowcecmeo & npunaonexcam T.

o Cymma ar0boz0 u nepeceverHue KOHEHHO20 HUCAA MHONCeCM8 U3 T
npunadnexcam T.

CeMeiCTBO T Ha3blBalOT monoaocueli. B M3BECTHOH CTEMEHH 3TO TEPMUHONO-
rdyecKasl Hakjaaka, MoOTOMY YTO monoaoeueil €LWe Ha3bIBaeTCA pas3lesl MaTeMaTHKH,

B KOTOPOM H3y4alOTCsi CBONCTBA reOMETPUYECKHUX (DUTYp, COXPAHSIIOLLUECS TIPU TOMEO-
1)

MOpP(}HBIX MpeoOpa3oBaHHUSX .

[IOHSAITHO, YTO Ha OJHOM M TOM Xe MHOXecTBe X MOryT ObITh 3a-
J1aHbl pa3HbIC TOMOJIOTUU. [OBOPSAT, YTO TOMOJIOTHUSL Ty Crabee TOMIOJOTUU
T, U Ayt 7 C T, €CIN

Qen = Q€.
e TepeceueHue 110600 MHOXECTBA TOMONOTHIT — ecTh Tomosorus. (?)

¢ KaxoBa Gbl HY GbL1a COBOKYIHOCTb MTOIMHOXECTB X , CyLLECTBYET MUHUMANLHAA
(no BKIIOYEHUIO) monoaoeus, ero cogepxauuas. (?)

Oxpecmuocmbio TOUKA T € X 00bsIBJISIETCS TI0O60€ OTKPHITOE MHO-
KECTBO, COAEPXALLUEE ITY TOUKY 2, MpocrpancTso (X, 7) HasbiBaeTcs
xaycdophoebim (Kak M TOMONOTHUSL T), €C/IN Y Pa3TMYHBIX TOYEK CYLLE-
CTBYIOT HenepeceKaioujuecsi OKpECTHOCTH 3,

MuoxectBo U C X omnpenensieTcsi Kak 3amMKHymoe, €CIA €ro 10-
nonHenne U = X \U oTkpbiTO. ambikanuem U cunraetcs nepeceyeHue
BCEX 3aMKHYTBIX MHOXECTB, conepxawmx U (HauMeHbliee, MO BKIIO-
YeHHI0, 3aMKHYTOE MHOXeCTBO, conepxatiee U). B xaycdopghoevix npo-
CMPAHCMeEax mo4Ku, paéHo KAaK U cuemHsle UX MHOXcecmaa, — 3aMKHymbl.

1) KomeuHo, To 1 Apyroe re-To B IMAMPesx cxomuTest. Tam, rie Bce CXOMMTCA.

%) D10 OKa3bIBAETCA HAMHOTO yno6Hee wapos — NponaiaeT He06X0aMMOCTb B I0Ka3aTebCTBaX
BO3UTBCSI C PA3HBIMHU «3MCUIIOH».

3 Ipu 31OM roBopsiT 06 akcuome omdenumocmu Xaycdopga. Bee meTpuueckue npocTpaHCTsa
xaycnopdosbl.
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Cucrema 6 3aMKHYTBIX MHOXECTB nOX0XCA Ha T:
e Camo X M mycToe MHOXECTBO & TMpHHamIexar 6.

¢ CyMMa KOHEUHOr0 M MepecevyeHre Moforo yucia MHoXecTts u3 @
npuHamiexar 6.

IMepecTaHOBKA «KOHEYHOIO» U «11000ro» HE MO3BOJISIET B 0011IEM Cilyyae
00BSABUTE 3aMKHYTBIE MHOXECTBA OTKPBITHIMH.

Ipumepn
o COBOKYMHOCTb OTKPBITBIX MHOXECTB METPUYECKOTO MPOCTPAHCTBA SIBJISIETCS TO-
MOJIOTUEH.

o [Ipocmpancmeo caunuwuxca moyex: TONOJOTUs TPUBUAJIbHA, COCTOUT M3 ABYX MHO-
xectB: X u &. 3aMbikanue m1060ro noamMHoxectsa X naeT UeJIUKOM X .

o Juckpemnas monoaoeus: COBMAJaeT C 2% T.e. ¢ MHOXeCTBOM BCex MOAMHO-
xectB X . Bce noamHoxectBa X OnHOBpPEMEHHO OTKPBITHI U 3aMKHYTbl. BmecTte
C TPOCTPAHCTBOM CJIMIIIUMXCS TOYEK — 3TO [OBE KpaiiHMe TOYUKM AMAMa3oHa,
KOTOpBIE CJIyXaT UCTOYHWKAMH MHOTOYMCIIEHHBIX KOHTPIpUMepOB. JJUcCKpeTHast
TOTIONOTHS Mempu3yema — TOPOXAAETC METPUKON: p(Z,y) =1l npu z # y.

o Cen3noe 0goemovue: TOMONOTUS T COCTOMT u3 Tpex MuoxectB X = {a,b}, @

u {a}.

MuoxectBo K C X komnakmmuo, €CiiM KaxlIoe €ro noxkpeimue

4
OTKPBLITHIMH MHOXECTBAMHM COIEPXUT KOHeuHoe nodnokpeimue ), Tpu
KOMMAKTHOCTU X TOMOJIOTMIO Ha3blBalOT KOMRAKMHOU.

Ecnu Ha MHoXecTBe U C X cuMTaTh OTKPBITHIMH MHOXecTBa U NS, roe 2 € T, TO
CHUCTEMa T, TAKHMX MOAMHOXECTB siBNsieTCA Tononoruei Ha U. Ee HaswiBaloT naciedyemoii
(unu undyyuposannoii) Tononorueit u3 X .

Cesasnoctb. [IpocTpaHcTBO X Ha3bIBACTCS CEA3HbIM, €CIU B €70 TOMOJO-
MU HeT, KpoMe X U &, IPYrUX MHOXECTB, OHHOBPEMEHHO OTKPBITHIX
M 3aMKHYTBbIX. XapakTepUCTUUYECKOE CBOMCTBO: C8A3HOE NPOCMPAHCMEO
Heab3a npedcmaeums @ eude 00vedUHeHUA 08yX HenepeceKaruuxcs on-
KpbimbiX HeNnyCmoix MHOXCECME 3,

IMpoctpaHctBo X cumTaeTcd AuHeliHo C8A3HLIM, €CJIN IUISL JIiO-
Obix mByx ToueKk a,b € X cylecTByeT HEMmpepbiBHOE OTOOpaXxeHue
P :[0,1] = X rakoe, uto P(0) = a, P(1) = b, T.e. mobbic ABe TOYKH

4 OnpeneneHue KOMIMAKTHOCTH — APYTO€, HO B METPUYECKOM TIPOCTPAHCTBE PA3HOIIAcHit
HE BOIHUKAET B CUIY jemMbl 4.1.4,

3 Mpu HenpeprisHoM oTOGpaxeHuu obpa3 ceasHoro X — cessen. (7)
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MOTYT ObITb COEIMHEHbI HETIPEPLIBHOM KPUBOWA, LETUKOM Jiexaliei B X .
Jluneiinan ceaznocme enevem 3a coboii c6A3HOCMb — 00pamMHoe HesepHo.

TpOCTPaHCTBO CAMIILMXCS TOYEK — He cBsA3HO. (?)

OrnennMoctb. [Ipy U3yYeHMU TOMONOTMYECKUX TMPOCTPAHCTB YMOTpeE-
OUTENbHBl pa3iiuyHble rpagauuu (axcuomet) omdeaumocmu. HanGo-
Jiee XecTKasi U3 HUX — TpeOyeT CYLIECTBOBAHUSI HETepeCceKalomnXcs
OKPECTHOCTEW Yy HEeNepeceKalolUXCcsi 3aMKHYThIX MHOXeCTB. B 3Tom
cilyyae TIPOCTPAHCTBO CUMTAETCSI HOpMaabHbiM. Bce MeTpuueckue mpo-
cTpaHcTBa HOpMasibHbI (Teopema 2.2.1). MeHee XecTko TpeGoBaHue
xaycdopghoeocmu — HaJINuKs HEMEPECEKAIOIIMXCS OKPECTHOCTEM Y ABYX
HECOBIMAJAOUINX TOYEK.

Ba3a. CeMeiicTBO T € T Ha3blBaeTCs 6a30il TOMOIOTUU T, eCiIU JI060iA
a7leMeHT (OTKPBITOE MHOXECTBO) U3 T TIPEACTaBUM B BHae OObeAMHE-
HUS 3JIeMEHTOB M3 T. B MeTpuueckoMm mpocTpaHcTBe 6azy 06pa3yloT
OTKDBbIThIE LIAPbI.

Jlokanvhoii 6a3oii B Touke T € X Ha3bIBalOT TaKyl0 COBOKYMHOCTb O
OKPECTHOCTE TOYKMU &, YTO JiloOasi OKPECTHOCTb T COAEPXMUT OKPECT-
HOCTb T U3 0.

CxomumocTts. [MocnenoBarenbHocts {z,} C X cuutaercsi cxodaweiica
K TOYKE T, €CJH J1100ast OKPECTHOCTb T COepXUT xgocm {T,}, T.e. Bce
TO4YKU {Z,}, HAUMHas C HEKOTOPOW.

B TOMONOrH4ECKOM MPOCTPAHCTBE CXOAUMOCTb MOXET «BbIpOXIAThCs». OOBIABUM,
Hamp1Mep, OTKPLITHIMU MHOXECTBA, I10J1ydaeMble BhibpacbiBaHueM U3 [0, 1] koHeuHoro
WK CYETHOTO MHOXeCTBa Touek. D10 npespawaet [0, 1] B Tononornyeckoe (He xay-
c10phOBO) TMPOCTPAHCTBO, B KOTOPOM TSt CXOAMMOCTH {Z,} HEOOXOAMMO, YTOGBI T,
He MEHSJIOCh, HAYMHAasi C HEKOTOPOTo N = ng.

[TopoOHbIe HEMPUATHOCTM B TPAKTUYECKMX 3afayax He BCTPEYaloTcs, HO TpU
GhopMynupoBKe OOLIMX TEOPEM UX HAOO UMETH B BULY.

Henpepwisrocts. Onieparop f : X — Y Ha3bIBaeTCs HenpepviéHbiM 8 moH-
Ke T, eclv 110 JI060ii okpecTHOCTH V Touku y = f(T) MOXHO yKasaThb

okpectHocTh U Touku T Takyio, uto | f(U) CV

B METpMYECKOM TMPOCTPAHCTBE 3Ta JeDUHULMUSA COOTBETCTBYET
OGBLIYHOMY «E, d»-ompeseneHuio. MHTepecHO (a MHOTAAa W TONE3HO),
YTO HempepbiBHOCTb f Ha BceM X, CTaHIApTHO OMpeaensieMas Kak
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HEMpepbIBHOCTb f B Kaxnoit Touke T € X, pagHocuabHa omkpsimocmu
06020 npoobpasa f~' () C X omkpsimozo moxcecmea Yacy. (2

5.2. JInHehHblie NpoOCTpaHCTBa

an 3aJaHUM TOMOJIOTUU HA JIMHEMNHOM MPOCTPAHCTBE E pononHuTeNb-
HO MpeanoyaracTcsa HenpepviéHocmb onepauuﬁ CAOMCEHUA U YMHOMCeHUA

Ha 4ucaa 7).

9710 o3Hauaer, yto mns Mobbix T,y € E n okpectHoctH Uy, HalmyTca Takue
okpectHoctH U, U, (touek z, y), uro U, + U, C U,,. [1o YacTH yMHOXeHUs: ans
Jo6bIx £ € E, A u okpectHOoCTH U), MOXHO yKa3aTh TaKyl0 OKpecTHOCTb U, U € > 0,
uto pU, C Uy, npu |A—p| < €.

JInHeiiHOe TOMONOrMYecKoe MPOCTPAHCTBO HA3BIBAIOT L0KAAbHO Bbl-
RYKAbIM, €CITA CYLLIECTBYET JIOKaJIbHasi 6a3a 13 BbITYKJIbIX OKPECTHOCTEI.

Kaxnast nokanbno evinykaas monosocus MOXeT ObITh 3aaHa C Mo-
MOLIIbIO ceMeiicTBa MonyHOpM {po()}: nokanbHas Gasa onpenensiercs
KOHEYHbIMH TepecedeHUsAMM MHOXeCTB Buaa {pq(z)}.

Ecnu 3anaiouee ceMeincTBO nojiyHopM cuetHo, {py(z)}, Tononorus

8
mempuszyema ) C NMoOMOoUIbIO METPUKH

_ = —x Pr(T—y)
p(z’y)_,;2 L+ pr(z —y)’

HO 1 B 3TOM Cjiyyae TONOJIOTUYECKUIA B3MJIsAL OoJiee )’1106CH.

B NKMHENHBIX TOMOJOTHYECKUX IMPOCTPAHCTBAX, HECMOTPS Ha OT-
CYTCTBUE METPUUECKHX aTpUOYTOB, MOSBISETCS BO3MOXHOCTb FOBOPUTD
o ¢ghyndamenmanvHoix nocaedosamensiocmax” 02PAHUMEHHbIX MHOXNCe-
cmeax ¥,

% JTueo 3aMKHYTOCTH J11060ro npoobpa3a 3aMKHYTOrO MHOXECTBA.

N Te, HETpPEPBIBHOCTb OTOOpaXeHHWit 2 =T+ Yy U z = ac.

% Tononorus HasbiBaercs Mempu3yemoil, €ClIV CYLLIECTBYET METPUKA, ONpefesiolas JaHHYyIo
TOTOJIOTHIO.

9 MocnenosarensHocts {Z,} @yHdamenmansna, ecan no M0GOIH OKPeCTHOCTH V' HyJis MOXHO
yka3aTb Takoe N, 410 T, — T, €V npun,m > N

10) [NonmuoxectBo X C E orpaHuyeHo, ecnu mis jaio6oi okpectHoctv Hyds U Haitpercs
Takoe T',yto X CtU npnt > T.
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ITpumepnt

e JIpocmpancmeo C(—00, 00) HeNpPepbIBHBIX Ha (—00, 00) HYHKLMIA
z(t). 3a onpenessIoOLIyI0 CUCTEMY MOJIyHOPM MPUHUMAIOT

po(z) = max {|z(t)| : t € [-n,n]}, n=12,....

CxonuMocTb IMPpH 3TOM O3HA4YacT paBHOMEPHYIO CXOOUMOCTh Ha Jilo60M
OrpaHMY€HHOM MHOXCECTBE.

e [Ipocmpancmeo C°°[0, 1] 6eckoHeyHo auddepeHIMpPYEMBIX Ha
[0, 1] dyHKuMiA. Onpenensiionias cucTeMa MOJyHOPM:

pa(@) = max {|z@t)| : £ €[0,1]}, n=0,1,2,...
CXOIMMOCTb PaBHOCWJIbHA PAaBHOMEPHOM CXOIMMOCTH MPOM3BOIHBIX

BCEX MOPAIKOB ! ]).

e [Ipocmpancmeo C™(—00, 00) GeckoHeuHO AMddEPEHLIUPYEMbIX
Ha Bcei ocu PyHkuuit. CucTeMa moJiyHOpM:

Prn(T) = max {|z(k)(t)| :t € [-n,n]},
n=12,..., k=0,1,2,....

CxonMMocCThb PaBHOCHJIbHA paBHOMCpHOVI CXOOUMOCTHU TMPOU3BOIHBIX
BCEX MOPAIKOB Ha J11060M OrpaHUYC€HHOM MHOXECTBE.

12
Bce nepeynciieHHbIE TPOCTPAHCTBA He HOPMUPYeMbl ). BeuiecTBeH-
Hasi MpsiMasi B NMPUBEICHHBIX MPUMEPAX C NMOMOLIBIO OYEBUIHBIX BUIO-
MN3MEHEHMII MOXeT ObITh 3aMeHeHa Ha R”.

5.3. Cnabaa Tononorma

DK30THYECKKE IPUMEPBI TOMOJIOTHI TUITIA HPOCMPAHCMEA CAUNUUUXCA MO~
yex NGO C8A3H020 080emMO4UA PACCMATPUBAIOTCS, KaK MPaBUJIO, YTOGbI
TMOHSTB, KAKOTO POIa «ONMAaCHOCTH» COIMYTCTBYIOT OOLLMM PacCyXIeHUSIM.
HauGosiee MacCOBBIMM M MOTHBHUPOBAHHBIMM MTPUMEPAMHU CJIyXKaT MET-
puyeckue npoctpaHctsa. Ho 31ech TOMoMorust JaeT JIWIb HOBBIM SI3bIK.

1 [Mpon3BoaHas HyJEeBOro nopsinka — cama hyHkuus.

12) JLisi HOPMUPYEMOCTH JIMHEHHOIO TONOMOrHYECKOro MPOCTPAHCTBA HEOOXOAMMO U OCTATOU -
HO CYLUECTBOBaHUE BBIMYKJIOH OrPAaHMYEHHON OKPECTHOCTH HYJIS.
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o omnpeneneHHbIX MOpP Ka3aJioCh, YTO METPUYECKOI TEXHOJIOTUH
XBaTaeT Ha BCe cy4yan Xu3HU. OIHaKO Mo Mepe BO3pacTaHus aleTUToB
B [10J1€ 3pEHMS CTAJIM MOMNAanaTh MHOXECTBAa 0000LLIEHHBIX, 6ECKOHEYHO
IudbepeHIUpyeMbIX U IpYruX (byHKLIWIA, TAe TOMojorus TpedoBajiach
yX€ MO CylIecTBY, — IO KpaiiHeil Mepe, mpepjaraja e€CTECTBEHHbIE
KaTEropuu MBILIJICHUSI U1l pacCMaTPUBaeMbIX 3aay.

[TpuMepbl U3 Mpenbioyliero pasaesia OYeBMIHbBIM 00pa3oM Koppe-
JIMPYIOT CO CJIenyIOoLIeit O0LIei cXeMOM.

. . 13 .
Cnabas TonoJorus 3aaercs JOKIbHOM 6a3oi Hys ) nuneitHoro npo-
ctpaHcTBa E, cocTosinieit U3 KOHEYHBbIX MepeceyeHuid obnacTeit Buaa

Q={z:[f(x)l <e}, €>0,

rie f: E — R o6o3HayaeT NMpoU3BOJIbHBINA HETIPEPHIBHBINA JIMHEHHBII
¢dyHKUMOHAI 14).

910 caMas cnabas tomosorus B E, B KOTOpOi HENpPEpPLIBHbI BCE
JInHEWHbIe (PYHKIIMOHAJIBI, HETIPEPBIBHBIE B UCXOAHOI Tonosorun E.

B GeckOHEYHOMEPHOM JIMHEHHOM TNpPOCTpaHCTBe F Bcsikasi ciabasi OKpeCTHOCTb
HYJIS conepXHUT GeckoHeuHoMepHoe TioanpocTpaHcTeo. (17?)

B nMHEAHBIX HOPMMPOBAHHBIX MPOCTPAHCTBax ciiabast TOMOJOrUs
MPUBOAUT K BaXHOMY MOHSTHIO c1aboit cxommumocTtH (pasaen 6.4): mo-
cienoBatenbHOCTh {5} C E HasbiBaeTcs ¢1abo cxodauelica K NEMEHTY

w o
z € E, nuuiyt T, — T, €cl uisl J060ro HempepbiBHOTO JIMHEAHOTO
dbyHKuMOHaNa f yKCnOBasi ocienoBaTebHOCTh f(Ty) cxonutcs K f(z).

5.4. 3apauv n gonosnHeHus

® MuHMManbHas (O BK/IIOYEHHIO) TOMOJIOTHS, COAEPXKALLAst 3a0aHHOE CeMEICTBO

noamHoxects & C 2% , Beeraa cyiuectsyer (?) u HasbiBaeTCs monoaozueil, NOpoNcOeHHoil
cemeticmeom P.

o Tononorusi KOMNaKTHOTO XaycAOp(hoBa NMPOCTPAHCTBA 06JafaeT Onpene/eHHO
XecTKoCTblo. Ee Henbast 0ciaGuTh, He HapyLIMB XaycAOp(HOBOCTb, M Helb3sl YCWIHTB,
He MOTepsiB KOMMaKTHOCTH [17].

13) Noxanbhere 6a3bt JIPYTHX TOYEK MOJIyYalOTCsl CABUTOM.
14
)B R" takue TiepeCeYeHMUsI SIBMISIIOTCS BBIMYKJIBLIMH MHOTOTPAHHUKaMH.
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o Ecnu omHo M3 mMHoxXectB A, B otkpbito, T0 A + B otkpbito. Ecniu omHo
13 A, B 3aMKHyTO, a Apyroe KOMNakTHO, T0 A + B 3amkHyTo. (?)

o Ilyctb f: X = Y, u B Y 3anana tonosniorusi 7. COBOKYNHOCTb Mpoobpa3oB
f7'(9Q), Q €7, — apnsercs Tononorueii B X. (?)

Ecin B X v Y 3anaHbl TONONOTMU T, U Ty, TO [UIS HEMPEPHIBHOCTH OTOOPaXeHHs
f : X = Y HeobGXooMMO 1 IOCTATOYHO, YTOGBI T, GbL1a CUJIbHEE TOTIONIOTHH f"(ry). ?

o JIuHetHOe TOMONOrHYECKOe MPOCTPAHCTBO HA3bIBAIOT 10KAALHO KOMNAKMHbIM,
€CJIM CYLUEeCTBYET OKPECTHOCTb HYJIsl, 3aMbIKaHHE KOTOPOI1 KOMITAKTHO.

5.4.1. Teopema. Bcakoe aokaavro komnakmuoe npocmparcmeo X konewnomepro. Jio-
6boli Komnakm 6 beckOHe4HOMepHOM npocmpaHcmee Huzde He NAOMmeH.

DroT pesynbrat poacTeeH Teopeme 4.3.7. [puBenem noka3atenbeTso [17], nemoH-
CTPUPYIOLLEE TEXHUKY, 00X0as1Lyiocs 6e3 onopbl Ha METPHUKY.

<« [Iyctb V' — OKpecTHOCTb HyNSl C KOMIAKTHbIM 3aMbikaHueM. M3 KOMMakT-
noctu V crenyer cywiectBoBanme Takoit cemu {,, ..., T,}, uto

Vc (zl +%V) UU (z,,+%V) .
0603HaunM yepe3 L (3aMKHYTOE KOHEYHOMEDHOE) MOANPOCTPAHCTBO X, HATAHYTOE
Ha {z,...,Z,}. OuesuaHo ¥,
1
2

[MpononmxeHue mipoliecca B UTOTe aaeT

1 1 1
VCL+§V = VCL+ZV = VCL+ZV.

00
vcE+27*),
k=1

a TMOCKOJIbKY {2"‘V} — nokanbHast 6a3a vynsi, o V C L. Ho L = L, nostomy V C L
= aV C L npu moboM a > 0, yto B KOHLIEe KOHUOB obGecneunBaer L = X .
Bropasi yacTh TEOpEMBI JIETKO JOKA3bIBAETCS OT MIPOTUBHOrO. P

o Tloutu nepnoauyeckne pyHKIMH B KOHTEKCTE TAHHOTO TOMa HE UMEIOT CaMOCTO-
ATEJbHOIO 3HAYEHHUsl, HO OHHM YIAYHO AOMOJNHSIOT «mei3ax». UToObl He co3xaBaloch
BIIEYATIEHUs, YTO QYHKUHOHANBHBIN aHATU3 IMLIL MHCTPYMEHT st pabothl B C U L.
s nparMaTHYecKMX Lieneii, BO3MOXHO, npoctpaHcts C u L, nocratouHo. Ho euse
HeoOXOIMMO OLIYLIEHUE Cpelbl, OKPYXEHHUsI, HETPUBUATbHBIX BOZMOXHOCTEM.

Ckansiphyto yHkumio z(t) (¢ € R) Ha3biBalOT nowmu nepuoduueckoil '6), eciu
MHOXECTBO ee cdeuzo8 Z,(t) = x(t + s) kommaktHo B C,(R) ¢ MeTpuKoii

p(z,y) = sup |z(t) — y(t)|.
teR

%) Mox CYMMOIii MHOXECTB TOJPa3yMeBaeTCs MHOXECTBO CYMM Map 3JIEMEHTOB. MoMYaiuBo

HCTIONb3YeTCs TAKXKe EL =1L.

19 1o BoxHepy.
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OnpeneneHue, KOHEYHO, BHIIVISAMT 3ayMHO U HUKAK He KOPPEJIUPYET C MHTYMTHB-
HBIMU TIPEACTABNIEHUSIMH O «IIOYTH NMEPUOAMYHOCTH». HO OHO OKa3biBaeTcsi YIOGHBIM
B pabore.

[TepBoHayanbhoe onpeneneHue I. bopa Hocuio Gonee npU3eMIEHHBIA XapakTep.
CkansipHasi pynkuus z(t) (¢ € R) noumu nepuoduuna, ecin 1o moboMy € > 0 MOXHO
yKa3aTh Takoe A, uTo B 060M npomexyTke [t, £ + A] Haiinetcst Touka T, WISk KOTOPOi

|z(t) — z(t + 7)| < € npu nobom ¢ € R.

O6a onpezaenexus 3KBUBANEHTHB ApyT Apyry. (?)

o Jl;1s1 pa3BUTHSL «TOTIOJIOTHYECKOTO YyThsI» CYLLECTBEHHO PACCMOTPEHHE HEOObIY-
HbIX CUTyauuil, B 3TOM OTHOLIEHMM BHE KOHKYPEHUHH, KOHeYHO, napadokc bpayspa
O COBMAN€eHUH TPaHML y MWUIMOHA pasHbix obnacteit [2]. Ho ecth Macca apyrux
HEOXHMIaHHbIX (DAKTOB, XOTSI U MeHee (hyHIaMEHTAIbHBIX.

HonyctuM, Hanpumep, I' — rpaHMUa OTKPHITOrO MHOXecTBa {2 B OGBIYHOM
npocTpaHcTBe. JJocTHXUMBL Ji ToukM T € I' usHytpu, u3 Q? He o6s3arenbHo. Tounee
roBopsi, He Bcerma TOYKY £ € I' MOXHO COeaMHUTb C KaKOM-HMOyab TOYKOM M3 2
HeTpepbIBHOI KPUBOM.

Konrpnpumep. Paccmotpum B R® BHYTpeHHOCTb § GeCKOHEYHOTO LIMIMHApA, MaMeTp
KOTOpPOro Ha GECKOHEYHOCTH ObICTpO ycTpeMHM K Hymio. [Tocne atoro Gynem Hama-
ThIBaTb <«UMJIMHIAP» Ha HEKOTOPYIO OKPYXHOCTb C, C KaXIbIM BUTKOM MpUOIMXKasCh
K OKPYXHOCTH, HO He mnepecekasi ee. B rpaHuuy I' ¢pMHanbHOi «KapTUHKH» BOMIET
HE TOJIbKO 0OKOBasi TMOBEPXHOCTb «LMJIMHIOpa», HO U oKpyxHocTb C. Toukun z € C
He OyayT JOCTHXUMBI U3HYTPH.



hasa 6

JInnesiHblie oneparopsi
B HOPMUPOBAHHbIX MNPOCTPaHCTBaxX

6.1. OcHOBHbIe NOHATUA

Hanomuum onpenenenue: oneparop A : E;, — E, auneen, ecniv adoumueen,
A(I| + 22) = AI| + A$2,

W 00HOpOOEH,
A(\z) = Mz,

OObIYHO Mpennonaraercs, YT0 AT UMeET CMBICH NMpH Jilo6oM ¢ € E,. B obiem
cniyyae y oniepatopa A ectb ofaacme onpedenenus D4 v ob6aacme 3navenuii R4, KoTopbie,
pasyMeeTcs, 00si3aHbl ObITh IMHEMHBIMU MHOTOOOpa3UsIMH.

KoHeyHOMepHbIe TPUMEPBHI TAKMX OMNEPATOPOB XOPOILO M3BECTHBI
U3 JIMHEIHOM anreOpsl, OTKyJa — «I0 00pa3y ¥ nogoouio» — MPOUCTeE-
KalOT MHOTYE UCTHUHBI U 3a1a4u (DYHKLIMOHAIbHOTO aHanmu3a. OTTyna Xe
MPOUCTEKAIOT 3a0JTyXIEHUSI, MOCKOJIbKY B OECKOHEUHOMEPHOM CJlyyae
VHasl «p03a BETPOB».

B 00bIyHO#M cUTyalIUH

m
Yi = E a,'j(l)]' ('I:: 1,...,n),
j=1
— BOIMNPOC O HEMPEPBIBHOCTHU Y = Az JaXxe€ HE NMOAHMMAECTCA U3-3a
CaMOOYE€BUTHOCTU l). Ho B 6ecKOHEYHOMEPHBIX MPOCTPAHCTBaX HEMNpe-

PBIBHOCTB ITpe00pa3oBaHuii — yxe He ¢akT. [1iioc K ToMy, NOosBISIOTCS
BOMPOCHI, KOTOpble B R" He MMEIOT CMBICIA.

Onepatop D nvddepeHunposanus, y(t) = z(t), HanpuMep, MOX-
HO OMpENENUTh Ha JIMHeitHOM noanpoctpaHctBe L C C[0, 1] Hemnpe-
puiBHO aubdepeHumupyemMbix byHkuumit (morHom B C[0, 1]), HO To-
rna D : L — C[0, 1], xaKk nvHeiiHbIi Omepatop, — He HeNpepbiBeH

Y Ecnu ne cuutats sk30THKM [2], cBazanHOl ¢ akcoMoit BbIGOPA.
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U HEe OrpaHUYeH 2. 310 JOCTAaTOYHO GaHajbHas CUTYallUsl, JEMOHCTPH-
pyloLiasi BO3MOXHbIE HCTOYHUKHN HETTPUSITHOCTEIA.

B To Xe BpeMs Hago MMETb B BUJY, YTO YKa3aTb TaKOro cOpTa
oneparop, aewctByiouuii u3 C B C, Henerko. COOTBETCTBYIOLIUIA TPHU-
MEP MOXET ObITh MOJIYYEH M3 MpeablayLIero NpoaoiXeHUeM onepaTropa
D c L na CJ[0, 1], HO mjisi 3TOro MPUXOAMUTCH OMUPATBCS HAa aKCHOMY
BbIOOpa (MPUGIU3UTENIBHO MO CXEME, MCTOJIb3YeMON B JOKA3aTelbCTBe
meopemot Xana— Banaxa).

OmnpenesieHUe HEMPEPLIBHOCTH YXe JaBajloch B pasaesnie 1.6. DKBu-
BaJICHTHBIi BapuaHT: oneparop A : X — Y Henpepbigen B TouKe T, €CIIU

T, > Ty => Az, Ax,.
TpuBuanbHbiit akr:

o Jluneiinviii onepamop, HenpepbiéHbili 8 Kakoi-1ubo moyke, HenpepvigeH — 6 a1000ii
dpyzoit, m. e. na écem npocmpancmee. (?)

JIuHeiliHbIA onepaTop A Ha3bIBAETCS 02PAHUMEHHbIM, €CIIN CyLIe-
CTBYET KOHCTaHTa 7y Takasi, YTO

| Az]| < 7lle]l. (6.1)

HaumeHbliee 7y B HepaseHctBe (6.1) HasbiBaeTCsi HOpMOU AUHeliH020
onepamopa A v o6o3Hayaetcst cuMBoJioM || A||. NHbIMM crioBamH,

|4l = sup |l Az]]. (62)
llell=1

Hopma oneparopa Gz = / G(t,s)z(s)ds B C(ﬁ) onpenessieTcsi paBeHCTBOM
Q

61l = max [ i6(t. 9l ds. ()
teqQ 4

B cumyayuu, xoeda onepamop deiicmeyem u3 o0no20 npocmpaHcmea é dpyzoe,
A:E, - E,, ¢ dopmysax muna (6.1) gueypupyrom na camom dene pasmvie
HOpMbL U, CMPO20 2080pA, HA0O Bbir0 Obl nucams

ll4zllg, < 7lizlle,

2
) HCKOTOpble OrpaHUYC€HHBIC MHOXECTBA NMEPEBOAUT B HCOTPAHUYCHHDIE,
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HO 3mo 3acopsem nanopamy. [loamomy npednoumenue omoaemcs ynpoueHHoM
obo3nayenusm. Tem 6onee umo MHONCECMBO HEOOXOOUMbIX YMOUHEHUI 8ce PAGHO
Heuc4epnaemo. '

6.1.1. Jlemma. HenpepvigHocmb auHeliHo20 onepamopa pasHOCUNbHA O2-
PaHuYeHHOCMU.

<4 M3z -0, 1e |[z]| =0, u ||Azy|| < 7l]|zk]| — cneayer ||Az|| = 0. Br0
[IOKa3bIBaeT UMIUIMKALIUIO «OTPAHUYEHHOCTh => HEMNPEPLIBHOCTH».
O6patHo. [Tyctb 06pa3 A2 orpaHMYeHHOro MHOXecTBa ) — HeEOrpaHHUYEH.

Ho Ttorma u MHOXecTBO EAQ HEOrpaHMYEHHO TIpH JiloOoM k, M3 4Yero ciemyer

T
CyLLECTBOBaHHE B §) TOC/ENOBATENbHOCTH {Z)}, LIS KOTOPOii U = T — 0. Cneno-

BaTeNbHO, ||Aug|| > € > 0, 4TO MPOTUBOPEYNT HEMpepbIBHOCTH A. B

JInneiinpiii pyskumonan f : F — R orpaHuyeH, B 4aCTHOCTH, €CIIH
sup |f(z)| < co. Yucno

llzll=1

171l = sup |f(z)] (6.3)

llzll=1
Ha3bIBAETCS HOPMOII AuHeiiHoe0 @yHKyuonara f.

3)

e Slnpo nuHeiiHoro dyHkuuoHana~ ker f obpasyetr maxcumanvroe

AuUHeliHoe MHo2oobpa3ue Y M HOX€ECTBa BUAa
M={z: f(z) = a #0} '

Has3bIBAIOT eunepnaockocmamu. TUNepnaoCKOCTH, OYEBUIHO, MOJYYalOT-
CSl CIBUTOM HYJIb-IPOCTPAHCTB.

o JInsi HeNpepbIBHOCTH TUHEHHOTO (DYHKUMOHANa f HEOOXOOMMO M IOCTaTOYHO,
yrobbl sapo ker f Obulo 3amkHyro. Ecnu f He HempepwiBeH, siapo ker f mioTHO
BE.(?)

IIpocTpancTBo JHHelHbIX onepaTopoB. Ha MHOXeCTBe JIMHEHbBIX Orpa-
HUYEHHBIX OMEPaTopoOB, IEHCTBYIOIMX M3 GaHaxoBa npocTpaHcTBa E)
B 6aHaxoBO MPOCTPAHCTBO E) €CTECTBEHHBIM 0GPa3oM BBOISTCS Ofe-
paumu:

(A+ B)x = Az + Bz, (A)z = Mz,

ITe. HYJTb-TPOCTPAHCTBO: COBOKYITHOCTb 3JIEMEHTOB, 1si KOTopbix f(z) = 0.

4 Jluueitnoe MHOrooGpa3sue Ha3biBalOT MAKCUMAAbHBIM, €CITU OHO He coBrnanaet ¢ E u He co-
NEPXUTCSA HU B KAKOM APYTOM JIMHEWHOM MHOrooGpasuu, kpome E.
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B CHJIY YETO COBOKYITHOCTb JIMHEWHbIX oreparopoB A : E; — E, obpa3sy-
et aunetinoe npocmpancmeo E(E,, E;), KOTOpoe CTaHOBUTCSI GaHAaXOBBIM
niocsie BBeeHus Hopmbl (6.2). [poctpatctso £ (E|, E;) ocraercs 6aHa-
XOBBIM, faxe eciu E| HemoiaHo (T.€e. NpOCTO JIMHEHHO HOPMUPOBAHHOE
MPOCTPAHCTBO).

6.2. Teopema Xana—bBaHnaxa

6.2.1. Teopema. Bcakuii auneiinbiii oepanuuennbiii ynkyuonan f, onpe-
OeneHHbLil Ha AuHeliHoM MHo2oo0pa3uu E\ auHeiino2o HOpMUPOBArHHO20 npo-
cmpancmea E , MOXCHO npodoaxcums Ha 6ce NPOCMPAHCMBO0, He Y8eauuean
Hopmbt f.

3apaya npoaoJIXKEeHUS JIMHEeHOro MyHKILMOHAJIAa B aHAJIM3€ BO3HU-
KaeT J0BOJIbHO Yacto. HanpuMep, nHTerpai Jlebera cHayaa ornpenesi-
eTcs Ha MHOrooopasuu Ejy npocTbix GyHKIIHIA, a MOTOM NMPOAOJIKAETCS
MO HEMpEepbBIBHOCTH Ha BCE MPOCTPAHCTBO U3MepUMBbIX byHKIMid. Ta-
KOro copTa MpONOJIKEHMS, TpaBla, OoOecreuyuBalOTCS MeHee OOILUM
pe3yJILTaTOM:

6.2.2. Nlemma. Bcakuii auneiinbiii oepanuvennsiii ynkyuonan f, onpe-
denennblii Ha nuneiinom muoeoobpasuu Ey C E, ectody naomuom ¢ E,
00HO3HA4HO npodoaxcaemcsa (O HenpepbleHOCMU) HA 8Ce NPOCMPAHCMBO
6e3 yseauuenus Hopmul f.

CaMa dopMysinpoBKa TeopeMbl 6.2.1 HECKOJIBKO Jajieka OT Hero-
CPEACTBEHHBIX MPAKTUUYECKHUX MOTPEOHOCTEN, HO BOT €€ 4acCTO MCIOJib-
3yeMble CJICACTBUS:

o Ilycmb T Henyneeoii anemenm u3 E. Toeda cywecmeyem auneiinbiii
¢gynkyuonan f makoi, umo ||f|| =1 u f(zo) = ||zol|-

< Ha Ey={z:z =tz,, t € R} onpenenum dyHkimoHan f(zx) = t||z,||, ecnu
¢ = tx,. Ero npononxenue Ha E no teopeMe 6.2.1 naet UCKOMblii QPyHKLIHOHAN. P

llpyme CAE€ACTBUA BBIBOAATCA HE HAMHOI'O CJIOXHEEC.

o Yepe3z a0Oyl0 mouky Ty HA nogepxHocmu eouHu4Hozo wapa B
MOXNCHO npogecmu ONOPHYI0 SUNEPRAOCKOCTb Sk B.

%) T.e. 3anaTh Tako¥ TMHEHHBI dynkunonan f, yro f(z) >0 ms Becex T € B.
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o [Iycmb nuneiinoe mnozoobpasue Eo C E u zy # 0. Toeda na E
cywiecmeyem makoii aunelinbii gynxyuonan f, ymo f(x) = 0 das awboeo
zEEO’ f(z()): lu

A1l =

inf ||z — x|
o o= ol

o JTtobbie HepasHble IneMermbl U, V 8 N0KAALHO GbINYKAOM NPOCMPAH-
cmee mMocym 6Gbimb pazoeneHbl HeKOmopsIM AuHelHsiM @YHKYuoHasom [,
8 cMmbicne

f(u) # f(v).

<« Jloxazamenscmeo meopemb: 6.2.1 cocTrouT U3 ABYX 3TanoB. Ha mepBoM —
YCTaHaBJIMBAeTCsl BO3MOXHOCTb MOAXOASILLEro npopokeHus dyHkuuoHana f c E,
Ha MHoroobpasue E, C E, natsauytoe Ha {E,, 2}, tne z ¢ E,.

JIo6oit anemeHT 4 € E, OOHO3HAYHO NMpENCTaBMM B BUAe ¥ = T2 + T, T € E,.
IMosToMy nuHeiiHoe npogomkeHune pyHKUMOHaNA f HEH30eXKHO UMEET BU],

filrz+ ) = 7f1(2) + f(z),

M Bcs cBoGONAa MaHeBpa 3aKiioyaetcsi B BbIGOpe KOHCTaHThl fi(z), KOTOpOii, Kak
0Ka3bIBaETCsl, MOXHO TaK PacropsaMThCs, YTO HOpMa PyHKIIMOHANA HE BO3pacTeT. ITO
YMCTO TEXHUYECKasl 3a/aya, peLlieHUe ecTb B J1Io6oM yyebnuke (cm. [11, 15]).
Wneonornyeckuit HHTEpEC npeacTapisieT BTopoit 3tan. Kak oT «yBenuyeHus pas-
MepHOocTH Ej Ha |» nponoxuTh gopory k 6eckoHeyHocT? B cnyuyae cenapabenbHoro E
3TO JeNlaeTcsl «Liar 3a waroM»: GyHKLHOHAJ MOCAEe0BaTe/IbHO PacpOCTpaHsIeTCs Ha

El :{E(),zo}, ey Ek+| = {Ekv zk}) cvey

rie = ¢ E; BbIOMpAlOTCA M3 CYETHOrO BCloAy MJIOTHOro B E MHoXectBa. B urore
MoJyyaeTcsi MCKOMoe NponoikeHue f Ha Bce E.

B HecenapabenbHOM ciyyae BO3HMKaeT NMPUHLMIUHAIbHAS 3aMUHKa, U 30ech Oe3
aKCHOMBbI BbIOOpa BbIXOAa M3 MONOXeHUs HeT. [Ipolue Bcero omepeTbCsi Ha BapUaHT
semmei Llopna. lenaetcs 310 Tak.

PaccmaTtpuBaloTCsi BCEBO3MOXHBIE MPOIOKEHUSI UCXOAHOTO (YHKLIMOHANA, KO-
TOpbIE€ YAaCTUYHO MOJYYTIOPSIAOUEHBI 110 BKIIIOYEHHUIO 001acTeit onpeneneHus:

f < f', ecm Dy C Dyn.

B COBOKYMHOCTH TaKUX «IIPOLOJIXKEHHI» JIl06Oe YIopsigoYeHHOEe MOAMHOXECTBO Orpa-
HUYEHO cBepXy GYHKLIMOHANIOM, OTIpefeNIeHHbIM Ha 00beIMHEHUH 0baacTeil onpenesne-
Hus. YcnoBusi ieMMbl LIopHa BBINMONHEHBI — MaKCHMMAaJlbHbIH 3JIEeMEHT, NPeCTaBsio-
LM MCKOMBbIH DYHKLUMOHAN, CYLIECTBYET. B>
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6.3. ConpsxeHHoe NpoCTPaHCTBO

Ecan f; u f; — orpaHnyeHHble TMHENHbIe PYHKIIMOHANBI Ha GaHaXo-
BOM TipocTpaHcTBe E, 10 byHkumnonan f = af, + 0 f>,

f(@) = afi(z) +Bfrz), z€E,

TaKXe JIMHEEH U OrpaHHYEH.

[To3TOMYy COBOKYNMHOCTb BCEX OrpaHUYEHHBIX JMHENHHBbIX (QYyHK-
LIMOHAJIOB, ONpee/IEeHHbIX Ha FE, o0pa3yeT JNMHENHOE MPOCTPAHCTBO,
KOTOpO€e Ha3bIBaeTCsl conpaxcesHbiMm X E v oGo3Hauaercs E*. HopMma
B E* onpenensietcs popmysoii (6.3).

3Hauenue dyHkunoHana f € E* B touke = € E Gynem o603Hayarh,
Hapsay ¢ f(z), kak ¥ ckansipHoe npousBeneHue, yepes (f, T).

e OGosHauenue f(z) = (f, ) BbI3bIBAET MOJNE3HBIE ACCOLMALIMH,
NOJYEePKUBasi HEKOE PaBHOMpPaBue T U f, KOTOPOE B r’MILOEPTOBOM NPO-
CTPaHCTBe, Ka3anoch Obl, MpeBpallaeTcsi B icTuHHoe. Ho 310 Miutiosus.
Jaxe korma (f,T) ecTb MepecTaHOBOYHOE CKAISPHOE MPOU3BEdEHHUE,
a MPOCTPaHCTBO KOHEYHOMEPHO, 3aMaCKUPOBaHHOE Pa3iNyue CTAaHOBMT-
Csi SIBHBIM B cllyyae npeoOpa3oBaHusi MEPEMEHHBIX, T U f MONUMHSIOTCS
pa3HbIM 3aKOHaM npeobpasoanms KoopauHar ).

e OTcyTcTBME B 6aHaXOBOM MPOCTPAHCTBE CKAISIPHOrO MPOU3BeEe-
HUS B KaKON-TO CTEreHM KOMIEHcUpyeTcs: GyHKLMoHaiaMu. BmecTo
OPTOTOHAIBHOCTU TOBOPST, HANpPUMED, O GUOPMOZOHAAbHBIX 6eKMmOopax
z € Eu f€ E" Bcnyvae (f,z) = 0, a TaKKe O 6UOPMO2OHANbHBIX
nocaedoeamenvrocmax {Tq}, {fa} B ciyyae (f;, z;) = 0ij, rne 6;; —
cumeon Kponexepa N,

6.3.1. Teopema. Conpaxcennoe npocmpancmeéo E* eceeda 6anaxoso,
m. e. noano (He3agucumo om noanoms. E).

< Dycrs {f,} C E* dyHnamenTanbHasi MocnefoBaTeNbHOCTb JIMHEHHBIX OTpa-
HHYEHHbIX QYHKUHOHANOB, T.¢€. ||fn, — fnl|l < € M5 moboro Hanepen 3amanyoro € > 0
un,m> N(e).

310 03HayaeT

|fa(@) = fm (@) < N fn = full - llzll < el (6.4)

9 Cm.: Boce B. Jlexuun mo Marematuke: JiuneitHasi anre6pa. T.3. M.:. YPCC, 2005 —
O KOBapMaHTHBIX M KOHTPAaBaPUAHTHBIX BEKTOpAX.

7 Papuwiit €IMHULE NIPU § = § U — HYIIO NPU 1 7 J.
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Moartomy {fn(z)} cxomurtcs npu mo06om dukcuposaHHOM . JIerko nposepsieTcs, YTo

GYHKLMOHAN
f(z) = lim fu(z)

n—00
JIMHEECH U OrpaHUYCH 8). [TocnenHee sicHo U3

|fa(z) = f(2)] <elle]l, (6.5)

YTO MOJIyYaeTcs NEPEXOLOM K Mpezeny no m — oo B (6.4).
U3 (6.5) cnemyer Takxke, uro {f,} cxomurcs Kk dyHkuuoHany f mno Hopme
CONPSIXEHHOTO MPOCTPAHCTBA., P>

PediekcuBHbIe MPOCTPAHCTBA. Bmopoe conpaxcerHoe npocmpancmeo
*\ ¥ *¥
(E") =E",

KaK MPOCTPAHCTBO JIMHEHHbIX PYHKIIMOHANOB Ha E*, pasyMeercs, Tak-
xe 6aHaxoBo. JIioboi BekTOp T € F MOXHO paccMaTpuBaTh Kak 3Jjie-
ment u3 E**, eciu B f(z) = (f, r) dynkuvonan f € E* cuurats
nepeMeHHbIM, a £ — GukcupoBaHHbiM. Torma (f, ) onpenensier He-
KOTOpBIii (DyHKIMOHAN, onpeneieHHslit Ha E*. Ho oTciona He cienyer,
yto E** ToxnecTBenHO E, MOCKOJILKY MOTYT CYLIECTBOBaTh (hyHKLIM-
oHansl ¢ : E* — R, He npeactasumbie B Buae (f,z). Ecam Takux
(PYHKLMOHAJIOB HET, NPOCTPAHCTBO F Ha3bIBaeTCsl peghreKcueHsim, U €TO
MOXHO oToxaecTBuTs ¢ E**. B o6umem ciyyae E C E** (c TounocTbio
10 usoMopdusma).

o Jlio60oe 3aMKHYTOE MOANMPOCTPAHCTBO PedeKCUBHOrO NMpOCTpaHCTBa peduiek-
CHBHO.

o [1b6epTOBO NMPOCTPAHCTBO pedIeKCHBHO.

o Teopema. /[1a pegrexcusnocmu b6anaxoeéa npocmpancmeéa E neob-
Xx00umo u docmamouro, 4¥mobvl 21000l 0epaHuMeH bl AUHeIHbLI PYHKYUO-
Han [ na E docmuzan ceoeii éepxneii epanu Ha edunuuHoil cgepe (4mobot
cyuwecmeoean snemenm T edunuuHoil Hopmoi, Ha komopom f(x) = || fl|)-

o [Ipu onvcaHUH COMPSIXEHHOTO NMPOCTPAHCTBA UMEETCS OMNpeaeeHHbIH Mpou3-
BOJI, CBSI3aHHBIH ¢ BLIOOpOM crnocoba 3anaHust TMHEAHBIX (QYHKIIMOHANIOB 9, Pa3nuyus,
KOHEYHO, BO3MOXHbI JIMLLIb C TOYHOCTBIO 10 H30MOpdH3Ma.

8 Cwm. CJICICTBHSL U3 NPUHKUNG PABHOMEDHOU 02PAHUYEHHOCMU.

% He roBopst 0 ToM, yTo (popMa 3amaHusi (OxBaTbiBaioluas Bce (DYHKUMOHATbI) He BCErAa
H3BECTHA.



94 Masa 6. JluHesiHbie oneparTopsi

L, = L, |. Jlio6oit nuHeiHbIN HenpephiBHEIit dyHKuMoHan B Ly[0, 1], p > 1,

MOXeT OBITh 3aiaH B GopMe (MHTErpupoBaHue mo Jlebery)
1

f@ = [zouya. yo Lo

0

+-=1

1 1
p 4

Hopma, B cootsercTuH ¢ (6.3),

1 l/q
11l = ( / ly(®) dt) .
0

B utore L, = L,.

1

L} = Ly |.CHosa f(z) = / z(t)y(t) dt, Ho yxe npu yCIOBUH OrPaHUYEHHOCTH

0
y(t). Tor xe peuenr (6.3) NPUBOAKT K HOpME

[I£Il = ess sup |y(t)l,

uTo obecneunBaer L} = L.

. Besikuit nuHeinbiit gyHkunonan B C|0, 1] sbipaxaercst WHTErpasom
Cruntbeca:

flz) = / z(t) dg(t) (meopema Pucca).
0

1
HopMa dyHkumoHana okasbiBaetcsi paBHa Bapuaunu Gyskuuu g, || fll = Vo (9). Takum
obpa3oM, conpsikeHHbIM C OKa3blBaeTCsi MPOCTPAHCTBO (DyHKLHUN C OrpaHHYEHHOMK
BapHauuei 10,

R"(?) |. B KOHEYHOMEPHOM NPOCTPAHCTBE MEPEXOM K CONMPSKEHHOMY NPOCTPAH -

CTBY MeHsieT HopMy. Hanpumep m,

lell = maxzl & 71l = 3 1A
i=l1

n

||x||=(2|zi|")l/p & lfl= (glﬁl")

=1

l/q

10) C Heywiioxeit OTOBOPKO# 00 OTOXIECTBIEHMH (DYHKLKM, OTIUYAIOLMXCS B TOYKAX Herpe-
PBIBHOCTH Ha NMOCTOSIHHOE CJiaraeMoe.

") Cm.: Bocc B. Jlexuun no maremaruke: JIuHeitnas anre6pa. T. 3. M.: YPCC, 2005 —
O I BOWCTBEHHbIX HOpMaXx.
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Conpsukennbiit oneparop. Eciu A — nuneiinbiit oneparop, o f(Az) =
(f, Az) — ecTb HeKOTOpbIN AMHeHHBI byHKUKOHAN ¢(z) = (g, T).
Conpsaxcennsiii onepamop A* onpenensercs ycinosuem g = A* f, T.e.

(f, Az) = (A’ f, 7).

UHbiMu cioBamu, ecim f(T) MeHsieTCs B CBSI3M C BO3NEHCTBUEM
Ha apryMeHT JIMHEMHOro npeobpa3oBaHust A, To A" nmosBossteT 10CTHYD
TOTO Xe€ pe3yJibTaTa, He Tporas T, a BO3JeWCTBYS Ha (DyHKIIMOHAN:
*
f=4fF.

B cnyyae A : E, — E, conpsxenHslit onepatop A* neiicrsyer u3 E; B E; . Bonee
Noapo6HO COMpsiKeHHbIE ONEPaTOphl PaCCMATPHBAIOTCS B raBe 7.

6.4. Cnabas cxogumocTb

[MocnenosarensHocts {Z,} C E B JMHEAHOM HOPMHMPOBaHHOM MPO-

CTPaHCTBE Ha3bIBaeTCA caabo cxodawelica K dJIeMeHTy T € E, — muIuyT
w

T, — T, — eciu ais mo6oro f € E*

Tim f(za) = f(2).

Touky T Ha3bIBAIOT c2abbiM npederom {Ty}.
OGBIYHYIO CXOIMMOCTb B MPOTUBOBEC C/1a00 HA3BIBAIOT — CUAbHOU,

8
u 0003HayaloT JU00 NpocTo T, — T, JINbOo T, — .

(!) MocnenosaTeabHOCTb MIMHEHHBIX GyHKIMOHANOB {f,} C E* Ha-
3BIBAIOT caabo cxodauelica K dyHKunoHany f € E*, — o0603HaueHHe

w
fo = f, — ecin f(z,) — f(x) mst moboro £ € E. UHbiMU cilo-
BaMH, caabas cxodumocmb nocaedogamensHocmu QYHKKUOHAN08 — 3MO
nOMOoe4Han CX00UMOCNb.

(') O6patum BHMMaHHME, YTO TaK ONpeaeNeHHas c1abas CXOAMMOCTb (YHKLHO-
HanoB B HepedaeKCMBHOM ciydae, E # E*, He coBnanaet co c1a6oil CXOLUMOCTBIO
B E' KaK 06bIKHOBEHHOM 6aHAXOBOM MPOCTPAHCTBE. DTO 3aMyThIBAaET CUTYaLMIO BILUIOTH
[0 rojioBOKpyXeHHs. Bo u3bexaHue nmytraHuubl cnabyio cxooMMocTb (GYHKLIMOHANOB
Ha3bIBalOT TaKXe (*)-c1a6oil, HO XpeH pelbKu He cialue. [Tpotue, noxanyii, Korna peysb
uger o cnaboii cxoguMoctH (GYHKUMOHAIOB, (¥)-cnabyilo — moApasyMeBaThb, CYMTast
yrnoMuHaH1e GYyHKLIMOHANOB KaK Obl MaponieM.

B pedneKCHBHBIX POCTPAHCTBAX, B TOM YHMCje rMIbOEpTOBbIX, pa3iuyus HUBE-
JIMPYIOTCS, YTO CHUMAET HaIpsIKEHHE.
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‘YnpaxHeHus

B R" cusbHas cXoAMMOCTb COBMAaeT co c/1aboii.
e CwuibHasi CXOOMMOCTb COBMAAaeT co CNaGoil B MPOCTPAaHCTBE !} CyMMHMpYeMbIX
o0

nocnegoBartenbHocTed {T}, E |zx| < 00.
k
o CunbHasi CXOOUMOCTb BjeyeT 3a coboii cnabyio.

e DJieMEHTbl OPTOHOPMUpPOBaHHOTO 6a3uca {e,} B rMILGEPTOBOM MPOCTPAHCTBE
w
c1a60o CXOmATCS K HyJI, e, — 0, Ho |le,y|| = 1.

o Buinykasie MHOXecTBa B E MMEIOT OIHO M TO Xe€ 3aMblKaHHE KaK B UCXOAHOM
TOMOJIOTHM, TaK U B — Ccaboii.

o Cnabo cxonswascs MoCieA0BaTENBHOCTb {T, } OrpaHHYeHa (CHIBHO, T. €. N0 HOp-
Me). (MyKH 10Ka3aTesIbCTBa MOMOTAIOT OLEHUTD NPUHKUN PABHOMEDPHOU 02PAHUYEH-
nocmu Banaxa— Ilmeiineaysa. CM. TeopeMy 6.7.2.)

Cayuaii ru10epTOBa IPOCTPAHCTBA MO3BOJISET U30EXKATH IyTAHULIBI MEX-
1y caaboi M (*)-caaboii CXOAMMOCTSIMM, HO JUISL MELIAHWHBI B TOJIOBE
XBaTaeT HAIMYMS CUIIBHOTO (8) 1 cnaboro (w) npenena. [ToM1MMo 06bIY-
HBIX (CWJIbHBIX) — BO3HMKAIOT MOHSITUS ¢1a00il 3aMKHymocmu W caaboii
KOMnakKmuocmu, He TOBOPSI O Pa3IMYHbIX KOMOMHATOPHBIX HACJIOEHUSIX.
HaripuMep, Bo3HMKaeT 4 TMMa HEMPEPHIBHOCTH, MOCKONBLKY ONEpaTop
MOXET MEePEeBOAUTH C1abo CXOMSLIMECS] MOCIENAOBATEIbHOCTH B CUIIBHO
CXOSILLMECS, «W => $», a TAKKE «8 => W», «W = W», «§ = $». Cna-
Ba Bory, 4To MpMHUMNMATBHO HOBBI MOMEHT 3€Cb BO3HHMKAET JIMLIb
B CBSI3H C «W = $» '2), OIHAKO HENPHSTHOCTEH 1 TAK XBATAeT.

y 13
o 3amxnymotii wap 6 6anaxoeom npocmpancmee E crabo 3amxnym ),

< ®@akr goctatoyHo mpocroil. Bes orpanHuuyeHus obwHocTM wap B MOXHO
CYMTaTh €IMHHYHBIM. B TIpeanonoXeHMH MPOTUBHOTO HAMAETCS MOC/eN0BATEbHOCTD
{z,} C B, cnabo cxopsascsi K TOYKe To C HOpMOii ||Zo|| > 1. IycTb nuHeiHBIH
dynkumonan f umeer Hopmy ||f|l = 1 u f(zo) = ||zo|| (cM. cnepcTBUe M3 Teopembl
Xana—Banaxa). Torma f(z,) = f(zo) > 1. C npyroii croponsl, f(z,) < ||fll*|lzall < 1
npu JI06OM 7, YTO OaeT NpoTUBOpeYUe. B

o Jlio6oe cnabo 3amrkrymoe mHoxcecmso §) cunbHo 3aMKHymo.

12) BapuaHTBl «$ = W», «W = W», «§ => $» — PAaBHOCUJIbHBI (EC/IM peyb MACT O JIMHEMHBIX
onepaTopax) — ONpPEAENAIOT OGBIYHYIO HENPEPLIBHOCTb. (?)
CBOMCTBO «W => $» BBLITEKAET U3 NOAHOU HenpepbieHoCmu OTEpaTopa, a 6 euavbepmoeom
npocmpancmee — pagHOCUAbHO NOAHOU HenpepueHOCMmU.
1) Muoxectso Q crabo 3amMKHYmo, eCniv cnabblii npenes Kaxaon cnabo cxoasiuencs: nocneno-
BAaTEJIbHOCTU 3JIEMEHTOB U3 {) NpuHaLIexXuT .
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< B npeanonoxeHnu NpOTHBHOTO Haimercsl mocienoBateibHOCTh {z,} C €,
$ w
cuabHO cxomsiwascs K ¢ Q. Ho «x, = » = «&, — T», N03TOMY, B Cui1y c1aboi
3aMKHYTOCTH {2, TouKa T obsi3aHa mpuHasiexarb 2. P

e Ha ¢doHe npenbinyliero HeCKONbKO MapagoOKCaIbHO BbIDISIUT
«cnabaa He3amKHymocms 3amkHymoii (cuabho) eOuHuMHOU cepbix.

< Kak yxe oTMeyanochp, 31€MeHTbl OPTOHOPMHUPOBaHHOTO 6a3uca {e,} B ruJb-
w
GeproBoM mpoctpaHcTBe H cna6o cxomatcs kK Hymo, e, — 0, HO |ley|| = 1. 310
CTAHOBHMTCSI MTPO3PayHbIM NPH PalIOXEHUH N1060ro 3nemMeHTa £ € H B pan

0
T = Z(z’ C”)C",
n=0

OTKyZ1a ICHO, 4YTO Ko3ghuyuenmor Pypve (T, €,) 06pa3yloOT KBaAPaTHYHO CyMMHUPYEMYIO
MOC/E0BATENBHOCT, YTO BjeYeT 3a coboit (z,e,) — 0 npu nobom z € H, T.e.

8”2)0. >

Takum o6pa3oMm, craboe 3amvikanue edunuxnoi cgepot 6 H exatouaem
uenmp cghepul.

e CkassipHoe npou3sseneHue (T, i), OYEBUAHO, HEMPEPBIBHO IO CO-
BOKYIHOCTHM NEPEMEHHBIX, HO He cj1abo HenpepbiBHO. T. €. U3

w w
Tpn 2T, YUY,

BOOOILE TOBOps, He clenyeT (Tn,Yn) — (z,y). KoHTprnpumep naer
OPTOTOHANIBHBIN 6a3UC: Ty, = Yp = €5.

Otciona sicCHO, UTO HOpMa He SBJISIETCS CJIab0 HeTpephIBHOM PyHK-
LMei, N3-3a Yero, COOCTBEHHO, cJ1abast CXOAUMOCTb OTJIMYAETCS OT CUJIb-
Hoil. UMIuinkaumio

w 8
Tp DT => ZTpoCT

obecreynBaeT AOMONHUTENIbHOE TpeboBanue ||z,|| — [|z||. (?)

6.5. Cnabas KOMNaKTHOCTb

MHoxecTtBo ) B 6aHax0BOM mpocTpaHcTBe E HasbiBaeTcsl ¢2abo KoM-
naKkmusiM, ecinu M3 Jio6oi nocienosatesbHoCTH {Tn} C 0 MOXHO
BLIOpATh MOANOCIIENOBATEILHOCTb, CJIa00 CXOMSLIYIOCS K HEKOTOPOMY
a7eMeHTy U3 ).
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6.5.1. Teopema 14, 3amkHymblii eQuHUYHbLI Wap 6 2unbbepmogom npo-
15)

cmpancmee caabo Kkomnakmer .

Posib Teopemsbl 6.5.1 B aHajiM3e ODOCTaTOYHO oyeBMAHA. be3 KoM-
TMAKTHOCTHU C MPAKTUYECKMMM 3aJadyaMM CIIPaBUTBLCS YacTO HE y[NaeTcs.
Ha nepBoM Xe 1uare, rie TpeOyeTcsl yCTAaHOBUTh CYIIECTBOBAHUE pellie-
HMs1, — Tnpoucxonut c6oit. Teopema Illaydepa, Hanipumep, He pabOTaeT.
TeopeMa xe 6.5.1, 0cs1abJ1ss1 TOMOJIOTMIO, BO3BPAILIAET CUTYALIMIO B «<KOM-
MaKTHOE pycyio». JIeJlo B TOM, YTO KOMNAKTHOCTb, Cj1a0dasi UM CUJIbHas,
€CTb KOMIIaKTHOCTb — TMOYTH TOT X€ apCceHasl METOJ0B HauMHaeT pa-
O6otatb. [lpyroe nesio, €ciiM KOro-TO HE YCTpaWBaeT HOBasi TOMOJIOTHS,
HO TYT yXe€ 3agaya HeMaTeMaTHyecKass — TMPUXOIMUTCS MepecMaTpuBaTh
B3aMMOOTHOIIEHUST C PEATTbHOCTBIO.

B o6wem ciyyae (HepedieKCHBHOTO HOPMUPOBAHHOTO TPOCTPAH-
ctBa E) peub MOXET UATH O cJ1ab0ii KOMMAKTHOCTH 1lIapa B COMPSDKEH-
HOM nipocTpaHcTse E*, TouHee roBops, o (*)-c/1a60ii KOMMAaKTHOCTH '6),
HO 3BE3[04KY (*) MBI OMycKaeM, MoJjiarasicb Ha KOHTEKCT.

Bot Gosiee 00N pe3yJibTaT, U3 KOTOPOTO BHITEKAET TeopeMa 6.5.1.

6.5.2. Teopema. Ilycmo B obo3nauaem edunuunbiii wiap 6 cenapabensb-
HoM Hopmuposannom npocmpancmee E. lllap 6 conpsaxcennom npocmpan-
cmee

B'={f€E":|f(z)|<1,z€B} (6.6)
crabo Kkomnaxkmen.

B (6.6) wap B MOXHO 3aMeHHUTD JI060it OKpecTHOCTbIO Hyns §2. Torna ' 6ynet
noaspoi 2.

Jloka3arenbCTBO MOJyYaeTcsi C OMOLLBIO CIIEAYIOLIEH YAaCTO UCIIONb3YeMO JIEMMBI.

6.5.3. Jlemma. B cenapabenvrom nopmupoeéannom npocmpavcmee E u3
oepanu4ennoll nocaedosamenvrocmu @ynxyuonaros {f,} C E* ecezda
MOXCHO 8bl0eaums cAab0 CX00AUYIOCA NOONOCAC008AMENLHOCD.

) C amum TIPUHLMITHANIbHBIM PE3yJITaTOM M €ro BapMaLMsMM CBsI3bIBAlOT MUMeHa Araoeny,
Banaxa, Tuxonosa v naxe Bypbaku — cm. [8, 17, 22].

Y Ho eAMHUYHas cdepa B GECKOHEYHOMEPHOM TWILOEPTOBOM MNMPOCTPAHCTBE HE SIBISIETCS
cnab0 KOMIMAKTHBIM MHOXECTBOM. (?)

19 Muoxectso K C E' nasmiBaetcst (*)-c1a60 Komnakmubim, €CM u3 moGo# TMOCNeNOBa-
TEJILHOCTU 3JIEMEHTOB 3TOTO MHOXECTBA MOXHO BBUIEJUTH MOAINOCIIEN0BATENBHOCTD, (*)-C1abo
CXOISLLYIOCS K HEKOTOPOMY 2JIEMEHTY MHOXecTBa K .
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< ycrs {z,} C E cyetHOe BClogy MNOTHOE MHOXeCTBO. M3 OorpaHMyeHHOCTH
no Hopme mocnenosatenbHocTd {f,} C E* BbiTeKaeT OrpaHMYEHHOCTb YMCIOBOM
nocnenoBatenbHocTH fi(), ..., fa(€(), ..., U3 KOTOPOH (MO3ITOMY) MOXHO BHIGPATH
CXOAALLYIOCS TIOATIOCAENOBATENLHOCTD [ (T1), - .-, fa(T1), ..+ .

Jlanee, aHanoruyHo, u3 {fo} MOXHO TaK BLIGPATh MOAMOCAEIOBATENLHOCTb { f2},
YTOGbI CXOMMIACH TIOCENOBATENBHOCTD { f7 (z2)}. U Tak nanee.

JuaroHanbHas nocenoBaTeabHOCTb { fn } MO MOCTPOEHHMIO TaKOBa, YTO ISl IO~
60ro z; yucnOBas oCNenoBaTebHOCT { f) ()} cxoauTes. A nockonbky {T;} MIoTHO
B E, 10 {f,(,")(z)} cxoautes npu noom ¢ € E.  »

VnpaxxHeHHs

o Jloboe crabo Komnaxmuoe MHONCECMBO 02PAHUHEHO.
o Pegpnexcusrnoe npocmparncmeo caabo noaxo.
o Oczpanuuentvie muoxcecmea 6 Ly[QY] (p > 1) crabo komnakmmuel.

6.6. UneanbHas BbINYKNOCTb

MuoxectBo X B 6aHaxoBoM mpocTpaHcTBe E Ha3bIBaeTCsl u0eanbHO

17
6bINYKAbIM ) , €CJIU

T +a,+...€X

st M06oii nocenosatenbHocTH {Z,} C X M 11060# YnCIOBOI Moce-
nopatesibHoCcTH {ay}, npu ycinoBun a, = 0 ay +a; +... = 1.

TTonsmue udeanvhoii sinykaocmu goiesdum «C60kKy 6aHMuKoM», Ho OHO 8eCb-
Ma pexmusno pabomaem 8 6eCKOHEHHOMEDHOM caydae — CM. caedyroujue
pasdensi. Imo xopoutuii npumep ydaunozo mpioxa, becnoaesnozo 8 R".

o JluHeiiHOE NMOANpPOCTPAHCTBO HEMPEPBIBHBIX QYHKLMI B L, BHIMYKJIO — HO He
uneansHo. (?)

o Hynbs-npoctpacTBo (siapo) nuHeiiHoro ¢yHkuuoHana f : E — R uneanbHo
BBINYKJIO TONbKO B Clyuae HempepbiBHOCTH f. (?)

OTKpHITHIE M 3aMKHYTHIE BbINyKiAbie MHOXecTBa X C F uaeaib-
Ho Bbimykibl. (?) IlepeceyeHue y0GOro yvcia MACATBHO BBIMYKIIBIX
MHOXECTB — HaeaibHO Bbinykio. (?) [IpyM HenpepbiBHOM JIMHEHHOM
npeobpa3oBaHUK 00pa3 OrpaHUYEHHOTO MIEAJbHO BBIMYKJIOrO MHOXe-
CTBa SBJISIETCS MIEATbHO BHIMYKIbIM. (?)

17) TMonsTue, a TaKKe pa3TUYHbIE KOHCTPYKLIUU Ha ero ocHose npuHamwiexar E. A, Jiupwmnuy —
oM. [13] nmm6o: Juguuy E. A. // PyHku. aHanu3 u ero npwit. 1970. 4. Ne4. C.76-77.
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DNeMEHT T Ha3bIBaeTCs C-6HympenHeii moykoi X C E, ecny no Jio-
6oMy z € F MOXHO yKa3artb Takoe € > 0, uyto £ + €2 € X.

6.6.1. Jlemma. B cayuae udeanvro évinykaozo muowecmsea X C E cnpa-

6edaueo 8):

Xi=X.= (f)t = (f)c

<« ABTOpCKMIi BapUaHT JOKa3aTe/beTBa [13] OcHOBBIBAaeTCS Ha LieTOYKe BKIIO-
YeHU

(X); C X; C X. C (X). C (X);, 6.7)

B KOTOPOIi HETPUBUAIbHHI JIMLLIb — KpaifHHUe.
Ipu 1OKA3aTeNBLCTBE MEPBOTO BKITIOYEHHS JOCTATOUHO cumtath 0 € (X);, 1 nycTh
B(e,0) C X. Torna
B(e,0) C X N B(e,0) + B(e/2,0),

OTKyZa
B(ae, 0) C a[X N B(e, 0)] + B(ae/2,0) (6.8)

npu nobom a > 0.
IMycTs Teneps z € B(e/2,0). U3 (6.8) BbITeKkaeT CyleCTBOBAHME TaKHX

z, € XNB(,0 u 2z € B(e/4,0),
z
4yTo Z = 31_ + 2,. MoBropss ananoruyHbiit war wis z, € B(e/4,0) u Tak panee,

€
NoJy4aeM MOCNeNoBaTeIbHOCTH Z, € X N B(e,0) u 2, € B (F—l, 0) , U KOTOPBIX

00
T
Tpti + 2p41, UTO BICYET 32 COOOM ¥ ;= E T eXx (B cuny uzeanbHO#M

z" 2"

2n+l o
BbimykyioctT X ).
Takum obpasom, B(e/2,0) C X, otkyna 0 € X;.
Cnenyiowue aBa 3BeHa 1enoykH (6.7) TpMBHANIbHBI, U OCTaeTCsl HOKA3aTh NOC/eN-
Hee BKJTIOYEHHE, 3aMbiKaiowee kpyr. Eciu z c-BHYTpeHHss Touka X, TO

Dn{(f—z)n(—f+z)}=E,

n=1

a MOCKOJIbKY MHOXECTBa 3aMKHYTBI, TO, B CWJly TeopeMbl Bapa o kaTeropuu nosnHo-
TO METPHYECKOTO MPOCTPAHCTBA, XOTS GBI OZHO M3 HUX MMEET BHYTPEHHIOIO TOYKY.
CnenosatenbHo, Haiinercst wap B(e,u) C (X —z) N (—X +z), Te.

B(,uyy+zCX u -B(,u+zCX,

18) WHnekcol ¢, ¢ 0603HAYAI0T BHYTPEHHIOW U C-BHYTpeHHI010 Touky X C E.
k

-3

n=1

19) INockonbky

€
= |lall < FH
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4TO, B CHJIy BbIMYKJIOCTH X , TPUBOAMT K

%{B(e, u)+z}+ %{B(e, W) +2} =B z) C X,

a 3TO 03HAYaeT, YTO T — BHYTpeHHss Touka X, T.e. (X), C (X);. »

6.7. MpuHUUN paBHOMEPHON OrpaHUYEHHOCTH

6.7.1. Teopema Banaxa—LUveiHray3a. Ecau cemeiicmeo auneiinbix one-
pamopog
Ay:E| — E, (A€A)

DABHOMEPHO N0 A 02PAHUMEHO 8 KaXcooii mouke 0 ze E,, mo Hopmyt
||Ax|| oepanuuenst 6 cosokynnocmu, m.e. ||A,|| < B < oo (A € A).

<« MHoxectBa X, = {z : ||A\z|| < |} umeanbHO BBIMYKbI, MOCKONbKY BbI-

nyKJibl ¥ 3aMKHYTHL. [Toatomy X = n X) Takxe MAeaTbHO BBIMYKJO; nNpuueM 0 —

A€A
€ro C-BHYTPCHHSAA TOYKA, NpUHALJICXKaLlasg X BMmecre ¢ HeKOTOpOﬁ luaposoﬁ OKpPECTHO-

ctio B(e, 0) (nemma 6.6.1). Lllap B(e, 0) C X, npu moGom A € A, otkyna |4, < €'
y BCeX onepatopoB A,. »

M3 Teopembl 6.7.1 cpa3y BbITEKAET, HallpUMep, CJIEAYIOIIUNA pe-
3yJIbTaT.

6.7.2. Teopema. Crabo cxodsuwascs nocaedogamenshocms {Tn,} oepa-
HuueHa (CunbHo, m. e. no Hopme).

TeopeMa 6.7.1 yaiiie Bcero MpMMEHSIETCSI B CUTYaLIMM, KOTIa ceMeii -
CTBO OMEPaTOPOB NPEACTABIsIET COOON nomoveyHo cxo0Auyoca Tmocie-
JOBaTeNIbHOCTL 0nepaTopoB. OCTaHOBUMCS MPEABAPUTEIILHO Ha TEPMHU-
HOJIOTUH.

CxomumocTh oneparopoB. Cxodumocme A, — A no Hopme,
n—o0

AUHEUIHbIX 02PaHUMeHHbIX onepamopoé A, — A Ha3bIBAIOT TaKXe PAGHO-
MepHoil, TIOCKOJIbKY OHa paBHOCWiIbHA ||Anx — Az|| — 0 paBHOMEpHO
1o M3 moGoro mapa ||z|| < 7.

O Te. |Arzll < alz) < o0 (A€ A).
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B cnyyae ||4p,xz — Az|| —» 0 npu mobom = € E; cxoauMocTb
A, — A nasbiBaior cuashoii 2V,

PaBHOMepHasi CXOOMMOCTb BjieyeT 3a Co0oil CHNIbHYIO, HO oOpaTHoe, BOOOLUe
roBOpSsi, HEBEPHO )

ITpumep
<« Ilyctb ey,...,€,,... — OPTOHOPMHPOBaHHBIH Ga3sKuc B rHALOEPTOBOM Npo-
crpaHctBe H. Ilyctb H, — TNOANPOCTPAHCTBO, HATIHYTOE Ha 3JIEMEHTHI €, ..., €,

a P, — npoexmop H na H,. lna moboro z € H
n 00

Pz = Z(z, ejlej — Z(z, ej)ej = .
j=1 j=!

CnenoBarenbHO, P, CHIBHO (NTOTOYEYHO) CXOOMTCS K TOXAECTBEHHOMY onepartopy I.
Ho

[|Po = I|| = || Preny1 — €nyill = ”en+l” =1

[Toatomy P, He cxonuTcsi paBHOMEpHO K I.  »

N3 teopembl 6.7.1 BbITEKaeT CripaBeLIMBOCTb CIIEAYIOLLETO yTBEP-
XIEHUsI, KOTOPOE TaKXe Ha3biBaloT TeopeMoi banaxa— Illlmeiineaysa.

6.7.3. Ecau nocae0oeamenbHOCMb AUHEUHbIX 0ZPAHUMEHHbIX ONepamopos
A, cunvho (nomoueuno) cxooumcs k onepamopy A, mo nocaedoéamens-
Hocmb Hopm {||Ay||} amux onepamopoe oepanuuena. Ilpedenvhoiii onepa-
mop A makxce ozpanuver u AUHeeH.

6.8. MpuHUMN OTKPBLITOCTU OTOOpPaxeHUs

6.8.1. Teopema. Ilpu HenpepvieHoM auHelHoM omobpaxceHuu 00HO2O
banaxoea npocmpancmea na dpyeoe, A . E| — E,, obpaz AQ) aoboeo
omKpbimo2o MHoxcecmea ) — omkpuim.

<« Tlyctb = € Q u B(e,z) C Q. MHoxectBo AB(€, ) MACIBHO BHIYKIO
BMecTe ¢ B(e, ). OueBuaHo,

00 00
U B(ne,z) DE, = U AB(ne,z) D E,.

n=| n=I1

2 TepMMH TIDUHSAT, HO HeynayeH, MOCKOJIbKY PaBHOMEPHAsi CXOOMMOCTb OKa3biBaeTCs1 BCE Xe
«cwibHee», TouHee Gbil Obl TEDMUH NOMOYeHHAA CXOOUMOCM®.

2B R" gepHo. (?)
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MostoMy Az c-BHyTpeHHsis Touyka AB(e,z), Ho Torma, nmo nemme 6.6.1, Az —
BHYTpeHHsisl Touka AB(e, z) C AQ. »

DneMeHTapHbIM CJIEICTBUEM TOJILKO YTO YCTAHOBJIEHHOTO pe3yJib-
TaTa siBsieTcsi meopema banaxa o6 obpamuom onepamope:

6.8.2. Teopema. Ecau Henpepoignbiii auneiinblii onepamop A 63aumHo
00HO3HA4HO omobpaxcaem 00HO OAHAX080 NPOCMPAHCMEO Ha Opyzoe, mo

obpamuwiii onepamop B) 47t HenpepblaeH.

HHurerpansHoe npeobpasosanue lursbepma

00

Gz:/:(—s)ds,

=00
rae MHTerpai NMOHUMAETCs B CMbIC/E [IABHOTO 3HaYeHHsl, HECMOTPSI Ha CHHTYJISIPHYIO
0coBeHHOCTb sinpa, — AeiicTByeT U3 Ly(—00, 00) B Ly(—00, 00) npu mobom p € (0, 00).
IIpu 3TOM UMeIOT MecTo PopMynbl obpalleHus:

00

y(t):%/z—("lds & z(t):%/ﬂds.

t—s t—s

—00 -0

To Teopeme 6.8.2 oBpatHbiii onepatop G~ HempepbiBeH.

6.9. 3amkHyTble onepaTopbl

JIuHeitHbIA omepaTtop A Ha3bIBACTCS 3AMKHYMbIM, €CIN U3 T, — T
u Az, >y cnenyerc € Dy n Az =y.

Jlaxe Ha TPe3BYIO TOJIOBY 3aMKHYTOCTb HE BCETIa yIAaeTCs OTAMYUTb OT Hempe-
PBIBHOCTH, XOTSl HOHATHSI, BOOGLLIE rOBOPS, Pa3HbIE.

Jlerko ybemnTbCsi, YTO 3aMKHYTOCTb omnepatopa A : E, — E, paBHOCWIbHA 3aM-
KHYTOCTH 2pajuka G(A): MHOXecTBa map 3neMeHTOB u = {z, AT} B neKapToBOM
npoussenenuu E, x E, ¢ Hopmoit ||u|| = ||z|| + || Az||.

IMoHATHE 3aMKHYTOCTM MHOFIA CIIOCOOHO B KaKOi-TO Mepe BOC-
TIOJTHUTBE HENOCTAIOIIYI0 HENIPEPBIBHOCTD.

Onepatop auddepeHuMpoBanus, aeicteyomuii u3 Dy C C[0,1] 8 CJ0, 1],
3aMkHyT (?), HO He orpaHuyeH (He HenpepbiBeH). OrpaHUYeHHBI (HENPEePBIBHBbII)
oneparop A : D4 — E, Bcerna samkHyT. (?)

) OOGpaTHbIit TMHEHHOMY OMEPATOpy — TaKXe JUHEECH. (?)
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6.9.1. Teopema o 3amkHyTOM rpadpmke. Eciu Dy = E| u auneiinoiil
onepamop A : E\ — E, 3amxnym, mo A ocpanuuen (Henpepuigen).

< Tpadux G(A) onepatopa A — 6aHaxoBO MPOCTPAHCTBO, a B : E) — G(4)
(Bz = {z, Az}) — B3auMHO omHO3Ha4HOEe JHHEeHHOe OTOOpaXeHHe «Ha» B 00e
cropoHbl. [lo3atomy oba omepatopa B u B — 1o TeopeMe 6.8.2 — HempepbIBHBI.
A 3HAYWT, HeTipepbiBEH U omepatop A. »

Ecau onepamop onpedenen na eécem (6anaxoeéom) npocmpancmee, mo 3a-
MKHYMOCMb U 02PAHUMEHHOCMb — DABHOCUABHDI,

o HenpepbiBHOE BO3MYLLUEHWE He HapyiiaeT 3aMKHyTocTH. TouHee, ecau A 3a-
mxnym, a G nenpepwsen, npuwem Dy C Dg, mo A+ G samxnym. (?)

3ambikanue oneparopa. [OBOpSAT, YTO He3aMKHYThIM onepatop A 1o-
MyCKaeT 3ambikanue A, €CJIN €r0 MOXKHO PACIIMPHUTh IO 3aMKHYTOTO
onepaTopa Mo MnpaBuily:

T,€D,, T, >z, Az, >y = Az=y.

2
JIst 3TOrO0 HEOOXOAUMO M 10CTATOUYHO, YTOOBI 4

T, =0, Az, -y = gy=0.

PelueHusi ypaBHeHUs: AT = Y Ha3bIBAIOT 0600UiCHHBIMU PeUleHUAMU
ypaBHeHUs Az = y. 3aMbikaHue onepartopa quddepeHupoBanus B Ly
Ha3bIBAIOT onepamopom 0606uenroeo duggepenyuposanus.

TTpocToit MpuMep He3aMbIKaeMoro onepatopa naet Az = z'(0), KOTopblit Ha He-
npepoiBHO auddepeHUMpPYeMBbIX GYHKUMAX He [OMYCKaeT 3aMbIKaHMs Kak (yHK-

uuoHan Ha CJ0, 1]. HeictsurensHo, T, = —sinnt — 0 pasHomepHo Ha [0, 1],
n

HO Az, = 7,(0) = 1.

6.10. O6paTtHblie onepaTopbl

Ecnu oniepatop A : E — E B3auMHO 0qHO3Ha4YHO oToOpaxaeT F Ha E,
T. €. MYHBEKTUBEH U CIOPBEKTHBEH, 3TO 3HAYMT, YTO ypaBHeHHE AT =y

24
) SxeuBanemTHO: onepamop donyckaem 3aMbKaHue, ecau 3ambiKaHue e20 zpaguxa — ecmb
2pagux (OXTHO3HAYHOTO NPeoBPa3OBaHUs — @ He MHOTO3HAYHOTO).
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npu JIIOOOM § HMEET €IUMHCTBEHHOE pellleHue T = A_ly, rie A”'
0003HaYaeT obpamubiii onepamop.

IMoncraHoBKa T = A_'y B AT = y naer AA_ly = Y, a IOACTaHOB-
kay= Az Bz = A”'y npusomnt k £ = A~' Az. Takum oGpasom,

AA'=A47'A=1T.

WHBIMM CJI0BaMH, TPOU3BEIEHHUE Oreparopa Ha cBoi o6paTHbii (B Ji0-
OOM mopsiaKe 25)) €CTb TOXIEeCTBeHHoe npeoOpaszoBaHue I. Crenosa-
TEJIbHO, JIEBbIM U TpaBblil 0OpaTHBIM OnepaTop aBTOMAaTUYECKU COBIa-
JaT %),

Teopema Banaxa o6 obparHoM omeparope (Teopema 6.8.2) mmeer
Oosbilie 3cTeTHYecKoe 3HaueHue. Ha npakTuke yarie padortaer ciemy-
IOLLIMA TIPOCTOM pe3ysbrar.

6.10.1. Teopema. Ilycmb auHeiinoe ciopsekmueHoe omobpaxceHue e
E, = E, ydosaremeopsem ycaoguio

l4z]| > milzll, m > o. (69)

Toeoa cywecmaeyem obpamubiii auHeliHblli HenpepbiHblll onepamop A7l
E, = E|.

<« Ecm Az, =y, Az, =y, 10 A(Z) — 22) = 0, oTKyAa, ¢ yuetom (6.9),
mlz, — || < |[A(z) — )l =0 = =z =2,

YTO BJIEYeT 3a OGO CyLeCTBOBaHMe OBGpaTHOTrO omepatopa A~', OrpaHMYEHHOCTb
KOTOpOTO BbITeKaet u3 (6.9). »

e Jina obpatuMocty A ycioue (6.9) He TONBKO HOCTATOYHO,
HO M HeoGxomuMo. (?) B maHHOM KOHTEKCTE OYEBHMIEH CJIELYIOLIMiA
pe3ynbrar.

6.10.2. Teopema. Ecau onepamop A umeem HenpepbigHblii o6pamubiii,
mo u A+ AA, npu ycaroeuu docmamournoii masocmu AA no Hopme, —
HenpepuigHo oGpamum.

%) Taxe Ge3 NMpearonoxXeHusi O JUHEHHOCTH.

%) Ecnu A E, - Ey, 10 A™'A — ToxnecTBeHHOE npeoGpa3oBaHue B F), a A4 — 8 E,.
B 3TOM CMbICJIE JIEBbII OGpATHBI OMEpaToOp M MpaBblift — OTIMYAKOTCH.

M T, OTODpaXeHHe «Ha».
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eEcnu A:E—- Eu|4]<1,710
= 1
-4 =34 -7 < o O

n=0

6.11. BnonHe HenpepbiBHbIe OnepaTopbl

JInneiineiii oneparop A : E; — FE, Ha3blBaeTCs 6noAHe HenpepbiéHbiM,
b0 Komnakmmubim, €CA OH OTOGpaxaeT OrpaHMYEHHbIE MHOXECTBA
E| B npenkoMnakTHbie MHOXecTBa E,. Bnoane nHenpepbigbiii onepamop
6cez0a HenpepbiéeH, NOCKOAbKY 02DAHUYEH.

¢ Omepartop
Gz = /G(t, s)z(s) ds (6.10)
Q

B ciyyae orpaHuMdeHHoW obmacth @ C R" u HenpepbiBHoro smpa G(t, s) BrionHe
HerpepbiseH B C(Q).

<« OrpaHuyeHHOCTb onepatopa G oueBuaHa. PaBHOCTeneHHasi HEMPEPBIBHOCTD
dbynkumit y(t) = Gz(t) npu ycnosum orpanuyeHHoct ||z(t)|| < r cnenyer u3

ly(t) - y(&) < / G (1, ) = G(ta, 8)| - |2(3)| ds < r max|G(ty, 8) = G(ta, )],
Q

B CHJly paBHOMepHO#1 HempepbIBHOCTH G (i, s). [laniee ocTaeTcst cOCnaThCsi Ha meopemy
Apyena. »

¢ Onepatop (6.10) B cnyuae

/0/ |G(t, s)|" dt ds < 00

0

BIIOJIHe HenpepbiBeH Kak oneparop us L, B L, (1/p+ 1/g=1). (?)

00
e Omepatop A, neiictsylowmit B I, mo npasuny y; = [Az]; = Zajkzk, —
k=1

0
BIOJIHE HEMPEPBIBEH, ECNU Z |a,~k|2 <o0.(?
k=1

KoMmnakTHbie orepaTopbl 10 CBOMM CBOMCTBaM OJIM3KM K KOHEY-
HOMEPHBIM.
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6.11.1. Teopema. Bnoaxe nenpepoisnoltit onepamop A : E — E, ede E

banaxoeo npocmpancmeo ¢ 6a3ucom 28), no awobomy Haneped 3a0aHHOMY
€ > 0 moxcem 6Gbimb npedcmaenen cymmoii A = Ay + A, ede A, —

KoHeuHOMepHblll onepamop 29), a A, umeem nopmy, menvwyio € > 0.

<« Pe3ynbraT ycTaHaBIMBaeTcsl Ha OCHOBE ABYX cooOpaxeHuii. C ooHO#M CTOPO-
Hbl, 00pa3 K = AB emMHUYHOro wiapa B — KOMMaKTeH, W y Hero no teopeme 4.1.3
CYyLLIECTBYET KOHEYHas £-CeTb U3 Touek Y; = Az;. C apyroi CTOPOHbI, TOUKH ¥y; = AZ;

N
MOTYT ObITb MPUOAMXKEHBI CKOJIb YTOAHO TOYHO KOHEYHBIMU CyMMaMH Y = E {jkek,
k=1

00
TOCKOJIbKY M3 CXOAMMOCTH PSIIOB Y; = E &jk€r CMemyeT, YTO X XBOCTbI CTPEMSATCS

k=1
K HyJ10. P

‘Ynpaxuenun

o FEcau auneiinoiii onepamop A . E, — E, énoane nenpepviéen, a B : E; - E, —
AUHeliHbIE 02panuHernbil onepamop, u o6aacmo 3uauenuii R(B) C R(A), mo B —
maxxce énonre Henpepsiéer. IHBIMU CIOBaMM, 33a/1aya «CJAOMAaTh» MOJHYIO Herpe-
PHIBHOCTDb onepatopa A, He BbIXOAS 3a NMpeaebl 001aCTH 3HAYEHHIA U COXpaHsis
OrpaHUYEHHOCTb, — OOpeYeHa Ha MpoBal.

o Ecau nocaedosamensrocms {A,} eénoane HenpepuiéHbix onepamopos pagHoMepHo 0

cxooumesa k A, mo A — makace énoane HenpepoiéeH.

o Jloboi ocpanuvennblil AUHEUHbIH YHKUUOHAA 6NOAHE HenpepblGeH.

® Bnoane nenpepoiénoiii onepamop A nepeeodum caabo cxodsuguecs nocredoéamens-
Hocmu 6 cunbho cxodauuecs. (Cnabo cxomsiiasicsi NOCNeAOBATENbHOCTh {Z,}
orpanmnyeHa (Teopema 6.7.2), nostomy {Az,} — KomnakTHa.)

o [Ipoussedenue 6noane HenpepuIBHO20 ONEPAMopa Ha ozparnudennbili (Heeaxcno, cieea
uny cnpaea) — 6noae HenpepbiGHo.

H3-3a nyraHULbl B TepMPIHOJ'[OFI/IPI31) BIIOJIHE HENIPCPBIBHBIM 4a-

CTO Ha3blBalOT ONEPATop, MNMEPEBOASIIMIA OrPaHUYEHHBIE MHOXECTBA
B KOMIakTHble (a He TpeakoMMakTHbie). To aM B pe3yibrare 3TOi
Hepa3bepuxu, TO JU Mo Oonee TIyOOKMM MNpUYUHAM — OOJBbILIMH-
CTBO CTYICHTOB CUMTAET, UTO YK 3aMKHYTbI€ OTPaHUUYEHHbIE MHOXECTBA

% MocrenopatenbHOCTb {en} C E wasviBawt 6asucom E, ecin mwoGoi snement ¢ € E
00

ONHO3HAYHO TIPEACTARNSAETCS B BUIE T = Z &nen.
n=|
) Bee o6pa3el A|T npuHaiexaT KOHeUHOMEpHOMY TipocTpancTsy E, C E.
O Te. no HOpMe.
3 Cu. 3ameuane B pasnene 4.1.
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BIMOJIHE HEMPEPbIBHbIA ONEpaTop MEpeBOAUT MMEHHO B KOMIIAKTHbIE.
3ITO HENpPaBUIbHO.

[MocKONbKY 110000 HenpepbiéHbill AUHEUHbIU (YHKIUOHAA 6N0AHE HENnpepbieeH, TaKO-

BbIM ABAACTCA U
|

flz) = / 2(t) dt
0

8 C[0, 1]. 3amkHyTOoe MHOXecTBO yHKuuit M = {z : ||lz|| = 1, z(t) > 0} dyHKuMO-
Han f nepesoaut B noayuHtepsan (0, 1].

[1peobpa3oBaHe 3aMKHYTbIX MHOXECTB B HE3aMKHYTbIE ISl BNOJ-
He HeMnpepbIBHbIX ONEPATOPOB SBJISETCH, CKOpee, MPaBWJIOM, HEXEIU
MCKJIIOYEHUEM.

6.11.2. Teopema. Ecau obnacme 3nHauenull énonHe HenpepvigHozo one-
pamopa A 3amkHyma, — onepamop A KOHe4HOMepHbL.

<« 3aMKHyTas obnacTb 3HauyeHHit Ry asnsercs 6aHaxXOBbIM, a 3HAYUT, NOJHBIM
METPUYECKHM NPOCTpaHCTBOM. C IPYyroit CTOPOHHI,

00
Ry=[J 4B,

n=I

roe B, — wapbl paguyca r = n, T.e. MHOXecTBa ||z|| < n. B npexnonoxexuu 6ecko-
HeuHoMepHocTH R4 komnakTel AB, Hurie He ToTHbl B R4 (Teopema 5.4.1), HO Ry
SIBASIETCS UX CYETHBIM OObEAMHEHHEM, YTO NMPOTUBOPEYHT TeopeMe Bapa o kareropuu
(teopema 2.5.1). »

BoT elue onuH MpUHUMNUANBHBIA (11 H3YYEHUS IMHENHBIX YpaB-
HEHWi1, rnasa 9) pesysbrar.

6.11.3. Teopema. [Iycmob onepamop A — énoane HenpepviéeH u ypaeHe-
nue (I — A)x = 0 He umeem Heryneevix pewenuit. Toeda obaacmb 3Hauenui
R(r-4) — samxnyma (neasemca noonpocmpancmeom E).

< Jlonyctum, (I — A)z, — y. [okaxem, uto y € R(_ 4.
Ecau nocaenosatenbHocTh {Z,} orpanyena, 10 {Az,} — KomnakTHa, u noTomy
M3 Hee MOXHO M3BJIeUb CXONsILLYylOCs NoanocaenosatenbHocTs { Az} — z. Torma

z =T — Az, + Az > y + 2,

uTO NOA AeiicTBUeM omepatopa A nepexomut B Azy — A(y + z), Bnekyuiee 3a coboit
2 = Ay + Az, otkyna
y=I- A)(y+2) € Ry_y).
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OcraeTcs M0Ka3aTh, YTO MOCAENOBATENBHOCTb {Z,} OrpaHuueHa. B npotuBHOM cayuae
MOXHO CUMTaTh ||Z,|| — 0o (16O mepeitTH K MOANOCNEAOBATENBHOCTH).

Monenus (I — A)z, — y Ha ||z,||, nonyuum (I — A)z, — 0, rae =, 06o3Hauaet
Z,/||za||. TloBTOPSIA MpenbiayLLee paccyxaeHue st JaHHOro ciyyas (y = 0), noayunum
z = Az, z # 0, 4TO NIPOTUBOPEYUT NPEATIONOXKEHHIO TEOPEMbI. B

6.11.4. Teopema. Onepamop A", conpaxcennwiii 6nonne HenpepsieHoMy
A E — E, — enoane HenpepbvigeH 32),

<« Tyets Q@ u Q' — enunuunbie wapsl B E u E'. Jloka3aTenscTBo Nerko
NoJyyaeTcsi MPU KOHLEHTPaM1 BHUMaHHsI Ha ONpeleneH H COonpsixKeHHOTO onepaTopa:
(f, Az) = (A" f, z). (6.11)

Ecnn paccMoTpeTh (yHKUMOHanbl f € Q' ¢ 3aykeHHOM 061acTblO OnpeaeneHUs
AQ, koTopasi KOMNAKTHAa, TO MHOXECTBO TaKUX (DYHKLMOHANOB MO AHATOTY TEOpeMbl
Apuiena Toxe GyieT KOMNAakTHO. A MHOXecTBo A" dyHKuMOHANOB (g, z) = (A" f, x)
C 3ayXeHHOi1 06nacTbio onpeneneHus  peuny (6.11) — M30MeTpUYHO MpeablayLIEMY,
M MOTOMY TOXE KOMNAaKTHO. B

6.12. MpoekTopbl

[puMuUTHBHAs Bpoae Obl MAEONOTUsI NMpoekTupoBaHusi B R" oGpeTaeT
HEKOTOPYIO TAMHCTBEHHOCTb B (DYHKLMOHANBHbIX MPOCTPAHCTBAX.
Onepamopam npoexmuposanus (npoexmopam) P, xapaktepnsyeMbIM
YCJIOBUEM PP=p , COOTBETCTBYET Pa3jIoXEHUE MPOCTPAHCTBA B NPSMYIO
CyMMY
E=X®Y, X=PE, Y=(-P)E,

rie X,Y — nuHeliHble MOANPOCTPAHCTBA, 3aMKHYTblE KaK HYAb-Mpo-
CTpaHCTBa NMpPOEKTOpoB, cooTBeTcTBEHHO, I — P u P. Onepatop I — P
SIBASIETCS NPOEKTOPOM OAHOBpPEMEHHO ¢ P.

B cBolo ouepenb, paznoxenne E = X @Y onpenensier npoektop P
Ha X napannensbHo 3y,

MHTYUTUBHO JOBOJbHO HEOXHMIAHHO, YTO Y 3aMKHYTOrO nOAMpo-
ctpaHctBa X C F nononxenue Y B cmbicie £ = X @ Y He o6s3aHO

32) Pe3yabTar coxpaHsieT cuiy B O0LIE# CUTyaLMu BNOHE HenpepbiBHOTO onepatopa A:E| — E,.

3 BexTop & Ha3biBaeTcsl npoekyuelr BekTopa z Ha X mnapainenbHo Y, ecav z =z + y, rae
zeX, yey.
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cyliecTBoBaTh |7, 17]. B rup6epToBbIX IPOCTPAHCTBAX TAKME AHOMATMH
uckmoyeHs (pasaen 7.1).

Eciu P npoektop B E, To P* — npoextop B E*. (?)

Rp+kerP=E, Rp=ker(I-P). (?)

6.13. AononHeHue

e basuc {e,} B E onpenensercs KaK CUCTEMa BEKTOPOB, C MOMOLLBIO KOTOPOi
060 3neMeHT T € E npeactaBiM CXOASLUMMCS PSIIOM

o0
z= Z zyey. (6.12)
k=1

Ba3uc MOXeT CylLIeCTBOBATh TONBKO B cenapabenbHOM MPOCTPAHCTBE, HO HESICHO, BCe-
raa nu cywectsyet (npoGaema Illaydepa). B cTaHapTHBIX CUTyauMsiX Ga3uChl M3BECTHBI.

IMpoGneMaTHKe COMYTCTBYET HEKOTOPasi TOHKOCTh, CBsi3aHHasi ¢ HEOOXOAUMOCTbHIO
pasnuuus MOHATHI Ga3uca M MOJHOI cUCTeMbl (B GaHaXOBOM, HO HE TWJIbOEPTOBOM
npoctpaHcte). Cucmema éexmopoe {e,} cuuraetcs noanoit B E, ecnu ee nuHeitHas
oGonoyka Bciony IoTHa B E. YXe U3 oOMNpeleNeHUsl SICHO, YTO MOJHAsi CUCTeMa
He o0si3aHa GObiTh OazucoM. IIpuUueM CylLIeCTBYIOT TaKM€ MONHBIE CMCTEMBbI, KOTOpbIE
HENb3sl JOMOJMHUTh OO 6a3uca, He Hapyuias TpeOOBaHHS, YTOObI H¥ OOUH 3JIEMEHT
u3 {e,} He npuUHaLIEeXal 3aMKHYTOI JIMHEHHON OGONIOUKE OCTAIbHBIX.

CranpaptHas cuctema {l,sinkz,cos kz} nonua B C[0, 27], Ho He obpasyer
6asuca’?. Ona obpasyer 6a3uc B L,.

o Knaccuueckas cucmema Xaapa coctout u3 @ynkuuii Xaapa x5 (t) , onpenensieMbix
s t € [0, 1] cnenytoumm o6pa3om.

Mpu xaxnom n = 0,1,... u moboM uenom j or | mo 2" dynkums xi(t)
nonaraeTcs paBHO# HyJIIO BHE CErMEHTa

g
KOTODBIA NENUTCA MOMONaM, M Ha JEBOW MONOBMHE A; (QyHKUMS xi(t) = 2"?,
a Ha npaBoi — x{,(t) =-2"? B cepenMHe A 3HaUYeHHE xf,(t) He MPUHLIMIHATIBHO —
Harpumep, paBHO HYJIO.

Cucrema Xaapa opToHopManbHa B L, u sinsercsi 6asucom B L, Tpu moGoMm
p > 1. Pan ®ypbe noboit HenpepbiBHON GyHKLUMHU () MO 3TOM CHCTEME CXOAMTCH

K (t) paBHOoMepHo. [lonyuaeTcs He4TO BpOAE OBOMYHOM CHCTEMBI CUMCIIEHMS U
3anucu GyHKLMIA.

) ®yukunu n3 C|0, 27, He ynosnetsopsiomue ycnosuio z(0) = z(27), He npencTaBUMBbI
B Buze (6.12).
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~ Tlpu HeobGXONMMOCTH OpraHWU30BaThb ONHOMHIEKCHYIO HYMEPAUMIO — (YHKLUHUH
X5 (t) MOryT GbITH PacroNoXeHsl B MOPAAKE BO3PACTaHUS M, a TIPH ONUHAKOBOM 1 —
B TIOpsiIKe BO3pacTaHus j.

o Oneparopwi Bioxenus. [oBopsr, uto npoctpaHcTBo Ej BnoxeHo B E|, ecnu
KaXxnplit 3neMeHT U3 B, sBsieTcs 3N1eMeHTOM NpocTpaHcTBa E|. ToxnecTBeHHbIH ore-
patop, aeiictBytowumii u3 Ey B E| U CTaBALIMIA B COOTBETCTBUE 3NeMEHTY T € Ey TOT Xe
3/IEMEHT KaK 3/eMeHT mpoctpaHcTBa E, HasbiBaeTcs onepamopom eénoxcenus. Ecnu
OMnepaTop BJIOXEHHsI HempepbiBeH (BIONHE HETPEPBIBEH), TOBOPSAT O HEMPEPHIBHOM
(koMmakTHOM) BloxeHuu Ey B E|.

o Henynesoil nuHeiiHbIl onepartop, aeWctsyowmmud u3 L, B Ly, Tae p <p,
He MOXET ObITh HEepepbiBHBIM. ()



hasa 7

Onepatopsi B rusib6epToBbIX NPOCTPAHCTBAX

MHorue HENpUATHOCTH B TWIBOEPTOBbI MPOCTPAHCTBA He MoOMellaoTcs. IToatomy
MpU NepBOHAYATIbHOM U3YYeHUH HYHKLUMOHATBHOTO aHANIM3a Pe3YIbTaThl UMEET CMBICI
«puMepsAT» Ha L,, u3beras cnoxHocredd. [1o aHaIOrMYHOM MPUYUHE B INaBe pac-
CMaTPUBAIOTCS TONBKO cenapadenbHble MPOCTPAHCTBA.

BaHaxoBo npoctpaHcTBo Ls[a, b] dopMaibHO BBOAMNOCH ¢ MOMOLIBIO HOPMBI.
OHO CTAHOBUTCS TMJBOEPTOBBIM TPU 3a0aHUM CKAISIPHOTO MPOU3BEAEHHUS

b

a

CraHpapTHble TpUMEpPbl TMIbOEPTOBBIX NpoCTpaHCTB: Iy, Ly, Ly, W;. Eue
OZIMH TIPUMEP: MPOCTPAHCTBO GYHKUMIA Z(t) U3MEPUMBIX Ha (—00, 00), OrPaHUYEHHBIX
B CMbIC/IE

T
o )
T'S‘Joﬁ/“(‘)' dt < o0,
“r

H CO CKaJIAPHbIM MPOU3BEACHUEM
T

1
(@,y) = lim - [ z(t)y(t) dt.
-7

7.1. Npeambyna

EctecTBEeHHbII BOIPOC, KOTOPbIi BO3HUKAET B CBSI3U C PAaCCMOTPEHU-
€M TWIbOEPTOBBbIX MPOCTPAHCTB, — KAKOBbI OMOJHUTEbHbIE BbITOIbI
M0 CpaBHEHUIO C «baHaxoBbiM ciydyaeM»? [1aBHoe, Ge3ycnoBHO, 3a-
KJTI0YAETCs B BOBMOXHOCTH OPTOTOHAbHBIX pasfioxeHuit (psubl Pypoe,
OpTOroHaJIbHbIe HAGOPbI COGCTBEHHBIX (PyHKUMIT). Ho 3TO yXe «BbicTa-
BOYHbIE» 3KCTOHATbI, MyTb K KOTOPBHIM TIPOJIETAET Yepe3 BHYTPEHHIOIO
KYXHIO, TIPEICTaBJISIIONIYIO MHTEPEC U T10 IPYTUM TIpUYUHAM.

HanpuMep, NOCTATOYHO MNPUHLMIIMAIEH BOIPOC CYLIECTBOBAHMS
U EOUHCTBEHHOCTM B PacCMaTpUBAaEMOM TPOCTPAHCTBE JJIEMEHTa ¥,
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00€CTIeYMBaIOIIETO MUHUMYM PacCTOSIHUSI OT T JIO 3AMKHYMOe0 TIOATIPO-
CTpaHCTBa (WK BBINYKIOTO MHOXeCTBa) L:

, L) = inf ||z — 9.
p(z, L) gﬂm yll

7.1.1. Teopema. B nenycmom 3aMKHymom 8binyKaom noomHoxcecmee L
2uavbepmosa npocmpancmea H cywecmeyem eduncmeennvlii 3remenm
u € L, 6nuncaiimuii k ¢ L, m.e. p(z, L) = ||z — ul|.

<« Tycts z € H v ||z, —2|| = p(z, L) = r. B cuny pasencmea napansesoepamma

) 2

2

(; +zx) — || +

2

1 1 1 )
5(31' —z)|| = 5”“;‘ -zl + §||$k —z||%

IpaBas yactb mpu j,k — 00 CXOOMTCS K r?, a mepBoe caraeMoe B NeBOH —
2 1
HE MEHbLIE T, OCKONbKY E(z,- + zx) € L. TlostoMy {z,} dhyHIameHTanbHa, OTKYAa

T, — u, pu4eM u € L B cuny 3aMkHyTOCcTH L, U ||z — u|| = r.
Jpyroit TAKOI TOUKK U’ 7 U CYLIECTBOBATH HE MOXET, 6o B cuny (2.6)

u+u

)
4 =2z —u)l + 2z -u) = (u—-u) +4 (z - ) > (u—u) +4r%,

olkyma u=1u. »

7.1.2. Teopema. Jlwboe 3amxnymoe noonpocmpancmeo L C H umeem
opmozonanshoe donoanenue L™ = {z : (z,2) =0, z € L},

H=L&oL",
npuvem noonpocmpancmeo L' CH - 3AMKHYMO b,
< Tlycrs u B L 6amxaiiiuast Kk & Touka (teopema 7.1.1). Torna dhyHKLmst

p(ry=(z—u+7h)’, helL,

mocruraer Munumyma npu 7 = 0. TToatomy ¢'(0) = 2{(z’~ u, h) = 0 npu moGom
h € L, 4yto 03Ha4aeT OPTOrOHABHOCTD MieMeHTa U = & — 4 u L. B pe3ynsrate moboit
3NEMEHT T eAMHCTBEHHBIM 06Pa30M MPEACTABAM B Buie £ = u+v,rae u € L, v € L*.
3amkHyTOCTS L' BBITEKA€T M3 HEMPEPBIBHOCTH CKANIPHOTO NPOU3BEACHHS. B

7.1.3. Teopema. Bcakuii auneiinwiii gynkyuonan f € H* npedcmaeim

ckanapnuim npousgedenuem | f(z) = (g, x)

D DopMyIMPOBKA OMMPAETCS HA TPMHLIMM «Kally MAacioM He HCTOpTHMLib». [eno B ToM,
YTO 3[€Ch MMEETCH Ornpele/ieHHass HEYETKOCTh MOHATHIH. O6bIYHO B GAHAXOBBIX TPOCTPAHCTBAX
TpeGOoBaHME 3aMKHYTOCTH BKJIIOYAETCS B OTpelelieHUe MoANnpocTpaHcTBa. Ho MHoraa moanpo-
CTPaHCTBAMM HA3bIBAIOT MPOCTO JIMHENHHBIE MHOTOO6Pa3Hs.
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<« Cnyuait ker f = H tpusuaneH (g = 0). Tlycrs L = ker f # H. Tlo npenpi-
nyweit reopeme H = L @ L*. Mokaxewm, uto L* OIHOMEPHO.

Ilycte HeHyneBoil BekTOp ¢y € L*. Jlonyctum, B L* cywecrsyer apyroii
HEKOJ/UIMHEapHbIit BEKTOp ¢, 7# go. HO 3TO BedeT K MpPOTMBOPEYMIO, MOCKOJNBKY

f(g1)
f(90)

3J/IEMEHTA gp.

u =g - go = 0 B cuny f(u) = 0. TloaTomy 6asuc L COCTOMT M3 ONHOIO

f(90)
(gOv gO)

[Monaras g = go, UMeeM cosnanenue f ¢ (g,z) Ha L u L*. »

OueBuaHO, BEpHO U obpartHoe: Wi jwoboro g € H dopmyna
f(z) = (g,z) onpenensier nuueitnbiii dynkumonan f € H'. Tem
caMbIM onpenensieTcst usoMopdusm Mexay H u H* . Tlo 310it npuunHe
yno6Ho cuutath, yto H u H* coBnanaior.

7.1.4. Teopema. [Ipocmpancmeo H caabo noano.

<« Cnabo cxomsasica (B cebe) mocnenoBaTensHOCTh {T,} orpaHuyeHa (Teo-
pema 6.7.2), moaromy lim(z,,2) = f(2) onpenensier OrpaHUYEHHBIA JIMHEHHBIA
(dyHKUMOHaN, KoTopbiii (Teopema 7.1.3) obsi3aH uMeTb BuA f(2) = (z,2), oTKyna

z,,ﬂ)zEH. >

YnpaxHenus
o B eunvbepmosom npocmpancmee caabo cxodswasnca 6 cebe nocaedosamenbHocmo
2
caabo cxodumces K HeKomopomy npedeny ),

o H3 oepanuyennoi nocaedosamenviocmu {x,} C H ecezda moxcro évideaums caabo
CX00AWYI0CA NOONOCNed08aMenbHOCM®. .

7.2. OpTOHOPMMPOBaHHbIA 6a3uc

Cucrema BektopoB {e,} C H Ha3bIBae€TCs 0pmoHOPMUPOBAHHOU, €CIV
(i, ej) = 0;;, rne 0;; — cumson Kpouekepa, d;; = 0 mpu @ # j
udj=1,ecmmi=j.

TMocnenoBatenbHOCT {€,} TMHEHHO HE3aBUCUMBIX BEKTOPOB MOXHO NPEBPATUTD
B OPTOHOPMMPOBaHHYIO {h,} ¢ moMoLIbIO npouecca opmoeonaauzayuu Limudma:

<« Ha nepBom uiare nonaraercss hy = e u f| = Ha Bropom —

1
(i, B2

ctpoutcst BeKTop hy = ey — (ey, fi)fi, opmozonansnwiit fi, v ONATH MPOUCXOMUT
Hopmupoeka: f, = (hz—’:z)l/z Ha k-M ware CTpOUTCS BEKTOP

’

hi. = ex — {ex, fe-1) feor = - = (e, f) £,

?) 3710, COOCTBEHHO, U €CTbh Teopema 7.1.4.
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h
opmozonansnwiii écem { f\, ..., fx_| }, mocie yero nopmupyemes, fr, = m . U tak
ks 1ok
nanee. »

Yucna
§j = (z, €)
Ha3bIBAIOT Koopdunamamu T € H OTHOCHUTENBHO OPTOHOPMMPOBAHHOM

cuctemsl {e,}.

IMycts L — nuHeiiHast 060I104Ka KOHEYHOM cUcTeMbl {Z, ..., Tp}.
n

Torna BexTop ' = Z(z, e;)e; npuHamiexut L, a T -z’ €Lt s cuiy
j=l1
(', z — 2') = 0. TosTomy
n .
=) +@-2)= Z(:c, e;)’ + (z - 2')°,
j=1

n
OTKYy/a Z(a:, ej)2 < ||z||?, 4To npu n — 0o nepexomMT B Hepasercmeo
i=1

beccenn

0
D (@€’ <lzl.

=1

~

OproroHanbHast cucteMa {e,} C H Ha3biBaeTcsi noaHoil, eciiu
MPOCTPAHCTBO, MOPOXIAEMOE ITOM cUCTEMOit, coBnanaer ¢ H. Heob-
XOAUMBIM M IOCTATOYHBIM YCIOBHEM IOJHOTHI SIBJISIETCS OTCYTCTBUE
3neMeHTa ¥ € H, OpTOTOHABbHOTO BCEM €, YTO NMPEBpALLAET HEpaBeH-
ctBo beccens B pagencmeo Ilapcesans:

> (@ e))’ = lelP

J=l1

n
" !
B cilyyae moJiHO#M CUCTEMBI YaCTUYHBIE CYMMbl T, = E (z,ej)ej
j=1
cxomarcsi K £ € H (1o HOpMe), YTO MPUBOLUT K Pa3jiokXeHUIO J1lo6Oro
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anieMeHTa T B pad Pypove

e ¢}
T = Z(:r,, e;)e;j.
i=1

ITosHas OpTOroHalbHasi CUCTEMA SIBJISIETCST OPMO2OHAAbHBIM 6A3UCOM
ruab0epTOBa MPOCTPAHCTBA.

B cenapabenbHOM rMILOEPTOBOM TIPOCTPAHCTBE MNMOJIHAS OPTOrOHANbHAS CUCTEMA
BCerJaa MOXeT ObITh TIOCTpPOEHA € MOMOLUIBIO Tipoilecca oproroHanu3auuu llIMuara
u3 moboit moTHoit B H mocnesoBaTenbHOCTH.

7.3. OpToroHanbHbie psiabl

B npunoxeHussx — U3 rwiibOEpPTOBLIX MPOCTPAHCTB Haubosee ynoTpe-
outensHo Lj|a, b]. Cucrema dyukumii B Ly

{o), p1(t), -, on®), .. } (7.1)

opmoeona/zbna , €CJlin
b
(%&Mz/%@%wﬂ=0nw m#n,  (12)

a

Hu opmonopMa/sza, €CIIU OOMNMOJIHUTECIIBHO
b 1/2
lgnll = (P, oa) /2 = /%mﬂ 1. (13

a

® B cayuae opmonopmanshoit cucmemst (7.1) yMHOXeHuUe

(@) = copo(t) + crpi(®) + ... + Capn(t) + ..., (7.4)

Ha @, (t) ¥ MHTErpupOBaHue OT @ 40 b — TPUBOIMT K

b 0 b
/ fOeydt =3 c / or(B)pn(t) dt,
a k=0 a

4to ¢ yuetoM (7.2) u (7.3) naetr kosgduyuenmou Gypoe
b

e = / F(O)palt) dt. (1.5)

a
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Jlnsi 3aKOHHOCTH 3TOTO TPIOKa HeoGXonuma cxonuMocTsb psna (7.4) x f(t), ans
yero TpebyeTcs nonHotra cuctemsl {@,} (cM. manee).

o KoadpduumeHTs! ¢,, 0becrieduBaioine MUHUMYM

b

/ [f(z) - z": ckm(z)] : dz — min, (7.6)

a k=0

onpenensiorcst popmysoit (7.5). (?)

o IIIupoko u3BecTHA 6a30Basi B TEOPUH padoe Dypbe TPUTOHOMETPHYECKAS CHCTEMA
I, cosz, sinz, ..., cosnz, sinnz, ..., (7.7)

0pMO2OHANbHAR 3 Ha no6om npoMexyTKe uHbl 27. Hopmuposanue (7.7) naet opmo-
HOpManbHYI0 CUCTEMY:

1 cos T sin cosne sinnz

E e T R

e OpTOroHaIM3aLIns COBOKYTTHOCTH cTeneHei {1, ¢, .. .} B L,|—1, 1] npusonur
K noaunomam Jlexcandpa

I dr(z?- 1)
PO = o — g
1
a B Ly,[—1, 1] c BecoM p(t) = —=—== — K noaunomam YeGbiwesa

Vi-t
T,(z) = cos (n arccos z).

OpToroHanu3auust Toi Xe COBOKYITHOCTH CTeNeHe! Ha (—00, 00) ¢ BeCOBOM (yHK-

2 -
umeit p(t) = e Bener x noaunomam pmuma, a B Ly,[0, 00| ¢ Becom pit) = %,
a > —1, — K noaunomam Jlazeppa.

LleHTpanbHbIif BOMPOC B pa3ioXeHUU (PYHKIIMI MO TO UM UHOM
OpTOroHaIbHOW cucTeMe {@,} — 9TO, KOHEYHO, noaHoma cucmembl
{pn}. ObLIME KpUTEPUM MPEABLIYLIETO Pa3/ieiia MPOBEPSIOTCS HA OCHOBE
arnnmpoKCUMAlIMOHHBIX TEOPEM.

7.3.1. Teopema Beviepwrpacca. /s nenpepwigroii ha [a,b] gynxyuu
f(t) u moboeo € > 0 6cec0a moxcro ykazame maxoi noaunom Pp(t), umo

|f(t) — Pu(t)] < € 0aa moboeo t € [a,b]. (7.8)

3 Venoene (7.2) nerko nposepsiercsi.
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IMpoue roBopsi, 06yt0 GyHkuuio f(t) MOXHO CKOJIb YTOAHO TOY-
HO paeHOMepHO amnIpOKCUMMPOBATh MOJMHOMOM. Pe3ynbrat, o4eBUAHO,
COXpaHsieTCsl ISl cJiyyast

Pat) =) ckQx(),
k=0

rae @, Hampumep, hoaunomw: Jlexcandpa. B COBOKYNMHOCTU C TeM
(akTOoM, 4TO YaCTUYHBIE CYMMBbI

> ckQi(z)
k=0

¢ kKo3dpdpuuneHtamu Dypbe 00eCrieYHBAIOT HAWIYYIIYIO anpoKCUMa-
uuio f(t) B cmbicie (7.6), 3TO rapaHTUPYET PABHOMEPHYIO CXOLMMOCTb
psna (7.4) x HenpepbiBHOI GyHKUMU f(f). A MOCKONBKY MHOXECTBO
HenpepbiBHbIX GQYHKUMI oTHO B Ly, To U — K moboir f(t) € L,
no HopMme L,, — 4TO yCTaHaBJIMBaeT noaHony cucmemsvt {Qn}.

CyliuecTByeT LeNblii psal pOACTBEHHBIX TeopeMe 7.3.1 pesynbsratoB. To xe caMoe
UMeeT MeCTO, Hampumep, ans GyHkuuii U3 L, c 3aMmeHoit HepaseHcTBa (7.8) Ha
@) = Pa®)l,, < ¢¥. Toaromy cucrema {1, z,z’,...} — nonxa B L,, paBHO Kak
n106as ee OpTOroHaIUu3aLus.

AHaNOrvMyHbIN Pe3ynbTaT CrpaBeyIuB U ISl TPUTOHOMETPUYECKHUX MOJTMHOMOB,
4TO B MTOTE YCTAHABJIMBAET MOJHOTY cucTeM Tuna (7.7).

Joxa3arenscTso Teopembi 7.3.1. PaBHoMepHyio anmpokcumaumio f(t) Ha [0, 1] (mpu
n — 00) 0beCcneynBaloT, HaNpuMep, noauHoms: beprumeiina:

2 k
B,(t)=Y f[-=)cka-t)*.
=3 (5)

BepHLuTeiiHY NPUHAANEXUT OCTPOYMHOE OOOCHOBaHME 3TOro (hakra Ha 0Oa3e
3aKoHa GONbLIMX YMCEN U3 TEOPUM BEPOSTHOCTEN. « B cuny HenpepbiBHOCTH, f(t) <
M < oo. Mo Toit xe mpuyuHe misg moboro € > 0 MOXHO yKasaTh Takoe &, 4TO
|£(2) = £(s)| < €, xax TonbKO |t — 3| < d. TTpu mobom ¢ € [0, 1]

I7(t) = Ba®l <D pk) + > p(k),

o) =|10- 1 (5)|ciea-o,

4 daxr OYEBUACH B KOHTEKCTE meopemv JIy3una.
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k
rae nepsasi cyMMa uner no k, [uisi KOTopeix |— — | < 4, a cyMMupoBaHue B Zz —
n

)

k
no |— —t| > 4. SIcHo, YyTO mMepBasi CyMMa MeHbilie €, BTOpasi — MeHblLe
n

Xi4..+X
2Mzzgo(k)=2MP{"+—nu—t’>6}.

3aKkoH GONBLIMX YMCEN IS 3TOM BEJMYMHBI JAET OLIEHKY CBEPXY o B pe3ynbrate

2né*’
|f(t) = Bn(t)] = 0 npu n — oo paBHOMepHO TIO £. B

7.4. ConpsiXeHHble onepaTopsl

HanoMmHum onpenenerue. Ecniu A — nuHeitHblit onepatop, To f(Az) =

(f, Axz) — ecTb HekOTOpbIii JUHEWHbIH GyHKUMOHAN g(z) = (g, T).
« *

Conpsaxcennuiii onepamop A* onpenensiercsi ycnopuem g = A* f, T.e.

(f, Az) = (A’ f, z).

WUHbiMU cioBaMH, ecnu GyHKuMOHan f(z) meHsercs Ha f(Az) B cBS3M C BO3-
NeWCTBUEM Ha T JMHEHHOTO mpeobpa3oBaHusi A, T0 A' MO3BONSET NOCTUYL TOTO Xe
pe3yssTaTa, He Tporas T, a Bo3neHCTBYys Ha yHkuuoHan: f = A*f.

B cnyuae Matpuu A’ nonyyaercss u3 A TPaHCOHMPOBAHMEM C TOCJEAyIOLIEH
3aMEHOIi 3IEMEHTOB Ha KOMILIEKCHO COMPSIXEHHBIE.

Crietinduka ruyiboepToBa NPOCTPAaHCTBA B YaCTH OMNpeIesieHUsI CKa-
3bIBA€TCS JIMIb B TOM, 4TO (f, Z) O3HAYaeT CKaISPHOE MPOU3BENEHUE.
CymectBenHo Takke H' = H, uto = u f ypaBHMBaeT B Mnpapax,
MO3BOJisisA B OOJIBIIMHCTBE CUTYyallUii CYUTAThb UX IJIEMEHTAMU OIHOTO

7
NPOCTPaHCTBA ),

Jlerko nmpoBepsI0TC CBOICTBA
(A+B)'=A"+B', (4B)=B'A’, (A)' =4, |4 =4l

Camoconpsaxcennwii (M 3pmumog) orepatop A ompenensiercs pa-

BeHcTBoMm | A* = 4 |.

%) 3necn X; =1 c BeposaTHocThIO ¢ M Xj = 0 c BepoaTHOCTbIO | — ¢,

9 Cm.: Boce B. Jlexumu no matematuke: BepositHocTb, MHGbOpPMaLMs, ctaTUcTHKA. T.4. M.:
YPCC, 2005.

n Jlo Tex nop, MOKa peyb He 3aXOIMT O Npeo6pa3oBaHMHU NMEPEMEHHBIX — cM. [3, T.3].
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HHrerpansHbiii onepatop (6.10) B L, ¢ sapom G (¢, 8) caMoconpsikeH MpH yCa0BUH

G(t,8) =G(t,9),

YTO B BCLUICCTBEHHOM Cy4Ya€ CBOOUTCA K CUMMETPUYHOCTH siapa.

CymMma A + B caMOCONpPsDKEHHBIX ONEPaTOpOB — CaMOCOMPSDKEHa,
Ho AB — HeoGs3atensto®) (HeoOxonuMMa M IOCTaTOYHA KOMMYTaTHB-
HOCTb COMHOXHTEJNEN).

Yr1ounenue. Brillie npeanosaraiock, YTo 00GIACThIO ONpPEAEIEHUS CaMO-
COMpSIXEHHOro orneparopa CiayXHT Bce npoctpaHcTBo H. Bonee ob6uiee
ornpeleneHe CaMOCOTIPSDKEHHOro oneparopa:

Dy=Dy u Ar =A'c Ha Dy

B cnyuae Dy C Dy« u onsith Taku Az = A*z Ha D4 onepatop A
Ha3bIBAIOT CUMMEMPUUHBIM.

Buauneiinbie n kpagparnunbie Gopmbl. GyHKUMOHAT OT ABYX NMEPEMEH-
HbIX (AT, y), rie A — caMoCONpsKEHHBII ONepaTop, Ha3bIBAIOT 6uAlU-
Helinoll, a (Ax, T) — keadpamuunoil Gopmoii.

CuTyalusi HE CUIBHO OTJMYAETCs OT TEOPUM KBAAPaTUUHBIX (HOPM
B R". Mepa cKa3aHHOTO BBISICHSIETCSI MPY W3YYEHUM CMEKTPATbHBIX
cBoiicTB (rnasa 10).

Tlone3HBIM MHCTPYMEHTOM SIBJISIETCA CHENYIOIMI MaJonpHyBieKa-
TENbHBIN C BUY pE3yJIbTaT.

7.4.1. Nemma. FEcau aunelinbiii camoconpaxcennblii onepamop A eénonne
HenpepbieeH U Ty, 2z, mo
(Azy, T,) = (Az, ).
<« OueBuaHo,
[(AZn, Zn) — (Az, T)| < |(AZp, o) — (Az, z4)| + |[(AZ, 2,) — (A2, 2)| <

20| A(@n = 2)Il - llzall - O,

NN

B cuy orpaHudeHHoctH {z,} (teopema 6.7.2) u ||A(z, — z)|| = 0, uyTO BbITEKAET
U3 KOMMNAakTHOCTH A. »

8) INpou3BeneHe CHMMETPUUYHBIX MATPULL HE 00s13aHO GbITb CHMMETPHYHOK MaTpHUlEil.
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JlemMma 7.4.1 BbIpyYaeT B CHUTyallMsiX, KOTa HEOOXOAMMO YCTaHO-
BUTb, YTO HEKOTOPHIi (PyHKLIMOHAJT TOCTUTAET CBOETO IKCTPEMYMA.

7.4.2. Teopema. Keadpamuunas ¢opma (Ax,T) c camoconpsxcennsim
KoMnakmubim onepamopom A Ha eOuHuuHoU cgepe docmueaem ceoezo
MAKCUMYMa U MUHUMYMA.,

<« [lycts

(Az,, z,)| = sup {|(Az,z)]} npu n — oco.
llzll=1

IMockonbky enHUYHBIHA Wwap B H ¢nabo KoMnakTeH, u3 {Z,} MOXHO BbIGpaTh MOAMO-
CJle}J.OBaTeJ'leOC\Tb, cnabo cxomsiylocs K HekotopoMy z. [lonkiioueHue nemmbl 7.4.1
maeT
[(Az, z)| = ”shlpl{I(Az, z)}. »
r(|=

‘Yuuraphbie oneparopbl. [Ipeo6pazoBaHye S Ha3LIBAIOT YHUMAPHbIM, ECTI
OHO He MEHsSIET IUTMHY BEKTOpPOB (HOpMYy),

(z,z) = (Sz, ST) = (z, §*ST) = (S*S*, T),

orkyna §*'S = §*S = I, uto o3nauaer | S* = 5! |.

7.5. 3apaun v ponNonHeHus

o Teopema. Camoconpaxcennwiii onepamop A, onpedeaernnoiil Ha 6cem npocmpancmee H , —
Henpepolger i

<« B npeanonoxeHuu MpOTMBHOTO Ha eAMHUYHOI cdepe HaiineTcst mocienoBa-
TenbHOCTb {Z,}, Ha KOTOPO# ||AZ,|| = 00. PyHKUMOHANBI

pn(z) = (T, Azy)
JIMHEHBI U MOTOYEYHO OrPaHUYEHBI:
lon()| = {4z, z,)| < ||Az]| - |lzall = ||A2].
IMoatomy (o meopeme banaxa—IlImeianeay3a) vx HOPMbI PAaBHOMEPHO OTPAHMYEHBI

(llgnll < M < 00), uto B cuny ||@pl| = || Az, || uckmouaeT BosmoxHOCTb || AZ, || 2 00. >

e B runn0epToBOM MpOCTPAHCTBE MOMMMO OCHOBHOTO OMNpene/ieHUs BITOJIHE
HEMpEPBIBHOTO OMnepaTopa NeHCTBYeT 3KBUBAJICHTHOE: ONepamop 6noiHe Henpepuieex,
ecau OH 8CAKYIO CAa00 CX00AUYIOCH NOCAe00BAMENLHOCT NEPEBOOUM 8 CUALHO CXOOAUWYIOCA.

9 T. e. cuMMeTpUs BiiedeT 3a CoB0if OrpaHUYEHHOCTb, @ 3HAYUT — M HENPEPBIBHOCTD.
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e B 6aHax0BOM MPOCTPAHCTBE MOCAEIOBATENBHOCTD BIOXEHHBIX 3aAMKHYTBIX BbI-

1
MYKJIBIX OrPAaHUYEHHBIX MHOXECTB MOXET UMETH MYCTOE MEPECEYEHUE 9 B runbbepTo-
BOM TIPOCTPAHCTBE Takas [0C/eA0BATEbHOCTb BCEr1a UMEET HemycToe nepecedeHye. (7)

e Jlioboii onepatop A, neicTBylOlMiA B rHIbOEPTOBOM MPOCTPAHCTBE, YAOBJE-
TBOPSIET COOTHOLLEHHUSIM:

R} = ker 4°, (ker A)* =Ry, (D)

o [Ipu n3yuyeHun GunrHeR HbIX GoOpM pacripocTpaHeHa creunuyeckas (He COBCeM
ynauHast) TepmuHonorus. Oyukuus ¢(z,y) aByx aprymeHToB T,y € H HasbiBaetcs
noaymopanuneiinoil popmoii, ecn OHa TMHENHHA MO T U «COTPSKEHHO JIMHEHHa» no y:

¢(z, ay + Bz) = ap(z, y) + By, 2).

TIpuMepOM MONYTOPAIMHENHONM (HOPMbI SBISETC CKANAPHOE TpousseneHue (T, y),
a Takxe OuMHelHas ¢opma (Az, y).

o JIvHeitHbII1 onepaTtop A, AeHCTBYIOIMI B BEIIECTBEHHOM I'MIbOEpTOBOM IpoO-
crpaHcTBe H, momyckaet mnpeactaBieHde A = A; + A,, rae A; caMOCONpSIXKEH,
a (4z,z) =0,

1 1
A] = §(A+A*), Az = E(A— At)

00 .

sinkz

e Pan E nk CXONUTCS MPH IIOOOM IeHCTBUTEIbHOM & K HEKOTOPOH (PyHKLIMH
k=2

f(z), He unTerpupyemoit no JeGery. (?)

1) Ho ecnu 310 nocnenosaTenbHOCTh LIapoB, TO NEPECEYCHUE HEMYCTO.
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Ob6obuyenHble PpyHKUNHN

Teopus 06061LEHHbIX (YHKUMIT NOAPOOHO usnaraetcs B [4, 6, 17]. B [17] 0606uieHHbie
(byHKUMH Ha3bIBAIOTCS PAacTpeldeNeHMsIMM, KaK MX Ha3blBaJl OOMH M3 PONOHAYaIbHH-
xoB Teopun JI. IllBapu"). D10 Ha3BaHME MMEET CBOM TUIOCHI, BBI3bIBAsl TMONE3HBIE
¢GU3MYEeCKUE acCCOLMaLIMM.

8.1. OCHOBHb!E NOHATUS

Mneonorusi COOTBETCTBUA NMPU ONMUCAHUU TMJIOTHOCTEN pacnpeneieHust
KaKMX-JTM00 HU3NYECKHX 3apsiIoB AaeT cOOi B Cilyyae <«BbIPOXKIECHHUSI»
(TOueuHbBIE MacChl M MPOYHE «HEMPUATHOCTH»). DTO MPUBOAUT K MBIC-
NY onuchiBaTh GYHKUMKM f HE Kak MeXaHM3M COOTBETCTBMS, a KakK
dyHkLMOHaN

(f.0) = / f(@)p(z) da (8.1)

Ha HEKOTOPOM NoaxozsiiueM npoctpaHcTe D dyukumit ().

[Ipy KOCTATOYHOM aCCOPTUMEHTE BNEMEHTOB () Wisi OOBIYHBIX
byHkunit f # g Haiinetcst aneMeHT ¢, € D, nosponsiowKii OTIMUKUTL f
oT g:

(f,0,,) # (9, 0,,)-

CMellleHUs, TakuM 00pa3oM, He mnpoucxonut. Crapble BO3MOXHOCTH
COXPaHSIIOTCS, MOSABISIIOTCS — HOBBIE.

IIpoctpancreo D ochoBHbIX yHKIMIi. Ycrex nejia BO MHOTOM 3aBUMCHUT
OT TOTO, HaCKOJIbKO YIayHO onpeneneHo npocmparwcmeo D. B uctopuue-
CKOI peaJIbHOCTU BBIOOP OMUPAETCS HAa METOA MPoO M OLIMOOK. B KHUTH
MOMNajaeT rOTOBbIA pe3yJibrar.

D [Mepsas paGota no Teopun o6o6uEeHHBIX hyHkumit npuHamwtexur C.JI. Cobonesy (Matem.
c6. 1936. 1. C.39-72). JI. [lIsapu Heckonbko no3xe (Theorie des distributions, I-II. Paris,
1950-1951) npeanpuHsLI CUCTEMATHYECKOE UCCIIEI0BAHHE.
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MHoxectBo D onpenensieTcss Kak COBOKYMHOCTb QQUHUMHbIX QYHK -
yuii, HenpepbuIiBHO aUddepeHIIMpYyeMbIX JTI000€ YHUCIIO pa3 2,

Henpepwignas gynkuus @(x) Hasvieaemcs ¢unumnoii, ecau obracmo, 6 komopoil

p(z) # 0, — oepanuyena 3 3amvikanue obracmu, 20e p(x) # 0, umenyemcs nocumenem
() u oboznavaemca kak supp p. Pasnvie dynxyuu u3 D mozym Goime omauuns om wyas
Ha pa3snsix o6aacmax (y kaxcdoii ceoii Hocumens).

OuesunHo, ) — nuHelHoe npoctpaHcTBO. Tomonorus B D BBO-
JUTCS CIENYIOIMM 00pa3oM.

Iycts D, 0603HaYaeT COBOKYMHOCTh (PUHUTHBIX (PYHKLMHA, HOCUTENH KOTOPBIX
npHHaaiexar cermenty [—a, a]. Tononorus B D, onpenensieTcs CUCTEMOI MOJTYHOPM

k
Pra(T) = sup { Z lz0)(t)| : t € [-a, a]}. (8.2)

§=0

Ecau a B (8.2) 0cBOGOANTD, M C MOMOLUBIO 3THX MONYHOPM BBECTH TOMOJOTHIO
B ), — monyduTCa TOMONOTHsl, MHAYLMpOoBaHHas U3 C*™(—00, 00). Ha camom mene
UCMOJb3YeTC UHOM pelenT U apyras Tornonorus. JlokanbHas 6a3a Hyns B D crpoutcst
M3 BCEX BBIMYKJIbIX YPABHOBELLEHHBIX M MOTJIOLIAIOIIMX MHOXECTB, KOTOpbIE B Mepece-
yeHUu ¢ KaxapiM D, naiot okpectHocTd D,. B pe3ynsrate D cTaHOBMTCS JIOKAJIbHO
BBIMYKJIbIM HEMempu3yemMblM NPOCTPAHCTBOM.

KoHeuHo, Takasi KOHCTPYKLMSI BLLIJISIAUT 3ayMHO, U HE OYEHb SICHO,
YeM He yCTpauBaeT MHOroobpasue GUHUTHBIX QYHKIIMI C TOMONOTUEN,
MHIyLMpoBaHHO# U3 C™? Ho nocnenHuii BApuaHT paBHOCUAEH UCTIONb-
30BaHMI0 MUHHOTO I0JISI MOX KapToILKY. leJio B ToM, yTo [D B Tononorun
13 C™ HenosHo, B pe3ynbTaTe 4ero GyHIaMEHTATbHbIE OCTEN0BATENb-
HOCTH {pn} MOTYT «cXOmMThCS» K (YHKUMSIM C HEKOMITAKTHBIM HO-
CUTeJieM, — M pa3roBOP O HEMPEPBIBHOCTH JTMHEHHBIX (YHKLIMOHAIOB
Ha [D TepsieT CMBICT CO BCEMH BbITEKAIOLLMMHU MOCIEACTBHSIMHU.

Ot1ka3 Xxe oT (GUHUTHOCTU OCHOBHBIX (DYHKIHMMA MJIOX MO IPYroi
npuunHe. UHTerpaibi (8.1) cTaHOBSITCS HECOGCTBEHHBIMHM HE TOJIBKO

4
no GopMe, HO U MO CYTH, YTO 3aBOAUT CUTYALIMIO B TYMHK ),

) B xusnn HMKOTZA He yNaeTcs PeLMTb YTo-HMOyAb pa3 M Haecerda. Bce Bpems TpeGyercs
ru6kocTb. BapuaHT BriGopa D He siBsieTCs eMMHCTBEHHBIM. it ApyTHX Leneit 6onblie noaxoasT
npyrue cnoco6sl 3aganust . B yacTHOCTH, — npy u3yuyeHuu npeobpasoBaHust Pypbe 06061LEHHbIX
dyHkuwmit [6].

3 UsmepuMas yHkuus ¢(z) dunumna, €Clv MMeET OTPAHUYEHHBIA HOCUmMeab — HauMEHbLLee
3aMKHYTOE MHOXECTBO SUpp ¢, BHE KOTOPOro ¢(Z) = 0 MouTH BCIOdy.

4 Hanpumep, npu onpenenexuu auddeperumpopanus. M He Tomnbko.
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Cxomumoctp B [D. BBeaeHHasi TONoorusi MopoxaaeT crneuyduueckyio
CXOAMMOCTb: MOCEA0BaTENbHOCTh ¢, C D cxomutcs K ¢, ecnu 00b-
eqMHEHNEe BCEX HOCUTENEH,

o0
Q= supp n,

n=1

k
OrpaHUYEHO 5) , U MPOU3BOIHBIE goi, )(:c) moboro ¢pUKCUPOBAHHOTO MO-

panka k cxomsTcs K <p(k) (z) pasHoMepHO Ha ().

Tomonoruio B I MOXHO 6bLIO BOOGILIE HE OMUCHIBATh, OrPaH UYMBLUMCDH OTIpEaesie-
Huem cxommoctn ®. Ho MpUMEP HEMETPU3YEMOM TOMOJIOrMH, LHPOKO MCMONb3yeMOi
B MPUKJIAIHBIX 3aHayax, ObUIO Obl XajKO YMYCTUTb C TOYKHM 3PEHHS JEMOHCTPAaLlMOH-
HBIX LeNeil. D10 Bo-NepBbiX. BO-BTOpBIX, SIBHOE yKa3aHHE TOMOJOTMU CIIOCOOCTBYET
PacCMOTPEHUIO psiiia BOMPOCOB OGOCHOBAHMSI, KOTOPBIE 31€Ch OOXOIATCS CTOPOHOM.

8.1.1. Onpepenenve. Bcakuii auHeiinbili HenpepbiéHblll  QYHKYUOHAN
(f,p) na D nassieaemcs obobuenHoli hynkyueii.

HenpepbiBHOCTh (PyHKLIMOHAIA TTIOHUMAETCS KaK

on—=9 = (foon) 2 (f,0),

rae ¢n, — ¢ o3HayaeT BBeAeHHYO B D cxonumocTtb. CrnoxeHune QyHK-
LHOHATOB (0600LIEHHBIX QYHKLMIA) U YMHOXEHHE HA YUCIIO OMNpeaeNns-
I0TCSI €CTECTBEHHBIM 00pa3oM:

(f+g,0)=(f.0)+(g,9), (af,p) =a(f, p).

H3-3a Hacroenus noHamull 603HUKaem HeKomopas HeyKalo-
ocecmb. Xopowo 66110 661 20860puMb NPOCMO 0 PYHKYUOHANAX,
Ho éexmop f(x), c noMowbio Komopoeo 3anucvieaemcs QyHk-
yuonan (8.1), noayuaemes kak 6b1 «enaenee» — u Kaaccugpu-
yupyemcs Kak o6o6uwennas giynkyus. B pezyabmame meopus
passueaemcs ¢ nomoubio @yHkyuoHanoe [, apzymenmamu
komopoix cayncam ¢ € D, a ¢ yme depwcamca pynkyuu f
¢ apeymenmamu T € R.

9 Te. nce ¢n(T) paBHbI Hy/IO BHE OrpaHUYEHHOI obnactu 2.
©) Tem Gornee YTO CXOMUMOCTb ONPeAENsET TONONOTHIO.
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He xaxnwiit pyHkuroHan Ha [D MoxeT ObITb MpencTaBieH B BU-
ne (8.1). Ecnu 310 BO3MOXHO, — 0000IEeHHYI0 yHKumMio f(T) Ha-
3bIBAIOT peeyasapHoli. K perynsipHbIM OTHOCSTCS OOBIYHBIE (YHKIHUU.
Unrerpuposanue B (8.1) — dakTyecku Mo orpaHU4YeHHON 00NacTH
(B cuny GUHUTHOCTH () — yNPOLLAECT CUTYaLIUIO, MOHMXast TPEOOBaHHUSI
K f(x) no aokansnoli cymmupyemocmu. Jiisi KyCOYHO-HENpPEPBIBHBIX f(ZT)

JIOCTAaTOYHO MHTErpupoBaTh No PuMany, mist uaMepumbix — 1o JleGery N,

[IpecnoBytas deasma-@ynkyusn 6(x) — ectb GyHKIMOHAN, AEHCTBY-

ownit B D no npasuny | (4, ¢) = ¢(0) |. B pamku (8.1) 310 He ykia-

ObIBACTCA, HO OJIA OOCTHUXKECHUST e):lMH006pa3Mﬂ YUCTO YCIIOBHO MUIIYT
o0
6.0 = [ @)p(@) da. (83)
—00

Hpyroe npeno uto 3anuch (8.3) MOpaibHO OMpaBIAHHA B CJy4ae CXOMMMOCTH
byHKUMOHANOB 8 fa — 0, KOTOpBIE OTBEYAIOT OOBIYHBIM (DYHKUMAM, U TOrIA

o0 (o4}
/ fu(@)p(@) dz - / 5(2)p(z) de.
-0 -0
B kauecTBe f,, MCMONB3YIOT «€AMHUYHbIE MMIYNbCh» Pa3TuyHoi ¢opmsl. Hanpumep,

—n2z2)2 n I sinnz

falz) = \/%e , fn(z) = (i)’ fa(z) =

Tz
DTU npuUMeEpbl HAMOMHHAIOT, YTO HOCUTENb caMOM 06OO6ILEHHON Q)yHKuun9)

(B otnume ot dynkuuit u3 D) He 06s13aH ObITH OrpaHUYEHHBIM.

Cxomumoctsh 0600mennbix dynkumii. [TocnenosatensHocts {fr} 0606-
LIEHHBIX (YHKLUNA HAa3bIBAIOT cxodauwieiica k 0606wennoli gynkyuu [,
ecnu (fn, ) = (f, ¢) ansa moboit dyHkumu @ € D.

TakuM o0pa3oM, CXOOMMOCTh 00OOLIEHHBIX QYHKLIMH — €CTb HOo-
moueunas cxo0umocms @ynkyuornanoé (HO HE MOTOYEYHAsT CXOAMMOCTD
caMux 0606LIEHHBIX DYHKLMA).

") ByHKuMHM, MHTETPUPYeMble TO MIOGOMY OFPAHMYEHHOMY MHOXECTBY, MPUHSATO HA3bIBATh
A0KAAbHO unmezpupyemvimu (CyMmMupyemoimu).

® Cum. Huke.

9 Hocutenb 06001eHHON yHKUMHM — €CTb MUMHUMAIbHOE MO BKIIIOYEHUIO 3AMKHYTOE MHO-
%ecTBo supp f Takoe, uto {f, ) = 0, ecnu Hocutens @(z) He nepecekaercs ¢ supp f. Hocurtens

4(z) — {0}.
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Ecnu Ob1 mpoctpaHcTBO D ObUIO GaHaXOBBIM, MOXHO OBLIO OBl
rOBOpUTH O cnaboi 10) CXOOUMOCTH (DYHKLIMOHAJIOB, O COMPSDKEHHOM
npoctpaHctBe D' M 06 ycTaHOBNEHHBIX paHee (DAKTaX OTHOCHTENb-
HO TakuXx 00beKToB. OgHako ) — He 6GaHax0BO, HE HOPMHUPOBAHHOE
Y J1aXe He MeTpuuyeckoe mpocTtpaHcTBo. Ho 310 Bce-takuM «xopouiee»
POCTPAHCTBO, M MOTOMY 0603HayeHue D' 11l COBOKYMHOCTH (byHKLIM-
oHayioB Ha [D ¢ yKa3aHHOI CXOAMMOCTbIO — B OMNpENeNIEHHON CTENeH!
omnpaBaaHHoO. Jlanee MOXHO pa3BMBaThb TEOPHUIO «CjabOi CXOOUMOCTH»
(yHKLMOHAJIOB, AE/CTBYIOLIMX B COMPSKEHHOM MpocTpaHcTBe DF.

MpoctpanctBo D' nonHo, mockonbKy GyHmameHTanbHOCTb {fn}
B yKa3aHHOM BbILLUE CMBICJE O3HA4YaeT CXOAMMOCTb YMCJOBBIX MOCJE-
nosarenbHOCTEN (fp, (0) TPHU JTIOGOM , HO TOTAA MOTOYEUHBIH Mpeaen
€eCTh HeNpepbIBHbII JMHelHbI byHKuMoHan (f, p) € D*.

3amena nepementbix. DOpMynbl co6uea M yMHONCEHUSA,

(f(z—u), ) = (f, p(z +u)),
8.4
(f(yz), ) = ™' <f(z),sv ($)> : (84

MOJIYYaloTCsl KaK HEMOCPEACTBEHHbIE CEACTBUSI CBOICTB MHTETPUPOBAHUS — C JO-
GaBleHUEM MpPEAEILHOTO Mepexoaa, ecnu GpyHKLUMOHAN He 3anucbiBaetcs B Buae (8.1).
Monynb Ha 9y MOSIBSIETCS B CBSI3M € TeM, 4TO NpH Y < 0 3aMEHa NepeMEHHbIX ¥ = YT
MPOU3BOAMT POKMPOBKY INpENEIOB MHTETPUPOBAHMS, U MPH BOCCTAHOBJICHUU CTaTyC-
KBO MOSIBNISIETCS. MUHYC.

®opmynsi (8.4) B 06LIEM ClTydae 3aBUCAIOT B cepeaHe myTH. [Ins nensTa-hpyHKUNM
uTor Gonee KOHKPETEH:

0z - u),p(@) =),  (6(12), p()) = IY["'9(0).
JluHelHas 3amMeHa az — § = y NPUBOAMT K
a (B
(btaz ). w(a) =lal v (%)
4TO TO3BOASET TOBOPHTH O paBeHcTe d(az — ) = |a|™'d(z — B/a). B Gonee obwem
cnyyae QyHkuun f(z) uz C° C MPOCTBIMH HyNIMM — aHAIOTUYHO TONYYaeTCs

¢dopmyna ;
)= 3 de-z)

st 11 (@)l
B yacTtHOCTH,
iz -1)
—3

dz-1) + dz+1)

2 _ =
o(z" - 1) 5 5

i’ -1) =

19 Tounee, (*)-cnaboit.
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8.2. AndPpepeHumpoBaHue

B cuTyauuu, korga 06061eHHas GyHKLMS perysipHa, T. €. peicTaBuMa
B Buze (8.1), HHTErpMpOBaHUE MO YACTSM MPUBOAMUT K

[ 1@ = 1@pe|" - [ 10¢ @ .

a MOCKOJIbKY
o0
f(@)e@)| =0

B CUJIy GUHUTHOCTH (0, BO3HUKAET NMPOCTOE NPAgUa0 nepeOpocKu npous-

.11
eodnoii "V

(f o) =~(f.¢). (8.5)

Ecnu xe dyHkunoHan f He npenctaBum B dopme (8.1), Ho fr, = f,
rae BCe fp PETYJAPHBI, TO

(for @) = —{fns0) = (£, ==(F 0),

YTO MO3BoJsieT cuuTath Gopmyny (8.5) ompeneneHueM npou3gooHoil
0006wenHoll hyHKyuu HE3aBUCUMO OT criocoba TpencTaBjieHUsT (QyHK-
LIMOHaJa.

[MocnenoBarensHoe npuMeHeHue (8.5) k pas naet dopmyy s k-ii
MPOU3BOAHOIA:

(1Y, o) = (- 1)*(f, o®). (8.6)

B cootBetcTBMH C (8.6) k-5 npou3BoaHas AenbTa-GyHKLMH OINpe-
npensieTcss GyHKIMOHAIOM

(0®, ) = (=1)*(3, p®) = (- 1)*M(0),

1D Mpu 3toM auddepeHMpyeMbIMM B 06061LEHHOM CMBICTIE OKa3bIBAIOTCSl Pa3pbiBHbIE M BO-
obuue u3MepuMble GyHKUMU. TXECTb OnepaLuy NepekianbiBaeTCs Ha ruiedu ¢(z).
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y 2
a npou3BoHast gyukyuu Xseucatioa (edununoeo ckauxa) ' ) oxasbiBaeTcs
paBHoii 0(z). leiCTBUTENBHO,

o0

<mw=—wwv=—/¢uMz=wm=wwx
0

otkyna ' = 4.

JuddepeHnpyeMocTb 63 BCAKUMX OTPaHUYEHUIT — OHO U3 IJIaB-
HBIX JOCTHXEHUI TEOPHUM 00001EHHBIX (PYHKLIMIA, TOYEMY, COOCTBEHHO,
TOCNEAHSIS LLIMPOKO MpUMEHsieTcsl B I GEepeHIIMATbHBIX YPaBHEHMUSX.
BaxHo u npyroe. B ompeneneHHOM cMbICiie Ha O0OOLIEHHbIE (PYHK-
LIMA MOXHO CMOTPETbh KaK Ha 0000llEHHbIE MPOU3BOAHbBIE HEMPEPHIB-
HbIX QYHKUMIA. [denbra-hyHKLMsI, HapUMep, €CTh BTOpasi MPOU3BOAHAS

f(x) = 5|:1:| 3a getansiMM TOYHBIX HOPMYJIMPOBOK MOXHO OGPaTUTHCS

K [6,17].

8.3. CBepTka 0600L1eHHbIX PYHKLMA

CBepTka 0ObIYHBIX (PYHKIIMIA OTNpENensieTcs: Kak

Hy=/ﬂwwmw@- (8.7)

Tak xe MoxeT ObIThb omnpelesieHa CBepTKa 000OILIEHHBIX PETyJsip-
HbIXx ¢yHKUMA. Pasymeercsi, HyXHbl oroBopku. ®opmyna dopmyoi,
HO NMPaBUJIO IOJKHO IOTTYCKaTh pEAIM3aliMio U He BHIBOAUTD 3a Mpeeibl
urpooro mnois. [Tpolie roBopsi, MHTErpajl H0JIXeH OpaThCsi M CHOBA Jia-
BaTh peryyasipHyto ¢yHKIIMIO. st 3TOro 10CTaTOYHO, HANPUMED, YTOObI
ofaHa u3 GYHKIIMI MMela OTpaHUYEHHBIA HOCUTENb.

OnpeneneHne CBEPTKU HEPETYNAPHBIX GYHKIIMIA CBSA3aHO C MPEOIO-
JIEHUEM HEKOTODPBIX TEXHUYECKUX MpENATCTBUiA [4, 6, 17|, Ha KOTOpbIX
B IAHHOM KOHTEKCTE HE MUMEET CMbIC/IA 3aiepXUBaThcs. [{1s NajibHeH11Ie-
ro JI0CTATOYHO OrPaHUYMTHCS CIIy4yaeM, Koraa ogHa U3 aByx GyHkuui f

Moz >0)=1un6(<0)=0.
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Wi g — siBisietcs: nensra-gyHkuueit. Torna
61 = [ de-n1w ay= [ s@5(e - 2)dz = f(o)

JIErK0 OOOCHOBBIBAETCSI C MOMOLLBIO cxomsiluuxcs K 0(z) nocnenosa-
TEBbHOCTEI PErysIpHBIX (PYHKLMMA.
IIpu 3ToM, oueBUOHO,

d d

0 af
E(d*f)za*fzd*

EB_’

YTO SABJISICTCA YACTHBIM CJ1ydacM 06Uler0 npaBujia ﬂnd)d)epeHuMpOBaHMS{
! 1]

ceeptky, | (f*g) = (f'xg) = (f*g) |.

8.4. AndPepeHumanbHbie ypaBHEHUR

B Teopun 0600LIEHHBIX PYHKIMUK pelIeHUE JTUHEHHBIX auddepeHLu-
JIbHbIX YpaBHEHUH

Lz(t) = f(t), (8.8)

- !
roe Lz = z™ + alzc(" D +...4+ap—1T + apT, OCHOBBIBAETCS Ha PyH-
O0ameHmanbHOM peuleruu, YIOBJIETBOPSIOLLEM YPaBHEHHUIO

La(t) = é(t).

Ecnu Z(t) dpyHoameHTanpHoe peiieHue, To peiuerue (8.8) nomyyaercs
cBepTKoii T(t) ¢ npasoii yactolo f(t), MOCKOMBKY

LExf)=(ILzxf)=(@xf)=]f.
B ciiyyae HeaBTOHOMHOTO ypaBHEHMU,

Lz =z + a,(0)z" " + ... 4 ap 1 ()2 + an(t)z,

JeTaniu3auus npouecca BumsaauT Tak. [lycts G(t, s) 0603HauaeT pyHAaMEHTATbHOE
peweHue ypaBHenuss LG(t, s) = 0(t — s). YMHOXeHMe mocneaHero Ha f(s) M uHTe-
rpuposanue no s gaet Lz(t) = f(t), T.e.

a(t) = / G(t, 5)f(s) ds, 8.9)

rae saapo G(t, 8) Ha3bIBAKOT Takke ynkyuel Ipuna.
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B aBroHoMHOM ciy4ae G(t, 8) siBnsietcst GyHKLUMe oqHOro napamerpa 7 =t — s,
1 BMecTo (8.9) nonyyaetcst

z(t) = / G(T)f(t —7)ds.

8.5. Pacxopsiumecs paabi

Jlio6as aokarbro unmezpupyemas ynkyus 13), Kak 0000LIeHHass, — aud-
dbepeHLIMpYETCSI CKOJIBKO YIOAHO pa3, 6e3 BCaKux npobaeM. bosee Toro,
ecnu fo = f,1ou fr, = f. Aecniu Ha f, = f cMOTpeTh KaK Ha ya-
CTUYHBIE CYMMBI HEKOTOPOTO psila, TMOJyYyaeTcsl yAUBUTENbHAsI BElllb.
Cxonsiyicst psaa MOXHO CKOJIBKO YTroAaHO pa3 auddepeHIInpoBaTh, OH
oyneT cxonuThesi. Pasymeercsi, B 0000IIEHHOM CMEICIIE.

Hanpumep, psn ®Pypne

> sinkz
> . (8.10)

k=1

CXOZMTCS K Pa3pblBHOI mnepuoauueckoil pyHkumu f(x), NMpMHHAMAIOILEN 3HaYeHWs

Ha BHyTpeHHOCTH mpoMexyTka [0, 2r] u f(0) = f(2r) =0.

l 00
06o6IeHHas pou3ssonHas f () = -3 +r Z d(z — 2m). C apyro# CTOPOHBI,
-00

nowieHHoe auddepeHurponatue (8.10) qaet pacxomsuicss B 0OGbIYHOM CMbICHE DAL

00
Z cos kz. Ho o6a pe3ynbrata xak 060611eHHbIE GYHKLUMHM — PaBHBI APYT APYTY,
k=1

00 l 00
Ecosk:c =-3 +Z«5(m —2m).
k=1 —00

OTO cHacjio MCUXOJIOTUYECKOE 3N0pPOBbE MHOTMM (HU3WKaM, TI0-
TOMY YTO B KBAHTOBOM MEXaHUKE PACXOMSIIUECS WHTErpajibl U pSabl
JIOJITO€ BpeMsi ObUIM MCTOYHMKOM HeBpo3oB. Ho momoruieka ucropuu,

KOHC€YHO, HE B TOM, YTO MAaTCMAaTUKHU YCTAHOBWJIH CXOAMUMOCTb pacxo-
o0

JSIIIAXCSI UHTETPaJIOB U psnoB. Psn E C0s kT CXOOMTCS M PACXOAUTCS

k=1
oqHOBpeMeHHO. Borpoc B ToM, Wist 4yero oH ucnonb3dyetrcsi. Eciau ¢du-

TYPHUDYET TOJIBKO B NMPOMEXYTOUHBIX BBIKJIaAKaX, HO B UTOre¢ nomnamacTt

) HHTerprpyemasi Ha JIOOOM KOMTIAKTe.
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noa ryCeHuLbl UHTErpUpPpOBaHUsA, — €ro MOXHO CUMTATb CXOASILIMMCS

KaK 0000IIEHHYI0 (DYHKLMIO 14)

Pacxoasimmecss uHTerpanbl. [TpoGiiema pacxomsiliMXxcsi MHTETpajioB He-
CKOJIbKO 1IMpe. B 0THOM M3 BapMaHTOB OHA MMEET TO X€ MPOUCXOXKIE-
HHUE, YTO ¥ B ONIUCAHHOW BBIILIE CUTYaLIUU.

[s o]
N p(z) dx
BOT npyron anMep: —_— BleOZl U3 MOJIOXEHUSA BO3BMOXEH, €CITH TOMY
T

-00
6naronpusaTcTBYIOT 06CTOsITENLCTBA. HanpuMep, ecTb pe3oH B

00 00 00

/M:/ o) =e0) 2O,

—00 -00

BO BTOpPOM CJjlaraéMOM, HHTErpajl NMOHHUMATb B CMDLICJIE TJIABHOTO 3HAYCHMA. Torna

0
) p(z) dz N
npoGnema OC060H TOYKH B HYJI€ CHUMACTCHA, U ~——— OKa3bIBA€TCA JTUHEUHBIM
T

—00

dyHkuuoHanoM Ha D, onpeaensitounM 06061EHHYI0 GyHKUMIO 1/,
OO6muMiA moaxod K Takoro poja mnpobieMaM 3akJiloyaeTcsi B pe-
o)

2YAAPU3AUUU UHMe2PAN08 / f(@)o(z)dz, toe y f(xr) — xoneunoe
—00

YUCJIIO OCOOBIX TOYEK Ha JIIOOOM OrpaHUYEHHOM IMpoMexyTke. st
¢dynkuun f Beimensietcss noanpoctpauctBo Dy C D dynkumit ¢(z),
0o0pallalouXcsl B HYJb B HEKOTOPBIX OKDPECTHOCTSIX OCOOBIX TOYEK
¢dyukumu f(x). Ha Takux (yHKUMSIX MHTErpas CXOOMTCS, ONpenesis
dynkumoHan (f, @) Ha Dy. 3ateM dyHKUMOHAN HEMPEPHIBHO MPOAOJ-
xaetcsi ¢ Dy Ha D (npu 3TOM BcioMuHaeTcst meopema Xarna— banaxa),
YTO M Ha3BIBAIOT peayaspusayuell unmezpana [6).

) 310 XOPOLUMH MPUMEP Ha TeMy HEOOXOAMMOCTH MOHUMAHUSI OOCTOSITENIBCTB 3a KaAPOM.
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YpasHenns

9.1. JInHeiHble ypaBHEHUS

JIuHeitHast anreOpa B U3BECTHOM CTEMEHU SIBJISIETCS «MTOTOM Pa3MbII-
NieHui» Hal ypaBHeHUsIMU AT = y ¢ Matpuueii A. OTnpaBHON TOYKOM
(byHKIIMOHATBHOTO aHaNKM3a TaKXKe MOXHO CYUTATh ypaBHEHUE

Az =y

¢ JIMHEMHBIM onepatopoM A : E| = E,.

Ha nepBblil B3I/, JOCTaTOYHO MOTPEOOBATh CYILIECTBOBaHMS 00-
paTHoro ormneparopa. Torma T = A*ly — ¥ Bech pasroBop. OmHako
TIpUMEP TOM Xe JIMHEHOI aireOpbl MOKa3bIBAET, UTO 3TO AAJIEKO HE Tak.
B 0ecKOHEYHOMEPDHOM Cllyyae MOSBJSIIOTCS NOMOJHUTENIBHBIE «BETpSi-
Hble MEJIbHULBI», B CBSI3U C YeM BO3HUKAIOT BapuaHThl [14]. YpaBHenue
Ax = y Ha3bIBaETCs KOPPEKMHO pazpeuumsim, €Cii OOpaTHBIN onepaTop
A7 CYILIECTBYET M OTPAHUYEH; HOPMAALHO DA3PeUUMbIM, €CTTA 001aCTh
3HaueHUl R4 3aMkHyTta B F,; naommno paspewumbim, ecii R4 TJIOTHO
B E,. U 3710 najiexo He Bech AMANa3oH pa3Hoobpasus — cM. [14].

B npukinanHOM OTHOILEHUM UHTEPEC MPEACTABISIIOT YaCTHHIE KJlac-
cbl ypaBHeHMH. OOuIMe BOMPOCHl MMEIOT OoJiee aKaAeMUYECKH Xa-
paKTep W, B NpPUHIIMIE, PEIIAIOTCSI HA OCHOBE TEOPETUYECKOM 0a3bl,
OMMCcaHHOM B IMasax 6, 7.

IMpuBeneM psin yTBEPXIEHUN, KOTOPblE MOXHO TPaKTOBaTh KakK
YIIpaXXHEHUsI D, IMox opTOroHaNBLHOCTBIO Aajiee MoApa3yMeBaeTcs 6uop-
MO2OHANbHOCMb, TUO0 MOXHO CUMTaTh, YTO PeYb UIET O THJILOEPTOBOM
TTPOCTPAHCTBE.

o SI0po conpaxcerH020 ONEPamMoOpa A6AREMCA OPMOLOHANLHbM OONOAHEHUeM K obaacmu
3nauenuil (06pasy) ucxodHoeo onepamopa.

H Jloxa3aTenbCTBa, B KpaHEM cllydae, MOXHO HaiiTh B [14]. CMm. Take crenyiowmit paszen,
TJIe MOXHO TMOYEPITHYTh HEKOTOPBIE CXEMbI PACCYXIEHHUIA.
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o /i HOpMANbHOU paspewumocmu ypasHenus AT =y Heo0xo0umo u docmamo4ro,
ymobst AT = y 6bL10 paspewumo 04 mex U MOALKO mex npaewix wacmeii, Komopie
OPMOZOHANbHBI BCEM PEULeHUSM CONPANCEHHO20 00HOPOOH020 ypasnenus A'z = 0.

o Jlns 00no3na4Hoi paspewumocmu At =y Ha Ry docmamouno, umober A'f = g
6biI0 NIOMHO PA3pPeuLuMo.

o [ns paspewumocmu A' f = g npu aobom g Heobxoouma u docmamouna Koppexm-
Haa paspewumocms AT =y Ha Ry.

o /ns paspewumocmu AT = Yy npu nobom Yy neobxoouma — a ecau A 3amkrym, mo
u docmamouna — xoppexmuas paspewumocms A'f = g na Ry .

9.2. Bbibop npocTpaHcTBa

Ecnu 3amaua He U3 3amayHuKa, TO 3TO Bceraa npobsiema. [ocnonb gaer
UHTErpaibHble ypaBHEHMS, a MonbupaTh (PyHKLIMOHAIBHOE MPOCTPaH-
CTBO TIpuxonurcst caMoMy. [ToMnbITKa peiuTh ypaBHEHUE OOHAPYKUBaET,
YTO HamO YTPSICTU MHOTOE APYroe 2, LIeHTp TSXKECTU MPUXOAUTCS Ha BO-
MpOC, YTO MOHUMATh TOH &, MOCKOJIbKY HEOOXOMMMO OIpPENeUThCH,
0 Kakux (YHKLOMSIX UIOET peub. BeCXUTPOCTHBINA BBIXOH U3 TIOJIOXEHHUS
«TIYCTh OYyOYT TaKHe-TO» HE TOOUTCS 1O MHOTMM MPUYMHAM.

HJonyctuM, onepatop A mepeBoaUT HeNmpepbiBHbIE QYHKLIMM B TUD-
depenuupyemsie. [loHsITHO, yTO Torna AT = y B ciiydae He auddepeH-
uMpyeMo# GyHKUMM ¥ — HENpepbIBHOTO penieHusi He umeet. Ho ecnu
Az = y JOCTaTOYHO TOYHO OTMKCHIBAET CBSI3b MEPEMEHHBIX B peasibHOi
CHCTEME, KOTOpasi «paboTaeT», TO PellieHHUE €CTh, U HallO pa3odpaThbcsi —
B KakoM cMbicie. lHaue roBopsi, BONPOC CBOAUTCS K MOHUMAaHUIO TO-
ro, Ha KakoM MHOXecTBe (hyHKIIMI Haoo paccMaTpuBaTh oreparop A,
yT0OBl BO3ZHUKAOLIME NTPODOJIEMbI €CTECTBEHHO PEIIATIUCh.

Onu3on He nuddepeHUUpyeMOro y [aeT JUllb ciaabblif HaMeK
Ha MPUHUMIKAIbHYIO TPO0JieMy BbIOOpa MPOCTPAHCTBA, B KOTOPOM Lie-
JiecooOpa3Ho pellaTh 3aaayy. 3arBo3ika KpoeTcsi He TOJIbKO B COOTBET-
CTBUM BBIOpAHHOU METpUKM (PU3UYECKOM 3amaye, CTOSIIEH 3a KaapoM.
Bri60p «xopoliiero» mpocTpaHCTBa OIpeaessieTCs ellie U onepaTopoM A.

CJ IMpuMepHO KakK MOMbITKA 3aHATHCS OM3HECOM BEAET K HEOOXOMUMOCTH B3aUMOMEHCTBMS
C TIOXapHUKaMH, IOPUCTAMU, NMOCPeIHUKAMM U T. 1. Ha Npou3BOOCTBO M TOPrOBIIO BPEMEHHM
TMOYTH HE OCTaeTCsl.
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Wneonornyeckoil ycTaHOBKE Ha OJIM30CTb B CPEOHEM OTBEYAlOT, Ha-
npumep, npocmparcmea Ly,. KoHkpeTHoe p BbiOMpaeTcsi Tak, 4TOObI
00eCrneYnTh HEMPEPLIBHOCThL OMNepaTopa U Apyrue XejaeMble CBOMCTBA.

ITpumep Ypoicona. Pa3pelunMoCTb ypaBHEHMS B 3aBUCUMOCTH OT UTPOBOTO MOJIsi — BELUb
HexuTpasi. JJoCTaTOYHO BCMOMHUTDL KBaIPAaTHOE YPaBHEHME HA BELLECTBEHHOM MpPSAMOi
U B KOMIUIEKCHOM MIOCKOCTH. HO B GYHKUMOHANBLHBIX MPOCTPAHCTBAX aHaJIOTM4YHOE
sIBJIEHWE TIPOM3BOAMT MHOLAA COBCEM APYTOe BleYaTIeHHE.

HnrerpansHoe ypaenenue Boavmeppa

!
/G t,s)z(s)d
0

C A/poM

2_ 42

e ecau 0< s te!t

G(t,s) = g
t, ecau le <s< |,

He uMeeT pewieHuid B npocrpaHctee Ly [0, 1], Ho umeer Ha [0, I] Hecymmupyemoe
pewenue z(t) = 1/t, £(0) = 0, KOTOpOE MO HEMaTeMaTUYECKUM COOBPaXEHUSIM MOXET
yCTpauBaTh, U TOrAA MPHUXOAUTCS 3a0yMbIBATBCS O KAKUX-HUOYAb 0006UerHbiX hyHKUUAX.

9.3. «PpearonbMoBbI» ypaBHEHUS

HUHTerpanbHoe ypaBHEHHUE

b

z(t) = / G(t, s)z(s) ds + y(t)

a

Ha3bIBalOT ypasHenuem Dpedeosvbma 2-20 poda 3,

Ilpu U3N0XEHUM TEOPUM TaKUX YPAaBHEHHUI OT MHTErpajibHOM cre-
UMPUKM MOXHO YITH, U3yyasi abCTpaKTHOE ypaBHeHUe AT = y B Oa-
HAXOBOM MPOCTPAHCTBE C JIMHEHbIM oniepatopoM A = I — T, tne T —
BIOJIHE HEMPEPBIBEH.

Ecnu He pacchilaTh CoAEpXaHUe MO MEJKUM YTBEPXIEHUSM, MO-
JlydaeTcsl AJIMHHAs TeopeMa, 3aTO — OlHa.

3 Vpasnenue Bpedeostma 1-20 poda: / G(t, s)z(s)ds = y(t).
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9.3.1. Teopema. Ilycmo T Oeiicmsyem u enoaHe Henpepviéen 6 6AHAX0-
eéom npocmparncmee E. Toeda ypasHenus 4

t-Tz=y, f-Tf=g

Aubo oba pazpeuwiumbst npu AI06bIX NPABLIX HACMAX, YMO COOMeemcmeyem uc-
KAI0MUMENbHO HYAe80ll paspeuumocmu 00HOpoOHbIX ypaeHenuil T — Tx = 0
uf—T"'f =0, aubo 00HOpoOHbIE YPaGHEHUA UMEIOm KOHEHHOe HUCAO AlU-

. «5
HEUHO He3aBUCUMbIX pelleHuu

wl""’zn; fl)---,fn;

u mozda oaa paspewumocmu ¢ —Tx =y (f —T'f = g) neobxodumo
u docmamouHo, 4moGsl npu écex j om 1 do n:

(fi,y) =0 (coomeemcmeenno, (g, ;) = 0).

O6uwue pewenus ypagnenuii © —Tx =y u f—T'f = g 6 smom
cayyae umerom 6ud AUHelHbIX KOMOUHAYUL

n n
z=xz0+ Y Nz, f=fo+ Y uifi
j=1 j=1

ede Ty u fy — Kakue-au6o uacmusie peuieHUs UCXOOHbIX YPAGHEHUII.

O06ocHoBaHMe yooOHO pa3nefuTh Ha MHIPEIUEHTbI, pACCMOTPEHUE
KOTOpPBIX MPOJUBAET MOMOTHUTEIBHBIA CBET U MOXET CIYXUTh MUILLEH
ISl pa3MBIlIUIEHUI. 3a00HO CTAHOBMTCS SICHO, YTO JitoOast ¢hopMyiin-
pOBKa TONMUT HI0OAHCHI. He roBopst 0 ToM, 4TO NpoU3HECceHHasi mpaBaa —
€CTb JIOXb.

9.3.2. [lua paspewumocmu T —TxT = y npu a06om dannom Y Heobxo0umo
u docmamouno (f,y) = 0 0as aoboeo gynkyuonara f, ydoesemeopsio-
wezo conpsacernnomy 00Hopodromy ypaenenuro f — T f = 0.

<« Heobxodumocms. U3 y =z — Tz u f — T" f = 0 cnenyer
(f.y)=(f.z-Ta)=(I-T)'f,z)=(f-T"f,z) =0.

Zocmamounocms. Myctb f(y) = 0 ans Beex f, ynosnetsopsiowmx f — T*f = 0.
Torna y € R;_7. B mpeanonoxeHuu npotusHoro, ¥ ¢ R;_r, u3 TeopeMb XaHa—
Banaxa BbiTekaeT (MOCKOJbKY Ry_r — 3aMKHYTOE MOAMPOCTPaHCTBO Mo Teopeme 6.11.3)

4 T* _ conpsxentbiit onepatop.
%) Yycno KOTOPHIX coBataet. )
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CylecTBoBaHMe Takoro dyHkuuonana fo, 4to (fo,y) = 1 u (fo, u) = 0 nis nmoboro
u € R_p, — nocneanHee osHavaeT fo — T" fo = 0 U NPUBOAMT K MPOTMBOPEUHIO. P

Yreepxnenunio 9.3.2 NBOICTBEHHO cieAylollee (IOKa3aTenbCTBO
aHAJIOTUYHO, 10 HEKOTOPOW CTENEHHU).

9.3.3. Ma paspewumocmu f — T*f = g npu aobom dannom g € E*
Heobx00umo u docmamouro (g, T) = 0 daa 4106020 T, y0061eMEOPAIOULE20
o0nopoonomy ypasHerurw T — Tz = 0.

W3 npuBeAEHHBIX YTBEPXKIEHUH SICHO, YTO MPH OTCYTCTBUU HEHY-
neBbix pemiennit y f — T*f = 0 ypaBHenue T — TT = y pa3peliuMo
npu Jio6oM Y. AHamoruyHo: u3 «r —Tx = 0 = & = 0» BbITeKaeT
paspewumocts f — T f = g nipu n1060M g. Bonee Toro:

s paspewumocmu  HeoOHopoOwozo ypaswenus (x — Tx = y aubo
f—T'f = g) npu awboii npagoii wacmu reo6xo0umo u Aocmamouo,
4mobs: 00HOpodHoe ypaenenue (moboe uz ¢ — Tz =0, f—T'f = 0)
UMeNo MoAbKO MpusUanbHoe peulerue.

Y1066l YOEOUTHCS B CNIPAaBEIMBOCTY CKa3aHHOTo, — K yXe ycTa-
HOBJICHHOMY HE00X0AMMO NO00aBUTH CELYyIOLUMI pe3ybTarT.

9.3.4. /laa paspewumocmu HeoOHOPOOHO20 YPAGHEHUA ) 5Tz = Y
npu n06om Yy HeobXo0uMo u docmamoyHo, 4mobbl 00HOPOOHOe YypasHeHue
T —Tx = 0 umeno moavko Hyneeoe peuieHue.
<« Heobxodoumocms. Tpeanonoxum npotusHoe, I — T otobpaxaer F Ha E, Ho
N, =ker (I —T) # {0}.
Toraa uMeeT MeCTO LIeMOYKa cmpo2ux BKIIIOYEHU I
Nl CNZC"'NI; C:e,

rae Nj 0603HayaeT HYIb-MPOCTPAHCTBO oneparopa (I — T)". [lefAcTBUTENBHO, 1is JIIO-
6oro Henynesoro ; € N, ypasHenue (I — T)x = x, uMeeT pelieHue &, ¢ N, npuuem

I-TYz=(I-T)z; =0 = z,€N,,

TaK ytro N, C N, ctporo. U Tak nanee.

W3 neMMbI 4.3.6 BbITeKaeT CyLLIECTBOBAHHE HEKOMIMAKTHOM (He pyHAaMEHTAbHOI)
nocnegosatenbHocTH {2 € N \ Ny_;} Ha eaunuunoii chepe, Bce ||z¢]| = 1, yero
He MOXET GBITb B CHJTy KOMNAKTHOCTH orepatopa T', nockonbky {2z} = {4z }.

6 Onepatop T B npeaenax pa3jiesia — BIOJIHE HENMPEPbIBEH.



138 Mmaea 9. YpasHeHus

Jocmamounocme. Ecivi £—Tx = 0 uMmeeT AuLIb HyneBoe pewierue, 70 f—T f =g
paspewiMo npH Jto6oM g. Tonbko YTO NOKa3aHHasi «HEOOXOAMMOCTb» TMPUMEHUMa
u K onepatopy T* (KoTopbiit BosiHe HenpepbiBeH 1o Teopeme 6.11.4), oTkyna cnenyer
S TPMBUANBbHAs paspewnmocts f —T* f = 0. Ho Torna, no paHee yCTaHOBIEHHOMY,
¢ — Tz = y ¥MeeT peLeHHe Npu obom y. P

Tenepb ocTaeTcs MOCIEIHHUIA LLar.

*
9.3.5. Odnopodnvie ypasnenus T —Tx =0 u f—T f = 0 umerom
00UHAK0B80€ YUCAO AUHEIHO He3A8UCUMbIX DelleHUil.

YcTaHOBUMM KOHEYHOCTb YMcha peLueHnﬁ.

9.3.6. Jlemma. Hyab-npocmpancmeo onepamopa I — T, m. e. mMHOXCe-
cmeo peweruti 00Hopodnozo ypasrnenus ¢ — Tx = 0, — KoneunomepHo.

< Jlio6oe orpaHunueHHoe MHoxecteo Q@ C ker (I — T) oneparop T, ¢ onHOi
CTOPOHBI, ocTaBisieT Ha Mecte, T2 = 2, ¢ Apyroil — MEpeBOAUT B MPEIKOMMAKTHOE.
BbixoauT, 4To J11060€ OrpaHiyeHHOe MHOXecTBO B ker (I —T') mpeaKOMNaKTHO, 3HAUMT,
ker (I — T) no TeopeMe 4.3.5 KOHEYHOMEPHO. B

PaszymeeTtcsi, TO Xe caMOe MOXHO CKa3aTb O HYJIb-IIPOCTPAHCTBE
onepatopa I — T" 6naronapsi Teopeme 6.11.4.

Teneppb HEO6X0AMMO OOOCHOBATH COBITAAEHUE YKCIIa JIMHEITHO He3a-
BUCHUMBIX pelueHUM. OrpaHUYMMCSI PacCy>XACHMEM Ul YaCTHOTO Ciyyast
runboepToBa npocrpaHcTBa H, yToObl He 3arpoMoxnatbh 0030p Guop-
TOTOHAJIbHBIMU Oa3ucamu.

< MUrak, nyctb onHoponHeie ypaHewus £ — Te =0 u f — T*f = 0 umeior,
COOTBETCTBEHHO, pelleHUst

Ty, oy fioeeos s

KOTOpBIE 6€3 OrpaHN4eHHs OBLIHOCTH MOXHO CYMTaTh OPTOHOPMUPOBAHHbLIMK Gasuca-
7
mu” B ker (I — T) w ker (I - T").
[MpearnonoXum NpOTHBHOE, HANPUMED M > N, ¥ PACCMOTPHM OTIEPATOD

I-S)z=(I-T)z+ i(z,-, z) f;, 9.1)
j=I1

rae S, OYEeBMAHO, BMOJIHE HEMpPEPbIBEH, TaK Kak Mojyyaercs nobaeneHnem k T
KOHEYHOMEPHOrO oneparopa E (zj, ) f;.

7 .
'B NMPOTUBHOM CJIy4ae MOXHO BOCNOJIb30BAaThCsl opmocoHarusayueti Llimuoma.
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Mockonbky siapo ker (I — T*) v o6pas R;_; OpTOroHaIbHEI ®. 10 Bee fi (9.1

neprneHavKysipHbl mobomy BekTopy (I — T)z. [Moatomy (I — S)z = 0 umeeT TONBLKO
TpuBHanbHOe pewenue. Ho torna (I — S)z = fuyy, Te.

(I-T)x+ Z(zj, z) fi = fati (HanoMHuM, n < m) (9.2)
=1

MMeeT HEHYIEBOE peLUeHHe, YTO HEBO3MOXHO. [locne ymHoxeHus (9.2) ckaispHO
Ha f,,, — ChpaBa MONyYaeTcs eMHHMLA, C/ieBa — HYJb, NOTOMY 4TO sapo ker (I — T*)
n o6pa3 R;_7, KaK yxe OTME4anoch, OPTOrOHANbHBI APYT ADYTY.

CuTyauusi n > m NPUBOIUTCS K MPOTUBOPEUHIO aHAJIOTHYHO. B

9.4. MNMocnepnoBartenbHbie UTEpaLUN

N mpakTUYeCKOro pelieHUst ypaBHeHUsI £ = AT + y 4acTO MCIOJb-
3yeTcsl UTepaliMOHHas npolieaypa

Tpy = Azp + y. (9.3)

[To3TanHoO 3TO BHIMJISIAUT TaK:

T = Azy +y,
z, = Alzy+ Ay +y,

:ck=A":1:0+Ak_'y+...+Ay+y,

Mpu ycnosun | ||A]| < 1| cnaraemoe A¥zy crpemures x mymo,

nockonbky ||4¥|| < ||A||'C — 0 npu k — o0o. IMostomy auHaMuKa

o0
npouecca (9.3) onpenensieTcst CXOAMMOCTbIO psiia 5 Ak, KOTODBIi

k
CXOIUTCS B CHITY

1
1l 4]1°

4TO BJieYeT 3a COOON CXOAMMOCTb Ty K PEIICHUIO YpaBHEHUS

1T+ A+ A+ .+ A+ <L+ [A+ AP+

T =Az+y, z=(I-A4)""y,

7Y y € R, Te. y =z — Tz, cnenyer
(f.9)=(f,z-Te)=(I-T)'f,z) =(f-T"f,2) =0,
ecnn f € ker (I — T*).
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COOTBETCTBCHHO,

I+ A+ A +... +A4 + .. 5 T-4)"

OO6ycnosnenHoctb. PelnieHue ypaBHEHHUIl, HE3aBUCUMO OT MCIIOJb3ye-
MBIX METOIOB, CBSI3aHO C OILUMOKAMU MCXOOHBIX JaHHBIX. DTO TEXHUYE-
CKH TpoMo3JiKas npobieMaTrka, He CIIOCOOCTBYIO1LIAast BOONYILIEBIEHUIO,
HO OHa, MOXHO CKa3aTb, 00si3aTejibHa, €CJIM IyMaTh O pe3yJbTaTe.

BoT MakCMMaJIbHO OYHUILEHHbIN OT AeTajiel hparMeHrT.

Ecnu npasas yactb B AT = y 3anaercsi ¢ omnbokoit Ay, To ounbka
peiieHuss AZ ynosieTBopsieT cooTHoweHuo A(r + Az) = y + Ay,
OTKYyZa:

< gl =zl <A el Al = (147 Agil < 14”1 Ayl
YTO NPUBOIUT K OTHOCHTENLHOM OMbKe
lagl] N ™
<l - a8l _ gy ael
el TS

Ecnu ¢ ouinbKoi 3amaeTcst oneparop,
Az =y n (A+AA)(z+ Az)=y,

TO aHAJIOTUYHO TIPEAbIAYIIEMY:

< ozl =147'AA( + Ag)l| < 1A'l - A4l - llz + Azll,

llaz| ladl _ A4

Azl
o+ aaq < MIHIATISZE = o7

B TOM U ApYroM ciiyyae onpenessioiylo pojib UrpaeT BeJIMYKMHA

a(4) = |l4ll- 147",

Ha3bIBaeMasi 4ucaom ofycroenrennocmu onepatopa A.

9.5. MpoekumnoHHbie MeToAabI

Hapsiny ¢ utepalliOHHBIMU NPOLIEAYPAMU B BBIYMCIIUTENILHOM MPAaKTUKE
LUMPOKO UCMOJb3YIOTCS HpOeKyUoHHble, WM KAaK MX €llie Ha3blBalOT —
2aNEPKUHCKUe Memodbl, OCHOBAaHHbIE HA KOHEYHOMEPHBIX arnmnpoKCUMa-
LMSIX peuIaeMbiX ypaBHEHUM.
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LleHTpanbHas Uaes BHIJISAMT IIPOCTO M €CTECTBEHHO. JIJIs peleHUs
ypaBHEHUS

Az =y

B 6aHaxoBOM (a Jiyyllle — ruJIbGEPTOBOM) MPOCTPAHCTBE BbIOKHpPAETCSE
6a3uc {e;}, M NPUONMXEHHOE PELICHUE

n
Ty = E Cj€j
j=1

MIIETCS KaK pellieHWEe CUCTEMbl YDaBHEHMUIA

n
<AZCjej,€k> = (y, ex), k=1,...,n. (9.4)
j=1

Onepatop A, BooOlLlEe rOBopsi, MOXET ObITb HEJIMHEHHBIM, U JIEii-
crBoBath He B E, a us E; B By — Toraa NpuUXOAMTCs 3a1aBaTb [Ba
Gasuca.

Ha npyroM s3bike TO X€ caMoe M3/laraercsi uHaye. 3aaaloTcs
10C/Ie0BaTENIbHOCTD MoAnpocTpaHcTs {F,} ¥ nuHeliHble MPOEKTOPBI
P, : E — E,, c TOMOLIbIO KOTOPbIX UCXOJHOE YpPaBHEHUE 3aMEHSETCS
npuGmXkeHHbIMU Pp AT, = Ppy, U WiuyTcs NpUOIMXEHHBIE peLle-
HUSL Ty,

Pa60TOoCrOCOGHOCTD MIEH YIUMPAETCs B IBa IJIaBHbIX BONpoca: pas-
peLIMMOCTb CHCTEMBI (9.4) U CXOMMMOCTD Ty, NPH 1L — 00 K MCTUHHOMY
peuieHuio Az = y. Bce 3To COnMpoBOXAAETCS COMYTCTBYIOLIMMU TIPO-
Gnemamu pasHoro Kanubpa. [TogpoGHoctu B [12, 20].

9.6. Perynspusaums

ITycTh, IIsi KOHKPETHOCTH pa3roBopa, peub MAET 00 MHTErpalbHOM
ypaBHeHun G =y B Ly,

I 11
Gz = | G(s,t)x(s)ds = y(t), G*(s, t) ds dt < 0.
/ /]

0 0
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TTOHATHO, YTO MPU HEKOTOPBIX Y € Ly ypaBHEHUE GT = Y HE UMe-
€T peLIeHUSs 9, Kpome Toro, omeparop G™! HEOrpaHMYEH, ITO3TOMY
peureHuss G = y ¢ GIU3KUMHM 110 HOpME Ly MpaBbIMU YaCTSMU MOTYT
OBITb CKOJIb YTOIHO JaJ€KH IOPYr OT Apyra. DTO O3HAYaeT, YTO 3ajaya
TJIOXO TOCTaBJIEHA, U €€ HAllo KaK-TO BUAOU3MEHUTD.

Omxo0 om ucxo0HOU NOCMAHOBKU 3a0a4u UHO20a 80CNPUHUMAEMCA KAK
cdaua nosuyuii, Ho 3mo 4awe wiae éneped. Boieod ypaeenuii ona KoH-
KpemHoii usuyeckoil cucmemos 6ce20a ONUPaemcs Ha s6Hvle U HEABHbIE
npubnuxcerus u 0onyueHus, 0 KOmopuix Nomom 3abviearom, 8 pezyabmame
ue20 noay4enHoe onucarue udeasusupyemcs. Tpesauiii 32430 oceoboxcoaem
CUMYayuio om cAy4aiHbIX HACA0EHUN U NO360AAEM CMOMPemb HA MUDP MeHee
Kame2oputHo.

Memod pezyaspusayuu [19] ocHOBbIBaeTCS Ha repexole OT ypaBHeE-
HUS GT = Y K «ONTUMU3ALUOHHOW» 3aaye

2 2 .
|Az — y|I” +vllz]|” — min, v >0,
r€ly

CBOMSLLUENCS K PELIEHHUIO YK€ KOPPEKTHOTO yPaBHEHUSI
vz + G*Gz = G'y. 9.5)

Ha pewienun T, ypaBHeHus (9.5) B €CTECTBEHHbIX PEATIONOXEHUSX
HopMma ||Az, — y|| — 0 mpu y — 0.

9.7. QononHeHue

o PesynbTaThl, U3/10XXEHHbIE B pasznene 9.3, oboblualorcss Ha Gonee LIMPOKUE KIIACChl
ypaBHeHuii, yeM (I — T)z = y ¢ koMmnakTHbIM onepatopoM T'. YpaBHeHuss Az = y
B OOLLEH CUTYallMy XapaKTepU3YIOTCSI KaK HEMeposbl, €CIA KOHEYHbI Pa3MEPHOCTH

ay = dimker A, B4 = dim coker A.

IIpu 3tom pasvoctb iy = ay — B4 Ha3bBAOT uHdekcom onepamopa A. B cayuae
HYJIEBOTO MHAEKCA OMEpPaTop Ha3bIBAIOT hpedeonsmogoim. OQHAKO TEPMUHONOTHS 30€ECh
«TYJISIET».

Moapo6Hocty B [10, 14].

% MoToMy 4To MHTErpHpOBaHHE OGMALAET «yNYULIAIOLIUMH> CBOMCTBAMH, BCTIEACTBUE YETO
o6pa3 GL, crporo BkiioyeH B L.
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o [IpukiagHast BOCTpeGOBAaHHOCTb HéMeposbix YPaBHEHUH 001LEro TUNa, KOHEYHO,
He TakK Bbicoka. Ho 3mech nOCTaToyHO cKa3aTh, YTO K 3TUM YPaBHEHHSIM OTHOCHTCS
ypaenerue Bunepa—Xonga

z(t) — / k(t — s)z(s) ds = y(t),
0

BO3HHMKAIOLLEE B PAa3IMYHbIX OOnacTsx (3agaud (pUIBTPALMM, NMEPEHOC UINYYECHHS,
nudpakuus), — Mpu ero paccMotpenuu B npoctpaHctee Ly (0, 00). BooGuue more-
psi MHTETPANbHBIMM OTEPAaTOPaMH CBOMCTBA TMOJHOM HENMPEPBIBHOCTH NMPHU MNepexone
K GECKOHEYHBIM 00/1aCTAM MHTErPUPOBAHUSL — SIBJIEHHE JOCTATOYHO XapaKTEPHOE.



asa 10

CnekrpanbHasi Teopusi

10.1. OpuenTupoBka

CnekTpbl JIMHEWHBIX ONnepaTopoB B (YHKUMOHATbHBIX MPOCTPAHCTBAX
HYXHBbI JUISI TEX XK€ LieJiel, YTO U cOOCTBEHHbie 3HaueHus1 MaTpul. Jpy-
roe [eJ0, YTO MOJIyYyaeTcsl HE COBCEM TaK, KakKk B JIMHEMHOM anredpe.
CnekTp KaK COBOKYMHOCTb COOCTBEHHbIX 3HAYEHUM TeNEPb HE TOAUTCS.
Ero npuxoautcsi onpeneasTb MHauYe Mnoa AaBieHUEM OECKOHEUHOMEp-
HbIX OOCTOSITENILCTB. 3afgaya B LIEJIOM OKa3blBA€TCS AOBOJIbHO CIOXHOM
Y MpaKTHUYECKU Heobo3puMoi. M3 Toro, 4to «HE HYXHO» — MHOroe
HE JaeTcsl, HO ocCTajbHOe Oonee-MeHee peilaerca. Bo MHoOrux yrtu-
JIMTApHBIX Cpe3ax CUTYallusl MoXoxa Ha KOHeyHoMepHylo. Hamo nuiib
PacCTaBUTb «KpacHbIE (PIaXKu».
st HACTpPOMKMU B PE30HAHC HAYHEM C M U3MEPEHUA.

@parmenT H3 JMHeiiHoN anredpwi. [1py nepexoae K Apyroi (LITPUXOBAHHOM) cucTeMe
KOOPAMHAT C MOMOLUBIO HegbipoxcdenHoi MaTpulibl T — cooTHOweHHe u = Av nocne
noactaHoBkn u = Tu', v = Tv' npespawaercs B Tu' = ATv', ut0o B pe3yabrare
YMHOXEHMS CleBa Ha T nepexomuT B u' = T_'ATv', Ha OCHOBAaHHUM YE€ro MOXHO
yTBEPXIAaTh, YTO B HOBOI CUCTEME KOOPAMHAT JTMHEHHOMY OnepaTopy A COOTBETCTBYET
matpuua A’ = T™'AT.

B nocratoyHo cBOGOAHBIX NMpeanonoxeHusx T MOxHO BblOpaTh Tak, YTO NMpeob-
pa3oBaHHas MaTpHLIa CTAaHET MaKCHMaJIbHO MPOCTOW — AMaroHanbHOM:

A ... 0
T'AT= [ . :]|. (10.1)
0 ... M

JIna 3TOro Hamo peliyuTh ypaBHEHUE
Az = Az

CoBCTBEHHbIE 3HAYEHHUsl A; ToMaayT Ha nnarouanb'), a COOCTBEHHbIE BEKTOpbI OYy-
IyT BeKTop-cTon6uamu Mmatpuubl T'. [locne atoro nwobywo 3anady, roe ¢urypupyer

Y Yro6sr He MOPTHUTb HACTPOEHHE, O XOPAAHOBbIX (hOpMax Jiydille He BCIIOMUHATb.
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Matpuia A, Halo NMUIb 3aMMCaTh B CUCTEME KOOPAMHAT, OPTAMH KOTOPOil CiyXaT
COOCTBEHHbBIE BEKTOPBI.

Botr xak 3TO MOXeET paGOTaTb NMPAaKTHYECCKH. 3aMeHa NEPEMEHHBIX T = Ty
MpUBOANUT 3anaqyy Koum
T =Az, z(0)=z,
K BUIY
y=T "'ATy, y(0)=T"g,.

Ecnu umeet mecto (10.1), TO 310 «pa3BsA3bIBacT» MCXOAHYIO AMHAMHYECKYIO CUCTeE-
. -1
My. B HOBbIX KoopanHatax cuctema § = T~ ATy pacnanaetcss Ha He3aBUCHMbIE ApPYT
OT ApYTa CKaJIipHbIE YPABHEHHUS Y = ApYk, MHTETPHPOBAHHE KOTOPbIX MO OTAENBHOCTH
naeT

ye(t) = ey 0),

T.€. B BEKTOPHOM BHIE

Bo3BpaT B HCXOZHOE MPOCTPAHCTBO, Y = T~ ', MPHBOMMT K PelIEHNIO
eM o0

gt)=T|: .. : |77'=(00).

BbeckoHEUHOMEPHBI BapuaHT AT = Ax — 3adava llimypma—Jluy-
euIs:
u' + =0 wu(a)=ud) =0, (10.2)

ONUChIBalOLIAs KoOJieOaHWE CTPYHbI, 3aKPEIJIEHHOW B TOYKaX & = a
U T = b. PemeHneM siBasIIOTCS COOCTBEHHbIE DYHKIIMM U COOCTBEHHbBIE
3HAYEHUS

b—a

CoOCTBEHHbIE 3HAYEHUS CBSI3aHbl C BO3MOXHBIMM YACTOTAMM Wy
KOoJIE0aHMH CUCTEMBI, Ap = w,%. COBOKYNHOCTb Ar B JAHHOM Cliy4yae
ucuepnbiBaeT criekTp. C pocToM b — a criekTp CTaHOBUTCS BCE IJIOTHEE
1 B nipezenie, npu b — a — 0o, 3anonusier BCio odnacts (0, 00).

k kr \2
uk(x)=sinb7'x, Ak=(”), k=1,2,.... (10.3)



146 Masa 10. CnektpanbHas reopums

3amaua (10.2) S5KBUBAIEHTHA UHTETPATBHOMY YPaBHEHHIO
b
u(@) = A / G(z, y)uly) dy.
a

. 2
KoHKpeTHbI#t BUA snpa ) B IaHHOM KOHTEKCTE He urpaer poiu. Cob-
CTBEHHbI€ PYHKIIMM MHTETPAIIBLHOTO OIeparopa

b
Gu= [ 6la.yuty) ay

— Te Xe caMble, a COOCTBEHHbI€ 3HaueHWs paBHbl 1/A;. B 0Gasuce
n3 cobctBeHHbIX hyHkumit (10.3) onepatop G uMeeT duazoHanbHbill 6ud

Gu(z) =) )‘Lkﬁkuk(fﬂ), u(@) =Y Gu(),
k=1 k=1

YEM JOCTUTACTCA aHAJIOTUA C KOHCYHOMEPHBIM CllydacM.

10.2. O6waa nocTtaHOBKaA

Komnaekcudukauus npocTpancTBa. TaM, rae peub 3aXOOUT O CIEKTpE,
NMOAPa3yMeBAIOTCSI KOMIUIEKCHBIE OTEpaTopbl U MpocTpaHcTBa. Cutya-
LIMS B 3TOM aCTIEKTe HE OTJIMYAETCS OT JIMHEHOI anreOpbl. KomnaekcHbim
pacuiupenuem BEILIECTBEHHOTO MPOCTPaHCTBA E Ha3bIBAlOT KOMILIEKC-
Hoe npoctpancTBo E ¢ aneMeHTamu 2 = T +1y (z,y € E'), JIMHEWHbBIE
olnepaluy Hall KOTOPbIMU OMNPENENsIIOTCS €CTECTBEHHBIM 00pa3oM: mpu
CJIOXKEHUM ACUCTBUTEIbHbIE U MHUMBIE YAaCTU CKJIa[bIBAlOTCS MO OT-
JENbHOCTH U

(a + if)(z +1iy) = (az — By) +i(ay + fz).
Hopma B E onpenensieTcst Kak

||z + iy|| = max ||zsinT + y cos 7||.
T

?) Cwm., Hanpumep: boce B. Jlekuun no martemaruke: duddepeHunanbhbie ypasHenus. T.2.
M.: YPCC, 2004.
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Onepatopsi A : E' — E' npononxatorcs Ha E no npasuny
Az +1iy) = Az + 1 Ay.

Ipu atom || 4|, = [|4ll,, .
Crnextp. KoMIieKCHOE YMCIIO A Ha3bIBACTCS  pecyaapHbiM 3HAYeHUeM
HETIpepbIBHOTO JIMHElHOro onepaTtopa A, ecnu onepartop A — AI umMeer
onpeneneHHbiii Ha E orpaHuuyeHHbi obparHbid. Cnekmp o(A) ome-
patopa A : E — FE onpenensieTcsl Kak JOMOJHEHWE K MHOXECTBY €ro
peryispHbIX 3HAUEHUM.

WUubiMu crnoBamu, criektp 0(A) — 3TO COBOKYMHOCTb A, [Uis
KoTopbix omnepatop A — Al Heobpamum, 4TO MOXET ObITh IO IBYM
npuunHam: oneparop A — Al WIu He unsexmueen 3)
HO He clopseKmueeH Y BR" BCTPEYAETCS TOJAbKO MEpBasi MpUUMHa.

B ciyyae «HEMHBEKTUBHOCTH» YpaBHEHUE

, WIN UHBEKMUBEH,

Az = Az

MMEET HEHYJIEBOE PELIEHUE, HAa3bIBAEMOE COOCMEEHHbIM BEKMOPOM, A CO-

OTBETCTBYIOILIEE A — coOCMBeHHbIM 3HaueHuemM orepaTopa A.
COBOKYIMTHOCTb BCEX COOCTBEHHbIX BEKTOPOB, OTBEUAIOLIMX COO-

CTBEHHOMY 3HAUEHMIO A, BMECTE C HYJIEBbIM 3JIEMEHTOM, — Ha3biBaeTCsI

cobcmeennbim noonpocmparcmeom Ny, oneparopa A. CoOcTBEHHOE NoI-

5
NMPpOCTPAHCTBO, OUEBHUIHO, UHEAPUAHMHO )

4 A-A)z =y, (A-M)z, =y = Alxi—-z)=XAz —25). »

B o61ieM ciiyyae MHOXECTBO COGCTBEHHBIX 3HAUEH M HE MCYEPIIb-
n
BaeT Bech cnekTp (kak B R").

o [Toka3zaTeneH NPUMEDP HEMPEPbIBHOTO 0Nepamopa yMHONCEHUA
Az(t) = tz(t),
geicteywowero B C[0, 1]. Ouesuano,

(A= ADz(t) = (£ — Na(t) = 0

3 He B3auMHO OXHO3HAYEH.

*) He asnsetcs OTOOpAXEHUEM «Ha».

s

9 MoanpoctpancTBo L Ha3biBaeTCS MHBAPUAHTHBIM, €CliM U3 T € L chenyet Az € L.
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HeHynesbix peweHuit z(t) B C[0, 1] He umeet. [T03TOMY COBCTBEHHBIX 3HAYEHUI y A
HeT. Ho cniekTtp He niyct, a(4) = [0, 1], nockonbKy o6paTHblit onepaTop,

(a- a1z = 28

npu A € [0, 1] e orpanuuen®. BoiBonsi coxpansiotes npu 3amene C[0, 1] Ha L,[0, 1].

o JIpyroii KlacCHYECKHid MPUMep — OZHOCTOPOHHHIA CABHT B :

A{&. &, ...} =1{0,&.&,...}.

OnsiTh-TaKM COGCTBEHHBIX 3HaYeHMI HeT, a cnekTp o(A) npeactasnsier coboi
eIMHMYHBINA KPYT Ha KOMIUIEKCHOI Tu1ockocTH [22].

B KOHTEKCTE COOCTBEHHBIX 3HAUEHHUI 001Iasi CUTyallusi UMEET Tpsi-
Mble aHAJIOTUH C JIMHEHHOM ajireOpoi.

10.2.1. Nlemma. Ecau onepamop A umeem nonapuo pazauunvie coo-
CMBeHHble 3HAHEHUA A|, ..., An, ... U KadcOomy Aj omeeuaem ceoii cob-
CMBeHHbIll 6eKMOp Tj, MO MHONCECMEO {a:j} AUHEUIHO He3a8UCUMO.

. 7
<« Jonyctum, {z,,..., T,} TMHEHHO 3aBUCHMBI ). BribepeM U3 HUX MUHMMAJb-

HOE€ YMCIIO JIMHEHHO 3aBUCHMBIX BEKTOPOB. MOXHO CYMTaTh, MOC/E MEPEHYMEPALIMH

MEPEMEHHBIX, YTO 3TO NMepBbie kK BEKTOPOB, KOTOPBIE YIOBJIETBOPSIOT COOTHOLLEHHIO

NEy + ...+ Nz =0, (10.4)
The BCe 7; HEHyneBble, HHaye k He 6bU10 61 MUHMMaNBLHO. B cuny Az; = Ajz;j,
Az, + ...+ 1x) = AT + ..+ YAz = 0. (10.5)
YmHoxast (10.4) Ha Ay u BbiuuTas u3 (10.5), nonyyaem
T(A = AT + .o A+ Y1 (At — )Ty =0,

YTO MPOTUBOPEYUT MUHUMATILHOCTH k. B

Pe3oabsenta. O6patHblii onepatop (A — Al )_l MPUHATO Ha3bIBaTh pe-
30ab8eHmoii v 0603Hayatb R(A).

RA)=A-I)"'= —% (1— ;) R = —% f: %?. (10.6)

n=0

) U onpenenen He Ha cem C[0, 1].

7 HanoMHuM, 4TO JIMHEHHAsA HE3aBUCUMOCTb GECKOHEYHOM CHCTEMBI BEKTOPOB ONpenessieTcs
KaK JIMHeWHHasi HE3aBUCUMOCTD JII060# KOHEYHOM MOICHCTEMBI.
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OG6nacTe onpeaeNeHus: Pe30JbBEHTHI, COCTOSIIYIO U3 PEryJsipHbIX
TOYEK, HA3BIBAIOT TAKXKE Pe304b8EHMHBIM MHONCECMEOM.

e Pe3onbBeHTa yHNOBICTBOPSET moxcoecmsy lunvbepma
R(A) — R(p) = (A— p)RON)R(p). (?)

o Pe3onveenmuoe mHodcecmeo 6cezda omkpsimo (meopema 6.10.2),
cnexmp — 3amkHym (Kax OOnOAHeHUe OMKPbIMO20 MHONCeCmaa).

o Pe3onbeeHmnoe MHOMCECMBO R(A—,\I)" u cnekmp — Henycmbl.

<« Henycrora Ri4_,p-1 BbiTexaeT u3 TeopeMsbl 10.2.2, a cnextpa — M3 HEoO-
XONMMOCTH CYLIECTBOBaHMSI OCOBOM TOYKH, MpHHaanexaleit o(A), Ha OKpyXHOCTH
(cM. pasnen 10.3), onpenensioweit panuyc p(A) > 0 cxonumocty psina (10.6). Cayyai
p(A) = 0 paccmaTpuBaetcsi OTAENbHO. B

Psan cripasa B (10.6) Ha3sbiBatoT padom Heiimana.

10.2.2. Teopema. [Ipu ycaosuu |A| > ||A|| pad Heiimana ¢ (10.6) cxo-
dumcs (cm. pazden 9.4.) u X — peeyaspHo.

10.3. CnekTpanbHbiA paguyc

Cnexmpanohoui paduyc p(A) — 3TO pamuyc MHHUMAIbHOTO prrag),

cozepxauiero Becb crektp o(4).
M3 teopembi 10.2.2 cnenyet

p(4) < ||4]l.
HanomHuM, 4To kBuBaneHTHbe HOPMSI || - || 1 || - || onpenensiores cymectso-
BaHMEM TaKMX KOHCTAaHT a, f§ > 0, uto
allzll < llzll' < Bllzll, z€E.

l'lpu nepexonc K 3KBUBAJICHTHBIM HOpMaM CXOAALUIMECA MOCAEA0BATEIBHOCTH OCTAIOTCH
CXOOALUUMHUCA, 3AMKHYTBIE MHOXECTBA — 3aMKHYTbIMH, OTKPBITbIE — OTKPbITBIMH.

10.3.1. Teopema. /Jl1s 1100020 auHeiiH020 02PaHU4EHHO20 onepamopa A -
E — E moxcro esecmu skeusanenmuyio wopmy || - ||', ¢ xomopoii || Al
6ydem ckonb yeo0Ho 6auska k cnekmpanviomy paouycy p(A).

% Ha KoMIUIEKCHOM MIOCKOCTH C LIEHTPOM B HyJiE.



150 aea 10. CnektpansHas Teopus

<« CnekrpanbHbiit paanyc onepatopa A = [p(4) + ¢]™' A npu € > 0 crporo
menblue 1. Moatomy ||4¥|| = 0 npu k = 00, uto O3HauaeT

I14%11 < [p(4) +e)*
MpH JOCTaTo4yHO Gonbluux k. [ToatoMy no nobomy € > 0 MOXHO yKa3aTb TakKoe T, YTO
VA < p(4) +e.
HcKkoMOit HOPMOI MOXET CIyXHTb
llzll' = (p(4) + &)"llzll + (p(A4) + &)" "Il Azl| + ... + | 4" 'z]|.
Hopmsi ||+ || u || - || axBMBaneHTHBI, MOCKONBKY
7"l < llzll < ("7 "4l + -+ A D ),

rae y =r(4) +e.
[Toaromy
p(4) < |4l = sup ||Az|' < p(4) +e. »

llzll' <1

10.3.2. Teopema. Kakoga 6bi Hu Obira HopMa,
.k
p(A4) = lim /144
k—00

<« C 0oHOM CTOPOHBI,
p(A) = p(4") < 1|4

BJIEYET 3a coboit

p(4) < V4.

C [pyroil — CHeKTpalbHblil panuyc MaTpuibl A = [p(4) + €] A npu € > 0 crporo
Menblue 1. MToatomy ||A*]| = 0 npu k = 0o, oTkyna

14511 < [p(4) +€*

MpHU J0CTaToyHO Goabluux k. Takum obpasom,

VA - e < p(4) < V1AL >

o [lyctb unmeepanshsiit onepamop Boasmeppa ¢ HenipepbiBHbIM sinpoM K (i, s),

t
Az(t) = / K(t, s)a(s) ds,
0
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neiicreyer B C|0, 1]. TocnenoBatensHble UTEPALMH Ty = AZ, CXODATCA K HYJIO
ObicTpee 1000 reoMeTpuyecKoit mporpeccuu. JleicTBUTENBHO,

t
s (t)] < K / ler(s) ds, e K= max |K( s,
0

0<t,s<1

otkyna®”

Kt

<
[za (&) < o o o (2)1,
T.C.

K"
[l 4"z || < ;,‘”10",

YTO Ha3bIBAIOT PaKMOPUaNbHOU CXOOUMOCTbIO.
B urore cnektpanbHbiii paguyc p(4) = 0.

10.4. KomnaktHble onepaTopbl
3HayMUTENbHAS YaCTb MPUJIOXKEHU CBOAUTCS K YPaBHEHUSIM BUAA
T=Arx 6o = Az+y,

C KOMITaKTHBIMHM OTepaTopaMu A, CIEeKTpaibHble CBOWCTBAa KOTOPBIX,
IO 3TOM MIPUYMHE, TIPEACTABISIOT OCOObI MHTEpPEC.

10.4.1. CobcmeenHoe noOnpoCmMpancmeo 8noaHe HenpepbieHo20 ONepamo-
pa, omeevarouiee HeHyAeeomy co6CmeeHHOMY 3HAYeHUN, — KOHEYHOMEPHO.

<« JonycruM nporuBHoe. Toraa B cobetBeHHOM nogmnpoctpaHctee Ny (A # 0)
nobasi orpaHUYeHHasi MOCNefoBaTeNbHOCTh {Z,} (Ans npocrotsl: ||z,|| < 1) dyHaa-
MEHTaJIbHa, MOCKOBbKY (hyHIaMeHTabHa nociegoBaTensHocTs { AT, }, a ¢, = 2 Az,.
TO 03Ha4YaeT KOMNAKTHOCTb eIMHUYHOrO 1apa B Ny, yero no teopeme 4.3.5 He MOXeT
ObITb. P

10.4.2. Henynegbie mouku cnekmpa A, 8noaHe HenpepvleHo20 onepamo-
DA — U30AUPOBAHHbLE.

<« JonycTUM TIpOTHMBHOE, MOCNENOBATENILHOCTh A, — A # 0, M €if oTBevaloT
COGCTBEHHbIE BEKTOPbI {Z|, Ty, ...}. [lycTs L, 0603Ha4YaeT MOAMPOCTPAHCTBO, Ha-
TSHYTOE Ha BEKTOpbl {Z,...,Tp}. B culy nuHeiHON He3aBUCHMOCTH {Z|,...,ZTn}

9 C ucronb3osanuem GOpMYJIBI N -KPAaTHOrO UHTErPUPOBaHHsI
t

/...jga(s)ds: rll)!/l(t—s)""w(s)ds.
0 0

0
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(nemma 10.2.1), L,y C Ly v Lp_; # Ly, noatoMmy (nemma 4.3.6) Ha equHuyHOM chepe

CYLUECTBYET Y, € L, TaKoit, ut0 ||y, — Lp—y|| = 1. TIpn k < n
Ayn _Aye __ [Au _ (A= Ayn
An Ak " Ak An '

DJIEMEHT B KBaZpaTHbIX CKOOKax MpUHAIIEXUT L,_, NOCKONbKY L,_, HHBapHAHTHOE
noanpocrpaucTso, Ayy € L, B cuiy k < n, HakoHel, (A — A,)yp, € L,_, BBHOY
(A = Ap)z, = 0. TosTomy

Ayn  Ays
’\n ’\k

YTO MPOTHBOPEYMT KOMMAKTHOCTH A. B

/ls

N3 yrBepxneHus 10.4.2 BBHITEKAET, YTO YUCIO COOCTBEHHBIX 3Ha-
YEHUIA, YIOBJIETBOPSIOIMX HEPaBeHCTBY |Ag| > € > 0, — KoHeuHo.
HakomnneHne MOXET MPOUCXOAUTh TOJILKO B HYJIE.

10.4.3. Henynresasn uwacmv cnekmpa 6noaHe HENPepbieHO20 Onepamopa
cocmoum moavKo U3 coOCMeEeHHbIX 3HaUeHUl.

<4 Ecmu A ¢ a(A) u A # 0, 10 R(4-,r) 3aMKHYTO (neMma 6.11.3), a nononHenue
R(4-an) B E paBHO
ker (A* = AXI) =0,

nockonbky U A ¢ o(A). Tlostomy Ris_sy) = E, v Touka A perynsipHa. b

IMonpITOXUM CKa3aHHOE.

10.4.4. Teopema. Cnexmp o(A) enoane HenpepvigHo20 onepamopa —
CUemHOe MHONCECMBO, He UMeIouiee NPeOeNbHbIX MOUEK , OMAUUHBIX OM HYAA.
Henynegvie \ € (A) ssasiomes cobemeeHHbIMU 3HAYEHUAMU KOHEHHOU

KpamHocmu 10).

10.5. CamoconpsxeHHble onepaTopbl

PaccMmaTpuBaeMbie HUXE OIEPaTOpbl MPEANoaraloTcs AeHCTBYIOIUMMU
B T’HJIbOEPTOBOM TpocTpaHcTBe H .

10.5.1. Teopema. Ilycmb 6 ecunvbepmosom npocmparncmee Ar = Ax,
A’y = py u A # ji. Toeda (z,y) = 0.

19 Yimeercs B BMIY KOHEYHasi pa3MepHOCTb COOCTBEHHbIX MOANPOCTPaHCTB. Booblue rosops,
KakK M B JIMHEITHOI anTebpe, 115 COOCTBEHHbIX 3HAYEH U MOTYT ObITh OTpeieNIEHbl ajiredpanyeckue
M TEOMETPHUYECKHUE KPATHOCTH, HA Y€M Mbl HE OCTAHABIMBAECMCSL.
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<« Beouncrnenue (Az,y) nsyms cnocodamu ',

(Az,y) = Mz, y), (dz,y) = (z, A'y) = fi(z, y),
npuBOIMTK (T,y) =0BcHny A # . »

Komnaxmuwili camoconpsxcennnviii onepamop A # 0 ob6s3amenvio
umeem Hewynegoe cobcmeenHoe 3navenue A (nemma 11.3.2).

10.5.2. Teopema. Bce co6cmeenHbie 3HaUeHUA CAMOCONPANCEHHO20 One-
Damopa eeuyecmeertbl, a COOCMeeHHble 6eKMOpbL, 0mee4aruue paiudHslm
COOCMBEHHBIM 3HAYEHUAM, — OPMOCOHANbHYL.

<« YMHOXeHHMe AT = AT CKaIsIpHO HAa T OAaeT paBEHCTBO

(4z, z) = Mz, z),
B KOTOPOM 06a npoussencHus (Az, z) u (T, T) BelwecTseHHb'D. B

Hau6oJ1ee nmiogoTBOPEH C TOUYKU 3PEHUS NMPUIOXKEHUMN CEAYIOLIMNI
pe3yJibTart.

10.5.3. Teopema lunbb6epra—Lllmuara. ITycme A — Komnakmmubiii ca-
MOCONPANCEHHbLI onepamop é 2unvbepmosom npocmparcmee H ¢ Hynregbim
a0pom (ker A = 0) ) Toeoa ¢ H cywecmayem opmoHOPMUPOBAHHbLI 6a-
suc {hyn} u3 cobcmeennvix éexmopoe onepamopa A, 6 Komopom onepamop
umeem duazoHanbHolii 8U0

Az = ATph, (10.7)
n

20e T, — KoopOuHamel 6ekmopa
T = E Znhy,
n

a A, — cobcmeeHHble 3HAHeHUs, omeeuarouiue eekmopam h,.

<« YnopsamouuMm coOGCTBEHHblE 3HAYeHMs onepatopa A B mnopsike ybbiBaHHs
abCoONIOTHBIX BEIMYHUH: || = ... > |A4] = ... . [ToTeopeme 7.4.2 kBanpaTnyHas popMa
(Az, z) mocturaer MakcMMyMma (MM MHHMMyMa) Ha €JHHUYHOM LUAape B HEKOTOPOMH
Touke & = h,, a nemMma 11.3.2 rapautupyer Ah, = A\h,.

") Hanomnuwm, uto (Az, ) = Mz, y), Ho (z, A\y) = Mz, 3).
12) OpTOroHabHOCTb COGCTBEHHBIX BEKTOPOB BbITeKaeT U3 Teopembl 10.5.1.
B Te. Az #0mpu z #0.
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IlanbHeiiee nocrpoeHue cucteMbl {h,} MPOMUCXOAMT MO MHAYKUMHU. Y MOA-
npoctpaHctBa L, HataHyTtoro Ha h;, mo teopeme 7.1.2 CyluecTBYeT OpTOrOHaIbHOE
nononHenue L*. Tlockonbky L uHBapuaHTHO oTHOcHTenbHo A, 10 u L* wHBapu-
autHO 'Y, — nostomy cyxenne A Ha L CHOBa yIOBIETBODSIET YC/IOBHSIM TEOPEMBI,
M MOBTOpeHMe mpenpiayluero wara misi Ay naetr Ah, = Ah,. Iocne atoro L Hats-
rupaetcs Ha {hy, h,} v TaK nanee.

B pesysnbrate BO3HMKAeT KOHEYHass WM GECKOHEYHass OPTOHOPMMPOBAHHAs CH-
crema {h,}. Ecnn nopoxnexnoe {h,} noanpocrpaHctso He coBnagaer ¢ H, To B MH-
BapMaHTHOM noxnpoctpaHctBe LY y A Het cOGCTBEHHOTO BEKTOpa, YTO MPOTHBOPEYHT
nemme 11.3.2. »

Ecnn nonyctuth ker A # 0, cuctema {h,} Gymer Ga3ucoMm JMILb
B HeKoTopoM noxamnpoctpaHcTe L C H. Jlio6oit BeKTop T OynmeT pac-
KJIabIBaTbCSI B CYMMY

z:anhn+v, 'UGL_L,
n

a orepatop A 6yneT no-npexHeMy UMeTh AuaroHanbHbii BUA (10.7).

B paMkax mnpenbioyiero 3a 60pToM pacCMOTPEHHUSI OCTAlOTCSI He-
orpaHuyYeHHble nUdGEPEHLIMATIBHBIE ONEpPaTOpPbl, XOTS TMOHATHO, YTO
OHM-TO KaK pa3 BKJIOYEHbl B TEOPUIO C IOCTATOYHBIM KOMQOPTOM.
Jeno B ToM, uTo obpauieHre nuddepeHMaTIbHOTO oneparopa 19) 06b14-
HO — €CTh BIOJIHE HETpepbIBHbIH UHTErpajbHbBIM onepatop G. A ecau
Gh = Ah, h # 0, T0 G~! umeer cobcTBenHOe 3HaueHue A U Te xe
COGCTBEHHBIE BEKTOPHI (CM. 3adayy [lImypma—Jluysunns B pasnene 10.1).
[Noatomy meopema Tunvbepma— [lImuoma KOCBEHHO OXBAaTbIBAET MHOTHE
MPaKTUYECKU BaxHble nuddepeHUrabHbIE OTepaTOphl.

10.6. OnepaTtopHbie PpyHKLUM

Teopust MaTpuyHbIX GYHKUUI THUMA e? ecrectsento MEePEHOCUTCS
B QYHKIIMOHAIbHBIE MTPOCTPAHCTBA.

[onunoM Yol + 714 +...+ 'ylAk JIaeT MPOCTEHILNI MPUMED OIle-
paTopHO QYHKIIHMH.

“UsueL,vel crenyer (Av, u) = (v, Au) =0.

19) JunddepeHUMaNTBHBIR ONEpaToOp NPEACTABASET COG0 HEKOTOPOE COOTHOLIEHHE MEXAY NpO-
M3BOIHBIMH ITUTIOC KpaeBble YCIOBHs, 63 KOTOpPBIX MHTerpupoBaHue AMddepeHLHaNbHBIX YpaBHe-
HHM HEOOHO3HAYHO.
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Ecau onepamop A umeem cobcmeennbie 3nauenus Aj, Komopuim omeeuaiom co6-
CmeeHHble 6eKMOpbl Tj, MO NOAUHOM

P(A) = A" + a1 A" L+l
umeem cobemeennbie 3navenus p(Aj) u me xce cobcmeennbie 6eKmopbl T;.
<« [llpumenss k Az; = A;x; onepatop A, nonyyaem
2 2
A :c,- = /\,-Aa:,- = /\]a:]
Ipononxas aHAIOTHYHO, UMEEM
Az =Xz,  (ad”+BA)z; = (aX + pM))z;,

yro B utore maet p(4)z; = p(Aj)z;j. »

OT NMoJIMHOMOB CTaHIAPTHBIM OOpPa3OM OCYILECTBISIETCS TEPEXO
K psanam

o0
)= w4,  A=L (10.8)

CxoanmocTs psiga (10.8) 0ObIYHO OTIpeneNsoT Yepe3 CXOAMMOCTb YACTUYHBIX CYMM

9
= Z 7kAk (10.9)
k=0

K f(A), 4to oopmasieTcst cTaHaapTHBIM 06pasoM. Pan (10.8) cxomutes k f(4), ecnun
no nobomy € > 0 MoXHo yka3atb Takoe N, uto || f(4)— f,(A4)|| < € xkak Tonbko ¢ > N .

00
< Ilycts Z'Vk’\k CXOAMTCA, YTO BJieYeT 3a Ccoboit 7,;/\" — 0, a 3Hauwmr,
k=0
¥ orpaHnueHHoCTh: [y A*| < M. Tlycts || 4| < IAI. Torza

Z Iy ¥ll = Z X || < M Z

00

k
CnenoBaTenbHO, CXOAUTCS psil E 7x||14]]". 9To o3HayaeT, 4TO YacTMUHBIE CYMMBI
k=0

E ’)’kAk MpEeACTaBASIOT c000it (PyHAaMEHTaIbHYIO MOCEA0BATENIbHOCTD, TTOCKOJIbKY
k=0

1
Z 7 A*

k=p

q
<3 wllAl.
k=p

©
B utore rapaHTUpoBaHa CXOAMMOCTb psila Z ’ykAk . >
k=0
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YTouHeHUe HeTalieil TPUBOIUT K ClEAYIOIEMY Pe3Y/IbTaTy.

10.6.1. Ecau cnexmpansuoiii paduyc p(A) < T, 20e 1 — paduyc cxodu-
Mocmu psaoda
o0
> A,
k=0

mo onepamopHblil pso
[o.¢]
k
DA
k=0

cxodumcs, onpedeasns Hexomopyto gyuxyuio f(A).



lnasa 11

IneMeHTbl HeSIMHEeHHOro aHann3a

11.1. HenuxelhHbie onepaTopbi

Henunetinbiii oneparop F : E| — E, Ha3bIBaeTCA HenpepuiéHbiM B TOUKE
z € E|, ecin

lzn — 2zl 20 = [|[F(zq) - F(z)|| - 0;

1)

c1ab0 HenpepviGHbIM ', €CTU

Ty L = F(z,) 2, F(z);

8noAHe HenpepuléHbIM, €CIN OH HEINMPEPBIBEH H OTPAaHNUYCHHBIC MHOXECTBa
0T06pa)|(aeT B MPCAKOMITIAKTHBIC; HAKOHCL, 02PDAHUYEHHbIM HA Q, €CIIn

sup ||F(z)|| < oo.
TEN

OT1nnumst OT IMHEMHOTO CiTydyast oueBUIHEI. HenpepelBHOCTL B TOY-
K€ HE TapaHTUPYET HEMpPEPhHIBHOCTH BO BCEM IPOCTPAHCTBE; HOpMA
oriepatopa HE OMNpeAeeHa; HEMPEPLIBHOCTb B J1I000M Touke Iapa 2
Y OTPaHMYEHHOCTh Ha () He CBA3aHBI JAPYT C APYTOM.

11.2. MpoussoaHbie u audpPpepeHumansl

ToBopst, onepatop F : E, = E; duggpepenyupyem no Ppewe B TOU-
ke ¢ € E), ecnu cyluecTBYeT NMHEHHBIH OrpaHUYEHHBIH oOrepaTop

! I o o
F, : E\ — E,, Ha3bIBaeMblil npou3sgodnoi Ppewe B TOUKE T, — TaKOH,

4YyTO
F(z + h) — F(z) = Fyh +v(z, h)

llv(z, bl

n ———— — 0 mpu ||h|| = 0.
IRl

Vg cllyyae TMHERHOro oneparopa cjiabasi HenpepbiBHOCTb COBMANAET ¢ OObIMHOIM.
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JIuneitnast yacTh npupaiienust Fyh HasbiBaetcsi Ougepenyuanom
Dpewe. Onyckas ums Dpetiie, MONB3YIOTCA TAKKE IKBUBAJIECHTHBIMU
Ha3BaHUAMM: CUNbHASA NPOU3BOOHAA N CUAbHBIL Oughdhepenyuan.

Ipu auddepeHumpyeMoctd F B kaxmoi touke £ C ) U Hemnpe-
peiBHOcTH F, Kak onepatopa u3 Q B £(E,, E,), onepatop F Ha3biBa-
eTcs Henpepwieno dugepenyupyemoim no Ppewe Ha . O paBHOMEPHOM
nuddepeHIMpyeMoCcTH Ha ) TOBOPAT B Ciiyyae, Koraa ”V(er’“h)” -0

paBHOMEPHO T0 T € (.

e Jlna mpousBonHoit @pele cripaBelIMBBl CBONCTBA, TUMMUYHbBIE
U1 OOBIYHOW MPOM3BOMHOI: OT «POU3BOAHON CYMMBbl PaBHOW CyMMe
MPOU3BOIAHBIX» BILJIOTh 10 MPOU3BOAHOIN CIOXHON PYHKIIUM,

(F(G(2)))' = Fg() Gy

e PeTpOoCneKTUBHBIN B3N MMOKa3bIBAET, YTO CYTh nuddepeHLu-
PYEMOCTH BCeTa CBOAMTCS K BO3MOXHOCTH JIMHEHHOM anmnpoKCHMalUK

AF = F(z + Az) — F(z) = F,Az + o(||Az])).

B onHoMepHOM ciyyae F,’, — o0ObiyHas npousBonHast. ns ¢yHK-
LMK N MEPEMEHHBIX BHELIHE BCE OCTAETCS TEM XE€ CaMbiM, HO Fi —
CTaHOBUTCS TpalueHToM, a FyAZ — cKaisipHbIM npou3seneHueM. s
oneparopa F(z), neiictyiouero 8 R",

F(z) = {F\(), ..., Fy(z)},

! o«
TOX€E HUYETO He MeHsieTcsl, BHellHe. Pa3Be uto F, CTaHOBUTCS Mampuuyeii
Hrobu

F; = [3Fi/3mj] ,

a B F, Az noapasymeBaeTcsi yMHOXEHHe MaTpLbl Ha Bektop. B TOKIT
/
TpebyeTcs, uToObl F, ObLI0 KOMIUIEKCHBIM YUCIIOM.

o TpoussonHas ®pewe B wape ||z|| < r uwmezpasrsrozo onepamopa Ypwicona

Fz(t) = / Glt, s, z(s)] ds
0
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B C/lyyae HENpepbIBHOCTHU sapa G|t, 8, T] MO COBOKYIHOCTH NMEPEMEHHBIX U HEMpPEPHIB-
HOM IudxpepeHLIMPYEMOCTH MO T ONPEAENSeTCS BbIpaXeHHEM

1
FiAz(t) = /G',[t, s, z(s)]Ax(s) ds,
0
kKak B C, Tak U B L,.

Cnabvim dugpgpepenyuanom, inv duggepenyuanom Iamo, Ha3bIBAIOT
npezen (no Hopme)

0F(z, h) = lim Fz+rh) - F(a:)
70 T

Cnabbiii nuddepeHMan Ha3bIBaIOT TaKXKe éapuayueii F.
Ecnu npenen 0F(z, h) oxa3biBaeTcst IMHEHHBIM 110 h,

0F(z,h) = F,h,

/ o . «
oneparop F, Ha3biBaloT npouseodnoii Tamo (caaboii npouzsodnoii) B
TOYKE &.

IIpouseoonas Dpewe, ecau cywecmsyem, seasemcs npou3sgoonoi la-
mo. O6pamHuyro umnaukayuro obecnevugaem mpeboganue HenpepbieHocmu
npou3seoonoii Iamo no .

CoBceM NPOCTO yCTaHABJIMBAETCS Cleaylomuil pe3ynsrar. (?)

11.2.1. Teopema. IIpoussodnas Ppewe enonne HenpepuieHo2o onepamo-
pa — 8noaHe HenpepuléHa.

Ecnu F,, : E| = £(E,, E,) nnbdepennupyem no ®peine B Touke Z,
To omneparop F Ha3biBaeTcs deaxwcou dugpghepenyupyemouim no Ppewe
B TOUYKE T. AHAJIOTUYHO OMPENENSIOTCS MPOU3BOAHBIE 7-TO IMOPSIKa,
H 110 TO! Xe CXeMe, YTO U B KJIaCCUYeCKOM aHanu3e, F(x) pasnaraetcs
B pao Tsiaopa.

o9}
F®(0
)

F(z) = k!

k=0
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Dopmyna KoHeuHbIX npupauseHuil
1
F(z) - Fly) = ( — ) / Fly+7(c - y) dr
0

noay4yacTcss UHTErpupoOBaHUEM OT 0 oo 1 o4YeBMAHOTO TOXAECTBA

2 Fly+ 1@~y = Fly + 7 - )l — ).

Ortclona sICHO, YTO NMPU PaBHOMEPHOU OrpaHUYEHHOCTHU TPOU3BO/I-
o !
HOoM F' Ha BBIMYKJIOM MHOXecTBe {2 onepatop F ynoBieTBopsieT Ha 2
yeaosuro Jlunwuya:

IF(z) - F@yll < Lilz-yl,  L>0.

11.3. papneHT pyHkumoHana

IpoussonHass Ppelile HenuHelHoro onepatopa F : E; — E; — 310
oneparop F,’;, AeicTByloLINiA, Kak dyHkums ot =, 3 E| B E(E,, E,).

B yacTHOM ciiyyae HenuHeHHoro ¢yHkuuoHana ¢ : E — R npo-
ctpauctBo £(E,R) ectb E*. Tlostomy npoussonHas Ppeme ¢'(z)
dyHkumoHana ¢(z) — 310 BekTop U3 E*,

o(z + Az) — p(z) = (¢'(z), Az) + o(||Az]]),

KOTOPBIiA Ha3bIBAIOT epaduenmom Ppewe GyHKIMOHANA (T) B TOUKE
1 ob6o3HavaloT Kak V(z), 1ubo grad p(z).

Ecnu dyHkuvoHnan ¢ : E — R gBaxan! auddepeHumpyem no ®pe-
1Ie B TOYKE &, TO €r0 BTOpas IPOU3BOAHAsI HA3bIBAETCH 2eCCUAHOM
(yHKLMOHaNa ¢ B TOYKE T WU 0003HayaeTCsd 4epes Vch(m). Teccuan
dyHKumMoHana ¢ — 3to oneparop u3 E B E(E, E*).

®yukunoHan ¢ : E — R Ha3biBaetcst duggepenyupyemoim no Tamo
B TOYKE &, €CJIM CYILECTBYET TAKOM JIMHEMUHbIA OrpaHUYEHHbIH PYHKIIHU-
ouan f € E*, nasbiBaemblit epaduenmom Tamo, uto mns noboro h € E

o(z +th) — o(x) = t(f, h) + o(t).
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IpanueHT Iato u rpanueHT Ppetite 0603HayalOTCs oAMHAKOBO: V(T) —
pa3nuyue BO3JaraeTcsi Ha KOHTEKCT. A €CJIM CyLIECTBYIOT 00a rpaiMeHTa,
TO OHY COBMAIaloT, — U B 3TOM CJlyyae rOBOPSAT MPOCTO O FPAJUEHTE.

o IpagueHt dyHkuuoHana ¢(x) = (z,T) B rMILOEPTOBOM MpO-
ctpaHctBe H onpenensiercs paeHcTBoM ' (2)h = 2(x, h), a rpanueHT
Y¥(z) = (Az,z), tne A caMOCOTIPSDKEHHBI ONMEpaTop, — PaBEHCTBOM
Y'(z)h = 2(Az, h).

o Cnenyoluid pe3yjbraT YCTaHABJIMBAETCS TaK XE JIETKO, Kak
U B CJiyyae CKaJIIpHOM (YyHKIIUH.

11.3.1. Jlemma. Heobxodumbim ycaoeuem Oocmudcerus @QYHKUUOHANOM

©(T) 6 mouke Ty N0KANBHO20 MAKCUMYMA UAU MUHUMYMA A6AAEMCA 2
obpawenue ¢ Hyav epaduenma V().

4 U3
p(z) = p(z0) + (V(2), z — Zo) + o(||z — zo|)

cHO, uTo mpu V(zo) # 0 B CKONb YTOAHO MaOil OKPECTHOCTH o HALUIUCH Obl
TOYKH, B KOTOPbIX ()YHKLIMOHAN NPUHUMAJ1 Obl 3HAUEHUS Pa3HbIX 3HAKOB. P

e 3anauyyM Ha YCJIOBHBIA MakKCMMYM, KaK U B OOBIYHOM aHaJIu3e,
pelIalTcss METOOOM MHOXUTenei Jlarpanxa. BoT yacTHbIM ciyyaid.

11.3.2. Nlemma. Keadpamuunas ¢opma (Az,x) ¢ Komnakmuoim ca-
MoconpaxcesHbim onepamopom A docmuzaem maxcumyma (U MUHUMYMQ)
Ha edunuyHoli cepe 8 mouke Ty, 8 komopoii Axy = Axy. Fcau A # 0,
mo A # 0.

<« MakcuMyM JocTHraeTcsi B HEKOTOpOi TouKe Iy 1o TeopemMe 7.4.2. PaBeHCTBO
Azy = Az( BbITEKAeT U3 MPEAbIAYLLCH JTEMMBI.

Cyxenue A oneparopa A Ha [ker A]* — HeBbIpoxmeHHblil onepatop. [Toatomy
us Azy = Az cnenyer A£ 0. »

11.4. MpuHUMN CXUMaIOLWMX OTOOpaXeHui

Psii NMpUHUMMUANBHBIX MaTEMaTUYECKHUX TPOOJEM CBOAMTCA K pa3pe-
[IIMMOCTH YPaBHEHHUs

z = F(z), (z € X). (1L.1)

2 Pa3symeercs, peub uaer o nudxpepeHunpyeMoM (GyHKLMOHAE.
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Touky =", y1OBIETBOPSIOLLYIO (11.1), Ha3bIBaIOT HenodeuxcHol mou-
Kol oneparopa F'.

11.4.1. Omobpaxcenue F , delicmeyioujee 6 Mempuveckom npocmpancmee
(X, p), nasvieaemcs cucumarouum (cxcamuem), ecau cywecmeyem maxoe
AL 1, umo

p(F(z), F(y)) < A\p(z,y) O0namobox z,y € X. (11.2)

11.4.2. Teopema. Bcakoe cocumarouee omoopaxcenue F', delicmayrowee
8 NONHOM Mempu4eckom npoCMpancmee, umMeen HenoOBUNCHYI0 MoKy T"
Komopas eduncmeenna. Ilocaedosamenbrusie npubsuNCeHUS

cxodames k T Hesagucumo om z°.

<« TlokaxeM, 4To J06ast NOCTEI0BATEABHOCTD ', OTpesenseMas MTepaLUsIMH
F = F(zk), ABAsETCA nocaeaoBarebHOCTbio Ko, OueBuaHo,

p(z", z™) < p(z", F(z")) + p(F(z"), F(z™)) + p(F(z™), 2"),

T.€.
p(z", z™) < p(2") + Ap(2", ™) + p(2™),

rae p(z) = p(z, F(z)).
CnenoBaTesbHO,

n gm) < LE)HOET)

< =X 0 (n,m = 00).

p(z

3mech Mbl BOCTIONB3OBAIMCH TeM, 4TO () Ha JOBON MOCIEAOBATENBHOCTH
2t = F(z*) y6wiBaer 10 Hyns, nockonsky u3 (11.2) serrexaer p(z*+') < Ap(z¥).
OcTaetcs 3aMeTHTb, 4To npocTpaHcTBo (X, p) moaHo. [oatomy zx — z*. B cuny
(11.2) oneparop F HenpepbiBeH. CrenoBatesibHo, z = F(z'). JiByx HEMOABHXHBIX
ToueK GbITh HE MOXET, 6aarogapsi TOMy xe HepaeeHcTBy (11.2). »

TIpu ocnabnenuu ycnosus (11.2) no

p(F(z), F(y)) < p(x,y) mnsmobbix z,y € X (11.3)

Teopema 11.4.1 nepectaer 6biTb BepHoit. ®yHkuusa F(z) = z +¢€ °

otoGpaxaet [1,00) B cebs u ynosnerBopsiet (11.3), HO HEMOABUXHOM
TOYKH HE UMEET.

e Ecin X komnaktHo, 10 M3 (11.3) cneayer (11.2). (?)
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Pasnomeproe cxkare. OToOpaxeHHue nByX rnepeMeHHbIX F(z, w), nei-
creytouiee u3 X B X npu KaxuaoM ¢ukcupoBaHHOM w € W u ynosie-
TBOPSIOLLEE YCIIOBUIO

p(F(z,w), Fy,w)) < Ap(z,y) msamobbix z,y€ X, weW,
(11.4)
rae A < 1 ¥ He 3aBMCHUT OT W, HA30BEM PAGHOMEPHbIM CHCAMUEM.
11.4.3. Teopema. Ecau omobpaxcenue F(x,w) seasemcs pagromeproim

cocamuem u HenpepuigHo no W, mo pewierue T* (w) ypasnenus T = F(z, w)
HenpepbiGHO.

<« Cyuecroanne peiuieHns z'(w) NPU KakXIOM W BHITEKAET M3 TEOPEMBI
11.4.2. B cuny (11.4)

p{z' (W), 2" (@)} = p{F(z' (), u), Pz (w), w)} <
< p{F (@ (), u), F(&" (u), w)} + p{F(" (), w), F(z"(w), w)} <

< p{F(z'(u), u), F(z* (u), w) } + Ap{z" (u), 2" (w)},
OTKyzAa

p{z'(u), 2' ()} < (1= ) p{F(z' (u).w), P’ (W), w)}. »

11.5. Teopema o0 HessBHOW PyHKUUMN

IMycts @ : X XY — Z — HenpepbiBHOE oToOOpaxeHue, rne X, Y, 7 —
0aHaxoBbl MPOCTPAHCTBA. YpaBHEHUE

®(z,y) =0 (1

1.5)
Ha30BEM /10KaNbHO paspeusumbim B TOYKE (Zo, Yo), ecnu P(zg,yg) = 0
M B HEKOTOPO OKPECTHOCTH 3TOM TOukM ypaBHeHue P(z,y) = 0
OIHO3HAYHO OMNpPENENsieT HeagHylo Qynkyuro T(Y), TOXIECTBEHHO YHO-
BJIETBOPSIIOLLYIO cooTHOLeHuI0 ®(z(y), y) = 0.

11.5.1. Teopema. ITycmb ®(To,1yo) = O u npouseodnas Dpewe P,
Henpepwigna (no Hopme onepamopa) é mouke (g, Yo), a AUHeiHbIil onepa-
mop ®(zo, Yo) Henpepvigro obpamum. Toeda ypaenenue (11.5) aokanbHo
paspeuwumo ¢ mouke (Lo, Yo)-

< 3amenum (11.5) 3xkBMBaNeHTHbIM ypaBHeHHeM = = F(z, y), rae onepatop

F(z,y) = z - [@}(20, 30)] ' (2, ),
KaK JIETKO yOeaUThCs, YIOBAECTBOPSET YCIOBUSIM TeopeMnbl 11.4.3.
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JleiiCTBUTENBHO, TPOM3BOAHA

Fy(z,y) = I - [®,(z0, yo)| ' ¥, (2, y)

HenpepbiBHa U F;(a:o, yo) = 0. [103TOMy B OKpECTHOCTH, ONMpEAENSEMOl HepaBeH-
ctBamu ||z — 2o|| < 7, |ly — woll < 7, npu mocraTouHo ManoM y > 0 UMeeT MecTo
||Fs(z, y)|| < A < 1. HakoHeu,

F(zo,y0) =20 = ||IF(20,y) — 2oll < (1= A}y

npu ||y — yll < @ u gocrarouHo Manom a < 7, OTKyAa creayet, yto F(z,y) mpu
[ly — woll < @ npeobpasyer wap ||z — zo|| < 7 B cebs. Janee ocTaeTcsi NPUMEHUTH
Teopemy 11.4.3. »

11.6. NpunHuun Wayaepa
B R" 06111eM3BECTEH CENYIOIMIA TIPUHLIUTT HETIOABUXHON TOYKH.

11.6.1. Teopema Bpayapa. Ecau nenpepbigHbiii onepamop T omoGpaxca-
em 6 cebs samknymuui wap B CR™ , mo ypaenenue T =T paspewumo é B.

B ToMe no HenuHeHOMy aHanu3y TeopeMa Bpayapa Gyzer akkypaTHO HU3IOXeHa
B PaMKaXx TeOpMM CTeneHH oToGpaxeHns . Cam pe3yJsTaT JOCTATOYHO OYEBMICH MpPH
HEKOTOPO# mepeOpMyTHPOBKE.

Hanpumep, MHTYUTMBHO NpO3payHa HEBO3MOXHOCTb HeNpepuieHO npodoAXCUmb
TOXAECTBEHHOE 0oTOGpaxeHue chepst § = {z : ||z|| = 1} Ha orpaHuumMBaemsiii €10
map B = {z : ||z|| < 1}. To ecThb — HEBOIMOXHOCTb HEMPEPHIBHOTO OTOGPAXEHUS
F: B — 8, xotopoe Bce Touku cepbl S OCTaBSIET Ha MecTe 9,

Orciona Bcero OAMH luar A0 TeopeMbl Bpayspa. <« Ilonyc-mM, CYLLECTBYET
HenpepuBHOE oToOpaxeHue T : B — B, He uMelolliee HENOABUXHBIX Touek, T'(z) #
s mo6oro £ € B. CoemunuM x U T(T) OTPE3KOM NPAMOI M TPOJOIXUM €r0
3a TOYKy Z 10 nepeceyeHus co chepoit S B HekoTopoii Touke F(z). Toraa F : B-oS
OYIET TEM CaMbIM «HEBO3MOXHBIM» OTOODAXEHHUEM. B

IpsiMonuHeitHoe o6061eHue Teopemsbl 11.6.1 Ha GeckoHEYHOMED-
HbII ciyyaid NPUHIUITUAILHO HE NPOXoAuT. HyXHbl TOMONHUTENbHbIE
MPENTIONOXEHHS.

11.6.2. MpuHumn Waypepa. Ecau enoane nenpepoignwiii onepamop T,
deiicmaylowuii 6 6anaxosom npocmpancmeae, omoGpaxcaem ¢ ceba wap B,
mo é B cywecmeyem nenodeuxcnaa mouka onepamopa, m. e. ypasHerue
z = Tz paspewumo ¢ B.

3 Cw. Taroke [3, T. 1], rnaBa «Tonoiorus u HeMOABUXHbBIE TOYKN», TAE MPOGIEMATHKA UITOXEHA
Ha Ka4eCTBEHHOM YPOBHE.

%) HeBO3MOXHOCTb, AebOPMUPYS BHYTPEHHOCTb PE3MHOBOTO LUapa, PACILIACTATh €ro MO Tpa-
HMle, He pa3pbiBasi (TPAaHUYHBIE TOYKH Ha chepe GUKCHPOBAHBI).
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<« BnonHe HenpepbiBHbi#t onepatop T : E — F Ha orpaHH4eHHOM MHOXECTBE
B MOXHO CKOJb YTOIHO TOYHO anmpoOKCHMMPOBATh KOHEYHOMEPHBIM onepatopom T.
Takum, ut0 ||T(2) — T.(2)|| < € ms moboro z € B.

Onepartop T, 3amaercsi KOHCTPYKTHBHO C MOMOLUbIO npoexmopa lllaydepa

w(@)z + ..+ ()2 =
@)+ pe(2) z€B,

II€ Z),...,2; — KOHEYHas £-ceThb komnakta T(B), a

P.(z) =

e—llz—zll, ecn ||z -zl <e;
pi(z) =
, ecmn ||z — zj|| > €.
Jlerko Buzetn, uyto oneparop T, (z) = P.(T(zx)) HenpepbiBeH, KOHEYHOMEPEH, OTOGPa-
XaeT KOHEYHOMEPHBII L1ap B ce6 U — no TeopeMe Bpayspa — MMeeT HEMOABUXHYIO

TOYKY .. B cuNly MOMHOM HENMpPEPBIBHOCTH T, CXOMMTCS NpH € — 0 K HEMOABHXHOI
Toyke orepatopa T'. »

11.7. CoGcTBEHHDbIE BEKTOPDI

HenuHeliHbie NPUHLMIBI HEMOABUXHOW TOYKHM CIIOCOOCTBYIOT pelile-
HHIO JIMHEWHBIX MAapaMETPUUYECKUX YpaBHEHH AT = AT, CBA3aHHBIX
C BOIIPOCaMM CYILECTBOBAHUSI COOCTBEHHbBIX 3HAYEHHH ¥ BEKTOPOB.

OcCTaHOBUMCH TpEeIBapUTEbHO Ha MpPH-
CIMOCO6JIEHUU UHCTPYMEHTOB.

O6006menns Teopem bpayapa u Illaynepa. Dine-
MeHTapHbIM o6pa3om TeopeMa bpay3pa 0606-
macTcd Ha c.nyqal”a MHOX€ECTBa Q, roMeEo-
Mop¢HOro 3aMKHyTOMY 1uapy B. _
<« [lycte oneparop T nepeBoaut B cebs (2, Puc. 1

1 G : B - Q — romeomopdusm (puc. 1). B atom cyyae

onepaTtop G’lTG oToGpaxaeTr B ce6s wap v no teopeMe 11.6.1 UMeeT HEMOABHXHYIO
Touky z* € B, Te. G 'TG(z') = z*. Ho torma TG(z') = G(z*), cnenosatenbHo,
y' = G(z') € Q — uenoaBuxHas Touka onepatopa T. »

Bo3MoxHocTH 0000111€HUSI 3TUM HE MUcueprbiBaiotrcsi. HenmonBuxk-
HYIO TOYKY OO05I3aHO MMETb HEMPEPLIBHOE OTOOpaXEHWE pempakma 5)
3aMKHYTOTO BBIMYKJIOTO Tejia B c€0s. DTO CUIBHO pa3[BUraeT ropu-
30HTbI, HO Ui JabHEHULIEro JOCTaTOYHO 0oJice CKPOMHOE 0000111eH1E
teopeM 11.6.1, 11.6.2.

Sy C X — perpakt X, ecau CyuiecTByeT HenpepbisHoe oTobpaxenue T : X — Y,
ocTasisioiee Bce Touku Y C X Ha Mecre.
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11.7.1. Teopema. Eciu nenpepuignviii onepamop T ¢ R" aubo enoane
Henpepbienbili 8 b6anaxoeom npocmpancmee E — omobpaxcaem e cebs
MHOMCECmBo 2, 20MeoMOpHOE 02PAHUMEHHOMY 3AMKHYMOMY GbINYKAOMY

MHoxcecmay 6), mo ypaenenue T = T'x paspewumo 6 Q.

IIpumep nosoxurenshoit Matpuunt A = [a;5], a;; > 0. Henunelnblit oneparop
T(z) = Az/||Az|

B cayyae ||z|| = Z |z;| oToGpaxaer B cefs BBIMYKIbIH CHMILIEKC Zz, =1, Bce

j
>0, uno Teopeme 11.7.1 uMeeT HENOABUXHYIO TOYKY,

A4z ="

T.e. £ — COBCTBEHHBIIl BEKTOP MaTpulibl A, OTBEYalOLIMii COBCTBEHHOMY 3HAYECHMIO
A =|4z°|.

B cnyuae apyroii HOpMbI B cebs 0TOGpaxanoch Obl He 00si3aTENbHO BBINMYKIIOE
MHOXECTBO, HO TOMEOMOP(HOE TOMY XE CUMIUIEKCY.

Mo aHaNOTMYHOI CXEME MOTYT PacCMaTpPUBAaThCsl MONOXHUTENbHbIE
BIIOJIHE HEMPEPBIBHBIE ONEPAaTOPbl, OCTAB/AIOIME UHBAPUAHTHBIM He-
xoropsiit KoHyc K C E (rnasa 12).

% He o6s3atensho TENECHOMY.



lasa 12

MonoxwurensHsie oneparopsi

Hanee peub uaeT 0 G6ECKOHEYHOMEPHBIX aHAIOrax TEOPUU TOJIOXHMTE/IbHBIX MATPHLI,
OCHOBaHHBIX Ha KOHYCHbix memodax. O60OLIEHHs, KaK MPaBUIO, YTPAaYMBAIOT MOTEH-
LHaJ1 UICTOYHHUKA. JIaHHbII cnyyait — uckmodeHue. KoHycHbie MeTonbl 3 GeKTUBHBI,
M3SILIHBI M JOCTaTOYHO NpocThl. [ie n3noxeHue npespallaeTcs B pacckas, oapoOHOCTH
MOXHO Haiity B [12, 13].

12.1. KoHycbi B 6aHaxoBbiX MPOCTPaHCTBAX

IMycth E — 6aHaXxoBO MPOCTPAHCTBO. 3aMKHYTOE BbINMYKJIOE MHOXECTBO
K C F Ha3bIBaeTCsl KOHYCOM, €CIM IS J1I000ro HeHysieBoro & € K

AMEK nmpu A>20 u Ax¢ K npu A<0.

WHaue roBopsi, KOHYC 0053aH ObITb 3aMKHYTHIM, BBIMYKJIbIM U CO-
JIepXaTb BMECTE C Jilo0Oi HEHyNeBOi Toukoit £ € K syd, npoxoasmii
yepe3 3Ty TOUKY, HO HE COAEPXKATb HMKAKYIO MPAMYIO, TIPOXOMSLIYIO
yepes .

TIpuMepbi KOHYCOB: Heompuuamenvhulii opmarwm R’y B R"; xonyce:
neompuyamensusix gynkyuit Ky B C u Ly; koHyc Beimykibix Ha [0, 1]
byHKUMI ¢ «HyneBbiMUH KoHlamu», £(0) = z(1) = 0. HeorpaHuueH-
HOE YMCJIO MPUMEPOB NaeT CeAYIOIMIA METOH MOCTPOEHUS! KOHYCOB.
Mycts @ C R" — 3aMKHyTOE BBIMYKIOE OrPaHUYEHHOE MHOXECTBO,
He conepxaiuee Hyis. Torna cosokynHocTs K () anementos r € R",
JOTYCKAIOLMUX TIPEACTABIEHHE

T =az, a>0, z€Q,

sABNsieTCs KOHYcoM. (?) Meron npencrasisieTcst OCTaTOYHO OBLIMM, HO,
KaK OydeT BMIHO M3 JajibHEHLIEro, B 6ECKOHEUHOMEPHbIX MPOCTPaH-
CTBax Yaille BCEro He paboTaer.

KoHnyc onpenensier B E noayynopsadouennocms: T >y (PaBHOCWIBHO
y < z), ecnu T — y € K. Takue HepaBeHCTBA, Kak U 0ObIYHbIE, MOXHO
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YMHOXaTb Ha HEOTPHLIATEJIbHbIE YMCJA; CKJIaIbiBaTh OJIHOUMEHHBDIE;
1
MepEXOIUTD K Mpeaesiam );

TLY,YyY<z = <LKz T<yYy, y<c = T=Y.

OtM, noxanyit, obuHocTh McyepnbiBaeTca. HaGop cBoiicTB 3Haka > cyiue-
cTBeHHO Goraue. Hanpumep, orpaHuYeHHasi MOHOTOHHAS (Zgy) > Tp) YMCNOBas TO-
CleNoBaTeNbHOCT {Z;} 0Ba3atensbHo cxoaurces. Ho nocneaosarebHOCTb, MOHOTOHHAS
B CMBIC/IE Ty, > Tk, Oydb OHA OrPAHMYEHHON XOTh MO HOPME, XOTb 1O KOHYCy (Bce
Z) < 2), — B 00LLUeM cryyae He 0053aHa CXOAUTBCSL. :

TTogo6HBIX NPUMEPOB CYLLECTBYET MHOro. B TO Xe BpeMs ICHO, YTO B KaXIOM
KOHKPETHOM ciiyyae crnieliduKa UCrosib3yeMoro KOHyca MOXeT 00ecrieyuBaTh HaTMuue
JOTIOJIHUTE/IbHBIX TIOJIE3HBIX CBOMCTB y OTHOLUEHUSI <. ITO cOOOpaXeHUe CIAYXMT
MCTOYHUKOM UHTepeca K U3YYeHHIO Pa3HOBUAHOCTEH KOHYCOB 2,

OrpanHYeHHOCTb MO KOHYCY M MHHHM3ApanbHOCTb. MHoxectBo ) C F
02PaHU4eHHO NO KOHYCY CBEPXY, ECNTU T < y IUisi BceX T € ) U HEKOTOPOTo
aneMeHTa ¥ € E, KOTOpblii Ha3bIBAIOT @epxHell epanuyeii (). AHaIOTMYHO
ONPEHETSAETC — HUNCHAS 2PAHUUQA.

Ecnu B MHOXecTBe P BEpXHMX TPaHMII MHOXeCTBa {) €CTb Hau-
MEHBIINI 3eMeHT 2y (20 € 2z, z € P), To OH Ha3bIBAETC MO4HOIl
eepxHeii epanuyeli MHOXeCTBa §} U 0003HavyaeTcsi uepe3 sup (2. AHajo-
TMYHO ONPERENSETCS MoYHas HuxcHAa epanuya inf 2.

KoHyc K Ha3bIBaeTCS MUHUIOPAAbHBIM, €CIIA JII0O0E MHOXECTBO
M3 ABYX 37IEMEHTOB {Z, Y} MMeeT TouHyI0 BEpXHIOIO rpaHmily sup{z, y}.
Ecnu xe ToyHasi BEpXHsisl IpaHUIa UMEETCS Y KaXOIOro OrpaHUYeHHOro
MHOXECTBA, TO KOHYC Ha3bIBAETCSI CUAIbHO MUHUIOPANBHBIM.

Konyc K. B C munHuasnpaneH, B L, — cuabHO MuHU3ApaneH. CHIBHO MUHHMI-

panbHbl opTaHThl B R”. «Kpyribie» koHycsl K (£2) (CM. BblLl€e) — He MUHUIIPATBHBL 3,

OneMeHThl KoHyca K cuuTaloTCs noaoxcumenvrsimu. MHOXECTBO
[u,v]={c€E:u <z <0}

HAa3bIBAIOT KOHYCHbIM OMPE3KOM.

) B 1om uncne — cnabbIM.

) Nomumo HENoCPeNCTBEHHOTO NpeIHa3HAYeHUs] Pa3HOBUAHOCTH KOHYCOB CJIYyXaT XOpOLUHUM
TPeHaXepPOM, IEMOHCTPUPYS pa3HOOOpa3ue CBONCTB 6GaHaXOBbIX NpocTpaHCTB. CyluecTBeHHO 6oee
noapo6Hy10 MHPOPMALMIO O KOHYCAaX U KOHYCHBIX METOJAX MOXHO Halitu B [13].

u yX TeM Gonee — He CWILHO MUHUBIPAIbHBI.
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Hopmanbubie u npasuabHbie KoHychl. KoHyc K Ha3bIBaeTCcSl HOpManb-
Hom, eciv 3 0 < T < y cnenyer |[z|| < N(K)||y||, v koncranta N (K)
HE 3aBUCHUT OT T U Y. Haumenbuiee u3 yncen N(K), 1is KOTOPbIX Bbi-
TIOJIHEHO HEPaBEHCTBO, HA3bIBACTCSI KOHCMAHMOIl HOPMAAbHOCMU KOHYCA.

HopManbHOCTb KOHYCa paBHOCHJIbHA OTCYTCTBUIO B K 371EeMEHTOB,
KOTOpBIE «TIOYTH TIPOTHBOIOJIOXHO HarpasiieHbl». TouHee, kowyc K
HOpManeH 6 MoM u moabKo Mmom cay4ae, Kozda cyuwecmeyem maxoe 0 > 0,
umo ||e) + e;|| = d 0as a06bix edunuunbix 6ekmopog ey, e; € K.

Ipyroe xapakmepucmuyeckoe c80iicmgo HOPMAJIbLHOTO KOHYCA: U3
cxodumocmu Kpaiinux nocaedogamenvHocmeli 8 Uy, < Ty < Wy K 00Wemy
npedeay caedyem cxodumocme T, K MOMy Xce npedeny.

Bce koHycel B R" Hopmanbbel. KoHychi K| HEOTpULATENbHBIX
¢dynkumit B C, Ly Takxke HopManbHbl. B npoctpaHcTse C ! (HempepsIBHO
anddepeHumnpyeMsix GyHKLUMIA) KOHYC K| CBOMCTBOM HOPMajibHOCTH
He o0JianaerT.

KoHyc, comepxaillMii BHYTPEHHHUE TOYKHU, CUMTAETCS MeAeCHbIM.
KOHyC Ha3bIBae€TCsS 680CHPOU3BO0AUUM, €CIIN KAXIbIA 3JIEMEHT T € E
MpeacTaBUM B BUIE

T=u—v (u,v € K).

Besikuit TenecHbli KOHyC aBsiercs Bocnipou3sonsiinM. Konyc K B C TeneceH,
B L, — BOCMpPOM3BOAAIUMIA, HO HE TEJIECHBIH.

O nocnenosareabHocti {z,} C E,
T ST < ... €Ty < ...,

rOBOPSIT KaK O go3pacmarowjeii (Mnu Heybviearoweii). HeybbiBaiowmme
Y HEBO3pacCTaIOLLME MOCIEAOBATENIbHOCTU XapaKTEPU3YIOTCA KaK MOHO-
moHHble.

KoHyc K Ha3blBaeTCsi npaeunbHbiM, €Clid Ji06as HeyObiBalouas
OrpaHUYEHHasl MO KOHYCY MOCJENOBATEIbHOCTb CXOOMUTCSA MO HOPME,
U — @NOoAHe NpasuabHbiM, €CIIA CXOASTCS MO HOpME HeyOblBaloue
OrpaHUYEHHBIE N0 HOpMe TIOCIIENOBATEILHOCTH.

TpaBuibHbIE KOHYCHI HOPMaNbHbI, BIIOJIHE TIPABUIIbHbIE — MpaBWbHBIL. TelecHbli
NPaBUJIbHBIA KOHYC BIOJIHE NIPaBUJIeH. BMOJIHE MpaBU/IbHBI TAKXE MPABHIIbHBIE KOHYChI
B cna6o nosHeIx npoctpaHcTsax. Kowyc Ky B L, BOJHE NMpaBHieH.
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B cnyuae f(z) > 0 npu z € K nuueiHbiii dyHkunonan f € E*
Ha3bIBaeTCs nosoxcumenvhoim. Ecin nuHelHas obonouka K ninotHa B E
(Hanpumep, K BOCNPOU3BOASILIMIT), TO MHOXECTBO IOJOXHUTEIbHbBIX
(byHKLMOHAIOB 06pa3yeT conpaxcennviii konye K* C E*.

JIMHEWHbIE MONOXHUTENbHBIE (YHKLMOHAIbI BCEraa CyllecTByloT. Bonee Toro,
VIS KaXIOro HEHYJEBOro o > 0 MOXHO yKa3aThb TaKOil TMOJOXMUTENbHbIA JIMHEH-
HbII HempepbIBHbIA GyHKuMoHan f(z), uto f(zp) > 0. A B ciyyae cenapabeabHOro
npoctpanctea E cywecTByloT (nMHeiiHble HenpepbiBHbIE) GYHKUHOHAIBI, CTPOTO MO-
JIOXHUTEbHBIE HA BCEX HEHYJIEBLIX T € K .

Touka T Ha3bIBAETCS K6A3UBHYMpeHHUM nemenmom KoHyca K , ecnu
*
f(z) > 0 wst mo6oro HeHynesoro dyHkunonana f € K.

12.2. MonoxutenbHbie onepaTopbl

Tot dakT, 4yTo NMPOCTPaHCTBO F MOIyynopsiioyeHO HEKOTOPbIM KOHYCOM,
MoXeT 3(GdEKTUBHO HKCMOJNIb30BAaTbCS MPU U3yvyeHUU omneparopa F,
neictBylomiero B F, nvuuib B TOM ciydae, kornga F' ob6nanaetr TeMd Win
MHBIMM CBOMCTBAMH, CBA3AHHBIMHU C IOJIYYIOPAIOYEHHOCTBIO.
Oneparop F : E — E (He 00s3aTeNbHO JIMHEHHbINA) Ha3biBaeTCHA
nonoxcumenvioim, ecnvi F(K) C K ; MoHomorHbiM, eCln

z<y = F(x)<F(y).

I[,J'[S[ JIMHEMHBIX OIEPATOPOB IMOJIOXKHUTEJIBHOCTb 9KBUBAJIEHTHA MO-
HOTOHHOCTH.

Ecan R" nonyynopsnoyeHO HEOTPULATEbHHIM OPTAHTOM, TO JIMHEHHBIH one-
paTop MOJOXHUTENEH, KOraa y OMpeaensiolleil ero MaTpuubl HEOTPHULATENbHbI BCE
aneMeHThl. VIHTerpanbHble orepaTopbl NpH ROMYYHNOPANOYEHHOCTH ¢ nomoubio K
TMOJIOXKHUTENLHBI NIPH MOJIOKUTENLHOM siipe (ZeTanu Noapa3yMesaioTcs).

IIpoctpancteo E,. [lyctb duKCMpoBaH HeHyleBod 3yieMeHT u € K.
Bektop & € E Ha3biBaeTCsl U-UBMEPUMbBIM, €CIV CYLIECTBYET TaKoe
v > 0, ytO

-u < T < yu. (12.1)

HauMenbiuee B (12.1) < HasbiBaeTcs w-HOpMoil T — nUWYT ||Z||y.
MHOXECTBO U-N3MEPUMBIX 3JIEeMEHTOB 0603Ha4aeTcs Yepe3 E,.

Mpu u(t) = | u nonyynopsnoyeHHocTH «Ky » B Ciyyae c' npocTpaHcTeo E,
cosrianaer ¢ C', a u-Hopma — ¢ Hopmoit C. B cayuae L, npoctpaxcteo E, (¢ u-



12.2. [lonoxwurtenbHele oneparopbl 171

HOpMOit) coBnanaet ¢ L, HakoHew, B ciyyae C «HU4ero He MeHsercs», B, = C.
Ecnn xe u(t) = t(1 —t), To E, npenctasnser coboil COBOKYIHOCTb TaKUX QyHKUMi
z(t), uto |z(t)| < yt(1—t), v > 0.

Ynpaxuenus
Ecan koHyc K HOpMaleH, To:
1) npoctpaHcTBO E, MONHO 1O %-HOPME;
2) CXOOMMOCTb MO %-HOPME BJIEYET 3a COBOIl CXOAMMOCTL MO MCXOOHOW HOpME
NMpOCTpaHCcTBa F;
3) mHoxectBo K, = KNE, ecTb HOpMaJIbHBIil TENECHDIN KOHYC B POCTpaHCTBE B, .

OnHOM TOJIOXUTENBLHOCTH OrepaTopa ObIBaeT HENOCTAaTOYHO, KakK
HEIOCTaTOYHO HEOTPHULIATEIBHOCTH MaTPHLI, CKaXeM, Uisi TeopeMbl [ep-
poHa. Crenylolliee TMTOHSITHE HAMPABJISIET TEOPUIO B 60Jiee KOHCTPYKTHUB-
HOE PYCJIO.

JIviHelHbl# onepaTop A Ha3bIBAETCS U-NOAONCUMENLHBIM, ECIIN HE-
KOTOpasi ero urepauus mepeBoauT HeHynesbie £ € K B K(u), rae
K (u) 0603HayaeT MHOXECTBO HEHy/leBbIX & € K, yIOBIETBOPSIOLINX
HEpPaBEHCTBY

au<zc<f

MpU HEKOTOphIX a, > 0.
Ecnu koHyc K TeneceH v u BHYTpeHHUH 3JieMeHT K , TO % -TOJIOXU-
TeJIbHBIA OMEPATOp HA3bIBAIOT CUALHO NOAOHCUMENLHBIM.

Hmepayuonnusiii npoyecc

Tk = F(zk)

C MOHOTOHHBIM omepatopoM F o6niagaeT CleaylOLIMM XapaKTEPHBIM
cBoitctBoM. Ecnu Touka o mon neiictBueM onepatopa F udem enepeo
(Hazad), 1.e. F(xo) > ¢y (< (), TO Bes MOCNENOBATENBHOCTD T
MOHOTOHHO BO3pacTaeT (yObiBaeT),

To< ... ST < ... (o> ... >z > ...),

YTO Ccpa3y BLITEKaeT U3 NMPUMEHEHUSI K HEPABEHCTBY Ij > Tj_| OIepa-
Topa F, B pe3ynbTaTe Yero T4 > Tk U T. 1.

Ecnu Tenepb eCTb IBE TOYKU Uy < Wy, «MEHbIIAss» K3 KOTOPBIX
WIET Briepel, a «00nbuiasi» — Hasal, TO UIs

V1 = F(v),  wiy1 = F(wg)
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nMeeM
PV < o0 KUY < oW < L. < W

O6e TOCeNoBaTebHOCTH Vg, Wi OKA3BLIBAIOTCS MOHOTOHHBIMH
¥ OTPaHMYEHHBIMM TIO KOHYCY, M B Clyyae HemnpepbiBHOro F u mpa-
BUJIBHOTO KOHYCa CXONATCS K HEMOMBUXHBIM Toukam v° = F(v'),
w' = F(w"). A ecniu F vMeeT NILb OHY HETIOABUXHYIO TOUKY Z', TO
mo6ast MOCIeN0BaTeNIbHOCTD Ty npouecca Ty = F (k) npu ycnosumn
vy < T < Wy OKa3bIBAETCS 3aXaTa B TUCKH,

Vp < Tp < Wy,

¥ TIOTOMY TOXE CXOIUTCS, Ty — T .

12.3. OueHkun cnekTpanbHOro paavyca

HanoMHuM, 4TO CrieKTpaNibHbIA panuyc p(A) onpenensieTcsi Kak HaUMEHbLUMI paauyc
xpyra?, conepxauuero Bech criekTp onepatopa A.

JluneitHoe ypasHeHue AT = Az +y npu |A| > p(A) uMeeT emMHCTBEHHOE
peutenue T = (A — A)"y, SIBJIAIOLLEECH MPEAEIOM MOCAEN0OBATENBHBIX NMPUOAMXKEHU
AZpy = Az, + y npu moboM ucxonHoM o € E. CxomuMOCTh MOCHENOBATENbHBIX
NMpUGAMXEHUN B JaHHOM Cjlyyae PaBHOCHJIbHA CXOAMMOCTH K pelueHu1o psda Heiimana:

00

z=) A"'A"y. (12.2)

n=0

MoxHO yTBepxaaTh Takxe obpaTHoe: ecnu pan HeiimaHa cxonutes npu mobbix y € E
n |l > a, 10 p(4) < a.

TouyHoe BbIUKCIIEHUE CIIEKTPAIbHOIO pafiuyca ylaeTcsi TONbKO B 3a-
nayHukax. [To 3Toif npuyKnHe BaXHYIO POJIb MTPAIOT TEOPEMbI 00 OLIEHKAX
crnekTpalibHoro panuyca. OcobeHHO ynoOHbie U 3(GheKTUBHBIE TPUEMBI
TaKUX OLIEHOK CYLIECTBYIOT IUISI MOJIOXUTEIbHBIX OMEPATOPOB.

12.3.1. Teopema. Ilycmb 0as auHeiino2o noaoxcumensHo2o onepamopa A
u Henynegozo emenma Ty € K evinoansemcsa nepaéencmeo

Az > yz,.
Toeoa p(A) > 7.

4
) Ha xommiexcHoi TUIOCKOCTH, C LIEHTPOM B HYJIE.
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<« O603HaYMM uYepe3 T, PELUEHHUE YPABHEHUS
(p(A)+e)z=Az+y, €>0, y>z,.

TTockobKy Bee 3neMeHTbI Ay MONOXHUTENbHBL, TO T, , NPEACTaBUMOE psioM Heiimana,
TaKXe TMOJIOXKHUTEILHO, a 3HAYMT, TOJAOXUTENbHO AZ,. [ToaToMy

(p(A) +e)z. >y >z0 u (p(4) +e)z, > Az,. (12.3)

TTpuMeHss K nepeoMy HepaseHCTBY (12.3) onepatop A (3aMeTUM, YTO TMHEHHbIA
TMOJIOXKHTENBHBIA OMEpPaTop MOHOTOHEH) M MOJB3YsACh BTOPbIM HepaseHcTBoM (12.3)

u ycnosuem Az, > YT, nonyuaem z, > ¥(p(A) + €)"2x,. Mpononxas 310T npouece,
NPHMXOOMM K HEPABEHCTBAM

g >71" ' (p(A) +€) "k,  n=1,2,...,

OTKYa BBITEKAET OrPaHMYEHHOCTb MPH KaXIoM (UKcHpoBaHHOM € > 0 mocnenosa-
TensHoctn 7" (p(A4) + €)™, uTo B uTOTE BeueT 3a coboit p(4) =v. »

AHajlornyHasi OlieHKa CMEeKTPaAIbHOTO paauyca Mo o6paTHOMY He-
paBEHCTBY

Azy < vz, THE K, Zo#0, (12.4)

B OOLLUEM Cllyyae He UMeeT MecTa, HO B JOCTATOYHO CBOOOAHBIX Mpe-
nonoxeHusix (12.4) Biever 3a co6oit p(4) < 7.

Ilyctb, HanpuMmep, K — HOPManbHbIA BOCITPOM3BOISANINI KOHYC,
a onepatop A xg-oepanuuen ceepxys). U3 (12.4) BbiTekaet, 4TO Ore-

patop B = ;A npeobGpasyeT B ceOs KOHYCHBbIA OTpe3oK [—&g, Zo].

IoaToMy nipu io6oM y € [z, To] HOpMbI anemenToB B"y orpanuye-
Hbl B COBOKYITHOCTH, 4TO BJIeUeT 3a CO00M cxomuMocTb psinosB HeliMaHa
(12.2) mpu |A| > . A nockosnbky onepatop A o-oepanuuen ceepxy, TO
OTPaHMYEHHBIMU MO HOpPMe GyayT Takxke aneMeHThl B"y npu moGom
y € E. CnenosarenbHo, psinel Heiimana (12.2) cxomsrcst mpu io6bix
Al > v u y € E, uyro npuBonuTt K p(4) < 7.

Bo3MOXHBI ¥ OpYrue Bapualuu TpedrnonoxeHuid. YacTs 3 HUx
coOpaHa B CJIENYIOLIEM YTBEPXICHUH.

12.3.2. Teopema. [lycmb auneiinsiii nosoxcumenshoiii onepamop A ydo-
enemeopsem nepasencmay (12.4) u avinoansemcs 00HO u3 ycaoeui:

%) MonoxutenbHbiit oneparop F Ha3biBaeTCs T(-0epanuveHHbiM céepxy, €ClM IS Jo6oro
HeHylnieBoro £ € K MOXHO ykasaTh Takke m 1 a > 0, yto F™'(z) < azg.
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1. K — Hopmaabhbili 8ocnpou3sooswuli Kowyc, onepamop A xg-oepa-
HuYeH ceepxy.

2. Onepamop A e6nonne HenpepuiéeH, Ty — KEA3UGHYMPEHHUI 3ne-
menm K.

3. K — Hopmanvhbili menecHulii KOHyc, Ty — HympeHHuii 3nemenm K.
Toeda p(A) < 7.

Hcnonb3oBaHUE TOJOXUTENbHBIX OINEPATOPOB B KAYECTBE MUHO-
paHm WM maxcopawm JAET YNOOHbIE OLIEHKU CIEKTPAJIbHOTO paguyca
B 00LLEM ciyyae. BOT OIMH M3 TaKuUX Pe3yJbTaToB.

12.3.3. Teopema. [Iycms auHelinbiii onepamop A nosoxcumenen Ha HOp-
ManbHOM 80CNPOU3600AUEM KOHYCe U auHeliHbiii onepamop B ydoenemeo-
psaem ycao8uro

—Az < Bx < Az, z€K.

Toeda p(B) < p(4).

12.4. Mo3uTtneHbLIA cnexTp

Ecnu ypaBHeHHe
Az = Az

C JIMHENHBIM TOJIOXUTENbHBIM ONEPaTOPOM A MMEET MPU HEKOTOPOM
A = Ag > 0 HeHyneBoe pelueHue (cCOOCTBEHHBIN BeKTOp) T € K, TO
Ao Has3bIBAIOT no3umMueHuiM cobcmeenHbim 3navenuem. Ecnu npu 3TOM
octanbHOM cnekTp o(A) comepXutcst B Kpyre paguyca T < |Ag|, — Ag
Ha3bIBAETCS gedyusum cobcmeennbim 3navenuem. TIOHSTHO, YTO B 3TOM
ciaydae Ay = p(4).

KaMepTOHOM T€OpUM JIMHEHHBIX MOJIOXUTENbHBIX OTIEPATOPOB CIly-
XHUT 3TAJIOH MOJIOXUTEbHBIX MATPUIL.

12.4.1. Teopema Meppona. /Tycms mampuua A = |a;;] cmpoeo nosomcumensna (sce
a;j > 0). Toeda:

o Cnexmpanonuuii paduyc p(A) > 0 sensemcs cobcmeennbim 3Ha4enuem anceGpauyeckois
Kpamnocmu eOuHuua, u emy omeedaem CmMpo20 NOAONCUMENbHbIE coBCMEeHHblil
eexmop.

o Jlpyaux nonoxcumenbroix COOCMEEHHbIX 3HA4EHUH U 6eKMOpo6é Mampuua A He umeem.

o Ecau Az = Az, X # p(4), £ # 0, mo || < p(A).

DopMynupoBkaM meopemsi ITeppona B pa3iMYHBIX UCTOYHMKAX MPUCYLL Onpese-
JIEHHBII 3a30p npeanonoxeHuit U BeiBogoB. OcnabneHue TpeGOBaHUS CTPOroit TMoso-
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XUTENBLHOCTH A > 0 MPUXOOMTCS YEM-TO KOMIIEHCHPOBATh, HAITPUMED, HEPA3N0XUMO-
ctbi0?, UTO HOCTUrAET Lenn AMLIb YACTUYHO.

12.4.2. Ecau mampuya A > 0 nepazroxncuma, mo p(A) > 0 sersemcs cobcmeennoim 3na-
Yenuem aneebpauyeckoil Kpamuocmu |, Komopomy omeeuaem cmpoco NOAONCUMENbHbLi cO6-
cmeennbili gekmop. Jpy2ux nosoxcumensHoix cobcmeeHHbX 3HaveHull u éexkmopos y A nem.

OnHako y A MOTYT ObITh ApYTrHe COGCTBEHHBIE 3HAYEHUS A, PaBHbIE 110 MOAYJIIO
p(A), — n Bo3HMKaeT mpobremMa U3YYeHUS nepugepuueckozo cnexmpa: COGCTBEHHBIX
sHauenmii {A,..., A¢}, paBHbix o Moaynio p(A). Takue MaTpHLbI HA3BIBAIOTCH UM-
NPUMUMUBHHIMU Y XaPAKTEPU3YIOTCH ONpeaeNeHHBIM CIOPIPH30M: BCE neprudepHyYEcKme
A;j 0o6s13aHbl uMeTh BUI w;jp(A), rie w; KOMIUIEKCHbIE KOPHHU k-ii cTemenu u3 1.

O60061eHne TeopeMbl IleppoHa B (yHKLUMOHAJbHBIX MPOCTPaH-
CTBax pacchiNaeTcsi Ha OTAeNbHbIE pyuyeiiku. B nepBylo ouepenb 0ObIYHO
MIPENbSBIISCTCS CIEAYIOLINIA pe3yJbTaT.

12.4.3. Teopema . Ecau konyc K Hopmanvhiii u eocnpousgooswuii, mo

8 y
y 2100020 nOAONHCUMENBHO20 Ohepamopa ) A wucno p(A) seasemes moukoi
ezo cnekmpa.

Pesynbrat, 06e3yciOBHO, KpaeyroJibHblii, HO yIOBOJIbLCTBUE — YM-
CTO 3cTeTnyeckoe. eno B ToM, 4To 6e3 NOMOJIHUTEIbHOM aTpUOYTUKHU
npuHapiexHocTs p(A) crnekTpy — Maio yTo maet. sl MPaKTH4YeCKO-
IO WCIONB30BAHMS BaXHbl NOMOJHUTENbHbIE 0BCTOSATENLCTBA. YTOOBI
y COOCTBEHHOTO 3HaueHusi Ay = p(A) CyleCTBOBaJ MOJIOXHUTENbHbI
COOCTBEHHBIM BEKTOP Ty 7 0 ¥ OCTAIbHOM CIEKTP JieXasl B KPyre paau-
yca, ctporo Menbluero p(A). Torna oT co3epuaHusi MOXHO TEPEXOANTh
K LieJIeHanpaBJiEeHHOW NESITEIbHOCTH.

HanpuMep, ¢ MOMOLIBIO MPOCTHIX WUTEPaUMi BUIA Tjy) = AZj
MOXHO TMOJIyYUTb CKOJIb YTOJIHO TOYHYIO OLEHKY CIEKTPAIBHOTO Padu-
yca. Ecnu He BHMKaTh B J€TAIM, NPUUMHA 3aKJIIOYAETCS B CIELYIOLIEM.
IMpoctpanctBo E (Hanpumep, L;) pacnanaetcs B cymmy E| @ E,, rae
onHoMepHoe F| HaTAHYTO Ha COOGCTBEHHBIN BEKTOP Z(; ONEPATOP XE

6 Martpuua A Ha3blBaeTCsl HEPA10MCUMOU, ECTIH ONUHAKOBOW NMEPECTAHOBKOIM CTPOK W CTONG-
A Ap
,rae Ay u Ay, KBanpaTHble MaTpULIbL.
0 An
7 Bexu ma YT K OKOHYaTenbHo dopmynuposke: Kpeian M. I., Pymman M. A. // YMH. 1948.
3. Ne 1. C. 3-95; Bonsall F. // Proc. London Math. Soc. 3. Ne 8. P.53-75; Karlin S. // J. Math.
Mech. 1959. 8. Ne 6. P.907-937. [IocTaTO4HO KOPOTKOE NI0Ka3aTeJbCTBO UMeeTcst B [13].

LIOB OHa HE MOXET ObITh NMPUBEAEHA K BULY [

® JTuneitrocTs 1 HETIPEPBIBHOCTb (OrpaHUYEHHOCTb) MOAPa3yMEBalOTCS.
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1 ’

B = — A oka3bIBaeTcs IpeNcTaBUM B BUAE CyMMbl JIBYX OINEpaToOpOB
0

B, v B,, nepsbiii u3 kotopsix neiicteyer B E; (npuuem B) = I),

a BTopoii — B FE5, mpuyeM B; uMeeT CNEKTPaIbHbIA paauyC CTPOro
MeHbLUMI 1 (MOCKONbKY A — Belyliee COOCTBEHHOE 3HAaYeHHeE) U To-
TOMYy CXHMMaeT B HEKOTOpOii (3KBMBAICHTHOI) HopMe. B pesynbrare
UTEpALIMK Ty = AT CXOAATCS MO HANPABIEHUIO K I(, @ OTHOLLIEHKUE
||zk+11l/l|zk|l cTpeMuTcst B mpenene k Ag = p(4).

Ilo 3Toi MpUYMHE panu rapaHTUU CYLLIECTBOBAHUSI MOJOXHUTETbHOTO
COBCTBEHHOTO BEKTOPa M HATWYus 3a30pa Mexny Ao = p(A) u octanb-
HBIM CIIEKTPOM — OOILIHOCTDb MPEAINONIOXEHUN TPUHOCUTCS B XKEPTBY.

12.4.4. Teopema. [Tycmb aunelinbiii b-oepanuvennblii onepamop A enon-
He HenpepbieH u U-nonoxcumenen. Toeda A umeem eduncmeenHbiii no-
A0MCUMenbHbLi cobcmeentblll 6eKmop Ty, KOmopomy omeeuaem eedyujee
cobcmeennoe 3navenue Ay > 0.

TcopeMa NAcT NMOJIOXKHUTEIbHBIC OTBETBI HA OCHOBHBIE BOITPOCHI, U —
JIOCTaToyHa 1Jjig OOJbIIMHCTBA HpVUlO)KCHVlﬁ. Hpeﬂl’lOJlO)KCHMH BbITJISA-
IOAT JOBOJIBHO XC€CTKHMH, HO OHH OOBIYHO BBIMOJIHAIOTCA Ha TIPaKTHKE.

PaccMotpum B C[€2] MHTErpanbHbIii ONepaTop ¢ HEOTPULIATENbHBIM SAPOM Ha KO-
HEYHOMEPHOM KoMMakTe 2

Gz(t) = /G(t,s)z(s) ds. (12.5)
Q
M3 teopembi 12.3.2 BhITEKAET OLEHKA

p(G) < max #(t) /G(t, 8)xy(8) ds, zy(t) > 0,
Q

TOYHOCTb KOTOPOii onpenensiercs: BBIGOPOM yHKLMH To(t).
TMoMuMo npsiMonMHENRHOTO Zo(t) = 1 uMeeT cMbIca

zo(t)=/G(t,s) ds.
Q

Tpu 3TOM NErKO TIPOBEPSETCS To-OrPAHUYEHHOCTH omeparopa G, U B pe3yabrare
TOYHOCTb OLEHKH MOBbILLIAETCS.

O xapaKTepe JOCTMIaeMbIX Pe3y/bTaToB YIOOHO CYAMTDb MO CUTYauMsiM, Tae CreK-
TPIbHBIA PafMyc TOYHO BBIYMCAAETCA U3 APYruX coobpaxeHuii. Takoii npuMep paet
obpatueHue 3adaqu LlImypma—Jluysunns

' + Az =0, z(0) = z(1) =0,
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npuBoOAsILIEE K MHTErpalibHOMY onepatopy G Buaa (12.5) ¢ sapom

t(l—s), ecn t<s;
G(t,s) =
s(1—t), ecm s<t,

KOTOpBIi BIIOJIHE HETPEPLIBEH, To-TIONIOXUTENEH U To-OrPAHMYEH MpM BLIOGOpE B Ka-
uectBe To(t) = t(1 —¢t).

Bbruucnenus nokasbiaior [12): Gy < 0,10412,, Gy <0,1016Z, 4TO NPUBOAMT
(no Teopeme 12.3.2) k noBoabHO ToYHBIM oueHKaM: p(G) < 0,1041, p(G) < 0,1016, —
B cpaheHuu ¢ p(G) = 1/7% = 0,1013.

Teopema 12.4.4 onocpesoBaHHO rapaHTUPYET, YTO MOC/AEAYIOIIME UTEPALIMU Ore-
patopa G MOTYT 06€CTIEYMTb CKOJIb YTOOHO TOYHBIE OLIEHKH BEYLUEr0 COGCTBEHHOIO
3HayeHusa Ay = p(G) ¥ oTBeyaouIEro eMy COGCTBEHHOIO BEKTOPA.

<« YTto KacaeTcs moKa3aTenbcTBa TeopeMbl 12.4.4, TO CylUeCTBOBaHHE COOCTBEH-
HOTO BEKTOpA BBITEKAET U3 MOJIHOM HENpPEPLIBHOCTH ornepaTtopa — cM. TeopeMy 11.7.1
U ee OOCYXIEeHHE.

OTcyTCTBUE HA OKPYXHOCTH paauyca p(A) apyrux cOGCTBEHHbIX 3HaYEHMIA CBs3a-
HO C U-TIOJIOXUTENBHOCTHIO OMEPaTopa, KOTOPask UCKJII0YAaeT BO3MOXHOCTD CYLLECTBO-
BaHMsl B KOHYyce (cM. Teopemy 12.4.5) apyrux coGCTBEHHBIX BEKTOPOB, KPOME o,

Azy = p(A)z,.

Ho Toraa onepatop AA npu mo6oM A < p(A) cTporo oToGpaxaer B ceOsi KOHYCHBIH
OTpPE30K, OTKyJa C/leAyeT CXONMMOCTb K HyJIO MTepauMit Ty, = AAxz; U3 moboro
HAYaILHOTO TOJIOXEHUs, YTO U O3HA4YaeT OTCYTCTBME Ha OKPYXHOCTH pamuyca p(A)
IpYruX COOCTBEHHBIX 3HaYCHUH. P

12.4.5. Teopema 0 HeCOBMECTHbIX HepaBeHCTBax. [lycmb auneiinbiil
U-nonoxcumensvubili onepamop A umeem nosoxcumenvhuiii cobecmeenHbiil
eeKkmop Ty, cOOMeemcmeyouulli no3umueHomy cobcmeeHHoOMy 3HA4eHUIo
Ao = 1. Toeda oas ecex « € K , omauunoix om vy (v > 0), anemenmor &
u Az necpashumoi: t — Ac ¢ K, Ar —x ¢ K, m.e.

Tz b Az, z < Az.

<« 3aMeTHM, YTO 3NEMEHT I, OUYEBMIHO, NpuHamiexuT K (u), no3tomy onepa-
TOp A TaKXe T(-TONOXUTENEH.

Bo3bMeM NPOM3BOJIbHYIO HEHYNEBYIO TOYKY & > 0 M 00603HauuM yepe3 ay U f,
COOTBETCTBEHHO, HaUGOJbLIEE ¥ HAUMEHbLLIEE U3 Yucen a U 3, IpH KOTOPBIX

azr, < AF < Bzxo,

rae k BbibpaHo u3 yenosus Afz € K (o). JonycTtnm, A¥z # vz,. Torma sneMenTsI
A*z — ayzy v Pozo — A¥T OTAMUHBI OT HYNS U MONOXUTENBHBI, M IOITOMY HAMIYTCH
TaKWe HaTYPaJIbHBIE P U ¢ U MOJIOXHUTEbHBIE @) U Ay, YTO

Ap(AkZ bt C!().'EQ) > T, Aq(ﬁomo - Ak.'t) 2 axg. (126)
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Ecan =3 Az, 10 A*z > AP** 2 u B cuny nepsoro HepaencTsa (12.6) Az > (ao+ay)zo,
YTO NMPOTMBOPEYMT MAKCUMAILHOCTH . B ciyyae £ < AT aHaIOrHYHBIM 006pa3oM
NoNy4aeTcs NPOTMBOPEYHE — MPH MOMOLUM BTOPOro HepaseHcTsa (12.6) — ¢ onpene-
neHueM fy.

Tenepb octaeTcsi BO3MOXHOCTb Az = vz,. Ecnu ¢ > Az, 10 Az >z, Te.
vzy—c > 0. Ecamn Obl 3n1€MEHT vTy — & ObLI OTAUYEH OT HYJI, TO 371EMEHTHI A"(Vzo—z)
TakXe ObinM 6bl OTIMYHBI OT HYJsA MPU HOCTATOYHO GOMBIUMX 71, HO 3TOTO HE MOXET
6bITb, nockonbKy A* (vzy — ) = 0. CnenoBatensHo, AT > & BO3MOXHO JIMLIb NpPH
T = vxy. Cnyvait Az < T paccMaTpUMBAaeTCs aHAIOTMYHO. B

12.5. HenoaBuXHble TOUKMU

MOHOTOHHBII CUJIBHO MOJNIOXUTENbHBIN onepaTop T' Ha3oBeM 6 -cynep-
00HOpOOHbBIM, ecnu Juist Io6bIX T >0 u T € (0, 1)

T(rz) > T'T(), (12.7)

npuyeM 0 < 0 < 1.
Takue onepaTopbl OKa3blBalOTCs CXHUMAIOIIMMU B Mempuke Bupk-
eogha
p(z,y) =min{a:e ’c <y <e*z} (z,y>0).

4 [leliCTBUTENBHO,
T(z) > T (e *Vy) > e =0T (y).

AHAJIOTMYHO,
T(y) > T(e™*"Yz) » e %V 7(z),

OTKyZAa
p(T(z), T(y)) < 0p(z, y),

9)

4yTO BJIeYET 3a coboit CyLLECTBOBAHHME U EOUHCTBEHHOCTb HETMOIBUXHOMN TOYKH,

' =T(z"). »

Tpe6oBanue (12.7) B HEKOTOPBIX CUTYaLUsIX OKA3bIBAETCSI CIMLLIKOM
xecTtkuM. Hanpumep, korna T(x) = Az + b, rne A — nuHeHHbIA
TIOJIOXKHMTENbHBIN onepaTop. B Takux ciyuyasix yacto ynaetcs oGOWTHCDH
Gonee cBOGOIHBIM MpeanonoXeHneM (neranu cM. B [12])

T(rz) > [1 +v(z, 7)|7T(z), v(z,7) > 0.

EcTb Takxke )’I[06Hble TONOJIOTUYECKUE MPUHLINITBI CYLIECTBOBAHUSA
HEMOABMXHBIX TOYEK Y MOJIOXKHUTE/IbHBIX OINEPaTOpPOB.

9 TMockonbky K (u) nonHo no metpuke Bupkroda. (?)
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12.5.1. Teopema. [Iycmb npu docmamouno 6oavuux no Hopme € K no-
A0KHcumenbHulii 6noaHe Henpepbuighbili onepamop T' ydoenemeopsem ycaosuio

T(z) % z.

Toeda onepamop T umeem na K nenodeuxcryro mouky. A ecau 0onoanu-
meansho T(x) < T npu docmamouno manvix no nopme & € K, mo T na K
umeem HeHyneyio HeNOOBUNCHYIO MOHUKY.

06 ycnoBusix

T(z)$z, T() <z

MOXHO CyIWTb Mo auddepeHLnaIbHBIM CBOWCTBaM OriepaTopa B HyJje
MU Ha 6eckoHeyHoCcTH. [1pu 3TOM TpeboBaHus K nruddEepeHLINPYEMOCTH
MOTYT OBbITb OCJIa0JIeHBI.

Oneparop F Ha3biBaeTcs dughghepernyupyembim no KoHycy B TOUKE T,
ecnu st Bcex h € K

F(z + h) — F(z) = F;h + o(||h])),

rae F,' : E - F — nviHeWHbIA OrpaHUYEHHbBINA OTepaTop, Ha3biBaEMblii
npou3BooHol NO KOHYCY.

INone3Ha Takxe nuddepeHLUNaIbHAs aCUMITOTUKA Ha OECKOHEY-
Hoctu. Onepatop F Ha3sbiBaeTcsi dughghepernyupyemoim na beckoneunocmu
Nno KOHycCy, €CJIV CyLIECTBYET TAKOM JIMHEMHBIA OrpaHUYEHHbII orepaTop
Fo,utomsaz €K

|F(z) — Foozl| _

lim sup =0.

R0 ||z]|>R {4

! o o«
Oneparop F,, Ha3bIBAIOT acuMnmMomu4ecKkoii npou3gooHol no KoHycy.

12.6. MpuHumvn Bupkrodpa—Tapckoro

Kak Xxopouuii MofapoK — He JONXEH UMETb YTUIMTAPHON LIEHHOCTH,
Tak 1 Xopouias Teopema. [punuun Bupkroda—Tapckoro (cM. [3, T. 1])
O CyLIECTBOBAaHMM HEMOABMXHOM TOYKH y paA3pbi6HO20 OTIEPATOpA HUKO-
My HE HyXEH, HO — Ha OYEHb BbICOKOM YPOBHE.

B [3, T. 1] Teopema 6blna n0Ka3aHa B CMTyallMW CHJIBHO MUHWII-
PpalbHOTO KOHyca. BoT o0mmiuii pe3ynbrar.
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MOHOTOHHBII onepatop F' Ha3bIBaeTCs npedeabHo MOHOMOHHO KOM-
nakmusimM Ha orpaHNYeHHOM MHoxectBe M C E, ecnu cxoautcs iiobast
MOC/IE0BATENBbHOCTh JIEMEHTOB

Ty < F(z)) < F3 (1)) < ... < F*z,) < ..., (12.8)
rae Bce T, € M.

OnpeaeneHune BbIMISAUT HEYKITIOXKE, HO OHO YIOOHO U nerko nposepsiercsa. One-
parop F npenenbHO MOHOTOHHO KOMMaKTeH B J11060il U3 cneaytowmx cutyaumit (?):
e [IpoctpaHcTBO E KOHEYHOMEPHO.
e Konyc K BrnonHe mpasuieH, onepatop F orpaHuyeH Ha M no HOpMe.

e Kouyc K mnpasuieH, onepatop F mpeobpasyeT OrpaHHYEHHOE MHOXeCTBO M
B cebs.

12.6.1. Teopema. Ilycmb npedeabHo MOHOMOHHO KOMNAKMHb onépa-
mop F omobpaxcaem 6 cebs ocpanuxerHoe 3aMKHymoe MHoxcecmgeo M
u cywecmeyem mouka Ty € M, komopas udem eneped, m. e. F(xq) > .
Toeda y F na M cywecmeyem nenodeuxcnas mouxka .

<« O0603HauyMM yepe3 €2 MHOXECTBO TeX JEMEHTOB & € M, KOTOpbie MAYT
Briepen, T.e. F(z) >z. B cuny F(z,) >z, MHOXeCTBO {2 He MycTo.

Ing aokasaTenbCcTBa AOCTATOYHO YCTAHOBMTH CYILECTBOBaHME Ha ) XOTs Obi
OIHOTO MaKCHMAaTbHOrO 3eMeHTa * €  (T.e. = % z* ana moboro apyroro z € ).
B atom cyyae F(z') € Q B cuny F(F(z')) » F(z"), Ho Torna U3 MaKCMMaibHOCTH T
sbitekaer F(z') = z'.

MokaxeMm, yto z* cywectsyet. [lyctb {Z,} — npou3BoNbHAs MOHOTOHHO BO3-
pacTaioilas ocneaoBaTeNIbHOCTb, BCE IJIEMEHTBI KOTOPoil Z, € . Jlerko BuaeTh, 4TO
nocnenosatensHocTb F"(z,) yaoBiaeTBopseT uenouke HepaseHcTs (12.8), cxomutes,
F"(z,) = z, u maxopupyer {z,} B cuny F"(z,) >z,. HakoHel, z € Q, 4To BhITEKAET
13 NpeaesbHOro nepexona B HepaseHCTBe F(z) > F"+'(z,,). INepeuncneHHbie CBOICTBA
00ecneynBaloT CYLLECTBOBaHUE BEPXHEil rpaHu B {2 y 11060i1 MOHOTOHHO BO3pacTaloLeit
nocnexosatenbHoCTu {z,} C Q. Jlns 3aBeplleHUs 0KA3aTENbCTBA OCTAETCH COCNATLCS
Ha neMMy LlopHa. »

12.7. 3apaun n pononHeHus

e Konyc K, B C[0, |] — HOpManeH, TeneceH, MUHUIAPAIEH, HE TIPaBUJIEH.

Konyc K B npoctpaHctee C'[0, |] — He BOCIPOM3BONSALUMIA, HE HOPMANBHBII,
HE MUHU3PAJIbHBIMA.

Konyc K, B L,[0, || — HOpMa/bHBIiA, BOCTIPOU3BOAALIMIA, HE TENECHDIiA, CUIIBHO
MHMHUIpaJIbHBIi, BIOJHE NMpaBWibHbIA. B cnyyae p = | — momyckaer owTyKaTypu-
BaHME.
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o ToBopsaT, uto KOHYC K donyckaem owmykamypuearue, €CN1 CYLUECTBYET GOJIb-
it koHyc K| D K Takoii, yTo Kaxaas Todka T € K BxoauT B K| BMECTe C 1apom
panuyca al|z||, rae a > 0 He 3aBUCHUT OT T. KoHyc K Ha3bIBaeTCs 20KaAbHO KoMnakm-
HbIM, €CTIH KOMITAaKTHO €ro nepeceyeHue C J00bIM Lapom.

JlokanbHO KOMMAKTHbI KOHYC NOMYCKaeT OLTyKaTypuBaHue. OWITYKaTypUBaeMble
KOHYCbI BIOJIHE NMPaBUJIbHbI.

o TMonoxurenbhbiit pyHkuroHan f € E' Ha3blBaeTCs CUNbHO NONONCUMENbHBIM,
ecnu
f(@) =qlzll, >0, z>0.

CHNBHO MONOXHUTENbHbIE (DYHKLIMOHAJIbI CYLUECTBYIOT B TOM M TOJIbKO TOM Cllyyae,
KOraa KOHYC AOMYCKAaeT oumykamypugarue.

o lerepoTounbie onepatopbi. OToGpaxeHe T'(Z) HA3bIBAETCS 2emepomoHHbIM, ECTH
OHO NPEACTAaBUMO B AWaroHanbHOM Buae ¥

T(z) = T(z, z),
npuyem conymemeyiousuii onepamop T(v, w) MOHOTOHHO PAcTeT MO v M yGBIBAET MO W,
neiicteys u3 Ex E B E.

Jlanee BBomMTCS omepatop T, COMOCTABsOWMiT Mape 7eMeHTOB (v, w) na-
py (T(v,w), T(w,v)). Jlerko Bunets, uto ecnu Temepb npoctpaucteo E x E nap
(v, w) nonyynopsinouuts konycom K, = K x (=K), To onepatop T(v,w) Gyner
MOHOTOHHBIM [0 3TOMY KOHYCY.

B pesyasrare usyuetue T'(Z) MOXET ObITh CBEAEHO K HCCIENOBAHHIO MOHOTOHHOTO
onepatopa T(v, w) B pacluMpeHHOM MPOCTPAHCTBE.

Ponb MHBAPHAHTHOrO KOHYCHOTrO OTpe3Ka TEMepb MUrPaeT CUAbHO UHBAPUAHMHbIL
KOHYCHBIii OTPe30K [v, w], onpenensieMblii HepaBeHCTBAMU

T(v,w) >v, T(w,v) < w,

a NpenrnoNoXeHue 0 eIMHCTBEHHOCTH HEMOABUXHOI TOUYKU TeMEPb PABHOCHIILHO €AHH-
CTBEHHOCTH peLUEHUS] CHCTEMbI YpaBHEH U

’f(v, w) = v, T(w, v) = w,

4TO 06ECMEYNBAETCS, HAMPUMED, «CYEPOIHOPOAHOCTbIO» ':

~ 1 -
f(rv,;w) > f(v, w), v,w >0,
nipu mobom 7 € (0, 1) u Hekotopom 8 € (0, 1).

o DakT MONOXUTENLHOCTH OMeEpaTopa WHOrAa «1aeT AheKT» NoyTH 6e3 nonoJ-
HUTEJIbHBIX MPEANONOXeHHH — cM. [3, T. 2]. Bot ewe onHa ustomunka. Ecau auneinolit
onepamop, Oeilcmeylouuit 6 6aHAX080M NPOCMPAHcMEe, NOAYynOPAGOHEHHOM 80CHPOU3E0-
OAUUM KOHYCOM, — NONOJCUMENEH, MO OH — HENpepblGeH.

10) TMpumepst B: Boce B. Jlekunu no matematuke: Juddepenunanphble ypasHenus. T.2. M.
YPCC, 2004.

" cu.: Onotigee B. H. Tpynsl Mock. MaTteM. 06-Ba. 1978. 36. C.237-273.
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Csopaka onpeneneHnii u pe3ynbraroB

13.1. MeTpuyeckne n HOpMUPOBaHHbIE NPOCTPAHCTBA

v’ MuoxecTBO X Ha3bIBaETCA Mempu4eckum npocmpancmeomM, €Clv Ha mapax
€ro 3/IEMEHTOB 3a1aHO paccmosHue (Mempuka) p(z,y), YIOBIAETBOPSIOLIEE YCIOBUSM
(axcuoMam):

* pz,y)=0 & z=y,
* p(z,y) =ply, 2),
o p(z,y) < p(z,2) + p(2,9).

V' Jluneiinoe npocmpancmeo X onpenensieTcsi KAk MHOXECTBO 3JIEMEHTOB, Ha KO-
TOPOM 3alaHbl IBE€ OMEPALMU: CyMMA T + Y U npoussedenue Az (3nementa z € X
Ha yucno A (BELUECTBEHHOE WIH KOMIUIEKCHOE)).

V' J1Ba nuHeiHbIX NpocTpaHcTBa X U Y CUMUTAIOTCH U30MOPPHBIMU, ECTIA MEXTY
UX 3JIEeMEHTaMM M JIMHEWHBIMH OMNEpaLUsIMM MOXET ObITb YCTAaHOBJIEHO B3aHMHO O-
HO3HA4YHOE COOTBETCTBUE. Bce KoneuHomepHbie AUHeliHble NpOCMPAHCMBa T uMepeHuil
u3oMopghHbl dpye opyey.

v"  Henycroe nonMHoxecTBo Xy C X Ha3bIBaIOT AuHeilHbM MHO2006pA3UEM, ECITH
MPUHALJIEXHOCTb J1I0060ro yncna Touek I € X, Bieyer 3a cob0i MpuHamieXHOCTh Xj
AUHETHbIX KOMOUHAWuUIT:

Alzl +...+ /\,,z,, € Xo.

MHOXeCTBO BCEBO3MOXHBIX JIMHEAHBIX KOMOMHAaLUM{ NpU 3amaHHOM HabGope
Z,...,ZT, 0o0pa3yeT JUHEHHOE npocmpancmeo, nopoxcoeHHoe BEKTOPAMH I, ..., T,
(ramsanymoe na x,, ..., x,). COBOKYITHOCTb BCEBO3MOXHBIX TMHEHHBIX KOMOWHALUI
3neMeHTOB U3 ) C X Ha3bIBAIOT AuHeiiHoi 060104Koil MHOXeCTBa (.

v DNeMEHTHI i, ... , T HA3BIBAIOT AUHEIIHO 3A8UCUMBIMU (HE3aBUCUMBIMU), ECTIH
CyLIECTBYeT (HE CyIIECTBYeT) Takas HeBbipoXiAeHHas (He Bce A; = 0) nuHeitHas
KOMOMHaLMs, YTO

/\lzl +...+A"Z,, =0.

KBeckoneunan cucmema snemenmoé auneiiHo Heszagucuma, ecnu n000i KOHeuHblit HaGop
U3 Hee IMHEHHO HE3aBUCHM.
V' Hopmuposeanreim npocmparcmeom Ha3bIBalOT TMHENRHOE NPOCTPAHCTBO X C 3a-

IaHHOI Ha HeM Hopmoil ||z||, 06S3aHHON YIOBNETBOPSATb YC/IOBUSAM:
llzll=0 <« z=0, [lz]|>0, [Az]l=|Al-[l=l
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U HepageHCMBy mpey2onbHuKa

llz +yll < llzll + llyll.

Merpuka B X onpenensiercs no npasuiy: p(z,y) = ||z — y||.

V' CkaaspHoe npou3gedenue 31EMEHTOB T,y BEILECTBEHHOrO JIMHEHHOrO Mpo-
ctpaHctBa X onpegensiercs kak (yHkuus (T,y), NpUHMMAIOLIas BELIECTBEHHbIE
3HAYEHMs U YIOBJIETBOPAIOLLIAS YCOBUSM:

o (z,T) — obazamensro ewsecmeenHoe HUCA0, CMPo2o Boabuiee HyAS NPU HeHYAe80M T,

u pagroe Hyao moavko npu T =0,

e (z,9) =(y,2),
o (21 +22,9) = (z1,y) + (22,9),
* (Az,y) = Xz, y).

B cnyuae komnaeKcHozo npocmpancmea BBOASTCS HeGONbLIMe BUAOM3MEHEHUs . Bo-
NepPBbIX, NPOU3BEACHHE (T, i) MOXET NPUHMMATh KOMIIEKCHbIE 3HaYeH s, Bo-BTOpBIX,
akcuoma (z, y) = (y, =) 3ameHsieTcs Gonee obwMM TpeboBaHuem (Z,y) = (y, z)*, roe
3Be37104Ka 0003HAYAET KOMIIIEKCHOE COMpPSIXKEHHUE.

v CkanspHoe npou3seeHue onpenensiet Hopmy: ||z|| = (z, z)'/2.

OTKpbITbIE H 3AMKHYTbIE MHOXKECTBA

V' Omxpumom (3amxrymeim) wapom B(r,y) (paduyca v > 0 ¢ yenmpom y)
B MeTpUYecKoM mpoctpaHcTBe (X, p) Ha3biBaeTCs COBOKYMHOCTb ToueK Z € X, yno-
BJIETBOPAIOLLINX HEPaBEHCTBY P(T, y) < r (COOTBETCTBEHHO, p(Z,y) < T).

v’ Okpecmrnocmoio TOUKM z € X Ha3oBeM (noxa) 11000 OTKPBITHIHA LIAP € LEH-
TPOM B 3TOH TOYKe ”, a e-okpecTHoctblo 2 € X — wap B(e, z), € > 0.

v’ OneMent u € X cuMTaeTcs npedessHoi moukoi MHoxectBa U C X, ecau
nobasi OKPECTHOCTb ¥ COAEPXHMT XOTd Obl OgHY TOuky M3 U mnoMMMO camoil u.
IpeaenbHbIe TOUKHM HA3bIBAIOT TAKXKE MOUKAMU CeYUeHUs.

v’ MHoxectBo U C X omkpoimo, ecnd BMecTe ¢ Kaxnmoil Toukoit u € U
OHO COIEPXHT HEKOTOPYIO OKPECTHOCTb U, U — 3AMKHymo, €Ci COOEPXUT BCE CBOM
NpefenbHbIE TOYKH.

v’ MHoxectBo U, nonyyeHHoe npucoeaAMHeHHeM K U BCeX ero npeaeabHbIX
TOYEK, Ha3biBaeTCs 3amoikaruem U.

o (Obsedunenue 106020 uucaa u nepeceveHue KOHeYyH020 Yucaa omKpbimslx MHoXcecme
ecmb OMmKpbimoe MHOM¥ecmeo.

Y Mpu Tononormueckom B3rnsiae Ha npeamer (rnaBa 5) OKpeCTHOCTBIO TOYKM 2 € X Ha3biBa-
eTCsl JI060e OTKPBITOE MHOXKECTBO, COAEPXKALLEE TOYKH 2.
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o OGsedunenue KOHEUHO20 HUCAA U nepecederue A106020 YUCAQ 3AMKHYMbIX MHOXCECME —
3aMKHymoe MHONCecmeo.

o Jlonoanenue 3amMKkHymozo (omkpoimozo) MHoxcecmea 00 6cezo nPoCMpaxcmea ecmo
omkpsimoe (3aMKHYmoe) MHOXCecmeo.

e UCV=UCV, UUV=UUV, T=0.
v’ Teopema otaenmmoctu 2.2.1. Ecau deéa 3amkrymoix muoxcecmeéa U,,U; C X

He nepecekaromcs, mo cyujecmgyom déa omkpoimsix mHoxcecmea Wy u W, makux, umo

U|CW|, UzCWZ, u Wan2=g.
v'  MuoxectBo U C X oepanuuerHo, €CNM 3aKJIOYEHO B HEKOTOPOM LLIape.

v’ Buympennasa mouxa u € U onpenensieTcsi HJIMYMEM OKPECTHOCTH, LIEJTMKOM
nexauieit B U.

v' 3nement u € U C X, He apnsolIMiicd npeaenbHoi Toukoil U, Ha3biBaeTCs
usonuposannoi Toukoin U.

v’ 3amkHytoe MHOxectBo U C X, He comepxaiiuee H30JMPOBAHHbBIX TOUYEK,
Ha3bIBAIOT COBEPUICHHbIM.

v’ Metpuyeckoe nNpocTpaHCTBO X CUUTAETCH CBA3HLIM, €CIIA OHO HE MpeacTa-
BUMO B BHie OObeIMHEHHS ABYX OTKDBITHIX HEMEPECEKAIOLMXCA MHOXECTB.

v' ToBopsr, uto MHOXecTBO U naomno B MHOXecTBe V C X, ecnu 3aMbiKaHHe
UDV,ascnyuae V = X — ropopsar, uto U — écrody nromno. Metpuueckoe mpo-
CTpaHCTBO X, B KOTOPOM CYLUECTBYET CYETHOE BCIOAY MJIOTHOE MHOXECTBO, Ha3bIBAIOT
cenapabenbHuiM.

v"  MHoxectBo U MeTpuueckoro npoctpaHctBa X Ha3biBacTCsi Huzde He naom-
HoiM, ecnu 060t wap u3 X comepxuT B cebe 1wap, He nepecekalouuiics ¢ U.
CxoaumocTb

v TlocneposatensHocts {Z, ..., Ty, ...} 3NEMEHTOB METPUYECKOTO MPOCTPAH-
cTtBa X HasbIBaeTcsl cxodsujeiicsa, €CNU CyLIECTBYET Touka & € X, IS KOTOpoid

lim p(z, z,) = 0.
n-00
v TlocneposatenbHocTh {Z,} Ha3biBaeTCa dyHdamenmanbhoil, Wi nocredosa-
mensHocmoio Kowu, ecnu no no6omy € > 0 MOXHO yka3aTb Takoe N, 4TO

P(Zm zm) <e

s mobbix n,m > N. DyHaaMeHTabHbIE IMOCIEA0BATENBHOCTH HA3bIBAlOT TaKXe
cxo0awumuca e cebe.
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V' Mertpuueckoe npocTpaHcTBO (X, p) HA3bIBAaeTCH NOAHLIM, €CIU JI06as (PyH-
JAMEHTAJIbHAA MOC/IEN0BaTENbHOCTh cxoauTcsd B X .

v’ Teopema o Baoxennbx mapax 2.3.3. B noanom mempuueckom npocmpancmee X
nepeceyenue 21000l hocaredo8amenvHocmu 3aMKHYMbIX, 610NCEHHbX Opye 8 Opy2a Wapoe
B(r,, z,), paduycel Komopbix cmpeMAmcs K Hyaw, Henycmo.

v TlonHoe MeTpHyecKoe NpOCTPaHCTBO X Ha3bIBAETCA NONOAHEHUEM NPOCTPAH-
ctBa X, ecni X — noanpoctpaHcTBo X, npuyem X Bcioay maotHo B X .

v Teopema 2.4.2. Jlww6oe mempuyeckoe npocmpancmeo X umeem eOuHcmeeHHoe
(c mounocmeio do usomempuu) nononnenue X .

v’ Jlemma 2.4.3. IToonpocmpancmeo Xy noanoeo mempuueckoeo npocmpancmeéa X
noaHo moeda u moavko moeoa, Ko20a oHo 3amkHymo 6 X .

v'  Teopema Bapa o kareropuu 2.5.1. B noanom npocmparcmee nepeceuenue 106020
cyemHo20 cemelicmeéa omxkpouimblx 6clo0y NAOMHbIX MHOXCECE — BCI00Y NAONHO.

v’ JIuHeiiHOE HOPMMPOBAHHOE TMPOCTPAHCTBO, eCal OHO NOAHO, HA3bIBAETCA —
6aHAxX0BbIM.

13.2. UnTterpan n mepa Jlebera

V' OcHoBHAA KOHCMPYKUUA onpedeseHus Mepbl Ha npumepe «naocKux» MHOXcecms.
3a McxOOHbBI MyHKT GepeTcs onpeneneHUE TUOWAnM NpsAMoyronbHuka m(P) = ab,
rie @ u b — cropoubl P. Inowans ¢urypsl S, NpeacTaBUMOIA B BUIE KOHEHHOU
COBOKYITHOCTH Henepecexalouuxcsa npsamoyroibHukos {P,}, nonaraercs paBHOi

m(S) = Z m(P,),

YTO Ha3bIBAIOT addumusHocmeio Mepbi m(S). M3 annuTUBHOCTH B NAHHOM Clyyae
BBITEKAET cyemuas adoumuerHocms, WA 0 -a00umuerocms, — PaBEHCTBO OCTAeTCs CMpa-
BEIUIMBbIM B Cllyyae GECKOHEYHOrO YMCa CllaraeMbix.

Ilanee ansi OrpaHMYEHHBIX MHOXECTB OTIPENEISETCH BHEUHAS Mepa

p(4) = inf Y m(B,),

rae MHQUHYM GepeTcsi MO BCEBO3ZMOXHBIM MOKPBITUSIM MHOXECTBA A KOHEYHbIMU WNH
CHeMHbIMU CUCTEMAMHU TTPAMOYTOJIbHUKOB.
HakoHel, MHOXeCTBO A Ha3biBaeTcs uamepumoim no Jlebecy, ecnu To ni060-
My € > 0 MOXHO yKa3aTb TaKyl0 KOHEYHYI0 COBOKYNHOCTb A, HenepeceKalouuxcs
MPSIMOYTOJILHUKOB, YTO
p(AAA,) <e.

Mepy Jlebeea p(A) n3mepumoro MHoxecTBa A nonaraior pasHoit u'(4).
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v Teopema JleGera 3.1.1. CogokynHocme uamepumbix MHONCECME 3aMKHyma om-
HOCUMENbHO ONepauuil CHemHo2o0 0OBeOUHEHUst U CHeMHO20 nepecederusn, a Mepa |4 o -
adoumueHa.

H3mepumbie hpyHKIMH

v O®ynkumio f: X — Y HaswiBaloT usmepumoii, ecnu B X U3MepuM npoobpa3s
f7'(4) moboro usmepumoro B Y MHOoxecTBa A.

B cnyyae f : X — R paGoraer To Xe onpeneneHue, HO Ha NpsiMoit u3bupaercs
cuctema Gopenesckux MHOxecTB (!), a He cucTeMa MHOXeECTB, H3MepuUMBIX ro JleGery.

v ®OyHKUUH, 3HAYEHUS KOTOPHIX OTIMYAIOTCS HA MHOXECTBE HYJNEBOW MeEpHI,
CYUMTAIOTCH 3KGUGANeHMHbMU. B TIDOCTPAHCTBaX H3MEPUMBIX (PYHKUMIA B KauecTBe
371EMEHTOB OOBIYHO MOAPA3yMEBAIOTCS KAacchl IKGusareHmusix @ynkiyuii. KoHKpeTHy0
GYHKLUMIO Ha3bIBAIOT npedcmasumenem CBOETO Kiiacca.

Koraa roBopsiT 0 MOTOYEYHOI CXOOMMOCTH U3MEPUMBIX QYHKLHU, UMEETCS B BULY
cxodumocms noumu 6ctody, fn LN f, 1.e. fo(z) = f(z) Moxer Hapywartbcs Ha
MHOXECTBE HYJIE€BOH MEPHI.

V' Ilpedea nomoueuno cxodaweiica nocredo8amMenbHOCMU UMepUMbIX (QYHKYUL
fo(x) = f(x) — usmepum.

v H3mepumyio GyHKUMIO f Ha3bIBAIOT CYUyecm8eHHO 0aPaHUEHHON C8epXy, ECNN
f(z) € a < oo moutu Beiony. HanMeHbluee a Ha3bIBaeTCS CywjecmeeHHoil eepxeil
epansio f(z) n oGosHavaercs ess sup f(z).

Hurerpan Jlebera

V' HWnrerpan JleGera cTpouTcs 10 HEOGBIYHOI (C TOUKM 3peHHs UHTerpaia Pu-
MaHa) cxeme. Pa3GueHue 061acTH MHTETPMPOBAHUA HA Majibie 0GBbEMbI OCYILECTBAETCS
M0 NpU3HaKy GNU30CTU 3HAYEeHUil HHTEerpupyeMoil ¢pyHkuuu. CHayana paccMaTpuBa-
10TCs u3mepumoie npocmoie gyukyuu f © X — R, npuHumalolme He Gonee YeM CueTHOe
YMCNO 3HAYECHUH Y1, Y2, .-+, Yn, .- ., U JNS HUX UHTerpan no A C X ompenensiercs Kak

[ 1@ dut@) = 3 suntan),
A n

rae A, = {z: f(z) = y,}, npuuem MHOXecTBa A, U3MEPUMbI B CHJly U3MEPUMOCTH
f(z) (xax npoobpasbl ToueK), a PAL CrIpaBa NPEANoNaraeTcs abcoaomHo CXOOAUUMCA.
3atem ¢yHkuuio f(x) onmpemensior Kak unmezpupyemyio no Jebezy va X, ec-
JIM CYLIECTBYET CXOMALIASACS MOYTH BCIOAY K f(Z) MOCNeI0BaTeIbHOCTb CYMMHPYEMBIX
Ha X npocthix pyHkuMit f,(z). Tpeaen | f(z)dp uMcnoBOil mocnenoBaTenbHOCTH
X

/ fn(z) dp B 3TOM cnyuae obwbsiBnseTcs unmeepasom Jebeza. Vicnonb3yercs Takxe
X
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00Obl4HOE 0003HAYEHHE / fn(z) dz, korna Mepa CTPOMTCA C MOMOLUBIO HeNepece-

X
Kaloluxcd npsaMOYrojibHUKOB, 4TO Ha CaMOM Jejl€ BE3n€ TMoapa3yMeBacTCs, €ClH
HE OroBOpeHO NMpPOTUBHOE.

v’ Humeepupyemo: no Jlebezy nobvie usmepumoie Ha X gynkuyuu.

v’ B TeopuM uHrerpana Jlebera Bce BpeMsi MPOUCXOAMUT XOHIJIMPOBAHHE NBYMS
n.B. L
TMIIAMKM CXOOMMOCTH: MOYTH BClony, f, — f, u no Hopme L, B 3anucu f, —» f.

L,
CxonumocTb f, — f Ha3bIBAIOT TaAKXKE CX00UMOCMbIO 8 CpedHeM.
OnpeneneHHyl0 poab MrpaeT ewe ogHo nousitHe. [TocnenosatensHocTb fi(z)

. u
Ha3bIBAIOT cxodauieiics no mepe K dynkuuu f(z), sanuceiBaoT Kak f, — f, ecau npu
mobom € > 0

Jim p{z:|fa(z) - f(2)] > €} = 0.

n.s. L .
v  Kak fo — f, max u f, = f, — eaexym 3a coboii cxodumocms no mepe.

L
v Teopema 3.6.1. Ecau f, cxodumca k f no mepe unu fn —> f, mo uz {fn}
MOXCHO 8biGpamb nodnocaedosamensHocmo, cxodsauyioca K f noumu ecrody.

v’ Teopema JleBu o MonoTonHoM cxoaumoctu 3.7.1. [Tycmb monomonHo éo3pacma-
tousas nocaedosamensiocms (f1(z) < fr(z) < ... noumu écrody) {fn} C Ly, u unmeepansi
om f, oeparuuensi 8 cosokynwocmu. Toeda noumu éctody cyuecmayem nomove4Hsiii npeden
f(z) = '!Ln; fa(Z), nocaedosamenviocms { fn(z)} cxodumcs k f(x) noumu écrody u

[ 1@ duta) - / £(z) du(z)
(9] 1]

Ha no6om uzmepumom mHoxcecmee 2.

v Teopema Jledera 3.7.2. Fcau

(f}CL, Ifa@I<p@el u fo 57,

mo f € L| u 603moxcer nepexod Kk npedeny nod 3HaKkom uxHmepana, kak 6 npeobidyueis
meopeme.

v Jlemma ®ary 3.7.3. flycmo {f,} C L,, ece f,(z) > 0, eéce unmezpaas:
/f,.(z) du(z) <y u fo £, f. Toeda
X

FCL w /f(z)du(z)<7.

X
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v Teopema? 3.8.1. lnn ao6oii unmezpupyemoii no Jebezy ynxuuu f (z) no aro-
bomy € > 0 MoxcHo ykazamb makoe 0 >0, umo

’/f(z)dp‘<e
A

ons ecakoeo usmepumozo A C X npu ycaosuu p(A) < 4.

13.3. KoMnakTHOCTb U TONONOrMUA

v"  MuoxectBo M C X metpuyeckoro npocrpaHctsa X Ha3biBaeTCs KoMnakm-
HoiM, NTUOO Komnakmom, €CNH BCAKasl MOCAEAOBATENbHOCTh B M COAepXUT moarnocie-
JOBaTENIbLHOCTb, CXOASLLYIOCS K 3/IeMEHTY U3 M.

v Ecau 3amuikanue nexomopozo muoxwcecmeéa U komnakmuo, mo camo MHoxce-
cmeo U Haswieaemcs npedxoMnaxmuvim.

v MHoxectBo U MeTpuueckoro npoctpaHctBa X Ha3biBaeTCsl €-cembi0 MHO-
xectBa V C X, ecnu mns no6oro T € M Hainerca Takoi 3nemeHT y € M, uto

plz,y) <e.

v'  Teopema Xaycnopda 4.1.3. 3amxuymoe noomuoncecmeo M noanozo mempuue-
ck02o npocmpancmea X komnakmHo moz20a u moabko moeoa, Kkozda npu awobom € > 0
cyujecmeyem KOHeqHas € -cemb MHoxcecmea M .

V' J11060€ KOMMAaKTHOE METPHYECKOE MPOCTPAHCTBO CenapabenbHO.

v KomnakTtHocts noamuoxectBa M C R" paBHOCH/IbHA €ro 3aMKHYTOCTH
U OrPAaHHYEHHOCTH.

v" KoMnakTHOe MHOXECTBO BCEraa OrpaHHYeHO M 3aMKHYTO.
v’ 3aMKHYTOE MOAMHOXECTBO KOMIaKTa — KOMIAKT.

v" Komnaktr M C X ocraeTcs KOMMAakTOM MpH «norpyxeHuu» X B Gonee
LIKPOKOE MeTpHyecKoe npoctpancTso, X C Y.

V' Jlemma o noxkpwituu 4.1.4. Ymobu 3amxrymoe muoncecmeo M Goino Komnakmom,
Heobxodumo u docmamouHo, 4mobbl U3 1106020 omKpuimozo nokpsimus M Moxcho 6biio
8bideaumb KoOHeuHOe noonokpeimue.

v Teopema Apuena 4.2.1. /[las xomnakmuocmu 02DGHUMEHHO20 U 3AMKHYmMO20
6 C|0, 1] Mromcecnea M neobxodumo u docmamouro, umobbi YHKUUU U3 3Mo20 MHOXCe-
cmea 6buu pagHOCMeneHHoO HenpepLIGHbL.

) 06 abcomoTHOI HENpepbIBHOCTH MHTerpana JleGera.
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v Teopema Pucca 4.2.2. [Tycms Q — ozpanuuennasn o6aacms 6 RY . Jns komnaxm-
Hocmu ozpanu4enHoeo u 3amkHymozo 8 Ly(Q2) muowcecmea M Heobxodumo u docmamoutio,
4mobbl hyHKUUU IM020 MHONCECM8a BbiLaY PAGHOCMENEHHO HEenPEPbIBHb! 8 CDEOHEM.

v'  Teopema 4.3.1. Henpepuigruoiii 06pa3 komnakma ecmov KomMnakm.

V' Teopema Beiiepmrrpacca 4.3.2. Henpepuignotii pynkyuonan f, omobpaxcarouuii
xomnakm X e R, oepanuuen u docmueaem ceoux éepxneii u HuxcHeil 2paneil.

v’ Teopema 4.3.5. B GeckoneunomepHom HopmupoéanHom npocmpancmee L wap
He s612emcs nPeOKoOMNaKmMHbIM MHOXCECMEOM.

v Jlemma 4.3.6. Kaxogo 6o Hu Gbino 3amkHymoe noonpocmpancmeéo E, 6anaxoea
npocmpancmea E, ¢ caywae Ey # E na edunuunoit cgpepe S = {z : ||z|| = 1} Haitdemcs
anemenm z € S, yoanrennsiii om Ey na paccmosnue He menee | — € npu nwobom Haneped
3adannom € > 0. Ecau mce Ey KonewHomepHo, ymeepwcOerue coxpansem cuay npu € = 0.

v’ Teopema 4.3.7. [lrs koneyHomeprhocmu 6anaxoeéa npocmparcmea E neobxooumo
u docmamouHo, 4mobbl Kaxcooe 02paru4erHoe MHoxwcecmeo u3 E 6Gouro npedkomnakmuo.

Tononornueckuii pakype

V' Tononoeuueckum npocmpancmeom Haswiéaemcsa MHowcecmeéo X, 6 Komopom
eoidenero Hexomopoe cemeiicmeo T (Ha3viéaemoe mononozueii) OmKpPoIMbIX NOOMHONCECNE,
yOoeaemeopsiouiee 08yM MpeGOBAHUAM:

o Camo X u nycmoe MHoNcecmeo & npunadsexcam T.
o Cymma 4106020 u nepeceueHue KOHEHHO20 HUCAA MHONECME U3 T npuxadasexcam T.

v’ [lepecedyeHue n060ro MHOXECTBA TOMOIOrMA — ecTh Tononorus. Kakosa 6bi
HM GbU1a COBOKYITHOCTb MOAMHOXECTB X, CyILECTBYET MuHUMAnbHas (110 BKITIOYEHHIO)
monoaoeus, €ro coaepxaiuas.

v’ Oxpecmnocmoio ToukM & € X 0OBABISETCA N1000€ OTKPHITOE MHOXECTBO,
coaepxkallee 3Ty TOYKY.

v TpoctpaHcTBo (X, T) HasbiBaeTcs xaycdopdhoesim (KaK U TOMONOTHS T ), €CIU
Y pa3sIM4YHBIX TOYEK CYLIECTBYIOT Henepecekaroujuecs OKPECTHOCTH. Bce MeTpuueckue
MPOCTPAHCTBA XaycaAOpdOBbI.

v’ MuoxectBo U C X ormnpenensiercs Kak 3amKkHymoe, €CIM €ro OONOJHe-
une U = X\U orkpbito. 3amoikanuem U cuntaetcs TiepeceyeHHe BCEX 3aMKHYThIX
MHOXeECTB, comepxawmx U (HauMeHbllee, M0 BKIIOYEHMIO, 3aMKHYTOE MHOXECTBO,
conepxaiuee U). B xaycdoposoix npocmpancmeax mouku, pagHo Kak U cHemHwle ux
MHOXCECM8a, — 3aMKHymbl.

v MuoxectBo K C X onpenmensieTcsi Kak KomMnakmuoe, €Cly Kaxinoe €ro
noKpvimue OTKPHITHIMH MHOXECTBAMH CONEPXMT KoHeuroe nodnoxpemue. Omnpenene-
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HUE KOMIIAKTHOCTU OTJIMYAeTCs OT MPENBIIYILEero, HO B METPHYECKOM MPOCTPaHCTBE
pasHoIacuif He BO3HUMKAET B CUITy JIEeMMHI 4.1.4.

v CeMeiictBO T € T Ha3bIBaeTcsl 6a30i TOMONOTUU T, €CIAM JIOOOI 3IEMEHT
(OTKpBITOE MHOXECTBO) M3 T TPEACTABAM B BUIE OOBEAMHEHMSI 3JIEMEHTOB M3 T.
B MeTpruecKoM npocTpaHCTBe 6a3y 00pa3ylOT OTKPBITHIE LIAPHI.

Jlokaneroii 6a3oii B Touke T € X Ha3bIBAIOT TaKyl0 COBOKYITHOCTb 0 OKPECTHOCTEI
TOYKH T, 4TO J1106asi OKPECTHOCTb T CONEPXUT OKPECTHOCTh T U3 0.

v TMocnenosatenbHocts {T,} C X cumraercs cxodsueiica K TOUKE T, ECIH JIIO-
6ast OKPECTHOCTb & COOEPXUT xeocm {Z,}, T. €. Bce TOUKM {T,}, HAYUMHAS C HEKOTOPOH.

v'  Oneparop f: X — Y Ha3bIBaeTCS Henpepoi6HbiM 6 MO4Ke T, ECIH TIO JI000H
OKpecTHOCTH V' TOYKH y = f(Z) MOXHO yKa3arh OKpecTHOCTh U TOYKHM T TaKylo, YTO
fo)cv.

v/ Ilpu 3amaHuM TOMOJNOTMM HAa JIMHEIHOM INpOCTpaHCTBE E NOMOJHUTENBHO
TIPEATIONATaeTCsl HeNnpepui6HOCMb ONepayuil CA0MNCeHUs U YMHOXCEHUS Ha wucaa, T.e€.
HEMpPEPBbIBHOCTb OTOOpaxXeHuit z =T+ y U 2 = az.

v JIuHE{HOE TOMONOTMYECKOE MPOCTPAHCTBO HA3BIBAIOT JOKAALHO BbINYKAbIM,
€CJIM CYLUECTBYET JIOKANbHAs 6a3a U3 BHIMYKIIBIX OKPECTHOCTEI.

Kaxnas JoKanbHO BBINYKJIast TOMOJIOTHST MOXET ObITh 3a1aHa C TIOMOLUBIO CEMEii-
cTBa noayHopM {p,(z)}: nokanbHas 6a3a onpenensieTcss KOHEUHBIMM MEPECEYECHUSIMH
MHOXecTB Buma {p.(z)}.

v Cnabas Tononorus 3anaeTcs JIOKaIbHOM 6a30ii Hyns (JIOKanbHbIe Gasbl IPYTUX
TOYEK MOJIY4alOTCsl CABUIOM) JIMHEHHOro mpoctpaHcTBa E, cocTosiueil U3 KOHEUHBIX
nepeceyeHuit obnacreit Buaa

Q={z:|f(z)|<e}, >0,

rae f : E — R 0603HayaeT npou3BOJbHbI HEMPEPHIBHBIN TMHEHHBIA (DyHKLIMOHAN.

v’ Teopema 5.4.1. Bcakoe n0kanbHo komnakmuoe npocmpancmeo X KoHeuHoMepHo.
Jlo6oii komnakm 6 beckoHeuHOMePHOM nPOCMpPaHcmee Hu2de He naomeH.

13.4. JiuneliHble onepaTtopbl U PYHKUMOHANDI

v Oneparop A : E; = E, auneen, ecnut adoumusen, A(T, + ;) = Az, + Az,,
U odHopoden, A(Az) = AAzx.

v' JIuHeiiHbl#t onepatop A Ha3bIBACTCH 02DAHUMEHHbIM, ECIU CYLLECTBYET KOH-
cTaHTa ¥ TaKas, uto ||Az|| < 7||z||. HauMeHbluee 4y B HEPABEHCTBe HA3BIBAETCS HOPMOIL
AuHelino2o onepamopa A u 0603HayaeTcs CUMBOJIOM ||4]|.
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v’ Jlemma 6.1.1. HenpepbigHocms auHeilHo20 onepamopa pagHoCUAbHA 02PAHUYeH -
Hocmu.

v Jluneinwii pynkyuonan f : E — R orpanuueH, ecnu sup |f(z)| < 0o. Yucno
llzll=1
[Ifll = sup |f(x)| Ha3biBaeTCst HopMmoil auneinozo dyrkyuonana f.

v'  Teopema Xana—Banaxa 6.2.1. Beakuii auneinbiii oepanuvennuiis hynkyuonan f
onpedeneHHbil Ha AUHEUHOM MH02000pazuu Ey AuHeiiHo20 HOPMUPOBAHHO20 NPOCMPaH-
cmea B, MoxCHO npodoaxcums Ha 6ce npoCMpancmeo, He yeeauuueas Hopmot f.

v’ Ilycmo x Henynesoi anemenm uz E. Toeda cywecmeyem auneinviii pynxyuo-
wan f makoi, wmo || fIl = 1 u f(zo) = ||2ol|.

v’ Uepes a106yr10 mouky Ty Ha noéepxHocmu eQuHu4Ho20 wapa B moxcHo nposecmu
3
ONOPHYIO 2UNEpNAOCKOCMb ) k B.

v’ IIycmb auneinoe mnozoobpasue Eg C E u xy # 0. Tozda na E cywecmeyem
maxoii auneiinbii gynxyuonan f, ymo f(z) = 0 das awboeo x € By, f(zo) =1 u

A1l =

inf ||z — 2ol
nf Tlo = ol

V' Jlobbie HepagHbie Inemenmbl U,V 6 AOKAAbHO 6bINYKAOM NPOCMPAHCMEE MO2ym
6oimb pazdesenvi Hekomopuim auHeiinbim dynkyuonatom f, 6 cmucae f(u) £ f(v).

v/ COBOKYIMHOCTb BCEX OrpaHUYEHHBIX JUHENHBIX (PYHKLIMOHANIOB, OINpeaesicH-
HbIX Ha E, 06pa3yeT TMHEHHOE MPOCTPAHCTBO, KOTOPOE HA3bIBAaeTCs conpaxceHHvim K B
u o6o3Hayaetcsa E*. Hopma B E* onpenensiercst Kak HopMa (GbyHKLIMOHANA.

v 3Hauenue ¢dyHkuvoHana f € E' B Touke £ € E 0603HayaeTcsi, Hapsiay
¢ f(z), kak u ckansipHoe npousseneHue, yepes (f, z).

v Teopema 6.3.1. Conpaxcenroe npocmpancmeo E* acez0a 6anaxoso, m. e. noaxo,
He3aeucumo om noaHomst E.

v B cnyyae E = E™ npocTpaHCTBO Ha3bIBAIOT pedekcusHbiM.

v Ecnu A — nuueitnbiit oneparop, 1o f(Az) = (f, Az) — ecTb HeKkOTODBIi
nuHelinbi QyHkunonan g(z) = (g, z). Conpaxcennwii onepamop A’ onpepensiercs
ycnosuem g = A*f, .e. (f, Az) = (A" f, z). iubiMu crioBamu, ecnu f(Z) MeHsieTcst
B CBSI3U C BO3NEHCTBUEM Ha apryMeHT JIMHEHOro npeobpasosanus A, 10 A* no3sonser
JOCTUYB TOTO Xe Pe3ysbTaTa, He Tporas T, a Bo3neHcTBys Ha dyHkuMoHan: f = A'f.

3 T e. 3anath TaKo# AUHEHHDIN dyHkunonan f, yto f(z) >0 mns Beex & € B.
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v TocaenosatensHocTs {Z,} C E B IMHEAHOM HOPMUPOBAHHOM TIPOCTPAHCTBE

Ha3bIBaeTCad c2a60 cxodawelicas X 3NeMeHTy T € E, — nuumyr I, et I, — ecim
lim f(z,) = f(z) ans moGoro f € E*. Touky T Ha3bIBAIOT craboim npedesom {T,}.
n—00

OOBbIYHYI0O CXOOUMOCTb B IIPOTHBOBEC C1ab0i Ha3bIBAIOT UHOTA CUAbHOU, U 060~
8
3HA4aloT AMbO npocTo T, — T, 1Mbo T, — T.

v TlocnenopatenbHOCTh NMHEHHBIX DyHKUMOHANOB {f,} C E' Ha3biBaOT c1a60
cxodaweiics x dyukunonany f € E', — obosHauenue f, = f, — ecnn f(z,) —
f(z) nna mo6oro z € E. UHbIMU CIOBaMu, c1abas cxodumocms nocaedoeamensHocmu
(YHKYUOHANO8 — 3MO nomoueuHas cxooumocms.

V' amxnymuii wap é 6anaxogom npocmpancmee E caabo 3amknym (MHOXeCTBO
cnabo 3amMkHymo, eCny Cnabblii mpeaen Kaxaomn cnabo cxonsuieics mocieioBaTeIbHOCTU
37IEMEHTOB U3 () TPUHALIEXHT §2).

v" MHoxectBO 2 B 6aHaXOBOM NpPOCTPaHCTBe F Ha3biBaeTCs c1abo komnakm-
HbiM, €CTM U3 060 nocienoBatenbHOCTH {Z,} C € MOXHO BBIOpaTh MOANOC/EN0BA-
TENBHOCTb, CNIA60 CXOAALIYIOCA K HEKOTOPOMY 3JIEMEHTY U3 2.

v’ Teopema 6.5.1. 3amknymoiii eQunuvHbli wap 6 2unbbepmoBomM npocmparncmee
cn1abo Komnakmen.

v" MHoxectBo X B 6aHaxX0BOM NpoCTpaHCTBEe F Ha3bIBaeTCs UdeanbHo 8binyK-
AbIM, €CTIN
a T+ a2+ ... €X

s moboit nocnenosatensHocti {Z,} C X M m06O0ii YUCIOBOI MOCIIEA0BATEBHOCTH
{a,}, npu ycnosuu a, > 0u a; +a +... = 1.

v’ JIuHe#HOe MONMpPOCTPAHCTBO HEMpPEPbIBHBIX (yHKUMI B L, BHINYKIO —
HO He uaeanbHO. OTKPHITHIE M 3aMKHYTbIe BbIMyKJIble MHOXecTBa X C F wieanbHO
BoIMyKJibl. IlepeceyeHue moGOro yucnaa MAEANnbHO BBIMYKJIBIX MHOXECTB — WIeasb-
HO BBINYKJO. [Ipy HenpepbIBHOM JIMHEHHOM NMpeobpa3oBaHUU 0Opa3 OrpaHMYEHHOTO
HMICAbHO BBIMYKJIOTO MHOXECTBA SIBJIIETCS MAEATBHO BBIMYKJIbIM.

v Teopema banaxa—IIlTeiinray3a 6.7.1. Eciu cemeiicmeo auneiinbix onepamopos
A,\:E|—)E2 (AEA)
DPABHOMEPHO N0 X ocpanuuero 8 Kaxcdoi mouxe T € E\, mo nopmot ||A,|| oepanuuenw

6 cogokynnocmu, m.e. ||A,|| < B < oo (XA € A).

v Teopema 6.7.2. Crabo cxodswascs nocredogamenvrocms {T,} oepanuuena
(cunsro, m. e. no nopme).

v Teopema 6.8.1. IIpu HenpepvieHom auneiinom omobpaxcenuu o0Ho2o 6anaxosa
npocmpancmea na dpyzoe, A : E| — E,, 06pa3 A2 1106020 omkpbimoeo Mroxwecmea 2 —
omkpuim.
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v’ Teopema 6.8.2. Ecau nenpepwiHbtil auneiinbii onepamop A 63aUMHO 00HO3HAYHO
omoGpaxcaem 00Ho 6anaxogo npocmpancmeo ma dpyzoe, mo obpamuwii onepamop A~
HenpepbiéeH.

v JIuHeitHbli onepaTop A Ha3bIBAETCS 3AMKHYMbIM, ECTI U3 Ty, = T U AT, = Y
cnenyer Dy u Az =y.

v’ Teopema o 3amknyrom rpadmuke 6.9.1. Ecau obaracme onpedenenus D4y = E,
u auneiinwii onepamop A : E, = E, 3amxHym, mo A oepanuuen (a 3nayum, Henpepoigen).

v ToBOpSIT, 4TO HE3aMKHYThIi onepaTop A NOMYyCKaeT 3ambikanue A, ecnu ero
MOXHO PaCIUMPHTb 10 3aMKHYTOTO OTEpaTopa Mo MpaBHy:

T, €D,, g, vz, AT, 2y = Az=y.
Jlng 3T0ro HEOOXOLUMO U TOCTATOYHO, YTOOBI

z, 20, Az, >y = y=0.

v Teopema 6.10.1. ITycmo auneiinoe cropsekmueroe omobpaxcerue (omobpaxcernue
«Ha») A : E, = E, ydoenremeopaem ycaosurwo ||Az|| > mi|z||, m > 0. Toeda cywecmeyem
o6pamubiis auneinbii HenpepweHuiii onepamop A”' 1 By, = E.

v'  Teopema 6.10.2. Ecau onepamop A umeem Henpepui@Huiii obpamHwii, mo u
A+ AA, npu ycaosuu docmamouroit marocmu A A no Hopme, — Henpepbiéro obpamum.

v’ JluHeiiusblit onepatop A : E| — E, Ha3bIBaeTCsl 8104He HenpepouieHbim, TNOO
KOMNakmH1siM, €CIM OH OTOOpaXKaeT OrpaHMYEHHbIE MHOXECTBA F| B MPEeNKOMIAKTHbIE
MHOXecCTBa E, . Bnoaxe HenpepbigHbiii onepamop ece20a HenpepbigeH, NOCKONbKY 02DaHUHeH.

v’ Teopema 6.11.1. Bnoane nenpepwenuiii onepamop A : E — E, 20e E 6anaxogo
npocmparcmeo ¢ 6azucom, no awobomy Haneped 3adannomy € > 0 moxmcem 6bimb nped-
cmaenen cymmoi A = A, + A,, 20e A, KoHeunomepHuiii onepamop, a A, umeem Hopmy,
MeHbuyto € > 0.

v’ Ecau auneiinwii onepamop A . E\ — E, énoane Henpepviéen,a B : E, — E, —
AuUHelinbil 0epanuerHbiil onepamop, u obaacms 3navenuis R(B) C R(A), mo B — makxce
énoane HenpepbvigeH. UHBIMM CIOBaMH, 3aaya «CJIOMAaTh» MOJIHYIO HEMPEPBIBHOCTD OTE-
patopa A, He BbIXOAs 3a Mpenessl 06J1acTH 3HAUYEHUI M COXpaHsis OTPaHUYEHHOCTb, —
obpeyeHa Ha NMpoBal.

v’ JI060i ocparuyerHblil AUHEUHbLI HYHKYUOHAN 8NOAHE HenpepblGeH.

V' Bnoane nenpepwenviii onepamop A nepeeodum cnabo cxodauguecs nocaedo-
8amensHOCMU 6 CUAbHO Cxo0Awuecs. B THALOEPTOBOM MPOCTPAHCTBE 3TO SIBASIETCS
XapaKTEPUCTHYECKMM CBOCTBOM BIOJIHE HEMPEPHIBHOIO OMEpPaTopa.
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v IIpoussedenue énoane Henpepbi8HO20 onepamopa Ha Ozpanu4enHsiil (HeBaNCHO,
cneea unu cnpaga) — 6noaHe HenpepuiBHo.

v Teopema 6.11.2. Ecau obaacms 3nauenuii 6nosxe Henpepbignoeo onepamopa A
3amkHyma, — onepamop A KOHeuHOMepHbli.

v Teopema 6.11.3. ITycmo onepamop A — enoaHe HenpepwiéeH, u ypasHeHue
(I = A)x = 0 ne umeem nenyneevix peurenuii. Toeda obnacme 3nauenuii R(1_ 4y — 3amxryma
(neasemea nodnpocmpancmeom E).

v Teopema 6.11.4. Onepamop A*, conpsaxcennbiii énosne Henpepvignomy A : E —
E, — 6noane nenpepbigeH.

v Teopema 7.1.1. B nenycmom 3amkHymom ewvinykaom noomuoxcecmee L euav-
6epmoea npocmparncmea H cywecmeyem eduncmeennviti snemenm u € L, Garuxcaiuuit
kz ¢ L, me. p(z,L)=|z—ul.

v Teopema 7.1.2. B euavbepmosom npocmpancmee ato6oe 3amkrymoe noonpo-
cmpancmeo L C H umeem opmozonaasnoe donoanenue L™ = {z : (z,2) =0, z € L},

H=LoL",

npuuem nodnpocmpancmeo L C H — 3amxnymo.

v’ Teopema 7.1.3. B cuavbepmosom npocmparncmee 6caAkuil AuHelHbill QyHKYUOHAN
f € H* npedcmasiim cxanspuom npouseedenuem f(z) = (g, ).

v'  Teopema 7.1.4. Tuavbepmoso npocmpancmeo H caabo noano.

v' Cucrema BexTopoB {e,} C H Ha3bIBAaETCS 0pMOoHOPMUPOBAHHOI, ECTTH
(ei, €;) = &5,
roe 0;; — cumBon KpoHekepa.

TocnenoBartensHOCTD {€,} TUHEHHO HE3ABUCMMBIX BEKTOPOB MOXHO MPEBPATUTD
B opToHOpMKpoBaHHYI0 {h,} ¢ nomouibio npoyecca opmozonasuzayuu limuoma.

v UYucna § = (z, e;) Ha3bIBAIOT Koopdunamamu T € H OTHOCHTENBHO OpPTO-
HOPMUPOBAHHOIA cuctems! {e,}.

v'  Hepasencmeo Beccens:
00
2 2
Y (z.e) < lal]
j=1
B CJlyyae TOJHOM cucteMbl {e,} nepexomut B pagencmeo Ilapcesaan:

S (e, e = llall”.

j=1
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v Teopema Beitepmrpacca 7.3.1. [as Henpepwigroi na [a,b] ¢yuxuuu f(t)
u 1106020 € > 0 gcez0a moxcHo ykaszams makoit noaunom Py(t), umo

|f(t) — Po(t)| <€ dan moboeo t € [a,d].

v’ Camoconpancennouii (Wnu 3pmumog) onepatop A (B ruIb6EPTOBOM MpPOCTPaH-
CTBe) onpenensieTcs paBeHCTBOM A’ = A.

v Jlemma 7.4.1. Ecau auneinwii camoconpaxcenHoilt onepamop A enoaxe Henpe-
w
Dbl6eH U T, — T, Mo
(Az,, ©,) — (Az, z).

v Teopema 7.4.2. Keadpamuunas opma (AT, T) ¢ camoconpaiceHHoiM Komnaxm-
HowM onepamopom A Ha eQunuuHol chepe docmucaem c80e20 MaKCUMYMa U MUHUMYMA.

13.5. 0606weHHbIe PYyHKLUMMK

V' IIpocmpancmeo D ocHo8HbIX hyHKUUE OTIPENENSETCS KaK COBOKYMHOCTb ¢hu-
HumHoix ynkyui, HempepblBHO nMddepeHUMPYeMbIX 11000€ YUCIo pa3.

v HenpepbiBHas GhyHKUMS @(T) HasbiBaeTcs GuHumHoil, ecnu obnactb, B KO-
Topoit ¢(z) # 0, — orpaHuyeHa. 3ambikaHue obnact, rae ¢(z) # 0, umeHyercs
Hocumenem @(T) v obo3HayaeTcs Kak supp ¢. PasHble ¢yHkuuu uz D MoryT GbiTh
OTJIMYHBI OT Hy/s Ha pa3HbIX 06acTsX (Y KaX1oi CBOH HOCUTEND).

V' Cxodumocms 6 D: nocnenoBateabHOCTh ¢, C D cXomUTCA K ¢, €cu 06benu-
HEHME BCeX HOCHUTENei,

o0
Q= supp ¢n,

n=1

OrpaHUYCHO U NMPOU3BOAHDBIC (p:,k)

x ¢*)(z) paBHoMepHO Ha Q.

(z) moboro dhukcuposaHHOro mopsinka k cxonsrcs

v’ Beaxuii auneinvii Henpepwianoiii ynkyuonan (f, ) na D nasweaemes 0606-
weHHoU pyHKyued.

v’ U3-3a HacnoeHUsl MOHSATHI BO3HMKAET HEKOTOpAs HEYKJIOXECTb. XOpOLLO
6bU10 6bI FOBOPUTb MPOCTO O HYHKLMOHANAX, HO BEKTOP f(Z), C MOMOLUBIO KOTOPOTO
3anuchiBaeTCsl (YHKUMOHAN, MONMYYaeTcsd Kak Obl «IJlaBHee» — M KaacCMbULHpyeTcs
Kak 00061ieHHas ¢yHKuus. B pesynbsrate TeOpusi pa3sBMBAETCA C MOMOLIbIO (DyHKLH-
OHaNoB f, apryMeHTaMH KOTOpbIX ciyxaT ¢ € DD, a B yMe nepxatcs (yHKUMH f
C apryMeHTaMu T € R.
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v'  Ecnu dyHkumoHan f rnpeactaBuM B BuIe
(.0 = [ @@ da,

06061EHHYI0 DYHKLMIO f(Z) HA3bIBAIOT pe2yaspHoil.

v’ Hervma-gynxyus 6(z) — He perynsipHblit GyHKUMOHAN, AeHcTBYIOMIMiA B D
no npasuay (4, p) = (0). Ins KoCTHXEHUs eAMHOOGPa3Us YUCTO YCIOBHO MULUYT

o0

(6,9) = / 5(@)p(z) dz.

—00

v TocneposatensHocts {f,} 060OWEHHBIX (DYHKUMIT Ha3BIBAIOT cxodsueiics
Kk 06o6wennoii pynkuuu f, ecnu (fy, ) = (f, p) wns mo6Goit pyrkumu ¢ € D.

v Hexkotopble popmybi:

fe-wp = fooara)  (feaho =k (1a@.e (2)).

(6(z —u), p(z)) = p(u),  (6(y2), p(z)) = l7|'p(0),
_ 6(3 - Ik)
Wel= > Jraa

f(zr)=0

v'  uddepeHunposaHue 0606ILIEHHON (QYHKUMM f ONpenensieTcs npasunom
nepeb6pocku npou38ooHou:

<fl’ SO) = _<f! 90,)’ (f(k)s So) :(_l)k(f’ So(k))

v JliobGas sokansho unmezpupyemas @ynxkyus (MHTETpUpyeMasi Ha JI060OM KOM-
nakTe), Kak 0600ieHHass, — 6e3 npobiem muddepeHUMpPYeTCs CKOIBKO YTOOHO pa3.
Boree toro, ecnu f, = f, 01 f, — f. Aecnm Ha f, & f CMOTpeTh KaK Ha ya-
CTUYHbIE CyMMBI HEKOTOPOTO psiia, MOJIyYaeTCsl, YTO CXOASIUUMICS Pl MOXHO CKOJIBKO
YroaHo pa3 nuddepeHMpoBaTh, — OH OYIEeT CXOAUTHCA, B ODOOILIEHHOM CMBICTIE.

13.6. JiuHelHble ypaBHEHUSI

v'  VYpaBHeHMe AT = y C NMHEHHBIM OMEpPaTOpoM A Has3bIBa€TCs KOPPeKmHO
paspewumbim, €CIA 0BpaTHBI onepatop A™' CyllecTByeT M OrpaHMuEH, — HOPMAALHO
paspewumoim, ecnv obnactb 3HaueHUil R, 3aMKHyTa B E;, — niomHo paspewumvim,
ecnu Ry nnortHo B E,.

v S0po conpaxcenroeo onepamopa 3615emcs OPMOOHANbHBIM 00NONHEHUEM K 06-
nacmu 3nayenuii (06pa3y) ucxodroeo onepamopa.
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v Jna HopmansHot pazpewumocmu ypagHenus AT = y Heobxo0umo u docmamo4Hro,
4mobbt AT = y 6bia0 pazpewumo 018 mex u MOALKO mex npaswix dacmeii, Komopsie
OPMO2OHANbHBL 6CEM DEULEHUAM CONPANCEHHO20 0OHOPOOH020 ypasHenus A*T = 0.

V' s 0dHo3naunoi paspewumocmu AT = y na Ry docmamouno, umobu A f = g
6bi0 NAOMHO PA3PEUUMO.

V' s paspewumocmu A'f = g npu mobom g neobxoduma u docmamouna
KoppexmHas paspewumocms AT =y Ha Ry.

v s pazpewumocmu AT =y npu atobom y Heobxoduma, — a ecau A 3amxuym,
mo u docmamouna, — Koppexmuas paspewumocms A’ f = g na Ry .

v’ Teopema 9.3.1. ITycmo auneiansiii onepamop T deiicmeyem u @noane Henpepoiger
¢ 6anaxoeom npocmparcmee E. Toeoa ypasnenus
t-Tz=y, [-T'f=g

Aubo oba paspewums npu A0GLIX NPABLIX HACMAX, YMO COOMEEMCMEYem UCKAIOYUMENbHO
Hyne80ii paspewumocmu 00HOpoOHsix ypasrenuii T — Tz =0 u f — T f = 0, aubo odwo-
DOOHble YDABHEHUS UMEIOM KOHe4Hoe coenadaroujee Huco AUHeIHO He3a8UCUMBIX Delerull

Ty,oo s Zns fiyeees [

u mozda 0as paspewumocmu T — Tz =y (f —T*f = g) neobxodumo u docmamouro,
umobbt npu écex j om | do n:

(fi,y)=0 (coomeemcmeenno, (g,z;) = 0).

Obwue pewenus ypasnenuit ¢ — Tt =y u [ —T' [ = g 6 smom cayuae umerom 6uod
NUHeUHbX KoMOuHayui

n n
s=20+Y Nz, f=fot Y uifi
j=1 j=1

20e Ty u fo — Kakue-aubo yacmuoie pewseHus UCXOOHbIX YPABHEHU.

13.7. CnexTpanbHble CBOMCTBA

v Komnaexcuvim pacusupenuem BeLIECTBEHHOrO TIpocTpaHcTsa B Ha3bIBAIOT KOM-
TUTeKCHOE NpocTpaHcTBo E ¢ aneMentaMu z = T4y (Z, y € E'), nuHeliHble onepauuu
HaJl KOTOPHIMH ONPEIESIOTCH ECTECTBEHHBIM 0OPA30M: TIPH CJIOXEHUM AEHCTBUTEIHHBIC
Y MHMMBIE YAaCTH CKJIAABIBAIOTCS TIO OTAEJBHOCTH M

(a+iB)(z +iy) = (az - By) +i(ay + fz).
HopmMma B E onpenensiercst Kak

[|lz + iy|| = max ||z sinT + y cos 7|
T
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Onepatopsl A : E' & E' mponomxaiorcs Ha E no npasuiy
A(z +1y) = Az + iAy.
Tpu stom ||All; = ||All,, .

v KoMIIeKCHOe YMCI0 A Ha3bIBAETCH Pe2YAAPHLIM 3HaYeHUeM HETPepbIBHO-
ro nuHeHHoro omeparopa A, ecnu onepatop A — AI umeer ompeneneHHbl# Ha E
orpaHuyeHHbli o6patHblil. Cnekmp a(A) onepatopa A : E — E ompenensiercst Kak
IOTIOJIHEHUE K MHOXECTBY €r0 PeryjsipHbIX 3HaUEHUH.

v' HWupiMu cnosamu, criekTp o(A) — 3TO COBOKYMHOCT A, JUIi KOTOPBIX
onepatop A — AI neobpamum, 4TO MOXET OBITh MO ABYM NpUYMHaM: orepatop A — AT
WK He uHveKmuéer, UM uHsekmueeH, Ho He clopsexmuser. B R" BcTpeuaetcsi Tonbko
niepBasi TIpUYMHA.

B cnyyae «HEeMHBEKTHBHOCTH» ypaBHeHHEe AT = AT MMeEET HEHyJIeBOE peLIEHHE,
Ha3bIBaEMOE COOCMBEHHHIM 6€KMOPOM, & COOTBETCTBYIOLLIEE A — COOCMBEHHLIM 3HAUEHUEM
omnepaTtopa A.

v' B obuieM cinyyae MHOXECTBO COOCTBEHHBIX 3HAYEHUI HE MCYEPITBIBAET BECh
crektp (kak B R").

v Jlemma 10.2.1. Ecau onepamop A umeem nonapro pazauynvie cobcmeeHHbie
3HAUEHUR A1, ..., An,... U Kaxcdomy Aj omeeuaem ceoii cobCmeeHHbiii 6ekmop Tj, mo
MHoxcecmeo {T;} auneiino nezagucumo.

v’ O6parHblit onepatop (A4 — A )'l TIPUHSATO Ha3bIBaTh pPe301b8eHMoi N 0003Ha-
yats R()),

R(\) = (4- D) :—% (I— %)_ =—§z%,

n=0

€ psill CripaBa Ha3biBalOT pidom Heiimana.

v'  Ob6nactp omnpeneneHusi Pe30JIbBEHTBI, COCTOSILUYIO M3 DEryJsiPHBIX TOYEK,
Ha3bIBAIOT TAKXKE De30166eHMHbIM MHOMNecmEom. Pe30NbBEHTHOE MHOXECTBO BCerna
OTKDBITO, CIIEKTP — 3aMKHYT.

v' Teopema 10.2.2. Ilpu ycaosuu |A| > ||A|| pad Heiimana cxodumcs u A —
PpezyaapHo.

v’ Cnekmpanshuuii paduyc p(A) — 310 paguyc MUHUMAIBHOIO KpyTa, comepXka-
Lero Bechb CrekTp o(4).

v'  Teopema 10.3.1. [Jas 106020 auneiinoeo ozparuuertozo onepamopa A E — E
MoxcHo egecmu sxeusasenmuyio Hopmy || -||', & komopoii || A|| 6ydem cxons y20dno Gauska
k cnexmpansromy paduycy p(A).
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v'  Teopema 10.3.2. Kaxoea 6t Hu bbiia Hopma,
p(4) = lim V/]4¥].
—00

v’ 10.4.1. Cobcmeennoe nodnpocmparncmeo énoaxe HenpepsiéHo20 onepamopa, om-
sexarouee HeHyneeomy cobCmeEeHHOMY 3HAYEHUN, — KOHEYHOMEDHO.

v'  10.4.2. Henyneevie mouxku cnekmpa X\, @nonHe HenpepoieHO20 onepamopa u3o-
AUPOBAHHYL.

v’ 10.4.3. Henyresas wacmo cnexmpa enonne HenpepoiéHozo onepamopa cocmoum
moabKo U3 cobcmeeHHbIX 3Ha4eHUil.

v Teopema 10.4.4. Cnexmp o(A) enoane Henpepwiénozo onepamopa — cuemmuoe
MHOXCECME0, He uMerowiee npedensrbix moyex, omauunsix om Hyas. Henyneswe X € o(A)
ABAAIOMCA COOCMBEHHBIMU 3HAYEHUAMU KOHEYHOU KpamHocmu.

v Teopema 10.5.1. [Tycmob 6 eunsbepmogom npocmpancmee At = Az, A'y = py
u X# p. Toeda (z,y) = 0.

v’ Teopema 10.5.2. Bce cobcmeennbie 3Ha4eHUs CAMOCONPANCEHHO20 onepamopa
geuyecmeenbl, a cO6CMBerHbie 8eKMOpb, omeeyaroujue PatuiHuiM Co6CMEeHHHM 3Have-
HUAM, — ODMO2OHANbHYI.

v’ Teopema Thanoepra—IlImMuara 10.5.3. [Iycms A — komnakmuwii camoconps-
HceHHwil onepamop ¢ 2uavbepmosom npocmpancmee H c Hysesoim adpom (ker A = 0).
Toeda ¢ H cywecmeyem opmonopmuposannwii 6azuc {h,} u3 cobcmeennvix eexmopoe
onepamopa A, 6 Komopom onepamop umeem OUA20HANbHbIL 8UO

Az = Z AnZphy,
n

20e T, — KOOpOUHamu 6eKmopa
T = E Tohy,
n

a A\, — cobcmeennbie 3Ha4eHus, omeexarouyue eexmopam hy,.

13.8. AnemMeHTbl HeNUHEeNHOro aHannaa

v’ HenuHeitHplit oriepaTop Ha3bIBAETCS 6/101HE HENPEPbIBHBIM, €CTTU OH HETIPEPbI-
BEH M OFpaHUYEHHbIE MHOXECTBA OTOGPAXaeT B MPEAKOMIAKTHBIE.

v' Onepatop F : E, — E, ougdepenyupyem no ®Ppewe B 10uKEe T € E|,
€CJIM CYLUECTBYET JIMHEHHBIII OrpaHUYEHHBIX OnepaTop F; : E, = E,, Ha3biBaeMblii
npou3eodroit Dpewe B TOUKE T, — TAKOM, YTO

F(z 4+ h) - F(z) = Fyh +v(z, h)
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[l (z, Bl

n ——
(Al

dupdepenyuanom Dpewe.

— 0 npu ||k|]] — 0. JIuHeitHas yacTh mpupamenusi F,h HasbiBaetcs

V' Cnabvim Ougppepenyuanom, inu ougdepenyuasom Iamo, Ha3bIBAIOT Tpenes
(mo HopMe)
. F(x+T1h)- F(z
6F(z, h) = lim TE TR = F(@)
70 T
Cna6biii muddepeHIMan Ha3bIBAIOT TaKXe éapuayueil F'.
Ecau npenen dF(z, h) okasbiBaeTcsi IMHEHHbIM 110 h,

6F(z, h) = F.h,

onepatop F, Ha3bBalOT npou3eodnoii famo (caaboir npouseodnoii) B TouKE T.

v’ Ipoussoonas Ppewe, ecau cyuwecmeyem, seasemcsa npouszeoonoii famo. O6pam-
HYI0 umnaukayur obecneyusaem mpe6osanue HenpepovieHocmu npousgoonoit Iamo no .

v’ Teopema 11.2.1. IIpoussoonas Ppewe 6nosxe Henpepvignozo onepamopa —
8noane HenpepuiGHa.

v' B yacTHOM ciyyae HenvHeiHOro yHkuuoHana ¢ : E — R mpoctpaHcTBo
E(E,R) ectb E*. Tloatomy npoussonHas ®peue ¢'(z) dyskumonana p(z) — 310
BekTop U3 E*,

p(z + Az) - p(z) = (¢'(z), AZ) + o(||Az])),

KOTOPbIt Ha3bIBAIOT epaduenmom Ppewe GyHKLMOHANA @(T) B TOUKe T U 0GO3HAYAIOT
Kak Vop(z), nu6o grad p(z).

v’ ®yukuuoHan ¢ : E — R Ha3biBaetcsi dugpdepenyupyemoim no ITamo B TOUKe T,
€CJIM CYLECTBYET TaKOW JIMHEMHBIN OrpaHMYeHHbII GyHKIIMOHAN f € E*, HasbiBaeMBblit
epaduenmom Tamo, uto mns mo6oro h € E

p(z +th) — p(z) = t{f, h) + o(t).

Ipanuent Tato u rpaament @pewe 0603HaYalOTCs OmMHaKoBO: V(z) — pasninuue
BO3/IaraeTCsi Ha KOHTEKCT. A €C/IM CyLIeCTBYIOT 00a rpaiMeHTa, TO OHH COBMANAIOT, —
U B 3TOM CJly4yae rOBOPST NMPOCTO O rpamueHTe.

v’ Jlemma 11.3.1. Heob6xodumeim ycaosuem docmuxcenus @ynkyuonasom ¢(z)
6 mouKe Ty N0KANLHO20 MAKCUMYMA UNU MUHUMYMA R61ReMCA 06patyenue 8 Hyab epaduenma

V(o).

v’ Jlemma 11.3.2. Keadpamuunas popma (Ax, T) ¢ KoMnaKmHoM camoconpaxcen-
HoiM onepamopom A docmuzaem maxcumyma (U MunuMyma) Ha eQuHu4HOI chepe 6 mouxe
zo, 8 komopoi Axy = Axy. Ecau A #0,mo A #0.

v'  Teopema Bpayapa 11.6.1. Ecau nenpepwignoiii onepamop T omobpaxcaem 6 ce0
samxrymoiii wap B C R", mo ypasnenue ¢ = Tz paspewumo ¢ B.
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v Ilpuaunn [Maynepa 11.6.2. Ecau énoane nenpepoighoiis onepamop T, deiicmey-
owuii 6 6anaxoeom npocmpancmee, omobpaxcaem 8 cebs wap B, mo ¢ B cywecmeyem
HenodeuxcHas mouka onepamopa, m. e. ypasnenue T = T paspewumo ¢ B.

v Teopema 11.7.1. Ecau nenpepuignsiii onepamop T é R" aubo enoane nenpepwignbiii
¢ 6anaxosom npocmpancmee E — omobpaxcaem e cebs muoxmecmeo 2, 2omeomopdproe
02DAHUYEHHOMY 3AMKHYMOMY 8bINYKAOMY MHONCeCcmBY (He 06A3amensHo menecHoMy), mo
ypaenenue T = Tx paspeuwumo ¢ ).

13.9. MonoxurenbHble onepaTopbl

v TIlyctb E — 6aHaxoBO MpPOCTPAHCTBO. 3aMKHYTOE BBIIYKIOE MHOXECTBO
K C E Ha3blBaeTCsi KOHYCOM, €U [UIsi TIOOOro HeHyneBoro ¢ € K

AMEK mpu A20 u A ¢K npu A<O0.
v" Kownyc onpenensier 8 E noayynopadouennocms: T >y (paBHOCHIIBHO y < ),

ecnu £ —y € K. Takue HepaBeHCTBa, KaK M OObIYHbIE, MOXHO YMHOXaTh HA HEOTPH-
LaTeJibHble YUCIIA; CKJIANbIBATh ONHOMMEHHbIE; IEPEXOAUTD K TIPEaesaM;

<Yy, yY<z = Tz T<Y,y<c = T=yY.

v’ DneMeHTbl KOHYca K CUMTAIOTCS noaoxcumensusiMu. MHOXECTBO
[u,v] ={c € E:u <z < v}
HAa3bIBAIOT KOHYCHbIM OMPEIKOM.
v KoHyc K HasbiBaetcs Hopmansubim, ecii u3 0 < z < y cnenyer ||z|| <

N(K)||lyll, n xoucranta N(K) He 3asucut ot £ u y. Haumenbiuee u3 uncen N(K),
ISt KOTOPBIX BBLIMOJIHEHO HEPABEHCTBO, HA3BIBAETCS KOHCMAHMOIl HOPMANLHOCMU KOHYCA.

v' KoHyc, comepXaliuii BHyTpeHHHE TOUKM, CUUTAETCs menecHoimM. KOHyC Ha-
3bIBAETCS 80CNPOU3B00AUUM, ECTT KaXIbII 3/1EMEHT & € F mpencraBiM B BUIE
T=u—-v (u, v € K).
v KoHyc K Ha3bIBaeTCsi npaguabHsim, €CH Jlo0as HeyObIBaloLLasi OrpaHUYe HHas

MO KOHYCY NOCJaea0BaTCIbHOCTh CXOAUTCA MO HOPME, U — 6noAHe NPpasuUsbHbiM, €CIIH
CXOAATCS MO0 HOPME HEyObIBAIOLIME OTPAHUYEHHBIE N0 HOpMe TI0CJIEA0BATCIBHOCTH.

v Oneparop F : E — E (ne 00s3aTe/IbHO JIMHEIHDIIA) HA3bIBACTCS NOAONCU-
meavhom, ecin F(K) C K ; MoHoOmonHbIM, eCT

z<y = F(z)<F(y).

s TMHEHHBIX onepaTropoB MOJIOXUTEIbHOCTb 3KBUBAJICHTHA MOHOTOHHOCTH.
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v’ Teopema 12.3.1. ITycmb 015 AUHEIIHO20 NOAONCUMEAbHO20 Onepamopa A u Hery-
1e8020 3nemenma Ty € K evinoansemcs nepaéerncmeo

Azy > yxy.
Toeda p(4) > 7.

v’ Teopema 12.3.2. ITycmb auneiinbiit nonoxcumensusiii onepamop A yodoenemeo-
paem Hepasencmey ATy < YTy, To € K, Tg # 0, u 6sinoansemes 00Ho u3 ycao6uii:

1. K — HopmanbHbiit 80cnpou3so0auiuii Konyc, onepamop A Tg-oepanu4er ceéepxy.
2. Onepamop A enoane Henpepvigen, Ty — KeasueHympenHuii snemenm K.
3. K — HopmanbHblii menecHbiii KOHyC, Ty — @HympenHuil anemenm K.

Toeda p(A) < 7.

v’ Teopema 12.3.3. ITycmb auneiinoii onepamop A nosoxcumenex Ha HOpMANbHOM
80cnpou3eo0auem KoHyce u AuHeinblil onepamop B ydoenemeopaem ycaouro
—-Az < Br < Az, z € K.
Toeda p(B) < p(4).

v’ Teopema 12.4.3. Ecau konyc K HopmanbHblil u 60cnpou3eo0auuii, mo y ao60eo
nonoxcumensrozo onepamopa A uucno p(A) seéasemcsa moukoi e2o cnekmpa.

v'  Teopema 12.4.4. ITycmb auneiinbiii u-ozpanuyennbii onepamop A énoane Henpe-
poleen u u-nonowcumener. Toeda A umeem eOuHcmMEeHHbIL NOAONCUMENbHBLI COOCMBEHHbLI
8éeKxmop To, Komopomy omeedaem gedyujee cobcmeenroe 3naverue Ay > 0.

13.10. MpocTpaHcTBa

o [Ipocmpancmeo m ozpanudennvix (sup |z;| < 00) uucsossix nocaedosamensrocmei
i

z={z,...,Z,,...} UMEET METPUKY
p(z,y) = sup |z; — yi.
1

IMpoctpaHcTBO ¢ C M cx00suuxcs YUCIOBBIX MOCIENOBATENLHOCTEH C TOH Xe METpH-
KON — SIBJISIETCSI IONMIPOCTPAHCTBOM M.

o [Ipocmpancmeo l,: 3neMEHTaMM CJIyXaT MOC/IEN0OBATENbHOCTH, YAOBIETBOPSIO-
00

LIME YCITIOBHIO E £} < 00, a METPUKOH — DYHKLHUsE

p(z» y) =
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e ITpocmpancmeo C|0, 1] HenpepbiBHBIX GyHKuMIA Ha [0, 1] ¢ HOpMOii
lell = max [z (t),
kotopas B C onpenensieT paBHOMEPHYIO cxoaMMocTb. Hapany c C|0, 1] paccmar-
puBaiotca npocmparcmeéa C|[S] HenpepbiBHBIX (DYHKLMI, 3aJAHHBIX HA 3aMbIKAHUU

orpaHyeHHOH obnacti §2. M3 KOHTeKCTa OOBIYHO SICHO, O KaKoi 001acTH MIET peyb,
MO3TOMY YaLle BCEro roBOpsAT M MULWYT — npocto C.

o [Ipocmpancmea L, (p > 1) u3MepuMbIX ¢ p-it CTeneHbI0 GyHKLUMIA ¢ HOPMOW

1
MW—</z|wQ .o,
0

e noapasyMeBaeTcsa unmezpuposanue no Jlebezy.
Bwmecto [0, 1] mMoryT paccMaTtpuBathesi Apyrie 06/acTH, B TOM yMCie — GecKo-
HEYHBIE.
B HEKOTOpBIX C/yyasix BO3HMKAET MOTPeOHOCTb B PacCCMOTPEHMU MpOCMPaHcmMe
L, c Hopmoi#
1

I/p
|w=(/wmww0,

0

XapaKTepU3yeMOii TUIOTHOCTbIO ycpenHeHust v(t).

e [Ipocmpancmeo Ly |0, 1] orpaHN4eHHBbIX H3MEPUMBIX (GYHKUMI C HOPMOIi
|||l = ess sup |z(t)].
o [Ipocmparncmeo c* HETpepbIBHO a1 depeHLnpyeMbIX (10 k-ro nopsiaka BKJIiO-
unTeabHO) yHKUMI T(t) ¢ HOpMOI

_ ()
z|| = max max |z’ (t)|.
lzll = max max 2 (1)

1l
e IIpocmpancmea Coboneéa W, nonyyaioTcs B pe3y/isTaTe MONOJIHEHUS B HOPME

I/p
llul| = {/m o) dc+ Y /Iu(")l"d:z}

1< el

MHOXecTBa ! pa3 HenpepbIBHO HMbdepeHLIMPYEMBIX Ha JOCTATOUHO «XOpOLUEei» 06acTH
Q dyukumit u(z, ..., z,).
B cnyuae p = 2 npocTpaHCTBO W2' rub06epTOBO, U €r0 NPUHATO 0603Ha4YaTh H '

o IIpocmpancmeo C(—00, 00) HEMpPEPBIBHBIX Ha (—00, 00) dyHKumi z(t). 3a onpe-
DEASIONIYIO CUCTEMY TIOJYHOPM TPUHMMAIOT

Po(x) = max {|z(t)| : ¢ € [-n,n]}, n=1,2,....
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CxoauMoCTb TMPpH 3TOM O3HA4YACT paBHOMEPHYIO CXOOAUMOCTb HA J1060M OTPpAaHUYCHHOM
MHOXECTBE.

o Ipocmpancmeo C* [0, 1] Geckoneuno auddepenunpyembix Ha [0, 1] dyHxumii.

Onpenensiowmas CiCTeMa MoJiyHOpM:
Pa(z) = max {|g™@)|:t € [0,1]}, n=0,1,2,....

CXxoOMMOCTb PaBHOCWIbHA PaBHOMEPHOI CXONMMOCTH TIPOM3BOIHBIX BCEX MOPAOKOB
(B TOM uMClIe HyNEeBOTO — caMoil GYHKLMH).

o [IIpocmpancmeo C*™(—00, 00) GeckoHEUHO AudxpepeHLIMPYEMbIX Ha BCeit OCH
¢yHKuMii. CHcTeMa MOJNyHOPM:

Pen(@) = max {|e® @) :t € [-n,n]}, n=12,..., k=0,1,2,....

CXoOUMOCTb PaBHOCWIbHA PAaBHOMEPHOI CXONUMOCTU NPOU3BOOHBIX BCEX TMOPSAKOB
Ha JI000M OTPAaHUYEHHOM MHOXECTBE.



Cokpawjenns n 0603HaYeHnst

<« ¥ > — HAyajo M KOHEL PacCyXICHHsl, TEMbl, 1OKA3aTeIbCTBA.
(?) — mpeanaraeT MpPOBEPHTL WM [OKA3aTh YTBEPXKIACHHUE B KAYECTBE YTpPAaXHEHHUS,
60 NOBECTH PACCYXIAEHHE N0 «JIOTHYECKOW TOUKH», — HO HE SBISIETCS BOMPOCOM
«IIPABUJILHO WJIM HETIPABUJILHOD»
(!) — npeanaraet 06paTUTL BHUMaHKE

1. B, — NOYTH BClOOY

w
T, > T — T, cnabo CXOOUTCHA K T
/ — 0003HaYaeT HHTErPUPOBAHHUE MO 00J1aCTH OnpenesicH!s DYHKUNH, CTOALLEH NMon

00
MHTErpaioM, Yaiie BCEro: /

-0
A= B — w3 A cnenyetr B

T € X — z npuHamiexut X

XUY, XnY, X\Y — obbenuHeHne, NepeceueHUE U pasHOCTb MHOXECTB X u Y
XAY = (X\Y)U (Y\X) — cuMmeTpuuecKasi pasHOCTb MHOXeCTB X u Y

X CY — X moaMHOXecTBO Y, B TOM uMcne UMeeTcs B BHLY BO3MOXHOCTh X C Y,
T.e. Mexay X CY u X CY pasnuuus He nenaercs

X — sambikaHue X
Z =X+Y — MHOXECTBO JEMEHTOB 2 =T + Yy, e Tt € X,y €Y

xa(z) — dyHkuns-uHnMKaTop MHOXecTBa A (paBHa | 11t £ € A u 0 B NpOTUBHOM
ciyyae)

2X — MHOXECTBO BCEX TTOAMHOXECTB MHOXecTBAa X

& — TYyCTOE€ MHOXECTBO
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B(r,z) — wap pamuyca r ¢ LEHTPOM B TOUKE T

R = (—00, 00) — BeuleCTBeHHasi psiMast

dim E — pa3MepHOCTb npocTpaHcTBa E

ess sup f(z) (essinf f(z)) — cywecreHHas BepxHssi (HUXHss) rpaHb f(z)

2 = T+ 1y — KOMIUIEKCHOE YiCI0, z = r(COS ¢ + 1 §in ) — ero TpHrOHOMETPHUYECKast
3anuch, € = Re 2 — AeiicTBUTeNbHAsS YacTh, Yy = Imz — MHuMas; Z = 2" = ¢ — iy —
KOMIUIEKCHO COMPSIKEHHOE YUCIIO.

(z,y) — ckansipHoe MPOM3BEAECHHUE BEKTOPOB T M ¥; B OOLIEM Clydae KOMILIEKCHbIX

BEKTOPOB
(T, y) =z1y1 +... + Toyn

D4 — oGnactb onpenenexus oneparopa A

R4 — obnacth 3HaueHHit oneparopa A

ker A — Hyab-mpocTPaHCTBO (s1ApO) omeparopa A

E(E,, E;) — npocTpaHCTBO JIMHEMHBIX OMEpaTopoB, AecTByloumx u3 B, B B,
p(A) — crnexTtpanbHblit paguyc oneparopa A

K — KOHYC HEOTpULATE/JbHbIX PYHKUMUA

RY} — HeOTpULATENBHBIH OPTAHT

df(t

% = f'(t) — npoussonnas f(t)

0u .

9z yacTHasi MPOM3BOAHAs GYHKIUHUHU ¥ MO NMEPEMEHHON T. DKBUBAJIEHTHOE 0003HAa-
T

YeHHe U,

3a1+...+a,.f(z)
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[ = 9z ... dzar

1

V f(z) — rpaguent dyukuuu f(z)
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Cmuprog 0. M. Kypc aHAAHTHYECKO#H reOMETPHH.
Ye6omapee H.I. OcnoBm Teopun Tanya. B 2 xH.
Ye6omapes H.I. Beenenne B Teopuio anredp.
Ye6omapee H. I. Teopua anreGpandecknx HyHKumi.
Ye6omapee H. I. Teopus rpynn Jin.

boposkoe A. A. Teopua BeposTHOCTER. T

Tunvbepm 4., Kow-Doccer C. Harnsnunas reomerphs. fﬁﬁ?ﬂaﬁﬂl
beavxo M. B. u dp. {nddepenunanbian reoMeTpHA.
Kneiin @. HeeBKIHA0BA reOMETPHS.

Kreiin @. Bucwas reomerpus.

Duaunc I. InddepeHunanbHne ypaBHEHHS,
Cmenanog B. B. Kypc anddepenunanbibix ypasHeHwi.
y6posun b. A., Hoeuxoe C. I1., Qomenko A. T. CoBpemennan reomerpus. T. 1-3.

Bosapyyk A. K. u dp. Cnpasounoe nocobHe no smcweii maTemaTuke (AnTuaemunosud). T. 1-5.
Kpacnos M.JI. u dp. Bea shican maremaruka, T. 1-6.

Kpacroe M. J1. u dp. COOPHHKM 331a4 C NOAPOOHBIMH PELIEHHAMH.

Deinman P., Jdeiimon P., Cande M. DeiiHMaHOBCKHE JEKUHH N0 DHIHKe.

Bainbepe C. Meurni 06 okoH4aTeabHOH TeopHH. [lep. ¢ aHrn.

fpun B. dneranthan Beenennasn. CynepcTpyHs M NOHCKH OKOHYATENLHOH TEOPHH.
Menpoys P HOBBII YM KOPOJIAl. O xkoMnbioTepax, MbiLJEHHH H 33KOHAX (DHIHKH.

H.hoce

Haww KHWrn MOMHO NPUOGPECTH B MarasnHax:

Ten./daxc:
«bugano-Taolyc» (. fly6anna, ya. Machuymas, 6. Tea. (095) 925-24357)

(095) 135-42-46, «MoCKoBCHME 10M KHMIM» (M. ApBaTcxan, ya. Hosbil Apbar, B. Tea. (095) 203-8242)
(095) 135-42-16, | «Mocksan (. Oxamvei psig, yn. Teencwan, 8. Ten. (095) 229-7355)

E-mail: «Mononan reapans» (u.Monsima, yn. b. Moasuxa, 28. Tea. (095) 238-5083, 238-1144)
) «floM AenOBOR KHMrM» (M. [ipoAeTapcxan, yn. MapucucTckan, 9. Tea. (095) 270-5421)
URSS@URSS.TU | «Tnosue» (w. Ynusepcuter, 1 rym. nopnyc MrY, noMu. 141, Ten. (085) 938-4713)
«Y Kexvaspa» (PITY) (u.HoBocnoBogcnan, ya.YanHosa, 15, Tea. (095) 973-4301)
hm):/ / URSS.ru «(M6. aoM wuuru» (Hescwmi np., 28. Ten. (812) 311-3954)







ITpoekT uznanus 20 TomoB
«JIekumii mo marematuke» B. Bocca
obperaer KpacKu.

ABTOp HapammBaeT 000POTHI
¥ MOIHUMAET ILIAHKY BCE BBIIIIE.

YurarebcKas ayJMTOPUS HIMPUTCS.

B ycuobusax
UH@POPMAYUUOHHOZO
HaBooHenus
uHempymenmeot
Buepawnezo oHa
nepecmaiom
pabomame.

Jlosmowumy yuume

Haodo Kak-mo uHaue.
«Nekyuu» darom
npuuep.

Jluoxoil au, xopowmuit —
nokaxem Bpeua.

Ho 8 uwoboum cayuae,
amo npodykm noBozo
nokouenuq.

Jlle xe «koueca»,

mom xe «pyAb», ma xe
smamemsmamuueckas
cymes, — HO ho-Opyzoumy.

B. Bhoce

HAYYHAA U YHEBHAA NUTEPATYPA

E-mail: URSS@URSS.ru
http://URSS.ru

Ten./dpakc: 7 (095) 135-42-16
URSS Ten./dakc: 7 (095) 135-42-46
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Katanor nsgaxuin 8 UnTepHere:
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H3 om3vi606 wumameaeii:

YT106BI yCBOMTH MpEIMET, HAZO OCBOOOAHUTH €r0 OT
nerainei, OOHaXHUTh LIEHTPaIbHbIE KOHCTPYKIHH, 110-
HATh, KaK IO TEOPEM MOXHO ObLIO JomyMarbcs. JTO
TsDKenas paboTa, Ha KOTOPYIO He BCerqa XBaTaeT CHII U
BpeMeHH. B «Jlexuusax» Takas paborta npoaensIBaeTcs
aBTOPOM.

[Monynsprocts kHUT B. Bocca cpenu mpenopaBate-
neit nerko obwvicHuMa. JlaeTcd TO, YEro HENOCTAeT.
OG6u1as KapTHHA, MOTHBALMs, B3aUMOCBA3H. U camoe
IIaBHOE — JIETKOCTh BXOXIEHHS B JIOOYIO TeMy.

CozmepxaHHe NpOTYMaHO M XOpOILIO yBsi3aHO. [po-
MO3JKHE JI0Ka3aTeNIbCTBa Y)KaThl 10 HECKOJIBKUX CTPO-
yek. BupTtyosHoe BnageHue s3pikoM. YTo KacaeTcs 3a-
MBIC/Ia U3NOXHTh BCIO MaTeMaTHKy B 20 ToMax, ¢ Tpy-
JIOM BEPUTCH, YTO 3TO IO CHJIaM OJHOMY 4YEIOBEKY.

Jlekumn B. Bocca — 3aMeuaresibHbIE MaTeMaTH4e-
ckue kHuru. Kak yueGHble mocoOus, OHH He BCerna
OTBEYAIOT KaHOHAM IperoAaBaHus, HO CTyIE€HTaM 3TO
[OYEMY-TO HPaBHTCH.




