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lpeancnosune Kk «Jlekunsim»

Omenekasce no dopoee 6 banto Ha no-
e30ky 6 Couu, 3a0bi6aewb Kyoa udeuto.

[l HOpMaJIbHOTO M3y4EeHMS JI000ro MaTeMaTM4YeCKOro fnpeaMeTa He-
00XOOMMBI, IO KpaiHel Mepe, 4 MHIPeaUEHTA:

1) ocueoii yuumens,

2) obbikHOGeHHbII NOOPOOHbIL YHeOHUK,

3) psadoeoir 3adaunuk;

4) yuebHuKx, 0c8060NCOCHHbII OM PYMUHbL, HO OGIOUWUIl OOUWYIO KAPMUHY, MOMUBYL, CBA3U,

«4mo 3a4em».

o 4eTBEpPTOro MyHKTa Yy CHUCTEMBI OOpa3oBaHHUS PYKH HE MOXO-
aw. KoHeyHo, nmomoGHasl 3amaya MHOIAA CTaBMJach M pellaiach,
HO B OOJIBLLIMHCTBE Cy4aeB — IPH MapaiieIbHOM UCIONHEHUU DYHK-
LM OOBIKHOBEHHOTO yyeOHMKA. AKLIEHTBI U3-3a Neperpy3Kyu MeHSUIMCh,
M HaMEpPEHHUSI CO BTOPOM-TPEThEH INIaBbl HAYUMHAIM ApeidoBaTh, He 10-
cTuras pesyJjibraTa. B BUPTyaJIbHOM MPOCTPAHCTBE TaK ObIBaeT. AHAJOT
00beNMHEHUST TAHTENM C TEHHUCHOM PaKeTKOM repecTaeT pelarh obe
3a1a4yy, XOTsS 3TO He cpa3y OpocaeTcs B riasa.

«JlekuMMn» CcTaBST 4-i1 MyHKT cBoel raBHOM Liefblo. ComyTCTBYIO-
11asi uaess — 3KOHOMMUS CJIoB U cpenacts. [IpaBna, Ha ¢oOHe meknapaLui
O KpaTKOCTM U SICHOCTM M3JIOXEHHs mpeariojaraeMoe usiaaHue OKOJO
20 TOMOB MOXET IMOKa3aThCS TSDKEJIOBECHBIM, HO 3TO CBSI3aHO C OOLIMp-
HOCTBIO MaTEMAaTHUKH, a He C Meperpy3Koil AeTasaMU.

HeoGxonMMo cka3aTh, Ha KOro paccumTaHo. OTBeT «Ha BCEX» BbI-
[JISSOUT HauBHO, HO OH B KaKOW-TO Mepe oTpaxaeT cyTb neja. O6o-
3pUMBblii BUO, OOHaKeHHble KOHCTPYKIMM [OKAa3aTeJbCTB, — TaKOro
COpTa KHUIY YyAOOHO MMeTh Mo pykKoi. He cekpet, 4To cneuuaancTsl
CaMoii BBICOKOM KaTeropuM TPATAT MacCy CHJI U BpeMeHW Ha OCBOEHHE
MaTeMaTUYeCKUX CeKTOPOB, JIeXalIMX 3a paMKaMu COOGCTBEHHOM crie-
LMaNM3aluu. 3AeCh Xe KO MHOTMM MpoGiieMaM MpeiaraeTcss KOpoTKast
JIopora, MO3BOJISIIONIAs OBICTPO OCBOMTH HOBBIE OONACTH M OCBEXMTb



8 lMpeancnosne K «Jlekuymsam»

crapele. [Ins HauMHaIOWMUX «KOPOTKHME AOPOrM» TeM OoJiee MOJE3HBI,
MOCKOJIbKY 00JIEryaloT ABUXEHUE JIOObIMM APDYTUMM NYTSIMMU.

B Bompoce «Ha KOro paccuMTaHo», — €CTb M APYrOd acrhexT.
Ha cunbHbix unu cnaboix? Ha cpenHuit By3 win ¢usrex? OnsTb-Taku
BBIXOJUT «Ha BCeX». 3BYUMUT CTPAHHO, HO PeUb He UIET O peIIaMEHTAllUU
Kpyro3opa. [1pocTbiM $I3bIKOM, KOPOTKO M MpPO3payHO OIMHUCHIBAETCS
npeamet. M3 3Toro Kax et U3BjieUeT CBOE U JBUHETCS NajiblIe.

HakoHew, mocienHee. B ycnoBusx mHGOpMallMOHHOIO HABOAHEHUS
WHCTPYMEHTHI BYE€palllHEro AHS IepecTaioT paborats. He nmoroMy, 4to
u3yyaemble AUCLMITIMHBI Yepecyyp pa3poC/IMCh, a MOTOMY, YTO HOBBIX
CEKTOPOB XMU3HU CTal0 CJMILKOM MHOro. M B 3TMX yCIOBUSAX MaJjo
KTO FOTOB YAEAATbh MHOIO BPEMEHM 4YeMYy-TO OgHOMY. [103TOMy y4yuTh
BCEMY — Hano Kak-TO MHaye. «Jlexuuu» paiorT npuMep. ITnoxoit Ju,
XOpOILUM — mnokaxeT BpeMsi. Ho B 1l0OOM ciiyyae, 3TO IPOAYKT HOBOTO
NMoKoJieHUs. Te Xe «KoJjieca», TOT XE «pyJib», Ta Xe€ MaTeMaTUyecKas
CyTb, — HO MO-ApPYroMmy.



lpeancnosmne Kk WecTomy ToMy

DyHdameHm HyxceH He nomomy,
4Mo 6 nodedne Hcumb XoPoulo.

NnanasoHn «ot AnodanTta a0 TelopUHra» NoAPa3yMeBaeTCs CMbICIOBOM.
Kopoue, peub MIET O AMCKPETHOH MaTeMaTuKe B TOM €& YacTH. KOTO-
pasi KacaeTcsi «OCHOBaHMit». BblUMCIMMOCTD, 10KAa3yeMOCTb, TEOPEMBbI
[€nenst, HepalpeluMMble [IpO0AEMbI, — BOT KpYI' BOMPOCOB, OMpeaesi-
IOLLLMX PYCNO M3IIOXKEHWSL.

UTto Kacaercst MOTMBALIMKM, TO B OObBIYHOM MOHMMAHWU €€ HET,
NOCKONbKY OCHOBAHMS MaTeMaTUKK TO U LeN0 HATbIKAIOTCS Ha Hemnpe-
OLONNMbIE TMperpaibl, OCTABASICh, KAK TOBOPUTCA, Npu cBomx. Ho uero,
COOCTBEHHO, OXKAaTb HAa Kpalo? Ha rpaHu, rae BO3MOXHOE NepexoauT
B HEBO3MOXHOE, XXHU3Hb — B CMEPTb, TeopeMa — 1B napaaokc. [1o cytn —
oXuaatb Hedero. OnHAKO, KaK U B MOWCKE CMbICAA XHU3HU, OCHOBHYIO
pOAb 30eChb UIPatOT MOOOUHbBIE IPPEKTHI.



lnasa 1

Anr OPHUTMbI U BbIYUCITUMOCTb

B rnase paccmaTpMBAaETCH SAPO TPOONEMATHKH AAOPUMMUMECKOU Hepa3peliumocmu.
UsnoxeHHe oGXOAMTCS 63 MaTemaTuyeckoi noruku ", — uTo pacceuBaeT TymaH
Y TMO3BOJSIET BbIAENUTDH [IABHOE.

1.1. YHnBepcasnbHblie BbIYUCSIEHNSA

o Kakux-To MOp urpa B LUAaxMaTbl, COUMHEHUE MY3bIKU U peLIeHUE
ypaBHEHUM — Ka3aJUCh 3aJa4aMu pasHou npupoasbl. [loToM Obi10 oco-
3HaHO, YTO J00ass UHPOPMALIUS MOXET KOOUpo8amsca U 3aNUCbIBATLCS
B BUJIE YMUCE, MOCIAE YEr0o MEXAHM3Mbl PELLEHUs [IpUodpeTaT hopmy
apUPMETHUYECKHUX U JTOTMYECKUX IEUCTBUI.

Koauposanue rnpeacrasnsiet coboit 0ToXAECTBAEHHE — M0 M30PAHHBIM MpaBUIAM
COOTBETCTBHS — CHUMBOJIOB MM IPYIIN CUMBOJOB OAHOrO andaBuTa ¢ CUMBONAMU MK
rpyrnnamu CUMBOJOB Apyroro anhasuTa. B BbIYMCAUTENBHBIX MALLMHAX «HA MUKPOYPOB-
HE» UCMONB3YETCS MOCUMBOALHOE ABOMYHOE BOCLMUOWTOBOE KOAMpPOBaHKeE ). Bocemb
ABOWYHbIX Pa3psiioB MO3BOMSIOT KOAMPOBATH (MEPeCUUTHIBATD) 28 = 256 Pa3IUYHbIX
CHMBOJIOB.

XUTpoCrieTeHUst TEOPUM KOaMpoBaHusi [3, T. 4] B JaHHOM KOH-
TEKCTE HE MIpaloT posn. 34eCh CyLIECTBEHHA JIWLLIb CaMa BO3MOXHOCTh
KOIMPOBAaHUsI — BO3MOXHOCTb Mepexoaa K >xenaeMoMy andaBuTy, Kak
NpaBUJI0, 1BOMYHOMY.

JIBOMYHAsE CHCTeMa CYHMCJEHHs SBISETCH YAaCTHBIM C/yYaeM p-UYHOW CUCTEMB,
B KOTOPOI YMcna MpeacTaBasioTcs B BUie
k k-1
ap +apap +...taptay, ece a,<p, (L.1)
U 3aMUCbIBAIOTCH B NO3ULUOHHOU hopme

Qpa_)...Q Q.

1) Ecan He cuntaTh 3M130419€CKOr0 HCNOAb30BAHHsI KBAHMOPO8 0OI(HOCIU U CYILeCMBOBAHUA,
Ve, 3zx.
2 Windows-ko.1 1251.



1.2. Yro rakoe anropntm 11

Mpeactasncuie (1.1) snodoro dneta A oanosHadHo, Hpn geacun Hauesio A na p
B OCTATKE NoayuactTest ag. Mpru ACACHIN YACTHOIO (HOAYUCHHOIO B PEe3Yiblale NpPeibi-
AYWEEO ACACHHS) CHOBA HA P — B OCTAaTKe nojiyuaetes «. M tak aance.

B cayuwae p = 2 ae/uTb HALO BCE BPEMS MOMOAAM — OCTaTKH OYAyT HYjsMH
u emnrvuami. Hanpisep, 33 = 27+ 1. T e. B8 ABOHYHOIT cheTeme

33 = 100001,

Asonunblit andasur {0, 1} MCNoabyercs B KOMNbIOTEPAX, XOTs
CHApPYXM HTO He3aMeTHO. ONHUKO SI3bIKK [POrPAMMUPOBAHMSI BbICOKO-
ro YPOBHSI fIPWU AEC3MHTEIPALIMK «PACCHINAKTCH» MOCTEICHHO B KOMbI
MAILWHbI, 1€ MEJbKAHWE HYJEM U €AMHULL YXKC¢ HE HANOMWHALT 3aJ10-
KEHHYIO B MpOrpaMmy Liesiecoo0pas3HOCTb.

Ha «MUKpOypoBHE» WMeeTCst Cpes3, B KOTOPOM $CHO, YTO MalllM-
Ha BCETO JMULLDb YMEET BBIMOJIHSITL YEThIPE APUPMETUUECKHE ONepaLnu
W npocreiuine gorndeckue. OCTaibHOE — HT0 yXe CUCTEMHbIE (-
(eKThbI, UeMY NONE3HO YAUBIISITBCH, PABHO KaK M TOMY, uTo Beenernas
NMOCTPOCHA M3 COTHU XMUMHUUECKHX DIEMEHTOB.

TakuM 00pasoM, BCe pellaeMoe, — BbIYUCIETCS Ha Oase apudme-
THUKK U JIeMeHTApHOM JIOTUKH. B30upasich 1o JiecTHUUE TEXHUUYECKOTo
00pa3’oBaHus, BAXHO JNOOMTBCH ollyuleHHst 3rtoro ¢akra. He ymMoM
MOHSITh, & MMEHHO OWYTHUTb. IDTO HPUXOUHUT HOCTEHEHHO. 3HAKOM-
CTBO C PAIMUHBIMU AJIFOPHTMaMK (PACTIOBHABAHIS, MOWCKA, AHA N34,
MOUEJHPOBAHHS) N HX 00AYMBIBAHME LA 3Q LIAroM YOEXIaeT, UTo ato-
GO *METON B KOHEUIHOM HTOIC CBOMMICH K BBIMOJIHEHHMIO NIPOCTEMILUX
onepaumi.

1.2. Y710 Takoe anropmt™m

OOLiee onpeleieHne airopuiIMa KaK peuenma 00CIUNCeHUs pe3yabmand
C NOMOUbIO OOHG3HAYHOU ROCAeOVEamensHOCnU delcmeuit — CTPALAET
ONpeAeaeHHOI paciibiBYATOCTbIO. KaKMMKU CpescTBaMM MOXET Bblpa-
AKATbCH «PeUENT»; KTO CYAUT 00 «OAHO3ZHAYHOCTH», KakK OblTh, €CJAH
«BCE XOPOLUO», A PEe3YyJbTAT He JOCTHUractcsi? DTH BOMPOCHI CHUMAaeET
chaeaytoulee onpeacacHue.

1.2.1. Ancopumm — 3mo npoepamma Ha A060M VHUBEPCANbHOM SH3bIKE
npoepammuposanus (Hanpumep. Ha gopmpane).

[ist NOHUMaHwusI CYTH ONnpeACIICHNS 3HATDL NPOIPAMMUPOBAHNUEC HCT
HEOOXOAMMOCTH. D,OCTH'I'O‘IHO MOHHUMAT b, YTO HpucpAMMU — D10 HEKMHA
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TEKCT, ofpenesitownii pabory komnbiotepa. HUKakoi nieun «npaBuiab-
HOCTHU» BBIYUCJAECHUI aIrOPUTM He npearonaraet. JlonyckaeTcst Harmca-
HUe 11porpamMmmbl ¢ NOObIMU olMOKamMu (B npenenax M3dpaHHoro anda-
BnTa). KOMNblOTEp, HATHYME KOTOPOro MPeAnonaraTb HeoOs3aTeNbHO,
MMEET MpAaBO MPOrpamMMy He MOHUMATb, 3aBMCATb M 3aLIMKAMBATBCS
Ha BCeX JINOO HEKOTOPbIX 6x00dX, KAKOBBIMUA CUNTAIOTCS UCXOAHbIE NaH-
Hbl€, T. €. MapaMeTpbl 3a1a4H.

Moxcem au anreopumm dokazsieams meopemor? MoxeT. Maesi 3akinto-
yaeTcsl B MOMCKE LEMOUEK, BEAYLWMX OT MCXOAHBIX aKCUOM K DOpMyJiu-
poBkaM TeopeM. Bce aTo koaupyertcs, U nepebopoM aiobasi KoHeuHas
LernoyKa paHoO UAK NO3AHO OyaeT HalaeHa, ecau cyujecmayem. KoHeuHo,
ISl UCMIONHEHUSI MOTYT NMOTPeOOBATHCH MUANUAPALL JIET, HO TPYAOEM-
KOCTb a/IrOpUTMA B JAHHOM CJlly4yae OCTAETCsl BHE MOJsl 3peHUsI.

BaxHO MOHMMATb TakXe, YTO Hapsiay C «[paBHIbHbIMW» aJiro-
pUTMamH, BeAyLUMMM MOUCK LIENOYEK, ECTh «HEMPABUJbHbBIE», NAOLLNAE
JIOXHbIE 3aK/toueHHUs. OTaeasiTh 3epHa OT MJieBeN — 3ajaya CTOSsLIEro
3a KaApoM, €CJIU TAKOBOI MMEETCSI, U Y HErO €CTh XKEeJAAaHHUE MOHSTh, YTO
MPOUCXOIUT.

CyLuecTBYeT JiM, CKaXeM, ajlropuTt™M s HEpELLEeHHOW npobrembt
lTonsdbaxa, npeanosarapeid BO3MOXHOCTb MPEACTABAECHHUS J1000ro
YETHOTO uucia T > 2 B BUOE CYyMMbl [IBYX MNpPOCTbIX? CymeCT§yeT.
3JTO0, Hanpumep, OAMH M3 IBYX aJirOpMTMOB, MEPBbI — BCEraa roso-
PUT «aa», BTOpOU — «HeT». OAuH M3 HUX AdeT MPABUAbHBIIA OTBET,
KaKkoi — HesiCHO. M 3To He HacMellKa Haa 34paBbiM CMbICAOM, da 00-
HAaXX€HHas XapaKTepUCTUKA Mpobaembl. AJITOPpUTM — 3ITO abCONIOTHO
Tynas W Oe3foyllHas Bellb, — TaK MPOBOAUTCSA rpaHuua. [lonsTust
CMbICNA U COOTBETCTBUSI OCTalOTCsi 3a OopToM. Eciu BbluuciaeHust 06-
Hapy>XUBalOT MPU3HAKU MHTENIEKTA, TO 3TO PE3YJNBLTAT UHTEPNPETALMU
U «COMPOBOXIEHUSI».

Jlpyroe neno, 4to 3a CYeT maccogocmu, O 4eM OydeT CKa3aHo
Jlajgee, ynaeTcst OTCESITh aITOPUTMbl, KOTOPbIE AAIOT MPABUbHbBIC OTBETHI
110 HEAOPa3yMeHHMIO (CAYYaitHo).

1.3. BbluucanmocTb

1.3.1. Onpeaenenue. llerouucnennyro gynxuyuro f(n) uerouucnennoeo
apeyMeHma Ha3blearom €bIMUCAUMOL, €CAU CYIecmeyem aNeopUmm, 8bi4Uc-
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astouwguil 3navenus f(n), Ho HeoOA3amensHO NPUBOOAWUI K pe3yabmamy.
Muoxcecmeo eviuucaumolx pynkyuii o6osnavaemes uepes IF.

3aMeTMM, YTO ApPryMEHT MOXET ObITb TaKXe BEKTOPHbIM, N = {m,...,7N;}.
®yukumnio f(ny,...,Nn) B 9TOM ciydyae Ha3blBAlOT k-mecmHoi. Brkawouenue 3anameoix
6 anghagum c nocaedyroueil nepekoouposKoll yugpamu — no3goasem 6ce PYHKUUU cHumameo
00HOMECMHbIMU.

Kak yXe oTMevasnoch, npouedypa eviuucieruii OTOXIECTBIISETCS
N 3 N .

C TporpamMmoii paGoThl KOMIIbIOTEpA ™/, TMpencTaBjsiiolleit coboi 3a-
[TUCh AJITOPUTMA Ha HEKOTOPOM sI3bIKE B HEKOTOpOM ajidaBUTe A,

P=aa,...a,, 6ce aj€A. (1.2)

IIporpaMMa NpUMEHSIETCS K pa3fIMYHbIM 8X00HbIM croéam. Ecnu Bxon-
Hbl€ Y BBIXOOHbIE TaHHbIE KONMPYIOTCS YMUCIAaMM, MPOrpaMMma Orpene-
€T sotuucaumyro @ynkyuro. C TOYHOCTbIO OO MENaHTU3Ma K TakoMy
ONpENesIEHUIO CBOMSITCS BCE TIOIXOIbI.

M3BecTHbI MHOTOUMC/IEHHbIE TOMbITKY ONpeaeaeHus] BbIYUCIAUMON (YHKLMHU.
B 1936 roay TeiopuHr BBen (YHKLUMM, BBIYUCIMMBIE KOHEYHOW MALUMHOM, WM3BECT-
HOI1 HbIHe Kak mawwna Toopunea. B tom xe roay [énenp, OpbpaH, Kiunu BBenu
pexypcusrbie ynxyuu. 3ateM Yepu, [Moct, MapkoB — BbiAENSIM MHBIE KIACChl (PYHK-
umit. Ho Bce myTH, Kak BBIICHWIOCH, «BeayT B PUM» — MpUBOAAT K OAHOMY U TOMY Xe
KJIacCy BBIYMCIMMBbIX (PYHKLMHA.

3anuch mporpamMmbl BbiuMciieHMit B Buae (1.2) mo3BosisieT 6ce 6bi-

4)

yucauMble YHKUUU nepeHymeposams

fin), ..., fr(n),.... (1.3)

CHayajla nepeyucliaioTCs BCE MPOrpaMMbi M3 OIHOM OYKBbI, [OTOM
U3 [BYX, IIOTOM M3 TPEX M TaK Hajlee.

HymMmepyioTcst TakuM o6pa3oM He (QYHKLMH, a MPOrpaMMbi, U BO3-
HUKAET eCTECTBEHHAs! MbIC/Ib U3THATh (DYHKIIMM U3 JIEKCUKOHA, OCTaBUB

3 TexHOKpaThl JABHO CBBIKIMCH C MBICJbIO, YTO JIIOOOH alifOPUTM peaiM3yeM Ha BBIYMUCIIU-
TeTbHOW MaillMHe. PeuieHWe ypaBHEHWH, JIMHIBMCTUUYECKUE 3afayd, Urpa B LUAXMAThbl, ayAHO-
U BMAEO-TIDUIIOXKEHHUSI, — BCE 3TO NMPOrpaMMUPYETCsl, KOLMPYETCS, BbIYMCISETCS, M pE3yJbTaT
BbLOAETCST B 110001 xenaemoit bopme.

*) Hesasucnmo ot MPEANONOXEHUS O HATMYUHU TAKOr0 HHCTPYMEHTA, KaK KoMnbiotep. BaxHo
CcyuecTBoBaHue camoro peuenta (1.2).
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airoput™Mbi. Ho TNpMHATO roBOpUTh O (YHKLMSIX, MHAye MOTepseT-
Csl BO3MOXHOCTb B MPOCThIX cuTyauusix tima f(n) = n! oOXxonurtbes
0e3 YNOMMHAHMS KOHKPETHbIX mnporpamMMm. [103TOMy O BBIYMCIMMOM
(byHKIIMM TOBODST KaK O (YHKIIMM B OOBIYHOM MTOHMMaHUM, HO 3a Kall-
POM IOAPA3YyMEBAETCSI HAIMYME AITOPUTMA. B MpOCTBIX CUTYyaLIUsIX 3TO
He MPUBOIMUT K HeIOpasyMeHHUSIM.

B 1O Xe BpeMsi BO3HMKaET MOTPEOHOCTh B 0OPEMEHUTEbHBIX YTOU-
veHusix. Kaxnas ¢yHkuus B nepeuncieHuu (1.3) monyyaer GeckoHeu-
HO€E KOJIMYECTBO HOMEPOB, MOCKOJIbKY Pa3HOOOpa3re airopuTMOB HEUC-
yeprniaeMo. YTo-HHMOYIb MO XO4Yy NEJMTCS MOMOJiaM, MOTOM YMHOXAeTCs
Ha 2, — BOT yXe M apyro# anroput™m. Ilasee. Ecnu nBe pazHbie mpo-
rpaMMbl BbIYMCJIEHM 1 1aI0T ONMHAKOBBIE PE3YJIbTaThl MIPU Pa3JIMYHbIX T2,
OHU OTIPENENSIOT pa3Hble (PYHKIHUU MU ONHY M Ty Xe? OTBET HEONHO-
3HayeH, MOTOMY YTO BOMPOC MIIOX0 moctasieH. Curyaunu f(n) = g(n)
ObIBAIOT pa3Hble, OT TPUBMAIBHBIX IO HemokasyeMbix. [loatoMy Bo3-
HMKaeT cobnasH ckas3ath Tak. Pyukummu f(n) u g(n) pasnuunsl, ecnu
BBIYUCIIAIOTCS MPUHIIMIIMATBHO pa3HbIMM anroputMamu. Ho ato yxe
coBceM Iuioxo. Eciu mporpamMma nepernpoBepsieT ceds ceMb pa3, — 3TO
AJITOPUTM OPYTroi, HO — NPUHLMIOHNAIbHO MM HEMPUHUMIIHUAIBHO?

YeM rnybKe BOyMbIBaelllbCsl, TEM CHIIbHEe MeHSETCS (OKYC MOHM-
vanus . Jnst Xopolllero OTBeTa YeM-TO MPUXOAMTCSA XepTBOBaTh. TyT
Obl, KOHEYHO, PHUOETHYTh K TPAHKBWJIM3ATOPY IMENArOTMUECKOM JIXH,
o6xonst ocTpbie yribl. Ho B 06HaXXeHMH C1abbIX MECT €CTh CBOM TLUTIOCHI.
[IposicHsieTcst MOTUBaLUs 0oJiee TPOMO3IKHUX, HO MEHee 3bI0KMX TEOPHIA.
B TO Xe BpeMsi HeKOTOpas pacIUIbIBYaTOCTh OMpPENE/IeHUS He BIUSET
Ha CTPOroCTb MPUBOAMMBIX Najiee BbIBOLOB. BHMMaTeNbHBIN aHANU3 NO-
Ka3aTeNlbCTB MOKAa3bIBAET: HECMOTPSI Ha MPUroBapMBaHHE O PYHKLMSIX,
MaHMINYJIMPOBAHHME BCETra MAET aITOPUTMaMH.

CuTyauus 4eM-TO HarnoMuHaeT psiabl Pypbe, rae MUILyT
o0

f(m):z....

M XOTA paBeHCTBO HE BCErna BBIMOJHAETCA, — XOHIIMPYIOT PAAAMH, HO TOBOPAT
o dyHkuwmsx [3, . 1].

5 "
)3110[)013!)6, Kak rosopuna PaHeBckast, 3TO KOrga kaxiabit AeHb GOAMT B APYroM MecTe.
TToHUMaHHUE B 3TOM CMbICNE UMEET APYIYIO MPUPOLY.
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Cmpoeoe ymounenue onpedesenus 1.3.1 nHa dannom s3mane 3akaouaemcs
6 caedyouem. Borqucauman gynkyus — 3mo MHONCECMBO 3KBUBANEHMHbIX
an2opummos, 0arouux Ha aobomM 6xode m 00UH u mom xce pe3yiomam —
onpedenennuuii unu Heonpedeaennviil. B nymepayuu (1.3) kancoas gynkyus
umeem GecKoHeHOe Hucao ceoux npedcmagumeneil (HomMepos).

B 3TOM ci1yyae Bce CTaHOBHMTCSI Ha CBOM MeCTa, IpaBaa, MOsIBJISIOT-
¢S TPYIHOCTH C IPYroi CTOPOHBI — MPH HEOOXOIMMOCTH T'YyMaHUTapHO
CYIMTb O BBIUMCIIMMOCTH HEKOTOPBIX «aHOMaJIbHbIX» (PyHKIIMiA. UTO Ka-
CaeTcs IBYX pa3HbIX MPOIrpaMM, NAIOLIMX ONUHAKOBble PE3yJbTaThl IIPH
pa3M4yHbIX T, TO B MOCJEIHEM BapUaHTe OmpenejeHUss — 3TO ONHa
U Ta Xxe ¢yHKius. OQHaKo, KaK BbIICHUTCS BIIOCJIENCTBUM, COBIIafeHUE
pe3ynbsraToB paboThl pa3HbIX aJITOPUTMOB — B OOLLUEM Cilyd4ae Hepaspe-
muMas rnpobiema.

HanmoMHuUM nasee, YTo ompenesieHUE alrOpUTMa NOMYCKAET AH00ble
npozpammbl, B TOM UYHMCJIe: CUHTAKCUYECKH HeIpaBUJIbHbIE JIMOO 3alMK-
JIMBAIOLIMECS Ha BCeX MM HeKOTOpbIX Bxomax. [lo3ToMy cpeau BblYMC-
JIMMbIX (DyHKLIMA 00sI3aTeNIbHO €CTh — HEOMpenesieHHbIE Ha BCEX WM
Kakux-To aprymenrax. Heonpenenensocts, f(n) =?, BO3HMKAET B ABYX
Cllyyasix: aJifOpuT™M paboTaeT 6e30CTaHOBOYHO JIMOO OCTaHaBJIMBAETC,
He 3Hasi, YTO [ajibllie nesath. B ciyyae «HOpMaJibHOM» OCTAHOBKM —
IO 3aBEPLIEHUIO BBIYUCIEHUI — MOXHO MpPeNyCMOTPETh Meyarh Cre-
LiMaJibHOro 3Haka. JIubo, HaoOOpOT, MPU 3aBUCAaHUM MPENYCMOTPETH
BXOXIEHHME aJropuT™Ma B LIMKJI, YTOOBl HeOoIpeae/ieHHOCTh BO3HMKANa
JIMIIb B ONHOM ciyyae (6e30CTaHOBOYHOI paboThl).

Ha oco3HaHue npoGsieMaTUKM MMEET CMbIC/ MOTPaTUTh KaKoe-TO
BpeMsI, pacCMaTpUBasl 3aJayy C pa3HbIX CTOPOH. Bo3bMeM B KayecTBe
BXOJHOIO M BBIXOQHOTO ajipaBUTa — JIATMHCKME M PYCCKHE OYKBbI, HIUD-
Pbl ¥ BCEBO3MOXHbBIE MaTeMaTHYeCcKue 3HakKu. KonupoBaHue mo3BosseT
BCE 3TO MEpPeBECTHM B NBOMYHBIE yMcia. Jlajee BCe TEKCThbl YIOPSIIO-
yuM, NpoHyMepyeM. B mocienosarenbHoctH TeKcToB {P,} HaimyTtcs
OCMBICJIEHHbIE KOMITbIOTEPHBIE MporpaMmbl P,. Haiinercst Takxke po-
MaH «MauoT», TEKCT M3 TOYEK M 3aIsiThiX, MU BOOOLE BCe, YTO ObLIO
M He ObUIO Korna-aubo HamucaHo. TeM He MeHee J1100ble TEKCThl OyneM
CYMTaTh NporpamMmmamu P,, — Gnaro, 1o [aHHOMY BbILLE OMPENEJIEHUIO,
OHM He 00s13aHbl paboTaTh.
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Bot uTto Takoe Hymepauwmsi (1.3). «MHTepnperatop» OyneT, KOHEUHO,
IMBY NaBaThCsl, HO BPEMs OT BPEMEHM €My OYNYyT MOManaThCs OCMBIC-
JIEHHbIE NPOrpaMMbl P, Ha OroBOPEHHOM 3apaHee aJrfOPUTMHYECKOM
A3bIKE.

MHOro4YucneHHbIe NOMbITKH PErJaMEHTUPOBATh ONMCAHHE AJITOPUTMOB (MAWUHb!
Totopunea, MHP, pexypcugnbie lynkyuu — cM. aanee) Mo3BoJsOT UCKIIOYUTD U3 MO
3peHUsl HEMpOGUIbHbIE TEKCTbl, HO C TOYKH 3pEHMUs] pacCMaTpUMBaeMoM MpobiemMaTu-
KM — 3TO He uMeeT GOJIbLIOrO 3HAYEHHS.

1.4. MNMpumepbl 1 KOMMEHTapum

PelueHue LieNOYMCAEHHBIX 3a1a4, HalIPUMED, KOMMUBOANCEPA UAU AU-
HeliH020 NPOePAMMUPOBAHUS, NOUCK HAUOOAbULE20 obwieeo deaumens aubo
KopHell duogpanmoea ypaeweHus, — BCE 3TO BbLIYMCIMMBbIE (YHKIIMH,
3a KOTOPbIMU CTOSIT pa3jiMuHbie AJITOPUTMbI. 31€Ch BIIOJIHE OYEBHIHO,
noyeMy ynoGHee roBopUTh 0 YHKLIHUSX, a He O porpaMMmax. Mcnonb3y-
€TCsl JIM 1S 3a1a4¥ KOMMMBOSDKEPA OAMH M3 MepeOOpHBIX AITOPUTMOB 6)
WJIA JMHAMHUUYECKOr0 MPOrpaMMHUPOBAHMSI, — BECh 3TOT KYCT PELIENTOB
MMeeT OOLUMI KOpEHb M HampaBjieH Ha pelleHWe OOHOW CMBICIOBOM
3apauM. [IpemioxeHue OTBEYbCS OT CEMAHTUKHM U CITYCTUTBCSI Ha ypo-
BEHb CUHTAKCHCA 3[ECh €/1Ba JIM NIPUBJIEKATEJIBHO.

Bo3bMeM KOUYIOLUMI U3 KHUIM B KHUTY MpUMep

|, ecau 6 decamuyHou 3anucu 4ucaa ™ eCmo POBHO N
f(n) = udywgux noops0 Hynei, (1.4)
0, 6 npomugHom cayuae,

rae HarmpaluMBaeTCsl MpoLeaypa rnocjiea0BaTeNIbHOro onpeneaeHust LMdp AecITHYHOrO
pasnoxeHus yucna 7. Ecau Ha KakoM-To Luare MosiBASETCS 1 COCEAHUX HYJEH, mpoLiecc
ocraHasnusaetcsi, f(n) = 1. Ho B cayyae f(n) = 0 ans HEKOTOPOro n — yKasaHHas
npoueaypa HUKoraa He octaHoBuTcesi. M He sicHO, cyluecTByeT in 3¢ddexkTHBHAs TpoLe-
aypa. [1oatoMmy He sicHO, BbiuucauMma f(n) uau Het. [Ipuyem GONbLWIMHCTBO AyMaeT —
HeBblUMCAMMA. Tak MuLLeTCs B OAHOM KHUXKE.

Jpyroit aBTop 3aHMMaeT MHyl0 nosuuuio. OuesuaHo, aubo f(n) = 1, aubo
f(n > ng) = 0. B n1060M M3 3TUX Cly4yaeB CYyLIECTBYET MOAXOAALUMI aNroOpuTM,
BbIAAIOWMI — BHE CMBICNOBOI ¢BA3U ¢ f(n) — nubO OoaHM eauHULBI, TUOO HYNH
nocne ny, — nosTomy byHkuus f(n) Berumciuma.

B TpeTbeit KHUXKE C TEM XKe YCIEXOM MOXHO BO3Pa3UTh, YTO JIFOPUTM CYLLECTBYET,
HO €ro HeBO3MOXHO 3(h(PeKTUBHO yKa3aTb.

6) " o
Kakosbix ecTb “MWJUTHOH», C Pa3IMYHON OpraHu3auuer nopsiaka nepeG()p'a.
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Bonpoc «rae npaBaa» — He MMeeT OTBeTa. [e1o HE B TOM, «KTO Mpas», a B TOM,
yTO onucaHue f(n) UCroNb3yeT HEAOMYCTUMYIO KOHCTPYKLMIO SI3bIKA, U 9TO BbIBOAMT
CUTYaLIMIO 3a Mpeaesibl «[paBoBOro Nossi». PernameHTaums cpeacts Oyaet NpoBOAUTHCS
B rJaBe S.

3aBeaoMO BBIYMCIMMA ApYTasi DYHKLKS

1, ecau 6 decamuunoll 3anucu yucra T ecmo poGHO N
g(n) = udyuux noopso Hyaei,

?, 6 npomueHom cayuae.

3HayeHusl g(n) BBIYUCISIET Ta Xe GECXUTPOCTHAs MpoLleaypa onpeaeeHus uubp aecs-
THYHOIO Pa3NoXeHMs YUcaa T, He 00si3aHHasl Tereph OCTAHABAMBATHCS «B IIPOTHBHOM
clyyae».

KoHeuHo, Bo3mMoxHO f(n) = g(n), 4To MOXeT GbITh KaK A0KA3YeMO, TaK U HE 10-
KaszyemMo. Ho K BOMpOCY O BBIYUCIMMOCTH 3TO HE HMMEeT OTHOLUEHMS, pa3Be YTO
CTAaHOBMTCSl B NPUHLMIIE SICHO, YTO Ta Xe camasi porpaMma BblYHCisieT  f(n), mo-
TOMY 4TO ciydait f(n) = 0 eit He BcTpeTHTCsl. PacmibiBY4aTOCTb MPOOIEMBI OMSITH-TAKH
MPOUCTEKAET U3 Hanuuus «punocodckoro» 3azopa M OTCYTCTBUSA (DAKTHYECKOTO —
Mexny dhyHkuued u nporpaMMoit. U 3pech nerko yronuth KapTUHY B AeTajsix, HE CO-
6nonasi TMTMEHY CIOBOYNOTpeDIeHUS.

PaccMOTpuM ellle ONUH «IUI0XO0M IpUMep»,

1, ecau z" +y" = 2" paspewumo 6 yenwix uucaax;

f(n) = (1.5)

0, 6 npomusHom cayuae.

[Mockonbky Teopema Pepma, HakoHel, noka3aHa, o f(n) = 0 mpu
n > 2. Ho TouHee cka3atb, uto f(n) M ecTb (yHKUMs, paBHAs HYIIO
mpu N > 2, ¥ — eOuHMLE MpU N = 2, — HE YINOMHHasi HUKaKylo
teopemy Pepma.

Mpucytctsue B (1.5) Hepaspewunmoctu " +y" = 2" HaBOIUT TeHb
Ha TUIeTeHb M YBOIMT 3amady COBCEM B APYTYIO 00nacTh, dokazyemocmu.
KopeHb 31a — CHOBa B UCIOJIb30BAaHUM HENOMYCTMMBIX KOHCTPYKIIUM
A3bIKA.

Ha ¢oHe cka3aHHOIO ecTeCTBEHHO BO3HMKaeT Bompoc. MMeeT nu
MpaBo AJITOPUTM I10JIb30BaTLCS TEOPEMAMM THUIIA

(n—m)’ =n® - 2nm +m??

Benb 6e3 akcuoMm U MpaBuJl JIOFMYECKOIo BbIBOAA YTBEPXIECHHUSI BHOA
«0Jis1 BCEX 1 UMEET MECTO TO-TO U TO-TO» — YCTAHOBHUTL HEJIb341.
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TeMm He MeHee — MMeeT. AITOPUTM MMeeT NpaBo Ha Bce. [1010XHUTb,
Hanpumep, 2 = 3 n1ubo (n — m)2 =n’-m’. B pe3yabrare cyeta Oymet
MOJyYaThCsl Kakasi-To (PyHKLIMSI, HEeBaXXHO KaKasi. A eCJiM HabjlonaTento
XOYETCsi, YTOOBbl MalllMHA BLIUMCIIAJIA «eT0 (PYHKIIUIO», TO ITO MpobieMa
HaOuslonaresisi, a He MalllMHbl, — YCTAHOBUTb COOTBETCTBME AJIrOPUTMa
BHELLIHEMY OMMUCAHMIO DYHKIIMH.

1.5. Mpobnema HeonpepeneHHOCTH

HeonpeneneHHOCTb HEKOTOPBIX BBIYMCAMMBIX (PYHKLMI 3aKItOYaETCs
HE TOJbKO B OLUMOOYHBIX MpOrpamMMax, IMPUBOOSLIMX K 3aBUCAHMIO
Komnblotepa. Otcesarsh «Mycop» M3 (1.3) MOXHO BBENEHHEM rPaMMaTH-
yeckoro (uibrpa, CriocoOGHOro OCTaBUTH B mocienosatenbHocTH (1.3)
TOJNIBKO T€ TEKCTbi, KOTOPblE€ NENCTBUTEJILHO SIBISAIOTCS MPOrpaMMaMH.
[TpoGenoB HyMepalMH Jerko M30exaTb, HyMepysi Mociyie (puabTpaum.
OnHako HMKaKMe Mepbl He MOTYT fIpenoTBpaTUTh 3aLIMKIMBaHUE HEKO-
TOpbIX MPOrPAMM Ha HEKOTOPbIX BXONdX, — W JIlOObie YCHUJIMSL B 3TOM
HamnpasjeHUH 0eCCMbICIIEHHBI.

1.5.1. Teopema. JIwbas nonsimika éeecmu noHsmue @blMUCAUMOU (YHK -
yuu f(n) max, umobvt oHa Gbina onpedesena npu A6OM N, — Hepasymua.

< C nomowbio Hymepauuu (1.3) onpenennm byHKLMIO

g(n) = fn(n') + L

OHa He BbIYMCAMMA, TAK KaK Npu N = | oTInyaercst OT fi, npu n =2 — oT f,, ¥ TaK
nanee. C Apyroit CTOPOHbI, OHA BbIYUCIMMA B JIIOGOM PAa3yMHOM CMbICIE, MOCKOIbKY
K BbluMCAsieMOMY 3HauyeHUI0 f,(n) Bcerna MOXHO npubasuts 1. »

OTO CTAHAAPTHBINH TPIOK M3 KATerOpUM OuUA2OHANbHbIX PACCYHCOeHUil, KAKOBbIE
B paccMaTpuBaeMoii 00MIaCTH YacTO MCMOJb3YlOTCs. B nmonynsipHoit autepatype cy-
wecrtBoBahue GyHkuun g(n) = fu(n) + | uHOrna TpakTyeTcsi Kak Mapagokc, 4TO
NOpOXAAET HexXelaTe bHble 3a0MyXKACHUSI.

Ecau kakue-to GyHKuMM B nepeuucienun (1.3) onpeneneHbi
He npu Bcex n, KoHctpykuusi g(n) = fp(n) + 1 K nporusopeuuio
He npuBoAMT. (?)

®opmynrposka Teopembl 1.5.1, KOHEYHO, CJerka 3dllKaiuBaer,
HO 3[eCb BAXHO 3a0CTpUTb BHUMaHue. OrnpeneneHue BbIYUCIUMOM
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oyHkunu f(n) npu mo60M n — MPUHLUMIMAILHO OOPEYeHO Ha Mpo-
pal. Iy mosiy4yaloTcsi CMILIKOM y3KMe Kiacchl (pyHKLMMH, TUCKPEIH-
TUpYIOLIME TOHSITUE BBIYMCIMMOCTH, WM Kakue-To f(n) mepectaior
BBHIUMCIIATHCS. A TIOMBITKA NOOMNpenennTb f(n) «CHIOBBIM METONOM»
He TPOXOIUT, MHaue MoJydaeTcsi CKa3Ka Mpo Oesioro 6piyka — BO3BpaAT
Kk Teopeme 1.5.1, ¥ — Mo ToMy Xe Kpyry.

M cTOYHUK HENPUSATHOCTE MMeeT MHOro JiML. Bot camoe mpocTtoe.
OmpeneneHue GYyHKIUM C MOMOILBIO 3aBEAOMO BbIMIOJTHUMBIX MPSIMBbIX
NEMCTBUIA (TMITA CIIOXEHMST, yMHOXEHHS, JOTUYECKHUX Ofepalmii) mo3-
BOJISIET TOBOPUTh 00 YpaBHEHMSIX

u(m,n) =0, (1.6)

pellieHre KOTOpeIX M = f(n) eCTeCTBEHHO OTHOCHTh K BBIYHUCITMMBIM
GYHKUMSIM. B NPOTMBHOM cCilyyae TeopMs IIPEBpAIAETCs B MajoIlo-
Je3Hyl0 Mrpymiky. B To xe Bpemst (1.6) mpuHUMNHMAIbHO He Bcerna
pa3peliMMo, YTO MHTYUTUBHO OoJiee-MeHee SICHO, M C HEKOTOPbIMU
YCHIIMSIMM YCTaHaBJIMBaeTCsi GOPMabHO (CM. majiee).

Yto KacaeTcsi CyLIECTBOBAHMS HEEbIHUCAUMbIX QYHK YU, TO 3TO ACHO
M3 TOrO, YTO pasnuyHbiXx GyHKuMit f(n) MMeeTCs KOHTHHYYM 7), a BBbI-
YUCTUMBIX — cyeTHoe ymcio (1.3).

KoHkpeTHO yka3aTb HEBBIUMCIMMYIO GYHKLIUIO ToXe mpocTto. Oye-
BHMIIHO,

fa(n) + 1, ecau snauenue fr(n) onpedeneno;
oy = {5 o )

0, ecau 3nauenue fn(n) He onpedenero

HeBblYMCIMMa. JIJIsi MOKa3aTe/bCTBa MPENNONIOXUM MPOTUBHOE, T. €.
h(n) = fp(n) npu Hekoropom p. Ho 3TOr0 He MOXeT GbiTh, TaK Kak

h(p) # fp(p), ecnu 3nauenme f,(p) onpeneneHo, u h(p) ompeneneHo,
ecnu fp(p) He onpeneneHo.

Ortciona BbITEKAET, KCTATH, CyLIECTBOBaHUE MMPHHIMIIMAIIBHO HEO-
onpenessieMbix (IUist TIO6bIX 7) BHIYUCIUMbIX GYHKUHIA.

N Eciiv pyHKUMH MPUHUMAIOT TONBKO 3HayeHUs 0, 1, ..., 9, To kaxnoi dyHkiuu f cooTBeT-
cteyeT BemectBenHoe aucno 0,f(1)f(2)... € [0, 1].
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1.6. Nepeyncanmelie MHOXECTBA

OfHa M3 €CTECTBEHHBIX 3a4a4 BBIYMC/IMTENBHOTO XapakTepa — Iepe-
YUCJIEHUE 3JEMEHTOB MHOXECTBA, KAKOBOE CUMUTAETCS NepevucAUMbIM,
ecnu cyluectByer 3ddekTuBHas mnpoueaypa (&IrOPUTM) MOPOXIAEHUST
€r0 3JJIEMEHTOB. DJIEMEHTHl NMEPEYMCIMMOIO MHOXeCTBa 3(hdhEKTUBHO
HYMEPYIOTCSI — B MOPSAKE MOSABICHHUS.

o XapakTtepucTtvka «3bdeKTUBHO» 106aBASETCsl B TEX CiayvasiX, Koraa 3a Kaapom
noapasymeBaeTcsl HE3aLMKIUBAIOWMIACS M HE3aBUCAIOWUIA alrOPUTM, ONpENESIEHHbIN
npy 11060M n.

MHOXECTBO HA3BIBAECTCS paspeuiumbimM, €Civ CyliecTByeT addek-
THBHAs Mpoleaypa Ajst BEIICHEHMWST IPUHALIEXHOCTH JIIOOOTO0 N 3TOMY
MHOXecTBY. [OBOPSIT TakXKe, YTO pa3peliMMOEe MHOXECTBO PACHO3HA-
8aemo.

(') TymaHuTapHbiil XapakTep DaHHBIX ONMpeneNeHunit MO3BOJSIET UM
Jiyyllle YKJIaablBaTbCsl B TOJIOBE, HO Pa3MbIBAET MPEAMET, YTO CTAHO-
BUTCS SICHO, KOrga AOXOOMT 0 Aena. YToObl He yCHUIMBAThH OLLYIHIEHME
TYMaHHOCTH, 3TH OMPEAENEHUS Jiyullle TIPUBS3ATh K YXKE OTOBOPEHHOMY
WUCTOYHHUKY.

1.6.1. Onpenenenune. Muoxcecmeo X nepeuucaumo, ecau oHo ecmo 06-
Aacmo 3HaweHuii Aubo 06aacms onpeoeseHus ebIMUCAUMOU QYHKUUY.

<« J10 yxe Gonee OAHO3HAYHO, HO HE Cpa3y yBs3bIBaeTCs C nbenblnymnm.
Ecnin X — o6nactb 3HaueHwii f(n), To kak mopoxnath ero aneMeHTsl? IMpoueaypa
«3aBUCHET» HA MEpBOM Xe 7, NpU KOTOPOM 3HaueHue f(n) He onpemeneHo. Mas
napajiebHoro BoluncaeHust f(n) cpasy npu Bcex n TpeGyeTcst (Bpoae 6bl) GeckoHeyHoe
YMUCIIO KOMIIBIOTEPOB, YTO HE OYEHb COMIACYETCSl C TMPEACTaBJIEHUEM O BO3MOXHOM
peanu3auuy anropuTMma.

OnHako A0CTaTOYHO OaHOTO KoMnblotepa. Ilycts P(n, m) ob6o3HauyaeT peanusa-
UMIO M waroB paboTbl MPOrpaMMBbl MO BbIYMCAEHUIO 3HaueHus f(n). [lapbl umcen
(n, m) ynopsiaoumBaloTcsi CTAHAAPTHBIM 06Pa3oM (HyMepyIOTCs BAOIb CTPENOYEK):

Ly - (1,2 (1,3) = (1,4)

v a Ve
@n 22 @3 (24
Lo ' (19)
Gy G2 (3.3 G4 ... | :
v
@1 42 43 49

Lo
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nocje Yero NporpamMmme NaeTcs BO3MOXHOCTb NOC/IEA0BATEILHO paboOTaTh MO M LIAroB,
suludcasist f(n), B u3bpaHHoM nopsiake. [oHsATHO, Bce 3HavyeHus f(n) GyayT paHo uiu
MO3AHO NEPEYUCICHBI.

B nosicHeHUM HyXIaeTcst TaKXe Apyroil MOMeHT. OnpeaesieHUE CONEPXKUT B cebe
TEOpeEMY: obaacms 3HaveHuil 11060i 8biuucaumMol YyHKyuu 6cezda ecms obaacms onpedene-
HUA Opy2od estucaumoid ynkyuu, u Haobopom. YCTaHaBAMBAETCS 3TO C MOMOLUBIO TOM Xe
npoueaypbl P(n, m), Bbluncasioweit f(n) Ha mporsokeHuu m waroB. Eciu Bblumc-
nexve P(n,m) NpvBOAUT K ONpPEAENCHHOMY pE3yJbTaTy, . OObABJAETCS 3HaYeHUEM
dyukuuu g(k), roe & — Homep napel (n,m). B pesyasrate obnacts onpeaeneHus f
CTAaHOBUTCSI O0ACTbIO 3HauUeHWi g. OOpaTHbIN TPIOK elie Mpoue. P

®opManibHOE OMpenesieHHe pa3peliMMOro MHOXECTBA OCTAETCs,
10 CYILECTBY, MPEXHUM.

1.6.2. Onpepenenme. Muoxcecmeo X paspewumo, ecau e2o xapakme-
pucmuveckas QyHKyus,

1, ecau z€ X,
0)((37):

0, 6 npomueHom cayuae,

ebiyucauma.

YnpaxxHeHus

e Ecin X u Y nepeuncianmsle (pa3peliMble) MHOXECTBa, TO o6bearHeHne X UY,
nepeceyenue X NY u aekaptoso npomsseneue ) X x Y — Takke nepeuncanmbl
(pa3pelunmbl).

o MHoXecTBa KBanpaToB n’; NMpOCTBIX YWCEJ], KBAAPATHBIX YPABHEHMI C LEJbl-
MU KO3hGULMEHTAMU, HE UMEIOILIMX AEMCTBUTEbHBIX KOPHEH, — MepeYyrCauMbl
¥ pa3pelrMbl. MHOXECTBO CTO3HAYHBIX YUCEJ, BCTPEYAIOILIMXCS B AECATUYHOM 3a-
MUCH T, — MEPEYMUCIMMO, HO He SICHO, Pa3peLiMMO M (HECMOTPSI HA KOHEYHOCTD).

o Henycroe MHOXecTBO X MepeuncanMo, eciiu (M TOJbKO €Cv) OHO siBisieTcs obna-
CTbIO 3HAYE€H U1 1IMOO HUTAE, TMOO BCIOAY OTNpeaeaeHHOW BhIYUCAMMON QYHKLIMU 9,

o MuoxectBo X C N nepeyuciMMoO Toraa M TOJNBLKO TOrAa, KOraa OHO sIBJsIETCS
NpoeKILIMeN HEKOTOPOro paspelurmoro MHoxectsa nap Z C N x N.
(Iodckaska. TlepeyncaMMOCTb IPOEKLUMH NIEPEYMCIMMOrO (TeM Gonee pasperuu-
MOro) MHoxecTBa — oueBuaHa. OOpaTHO, mepeyucauMoe X eCTb MPOEKLMs
MHOXecTBa Z nap (z,n), rae T ecTb n-W 3neMeHT B nepeuncieHun X. Paspe-
LIMMOCTb Z OYeBMAHA.)

8 MroxecTeo nap (z,y),tnez€ X, yevy.
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1.6.3. Teopema Nocra. /[1s paspewumocmu X neobxodumo u docma-
mouro, umobst X u eco donosHenue X Obiau nepeyucaumst.

<« Heobxooumocms. Ecav nporpamMa P onpenensieT, NMPUHALIEKUT T MHO-
xectBy X WM HeT, TO ee nmocjenoBatenbHasi pabota Ha n = 0, 1,2,... pa36uBaer
HaTypa/bHblil psin Ha aBa criucka X u X.

Jocmamounocms. Ecnin P nepeuucasier X, a Q — X, To nonepeMeHHas pa6ota

nporpaMM P ¥ @) paHO WIW MO3AHO Ji060e 1 BHeceT B OAMH U3 cnuckoB X uau X,
UTO NaeT pa3pellaloluuii aIropuT™M. b

1.6.4. Teopema. Cywecmeyem nepeuucaumoe, HO HeEpa3peUUMoe MHO-
HCECMBO NOAOHCUMENBHBIX UEAbIX HUCEN.

<« Ilycts S;, S5, ... — addexTrBHOE NnepeyncieHe BCEX MEPEUNCIUMBIX MHO-

) =
xeers ', 3ameTuM, ecau Obl BCe S, OblaM paspeliuMbl, TO U Bce AONONHEHUsT S,
BXOAMIHM Obl B Mepeuucienue Si, S, ... (Teopema 1.6.3).

O6pa3yeM MHOXecTBO D M3 Tex HOMEPOB 7, KOTOpble NpuHamiexat S,. Takum
0o0pa3oM,

neDnS,&neDUS,,

OoTKyna clienyet HeBo3MOXHOCTL') DN S, = @ u B TO xe BpeMs DU S, = N. 910
o3Havaer, yto D He cOBMafaeT HU C OOHUM S,, T.€. HE MEPEYUCIMMO, a 3HAYMT
(teopema 1.6.3) 1 HepaspewiMmo. B

TeopeMa 1.6.4 — KpaeyronbHbIil PE3yNbTaT, OT KOTOPOrO HE TaK
Jajgeko A0 3HaMeHUTbIXx TeopeM [€aens. Cpsidylouiasi HUTb 06pHUCcOBaHa
B paszgene 2.1.

OTMETHM, HAKOHEL, JBa MPUHLIMITUATBHBIX, XOTS M OYEHB IIPOCTHIX
IO J10KA3aTeJIbCTBY, YTBEPXIEHHMSI.

1.6.5. Obpa3 u npoobpas nepeuucaumozo MHONCECmMea NpU GblMUCAUMOM
npeobpazoeanuu — nepevucaumsl,

1.6.6. /lna evtuucaumocmu f (:l:) Heobxoduma u docmamouHa nepevucau-
mocms epaguka, m. e. mnoxcecmea nap {z, f(x)}.

10]
)CyLllCCTBOBaHl/Ie NepeynCNeHsl NEPEYUCAUMbIX MHOXKECTB CAEAYeT M3 HAJIMUMsl Mepeunc-
aenus (1.3) BblYMCAUMBIX (DYHKLMIl, OONACTH 3HAYEHMIT KOTODBIX M SIBJISIIOTCS MHOXECTBAMH
Sl N Sz, e

1) -
Henycrora D npu nio6oit opranmsaumu nepeuncaenns {Sp} crenyer xo1s Gbl M3 TOro, 410
{Sq = N} npu xaxom-To0 q.
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1.7. AddekTnBHbLIE NpoLEAYpPbI

AHAJIOTOM pa3pelIMMOrO MHOXECTBA SIBIETCA MOHATHE 3PgdexmusHo
goiucaumoil gynkyuu f(n), Kortopas, Mo OMNpeaeneHHIo, BbIYUCIUMA
M onpenesieHa rnpu aooM 7. B Teopun peKypCcUBHBIX QYHKLMIE — 3TO
TaK HA3bIBAEMbIE 00UEpeKypCUeHble YHKIUU.

1.7.1. Teopema. Mroxcecmeo 3¢ppekmusHoO 6b1MUCAUMBIX DYHKYUG He-
nepeuucaumo (ne moxcem Goimo 3PeKmueHo NPOHYMepPOEano).

<« B paHHOM cnyyae paGoTaeT Ta Xe€ KOHCTPYKLMSI, YTO M B [10KAa3aTe/lbCTBE
teopembl 1.5.1. Ecnu cyuectByer Hymepauusi f,, 10 byukuus g(n) = f,(n) + 1
3aBe0MO 3GbdEKTUBHO BbIYMCINMA, HO HE NIPUCYTCTBYET B criucke {f,}. »

[ToHsiTHO, YTO paccMaTtpuBaemMsblie (moka) dakThl Hepa3pelMMOCTH
KpYTSTCSL BOKPYT O0HOW U To# xe uneu. Ho rmybuHa U npocroTa 3TOi
MAEH TaKOBa, YTO KaXIbI MaJIeHbKUWA MOBOPOT N4€T HOBOE OCBEILIEHHE.
[Tpruem 6e3 LEHTPAIBHOTO CTEPXHS BCE 3TU «IMOBOPOThI» pACCHINMAIOTCS
B pOM MOJYMMCTUYECKUX CEHTEHLIUM, KOTOPbIE, UMEST OOLLYIO MPUPOAY,
CBETATCSI €AMHOM 3araaiko.

1.8. MawwuHbi TblopuHra

IMpo6nemartrika airOpUTMHUYECKOMH BBIYMCAMMOCTH M Pa3peLiMMOCTH UCTOPUYECKH Ha-
YHUHANACh C MALUMH ThIOPUHIa M peKypcHBHbIX GyHKUUI. Celyac 3TO yXXe apXeonorus.
Hauuuats m3naneka tenepb HEOOSI3aTENbHO, HO W BbIYEPKHBATH — HE BBIYEPKHELUb.
Kpome Toro, 3170 a3bIK, KOTOpPbIH BecbMa 3(P(HEKTUBEH B OMPEEIEHHBIX CEKTOPaX.

Mawuna Teropunea nipenctapisieT cO00M KOHEUYHBIM aBTOMAT, CIO-
COOHBIM YUTATh U MUCATh HA OECKOHEYHOI JieHTe. TouHee roBopsi, JeHTa
pa3duTa Ha STYEKH, MPUCTIOCOO IEHHBIE IUIsT 3aITMCU OYKB U3 HEKOTOPO-
ro andasura A = {a,, ..., an}, Hanpumep, u3 {0, 1}:

110 (1]..070

Bpems nuckpetHo. B KaXnoM TakTe aBTOMaT 0003peBaET COAEPXKUMOE
TeKylleH TYEUKHU 12), CTUpAET W 3aMMCHIBAET B 3Ty SYEHKY HOBYIO OyK-
By13 ), MocJie YEro MepexoauT K CocenHe siueiKe (CeBa WM Crpasa)
U MEHSIET CBO€ BHYTPEHHEE COCTOSIHHUE.

12 . "

) Ha PHCYHKE CHMBOJ B 0603peBaeMOM siYeiKe BbIIEIEH XHUPHBIM LIPHGHTOM.
13 "

) Kotopasi, B TOM 4uclie, MOXET COBIMAATh C TPEXHEM.
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@DopMaIM30BaHHO MPOLIECC BHIDIAOMT Tak: ¢ — Bpemsi, Z(t) —
BXOIHOW CHrHan aBroMara (OykBa, KOTOPYIO OH YMT4eT B MOMEHT t),
y(t + 1) — BbiIxoAHOM curHan (OykBa, KOTOPYIO aBTOMAT 3alMChiBAeT
B stueiiKy BMecTo Z(t)), ¢(t) — BHYTpeHHee COCTOsIHME aBTOMATa, YUCIIO0
KOTOPbIX MPEATIONAraeTcsi KOHEYHbIM, HakoHell, d(t+ 1) — HampasneHue
CABUIa TOJIOBKH.

Mamnna M xapaktepusyercs TpeMs dbyukuusmu F, G u H, ompe-
JENSIOIUMY IUHAMUKY «BBIYMCIIEHUI»,

y(t +1) = Flq(t), z(#)],
q(t +1) = Glq(t), z(t)],
d(t + 1) = H{q(t), z(t)],

MoKa3bIBAIOLIMMH: F — «4TO B siueilKy mucatb», G — «B K4KO€ COCTO-
siHUE MepexonuTb», H — «Kyna cABMIaThCsl, BIEBO WM BIIPABO».

B Kax1oM TakTe pabOTY MalMHbI MOXHO OMUCBHIBATH TAKXE B BUAE
gia; = gy L wiu  ga; = R, (1.9)

YTO NoApa3ymeBaeT ceaytowee. Ecnu MalyHa, Haxoasich B COCTOSIHUM ¢; BUAWT nepesn
€oBoik @;, TO OHa CTUPAET @;, NULIET &;, TEPEXOAUT B COCTOSTHUE g M CABUTAETCS BICBO
(Left) nin Bnpaso (Right). Ciucok BceBO3MOXHBIX ([Wist 1JAHHOW MALIMHbI) MEPEeXO10B
(1.9) 3anaer cpasy Bce dyukunn F, G u H.

KT0 3HaKOM ¢ BO3MOXHOCTSIMM KOHEYHbIX ABTOMATOB, €1Ba JIX YAU-
BUTCS, YTO TaKasi MalliMHa cnoco0Ha Ha MHoroe. JJocTaTo4yHO CKa3ath,
YTO COBPEMEHHBIN KOMIBIOTEP — 3TO YHUBEPCAIbHBIN KOHEUHBLINA aBTO-
Mat. HapauimBaeMoCTb naMsITH paclIMpsieT ero BO3MOXHOCTH. Takoii xe
addekT obecrieunBaeT OeCKOHeYHast JieHTa MalllMHbl ThlOpUHIra 14,

TpanULUMOHHO TIPU OMMCAHUM MalNHBL ThIOpUHIA YNOp AENAETCsl HA €€ YpE3BbI-
YaliHyl0 TIpocTOTY. JleckaTh, €CTh JIEHTa M FONOBKA, CYMTHIBAIOMAS M 32MUCHIBAIOLLAS,
KOTOpasi XOAWT BAONb JEHTHl «BJEBO-BNpaBo». Bot, cobcrBeHHO, U Best MaiinHa. Hy
pa3Be 4TO, y TONOBKM €CThb HECKONbKO BHYTPEHHWX COCTOSIHMil, KOTOpBIE MEHSIIOTCS
B 3aBUCUMOCTH OT TIPOYUTAHHON OYKBHI.

Takasi paccTaHOBKa aKLUEHTOB OObIYHO AaeT 3ddeKT, YTO HYXHO MPU3HATL yaay-
HBIM KCNOJB30BAHUEM XYAOXECTBEHHBIX CPEACTB ISl MACKUPOBKH HEOrpaHUYEeHHOTrO
NoTeHU1anNa,

14 N N
) Bcerna npeamnonaraercs (1), yto neHTa, K paboTe ¢ KOTOPOH MPUCTYNAET KOHEYHbIH aBTOMAT,
HMMEET JIMLIb KOHEYHOe YMC/IO 3aMONHEHHbIX SIY€EK, OCTATIbHbIE MYCThl. [T0ITOMY MOXHO TOBOPUTH
He 0 GECKOHeuHO, a 0 HapaLIMBAEMON JIEHTE.
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borarbie BO3MOXHOCTH MallUMHbl ThlOpHHIa yCTaHaBIMBAIOTCS AO-
cTaTo4YHO MpocTo. CHayasa KOHCTPYUPYIOTCS MALLMHBI, BBIMTOJHSIOLINE
fnpocreiiie apupMEeTUYECKME U JIOTUYECKUE Olepaluu. 3aTteM BbI-
SACHSIETCSI BO3MOXHOCTb pa0OThl TaKMX MAlMH B KOMOMHALMMU APYT
¢ IpYrOM, YTO MOpOXJaeT Oonee CloXHble MalMHbI. Te, B KOMOMHALIMU
ZIPYT C ApYToM, MOPOXAAIOT elle 6osee cloxHble MallMHbL. M Tak nanee.

Ckpyny/ie3Hoe onucaHue padoThl OTAENbHbIX MalIMH TblOpHHra,
a TAKXK€ KOHKPETHBIX CITIOCOO0B MX 0ObEAUHEHUS B TAHAEMbI, — Ha AAH-
HOM 3Tare pa3BUTUS LMBWIM3ALIMU CTalO0 MalonHTepecHbIM. Korna Bce
OBLIO B HOBMHKY, HTY3Ma3Ma XBaTajio, YTOObI BHMKATh B AeTanu. U 310
OBLIO BaXXHO, IOTOMY YTO ODILIME PACCYXIEHHUS HEPENKO BEAYT K OLLIUO-
kaM. Kak «OT BeIMKOro 10 CMELIHOTO — OJMH 1Iar», TaK U OT UCTUHbI —
o epecu. dbsiBoj, NMpsiyylIMCS B aeTaisix, Bceraa Harotose. [loatomy
pYyTMHHas paboTa MO aHAIMU3Y THIOPUHIOBOW BBIYMCIMMOCTHU Chirpaia
CBOIO MCTOPUYECKYIO POJib, HO IMOBTOPSITh MPOMAEHHOE YXE MaJIO KTO
xouet. CeronHst A1t IPUHLUMITUAIBHOMU SICHOCTH HOCTATOYHO ABYX-TPEX
MPUMEPOB U HECKOJIBKMX OOLLIMX 3aMeYyaHUM.

Tak wnu umHauye, TbIOPUHI OYEPTHJ TPAHULBI, YETKO OIMpPENEIIUB
«MHCTPyMeHT». OOUIMMU YCUITUSIMU OBIJIO OCO3HAHO, YTO HJist J1000ro
aJIrOPUTMa, MPUXOMSILLETO B FOJIOBY, CYLLIECTBYET peIU3ylolas MalluHa.
Ho mesuc Toropunea: «JI1oboii arcopumm, A6A310UUICA MAKOBLIM C UH-
myumueHnoli moyku 3penus, peasusyem mauwiunoil Tviopunea», KOHEUYHO,
MOXET OBITh CMPABEMAJIUB TOJILKO B «PEJTUTMO3HOM CMBIC/IE», TOCKOJIBKY
UHmyumuegHoe IOHUMAHUE AITOPUTMA — SIBJIEHHE BHEMATEMATUYECKOE.

Te3uc TblopMHra MCMoNb3yeTCsl, KOraa BO3HUKAET HEOOXOOAUMOCTb YTBEPXKIAThb
CYILIECTBOBAHME MalUMHbl ThlOpUHTa Wisi GYHKUUM, aITOPUTMHYECKAST BBIYMCIUMOCTD
KOTOpOIA SICHA U3 «[TOCTOPOHHUX» COOBPaXeHUH, MPOUCTEKAIOILUX U3 OMbITA.

EcTecTBEeHHO, B AIrOPUTMU3ALIMHA BOZHUKIIU AJILTEPHATUBHbBIE MOJ-
xonbl. B mepBy1o ouepenb 3aCyXUBalOT yIOMUHAHUS peKypcugHble PYHK -
Yuu, HO 06 3TOM Oyner ckazaHo otaenbHO (pasmen 1.10). B «kommblo-
TEPHOM HAaIpaBji€HUW» MOXHO OTMETUTb MAWUHbL C HEO2PAHUYEHHbIMU
peeucmpamu (MHP) 13),

YuuBepcanbHas mawmna. Mauiusbl TblopuHra (B CUly KOHEYHOCTH
OIMHMCAHMS KaXI0i) MOXHO s¢gpexmueno nepeuucaumo, My, ..., My, ... .

5
15 MHP nasbisator Taxoke adpecHbimu mawiuHamu, cM. pasgen 1.12.
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BoccranoBnenune ¢byHkumit F, G 1 H 1o HOMepy 7 OKa3bIBa€TCsH
MPpXU 3TOM OOCTATOYHO MPOCTOM omepalueit, BHIITOJHUMOM HEKOTOPOU
MauimHoi U, Ha KOTOpyl0 — Ioc/ie BOCCTaHOBNeHUss M, — MoOxer
ObITh BO3/IOXEHA UMHUTALIUS paboThl M, Ha JiloOOM BXOQHOM CliOBe k.
B atom cnyuae U Ha3biBaeTcsi yHueepcarbnoli mawiunol Toiopunea,

U(n, k) = My(k).

YHuBEPCAIbHOW MAUIMHOW KMHOTO THUIMA SIBJSETCS COBPEMEHHBIN
KOMIIbIOTEP, TA€ MHAWBUAYAJIbHBIN MOAXON K 3aaayaM o0ecrieYnBaeTCst
pasHbIMU nporpamMamMiu. [IpaBuna M3MEHEHUSI BHYTPEHHUX COCTOSIHUMA
Mor/M Obl, KOHEYHO, OBITh 3aMasiHbl BHYTPb KOHCTPYKLIMM, — HO TOTHA
IJIs1 Kaxa0# 3anayu TpedoBasicsi Obl CBOM KoMITblOTEp. B yHUBEpcaibHOM
BapuaHTe repecTpoiika noj 3amgayy Mpou3BOOUTCS BBOAOM MHMOpMaLUK
M3BHE, C KJIaBUATyphl WM NUCKOBOW MaMSTH.

[Toxoxasi xapTuHa Ha0/aI0JaeTCSI B CUTYyallMM C YHUBEpCaJbHOU
mawHou Thiopunra. Ee mnoapoGHoe omucanue [12, 20], HecMoTpst
Ha MPUHLMIIMATbHYIO ICHOCTb BOMPOCA, MMEET OMNpeneeHHbII CMBICI,
MOCKOJIbKY HEKOTOpbIE IeTali BhIDISAAT MpobieMatuyHo. Hampumep,
moxetr 1 U, uMess GUKCUPOBAHHOE YUCIIO BHYTPEHHUX COCTOSTHHUIA,
MOIENUPOBaTh paboTy MalMH ThlopuHra My, , Merolux Oonbliee YUCIIO0
COCTOSIHUNA?

Moxert. HexBaTka COCTOSIHMI KOMIIEHCUPYETCS 3aAMMUCSAMU B MaMsi-
i (Ha JIEHTe), YTO IUTIOCTPUPYETCSI IPUMEPOM OOBIYHOTO KOMIIBIOTEPA.
IIleHHOH, KcTaTH, MoKasaa, yto mis U HOCTaTOuyHO BCEro ABYX COCTO-
siunit (1), HO Torma HyXeH «6osbLIOI» andaBut. BosMoXeH npyroii Ba-
puaHT. AnaBuT JBOMYHBIN, HO TpeGYeTCsi «MHOTO» coctosinuit. B [20]
OMUCaHa YHMUBEpCaibHas MallMHa C YeTbipbMsi OykBamu B andasute
Y CEMbIO BHYTPEHHUMU COCTOSIHUSMU 16),

1.9. O «BHYTPEHHEW KyXxHe»

[l1aBHBIA HEOOCTATOK MAalllMH ThIOPMHIa — HU3KMUM A3bIKOBON YpOBEHD
OIMMUCAHUS BbIYUCAUTENbHbIX MPOLIECCOB, HE 00ECIIEUUBAIOILIMM HALISAL-
Hy10 uHTepnpeTtaumio. Ho ectb v ruiiocel. B nepBylo ouyepenb — 3TO

16
)C TOYKHU 3peHMsT TEOPUM BBIYHCIUMOCTH TaKHME FONOBOJOMKH HE MPEACTABASIIOT HHTEpECa,
HO NalOT MULLy Wist yMa, YTO BpEMS OT BPEMEHM HaeT BCXOLbL.
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KOHKPETHOCTb M HEIBYCMbICJIEHHOCTb, YTO TIPHU OMNpeNesIeHHOM yCTpOii-
CTBE BOOOpaXEHMS UrpaeT HEMAOBAXHYIO poJib. [1pu onucaHun a060M
MalMHbl HUKAKHUE «[IOCTOPOHHHUE KYCKU TEKCTa» HE MOTYT BCTPETUTHCS.
D10 U30aBISAET OT HEOOXOONMMOCTH HYMEDPOBATH BCAKMU «MyCOp», Kak
6bLIO paHblle.

bosee-MeHee cucTeMaTHUYECKOE U3TI0XKEHUE MALLUH ThlOpUHTa MMe-
erca B [12,20]. O61uee npencTaBieHUe MOXHO COCTABUTD MO HUXKECTIE-
JYIOLIMM NPUMEPAM U 3aMEYAHUSIM.

e Cpenu BHYTPEHHUX COCTOSIHUM MALUMHBI ¢, . .., ¢, BbLAEASETCS HAayalbHOE —
¢1, B KOTOPOM MalliMHa TIPMCTYMaeT K paboTe, U KOHEYHOE — ¢, MOMNanasi B KOTOPOE,
MaliMHa OCTAHABIUBAETCS.

o MaiuHbl ierye KOHCTPYMPOBATb NPU UCMONB30BAHUU €0UHUUHO20 KOO, B KOTO-
poM uKcno N 3amuchiBaeTCsi B BUAE MOCAen0BaTeNbHOCTH N €AMHHUI C BOZMOXHBIMHU
NponNycKaMyu — IMyCTbIMU siueiikamu, &. Yucna oTaensioTcs Apyr OT Apyra OroBOpeH-
HBIM 3HAaKOM, Hanpumep, *.

[nst cnoxeHust aByx uucen N, u N, 00CTaToYHO, 4ToGbl MalIMHa ybpana BTOPYIO
3B€310YKY B MAUWUHHOM CA08€

x1l...1x11...21.
e N——
N, e0uHuy N; eOuHuy

3agaya pewaetcs caeaylowdM obpazoM. [lycte M HauuHaeT paGoTy C J1eBO#
€AUHMLB!, U B ee crucke (1.9) NpUCYTCTBYIOT onepau1u

qll —q IR, qlg - QIZR.

17 o
Torna M GyneT ABMraThCsi BPaBO, HUYETO He MeHsist )| noka He A0iaeT 10 *. 31ech B ee

cnucke (1.9) nonkHa NPUCYTCTBOBATH KOMAHAA ¢ % — ¢, L, MpUBOASILAS K CTUPAHUIO
3BE300YKHU U nepexoay B HOBOE COCTOSHUE @, , KOTOPOE MOXET ObITb 3aKJIOUYUTEIbHBIM.
B APYroM BAapUAHTE MOXHO OpPraHu30BaTb BO3BpAT rojOBKU B HUCXOAHOC MOJOXEHUE
(k neBoit eannuLe)

@l = qll, ¢@— q3L, ¢*— xR,

rne ¢3; — KOHEYHOE COCTOSIHUE MAlLMHbI B HOBOM MCNOJHEHUM.

o [IpeoGpasoBanne eIMHMYHOrO KOAa B NABOMYHBIH. [lnsi ompeneneHusi YETHOCTH
uyucna N MmauimHe TpeGyloTCs 1Ba COCTOSTHMSI, KOTOpbIe Obl OHA MOMEPEMEHHO MEHsIa
Toc/ie YTEHUS KaXA0W eAMHMLbl, NBUTasiCh BCe BpeMsi BrpaBo. HaTkHyBLMCh Ha 000-
3HaueHue KoHLa N, oHa Obl nevarana 0 uiu | (nocne ) — B 3aBUCMMOCTH OT COCTOSIHMSI.

Inst nepeBoga N M3 eAMHUYHOTO KOAA B ABOMYHBI — OMUCAHHBIN CUYETYUK HeE-
00X0AMMO HEMHOTO YCIOXHHUTb. AJITOPUTM BBITASAUT Tak. CHavana nepecuuThiBAIOTCS
N eaunnu v nuwertcst 0 npu yetTHoM N U | — npu HeyeTHOM. DTO AaeT NOCneaAHU i

17
) Tlockonbky BCe BpEMst CTUPAECT €AMHULLY U CHOBA €€ 3aMUChIBACT.
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pa3psia aBowyHoro koaa N. [1pu nepecuere kaxnaast BTOpast EIMHULIA CTUPAETCS, 4 TAKXKE
CTHpaETCsl MOCAeqHSIsI EAMHULIA, ECITU MOC/IE HEe HET «BTOPOi». OcTaBLIMECs eAMHM b
B Koamuectse ¥ [N/2] nepecunTsiBalOTCS aHANOTMYHBIM OOPA30M, YTO NAET CIEAYIO-
wM# pa3psig aBowuHoro koaa N. U Tak nanee — 10 ucyepnaHus BCEX UCXOAHBIX €AMHULI,

YTpsICTH aeTanu He TaK CJIOXHO, pacrofarasi HECKOJIbKUMM NONOJHUTENbHBIMU
cocTosTHUSIMU. [IpUHUMNHANBHOrO pelueHust TpeOyloT aBa Borpoca. CTUpaHue YeTHBIX
€AMHUL M CABUT BIPABO yXe€ IMOJy4EHHBIX Pa3psnoB ABOMYHOrO Koga N nepen noay-
YeHHEM CIIeAYIOEero paspsiaa (A1 OCBOGOXACHUS MECTa).

o PelieHue TONBKO YTO YIIOMSIHYTBIX BOMPOCOB 3HAUMTEIBHO YITPOLIAET CEaYIO-
wee obwee coodbpaxeHue. Ecnu 3anaya pacnagaetcst Ha ABe Noa3aaayu, KOTOpble HAaf0
PELIUTb NOCNEAOBATENBHO, TO MalWWHbl Thiopudra M, v M, anst noa3agay MOXHO
KOHCTPYMpOBaTb HE3aBMCHMO, W BKJIIOYaTb M, nocne 3aBeplueHUsi paGotel M. D10
BBIMJISIAMT KaK CBSI3KA ABYX MALIMH,

M, —> M,, (1.10)

HO MOXET PaccMaTpuMBaThCs KaK eNuHasi MawuHa TblOpMHra TIpH OTOXIAECTBIEHUM
KOHEYHOTO COCTOSIHMS M| 1 HavyanbHOro M,, B pe3y/bTaTe Yero BOZHMKAIOT eAMHbIE
Tabauubl GyHkuuit F, G u H, xapaktepusytowue paboty 6aok-cxemst (1.10) B uenom.
CnenoBaTtebHO, KOMITO3UUMUS (MOCNEA0BATENBHOE COeANHeHNe) MaluMH TohlopuHra —
ecTb MalwuHa ThlopuHra.

Takoro xe poaa KOHCONMAAUMS B €AMHYIO MALLMHY BO3MOXHA W MPU CIOXHOM
BETBJIEHUM AITOPUTMOB B 3aBUCMMOCTM, HANpWMMeEp, OT MOCJHEAHEN HanmeyaTaHHOW
undpsl:

\ M, —— M,,
0

mbo

N

[TponyMbiBaHWE TaKUX BO3MOXHOCTEH AOBOJBHO GbICTPO MPOABMraeT K OLUYLUEHHIO
«HEOrpaHUYEHHBIX» BO3MOXHOCTelt MawnH TohiopuHra. Tem He MeHee B HOKyc BHMMA-
HYSt HA10 NOMECTUTD eLe OAHO OOCTOATENBCTBO.

18
) KpanpaTHble ckOOKM 0603HAYAIOT LETYIO YACTh YMCa.



1.10. PekypcusHbie QyHKLN 29

BioK-cxeMbl aIropuTMOB ONUCHIBAIOT PabOTy CUCTEMBI 1o ynpasaenuto (K pabote
kakoro 61oka nepexoautb). Ho mpu nepexonax 610Ky HEOGXOAMMO €lue yKasaTb, Tae
U KaK McKaTb MHGOpMauumio, ero kacawowyocsi. [ToatoMmy ycrpoiictBo 6510Kk0B (MalMH
ThIOpMHTa) AONXHO NMpPEANoaraTb yMeHue UCKaTh MHGOPMALIKIO.

o Ilouck uudopmaunu. JlonyctuM, nHGOpMaUMs HA IEHTE 3aMvcaHa B BUAE CIOB
W; wu npusHakoB S; (adpecnas namsmeo). Tlapel S;W; MOryT GbITb OTAENEHBI ApYT
OT Jpyra ABYMSsi 3B€3104YKaMH, a MPU3HAKHM OT CJI0B — OAHOM. [e-To Ha neHTe 3anucaH
KenaeMblit npusHak S. MalumHa vweT cHayana 6auxaiiuyto napy S;W;, notom —
cneayouiylo, U Kaxnplid pa3 4YeJHOUYHbIMM TMPOXOAAMM OCYLUECTBJASET MOpPa3spsAHOE
cpaBHeHue S u ;.

H300peTeHue TakoM MalvHbl — aeo HexuTpoe. CloXHas 3a0a4a — ONTHMM3a-
LIMs1 TOMCKA, HO 3TO COBCEM Apyrast pobieMa, B JaHHOM KOHTEKCTE HE MTpaloLiasi pOJIH.

o MpHoromeptbie cocTosiuus. KoHcTpyupyst MawuHy TelopuHra, ynoGHO paccyx-
JaTh, MMesl B PaclOpSKEHWM pazHopodHble COCTOSIHMS. B cieayloweM, Hampumep,
ucnonHeHuu. Mmeercsi Habop k onyuii, KOTOpble MOXHO BKJIOYaThb W BBIKJIIOYATD.
BxJiloueHa Onuusi ¢s — rojaoBKa ABUXETCS BNAEBO, ¢; — CTUPAHME, ¢ — 3anoJHEHHUe
HYJISIMM, 3 — NOUCK MHGOPMaLMK U T. 4.

B pe3ynbraTe COBOKYNHOE BHYTPEHHEE COCTOSIHME OyAeT XapakTepu30BaThCsl ABO-
wuHbIM Yncnaom 10...0101 (1 B j-m paspsine — onmuus ¢; BKIoYeHa, 0 — BBHIK/IIOYEHA).

Ipyroe yno6HOe nocnabaeHue: nodaBaeHue B andaBUT HOBBIX CHMBOJIOB IO Mepe
pasMbILLIEHUH. DTUM JOMYCTUMO MOAB30BAThCS, MOCKOAbKY JI000# andaBuT Brocaea-
CTBMM BCeraa MOXHO IepeBecTH (ONSTh Xe MawKHOM ThlopUHra) B ABOUYHBIA KOA.

e UMHorna BO3HMKAeT 3aTpyaHeHWe MNpu rmepexoge or andasuta {1,0,%} —
K YUCTO ABOMYHOMY. TpyAHOCTb — NCHMXONOruyeckas. JlyMaercsi, 4To KOaMpoBaTh HanoO
JMIb 3B€3004KY, — M Toraa Bce nepemeluaercsi. Koauposats Hano Bce. Hanpumep,

000, 1& 11, *x&01.

JleHTa B pe3ynbraTe CTAHOBUTCS «BNOYHON» — SIEMKHU OOBEAMHSIOTCS B MAaphl.

1.10. PekypcuBHble ¢yHKLMMU

Apyroit noaxon K BEIYMCIMMOCTH Oa3upyeTcs Ha uHoi muatdopme. Bee
ITOPUTMBI Ha [ETAJbHOM YPOBHE, KaK M3BECTHO, COCTOST M3 3JIEMEH-
TapHbIX apU(METUYECKUX U JIOTUYECKUX Onepaliuii ¥ KOMOMHUPOBAHUS
«yxe omnpeneseHHOro». C y4yeToOM BO3MOXHOCTH MEPEBECTU KOAMUPO-
BaHMEM BCE€ B YMCJId, BO3HMKAET HAAeX[a OMNpPENEIUTb BbIYMC/IUMbIE
GYHKLMM ¢ MOMOILBIO KOHEYHOrO YMC/Ia OfepalMil THMa «CJIOXHTh,
YMHOXMHWTb».
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B pesynbrare «npo0 M OLLIMOOK» M CTPEMJIEHUSI K KOMITAaKTHOCTH
CMUCOK AOMYCTUMBIX Ofepaluii NpuoOpes cienyouil BU:

o(z)=0 (o6Hynenue), (1.11)
o(@)=x+1 (credosanue), (1.12)
O (T1, .., Tp) =Ty  (npoexmupoeanue), (1.13)

HaKOHeEL, Cynepnosuyus 19),

w(@y,...,xn) =Yle1(T1, ..o, Tp), e @@y, - Th)],  (1.14)
Y npUMUMUBHAA PeKYpCus,
f(z,0) =g(z),
f@,y+1)=hlz,y, f(z 9]

roe € = {Ty,...,Tp}.

(1.15)

1.10.1. Onpepnenenne. DPynKyus HA3bLIEAEMCS NPUMUMUBHO DPEKYPCUB-
Holi, ecau oHa Moxcem Obimb noayuena c nomoussio onepayuii (1.11)—(1.15).

[loHSTHO, YTO MPUMUTUBHO PEKYPCUBHbIE (PYHKLIUM MTEPEUUCTUMBbI
U BCIOoy ONpeaesieHbl 20), B CHUJYy Yero He MOTIYT HCYEpIbiBaTh Bbl-
yucauMbiX GyHkimin (teopemsbr 1.5.1, 1.7.1). He xBataet onepalu,
NMpUBOAsIILEN K «00s13aTeIbHOM» HeonpeneneHHOCTH GyHKUMi. B Kaue-
CTBE TaKOM OrepalMy BHIOMPAETCS onepamop MuHuUMuU3auuu

py{e(z; y) = 0},

Jalolnii HauMeHblliee y € N, KOTOpOe yAOBJIETBOPSIET YpaBHEHHIO
¢(z;y) = 0, 1MGO HeomnpeneNeHHbIN, €CIK TaKOe Y HE CYLIECTBYET.
ApryMeHT &, BOOOLIE TOBOPs, BEKTOPHBIN, T = {Z1, ..., Tp}.

TakuMm 00pa3om, oneparop MUHUMM3ALMU JAET OAHY U3 HESABHBIX
byHkumii y = f(z), ynosnersopsiiowyio yciosuwo [z; f(z)] = 0.

1.10.2. Onpepenenne. DyHKyus HA3bI6aeMCA HACMUYHO PEKYPCUGHON,
ecau ona moxcem Obimb noaywerna ¢ nomouspto onepayuii (1.11)—(1.15)
U onepamopa MUHUMU3AYUU.

19)
Onepatop npoektiposatus (1.13) paclimpsieT BO3MOXHOCTH CyNepro3uLiMu, NO3BOJss
B (1.14) ripou3BoNLHO BapbUPOBAaTb YHUCIO nepeMEeHHbIX.

20)
TToTOMY YTO B MX KOHCTPYKLMIO BXOOST BCIOLY ONpeeieHHble onepaumu.
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JOBOJIbHO OBICTPO BBISICHWIOCH, UTO YACMUYHO PeKYPCUBHbIE DYHK-
21
yuu — 3Mo 6 MoHHOCMU gbiyucaumsle QyHkyuu no Toiopuney ).

B oaHy cTOpOHY ¢aKT ycTaHaBIMBAETCSl COBCEM MPOCTO. [Lyist BBIMTOMHEHUST KaX-
pout onepaumu (1.11)—(1.15) v omepatopa MMHUMM3aUMK, — OYEBUAHO, CYLUECTBYET
MalurHa TblOpHHTa, Yero, COOCTBEHHO, JOCTATOYHO IS BBIYMCIICHHS IHIOOBIX YaCTHYHO
peKYPCHBHbBIX (GyHKUMA MawnHaMu Tbiopunra. YyTb Gonbuie MOpoKM ¢ 0OpaTHOM
VMIUTMKALUe.

IMpeanpyHUMaTIMCh MHOTOUMCIIEHHbIE MOMBITKY YBEJNYEHUS CITUC-
Ka MCXOAHBIX OIepaluii, ¢ TeM YTOObI pacCIUMPUTb MHOXECTBO BBIYMC-
JIMMBIX (YaCTMYHO peKypcuBHBIX) (yHkuUmMi. Bbespesynsratho. B urore
cTajla KperHyTb YBEPEHHOCTb, YTO «BCE IOPOTrU BeayT B Pum». Kak
HM YCJIOXHSIHA onpenejeHUe PEeKYPCUBHBIX (PYHKUMH JMOO KOHCTpYK-
M0 MaliMH ThIOpUHTa, KJ1acC BHIYMCIMUMBIX (DYHKLMIA HE MEHSETCS.

Ipyroe neso, yto Kiacc R, NMPUMUTUBHO PEKYPCHUBHBIX DyHKLMIA
MOXET OBbITb paclUpeH, — HO 3TO HE MpENCTaBjsieT 0COOOr0 MHTE-
peca. [IpUMUTUBHO peKypCUBHbIE PYHKIIUM — BCETO JIMILIb CTYMEeHbKa
Ha NYyTH K BBIYMCIMMBIM (GyHKUUSIM. Ee MOXHO caenarbh YyTh Bbillle,
HO OT 3TOr0 KOHEYHbI pe3ynsraT He MeHsieTcsl. EcnM pacluvpeHue
BECTU C MOMOLLBIO BCIOAY OMNpPENEJEHHBIX ONEpailMii, TO HEOOCTUXU-
MBIM TpenesioM paclivMpeHusl OymeT kiacc Y2 BCIOAy OmNpeneieHHbIX
BBIYMCITMMBIX DYHKLIMIA (MX HA3BIBAIOT 00U4epeKypCUEHbIMU 22)). [1pyuu-
Ha «HEeJOCTMXXKMMOCTH» — B HEBO3MOXHOCTH 3(hdHeKTUBHONH HyMepaLiuu
BCIO/ly OIpENESIEHHbIX 8b/4UCAUMBIX DYHKIIMHA.

[Toatomy

Ro C R, HO Ry# AR

Beictpo pacryias gyuxyus Axkepmana (pasnen 1.12) cnyxur npumepom
u3 obnactu R\R,. Ho ¢ TOUKM 3peHHs TEOPUH BHIYMCIMUMOCTH 3TO
HUYEro He MEHSeT.

PexypcusHble MmHoxecTBa. Kak npu nepeesne n3 Poccuu B AHMuIO
BMECTO «pbiObI» MPUXOAUTCS TOBOPUTH «fish», Tak U Ha TeppuTropUmM
PEKYPCUBHBIX (YHKUMH «nepeuucaumsie» MHOXECTBA MpPEBPALIAIOTCS

21 o -
) BxBuBaneHTOM mesuca Totopurea B TEOpUU PeKYPCUBHbIX DYHKUMIE siBisieTCs Te3ne UYépua:
«HHmyumueHo anzopummuecku 8u4UCAUMAR GYHKUUA — HACMUYHO PEKYPCUGHA».

22
)A TaKxe 3OGhEKTUBHO BBIYMCIUMBIMM, pasaen 1.7.
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B «PEKYPCUBHO NepeHUCAUMbsie», a «paspeuiumole» — B «PEKYPCUBHbBIE.
DTa SICHOCTb, KOHEYHO, [JOCTUraeTcsi He cpa3dy, HO B MTOre MOojy4yaeTr
cTporoe OOOCHOBaHWE, MU HAa HEUTPATBHON TEPPUTOPUM paspeutumbie
U peKypcueHble MHOXECTBA CTAHOBATCS CMHOHMMAaMM, PABHO Kak nepe-
qucauUMble U — pPEeKYpCUBHO Nepevucaumole.

YTto KacaeTcs BHYTPEHHUX OMpeaeeHUH, TO OHU OCTAOTCS MpPex-
HUMU [IOCJI€ 3aMeHbi BBIYMCJIMMBIX (GYHKLUMIA Ha YacTUYHO DPeKyp-
CUBHBIE.

1.11. AnocdaHTOBbI MHOXECTBA

B 1970 rony Obln MmojiyyeH BBIIAIOLIMUCS PE3YabTaT, OTPULIATEIBHO pe-
watowuit 10-10 npobaemy Tuabbepma O pacrio3HaBaHUM Hepa3pellUMBbIX
IM0GMAHTOBBIX YpaBHEHUHM.

Jl0BOJIBHO 4acTO pellieHWe TPYAHbIX MpoGjieM, KOTOphlE NECATH-
JIETUSIMM HE TOAJaBalUCh HATUCKY MaTeMaTHYecKOro aBaHrapma, —
CBSI3aHO C MCIOJIb30BaHHMEM CJIOXHOTO arapara, YTo MellaeT Hernpo-
¢eccOHaIaM TIOJIYYMTh YAOBOJIbCTBME. [JaHHBIN ciay4ail — MCKIio-
yeHue. KpoMme TOoro, B mpouecce «pelieHUsI» ObLIO NOCTUTHYTO MO-
HUMaHUe psila COTYTCTBYIOIMUX BOMPOCOB, OKA3aBIIUXCS 3HAUUTEbHO
6oJiee UHTepeCHbIMU. EC/iM rOBOpPHUTH O IJ1aBHOM, TO Obijla YCTaHOBJIEHA
CBSI3b «AMO(MAHTOBON TEMATUKU» C AITOPUTMU3ALMEd M BBIYMCIMMO-
cTbio. MMEHHO 3TOT acrnekT pacCMaTpUBaeTCs HUXe, aBaHCOM.

[ycts p(zy, ..., 2,) — MOAMHOM C LeIbIMK KO3bULIMEHTAMA ),
Huogparnmosst ypasrenus

p(z1,...,2,) =0 (1.16)

MOAPa3yMEBAIOT peLIEHUE B LIEJIbIX YMCTIaX.
Yactb nepeMeHHbIX B (1.16) Bblzenum B KayecTBe MapameTpoB
¥ NepenuiieM ypaBHeHHMe B Bune p(a, ) =0, T.e.

pla,z,...,zy) =0, (1.17)
rae mapamMeTp MOXeT ObiTb BEKTOPHBIM, @ = {a,, ..., G}, IpN4eM BCe
a; ¥ T; NpUHALIEXaT HATYPATbHOMY DSy

N={1,2...}

) Hanipumep, p(z), 27) = zf - 4z|z23 + 32.
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1.11.1. Onpepenenne. Muoxcecmso A nonoxcumensHsx 6eKmopos
a={a,...,a}

Ha3biéaemcs ouopanmoesim, ecau npu A10o6om a € A u moavko npu a € A
ypaeHeHue (1.17) paspewumo 6 yeavix NOAOHCUMENbHBIX Ty, . .. , Ty .

TpeboBaHHE NMOJOXHUTENLHOCTH NEPEMEHHBIX, BOOOLIE rOBOPs, HE MPUHLIMNHAIIb-
HO M CBSI3aHO C TEXHMYECKMMM NpuyMHamu. OTpuuaTenbHble KO3(QGULIMEHTH NOMH-
HoMa p(a, T) TIpH 3TOM HE MCKJLIOYEHBI, HaNpUMep,

pla,z) =2’ —az -1,
pla,z) = 2} — 2,2, — a2, + 4,2, 7).

B Tex caydasix, Korga, umes ypasHenue p(a,z) = 0 HepaspeuMMoe B LEJbIX
MOJIOXHMTENbHBIX YMCIaX, HEOOXOAMMO yKa3aTh YpaBHEHHME Hepa3peLIMMoe B

Z={..,-1,0,1,...},

BHIPYYaeT U3BECTHast meopema Jlazpanca: Kaxcooe yenoe NOA0NCUMENbHOE HUCAO AGAREMCS
cymmoii vemuipex Kéadpamos. [Toatomy 3amena p(a, ) =0 Ha

pa, 1 +p +¢ +r2+5)=0

BaeT «To yTo Hamo». B cayyae z = {z,,...,T,} Teopema JlarpaHxa MpHUMEHsETCS
K KaXJIOMY Z; OTAENbHO.

C Buny omnpegenenue 1.11.1 ycraHaBiuBaeT XeCTKHe OTpaHUYEHMST,
KK&)KCTCH MaJIOBEPOSATHBIM, YTO TUO(DaHTOBLIMU OYaYT CKOJIBKO-HUOYb
HETpMBHaJIbHble MHOXecTBa. CKaxeM, MHOXECTBO LebIX YMCEN Ty,
3amMCh KOTOPBIX COBNAJAET C MEPBHIMM T Pa3psdaMM B pasjloOXEeHMM
4yKcna w. He roBopsi 0 «3aramoyHOM» MHOXECTBE NMPOCTBIX YUCE.

Mamusacesuu [18], mocTaBuBIUMIA B pellieHUM MPOGJIEMBI MOCeN-
HIOIO TOYKY, BIIOJIHE MOT ObI CTaTh MUJUIMOHEPOM, Mpeyiaras o myosnu-
KallMy CBOMX pe3yJILTaTOB BOMPOC Ha NapH: «1U0(haHTOBO U MHOXECTBO
npocteix yucen?» JI1o6oii, KTo ObLT B TeMe, OTBETHI Obl: «HeT». OKa3a-
JIOCh Xe, YTO

duoghanmoeocmes MHOXCECMBA PABHOCUABHA NepevUcAUMocmu!

310 6b1 wok. Ja eme HeGonbluas nepedOpMyIMpOBKA yCHIMBAja
3bdekr. INepecdopMyIMpOBKa Ha OCHOBE OYEHb IMPOCTOrO, HO TOXE
HEOXHMIaHHOTO pe3ysibraTa.
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1.11.2. JNlemma. Muoxwcecmeo A C N duogpanmoso ¢ mom u moavko
mom cayuae, Ko20a oHo AGAAEMCE MHONCECMEOM NOAONCUMENbHBIX 3HAYEHU
Hekomopoeo hoaunoma P(xy, ..., T).

<« [leiicTBUTENBHO, €C/IM A — MHOXECTBO MOJOXHUTENbHbIX 3HAYEH Ui TOTMHOMA
P(zy,...,x;), TOo ypaBHEHME

pla,z,...,z)=a—-P(z,...,z:) =0

onpenensier A xak — aAnodaHTOBO.
O6partHo. [1ycTe A — MHOXECTBO T€X @, TMPU KOTOPBIX

Qa,z,...,z) =0

pasp€uiumo. Toraa A — MHOXECTBO MNMOJOXUTENbHBIX 3HAYEHU W NMONMMHOMA

all — Qz(a,z.,...,zl)]. >

TakuM 00pa3oM, CyLLECTBYET MOJUHOM, MHOXECTBO MOJOXUTENb-
HBIX 3HAYEHUI KOTOPOTrO B TOYHOCTH COBMANAET C MHOXECTBOM ITPOCTHIX
yuces. bonee TOro, ero MOXHO KOHKPETHO yKa3arh (cM. pasnen 6.2).

OnpeneneHHbI UHTEpeC MpPeACTaBsieT BOMPOC O TOM, HACKOJIBKO
CJIOXHBI TOJMHOMbBI, OMUCHIBAIOILIME HETPUBHAJIbHBIE MHOXeCTBa. TyT
MOXHO 6GbLI0 Obl 0OXMIATh ACTPOHOMUYECKUX PA3MEPHOCTEN, HO OTBET
B OMpene/ieHHON cTereHW ynuBureseH. Kaxawii monuHoM (1.17) xa-
PaKTEpU3YETCST CTENEHBIO T M UYMCJIOM T TiepeMeHHbIX Z. s moboro
auodaHTOBa MHOXeCTBa A MOXHO yKa3ath nosuHom (1.17) ¢ n < 4 (Ho,
BO3MOXHO, GO/bIIUM M) a160 m < 9 (HO, MOXET GbITh, GOJIBILMM 7).
Yucen n u m nopsigka AByX-TpeX AeCSITKOB, KaK MpaBUIO, JOCTAaTOYHO
IUIS CaMbIX CJIOXHBIX CiyyaeB. Takoro mnopsyika m ¥ 1 JOCTaTOYHO
W IS 3aIIUCH YHUGEPCanbHo20 noaunoma (aHAIOT yHUBEpCATbHON Malln-
Hbl ThblOpUHTa), reHepUpPYIOLLETO 11060 TMO(AHTOBO MHOXECTBO IO €ro
HOMEDY.

Eciu S|, S, ... — adbdexTrBHOE TIEpeUUCIeHUE BCEX TIEPEYHCTUMbBIX MHOXECTB,
TO cyluecTByeT (r1asa 6) ynusepcaavubiii noaunom U(n, 8, Ty, . .., Tx), NEPEUUCTAIOLLMIA
Bce Sy,

se€S,e3(x),....xx):Un,s,x,...,2z) =0,

npuuem U(n, s, T) CTPOMTCS KOHCTPYKTUBHO, ITOCKOJIBKY BCE 3BEHDbS 33 KaApOM KOH-
KPETHO OTpeae/eHbl.

B 5KxBUBaNEHTHOM BapHaHTE: Cywecmayem noAUHOM U (n,z,,...,x), MHoXcecmeo
NOAOHCUMENBHBIX 3HAYEHUT KOMOPO20 NPU DUKCUPOBAHHOM N cosnadaem ¢ Sy,

seS,lﬁa(zl,...,zk):s:ﬁ(n,z.,...,zk)/\s>0.
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ITpu 3TOM MMeeT MecTO yauBUTENbHBIN (GakT (Teopema 6.3.1). Kakoe 66t nu Gbua
noaunom P(2y, ..., zy) (a06oii pasmepnocmu), cywsecméyem noaurom

U(z,...,zx)

ukcuposannoii pazmeprocmu k, MHOXCECMBO NOAONCUMENbHBIX 3HAHEHUL KOMOPO2O 8 MOH-
HOCMU C08NA0aem ¢ MHOXCECIBOM NOAONCUMENbHbIX 3HaveHul noaunoma P(zy, ..., zy).

Ha ¢oHe otkpbiBaowuxcs nepcnektuB 10-1 npobaema lusrvbepma
KAaK-TO OTXOIMUT Ha BTOpO# miaH. Ee otpuuarenbHOe pellieHUe naeT mpo-
CTOM mepeBO Ha IpYroi sidbiK (hakTa CylECTBOBAaHMS MEPEYUCTUMOTO,
HO HepaspelluuMoro MHoxectBa. [lociienHee o3HayaeT CylleCTBOBaHUeE

TaKoro nonuHoMa P(z, ..., T), 4TO pa3speliuMOCTb ypaBHEHUS

P(z,,...,zx) —y=0 (1.18)
no Zi,...,T MNPHU JIOOOM MOJOXUTENBHOM ¥, — aITOPUTMHUYECKH
HEMpoBepsieMa.

Ecnu cMyiaer HekoTopasi HeonpeneneHHOCTb MpUBeaeHHON (op-
MYJIUPOBKH, TO BOT COBEPLUEHHO KOHKpETHasi Hemokasyemast apucMe-
THYecKasi opmyna,

dn,yvVe,, ...,z :U(n,y,21,...,2Tx) #0, (1.19)
roe U KOHKpETHbI YHUBepCalbHBbI MONMHOM (CcM. pasgaen 6.3).

O maccoBbIX, WK «eQuHbIX», anropuTMax. B maHHOM ciydae MpUHS-
TO TOBOPUTb 00 OTCYTCTBUM €QMHOIO aJITOpUTMA IJisl pacno3HaBaHUS
HepaspeluMMbiX ypaBHeHUH. [Ipu 3TOM, Kak npaBW/IO, OrOBapUBaeTCs,
YTO B KaXIOM KOHKDETHOM C/lydyae — aJTOPUTM MOXET CyLIECTBOBATb,
M3 Yero aymuTopus NenaeT ONTUMMUCTUYECKUI BbiBOn. Jleckarh, eMUHO-
00pa3HO HeNb3si, HO CEUUMPUUYECKN — MOXHO.

«Cneuuduyecku» B CaMOM JeJie MOXHO, HO 3TO BBIIJISIMT CO-
BCEM He Tak, Kak xorenoch Obl. [IpaBUNbHBIA OTBET B J11000i 3amaue
pacrno3HaBaHUS JaeT OJUH M3 IBYX AJITOPUTMOB: MEPBBLIA, HE3ABUCUMO
OT pelllaeMoit 3a1ayM, BCE BpeMsi TOBOPUT «l1a», BTOPOH — «HeT». M BbI-
OpaTbcs U3 3TOM TPUBMAJIBHOCTH He TaK Mpocto. Kak ocTaBUTh B moJjie
3pEeHUST AITOPUTMBI, «OCMBICIIEHHO pellaloline 3anady», a He yraabiBa-
fomne HaoOym? TTOHSITHO, YTO TaKMe AJITOPUTMBbI JOJIKHBI MPaBUJILHO
paboTaTh He Ha OOHOM 3aaye, a Ha pa3HbIX OOHOTHUITHBIX. 31eCh U BO3-
HUMKAIOT OrOBOPKM HACUYET «EOUHBbIX» aJlOPUTMOB, HA3bIBAaEMbIX e€lle
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Maccoesimu, YTO MPUXOAUTCS eNiaThb B JAHHOM CJjyd4ae, €Clii FOBOPUTH
O Pa3pelIMMOCTH YpaBHEHUH

Q(zl,...,zk):O.

Eciu xe rosoputh 0 3agaye (1.18), TO 3mech «eOMHOCTb» 3aMeHSIETCS
OrOBOPKOH «11s1 1106010 y». MHBIMM CJI0BaMM, OTpHLIATENIbHOE pellie-
HUE necsTod nmpobnembl [wapbepTa Mo/yyusaocs CUibHee, YeM MOXHO
6b110 OB 0XMaath. He cyluecTByeT enMHOro aaropuT™a aaxe a/s OaHO-
napaMeTpuueckoro cemericrsa nosuHomos (1.18). B 3anucu (1.19) ato
BBIMJISIMT elle 60jiee KOHKPETHO.

Yto Kacaercsti CBSI3U C ebivucaumbimu @gyrkyuamu y = f(x), 10 amo
dynkyuu, epagux komopoix (MHoNCECME0)

G: {ZL‘I,...,IEn, ?/Zf(zl,---,xn)},
duoganmos.

TakuM 006pa3om, nMo¢aHTOBBI ypaBHEHMS OKa3bIBalOTCS €1ie ONHUM
BapUAHTOM (SI3bIKOM) U3y4€HMS BBIYUCIMMOCTH. B KaKOM-TO CMBICIIE —
3KBUBAJEHTHBIM, B KAKOM-TO — 0o0jiee 3¢ ¢heKTUBHBIM, B KAKOM-TO —
MeHee. bonblIMHCTBO UccAen0OBaHUIt B paccMaTpuBaeMoi 00,1acTH Tpa-
IUUMOHHO OMUpaeTcs Ha MaluMHbi ThlOpMHIa WJIM Ha DPEKYPCUBHBIE
¢yHKuMHU. B TOM ¥ ApyroM ciyvyae npouLecC BbIYMCIEHU — «He naH
B OLIYIIEHHUsIX». 3IeChb X€ BbIYMCISIOTCS 3HAYeHUsT OOBIKHOBEHHOTO
MOJIMHOMA, KOTODbI MOXHO «[OTpOrath». Jljisi HEKOTOPHIX 3amay 3TO
MOXeT ObiThb cyuiecTBeHHO. [0 KpaifHeil Mepe, K 3HAMEHUTHIM meo-
pemam [édens oGecriednBaeTCsi BecbMa HaDSIOHBIA myTh (pasmen 2.1).
B n110060M ciayyae CTOUT OOpaTUTb BHHUMAaHHWE, YTO «LIEJIOYMCIIEHHBIE»
MOJIMHOMBl U IMOGAaHTOBbl MHOXECTBA CTAIM TMOJHOMNPABHBIMU y4acT-
HUKaMHU COOBITUI, pa3BOPaYUBAIOLLMXCSA BOKPYT BBIYUCIUMOCTH.

1.12. KommeHTapun n fONOSHEHUS
o ®Oyuxumio (1.4) MHTEPECHO COMOCTABUTD C

1, ecau cywecmsyem uenoe k, keadpam komopoeo
g(n) = codepxcum pogHoO M UOYUUX NOOPAO cemMepok;
0, 6 npomugrom cayuae,

KOTOpasi BbIYMCIMMA, NOCKONBbKY g(n) = I.
loKa3aTeIbCTBO JIErKO BbIBOAUTCS U3 ClleayloLero ¢akTa.
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1.12.1. Teopema KpoHekepa. 11 npousgonbhoco uppayuoHanbHo2o YUcaa o u Aoobix
z, Y (¢ < y) 6cec0a moxcHo ykazams yeavie M U M maxue, 4mo »

z<ma-n<y. (1.20)

<« CuwvraeMm |z — y| < | — B IPOTUBHOM C/ly4ae T U Y MOXHO CONM3UTH, yXKe-
crounB Tpebosarue (1.20), — u (z, y) C (0, 1) — uHaye anst GANMBKUX T, Y (MMEIOLLMX
OIMHAKOBbIE Lie/Ible YyacTh) ycaoBuio (1.20) MOXHO ynOBAETBOPUTD, MEHSS M.

Pasobbem panee (0, 1) Ha ZOCTaTOYHO GOMBLIOE YUCIO PABHBIX 110 AJMHE HUHTEP-
BaIOB A ..., Ay TaK, YTOObI KaKOMH-TO MHTEPBaN A; NMONan LUEJUKOM B IIPOMEXYTOK
(z,y). Cpean {ma —n} npu BceBO3MOXHBIX M U n (TAC ueypHbie ckobku obo3na4aiom
OpobHyto yacme wucaa) HamyTcs

ma—-n, U ma-—n, (m; #my),
NONAjaloWMe B ONUH U TOT Xe uHTepan Ay. Mostomy >
y=(m —my)a—(n —ny) €A =jye A C(z,y). »
<« Tlokaxem Tenepsb, YTO BCEraa CyLIECTBYET KBaIpaT LiEJIOr0 YUCa, AECATHYHAs

3aNMCh KOTOPOro HauMHaeTCs ¢ 000N Hamepen 3aiaHHOM MOCAeA0BATENLHOCTH LUDP
A=a,...,ay. DTO O3HAYAET, YTO HAUAYTCA TaKue Lejble K U p, YTO

A 1P <K' < (A+1)- 10
ocne norapudMUpoOBaHHUs HEPABEHCTBO NEPEXOAUT B
lgA<2lgk—p<lg(4+1).
Monaras k = 2™, p = 2q, nonyyaem
IgA<2mlg2—2¢<lig(A+1).

Hanee ocraetcsi cocnatbesi Ha Teopemy Kpodekepa. »

e TONbKO YTO MPOBEAEHHOE A0KA3aTENbCTBO NAET MPUMEP MCMONb30OBAHMS Hea-
pubMeTHYECKOM HaeoN0orMHU (MppauKOHAIbHbIE Yica, Torapudmbl). OQHAKO BHELIHSS
KapTHHa He rapaHTUpYeT OMOpbl Ha YTO-HUOYAb CyLIECTBEHHOE 3a Npeaenamu apud-
METUKU. BHelIHue aTpuOyThl MOTYT MPOEKTHPOBATLCS BHYTPb YUCTO apuMETHUYECKON
CUCTEMBI aKCUOM, @ MOTYT M HE NPOEKTUpOBaThCs. PewieHue Takod AuieMMbl ObIBaET
BECbMa CJIOXHbIM.

e B nocneaHee BpeMsi HEKOTOPOE PAaCMPOCTPAHEHHE NIPU M3YYEHUH BBIYMCIHMBIX
byHKIWMI nonyuunu mawunst ¢ Heoeparnuvennoimu pecucmpamu (MHP). MHP-mawmsbl
MO 60/bLIOMY CUYETY HE TaK YX CHJIbHO OTJIMYAlOTCsl OT MaiuH ThiopuHra. Ta xe jeHTa.
Slueiiku, npaBna, Ha3bLIBAIOTCS PETMCTPaMM, B KOTOPbIE MOXHO 3alUCbIBATb HE OAHY

24 " .
) Mrbimun CJIOBAMU, MHOXECTBO Ma — 1 (M, N € Z) TUIOTHO Ha BeiLleCTBEHHO! TIPSIMOH TIpH
JI060M MPPALHOHATIBHOM Q.

2
%) Pabencrao (m;—ma)a—(n; —ny) = 0 HEBO3MOXHO B CHITY HpPALMOHATBHOCTH @ U M # 7.
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OyKBY, a 11060€e yncno. YTo KacaeTcst AeCTBUI CaMOi MalUMHbBI, TO CUTyallUsi HATAs -
Hee. MHP BbinosHsieT Bcero 4YeTblpe THMA KOMAHA: 00HyAeHus, npubaeneHus eOuHuusl,
nepeadpecayuu (MEPEHOC COAEPXMUMOrO U3 OQHOTO PETUCTPa B APYTO#) U YCA0BHO2O
nepexoda (Tepexoa K BBIMOJIHEHMIO KOMAHAB! HE B MOPSAKE OYEPENH, BEPHEE, 3alTUCH).
IMporpamMma BbIYMC/IEHMIA,

P:C|CZ...Cn,

NpEACTaBAsIET COOOM MOCNen0BaTENbHOCT, KOMaHA Cj YKa3aHHBIX TMMOB, HO Hao
MMETDb B BUAY, YTO KOMAHABI UMEIOT TAPAMETPHI (HOMEPa PEruCTpoB).

[Monyyaetcsi yHUBepCalbHBIN CYETHBIN npnﬁopm, NeCTBUSI KOTOPOTO OTHOCH-
TeJIbHO JIETKO MOAIAK0TCSl UHTEPIIPETALIMHU, B TO BPeMsl KaK BHYTPEHHSISI KyXHs MaLLUUHBI
TelopyuHra cWIBHO 3alyTaHa, XOTs BHELIHE KOMUPYETCsl MOBEACHUE YE€NOBEKa, pella-
jolero 3aaady (MocaefoBaTebHOE YTEHHE W 3alUCh CUMBOJIOB Ha (HOHE U3MEHEHMS
BHYTPEHHETO cOCTOsIHMS). OaHAKO 3araloyHOCTh MEHTATBHOTO MpoLecca He CTAHOBUT-
¢s1 0003puMee MPU €ro MepeBoe Ha MEXaHUUECKU SI3bIK.

o CootBercTBue MHP kaHOHaM OGBIAEHHOTO MBIILUTEHUSI B CBOE BPEMsi BBI3BaJIO
B310X obseryeHusi. Ho ocBoGOAUTBCS OT TMMHOTHYECKMX Yap ThiOpWHTa €Lue Mpolle,
He MyapctBys. YeM MHP nyduwe o6sIkHOBEHHOTO KoMIbloTepa? Be3ycnoBHO, mpolue
1 0003puMee, HO AJIsl TEOPUU BBIYMCAUMOCTH 3TO yXKE€ He TaK BaxHO. BaxeH cam daxr
CYLLIECTBOBAHUSI KOHEYHOTO OMUCAHUS alropuT™Ma. ECiM [0 onpeaeneHHbIX MOp TaKas
(opmyampoBKa GbUla pa3MbITa, TO TENEPh €CTh BOBMOXHOCTb COC/IATLCS Ha 000N YHU-
BepCaNIbHBIN A3BIK MPOrPaAMMUPOBAHMS. DKBUBANCHTHOM 3aMeHOM MaluuHe ThropuHra
MOXET CNY>XHUTb POrpaMMa BbIYMCICHUMN, cKaxeM, Ha dopTpaHe unm Gelicuke. Bee uto
TpeOyeTcsi B IUIaHE KOHKPETHOCTM U OAHO3HAYHOCTH — oOfecrneyeHo. 3auuKivBaHUe
u 3aBUcanMe — Oena obuias. Takum oOpa3oM, 3a yMIOMMHAaHUEM AIrOPUTMa CEroaHs
MOXHO MoApa3yMeBaTh MPOrpaMMy Ha KaKoM-NU00 YHUBEPCAbHOM alTOPHTMHUUECKOM
S3BIKE.

o DyHKUMA AKKepMaHa
A(n) = B(n,n),

rne B onpeacasacTCss COOTHOLICHUAMH )

B(z+1,z+1) = Blz,B(z+1,2)],
B(0,z) = 242,
B(z+1,0) = 6(z),

npuodpesia U3BECTHOCTb Onarosapsi NMPEBOCXOACTBY B CKOPOCTHM pPOCTa Han J000¥
MPUMUTUBHO PEKYPCUBHOM (PyHKUMEHN, OTKYAa OyaTO Obl CTaNO SICHO, YTO KJlacC MpU-
MUTHBHO PEKYPCUBHBIX (QDYHKUMI1 HE HCUEPNBIBAET BCIOAY OMPEAETAEHHBIX BIYUCIUMBIX
dyHkumit. Ho 310 1 Tak sicio (Teopema 1.7.1). [o3ToMy aHanM3 CKOPOCTH POCTA 31€Ch
6oblle UMEET OMMMITUAAHO-PA3BIEKATeNbHbIH YKJIOH — Moapo6HOCTH ecTh B [13].

26) o
o PaBHbiit 110 BO3MOXHOCTSIM yHUBepCanbHON MawmHe ThiOpHHTa.
3neck 8(z) — «crynenvkas: 6(0) = 0, 6(z>0)=1.
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CyliecTBEHHO 6ONbLIMIA MHTEPEC NPEACTABISET J60dHAS peKypcus TOCTPOEHUS
dyskuun B. Xotd, Ka3anoch Obl, YTO 37€Ch MOXET ObITb WHTEPECHOr0? 3HayeHus
B(z, z) onpenensorcs uepes «mpeapiayime». Ho B ToM-T0 €710, 4TO «IIpeabiayIumes
He CAY4aiiHO B3STHI B KaBbIYKHM, MOTOMY YTO KOHKPETHbIE BbIYMCIEHUS BbIHYXIEHBI
CTpaHHO ONMyXIaTh MO apTyMEHTaM, He OOHapyXHBasi TIPU3HAKOB YIIOPSNOYEHHOCTH.
Jina onpeneneHust B(3,2), Harpumep, NPUXOAUTCS BbIYMCIATL MO Xody Aena B(2,4),
a BeiuucaeHue B(3,4) mpoxomut uyepes B(2,16). U ¢ poctom aprymeHToB B B(z, 2)
«3aberaHue Briepen» cTaHoBuTCs Bce Gonblre. Ha kakoM-To 3Tame npoBHbBIX MOMBITOK
BOSHUKAET MOAO3PEHME, YTO METIISI BLIYMCAEHUIA MOXET BOOOLLE HE 3aMbIKATHCS, CTABSI
KPECT Ha NBOMHOM peKypcuu Kak 3pdexTuBHOI npoueaype.

IMogo3peHusi He ONPaBABIBAIOTCS, HO pa3bop cMTyauuu TpebyeT ompeaeeHHbIX
yCHIHiA.

o Teopema ), Jlo6as obujepexypcuenan Qynkyun (o0Homecmuan) moxcem bsimo no-
Aydena u3 @yrkyuii

o@@)=c+1 u () =z~ [Va]'

€ HOMOWbIO KOHEHHO20 HUCAQA CAONCEHUM, Cynepno3uyuli u 6crody onpedenerHsix oopaujerui
odnoMecmubix QyHKyUil.

) Robinson J. General recursive functions // Proc. Amer. Math. Soc. 1950. 1. 703-718.
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HenonHora apnipmernkmn

2.1. Teopemnl Fépens

IIpobaema dokasyemocmu C BbICOTbI NITUYBETO MOJeTa BHIISIAUT Ceny-
OlMM 00pa3oM. 3aJaHbl aKCMOMBI M TpaBu/ia BbiBoma TeopeM. [lpu
KOHEYHOM M JaXe CYETHOM YMC/ie aKCUOM M MpaBuUl — M3 OTIPaBHbIX
TOYEK K TEOPEMAaM BelyT LIEMOYKHU «PacCyXIeHUH», MMeHyeMble 10Ka3a-
TeabcTBaMU. [1ocKosbKy J1000e n10Ka3aTeJbCTBO KOHEYHO, — BCE OHH,
a 3HAYUT, U TEOPpeMbl — MOIYT ObITb 3(PHEKTUBHO MEPECUMUTAHBI, T. €.
aJITOPUTMHUYECKH TIPOHYMEPOBAHbI.

Bosmoxcnocmo ancopummuveckoeo nepequcienus MHO¥eCmaa 6cex meopem
He UCKAloYaem 6 paMKax paccMampueaemoil meopuu Opyeux <«ucmum»,
KOmMopble MONCHO HA3bl8aMb HEOOKA3yeMbiMU MeopeMamu uau Kak-Hu6yob
ewe, 8 3agucumocmu om 002080PEHHOCMU.

B MexaHu3Max perjiaMeHTaLMM TpaBu/ BbIBOAA €CTb, KOHEUHO,
TOHKOCTM U Hi0aHChl (CM. raBbl 4, 5). Ho oHM 11 paccMaTtpuBaeMoii
B NAaHHOM pasneljie NMpoOJeMaTUKU HE WUIPAIOT Hukakoi poau. EnuH-
CTBEHHOE, YTO BaXHO, MPUHUMIIMATbHOE HAIMUYUE aliropMTMa nepebopa
[IOKA3aTeabCTB, T. €. TeopeM. M1 HU eédeausayus, HA CKPYIy/ie3HOE OMu-
CaHUe JIOTUYECKON MOAOIUIEKH He A00aBISIOT K CKa3aHHOMY HHUYEro
CYLLECTBEHHOTO.

[pyroe neno, 4To BCeraa HaXOAUTCS COMHEBAIOLLASICS YACTh ayAMTOPUH, UTpAOLLasT
OYEHb BaXHYIO poNib B yCTpoiicTBe BeeneHHOi, HO CUIBHO Melalowas KakoMy-116o
NBUXEHUIO. [lis HeHTpanu3auuu OGPeMEHUTENbHOTO HEAOBEPUSl OOBIYHO MULLIETCS
COTHSI-Apyrasi CTpaHH1l TEeKCTa C MepevynucieHueM MpaBUIbHbIX, HO HE MEHSIIOLLMX CYTH
¢opMyJ1, YTO BBOAMT ayAMTOPHIO B TPAHC M CO3AAET WILIIO3UIO HAIMYMS OTBETOB Ha BCE
BOIMPOCHI.

[lepeiinemM Tenepb K riaBHoMy. Teopemot [édeas B cBoGOmHOM (op-
MYJIMPOBKE 3BYyuarT Tak:
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o Kakoea 6bi Hu Oblna cOBOKYNHOCMb AKCUOM, 6 apugmemuke, ecau
OHa Henpomueope4usea, cyuwjecmeyem maxoe ymeepxcoenue A, umo Hu A,
Hu e2o ompuyanue (1 A) — He dokaszyemb.

o Ecau nenpomusopevusas meopus T cooepxcum 6 cebe apugpmemuxy,
mo nenpomugopeuusocms T nedokasyema ¢ T'.

CHayajia 0 MOHSITUM HENMpPOTHBOPeYMBOCTU. Teopus T Ha3bIBaeTCs
Henpomueopeuugoii, ecii B T He MOTYT ObITb NOKa3aHbl ABE MPOTH-
BOMOJIOXHbIE CbOpMlebll) (teopembl): A u «He A» (4TO 00O3HAYAIOT
Kak —A). [Ins Gnkaiflumx wenei nom meopueli 10CTAaTOYHO MOHUMATh
aKCUOMATHKY TIUIIOC NpaBWja BLIBOAA, IUIIOC HOKa3dyeMble (DOPMYJIbI.
B miaBe 5 eCTb YTOYHEHHsI, HO CYTH J€j1a OHU He MEHSIOT.

[IpuBeneM BapuaHT nepgoil meopembvt [€é0easn o HenoaHome, B HEKO-
TOPOM PO YCWJIMBAIOIIMI KJIACCUYECKUI1 pe3yJibTar.

2.1.1. Teopema. Kakoea 6bt Hu ObL1a HenPOoMUBOpeHUBAs Meopus, cooep-
Hcawas apugmemuky, cyusecmeyem He UMeroujuil noA0XCUMenbHbIX KopHel
noaunom Q(Ty, ..., Ty), omcymemeue y KOMOPO2O UeAbIX NOAOHCUMEND-
HbIX KOpHell HedoKa3yemo.

<« [okazamenvcmgo. TlycTb anroput™M 7| nepevyucisieT paspeliuMble ypaBHe-
Hust P(z,, ..., zx) = 0. HerepeuncieHHbIMU OCTAIOTCS YTBEPXKACHHSI

Ve, ...,z P(zy,...,zx) #0. (2.1)

Ecnu BOmycTUTb, YTO NMpPU HEKOTOPOI HEMPOTUBOPEYMBOM CHCTEME aKCMOM BCe
dakTel Buga (2.1) moxasyeMbl, 3To Oy#eT 03HayaTh CYLUECTBOBAHHE alrOpuUT™Ma %,
MEPEYUCISIOLIETO TEOPEMBI (2.1)2), T. €. MEePeYNCSIOETO JONOJHEHUE K MHOXECTBY
P nonuHOMOB, MEpeYrcIsieMbIX aNropuTMoM &7, . Orciona no teopeme [.6.3 Gyaer cie-

JOBaTh Pa3peliMMOCTh MHOXeCTBa [P, 4To BCTymaeT B NpOTUBOpPEYHE C OTPULATEIbHBIM
peweHueM decamoii npobaemor Tunvbepma. »

3aMeTUM, 4TO B Cllyyae NMPOTUBOPEYMBOM CUCTEMbBI aKCHMOM, ajiro-
PUTM &/ TepeceKaicsi Obl ¢ /], ¥ OTAENUTb MONMHOMBI (2.1) He yna-
Jiock O6bl. B TO Xe BpeMsi TpebOBaHMe HENMPOTUBOPEYMBOCTH B KaKOM-TO
Mepe obeclLieHUBaeT pe3ysibraT. Hakana npoTUBOCTOSIHUSI YaCTUYHO CHU-
MaeT najibHeiilliee ycuieHue Teopemsr 2.1.1.

|
) Takoe onpenenaeHue no3BoisieT n3bexarb l'lpOGJlCMaTM‘-lHOI'O TIOHSITHSI UCTHUHDI.

2
)AJ'II'ODMTM ._(‘/2 NEPeYUCISIET T€ CaMbl€ LEMOYKHU O0KaA3aTeJIbCTB, O KOTOPbIX IOBOPUIOCH
BbILLIE,
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2.1.2. Teopema. Cywecmgyem noaunom P(z) = P(x|, ..., x) makoi,
YUMo 6bICKA3bIGAHUE"

| «ypasrenue P(x) —y = 0 nepaspewumo no T npu nexomopuix y» (2.2)

UCMUHHO, HO HeO0Ka3yeMO HU 8 KaKol HenpomueopeMueoi cucmeme aKcu-
OM, GKAIOYAIOWel NPUMUMUGHYIO ADUDMEMUKY.

ITpumumuenoi apugpmemuroi Ly Mbl Ha3biBAEM CUCTEMY, ONUPAIOLLYIOCS Ha Ouo-
¢anmoe asvik Ly = {+, x, =, 1}, moapo6GHO paccMaTpuBaemblii B TiaBax 5 U 6.
OTpyuaHue, UMIUIMKALMS, KBAaHTOp OOLIHOCTM — wucKMoyeHbl. U, rnasHoe, B Ly
UCKJIIOYEHA Mamemamu4eckan uHdykyus — octpue apudmemuru Ilearno % 7. B Ly
HMYETO HEJb3sl 10KAa3aTh, MOXHO TOJbKO MPOBEPUTH Pa3peLUMMOCTh MOJUHOMHUANBLHOTO
ypaBHeHust (nepebopom). MHaye rosopsi, Bce BepHble yTBepxxaeHust 1z : P(z) = 0,
U TOJBKO OHH, B Ly n0Ka3blBalOTCsA. B 3TOM CMbiC/ie MPUMUTHBHAsL apupMeTHKA He-
MpOTUBOPEYMBA.

Bcio TsixecTb MoKa3aTenbCTBa Teopembl 2.1.2 GepeT Ha ceGst uC-
TUHHOCTb (2.2), ycTaHaBiMBaeMasi B TeOPUM AMOGDAHTOBLIX MHOXECTB.
HeB03MOXHOCTL OOOMTHM mperpaay ¢ oMoOUibIO KaKO-HUOYIb Hernpo-
TUBOPEYMUBOM aKCMOMATHUKU O4YeBHaHA. bblia Obl noaxoasiiasi akcuoMa-
TUKA, CYLLIECTBOBAJ Obl AJITOPUTM, KOO B COBOKYMHOCTH BCEX AITOPUTMOB
€CTb AITOPUTMbI, PEAIM3YIOLIME MOUCK TMPU OO0 MBICIUMON CUCTE-
Me akcuoM. CHCTeMa aKCHMOM ellle He OrOBOpeHa, He MpuIayMaHa, —
a B CIIMCKE ajiTOPUTMOB YX€ €CTb COOTBETCTBYIOIIAsI NpOrpaMma 9. o-
3TOMY, C HaTsSXXKKOM TOBOPS:

Bce, umo moxmcem 6bimo 6 npunyune 0okasamo, — aa2opum-
Muvecku pasvickueaemo. Bce, umo ascopummuvecku «ne 06-
Hapyxcueaemo» — He moxcem Obimb 00KA3GHO HUK0204.

3ametM, uTO B Teopeme 2.1.2 BbicKasbiBaHue (2.2) C DOMOIHH-
TeJbHbIM YTBEPXIEHUEM CYLIECTBOBAHUS MOAXOASUIETO MOJMHOMa P
MOXHO 3aMeHUTb (opmyioii (1.19), T.e.

An,yvVxy, ...,z U(n,y, x4, ..., xx) 70,

rae U KOHKPETHBbI YHUBEPCAIbHbIA MOJIUMHOM.

3 WMenHo apudmeTuky [MeaHo 0BbIYHO MMEIOT B BUAY, KOTAA FOBOPSIT MPOCTO 06 apudmeTn-
Ke — CM. maBy 8.

4
)TaK)KC KakK B CMTUCKE BCEBO3MOXHbIX TEKCTOB €CTh BCE €LUE HEHANUCAHHbIC POMaHbI.
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2.2. HedopmMannayeMoCTb MCTHHbI

Haj MOHSITUEM ucmuHbl NOJIE3HO 3aAyMaTbCs 10 U3YYEHUST JIOTUKH.
byneM, 1J1s onpeaeneHHOCTH, TOBOPUTD MOKa O ABYX TUMax ¢hopmy
B apudMeTHKeE:

dz:P(x)=0 u Vz:P(zr)#0,

rae T = {Z,...,Tp}.
[MousTHO, uTO B apudmeruke Ly dopmyna Vz : P(x) #0 — ecnu
npaBUibHa — HeMpoBepsieMa B mpuHuMMe, a 3 : P(z) = 0 MOXHO

5
MIPOBEPUTb, HO TOJIBKO B ciyyae, eciu P(z) = 0 uMeer pelieHue ),

Kak B 3T0ii cMTyalMu Ha MHOXeCTBe ypaBHeHuit | P(z) = 0 | BBecTH

noHatHe ucmunbt? TIpU HAIMYMM €IMHCTBEHHOTO HAIEXHOTO MHCTPY-
meHTa (repebopa) BO3MOXHOCTb OIHA: €CJM HaXOOUTCS KOPEeHb, TO
3z : P(z) = 0 ucmunno, V& : P(x) # 0 — aoxcno. Hcmunnsie yrBep-
xaennst® V z P(z) #0 — «MCTUHHbIE» C TOUKM 3peHUs1 Beesudaueeo
Oxa — OCTaloTCs BHE 3aKOHa.

B apugpmemuke Ileano Z ecTb NOMOJHMTENbHbBIE, XOTS M MeHee
HalleXXHble UHCTPYMEHTBI. Mamemamu1eckas uHOyKuua u npasuaa Ao2u-
¥ecKo2o 6b1600a, C TIOMOILBIO KOTOPLIX 4acTh dopmya YV : P(z) # 0
TOJyYaloT J0KA3aTelbCTBA M MOTYT ObITb MOMEYEHbI KaK MCTUHHBIE.
Ho 3ta ucTHHA BCe Xe «BTOPOTO COPTa», MOTOMY YTO HENpOMUEOPeHU-
60cmb CpeCTB JOKA3aTeNbCTBA HE MMEET OOOCHOBaHUSI, KpOME UHTYHM-
TUBHOTO (CM. pasgen 2.3).

TeM He MeHee UCTHMHBI «BTOPOTO COPTa» TOXE MPUXOAUTCH CUMTATh
VCTHHAaMM, MHaYe MaTeMaTHhKa MpeBpaIaeTcs B MATOMHTEPECHYIO UTDY.
Mpuuem, ecnu «npoBepka» KBATUPUILMPYETCS KaK 10Ka3aTeabCTBO, TO
UCMUHOU CMAaHOo8UMCS, no onpedeneHuto, éce 0oKazyemoe, U HU4Mo opyeoe.
Ho BosHukaer co6nazH octaButh Bcesudauwee Oxko Xotsi Obl B Kaue-
CTBEe BMPTYaTbHOrO MHCTPYMEHTa, W TOLdA TEPMHMHOJIOTHS BpeMeHaMH
Pa3MbIBAeTCsI, MOPOXOas MapamoKCOB HEMHOTO OoJiblie, YEM IMpedy-
cMoTpeHo Co3snareneM.

3) Torna z TapaHTUPOBAHHO HAXOAMTCs1 nepe6opom.

6) P4BHO Kak 1 NOXHbie I : P(z) =0, yT0 1o cytu — OHO ¥ TO xe. Takast oroBopka nasuee
BE3/1€ ONYCKaeTCsl.
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Ha nytu ynoGHOro onpenefieHusi MCTMHbBI CTOSIT [Be Mperpambl:
meopemst [€dens o Henoanome apugpmemuxu. CTpOrve paMKU «MUCTUHHO TO
Y TOJIbKO TO, YTO UMEET [0KA3aTe/1bCTBO» — He MO3BOJIAIOT B JOCTATOYHO

7 o
CJIOXXHBIX TEOPpHUAX ) onpeaeJnTb HICTUHHOCTb BCEX YTBCp)K,IICHMl’ls).

2.3. HenpotuBopeymBoCTb

Henpomueopeuugocms B KakO-TO CTeneHU MeHee OCTPbIi BOMpPOC, XO-
T — «KOMY Kak». OOHUX YCTIOKAMBAeT UHTYHLMUS «3[IPAaBOTO CMbIC/a»,
NIPYTUM HE JaeT TOKOsi émopas meopema [édens:

2.3.1. Teopema 0 HENPOTMBOPEYMBOCTH 9. Ecau meopus T' nenpomu-

gopeuusa u cooepxcum 6 cebe apugmemuxy, mo Henpomugopewusocno T'
nedokasyema ¢ T.

Pasymeetcsi, Teopema 2.3.1 He UCKIIIOYAET BO3MOXHOCTHU PELEHUS
npoG/ieMbl 3a CYeT MpPUBJIEYEHUS TOTIONHUTENBHBIX CPEACTB (aKCHMOM),
M TaKkoro copTa yTBEepX/AEHHsl O HEMPOTUBOPEYUBOCTU apUGMETUKH MO-
JiydeHbl, HarpuMep, lenyenom. Ho rapaHTMpOBaTh HEMPOTUBOPEYMBOCTD
DacWUpeHHOU aKCUOMamuKy OTISITb-TaKW HeNb3s B CUIy Teopembl 2.3.1,
M HEOOXOOMM CeAyloLIMii akT paciuvpeHus. [1yTb BeleT B «HUKyIa»,
U B O9TOM CMBbICJIE npobaemMa Henpomueope4ueocmu He UMeeT a0COJII0THO-
ro peleHus.

TeM He MeHee «yceyeHHBbIE» ODOCHOBAHMSI HEMPOTHBOPEUMBOCTH 3aCaYXHUBAIOT
ONpEAENEHHbBIX PEBEPAHCOB, MOCKOJbLKY, HECMOTPS Ha HM3bsSHBl, NMPOACHSIOT CUTya-
umio. OObIKHOBEHHAs KOHCTaTallMs HEBO3MOXHOCTH abCONIOTHOrO PELUEHHUS HE naet
OLIYLIEHHUS Kpasi M MpPEAcTaBieHus O rAyOuHe rnpornactd. PacluMpeHUe aKCHOMATUKH
NOKA3bIBaET Ty «MaJOCTb», KOTOpAasl HyXHa, YTOObl KOHLbI COLUIMCH C KOHUAMH,

EcTb ellie OAMH acneKT, KOTOPblIH y100HO pacCMOTPETh, MOKa «lyM
MHCTPYMEHTOB» HE MEIIAET CJbILLATh MEJTOAUIO.

Kak npoucxonut dopMupoBaHue cucteMbl akcuoM? OTTankusasce
OT 11000 CTApTOBOM COBOKYMHOCTH, MOXHO YTBepX1aTb CYLIECTBOBA-

7
) Kputepuem «CnoXHOCTH» CAYXKHI HLTHUNE BHYTPH TEOPHH — apUhMETHKH.

8 P
)33 HEKOTOPBIMU UCKIIIOYEHHSIMM, K KaKOBbIM OTHOCSITCSI B OCHOBHOM TCOPHH, HMEIouine
[€10 C KOHEUHBIMM MHOXECTBaMH OOBEKTOB.

% [lokasatenbcTso B pasnene 2.7.
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HUE HELO0KA3yeMOM UCTUHBI 10)

Vz>0:P(z)#0. (2.3)

Ho KOHKDETHO yKa3aTh P(T) NPUHLMNIHAIBHO HENb3sl, MHAYe BO3HUKAET

[IPOTUBOPEYHE e HenokasyeMocTblo (2.3). [1o3ToMy y Hac MOTYT ObITb
JMLIb MO03PEHUsT 00 UCTUHHOCTH yTBepXaeHuii tuna (2.3). Tlpuco-
BOKYIUISASI UX K aKCMOMaM, Mbl TOJIy4aeM «IOAO03PUTENbHYIO» CUCTEMY,
culsi BHYTPM KOTODPOiIl, HMUETO HE MOXEM CKa3aTb 00 MCTMHHOCTH
¢yHnameHTa. Pasymeercsi, eci akCUOMbl AEHCTBUTENBHO MCTMHHBI,
HO 00 3TOM He 3HaeT Aaxe bor. Eciu e B OCHOBaHUM MOPOXOBast
00uKa, — OCTaeTCs XHaTb, KOrNa «3aUCKPUT».

2.4. Hepaspelwmunmbie ypaBHeHUS

JIist MpOCTOTHLI peyy B Cilyyae Hepa3peluMoCcTH AModaHTOBa ypaBHEHHUS
Pz)=0, z={=z,...,z,},

GyeM TOBOPUTb O Hepaspewumocmu noaunoma P(x).

[MToHuMaHUIO paccMaTpUBaeMoii MPOOJEMATUKM B 3HAYMTEJILHOM
Mepe Crioco6CTByeT «nepedopMyIUpOBKa» TeopeMsbl 2.1.1.

2.4.1. Teopema. Mnoxcecmeo P nepaspewumbix noaunomosé P(x) —
12
Henepeuucaumo (mem Gonee Hepaspeuwiumo) ),
<4 Ewe pa3. B npeanonoXxeHUH MPOTHBHOIO M NMPHU YYETe NEPEYUCIUMOCTH
pa3peLuMBbIX nOJIHHOMOBm, MHOXeCTBO P oka3anochb Obl pa3peliMMO, YTO rapaH-
TUPOBAIO Obl CyLLECTBOBAHHME PaClO3HAIOLLETO alropuTMa, Bpa3pe3 ¢ OTpULATEbHbIM
pewieHueM decamoi npobaemot luavbepma. »

[Ipy TakoM H3I0XEHUU BCIO CIOXHOCTbL OOOCHOBAaHMS, pasyme-
€TCsl, NIPUHUMAET Ha ce0sl 1OKa3aTeabCTBO KBUBAIEHTHOCTH MOHSTHIA
anodaHTOBa U MepeYnucIMMOro MHOXecCTBa (cM. rasel 5, 6). Ho cama

1

0 IMockonbky Teopuss T COmEPXMUT, MO MNPEANONOKEHHUIO, apUDMETUKY, MOXHO TOBOPHTH
O MOJMHOMAX.

1

”I[OKaSaTCJIbCTBO HepaspewiMocTH (2.3) paBHOCHJIBHO AOKA3aTebCTBY CIpaBe/IMBOCTH
(2.3).

1

2 Heobxomumo 06paTUTh BHUMAHME HA UEPAPXHUIO: HEPA3PEUWIUMOE MHONCECMEO HEPA3PEUUMBIX
noauromos.

13) Mepeyncienne paspeiliMMbIX MOJMHOMOB obecreunBaeT OObIKHOBEHHBDIH niepe6op.
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no cebe Teopema 2.4.1 BbIIISIAUT 3KCMIOHATOM M3 HECKOJBKO HMHOTO
OKpYXeHHUsi, ¥ Oynb OHa [JOKazaHa He3aBUCMMO — meopembt [édens
(p4BHO Kak u peleHue decamoi npobaemvr Tunvbepma) BuiTeKanu Obl
U3 Hee coBceM npocTto. He roBopsi 0 4OMOMHUTEBHOM MPO3PayHOCTH
pe3ynsratoB. Hanpumep, U3 cka3aHHOTO B MPeEAbLAYLIEM pa3aesie MOXET
BO3HUKHYTb BIeYaTjeHUE O HEKOM HeCOOTBeTCTBMU. C OQHOM CTOPOHBI,
YTBEPXAAETCS CYILLIECTBOBAHUE HEPA3PeUUMbIX NOAUHOMOE, C NPYToMl, —
TaKue MOJAUHOMBI (2.3) MOXHO 100aBUTb B aKCMOMATHKY.

Bbixon 13 MpOTHBOPEYMS NaeT KaK pa3 Henepeyucaumocms MHOXE-
cTBa P. BriloueHHe B aKCHOMATHKY JII060TO MepeuncIuMoro (aaxe oec-
KOHEYHOT0) MOAMHOXEeCTBa P C P — ocrasisieT HENYCTbIM MHOXECTBO
'P\’IS HepaspellMMbIX TTOJMHOMOB, DTO yKa3biBaeT Ha CIpaBelMBOCTb
caenyloliero dakra.

2.4.2. Teopema. Apupmemuxa Heakcuomamusupyema, oaxce npu eKam-
YeHUU @ cucmemy 6ecKoHeuHo20, Ho KOHCmpyKkmueHo (nepeuucaumo) 3ada-
8aeM020 MHONCECMEA AKCUOM.

HMHurepecHo, yto BMecTo «VZ > 0 : P(Z) # 0» ¢ Hepa3peLuMMbIM
MOJIMHOMOM B aKCMOMATHUKY MOXET ObITb 00aB/JIEHO POTUBOMNOI0XHOE
yrBepxaeHue «3x > 0 : P(z) = 0», npuyeM 6e3 ywepba 043 apugpme-
muku. Kak Obl IMKO 3TO HM Ka3aloch, HO OMPOBEPTHYTH AeKIapaLuio
Pa3peLMMOCTH HEPA3PELIMMOTO MOJMHOMA — HeBO3MOXHO V). Pasy-
MEETCs,, HU O KAKOM KOHKpemHOM TIOJIMHOME 3TOTO CKa3aTh HE/b3d,
HO TaKO¥i MOJIMHOM CyLIeCTBYeT. [103TOMY — MOXHO yragarb (HO HeJlb-
351 TapaHTUPOBATb, YTO NOTAKa MPABUIIbHA).

CkasaHHOe JaeT OCHOBaHHUeE IS GOPMYJIMPOBKH CJENYIOLLETO pe-
3yJbTaTa.

2.4.3. Teopema. Cyuwecmgyiom cucmembvt GKCUOM, «<HOPOHHOCHb» KOMO-
PbIX NDUHUURUAABHO HeAb3sA 0OHAPYyHCUMD.

«[TopoYyHOCTb» 3a€Ch ynoTpebjieHa Mo TOH NPOCTOM NMPUYUHE, YTO
«ITPOTMBOPEYMBOCTb» yXe 3aHATa KOHKPETHOW (HOPMYIUPOBKOM (Heb-

31 nokazath A U —A4). Ecim Xe non HenmpoTMBOPEYUBOCTbIO TIOHUMATh

15)

HEJI0Ka3yeMOCTb JIOXKHOTO YTBEPXIEHHMs /, To Teopema 2.4.3 Kak pas

') Mnave 370 6b110 b1 0GOCHOBAHMEM Hemokasyemoro «V z > 0: P(z) # O».

15 .
) Y10 66110 6b1 JIOTUYHEE, HO COBEPLUCHHBIH MHOMKATOP JIOXHOCTH B 3TOM MHDE He npeay-
CMOTpEH.
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peliaeT 3TOT BONIPOC, MPUYEM aOCOJIOTHO — HE OCTaBJjIsii HameXIbl.
Jpyroe neno, 4to O MOMOOHOM HENMPOTMBOPEYMBOCTH OECIOKOMTHLCS
0eCCMBbICJIEHHO.

(!) 3ameuanne. Bo3MOXHOCTh 100aBHTb B aKCMOMATHKY KaK YTBEpXIECHUE
0 HepaspemMMocTH P(z), Tak ¥ €ro OTpMUAaHWE, — MOXET HATOJKHYTh
Ha MBIC/Ib, YTO PEeLIeHHe 3HAMEHUTOI eunomess KonmuHnyyma (rnasa 8) uMeer
TOT X€ KOpeHb. DTO He COBCEM TaK. [10MHOM, KOTOpHIN «MOAXOAMT» KaK LIS
MPEATNOJIOXEHUSI O €r0 pa3peliMMOCTH, TaK U HEpa3pemIMMOCTH, — IIPUHLIU-
MUAJBHO HENb3s yKa3aTb, HECMOTpPSI Ha €ro CyliecTBOBaHWE. B MpoTHBHOM
cliyyae BO3HMKaNO Obl mporuBopeuyue. [loaxonsiiimii MOJUHOM MOXET OBbITh
TONBKO Hepa3pellMMEIM, U Toraa «3 z : P(z) = 0» — 3aBEIOMO JIOXHO.

[unmore3a e KOHTUHYyMa OKa3anach KOHKPemHbiM YTBEPXICHUEM, KOTO-
poe MOXHO J00aB/sITh K aKCUOMAaTUKE TEOPUU MHOXECTB, PABHO KakK W €ro
orpuliaHue. B 3ToM, COBCTBEHHO, U 3aKJII0YANACh «HEOXUIAHHOCTb» PELeHHS.
B 10 X€ BpeMsi Hao NMPU3HATh YTO COOTBETCTBYIOLIUM aHAJIOTOM B apu¢pMETHKE
MOXET CJIyXUTb yTBEpXIeHHUE (2.2).

2.5. 06 apudpmMeTnyeckmx NCTUHaxX

ITonuHOMBI B OGOCHOBaHMM TeopeMbl ['€menisi galOT OIyILlEHWE TCHU-
XOJIOTMYECKOTO KOM(dOpTa, HO MX MOXHO 3aMEHHMTb BbIYMUCIMMBIMH
(DYHKLMSIMU, 4YTO TMO3BOJISIET MOJYYUTh [OKA3aTEILCTBO 0O€3 CChUIKM
Ha AMO(AHTOBOCTL MEPEYMCIMMBIX MHOXECTB. BOT COOTBETCTBYyIOIEE
paccyXIeHHe.

4  Mnoxcecmeo S 3Hauenuil 8biuucauMol QyHxkuuu 16) f(z) paspewumo, ecau
cywecmayem anzopumm, onpedeaslowuii no abomy y € N, umeem pewenue ypasnenue
f(z) =y wiu nem.

H3 cyuwecmB06aHus nepeuucaumoeo, Ho Hepaspeuwumozo moxcecmea (meopema 1.6.4)
aoimekaem, ¥mo nocaednsa 3adava npu nekomopoii gynkuuu f(T) — anrcopummuuecku
Hepaspewuma. dmo o3nauaem Hedoxazyemocmo pazpewumocmu ypasrenun f(x) =y npu
Hekomopex Y (npu Komopwix ypagneHue paspewiumo). B npomuerom cayuae cywecmeo-
6aA Obl aneopumm, pacno3HaWU Hepaspewumsie ypaguenus f(z) =y. »

3mech, COOCTBEHHO, PAaCKPYYMBAETCs Ta Xe CIIMpalib C 3aMEHOM T10-
JIMHOMOB BbIYMCJIMMBIMU (DYHKLIMSIMU, U HE OYEHb SICHO, YEM 3TO XYyXKE.
Crporo rosopsi, HuueM. Ho ypasHenue f(r) = y Bmectro P(z) =y —
B 3HAYMTEJIbHOM CTENEHU Pa3MbIBAeT MpeaMeT.

16) IMepeyncanMoe no oripeaesieHUIO.
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Bo-nepebix, non f(z) 3nech Hano NOHUMAThL He PYHKIIMIO, 4 BbIUMC-
JINTENbHYIO MPOTPaMMy, €C/M OCTaBaTbCsA MOKa B M30paHHbIX paMKax.
B 3TOM, KOHEYHO, HET HUYETO CTPALLIHOTO, MOCKOJIbKY SICHO, YTO yTBED-
xnenue Vz : f(x) # y umeer apudMeTHyecKmii xapakrep ' Ho a0
KaK-TO HEYKJIIOXE, a €CJIM XOUYETCS MePeHTH OT AJITOPUTMOB K (PyHKLIM-
SIM, TO 3TO JJIMHHAS MECHSI, CBsI3aHHAas C periaMeHTalHel A3blKa U NpU-
BJIe4eHUEM MaTeMaTH4eCKOM JIOoTUKH. Takoil nyTb He OYeHb KOPOTOK 18)

Bo-emopbix, iMest Ieno ¢ nporpammamu, MPUXOOMTCH AOMYCKaTb,
YTO aJITOPUTM B MpOLIECCe cYeTa MOXET MOJOXHUTb 2 = 3. M 4TO TONKY
TOra roBOPUTH O HepaspewmMoct f(z) = y, ecnu B f(x) 3anoxe-
HO HerpasuibHOE B apudMeTHKe paBeHCTBO? OKa3bIBaeTCs, CTh TOJK.
AJITOPDUTM He yTBEPXHIAeT «2 = 3», a MeXaHWYECKM 3aMEHSET NBOMKY
TPOMKOI, — 4YTO BMO/JHE «apUGMETHYHO», T. €. IOMYCTUMO MPU OINMCa-
HUM HOpMabHO#M dhyHKuMK f(Z). Ho 4MCTO NCMXOMOrHYECKH 3TO BCe Xe
BbI3bIBAET OMACEHMsT, YTO MPU TaKOM Hepa3zbepuxe UCTHHA MepenyTbiBa-
€TCs1 C JIOXbIO, U /11 OOpeTeHUs AyLIEBHOTO paBHOBECHUsl TpeOyeTcst Bce
nepepMcoBaTh B KAKOM-JIM00 BHE, yAOOHOM [JISi MHTYULIMM.

Takum 006pa3oM, BbIUMCIMMbie (DYHKLMHM BMECTO MOJIMHOMOB —
[aroT 00s1bLIe MOBOJAOB /151 Pa3TOBOPOB, YTO MHOTA CKPALUMBAET HOCYT.
B 3ToM — Bcs pasHuLa.

HanoMHMM B 3aKjIIO4EHHE, YTO CYyLLECTBOBAHME HeN0KA3yeMOro
yrBepxneHusi «3y VvV : f(x) # y» Npu arOPUTMHUYECKOI Hepas3pelu-
MOCTH MMeeT abCOJIIOTHBIM XapakTep B CMbIC/ie HE3aBUCUMOCTH OT MpPHU-
HATOM cHCTeMbl aKCMOM. CrcTeMa aKCUOM JIMILb BblAE/SET «3aKOHHbIE»
AJITOPUTMBI M OTCEUBAET «HE3aKOHHBIE». 3[1ECh Xe YyTBEPXKAAETCS Hepas-
PELUMMOCTD TPH JIFOOBLIX MBICHUMbIX aITOPUTMAaX.

2.6. MoxHO nu nomouyb apudpmeTrke n3BHe?

Henb3si, — e€CauM roBOPWUTb O JMKBUAALMU Hepadpeliumocteid. XOoTs
B JIMTEpAType BCTpeuYaeTcss MHEHUE, YTO TOYKM OMOPbl MOTYT HAaWUTUCH
BHE apu(PMETUKHU 19)

1) Ha caMOM fefie He Tak yX siCHO. Mo mosoay apu(MeTMYHOCTH BbIYMCIMMBIX (DYHKUMI
cM. masbl 5, 6.

18 "
) 3aro, 6naroaapst yTOMMTEbHOCTH, CHUMAET HampsiXeHHe y HEJOBEPUMBOI YAaCTH HACENEHHUsI.

19
) K TaKUM 3aKJIIOYEHHUSIM 0ObIYHO MOATAIKUBAIOT HEBEPHO MOHMMAEMbIC pe3y/ibTaThl [eHUeHa
O HEMPOTUBOPEUMBOCTH apudMETUKH, CM. rnasy 8.
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KoHeuHo, annapat Apyrux AMCLMILIMH YaCTO OKa3bIBAETCS MOJIE3eH
B pelIEHMM KOHKPETHBIX apuMeTUYEeCKUX 3a1a4, NPUBIEKast B KaYeCTBe
MHCTPYMEHTOB BCSKYIO 3KBUJIMOPUCTUKY BIUJIOTb OO TOMOJOTMYECKOM.
IIpy 3TOM He Bcerna siCHO, MPUBJIEKAIOTCS JIM [0 CYTH HOBbIE TMIOTE3bI
WM Xe BCE OMOCPENOBaHHO CBOAMTCSI K ynoOCTBaM, HE BbIBOASILLIUM
3a npeneabl OObIYHON HMIEOIOTUH.

Mcnonb3yer i, CKaxeM, J0Ka3aTelbCTBO nocaeaHei meopemsr Dep-
M@ 4TO-JIMOO He MPUHSATOE N0 CUX IMOpP B KJIACCUYECKOH TeopuH uucen?
BHelllHe — ucnonb3yeT. A o cytu? HUKTO moka Bcepbe3 TakKMM BO-
MPOCOM He 3aHuMaiicsi. Ho ecny mpeanosioXuTh HaIMuMe B PELIeHUH
¢yHOaMeHTaJIbHO HOBbIX MOMEHTOB, UTO 3TO MOXET O3HayaThb AJ1s apud-
METHUKM?

Boobuie roBops, 1e1€CO00pPa3HOCTb MPUHSATHUS OOMOJIHUTEbHbIX
aKCHOM, KOTOpblE MOTYT OKa3aTbCsl MOJIE€3Hbl IS PELIeHUS] KaKUX-TO
TEOPETUKO-YUCOBbIX 3amay. OnHAaKo HUKAKMe M3BHE MPUOBbIBIINE pe-
LIeNTbl HE MOTYT IMOBJIMATH Ha CyllIeCTBOBaHUE B apuMeTHKE HenoKazy-
eMbIX UICTHH. EClii Bce pelienTypHO OCMBIC/IEHHOE — MPOTPaMMUPYEMO,
JIIOOblE «BHEIIHUE» aKCHOMbI M TpaBuJia Mocjie KOOTUPOBaHUSI MPOSIU-
pYyIOTCSi B apM(METHKY, U1 HE MOTYT PaCIUMPUTb KPYT BbIYHUCIUMbBIX
¢dyukumit. B atoM cmbiciie apudMeTHKa CUIibHee J00bIX (aHTa3uii
B PaMKax aJITOPUTMHUYECKON JOTMATUKH.

2.7. Doka3aTenbCTBO BTOpON Teopembl Fépens

CHayana onuiueM KOHCTPYKLHMIO, Ha KOTOPYIO MOXHO «[OBECUTb» MHO-
rve I0Ka3aTe/bCTBa.

Iycts S1, S, ... — adbdexTUBHOE MNMepeyncieHHe BCeX Mepeyuc-
JIMMBIX MHOXeCTB. JlMaroHaibHOe MHOXeCTBO I) oOpasyeTcs U3 TeX
HOMEPOB 73, KOTOpble MPUHALIeXaT Sy, — M OKa3bIBaeTCs Hepa3pellu-
Mbim 20,

Hanee npocMatpuBaeM nepedeHb { Py} Bcex 10Ka3aTenbCTB B apud-
METHKE, OKa He BCTPETUTCS 10Ka3aTebeTBO 1u60 dhopmynsl {n € D},
6o {n ¢ D}. B nepBoM cilyyae B KOHCTPYHPYyeEMOE MHOXECTBO S
BHOCUM ¢panmom n*, Bo BTopoM — uucno n. Paumom n* He sBaseTcs
3JIEMEHTOM S, €r0 POJib 3aKJII0YAETCH B TOM, YTO TPH hocaedylouem 1no-

) Cu, JI0Ka3aTeJIbCTBO TeOpeMbl 1.6.4.
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siBJIeHUM aokaszatenbcTBa {n ¢ D} (B ciyyae NpOTMBOPEYMBOCTH CUCTE-
MbI) YUC/IO N He BKOYaetcs B S. MexaHu3m addektuBeH (qaet nepe-

yucaeHue aneMenTos u3 N), u noromy | S = S, | npu HekoTopom 7. Pa-
3yMeeTcs1, MO NOCTPOEHUIO Sy NEXUT B 10NMOAHEHUU D, HO rae JeXuT 1?

Boicka3biBanue (popmyna) A = {r € D} zamyckaer «kapyceiab»,
BbIXOJ M3 KOTOPOi1 B Pa3iMYHBIX TOYKAX MOPOXIAET pPa3Hble TEOPEMBI.
Pa6oraer 210, Hanpumep, Tak.

<« Ecau A gokasyemo, To 310 03Hayaer, yto {r ¢ D} B cnucke { P} BcTpeyaetcst
nepsbiM, — 0TKyaa nonyyaercsi {r ¢ D}. C apyroii CTopoHbl, eciv A 10Ka3yeMo — TO
r € D. [1IpotuBopeuue.

Ecnu xe «He A» pokasyemo, — 10 {r ¢ D}, ¢ onHoM cTopoHbl, u {r € D} —
¢ apyro#t. OnsTtb npoTMBopeyme. B ycaoBusix HENPOTHBOPEUMBONW aKCMOMATHKH BbIXOL
oavH. Hu A, Hu «He A» — f0Ka3aHbl ObITb HE MOTYT, YTO €LUe pa3 AaeT 00OCHOBaHUE
nepeou meopemoi [édeasn. »

Janee cueHapuii CTaJiKMBaeTcsl ¢ gudumocmeoto hapadokca. He3Hna-
YUTeabHast NMEPECTAHOBKA [leKOpauui BeaeT K APYroMYy pe3yJbTary.

<4 Ecau r € D, To U3 HENPOTMBOPEYUBOCTH apudMeTKU cieayeT 7 ¢ D.
C npyroit cTopoHbl, yciosue r € D 3¢¢eKTUBHO, T. €. A0Ka3yeMO NpoBepsieTcs.
Ho Toraa (no cxeme mpenplayLuero gokasatenbcrsa) r ¢ D, clienoBaTesbHO, A JTOXHO.
B pesynbrate «He A» nOKazaHo. B

Utak, HU A, HU «He A» — NOKa3aHbl ObITb He MOTYT, HO MpO-
BeleHHOE pacCyXIeHWe AOKa3biBaeT «He A». BO3HMKaeT BTOPOIl Kpyr
MPOTHUBOpEYMi, yXXe Mexay TeopeMaMu. CKazaTb, UTO 3TO He hapadokc,
a — eudumocms, ropaso Jierye, YeM Oco3HaTh cuTyaumio. M kak npum-
HATO CYUTATb, 3TO CaMbI TOHKMI MOMEHT BO BCEM TEOPHHU.

<« <«TOHKOCTb» 3aK/TIOYAETCS B TOM, YTO JAHHOE A0KA3aTelbCTBO
SIBISIETCST MeTaTreopeTHYecKuM. WMeeT wadapugpmemuueckui xapaxrep
1 He npuHawiexuT cnucky {Py}. B y3akoHeHHble paMKM He YKJ1a/ibiBa-
eTCs CCblJiKa B MePBOM MpeAOXEeHUN Ha HEeNpPOTUBOPEYUBOCTL apud-
MeTuKU. Eciu nocienHssi uMena Obl cunmakcuueckuii 661600 BHyTpU Z,
TO aHHOE MeTan0Ka3aTeJbCTBO MPOeKTUPOBAIOCH Obl B Z M NPUBOIU-
J10 Obl K HAaCTOSILIEMY MPOTUBOpPEUYHMIO. [103TOMY HENPOTUBOPEUYMBOCTL Z
He MOXeT ObiTb 0Ka3aHa B Z. p

Tenepyb, KOoraa BuUAHA KOHCTPYKLMSI B LIEJIOM, MOXHO YTOYHMTb
HeKOTOpble geTaii. COMHEHMS MHOrAA BbI3bIBAIOT MAHUNYJSLUU C rie-
peuynciIMMbIMM MHOXecTBaMM. Ha caMoMm gene BCAKo® OGeCKOHEYHOe
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MHOXECTBO, €C/AM TNepeYuciuMO, MMeeT KOHeyHOe omnucaHue (pas-
nen 1.6), 1 BCe MOXHO GbLIO Obl NEPenuUcarh C MOMOLIbLIO BBIYMCINMBIX
dbyHKuUMI, IpUYeM KOHCTPYKTMBHO OrfpeneisieMbix. bosee Toro, maxe
YUCJIO T KOHKDPETHO onpeneiseMo. UTo KacaeTcsi BO3MOXHbIX COMHe-
HUI B apuHMETHYHOCTH BBHIYUCIUMBIX YHKUMH, TO OHU (COMHEHMS)
pasBeuBaloTcs B pasaedie 5.10 (teopema 5.10.4).

HeckonbKO CTpaHHOM MOXET MOKAa3aThCsl BO3MOXHOCTb yKaszaHusi 7. OCOGEHHO
Ha (pOHE pa3roBOPOB O CYLECTBOBAHMM HEPA3pELUMMOrO IMOJUHOMA, KOTOPbIM He-
BO3MOXHO yKasaTb. J[ef0 B TOM, YTO KOHKpeTHO yka3dyema (pasaen 1.11) ¢opmyna,
HUMeEIoLLAas Ae10 ¢ CEMENCTBOM MOJMHOMOB:

Jyvzy, ...,z {P(z), ..., zx) — y # 0}

3acayXMBaeT BHUMaHMSI ellle OOMH MOMeHT. ApudMeTUKY Z Besne
B PacCyXAEeHMSIX MOXHO 3aMEHMTb <«HeNPOTUBOpPeYUBOM» Teopueid T,
copgepxaileii Z. Hanvume Z B T HeoOXOAMMO MO TOM NpPUYUHE,
YTO TEXHMKa MCMNOJb3yeMbiX MaHMIIYJsILMH OMUpaeTCss Ha HyMepaLuu
M pyrvMe MeXaHU3Mbl apUPMETUUECKUX BbIUUCIEHUM.

2.8. JInHrenctuyeckue napapokchl

JIMHrBUCTUYECKUE TApagOKChl TUIIA «3aK/II0YEHHOE B KaBblYKM — €CTb
JIOXb» YXe MOPSAKOM Hagoeau. B Ty Xe KaTeropuio nonagarOT aHajoO-
rMuHble (POKYCbi B MaTeMaTHYECKOM apaHXMUPOBKE, MMOTOMY YTO Be3ade
GuUrypupyeT O0Ha HaCKy4MBIlasi IPUYMUHA: «CaMOOoOpalleHre» TIOHSITUH
U SI3bIKOB.

JJ1s TEOPUM aJITOPUTMOB 3TO I1JIOXO TEM, YTO KOHTYPbI COBEPLLUEHHO
HOPMAaJIbHBLIX MaTeMaTU4YeCKUX A0Ka3aTeJbCTB aCCOLMMUPYIOTCSI C KJlac-
CHUYECKMMM pacCyXIeHUsIMU 6paao6peﬂ21). JvckpeauTupoBaBluasi ceos
00,1aCTb OTOPAChIBAET TEHb, U BO3HUKAET YEPBOTOYMHKA B CBSA3U C apu(-
MeTHYECKMMH Hepa3peluuMocTsIMU. MCrioaBO/ib nymaeTcsi, He Takas Jiu
yeryxa JeXHUT B OCHOBe 3HAMEHMTbIX TEOPEM.

He takasi. MateMaTuKa B CBOMX OCHOBaHMUSIX €HACTBUTEIbHO MPO-
XOAMT BOJIU3U TPUBHUAJIbHBIX TPOTUBOPEYMIA, HO MUHYET UX, U 110 TEM Xe
BbIKpOMKaM c03AaeT aOCOJIIOTHO JIOTMYHble KOHCTPYKLIMM. MOXHO CKa-
3aTh ¥ No-Apyromy. JIMHrBUCTHUeCKOe pa3obiadeHue hapadokca axceya

20 INMpukaszaHo: 6puTh TEX, KTo He Gpeetcst cam. Kak teneps 6puth camoro ceds?
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yOMBaeT napaaokc. MaremMaTMKa Xe yMYApsieTCsi pacCMOTPETb M CO-
XPaHWUTb Henpomueope4ueoe A0po, TPOELMUpPYsi KOTOpOe Ha MWrpoBoe
noje apudpmMeTuku, nosydyaer 3¢GeKTUBHBIN MeXaHU3M Oua2oHANbHbIX
paccyscoenuii.

[Tpenctasnenue o duaeoHanbHoM memooe W BlajeHUEe UM — pa3-
Hble Beuin. ConyTCcTBYlOLLIMEe OOCTOSTEALCTBA MEHAIOT 00IMK. [ToaTOMY
3HAaKOMCTBO C BO3MOXHO GOJbLUMM YUCJIOM Pa3sHOPOIHBLIX NPUMEPOB
uMeeT cMbica. BoT ele 0aHO (yXxe 4eTBEPTOe) AOKA3aTeNbCTBO Hepeoil
meopemot [€0enn N3 TOU Xe KaTeropmm.

< [lycts {An(z)} nepeuriciaeHue Bcex Gopmyn B HenpoTuBopeunsoi Teopun T
¢ 04HO¥ cBOGOAHOI MepemeHHON T, a B(n) BbickasbiBaHWe (dopMyna) o Hedokasye-
mocmu An(n). Mpudyem B(n) MOXeT GbITb KAK UCTHHHBIM, TaK M JIOXHbIM.

[Mockonbky Mbl XOTHM ocTaBaTbest BHYTpH T, T0 B(n) dopmyna uz T, u ¢ Heus-
GexHocTbio B(n) = A,(n) npu Hekotopom r. PaccMOTpUM BbicKa3biBaHWe

B(r) = A,(r). (2.4)

Ecnu B(r) nokasyemo, 1o A,(r) Bmecre ¢ B(r), B cuny (2.4), — Henoxasyemo.
Mportusopeune. Ecau xe orpuuanue —B(r) nokasyemo, 1o A,(r), Bmecre ¢ B(r),
nokasyemo. CHoBa ripotusopeyve. OcTaeTcsi MpeanosoXuTb JMG0 MPOTHBOPEYUBOCTD
aKCHOMaTHKH, U060 HepokasyeMocTs ~B(r) u B(r). »

HekoTopblit AMCKOMMOPT B CBSI3U C paCCMOTPEHHUEM YTBEPXAEHHU
tMna B(n) ectecTseH, HO Heo6ocHOBaH. LLIMpOKO pacrpocTpaHeHHble
OLIyLleHHUsl, YTO CAMOCChLIKM, caMmopedepupoBaHMe M MpOYUE YIOBKHU
caMooOpallieHUs1 MOTyT BBIBOAWTh 3a Mpedesibl paccMaTpyBaeMOW 00-
JIaCTU — MPOMUCTEKAIOT KaK pa3 M3 OnbiTa 3HAKOMCTBA C HaWBHBIMH
napagokcamMu. B Teopuu anroputMoB Bce MepeyMCIMMbie MHOXECTBA
ynopsinoyusawoorcs, Si, S,, ..., 3aTeM 00pa3yeTcsi JUarOHaJIbHOE MHO-
xectBo D = {n:n € S}, — u Bce 310 06ecneynBaeTCsl KOHeHHLIM Me-
XAHU3MOM, KOTOPbI HUKYyNa «He BbIBOAUT», D = S, NMpH HEKOTOPOM 7.

Mapapokc 3aknouenHoro. [lpurosop rnacua: «KasHurb B TeueHMe Heaenu. [JeHb
Ka3HM AOMXEH OblTb HEOXWAAHHBIM A/t NPUIOBOPEHHOro». 3aKNIOUEHHbIM paccyawn
Tak. B nocnenHuit neHb HeaeAM Ka3HUTb HE MOryT — He GyaeT HeoxuaaHHo. Ho toraa
MpeAnocAeAHU! N€Hb CTAHOBUTCS MOCAEAHUM U3 BO3ZMOXHBIX, U €r0 Hal0 UCKIIOYUTL
no Toi xe npuuuHe. M Tak BrioTh 00 MOHeae bHKKA, [T03TOMY — He Ka3HAT. YMeHue
paccyxaaTb YCOKOMIO GeaHsiry.

B cpeny HeoxcudanHo MpULLIU — U Ka3HWIU.
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YHuBepcanbHbie ¢pyHxymmn n Hymepaymn

3.1. YumBepcanbHbie GyHKLMM

B maBe | yxe wa peyb 06 yHMBepcaibHOWM MalliMHe TblOpUHTa.
C TeM Xe yCrexoM MOXHO FOBOpHUTb OO0 YHMBEPCAJIbHON BLIYMCIIM-
MO# (PYHKIIMHM, a TaKXKe 00 yHUBEpCaTbHOM MEPEYUCTUMOM MHOXECTBE.
3a KagpoM 34eCh CTOUT BO3MOXHOCTb 3G (HEKTUBHOW HyMEpalMWW Bbi-
YUCAUMBbIX QYHKLIMH,

fi@), ..., fal@), ..., (3.1)

KOTOpasi M03BOJISIET CYUTATh IBYMECTHYIO (DYHKLIMIO

U(n,z) = fo(z)

YHUBEPCANbHOU.

B 0ObIYHOM aHanu3e omnepailusi MOLHSTHUS MHIOEKCA B apryMeHT
He TpeOyeT 0OOCHOBaHUS, SABASSICh BoripocoM opdorpaduun. B naHHOM
ciayyae cutyauus uHas. [logHsTMe MHAEKCa O3HAyaeT, uTo (GYHKLMS
U(n, x) ebiuucauma B paMKax TOM Xe caMoii uaeonoruu. JIpyrumu cio-
BamMM, yTO0 HyMepaumsi (3.1) ocyluecTBUMa mporpamMmoir Ha ¢opTpaHe
(pexypcuBHO# byHKLMEN, MalIMHON TbIOpUHIa), T. €. TEMM X€ Cpel-
CTBaMHM, KOTOpbIe BBIYUCISIOT caMi GyHKLIMHK fn(Z).

Hanee nodpasymeeaemcs Hymepayus npoepamm GblMUCACHUS — NO UX
Oaune, BBITIOJHUMAsI, OYEBUAHO, JIIOOBIMU CPEACTBAMHU M3 MEepeYUCIeH-
HbIX. OT OlYyLEeHUS] TPUBUAIBHOCTH MOXHO M30aBUTbCS, paCCMOTPEB
duoghanmogsl MHOMNCECmMEa KaK MHOXECTBa MOJIOXHUTENbHBIX 3HaYeHM I
MoIMHOMOB. TToMHOMBI ¢ 1ieabiMU KO3 dhHULIMEHTAMM JIETKO YIOpSIO-
yusaiorcsi, Py(z), Py(),. .., HO MHIEKC «HeKyAa» MOAHMMATh. PyHKLUMS

Q(n, z) = Pa(2)

— He IOJUHOM, U TpeOyeTcsl 4OBOJIbHO XUTpasi 3KBUJIMOPUCTHUKA, YTOObI
CUTYALIHIO «BEPHYTH B PYyCJIO».
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Cnoco60B HyMepaLuu nporpaMM — OeCKOHeYHO MHoro. [TosTomy
yHUBEpPCATbHbIX GYHKUMI TOXe OECKOHEYHO MHOTO.

3.1.1. Onpepenenne. Hymepauus u ¢yukyus U(n,x) Hnasviearomes
2€0ene6CKuUMU, ecau cyuwecmayem 6clody onpedeseHHas GbiMUCAUMAS PYHK-
yus s(n) maxas, umo das awboit deymecmuou gynkyuu f(n, T) cnpased-
AUBO

f(n’ (L‘) = U(S(n)’ ID)

<« B paccmarpuBaemoit o6nacTu noHUMaTh OnpeneneHus coxHee (40 Npuoo-
peTeHHsi HaBbIKOB), YEM NOKA3aTe/bCTBA TEOPEM.

[pu ¢ukcupoBaHHoM n ¢yHKuMs f(n, L) — ecTb HEKOTOpas OAHOMECTHAsl
dyskuust fi.(z) B nepeuncierunu (3.1). CoorercTBue kK HOMEPY I — W €CTb QyHKLUS
k = s(n), xotopasi B 0OLUEM Cllyyae «HEU3BECTHO Kakasi». B réneneBckoM BapuaHTe
s(m) obGsi3aHa GbITb BLIYUCIUMOIL U BCIOAY OMpeAeNeHHON. b

(') Ipedocmepexcerue. lonyctum,

f(n,z) =U(q(n), z), (32)

rae dyHkuus g(n) BelUMCIMMa, HO He Be3ae onpeneneHa. [1o nepBomy
BrieyaTeHmio u3

U(q(n), z) = U(s(n), z)

BBITEKAET, YTO S(n) SIBASETCS BCIOAY OfpelesieHHbIM MPOAOIIXKEHUEM
byHkumuu ¢(n), yero B O6LLIEM Cllyyae HE MOXET ObiTh (Teopema 3.1.3).

Brieyatnienne owmGoyHo. [laxe eciu g¢(n) sciony omnpeaeseHa,
dbyHkums s(n) He obGsizaHa coBnagatb C ¢(n), — CM. KOHCTPYKLMIO
060CHOBaHMsl CJIefyIOLLEr0 YTBEPXKACHHUSI.

2)

3.1.2. Vnopadouenue npoepamm evivucienus no ux oaune ” daem 2édenes-

CKYI0 HyMepayu.

<« @Pukcauuss n B f(n, ) naeT nporpamMMmy BbIYMCJIEHUI KOHEYHON MIMHBI,
xotopast B cniucke (3.1) MoxeT 6biTb 3 dekTMBHO HaiaeHa. [Tostomy dyHKumMs s(n)
BbIYMCIMMA M BCIOAY OrpenesieHa. b

YHuBepcasibHast GYHKLMUS — eCTb 3KBUBa/IEHT 3¢ (HEeKTUBHOIO yro-
psanodyenus nporpamMm (3.1), ¥ MOXHO ObIO Gbl «HEe M300pETaTh Be-

" Ecnn snauenue ¢(n) e onpeneneHo, T0 $(n) — HOMEp HUILE HEONpeeNeHHOH BYHKUNH.

) C TOMHOCTbIO O HENPUHUMMHANBHbIX OFOBOPOK MOAXOAALLAS HyMepauusi N0 JIMHE Npo-
rpamMM — ecTb Hymepauus Kaunu.
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nocunien». Ho U(n, &) okasbiBaeTcsi yiOGHOM KaTteropuei MbilieHUs,
CHUMaIOLLEH HaNpsDKeHUe PALA TONOBOIOMOK ).

[epsoiii apryment B U(n, T) ABISETCSE HOMEPOM NPOTPAMMBI B Tie-
peunciernu (3.1), ¥ B 3TOM CMBbICIe . — eCTb caMma rnporpamma (oa-
HO3HAYHO BOCCTaHaB/IMBaeMasi Mo HOMepy). [103TOMy yHMBepCallbHYO
dyHkumio U(n, £) MOXHO TPaKTOBaThb KaK MeXaHM3M, MO3BOJISIOLIMA
OTBJIEYLCS OT MPOLIECCA BHIYMCIEHUI M CKOHLEHTPUPOBATLCS Ha Map-

KMPOBKE.

M3 cka3aHHOro Bblllie CAedyeT, HAlpUMeEp, CYIIECTBOBaHUE BCIO-
Ly omnpeaeeHHON BbIYMCIMMON byHKumm €(m, n), yaoBAeTBOpsIOLLEH
TOXIECTBY

Ulm,U(n, z)] = U[¢(m, n), z].
DTO O03HAYaeT, YTO MO HOMEpPAM JIBYX DYHKILIHIA
9x)=U(n,z) n f(z)=U(m,z)

cpasy onpegesnsiercsi Homep ¢ = £(m, n) komnosuuuu f(g(z)), MUHYys
XJIOMOThI MPOHUKHOBEHHUSI B CYTh feJia.

Mpo6nema camonpuMeHMMOcCTuU. JuaeonanrsHas QyHKyus
u(n) =U(n,n)

3a6edoMo He onpeodeneHa npu écex M U NPUHWUNUANBHO Hedoonpedensema,
UHa4e BbIMUCAUMAS QYHKYUSA

gm) = un) +1, me. g(n) = fu(n) + 1,

He éxoduna Obt 6 nepevucaerue (3.1). pyrumMu C10BaMH, CyLLECTBYET 7,
Npu KOTOpOM 3HayeHue fp(m) He OMpeneneHo, T.e. Mm-si MporpamMma

4
He NpUMEHMUMA caMa K cebe ).

Mpo6nema octaHoBa. [Ipyroit moBOpPOT CUTYaLUM 3aKJTIOUYAETCS B TOM,
4yTO (PYyHKLMUS

3 C nomotusio U(n, ) yMeHblLiaeTcst HeoOxoaMMast «TyOHHA pacyeTa» MHOTHX PACCYXIEHHIA.

4
)CaMOI'IpHMCHMMOCTb, KaK M caMOBIOGNIEHHOCTD, WITyKa He OYeHb ecTecTBeHHas. Ho pac-
nonaratb yHkumein fp(z), HeonpeaeneHHoM npu T = n, HHOrAA yRO6HO.
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He MOXET ObiTb BE3[e MOOMpe/esieHa, MHaye ee aoonpeneneHue g* (n)
He OyneT BXOAUTH B MepeynuciieHue 3) (3.1).

PasymeeTcst, 061acTh onpenesieHUsi HEKOTOPbIX BBIYUCIUMBIX PYHK-
LM MOXET OBITb pacuivMpeHa, uHoraa — BMIOTh 10 N. Ho mpumep
dyHkuMKM g(n) Mokas3biBaeT CrpaBeMIMBOCTb CJIEAYIOLIErO NPUHLUIMN-
anpHOro (akra.

3.1.3. Teopema. Cpedu sbivucaumslx — cyujecmaeyom QyHKyuu, ooaacms
onpedenenuss Komopsix He moxcem Obims pacuiupena 0o N.

OQHO M3 BO3MOXHBIX ClleICTBUM 6 _ Hepaspewumocms npodaemsl
ocmanoea. Eciv Obl CylIeCTBOBAI aJITOPUTM, JAlOLIMI OTBET Ha BOIMpPOC,
onpesaeneHo iu 3Hayenue f(n) ais a0bbix f € F un € N, 10 f(n)
BCeraa MOXHO ObUIO Obl BCIOLY NOOMPENEAUTD.

To xe caMoe MOXHO cka3atb o dyHkuuu v(n) = Uln, h(n)], rae
h(n) BelunciMMa ¥ Bcioay onpenenieHa, uHade v(n) + 1 He Gynet Bxo-
outh B mepeuncienue (3.1). CienoBaTenbHO, He CyLIECTBYET BCIOLY
onpeneneHHON dhyHkunu h(n), KoTopas Obl ObGecrieynBaia BbIYMCIU-
moctb fp[h(n)] mpn no6om n. C Opyroit CTOPOHBI, €CiM 3HAYEHME
fn(x) onpeneneHo xoTsi Gbl PU OAHOM &, TO 3TO T = h(n) MOXeT GbITh
3¢ dheKTUBHO BBIYUCIIEHO — CM. KOMMEHTapuii K onpeaeieHuio 1.6.1.
Torna noacranoska T = h(n) B fp(T) nNpuBOmMT K MpPOTMBOPEYHIO.
Orcioa BHITEKAET CJENYIOILMI PE3YIIbTAT.

3.1.4. Teopema. Cpedu biuucaumblx — 0033amenbHo cyuecmeyem Hueoe
He onpeodeneHHas QYHKyus.

DakT MOXET MOKA3aThCsi TPUBUATILHBIM, €CJIM AYMaTh, YTO MPUYMHA 3aKJTIOYAETCS
B CYLIECTBOBaHUHU MMJ1I0XO HAMMCAHHBIX HEpaboTatoumx nporpamm. Ho, Kak yxe ormeya-
J1OCh, «MyCOp NMPOrpaMMUPOBAHUSI» MOXET ObITH otcesin ). Tem He MeHee Teopema 3.1.4
rapaHTHpYET, YTO Cpeay BCEBO3MOXHbIX MPOrpaMM, MpoLUeLIuX FPAMMaTHYECKHE Te-

3 Byner omnyatbest ot fp(T) B TOYKe £ = N — M3-3a NPUGABICHHUS EAUHULLBI, €CITH 3HAYEHHE
fn(n) onpeneneHo, nu60 M3-3a ONpeaeNeHHOCTH 3HayeHus g¢'(m) B ciyyae HeONpeNeNeHHOCTH
fa(n) =2.

6 Jlpyroe cieacTBUE — Hepa3peluMmMocTb 06nacTu onpeneneHHs hyHKUMH u(n). B npotusHOM
ciyyae u(n) Morna 6bl GbiTh OOOTpeneneHa. B pesynbraTe MOJiydaeTcst €lle OXMH TPUMED
MEPEYUCIIUMOro, HO Hepa3peliMiMoro MHoXectBa. KOHCTpYKUMS HA JAHHOM 3Tamne BbIMISAWUT
HaMHOrO MPOLLIE, YEM JOKA3ATEIBCTBO TeopeMbr 1.6.4.

" A s mawmn ThlopHHTa ¥ PEKYPCUBHBIX (DYyHKLMHA Npo6aeMbl TAKOTO OTCEBA JAXE HE BO3-
HHUKAET.
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CThI, BCEr1a €CTh TPOrpaMMa, 3aLIMKIIMBAIOLWAsicsl Ha 1060M Bxoae. Hanpumep, uuiywas
nepeGOpOM KOpEHb HepaspeltuMoro ypaBHeHust P(z) = 0.

e MHOXeCTBO HOMEPOB T, NPU KOTOPbIX réaeneBcKasi yHUBepcabHasi GyHKLMS
U(n, z) Hurae He onpeaeneHa, — Hepadpewnmo. (?)

o MHOXeCTBO réieJIeBCKMX HOMEPOB 7t JI06OM BBIYUCAUMOM (PyHKLIMU — Hepaspe-
wumo. (?) (CMm. meopemy Paiica.)

3.2. YHuBepcanbHbie MHOXECTBA

[ycte Sy, S5, ... — 2¢bdekTUBHOE NepeynciieHue BCex MepeuncInMBbIX
MHOXECTB, CyLLECTBOBAHME KOTOPOIO BBLITEKAET M3 HAJMYMS Tepeymc-
nenus (3.1) BoruMCIMMBIX BYHKILMIA, 0671aCTH 3HAYeHMI KOTOPBIX (1160
00/1acTH onpeneneHus) U eCTb MHOXeCTBa S, Sy, ... .

Ha npyroM si3bike 3T0 03Ha4aeT CyLEeCTBOBAHHME nepeuLCAuMO20 MHO-
awcecmea nap S = {n,x € Sy}, naouiero S, B ceueHNH, Npu HUKCUPO-
BaHHOM 7. 3anuch S = {n, T € S,}, KOHEYHO, paBHOCHJIbHA UTPE C OT-
KPBITBHIMM KapTamUy. B Gosnee 061iieM BapuaHTe OMpeaesieHUE BbIMISIOUT
tak. [Tepeuncnumoe MHOXecTBO nap S C N x N HasbiBaetcs eédesegckum
YHUBEPCANbHBIM MHONCECMBOM, €CITN 1Sl 11000T0 NMEPEYNCIUMOro MHOXE -
crBa Q C NxN MOXHO yka3aTh TaKyo BBIUMCIMMYIO GyHKUHIO E(n), 4TO

(n,z) €Q & (t(n),z)€S.

3.2.1. Teopema. O6aacms onpedesenus yhusepcanvhoii pyrkyuu U (n, ),
a maxxce mnoxcecmeo nap {n,U(n,x)}, — seasomes eédeneéckumu
YHUBEPCANbHLIMU MHONCECMBAMU.

Jloka3aTenbCTBO, KOHEYHO, He TpebyeTcsi. Bee cBoauTest K NpocTOMy conocTasie-
HMIO ONpeaeneHun.

3.3. N3omopdpu3m répenesckmx Hymepaumm

U3 onpenenenuns 3.1.1 HeTpyaHO BbIBECTH OOOCHOBaHMUE CJeLyIOLUErO
dakra.

3.3.1. Teopema. Ecau U\(n,z) u Uy(n,T) — Ose 2édeseéckue yrugep-
canbuble GyHKUUU, Mo cyuwecmeyem obpamumasn 6ciody onpedeieHHasn bi-
yucauman pynkyus s(n) maxas, umo

U\(n,z) = Uy(s(n),z), Ux(n,z)= Ul(s"(n), z).
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Takum o0Opa3om, réaeneBckue yHUBepcaibHble QYHKLUMU U30MOPPHbI NPYT APYTY.
[TonpocTy roBops, nepexoa K Apyrod yHUBepcaJbHONW PYHKLMU CBOAUTCH K BbIYMCIAHU~
MO# MepecTaHOBKE HOMEPOB.

To xe camoe MOXHO cKa3aTb 00 W30MOpdU3MEe TEAENEBCKMX YHMBEPCAJbHBIX
MHOXecTB. [lepexoa OT OAHO¥ réaeneBcKoi HyMepaLUy NMEpeunucIuMbIX MHOXECTB —
K ApYroii Bcerna ONpenc/sieTcsi BbIYUCIUMOR MepecTaHOBKOH HOMEPOB (CO B3aMMHO
OQHO3HAYHBIM COOTBETCTBHEM).

[To nosony n3oMopdn3Ma XOTeIoCh OBl 3aMETUTH Clienyloluee. [1pu
yIIOMUHAaHUM MHOTHX TMOHATUI MPUHSATO IMOJararbCsi Ha KOHTEKCT, YTO
MO3BOJISIET UTHOPUPOBaTh MoApoOHOCTU. C M30MOPHU3MOM CUTYyaLIUs
HeCKOIbKO XyXe. C/10BO KaXIbli pa3 HaCTOMYMBO OOBIACHSETCS — YTO
otiekaer. [ToaTomy B nio6o# 061acTU Nofe3HO BhipabaThiBaTh 4ymbe
KonmeKkcma, TO3BOJISIIONee MHOTOE€ YUTaTh MO auaroHanu. M3omop-
¢busm — 31O BCerga B3aMMHO OJHO3HAYHOE COOTBETCTBUe (B NAHHOM
Cllyyae — HOMEPOB), COXpaHsioLiee OMpe/e/ieHHble CBOUCTBA (B 1aHHOM
KOHTEKCTE — YHMBEPCAIM3M MEPEYNCTIEHM ).

3.4. Teopema 0 HEeNnOABMXHOWN TOUKE

Crnenyonmit pe3ynsrat yno0eH Mpu pacCMOTPEHMM MHOTHX BOTIPOCOB
0 HEpa3pelMMOCTH.

3.4.1. Teopema Knuuu. Kaxoea 6ot Hu 6Obira ébivucaumas 6ciody onpe-
denennasn gynkyus q(n), Haiidemes n, npu KOmMopom

U(n,z) =U(g(n), z)
moxcoecmeenHo no T, 20e U(n,T) — 2é0eneeckas yHuepcanbHas YyHKyus.

Ecnun BBeCTH 3Hak 2édenesckoli skgueareHmuocmu, u ~ v, O3Haya-
jolileil, YTO ¥ ¥ ¥ HOMEpa ONHOI U TOM Xe (DYHKIMU B NEPEeUUCTICHHUN
(3.1), fu(@) = fu(z), — T0 n ~ g(n) npn HexoTropoM m. pyrumu
CIIOBaMM, HUKakasi oOllepeKypcuBHasi GyHKUUS 8 g(n) He mossossiet
rapaHTUPOBaHHO TiepeiTH OT fr(Z) K dpyeoii dyHKUMN fom)(T) (W3-

Gexath coBraneHusi). [IporpaMma-TO MOXET OBbITh Apyras %)

KakoM-TO 7 PyHKILiMs OyaeT Ta Xe camasl.

, HO Tipu

8 HanoMHuM, 410 «0OepeKypCcUBHas» — CHHOHHUM BBIYMCIUMOM BCIONY OMNpENENeHHOM
dyHkumuu, — pasgen 1.10.

9 Hanpumep, B ciysae ¢(n) = n + | Bce nporpammbl IpyTHe.
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i manpHeilnero yaoGHO paspellinTh NepeMEHHBIM B U4 ~ ¥ TIpU-
HUMaTb HeorpeaeieHHble 3HaUYeHMsl, UMesl B BUAy noa ? ~ v TpeboBa-
HUE, YTO ¥ — HOMEep HMUIAE He OmnpeaeeHHONH GYHKIMN.

[Mpexae yeM NepexoauThb K PAacCMOTPEHMIO A0KA3aTe/IbCTBa, B AAHHOM Clydyae
HMMEET CMbIC/I NOMBITAThCS CAMOCTOSITENIBHO OGOCHOBaTh TeopeMy 3.4.1. BeposiTHOCTH
ycrexa, Kak MOKa3blBAET «CTAaTUCTHKA», HEBENMKA, HO Heyaaya 34ech AaeT Oosiblue
NOMb3bl, YeM 3HAKOMCTBO C TOTOBBIM PELIENTOM.

<« Jokazamenscmso. PaccMOTPUM BBIYMCIMMYIO BCIOAY OMpeneneHHylo GyHK-
LHIO
w(n) ~ u(n) = U(n, n),
yTo o3Hadaet f(n,z) = U(u(n), z) = U(w(n), z).
ITycTb, B PEANONOXEHNUH IPOTUBHOTO, ¢(n) He UMeeT HeMOABUXKHOM TOYKH, T. €.
g(n) » n npu mo6om n. Torna

u(n) ~ w(n) ~ g(w(n))

TpH 11060M 7, 4TO BiieyeT 3a coboit u(n) # g(w(n)). Ho ot u(n) Hukaxas BblYUCIHMAs
GbyHKUMSE — B ToM uKcne g(w(n)) — He MOXET OTIMYATHCs BCIoay, B cuily u(n) = fn(n).
[TpoTHBOpeuKe 3aBepLUaeT 10KA3aTeNbCTBO. B

o [Ipu 11060¥ réaenescKoit HyMepaLny HEMOABUXKHBIX TOUEK GECKOHEYHO MHOTO. (?)

e KakoBa Obl H¥ ObUla BhIYMCAMMasi BCloay onpeaencHHas dyHkiusi ¢(n), npu
réneeBcKoi HyMepaLuy MepeuncIMMbIX MHOXECTB S, HaieTcs n, Mpu KOTOPOM
Sn = Sqmy- (?)

3.5. Teopema Paiica

BeckOHeuyHbIH CIMTMCOK alTOPUTMUUYECKH Hepa3pellMMbIX ITpo0jieM yKiia-
NbIBAETCSl B OAHO TpEAIOXEHHE.

3.5.1. Teopema Paiica. Jliwboe HempueuasbHoe c80UCMBO GbIYUCAUMbIX
dyHKUUl ancopummuvecKu Hepaspeuwumo.

CMBICA TeOpeMbl, KaK HEpeaKO ObIBAeT, CTAHOBUTCS SICEH U3 JOKa-
3aTesbCTBa.

<« Ilycts G — Henycroe noamMHoxecTBo IF, He coBnanaiowee ¢ F, u A — MHO-
XECTBO réaeneBcKuX HoMepoB GyHKumii U3 G. Ecnu npeanonoXuTh pa3peliuMocTb 4,
TO BCIOAY OrpeaeieHHass QyHKLMS

a, eciun € A, _
g(n) = _ (A nmononHeHue A),
a, ecmun€ A

raea € A, a € A, — He OyneT UMETb HenodeuxcHoli mo4ku B CMbIC/e TeopeMbl 3.4.1.  »
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TpeboBaHUEe «HETPUBUANBHOCTH CBOMCTBA», (DUCYPHDYIOLLEE B TEOPEME, KAK BUAHO
M3 n0Ka3aTenbCTBa, paBHOCUIbHO G # &, F. lpyrumu cnoBaMu, CBOICTBO HETPUBH-
anbHO, €CIM UMEITCSl HYHKLMH, 00/1anaioliMe 3THM CBOWCTBOM M — He o6JaaaioLiue.

TakuM 06pa3oM, Mo nporpamme fp(Z) HEBO3MOXHO B OOLLEM Cllydae
onpenenunTb, 00AafaaeT WK He 00J1anaeT BbiuucasieMast GyHKLMS TeM WK
WHBIM CBOMCTBOM. AJIFOPUTMUYECKU Hepa3pellMMBIMU OKa3biBalOTCA,
B YaCTHOCTH, NMpOOJIEMBI BBISICHEHMUS:

® 3AUUKAUBAHUA aA20pumma Ha AK6om 6éxode (Hepaspeuumocmo MHO-

y |
aHcecmea Homepoe Huede He onpedeserHoll PyHKUuU) 0);

o KoneuHocmu mHoxcecmea pewenuli f(z) = 0;
® KOHeuHoCcmu uau 6eckoHeuHocmu MHoxcecmea 3nadenuil f(x);
® nepuoduMHOCMU, 02PAHUMEHHOCMU, NOPAOKA pocma,

® codepxcum Au 8 0eCAMUYHOU 3anucCU KOHCMPYKMUBHO onpedeasemoe
wucno (muna ) cKoabKo Y200HO udyusux noopsod Hyaei.

HeBO3MOXHOCTh airOPUTMUYECKU ONpeaesiuTb B OOLUEM Cllyyae,
KOHEYHO MJIN GECKOHEYHO MHOXECTBO 3HaueHUI f(Z), 0ObIYHO MHTEp-
MpeTUPYETCS KaK HEPa3pelluMOCTh npobaembt IghgheKk musHoll KoHeuHocmu
WIN 3¢hpekmueHoil beckoneunocmu riepevynciMMOro MHOXECTBa.

Oco00 CTOMT BbIAENUTb HEPA3pPELUMMOCTb MPOOiEMbI CyLLECTBOBA-
HUSL 3KBUBAJIEHTHOTO MOJMHOMHUAIbHOIO anropmma“). He BnaBasich
B MOAPOGHOCTH, 3aMETUM, YTO HeOOXONMMbie YyTOUHEHUsI B HOPMYu-
POBKY 3M€Ch OCTaTOYHO JIerKo BHOCSTCSl. MHTepecHO, YTO npu U3yye-
HuM N P-nojHbix 3a1a4 3TOT (akT Kak-To ynyckaercs U3 Buay. OTBeT
niercs 1Moo B BapuaHte NP # P, nn6o NP = P. Ho ectb U TpeTbs
BO3MOXHOCTb: MOJTMHOMUAIbHbIN aropuT™ 1uisi IN P -TONHbIX 33434 Cy-
LIECTBYET, HO (DaKT HemoKazyeM.

B nocnenHeM ciyuyae 3amaya okasbiBaeTCsi Oe3HANEXHOW, CTAIKU-
BasgCb C HOBbIM TUINOM HenokadyeMocTu. C MOAMHOMOM TakKoro Obi
He MOIJIO CiyuuThes. «YpaBHeHue P(z) = 0 uMeer pelueHue, HO dakr

2
HenokasyeM», — siBHasi Henenocts 2. TIONMHOMMAILHOCTD Xe Bbi-
yucleHUH no teopeMe 3.5.1 anrOpuTMHUYECKM Hepasdpeliuma, MpuyeM

|
9 MuoxecTso HOMEPOB XOTb I[€-TO OnpefeeHHbIX (DYHKUHI TOoXe Hepa3peLIMMO, Kak J0-
MOJIHEHHE, — HO MEPEYNCIUMO.

") NoaunomuansHoro — no BPEMEHM cuera.
12) Pasymeercs, ecu nepe6op He 3anpeiueH, 4To 06CYXAaTh MAIOUHTEPECHO.
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MOJIMHOMHUAIBHO BHIYMCIMMbie (DYHKLIMU €lile U HErepeynucJIUMbl, YTO
teopeMoii Paiica yxe He ynasnusaetcs. (?) B Takux ycnoBusx cyliecTso-
BaHHWE «[TPUHLMIUAIBHO HEYJIOBUMOTO» MOJMHOMHAIBLHOIO airOpUTMa
st N P-1iofiHbIX 3a0a4y TMITOTETUYECKH BIIOJIHE BO3MOXHO.

He cnenyer nymarb, 4To YrOMSIHYTbIA «HOBBIA TUIl HeoOKa3yeMoO-
CTH» SIBJISIE1CS YEM-TO MPUHLIMIMTUAIBHO HOBbIM. OH HOB 1O CpaBHEHUIO
C TeM, YTO YyXe paccMmarpuBajioch. HemokasyeMocTb, Kak ClieACTBUE
HEPa3pelIMMOCTH, PaHee BOZHMKaIa Npu pa3oueHuu N Ha aBa MOOAMHO-
xectBa X M X, OIHO U3 KOTOPBIX HETNEPEYNCITUMO.

Bor npyras cutyauus Ha $si3blKe MOJMHOMMAIbHbIX YPaBHEHMWM.
Iycts &’ 0003HaYaeT MHOXECTBO Hepa3pelliuMbIX ypaBHEHU MU

P(z) =0; (3.3)

9B — MHOXECTBO ypaBHeHHMiA (3.3), UMeIOLIMX KOHEYHOE YMUCIIO pellie-
HUIt; Y3 — OeckoHeuHoe. Bece mpu mHoxwcecmea P\, I, 95 — He moabKo

Hepaspewiumst, HO U Henepeuucaumot (? 13) (1o BAULA — nepeuncanmo).
Y

3.6. Hymepauuu n réepenusaums

Teopusi airOPUTMOB Pa3BMBAETCS Ha (POHE MEPEYMCIEHMsS MPOrPAMM M 3EMEHTOB
MHOXecTB. HuKakux 0ocoObIX 3HaHMi B O6JACTH KOHCTPYKTMBHOLO CY€Ta MPH 3TOM
He TpeGyeTcsi. TeM HE MeHEe MAHMIYJTMPOBAHME MOCTEMEHHO CMELLAET AKLEHTHI,
M CTAHOBHTCS SICHO, YTO BCSL TEOPUSI MOXET GbITh OTPAXEHA B 3€PKA/Ie XOHIIMPOBAHHS
HOMepaMu. BcioMoratenbHble GOKyChbI TpeBPALLAIOTCs B A3bIK. [TpobreMam HymepaLuu
TOCBSAILAIOTCA LENbIE KHUTH [9].

[Tapbl HATYpaJbHbIX YUCEN MOTYT ObITh BHICTPOEHBI IMHEWHO (IpYT
3a ApYroM) MHOrMMM crniocobamu. OIMH M3 HAIISIIHBIX BapUaHTOB
(1.8) yxe ynomuHaics. Heckonbko MHOI MOPSIOK B KAHMOPOBCKOM
PacronoXeHUH:

(1,1); (1,2) (2, 1); (1,3) (2,2) (3,1); (1,4) ...

DnemeHThl (Z,y) MAYT B MOPSNKE BO3PACTAHMS CYMMBbI YJIEHOB, a TPU
OIIMHAKOBOM CyMMe paHblie uaet napa ¢ Menbiunm . Homep c(z, y)
JIByMECTHOTO 3/eMeHTa (Z,y) B TaKOM MOC/Ie0BaTeIbHOCTH Ha3blBa-

14
€TC KaHMOpo8CKuM ). [ToHsTHO, YTO mapa no Homepy n = ¢(Z,y)

13 310 Tpyanas sanaua.
149 [epeuncienne KaHtopa HasbiBaloT Takxke Hymepayuei Ileano.
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OIHO3HAYHO BoccTaHaBnmsaercs, ¢ = l(n), y = r(n). Popmyasl wist
c(z,y), z =1U(n) n y = r(n) cm. B pasgene 5.10, HO UX KOHKPETHbII
BUI HMKAKOW pDOJIM B NAHHOM cCjyyae He urpaer. BaxeH caM ¢akT
B3aMMHO OJHO3HAYHOTO COOTBETCTBMSI, KOTOPOE MMEET MECTO U TpH
JII000M Npyro airOpUTMUYECKM OCMBICJIEHHOM HyMepaluu mnap.

OTTajIKUBasAiCh OT HyMepaLuMU mnap, JerKO MOJYyYUThb HyMepaLuio
TpOeK,

3
c (z’ y’ z) = c[c(w’ y)’ z]’
Y BOOOLE 7-OK YHCe, MPOAOJIXKAsS MPOLIECC UHAYKTUBHO,

ck—H(

Tiyeon, mk—}-l) = Ck[C(IL'], {L'z), T3, ... ’zk+l]- (34)

pu s1om c™ (81, ---, Sm) Ha3BIBAIOT HyMepylOwei QyHKyued.

Hymepauun Knuamn n Mocra 1iMpoKo UCMHONAB3YIOTCS B TEOPUM PEKYD-
CHUBHBIX (YHKLMH, U O HUX 30EChb CTOUT YMOMSIHYTb XOTs Obl C Npo-
CBETUTENLCKOM TOUKH 3peHust. Hymepayus Kiunu BMECTO KaHmopogcKoii
Hymepytouweii gynkyuu ¢(,y) Gepet 33 OCHOBY bYHKLMIO

[z, y] = e(U(z), c(r(2), 1)),

KOTOpasi, Kak U ¢(z, y), obecrieunBaeT B3aMMHO-OAHO3HAYHYIO HyMe-
pauMio nap.

Pe30H nepexona K HOBOMY TepeynCIeHUIO 3aKI0YaeTcsl B MOCTPO-
eHMu — Ha 6ase [z,y| — yuusepcanvnoii gynxyuu Kiunu K(n, ).
[Mpeumyuiectsa K (n, T) 3akmoyaiorcst B NPOCTbIX popMynax, falOuUx
HOMepa KOMMO3ULMU GYHKUMI, CYMMbl U IPYTHUX KOMOMHALIMK peKyp-
CUBHOTO XapakTepa. Ho 3TH BbIroabl He CTO/b MPUHLUMUMMAIBHBI (XOTS
rae Kak). [JlaBHOe ¢ TOYKM 3PeHHMs] NAHHOTO KOHTEKCTa 3aKJToyaeTcs
B TOM, YTO KJIMHUEBCKasi HyMepaLysl SABJISIETCS 2é0ene6CKol.

Hymepayus ITocma OTHOCUTCS K Tepeyuc/ieHuI0 MHOXECTB. Eciu
S — mnepeuynciIMMOe MHOXECTBO, TO TNOCTOBCKMI HOMep S sBisieTcs
KJINHUEBCKUM HOMEPOM (YHKLIMHK

fn(z) = K(n, ),

MHOXECTBO 3HAa4€HMI KOTOpOM coBmnazaet ¢ S.

Fénenunsaums. Ocobyio ponb urpaet wymepayus no lédenio, Gaszupy-
I0llIasicsl Ha MPUHLMMNUAIBHO MHOM HMaee. Kak M3BECTHO, aioboe N
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15)

pasnarac€tcsi Ha nmpoCTbl€ MHOXMHTEIH Pr:

N =2%.3%.5%  pon

YTO YCTaHaBIMBAET COOTBETCTBUE N-KaM {a,, ..., G} HOMepoB u3 N.

B otnnuune ot Hymepauuii Kantopa u KivMHU MHOXECTBO HOMEPOB
[énenst m-0K YHUCEN UMEET «IBbIPKH», KOTOPblE YACTUYHO 3aMONHSIOTCS
NIPY YBEJIMYEHUH 7. DTOT «HEAOCTATOK» 000paYMBaETCs MpeuMyliecTBa-
MM, KOTHa BO3HUKAeT HEOOXOMMMOCTb HyMepaLMU He TOJIBbKO HabopoB
YUCEN, HO M JIOOBIX TEKCTOB B JilOOOM andaBuTte. [lenaercsi 370, HANPHU-
Mep, TakK.

B andasure

0,1,a,b,¢,...,+,=,(),/,...,3,V,... (3.5)

GbuKcHpyeTCs MOPSIIOK CUMBOJIOB, T10CIIE YeTO MHOXECTBO (3.5) unsek-

16 .
mugto © oToGpaxaercsi B N ¢ noMouibio HeKOTOpoi GyHKuUuU @(-).
Torna Texcty (Bbipaxenuto) T' = {5, ..., S, }, Te S; CUMBONBI anda-
BUTA, NIPUCBAUBAETCSA HOMED

a(T) = 2P(s1)  gp(s2) pﬁ(sn)'

ITp1 HEOOGXOOUMOCTH TOBOPUTH O TMOCJIENOBATENLHOCTAX TEKCTOB D =
={T, ..., Ty} — HanpuMep, O NOKa3aTeJIbCTBAX, — TPIOK NOBTOPSIETCS.
IocaenoBarenbHOCTH D CONOCTaBISIETCS HOMED

A(D) = 22T . 32T pah)

5 .
19 Bonpoc 0 TOM, BXOAMT JiM gBOMKA (M AaxXe €AMHHUA) B CIUCOK MPOCTHIX YMCEJ, B PA3HBIX
KOHTEKCTAX MOXET pellaThCsd pasfivyHo. Y Hac p; = 2.

'6) Dynxumn @(-) na3viBaTCS unvEKMUGHOI, eCiM OOpa3bl P(a), P(b) NpH a # b He COBNATAIOT.
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Aoka3yemocrb

Ymobbt cHamb Hedosepue, He HAD0 Hacmausams.

ITpu noctatoyHOM GOraTcTBE «M300Pa3UTENbHBIX CPEACTB» BO3HMKAET AMCIIPOMOPLIMS
MEXAY TeopeMaMu M a0KasaTenbCcTBamu. TeopeM okasbiBaeTcsi «Oonblue». Jlokasza-
TENbCTB «HE XBaTaeT», YCJIOBHO roBops. [M1aBHbIM BApUAHT TAKOM CUTYalLMW OMUCAH
B pasgene 2.1. BozHukalolass TaM KapTMHA AOCTATOYHO MPO3payHa W TMPeacTaBIsieTCst
ucuepnbiBalouieii. Ho 310 Ha caMom nene Jauviub oaMH Kpai auamasoHa. Ha apyrom
Kpalo 3ajlaya CyXeHa, M Bce A0KasblBaeTcsi. IlocpeanHe Touka GubypKauuu, U Tam
KaJIE#AOCKOM YACTHBIX C/ly4aeB OOHAXAET siBIEHHE C MHBIX CTOPOH. [Tpu 3TOM BaXHbI
netanu. CnuuwikoM obuiasi Touyka 3peHusi 00s3aTesbHO YTO-TO ynyckaeT. KoHkpeTHka
cuibHee punocoduu.

4.1. KoHdnukT c onpegeneHnemM NCTUHbI

Utak, Hemokasyemast yactb apudMeTUKHU B pasnene 2.1 oLeHUBaeTcs
¢ OonblIMM 3anacoM. BeiaensieTcst TO, YTO He OyneT N10Ka3aHO HUKOTAA.
B nedcTBUTENBHOCTH Xe€ HeakKcHoMaTudupyeMas apu(pMeTHKa CTOUT
Ha gKOpe OOLUEeNPUHSATOM CUCTEMbl AKCMOM, W KPYr HENO0Ka3yeMbiX
¢$aKTOB MOJIy4YaeTCss HAMHOTO LIHpeE.

[Mpupona KOHGINKTA NOKA3yeMOCTH C UCTUHHOCTBIO 3aK/IIOYaeTCs
8 KOHCIMPYKMUBHOM OnpedeneHuu meopem u HeKkOHCmpyKmueHoMm onpedene-
Huu ucmunst. Touka 3peHUSI HA UCTUHHOCTD «I1JIaBaeT», B ONpeaeaeHHOM
CTereH! HEKOHTPOJIMPYEMO, B INANa3oHe OT CMbICA06020 (JIOTMYECKOTO)
3aNaHMS [0 CUHMaKCu4ecko2o ") «ACTHHHO TO M TOMBbKO TO, YTO CUHTaK-
CHYECKH N0KA3yeMO».

MCTMHHOE JIOTMYEeCKM — JOMNYCKaeT OGOPOThI «Isl BCEX T» «HE Cy-
LLECTBYET T», @ MOCKOJIbKY BO3MOXHbIX 3HAYeHUM T GECKOHEYHO MHO-
ro — He ICHO, KaK 3TO NMpoBepUTh. JlOoKa3aresabCTBa Xe paccMaTpUBaloT-
Csl KaK LIEMOYKM, COENUHSIOLIMNE «ITPEANOI0OXKEHUSA» C «BbIBOAAMU», —

D Cm. rnasy 5.
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3BEHbSI KOTOPBIX PETYJIUPYIOTCS aKCMOMAaTHKOM. KOH1bI Liernoyek — 3To
noKazyeMble meopemst. Bce onHo3HayHO onpeneneHo. Ho ecau Bo3aMox-
HOCTed si3blka XBaTaeT il (POPMYIMPOBKU pPE3yJbTaToOB, Y KOTOPBIX
«TIOCBUIKU» HE COENUHSIIOTCS C «3aKJIIOYeHUsIMM», — BO3HMKAeT HMIIA
Henokasyembix (hakToB.

Kak HM CTpaHHO, TPagULIMOHHOE MPUCYTCTBUE TMOHSATHUS HMCTUHBI
30€Chb B 3HAYMTENIbHOM Mepe 3aryTbiBaeT CyTb nesa. B «OuHilieHHOM»
BUIE MpobyiemMa BoIMIAAUT mpolie. JoKa3atenbCTBa, KaK «UenOYKu», —
MEPEYUCIIUMBI, a 3HAUMT, NepPeYUCIMMO MHOXeCcTBO 1" TeopeM. Ecim xe
aKCHMOMaTHKa yCTpOeHa TakK, 4TO TMepeyMnciuMoe MHOXecTBO 1" Hepas-
peLIMMO, — BO3HMKaeT HenokalyeMocTb. st 1060 teopeMbl £ € T
NEPEYUCTSIONIMIA aJITOPUTM PaHO MM MO3IOHO JaeT N0Ka3aTelbCTBO,
ams 8 ¢ T — airopurMa Her.

HapucoBaHHasg kapTuHa Mpu BHUMATEJbHOM B3IJisSiie HECKOJBKO
pacrojizaeTcsi, — MO0 3ayeM HYXXHa Hepa3pelmnMOoCTb MHoXecTBa 1'?
HocraTouHo, uytoObl T He coBnagajio ¢ MHOXecTBOM T BceX yTBep-
XneHwit. Torna cyuecTByloT Hefokasyemole s € T, 1 paspelumMoctb T'
HE Cracaer.

Bospaxenue pezoHHoe. [IpobiemaTMka nOKa3yeMOCTH HMMeEET He-
CKOJIbKO PaKkypcCOB, M B TeX ClTy4asix, KOrna HeT 0UxXomomu4eckoeo npoTu-
BOMOCTaBNIEHUSI BCEX YTBEPXKIAEHUN — «i» U «HE {», — HENOKa3yeMOCTb
paBHocuibHA HepaBeHCTBY T # T (cM. npobaema 3keusarenmuocmu
c106). B TakuMx ciydasix Hepa3peliMMOCTb M TPOYasi «ThbIOPUHTOBA K-
BWJIMOPDUCTHKA» OTHOLIEHUS K Aeny He uMeeT. MHoxecTBO T° MOXeT
ObITh Kak paspeliiMo B T, Tak U Hepa3pelnMO, HO 3TO yXe rpobieMa
CJIeylOLIero ypoBHSI.

B pasaene 4.2 paccMaTpuBaloTCs NPUMEpHI ABYX Teopuii. B onHON — 3a OCHOBY
OepyTcsl OObIYHBIE CBOICTBA CIOXEHHUS U YMHOXEHHMs, KOMOMHALIUS KOTOPbIX MTOPOX-
naet MHoxectBO T moxcdecms (teopem). Bee ToxaectBa B coBoKYnHOCTH T paBeHCTB,
3aMMChIBAEMbIX C MOMOLLBIO CJIOXEHMS, YMHOXEHHUSI U pacCTAHOBKU CKOOOK, — OKa-
3bIBAlOTCSI 10KA3YEMBbI.

B npyroit Teopuu (HSI-npo6aema Tapckoeo) K Tpeablaylieil CHCTEME aKCHOM 10-
6aBnsitoTCsl OObIYHBIE CBOMCTBA BO3BEACHHUS B CTEMEHb, KOTOPbIE NMPUCOBOKYILISIIOTCS
TaKXe K paspeweHHbIM cpeacTBaM 3amucu TtoxaectB. MuoxectBa T u T paciuupsi-
I0TCsI, HO TEOPUSI HeOXCUdaHHO OKA3bIBAETCSl HEpas3peLlMMON B pe3y/bTaTe HECOBIAme-
Husi T # T.
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() HUnoro copTa npo6aemMa 10Ka3yeMOCTH BO3HUKAET B M3BECTHOM
3adaue 06 skeusarenmuocmu cnoe (pasnen 4.5). CioBa B HEKOTOPOM
andasute A = {a,b,c...} cunTalorcsa skeusarenmubimu, o ~ 3, eCiu
OHO TMOJNYy4YaeTcsl U3 OPYroro C MOMOLIBIO 3amaHHOM cucmems hoo-
CMAaHo80K , TIO3BOJISIIOLLIMX 3aMEHSTh HEKOTOPbie KYCKHM TEKCTA IPYTHUMHM.
CkaxeM, «...ac...» Ha «,..bbca .. .».

Ecnu Tenepb HECKONBKO CJIOB OOGBABUTH aKCMOMaMH, TO pa3spe-
[IEHHBIMM TOACTAHOBKAMM 24X MOXHO npeBpaTuTh B MHOXecTBO T
npaeuavHeix cno6. B OonblIMHCTBE ciay4yaeB 1' He COBMamaeT ¢ MHO-
xectBoM T Bcex CJIOB, HO 3TO He pellIaeT 3amadyy, MPUCYTCTBYIOLLYIO
3a kaapoM. [1o 6oNbIIOMY CYETY XOTENOCh Obl YMETh ONpenesisiTh Mo Jio-
OOMy CIIOBY, MPUHAIEXUT OHO T WM HET. «YMETb ONpEneisiTb» —
3HAYUT, yMeTb NOKa3biBaTh 0AHO M3 nByX. Ho a ¢ T npuHUMNHAIBHO
HEI0Ka3yeMo C MOMOILbIO HCXOMHOM aKCHOMAaTHKM.

OnHako noyemy 6bl He MPEANIONOXUTh, YTO & & T MOXET GbITh Bbl-
BelIEHO TOM XXe€ CHUCTEMOM MMONCTAaHOBOK U3 CrEeLMaIbHO MOn0OpaHHbIX
«HEMpPaBUJIbHBIX CJIOB», IMOO C MOMOILLUBIO APYrOM CUCTEMBbI [OACTaHO-
BOK, JIM0O elle Kak-HUOynb KOHCTPYKTMBHO. Oka3biBaetcs, HUKaK (!),
YTO YCTaHABJIMBAETCSl yXe TOJIbKO C MPUBJIEYEHUEM AJITOPUTMUUYECKOTO
rnoaxona.

TakuM 00pa3om, npobieMaTHKa IOKa3yeMOCTH MOXET NMOHUMAThb-
¢ MHaye, — KaK B JaHHOM ciydyae. TeopeMaMM €CTECTBEHHO CUMTaTh
YTBEPXIEHUS O BBIBOIMMOCTU HWJIM HEBBIBOOMMOCTU TOTO MJIM HHO-
ro cjioBa , NMPUYEM A KaXIOTO  WMEET MECTO OOHO M3 ABYX:
«BEPHO, HE BEPHO», «BBIBOAMTCS,, HE BBIBOOUTCS», — YTO MOPOXIAET
WCTUHY M JIoXb. [lajee O HOKa3aTelbCTBE TEOPEM MOXHO TOBOPUTh
«PacCLIMPUTENIBHO», NOMYCKash HOBYIO «aKCMOMATUKY IOKa3aTeIbCTB»,
JIM60 BOOOLLIE BLIXOOS HAa OPOUTY «TOOBIX (hOPMAIU3YEMBIX METONOB».
B nocnenHeM ciyyae Hemoka3zyeMOCTb OyneT 03HayaTb HEBO3MOXHOCTh
o6ocHoBanust (a € T wian a ¢ T') KaKUMM YTOIHO CIIOCOOAMM, MCTIONb-
3YIOLIMMHU J110Oble HEMPOTUBOPEUYMBBIE aKCUOMBI M IIpaBWIa BbIBOZA.
HWIMeHHO B TakoM KJIlOue pellieHa npobaemMa 3KeUeaneHMmHOCMU cA08 3,
Ilpu onpeneneHHOM corjalileHUH O TEPMUHOJIOTUM 3TO MOXHO UHTEp-

2 KoTtopble MpUHATO Ha3biBaTh Mpasusamu 6vi600a, HO HMYTO HE MELIAET UX TOXE CYUTATh
aKCMOMaMM, CKaXeM, BTOpPOTO CopTa.

3 CyluecTBYyeT Takasi CHCTEMa TOACTAHOBOK B HEKOTOPOM ajihaBUTE, 4TO NpobiieMa 3KBuBa-
JIEHTHOCTHM CJIOB HEPAa3peIiMMa HUKAKUMHU CPEACTBAMM.
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MPETUPOBATh KaK HEAKCMOMAaTU3UPYEMOCTb COOTBETCTBYIOILEN TEOPUH
nonooHO apudMeTHKe.

Cka3zaHHOe MOTUBHUpPYET MOsiBieHUe B (POKyce BHUMAHHUS Mare-
MaTUYECKOW JIOTUKHK, MOTOMY UYTO TMpeoOpa3’oBaHUE CJOB C MOMOLLBIO
NONCTAHOBOK HAYMHAET BHIMJISIAETb CAMIUKOM Y3KO. CTaHOBMTCS I1O-
HATHO, YTO i1 (DOPMYNMPOBKM TEOpEM HAIO MOmOOpaTh anekBart-
HbIM A3BIK, Kyna Obl BXOOMJIM IJIIOCBI-MMHYCbI, KBAHTOPbI U IPOYUH
WHCTpYMeHTapui. [l noKa3aTtenbCTB — OPYTrOM SI3bIK, KOTOPbIK Obl
He momnyckai HedhdeKTUBHBIX KOHCTPYKLMHA. Torma Obl MOXHO ObLIO
paccuuThIBaTh Ha M3yYEHUE HE UTPYLUEYHBIX TEOPUM, a CKaXeM, BCEW
apudMeTUKH.

Takylo nporpaMMy Matioruka neMCTBUTENbHO PEAU3YET, HO B UTO-
re (nocsie KpaiiHe 3amyTaHHbIX MMOCTPOEHHMM) — TMePeBON CMBICIOBOIA
CTOPOHBI Jena Ha YUCTO CUHTAKCUYECKYIO ocuosy4) CBOAMT 3anavy
K MpobjieMe 3KBUBAJIEHTHOCTU CJIOB. TeM caMbIM BBISICHSIETCS, YTO
MOXHO OBbLIO OOOMTUCH 6€3 BCeX 3TMX XJIOMOT, KOTOphIe Tak 0€300pa3sT
JIOTUYECKUE PACCYXKIECHUS.

4.2, HSI-npoGnema Tapckoro

I/IHOF)la TOBOPAT, YTO 0€e3 aKCMOMBbI UHAOYKLIWUHU HEBO3MOXHO NOKa3biBaTh
YTBEPXACHUS, CIIPABELJIMBbIE LISt JIIOOBIX LIEJIBIX YHCEI. DTO HE COBCEM
taK. HanpuMep, COBOKYMHOCTb akcMoM Ag:

®  KOMMYymMamugHocmb (Nepecman08O4HOCb) CAONCEHUA U YMHONCEHUS

® 11PAGUNO YMHONCEHUA HA eOUHUUY ,

® 11pOU3604 8 PACCMAHOBKe CKOOOK 0Nl CyMMbl U Npou3gederus,

o Qucmpubymuenblil 3aKoH

a(b+c)=ab+ac

NMO3BOJISIET [OKA3bIBaTh JIIOObIE TOXIECTBA, 3alIMChIBAEMbIE C TTOMOLIBIO
CIIOXEHUS, YMHOXEHMST U PaCCTAaHOBKM CKOOOK. [Tonyuyaercst 3aMKHyTas
TEOpUsI, B KOTOPOM BCE UCTUHBI TOKA3yeMbl.

Tapckuii 3apancss BOMPOCOM O «HE3HAYUTEJIbHOM» pPaCLUIUPEHUHU
A3blKa, N00ABUB K A BO3BENEHME B CTEMEHb U IMOCTYJIMUPYS OObIYHbBIE

4 .
)B KOTOPO# 3HaKu +, X, =, V, 3 mpeBpallaloTcsi B HUYErO He 3Hayaiuue OyKBbl.
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CBOMCTBaA:

= et (4.1
(ab)c — acbc’ (ab)c — abc.
Bynyt 11 B 3TOM ciiyuae (Ha 6ase akcomatuku «Ag naroc (4.1)») noka-

3YEMBbI BCE€ TNpaBUJIbHbIC TOXnecTBa?

OTta T1aK HasbiBaeMass HSI-npobaema Tapckoeo 3) Harpaauia 6ecCcoH-
HbIMH HOYAMM HeMaJioe KOJIMYECTBO JIIoneH, BKIItoyast camoro Tapckoro.
[ToHauyany Ka3ajnoch, 4YTO pelieHHUe TOXKHO ObITh MONOXHUTENbHBIM. Ye-
pe3 20 et Hauiock BepHoe B N moacdecmeo Yuaku 6

[(1+7)" + (L7 +n")" " [(1+0))" + (1+n” +n)")" =
=[(1+n)" + (1 +n+n")""[(1+0))" + (L+ 0’ +0%)"]", (4.2)
HEOKa3yeMoe C TMOMOILLbI0 akcHoM «Ag+(4.1)».

< CrpaseanuBocts (4.2) B N ycraHaBauBaetcsi mpocto. OyeBUAHO,
l+n’+n' 1+n
l+n+n?  1+n

=l-n+ nz, n €N,
YTO MpoBEPSIETCS «B I06» AeeHHeM MHorowieHoB. Ipuyem | —n +n’ € N.
B o603HayeHusIX
a=1-n+nk B=14n, = 1+ n+n
paBeHCTBO (4.2) mprobpeTaeT BUA
B +7")" - [(Ba)™ + (y&)" " = (B" +7™)" - [(B)" + (ya)"]",
YTO yXe JIETKO A0KA3bIBAETCS TOJBKO C MOMOLUBIO «Ag+ (4.1)».  »
OGOMTHCH TOJNBKO JIUILb CUCTEMOM «Ag + (4.1)» He ynaercsi n3-3a
HEBO3MOXHOCTH YCTaHOBUTb 6 pamkax «Ag + (4.1)», uto
I-n+n’€N.

Ho 310, KOHEYHO, He apryMeHT Henokasyemocth. O60CHOBaHHMe Nocaen-
He# BOOOIE BHIMMSIAUT NpobieMaTHyHo. Benb MOXHO KOHCTaTUPOBATh,

S HSI — ab6pesuatypa ot High School Identities.

6 Cwm. Takxe: Gurevich R. Equational theory of positive numbers with exponentiation // Proc.
Amer. Math. Soc. 1985. 94. 135-141.
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4TO €lUe HE NMOMyymwIoch. Ho Kak rapaHTMpoBarh, YTO U He MONyYuTCs?
OkazpIBaeTcsi, MOXHO. sl 3TOro CO3maeTcsl urHmepnpemayus, OTINY-
Hasi OT MHOXeCTBA OOBIUHBIX YMCEN, B KOTOPOil akcHOMbl «Ag+(4.1)»
BBIMOJHAIOTCS, @ TOxAecTBO (4.2) owmmnbouHo. Bor cooTBeTcTBYIOMIAs
MOI[eJlb7), cocrosiuiasi u3 14 «0yks» 1,2,3,4,a,b,¢c,d,e, f,9,h,1,7.

TabGnuua cloxeHus

z+y| 123 4abcde fghaiyj
1 234423d3444444
2 34443434444444
3 4 4444444444444
4 | 44444444444444
a | 2344b3b3444444
b 34443434444444
c d344b3b3444444
d | 34443434444444
e 4 4444444494444
f | 44444444g44i44
g 4 4444444444444
h | 444444444i4444
] 4 4444444444444
j 44 444444444444
TaGauua YMHOXKEeHHS
TXYy 234abcde fghiyj
1 1234abcdefghiyj
2 24440Db40b 4444444
3 344434344444414
4 4 4 4444444444414
a a b34cbcbdfia444
b b444b4bddddddan
c cb34cbcbdbd fdddd
d | d4440b4bdadasdsass
e e 4444444444735 44
f f444 f4f 4444444
g | g4444444444444
h h 444444435 44444
i i 4444444444444
j j 4444444444444

" 9310 Monenb Axcexcorna, 3aMMCTBOBaHHast U3 cTaTbu M. B. Boakoea «[1pobjiema KOHEUHOCTH
6asuca Toxgects» (MUD. 1997. Ne 2).
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Ta6sMua Bo3BeJeHHsS B CTeNeHb

2| 123 4abcde fghiyj
l1{f 11101 111111111
2 2 444e€e 444444444
3 3444 f44417F 44444
41 4 4444 4444444414
al accccccceccccecceec
b b 4444444444444
c|l cccccecceccecceccecce
d| d 4444 444K 444404
el e 4444444444444
flf444444a4444444
g| 94444444h44444
h| h 4444444444444
i| i 444e 4444444404
J| 7 4444444444444

B onucaHHbIX 0OCTOSITENILCTBAX, €CTECTBEHHO, BO3HUKAET CO0/1a3H
npucoenututb (4.2) Kk «Ag+(4.1)», 4TOGBI MOAYYUTH MOAHBIA HAOOP
akcuoM. Ho Gapbep pasHooOpa3usi CpeACTB yXe IPeonosieH, U moxcoe-
Ccmea Ha4uUHam pasmHoNcamsca Ovicmpee, vem dokazamenscmea. TouHee
roBopsi, nobasienne K «Ag+(4.1)» 11060if KOHEUHOH COBOKYITHOCTH
TOX/ECTB, BbIpaXaeMbIX Ha sI3blKe «=, +, X, T»B), — HEe Iaer Uc-
yepribiBalollle aKCUMOMAaTHUKH, KOTopasi Obl rapaHTMPOBaHHO TMO3BOJIsIA
JIOKa3bIBaTh TOXIECTBA, 3aITUCAHHbIE HA TOM Xe SI3bIKe 9,

Cutyaliys B LieJIOM BBITJISIIUT CJeaylouiMuM obpasoM. U3 apugme-
muku Ileano U3BAEKAIOTCS TOXIECTBA, 3alTMCAHHbIE HA A3bIKE «=, +, X,
1», U CTaBUTCS 3ajaya BbLIEJUTb KOHEUHbI HAbOp (633140) TOXIECTB,
M3 KOTOpBIX Obl BCe OCTajibHbie CienoBaiv. Takoro 6a3uca B JaHHOM
cllyyae HeET, YTO MOXHO WHTEpIIPETHPOBATb KaK Heakcuomamusupye-
Mocmb apugmemuku 6 cpeze «=, +, X, T».

IIpoGaembl anst pa3mbilLIeHHs

L4 l]oxaayemoc-rb HEKOTOpPBIX cbopmy.n Ha OQHOM $I3bIK€ U HEQOKA3YEMOCTb — Ha Apy-
rOM — €CTECTBEHHAasi OCHOBA 115 HEOAHO3HAYHOIO TOJIKOBAaHUSI UCTUHBI. A BCE 11U

8 3Hak T 0603HayaeT onepaumio BO3BEJEHHsI B CTEMEHbD.

9 Gurevich R. Equational theory of positive numbers with exponentiation is not finitely
axiomatizable // Ann. Pure and Applied Logic. 1990. 49. 1-30.
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TOXAECTBA Ha sA3blKe «=, +, X, T» MOryT ObITb AOKa3aHbI B apugpmemuxe Ileano
(c ucnonb3oBaHMEM MHAYKLMN)?

e BepHbie ToXIECTBA
Vz € N": A(z) = B(z)

HenpoBepsieMbl (HO MOTYT OBITb fOKa3yeMbl), OWMGOYHbIE — MNpOBepsieMbl Me-
peGOpoM, U MOTOMY hepexuciumsl. MHOXECTBO OWMOOYHBIX TOXIECTB B s3bIKe
«=, 4+, X» TaKXe paspewumo. A B «=, +, X, T»?

4.3. Hopmanbhbie anroputmel MapkoBa

BepHeMcsi Ha HEKOTOpOe BpeMsi K INpobieMaM ajroputMusaumu. Ecte-
CTBEHHBIH 1Moaxoa K GopMaiu3aiiiu MOHATUS BEIYMCIUMOCTH ObLJI Mpe-
JIoxeH Mapkoebim.

JT10601# anropuT™M Npu 3arMCcU ONUPAETCs HA HEKUE TpaBUia, CBO-
JIMMBble Ha CMHTaKCHYECKOM YPOBHeE (IO KpaiiHel Mepe, TakK KaXeTcs)
K HEKOTOPO# cucmeme nodcmanosoxk. TouHee TOBOPS, UCXOQHOE CJIOBO
B U30paHHOM andasute — ckaxem, A = {a,b,c}, — war 3a uiarom
npeoGpa3yeTcsi ¢ NMOMOLIbIO pPerIaMeHTUPOBAHHBIX 3aMEH KYCKOB TEK-
CcTa — APYTMMM, HaripuMep,

ac = aa,
cc = bac, (4.3)
cb = bbe,
YTO MOPOXAAET LIENOYKHU Mpeodpa3oBaHUl BUAA
cbc — bbcc — bbbac — bbbaa.

B nopmanbnom aneopumme mpouenypa yrouHsieTCsi CIEAYIOLKAM 00-
pa3zoM. Ha kaxnoMm liuare rnoaCcTaHOBKM IepeGUpaloTcsi B 3aJaHHOM
nopsiike, U MPUMEHSIETCS epBasi BO3MOXHast (CJ10Ba MPOCMaTPUBAIOTCS
cieBa Hanpaso). [Ipy OTCYTCTBMM pa3pellieHHOi MOACTAHOBKU ajro-
PUTM OCTaHABJIMBAETCH.

B andasute A = {1, ¥, a, b} HOpMaNbHBII ANTOPUTM
x11 = axl,
xl = a,

la = alb,
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OCYLLUECTBISIET yMHOXeHMe, nepepabartbiasi 111... 1% 111...1 Bcaoso 111... 1. Cum-
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BOJIbI @, b urpaloT BcromorareabHyio ponb. Heuto Bpoae 3apy6ok.

HetpynHo cooGpa3uth, uTo MaiimHa ThlOpUHIa peaju3yeT, Mo Cy-
TH, HOPMAJILHBIX AJITOPUTM, TTOITAMHO Mpeodpasysi CJI0BO, 3aMMCaHHOe
Ha JIeHTe, C MOMOILLbIO criucka komaHn (1.9), KOTOpbiil TPUBHATEHBIMU
YXMLIPEHUSIMU MPUBOAMUTCS K CTaHAApTHOW opMe MONCTaHOBOK BMAA
(4.3) 1), [ToaToMy cpa3sy sICHO, YTO ThIOPMHTOBCKHUE «HEPA3PELIUMOCTH»
MEPEHOCSTCSI HA HOPMAJIbHBIE aITOPUTMbI (CAaMOMPUMEHUMOCTD, MPO-
GJ1eMa OCTaHOBaA).

Takum o00pa3zoM, MaivMHa ThlOpMHIa SIBHO MPEACTaBISIET COOOIA
YaCTHBIM CJIyyail HOPMAJIBHOIO aliroput™Ma. B 1o Xe BpeMs HopmaabHble
anzopummesl pearusyromes Ha nodxooausux mawunax Toropunea (yumo yema-
HABAUBAEMCA HECKONbKO CAOXMCHEe), U OmHI00b He PACULUpAIom OUAnAa3oH
gblMuUCAUMOCMU, 0A68AA MOM Hce pe3yAbmam.

OnpeneneHHbIH HHTEPEC MOXET MPEACTABSATbL PACCMOTPEHHE MPEXHUX BONPOCOB
B TEPMHMHAX HOPMaJlbHbIX anropuT™MoB. BoT mnpocTteiiias untocTpauusi. Pacluupsis
ucxoaHblil andasur A = {a;,...,a,} ABYMS 3HAKaMM a,4; U Gpin, OTBEYAIOLLMMHU
«3aNATOM» U CTPEJIKE «=>», MOJYYaEM BO3MOXHOCTb 3aITUCHIBATb CUCMEMY NOOCMAHOBOK
1100010 ajiropuT™Ma CioBoM B ajdaBuTe

A= {al, ,a,,+2}.

B pesynbraTe NOSIBASETCS BO3MOXHOCTb IIPUMEHHMTD JITOPUTM K COOCTBEHHOM 3armucyu
U MOCTaBUTb BOMPOC O CAMONPUMEHUMOCTH aITOPUTMOB.

JlonycTuM, HOpMasbHbIi anroput™ U nepepabaTbiBaeT 3amuch J11060ro camMonpu-
MEHHUMOTO airOPpUTMa B CJI0BO «Yes», a M060ro HeCaMONPUMEHUMOTO — B CJIOBO «NO».
Jononxsis anroput™ U 3aumkiavBalouieid MoaCTaHOBKOH

Yes = Yes,

nojay4yaeMm aJroputMm U, KOTOpPBIif HE OCTAHABJIMBAETCS Ha CAMONPUMEHUMBIX alTOPUT-
Max U OCTaHaBJIMBACTCSd Ha — HECAMONMPUMECHUMBIX. [ToHsITHO, YTO HAa COBCTBEHHOM

10)
) Hano b NIOTOBOPHUTBCS, KaK MOGABIATh TEKyllee COCTOSTHME MALIMHBI ¢ K CJOBY Ha
neHTe. Hanpumep, BnuceiBaTh B 0603peBaeMyio siU€iiKy C/eBa OT CMMBOJA.
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3anucu anroput™ U «ioMaeT 3y6bi». [1poTHBOpeYre CBUAETENLCTBYET O HEpa3pelly-
MOCTH MPOGAEMbI CAMONIPUMEHUMOCTH HOPMAJIbHBIX aJITOPUTMOB.

4.4. Cnctemnl NMocTa

Cucremsl [1ocTa MAEONOTHYECKU GIM3KM K HOPMAJIbHBIM aJITOPUTMaM
MapkoBa, HO 3TO BCeE Xe MHOM [0 AyXYy MHCTPYMEHT.

B LieHTpe BHUMaHMsI [0-NPeXHEMY OACTAaHOBKHM THMa (4.3), HO Te-
nepb MOMMMO CHUMBOJIOB coOCTBeHHOro aidasuta A = {a,b,...}
B 3alUCH MOACTAHOBOK MOTYT (urypupoBath repeMeHHbie (0603Ha-
yaeMble GOJIBLIMMU GYyKBaMM), BMECTO KOTOPBIX MOXHO MOACTABJISTh
CJI0Ba, 3anMcaHHble B A. Takue MoaCcTaHOBKY Ha3biBAlOTCSA nPoOYKUuaAMU
Hocma. Hanpumep, «S = Saa» 0603HayaeT BO3MOXHOCTb IPUITACATD
aa CIipaBa K JII0O0MY CJIOBY.

IIpumepnt

1
1) g andasute A = {a, b, ¢} oxsatbiBaOTCS NPOdyKUUAMU:

S=>aSa, S=>bSbh, S=cSc

o [Tarundpomot

HO 181 «3a3eMJIEHUSI» HAJO €LIE MOCTYAUPOBATb AKCUOMbL:
a, b, ¢, aa, bb, cc,

yTOOBI 33a4a «cTana Ha QyHIaMEeHT».
Bot uudpoBoit npumep:

LTIT11I111 x 111111111 = 12345678987654321.

o [Ipasunvroie ckobounvie sopaxcenus B andasute A = { (,) } ¢ akcruomoint ()
OMUCHIBAIOTCA TIPOAYKLIMEN:
XY = X()Y. (4.4)

3pech BOSHMKAET OObIYHAsSK AJIS1 aKCMOMATHYECKUX CUCTeM npobiema. OrpaHuyYuBasICh
MHUHMMYMOM TpaBuJI, Jierye A0Ka3biBaTh OOLIME TeOpeMbl. A paclUMpsisi UHCTPYMEHTa-
pHH, Jierye peliaTb KOHKPETHbIE 3aa4H.

B03MOXHOCTb OTPaHUYMTHCS EAMHCTBEHHON NMPOAYKLUEH (4.4) MO3UTHBHA B Nep-
BOM CMbIC/Ie, HO Cpa3y He SICHO, UCYEpMbIBaeT U (4.4) Bce MpaBU/IbHBIE CKOBGOUHbBIE
BbIPaXEHHSsI, KOTOPbIE MOTYT CTPOUTBCS TAKXKE MO OYEBUAHBIM peLieNTaM

S=(5), X=XV

OTBET: «MCYEPNBIBAET», — HO 3TO 3amaya, XOTs ¥ He TPyaHas.

i CnoBa, ydTaeMble ONMHAKOBO B 060omux HanpasneHusix. Hanpumep, aba, bbcacbb.
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L4 l'lponyl(uuu MO3BOJIAIOT 3arucChiBaTh TAKXKE rpaBuja BbIBOAA THUTA

(X+Y)Z = XZ +YZ, (4.5)
KOTOpbIE B PAMKAX MHOTO MOIXOA MOTYT HMEHOBATBCS aKcHOMamu ',
IMpu HeobxomumocTy otpasuts (X + Y)Z = XZ + YZ nponykuuio (4.5) MoxHO
JOMOIHUTL MPOTHBOIONIOXHON

XZ +YZ = (X +Y)Z.

4.4.1. Onpepenenune. Kanounuueckas cucmema llocma ecmbv cucmema
U3 mpex cocmaeasrouiux.

o cobcmeennbtii angpasum A naioc angasum nepemennoix X,
e nabop akcuom (cr06 6 anagume A),
® COB0KYNHOCMb NPOOYKUUI.

4.4.2. Onpepenenune. [lociedosamenbHocms €106 6 KAHOHUYECKOU CU-
cmeme ecmb JOKA3ameabcmeo, ecau Kaxcooe caogo 3moil Nocae0o8amenb-
Hocmu ecmb AUGO AKCUOMA, AUOO 8bl6OOUMO U3 NPEObIOYIUX CA068 NpuMe-
Henuem 00HOU u3 npodykyuii. [locrednee caroeo a06020 dokaszamenscmea
Hazvleaemcsa meopemoil.

M3 nanpHe#uero 6yneT BUTHO, YTO TAKOE ONpeAeIEeHME N0KA3aTe/b-
CTBa OTBEYaeT MOHMMAaHHUIO NOKA3aTeNbCTBA B MaTeMaTUUECKOM JIOTMKE
MpPH CMMBOJIMYECKOM 3aMUCHU CONEPXKATENbHBIX TEOPUIA.

MawmuHa Tbhiopuira — 310 cucrema lNocra. Takoe COOTBETCTBUE cna-
caeT OT MHOIMX JIMLIHUX paccyxaeHuil. Peub unet o cienyouiem. Eciu
Habop MpOmYKUMii cHenarb, OTTAIKMBAasCh OT cnucka Komawn (1.9)
MalivHbl ThlOpHHTa, 2 B KayeCTBe aKCUOMBI B3SiITb HaUAJIbHOE CIOBO,
3arucaHHOe Ha JieHTe, — paboTa MauuHbl ThiopuHra OyneTr coBma-
IIaTh C MOCIeA0BATEIbHBIM MPUMEHEHUEM cUcTeMbl nponykiiuii [locra.
U noTOMy — TBIODUHTOBBI «HEMPUSATHOCTU» OYAYT MPUCYLLIU CUCTEMAM
[Nocta npy nogxonsiie MHTEPIPETALIMH.

CkaszaHHoe, BooOule roBopsi, TpeOyeT pacluM@pOBKH, NOTOMY YTO MPOAYKLIMU
u3 xomaHg (1.9) caenats He Tak npocto. CHavana Hajo AOrOBOPUTLCS 00 andasute A
cuctemsl [Tocta. B A BK/II0OYAIOTCS THIOPUHIOBBI CUMBOMBI {@;}, KOTOpbiE MULLYTCS
Ha JIEHTE, MIIC CUMBOJH ¢j, 0603HayalolMe BHYTPEHHHE COCTOSIHUSA. 3aTeM IIpu-
MEM COTAIUEHHE, YTO COCTOSIHHE MAlUMHB ¢; BKIMHUBAETCS B CJOBO Ha JIEHTE C/IEBA

12 "
) AkcHOMbI B pamkax cucteM [locta onuparoTcest ToNbKO Ha cOOCTBEHHBbIH andaBuT A.
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13
oT 0603peBaeMOro CUMBOJIA ). Torma ciucouHasi KoMaHaa g;ia; = qwa;R (npu mBuxe-
HHHU TOJIOBKH BIIPaBO) NeEPEeRebIBAETCS B MPORYKLIHUIO

Xq,'an = Xa,qY.

IpH ABMXEHHU TONOBKM BAEBO, ¢;a; — qra;L, Bo3HuKaeT HeynobHas cuTyauus,
KOTOPYIO MOXHO 6b1710 Obl pa3peliuTh Tak

XSq,—an = quSalY, (46)

ecnu Obl MepeMeHHass S MpeAronarana BO3MOXHYIO MOACTAHOBKY Ha €€ MECTO TOJNIBKO
onHoit 6ykeel u3 {a,,...,a,}, HO TAKOI MepeMeHHOM, MO ONpeaeneHuio, HeT. [To-
3TOMy (4.6) IPUXOAUTCS 3aMEHSITh HECKOABKMMHU NIPOAYKLMSIMY, TTIOACTARSIS BMECTO S
nocaenoBarenbHo Bce OykBbl u3 A. Kpome Toro, Hamo euwe H06aBUTH MPOAYKLMH,
NpeaycMaTPUBAIOIIME BbIXOA TOMOBKM MallWHbI 3a Ipenens! ciosa. Ho B utore Bce xe
[OCTUraeTcsi TpebyeMblil pe3ysbrar.

B o6weM ciyyae cucteMa [locta He mpenmojaraet airOpUTMM-
YECKYIO PeaTM3alIMIO, TTOCKOIBKY TIPH TOC/IE€A0BaTEIbHOM MPYMEHEHUH
He MPeIyCMOTPEHO MPaBUJIO BBIOOpa MPOAYKILIMM Ha KaxnoM lnare. Eciu
BEPHYTbCS K HOPMAAbHbIM aszopummam Mapkoea, 106aBMB K UCXOQHO-
My — aidhaBUT CBOOOAHBIX TIEPEMEHHBIX U OTOBOPUB CITMCOK HaYaIbHBIX
ciioB (akcuoM), — mosydutcesi cuctema [1ocTa ¢ HATOXeHMEM HOMOJ-
HUTE/IbHOTO MpaBujia BIOOpa MPOAYKUMU. B pacCMOTpEHHOM mpuMepe
¢ MamMHoW ThlopuHra mpobGieMbl He BO3HMKAET, MOTOMY YTO BBIOOD,
COOCTBEHHO, He HYXeH — Ha KaXIOM lliare oKa3bIBaeTCs NMpUMEHUMa
JIUIIb OfHA TPOMYKIIKS.

B03MOXHOCTh HMHTALIMM pabOTHI 11060 MallWHBI ThlOpUHTa C MO-
MOILIBbIO KAHOHUYECKON CHCTEMBI YKA3bIBAET Ha CIIPABENIMBOCTD CIIENY-
IOLIETO pe3yJibTaTa.

4.4.3. Teopema. Kaxo6o 0bt Hu Obir0 hepevucaumoe mMHoxcecmeo T’ ¢cn106
6 angpasume A, cyuecmeyem KaGHOHUYECKAS CUCIEMA , MHONCECMBO MEOPEM
Komopoii cognadaem c T.

Mpumep. KaHoHuuecKas cucTeMa, FeHEPUPYIOLLAs IPOCTHIE YMUCA B EQUHUYHOM KOIE
[20]: ancdbaBur A = {1, a, b, ¢, d}, aBe akcuombr {11,all1} u 6 npopykuwmii:

aX = aXl,
aX1l = cXdbXl,
X1dY1l = 1XdlY,

13
) Ecnu KOMY-TO KaX€TCsl, YTO 3TO SIBJIIETCA BMECILIATCIBCTBOM B pa60'ry MalllMHBbI, Hapyluaw-
LIMM XOJI Mmpo1iecca, — MEpenUChiBaTh CJIOBO HA JICHTE, BMUCHIBasA q, , MOXHO Ha OTAEJIbHOMN 6yMare.
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XcdY1l = cXdYl,
XcYldZb = cXYdbZ,
IledXbl = XI.

B,OBOJ'II)HO 3KOHOMHas nporpamMma, MOACAUPYIOLAs CJI0XKHOE NMOBEACHUE.

KaHoHuyeckue pacwmpenus. [IpoayKiiMM KaHOHUYECKUX CHCTEM MO-
TYT UMETb NOBOJIBHO CJIOXHYIO CTPYKTYPY, UTO 3aTPYOHSIET MCIIOJIb30-
BaHMe UHCTpyMeHTa. [10CT yCTaHOBWJI JOBOJIbHO HEOXHWAAHHbIH (aKT:
3a CYET KAHOHU®eCK020 pacuiupenus nio0ast CUCTEMA MOXET ObITb CBEEHA
K CUCTEME C e0UHCMEEHHOU GKCUOMOU Y HOPMAABHLIMU NPOOYKYUsMU BUIA

aX = Xf, (4.7)

14
rie a, f — cioBa B pacli¥peHHOM ancdaBute ),

PasymeeTcst, peub unetr o6 skeugarenmuom CBenéHUU. KMcxomHblit
andasur A pacwmpsietcss 10 A', HO COBOKYMHOCTb TEOpeM paclui-
PEHHOM CHUCTEMbl, UCTIOb3YIOLLUX TOJILKO CUMBOJIbI U3 A, B TOYHOCTH
COBMANaeT C COBOKYMHOCTbIO TEOPEM MCXONHOM CUCTEMBI.

4.5. NMpoGnema 3KBMBaNEHTHOCTK CJIOB

IMpu 3anaHHOM HaGope mponykuuit {IIx} ecTecTBEHHO BO3HMKaET BO-
MPOC O BO3MOXHOCTH peo6pa3oBarh TO WIM MHOE CIOBO @ B CJIOBO [3.
Jist HekoTopbix HabopoB {II;} Takas 3anaya arecopummuyecku paspewiu-
Ma [Utst 1060ii mapsl cioB (a, 3). Ho He B o6LeM ciyyae.

OO60CHOBaHUE HEPaA3PELLIMMOCTH JIETKO MOoJiyyaeTcsi Onaronapsi CBsi-
34 KaHOHMuYeckux cucteM Ilocra ¢ MawuMHamu ThiopuHra. BoT KoH-
CTPYKU U, MPUBOASILLAST K OTBETY.

[Myctb g, 0603HaYaeT 3aKIIOYUTEIBHOE COCTOsiHKE U paboTa MawwuHbl ThiopuHra
OpraHu30BaHa TaK, YTO OHA OCTAHABIMBAETCS (€C/IM OCTAHABIMUBAETCS) TTOC/IE CTUPAHUS
3arMCaHHOTO Ha JieHTe cioBa . COMOCTaBUM TAaKOH MaLUMHE CHCTEMY TPOAYKLMHA, KaK
ONMCAHO B NMPeAblIyLIeM pa3aene. Bo3MoXHOCTb Tpeobpa3oBaHMs C/I0BA ¢ B CIOBO ¢,
PaBHOCUJIbHA OTBETY Ha BONPOC, OCTAHOBUTCS JIM MAalLKMHA, HAUYWHAasi paboTy CO C/IOBa .
Hepa3pelunMocTb npobaemst ocmanosa peluaeT UCXOAHYIO 3a1ady OTPULIATEBHO.

15 "
) 31O AenaeTcs nocaenoBaTeNIbHbIM NPUCOCAUHEHHEM K MAaLLMHE NpYTOM MalUHWHBI Tb]OpHH]"a,
KOTOpass CTHPACT 3aMMCb HAa JICHTE U OCTaHABJIMBACTCsl.
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Bnuskasi mo xapakrepy npo6iemMa BO3HMKAeT AIsi TaK Ha3biBa€MbIX
accoyuamugnbix ucuucaeruid, Vv cucmem Tys, — onpenensieMblx cucme-
Mamu nodcmanogok Thna (4.3), HO C BO3MOXHOCTbIO 3aME€H B 0GOMX
HarpasleHUsIX, HallpUMED,

acbbc < aach,

YTO HE TaK yX TNPUHIMIMAIBHO, TIOCKOJIbKY @ <> [ paBHOCHJILHO
COBOKYITHOCTH ABYX ITOACTaHOBOK & => [ u B = a. OmHako ais mpe-
obpa3oBaHUit OMHUX CJIOB B ApYrHe BO3HMUKAET, BOOOIIE TOBOpsI, HOBast
CUTYaLIMA.

CioBa a ¥ [ Ha3bIBAIOT IKGUBANEHMHLIMU W PAGHLIMU, €CITA OJHO
npeobpasyeTcs B APYroe ¢ IMOMOIIbIO IOACTAHOBOK aCCOLIMATUBHOTO
UCUYMCIIEHHS.

4.5.1. Teopema. Cywecmeyiom accoyuamueHnble UCHUCAEHUSA, 8 KOMOPbIX
npodnema IKeUBANEHMHOCMU CA06 — Hepa3peuuma.

<«  Dukcauus B Kax10ii MOACTAHOBKE @; < f; aCCOLUATUBHOTO UCUUCTIEHUS 7
OOHOrO W3 ABYX HANpaBleHW — IOpOXAaeT KaHOHMYecKylo cucteMy [locta 2.
Bynb mpobnema sxeusasenmuocmu — paspewMMa B S/, oHa Oblia Obl pa3peimma
(B «omHOHanpaBleHHOM» BUIE) U B #. B

MonyrpynnoBas uuTepnpetaums. /1oayepynnoi Ha3bIBalOT MHOXECTBO G
C OMpeleieHHbIM Ha Mapax ero 3JieMeHTOB acCCOLIMATUBHBIM «yMHO-
xeHrem» 10, IMosayrpynna OOLIYHO 3amaeTcsi C IMOMOLIbIO «TaOJMLIbI
yMHOXeHUs1». COBOKYITHOCTH (MHOTOOODA3Msi) MOMYTPYIIT BbIIETSIIOTCS
C MIOMOLIbIO HEKOTOPBIX CUCTEM TOXIECTB, HA3bIBAEMbIX 0npedessouiumu
coomnowenuamu. Harpumep, ToxnectBo ab = ba BhinensieT kommyma-
mueHble noayepynnei. CUcTeMa OMNpeaessIOLIMX COOTHOLUEHUNA MOXET
3a1aBaTh TAKXe KOHKPETHYIO TTOJYTPYITITY.

CraHAapTHbIMM MPUMEPAMU MOTYT CJAYXWTb MOJYTPYIbl HEMPEPLIBHBIX, APO6-

HO-JIMHEUHBIX M APYruX INpeobpa3oBaHUi — ¢ KOMITO3MLUMENH (PYHKUMI B KavyecTBe
. 17
NOAYTPYMIMOBO ONMepauuu ).

[MonMuOXecTBO Gy C G Ha3bIBAETCS HOpoXcOalowuMm, €Ciu Jio6oH
aneMeHT U3 G NpencTaBUM B BUIE MPOU3BENEHMS 31eMEHTOB U3 Gj.

1
6) ACCOLMATHBHOCTb MO3BOJISIET B NPOU3BEAEHUSIX MPOU3BOJIBHO PACCTaBsiTh CKOGKH, B TOM
yucie — Boobie 06xoauThest 6e3 ckoboK.

17 . . .
) Bonee TOro, Mobas noayepynna ¢ eduruyeii u30MopghHa hekomopoii nonyapynne npeobpazoeanuil.
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[Tocnennue Ha3biBAIOTCS obpazyiowumu nonyrpynnsi G. [1py KOHEeUHOM
uncne obpasyowmx Go = {gi,...,gn} 31eMeHTbl G MOXHO paccMmar-
puBaTh Kak cioBa B andasute {g|,...,gn}, B KOTOPbIX OIMyllleH 3HAK
yMHOXeHust. C10Ba MOTYT ObITb KBUBAJIEHTHBI, €CJIM TTEPEBONATCS APYT
B ApYyra C MOMOILbIO CUCTEMbI 0NPe0eAsiouiUX COOMHOUEHUL, KOTOpbIE
Ha SA3bIKE aCCOLIMAaTUBHOTO MCUMCIIEHHUS ECTh HE YTO MHOE, KAK CUCTEMBbI
MOACTaHOBOK.

B wutore nosnyuyaercsi, YTO npobaema 3K8UBANEHMHOCMU CA08 8 NO-
Ayepynnax — Hepaspeuwuma, nocKoJjibKy CUe YCTAHOBJEHO IUIsl aCCOLM-
aTUBHbIX MCuMCleHMi. Pasymeercs, peub MOET O CHUTYyaLMsIX 3amaHus
TOJNYTPYII HEKUMH «OMpPeNeNsiiolMMI» COOTHOWEeHUsAMU. [Ipu Hanu-
YUK TAOAMIIBI YMHOXEHMsS MpoOsieMbl HET — CpaBHUBAaeMble CJIOBa
MPOCTO BbLIYUCIISIOTCS.

I.l)'lﬂ MOJIYIpynn CrneuuaJjbHOTO BHMAA CUTyallMsi MOXET OKal3aTbCs

. l
MHOM, YeTO MOXHO ObLJIO OXMIaTh, HaNpUMep, B CIIyyae TPyIIbl 5,

Ipynnoii Ha3spiBaeTCsi nonyrpynna ¢ eaMHuueit e (ae = ea = a Ans moboro

a € G) v cywecTBoBaHueM o6paTHOro 3jieMeHTa b = a”' € G ans moboro a € G
(ab = ba =e).

O60iiTHCH B ONpeAeIEHUY OOHOM JIMLLb TPYNIOBOM ONepauyuei, 3aMeHsisi CUCTEMOW
19)

TOXIECTB TpeGOBaHl/IH CyLUECTBOBAHUSA €CAUHULIBI U OﬁpaTHblx 3JICMEHTOB, — HEJb3s .

3agaya 00 3KBHUBAJEHTHOCTM CJIOB B TIpyIlNe OKasajaachb BecbMa
CJIOXHOI, M Oblna OTpMLATeNbHO peulleHa B 50-x romax IPOLLIOrO
BeKazo)

Yto Kacaercsi mpobGyieMbl 3KBUBAJIEHTHOCTU — B ITOJIYIpyrimnax, TO
HEPa3pELIUMOCTb BbilllE YCTaHaBAUBAIACh, 1O BUIY, HEKOHCTPYKTHUBHO.
Ho no cytu, ecau BCIOMHMTb, YTO yHUBepcaibHasi MalliuMHa TbiopuHTra
KOHKDETHO OmucbiBaeMa (cM. momnonHuTtesnbHo [20]), cranosurcs mno-
HSITHA BO3MOXHOCTb 3()(EeKTUBHO MOCTPOUTH aCCOLIMAaTUBHOE UCUUCTIE-
HUE C Hepa3pelrMMoit Ipo6ieMoi 3KBUBAJIEHTHOCTH CIOB. DKOHOMH bl

1 o "
® Mawuna ThlopvHra ¢ HepaspelnnMmoii npo6ieMoit OCTaHOBA JAeT MPUMEP NOJYrpyIinbl,
KOTOpast, BOOOLE roBopsi, He 06si3aHa ObITh rPyMNoM.

19,
)L[OKZBMBHCTCH OT NPOTUBHOIO.

20 .
)Teopema Hosukoa. Cywecmeyem koneuno nopoxcoennas epynna, 042 Komopoii npobaema K-
8UBANEHMHOCMU €108 Hepaszpewiumd. YTOUHEHUS U OKA3ATEbCTBO €CTh B [26].
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nipuMmep ykaszan Leimun: andasur {a, b, ¢, d, e} ¢ ceMblo MoaACTaHOBKA-
MU (OTpenesiioUIMMUA COOTHOLLIEHUSIMH):

acsca, adeda, bcosch, bd <& db,

eca & ce, edbé& de, cca & ccae.

Mamuscesuu MOCTPONTT «HEPA3PECLINMOE» aCCOLUMaTUBHOE UCUUNCIIC-
HHE BCEIro C TpEMs nMoaACTaHOBKaAMH.

4.6. Tar-npo6nemnl

CylecTByeT AOBOJILHO MHOTO MTEPALMOHHBIX MPOLIEAYDP, APa3HSLIUX
CBOEM TNPOCTOTOM, HO HE TMOAAAIOLIUXCS aHAJIU3Y.

Bor 3agaua, Kotopo# 6e3ycriewHo 3aHumancs [loct. Ha kaxcdoi umepayuu co cao-
6om S u3 Hyneii u eOunuy, (0BOUMHBIM HUCAOM) NPOU3BOOUMCA OOHA U MA Hce MAHUNYAARUR.
Ecau S nawunaemces ¢ Hyas, k Hemy 006asasromes cnpaga 08a HyAs, @ ecau — ¢ eOUHUUbl, —
cnpaea npunuceigaemcs 1101. B mom u dpyeom cayuae eviuepkugaromes nepgoie mpu yugpeol.

Bornpoc, ocTtaroummiicss moka 6e3 oTBeTa, 3aKJOYaeTcsl B TOM, OyHeT au AnuHa
CJI0Ba pacTH 40 OECKOHEYHOCTH WM YCTAHOBMTCSI NIEPUOAUYECCKHUH PEXUM.

PaccMoTpeHHas 3ana4a — npuMep U3 00JIaCTU mae-npobiem, Ka-
KOBbIMM HAa3bIBAlOT 3ala4M, CBSI3aHHble C KAHOHUYECKUMU CUCHEMAMU
ITocma, OCHOBaHHBIMU TOJIbKO Ha HOPMAAbHUIX NPOOYKUYUAX

a; X = XpBj,

KOTOpbIE YAIOBJIETBOPSIIOT OBYM TPEOOBAHMSAM: BCE (j MMEIOT OMMHAKO-
BYIO UTMHY, a [3; 3aBUCAT TOJIbKO OT MepBOM OYKBbI Q;j.

He Oynb HanoxeHbl NOMOJHUTENbHbIE TPEOOBAHUSI HA MPOAYKLIHHU,
HEPa3peLIMMOCTb Tar-npoodyieM BbiTeKaja Obl U3 YHUBEPCAIbHOCTU CHU-
crem IMocta. Ho ¢ HEKOTOPHIMU yCMIMAMU ycTaHasiuBaercst [20], yto
3TU TPeOOBAHUS «HE MELIAIOT», 61aroAapsi 4eMy Tar-rnpooaeMbl B 001UEM
BUZIe HEpa3pelIUMbL. JIpyroe Ieo0 — KOHKPETHBIE 3a1aul. TaM 3aHsIThE
Ha BCIO XHU3Hb MOXET 00€CNEeYUTb KaKOH-HUOYIb MYCTAYOK.

[Iupoko M3BecTHa, HANpUMeEp, 3ada4ya «3n + 1», WUIEO0JOTMYECKH
JloXarascsi B TO Xe pycio. 3amaya ¢ BUOY COBCeM IpocTasi. Paccmart-
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PHUBACTCA OoripeaciasieMass HTEPaulMOHHO YHUCIOBast ITOCIIEN0BaTEIbHOCTh

3ay, + 1, ecau ay HeuemHo,

Ag41 = ay
—2—, ecau ay He4emHo.
Bbl‘{l/ICJ'[I/ITeJ'[bele IKCIMIEPUMEHTDBI ITOKA3blBAKOT, 4YTO npouenypa,

21
HAa4YHUHasACb C @y U3 OYEHb LIIMPOKOIo nvaria3oHa ), nonaga€t B LUKII

{4,2, 1}, uHorna nocie MIMTEIbHBIX M BECbMA IK30TMYECKHMX OJyXia-
Hui. Ho Tak nu Oynet mias Bcex ag € N — Heu3BeCTHO.

4.7. ®opmanbHble rpaMMaTUKK

KaHoHuuyeckue cucteMsl [locta mo CyliecTBy LUMPOKO M3Y4arOTCs IO
MapKou ¢hopmansHbix epammamuk. Pa3nuumsi onpenensiioTcss He3Hauu-
TeJIbHBIMM HIOAHCaMU: pasiefieHUe ajidaBuTa Ha mepMUHANbHbIE U He-
mepMUHAAbHbLL, TIIIOC HEKOTOPbIE NOTIOJIHUTEIbHbIE aKILIEHTbI, HA KOTO-
pbIX B IAHHOM KOHTEKCTE HE UMEET CMbIC/Ia OCTaHABJIMBATbCA.

IMpyuHuMUanbHOE OTIMYMeE 3aKTio4aeTcs B ¢pokyce BHMMaHus. Ec-
M cucteMbl IlocTa B Gonbliei CTENEHW OPUEHTUPOBAHBI HA U3ydyeHHUE
«Hepa3pelMMoCcTel», TO (popMalibHble TPAMMATUKU — 3TO MIEOJIOTHU-
YECKUM MHCTPYMEHT ISl MPAKTUYECKOr0 U3yUYE€HUS PA3IMYHbIX S3bIKOB,
OT €CTECTBEHHbIX — 10 SI3bIKOB IPOrPaMMMUPOBaHUS (CM. [6, 12]). BHu-
MaHME KOHLEHTPUPYETCS Ha KiIacCU(DUKALIMU cucmem nodCmaHoeok, —
KOTOpbIE€ ONpenessiioT Aapo I'paMMaTUKU, — U BbIIEJIEHUU TEX KJIACCOB
rpaMMAaTHK, KOTOpble 00J1analoT IUMPOKKUM OXBATOM MPUIOXKEHUN U MU-
HUMYMOM aHOMaJIbHbIX CBOMCTB.

Haub6onbliee pacnpocTpaHeHUE MOYYUIM TaK HAa3bIBAEMbIE KOHMeKCMHO-C60600-
Hote epammamuxu. Bee npasuna (moacranoBku) KC-epammamuk umeror Bug € = 7,
TAe T — HETEPMWHAJIbHBIN CUMBOJ (epeMeHHast), Y — LEMoYKa U3 TepMUHAIBbHbIX
CHMBOJIOB.

B KOHTeKCTHOI rpamMmaTtHKe Kaxaoe NnpaBuilo azfl = ayf UMeET konmekcm:
uenoyku a u . MoxHo ckasarb uHaye. B KC-rpammaruke noacraHoBku azf = ayf
BO3MOXHbI NPHU JI06bIX @ U 3, B KOHTEKCTHOW IPaMMaTUKE — TOJBKO MPU HEKOTOPhIX
(B orpeieNIeHHOM KOHTEKCTE).

B ecTecTBEHHBIX SI3bIKAX KOHTEKCT MIPAET CYLIECTBEHHYIO pOiib. S3bIKY NMporpam-
MUPOBAHHUS CTApaIOTCsl AeaTh KOHTEKCTHO-CBOOOAH BIMH.

21 .
) Butumcnenus TIPOBOAMJIUCD ISl BCEX @G BIUIOTb 0 3HAYEHMH TMOpsIKA 10'2.
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C TOUYKM 3peHMsl «Hepa3peliMMocTei» Haubosee ynoOHbI HeyKopa-
yusalowjue 2paMMamuKku, y KOTOPbIX TMpaBble 4acTU BCEX IMOACTAHOBOK
He Kopoue JieBbIX. B Takux rpaMMaTuKax npoGiemMa 3KBUBAJIEHTHOCTHU
CJI0B BCeraa pa3peliyMma, IOTOMY YTO JUIMHBI Lieloyek npeoopa3oBaHUit
TOJIbKO BO3pacTaloT, B CUJly Yero BO3MOXHBIX LIEMOYEK, OJsl 3amaH-
HbIX CJIOB, — KOHEYHOE YMCIIO, U TMO3TOMY MX MOXHO 3¢h(PeKTUBHO
nepedbparb 2),

Boo6liie Haio OTMETUTb, YTO HEPA3PELIUMOCTh MPOGAEMbI SKBUBAJIEHTHOCTH C/I0B
Ha MMKPOCKOMUYECKOM YPOBHE KaK pa3 BO3HUKAET U3-32 BOZMOXHOCTH CKOJIb YTOOHO
IUIMHHBIX LIEMOYeK BbiBoAa. Ecnu cnoBa a v 3 5KBMBANEHTHBI, TO UMEETCs Mpeodpa-
30BaHue a B 3 KOHeyHOM mauHbl. HOo OueHKH cBepXy 3TOM MIMHBI MPUHLUMHATIBHO
HET — B ITPOTUBHOM CJlyyae 3a/laya JIerko peianach Obl. Jsi oTBeTa Ha BONpoc 06 K-
BUBAJICHTHOCTH & M 3 GbLIO ObI AOCTATOYHO MEPEOPaTh KOHEYHOE YUCIO LEMOYEK.

Mouck B OGeckoHeyHoM nabupunre. IlpeoGpa3oBaHUs OOHMUX CJIOB
B JIpyrMe €CTeCTBEHHO WHTepIIpETUPYIOTCS KaK [IOKa3aTejabCTBa, T. €.
JIOTMYECKME MYTH, BenylllMe OT aKCUOM K TeopeMaM. Takoii mouck ynoo-
HO MBICJIMTh KaK MMOUCK B 6ECKOHEYHOM JIaGUPUHTE, WJIM OECKOHEYHOM
rpade, B KOTOPOM BepLIMHBI COOTBETCTBYIOT pa3HbIM CJIOBaM, a CBS3bI-
BalolliMe pebpa UMEIOTCSA B TeX CydasiX, KOrqa OQHO CJOBO MOJy4YaeTcs
M3 OPYroro C MOMOIIbIO OmHOM moxctaHoBKU. Cucmemam Tys OynyT
OTBeYaThb HEOpUEeHTUpPOBaHHble rpadsl, cucmemam Ilocma — OpUeHTH-
pPOBaHHBIE.

HepaspewMbiM cutyauusiM (TeopusiM) GynyT oTBeyath rpacdsl,
HMMEIOIIIME CKOJIb YTOIHO JJIMHHbIE MMHUMAJIbHbIE MYTH, CBS3bIBAIOIIINE
CJIOBA arpuoOpy OrpaHUUYEHHOM IMHbI. B TakoM B3risige Ha mpoosieMy
HET HAYEro HOBOT'O IO CYTH, HO FeOMETPUYECKU I IKBUBAJIEHT ITOMOraeT
MHOrna o6pa3HO MBICIIUTb.

4.8. Teopms 1 npakTuka

B HepaspeluMMbIX TEOpUsIX TUMA apu(PMETUKU Y KOPOTKUX TEOPEM CYy-
LIECTBYIOT CKOJIb YTONHO JJIMHHbIE NOKAa3aTebCTBA, KOTOPbIE B KOMIbIO-
TEpPHbIH BEK NalOT O cebe 3HaTh, — U 3TO CTAHOBUTCS MpodieMom. Jaun-
Hble dokasamenscmea mepsiom ybeoumenbrhocms. V13-3a HEOOO3PUMOCTH,

2
2 [1pu HECTPOrOM BO3pacTaHUH LIEMOYKU HOPMAIbHO MOTYT NMEPUOLMYECKH MTOBTOPSITHCS. Ap-
TYMEHTaLMsl HaCYET «KOHEYHOCTH» NMPUOOPETAET CHUITY MOCIE yIAIEHHS «TTEPHOAMYECKMX KYCKOB».
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HECOOTBETCTBUSA YCJIIOBECYCCKOMY CTHIIIO MBILIJIEHUA, HAKOHEL, HM3-3a
OLIUOOK nporpaMMmpoOBaHUs U Cc60€B BbIUMCIIUTENbHBIX npouecCoB.

XpecToMaTUHHBIM TPUMEPOM MOXET CYXMUTb «peLUEHUE» 3HAMEHUTON npobaembt
uemoipex Kpacok 23), npeanoxeHHoe B 1977 rony Annesem u Xaxkenom. Uctopus B cBoe
BpeMsi TpUoOpena CKaHAaNbHYIO U3BECTHOCTh B CBSI3U C HEBEPOSITHBHIM OOBEMOM A0OKA3a-
TENbCTBA, BKJIIOYABILETO TPYIAHO YUTAEMbII TEKCT, HECMETHbIE fuarpammbl v 1200 yacos
KOMIIBIOTEPHOTO CYeTa ), ITpoBepuTh GHLN0 HEMBICIUMO, Aa U KTO ObI B3suicsi? C apyroi
CTOPOHbI, TPYAHO ObII0 UTHOPUPOBATh AEKJIapalMIO O PELLEHUH 3aJayu, KoTtopasi Gury-
puUpoOBana B OLHUX CITUCKaX ¢ Teopemoii Pepma. [103TOMY, M3 BEXITUBOCTH, CHayala 00b-
SIBUJIY, YTO 3afaya pewieHa. [IoToM B TEKCTOBOM YacTH OGHAPYXUIIUCH «[TPOKOJIbI», KOE-
KakK MX BBITPaBUIH (Bpoje Obl), HO MCTOPHSI TAK U OCTANACh BO B3BELLEHHOM COCTOSIHUH.

Ectb 1 npyrue ucropud nonoOHoro poma. MoxeT ObiTb, MEHee
a¢deKTHBIE, HO MIMHA NOKA3aTeNbCTB, TAK WIM MHAYE, CTAHOBUTCS Ma-
paMeTpoOM, KOTOPHIM CIOCOoOeH rnepeuepKHyTh ycrieX. COOTBETCTBEHHO,
JOBOJIBHO OYpHO Pa3BMBAIOTCSI UCCENOBAHUSL COXHOCTA aITOPUTMOB,
YyTO, MO CYTHU, €CTb OOOPOTHAasi CTOPOHA pacCMaTpUBaeMOM MpOOIEMBI.

Bonpochl COXHOCTU BBIYUCIIEHUHM TJIAHMPYETCS PACCMOTPETh B
NIpyrOM TOME, HO 3[eCh YMECTHO OOpaTUTh BHUMaHUE Ha HEKOTOpbIE
MOMEHTHI OOIIIETr0 Xapakrepa.

JocTtatoyHo nonyssipHa TeMaTuKa, CBSI3aHHasi C meopemamu ycKo-
peHus. B yactu, KacalollleMcs UIMHbI NOKAa3aTelbCTB, IMPEACTaBISAIOT
WHTEPEC PEe3yJibTaThbl O COKpAILEHUM «UIMHbI» TPY NO0ABJIEHUM K TEO-
PUU HE3aBUCHUMBIX AKCUOM ) B MPUHLIMIE, 3TO NPEACTABISIETCS €CTe-
CTBEHHBIM, €CJIM He TOBOPUTh O TOM, YTO OT mOOAaBJIEHMs IOCTYJIATOB
XIOYT OOBIYHO HOBBIX TEOPEM, a HE COBEpLUEHCTBOBAHUS CTapbiX MOKa-
3aTenbCeTB. [locaeaHee MHOMNA KaXeTCsl HEOXMIAHHBIM.

Heckonbko MHOM paKypc 0OpasyloT meopembl YCKOPeHUs aneopum-
M08, UCTOPMSI KOTOPBIX Hauajach co cratei baroma 26), XOTSl U IO HEro
ObLIM MyOJMKALMKM B 3TOM HalpaBieHUH.

B) IpeanonoxeHue 0 BOIMOXHOCTH PaCKPAaCUTh BEPLUMHDI JIIOGOrO TU1ockoro rpada (He umeio-
LLETO NepeceKalowmxcs pebep) YeTbIPbMst KPaCKaMM TaK, YTO JIKOObIE IBE CMEXHDbIE (COeAMHEHHbIE
pe6pOM) BepLUMHbBI OKDALIEHbl B PA3HBIH LIBET.

) . Appel K., Haken W. Every Planar Map Is Four Colorable // Contemporary Mathematics.
Providence (R.1.): Amer. Math. Soc., 1989. 98, a Taxxe: Thomas R. An Update on the Four-Color
Theorem // N. Amer. Math. Soc. 1998. 45. Ne 7. P. 848—859.

29 Cw. [15], a Takke cTaTbio Spengpoixma u Moeascrozo b [24].

%) Cratou Baioma MMeloTCs B COOPHUKE MeEPEBOIOB [22].
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Cam (bakT BO3MOXHOCTH YCKOPEHHsI CYETa NOCTATOYHO TPUBUAJIEH.
KakoBa 6bl HM Obiia MawvHa ThlOpHHIa, CylIeCTByeT Opyras MallMHa
¢ 6OnbluMM andaBUTOM, KOTOPas KOOMPYET IPyNmbl CUMBOJIOB OOHUM
CHMBOJIOM, 32 CYET 4ero ObicTpee cuutaet. Ha 3Tom myTH, omHako, ectb
orpaHnueHusi. CywectByor dyHkuun f(z), minHa Boiuncierus N (z)

KOTOPBIX He MOXET ObiTh cienaHa Menbiue 4/ N(z). B To ke Bpems

ecTb (yHKIMHU APYTOro TUMa: eciu nporpamma «N (z)» Beruucnsiet f(x)
3a N (z) waros, TO CylIeCTBYeT Apyrast IpOrpamMma, BBIYMCIISAIOLIAs Ty Xe
dyHKumio 3a M(z) waros, npuuem M(z)M@ < N(z), T e. yckope-
HUe 6oJblle 9KCMOHEHLHATbHOro. I1ToApOOHOCTH C MOMOJIHUTENbHBIMU
CCBUIKAMM MOXHO HaWTH y baroma B COGOpHUKE mepeBonos [24].

Bena 3akiio4aeTcst B TOM, YTO MOAOOHOIO COPTa PE3YJILTaThl OOBIYHO
M3/1araloTCsl «HEWTPAIbHO» — C NMPEJOCTaBIEHUEM UMTATENIO BO3MOX-
HOCTH JeJ1aTh BBIBOMBI CAMOCTOATENBHO. B MTOre BO3HMKAOT HEKOTO-
pbie mepexiecTbl. JIJisi MpUBENEHMs CUTYaLlMd B HOPMY IOJIE3HO OTME-
TATb crienytouiee. Teopema batoma K TpakTvKe pa3pabOTKM aJifTOPUTMOB
He MMeeT HUKaKOro oTHollleHus. Peub unet, ckopee, 0 MaToJ0OrHYeCKUX
KOHCTPYKLIMSX, KOTODblE BBIAB/ISIOT NMPUHLUUMUAIbHBIE BO3MOXHOCTH
u orpaHuuenus. [Janee. bes orBera ocraercssi 06BIYHO «yOUHCTBEH-
HbIl» BOMPOC: 4TO OygmeT, eciu mporpammy «M(Z)» CHOBa YCKODHTb,
M TaK 10 6eckoHeuHocTU? Bo-mepBbix, nepexod k npoepamme (nouck)
«M(zx)» — aneopummumecku Hepaspewumas 3adaua 27) Bo-BTOpbIX, eciu
«N(z)» Boiuncnsier dyHkuuo f(z) = 0, B yeM, BooGLLe TOBOps, alro-
PUTMHUYECKH YOENUTHCS HEBO3MOXHO, TO CYILECTBOBAHHUE psina

... < My(2)M@ < My (2)M®) < N(x)

BITOJIHE €CTeCTBEHHO. PYHKIIMIO MOXHO BBIYMCIIMTH 32 ONWH 111ar, HO 3TO
OCTaeTCsl 32 CEMbIO MEYATIMH.
Ha npyrom nontoce rpynmnupyiorcst ¢pakTbl HHOTO cOpTa.

4.8.1. Teopema (Bniom). o ai0b0ii obuwepexypcueHoli GyHKyuu § Moxc-
HO nocmpoums o0wepeKypcusHyro Qynkyuto f, npuHUMarWyio 3HaueHus
0 u 1, ebiuucaenue komopoii Hego3moxcHo menee wem 3a §(T) wazoe 0as
beckoHeuHo20 wucaa 3Ha4eHull T.

) IMporpamma « M (z)» CyLLeCTBYeT, HO KaK ee HaiTH — B OOLIEM CIly4yae He sICHO.
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3TO COBCEM MPOCTOM pe3yjbTaT, KOTOPbIH A0 HEKOTOPOW CTENEHW pPacKpbiBaeT
BHYTPEHHIOIO KYXHIO U TOKa3blBaeT, YTO OLEHKU BPEMEHM CYETa MOTYT He 3aBUCETh
OT UCMOJIb3yeMO! MaLUUHBI.

<« Jokazamenvcmeo. TlycTb

Fiveosfuees My, My ...,

— MepevyMcieHUsl, COOTBETCTBEHHO, YACTUYHO PEKYPCUBHBIX (PyHKUMI U MawuH Toio-
puHra, a Z,,..., 4y, ... — nNEpeYucieHue mnap {fp, Mq} (mMaumna M, Bblucaser

obyHKIMIO f).

Wckomas ¢yskuus f(z) crpoutcs amaroHanbHbiM Metogom. Ecnu Z; Ha Bxone
OCTaHaBIMBAETCs MeHee YeM 3a g(z) waros, nonaraem f(z) = 1. B nporuBHoM ciyuae
f(z)y=0. »

Bce 3tM pesynbraTel MOKa3bIBaloT, YTO TOMBITKU CBA3ATh MOHATHE
CJI0XHOCTY GQYHKLMIA C ITMHON BbIYUCIUTENBHBIX POrPaMM U OMpesie-
JIMTD 3aTeM CJIy4yaHOCTb KaK NpoLecc GeCKOHeuHoM cnoxHocTh (Koa-
Moeopos, Mapmun-JIég), — conpsikeHbl C MPUHUMITUATbHBIMU TPYIHO-
CTAMM.

B naHHoit TeMaTHKe 3aCTyXXMBaeT YIIOMUHAHMS TaKXKe HalllyMeBLLasi
PCP-teopeMa, B peKilaMHbIX BapMaHTax (OpMysnMpyeMasi MpUMEpHO
TaK. Cywecmeyem cnocob 3anucu mamemamueckux doKasamenbcme, npu
Komopom npoeepka Ux npaguabHOCMU CE00UMCS K AHAAU3Y HECKOAbKUX
CAYHAUHO 8bIOGPAHHBIX MeCM, YUCA0 KOMOPbIX He 3a8UCUm om OAUHbL UCX00-
Hoeo dokasamenscmea. (!)

CChUIKM He JAIOTCs CMELMAIbHO N0 MPUYMHE, KOTOPYIO UMEJIO Obl CMBIC] CAENATH
obuie3Hayumoii. Hanvuue MHTepHEeTa MPUHLIMIMANBHO U3MEHUIO UHGHOPMALUOHHOE
none. Habpas B nouckoBoii Mauite « PC P -TeopeMar, 11060¥i NONb30BaTeNb Yepe3 He-
CKOJIBKO CEKYH[ MOJYy4aeT Maccy aapecoB, M0 KOTOPbIM UMeeTCsl uHGopmaumsi, B TOM
YUCIE CYLLECTBEHHO DoJiee CBeXasi, YeM MOXHO yKa3arth B kHure. [1o-BuaumMomy, Hacta-
JI0 BpeMsi NepecCMOTPETh TPAAULIMOHHbIE TPEOOBAHUS K CChUIOYHOM yacTu. Pazymeercs,
3[€Cb €CTb NOJIE AIs1 OOCYXIEHMS.
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Maremarnyeckas nornka

Tpacedus mamemamuueckoil noeuku —
6 neyooboeapumocmu opmei. Hepedxo dyma-
emca: «yxc ayduie Obl nucanu Ha accembaepe».

[Mpu ycAOXHEHUHM OOBEKTOB M3ydeHHS — OT (DM3MKH K YKOHOMMKE — TEOpHs pac-
nabiBaeTcsl. JIorMKa M3y4aeT S3bIK W KaHANbl ABWXKEHWS MBICIM, HO «PACMbIBaThCS»
Henb3st, H6O TAaBHAs uAes Kak pa3 B ctporoctd. Ha mpuuene Teopust 6e30UMOOUHbIX
PacCyXIEHHUM, KOTOPYIO HEODXOAMMO CO3MaTh U3 JMHTBUCTHYECKOro Xaoca. ITpu Heco-
BEPLUCHHOM 6ANUTEIbHOCTH. HEpLMAIbHO ABHTASICh TEMU K€ MEHTATBHBIMYA KaHANAMH.
Tem Xke [ITATOM COTPYAHMKOB, KOTODBI Hageaad Maccy OLUMOOK B APYTHX OOJACTSIX.

5.1. B yeM COCTOMT MMCCHS

Ecnu roBopuTh O pellieHWM KOHKPETHBbIX MaTeMaTUYeCKMX 3amay, TO
JIOTMKA OOJIbllIe MELLIAET, YEM NTOMOraeT b , — 10O 3a1yMbiBaNIach Kak me-
mamamemamuyeckas NUCLMUIUIMHA, TPpU3BaHHAas HabM0AaTh MaTeEMaTUKY
u3BHe. B aTOM ee maBHas 3amavya. He criocoOGcTBOBaTh MOKa3aTe1bCTBY
TEOPEM, a «OPJMHBIM B3MJISIAOM» OLEHUTh CaM MpPOLEcC 0OOCHOBAaHUS.
Pazo6parbess B MPUHLIMIHATbHBIX BO3MOXHOCTSAX W OTpaHUYEHHSIX.

TToatoMy Korna Teopusi pefleiiHO-KOHTAKTHBIX CXeM HauyMHaeT Bbl-
aBaTbCsA 32 TIPUJIOXKEHME MaTJIOTMKM, 3TO MeHsieT akueHTbhl. WMin,
CKaxeM, pa3sBUBaeTCs aBTOMaTUYECKOE N0KAa3aTesbCTBO TEOPEM B pas-
JIMYHBIX 0671acTAX [25], 4TO OYEHb MHTEPECHO CaMO IO ce6e, HO C «<MMC-
cHeil» BCe Xe€ He KOppENMpYeT, XOTs NUAJEKTHYECKUM — AaeT OIopy.
TexHUuyecKWe 3amgayd B peayjbrate mnyralrcs ¢ GuiocohCKUMHU Mpu
OTCYTCTBUM Tnonxoasiuieid MHTOHauuM. CTUb M pakypc HamnpasisiioT
ayIUTOPUIO «B HUKYIA».

Peub, KOHeyHO, He O mepexode B Apyryro KkpaitHocts. [lomumo
BBLICOKOM MMCCUHM, MATJOTMKa — 3TO ellle W SI3bIK, MpPencTaBisiouii

" Tax xe kak 06plaHas TpaMMaTHKa — M3YYEHHUIO PAa3sTOBOPHOTO s3bIKA.
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CaMOCTOSITE/IbHYIO [IEHHOCTb Y TUIOMOHOCSIIMIA COBEPLUEHHO B HEOXU-
NAHHBIX CEKTOpAX, BILIOTh 10 MEHTaIbHO-TNICUXOnornyeckux. IiaomoHo-
CALLMIA DyOMHHO M HEYJIOBMMO, YTO K «peJieifHO-KOHTAKTHBIM» apry-
MEHTaM HUKAKOro OTHOLIeHUs He uMeeT. Ho oueHp BaXHO He 3aryOUTh
3TOT A3bIK, OMEPTBIISIA €r0 M3JIMIIHENA CTPOroCTbI0 M BBHIYYPHOCTHIO.
TToaToMy 11060ii LIar B HalpaBlIeHUH JOCTYITHOCTH U yNPOLUEHUS 31eCh
MpenCTaBisieTcs 61arom.

Yro Kacaercss HMXECJENYIOLIEro TEKCTa, B IVIaBe IIPECienyeTcs
CKpPOMHas Lejib — [aTh camoe oOllee MpencTaBlieHue O TeX acrnekTax
MaTeMaTHUYeCKOM JIOTUKH, KOTOPblE COMPHKACAIOTCS C BOMPOCAMHU J0-
Ka3yeMOCTH B M30paHHOM paKypce M3JI0XEHUs.

5.2. NMepemeHHble, CBA3KM N PYHKLUM

HUcxonHbIM MaTepuaioM 0gy3HA4HOU jAo2uKu SIBISIIOTCSL TEpeMeHHbIe
z,y,%..., NPUHUMAIOIIME OOHO M3 .nBYX 3HaueHuit: {1,0} amGo
{uemuna (A), aoxco (J1)}. Uudposoit sapuant {1,0} BeIISIUT CUM-
nmaTU4Hee, XOTSI «KOMY Kak».

Ha ToM Xe ypOoBHe «IIepBUYHOCTH» — A02U4ecKue Cea3Ku:

" (ompuuanue «ne»), V (uau), A (u), — (caredyem),

KOTOpbIe SIBISAIOTCS (PYHKUMUSAMHU, TPUHUMAIOIIMMU, KaK U apryMeHTHI,
ONHO M3 NBYX 3HayeHui, 1 unu 0.

o JIns ompuyarnus Hapsimy C «4€pTOi CBepXy» UCIIONb3YeTCs TaKXkKe
3HaK —. & =T O3HayaerT «He T», T.e. T =0, eciu £ = 1, 1 HA0OOPOT.

e CBs3Ky V HasbIBalOT Oussionkyueil; TV Yy («T uau y») — 310
¢YHKIIMSA IBYX ITepeMEHHbIX, paBHas 1, ecjiy XOTs Obl OnHa TiepeMeHHast
paBHa 1, ¥ paBHasi 0 B MIPOTUBHOM CJlyyae.

ToyHee roBopsi, QuU3BIOHKYUA — €CTb «T, UAU Y, WIKX TO U APYroe BMecTe». DTO
K BOIPOCY O PacIUIbIBYaTOCTH OOBIYHOTO $3bIKA. 33 «MJIW» HET YETKO OMpeaeJIeHHOro
3HayeHusi. Bo emopruk uau 6 cpedy? Yepes mecay uau uepes nedearo? Hau mebe do ram-
nouxu? Ilouwu 6 wkagyy, na cmone uau 'y cebs 6 KapMaHax.
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o Dyukuust £ Ay («& u y»), paBHas 1, ecnu £ =y = 1, u paBHas 0
B MIPOTUBHOM CJIy4yae, Ha3blBAETCS KOH®IOHKUUel; SKBUBAJIEHTHbIE 000-
3HaueHus: T&y nubo T -y, U naxe TyY.

o Umnaukayua ¢ — y («u3 T credyem y», «ecau T, mo y») 2) kak
dyHKLMS IBYX MepeMeHHBIX BCIOLY NMPUHHUMAET 3HaYeHue 1 3a UCKIIIo-
yeHueM ciayyas £ = 1, y =0, rne £ — y paBHa 0. [Ipyrumu cioBamy,
M3 «<UCTUHBI» HE MOXET CJIENOBaTh «JI0Xb», BCE OCTATbHOE — BO3MOXHO.

KOHBIOHKLMS ¥ OU3BIOHKLMS YaCTO TMYTAKOTCSL B rOJIOBE. AHIIOSI3bIYHOMY MMDY
JIerye, Tam 3HaK & TPUBBIYEH, MOCKOJbKY UCMONB3YETCSI BMECTO «and» Jaxe B OOBIMHOM
nucbme. Ha Tepputopuu Poccuu npuxoaMTcsl uckarh ApYTHe BBHIXOABI M3 MOJNIOXCHUS.
KoMy-To momoraer aHanorust odepraHuil V €O 3HAKOM OOBEAMHEHUS] MHOXECTB U,
aHAJIOTMYHO C A M N, — CM. CJCAYIOUIMIA pa3aen.

Bosiee KapaMHATBLHO NMPOGJiEMy PELLAeT Mepexol Ha 3HAKH «-» (1160
«X») ¥ «+». Ha urpoBom none {1,0} KOHBIOHKLHS — 3TO B YUCTOM
BUIE YMHOXeHUE Z-Y . C TU3BIOHKIIMEH HECKONBKO cloxXHee. OueBUIHO,

zVy=c+y—z- y=max{z,y}, (5.1)

HO 3T0 rpoMo3nKo. Eciu xe BMecTo (5.1) mucars & + y, HATIONHSIS 3HAK
«+» HOBBIM COlepXaHWeM, CUTyalus ynpoiuaetrcs. [Ipy 3TOM BaxHO,
4TO JIETKO TPOBEPsSieMbI AUCTPUOYTUBHBINA 3aKOH

vy Az=(xA2)V(yA2)
obpeTaeT MPUBBIYHYIO (hOpMy
(z+y)-z=z-2+y-=2

Kak B apudMeTrKe ¢ MOMOUIBIO YMHOXEHMSI U CIIOXEHHUS BBITTH-
CbIBAIOTCS CJIOXHBIE (POPMYJIbI, TAK M B JIOTMKE KOMOMHALUM CBSI30K
TMO3BOJIAIOT 3a1aBaTh T-MECTHBIE Ao2uyecKue Qynkuyuu p(Ti, ..., Ty,).
Hanpumep,

p,y,2)=(x+y) (y - 2)
be3 MMnMKaiuumM MOXHO ODOMTUCH, MOCKOJIBKY

U—>v=u-v+u-v+u-o.

2 Hapno TNPpHU3HaTb, YTO UMITIMKAUNSA, MSITKO TOBOpPsI, HE COOTBETCTBYCT OGbIH.CHHOMy TIOHUMa-
HWIO «€CJTIU T, TO Y».
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OO0O0MTUCh MOXHO M Ge3 MHOTMX APYIMX CBsI30K. JIlo6asi m-MecTHas
noruyeckas dyHkumus (T, ..., T,) 3aMUCHIBAETCS C NMOMOLIBIO (KOHB-
FOHKUU, OU3BIOHKUUL U OMPUUAHUI) B OU3BIOHKMUEHOU HOPMAAbHOU dop-
Me, T.€. B BUIE CyMMbl MPOM3BeNEHUI (IMU3BIOHKLIMM KOHBIOHKLWIA)
repeMeHHbIX WM X OoTpuLiaHui. Hanpumep,

T Yy-2+c-Y- 2+ Yy-Z2=c-2+%-y-% (5:2)

CyluecTBOBaHUE NU3bIOHKTUBHOM (POpMbI MpeacTaBneHUs yCTaHaB-
nuBaetcst npocto. Jliobast normueckas hyHkuust @(Ty, ..., Ty) MOXET
CUMTAThCS 3alaHHOM Ha 2" BepLIMHAX T-MepHOro Ky6a

[0, 1] x ... x[0,1]

U TIpUHUMAaIOLLEH B Kaxnon BeplurHe 3HayeHne 0 unu 1. B pesynbrate
OKAa3bIBaeTCsl BO3MOXHBIM IMpENCcTaBieHue

2"
go(zl,...,zn)=Z<pk(:1:1,...,zn), (5.3)

k=1
rue Kaxanas GyHkuMst @g(z,...,T,) NpUHMMaeT 3HauyeHue | B k-it

BepLUMHE Ky6a, ¥ 3HaueHre 0 — B OCTANbHBIX BEPIIMHAX, a B cymMe (5.3)
IPUCYTCTBYIOT (0} TONBKO C TEMH HOMEpPaMH BEPLIMH, B KOTOPbIX ¢ = 1.
MousitHO, utO @(Z),...,Ty) NPEACTABUMBI B BHUIE MPOU3BENECHHSI
NEPEMEHHBIX T; WK MX OTPULIAHUH T ;.

CkaxeM, Tyz = | B eAMHCTBEHHOM BapMaHTe T =y = z = |, a £§z = | TonbKO
npu ycnoBuu T = z = 1, y = 0. Takx MOXHO nepe6GpaTh Bce BEPLUMHBI.

YKazaHHas 3anuch, KaK NpaBWIO, MOXET ObITb MpPUBENEHA 3aTeM
K 60siee 3KOHOMHOM Gopme 1o tuy (5.2), Ha 6aze paznuuHbiX GOpMyI
cokpauuenust. Hanpumep, « + Z = 1 (3akon uckarouenus mpemoeeo).

Jlpyroii CTaHIapT — KOHBIOHKMUBHAA HOPMAAbHAS opmda, B KOTOPOMR
Jo06as GyHKLMSA NPeNCTaBAsSeTCs B BUAE MTPOU3BENEHUS CYMM MepeMeH-
HBIX WJIM UX OTpUllaHuii. Hanpumep,

T+y+2) - T+y+2)-@+y+2) - (z+y+2).

Cy111eCTBOBaHUE KOHDBIOHKTHUBHOM (DOPMBbI JIETKO YCTAHABIMBACTCS AHANOTMYHO
npeasinyiemy. Jloruyeckylo byHkumio ¢(z,...,T,), 3aNAHHYIO B BepLIMHAX Kyba
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[0,1] x ... x [0, 1], MOXHO MpeACTaBUTH B BUAE NPOU3BEACHUS

2'1
oz, ..., z,) = Hzpk(z,,...,z"), (5.4)

k=1
roe Kaxaast GyHkuust Y (Zy, ..., T,) npuHuMaeT 3HaueHue 0 B k-i BepluuHe Ky6a,
¥ 3HayeHue | — B OCTanbHbIX BeplunHax. [TOHSTHO, 4TO Yk (Zy, ..., T,) NPEACTABUMbBI

B BUJE CyMMbI (IM3bIOHKLMM) NEPEMEHHBIX ; WIM MX OTpHUAHHMi Z;. 3anuch (5.4),
KOHEYHO, HE 9KOHOMHA, U YHCJI0 COMHOXMTENEH MOXET ObITh 3HAYUTEIbHO YMEHbILEHO,
€CJ1 HyJIeBbIe BEpLUMHbBI 06beqUHSI0TCS B rpaHu. HanpyuMep, AU3bIOHKLMS ) +. . .+ T,
He cofiepxaluast k IIepeMeHHBIX &, OGHY/ISETCS B BepLUMHAX k-rpaHu U 3ameHsieT B (5.4)
cpasy 2F comHoxuTenei.

5.3. byneBa anre6pa

B pamkax Martnmoruku OynieBy anrebpy Hepenko IIPEeaCTaBisilOT KakK
BTOPUYHYIO HayKy, y KOTOPO KpOMe 0O0Cy>KMBaHUsI IOTUKU HET IPYrOro
npeaHasHavyeHus. He mbiTasichb BBISCHMTBH, KTO OOJIbllIiE TSHET ONESIO
Ha ce0Osi, 3aMeTHUM, 4YTO y OyneBOil ajnreOpbl He MEHbllle OCHOBaHUM
aHAJIOTMYHO CMOTPETb Ha JIOTUKY.

[lpusemnssi TeMy, ynoGHee BCETO TOBOPUTb O MHOXECTBAX, Kak
0 HauGosee MPUBbIYHBIX 0ObekTax. Ecth MHOXecTBO E 1 HeKoTOpast
CHCTEMA €r0 MOAMHOXECTB ¢ ¢ OOBIYHBIMMU OMEPALUSAMUA OObENUHEHUST
(z Uy), nepeceyenust (z Ny), nononHeHusi (Z = E\z) U BKIIOYEHHs
(z D y). MHOXecTBa 0603HAYAIOTCSI MATBIMU OYKBaMH JUlsl TIOAIEPXKA-
HHUSL aCCOLIMALMH C TPEbIIYLIUM.

Ecnu & COCTOMT BCEro M3 ABYX MOAMHOXeCTB, & = {J, E}, v ne-
peMeHHbIE &, Y, ... MPUHUMAIOT 3HauyeHus u3 {J, £}, — BO3HMKaeT
CUTYaLMsl, IOTHOCTbIO aHANIOrMYHast (430Mop@Hasn) CTPYKType U3 Npensl-
nywero pasnena. CoOTBETCTBUS NOCTATOYHO OYEBUIHMDI:

r=1z=E zz=0&2=0,
UV, NeA D&,
HaKOHeLl, «JonoaHenue < ompuyanue».
s ncUXOJIOTMH BOCIIPUSITUSL MPENNOYTUTE/IbHA 3aMEHa TEPMMU-

HOJIOTUM U O0003HAueHUH, «U = +», «[1 = X», YTO B «IOTMYECKOM
BapMaHTe» yXe ObUIO ciesiaHo. KOHEeUHO, «CyMMa» U «TIpOU3BENCHUE»
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IUISL MHOXECTB MOTYT IOKa3aThCsl HEYNayHbIMM MOHSITUSIMM, — HO BCE
3aBUCHUT OT KOHTEKCTa. Tam, rae NpUXoguTcs oObeqUHSATh MHOXECTBa
Y CKJIaOblBaThb YMCNa padom, — ynoOHee pasHble 3HaKW M Ha3BaHMSI.
O6o3HaueHus N, U «He MelalT» U B TOM Cilydae, Koraa B Ioje 3pe-
HMSA OMMafgaloT BCero nBa-Tpy MHoxectBa. Ho korna dopmynbl mecTpsit
3HakaMu U, N, — MoJyYyaeTcs Kaiua.

Tak WUy uHaye, B 6y1e6oli areebpe pacCMaTpUBAETCs CTPYKTypa &
¢ onepauusaMu {+, X, 7, D}, KOTOpble He BBIBOAAT M3 & W 00IanaioT
CNeAYIOLIMMU CBOWCTBaMU (OYEBHIHBIMU MIPU TEOPETUKO-MHOXECTBEH -
HOM MHTEPIPETALIMH):

(] KOMmymamueﬁocmb U accoyuamuBHOCmMb CAOHCEHUA U YMHONCEHUA 3)1
TH+y=y+z, TY=yYT;
(@+y)+z=z+(y+2), (zy)z==z(yz).
L] H()EMnomEHmele 3AKOHbL:
T+zr=z, TT=2 (AUA=A4, AnA=A4).

4
o Jucmpubymugrsie 3aKoHbt );

(z+y)z=zz+yz {(AuB)NC=(AnC)U(BNC)},
(zy)+2z2=(z+2)(y+2) {(AnB)UC =(AUC)N(BUC)}.

BTOopoii AMCTPUOYTUBHBIK 3aKOH MOJYYaeTcss U3 MEPBOr0 POKMPOBKOW 3HAKOB
«+» U «», T.€. B OyJeBOM anrebpe ornepauum CIOXKEHUS U YMHOXEHHUS] A0 HEKOTOPOit
CTeNeHH CUMMETPUYHBL. B apudMeTHKe 3TO He Tak, ¥ MOTOMY aKCHOMa (5.5) BbI3bIBAET
nuckoMbopt. CUTyauuio yeyryGasieT MPUBBIYKA TOYKY «-» HE ITHCATh (WK He 3aMevarh).
IMosTomy 3anuch

(Exy)+z=(z+2)x(y+2)
BMeCTO JieBo#i B (5.5) BoclipuHUMMaeTcst ierde.
® 3aKonbi no2aoujerus:
z+zy=2z, z(z+y)==z.
o Bynesa anzebpa npeonosazaem cywecmeoganue 6 & nyaa (0 <& &) u edunuypi

(12 E):
z+0=2z, z-0=0, z+1l=1 z-1=u=.

% 3nax YMHOXeHHs (TOYKa), KaK MPaBHIIO, ONYCKAeTCs.

i OGpaTM BHUMaHHe, HACKOJIBKO «U, N»-s13bIK HeymobeH st BocnipuaTysi. [1o aToi npuunHe
TEOPETUKO-MHOXECTBEHHbIE MJUTIOCTPALIMH IaJiee OMyCKalOTCsi, B OCHOBHOM.
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o Ceoiicmea onepayuu ompuyanus/0onoaHeHus:

=z, 0=1, 1=0,

8

z+Z=1, z-T=0,

T +y= I, T+4y (npasusa de Mopeana).

<
Il

Jlajiee MOXHO BBIITMCATD €lll€ ITOJICTPAaHMLbl aKCHOM I OTHOLLIE-
HUS D, BOCIIPOM3BOAS CBOMCTBA OOBIYHOIO 3HAKa «BKJIIOUYEHMSI».

Bce 310 BMecTe B3siToe U ecTb by1ega aseebpa. T1ocKobKY Tiepeymc-
JIeHHble CBOMCTBA (aKCMOMBI) He He3aBMCHMbI, [POMO3KOE OCHOBaHHUE
MOXET OBITh CUJIBHO YXaTO, IIpUYeM — pa3HbIMU criocobamu. I1osTomy
B JIMTEpAType BCTPEYAIOTCS pa3siInuHbIe ONpenesieHUsl, CBOASILMECS APYT

K IIPYTY.

W3 npasua de Mopeana, nanpumep, cienyet, YTO MOXHO OGOUTHCH OAHHM YMHOXeE-
HKeM 1160, HA060POT, OAHUM CIIOXEHHEM, — HO IIPU COXPAaHEHHWH OTPHLAHUS (J0MOoN-
HeHust). JIpyrumMu cnoBaMu, [jisi OITMCAHUS IOObIX JTOTHYECKHX (DYHKLMIA JOCTATOYHbI
nBe 6a30Bble CBSI3KH, «AU3BIOHKLHUS, OTPULAHHE» AUO0 «KOHBIOHKLIMS, OTPHLAHHE».
Eue 6osee 3KOHOMHBI B 3TOM OTHOWEHUH wmpux lehpepa (cyMma nononHeHum):

T|y=7+49,
u cmpeaxka [upca (nepeceyeHne QONOAHEHHH):
zly=Z-¥.

Kaxnasi 13 3THX CBSI30K B OTAENbHOCTH JOCTATOYHA [isl 3aITMCH J11060# JOrHYecKon
dyHkumnu (mo6oit KoMGHHALMK JTIOGOTO KONNYECTBA MHOXECTB).

tpux lleddepa | y B nOrHYecKoi MHTEPNpPeTaMKU O3HAYAET HECOBMECTH-
MOCTb £ M Y, T.€. £ U Yy He MOryT ObIThb UCTHHHBI OfHOBpeMeHHO. OTpHUaHue,
KOHBIOHKLMS U AU3bIOHKUUS Yepe3 wtpux et depa Boipaxalores Tak:

g=z|z, z-y=(z|y)|(zly), z+y=(z|2)|(@ Y.

TIpHHIMN JBOACTBEHHOCTH MO3BOJISET ABTOMATHYECKH MOJIy4aTb HOBbIE COOT-
HOIUEHUS U3 WMEIOLIMXCS — IEePEXOAOM K ABOMCTBeHHbIM (ByHKUHAM. DyHKUMS
(21, ..., T,) Ha3bIBACTCSI 0BOLICMEEHHO IO OTHOWIEHHIO K Y (T, ..., T,), €CIH

<p(z1,... ,In) =’¢'(f], cen ,5").
OuyeBHAHO, NBOMCTBeHHasl ABOMCTBEHHOM — ecThb McxomHas ¢yHkuus. KoHcraHTa 1
nBoicTBeHHA (), KOHBIOHKLIMSI — AU3BIOHKLIMH, YTO NpoBepsieTcsl «B 106». OTpUuaHue
camMoaBoiicTBeHHO. [1pH XenaHuuW ansl BCeX 3NeMEHTApHbIX QYHKLHHA JErKO CTPOATCS
JIBOMCTBEHHBIE.
OO6wuMit MPUHUMIT epexoga K ABOHCTBeHHOM (pyHKLMHU B CTAaHZAPTHOM JIOTHYe-
CKOM BapHaHTe OObIYHO (OPMYJUPYETCSl TaK: BCE KOHBIOHKLIMM MEHSIOTCS Ha OU3b-
IOHKUWH, AM3BIOHKLIMK — Ha KOHBIOHKLHH, | Ha 0, 0 Ha 1.
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[Tpu M3yyeHUU MATJIIOTMKHU BO3HMKAIOT €CTECTBEHHbIE BOMPOCHI, YTO
M HAacKOJ1bKO HYXHO. KHUTM HEOXOTHO AalOT OTBEThI Ha TAKME BOITPOCHI,
M UMTATENM MOC/E NOJATHUX MbITAPCTB CAMOCTOSITE/IbHO MPUXOIAT K Bbl-
BOAY, YTO TEXHUUYECKUE NTOAPOOHOCTU UM HEOOXOAUMBI, Kak Oyxranrepy
WHTETPaJIbl.

C TOuKkM 3peHHUsi 00LIero 00pa3oBaHUsl MX HAEUCTBATENBHO MOXHO
NpoOexaTb BCKOJIb3b. TeM GoJiee uTo 1Uisi MOHUMaHHUS «TJIaBHbIX» BOIIPO-
COB TpeOylOTCs O0IIME TpenCTaBeHUs, a He YaCTHOCTU. Peub He uaet
0 JIOTHKaX, y KOTOPBIX UHasl Cyabba.

5.4. ®opmynbl, BbiICKa3biBaHMA, NPeANKATDI

CrepulibHble MOAEAM M3 pasgesia 5.2 pa3pabaTbiBajUChb HE TOJILKO
«43 JIIOOBM K HMCKYCCTBY», HO M C TpPMLENOM Ha M3yueHHe pacCyx-
neHuii. [1prBsizka K 00bEKTY OCYIIECTBASIETCS CAEAYIOUM 00pa3oM.

PaccyxxneHusi Npeanojaralorcsi COCTOSILIMMHM M3 3JeMEHTapHbIX
(parMeHTOB « j, Ha3bIBAEMbIX 6bICKA3bI6AHUAMU , KOTODbIE TIPENCTABISIOT
B COBOKYITHOCTH Hekoe MHOXecTBo U = {u;} ¥ Moryr GbiTb 1160 McC-
THUHHBIMU, JU60 JOXHBIMU. BbICKasbiBaHUSI 00BEIMHSIIOTCS C TIOMOLLIbIO
JIOTMUYECKHX CBSI30K B hopmyast: f(uy, ..., up). CuMBONbI f Ha3bIBalOT
dynxyuonansnotmu. opMynaM, KaKOBbLIMU B TOM YUCJIe CUMTAIOTCS KOH-
cmanmel A3b1Ka, TPUMMCHIBAIOTCS UMeHa (mepmbl, CM. flajiee yTOUHEHHst).

Takum o6pa3oM, 0OBEKTH U3yYyEeHUS B JIOTUKE HAarllOMHUHAIOT CTaH-
JIApTHYIO CUTyanu1o. EcTb apryMeHTbl ¥ GyHKIMU. DIEMEHT «CTPaHHO-
CTU» 3aKJIIOYAETCSI B TOM, YTO MIEPEMEHH b€ MOTYT MTPUHUMATh 3HAYEHUSL
«BbICKa3blBaHM», M TIOTOMY TakMe MEPeMeHHbIE HA3bIBAIOT HPONOULU-
OHAAbHbIMU, YTO SIBJISIETCSI 11aTOM K TEPMHMHOJIOTHYECKOMY XaocCy. XOTs
war — GopManbHO onpaBaaH HalMYMeM CreludUKH.

Jlormyeckuii aHanu3 OOBLIYHO HampaBjieH Ha M3yuyeHHE TOW WK
MHOM MpeIMETHOW 001acTh — TEOPMU MHOXECTB, apudMETHKH, TeO-
puM rpynmn. Beicka3biBaHMsI, COOTBETCTBEHHO, KOHCTAaTUPYIOT CBOMCTBA
M B3aMMOOTHOIIEHUsI U3yuyaeMbIX OOBEKTOB, HallpUMeD,

a>b, wuucaox npocmoe, z<y, ACB.

Bce 310 Tak HasblBaeMbie npeduxkamel.
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[oBopsi Gosiee OOLWKMM si3bIKOM, npedukam P(x,...,r,;) — 310
MHOTOMECTHOE (B TOM YMCJIe, OMHOMECTHOE) OTHOLIEHHUE, KOTOPOe npe-
BpaLLAeTcs B UCTMHHOE WM JIOKHOE BbICKA3biBaHUE MPHU MOACTAHOBKE
KOHKPETHbIX 3HauYeHUit nepeMeHHbix {Z|, ..., ZT,}. lNpeaukaramu ya-
CTO Ha3biBAKOT CAMM 3HAKU OTHOLUEHWUH: +, —, =, X.

[py 0OLLETCOPETUYECKOM PACCMOTPEHUH MpeauKaTbl 3arMChIBAIOTCS B BUAE
Pi(x,,...,z,) ¢ nOMOWbIO npeduxamubix cumeosos Pj, HO GaKTHYeCKH 3a 3TUM
noApasyMeBaloTCsl OTHOLUEHUS] TMNa £ > Yy, KOTopble ynobHee BOCMIPUHMMATb B HX
IIPUBBIYHOM BHae, a He B (dopMe >(T,y). B To Xe Bpemsi, cKaxeM, OTHOLIEHHE
Tpex uMcen a® = ¢ unorza HarmpallMBaeTcsi ObITh BBLITAHYTHIM B CTPOUKY, M TOrda
33 HUM 3aKperUIsSeTcs Kakoe-HWOyab 0603Hayenmne Tuna Pys(a, b, ¢). Monobroro pona
IUJIEMMbl BCE BpEMSI 3arOHSIIOT JIOTHKY B TYIHMKHW HEJETKOro BbIGOpa, B pe3ysibTaTe Yero
CTpeMIIEHHE K CTporocTH obopaunsaeTes Hepasbepuxoit. Ho 3to cneunduka npeamera.

Bucsiwas 6e3 onopst 3aruck P(uy, ..., u,) noapasymesaet 06bIYHO UCTUHHOCTb
P(u,...,u,), re. Plu,...,u,) = l. [TOHATHO, YTO B 3TOM cCiydae MpeauKar
P(z,,...,z,) npencraisieT cofOil XapaKTEPUCTHYECKYIO (YHKLMIO MHOXECTBA MC-
THHHBIX BbICKa3%1BaHUI O COBOKYMHOCTSIX {Z|,...,Z,}. BMecre ¢ Tem 3anuch apugp-
MemuHecKux npeoukamos B Buae

P(z), ) = {2, > 2, +3}; P(z.,2,,23) = {2} + &) = 73}

HAMOMMWHAET O MEPBUYHOCTH MHTEPNpeTauud — Kak OTHoweHusi. CTpeMUTBCS 31eCh
K YETKOMY Pa3rpaHUYeHHUIO TEPMHUHONIOTUM eaBa JIM MMeeT cMbica. B noruke BooGLue
npo6/emMa HeucuepraeMoCTH HaTPALLMBAIOLLUXCSI YTOYHEHH T CTOMT 0COBEHHO OCTpO.
[Mo3ToMy, Kak HU B KaKOH APYroi AMCLMILIMHE, 30eCh BaXHa rMOKOCTb M TePNUMOCTb
K HEOMPEAESeHHOCTH.

WUcuucnenne npepmkaros. [lpu nepexone OT UCUUCIEHUS BbICKA3biBa-
HUI K UCUMCJIEHMIO MPEJUKATOB BO3HUKAET Apeid TEPMUHOIOIUH, YTO
U «BpEMEHHBIX MoceTuTeei» co3naeT 6oblune HeynobeTsa. [1peau-
karsi P(ty,...,t,), roe tj — mepmbt, HA3bIBAIOTCS TENEPb AMOMAPHLIMU
gopmysamu, a NPOCTO gopmyabl B HOBOM pelaKLMM ONpeae/sioTcs Kak
amomapHste Gopmyast U UX KOMOMHALIMK C MOMOLLIbIO A02U4ECKUX C8A30K,
KOTOPBIE MOTYT HAXOAMThCS MO/ AEHCTBUEM K8AHMOPOS.

[1pn 3TOM mepmbl NOHUMAIOTCA HECKOJILKO LIMpe, ueM ObLIO CKa-
3aHo Bbilue. [lepeMeHHas — TepM, W ecau ti,...,t, TepMbl, a f
n-mectHas Gyukuus, 10 f(t,...,t;) — Takxe TEpM.

«He6oboit» NopoyHblit KPYT 3aeCh WUT OebIMU HUTKAMU, HO OH JIETKO pacry-
TbIBA€TCs AOMOJHUTEbHBIM PACXOLOM UepHUJ. TeM He MeHee aaxe y KHUT, CTpeMSILUMX-
Csl 1aTh YETKOE M3JOXEeHUE rnpeameTa, oObIYHO He XBaTaeT TEPrEHUS] HA BCe HEOOXOAU-
Mble YTOUHEHHS1, U KaXablif aBTOP 3aMyTbIBAaeT U3TOXEHHUE, T. €. PACIyThIBAET, O-CBOEMY.
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Hactansars 34ech Ha o KapaHaILHON pedopye,  pasymeeicst. 6CceMbICICHHO.
Ho napaaieianHo Tpaauuiin MOJE3HO HMMETh B roA0Be Kaky-ambo npocTyio Mo-
JCAb, HE OTHTOWCHHYIO YHHBEPCWIHIMOM. ECTh NMCPCMCHHBIC W (DYHKIMM, KOTOPbIC
OOPABYIOTCH: AQCUHECKUMU  COABKAMU, OMKoweHusMuy (€CH petb HACT 0 NPEAMCTHOI
06aACTH) w koMo suwued. PYHKUMI MOTYT HPHHAMATL 4B sHaucHust O, 1 1 OuiTh
NOUBEPXCHHBIMI ACHCTBUIO KBAHTOPOB. TIPH ABIACHIIT B PAAHUHBIX TCOPCTUICCKHX
HAMPABACHUSX MOAOOHbIT B3MISIA MOXET YTOUHNATLCS, Hexoast W3 no1peOHOCTei.

KBaHTOpbI. XdpakTepHOH OCOOCHHOCTHhK) MCHUCACHMS MPE/INKATON $IB-
JISIETCS UCMOJBL30OBAHKE KBAHTOPOB: Kednmopd obwHocmu N & — <«
BCEX iL», U KEUHIMOPA cylecmeosants 3T —- «cywecTsyer £», ObJacTb
M3MEHCHHSI T TIOAPA3YMEBIETCS OIOBOPEHHOW JINOO YKa3blBAaL 1Cs,

Vee X, JrelX.

MNoa V xP(x) uneercst B suay Vi P(x) = |, ananoimuno 3z P(x) rpak-
tyetest Kak 3 P(x) = 1. st npuaanuns peiibedHOCTY B 3aNUCH MOTYT
MCIOJIb30BaTHCsl LONOAHUTEIbHBIE 3HAKK. HanpumMep,

Va:P(), J(z>1):Px).

Mepexon ot P(x) k V& P(x) 5inbo 3 xP(x) cusisbiBaet yiepemeti-
HYIO T, NIPUHIMIKANBHO MeHsi ee posib. lepeMeHHbIe, HiuxoLsiLmrecs
MO ACHCTBAEM KAKOIO-THOO KBAHTOPA, HA3bIBAIOT cassdnnvimu (neol-
Mu), OCTanbHble — c60000HbIMU. Dopry:ibl, HE conepRallne CBOGOAHBIX
MNepeMEHHbIX, HA3bIBAIOTCS 3AMKHYMbIMU. -

JAMKHYTBIC (DOPMYILE NPEACTAB IOl COBLIT BLICKA3LIBAHNSE, TPABILIBHBIC HiIH
HEMPaBILIbHbIC,

Vab:d?=b = (@ —b)la+0), Ju:2l <.

Hacewwueanue keanmopu, N o\ P, ..., €y), NPEBPALIAET 1L-MeCT-

HLIA npeavkar P(xy, ..., r,) 8 (n-- 1)-mectblii .

KBaHTOPBLE B JOCHKE QOCTABISIOT MACCy HENPUATHOCTET, BCTPeUasch B (hopmymax
MHOTOKPATHO W BINssE 4pys Ha apyra. Craxes,

ViePlz) = Py) (5.0)

5) " .
AHUIOHYNHO 2 [, y) npespanaert asymectnyo gynkino f(, y) — 18 0.1HOMCCTHYIO.
"
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MPEeaCTaBsETCA O4EBUAHBIM (PAKTOM: «€C/IM OTHOLEHWe P(Z) cripaBeIMBO NMPH JIO-
Oom aprymeHTe, TOo B P(-) MOXHO noacTaBuTb nt060# y». Ho mnpeacrasum, uto
P(z) = 3yQ(y, z). Hanpumep, P(z) = Jy(y # &), 4To npu noacraHoske B (5.6),

Vezdyly#z) - yly #y),

MPUBOAMT K TJIYMOCTH.

[To3ToMy B JlOrMKe ynensieTcsi 3HaYMTebHOE BHUMaHWE perlaMeHTaLUUU padoThl
¢ KBAHTOPAMM, HA YeM [JlaBa HE OCTAHABJMBAETCS, MOCKOJNbKY MUUIETCA HE A4S TOro,
4TOGBI MO HEW MpeaMeT MOXHO 6bl10 OCBOMTb. BooOLIe nepel cepbe3HbIM U3YYEHUEM
MaTJOMMKH HAZ0 CeMb pa3 MoayMaTh, NOTOMY 4TO JII060E «OBlaaeHWE» B ONpeaeeHHOM
CTerneHH OrnacHo, WOO MycKaeT XU3Hb B APYTYIO KOJEI.

HA3biku. Jloruka yaensieT noBbiLIeHHOE BHUMAHMUE CPEACTBAM ONUCAHUS
n3yyaembix saBaeHui. [Npasaoa, 6€3 ocoboro ycrexa. TpyaHOCTH HAUYMHA-
1oTcs ¢ andasuTa. Kasanoch Obl, GUKCHPYI KOHEYHbIH HAOOD cume0108
(6yxe) — BOT W aagasum. Ho

{a,b,c,...}, {V,~,V,A, C, € F}, {GEHDY

HE PEe30H CMELMBaThb. 3a KaxI0i rpynmnoil 3HakKoB CBOs crieliMburka,
NpyyYeM HarnpallMBaeTcs gajibHelllee apobieHne — OTaeNeHUE JIOTU-
4eCcKUX CB30K OT apudMeTHueckux orepaunii. [1otom OyKBbl — OfHM
1151 0003HaYeHUs TIEPEMEHHBIX, ApYyrue a1 GYHKUMM, TPETbU 4151 TIpe-
NIMKATOB 6, CrieunduKy sI3bIKa ONpPEesioT: KOHCMAaHmbl A3bIKA, 4 TaK-
Xe (YHKUMOHANbHbIE M TIPEAUKATHbIE CHMMBOJIbI, — OOBENUHSIEMbIE
B TaK HasblBaeMyto cueHamypy. [1pnueM KoHcmanmamu A3biKa Ha3bIBAIOT
He 00513aTe/IbHO KOHKpPETHbIE Ynucaa (UTO He MCKIIIOYAeTCsT), a BOOOILe
cobcmeerHble CUMBOAbl — DEMEHTbl MHOXECTBA, Ha KOTOPOM «pPa3BO-
paumnBaeTCs CIOXeT» (MepeMeHHble MMEIOT MPaBO NMPUHUMATb 3HAYEHHS
KOHCTAHT sI3blKa).

Cnosom B anidpaBuTe A Ha3bIBAIOT KOHEUYHYIO MOC/EL0BATENbHOCTD
cuMBoJioB 3 A. UToObl aMmopdHas Macca TEeKCTOB CTalia AA3bIKOM, HAL0
YTPACTU MACCy Bellei: Npo0Geibl, MpaBubHbie CKOOOYHBIE BbIpAXEHHS,
CUHTAKCHUC, aKCUOMBI U T. 1. Kopoue, Kak U npu cO3gaHMU S3bIKA MPO-
rPAMMMPOBAHUS, HANO CO3aTh 2PAMMAMUKY W I€TATIbHO BCE OTOBOPUTD.
Ho ecnu ¢ aseonom ecth pe30H 10BECTH [€10 10 KOHLA, MHaye nap yiaer
B I'y1OK, TO C JIOTMKO — T4aKOro pe3oHa HeT. Bce paBHO nmucaHWHa
OCTdeTCs Ha GyMare, ¥ HUKTO He UMTAeT faiiblue cepeanHbl. [1oaTOMY,

©) 3ateM CTAHOBMTCS ACHO, YTO GYKB BCE DABHO HE XBATUT, M MpOLUE B3ATb GECKOHEUHbI
andasut {z,z7,...}.
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Koraa «HabawaeHue» repsicT OUMTE.IbHOCTD, 1MOpbIB K perjaMeHTALIMH
CXOAMT Ha HET.

YIUBUATENBHO, UTO NOAYUEHUIO K BOCTIPUATHIO KOHEUHbIX PE3Yb-
TATOB 3TO HE MELIAET, AaBasi NOBOA 3a1yMaThCs. TPaAMLIMOHHbBINA CMOCOO
M3/I0OKEHMUs MpPEAMETA «OT W [10» — B JAHHOM Ciyyae He paboTaeT.
M oT Hero uenecoobpa3sHO OTKA3ATLCS B M0Ab3Y JABHO CYLLECTBYIOLLUX
3TaJIOHOB MHOro copta. PabGoty KoMmbloTepa, HaripuMep, XOpoLlIo Mno-
HUMalOT MHOMME CNELUMAINCTbl, UMEIOLLMNE O KOLAX MALUMHbBI M IPYIUx
«MUKPOCKOMMYECKUX» MOAPOOHOCTSIX BECbMa CMYTHOE MNpeacTaBieHHe
(Tounee, HMKakoro). Jloruka xe nbiTAETCs PACCKA3aTh O cebe, HaunHas
C «KJIETOYHOrO» YpOBHSI.

[ [pumepbi

o Ssvik meopuu muoxmcecme. CHTHATYPA COCTOMT 13 CAMHCTBCHHOTO NPEAHKATHOTO
ciumpona €. Bmecto €(z,y) nuwyt, kKoneuHo, z € y. OtHoweHue ((popmymi)
T C Yy MOXCT ObITh 3anucaHO B uae Vu: (W €x — u € y).

o S3vik apuchremuny. CHPHATYPA COCTOMT W3 KOHCTAHTBE | U 1PCX (DyHKUHOHWILHDIX
CUMBOMOB: +, X W (YHKUHOHATLHOTO CHMBOAA 0, 0003HAUAOILETO Cledoganue,
on)=n+1.

5.5. CuHTakcuc n cemaHTmkKa

Jlornyeckune mccaenoBaHUs Pa3BUBAIOTCs ABYMS MapauleibHbIMK Kyp-
CAMMU, CeMAHMUYECKUM U CUHMAKCUMECKUM, KOTOPbIE TO U AeN0 KPUNTO-
rpadMyYECKH NepeceKaroTCst.

B ceMaHTMuecKOM pycie 3a CMMBOJAMMK CTOSIT peajibHbie Orlepa-
UMK («MIn», «HE», «Ist BCeX», «+») M OObeKThl (YMCAA. MHOXECTBA).
CHHTAKCMYeCcKOEe PacCMOTPEHHME TIpeAMEeTa OCTABASIET TOJIBKO CHUMBO-
abl. 3Haku V, 4, V, C, X — nNpeBpawlaioTcsi B OYKBbI, 38 KOTOPbIMU
HET HMKAKOro CMbICNIOBOro coaepxaHus. [loaroMy npeoOpaszoBaHMst
W BbIBOAbI, 0a3UPOBABLIMECS paHEe HA IMOHUMAHWKU CBOMCTB ONepaunii,
TENepb NOJMXKHbL PEryJMPOBATLCS HOBBIMM MEXAHM3MAMM, KAKOBbIMU
ABJSHIOTCH PA3JIMUHBIE 11pA8UAA 661800 N UKCUOMBI.

7
Onepayus ebieoda ) 0603HAuAETCH 3HAKOM . BoipaxeHus

Ple--sPnt g (U3 1, ..., py criedyem q)

7
) COCylLlCC FBOBAHHC HMIUIMKAILH L 1 OHEPULITH BLIBOAA YAC TO CHAYXHT HCLOUHMKOM Y TaHIIUbL.
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8)

HA3bIBAIOTCS CeKGEHYUAMU ', & NPAsUAQ 6bl600a 3ATTUCHIBAIOTCS B (hOpME

Sl 3 Sm
S b
YTO O3HAYAET: «U3 cekgeHyul Sy, ..., Sy credyem S».

HanpumMep,
pFa,qkd

b aFand (s6edenue konvionkyuu).

CexBeHLIMsT, HAXOASILASICS 10/l YePTOM, HA3LIBAETCS 3AKAIOUEHUEM, & Ce-
KBEHLIMM HAJ YEPTOM HA3LIBAIOTCS NOCHLAKAMU.

«BBOANUTb KOHBIOHKIIMIO» HEOOXOAMMO 3aHOBO, IOTOMY YTO pE4b
UIET O CUHTAaKCHUCE, — COIEpXAaTellbHasl YacTb OCTaach 34 OOPTOM.
C apyroit CTOPOHbBI, YeJOBEKY TPYAHO [eNlaTh BWA, YTO KOHBIOHKIIMSI
eMy HeBeaoMd. Jla M XajKO OTKa3blBaTbCsSl OT HAMISLAHBIX COOOpaxe-
Huit. [Toatomy nio6oit npodeccCHOHaANT XOHIJHUPYET CHHTAKCHUECKUMU
OINMUCAHUSIMU, OMUPASICb HA CEMAaHTUKY. Kak roBopMTCsi, 1yMaeT OJHO,
fenaeT apyroe. BuirnsimuT 3TO, e€caM He 3HATh IMOJOIUIEKM, KaK Cyma-
CLIeAINA JOM.

MHCTpyMEHTHI THIA LIMPOKO M3BECTHOIO MPABMIIa MOOYC NOHEHC,
T, —Y
y

MO0 MpPABHIA MOACTAHOBKH «eCAl (DYHKUUS MOXCOeCMEEHHO pagHa 1, mo
OHa pasHa 1 u npu KOHKpemHbIX 3HAYEHUAX APSYMEeHmMoe» — TIPOU3BOIST
HA 3[PaBOMBIC/SILIETO, HO HEMCKYLIEHHOrO Yej0BEKa — XKYTKOE BIIe-
yatneHue. CIMIIKOM MO31HO NMPUXOIUT MOHUMAHKE, YTO TIPH NepexXojie
CO CMBICJIOBOrO ONMMCAHUS Ha (OpMalibHOE — BblyXHMBAaHHWE TAKMX Oa-
HallbHOCTe HeoOxoauMo. Y 3TO camast TpyaHasi 4acTb MOIEIMPOBAHUSI,
NOCKOJIbKY OYEBUIHOE UMEET TEHAEHLIMIO YCKOIb3dTh U3-TIOI KOHTPOJISL.

b

[lepexon Ha (popManbHOE ONMUCAHUE — €CTb HE YTO MHOE KaK MepeBOj CUTyaLuu
Ha SI3bIK, NOHSITHHIN BbIYUCIUTENbHON MalUMHE.

YTto KacaeTcsi TpafULIMOHHON MHOTO3TAXHOCTH TIpaBWJi BbiBOAA, TO
OT T4KOI 3amucH ObLIO Obl XeaTelbHO M30aBUThCS. [leno B ToMm, uTo

® 3anmcs - D O3HAyaeT «p NOKA3yeMo», a Py, ..., Pp b — «cuctema py, ..., py MpOTUBOpE-
YHUBaA».
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MATJIOTHK4A B (hapBaTepe pelieHUs MPUHLUMUITUATBbHBIX TPO0JieM aKCUoMa-
TH3aUMM U JO0KAa3YeMOCTH HYXHa /i PHUAAHUST CTPOTOCTH HEKOTOPBIM
MHTYUTUBHO SICHBIM MpeiacTaBieHUsIM. Jlaxe He CTOJbKO «as TpU-
[AHUS», CKOJILKO — Ui MOHUMAHMS, UYTO TAKYH0 CTPOrOCTb MOXHO
MPpUIATh.

CkaxeM, 4TOObl COTIACUThCSI C CYLIECTBOBAHMEM «lIEMOYEK M10-
KA434TeJIbCTB», BEAYILIMX OT aKCMOM K BblBOA4M, MHOTMM J0CTATOYHO
MHTYUTHUBHOM SICHOCTH, 4 IDYTMM — W MATJIOTMKM He XBaTaeT. TaK WM
MHaye, HO (opMain3alus MPaBU/ BbIBOJA — CIMOCOOCTBYET MPOSICHE-
HUIO cyTH. BO3HHMKHOBEHME Xe «MHOTOITAaXHOCTH» JeUCTBYET, CKOpee,
B OOpaTHOM HAalpaB/ieHUM, CO31dBasi BIeYaTIEeHWE, 4TO JIMHEMHOCTH
pPACCYXOEHUS HEAOCTATOYHO.

YI'lpaSZLHMTb «MHOTO3TaXHOCTb», KOHEYHO, COBCEM JIETKO, HanpuMeEp, 3aMEHAA
«BBCOCHUE KOHBIOHKLIMU» HA

(ptra,gkb)= (p,qgFaAbd),

a TAKXE€ MHOXECTBOM IPYTHUX CrocoboB.

AKcMoMaTMka M cemaHTuuyeckoe cnegosaHue. B mpegMeTHbIX 00-
J1aCTAX OOBbIYHO (DUKCHUPYETCSI HEKOTOPAsi COBOKYITHOCTb 3AMKHYMbIX
gopmyn, HasbiBaEMbIX akcuomamu. BbIBOIUTb CAEACTBMSA M3 AKCUOM
MOXHO TI0 TMPAaBWJIaM CHUHTAKCHMUYECKOrO CJIeJIOBAHUS — TAKUE TIPABU-
Jla CrieLMalbHO OrOBapMBalOTCs (CM. CrieayloWMi pasaen), — M TOrad
ucnonb3yetcs 3Hak . Hanpumep, A, A, - X o3Hauaet, yto X «CHH-
TaKCUYECKW» creayeT u3 A, Ay, rne A, Ay MOTYT ObITb AKCUOMAMM
WJIM paHee JO0KA3aHHBIMU (OpMYIaMMU.

Cemanmuueckoe caedosanue Ay, Ay = X o3Hauaet, 410 X «IOTH-
4YeCKM» BbiTeKaeT U3 A, 4,.

CooTBeTcTBUSA

AI,A2|"X¢>A1,A2}=X

SIBJISIIOTCS. OObIYHO npeaMETOM CIIEUHUAIbHOIO UCCaEN0BAHUA, U CBUIE-
TEJAbLCTBYIOT O TOM, HACKOJILKO XOpOLUO OnpeacJacHa rpaMMATHUKA.

Ha ocHOBe ceMaHTHUECKOTO ¥ CUHTAKCMUYECKOTO CJIeI0BAHUS OTIpe-
NENS0TCS 1Ba TUNA meopuii. MHOXECTBO 3aMKHYTbIX (DOPMYJ1, KOTOpbIE
CEMAHTUYECKHU CIIEAYIOT U3 NMPUHATOW CUCTEMbl AKCMOM, Ha3blBalOT ce-
Manmuyeckoli meopueti, a €CJIV CJAEIYIOT CHHTAKCUYECKU — OedyKmueHol
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meopueii. [1py COr1acoBaHUM CMbBICJOBOIO U IPAMMATHYECKOTO CJeg0-
BAHUS 00€ TEOPUM COBMANAIOT APYT C IPYTOM, YTO 0OLIYHO 0hOpMJIsETCS
«T€OpEMAMH O TIOJIHOTE UCYUCIIEHUI», — CM. Jasee.

5.6. UcuncneHmne BbiCKa3biBaHUN

Jlornueckasi dyHkuus @(, ..., T,) CUNTAETCS magmonocueil, Vv 06-
we3Havumoil gopmynoil, €CIM OHA UCTMHHA MPU IMOACTAHOBKE JIHOOBIX
KOHKPETHBIX BbICKa3blBaHUM T; = u;. [IpruMepbl TaABTOJOTHIA:

z+zT=1, (z-y) - (z—-y) T
DTO M3 00J14CTH CEMAHTHUKM.

[MponeMoHCTpUpYyeM Ternepb PyHIaMEHT CUMHTAKCUUYECKOTO TOAXO0-
114, YTOObl <«B3MJISAHYTb M 3a0bITb». ANMAPAT UCYUCIEHMS BBICKA3bIBA-
HWIi COCTABISIIOT npaguaa év6o0a (HXKe NMPUBOAUTCS MOYTH MOJOBUHA
OT CTaAHAApPTHOIO Hﬂ60p¢':l, OCTaJIbHAsA 4YaCTb BbIVIAAUT aHaJ'[OFl/l‘-IHO):
pka;qkd
——————  (86edeHue KOHBIOHKYUU);
p,gkaAbd
pFa pkb
pravd phravbd
p,gqFanb  p,ghand
pra ’ phkb
p.qk .
————  (88edenue ompuyanus);
pk g
pra;qt--a
pqF

(66edenue dussionkyuu);

(vdanenue N);

(ceedenue k npomusopeuuo);

p,a,bglkc ( )
—  {nepecmanogka).
p,b,aqkc

PeanbHble CrIMCKU UCTIONHSIOTCS FOTUYECKUM quH('l)TOM, BbITASAAT O0Nee CONUIHO
U COMpOBOXIAAKOTCA paCCTaHOBKOi/'l MHOTrOYHUCJICHHbIX aKUEHTOB.

EcrecTBeHHO, BO3HMKAET BOMPOC, HACKOJIbKO XOPOLUM J03BOJIEH-
Hble cpencTBa. Bce M UCTUHHOE 10KA3bIBAETCS, M BCE JIM A0Ka3yemoe
UCTUHHO? OTBET — «Ia» Ha 004 BOMpOCA, 4YTO, 6€3YCAOBHO, SIBISIETCS
Teopemoii (0 noaHome meopuu), HO eaBa JiN CMIOCOOHO BHI3BATH MHTEPEC.

JloKa3aTeibCTBO CBOAUTCS K PYTMHHOM NpOBepKe, KOTOpasi Ha CMbl -
CJIOBOM YPOBHE TPUBMAIbHA, U B HEKOTOPOM pO/i€ 34CTaBIsIET UUTATENS
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JIOMHUTBCA B OTKPBLITYIO ABEPL, — d BPEMS OT BPEMEHHU BhIMCPKHUBATh
U3 TOJIOBbI MHd)OpMauMlO O JIOFMYECKUX CBA3Kax (‘l'l'OGbl 110JIYYHUTb
)'IlOBOJ'leTBMC) HE TaK npocCTo.

BooOwe rosopsi, UCUUCIEHUE BbICKA3blBaHMIA, OXBATbiBalOLLEE OOLUE3HAYMMBIE
GbOPMYJbl, CaMo no cebe LIEHHOCTH HE MPEACTABASAET, MOCKOJbKY JIMLIb 3aMyThIBAeT JIErko
pelaeMylo 3anadyy rpoBepPKH UCTHHHOCTH Jlordueckux dynkuuit. Ho 310 crynenbka
K UCYMCJICHHIO TIPEAMKATOB, B TOM YUCJIE — MPEAMETHBIX, TAKMX KaK apu(bMeTHKa.

WTtak, Kak Obl TaMm HU OblIO, NpU GOpMAIU3ALUK MaTeMaTUye-
CKMX TEOpHi Ha 6a3e JOrMKH BbICKA3biBAHM I CEMAHTUKA UTHOPUPYETCS.
Teopemsi TPAKTYIOTCSI KaK (OpMYJibl, KOTOpPble MOTYT ObiTh BbiBEAEHbI
Mo Ornpeae/eHHbIM MPABUJIAM, COCTABJSIOUIUM AKCUOMAMUKY MEOopUU.
[TpuMepOM MOXET CJIyXWUTb NPABKJIO MoOyc hoHeHc (modus ponens): «ec-
U T U T —Y, TO Y», — Bxogsiiiee 0ObIYHO B J1100YI0 AKCHOMATHKY.

5.7. A3blkn NnepBOro ypoBHs

Hcuucaenue npeduxamos, B OTINYNE OT UCUMUCIEHMUST BbICKA3bIBAHWM,
JIONYCKAET UCMOJIb30BAHUE B A3biKe Nep8oco ypoeHsa KBaHTOpoB V u 1.
B TO e BpeMsi, BBUAY B3aMMO34MEHAEMOCTH THUIA

Vz:P(z)=0& -3z : P(z) #0,

B JIMTEPATYPE BCTPEYAIOTCSl pa3Hble BAPUAHTBI ONMpPEdeIECHHUIA.

S13bIKM 11EpBOTO ypOBHS (nopsadka) noapa3yMeBaioT UCTOAb30BaHUE
KBAaHTOPOB MO OTHOLUEHWIO K TMepeMeHHbIM. B ucuucienusx emopoeo
nopadka % [OMYCKAETCs NMPUMEHEHWE KBAHTOPOB MO MpeanKaTaM Tura
VP : P(z) =0. Koraa peub UIET NPOCTO 06 MCYMCIEHUH MPENUKATOB,
MMEETCS] B BUAY «I€PBbIil YPOBEHb».

st rpaMMAaTHYECKMX MAHMMYISAUMIA C NpeqMKaTaMi KOHCTPYUpY-
eTcsi CUMHTAKCUC ((OpMalibHble MpPaBUa BbIBOAA, C KOTOPbIMH MOXHO
O3HAKOMMTBCA M0 JIIOOOMY KypCy MarteMaTuuyeckoi sornku [21, 26]).
Kak ¥ B MCUMCAEHUM BBICKa3bIBAHMIA, 31€Ch BOSHUKAET TOT Xe BOMPOC,
HAaCKOJIbKO XOPOLIK 03BOJIEHHbIE CPEACTBA. BCe /i MCTMHHOE 10Ka3bl-
BA€TCS, M BCE JIM J0Ka3yeMoe UCTUHHO? OTBET — CHOBA «1a», HO 3TO

10)

yXe 00Jiee CI0XHasA TEOPEMA 0 HOAHOME UCHUCACHUS NPeOUKAMOos

9
) Ocralowuxcs, Kak npaBuio, BHE MOJisl 3pEHHsL,

10 Mpunamnexawas [énento, a B nonHOM oObeMe (Wisi NPOM3BOJBHON CUTHATYpbI) —
A. . Manbuesy.
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(') B meopemax o noarome ects n8a acniexra. [lepBbiii W3 HUX HaUGO-
JIee BaXEH U COBCEM NpocT. [loka ucmunnocms onpedensemcs KOHCMpykK -
mueHo Ha OCHOBE CEMaHTUYECKONO CJIENOBAHMS — KCUMCIIEHUE TIpe-
JMKATOB 3aBENOMO OYyNET MOJIHBIM, Y BOOOILE, NUAAKTUYECKAS TEOPHUS
OyIET COBMaaTh C CEMAHTUYECKOI. BONpoc UL B TOM, KaK Haaexa-
UMM 00Pa3oM OIpeaeuTh r(paMMaTHKy (CHHTaKcuc). [IpuHIMNnaTbHOE
CyLIECTBOBAHME TTOAXOASAIIMX [1PABMJI BHIBONA ClleAyeT U3 mesuca Yépua
(unu Toropunea), nGO KOHCTPYKTMBHAsE OCHOBA KaK a3 MpeIojiaraeT
BO3MOXHOCTb (POPMAJIbHOM CHMBOJIBHOM alroputMu3auuu. JIpyrumu
CJIOBaMU, «[1OJIHBIM» CHHTAKCUC — 3TO S3BIK MPOrpaMMHUPOBAHUSL.

JIpyroii acrekT — 3TO TPYAOEMKasi PyTMHA, 3aKJIIOUAIOILAsICS B TIO-
CTPOEHHWH TaKOro $A3bIKA, T. €. B YKa3aHUM KOHKDPETHHIX MPaBMJl BLIBOAA
M B 0GOCHOBAaHMM MX «IIOJHOTHI». JIsi MOHMMaHMsI OGLIMX BOMPOCOB
3TO HE TaK CyILECTBEHHO. JIJIi aBTOMaTUYECKOTO JOKA3aTENLCTBA TEOPEM
C MOMOLIBIO KOMIBIOTEPA, PA3YMEETCS, BAXHO.

TpencraBfieHMsT O TIOJTHOTE UCYMCAEHUS MPEOUKATOB HA TPAKTU-
KE€ CTAJKHUBAIOTCS C PAa3sHOPOAHBIMM CUTyallMssMM. Eciau nepeMeHHbIie
B SI3bIKE MOTYT MPUHUMATh OTPAHMYEHHOE KOJIMYECTBO 3HAYEHUH, TO
MPOBEPKa MCTMHHOCTH J1060i (hopMysbel CBOOUTCS K mnepebopy, Bce-
I14 MPUBOASILEMY K OAHO3HAaYHOMY OTBETY. IIpu «XOpollio 3agaHHOM
TpaMMaTHKe» TO X€ CaMO€ YCTAHABJMBAETCS CUHTAKCUYECKU, — U 3TO
BMOJIHE OXHUOAEMO.

HMHTYUTUBHAST HESICHOCTb BO3HUKAET, €CJIU IEPEMEHHBIE MOTYT MPU-
HUMaTh 6eCKOHEYHO MHOTO 3HaYeHUit — B apudmeTuke, Harpumep. On-
HAaKO (haKTUYECKHU, C TOUKHU 3peHUsI TTOJIHOTbI, HUYEro He MeHsietcsi. Ka-
K1e-TO (hOPMYJibl MOTYT GbITh 10Ka3aHbI «JIOTUYECKU» (C OMOPOii Ha MH-
IYKLHMIO U Tiepebop) — U TO Xe CAMOe MOXET ObITh MPOfeaHO CUHTAK-
CUYECKHU, TIPU «XOpolllel rpaMMaThKe». B 3TOM, COOCTBEHHO, U 3aKJIIO-
YaeTCs MOJIHOTa CHHTAKCUCAa — B CMTOCOOHOCTH BOCIIPOU3BOAUTH CEMaH -
TUKY Ha GOPMaITBHOM si3biKe. Ta Xe yacTh GOPMYII, HICTUHHOCTb KOTOPBIX
HE MOXeT ObITb IOKa3dHa «JIOTMYECKHU», HE pacCo3HaeTcsi M (hopMalibHO.

Bor ciiie OMMH U3 BapuaHTOB [édeas meopemsl 0 nosHome.

5.7.1. Teopema. Ecau dopmyasa ~f nedoxasyema ¢ ucuucrenuu npeduxamos, mo f goi-
noanuma @ N.

B npoekuun Ha AMohaHTOBY TEMAaTUKY 3TO 03HAYaeT OYEBUAHOE:

ecau Iz 2 P(z) = 0 nedokasyemo, moVz : P(z) # 0.
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[MonHOTa MCYMC/IEHUsI NPEAMKATOB HUKAK He OO0JIeryaer XWU3Hb
B OTHOLUEHWM PA3PEITMMOCTH.

5.7.2. Teopema Yépua. Hcuucnenue npeduxamoe Hepaspeuiumo.

dpyrumu cioBaMu, CYHIECTBYIOT 3aMKHYThIE HOPMYJIbl, ACTUHHOCTh
KOTODPBIX HE OMpPENEISIETCS HY JIOTUYECKH, HU CUHTAKCHUYECKH.

Ecnin peus uper o6 apugmemuxe Ileano, TO Teopema 5.7.2 —
3JIEMEHTAPHOE ClleacTBUe meopemst 1é0eas. Ho teopema Yépua crpa-
BEIJIMBA TAKXKE B YMCTO JIOTUYECKOM MCIIOJIHEHUHN — 0€3 MOAKIIOYEHUST
npeaMeTHBIX obnacteil. Ha poHe HepaspemiuMocTH npobaemst 3K6eusa-
AenmHocmu ¢106 — (GHAKT B TNPUHIMIE TIOHSTHBIMA, HO IS YTPSICKU
netajei HeoOX0AMMO OOpaIlaThCs K aKCHOMAaTHUKE UCUYMCIIEHUS Tpeau-
K4TOB, YEro He XOueTcs HeJIaTh MO MPeAsoroM GepeXXHOro OTHOLIIEHUS
K YHUTATEJISIM.

5.8. UnTepnpetauun n mopenn

HanoMHUM, 4TO cuenamypoii 13biKa Ha3bIBAIOT YacThb aihaBUTA, KOTOPAS
BKJIIOYAET KOHCMAaHmbl A3biKa, a TakKe GYHKLUHOHAIBHBIE W TIPEAUKAT-
HbIE CUMBOJIBIL.

Humepnpemayus sa3sika — ecTb npeobpazoBaHue @ MHOXecTBa C
KOHCMaHm A3blKa B HEKOTOPOE MHOXeCTBO M, comocrasisioniee GyHK-
LUOHAJIbHBIM Cl/IMBOJIaM“) f Han C — dbyHKuMKM f¢ Hag M, npuHM-
Matotive 3HayeHust 0 unu 1. Ilpu atom mon f = f¢ MoApPa3yMeBaAETCs

Plfr - tn)] = foltip, - s tnp)

C COXpaHEHNEM COOTBETCTBUS MEXINY KOMIIO3ULIUSAMU (I)YHKLH/Iﬁ H CO-
O10A€eHUEM OOBIYHBIX «[MpaBUJ1 UICTUHHOCTH» UISI JIOTUYECKHUX CBA30K.

Bce 3TO HaXOOUTCS B paMKaxX CTAHAAPTHOM MAEONIOTHHM, KOTA U3yYaeMblii rpeameT
NEPeBOAUTCS B APYTYIO 061aCTb, e aHaAu3 OKa3blBaeTcs mpouie U 3¢bdeKTuBHEE, UIH
XOT$1 Obl JA€T BHIMIPHILI B HEKOTOPHIX OTHOLUECHHSIX.

KOMIUIEKCHBIM YMC/IaM  COTIOCTABJISIIOTCS. BEKTOPBHI HAa IUIOCKOCTH, CJOXEHHIO
U YMHOXEHHIO — COOTBETCTBYIOLIME BEKTOPHBIE OEpPalliM, — W «AbIUATb» OTYACTH
CTAaHOBUTCS Jierye. Takoro copra rnpuMepamMu pa3HOro Maclutaba MaTeMaTHUKa TECTPUT.
CxeMaTHYHO 3TO BBILJSIZUT OObIYHO KaK B3aMMHO OQHO3HAYHOE COOTBETCTBHE MEXIY

) Umeercs B BUAY MOHATHE (DYHKLMU B PAMKAX UCYMCIIEHMS NPEAMKATOB.
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JABYMA MHOXECTBAMMH, , C TAKMM XK€ COOTBETCTBUEM MEXAY OMNMEepauUsaAMU B A

U B. B naHHOM cjy4ae CUTyaLMs MoXoxa, HO MHas.

Crneuncduka vHTEpNpeTauuil B JOTMKE COCTOWT B HANOJHEHWHU
«CMBICJIOBOrO BaKyyMa» Pa3HbIMM CIOCO0aMH, KOTOPblE MOryT OT/Iu-
yaThCsl ApYyr oT apyra. JIto0oi sI3bIK, K4K npaBuilo, CO3AETCS CHayasa
nos cozepXxareabHylo Teoputo. HoO MOTOM MOXHO OCTaBMTb OT s3blKa
TOJbKO CUMBOJIbI U MONPOOOBATH HAMOJHUTL UX APYTHM CMbICIIOM. DTO
U POXIOAET uHmepnpemauuro.

[osopotbl {a,b,...} camocoBmelLEHMs, CKaxeM, TeTpa3apa XapaKTEepH3YIOT-
CAl HAIMYMEM TOXAECTBEHHOTO MOBOPOTa €, OOPAaTHOrO MOBOPOTA — ISl KAXAOTO
z € {a,b,...}, npuHapnexHoctblo {a,b,...} MOCIENOBATENLHOCTH ABYX MOBOPOTOB
T ® y, M acCOLUMATUBHOCTbIO BBEAEHHOI ONepaLii ®.

Ecnn Tenepb OTBJIeYbCst OT TETPadapa, OCTAETCs OOLUEE OTpeaesieHHE epynnbl, Kyaa
NOMELWAIOTCA Pa3UYHbIE UHMepnpemayuy: rpyrbl MaTpuL, npeobpasosarua JlopeHua
WT.I.

Tpu 3anaHHOMN uHmepnpemayuu NOACTAHOBKA B fy(. . .) KOHKPETHbIX
3HAYEHUM NepeMeHHBIX JdeT «<UCTUHY» WIK «10Xb» — | uiam 0. JlioGble
3amKHymole popmynbl 12) gpasiores, no CYTH, BbICKa3bIBAHUSAMM M TAKXKE
NpUHUMAIOT 3HayeHus 1 uau 0.

@ynkumio f HasblBAOT o6uesnauumoii, ecin fu(...) = 1 npu mo-
G0if MHTEPIPETALNU Q, U — BbINOAHUMOU, ECTT CYLLIECTBYET UHTEPIIPE-
Tauus, B KOTOPoi fy(...) = 1 NPu HEKOTOPBIX 3HAYEHMUAX NEPEMEHHBbIX.

5.8.1. Onpenenenne. Mooenvto mHoxcecmea A 3amkHymoix opmya Ha-
3bI6AEMCA UHMEPNPeMAUUs, 8 KOMOPOi UCMUHHbl 6ce gopmyast u3 A.

MuoxectBo A 3aMKHYTbIX (OPMYJl MOXET ObITb, B YaCTHOCTH,
COBOKYIMHOCTbIO aKCHMOM, M3 KOTOPbIX BbIBOASITCSI APYrM€ 3aMKHYTblE
dopmybl, A Hf, n Takoi npouecc paciuupsietr A 10 meopuu T. [puyem
B CWJIY MONHOTHI MCYUC/IEHUS TIPEANKATOB CEMaHTHYeCKoe (=) W CHH-
Takcuyeckoe () pacliMpeHHe [deT B MTOre OQMHAKOBbINM pe3yJibrar.
Ecnu roBoputh TOYHee, TO meopusi T — 3TO HaMMeHblliee MHOXECTBO
dopmyn, comepxaiiee CUCTEMY aKCMOM M 3dMKHYTOE€ OTHOCHMTE/IbHO
npaBun BbiBoaa. Teopus T Ha3bIBAETCH HOAHOU, €CIUA J100asd 3aMKHYTast
dopmyna f aubo cama, 160 ee otpuuaHue 7 f — npuHamiexut T.

12) ye coiepXalle CBOBOIHbIX NEPEMEHHbIX.
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MHOXeCTBO A 3aMKHYTbIX (DOPMYJl CUWTAETCS HEHPOMUBODEHUBLIM,
€C/IM M3 HEro Hesb3s BbIBECTH ABA MPOTUBOMNOIOXHBIX YTBEPXAeHUs f

mf.

5.8.2. Teopema. Muoxcecmeo A 3amxnymoix ghopmyn, umerouiee mooen,
Henpomueope1uso.

<« B npeanonoxeHuu NpoTUBHOrO CyLUECTBYET Takoe f, 4TO
AFf u AF-f.
Ho Toraa, B culy nmosHOTbI UCUUCIEHUS MPEAUKATOB,

AEf v AR,

YTO HEBO3MOXHO MO OMNpeacicHUIO MOACIH. P

banaHc cuibl U cnabocth TeopeMbl 5.8.2 1€MOHCTPUPYET NpUMEP
OLIMOOYHOM Ha BUA (OpMYJbl

Jz:P(x) > Vz: Pz),

KOTOpAsi HENMPOTUBOPEYUBA, NOTOMY YTO CYLLECTBYET MO/IE/b, B KOTOPOIiA
T MOXET NMPUHUMATh €AMHCTBEHHOE 3HAaYeHue, U TaM opMmyJa BepHa.

5.8.3. Teopema. Ecau axcuomamusupyemas meopus ROAHA U HENPOMU-
eopevusa, mo oHa paspeuiuma.

<« M3 npeanonoxeHuii BbITEKAET NePEeUUCIUMOCTb BCeX (DOPMYJ 3bIKa TEOPHH.
®unbrpyst 310 nepeuncaerue fi, fy, ... ¥ OCTaBasst TONLKO (GOPMYJibl, SIBASIOLLMECS
N0KAa3aTe/IbCTBAMM, MOJyYaeM repetueHb A0KA3aTeNbCTB P, P2, - . . , @ 3HAYUT, U TEOPEM.
[na moGoit (opmyabl f B 3TOM repeuHe HaWaeTcs, B CUIY MOJHOTbI TEOPUH, JUOO
cama f, 1160 ee otpuuanue - f. KOHEUHbIH MOUCK B CMUCKE Py, Py, - - - AAET, TAKUM 00-
pa3oM, pelialowyio npoueaypy. »

Kak npaBuio, 0co00 BbIAECASIOT meopuu ¢ pageHCmeoM, Xapakre-
pu3yemble BKJIOYEHHEM aKCUOM paBeHcTBd. [1pn 3TOM MHTeprnipeTauus
TEOPHMU HA3bIBAETCS HOPMAAbHOU, €CAW PABEHCTBO WHTEPIpPETUPYETCS
KaK COBMageH1e 3/J1eMEHTOB.

TpeGoBaH1e HHTEPIIPETUPOBATL PABEHCTBA «KAK PABEHCTBA» — HE TaK MYMo, Kak
MOXET MoKa3aTbcsl. MHOroUUCIeHHbIE J80UCMEeHHbIe MHTEPTIPETA LMK CBUAETENLCTBYIOT
0 MpOAYKTUBHOCTH CMEHbI Touek 3peHus. Hanpumep, n1060e ToxaecTso B N Ha ocHoBe
onepauuii +, min, max — OCTAETCA UCTUHHBIM MPU 3aMEHE MEePEYUCIEHHbIX ONepaLmii,
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13
cooTBeTcTBeHHO, Ha X, HOIl u HOK ', (?) AHanorMyHas MaHUMyNAUMA B OOPATHOM
HarpaseHWH TAKXE OCTABSET TOXKAECTBA B CHIIE.

Teopema [édeass 0 noaHome UCUUCIIEHUS MPedUKAaTOB 0000LIAETCS
Ha UCYUCTIEHUE C PABEHCTBOM, U U3 HEE U3BJIEKAIOTCS TAKXKE Pa3jnyHbIe
CJECTBUS: YCMPAHUMOCHb Ce4eHUs U PA3JIMUHbIE meopembl omoeseHus.
HanpuMmep, ecnu dopmyna, He comepxallasi paBeHCTBAa, BbIBOAMMA
B TEOPHUU C PABEHCTBOM, TO OHa BbIBOAMMA M B TEOPUU OE3 PaBEHCTBA.
JInbo, ckaxeM, ecinu dopmyia BbIBOAMMA B apudMeETUKE CO CBOOOIHbI-
MU NPEeIUKATHBIMU MEPEMEHHBIMU, TO OHA BbIBOAMMA U B UCUYUCIIEHUU
NpeanKaroB.

Teopembl KOMNAKTHOCTU. B j0rMke 1OBONBHO LWMPOKO MCMONbB3YIOTCS
nepexo[bl K MOAEsIM 00sblUed U MEHbLIER MOLIHOCTH. OT KOHTUHY-
1bHBIX, HAMPUMEP, — K CYETHBbIM MOJEJSIM, U JaXe KOHEUHbIM.

O00CHOBaHUE TaKMUX MEPEXOLOB ONMUPAETCS HA KOHEYHOCTh BBIBOJA
J11060#1 dopMyabl. Moageab MOXET ObITh CKOJIb YTOAHO MOLLIHA, HO TOJb-
KO €€ KOHEYHass 4aCTb MOXET MMETb OTHOLUEHME K [10Ka3aTejbCTBY
OTAENbHOM TeopeMbl. Ecnu dopMysa BbIBOIMTCS B PAMKax HEKOTOPOii
CUCTEMbI, TO OHA BBIBOAMUTCSI U B pAMKAax KOHEYHOU noacucteMsl. B ne-
PEBO/IE HA MEHEE MOHSATHbBIN A3bIK 3TO 3BYYMT TAK:

5.8.4. Teopema. Ecau X = f, mo cywecmeyem koneuHoe noomuoxce-
cmeo S C X samkHymoix gpopmya makoe, yumo S = f.

Toronoruyeckas OKpacka TEPMHUHA «KOMIAKTHOCTb» B OMpeAeNeHHOMN CTerneHU
onpaeaaHHa. Eciu «nokpeitue» X HakpbiBaeT f, TO CyLIECTBYET KOHEUHOE MOAMOKPbI-
THe § — Takxke HakpbiBawouiee f.

B GoabIMHCTBE CayyaeB, KOHEYHO, NPEACTABISIIOT MHTEPEC HE MO/ -
MHOXeCTBa [Ulsi OTAENbHbIX GOpMyn, a MOACTPYKTYpHI (roaMomesu),
roasiliuecs: 1S BbiBoAa rpyrnn (Gopmyi, a Takke Bcex hOpMYJl TEOPUM.
KOHCTpYKLIMSI TAKUX MOACTPYKTYP MPOMU3BOAMTCSI MO Ciedylolleil cxe-
Me. B Momenu paccmatpuBaemMoi CUrHaTypbl OEpeTcs KOHEUHOE WU
CcyeTHOEe MOAMHOXeCTBO S C M, u K HeMy HOOABJISIIOTCA Pe3yNbTaThl
NpUMeHeHUsT K dnemMeHTam S Bcex curHatypHbix dbyHkuuit (byHKumit
W MPEAMKATOB). 3aTeM Onepauus MOBTOPSETCS CHOBAa M CHoBa. B pe-
3yJIbTATE MOJIYYAETCS CUETHOE 3aMblKaHue S MO CUrHaType, YTO J4eT
cyeTHylo moaeab M C M.

'3 HauGonwiumii O6umil Henutens n Hanmenbuwee O6wee KpatHoe.
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Ha 3TOM myTu CIy4yaloTcsl MPENsSTCTBUS, HO B OCHOBHOM MpOILIECC
MPUXOOUT K (puHMILY O€3 0COOBIX MOMEX, MOPOXIAsk IPYINY pe3yabra-
TOB, KaXIblii U3 KOTOPBIX Ha3bIBAlOT meopemoii Jléeenceiima—CKorema.
OrpaHnunMcsa ¢oOpMYyJIUPOBKOH IBYX BApPUAHTOB.

14)

5.8.5. Teopema. Eciu cuemnas meopus =~ umeem Mooeab, Mo OHA UMe-

em maxkxce CHemHyo Mooens.

5.8.6. Teopema. Jloboe 6binoiHUMOE MHONCECMEBO GOPMYA BbINOAHUMO
8 HeKoOmopou cyemHoi cmpyKmype.

5.9. AA3bik apudpmeTnkmn

DHUMKIONEANH OMEPTBISIIOT 3HaHMUe. Yepecuyp NpaBuIbHbIE OMpene-
JIeHUsI TePSIOT TMOKOCTD M nepecTaloT paborars. [1oaTtoMy gopmanshbie
A3blKU 11€71ECO00Pa3HO PEriaMeHTUPOBaTh, JIMLIb 3a1aBasi HANpaBjieHUE
MU YTOUYHSISl AETAIU MO MEPE HALOOHOCTH.

JII060# 53bIK CTPOUTCA Ha 0ase TOrO WIM MHOTO aagasuma A,
B KOTOPbiA BXOOSAT CUMMBOJbI JUIsi 0003HAUeHUSI NEPEMEHHBIX U BCIIO-
MOraTteJIbHble CUMBOJIbI TUMA 3HAKOB MPENMUHAHKSA, DTa «00NIask YacTb»
OOBIYHO yMaJlYMBaETCsl, ECJIU peub HE MIET O KOMITbIOTEPAX.

fA3bik Ly. CyTb f3bIKa OTPENENSIETCS ClIEUUATbHBIMU CPENCTBAMM (J10-
TMYECKHE CBSI3KU, KBAaHTOPbI, apudMeTHYeCKHe Omepaluu), TOMyCTh-
MBIMM JUISI MCONIb30BaHus. HanpuMep, apugpmemuueckuii azvik

Ly=1{+,x,=,3}

N0Jpa3yMeBaeT BO3MOXHOCTb MCIOJIb30BAHMSI MEPEYMUCIICHHBIX (1 TOJb-
KO TIEPEYNCIIEHHBIX) CPEACTB (Crodcenue, ymMHoxceHue, pageHcmeo u Oe-
KAGPAYUSA CYUCMBOBAHUS).

Azbik Ly no3BossieT 3anucarb 110000 MOJMHOM p(a, T) U menath
BbICKa3biBaHus 1 : p(a, ) = 0, rae

a={ay,...,ar}, ==A{x,..., Ty},

OTKYyHa SICHO, YTO duohanmogst MHOXcecmeéd — 3TO T€ U TOJNbKO Te
MHOXEeCTBa, KOTOPble MOTYT ObITh BhIpaXeHbl B A3bIKe L.

4
14) Onupamascsa Ha CYETHYIO CUTHATYDY.
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HeobxonumMoe 3aech yTOUHEHHE CBSA3aHO C UCTIONBb30BaHHEM B ONpPEAEICHUU AUO-
(DaHTOBBIX MHOXECTB TOJIbKO NOJIOXHTENbHbBIX yncen (pasaen 1.11). YToObl He BBIXOAUTD
U3 ob6nacty N, HO COXpaHUTb BO3MOXHOCTb MOSIBICHUSI OTPULIATEJbHBIX KOIGDDHLIK-
eHTOB y moauHoMa p(a,z) = 0, — BMecto 3z : p(a,z) = 0 HOCTATOYHO MHcaTh
3z :pi(a,z) = py(a, ), rae K03)GULMEHTH MONMHOMOB P| H P; TONOXHUTENbHBI.

HTtak, ¢ yueToM OroBOpOK, CIPaBEeMJIUB CleayIOIMiA HaKT.

5.9.1. Teopema. Mnoxcecmeo asasemca OUoGanmoesim é Mmom U MoabKo
mom cayuae, Ko20a oHo onucobieaemca Ha Asvike L.

TakuM 00pa3oM, si3biK Ly paBHOCUJIEH SI3BIKY NMO(aHTOBBIX MHO-
xecTB. Bce, 3anucanHoe ¢ nomoublo Ly, — nuodantoBo. Pakr, 6e3-
YCJIOBHO, OY€BUAHBIM, HO MPUMEPHI 30eCh PUBHOCAT NOMOTHUTEIbHBIE
KPacKH.

IIpumepnt

e MuoxecTBo 4 map {a;, a,}, y KOTOpbIX @y AEAUTCS Ha @ («@; ACTHUT Gp», TALIYT
«ay | ay»),

A & 3FJz:aqz=a & plaz)=az-0a=0.
e MHoxecTBo A ynopsaoueHHbIX nap {a; < a,},
A & 3dz:a+z=0a, & pla,z)=z+a —a=0.

B cayuae A = {(a),a,) : a; < ay} ycnosue 3z : a; + T = a, MeHseTcs Ha
dz:a+z=a;+1.

o «MHOXeCTBO HeUeTHHIX uuces» < Jz:a =2z — L.

o «MHoxecTBo @ # 2"» < Iz, T :a=x,(2z, + 1).

BHuMarenbHOE pacCMOTpEHUE MPUMEPOB CO3MAET BIEYaTeHWE O
JoCcTaToyHO 3(pdpeKTUBHOCTU MogoOHOM TexHUKU. Ho ee BO3MOXHO-
CTH, KOHEYHO, orpaHryeHbl. Eciiv, HanpuMmep, cocmagHste yucaa nerko
onucarb fapaMeTpuyeckuM ypasHeHueM a = (z; + 1)(z; + 1), To npo-
cmote yucaa a € I1 yxe He siCHO, KaK onucarb. PazymeeTcsi, 3TO Jierko
chenath Ha KakoM-HMOyab Oosnee MoiiHOM si3bike. Hampumep, a € II,
€CJIM U TOJIBKO €CJIv

(a> 1) AV (z,z; < a):{a# (z;+ 1)(z2 + 1)}, (5.7)

HO 371€Ch HA0OP MHCTPYMEHTOB HECKOJIBKO IIMPE, yeM B L.
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IpaBaa, U3 pPacCMOTPEHHBIX BbILIE MPUMEPOB SICHO, YTO B ac-
copTuMeHT Ly MOXHO BKJIIOUMUTH 3HAKU «OOJbLIE» U «MEHBLIE», YTO
nosbIlIaeT yno6¢tsa Ly, HO B IPUHLIUIIE — CBOAUTCS K MCIIOJIb30BaHMIO
cTaHaapTHoro Ha6opa {+, X, =, 3 }.

310 061as uaes. Bee, uto BhIpaxaeTcs ¢ momowbio {+, X, =, 3 }, MOXHO BKJIO-
dath B Ly. Y3 Tex xe npuMepoB SICHO, 4To {+, X, =, 3 } 6e360/1€3HEHHO JOTIOMHSETCS
onepauueit (CBONCTBOM) «IeAUMOCTH» («a | b»).

Jlerko BUACTH, YTO B LO MOXHO BKIIIOYUTb TAKXE KOHBOHKUUIO
U Oussionkyuto (6e3 pacLIMPeHMsT MPUHLMIIMAIBHBIX BO3MOXHOCTEMH
s3bIKa). JeiCTBUTENBHO, €CIIM MOJMHOMUANbHBIE ypaBHeHus P; = 0
U P, = 0 BbIpaXxaloT HeKHe cBoiicTBa B L, TO

(Pi=0)A(P,=0) ¢ P{+P; =0,
(P1 =O)V(P2 =O) & PP, =0.

3HaKku V, A, B CBOIO 04epe/ib, MO3BOJISIIOT C YI0OCTBAMU BHIPAXaTh J0-
MOJIHUTENIbHBle BO3MOXHOCTH. Harpumep,

aZb& (a>b)V(a<b).

IlepeynCIEeHHOTO AOCTATOYHO, YTOOBI YTBEPXAAThb 3KBUBAJICHT-
HOCTb L SI3BIKY

L,:{+, X,:’#,>,>,|,\/,/\,a}_

Ho atoro Bce Xe HepocTatouHO Wist (5.7), Tie UCTIONB3YETCS 02paHuUen-

Hbull Kéanmop obupocmu N <. JIpyroe neno, uto V¢ MOXET OKa3aThCsi —
!

1 okasbiBaercsi (!) — BbIPa3UMbIM B si3bike L.

Elle 0OaMH BapuaHT 3amMcU MHOXECTBA TIPOCTHIX YHCEN:
aclle (a>)AHOO{a, (a-1)}=1),

HO 3/ieCh ApYrasi «HENPUSITHOCTb»: Hauboavuuii obuuii deaumens (HO) u dakropuan.
MoXHO 11 BbIpa3uTh 3TH QYHKLUU ¢ omolubio Ly, — cpa3y HEOYeBHAHO.

5.10. ApudMETUYHOCTb BbINUCINMBIX DYHKLMIA

!
Pacuiupenue L' — ¢ coxpaHeHUEM 3KBUBAIEHTHOCTH SI3BIKY Ly — JIerko
OCYLLECTBIISIETCSI BO MHOTHX HampasiieHUsIX. CylIeCTBEHHO, UTO K SI3bIKY
MOTYT 0OOaBJISATECS J11I0Oble (DYHKIMU, BHIPA3UMbIE B 3TOM SI3bIKE.
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JIerko yCTaHaBJIMBA€eTCs, YTO «OCTATOK OT JeieHus rem a/b», «ue-
nas yactb a/b» u MHorue apyrve GbyHKUMM — auodaHTOBbI. s
KAHMopoecKkoli Hymepyrouieli pyHkyuu,
E+y-2)@+y-1)

c(z,y) = > +z

3anuch B Ly,
z=c(z,y) © 2z2=(c+y-2)(z+y—1)+ 2z,

obecrieunaer nuodbaHToBocTh (T, y). PyHkumnn z = I(2), y = r(2)
TAKXKEe OKa3blBAlOTCS AMOGAHTOBBIMM B CHITY

=l(z) ® dy:2z=(+y—-2)(x+y - 1)+ 2z,
y=r(2) © de:2zz=(z+y-2)(z+y—-1)+2z.

DyHKUMM, AIMO(DAHTOBOCTb KOTOPbIX YCTAHOBJIEHA, MOXHO Pa3iny-
HBIM 00pa3oM KOMOWMHUPOBATb.

5.10.1. Cynepnosuuus ouogpanmoevix Qyrkuuii — duoganmosa.

<« [leHCTBUTENLHO, ecii QYHKUKUU 9P, @), ..., P AMOGDAHTOBBI, TO U Cynepno-
3uyuA

w(z]’.“!z") :1/)[90,(1,,...,z"),...,tpm(zh...,z")]

JuodaHTOBA:
y=w(T),...,Tp) © U, ..., Up:
{u.:gm(z,,...,z,,)/\.../\um:(p,,,(z,,...,z,,)/\y:'(/)(u,,...,um)}. >

[osie3HBIM MHCTPYMEHTOM B pPaccMaTpUBaeMOiM 0GJIaCTH SIBJISETCS
Gyukuus I'édeas

I'(i,n) =l(n)mod[1 +ir(n)], T(,n) <1+ir(n), (5.8)
eoccmanaesauearouan nocaedoeamenvHocmu B CJAeayromeM CMbBICTIE.

5.10.2. Nlemma. QPyukyus I'(i,n) o6aadaem mem ceéolicmeom, ymo 045
Ar06oii nocaedosamensrocmu {a,, ... ,an} cywecmeyem Homep N, 045 KO-
mopoeo T'(i,n) = a; ona écex1=1,2,...,N.

Jloka3aTenbCTBO JIETKO CileoyeT M3 M3BECTHO B TEOPUM YMCEN
KumatcKou meopembl.
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5.10.3. Kuraiickas Teopema 06 ocrtarkax. Kakoewst Obl HU Oblau 63a-
UMHO npocmeie Py, ..., Pn € N u yensie ay, ..., a, € N, — cywecmeyem
makoe T, ymo ‘

T = a; mod p,

T = a; mod p;,

T = an, mod p,,

m. e. cywecmeyem T, darowee npu OeneHuu HA Py, ..., Pn OCMAMKU
ay,...,0qq.

<« BexTopnl ocTatkos a = {ay,...,a,} OT JeNEHUS UENOrO T < P|-Pr-..Pp
Ha py,..., P, — BCE pa3NnuyHbl. B NpOTUBHOM ciyyae, ad=ad",

' ={al,...,a,}mod{p,,...,p.}, z'=1{al,...,a,}mod{p,,...,pn},

uenoe ' —z" < py-py... P, NEAUNOCH Bbl HA P; - P) . .. Pp, YTO HEBOIMOXHO B CHITY
B3aUMHO# TIPOCTOTHL Py, ... , Py.
PasnuuHble HAGOPBI OCTATKOB

a <Py, ..., G <Py

MCYEPILIBAIOT TAKMM O6GpPa3OM BCE P| - P; ... P, BO3MOXHOCTEW, rapaHTUpys cCyuie-
CTBOBaHWE MOAXOASALLENO T < Py - P ... Py IS NOOOTO HaNepes 3a0aHHOro Habopa
a={a,...,a,}. »

ITockonbKy BEIOOPOM NOCTAaTOYHO OOJIBLIOTO § MOXHO O0ECTIEUMTH
B3aMMHYIO MPOCTOTY YUCEI

pi=1+iq, i=1,...,N,

TOJTy4aeTcsi, YTO OBYI0 CKONb yrOAHO UIMHHYIO TOCIEN0BATENbHOCTD
{ai,...,ay} MOXHO 3aKOAMPOBATH BCETO TPEMS YHUCTaMU: T, ¢, N, —
C TMPOCTHIM MPABUIIOM HeKOAUPOBaHUs «T = a; mod(1 + 1q)».

Oyhkiyst (5.8) 0OBITPBHIBAET UAEIO, NOMONHSAS KOHKPETHKOI, CBS-
3aHHOM C KaHTOPOBCKOW HyMepauueit. I[Ipy 3TOM obecrieurBaeTcs
HE TOJILKO KONHUPOBaHHUE, HO U NMOhaHTOBOCTL (DyHKLIMU.

5.10.4. Teopemals). B aseike Lg = {+, x, =, A, 3, V<} sbipasumsr
A106ble HacMU4HO peKypcugHbsle YHKUUU.

19) Pesyserar no cyiiectBy npuHamiexur [énemo (Godel K. // Monatsh. Math. und Phys. 1931.
38. 173-198).
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<« JIng 10Ka3aTenscTBa JOCTATOUMHO NPOBEPHTH, YTO SI3bIK L MO3BOJSAET Bbi-
pasutb onepaumy (1.11)—(1.15) v oneparop MUHMMH3ALKK U3 OMpPEAETCHUS YaCTHYHO
pexypcuHo# (yHkumu (pasaen 1.10). Onepauuu (1.11)—(1.13) paccmaTpupaioTes co-
BCEM MPOCTO. BO3MOXHOCTD Cyreprno3uLMHy YCTaHOBEHa Bbllue. OcraeTcs ABa MyHKTA.

o [IpuMumugHas peKypcus:
{ f(l" 0) = g(z),
f(z, 7+ 1) =hlz, 7, f(z, T)],

e ¢ = {x,...,Z,}, a Gynkuuu g v h auodantoBsl. Wcnonssys dyukyuro T'édeas
['(i,n) anga Hymepauuu nocaenosatensHoctu f(z, 1), ..., f(z,t), nonyyaem

y=f(z,t) & Ju: {EIv:{v:I‘(l,u)/\v:g(z)}/\

AV(r<t): {(r=t)V[3wiw=T(r+1,w) Aw=h[z,7,¢(r,u)]] } Ay =T(t, u) } .

o Onepamop MuHuMu3auuu

y = py{p(z; y) = 0},

Jalolmii HaumeHbluee Yy € N, KOTOpOe ya0oBneTBOpsieT ypaBHeHHIO p(z; y) = 0, 11bo
HeOMNpeae/eHHbIN, eCIM TaKoe Y He CyLUecTByeT, — B ciydyae AuodaHToBOCTH @(Z; Y)
nopoxzaaet 1MoGaHToBy (DYyHKLMIO B CHAY

y=pylp(z;y) =0} & Hz:{[w(w;Z):Ol/\[V(t<y)i<p(w;t)#0]}-

Mcnonb30BaHHOE OTHOILEHHE «7#», XOT M He (DUrypupyer HenocpeacTBEHHO
B Lg, 1erko MOXeT GbITh BKJIIOYEHO B L (CM. Npeablayluuii pasaen). B

asHas Teopema. TeopeMa 5.10.4 naeT eule OAUH S3BIK ISl OMMca-
HHUs1 BBIMUCIUMBIX DyHKLIMI. OnHAKO yCrieX 3TOT — IMPOMEXYTOUHBIA.
CrnipaBeiuB ropa3no 6oJiee CUJIbHBIM pe3yJibTar.

5.10.5. Teopema. f3uku Lg u Ly sxeusasenmret.

DTO TpyAHasi Teopema 16), KOTOpasi pellaeT o CyTu decamyto npobae-
My Tunsbepma. 3nech YMECTHO CKa3aTh O €€ POJIM B JAHHOM KOHTEKCTE.
Cpenctsa ONMUCaHUSI BBIYMCIAUMBIX (DYHKLUUH U MEPEUYUCIUMBIX MHO-
XECTB, OKa3bIBAa€TCH, MOTYT OBITb YXaTbl A0 YUCTO apHU(METUYECKOTO
si3blKa NMOGAHTOBBIX ypaBHeHui, Ly = {+, x, =, 3}, Bolaensiole-
rocst Ha ob1ieM ¢poHe IKOHOMHOCTBIO U (PyHIaMEHTaNbHOCTBIO.

19 JlokasarenbCTBO — B riaBe 6.
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DKOHOMHOCTH SI3bIKa MO YaCTH UCMOJ1b3YyeMOro Habopa HHCTPYMEH-
TOB BaXXHa MPH A0KA3aTeNbCTBE OOLIUX TeopeM. PazHOOOpa3ue MHCTPY-
MEHTOB — CYIIIECTBEHHO B JIpYTOM CUTYyallMM, KOTAa HYXHO MOCTPOUTH
KOHKPETHYIO (YHKLHWIO, HarucaTh KOHKPETHylo mporpammy. C 3Toi
TOUKM 3PEHHUs TMPENCTaBISIOT MHTEPEC BOIPOCHI PACIIMPEHHUs S3bIKa
MpU COXpaHEHUU IKBUBAJIEHTHOCTH.

PaBHonpaBue Ly sf3biKaM Mawun Tolopunea, HOpMAAbHbIX aneopum-
Moe Mapkosa, pexypcusHblx pyrkyui 7 _ MOATAJKMBAET K OTCEBY JIMILI-
Hero. Ho 3toMy cobna3Hy He Cy>XIEHO OCYIIECTBUTHLCS I10 TOi XK€ IpH-
YMHE, M0 KOTOPOM BUJIKA M JIOXKA He BHITECHSIIOT ApYr Apyra. [Tpobiema
TOX/IECTBA CJIOB, HAaIIPUMeEp, YAOOHO pEeIlaeTcsl ¢ MOMOIIIbIO UIE0JIOTUH
MaiivH TbiopuHra. ITocienHsist Kaxercst OyaTo crnenuajibHO NpUcnocod-
JIEHHO# 7151 pellieHUs TOAOOHOTO coprta 3agay. [€neneBckas TeMaruka
yjadyHee CXBaThIBAETCsl MMOGMAHTOBLIM s13bIKOM. Kopoue, pasHblie sI3bIKH
B 00/1aCTH NMpOrpaMMHUPOBaHUST OOpeUYEHBl Ha COCYLIECTBOBaHME. -

5.11. 3anpelweHHble CpeacTBa

[Tocne Toro kak ycTtaHOBJIEHO, YTO MOTeHIMAJa si3biKa Lo XBaTaeT IUIst
OnucaHusl J1lo00i BBIYUCIUMON (GYHKUMHU, K Ly MOXHO T00aBiATH
J1100bIE AITOPUTMUYECKHA OCMBICJEHHBIE MHCTPYMEHTHI % Ho ecrs 3a-
BEJIOMO HEroJlHble CpeACTBAa: HEOTPAHUYEHHBIH KBAHTOP OOLIHOCTH V,
JIOTUYECKOE «HE» ™, U KOE-YTO ELlE.

[Nloago3pennsi o HeronHOCTH V M — BO3HMKAIOT €CTeCTBeHHO. Ecim
[IPOBEPKY MCTUHHOTO BbicKa3biBauust 1 : P(z) = 0 amropurMudecku
peaTn3yeT OObIKHOBEHHBIW MOUCK, TO MPOBEPUTh UCTUHHOE

~Jdz: P(x) =0, pasnocussno Yz :P(zx)#0,
B O0LLIEM ClIyuyae HeMOHSTHO KaK.
[MepeBectt MHPaXx MONO3PEHHUs B OOOCHOBaHHBIIA 3ampeT He TaK

npocto. Criacaer «rsixesas apTUIUIEpUsi» — CYIleCTBOBaHUE Hepaspe-
wiuMoro ypasHenust (1.18), TouHee roBOpS, HEMEPEYMCIMMOCTH MHO-

xectBa Y Tex y, mMpU KOTOPBIX ypaBHeHue P(y,...,Zx) —y = 0
17) Bce 310 — s3bIKHM NpoOrpaMMMpOBaHUsI, TIDUTOAHDBIC JUISI HATIMCAHUA BbIYUCIUTCIIbHBIX
NporpaM.

18 .
) Onm pasich Ha mesuc Toropunea vnu Yépua.
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CO CrneuuanbHbIM NOAMHOMOM P He nMeeT pPELLEHUA. Ho

yeY & Vz:P(z)#y,
nunbo

yeY & -3Jz:P(z)=y,

M noayyaercs, yTo V. M — MOTYT BbIBOAMTb 3a Npeenbl NepeyncanMbixX
(21M0aHTOBBIX) MHOXECTB.

(?) CosceMm apyrast UCTOpUst BO3HUKAET MPU UCMOb30BAHMM SI3bIKA

HE AJ1s1 NpOorpaMMupoOBaHus (KaK Bblll_le), a s OnnucaHusg aKCUMOMATHUKH.

19)
Y1BEepXOEHUSIMK THNA

Vz:P(z)#0, .... Vz:Py(z)#0,

MOXHO AOMOJHUTH O6bI‘IHYIO aKcuomamuky Heauo, W aajiee UHTEPECO-

BaTbCsl NOCAEACTBUSIMU 20). KBaHTOpbI OOLLHOCTH 3/1€CH BMNOJIHE «HA CBO-
eMm Mecte». C TeM Xe YCNeXoM B [0Jie 3peHUst MOTryT ObiTb BBEdEHbI
W Ipyrue ornepauuu.

B pe3ynbrate BOZHUKAET TO UK MHOE PYCAO TEOPUH JOKA3ATENbCTB,
rie MOXHO MpPUIEPXUBATBCS KaK CEMAHTUUYECKOW TOUKM 3peHMsl, Tak
M UUCTO CUHTAKCUUYECKOW UHTEpPNpPETALIMU, cuuTass V W Apyrue «m3bic-
KW» NpPOCTO OyYKBaMu M cioBamMu. B nocneniHeM BapuaHTe TEKCThbl akK-
CUOM M [OKa3aTe/ibCTB KOI[I/IDYlOTCﬂzl), WU BCSI Teopus OTOOpa)kaetcs
B apuPMETUKY HOMEPOB C BO3BpalLleHUEM K MalluHaMm TblopuHra, 1M60
PEKYPCUBHBIM (DYHKLIMUSM, TUO0 1MODAHTOBBIM MHCTPYMEHTAM, HE [10-
NYCKAOWMNM KUCMNOAb30BAHUS HEOrPAHUYEHHBIX KBAHTOPOB OOLLIHOCTH.

5.12. KommeHTapum

® 3a 00unuem mepmMuHO8 8 MAMAOUKE CIMOSAM PasHbie npudutsi. Om cybsexmuenoi
mau nPOMUEOCMoAmMs AUAeManmam 00 06beKMuUBHHIX nompebrocmell camoii Qucuunau-
woi. Kaxk poxcoaromes neydobogapumsie 3biku NPOSPAMMUPOBAHUA HU3K020 YpoeHa ? [Tod
daenenuem ocobbix yeaosul. Ecau, o6uasncs ¢ 4ea08ekom, MOXCHO paccyumnieams Ha «00-
dymbigarue», mo 0 KOMRbIOMepa ce JoAMCHO Obims HedgycemoicaenHo. Tom uce damokno6

9 ey obcyxnenue B pasnenc 2.1

20 MyoxecTso JLOKA3YEMBbIX TCOPEM PACHIIIPIICS, HO OHO HHUKOTAA HE MMOKPOET Bce apH(me-
THYCCKHE UCTHHbI, RaK YXe Ob10 YCTAHOBACHO.

L [MpoBoaHTCs Téaenn3atus, Hanpuvep.
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Mey cmpoeocmu 8UCUm HA0 MAMAO2UKOU, a OUANeKMUKA cumyauuu mpebyem eue u «ye-
nogeynocmu». TIpomusopeuus é pezysomame uckpam 0o pabu 6 eaaszax. Kax npaeuno, samo
CBA3AHO ¢ A6CMPAKmMHbIMU OnpedeneHUsMU, Komopble NoIMAtOMca y4ecms HIOAHCHl <HA 8Ce
cayuau wcusnu». B konkpemuoix obaacmsax becghopmennole abecmpakyuu «gxooam 6 Gepeca»,
u gocnpunumaromces nezko. Ho dna amoeo, kak npunamo e06opumo, Hado «6sexams 6 memy».

o HeliTpasbhbie nojocel. Mexay n1060i Teopueid M 061acTblo €€ NMPUNOXKEHUS —
6yAb TO NpUpOAa WM BUPTYallbHasi peaIbHOCTb — BCEraa eCTb HelTpanbHas nonoca. Yto
KacaeTcst GU3UKH, He TOBOPs O OyXxrajiTepuu, TO TaM HECTBIKOBKA MOAeNel — oYeBUAHA.
3ybuatsle Koneca anre6pauyeckoi U obLIeH TOMONOrMMU TOXE He BIMOJHE COrAcyloTCs
Inpyr ¢ apyrom. [a yto yronHo. Kpome, Kak aymMaioT MHOTMe, MaTeMaTHYECKOM JIOTUKH,
KOTOpas, AeCKaTb, TOYHO OTPaxXaeT U3yyaeMble SBJACHHUS.

Nnnio3uio co3aaloT rpoMo3aK1e MpOLECChl YTOUHEHUH, KOTOPbIe HUKEM A0 KOHLA
HE YMTAIOTCS, U TIOTOMY MaJlO KTO 3HAET, YTO OHM 10 KOHLA U He poBoasitcsa. Umerores
B BUAY TPOLIECCHI, HE 3aMbIKAIOLLIUECS B CAMOM JIOTHKE, a HanpaBieHHbIE Ha B3aAUMOCBSI3b
C MpUKIagHbIMU O6nacTamMu. CaMblii yIayHBIH 9KCTIOHAT — reoMeTpHs, GasupyroLuascs
Ha nocrtynarax EBkinga, HO ¥ TaM BHUMaTenbHOE M3yyeHre QyHaaMeHTa oOOHapyXUBaeT
«TMTPOKOJbI» 22).

XOTHM Mbl TOTO WJIK HET, HO CYLLIECTBEHHYIO YAaCTb MATEMAaTUKU COCTaBJISIET pasro-
BOPHBI# A3bIK. 3aMeyaTeIbHbI HHCTPYMEHT — TMOKUIi, 0OBOJAKUBAIOLLUI, HO TIPHUH-
LMMUANbHO He Tonnalolmiics TouHoMy U3MepeHuIo. Kak B MMKpoMupe TepsioT abco-
JIIOTHBIY CMBIC/1 KOOPAMHATA ¥ CKOPOCTh, TaK U CJIOBO CO CBOMMM 00€pTOHAMU HE NMoMe-
LLAETCs B KankaH cTepuabHbIX GopMmyi. [To3TOMY MeXAy YUCTO TOrMUECKUMU MOAETSIMU
U MX peanbHbIMM NIpoOOpa3zaMy BCEraa eCTb paCXOXAECHUE, IBHOE UM HEYIOBUMOE.

22
)3T0 CTAHOBMUTCSI SICHBIM MPHU COCTaBJIEHUU KOMIMbBIOTEPHBIX MNPOrpaMM sl n1oKa3aTenbCTBa
reOMETPUYECKUX TEOPEM.



lhasa 6

AnogaHroB a3bix
u gecsaras npobnema Mmnbbeprta

O pcwenuun 10-ir npobaemor Tuavdepma yxe waa peun B pasneac 1.11. Bonpoc Obia
BBIHCCCH Ha aBAHCUEHY., € OAHOII CTOPOHbLI. MTODbE HE 3aTCpsinCsl, a C Apyroi, —
B COOTBETCTRMH C €TO 3HAYMUMOCTLIO AAS Hi3yMacMoii npobaemaTtHkin. B naHHoN rnansc
PACCMATPUBACTCSI 3aKYIIICHAS HaCTh.

6.1. AnodaHTOBbLI MHOXECTBA U PYHKUMM

HanoMHuM TO, uTo VXK€ OblJI0 CKa3aHO W N10Ka3aHO paHee.

Muoxcecmeo A nonoxcumensuvix eexkmopoe a = {a,,...,ar} Ha-

3ui8aemcs OUOhanmossim, ecau npu A0dom @, u monsko npu a € A,
I
ypasmenue )

plar,....qp @y, ... Tp) =0
Pa3petiumo 8 UeAbiX NOAONCUMENbHbIX T, ..., Ly .
2
Nemma? 1.11.2. Mnoxcecmao A C N duohanmosn &8 Mom 1t MOALKO

mom cayuae, K0e0a oHO AGAAEMCA MHONCCCMBOM NOAOMCUMCABHBIX SHAYCHIL
Hekomopoco noaunoma P(x, ..., 14).

Huogpanmossr pynkyuu onpenensiores Kak GYHKUMK, rpadHk Ko-
TOPbIX (MHOXECTBO nap)

v ’ — s %
G={z,....¢0. = f(r),....2¢0)}.
NUOhaHTOB.
Tlosoxkureannocts nepemennbix {a.x} HC NPUHUHIINAALHA 11 CBY3AHA € TCX-

HitteckHMi npivitHastt, [Tpie kenanim nepexon o1 cutvaunn a.r € N x a, 2 €Z =
={...,=1.0.1....} ocyuectiaseTes ¢ nomoutbky meopeser Naepanwca (em. pasacn 1.11).

1
) Tne P NOAUHOM € HCABIMIT KOOHDITCHTasMi.

2 -
» H()MCD JICMMBLJEICTOSE O HAAITHIOMY MCCTOHOTORCHITIO, Tan XC JIOKA3TCABE TBO
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Yo KacaeTcst OTpULATENbHBIX KOIGhGbULMEHTOB B ypaBHeHUU p(a, ) = 0, TO Bce
cnaraembie p(a, T) € OTPULIATENBHBIMU KO3(DMULIMEHTAMU MOXHO TEPEHECTH B TIPABYIO
YacTb M paccMaTpMBaTh Au0GbaHTOBHI ypaBHeHHs ¢(a,T) = $(a, T) C NOAUHOMAMU ¢
U S, UMEIOLLKMMU TONBKO TIONOXHUTENbHbIE KOIDOULUMEHTBI.

Ha nuodaHTOBBl (hyHKIIMM U MHOXECTBA YNOOHO CMOTPETh Yepe3
NpU3MY «pa3pelueHHbIX» ONepaluit apugpmemuuecKoeo A3biKa

Ly={+x,=3},

JIONYCKAIOLIETO TSI KOHCTPYMPOBAHUS 8b/CKA3bI8AHUI YETHIPE OTNEPALIMHN:
CAOMCEHUe, YMHONCeHUE, PABEHCMEB0 U 0eKAAPALUI0 CYUecm808aHUs..

Teopema 5.9.1. Muoocecmeo sagrsemcs ouogpanmogoim 6 mom u moabko
mom cay4ae, Ko20a oHo onucsiéaemcs Ha asvike L.

C nomouisto Ly Nerko BBIPAXamOTCI MHOTME (GYHKLMHU M OTHO-
LIEHUsI, KOTOpble MOTYT OBITb BKJIIOYEHbI B aCCOPTUMEHT si3bika L.
B pesynbrate Ly OKasbiBaeTCsl SKBUBaIeHTeH (paszien 5.9) a3biky

’={+9X, :, 7&9 >, 2, |7\/’/\,3}9

Kyla MOXeET ObIThb BKJIIOYEHA Macca Apyrux (yHkumii [8, 18, 19]. Ho B
3TOM paclIMPEeHUM UHCTPYMEHTApHUsl €CTh TPYAHBI LIar — BKJIIOUEHHUE
OrpaHMYEHHOro KBAHTOPa OOLLHOCTH V<, — KOTOpbIii HEOOXOAMMO Cre-
J1aTh, YTOOBI MPOOUTH TOHHENb K MEpPeYUCTIUMbIM MHOXeCcTBaM. HeoO-
XOJMMOCTb 3TOro lliara sicHa u3 Cleayloulero pe3ysbrara, noay4eHHoro
B paszeine 5.10.

Teopema 5.10.4. B s3vike
LG = {+9 X’ :9 /\, 3, vg}

8bIPA3UMbBI N100ble HACMUYHO PEeKYPCUBHBIE PYHKUUU.

TakuM 006pa3oM, Kak TONbKO V¢ BHOCMTCS B PEECTP paspellieH-
HbIX CPEICTB, MEXIY AMO(PAHTOBBIMU YPABHEHUSMU U NEPEYNUCAUMbIMU
MHOXECTBaMM YCTaHABJIIMBAETCSl MpsiMasi CBSI3b, NOTOMY YTO BbISICHSIET-
Csl 9KBUBaIEHTHOCTb L uucTo duogparnmosy sazviky L. InodaHTOBOCTD
OKAa3bIBAETCSI PABHOCU/IbHOW BbIYMCIMMOCTH. LleHTpanbHbliA pe3yabTar
3BYYMT Tax.
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6.1.1. Teopema. /luogpanmoeocmsv MHONMCECMBA PABHOCUAbHA €20 hepe-
yucaumocmu.

[lpu 3TOM BCe ynupaeTcsi B O0OOCHOBaHME cieayloliero ¢akra
(mokasarenscTBO B paszene 6.4).

6.1.2. Teopema. Ocpanuuennsiii keanmop obugHocmu N < moxcem Obtmb
svipaxce 6 asvike L.

Jlonrue roasl Teopema 6.1.2 6bula KaMHeM npeTKHOBeHMs. Ha ka-
KOM-TO 3Tarie OHa Obljla CBeleHa K BbIpasMMOCTU B Ly mokasaTejbHOM
GyHKLIUHU n* — B Takom Buze SIAPO 3aayM Y 3alIOMHUJIOCH ayAUTOPHUH.
OxkoHuaTenibHO MpobjeMa Gbiia pellieHa MartuscesuyeM B 1969 rony,
€My U J0CTajlach OCHOBHAS CjiaBa.

3aech UMEET CMBICA OOpaTUThb BHUMaHME Ha TICMXOJOTMUYECKUH acrekT. JIioObie
JNIOCTHXXEHUS B MUpE BCEraa SIBASIIOTCS TUIOAOM KOJUIEKTUBHBIX ycunuii. MHorpa 3T0
CKPBITO B [NyOMHE, UHOTAA — JIEXUT Ha TIOBEPXHOCTU. B pelueHUM aecsaToit npobiemsl
[UnbGepTa KONNEKTUBHBINA XapakTep ycnexa oueBuaeH. [Ipy 3TOM 3acnyKuBaeT BOCXH-
LIeHUs Mo3uLUs MaTusceBUYa U BCEH TpyTTibl, TPUHUMABLUEH y4acTHE B MOKOPEHUM
BepLUMHBI. B3auMHOe yBaxxeHUE, MUHMUMYM aMbuLmii. Eciv BbIMAYMBAIOTCS KaKUe-TO
pe3ynbTaThl, TO 3TO PE3yALTaThl MAPTHEPOB.

OGbIYHO GbiBaeT He Tak. JlocTaTouHO BCTIOMHUTB TxOy Hpiotona ¢ Tykom [2]

HACYET 3aKOHA BCEMUPHOIO TATOTCHUA 3),

6.2. Hepa3pewmmbie npobnemsl

JrodaHTOBbI ypaBHEHHUs, HAPAAY C APYTMMM CPeNCTBAMMU MPOTPaMMMU-
POBaHUs, SABJISIOTCS YHUBEPCAIbHBIM SI3bIKOM OMWCaHMS JIIOOBIX ajro-
PUTMUYECKH paspewumsix 3anad. DTO MOTYT ObITb Kak 3alayd BBIYKMC-
JINTEJILHOTO XapaKTepa, Tak M IMpoOJIEMbl JOKA3yEMOCTH TEX WJIU MHBIX
TeopeM Ha 0a3e PUKCUPOBAHHOM aKCHMOMATUKM.

Uro KacaeTcsi Hepazpewumsix 3anad, TO MX OMUCAHUE C [TOMOLIbIO
IModaHTOBBIX YPaBHEHHU I He Bceraa Bo3MoxHo. Hanpumep, Korna npo-
OeMa CBONMTCS K Hepa3pelIMMOCTM MHOXECTBa, HENepeuyrcIMMOro
BMECTE CO CBOMM [IOMOJIHEHUEM.

CrnocoObl  cOmocTaBlieHUsI KOHKPETHbIM 3agayaM AuMo(aHTOBBIX
ypaBHEHUH — paccMaTpuBaiuch B pasaene 5.10. 3mecy BaxHO HO-
6aBUTb, YTO BCE PELENTH paclIMpeHHUs s3biKa Ly, KaK paCCMOTPEHHBIE,

3 MaremaTuke ydaT He TOJIbKO apuMeTUYEeCKUE OLIMOKH, HO U YENOBEYECKHE.
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TaK U OCTaBJIEHHBIE 33 KAIpOM, UMEIOM KOHCMPYKMUBHbLI Xapakmep, T. €.
Nn03604410M 8 NH0OOM KOHKDPEmHOM cAy4de YKa3amb nooxo0suiuii noAUHOM.
B C/IOXHBIX CUTyaLMsiX 3TO OBIBA€T TEXHUYECKHU CJIOXKHO, HO BCerna
pearu3yeMo.

BoT sipkuii mpuMep. MHOXECTBO MPOCTHIX YMCE MOPOXKIAIOT I10-

JIOXKHTEJBbHBIE 3HAYCHUA CIEAYIONIETO HOH]/IHOMa4) oT 26 NEPEMEHHBIX
oT a 10 2,
(k+2){1 - [n+l+v—yP
- [wrth+i-qf

- lai+k+1-1-4)

- n+p+qg+z—ce)

- [(a2 -2+ 1-m’

- @ -1y +1-2

— [(gk+2g+k+1)(h+j)+h—2z]

- [ée+2)a+1)+1- 0’

- [16r*y* (@’ — 1) + 1 -]

- [z +pl(a—p)+t(2ap-p’ 1) — pm]’

— 6k + 1Pk +2)n+ 1>+ 1

- lg+yl@a-p—1)+s(2ap+20—p*-2p-2) - 2]

— [((a + v*(u* = a))* = 1)(n+ 4dy)* + 1 — (z + cu)*]

- [p+ila-n- l)+b(2an+2a—n2—2n—2)—m]2}.

HMHurtepnpeTupoBaTh pe3ybsraT MOXHO Tak. Eciu kaxnyio kBampar-

Hyl0 CKOOKY NpUPaBHSITh HY/IIO, — MOJYyYUTCS cUcTeMa U3 14 monu-
HOMUAJIBHBIX ypaBHCHHﬁ. W3Biekas U3 ee MOJIOXUTENBHBIX pCLlICHPIP’I

{a,b,..., 2z} 3HayeHus Kk, MmonyyaeM MCYEPIMBIBAIOIMI CIHMCOK IpPO-
CTBIX YMcCeNl V = k + 2, — 0mHAaKo, B KpaifHe 3alyTaHHOM IOpSIKE.

Mpo6nema lNnbabGaxa. INpennonoxeHue: «arboe yemuoe n > 4 npeo-
cmaeumo 6 eude cymmol 08yX Npocmsix 4uces» — 10 CHX TOP HE A0Ka-
3aHo (2005).

9 Jones J. P., Sato D., Wada H., Wiens D. Diophantine representation of the set of prime
numbers // Amer. Mathem. Monthly. 1976. 83(6). 449—464.
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WMest onmucaHHbIN Bblllle MOMUHOM P(Zy, ..., Ty), Mepeyucsio-
LW TPOCThIe yuciia, npobdaeMy lonpndaxa MoxXHo nepedhopMyIMpoOBaTh
Kak MpobJjieMy pa3peliMMOCTH AM0(dAHTOBAa YypaBHEHUS

(2k+2—q1—q2)2+[q1—P(zl,...,zm)]2+[q2—P(y1,...,ym)]2 =0

OTHOCHUTENIBHO 1, @2, L1, -+, Tms Y1, - -- > Ym IPH JIIOOBIX 3HAYEHUSIX
k € N, uTo Kak pa3 COOTBETCTBYET 3HaUeHHIO0 N = 2k + 2 > 4.

YT10oObI OCBOOOOUTHCS OT IMapaMETpUYECKOil 3aBUCUMOCTH, Hamo
HayuHaTh Bce cHavasa. [Npennonoxenue lonbnGaxa MOXHO 3amucarh
B bopme:

Vu<2k—1 3z,y: {[u=(@+)y+)IV[2k+2-u=(z+)y+1)]}, (1)

T.e.ecnmun =2k +2 =u+ v, To 1MOO % COCTABHOE YUCJIO, JIMOO V.

B pasnene 6.4 onvcaH KOHCTPYKTMBHBIM CIIOCOO COIOCTaBJIEHUS
¢opMysiaM ¢ OrpaHUYEHHBIM KBAaHTOPOM OOLIHOCTH MOJUHOMHAJIBbHBIX
ypaBHEHUI BUIOA

Q(k,$|,...,$m)=0,

pa3peliMMbIX OTHOCUTENIBHO T, ..., &y MPHU TEX U TOJBKO TeX k, KO-
TOPBIE YIOBJIETBOPSIIOT UCXOAHBIM hopmMysam Tuma (6.1).

INpennonoxeHue fonpadaxa Toraa 3KBUBAIEHTHO HEPa3pelIMMOCTH
ypaBHEHUS

Q(xo, Ty, Ty,) =0

OTHOCHTEJIBHO X, .. . , Tpy.

I pyroit npuMep — meopema Pepma:. Hepa3pelIUMOCTb YpaBHEHUS

" +y"=2", n>2 (6.2)
[Mpu pukcupoBaHHOM 7t > 2 — 3TO, KOHEYHO, BOIIPOC O HEpa3peLIuMo-
cTv nuodaHTOoBa YpaBHeHUs. Ho «IpH 11060M 1 > 2» — 3TO yXe 3a1aua
O HEpa3pelMMOCTH YPaBHEHUsI, Kyla BXOOUT MoKa3aTejibHas (PyHKIHMS.
[locnenHsii OTHOCUTCS K aCCOPTUMEHTY OUO(aHTOBBIX MHCTPYMEHTOB,
noatoMy ypaBHeHHe (6.2) MOXET ObITh MepPenucaHo (KOHCTPYKTUBHO)
Kak nuodaHTOBO

p(x,y,z,n;xy,...,2x) =0,

HO TEXHUYECKU — 3TO AOBOJIbBHO OOPEMEHMUTEJILHO.



120 naea 6. AuogaHTos s3bik n aecsitas npobnema Mnbbepra

K uenu BeayT caeayioume KOHCTpYKTHBHbIE Wwiark. B pasagene 6.4 npu gokasarte/ib-
cTBe AMO(PaHTOBOCTH MOKa3aTeIbHOW QYHKLUU m = n* yKa3aH KOHKDPETHbIi1 MTOTMHOM
P(m,n, k; w), umelownit KopHu w = {wy, ..., w,} 6 momm® cnydae, xorza m = nF.
PaspewimocTs (6.2) ¢ noMowsio P MoxeT GbITb 3anucaHa B MOTMHOMUAILHOM BUAE:

Jw: Pz(ml, z,n;w) + Pz(mz, y,n;w) + Pz(m, +my, z,n;w) = 0.

B xayecTBe Cl10XHOM Mpo6JeMbl, CBOISILLIEHCS K AUOGAHTOBY Mpen-
CTaBJIeHMIO, OOBIYHO yKasbiBaloT [14, 19] eunomesy Pumana o Hynsix
0szema-gynkyuu ((z), KOTOpas MpeNCTaBjsieT COGOM aHAIMTHYECKOe

o0

MPONOIXKEHHUE psla Z n~?. TMMoTe3a COCTOUT B NPENTNIONOXEHUH, UTO

n=1
BCE HETPUBMAJIbHbIE Hme6
Rez =1/2.

AKKYpaTHbIX MepeBoA 3a1ayu Ha UTPOBOE MM0Jie NTMO(AHTOBLIX YpaB-
HeHUI1 TpeOyeT onpenesieHHbIX YCUINI 7 , HO TTpaKTUYECKOro 3HaueHwusI,
BOOOIlIE TOBOPS, HE UMEET, NTOCKOJIbKY HUKaKMX IUBUAECHIOB HE CYJIMT.
Tyt, ckopee, Bonpoc GunocohCKOro xapakrepa — IIOTbITKA YJIOBUTh
MPUHLUIIMANIBHYIO B3aUMOCBS3b siBjieHU. [1oaTOMy 1IMpOKMiIi OxBar
3[1eChb UMEET [IOMUMO CIIOPTUBHBIX — MIEOJOTMYECKMUE LEIU, U Haxe
«1MohaHTOBO MepeoOyBaHUe» 3alayu O YeTblpeX Kpackax, He ToBOps
0 TIOSTMHOMAX JUIs npocmbix MHoxcecme ) [19], BronHe yMecTHo.

YTto Xe KacaeTcsi NMparMaTU4eCKOM TOYKM 3peHMs, TO MepcreK-
THUBHEE BBLIMISIAUT MPOTUBOIOJIOXHBIM XO0 — TrepeBon «IMo¢haHTOBOIA
3aJayv» B KaKylO-HUOyIb aHaJIUTHUYECKYIO 00j1acTh, Loe OOsblie WH-
CTPYMEHTOB U OHM OCTpee 3aTOUYEHHBI.

) n3eta-(yHKLMM PACTIOJIOXEHbl Ha MPSIMOM

[TepeBon 3amay M3 pasHbIX 00jacTeit HA NUOMAHTOB SI3bIK, UMES
«CBO€ JIMLIO», 110 CYTH, TOBOPUT JIM1lIb 00 aJITOPUTMU3YEMOCTH 3THX 3a-
Jay. A KOraa nocjieHsise U3Ha4ajIbHO SICHA, TO SICHA W MIPUHIUITHAJIbHAS
BO3MOXHOCTb IMO(PaHTOBA ONMUCAHMSI.

9 B aHmuiickoit MaTeMaTHYeCKOI uTepaType ynorpebsercs iff BMecTo rpammaTnyecku npa-
BWJIHOTO if (ecsin) wist 0603HAYEHHsI TPOMO3AKOTO 060POTA «€CIIH U TOJNLKO eCin». Tpiok ynoGeH.
B pycckom — emy Morio 6bI COOTBETCTBOBATb «B TOMM CJIyyae» = «B TOM M TOJIbKO TOM CJiyyae».

00

6) Pa3ymeeTcs, peub MAET O HyJISIX aHATHTHYECKOTO NMPOJOJDKEHHUS, & HE CaMOTO psifia E n’.

n=|1
7 o
) Ecnv vmeTh B BUAY KOHCTPYKTHUBHbIf mepeBon. [TpMHUMNUATbHAS BO3MOXHOCTb 060CHO-
BbIBAETCS TOPA3o MpoLLe.

8
) Mo TOBOLY NPOCMbIX N UMMYHHbIX MHOXcecme cM. pasnen 10.3.
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B TO Xe BpeMsi HeoOXOmMMMO OTHaBaTb Ce0E OTYET, YTO MHOTHE
MareMaTH4ecKue npobsieMbl He OIMUCHIBAIOTCA Ha s3bike Lg, pABHO
KakK 4 BOOOlIe Ha JiloOOM aJITOPUTMUYECKOM si3bike. [IpuMepoM MOryT
CJIyXHUTh HEKOTOpbIi€ MPOOJEMBI, CBA3aHHbIE C 3hpekmuenoil KonHeuHo-
cmblo VM Oeckoneunocmbio. st ypaBHeHust P(z) = 0 HEBO3MOXHO
B 0611eM ciydae (10 meopeme Paiica) yxasatb aJirOPUTM, KOTODbIi Obi
OTBEYaJ Ha BOIMPOC, KOHEYHO WJIM GECKOHEYHO MHOXECTBO pellleHMIA.
JIyisT KOHKDETHOTo MOJMHOMa — MoXeT ObiTb. HO BCe HepellleHHbIE
[I0Ka MpoOJIEMbl, TIE€ YTBEPXOAECTCSI KOHEYHOCTb WJIM OECKOHEYHOCTh
MHOXECTBa 3JIEMEHTOB, YIOBJIETBOPSIOIIMX HEKOTOPbIM CBOMCTBAM, —
MOATMAanaloT Mo nono3peHue. TakoBa, HanpUMep, npobaema becKkoneuHo-
cmu nap npocmbix yucen-oausneyos. Kak ee 3anucarb B Lg — He BUIHO.
Ho eciu npobiema pelnaeMa, TO COOTBETCTBYIOLIAST 3alIUCh BO3MOXHa.

6.3. YHuBepcCasnbHbiii MHOIO4EH

N3 cyuiecTBoBaHUS 3(PPEKTUBHOTO MEPEUUCICHUS
S, 8,... (6.3)

BCEX MEPEYUCTUMBIX (PABHOCUIIBHO, NHO(AHTOBBIX) MHOXECTB — Bbi-
tekaeT (paszen 3.2) cyiiecTBOBaHME BCIOAY OMpelesieHHOM BBIYMCIMMOM
GbyHKMK 1BYX nepeMeHHbix f(n, k), KoTopasi Ipu (GUKCUPOBAHHOM T
MEPEYMCIISET IJIEMEHTBI Sy,

[To Teopeme 5.10.4 byHkuus f(n, k) MOXET GbITb OMMCAHA B SA3bIKE
L, aTorna, no ueHTpaabHoOM TeopeMe 6.1.1, — u B si3bike Lg. ApyruMu
CJIOBaMH, MepevrciieHuIo (6.3) MOXeT GbITh MOCTaBJIEH B COOTBETCTBUE
yHueepcanvhbiii noaunom U(n, 8, T, ..., Tk), NEPEYUCISIOWMI BCe Sy,

SES, & I(z,...,xx):Um,s,z,...,2%) =0, (6.4)

npudem U(n, S, T) 1py XeJaHUU CTPOUTCS KOHCTPYKTUBHO, MOCKOJIbKY

BC€ 3BC€HbA 3a KaIpOM KOHKPETHO ONpPEAC/ICHbI 9).

B aKkBUBaNeHTHOM BapuaHTe (1emMma 1.11.2) cylecTByeT yHMBepCabHbIi MOJMHOM
U(n,zi,..., Tkt1), MHOXECTBO MOJOXHUTENbHBIX 3HAYEHUH KOTOPOTO MpU (PUKCHPO-

BaHHOM 7t COBIAJaeT ¢ S,

~

s€S, & 3J(x,...,xkp1):8=Un,zy,...,Tp4)) As>0.

9 KoHkpeTHast 3anuch OAHOrO U3 BADUAHTOB YHHUBEPCATbHOTO NMOJIMHOMA ecTh B [19], cM. Takxke
Jones J. P. // J.Symb. Logic. 1982. Ne 3. 47. 549-571.
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KoHkpeTHO:

U(n, Tiyouny, zk+‘l) = mk+1[l - U2(n, Tr41, 2,5 -0 ,$k)].

CreneHs m YHUBEPCAJIBHOTO IMOJIMHOMA U YHUCJIO MEPEMEHHBIX

z={x,..., Tk}

3aBUCAT OT criocoba noctpoenust U(n, s, ). Yucen m u k nopsiaka
IBYX-TPEX NECATKOB, KaK MpaBWJIO, NOCTAaTOYHO (cM. paszmen 6.5). Ec-
JIM CUTYaLIMIO CPABHMBATh C yHugepcaabroll mawunoil Tbropunea, TO Ha-
OOp nepeMeHHbIX {T1, ..., Tk} UIEOJIOrHYECKH COOTBETCTBYET BHYTPEH-
HUM COCTOSHUAM MaiunHbl 'Y, TIpH 3TOM OrpaHHueHHast pasMEPHOCTb
z = {xy,..., Tk} He BHI3BIBAET yAUBIIEHHS, TOCKOJIBKY JOCTATOYHOCTD
KOHEYHOI'0 YHMCJla BHYTPEHHMX COCTOSIHMM i1 PELUEHUS JIIOOBbIX 3a-
nay — B WHTeprnpetauuu TbiopuHra odeBunHa (pasnmen 1.8). OmHako

Ha A3bIKE MOJIMHOMOB I10JIYYa€TCsA COBEPILICHHO HCOXUOAHHAsA BECUIb.

6.3.1. Teopema. Kakoe Gbi Hu Gbin noaunom P(n, 2y, ..., 2zN) u Kaxo-
6a 6bt Hu bbi1a pazmeprocmes N, cyujecmayem NOAUHOM

ﬁ(n,ml,...,zm)

uUKCUPOBAHHOI PA3MEPHOCMU TN, MHONCECMEO NOAONCUMENbHIX SHAYEHUL
KOmopoz2o npu a06oM T 8 MOMHOCMU COBNAOAENn C MHOXCECMEOM NOAONCU-
menbHbIX 3Hauenull noaunoma P(n, zy, ..., zy).

<« Jlns gokasartenbCcTBa JOCTATOYHO 3aMETHTDh, YTO MHOXECTBO MOJOXUTEIbHBIX
3HadeHu# J1060ro noauHoma P(n, z,..., zy) NepevYUcIuMO, U TOTOMY COBMAgaeT
C MHOXECTBOM MONOXUTENbHBIX 3HAYEHUI! YHUBEpCANBHOrO nonuHoma U. »
[TapameTp 1 B GOpMYIUPOBKE TEOPEMbI MOXHO OMYCTUTb.

[Mapametp s B (6.4) MOXHO CYUTATh BEKTOPHBIM, § = {S|, ..., Spm},
3anMUChIBasl TEM CAMbIM YHUBEPCAJILHOE YpaBHEHUE B BUIE

U(n,Ss,...,8m,Z,...,Tk) = 0. (6.5)

WHorna 310 ynoGHO. B 1o xe Bpemst OT (6.5) ¢ MOMOLUBIO Hymepylouseli
dynxyuu s =" (sy, ... , Sm) BCETIA MOXHO MEPEUTH K YHUBEPCATBHOMY

10] o
) Yucio coctosiHUit MauiMHbl, kak nokasan IlleHHOH, MOXeT ObITh YMEHBLICHO 00 NBYyX 3a
CYeT yBEJIUYEHUSsT alihaBuTa.
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ypaBHCHI/I]O C OOJHUM IIapaMETpOM 8,
2 m 2
U'(n,81,...,8m, T1,-..,Ck) +[s—¢c"(81,...,8m)] =0,

U k + m HeWU3BECTHBIMM S|, ..., Sm, L1,--., Tk.

6.4. TexHuyeckue pesynbraTthbi

JlaHHbI pa3gen BKIIOUYCH B [aBy MOC/IE HEKOTOPbIX KoNebaHuii. ApTYMEHTOB «IIPOTUB»
JIOBOJIbHO MHOTO. BO-NepBhIX, 3TO AECATOK CTPAHUL JIMLUHETO TEKCTA, KOTOPbIH «HU-
KTO» YUTaTh HE 6y)1e’r“). Bo-BTOpbIX, NOAPOOHOE HOKA3aTEILCTBO €CTh B HOCTYITHBIX
ucToyHukax [15, 18, 19]. B-tperbux, pazgen 5.10 gaer obiuee npeACTaBAEHHE O TEXHUKE,
KOTOpasi TIPH AOCTATOYHOM HANPSKEHUM CUJI NPUBOIMT K YCIeXy. APIyMEHT «3a», CO0-
CTBEHHO, OAMH. MHOIMe U3 TeX, KTO «4UTaTh HE OYAET», 3aXOTAT BCE XKe NMPodexXaThes
B3[JISIAOM, Aabbl MOHSThb, HA 4TO 3TO MOXOXE. A MCKaTh APYTOW MCTOYHMK Ifpu cnaboi
MOTHBMPOBKEe — He pe30H. B 1o xe BpeMsl HaMepeHue «B3IJSIHYTb» NPU HECEPbe3HOCTH
(GOpPMYAMPOBKM YAaCTO HOCUT INYOMHHBI XapakTep, HelApoM 3a JIMLE3peHHe KaKuX
nubyas Yygec CBeTa nnatat GoJibLIME ACHBIHU.

Paspen daxTHyeckd TOCBSILIEH H0KA3aTeJbCTBY TeopeMbl 6.1.1 W TeKCTyanbHO
B 3HAYUTELHOM Mepe cieayeT cratbe Jseuca [8]. C apyrumu, HO 6AM3KMMM N0 AYXY
BapHAHTAMM — MOXHO O3HAKOMMTHCS M0 YKAa3aHHbIM BBILLE UCTOYHUKAM.

Eure pa3 o npuyMHax, No KOTOPbIM AeTaJIbHbIK pa3bop A0Ka3aTeNbCTB HE MMEET
Gosplroro cMmbicia. OGOCHOBaHUs GbIBAIOT MHTEPECHEE M BaXHee (hpakToB. B maHHOM
ciydae cuTyauusi uHas. PakThl yHMKaTbHBI, JOKA3aTeNbCTBA PYTUHHbBI. KoHeuHO, U3-
3a 6GOMBLIOTO KOJMMYECTBa (DOPMYN MOXKET MOKA3aThCd, YTO 33 ITUM CTOMT HEUTO
HeTpuBuasnbHoe. OIHAKO, eC/IM NPUCMOTPETHCS, BCE PACCYXKIEHHUS JOCTATOYHO MPOCTHI.
Hx, mpaBaa, MHOTO, U OHU TiepenyTaHbl. [T03TOMy L1araTh Nerko, BbIATH U3 Jieca TPYAHO.
Ho xoraa Bbixon yXe HaijeH, u3ydaTh MapuIpyT MOJe3HO — €CNU €CTh HaMepeHHUe
XOIUTb 3a pUbaMu B TOT X€ Jec.

YpasHenus Menng. [Tocieaytomuii TEKCT OMUPAETCS HA CBOMCTBA XOPOLUO U3Y4EHHOTO
B TEOPHMH YMceN ypaBHeHHUs [lenst crieunansHoro Buga 1)
2 2 2
z—dy"=1, d=a" -1, (6.6)
rae uessie z,y > 0, a > 1.
BunoMuanbHoe pasnoxeHue (a + \/E)" TIOPOXIAET, B pe3yJibTaTe

(a+Va)" = Tq(a) + y,,(a)\/a, (6.7)
ABE LeJIouncieHHble QyHKUNY Z,(a), Ya(a),
za(a) = Z Cf,ka"_zkdk, yn(a) = Z C,Z,Hla"_"_ld", (6.8)
2k<n 2k+1<n

1y Oynet, 6e3yC/IOBHO, TIpaB, €CJTM OPUEHTUPYETCST B XXKM3HM Ha IpPYTHE UEJH.
12) Creuudnuka — B JOMOJHUTENILHOM YCIOBHH d = el - 1.
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KOTOpblE, 0YEBUAHO, YAOBIETBOPSIOT ypaBHeHUIO (6.6), NOCKONBKY Hapsay ¢ (6.7) umeeT

MECTO 13)

(B,,(a) - yn(a)\/‘7 = (a - \/&)n’
npuBosLLee Nocie yMHOXeHust Ha (6.7) K
z2(a) —dyi(a) =a’ —d = 1.

He6onblime QOMOJHUTENbHbBIE YCUINS TIPUBOAST K CIIPAaBEIJIUBOCTH CIEAYIOLIETO
akra.

6.4.1. Nlemma. Cosoxynrocms {T,(a),yn(a)} ucuepnoieaem ece pewserun ypagnenus (6.6).
s ynoGeTBa HOTIONHUTENBHO MOJIaraeTcs
() =1, ga(l) =n. (69)
6.4.2. NleMMa. Ty = Ty £ AYuYm, Ymin = TnYm £ TmYn.

« JloKa3aTenbCTBO JIETKO TOJYYaeTcss MAHUMYJIMPOBAHUEM COMpPSKEHHOCTHIO
Yncen T, + YoV U T, — Yo Vd. »

IMpu n = | nemMMa 6.4.2 MPUBOAUT K PEKyPPEHMHbIM COOMHOUICHUAM

Tmtl = 0Zm £ dYm,  Ymz1 = QY £ Ty (6.10)

6.4.3. Nlemma. Ecau a = bmodc, mo
zn(a) = z,(b) mode, yu(a) = y,(b) mod c.
B vwacmnocmu, y,(a) = n mod(a — 1); a makxce
24(a) ~ ya(a)(a — y) = y"(b) mod(2ay — y* — 1). (6.11)

<« CooTHoLIEHHS] HEMOCPEACTBEHHO cneaytoT u3 (6.10) u CBOWCTB cpaBHEHHi.
Jnst o6ocHoBaHus (6.11) HOMOMHUTENBHO UCMIONL3YETCS MHAYKLUUS. B

6.4.4. Nemma. Pynkyus yY,(a) MoHOmMOHHO 603pacmaem no @ u N, U umeem Mecmo
ouenka
2n -1 < y(a+1) < (2n)"

DyHKYUA T, MAKHCE MOHOMOHHO 603pacmaem, npu4em
Zppi(a) > z4(a) = a", z,(a) < (20)".

<« O60cHOBaHME MOJYYaeTCs U3 PEKYPPEHTHBIX COOTHOLeHUH (6.10). »

1
Y Yycna a + BVd v a — BVd HasLIBAIOTCS CONpAMCenHbiMU, Y TIADATIEND cO cydaem d = — |
UHOTA NMPUHOCHUT ONpeNeNCHHbIE TUTOABL.
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6.4.5. Nlemma. Eciu yn(a) deaum y,(a), mo m deaum n, u naobopom, m. e.
Ym(a) [ya(a) & m|n. (6.12)
AnanoeuuHo,
yn(a) | gn(@) & myn(a)|n. (6.13)
Kpome moeo, ecau y;(a) = y;(a) mod yx(a), mo
uw t1=j, um 1=-—jmod?2k.
<« OueBMOHO, Yy, | Ynr ipu k = 1. dasiee MO MHAYKLIMH, UCTIONB3YS IEMMY 6.4.2,

Ynk+1) = Ta¥nk + TakYn-

To3ToMY «¥p | Ynk> = «Un | Yn(e41)». OOpaTHA MMIIMKAUMA NOKA3BIBAETCS Takke
npocro. B urore nonyyaercs (6.12).
OGocHoBaHue (6.13) B 1Ba pasa LiMHHee. P

W3 nepeyrcieHHBIX OMOPHBIX MYHKTOB B ABE-TPU CTPOYKH BHIBOASATCS C80UCMEA
nepuoouHocmu:

Tonsk = —Tk MOd T,  Typsx = Tg Mod Ty,
6.4.6. Jlemma. Ecrut <nuz; =z, modz,, mo j==+imoddn.

AvodaHToBOCTb 3KCMOHEHTbl. Kak yxe He oAuH pa3 AeMOHCTpUPOBaNIOCh, AModaH-
TOBOCTb CJIOXHBIX (DYHKIMI ycTaHaBNHBaeTCS KOMOGMHMPOBAHMEM (C MOMOLLBIO A)
NMpocThiX (YHKUMH, MONMHOMUAIBHBIA XapakTep KOTOpbix oyeBuieH. Ha 3ToM nytu
BO3HUKAIOT CUCTEMbl YPaBHEHHIA, FapaHTUPYIOLLKE B C/ly4ae pa3peLuMMOCTH AMOdaHTO-
BOCTb MCCleyeMoii hyHKLMK. B 1aHHOM ciyyae KJI040M K KCroHeHTe n® okasbiBaetcs
cuctema u3 12 ypaBHeHMii, UMelOLLAsi aBTOHOMHYIO TIOACUCTEMY:

[N

() o =1+ -1y,
(2) =14 (a’ - 1),
(3) s =1+ -1,

@ v=ry,

( b=1+4+4py=a+qu,
6) s=uz+cu,

() t=k+4(d- 1)y,
8 y=k+e-1

6.4.7. Nemma. [lpu awobbix gpukcuposannsix a, k, cucmema (1)—(8) ume-
em peuienue (N0 0CMANbHbIM NEPEMEHHbIM) 6 MOM U MOALKO MoM cay4ae,
ko2da T = T(a).



126 aea 6. AuogaHToB 36Kk 1 gecsaras npobnema Masbeprta

<« [lepBbie Tpu ypaBHenusi cuctembl (1)—(8) siBnsiiorcst ypaguenuamu Ileans,
MO3TOMY ITPU HEKOTOPBIX €, J, I 0GS3aHbI BHITONHATLCS COOTHOLUEHUSI 14)

¢ =2zi(a), y =¥i(a); u==2q(a), v=ya(a); s=2z;(), t=y;(0),

npuyeM © < n, B cuny (4).
anee: nemma 6.4.6 = j = +i mod 4n;

4) = y}(a) | ya(a) = yi(a) | n,

)

oTKyaa| j = +i mod 4y;(a) |. U3 (5) cnenyer b = | mod 4y;(a), uto B uTOrE NPUBOAUT 5

K | y;(b) = j mod 4y;(a) |. HaxoHew, (7) Bneder 3a coboit [y,-(b) = k mod 4y;(a)

KoMOUHHUPYS BbieieHHOE PAMKaMMU, MOJlyYaeM
k = £i mod 4y;(a). (6.14)

IMockonbky u3 (8) creayet k < y;(a), To ¢ noakmoyeHueM nemmsl 6.4.4 — 1 < yi(a).
B utore u3 (6.14) BbiTexkaet

zi(a) = zx(a) = =.
O6pamno. Tycts T = zx(a). [Tonoxum y = yi(a), a Takxe
m =2kyx, u==1cn(a), v=uyn(a),

4yTo obecneyuT BbinonaHeHue (1) u (2). Janee: y2 | v (nemma 6.4.5), nostomy cyuiecTBy-
eT r, ynoBnetBopsiiouiee (4). Ouesunno, HOMl(u, v) = |, otkyna HOMl(u, v - 4y) = 1.
[Mostomy (mo Teopeme 5.10.3) cywecTtByet Takoe by, uto

by = 1 mod4y, by=amodu.

TeM xe COOTHOLIEHHUSIM yroBneTBOpSieT by+4juy. CnenoBatenbHo, CyllecTByIOT b, p, q,
yAOBNETBOPAIOLLUE YpaBHeHHIO (5). YpaBHeHue (3) ymoBAETBOPSIETCS MOACTAHOBKOM
s = zx(b), t = y(b). B cuny nemmsl 6.4.3 u (5), s = z modu, NOITOMY Cylle-
cTBYeT ¢, yhosietBopsiioiee (6). Janee (nemmsl 6.4.3 u 6.44) t = kmodd — 1,
u B cuay (5), t = k mod 4y. IToatomy cymuectyeT d, yaosnerBopsitouiee (7). Hakoneu,
y > k (nemma 6.4.4), 6narogapsi 4eMy ypaBHeHHUIO (8) MOXHO YAOBJETBOPUTD, Mojarast
e=y—k+1. »

IToHsITHO, YTO TaKOe AOKA3aTENbCTBO AOCTABUTDH YAOBONLCTBHE HE MOXET, HO ep-
>Ka B rojloBe CUCTeMY U3 8 ypaBHEHHIt, TPyAHO PaCCYUTHIBATH HA YTO-HUOYAb ApYroe.

Teneps noacoeaunsieM x (1)—(8) caenyrouryio yacTb:
(9) (z-y(a—n)—m)’ =(f—1)’(an—n’ - 1)’,
(10) m+g=2an-n’-1,

149) yenosue b > 1 BbinmoJiHsietcs B cuiy (4), b >a > 1.
19 ps (6.10) BbiTekaer y, =nmoda — 1.
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(1) w=n+h=k+I,
(12) a® = (w* - 1)(w - 1)’ = 1.

k
6.4.8. Teopema. CoomHowieHue M =N~ BGbINOAHAECMCA 8 MOM U MOAbKO
mom cayuae, Koeoa cucmema ypasnenuii (1)—(12) umeem pewenue no
OCMAAbHBIM NEPEMEHHbIM.

<« Jocmamounocme. Tlokaxem, 9To m = n* BbiTekaer u3 pa3peliuMOCTH CH-
crembl. B cuny (11), w > 1, orkyna (w — 1)z > 0, uro ¢ onopoii Ha (12) rapantupyet
a > 1. ITo3ToMy «BHELIHKE YCIOBUS» WIS IeMMBI 6.4.7 BHITONHEHBI, ¥ MOXHO CYUTATh
z = z(a), y = yr(a).

Hcnosnb3yst peKyppeHTHbIE COOTHOLICHUS sl ypagueHnui Ileans v ydutbiBasi (9),
nosiy4yaeM

_ .k 2
m =n" mod(2an — n” — 1),

npuyeM k,n < w B cuay (11).
VpasHeHue (12) naet

a=gz;(w), (w-1)z=y;(w)

TIPY HEKOTOPOM
j = 0mod(w — 1),

OTKyJa cHO j 2 w — |, v teMMa 6.4.4 B uTOre MPUBOAMT K HEPABEHCTBY
azw”! >nk

2 .
Tenepb U3 HepaBeHcTBAa M < 2an —n” — 1, caeayowero u3 (10), U nerko nposepsieMoii
UMIUTMKALUU

a>y" 5 2an-n’—1>¢

BbITEKAET
nf < 2an—n? - 1.
A Tax Kak oba uncna m u nt CPaBHUMBI [0 MOAY/IO 2an — n’ — 1, To OHU paBHBI.
Heobxo0umocme. [1o cytH, NpubIM3UTENBHO TOT Xe MyTh HALO MPOWTHU B 06paTHOM
nopsigke: m = nf = «pazperuumocts (1)—(12)».
Hrak, nyctb m = n* . BossMeM 06oe w > 1, w > k, nonoxum a =z, (w) > 1,

W TOorma, mo Jemme 6.4.3,
Yy (w) = 0 mod(w — 1),

YTO PaBHOCW/IBHO PaBEHCTBY Yy, (w) = z(w — 1), — u (12) TeM caMBIM BBINOJIHEHO.
PaBenctBo (11) MOXHO obecrieuuTh, rnonarasi

h=w-n, l=w-k.
AHaJIOrMYHO NIPEeAbINYLIEMY M = nf < 2an—-n? - 1, v (10) ynoBneTBopsieTCs BbIOOPOM

g:2an—n2—l—m.
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HaxkoHeu, B cuiay (6.11), 3HayeHue f MOXHO BbIGPATb U3 yCIOBHS
z—yla—n)—m==£(f — )(2an —n* — 1),

obGecrieunBasi B pe3yabrate paBeHCTBO (9). BoimonHumocts (1)—(8) Geper Ha ce6st
nemMma 6.4.7. »

HekoTtopblie nnoAbl. [1nodaHTOBOCTh IKCIIOHEHTHl OKa3bIBAeTCSl TEM PbIYaroM, KOTO-
pblii MepeBOpPayuBacT BCIO TeMAaTHKY. [1MOGAHTOBBIMU «CTAHOBSITCS» MHOIME ApYrHe
byHkuuuU.

6.4.9. Teopema. DPyuxyuu

k n!

Y
n!, Cn = m, h(a, b, y) = H(a + bk)

duogparnmosbt.
3ak/oYeHue JOCTUTAETCsl B HECKOJIBKO LLUAroB.
6.4.10. Jlemma. IIpu ycrosuu u > 2", k < n, — cnpasedauso pagencmeo

ik

2de keadpamHbie CKOOKU 0003HA4AIOM UEAYIO 4aCMb.

« PeayanaT IJIEMEHTAPHO CACAYET U3 NPEACTABICHUA

u + ]) n Lo k2t
Z C: i-k Z C,;’u'_k + Z C,'zu'_k
1=k =0
U OUCHKHU
k-1 o k-1 )
Z CiuF <! ZC,', <u "< »
=0 i=0

Takum 06pa3oM, B ycioBusix Jemmbl 6.4.10 (u > 2", k < n) umeet MecTo

(L

" ] = CFmodu. (6.15)

< Ha 3ToM 0oCHOBaHMM Jierko ycTaHaBauBaeTcsi auodaToBocTs Cr . JleiicTu-
TenbHo, u3 (6.15) caenyer, uto z = C¥ paBHOCHABHO yenOBHIO

Ju,v,w: {v=2"A>v)Aw=[(u+1)"/u* ] A(z = wmodu) A (z < u)}.
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Jlanee ocTaercsi 3aMETUThb, YTO BCE MPEAMKATHl MEXAY KOHBIOHKLMAMM 30ECh AMO-
danToBH. [MaBHYIO TSXecTh Ha cebst GepeT, KOHeYHO, TeopeMa 6.4.8, obecneuuBasi
auodanToBocTh v = 2". OctanbHoe: (z = w mod u) A (2 < ©) paBHOCUNBLHO

Jz,y:{(w=z+(x-DuA(u=z+y))},
a cooTHowekue w = [(u + 1)"/u*] pasHocunbHO

Ayt {t=v+DAGE=t"A(y=v ) A(wy<z<(w+ 1y} »

Daxkmopuan 6 cayuae T > (23:)thl npedcmagim gopmynoi
rI
o= |—]. 6.16
] (616
r* z'r® ! z!
4 —_—= < 3 < F2R4
c: r(r=1...(r- 1 2
TR -zt 1) (l_g) (1+_§)
r r
2z\° 2z,
a nockonbky | 1+ - <1+ e 2%, B uTOre TONy4yaeTcst

X

r 22: 41,241
—<z!(l+—)-2’<z!+—<m!+l,
Cc? r r

YTO B COMOCTABJIEHWM C JIETKO MPOBEPSEMBbIM HepaBeHcTBoM z! < r°/Cy NpuUBOAMT
K (6.16). »

BepueMcst K paktopuany. JIerko npoBepUThb, YTO PABEHCTBO M = n! SKBUBAIEHTHO
npeauKary
Iz, y,tuv:{(s=22+)At=z+1)A
Ar=s)Au=r)YA(w=Cj)A(mv<u<(m+1)v)},

A1nodaHTOBOCTb KOTOPOTO YCTaHaBNMBaeTcsl «nodparMeHTHO» Ha ocHoBe (6.16) u teo-
peMbi 6.4.8.

Ocranocs nokasaTb AuohaHToBoCTs GyHKUMH h(a, b, y).

<4 YCcTaHOBUM cHavana

y
bg=amodM = [](a+0bk)=0'yC!

a+y Mmod M. (6.17)
k=1

JleficTBUTENBHO,
By'Coy = b (g +y)g+y—1)...(g+ 1) = (bg+by)(bg + by — b) ... (bg + ) =
= (a+by)(a+by—b)...(a+b)mod M. »
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« Tonaras B (6.17) M = b(a + by)Y + 1, umeem HOA(M,b) = 1 u

M > fI(a + bk).

k=1

IMosTomy cpaBHeHHe bg = amod M pa3peliMMO OTHOCHUTENbHO ¢, W TOTAA MpPH
y

COOTBETCTBYIOLLEM ¢ NPOU3BeAcHHE H(a + bk) cpasuumo ¢ b*y!Cy ., no Moaymio M,
k=1

y
YTO 03HAYAET 3KBUBAJIEHTHOCTb YCJIOBUH 2 H a + bk)
k=1

3Psq,r,3,t,U,v,w,$,M:
(r=a+by) A(s=1")A(M =bs+ 1) A (bg = a + Mt) A (u = b’) A
Av=y)A(z<M)A(w=qg+y)A(z=Cl) A (z+ Mp = uve).

JloKa3aTeNbCTBO 3aBEPLUAETCS TPUMEHEHUEM K 3TOMY MPeAUKATy YCTAHOBJICHHBIX BbILIE
pe3yabTaToB. b

OrpaHunyeHHbli kBaHTop V. Kak yxe oTMevasoch B pasene 6.1, mnsi «3aMbIKaHUs
Kpyra» HeoOXOOMMO YCTaHOBHTb AMO(AHTOBOCTb KBaHTOpa V. CrepxHeBas Teope-
Ma 6.1.2 B nepeopMyIMPOBKE 3BYYUT Tak.

6.4.11. Teopema. MHooxcecmgo
S={(y.z):Vz2<y 3g:P(y,z,2,9) =0},
20e P nonunom, T = {T1,...,Ts}, §=1{G1, -+, gn}, — duodanmoso'®.
Cnenys Issucy [8], HauHeM ¢ aByx BCIOMOraTe/ibHbIX yTBepXacHHid. [lepsoe
U3 HUX (O PABHOCHJIBHOCTH ABYX TPEAUKATOB) MPAKTUYECKH OYEBHAHO:
<y 39:P(y,z,2,9)=0 & 3Ju Vz<y Ig<u:P(y,z,z,9)=0, (6.18)

rae g < u O3HayaeT ¢ < U,...,gn < U.
Jlpyroe — TpebyeT AOKa3aTeJbCTBA.

6.4.12. Nlemma. Ecau nosunom @ yooeremeopsem nepageHcmeam
Qy,u,z)>u, Q. u,z)>y
unpu k <y, g < u maxwopupyem norunom P:
|P(y.k, z, 9)| < Qy, u, z),

mo ona Vk <y g <u:Py k,z,g) =0 neobxoduma u docmamouna ucmunHOCMb
BbICKA3blBAHUA:

Y
3u,c,t,a.,,..,a,,,:{[1+ct:H(1+kt)] A

k=1

1) Bumecto TIDUHATOTO V<4 2 3AECH M Aajiee MCToNb3yeTea V z <.
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/\[t:Q(y,u,z)!]/\[l+ctlljl(a,—j)] Ao A [l+ct|lj(am—j)] A

A[P(y,c,z,a,...,6,) =0mod(l +ct)]}

€80600H020 OM 02PAHUYEHHBIX KBAHMOPOB.

<« Heobxodumocms. [Tyctb
P(y.k,z,9/(k),...,gm(k)) =0, k=1,2,...,¢,
u Bee g;(k) < u. Ina t = Q(y, u, x)!, B cuny
y
[+ k) = 1 modt,
k=1
3HaueHHe ¢ MOXHO BbIOPATh TaK, YTO
l+ct=ﬁ(l + kt). (6.19)
k=1
Jlanee, Kumaiickas meopema 06 0cmamKax rapaHTUPYeT CyLLeCTBOBAHUE uucen '
a; = gj(k) mod(1 + kt), k=1,2,...,y. (6.20)
PasenctBo (6.19) Brever k = ¢ mod(1 + kt), otkyna
P(y,c,z,a4,...,6,) = P(y,k,z,9i(k), ..., gm(k)) mod(1 + kt) = 0,

a Tak KaK | + kt (mpu pasHbix k) B3aUMHO MPOCTbI, TO HX MPOM3BEAECHUE TAKXKE AETUT
MHorouneH P(y, ¢, z,a,,...,any), T.€.

P(y,c,z,a,...,a,) =0mod(l + ct).
Haxkoxeu, u3 (6.20) cnenyet nenumoctb Beex a; — g;(k) Ha | + kt, yto B MToTe
u

ofecreyunBaeT AeNUMOCTh H(a,» —j) Ha | + kt, a 3HauuT 1 Ha | + ct.
j=l

Zocmamounocmo. TlycTb py MPOCTbIC COMHOXUTENH B pasnoxenuu 1 + kt, a g;(k)
OCTATOK OT [EJIEHUS @; Ha Py.

u
3ametuM, yto p; aeaut 1 + kt, | + kt neaut | +ct, a | + ct nenur H(a,- -7,

j=1
u

OTKyNa BbITEKAET AETMMOCTb H(ai — j) Ha p;. CnenoBaTe/ibHO, MPOCTOE Py LENWT
i=

" TpeGyemas xuTaiickoit Teopemoii 5.10.3 B3anMHas npoctota yucen | + kt (npu pasHeix k)
BbITeKaeT U3 cienyiouwero paccyxneHus. Ecau s gemut L +ktu | +1lt, e | <k KUKy, 108
neaut v l—k, otkyna s < y. Ho torna, B cuiy Q(y, u, ) > y, § AeanJI0 661 U £, YTO HEBO3MOXHO.
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a; — j npu HekoTopoM j € {I,...,u}, T.e.
J = a; = gi(k) mod py.

B cuny t = Q(y, u, z)! u npeanonoxenust Q(y,u, ) > y, noboi nenutenp 1 + kt
Gonbwe Q(y,u, ), uto Breder 3a coboit pr > Q(y,u,z) > u. Takum obpasom,
J < u < pg, a mockonsky g;(k) < px no onpenenenuio, To g;(k) = j. B utore:

1 < gi(k) < u nnsBeex ¢, k.

Hanee,
l+ct =1+ kt =0modpy,

4TO BAEYeT 3a coboit k = ¢ mod p;.
B pesynsrate g;(k) = a; mod pi. IToatomy

P(y,k, z,qi(k), ..., gu(k)) = P(y,c, T, ay,...,a,) =0 mod py,
a B cuily MaxopupoBanus P nonunomoMm Q(y, u, z) < py,

P(y, k,z,g((k),... ,g,,,(k)) =0. »

Terepb 10Ka3aTeNbCTBO TeOpeMbl 6.4.11 3aBepLIaeTCsi OTHOCHTENBHO MPOCTO.
< WHcxopusiit monmvHom P(y, k, €, g) ecTb cyMMa cnaracMbix

— apb a1 an 51 3
t, = c|ly’k’z] ...zl g ... gpr.

b
Monaras u, = cy’k’z! ...z¥g)' ... g;" u

N
Qy.wz)=u+y+ > up,

r=1

UMeeM NoIMHOM Q(y, ¥, €), yHOBNETBOPSIOLUMWIA TIPEANOIOXEHUSIM NeMMmbI 6.4.12, uto
371IEMEHTApHO MPOBEPSIETCS.
B pesynsrare

Vk<y 3g<u:P(yk,z,9)=0

3KBUBAJIEHTHO CBOAMTCS K MHOTOCTPOUYHOMY TMPEAUKATY U3 JTeMMBI 6.4.12, nuodaHTo-
BOCTb KOTOPOIO JIErKO YCTaHABJIMBAETCSl C MOMOLUBIO MHCTPYMEHTOB, pa3pabOTaHHBIX
soiwe. Hakoreu, (6.18) mossonsieT n30aBuThes OT u. B

3a ¢popMmanbHBIMU JOKA3ATENBCTBAMM,, KOHEUHO, CTOSIT HarpaBasioi1e coobpaxe-
HMSI, OTIMCAHUEM KOTOPBIX YMECTHO 3aHMMAThCs B APYTHMX KHUraX. 3auHTEPECOBAHHBIN
yyTatesib MoxeT obpatutbes K pabotaM MartusiceBHua, B KOTOPbIX OOJBLIMIA aKLIEHT
JIeNaeTcsl Ha UAC0JOrMYECKOl CTOPOHE aena.
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6.5. flononHeHus
e Cmenenb noaunoma B ONIMCaHUM AMO(AaHTOBA MHOXECTBA
A={a:3z,...,Tu|P(a,z,...,T,) = 0]} (6.21)
MOXHO IMTOHU3UTb, BBOAS ITCPEMECHHLIE
Yij = TiTj Yo = aT;, Yoo = a’. (6.22)

TMpou3Boas B noavMHoMe P saMeHsl (6.22), nepeitaem ot (6.21) k 3anade (ycnoBHO
rojlaraeM Io = a)

A:{a:EIzl,...,:c,,,: [Pz(...)+i(yg,»—:c,»mj)zzo]}.

i,j=0

JleficTByst najiee B TOM Xe ayXe, CTEMEHb ONPEeAE/sIOLIEro MOJHHOMA MOXHO TOHU3UTh
10 4 (ecnu oHa M3HAYANIbHO He MeHblie 4).

e [TOMMMO CTemeHu 7T BaXHa W Apyras XapaKTePHUCTHKA: YMCIO TEPEMEHHBIX
{z,,..., Ty}, MO KOTOPBIM NEKIAPUPYETCS CylLIECTBOBaHWE pelueHusi. B paspene 1.11
YK€ OTMEUAoCh, YTO s NIO60ro Ao(aHTOBa MHOXECTBA MOXHO yKa3aTh MOJMHOM
(1.17) ¢ n < 4 (HO, Bo3MOXHO, GonbwumM m) 6o m < 9 (Ho, MoxeT 6biThb, GOJIb-
wum n). UHTEpec, MOHATHO, MPEACTABASIOT YHUBEPCATbHbIE Mapsl (N, M), OUueHHBa-
jolMe CBepxy 06a roKasaTensi ogHoBpemeHHO. Joconc ¥ | HanpuMep, ykasbiBaeT Takue
napbl (n, m):

(4,58), (8,38), (12,32), (20,28), (24,26), (36,24),
(2-10°,14), (6,6-10®,13), (4,6-10" 11), (8,6-10% 10), (1,6-10%,9).

1) Cwm.: Jones J. P. Universal diophantine equation // J. Symb. Logic. 1982. Ne 3. 47. 549-571.



lnaea 7

KoHcTpykTuBrHas maremaruka

Eosa au He maxceneii ocmanvro2o neoo-
Xooumocmb donycmumsb, 4mo 2unome3a Kom-
MUHYYMA, — B0IMOXCHO, NePEblil NPUXOOAUUH
8 20108y B8ANCHBLI B0NPOC 0 OECKOHEUHBIX MHO-
xHcecmeax — He umeem GHYMpPeHHe20 CMbICAQ.

I1. Ix. Kosn

IMpencraBneHue 0 KOHCTPYKTUBU3ME B MAaTEMAaTUKE HEPEOKO aCCOLUUPYETCS ¢ KY4YKOH
dbopmanuctoB, He cOCOOHBIX ageKBaTHO pearHpoBaTh Ha XW3Hb B €€ MHOrooOpa3uu.
IMono6Hoe MHEHUE OObIYHO BO3HUKAET «Ha Bery», U3-3a HexelaHUsl BHUKHYTb. Jleckars,
€CTb YHUCJIA BbIMUCAUMbIE U HEBBIHUCAUMblE, HO 3TO HE WIET Aajiblie NpobieM anropuTMu-
yeckoit HepaspewirMocTu. Oka3biBaeTcs, uaeT. UToObl OLIYTUTh 3TO, HaIO BAYMATbCs
XOTsl Obl, KAKOW MHUHOM I1s1 aHANIU3a SIBISIETCS UNEKKePOBCKAs NOCAe008amMeabHOCb.

7.1. KoHCTpyKTMBHBbIE YKCha
[pu necsaTUuHOM 3amucu uucen u3 [0, 1],
a=0,a107...0p..., (7.1)
€CTECTBEHHO 3a1aThCsi BOMIPOCOM, KaK U YEM Qi OTIPENEIsIIOTCS.
B cutyauusx Tuna

. 1 1 1

€CTb aITOPUTM BBIYUCIEHUS Q@ , T. €. — KOHEYHOE MpaBuio. To Xe caMoe MOXHO CKa3aTh
0 Mo6OM paLHMOHATBHOM Yucie, V2, T, a TAKKe O MHOIMX ADPYIMX BELIECTBEHHBIX
gucnax. Ho He 060 Bcex, mockonbky [0, 1] — KOHTHHYYM, a KOHEUHBIX IIPaBUJT CYETHOE
YHUCIIO0.

Ecim paccyxnars 006pa3Ho, TO GeCKOHEYHOe KOJHWYECTBO 3HAKOB
B (7.1) — 3TO MPOAYKT NEATENBHOCTH HEKOETO KOHEYHOTO «MEXAHU3Ma».
C KaxnblM MOBOPOTOM PYUYKH IOSIBISIETCS ClIENYIOIIMI 3HaK. Takosa
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aJIrOPUTMHUYECKAsH (KOHCTPYKTUBHAsI) O3ULIMsL, B COOTBETCTBUM C KOTO-
poil GeCKOHEeUHbIE MHOXECTBA «CYLIECTBYIOT» JIMILIb KaKk 0003HauYeHHe
BO3MOXHOCTH 6e30CTaHOBOYHOM paboThl anroputMa. beckoHeuHoe KO-
JINYECTBO 3JIEMEHTOB MEPEYUCIMMOro MHOXECTBA — B HEKOTOPOM poJe
bukimsi. Ux MoOxeT OBITh CKOJIb YTOAHO MHOIO, HO [UIsi 3TOrO HeoOXxo-
IMMO JIOJITO Pa3BOpayMBaTh MPOLIECC BHIYMCIEHUIA.

TTo3uus Xe KJ1acCUYeCKOro aHajIu3a COCTOMT B HECKOJIBKO «6e30T-
BETCTBEHHOM» AeKIapalum, YTO OECKOHEYHOCTb COCTOsIach — Oe30cTa-
HOBOYHas paboTa MpoBedeHa A0 KOHIA, U BOT BaM MpPpPaLlMOHAIbHOE
YKCTIO.

B cOOTBETCTBMHM CO CKa3aHHBIM YMCJla €CTECTBEHHO Ha3BaTb KOH-
CMPYKMUBHO onpedeasembimu, eClivi BCe UX 3HAKU Qi aJrOPUTMUYECKHU
BBIYUCIAIOTCS. BO3MOXHBI HECKOJIBKO BApUAHTOB yTOUHeHMsi. OcTaHO-
BUMCS TIOKa Ha JBYX.

7.1.1. Bapwmant 1. a, = f(n), ede f(n) apgpexmuenviii ancopumm, onpe-
deneHHbLii npu n0o6om M.

7.1.2. BapmaHnt 2. Muoxcecmeo nap {n, an} nepeuucaumo.

l'[anuMnMa.anoe OTJIMYHUE COCTOUT B CJICAYIOLIEM. B NEPBOM Ba-
pPHUaHTE 3HAKHU ONpPECACIAIOTCSA nocnec?oeame/lbnoz

a, 0y, ..., Qg ... .
Bo BTOPOM — & HeU38eCMHOM nopﬂaxe.

[MepBblit BapuMaHT MpencTaBasieTCsl JIOTMYECKU Gosee ocMbIcTeHHbIM ), TaK Kak
MO UCTEYEHW U KOHEYHOro BpeMeHu umeercs 0, a; ... a,???. OrbpacsiBasi Heonpene-
JIEeHHBIH XBOCT (143 BOPOCOB), 3TO MOXHO TPAaKTOBaTh KaK NpubnuxeHue 0,a,a; ... ay,
cxopsiuieecs K @ Npu n — 00.

B «BapuaHTe 2» cuTyaums Kaxercsl Herpuemnemoi. 1o McTeYeHMM KOHEYHOro
BpPEMEHM CY€Ta KaKWe-TO 3HAaKM ONPEAeNeHbl, KAKUE-TO — HET,

0,2%a?as? ... a,???,

Y TOBOPHUTb O NpUOAMXEHUH, TEM 6GoJiee cxomsiueMcs, Bpoae Obl GeccMbiCieHHO. TeM
He MeHee, eC/li MHOXECTBO {n, &,} HE TONBKO MEPEYMCIUMO, HO M Pa3peLInMo, —
BTOPOil BapuaHT CBOAMTCS K nepBomy (?).

Ecnin «BapMaHT 1» npuHATbH 3a onpenejeHHe KOHCTPYKTHBHOIO
yncnia, BOHMKAIOT CIENyloLne «HENpUATHOCTH». B cuny a, = f(n),

D U3-3a NPUBBIYKHU K JIOTMATUKE TEOPUH MPEOENOB.
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rne byukums f(n) obuwepekypcugna, T.e. BBIMMCIMMA M OTpenesieHa
py JII06OM 7, TOJy4yaeTcst, YT0 MHOXecTBO C KOHCTPYKTMBHBIX M-
cen HemepeurcnnMo (teopema 1.7.1) 2, 1. e. konempyxmueno necuemo.
Ho npu pacummpenuu C no F (¢ TouHOCTBIO N0 M30MOpdH3Ma) — CHOBa
TOJIy4YaeTCst MepeYnciInMoe MHOXeCTBO F.

Hu paBeHcTBO a = b, HM OTHOWwEHHEe a < b, — WA KOHCTPYK-
TUBHBIX YMCesl B OOLIEM Cilydae OKa3bIBAIOTCS HeNpoBepsieMbl (T€O-
pema 3.5.1).

7.2. NocnepoBatenbHocTb LLInekkepa

CnacT «BapMaHT 2» MOXHO clienylouuM obpasoM. Uucna 3anuceiBaem
B IBOMYHON CHCTeMe, Bce a, € {0, 1}, v mycTsb Bclony onpenesneHHast
BblYMCIAMMast GyHKLMs f(k) nepeucnsiet 6e3 nosmopenuii Te HOMepa n,
KOTOPBIM OTBEYAET Oy, = 1, T. €. T€ MO3ULIMM B 3aITUCH YMCIIA, TIE CTOST
eAMHULBI (2 He HYIH).

H3Ha4yaabHO BO BCEX MO3MLIMAX NMYCThb CTOAT HYaU. Yepes N 1miaros
B Kakux-to N Mo3uuusx OynyT paccTaBjieHbl eqWHULBL. TTonmyduTcs
paLMOHAIILHOE YHCJIO

Sp = 0,00101101...011.

OueBMIHO, MOC/IEN0BaTeNbHOCTD {S,} CTPOro MOHOTOHHO BO3pac-
Taet, Sp4| > Sp, M orpaHuyeHa, Sy < 1.

Ho ecau f(k) nepeuucasem nepaspewumoe mmoxcecmeo, — 8ocnons-
308ambCA KAACCUYECKOU MeopeMoll aHaau3a o cxo0umocmu 0epaHUYeHHol
MOHOMOHHOU nocaedoéamenvrocmu He yoaemcsa. B stom cinydae {S,}
Ha3bIBAIOT nocaedosamenvhocmoio lllnexkepa.

OHa He MOXET CXOOUTBCSI, TTOCKOJIbKY He siBisieTcss (pyHnaMeH-
tanpHOi. Harpumep, f(k) = 2 Bce He MosiBisieTCst M He MOSIBISIETCS,
HO rapaHTUpOBaTh, YTO U He MOSBUTCS, — HEBO3MOXHO. Eciu Bapyr
NOSIBUTCSI, 3HaYeHue Sy, cpasy MOANpPHITHET Ha 1/4 = 2_2, M 3TO MOXET

) Tor dakt, uTo 3aech f(n) < 9 HUYEr0 MPUHUMMMATBLHO He MeHseT. [Ipu moKasaTenb-
cTBe aHaiora TeopeMbl 1.7.1 Bmecto ¢g(n) = fp(n) + 1 nocratoyHo B3siTh JOGYI0 (GYHKUHMIO
g(n) # fa(n). Hanpumep, 1y Xe fn(n) + 1, ecnu undpbl pacnonoXuTb MO KPYry U MO «+1»
TMOHWUMATb CABUI HA OAHY MO3MUMIO MO YaCOBOM CTPEJIKe.
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ITPOM30MTH Korma yromHo. B pesynbrare aMuckoMdopT OXUnaHus ocTa-
€TCSl BIUIOTh NO OeCKOHEYHOCTH. B 3TOM, cOOCTBEHHO, U 3aKITIOYAETCS
KOBapCTBO Hepa3pelIMMBIX MHOXECTB.

B 10 xe Bpemsi f(k) — coBepiieHHO HOpMaTbHasi GYHKLUUS C TOY-
KM 3peHMs aHaiMm3a, a S, — COBeplIEHHO HOpMAaJbHas ITOCJIENOBAa-
TEJIbHOCTh PAlMOHAJIBHBIX YMCEJl, KOTOpas MOHOTOHHA U OTpaHUYEHa,
HO He cxomutcsa! Temepb O KOHCTPYKTHBHBIX YMCJ1aX MOXHO 3a0BbITh.
Heo6xonuMMo pa3o0paTbesi C IPOTUBOPEYHUEM.

3aMeTuM, KCTaTu, YTO S, MOXHO 3aMMcarh B BUIE
n
—fk
Sn=> 2%, (7.2)
k=1

3
rne f(k) € N, npuueM Bce f(k) paznuuHbl ). Ha s13bIKe YHCIIOBBIX PAIOB
OTMeUYeHHas Bblllie KatacTpoda 3ByYHUT HE MeHee Oe3HanexxHo. Ps

o0

Z 2—f(k)

k=1
orpaHnyeH (< 1), HO He CXOIUTCSI, XOTS BCE WIEHBI MONOXHUTENbHBIL.

[TocMOTpUM, KaK B aHaiu3e NOKasbiBaeTcss obpatHoe. IMycts Ny
06o3HayaeT MHOXecTBO 3HaueHwit f(k) npu k > N, u nycts m(N)

ecTh MUHMMaNBHOE B Qy wncno ). Jlerko Bunets, uto
m(N) 200 mnpu N — 00, (7.3)

nockoneky f(k) nepeuncnsier )y Ge3 MOBTOPEHUH, T. €. BCE IIEMEHTHI
Qo pasznuubl. U3 (7.3) cnenyer

o0
Z?._f(k) <2-2_m(N) —0 mpu N — 00,
k=N

T. €. XBOCT pAia CTPEMMUTCS K HY/IO — pan cxonutcsi. COOTBETCTBEHHO,
N10CJIENOBaTEIbHOCTL Sy, DyHIaMeHTalIbHA.

3 IMepeurcneHue 6e3 MOBTOPEHHUH.
9 CyluecTByIoLIee B CUITYy OTPAHUYEHHOCTH {1y CHHU3Y.
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Pa3zHornacue noaxonos JIOKAJIM30BaHO B TOM MECTe, TAe Ipearosna-
raetcsi CyluecTBOBaHMe MUHMMaibHOro B 0y uucna m(N). Ha teppu-
TOPUHU KJIACCUYECKOT0 aHaJIM3a IpEeATioj0XeHUE BBIMJISIAIAT HACTOJBKO
€CTeCTBEHHO, 4TO ero (yHnaMeHTaJbHBIM XapakTep, CITOCOOHBIN Ha-
MPaBUTb MAaTeMAaTUKy I10 Pa3HBIM MyTSIM, — KakK MpaBWIO, OCTAETCS
He3aMeYeHHbIM.

CylecTBOBaHHE MUHMMAJIBHOIO B {)y 4HCla B HEKOTOPOM pOIE
npexanonaraet, 4to BeiuucieHue f(k) nposeneHo no KoHua (npobaema
akmyanbHoli GeckonweyHocmu) ¥ MUHHUMYM HaIo BbIOpaTh Ha «cocmo-
Asuwemca» 6eCKOHEUHOM MHoXectBe Q. Mawune Thiopunea ocraetcst
3aBUIOBATH TAKOM CBOOOIE MBIIUICHUS.

7.3. KoHdpnukr c akcuomoin Bbibopa

HanoMHUM TIpUHSITBIE B aHAJIM3€e «TIpaBUJ1a UTPBI».

7.3.1. Akcuoma Bbi6opa. B iwbom cemeiicmse
®={X,:a€ A}

Henycmoix MHoxcecme X, 6 kaxcoom X, € © moxcro evibpams no o0nomy snemenmy, m. e.
cywecmeyem dynkuyus evibopa f: A — .

CJ]ED.)’K)LI.[MC [1Ba YTBEPXICHHMS 3KBUBAJICHTHBI akCMOMe Bbibopa.

7.3.2. Teopema Liepmeno. Ha ecakom mruoxcecmee X moxcHo 6gecmu makoe omoute-
5
Hue nopadka (8noane ynopadouums ) X ), npu Komopom y 406020 noomroxncecmea A C X
. 0
6ydem naumenvuwuii 0emenm T € A.

7.3.3. Nlemma LlopHa. Ecau 6 wacmuuno ynopadouennom muoxcecmeée X awoboe yno-
PAOOHEHHOE NOOMHONCECME0 0epaHu4eHo cHuzy, mo 6 X cywecmeyem MUHUMAAbHbI
anemenm T .

HUHTepecHO 3aMeTWUTb, YTO HEKOTOpble BellM, Oyayuyud O3BYYEHHBIMHU, MEHSIOT
cutyauuio. OT B3aMMOOTHOLLEHUS ABYX Jlofei Ao Gnaromnosyyus rocynapcrtsa. Takoii xe
Mazuueckull 3ghdhekm npoeozenauienus CNyYWICs C aKcuomoli xibopa, KOTopas 10 SIBHOU
(hopMyTMPOBKM MCITONB30BANACh KaK CaMOOYEeBUAHBIN (hakT. Jlekyiapauus IpuUBIeKa
BHHMaHHE «pa3pyLInTeNeii», KOTOpble M300pesiu CTOb HeBepOsTHBIE CeACTBUS [2], uTO
BIIOPY ObL10 OTKA3bIBaThCsl OT aKcHoMbl. Ho Torma npuuiioch 6bl 0TKa3aThCsi OT MacChl
MIPUBbIYHBIX HHCTPYMEHTOB aHaM3a, K YeMy «CO3MAAaTeNn» (MHOrHa B TeX Xe JMUax)
0Ka3aauchb He rOTOBbI.

5

) Otpe3ok [0, 1] npu 06bIYHOM OTHOLIEHHWH > HE BMOJHE YMOPSAOYEH, MOCKONbKY Y HHTeEp-
Banos (a, b) C [0, 1] HeT HauMeHbLLIMX 2neMeHTOB, U [0, 1] ere HUKOMY He yaanoch yNOpsLOYUTD
KOHCTPYKTUBHO.
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BepHeMcst K nuiaeMMe M3 Mpenblayilero pasaena. PacxoxmeHue
B OlIeHKe CXOIUMOCTH S, BO3HMKAET U3-32 HEONHO3HAYHOTO pellleHHs
BOIpPOCA O CYILECTBOBAHMM MUHUMANBHOTO B 2y uucna m(N). U neno
He TOJIBKO B «COCTOsiBLIeics GecKoHeuHOCTH». CyuiectBoBaHue m(IN)
rapanTupyeT Jiemma LlopHa, SKBMBaJieHTHasi akCMOMe BbiOOpa, Ha 4To,
KaK CTaHOBMUTCS SICHO, M ONUPAETCS KJIACCUYECKUM aHATU3 0,

30ech MOXET BOZHUKHYTh WIJIIO3USI, YTO AHAIU3Y TpeOyeTCsl UMb
takr cymectBoBanust m(N), a He aITOPUTMUYECKAS] BBIYMCIIUMOCTB.
OnHako B IAHHOM ciiydae 310 onHO M TO Xe. CyutectBoBanue m(INV)
03HayaeT, 4To Mo Jilo6oMy N MOXHO ykasatb Takoe m, uto f(k) > m
npu k > N. Ho u3 HepaspewinMmoctd MHOXectBa 3HaueHui f(k)
BBITEKAET CYIIECTBOBaHHe Takux m, yto HU f(k) = m, Hu f(k) > m
TIPUHLMITHAIBHO He MPOBepsIeMO.

(?) TIpu MOBEPXHOCTHOM 3HAKOMCTBE C OCHOBAHMSIMM MaTeMaTH-
KA — Ha KOHCTPYKTUBHOM YIJyOJI€HUM B aHAJIU3 Jlydllle HE 3aIepXu-
BatbCsi. KOHMAUKT pecriekTabenbHbIX TEOpUM HAHOCHUT yiiep0O pernyrta-
My obenx CTOopoH. BocxuieHre maiinHoi TelopuHra uaeT Ha yObBUIb,
KOI/a BBISICHSIETCST, YTO BHIYMCIIMMOCTD 3aMelllaHa B CKaHAaJaX C yCTOsIB-
LIMMMCS 00/1aCTIMU MaTeMaTHKH. B TO XXe BpeMsi IoApbIBaeTCs NoBepUe
K aHanu3y, KOraa yXonslMi B TYIOK Map cooOIiaeT, YTo 37eCh HE BCe
YUCTO.

B xakoM-T0 cMBICIIE Niydllie 6bU10 Ob1 BOOOIIIE HE COBMELLIATH HECOB-
MecTUMOe. Bce HMHUKK eqMHOOYLIHBI B OMHOM. OT KOHCTPYKTMBHOIO
aHaiM3a HET HUKAKoOro TojnKy. Ho 4TO CKaXyT OHM O MOMCKE CMBbIC-
Jla XU3HU, B KOTOPOM BaXe€H He CMBIC]I, 4 MOUCK. KOHCTPYKTUBHBIN
aHaIU3 — TOT Xe NMOMUCK MO BbIAYMaHHBIM npeniorom. Ilowuck, ono-
CpeNOBaHHO BeAYLIMI K OYEHb BAXXHBIM PE3Y/IbTaTaM MAEOJIOTMYECKOro
XapakTepa, KOTOpble PEeHenTYpHO HM Ha YTO He BJIMSIOT, HO MOIIep-
KMBAIOT TOHYC M OauTenbHOCTh., [locienHee BeCbMa CYIIECTBEHHO ISt
OIIYIIIEHMSI CPellbl, B KOTOPOW pa3BMBaeTCs MaTeMaTHKa.

7.4. AkryanbHaa 6eCKOHEYHOCTb

ITpu oTkpbITON DOpTOUKE I OOCYKIEHHUSI OECKOHEYHOCTH BCE MpPH-
XOISAT U BBICKA3bIBAIOTCs. Kaxnpiii «0 cBoeM». OcobeHHO ¢uocodml,

6 o
) B njaHHOM ciTydae Onopa NpOMCXOOMUT Ha CUETHbI BAPUAHT aKCUOMBI BblﬁOpa.
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He TOBOpA O IMo3tax. Mexuay TeM B npoGjieMe eCTh YMCTO MareMaThde-
CKM# aCIIeKT, €CJIM NIPUCMOTPETHCS.

OO0paTUMCsT cCHavyajla K OCHOBHBIM MOMEHTAM TEOPHUM BellleCTBEH-
HOIO YMCJIa U COMNOCTaBUM MX C KOHCTPYKTHBHOM TOYKOI 3peHMsi. Bor
Kapkac Teopuu JenekuHma, — cM. nmoapo6Hee [3, T. 1].

7.4.1. Onpenenenne. Henycmoe mroxcecmeo A payuonansHeix Hucen Hazeigaemcs ce-
uenuem Jedexunoa d(A) npu evinonnenuu 08yx ycaosuil:

l. Ecoiu a € A, B < a u B — payuonansroe yucao, mo f € A.
2. B A nem nauboavwezo wucaa.

Ha3biBaTh CEYEHHUEM MHOXECTBO HEECTECTBEHHO, HO l'lpOGJICMa 3aKI04YacTCsAa
B TOM, YTO Urpa HAa4YUHACTCA B OTCYTCTBUEC UPPALIMOHAJIBHBIX 4YUCEIL. Yka3atb ceue-
HUEM \/E st «$2 < 2» HET BO3MOXHOCTH. H03TOMy B pOJIM CCYCHHUA OKa3bIBACTCA
CaMO MHOXECTBO, UTO PEXET CJ1YX, HO HAalIOMUHAET O CTAPTOBLIX YCIOBUAX.

IMoarotoBka cedeHuit K TpancopMauu¥ B UKCIA COCTOMT B OMpeleieHUU
ISl HUX apudMeTHUYeCKHX ONepalui, 4To JAenaeTcs Jierko, Ho ckyyHo. Hampumep,
HepasectBy d(A4) < d(B) comocraBnsietcsi crporoe BkiodeHue A C B. Cymme
d(A) + d(B) — ceuyenue MHoxectBa A + B, COCTOSILLETO M3 PALIMOHAIBHBIX YMCE
a+f, tne a € A, f € B. Utobbl Takue ONpefencHus MMeNU CMBbICH, MPOBEPSIOT-
Csl CTAaHAAPTHBIE YCIOBUSI, KOTOPbIM OHU OGsI3aHbl YAOBNETBOPATb (KOMMYTATUBHOCTH
u npouee). PytuHHas paGoTa 3aKaHYMBAeTCS BBEACHWEM HA CEYCHWSIX OOBIYHBIX UMC-
JIOBBIX OMEpaLiil, TIOCNE UeTO MepMUH «CeveHue» NPUPABHUBACMCS MEPMUHY <«Beuje-
cmeennoe wucno». PauvoHanbHble CeYeHMsl OKA3bIBAIOTCS PALMOHAIBHBIMU YMCIAMH,
OCTaNbHbIE — UPPAUUOHANbHBIMU.

C noMoLibio ceyeHH# BBOASTCS TAKKe MOHITHS ungunyma u cynpemyma. CHayana
1Sl OFpaHUYEHHOTO CHU3Y MHOXecTBAa M BBOOUTCS MHOXeCTBO I' HUXHHUX TpaHeilt M
KaK COBOKYITHOCTH PalIMOHAJIbHBIX ¥ < m, TAe m — N1060e paLiMoHalbHOe YUCII0 U3 M.
OueBuaHo, I' ynosneTBopsieT onpeaeneHuio 7.4.1 v mosToMy siBisieTcs ceueHueM. Yucno
d(T') HasbiBaeTCsl TOUHOI HUXHeil rpaHblo MHOXecTBa M (BosMoxHo d(I') = —00).
AHaNIOTUYHO OTIPEACNSCTCS MO4YHAS GePXHAA 2DAHb.

PauvoHanpHble MOHOTOHHbBIE NOCIENOBATEbHOCTH @, TETEPb CXOASATCS K CBOMM
TOYHBIM TPAHSIM, YTO B KOHEYHOM cCueTe MNMPUBOAMT K OINPEACICHUID CXOAMMOCTH
U HEMOHOTOHHBIX MOC/IEA0BATEIbHOCTEH. ITOrOBBIN BONPOC «HE MOSIBATCS JIU ,, HOBbIE
yucaa“, eciu CeYeHUsl MPOU3BOAUTh YXe C MOMOLIbIO BELIECTBEHHBIX MHOXECTB?» —
peliaeTcsi ocHosHoli meopemoir Hedekunoa:

7.4.2. JTio6oe cevenue 6 0baacmu 6euseCmeerHbix ucen A6A1emcs GeuecmeeHHbiM YUCAOM.
Jpyzumu cro086amu, onepayus NONOAHEHUS GeU4eCMBEHHbIX YUCEA He 0aem HOBbIX JNeMEeHMOo8
(kak 6 cayuae ¢ payuonanbnbimu yucramu).
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C KOHCTPYKTHMBHOI TMO3ULIMEH B TEpEeYUCIEHHOM He BXKETCS
«HU ofHa ctpoukar. CeyeHUs 3hHeKTUBHO He OTNpeaensloTcs MPUHLIM-
nmUanbHO. KOHCTPYKTUBHBIM 00JMK ITpUMepa z? < 2 — oasuc B KOHTH-
HYQJIbHOM IYCTHIHE.

Hns YCTAaHOBJICHUSI KOHTUHYAIbHOCTH, MpaBAa, HyXEH €LIC OuazoHanbHbili Memoo
KaHmopa, KOTOprﬁ Ha l'leBbli;l B3ra1s4 HE MEHEE NMPOCT U OYEBUACH, YEM AKCUOMA
BblﬁOpa. B MPEANONOXKEHUHU CYETHOCTHU BELUECTBCHHbBIX YUCE UX MOXHO MPOHYMEPOBATh

a, Gy, ..., Qp,..., (7.4)
U TOrma J1060e YUCIO0 b ¢ AeCATHYHOM 3aMTUCHIO

b=0, B, b,

OT/IMYAIOLLEECS] OT @) B MIEPBOM AECSTUYHOM 3HAKe, OT @; — BO BTOPOM, M TaK janee, —
He BXOAMT B criucok (7.4), 4To JaeT MPOTHBOpPEYHE.

YToOB OCTAaHOBUTBLCS M 331yMaThCs, 30eCh JOCTATOYHO BCIIOMHUTB,
YTO Te XE caMble NMAroOHaJIbHbIE PACCYXIEHUST B AJITOPUTMMYECKOM
TEOPUM MPHUBOMAT COBCEM K NPYrMM BBIBOAaM (O Hepa3peliMMOCTH).
CKOJIB3KMIT MOMEHT pacCyXIEHUH «OT TIPOTUBHOIO» COCTOMT B OIOpE
Ha 3aKOH UcKaloveHus mpemoveeo. Korma cuibsl MUCTpayeHBI Ha IOMCK
MPOTHUBOpEYHSI, pa3pyllaloliero ONHY U3 albTepHAaTUB, BTOpass — IpU-
HUMaeTcs aBroMaTnyecku. Ho oTkyna B3siiack Bropasi? MOXHO JiM ObITh
YBEPEHHBIM, YTO HET TPeTheil BO3MOXHOCTHU?

Takoro pona BONMpockl OOBIUHO HaBEBalOT CKYKY U BCepbe3 He BOC-
MPUHUMAIOTCSI, TIOTOMY YTO B OOJIBLIMHCTBE CJy4aeB 32 HUMM CTOUT
nycrora. Ho ObIBalOT CUTyaliMK, B KOTOPBIX HAJIMUME MpPOOJeMbl BCE Xe
OLUYLIAETCS, U TaM MMeEET CMBIC] 3alepXXaTbCsl, YTOObI MOYYBCTBOBATh
IYHOBEHHWE 3aramku.

CxeMaTM4yHO CyTb Aejia BBIISAUMT NpUMepHO TakK. CKOJBKO Obl
HUY FOBOPWJIOCHh O KAHOHM3aLMU TEOPUH C MTOMOIIBIO MaTeMaTU4yeCKOMn
JIOTMKH, J100asi peajibHasi TEOpUSI B TOM WM MUHOW CTENEHU pa3MbITa.
Peur He 0 TOM, 4TO BCe «BUJIaMM MO BoJe MUCaHO». Bcerna ecth Oostee-
MEeHee YETKO OYEPUEHHOE SIIPO, HO €CTh ¥ MTOrpaHUYHast 30Ha, B KOTOPOM
YTBEPXKIEHHUS, KaK MOTEHLIMAJIbHBIE TEOPEMBI, He 00s13aHBbI OBITH JIMOO
BEPHBIMM, JIMOO HEBEPHBIMU N, Jloka3aTeabCcTBa OT MPOTUBHOIO B TAKOM
CUTYaLIMM BeNyT K MOPOYHLIM BbIBOIAM.

7 Heyto nono6Hoe mOBOJMBHO YacTo BCTpeyaeTcst B OObIIEHHOW XM3HM, KOTga Ha BOMpOC
HEBO3MOXHO OTBETUTb HU «Ia», HU «HET».
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Tunomesa xonmunyyma®) | nanpumep, nonrue rons! BeirsIena dax-
TOM (MM «He GAKTOM») TeOPUU MHOXECTB. BBISCHUIIOCH, ONHAKO, YTO
rMnoTe3a — «He TeopeMa». Ee, 1160 ee oTpULIaHHE, MOXHO NPUHUMATD
B KayecTBe JOTMOJHUTEIBbHOM akcuoMbl [11].

7.5. UHCTPYMEHT unn peasnbHOCTb

[IpUHUMNNAbHBIE HETIPUSTHOCTH JII0GOH TEOPUM BO3HMKAIOT M3-32
GeCKOHEYHOCTH, 61aronapsi KOTopoit MaTeMaTiKa, COGCTBEHHO, U TPo-
BeTaeT (ecu He TOBOPUTH O GUHAHCOBOI MOMIEPXKKE).

3HauyuTeNbHasg 4acTb TPYIHOCTENH MPOMCTEKAET U3 CMELIEeHUs TO-
HATUM. B nepBylo ouepenb CTOUT OOpaTUTh BHUMaHUE, UTO aKmyanbHas,
T. €. cocmoAaguascs 6eCKOHEYHOCTh — 4acCTO He TpebyeTcsi. Y MallWHBI
TelopyHra neHTa GeCKOHeYHa B CMBICJIEe HapaluuBaeMocTu. Ecnu Tpe-
OyeTcsI, MOXHO YMJIMHMUTB. Takasg TMOCTAaHOBKAa BOIPOCA HE BHI3BIBAET
IUCKOMDOpTa, PABHO KaK U MPOTUBOPEUMIA.

«Hoes napawjueaemocmu» BNOJIHE pabOTOCIIOCOOHA M B HEKOTOPBIX
cekTopax aHain3a. Korma peub MOeT o mocienoBaTeNbHOCTU @y, T. €.
0 dyHkuMH a, = f(n), n € N, — B GONBLIMHCTBE CIIy4aeB 33 KaapoM
MOXHO MMETb B BMIY OTpaHWYeHHBIM auamnasoH, n = 1,..., M npu
BO3MOXHOCTH yBenuuuBaTe M 1o Mepe Heobxomumoctu. Ho sto —
HeynooHo. XKenareneH KOPOTKMM CTeHOrpadU4eCKUil IKBUBAJIEHT, NpH-
yeM o6pa3Hbiii. CHpoc, Kak M3BECTHO, YIOBJETBOPSETCS TOHSTUEM
NeUCTBUTENBHOIO YHCIIA, YTO TIOOKITIOYAET FEOMETPUYECKYIO UHTYULIUIO.
[anee BO3HUMKaeT Bepa B BbIOYMaHHOE TMOHSITUE, TTPUTYILISIONIAS KpU-
TUYECKOE YyThe.

Ho neno He Tonbko B creHOrpaduu, KOTOPYIO MOXHO OBLIO OBI
3aMEHUTH HEYKITIOXUMM peBepaHcamMH. BeCKOHEYHOCTh paboTaeT, Kak
WHCTPYMEHT, B POJIM, KOTOPYIO HE CMIOCOOHO ChIrpaTh HUYTO NPYroe.

o Pewienust ypagrenus Ileans z’ - 2y2 = 1 onpepnensitorcsi HopMyaaMu
. 1+ V) + (1 -V2)" 14V - (1-V2)"
n 2 ’ n 2ﬁ .

8
) Tunomesa konmunyyma Kawmopa COCTOMT B TIDEATONOXEHUH 06 OTCYTCTBHM MHOXECTEa,
TIPOMEXYTOUHOTO MO MOLIHOCTH — MeEXIY CYETHBIM U KOHTHHYYMOM.
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HeoXxunaaHHO pellieHUs B LEAbIX YMCIaX MOPOXOAIOTCS MEXaHU3MoM, paboTtaio-
LIKXM Ha MppauyoHanbHOM Toruiuee. KopeHb M3 ABYX BO3HMKAeT B pe3yjbraTe «3a-
BepLUeHHsI» OeCKOHEYHOro Mpouecca MocaeA0oBaTe/IbHbIX NpUubauxeHun. Tem He MeHee
«HEe3aKOHHbI» MHCTPYMEHT [AaeT MpaBWJIbHbIA pe3ynsrar. [IpuyeM yxox B uMppauu-
OHAbHYI0 0671acTh (BECKOHEYHBIM IyTeM) MO3BOJISET BCKPHITH MPHUYMHHbIE CBSA3M,
KoTopbie 6bU10 O6b1 TPyAHO 0OHApYXHUTh 6€3 MOIXOASLIEr0 UHCTPYMEHTA.

B mo xce apema ne cayuaino, umo V2 30ect — KOHCMPYKMUBHOE 4UCA0
(koneuro onpedensemoe). H 3mo o6uee npasuno. Ecau paccyxmcdenus e na-
HUHAIOMCA C «6e30MEemcmeenHbX» 3aA6AeHUll MUNa «nyCms A NpouU360Nb-
nas mouxa us [0, 1]», mo onu 3akanuugaomen ypagrenusmu u opmynamu,
CO0epHCAUUMU MOALKO BbIMUCAUMbIE KOKCMAHMbL, €, T U m. .

o JIpyro# npumep. PaccMOTpuM ypaBHeHUE

\/m+6\/a:+...+6\/z+6z=z, (7.5)

B JIeBOM yact KoTtoporo 10 paguMkanos.

[To ycnoBHIO T PaBHO BbIPAXEHMIO, CTOsILLEMY ciieBa B (7.5). 3aMeHsis rocneaHee T
MOA PaiMKaIOM Ha BCIO JieBYl0 yacTbh (7.5), MONYYyMM ypaBHEHHME TOTO XE€ BHJQ,
HO cofepxaiee yxe 20 paguxanoB. [Ipomonxasi B TOM Xe Ayxe, MOJYYHM B HTOTE

ypaBHeHHe
\/;+6\/z+6\/a:+...=z, (7.6)

¢ OeCKOHEYHbIM YMC/IOM PamuKaloB. 3aMeHss Ternepb, MO aHaJOTMYHOM TPUUYUHE,
noayepkHyToe B (7.6) BhIpaXeHWe Ha &, MPUXOAMM K SKBUBAJIEHTHOMY YPaBHEHHUIO

Vz+6z=uz,

otkyaa ¢ = 7.

Ha nponenaHHyio MaHUIYJSILMIO TONE3HO B3MJISTHYTh M3 TIPEXHUX
UCTOPUYECKUX BPEMEH, KOrma nomoOHoe ObLIO B IMKOBUHKY. IpIOK,
0e3yC/IOBHO, OINUPAETCS Ha «COCTOSIBIIYIOCSI OECKOHEYHOCTb», HO Ha-
eT MpaBWIBHBIA OTBET BO MHOTMX NpYrMX cutyaumsix. Yto nenaTn?
3npaBblii CMBICJ MOACKA3bIBaeT — Y3aKOHUTh (Pokyc. beckoHeYHOCTh
MPOBO3IJlalliaeTCsl MHCTPYMEHTOM. JleTaiu yTpsIcaloTCsi aKCMOMaTHu3a-
umeii. Bor u Bce. CyuiecTByeT M GeCKOHEYHOCTh, — CIIpAllMBaTh
Tenepb 6eccMbICieHHO. CylIeCcTBYeT KaK MHCTpYMeHT. Bomnpoc «mouemy
paboTaeT?» — BLIHOCUTCS 32 CKOOKH, a €r0 OCTPOTa CMa3biBaeTcs GUIIO-
codcrBoBaHMeM. Bapuauuu (GpopMyJIMpoOBOK MyCKalOT MBICB 10 KPYIY,
co3naBasi BAAUMOCTb TTOHUMAaHMUSI.
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OKOHYaTeIbHOMY MOHMMAHUIO IPUHLIMITMAILHBIX PO6JIEM BCEraa YyTo-TO Meuia-
eT. Pe3yasrat AOCTUTaeTCsl eQUHCTBEHHBIM CMIOCOBOM: HEMOHATHOE YOUpaeTCs U3 TMOJis
3peHust. JloCTaTOYHO BCIIOMHUTb, HAlIPUMEP, TEOPUIO OTHOCHUTENBLHOCTH, Te BCE He-
MOHATHOE ObUIO TPaHCHOPMUPOBAHO B «HEOBCYXKIAEMYIO» OTPAHUYEHHOCTh CKOPOCTH
cBeTa. PaccMoTpeHMe Mo TeM Xe YIVIOM 3peHusl KBAHTOBOM MEXaHUKH Wiv budauu —
MPUBOAMT K aHAJIOTMYHBIM BbIBOAAM.

Hepa3bepuxy npu o6CyXkneHUM GECKOHEYHOCTM CO3[AlOT pa3/ihy-
Hble MOMBITKU NOOUTHCS MApaJOKCaTbHOCTH 32 CYET HEKOPPEKTHOCTH.
O6cyxnaercsi, HaIlpUMep, BOIPOC O «paBEeHCTBe» OECKOHEYHOCTEM

1, 2,3, 4, ..., n, ...,
1, 4,9, 16, ..., n%, ...,

TOrma Kak O0eMM CTOpPOHaM $SICHO, YTO peyb MAET O BO3MOXHOCTHU
YCTaHOBUTH B3aMUMHO-OIHO3HAYHOE COOTBETCTBUE N1 & n®. Ho TEPMUH
«PaBEHCTBO» CO3AET MTOYBY ISl HE3aMETHOTO npeiida B CTOPOHY KaKoro-
HUOYNb Mapagokca.



naBa 8

AKkcrnomarmnyeckme Teopmu

Hacmoswuii nouck éedem 6 Hukyoa.

Xotst Obl Mapy pa3 B XHM3HM MOJE3HO «IpobeXaTbCsi» BAOAL aKCUMOMATUYECKOTO IO-
CTPOEHMS KaKoM-HUOYAb TeopuM, YTOObI OLLUYTUTH «TaliHY KOpHEW» U HEBEPOSTHYIO
CJIOXHOCTb «HaYaJbHOTO C/ioBa». JIOM JIeTKO CTPOUTD, Koraa paboThl yxe B pasrape, —
B TuieHy HabpaHHo# uHepuuu. CoBceM Ipyroe [eso, KOrJa elie HWYETO HeT, U Halo
BBIOpATh MPOEKT, IPUBS3ATh €70 K MECTHOCTH, 06eCTIeYUTh YCIOBUS 1S CTapTa U, Aepxa
B T0JIOBE BUPTYaJIbHbIH 3aMbICEJ, CKa3aTh «A».

8.1. ApudpmeTtuka lNMeaHo

B

OTceB NMIIHEr0 pOXIAeT MPOU3BeNeHUE MCKYCCTBA. 3aMeuaresbHbIN
obpasel] B 3TOM OTHOLIEHUM mHaeT akcuomamuxka I[leano, cBomsiuas
apudmetnyeckyio cucteMy {N, +, x} Kk anrebpe ¢ onHOM onepayueii
cuema o, Ha3biBaeMOM TaKxe @yukuyueii credoganus, o : N — N,
Y yNOBNETBOPSTIOLE TpeM akcuomam [leano D.
Al g(m) =0(n) = m=n.
A2 VneN:o(n) # 1.
A3 Eciu 1 € @ C N, rne  — mnpousBosibHOe MOOMHOXeCTBO N,
n«n € Q = o(n) € Q», 10 Q@ =N.
[MocnenHsis akcuoma A3 2 BBIPAXAET MPUHUUN MAMeMaAmu1ecKo
uHdykyuu v 4yacto GopMyJIupyeTcsi B MeHee 00leM Bune: eciu 1 obna-
naer csoiictBom P, T.e. P(1) =1, u

Pn)=1 — 7P(a(n)) =1,

TO cBoicTBOM P obnagaer fmoboe m. Takylo MHOYKIIMIO Ha3blBAIOT
02PAHUYEHHOI.

) Muorum noyeMy-To Kaxercsi, 4yto JIx. [MeaHo (1858—1932) poBecHUK HATypalrbHOTO psiaa.

D AxcuoMsl TUNa A3 TIPUHATO Ha3biBaThb CXeMAMU AKCUOM B CBSI3M C TEM, YTO B HUX MOXHO
NOACTABASATH N1100ble PYHKUMH WM MpPEIMKaThl, B IaHHOM Cllydae — MHOXecTBa Q.
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PasHuiia, 6e3yc/ioBHO, MpMHLIMITHAIBHA. B mocienHeM citydae neo
MIPUXOAMTCS UMETDh CO CUETHBIM MHOXECTBOM IMOAMHOXecTB N, B Bapu-
aHTe A3 — ¢ KOHTMHYabHBIM. [Ipu 3TOM A3 mocTyaupyeTt GoAblile, YeM
apudMeTHKa MOXET «IIPOMJIOTUTh», IOTOMY UYTO YTBEpXIEHUI U NoKa-
3aTeNbCTB (@ 3HAYMT, U MOaMHOXeCTB @ C N, KOTOpBlE MMEIOT IIaHC
TOMACTh B MOJIe 3peHUsT) — cyeTHOe Yucio. [locienHee 0GCTOSTENBCTBO
CBSI3aHO C TEM, YTO TIOAMHOXECTBA () KOHCTPYKTMBHO BBINEJSIIOTCS
TOJIBKO C TTOMOUIBIO MePEYUCAUMBIX MPEIUKATOB.

Ecnu roBoputh TOYHee, akcuomamuveckana cucmema Ileano ectb Al-A3 mioc
CTaHJApPTHbBIE «JIOTHYECKHE aKCUOMbI». B COBOKYTTHOCTH 3TO MOPOXAAET BeCbMa HETPH-
BUA/IbHBI MEXaHU3M, Ha3bIBaCMbIil apugpmemukoii, unu meopueii yucen. EAUHCTBE HHBIA
UHCTPYMEHT J0Ka3aTeJbCTBA OOIIMX YTBEPXICHUMI 9B apugpmemuke Ileano — 310 VH-
nykumsi. BepHee, MHCTPYMEHTOB MHOTO, HO 6€3 MHAYKLMU OHM He paboTaioT.

OnupaloTcs IM BCe U3BECTHBIE B TEOPUM YMCEJN PE3YNBTaThl TOJb-
KO Ha akcuoMmatuky [leaHo — ckaszaThb TpPyQHO, IOTOMY YTO B 1O-
Ka3aTejJbCTBaX 0e3 KaKMX-JIM0O «yIpPhI3eHUH COBECTHU» MCIONB3YIOTCS
cooGpaxeHHst U3 pa3Hbix obsacreit (ananus, rononorust, TOKIT). [Mpo-
EeKTUPYIOTCST JIU 3TU CcooOpaxeHUsi B uaeosiornio [leaHo — He Bcerna
SICHO, 1a U MAJIOMHTEPECHO, MOCKOJIbKY peIyTaldsl COOTBETCTBYIOLLIMX
IUCLIMIUIMH NOCTaTOYHO BBICOKA.

B TO Xe BpeMsi HyMepalus, CKaXeM, TOIMOJIOTMYECKUX TEOpeM
MEepeBOAUT MX B YTBEPXIEHUS] O HATypaJbHBIX 4YMCIaX, M, BOOOLIE
roBOpsi, He SICHO, Ooraye jiu tomonorus, 4yeM apudmeruka Ileano.
To Xe camoe KacaeTcs ApPYrMxX OUCLIMIUIMH. DKCTPAmOJSILUS MBICIEN
B 3TOM HampasJjlieHUU IPUBOIUT K BOIIPOCY: He SIBJISIETCS S apudMeTUKa
IleaHo — Haykoi1 BCcex Hayk.

He siBasietcsi. AHanuTHUYeCKMEe METOAbI TO3BOJSIIOT JOKa3biBaTh KOE-YTO HEMO-
KasyeMoe B apu(MeTHKE eano?. [Tpu 3TOM He Hamo Aaxe 3abuMpaThcsl B yepecuyp
abctpakTHble 061acTU. J10CTaTOYHO KOMOUHATOPUKH.

U3BecTHO, Hampumep, UTO CPEAH JIIOObIX LLIECTH YeNOBEK 06s3aTeIbHO HaMAyTCs
Tpoe, KOTOpble ApYr ¢ ApYroM nubo Bce 3HAKOMbI, JMOO Bce — He 3HAKOMbI. IDTO
MaJleHbKasi WJLTIOCTpaLusi meopemosl Pamces, xotopasi Ha s3bike Tpad)oB MOXeT ObiTh
copMyTMpOBaHa Tak:

3 CripaBeUTMBOCTb 4ero-mubo misi Becex n € N.

. \ ) .
)Ho, 6e3yCcIOBHO, NOKa3yeMoe B HEKOTOPOil pacCLUMpPEeHHON apu(MeTHKe, MOTOMY 4TO BCE
0Ka3yeMoe aKCHOMATU3UPYEMO M aITOPUTMHU3YEMO.
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Ilo n106bim YenoiM M U T MONCHO yKA3amb makoe m, 4mo noauwi epagp ¢ N > n
6epuUHaMu, Kaxcooe pe6po KOmopoeo pacKpauleHo 8 OOUH U3 T UBemoeg, 063amenbHoO
codepxcum NOAHbII nO02pAgh ¢ M 8epUUHAMU, 6Ce peBpa Komopozo umerom o0uH ugem.

HMmeercsi Takxke ycusennas meopema Pamces, GopMynupoBKa KOTOpOM 3[eCh
He CyTh BaxHa. Bcs 31a Teopusi npumeyaTesbHa M JOCTaTOYHO MyboKa, HO B AaHHOM
KOHTEKCTEe MHTEpecHO Apyroe. Ecnu ob6uunas meopema Pamces — dakT apudMeTuKu
IMeaHo, TO ycunennas — B 3101 apudMeTHKe HelokazyeMa %, Takum obpa3oMm, Tot dakr,
yro apudMeTuka [TeaHo He UcuepnbIBaeT BceX apUMETUUECKUX UCTHH, B JAHHOM CYy-
Yae MOATBEPXKIACTCS KOHKPETHBIM MIPUMEPOM.

TexHuvyeckue noppo6HocTu. C MMOMOILIUBIO O OMepaluu CIOXEHUS
1 yMHOXeHUst B N onpenensiorcst peKypCUBHBIMU OITUCAHUSIMU, a CBOM -
cTBa (aCCOLMATUBHOCTD U MpoOYee) YCTAHABIMBAIOTCS MHAYKLMe# A3.

e Bor kak BBomMTCS croxmcenue. BosbMeM mwoboe m. Oyukuus o™ (n) = m +n
3a[aeTCs peKypCUei:

o™ (1) =m+ 1

"+ ) =m+(n+1) = o"(o(n) =a(e"(n)),

HO 3TOTO MOKa MaJlo 1Jist 3aBepLUeHHUs] Ha4aToro JAea.
IMycts N,, 06o3HayaeT MHOXeCTBO TeX 1 € N, 1151 KOTOpbIX PyHKUUS

a(m),

o"(n)=m+n

onpeaenena. B cuiy npuustoro onucanus, 1 € Ny, u, ecim o (n) onpeaeneHa, To
u o™ (n + 1) onpeneneHa. Tenepb A3 rapaHTMpyeT OIpefeNeHHOCTb 0™ (n) = m + n
npu mobom n € N.

o OYHKIMS YMHOXEHHUS Uy () = M X N BBOAMTCS PEKYPCHEH:
v (1) =m, v (e (n)) = m +vy(n) = o™ (Vn(n)).

O6ocHOBaHME 3aBeplUaeTCs NMPUMEHCHUEM UHAYKIIMH.

Jlajiee ¢ MOMOLLBIO UHAYKLIMY YCTaHABIMBAIOTCSI OOBIYHBIE CBOMCTBA
CJIOXEHUST M YMHOXeHUs1. ECIM 3TH cBOMCTBA BKIIOYMTH B aKCMOMATHKY,
a MHIOYKLMIO C YaCThIO JIOTMYECKOTO apCeHalia UCKITIOYUTD, — TMOJYYUTCS
paspelunMasi apugpmemura Tapckoeo (pasnen 4.2), B KOTOPOM MaIo 4YTO
nomnaeTcst GopMyIMpPOBKe, 3aTO BCe NOKA3bIBAETCH.

Bce vi600umoe B apuMeTrke IleaHo MOXHO BKJIIOYaTh B AKCHOMATHKY B Ka4eCTBE
«JIMUIHMX» TOCTY/1aTOB, K KAKOBBIM YaCTO OTHOCST CJeAYIOLIee yTBEPXIECHUE.

5 Cwm.: Paris J., Harrington L. A mathematical incompleteness in Peano arithmetic // Handbook
of Math. Logic. Holland, Amsterdam, 1978. ®opMyaupoBKa yCcuJieHHON TeopeMbl Pamces ecTb
B [15].
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8.1.1. Npuxuvn Aupuxne. Omobpaxcerue f : Q@ — Q koneuno2o mHoxcecmsa 2 63a-
UMHO OOHO3HAYHO MO20a U MOAbKO mozda, Ko2da oHo clopsekmugHo (aéasemcs omobpa-
MHCEHUEM «HA»).

LIIKonbHBIE MPENCTABAEHHUS, YTO BCE «[IPABUJIBHOE» MOXET ObITb NO-
Ka3aHO C MOMOUIBIO MHAYKLIMH, pasyMeeTcsi He BepHO. Koe-uTo u3 «mpa-
BUJIBHOTO» He MOXeT OBITh NOKa3aHO HUKaK (meopema Iédens).

8.2. Napapokc KaTeropMyHoOCTH

Bapuant akcuomaruku I[leaHo B mpenbiayllieM pasnefie ObUT BbIOpaH
GECXUTPOCTHBIH — peyb cpasy Iia O HaTypaJibHOM psne N.

Yauie BMecto N MPUHATO TOBOPUTH O HEKOTOPOM aGCTPAKTHOM
MHoXecTBe N, 106aB/ss elle 1Be aKCUOMBI,

1EN u neEN=>0(n)EN,

M OKa3bIBasi 3aTeM KameeopuyHocms (noaHomy) mModeau, T.e. PaBEHCTBO
N = N ¢ TOYHOCTBIO 10 U30MOphHU3Ma.

(') dpyrve KHMIM NapajuielbHO NOKa3bIBAIOT CYLECTBOBaHHUE He-
cmandapmubix Moleaeli apugpmemuxu. JenaeTcs 3TO MPUMEPHO Tak.
K andasury crannaptHoit unteprniperaumu {1, 2, ...} nobasnsiercs HO-
Basg KOHCTaHTa © W paccMaTpUBaeTCsi MHOXECTBO 3aMKHYTBIX (GopMy
B PaCLLIMPEHHOW CUTHAType

T=TUu{®=1,0=2, ..},

rae 77 0003HaYaeT «He M», a © = 7 03HAYaeT He YTO MHOE KakK © # n,
HO 3HaK «7#» M3HAYaJIbHO OTCYTCTBYET 6,

JTi060e KOHeYHOe moaMHOXecTBO dopMys 1" ConepXHUT KOHeYHOe
yucio popmyn

O=n, ..., O©=mn.

[Tonarass © = q, roe ¢ — HE3aHATOE B M, ..., N YUCIO, MOJYYaeM
CTaHOAPTHYIO KoHeyHyl0 UHTepIIpeTalnio. Jlajee pelliaeT CChlJIKa Ha TeO-
pemy 9.1.1, mo KOoTopoi M3 CyLIECTBOBaHUS MOMEJM s JIl06Oro Ko-
HEYHOTO MOAMHOXeCTBA (POPMYJT BBITEKAET CYLLECTBOBAHUE MONENH ISk
BCEro MHOXecTBa ¢popMyi. 3aTeM Oe3 Tpylna NOKa3blBaeTCs HEM30MOpd-

6 .
) Takas TeNaH TMYHOCTb, COGCTBEHHO, WM SBNSIETCSI TIPUYMHOM MHOTHX <«JIOTHYECKHUX He-
ynobcTB».
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HOCTb OOBIYHOM M HECTaHAApPTHOU Moxenu apudMeTHKHU C andaBUTOM
KOHCTAHT si3blka {©, 1,2, ...}.

KoHTpacT cyiiecTBOBaHMSI HECTAHIAPTHBIX MoAesed Ha OHe Ka-
TEFOPUYHOCTH TIPUBOAMT K HeAOpa3yMeHU10. Pa3HoOo0i OOBSICHSETCH,
KaK TIpaBWJIO, CKOPOTOBOPKOM HAcueT pa3nuuuss (GOpMaJibHBIX U He-
¢dopMabHBIX MHTEpINpeTallMid. B mpuHLMIIEe, TAK OHO Y €CTh, HO 31eCh
MMEET CMBICJI 0CO00 MOAYEPKHYTh MPOOJEMyY, MOTOMY YTO GOJIe3Hb TakK
XOpOLLO BILJIETEHA, YTO HEOTIUUYMUMA OT 3NOPOBOM TKAHU.

Peub uneT o nByx KpanHocTsX. O6 akCMOMaTUKe KakK ¥Ucmo cuHmak-
cuyeckoil KOHCMpYyKyuu, CMBICT KOTOPOX MOXET ObITb MPUAAH TOJBKO
M3BHE, U 00 aKCMOMAaTHUKE, U3HAYAJIIBbHO 00j1analolie CMBICJIOBON MH-
Teprperaleii. bynb BO3MOXHOCTM pa3HeCeHbl KaK uepHoe U Oenoe,
roBOpUTh OBLIO GBI He O 4eM. B peanmbHOCTM Xe Jil06asi akCMOMaTHKa
MpeNCTaBIsieT CMECh MHIPeAueHTOB. Pa3znennTh CyGCTaHLIMM HeJerko,
M aaxe npodecCUOHANBI TO M IeJI0 MOMafalnT BIpocak.

CaMoe CJIOXHOe 3aKJII0YaeTcsi B TOM, YTO aKCMOMaTHKa cama 1o ce-
Oe naxe He 00JIanaeT onpeneIeHHOUN IPONOpLIMEN HATUUUS CEMAHTUKH.
CMBIC/T MPUBHOCUT YeioBeK. KonuuecTBO 3aBUCHUT OT XapakTepa, Ha-
CTPOEHHUs1, TTOroAbl, C KAKOW HOTM BCTal U T.T. M Bce 3TO HACTONBKO
rny60KO MHTErpUPOBAHO B CyThb BelleH, YTO TOBOPUTh OO OTHAENEeHUMU
SI3IKOBOM OCHOBBl OT TIPEAMETHON — MOXHO JIMLUB, MpeHeOperas
IHNAJIEKTUKOM.

Y106Bl TOYYBCTBOBATH I1pO0GIIEMY, AOCTATOYHO YIJ1YOUTBCS B J1100YI0
YUCTO CUHTAaKCHUYECKYIO «Ha BUI» akCMoMaTtuky. CkaxeM, abCTpakKTHOe
orpeneeHUe 2pynnsl 7), B KOTOPOM HH O KakOM cOonepXaTelibHOW UHTEp-
MpeTaluy 3JEMEHTOB IPYINbl — peyb HE UAET, U IIOTOMY KaXeTCs, UYTO
CeMaHTUKa OTCYTCTBYeT. EC/iM «CTOSITb HAa MECTe», — OHO TaK U €CTh.
Ecnu xe nbiTaThCst FOBOPUTH O IPYIINAxX U AejaTh 3aKIIOYEHMsI, TO HaNO
MpeATnonarath Kakomu-1o ¢cnocod 3anaHus Ipynnbl — TaOIUIy YMHOXE-
HMSI WM OMpeeNisIiolINe TOXIECTBA. 3amaBaTh TaOIULy YMHOXEHMS,
KOHEYHO, HEe Halo — HHaye 3TO OyneT yXe MOAeNlb, YUCTO CMBICIIO-
Basi KOHCTPYKLIUS 2 Hano nviup npeamnonaratb BO3MOXHOCTh 3aaHUS

7 o
)ﬂ,ﬂﬂ TOUCKa OnpencsceHust CM. NMpeaAMETHDbIW yKa3aTEllb.

8 WHTeprnipeTalMu B BUIE TOBOPOTOB WJIM CIHBUTOB B TEOPETUKO-TPYNMOBOM Cpe3e K Oejy
He OTHOCATCS.
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u crnoco6. Ho Toraa He ymaetcst n36exarb MPUMECH CEMAHTUKU, MPUYEM
MHOra CyObEeKTUBHOM.

OO61me paccyXmeHHUsl XOpoIlr, Ge3yCIOBHO, MPU HAJIMYUU B BO-
00paxXxeHUU OMOpHBIX TouyeK. CTerneHb BOCMPUITHS JAHHOIO pa3roBopa
3aBUCUT OT CTEMEHM 3HAKOMCTBA C MPOrPAMMMPOBAHUEM U XOTSI OBI
MOBEPXHOCTHOI'O 3HAKOMCTBA C Teopuei rpyni. B npobiaeme moxcdecmea
cn06, HaripuMep, OOBIYHBIN YeJIOBEK CYMTAET CAMOOYEBUIHON BO3ZMOX-
HOCTb BCTaBKH WJIA UCKITIOYEHUS PSIOM CTOSIILIMX COMH OXUTENEH a-a” '

ITporpaMMKMCT MOHHMMAET, YTO
Xa-a''Y © XY

IOJIKHO GBITH npocpammuo (eCNU YTOAHO aKCUOMAMU4ecKu) OrOBOPEHO.

8.3. Akcuomartuka Llepmeno—®penkens

Henbast ckazaTh, YTO MapanoKChl TEOPUU MHOXECTB, CBSI3aHHBIE C pac-
CMOTpEHHEM «MHOXEeCTBa BCEX MHOXECTB» 9), MPOU3BOISIT CUIbHOE BIIE-
yatneHue. Ho mnst akcuoMarusalMyM TeOpUM — 3TO ObUT Cepbe3HBIN
KO3bIpb. [TOMBITKM MCKIIIOYUTH BO3MOXHOCTD TOSIBIIEHUS MapagoKCOB
MOPOAWIM Pa3IMYHble CUCTEMBI, CPEAM KOTOPBIX HAaWOOMBIIYIO U3BECT-
HOCTb Noflyuuna akcuomamuxa Llepmero—Dpenkens, Ha3piBaeMast OObIY -
HO cucteMoit ZF unu ZFC, roe 6ykBa C BbIIENSIETCS CIIELIMANBHO IS

AKCUOMbL 8bl60pa, KOTOpas MHOraa MCKI4YacTcsa U3 CIruCckKa.

JI106ast Teopust BbIHYXKIeHa HAQYMHATh C HEOMpeaesseMbIX TIOHSITHIA.
B Teopuu MHOXECTB — 3TO MOHSTUS «MHOXECTBa» M OTHOILIEHUSI €
«OBITh 351eMeHTOM». K SI3BIKY n00aB/SIOTCS IOTHYECKHE CBSI3KHA U KBaH-
TOPBI, C TMOMOILBIO KOTOPBIX CTPOSITCS BCEe BO3MOXHBIE npeduxambi
Ha 0ase ABYX 3JIeMEHTApHbIX OTHOUIEHUWW: T € y U u = v. Huuro
Ipyroe He NOMyCKaeTcs, HO s ynoOCTBa MCMOJMB3YIOTCSI HEKOTOPbIE
COKpaleHUS:

T#y, ¢y, <TCy.
Bxutouenue = C y, HanpuMep, 0003HAYaeT

Vz:z€x > 2€y.

% Mapadoxc Paccera: ecnn D — MHOXECTBO BCeX MHOXECTB, He SIBNSIOLUMXCS 3eMEHTaMH
camux ce6si, D={z:z ¢ 2}, 10: «<DED & D ¢ D».
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KoHCTaHTHI B si3bIKe (B cueHamype) He MPUCYTCTBYIOT, HO aKCHO-
MaTUYECKHU TTPOBO3IJIAILAIOTCS: CYLIECTBOBAHUE XOTh KAKOI0-TO MHOXe-
cTBa, 1 : T = T, W CyLLIECTBOBaAHHUE NYCMO20 MHONCECMEd,

rT=g & dy:yez.

AKxcuombt cywjecmeoganus BO MHOTUX UCTOYHUKAX He TTPUCYTCTBYIOT
B CIUCKE aKCHOM, YTO (Hapsily ¢ APYTMMM HIOAaHCaMH) JIMIUHUK pa3
yKa3bIBaeT Ha 3bIOKOCTh TOYBBI, C KOTOPOM CTAJIKMBAIOTCSI aKCHMOMa-
TMYeCcKHue moctpoeHUs. Llenb 000HTUCH MMHMMYMOM TIPEATIONOXEHUM,
U TeM Oosiee 00ecCIeYyMTh MOJHYIO HE3aBUCUMOCTb MOCTYJIATOB OPYr
OT Hpyra, okasbeiBaeTcs HenoctuxuMa. [lonyyaeTcsi B3auMOCBSI3aHHas
«IBlLIAILIAs» CEeTh, B KOTOPO aKCHUOMBI CYIIECTBOBAHUS, HampUMeED,
00€eCTIeYnBaIOTCS HATMYMEM OPYTMX 3BEHBEB.

B ocHOBaHMe TEOpUM MHOXECTB, pa3syMeeTCs, BXOMAT JIOTMYECKHeE
noctynartel. Cneumduyeckas yacte cucteMsl ZFC BKiIloyaer cienyio-
L€ aKCUOMBI.

Z1 Axcuoma obeemuocmu. VT : (T € y > T € z) - y = z, T.¢. MHOXECTBA PaBHBI,
€C/IM ¥ TOJIBKO €C/IM COCTOSIT U3 OHMX U TEX Xe 3JIeMEHTOB.

Jlanee mpeAnoyTeHWe OTHAETCS CIOBECHOM (GopMynupoBke. Jlornyeckas 3amuch,
Kak 6oJsiee TOYHasl, PEANOYTUTEIbHEE TIPU APYTHX LIENEBbIX YCTAHOBKAX.

Z2 Axcuoma naper. KakoBbl 6bI HY OblIM T M Yy, CYLIECTBYET MHOXECTBO 2, COAEP-
Xalee ¢ v y (MHOrAa 4OGABSIIOT: TONBKO T U Y, — YTO MOXET GbITb MOJIYYEHO
B paMKax ZF-cucTeMbl B KaueCcTBe TEOPEMBbI).

Z3 Axcuoma omoeaumocmu. KaxoBbl 6bI HY ObUTM T M Y, ISl JIOGOro MpeauKara
¢(u, v) cylecTByeT MHOXECTBO

z={t€z: 9t vy)},

cozepxaiuee Bce ¢ € T, obnagaiolre cBOUCTBOM ¢+, y).
Z4 Axcuoma obsedunenun. JIIOOGOMY ceMeiCTBY MHOXeCTB X OTBEYAET MHOXECTBO,
colepxaliee Bce 3JIEMEHTHI, Bxoasume B X'.

Z5 Axcuoma cmenenu. J1nsi 1060T0 T CyIECTBYET MHOXECTBO 2° BCEX NOAMHOXECTB T .

Z6 Akcuoma Geckoneunocmu. CyniecTBYeT GECKOHEYHOE MHOXeCTBO. TouHee roBops,
peyb UAET O MHOXECTBE CMELMabHOTO BUIA:

Jz:[Vz:(z=0 s z€a)AVy€T:V2:(2=0(y) > 2z €2)],
Tae 0 — aHANOT @ynkyuu caedosanun: y = o(z), ecmu y = ¢ U {z}, T.e.
Vz:[z€yo (z€zVz=1)]

Z7 Axcuoma ewibopa. CM. paspen 7.3.
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Z8 Axcuoma @ynouposanus NOCTYJIUPYET, YTO HE CYLUECTBYET GECKOHEYHBIX YObIBaIO-
LIMX LEeneu, £; 3T, D ... .
ZF9 Axcuoma nodemanosxu ™. JInst 106GOro MHOXECTBA T ¥ QYHKLMHM f, ONpeleIeHHOM
Ha &, CYLUECTBYeT MHOXECTBO, COCTOsIEee U3 o6pa3oB z = f(y), y € z.

8.3.1. Teopema. He cywecmeyem mHoXNceCmea acex MHONCECMS.,

<« Ecnu 6b Takoe MHOXECTBO S CYLIECTBOBAJIO, TO U3 AKCUOMbI OMOeAUMOCTU
(Z3) Bbitexano GbI cyecTBoBaHve MHoxcecmea Paccena

D={zeS:z ¢z},

YTO MPUBOMMT K [TPOTUBOPEUHIO. P

O6o3peBaTh HEYTO O€3 BCAKOW MOTUBUPOBKM AOBOJIBHO TPYAHO.
3aech, OAHAKO, JIETKO HaWTH, YEM 3aHSTh, €CJIU HE MO3IM, TO PYKH.
OrmpeneneHue C MOMOILBIO NTO3BOJEHHBIX CPEACTB TEOPETUKO-MHOXE-
CTBEHHBIX ornepaimii N, U, A, \ ¥ UX CBOUCTB — Ha MEPBOI MOJI0BUHE
JUCTaHLMU BBI3BIBACT pa3ipa)K€HHUE, HO MOCJIE€ HACTYIJIEHUS BTOPOrO
JBIXaHUSI MOXET TMOSIBUTHCS JIMOO CIIOPTUBHBIN a3apT, MO0 CIaCUTENb-
HOE OTBpAILIEHHUE.

B m1060M ciiydae mosne3Ho oco3HaBaTh, YyTO B Jiuie ZFC-cucteMbl
TPOUCXOAUT COMPUKOCHOBEHUE C TPaHANO3HOM pEabHOCTBIO, 3aHUMa-
IOlIEH B BUPTYAIbHOM MHPE HAaMHOro OOJbllE MECTa, YEM ErMIETCKUE
nupamuabl Ha 3emne. Ha co3naHue BHEIIHE HEMPUTS3aTENbHbIX aKCU-
OMAaTUYECKUX CUCTEM YXOAMUT OOBIYHO KOJIOCCATBbHOE KOJUYECTBO MEH-
TAJILHOMA 3HEPIrUH.

KommenTapun. ZFC-akcMoMaTHKa KaKUMHU-TO YacCTSIMHU, KaK MOKa3bl-
BaeT OIBIT, IJIOXO YKJIANBIBAETCSl B [OJOBE, YTO MPOUCXOAUT IJIaBHBIM
obpa3oM u3-3a GyHOAMEHTAIBHOW YENOBEYECKOW TATU K 00JacTU He-
xommerentHocTy V.

EcTb U MeHEE yBaXMWTENbHBIE MPUYMHBI TEXHMYECKOTO XapakTepa.
bosbpllie Bcero HenopasyMeHUit BO3HUKAET B CBSI3U C akcuomoli ghyHoupo-
anus 'Y Z8, KoTOpasi, MeXy Npo4YuM, NoyTH 6e3 noTepb MOXET OBITh

10
) O1a akcioMa Kak pa3 nobasneHa Ppenkenem.
11 "
) 310 ABNEHUE NEXMT B OCHOBE OOHOTO U3 3akonoé [Tapkuncona, KOTOPBIA TMPOSIBAsIETCs
BO Bcex cdepax uyenOBe4eCcKO# nesTeNbHOCTH. B maHHOM cilyyae peuyb HmeT O TATE BBICLIETO
nopsinka, Biekyileit 3a 6apbep NMO3HAHUS, YCTAHOBAEHHbIN LT BCEil LMBUIU3ALIMH,
s

12) BBeneHa Bepnaiicom v [édeaem B 1941 Tony, 3aMeHUIa aKCUOMY PETYSIPHOCTH ¢hon Helimana
(1925).
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y

UCKIIOYeHa U3 criucka. KoHeuHo, oHa OsiokupyeT napadokc Paccena,
HO C 3TUM CIIPaBJSIIOTCS M APyrue akCMOMBbl. [1aBHast ponb Z8 B OCHOB-
HOM ¢unocodckast, obecrieyrBaoNiasi B3MJsSH Ha MUP MHOXECTB Kak
Ha yHueepcym ¢on Heilimana, iepapXxruyecky BbIPACTAIOIINIA U3 «<HUYETO».

BaxHo, noxainyit, 06paTUTh BHUMaHHUe Ha MTPOCTYIO AETAJb, KOTOpast
4YacCTO OKa3bIBaeTCs IPUYMHOM HemopasyMeHust. B Z8 peub nuer o uensx,
yObIBAIOIMX He 110 BKIIOYEHUIO MHOXeECTB. () 3amuch & € y He O3Ha-
yaet £ C y. B ¢ € y noapasyMeBaeTcsi, YTO T — 3JIEMEHT MHOXECTBA ¥.
Y HarypanpHOro psina N, Harnpumep, HUKaKoe MOAMHOXECTBO HE SIB-
nsercst dneMeHToM N. TToatomy Bee menu B N 00OpBIBalOTCS HA BTOPOM
mare, k € N — v Bce. Ho BO3MOXHBI MHOXECTBA MHOT'O COPTa, CKAXEM,

{1,2,{2, 4, {3, 8}}, {137}, {3},3...}.

31ech BO3MOXHBIE ENM AJIMHHEE, HO He MOTYT OBITh OeCKOHEYHBIMU,
eciv Z8 npuHUMaeTcs.

3a BCIO MCTOPMIO DPa3BUTUSL MATEMaTUKU B MNPUKIAAHBIX 06Ja-
cTsiX (DYHKUMOHANBHBIM aHATU3, HallPUMepP) HUKOTIA HE BCTPEYAUCh
MHOXECTBa C 6eCKOHEYHO YOBIBAIOILIUMMU «3JIEMEHTHBIMM» LensaMu. [To-
9ToMy akcuoMma (yHOMPOBaHUSI B OOJIBILIEH CTEMEHU IpeaHasHayeHa
s punocodoB, yeM ST MATEMATHUKOB.

B mnepByio ouepenb, KOHeYyHO, Hamo OblIO Obl ckasaTb 00 akcuome ewibopa,
HO 3TO CJIMLIKOM A0ATHI pa3roBop. Bekonb3b 3aMeTuM: Z7 hopMyaupyeTcs JIorHyecKu
€CTECTBEHHO, W BBHINISIAUT He 00eLIAIOLIUM HEOXUIAHHOCTER yTBepXacHueM. OaHako
BrieuaTieH1e o6MaHy¥BoO. C noMolubio Z7 CTPOUTCS Heusmepumoe no Jlebeecy mHoxcecmeo
Bumasau, a uiap pa3buBaeTCsi Ha KOHEYUHOE YUCIIO YaCTel, KOTOpbIE MOCIe MepecTaHOBKHU
00pa3yloT ABa lapa TAKOTro Xe pa3mepa (meopema Banaxa—Tapckoeo [2], umenyemast
napadokcom 1Mo SMOLMOHATBHBIM COOBPaXEHUIM).

8.4. HeeBxninpgoBa reomeTpus

CnaBa M 3HAYMMOCTb — SIBJIEHUsI pasHOro nopsaka. HeeBkiumoBa
reOMETPUST 3HAMEHMTA, MIABHBIM O0Pa3OM, KHUIIEBIIMMM BOKDYI HEE
CTPacTIMHU. «3HAYMMOCTB» TOXE HOBOJBHO BBICOKAa, HO A0 001I€06-
pa3oBaTeIbHOTO Kypca BCe Xe HeNoTsaruBaeT. B pesynbraTe BbimamaeT
M3 TIeIaroru4eckoro IMoJjsi 3peHusi — I[EJIMKOM, BMECTE C HEKOTOPBIMHU
aTpubyTaMM, KOTOpble Obl UMW AJisi MaTeMaTUYeCKOro 0Opa3oBaHMS
MepBOCTENEHHYI0 BaXHOCThb. Bo3Bpary B (POKyCc BHMMAaHMUSI MeEIIaeT
TpaguLIMg PacCKa3bIBaTh O MPEAMETE C OOPEMEHHUTEIbHBIMU IOAPOOHO-
ctamMu, DopMynbi, CBS3BIBAIOLIME YIIBI TPEYTOJIbHUKA HAa PUMaHOBOM



154 Maea 8. Akcuomatuyeckme Teopmmn

[IOBEPXHOCTH, «<HUKOMY» He HYXHBI. HO 3TOT GayutacT MelaeT OLeHUTD
M BIIMTATh MOHSTUIHYIO OCHOBY (hyHAaMEHTAJIBHOIO XapakTepa.

VICTOpHSt HeeBKIIMIOBBIX [€OMETPHI - ) Hauanach B npeBHe# [peunun
C TOMBITOK OCBOOOXIEHUSI OOBIYHOM I€OMETPUM OT IISITOrO IMOCTYJaTa
0 MapaJuie/ibHBIX:

E5 Yepesz mouky, aexcawyto ene npamoil, npoxooum eOUHCmeerHas nps-
Mas, He nepecekarouas UCXooHyw, —

M 3aKOHYMJIACH Yepe3 ABE THICAYM JIET MOCTPOEHUEM HOBOW 2eomempuu
Jlo6auesckoeo ¢ 3ameHou (E5) akcuomoi:

JIS Yepesz mouky, nexcauyio ene npamoii, npoxooum no Kpaiinei mepe dee
npsamble, He nepeceKaroujue UCXooOHYK).

Jlosroe Bpemsi MOHayaly AyMajioch, 4To ot nocrtynara (E5) MoxHO
OTKa3aThCsl, AOKA3aB €r0 KaK TEOpEMY.

[Tpo6iiema 3aBOpaXxuBaja MpOCTOTOM, HO He AaBajiach. MHOro cyneo
cdhokycupoBaiioch Ha Heil. Hakajr cTpacTeit IOCTUT aroresi B BOCEMHa-
[1IaTOM BeKe. PerieHue cTajgo HaspeBaTh. To TaM, TO 3[IeCh Havyaiu
TIOSIBJISATECSI IOTaAKU U MPO3PEHUs.. MOXET ObITh, JaXe He MPO3peHus,
a MOMCK CTaJl MPUBIUXKATLCA K MECTY, [I€ «TOpSIYO» 14

Uranesinckuit Monax, Cakkepu, noxassiBast (E5) or mpotuBHOro, TouHee, npen-
nonarast (JI5), xeurancs nyrem Jobauegckoeo. Pesynsrarsr ony6avkoBassl B 1733 roay,
HO 0€e3 MoCneACTBUM.

Bonee ocHoBatenbHask MOMbITKA aHAJIOTHYHOTO TONKa GbU1a MpeanpuHsita Jamoep-
moM. JIeicTBYsl OT MPOTUBHOTO, KaK U Caxkepu, Jlambepm nony4ua 3HaYUTENbHYIO YaCTh
pe3ynbraToB reometpuu Jlo6aueBcKoro, HO YTO AENaTh C 3TUM — He 3Hall. XKenaeMbix
MPOTUBOPEYU He OOHAPYXUJIOCh, U OH [aXe€ BbICKa3aJl HEBHSATHOE MPEANOJOXEHUE,
YTO TaKasi reOMETPUsI MOXET UMETh MEeCTO Ha HeKo¥M MHUMOI chepe (1766).

3aTeM MOSIBUIOCH €LLEe HECKOJbKO MAaTeMaTMKOB, KOTOpbie BIUIOTHYIO MOIOLUIH
K CO3JaHMIO «Ipyroi» reoMeTpuu. Crajlo COBCEM «rOpsiy0o», U TYT KaK pa3 BO3HMK
JlobauescKkuit cO CBOEH CTOMPOLIEHTHOH YOEXIEHHOCTHIO B BO3MOXHOCTH MOCTPOCHMUSI
HHOIt reoMeTpuu. Kakyio npu 3ToM KocMHyeckylo 3amayy oH pewma? [Tocrpoun camy
reoMeTpuio? Jla, MOCTPOUJ, HO 3TO He KOCMHMYecKHit Macira6. Jla U HeT TaM 0co6o
TPYAHBIX TEOPEM, U HE B TeOpeMax AeJo.

13) Jlanee NpUBONUTCS ananTUPOBaHHBI (parMeHT u3 [2].

') Tak yacTo 6biBaeT NpH pelleHUH KPYMHbIX npobieM. CIOBHO UMBUJIM3ALUST pellaeT 3anayvy,
KaK eIUHbIA GHONOrMYEeCKUt OPraHu3M, O YEM CBHUIETEIbCTBYIOT MHGOPMALMOHHO U reorpadu-
YECKH OTHAAIEHHbBIE, HO ONIHOBPEMEHHbBIE BCIUIECKH.
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[y6ovaitinast npobnema Obl1a B ApyroM. YenoBeueCcTBO BOCIIPUHU -
MaJIo FTEOMETPHIO KaK MUPOBYIO TaHHOCTb. CKOJIBKO OBl HA TOBOPUJIOCH
006 abCTpaKTHOM OMMCAHUU TOUEK, IMHUIM U MJIOCKOCTEM, — HX TOJIKO-
BaHME SIBHO U HESIBHO GbLIO pu3nueckumM. Bece, 4TO HE COOTBETCTBOBAIO
BU3yaJIbHOMY OIIBITY, OTBEPrajoch. Jlaxe BHICMEUBAIOCH.

«Bo3us» Jlobayeackoeo B NydylieM caydae CMOTpeach Kak yyaadecTBo. I1peacraBb-
Te, HEKTO aekyapupyeT «1 = 2» U HAUYMHAET BbIBOAUTDH CNEACTBUS U3 pa3psiia «BCKOE
4YMCIO paBHO Hyj10». Pa3Be He To Xe camoe aenan Jlobauesckuit? [1poBosrnacun «He-
JIENyl0» aKCMOMY M CTal A0Ka3blBaTb W3AEBaTE/IbCKUE TEOPEMbl TUMa «CyMMa YrjioB
TPEYroJibHUKAa MEHbLLE 7T ».

Yro npu 3TOM pa3apaxano o6LeCTBEHHOCTb, TAK 3TO OTCYTCTBUE NMPOTUBOPEYHUNA.
LyTHHKa ¢ aKCMOMOIt «] = 2» 6b1I0 Obl N1€rKO TKHYTh HOCOM B HECOOTBETCTBUE a3aM
apudMeTuKU. 30eCh Xe HEeCOOTBETCTBUS XIalu, HO OHO He nosiBasnock. Jdeno Beab
3aKJII04AJIOCh HE B PACXOXIEHHUU MOJyYaeMbiX pe3y/1bTaTOB C reOMETPUYECKHUM OIbITOM,
yero 6bLIO B JOCTAaTKe, @ B POTMBOPEYUH C ApyrMMu akcvoMamu. [Mocrynar (JIS) us-
HayaJIbHO He COOTBETCTBOBA OMnbITY. [103TOMY CcreacTBUs U3 HEro GbUTM TOrO Xe copTa,
HO B 3TOM He ObL10 KpMUHaNa. Jlpyroe aeno, ecau 6ol cpeau CleACTBUN 0GHAPYKUI0Ch
YTO-HUOYAb BPOAE YTBEPXKACHHUS: «yepe3 ABE TOYKHM MOXHO MPOBECTU ABE MpPSIMbIE».
Torza Gbl HOBasi reOMeTpHsi pyxHyna, a nocryaar (ES5) mpeBparuicsi Gl HanoJoBUHY
B TEOpEMY ) imeno Takue npotuBopeyust uckanu Cakxepu v Jlambepm, HO He HALLIIH,

Jlo6avesckuii, HAOGOPOT, MPOTUBOPEYU I HE UCKAJ U OBLI YBEPEH, UTO UX HeT. Heko-
Topasi ¢1aboCTb ero MO3ULMH 3aKJ1H04anach B TOM, YTO CBOKO TEOMETPHUIO OH CYUTAN BOOO-
paxaemoii. [1oToM, KOHEYHO, Y HEro MOsSIBUIMCH COOOPAXEHUS O TEOMETPUH PEaIbHOrO
MHpa, HO 3TO BCE X€ Ha CEPbE3HOM YPOBHE 0KA3aJ10Ch yIAEJOM APYTUX UCITOJIHUTENEH.

N3 ckazaHHOro sICHO, 4TO McTopusi Ha Jlo6ayesckom 3aKOHUMTBCS HE MoOTJa.
[TpopbiB 06pa3oBancsi, HO npoueccy TpeboBanoch 3aBepuieHUue. He roBopsi o ToM, 4TO
«CKa3Kka» Moma B JI000H MOMEHT 00GepHYTbcsi 6aedoM, MOCKONbKY OCTaBalOCh ABe
aXWJJIECOBBIX MSATHI.

Bo-nepBbiX, HyXHa Obina MoOAE/ib, OrpaBAblBAlOLLAs NOTMYECKHE TMOCTPOCHUS.
JInsi akCMOMaTHUYECKON CUCTeMbI [leano MOIENbIO CyXaT YUCHA C 3alaHHBIMU Ha HUX
apudMeTHUeCKUMU onepauusMu. [Ing reometpuu Eskiuda — BuU3yanbHasi KapTHHA
mupa. XoTenoch noao6HOro, MOCKosbKY 6e3 peanusyiolueit Moaenu norudeckue hokycol
OCTalOTCS MPUBUACHUSIMM.

Bo-BTOpBIX, JAMOKJIOBBIM MEYOM HaBHcCaja rnpobaemMa HenpoTUBOPEYMBOCTH, KO-
Topasi, BooGLUEe roBOpsi, Hepa3peuiMma, HO 34ecChb cuUTyaluus Obuia ocobas. Hempo-
TMBOPEYMBOCTb reoMeTpuM Egkauda ToXe HesiCHAa, HO TaM TMOPYKOH OripeaesieHHOro
61arononyyus CIyXHUT HalUuue pealbHOMH MOAENU, MHTYMUMSI U MHOTOBEKOBOW OMBIT.
3nech Xe — HUKAKOW onopbl. TaM MHTYULIUSA — «3a», 30eCb — «[IPOTUB».

Hanpsixenue Bospactano. CuTyalMsi HyXaajlach B pa3pelIEHUHU.
OnATb BCIUIbUIA UOES O MHUMOM cdepe, HO Ue€TKO BBIPa3UTb €€ HE yaa-

5
15) «HanonosuHy» — NMOTOMy 4TO Hano 6bN10 6bl OTCEUb M APYTOE BO3MOXHOE MpPeanooXeHHE:

«tobble aBe TIpsiIMbi€ TIEPECEKAOTCA».
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Baioch. U Tonbko B 1868 roay (4epes COpOK C IMLIHMM JIET [OCIIE EPBOA
pa6otsl Jobauesckozo) beabmpamu, HaKOHEL, MOKa3all, YTO HOBAasi I€0-
METPHUS BBIMOJIHAETCS Ha TMOBEPXHOCTSIX MOCTOSSHHOM OTpULATEIbHON
KPUBM3HBI, U B TOM XK€ CTEIIEHU HEMPOTUBOPEYMBA, YTO U aHAIIU3.
PenieHue BOmpoca reoMeTpoOB HE BIOJIHE YAOBJIETBOPUIIO, AJIS YETO
OBl OmpeneeHHbIe OCHOBaHMs. Peub Bce Xe 1Ula O JIOKAIBHOM pea-
nu3auuu reomerpun Jobauesckozo Ha ncesaocdepe (MOKYCOYHO).

Ho Bckope obmbsiBuncsi Kieidn ¢ T€HUAIbHO MPOCTOM MOAENBIO,
M CUTyallMs CTajla COBEPILIEHHO NMpo3payHoit. Kieiin NpeioxXui B Kaye-

CTBE€ IUIOCKOCTH — BHYTPEHHOCTH

Kpyra, B KQyeCTBE MPSMBIX — XOp-

Ibl, €CTECTBEHHO, 0e3 KOHILIEBbIX

tToyek. Yepes Touky C mpoXoauT

LIEJIbIA MYYOK XOp.I, HE IepeceKka-
. oumx AB (puc. 1).

' Bor Takas Mopenb eeomem-
puu Jlobauesckoeo. be3 npeysenu-
yeHus, Beiciuui mwtotax! [Tnioc
K TOMY, [IOCKOJIBKY MOJIEJIb CTPOUT-
Cs Kak IMOACHCTEMA OOLIYHOM reo-

METPUHU, TO OHA B TOM XE CTETIEHU
Puc. 1. Mogenb KneiiHa HEMpOTUBOPEYUBaA.

Apyras ctopoHa mepanu. BHumaHue 10 cux nop 66110 chOKyCUPOBaHO
Ha TeyeHuM upeii. Yto u kak? Kakosbl npensarctBusi? Tyma M MOTOK
BbIHEC, Kyna Hamnpasisuica? [Touemy noiro? Otkyna gpamatyprusi?

[Tpy TakOM pakypce HUCIOJHUTEIU BTOpUYHBI. [103TOMYy MHOruMe
0Ka3aJIUCh HE YIIOMSIHYTHI, a TaM ObUIM BBIAAIOLIMECS YYACTHUKH MPO-
uecca. Mnanwuit boabau, noayyruBUIMI T€ XK€ pe3yabraThl, yTo U Jlo-
baveeckuii, HO BOJIeii CyabObl OCTaBIIMICS BTOpPBIM. Benukuit cpeau
BeJIMKUX [aycc, MOCTPOUBIIIMI Ty X€ r€OMETPUIO Y ceOsl B YEpHOBMKAX
«3agonro no». lenuanbHbl Puman, npouuTaBliuii ewe B 1854 romy
BBIAIOIYIOCST JIEKLIMIO O HOBOM T€OMETPMYECKOM TOAXOIE, B paMKax
KoToporo eeomempuu FEexauda n Jlobauesckoeo — TPOCTbIE YaCTHbBIE
clyyau.

Jlekuuto, nMpaBaa, HUKTO HE TMOHSUI, HHAuYe Obl He TIPULLIIOCH XAaTh ewe 14 ner
pe3yasratoB besvmpamu. UHTepecHo, yTo nekuusi PuMaHa Gbiia onyGauMKoBaHa rnocJje
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cMepTu aBTopa (B TOM Xe 1868 roay, uto w pesynsratsl Berbmpamu, KCTaTu) — u TyT
ee TMOHSIYU Cpa3y Bce, KOMY MOJIOXEHO.

Ho 310 apyras Tema, u3 cdepbl HECOINIaCOBAHHOCTH COAEPXAHUS U (HOPMBI.
HcnonHutenp KOCMUYECKOro 3aMmbicna, OyAyyd e€dUH B JBYX HMIIOCTacsix, €Lle €ecT,
CITUT M TAHET OAESNI0O Ha celsi, YTO MPU A0OpPOXeNaTeSbHOM NMO3ULMMU BbI3LIBAET
yABIOKY cuMmnaTuM, ubo TakoBa npupopa. Habniogate 3Ty rpaHIMO3HYIO KAPTHUHY —
YAOBOJILCTBUE U HAayKa, HO 3TO COBEPLUEHHO APYroe 3aHSATHE, U XOPOLIO Obl Ha3bIBaTh
€ro He UCTOpHEH MaTeMaTUKH, a KaK-TO HHaye.

Ewe xopowo 65110 6bI YATH OT BOMpPOCA: «KTO MEPBbIM CKasald A», — KOTOpbIii
Bceraa noptut atmocdepy. OauH U3 3aKoHOB TMMa M3pdu—ITapkuHcoHa capkacTH-
YyecKu yTBepxXaaeT: Huumo He b0 HA38AHO uMeHeM NepeooMKpbI8amens.

Ho B 3TOoM HeT Huyero nnoxoro. Tem 6onee, eciu TakoB 3aKOH. Maetlo napsu-
HOBCKOrO 0T60pa, HallpuMep, MOXHO BCTPETUTD ellie Y ApeBHUX. Popmyna Jiinumeiina
E = mc® otkpbiTa Xogucaiidom, 3akoH Boina—Mapuomma — I'ykom, peoGpasoBaHus
Jlopenyya — TpyOHO BCTIOMHMTb KEM, HO BO BCSIKOM ciyyae — He JlopenueM.

W He B nnaruare aeno. Pemapka Heromona: «si CTOSN HA TuleYyaX MMTAHTOB» —
Bcerga nMpyuMeHUMa npu o3apeHusix. Het HU omHoro ciyyasi, Koraa Obl uiesl poauiach
B TOJIOBE OTAEJbHOrO MHAWBMUAA Oe3 MOArOTOBKH, TONYKa, NMpoobpa3a. U kak Toraa
6bITh? TTOKMHYTb MJEYM MMTAHTOB MM PACLUAPKUBATHCS BCIO MOCJEAYIOLIYIO XHU3Hb?
BpemsinpoBoxaeHue B peBepaHcax He BceM HpaBuUTCSl. K TOMy xe, He Hano 3a6biBaTh,
Kakas yawa nepeseluuBaeT. layccy u Hotomony MOXHO npocTUTh Bee. BeeM Bce MOXHO
npocTutb. TeM Gojiee, U npoliaTh Hevyero, eciu pasobpaTbes. Ha yeit cyer oTHecTH
naHHoe u3BHe? SI3bIK, CTEPEOTHITbI, MOACO3HATENbHbBIE 3aMMCTBOBaHHS, TEPEKPECTHOE
onblneHue, — He cyurtasi PutmoB BeeneHHoit v HawenToiBaowumx roaocoB. He cmewn-
YO JIM perUCTPUPOBATh 3aKOHBI KocMoca Ha ¢BOIO MUMOETHYIO haMuaunio?

Tpu-ueTbipe COTHM NET Ha3ag atMocdepa B 3TOM [UlaHe Oblla HAMHOTO JyYlLle.
OTKpPBITUS LY BaJOM, ¥ K HUM He ObUIO TAKOTO PeBHUBOIO OTHOLLEHMUS, KaK ceifyac.
YnomsHyTeiid [yk, HanpuMep, UX COBEPLUMI HECKOJBKO COTEH, a YTO €My AO0CTaloCh
B Harpany? Yto Ha3BaHO ero uMmeHeM? OIOUH TONBbKO 3aKOH YIPYrOCTH: «CHMJa IPo-
MOPUMOHANIbHA CXaTUIo», — M Bce. Ho OUTb B HaGaT Mo 3TOMY MOBOAY HE PE3OH.
Cutyauusi M3HYTpU Obina crieuvduyeckoi. AHIIMIiCKas akageMusi Hayk obsizana lyka
pEryasipHO AEMOHCTPUPOBATH HOBbIE 3aKOHbI MPUPOABbI, YTO FPAHUYMUT C AHEKAOTOM.
Tak wnu unaye, Ho [yk moa NaBjleHWEM KOHTpAKTa OblUl BBbIHYXIEH MOANEPXHUBATH
OYeHb BbICOKHE 000poThl. M3 06LuX coobpaxeHui pa3yMHO MPEANONOXUTb, YTO KOe
J10 Yero OH JOAYMBIBAJICS CaM, KOEe-4TO pa3BelblBaJl, KOe-TAe HalyBaJl LUEKH, a Koe-Tae
W Beluas Janwy Ha yuu, ubo 6bITUe YaCTUYHO ornpenensieT codHanue. [103ToMy pewaTth
3aech BOMPOCHI, € YTO U YTO Ybe, — AeN0 HebraronapHoe U GecriepcrneKTUBHOE.

Kpome Toro — cambiii BaxHbiit acrekT (!) — y KaXIOro OTKPHITHSL €CTb HEYTO
BpOAE KpUTHYecKoit Macchl. [Toka oHa He NOCTMUrHyTa — rOBOPUTH HE O YeM. KTo-To
LlyMAeT, 4TO NOJXKHO ObITh TaK-TO Y TaK-TO, WM AAaXE YBEpeH, HO Ha MYCTOM MecTe.
3TO YTO YroaHO, HO He OTKpbITHE. /YK, MEXIY NPOYUM, MO-BUAUMOMY, 1€ HCTBUTENIBHO
nepBbIi COOOPa3ui, YTO TPABUTALIMOHHOE MPUTSIXKEHUE A0JIKHO ObITh 06paTHO Nporop-
LIMOHANbHO KBazapaty pacctosHus. U ckasan Heromony. Y 3To BrocneacTBUM MOPOAHIO
KpYIHENLUUI MPUOPUTETHBIN CIIOp.

Yro kacaercs Jlobavesckoeo, To OH, 6e3yCNOBHO, NEPBbIA MPEOnOes 3TY caMylo
KPUTUYECKYIO MacCy HEEBKJIMAOBOW r€OMETPUU.
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Bo3Bpallasch K «T€4Y€HHUI0 UIEH», TPUXOAUTCS 0OpaTUTh BHUMaHUE
Ha HEeKoTopble AeTanu. Koe-rae Mbl BOCIMOMb30BAIUCH TEM OOCTOSITENb-
CTBOM, 4TO JIOXb — JIYYIIUHA MHCTPYMEHT 00bsicHeHUs. Ho 310 TakTH-
yecku. CTpaTernyecku BbIrOfHEE, KOHEYHO, FOBOPUTD mpasay. [ToTomy
4yTO OGBICTPO MOHSITAasi BELIb Ha3aBTpa MPEBPALLACTCS B HEPA3PELUUMYIO
rOJIOBOJIOMKY.

[Tono6HOEe omaceHWEe BO3HMKAET B CBSI3U C Modeavro Kieiina. Tlpu
MOTBITKE PACCTABUTh TOYKMU HAll i MOTYT BOZHUKHYTb MpobiemMbl. Jleno
B TOM, YTO €CJIM MO3a0OTUTHCSI O CMPaBEAJUBOCTU HE TOJBKO ISITOrO
nocrynara (JI5), HO ¥ OCTAJIbHBIX aKCHMOM, TO ABUXEHUS, PACCTOSTHUS
M YOIl TIPUXOAMTCSI OMpEnEssiTb 0COO0 — Ha OCHOBE TMPOEKTHUBHBIX
npeobpa3oBaHuii. BMeCTO 0OBIYHOrO pacCTOsIHUS, HarpuMmep, Gepercs
TaK Ha3blBAEMOE AHFapMOHWYECKOE OTHOLIEHME YETBEPOK ToyeK. UTo
3TO TaKo€ — HeBaXxHO. [IpocTo Te cambie neTaiv, B KOTOPBIX MPSTYETCS
IbsiBoj1. Huuero cnoXxHoro, HO NMpPOCTOTa CMa3biBa€TCSI, U BO3HUKAET
MpOCTOp AJisi HETIOHUMaHMs. [loaToMy Ha ceMuHape y Beiiepuumpacca
(1870) monomomy Kneiiny nami or BOpPOT MOBOpOT. M TO/MBKO Yepes
ron Kaeiin «aoXajl» CUTYalMIO, XOTSI M TOCJIE 3TOr0 y HEro OCTaJUCh
MIPOTUBHHUKHM.

Ha takoro poma npuMepax MHTEPECHO MOHSITH, TOYEMY JaXe Mpo-
CThbI€ BEUIY HEPENKO BOCIIpUHUMAIOTCS B WITHIKU. [TonbiTka pazobparbest
BCErAa MOXOAMT Ha JETEKTUB. BCrbiBalOT MoaApoOHOCTH, pagUKaIbHO
MEHSIIOIIUE KapTUHY. Tak M 3aech. Bo-mepBBIX, OKa3bIBaeTCs, Modenb
Kneiina 6v1na nzobpereHa He Kaeiinom, a Kaau, HO i ADYrux Lejnen —
KaK peayiM3alys HEKUX UaeH B 00J1aCTU MPOEKTUBHOM reoMeTpuu. Kaeii-
HYy Xe TMpPULIJIO B TOJIOBY, UTO Ha 3TOM MOAEJU PEATM3YETCSI 2eoMempus
Jlobauesckozo. Bo-BTOpBIX, NEpBOHayaabHasl LeeBasi yCTAHOBKA MoIe-
JIM MpoAoJiXaja UrpaTb YyTh JIM HE MHMCTMYECKYIO poJib. BMecTo TOro
4yTOOBbl OrpaHUYMTHCA (HAaKTOM pEATM3ALMU HEEBKIMAOBOW I€OMETPHH,
Kneiin yxonun B nebpyu B3auMooTHoILeHUs: reometpuii (EBxinaa, Jlo-
6ayeBCKOro M MPOEKTUBHOIA), re BO3HMKAJAa MyTaHMIIA, ¥ MJIOAWIUCH
MPOTUBHUKH, BKJIl0Yas caMoro Ka.au.

Kaptuxa cobbiTuit, BoobGLLe roBopsi, HerosiHa 6e3 Modeau ITyankape, HO MbI Orpa-
HUYUMCSL NIMLIb YTOMUHAHUEM. «[1N10CKOCTbIO» B 3TOM MOAENU CNYXHUT, Haripumep,
OTKPbITasl MONYMJIOCKOCTb, «IPSIMbIMU» — TOJYOKPYXHOCTH, KaK Ha PMC.2, U BepTH-
KaJbHble MOJynpsimMbie (Kak MONyOKPYXHOCTH GECKOHEYHOro paauyca).

CnpasemtvBoctb (JIS) nerko npoBepsieTcs, YTO XK€ KAacCaeTCsi APYrvMX akCMOM —
BO3HMKAIOT MMPENsITCTBUSI, KOTOPbIE M3SILIHO MPEOAONEBAIOTCS, HO HECKOJIBKO YC/IOX-
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Puc. 2. Mogenb MNyaHkape

HAIOT Mozenb. g MpUIaHUs eCTECTBEHHOCTU HEKOTOpPbIM onpeaeieHUsM [lyankape
u300pen Jaxe «TeMIepaTypHbii Tplok» — cM. [2, ra. 17].

HakoHew nmocnenHee. DhdeKT npaMaTypruy BCeraa 3aBUCHUT OT IL,O-
cliefoBaTeIbHOCTH M3JloXeHUs. [1py mepecTaHOBKe HECKOJBKHMX (par-
MEHTOB TEKCTa HETEKTHB ITPEBpAIlaeTCsi B NPOTOKOJ. He3HauuTesb-
Has TepecTaHOBKa COOBITUI B ONMUCAaHHOM MCTOPMYECKOM IIpoliecce
Morjia Obl JIMKBUOMPOBATh HaKajl CTpacTeil M 3HAYMTEJIbLHO ONYCTHTH
PEMTUHI HeeBKJIMIOBOM reomeTpuu. [IpruyMHa U aBTOp NETEKTHBHOM
OpraHu3aluMy COOBITHIf B JAHHOM Cjy4yae HEM3BECTHBI.

J1na CripaBK¥ YNOMSIHEM OCTajlbHble akCMOMbl EBK/IMIa, B COBPEMEHHOM H3J10-
XEHUHU U C HEKOTOPHIMM HATSXKaMW WM IOMOJHEHWSIMM, CIOEJaHHBIMM B TOCIEIHME
200 net. PakTHYECKU 3TO PYTTIbI AKCHOM.

1
El o Yepes dse pazauunsie mouxu npoxodum odna npamas .
e Ha ao60i npamMoi ecms 06e pazau4Hole MoUKU.

o Cywecmeyom mpu moyKu, He aexcaujue Ha 00HOU NPAMOIL.

E2 e U3 mpex pazauunbix movek Ha npamoit 00Ha Aexcum Mexcoy 08yMs Opy2umu.
o Mexcdy moukamu A u B na npamoir ecmob becKoHeuHo MHO20 Opyaux movex.

o Touka na npamoil pazdensem ocmanvHble MOYKU HA 08a KAACCA MAK, 4mo cama
nexcum mexcoy n100biMu MOYKAMU U3 PA3HbIX KAACCO8.

o [Ipamas deaum naockocms Ha dge obaacmu.

E3 axcuomot deuxcerusn

o Jlguxcenue nepegooum ompe3ok 8 ompe30K, y2on 8 yeoa.

o Jlsuxcenusn obpasyrom epynny.

1
o TouHee: OnHA U TOJNILKO O1HAa, HO TAKHUE€ YTOUHECHHUS 30€Cbh OMYCKAKTCA.
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o Hekomopyie ckyuHo gpopmyaupyemble XapaKmepucmuxu, CA3AHHbIE C CYUecmeosa-
HUEM CReyuanbHblX 0BUNCEHUN 013 MPeX MoueK , HAXOORUUXCA 8 0OUeM NONONCeHUU.

E4 axcuomvt nenpepvienocmu
o B eapuanme Jledexunda onuparomca Ha 0e0ekuHd08bl Ce4eHuA.

ES e HYepes mouky, nexcauiyro 6ne npamoi, npoxooum eOuHCMeEeHHas npaman, He nepe-
CeKaouas UCXoouyio.

Ecau ctath B MOJIOXEHHE KOMIIBOTEPA, 00 3TOW aKCMOMATUKE MOXHO CKa3aTb
MHOI'0 UHTEPECHOTIO.

8.5. MnoTe3a KOHTMHYYMA

Tunome3sa konmunyyma (FK) 17) BbICKa3aHa KanHmopom, i COCTOMT B MpeN-
TOJIOXKEHUH, YTO BCIKOE GeCKOHeuHOe noaMHoxecTso [0, 1] aubo cyet-
HO, 1M60 paBHoMoluHO [0, 1]. Ha s3bike «azegpoe» 310 hopMyaupyercs
Kak 270 = N}, HO 1pu 3ToM TpebyeTcst oropa Ha akcuomy esibopa (AB).

Tédenw (1939) ycraHoBuI, uTO ecnu cucTeMa ZF HenpoTHBOpeunsa,
TO OHA OCTAaeTCsI HENPOTUBOPEeUUBOM U 1ociie npucoenuHeHus [K u AB
B KayeCTBe aKCUOM.

KosH (1963) 3akpbu1 npobiieMy, pa3o6paBIUKCh 3200HO U C aKCHO-
Moii BbiGOpa. BoT popmynupoBska ero pesynsratos [11].

8.5.1. Teopema. Ecau meopus ZF nenpomueopeuusa, mo eunome3sa KoH-
munyyma He aeasemcs meopemoii meopuu ZFC.

8.5.2. Teopema. Ecau meopus ZF nenpomueopeuusa, mo axkcuoma 6bi-
b6opa ne aeasemcs meopemoii meopuu ZF.

B utore: k ZF M0XHO ¢ paBHbIM ycIriexoM nobaBuTh Kak 'K, Tak u ee
orpuuianue. [Ipuuem 'K B HEKOTOpOM pone mpeTeHOyeT Ha pOJjib YTBEp-
XIEeHWsI, KOTOpoe HY NP Kakom paciuupenuu ZF (netanu B [11]) He Mo-
XET CTaTh TeopeMoii. [TonyyaeTcs: HEKMit aHaJIOr BhICKa3biBaHus (2.2).

17
) B 3HAMEHMTOM CIUCKE TUNBOEPTOBBIX NPOOAEM CTOMT NOI HOMEPOM OMMH.
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Cl'IeKTp MOJIC/JIMPOBAHUA BECbMA ILUUPOK, OT KOHKPETHU3ALUHWH 10 aﬁCTpaI‘HpOBaHI/IH.
B ToM Xe auanazoHe HAXOOMTCS U BCs MaTeMaTHKa.

9.1. Jlornyeckmin acnekr

Teopust Moneneit Kak MaTeMaTWuyecKasi TUCLMILIMHA, KOTOpasl TPUMbI-
KaeT K JIOTMKe, HalpaBjieHa B OCHOBHOM Ha OIlpaBIaHME JIOTMYECKMX
cXeM M akcuomaTuk. LleHTpanbHas uaest 3aKiIl04aeTcsi B IPOEKTHPOBa-
HUHU abCTpakLMHK Ha YTO-HMOYIb peajibHOE, C MOCJIEAYIOLIMM BbIBOIOM
O HENpPOTHBOPEYMBOCTH CYIleCTBYOLIEro. be3ycioBHO, akCMOMaTUKH
XapaKTepU3YIOTCS U OPYTMMHM (I)aKTOpaMV[l), OIHAKO Henpomueopeuu-
g0cmb UTpaeT Hanbosee CyIIeCTBEHHYIO POJib.

HarnoMHUM HexoTopble MOHSATUSI U GaKThl, OTHOCSALLMECS K AAHHOH Teme. Hh-
mepnpemayus s3bika — eCTb NpeobpasoBaHMe ¢ MHoxectBa C koncmanm sa3elka
B HEKOTOpOE MHOXeCTBO M, comocraBnsiiolnee GyHKUMOHATIBHBIM (M MPEINKATHBIM)
cumsonam f Hag C — byHKUMM fo Ham M, KOTOpble NPUHMUMAIOT 3HauYeHus O uau 1.

Mpu 3anaHHOW wxmepnpemauuu TOACTAHOBKA B f,(...) KOHKDETHBIX 3HaYCHHIi
MEPEeMEHHBIX 1aeT «HCTHHY» WAM «10Xb> — 1 Win 0. JlioOble 3amxrnymote dopmynst
(He conepxatuve cBOGOIHBIX IEPEMEHHBIX) SIBASIIOTCS BHICKA3bIBAHUSIMH M TAKXKE MPH-
HUMAIOT 3HaueHus | unu 0.

Modeavio MHoxcecmea A 3aMKHYmMbLX (YOPMYA HA3bI6ACMCA UHMEPNPEMAUUs, 8 KO-
mopoii ucmuntbsl 8ce opmyast u3 A.

MHoxecTBO A 3aMKHYTbIX (DOPMYN MOXET ObITb, B YaCTHOCTH, COBOKYITHOCTbIO
aKCHMOM, U3 KOTOPBIX BbIBOASITCS Apyrue 3aMKHyTble opmynbl, A Ff, u Tako# npouecc
pacumpsiet A 10 meopuu T. B ciity NOJHOTBHI HCYHMC/CHHUS IPEIMKATOB CEMAaHTHUECKOE
(F=) n cunTakcMueckoe (F) paclumMpeHHe JaeT B MTOre OAMHAKOBBIHA Pe3y/bTar.

1 o o

) Crenensio MOAHOTHI, Hanpumep. CucTeMa C enMHCTBEHHOI akcuomoli a +b = b + a
CJIMLIKOM MHOTOE BMeEIlaeT. AKCUOMAaTHKa CUMTAETCS HOAHOU, €CIM BCE MONENH MOpOXAaeMOit
TeOpUM U30MOPMHBI APYT IPYTY.
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Muoxcecmeo A 3amKkHymbix popmya cuumaemcs Henpomueopesuebim, ecau U3 He2o
HeAb3A ableecmu 06a NPOMUBONONONCHbIX ymaepxcoenus f u — f.

Teopema 5.8.2. Muoocecmao 3amkHymolx ghopmya, umerousee Modenb, Henpomusopeuso.

Teopema 5.8.3. Ecau axcuomamusupyemas meopus noaHa u Henpomugopeuusa, mo oHa
paspewuma.

Teopema 2.3.1. Ecau meopusn T nenpomueopeuuga u codepxcum 6 cebe apugmemuxy, mo
nenpomugopeyugocmov T nedoxasyema 6 T'.

HokayTupytoumit yaap no paccMaTpuBaeMoii npobieMaTiKe HAaHOCHT

Teopema 2.4.3. Cywjecmayom cucmembi aKcuom, <NOPOHHOCMb» KOMOPHIX NPUHUUNUANBHO
Heab3A o6Hapyxcums.

3mech pedb HAET O «HEMPaBUJIbHOCTH» aKCHOMATHKH, KOTOpast BULHA Beesudsuemy
Oky, HO TIPUHLIMITHAJILHO HE MOXET ObITh MPOBEPEHa, — M B 3TOM CMBIC/IE O HEel MOXHO
He GECITOKOMTBCS. DTaKasi CTpaHHasi KapTHHA: TIPOTUBOPEUMS] €CTh, HO U3HYTPH HE MOTYT
ObITb BbISIBNIEHBI (CM. pasznen 2.6).

CoBepLICHHO WHasi CUTyalMusi BO3HHMKAaeT B apugmemuke Ileano. Teopema 2.3.1
ocTaBnseT HOPTOUKY Masl BbIXOAA M3 IOJOXKEHHS, HO 3TO MyTb B GECKOHEYHOCTb
(pasgmen 9.2).

3aMeTUM, YTO B MPOTUBOPEYMUBOM TEOPHUM, B KOTOPOH BBIBOOUTCS
Kak HekoTopast ¢dopmyia f, Tak u —f, — evieodumcs arobas gopmyaa,
nockonsky U — (U — V), T.e. U3 JIOXHOTO YTBEPXIEHHsI BHIBOLUTCS
YTO YTOIHO.

NMeHHO moaToMy jiobas Monesb obOsi3aHa HacjienoBaTh IPOTUBO-
peurnBOCTb TeopuH. U ecim XOTh Kakasi-TO Moznesib CBOOOIHA OT TaKOro
pona HenmpUSTHOCTEN, — TeOpHsl HEIPOTUBOPEYMUBa.

B cuTyauuu, Korma Teopusi OXBaTbiBaeT 66CKOHEYHOE MHOXECTBO X
¢opMys1, KOHKPETHBIE YTBEPXIEHUS «3aMbIKaIOTCS» Ha KOHEeUHbie IO -
MHoxecTtBa. Hampumep, ecii X NpOTUBOPEYMBO, TO MPOTUBOPEYMUBO
Y HEKOTOPOE ero KOHEUYHOE MOAMHOXECTBO — 10 Mol NPOCMOil npu4uHe,
umo 21060il 61600 KoHeweH, T. €. LIENIOYKa, Benyllasd K IPOTHBOPEYHIO,
CONEPXUT KOHEYHOe Yuciio ¢hopMysi. Ta Xe MpuUyYMHa ¢ yYeTOM Teope-
MbI 5.8.2 IPUBOAMT K ClienylolleMy YTBEPXIEHMIO.

9.1.1. Teopema. Ecau awboe Koneunoe noomuoxncecmeo S C X 3amkHy-
mbix ghopmyn umeem moodeab, mo u X umeem modens.

ApudMeTHKa HATYpalbHOTO psifa — MHTEPIPETaLys WIK MOIENb?



9.2. Yro cromt 3a pesynbtatamm leHuyeHa 163

9.2. Y7o ctouT 3a peaynbTaTtamm leHueHa

Teopema 2.3.1 — ecTb Teopema, MU CTpOroe OOOCHOBaHME HEIPOTH-
BOPEUYMBOCTU 00s13aHO BBIUTH 3a mpelesibl pacCMaTpUBaeMOM 0061acTH
M OIlepeThCsl Ha HOBbIE MPENTONIOXKEHUs MO0 — Ha MHTyMuMIo. Ilo-
3TOMy TpoGiieMa HENMpOTUBOPEYMBOCTHU IO OOJIBLIOMY CYETy MpPWH-
UMITHaJIbHO He peluaetcsi. KoHeyHO, ee MOXHO TIepelBUrathb ¢ Me-
CTa Ha MECTO, CBOIS IPaBUJBHOCTb ONHUX MEXaHM3MOB 3aKJIIOYeHUS
K TIPaBUJIBHOCTM — npyrux. MHOrma 3To maeT ocsi3aeMblii pesyJibTarT.
Hanpumep, modeav Kaeiina cBonuT ripobiieMy HEMPOTUBOPEYMBOCTH 2€0-
mempuu Jlobauesckoeo K HETIPOTUBOPEYUBOCTH e6KAUO060U 2eoMempul,
HMMeIolle, B CHJIy MHTYUTUBHOU YOENUTENBHOCTM M MHOTOBEKOBOM
HMCTOPUM, CONMIHYIO pernyTtaiuio. [TOHSITHO, YTO CTaTyC HEyCTOsIBILUEH-
Csl NMCUMIUIMHBI B 3TOM CJiyyae cpa3y BO3HOCUTCS Ha MaKCUMAaJbHO
BO3MOXHYIO BBICOTY.

ITonbITKM MHOrO poma — CBeNeHUE T€OMETPUM K TEOPHHU YHUCell,
HanpuMep, — BBITJISOAT MeHee yOenuTeabHO, HO U OHM MUMEIOT Ompene-
JIEHHBIN CMBICJ1, OO CIIMBAIOT BOEIMHO OITBIT 0€301IMO0YHOrO pa3BUTHUS
He3aBUCUMBbIX HalpaBliIeHUH.

Ha kakoii-Tro cragMu nonoOHOro KOJIOBpallleHUsI HacTyraeT Mo-
MEHT, KOIia BOZHUKAET UIesl [BUraTh MpoOJieMy «3a Ipenesibl», BMECTO
ee TepenacoBbIBAHUS MeXIY MMeolIMMUCS obsnacTsMu. B pesynbrare
3ajlaya TepenaeTcsi B METATEOPHUIO NOKA3aTebCTB [5], T. €. «BHIHOCUTCS
3a CKOOKM», MO0 KaKO# Pe30H OCTaHaBIMBAaThCS Ha BTOPOM MeTaypoBHe?
[MTonHUMasCh O METACTyNIeHbKaM, MOXHO BBOIUTb HOBble METaaKCHO-
Mbl, KaXIbId pa3 Npa3qHOBaThb YCIIEX M IBHUTaThCs Nayiblile, CO3HABas,
YTO NPOLECC HE UMEET KOHLIA.

Oco60ro yrioMMHaHHUS B NAHHOM KOHTEKCTE 3aCJly>KMBalOT pe3yJib-
tathl lenyena 2), JOKa3aBIlIero, Kak MPUHSATO T'OBOPUTh, HEMPOTHBO-
peunBOCTh apudMeTUKU. DTO, KOHEYHO, yepecuyp. bojee amekBaTHbie
BapMaHThbI 3ByYaT TaK: HEMPOTUBOPEYUBOCTL apuMETUKH CBENEHA K He-
MPOTUBOPEYUBOCTH aHAJIU3a JIMOO — YCTAHOBJIEHA C JOMOJHUTEBHBIM
KCIIOJIb30BaHUEM TpaHCPUHUTHONU MHAYKLMH. C onpelneseHHBIMM Ha-
TSDKKaMHM 3TO COOTBETCTBYET NeMCTBUTENbHOCTH. C Ipyro CTOPOHBI,
€CNIM CpaBHMBaTh HaleXHOCTb ¢hyHnaMeHTa apuGMETUKM M aHaJIu3a,

Y OcHosHble pesysbrathl [eHLUeHa onyGnukoBaHbl B c6opHuke [17].
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TO €lle BOIMPOC «4UbSl BO3bMET». ApudMeTHKa Mpencrasisercs Oolnee
CaMOIOCTAaTOYHOM, a MHTYMLHUS, XOHIJIMUPYS LIEJIBIMM YUCJIAMM, PeXe
ownbaercs.

be3ycnoBHO, HEMPOTUBOPEYMBOCTh apuPpMeTUKH [leaHO MHTYUTHUB-
HO KaXeTCs BIIOJIHE €CTeCTBeHHOM. Bce akCMOMBI M MpaBMiia BHIBOJA
BBIMJISIOSIT «[MPABUJIbHBIMU», @ MOC/EN0BATEIbHOCTD IMPaBUJIbHBIX 111ar0B
HE MOXET MPUBECTH K OLIMOOYHBIM pe3ysbraTaM, KakK XOTeJIOCh Obl
IlyMarTb.

Ecan 10 HanoromnatenbumkoB umeloT no 100 ryceit xaxawiit, To oTOOp ryceit
y 4YeTBEPbIX W pa3gaya OCTabHbIM MO KpPYXKe MUBAa — OOJbLIMHCTBOM OfOOPSETCS.
[TpomonxkeHUe B TOM Xe AyXe U3bIMAET B UTOre BCIO AOMAIUHION MTHILY, HO Ha KaXxIou
UTEpaUUM KOJIJIEKTUB TOJIOCYeT «3a». [IpuMep MIUTIOCTPUPYET TUIIUYHYIO CUTYaLMIO,
KOTJA «LUarv XOpOLIM, Pe3yabTaT — IUI0X».

HecMmoTpst Ha Takue mapajinenu, Bepa B HEMNOTPELIMMOCTb Ma-
TeMaTUYECKOM MHIOYKIMM Yy IIMPOKUX CJIOEB HaCEJIeHMS IOCTAaTOYHO
Kpenka. [laxe mapagjoKChi TEOPUM MHOXECTB HE BBI3BIBAIOT 0COOOro
6eCrnoKOCTBa, TOTOMY UYTO KaXeTcsi, OynTo NMpUYMHA TaM HE BIIOJIHE
cepbe3Hasi, MO0 Haxe TOYHO He JIOKAIM3YeTCsl, CIOBHO PaBHOMEPHO
pa3Ma3aHa. XOTS MMEHHO MO3TOMY KOMITPOMETMPYETCSI CUCTeMa pac-
CYXXINEHUH LIEJTUKOM.

9.3. Mapapokc Ckonema

Ipynna pe3ynbratroB O BO3MOXHOCTM II€peXoda K MOMENsM Apyrou
MOLUHOCTH (meopema Jlésenceiima—Ckosema Vi ee BapUaLnM) 3 MOpPOX-
JaeT CJeNyIOLlyI0 MJUIIO3UI0, Ha3biBaeMylo napadokcom Ckonema. Bce
YTBEPXAEHHUSA TEOPUU MHOXECTB, BHIITOJIHUMBIE B KOHTHHYAJIbHBIX MO-
nensix, — 1o TeopeMe 5.8.6 BBIMONIHMUMBI M B CueTHBIX Momensx. Kak
ObITh TOrNA C TeopeMamu Jedekunda v Kanmopa, CB3aHHBIMM C CyLie-
CTBOBaHUEM KOHMUHYYMA?

Ilpu ompeneneHHOM CKiafe MCUXMKM MUDPaX MOZOGHOIO pO3bIr-
phIllia TPOM3BOOMUT CTOJIb CHJIbHOE BIEYaTJIeHME, YTO IIPUBJIEKAIOTCS
OOBSICHEHUST YYTh JIM He MMCTMYECKOrO ToJiKa. Konmunyym, neckatb,

% Teopemb1 5.8.5, 5.8.6.
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Ha CaMOM JeJie cyemeH, U CYIECTBYET €r0 83AUMHO 00HO3HAYHOE COOM -
gemcmeue C HaTypaJbHBIM psimoM. Ho 3TO «COOTBETCTBUE» HE HAXOIMUTCS
BHYTPU MOJEJIM TEOPUUM MHOXECTB, a NMPUHANJIEXUT Memameopuu, —
YTO M pa3pelliaeT NapajaoKc.

Tpiok nmpunyman Ckosemom, U pasyKpallleHHbIE BApUAHTHI YITPOUYU-
JILChb B JIMTEpAType B BHIE CTaHIapTHOro oO0bsicHeHMs. B pesynbrate
MUD, TIEe KOHMUHYYM MOXCHO nepecuumams, Xoms Obl 6 Memameopuu, —
CTaJl BBITJIANETh MeHee CKYYHO. [1py 3TOM Henb3sl CKaszaTb, YTO OOBAC-
HeHMe He ronguTcs. EcM noroBopurthbes 0 momodaloliieit TepMUHOJIOMUH,
BCe MMEHHO Tak M BbIIAANT V.

OnHako peajsibHOe MOJIOXEHUE el TOXe 3acilyXXMBaeT BHUMaHMS,
10O Torma siCHee CTAHOBMTCS, UTO CTOMT 3a IPENIIOJI0XEHUSIMHA U TEO-
peMaMH.

Ortkyna Gepercst konmunyym? VI3 KOHEUHOTO paccyxineHus. B He-
CKOJIBKO 1l1arOB OKa3bIBA€TCSI HEBO3MOXHOCTb IepecYMTaTb UYMCIa,
T0CJie Yero B OOMH wiar (OT MPOTUBHOrO) JAejiaeTcsl 3aK/iloueHue O He-
cuetHocTH. «[locamouHasi moNanKa» B BUAE€ KOHTMHYyMa MPUIOTOB-
JieHa 3apaHee, M MOoOMeHa MPOUCXOAUT yXe 0e3 KaKux-1uMbo ycunmit
Ha OCHOBE 3QKOHA UCKANMEHUS Mpembezo 3)
MOCJIENHUIH U BBI3bIBAET CTONIBLKO CITOPOB.

Tak UM UHaye, KOHMUHYYM UMeem CYemHOoe NPOUCXoxcoeHue B pe-
3yJIbTaTe KOHEeYH020 MACOBAHUA CYETHOTO MHOXECTBa pallMOHaIbHbIX
yucen. KOHTMHYaIbHOCTb, Kak TaKOBasi, 3TO yXe M3 00jacTu Xymoxe-
CTBEHHOTO BbiMbIcia. [103TOMy B TeOpuUM, ONUpPAIOLLEHCSA HA CUETHYIO
aKCMOMaTUKY M KOHeUYHble BbIBOAbI, — peEalbHOMY KOHTUHYYMY HET
Mecta. Pa3Be yTO HOroBOPHUTHCS OO YCJIIOBHOM Ha3BaHUM HEKOTODbIX
pe3yJbTaToB, YTO, COOCTBEHHO, U MMPOU3OLLJIO.

, — TMo4YeMy, COOCTBEHHO,

Ecnu xe TOBOPUTH O «METATEOPHUHU», TO COOTBETCTBUE C HATypaib-
HBIM psAOOM, YINOMSAHYTOC BbLILIE, MOXET ObITb He C BelLeCTBEHHbIMH
YyucjiaMH, a CO CYECTHbIMU OMUCAaHUSAMHU KOHTHHYYMa.

OTMeyeHHOE BbIllie pa3HOIJIacMe BO3HMKAET, KOHEYHO, HE TOJbKO M3-3a «KaH-
mopa v /edexunda». JI10060e yTBepXAcHUE aHalw3a, TA€ peyb MIECT O BELUECTBEHHbIX

4 Moxto JNOTOBOPHUTBCS TAKXKE, YTO MPONAIOLIMI ra3eThl ABTOMAT CHOCOOEH QTUAarHOCTHPOBATH
YeCTHOCTDb TpaXIaH, He 1aBasi Ta3eTbl TEM, KTO HE OMYCKAET MOHETY.

9B TEOPHUU AITOPUTMOB HA OCHOBAHWH TOTO Xe 3aKOHA M TOTO XX€ IMarOHATbHOTO PacCyXIeH sl
M3 HECYETHOCTH NEAETCS APYTOM BBIBON, O HEBBIYMCIUMOCTH.
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€ — 0 nubo TpaHCUEHOCHTHLIX (QYHKIUSX, OMMUPACTCS HAa «COCTOSIBILYIOCS» OecKo-
HEeYHOCThb. Ilepexon K CYETHBIM MOHENSIM MOXET O3HayaTb B 3THX CHNyyasax 3aMe-
Hy, Hanpumep, € & 0 Ha € = 1/n — 0 mpu n — 00, a meopema Jlégenzeima—
Ckosema OyAeT TapaHTUPOBATh, YTO MOTEPH CMbICIA HE MPOMCXOIUT, XOTS KPacku —
ONEKHYT.

9.4. Mopenu 6yneBbix crpykryp

byneBa cTpyKTypa B pa3nesie 5.3 onMchiBaIach Cpa3y ¢ MOMOILBIO MOIENA
TEOPETUKO-MHOXECTBEHHOII MHTEPINPETALIMU, YTO TIO3BOJISUIO 3a PsAObIO
¢dopMys1 BUOETb CKeJeT MPUMBBIYHON KOHCTPYKIMM. HO 3TO nenano
He3aMeTHOM poJsib Monead. [loyduTebHO TOT Xe CHOXET pPa3birparh
WHaye, HAYUHASI C TOJIOI CUCTEMBI aKCMOM M He Mpenmnosaras HUKakoii
CONEepXKaTeJIbHOM MOMOIIJIEKH.

CrepunbHO OyKBeHHass aKCMOMaTHKa B 3TOM CJIydae MPOM3BONMT
MpayHOE BIleUaTJicHUE ®). Inasusiit BOIIPOC B TAKOM CLIEHApUU: «HE MPO-
THBOpPeYar Jiu (OPMYyJbI APYT APYTY», — Ha KOTOPBIN TOJBKO COmEpXa-
TeJibHasd MOMEIb MOXET IaTh IOJIOXUTE/NbHbINM OTBeT. MHTEeprnpeTalms
Cpa3y IOKa3bIBaeT, YTO «BCE B IIOPSIKE», M TOraa IIPOJIMBAETCS NO-
MOJIHUTE/IBHBIA CBET Ha pe3y/bTaThl TUIIA TeOpeMbl 5.8.2 — «Teopus
HETMPOTUBOPEYUBA, €CJIU UMEET MOMIEJb».

[Mporusopeunsa iu hopMyia

dz:P(z) 2> Vz:P(z) |?

7 M
HenpotuBopeunBa ), IToToMy YTO CYIIIECTBYET MOJE/b, B KOTOPOM & MOXET NPUHHUMATD
€IMHCTBEHHOE 3HaYeHKE, H B 3TOM Monenu — GopMyaa BepHa.

KoHeuHo, MHTepripeTaLMsi OyneBOil CTPYKTYPhl KaK CUCTEMbI IMOJ-
MHOXECTB HEKOTOPOTO0 «OCHOBHOTO» MHOXecTBa F — HMeeT YHU-
BepcalibHbIN XapakTep. OmHakKo Bce noamMHoxectBa F paccMmaTpuBath
HeoBs3aTenbHO Y. B TO Xe BpeEMS J1I00ble CUCTEMBI OAMHOXECTB TOXE
He TONSITCSI, TIOCKOJIBKY OMepainu (CIOXEHUs, YMHOXEHHUS M HOTMONHE-
HMS) He NOJKHbBI BHIBOOMTH U3 CUCTEMBI.

6

) KoHeyHO, ec/ii XOpOLIO BXHUTBCS B POJib, 3a0bIB O CYIIECTBOBAHUM MOIENH.
7

) Ho ne o0we3HayMma.

8 - " o
) KpaiiHuit BapuaHT cucTeMbl nByX noaMHoxects {&, E}, U30MOPOHbI TOrHYECKON HHTEp-
MpeTalnu «UCTUHA — JIOXb», pACCMaTPUBAJICS B rnaBe S.
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Ec/iv roBOpUTH O KOHEYHBIX MHTEPIIPETAlUsIX, TO aKCMOMAaTUKE MO-
I'YT YIOBJIETBOPSTDH TOJILKO CUCTEMbI IOAMHOXECTB B KOJIMUECTBE 2k (?)
[MosToMy 11 TpeX3HAYHOM JIOTUKM, HaripuMep, OyjieBa OCHOBA He MO -
XOIMT.

YHuUBepcaM3M TeOPETUKO-MHOXECTBEHHBIX UHTEPITPETALIMIA MHOT-
Jia 3aCJIOHAET UOECONOrMYeCKUEe KOHCTPYKIIMM MHOM TIPUPONBI, KOTOPbIE
00HaApYXMBAlOT B TEX X€ CTPYKTypax COBEPLUEHHO APYTrMe acreKThl.
Hanpumep, BBenenue Ha otpeske [0, 1] onepanmi:

a+b=max{a,b}, a-b=min{a,b}, a=1-a,

rnopoxmnaet 6yneBy CTPYKTypy 9, Mopnenps NOAKIIOYAET K aHAIU3Y QaKThI,
JIOOBITHIE COBCEM B ApYroi obsacTu.

Hemnoxoxast Monesib, HO ONATb-TaKU C OyJieBOM CTPYKTYpOM, BO3-
HMKaeT NPU BBeJAEHUHU Orepaiui

N
a+b=HOK{a,b}, a-b=HOId/{a,b}, d:;.

Ha MHOXECTBe JeJIuTeNieil HEKOTOporo yucaa N, KOTOpoe NpeACTaBsIeT
coboit npou3BeaeHUe MPOCTHIX YUCEN B NIEPBOM CTEIEHHU.

Monenn HauyMHaAT KOHKYpUPOBaTh M oboraiuark Opyr apyra, pac-
LIMPSIS 3a00HO TIPEACTaBJeHUS O TMOKOCTM M BMECTMMOCTU abCTpakT-
HOI cxeMbl. JleTaJiu ¥ yTOUHEHMUS IO MOBOAY PACCMOTPEHHBIX Moaesei
cM. B [28].

9.5. Kax mopgenb paspylwiaer cxemy

KoHeuHO, pa3pyllieH1e U CO3uIaHne — JBe CTOPOHbI OQHOTO SIBJIEHUS.
3aBUCUT — KaK CMOTPETbD.

Tpumep HSI-npoéaemvt Tapckoeo (pasnen 4.2) naet KpacHOpeuu-
BBl 0Opa3ell Ha 0003HAYEHHYIO B 3arOJIOBKE TEMY, a TaKXKe IMOABOIMUT
K IpYroil MBICIIM: «pa3pylIMTb CXeMY MOXET TOJIbKO Mondelib». Pa3sy-
MeeTcs, eC/iM cxema rpybo nmpoTUBOpeuYMBa cama 1o cebe, oHa pyXHeT
nox coocTBeHHBIM rpy3oM. Ho cuTyaimm «0611eTo MojoXeHus» MHOTaa
OYeHb CJIOXKHHBI.

%) C TOYHOCTHIO 10 HEKOTOPBIX OFOBOPOK [28].
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Hanomuum, HSI-npo6aema Tapckozo 3akioyanach B NMPEANOJOXEHHH, YTO BCE
apudMeTHUECKHE TOXICCTBA C YYACTHEM CAONCEHUS, YMHOXCEHUA U 8036e0eHUs 6 Cmeneib
MOIYT ObITh JOKAa3aHbI B PaMKax aKCHOMATMYECKOM CXEMbI, MCITOJB3YIOLIEH TOJBKO
OOBbIYHbIE CBOMCTBA NMEPEUUCICHHBIX ONIEPALIMIA.

[TonoxuTtenbHOE pelleHUE — He OaBajoch, a Ui OTPHULIATEbHOTO — Tpebo-
BajJioCb HeuTo HeopauHapHoe. OcraBascb B paMmkax OObIYHOM apudMeTHKH, OTBET
«HET» MOJNYYUTh OGbIIO HEBO3MOXHO., Kak Hanuuue mucronera B NMPHHLMIIE MOXHO
[I0Ka3aTh, a OTCYTCTBUE — HENb3s, TaK U 31echb. Kakue-To ToXmecTBa He qoKa3biBa-
I0TCS1 C MOMOLLbIO pa3pelieHHbIX CPEICTB, HO 3TO BOBCE HE rapaHTHUPYET OTCYTCTBHS
MOIXOMSIHX J0Ka3aTeNbeTB. Ha MOKCK «paspyuaoiieii» MOAEIH 3a MpeaenaMu apud-
METMKH YIIUTH COTHHU YeJOBEKO-JIET, 1 KOHCTPYKLIUSI B KOHLIE KOHUOB ObUia HaligeHa
(cM. pasmen 4.2).

Mnes MoneiupoBaHUSI B OMpeNeJieHHOM CMBbICie YHUBepcalbHa
U paboTOoCITIOCOOHA majieKo 3a mpeneiaMM YMCTO alredpauyecKux CXeM
tina «a + b = b + a». [lon COOTBETCTBYIOIIMM YIJIOM 3PEHMS TOJIE3HO
B3IJIAHYTh Ha MHOTHE 3afa4yM, UMeloILMe Bpone 6bl MHYIO TTPUPOLY.

Tpebyemcs nakpbimb uukamu GoMuno gueypy, NOAYYeHHYIO U3 Kaem-
yamoeo keadpama 10 na 10 ydasenuem 08yx Kaemok Ha o0HOU u3 duaeo-
Hanei. Kawcoas puwra naxpvieaem dee Kaemku.

<« JlonycTuM, UCXOOHbIN KBampaT ObL1 pacKpalleH Kak LiaxMaTHas gocka. Torma
yOoaleHHbIEe KJIETKM, Oyoy4d pacrojIOXEHHBIMU Ha OOLIeH QUaroHalv, UMEIOT OOUHA-
KoBbIif 1BeT. PULIKA Xe HOMHHO HAKpbIBaeT ABE KIETKH pasHoro userta. ITostomy
HAKpbITa MOXET ObITh TOJIbKO (DUTypa, MMEILIasi OOMHAKOBOE KOJHUYECTBO YEPHBIX
M OENbIX KJIETOK., P

Bo3MOXHOCTh packpacku — Ta caMasi cBoOOma MaHeBpa B 3ajaue,
KOTOPYIO H€ BCErna JIEFKO 3aMETUTb, HO C TOM WJIM MHOM IIOJIb30M IS
Jejla — MOXHO PacCIIOpSIAMThLCS.

Lunux ckaxcem, umo «modeauposanue» 30ecb NPUMAHYMO 3a VUlU.
Packpacka, deckamo, ne modenb, a yoaurnoe cooopaxcenue. Ho «ydaunoe
coobpaxcenue» — 3MO <HUUMO», KOMOPoe HUKAK He oceeujaem HU O0OHY
dpyeyro 3adauy. Hawa 6eda wacmo 6 mom u 3axaruaemes, ¥mo, 000U8asAch
yenexa, mbt He 3adymoieaemcs o npuwunax. Ilouck omeema na eonpoc
«noHeMy» — CROCOOeH 8bl600UMb HA MY UAU UHYIO NO3ULUIO, 8bI3bIEAIOUYIO
accoyuauuu, Ha ewvipabomky <«yeaa 3pexus», ¢ Komopoeo eudHa o0u4-
HOCMb Pa3HOPOOHbIX AeAeHull. [laxce nAoXoll omeem 6 3mMoM HANPABACHUU
Koe-umo daem.
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KOHEYHO, MOXHO CYMTaTh, YTO PCYb MACT O TUMUYHOW CUTyaLIUU
rovcka KoHTprnpumepoB. Ho nipu Takoit paccTaHOBKe aKLEHTOB TepseT-
Cs1 PyKOBOISLIMI IPUHIIMIT B HECTAHAAPTHBIX TTOJIOXeHUsX. [Tpenbsabie-
HMe KopHst P(z) nns runoressl V& @ P(x) # 0 — TOXe KOHTPIIPUMED,
HO OH HM3BOIMT MIEI0 N0 NPeCHOTO BapuaHTa. OIHAKO JaXxe B TeX Cly-
Yasix, Korga u300peTaTrebHOCTb U HEOXUMIaHHOCTD BBIXOOSAT Ha IEPBbIN
I1aH, KaXeTcsl, OyITO UMeeTCsl B BUY TTIOMCK B 3aJaHHOM CEKTOpE.

DTO He TaK B MMPUBENCHHOM Bblllle MPOCTOM NpuMepe (packpacka
KJIETOK — Belllb SIBHO He TPeNyCMOTpeHHasi 3apaHee), U 3TO He TaK
BO MHOTMX 3HAMEHMTBIX KOHTPIIPUMEPAX, TaK WJIM MHaye TOBJIMSABIUMX
Ha pa3BUTHE HayYHbIX TMCUMTUIMH. CKaxXeM, Ha KaHmMopogy AeCmHuuy 10)
MOXHO CMOTpeTh KaK Ha JI00OMNBITHbIA 3muU30n, ¢parMeHT, HO 3TO
MOJIEJIb LIEJIOTO SIBJIEHUS, MTPAIOLLEero MPUHLIMITUAIBHYIO POJIb B TEOPUU
Mepbl, — ¥ KOTOpOE He TakK Jierko OblJ10 OOHAPYXKHUTb.

Heuyto mono6HOe MOXHO CKa3aThb O (Mrypax, He MMEIOLIHUX [1J10-
wany; o HenudbddepeHUUPYeMbIX (GQYHKLMSX; O HETOJHbIX (YHKLMO-
HaJIbHBIX MIPOCTPAHCTBaxX U T. 1. Bce 310 Momenu, BBISIBASIOUIME Cllabble
3BEHbS Pa3jIMYHbIX TEOPETUYECKUX CXEM.

9.6. AGCTpakTHble M KOHKpPEeTHble MoAenun

B3auMOOTHOLLIEHUS aKCMOM M MoJeJiei yalle BOCIIPUHUMAIOTCH B Ha-
NpaBjieHUHU «abCTpakTHOe = KOHKpeTHoe». Jleckarb, akcuoMa

axb=bxa

CJIMILKOM <«ITyCTa», MOHejib 00sizdaHa ObIThb OOjiee KOHKPETHOM, MeHee
abctpakTHOM. ITycTh, Mo, @ M b 6ynyT — XOTs Obl UMCIIaMH.

Ha camoM nene, npobiema B ApyroM. AKCMOMBI 4acTO He Ompene-
JISIIOT OmepailMu, GUKCUPYS JUILLIL UX CBOMCTBa. B cTuiie: nycTh X Oymet
YeM YrogHo, HO — KOMMYyTaTuBHbIM. [103TOMy Ha Momenb JIOXMTCS
3ajaya nonobpaTh «BapuaHT», KOTOpbI BOBCe He 00s13aH OBITH YEM-TO
«p€aJIbHbIM».

Xopouiuii npuMep — udeanvhoie yucra Kymmepa, "CTOpUYECKH BO3HHUKILIKE B pyciie
HCCneI0BaHUM No meopeme Pepma, B 10KA3aTENbCTBAX KOTOPOH ObLIO MHOrO «MpOKO-

'9 HenpepriBias MOHOTOHHas YHKLMS f(z), npousBonHas KOTOPO# MOYTH BClOAYy paBHa
Hysi0, TeM He MeHee f(z) Ha [0, |] ycnesaeT BbipacTd ot 0 1o 1, — cM. [3, . 5].
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JIOB» B CBSI3M C HEOOOCHOBAaHHBIM NMPUMEHEHUEM OCHOBHOW TeOpeMbl apudpMeTHKH
K OOBEKTaM MHOI NpUpOAbI.

B yactHocTH, Jlam3 u, He3aBucuMO, Kymmep B cepeivHe NEBATHAILIATOrO Beka
MPEANIOXWIM «10Ka3aTeJbCTBa», ONMMUPAIOLLIMECS HA MAHUITYISLMY C YMCIaMy BHIA

-2
a+al+...+a,2¢"", (9.1)
rae Ko3POULIMEHTDI a; — LEeable, a

2r .. 2w
¢{ =cos — +isin —.
n n

ABTOpHI TTIOHaYany He 3aMETHJIH, 4To yucna (9.1) He pasnaranuchk eduncmeenHbIM
o6pa3om, NOAOOGHO yKciaM HaTypajJbHOTO psia, Ha MPOCTbIe MHOXUTENH (HEPa3IoxXH-
Mble fasee).

BericTpen, Ka3anoch, MOJy4YMICs X0A0CThiM, HO KymMep caenan reHuanbHbiil XOn,
HOMOJIHUB MHOXeCTBO (9.1) GUKTMBHBIMM uucnamu. EnvHCTBEHHOCTb Pa3loXeHus
Ha MpOCTbie MHOXUTENAM Oblla BOCCTAHOBJIEHA, NOKa3aTenAbCTBO 3apaborano! [Ipapaa,
HE Ha MOJIHYI0O MOLIHOCTD — GUKUWS TIPUBHECHA CBOM TPYAHOCTH, — HO waest
3KCIUTyaTalluM BbIMBIC/IA TOJy4M1a HOBBIA UMITYJIBC.

He BnaBasich B MOAPOGHOCTH, CYTh [€/1a MOXHO MOSCHUTb IIPUMEPOM KOPOMKOU
apugpmemuxu Tuss6epma Ha MHOXecTBe G 4ucen Buga 4k + 1,
G={1,5913,17,...},

C eNMHCTBEHHOM omnepauueit 06bIYHOr0 YMHOXEHUSI, HE BBIBOMSILLIETO U3 G .
Yucao 693 B G packiambiBaeTCs Ha MPOCThIE MHOXMTEIM AByMsI CIIOCO6aMU:

693=21-33=9-77.

ComHoxwutenu 9, 21, 33, 77 npoctsl B G. EqvHCTBEHHOCTb pa3ioxeHust (uucaa 693)
BOCCTaHaBIMBAETCS BBeACHHEM B G DUKTUBHBIX YHCEJl, yAOBIETBOPSIOLIMX PABEHCTBAM

af =9, =77, ay=2l, Bd=33. 9.2)
Yucna GUKTUBHBI, KOHEUHO, 111 G. OGBIYHBIM pellleHHeM cucTeMs! (9.2) sBasercs
a=pf=3, v=7, d=I1 9.3)

BoamoxHOCTh HaTypanbHoOro peuteHusi (9.3), koHeyHo, cHuxaeT 3ddexT uyaa,
OIHAKO «HATYPAIbHOCTb» UMEET CMbIC/ JMLIb [is BHELIHero Habmoxartens. Buytpu G
uucnaa 3, 7, 11 HudeM He nyyie 6yKB a, 7, §. B KOHLE KOHLOB, GUKLMS i* = —1 cayxur
06pa3LOBLIM NPUMEPOM PACKPETOIIEHHOIO MOIEAMpPOBaHus. XKaiib TOAbKO, YTO MpPH-
BbIYKA TepeBepHya npeacTasaeHust. O6blYHas eqMHULIA HUYYTh HE pealbHee MHUMOIA.

Bo3sBpaiasice K MICXOMHOMY BOIpPOCY, MOAYEPKHEM ellle pa3, UTo
Mepa abCTpakiMM B MoOIeJIM He 00si3aHa OBITH HMXeE, YeM B aKCHOMa-
TKe. CKOHCTpYMpPOBAaTh MOJi€eJlb I'PYNIIbI, HAIIPUMED, 03HAYAET OQHO —
OTpeNe/IUTh TPYIIOBYIO ONepalnio, KoTopas Obl yOOBJIETBOPSJIa aKCH-
oMaM rpynnsl. s 3TOTO NOCTATOYHO 3aaTh «TaOJMIly YMHOXEHMSI»:
9i X g = gx. UT0 TaKoe g; He urpaet ponu. bes conepxarenbHOM ONOPHI
co3naHue «Tabaulibl» — Hellerkasi paboTa, HO 3TO APYroi BOIIPOC.
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9.7. B yem coctout obwas naoeq

IMpenMeT pa3roBopa 3HaYMTEIBHO Pa3MbIT, MO0 K MONEIMPOBAHMUIO CBO-
IUTCA enBa JIM He BCsA MateMmaTuka. Besne, roe onmHa cucteMa 0ObeKTOB
OTPAXAaETCS B APYTYIO — U3O0MOP(MHO WM C COOTIONEHUEM JIMLITb HEKOTO-
pOTO CXONCTBA, C UCKaXXEHUSMH TO3BOJIEHHOTO XapakTepa, C YMEpEHHbBIM
MMpUOOpETEHMEM HOBBIX CBOMCTB M MOTEPEN CTapbIX, — Be3I€ B TaKMUX
CJIydasiX MOXHO TOBOPUTb O MONEIUPOBAHUHU. YTNOTpebieHUe TEPMUHA,
KOHEYHO, He00s13aTeIbHO, HO OHO MONTAJIKUBAET MBIC/Ib B MPONYKTUB-
HbIX HampasieHUsix. [TIoTOMy 4YTO HET TPyOHBIX 3aHad4, eCTh IJIOXHE
TOYKH 3PEHHUS.

Xopoumit nipumep — urpa «Hum». B kaxcdoii kyuke no ny cnuuek. [lgoe bepym
no ouepedu awoboe koauvecmso (= 1) cnuyek, HO KaXCOolii pa3 mMOAbKO U3 0OHOU KyHKU.
Komy 6 umoce newezo 6pams, — mom u npouepan.

BbImISOUT MpPOCTO, OMHAKO BBIMIPHIBAIOLIMN aJTOPUTM HAWTH — TPYLHO, IOKa
HE TIPUXOOWT MIAEs 3arucaTb BCE 7, B IBOMYHOM cucTeMe. Toraa BHIUMCISETCS HO-
paspsimHasi CyMMa o BCEX 7 MO MOAYIIO 2: €CM CyMMa €IWHHUL B pa3psiie IeTHas,
nuetrcs 0; ecnu HedeTHass — 1. YToObl BbIMrpaTb, HaoO MPOTUBHHUKY BCE BpeEMSsI
OCTaBJISITh 0 U3 OOHHX HyJeH =

BoT Takasg Momenb, BHYTpU KOTOPO#M CHUTyallUsi COBEPLIEHHO IpO-
3payHa. YCMOTPETb <«IBOMYHYIO IPUPOdY» 3adadd, BOOOILLE TroBOpS,
TPYIHO, U TIONOOHOE «IOoINaJgaHue B NECATKY» CllydyaeTcsl penko. Eciu
3aadya U3 3amayHuKa, yMBILJIEHHO 3aMacKUpOBaHHasi Mesl BCKpPhIBaeT-
Cs, KaK MpaBuIIo, jierde. XOTsS — 3aBUCHUT, KTO TPSATAI.

Ewe oavH mpumep. Ha pucyHke 3 Tpu xopabl
nepecekaiorcss B omHoit Touke. He Gor BecTh kakas
TeopeMa, HO B JAHHOM cly4ae MHTEpPECHa MOIENb, le-
jawiiasi pe3yiabTaT o4eBuIHbIM. Ha OKpyXHOCTM Hamo
MOCTaBUTh NOJycQepbl, NMepeceyeHHs1 KOTOPbIX B MPOEK-
LMK Ha UCXOLHYIO MIOCKOCTh OyayT XopaaMu. Pesynsrar
CTAHOBUTCSI OYEBUICH.

Takue 3amad, rae «IMiliHee» He yOupa-
eTCs, a HaBellIMBaeTCsi, — JOCTaBJISIOT OIpe-
JieJIEHHOE YIOBOJILCTBUE CBOEM HECTAaHAAPTHO-
cTblo. IInockast Momellb NEepeBOAUTCS B O0b- Puc.3
emHyto. He o06s3arebHO B reOMeTpHUYECKOM

1 N .
) B uem coctont BbIMTPHIBAIOUIMI AJITOPUTM, €CJIH KaXIbli pa3 CIIMYKM MOXHO 6paTh U3 IBYX
Kyuek?
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cMbiciie. B TOM Xe Kimtoye MOXHO MHTepNpeTHPOBaTh 3a/lady O HaKpbi-
MM GUryphbl HUIIKaMU TOMUHO (pasnen 9.5), rae «BBIXOM B MPOCTPAH-
CTBO» OOecrneunBaceT packpacka ¢Gurypsl. B TOM Xe KiIto4e eCTeCTBEHHO
WHTEPIIPETUPYIOTCS U MHOTHE 33[jadM HereoMeTpUUYeCKOro XapakTepa.

JloKa3biBaTh, HAIIPUMED, YTO CyMMa KBaapaToB
4224 4nd

ABNISIETCS KBAZpaToM HeKoToporo m € N He oueHb ygoOHO. JIa ¥ HETOHSTHO Kak.
MatruHayKiuus «B J00» He OEHCTBYeT — 4eM-TO 3agaya Hexopouwra, CiMLIKOM cnaboe
yrBepxkneHue. HaBeLmBaHue neTanei Bce CTaBUT Ha CBOM MecTa. Ha «ycuneHun»

P+ 4. 40l =(1424...+n)

MHIYKLIMS NeTKO paboTaeT.

HHTepecHO, U4TO € ITUX Xe CaMbIX ITO3UIIUI MOXHO paCcLIEHUBATh aJl-
TOPUTMMUYECKYIO KyXH10. MalumHbl ThlopMHTa, HOPMAaJIbHbIE aJITOPUTMBbI
MapkoBa, KaHOHU4YeCKHe CUCTeMbl [locTa, nModaHTOBEI ypaBHeHUS —
BCE 3TO MOJENM, BBIPOCIIIME U3 OOILETO SIIpa «BbIYUCIUMOCTH» U TIpeN-
CTaBIsiiolIMe COOOM BBIXONLI B JPYrMe IMPOCTPAHCTBA MO OTHOLIEHUIO

ApYT K IPpYTY.

9.8. KoHeuHbie 6a3ucsl

B anrebpanueckoit cucteme A (C OXHOI WM HECKONBKMMH Orepaiu-
SIMU Hall SJIeMEHTaMM) eCTeCTBEHHO BO3HMKAeT BOIMPOC O KOHEYHOI
COBOKYITHOCTH TOXIECTB S, U3 KOTOPBIX CJIENYIOT BCE OCTAJIbHBIE TOX-
nectBa A. B 3ToM cnyyae S Ha3bIBalOT KOHEYHbIM 0Q3UCOM, KAaKOBOIA
SIBJISIETCS B HEKOTOPOM POJE CUCTEMOW aKCHOM uisl A mpu crieundu-
YECKM OrpaHUYEHHOM YIJIE 3pEHHUS.

e B xauectBe npumepa ewe pa3 ynomsHeM HSI-npobaemy Tapckoeo, CTONKHYB-
LIYIOCSL C OTCYTCTBUEM KOHEUYHOTO 0a3uca sl apudMeTHYECKUX TOXAECTB C YyYaCTHEM
CAONCEHUS, YMHONCEHURA U 8036€0eHUS 8 CMeneHb.

[IpobsieMa KOHEYHOCTH 0a3MCOB TOXIECTB — MOBOJIBHO TMOMy-
JSIPHOE HampaBjieHUe UCCEeNOBaHWM, Ha KOTOPOM 3[eChb HET CMBICNIA
noapo6HO OCTaHABIUBATBCS 12), HO TaM eCTb OAMH JIOOOIBITHBINA aclekT

2) cm. 0630p: Baxmypun FO. A., Oavwanckuii A. 10. 11. Toxnectsa // CoBpeMeHHbie TPOGIEMbI
martemaruku. OyHnaMmeHTanbHble HampaBnewus. 18. M.: BUHUTH, 1988. C. 117-240.
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C TOYKHM 3pEHUS HEPA3PEILMMOCTH U N0Ka3yeMOCTH. OrpaHUuUMcs IBY-
Msi IPUMEPaMM TOJYTPYIIIL.

HanoMHUM, noayzpynnoi HasbiBalOT MHOXECTBO G C OMpeleNeHHbIM Ha mapax
€ro 3/IEMEHTOB AcCOUUamueHslM «yMHOXeHUeM». [1oJyrpymnmsl MOTYT 3a4aBaThCsl «Tab-
JIMUAMM YMHOXEHHSI», & TAKXKe C TIOMOLUBIO onpedesfouux coomnouenuii (moxcdecms).

HauGonee apdekTHO BBITISAOIT TOXIECTBA B KOHEUHbIX TIOJYTPYII-
rax, He UMeloLLIMeE KoHeyHo20 6a3uca. MUHUMAaJbHast OJYrpyIina Takoro
COpTa COCTOMUT M3 IIECTH MaTpULL

R o R 1 R P

C MaTpuMuHbIM YMHOXEHMEM B KayeCTBe II0JIyrpyINIOBOil OIepalyu.

B nonyrpynrme Bcero 6 anemenToB, G = {g,, ..., g¢}, 11060€ NPOU3BE-
NieHHue g;gr He BHIBOMMUT U3 G, HO TOXIECTB 6ECKOHEYHO MHOTO, PHUYEM
13)

HECBONMMBIX HH K KaKO KOHEYHOH COBOKYIMTHOCTH

Jpyro¥ HarnsaHblid npumep. [lepecTaHOBKH OOBIYHO MPUHSTO 3aMMChIBATh B BUIE
123
23 1)°
_ (123
9=\ j

OyaeM noapasymeBaTh oTobpaxeHue g «touku» {1, 2, 3} B «touxy» {1, 7, k}, roe kaxmnoe
i,J, k MoXeT nmpuHuMaTh TpU 3HaueHus: 1, 2 wiau 3. [ToHATHO, YTO OTOOpaxeHUi
paccMaTpuBaeMOro Bra Beero 27 = 3°. B3siB KOMIMO3MUMIO OTOGPaXEHHii B KauecTse
TMOJIYTPYTIOBOM ONEpaunu, MouyyaeM KOHEUHYIO TONyrpymmny

[lo aHanoruu non

G={g,....,99},

)

o 14
TOXIECTBA B KOTOPOM, KAaK OKa3bIBACTCA ', HE UMEIOT KOHEYHOIo basuca.

Mbl ocTaBisieM B CTOpPOHE OOOCHOBaHMS, MOCKOJIBKY XOTHM 00-
paTUTb BHMMaHHUE JIMIIb Ha ONMH aclieKT. B ToM u napyrom ciiyyae
3a CYET MCKYCCTBEHHOrOo OTpaHMYEHUsI CPENCTB BO3HMKAET COBOKYII-
HOCTb TOXIECTB, CUISI 6HYMPU KOTOPON HEBO3MOXHO naTh 3¢dheKTHB-
HYIO aKCMOMaTHU3a11io CUCTeMbl. MHBIMM CllIOBaMM, HUKAKasi KOHeYHast

13) Mepxunc I1. Bazuchl 1UIs 3KBALMOHATIBLHBIX Teopuit moayrpynn // KubepH. ¢6. 1974, Ne 11,
5-23.

') Bosxos M. B. O KoHeuHo# 6aszupyemMocT MHorooGpasuii nonyrpynn // MarteM. 3aMeTKH.
1989. 45. Ne 3. 12-23.
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[6nympennas (1)] akcuomaThKa He TIO3BOJISIET CENATh BCE TOXKAECTBA 10~
KazyeMbIMU. OnHAKO BBIXOM 32 MpEAeibl CUCTEMBI NAaeT KOHEYHbIA UH-
CTPpYMEHT IJIsI OKAa3aTeJIbCTBA JIIOObIX ToXAECTB. B mocienHeM ciyyae,
HarnpuMmep, Uil TPOBEPKHU TOXIECTBA = 1t JIOCTaTOYHO BMECTO I
MOACTABUTb MOCAENOBATENBHO gy, ..., §27, — U YOoenuThbcs B cobnione-
HUM PaBEHCTBA.

MBbIC/Ib 0 BO3BMOXHOCTH 4E€TO-TO NMOAOOHOTO [uist apuMeTUKH Gec-
nepcrieKTUBHA. TaM OrpaHUYEHUST MMEIOT aOCONIIOTHBIM XapaKTep 15),
M HUKaKHe BBIXOOBI «3a TIpeneJibl» He CIIOCOOHBI KapaUHAJIBHO M3Me-

HUTb CUTYaLHIO.

5 . .
19) DKBUBATEHTOM COOTBETCTBYIOIIEH «aGCOIIOTHOCTH» SIBNISIETCS Me3uc ‘Iepua.
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CreneHnn HepaspeLmnmocTm

WsyyeHue MepeyncauMMbIX MHOXECTB HaIpaBasieTCsi AByMsi cuiaMU. OCMBICIEHHBIMU
YCTAaHOBKAMM M TEHACGHUMEN K pacluMpeHuio. Heympapnsiemblit poct obecrieumBaeT
paboToi MaTeMaTMKOB, HO MHOIIA BEOET K OTKPBHITUSIM, Ha KOTOpble TPYIHO ObIIO
pacCuMTHIBATD.

Huxecnenyiowmuit TeKCT npecieayeT HECKONbKO CTpaHHYI0, Ha MepBblil B3Is,
uenb — IMOKa3aTh, YTO paccMaTpyBaeMasi 00JacTb He s «OOLIEro oGpa3soBaHUsI»,
W Ha Hee He CTOUT TPaTHTbh BpeMs B ylLIepO pelueHUIo Dojiee BaXHbIX 3a4a4 THIA Mpo-
OJDKeHMs poaa.

10.1. CeoanMocCTb

OTHOLIEHUS TIOpsiiKa U 3KBUBAJIEHTHOCTH Ha M3ydyaeMbIX COBOKYITHO-
CTSX MO3BOJISIIOT BBISIBJISATb CTPYKTYpY M, TEM CaMbIM, Jiyyllle «BUAETb».
Yro KacaeTcsi BBIYUCIUMOCTH, ObUIO Obl XeJjlaTeJIbHO MMOHUMATh, BCE JIU
HepaspelurMMble MHOXECTBA «ONMHAKOBO Hepa3pelluMbl» JIMG0 eCTh Ka-
Kasi-To uepapxus. [1oHSATHME CBOAMMOCTM OOHMX 3amay K IpYyrUM —
MOPOXIaeT HEKOe YIIOPSIIOYMBaHHUE 3a1au 110 CJA0XHOCTH.

Yuratesneii, y KOTOPbIX XBaTaeT [IpobieM 3a TpeleiaMu paccMaTpH-
BaeMoW TeMaTHWKH, HEOOXOMUMO TpeNyIpeauTh, YTO KYJILTYypHOE U Du-
JocodcKoe SAPO ATOPUTMUYECKOTO B3TJIsSAa COCTABISIOT ApYTrUe UHIpe-
nueHTbl. HepaspelurMblie 3amaun, Teopemsl ['€nesisi — BOT CTepxKHeBble
¢akTbl, 0bGecrieynBaloIIMe MPOPLIB B IPYroe NMpoCTPaHCTBO, M3 KOTO-
poro MUp Mo-IpyroMy BUIOMTCS. A HaBeleHHe Mopsiika — ymes Ipo-
deccuoHanoB. [1o3ToMy TexHUYeCKHe TTOOAPOOHOCTH Hajiee B OCHOBHOM
urHopupytorcs. IlonpobHass MHGOpPMaLKMs O CBOAMMOCTSIX U CTETEHSIX
HepaspelMMOCTH umeeTcs B [23, 27], cM. Takxke [4, 13].

MuoxectBo X C N HaswiBalorT m-ceodumoim X Y C N, yto 060-
3Havaercs Kak | X <, Y |, ecnu CyuiecTByeT Takast ectody onpedesennasn

Bblunciumast GyHkuus f(z), uto

zeX & f(@ey (10.1)
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B cayyae X <, Y, Y <, X MHOoXecTtBa X u Y HaswIBalOT M-
akeugarenmubimu v mviyt X =, Y.
OrHoueHue <p, (Kak M =) pednekcusHo, X <, X, ¥ TpaH3u-
TUBHO,
X<nY, Y<nZ=>X<$n”2.

Kpome Toro,
X<nY = NX<,NY

Jlerko yctaHaBAMBaeTCs Clenylomui hakr.

10.1.1. Teopema. Eciu X m-ceooumca K paspeuwiumomy uau nepevuc-
aumomy muoxncecmgy Y, mo X, coomeemcmeenno, papewiumo uiu nepe-
YUCAUMO.

Ecnu xe X <, Y, HO X Hepa3peliMMO WM HETEpPeyucInMo, TO U Y, COOTBET-
CTBEHHO, HEpa3pelIuMo WK Hemepeyuciumo.

10.1.2. Onpepenenue. [lepeuucaumoe mHoxcecmeo Y Hazvieaemcs m-
NOAHBIM, ecau K HeMy TN -ceodumcs aoboe opy2oe nepequciumoe MHoxce-
cmeo.

JIpyruMu CJIOBaMHM, MHOXECTBO Y M -TIOJIHO, €CJIM TIepeYMrCINMO,
¥ a060e Ipyroe MepeuynciuMoe MHOXeCTBO X IpeiacTaBMMO B BMIE
npoobpaza X = f_l(Y), rne f Bclooy omnpenesieHHash BbHIYMCITUMAst
(. e. obuepeKypcuBHasi) GyHKLMSI.

B cuiy TpaH3UTHBHOCTH OTHOLUEHUS <, BCE M -TOJIHbIE MHOXE-
CTBa M -CBONATCS ApYT K npyry. KpoMe Toro, ece m -noanvie muoxcecmea
HepaspewumMbl, TIOCKOJIbKY K HUM 00SI3aHbI 110 -CBOAUTLCS ITEPEYNCIIUMbIE
Hepas3pelluMble MHOXECTBA, CYLLIECTBOBaHME KOTOPLIX FrapaHTUPYET, Ha-
npuMep, Teopema 1.6.4.

Bce HemycThie oTnyHble OT N paspewurMMbie MHOXECTBA 710 -3KBUBAJICHTHBI APYT
apyry. (?)

OTHoOLIEHHE 1M -9KBUBAJIEHTHOCTH Pa30MBacT YUC/IOBbIE MHOXECTBA
Ha HemepeceKaloulecs KJacChl 7 -3KBUBaJIEHTHBIX MHOXECTB, 8 OTHO-
LIIEHUE 1M -CBOOMMOCTHM YaCTUYHO YNOPSAOYMBAET 3TU kiacch. Cpean
MepeYncanMbix MHOXecTB (ecin He cuutath & W N) HauMeHbLIMM
B CMbICJIE <y, OKAa3bIBAa€TCS KJIACC pa3pellMMbIX MHOXECTB, a Haubob-
LIMM — KJIACC 77 -TIIOJHBIX MHOXECTB.
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10.2. MpoAyKTMBHOCTb M KPEaTUBHOCTb

Ecnu nepeymciMMoOe MHOXECTBO Hepas3pelliuMO, TO €ro IOMOJHeHHWe
Henepeyncaumo (teopema 1.6.3). [103TOMY, MBITAsICh KaK-TO KJIACCH-
$HULMPOBaTh HepaspelluMble OOBEKThI, €CTECTBEHHO COCPENOTOYMTb-
Cs Ha OTJIIMYMSIX HeIepeyrcCIMMbIX MHOXeCTB. [lepBoe, 4TO MpUXOOUT
B TOJIOBY, — BbIIEJIUTh KJIACC MHOXECTB, OTJIUYUS KOTOPBIX OT JIIO-
60ro NMepeyrncIMMOro MHOXECTBA MOXHO KOHCTPYKTUBHO OOOCHOBATb,
T. €. 9ODEKTUBHO YKa3aThb 3JIEMEHT I, BXOLSIIMI B OMHO MHOXECTBO
M He BXONAIIMI — B OpYroe.

I[MonoGHBIM CBONMCTBOM 00JamaeT, HarpuMep, OOIOJHEHUE duaeo-
HANbHO20 MHOXMCECMEa

D={z:z¢S;},

roe Sy, ..., S, ... — eédeneeckas Hymepayus NepeINCIMMbIX MHOXECTB.
B 0611eM BHuIOe COOTBETCTBYIOMIEE CBOMCTBO GOPMYIUPYETCS Tak.

10.2.1. Onpepenenune. Muoxcecmeo X Hasvieaemcs npodyKmueHsIM,
ecau cywecmeyem obuepexypcuenas gynkyus f(x) makas, umo D

S, CX = f(z)€X\S,. (10.2)
Bonee ecTeCTBEHHO BBITJISAENO Obl, KOHEYHO,
S:#X = f(x)eXAS, (10.3)

Bmecto (10.2), 4TO MO3BONSUIO GBI C GONMBIIMM OCHOBaHHUEM TOBOPUTb 00 Idexmus-
Holi nenepewucaumocmu [4). Ho tpe6osanus (10.2) n (10.3) Ha camom Iese KBUBa-
AeHTHsL. (?)

10.2.2. OnpepeneHnune. Ilepeuucaumoe Mroxncecmeo, donosnenue Komo-
D020 NPOOYKMUBHO, HA3bIBACMCA KPEeAMUBHbIM.

Ha MotuBamum omnpeneiaeHui Jyvlle He OCTaHaBJIMBAThbCs, I1O-
CKOJIBKY 3IeCb TPYAHO CKa3aTb 4TO-J1ub0 ybenutenbHoe. IIpocTo Tak
ObLJIO HAa3BaHO, MTOTOM 3aKPENUJIOCh.

[MpuHIMNTHANIBHYIO XapaKTepUCTUKY ITPONYKTUBHBIX MHOXECTB AaeT
CJienylOlui pe3ysbTar.

10.2.3. Teopema. Jlioboe npodykmuenoe muoxcecmeo X codepxcum bec-
KOHeuHoe nepevucaumoe NOOMHONCECMEO.

Y fna D dynxuns f(z) = o.
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<« Ilycts ny — xakoi-1100 régeneBCKuil HOMEP MyCTOro MHoxectBa &. [To-
cKOJbKY Sy, C X, TO f(ng) € X B cuny (10.2). Janee, nyctb n; réaeneBckuit HOMep
nepeynciuMoro MHoxectsa {f(ng)}, cocrosiuero us ogHoro sneMeHTta. Uiuem Ho-
Mep n, nepeyncanMoro Muoxectsa { f(ng), f(n,)}, u Tak nanee. »

CTporo roBopsi, 3TO €CTb Hes, a HE CaMO A0KAa3aTeJbCTBO, MTOCKOJIbKY B paMKax
WIEO0NOTHA KOHCTPYKTUBU3MA HENOCTATOYHO CKa3aTh: «bepeM Kakou-1ubo HOMED 7 ».
OOHAKO ArOPUTM KOHKPETHOTIO BHIGOpA 0OECIIEYHBAETCH HEMHOIO CKYYHBIMU YTOYHE-
HHUSIMH.

N3 teopembr 10.2.3 u onpenenenus 10.2.1 BbiTeKaeTt, uTo 0boe
MPONYKTUBHOE MHOXECTBO X CONEPXMT LIETNOYKY BIIOXKEHHBIX OPYT
B Ipyra IepedrcIMMbIX MHOXECTB,

X, C...CX,C...CX,

B HEKOTOPOM pore Ipubanmxawmmx X.

10.3. UMMyHHbIE MHOXECTBA

3aKOHOMEpHbBIH BOIIPOC: CYLIECTBYIOT JIM Hepa3peliuMble MHOXECTBa,
He SBJISIIOLIMECS nPodyKmueHvimu (DaBHOCUIIBHO, KpeamugHoimu)?

10.3.1. Onpepenenue. beckoneunoe MHOM¥ceCmeo, He codepxcauiee bec-
KOHEYHbIX nepevyuUcaumblx noc)MHoofcecme, HA3bl6AEMCA UMMYHHbIM, A hepe-
YUCAUMOE MHOMCECMEBO C UMMYHHbIM 60n0/menueM — NhpOCMbIM.

OnpenennTb, KOHEYHO, JieTKO. TpynHee yOemuTbcsi B CYLLECTBOBA-
HuHu. Tyt onsATb-Taku rmipeycrien [1oCT, CKOHCTpYMPOBAaBLUMI npocmoe
MHONCECMBO.

<« KoHCTpyKlIMs OcHOBaHa Ha ecTecTBeHHO# uaee. [Ipoctoe MHOxXecTBO X
HOJDKHO MMETh BeckoHeuHoe 00noAHeHue Vi nepecekamscs ¢ A0biM BecKoHeHbiM nepe-
uucAUMbIM MHOXCeCmEom Sy, the S, ..., Sy, ... HyMepalus NepeynUCIUMBIX MHOXECTB.
Ecnu 6e3ayMHO B34Th 10 OIHOMY HOMEPY U3 KaX0ro S, , TO HEBO3MOXHO FapaHTHpPO-
BaTb GECKOHEYHOCTb HOTONHEHUS X.

BbIMIpLIBAIOUIMI MaHEBP 3aKJIIOYAETCA B CIAENYIOIEM. PacCMOTPUM MHOXECTBO
nap W = {(z,n)}, rae ogHOBpeMeHHO (Wis Kaxzo¥ mapel)) £ € S, u z > 2n.
OtbpachiBaHKE paHee BCTPEYABUIMXCSA MAp MpU mepeyucneHun W [aeT MHOXECTBO
nap W, BTOpble uleHbl KOTOPOTo (mpoexuust) MOPOXAAIOT NEPEYUCTUMOE MHOXECTBO
X C N, nepecekaioleecs ¢ 1106b6IM GECKOHEYHBIM NMEPEYUCTUMBIM MHOXECTBOM. B

HMMMyHHblE MHOXeCTBAa OOBIYHO XapaKTEePHU3YIOT KaK «TeCHBIE»,
MOCKOJIbKY OHM HE BMEINAIOT HU OJHOTO GECKOHEYHOTO MEPEYMCIUMOro
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MHOXecCTBa. B To xe Bpems [23]: cywecmeyem konmumnyym muoxcecms,

2
UMMYHHbIX émecme co ceoumu donoannenusamu ”’. Ho obocHOBaHME 3TOrO
¢dakra, pasyMmeeTcsi, HEKOHCTPYKTUBHO.

MMMyHHOe MHOXECTBO TIpeacTaBisieT coboii, 6e3ycioBHO, aHoManu1o. I1po Hero
HeJIb3d 1aXe KOHCTPYKTHBHO CKa3aTh, KOHEYHO OHO Win beckoHeuHo. 60 B mocneaHem
ciayyae Hamo Obl YMETb TMPEOBSIBISATh CKOJBKO YTOOHO WIECHOB, HO 3TO YX€ BapUaHT
TMIPONYKTUBHOTO MHOXECTBA.

10.4. BbluMCNEeHU C OPaKyoOM

BolunciieHust ¢ OpakyJioM — CKOJib3Kasi 06JacTh, MOCKOJIBKY B HEKO-
TOPOM poOJie TPEArojaraeT CyleCTBOBAHHE «TOTO CBETa» U BOJILIEGHOM
najgouku. C qpyroil CTOPOHBI, €CJIM TOTBITKY YIOPSIOYUTh MHOXECTBA,
He TIOMAININECS KOHCTPYKTUBHOMY aHAIM3y, CUMTATh NPAaBOMOYHOM,
rnoyeMy OBl He BBIITYCTHTb I)KHHHA U3 OYTBIIKH.

JlOTIyCTUM, UMEETCS «UEPHBIH SAIUMK», Ha3bIBAEMBIA 0paKynom, BbI-
natounit 3HayeHus: GyHkumu O(z). [Mon BBHIYMCIEHHEM C OPaKyJIOM
O(z) mnompa3ymeBaeTcsi Jil00OW aJIrOpUTM, HMMEIOLIMHA BO3MOXHOCTb
M0 Mepe BbIYUCIEHMIA BpeMsl OT BPEMEHM IIOChUIaThb Ha BXOH Opa-
Kyna moboe £ u nosnyvats otBeT ¥ = O(z). B uHOW MHTeprpeTainu
Opaky/l #aeT OTBET O NPHUHAAJIEXHOCTH T HEKOTOPOMY MHOXECTBY 2,
HO 3TOT BapUaHT, OYEBUIHO, B3aUMOCBSA3aH C NMPENBIAYILUM.

YToOBI CYyIUTh O «KDUMMHAJIBHOCTH» 3aMaxa, JOCTAaTOYHO CKa3aTb,
YTO OJUH M3 IIPOCTEHLIMX U IITUPOKO UCITOIb3YEMBIX OPAKYJIOB — peElliaeT
npobJjieMy OCTaHOBa MalllMHbI ThlOpUHTA . Ha BXOI MOCHIJIAeTCS IPO-
rpaMMa M BXOIHO€E CJIOBO, Ha BbIXOEe — TOYHBIM IPOrHO3 06 OCTAHOBKE
MalllMHBl WX 3aluKiuBaHuM. KoHedyHO, Ha ¢OHe «KaKoit-HHOynb»
aKCHMOMBI BBIOOpa Takoe TPEANoJIOKEHHE He CIIMIIKOM 3alllKaIWuBaerT,
HO TyT ocobast cutyauusi. [IpennonoxeHue nenaeTcss B TOW Xe ernap-
XUH, B KOTOpOH Obl1a 000CHOBaHa MPUHIIMITMAIBHAS HEepa3pellIMMOCTh
npobnemot ocmanoea. IlpuueM neno He B COOTIONEHUH NTPUINYMIA, B He-
KOTOpPOW MIIEOJOTMYECKOW HEeCOBMECTMMOCTH moaxonoB. OmHaKo, Kak

2 To ectb X u X 06a TecHble, Ho X UX = N.

3 AJITOPHTMbI, HCTIONB3YIOLLHE OPAKYJl, pelualowmit mpo6ieMy ocTanosa, Hasbisaorces 0 -gbi-
YUCACHUAMU.
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rOBOpUTCSI, cobaka jaeT, KapaBaH uueT. [1710xo M, XOpolIo JiM, HO Mo-
HSITHE OpaKyJia MO3BOJISIET Pas3inyaTh (BMOETH) OTTEHKU B HEBUIMMOIA
0051aCTH, YTO XOTSI U HE OTMEYEHO B KHUIe peKopnoB [MHHecca, UMeeT
CBOM ILTIOCHI.

Pensatusnaauma. BosmoxHocTb oOGpauuenusi K opakyiny O(z) pessmu-
gu3yem TEOPHUIO AJITOPUTMOB. AJITOPUTMbI MPUOOPETAIOT HOBbLIE CBOWA-
CTBa, HO 3TO HUKAK HeE BJIUSIET Ha DyHIaMeHTaIbHbIe PE3YJIBTaThl O BbI-
YUCIUMBIX PYHKLIMSIX, Ternepb yxke «O -gbmucaumbix». Cpenu GyHKIIUIM
OCTAIOTCSI MPUHLIMITHAIBHO HeNoOoTpenesisieMble; BOSHUKAIOT «O -Hepas-
pewumbie» MHOXeCTBa, «(Q-nepeuucaumoie»; CyIeCTBYIOT «O-yHugep-
canbHble QYHKYUU» U T.T1.

IIpu 5TOM He MEHSIIOTCS HE TOJBKO pe3ysbTaThl, HO U NIOKa3a-
TenbcTBa. COOCTBEHHO, PE3yJIbTaThl HE MEHSIOTCS KaK pa3 MOTOMY, YTO
OCTalOTCsi pabOTOCIIOCOOHBI BCE CTapble CXeMbI paccyxneHuid. B ompe-
JieJieHWe PeKypPCUBHBIX (DYHKLIMIA MPUBHOCHUM €Ille ONHY BCIOmy OIpe-
neneHHylo byukiuuio O(z). HUKakuM npyHUMNIHATIBHBIM BBIBOAAM 3TO
He MewaeT. B 3ToM mone3Ho ybenutbesi, npuMepyuB HOBOBBEIEHHUE K pa3-
HbIM cuTyalusiM. To e camoe — ¢ MalinHaMu Telopunra. Ho aTo Tema
IUIST UHIUBUOYAJIbHOTO pa3MbIlIEHUS 9,

PensiTuBM3alIvsi TEOPUHU BHIYUCIUMBIX DYHKIMN — OUEHb NPOCTasi,
HO BaxHas unmesi. «BaxHas» ¢ TOYKU 3peHUsS] MOHUMAHUS, YTO TAKOE
anroputM. [lepeMeHa OOCTOSITENBCTB, He BAUSIOLIAS HA TIPUPONY SIBJIE-
HUS, KOE-YTO JaeT U1 IPOHUKHOBEHUS B CYyTb U3y4yaeMbIX MEXaHHU3MOB.
M He Oynb OpakyjioB — HX Obl CTOMJIO BbIIyMaTb, YTOObI OCMBICIUTh
MpeAMET B HANPaBJIEHUU PeNIITUBU3ALINU.

10.5. TblOpUHroBbl cTENEHU

Pa3peiuatoiasi ciocO6HOCTb 771 -CBOIMMOCTH BCE-TaKM HemOCTaTOYHa,
YTOOBbI OXBaTUThH J1OObIE Hepa3pelliMMble MHOXeCTBA. bojiee coBepliieH-
HYI0 JJAKMYCOBYIO OyMaXxKy, XOTSI ¥ (paHTaCTUYECKOTO TPOMCXOXKIEHUS,
aeT CBOOAMMOCTb MO ThbIOPUHTY, MMO3BOJISAIONIAS CPABHUBATD M0 CJOXHO-
CTH peLlEHMs Jaxe Te 3amayu, KOTOpble He MOIIAlOTCS alrOpUTMHUYE-
CKOMY OTIpeneieHHIO.

4
) «KonnekTuBHOE» OﬁCy)KI[CHMC HEKOTOPBLIC TEMbl TOJILKO 3anyThiBaCT.
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MHoxecTBo X Ha3blBaloT cgooumbim no Teropuney (T -co0umoim)

K Y, yto obo3Havaetcs Kak | X <, Y |, ecniu X paspewinmo npu Ha-

JIMYMHM opakyna s Y.

Tpu 3TOM XapaKTep MCIONb30BaHUS OpPaKy/la He 00sI3aTe/IbHO TMpearnonaraeT npo-
creifluumit BapuaHt ¢ € X & f(z) € Y, xaK B cnyvyae m-cBoauMocTu. JomyckaioTcs
AJIFOPUTMUYECKU GOJIee CIIOXKHBIE CXEMBI.

OtHoluenne <, pedJEKCHBHO U TPAH3UTUBHO, PABHO KaK U =,
X=Y em XYYV X,

YTO MO3BOJISET BBECTU KJIACCHI 9KBUBAJIEHTHOCTU MO =, Ha3biBaeMble
molopuHeogoimu cmenenamu, win T -cmenenamu, WM, HAKOHEL, cmene-
Hamu nepaspewumocmu. Uupimu cnosamu, T'-ctenieHb dgX — 310 Kiacc
3KBUBAJIEHTHOCTU, KOTOPOMY MPUHAMLIEXUT MHOXECTBO ) X.

HenepeuuciuMbie MHOXECTBA Terepb «IerajiM3yloTCsi» U MOTYT
naxe T'-cBOOMTHCA K nepeyucauMbiM. Hanpumep, nuaroHaibHOe MHO-
XECTBO M ero morosiHeHue 1'-CBOASITCSL APYr K Ipyry, Moranasi B OAUH
KJ1aCC 3KBUBAJIEHTHOCTU. B OMH Kj1acc ronanaioT BCe 1 -TOJIHbIE MHO-
KeCTBa U UX JOMOJHEHMUS.

TeM He MeHee caMOTO CJIOXHOTO MHOXECTBA Z B CMbICJIe ThIOpUH-
rOBO# CBONIMMOCTHU HE CYIIECTBYET, TOCKOJIbKY B PEJIATUBU3ALIMM TEOPHUHU
aJITOPUTMOB C IIOMOLLbIO OpaKyJia Z Obljin Obl CBOU «HEPA3PELLIMMOCTH».

Crporoit ynopsinoyeHHOCTH T'-CBOOUMOCTH He obecrieunBaet. Cy-
1ecTBoBaHUe T'-HeCpaBHUMbIX MHOXECTB YCTaHABINBAETCS JOCTATOYHO
npocto (Kwunu, ITocm) Ha TIpUMepe HECKOIBKO 3K30TMUECKMX MHO-
XecTB. JloJroe BpeMsl OCTaBaJICsi HEPELEeHHbIM BOMPOC O CYLECTBOBA-
HUM HECPaBHUMbIX MO THIOPUHTY MepeuncIMMbIX MHOXECTB (npobaema
ITocma). OHa Obina peuieHa He3aBUCUMO Myunukom w Dpudbepeom.
PelieHre oKa3ajoCh HOCTaTOYHO CJIOXHBIM U BbI3BAIO OfnpeaeeHHbIi
pEe30HaHC B MaTeMaTUYeCKUX Kpyrax, HO KaKOro-To MpUHUMITHAIbHOTO
3HaYeHMst [JIst TEOPUM AITOPUTMOB 3TO NOKA HE UMEET, eCliM He CUMUTATh
u300peTeHne MO Xomy AeNla Memooa npuopumemos, KOTODPbIH Terepb
JOOCTaTOYHO LUMPOKO MPUMEHSIETCSI B KAUECTBE UHCTPYMEHTA.,

5
) B aHanoruuHble KNACChl MOXHO OBBbENMHATL dynkunu [27].
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10.6. Nepapxusa cteneHen

Jioboe nepeuucrumoe mroxcecmeo X ecmov npoeKyus paspeutumozo MHo-
awcecmea Y C N x N, u naobopom,

zeX & dy:(z,y €Y. (10.4)

«  AnropuT™, nepeyrcasiomuii X, moay4yaeTcs nepeunucaeHUEM nap ¢ yaaaeHu-
€M M0 XO4y [e/1a BTOPbIX YJIECHOB.

OGpaTHO, nepeuncnumoe X ecTh MPOEKLMs Pa3peliuMOro MHOXeCTBa nap (z, y),
rae ¢ € X mnogBigerca B TeYeHHE Y LUArOB PabOThl AITOPUTMA, MEPEYUCIAIOLIE-
roX. »

3amena B (10.4) 3 Ha V npMBOOMT K YCIIOBHIO
zeEX & Vy:(z,y) €Y, (10.5)

KOTOpO€E UMeeT OPYIYI0O MHTEpIIpeTa1io, OMMUChIBasi MHOXecTBa X C Ie-
PEYMCITUMBIMU JOTIOTHEHUSIMU (eCi 1ox Y MO-TIpeXHEMY MoapasyMe-
BAETCSI pa3peIiuMoe MHOXECTBO Tap).

Mexanuamsi (10.4), (10.5) ncrionb3ylOTCst 1715t HHAYKTHBHOTO OIpe-
NEJIEHWS] MbIOPUHE0BbIX KAACCO8 Yy, I1,. MHoxectBo X u3 (10.4) npu-
HAUIEXUT Kiaccy Y4, ecnmu Y € I, a X wu3 (10.5) npuHamiexur
xnacey gy, ecan Y € X

B kauectBe X, Il BbIOMpAIOTCS KJIACChl pa3pelliMMbIX MHOXECTB.
Torna ¥; — mepeyuciauMbie MHOXeCTBa, II; — ux momoaHeHus. Y Tak
nanee — B TeopuH. IlpakTuKa 3aKkaHYMBAaETCS TOC/e MePBOi UTEPALIUU.



naea 11

CBogka onpeneneHni U pesynbraros

11.1. AAropuTMbl U BbIYUCAMMOCTDb

V' Arcopumm — 3mo npozpamma Ha A06oM YHUEEPCANbHOM A3bIKE NPO2PAMMUPOBA-
Hus (hanpumep, Ha gopmpane).

V' Moxcem au ancopumm dokasvieame meopemoi? MOXET, IpudeM A100bie JoKasye-
moie. U3BeCTHbIE U ele Heu3BeCcTHble. Maed 3akiiiouaeTcst B MOMCKE LEMOYEK, BELYIIUX
OT UCXOOHBIX aKCUOM K (hopMyaupoBkam TeopeM. Bee ato xomupyercsa, u nepe6opom
n100ast KOHeYHast LeroYKa paHo WM MO30HO OyeT HaileHa, ecau cyujecmayem.

v’ Onpenenenne 1.3.1. Lenrouucaennyio dyncyuro f(n) uesouucaennoeo apeymen-
ma HA3bI8AI0M GLIHUCAUMOU, €CAU CyUjecmeyem aneopumm, eoiuciaouwuil suavenus f(n),
HO Heoba3amenbHo npugodAwull K pesyrbmamy. Muoxcecmeo aoiuucaumoix GyHKyuil 060-
3Hauaemcs yepe3 IF.

V' Bbiuncnumbsle GyHKUMH (POrpaMMBbl BBIYHCIEHUM ) MOTYT OBITH 3 (HEKTUBHO
MPOHYMEPOBAHBI:

fl(ﬂ),.-.,fk(n),... .

CHayana nepeyMcisilorcsi Bce MPOrpaMMbl U3 OOHOM OYKBbI, MOTOM M3 IBYX, MOTOM
M3 TpeX M TaK janee.

v Teopema 1.5.1. Jwbas noneimka esecmu nowsmue viuucaumois Pynxyuu f(n)
mak, ymobui oHa bbina onpedeneHa npu A000M N, — Hepa3yMHa.

v' MHOXEeCTBO CYUMTAETCS nepequcaumbim, €ClNu cylliecTByeT 3ppeKTuBHas Npo-
uenypa (a1ropuT™) MOPOXAEHHS €10 JEMEHTOB. DIEMEHTHI IEPEUMCIUMOTO MHOXECTBA
3(peKTUBHO HYMEPYIOTCSI — B TNOPSAAKE MOSIBICHUS.

v MHOXeCTBO Ha3bIBacTCsl paspeuiumbimM, €CIIM CyliecTByeT 3¢ deKTUBHAsS NMpo-
uenypa il BbISCHEHUS TIPUHALJIC)XHOCTH JIIOOOTO 7 3TOMY MHOXeCTBY. [OBOPSIT TakXe,
YTO pa3peLIMMOe MHOXECTBO PACNO3HABAEMO.

v' DKBUBIEHTHbIE ONpENE/ICHUS:
Onpenenetine. Muoxcecmeo X nepeuucaumo, ecau oHo ecmb obnacme 3Ha4eHui AU6o
obaacmob onpedeneHus 8bi4UCAUMOU DYHKYUU.
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Onpenenenne. Muoxecmeo X paspewumo, ecau e2o xapakmepucmu4ecKas yHKUUsA,

1, ecmuzelX;
0X(:E):

0, 6 npomuenom cayuae,

gblMucauma.

v’ Teopema Ilocra 1.6.3. [us paspewumocmu X Heobxodumo u O0ocmamo4Ho,
umobvt X u eeo dononnenue X Obiau nepeuucaumol.

v’ Teopema 1.6.4. Cywecmeyem nepeuuciumoe, Ho Hepa3pewluimoe MHONCECME0
NOAOHCUMENbHBIX UEAbIX YUCE.

v’ 06pa3 u npoolpas nepevuciumozo MHOXCECMEAa Npu GblYUCIUMOM npeobpa3zoea-
HUU — nepevucaumsl.

v s eorwucaumocmu f(x) Heobxoduma u docmamouna nepewucaumocms epaguka,
m. e. mnoxcecmea nap {z, f(z)}.

V' AHAaJIOroM pa3peliMMOro MHOXECTBA SIBISIETCSI TOHSITHE 3ghgheKkmusHo abtvuc-
aumoli gynkyuu  f(n), KoTopasi, Mo ONMpeNECHHIO, BLIYUCINMA U OMNpEneieHa TpH
1060M n. B TeOpuU peKypCHUBHbBIX (DYHKIIMI — 3TO TaK Ha3bIBAEMbIE 006uepexypcugHble
@yHKYuu.

Teopema 1.7.1. Muoxcecmgo 3¢hdpexmuero biuucrumMbix DYHKUUN Henepeuuciumo
(ne moxcem Goimb 3pdexmusro npoHymepoano).

v Onpeaenetnne. DyHKyus Ha3bi8aemcs NPUMUMUGHO PeKyPCUBHOIL, ecau OHA MO-
ocem Obimb NOAYHEHA C NOMOULLIO ONepPayull:

o(z) =0 (o6nyaenue),
o(t)=c+1 (caedosanue),
On(zy, ..., To) = T;y (npoexmuposanue),

a TaKXe Cynepnosuyuu,

w(zy,...,Ty) = ¢[<p1(zl,...,z,,),... 7 C TTU :v,,)],
Y NpUMUMUBHOI peKypcuu,
f(z,0) = g(z),
f(@,y+1) =hlz,y, f(z,y)],
rae ¢ = {z;,...,T,}.
v Onpenenetue. Dyrkyus HA36i6aeMcs HACMUMHO PEKYPCUBHOIL, eCAU OHA MoXcem

Gbimb nOAYHeHa c NOMOULLIO ONEPaLULl, OnpedefsOUUX NPUMUMUGBHO DeKYPCUBHbIe DYHKUUU,
U onepamopa MuxuMu3auUU

py{p(z; y) =0},



11.2. HenonHora apnpmermkm 185

Oatowezo Haumenvwee y € N, komopoe ydoeaemeopsem ypasuenuro p(z;y) = 0, aubo
HeonpedeneHHo20, ecau maxkoe Y He cyujecmgyem.

v' Onpenenenne 1.11.1. Muoxcecmeo A nonoxcumensHoix 6exmopos
a = {a,,...,ak}

Hazvieaemes duopanmossim, ecau npu awobom a € A u moavko npu a € A noauHomuansHoe
ypaenenue p(a, Ty, ..., T,) = 0 paspeuumo 8 4eavix NOAONCUMENLHBIX T, .. . , Ty .

v quodmnmoeocmb MHONCecmea pasHoCUAbHaA nepeducaumocmu.

v Jlemma 1.11.2. Muowcecmso A C N duoghanmoso ¢ mom u moavko mom cayuae,
K020a OHO S6AAeMCA MHONCECMEOM NOAONCUMEAbHLIX 3HAYEHU HeKomopo2o NOAUHOMA
P((L'l, ceey ZL’k).

v' OtpuuartenbHoe pewieHue decamoil npobaemor [usrvbepma naet NpocTo mne-
peBON Ha ApYroif s3biK (hakTa CylleCTBOBAHMS MNMEPEYMCIUMOro, HO Hepa3peliuMoro
MHOXecTBa. [TocneaHee o3HayaeT CyLIECTBOBaHME TaKOro monuHoma P(zy, ..., Ty),
YTO pa3peuIMMOCTb YpaBHEHUs

P(zy,...,zx)—y=0

no r,,..., Ty NpH J11000M TOJ0XUTEIBHOM Y — AJIFOpUTMHUUYECKHU HErpoBeEpscMa.

v Boruucnumsle Gpynkunu y = f(z) — 310 GyHKuMH, rpadvK KOTOPBIX

G={$|,...,l'n, y:f(zh---’xn)}

I1odaHTOB.

11.2. HenonHoTta apudpmeTnkmn

v’ Teopema 2.1.1. Kakosa 6b1 Hu Obira co80KynHocmb aKCcuom, cyujecmeyem no-

Autom Q(Z,, ..., Tx), omcymemaue y Komopozo 4eabix noAONCUMeNbHbX KopHeil HedoKa-
3yemo.

v Teopema 2.1.2. Cywecmgyem noaunom P(z) = P(z,, ..., Tx) makoi, umo @oi-
cKasviganue:

«ypasnenue P(z) —y =0 Hepaspewumo no T npu Hekomopoix y»

UCMUHHO, HO HEDOKA3YeMO HU 8 KAKOU Henpomugopevusoll cucmeme aKcuom, 8Ka04aroulell
NPHUMHTHBHYIO apu)memuxy.

v Teopema 2.3.1 o nenporuBopeuuBocTH. Ecau meopus T nenpomueopeuusa
u codepxcum 6 cebe apugmemuxy, mo nenpomusopewugocmoe T nedokasyema ¢ T.
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Pasymeertcsi, Teopema 2.3.1 He MCKIIOYAEeT BO3MOXHOCTH pELICHHUS TMpPoOJaeMbl
3a CYET NPUBIEYCHHUS JOMOIHUTENBHBIX CPEACTB (AKCHOM), M TAKOTO COPTa yTBEpPXKIE-
HHSI O HEMPOTUBOPEYMBOCTH apU(METUKH NONydeHbl, Hanpumep, lTenyerom. Ho rapan-
THPOBATh HEMPOTHBOPEYHBOCTD PACUUPEHHOU AKCUOMAMUKYU OTISITb-TAKU HENb3s1 B CHITY
TeopeMbl 2.3.1, 1 HEOOXOOMM ClenyIOUMil akT pacluupeHus. [TyTh BeneT B «HHKyZda»,
W B 3TOM CMBICJIE npobiema Henpomugopeiugocmu He UMEET abCONIOTHOIO PELLEHHUS.

v Teopema 2.4.1. Muoxcecmeo P nepaspewumvix noaunomos P(r) — Henepeuuc-
aumo (mem Gonee, Hepaspeuwumo).

v Teopema 2.4.2. Apugmemuka Heaxcuomamusupyema, oaxce npu 6KAOHEHUU
8 cucmemy beckoHeuHoeo, HO KOHCmPyKmueHo (nepeuucaumo) 3a0agaemozo MHoxcecmea
aKCUOM.

v' Teopema 2.4.3. Cywecmeyrom cucmembi GKCuoM, <nOPOYHOCME» KOMOPbIX NPUH-
UUNUAAbHO HeAb3A 00HAPYICUMD.

11.3. YHuBepcanbHblie HYHKUMM M HYMepauun
V' Hymepauus BerMucnuMbIx GyHKUMI

fi(@), ..., faulz), ...

MO3BOJISIET CYMTATh IBYMECTHYIO (DYHKLIHIO

U(n! .’L‘) = fn(z)
YHUBEPCANbHOU.

IMonHsTHE HHAEKCA 03HAvaeT, YTo dyHkuus U(n, T) euuucauma B paMKax Toii xe
CaMOi uOeonoruu. JIpyrMMHM CJI0BaMH, YTO HyMepalHMs OCYyLLECTBMMa IpOrpaMMoii
Ha ¢opTpaHe (peKypcHUBHOM HyHKUHEH, MalLMHO#M ThIOpHHTa), T. €. TEMH Xe CPeACTBa-
MM, KOTOpbIE BHIMUCISIOT caMu pyHKuMH fr(z).

v Onpenenenne. Hymepayus u dynkyus U(n, T) Hazvieaomes 2édenesckumu, ecau
cyugecmeyem 6ciody onpedenennas goucaumas Qynkuus s(n) makas, umo O0as aw06oil
dgymecmuoii hynxyuu f(n, €) cnpasedaugo

f(n, z) = U(s(n), z).

V' Ynopsdouenue npoepamm eoiucnenus no ux OauHe daem 2€0ene8cKkylo Hyme-
payun.

v JHuaeonansnan gynkyus u(n) = U(n, n) 3aéedomo ne onpedenena npu écex n
U npuHyunuanbHo Hedoonpedensema. [\pyTMMH CIOBaMM, CYILECTBYET 7, NIPH KOTOPOM
3HaueHue fp(n) He ompeneieHo, T.e€. n-s NporpaMMa He NMPHMMEHHMa caMa K cebe
(x cBOEMy HOMeDY).

v'  Teopema 3.1.3. Cpedu eviuucaumoix — cyuyecmgyrom @yHkuyuu, obaacmo onpe-
denenus Komopuix He Moxcem Obimb pacwupena do N.
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v Teopema 3.2.1. O6racmo onpedenenus ynusepcanvroi gynkyuu U(n, T), a max-
ace mroxcecmeo nap {n, U(n, x)}, — seasomes eé0enedckumu yHUBePCasbHoLMU MHONCE-
cmeamu.

V' Teopema Knunu o HenonsuxHoi Touke 3.4.1. Kakosa 6bi Hu Gbira éviuucaumas
acody onpedenennan @ynxuyus q(n), Haildemcs n, npu Komopom

U(n’ 1:) = U(q(n)’ m)

moxcdecmeenno no x, 20e U(n, ) — eédenesckan ynugepcanonas QyHKYus.

v’ Teopema Paiica 3.5.1. Joboe Hempusuanvhoe c80icmeo @bl4UCIUMbIX PYHKUUIL
an2OPUMMUYECKU Hepaspeuiumo.

11.4. [loka3yeMoOCTb

v' [lpupoma KOHGIMKTA [OKAa3yeMOCTH ¢ MCTMHHOCTLIO 3aKJIIOYAETCSl 6 KOH-
CMPYKMUGHOM OnpedeneHull meopemM U HeKOHCMPYKMUGHOM onpedenenuu ucmunsi. UCTuH-
Hble YTBEPXIEHHUS AOMYCKAIOT 060POTHI «1Jisl BCEX I» «HE CYLUECTBYET T», @ MOCKONBKY
BO3MOXHBIX 3HaYeHUH T OECKOHEYHO MHOrO — He SICHO, KaK 3TO nposeputb. [o-
KAa3aTebCTBA XE€ PAcCMaTPUBAIOTCS KAaK LIETIOYKH, COCAMHSIOLINE «ITPELNONOXEHWS»
C «BbIBOJIAMW», — 3BEHbsI KOTOPBIX PEryJIUPYIOTCS aKCMOMATHKOR. KOHLIbI Liernoyek —
3TO nOKasyeMble meopemsi. Eciu Bo3MOXHOCTEH si3bIKa XBaTaeT Iisi OPMYSIMPOBKH
PE3yALTATOB, Y KOTOPBIX «[TOCBUIKH» HE COEINHSIIOTCS C «3aKJIIOYEHUSIMY», — BO3HUKAET
HMIlIA HENOKa3yeMbIX (paKToB.

v HSI-npo6aema Tapckoro. U3 apugmemuru I[learno M3BIEKAIOTCS TOXIECTBA,
3allMCaHHbIE Ha SI3BIKE «+, X, 1», M CTaBUTCA 3a1aya BLIIEAUTb KOHEUHBbI Habop
(6a3uc) ToxaeCTB, U3 KOTOPBIX GBI BCE OCTA/IbHBIE Clen0Bain. Takoro 6a3uca B JaHHOM
CJIydae HET, YTO MOXHO MHTEPNPETHPOBATb KAK HEAKCUOMAMU3UPYeMOCMb GPUPMEMUKU
6 cpeze «+, X, T,

v HopmaibHbie anroputvbl Mapkosa. JI1000# alropuT™ npu 3arucu onvpaeTcs
Ha HEKHe MPaBWJa, KOTOpble HA CHHTAKCHUYECKOM YPOBHE CBOISATCSI K HEKOTOPOW cucme-
Me noocmarogok. TouHee roBopsi, UCXOIHOE CJ10BO B U30paHHOM andaBUTe — CKaXeM,
A = {a,b,c}, — war 3a waroM npeoGpasyeTcsi ¢ MOMOLUBIO PENTAMEHTHPOBAHHBIX
3aMeH KYCKOB TEKCTa, NOpoXJasl LEMOYKH Mpeobpa3oBaHuii Buaa

cbc — bbcc — bbbac — bbbaa.

B HopmaavHom ancopumme Tipouenypa YTOUHSIETCS Cenytomum obpasom. Ha kax-
JIOM Luare TMONCTAaHOBKU TepeOHpaloTCs B 3a0aHHOM MOPSIKE, ¥ MPUMEHSIETCS NiepBast
BO3MOXHasl (CI0Ba MPOCMATPUBAIOTCS cesa HAMpaso). ITpy oTCyTCTBUM paspelleHHOM
MOICTAHOBKH A/ITOPUTM OCTAHAB/IMBAETCSI.

v Maiuuta TolopuHra npencrasnsier co00i YaCTHbBIM C/lyyail HOPMaJbHOrO aj-
roputMa. B To e BpeMsi HopManbHbie aA20pUmMMbL PEAAU3YIoMcs Ha NOOXOOAULUX MAUUHAX
Toropunea.
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v' KaHnonmnyeckue cucremsi ITocTa naeonornyecku 61u3K1 K HOPMaJibHbIM aJiro-
puTMaM MapkoBa, HO 3TO MHOM MO AyXy MHCTPYMEHT. B 3amucH noacTaHoBOK NOMHUMO
CUMBOJIOB coOCTBeHHOTO andaButa A = {a,b, ...} MOIYT GUrypupOBaTh NepeMEHHbIE
(0603HayaeMble GOJIBWIMMHU GyKBAMH), BMECTO KOTOPBIX MOXHO MONCTAaBASAThL C/OBA,
3anucaHHble B A. Takue NoACTaHOBKM Ha3bIBAlOTCS npodykuuamu ITocma. HanpuMep,
«S§ = Saa» 0603HaYaeT BO3MOXHOCTb MTPUITMCATh AQ CIpaBa K JI060MY CJ0BY.

v Onpedeaenue. Kanonuuecxkas cucmema ITocma ecmv cucmema us mpex cocmag-
NAIOULUX

e cobcmeennbiii argpasum A naroc aarghagum nepemennoix X,
e nabop akcuom (cro8 6 argpasume A),
® COBOKYNHOCMb NPOOYKYUU.

v Onpedeaenue. Iocaredosamenvhocms CA06 8 KAHOHU4ECKOU cucmeme ecmb 0oKa-
3ameabcmeo, eciu Kaxcooe cA080 3Moi hocaedogamesbHocmu ecmo Aubo akcuoma, Aubo
8bI800UMO U3 NPEObLIOyWUX CA08 npumeHenuem 00HoU u3 npodykuui. Ilocaeonee caogo
2100020 00KA3aMeNbCMBA HA3bIBAEMCS MeopeMoli.

v' B obuieM cnyyae cucreMa [Tocta He mpenmnonaraer anropuTMUUYECKYIO peain-
3aLMI0, MOCKOJbKY MPH MMOC/eI0BaTEIbHOM NMPUMEHEHHM HE NPELYCMOTPEHO NPaBUIO
BbIOOpA MPOLYKLIMK HA KaxaoM wware. Ho ecnu BEpHYTbCS K HOPMAAbHOIM GA20PUMMAM
Mapkosa, n1o6aBuUB K MCXOOHOMY — aipaBUT CBOGOIHBIX NEPEMEHHBIX ¥ OrOBOPUB
CIMUCOK HayaJlbHbIX C10B (aKCHOM), — MOJYYUTCs cucteMa [TocTa ¢ HaloXeHHEM [0-
MOJIHUTEILHOTO MpaBuia BbIGOpa NMPOYKIIWH.

V' Teopema 4.4.3. Kakogo 0bt Hu o110 nepeuucaumoe muoxcecmeo T caoe 6 arghasu-
me A, cywecmgyem kanoHuueckas cucmema, MHoxcecmso meopem komopoti cognadaem c T.

v’ TlocT ycTaHOBMJ, YTO 3@ CYET KAHOHU4ECK020 pacuiuperus nodas cucteMa
MOXeT ObITb CBeA€HA K CUCTEME C eQUHCMBEHHOU AKCUOMOU A HOPMAAbHBIMU NPOOYK UUAMU
Biga aX = X, roe a, B — cnosa B paCLUMPEeHHOM andaBuTe.

v' Tlpu 3amanHOM HaGope npoaykuuii {II;} ecTecTBEHHO BO3HMKaeT BOIMPOC
0 BO3MOXHOCTH Mpeofpa3oBaTb TO MM MHOE CIOBO a B C10BO 3. [N HEKOTOPHIX
Ha6opos {II;} Takas 3anauya paspeluuma iist 1l060¥ napsi c1oB (a, §). Ho He B o6LeM
cnyuae.

Bauskasi no xapaktepy npo6jeMa BO3HUKAET AJisl TAK HA3bIBAEMbIX ACCOUUAMUBHBIX
ucuucaenui, inv cucmem Ty3, — ONpeneNsieMbIX cucmemamu nodcmano8ok, HO C BO3-
MOXHOCTbIO 3aMEH B 060WX HAMpaBieHUsIX, YTO HE TaK yX MPUHLUMHAIBHO, MOCKOJbKY
a & 3 paBHOCWJIBHO COBOKYMHOCTH ABYX NoacTaHosoK a = B u f = a. OgHako
IU1s1 Npeobpa3oBaHUii ONHKX C/I0OB B IPYrMe BO3ZHUKAET HOBAsl CUTYaLus.

CnoBa a v 3 Ha3bIBAIOT IKEUBANCHMHLIMU, WV PAGHLIMU, €CIIH OIHO MPeobpasy-
€TCsl B pYroe C MOMOLLBIO MOACTAHOBOK aCCOLMATUBHOTO UCUMCIICHHUSI.

Teopema 4.5.1. Cywecmsytom accoyuamugHbsie UCHUCAEHUA, 8 KOMOPbIX npobaema
9KEUBANEHMHOCMU CN08 — Hepa3peuiuma.
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11.5. Matemaruyeckas noruka

v Eciii roBopuTb O pellieHUH KOHKPETHbIX MaTeMaTHYECKMX 3a1ay, TO JIOTHKa
Oonbllle MEIIAET, YeM MOMOraeT, — MO0 3a0yMbIBalacb KaK MemamameMamu4eckas
JIMCLMIUIMHA, NIpU3BaHHas HabMIOIaTh MaTeMaTHKy u3BHe. B 3TOM ee rnaBHas 3anaua.
He crioco6cTBOBaTh NOKA3aTENBCTBY TEOPEM, @ «OPJIMHBIM B3/IS10M» OLEHUTH CaM IIPO-
necc 060cHOBaHUS. Pa3o0paThcs B MPUHLIMITMANBHBIX BO3MOXHOCTSAX H OTPAHUYEHUSX.

V' HcXonHbIM MaTepHanoM 08y3HA4HOIU A02UKU SIBISIIOTCS] IEPEMEHHbIE T, ¥, 2,
..., MPUHUMAIOLIME OfHO W3 IBYX 3HavyeHuit: {1, 0} nubo {ucmuna (W), soxco (J1)}.
Ludposoi BapuaHT {1, 0} BEIIAINT CHMIIATUYHEE, XOTS «KOMY KaK».

Ha ToM Xe ypOBHE «IIEPBUYHOCTH» — A02UHECKUE CEAKU:

~(ompuuyanue «ne»), VN (um), A (u), — (credyem),

KOTOpbIE SIBISIOTCH (DYHKUMSAMH, IPUHUMAIOIUMMM, KAK M apryMEHTHI, ONHO W3 IBYX
3HayeHui, 1 waun 0.

o Jlns ompuyanus Hapsilly C <«YEpPTOW CBEpXy» WCIOJb3YETCSl TaKXe 3HaK -
T =~ O3HayaeT «He T», T.e. T =0, ecim ¢ = |, ¥ HAOOOPOT.

e CBsi3ky V HasbiBalOT dussionkyuelr; TV y («z wau y») — 370 GyHKUMUA
IBYX MEPEMEHHBbIX, paBHast 1, eciim XoTs Obl OQHA NepemeHHas pasHa |, v pasHas 0
B ITIPOTUBHOM CJTyyYae.

o Oyukumus z Ay («x u y»), paBHas |, ecnu € = y = 1, u paBHast 0 B IPOTUBHOM
cllyyae, HA3bIBAETCS KOHBIOHKYUE; IKBUBAIEHTHbIE 0003HaueHus: T&y nubo z -y,
¥ faxe Ty.

o Hmnaukayus T — y («u3 T credyem y», «ecau T, mo y») KaK QYHKUMS ABYX
MepeMeHHBIX BCIOy NMPUHMMAET 3HaueHue | 3a uckioueHueM cnyvasi ¢ = |, y = 0,
rae £ — y paBHa 0. [IpyrMMH CIOBaMM, U3 <UCTHHbI» HE MOXET CAENOBATH «TOXKb», BCE
OCTaJIbHOE — BO3MOXHO.

v KOHBIOHKUMS M IM3BIOHKLMS YaCTO IyTalOTCs B rojioBe. MHOrue nyuile
BOCIIPMHHMMAIOT BMECTO A, V, COOTBETCTBEHHO, 3HAKM «-» (1100 «X») U «+». Ha urpo-
BoM nosne {1,0} KOHBIOHKUHS — B YUCTOM BHIIE aPUGDMETHUYECKOE YMHOXEHWE T - Y.
[Tn10c 411 AM3BIOHKUMU HE COOTBETCTBYET OOBLIYHOMY CJIOXKEHHIO, HO B LIEJIOM, KaK
TTOKa3bIBAET OMbIT, K 0003HAYEHUSAIM «-», «-+» TIPUBBLIKAIOT ObICTpEE.

V' Kaxk B apudMeTHKe C MOMOLUBID YMHOXEHUSI U CIIOXEHUS BBITUCHIBAIOTCS
CNOXHbIe (GOPMYBI, TAK ¥ B JIOTMKE KOMOWHALIMU CBSI30K MO3BOJISIOT 321aBaTh 71~-MECT-
Hble Aoeudeckue gyukyuu (T, ..., T,).

JlioGast n-mectHast nornyeckas GyHkuust @(zy, ..., T,) 3amucsbisaercst (¢ MOMo-
WIbIO KOHBIOHKUUIH, OUBIOHKYUL U OMPUUAHUI) B OU3BIOHKMUGHOU HOPMAAbHOU (opMe,
T.€. B BUJE CYMMbI MPOU3BENEHHUIT (IMIBIOHKLMH KOHBIOHKLIMI) TIEPEMEHHbBIX WIH UX
orpuuanuii. Hampuwmep,

Ty 2+ y-2+T-y-Z=z-2+T-y-2.
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v B 0Oyaegoii ancebpe paccMaTpuBaeTCsi CTpyKTypa & ¢ onepauusiMu {+, x,”, D},
KOTOpbIE€ HE BBLIBOOAT M3 & M 00JafaloT CBOMCTBAMH, OYEBUOHBIMU MPH TEOPETHKO-
MHOXECTBEHHON MHTEPNpETALHUHU «U & +», «N & X».

v' PaccyxneHus npennonaraloTcsi COCTOSILUMMHU U3 3j1EMEHTAapHBIX ()parMeHTOB
U;, Ha3bIBAEMBIX 6bICKA3bI6AHUAMU, KOTOPHIE TNPEACTABNSIIOT B COBOKYITHOCTH HEKOE
MHoOxecTBo U = {u,«} K MOTyT ObITb JTHOO MCTHHHBIMH, JIMOO NOXHBIMU. Bbicka-
3bIBAHMSI OOBELMHSIOTCS C MOMOLUBIO JIOTHYECKUX CBSI30K B gopmyast: f(uy, ..., uy,).
CuMBonbl f HasbIBAIOT PyHKyuonarbhbimu. Popmynam, KakoBbIMH, B TOM YHCIE, CUM-
TAIOTCSI KOHCMAHMb! A3bIKA, IPUITMCIBAIOTCSL UMeHa (mepmbt). TAKUM 06pa3oM, O6BEKThI
M3YYEHHMS B JIOTHKE HAMIOMMUHAIOT CTAHIAPTHYIO CUTYaLMIO. YNIPOLIEHHO roBOPS, €CTh
apryMEHTbl U (DYHKLMH.

v' Jlornyeckuit aHanu3 OObIYHO Hanpas/ieH Ha U3y4eHHe TOW WM MHOMU mnpen-
METHOI 00J1aCTH — TEOPUS MHOXECTB, apU(METHKA, TEOpHUsl TpyIN. BoICKa3bIBaHUS NPU
3TOM KOHCTaTHPYIOT CBOMCTBA U B3aMMOOTHOILEHUS H3y4aeMbIX OOBEKTOB, U HAa3bIBAIOT-
cs1 npenukataMu. [oBops 6Gonee O6LINM SI3bIKOM, npedukam P(z,, ..., T,) — 3TO MHOTO-
MecTHOe (B TOM YMCJie, ONHOMECTHOE) OTHOLUEHHE, KOTOPOE NPEeBPaLLaeTcsi B MKCTHHHOE
WM NIOXHOE BbICKAa3bIBAHME NP MOACTAHOBKE KOHKPETHBIX 3HAYEHUN NMEPEMEHHbIX
{z1,..., T,}. [peaukaTaMu 4acTo Ha3bIBAlOT CAMM 3HAKM OTHOLUEHMI: +, —, >, X.

ITpu oOLLETEOPETHYECKOM pPAaCCMOTPEHMM TNpENMKATbl 3aMMCHIBAIOTCS B BUIE
Pj(z,...,T;) C MOMOW®bIO npeduxammubix cumeonog Pj, HO (GaKTHYECKH 3a 3THUM
MoLpa3yMeBalOTCsl OTHOLIEHHUsl TMMA T > Y, KOTOpble ynoOHee BOCIIPDMHMUMATL B MX
MPUBLIYHOM BHIE, a He B popMe > (z, y). Bucsiwas 6e3 onopst 3anmuch P(uy, ..., u,)
MOAPa3yMeBaeT OGBIYHO UCTUHHOCTb P (U, ..., u,), T.e. P(uy, ..., u,) = 1. IToHsTHO,
4TO B 9TOM ciyyae npenukar P(z,, ..., T,) NPEACTaBAsET COGOM XapaKTEepUCTHIECKYIO
(DYHKUHMIO MHOXECTBA UCTHHHBIX BbICKA3bIBAHUM O COBOKYMHOCTSX {Zj, ..., Zp}.

v’ Tlpu nepexome OT MCUMCNEHMS] BBICKA3bIBAHUM K MCYMCIEHHUIO NPEIUKATOB
BO3HUKAeT apeid TEpMUHONOTMH, YTO CO3JAET onpeneneHHble Heynobcrsa. Ilpenu-
karbl P(t,...,t,), roe t; — mepmbi, HA3bIBAIOTCS TENEPh AMOMAPHLIMU (opmyaamu,
a ¢opmyabl B HOBOM pelakLMK ONPENensiioTcsl KaK amomapHoie Gopmyast, a TaKKe HX
KOMOMHALIMK C MOMOLUBIO f02U4eCKUX CBA30K, KOTOPbIE MOTYT HaxOOUThCs Mon nei-
CTBUEM K8aHMOPO8.

T1py 3TOM mepmbl MOHUMAIOTCS HECKONBKO LUMPE, YeM ObLIo cKa3aHo Bbiiue. [Tepe-
MEHHas — TEPM, HeCnu Ly, ..., t, TepMbl, a f n-mecTHas dynkuus, 10 f(t), ..., t,) —
TaKXe TEPM.

v' Ksantopbi. XapakTepHOii 0COGEHHOCTbIO UCYMCEHMSI NPEAUKATOB SIBNSIETCS
KCMONb30BAHUE KBAHTOPOB: K8axHmopa obunocmu ¥ T — «Ijisl BCEX I», U K6AHmMopa
cyugecmeoganus 1T — «cyuiecTByetr T». O6NacTb U3MEHEHUsI T MOIpPa3yMeBaeTCcsl Oro-
BOPEHHOM NUOO yKa3bIBaeTCs,

VeeX, JzeX.

Mon VzP(z) umeercs B Buny VzP(z) = 1, aHanornuHo 3z P(z) TpakTyercs Kax
dzP(z) = 1.
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Mepexon ot P(z) x VzP(z) nm6o 3 zP(z) cBA3BIBAET MEPEMEHHYIO T, TPUH-
LUITHANBLHO MeHSs €€ ponb. [lepeMeHHbIE, HAXONALIMECS MO AEHCTBUEM KAKOTO-THGO

KBAHTOpA, HA3bIBAIOT CEA3AHHbIMU (HeMbiMU), OCTANbHbiE — C80600HbIMU. DPopmynsi,
He colepXalume CBOOOIHBIX MEPEMEHHbBIX, Ha3bIBAIOTCS 3AMKHYMbIMU.

Hasewusanue kganmopa, ¥ ¢\ P(z,, ....T,), NpeBpallaeT n-MeCTHbIH NpeaMKaT
P(z),...,z,) B — (n— l)-MecTHBI D

v' S3biku. Jloruka yaensieT noBLILIEHHOE BHUMAHHME CPEICTBAM OMMCAHUS H3Y-
daeMbIx ABIeHUI. CrieunduKy s3biKa OTNpenensioT: KOHCMAHMb! A3biKaA, @ TaKke GyHK-
LUOHANbHBIE M MPENMKATHBIE CUMBOJIBI, — OOBENMHSEMbIE B TaK Ha3biBAEMYIO cue-
namypy. TIpudeM KoHcmanmamu A3viKa Ha3biBAIOT He 0653aTe/IbHO KOHKPETHBIE YKCIa
(4To He MCKIIOYAETCS), @ BOOOLUE COBCMEeHHbe CUMBOAbI — 3NEMEHTbI MHOXECTBA,
Ha KOTOPOM «pPa3BOPayMBAETCsl CIOXET» (MEPEMEHHbIE UMEIOT MpPaBo MPUHUMATb 3Ha-
YEHMS! KOHCTAHT 5I3bIKa).

v' Jlornueckue uccnenoBaHMs pa3BUBAIOTCS NBYMsI MapajieNibHbIMU Kypcami,
CEMAHMUMECKUM Y CUHMAKCUYECKUM.

B ceMaHTHYECKOM pyCJie 33 CUMBOJIAMU CTOSIT PEajbHbIE OMEpaunm («Uan», «He»,
ISt BCEX», «+») U OOBeKTH (yMcna, MHOXecTBa). CHHTAKCHYECKOE PacCMOTPEHHE
TpeaMeTa OCTaBJIsIeT TONbKO cCUMBONBL. 3Haku V, 3, V, C, X — npespaLialoTcs B GyKBbl,
32 KOTOPbIMM HET HHUKAKOTo CMbICIOBOro coxepxanus. [lostomy npeobpasoBaHus
U BbIBOJbI, 0a3UpOBABLINECS pAHEE HA MOHWUMAHKW U CBOMCTB Orepauui, Tenepb JOMXKHbI
perynupoBaTbCsl HOBbIMM MEXAaHM3MaMHU, KAKOBbIMU SIBISIIOTCSI Pas3nvuHbIE npasuiq
8616000 Y AKCUOMbL.

Onepayus evieoda 2 oGo3HavaeTcst 3HAKOM k. BoipaxeHust

Pis--sPab g (3P, ..., Ppn caedyem q)

3
Ha3bIBalOTCA CeKeeHyuamu ), a npasuia 6b1600a 3aMUCHIBAIOTCS B (bopme

Siyeeey Sp

—g
YTO O3HAYaeT: «u3 cexgeHuu S, ..., Sy credyem S». CexBeHUMs, HAXOASALLASICS MO
YepTOii, HA3bIBAETCS 3AKAIOHEeHUEeM, 3 CEKBEHLIUM HAll YEPTON HA3LIBAIOTCS NOCHLAKAMU.

V' AKCHOMATHKA H CEMaHTHYECKOE CJiefioBaHHe. B npeameTHbix 061acTsIX 0OBIYHO
(DUKCHUPYETCS HEKOTOPAsi COBOKYMHOCTb 3AMKHYMbIX (hOpmya, HA3bIBAEMbBIX AKCUOMAMU.
BbiBOIMTb CNEACTBUS M3 aKCMOM MOXHO [0 [MpaBuNaM CHHTAKCHYECKOro Ciaenosa-
HHUSI — TaKWe Mpasuiia CrieLranbHO OroBapuBalOTCs, — M TOTIA UCIIONb3YeTCst 3HaK k.
Hanpumep, A4,, 4; - X o3Hauaet, yto X <«CUHTaKCHYeCKW» cienyet u3 A, 4,, roe
A,, A; MOryT ObITh aKCMOMaMM MJIM paHee NOKA3aHHbIMU (HOPMyNamH.

) Ananoruyno E f(z,y) npespawaet nBymecTHy10 GyHKuMIO f(Z,y) — B ONHOMECTHYIO.
z
%) CocyluecTBOBaHHE MIIMKALIMU ¥ ONEPALIMH BbIBOIA HACTO CYXHT HCTOUHMKOM MYTAHHLLbL.
% 3anucs P O3HAYAET «p NOKA3YEMO», a P|, ..., Pp - — «cuctema py, ..., pn NPOTUBOpE-
4nBa».
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Cemanmuueckoe credoganue A;, A; = X o3Havaert, yT0 X «IOrMYECKH» BHITEKAET
u3s A, 4.
CooTBeTCTBHS
ALAHAFX & ALAEX

SIBJISIIOTCSL OOBIYHO TTPEAMETOM CIIELIMANLHOIO MCCEN0BAHMS M CBUIETEBLCTBYIOT O TOM,
HACKONBKO XOPOILO OMpeaeneHa rpaMMaTHKa.

v Ha ocHOBe ceMaHTH4ECKOro ¥ CHHTAKCHYECKOTO CJIENOBaHUS OMNpenesioTcs
[Ba TUMA meopuii. MHOXECTBO 3aMKHYTBIX ()OPMYJI, KOTOPbIE CEMAHTHYECKH CIIENYIOT
U3 MPUHATON CUCTEMbI aKCHOM, HA3bIBAIOT ceMaxmu4eckoll meopueil, a €Cly CIeayloT
CUHTAKCUYECKU — dedykmueHoii meopueii. [1pu cornacoBaHUM CMBICIOBOTO ¥ paMMaTH-
YECKOIO0 CJIelOBaHHUs1 00€ TEOPUHU COBMAAAIOT JPYT C APYroM, YTO OObIMHO OOPMISIETCS
«T€OpEMaMH O MOJIHOTE UCYMCIEHHUI».

IMpu ¢dopManuzaLu¥ MaTeMaTHYECKUX TEOpUil Ha Ga3e NOrMKHM BbICKA3bIBaHMIiA
CeMaHTHKa UTHopupyeTcsl. Teopemb: TPAKTYIOTCS Kak (POpMyJibl, KOTOPbIE MOTYT OBbITH
BbIBEIEHBI 110 OMpPENENEHHbIM MpaBWJIaM, COCTaBIISIIOLUMM akcuomamuky meopuu. I1pu-
MEpOM MOXET CNyXWTb NMPaBWIO Modyc nowenc (modus ponens). «€Cli € U T — Y,
TO Y», — BXOASLLEE OOLIYHO B JIOOYIO aKCHOMATHKY.

v’ SI3bikn nepBoro ypoBHsi. Hcuucienue npedukamog, B OTNIUYME OT UCUMCIECHHUS
BbICKA3bIBAHUIA, JOMYCKAET MCIIOJIb30BAHUE B A3biKe NEPEO20 ypoeHa KBAHTOpoB V M 3.

Kak u B MCUMCIEHHH BbICKa3bIBaH M, 31€Ch BO3HUKAET TOT X€ BONPOC, HACKOJbKO
XOPOLUM N03BOJIEHHbIE cpencTBa. Bee i MICTUHHOE 10Ka3bIBaeTCsl, U BCE JIM 10Ka3yeMoe
uCcTHHHO? OTBET — CHOBA «Ia», HO 3TO yXe€ 0Oonee CAOXHAsi TeopeMa o HoaHome
ucuucaeHus npeouKkamos.

v Teopema 5.7.1. Ecau ghopmyna —f nedoxkasyema 6 ucuucaenuu npedukamos, mo
f svinoanuma 6 N.

v'  Teopema Yépua 5.7.2. Hcuucaenue npeduxamos nepaspeuumo.

v Vurepnperaunu v mozmenu. Humepnpemayua s3vika — €CTb NPe0OPa3oBaHHE
MHoXecTBa C KOHCMmanm s3biKa B HEKOTOPOE MHOXECTBO M, comocTapasiowee GyHk-
LIMOHANbHBIM cuMBonam * f nan C — dyHKuMHM f, Han M, NpMHUMAIOLINE 3HAYEHHUS
0 unu 1. Ipu sToM non. f = f, nonpasymesaercs

ﬂP[f(tlr R t,,)] = f¢(twr s rtvw)

C COXpaHCHHUEM COOTBECTCTBUA MEXY KOMITO3ULIUSIMHA CI)YHKLlMﬂ U cobnoneHrueM obbI4-
HbIX «JIpaBUJ1 HCTUHHOCTHU» i1 TIOTHYECCKUX CBSI30K.

v TIpH 3an1aHHOM uHmepnpemayuu MONCTAHOBKA B f,(...) KOHKPETHBIX 3Haue-

HUI IePEMEH HbIX JA€T «HCTHHY» WM «10Kb> — | win 0. Jio6bie 3amxnymote popmynst >
SIBISIIOTCSI, TIO CYTH, BbICKA3bIBAHMSIMU M TaKXK€ MPUHUMAIOT 3HayeHusi | unu 0.

Y Mimeercst B Buny noHsATHe (byHKLHMU B pAMKAX MUCUUCIIEHUS NIPENUKATOB.
5
) He conepXxamue cBO6OIHbIX MEPeMEHHBIX.



11.5. Maremarnyeckas norvka 193

Oynkumio f Ha3bIBAIOT obuesnawumoir, ecnu fy(...) = | npu moboit uHTepnpe-
TaLUMHU @, U — 6bINOAHUMOI, ECTIV CYLLIECTBYET MHTEPNPETALUs, B KOTOPO# fy(...) = |
NIPY HEKOTOPbIX 3HAYEHUSIX MEPEMEHHbIX.

Onpenenetne. Modenvio mMroxncecmea A 3aMKHymbix opmyn Hazsieaemcs uHmep-
npemayus, € KOmopoii UcmuHHbL éce Popmyast u3 A.

v MHoxecTtBo A 3aMKHYTbIX HOpMyn MOXET GbITb, B YACTHOCTH, COBOKYMHO-
CTbIO aKCHOM, U3 KOTOPbIX BBLIBOISTCS APYTHe 3aMKHyTbie opMmynsi, A Ff, u Takoi
npouecc paciupsiet A 1o meopuu T. [1puyeM B cuiy NONHOTHI UCYUCTIEHUS] TPELUKATOB
ceMaHTHyecKoe (=) ¥ cuHTaKcuyeckoe (k) pacLuMpeHWe HaeT B UTOTe ONMHAKOBBIi
pe3ynsratr. Ecnv roBopuTh TOYHEE, TO meopus T — 3TO HaUMEHbLUEE MHOXECTBO
¢opMyn, comepxallee CUCTEMY aKCMOM M 3aMKHYTOE OTHOCHTENBHO MpaBWJ BbIBOAA.
Teopus T Ha3bIBaeTCsi noAHOU, ecny Ntobast 3aMkHyTasi dopMmyna f nubo cama, 1u6o ee
oTrpuuanue ~f — npuHamiexur T.

MHoxecTBO A 3aMKHYTbIX GOPMYN CUUTAETCS HENPOMUBOPEUUBbIM, ECTIH U3 HETO
HEJb3sl BHIBECTH [BA MTPOTUBOMOJIOXHbIX YTBepXaeHust f u — f.

Teopema 5.8.2. Muoxwcecmso A 3amxnymoix hopmyn, umerowiee mModens, HENPOMUGo-
pevuso.

v’ Teopema 5.8.3. Ecau akcuomamu3supyemas meopus NOAHA U HENPOMUBOPEHUBA,
mo ona papewuma.

v'  Teopema komnaktHoctd 5.8.4. Ecru X = f, mo cywecmayem koneunoe noo-
mHoxcecmso S C X 3amknymex gpopmya makoe, umo S = f.

V' Teopembi JIéBenreiiva—CKonema:

5.8.5. Ecau cuemnas meopus umeem Mo0ensb, mo OHA UMeem MaKice CHEMHY MO0eNb.
5.8.6. Jlioboe 8binosHumoe mMHoNCecmao opmya 8bINONHUMO 8 HEKOMOPOU CYEMHOU
cmpykmype.
V' Apugmemuueckuii A3biK
L0:{+,X,:,3}

NOpa3yMeBaeT BO3MOXHOCTb CAONCEHUA, YMHONCEHUS, PABEHCIEA U OeKAapayuu cyuie-
cmeoeanus, TO3BONSIET 3anucath N1060W MonvHoM p(a, ) W LenaThb BbICKA3bIBAHUS
Buma 3z : p(a,z) =0.

Teopema 5.9.1. Mroxcecmeo seasemes OUopanmossim 6 mom u MmoabKo mom cayyae,
K020a oHO onucsieaemcs Ha s3vike Lg.

v'  Teopema 5.10.4. B azvike
LG' = {+5 X, =, Ay EI, VS}

BbIPA3UMbL N100ble HACMUYHO PeKyDCUBHble (DYHKUUU.
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v Teopema 5.10.5. L3viku L u Ly 3x6usanenmuot.

DTa TeopeMa pelIaeT no CyTH decaimyio npobaemy Tuavbepma. Cpencrsa onucaHus
BbIYMCIIUMBIX QYHKIIUI U MEpeYUCIMMbIX MHOXECTB, OKa3bIBA€TCs, MOTYT OBITh YXATbL
JI0 YUCTO apU(GHMETHUECKOTO SI3bIKa NTMO(AHTOBBIX YpaBHEHHIA

L0:{+5 X, =, 3}5

BbLIENSIOLErocs Ha 00LIEM (I)OHC 3KOHOMHOCTBIO H Q)y}mamemanbﬂocnlo.

11.6. AnodaHToB a3bik U gecstaa npobnema Mnbbepra

v’ Teopema 6.1.1. Juoghanmosocms MHoOMCeCmEa pABHOCUALHA €20 NEPEHUCAUMOCTU.

v Teopema 6.1.2. Ocpanuuennsii keanmop obunocmu N ¢ moxcem Gbimbo gbipasicen
6 Azbike L.

v’ Tlepe4yncIeHHIO EPEUNUCTUMBIX MHOXECTB S}, S, . . . MOXET GbITb TOCTABJIEH
B COOTBETCTBHE yHugepcanbhoiii noaunom U(n, s, Ty, ..., Tx), Nepedrcsiowmit ce Sy,
S€ES, < 3A@,...,z):Um,s,zy,...,26) =0,
npuyeM U(n, s, T) NP XENaHHU CTPOMTCS. KOHCTPYKTHBHO.
v B 5KBMBAJIEHTHOM BapMaHTE CYLIECTBYET yHMBepcaibHbli nonuHoM U(n,

Zy,...,Tkt1), MHOXECTBO IIONIOXKHUTENbHBIX 3HAYEHUIM KOTOPOro NpU (UKCHPOBAH-
HOM 7 COBMAmaer ¢ S,

-~

s€ES, e 3(zy,...,Tpy1):8s=Un,z),...,T41) As>0.
KonkpeTHo:
U("y Tiyennsy zk+l) = $k+1[l - U2(n’ Tl Tyyeeey zk)]-
v Teopema 6.3.1. Kaxos 6bi Hu 6o noaunom P(n,z,...,2y) u Kakoea 6Gbl

nu 6btaa pasmepiocms N, cywecmeyem noaurom
Uln,zy,...,Tn)

dukcupogantol pasmepHocmu M, MHOXCECMBO NOAONCUMENbHBIX 3HAYEHU KOMOpPOo2o Npu
M060M T 8 MOMHOCMU COBNANAem ¢ MHOXCECIBOM NOAONCUMENbHbIX 3HAYEHUL NOAUHOMA
P(n,z,...,zy).

v TIoMMMO CTEMeHW T MOJMHOMA BaXHa M [pyras XapakTEPHUCTHKA: YHMCIIO
NepeMeHHbIX {Z|,...,Tn}, MO KOTOPHIM AEKIAPMPYETCS CYLIECTBOBAHWE DELUCHHSL.
Ins no60oro 1ModaHTOBa MHOXECTBA MOXHO YKa3aTh MOJIMHOM € 1 < 4 (HO, BO3BMOXHO,
GonsumM m) nu6o m < 9 (HO, MOXET ObITb, GONBIIMM 7).
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11.7. KOHCTpyKTMBHAs MaTeMaTuvka

v Tocaenosarenstocts IlInekkepa. TTycTb yucna 3aMMCHIBAIOTCS B JBOUYHOIA
cucteme, Bee a, € {0, 1}, 1 nyctb Bclooy onpeaeneHHast BblyucauMmas Gyukuus f(k)
MIEPEYUCISIET 6e3 nosmoperuli T€ HOMepa 1, KOTOPbIM OTBEYAET &, = |, T. €. T€ NO3ULUH
B 3aMMCH YMCIIa, TAE CTOSIT EAMHULIBI (2 HE HYJH).

U3HayanbHO CYMTAEM, YTO BO BCEX MO3ULMSAX CTOST Hyu. Yepes N wiaroB B Ka-
kux-To N Mo3uuusx OyayT pacCTaBieHbl eAMHULbI. [TONYYUTCS pPALMOHATBHOE YUCIIO

S, =0,00101101...011.

OueBUIHO, NOCEAOBATENLHOCTb {5, } CTPOro MOHOTOHHO Bo3pacTaet, Sp4) > Sy,
U orpaHuyeHa, S, < 1.

Ho ecau f(k) nepeuucnsem nepaspewumoe MHoXNcecmeo, — 60CH0Ab3I0BAMbCA KAACCU -
uecKoll meopemoli AHAAU3A 0 CXOOUMOCMU 02DAHUMEHHOU MOHOMOKHOU NOCAe008aMeNbHOCMU
ne yoaemca. B 3ToM cnydae {S,} Ha3biBaloT nocaedosamensrocmoro Illnekkepa. OuHa
HE CXOOMTCS, MOCKONbKY He sBAsieTCsl DyHAAMEHTAIbHOIM.

11.8. AkcuomaTnyeckue Teopumn

v Axcuomamuxa ITeano cBomut apubmetnyeckyio cuctemy {N, +, x} x anretpe
C OHOM onepauueli cvema o, Ha3bIBAEMOM Takxe @ynkuuel caedosanua, o : N — N,
U YIOBJETBOpSIIOLLEi TpeM akcuomam [leano:
Al o(m)=0(n) =>m=n.
A2 VneN:o(n)# 1.
A3 Ecnu 1€ Q CN, rne @ — npoussonsHoe noaMHOXeCTBO N, H «n € Q@ = a(n) € @»,
T0 @ =N.
IMocnenHss akcuoMa A3 BBIPAXACT NPUHUUN MAMEMAMUYECKOU UHOYK YUY,

v’ Axcuomoer meopuu mroxcecme — cucmema ZFC:

Z1. Axcuoma obsemnocmu. VT : (T € y & T € 2) & y = 2z, T. €. MHOXECTBA
PaBHBI, €CJIU ¥ TOJLKO €C/IH COCTOSIT U3 OMHUX M TEX X 3JIEMEHTOB.

Z2. Axcuoma napsi. Kakosbl Obl HU ObUIM & M Y, CYLUECTBYET MHOXECTBO 2,
copepxailee ¢ ¥ Y (MHOLAA AO0OAB/SIIOT: TOJBKO T U ¥, — YTO MOXET ObITh MONYYEHO
B paMkax ZF-CHCTEMbI B KaueCTBE TEOPEMBI).

Z3. Akcuoma omoenumocmu. KakoBbl Obl HU ObUIM & U Y, A7s 110600 fipeguKara
¢(u, v) cywectByer MHOXeCTBO z = {t € T : ¢(t, y)}, conepxauuee Bce t € T, obnaga-
I0LIKE CBOWCTBOM ¢(-, ¥).

Z4. Akcuoma obvedunenus. JIO60My ceMeACTBY MHOXECTB X’ OTBEYaeT MHOXECTBO,
coAepxallee BCe 3JEMEHTHI, BXoasiiie B X,
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Z5. Axcuoma cmenenu. JInst moGOTO & CyLIECTBYET MHOXECTBO 2° BCEX MOIMHO-
XECTB .

Z6. Akcuoma beckoneyrnocmu. CyliectByeT 6ECKOHEYHOE MHOXECTBO.

Z7. Axcuoma ewvibopa. B niobom cemeitictee ® = {X, : @ € A} HenmyCTbIX MHO-
xecTB X, B KaxaoM X, € & MoxXHO BbIOpaTh MO OAHOMY 3JIEMEHTY, T. €. CYLIECTBYET
(yHkuus Bbibopa f: A — .

Z8. Akcuoma yynoupogarus NOCTYIUPYET, YTO HE CYILIECTBYET OECKOHEUHBIX YObI-
BaIOLIMUX Leneu, &, DT, D ... .

ZF9. Axcuoma nodcmanoeku. insi noboro MHoxectsa T U hyHkuuu f, onpene-
JICHHOM Ha &, CYLIECTBYeT MHOXECTBO, cocTosiLiee M3 06pasoB z = f(y), y € «.

v’ Teopema 8.5.1. Ecau meopus ZF nenpomugopeuuga, mo 2unome3a KoHmuHyyma
He aeasemcs meopemoii meopuy ZFC.

v'  Teopema 8.5.2. Ecau meopus ZF nenpomusopeuusa, mo akcuoma evibopa ne 18-
asemes meopemou meopuu ZF.

11.9. Teopus moaenen

v Teopuss Momenei, Kak MaTeMaTHYecKasi AUCLMILIMHA, KOTOpasi MPUMbIKAET
K JIOTHMKE, HaripaBieHa B OCHOBHOM Ha OTpaBJaHWE JIOTHYECKUX CXEM U aKCHOMATHK.
LleHTpanbHas Waesl 3aKJIOYAETCS B MPOEKTHPOBAHMM abCTPAKLIMM HA 4YTO-HUOYAb pe-
aNbHOE, C MOC/AEAYIOLUMM BbIBOAOM O HETPOTHBOPEYMBOCTH CYLIECTBYIOLLETO.

v Teopema 9.1.1. Ecau noboe koneunoe noomroxcecmeo S C X samkrymoix ghop-
Myn umeem modenb, mo u X umeem modens.

v' Ilapadokc Ckonema: Bce yTBEepXIEHMsSI TEOPUM MHOXECTB, BbIMOJHUMbIE
B KOHTHHYaJIbHbIX MOZENSIX, — MO TeopeMe 5.8.6 BbITIONIHUMBI U B CYETHbBIX MOAENSIX.
Kak 0ObiTh TOTAa ¢ TeopeMaMu Jedekunda n Kanmopa, CBI3aHHBIMU C CYLLIECTBOBaHUEM
Konmunyyma?

v B anreGpaunyeckoii cucteMe A (C OZXHOMN WM HECKOIbKMMHU ONEpaLMsIMU Hafl
3/1IEeMEHTAMH) eCTECTBEHHO BO3HMKAET BOTIPOC O KOHEYHOM COBOKYIMHOCTH TOXAECTB S,
U3 KOTOPBIX CJEAyIOT BCE OCTalbHble ToXaecTBa A. B 3ToM ciyuyae S Ha3biBalOT
KOHe4HbIM 6a3ucom, KaKOBOIA SIBNISIETCS B HEKOTOPOM POJIE CHCTEMOI akCHOM it A nipu
crieunpUIEcK OrpaHUYEHHOM YTJie 3pEHUS.

KoHeuHbl## 0a3uc MOXET He CyLIECTBOBATb JaXe IS TOXIECTB B KOHEYHBIX
rpymnmnax.
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11.10. CreneHn Hepa3peLLMMOCTH

V" MmuoxectBo X C N HasbiBaioT m-ceodumbim K Y C N, uto 0603HayaeTcsi Kak
X <, Y, ecau cywuecTByeT TaKas écrody onpedenennas Bolumcaumas GyHkuus f(z), yto

zeX & f(z)ey.

Bcnyyae X <, Y, Y <, X MHoxecTBa X M Y Ha3biBalOT MM -2K6UBANEHMHbIMU
vmnuwyr X =, Y.

v’ Teopema 10.1.1. Ecau X m-ceodumcs k paspeuwsumomy uau nepequcaumMomy
MmHoxcecmey Y, mo X, coomeemcmeerHo, pa3peuiumo uau nepeuciumo.

V' Onpenenenne 10.1.2. [Tepeuucaumoe mroxncecmeo Y Hazvieaemcs T -noaHbiM,
ecau K HeMy M -c800umcs a1060e 0pyeoc NepevucaumMoe MHOXCECMEo.

JIpyrumMu cnoBaM1, MHOXECTBO Y 11 -T0OJIHO, eC/iu NepPeYrcanmo, 1 atoboe apyroe
nepeunciMMoe MHoxectBo X mpenctaBuMo B Buze npooGpasa X = f'(Y), rue f
BCIOy OMpefeneHHast BbiuucanMas (T.e. obLuepeKypcuBHas) GyHKLHSI.

v' Onpenenense 10.2.1. MHoxecTBO X Ha3blBacTCsi MPOAYKTUBHBIM, €CNH CY-
LuecTBYeT obLuepeKypcuBHas hyHKuus f(x) Takas, 4TO

S,CX = f(z)€X\S,

v' Onpenenenne 10.2.2. [lepeyuciumoe mMHOMcCeCMe0, 0ONOAHEHUE KOMOPO2O NPO-
JYKMUBHO, HA3bIBAEIMCA KPEAMUBHbIM.

v' Teopema 10.2.3. Jliob6oe npodykmugroe moxcecmeo X codepxcum beckoHedHoe
nepeucaumMoe NOOMHONCECMao.

v' Onpenenenne 10.3.1. beckoneroe mHoncecmeo, He codepucauiee GECKOHEHHbIX
NEPEYUCIUMbIX HOOMHONCECME, HA3LIBACMCA UMMYHHbIM, A NEPEHUCAUMOE MHOMNCECME0
C UMMYHHbIM OONOAHEHUEM — NPOCMbIM.

v MuoxectBo X HaswiBaloT ceodumoim no Toropunzy (T -ceodumbim) K Y, uto
obo3HayaeTcst kKak X <7 Y, ecnu X pa3peluuMo npu Hanuuuu opaxyaa ans Y.

v OtHoweHue <, pedICKCHBHO H TPAaH3UTHBHO, PABHO KaK M =, YTO NO3BO-
ASIeT BBECTH KJIACCHI 3KBHBANEHTHOCTH MO =, HA3bIBACMBIE MbIOPUHOBLIMU CIMENEHs
mu, unv T -cmenensmu, WU, HAKOHEL. cmeneHamu Hepaspewumocmu. IHbIMU CAOBaMH,
T-cteneHb dgX — 3TO Kjiacc IKBUBAIEHTHOCTH, KOTOPOMY MPUHALACKHUT MHOXC-
crtBo X.



CokpawjeHnss n 0603Ha4YeHns

4 WU P — HAYano U KOHEeU pacCyXNCHHUA, TEMbI, NOKA3ATCALCTBA

(?) — npeanaraet MpOBEPUTh WK IOKa3aTh YTBEPKACHME B KAUECTBE YNPAXHEHMUS,
AUO0 NOBECTH PACCYXIAECHHUE N0 «IOTMYECKOU TOUKH»

(') — npeanaract OGPaTUTH RHHMaHHE

A= B — u3 A caenycet B

r € X — x npuHanicxut X

XUY,. XNnY, X\Y — ofmbcamHeHHUE, NEPecetieHUe U pasHOCTh MHOXCCTB X u Y
XAY = (X\Y)U(Y\X) — cMMMETPHUCCKasi pa3HOCTh MHOXCCTB X n Y

X CY — X noamMHOxccTBO Y, B TOM yMCAc umeeTcs B BULy BO3MOXHOCTh X C Y,
T.e.Mexkay X CY u X CY painuuns He nenactes

& — NYCTOC MHOXCCTRO

N — MHOXCcCTRO HaTypanabHbix uncen {1.2....}
Z — MHOXCCTBO uenbix uncen {....—1,0.1,...}
F — MHOXCCTBO BLIMHCAHMBIX (DYHKLM

€ — MHOXCCTBO KOHCTPYKTHRHBIX UlICCA

Z —- apupmetnka Meano

[a]l — uenas vacts wucaa a

a|h — «a ncaut b, r.c. b ncauTes Haueno Ha a (BCPTHKARLHAS UCpPTa HCMONLIYETCs
TaKKE 08 0603HavuCHUs wmpuxa Hledpepa, 1m0 0BBINHO ACHO M3 KOHTCKCTA)

r=a modp — «T NpH ACACHHH HA P AA€T B OCTATKE a»

I OoncpauHda BOIBCACHHA B CTCNCHb
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HOI — nauGonbluuii OOWMI AEAUTEND

HOK — HauMeHbllee obLuee KpaTHOe

1 — KBaHTOp CylLECTBOBaHUS

YV — KBaHTOp OOLHOCTH

V< — OTpaHWYEHHbIH KBAHTOP OGIUHOCTH, V <,T O3HAYAET « sl BCEX T < M»
V — OU3bIOHKUMA

N — KOHDBIOHKUMA

- — oTpvuaHue (PaBHOCHIbHOE 0DO3HAYEHUE: YepTa CBEpXY T — «HE T»)
a3bik Ly = {+, %, =, 3}

a3bik Le = {+, %X, =, A, 3, V<}

— — UMMIMKaLUA («CrenyeT»)

F — onepauusti cuHTaKCHYECKOro ((hOpManbHOro) BbIBOAA

= — onepauust CMBICTIOBOTO (IOrMYECKOr0) BbIBOAA

c(z,y) — KaHTOPOBCKHMIT HOMep mapsl (&, y)

z =1(n), y=r(n), — ecau n = c(z, y)

T'(i,n) — dyHkuus [€aens
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H JIOTHSECKAA TEOPHA ABTOMATOB.

Kanman P., @anb [1., Ap6u6 M. O4epkn N0 MaTeMaTHYeCKOR TEOPHK CHCTEM. LIRSS
Hlukun E. B. OT urp k wrpam. MareMaTHYeCKOe BBeNeHHE.

Oysn I'. Teopus wnrp.

XKyxoackuit B. H., Xyxoackas /1. B. PHCK B MHOTOKPHTEPHANLHBIX H KOHDIHKTHHIX
CHCTEMAX MPH HEONPERETEHHOCTH.

XKyxoackuii B. H. KoonepaTupHeie Krpnl MPH HEONPEREeHHOCTH H HX NPHIOKEHHN.
Cronbakos 3. P. Teopus anTaronnamos k andepenumaivibie HIpsl.

Cmonbakog 3. P. Teoprs KOKDIKKTHHIX PABHOBECHH.

Seauxun M. H. OnTumManbKoe ynpasJiene u BapPHALHOHHOE HCUHC/IEHHE,

TTonmpseun /1. C. TIPHHUHN MAKCHMYMA B ONITHMAILHOM YMpaBieHHK,

Xunyun A. 1. PaboTei NO MaTEMaTHYECKOH TEOPHH MACCOBONO OOCHYKHBAHMKS.

Tnedenxo b. B., Kosanenko H. H. Beenenne B Teopuio MaccoBoro obcnyxusanms,

Ope O. Tpah n ux mpuMenenke.

Xapapu ©. Teopusa rpados.

Poduonoe B. B. MeToant yeTbipexuBeTHOH pacKpPacku BepilMH NIOCKKX rpados.

Pocc Jwibu Y. Beenenne B knbepHeTHKy.

Bopoxcyoe A. B. TlyTs B coBpeMeHny10 HH(OPMATHKY.

Xapou I. T. Kypc 4HcTOH MaTeMaTHKH. B. bocc. Hasaxnenme
Xapou I. I. Pacxonsammnecs paabi.

Xapou I'. I., Pozosunckuit B. B. Paan @ypoe.

Xapou I. T., Tummasgyd A. E., Mosua . Hepasencrsa.
Yoxep P. Anrebpanyeckune KpHsbie.

Teavghond A. O. BoiueTnl B KX NPHIOKEHHS.

Teavhord A. Q. Uicuncaenne KOHeYHLX Pa3HOCTEH. v ki
Teavghond A. O. TpancuennenTHbie H anrebpandeckne YHca. ”ﬁﬁé’d’faﬁi"ﬂf
Savczonvy 1. 3. Onpdepenunansunie ypasHenns. i
Iavceonvy /1. 5. Bapuaunonnoe HCYHCIEHHe. g
Q@unuxos C. IT. Kype antpdrepeHunansroii reomerprun. i
@unuxos C. IT. TIpoexTusno-aHddepeHunatsnas reoMeTpHs. i
@unukoa C. I1. AHATHTHYECKAA rEOMETPHS.

browzenc C. C. Nnhdepennansian reoMerpns,

Aybposun B. A., Hoauxoe C.I1.. @omenxo A. T. Cospemennan reomerpus. T. |3,
Bospuyx A. K. u dp. Cnpasounoe nocobke no suicieii MaTeMaTHke (AnTuaemunosny). T. 1-5.
Kpacioe M.JI. u dp. Ben uicmas Matematuka. T. 1-7.

Kpacrnos M. /1. u dp. ChopHuKH 321a4 «Best BhICIIAS MATEMATHKA» € MOAPODH. pelenKAMH,
@eiinman P., Jeimon P., Csnoc M. Pelinmanosckne NeKuun no puuke.

Bain6epz C. MeuTnt 06 0KOHHATENLHOH Teoprn. [Tep. € aHMIL.

Ipun B. Dneranthan Beenennas. CynepeTpyHn H NOMCKH OKOHYETENBHOR TEOPHH.
Menpoys P. HOBBIA YM KOPOJIS. O komnsloTepax, MbitIeHHH K 3aKOHAX HHIHKH.
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IIpeacTaBisieM Bam Hamu jayyimine KHUrM:

MaremaTuyeckas Joruka

Kaunu C. MaTtemaTHyeckas JOrHka.
baxmuspoe K. H. JIoruka ¢ TOYKH 3peHusi HHPOPMATHKH. URSS
Tamos I'., Cmepn M. 3anumaTtenbHbie 3aa4H.

Jpazaaun A. I. KOHCTPYKTHBHAsI TeOPHS 10KA3aTe/ILCTB H HECTAHAAPTHLIA aHANH3.
Ilepmutos B. 5. Pa3snTHe NpeaCTaBAEHHH 0 HANEXKHOCTH MATEMAaTHYECKOr0 10KA3aTeNbCTBA.
Mempoe 10. A. Jlornueckue npobaembl aGCTPaKuHii GECKOHEYHOCTH H OCYLIECTBHMOCTH.
Bupiokoe b. B., TpocmHukoe B. H. XKap Xx0n0aHbIX YHCA 4 nadoc GECCTPACTHON NOTHKH.
buprokoe b. B. Kpyirenne MeTapm3nyeckoi KOHUENUHH YHHBEPCANbHOCTH NpPeIMETHOI
obnactu B aoruke. Kontposep3a ®@pere—ILIpénep.

Bupiokosa H. b. Jlornueckas mbicab Bo @panunn XVII — navana X1X cronernii.

MaremaTtHuyeckoe Monen HpOBaHHE

Tapacesuy 10. 0. MatemaTHyecKkoe H KOMNbIOTEPHOE MOENHPOBAHHE.

Tapacesuu 10. 0. Tlepkoasiuns: Teopus, NPHIOKEHHS, AATOPHTMBI.

Taoxomuukos K. 3. MaTtemaTHYeCKOe MOAENHPOBAHHE H BHIYHCIHTEbHbIH IKCNEPHUMEHT.
Mboiukuc A. . DneMeHTH TEOPHH MATEMATHYECKHX MOJENeN.

baexman H. H., Monukuc A. 4., [Manosxo 5. I'. TIpuknannas MatemaTuka.

Tacmee 10. A. Tomomopdu3mMbl W Mozenn (10rHKO-aNredpany. acnekThl MOJETHPOBAHHS).
[Monkoe 10.C. Teopna makpocucTeM. PasHoBecHbie MOeNH.

Pecun B. H., IMonkos F0. C. Pa3suTHe GObILIHX FOPOIOB B YCAOBHSX NEPEXOIHOIH IKOHOMHKH.
Pecun B. H., Qapxoeckuii b. C., [Tonkoe F0.C. BepoATHOCTHbIE TEXHOJNOTHH B YNPaBAEHHH
Pa3BHTHEM ropoza.

Baiidaux B. CouHOAMHAMHKA: CHCTEMHBIA NOAX0A K MATEMATHYECKOMY MOZEAHPOBAHHIO
COUHAJIBHBIX HaYK.

Kopomaes A. B., Maaxos A.C., Xaamypuna . A. 3akonn uctopun. MaTtemaTHyeckoe
MOJEAHPOBAHHE HCTOPHYECKHX Makponpoueccos. lemorpadus, IKOHOMHKA, BOHHBI.

Cepusi «Knaccuueckiii yHUBEPCHUTETCKUI y4eOHUK»

Koamoeopoe A. H., Apazasun A. I. MaTemaTHueckas Joruka.

Tnedenxo b. B. Kypc Teopun BeposiTHOCTEi.

MMemposckuit H. I'. JIekunn no TeopHn o0bIKHOBEHHBIX AU (epeHunaIbHbiX ypaBHeHHiA.
Kononosuy 3. B., Mopos B. H. O6wmit Kypc aCTPOHOMHH.

Kanumonoe H. M., Huixanos b.C.. KOoun H. 1. YacTHub W aTOMHBIe AApa.
Keacnuxoe H. A. Tepmoannamuka w craTucriyeckas uzuka. B 4 1.

Halwm KHArn MOMHO NPUOGPECTH B MarasnHax:

Ten./tanc:
«Bubnuo-Tnobyc» (M. Jy6auxa, yn. Mackuuxas, 6. Ten. (495) 925-2457)

(495) 135-42-46, | Mocnoscnuit nom wuwrun (w. ApSarcnas, yn. Hoswii ApGar, 8. Ten. (495) 203-8242)
(495) 135-42-16, | «Mononas reapumsi» (. NMonswwa, yn. 6. Monsna, 28. Ten. (495) 238-5001, 780-3370)
E-mail: «JIOM HayuHO-TeXHNYECKOH KHMrM» (flewmHCHui np-T, 40. Ten. (495) 137-6019)

) «JloM nenoBoi KHurM» (M.[Mponerapckas, yn. Mapxcucrenan, 9. Ten. (495) 270-5421)

URSS@URSS.IU | «Hosuc» (M. Yhusepcwrer, 1 rym. xopnyc MrY, xomw.141. Tea. (495) 939-4T13)
«Y Henraspa» (PITY) (M. HoBocnoGoackas, yn. YasHosa, 15. Ten. (495) 973-4301)
http://URSS.IU | cng. pom wwrwn (Hescai np., 28. Ten. (812) 311-3354)
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B npoexTe wimaums «Jlekumit no maremarukes

B. bocca sstmam Toma:

. Anama. 2. [lndupepenumnaisinie ypasnenus.

3. Jluneiinas aareGpa. 4. Beposimuocts, uudopmanns,
cratneTHia. 5, DyHKIMOHAIbHBI AHA NS,

6. Or [lnodanta no Twopuwra.

Caedyrowuis mom 7. Onmusmusayun.
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