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lNpeancnosne k «Jlexynam»

Osapenue caywaemcs, K020a NyxHy-
was 20108a npoeaaueaemcs Ha ypoeeHs
«08axcobl 08a», 6 Mo 6peMa KaKk cuem
udem Ha MUuAAUOHbIL.

Jnsi HOpMaJIbHOTO M3Y4YeHUs JII000Oro MaTeMaTHUYeCKOro rnpeaMera He-
00XoIMMBI, IO KpaitHeil Mepe, 4 UHIpeaUeHTa:

1) xcusoii yuumens;
2) 06bikHOGeHHbIE NOOPOGHbLI y4eOHUK;
3) padoeoii 3a0aunux;

4) ywebHuK, 0c600600COeHHbII OM PymuHbl, HO OAIOWUI 00UYI0 KADMUHY,
MOMuUGbL, CEA3U, «<4Mo 3a4em».

o uyeTBEepTOro NMyHKTa y CUCTEMbl OOpa3oBaHUS PYKM HE JIOXO-
nunu. KoHeuHo, momoOHasi 3amaya WMHOTAA CTaBWIach M pelianach,
HO B OOJIBILIMHCTBE CJIy4a€B — NpHU NMapaijieIbHOM UCNOJIHEHUHU (YHK-
LK1 OGLIKHOBEHHOIO YYeOHUKA. AKLIEHTHI U3-3a NMepPerpy3Kyu MEHSJIKCh,
M HaMEepeHHUs CO BTOPOI-TPeTheil [J1aBbl HAYMHANK ApeitdoBaTh, HE [10-
cTurasi pe3ysisTata. B BUpTyaabHOM MPOCTPAHCTBE TaK ObIBAaeT. AHAJIOT
00BbEeIUHEHUST TAaHTEJIM C TEeHHUCHOUN pakKeTKO#l MnepecTaeT peliath obe
3aJla4yM, XOTsl 3TO He cpa3dy OpocaeTrcs B Ijasa.

«Jlekunun» CTaBsIT 4-# NMyHKT CBOEM IaBHOM Lenblo. ConyTCTBYIO-
as uaesi — KOHOMHUS CJIOB U cpeAcTB. [IpaBaa, Ha ¢oHe Aeknapaumi
O KpaTKOCTH M SICHOCTH M3JIOXKEHMs TpearnojaraéMoe M3JIaHue OKOJIO
20 TOMOB MOXET MOKa3aThCs TSLKEJIOBECHBIM, HO 3TO CBSI3aHO C OGLLIMP-
HOCTbIO MaTeMaTHUKH, a HE C NEPETPY3KOM AeTaNSIMMU.

Heo6GxonuMo cKa3aTh, Ha KOro paccyuMTaHo. OTBET «Ha BCEX» Bbl-
IJIAOMT HauBHO, HO OH B KakKOM-TO Mepe oTpaxaeT cyTh jaena. O6Go-
3pUMBIN BUI, OOHaXeHHble KOHCTPYKLIMHU J0Ka3aTeJIbCTB, — TaKOro
COpTa KHUTH yIOOHO MMETH Moi pyKoil. He CeKpeT, YTo crielManucThl



8 Mpeancnosue k «Jlekumnsam»

caMoif BbICOKOI1 KaTeropuM TpaTAT MacCy CWJI U BPEMEHH Ha OCBOEHHUE
MaTeMaTU4YeCKUX CEKTOPOB, JIEXAlIMX 32 paMKaMU COOCTBEHHO# crie-
HUaU3alu. 30ech Xe KO MHOTUMM Mpo0JieMaM MpeiaraeTcsi KopoTKasi
Jiopora, mo3BoJisiiolasi GLICTPO OCBOMTb HOBBIE 00JaCTM U OCBEXMUTh
crapbie. [l HayMHAIOLIMX «KOPOTKHE NOPOrM» TeM OoJiee MOJIe3HbI,
MOCKOJIbKY 001er4aloT ABUXEHUE JTIOOBIMU IPYTUMU MYTSIMU.

B Bompoce «Ha KOro pacCYuTaHO» — €CTh M Ipyroi acrekTt. Ha cuib-
HBIX WK cnabeix? Ha cpemuuit By3 win ¢ustex? OnsTb-TakKU BBIXOIUT
«Ha Bcex». 3BYUUT CTPAHHO, HO peYb HE MIET O periaMeHTalluM Kpyro-
3opa. [IpocTbIM SI3bIKOM, KOPOTKO M MPO3PayHO OMMUCHIBAETCSI MPEAMET.
W3 3TOro kaxublii U3BJIEYET CBOE M ABUHETCS HaJibliie.

HaxkoHeu, nocienHee. B ycioBusix HGOpMallMOHHOTO HABOJHEHUS
MHCTPYMEHTBI BUEpALIHEro JHs nepecTaioT paboratb. He nmotomy, yto
U3yyaeMble IUCUHUIUIMHBI Yepecuyyp pa3poCiuCh, @ MOTOMY, YTO HOBBIX
CEKTOPOB XMW3HU CTIO CJIMIUKOM MHOro. M B 3TUX YCIOBUSIX Majo
KTO TOTOB YIAEJSITb MHOTO BPEMEHM 4YEMY-TO OfHOMY. [loaTomy yuuTh
BCEMy — Hano Kak-To uHaue. «Jlekuuu» maiotr npumep. [lioxoi iy,
xopoiuuit — nokaxer Bpemsi. Ho B m1060M ciyyae, 3To IpOAyKT HOBOTO
nokoneHust. Te xe «koyieca», TOT Xe€ «py/ib», Ta X€ MaTeMaTUyeckKas
CyTb, — HO MO-ApPYrOMY.



Mpeauncnosme Kk BOCbMOMY TOMY

Hemuna Hyxcoaemen 6 nHedockazannocmu.

Ecnu u3 apudMeTHKH yOpaTh YMCJIOBYIO KOHKPETHKY, OCTAeTCsl BUp-
TyanbHasi OCHOBa, KoTopasi Obuta Obl He TaK MHTEpeCHa, ecii Obl MpH
MaHMNYJISILUSIX MTHOM MPUPObI HE BOZHUKAJA Ta Xe caMasi abCTpaKiys.
Pasnuunbie ¢u3MyecKMe U reoMeTpUYeCKue npeodpa3oBaHMsi, TEOPHs
KOIMPOBaHMsI, KOMOMHATOPHbIE TPIOKM — BCE 3TO 0€3 MaCKHUPYIOLIMX
OIEX] NMEPEKIUKAETCS IPYr C IPYrOM HEOXWIAHHON MIEHTUYHOCTHIO.
U kak riaroJibl 6€3 CyleCTBUTENbHBIX, TAK M «ONepalLMy Boooiie» — 6e3
NMPEAMETHOrO 3a3€MJIEHHUSI — OKa3bIBAIOTCS SIPOM CONPUKOCHOBEHHS
pa3IMYHBbIX MHTEpIIpeTaluii. 3anauu, pa3neThbie JOrojia, BAPYr CIMBaIOT-
Csl BOEIMHO, M HAaUMHAET Ka3aThCsl, UTO €lli€ YCWINE — U CTaHET SICHO,
YTO B MMPE €CTb BCETO OJIHA 3aaya.

Ha3zBaHue ToMa 10 HEKOTOPOIA cTeneHM yciaoBHO. Peub uaet 06 06-
uieit anrebpe, HO C aKILEHTOM Ha Teopuu rpynmn. Kak HU cTpaHHO,
paccMaTpuBaeMasi 00JIaCTb — HECMOTPSI Ha KpacoTy U NMPaKTHYECKYIO
3HAYMMOCTh — OCTAEeTCs 3a paMKaMH o01iero oopasoBaHusi. C 3TUM Hao
YyTO-TO Jenath. [IOMHSI O TOM, UTO «HAyYUThb» U «1aTh NPEACTaBIEHUE» —
pa3Hble 3ana4yu. O0e BaXHbI IU1s1 OCBOEHHUSI MPEAMETa, HO BTOpasi — BaX-
Hee, TOTOMY YTO hopMaiibHOE 3HaHUe 0e3 yKPYTHEHHOIrO MOHUMAaHUs —
JIaxe ornacHo. bosiee Toro, BblyuMTh MaTEMAaTUKY MO KHMTaM BOOOILIE He-
BO3MOXHO. [Tosyunts npeacrabaeHue — apyroe 1eo. OctaibHOE BpeMst
LIeJ1eCo00pa3HO MOTPaTUTh Ha pellieHMeE 3aay M MPOJOJDKEHHME poa.



nhasa 1

Mpeobpa3zoBanmns n cuMmeTpus

WHTepecHble MPUIOXEHHS YaCTO HAYWHAIOT 0OCYXIAThCsl HAa TOW CTaguM, 1O KOTOPOMH
Mano KTo gobupaercsi. [To3ToMy 0 CyTHM M mepcrekTHBax Lesiecoo0pa3sHO TOBOPUTH
KaK MOXHO paHbllie, CKO/b Obl HU ObLIO 3TO HeyJOOHO B OTCYTCTBHE WHCTPYMEHTOB.
Koe-4To Bceraa MOXHO caenaTh rojbIMU PyKaMu.

1.1. dakTopbl «<BTOPOro gHa»

B ycTpoiicTBe MHpa TONOJOrMYeECKHe CBOMCTBA pacrnoJiaraloTcsi Ha no-
BEPXHOCTH, anreOpanyeckue — B riyouHe. [ToaToMy ¢ «HenpepbiBHO-
CTU» MPUXOOUTCS HAYMHATh, @ €CJIM He yIIyOJsSITbCS, TO €i1 M 3aKaHYU-
BaTb. B MTOre pedTHHIM MaTaHajlin3a NPEBATUPYIOT, a epynnbl, KOAbUQ
U noas OCTalOTCSl Ha 3aIBOpKax oOpa3oBaHusi, MpUYeM Bpoxae Obl 3a-
CIIy>)K€HHO, MOCKOJIbKY OCTaJIbHOE MPOLIBETAET B 3HAYUTEbHOM CTENEHU
He3aBUCHMMO. Eciu cloma npuGaBUTh U3JIMIIHIOW HACTOMYMBOCTL aji-
reOpaucTOB, paccKa3biBalOLIMX, KaK BaXHO TO, YeM OHM 3aHUMAIOTCS,
cnpoc Ha anreOpanveckue GHOKYChl CHJIBHO Namaer, Moo «BTOpOE AHO»
OCTaeTCsl BHE MOJISl 3pEHMSI.

KoHeyHO, pa3roBopbl O «BTOPOM [HE» HEPENKO BO3HMKAIOT, KO-
I1a Heyero npeabsiBUTh, KaK NoHaualy Kaxercs. CKaxeM, ydeOHUKH
NOJIHBI NPUMEPAMHU, B KOTOPBIX T€ MJIM UHBIE 3aMEHbI EPEMEHHBIX MPH-
BOISAT K OBICTPOMY MHTErpupoBaHMIo quddepeHIMaILHOrO YpaBHEHUS,
WIM CBOISAT YpaBHEHME B YAaCTHHIX NMPOM3BOAHBIX K OGBIKHOBEHHOMY.
Ho 3To npou3BoauT BIieYyaTieHUe pa3po3HEHHBIX 3MU3010B, MO0 TMpH-
YHHBI YCTIEX0B OCTAIOTCSI HEBBISIBIEHHBIMU. BennunHa «3amMaxa» He mnpe-
BOCXOIUT MaciiTaba 3anay¥ — ypaBHEHME pelleHo, U JanHo. B pe3ynb-
TaTe KOe-YTO He OOHApPYXMBAETCS — BIUIOThH O 3aKOHOB MUPO3IaHMS.

YpaBHeHHUS 1IeKTPOAMHAMUKH Makcéeeara Nocie 3JleMEHTapHBIX Tpeo0pa3oBaH Ui
MIPUBOIAT K BOJIHOBOMY YPaBHEHUIO
1A &A N A N oA (L)
¢ ot? T 8z Oy 922 '



1.1. ®akropbl «BTOPOIrO AHA» 1

OTHOCHUTE/JIbBHO BEKTOPHOro nmoTeHUUaNAa A, CBfI3aHHOTO C HamnpsAX€HHOCTbIO 3JIEKTPU-

YECKOr0 ¥ MarHUTHOTO MO/ COOTHOLUEHUSAMU
10A
E=--—, H=rotA.
c Ot

IMoHumaHue HDU3KMKKU B JaHHOM CJyyae He UrpaeT poiu. Peub o mpyroM. YpasHe-
Hue (1.1) He BbLAEPXKUBAET eCTECTBEHHBIX 3aMeH KOOPAUHAT (npeobpasosanuii Tanunes).
Ho 310 «Bpone 6bl Gpen», MOCKoabKY dhu3nyecKuit npouecc u ero auddepeHuaIbHOE
OTUCAHWE HE MOTYT 3aBUCETb OT TOYKU OTCYeTa.

INogoGHoro copra Kasycbl MMEIOT OOBIKHOBEHHE He MpPHUBJIEKaTb BHUMaHUs, TO-
raa Kak HeoOXOAMMO, Ka3aioch Obl, OMTb BO BCce KO/JOKOna. JIMGO ypaBHeHMe (l.l)
HENpaBWIbHO, W60 MUD ycTpoeH no-apyromy. (1) M ecnu Gl Bonpoc GbUT Tak cpasy

o 1
noctasneH (060CTpeH), epynna npeobpasosanuii Jlopenya ) u meopus omHocumensHocmu
ObUTH ObI OTKPBHITBI HaMHOTO paHblue. Ilpuyem misi ycrexa HYXHBbI ObLIM ObI Jaxe
HE TEOPEMbI, a ONUH JIMLIb CTWIb TEOPETUKO-TPYTINOBOrO MbILIEHHS.

ITocnenHee 0OCTOSITENBCTBO BeCbMa npuMeydatesbHo. LleHuTs npu-
HSTO (OpMyJbl, TeopeMbl M UX ciaernctBus. Ho capBatep pa3BuTus
HayKH ONpENeNsioT — Kamezopuu mbiuinenus. I onHa U3 nMpoayKTUBHBIX
CXEM IPaKTUYECKOIro MPUMEHEHUS meopuu epynn 3aKJIl04aeTcsi B caMOM
Mojxozie K peunieHuio npobiaemM. K ToMmy wim nHoMy oGbeKTy — Oyib TO
anreOpanyeckoe Wi auddepeHIIMaIbHOe YpaBHEHUE, TeOMETpUYECKas]
¢urypa Ui Kakasi-to GyHKUUSI — IIPUMEHSIIOT HEKOTOPYIO TPyIy Ipe-
00pa3oBaHUi1 ¥ CMOTPSIT Ha peakLinio. Ecin 00beKT OCTaeTCsi HEUyBCTBH-
TesieH (MHBapUaHTeH) K MpeoOpa3oBaHUsIM JaHHO# TPYMIIbl, TO U3 3TOrO
JIeJIal0TCsl OnpeieJIeHHbIE BBIBOIbI O €r0 CBOICTBax. I pyruMu CJIOBaMH,
MHBAapUaHTHOCTb OOBEKTa 1O OTHOLUEHWIO K TOM WIM WHOM TIpYIIe

. " 2
l'lpCO6p&30BaHl/lM Ja€T NMOJIC3HYIO P[H(bOpMaLIlrﬂO O €ro YCTPOUCTBE )

Ecnn dynkumsa f(z),...,Z,) HE4yBCTBUTENBHA K JIIOGOMY MOBOPOTY CHCTEMBI
KOOpAMHAT, MOXHO YTBEpXIaTb, YTO

f(z) = fa} +... + z2).

3T0 OmMH M3 Haubonee MOHATHBIX U TPUBHAJIbHBIX BAapHAHTOB. Ho H30TPOMHOCTb
npoCTPpaHCTBA (HC3aBHCMMOCTb CBOICTB OT Hal'lpaBJleHldﬂ) Ja€T U MEHEEC OYEBHUIHbBIC

D YpasHenue (1.1) MHBAPHAHTHO 1O OTHOLUEHMIO UMEHHO K npeobpazosanusm Jopenua

BHIA
7' +ot' , , 1 ) ﬁz')
-’E—\/l—_—m, y=y, z=2, t_ﬁ(t-i- )

rae B=v/c, v — CKOPOCTb IBMXEHHs LITPUXOBAHHOI CUCTEMbI KOOPAMHAT BIOJb OCH T .
2 WHBapHMAHTHOCTb YpPaBHEHMI KIIACCHMYECKOW MEXaHMKMU K CABMIAM IO BPEMEHU —
MyCTAYOK Bpoae 6bl — BiieyeT 3a COOOI 3aKOH coOXpaneHus sHepauu.



12 Maea 1. llpeobpasosannsa n cumMmeTpus

CNEACTBUs, HANpUMeEp, BHIAEASET Cpeld IpYyrux — IAuddepeHUMaNbHbIN onepamop
Jlanaaca

62 62 62
~ o "oy T o

YTO OMNpeAe/seT 0co0yl0 posb MocaeaHero B pusuke 3,

MHBapyaHTHOCTD LLIMPOKO MIPUMEHSIETCST ISl MHTETpUPOBaHUs nud-
depeHIMaNTBHBIX YPaBHEHMM, a TaKXKe /s BeiBOAa (DyHIAMEHTANbHBIX
3aKOHOB npuponbl. [locienHee MHOrAa MPOM3BOMUT €lBa JIK HE MH-
CTUYECKOE BIieyaTJeHUE, HACTOJILKO CHUIIEH KOHMPACM MpPUEUaAbHOCMU
NpUMUH ¢ HempueuUANbHOCMbIO 86160006. BOT HECKOJBKO NpHUMepOB [3]
Ha 3Ty TEMY.

3amaya o pacrpeae/ieHHU CKOPOCTEN MOJIEKYI Ta3a B CBOE BpeMsi GbUIa CEPhe3HBIM
KaMHEM TMpeTKHOBeHUs1. JlereHna yTBepxnaeT, 4To MaKcBesu1 peuri npo6ieMy 3a nos-
yaca Ha 3k3ameHe. [IpaBrononoGHas peKOHCTPYKLKs KCTOPHH TPUMEPHO TAKOBA.

YT10o6bl He TPaTUTD JIMILHHUX C/I0OB, abcTparupyeMcsi oT dusuku. UTak, myctb ciay-
yaitHblii BeKTOp T = {Z),...,T,} DACTIPENENEH C HEM3BECTHOI ILUIOTHOCTHIO P(I),
KOTOpasi yIOBJETBOPSIET ABYM CBOICTBaM:

(i) seauvunbl T; Hezasucumsi,
(ii) p(z) He 3aéucum om nanpaenenus .

IIpencrasnsercsi, YTO 3TH CBOMCTBA HE TAK MHOTO FOBOPAT O I10THOCTH. Ha caMom
4 .
nieJie OHH OMHO3HAYHO OTIPEAENSIOT e ). IleiicTBUTENBHO, U3 (i) BbITEKAeT

p(@) =pi(z1) . pa(20),
a u3 (ii) crenyer
p(@) =p(zi +... + ),
T.e. GyHKUMs p(T), a 3HAYUT U
In p(z) = Inp;(z) + In p,(z), (1.2)

MOCTOSIHHA Ha cdepax

' =z} +... + 22 = const. (1.3)

ou
3 LLInpoko M3BECTHbI YPaBHEHHSI: menaonposodHocmu Au = 75 , lanaaca Au = 0,

P
Ilyaccona Au = f, ornogoe Au = 'ya—;:.

4
) Pa3ymeeTcs, C TO4HOCTbIO 1O HOPMUPOBOK.
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Hpyrumu cnoBamu, dyHkuuu (1.2) u (1.3) MMEIOT OOHM U Te Xe MOBEPXHOCTH
YDOBH$1, @ 3TO BO3MOXHO, JIUIIb KOTAA MX FPAAMEHThI KOJUIMHEAPHBI, T. €.
Vinp(z) = AVz?,
YTO JaeT N PaBEHCTB
/
(x;
Pi®) o rey =0,
pi(z)
MHTErPUPOBAaHKUE KOTOPBIX MPUBOIUT K
2

pi(zi) = kie ™.

KoHCTaHTBI OnpenensioTcs HOPMUPOBKOM M 3anaHWEM, HAalpUMED, BTOPOTO MO-
MeHTa 0. OKOHYATENBHO

p(z) = 21a?) ™ exp {— (1.4)

zf++z$,}
V2ro?

BoiBox (1.4) 3acmyxuBaeT Toro, 4ToObl B Hero BXMTbcs. [lpe-
o0pa3oBaHUs, HE MEHSIOLUUE YPAaBHEHUW ABUXEHUS, TEX WIM MHBIX
GbYHKUMH, pellieHUi, KpUTUUECKUX 3HAYEHUH, — OObIYHO JIEFKO Haxo-
nsarcesi. Ho nmpu 3TOM KaXeTcsi, YTO BCE 3TO TPUBUAIBHO M HE CTOMT
BbleieHHOro situa. [ToaToMy rnaBHasi npoOGsiiemMa 3akKiloyaeTcsi B Tipe-
ononeHuM neccumusMa. Ilytu, Bemymiue K ycnexy, OoJbleil 4acTblO
BBIIISLOAT TYITMKOBBIMH, YTO TPEOYET CBEPXBECTECTBEHHOIO YYThsl U TO-
TOBHOCTHU [IBUTaTbCsl, 3aKYCUB YAWIA, MO «I0POre B HUKY/Ia».

HMeHHO B 3TOM M 3aKJIIOYaics CEKpeT ycrexa MakcBesula, a He B ABYX MO-
C/IEIYIOLMX CTPOYKAX B3SITHS rPaivMeHTOB. MOXHO AepXaTh mapu, yto Oyap 3amaya
NocCTaBjieHa B BUIE: «KakoBa (QyHKuMs p(T), yroBleTBOpsoLLast ABYyM ycioBusM (i),
(ii)», — ee Gbl pena KaXablil TPETHIl CTYLEHT, a noxobpan 6b1 p(T) — Kaxmblii BTO-
poit. CIOXHOCTb — B MOCTAHOBKE 3alayM, IS YEro HyXHO ObLIO 3a1aThCsl BOMPOCOM:
«YTO MOXHO CYUTATh U3BECTHBIM OTHOCHUTENBHO P(Z)?». 31€eCh Gbl yXKe MO0 CTYAEHT
yka3san (i), (ii). Ho Tyt u npoucxoaut c6oit. CKeNTHK He MOXET 3aCTaBUTh cebst ZyMathb
nanbwie. EMy KaxeTcs, 4YTO M3 TaKoOil YemyXu HUYEro HeJib3s BBIBECTH. MakcBen xe
He CTaJl MyAPCTBOBAaTh B MOMCKAX OPUTMHAJIBbHBIX OTBETOB, — YTO MOJABJISIOLIYIO YaCTh
uccnenoBaTeNiell YBOAMT B 1eOpH, — B3s1 OYEBMIHbIE CBOWCTBA U CTajl peliaTh 3aiayy,
HE YCTymasi SMOLMAM THMA «BPsiI JIM TAKOH €PYHIbI JOCTATOYHO ISl PELUECHHSI».

Konmpacm npuvun u caedcmeuii Bcerna pasutesieH. IpaHauMo3HbIE
CJIEICTBUSL ONMUPAIOTCS HAa HUYTOXHBbIE npuyrHbl. Ho TyT HMuero ymu-
BUTEIbHOrO. [IpUYMHEI roJibie, a CIEACTBUS B MacKax.

o BaHanbHbIit ¢akT

E1—E+E—€E+ ...+ En—Eny1 =€ —Eny (1.5)
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HaBEBaeT CKYyKY, HO monarasi €; = arctg Ink W yyuTbiBas

arctg u — arctg v = arct u-—v
: 8= gH—uv’
MPUXOIUM K
n
ln(k+1)_1nk
acte | o Eme ) —areed D). y
I;Z=; Cg(1+1nkln(k+1)) arctg (In (n + 1)) (1.6)

Ecnu Teneps (1.5) He adummposats, To (1.6) He Tak Nerko mokasaTb. M momoGHbIx
CNenCTBUM W3 MYCTKOB — MHJUIMOH, O YeM XM3Hb TO W [e0 HanoMmuHaeT. To Jin
Co3sznaTenb LIMPOKO TMOJIb30BAJICS TAKOM TEXHUKOI, TO 1M OHO CaMO TaK IOJYYWIOCH,
HO MBI BBIHYXIEHbI OCTOSIHHO MMEeTb neno ¢ daktamu tuma (1.6). Tonsle MpUYMHBI
Buza (1.5) Toxe B mosie 3peHHUs], HO MX MOTEHLIMAN «He BBIMUPAET», CBA3M HE BUIHBI,
U MHP — B JIOBYLIKEe KPUBBIX 3epKasl. ClencTBus Apa3HAT 3arafoyHOCTbIO, a IPHYMHBI
He3aMeTHbI M3-3a GaHabHOCTH.

o KpacHOpeuyMBbIii MPUMEP — UCTOPHS OTKPHITHSI OMEra-MUHYC rumnepoHa. lenr-
Mann 5), KaK-TO YC/bIILIABWIMKA 00 OTKPBITUM HOBOI 3J€MEHTApHOW YaCTULBI, TYT Xe
npeackasan — CYLUEeCTBOBAHME €LUe OAHOM, KOTopasi M Oblia OOHapyXeHa B 3KCIepu-
MEHTax Yepe3 TPH rona. ITo BhIMIAAENO Aaxe Gonee 3¢ddEKTHO, YeM OTKPHITHE TLIaHEThI
Henmyn, BbluMC/IeHHOM TIpeABapUTeNbHO Jleepbe U Adamcom, — XOTsl B OCHOBE Jiexana
npuynHa tuna (1.5).

IMononneka 3akmouanach B cieaywolieM. KBaHToBass MexaHHMKa ¢ €aMOro Ha-
yaja yCMEeUIHO CIPaBisach C CUTYAlLMSIMH, TO€ KONEONETCS «HEMOHATHO uyTo» [3].
3aTeM NpOABMHYJAch NaleKO BIEpeN, W YXE€ OMMCHIBAIAa 3JeMEHTApHBIE YaCTHLIbI
KaK COOCTBEHHbIE BEKTOPbl «HEM3BECTHO KaKOro» oleparopa IIIpénuHrepa(”. Ipa.-
[1a, Y HEU3BECTHOIO OrepaTopa Mpeanonaraiich U3BECTHBIMM HEKOTOpbIe CBOWCTBA —
HE MEHSATbCA MO AEHCTBMEM TOM WJIM WHOM IpyTinbl Npeobpa3oBaHUM.

Tak BoT, lear-Mann, 3aHMMaBLIKICSA U3yYyeHHEM HeKo# rpynnbl SUz, cpasy yBu-
ZieJl, YTO pa3MEPHOCTb TMPOCTPAHCTBA, B KOTOPOM AEWUCTBYET Hew3e8ecmHbili OTEepaTop
IIpénuHrepa, HaoO TaK yBENWUYMUTb (B CBA3M C OTKPBITHEM HOBOM YacTHLBI), YTOGHI
COOTBETCTBYIOLLAs IpyTiNa npeobpa3oBaHWit MOr/1a AeHCTBOBaTb B 3TOM MPOCTPAHCTBE,
M HOBBIIf COGCTBEHHBIN BEKTOp (KaK HMMIX YaCTULIBI) MOr nosiBUThes. Ho Toraa Bo3Hu-
KaJl eilie OAMH «IMIIHUI» COGCTBEHHBIN BEKTOP («IMLIHSAS» YacTHLa). BoT, coGeTBEHHO,
U Bcs noaHorotHasi. [IoToM Ha BojiHe ycrexa ¢ oMera-MHHYC TMIepoHoM [fewi-ManH,
3KCIyaTupyss Ty Xe rpynny SUj;, BbIOBHHYJ TEOPUIO K8apK08, KOTOPHIX HE MOTYT
HAWTH OO0 CUX MOp.

5) Hobenenckuit naypeat 1969 r.

o H3yyeHue «HeM3BeCTHO Kakoro» omeparopa LlIpéauHrepa MOXeT nmokasaThcs cap-
Ka3MOM, HO 3TO He COBCEM TaK. [IIsi pelieH|si MHOTHX 33134 YpaBHEHMsl, OMUCHIBAIOLLIHE
OOBEKT U3YYyeHMsl, NEHCTBUTENbHO HE HyXHbl. [uddepeHUMaTbHOE ypaBHEHHE NONE3HO
MMETb Nepel INIa3aMu JMLb KaK rapaHTHIO TOTO, YTO B MOJIE 3pEHHMsl NMONAJaloT BCE
HeOOXOAMMBIE MapaMeTpbl — CM. Jajee.
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e 31echb, Moxanyit, YMECTHbl IBe HUXECIAeNylOoluue BbLOEPXKH M3 cTaTbM Jaii-
cona”. Ha DaHHOM 3Tare M3NOXEHUs TEKCT He BIIOJHE SICEH, HO ISl «HaMeKa» 3TO
HECYILIeCTBEHHO. [la ¥ MOHUMaHHUs 31eCch 0co60 He Tpebyercsi. Peub-To HaeT no cyiue-
CTBY O HaBOASLLMX COOOpaXeHHU X, KOTOpbIEe MO/ Obl ¥ He onpaBaaThes. Ho mHTepeceH
CaM TEOPETHKO-TPYTIIIOBON CTUJIb MBILIEHHS, MO3BOASIOLLUI MPaBIONOAOOHO pacCyX-
naTh 00 ycTpoiictBe BceneHHol, He BHUKasi B JETAH.

«...MUHKOBCKHUii B jsiekuuu 1908 T. He 1OBes CBOM apryMeHTHI IO JIOTUHYECKOTO
3aBeplueHusi. OH He OOpaTW BHUMaHUs Ha MHBAapMAHTHOCTb YpaBHEHMiIT MakcBena
OTHOCHTENIbHO TPUBUANIbHOM abeneBoit rpymnnsl Ty, — CABUIOB KOOPAMHAT MPOCTPaH-
cTBa-BpeMeHU. EcTecTBeHHas rpyrnna HHBapMaHTHOCTH T€OPUM MakcBenna — He Lie-
cTuMepHas rpynna JlopeHua, a aecsitumepHas rpynna IlyaHkape P — mosaynpsamoe
npousBeaeHue G, u T;. COOTBETCTBEHHO, TpyTiNa CHMMETPHIT HBIOTOHOBCKO# MeXaHM -
KM — He LiecTUMepHag rpynna G, , a iecsiTuMepHas rpynna [anunes G — nonynpsmMoe
npousBeneHue Gy ¥ Ty. Hu P, HU G He BASIOTCA MOMYMPOCTHIMU TPYTINIaMU 8,

3agHUM YKCJIOM JIETKO BHAETb, YTO JIOTHKA MHHKOBCKOTO AOJIXHA ObUla MpH-
BECTH KOTO-HUOYOb K MBIC/IIH O CYLUECTBOBAHMM MpPOCTOi rpymmbl D, BbIPOXIEHHBIM
npeneaoM KoTtopoit 6ymer P, B TOYHOCTH TaK Xe€, KaK Yy Moaympoctoit rpymnmnbl G,
BBIPOXIEHHBIM TpenesoM sBiasercsa rpymna Go. 310 rpynna ge Cutrepa D, Be-
LIECTBEHHass HeKoMMaKTHas ¢opma mpocToit anredpsl Jlu B,. Cnenys aprymeHTtam
MMUHKOBCKOTO, MATEMATHKH JIETKO MOIJIM OBl MpeanooxuTb B 1908 r., 4To HCTUHHOM
TPYTINOit HHBAPHAHTHOCTH MMpa HOMXHA ObITh Tpynna D, a He P. B neiicTBuTeNb-
HOCTH D saBngeTCA IpyTNoi CUMMETpUi pacluupsiouleiics BceseHHol 6e3 MaTepuu,
paauMyc KpMBU3HBI KOTOpoii R ecTb nuHeitHas GyHKuus BpeMeH. D BoipoXaaeTcs B P
B Mpenesie TWIOCKOTo MpocTpaHcTBa lim R — 00, Tak Xe Kak G, Bbipoxzaaetrcs B G
B HBIOTOHOBCKOM Mpefene ¢ — 00.

IMpeanonoxum, KTo-1o B 1908 r. 6bLT JOCTaTOUHO YBEpeH B cebe, YTOObI MPUHATH
3Ty UAeI0 Bcepbe3. Toraa oH cMor 6l MpaBUIBHO Mpeackas3aTh paciurpeHue BeesieHHOIH,
OTKPHITOM 3KCIepMMeHTaIbHO Xa66oM cnycts 20 niet. Elle BaxHee, YTO 3TO MOTJIO Obl
MPUBECTH K MOCTYJIMPOBAHMIO KPUBH3HBI MPOCTPAHCTBA-BPEMEHHU M, CJIENOBATE/bHO,
HAMHOTO COKPATHTb IMyThb K OOLUeH TeOpUH OTHOCUTENbHOCTH. K cyacTbio, DIHILTENHH
¢HOpMyIMpPOBaJI MIPUHLIMIT OOLLE OTHOCHTENILHOCTH, NPOJEAAB TSXENbIil MyTb, KOTO-
pblii eMy HUKTO He obnerywi. [le Cutrep B OEHCTBUTENBHOCTH OTKPBUI CBOIO MOZENb
pacupsioleiics BceneHHON yepe3 roa nocje oBlaaeHus Teopuei DiHLITeHa.

<..>

B 1844 r. npou3ouLny 1Ba MpUMeYaTeNbHbIX COObITHS. [AMUABTOH OnyOAKKOBa
OTKpBITHE KBaTepHHOHOB, a [paccMaH u3man kHury “Ausdehnungslehre”. C 3ano3nanoit
MPOHMLIATENBHOCTBIO Mbl BUAMM, 4TO padota IpaccmaHa ObLna Gosiee 3HAYMTENbHBIM
BKJIaZIOM B MaTeMaTHKy W colmepXajia 3J€MEHTbl MHOTUX KOHUEMLUHI COBPEMEHHOIA
anreOpbl, BKJIIOYas, KaK YaCTHBINM cyyai, BeKTOpHbI aHanu3. OgHako IpaccMaH Gbin
MPOCTBHIM 1IKOJbHBIM yuuTeneM B LIITeTTHHE, B TO BpeMs Kak [AMUIBTOH — BCEMHPHO

7 Dyson F.J. Missed Opportunities // Bull. Amer. Math. Soc. 1972. 78. P. 635. Iepeson
¢ anrnmiickoro B: YMH. 1980. 35. Bein. 1.

%) OnpeneneHue noaynpocmbix TPYT MOXHO HailTH B [16], HO MoxHO cuuTaTh, 4TO
peyb HUIET 0 npocmuix Tpymnax (r1asa 6).
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M3BECTHBIM MaTeMaTHKOM... [u6OCy mocTasioch B yaen mepBoMy B Jekuud 1886 T
conocTaBUTh uaeu [amuabToHa u [paccMaHa...

He 3Ha10, CKOMIBKO YMCTBIX MAaTEMATHMKOB CbILIAAM WM YUTaIH Jekuuio [66ca.
BHumarenbHoe H3ydeHHe JIEKLIHH TOMOIIO Obl UM 3aMeTHTb, 4To [MGGCYy Ha camom
neje He ynanocb OObeIMHUTDh MOHATUS KBaTepHUOHA U BeKTopa. Hamporus, obcyaus
napajuie/IbHO 3TH [Ba MOHATHUS, OH MOKa3ajl UX SIBHYIO HECOMOCTaBUMOCTb. Ero nek-
LMl JOKHA Obla 3aCTaBUTh KaXIOro BAYMYMBOIO MaTeMaTHKa CIPOCUTH cebs: ,,YeM
OOBSICHUTb, YTO CBOWCTBA TPEXMEPHOIO MPOCTPAHCTBA IMPEICTABASIOTCS ONWHAKOBO
XOPOLLO ABYMSI COBEPLUEHHO Pa3HbIMH U HECOBMECTUMBIMH alreOpanyecKUMU CTPYKTY-
pamu?“. Bynb Takoii BONpPOC oaqHaXIbl ICHO MOCTABJIEH, HABEPHOE, CKOPO Obl HaLlencs
OTBET; U OH HEeU30eXHO MpuBes Obl K IMOJHOM TEOPUM OAHO3HAYHBIX M JBY3HA4-
HbIX MPEACTaBIEHUI TPYNIbl TPEXMEPHBIX BpallleHHii. BekTopbl 06pa3yioT npocTeiilee
HETPUBUAIbHOE ONHO3HAYHOE MpEACTaBlieHHE, a KBaTEPHUOHBI — IMpOCTeiflliee ABY-
3HayHoe mnpexacTaBieHre. KBaTepHHOHBI — MPOTOTHUIBI CIIMHOPHBIX MpEeICTaBJICHUIA
B COBPEMEHHOI1 TepMUHONOTMHU. Pa3BUTHE TEOPHM CMIMHOPHBIX MpEACTaBNEHUH, dak-
THYecKU Hayatoe Inu Kapranom B 1913 r., 3aBepiumioch B OCHOBHOM B 30-e roabl
npu cyuiectBeHHOH momoluu ¢dusukoB [laynu u JIupaka; oHo mMorno Obl HayaTbes
npubaU3uTENbHO Ha 40 JIET paHblue».

1.2. Tpynnbl npeoGpa3oBaHuii

Ipynnbl ICTOPUYECKU BO3ZHUKIIM KaK epynnbl npeobpas’oeanuii — ¢ KoM-
nosuyueli B KauecTBe epynnoeoii onepayuu. Ytobs1 COBOKyNnHOCTb $ 0TOO-

paxenui f: X — X Gbia rpynnoit, TpeGyeTcs %),

L f(z),9(z) €@ = f(9(z)) € ®.
2. Toxcdecmeennoe omobpaxcenue e(x) = T 6xooum ¢ P.

3. Jlw6oe omobpancenue f € & umeem obpamnoe f~' € ®.

DTa KOHCTPYKLIMsI OXBAaThbIBAET MAcCy MPHUJIOXEHUI: npoekmueHble
npeo6pazoeanus B reOMETPHH, npeobpasoeanus Jlopenya B T€OPUM OTHO-
CHTEJIbHOCTH, TEOPUSI MHBApMAHTHBIX MpeoGpa3oBaHuii nuddepeHLu-
QIbHBbIX YpaBHEHWH, epynnot lanya anreGpanyecKux ypaBHEHMH W T. .
Bosiee Toro, ecnu rpynmna u3HayalbHO BO3HUKAET B APYroM OGJIHKE,
C Onpe/ieJIeHHbIMU TPYLO3aTPATAMKM MOXHO MEPENUTH K U3YYEHHIO TPy
npeo6paszoBaHuil. CKaxeM, OT IPYNIbl AEHCTBUTENbHBIX YUCET HO CA0-
JCEHUI0 MOXHO TIepeTH K M30MOPGHOM TIpyrme OnepartopoB CIBUIra
fo(z); uncny a orseyaer dyukuus f,(z) = + a.

9 310, COGCTBEHHO, U €CTb OMNpeaeSIEHHE IPYTINbI, C TOYHOCTHIO 10 M3oMopdu3ma, —
CM. r1aBy 2. ACCOLMAaTMBHOCTb NMPH KOMIO3MLUMM B KayeCTBE TPYNMOBOM Onepauuv —
006ecreynuBaeTCs aBTOMaTHYECKH.
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o [pynny KOMIUIEKCHBIX yucen a + 18 (6e3 Hyss) no yMHONMCeHUI0 IKBUBAJIEHTHO
3aMeHSIET rPyIna MaTpHLl

a g _ (10 0 1 2, g2
B R PO R B B

C MaTpUYHbIM YMHOXEHHEM B KaueCTBE IPYTINOBOM OMepaLuu.

CooTBeTCTBUSA
1 & Lo , 1& 01
0 1 -1 0

JIETKO MpoBepsioTcs. B yacTHocTH,

-6

B To Xe BpeMs J1100y10 MaTpULly MOXHO pacCMaTpUBaTh Kak JIMHEHHBII onepaTop,
a YMHOXEHHUIO MaTPHU1l OTBEYaeT KOMIO3ULIMS OTepaToOpOB.

o [IprMepoM rpymnnbl MOXET CYXHUTb CEMENCTBO IPOOHO-JIMHENHBIX TPeobpa3o-
BaHU I

_az'+b

Tex'+d’

9KBUBAJIEHTHOE TPYTINE HEBBHIPOXKIEHHBIX MATPHULL

[C d]
k)
0)

o 1
OnATb-TaKu ¢ MATPHUYHbIM YMHOXECHHEM B Ka4€CTBE IpymnIoBOH OMeEpauudu .

ad —bc£0, (1.7)

1.3. UHuBapuaHTHOCTb AnPPepeHunanbHbIX yPpaBHEHUN

O npuMeHEeHUHU TPYNIOBbIX METOAOB NMpU U3yYeHUM AUddepeHIInAb-
HbIX ypaBHEHUI1 LIMPOKO U3BeCTHO. Ho npeacTaBieHUs 3TU HOCAT 60JIb-
L€ 4acThIO YMPOLIEHHBIN (M JaXe MCKaXeHHBIN) xapakrep. B To xe
BpeMsI MOJIOXUTEbHbIN 3(PDHEKT COOTBETCTBYIOLLETO HANPABJIEHHUS MbIC-
JIM JOBOJIbHO BECOM, XOTSl UTOTY YACTO BBITJISLISAT PE3YJBTaTOM JOTanoK.
PaccMOTpUM HECKOJIBKO MPUMEPOB.

e YpaBHeHHE

dz
— -3t=0 1.8
7 (1.8)

1) K omrosuwms npeoBpasosarmit (1.7) okasbiBaeTCs Mpeobpa3oBaHUeEM TOTO Xe BHIA,
¢ K03xpHUMEHTAMHU, COBMALAIOLIMMHM C EMEHTAMH TPOM3BENEHHS COOTBETCTBYIOLUMX
marpuu. (7)
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He MeHsIeTCs 1o AeiCTBUEM mpeobpa3oBaHuii (@ — mapameTp)
t=t-a, z=2 -3a. (1.9)

B mITpuxoBaHHbIX KOOpAMHATaX ypaBHeHue (1.8) BBIMISIINT TOYHO TaK Xe.

MNpeobpa3opanus (1.9) He MeHsAIOT Takke GyHKuud z = £ — 3t. «IloaToMy»
3aMeHa T = 2 + 3¢ cpa3y ympouuaet (1.8), IpHBOAS X YPaBHEHUIO C Pa3EASAIOLIMMUCS
MepeMeHHBIMH

dz
= —dt, 1.10
z+3 (1.10)
WHTETPUPOBAHHUE KOTOPOTO JaeT 2 = Ce' - 3, WIK B UCXOOHBIX MEPEMEHHBIX
z=3t+Ce" -3 (1.11)

IIponenaHHple MaHUNYJSIUMM OCTABISIIOT ABOMCTBEHHOE YYBCTBO.
IMpuuuHbI ycriexa 3aByalMpOBaHbl, M CJIOBO «[O3TOMY» He CiIydyaiiHO
B3ATO B KaBbIYKHM, MOCKOJIbKY JIOTMUECKHE CBSI3M MO KpaiHel Mepe
HeoueBMIHbI. Bonee Toro, peureHue (1.11) He WHBapMaHTHO MO OT-
HOLUEHMIO K npeoGpa3osanusiM (1.9). (!) Orta Heyssi3Ka, mpasma, —
pe3ynbraT HepocMorpa. Ho monauany Bcerma mosesdHee OLUHMOMTBCH,
yTOOBLI MOYYBCTBOBATh Oepera.

Y3 wnBapuaHTHOCTH ypaBHenus (1.8) mo ortHowenuio K (1.9) —
BbiTeKaeT apyroe. Ecimu = = (t, C) — cemeiictBo petuenuit (1.8), To

nozncraHoBka (1.9) IOMXHA OCTaBNSITH PEIUEHHME DELICeHHEM, HO KOH-

ctaHTa mpu 3ToM MoxeT MeHsitbes'D (1), T.e. £ = o(t, C) mocne

3aMeHsl (1.9) 06s3aHO nepeiiTit B HEKOE [ITPUXOBAHHOE PELEHHUE

zl — (p(t,, C,),
Bo3HMKalollee U3 ' — 3a = p(t' — a, C), T.e.
3a+ ¢t —a,C)=¢(t', C") (1.12)

npu HekotopoMm C' = C'(a, C). Pewenue (1.11) ynosnerBopsieT yHK-
LMOHaIbHOMY cooTHoweHuio (1.12). O6parubiit myts (1.12) = (1.11)
MOXHO MPOJIeNaTh, ONMPASACh HA T€ WM UHbIE TPIOKKU. OIIHAKO MPOCTEM-
K BApUAHT — 3TO Mepexox K ypaBHeHuio (1.10), HO OH cComepXHT
HEKYIO JIOTHYECKYIO LIIEPOXOBATOCTb, MeXIy NPOYMM, JIOTUUHBIX 00BSIC-
HEHUW I yIayHbIM 3aMeHaM NePEMEHHBIX OObIYHO HE HAXOAMUTCS M BO MHO-
rux yueOGHHMKax no auddepeHInanbHbIM ypaBHeHUsIM. He roBopst o ToMm,

11 .
) TpeoGpa3oBaHue (1.9) He MeHseT cemeiicmea peLIeHHHM, XOTs CAaMM PELICHUS MOTYT
MEHSATbCS MECTAMM.
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uyto Hoeromon, Diinep, Jlaepanx — nonroe BpeMsi pa3pabaTbiBaid METO-
Ibl UHTErpUpOBaHUs nv-ypaBHEHMIA, U BCE 3TO BBIISOENIO0 HAG0OPOM
Pa3pO3HEHHBIX TEXHUYECKMX NTPUEMOB, NOKA OOLIME KOPHH HE OTKPBLI
Cogpyc Jlu, — (rnasa 12).

OCTaHOBUMCH €lli€ Ha HECKOJIbKUX NMPUMEpax.

dz (z)
a \1

- - U
He MeHsieTcsl TOJL JeHcTBMeM npeoGpa3oBaHuii ¢ = at’, T = az’, KOTOpble HE MEHSIOT
Takxe GyHKuuH z = z/t. «[lo3ToMy» nepexon oT MepeMeHHbIX (T,1) K nepeMeHHbIM
(2,t) onATb-TaKM MPUBOAMT K YPABHEHUIO C PA3Le/AIOLMMUCS EPEMEHHBIMU

e OgHOpOIHOE ypaBHEHHE

dz  p(z)-z dz dt
_—— = = —,
dt t p(z)—2z

UHTErPpUPOBAHUE KOTOPOI'o JAcT
z/t

t:exp{()/#+0}.

e VYNoOMHHAaHHWE «MHBAPUAHTHBIX MpeoOpa3oBaHUii» B MPUBENEHHBIX MPUMEpPax
MOXET TMOKa3aTbCs «COOKY GAHTHKOM», TIOTOMY YTO HOBas TepeMeHHas W TaK Harpa-
mMBaeTcs. Bot nmpuMep MHOTO copTa. Ypaenenue Abeas émopoeo poda

dz_ 2 3 (L13)
aTe 2 '

MMeEET CTETNEHHOM BUA, U 3[€Ch €CTECTBEHHO OXMAaTh MHBAPUAHTHOCTD IO OTHOLLEHHIO
K IpyTiNe pacTsaxeHuit £ = az’, y = Py’. ToacraHoBKa MOKA3BIBAET, 4TO M1 HHBAPH-
antHoctH (1.13) TpeGyetca aff = 1, T.e.

1
t=kt', z= ;C-z'. (1.14)

BT Xe npeoOpa3oBaHWsi He BIMAIOT Ha ¢yHkuuio z = tzx. «[lostoMy» mnepexon
oT nepemeHHbIX (¢, Z) K (t, z) ynpouwaer (1.13) u faeT UHTErpupyeMoe ypaBHeHME

zdz dt
—_— = —. (1.15)
22 —=3z+2 t
OtHocuTe bHO (1.14) HHBAPUAHTHO TakXe ypasHenue Pukxamu
&+ az’ =t

DddeKT nonyyaeTcs aHaIOTHYHBIMH.
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WHtepecHo, uTo ypasnenue Pukxamu Buna

&+ az? = pt7 (1.16)
VHTEIpUpYeTCsi B KBalpaTypax, Kak mokasan Jluyeuanb, TONbKO NpH
4n
Yy=0,7v=-2uny= 1=m (n — uenoe). Pe3ynsraT BBIJISIOUT
-2n

YAMBUTENbHBIM, MTOTOMY YTO HE SICHO, KaK 3TO MOXHO noka3atb. CaMu
MHTETPAIbl B TEPEYUCIEHHBIX Cryyasix jerko Haxomsitcsi ([. Bepuyanu),
HO KaK YCTaHOBUTb, YTO APYrMXx — HeT? B KOHTekcTe IpynnoBoro
aHaJIK3a €CTECTBEHHO BO3HUKAET MPEANOI0XEHHUE, YTO UHTETPUPYEMBIii
nudyp 00s13aH ObITh HEUYBCTBUTEJIBHBIM K HEKOTOPOIi Ipymnie npeodpa-
30BaHUi, obnajatollieil onpeaeneHHbIMU CBOCTBaMH. TObKO — JIETKO
CKa3Ka CKa3blBaeTcsl.

PasymMeercsi, onHOomapaMeTpUuyeCcKre rpymnnbl npeodpa3oBaHuii, Ka-
KOBBI€ [10Ka PaCCMaTPUBAJIUCh, HE UCYEPIBIBAIOT BO3MOXHOCTU. C yBe-
JIMYEHUEM YHCJIa apaMeTPOB OTHOCUTE bHAs MPOCTOTA YJIETy4YUBaETCs.
Hanpuwmep, ypasnenue Puxxamu

. 2
& =a(t)z” + L)z + ()
HE MEHSIET CBOEro BUIa B Cllyyae nmpeoOpa3oBaHUiA
azr’ +b
zT=—-m, ad —bc £0,
cx' +d

HO KakoBbl nocienctBusi? Janeko He sicHo. bBe3yciioBHO, MHBapHaHT-
HOCTb 3[I€Ch YTO-TO O3HauaeT, HO 4yTo? Kak 3T0 MOXHO MCMNOJIb30BaTh
IJIST aHa/Iu3a, pelleHus?

OnpeneneHHast cneurdurka BO3HMKAET B CBSI3M C YPaBHEHUSIMU
B YaCTHBIX NMPOU3BOAHBIX. PaccMoTpuM 3agauy o nnddysuu,

U = Ugg, u(T,0)=1upd(z), (1.17)

NpY YCIIOBUM OOHYNEeHUs! pelueHus: u(x, t) Ha GECKOHEYHOCTH.
CoorHouteHust (1.17) He MEHSIIOTCSI IPU 3aMeHe

z=e°%, t=e%, u=c (1.18)

C y4eToM 06bIYHOTrO [UIsi nenbra-hyHKUuMU cBoiicTsa d(uz) = d(z)/p.
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Iyctb Tenepy 4 = p(z,t) — petenne (1.17). TTocKoabKy MH-
BapMaHTHO K npeoOpasoBaHusiM (1.18) He TonbKO ypaBHeHue aud-
¢&y3uu  (TETUIONPOBOAHOCTH) U; = Ugzy, HO W <«KPaeBOE» YCIOBHE

u(z,0) = uod(z), T.e. 3amaua ueaukoM, 1o u = @(z',t') — Tarke

00513aHO OBITb pelieHueM 12)

Moxcrasnss (1.18) B u = p(z, t), umeeM
ul — e_“(p(e'“a:', e—Zatl) - (p(z', tl),

YTO OOCTUIAE€TCA B Cllyyae

p(z,t) = %:ﬁ (%) (1.19)

BBonos mnepeMeHHyl0 T = z/\/f v noactasnss (1.19) B u; = u,,, NPUXOAMM
K OOBIKHOBEHHOMY A1 depeHLHaIbHOMY YPaBHEHHIO
2d2¢ + dy
jdh AT
dr? dr
peLias KOTOPOE C Y4eTOM KPaeBbIX YCIOBHIi (B HyJe U Ha GECKOHEYHOCTH), TO/y4aeM
B MTOTE XOPOLIO U3BECTHOE PELICHUE UCXOMHOM 3ana4yu

+¢:Oa

1
u(z, t) = 2_\/7r_te z2/(4l).

Bmecto (1.17) no aHanoruu ¢ MpeabLIyLIMM MOXHO GbUIO Gbl pac-
CMaTpMBaTh TOJIILKO YpaBHEHHE

Up = Ugy (1.20)

Ge3 kpaeBbix yciaoBuii. Torma 6bl B 1ojie 3peHMsi MONalM CeMeicTBa
pELLEHUI, HO yXe HE mapaMeTpu3yeMble KOHCTaHTaMU. MHBapMaHTHBIX
npeoGpa3oBaHuil Toxe npubaBwiocs Obl. IMomumo (1.18), a Takke
OYEBMIHBIX TPYNN Npeobpa3oBaHMii
/ ! ! !
z=z +a, t=t +a, u=c"d, U =u+ap,t),

rae ¢(z, t) moboe yactHoe peuieHue (1.17), — mosBisieTCsi, HANPUMeEP,
HETpUBHANIbHAS TPyMna

{t=t,z=2 +2at, u=u'e" "™},

12) B 310M 32KITIOYAETCA OTIHUME JAHHOM CMTYaLUMH OT paCCMOTPEHHBIX Bbillle MPUME-
poOB, rIe peyb Luia He 06 OMHO3HAYHO peluaeMbix 3adavax Kowwu, a o nudypax, UMeEIoLMX
cemelicmea peLIeHMIA.
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Cpa3y K€ BO3HHMKAET BOMPOC, YTO O€JIaTb C 3TUM MHOXECTBOM IpYyIIl,
KaK MX CBECTHU B OJHY MHoOronapaMe€Tpnu4cCkKyro, 1 — CTOMT JIH.

1.4. MeTtoapl noao6us M pasMepHOCTH

B ¢u3Mke 10BOJIBHO IIMPOKO MCMOJb3YETCS YNPOLUEHHBIA IpynnoBoi
aHanu3 B BUIE Memodoe nodobus u pazmeprwocmu. IIpy 3TOM Ipymmbi
4YacTO HE YNOMUHAKOTCSI, @ CAMM METOMAbI BBIMJISLIAT COBEPILUEHHO CaMO-
crositeibHbIMM. Kak Gbl TaM HM GbLTO, pelienTypa BecbMa 3¢ dheKTUBHA,
NpoCTa, U B PsLy TEOPETUYECKUX MHCTPYMEHTOB (PU3UKU 3aCTyXKUBAET
€lBa JM HE MEPBOOYEPENHOrO ynoTpeOsieHUsl, a C TOYKU 3PEHHUS Tie-
peHOCa «TPIOKOBOI 4aCTW» Ha abCTPaKTHYXO OCHOBY — 3aCilyXWBaeT
cepbe3Horo BHMMaHusi. Ho moka octaHoBUMCS Ha NMpUMepax 13), HE BbI-
X0[isl 32 paMKU (PU3UKH.

o HcreueHue XHAKOCTH M3 GaKa — B YCTAHOBMBILEMCSA pPeXHME OIpEaeisaeTcs
TpEMsl NapaMeTPaMU: NAOMHOCMbIO P U 8bicomoil cmoaba h XUIKOCTH, a TAKXE ycKope-
Huem c80000H020 naderus g, — OT KOTOPBIX 3aBUCUT «OCTalibHOE». [To3TOMY, Hanpumep,
BEC XHUIKOCTU (), BHITEKAIOLNN B €AMHUILY BPEMEHHU, €CTb

Q = (P(p » 8 h)
Pa3mepHoCTH MapaMeTpoB:

ML

M L
Ip]= E’ [g]:?ﬂ [h]:Lr IQ]: F’
rie M — emuHuua Maccel, L — anuHbl, T — BpeMeHU 9, IToatomy

Q p(p,g, h)
pg 2RI = pg 2 hT =19(p,g, h)

— Ge3pasmepHasi BeauuuHa. Ho Tak kak Ge3pa3mepHyio KOHCTaHTy U3 p, g, h obpa-
30BaTh HEBO3MOXHO, TO ¥(p, g, h) OT p, g, h He 3aBHCHT, a 3HAUMT, ABISAETCS HEKOH
KOHcTaHTOM k. B pe3ynerare:

Q= kpg3/2h5/2.

Tpy BKIIOYEHUM B CIIMCOK UCXOAHBIX NAPaMETPOB PafMyca r CIMBHOTO OTBEPCTUS —
nonyunnocs 661 k = k(r/h). KoHcranTa, npaBna, ocTaeTcsi Bce PaBHO HEM3BECTHOI,
HO CTAaHOBHUTCS ICHBIM KAa4eCTBEHHOE CBOMCTBO: MPOMOPLMOHATBHOE H3MEHEHHE Palvi-
yca U BBICOTBI Ha MOTOK He BJIMSET.

i
3 Jetanu u ¢u3MyecKue KOMMeEHTapuu CM. B [1, 25], rme paccmarpuaercsi Macca
JPYTHX MHTEPECHBIX 3a1ay.

4
! )0603Ha!{e}me |z] mns pasmepHocTH BenMuMHBI T NpemnoxeHo Makceeaaom.
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o JIpixenne XuaKkocTH. [TpocTeifiune 3anayn ruApOIMHAMHKH YaCTO ONPENEAIOT-
sl YETBIPbMS TApaMETPAMHU: NAOMHOCMbIO P, KOIGDUKUeHMOM BA3KOCMU 4, XaPAKTEPHBIM
JIMHEWHBIM pazmepom | U xapakTepHO# (4acTo cpeaHeii) ckopocmeio v. U3

pps v (1.21)

MOXHO 00pa30BaTh TOJNILKO OnHY Ge3pa3MepHYIO BETHYUHY

Ha3bIBaeMyIo uciom Peiinonsdca. Tloatomy B 060 3anaye (noaszanaue), onpenesseMoii
napametpamu (1.21), Bce Ge3pasMepHbie BeTMYUHbBI OyayT QYHKUMAMHU TONBKO Yucaa
PetiHonbaca.

3anay noxo6HOro poja foBoJbHO MHOro. Hanpumep, aABUXeHUEe XUIKOCTH B TPy-
6ax ¢ omnpeneieHUEM MPAKTHYECKH BAXHBIX XapaKTePUCTHK, TAKMX KaK MaJeHHe NaB-
JIEHH W COMpOTUBJEHHE TPYObl Ha €AMHHULY MIWHBI. DTO MOrYT ObITH M 3adayu
0 IBUXEHWM TBEPAOTO TeNa (CKaxeM, MOABOAHOM JIOAKH) B KMAKOCTU. B aToM ciyuae
cuna F ConpoTHBIIEHHS XUIKOCTH OyneT (Mo TOi Xe TEXHOJOTHHM)

F = k(R)pv%.

e Ecnu 3apaHee SICHO, YTO MEPHOA 7 KOJeGaHNt MaATHUKA MOXET 3aBHCETD JIMLIb
or m, g, I, To mpoGiaeMa CBOOMTCA K TOMCKY KOMOWHAUWu u3 m, g, l, uMewomeit

pa3MepHOCTb BpeMeHH. Takas KOMOMHALMs eqMHCTBEHHA: 4/1/g, Macca m oKa3biBaeTcs
Hu nipy yeM. TToatomy 7 = k+/1/g, tie k — Hekas Ge3pa3mepHasi KOHCTAHTa.

o 15
o KauyecTBeHHBIII aHANU3 MexaHM3Ma @aammep-3¢pexma ) MOKa3bIBaeT, YTO

CHTyauus OTpeleNseTcs MapaMeTpamMu (BapHaHT ABUXEHUS! B KHAKOCTH)

E, p,m, p, 1, v, (1.22)

rae E u g — modyau FOuea u cleuea, m — macca DBUXYILETOCS Tea, p — NAOMHOCMb
XMAKOCTH, | — XapaKTepHBIit paamep, ¥ — KpUumu4eckas cKopocms.

3HaHue «MoayJieii» U UX pa3MepHOCTeil — Heobs3aTebHO. 31eCh BaXHa cXema.
W3 Ha6opa (1.22) KOHCTpYHpPYIOTCsS Tpu Ge3pa3MepHbIX mapaMeTpa

pv’ g 0m
E’ E’ pl3’

KaXzabliA U3 KOTOPBIX MOXHO BBIPa3UTh KaK HEU3BECTHYIO (byHK.Lll/llO JBYX OCTaJIbHBbIX.

Orciona
E g m
= ;‘P(E,m) (1.23)

1) OcoGoro poa AMHAMHUYECKasi HEYCTONYMBOCTDb B3PLIBHOTO XapakKTepa Mpy IBUXEHUHU
TBEPIOOro TeJa B XUAKOM WIM ra3oBoi cpene.
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KoHeuHo, Heu3BecTHas (PYHKLMSI ¢ 4aCTHYHO OMpadaeT ycrmex, Ho dopmyna (1.23)
ABJISIETCSA 3HAYMTENBHBIM 1IATOM B MOHMMAaHWHU 3aKOHOMepHocTelt ¢datrepa. Cpasy
ICHO, HampUMep, 4YTO oc/1abiieHde XKeCTKOCTH B 1 pa3 (Mony.eit E u p) yMeHbluaeT
KPUTHYECKYIO CKOPOCTb B /1 pa3.

Kpome Toro, ¢yHkuMs (¢ MOXeT ObITb BOCCTAHOBJEHAa B TMAPOAMHAMHYECKHX
3KCIepUMEHTaX JUGO MpH 06AYBaHHHM AELIEBBIX MOIE/EN CaMOJIETOB B a3pOAMHAMUYe-
cKUX TpyOax. UMeHHO nmo3ToMy Ha3BaHHe METOAMKH IIOMUMO Pa3MEPHOCTH YTIOMUHAET
nodobue. Jleno B TOM, 4TO «Moay¢aGpUKaThi> TEOPUH Pa3MEPHOCTH, XOTA M conep-
XaT HEU3BECTHbIE BEIMYMHBI U (YHKUMM, — AAIOT MPO3payHble OPUEHTHUPHI IS
3KCMIEPUMEHTAJIBHOTO MCC/IEA0BaHUsSA, KOTOPOE, KaK OKa3bIBAETCSA, MOXHO MPOBOIUTH
Ha UTPYLUEYHBIX MOJEJISIX, B TOM MJM HHOM CMBIC/IE n0006HbIX PEAIbHBIM OOBEKTaM.

o OueHuM maccy M KamHe#, HEOOXOnNHMMYIO Iis MepekpbiTus peku. [Tyctb m
0003HayaeT Maccy KaMHeii, 3achllaeMbiX B eAMHULY BpEMeHHU, | — XapakTepHbIil pasMep
dukcupoBaHHOrO MpoduIs peKUu, p — MJIOTHOCTb BOAbl, ¥ — CKOPOCTb T€YEHHUS, § —
yCKOpeHHe ¢cBOGOAHOro nageHus. Bo3aMoXxHBI Tpu Ge3pa3MepHbie KOMOMHALIMU:

m [l lg m
M\lg v wpl?

HckoMmas macca M B pe3ynbraTe:

l lg m
w=mfov (o)

OcraeTcs Ha OELLEBOM MAKeTe MPOBECTH IKCIIEPUMEHT [Tl KOMIIEHCALIMU HENOCTalOLLE
uHbopMauuu o GyHKUMH 9.

(!) O6paTiM BHMMAaHHeE, 4TO HA MPAKTHKE BOCCTAHARNTMBATEL DYHKLUIO 1, BOOGLIE
roBopsi, He TpebyeTcs. «CekpeT» 3KCIepUMEHTa 3aKJII0ueH B Ge3pa3sMepHBIX MapameTpax.
CkaxeM, MakeT pyc/la peKM MMeEeT XapaKTepHblii pa3mep I, B 10* pa3 MeHbLUUi
peanbHoro. Torma, YyToObl He MEHSTh TMapaMeTp lg/‘vz, CKOPOCTb TE€YEHHUS] ¥ Halo

2
yMeHbwuTh B 100 pa3, mocse yero wns noauepxaHus 3HadyeHus napametpa m/(vpl®)
CKOPOCTb 3aCBINKH M HEOOXOOUMO YMEHBLUIUTD B 10" pa3. B 3ToM ciyyae 3HayeHue ¢
He U3MEHUTCS, @ M/l /g, U COOTBETCTBEHHO M, yMEHbILUTCS B 10" pas.

[MoxoGHbIe 3a1a4n BeCbMa BaXHbI [IPU BO3BEAECHUHU MJIOTUH U cTpouTeiscTBe [DC.
Heobxoaumyio ansi «3achIKA» MacCy MPUXOOUTCS MOABO3MUTH 3apaHee, U HAIO 3HATh
«cKONIbKO». Ha BCsikui cilyyaii moaBo3sAT B HECKOJIBKO pa3 GosbLLE TeOPETHYECKOTO pac-
yeta '®). ToBops, Bo3nE HEKOTOPBIX MJIOTHH TaK H JIeXaT ropsl MPUBE3eHHOTO MPO 3amnac.

IMpomonxaTh MOXHO 10 GeCKOHEUYHOCTH. B momoOHOM Kitoue pe-
LIAIOTCS 3a1a4M, K KOTOPbIM MHauye He BUIHO KaK MoACTynuThes. Typoy-

16) Pasymeetcs, NPOBENEHHBIN aHATM3 UTHOPUPYET psil HAKTOPOB, KOTOPBIE B IPUHLIMITE
JIETKO YYeCTb.
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JIEHTHOCTb, B3PbIBHbIE SIBJIEHUSI, paCIpOCTPaHEHHE TUIAMEHH, 3aTyXaHUe
yIApHbIX BOJH U T. M. BeIrsaauT 3pdEeKTHO U MOXOAUT HA «IUXHE» Me-
Tonbl GU3UKOB, KOTOpbIE Oe3 KojebaHUit NeNST Ha HYb, €CJIM 3TO CYJIUT
BBITOIbI ) Ho «METOAWKa» UMEET MO COO0M BIOJIHE JIOTUYHYIO OCHOBY.

OtcyrcTBre nrudbepeHUINATbHBIX YPaBHEHU, ONTUCHIBAIOLIMX 33124y,
— WUII030pHO. YpaBHEHUST — 32 KanpoM. Ho oHM HasiBy M He HYXHbI,
MOTOMY UTO «METOAMKA» HE CTABMUT LIEJIbIO IaTh UCUEPIbIBAIOLLIEE PELLIEHUE,
OrpaHUYMBAsICh BBISIBIEHHEM XapaKTepa 3aBUCHMMOCTEN UM OCTaBJIsIsl KOH-
CTaHThI, a UHOTIA U (YHKLIMM, IS JOMOJTHUTETBHOTO UCCJIEI0BAHUS , ECIIU
B TOM €CTh YTUJIMTapHasi WIMN «IXCCEPTaLIMOHHasi» noTpeOHOCTb. [Ipouc-
XOIUT OTPaHUYEHUE MeopemuKo-2pynnoebiM UHepedueHmom 3aoaui, 4To
J10 HEKOTOPOM CTEMEHM CKPBITO 32 OCOOBIM CJIOBOYIOTPEOIEHUEM.

Y1006l MOYYBCTBOBATh 3aKYJUCHYIO crieLndHUKY, pACCMOTPUM IBH-
XeHUe MasTHUKa,

mi+kzr=0, z(0)==z¢ (Masmnuk Ha npyxcune), (1.24)
Jmbo
Jo+mglsing =0, @0)=1y (nodsewennviii masmuux),
4TO B Ci1yyae Momenma unepyuu J = ml’ MepexomuT B

g
]

3anaua (1.24) xapakTepu3yeTcsi mepeMEeHHbIMU

¢+ Tsing=0, ¢(0)=gpo. (1.25)
z, %o, t, k, m,

13 KOTOPbIX MOXHO 06pa30BaTh TOJIBKO ABe (He3aBUCHUMBbie) Ge3pa3mep-

Hble KOMOMHALIMU:
T k
— n ty/—.
Ty m

a:=a:0f(t %)

"o OTPENENEHHUIO, YECTHDbII uYenoBeK OONMBbLION MOLIOCTH NMPH Manoi BHIroge —
He craenaeT. DU3MK Xe BCErga roToB Ha HEKOPPEKTHBIE NEHCTBUS (MMEIOTCS B BUAY
MAaTeMaTH4YECKUE) — M B 3TOM €ro CHJIa.

[Mostomy
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Jl1o6oe xapakTepHOe BpeMsi, HaNnpUMep nepuoi KojebaHuii T, onpene-

JISIETCS1 paBEHCTBOM
[m
T= n v(zo, k, m).

M3 nepeMeHHBIX Zg, k, m Ge3pa3MepHas KOMOMHALMA He oOpasyercs,

Mo3TOMY
m
v(zg,k,m) =const = T=v %

BapuanrT (1.25) TOT Xe peuenT NPUBOAMT K PELIEHUIO

res{ofi)

Tak 4TO HEIMHEIHHOCTb YPAaBHEHHU I HE SIBASIETCS NMPENATCTBUEM ANSl METOOMKH.

(") Hannuune auddepeHManbHbIX YpaBHEHHUI HA CTapTOBBIX MO-
3ULIUSIX B JAHHOM CJyyae NnpUAaeT MaHUNYJSILMSIM HEKOTOPYIO COJMI-
HOCTb, HO €CJIU BAYMAaTbCsl, TO SICHO, YTO nUcypbl 31€Ch UIPAIOT POJb
nexkopauuii. OHY JIMLIb MOACKAa3bIBAIOT, KAKME MapaMeTpbl B U3y4yaeMoii
CUTyalIMM CYLUECTBEHHbI. M eciu mocienHee siCHO M3 Apyrux coobpa-
XeHUI, IMDYpbl OKa3bIBAIOTCSA HU MPHU YEM.

1.5. CBf3b C rpynnoBbIM aHANIN30M

3aKOHOMEpPHO BCTaeT BOMPOC: KPOETCS JIM 32 MemoOuUKol coenaco8anus
pazmepHocmeli TAMHCTBO MPUPOAbI, UIW (HU3KMKA HABOOUT TE€Hb Ha Ijie-
TeHb? — WM na u HeT.
CkaxeM, B 3anaue (1.24), T.e.
d’z
m—— +kr =0, z(0)=z, (1.26)

dt
Oynb OHA MOCTaBJieHa B aGCTpakTHOI dopMe, 6e3 Kakoit Obl TO HY ObUIO
MHTEPIPETALIMY IEPEMEHHBIX, — HUYTO HE MELIAEeT MPUITUCATh T HEKYIO
pasmepHocTh [z] = X, u nanee:

t]=T, [m]=M, [k]:%. (127)
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Takum o6pasom, pasmepHoctu [z], [t], [m] 3anaiotcs npoussonbHo, (k]
BbIGUPAETCsI TaK, YTOObI craraembie B (1.26) U3MEPSLIMCh B OIHUX €IMHH-
uax. Jlajiee nyth aHajioruueH. Te xe 6e3pa3MepHbie KOMOMHAILIMM, TOT X€E
pesysnsrat. [loatomy HuKakast dusuka B ciyuae (1.26) He TpeGyercsi.
Bonee Toro, cam pa3roBop 0 pa3MEpHOCTSIX COBEPLLIEHHO HeoOs13are-
sieH. OH NpocTo SIBJISIETCS] YIOOHBIM MHEMOHUYECKUM NPUEMOM, KOTO-
PBIii TOMOTaeT MOHSITh, K KaKO# Irpyrnie npeodpa3oBaHUit ”HBapUaHTHO
ypaBHenue (1.26) 1 Kak 3Ty MHGbOPMALMIO yI0GHO Jaiee UCTOJb30BaTh.
HUHbIMU cnoBaMH, COIJIaCOBaHME Pa3MEPHOCTEl — 3TO 3KBUBAJIEHT-
HbI{ S3bIK UIsI paboThl C OTpeesIeHHBIMM IpyrnnaMu npeodpa3oBaHUit.

B nanHoMm ciyyae ypaBueHue (1.26) MHBapMaHTHO (HEYYBCTBUTEJIBHO)
18)

K 3aMeHaM
(m =am',
z = pr,
ﬁ t =t (1.28)
a .,
ST

Npo3payHO COOTBETCTBYIOLIMM pa3mepHocTsM (1.27).

JuddepeHunansHbie ypaBHEHUS B MoOAOIUIeKe Heobsi3aTesbHbl. s 0ObIYHOrO
KBaIpaTHOTO YpaBHEHHS

' -2ax+b=0 (1.29)

MOXHO 3a[aTh MPOM3BOJILHO pa3MepHOCTb [¢] = X, nonyuyus, Kak cneactsue, [a] = X,

[8] = X2. Jlanee WHAMKATOD pPa3MEPHOCTH TMO3BOJSET YaCTHYHO KOHTPOJIMPOBATh
npaBWIbHOCTb popmyn. Hanpumep,

Tia=axVal-b

MPOXOMUT KOHTPOJIb COOTBETCTBUA pasMepHocTH. HekoTopbie dopMyibl cpasy oTcen-
BaIOTCA.

To Xe caMoe Mojydaercs, eclid 3aMeTUTb, YTO ypaBHeHHe (1.29) He MeHseTca
(no cytu) nipu 3amene (k > 0)

z = kz'
a=kd }, k>0, (1.30)
b=k

18) Bce «TPEYCCKHEC» MAPAMETPbI — IMOJIOXHUTECIAbHDI.
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KOTOpasi OMHO3HAYHO MEPEKIUKAETCSA C PACCMOTPEHHBIMHU BbIlle pasMepHocTaMU. Pop-
My/ia IS KOpHeil ypaBHEHHUs Takxke 00s3aHa ObIThb MHBApMaHTHOM K 3ameHe (1.30) —
U 3TO TpeOGOBaHHWE PAaBHOCHJIBHO COIJIACOBAHMUIO Pa3MEPHOCTEM.

Tak 4yTo cKa3aHHOe MOKa — He B MOJIb3y «TauHCTBa». Bce cBoauTest
K cneurdUyecKUM rpyrnmnaMm npeoOpa3oBaHWit, XOTs HalO MNMPU3HATb,
YTO «I3bIK pa3MepHOCTe» NMpUXoguTCs Kctath. KpoMe Toro, teopus
pa3MepHOCTH yuuT, uTo (!) KoHKpemHo pewaemyio 3adauy none3Ho nozpy-
Jocamev 8 napamempuuecKoe cemelicmeo, He 0CMABAACH 8 NAEHY YACMHbIX
cayuaes Tina &+ 2x = 0 win 2%+ 3z — 2 = 0. «IlleBeeHNEe KOHCTAHT»
NPOJIMBAET JAOMOJHUTENbHBIN CBET 19)

BepHeMcsi, HanpuMep, K ypaBHeHuio (1.13), KoTopoe nocsie 3aMeHbI KOHCTAaHT
napaMetpamu a, b npuobpeTtaeT BuUI

dt a b

Ecmu [z] = L, [t] = T, To ana cornacosaH1s pasMepHoCTed B caMoM ypasHenuu (1.31)
tpebyeresi: [a] = L*T?, [b] = LT.

OrpaHMyMMcsi MOMCKOM KaKoro nu6o vacTHoro peuieHusi. KomGuuauus zt/b
6e3pa3MepHa, MO3TOMY

b
T = th(a, b, t),

a
a MOCKOJIbKY U3 a, b, t MOXHO 06pa3oBaTh TONILKO OOHY Ge3pa3MepHYIO BEIMYUHY L

z= ?«p(%) (1.32)

Moxcraensas (1.32) B (1.31), npuxoaMM K HEOGXOAUMOCTH b2¢2 - b21p +a =0,

OTKYyna
a 1+ /1 —4a/b?
Y12 )= a2

2 ’

TO

) b
YTO B UTOrC OAa€T ABA YACTHbIX PCLUCHUSA ) T = Z(/ll,z.

Yro Xe KacaeTcs «CEeKYHI M KMJIOrpaMMOB», TO OHMU Bpole Obl
HeoOsi3aTeIbHbl. BMeCTO pa3MepHOCTE MOXHO TOBOPUTb O Tpynmax

19) [pynnoBoi aHanu3 ¢ nos3uumii epynn Jlu (rnasa 12) 06bIMHO OTAENSET MapaMeTpbl
OT NMepPeMEHHbIX U MapaMeTpbl He TPOTaeT.

) O npodoancumocmu pewseruii — cM. [4, 1.2].
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npeo6pa3oBaHuii. Ho 3T0 TonbKo mojioBUHa mpaBibl. C rOMOLLBIO
pa3sMEPHOCTEN pelliaeTcsi, HarpuMep, 3aiaya O BbICOTE OpPbI3r MpU ABU-
XEHWM TOPIEIHOro Karepa. YpaBHEHUIl HET, HO 3aBUCMMOCTH yCTaHaB-
JuBaloTcs. «HYyno» OObSICHSIETCSI HAUTMYUEM aiicoepra GU3MKU co BCEMHU
¢yHOaMEHTAIbHBIMU 3aKOHAMHW MEXaHUKH U TEPMOIMHAMMKU, YTO 1O3-
BOJISIET Pe3yJIbTATUBHO FOBOPUTH O 3a1ayax, He BbIMUChIBasi ypaBHEHUIA.
A Takke aenaTh COAepXaTesibHbie BbIBOAbBI O CBOMCTBaxXx U CTPYKType
9TUX yYpaBHEHHU, HE UMesI BO3MOXHOCTH MX NMpedbsiBUTh. BoT moka3a-
TenbHBIM npumep [25].

Tennootaaya B noToke XuAKOCTH. 3amaya Gbuta peuteHa Paseem (1915) u mopoauaa
«deTeKTHBHYI0 3aranky». KonudectBo Teria H, oTnaBaeMoe TelOM B €IMHHULY Bpe-
MEHH, OTpElEeNsioT Clefyloliie MapaMeTphbl: XapakTepHbI pasMep | Tena, CKOpPOCTb
oOTekaHHus ¥, pa3HOCTb TeMilepaTyp A Tela U XHAKOCTH, TEMJIOEMKOCTb € M TeIUIo-
MPOBOIHOCTb A XMAKOCTH m,

MHbIMH cioBaMH,
H=9p(,v,4A,c).

B KauecTBe 6a3oBbIX €IMHULl U3MEpeHUs ObUiu Boibpanbl: L (mnuna), T (Bpems), C°
(temneparypa B rpamycax), @ (koauyecTBO Teruia). M3 mepeMeHHBIX, pa3MEPHOCTH
xoropbix: [H| = Q/T,

L . Q Q
[l] - L, ['U] - Ta [A] - C ) [C] - LBCO’ [’\] - LCOT’ (133)
00pa3yloTcs TOAbKO ABe Oe3pa3MepHbIX KOMOUHALIUH,
H lve
— u —.
AlA A
CnenoBaTesibHO,
l
H:AIA-:/;(%C). (1.34)

3TO U eCTb popmyaa Parnes, UHULIMMPOBABLIAs MapanoKC.

Cytb npetensuii k (1.34) cBoanaach K crneayioieMy. TeMnepatypa ¥ KOJTM4€ECTBO
Terw1a UMEIOT, BOoOLLIe rOBOpsi, pa3MepHOCTb 3Heprud. [1oaToMy ecnu u3 cnucka Pases
6a30BbIX €AMHHUL U3MEPEHUS UCKJIIOYUTH Ipagychli, BKJIIOYHB €OUHULY Macchl M, —
pa3sMEPHOCTH MePEMEHHBIX MEHSIOTCS

M2 l |
T el==, =,

L
=1, ==, [a]= )
M=z, bl=7 4] = -

) M1 usberaem (u3nYecKux yTouHeHuii. Jetanu cm. B [25].



30 Maea 1. lMpeobpa3osBaHns n cummeTpus

U Tenepb U3 I, v, A, ¢, A MOXHO 06pa30oBaTh yXe aBe 6e3pa3MepHbie BEJUYUHBI:

l
e u o

A

B pesynsrate BMecTo (1.34) monyyaerca dopmyna

H:AlAw/;(lvTc, c13), (1.35)
ropasao MeHee UHGOpMaTuBHas. BbIXxoauT, 4To yraybiaeHue 3HaHUN O MpUpoe Teria
pasMbiBaeT JOOBITHIN paHee pe3yabTar (1.34), mosyyeHHbI Ha OCHOBE GoJlee MOBEPX-
HOCTHOTO aHaiu3a. YIUBUTENbHO, YTO MPUYMHA Mapajokca COBpeMEHHUKaMHU Pires
TaK M He ObUla BCKpbITa, HECMOTPSi Ha OUCKYCCUIO. MeXay TeM OTBET COBCEM MPOCT.
C yyeTOM 3KBUBAJIEHTHOCTH KaJIOPHH, TPallyCOB U MEXaHUYECKOI SHEPTUU, — CITUCOK
napameTpoB (1.33) noaxeH 6bITb HOPMATLHO MOMOAHEH ABYMS OOMEHHBIMH KO3 dH-
UMEHTaMU: Mexanudeckum skgusarenmom menaa J ([J] =M L}/ (TZQ)) 1 NOCMOAHHOI

Bonvuymana k ([k] = M LY/ (T2C°)) , — KOTOpbI€ MO3BOJAIOT 3Ty IKBUBAIEHTHOCTD HC-
nosb3oBaTh. U Toraa u3 nonosnHeHHoro crucka (1.33) o6pasytotcs yxe nse Ge3pasmep-

lve Jcb?
Hble KOMGHHaLNK Tc " —: , B pe3yJIbTaTe Yyero uTorosasi Gopmyia MPUHUMAET BUI:
lve Jcl?
H=,\1A-¢(T,T). (1.36)

Tenepb ocTaeTcs y4ecTb, YTO B pacCMaTpuBaeMoM (HU3MYECKOM MPOLECCE MEPEXOI
MEXaHHYECKOii SHEPTHHU B TEIUIOBYIO (M HAa060poT) He npoucxomut. [ToaToMy 3HaUeHHe
J He cyuectBeHHo. Ho Torna ¢dyukuua ¥ B (1.36) He 3aBucur oT J, a 3HAywT,
M OT BTOPOTO apryMeHTa, 4to Bo3Bpauwaert (1.36) K UCXOXHOIi Bepcuu (1.34).

IIpuMep obGpaiiiaeT BHUMaHUE Ha psii BaXHbIX OOCTOSITELCTB, HE-
BaXHO, UIET JIU peyb 0 GU3UKE WIA O Apyroi obsacTu. B yacTHocTH,
Harjs,IHO TMPOSIBJISIIOTCS «OTHOCUTEIbHOCTb» 0a30BOM CUCTEMBI €MHULL
M3MEPEHMS ¥ MPUHLUMUNUATIbHAS POJb OOMEHHBIX KO3(hdHULIHEHTOB (DU-
3UYECKMX KOHCTAHT). YYacCTBYIOT Jid TOC/NEIHUE B «Pa3birPbIBAEMOM
CMeKTaKJie» — OINpEAESiseTCsS UX MPUCYTCTBUEM B nuddepeHnanbHbIX
ypaBHEHMSIX, OMUCBIBAlOLIMX H3yuyaeMoe siBieHue. Ho ecnn npowuc-
XOIWUT 3a04YHBbIA aHaTn3 (B OTCyTCTBUE Auc-ypaBHEHHit), TO BKIIOYE-
HUE/UCKITIOYEHUE «OOMEHHBIX KO3(DHULIMEHTOB» B CITUCOK NMEPEMEHHBIX
3amauy onpenessieTcsi MoHMMaHueM (pU3UKH Mpoliecca.

ba3oBasi cucTeMa eTMHUL U3MEPEHUSI MOXET ObITh BbIOpaHa Gosiee-
MeHee TMpou3BojibHO. OT KpailHero ciiyyasi «BCE NMEPEMEHHbIE 3a1ayl
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22
NMCIOT MHOANBUAYAJIbHBIC Pa3MEPHOCTU» ) 0 ICKapallunu «BC€ BEJIU-

yuHbl Oe3pa3MepHbl». IlocnenHee, KOHeYHO, dapoM He maetcs. Kak,
CKaXeM, MPOUCXOIUT YMEHbLIEHHE YMCIa 0a30BbIX €AUHUIL U3MEPEHUSI.
®ukcauus, 1onycTuM, ckopoctu cseta ¢ ([c] = L/T) B xauecTBe 6e3-
pa3MepHOi BeJIMYMHBI YpaBHUBAeT B npaBax L u T, — u Torma njvHa
OyzeT M3MepsTbCsSE B CEKyHIaX JIu0O BpeMss — B MeTpax (KOMY Kak
Gosbllie HPAaBUTCSI), @ YHCIIO 6a30BbIX MexaHM4yecKux exuHul (L, T, M)
YMEHBLLUUTCS C TPEX 10 IBYX.

He ocTtaHaBiuBasCh Ha 3TOM, MOXHO 3a(MKCUPOBATh €llie KaKylo-
HUOYIb GU3NYECKYIO MOCTOSIHHYIO, HAIIpUMED, — 2PAGUMAUUOHHYIO 7,
PasMEPHOCTh KOTOPOM

3
[] T

Pa3MepHoOCTbIO Macchl Torna OyneT L’ /Tz. A ecny yyecTb paHee INpHU-
Hsitoe L ~ T, To ocTaeTcst BCEro ofiHa eqMHuLia usMepeHus. @ukcaums
elle OAHOM MOCTOSIHHON — MOHSATHE PasMEPHOCTH BOOOIIE JIMKBUIMN-
pyer (Bmecte ¢ Ilanaroit Mep u BecoB). Bce HauMHaeT M3MepsThCS
B aOCTpaKTHBIX €IUHHULIAX.

1.6. CummeTpus Mupospanus

BhITOBOE IpeACTaBeHUE O CHMMETPUMHY BO3HUKAET U3 BU3YyabHBIX 00Opa-
30B ¥ aCCOLIMMPYETCS C reoMeTpueit. [apMOHMST 3epKaIbHBIX OTpaXeHHU i
Y MOBOPOTOB, MPOCTBIX OPHAMEHTOB U 3aMBbICJIOBAThIX KPYXEB, — BOT
YTO MHUTAeT MppaLMOHaNbHOE 4yyBCTBOo. Ho MeHTanbHOe yrayGieHue
B NMOJHOrOTHYIO (hakTOB pa3iBUraeT OPU3OHTHI TaK LIMPOKO, YTO Iep-
BOHAYaJIbHbIE BMEYaTIE€HUs PACCHINAIOTCS B MbLIb.

Cummempus 23), B LLIMPOKOM CMBICJIE CJI0OBA, HAYMHAET UHTEPIPETHU-
pOBaTbCS KaK UHEAPUAHMHOCMb ceolicme, cmpykmyp, ¢opM — T10 OTHO-
IIEHUIO K TOW WIM MHOI rpynne npeodpa3oBaHuii. [TogoOHast HeuyB-
CTBUTEJILHOCTb K MpeoOpa30BaHUsIM ObIBAET IJyOOKO CKPbITa, U HAMNTH,
«YTO Y MO OTHOLIEHUIO K YEMY — HE MEHSIETCSI», UHOIa OKa3bIBaeTCsI
NMpeAMETOM HaydyHoro oTKpbiTUsi. Ha Buay octaercsi reomeTpuyeckas

2) Ho Torna morpebyeTcss MHOXECTBO OOMEHHBIX KO3 GDHULMEHTOB.
D) or rpey. symmetria — COpa3MepHOCTb.
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CUMMETpHA, 1a U TO — HE BCHl. 3a KaapoM XK€ B NMOJIE 3pEHUs monanaxoT
«HCOXHWIAHHbBIE 3KCIMOHATDbI».

CuMMeTpHYHA, KaK BBISICHAETCSH, My3biKaJlbHasi MeNoaHs, HOO OCTaeTcs y3HaBae-
MO — Oyab cpirpaHa B n1000# OKTaBe W Ha N1060M HHCTpyMeHTe. [IpHueM Hanuyue
yXa 4elOBEYECKOro, Kak MHCTPYMEHTA BOCMPHATHA, HEMPUHUMITHANBHO, [TOTOMY YTO
CABUT MEJIOAMH BAOADb 3BYKOPSIA MHBADHAHTEH He «M3-3a YXa», a U3-3a norapudmupo-
BaHHWA 4acCTOT, Nocjle KOTOPOTO HEBaxHO — 6ac Wid conpano. CummeTpuyHa niobas
aBTOHOMHas cHcTeMa £ = f(z), MOTOMY YTO MHBAPHAHTHA K MEPEHOCY TOYKM OTCYeTa
BO BPEMEHH.

CHUMMETPUYHO BCE, YTO 3aKOHOMEPHO. YTO MpOUCXOOUT ONMHAKO-
BO MPHU U3MEHEHMUU 4acTH ycaoBuid. Tak yctpoeH Mup, ynpasnsieMbliit
3akoHaMH. Tak nBuxetcs Co3HaHHe, HANpaBAsEMOEe PAMKaMH CUMMET-
pu4Horo buitus.

CHUMMETPUYHO BCE, Tle BUAMTCA rapMoHus. SIBHas M HesiBHas. Be3oTuyeTHO Boc-
npMHUMaemas M TpyaHo obbacHHMas. B Teopun yucen, HanpuMep, MHOrHe GhopMyabl
PamanyOxcana, obnanaBuiero MUCTHYECKMM NApOM MMOMCKA YHUKIbHBIX YMUCAOBBIX
3aKOHOB, — APAa3HAT MOTYCTOPOHHEH 3araloyHOCTBIO. 3i€Ch HE MECTO ymybasTbes
B I€TaJIH, HO JAXe CaMble MPOCThIE €Tr0 HAXOAKHM THMA

\/1+2\/1+3\/1+...=3,
\/ —V8+ V8. =1+2V3sin20°,
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BBI3LIBAIOT yaWBlieHHe. IIpoBepKa PaBEHCTB HE TaK CJIOXHA, HO UX X€ HAIo ObLIO
Haitt (1), 4TO MPOTMBUTCA MATEPHATMCTHYECKOMY OGOCHOBAHHIO.

Ho npaxe ecim OTOpPOCHMTL MHTYMTUBHBIEC OILIYIIEHUS], KOTOpHIE
He BCerla ymaeTcs Jieraiu3oBaTb <«alirebpanyecku», — MHp ocTaeTcs
CUMMETPUYHBIM, TIOTOMY YTO JIIOOOW 3aKOH MPUPOABI CBUAETEILCTBYET
O TOW WIM MHON MHBApDMAHTHOCTU K M3MEHEHUIO «BHELIHUX» YCJIO-
Bui1. OnHaKo nmogo6GHasi LKUPOTa B3TJISA0B MPUHOCUT MaJI0 KOHKPETHOM
noJib3bl. bojiee KOHCTPYKTUBHO M3y4Y€HME YaCTHBIX Pa3HOBUIHOCTEM
CUMMETPHUI, OCOOEHHO TeX, KOTOpblE€ OMNpEAESIOT GyHIaMeHTAIbHbIE
cBoiictBa [IpocTpaHcTBa U BpemeHu. U 3neck cHoBa, HO yXe Ha BTOPOM
BUTKE, MPOUCXOAUT Pa3BOPOT B CTOPOHY F'€OMETPHH.

B niepByio ouepenib U3y4aloT epynny deudcenuli — rpeodpa3oBaHui,
COXPaHSIIOIIUX paccTosiHusl. Bce nBUXEHUS] MOAPA3AENsoTCs Ha: no60-
DOmbl, OMPANCEHUs, NePeHOCbl 1 KOMITO3ULIMM OTPAXEHUI U MEePEeHOCOB.
DT0, KOHEYHO, TEOpEMa — HO OHa JIEXUT BHE PAMOK IaHHOTO KOHTEKCTa.

Ha miockocTu Tpynna IBUXEHWH, OCTaBJISIIOIUMX HEMOIBUXHOMN
HEKOTOpYIO0 TOYKy (), BKJIIOYAET TOJBKO MOBOPOTHI BOKpYyr O U OT-
pPaXeHHUsI OTHOCUTEJIBHO MPSIMBbIX, mpoxoasiuux uyepe3d 0. OHa uMmeer
nodepynny noeopomoe Cy, Ha yrnel 2kmw/n, k=0,1,...,n — 1. Ipynna
ousdpa D, BkIO4aeT Bce MOBOPOTH U3 Cy, U T OTpaXeHUMl OTHOCH-
TeJILHO NPSIMBIX, MPOXOASIIMX Yepe3 TouKy O U COCTaBJSIOLIMX IPYT
¢ npyrom paBHble yribl. Ipynna D, u3oMopdHa epynne camocoemeuieruii
MPaBUJILHOTO 7-YTOJIbHUKA.

[IpaBuIbHbIE MHOTOTPAHHUKH, C TOYKU 3PEHUS] UHBAPUAHTHOCTH
M0 OTHOLUEHUIO K MPOCTPAHCTBEHHBIM MOBOPOTaM M OTPaXEHUSIM, —
0oJsiee CJIOXHBI IUISI aHaiu3a, u6o TpeOyroT
MPOCTPAHCTBEHHOI0 BOOOpPaXEHUs1 U TMpHU-
BJI€YEHUS] TEXHUKU TPYNIOBOro aHamau3sa.
Ho cama ux xinaccudukaius MOXET ObITh
JIETKO MPOBEJIEHa Ha IpYyroil OCHOBE.

TTpaBUABHbBIA MHOTOTPAaHHUK XapaKTepU3yeTCs

TeM, 4TO B KaXIOH BEpLIMHE CXOIUTCS OIHO U TO Xe ’
gyucno K pebep U onHO M To xe yucno N pebep
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OrpaHU4YMBaeT Kaxuylo rpaHb. Eciu V' o6o3HayaeT yucio BepwnH, R — pebep, G —

rpaHeii MHOTOrpaHHuUKa, To

N-G=2R, K-V =2R,

YTO MOC/E MOACTAHOBKU B opmyay Jinepa V — R + G = 2 (cM., Hampumep, [3]),

NMPUBOAUT K YPABHEHHUIO

(

2 1+2 R=2
K N -

Bce BO3MOXHbIE peLIEHHUS JIETKO OIMPEAE/sIIOTCS MPSIMbIM nepeGopom .

K =3, N =3 — mempa3dp,

K =3,N=4— k6,

K =

3, N =15 — 0dodeka3dp,

K =4, N =3 — oxma3dp,

K =5, N =3 — ukoca3dp.

BoT, coGCTBEHHO, M BCe, €CNM I0/1araTbCsd Ha NPUHIHUIT «1pO-
KyKapeKaJ, a TaM IyCTb XOTb He€ paccBeTaeT». PopMaibHO 3anaya
pelieHa, HO 3arajika OCTaeTCsl, YTO CBUAETEJILCTBYET «...0 CYLLECTBOBA-

"’

HUU Hepa3ragaHHbIX MEXaHU3MOB M CKpbI-
TBIX MPYXHH. Pe3ynbraT... CTOUT Kak-TO
OCOOHSIKOM, caM 1o cebe, HM C YeM He mne-
PEKJIMKAETCsI, HUKAKUX BCEJIEHCKUX 3aKO-
HOMEPHOCTE! HE BbIPAXAET, XOTS KAXETCsl,
4TO HOJIXeEH» [3].

TeopeTHKO-rpynnoBoii NMoaxon noMe-
LIaeT 3amadyy B Cpeldy pPOINCTBEHHbIX (ak-
TOB. MHOrorpaHHUKOB 00Jibllie He moJyya-
€TCsl, HO PE3YJILTaThl yXe HE CTOSIT OCOOHSI-
KOM, TMepEeKIMKasiCh U PE30OHUPYS C IpYrU-

MU ¢akTamu. Ipynna Mkocasnpa, HanpuMep, OKa3bIBaeTCs CBSI3aHHOM
C NIpo0JIEMOI1 HEPa3PELIMMOCTH aredpanyecKuX ypaBHEHMIT B paauKa-
sax. OnHaKo MoaApoOHOE pacCMOTPEHHNE TEOMETPHUYECKUX MAHUMTYJISIIIU I

24
)l'lepeﬁop OrpaHUYMBAETCS LIEJOYMCICHHBIMU PEILEHUSIMU HEPABEHCTBA

2

2+ >1
K N

NPy OYEBMIHOM orpaHuyeHun K, N > 2.
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C TpaBWIbHBIMM MHOTOrpaHHHKamMM TpeOyeT COBCEM [PYroro TeMria
paccyXIeHuit, HauboJee MOAXOASILETO WIS MUHAWBUIYATLHOTO 06IyMbI-
BaHMSI, HEXEJIH [UIsi KHMXKHOTO M3JIOXKEHMSI, PACCYMTAHHOTO Ha CpedHE-
CTaTUCTUYECKUI BapMaHT BOCIIPUATHSI.

MHoroyucieHHble pa3HOBUAHOCTU CUMMETPUIA, KOTOpbie pU3nye-
CKM BOIUIOLLAIOTCS B KPUCTAJUTMYECKUX CTPYKTYpaX, — OTHOCST OOBIYHO
K CBOMCTBaM (pM3M4YECKOro MPOCTPAHCTBA, HO 3TO CO3AAET OMNpeesieH-
Hylo nmytaHuuy. U160, eciii roBOpUTh O LIMPOKOM JHana3oHe MaciiTaboB
Y TOYEK 3pEHUsI, — HUKTO He 3HAET, YTO TaKoe (PU3NYECKOE MPOCTPaH-
ctBo. [TompazyMeBaeTcsi OObIYHO R® , HO 3TO JIMLLb YMCTHIM XoJcT. Korna
JIEKJIApUPYIOT, HalpUMEP, YTO NMPUPOJla HE COAEPXUT B cebe BUHTA, TO

3TO HE OTHOCHUTCS K R3, KyZa MOMELLaeTCs [TONop 2 Hpyroe neino, yto
onucaHue GyHIAMEHTATbHBIX SIBIEHUM (12 U TO HE BCEX) HE MEHSIETCS
MpY CMEHE JIEBOI CUCTEMbl KOOpPAMHAT Ha mpaBylo. Ho 3To cBoiicTBO
MPOLIECCOB, @ HE BMELIAIOLIErO MPOCTPAHCTBA, U 31€Chb — 30HA OTBET-
CTBEHHOCTU DU3UKH.

PoxneHue GU3HYECKUX 3aKOHOB MPOMCXOOUT CBOEOGPa3HbIMU MYyTAMH, Ha KO-
TOPbIX MaTeMaTH4ecKasi KOPPEKTHOCTb TOJMIbKO MellaeT. Bo3dbMeM B KauecTBe mpumepa
37IEKTPOAMHAMUKY. Ypasnenus Makceeana B BaKyyMe MMEIOT BUA

0H OF
rotE=—-a—, rotH =p—, (1.37)
ot at
rne E u H — HanpsXXeHHOCTH 3JIEKTPUYECKOTO U MAarHUTHOTO M0Js, @ KO3 PULIUEHTDI
a v f onpenensiorcs BoiGopoM cuctembl equHul. CreactBuem (1.37) okasbiBaercs
BOJIHOBOE ypaBHEHHUE )
8’E O'E + 0’E + 9’E
ot Azt oy 822’

craBluee 11 Makceenna GONBILIONH HEOXMIAHHOCTBIO, U OH B pe3y/bTaTe MPeArioNoXu,
YTO 3/IEKTPOMATHUTHBIE BO3MYLUEHHSI PACTPOCTPAHAIOTCA B BMIE BOH. [lanbpHeiiulee
XOpOLIO W3BECTHO: OMbITHI lepya, 3aTeM runote3a Makceeara 06 31€KTPOMArHUTHOM

af (1.38)

) «BuHTOBasK ACMMMETPHSI» OKPYXaloLluero Mupa (JIIOIU/I B GOJIBLUIMHCTBE NMpaBOpPYKH,

Yachl XOIAT MO YACOBOM CTPEJIKE, YIMTKH ONMHAKOBO 3aKpYYeHbl) — Ha MEpPBbIi B3I
MOPOXIAETCA ACUMMETPHEN BHELUHMX NPUYMH TUNA BpalueHus: 3eman. Y pasHoe 3akpyuu-
BaHMe BoIOBOpOoTOB B CeBepHOM M KOXXHOM MOMYIIApUsAX — 3TO HATJISAHO MOATBEPXKIAET.
Ho noyemy 3emiisi «BBUHYHMBAET GypaBuMK» K CeBEpHOMY MOMIOCY? AHAIM3 TAKKUX LIEMOYEK
NPHUYMHHO-CJIEACTBEHHbIX CBSI3€il PaHO WM MO3IHO HO/DKEH YNepeThCs B KaKo-HMOYIb
aCMMMETPMYHBIH 3aKOH TIyOMHHOM HUILHM, MO0 MOJOWTM K BBIBOAY O CYLUECTBOBAHMM
Ipyroi «3eMM», r1e npeodianaeT JeBOPYKOCTb.
) AnanormuHo s H.



36 Mmasa 1. [llpeobpasosaHns n cumMmMeTpus

NpUpoLe CBeTa — M3-3a COBMAAEHUsI CKOPOCTH pacnpocTpaHeHus BosH (1.38) co cko-
poctbio cBeta, 1/(af) = c.

B 3TOM cloxeTe MaTeMaTHKa MrpaeT pa3Be YTO HABOISILLYIO POJIb.
BsiBox (1.38) 13 (1.37), onuparoLumiicst Bpoze 6bl Ha 37l€eMEHTapHBIE Bbl-
KJIaKM, YSI3BUM C TOYKHU 3peHUsi Joruku. U 1eio BoBce He B HE0OX0aM-

T & y, MOCTH NPOMEXYTOYHOrO nuddepeHurpoBa-
HUs1, KOTOPOE MOXET HATKHYTBCSI Ha KaKylo-
HUOYIb HernamkocTb. Kaxmoe u3 ypaBHe-
uuit (1.37) npexnonaraer (3a KagpoM), 4To
B NpaBO# YacTH CTOMT MPUYMHA, @ HE Cliel-
ctBue. IIpuMepHo kak B mi = F cuna
NMOPOXIAEeT YCKOPEHUE, HO HE YCKOPEHHE — CHITY. DTO OYEHb CEPbE3HOE
NPEnsTCTBUE 151 CBOOOIHOrO MaHMMYJIMPOBAHUS YPaBHEHUSIMM.

f)
Puc. 1.1

Eciu npenocTepexeHue KaxeTcsi HAlyMaHHbIM, UMEET CMbIC/T OGPATUTHCSA K MpPU-
MepaM u3 obaactu 6udypkauuii (cm., Hanpumep, [3]). unamuueckuit 610k f (B muc-

KPETHOM BpeMeHHM), NaloLuii Ha Bbixoae curHan y[k| — y[k — 1] npu BxonHoM curHane
y[k], 6ymyun BkniouyeH B obpaTHylo cBa3b (puc. 1.1), npenckasbisaer Gymyuiee (1):
ylk — 1] = z[k], 4to BhITEKaET U3 6aNAHCOBOrO COOTHOLLEHUS

z[k] + y[k] - y[k - 1] = y[k].

B TakuXx CHTyauusiX, YTOGbl yIepXaThCsi B paMKax A03BOJIEHHOTO,
Hal0 MEPEXOANTh Ha Gosiee TOHKOE ONMUCAaHUE HMHAMMKH, YYMThIBAs
BJIMSIHME Napa3MTHBIX NapaMeTpoB, 3amyck NpoLecca 1 APyrue NpuBXo-
nsie (hakTophbl, BO3MOXHOCTb NPEHEOPEXEHUsT KOTOPbIMU 3aBUCHT
OT 0o6cTosTeNbCTB. Takast Xe MeCHS BO3HUKAET B CBS3U C MEPEXOAOM
ot (1.37) x (1.38), 4TO MOATBEPXAEHO MOXET OBITh TOJILKO 3KCTIEPUMEH-

TOM, U 4TO Bpojie Obl MOATBEPXKIAETCS ) Ecnu teneps (1.38) npuHsTh
3a (pyHIaMEHTAIbHBIN 3aKOH MPUPOMIbI, TO MOXHO M3yyaTb €ro MHBa-
PMAHTHOCTb OTHOCHTEJILHO Pa3/IMYHbIX IPyNN rnpeobpa3oBaHUiil, HO 3TO
OyneT cuMMeTpusi ypaBHeHusi (pu3nyeckoro mpouecca), a He Qusuue-
CK020 npocmpancmea.

) Ecnu ne rOBOPHTb 00 MCMOJIL30BAHUM SIBHO HALYMAaHHOTO NMOHATHS BpeMeHH, u60
BpeMsi BO BceneHHoit — He Gosiee 4yeM MaTemaTtuyeckuit dokyc. Mo xpaitHeit Mepe, B TOM
UCIMONTHEHHMH, KOTOpOe 00LIenpHHATO. PasymeeTcs, 3T0 He MeLaeT BLIABUIaTh GM3UYECKHE
TMITOTE3bl U CTaBMTh IKCNepUMeHTH. HanyMaHHOCTb MpOCTpaHCTBa CRpsiTaHa YyThb Iyoxe,
M JaeT 0 ceOe 3HaTh KaXAbli pa3 NMpU BBIXOAE 3a Mpeesibl NPUBBIYHOTO AMana3oHa.
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B To xe Bpemsi CBOWCTBa MOIENbHOTO (MaTeMaTHYeCKOro) Mpo-
CTpaHCTBa MOTYT CJIYXWTb ITyTEBOIHOM 3BE€3/I0M, BMelliast JIM60 He BMe-
Iasi Te WIM HHble TPYMIbl NpeoOpa3oBaHuMil U (OKYCUpYss Ha HHUX
BHUMaHUe GE30THOCUTENIbHO K OIMUCaHMI0 (DM3UYECKHMX IPOLIECCOB.
«HeykimoxecTb» 3TUX TPYNN MOXET CBMIETEILCTBOBATH 06 OrpaHM-
YEHHOCTHM MPUHSATHIX TOYEK 3PEHMS] U MOATAIKMBATh K PaCLIMPEHHIO
npenactaBieHuit. Ha cTrepuinbHO MaTeMaTMYeCKOM SI3bIKE 3TO MOXHO
HMHTEPIPETUPOBATh KaK BJIIOXEHHUE «IUIOXMX TPYIN B XOpOLUIME» C BO3-

MOXHBIMU GUIOCOGCKUMU U DU3NYECKUMH BBIBOJAMH 28). IIpu aTOM,
KaK CJIEICTBUE, MOTYT PacTy pa3MEpPHOCTH, YTO BOBCE HEOOS3aTeJILHO
CBSI3bIBaTh CO CMEKYJISILMUSIMU O pa3MEPHOCTH PEeaIbHOrO NMPOCTPAHCTBA,
160 NMPUYMHBI POCTa — 3aKJTIOYAIOTCS B MEXaHU3MaX «BJIOXKEHUI» U yBe-
JIMYEHUM YMCa CTereHeit cBOOOIbI.

HarpumMep, KOHLEMLMs 3M1eKTPOHA KAK TOYEYHOTo 3apsja, ABMXyilerocs B R’,
0Ka3anach HECOCTOATEbHOM €ellie 1O MOSBIEHUSI KBAHTOBOM MEXaHUKH. BhIACHMUIOCH,
YTO 37EKTPOHY HaZo Obl MPUMHMCATh MOMEHT KOJNHMYECTBA ABUXEHHA (cnuH), mpuyem
MozeNb «BpalLAIoLLeiiCs Ty/M» COBEPILIEHHO HE roAMaach. Boixoauia cTpaHHas Belb —
MOMEHT €CTb, BpalleHHsi HeT. KBaHTOBas MexaHHMKa KOe-KaK yBsi3aja KOHLbI C KOH-
LIaMH, [OMYCKasi BO3MOXHOCTb H3MePeHHs TOJbKO «t»-Tpoekuun «MomeHTa» (+h/2)
Ha U30paHHYIO OCb, U OCTaBJsIsi CNUH PABHOMEPHO pa3Ma3aHHBIM 10 IPYTMM Hanpas-
neuusM. Takum oGpa3oM, cnuw — 3TO MaTeMaTHYEeCKHil TPIOK, 3aranka BcesneHHOI,
KOTOpasi ABMXETCS BMECTe C KaxIbIM 3JeKTpoHoM. Ho Tak wiu MHadye, u3 Hermo-
HATHOTO OMUCaHUsI — O6GeCneYuBalOLIETO BCe Xe COOTBETCTBHE IKCMEPHUMEHTANIbHBIM
[AHHBIM — CTAHOBMTCS SICHO, YTO 3JIEKTPOH HE SIB/AETCA OOBIKHOBEHHBIM OOGBEKTOM
B R Ypaenenue Illpédunzepa npuuLioch MOTUPULIMPOBATD.

1.7. Mapapokcsl cMMMeTpUN

Ily3bipek Bo3iyxa B CTOsIYEH BOAE, HE MCMBIThIBAsi Ha cebe CUJl, HECUM-
METPUYHBIX OTHOCHUTEIbBHO BEPTUKAILHOM OCH, 00s3aH MOIHUMATHCS,
Kazajioch Obl, cTporo BepTukajibHO. Ho npu yucnax Peiinoavdca R > 50
OH JIBUXETCs Mo crivpanu (!), YTO MPOTUBOPEYMT, Ha INMEPBLIA B3MJIS,
npuHyuUny 0ocmamoyHo20 0CHOBAHUSA.

INapanokc, TeM He MeHee, KoneeyHblit. CUMMETpHUsSI TPUYMH JOMXHA MPUBOIUTH
K CHMMETPpUH CJ'ICIlCTBHﬁ, HO Juarna3oH BO3MOXHOI1 peaiu3auuu TaKo 3aKOHOMEPHO-
T+y=3,

Ty = 2 CUMMETPUYHA OTHOCUTEJIBHO

CTH I0BOJIbHO IUMPOK. CHCTeMa ypaBHEHU I {

%) Takoe yauwie yaeTcsi, KOHeYHO, 3alHMM YucaoM (cM. pasgen 1.1).
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MEePeCTaHOBKH TepeMeHHbIX, HO peureHue {1,2} — HecuMMeTpuuyHo. BanaHc obecre-
YMBAETCA HAJIMYUEM APYToro peweHus {2, 1}.

JT10, NpaBaa, MaTeMaTKa. B peanbHoi ¢U3MYecKoil cucteMe npu-
LIIOCH Obl OGBSACHSTH, MOYEMY CHCTEMA MPEANOYUTAET, CKaxeM, {2, 1}.
Takast xxe ucTopusi BO3HUKAET B CBSI3U C «My3bIPbKOM». BO3MOXHBI TpH
TMNOTETUYECKUX PELLIEHUS: BEPTUKAIbHOE BCILJILITHE U IBE CIIMPAJIH, 3a-
KPYUYEHHBIE B pa3Hble CTOPOHbI. CUMMETPHsI KOMILJIEKTa HAJIULIO, HO KaK
cUCTeEMa peanu3yeT KOHKPETHBIN BbiOOp? BepTuKanbHOE BCIUIBITHE OT-
CEUBAaETCsl KaK HEyCTOMYMBOE, a JIEBO- UM NMPAaBOBUHTOBAsSI CITUPAJIb MO~
JIy4aeTcsi B pe3yJibTare BO3IEHCTBUSI MPUYMH, HAXOISILLIMXCS 32 KaIpOM.
DTO MOXET OBITh YUCTAsI CYYaiiHOCTh, €CJIM B 9KCIIEPUMEHTAX 00€ CIu-
pajii BO3HUKAIOT MOMepeMeHHO, JIMOO ITyOMHHAasi MpUYMHA TUMA aCUM-
MeTtpuu [anaktku. Ho B J11060M cilyyae CTpaHHOE MOBEIEHME My3bIPbKa
He 6osiee yIUBUTENbHO, YEM JIEBOCTOPOHHEE PACcIOJIOXEHUE CepaLia.

OnHako cpeny TMAPOAMHAMMYECKMX MapanokcoB [1] ectb ropasno
MeHee moHsiTHble. CKaxeM, napadokc wobya, BCTynaolwui OyaTo Obl
B MPOTUBOPEYME C MPUHIUIIOM OTHOCUTEIBHOCTH: MPH OMpeNeSeHHbBIX
YCJIOBMSIX CONpoOmMu@ieHue mena 6 NOmoKe 0KAa3bleaemcs CYWecmeeHHo
MeHbule COnPOMUEReHUs npu OBUNCEHUU MO020 Xce meaa 8 moli xce cpeoe,
¢ moii xce ckopocmbio. B pe3ynbrate 001yBaHHE CaMOJIETOB B a3poiu-
HAMMWYECKUX TpyOax aaeT GOJbLIYI0 OLIMOKY OTHOCUTEIBHO pEalbHbIX
noJieToB B aTMocdepe.

CraHmapTHbie OObSCHEHHS B TOM WJIM MHOM BHUJE CCbUIAIOTCA HA 3a4aTKH Typ-
OyJEHTHOCTH, KOTOpblE UMeeT OBMXYLIAsAcs cpeaa. [lanee oObIYHO MIET CKOPOrOBOPKA
HACYyeT MOrpaHUYHOTO CJIOsi, B KOTOPOM «BCce ObiBaeT». IlorpaHu4HbIN €O B caMOM
nene obnamaeT yaMBUTENbHBIMU cBoiictBamu >, Ho TMAPO- W a3pOAMHAMMKA CJIMLL-
KOM YX TEPErNOJHEHBI «4ynecaMu», YTOOBI UX OOBACHEHHMS KaXIblii pa3 MpUHUMATh
33 YUCTYI0 MOHeTy. TyT MosyyaeTcs Ta caMasi MCTOpHUs, KOTIa TEOPETHK OOBACHSET,
noyemy A > B, a Korzna BbigCHsieTcs, 4TO A < B, TOBOPUT: «3TO TeM GoJiee MOHATHO»,
M HayuMHaeT paccyXaaTb He MeHee YOeauTe/JIbHO B MPOTHBOIOJNIOXHO HampaBlieHUH.
Y rugponMHaMHMKH HaroToBe TaKXe eCTh Macca MHCTPYMEHTOB M MeTomoB. He xBaraer
OPHEHTUPOB — KOrAa KakHe (PakTopbl YUYUThIBaTh U KAKHE YPaBHEHHS TPUMEHSATh.

Kak Obl TaM HU ObLTO, HO napadokc Hdrbya noctatouyHo 3¢ deKTeH,
yTOOBI JIMILIHUM pa3 3amymMaThesi 00 ycTpoiicTBe mupa. [IpoTuBopeuune

) JlocTtatoyHo 00paTHTh BHUMAHHE Ha napadokc Jiighean 06 yObIBAHMU COMPOTUBNIEHHS
cdepbl ¢ BO3pacTaHWEM CKOPOCTH 1oToKa [1].



1.7. lNapagokcel cumMmeTpmmn 39

BO3HMKAET KaK IUCCOHAHC TNMpPaKTUKU C ypaenenusmu Haeve—Cmokca,
KaKOBbIX, SICHOE NIeJI0, HE XBaTaeT, YTOObI YJOBUTh AEUCTBYIOLIUI Me-
XaHU3M. 3a ypaBHEHMUSIMH, KOHEYHO, JIeJIO He cTaHeT. X MoXHO rmo-
nobpath Kak misi «A > B», Tak u 1 «A < B». Xopowo 6b110 Gbl
Hay4yUTbCSl TaKME BELLU A€JIaTh 3apaHee.

Ho npoGnema 3nech He TOJILKO B OTCTaBaHMM TeopuM. Ilapamok-
CAIbHOCTBIO MCKPUT caM (bakT. MUpOBO33peHYeCKasi CHjia NMPUHLMNA
OTHOCHUTEJIBHOCTY HACTOJIbKO BEJIMKa, YTO JII00Oe sIBJIEHHE «ITOApbIBa-
IOLIEro XapakTepa» BbI3bIBAET MIyOMHHBIN pE30HAHC YYBCTB, U CTaTyC
napajoKca 3eCb, MOXajyi, COXpaHUTCSI HE3aBUCHUMO OT YOeIUTETbHO-
CTH TEOPETUYECKUX OOBSICHEHUIA.

Tak unu nHaye, cooOpaXxeHUsi CHUMMETPUM OyI0paxaTt MbIC/Ib, OKa-
3bIBasiICb TEM TMoJie3HEE, YEM ITPOTUBOPEYMBEE BbIBOAbI — OyIb TO
pa3Horjacusi NMpakTUKU C Teopuei Jubo mHTyuuuein. IlpobremMsl mo-
POXIAIOT axe 3jieMeHTapHble OMMOKU. CKaxeM, sl KOMIIEHCAllUH
HEPaBHOIJIECYHOCTH BECOB TMPIO MOXHO OOMH pa3 KJacThb Ha JIEBYIO
yaly, Ipyroif pa3 — Ha npaBylo. «CUMMETPUSI» MAHUMYJISALMNA CO31aeT
WUTIO3MI0, YTO CyMMa [IBYX B3BELLMBaHUM OyneT nmpaBuibHOi. ITpona-
Bell, OfHaKo, rpourpeiBaet, u6o (a/b) + (b/a) > 2 nmpu a # b. 1o
TpUBHaANbLHBIN nTpuMep. Ho ecTh GoJiee riyGokue 3abayXIeHUsT TOU Xe
npuponsl (MateMaTHYeCcKoil HEOCBENOMIEHHOCTH MHTYMLMHM). TaKoBbI
MHOTME MapafioKChl TEOPUU BEPOSTHOCTEI [4, T. 4].

IToMKHMO BBIAABIEHUSI UMEIOLLIEH -
cq B 3amaye CHMMETPUH — MBIC/Ib Lie-
J1eCOOOPa3HO HATIPaBJISTh TAKXKE B ITPO-
THBOITOJIOXHOM HarpaBJIeHHH CHMMET-
pu3alMy 3a1a4.

Hau yron ABC w npsiMaas M N
(puc. 1.2). Hago mocTpouTth KBazpar,
[IBe BEPLUMHBI KOTOPOTO JieXaT Ha CTo-
pOHax yrna, AB€ — Ha MpsIMOM.

3ameTuM, TpeOyeMblii KBampaT
3epKaJIbHO CHMMETPHYEH OTHOCUTE/Tb- Puc. 1.2
HO MN. Orciona SICHO, YTO TOT Xe
caMblii KBaZpaT pellaeT CHMMETPUYHYIO 3a4ayy, B KOTOPOW YroJ 3epKajlbHO CUMMeET-
puyeH oTHocuTelibHO M N. [lo3ToMy BeplUMHbI KBaapaTa o0si3aHbl JieXaThb B TOYKaX
nepeceyeHust cTopoH yrna ABC co cTOpoHaMH MyHKTHPHOTO MYyJisiXa.

TMonoGHOro copTa 3aaay paccesiHoO IO JMTepaType Belukoe MHOXecTBo. Ho uaes
NPENCTABIAETCA JaNeKO He HCYEPTAHHOM, 0COBEHHO 3a TMpeaenaMu FeOMETPUH.
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1.8. MpoexTuBHan reomeTpus

BHyTpeHHee uyTbe pPE3OHMpPYeT NMpPHU CTOJKHOBEHWHM C CHMMETpHUEil
BHelHero Mupa. Ho MHoroe Bce-Taku octaeTcst He3aMeueHHbIM. [1poek-
THUBHAasi TEOMETPHUST TO3BOJISIET BCKPBITh 3aMAaCKMPOBAHHYIO FapMOHMIO,
He JaHHYI0 B ollyuieHusiX. FICXomHble MOJOXEHMS TUCUMITIMHBL J0-
CTaTOYHO TPOCThI, YTO MPUATHO KOHTPACTUPYET C HETPUBHAILHOCTHIO
BBIBOJIOB.

/
Ilenmpanvnoe npoexmupoeanue tnockoctu P B miockocts P
o /
u3 Touku O, He nexalleil HU Ha P, Hu Ha P’, 3aKi1io4aeTcs B COIO-
! / !
craBiieHUH ToukaM A € P touek A € P’, Tak uto6H A, A, O nexanu

. . 30
Ha OIHOI MpsAMOiA ), Tlpoexmuenoe npeobpa3zoeanue NOMYCKAET TaKXKe
napajie/ibHoe npoekTupoBaHue (UeHTp O B GECKOHEYHOCTH).

(") JaHHoe ompeneneHWe noka ¢ u3bssHoM. Ecau mnockoctu P
1 P’ He napauiesibHbl, npeoOpa3oBaHye OKa3bIBa€TCsI HEOMPeENEICHHbIM
IUJISI HEKOTOPbIX To4eK IiockocTh P. TouHee roBopsi, MIOCKOCTh P",
npoxozsiiast yepe3 ueHtp O u napawiensbHast P’, — nepecekaercsi ¢ P
no npsimoit L, u Hu onHa Touka LI C P «HUKyIa He MPOEKTUPYETCSI»,
T. €. IPOEKTUPYETCS B OECKOHEYHOCTb.

IToaTOoMy npsiMble, JieXalllie B IUIOCKOCTM P M mnepeceKalolm-
ecs B HekoTopoit Touke C € L, nepexolsT B MnapajuleJibHble Mps-
Mble Ha miockoctd P’ a mapainenbHele Ha P — B mepeceka-

o) jormecs D npsiMble Tuiockoct P’
Brixon M3 mosioxkeHusi obecrieuuBa-
€T NonoJiHeHUe 10001 paccMaTpUBae-
MO TUIOCKOCTH 0eCKOHe4HO YOaAeHHbi-
MU moykamu, COBOKYITHOCTb KOTOPBIX
(mexnapaTMBHO) OGpasyer GeckoHeuHO
YOQAeHHYIO NPAMYIO.

IMp1 TakoM COrNALUEHHWH LIEHTPAIbHOE
Puc. 1.3 NpPOEKTHpOBaHHe nepeBoauT npsiMyio L B Gec-
T KOHEYHO YNAIEHHYIO TPAMYIO MOMOMHEHHOMH

30) IMpH UEHTPATLHOM NMPOEKTMPOBAHUU NMPSIMbIE NEPEXOAAT B MPSAMbIE, HO MApaLIesb-
HOCTb MOXET He COXPaHSTBCS.

~ . ~ "
g HeKoTopoit Touke npsimoit L', o kotopoit P’ nepecekaetcs ¢ ruiockoctsio P/,

napaviesibHoi P U npoxoasiuein yepes ueHtp O.
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mwiockoctd P’, a GeCKOHEYHO YIANEHHYIO TMpSIMYIO TOMOJHEHHON IockocTH P —
B npsimyio L’. B utore ueHTpaabHOE NPOEKTUPOBAHUE CTAHOBUTCS BCIOLY OMpEae/eH-
HBbIM U B3aHMHO OJJHO3HAYHbIM, YTO U30aBJIsIET OT UCKIIOUEH U, CO31aBasi HEOOXOMMMble
yao6CTBa 1Sl Pa3BUTHsI TEOPUH.

ITrockocms, monoHeHHAas! yKa3aHHBIM Bbillie 00pa3oM, Ha3bIBaeTCs
npoexmuenoii. Pacnionarasi 3TUM MOHSITUEM, MOXHO JIaTh 3KBUBAJIECHTHOE
onpeleIeHUe npoeKmuerHo20 npeobpasoeanus KaK npeoobpazoearus npoex-
mueHol naockocmu, nepegodsauiezo A06y0 npamylo e npamyio. B Takom
BapMaHTE ONpeNeJIeHUs] OYEBUIHO, YTO MPOEKTUBHbIE NMPeoOpa3oBaHUs
COCTaBJISIIOT TPyNny.

[TononHeHUe TJIOCKOCTA SIBHO (DUKTUBHBIMM 3JIEMEHTAMM 3aciy-
XuBaeT «(punocopckoro BHUMaHus». B3aMooTHouIeHUsT OECKOHEYHO
yIQJIEHHOM MPSIMOI1 C OCTAJIbHOU aTpUOYyTUKOM OmpenesieHbl U HE Bbl-
3bIBalOT Ka3ycoB. bojbllie HMYero He TpeOyeTrcsi. DTO JUILHUIA pa3s
MOIYEPKUBAET TO OOCTOSITEJILCTBO, UTO IJISl «CYyLIECTBOBAaHMUsI» B MaTe-
MaTUKE HYXXHa JIMIIb HEMPOTUBOPEUUBOCTbD.

Ceolicmea npoexmuenbix npeobpa3oéanuii;

o YeTbIpeXyTONbHUKH NPOEKMUBHO IKBUBANEHMHbl IPYT NPYTY, T. €. MEePexXOasT
JIPYT B ApyTa MpU MOOXOISLLMX MpeoOpa3oBaHUsIX, MPUYEM MOXHO O00ECIeYuTh JI000iH
MOPSIIOK COOTBETCTBMS BEPLUMH.

AC AD
o Jlgoiinoe omnowenue —— . —— 4veTbipex Touek A, B, C, D, nexawmx Ha OTHOM
BC BD
NpPsAAMOIA, — He MEHSAETCA MPH MIPOEKTUBHBIX MPeOOPa3OBaHUAX.

o IIpoekTHBHBIE MPeoGPa3oBaHKs, BOOGILIE TOBOPS, HE COXPAHSIOT OKPYXHOCTEH,
HO Ji1006as JaHHass OKPYXHOCTDb U He MepeceKalollas ee nmpsiMas MOTYT ObITh MepeBeaeHb
B OKPYXHOCTb U OECKOHEYHO yIATIEHHYIO MPSAMYIO, a JII00asi OKPYXKHOCTb C BbIAEJEHHOM
TOYKON A BHYTpPH, — MOXET ObITb MepeBeeHa B OKPYXHOCTb C LIEHTPOM, B KOTOPBIi
MepexXoauT Toyka A.

[MpoexTHBHasi reoMeTpusi Gorata KpacuBbiMU 3amayamu [28]. Ho
3[1€Ch HE MECTO JISI IEMOHCTPALMii, TOTOMY YTO MHOTO — HE€ NTOMECTUT-
cs1, @ MaJlo — He JacT npeacTasiaeHusi. [I03ToMy orpaHMYMMCST MaJIEHb-
KOl WUTIOCTpauueil caMord mpuHLUMNA pelieHus. ECv B3STb TOYKH,
JIEJISIIIKE CTOPOHBI TPEYroJIbHMKA B OTHOLUEHWH | : M, U COEOIUHUTH
HX C BepLUMHaMHU, — MoJy4yutcsi durypa, uzobpaxeHHass Ha puc. 1.4.
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Puc. 1.4

IpsiMoe I0Ka3aTeNbCTBO PaBEHCTBA IUIOLIanei 3alITPUXOBAHHBIX YEThI-
PEXYroJIbHUKOB — HEMNpHUATHAs 3anaya. B pamMkKax npoOeKTUBHO# reo-
MEeTpUHU OHa TpUBHaIbHA. [1pU napassiebHOM NMPOEKTUPOBAHUM (LIEHTD
MPOEKTUPOBaHUsI B GECKOHEYHOCTH) TMPONOPLIUH JIETEHUsI OTPE3KOB CO-
XPaHSIIOTCS, paBHbIE TUTOLIAAN MEPEXOAST B PaBHbIE, a OO0 TPeyroyb-
HUK MOXHO Me€PEBECTH B PABHOCTOPOHHUIA, [UIsl KOTOPOTO yTBEPXIeHUE
0 PaBEHCTBE IUIOLIaNei OYEBUAHO.

B Tak Ha3biBaeMoii Ipaaneenckoi npoecpamme D. Kreitn npeanoxun knaccuduka-
LIMIO PAa3IMYHBIX FEOMETPHIi MO MPUHLMITY UX HHBAPUAHTHOCTU K Pa3fiMYHbIM rpyTnaM
npeobpa3oBanuii. Ipynna nBuXeHHH MOPOXIAET eBKJIMAOBY reoMetpuio. IIpoexTus-
Has — TOJNBKO 4TO ObLna paccMoTpeHa. [Toarpymma mpoeKTHBHbIX MpeoOpa3oBaHMIA
C MHBapUAHTHBIM KOHHYECKHM CeYeHHEM BbIAENAET Heeaxkaudogy ceomempuio Jlobaves-
cKk020. Pa3HOBMIHOCTH FeOMETPHI BeCbMa MHOTOYHMC/IEHHBI [28]. Toronoruio nopoxaaet
TPYTIIIa 20MeOMOPPU3IMO8.



haBa 2

OCHOBHbIE NOHATHS

2.1. OnpenenexHus, NpUMepbl U aBaHCbI

K aGCTpaKTHbIM NOHATHUSIM MOXHO ABHIaTtbCsa MCIOABOJIb, rOMEONATHU-
YECKUMM LaraMy, HO KOPOTKUM MYyTh BCE XK€ — XUPYPIrUUYECKHUIA.

2.1.1. Ipynnoii G Ha3bieaemcs KOHeMHAA UAU GECKOHEHHAA COBOKYNHOCMb
31eMeHmos8, Ha KOMOpol 3a0aHa 2pynnoeasa onepauus «-», CONOCMAGAAI0-
was moboii nape snemenmos a,b € G Hexomopbiii 31emerHm ¢ u3 moi xce
cogokynnocmu G

a-b=c.

Hpu IMoM epynnoeas onepayus, Halbieaemasn 006b14HO YMHONCEHUEM, 065-
3ana ydocmemeopﬂmb mpem YCAOBUAM:

e p-(q-7)=(p-q)-r (accoyuamusnocmv) ).

o B epynne cywecmeyem eOuHUMHbIU 1eMeHm 2) 1, o6aadarowuii ceoii-
cmeom 1-x =1z -1 =1 das amoboeo € G.

o Kaxcowii snemenm T € G umeem o6pammblii z "
rx =x -x=1.

IloHsATHE rpymnnbl, TAKUM 00pPa3oM, OTHOCHUTCSI K ajire0panyecKuM
CTPYKTYypaM ¢ ofiHO# OGMHapHoii onepaiueit. Paz3HooGpa3ne Bo3MOXHBIX
TpeOOBaHM BbIAESIET Pa3IMYHbIE APYrUe NMOHATUS. MHOXECTBO C Ore-
paluei, oT KOoTopoit TpeOyeTcsi TOJIbKO acCOLMaTUBHOCTh, Ha3bIBAETCS
noayepynnoi. Ilonyrpynna ¢ eIMHULIE — MoHoud. MoHouU, B KOTOPOM
KaXIbli 3JIEMEHT 00paTUM, — 3TO YXKE 2pynna.

D Bnarogaps acCOUMaTMBHOCTH CKOOKH B JIIOOOM NMPOMU3BEIEHHMH MOXHO yOpaTh WIIH,
Hao00pOT, MPOU3BOJIILHO PAaCCTAaBMTbh.

%) OBo3HaueHme «1» He Bceraa ynooHo, oCOGEHHO, KOraa eAMHULA IPYNbl y4acTByeT
B pacCyXaeHHsX BMecTe ¢ YucaoM 1. I1o 3Toit npuyMHe 11 eIMHULbI B TEOPUH IPYTI YaCTO
UCIIONIb3YETCS CMELMATbHBIN 3HAK «€», — YTO MMEET CBOM MHHYCHI. MBI NMpeanoyuraeM
«1», monyckasi 1BOSIKOE TOJIKOBAaHME M MOJIarasiChb Ha KOHTEKCT.
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Tpu akcuoMmsl 1. 2.1.1 MopoXnaioT KoJjioccalibHOE pa3HooOpasue.

Teopusi Heobo3puma. HekoTopsie 3amauyy NpUHLKANWAJIBHO HE peLLaoT-
3

cs ), J10Ka3aTeJbCTBA HEKOTOPBHIX TEOPEM 3aHMMAIOT COTHU CTPaHML,

a CaMbI€ NMPOCTBIC PE3YJIbTAThI IIJIOXO YKJIaAbIBalOTCA B IOJIOBY.

[ns 0603HaYeHHs rPYIIOBOM OMepaLMK Aajlee MOTYT UCIO/Ib30BaThCs pa3iuyHble
3HAKH (*, ®, ©), a TaKXe OTCYTCTBHE KAaKOro Obl TO HM OBUIO 3HaKa, Kak MpH OObIY-
HOM yMHOXeHuH. LLlIupokuii accopTuMeHT 00603HaYeHH ynoOeH nMpyu OXHOBPEMEHHOM
PacCMOTPEHMHM HECKOJILKMX TPYNN C pa3HbIMU CpymnmoBbiMu onepauusmu. Ho 3T1o
B npuHuumne. [IpakTnyecku LesecooOpa3HO MOMAraTbCsi Ha KOHTEKCT, MaKCUMaJIbHO
yrnpoiuasi 0603HayeHusi B yuiep6 crporoctd. [1oaTtomy mo Mepe nmpuBbIKaHUsI yI0OHee
BCEro 3HAKH IPYNMOBOTO YMHOXEHHUS OMYCKaTh.

2.1.2. Ipynny G, codepxcawyio n 31emMeHMO8, HA3bIBAIOM KOHEHHOU, a
|G| =n — ee nopadxom. ITopadok |G| moxncem Goimb beckoHeuHbiM.

IMonmuoxectBo anemeHToB H C G, 0o6pasylowux rpynmy, — npu
TOii XXe TPYIMoBOil onepaluu, utTo U B G, — Ha3blBaeTCs nodepynnoil.
IMoarpynmnel — 3TO CTpOUTEbHbIE GJIOKH, U3 KOTOPBIX COOpaHa rpym-
na, — MO3TOMY HU3YYE€HHE HX CTPYKTYPhl BO MHOIOM XapaKTepu3yeT
CBOIICTBa IPYMMbI ¥, KAK MPaBWJIO, HAXOIUTCSI B LIEHTPE BHUMAaHHUSI.
2.1.3. Nemma. lloomnowcecmeo H C G aeasemcs nodepynnoii 6 momm 4
cayuae, ecau u3z a, b € H caedyem ab'eH

<« B cayyae a = b noayyaem aa”' =1 € H. Janee,
a€H = l-a'=a'€H

Hakouew, a,b € H = ab=a(d”™')"' € H »

2.1.4. Nemma. [Toomnoxwcecmeo H C G sensemcs nodepynnoii € momm
cayuae, ecau

a,bcH = abeH u acH = a '€ H

[pynnoBoe NPOU3BENEHUE T * ... * T C I COMHOXHUTENSAMU 0603Ha-

0 m+n
yaioT Kak z", nonaras z° = 1. Ouesnzro, " xz" = z™™. Ipynna G,
B KOTOPO#l BCE 3JIEMEHTBI MOTYT ObITh MOJYYEHbI TyTEM MOC/IEN0BATENb-

3 TTpobaema moxcdecmesa cnoe, HanipuMep.
9 Cm. «O603HaueHMS>.
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HOTO BO3BEEHMS B CTENEHD ONHOIO JJIEMEHTA @,
-2 -1 0 2 n
G={..,a%a ,a,a,a%,...,a",...},

Ha3bIBAETCS WUKAUMECKOIU.

e Ecnu Bee crenenn a® (k > 0) pasnuunsl, rpynna G GeckoHeyHa. Ecau xe

F=a k< g, T0O a”F = 1. DUKCHPOBaB HAUMEHbILU I MOJOXHUTENBHBII MOKa3aTe b,
npu KOoTopoM @" = 1, JIerko NMpPUXOAMM K BbIBOAY, YTO rpynma G HCYepnbIBAeTCH
CTENEeHAMU

o Eciu uMkiMyeckas IpyINNa KOHeuHa, TO Cpelu @, a’,...,a" ' obsi3aTenbHO
ecTb @~'. B GeCKOHEYHOM LIMKJIMYECKON TPYIINE HH ONHA U3 TOJOXHUTEIbHBIX CTeMeHel
a* He coBnamaer ¢ a”'. T103TOMy HHOrIa roBOPST, 4TO GeCKOHEYHasi LMKIMYECKas
IPyINna UMeeT Be OGPasylOLUX: @ U @',

B o61ieM clyyae MMHMMAIbHOE Tt B paBeHCTBE b" = 1 Ha3bIBAlOT
nopsadKkom Wiu nepuodom 3nemeHTa b U 0603HayaioT yepes |b|. B ciyuae
b" # 1 npu mo6om n > 0 — cuuraiot |b| = co.

Ecnu nopsimku Bcex 371eMeHTOB rpynmnbl G (KpoMe eIMHUYHOTO)
6GeCKOHEYHbI, — IrOBOPSIT, YTo G — epynna 6e3 kpywenus. Eciu xe nopsia-
KM BCEX 3JIEMEHTOB IPYNITbl KOHEYHBI, TPYNITY Ha3bIBAIOT nepuodusecKol.

VYnpaxHeuus

l'[pn [epBOHAYQ1bHOM 3HAKOMCTBE € MPEAMETOM pPelIeHUE YIIPaXHEHUM HEOOXO-
JUMO IO pa3HbIM NMPpUYUHAM: OT MPUBLIKAHHUA K O61>CKTy IO 3allOMUHaHUs XOTs Obl
4aCTH TCPMUHOB.

o Jlns moGbix 3nemenToB rpymmst: (z-y) ' =y~ -2

o K rpynnoBoi onepauuu A0CTaTOYHO MPEAbABUTH OB TpeOOBaHMS: aCCOLIMATHB-
HOCTb U pa3pelMMOCTb ypaBHEHU I

a-z=b, y-a=h,
npu JoObIX a, b € G. TlonyyuTcs 3KBUBATIEHTHOE OMpeeeHHE TPYTIIbI.
e B ucxogHoMm onpenesieHHU IOCTaTOYHO TPeGOBAaTh CYLIECTBOBAHHUS JIEBOM €1M-

HUUBI M IPaBoit: 1, = x, ¢-1, = x. PaBeHCTBO 1; = |, BBITEKAET U3 aCCOLIMATHBHOCTH
rpYTIOBOM ONEpaLuu.
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e KoxeyHas rpynna mopsaka N sBAsieTCs LMKIMYECKOH B TOMM cjyyae, KOraa
B Heif eCTb 3/leMeHT mopsiika N.

o Beskas rpyrina nmpocToro nopsaka — UMKIWYEeCKas.
o Bceskas noarpyrmnmna LIMKJIMYECKOMH rpymnbl €CTb CHOBA LMKIIMYECKAA rpyria.

L4 nOZlI'pyl'[l'lbl UM KIJIHYECKOMH TpyTIbl NMopsaKa n HaxoosaTCsd BO B3aUMHO OOHO-
3HAYHOM COOTBETCTBHHU C ACJTUTEC/IAMU N.

o COBOKYTIHOCTb BCEX CTEMEHeH J1060ro aneMeHTa g € G ABJISeTCs LMKITMYECKON
noxrpynnoit {g} rpynnet G, |{g}| = |g|.

e Ecnu g, npu u3MeHeHUU a mpoderaeT Bce 37EMEHTHI Ipymnsl G M gy MPOU3-
BOJIBHBII 3/1eMeHT G, TO gy * g, (P4BHO KaK U g, - §o) TAKXKE MPOGETAET BCE HNEMEHTHI
TPYTIbI.

o Ecnu asemeHTsl @, b nepectaHoBoYHb, a-b=b-a, 10 |a- b| = |a|- |b|.

o Eciu 3neMeHTsI @, b mepecTaHoBo4HbI U |a| = m, |b| = n, To B rpynne Bceraa
€CTb 3JIEMEHT — He 00513aTe/IbHO PaBHbIA POM3BEEHHIO @ - b, — MOPSAOK KOTOPOTO
COBIAJaeT ¢ HAMMEHBLIUM OGLLIMM KPATHBIM YUCE M U N.

o Jlio6ass koHeyHas rpyrnmna G 4eTHOro MOpsiAKa UMEET 3JIEMEHT 2-TO MOpsaKa.

-1

< TlonmHoxectBa {g,¢9” '} C G WMeIOT He MO [Ba 3/IEMEHTA, a 1O OLHOMY,
ecauv nubo g = 1, nubo g2 = 1. lanee octaercst 3aMeTUTh, YTO G TMpeAcTaBisieT coboit
obbenuHeHHe TogMHoXecTs {g,9™'}. »

[pynnoByio ormnepaiLuio, KaKk yXe OTMeYyaJioCh, Ha3blBalOT YMHO-
JCeHuem, U 4acTo BooOIlle oOXxomsTcsi 6e3 3HaKa. JTO COOTBETCTBYET
MYAbMURAUKAMUEHOU moyke 3peHus. JUis abeaeebix (KoMMymamueHbix)
2pynn, B KOTODbIX, 110 ONPeNeNIeHHIO, a-b = b-a, 0GbIYHO UCITONIb3YETCS
adoumuenas mepmuroaoeus. IpynnoBasi orepalusi IpyU 3TOM Ha3bIBAETCsI
caoxceHuem U 0003HAYaeTCsl 3HAKOM +, a €IMHULYY UMEHYIOT HYJIEM.

[MepeMeHa TOYKM 3peHMs, TEXHUYECKH paBHOLIEHHas, BCE Xe Me-
HSIET OCBELUEHUE MpPEAMETa, B Pe3Yy/IbTaTE YEr0o HEKOTOPBIE PE3yNbTaThl
UHTYUTUBHO SICHBI B MYJIETUTUIMKATUBHOM apaHXHPOBKE, HEKOTOPbIE —
B aJAUTUBHOK. 3a 3TUM HHTEPECHO MPOCJEAUTb B MPOLECCE OCBOE-
HUSI TEOPUH TPYIINT. DTO XOPOLUUIT MPUMED, MOKAa3bIBAIOLLINI HACKOILKO
3a0J1yXXIEeHHUs ¥ NPO3PEHUS 3aBUCIT OT acCOLIMALIMi, BbI3bIBAEMbIX 000-
3HAYEHHUSIMM.
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IIpumepni rpynm:

o [TonoxurenbHble PalUUOHAJIBHBIC YHCJia (663 Hyﬂﬂ) MO OTHOLUCHHUIO K one€pauuu
YMHOXEHUA.

o Ipynna uenbix yucen Z no OTHOLIEHHIO K CIOXEHHIO.
e R" 10 OTHOLIEHMIO K CJIOXEHHUIO BEKTOPOB.

. COBOK)’IIHOCT]) HEBBIPOXICHHBIX MATPULL MO OTHOLIEHUIO K MATPUHYHOMY YMHO-
XECHHUIO.

e MHOXECTBO «CaMOCOBMEILLIEHHIi» TeTpasapa (Kyba, OKTasapa, MKOCasapa, aoae-
Ka’/Ipa) MO OTHOLIEHHIO K MOCJIeI0BATEIbHOMY BBINONHEHUIO Npeobpa3oBaHuii (Bpa-
LUEHHIA, OTPAXEHHU ).

o COBOKYIHOCTb BEPXHMX (HHUXHHUX) TPEYTONBHBIX MATPHULL C HEHYACGLIMU INEMEH-
mamu ouazoHanu:

t|| t|2 cee tln t” 0 cen 0
0 tn ... t2n t2| t22
0 ... 0 tn tar tw2 .. tan

IMpou3BeaeHUe TPEYTONbHBIX MAaTPHLI OMHOTO THMAa — €CTb TPEYrojibHass MaTpula TO-
ro xe Tuna. OGpaTHas K TPEYTOAbHON — TOXeE TPEYroJibHasA MaTpULIa, COOTBETCTBEHHO,
BEPXHSAS WIH HUXHAS.

o COBOKYMHOCTb (DYyHKLHIA

10 OTHOWIEHHMIO K KoMnosuuuu. (?)

e AIIMTHBHASA rpynmna Z‘; BbIYETOB MO MOIYJIO P, TIe P NMPOCTOE
yucno. Ee anemeHTamu siBistiorest uucna 0, 1,2, ..., p— 1, a rpynnosoe
npou3BelieHHe @ o b paBHO OCTaTKy OT JeJIeHUs] OObIYHOM CyMMbI @ + b
Ha p, T.€.

aob=a+b (modp).

TIpoBepKa IpynnoBLIX CBOMCTB TpMBMaibHA. ENMHMIIENH Ipynmbl Ciy-
XHT HYJIb.

X
o MyJbTHIUIMKATHBHAA Tpynna Zp BbIYETOB MO MOAYMO P, TrIe P
npoctoe uyucio. Ee aneMeHTamu siBisiiores p — 1 umncen 1,2,...,p—1,
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a rpynnoBoe MPOU3BeieHUE @ * b paBHO OCTATKy OT IeJIEHUS] OObIYHOTO
npousBeleHus: ab Ha p, T.e.

a x b = ab (mod p).

Ipynna Z, , oueBunHo, abenesa. [IpoBepka rpynmnoBLIX CBOMCTB CBA3aHa
C HEKOTOPBIMM XJIOIIOTaMH,

<« TlepBble 1Be aKCHOMBI IPYTbI OY4EBUIHBL. ACCOLIMATUBHOCTD SICHA, MOCKOJIb-
Ky a*b*...xh, Kak U B Cciyyae IByX COMHOXHTeJE, paBHO OCTAaTKy OT HENEHHUS
o6blyHOro mpousBeneHus ab...h Ha p. OGOCHOBaHHE TPeThell aKCHOMBI (CYyLLECTBO-
BaHHe 0OPAaTHOTO 3JIEMEHTA) — He TaK MpOCTO.

Emmnuua obpatHa cama cebe. Jlanee Hamo mokasaTh, 4TO Ji060€ 4HCIO T
u3 {2,...,p— 1} umeer obpatHoe. PaccMOTpMM p LENBIX uMCen,

z,z%,..., 2.
Hu onHO M3 3THX YMCes He NENMTCA Ha P, MOCKOABKY P MpocToe, a T < p. Pasnenus

Kaxzaoe $k Ha p, NMOJAYYUM P OCTATKOB, CTPOrO MEHBLUMX P. l'loa'romy XoTs Obl JBa
4YHUCa, CKaxeM z" u $m, MpH OCJICHUHU Ha p OAIOT OOUH M TOT XK€ OCTAaTOK. l'loaTomy 3

z" - g™ =z" (2" - 1) =0 (mod p),
aTaK kaK z" # 0 (mod p), To "™ — 1 = 0 (mod p).
IMycTh y 0603HAYAET OCTATOK OT meneHus yucaa ° ™' ua p, T.e.

n—

-1
"™ =y (mod p).
YmHOXas 06e 4acTu MOC/AETHETO PABEHCTBA (CpasHenus) Ha T, TIOyYaeM

n

z"™ = zy (mod p).

Ho, Kak yxe nokasaHo, " ™ Npu fejeHUH Ha P HaeT B ocTaTke exuHuuy. Clenoa-
1

TesbHO, £y = | (mod p). [osToMy y =2~ . »

ITocMoTpuM Temnepb, KaKue OTCIOJa MOXHO M3BJI€4b OUBUICHIBI.
Ecau nexomopas epynna umeem nopadox m, mo awboii ee nemenm k,
«YMHOXNCEHHbI» T pa3 cam Ha cebs, ob6a3amensHo 0aem eQUHUYHbLI Ine-
MeHm. DTO U3BECTHBI B TEOPUM TPYIN peayanaT6). INpuMeHsst ero
K rpynne Z, , B KOTOpoit p — | 37€eMEHTOB, NOTyyaeM:

kx...xk=1,

% 3amucy z = @ (mod p) o3HayaeT: «T NMpYU HENEHMM HA P HAeT B OCTaTKe a < p».
Ecin xe @ > p, 10 £ = a (mod p) mompasyMeBaeT: «T M & NP IEJEHUM Ha P [AlOT
OIMHAKOBBIH OCTAaTOK».

9 Cm. nanee — TeopeMa 2.3.2. DaxT, Mexay MPOYHM, JOCTATOYHO MPOCT ISl yTpaxX-
HEHHS.
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. -1
mie p — | COMHOXMTeNeit, 4To o3Hayaer aenumocTs kP~ — 1 Ha p,
U Ha3bIBaeTCsi Manoii TeopeMoii Depma.

Jlpyrast XeMyyXHHa TEOPUM 4YKCEl — TeopemMa BuibcoHa: eciu p
npocmoe vucno, mo (p — 1)! + 1 deaumcs na p.

< Tlyctb k € Gy. Ecnu kxk = 1,10 k> — 1 = (k — 1)(k + 1) menutcs Ha p.
ATakkKak | < k< p-—1, 1o nubo k = 1, nu6o k = p — 1. IMostomy cpean

2,3,...,p=2

HET 3JIEMEHTOB, KOTOpble SIBNAIOTCA OOpaTHbIMU caMu cebe. TakuM oOpa3om, Bce
3MEMEHTHI 2, 3, ..., P — 2 pa3bUBalOTCs Ha mapbl B3auMHO 0bpaTHbIx. [1loaTomy

2%3x-x(p-2)= 1.
Orciona
1#2x-x(p—1)=p—- L

)

7
Ho 310 U ectb meopema Buascona™. »

(") Ilpusedennvie doxaszamenbcmea MONCHO <«NePeAONCUMb» HA apug-
MemuvecKuii A3blK, uzbasuewiucs om 2pynnoeoii udeosoeuu. M smo ne max
YoHC CUunbHO yoaunum paccyxcoenusn. Oonako doxazamenbcmaa npeepamsam-

ca 6 peyenmoi, kKomopble pabomarom, HO He ACHO — nouemys). B smom,
co6CmeEeHHo, U 3aKAI04eHa 2AA6HAA 6ble00a CMepuAu3auuu 3a0ay om vuc-
10600 cneyuguxu. Iloc Kk momy, KaK moabko CMAHOGUMCA ACHO, 4Mo
obsexm usyyeHus A6AAemcA epynnoil, K aHaiu3y nooKa4aemcs apceHan
20MO6bIX UHCMPYMEHMOE U pe3yAbmamos.

2.2. Tpynna noACTaHOBOK

Tpynmnbl MOACTAHOBOK MIPAIOT KIIOYEBYIO POJIb MPH U3YUYEHMM KOHEY-
HBbIX TPYII, MOCKOJIbKY Opyeux KoHeuHblx epynn He 6bieaem. TouHee
rOBODSI, KOHEUHble 2PYNAbL C MOYHOCMbIO 00 U3OMOPPUIMA UCHEPNbIGAION -
¢ nodepynnamu epynnei noocmanosok (meopema Krau). PaccMotpenue
npeaMeTta oObIYHO HAYMHACTCSI C nepecmano6ok (He TONCTaHOBOK), YTO
CO3IaeT B rOJI0OBaX HEKOTOPYIO MyTaHULLY.

K PesynbraT He Tak MPOCT, KaK BHAMTCSI C TPYTINOBO# TOYKH 3peHHs. TeopeMy BriepBbie
onyGnukoBat Bapune co cchuikoit Ha Buabcona. Bbicka3aHa OoHa GbUia B BMIE TMIIOTE3bI.
JIMiib yepe3 HEKOTOPOE BpeMsl JOKAa3aTeJIbCTBO YAANOCh HATH Jlazpancy.

%) Yto He TaM CTpallHO, I'I¢ yX¢€ I0Ka3aHO, @ TaM — TII€ TOJBKO NMpPECACTOMT.
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CranziapTHblii cnoco6 onMcaHusi nepecmaro6oK T TPEIMETOB CBO-
IMTCS HyMepalMed K repecTaHoBKaM uMcesl oT 1 go n. Pesynsrarsl
3anMCHIBAIOTCS B BUAE CTPOK (§) ji ... jn)-

Bce n! nmepectaHOBOK M3 i CUMBOJIOB MOXHO PacrojloXUTb B TAKOM MOPSIKE, 4TO
Kaxzas c/eayiollas nepecTaHoBKa GyneT nonyyaThest M3 Mpeablaylled odHON mpakcno-
suyueii®. (?) (CTaHzapTHOE 1OKA3aTeLCTBO MONYYAETCS C MOMOLIBIO MHIYKLIH.)

3anuch OOHOI nepecmanoeku MO APYroi,

a=(jl RS f) @1)

i, iy ... 1p

OMNpPENENSIET NOGCMAHOBKY 10), NPY KOTOPOM KaXIoe ji MEPEeXOmUT B if.
[Mopsinok 3anucu cTonbuoB B (2.1), pasyMeeTcsi, HE UTPAET POJIH.

[NpousBeneHye (KOMIMO3ULIUSI) MOACTAHOBOK 0| * 0y OMpPENENseTCs
KaK Moc/ieIoBaTeNbHOE IPUMEHEHHUE 07, NOTOM 0. MHOXECTBO S, 6cex
MOJCTaHOBOK BH/a (2.1) ¢ KOMMO3UIMElH B Ka4eCTBe TPYNIOBOM onepa-
UMM — Ha3bIBAETCH CUMMempu4eckoll 2pynnoii n-ii cmenenu, |S,| = n!,

12...n
eINHHULIA TPYINbl — TOXIECTBEHHAs MOICTAHOBKA 13 . 00-

patHo# K (2.1) siBisieTCs: MOACTaHOBKa

_ i iy ... 1
o 1 — (.l .2 .n> .
Ji 2 - Jn
JI1o6bie epynnbi nodcmarnogok seasiomces nodepynnamu S,. Bmecto
S, uvHorma ynoGHee roBopuTb 06 M30MOpGdHOI rpymnne oToOpaXxeHUn
Sym(G), n = |G|, rae 3a KanpoM MoApa3yMeBalOTCsl TIEPECTAHOBKH 3Jie-

MeHTOB rpynnsl G, a He yucen 1,...,n, — u3oMopdu3M HOCTUraeTCs
HyMepaluyei 3JIEMEHTOB IPYyMIIbl.

Lukauueckoii nodcmanoexoii (yukaom) (i1, ...%x) Oaunnt k Ha3bli-
BaeTCs1 MONCTAHOBKa, mepeBonswas ¢, B ¢y, &) B 43, ..., tg— B ik,

9 Tpancno3uyus MeHsIeT MECTAMM 1Ba CUMBOJIA, «HE TPOTasi» OCTATbHBIX.

10) Pa3nuua, TakuM 06pa3oM, 3aKIou€eHa B ceaylowieM. /lepecmanoéka — 3TO pe3yybraT
YTIOPSAAOYEHHUST TIPEAMETOB, nOOCMAHO6Ka — 3TO Tpeobpa3oBaHue, MepeBoisllee OOHY
MEPECTaHOBKY B IPYTyIiO.
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HakoHel, ¢ B ¢;. LIuki Bce paBHO OTKy/na HauMHaTh. [To3TOMY, Hanpu-

Mep“),

(iréz ... k) = (s .. ixd).

Jlio6ast moacraHoBKa (2.1) npeacTaBiMa B BUIE NPOM3BENEHUS LMKIIOB. [l 3TOr0
HOCTAaTOYHO B3SITh JII0GOE YHCIO ji, MOCMOTPETb, B KAKOE j, OHO MEPEBOAMTCS, 3aTeM
BBISICHHTDb, BO YTO NEPEXONUT jp, U TaK Jajee AO TeX MOp, MOKAa HE BCTPETUTCA jig,
nepexogsiuee B j;. B pe3ysbsraTe BbLOENSETCS COMHOXHTEb (LIMKI)

(Jig2---Ja)-
3arem cpeau 1, ..., n Oepetcs J1000e YUCA0, HE BXOASLUEE B HAAEHHBIE YXKE LIMKIbI,
Y MOBTOPSIOTCA MpeXHKe MaHuyasuuu. M Tak — no ucyepnauus Beex yucen 1,...,n.

B pe3ynbrate, Hampumep,

1 2 3 4 5 6 7 8
( 6 231 45 8)=(175)(2643)(8)_

BocbMepka B HaHHOM Cjlyyae MpOCTO OcTaeTcss Ha Mecre. LlMkibl, MOHATHOe neno,
MONY4al0TCsl HETIEPEeCeKAOLLUMUCS, U TOTOMY MX MTPOU3BEICHHE HE 3aBUCUT OT MOpsLIKa
COMHOXMUTENEH.

JIi060# LIMKJ MpeicTaBUM B BUIE NMPOU3BENEHUSI MPAHCHOZULUL —
YUKA068 OAUHbL 2, UTO CIIEAYET U3

(8122 ... i) = (4192)(4283) . . . (Bx—1%p).

D10 eule pa3 JOKa3bIBaET, YTO JI0Oasi MOACTAHOBKA IpeACTaBUMa Mpo-
U3BELNEHUEM MPAHCHO3ULUL.

YerHOCTb NEPECTAHOBOK M MOACTAHOBOK. BylieM roBopuTh, YTO JBa YKUCIIa
B MEpecTaHOBKE 00pa3yloT 6becnopsadok, e€civ OoJjiblliee YKUCJIO CTOUT

Briepenid MeHbluero. [lepecTaHoBKa Ha3bIBaeTCsi vemHou (HewemHol),

12)

€CJIM YUCIIO GecropsifkoB ~/ B Heii 4eTHO (HeYeTHO).

3ameTuM Temnepb, yTo Jobasi moacrtaHoBKa (2.1) B pe3ysbrare moj-
XOISLIEH MepecTaHOBKHU CTOJIOLIOB BCEria MOXET ObITh 3aMucaHa B CTaH-

1 B npuHuMne, uuxn 6bU10 Obl «MPaBWIbHO» M300paxaTh B BUIE YMCEJ, 3alIMCAHHBIX
1o xpyry. Ho «npaBuibHbIe» IyTH He BCeraa yaoOHbI.

12) Jna onpeneneHusi CYMMapHOTO YMciia 6ecnopadkoé YUCa MpOCMaTpUBAIOTCA B I10-
pSIIKE 3AMUCH, JJIs1 KAXKIOro YMC/Ia MOACYMTHIBAETCS, CKOJIBKO YMCEN, MEHBIUIMX JAHHOTO,
CTOMT NpaBee, — M BCE Pe3yJIbTaThl CKIAAbIBAIOTCS.
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0=(.1 2 ... .”), (2.2)
i1 4y ... ip

B pE3y/bTaTe Yero MeXIy HOOCMAHOGKAMU VI nepecmanoéxamu YCTaHaB-
JIMBAETCs B3aMMHO OJHO3HAYHOE COOTBETCTBME — IO BTOPOH CTPOKE
(2.2). CooTBeTCTBEHHO, MOACTAHOBKY IENSATCSI HA YemHble 1 HevemHble.

Besikasi moiacTaHOBKa pasnara€Tcsi B NPOU3BENEHUE TPAHCMO3M-
LUMA, MpUYeM — pa3HbIMUA crocobamu. OMHAKO 4UCA0 MPAHCNO3UWul
6 npedcmaenenuu yemnoii (HeuemHoil) NOOCMaHO6KU — 0053aMeNbHO Yem-
Ho (Heuemno). (?)

ApTHOM BUJIE

B cummeTpuueckoit rpynmne S, noAarpynmny A, BCEX YETHBIX MOI-
CTAaHOBOK Ha3bIBAIOT 3HakonepeMerHoll epynnoii cteneHu n. HeuyeTHble
MOJCTAaHOBKHU Ipynmny He oOpa3yloT.

Ipynna nonctaHoBOK G Ha3bIBAETCS MPAH3UMUEHOU, €CITA IS JTIO-
ObIX IBYX €€ 2JIEMEHTOB ¢, j HalimeTcst moacTaHOBKa U3 G, nepeBosias
i B j. TpaH3UTMBHOCTD SIBJISIETCSI NPUHLIMITUAIBHBIM MOHATHEM, KOTOPOE
YacTO MOAPA3ZIEsieT U3yyaeMble SIBJICHUSI Ha «yIOOHBIE» U «HEYIOOHbIE.

Ecau, B cnyyae mpoctoro n, TpaH3uTUBHas rpynna G C S, COAEPXHUT XOTs Obl
onHy TpaHcnosuumio, 10 G = S,. (?)
2.3. CmexHble knacchbl

Ecnu H noarpynmna rpynnsl G, TO MHOXECTBO 3JIEMEHTOB
91-H={gh:heH}, g1€G, no g ¢H,
He nepecekaercs ¢ H.
<« B npoTuBHOM ciyyae HauLIHCh 6bI 3neMeHTs! B, " € H, Takue uTo
g = h".

Ho Torna g, = h" - (h')™", uto nporuBopeuut npeanonoxenuio g, ¢ H.  »

AHaJIOTMYHO NpOBeEpsieTCst, YT0 ¢ - H — mnpu ycnosuu g, ¢ H,
92 ¢ 91 - H, — He nepecekaetcsi Hu ¢ H, Hu ¢ g, - H.



2.3. CmexHble knaccsl 53

ITpomnomxasi 3TOT NPOLIECC 10 UCUEPIIAHMSI BCEX IJIEMEHTOB KOHEYHOU
IPyNMbl, MOJYyYuMM pa3bueHue G Ha P HenepeceKaloUIMXCS COBOKYII-
HOCTEH:

H g¢g-H g¢-H .. g1 H (2.3)

Yucno p Ha3bIBalOT urdexcom nodzpynnet H. PacripoctpaHeHo 0603Ha-
yenue p = |G : H|. B cuy B3aMMHON OIHO3HAYHOCTH

gH & Hg™',

uHIeKc |G : H| He 3aBMCHUT OT TOro, KaKMe CMEXHbBIE KJIACChl UMEIOTCS
B BULY, JIEBble WM TpaBbi€.

U3 (2.3) BbITekaer
|G|=p|H|, Te |G|=|H| |G:H]|
YTO BJIEYET 3a COGO CrPaBeUIMBOCTD CIEYIOILErO Pe3yibTara.

2.3.1. Teopema Jlarpanxa. Ilopsdok n1060i nodepynnoi KoHeyHol epyn-
not sensemcs deaumenem nopaoka epynnol.

Teopema Jlazpanxca obpaiiaetcst nuiib yactuyHo. Eciu mpoctoe p
JIETUT TOPSiIOK rpynnsl n = |G|, To B G eCTb 3J€MEHT MOpsiIKa P

(meopema Kowwu), a ecnu pk nemut n = |G|, To G ¥uMeeT moArpymnmy

nopsiaka p’c (cM. meopembr Cunoea). Tpynna nopsinka 12 o6si3aHa UMETh
MOATPYIIY YETBEPTOro MOpsAKa, HO HE LLECTOro.

CnencrBue TeopeMbl 2.3.1: epynna npocmozo nopsdka He umeem

1 .14
HempUeUAanbHbiX nooepynn 3), u A615emca YUKAU4ecko ).

2.3.2. Teopema. Jlioboii snemenm a arboii koHeuHol epynnoi G npous-

601bH020 nopadka n = |G| — ydoesemeopsem ycaoeuro | a” = 1

< Tlyctb anement a € G umeeT nopsaaok q = |a|, 4to o3Havaer a? = 1, npuuem
H = {a, a,..., a'} — noarpynna G. ITostomy n = pq. B urore

a"=@)’ =1 »

13 Kpome {1} u camoit ce6s.
19 B npotusHoM cryuae Hawencst 6b1 anemeHT a € G, Takoii uto af = I, q<|G|.
Ho Torzna 661 y G 6bu1a HeTpuBHAIbHag noarpynna {a, az, ...,a%}.
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- -1
N3 Teopemsl 2.3.2, KCTaTH, ClieayeT a = a™! nna moboro a € G,
npu yciosuu |G| = n.

MHoxecTBa gy - H B (2.3) Ha3bIBAIOT 4€6bLMU CMENCHBIMU KAACCAMU
no noArpynmne H. AHaIOrMYHO ONPENENSIIOTCS Npasble CMeXCHble KAACCHI,
kak H - g;. H1u onvH cMexHBIt Kjiacc, KpoMe camoii moarpynnbl H,
He oOpasyeT Ipyrnny, MOCKOJIbKY HE COAEPXHUT €IUHUYHOTO 3JIEMEHTA.
B xoMMyTtatuBHbIX (abeneBblx) rpynmax JieBble ¥ MpaBble CMEXHbIE
KJIaCcChl, pa3ymeeTcsi, coBnanaioT. Ho nogpo6Hoe coBrnaneHMe BCTpEYaeT-
Csl ¥ B HEKOMMYTATUBHOM Ciiy4ae (CM. UH8apuaHmHbie nOOZPYnnbl), 4To,
COOCTBEHHO, M COCTaBJIsSIET HAUMEHEE TPUBHUATILHYIO YaCTh TEOPUHM.

J111s1 MHTYMTUBHOTO YCBOEHUSI TIOHSATHSA CMEXHBIX KJIACCOB €CTECTBEHHO OMUPATHCS
Ha npuMepbl. OOMUH U3 OTHOCUTENBHO MPUBBIYHBIX BADUAHTOB — JIMHEHHBIE TPOCTPaH-
CTBa C oOMepauueil CNOXEHHS BeKTOpoB. JIMHeiiHoe mpocTpaHCcTBO X pa3OuBaeTCs
Ha KAaccbl cMexcHocmu To JIMHeliHoMy MHoroo6pasuio H C X cnenyioium obpa3om.
CuyurTaercs, 4TO ABa 3JIeMEHTA MPUHALIEXAT OJHOMY M TOMY Xe KJIacCy, €CId U TONbKO
ecau &, — T, € H. JIBa Kjiacca CMeXHOCTH JIMGO COBIMAAIOT, TMGO HE MepeceKkaroTCs.

Ecnan X mnockoctb, H npsiMasi (MpoXozasiiuasi 4epe3 HyJb), TO KJIACChl CMEXHOCTH
3TO MpsMble B M10ockocTd X, napanienbHoie H.

Cpa3y UMeeT CMbIC/T BCIOMHHTD, KakK B (DYHKLMOHAJIBHOM aHaJIM3e CIOXET Pa3Bu-
BaeTcs aanbiie. COBOKYMTHOCTb BCEX KJIACCOB CMEXHOCTH 00pasyeT ¢pakmop-npocmpan-
cmeéo X[ H, HanensieMoe CTPYKTYpOl JTMHEMHOTO MPOCTPAHCTBA C/IEAYIOLMM O6Pa3oM.
Ecnau xnaccel Ly U L, MMEIOT NpPeaCTaBUTENAMU T U Ty, TO cymmoit Ly + L, 00b-
AABJISIETCSl KJIACC, KOTOPOMY TMPUHAIUIEXHUT 3/EMEHT I, + L. PasmepHocTh (akTop-
npoctpaHcTBa X/H (KoHe4Hast M/IM GECKOHEYHAs) HA3bIBAETCS KOPAIMEPHOCMbIO, WA
degpexmom, noanpoctpaHcTea H B X.

ITpu U3ydyeHU U JUHENHBIX ONIEPATOPOB B 6anaxo8om npocmpancmee E 310 HekoTO-
pbIM 00pa3oM «BbICTpeNiMBaeT». PaccmaTpuBaetcsa adpo ker A, Win Hyab-npocmpancmeo
onepatopa A, — mpeacTaBisioilee co00ii MHOXECTBO 3/71EMEHTOB T, WIS KOTOPBIX
Az = 0, — u o6pa3 R,: MHOXeCTBO 37eMeHTOB y = Az. [lanee BBoAUTCs haKTOp-
npoctpaHcTBo coker A = E/R,, Ha3biBaeMoe kosdpom onepatopa A, U T.1L.

KommeHTapuii u3 [4, T.5]: «KoHeyHO, BCe 3TH , KEpHI“ U ,,KOKEPBI® HE CIO-
COGCTBYIOT MOMYASAPHOCTH MaTeMaTHKH, HO 34€Ch HaAO MOHMMAaTb, YTO 3TO He Golee
YeM TOPXECTBEHHAsi TEPMUHOJIOTUS JUISl TIPOCThIX, XOTSl U HEMPUBLIYHBIX MOHATHIA. [la
¥ HYXHBI OHH IO GO/IBILOMY CYETY JIMIUb HA TOH CTaAMM, KOTAA TATA K PYHKLMOHAb-
HOMY aHaJIM3y CTAHOBUTCS XPOHMYECKOI1» — 31eCh NOMXKEH GbITh MOMpasieH. B Teopuu
DY «aKmop-KOKCMpyKyuu» UTpaioT CTEPXHEBYIO POJIb.
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2.4. HopmanbHbie aenurenu u $GaxkTop-rpynnbl

COBOKYIMHOCTb 3JIEMEHTOB

g_l-h-g,

rae h npoGeraet Bce aeMeHTsl noarpynnbl H C G, a g dukcHpoBaH-

. |
HBII1 271eMeHT Tpynnbl G, — SsIBIsSETCS MOArPYNoi 5), KaK TOBOPSIT,
nodo6noii, Vi conpaxcennoi, noarpynne H.

2.4.1. Ecau eéce nooo6usie H nodepynner cognadaiom c camoii H, m. e.
npu aobom g € G
g ' H-g=H (24)

mo H Ha3wiearom uneapuanmmuoi nodepynnoui, uiu HOPMAAbHBIM Oeau-

o o 16
meaem epynnot G, uau npocmo HOPMAAbHOIU noO2pynnol, — u nuuym )

H«G.
3ameTrM, uTO (2.4) PaBHOCHJIBHO TPEGOBaHUIO
g-H=H-g, (2.5)
T. €. JIEBblE CMEXHBbIE KJIaCChl MO MHBApUAHTHOU MOATrpyrrme 00si3aHbI

coBriagath C nNpaBbIMH.

Ecin H — HopManbHasi moArpynmna rpynnsl G, To 3anuch
z=y(modH), =z,y€Qq,
O3HAYaeT, YTO T M Y JIEXAT B OJHOM U TOM XK€ CMEXHOM xnacce ”)

no H. B uwactHoct, £ = 0 (mod H) => z € H (noapa3symeBaercs
adoumueHas uHmepnpemayus).

e [lyctb G — rpymmna HeBBIPOXAEHHBIX n X n Matpulu, H C G — noarpynna
MaTpull, UMEIOLLMX AeTePMHHAHT, paBHbIii 1. [TockonbKy

[c™'AC| =|C7!| |4l |C]=1, A€H, CE€EGQG,

15) IpoBepsieTcst 3nEMEHTApHO.

16) Ynorpe6nsietcs: Takke o6o3HayeHue H <I G. Ho paserctBo H = G Mbl 10MycKaeM
U B TOM M B IPYTOM CJIyyae.

17 310 paBHOCWJILHO TpeGoBaHMIo Z,y € G = zy" € H (mbo ¢ —y € H B anaun-
THBHOI MHTepnpeTauuu). PakT — B pycie JeMMsbl 2.1.3.
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noarpynna H wuHBapuaHTHa. CMeXxHbie Kjiacchl Mo H COCTOAT M3 BCeX MaTpULl
C OOMHAKOBBIM OIpeleUTE/EM.

{1 oo

— noarpynna'® marpuu us rpynnsl G = SL,(Q). Myctb g = [(3)

-

TMostomy gHg™' C H, Ho gHg™' # H.

(Y
{[i )]s wowee) @

IMycte H — uHBapuaHTHas noarpynna G. [IpousBeaeHUe CMEXHBIX
xnaccos ¥ f+H v g- H— onpenensieTcsi e€CTECTBEHHbIM 00pa3oM KakK

(f-H)-(9-H)=f-(H-g9)-H=(f-9)H,

B cuiy (2.5) u ouesunHoro H-H =H. Takum oGpa3oM, mpou3Be-
JeHUe CMEXHBIX KJIaCCOB CHOBa JaeT CMeXHbIi Kiacc. Kpome Toro,
(g-H)- (g~ - H) = H. CrienoBate/ibHO, COBOKYMHOCTb CMEXHBIX KI1ac-
COB MO WHBapuaHTHOW mnoxarpynne H sBisercss Tpynmnoi, KOTOpYIO
Ha3bIBalOT ghakmop-epynnoii v o6o3HavaoT Kak G/H. W3 Bbiliecka-
3aHHOTO SICHO, yTo emuHuuen G/H cnyxut noarpynna H. B ciyuae
|G| < 0o mopsinok G/H paBeH uHuexcy rpynnbl H.

20)

I'pynna, He UMero1Iast HETPUBUAJIbHBIX MHBApUAHTHBIX MOATPYN ~ 7,
Ha3bIBaeTCsi npocmoii. I1pocTbie rpynmbl Haubosiee CIOXHBI ISl U3yye-
HMSsI, TOCKOJIBKY MPEICTABISIOT CO00i KaK Obl €IMHbIN KJIyOOK, B KOTO-
POM HEBO3MOXHO BBIIEJIMTb CTPYKTYPHbIE€ YaCTH.

e [lyctp

(l)] . Torna

o [Toarpynna MaTpuit

— HOpMaJibHa B Tpyrie

1% ®aktnueckn H usomopdHa rpynne Z.

9 g CHJTYy MHBAPHAHTHOCTH — HEBAXHO KAKHX, JIEBBIX WJIM NPaBbIX.
2

0) TpUBHMANTLHBIMH SIBASIOTCSI €IMHUYHAsK TIOATPYTINA U caMa rpynna.



2.5. Knaccel conpsixeHHbIX 971€MEHTOB 57

HopMasnbHble TPYNmbl M COMYTCTBYIOIIME TOHSITHUS, WTPAIOLIHE
B TEOPUHM TPYININ KITIOYEBYIO POJIb, TPEOYIOT OCBOEHHUSI U OCMBICIEHUS,
KaKOBBIX MOXHO JIOCTHYb TOJILKO pa3MBIIIUIEHUEM Hal 3alayaMH.

e Ecnu H u J — noarpynnsl G, TO MHOXECTBO
HJ={hj: he H, je J}

He 00s13aHo ObiTh noarpynnoi. Ho ecnu ogHa w3 noarpynn H, J — HOpMainbHa, TO
HJ — noarpynna G. A ecan ooe H u J — HopMmanbHbl, To0 HJ — HOpMaibHas
noarpynna. (?)

e Ecau noarpynna F C G conepXuT Hopmanshyio nodepynny N C G, T.e.

NCFCG, (2.6)

10 N HopMmanbHa Takxe B F. Ho ecnu B uenouke (2.6) F — HOpMaibHbIN JeanTeNb
G, a N — HopMmanbHblit nenutenb F, moarpynna N He oGsi3aHa ObITb HOPMAaJIbHOIM
BG.(?)

e Besikas moArpymnmna MHOeKca 2 — HOpMasibHa.

< Bcuny |G : N| = 2 ecTb TOABKO [Ba CMEXHBIX Kjacca: camMa MOArpyrmna
N C G n, ckaxeM, JeBblit kiacc gN, rae g ¢ N. Toraa npasbiit cMexXHbIl kiacc Ng
an6o cosnamaer ¢ N (4ero He MoXeT GbITb), 1160 coBnaznaet ¢ gN, 4To M peayusyercs,
3aBeplluasi 10Ka3aTeJbCTBO. B>

e Eciu N C G — HopmanbHas noarpynna rpynnsl G MHuekca n, 1o g" € N
st no6oro g € G.

<« Tlockoneky takTop-rpynna G/N umeer nopsaok n, 10 (gN)" = 1 ma
no6oro g € G. [lanee «BbICTPENNBAET» HOPMATBLHOCTb N :

(gN)"=¢"N = g"€eN. »
Ld l'lepecequue HOPMaJIbHbIX IeNUTENEH IBNSETCS HOPMaJIbHBIM JEJHUTEJIEM.

o Bcesikas noarpynmna abesieBoi rpymnibl IBJSIETCS HOPMAJIbHBIM J€JIUTENIEM.

e Eciu U, V HopmanbHbie moarpynnsl G, U UnV = {1}, T0 uv = vu ma
mobex u €U, v EV. (?)

2.5. Knaccbl CONpsiXXeHHbIX 3N1€MEeHTOB

-1

DyieMeHTbl T U Y TPU YCIOBUM Y = grg MUl Hekotoporo g € G,
Ha3bIBAIOT conpacennsmu. MuoxecTBo £ BCeX COMPSIKEHHDBIX T e~
MEHTOB Ha3blBalOT KAACCOM COMPANCEHHbBIX IA€MeHMOE,

2% = {gzg™' 1 g€ G}.
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Ioozpynna H C G Hopmanbha 6 momm cay4ae, K020a OHA A6AAemcs
008eduHeHUeM KAacco8 CONPANCEHHbIX INeMeHmo8, m. e. koeoa H emecme ¢
KaxcobiM CBOUM INEMEHMOM T codepxcum 6ce I1eMeHmbl, CONPANCEHHbIE T .

o B aGeneBoii rpymre a1060ii KJ1acc COMPSIXKEHHBIX 3/IEMEHTOB COCTOUT U3 OAHOTO
3JIEMEHTAa.

e B S, MoaCTaHOBKH COMPSIXKEHBI B TOMM CJly4yae, KOrda OHH HMEIOT OMMHAKOBYIO
LUMKJIMYECKYIO CTPYKTYDY. [loacTaHOBKH

P: (i|i2 ...)(jljz...)(...)... >
P =iy )G )

C LUMKJIaMHU OAWHAKOBOMW MJIWHBI, BHIMMCAHHBIMU APyT NMOA OPYTOM, COMpArarTcs € 1no-

MOLLBIO TOACTAHOBKH
o= (it B B B,
2 % e 1 D2 eee
YTO JIETKO MpPOBEPsIeTCs.
B yactHocTH, moactanoBku (12)(345) u (24)(513) conpsixeHsl B Ss.

e Marpuubl CONpsiXeHsl B TOMM Cllyyae, KOraa NPHUBOIATCS K OXMHAKOBOM
KopaaHoBo# ¢dopMe.

2.6. AsBTOMOpPHM3MbI U TOMOMOPPU3MbI

IMpuknagHoW MOTeHUWaAN TEOPUM TPYIMI TPUBHAJEH N0 TeHUAIbHOCTH. [lpu u3yuenuu
00beKma none3Ho credums 3a 2pynnoii e2o aémomoppuimMos, m. e. npeobpa3oeanuii, Ha Ko-
mopbie 0bbekm «He peazupyem» 2 Ho 060 BceM no MOPAIKY.

!
ABe rpynnbl G ¥ G Ha3BIBAIOTCS U30MOP@HbIMU, ECTA MEXIY HX
3JleMeHTaMM MOXHO YCTaHOBMTh B3aUMHO OJHO3HAYHOE COOTBETCTBHUE

p:G— G' Takoe utoO 2)

p(ab) = p(a)p(b). (2.7)

!
H3omopdHbie rpynnsl skeueasenmubt, G ~ G, ¢ TOYKM 3pEHUS HX
IPYNIOBLIX CBOMCTB, XOTS NpPUpOIA JIEMEHTOB M OMEpalldii MOXET

2 Yro MoXHO cKa3aTb O YeNOBEKe, Ha KOTOPOTO He BIMAET MOBBILIEHHE B JOIKHOCTH,
M KOTODbIN «He COBEPLIMT GOJBLIOH MOMLIOCTH TPH MATOM BbIroxe»?

%) pagenctso (2.7) 6bu10 6B KOppekTHee mucarb B Buae p(a - b) = p(a) o p(b), rue
TOYKa 0603HayaeT ymHoXeHHe B G, a «o» — B G
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ObITH paannqna23). H3omMopdHoe oToOpaxeHue rpynmnbl Ha ceOs Ha-
3bIBaeTCs aemomopgusmom. ABromopdusmel G — G oOpasyioT epynny
asmomopgpuimos, o6o3Havaemyio Aut G.

Eciy B maHHOM BBIILlIE onpeaeJeHUH n3oMopdu3Ma oToOpaxeHHe
/
¢ : G = G He 00s13aTeNIbHO 0OPATMMO, HO MO-TMPEXHEMY YIOBJIETBOPSI-

et yciioBuio (2.7), — TO TOBOPSIT O 20MOMOPHHOM OTOOPAXKEHUM TPYTIITbI

' 24
G B G, a ( Ha3bIBAIOT 20MOMOpHUIMOM ),

CIOpBEKTHBHbII (HAaKphIBaIOLIMit) roMoMopdusM ¢ : G — G, 0106-
paxalouuii G Ha G', HasbiBaeTcst anumopguzmom, a BCSIKOe roMOMOp(-
HOe OTOOpaXeHHue TPYMIbl 6 cebs, — 3ndomopduimom. TepMUHOOTHUS
CJIMILIKOM TeCTpa, YToObl €€ Cpa3y BCIO 3arOMHUHATh, HO U30MOpQU3M,
aemomopusm U 20MomMop@usm XKeJaTeNIbHO PACIOOXUTh B MaMsITH
«Ha BUIY».

YnpaxHenns

o ToMoMOpdHBIit 06pa3 MOATPYTINbI ABASETCS MOATPYTINOIA.

o Tomomopduam ps(g) = f™' - g+ f npu moGoM dukcupoBaHHOM f ABNSIETCS
aBromopdusmom. CoBOKymHOCTb {¢y} 06pasyeT pynny TaKk Ha3bIBAEMBIX GHYMPEHHUX
asmomopghuzmos Int G.

e N3oMopdu3M coxpaHsieT Bce rpymnoBbie cBoiicTBa. [oMOMOpdH3M MOXET Koe-
4TO TEpATh, Mpeobpasys, HanpuMmep, rpymniy 6e3 KpyuyeHUs B MMEPUONHYECKYIO, JUGO
HEKOMMYTATUBHYIO TPYTIIy B KOMMYTaTHBHYI0. KOHEYHOCTb, KOMMYTaTHBHOCTb, LIUK-
JIMYHOCTb — COXPAHAIOTCS MpPHU J11060M roMeoMopdusme.

IIpu romomopdHoM ortobpaxennn G B G' ennHuua B G mepe-
XOIMT B eauHuiy Tpynnbl G'. COBOKYMHOCTb BCEX 3JeMeHTOB M3 G,
nepexosILMX B eMHULLY Tpymnbl G, Ha3bIBAETCS AOPOM 20MOMOPPUIMA
¢: G — G' n oGo3nauaercs KaK ker .

Tomomopgpuamer ueparom 6 meopuu epynn Kaouesylo ponb, 8 C6A3U C 4eM
mpebylom K cebe npucmanbHo20 HUMAHUS.

) Ipynnbl BpameHMi KyGa M OKTasapa — M30MOPGHBI.

%) TIpu roMoMOpdU3Me pamTHuHble 3neMeHThl M3 G MOTYT IEDEXOLMTD B OIMH BMEMEHT
!
rpyninbl G
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Ecin H C G — HopMajibHasi MOATpPYIna, To npeobpa3soBaHue Kax-
Ioro 37eMeHTa g € G' B cMexHBbI#t kiiacc g- H siBisieTcsi roMOMOPGOHBIM
orobpaxeHueM G Ha dakrop-rpynny G/H, KoTopoe Ha3biBaeTCsi ecme-
cmeennoim 2omomoppusmom G Ha G/ H. Slopom atoro romomopdusmMa
CAyXuT noarpynmna H.

2.6.1. Teopema o romomopduame. Ecau comomopgusm ¢ omobpaxca-
em G na G',mo H = ker ¢ — uneapuanmuas nodepynna 6 G, a epynna
G’ usomoppua axmop-epynne G /H.

<« [Ilokaxem cHayana, 4to simpo roMmoMopdu3ma 06513aHO GbITb MHBADUAHTHOH
MOArpyTNoi. DTO BHITEKACT U3 UMILIMKALAM >

heH = (g 'hg)=p(g ") op(h)op(g) =¢ ' (9)op(g) =1,

T.e. g~ 'hg npH M1060M g Takxe NpuHamiexut H.
PaccMoTpuM nanee otobpaxeHue w : G/H — G', paGoTaloliee Mo NpaBuiy:

w(zH) = p(z).

Jlerko mpoBepsieTcs, 4TO w — MCKOMBIA u3omopdusM G/H wa G'. JleiicTBuTENbHO,
p(z) = p(y) Baeyer 3a coboit w(zH) = w(yH), T.e. w B caMoM Jene OTOGpaxaeT
G/H — @' SfcHo Takxe, 4TO w COXpaHsSEeT YMHOXEHHMe M oTobpaxaeT wa. Jlanee,

p(z) = p(y) = 7'y € H, nos10MYy W UHBEKMUEHO (B3AMMHO OTHO3HAYHO). b

TakuMm oOpa3oM, ¢ mourocmbio do usomopguma ecmecmeenHbie 20-
MOMODP@U3MbL UCHepnbIEarom 6ce 20MOMopduambl epynnol. Jloka3aTeabCTBO
TeopeMbl 2.6.1 noka3sbiBaeT, 4To J1060i1 roMoMopdu3M ¢ : G — G’ ectn
KOMIIO3ULIMS

p=wouv,

[I€ ¥V — €CTECTBEHHbI TOMOMOPGHHU3M, W — HU30MOPDHU3M.

2.6.2. Teopema o cooTBeTCcTBUMU. [lycmb comomopgusm p omobpaxca-
em G na G'; H=kerp; u K={K:HCK CG} obosnauaem cogokyn-
Hocmb ecex nodepynn K C G, codepucawux H. Toeda coomeemcmeue
K & @o(K) sersemcs 6uexyueii 26) mexcdy K u ecemu nodepynnamu G

) | o6o3nauaer enMHMLy rpynnsl G "

2 .

©) Buexyueii Ha3bIBaeTCsl 63aUMHO OOHO3HAMHOE OMOBpaXceHue <Ha», T.€. MHBEKTUBHOE
U OOHOBPEMEHHO CIOPBEKTHBHOE npeobpazopaHMe X — X, MHOXECTBO KOTOPbIX 0003Ha-
yaiot Sym(X).
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IIpu smom coomeemcmeyiouue Opye opyey epynnbi 00HO8DEMEHHO HOPMAAb-
Hbl, G PAKMOp-2pynnvL NO HUM — U30MODPQHbL, M. e.

HCK<AG & @K)<G', G/K~G'/pK).

<« TIpoo6pas ¢~ '(K') mo6oit noorpynnst K' C G conepxur H, mockoneky
¢~'(1) = H. Tloatomy ¢~ ' (K') € K. [lanee, B npeanonoxexuu

K'#£K", ¢(K')=p(K"), (2.8)

o mobomy z € K' MoxHo ykasath Takoe y € K", uto p(z) = p(y), T.c.

-1 -1
p@)p  (y)=1 = ¢y )=1,
OTKyJa
zy'€eHCK" = K CK"
AHanoruyHo ycraHasnuBaetcs K C K', uto B utore obecrieunaet paBeHcteo K' = K"
¥ TNPUBOIMT K mpotuBopeynio ¢ (2.8). TeM caMbiM O0Ka3aHO, YTO COOTBETCTBUE

K — p(K) siBnsiercs GueKuMeid, T. €. B3BAMMHO OXHO3HAYHBIM «OTOGPaXEHHEM Ha».
TMokaxeM Tenepb OOHOBPeMeHHYI0 HopMmanbHocTh K u ¢(K). Ecin K <1 G, 10

gKg' =K = o(g)p(K)p(g™') = p(K).

A nockonbky ¢(G) = G', 1o xoraa g npoberaet Beio rpynny G, p(g) npoBeraet Bcio
rpynmy G', 4TO rapaHTHpyeT HopManbHOCTh p(K).

M3oMopdHOCTh (aKTOp-IPyTN YCTAHABAWBAECTCS C MOMOLIBIO BCIIOMOTaTEABHOTO
amumopdusma £ : G — G' /p(K), onpenensemoro kax £(g) = p(g)p(K). Jlerko npo-
pepsetcsst K = ker &, oTkyna no teopeme 2.6.1 G/K ~ G'[p(K). »

TomoMopdu3MBL B TEOpHMM TPy IMPUMEHSIOTCSI BeChbMa 4acTo,
MpuYeM B OOJIBLIMHCTBE CIy4aeB MCIOJIb30BaHWE UHCTPYMEHTA HOCHT
TPUBUAJIbHBIN XapakTep, — HO TpeOyeT NMpUBbIYKU. BOT ajeMeHTapHbIi
TIpUMED.

2.6.3. Teopema Kanu. Jlwbas koneunas epynna G usomopgua nexomo-
Poli nodepynne cummempu4eckoil epynns. noOCmanHosok Sy, 2de n = |G|.

<« Bsenem otobGpaxenus v, : G = G, conocrasnsiowme aiobomy € G ane-
MEHT az (leBoe yMHOXeHUe Ha a). Jlerko BUAETh, 4TO 7, coctaBnswT rpynmy (?),
npuueM 7, () = ¢, OTKyJa ClefyeT, yTo NpeoGpasoBaHHe a — Y4(T) ecTb rOMEOMOp-
¢usm G — Sym(G). Jlanee ocraeTcsi NMlllb MPOHYMEPOBATH JJIEMEHTHI rpymmbl G,
yro6bl mepeiitu or Sym(G) k S,. »

Tpueuanvubili xapakmep MHo2UX 00KA3amMeAbCme 6 Meopuu epynn
yacmo nopoxcoaem deoiicmeenHoe yyecmeo. H3nauaabHo — «He ACHO, KAK
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nodcmynumucs», nomom — «3auem 0bi10 aomamo Konvs». IIpuvuna 6 mom,
umo Oe3 npusbiMKU He ACHO, «<KAK 3mo deaaemcs».

Odnako Hado npusnams, Ymo 6blpabomMams NPUGLIYKY He MAK NeeKo,
nockoabky obaacms neydobra 0as nodcosnanus. Obbiunbiii peyenm 6bide-
ANeHUA KaK020-1ubo Ha2Aa0H020 npumMepa 6 Kavecmae 3ManoHa 30ech NA0Xo
pabomaem. Ckaxcem, nodcmanoeku 00CMamo4Ho Npocmbvl U HA2AAOHbI
6pode Obl, — HO 3GKOHbL, YNPAGAAIOUUE UMU, GKAIOHAIOM 6Ce CAONCHOCMU
meopuu KoHeuHbix epynn. [losmomy onmumu3m é cesasu ¢ meopemoii Kaau
bbiIcmpo maem npu CMOAKHOBeHUU C OelicmeumeabHOCbIO.

2.7. O ponu UHBapUaHTOB

Ponb MHBapMaHTOB NMoguyepKUBajiach B IViaBe | Ha MpUMeEpPe M3Yy4YEHUs
nuddepeHLMaNbHbIX ypaBHeHU. Ho ata ponb ckBo3Has. MHBapuaH-
Thl BCErla COMPOBOXIAIOT IPYNMoOBble M3bICKAHWUS B TOM WJIK HMHOM
BuIe. B omHMX nMocTaHOBKax 3afay MILYTCS MOATPYNILI Mpeoopa3oBa-
HUI «<HUYEro He MEHSIoILMEe», B IPYTUX — BBISICHSETCS, «KaKasl 4acTb»
U3y4yaeMoro sIBJIEHUsSI HEYYBCTBUTENIbHA K AaHHoU rpynmne. IIpu 3Ttom
JIOBOJIbHO YaCTO IPYNITOBOM aCreKT OCTAeTCsl 32 KalpoM.

CeMb MOHET JiexaT Tep6oM BBEPX. MOXHO JiM, MepeBOpayuBast Mo IBe MOHETHI,
yJIOXUTb B UTOTe Bce repOom BHM3? 3amaya, KOHEYHO, I JeTCKoro cama. Henb3s.
IloToMy 4TO MpU NMepeBOpaYMBaHHUAX COXPAHAETCS YETHOCTb YMCIIA MOHET, JIeXallux
rep6oM BBepX. MHBapHaHT — 4eTHOCTb. BceBO3MOXHBIE MEpeBOpaYMBaHust — IpyTINa.
Bapuauuu B Mog0OHOM HAMpaBJIEHWH BCTPEYAIOTCSA TOBOJBHO CIIOXHBIE,

Moxcro au wap paspezams na wacmu, u croxcums u3 Hux ky6? Pasz-

pe3bl — MPOM3BOJIbHBIE IJIANKKE NMOBEPXHOCTHU 27). K peiieHuio 6bICTPO
MPUBOOUT OOHapyXeHWe <«MHIpeIueHTa 3aJauyu», HEUYyBCTBUTEIbHOIO
K pa3pe3aM. IpaHULIbI KaXIoi ¢-i yacTM pa300beM Ha Yy4YaCTKM TpeX
KaTeropuii: BBIMYKJIbI€, BOTHYThIE U TUIOCKHUE, — U MYCTb MX TJIOLLANH,
COOTBETCTBEHHO, S|, 5>, S3. [Tomoxum

I,=5 -5,

I=>"1,
1

) HexoTopble netany Mbl 06XOIMM CTOPOHOI, He TOBOPS O pa3GHEHMsIX C MCIOMb30-
BAHUMEM aKCUOMb 6560pa, KOTOPbIE IPUBOMAT K mapanokcaM Tuna Bawnaxa— Tapckozo [3).

Cymma
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KakK JIETKO BUIETb, UHBAPUAHT, TOTOMY YTO 1060 BBHIMYKJIBIN y4yacTOK
rPaHMLIbl HA pa3pe3e — BOTHYT MO OTHOLUEHUIO K coceaHeMy (Npu pas-
pe3aHuM) KycKy. [TockonbKy

I(wapa) = 4TR?, I(xy6a) =0,
OTBET — OMPUKAMENbHbIL.

IMonbiTKa aHaJOrMYHBIM OOpPa3oOM pPacCMOTPETh TETPal’Ap U KyO
Huuero He gaeT. Ho 3neck pabGoTaeT npyroil M”HBapUaHT, YK€ HETPUBU-
albHbIM. B uTOre mocturaetcsi pelieHue mpemeoeii npobaemot lunvbepma.

PaBHOBe/IMKHE MHOTOYTOJIbHUKM PaBHOCOCTAaBJIEHbI, T. €. OOMH M3 HUX MOXHO
pa3spe3aTh Ha MEHbLLIME MHOTOYTOJbHUKHU M CJOXHUTb U3 HUX APYToi. DTOT BakT cylue-
CTBEHHO YTIPOLIAeT yyeHue o riowansx. I[1pu onpeneneHuu xe 06beMOB MHOTOTPAHHH -
xoB B R’ MIPUXOAMTCS UCTONb30BATh CIOXHBIN MpeaenbHblil nepexon. HeobxonuMoctb
3TO WM paBHOBEJMKME MHOrOrpaHHMKM TOXe paBHOCOCTaBiieHb? B 3TOoM Bormpoce,
CcOOCTBEHHO, U 3aKjK0yaiach mpemas npobaema luabbepma, KOTOPYI0 OTPULIATENBHO pe-
wn Jou (1900). Takum 06pa3oM, 0Kasanock, YTO MPH MEPEXOLE OT R’k R’ CUTyauus
MPUHUMNHATBHO MEHSETCS.

Ins penreHus mpo6aeMbl HEOGXOAMMO MPUBJIEYEHUE AOTMONHUTENbHBIX TEXHUYE-
ckux cpeacts. HanoMHuM, 6a3ucoM Ha3biBalOT COBOKYMHOCTb JTMHENHO HE3aBUCHMbIX
BEKTOPOB {€,...,€p,...}, C MOMOLIBIO KOTOPBIX OAHO3HAYHO BHIPAXAETCs 06O
BEKTOP T pacCMaTPHBAEMOTO MPOCTPAHCTBA

T = Z T; €. (2.9)

[Tpu 3TOM T; HaA3bIBAIOT KOOPAWHATAMH BEKTOpA I .

Jlna nmocTpoeHus oOblYHOro 6azuca B KOHEYHOMEPHOM IPOCTPAHCTBE Gepercs
nobass cucteMa B JMHEHHO HE3aBUCHMBIX BEKTOPOB M K Heil m00aBisieTCsl BEKTOP,
KOTOpBIii JIMHEIHO He BbipaxaeTcs yepe3 B. Ha kakoM-To wiare mnpolecc 3aKaH4YMBa-
€TCsl — MHaye BO3HMKAET MPOTHBOPEYHE C KOHEYHOMEPHOCTDIO.

Tpu HaNU4YUK akcuomsl 6b160pa Takasi MpoLieaypa MOXET ObITh peajli30BaHa TaKXKe
B GECKOHEYHOMEPHOM Cilyyae, Kak B CYETHOM BapuaHTe (2.9), Tak M B HECYETHOM
(C KOHTHHYaJIbHBIM HHAEKCOM ). B HECYeTHOM BapHaHTe HEOOXOMMMBIE PACCYXAEHHs
HECKOJIbKO YC/IOXHSIOTCS, HO CYTb OCTaeTcsl MpUMEPHO Ta Xe. IlonyyaeMbie Takum
o6pa3om Ga3uchl Ha3bIBaIOTCs 6asucamu lamens.

JononHurtenbHOe pa3HOOOpasue CUTyaluii onpene/sieTcs BO3MOXHOCTbIO BBOAUTH
OrpaHWYeHHs Ha JOMYyCTHMMble KoopauHatbl. TpeGoBaTh, CKaxXeM, MX palUMOHAJIbHO-
cTd. B mocnenHeM ciyyae AeidCTBMTENbHAas MpsiMasi CTAHOBUTCA GECKOHEYHOMEPHBIM
BEKTOPHBIM MPOCTPAHCTBOM M3-3a PAaLIMOHAIbHOW HECOU3MEPUMOCTH MHOTHMX YHCEs.
Hanpumep, 3 u V2 nuneitno HE3aBUCHUMBI, MTOCKOJIbKY

A3+ M0V2=0

HEBO3MOXHO TMPH PaLMOHATBHBIX A;.
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Pa3puiBaas smueitias dynxkuns. PaccMoTpuM GyHKIMOHANBHOE ypaBHEHUE

p(z +y) = p(z) + p(y). (2.10)

Bo3bMeM 060t Gasuc TaMenss Ha AEeHCTBUTENbHOIN MPAMOW, BbIGEpeM HEKOTOPBIA
6a3uCHBII BEKTOP €), HalIpUMEp, e, = V5 wau e, = T, WM Jaxe ey = |, ¥ MONOXUM

p(z) = kz», (2.11)

4TO AacT (PYHKUMIO, yaOBIeTBOpsifoLuyio (2.10).

KoukpeTtHoro peutenust (2.10) Ha camoM fefie, KOHeYHo, He aaHo. Ecu ey, = V5,
TO MbI HE MOXEM [aXe CKa3aTb, YEMY PABHO, HATIPUMED, 3HaueHUe (4), MOTOMY YTO

T) 3aBUCHUT HE TOJILKO OT €y, HO U OT Bcero b6asuca %) Tem He meHee KOHCTPYKTUBHO
crnocobeH paboraTh cam (pakT CylecTBOBaHUS Takoi (pyHKLMH.

Pemenne Tpemseii npo6iembt IwmGepra. BeeneM noHsTHe ncesdoseca MHOTOrpaHHUKa M,
P(M) =" Lip(\), (2.12)

rie CyMMUPOBAHHWE WET MO BCeM pebpaM JUIMHBL [;, A; — ABYrpaHHBbI yron mpu &-M
pebpe, a ¢ — dynkuus Buna (2.11). TouHee roBopsi, MycTs § — OBYrpaHHbIN YTON MPH
pe6pe NMpaBWILHOTO TeTpadapa. JlocTpoum MHoxecTBo {6, 1} no 6asuca Tamers (nerko
npoBepsieTcsi, YTO T ¥ 6 HeCOU3MEPUMBI) U TIONOXUM

() = Ay,

T.€. ¢(A) paBHO 0-i KOOpIMHATE B PA3NiOXEHUH 110 Gasucy. Boiuucnsts 3HadeHus @(A)

MBI MOXEM JIMIIb B IBYX CUTyaLLUSaX »)

p(cd)=c n p(r)=0

IUIS PALMOHAJIBHBIX €, YTO KAK pa3 JOCTAaTOYHO /IS HAIUMX LEei.
HeobGXxonuMmblii pe3y/bTaT BHITEKAET U3 HEPABEHCTBA

P(ky6a) # P(tetpasapa),

TMOCKOJIBKY
P(xy6a) = (p(%) Z =0, (2.13)
i

P(retpasnpa) = ¢(8) Z = Z IT #0. (2.14)

) Ecam B 6a3MC BXOMMT KAKOE-THOO PALMOHATBHOE YMCIO eg, 10 p(4) =0, ecnm
He BXOIMT, TO p(4) =?

) 3yauennus ©(X) st ApYTHX YTIOB A MBI HE MOXEM 3HATb M3-3a MIPOU3BOJIA TOCTPOHKH
6a3uca, HO 3TH 3HaYEHHsSI HAM U He HyXHBI.
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ITpuyuHbl BnosHe oyeBuaHbl. [1py paspe3aHuu Kyba WM TeTpadApa Ha MEHbLUKE
MHOTOTPaHHMKXM M CYMMMPOBAHHUH TICEBIOBECOB 3THX MEHbLIMX MHOrOTPAHHHUKOB,
BBIYMCIIEHHBIX N0 Gopmyse (2.12), mosyyaeTcs TOT Xe Camblil TICEBIOBEC UCXOMHOTO
MHOTOTpPaHHHKA. DTO MPOUCXOAUT MIOTOMY, YTO CyMMHPOBaHHeE 110 BCEM HOBBIM peGpam
(mosiBMBLUMMCS B pe3y/isTaTe paspe3aHus) HaeT HyJb, M60 €Cii HEKOTOpOoe I JIeXUT
BHYTPU M 1 CyXHUT peGpoM (WM YacTbio peGpa) HOBBIX MHOTOTPAHHHMKOB, TO

Ho) + ... + (M)} = Lo + ...+ A) = lp(2w) =0,
ecny xe | NeXUT Ha rpaHu M, To ONATb MONYYAeTCs Hyb
HoA) 4+ ...+ o)} =lpA + ...+ X)) =lp(r) = 0.

HakoHeu, eciv I coBnagaet ¢ pe6poM MCXOAHOTO MHOTOTPaHHHKA, TO A|+. . .+A, paBHO
7/2 B cnyyae Ky6a, U @ B cnyyae TeTpasnpa. TakuMm o6pa3oM, MCeBAOBEC HE 3aBUCHT
oT croco6a pa3pe3aHusi ¥ MOXET MPOCTO BbIYMCIATBCA MO popmynam (2.13), (2.14).

2.8. JononHeHus

o [locaedosamenvrocms roMoMopHu3MOB

Y
65656 (2.15)
HA3BIBAIOT MOHOII, ecu 06pa3 im ¢ = (G') cosnanaer ¢ aapom ker 4. TOT Xe MPUH-
LMI UCTONB3YeTcs M 1151 Gosee JUTMHHBIX TOC/TeN0BaTe/IbHOCTEH

GG —-... 56 25 a,.

B stom CJlyya€ TOYHYIO MOC/A€A0BATEIbHOCTD OMPEAC/ISACT COrIaCOBAaHHOCTb BCEX 3BE-
HBEB!:

imy;_| = kerg;.

PacrnipocTpaHeHHblii TPIOK: n06aBieHue K (2.15) eule OBYX TPUBHAIBHBIX TOMO-

Mopdu3MoB 30,

00645656 ~o. (2.16)

[Ipu 3TOM TOYHOCTb MOC/AenOBaTe/NbHOCTH (2.16) O3HayaeT, MOMUMO imy = kery,
UHBEKMUBHOCMb O W CIOPBEKMUEHOCMb 1P .

TakuM 00pa3oM, UHBEKMUBHOCMb P U CIOPBEKMUBHOCMb 1) MOXHO He YIIOMUHATb,
160 OHM OKa3biBaloTCA 3amudpoBaHbl B (2.16). DKOHOMHs KoleeyHas, HO «(OKYyC»
3dbeKTHBHO MPENSTCTBYET OCBOEHHIO MpeaMeTa.

Pa3wsicHeHHe naeTcst Anst 0berdyeHusi YTEHUs APYTOii JIMTEpaTyphl.

30) TNonpa3yMeBaeTcs anIMTUBHBIN S3bIK, C HYJIEM BMECTO €IMHMLIBL.
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o Cpeau MHCTPYMEHTOB, IEUCTBEHHO 3aMyThIBAIOLUKX CYTh €/ia, MOXHO OTMETUTh
KommymamueHvie ouazpammul. Hanpumep,

y:|

AN
// N

B C,

N

9.

N

D

rae Majibie OYKBbl — CYTb OTOOpaXeHHWs1, O3HAYaeT: eC/IM OT OQHOTO O0BEKTA K APYTOMY
MOXHO MPOUTH (BOOJb CTPEJIOK) Pa3HbIMU MyTSMHU, TO COOTBETCTBYIOLLME KOMITO3HLIMU
oToOpaxeHui coBnanaioT. B naHHoM ciaydae: fh = g, fs = gt... WHorma 3to 3¢-
GEeKTUBHO, HO 4acCTO MCIMOJBb3YeTcsl KakK rpaduyeckoe yKpalleHMe M 3aTyMaHUBaeT
U3IJIOXEHUE,

e O nonBoxHOIf YacTu aiicbepra TEOpPUM TPYII MOXHO CyAUTb MO HEAABHO 3a-
BepLIMBLUElCS 3M0MNee B OAHOM M3 TEOPETUYECKHUX CEKTOPOB. BOT BblaepxkKa U3 CTaTbU
Topencmeiina «IpaHauo3Has TeopeMa» B XypHane Scientific American (M3gaHue Ha pyc-
cKOM s3bike) Ne 2, 1986.

«Knaccudukauus MpocTbiX KOHEYHbIX TPy 3aHUMAET CTOJb HEOOBIYHOE IMOJIO-
XeHHe B aHHaJIaX MaTeMAaTHKH He TOJIbKO G/1arogapsi HEMOMepPHO JUTMHHOMY JOKa3aTeJlb-
CTBY, HO U Garogapsi MHTPUTYIOLLEMY XapaKTepy pelieHusi. B mpouecce MHOroneTHux
UCCNENOBAaHUH MOCTEMEHHO OTKPbIBAIUCh OECKOHEYHbIE CEMEICTBA MPOCTBIX TPYIIT
(1 B KOHLIE KOHLIOB GbLIH MOCTPOEHBI BCe 18 TaKMX CEMENCTB), HO BPEMsl OT BPEMEHU
00HapyXHBATUCh U COBEPLIEHHO HEPETYNspHbIE MPOCTbIE IPYTIIbI, KOTOPblE HE yKJa-
IbIBAIMCh HA B OIHO CEMENCTBO Y GbUTH MO3TOMY Ha3BaHbI cnOpadu4eckumu TPpyTnaMH.
[MepBble NATH TAKMX 3arafOYHbIX MPOCTHIX IPYIII ObIIM OTKPBITHI J. Mamve B 60-€ roab
XIX Beka: HauMeHbLUasi U3 TPyNN MaTbe comepXMT poBHO 8 X 9 x 10 x 11, T.e. 7920
anemeHToB. llecTas cnopaguueckasi rpynmna, cocrosias u3 175 560 anemeHTOB, GbU1a
oOHapyXeHa JIMLLb CIYCTs Liesioe cToeTie 3. SHko, paboTaBLIMM Toraa B YHUBepCUTETE
MoHauu (ABcTpanus).

[Mocne 3TOro Ha CBET CTalu MOSABAATHCS HOBblE CTPaHHbIE CIOpPaAUYECKHUE CO-
31aHUsS — MPUMEPHO MO OAHOMY B TOf, HE OTCTaBasi OT HHTEHCHBHBIX TEOPETHYECKHX
uccnenoBaHuit 60-x U 70-X romoB. BTH OTKPBITHSI BbI3BAIM CpEIM MAaTeMaTUKOB He-
00blyaifHOE BOJIHEHHWE, KOTOPOE AOCTUIIIO Bbicluei Touku B 1982 roay, korna P. Ipucc-
MaaOwuii, paboTaBLIMIA B TO BpeMs B MIHCTUTYTe MepCrneKTUBHBIX UCCAeNOBaHUM, MO-
CTPOUJI TPYTIIY, HA3BaHHYIO ,,MOHCTPOM" 3a TO, YTO YUC/IO €€ 3JIEMEHTOB PaBHO

808 017 424 794 512 875 886 459 904 961 710 757 005 754 368 000 000 000,

WU TIPUOIHXEHHO 8 - 10®. B KoHLE KOHLOB GbINO OTKPBITO 26 cnopaduyeckux MpoCTbIX
rpynn. Ipynna-moncmp oKa3anach cpenyd HUX caMoit GOJbLLUOM, OOHAKO B €€ CTPYKTY-
pe OOHapYXHJIOCh TaK MHOTO BHYTPEHHMX CMMMETPHH, 4To [pucc mepeMMeHOBal ee
B ,,APYXXECTBEHHOIO TMraHTa“.
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Haiitu npocTtyio Tpyriny — 3T0O OfHO, U Harpagou CJAYXHT CaMO OTKPBITHE, HO J0-
Ka3aTh, YTO OOHApYXEHBI BCE TaKWe TPYMIbl, — 3TO COBCEM Apyroe aesno. OmHako
HMEHHO B 3TOM COCTOMT YTBepXIeHHE KIacCU(UKALIMOHHOI TEOPEMBL: ,, MUD* TPOCTHIX
KOHEYHBIX DY COAEPXUT 18 perynspHbix OECKOHEYHBIX CEMEICTB rpynn U 26 cmo-
paIM4eCcKHX TPy — W HUKaKUX Apyrux! BoT wis noka3aTenbCTBa 3TOTO YTBEPXAECHUSA
u noHanobwioch 500 cTaTeit, 3aHMMAIOLIUX OKOJIO 15 THICAY XypHAIBHBIX CTPAHMII».

® «B TeMy» NOXHUTCA IOKA3aTeILCTBO TIPOCTOIM ¢ BUAY TeopeMbl Peiima— Tomncona:

1 o

Jlobas koHeunas epynna HevemHo2o nopadka pa3pewwua3 ), — 3aHMMaIoLIee LI
HOMeEp XypHana ),

30 Pa3spelurMbie TpyTinbl pacCCMaTpUBAlOTCS B IJiase 6.

) Feir W., Thompson J. G. Solvability of groups of odd order // Pacific J. Math. 1963.
13. 775-1029.
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Pa3nnyHbie HUHCTPYMEHTbI

B rnaBe paccMaTpuBalOTCS HEKOTOpbIE MOHATHS U (AKThI, CTeNeHb GeCnoie3HOCTH
KOTOPBIX HECKOJIbKO BbILUE Mpeablayuiero ypoBHs. Ho netanu GbiBaloT BaXKHbI HE CaMH
no cebe, a 1S CO3AaHUs Moaxonslleit atMocdepsl.

3.1. [leAcTBME rpynnbl HA MHOXECTBE

3.1.1. Jeiicmeue epynnot G Ha muoxcecmee X onpedeasemcs kax npeo6-
pasoeanue gt . G X X — X, yooeremeopsrouwee mpe6osanuam:

() l:z=z,Vz e X,
(i) (9192)z =91(g2z), VT € X, 9192 € G.

TeM caMbIM MOXHO CYMTaTb, YTO BBOXUTCS Jegoe delicmeue — YMHOXEHUE TOYEK
z € X Ha aneMenThl g € G. Tlpu 3TOM 06a 3HaKa yMHOXeHHs (IpyTnoBoii u «Gydep-
Hbli» Mexay G u X ) Mbl onyckaeMm, 4ToGbl He OTB/IEKaTh BHUMaHUs. [Ipaeoe deiicmaue
Tg ONpeaenseTcs yepe3 JeBoe Kak g"z.

Hrak, Kaxnelit aneMeHT g € G onpenensieT npeobpa3oBaHue
wy: X = X,

NPUYEM KaxXI0e wy SIBJISIETCS Ouexyuell.

WHbiMU crioBaMU, rpynne G CTaBUTCS B COOTBETCTBUE MOATPYNIa
npeoOpa3oBaHuii U3 epynnvl 6uexyuii Sym(X), B KOTOPO# YMHOXEHHUE
€CTb KOMNo3uliusi. TouyHee roBopsi, Oelicmeuem 2pynnbi OKa3bIBaeTCs
romoMopdu3M w : G — Sym(X). YactuyHO nosydaercsi TaBTOJOIMS,
HO 3TO JIaeT SI3bIK, OTKPHIBAIOLLMUI IOMOJHUTEIbHbIE BO3MOXHOCTH.

IIpumepn
o Cummempuveckasn epynna S,, p4BHO Kak M J100as ee MOATPYINa, HEHCTBYET

Ha X = {l,...,n}. deiicTBue nodcmanogok TIPUBOIUT K Nepecmano6KaM.

o Jlio6as noarpynna H C G neitcTByeT Ha caMoii rpymnne G, Hanpumep, JieBbiM
yMHoxeHueM: hex, he H z € G.
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o JleiicTBue rpynnbl G Ha caMoil cebe MOXHO OTPEAEUTb COMPSIXEHUEM,

GxG—-G & grwg'zg.

o Ipynna asmomopguimoe Aut(G) neiictyer Ha G.

3.2. Crabunu3saropsbl

3.2.1. Cmabuauzamopom 3nremenma T € X HA3b16aeMCA MHONCECME0 D
Stab(z) = {g € G : gz = z}.
Crabunusarop siBJIsSIETCS TIOATPYMIOA, HEOOs3aTeIbHO HOPMAJTBHOIA.
3.2.2. Cmabuausamopb: 31emMenmos & u Y = g C6A3aHbl KAK
Stab(y) = gStab(z)g~".
<« Ecnn h € Stab(z), T.e. hz = z, T0 (ghg™')y = ghz = gz = y. Moatomy

gStab(z)g™" C Stab(y).

O6paTtHo, ecnu h € Stab(y), T.e. hy =y, 10 (¢"'hg)z = ¢ 'hy = ¢"'y = z. Otkyna
Stab(y) C gStab(z)g™'. »

Ecnu rpynna G neiicTBYeT Ha caMoii cebe C TOMOILBIO COTNPSIKEH U,
TO

Stab(z) = {g € G : gz = zg},
Stab(S) = {g € G: gSg~" = 5}.

B aTom ciyuae | rpyniy

u(z) = Stab(zx)
Ha3bIBAIOT YEHMPAAU3AMOpPOM JIEMEHTA T, a
N (S) = Stab(S)

— Hopmaauzamopom nionmHoXecTBa S C G.

! To ecTh MHOXECTBO 3IEMEHTOB TPYIITbI, OCTABISIOLIX EMEHT T HEMOLBHXHEIM.
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Bo n36exaHue NyTaHULBI KCXOOHBIM OTpPEE/IeHUEM yenmpanusamopa u(T) jydiue
cuuTath?

w(z) = {9 € G:gzg™' =1z},

-1
T.e. u(T) — ITO COBOKYMHOCTb TeX g € G, KOTOpbie B C/ydae MpeoGpa3oBaHUs gLy
OCTaBJISIIOT TOYKY T € G Ha MecTe.

Tpu 3TOM CTAHOBMTCA OYEBMAHOMN OMpeENENEHHAS BOUCTBEHHOCTD MOHATHS U(T)
U KAACCA CONPANCEHHBIX INEMEHMO8

z¢ = {gzg7': g€ G},
M3 KOTOPO# JIETKO BBIBOAMTCSA (popmyna

|G| = Iu(z)| - |2°]. (3.1)

ITepeceueHue

z€G

Ha3bIBaIOT yewmpom G. UHbiMu cnoBamu, u(G) — eCTb MHOXECTBO TeX
3JIEMEHTOB Ipyniibl G, KOTOpble KOMMYTHUPYIOT CO BCEMH OCTaJIbHBIMU,

u(G) ={g9:9z =zg9, Vz € G},

u(G) ={g:9z9"' =z, Vz € G}.

JI1060i1 LIEHTp SIB/IsIETCSI HOPMAaJIbHOW MOATPYIION 3) G, TIpUYeEM KOM-
MyTtaTuBHOU. LleHTp aGeneBoil rpymnmnbl COBMAZaeT CO BCEW TIPYMION.
YeM MeHbIlI€ LHEHTP, TEM YMHOXEHHE «MEHEE NEePECTAaHOBOYHO».

Hopmaauzamop eceii epynnoi seasemcs ee yenmpom, N'(G) = u(G).

3.3. OpOuTbl
3.3.1. Opbumoii 3nemenma T € X Ha3vieaemca MHOMCECME0

Orb(z) = {gz : g € G}.

2 [MockonbKy HMCroNb30BaHWE CTabMUIM3aTOpa B ONPEACNEHUM HE JEJAaeT HOJDKHOTO
aKLIEHTa Ha TOM OOCTOSITE/IbCTBE, YTO peyYb 00s13aTEIbHO JOKHA UATH O JEHCTBUM I'PYTIIbI
Ha caMo# cebe ¢ noMowblo conpaXceHus.

3 Bo3MoxHO, conepxaluei JMLIb eAHHULY.
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Pa3nnuHbie OpGUTHL HE MOTYT nepecekatsest. (?) B ciyuae
Orb(z*) = {z"}

anemeHT &' € X Ha3bIBaeTCSI HenodGUNCHOU mouKkoii Oelicmeus.
Ecnu g € G uMeeT NOpsaoK 7, TO

n—1
Oor(z) = {z,9z,...,9" =},
HO TMEPEYMCIIEHHBIE AIEMEHThI He 00513aHbl ObITh BCE PA3IMYHBL.

3.3.2. Hoomnoxcecmeo S C X Ha3vigarom ycmoiimusvim K Oelicmeuro
epynnot G Ha X, ecau

€S, geG = gzes.
e Opbuta Orb(a) — HaMMeHbllIee YyCTORYMBOE MHOXECTBO, COAEPXaLlee TOYKY a.

o [TogmHoxecTBO S C X yCTOHYMBO B TOMM Cjlyyae, KOTHA OHO MPEICTABNsET
o060 00BbeaAHEHUE OPOUT.

e B rpynne, neiicTByiolLEel Ha cebe conpsixkeHUeM, OpOMThI OKa3biBAIOTCS Kaaccamu
CONPANCEHHBIX I1eMEeHMO8,

Orb(z) = {gzg™": g € G}.

Mpu stom Orb(z) = {x} B ToMM cnyyae, KOrma 3/eMeHT & NexuT B ueHtpe n(G),
anoarpynna H C G HOpMaibHa B TOMM C/1y4ae, KOIraa OHa — eCTh 06beAUNHEHHE OPOUT
(ky1accoB COMPSIXKEHHbBIX 7IEMEHTOB).

Tpan3uTusHble rpynnbl. JleicTBIE TPYNbl G CUUTAETCS MPAH3UMUGHBIM,
ectn B X MMeeTCs TONbKO ofHa op6uta®, T.e. opbuta moboil Touky
ucuyepnbiBaeT Bce X. [1ycTb peub MIET O Mpan3umueHoli epynne moacTa-
HOBOK G C S,, neicTByloieit Ha mHoxectee X = {1,...,n}. Tpan-
3UTUBHOCTb NeUCTBUSI G B TaHHOM CJIyyae PaBHOCHJIbHa BO3MOXHOCTH
yka3aTb st moGbiX ¢, j € X Takyio moacTaHoBKy g € G, uto gt = j.

TMyctb G/ H — MHOXECTBO 1e6bix cMexcHbix kaaccoé g H rpynnet G no noxrpymne H.
Torzna

99 ' (9:H) = g;H.

ToaroMy: arbas epynna G deticmeyem mpanzumueno va G/ H.

4 .
)I‘pynny G B 9TOM Cllyyae Ha3bIBAIOT MPAHIUMUEHOII.
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3.4. KoHeu4Hble p-rpynnbi

3.4.1. Ipynna G Ha3viéaemcs p-epynnoii, ecau 4ucao0 p — npocmoe, u no-
padok epynner |G| = p*

Ecnu KoHeyHasi rpynna G pa3OuTa Ha KAACChbi CONPANCEHHbIX 3ne-
MeHmoe :clc, e :c,?,, TO

Gl =m@G)|+ > [=f], (32)

z; ¢ W(G)

4TO oueBMmHO B ey z° = {z} npu ycnosun z € u(G).
Hanomuum takxe — cM. (3.1) — cBsi3b
G
G| = |n(;)] - ||,

CMpaBeUTUBYIO MPU JI000M 2.

k
3.4.2. [lodepynna H C G nopsdka |H| = p° — npu makcumanbHo 803-
MOdCHOM Kk — Ha3bieaemcs MAKCUMANbHOU, UAU CUA08CKOL P-nodepynnoii.

3.4.3. Nlemma. Bcsakas p-epynna umeem HempueuanvHblil yeHmp.

<« JIn6o Bcs rpymina coBmamaeT ¢ LEHTPOM — M TOrAA BCe JOKa3aHo, JIMGO
k
p =G| = [n(G)| + pq,

B cuiy (3.2), u toraa |u(G)| menutcs Ha p, yto o3Hayaet |[u(G)| > 1. »

3.4.4. Nemma. Ipynna G nopadka p’ umeem HopmanbHbie nodzpynnvi
nopsaokoe pk npu awboix k < 1.

<« /[ng r = 1 yTBepxXIeHHe oueBUIHO. Jlajiee BOCMOAb3YEMCS MHIYKLHEIA.

B u(G) ectb 3nement g nopsaka p. Mostomy H = {1,g,9%,...,9°"'} — Hop-
MaJlbHas TIOArpynna nopsizka p. CnenosatensHo, |G/H| = p™™'. A pa3 yTeepxuenue
cnpaseiuBo wis G/H, T.e. nna r — |, To TeopeMa 2.6.2 rapaHTHpyeT, YTO OHO
cripaseiiBo u g G, r.e. s r. >

3.5. Teopembl Cunosa

IIpy U3y4eHMH KOHEYHBIX IPYIIT BaXHYIO POJIb UTPAlOT P-TOATPYMITbI.
Oka3sbiBaeTcsi, 048 Kaxcooii cmenexu pk, deaswell nopadok epynnbl, Cy-

wecmeyem nodepynna nopsoka pk. Ecau karl makxce deaum nopsadok
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k .
2pynnbl, mo 6CAKAs Nodepynna nopaoka P coO0epHcumcs 6 HeKxomopoii

nodepynne nopsaoka pk+l. Hakoney, maxcumanbhbie p-noodepynnot nOnapHo
conpaxcenst Opye ¢ Opyeom, u ux uucao paeno 1 (mod p).

ITepeuncneHHble Pe3yJbTaThl ¢ HEKOTOPBIMU JOMYyCKaMH OGBIYHO
pacripenensiorcs no TpeM meopemam Cunoea.

3.5.1. Teopema cywectsoBauus. Ecau p npocmoe u p* deaum |G|, mo
e G cywecmeyem nodepynna nopadka pk.

<« CornacHo neMMe 3.4.4, IOCTATOYHO YCTAHOBUTDH CYLLIECTBOBAHHE MaKCUMaJlb-
HO# p-moarpymmnsl. [103TOMy H3HAYaILHO MOXHO CYUTATh |G| = p"q, TI€ ¢ He OeNUTCA
Ha p. lasiee npUMeHsieM MHAYKUMIO MO mopsaky rpymnsl. s |G| = 1 yTBepXaeHue
0YeBUIHO. B mpeamnonoxeHuu CrpaBeIMBOCTH yTBepxaeHus s ¢ < k pa3obbeM G
Ha KJ1aCChl COTMPSIKEHHBIX 3JIEMEHTOB :c',;, ceey zg

Ec/v npu HEKOTOPOM j MOPSAOK |z?| # | He nenuTCA Ha p, TO B CUIY
G &
Iu(z;)| - |z5| = |G| =p'q

na p* nenmtes mopanok |u(z;)|. A mockonbky |u(z;)| < |G| (uHaue Bee nokasawo), To
10 HHIYKTMBHOMY TIPEATNIONOXEHHIO I(Z;) COAEPXHUT P-TIOATPYTNY nopsiaka p*.

B cnyuyae, Koraa Bce HETpUBHAIbHBIE szl IesTes Ha p, B cuay (3.2) Ha p nenutcs
u |u(G)|. 310 03HayaeT (MO WHAYKTMBHOMY MPEAMNONOXEHHIO), uTo B u(G) uMeeTcst
cunoBckas moarpynna ' nopsiaka p', t < k. ®akrop-rpynna G/u MMeeT MOpAIoK
9", M onATL-TaAKM MO MHIYKTHBHOMY MPEATONOXEHHIO B i MMEETCA CUIOBCKas

MOATpPYTINa MopsaKa pH, obpa3 KOTOpOi NpH ecmecmeenHom 2omomoppuime 6ynet B G
MAKCUManbHod p-TMOATPYTNON. P

3.5.2. Teopema BnoxeHusi. Bcakas p-nodepynna nopsadka pk codep-
HCUMCA 8 HeKomopoi CUN068CKOL nodepynne.

3.5.3. Teopema conpsixeHusi. Bce cunoeckue p-nodepynnbt Conpaxcenbl

dpye ¢ dpyeom %), YQueno cunosckux nodepynn s, = 1 (mod p), npuuem s,
deaum nopadox epynnoi.

Jloka3aTeabCTBa MOCTAEAHUX OBYX TEOPEM % He MPUBOIATCS, YTOOBI HE CO31aBaTh
atMocepy TexHHYecKoit pyTuHbl. KpoMe Toro, ux (4oKasaTenbcTBa) MOXHO HAaiTH

% Wnbimu CJIOBAMH, ¢ MOYHOCMbIO 00 CONPANCEHUs CWIOBCKasi IpyIina BCEraa OaHa.
COOTBETCTBEHHO, €CJIM CWIOBCKasl MOATPYINa HOPMalbHa, TO OHa €IMHCTBEHHA yxe 6e3
oroBopok. M o6paTHO, eciiM CUI0BCKasl MOArpyIna eIMHCTBEHHA, TO OHa HOPMAJIbHA.

6),[lox(a:«a’re.vu;crao TeopeMbl 3.5.2 CWJIBHO KoppenupyeT c jnemmoi 3.4.4, xotopas
K TOMY X€ B HEKOTOPOM CTENEHHU JOMOJHSIET TEOpEMY.
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BO MHOTHX Y4eGHbIX pyKoBoacTBax [11, 16], npuueM peub MAET O JOCTATOYHO MPOCTHIX
pacCyXIEHUsIX — C OrOBOPKOI HACYeT HENMpPUBBIYHOCTH MCIONb3YeMbIX KaTeropui
MbiuuieHus. CM. Takxe pa3aen 3.6, rie 3a1ayu BIJIOTHYIO OABOIAT K COOTBETCTBYIOLLIHM
000CHOBaHHUSAM.

TeopeMbl CunoBa UrpaloT BaXHYIO poJib B TEOPUM KOHEYHBIX IPYIII,
MO3BOJISISA B TOM WJIM MHOM CTENEHU BBISICHUTh YCTPOMCTBO U3ydaeMoi
rpynnsl. Hanpumep, B ciyuae |G| = 63 = 32.7 Teopema 3.5.1 rapaHTu-
pYET CylliecTBOBaHME B (G MOArpymI nopsiakos 3,9, 7.

OcraHoBHMCsI Gosiee moapo6HO Ha cuTyauuu |G| = pg,tae p < ¢ —
npocTbie yucna. TeopeMa 3.5.1 roBOpUT O CyLIECTBOBAHMM MOATPYMIT
nopsiika P U ¢, HO MHTEPECHO MOCMOTPETh, K YEMY 3TO MPUBOLUT
B urore. [To TeopeMe 3.5.3 ynca0 CUIOBCKUX ¢-NOATPYI paBHo Iq + 1
Y JEJIUT Pq, — HO TOTa ¢-MOArpyIna eTMHCTBEHHA, TpUYeM HOpMaibHa
(cM. mpumeuanue K Teopeme 3.5.3).

Yro Kacaercsi p-NOATPyrmI, TO UX YUCHO paBHO kp + 1 U menur ¢,
4YTO B CUTYyaLMU

¢ # 1 (mod p)

TaKXe BeleT K €IMHCTBEHHOCTH U HOPMAJIbHOCTH p-noarpynmel. B pe-
3ynerare rpynna G Heu30eXHO OKa3biBaeTcs abenesoii, n3oMopdhHoOM
epynne ebiemog no modyaio pq. B ocobom ciyuae

g =1 (mod p)

rpynna G oKa3biBaeTCsi Heabenegoil, U PACCyXIEHUE YyTh Goee 3amy-
taHo [11].

3.6. 3apaum

e Eciu H C w(G) u dakrop-rpynna G/H uukivuHa, To rpynna G — KOMMyTa-
THBHa.

® Beakas p-epynna, umerowas nopaoox p2, KOMMymamuena.
< Uentp u(G) Hetpuuanex (nemma 3.4.3). Moatomy dakrop-rpynna G/u(G)
MMeeT Mopsaok au6o 1, 160 p, — W MOTOMY UMKIHYHA. P

o Jlio6asa rpynmna nopsiaxa 2p (npoctoe p > 2) 1460 UMKIHYHA, 1160 H3oMopdHa
rpynne ousdpa.
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e Ecau rpynna G, neiCTByIOLIasA MpaH3umueHo Ha MHOXecTBe X, Kommymamue-
Ha, — TO NOOOH 31eMeHT g # | cdsueaem nio6oi 3nemeHT U3 X, T.e. 9T # .
<« B npennonoxeHuu npoTUBHOTO,

gz =z = ghz = hgz =hz. »
e Cnenyer i w3 a* = 1, b* = 1 pasenctBO (ab)I2 = 1? (He cnenyer, cM. taaBy 7.)
o [Tycts H — HOopManbHas (KOHeYHas ) oArpyrna rpynnsl G, a 37leMeHT g UMeeT

KOHEYHBIH MOPSIOK U He KOMMYTHDYET HH C OZHUM 3ieMeHTOM M3 H (pasymeercs,
xpome 1). Torma h+— g~'h™'gh — 6uekuns: H - H.
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AbeneBsi rpynnsi

AbGesieBbl rpynnbl OOCTATOYHO BaXHbI TMPAKTHUYECKH H MOJATIMBBI TECOPECTUYECKH.
Ho YCBOCHHIO HEPEAKO MEIIACT HJUIKO3US 3JIEMEHTAPHOCTH KOMMYTAaTUBHOI'O Bapu-
aHTa, KOTOPbIH He TaK YX TPUBH&ICH, KaK BBbIMJISOUT. Tem He MeHee AeTajibHbIE
JIOKA3aTe/IbCTBA «B paMKax obuiero o6pa3oBaHus» 34eChb He 00s13aTE/IbHBI. JloctaToyHO
obuieit KapTUHBI ¢ aKLUEHTAMU Ha OTIMYUAX. TaKk WM HHAaye, MHOrME MOAPOOHOCTU

HUXE OMYCKAKTCA — BOCMOJHUTH HEAOCTAOWEEC MOXHO MO pa3iM4YHbIM UCTOYHUKAM
8, 11, 14, 16].

4.1. KoMMyTaTUBHBbIA BapuaHT

KOMMyTaTMBHOCTb TDYITIIOBOii ONEpaLy CYIIECTBEHHO YNpOLIAeT UC-
cnenoBaHue. Ho Hafio MMeTh B BUAy, YTO BjaleHHe OOLIE «MyJIbTUIIIN-

KaTMBHOI» TEOpUEN MEIIAeT OCBaUBaTh «aITUTUBHYIO» 2 HEKOTOPOM
polie BO3HMKAIOT «TPYIHOCTH M3y4eHHs MHOCTPAHHOTO si3biKa». Pyc-
CKMI1 MeLlaeT yuYuTh aHIJIMHCKUI — M3-3a MOACO3HATEIBbHOIO CTpEMJIE-
HUSI YCTAaHOBUTb COOTBETCTBUE. «3a0bIB HAa BPEMS OMIMH SI3bIK» — JIeTye
y4YuTb Ipyroif. Tak UM MHaye, HO CIIOCOGHOCTh OTBJIEYBbCSI OT CTAPOrO
MOMOraeT U3yyeHH10 HoBoro. KoMMyTaTUBHbIE TPYIMbl B 3TOM CMBICIIE
He uckimoyeHue. Ux yno6HO paccMaTpuBaTh C YMCTOrO JIMCTA.

4.1.1. Abenegoii epynnoii A Ha3vieaemcs KOHeuHAs uau 6eCKOHeMHAs CO80KYNHOCMb Ae-
Menmos, Ha Komopoii 3a0ana 2pynnoeas omepayus «+», conocmaeasiowas moboil nape
anemenmos a,b € A Hekomopuiii 1emenm ¢ u3 moi xce cosokynHocmu A:

a+b=c

IIpu 3mom 2epynnosas onepayus, Ha3viéaemas OOBIMHO CAONCEHUEM, KOMMYMAamueHa
(a+ b= b+ a) u obs3ana ydosremeopamo mpem ycAo8UsM:

@) p+ (g+7) = (p+q) +r (accouuamusnocmp)®.

D HanoMHuM, wisi abeaesbix (kKommymamuenbix) 2pynn OObIMHO MCMOJMb3YeTCs adou-
MUGHAA MepMUHOAO2UA: TPYNNOBasi Orepauusi Ha3bIBAETCs caoxceHuem W 0003HavyaeTcs
3HaKOM +, @ eIMHMLA IPYINbl UMEHYETCS 1 0003HAYAETCsl HyJIEM.

) Biaromapsi acCCOLMAaTMBHOCTH CKOOKM B JII060it CyMMe MOXHO yOpaTh MM, Ha06opOT,
MPOM3BOJIIBHO PaCCTaBHTh.
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(ii) B epynne cywecmayem yneeoii anemenm 0, o6aadarowuii ceolicmeom

O+z=2z+0=cz
05 06020 T € A.

(i) Kaxcoviii anemenm T € A umeem obpamnuiii —:
z+(-z)=c—-z=0.

HCKOTOpblC OITOPHBIC (I)aKTb[ TAKXE MOJIC3HO NMEepenucaTb Ha HOBOM SAI3bIKE.

o [Toomnoxncecmeo B C A seasemcs nodzpynnoii A 6 momm cayuae, ecau us a, b € B
credyem a — b € B (nemma 2.1.3).

e [pymnmnoByio CcyMMy € + ...+ & ¢ n ciaraeMbiMH 00O3Ha4aloT Kak ne. [pynna
A, B KOTOpO#! BCe 3/IEMEHTBI MOTYT ObITh MOJYYEHBI KakK ja,

A={...,-2a,-a,0,a,?2a,...},

HA3bIBACTCS UUKAUYECKOI.
MuHuMasbHoOe 1 B paBeHCTBe nb = 0 Ha3bIBaIOT HOPAOKOM UV NepuodoM 3IEMEH-
Ta b 1 0603HayaoT yepe3 |b|. B cnyuae nb # 0 npu mo6oM n > 0 — cumTaiot |b| = oo.
Ec/iM nopsiaxy BCeX 3MEMEHTOB rpymnibl A (KpoMe eAMHUYHOTO) 6eCKOHEYHBI, —
roBopsT, YT0 A — 2pynna 6e3 xpy4enus. Ecnu Xe mopsimku BCEX 3JIEMEHTOB TPYTIIIbI
KOHEYHBI, TPYTINY Ha3bIBAIOT Nepuoou4ecKo.

o COBOKYNTHOCTb BCeX KpaTHbIX {g} No6oro 3nemeHTa g € A sABisfeTCS UMKIHYE-
CKOW MOArPYIINoii rpynnsl A,

{g} = lgl.

e Ecnu g, npu usMeHeHuu a npoberaeT Bce 3EMEHTHl rpynnbl A, U gy
MPOU3BONIBHBIN 37IEMEHT A, TO gy + go TakXe MpoberaeT BCe 3EMEHTHI IPYIIBL.

e TloHATHE COMPSXEHHBIX J/IEMEHTOB TEPSET CMBICA (PABHO KaK W TMOHATHA
yenmpa u kommymanma). Bce moarpynnbl aGenieBoit Tpynnbl — HOPMaJibHBIE; JIEBbIE
W TpaBble CMeXHble Kiacchl coBnanaloT. Cymma cmexHbix kinaccoB f+ H u g+ H
onpenensieTcss Kak

(f+H)+(@g+H)=(f+9)+H,

noromy yto H + H = H. Takum o0pa3oM, CyMMa CMEXHBIX KJIacCCOB CHOBa [aeT
CMeXHBIH Kiacc. Kpome Toro,

(9+H)+(-9g+H)=H

CrnenoBaTe/ibHO, COBOKYITHOCTb CMEXHBIX KJIACCOB MO WHBapUaHTHOI noarpynne H
ABJISIETCS. TPYTINOM, KOTOPYIO Ha3BIBAIOT ghakmop-zpynnoii u o6o3HayaloT Kak A/H.
Hynem A/H cayxwur noarpynna H.

e B aGeneBoM ciiyuae p-epynnbl Ha3bIBalOTCSI — NPUMADHbIMU.



78 Masa 4. Abenesbi rpynnbl

4.2. KOHeYHONOpOXAEeHHbIe rPynnbl

B cuny KOMMYyTaTMBHOCTH, CYMMBI 3JIEMEHTOB abejieBoil rpymnbl A
MOXHO 3aIUChIBAaTh B BUJIE

au) +...+apug, Bce a; €Z, u; € A. (4.1)

Eciu «ivHeiiHble KomMOuHaumu» (4.1) MCUEpnBIBAIOT BCE 3JIEMEHTHI

3
TPYNIIbI ) A, TO KOHeYHasi COBOKYMHOCTb 2JIEMEHTOB {1, ..., U} no-
poxcdaem Tpynny A.
[pu aTOM nopoxcdarowas cucmema {u,,...,u} Ha3bIBAETCS AU-
HeliHo 3aeucumoli, eCiin

au;+...+apup =0 (4.2)

MPU HEKOTOPbIX LENBIX Q,...,Qk, HE PaBHBIX HYJIO <«[OTOJOBHO»;
Y AUHelIHO He3aeucumMoli — B MPOTUBHOM CJIyyae,

JIuHeWHO He3aBUCHMYIO CUCTEMY MOpOXaaowmx {uy, ... , Uk}, €ec-
JIY TaKOBasi CYLIECTBYET, Ha3bIBalOT C60000HOI, a O TIOPOXAAEMOI TpyIine
TOBODSIT KakK O c60600Hoii abeaeeoli epynne. [1pencraBieHue ao00ro ase-
MEHTa T = QU] + ... + QU B CBOOOAHOI rpynmne — OZHO3HAYHO.
CB00OOIHYIO CHCTEMY TTOPOXIAIOLIMX HA3bIBAIOT TAKXKE 6a3ucom, a Liej10e
k — panzom zpynnoi.

Posib cBOGOAHBIX abesieBbIX TIPYNI aHAJIOTMYHA POJIM CE0600HbIX
epynn obiuero Buza (paszuen 7.2). COOTBETCTBEHHO, UMEET MECTO aHAJIOT
TeopeMbl 7.2.1.

4.2.1. Teopema. Bcakaa koHeunonopoxcdennas abeneea epynna A u3o-
MopdHa nHekomopoii gakmop-epynne c80600HOU epynnbl Mo20 Hce paHea.

< Iycrs {uy,...,u,} — cuctema obpasytowux rpynnsl 4, a {z,...,T,} —
6asuc cobonHou rpynnsl F. Beenem snumoppusm ¢ : F — A, neiictylolit no npa-

BUJTY 9

plaix; + ...+ apZy) = a ) + ... + apliy,.

ITo Teopeme 2.6.1 (o romeomopdusme) dakrop-rpynna F/ker ¢ uszomopdna rpym-
ne A. »

3 To ectb moboit anemeHT z € A MpeICTaByM B BUAE T = QU] + ...+ QpUg.

4 Bee KOMOMHALUMH T + ...+ QpTy B F paivyHsbl, a Q) + ... + Qplly MOTYT
COBMANaTh APYT C APYTOM M3-3a Hanuuus B A JMHEIHHbIX cBsieit (4.2).



4.3. llpsimoe npounssenerHne v npsamas cymMma 79

4.3. MNMpamoe npousseneHne u npsmas Cymma

B Teopuu rpynn NpeacTaBisIlOT MHTEPEC pa3jiMyHble KOHCTPYKLIUH,
C MOMOLIbIO KOTOPBIX M3 ONHMX IpyMN moJjiy4yaloTcsi apyrue. Ilpsimoe
NMPOU3BEACHNUE — OJHO U3 TaKMX NMPUCIOCOOJIEHU, KOTOPOE OCOOEHHO
4acTo NMpPUMEHSIETCS] B abeieBbIX IPyMNmax, rae — B Clyvyae aJquTUBHOMN
TOYKU 3PEHUS] — Ha3blBaeTCsi npamoii cymmoii. OOuiee ompeneieHue
BBIIJISIAUT Tak.

4.3.1. O epynne G eo6opam KaK o npamom npoussedeHuu ceoux nooepynn
H,,..., H, npu ycirosuu:
o Jliobvie anemenmet a € H;, b € H;, i # j xommymupyom, ab = ba.
o Jlioboii anemenm g € G npedcmasim 6 ude

g=hy...hy,  hi € H;. (4.3)

TpeGoBaHWe KOMMYTaTMBHOCTH YMHOXEHWs MOAIPYNN B OMNpene-
neHun 4.3.1 B HEKOTOPOM pOJIE PACKPHIBAET KapThl, MOKAa3bIBasi, YTO
npu nepexone K abesieBbIM IpynnaM HUKAKMX CYLIECTBEHHBIX U3MEHE-
HUM, KPOME TEPMHUHOJIOIMYECKUX, HE MPOMCXOIMT. 32 MCXOMHOE yalle
NPMHUMAETCs ONpefieNieHye ), B KOTOPOM MepeYncIeHHble TPeGoBaHMUS
3aMEHSIOTCS COBOKYMHOCTBIO TPEX YCIIOBUIA:

e [loozpynnet H, ..., H, nopmanshot 6 G.
e Cosoxynnocms {H,, ..., H,} nopoxcdaem G.
o Paznoxncenue (4.3) 00Ho3HAUHO.

O Odexapmoeom npouszeedenuu X X Y TakxKe roBopsiT Kak O MpsSIMOM
Npou3BeleHUHM, noJiarast 3jemeHtamu rpynnsl X x Y mapwl (z, y), roe

z € X, y €Y. IpynnoBas onepauusi ONpenesieTcsi Kak 6)

(1, y1)(T2, ¥2) = (T122, Y192)-

[lpu 3TOM, B OTJIMYME OT MPENBIAYLLErO Cayyasi, FPYNIMOBbIE OnepaLyu
B X1 Y MoryT ObITb Pa3IUYHbI.

CMellieHWe MOHATUM J€KapToBa NMPOMU3BCICHUA U NPAMOIo — 00b-
ACHACTCA CIACAyIOLIUM CbaKTOM.

9 Bo03MOXHBI TaKKe M APYTHE BapMAHTbl IKBUBAJIEHTHbIX OMpEeaENICHHI [16].

6 TTOHATHO, C TEM X€ YCIEXOM MOXHO rOBOPHTh O IEKAPTOBOM MPOU3BEAECHUH
HECKONbKMX TPy,



80 Masa 4. Ab6esiesbl rpynnel

4.3.2. FEcou X u 'Y — nodepynnut odnoii epynnot G, mo npamoe u Oe-
Kapmoeo npousgedeHue ¢ MoYHOCMbIO 00 U30MOPPUIMA NOPOXCOaOm 00HY
u my e epynny.

<« W3somopdusm p omnpenessieTcs COOTBETCTBUEM
2
zy = (z,y). »

EcmuG=XxY,moG/X~Y.(?)

B cutyauuu, korna X u Y — noarpynnsl abeneBoit rpynmnbl A,
UX [€KApTOBO MNpPOU3BENE€HWE HA3bIBAIOT MPAMOU CYMMOU, VCTOJIb3Ys
o6o3HaueHne X @ Y. AGenesa rpynna A (Heo6Gsi3aTeIbHO KOHEYHOTO-
pOXIEHHast) CYMTAETCs] TPSIMOi CyMMo# cBoux moarpynn B.,, ¥ € T,
Korpa Jito0oi ee 3J1eMeHT & € A OIHO3HAYHO IPEJICTaBUM B BUIE CYMMBI
KOHEYHOrO YMCJIa 3JIEMEHTOB, B3SIThIX U3 Pa3IMYHBIX MOArPYNn By .

. prnna KOMIUIEKCHBIX YHCeJ MO CIOXKEHHUIO SABISETCS MPAMOIA CyMMOﬂ TpyTInbl
NEeWCTBUTENbHBIX YUCEN U rpynnbl MHUMBIX YUCEJ.

o Iluknauyeckas rpynna 15-ro mopsiaka, MOPOXIEHHass M1EMEHTOM f, sABNsETCS
MPSAIMOI CYMMO#M LIMKJIMYECKOM MOArpynnsl 3-ro nopsiaka, MOPoXIEHHOW 371€MEHTOM
S f, ¥ LMKJIMYECKOI MOATPYIIbI 5-T0 MOPAAKA, MOPOXACHHOM 3/ieMeHTOM 3 f:

(HY =6 @3f).
4.3.3. FEcau X u'Y — HopmanvHele nodepynnet epynnbt G u
XnYy =1, XY =G, (4.4)
mo G — usomopgna dexapmoegy npoussedenuro X X Y.

<« Jlio6oii aneMeHT rpynnsl G B cuiy XY = G MoxeT ObITh 3anucaH B BUlE
g==zy, z € X, y €Y, npuyeM eIMHCTBEHHbIM OOpa3oM, MOcKoibky X NY = |.

7
KpoMme Toro, U3 HOpMajibHOCTH moarpynnsl X cineayer )

[z,y] = 2(yz™'y™") € X.
AHanoruyHo, [z, y] € Y. B pesyasrare [z,y] € X NY = 1, uTo o3HavaeT TY = y.

Hckomsiii uzomopdusM G — X x Y onpenensercs kak ¢(g) = (z,y). »

Yenosue (4.4), Kak BUAHO M3 JOKA3aTe/bCTBA, PABHOCHIBHO KOMMYTaTHBHOCTH
3/IEMEHTOB M3 pa3HbIX noarpynn: 2y =y, c € X, y €Y.

o noBomy kommymamopos [z, y] cM. pasmen 6.2.
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4.4. Unuimyeckas npupoaa abenesbix rpynn

HonyctuMm, rpynna G COCTOMT U3 BCEBO3MOXHbIX map (a,b), rie @ — KOpHHM mATOl
CTEeMeHW U3 eAUHULbI, b — KOPHU CebMOM CTENEeHH, T.€.

2k .. 2k 2k .. 2k
a:cosT"r+zsin—5—zr-, k=0,...,4; b=cos—;zr-+zsin71r, k=0,...,6,

a rpynrnosas ornepauus — MOKOOPAWHATHOC YMHOXEHHE.

Tpyrna G BceBO3MOXHBIX map (@, b) ¢ MTOKOMIMOHEHTHBIM YMHOXEHHEM — COCTOUT
u3 5-7 = 35 3neMeHTOB, HO LMKJIMYHA JM 3Ta rpynna? — LlukinyHa, 35 creneHei

27r+,_27r 21r+,_ 2\’ | 35
cos — +12sin —, cos — +2sin— | , s=1,...,35,
5 5 7 7

MCYEPTIBIBAIOT (MO MOAY/II0 27 ) BCe Mapbl, YTO, BOOGLIE rOBOPs, TpeGyeT OGOCHOBAHHS.

Ho nyHkT 4.3.2 rapanTHpyeT, yTo rpynna G u3oMopdHa COBOKYMHOCTH MOIMAapPHBIX
npousBeneHuii {ab}, WA KOTOPBIX UMKJIMYHOCTb OYEBUIHA — OOPA3YIOLIUiA 3IEMEHT:

27r+, . 2r
— n—.
cos 35 isi 35

Pa3o6paHHBbIit mpuMep SIBISIETCSI MPOOOpa3oM Clleylolero oo1ero
pesynbrata (B aIMTUBHOW MHTEPTPETALIMH).

4.4.1. [Ipamas cymma 06yX YUKAUYECKUX ePYNRN 83AUMHO NPOCMbIX NOPAO-
K08 M U M A618emca YUKAU4eckol epynnoii nopadka mn.

Pasymeetcsi, npamas cymma k yukauveckux epynn A; nonapho e3aum-
HO RPOCMbIX NOPAOKOE N1, . . . , Ty, AGASEMCA UUKAUMECKOU 2DYNNOU NOPAOKA
n;...n;. B oOwem ciayyae, eciu

HOK{n,,...,ng} #n...n,

abenesa rpynna A = A; ® ... ® A; He LMKINYHA 5,

OkasbiBaercsi (1), NpsiMble CyMMbl LIMKJIMYECKMX TPYIN MUCYEPIIbi-
BAlOT KOHEYHOMOPOXIEHHbIE a0eJieBbl TPYIIbI.

8 IMockonbky B A HeT 3neMeHTa nopsaxa |A| = ny...nx. B 3tom cinyyae rosopsr,
YTO noxazamead zpynnol
d=min{k >0:kz =0,Vz € A}
MeHblLue nopsaxa |A|.
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4.4.2. Teopema. Koueunonopoxcoennas abeneéa epynna s6A8emca nps-
MOl CYMMOU KOHEYH020 YUCAA OECKOHEeYHbIX WUKAUMECKUX nodepynn U Ko-

HEeYHO20 YUCAA YUKAUYECKUX NPUMAPHbIX epynn 9,

Pe3ynbraT npuHATO Ha3bIBATh OCHOBHOU meopemoii 06 abesieBbIX IPYTINaxX ¢ KOHeY-
HBIM YHCIoM 06pa3syioinx. OG0CHOBaHHE TeopeMbl 4.4.2 HECTIOXHO [16], HO HecKoNbKO
YTOMUTEIBHO.

Boxkpyr TeopeMsbl 4.4.2 uMeeTCsi MHOXECTBO BapHualiMii, oOHaxaio-
LIMX JOTMOJHUTENIbHBIE PaKypCHhl.

4.4.3. Ilodzpynnoii kpyuenus tors(A) abeneeoii epynnvi A naswieaemcs
10
COBOKYNHOCMb 31eMeHmo8 A KoHeuHo20 nopadka ),

® Bcakas KoneynonopoxcOennas abeneea epynna A seasemcs npamoii cymmoii tors(A)
u Hexomopoii c60600Hol abenegoii epynnbi.

Takum 00pa3oM, Bcsikasi KOHEYHOMOpOXIEHHas abGesneBa rpyrnna A 6Ge3 Kpyue-
HUSI — cBOGOAHA (MMEET IMHENHHO HE3aBUCHMYIO CUCTEMY 06pa3yioLIuX, 6asuc).

o Daxmop-epynna A[tors(A) seasemes epynnoii 6e3 kpy4enus.

o Jliobas nodzpynna c60600noi abenesoii nodepynnsi — c60600Ha.

4.5. [pynnbl romonorui

AnreOpan3alysi TOMOJIOTMM — OIWH M3 [10KAa3aTeJIbHbIX NMPUMEPOB
HUCKYCCTBEHHOIO HacaXIEeHMs IPYNMOBOM HMIEOJIOTUM, TUIOAOHOCSIIEN
B «HeOXUJIaHHOU obmactu». [lpencraBieHne o TOM, Kak 3TO N€JIaeT-
Csl, MOJIE3HO BHE 3aBUCUMOCTH OT «IIPUKJIAMHBIX yCTpeMJIeHUit». OQUH
M3 MPOCTENIINX CTOCOO0B B 3TOI 00JaCTH OCHOBBLIBAETCSI HA CUMILIU-
UMAJIbHBIX pPa30MEHHUSIX MHOrooOpa3uii.

CuMNiekchl H CHMIUTMUMANIbHbIE KOMIUIEKCH. Cumnaexc mpencTaBnsieT coboit 06oOiue-
HUe MOHATHSA oTpe3ka (l-cuMruiekc), TpeyroibHUKa (2-cHMIUIEKC), TeTpasapa (3-
cumiuiekc). O6luee onpeneneHue: k-meprom cumnaexcom (k-cumnaexcom)

s* =(ag, ..., ax)

% Mpumapnomu cuwraiotcs abenesb p-zpynnwi (rpynnbi nopsaka pf, rie p npoctoe
YHCIIO).

19 Jlerko nposepsieTcs, 4TO TaKas COBOKYTHOCTb ACHCTBHTENILHO SIBASICTCS MOATDYTINON.
Toarpyniy KpydyeHHst Ha3bIBAIOT TAKXe MEPUOLMYECKON YaCThIO rpynnbl A.
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Ha3bIBAETCS MHOXECTBO ToyeK T € R", Takux uTO

B MPEATNONOXEHUYU JUHEHHON HE3aBUCUMOCTH BEKTOPOB
a, — ap, ..., @G — Qo,

rae Toukd a; € R" mpencraBnsior coboit eepuunb cumnaekca, A\j — Gapuyenmpu-
weckue koopdunamsl Touku T. O roMeoMopdHbIX 006pa3aX CHMIUIEKCOB TOBOPAT Kak
0 Kpueoauneiinoix cumnaexcax. O4eBAIHO, CUMILTEKC §*¥ mpenctamnseT co6oit BBIMYK-
Jiylo 060/I04KY CBOMX BeplUWH. Brinmyknas oGonoyka n1060ro MOAMHOXECTBA BEPLIMH
Ha3bIBAETCS 2PAHbIO CUMNAEKCA.

Cumnauyuansiom komnaexcom K C R" Ha3biBalOT KOHEYHOE CEMEHCTBO CUMILIEK-
COB sf, pacrosioXeH’e KOTOPBIX XapaKTepU3YeTCsi TeM, YTO MepeceyeHHe JI00bIX ABYX
s, sg WM TYCTO, WU SIBJISCTCS TPAHBIO KAK 8}, TaK H 8.

MHoxecTBo Bcex Touek M3 R", mpuHamnexalwmx cMMmiekcaM Kommiekca K,
¢ TOMoJOTHeH, UHAYUHPOBaHHOI U3 R", Ha3bBalOT noausdpom kommiekca K u o6o-
3HavaoT |K|, a komniekc K UMeHYIOT mpuaneyasyueii nonusapa |K|. Teometpuyecku
OYEBUIHO, YTO J1I000Ii MOJUIAP MOXHO CKOJIb YTOAHO MEJKO TPUAHTYJIMPOBATh, Ae/ast
MaKCHMaJIbHBIH IHAMETP COCTABMSIOILMX CUMILJIEKCOB CKOJIb YTOAHO MajlbiM.

Opuentauus. B R® YTIOpANOYEHHAs TPOifKa HEKOMILIAHAPHbIX BEKTOPOB @, b, ¢ Ha3bI-
BAETCs Npaeoii, eCAu L1s Hab/10aaTeNsi, PacloIOXEeHHOro B Hyne, 06X0l KOHLIOB a, b, ¢
B YKa3aHHOM TIOpsiIKE MTPOMCXOMMUT IO YaCOBOM CTpesike. B mpoTHBHOM ciiyyae Tpoiika
a,b,c — seeéas. CoOTBETCTBEHHO Kiaccuduumpyiorcs 6asucel. B obiem cayyae R"
OTHE/IUTh «[IPaBOE» OT «1E€BOr0» HEBO3MOXHO, HO IUXOTOMHS OCTAETCH.

JiBa Gasuca e = {e,...,e;} n € = {e},...,e;} B R" cuutaiorcs odunaxoeo
opuenmuposannemu, ecin detA > 0 (¢ = Ae). B cnyyae det A < 0 roBopsart, 4TO
Gasucsl e u € npomueononoxcHo opuenmupoeans. B pesynsTate BCe Ga3uchl pacnana-
JI0TCA Ha JBa KJIaCCa 3KBUBAIEHTHbBIX, NOAONCUMEAbHO OPUEHTHPOBAHHBIX (0duHAK080
OpUEHMUPOBAHHbIX TIO OTHOWIEHHIO K (GUKCHPOBAaHHOMY 0a3sucCy), U — OmMpuyamenbHo
OPHEHTHPOBAHHBIX,

O MoAOXUTEIbHOU U OTPULIATEJILHOM opuenmayuu cumniexca
n
8" =(ag-..ay) (4.5)

OBOPST B 3aBUCHMOCTH OT TOTO, ONMHAKOBO WM TPOTHBOMONOXHO C H3GPAHHBIM
6asucom R" opuenTupoBaH 6a3uc

e=a —ay, ..., €,=a,— a.

Cumuiekc (a;, . . . 6;,), MOCTPOEHHBII Ha TeX Xe BEPIIHHAX, YTO U (4.5), HO B3ATHIX
B IpYTOM mopsake, 6yneT cosnamaTh au6o ¢ s", au6o ¢ —s". UeTHoe (HeyeTHOE)
YUCIO MEPECTAHOBOK [BYX BEPLIMH CUMILIEKCA HE MEHSET (MEHSET) ero OPUEHTALIMIO.
Heopuenmupoeanuwiii cumnaekc o6o3HayaeTcs nanee |s"|.
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Koaddunuuentsl nHunaeHTHOCTH M onepaTtop A. IlycTh Kpbillieyka Han
BEPIUMHOMN CUMILIEKCA UCKIIIOYAET 3TY BEPLLUUHY, T. €.

(@p...@;...ap) =(ag...ai—1Gi1] ...ap).

-1
B pesynbrate ot 8" octaercs (n — 1)-MepHas rpaub 8" .

PaccMOTpUM Tenepb OpMEHTUPOBAHHBI CUMILIEKC 8" U €ro OpH-
EHTMPOBAHHYIO IpaHb s |, He COJEpXKalllylo, HanpuMep, BEPLIUHY a;
cumIutekca 8" . JIonycTUM, MOPSILOK BEPLIKMH Gy, . . . , @i, , OTPELENsIET
BbIOPAHHYIO OPUEHTALIMIO IPaHU |s"—'|. IIpu 3TOM nopsiIoK

a;, a,-o, RN/ 7

n
BEPIIMH cUMIIeKca |s"| onpenensieT 1160 MCXOAHYIO OPUEHTALIMIO 8™,
u6o opueHTauuio —s". B nepBoM ciyuae kosg@uyuenm unyudeHmHo-
emu (s" : s™') cunraercst paBHbIM +1, BO BTOPOM — paBHBIM —1.

1

- -1
Ecnu xe 8"~ — ne epans 8", 10 (8" : 8"7") = 0.

4.5.1. Ipanuya opuenmupoeannoz2o cumnaiexca onpeoensemcs KaK

n
As" = Z(s" Al T
i=0

Onepamop A Ha3vbieaemcs ZPAHUMHDBIM.

Ecau OOroBOPUTHLCA, YTO OPUCHTALUHU rpaueﬁ Bbl6lrlpa]OTCﬂ B COOTBETCTBUM C Mpa-
BUJIOM

" =(ag...a,), $¥'=(ap...q;...a,),

TO, KaK JIErKO MPOBEPUTH,

n

As" = Z(—l)‘s?_'.

i=0

IpaHuLIa CHUMITJIEKCA — YaCTHBII ClIyyail oOllIero MOHSATUS LIETNH:
T-MepHas yenv T KoMrekca K onpenensieTcs Kak hopManbHasi cyMma

z':E a;s;,
i
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roe a; — ueynoyrciaeHHble Ko3pbuuueHTol. I1py atoM epanuya yenu,
r r
Az’ = E a;As;,
i

siBsiercst (1 — 1)-MepHoit Lenblo.

Eciu B MHOXeCTBe Bcex lieneil Komiuiekca K BBeCTH omepaluio
CJIOXEHUsS Lened (Kak JUHEWHbIX (opM), TO 3TO MHOXECTBO CTaHO-
BUTCs TPyMNIoi U o6o3Hayaetcsi L,(K). [paHU4HBI! onepatop, TakKuM
obpasom, aeiictByeT U3 L, B L,_;.

Iuxobt. Jlio6as uens ' ¢ Hynepoit rpanuueit (Az" = 0) Ha3biBaeTcs
YuKka0M. MHOXECTBO 7-MepPHbIX LUUKIOB Z,(K) siBsieTCsi NOATPYNNOi
rpynnsl L,(K). Ipyrumu cnosamu, Z, — 370 siapo romoMopdusma

A:L, — Ly,

T.€. Z, = ker A.

B epynne yuknoe Z,(K) MoxXHO BbinenuTs nodepynny By (K) r-mep-
HbIX 2paHuy, T. €. MHOXECTBO 7" -MEPHBIX Lieneii, ABISIOLIMXCS TpaHULIaMU
HEKOTOPBIX (T + 1)-MepHbIX Lierneii.

< Yto6bI mpoBeputh, uto B,(K) — neiictButenpHo noarpynna Z,(K), nocra-
TO4HO ycTaHoBuTh ')

AAz =0, (4.6)

MIOCKOJIbKY s14po Jio6oro romomopdusma ¢ : G - H — noarpynna G.
Tockoneky omepatop A nuHeeH, (4.6) IOCTATOYHO MPOBEPUTH B Cilyyae, Koraa
z’ — cummexc:

AAS" = A[Z(—l)‘(ao...ag...a,)] =

=y (-1 [Z(—l)’(ao...ﬁj...ﬁ,- )+ Y (=1 (ao... B ...aj...a,)].
i j<i i>i
Jlerko BUOeThb, YTO TpaHb (Gy...q;...q;...a,) BXOAUT B CyMMY IABaXIbi: OANH

pa3 ¢ ko3 duuueHToM (— l)i+j , IPyTo#i pa3 ¢ KoadbuureHTOM (— l)“’j -l
naet Hyab. [Toatomy AAs" =0. »

, 4TO B CyMMe

4.5.2. Paxkmop-epynna H, = Z,. | B, epynnoi yuknoe Z, no nodepynne epa-
Huy B, Hazvieaemcsa T-U epynnoii zcomoaoeuti komnaexca K.

D1 €CTb FPaHMLIA TPAHMLBI CaMa 1O cebe He MMEET rpaHMILIbI.
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Ipynnwt H,, Z,, B, BBeleHbl 31ech IJlsi KoMmiuiekca K, Torma Kak
OCHOBHOM MHTEPEC MNpEACTAB/ISAET M3yyeHHMe camoro mnoauszapa |K|.
Ha npocTbix npuMepax J1erko BUAETh, YTO Ipyribl Z,, B, npu u3mesb-
YEHUHU TPHUAHTYISLMU nonudzapa |K| pa3pacTaioTcsi, HO 3TH U3MEHEHUS
B rpynnax Z,, B, 0Ka3bIBalOTCsS TECHO CBsSI3aHHbIMU, U ¢aKTOp-Tpymnmna
H, = Z,/B, He MeHsieTcs. DTo obliiee NpaBUJIo.

4.5.3. Ipynna comonoeuii H,(K) He 3aeucum om mpuaneyiayuu, a onpe-
deasemcs camum noausopom. Tomeomopgroie noausopst umeron 0OUHaAKo8ble
(uzomopgpreie) epynnot comonoeuil.

CoOOTBETCTBEHHO, BLIYMCIISITh TPYNIbI TOMOJIOTHM MOXHO Ha OCHO-
BE€ MPOU3BOJIbHOM TPUAHTIYJISILIMM — HauboJiee MPOCTOil U yHnoGHOIA.

JoCTXEHUEM TOMNOJIOTMH SIBUJIOCH O0ODIIEHUE ITOM TEXHUKHU C KpU-

. . 12
BOJIMHEWHBbIX NMOJIU3IPOB Ha Cily4yan J1100bIX KOMMAKTOB )

ITpumep

PaccMOTpUM B KayeCTBe KPUBOJIMHEHHOro noausapa P mop — Tak Ha3blBaeMYylO
cgpepy ¢ pyuxoii (MHOroOGpasue, romeomMopdHOe MOBEPXHOCTH Gy6n1Ka). OnHOMEpHbIE
wiKisl €' Ha P — He uTo MHOE, KaK 3aMKHYTbl€ OPUEHTHUPOBaHHBIE (C 3aNaHHBIM
HanpaBlneHleM obxoma) Kpusbie. Takue KpuBble (LUMKIbI) MOAPA3NE/AIOTCA Ha Te,
KOTOpblE OTPaHMYMBAIOT HCKLTOPYIO o6aacTh (UMK z Ha puc.4.l1), U Te, KOTO-
pble HUKaKOW 001aCTU HE OTpaHUYM -
BalOT, T.€. HE MPUHAMJIEXAT Tpyrne
rpaHuu (Mepuduan v napaaneas TO-
pa, puc.4.1). OGpaTMM BHHMaHHe,
YTO LIMKJI, U300paXeHHbIii Ha puc. 4.2
(paBHbI CyMMe LIMKJIOB), OTPaHUYK -
paeT «obnactk» A+ 2B + C, B KO-
TOPYIO «TepPUTOpHsi» B BXOOUT IBa-
xabl. [To3TOMY, €ciu roBopuTh TOY-
Hee, TO HAllO CKa3aThb, YTO BCE LIMKJIBI
MOoApa3aeNsIoTCss Ha Te, KOTOpbIE SIB-
JISIOTCSl TPAHULIAMU HEKOTOPbIX ABY-
MEpPHBIX Lienein '3), Y Te, KOTOpble rpa-
HULIAMU He SABJSIIOTCS.

ByneM Bce orpaHMYMBAIOLLME LIMKJIBI CYUTATH HECYLUECTBEHHBIMHU, 8 «CYLLECTBEH-
Hble» — pa300beM Ha 2oMon0euYHble YuKAbl. LINKIIbI T U T HAa3bIBAIOTCS 2OMOAOUHHBIMU,

Puc.4.1

12
) Momumo ONpENENEHHBIX 306Ch CUMILTMLIMANIBHBIX TPYTIT B TOMOJOTMM UCMONB3YIOTCS
pa3TM4yHble APYTHE TPYMIbl FOMOJNOTUN: CUHZYAApHbIe 20Mono2uu, 20Moaoeuu Buemopuca,
Yexa v np.

1) A He oGnacTeit B OGbIMHOM MOHUMAHUM 3TOTO CJIOBA.
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€C/IM UX Pa3HOCTb ) — T, — OrPaHUYMBAIOLLIMIA

LMK (20MOA02UHHbLI HYAIO) ) 1w knacew comonoeuii

U €CTb 3JIEMEHTBI epynnui 2omoaceuii H,. Ha Tope Bce

TaKHe KJIaCChl TOMOJIOTHIT BbIPAXaIOTCS yepe3 Kjace

MEPUIMAHOB T, M KiacCc napamuienei &,. Ecau

LUMKJT £ 0OXOOUT TOp @ pa3 Mo MepuauaHy u # pas

o mapauieNu, 0 & = ay + BTy, U NOTOMY T

M T, — obpasyomme rpynnsl H,, a ca:;«a rpynrmna Puc. 4.2
H, npeacraBnsieT cob0i MPAMYIO CyMMY ) Z&Z.

Ha nBymepHoii cdepe S* rpynna romonoruit H, TpUBHANIbHA — COCTOUT U3 eMH-
CTBEHHOTO, HY/IEBOTO, KJIACCA TOMOJIOTHIT — MOCKOJBKY BCe OXHOMEPHBIE LIMKIIbI Ha 2
TOMOJIOTHYHBI MeX1y co6oil. [pynna romonoruit H, Ha §* usomopdHa Z. ?

4.6. Knaccudpukaums mHOroo6pasmin

OnHoit 3 OCHOBHBIX 3a/1a4 TOTMOJIOTUH SIBJISIETCS KilaccudbuUKalys MHO-
roobpa3uii ¢ TOUHOCTbIO IO TEX WJIM UHBIX pa3pelieHHbIX NpeoGpa3oBa-
Hui1. HanpuMep, ¢ TOYHOCTBIO 10 roMeoMopdu3Ma 16),

IIpuBsi3Ka TOMOJOTMYECKUX MHCTPYMEHTOB K TEOPETUKO-IpYIINO-
BbIM OCYLIECTBJISIETCSI HA OCHOBe annpokcumauuu. CHayanma onpeje-
JISIIOTCSI CUMNAULKUANbHble 0mOobGpaxcerus, TPeoOpasyloliue KOMILIEKCHI
B KoMrutekchl. [Tocne atoro Henpepoignbie omobpaxcenus f: |K | — |K,|
NPUOINXKAIOTCS (CKOJIb YrOIHO TOYHO 32 CYET MU3MEJIbYEHMsS] TPUAHTY-
JSIUMU) — CUMnAULUGAbHbIMU. B WTOTE ynaeTcst mepedTu U3 TOMOJIOTMU
B anre6py, 00 CMMIUIMLMANLHOE OTOOpaxeHue ¢ : Ko — Kg ecre-
CTBEHHBIM 00pa3oM MHAYLMPYET FOMOMOPGDU3IMBI <p: rpynnsl L, (K, )

B rpynny L, (Kjp).
TeXHOJIOTMYECKH 3TO MPOUCXOOHUT CJICAYIOLUMM 06p330M:

vr(sa) = (¢(ao) ... p(a,)),

€C/IU BEPIIMHBI y CHMILUIEKCa Sy = (ag ... a,) PasiMyHbl, U ¢ (sh) = 0 B NPOTHBHOM
cnyyae. Ha uenu ) pacnpocTpaHseTcsi TuHeiHo.

1) HanpuMep, IBa pa3iMyHbIX MEPHAMAHA TOPA C OAMHAKOBOI OpHEHTalMeil — roMo-
JIOTMYHBI APYT APYTY.

1) Tounee roBopsi, M3oMopdHa NpsiMOi CyMMe.

16) TomeomopdusMom f : X — Y Ha3biBalOT B3aUMHO ONHO3HAYHOE (MHBEKTUBHOE

TUTIOC CIOPBEKTUBHOE) M HEMNpephIBHOE B 06¢ CTOPOHbI (HEMpPEPbIBHBI KaK f, TaK U f")
oTtobpaxeHue.
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Jlerko mpoBepseTCs, YTO TOMOMOP(DH3M (; KOMMYTHDYET C 2PAHUYHbLM Onepamo-
POM, OTKYAA CJENyeT, YTO (o, TMEPEBOMMT UMKIbl B UMKJIbI, TPAHULBI — B TPAHULIBL,
a 3HauuT, u rpynny romonoruii H,.(K,) — B rpynny romonoruit H,(Kp).

B urore rpynmnsi romosnoruit { H, } MHOrooGpa3susi 0Ka3biBaloTCsi TO-
MOJIOTMYECKMMH MHBapUaHTaMHU, KOTOPBIE HE MEHSIIOTCS MO IEHCTBUEM
romeoMopdu3MOB.

W3BecTHbl U ApyrHe TOMONOrMYECKHE WHBAPHAHTBI «TOTO XK€ TMPOMCXOXAEHHSI»,
HanpuMep, 3iiaepoea Xapaxmepucmuxa

x=y (-VK,

rae K, — 4uc/io r-MepHbIX CUMILIEKCOB B Komiuiekce K.

4.7. NepBas romoTonuyeckas rpynna

JIBa nymu (HenpepbIBHBIX KPUBBIX) B monosoeu4eckom npocmpancmee X,
MMEIOLLUX 0611 Me KOHLIbI, HA3bIBAIOTCSI 20MOMONHbIMU, ECIT OIUH U3 HUX
MOXHO HENpepbiBHO 1ehOpPMUPOBaThL B APYroil, He IBUras KOHLIOB.
WHaue rosopsi, n8a nytu @y(t), ¢(t),

wo:[0,1] > X, ¢ :[0,1] > X,
COEIMHSIOLIMX HEKOTOPbIE TOYKH U, ¥ € X, T.€.
00 = 010) =u, (1) = pi(1) =,
20MOMONHbI, €CITV CYLLIECTBYET HeNpepbiBHas depopmayus (t, T),
0:[0,1]x[0,1] = X, ¢(0,7)=u, ¢(,7)=0v,
Takas 4To

e(t,0) = o), (¢, 1) = pi(D).

«CreHorpaduyecKuii» BADHAHT B JaHHOM C/lyyae LIMHHEE Pa3srOBOPHOTrO, HO TYT
MperMYyLIECTBA JieXaT B ApYyroii riockoctd. Korma Bo3HMKAaeT HEOOXOOMMOCTb KOH-
KPETHO yKa3aTb 1eOpMALUI0, — SCHO, YTO HAIO yKa3aTh (B CMbIC/IE perNlaMeHTa).

Jlanee paccMaTpuBAIOTCS 3amkHymbie nymu (nemau) ¢ 3aqaHHbIM
HanpaBjieHHeEM 00X01a, BO3MOXHO, CaMOIEPeCeKaloUInecsi, KOTOpbie
HAYMHAIOTCS U 3aKaHYMBAIOTCSl B OJHOM BblIENIEHHOM ToukKe o € X.
OTHOLLEHHE 20MOMOnHOCMU Pa30OMBAET TaKUE MYTU HA IKEUBANEHMHbIE
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Kkaaccel. YmHoxcenuem (TpynnoBbIM) IBYX MyTell HAa3bIBAETCs UX OOBEIM-
HEHME, MOCJIE KOTOPOro MOXHO JBUTaThCs MO OObEAMHEHHON KPUBOM
¢ coOJTIoIeHUEM pa3peilieHHbIX HarpaBIeHU.

Ha nnockoctu (puc. 4.3) ¢ Bbipe3aHHOR
006macTbio {2 ¥ BblAEJEHHOM TOUKON Ty — MOKa-
3aHO o6benrHeHue nyteit A u B. Kontyp A Mo-

XeT 6bITb CTAHYT (1eOPMUPOBaH) B TOYKY, KOH-
Typ B — Het. CaenaB o60poT no A U BepHYyB-
LIKCh B TOYKY Ty, MOXHO MEPEATH K ABHXEHUIO

no B (c yueToM pa3peLieHHbIX Hanpas/eHuii).
Ha tope mone3Ho cebe npeacTaBUTbh O0Ob- A ,
eIMHEHWE MepUaraHa C Mapaienblo — HU TOT,

HH [IPYTOil KOHTYD B 3TOM C/ly4ae HEBO3MOXHO Zo
CTAHYTb B TOYKY. Puc. 4.3

Jlerko BUAETb, YTO MHOXECTBO 3aMKHYTBIX NMyT€i C TaKUM YMHO-
XeHHEM o0pa3yeT IpyIiny, Ha3blBaeMYylO (yHdameHmanbroil, WIN nepeoil
2omomonuueckoil, v o6o3Hayaemyto (X, x). ExuHuued 310 rpynmbl
CJIYXMT KJIACC KOHTYPOB, CTATMBAEMBIX B TOUKY (.

3aMmeHa x( Jto0oit Ipyroit TOUKoil Yy, KOTOPYIO MOXHO COEIUHUTh
C T( HEMpPEPBLIBHBIM ITyTEM, — HE MEHSET IPYIIITY,

m1(X, o) ~ (X, o).

dyHnaMeHTaIbHAas TPYIINa sIBISETCS MHBApUaHTOM ”), XapakTepu-
3yIOIIMM TOMOJIOTMYECKYIO CTPYKTYPY NpocTpaHcTBa X.

17
)):lcm.vm GyIyT U3TOXEHbI B TOME «TOMONOrusi».
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Teopusi npencraBneHni

B Teopuu nmpeacTaBiaeHHit M3y4aeMbIM IPYIINaM CTaBATCs B COOTBETCTBUE IPYIIbI MATPHLL,
WM — JIMHENHBIX onepaTopoB. B CBS3W ¢ mepexoaoM OT «HeyNOGHbIX» TPYIIOBbIX Ofe-
paLMii K «IPUBBIYHOMY» MATPHYHOMY YMHOXEHH IO BOSHUKAIOT OTpeIe/IeHHbIE OXUIAHUS,
KOTOpHIE He BCEr/Ia OMPABIBIBAIOTCS ', HO KOE-YTO MOyYaeT LOTONHHTEbHBINA UMITYJIhC.

5.1. MarpuyHbie npeaCTaBneHUs

IIpedcmaenenuem epynnot G HaswiBaiot dyukumio T'(g) (g € G), npuHu-
MAIOLIYI0 3HAYE€HHsl B TPYINe HEBBIPOXIEHHBIX MAaTPULl M YIOBJETBO-
psitolityio GyHKUMOHATBHOMY YPaBHEHHUIO

T(9192) = T(91)T(92), (5.1)

npu ycnoun T'(1) = I, rne I — enununyHas Marpuua. Eciu peub
UIET O Henpepbieholi epynne G, B KOTOPO#, TaK UJIM WHaye, onpelesieHa
CXOIMMOCTb 3J1IeMeHTOB, To oT dyHKuuu T'(g) TpeGyercs ele Hempe-
PBIBHOCTb.

Pasymeercst, B (5.1) umeeTcsi B BULY

T(g1 * 92) = T(91) - T(g2),

rae 3Be3noyka 0003Hayaer rpynmnoBylo onepauvio B G, a ToYkKka —
YMHOXECHHNE MaTpHLI.

U3 (5.1) nerko crenyer

T(g™")=T""(9)
B CUITY

I=T(g9™") =T()T(g™").

D l'lommy 4YTO MAaTPUYHOE YMHOXCHHUE HE JTYYLlI€ KOMIMO3MUHUH NMOACTAHOBOK. OnHako
OYEBUAHBIE TPYAHOCTH — TOJIKAIOT HHOIAa K HCOYCBUIOHBIM.
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[Moatomy coBokynHocTb Matpuil {I'(g) : ¢ € G} B caMoMm zene npea-
crasiisieT coboit rpynmy, a dyukuus T'(g) — eomomopusm.

Mpeacrasnenue T(g) B oOLEM clyyae He 0OSA3aHO Pa3HBIM 3J€MEHTaM IPYTIIbI
G conocTaBnaTh pasdHble Matpuubl. B ciyyae T(g) = I TONbKO MpH ycioBuM g = 1,
yto o3HavaeT ker T = 1, — npeactaBneHue T(g) Ha3bIBACTCA MOUHBIM.

PaccMaTtpuBasi MaTpuilbl KakK JIMHEHHbIE OMepaTopbl, €CTECTBEHHO
TOBOPUTb O npocmpancmee npedcmaesenuii E = R"™, B koTopoM neii-
ctBytot oneparopbl T'(g). Y Boobuie, o T'(g) ¢ camoro Hayana Jyyiue
rOBOPUTb KaK O JIMHEMHBIX OnepaTopax, M0o nepexol K IpyroMy 6asucy
MEHSET MaTpulibl. MaTpuuHble Xe npenctabieHust 1) U Ty cUMTAIOTCSA
IKeuUeaneHmuoimu (U30MOPGHLIMU), €CITA OHU OMUCHIBAIOT OHY U Ty Xe
COBOKYITHOCTb JIMHEMHBIX oneparopoB. UHbBIMU cllOBaMM, €CU Cylie-

2
CTBYET TaKasi HCBbBIPDOXICHHasi MaTpula C, 4yTo )

Ti(9) = C™'Ty(g)C, VgE€QG.

Paznuumne Mexny JUHEHHBIM ONEepaTOpOM U MaTpULEN CTUpaeTCs
npy ¢ukcauuu 6asuca. IT0 OOCTOSTENBCTBO NMPUHLIMITMAILHO B JIU-
HeitHoM anreGpe [4, T. 3], HO OHO elue Gojiee CyIIECTBEHHO B TEOPUM
MpeNCTaBJI€HU, IJle pacCMaTPUBAIOTCSI COBOKYNHOCMU MaTpULl, U BaxX-
HO NMOMYEPKHYTh, YTO BCE MATPHULbI ONMUCHIBAIOT JIMHEHHbBIE ONEPaTOPhI
B OHOM M TOM Xe u30paHHOM Oa3uce.

OOpaTM BHMMaHMeE, YTO JIMHEHHOE TMpeACTaBJeHUe TPYTNbl MOXHO HHTepIpe-
THPOBaTb KaK Oelicmeue 2pynnsi Ha BEKTOPHOM IPOCTPAHCTBE, C TEM YTOYHEHHEM, YTO
KaXIOMY 3JIEMEHTY TPYTINbI COMOCTaBASAETCS He MPOU3BONbHAS OUeKyUs, a TUHEHHBIN
orepaTop.

e JluHeiHBIM TMpeACTaBJIeHUEM TPYNMbl MOACTAHOBOK S, dABAseTCs Trpynmna
(n x n)-matpuu nepectaHoBoK. Mampuyeii nepecmanoéku Ha3bIBalOT MaTPULLY, Y KOTO-
PO} B KaXIOM CTONOLIE U KaXIOi CTPOKE — POBHO OAMH 3JIEMEHT paBeH 1, OCTalbHbIE
HyJ 1. YMHOX€eHHE MaTpULIbl Ha MaTPULLy MePECTAHOBKHU CJieBa — IMePECTaBlsieT CTPOKH,
cnpaBa — cron6ubl. HanpuMep,

1 0 0 ap. a.
P=10 0 1 = P a. = | as.
01 0 as; Q.

Tpymna mMaTpuil nepecTaHOBOK W30MOpdHA cummempuyeckoii epynne nodcmarosox S, .

2 (!) Conpsraowas Matpuua C — OIHA M Ta Xe ISl BCEX JIEMEHTOB IPYTIbI.
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e B kayecTBe JTMHEHHOrO NpeaCTaBNeHUsl GECKOHEYHO! LIMKIUYECKON TPYTIbI
2 n
G = {a,a’,...,ad",...}
MOXHO B35iTh JIIOOYI0 HeBbIpoXaeHHyio Marpuuy 7T'(a), mosaras T(ak) = Tk(a).
Ecnu Xe uukinyeckas rpymnna MMeeT Mopsaaok n, To Ha T'(a) HeoGxomuMo Hajo-

XUTb orpauudeHue T"(a) = I, KOTOPOMY MOXHO YNOBNETBODHTDb, B3SIB B KayecTBe
T(a) AMaroHanbHYIO MaTPULY C 7 KOPHAMH W3 €AMHULbI HA IHATOHANIH.

o [IpencTaBneHHeM IpyTIbl TOBOPOTOB Ha yro & sIBNsETCs, HApUMep,
cos§ —sin§
TE) =|_ :
sin§ cosé
A npeacTasiieHHEM IPYMIIbI IBMXeHHH 1wiockoctu g(€, a, b):

z' =zcos{ —ysinf +a,

y =zsiné +ycosf+b,
MOXET CJIYXHTb Kak KOMILIEKCHOE
e a+ib
T(9) = ,
) [ 0o 1 ]

TaK M ACHCTBUTEJNbHOE MPEACTaBIEHHE

cosé —siné a
T(g) = |sin¢ cosé b
0 0 1

e B cnyuae
G = (ay,...,a,)
¥ Hayus B G onpenesisiolMX COOTHOLIEHHUI BUAa af' ... a;" = | Ha BbIGOp
T(a,),...,T(as)

HOJIXHBI ObITh HaJIOXeHbl orpaHuyenus T (a)) ... T°"(a,) = I.

e Ecin rpynina G KoHeuHa, |G| = n, 10
VgeG: T'(g)=T(g")=T() =1
ToaToMy BCe COGCTBEHHbIE 3HAYEHHUS Aj, ..., A, oneparopa T(g) ABIAIOTCA KOPHAMH

n-ii creneHu U3 1 (npu Jo6om g € G).

o Pa3yMeeTcsi, BO3HHKAET BOIPOC, Jil06Gast Jid rpyrmna uMeeT NpeacTaBleHHe B yKa-
3aHHOM BbILle cMbicae. TlepBolit puMep epynnst Jlu, Hepeanu3yeMoW B BUAE TPYTIbI

MaTpHull, yKa3aH, no-suauMomy, Kapmanom [12]. Bonee npoctoii npumep nan bupkeogd 3,

3 Birkhoff G. Lie groups isomorphic with no linear group // Bull. Amer. Math. Soc.
1936. 42. 883—888.
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5.2. WuBapuaHTHble NOANPOCTPAHCTBA

Honyctum, onepartops! npeactasierusi T'(g) neitctsytor B E. [Moanpo-
crpaHcTBO R C E Ha3blBaeTCsl UHGAPUAHMHbIM, €CIHM IUISI BceX g € G
m3 ¢ € R caenyer T'(9)z € R.

5.2.1. IIpedcmaenenue T'(g), umeroujee moabko mpusuanbhoie UHEAPUAHM -
Hole noonpocmpancmea (Hyaeeoe u camo E), nasviearom nenpugodumoim.

B ciyyae npuBoaumMoro npezacrasienusi T'(g) UMEIOTCs ABa APYTMX
npeACcTaBieHus Tpyninbl G. ONHO U3 HUX MOJYYAETCs KaK CyxceHue Ore-
paropoB T'(g) Ha R, a apyroe — cTpouTtcsi B hakTop-npoctpaHcTse E/R
cMexHbix kiaccoB? z + R. TakuM 06pa3oM, B CIyyae NPUBOIMMOTO
npencrasienusi T(g) Oka3bIBaeTCsi BOBMOXHBIM MEPERTU K npedcmag-

NEHUAM 2pynnbl — MeHbllel pasMepHOCTU. IIpy 3TOM B MOAXOISLIEM

6asuce
_ |Ti(g) S(9)
Tle) = [ 10 Tz(g)]' (5:2)

OGocHoBaHue akToB THMA (5.2) — C yKasaHueM peLernTa BeiGopa
6asuca — 31echb BpsiA JIM YMECTHO, MO0 YMTaTh [JIaBy B JIIOOOM Ciydae
HEOOXOIMMO «C JIMHEHHOI anrebpoit B 6araxe». PasHuiia Mexny omHUM
JIMHEWHBIM OMEPaTOPOM M COBOKYITHOCTbIO, KOHEYHO, €cTb. Ho B maH-
HOW CHUTyauuu Bce JiHeWHble ornepatopsl T'(g) MMEIOT OXHO M TO Xe
WHBapHaHTHOE MOANPOCTPAHCTBO R, YTO CBOAMT UCCJICAOBAHME K CTaH-
JApPTHBIM TIpYEMaM JIMHEWHOrO aHanu3a [4, T. 3].

OGHyutb 610K S(g) B (5.2), BOOGLIE roOBOpsi, HEBO3MOXHO. Ofi-
HaKO €CJIM MHBAPUAHTHO He TOJILKO MOATIPOCTPAHCTBO R, HO U €ro
JIONIOJTHEHHUE, TO BbIOOp 0a3uca, B KOTOPOM

ﬂw:rf)ﬂb}

OKa3bIBaeTCsi BO3MOXeH. B aTom ciyuyae rosopsit, uto T'(g) siBisietcs
npamoii cymmoii npedcmaenenuti Ti(g), T»(g), v nuwyt

T(g) = Ti(g) ® Ta(9).

) U3 unpapuanTHOCTH R ClELyeT, YTO OMepaTop T(g) mepeBOOMT CMEXHbIH KJ1ace
z + R B cMexuuiit xiace T(g)z + R.
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Ecnu E pacnianaetcsi B npamyio (0pmo2oHaAbHYI0) CyMMy UHEapuanm-
HbIX noonpocmpancme

E=R,®...0R,,

T(g) pasnaraercsi B 0pmMO2OHAAbHYIO NDAMYIO CYMMY

T(9) =Ti(9) ®... ©Tnlg),

YTO COOTBETCTBYET GIOYHO-AMArOHaIbHOM 3anucu Matpuisl T'(g) ¢ 61o-
kamu T;(g) Ha ouaroHanu.

5.2.2. IIpedcmaenenue T(g) Ha3bieaemcs énoane npueoduMsim, ecau OHO
packnadsleaemcs 8 OPpMOOHANbHYI0 NPAMYIO CYMMY HenpueoouMbix npeo-
cmaenenuii®).

Martpuiia BnojiIHE NMPUBOAMMOIO IPEICTABIIEHUS B MOIXOASILIEM
0a3uce UMeEET BULL

Ti(9) 0 0
ro-| 00
0 0 Tu(g)

5.3. OpToroHanbHbie NpeacTaBneHUN

Conpsxcennvim X T'(g) Ha3blBaOT npedcmaenenue 6)

T'(g9) = T(g™"). (5.3)

Mpencrasnenus T(g) u T'(g) rpynnsl G u3oMopdHbl (ele roBopsAT —
9KBUBAIEHTHBI).

5.8.1. [Ipedcmaenenue T(g) Hazvieaemcs opmozonarshom (ynumap-
HbIM), ecau cCyuecmeyem cKkanspHoe npouseedeHue (-, ), N0 OMHOWEHUIO K
komopomy T (g) opmoeonanshuiii (yHumapHwiii) onepamop npu aobom g € G.

9 Y10 MMeeT MecTo B TOMM Cllyyae, KOTAa NOMOJIHEHHE BCAKOrO MHBapHAHTHOIO
MOANPOCTPAHCTBA — TAKXKE WHBAPMAHTHO.

% Croiictso T' (91)T'(g2) = T’ (g192) ouermnnHo. TouHOE ONpeENeHHE CONPSIKEHHOTO
NpENCTABIEHHS ONMPAETCSA Ha MAHUITYTMPOBAHHE CONMPSKEHHBIM MPOCTPAaHCTBOM E*, uto
B JaHHOM CJlyyae HUYero He no6amisieT no cyTd. [IpuumHsl (5.3) packpbiBaloTcs panee.
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B yHuTapHOM cllyyae CONpsKEHHOE MpPEACTaBIEHUE BBIYMCIIAETCS
10 MpaBUITy:

T'(g) = T"(9),

7
rae 3Be370YKa 0003HayaeT IPMUMOBO CONPAMCEHUe )

Hanomuum [4, T. 3], nuHeiHoe npeo6pasoBaHre S Ha3bIBAIOT OPMO2OHAALHBIM,
€CJIH OHO He MeHsem 0AUHy BEKTOPOB,
(z, z) = (Sz, ST) = (z, §*Sz) = (§* Sz, T),

otkyna S*S = §*S = I, 4yt0 03HayaeT

5 =57,

T. €. Ui TIOYYeHHUs] 00PaTHOMH — OPTOTOHAbHYIO MAaTPHILY AOCTaTOYHO TIPOCTO TPAHC-
MIOHMPOBATD.

Yuumapnoe npeobpaszoeanue — 3TO KOMIUIEKCHBINM BapHaHT OPTOTOHAILHOTO.
BHelllHsIst KapTHHA OCTaeTcs MpexHeil. PazHMLa NULIL B TOM, YTO CKalsgpHOE IpO-
H3BEACHUE MOAPA3yMEBAET MEPEMHOXEHHE KOMIUIEKCHBIX BEKTOPOB,

(@, y) =) _ 2
j

a TPaHCTIOHUPOBaHUE OTMEPATOPOB 3aMEHSIETCS] APMUTOBBIM COMPSIKEHHEM.
OtMeueHHoe Bhille paBeHcTBo T'(g) = T*(g) B YHMTADHOM Clyyae cleayeT M3
LEMOYKU

T'(9)=T(g™")=T"'(g9) = T"(g).

5.3.2. Teopema. Bcskoe auneiinoe npedcmaegnenue KOHe4HOU epynnbl Op-
moeonanvho (yHumapho).

<« OrpaHHYMMCSE PaCCMOTPEHMEM BELUECTBEHHOro ciydyas. Ilycts B E 3amaHo
HEKOTOPOE CKaIApHOE Tpou3BeacHue (-, -)o. HoBoe ckansipHoe nmpousBeaeHue

(@.y) =Y (T(9)z. T(g)y),
g€eG
MHBApHAHTHO OTHOCUTENBHO T. JIeHCTBUTENBHO,

(T(h)z, T(R)y) = _ (T(9)T(h)z, T(9)T(h)y), = D _ (T(gh)z, T(gh)y), ,

geG 9eG

") Crogsueecs k TPaHCMOHUPOBAHMIO ISl NEMCTBUTENBHBIX MaTpull. B ciiyyae xom-
TUIEKCHBIX MATPHII 3DMHMTOBO COMNPSKEHHE O3HAYAET TPAHCIIOHMPOBAHHE TLTIOC KOMILTEKC-
HO€ CONMPSDKEHUE BCEX JIEMEHTOB.
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HO Korja g npoberaeT BCIO TPyMy, To gh Takxe npoberaer BCio rpymmy. [Tostomy

T.e. T(h) coxpaHseT miMHy BeKTOpa mpH Jilobom h € G. »

KOHEYHOCTh Tpynmbl B 10Ka3aTeJIbCTBE MCIMOJIb30BAIACh NTPU CyM-
MMPOBaHMH, 3aM€Ha KOTOPOTO WHEAPUAHMHbIM UHmezpuposanuem [21]
MO3BOJISIET YCTAHOBUTh AHAJIOT TeOPEMBI 5.3.2 ISl KOMNAKMHbIX 2pynh,
TMPEICTABIEHUsI KOTOPBIX TAKX€e OPTOrOHANbHBI (YHUTApHBI).

B cBoio0 ouepens, acakoe opmozonanvhoe (YHumaproe) npedcmasnenue
6noaHe npueooumo, a 3HaYMT, MOXET ObITh 3alMCaHO B OJIOYHO-IMAro-
HAJIbHOM BUIIE 9,

5.4. UuBapmnaHTHble onepaTopbl

Juneiinoii onepamop A, xoMMyTHpyloLIUii ¢ npenctasienuem T'(g),
AT(9) =T(9)A, VgE€GQG, (5.4)

Ha3bIBAeTCsl UHeapuanmubim. CMbICIT TEPMUHA JIyYLlE€ PaCKPbIBAET IKBU-
BanieHTHast (5.4) 3amuch

T '(9)AT(g) = A, Vg€G. (5.5)

DTO MOXHO UHTEPNPETHPOBATh CeaylownM 06pazoM. CooTHOLIEHHE
y= Az

nociie Mepexosa K Apyroii (IUTPMXOBAHHOM) CUCTEMe KOOPIAMHAT C MaTpHLeii Mepexona
T(g),

c="T(g)z', y=T(o)y,
npeBpaLlaeTcs B
y' =T7'(9)AT(9)z'.
B cnyuae (5.5) monyyaeTtcsi, YTO OMUCAHME CBA3M «BXOAA T U BBIXOJA Y» MHBAPUAHTHO
MO OTHOLUCHHIO K 3aM€HaM KOOpPIAHUHAT U3 [[aHHOﬁ rpyl'lnb[.

® yro OCBOOOXIAET OT HEMPHUSITHOCTEMN, CBA3aHHBIX C XOpIaHOBbIMM dopmamu. [Toa-
Has npueodumocms BhHITEKAET M3 TOro akTa, YTO OPTOrOHABHOE JOMOJTHEHHE HHBAPHUAHT-
HOTO MOANPOCTPAHCTBA B CJIyyae OPTOrOHATLHOTO (YHUTAPHOTO) MPEACTABIEHUSI — TaKkKe
WHBApUaHTHOE MOANPOCTPAHCTBO.
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B cayuae (5.4), ecau x — cobcmeennbiii éexkmop onepamopa A, mo u
T(g):z: — cobcmeenHbiii éexmop A, omeeuarowuii momy xce camomy co6-
CMBEHHOMY 3HAYeHUr .

< Ecnu Az = Az, to AT(9)z = T(g)Az = AT(g)z. »

Ortciona cienyer, YTo H00npocmpancmeo, HamaHymoe Ha co6CcMmeeHHble
eexmopbl onepamopa A, omeeuaroujue OGHHOMY COOCMBEHHOMY 3HAYEHUIO
A, — seasemcs uneapuanmubim 043 npedcmaenenus T'(g). Tloatomy one-
patop A, mepecTaHOBOYHBIN C HenpueoOumbim mpexctaBieHuem T'(g),
HE MOXET UMETb Oosiee OQHOro COOCTBEHHOIO 3HAYEHMUSI 9), T. €. haKkTH-
yecKu 00s13aH GbITh CKaNApHBIM, A = AI. BTO npocTOii, HO IOCTATOYHO

NPUHLMTHATBHBIN PE3YNbTaT, Ha3biBaeMbIi 0ObIUHO semmoli lllypa.

5.4.1. Nemma Wypa. Mampuya A, Kommymupyrowas co eécemu one-
pamopamu Henpueodumozo npedcmaénenus T(g), moxcem 6Goimb moabko
ckanaproi, A = .

W3 nemmbl 5.4.1 cpasy cienyet, HaripuMep, YTO Henpueodumsie Ko-
He4HOMepHble npedcmaenenus abeneevix epynn — 0OHOMEDHbL.

<« JleicTBUTENBHO,

gh=hg = T(9)T(h)=T(h)T(9).

[ostomy npu ¢ukcuposarHom h onepatop T'(h) nepecTaHOBOYEH C MPEACTABIEHUEM
T(g). CnenosarensHo, T'(h) = A(h)I. Ho npeacTaBieHue Takoro TMMa MOXET OBITb
HEMPHUBOAMMBIM JIMILIb B TOM C/1y4ae, KOraa A He 3aBUCHT OoT h. »

OTciolla BBITEKAET, UTO Y 4100020 KOMNAEKCHO20 npedcmaenenus abe-
1160l epynnbl cyuecmeyem 0OHOMEPHOe UHBAPUAHNMHOe NOONPOCMPAHCMEO.

E1ie onHO cienctBue JeMMbl 5.4.1: ckansapHoe npouseedeHue, uHeapu-
anmuoe omuocumenvro T'(g), eduncmeenHo ¢ moMHOCMbIO A0 NOCMOSHHOZ0
MHOXMCUMens.

< [Ilycrs (-, +)y, (¢, *)2 — HHBapHAHTHbIE CKATAPHbIE Mpou3BeaeHus. [TockonbKy

(z,yh = (Az, y)y, (5.6)

% Wnaue onepatop A GyfeT MMeTb HETPUBMATbHbIE coBCmEeHHbe nodnpocmpancmea
[4, 1. 3], xoTOpBIE GynyT HHBapHaHTHBbI OTHOCUTENbHO T'(g).



98 Masa 5. Teopus npeacrasneHni

rae A noaxomALIMii TMHERHBIN onepa'rop'o), — TO
(TAzr Ty)Z = (Az’ y>2 = (:E, y)l = (T:E, Ty)l = (ATI), Ty)21

OTKyZa
AT(9)=T(9A = A=)l

YTO B MTOTE faeT (T,y); = A(Z,y),. »

[IpuBeneHHbie pe3yabTaThl — CYTb pPa3Hbie JIMla O0LIEro MpUHILIM-
a, TPOHU3bIBAIOLLIETO TEOPHUIO TpynIl. Heyyecmeumenbhocms «obsekma»
K epynne npeobpa3oeanuii — énevem 3a coboii onpedeneHHble HOCAEOCMEUs.

5.5. Xapakrepbl
Xapaxmepom npedcmaenenus T(g) HasbiBaeTcsi GyHKUMSI
xr:G— C,

paBHasi caedy onepamopa T'(g), T.e.

xr(g) = tr T(g) = Z tii(9)-

XapaKTCpr ABJIAIOTCA 4YaCTHBIM CJIyda€éM TaK Ha3bIBa€MbIX UYeH-
mpanbHblX ¢ymcuu12, NPpUHUMaAOLINUX NMOCTOAHHBIC 3HAYEHHUS Ha Kaaccax
CONPANCEHHbIX 3N1eMERmOoe8. Takoe cBOICTBO B JAaHHOM CJIyyac O4Y€BUIOHO:

xr(s7'gs) = tr T(s™'gs) = tr T~ (s)T'(g)T(s) = tr T(g) = x7(g).

XUTpOoCTb, COOCTBEHHO, HeBeiaMKa. JIiobasi (yHKIMs, He 3aBUCSILAs
OT MaTpU4YHOro mpejcTtasieHus: oneparopos T'(g) (ot BeiGopa 6a3uca),
Oyner ueHtpanbHoil. Ho, oka3swiBaeTcsi, cripaBemJiuB 0ojiee KOHCTPYK-
TUBHBIN pe3ynbTaT.

5.5.1. Teopema. ITycms {T\(g),...,Tn(9)} — Henpueooumvie npedcma-
anenun epynnot G. Toeda coomeemcmayiowue xapakmepol

{x1,(9),---, xr,(9)}

19 Dnement MaTpuub A (xaKk B IEHCTBUTENLHOM, TAK M B KOMIUIEKCHOM Clyyae)
2 N
ONpENENsIOTCs M3 N° ypaBHeHu# (Aey, ¢)2 = (e, €)1, rie {e;} — 6Gasuc.
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obpasylom opmoHOpMUpOBanHbIl 6a3uc 6 npocmpaHcmee UeHMpaibHbiX

dynxyuii 1,

Teopema 5.5.1 MpUBOAMT K HECKOJBKUM CJICACTBUSIM, MOBBIILAIO-
LM CTaTyC XapaKTepoOB:

o [Ipedcmasnenue xapakmepa HenpugoouMo 6 MoMM cayude, K020a
(xr, xT) = 1.

o Komnaekcnoe aumeliHoe npedcmaeneHue KOHe4HOU epynnbl onpedens-
emcs ¢ MO4HOCMbI0 00 U30MOPPU3IMA CEOUM XAPAKMEPOM.

o Yucno HenpusoOUMbIX KOMNAEKCHBIX AUHEUHbIX npedcmaenerull KoHey-
HOIi 2pynnbl PAGHO HUCAY ee KAACCO8 CONPANCEHHBIX INeMEHMOE.

[MoapoGHee ¢ TeMOi MOXHO O3HAKOMHTBCSI MO HEGOMBLLION KHUTE
Bunbepea [7].

') TTpu ycnoBuu, 4To cKansipHoe MpOM3BENEHMe LEHTPATBHBIX (GDYHKLMI ONpenensercs
KaK

(0. 9) == 3 09,

9€G



haBa 6

Paspewmnmsie rpynnsi

IMpu nepBOM 3HaKOMCTBE C PeJMETOM [J1aBy Jiy4llle He YHTaThb, TOTOMY YTO BCE MPOCTO,
HO He SICHO «3aueM». TeopeMbl He (DUKCHUPYIOTCS B MaMSTH, NEPEKAThIBASICh KaK PTYTh.
B rnase 11 nosiBUTCS MOTHMBaLMsl, U TOTAA K paCCMaTPUBaeMOii 3KBUJIMOPHCTHKE MOXHO
OyZeT BepHYTbCS C MEHBLIMM MpenyGexaeHueM.

Jlns mpocTOThI, paccMaTpUBaeMble HHMXe TPYTIIbI MPEANONAraloTcsi KOHEYHbIMH,
HO 3TOTO BCE PABHO HE XBAaTaeT Uisl «PO3payHOCTH». Korna HeyTo co3peBasio ronamMH,
B MATb MUHYT €r0 TPYIHO YXBaTUTb.

6.1. HopmanbHbie paapbl

LleHTpanbHOe B IJ1aBe IOHSITHE pa3pewumoll epynnsl, 1 CaMO Ha3Ba-
HUE, OBbLIO CBSI3aHO C MNpPOOJIEMATUKON paspewumocmu 6 paoukaiax
anre6panvyeckux ypaBHeHMil. CBONCTBO pa3pelliMMOCTH CBUIETEbCTBY-
€T 00 MepapXUyeCKOM YCTPOMCTBE IDYIINbI B TOM CMbICJIE, YTO TPYIINY
MOXHO CYMTaTh «COOpaHHOM» M3 abesieBbIX MOArPYNN C MOMOILIBIO MO-
CJIe10BATE bHBIX PacuupeHuii ). CxasaHHoe MPOSICHUTCS Hajiee, MOKa Xe
HEOOXOAMMO HayaTh C MOJArOTOBUTEIbHBIX MOHSITHIA.

2
6.1.1. Hopmaavnbim padom nasvieaemcs nocredoeamensbHoCms no02pynn )

G=Gy>G >GD>...> G, ={l}, (6.1)

20e G; # Gi_|, n — dauna, a pakmop-epynnot G;_/G; — gpakmoput nop-
ManbHo20 pAoa.

HHBIMH CTIOBaMU,, HOpMANbHBIE PO 3TO TTOCEN0BATEBHOCTD BIOXEHHBIX TIOATPYTII

G=G03G|:)G2:)...3Gn={l},

D Ipynny G Ha3sbiBaIOT pacwuperuem Tpynnbl A TocpeacTsoM rpynnbl B, ecin A
H3oMopdHa HekoTopoit HopManbHOM noarpynne N C G, a B — u3oMopdHa dakrop-
rpynnie G/N.

?) HanomuuM, A > B o3HavaeT, yT0 B — HOopmalibHas noarpymnna A.
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e Kaxaas nocnenayioiias noarpynmna G; sBiseTcss HOPMaJIbHOM MOATPYTINON Mpeabl-
nyweii G;_, HO He 06si3aHa ObITb HOPMAJILHON MOATPYTINON Ya.

6.1.2. Hopmanbubiii pad
G=F>F>FH>..>F,={1}

Hasvieaemcs ynaomuenuem pada (6.1), ecau ece nodepynnot nepeoeo psoa
6CMPpeMaromcs 60 6MopoM.

6.1.3. HopmaabHblii pad, Komopblii Heab3s YNAOMHUMb, HA3b6AeMCs —
KOMNO3UYUOHHBIM.

(!) dakTOpH KOMMO3UILIMOHHOTO Psfia ABNSAIOTCS npocmbimu pynnamu (B 4aCTHO-
CTH, UIMKJIMYECKMMH TPYTITNIAMH TIPOCTHIX TIOPSAKOB).

Bcskas rpynma oGnamaeT TPUBMANbHBIM HOPMAJIbHBIM DPSAIOM
G > {1}. Ilpocmas epynna He obnanaetT HETPUBUAIBHBIMU HOPMAlb-
HeiMu psimamu. Eciiu B G ects HopManbHas noarpynna H C G, 1o psan
G > H > {1} HopMmaseH.

6.1.4. Teopema Llpeitepa. Jlo6bie 0sa Hopmaibhbix pada epynnbt o6aa-
darom uzoMOPPHLIMU YNAOMHEHUAMU.

6.1.5. Teopema Xopaana—Ilénbpepa. Eciu epynna obaadaem komno-

SULUOHHBIMU PAOAMU, MO KOMRO3ULUOHHblE PAObI U30MOPOHbL Opye Opyey A,

BTopas Teopema JIerko BBIBOAMTCS U3 TIEPBOM, a MepBas — HECTOXHO A0Ka3biBa-
eTcs cama 1o ceGe [16].

6.1.6. Ipynna nasvieaemcs pazpewumoii, ecau ona o6aacaem HOPMANIbHLIM
pAadom ¢ abeaesvimu ghakxmopamu.

Takum oGpa3oM, ecnd B G ectb HopMasibHasa noarpynna H C G, 1o 370 elue
He O3HAyYaeT pa3peliMMocTb G — TpebyeTcsi abeneBoCTb (haKTOPOB

G/H u H=H/{1).

3 Unoraa Takue PSIbI HA3BIBAIOT CY6HOPMAAbHUMU, OCTABJISAS TIOHSTHE «HOPMATLHOTO
psana» 3a TeMM CUTyalMsIMH, rae Kaxnas G; ob6s3aHa GbiTh elle HOPMAIbHBIM JEJMTENIEM
rpynnsl G. Kpome TOro, K pacCMOTPEHMIO OOBIYHO JOMYCKAIOTCSA PAAbI C TTOBTOPEHMSAMHU,
G; = G-, YTO BBIHYXIA€eT JONMOJHHUTENBLHO TOBOPUTD O psanax Ge3 mosTopeHHit. Bee 3to
MMeeET ONpeNeIEHHRIN CMBICI NPy GoJiee IeTATBHOM M3JIOXEHHH TpeaMeTa.

4 DopMyIHPOBKA TEOPEMbI NOAPa3yMeBaeT obLLYI0 CUTYaLMIO. JIsi KOHEYHBIX TPy
KOMIIO3MLMOHHBIE PSA/Ibl 33BEIOMO CYLIECTBYIOT.



102 Masa 6. Paspelummbie rpynrbi

6.1.7. Ipynna paspewuma 6 momm cay4ae, K020a éce ee KOMRO3ULUOHHblE
gakmopbl — yukauueckue epynnvt RPOCMbiX NOPAGKOE.

6.2. KoMMyTaHTbl U pa3peLmMmocTb

IIpousBeneHue
aba'b!

Ha3bIBAETCsI KOMMYmMamopom 3eEMEHTOB a, b — u o6o3Havaercs [a, b].
OueBUIHO,

ab = [a, blba,

T. €. IOMHOXEHHE Ha [a, b] «nepectaBnsieT» comHOXuUTeM. Pasymeercs,
B KOMMYTaTUBHOM ciyyae [a, b] = 1.

Jlerko y6enuThesi, 4TO
[a,5]" = [b, a], [a,b7'] =b7"[b, a]b,
U BOOOLLE, 11000 31eMeHmM CONPANCEHHbI C KOMMYmamopom,
cla,blc™" = [cac™", cbc™'], (6.2)

A6AAemCA KOMMYmMamopomM.

TMoxarpynna G = [G,G], nopoxneHHas B G BCEBO3MOXHBIMH
KOMMYTaTOpPaMM, Ha3bIBaeTcs Kommymanmom rpynnbl G. VUHbIMU Cilo-
Bamu, KoMMyTaHT G'') COCTOMT U3 BCEBO3MOXHDBIX TPOU3BENEHMI KOM-
MYTaTOpOB

[al,bl]...[am,bm], a]-,bj €G.
Hano uMeTh B BMAY, 4TO MPOM3BEAEHHE KOMMYTaTOPOB He 0053aHO GBITH KOM-

MYTAaTOPOM, 2 KOMMYTAaHT He 06513aTeIbHO COCTOMT M3 KOoMMyTatopoB. OmHako [G, G]
BCETa COBMANAET ¢ MHOXECTBOM «IJIMHHBIX KOMMYTaTOPOB»:

g g9 g ()

TIpu 3TOM ecTb MPUMEPBI >, B KOTOPBIX 3HauYeHHs k, HEOGXOMUMbIE MUIsi MCUEPMaHMs
KoMMyTaHTa |G, G], HEOrpaHUYEHHBI.

3 Cassidy P.J. Products of commutators are not always commutators, an example //
Amer. Math. Monthly. 1979. 86. P.772.
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6.2.1. B cuay (6.2) kommymanm ecezda Hopmanen % u sessemes nau-
Mmenvuwel 6 G nodepynnoii, pakmop-2pynna no komopoii abenesa.

AGesieBoCcTb (hakTOp-TPyINN UrpaeT MPUHUMUMHAIBbHYIO POJib B TEO-
PUM pa3pelUMBIX TPy, MTO3TOMY 0CO00 BBIAECIMM MPOCTOM, HO UIEO-
JIOTMYECKHU BaXHbI (hakT.

6.2.2. Nlemma. Paxmop-epynna G/N no nopmaavhoii nodepynne N se-
asemcs abenesoil 6 momm cayuae, Koeoa

z,y€G = |[z,y]€N.

6.2.3. Jlrobas nodepynna N C G, codepucawas kommymanm G(l), HOp-
manvha 6 G.

KoMMyTaHTbI BBICILIMX MOPSIIKOB, GH+Y = (G(k))“), ONPENEIIAIOT
DPAO KOMMYymanmoe

¢" =[G, G),

GO 60, G0], ..., ¥ —[g®, g, (6.3)

vy

uMeroLuit abenessl akTopbl. YTo6bl psia (6.3) 6bUT HOPMasieH, He XBa-
TaeT €AMHCTBEHHOTO YCJIOBMS, G" = {1} npu HekoTopoMm n. Takum

o6pasoM, ecau pad (6.3) o6peieaemcs pasencmeom ™ = {1}, epynna G
oKa3bleaemcs paspeuiumoli.

BepHo Takxke oGparHoe. Eciu cywectByer HopmanbHbii psia (6.1)
¢ abeseBbIMU (hakTOpaMHU, TO TAKOBBIM SIBJISIETCSI U Psil KOMMYTAHTOB,

npuyeM " ¢ G}, 4TO JIEKO YCTaHABJIMBAETCS MO UHAYKLIUU 7,

e BooOlue roBopsi, paspewumyro epynny G MOXHO GbUIO Obl ONMpEAENsTh KakK
rpynimy, Ui KOTOPOi 1iernoYyKa KOMMYTaHTOB G, G“), Gm, ... 3aKaHYMBAETCS MpHU He-
KOTOPOM 1 €AWHUYHOM TpYTIOi, G" = {1}. Tpx 3TOM OOCTHraeTCs 3HAYMTE/IbHAs
3KOHOMHMS cpeacTB. Hopmanbhbie paowi, gakmop-epynnoi, abesedocms ¢pakmopoé — BCe

o) Hopmanen Taxke kommyTaHT [N, N'| nopmanbHoit noarpynnst N C G.
7 < GV c G, nockonbKy daxtop-rpynna G/G, abenesa. Hanee,

W ce > (Gk)“) C Gk+1,

nockosbky G /G4 abenesa. Ho torna G*tY ¢ (Gk)“) C Gk+1. »
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3TO OKa3biBaeTcs JMIHUM. HO 3KOHOMHBIE MYTH He [AlOT BHAETb «OKPECTHOCTH»,
Melliasi TeM CaMbIM TOHMMAHHIO (XOT — KOTZa KakK).

® B npocmoi epynne 9 G ece KomMmymanmul cosnadaiom ¢ epynnoi: " = G,
G?=Gurn TMoaTtomy ecau psa (6.3) «HaTaIKMBAETCs» HA TIPOCTONH KOMMYTAHT G“),

TO OOpBIBA LIEMIOYKU HE MPOUCXOAHUT, TOCKOIbKY G® =g" # {1} npu nro6om k > 1.

IMpocras rpynna, Takum oGpa3om, 3aBeaOMO Hepa3dpelinma. OnHAaKO Hamuyue
B G HopMasibHOI moarpynnbl N pa3peiimMocTh G TakXe He TapaHTHpPYET — HYXHa
abeneBoCTb (haKTOPOB.

o IIpu romomopdusme p : G — F o6pa3 KOMMYyTaHTa JIeXUT B KoMMyTaHTe F,
r.e. p(G") c F. Ecn xe ¢(G) = F, 10 u p(G") = FV,

o ToMoMopdHBIit 00pa3 paspeliMMOii TPYTINbl — pa3peLuuM.

o JIio6ast moarpyrmmna pa3peliMMoii MOATPYINIbl — pa3pelinma.
<« 3710 Ccpa3y BbITeKaeT U3 UMIUTMKALUH

HcG = HYcg", HP?caG?, ... »

o Ecnu Bce HeTpUBHAIbHbIE TIOATPYTINBI KOHEYHOM rpymmnbl G abGeneBsl, rpynna G
pa3peLumMa.

6.2.4. Ipynna G, umerowas Hopmaavhyio nooepynny N, pazpeuuma 6 momm
cayuae, koeda paspeuwumst o6e epynnst N u G /N.

6.2.5. Ecau N; u N, — nHopmanvhble paspewumsie nodepynnoi epynnot G,
mo N\N, — makxce HopmanbHas paspeuwumasn nodepynna epynnet G.

6.3. MpocTtbie rpynnbi

HauGosiee 3HaMEHUTBHIA MPUMEP NMPOCTON (a 3HAYMT, Hepa3peLIUMOii)
TPYTINbl — 3HaKonepemerHas epynna A, npu n > 5 — daxr, urparomui
BaXHYIO posib B meopuu laaya.

IlonHasi rpynna cUMMETPUil uxocaidpa w3omopdHa rpymnne Ss,
a MOArpyMmna OCeBbIX CUMMETPUII — TpYINIE YETHBIX MOACTAHOBOK As.
HN3oMopdU3M TMO3BOJISIET, IPU XKEJTAHUHU, MEPEXOAUTh C OAHOIO sI3bIKa
Ha Ipyroil — B MOUCKE YAOOHBIX NMyTeil 00CyXIEHUSI.

8 Ecau abesesa 2pynna npocma, mo 3mo YUKAU4eCkas 2pynna npocmozo nopaoxa. (?)
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6.3.1. Nemma. [Ilpu n >3 epynna A, nopoxcoaemcs mpoliHbiMu YUKAGMU.

<« Ecnu cpenu yucen i, j, k, 1 ects aBa paBHbIX, To (if)(kl) — TpoitHoit unki.
Ecnu xe 1, 7, k, | monapHo pa3nuyHsl, TO, B CHIIY

(i7)(kl) = (i5) () (1E)(KL),
N~ N

(¢7)(kl) — onaTb-Taku TpoitHO# LMK [To3TOMy ni0Gasi YeTHasi MOACTAHOBKA Mpes-
CTaBMMa B BHJE MPOM3BeICHHs TPOMHBIX LIMKIOB. B

6.3.2. Jlemma. Ecau Hopmanvhelii deaumens N epynnot A, codepxcum
xoma 6bt 00un mpoiinoli yuka, mo N = A,,.

<« Bce TpoiiHble UMKIIBI cONpsiXeHbI (pasnen 2.5), a HopMaibHas moarpynna N
BMECTE C KaXAbIM CBOMM 3JIEMEHTOM T COOEPXMT BCE 3JIEMEHTbI, COMPSXEHHbIE T.
IMostoMy N mnopoxunaeTcsi BCeMH TPOHMHbIMU LMKIaMU. OCTaeTCsa COCnaThCsl Ha Mpenbi-
OyLIyIO IeMMY. B

6.3.3. Teopema. 3uakonepemennas epynna A, npu n > 5 aersemcsa

npocmolii 9,

1
< OrpaHnumMcst paccMoTpeHHeM cydas '” n = 5 1 nokaxem, 4TO KOMMYTATOp
[As, As] = As,

T.e. MoGOIt ANeMeHT U3 Ag MPeACTaBHM B Buxe aba™'b™', e a,b € As.

Lukisl AMMHBI 5 B As MCYEPNbIBAIOTCS NpeacTaBieHHem (ijklm) = aba™'v7",
rme @ = (ijmkl), b = (ij)(km). Lukisl oAUHBL 3 OXBATBHIBAIOTCSA pPA3NOXEHUEM
(ijk) = aba™'d™", roe a = (ijk), b = (jk)(Im), u I, m He BXOZAT B CIUCOK i, §, k.
Hakowneu, npoussegenus (ij)(kl) ¢ momapHo pa3nnyHbIMH i, j, k,l ykiaaeiBaioTCs
B cxemy (ij)(kl) = aba™'b™", rue a = (il)(jk), b = (ijk). Jlerko ybeauTbcsi, uTO
pasHooOpa3ue BO3MOXHOCTEl TeM CaMbIM OKa3bIBAETCS UCUEPMAHHBIM. B

6.4. Mpumep

Huxe paccmatpuBaeTcs npuMep paspewinmoit rpynnsl {[a, b]}, koro-
pBIii BHIDISIUT HECKOJIBKO BBIYYPHBIM, HO MMEHHO 3Ta Ipynma rpuro-
autcst B meopuu laaya.

9 Tpyrima A3 Takke NMpocta, Ay — HeT, IOCKOJIbKY YeTHbie moacraHosku (12)(34),
(13)(24), (14)(23), BMeCTe ¢ TOXIECTBEHHOI — COCTAaBMSIOT HOPMATBHYIO ITOATPYTITY Ag,
HE COIEPXaLIyl0 TPOWHBIX LMKIOB. 3aMETHM Takxke, YTO A, (n # 4) He HMCYEpNBIBAIOT
NPOCTBIX KOHEYHBIX TPy,

19) OOuiee 10Ka3aTeIbCTBO HEHAMHOTO CIOXHEE.
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MHoxecTBO nap ueibix uucen (a,b), rae a e3aumno npocmo c n,
pa3obbeM Ha Kiacchl [a, b] no momymo n, T.e. (a1, b)), (a2, b;) npu-
HauIeXaT OfHOMY KJIACCY, €CIIH

a; = a; (modn), b, =b; (modn),
¥ BBEZIEM TPYNIOBYIO ONEPALIUIO
[a, b][c, d] = [ac, bc + d].

[onyyaercs neiicteurensHo rpynna {[a, b]}. (?)

PaccmoTpuM Tenepb romoMopdusm ¢ : {[a, b]} = (Z/nZ)™, neit-

CTByIOLIMI 10 mpaBuny: [a, b] — a. 3nech (Z/nZ)” o06o3HayaeT Mysb-

11
TUIJIMKAaTUBHYIO Tpynny KjaacCoB IIO0 MOOYJIO ) n, KoTopasi COCTOUT

Y3 BCEX MOJIOXUTEIbHBIX YUCEN, MEHBLUUX 71 U B3aUMHO NPOCTHIX C 7.

SInpo romomop®u3Ma © COCTOMT U3 371eMeHTOB |1, b], ymMHOXeHHe
KOTOPbIX KOMMYTaTMBHO B cuiy [1,b;][1,b,] =[1,b; +b,]. [Toatomy siapo
ker ¢ — abeneBo. O6pas — Toxe abesnes. [Toatomy rpynna {[a, b]} —
pasperuyMa.

D Ecau n npoctoe, 1o (Z/nZ)* cosnamaeT ¢ MyabmunaukamueHol spynnoii 6s4emoe
MO MOZYJIIO MPOCTOrO YMCHA.
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Onpepgensiowme COOTHOLWEHNS

7.1. Nopoxaaowme MHOXECTBA

Iepeceuenue aoboii cosokynhocmu nodepynn seasemcs nodepynnoi. (?)
B TOM uucie nepeceuyeHre MOATPYMI, CONEPXKALIUX HEKOE MOIMHOXE-
crBo S rpynnbl G. Takoe nepeceyeHue o6o3Hayaetcst Kak (S) M Ha-
3bIBAETCSI NIOATPYIIION, nopoxcoenHoli MHOXECTBOM S, KOTOpPOE, B CBOIO
ouepeib, UMEHYETCS NOPONCOAIOUUM MHONCECMEBOM.

Jlerko BUIETh, 4TO (S) COCTOUT U3 BCEBO3MOXHbIX POM3BEAEHUI

aj (73
gl "‘gk ’

rae Bce g; € S, a «1oKasaresm cTeneHu» a; = *1.

B cutyauuu (S) = G roBopsr, yto rpynna G nopoxcdaemcs MHO-
xecTBoM S. BbimesieHHe B Ipyniie «HEOOBILIOTO» HOPOXCOAIOWe20 MHO-
acecmea S OObIYHO UMEET LIETIbIO CY3UTh AaCCOPTUMEHT «CTPOMTENILHBIX
0JIOKOB».

o Cummempuveckyio epynny nodcmarosok S, TOpOXZaeT JI000e U3 MHOXECTB:
BCEBO3MOXHBIX LIMKIIOB, MPaHcnosuyui, ynopadovernoix mpancnosuyuii (ij), i < j,
a TaKxke TpaHcnosuuuit Mypa— Kokcemepa:

(12), (23),... ((n-1D)m). (7

TepeuncneHHoe, pasymMeeTcs, He MCUEPIbIBAET BO3MOXHocTeii. Hanpumep, S, nopox-
JaeTcs OfHOM TpaHcnosuuueii (12) u ogHuM umukioMm (12...n).

o 3nakonepemennas epynna A, OPOXAAETCS MHOXECTBOM 3-LIUKJIOB.

e Ipynna nosopotoB C, MOPOXIAETCS OAHWUM MOBOPOTOM ¢ = 2m/n, a rpymna
Ousdpa D, — noBopoToM t U OTpaXEHHEM T OTHOCUTENLHO OMHOMN U3 Ocei DB OTphIBE
OT colepXaTeJbHOM WHTepIpeTauMy Ha oOpasyloluue ¢ U r MPUXOAUTCS HAKJIaAbIBaTh
orpanmyennsi ana " = 1, r* = 1, a takxe (tr)? = 1 — cm. nanee (paszen 7.3).

D KoTopasi epexoiuT B IpYTHe OCH OTPaXeHHsl TIPH TTOBOPOTaxX t*.
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7.2. CBo6oaHbie rpynnbl

Ce0000Hble epynnbl CKY4HO 6bleAS0sM, HO MHO20e 0Ceewarom.

IMycTh asgpasum A comepXHuT MycToil CUMBOJI, HUKaK He 0003Haya-
€MBblif, a BCE OCTaIbHbIE CUMBOJIbI BXOAST B A mapamu: eciid @ € A, 1o

-1
ua €A, npuueM

-1 -1
aa  =a a = <«nycmomy CuMeony»,

T. €. PSIOM CTOSILLIME obpamHubie Opye Opyey CUMBOJIBLI a4 U a”' moxHo
«COKDaTHUTb».

DjieMEHTaMU TaK Ha3bIBaeMOW c60000HOU pynnbt SIBIISIIOTCSI BCEBO3-
MOXHBIE CJIOBa U3 OYKB aagasuma A, He codepxcaujue paoom cmosuux
obpamubix cumeonog. Harpumep, a, daah™" ¢, bbb. IpousBeneHue onpe-
JIEJISIETCS KaK MPOCTOE CIUSHUE CJIOB,

abc x ab™' = abcab™! ,
C YYETOM BO3MOXHBIX COKpallEHHUIA:
-1 ~1 —1 -1
abc” xcb”'a=abc ¢cb a = aa.

AKCHOMBI TPYIIIBI JIETKO NMPOBEPsIOTCA. Posib €IMHULIBI MTPAET My-
—1y=1 -
croe ci1oBo. O6paTHLIM CJIOBOM, Hanpumep, L1t abc — Gynetr ¢~ b a7,

l'IpOBepKa accoUMaTUBHOCTH 00Jiee XJIOMOTHA, HO 3TO BCE Xe 3amauya,

. 2
M0 IMPUPOJIE CBOEH, IS CAMOCTOSITEJIbHOTO Pa3MbIIIUIEHUS ),

AndaBut A 115 cBOGOIHOM IPYNIIbl ABJISETCA NOPONCOAIOUUM MHO-
Hcecmeom.

7.2.1. Teopema. Jlwbas epynna G uzomopgua Hexomopou gakmop-
2pynne Hekomopoli c60600HOl epynnbl.

< [Ilycts § = {s,} — HekoTOpoe MHOXeCTBO o6pasytolux wia G. DaemeHTaM
84 TOCTaBUM B COOTBETCTBHE CHUMBOJBI Lo, U MYCTb F' — CBOOOAHAs Trpymnmna Hap
andasutom A = {z,}. Onpenenum nanee romomopdusm ¢ u3 F Ha G, conocrapnss
3/IEMEHTAM Z, ... T, € F 3/IeMEHTH 8, ... S, € G. [1o meopeme 2.6.1 o comeomopgduzme

G ~ F/H,

?) [po6neMa 3aKMOYAETCH B YCTAHOBNEHUM CIENyIOlIero (akTa: pesyiomam cokpa-
Wenus cnoea He 3aéucum om nopadka coxkpaujenuii. B TIpUHLMIE, MOXHO TOCMOTDETH
y Kypowa [16].
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rae H — HopMasbHbIN aenuTtens rpynnbl F, cOCTOALUMI U3 CAOB Z, ... T,, KOTOPbIE
roMoMopGbU3MOM ¢ MEPEeBOAATCS B C/IOBA 84 ... 8, = 1. »

7.3. ToxpecTBa B rpynnax

Belllie 0TMeYanoch, YTo B rpyrme ousdpa D, moBopot t = 2w/n u ot-
paXeHUe T OTHOCHUTEJILHO OJHOM M3 OCeit yIOBIETBOPSIOT PaBEHCTBAM

t"=1, rP=1, (@r)}=1. (7.1)

EcTecTBEHHO, BOZHMKAET BOMPOC: ONMpEENsioT Jin Toxaectsa (7.1)
rpynny D;, WY TOJBKO «4TO-TO O HE roBOPSIT». 3anavyy MoXHO copMy-
nupoBath MHave. [1ycTb B rpynmne ¢ IByMst 00pa3ylolivMu ¢ ¥ T BBLITOJ-
HsitoTCst Toxaectsa (7.1). Yto aTo 3a rpynmna v coBnamaet v oHa ¢ Dy ?

<« B naHHoM cnyyae mpo6siieMa OTHOCHMTE/IBHO JIETKO pewiaeTcs. U3 (tr)2 =1
~1
cnenyet: rir =1,

rtfr = rt* ertr = ot lpt " = L = 47F,

[oatomy s06oe cnoso u3 ¢ u r 3ameHamu (7.1) MPUBOAMTCS K CNOBY (Mpou3sBene-
HHIO), B KOTOPOM 7 BCTpeyaetcst He Gosee oxHoro pasa. C yyeToM OMSTH-TaKH JIETKO

-k o
BBIBOAMMOTO paBEHCTBa t'r = rt" , HETPYIHO MOCYUTATh, YTO B UCKOMO# rpytine 2n
3/IEMEHTOB, — M MOTOMY OHa W3oMopdHa D,. »

ToxnectBa Tvna (7.1) Ha3bIBAIOT 0NPeOEAAIOUUMU COOMHOWEHUAMU
rpynnsl. TouHee ToBOpsi, MyCTh JaHO HEKOTOPOE MHOXECTBO CHMBOJIOB
A ={ay, ay,...} v HekoTOpasi cCUCTEMA COOTHOLLIEHHIA

w=1, ..., wy=1, (7.2)

NPMPaBHUBAIOILMX €IMHHMLE HEKOTOPbIE CJIOBA Wj, 3alMCaHHBIE B al-
daBuTe A. DTH COOTHOULIEHUS] ONPEAENSIOT — C TOYHOCTBIO JO M30-
mopbusma — rpynny G kak ¢akrop-rpynny F/H, rne F cBoGonHas
rpynna Han andaBuUTOM A, a ee HOPMaJbHbIN HenuTenb H mopoxieH
JIEBBIMM 4aCTSIMU COOTHOLEeHUH (7.2).

Cka3zaHHO€E BBIIJISIOUT HayKooOpa3HO, HO Takoe BIIeYaTIEHUE 00-
maHuuBo. KoHeuHo, npumep cootHouieHuit (7.1) cosmaer wuto3uio,
yTOo O rpynie dusdpa D, MOXHO roBOpPUTb, He 00pallasCh K MOHATHSIM
cBoOOaHO# rpymnnsl U ¢pakTop-rpynnel. Ho Bompoc B TOM — OTKy/Ha Ha-
yyHaTth. EC/IM M3HavYanbHO peyb UIET O COAEPXKATEIbHO ONpeNeIeHHOM
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rpynne Dy, , To TOBOPUTH O COOTHOLUEeHUsIX (7.1) Kak 06 onpedeasrouqux —
HeT HeoGxonumocTu. Ecau xe Ha (7.1) cMOTpPeTh Kak Ha TOXIECTBA,
OMpeeJISIIOLIME HEKOTOPYIO Tpynny G, — TO TIOHEBOJIE MPUXOAMTCA
CTaTh Ha OMUCAHHYIO BbIlIE TOYKY 3PEHUSI.

IIpu 3TOM penienTypa yaiiie BCero BeeT B TynuK. C oHO CTOPOHHI,
3alaHUE TPYIIIbl 00pa3yioIIMMU U ONpPENEJISIIOIIMMH COOTHOLLIEH USIMU
SIBJISIETCS] yHUBEpCaJIbHBIM criocooom. C npyroit — o Tak 3alaHHOM rpyTi-
e B O0OLlIEM ciydae 3) nouty HMuero Henb3s cka3ath. KoHeuHa oHa WM
OecKOHeYHa, KOMMYTaTUBHA JIM, COMEPXKHUT JIM XOTSI Obl OAMH 3JIEMEHT
KpoMe enuHuibl [16]. Tlo 3Toit MpuUYMHE onpedersiougue COOMHOUIEHUS
B OOJIblliei CTETEHU M3BECTHBI COMYTCTBYIOIIMMU «HEMPHUSTHOCTSIMU».
B yacTtHOCTH, CloIa OTHOCHUTCSI HEpa3pellimasi mpobjieMa 3KBUBAJICHT-

o 4
HOCTH CJIOB B rpynne, 3afiaHHOM onpeacjasaionimMu COOTHOILLUEHHUAMU )

e YTOo MOXHO CKa3aTh O IPyINe, 3a0aHHOM AByMs 00pa3yloluuMMHu a, b u cooTHO-
weHusmu ¢ = I, b =17 OnMH U3 crnoco60B YaCTUYHOTO pellieHUs TaKHUX 3aJay —
MOIENMPOBAHUE.

YKa3aHHbIM COOTHOLLEHHSAM YIOBJIETBOPSIOT MaTPHULIbI

ol A

11 o
Ipu 3TOM 371€MEHT ab = 0 1 uMeeT OECKOHEYHbII MopsAaoK,

R

Orclona BBITEKAET, YTO COOTBETCTBYIOLLAs IPYTINa MO KpaifHel Mepe GeCKOHeYHa.

7.4. Onpepensiiowme COOTHOLLUEHUSA

B pasnene 7.3 peub 11a 06 OnpenesOLIMX COOTHOLLIEHUSX 6 c80600HOI
epynne, VU TaM [JilaBHas mnpoOJjieMa 3aKjioyaiacb B BBISICHEHUM TOTO,
KaKylo Ipyrniy 3TH COOTHOILLUEHUs onpenelisiioT. Ha Ty xe npobieMaTuKy
BO3MOXHa Jpyrasi Touyka 3peHusi. PaccMaTpuBalOTCsi KOHKPETHBIE IHC-
KPETHbIE TPYIINbI U BBISICHSIETCS, KAKME COOTHOILIEHUS] UX OMPEAEIISIIOT.

3 IMpuyeM — Kak npaBwiio.
9 Cm. [4, 1.6, . 4], rme ectb Gernoe oB6CyxaEHHE M CCHUIKH,
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IMycte G = (S), ¥ mopoxmnaolee MHOXECTBO S COCTOMT U3 3ie-
MEHTOB 81, ..., Sy. COOTHOLLIEHUS

gk(81,.-. 8m) =1, k=1,...,r, (7.3)

Ha3bIBAIOTCS ONpedeasloujuMU, ECIM OBOe APYroe COOTHOLLEHUE MEX-
Iy NOPOXIAIOLUMMHM 3JIEMEHTAMHU 81, . . . , Sy SBISETCS ANre6panyecKuM
cnenctBueM (7.3). COBOKYMHOCTb MOPOXIAIOLIMX JEMEHTOB U OIpe-
JENSIOIMX COOTHOLLEHMI Ha3bIBAIOT 2eHemu4eckumM K00oM, WK TIPOCTO
K00OM 2pynnbi, 3HaAHWE KOTOPOTO MHOTMAA CYILECTBEHHO OGJIErYyaeT Bhbi-
ICHEHUE Pa3IMYHBIX CBOMCTB U3yyaeMbIXx 06bekToB [13].

7.5. Mpo6nema BepHcaiina

JInsi Teopuu TpyNIl XapakTepHbl 3HAYMUTEJIbHbIE TPYIHOCTH B OTBETaX
Ha IpocThie C BUAY Bompochl. OauH M3 Takux BormpocoB B 1902 romy
noctaBui bepHcaiin: koneuna au KoHeuHonopoxcdeHHas epynna, éce ne-

. . 5 .

MEHMmbL KOMOpoi uMelom KOHeuHblii NopA00K ), OTpHLATEIbHBINA OTBET 6)
noTpe6oBaJl BpeMeHHM M YCWIMII MHOTMX MaTeMaTUKOB, OO MepBUYHBII
BOINPOC MOPOIWII LEJIYIO CEPUIO 3a1ay.

O npobaeme Bepucaiida v ee BapraLiMsiX MOXHO JIOJITO pacCKa3bIBaTh.
MacuiTabHblii MOUCK, THICAYM CTPAHML XypHaJibHOM U MoHorpaduue-
CKOi1 TuTepaTyphbl. B Takux ciiyyasix HEMCKYILIEHHBIA YUTaTEIb OOBIYHO
MHTEpECYeTCsI, a 3a4eM 3TO HyxXHO. KakoB npaktuueckuit Beixon? Y ta-
KOl BOITPOC BO3HMKAET KaXblii pa3, KOrla Tpyao3aTpaThl HECOU3MEDPU-
MbI C éudumoii moyib3oit. Ho Ha Iioxo mocTaBiieHHbIE BOIMPOCHI JIyyllie
He orBeuaTh. HemocpencTBeHHBIE BBIFOAbI PELIEHMS CIOXHBIX 3anauy,
KaK MpaBUJIO, HUYTOXHBI. TOJBKO He B HUX AEJIO.

%) Oco6o BBUICJMB NPOGNEMY C TOXIECTBOM B rpynne z" = |.

% L0100 E.C. O Huib-anre6pax v puHUTHO-annpokcuMupyeMbix rpynmnax // U3s. AH
CCCP. Cep. Mar. 1964. 28. C.273-276.
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OG6iuyio anredpy, Kak 1 bubnuio, HEBO3MOXHO YMTaTh noapsa. Ciaumi-
KOM MHOTrO€ MUIIETCS BITPOK, ITPUYEM HE TOJIbKO B pacyeTe Ha mocjien-
HIOIO [J1aBy, HO U C MPHULIEJIOM B HUKYHA.

TeM He MeHee caMa uzesi «BOCMAapUTh Hal KOHKPETUKOM» MOHSITHA
Y XKU3HECNOCOOHA. AHAJIOTY OOBbIYHBIX apUPMETUUECKUX ACHCTBUI UMeE-
I0TCS JaJIEKO 3a MpelelaMyi YUCTIOBbIX CUCTEM. YMHOXATb Y CKJIabIBaTh
MOXHO MHOTOUYJIEHbI, MAaTPHULIbI, BLIMYKJIbIE TeJa. JlOKya TPOCTUPAIOTCS
aHanoruu? Teopema Pepma 0 Hepa3peLIUMOCTH

" +y" =2", n>2,
cnpaBeliuBa JIM IUISl LIEJIOYMCIIEHHBIX MaTpULl JTUOO0 MHOro4JieHOB?
OO6si3aHa M MaTpulia OAHO3HAYHO PpaCKJIanbiBaThCS B NMPOU3BEAECHUE
«TIPOCTBIX COMHOXHUTEJICH»?

Takoro coprta BOMPOCHI HE XOTEJIOCh Obl KaXAblii pa3 peuiaTh 3a-
HOBO, H€ BMWIS B3aMMOCBS3eil MpeIMETHBIX objacTeil. DTo ¢ OmHOI
ctopoHbl. C nIpyroii — MeXIMCUUIUIMHAPHBIE CBSI3M TIOMOTaliu Obl
BUIETb HOBble DAKTbl U TMOATATKMBAIUA Obl MBICIb B MEPCNEKTUBHbIX
HanpasieHusix. Kpome Toro, abcrparipoBaHMe OT YMCIIOBOM CHeLU-
duku Morno Obl CmOcOOGCTBOBAaTb B3NNy XOTSI Obl Ha apuGMETUKY
C BBICOTHI NTUYbErO TojieTa. [locienHee KpaitHe XelaTebHO, MOCKOIb-
Ky TO Y [IeJI0 B MPEIMETHbIX 00JIaCTsIX BO3HMKAIOT MOMNBITKA 00001INTh
TO, YTO NMPUHLMUNHUAIBHO He o6oOuiaercs. [Ipy 3TOM GecrnepcnekTuB-
HOCTb pacCILUpPEHUs TeX WIM UHbBIX MPEICTaBIEHU! — HE BUIHA OOBIYHO
Ha NPU3EMIIEHHOM MPEeIMETHOM YpPOBHe. Anre6GpanvyecKuii B3rs AaeT
McyepnbiBaolive otBeTbl. Hanpumep:

8.0.1. Teopema ®pobenuyca [15]. [lose aeﬁq“/meume./zbnbm yucen u no-
/1€ KOMNACKCHBIX YUcCen A6AAI0MCA eOUHCMBEHHbIMU KOHEYHOMEPHbIMU Oeli-
CMEUMEeNbHLIMU ACCOUUAMUBHO-KOMMYMAMUBHbIMU ancebpamu 6e3 Oenu-
menell Hyas.
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Teno xeamepHuoHo6 AeAsemCA eOUHCMBEeHHOU KOHeuHOMepHOU Oeli-
cmeumensHoli accoyuamueroil, Ho He KOMMymamueHol anzebpoii be3 Oe-
aumeneil HyAA D,

Ha Gery pe3yssrat BHIIISIOUT HustocodpcKuM paspieueHueM. Ho oH
OYEpYMBAET T'PAaHMIIBI BO3MOXHOIO M CIacaeT OT Ge3HaleXHbIX MOMbI-
TOK M300pecTH HOBOE TaM, rae CBbillie He MPEAYCMOTPEHO. DTO, MEXIY
NPOYMM, TOpa3io BaxHee pelIeHMs] KOHKPETHBIX 3amay, ubo B vepap-
XMW HayyHBIX LiEJEd Ha MEpPBOM MECTE CTOMT MOHMMAaHMUE TOro, Kyna
MOXHO M HYXHO [BUTaThCs, MMHYSI «KBaIpaTtypy Kpyra». Biamess uH-
CTPYMEHTOM, TOJIE3HO OCO3HABAaTh €r0 IPOUCXOXIEHUE U BO3MOXHOCTH.
B npoTHBHOM CiIyyae MHTEJUIEKTYaIbHAsI MOLLIb YXOIUT Ha MUCTHYECKHE
BOCTOPI'H, MOMOGHBIE TEM, KOTOPbIE COMPOBOXIAIU DPOXIECHHE KOM-
IUTEKCHBIX YHCEJT.

8.1. Kyana Bener abcTparupoBaHue

AGCTpaKLMs BbITJISLIUT TAWHOM, [10KA MPUBbIYKA HE CMBIBAET HAJIET MH-
ctuky. LIuBuian3anus npomaokaeT MEIUTUPOBATh Hal KOMIUIEKCHBIMU
YUCJIaMH, HO OLLYIIIEHHE [IyOMHbBI TOCTENEHHO MeJIEET. A BOT HATYpalb-
HBIW sl yXe JOCTHUT pybexa TpuBuaabHocTU. Ho Tak GbuUTO He Beerna.

IIpumep aGopureHoB CaxaiuHa, OO HeNaBHEr0 BPEMEHU WMEB-
[IMX pa3Hble YUCIUTENIbHBIE UISl KPYIJIbIX MPEAMETOB Y MPOAOJIrOBaThIX,

BecbMa rMokasatenieH . Ham Takoe yXe TPYAHO MpeAcTaBUTb. [ToHs-
THe aOGCTPAaKTHOIO YMCla CTAI0 0aHaTbHOCTbIO. DTAaKUM KUPITMYMKOM
MHUPOBO33pEHHUsI, BOOOPa3UTh OTCYTCTBUE KOTOPOro MOYTH HEBO3IMOX-
HO. [ToaTOMy roBOpUTHL O IIIyOMHE U BEJIMYMU NOHATUSL Yucaa ceromHs
CJIOXHO. YX€ HUKTO HE MOHMMAET — BCe NMpuBBIKIU. Ho ecTh apyrue
abCTpakliMM, KOTOPbIE MOKAa HaxoUsTCsA Kak Obl Ha Apyroi craguu. To
JIM — B MpoLiecCe, TO JIM — HE BCE HaceJeHHWE C HUMM HUMEET JIEJIO.
W Tam ecTb BO3MOXHOCTb TOCMOTPETh HAa CUTYAIIMIO CBEXUM B3IJISIIOM.

o ®opmyna Kapdarno nnsi pelieHUsi KyGUUECKOro ypaBHEHHs

L 4+pr+g=0 (8.1)

D HakoHew, aneebpa Kanu [15] — eaMHCTBEHHasi KOHeYHOMepHasi NEHCTBUTE/IbHAs
aIbTepHaTMBHasl, HO HE acCOLMAaTHBHAs anre6Gpa 6e3 nenuTeneit Hysl.

2 Nanee NPUBOAATCS HEKOTOpbIe (parMeHTs U3 [3].
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AT

MPH OMNpeaeSEHHOM COIIaCOBAHMU BO3MOXHBIX KOMOMHALMA KyOUYECKUX KOPHEH.
B cnyyae

HUMEET BUL

3
p
— <0
2<

q
2+

BCe TPH KOPHsl ypaBHeHHs (8.1) 06s13aTeIbHO BELIECTBEHHbI, HO PELENT HX TMOAyYeHHs
CBA3aH C MCMOJIb30BAHHEM MHHMMBIX BETHYHH

¢ P
2+

o OcraTok OT HeieHHsi MHorowieHa P,(z) Ha zt + PT + g MOXET ObITh HaiineH
chenytomm obpasoM. Eciun

2’ +pz+q=(z—-a)z-b),
TO
Py(z) = (z - a)(z — b)Qn-2(2) + 7T + 0. (8.2)
TMoxacrasnssa B (8.2) € = a, motoM = = b, nonyyaem cuctemy ypaBHEHHiA
Pa(a) = 7a +34,
{ P,(b) =7b+ 46

LIS OTpelesieHust Y U 4.
VIHTepecHO, YTo MK OTCYTCTBMM y TOJIMHOMA T + PT + g ACHCTBHTENLHBIX

KOpDHE# pelIeHHe 3a0a4d BIHYXIEHHO MPOJIETAET Yyepe3 UCMOJIb30BaHHE KOMILJIEKCHBIX
yucen Pp(a), Py(b).

o Elwue onuH npumep. YucioBas Moc/ieaoBaTeIbHOCTb @y

1, 1,0, -2, -4, —4, 0, 8, 16, 16, 0, -32, ...
YCTPOEHa MO MpaBuay
Qny2=20p4 —2a,, ay=a;=1. (8.3)
[MoacraHoBKa @, = z" B (8.3) NPUBOAMT K KBAAPATHOMY YPABHEHHIO
P-2z4+2= 0,

KOTOPO€ UMeET KOMILIEKCHBIE KODHU T; = 1 +1, 2, = 1 — 1.
O6LuMm pewteHuem (8.3) aBasercs a, = ¢z} + ¢35 . KOHCTaHTHI ¢;, ¢; onpene-
JISIOTCSl U3 HayaslbHbIX yCloBHi (a9 = a; = 1). B pesynsrare

(L+i)"+ (1—i)

a, = 2 ’
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WIH, C YYETOM OGBIYHBIX TPUTOHOMETPHYECKUX YXULLIPEHHH,

an = (V2)" cos % (8.4)

Hu ycnosue, Hu oTBeT (8.4) He comepXar U HaMeKa Ha KOMILIEKC-
Hble yucaa. Jpyroe neao, mpoMeXyTOUHbIE BHIYUCIEHMSI, [1Ie MEJIbKaeT
MHMMas enruuia ¢. Yto ato — dokyc, pukius? UrpyiieyHas Monenb,
6€e3 KOTOPOii MOXXHO O0ONUTUCH, WM CYLLIECTBEHHbIN aTPpUOYT MCXOIHOM
3anayu?

IlepBoe, 4yTO TPUXOAUT B TOJOBY, — 3T0 (GUKUUs. Bcromora-
TeabHbI npueM. M HeT, MOJI, HUKAKOro ocoGOro CMbICia BBISICHSITh,
CYLLIECTBYIOT JI KOMIUIEKCHBIE YKCiia Ha caMoM fefie. OHU CylIecTBYIOT
KaK MBICJIEHHBI UHCTPYMEHT. BOT, ieckaTb, U BCs MpaBa.

OnHako He Bcsi. TyT Iesio HE TOJIBKO B ynoOCTBax, KOTOpbIE HAalOT
KOMILUIEKCHBIE YMCIa. 3[eCh 3aTparuBaeTCsi KaKoi-TO MIyOMHHBIN Me-
XaHU3M — roHavany HescHO Kakoi. JobGaBieHHe K rapMOHUYECKOMY
KoJiebaHHUI0

U(t) =U coswt
(GUKTUBHOA MHMMOM 4yacTH,
U(t) = U(coswt + i sinwt),

CTpaHHBIM 00pa3oM pE3KO ympolluaeT Teopulio KojiebaHuii. Kak Obl 00-
HapyXHWBaeTCsl CYACTIMBOE CTeYeHUE 0OCTOATENLCTB. 3aKOHBI 3JIEKTPO-
IVHAMUKU M TMpaBUJIa YMHOXEHHUSI KOMIUIEKCHBIX YMCEJI MPOSBIISIOT
HEOXHUIaHHYIO COIJIaCOBAaHHOCTb.

Wiy KTo cKaxert, moyemy psil

|

_ 2 4
m—l—x +Tr —....

CXOIMTCS TOJIBKO NpH Z| < 1? HMUKaKMX 0COOBIX TOYEK HET, 3HAMEHATEIb
B HYJIb HE 0OpallaeTcsi — Ha AeWCTBUTENbHOM ocu. Ocobast TouKa €CTh,
npaBaa, B KOMIUIEKCHO# rutockoctd, £ = & (Jz| = 1). Ho c kakoii
CTaT¥ TOYKa I = ¢ YMpaBJsieT CXOOMMOCTBIO psiia OT AEHCTBUTEIbHON
NepeMEeHHOI?

U BBIXOIMT, YTO MHUMAas €IMHMIIA, KaK TeHb, BCE BpeMs IPUCYT-
CTBYeT 3a KanipoM. Han3upaet u onpeiesisieT, XOTst IBHO HE BMELLIMBAETCSI.
Mucruka?
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OTBeT — M MPOCT, U cIoXeH. [IpocT — noToMy 4To Jierko hopMyJiu-
pyeTcsi ¥ 4acTo noBTopsieTcs. CIIOXEH — MOTOMY YTO CJIMILIKOM MPOCT.
YroObl YICHUTb HAIMYKME OOIIHOCTU B CUTYaLIMSIX «TPY Majblia» U «TpU
IIHST», YeJIOBEYECTBY MOTPe6OBAIOCh OUEHb MHOTO BpEMEHH. 31€Ch TOXE
HeOOXOIMMO BpEMSI, XOTsI, €CJIM pa3o0paThCs, HEMOHATHO — Ha 4TO.

Bce HauMHaeTCs C HATypaJbHOIO psiia ¥ BBEACHMS IBYX Orepaiuii:
CJIOXEHMs. M YMHOXeHMsI. M3 mocakeHHOro ceMeHM OCTaJIbHOE BbIpac-
TaeT camo. CHayajla e€CTECTBEHHbIM 00pa3oM MOSIBJISIOTCS OOpaTHbIE
onepainuy, BolYMTaHUE U JeJIeHUE, BJIEKYIMe 3a cO00i HEOOXOIUMOCTh
BBeleHUs psila

veey =2, =1,0,1, 2, ...,

noToM apobeii. PacuinpeHure ncxoqHOro 06beKTa MaHUIYJISLMI POKC-
XOIMUT CPaBHUTENILHO 6€3060JI€3HEHHO, [TOTOMY YTO B OKPYXAlOIlEM MUPE
€CTh B M30BITKE FOTOBbIE MHTEPIPETALMU. A 3TO KYJbTUBUPYET HE TOT
UCTOYHUK abcTparupoBaHusi. [10TpeGHOCTL B OTPHMIIATENbHBIX YUCTAX
UMeeT ropaszio 6ojiee BECOMYIO ITPUUMHY, YEM 3aMMCh I0JITa CO 3HAKOM
MUHYC. JIeJI0 B TOM, YTO MaHMITyJIMPOBaHME YUCIIaMK Ha OMpe/ieIeHHOM
CTaIvM BHIBOAMT Ha CJIEAYIOLINI YypOBEHb a0CTpakUu. st OMHOTUITHBIX
JeHCTBUI HAYMHAET HCTIONb30BAThCA CUMBOMbHAS 3amuCh°). BpeneHue
OyKBEHHBIX 0003HaYeHU MepeBOAUT apuMETUKY Ha IPYrUe pPEJIbChI.
dopmyiibl THIA

(a — b)(a + b) = a® — b

dokycupylor BHUMaHMe Ha onepauusax. OObEeKThI, T. €. MOKa YHuCia,
ocratorcs 3a 6opToM, 3a KanpoM. BeiBoasitcst u3 nossi 3peHus. Ilepso-
CTETEHHBIMM CTAHOBSATCS AEHUCTBUS, @ HE OOBEKTbl UX MPUIIOXEHMS 4,
Tem He MeHee MHOXECTBO MOTEHIMATLHO BO3MOXHBIX OOBEKTOB JIOJIXK-
HO OBITb HE MYCTO, YTOOBI pacCMaTpUBaEMbi€ ONepalii UMEIU CMBICI.
OTtpuuatesbHble M APOOHBIE YMCIIA HYXKHBI [IJII TOTO, YTOObI YpaBHEHUS

r+a=b, ar=">

Bcerga perianuch. BoT, coOCTBEeHHO, IjlaBHas NMpUYMHA. AHajlOTMYHas
CUTyalysi BO3HUKAET B CBSA3M C U3BJIEUEHUEM KOPHEM, YTO ONHO3HAYHO
NMPUBOIUT K MOSIBJIEHUIO KOMIUJIEKCHBIX uMces. [Ipy moBepXHOCTHOM

%) 310 KONOCCANbHEI CKAYOK B MbilwteHuH. Ha Hero YLLTM BEKa.
9 Kax 651 HauMHaIOT M3Y4aThCsl IJ1aroJibl B OTPbIBE OT CYLLECTBUTENbHBIX.
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B3[JISIIE MOXET I10Ka3arbCsi, YTO HA 3TOM IyTH TOSIBJIAIOTCS TOJBKO
MHHUMBbIE YMCJIa, HO 3TO He TakK. Hauatoe meno mpuxoauTCs HOBOIMTH
10 KoHua: vV—1 = 4, Ho BO3HMKAIOLINE OGBEKTbI LOJKHBI YMHOXATBCS
Y CKJIaNbIBaThCsI, UTO JIEraIU3yeT Yucia Buaa a + bi.

HTak, HUKAKOro cekpera, HUKakKoil MUCTUKU. KOMIUIEKCHBIE YHC-
Jla — makas xce peasbHoCcms, UAU maxkas dee ukyus, — KoMy Kak 00Jib-
1Ile HPaBUTCS, KaK OTpULIaTeNbHble WU OpPOOHbIe uuciia. HekoTophiii
JTUCKOMGOPT MMEETCS JIULIb MO MPUYMHE YKOPEHUBLUEHCS MPUBBIUKU
KMCKAaTh B OKPYXalollleM MUpe Mpoobpa3bl TUMNA LIKaJIbl TEPMOMETPA, T
OTpMLIATEJIbHbIE YMC/IA HAXOIST CBOE BOILIOLLIEHHUE.

Pa3ymeercsi, HeOOXOIUMO OTBETUTh, MIOYEMY KOMILJIEKCHBIE YMCJIA
«HEOXUIaHHO» BCIUIBIBAIOT B CaMbIX pa3HbIX 06JacTsixX. Ja nmoToMy, 4To
BCSl MAaTeMaTHKa CTOMT Ha UCMOJIb30BAHUH CJIOXEHHUSI U YMHOXEHMUS, IS
KOTOPBIX KOMIUIEKCHAsI TTIOCKOCTbh — HEU30€XHbIN (pUHaAN paciIMpeHUsi
HaTtypajibHOro psina. [ToaToMy urpoBoe mnoJie ¥ AJisi 6eCKOHEUHBIX PSIOB,
U 105 AMdypoB, U sl TEOPUM BEPOSATHOCTEN — OOHO M TO X€.

OTtMeueHHas BhILLIE YeJI0BEYeCKast MOTPEOHOCTD B PeasIbHBIX TPoo0pa-
3ax aGCTpaKTHBIX MOHATHH — M TUIOXa, ¥ Xopoliia ofHoBpeMeHHoO. C ofi-
HOI CTOPOHBI, OHa MEIIaeT BUAETh SICHYIO JIOTUYECKYIO KapTHUHY, C Apy-
roil — aKTUBU3UPYET MOUCK HAIJISITHBIX UHCTPYMEHTOB M KOHCTPYKILIMIA.
C 01HO# CTOPOHBI, KOMIUIEKCHBIE YUC/Ia — 3TO 3JIEMEHTHI BUAA

z=z+1y, (8.5)

yIOBJIETBOPSIOLINE YCIIOBHUIO it = —1, OOBIYHBIM TMpaBWJIaM CJIOXEHMS,
YMHOXEHHs, — U 3TUM Bce cKa3aHo. C ApYroii CTOpoHbl, pa3oyapo-
BaHHOE MOACO3HAHME WILET HANISOIHOCTY — U BO3HMKAIOT IOMBITKH
SKBUBAJIEHTHBIX MPEACTaBJIEHUM, YTO MPUHOCUT CBOM ILTOABI THUIIA

'Y = cos p + i sin .

Htak, nocreneHHOe pacllMpeHHe HaTypajbHOTO psiia MOCIeno-
BaTeJIbHO TPUBOIUT K IOSIBIEHUIO OTPULIATENIHBIX, PallMOHAIBHBIX,

o 5
JCUCTBUTCIIbHBIX ), HaKOHE€1Ll, KOMIUICKCHBIX YUCEJI. Hpouecc UACT non

3 C neicTBUTENIbHBIMM — €CTh KpYMHasi HaTspkka. TaM, BooOLue roBopsi, BHEAPAETCS
KaK Gbl MOCTOPOHHSs M€ HEMpEephIBHOCTH (HeatreGpauyeckuit Bupyc). B pesynbrate
33AHMM YMCJIOM BO3HMKAIOT BCE 3TH AOMOJIHUTENBHBIE Pa3roBopbl 06 anreGpanyeckux
W TPAHCLEHAEHTHBIX YHCHAX.
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KOHTPOJIEM HICOJIOTMU BBINTOJIHUMOCTHU anre6pawlec1<ux onepauuﬁ H
ONHO3HAYHO 3aKaHYMBACTCs Ha KOMILUIEKCHbBIX YHUCIaX — OaJiblI€ NMYTHU
HET.

TIpu yBeNMYeHNH PasMEPHOCTH 4MCEN TePSIOTCS Te WIM HHbIC CBOWCTBA: NPH
nepexofe OT AEHCTBMTENBHBIX uKuces (n = 1) K KOMIUIEKCHBIM (n = 2) mpomagaer

. 2 .
YTIOPSAOYEHHOCTD, CIEIYIOIUMI Lar K keamepuuoram (n = 2°) CBsi3aH C NoTepeit

3
KOMMYTaTHBHOCTH YMHOXEHHS, HaKOHel, TMpHu nepexofe K yucnam Konu (n = 2°)
TepsieTCs aCCOLMATUBHOCTb YMHOXEHHS,

3aKoHOMEpPHO BO3HMKAET BOIPOC. A YTO €CJIM HayWHaTh HE C Ha-
TYpaJIbHOTO psifia, a ¢ yero-To apyroro? Ilpu 3Tom, npaBna, CTaHOBUTCS
HESICHO, YTO TaKoe CJoXeHHe U yMHoxeHue. Ho mycTh ato 6ymyT Ka-
KHe-TO OMNepaLuM, YIOBJIETBOPSIIOLIUE TEM X€ CBOMCTBaM THUIIA

a(b+ c) = ab + ac.

W naxe csoiicTBa nmycTh OyayT Ipyrue, U Oaxe ornepauusi BCEro ol-
Ha... WIH, HA000pOT, TPH... Tak MPOUCXOLUT NMPOPHIB B IPYTYIO HULLY —
poxnaercsi abcTpakTHas ajnreopa.

8.2. Konbua, Tena, nons

8.2.1. Koavuom nasvieaemcs mnoxcecmeo X ¢ 08yMa OUHApHbIMU onepa-
YuAMU, CAONCEHUA + U YMHONCEHUS +, NPU YCAOBUU:

o X — xommymamuenas epynna no caoxcenuio (addumuenas zpynna
Koabua).
o VYMHoxcenue accoyuamusHo.

o Buinoansemcs ducmpubymuenbiii 3aKoH,
p-(g+r)=p-q+p-r,
(g+r)-p=gq-p+r-p,

onpedensrouuii 63aumooelicmeue CAONCeHUS U YMHONCEHUS.

Psan cBoiicTB THNA
p-g-r)=p-q-p-r,
p-0=0-p=0,
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NOMAanalT B pa3psd CNAEACTBUI MEPEYMCIEHHOro. DNEMEHT ¢ — T OMNpeaensieTcs Kak
peleH’e YPaBHEHUA "+ & = (.

B Cllyya€ KOMMYTaTUBHOCTU YMHOXEHHWS KOJIbLIO Ha3bIBAIOT KOM-
MymamueHubiM, a €CJIIU B X ecTb eaMHMLIA 1O YMHOXEHHW1O, TOBOPSAT

. 6
O Koabye ¢ edunuyel ). WiHorna TpeGoBaHME aCCOLIMATUBHOCTH YMHO-
XEHUSI OMNYCKAalOT B ONpEIENIEHUH, U TOrJa BO3HMKAET €lle€ IMOHATHUE
accoyuamuero2o Koabua.

IIpyMepaMu KOJIELL B MEPBYIO OYEPED CIIYXKAT Pa3IMYHbIE YUCIIO-
Bbl€ CHUCTEMBI: IEHCTBUTENIbHAS mpsMas R, KOMILIEKCHasl IUIOCKOCTb
C, mHoxecTBO Q palMOHANIBLHBIX YMCEJI, MHOXECTBO Z HEJIbIX YMCel
(BuTrOuasi oTpULIaTeNIbHBIE). MeHee NPUBBIYHbIE NPUMEPbL: MHOXECTBO
KBaJpPaTHBIX MaTPULl ¥ MHOXECTBO MHOTOWJIEHOB C OOBIYHBIMM OIEpa-
LIMSIMHU CJIOKEHMSI U YMHOXEHMUSI.

o Koabuo muozounenos R[x] mompasymeBaeT B KayecTBe 3J€MEHTOB (POPMasIbHbIE
BbIpaXeHHUs

n
Py(z) = poz” + ... + Pn-1Z + Pn
¢ K03(hGHUMEHTAMH Py M3 HEKOTOPOTO KoJbLa R (P 3TOM rOBOPAT O KOJbLE MHO-
rouwieHoB Had R). Tlpupona 3neMeHTOB & HecyliecTBeHHA. Omnepauuu onpenessiores

Mo OObIYHBIM MPAaBWIAM CJIOXEHHS U YMHOXEHHUSI MHOTOWIEHOB, YTO MOPOXHAET KOM-
MymamueHoe Koabyo ¢ eOuHuyei.

o Koavyo xeadpamubix mampuy TaKKe MOXHO pacCMaTpUBaTh HA0 HEKOTOPHIM
KoibOM R, mompa3yMmeBasi, YTO 3/ieMEeHTbI MaTpull OGepyrcsa u3 R. CloxeHue U yMHO-
XeHHe MaTpHILL NPH 3TOM MPOUCXOAMT MO OOBIYHBIM MAaTPUYHBIM OpMynaM ¢ UHTEp-
npetauuei onepauuii B R.

e Uycna Buga a + bv2 ¢ pauMoHanbHbIMHA (B opyroMm BapuaHTe — C Le/BIMU) a

3
u b obpasyior Konbo. Ho a + bV2 ¢ paLMOHaNIbHBIMU @ M b Konbua He 06pasyloT.
Kosnbo o6pasyioT yKcia Buaa

a+bv2+cV4, a,bceQ. (?)

. 3

WHTepecHbI mpuMep Koblia 1aeT R” ¢ 0GbIYHBIM CJIOXEHUEM BEK-
TOPOB U BEKTOPHBIM YMHOXEHHUEM T X Y B KaueCTBE BTOPOM Orepaiuu.
B 3TOM KoOJIbLIE, KaK U3BECTHO [4, T. 1, T. 3],

rxz=0,

) Z — xonbuo ¢ €IUHHULEH, a BCe YETHBbIE YHCTIa — KOJIbUO 6e3 eTIMHHULBI.
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Y BBIIOJIHAETCSL mocdecman STkobu

(@~ v ) xb+(xec)xa=0.

2
Bcsikoe Konblio, B KOropoM & = 0 ¥ CIPaBEIMBO MOMCOECme0
Sxobu 10 yMHOXEHHIO, HAa3bIBAETCS AuebiM Koabyom (koavyom Jlu).

Ecay B nNpou3BOJIbHOM KOJIbLE, «HE TPOrasi» CJIOXEHHE, 3aMEHUTh
YMHOXEHUE onepayueii KOMMymupoeanus

axb=a-b->-a,
roJjiyyaercs aueeo Koavyo. (?)

OrnpeneneHue KojbLa He MCKIOYAaeT cutyauuit a - b = 0 npu HeHyneBbix a,b.
Takue 3/1eMeHTbl KO/bLA HA3bIBAIOTCS deaumenmu Hyas (aeevimu, npasoimu). Konbla
(a Takxe obnacTi KonbLa) Ge3 menuTenedt Hyns (mpu ycnosuu | # 0) HasbIBalOTCS
4enocmHbIMuU.

ITo xBym konbuaM X, Y MOXHO CTpouTb UX npamyio cymmy X @ Y, cocrosiuyio
M3 BCEBO3MOXHBIX map (z,y), ¢ € X, y € Y. Cnoxenue u ymMHoxeHue B X ©Y
OMpeleNsieTCsl «MOKOOPAUHATHO». B npsiMoii cyMMe Bceraa ecTb Ae/UTENH HyJs:

(z,0)0(0,y) =(xz-0,0%y) = (0,0).

HeHyneBoe Kojblo (HE COCTOSILIEE TOJNBKO M3 HyJsi) HE MOXET
ObITh rpymnmoit Mo ymMHoxeHuio u3-3a p-0 = 0-p = 0. OgHako He-
HYJIEBbIE 3JIEMEHTHI KOJIbLIa MOTYT COCTABJISITb 2PYNHY HO YMHONCEHUIO
(Myabmunauxamuenyio epynny). B aToM ciyyae KOJNbLIO Ha3bIBaeTCs me-

7
aom. Teno ¢ KoMmMymamuensimM YMHOXCEHUeM HA3bIBAETCSI notem ). Tlone
BMECTE C JI0OBIMU IByMS 3jIEMEHTaMH a, b conepxur Takke ab, a + b,

a—>bu a/b (npu yciosuu b # 0) % Yro Taxoe nooKkoAbYa W nOONoAA,
OOBSCHSTh, BUIUMO, HE HaJIO.

Cmpykmypa noas eapanmupyem pa3peuumocms AUHeUHbIX YPaeHeHUil,
umo 00biYHO Mpebyemcs 6 NPUNONCEHUAX U ebideasiem noas  0cobo 6aazo-
npuamusle 06seKmbl UY4eHUS.

7

) B mo6oM noe umeetcs E0UHUUA NO YMHONCEHUIO. (?) DKBUBAIEHTHOE OMNpENCNEHHUE:
nosem Ha3blBAETCS HEHYJEBOE KOMMYTAaTMBHOE KOJbLO, B KOTOPOM paspeliMMo Joboe
ypaBHeHue az = b npu a # 0.

® Snement ¢ = a/b onpenensieTcs KaK pelieHMe ypaBHeHUs b = a.
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8.3. Upeannl

IMonmHoxectBo I C X HasbiBaeTcsl udeasom Kosbla X, €CIM OHO SIB-

JISIETCSI MOATPYNION aNIUTUBHOM TPYMIIbI Kom:uag) naecl, zeX
BJIeYeT 3a coboit axr € I v za € I.

e BooGuie rosopsi, paccMaTpuBaioT Takxe gessie (a € I, £ € X = az € I)
U npaevie (a €el, € X = za € I) uaeasnbl, Ha3biBasg MAcajabl B JaHHOM Bbillle
onpeaeNeHU — 08YCMOPOHHUMU.

e MonmHoxectBo kZ = {kz : z € Z} Bcex LeNbIX YMCEN, KPATHBIX HEKOTOPOMY
k, — umean B Z. (?) AHanornyHbiit TPIOK paboTaeT M B APYTUX OGCTOSTENBCTBAX.
Hanpumep,

k(z)Plz] = {k(z)p(z) : p(z) € P[z]},

rae P[z] konbLo monMHOMOB, a k(z) duxkcupoBaHHbIi nonuHOM, — ugean B Plz].

o HenyneBoe KOMMyTaTMBHOE KOMbLO R ABNsieTCs MoneM B TOMM ciyyae, KOTAa
B R Her apyrux naeanos, kpome {0} u camoro R. (?)

Ponb udeanoe 6 meopuu koney aHano2uvHa poau HOPMAAbHLIX HOOZPYNN
6 meopuu epynn. AHaJIOTUSI COXPAHSETCSl U IO IPYTMM HamnpaBJI€HUSIM.
Bo u3bexaHue Hegopa3yMeHU it JaAUM BCE XK€ HECKOJILKO OnpeeSIeHUH.

JBa konbpia R ¥ () Ha3bIBAIOTCS U30MOPDHBIMU, €CTT MEXIY WX
3JIEMEHTAMHU MOXHO YCTaHOBMTb B3aMMHO OJHO3HAYHOE COOTBETCTBHE
¢ : R — @, Takoe 4yTO

M) ¢(z +y) = (@) + ¢(y),
(i) p(zy) = ¢(z)p(y)
T J1oObIX Z, Y € R.

U3omopdHbie konblia skeusarenmust (R ~ Q) C TOYKH 3peHUs MX
anreGpanyecKux CBOMCTB.

Ecnu B omnpeneneHuu usomopdusma otobpaxeHue ¢ : R — @
He 00513aTeJIbHO B3aMMHO OIHO3HAYHO, TOBODPSIT O 20MOMOPGHOM OTOO-
paxeHuu Kosiblia R B @), a ¢ Ha3biBaloT eomomopdusmom. Eciu peus
MIET O Koablax ¢ edunuyeil, To B fononHeHue K (i), (ii) mpeanonaraercs:

9 Inst yero mocratoyHo: a,b€ I = a—b € I (n.2.1.3).
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¢(1) = 1. CsoiictBa ¢(—z) = —p(z), ¢(0) = 0 oka3biBaioTCs Ciel-
CTBUSIMU OTIpENEICHUS.

CiopbeKTHBHBIN roMoMopdu3M ¢ : R — ), orobpaxawouwmii R
Ha (), Ha3bIBAETCSI INUMOPPUIMOM.

CoOBOKYITHOCTb BCEX 3JIEMEHTOB U3 R, mepexonsiiux B HyJib KOJIbLa
(), Ha3bIBaeTCsl A0pom eomomoppusma ¢ : R — @) v obo3HavaeTcs Kak
ker . Sdpo ker ¢ C R eomomopduzma koney, ¢ : R — @, obs3amensHo
aeasemcs udeanrom Koavya R.

o [omoMopdu3M OZHOTO TONS B APYroe SIBISIETCA WM M30MOPGH3MOM, WIH
NepeBOAMT BCE 3NEMEHTHI OAHOTO NoAs B HyAb — apyroro. (?)

Daxmop-Kxoavyom Kojbla R 1o uaeany I Ha3bIBaeTCs MHOXECTBO
R/I={r+1I:r€ R}

cMexHBIX Ki1accoB no I. Cinoxenue B R/ I ornpenensiercs Kak B hakTop-
TpyIire, a yMHOXEHHE — TT0 TIpaBUIIY:

(r+I)(s+I)=rs+I (r,s€R).
CMexXHBIE KJIacChl T + I pK 3TOM Ha3bIBAIOT KAACCAMU 8bIHEMO8 o MO-

oy udeasa, U Kopoue — Kaaccamu ésiuemosg no I.

e [pUHaWIEXHOCTh T, Y OOHOMY M TOMY Xe KiacCy r + I 3anuceiBaeTCs Kak
z =y (mod I), yto paBHOCWIbHO T — Y = I.
e Eciu £ =y (modI) v u =v (mod I), To u
zu=yv (modI), z+u=y+v(modI),
T. €. CPaBHEHHsl TI0 MOZYJII0 MOXHO CKJIaAbIBaTh U yMHOXATb.
o DakTOP-KONBLO SABNSETCS KOMBLOM, HO JIMIIb B Clydyae, KOTAa MAean JBYCTO-

POHHHUI 19 Ananornuno TOMY Kak (aKTop-rpyrnia ecTb rpyImna J1ilb N0 HOpMaJbHON
MOATPYTIE.

o Teopema o 20meomopdusme rosey. Paxmop-koavuo R[ker o no modymo sadpa
2omeomopuama ¢ : R — Q usomopgro obpasy p(R).

10) YTo B IaHHOM BbILLIE ONMpPEACJCHUHU HIcajla NOAPA3yMEeBACTCS aBTOMAaTHUYCCKH,
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11
8.3.1. Teopema ), Daxmop-konvuo R/I xommymamuenozo koavua c
edunuyell aersemcs nosem 6 momm caydae, koeoa I — maxcumanbubiii

uoean 12).

AHaJIOTHsI C TEOPETUKO-TPYIIOBbIM CLIEHADUEM MPOCTUPAETCS na-
nee. Hyab u camo Kosbllo R sIBISIIOTCSL uaeanaMu (TPUBHATbHBIMHM).
Kosblio 6e3 Hempueuasbhbix VCaJIOB HAa3bIBA€TCSI HPOCMbIM 13)

HauMeHbliuii (10 BKITIOYEHHIO) udean, CONEPXKALIN MHOXECTBO
M C R, cuutaercsi nopoxdenrsim MHOXecTBoM M. Hoean I(a), nopox-
JIEHHBIA OMHUM 3JIEMEHTOM @, Ha3bIBAa€TCsl 21a6HbIM. B KOMMyTaTUBHOM
KOJIbLIE C EAUHULIEH

I(a) = {ra :r € R}.

Ecnu Bce uaeansl B R raBHble, — R Ha3bIBaeTCsI K0AbUOM 21A6HbIX Ude-
4108, KAaKOBBIM SIBJISIETCS. KOJIBLIO Z, a TAKXe KOJIbLIO BCEX MHOIOWIEHOB
OT OIHOT'O NTEPEMEHHOrO ¢ Ko3hdHLMEeHTaMU U3 JIIOOOro JaHHOTO OIS,

IIpuMepsl Uneanos:
kZ = {kz:z € 7},
yucna Kkpamuole k; u

k(z)P|z] = {k(z)p(z) : p(z) € P[z]},

noauHombl kpamuble noautomy k(zx), — coO3naloT BrieyaTieHue, YTO Mie-
aJibl «Mapa3suTUPYIOT» Ha KPaTHOCTH, HE NPUBHOCSI HUYEro HOBOro. BTO
e Ttak. [Tyctb R[] 0603HayaeT KOMbLO MOJIMHOMOB OT 7 NIEPEMEHHBIX,
T.€.

R[z] = R[zy, ..., z,],

u ki (z), ka(z) nBa dukcupoBanHbeix nonuHoma u3 R[z|. Torma coso-
KYIHOCTb MOJIMHOMOB

ki(z)p1(z) + kx(2)p2(2),  Vpi(2), paz) € R[z],  (8.6)

1 Pesynbrar akTHyecku O60CHOBAH NMpH 10OKa3aTeJabCTBE TeopeMbl 9.4.1.

12) WUnean I B xonblie R CYMTAETCH MakcumanbHuiM, €CIM He CyliecTsyeT uaeana I,
Takorouro ICI' CR (I # I, R).

1) Jo6oe mone — MPOCTOE KOJbUO. [Ipocmoe KommymamueHoe KoabUo ¢ eduHuyei —
nose. 4 aR = R mns mo6oro HeHysesoro @ € R, MOCKOJbKY KoJbLO npoctoe. Ho Torna
Hainetcs Takoe b, uto ab =1, 1.e. b = al. »
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siBIsieTcst udeasom B R[x| — naneko He HamymanHoro xapakrepa. Ilo-
nvHOMBI (8.6) 06pallaloTCst B HyJIb Ha MEPECEeYeHUH MOBEPXHOCTEM

kl(zl,...,mn)=0, kz(xl,...,zn):0,

COLENCTBYSI TEM CaMbiM M3yyeHHIO (n — 1)-MepHbIX anreGpanyecKux
MHoroo6pa3uii. «MexaHu3M KpaTHOCTH» 3eCb He paboTaeT. BapnaHTbI
C BLIOOpPOM GoJibliiero yuciaa GUKCUPOBaHHBIX TOJTUHOMOB — OYEBUIHBI.

8.4. EBxinpaoBbl KONbLA

CTpyKTypa KOJiblia BHICBEUYMBAET B U3Yy4yaeMbIX OOBEKTaX JIMIb OIpe-
JeNieHHbIe pakypchl. I1oaTOMy accolManvu M aHaJorMu GbIBalOT 00-
MaHuMBbl. CKaXeM, 0CHO6HAs meopema apugmemuxy O eTUHCTBEHHOCTH
pa3IoXEHMs Ha MPOCThIe MHOXHUTEJIH 3a MpefielaMyi HaTypaJbHOTO psiia
4yacTO HeBepHa — KOJIbLIEBOM aKCMOMATMKM OKa3bIBaeTCsl HEAOCTATOY-
Ho. KoJblio Kosiblly, TaK cKa3aTh, po3Hb. OHa U3 MPOAYKTUBHBIX UAEH
JIOTIOJIHUTEJILHOM TUMMU3ALMKM — BBeIE€HHWE CBOEOOPa3HO HOPMBI.

8.4.1. Onpepnenenue. Koavyo R 6e3 deaumeneii Hyns Ha3bieaemcs ee-
KAUO06bIM, ecall’
(i) 022 Henynesvix a € R onpedenena uenouucaennas nopma N(a) > 0,
N(0) =0, npuuem
N(ab) > max{N(a), N(®)};
(ii) 02 mobobix a,b # 0 cywecmeyem npeocmaenenue a = gb + r, 6 ko-
mopom aubo T = 0, aubo N(r) < N(b).

B KonblE LENBIX YuCea Z HOPMOM MOXeT cayxutb N(z) = |z|. B konbue P[z]
B Ka4eCTBE HOPMbI TOMMTCS CTENEHb MHOTOYJIEHA.

JIio6oe e6xaud0680 K0AbYO UMEET ENUHULLY U SIBJISIETCS KOJIbLIOM 2146~
Hbix udeanos. () Bece aTo 3areBaeTcsi BOCHOBHOM ISl TEOPUU IE€TUMOCTH.
B KoJiblie [JIaBHBIX UIEATOB HAub0Abuul 06wuti deaumens d = (f, g) ane-
MeHTOB [, g € R BbIpaxaeTcsi B BUZIE JIMHEHHOI KOMOMHALUU

(f,9) =uf+vg, u,v€ER.

B yactHocTH, a/eMeHTHl f,g € R B3auMHO TPOCTHI B TOMM CJydae,
KOrJa MOXHO rono0paTh Takue %, v € R, 4TO

uf +vg=1.
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OGocHOBaHME IaHO B pa3zeiie 9.2 Ha mMpuMepe MHorowieHoB. CxeMma
paccyXneHHii B o611IEM ClIyyae HE MEHSIETCS — IJIaBHBIM MHCTPYMEHTOM
ocTaetcs aszopumm denenus Eexauoa.

o JIi060i1 3/1eMEHT eBKJIMIOBA KOJblia €AMHCTBEHHBIM 00pa3oM pacKJIaqbIBaeTcs
B NPOM3BEIEHHE MPOCTBIX cOMHOXMUTereit. (?)

8.5. Mons BbiveTOB

OCHOBHbBIE MPUMEPHI TOJIEN: NOJIE AEHCTBUTENbHBIX yncesn R, paumo-
HanbHbIX Q 1 KomrutekcHbIX C. ToneM sBIsTIOTCSA IPOOHO-pallMOHAIb-

T
Hble (GYHKUMHU IM, rae p(z) u ¢(x) # 0 — MOAMHOMBI C NEHCTBU-

q(z)
TeJbHBIMU KO3 duumeHTaMu. IToasiMu SIBJISIIOTCS TakXke pas3IMyHbIe
¢axkmop-koasya (Teopema 8.3), cocTaBisiioe 0coOyio CTaTbio (mosen

BbIYETOB).

- +
Ecnu B addumuenoii epynne Z, 6vitemos no modyaro p (YMCIO p

npocToe ]4)) MOMMMO CJIOXEHHS BBECTH €LLE U YMHOXEHHE, noJarast a-b
PaBHBIM OCTATKy OT JieJIEHHsl OObIYHOrO MPOM3BENEHHs @ U b Ha p, —
TO KAdccbl 6biemog no modyaro p oOpasyloT rnoje 19 Torma Kak KonbLo
Z nons He obpasyer. PacwumpenHass no mossi Z (mod p) rpymna Z;'
SIBJISIETCS, 110 CyTH, hakTop-KoablioM Z/pZ.

B paccMOTpeHHOM cJiyyae NMPUHLMIIHUAIBHYIO POJIb UTPaeT xapax-
mepucmuxa noas P, KakoBOil Ha3bIBa€TCsi MUHUMAJILHOE P B PABCHCTRC
I1+...+1=0, (8.7)

N e’

p pa3

rae 1 — enunuua nonsi P. Eciu (8.7) HEBO3MOXHO, P Ha3blisutoT no.ac.u

xapakmepucmuxu Hyao 16).

4 g Cllyyae COCTABHOTO P KJIACC BHIYETOB MO MOAYMIO P GyZeT KOMbLUOM (MMEIOLIMM
nenutenu Hynsi, 3-2 =0 B Zg), HO He NoJeM.

13) Jloka3aTenbcTBO HEe TaK yX NMPOCTO — CM. pasgen 2.1. B xayecTBe yrpaxHEeHMs:
ypaenenue q - = | (mod p) paspewumo é Z, ecau p npocmoe u q He deaumcs Ha p. (?)

16) PYppimu CJIOBAaMH, XapaKTepPUCTHKA MOJsi COBMAAAET C NMOPSIAKOM €IMHULbI alIUTHB-
HOIi TpYNNbl NOJs, €CM MOPSANOK KOHEYEH, M CYUTAETCS PAaBHOM HYJIO, €CIM MOPANOK
OeCKOHeYEeH.
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o KoHeuHoe nose kaaccoé eviuemog no Mooyao p UMeeT XapaKTePUCTHUKY P.

o Henynesas xapakmepucmuka p 6ce20a 3643emcs NPOCMbIM HYUCAOM.
<« B npotuBHoM ciyyae p =8¢, s<p,t <p, — Bcuwiy p- 1 =0 6bL10 6B
au6o s+ 1 =0, au6o ¢ - 1 = 0, yTO MPOTMBOPEYUIO ObI MUHUMATIBHOCTU p. P>

o Ecnu none P uMeeT XapaKTepUCTHKY p, To p - £ = 0 s no6oro z € P.

o Yucnossie nona R, Q, C uMerot xapakmepucmuxy Hyae.

[Mosisi BBIYETOB MOTYT GbITh B TOW WJIM WHOW CTEMEHM HEMOXOXH
Ha Z (mod p). HonyctuM, p(Z) — MPOCTO# 3JEMEHT (aHAIOT MPOCTOrO
yncia — Henpueooumblii noAuHOM) B KOJblle moivMHomoB P[z]. Ecau
f(z) € P[z] ne deaumcs na p(x), mo e Plx| cywecmeyem noaunom

(), makoii umo 7)

f(@)f~'(z) = 1 (mod p(x)),

m.e. f(z)f~'(z) — 1 deaumes na p(z).
[ToaToMy oTOXaecTBIeHHe 3eMeHTOB f(Z), g(z) € P[z], pasHocTb
KOTOpBIX IeauTcsi Ha p(z), npespaluaer Koiblo P[z] B nose goivemos

P[z] (mod p(z)). B yactHocty, R[z] (mod z* + 1) — ectb C ¢ TouHo-
CThIO 10 U3oMopdu3Ma.

8.6. AnreGpbl

Aneebpoii A Han P Ha3bIBalOT KOJIbLIO, B KOTOPOM JIOIMOJHUTEIBLHO Ofpe-
JIleJIEHO YMHOXEHME Ha «4MCIIa» 18) 43 HekoTtoporo noJiss P, npuuem

A(ab) = (Aa)b = a(Ab), a,b€E A, AEP,

U adoumuenas 2pynna KoJjiblla SIBJISIETCSI 6eKMOPHbIM NPOCMPAHCMEOM,
T.€.

a,be A, \MpeP = da+pbe A

Pa3MepHOCTb yMOMSIHYTOTO «BEKTOPHOTO MPOCTPaHCTBa» HAa3bIBAOT
paneom anzebpor A. AnreOpbl KOHEYHOTO paHra MMEHYIOT TaKXe eunep-
Komnaekchoimu cucmemamu. Ecny anreGpa sIBJISIETCS AUeBbIM KOAbUOM, TO
OHa Ha3bIBaeTcst aneebpoi Jlu.

7 310 meopema Eexauoda.

1
®) (Yucna» — snemenTH NoNA P, He 06513aTeIbHO YHMCIOBOTO.
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Unean xonblia I CUMTAETCS TaKKE uOearoM aseebput, HO TIPU YCIIO-
BMM, YTO OH BBIIEPXMBAET YMHOXEHHE Ha 3JeMeHThl nois P. Eciau
B (hakTop-Koblie A/I BBECTU yMHOXEHHE HA JIEMEHTHI A € P 110 npa-
Bwiy A(z + I) = Az + I, nonyyaercst anrebpa Han P, Ha3biBaeMast
gaxmop-aneebpoti A 1o uneany I.

B onpenenenve ecomomopguzma aneebp p . A — B noMuUMO OObIY-
HbIX TpeGoBaHU# 1J1s1 roMmeoMopdHr3Ma KoJlell BXOAUT YCIOBHUE

p(Az) = dp(z), A€ P.

IMpuMepsl aneebp 6onee-meHee o4eBUAHBI. BCesikoe mose sBasieTcs anreGpoii paH-

ra 1 Haa camum co6oit . Anre6pamMu sBISIIOTCS R® ¢ 06bIYHBIM COXEHUEM BEKTOPOB,
BEKTOPHBIM YMHOXEHHEM T X Y U OOBIYHBIM YMHOXEHHEM BEKTOpa Ha YMCJIO; MHO-
XKECTBO KBaIpaTHbIX MaTpHLl ¢ aieMeHTaMu U3 C, OObIYHBIMH OTIEpALIMAMH CJOXEHHS
W YMHOXEHMS MaTpHLL U YMHOXEHUEM MaTPULbl HA KOMIJIEKCHOE YUCIIO.

Oco6oro yrnmoMMHaHUs 3aCIyXUBaeT aieefpa KeamepHuoHo8 — dYe-
THIPEXMEPHBIX OOBEKTOB BUIA

Z=a+iB+jy+ ko,

rae a, 3,7, 0 — neicTBUTENbHbIE YUCHa, a 1, 1, j, kK — yeThipe 6a3uCHbIE
€IMHULIBI, YIOBJIETBOPSIIOLIME COOTHOILIEHUSIM

OTKyZa (C y4eToM Toro, yto 1 — obGblYHasi eAMHKLA) CIELYET
ij=—ji=k, jk=-kj=1i, ki=—-jk=7,
YTO B COBOKYITHOCTU JAeT TabauLy YMHOXEHHUsI 0a3UCHBIX 3JIEMEHTOB,
M COBIAfaeT C INpaBUJaMM BEKTOPHOrO YMHOXEHMSI €IMHHMYHBIX Op-
.. 3
toB {t,j,k} B R’. ClioXeHre U yMHOXEHHUE HA YUCJIO OMNpEIENsAETCs
OGBIYHBIM (151 BEKTOPHBIX MPOCTPAHCTB) 00pa3oM. KBatepHuoHbI Buia

-1+ y -t obpa3yioT nodaseebpy, n3oMopdHyIo anreGpe KOMILUIEKCHBIX
yuCeJl Hal MoJIEM — NEHCTBUTENIbHBIX.

Ipynna keamepnuonHoeo 6asuca

Q = {1, +i, 5, +k},

9 Panzom aneebper Ha3bIBAETCS1 Pa3MEPHOCTb BEKTOPHOTO NMPOCTPAHCTBA, KOTOPOE Cly-
XWT a[IMTUBHOM TPYINOi AIre6phl.
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cocTosiLLast U3 8 3JeMEHTOB U UMeoLLas 6 MOATPYTII, CIYXHUT CTAHIAPTHBIM MPUMEPOM

. pi
2aMunbmoHoB8ouU epynnbl 0) .

Enunuust 1,1, j, k MOryT GbITh «M30MOPGHO» NMPEACTABICHBI MATPHLIAMH:

1 0 00 01 0 O 0 0 10 00 01
01 00 -1 0 0 O 0 0 0 1 00 -1 0
0 0 1 o) 000 -1’ -1 0 0 of 01 0 of
0 0 0 1 0 0 1 0 0 -1 0 0 -1 0 0 0

KBaTepHMOHBI NPENCTABISAIOT UHTEPEC B CBSA3U C meopemoii Dpo-
6enuyca (n.8.0.1). EcrtecTBeHHBbI BOMPOC O CyLIECTBOBaHMM Hanm R
anre6psl paHra Gosblie 2 UMEET TUXOTOMUYECKUIM OTBET: €CIIU KOMMY-
TaTUBHYIO, TO — HET, €CJIi HEKOMMYTAaTUBHYIO, TO — ja (M BapuUaHT
BCEro OIMH — as2e6pa K6amepHUoHOE).

8.7. byneBbl CTPYKTYpbI

bynesa ancebpa n3BeCTHa B LIMPOKMX Kpyrax Kak BTOPUYHAs AMCLIM-
TUIMHA 110 OTHOLUEHHUIO K MaTeMaTUyecKoii joruke [4, T.6]. PeansHoe
MOJIOXEHHUE JIe]1 HECKOJIBKO MHOE.

Bynesoii cmpyxmypoii 0o6bI14HO Ha3bIBAlOT MHOXECTBO B C AByMs

onepauusiMU:. «CJIOXEHUS +» U «YMHOXEHUS X » 21), YAOBJIETBOPSIOLINE
CJICAYIOIIUM TpC6OBaHI/IHMZ

0O6e onepauud KOMMYTAaTUBHBI H aCCOLIMATUBHBI.

e Onepaunu AUCTpUOYTUBHBI OXHA OTHOCHTEIBHO APYTOH, T. €. IOMUMO OGBIYHOTO
(mnst konbua)
(z+y)xz=zxz+yxz,
CIPaBeTHBO
(zxy)+z=(z+2z)x(y+2).

B B cyiuecTByoT 3neMenTsi 0 1 1:
z+0=2, Txl=ct.
e JTi060My 371eMeHTy & € B OTBeyaeT TaKoii 3NemeHT Z € B, yTo:

z+T=0, zxT=1,

2) Ipynna Ha3bIBAETCA 2aMuUAbMOHOBOI, ECII BCE €€ TOATPYIINbI HOPMATbHBbI.
20 Kotopoe, kak 06b14HO, 0603HAYAETCs TAKKE TOYKOI +, TMGO «HUKAK».
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HHAYye TOBOPS, 06pamMHbIM SNIEMEHTY T, KAK TIO CJOXEHHIO, TAK H M0 YMHOXEHHIO,
OKa3bIBAeTCsA OMH M TOT Xe 3/eMeHT T. Onepaumio «  », KaK MPaBWIO, Ha3bIBAIOT
ompuyanuem, TGO donoaxenueM.

Onepaluy «CJIOXEHUs» U «yMHOXEHHUSI», KaK JIETKO 3aMETHUTh,
PpaBHOMPABHbBI C TOYKHU 3PEHUS aKCHUOMATUYECKUX TpeboBaHuii. Ilo aToit
NpUYMHE B OyNeBbIX CTPYKTYpax AEHCTBYET npunyun 0eolicmeeHHOCMU:
ecsaxas 6yneea meopema npu 3amexe

+ex, 01

nepexooum & 060liCMEeHHYI0 Meopemy.

PaccMmarpuBaeMoii 06acTy npucyil onpeaeyieHHbI modT, B npe-
JieJlaXx KOTOpOro BCTpEYaloTCsl pa3iuyHble BapyallMHy OnpeesIeHui, ¢ 10-
6aBJIeHMEM HEKOTOPBIX MAJIOCYllIeCTBEHHBIX CBOCTB. [ToMuMo 3TOTO,
3HAYMTENIbHLIM BapHallMsM MoJBepXxeHa caMa (GopMa onpeleeHui,
B pe3yibIaTe 4ero Oyaeevi aseefpsi y pa3HbIX aBTOPOB OBIBAIOT COBCEM
HE TIOXO0XM APYT Ha Apyra.

OnHa U3 LIMPOKO M3BECTHBHIX MOAENBHBIX peanu3alivii OyeBoii aj-
reGpbl — MaTJIOrMKa Ha UTPOBOM noJie { ucmuna, 10xcb} C MUIBIOHKLIMEN
U KOHBIOHKIIUEN B KAYECTBE «CIIOXEHUSA» U «YMHOXeHHUs1», Jlpyrast Mo-
lieJib, MMEIOLIasl YHUBEPCANIbHBIN XapakTep, MHOXeCTBO B ¥ HekoTopast
CHUCTEMA ero MOAMHOXECTB 9B ¢ 0ObIYHBIMU OTiepallsiMU 0GbeTUHEHUS,
nepecevyeHus: U JOMOTHEHMSI,

z+y & zUy, zy & zNy, T & E\z.

Ecau 9B COCTOMT BCero U3 ABYX noiMHoxecTB, 8 = {J, B}, Bo3HuKaeT
cuTyauusi, u3oMopdHasi MaTIOTHKE.

Peanusauust OyneBoi anreOpbl Kak CUCTEMbI MOJAMHOXECTB HEKO-
TOPOr0 MHOXECTBAa M YHUBEPCAIM3M TaKOit MOJIeJIM HACTPauBaloT Ha 3a-
KJIIOUEHUH, YTO 3TUM Bce cKa3zaHo. Ho 3To ganexko He Tak. Moneau HHo
npUpPOABI (XOTs1 ¥ U30MOP(hHBIE TEOPETUKO-MHOXECTBEHHOM HHTEPIpe-
TaUMHU) OGHAPYXXUBAIOT B TEX Xe CTPYKTYPax COBEPLIEHHO IPYTUe acrek-
Tbl. Hanpumep, GysieBa CTpyKTypa BO3HMKAET MPH BBEJACHUM OIepaLimit

N
z+y=HOK{z,y}, z-y=HON{z,y}, T= —
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Ha MHOXCecmee Oeaumeneil HEKOTOPOTO Yucia N, KOTOPOe TIPelCTaBIseT
coGoii mpon3BeeHKe NPOCTHIX YMCEIN B NEPBOM CTeneHu. Takas anre6pa
MTPaeT ONpeNENEHHYIO POJib B TEOPUHU YUCEIL.

Bin3Kasi K Gy/ieBbIM CTPYKTYpaM CUCTeMa BO3HUKAET TIPU BBEAEHUH
Ha otpe3ke [0, 1] onepauwmii:

z+y=max{z,y}, - -y=min{z,y}, T=1-=z.

BrInomHAIOTCS Bce aKCHOMBI KPOME MOCJIEIHEM.

Mozenyu MoakiIyalT K aHanu3y ¢akTbl, JOObITbIE B APYTUMX 00-
JacTsix, U oforaiaioT APYr Apyra, pacliupsis 3a0HO NPEACTaBICHUs
0 TMOKOCTH ¥ BMECTUMOCTH aOCTPaKTHOM CXEMBbI.
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MHoroy4yneHsi

MHorouwieHsl gajee — HE CaMOLIENb, XOT OOBEKT, Ge3yCAOBHO, MOYYUTENbHBIH. Oco-
6EHHO — B TaHIEMeE C anreOpanyecKUMHU YUCIaMH, ¥ BooGlle — noasaMu. ITpu 3tom
BO3HMKAIOT yIOGHBIE MOBOALI OOCYIUTh HEKOTOPBIE ACTIEKThI alreGpanvyecKoro CTHIIsS
MBILUIEHHUS, ¥ 3a0QHO — pA3rPy3uTb meoputo lasya OT TeXHUYECKHUX MOAPOGHOCTEIA,
KOTOpbI€ HHOTIA MPEACTAB/SAIOT CAMOCTOATENIbHBINA HHTEpEC.

9.1. HanomuHaHus

Mnoeounenom, vinm noaurnomom, Hao nosem K HasbiBaeTcss HOpMaibHOE

BbIpaXE€HHE

1

fol®) = apz" +a12"" +... + ap_1Z + ay, 9.1

rae ag, ..., a, € K. Janee, kak nNpaBuio, UMEIOTCS B BUIY YMCJIOBbIE
noyiss. CyMMa M MpoOM3BeEHUE MHOTOUJIEHOB OMNPENEISIOTCA M0 00bIY-
HbIM MPAaBUJIaM CJIOXEHHSI U YMHOXEHHUsI (C MpUBELEHUEM NMOLOGHBIX),

4YTO MOPOXIAET K0AbLO D muocourenos K [z]. Mpupona «nepemeHHO#» T
HECYILIECTBEHHA, HO B MPUHLIUIE T MOXET MPHHALIEXAaTb TOMY Xe€
WIM IpyroMy nojio, JIM00 ocTaBaThCsl MPOCTO CMMBOJIOM. ITocienHuin
BapMaHT aaeT Hanbosiee 0O1IYI0O TOUKY 3PEHMS.

Ha o6osHayennu K[z| umeer cmbicn 3amepxaTh BHMMaHue: R[z] — KosbLo
MHOTOWIEHOB BCEX CTeMeHeM ¢ AeHCTBUTEIbHBIMU KO3 duureHTamu, Q[z] — ¢ pauu-
OHAIbHBIMU, Z[z] — ¢ ueabiMu KoabdULHEHTaMH.

HeneHue «B cTONOUK»,

-3 +5c+6 |z—1
£ -’ 2’ -2z +3
-2z’ + 5z
-2z’ + 2z
3z+6
Jz-3
9

1
) Ho He none.
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MPUBOIUT K TOXHECTBY
32"+ 5c+6=(z - 1)(z’ -2z +3)+9.
Jlerko BuzmeTb, 4TO B O6LIEM Ciyyae nesieHue mHorowieHa (9.1)
Ha (Z — ¢) acT B YaCTHOM HEKOTODbIit MHOTOWIEH hy,_|(Z) U HEKOTOpOe
YUCJIO T B OCTATKe, T. €.
fa(z) |z —c

. hn—l(z)
T,

YTO PaBHOCHUJIbHO TOXIECTBY
fa(@) = (€ = )hn—i(z) + 7,

nosarasi B KOTOPOM T = ¢, monyyaeM meopemy be3zy: ocmamox T npu
denenuu fn(x) Ha (x — c) pasen fp(c), m.e.

r = fa(c).

TakuM 06pa3oM, eciiu T = ¢ — Kopenb ypaeHenus fn(z) = 0, TO
7 = 0. B KOHEYHOM MTOre 3TO COOOpaXeHUE MPUBOAUT K PA3JIOKEHUIO

fa(2) = ao(z — 21)(z — 22) ... ( = Za), 9.2)

rae Z,...,T, — KOPHU MHorowieHa f,(z), KOTOpbIE MO OCHOBHOU
meopeme aneebpbl BCerIa CYLIECTBYIOT B KOMIUIEKCHOM IUIOCKOCTH, —
ecnu fn(z) paccmatpuBaetcs Kak MuorowieH Hax C. B obuieM ciyyae
npobsieMa pa3pelinMocTy ypaBHeHusi fr(z) = 0 MOXeT MMETh Ipyrue
TOJIKOBaHHMs, CM. Jajee.

IIpu ycmoBuM ag = 1 pacKphiTe CKOOOK U MPUBEAEHUE MOAOOHBIX
B (9.2) ¢ mocnenyoLMM conocTasieHueM pesyisrata ¢ (9.1) maet meo-
pemy Buema:

T +...+ZTp = —ay,
1T+ 213+ ...+ Tp— 1Ty = A2, (93)
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o JlesieHe MHOTOWIEHA «B CTONGMK» TIPUEMIIEMO U1l KOMITBIOTEPA B BUIE CXeMbl
Toprepa Ha OCHOBe TIPEACTAB/CHUS

fale) = (.. ((c+a))c+ar)c+az)c+ ...+ apy)c+ ay,

KOTOpOE TPUBOAUT K BO3MOXHOCTH IOC/IENOBATENBHOIO BbIMOJHEHUSI OXHOTHUITHBIX
neicTBUit: bgy) = @g4 + by BIOTH DO

bn =a, + bn—lc = fn(c)»
rae b, — ocraTok OT meneHus f,(xz) Ha € —c, a by,...,b,-) — KO3DOULMEHTDI
4acTHOro hy,_ ().
o TonunoM z™ — | meautcs Ha ¢" — | JMLIbL B TOM ciayyae, KOTAA M OETUTCS

Ha n. [JeiicTBUTEILHO, YCTh M = nk + p, Toraa

zm -1 (z") -1 P -1

-1 zh — | zn -1’

k
Hanee Hamo yuyecTb, 4TO §¥ — 1 Bcerna AenuTca Ha y — 1,

¥ -1
-1

=14+y+...+¢*".

9.2. Anroputm EBxnnpa n genmmocTb

Ecau MHorouseHbl f(z), ¢(z), ¥(x) cBsizaHbl COOTHOLLIEHUEM

f(z) = p(z)d(z),

10 @(x) u P(x) cuntaiorcsi deaumensmu f(zx). Haubonvwum obuum
deaumenem (HOI) mHorounexoB f(z) u g(r) Ha3biBaeTcsi TakoM MX
o6wwmit nenurens d(z) = (f(z), g(z)), KOTOpPBI NENTUTCS HA BCE APYrve
obwme aenuteny MuorowteHos f(z) u g(z).

B 0603HaYeHMH MHOTOWIEHOB 3aBMCUMOCTb OT apryMeHTa ynoGHee OIMyCKaTb.
B atoM cnyuae, HanpuMep, d(z) = (f(z), g(z)) npuobGpetaer Bun d = (f, g), yto
He TaK 3arpoMoXzaeT 0630p.

IIpy NOroBOpPEeHHOCTH 0 pageHcmee eOUHUUE «CMapuiux» Ko3gouuyu-
enmoe paccMarpuBaeMbix MHorowieHoB — HO/, ¢ ToyHocThiO 10 =+,
omnpezensieTcsi onHo3HayHo. B ciyvae d = (f, g) = | MHorounensl f(z)
1 g(T) Ha3BIBAIOT 63AUMHO RPOCMbIMU.
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Ecnn umeiotcst pasnoxenust f(x) v g(z) Buma (9.2), To (f,9)
yKa3blBaeTCsl JIEMEHTApHO, HO IUISl 3TOTO Hano 3HaTh BCE KODHU MHO-
rowieHoB f U ¢. YHuBepcalbHBIN pelLenT maet azeopumm Eexauda,
KOTODBIif 3aKJTI0YAETCS B CIIEAYIOLIEM.

CHavana f(z) nenutcs Ha g(z):
f=9q+m,

— noce yero g(z) AennTcs Ha ry(z):
g ="+

Janee ocTaTok r,(x) nenutcs Ha 73(), — U TaK 10 OCTAHOBKH HTEPALIMOHHOTO MpPOLIEC-
ca, KoTopasi Heu36exHa, MO0 CTerneHb OCTaTKa Ha KaXOOM LIare CTPOro yMeHbILAETCS.
B 0603p1MOM BHie 3TO MOXHO 3aMucaTh TaK:

4

f=9q+mr,
g="rq+rs3,
Ty = T3q; + T4,
) 2 3q3 4 (9.4)

Tn-2 = Tp-1qn-1 + Tn,

\ Tn-1 = Tnqn.

IMocneaHss cTpouka o3HayaeT r,y; = 0. IpocMatpusas Tenepb 3anuch (9.4)
CBepXy BHU3, OGHapyxXuBaeM: obiuue aeaureau f(z) u g(c) coBnagawot ¢ obwmumu ae-
autensiMu g(x) M ry(z), KOTOPBIE, B CBOIO OYePe/Ib, COBMANAIOT C OOLUMMH AETUTEIIMU
ry(z) u r3(z), u T. &. B urore:

(f’.q) = (gv 7'2) = (7‘2,1"3) =.ee = (rn—lyrn) = Tn,

T.e. T, OKasbiBaetca uckoMbiM HOJZl MHorouneHos f(z) u g(z).

Ilep)l(a OMHUCAHHYIO CXEMY B MOJIE 3p€HUSA, JIETKO MOHATDH, YTO

(fh,gh) = (f,9)h,

({g) _ (f,ay),

rae 8(z) — mo6Goit obwwmit nenuteas f(x) u g(x). B yactHocTH,

a TaKxe
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9.2.1. Teopema. Bcezda moxcHo ykaszamb makue mrozounenvt u(z),v(z),

¥ymo 2)

f(@)u(z) + g(z)v(z) = d(), (9.5)

20e d = (f,9).

<« OO6ocHOBaHMe JIETKO H3BJEKaeTcs U3 cxemsl (9.4), mpocMaTpuBas KOTOPYIO
(cHu3y BBepx), mosyyaeMm cinenyioluee. ITockonsky r, = d(z), To nonaras u(z) = 1,
v,(z) = —¢n-i(x), — M3 npeanocnexHero paBeHcTsa (9.4) MMeeM

d="rpou + e 0.
[Monaras nanee
u(z) = vi(z), () = ui(2) — vi(T)gn-1(2),
nonyyaem
d =Ty 3uy + Tp_20).

T[Tponomnxast mogHMMaThes BIOAb (9.4), B uTore npuxoauM K (9.5). »

(!) IIpu 3mom moxcHo cuumams, 4¥mo cmenenu MHo2041en06 u(x), v(z)
cmpozo Menble — coomeemcmeento — cmeneneil §(x) u f(x), pasymeemcs
6 npednonoxcenuu, ¥mo cmenenu mMrozounrenos f(x) u g(x) nenynesvie.

U3 teopemsl 9.2.1, B yacTHOCTH, clenyet: mrozounenst f(x) u g(x)
63QUMHO NPOCMbl 8 MOMM cayHae, K020a MOXCHO nodobpams makue MHO-
2ounenvl u(x) u v(x), ymo

f(@)u(z) + g(z)v(z) = 1. (9.6)

o (DaKTHYECKH yKa3aTh MONUHOMSI u(z) u v(z), ynosnetsopsiowme (9.6), MOXHO
¢ MOMOLLIBIO MeTOa HeonpeeeHHbIX koadduumentos . Ecan peub iet 06 ykasaHun
u(z) 1 v(z), yronerBopsiownx (9.5), To mocne neneHus f(z) u g(z) na HOM d(z)
(onpenensiembiit anroputMoM EBxiinna) 3anava coautes K cutyauuu (9.6).

e CBoiicTBO (9.6) OBONBHO LIMPOKO HUCIIONB3YETCs B Pa3IMYHBIX TEOPETHYECKHX
Y MPUKJIAIHBIX KOHCTPYKLHUAX. BOT, Hanpumep, yHUBEPCATbHbBIIA MEXaHU3M u36aeneHus

om uppayuoxHasbHocmu 6 3Hamenamene leOﬁl/l , TI€ @ — KOPEHb HEKOTOPOro

ha)
9(a)

%) O6b1uHas TpakToBKa (9.5): HOI d = (f, g) «1MHeliHO» BBIPAXaeTCs Yepe3 MOJIMHO-
mbl f(z) u g(z).

3) KoadxbuuneHTst u(z), v(z) nonaraloTCsi HEM3BECTHBIMM, NMOCTE Yero Ko3dpuLM-
eHTbl nonuHoMa f(z)u(z) + g(z)v(z) npupasHuBalOTCA KO3PULMEHTAM MonMHOMa 1.
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MHorouwieHa f(z), npuyem Bce MHorounens! f(z), h(z), g(z) MMeIOT paLMOHaIbHbIE
k03dduLMeHTsI, a f(z) U g(T) B3aUMHO MPOCTHI.
Wcnons3ys (9.6), nonyyaem

h(a h(a)v(a
(@ _ _haw@ _, oo
gla) 1-f(a)u(a)
nockonbky f(a) = 0.
o Teopema 9.2.1 dakTyecKH coxpaHsieTcss U Jis Lensix yucea. HOJI aByx uenbix
YHUCeNl M U N, He PaBHBIX OMHOBPEMEHHO HYJIIO, BCETIa MOXET ObITh 3aMMcaH B BUIE
HOH (m,n) = mu+nv, wu,v€Z.

B 4aCTHOCTH, M W N B3aUMHO MPOCTHI B TOMM CJly4ae, KOTIa CYLIECTBYIOT TAKHE YKC/a
u, v € Z, 4TO
mu+nv = 1.

9.3. MpmMBOAMMOCTb MHOFOYJIEHOB

[MonvHoM fy,(x) Ha3biBaeTCsi npugodumeim Hax noneM K, ecnu oH pac-
KJIaZbIBa€TCsl B MPOU3BEIEHUE IBYX MHOTOWIEHOB HEHYJIEBOM CTETIEHM.

o Muorounen z* + | npusomum B (Han) C,
2+ 1= (z—-i)(z+1),
HO HempuBoauM B R. A nonuHom
' -2=(z-V2)(z+V2)
npuBoauM B R, Ho HenpuBoaum B Q.

o HenpuBoaumsl B C TobKO MHOTOUIEHBI TIEPBOii cTeneHu. JI060i MHOTOYIEH
cTeneHd n > 2 mpuBoauM B R, MOCKONBKY B padioxeHue (9.2) KOMIUIEKCHbIE KOPHU
BXOZAAT COMPSKEHHBIMU napaml"), a (z — a)(x — @) — ecTb KBaApaTHBIii MHOTOYIEH
¢ AeiicTBuTENBHBIMU KO3 dULMeHTamMu, Pob «mpocTbix uucen» B R[z] urpaiot, Takum
06pa30oM, MHOTOWIEHbI NEPBOH M BTOPOid CTETEHH.

o [IpuBoaMMOCTb MHOTOUIEHA, BOOOLIE roBOpsi, HE CBsi3aHa C CYLIECTBOBAHUEM
KopHeii. Muorouneu z* 42z + 1 = (32 + l)2 MPUBOAMM B MOJI€ PALMOHATILHBIX YHCE,
HO He uMeeT B Q HU OZHOrO KOpHs.

bonee ynuButeneH npumep

' +4=(2"+2z+2)(z’ - 22 +2),

4
MOCKOJIbKY MHOTOWIEH T~ + 4 «BBITJIIAUT» HEPUBOAMMbIM.

9 fal@) =0 = fa(a) =0.
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MHorowieH fp(Z) ¢ pauroHanbHbIMU KO3(hbULIMEHTAMU HEMPUBO-
auM Han Q B TomM ciyyae, Koraa Hax (Q HenmpMBOLMM MHOTOWJIEH C Lie-
abiMu K03 duLIMEHTaMH, MONyYeHHbIH yMHOXeHUEM fp(z) Ha HOK
3HaMeHaTeNel BCex ero Koah®dULIMEHTOB.

9.3.1. Mnoeousen

f@)=apz" +az" ' +...+ a1z +ay, 9.7)

¢ yeavimu Koagpuyuenmamu nenpueodum Hao Q é momm cayuae, Kozda ox
He packaadvieaemcs 6 npoussederue 08yX MHO204AeH08 HeHyNe8oll cmenexHu
¢ koappuyuenmamu u3 Z. (?)

YrBepxaeHue 9.3.1 6e3 oco6oro Tpyaa IOKa3blBa€TCsi, U B MPUHLMUIE — CBOIMUT
pellieHHe BOMpPOCa O NpUBoOUMOCmu/Henpueodumocmu K UEJOYMCICHHOMY MepeGopy.
Ha npakTiKe LIMPOKO MCMO/b3YIOTCA Pa3iM4YHblE HOCTATOYHbIE YCAOBHSI HEMPUBOIU-
MOCTH.

9.3.2. Kpurepui dinseHwTeitHa. Mrnoeouren (9.7), éce koagduiyuenmo:

KOmopo2o — Kpome Gy — OeAAmcs Ha HeKOmopoe npocmoe Yucao P, Ho Gy
2

He Oeaumcsa Ha P°, — HenpueooOUM HA0 noaem PayUOHANbHBIX Yucen.

H3BeCTHO MHOXECTBO APYrMX MPU3HAKOB HENMPUBOAMMOCTH, HO
Kputepuii 9.3.2 Haubosnee nomyJsipeH, U ero oObBIYHO «XBaTaeT», MO0
MOTPEOHOCTD, KaK MPaBWJIO, 3aKJI0YAETCS B yKa3aHMU NMpUMepa Herpu-
BOJIMMOI'0 MHOTOUJIEHA.

e Kputepuio 9.3.2 ynoBneTBopseT, HanpuMep, MHOTOWIEH
3z® + 8z* — 4z’ + 62 - 2,
Ui KOTOPOTO MOAXOOMUT YUCIO p = 2.
o Mnoecounen
f@)y=2""+2" 2+ .. +z+1,

20e p — npocmoe uucao, nenpueodum Hao Q.
<« B npeanonoxeHuu NpoTMBHOrO GbLT Gbl MPUBOAUM MHOTOYIEH

f@+)=2""+Ca" P+ Ci" 7+ ... +p,

4TO HEBO3MOXHO MO Kpumepuio JizeHumeina. »

MHorouneH ¢ ueabiMU K03GbULMEHTaAMU Ha3bIBAIOT NPUMUMUG-
noim, eciu HOJl ero koadpduumeHtoB paseH 1. JIio6oit MHorowieH
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¢ koadboduureHramu U3 Q MOXHO paccMaTpuBaTh KaK MPUMMUTUBHBINA,
YMHOXEHHBI Ha YUCJIOBYIO ApoOb. jist 3Toro KoappuuueHThl Hamo
NMpUBECTU K o0OLLEMYy 3HaMEHaTel0, MOCAeAHUM BBIHECTH 3a CKOO-
KM, a TakKke BbIHECTHU 3a cKoOku HOJl uuciaurteneit. DTo mo3BoJiseT
0 HENMPUBOIMMBIX MHOTouJieHax Hanl () roBOPUTb KaK O NpUMUMUEHbIX
(C TOYHOCTBIO 10 YMHOXEHHUSI HAa PALIMOHAIbHYIO KOHCTaHTY), 4TO y100-
HO C TOYKM 3PEHUs CTaHAapTU3aLIMH.

IIpou3seedenue npuMUmMuEHsIX MHO204ACHO8 Oaem NPUMUMUGHbI MHOo2ouen (eMma
Taycca). (?) JlokasaTenbCTBO COBCEM TpPOCTO, HO W3HAYAJbHO PE3Y/LTaT BBITISIWT
HEOXUIAHHBIM.

9.4. CywecTBoBaHue KOpHe#

[MpoGnema paspemwinMocTu ypaBHeHusi fp(z) = 0 0ObIYHO accouMupy-
€TCSl C OCHOBHOU meopemoli aneeGpbl O CYLIECTBOBAHUM KOPHS Y JIloOOro
nonuHoMma fy(z) B KomruiekcHo# mnockoct C. OnHaKo MHTEPECHO —
1 BaxHo (!), ecM Aymarb He TOJBKO O CHHMLE B DyKax, — Hayarhb
¢ of1ero pesysibTata cyryoo ajare6panyeckKoro xapakrepa.

9.4.1. Teopema. [lo no6omy mnocouneny f(x) nad P eceeda moxcHo
ykasamb pacwupenue noas P' D P, ¢ komopom f(x) umeem xopen.

<« [1ocTaTOYHO PaccMOTPETh HEMPUBOAMUMBI MHOTOWIEH f(Z) HEKOTOPOH cTe-
nenu n > 1. B xayectBe P' Bo3sMeM dakrop-xonsuo P[z]/I, rae P[z] xonbuo no-
auHomoB Han P, a upean I = f(z)P[z] coctouT u3 noauHomos, neasiunxcs Ha f(z).

TakuM 06pa3om, 3neMeHTaMu P’ ABISIIOTCS KAACCH 8bi4emo8 no Modymo udeara 9,
CymMma u npousBeneHue B P' onpeensiioTcs Kak OCTaTKM OT Ae/ieHusi Ha f(Z) 06bIYHOl

CyMMbI 1 OBBIYHOrO Mpou3BeneHusi nonuHoMoB® . Heo6xoauMsle cBoiicTBa onepaumuit
(accouMaTUBHOCTb, AUCTPUOYTMBHOCTb) JIETKO MpoBepsoTcs. He coBceM TpUBHAIBHO
JMWb CcyluecTBOBaHHe B P’ oGpaTHOro 3neMeHTa Mo yMHOXeHHI0. [TocKonbKy Teo-
pema 8.3 6bl1a OCTapieHa 6e3 A0Ka3aTeJbCTBAa, OCTAHOBUMCS HA COOTBETCTBYIOLIEM
0060CHOBaHUHU Gosee moapoOHO.

Iyctb cTenens g(x) meHblue creneHu f(z). Tockonbky monuHom f(z) Hepas-
noxmM, To HOI f u g paseH exunuue. Ho Toraa no Teopeme 9.2.1 cylecTByioT Takue
MOJIMHOMBI % U ¥, YTO

u(z)g(z) +v(z)f(z) = 1,

3 MpunamnexHocts g(z), h(z) onHoMy 1 ToMy xe kiaccy r(z)+ I 3amucbiBaeTcs Kak
g(z) = h(z) (mod I), uto paBHoCHNBHO ¢(Z) — h(z) = I, T. €. pa3sHOCTb IKBUBATEHTHBIX
NMOJIMHOMOB IenuTCs Ha f(Z).

6 IpencraBuTesNeit KJIACCOB BbIYETOB.
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otkyna u(z)g(z) — 1 menurca Ha f(z), — nostomy u(z) * g(z) = 1, rne 3pe3nouxa

O3HayaeT yMHOXeHue B P', crenosatensHo u(z) = g~ ().

Takum obpa3om, daktop-konbuo P[z]/I — ecTb nosne, HyjleM KOTOPOTO CAYXHUT
cam uaean I, apnsiowuiica KopHeM nosuHoMa f (MOCKobKY f DenuTcs cam Ha cebst

6e3 octatka). »

9.4.2. Cnepncteme. s awboeo muozounrena f(x) € Plx| cywecmeyem

pacwupenue P' O P, nao xomopum f(x) packnradsieaemcs na auneiinvie
Mmuoxcumenu euda (9.2).

YMECTHO 3aMETUTD, YTO AJIsi MHOTOWIEHOB OT HECKOJILKUX MIEPEMEHHBIX ITO HE TaK.
CyLLeCTBYIOT abcoaomno Henpugodumsie mrozounenst f(,, ..., T,), HENPUBOAUMbIE TIPH
mo6oM pacluupenuu nons [15].

IloHavany TeopeMa 9.4.1 U ee n0Ka3aTeIbCTBO BBIIJISAAT OecnoJies-
HbIM oKycoM. Bo3HMKaeT BrieyaTieHUe, YTO KOPHEM OOBSIBIIEHO HEYTO
B3sitoe ¢ motosika. Ho 310 He Tak. IlocTpoeHo BMOJHE ompeneseH-
Hoe pacumpeHue P’ D P ucxomHoro mnoist P, 1 B 3TOM pacLiMpeHrH
yKa3zaH KOpeHb TMoJinHOMa. JIpyroe nesno, eciii MMeeTCs XeJaHUe «Io-
uynate» P, HO 3TO yxe Bompoc M3oMopdu3Ma nojieil ¢ opUeHTauuei
Ha BbIOOp YIOOHBIX UHTEPIPETALIMMA.

PaccMoTpuM, I npuMmepa, pacIiMpeHMe IOJIs HENCTBUTEIbHBIX
yucesn R npucoenuHeHreM K R KOpHST ypaBHEHUs

:c2+1=0.

HauuHaTb B caMOM JieJie MOXHO «C TMOTOJIKa», OObSBUB KODHEM He-
Koe ¢, — Ojylaro o0o3HaueHue B Haulei BiacT. Ho namee Mbl oKa3biBa-
eMCsl CBSI3aHHBIMM «I1paBWIaMK Mrpbl». Paciumpenne R’ O R o6s3aHo
OBbITh MOJIEM, BKJIIOYAsi B Ce0Sl 3JIEMEHTBI

z=a+bi, a,beR. (9.8)
3anucs (9.8) onHO3HaYHa, MHAYe U3

z=a+bi=c+di, b#d,

. c—a
cliefoBayio Obl & = i b € R. TpeGoBaHusi U3 OnpenesIeHUs MO MpH-

BOIAT 3aTeM K CBOMCTBaM, KOTOpbI€ NPMHATO XapaKTEPUM30BaTb Kak

") B [15] nokasaTenscTBO pacnycaHo MoxpoBHee (Ha S CTpaHuuEx).
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npaBuiIa OOpalleHUs] C KOMIUIEKCHBIMY yncaamu. Clienyioimii pe3yiib-
TaT B JAHHOM KOHTEKCTE BIIOJIHE OYEBUIEH.

9.4.3. Teopema. Bce pacuwupenus noasa OelicmeumenvHoix yucea R, no-
AYy4eHHble npucoedunenuem k R kopusa ypaenenus

2 +1=0,

uU30MopHbL Mexcdy coboi.

a b
Martpuusl Buaa b 06pa3yioT noJjie, U3oMOpP(PHOE MO0 KOMIUIEKCHBIX
-b a

uucen a + bi. CoxpaHeHue onepauuii ¥ COOTBETCTBUS

1 0 . 0 1
1 & , 1 &
o e [

PeKOHCTpYyMpYsi MICTOPMIO, MOXHO NMPEACTABUTh, YTO BMECTO ¢ Obl-

JIETKO MPOBEPSIOTCS.

0 1
Ja Obl BBelleHa MaTpuua [ L0 B KayeCTBE DELUEHMs] ypaBHEHMS

2 b
z°+ 1 =0, u cranu 6bl paccMaTpUBaTh «4UCJIa» [ ] Bo3moxHo,
a

st «abopureHoB CaxajavMHa» 3TO ObLIO ObI yepecyyp, HO B LIEJIOM —
pe3ynbTaT ObUT Obl MHOM. MUMCTHYECKHUX OXOB noybaBwioch Obl. Jleno
B TOM, YTO MCMOJIb30BaHUE MaTpULl BMECTO YMCEJ, KAK HU CTPaHHO
BBIIJISIUT, UMEET «MaTepUaJIbHYI0 NpUpoay». MeXaHu3M OrojieH, Bce
Ha BUIY, MOYBbl Wi (aHTa3uM He octaeTcsi. Korma e peub 3aXOouT
0 MHMMOM eIMHUILIE, MOSIBISIETCS BO3MOXHOCTb JOMBICJIUBaTh, YTO YBO-
JIUT B MOTYCTOPOHHHUX HarpaBJiIeHUsIX.

9.5. MpoussoaHas MHOro4sneHa

IIpou3seodnoii MHocounena

f(@) =apz" + 12" + ... + @p_ T + an

Ha3bIBACTCS MHOTOYWICH

() =naoz™ ' + (n— Daz™  + ... + ). 9.9)
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Ecnu f(x) — mHorowieH Han R unu C u nepeMeHHasi £ NpUHUMAET
3HayeHHsl B TOM Xe mosne, To (9.9) — ecTb He uTo MHOE KaK OObIYHasi
npousBoaHas dyHkuuu f(z). Ho onpenenenue (9.9) ycnewHo paGoraet
¥ B OOLUEM C/lyyae MHOTOWIEHA Hal MPOU3BOJIBHBIM MOJIEM.

IIpu 3TOM coxpaHsiloTcs OObIYHbIEe CBOWCTBA AUGPepeHIMPOBAHUS:

(Af +p9) = Af' + pg,

(fo) =f9+ 14
BruioTs f0 pasnoxeHus B pad Tiaopa:
f@):f@y+f“%z—o+f“”@—cf+n.+fi?%z—q& (9.10)

I! 2!

W3 (9.10) cpa3y caenyer

9.5.1. Teopema. Mhuozowien f € P[z| nad npouseosvnoim nosem P ume-
em KpamHblii KOpeHb T = C 8 momM cay4ae, Koeoa

fl©)=f(c)=0.

Bonee ToyHasa u monesHas GHoOpMyJaUpPOBKA Takosa: muocowrern f € Plz] nad P
umeem Kkpamuwuil kopeno T = c € S, 2de S D P — npousgoasnoe pacuwupenue noas P,
& momm cayuae, xkozda f(c) = f'(c) = 0.

9.6. Apo6Ho-paumoHanbHbie PyHKLUM

T

JlpobHo-payuonanvroii ¢hyHkyueli Ha3pIBa€TCS BhIpaXkeHUE BUIA % i vi (]
g(z

f(z) u g(z) # 0 — MHOTOUIEHbI Hal HEKOTOPHIM ToJieM. COBOKYTHOCTb

JIPOOHO-paLMOHANIbHBIX QYHKLIMI Hazd JIOOBIM IMOJIEM — SIBJISIETCS T10-

f(=@)

JnieM. OTHOLIEHUEe —— HAa3bIBAlOT TAKXKE MPOCTO PALUOHANBHOU OpobbIO.

9(x)
f(z) )
I poGb @ CUMTAETCS] HecoKpamumoii, eci MHorouneHsl f(z) u g(z)
B3aUMHO TMPOCTBI; U — NPAGUAbHOL, €CTN CTENEHb YUCITUTENS MEHBbILLE
cTerieHM 3HameHarens. Besikasi pauvoHanbHasi IpoGb €IMHCTBEHHBIM
00pa3oM NpeACTaBIIsETCS B BUIE CYMMbl MHOTOWIEHA M MPaBUIbHOM
Zpodu.
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(z

9(z)
JISIETCS CTETNEHbI0 HEMPUBOAUMOro MHorowieHa p(z), a creneHb f(z)
MeHbllie CTeneHu p(T).

IIpaBuibHast 1pobOb

Ha3blBaeTCsi npocmeiiueii, ecnu g(zx) siB-

9.6.1. Teopema. Bcakas npasunvras dpobb eOuHCMEeHHbIM 00pa3oM pas3-
Aae2aemcs 8 CyMMy npocmeuuiux.

Peuent COOTBETCTBYIOLLIETO Pa3jIOXKEHUS COCTOUT B CJICAYIOLLCM. 3HameHaTeb
g(z) pasnaraeTCs B MPOU3BEACHUE HEMMPUBOAUMbIX MHOTOWICHOB,

g(z) = pi'(z) ... P (T),

f(=z) N
nocse Yero Apo6s % NPeCTAaBISIETCS B BUE CyMMBbI ApoGeii
g(z
K
q; (z) .
it k=l,...,m, ]=l,...,3k,
y (z)
K . N
rie ¢;(T) — MHOrowieH CTemeHH, MeHbIUEH CTeNeHH MHOrowleHa p;(z), BISThIi

¢ HeormnpezeNeHHbIMU KOo3(duLneHTamu. 3aTeM Bce OpOOGH COOTBETCTBYIOLLEH CYyMMBI
NPUBOIATCSA K OGLLEMY 3HaMeHaTeo g(Z), CKIaabIBalOTCA, U MOYyYaeMblil B YMC/IUTENE
MHOTOYIeH NMpHUpaBHUBaeTcs f(z), 4TO naeT HeOGXOAMMbIE YPABHEHHUS Lis Onpeeie-
HUSI HEM3BECTHBIX KO3GhOULIMEHTOB.

IIpumep
2
2
B cnyyae M = E—g rnoJsaraeM
glz) (z-1)
f(z) a b c

0@ -1 @ TzoT

JleiicTBYS MO YKa3aHHOMY PELIENTY, MOMy4Yaem

' +2=a+b(x—1)+c(z—1),

YTO MPUBOIMT K
+2 3 . 2 + 1
(-1 (z-13 (x-1)? =z-1

9.7. CuMMeTpnYeCKne MHOrO4JIEHbDI

Mnocounenom f(xi,...,T,) OM N HeuseecmMuvix Ti,...,Tn HAO noseM
P Ha3bIBaeTCsi CyMMa KOHEYHOrO YMCJjIa MPOU3BENEeHU BHUIa

z’l"...mf{‘, rne Bce k; >0,
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¢ koabduuueHtamu n3 P. [Ipy oObIYHOM onpenesieHUM CyMMbI U TIpO-
W3BeIEHUs] MHOTOWIEHOB — MX COBOKYIHOCTb IPEBPALLAETCS] B KOMMY-
mamusnoe koavyo Pz, ..., z,].

PauivoHanbHbie 1pobu

p(xy,...,Ty)
’ psqu[zlw"’z ]’

q(z1, ..., Tn) "
Ha3bIBAlOT TaKXE€ payuUoHANIbHbIMU ci)nyuu}mu.

Dynryus (x|, ...,Ty) — B YACTHOCTU MHOTOWIEH — Ha3bIBAETCSI
cummempueckoii, €CIi OHa He MEHSIETCS MpH JIIo00oH IepecTaHOBKe
0 € S, HEU3BECTHBIX,

P(To()s -+ > To(m) = P(T1, -, Tp). (9.11)

3TaJ'lOHHy1O POJIb UTPAKOT 3/1eMeHmapHovie cCumMmempuvecKue MH020-
4/€eHbl:

S1=Z1+...+Zy,

$H=ZT|Tr+T T3+ ... +Tp-1Ty,

9.7.1. Teopema 8). Beauii cummempuueckuii muozownen f(Zy, ..., Ty)

Hao nosem P seasemcsa mnocounenom nad P om INeMEHMAapHbIX cuMmem-
PUUHECKUX MHO204NEHO8,

f@,....z) =p(s1,...,8)-

9.7.2. CnepcrBue. Bcakuii cummempuueckuii MHO204AeH OmM KOpHell
YDAGHeHUA

" +az" ' +... tap 2 +a,=0 9.12)

ecmb MHO204AeH om Ko3gduyuenmos a,, ... , Gy.

%) 910 Tak HasbIBAEMAs OCHOGHAR meopema o cummempuyeckux mHozounenax. Hecnoxsoe
J10Ka3aTeIbCTBO MMEET PYTMHHBIM XapaKTep U MOXET ObITh HAMIEHO NMPAKTUYECKHU B JIIOGOM
Kypce obLueit anre6pbi.
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CuMMeTpusi MHOTOWIeHa MOXET ObiTh «4acTU4HOI». Hampumep,
HECUMMETPUYECKHIT MHOTOYIEH

5 5
TITIT3T4 + T1T223T4 — T — T3+ 2
MO Iei{CTBUEM MOICTAHOBOK
(T, 23) = (T3,71), (T2, T4) = (T4, 7))
He MeHseTCsl. A MOJIMHOM
(1 — ) (21 — z3)(22 — 73)
He MEHSIETCS NOJ] AEHCTBUEM JTI000i YETHOM MOICTAHOBKH.
MHorousneH
2 2
(T1 +22)" + (23 + 24)

WHBapHaHTEH K 3aMeHaM MHJIEKCOoB 1 & 2, 3 & 4, a Takke K 3aMeHe
nap (1, 2) « (3,4). Ho s paunoHanbHO# hyHKUMH

(T1 + x2)?
(3 + z4)?

3ameHa nap (1,2) < (3, 4) yxe He roauTcs.

9.8. [pynnoBas MHBapMaHTHOCTb

Ecnu paunonanbHasi GyHKuust @(Zy,...,ZT,) HE MEHSETCS MO Aeii-
CTBUEM MEPECTAHOBOK MHAEKCOB (EPEMEHHBIX), TO OHA HE MEHSET-
Cs U TOA [AENCTBUEM KOMITO3MLIMM 3TUX l'lepCCTaHOBOKg). IToatomy
COBOKYITHOCTb BC€X IMOICTAHOBOK 0 € S, ocTapisiouux (GYHKUMIO
¢(zy,...,T,) UHBADUAHTHOM, BCETA COCTABJISIET TPYIITY, KOTOPYIO Oy-
IIEM Ha3blBaTb 2pynnoii uHepyuu @ynkyuu @ v 0603Ha4ath G, .

9.8.1. Teopema. Ilycmb G, C Gy. Toeda

_ fley, ... z0)]
V(@ 20) = gle(i, ..., za)]’

(9.13)

9 IMoTOMY 4TO B JaHHOM CJiyyae MpM TMEpeCTAHOBKAX CYLLECTBEHHA He Hymepauwus
CaMMX MEPEMEHHbBIX, @ HyMepalLMsi MECT, Ha KOTOPbIX OHH CTOSIT.
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20e Koaghhuyuenmot noAUHOMO8 f, g AeaAOMCA cuMMempu4ecKumu QyHK-
WYUAMU OM T1, ..., Ty.

<« Pasobbem rpynny Gy Ha CMeXHbIE KJ1aCChl 10 noarpymne G, :

91Gy, 982Gy, .., 9,Gy,

rae Ui eAMHOOOpa3us MoJoXeHo g; = 1.

Mon neficTBueM n1060# noacTaHOBKH 0 € G, GyHKUMS ¢ = ¢, He MeHsieTcs. [Tox
IeicTBMEM M0G0l MOACTAHOBKU o € ¢;G, dyHKUHMSA ¢ MpeobpasyeTcs B ;, NpHYEM
BCE Py, ..., Pp PAIIUIHBL AHAIOTUYHO, IOACTAHOBKM 0 € g;G, npeobpasyloT Y B ¢;,
HO HEKOTOpbIE U3 ¥, ..., Yp MOTYT COBNANATb.

PaccmaTpuBas paBeHCTBa

S v =w, k=0,...,p-1,
J

KaK CHCTEMY ypaBHEHHIi OTHOCHUTENBHO ¥y, ..., §p, HMEEM

Lo 1w L .1
T w )

w=yp=| . i T 7. (9.14)
o @ e 2

)

Hecnoxubiit ananus ' nokaseisaet, uto (9.14) naet HeoGxomimoe (9.13). »

Teopema 9.8.1 dakTnuecku npuHamnexuT Jlaepawxcy, KOTOpbIi
B 3HaMEHUTOM MeMyape «PaccyxmeHusi 00 anreGpanyeckoM pellieHUU
ypaBHeHMit» (1771) nmpuiuen K cielylolieMy BeiBoay. Peiuenue B panu-
Kajlax yIaeTcs MoJIydUTh B T€X CIydyasix, KOraa CylLIeCTBYIOT HEKOTOPHIE
byHkuuu (x4, ..., Z,) OT KOpHE# Zi,...,Tp, KOTOPbIE YIOBJIETBO-
pSIOT ypaBHEHMSIM 0ojiee HU3KOM CTEMEHM, pellaeMbiM B paauKaiax.
B cBoto oyepenb, MONOGHOE CBOUCTBO Y(T 1, ..., Ty) OKA3BIBAETCS CBSi-
3aHHBIM C UHBAPMAHTHOCTBIO MYHKLMIA (0 K HEKOTOPBIM MepeCTaHOBKaM
KopHeil. Tem caMbiM Jlaepanxc NonoLIEN K MECTY, Te «ropsuo». Hepas-
PELIMMOCTh B paauKaiax ypaBHEHUIl 5-U cTeneHW ObLla ycTaHOBJEHA
Pygunu (1799) n oxoHuatenbHO (akkypatHo) Abesem (1826). LiyGuH-
HbIi MexaHi3M ObUT BCKphIT Jaaya (1811-1832).

BepHeMcsi, oqHako, K Teopeme 9.8.1, KoTopasi JIEXHUT HE TaK yX
r1y00Ko, HO B TEOPETUKO-TPYIIOBOI UICOJOTMH UIPAET BAXHYIO POJIb.
Bot ee npuHLIMNUANbHBIE CIEICTBUS:

10) CwM., HanpuMep, [24].
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® Bcaywae Gy, = Gy gynkyuu ¢ u 1 payuonarbHo ebipaxcaromcs opye
yepes dpyea 1,

o Ecau muozounen f(xy,...,Tn) NpuU 6CEBO3MONCHBIX NOOCMAHOBKAX
nepemMeHHbIX npUHUMaem 06a 603MONCHbIX 3HAHEHUA, MO

f=00+6[]@ —=)),

i<j

2de 0, u 6, — cummempuueckue Gynxyuu.

9.9. Kak pearmpoBaTb Ha accoumaumm

IMoMelieHUe pa3HOPOIHBIX OOBEKTOB MO OAHY KpHILY OYIUT acCOLM-
alMM U nopoxnaeTr Wuno3ud. IIpuHamIeXHOCTh, CKaXeM, KOJIbLEBOM
CTPYKTYpE HE rapaHTHpyeT anre6pandeckoil MIEHTUYHOCTH, HO CO0JIa3H
nepeHoca CBOMWCTB — BO3HHMKaeT. PaccMOTpUM, ISl pUMeEpa, ClIeaylo-

. . . 12
LM POCTOM, HO BEChbMa NPOAYKTUBHBIN pPe3y/IsTaT ),

9.9.1. Teopema Maiticona—Crotepca. Ilycmb muocourenst f(z), 9(z),
h(z) Henyneeoii cmenenu e3aummno npocmei u f + g = h. Toeda cmenens
206020 U3 IMux noaunomos He npesocxodum mno(fgh) — 1, ede ny(p)
0603Hauaem Koau4ecmeo paznu4Hbix KOpHeil nOAUHOMA .

O cune teopeMbl 9.9.1 rOBOpPUT, HanpuMep, JIEMEHTaApHOE CleI-
ctBue (meopema Pepma 043 MHO204AEHOE):

9.9.2. JIns e3aumno npocmoix muoeounenoe x(t), x,(t), c3(t) nenynesoii
cmenenu pasexcmeo

1 () + 23 () = 25 (t)
npu m > 2 — He03MONCHO.

Jloka3aTeNnbCTBO MOJYYAETCH «B ABE CTPOYKH».

1 IMox pauMOHAIbHOI BbIPA3MMOCTBIO TOpa3yMeBaeTcs CBsi3b Buaa (9.13), rae koad-
GUMUMEHTH MOJMHOMOB f, g Hal MOJeM HyJeBOM XapaKTEePUCTUKHU SIBISIOTCS CUMMETPH-
YeCKUMH DYHKUMSIMHU OT Ty, ..., Tp.

12) Mason R.C. Diophantine Equations over Function Fields. Cambridge University Press,

1984 (London Math. Soc. Lecture Note Series. 96); Stothers W. // Quart. Math. Oxford. 1981.
32 (2). P.349-370.
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<« CornacHo TeopeMe 9.9.1, ¢ yuetom ng(p") = ny(p),
degz! = ndegz; < degx, + degxy +degzs — 1.
Cymmupys MO ¢, ToJaydyaem
n(deg z; + deg =, + deg z3) < 3(deg | + deg z;, + deg z3 — 1),

otkyman < 3. »

Xots meopema Depma sl LIESbIX YUCEN yXe JOKa3aHa, MPOCTOTa,
C KOTOpPO# yCTaHaBJIMBAeTCs €€ aHanor 9.9.2, NeiCTBYeT MHTPUIYIOLIE
M 11oOyXIaeT 3a1yMaThCsi O MOMCKE HOBBIX MHCTPYMEHTOB B Z. OQHaKko
MPSAMOJIMHENHBIE NMOMBITKM HUYEro HE JaloT, MOTOMY YTO HOKa3aTelib-
CTBO CTepXHeBoro pesynsrata 9.9.1 onupaercsi Ha nuddepeHLnpoBa-
HHUE MOJIMHOMOB '3), T. €. Ha UCTOJIb30BaHME crielnDUKH 3a npeaeiaMu
KoJsibLieBO# akcuoMaTuku. He roBopsi o ToM, uTo naxe (opmyaupoBKa
aHasiora TeopeMbl 9.9.1 B Z BbI3bIBa€T 3aTPYAHEHHUSI.

TeM He MeHee BecbMa OTHAJEHHbIE Mapajuled WHOTIA TMOACKa-
3bIBAIOT yHayHbIE MOBOPOTHl TEOPUU ) B nanmom ciayyae HMMeeTCs
TMMoTe3a, KOTOpasi B HEKOTOPOM POIE MOXET CJIYXHWTh aHAJIOTOM Teo-
peMbl Maiicona—Cmomepca B Z.

9.9.3. Munotesa abc (Masser, Oesterle) ). o aobomy € > 0 moxcHo
yKkazams makyio kokcmanmy K (€), umo 015 6cex 63auMHO npocmbix yeabix
uucen a, b, c > 0, maxux wmo a + b = ¢, éepHo HepaseHcmeo

max{a, b, ¢} < K ()[No(abc)]' ™,
20e
No(m) =pi...pr,
€CAU pA3N0HCeHUeM Ueno2co M Ha npocmbvle MHOMCUMeNu 161aemcsa
m=p...p .

N3 9.9 reopeMa Pepma B Z ciiemnyeT Tak Xe Jierko Kak 9.9.2 u3 9.9.1.
TouHee roBopsi, CripaBelJIMBOCTb 9.9 BjeyeT 3a co0Oil HEBO3MOXHOCTb

13 Cm. Lang S. // Bull. AMS. 1990. 23. P.37-75; wu [24].

14) Hanpumep, npouzeodnas muocowrena (9.9) — ycnewHo paGotaeT B OOLIEM Ciyyae
MHOTOWIEHa Hajl MPOU3BOJIbHbIM MOJIEM, TAE OGbIYHOE MOHSTHE NMPOU3BOIHON HE MMEET
cMbICIIa.

19) Stewart C. L., Tijdeman R. On the Oesterle—Masser conjecture // Monatshefte Math.
1986. 102. P.251-257.
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z" +y" = 2" npu nocrarouno Gonbimx n. U ecau rumotesa okaxercs
BEPHOM, Maess HAIWYMSI TJIYOMHHBIX CBSI3€d MeXIy OObeKTaMM pa3HOit
MIPUPOABI TTOJIYYHUT €lile OMHO MOATBEPXKIECHUE 16),

Tak wiv UHaye, pa3roBOP K TOMY, UYTO CaMble HeJienble Ha MepPBbIit
B3IJISIA TIPEITIONIOKEHUS, BHITEKAIOLIMe M3 KaXYIIerocs poiCTBa siBje-
HUIi, IPUHOCAT MHorna roasl. Hepenko — Tem dyHAaMeHTalIbHee,

YE€M CMEXOTBOPHEC goraagka.

16) KOHe4HO, CKpPBITbIE MEXaHM3Mbl CO BPEMEHEM OOHaXalOTCSl, U YAMBHMTEJIbHOE CTa-
HOBMTCS GaHAJIbHBIM,



lasa 10

Anrebpanyeckmne yncna

Teopus anreGpanyecKux YMCe C pa3iHYHOMN CTENMEHBIO MOJHOTHI M3/1araeTCsi BO MHOTHX
MCTOYHMKAX — CM., HafpuMep, [2, 5, 17,22], — U B 1aHHOM CJlydae OKa3bIBaeTCs B MONIE
3peHMs TOM Y4acCThbIO, KOTOpas conpuKacaeTcs ¢ meopueii Iaaya. CTepXHeBble pe3y/bTaThl
COMPOBOXAIOTCS [0KA3aTe/IbCTBAMU, COMYTCTBYIOLLIME — YTTIOMWHAIOTCS BCKOJIb3b.

10.1. Pacwuupenus nonei

INone F 1o OTHOILIEHUIO K J1000MYy CBOeMy MoArnojo P Ha3biBaeTcs
pacwupenuem P. Kak npaBuso, nanee peub uuetT o cutyauusx F C R
mm6o F C C. Io kpaitHeit Mepe, molipa3yMeBaeTcs, €CJIM HE OTOBOPEHO
TPOTUBHOE, YTO P UMEET Hyneeyro xapakmepucmuky.

HauMeHblliee MO BKJIIOYEHHIO NOJIE

F = P(5),

cozepxaillee noanosie P 1 MHOXeCTBO S, — Ha3bIBaeTCsl pacuiuperuem
noaa P Ha S. B cayyae, korna S COCTOMT M3 ONHOIO 3jieMeHTa #,

1)

0 P(6) roBopsT KaK 0 npocmom pacwupenuu ’ nojis P.

10.1.1. KopHu HeHynegbix MHO2OUNEHO8

f(z) € Plz]
Haswiearomes arzebpauveckumu wuciamu (31emenmamu) Hao nosem P.

Jlioboe yucno, anredGpanyeckoe Haa mosem P, anire6pauyHO W Had JIIOObIM pac-
wuperneM F D P (Ho He HaoGopoT).

10.1.2. Munumaaonoim muozousenom vucaa o nHad P nasviearom mom
us Henynegvix mHoeowienoe f(x) € Plz], f(a) = 0, — komopuii umeem
HaumeHbuiylo cmenens (cmenens @ Had P) u cmapwuii kosgguyuenm 1.

1
) MousiHo, uto P(#) — none oTHoweHwuii Konbla MHorowieHos P[6].
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2
KOpHM MHWHHUMAJIBHOI'O ) MHOrowieHa a Haa P Ha3blBalOT YMC-
JJaMHU, CONPANCEHHbIMU C (. YacTHHIM CJiyya€M 3TOro omnpe€acjiCHus
SIBJISIETCSI OOBIYHOE TOHSITUE KOMHACKCHO CONPANCEHHO20 Yucaa.

10.1.3. Munumansnviii (HenpueoOumblil) MHO20UAEH He MOXcem umemd
Kpammubix KopHeil.

<« Mnaue Bmecte ¢ f(a) = 0 6610 6B1 HeoGXOmMMO f'(a) = 0 (Teopema 9.5.1),
YTO MPOTHBOPEYMIO Obl MUHMMATIBHOCTH f. B

n .
o MUHHMaIbHBIE MHOTOWIEHBI yncen —3, V2, i paBHBI:

z+3, z"-2, z*+1.

e B rase 8 oTmevanoch (MO CyTH), 4TO MPOCTOE PAaCLIMPeHHE Q(V?2) kosvua
Q, NOAYYEHHOTO MpHUCOEAMHEHHeM uMcaa V2, COCTOMT W3 uucen Bhaa @ + bv'2;
a B C/lyuyae NMPHUCOEAUHEHHS V2 — NpOCTbIM paciuupeHreM Q OKa3bIBaeTCH KOJbLO
qucen a +b€/§+c%, rae a,b,c € Q.

Ecnu roBopuTh O paciuMpeHMsx Kojbua Q, paccMaTpuBaeMOro Kak nose, TO
Q(\/i) COCTOMUT M3 3/IEMEHTOB

a+bv2

——F, a,b,c,d€Q,
c+dv? e

a Q(%) — U3 3/IEMEHTOB

a+bv2+cva
a, + b V2 + ¢ va’
OJJHAKO B TOM M IPYTOM Clyyae H30aBJieHHMe OT MPPALIMOHAILHOCTH B 3HAMEHaTene
MO3BOJISIET CYUTATD, YTO PACLIMPEHHUS Q)(\/i) n Q( 3/5) noas Q cocTosT, Kak M mpexiue,
13 3MeMeHToB & + bv2 u a + be/f + c%, COOTBETCTBEHHO.

a,b,C,a],b|,C| er

AHaJIOTUYHasi CUTyallUsi MMEET MECTO U B OOLIEM Ciyyae, 4To
duKcUpyeTcs clieylolleil — 10 HEKOTOPO CTENEHU «HEOXUIAHHOW» —
TEOPEMOH.

10.1.4. Teopema. [lycmb ancebpauueckuii semenm « Hao P umeem
cmenens n. Toeda pacuupenue P(a) seasemcs n-mepHbIM AUHElHbIM NPO-

2 -1 .
cmpancmeom ¢ 6azucom {l,a,a’,...,a" "'}, m.e. awboi snemenm
B € P(a) eduncmeennvim o6pasom npedcmaegim é eude

B=po+pa+t...+pp1a™", ece pj € P. (10.1)

2 A 3HAYMT, ¥ HENPUBOAUMOTO.
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g(a)

< Kaxapiii anement 8 € P(a) npeactasiM B Buge f = ha)’ rae NoJaMHOMBI
g(z), h(z) u3 xonbua P[z]. MuHuManbHblit MHOTOWIEH f(Z) yucna a Hag P — B3aum-
Ho nipoct ¢ h(z) (uHave h(a) = 0). ToaToMmy (Teopema 9.2.1) CyLLECTBYIOT TaKUe MHO-

rowtensl u(z), v(z) € P[z], uto u(z) f(z) + v(z)h(z) = 1, a nockoneky f(a) =0, To
v(@h(a)=1 = p=g(a)v(a). (10.2)
ToncTasiss Tenepb T = @ B Pa3ioXeHHE

9(z)v(z) = q(2)f(2) + r(=),
rae r(z) 0603HaYaeT OCTAaTOK

r(z) = po+pi1T + it paaz® !,

u yuutsisas (10.2), nonydaem (10.1)%.

. 2 -1
JIMHeiHas HEe3aBUCUMOCTD 3JIEMEHTOB |, a, @, ..., a" " BbITEKaeT U3 onpenene-

HUSI MUHMMaJIbHOTO MHOrowieHa f(z). »

B cayuae npousBoJibHoro pacwvpenuss F O P none F Takke pac-
CMaTpPUBAETCs KaK BEKTOPHOE MPOCTPaHCTBO Han P. Ero pasMepHOCTb,
o6o3Hauaemasi [F : P|, HasbiBaeTcsi cmenensio pacuupenua F wnan P.
B cnyuae TpaHcueHneHTHoro anemeHTa § € F creneHb pacLiMpeHUs
[P(8) : P] = .

B uenouxe pacuupenuii® R D Q O P cmenens [R : P| xoneuna
6 momm cayuae, koeda koneuno. cmenenu (R : Q| u [Q : P], — npu smom

[R:P]=[R:Q]-[Q: Pl

o [lone koMmruiekcHbIx yucen C sBAseTCS MPOCTHIM pacluvMpeHueM monas R,
TMOJIy4eHHOro npucoeanHeHreM Kk R MHumoit equnuubl, C = R(2).

10.2. AnrebGpanyeckue paclumpeHms

O pacwupenuu P(ay, ..., @ny) ¢ anreGpanyeckuMu Han P aneMeHTaMu
@ — OObIYHO TOBODSAT KaK O KoweHom pacwuperuu nionsi P. Tounee,
pacwupenue F O P koneuno, ecni F — KOHEYHOMEPHOE JIMHEHHOE
MpocTpaHCcTBO Haxa P.

3 IpoBeneHHass MaHUMYASLUSA €CTh HE YTO MHOE KaK peuent u30aBleHUsi OT Mppa-
LIMOHAILHOCTH B 3HaMeHaTeJse, KOTOPbI YHOMHMHAICA B pasaene 9.2.

4 .
)TaKMB LHEMOYKHU NMPUHATO HA3biBATh bawnamu pacuuperuu.
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JliobT omnpeneneHyss HENMPUHLIMITMANEH, MOCKOJNbKY: pacuiuperue
F D P koneuno 6 momm cayuae, koeda cyuwecmeyiom anseebpauveckue Hao
P snemenmul ay, ..., Qy, makue ymo F = P(ay, ..., an).

JI1o6oe KoHeyHoe paciuupenue F O P aseebpauuno %), ITocaedosa-
meabHOCMb anzebpauveckux pacuiuperull aeasemca aneebpauyeckum pac-
wupenuem. Ilone P cuuTaeTcs aseebpauvecku 3aMKHYymbsiM, €CIA Bce
KOpHHU mo6oro nonuHoMma f(z) € P[z] nexar B P, T.e. Bcsikoe anre6-
panuyeckoe pacmiMpeHue P coBmnagaer ¢ P.

Kaxcdoe u3z caedyrowux ycaosuii pagrocunsro ancebpauyeckoii 3amkrymocmu noas P:

o Henpueodumbimu Had P aersiomcs moabko AuKeiiHble MHO204ACHY,
o a1060ii noaunom u3 P|x] umeem xopens ¢ P.

s a06oeo muozowrena f(x) € Plx] cywecmeyem (cm. meopemy
9.4.1 u cnedcmeue 9.4.2) pacuwupenue F D P, nad komopsm f(x) pac-
Kaadvieaemca 6 npoussedeHue AUHeUHbIX MHOXCUmenel

f(z) = ap(z —z1)(z —22) ... (T — n).

ITosem pazaoxcenus HenpuBOAMMOro MHorowieHa f(r) cuuTaercs
HavMeHblLee paclunperue noisi P, conepxaliee Bce KopHu f(z).

Hanpumep, Q(e/f, e/ _ none pasnoxenus MHorouneHa f(z) = z° — 2.

OCTaHOBI/IMCH, HaKOH€L, Ha a./tee6paulmocmu a./tee6paultecxux pac-
uwpeuut?, YTO caMo Mo cebGe He BIOJIHE OYEBUIHO.

ITycts @ ¥ f — KOpHHU HEMPUBOAMMBIX MHOTOYJIEHOB, COOTBETCTBEHHO, f U ¢,

npUYyeM @, = a,...,a, — KOpHU f; by = B, ..., m — KOPHU g. MHOrOUNEH
h() = [Tlz - ai - 5]
i,j
CUMMETPUYEH MO @),...,Q, U O by,..., By,. [TosToMy ero koadduureHTsl OyayT

MHorOueHaMH oT kKoadduimentoB® f(z) u g(x). Mpu 31om h(a + B) = 0. Cnenosa-
TeJbHO, CyMMa alreGpauyeckux yucea a u f — anreGpanyeckoe YMCI0. AHATOTHIHO

5 Pacuumpenne F O P cyuTaetcst anreGpauiHbiM, eCu N1060i aneMeHT M3 F anre6-
panyeH Haa P. OGocHoBaHHME CM. painee.

 Cm. HanpuMep [15], rme peyb MEET O MHOro4WIEHaX, CMMMETPMYECKHX MO ABYM
CHUCTEMaM NMEPEMEHHBIX.
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ycTaHaBiuBaeTcsi anrebpanyHocTh 4yucen a — B u af. Janee, ecim @ — KOpeHb
MHOTrowieHa

-1
az" + a1z + ...+ a1z + ayp,
10 a~' — KOpeHb MHOroWIeHa
n n-1
" + 01T + ...+ 6T+ ag,

YTO MO3BOJIAET YTBEPXKAATh aNre6paudHOCTb OTHOLIEHHS §/a.

10.3. HopmanbHble paclumpeHus

7 .
Pacuimpenue F nonsi P Ha3bIBa€TCs HOPMAAbHBIM ), €CJIM BCSIKUM
HENpUBOANMBIM Han P MHOrowieH, MMeIoLLM kopeHb B F, pa3naraercs
Han F Ha nuHeiiHble MHOXUTEIN. MOXHO CKa3aTh MHaye.

Pacwupenue F D P nopmaawno, ecau aoboe o 6xooum ¢ F co ceoumu
CONPANCEHHBIMU YUCAAMU.

3
Pacupenne Q( V2) He HOopmanbHO, TIOCKONBKY He CONEPXKHMT KOMILIEKCHBIX
. 3

KOpHE# MUHMMaJIBHOrO MHorowieHa z — 2. HopMajipHbIM paciiupeHueM OyneT

Q( 3/5’ 6(2’/3)i).

10.3.1. Teopema. Pacwupenue F noas P nopmansvHo é momm cayuae,
Koeda

F:P(al,...,an),
2de ap,..., 0y — 6C€ KOPHU HEKOMOPO20 MHO204/1EeHA f Had P.

<« Jlio6oii 3neMeHT w € F npencraBiM B Buae

w=gp(a,...,a,), ¢E€Px,...,z,]
MHorouneH
9(@) =[] (= - e(@oqys - - » Tow))
0€Sy
CUMMETPHYEH MO Ij,..., T, — [O3TOMY €ro Ko3(@dULUMEHTH BHIPAXAIOTCS yYepe3

ko3dduuuentst f(z). CnenosatensHo, g(T) — MHOrowieH Hax P, ¥ w — ero KOpeHb.
TakuM 06pa3oM, MUHMMaJbHbli MHOrowieH h(z) yucna w umeer ¢ g(z) obuwMi
KOPEHb W U MOTOMY AeNHT g(Z), a 3HayuT, Bce KopHU h(z) nexar B F.

B 06paTHyI0 CTOPOHY TeOpeMa oueBUIHA. B

K HopmainbHble pactudpeHuss F D P Ha3biBAIOT TAKXKE HOPMAALHOLMU NOARMMY.
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Teopema 10.3.1 yrBepxaaeT mo Cyt, YTO HOpPMaJbHbI€ pacLIMpe-
HUsi F D P coBMamaloT C MOJSIMM pa3oXeHUs: MHOTOWIEHOB Ham P.
3mech, mpaBna, OCTAE€TCS HEKOTOPBIM 3a30p Wi yTouHeHWi. Bo-mep-
BbIX, HEOOXOOUMO HANOMHUTb, YTO peyb UAET O MNoisix P HyjeBoi

8
XapaKTEPUCTHUKHU ), Bo-BTOpBIX, MBI OCTaBjisieM 3a KaIpoM OrOBOPKH
TUNA «C TOYHOCTBIO 10 U30MOP(DH3Ma», KAKOBbIE B MPUHIIMIIE BaXHbI,
HO CWIbHO YTSDXEJISIIOT U3JI0XEHWE CKyYHBIMU PaCCyXICHUSIMMU.

e Eciu F — HopmanbHOe pacuupeHue nonsi P, a L — MmpoMexXyTodHoe Toje,
F D LD P, 10 F — nopmansHoe paciumpenue nons L. (?)

o Komnosumom noneii Py v P, Ha3biBaeTCI MUHUMAJIbHOE (11O BKJIIOYEHHIO) MONIE
P = P, - P,, conepxatuee o6a nons P, u P,. Pacwupenue P(a,, a;) — ecms komnosum
pacwupenuil P(a;) u P(ay). (?)

e Ecnu K u L — pacumpenuss nons P, npusem K = P(ay,...,ap), 1O
Komnozum

K-L=L(a,...,a,). (?)

e KOMMO3HT U MepeceyeHre HOPMATbHBIX PACLIMPEHHH — HOpMabHbL. (?)

10.4. Teopema 0 NPUMUTUBHOM INIEMEHTE

IMone Q(\/f, \/5) 00pa3yloT YKcIa BUaa

§=a+b\/§+cx/§+d\/6—i, a,b,c,d€Q,

KaKOBbi€ B TO X€ BpPEMs UCUEPNBIBAIOTCS JIMHEHHBIMU KOMOUHALIMAMUA

E=a+p0++0°+66°, @,B,7,6€Q, 6=V2+V3,
MOCKOJIbKY
1 1 1
ﬁ=5(03—9~o), f3=5(11-o—e3), \/€=5(0’—5-0).

TakuM 06pazom, Q(\/i, \/5) = Q(\/f+\/§), T. €. paclUMpeHUe Q(\/f, \/5) PaBHOCH/ILHO

TpocToMy paciunpetuio Q ¢ OMOLIBIO OXHOTO 3eMeHTa 6 = V2 + V3, — 4T0 MOXeET
MOKA3aTbCsl UCKIIIOYEHUEM, HO 3TO ODllee MPaBUIO.

10.4.1. Teopema 0 NpUMUTUBHOM 3nemeHTe. Jlioboe areebpauteckoe
pacuwupenue F noas P nyneeoii xapaxmepucmuku moxcem Obimb nopoxc-

8 WHaye TIPMXOMMTCSA €LUe TOBOPUTD O cenapabeabbix pacLUMpeHumsix [5, 14].
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0eHO OOHUM NPUMUMUGHBIM daeMenmoM 6, m. e. %

F=P(a,,...,anp) = P(9).

<« Pacuupenne F = P(ay, ..., Qy,) MOXHO MPEACTaBUTh KaK MOC/ENOBATENb-
HOCTb NIPOCTHIX PAaCIIMPEHMI
P C P(a.) C P(al)(az) C.. .P(a., ceoy a,,.-.)(a,,.) =F.

[103TOMy IOCTATOYHO OrPaHMYMTBCS ClydyaeM ABYX djieMeHToB F = P(a, f).
TMockonbKY paciuMpeHue aureGpanyHoO, — CYLIECTBYIOT HeNpUBOAMMBIE Hag P
MHorounelsl f(z) u g(z), nMeroLLMe, COOTBETCTBEHHO, KOPHH

a=a,q),...,, U4 ﬂ:ﬂ|1ﬂ27"*1ﬂa~

Bhibepem nanee ¢ € P Tak, uto6s ' a; +¢B; # a+ (P nna Beex nap (i, 5) # (1, 1),
1 monoxuM 8 = a + ¢f.
B cuny

f(0—-¢B) = f(a) =0,
B aBnsercsa obwmM KopHeM MHorouneHoB h(z) = f(6 — (z) u g(z), npuyeM enuu-

creennbiv . Tlostomy HOJM h(z) u g(z) pasen'? ¢ — B, — otkyma B € P(6).
Ho Toraa u a = 6 — {f € P(6). CnenosatensHo, P(a,) C P(f), a nockomnsKy
obparHoe BxitoueHue P(6) C P(a, B) oueBunto, To P(0) = P(a,B). »

M3 teopembl 10.4.1 ¥ ee moka3aTeabCTBa JIETKO YCMaTPUBAIOTCS
CJIeAYIOIINEe YTBEPXKICHHUS.

10.4.2. [Ipumumuenvii snemenm noas P(ay,...,an) Moxcem 6Goimb
6bi6pan 6 eude auHeliHol KoMOUHAWUU

0=sa+...+8papy, ece s;€P.

10.4.3. Bce kopru |, ..., Ty Mob020 mMHo20unena f(x) c kodhduyuen-
mamu u3 P payuonansro evipaxcaromes yepes «00Hy uppayuorasbHocms» 6,

a:j=30j+31]--0+...+s(n_1)j-9"_', ece syj € P.

% MoxHo 66110 611 cKa3aTh, uTo P(8) ecTb paxmop-Koabyo Plz]/g(z), rne g(z) —
MHHHMMAJIbHBI MHOTOWIEH MIEMEHTa 6.

9B cnyuae KoHeuHoro mons P HeHyneBoii XapaKTEpUCTMKH OGECTIEMMTb YCIOBMe
a; + ¢Bj # a + (B He scerna ynaetcsa. Ho Teopema OCTaeTcs BEpHOM, 10KA3aTeIbCTBO
TPOBOIMTCS APYTUM CIIOCOGOM.

" Ecnu nonyctuth h(Bj) = 0 (j # 1), 0 § — (B = a; NpH HEKOTOPOM i, 4TO
NMPOTUBOPEYMT BHIGODY 6.

12) HenpHBOMMMEIE MHOTOWTEHbI HATL TTONEM HYNEBOH XaPAKTEPHCTHKH KpPaTHBIX KOPHeii
He MMEIOT.
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Ipu 3mom n paeno pasmeprocmu P(a, ..., ), m.e. cmenenu pacuiu-
penus > [F : P.

10.5. Kpyrosbie nons

KopHsiMu MHorouneHa ¢ — 1 B C, KaK XOpoLlIo M3BECTHO, CIyXaT

2km 2km
n\/T:COST+iSinT, k=0,...,n-1,

WM NO-IPYTroMYy:

; 2 2
LE ™Y e C:e'(z"/")zcos%+isin%. (10.3)

Jlerko BuneTh, uto yncna (10.3), essiiune eAMHUYHYIO OKPYXXHOCTD
B C Ha n paBHBIX YacTei, ABIISIOTCS YUKAUYECKOL 2pynnoli OTHOCUTEIBHO
YMHOXeHUsI ¢ obpa3ylouieii (.

Yucno ¢ npeacraBnsieT co60i OMUH U3 NPUMUMUBHLIX KOPHeil €, . .. , €., KAKOBbIE
ONpenensioTCsi yCAOBUSAMU

€ =1, Ho e;‘;él npu k< n.

Ilpu 3ToM paxn 1, €, e?, cen, e;'" (npu n1060M j) ucuepnbiBaeT Bce KopHu (10.3). TTo-

3TOMY YUKAUMECKAA 2pynna écex KOPHell nopoxcoaemcsa Ao0biM NPUMUMUBHBIM KOPHEM €; .

Paszymeercsi, ecnim n mpoctoe, Bce kopHu (10.3) nmpUMHUTHUBHBIE.
Ho B ciyyae COCTaBHOrO 7 CHUTyallMsi He Takasi yX mnpocrtas. Jlaxe
BONPOC MMOJCYETa YMCJa NMPUMUTUBHBIX KOpPHeil TpeOyeT ompenesieH-
HBIX YCWJIMII — 3TO YMCJIO OKa3blBaeTCs PaBHBIM 3HAYECHUIO @YHKYUU

Diinepa ! p(n).

Ipy u3yyeHUM paclMpeHMil nojieil ¢ opueHTalMedl Ha npobieMy
pa3peliMMOCTH YpaBHEHUI B pagvKajaXx — BaXHYIO pOJIb UTPaIOT Kpy-
206ble MHO204AEHbL

O,(z)=(z—€))...(x—¢,), T=0pn),

13) Peys, uzer o nonsx HYJIEBOI XapaKTepPMCTUKH.

) 3yayenue p(n) onpenensieTcss paBHBIM KOJMYECTBY HaTypalbHbIX k < 1, B3aUMHO
npoctbix ¢ n; (1) = p(2) = 1, p(3) = p(4) = p(6) = 2, p(5) = 4.
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KODHSIMU KOTOPBIX CJTyXAaT UCKITIOUMTENLHO NPUMUMUGHbIE KOPHU U3 €[ -
15
HMLBI (PY 331aHHOM 1) ),

B cayyae npoctoro n
Ou(zx)=2""+...+z+ 1L

B o61ueM cnyyae 1ist BoiaucieHus 9, (z) npuxoanuTcs BHUKATh B TEOPETUKO-YHUCIIOBYIO
cneunduKy |14, 24]. Hayano psaga BbITISANT Tak:

d(z)=xz-1, D(x)=z+1, O(x)=x"+z+1, &(z)=2c"+1,
do(z)=x—z+1, P(z)=z'+1, ®p@)=z'-2+27-z+1.

Cosgaercs BrneyamieHue, 4To ko3dduuneHTamu ®,(z) Moryt GbiTh Juwb 1.
Takas 3aKOHOMEPHOCTb MPOCJEXUBAaeTCs NOBONBHO naneko. Ho, Hampumep, omnH
u3 ko3duLmeHToB P)y10(T) yXe OKa3bIBaeTCsl PaBHLIM 2, a fanee — KoIdduyuenmol
&, (z) Moeym Goimb a0boimu yeavimu wucramu [24]. YIUBUTENBHON MOXET MOKa3aThCs
cama LIeJIOYUCIIEHHOCTb Koo duueHToB @, (), HO OT yauBIEHHUS JIETKO W36ABUTHCS

C noMolubio semmbl laycca 16),

HekoTtopasi «TaMHCTBEHHOCTb» BOKPYT MHOTOWIeHOB P, () TMKBU-

JIUpYeTCs JIerko oGHapyxuBaeMoil hopMysoit 17)

" — 1 =[] 2(@), (10.4)
din
Jalolieil MHAYKTUBHOE MPABUJIO BBIYMUCIIEHUSI KPYTOBbIX MHOTOUIEHOB.
Hanpumep, B cuiy (10.4)
6 —1

e DerD@rerD % oth

Pe(z) =

10.5.1. Mnozcousenvr O, () Henpusodume: Hao Q.

<« [Ins manbix n dakr nposepsiercs. Janee pabotaer uHaykuusa. OIHaKO CKOpo
CKa3Ka CKa3biBaeTcid. 3a TEXHUYECKUMH MOAPOOGHOCTAMH MOXHO OGpPAaTUTbCA K OOHOM
u3 KHHr [5, 14,24]. »

13) VpasheHue P,(z) = 0 Ha3biBaeTCs ypasHenuem dedenus kpyea, a 1OJEe KOPHEH
(10.3) — xpyzoeoim nosem.

16) (0] TIPUMHUTUBHOCTH NMPOM3BEACHHMSA MPUMHTHBHBIX MHOTOYJICHOB.

1) Cumpon «d|n» o3Hayaet «d 1eauT N, T.€. d ABaseTCa neauTeneM n. [lpoussencHue
B (10.4), Takum 0Bpa3oM, MAET 1O BCeM HenuTensM d yucna n.



lnaBsa 11

Teopus lanya

MaremaTiika COCTOUT M3 3aay, UEPAPXUYECKH OOBEOIUHAEMBIX B CXEMbI. «XOXICHHE
0 3TaXaM» UHOrIa BAOXHOBJSIET Ha MpeoOpa3oBaHHe AEHCTBUTEbHOCTH, YTO TOJKAET,
KaK AyMaioT OAHM, B MpOMacTb, Apyrue, — K crnaceHuio. Ho tak uau uHaue, camu
3a01a4yy MpSMOTO BIMSIHMS HAa PeaibHOCTh He OKa3biBalOT. BnusiHMe omnocpenoBaHHOE.
B yeM-To aHaNOrMYHOE BO3IEHCTBHIO pa3peLIMMOCTH ypaBHEHMIA B paiMKaax Ha CyaAb0y
TanakTuku.

11.1. NpeaBapuTenbHbie 3ameyaHns

Kak yxe otmeuanoch, Pyggunu u Abearv moxkasanu, 4yTo aiareOpaunue-
CKHE ypaBHEHHUS 5-W CTENEHU U Bblllie B paguKajiax, BooOlle roBopsi,
HE pellalTcs. 3aKOHOMEPHO BCTal BOMPOC OO YCJIOBUSIX, MO3BOJISIIO-
LIUX OTHEJIUTh pa3pelliMMbIE CUTyallud OT Hepa3pelnMbix. OTBeT ObUI
nonyuyeH Jasya (1832) Ha ocHOBe M€, KOTOPbie B TOJIOBBI COBpE-
MEHHUKOB HUKaK He YKJIaIbIBAIUCh. [loTeHLIMAN HEMPUATUSI, KOHEYHO,
MOCTENEHHO ocyiab, Ho Teopusi Tanya mo cux TMOp CUMTAETCsl BeCbMa
HETPUBHMAIBHON U TPYIHOAOCTYITHOM Ul MOHUMAaHMUSI.

CaMoe yIMBUTENIBHOE MPH 3TOM, YTO TaM HET KaKUX-JTMO0 0cobo
CJIOXHBIX 10Ka3aTeJIbCTB. TOUHee roBOpsi, B PACCYXIEHUSAX HET TEXHU-
YECKH CJIOXHbIX TPIOKOB, HO MCITOJIb3YIOTCSI UIEOJIOTMYECKHUE KOHCTPYK-
LIMM, HENPUBbIYHbIE [IJIS MOACO3HAHMUSI U C TPYAOM YKIaAbIBaIOLLIUECS
B TOJIOBE, — 4YTO B HEKOTOPOM DOJE XapakKTepHO i TEOPUM IpyIn
BooO1ue. B nOomosHEHME K TJIaBHBIM «HEMPUSITHOCTSIM» CLEHapHii co-
MPOBOXAETCs1 MACCON BTOPOCTEMEHHBIX MEJIKUX MOHSATUN U TEPMUHOB,
B pe3yabrate yero 0e3 OCBOEHMsI HOBOIO Si3biKa M HOBBIX KaTEropuii
MBbILLJIEHUS] OpaThCs 3a OEJI0 HEJIErKo.

Ho ocHOBHasi TpymHOCTb BCE Xe — B CKDBITOM XapaKTepe H3y4yaeMbiX siBjie-
HUil. [TosICHUTB 3TO MOXHO Ha NMOCTOPOHHEM TMPUMEpPE BEKTOPHOTO aHa/IM3a, KOTOPbI
6GoJibLlIel YaCTbIO M3YYaeT MOBEPXHOCTHBIE SIBJIEHMS, B JOCTAaTOYHOH MEpe HarisaHbIe
IUTSl TeoMeTpryYecKoit HHTYuuMd. Ho ecTb cneaylowuii mnacr, rae purypupyer, ckaxeM,
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K08apuanmuoe U KOHmpaeapuanmroe ougpeperyuposanue, 4To yXe He TaK XOpOLIO yKia-
[IbIBAETCS B TOJIOBE, — MOTOMY YTO T0/I0Ba 3anyMbiBasiack Co3nartesieM MUist APYTHX €.

Kpowme Toro, Teopus [asya npuBOAUT B ABUXKEHUE CPa3y HECKOJIBKO
MEXaHU3MOB M3 pa3HBbIX 00JacTeil, KOTOPbIMM HEOOXOIWMO BJIANETh,
YTOGHI CJEIUTh 3a «B3aMMOIEHCTBUEM», HE OTBJIEKAACh HA M3MaThbIBalO-
1I€€ NEePEIMCThIBAHKUE KHUT B TTOMCKAX HYXHBIX ONpelesieHUit U GhaKToB.
MuHUMaIbHBIE UCXOIHBIE TPEOOBAHMS 3aKJIIOYAIOTCS B MPEIBAPUTEIIb-
HOM OCBOEHMHM IJIEMEHTOB Meopuu epynn N aseebpauveckux yucen, He ro-
BOPsI O MeJIoYax TUIa MHOTOWIEHOB U ITOJIEH.

B cBs131 ¢ OTMEYEHHBIMU OOCTOSITEILCTBAMH Teopusi Tanya paccmar-
pUBaeTCs anee B yNpoLIEHHOM BapUaHTe, OCHOBAaHHOM Ha pacCMOTpe-
HMM YMCJIOBBIX NOJEH — MMEIINUX xapaxmepucmuxy 0 — M ocBoGo-
XIEHHOM OT BTOPOCTENIEHHBIX IETAIEH.

O/HO M3 MMHUMAIbHBIX TPeOOBaHUIA WIS NalbHEMUILIEro YTEHUS —
MPOYHOE BJIafiEHUE MMOHITUSIMU, CBSI3AHHBIMU C PaCLIMPEHUSIMHU MOJIEiH
(rmaBa 10). Bot rnaBHble onopHble TOYKU. Pacuupenuem F nonst P Ha-

3bIBaeTCs a1000e nojie F, conepxaiiee P B KaueCTBe MOATIONS 1). Bcesikoe
pacuIMpeHME MOXHO PacCMaTpUBATh Kak JAuHeliHoe npocmparncmeo Had P,
Pa3MEepPHOCTb KOTOPOTO Ha3bIBAIOT CMenexblo pacuiuperus 1 0003Ha4aloT
[F : P). DneMent a € F Ha3blBalOT aseebpaudeckum Had P, ecyiv OH sB-
JISIETCSI KOPHEM HeKoToporo nonuHoMa f(z) ¢ koadduunentamu us P.

HaumeHbuiee pacuipeHue P, comepxaiuee a, o6osHayawrt | P(a) |.

Ionem pasnoxcenus HENPUBOAMMOTrO MHoOrowleHa f(z) cuuTaetcsi Hau-
MeHblliee paciipeHue nois P, conepxauiee Bce KopHu f(z).

11.2. Ipynna Fanya

HamoMHUM: B3aMMHOOIHO3HauYHOe oToGOpaxeHue A : G — G rpynnsl
Ha cebsi, coxpaHsitolliee TPYIIMOBYIO ONepaluio, Ha3biBaeTCsSl aémomop-
@usmom. Ipynna asmomopguzmoe o6o3Havaercsi Aut G. Aemomopdusmot
noaeii A: P — P onNpenensiioTcss aHaJIOTUYHO, C TEM YTOYHEHUEM, UTO

D B xauectse o6pasua P MOXHO MMETb B BUIY NOJIE PALMOHATBHBIX YUCEI.
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B3aMMHOOJHO3HAYHOC 0T06pa)KCHl/lC A noJis Ha cebsi 00s13aHO coxpa-
HSTb 00€ OoIncpanuu,

Az +y) = A(z) + A(y), Azy) = Az)A(y),

YTO Yallue€ 3anucChbiBalOT B BUIIE
A A A A A A
) =x"+y", (zy) =z"y

Tnosb3ysick 0603HaueHueM A(T) = A,

(z+y

b

IMycts Teneps F D P — HopmanbHoe pacuiuperue 2 nons P. B rpyn-
ne aBroMopdusmoB Aut F Beimenum noarpynny Aut F/P Tex aBTO-
MopdusmoB A : F — F, xotopble nojie P oCTaBiAIOT Ha MeECTe, T. €.
A(z) =z, ecnu z € P.

11.2.1. Ipynny Aut F/P na3svieaiom 2pynnoii Taaya nopmanbHoz2o pacuiu-
penus F O P u o6osnauaiom G(F/P).

HapasHe ¢ G(F/P) ucnonb3yercs Takke o6o3HauyeHHe Gy, rae f — MHOTOWIEH,
HE MMEIOILMI KPAaTHBIX KOPHEM, MOJIEM DPa3IOXEHHSA KOTOPOro ABISETCH paciuupe-
Hue F. TIpu 3TOM roBopsT o epynne laaya Kak mMHO204AeHa, TaK U COOTBETCTBYIOLUETO
pacuuperus.

C camoro Hayajna BaXHO pa306parhbCsi, YTO M3 ceOs MpeaCTaBisieT
epynna Taaya. XOTs McyepnaTh BONPOC HE TaK MPOCTO, KOE-YTO JIEXHUT
Ha MOBEPXHOCTH.

IMockonbky F = P(ay,...,Qy), TIE Qj,...,Q, — KOPHH MOJIH-
Homa f(z), To 3

Af(aj) = f(A(e;)) =0, (1L.1)

oTKyna cienyer, uto A(a;) — TaKke KopeHb f(z), T.e€.

Ala;) = .

2 o
) HopMasibHble pacuiMpeHusi pacCMaTpMBAEMBbIX 31€Ch MOJE HyJIEBOM XapaKTepHCTH-
KH — COBMAAIOT C MOJSAMH padioxeHus (CM. Teopemy 10.3.1) MOTMHOMOB f, He HMEIOLLMX
KpaTHBIX KOpHE.
YAfz)=f (A(z)) — motomy yTO A, 1O ONpEETEHHIO, HE MEHSAET KO3DPHLHEHTOB
f(z), Tak xax ocrasnsieT aneMeHTHI NoJis P na Mecte. Hanpumep,

A(3z? - 5) = AB)[A(2Y)] - A(5) = 3[A2)]* - 5.
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IMoatomy rpynmna asToMopdusmoB Aut F/P xapakTepu3yeTcsi JIMLIb
TeM, KaK aBTOMOPG®M3MbI MEPECTABIISIOT KOPHHU, U notoMy G(F/P) —
ecmb Hexomopas nodepynna nodcmanoeok. IIpy 3TOM NMOPSIOK IPYMIIBI
G(F/P) paseH ctenenu paciunpenus [F : P| (cm. m. 10.4.3).

HeiictBue A Ha ocTajibHble 3JIEMEHTHI NoJigs F MojHOCThIO onpe-
JenseTcsa aeicrsueM A Ha KOPHSIX Qjy,..., Qy, MOCKOJLKY F KoHeu-
HOMEpPHOE BEKTOPHOE IMPOCTPAHCTBO C 0a3MCOM, 3aBUCSIIUM TOJBKO
or {1,ai,...,a,}. Bonee Toro, neiictBue A MOXET GbITh MOJHOCTHIO
onpeiesieHo 3HaueHueM A(f) Ha eAMHCTBEHHOM NPUMUMUEHOM INeMEH-
me @, KOTOpBIi, B CBOIO OdYepelb, onpexeisiercs yepe3 {a,...,an}
(cm. . 10.4.2, 10.4.3).

11.3. OOwana kapTMHa

JlanpHeiunii nyTb COCTOMT MPUMEPHO B ciienyloiueM. Kaxnoit nodepyn-
ne H C G(F/P) otBe4aer noonoae

LCEF

cocTosiilee U3 31eMEeHTOB F, HemoABMXHBIX MOJ ACHCTBUEM aBTOMOP-
¢usmoB u3 H. U Haoboport, KaxnoMy L C F orBevaet moarpynna H
aBTOMOP(®U3MOB, OCTaBJISIOLIUX eMeHTbl L Ha Mecte. B pesynkrare
M3ydyeHHe Bcex Momnosei nmojisi F' CBOAUTCS K U3YyYEeHHUIO BCEX MOATPYIII
rpynnbl G = G(F/P), uto siBisieTcs CylLIecTBeHHO Gosiee MpocToi 3a-
naueit. [Ipu aToM Kaxnoi 6awne (L1enoYKe BIOXEHHBIX) noseil

P=LyCL,C...CL, =F,

OTBEYAET HOPMAAbHbIL PAO BIOXEHHBIX (B MPOTMBOMOJIOXHOM Hanpas-
JIEHUH) TPynn

G(F/P)=GyD>G,DG;D...DG, ={1},

1 HaoGoport (coomeemcmeue lanya).

C 3amayeii pellieHUst anrebpanyecKUx ypaBHEHMM BCsl 3Ta KyXHS
COnpsIraeTcsi Yepe3 MeXaHU3M padukanbHuix pacuupenuii (pasnen 11.5) 4,

9 Pacuivpese F DO P padukaabHo, €ClM CYLLECTBYET 1LIEMOYKA MPOMEXYTOUHBIX
noneit P =Ly C Ly C...C Ly, = F, rae Kaxnoe P; ABIAETCA npocmboiM paoukanbHoiM

k
pacuupenuem Lj_|, T.€. ON€M panoXeHuss MHOTouneHa T — § Han Lj_;.
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[MockoJibKy pa3peinMocTsb anreGpandeckoro ypasHeHus f(z) = 0 B pa-
JMKajiax CBOAUTCS K BO3MOXHOCTHU MOCJIEN0BATEIbHOIO PELIEHUS YpaB-
HeHuit Buna 2™ —a = 0, — Ha A3bIKE pacILMpPEHHil CyTh Je/a 3aKII0ua-
€TCsI B BO3BMOXHOCTH NOCJIEA0BATENILHOIO pACIIMPEHUS UCXOLHOIO MOJIst
C MOMOILBIO TIPUCOEIMHEHHUS HA KAX/IOM LlIare 3JIeMEHTOB BUIa v/a —
C LeJIbIO MOJYYUTh B UTOrE PaCIIUPEHUE, COAEPXKALIEE BCE KOPHU pac-
CMaTpUBaeMoro ypaBHeHusi. KpurepueM cylieCTBOBaHUSI PAIUKAIbHOTO
paclLIMpeHUs OKa3bIBaeTCs paspeuwiumocms epynnst lasya paccmaTpuBae-
MO0 MHOTIOYJIEHA.

11.4. CooTtBetrcTBue lManya

CrepxHeM Teopuu lanmya sIBJISIETCSI COOTBETCTBUE MEXIY CTPYKTYpO#
pacIUMpEeHUs MOJIEH U CTPYKTYpPOil MOATpyIiN aBTOMOP()H3MOB. YIaKOBaB
JleTajii TAKOTrO COOTBETCTBHUSI B OJHY TEOPEMY MOXHO «OTAEIAThCSI OMHUM
MaxoM», YTO YIOOHO M5l «mMcaTtesieii», HO yYOMWCTBEHHO [Isl YMTaTesei.
IToatoMmy 3nech Jyyllie ABUTaThCsl MO3TANHO, TeM OoJiee 4TO BCe Luaru
JIOCTaTOYHO MPO3PayHBbI.

[TepBBIM [€JIOM TMOJIE3HO TNPUCMOTPETHCSI K CBOMCTBAM aBTO-
mopdusmoB u3 rpynnsl Aut F/P = Gy. Kak yxe ormevanoce —
cM. (11.1) — moGoe otoGpaxeHue A € Aut F/P xapaktepusyeTcst TeM,
4YTO MEpecTaByisseT KOPHU MHOTOYJIeHa f, nosem paznodicenus KOTOPOTO
cnyxut F. Ho To xe camoe aBromopdusmel A € Aut F/P penaiot
¥ C KOPHSIMH Jio6Goro apyroro MHorowieHa h(z),

h(y) =0, v€F = h(y")=Ah(y)=0,

T. €. KOpeHb 7 JIl00Oro MHOrowieHa mnof AeiicTBUeM aBToMopdu3Ma
3aMEHSIETCST HEKOTOPBIM IPYIrMM KOPHEM 'yA TOro e MHOrOYJIeHa.
WHaye rosopsi, aemomopgusm A € Gy nepegodum nwoboe ucao y € F
8 conpadicenHoe 'yA.

Ecnu g(x) — munumanvrwlii muoeounen npumumuenozo nemerma 6, to g() = 0
Bieder 3a coboit Ag(d) = g(6) = 0. Tostomy kopHu 64 = A(f) MumuManbHOTO
MHOTOWIeHa g(Z) MOryT GbITb MOCTAaBIEHbI BO B3AMMHO OJHO3HAYHOE COOTBETCTBUE
¢ aBTomopdu3mamu u3 G(F/P), uro eiue pa3 nokasviBaet |G(F/P)| = [F : P].

11.4.1. HopmanvHoe pacwupenue F D P Had 1106bim npomedcymouHbim
nonem L 6 yenouke F D I, D P — HopmansHo.
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<« Ecmu f(z) — MHorowieH Hax P, KOPHEM KOTOPOTO SIBIISIETCS NPUMUMUGHbIL
anemenm @ pacumipenuss F D P, to f(z) TeM Gonee MOXHO paccCMaTpuBaTh Kak
mHorowieH Han L. Ipu atom F = L(6). »

11.4.2. Bcakomy npomexcymounomy noato L 6 uenouke F D L DO P
coomeemcmeyem nodepynna H = G(F/L) C G(F/P) aemomopgpusmos,
ocmaeasiowux Ha mecme 6ce 3nemenmst u3 L. Coomeemcmeue 63aummo
00HO3HA4HO.

<« YTBepXaeHWe B TNpUHUUIE TpuBUHaIbHO. COBOKYITHOCTH aBTOMOPGH3MOB
u3 rpynnbl Aut F/P, oCTaBASIOLMX HA MECTE 3JEMEHTHI HEKOTOPOrO, HEBAXHO Ka-
KOrO, MHOXECTBa, — SIBJIAETCS OATPYIION 9,

O6patHo. Ecau rpynna (noarpynna) H C G(F/P) ocTaBisieT HENMOABHUXHbBIM He-
KOTOpPO€ MHOXeCTBO L, B CMbIC/IE =zmaze L, A€ H, to L — none, NotoMy
yromia T,y € L

(z +y)A = z* +yA =z+vy, (zy)A = szA = zy.

ITpu 3ToM, oueBuaHo, L D P.

OcTaeTcs BOMPOC O B3aMMHOW OMHO3HAYHOCTH, TS PELIEHHsI KOTOPOrO I0CTaTOY -
HO yCTaHOBUTb, yT0 H siBnsietcs rpynnoii [anya G(F/L), o KOTOPOii MOXHO rosopwrb&
B cuiay . 11.4.1, Asromopdusmbl u3 G(F/L) no onpeneneHuIO OCTaBIAIOT HA MECTe
sneMenTsl L — mostomy H C G(F/L). Ecau 6b1 rpynna Tanya G(F/L) conepxana
Gonblue 3neMeHToB, yem H, TO cremeHb [F : L] Gbuia Gbl Gosnbuie mopsiaka |H.
Ho [F : L] paBHa cTeneHu npumumuenoeo 31emenma 6 paciuvpenus F Han L. U ecau
H={A,..., A}, T0 0 — KOpeHb ypaBHEHHA T-i CTENEHU

(z-0")...(z-6")=0,
KOE)q)q)l/l].lHeHTbl KOTOpOro MHBapHaHTHbI MOA [[CﬁCTBHCM aBTOMOpCl)l/l3MOB H3 H, —
u notoMmy npuHamnexar L. ITostoMy crTemeHb 3nemeHTa 6 He GoJblie r, OTKyaa
[F:L]=|H|, a3uauur H = G(F/L). »
11.4.3. Ecau npomexcymounoim noasm Ly, Ly 6 yenouke

FOL DIL,DP
coomeemcmeyiom nodepynno. Hy, Hy C G(F/P),
H,=G(F/L,), H,=G(F/Ly),

mo H, C H,.

5 IToToOMy 4TO KOMMNO3MLMS TakMX aBTOMOP®U3MOB 00JaZaeT TeM Xe€ CBOWCTBOM.
Jpyroe o, CyLIECTBYET JIM TaKOe HETPUBMATbHOE (He coBmanaiouee Hu ¢ P, uu ¢ F)
HETOABUXHOE MHOXeCTBO L.

90 rpynmnax [anya 10omycTMMO roBOPHTb JIMLID B CJIy4ae HOPMAJIbHbIX pacLUMPEHHU.
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< IIporusoxon» Bxitouenuit L, D L, < H| C H, oueBuIeH (pasyMeercsi, e/
npeObiBaTh B KOHTEKCTE). B

11.4.4. Ilycme £ — Hexomopbtii 3nemenm u3 pacuwupenus F D P u nod-
epynna H C G(F/P) cocmoum u3 aemomopguimos, ocmaeisiouux sne-
Mmenm & nenodeuxchvim. Toeda asmomoppuamot uz G(F/ P), nepesodsuue €
6 CONpAXNCeHHble INeMeHmbl 00pa3yom cmexcHble Kadaccsl no nodepynne H.

<« Tlycts A, B€ G(F/P) u ¢* =¢8, 1.e. A(€) = B(¢). Torna
B~ A(¢) = B'B(¢) = ¢,

uTo 03HauaeT B~' A € H, u nostomy A 1 B NPHHALIEXAT OIHOMY M TOMY X€ CMEXHOMY
knaccy BH.
O6patho, B~' A€ H = A(f) = B(¢). »

ITyHkT 11.4.4 pacKpbIBaeT MpUPOAY CIEAYIOLIETO MPUHLIMTTHATBHOTO
pe3yibraTa.

11.4.5. Ilpomexcymounoe none L 6 uenouke F O L DO P Hopmanbho
6 momm cayuae, kozoa nooepynna H C G(F/P) aemomopgusmos, ocmag-
Asrougux Inemenmst L HenoO0euUNCHbIMU, — HOPMAAbHA.

< Tlycts HopmanbHoMy nonto L oTBevaer rpynna H, T.e. B(§) =& mna £ € L,
B € H. HopmaibHOe no/ie COAEPXKHT BCE 3MEMEHTBI BMECTE C COMPSIKEHHBIMU, TTO3TOMY

VAEG(FIP): A(€) € L = VB € H:BA(E) = Af).

Tocnennee osHauaer A'BA € H ma B € H u Bcex A € G(F/P). Ho 310 M ecTb
yCA0BUE HOPMAIbHOCTH rpynbl H.
OGpaTHOE YCTaHaBNMBAETCS AHAIOTHYHO. B

11.5. MNMpocToe pagukanbHoe paclLumpeHue

Bonpoc npencraBUMOCTU KOpHeit uyepe3 Ko3Gh(HULUUEHTH YpaBHEHMi

C MOMOLLBIO PallMOHAJIbHBIX ONEpalvii ¥ paniuKajloB NOCJE ONpPeAeIeH-

o o 7
HbIX YTOYHEHUIA [5] CBOAUTCS K BO3MOXHOCTH 3allUCH KODHEii B BUIIE )

’{/...+,’/...+ m, (11.2)

7
)C Y4ETOM BO3MOXHOCTH M30aBIATHCS OT MPPALIMOHATTLHOCTH B 3HAMEHATeENE.
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YTO UMECT J'I}O(i)T HHTEpNpeTalli, HO NpH CcoOJTI0IEeHUN ONnpeacJICHHbIX

. 8 y
NPeIOCTOPOXHOCTeH Y JaeT aneKBATHBI MHCTDYMEHT I pelleHHst
npoGieMbl, cM. [5].

Ecnu roBopuTh TOUHEE, Pa3pellMMOCTh B paiMKaiax airebpanyeckoro ypaBHeHUs
f(z) = 0 cBOmMTCS K BO3MOXHOCTH MOC/EOBATE/bHOTO PElIeHHs YPaBHEHHMii BUIA
2™ —a = 0. Hanpumep, ecau f(z) npeoGpasyetcs B

f(@) =[(" —a)™ - b]"™ —c, (11.3)

1o pewenuem f(z) = 0 Gymer
Va+ §/o+ we.

TMoaToMy CyTb Ae/ia CBOOMTCS K BO3BMOXHOCTH NMpeoGpasoBaHus noanHoMa f(z) K BuLy

tuna (11.3), rae yucna Tuna a, b, ¢ «panauKanbHO» BHIPAXKAIOTCS Yepe3 KOIG ULIMEHTHI
-1

ucxonHoro nonuHoma f(z) = z" +a,;2"" +... + a,.

DKBUBAJIEHTHAsA TOYKA 3pEHHUs 3aKJII0YaeTCsl B TMOCJIEN0BATEIbHOM
pacILIMPEHUH MCXOOHOro noJjsi, Hanpumep Q, ¢ moMorIbIo MpUCoeIu-
HEHMsSI Ha KaXIOM Luare 3JIEMEHTOB BUIA v/, — [l€ @ MPUHALIEXHUT
paclIMpPEeHHIO, BO3HUKILIEMY Ha MpeAbIAYyIIEM [are, — ¢ LeJbio MoJy-
YUTh B UTOTE pacIiMpEeHHeE, ColepXKalllee BCe KOPHU pacCMaTpPUBaEMOro
ypaBHEHMs. DTO Kak pa3 OylneT o3HayaTh pa3peliMMOCTh B paauKaiax.

AIIEKBaTHOCTb TaKOro MOAXoJa pellaeMoit mpobsieMe, KOHEYHO, 3ac/iyXWBaeT
OCMBICNIEHHS, YeMy B KHHMTax OObIYHO ynesisieTcsi onpeaeieHHoe BHMMaHue. Hepen-
KO C OTpHMLIATENIbHBIM DPE3yJbTaTOM — I[MOTOMY 4YTO 31€Chb TPeOyeTCcss JIMIIb OXWBUTH
B MaMATH OMpee/ieHust O PACLIMPEHUSIX MONeH U MPUBECTH MX (OMpenesieHusi) B CO-
MPUKOCHOBEHHE. A 3TO paboTa, KOTOpPYIO B JIIOOOM cCiayyae HeoOXOAMMO MponeaaThb
CaMOCTOSITENIbHO.

HcXxonHBIM 37IEMEHTOM pacCMaTpUBAaEMOM MIEOJIOTUU CIYXHUT nose
paznoNceHus MHOTOUIEHa T — a, @ € P, — Ha3blBaeMOe Mpocmbim
paduxaavuoim pacuuperuem nojs P.

IIpy ycJIOBMM CyII€CTBOBAHHUSI MOCJIEI0BATEIbHOCTH MTPOMEXYTOUY-
HBIX Mojei

P=LyCL C...CL,=F, (11.4)

§) Ecnyu panukan /a, MHOrO3HayHbI# 10 CBOEH mpupose, BXomuT B (11.2) HeCKONBLKO
pa3, TO €My NpPHM BBIYHCJIEHHH KaxXIOro KOPHsI YpaBHEHMs NMpPUAAETCS OOHO U TO Xe
3HayeHHe. B TO Xe BpeMs NnpH 060OM BbIOOpE 3HAYEHUH BXOASALLUMX PaAMKaloB opmyna
(11.2) o6si3aHa naBaTh KOPEHb M3y4aeMOTO ypaBHEHMSI.
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rae Kaxnoe L; sIBISIETCS npocmoiM paouKanbHoiM pacuiupenuem Lj_j, —
pacuiupeHue F D P Ha3bIBalOT paouKkasbHbiM.

2 -1
IIpocmoe padukanvhoe pacwupenue P((, (", ..., ¢" ) D P, conep-
Xalllee BCE KOPHM Ti-H CTENEHU U3 €IUHULIbI, €CTb nojAe pazi0iceHus

KpyroBoro nomuHoMa®) ®,(z). Ypasnenue denenun kpyea
Op(z) =0

MIMeET KOPHSIMM TOJIBKO NIPUMUTUBHbBIE KOPHM /1, HO MX LOCTAaTOYHO
[t TpeGyeMoro pacuiupeHus P.

B To Xe BpeMms scHO, yTo mpocTtoe pacuupeHue P(¢) c¢ mo-
MOLIBIO JIIOGOTO npumumueno2o kopHs ( TOPOXIAET TO X€ Camoe
pacLuMpeHue 10) P((, (2,...,(""1). A TIOCKOJIbKY 0601 npumumue-
Holil kopens ( TIOPOXIAET LMKIMYECKYIO TPYMNy BCeX KopHeit V1, To

epynna Tarya G(P(()/P) Takxe GyneT WMKIMYeCKoi |' D,

Ipu 3TOM, pasymeercs, B ciydae npocroro n, nopsuok |G(P(¢)/P)| = n, T.e.
cmeneny pacuupenus [P(() : P] = n. Ecnu Xe n COCTaBHOE, TO CTENMEHb PACIUMPEHHUS]
U TopAoK rpymnbl [anya paBHbI

[P({) : P] = |G(P({)/P)| = p(n) + 1,
rae p(n) — @ynkyus Jisepa (pasoen 10.5).

IIpu nepexone oT curyauuu z" — 1 x Gomee obweit " —a —
BO3HMKAIOT HOBbIE 0GCTOSITENbCTBA. ECM @ — NpOM3BOJIBHBI KOPEHb
ypaBHeHusi " —a =0, T.e. 8" = a, a { — NPUMMTUBHBIN KopeHb V1,
TO KOPHSIMM ypaBHeHUs T — a = 0 ciyxat

8,6¢,...,0¢"" (11.5)

u P(0,() maer uckomoe npocmoe padukasbHoe pacuiuperue nons P.
Ho kakoBo (hakTHYECKOE pacIiMpPEeHHE M KaKOBBI COOTBETCTBYIOIIME
rpynnsl [anya?

9 Cwm. pasgen 10.5.

19 Mockombky paz 1,¢,¢2, ..., ¢
IbIBAET BCE KOPHH V1.

-1 .
"', rne ¢ — moGoit npumumuenbiii KopeHs, Ncyep-

1
) K60 aBTOMOpGHIMAM 3 G(P(¢)/P) oueBnuHbIM 06pa3oM CTaBUTCS B COOTBETCTBHE
BO3BEICHHE MPMMUTHBHBIX KOPHEil B Ty WM HHYIO cTeneHb. Ecim ¢ € P, To dhaxTHyeckoro
pacLIMpeHHst He IPOMCXONUT, rpynna [anya TpusHaibHa.
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11.5.1. Teopema. Ipynna Iurya G(P(6, ¢)/P) npocmozo padukaasrozo
PacUUperus — paspeuuma.

<« EcTb TpU BO3MOXHOCTH:

(i) 9 € P, ( ¢ P — cuTyauuss HUYEM HE OTIMYAETCS OT PACCMOTPEHHOI BBILLE
(c mpucoenMHEHHEM K TIONIO KOPHEN U3 eMHMLIbI).

(ii) 0 ¢ P, ( € P — torna aBTomopdu3smsl A u3 rpynnsi [anya umeior Bug 6 — 0(",
Mo3ToMy KaxzoMy A COOTBETCTBYET onpeneseHHbIi KopeHb ¢*, u rpymna Tanya
OMATH-TAKH LMKJIHYHA.

(iii) O6wwmit cnyyait 6 ¢ P, ( ¢ P — ucuepnbiBaeTCsl MOC/eNOBATEbHBIM PACIIM-
peHuneM. CHayana K P moacoennusiercs ¢, 3areM . Ho mouemy rpynna lanya
pa3pelMMa — cpasy He siCHO.

Jho6oit aBromopdusm A u3 G(P(8,()/P) nepesoaut KopeHb ( MHOrouwieHa

z" — | B conpsikeHHbIN (cM. pasgen 11.4), T.e.

IIpu atom (a He MOXET GbITh KODHEM MHOrowleHa ™ — | MeHblueH cTeneHu m < n,
noToMy 4To { — TPMMHMTHBHbII KopeHb " — 1. [ToaTOMy @ B3aMMHO mpPOCTO C 7.

Kopenb 6 aBromopdu3M A mepeBoaMT B OAMH M3 KopHedt (11.5) ypaBHeHHs
z" —a = 1. [TosTomy

o' =¢"

npu HekoTopoM b. B uTore Kaxnpiit aBTOoMOpdu3M A OXHO3ZHAYHO XapaKTEPH3YeTCs
JByMsl YMCJIaMH @ U b.

IMpu 3TOM, KaK JIeTKO NPOBEPHTh, eClM A; XapakTepu3syercs napoii [a, b], a A; —
napoii [c, d], To komnosuuun A, A, otBeyaet napa [ac, bc + d]. Takum o6pa3om, rpym-
na Tanya G(P(6, ¢)/P) n3omopdHa rpynne {[a,b]}, paspemwmmocTts KoTopoii 6bU1a
yCTaHOBJIEHA B pasnesnie 6.4. »

11.6. Uuknnyeckue paclumpeHus

Ilpu nokasatenbcTBe TeopeMbl 11.5.1 — myHKT (ii) — oTMeuasioch, 4TO
B ciyyae 6 ¢ P, ( € P — rpynmna lanya uukinyHa. BepHo Takxe
obpaTHoe.

11.6.1. Ecau nose P codepxcum npumumugnslii kopenb ( = n\/f, mo

12)
N1060e e20 yukauveckoe pacuiuperue ) P D P cmenenu n — obpasyemca
npucoedunenuem K P kopna nenpueodumozo nad P muoeounena =" — a.

D Hukauveckum pacwiuperuem noas Has3bIBAIOT pacluMpenue, rpynma lanya xoToporo
LMKJIMYHA.
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<« Ilyctb aBTOMOpOU3M A U3 G(ﬁ/P) nopoxzaioluii, T.e. A" = 1. B pesons-
eenme Jlazpanxca

Cw=w+(Aw+...+¢"'A v, weP, (11.6)

3MeMEHT w BbIGEpEM TaK, YTo6bl ) (¢, w) #0.

Mpumensis A x (11.6), umeeM A((,w) = ¢ '(¢,w). TosTOopeHue npouecca
maer A*((,w) = ¢(*((,w) mns k = 1,...,n — . ExuHCTBeHHBI/i aBTOMOPBUIM,
He nBuraoumii ({,w), — ToxaectBeHHsIl. [Toatomy v = (¢, w) mopoxnaeT Bce mosne
P=Pw). »

11.7. MaeHbIA pe3ynbTar

Ilepen «3akjOYMTEIbHBIM aKKOPAOM» Hamo ObLIO Obl MPOBECTHU €llE
HEKOTOpbI€ IIPUTOTOBJIEHMS, HO ayIUTOPUSI U3-3a PYTUHBI 4YacTO TepsIET
TeprieHUe. [ToaToMy repeiiieM K rJiaBHOMY.

11.7.1. Teopema lanya. Hepaszioxcumoe ¢ P ypasnenue f(z) = 0 pas-
pewumo 6 padukarax 6 momm cayae, ko2da epynna lanya mnozowrena f —
paspewuma.

< «Motopom» oGocHOBaHus sBusieTcss coomeemcmeue lanya (pasmen 11.4),
6Gnarogaps KOTOPOMY M3 Hajiu4usi OallHU moseit

P=L,CLC...CL,=F (11.7)
CaenayeT CyueCTBOBaHUE HOPMAJIbHOIO psia rpyrn
G=Gb>Gb>G>...>G6 ={1}, (11.8)

U HaobOpoT.

Ecnu ypaBHenue f(z) = 0 pa3pewnmo B panukaniax, u (11.7) — cootBeTcTByioLIas
LIeTI0YKa npocmuix padukanshoix pacuupenuii L; C Ly, To Bce dakropnl G-, /G; abe-
nesbl (Teopema 11.5.1), u anst paspemnmocty rpynnsl fanya Gy = G(F/P) ue xBataet

OIHOTO: TapaHTHH HOPMAJIbHOCTH PaCLIMPEHUSs ) F. YIOGHbIH BBIXOA M3 MOAOXEHUS
JIaeT 3/IEMEHTAPHBIN DAKT: «8caK0e paduKanrbroe pacuiuperue co0epICUmcs 6 HopMaibHOM
paduxanbHom pacuwuperuu» (CM. HHXe), — Ha OCHOBAHHHM KOTOPOTO [0Ka3aTe/IbCTBO
3aBepLUAEeTCs MPOCTO U KOPOTKO [14]. HO MHTYMTMBHO MpeanouTUTENIbHEE, TIOXAYH,
paccyxneHue y Ban nep Bapmena [5], xoTopoe Gonee pacnbiB4aTo, HO 3aTO OaeT
MpeACTaBlIeHHEe O MPUYHHAX BO3MOXHbIX 3aTPYIHEHUIH U OMUPAETCs Ha 3JIEMEHTapHOe

V- -1
) 310 MoxHO caenaTh B CIy JIMHeEHOM HesaBMcuMocTH 1, A, ..., A", KoTopas

HECJIOXHO yCTaHaBuBaeTcs [24].

) MoToMy 4TO MOCTENOBATENBHOCTh HOPMAILHBIX AacILMPEHMil He 06f3aHa aBaTh
HOpMaJIbHOE PacIIMpeHHE.
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M3MeHeHHe TopsiiKa paclumpeHuit. B cuny Va = V Va UCTOJIb3YeTCSI BO3MOX-
HOCTb 110C/IeAOBATEILHOTO MPUCOEANHEHHUS K MO0 P KOpHei W3 equHuLbl (M KOpHei
U3 YHCENl @) npocmbix cmenekeil, BXOMSILUMX B PA3NiOXKEHUS BCEX MOKasaTeNeil Kop-
Hel, yyacTylommx B (11.2). B pe3ynbraTe moaydyaeTcsi CEpUsl YUKAUMECKUX HOPMANbHBIX
pacuiupenuii, KakoBble HOPMaJIbHBI 8 cuay npocmomsi cmeneHeli. Jlanee octaeTcst NULIb
YIPSICTH TIOPSAOK TAKMX PAaclUMpEeHHi M HekoTopble Meskue metanu [5]. Tpynna Gy
MOJy4aeTcsl pa3peLIMMON.

TycTs Tenepb, Haobopor, rpynna G; paspemnma. Torna Gy MMeeT HOPMaJbHbIH
pan Buna (11.8) ¢ abeneBsiMM (aKTOpaMH, KOTOPBII MOXHO YIUIOTHHTb A0 KOMIIO3H-
LIMOHHOTO DAla YX€ C KuKAuyeckumu gakxmopamu TpoCcThiX MOpsAnKoB. COOTBETCTBHE
Tanya B 3TOM Cllyyae rapaHTHpYeT CyulecTBoBaHue uenoyku (11.7), B kotopoit nocne-
noBaTenbHble pacuupeHuss L; C L;y; UMKIMYHBI, OPOCTBIX cTemneHe. danee, 4ToGbI
BOCIOJIb30BaThesl pesynsratoM M. 11.6.1, mpucoeaMHUM K P MpUMHUTHBHBIA KOpeHb (
u3 eanHuubl crenedu n = |Gy|, u Torna (11.7) nepeiner B uenoyKy

PCP)CL({)C...CF(Q),

B KOTOpOIA, B cuy m. 11.6.1, F({) oka3siBaeTcsi paIMKaJIbHBIM pacluMpeHuem mnons P,
COIEPXALUMM BCe KOpHH ypaBHeHus f(z) =0. »

BoT ynoMsiHyTbIif Bbilue (DakT, JOMOMHUTENBHO XapaKTepU3YIOLIMii paauKaabHbIe
pacuIMpeHUs.

o Jlioboe padukanbHoe pacuiuperue co0epIcUmcs 8 HeKomopom HOPMAAbHOM padu-
KQAbHOM PAculuperuu.

<« [lns panukansHoro pacwupenus (11.4), T.e.

P=LOCL|C...CL,-=F,

B ciyyae T = | HopManbHocTs F = P(6,() GakTiyeckd 6bUia YCTAHOBJIEHA MPH
JloKa3aTenbcTBe TeopeMbl 11.5.1.

Hanee ucnonb3yeM MHAYKUMIO. JlonycTUM, L,_; CONEPXUTCA B HOPMAJbHOM pa-
IMKanbHoM pacuiupennn Ly, D P u F = L,_,(v), v" = a € L,_,. Tycts f(z) — mu-
HUMaJIbHbI MHOTOWIEH 3eMeHTa a Haa P, u L — none pasnoxenus noiuHoma f(z").
Torna komnosum f,,_, - L — ucKkoMoe HOpMalbHOE paluKalbHOE paciiipeHue. b

11.8. Hepaspelwmnmbie ypaBHEeHUS

ImaBHas ponb Teopembl 11.7.1 — npuHuunuansHas. Ho pesynerar
MOXHO KCIOJIb30BaTb U YTUJIMTAPHO, [UJISl aHaJInW3a KOHKPETHBIX ypaB-
HEHU#, — 4TO TpebyeT yMEeHHUs BBIYMUCIATH rpynnbl [anya U yBOmuT

KCCIIeIOBaHUE B HOBYIO IUIOCKOCTb. LISl yKa3aHMsI YaCTHBIX Clly4yaeB
Hepa3pelMMBIX YPaBHEHUI TOIUTCS MyTh MOJIyMED.
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11.8.1. Henpueodumocms mroeounena f(x) pagHocunbha mpan3umueHo-
cmu ezo epynnst Tanya Gy = G(F/P).

<« [lycts v — npousBonbHblii KopeHs f. HopmanbHocTh paciumpenus F D P
O3HAYaeT, YTO BCe COMpPsiKEHHbIe ¥ yucna npuHamnexar F. B ToM uucne:

v, (11.9)

roe Ay, ..., Ay — Bce aBTomopdu3msl rpynnst G(F/P).

Jlio6oe v sBnsietcs (pasmen 11.2) KopHeM f, u f mia vy — MuHUManbHbI
nonuHoM. Ho Toraa Bce uncna (11.9) o6s13aHbl GbITh pa3iu4HbI (4TO €CTh TPAH3UTHB-
HocTb rpynnsl Gy), MHaYe NPou3BeneHHe

. H(z - I/Aj)

Mo pa3jiItyYHbIM I/Aj naBajno Obl MOAUHOM, «MEHbWHUI» MUHUMAJIBHOTO. b

B cnyuae npocroro n TpaHsutuBHas rpynmna Gy, comepxkaruas
XoTst 6bl OHY TPaHCMO3MLMIO, COBHamaeT ¢ S, (ympaxHeHHe B KOH-
ue pasgena 2.2). Ecnu f(x) umeer posno 0sa KomnaekcHbix KOpHs,
aBTOMOP(U3M KOMIUIEKCHOTO COMPSDKEHUSI Z — Z, MEepeCTaBIAIOLMNH
KOMIUTEKCHbIE KODHM M HE TPOTaioLMil BeLECTBEHHbIE, 1T HYXHYIO
TpaHcnosuumio B Gy. TpaH3utuBHocTh Gy 06GecrieuMBaeT HENPUBOIM-
MocTb nosiuHoMa f Hapn P.

[onuHom f(z) = T°+32+3 umeer POBHO JIBa KOMILJIEKCHBIX KOPHSI
¥ nenpueodum Han Q (no kpumepuro Jiizenwmeiina). Tloatomy ero rpyrnna
Tanya coBmanmaer ¢ Ss, KOTopas CONEPXMUT npocTyio (Teopema 6.3.3)
rpynny As, — ¥ noTomy Hepa3speiirnma. COOTBETCTBEHHO, YPaBHEHHE

o +3c+3=0

HEpa3pClIMMO B paguKayax.

[TOHSITHO, YTO ypaBHEHUE
@’ +3z+3)=0, k>0,

TaKXe Hepa3peliMMO B paluKajaX. DTO OOBSICHSIET, MOYeMYy TeOpHs
OPUEHTUPYETCS Ha HETTPUBOIMMbIE MHOTOUWIEHBI.

Ipynna Ianya ypaBHeHUs T-i1 cTerneHU, KOIPDHULIMEHTHI KOTOPOIro
B3sITbI OOJIee-MEHee Hayrani, ecTb S,, ¥ IOTOMY IpU 1L > 5 — Hepa3pe-
miMma. TakuMm oGpa3oM, ypaBHEHUsI BBICOKUX CTETEHEM, pa3pelivMMble
B panMKajax, SIBJISIIOTCS UCKJIIOYEHUEM.
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11.9. MocTpoeHns uMpKynem 1 IMHEeNKoMn

Ecayu ucxomuts M3 3amaHHoro noiss P C C, To ¢ MOMOLIBIO LIMPKYJIs
Y JMHENKM MOXHO MOCTPOMUTH Ji060€ KOMILUIEKCHOE YMCIIO €, KBaj-
paT KOTOpOro 1) 2 ¢ P AnannTuueckas reOMETPUS MPUCOBOKYILISET
CIOfIa HEKOTOPHIE 3JIEMEHTAPHbIE COOOPaXEHHUsI, B UTOre BO3MOXHOCTH
LUDPKYJIS. M JIMHEWKHU OMMCHIBAIOTCS MOCJIEN0BATEIbHBIM pacliupEHUEM

MCXOHOTO MOJISL:
PCP(¢)C...CP(c,...,¢;)=F,

rae
cf € P, c% € P(¢ey), ..., cz € P(ci,y...,Cro).

WHaye roBopsi, BO3MOXHOCTb TIOCTPOEHHSI CBOAMUTCS K Pa3pelIMMOCTH
HEKOTOPOTO aire6panyeckoro ypaBHeHHs (WIS KaxIoi 3a1auyd — CBO-
€ro) B Kkéadpamubix pagyvKanax.

CreneHb KaX10ro KBapaTMYHOTO PacLIMpeHHUs paBHa 2. [ToaTomy
[F:P]=2", uscnyuae [Q(2) : Q] # 2" npu mobom r > 0, — yucio
2 HEBO3MOXHO MOCTPOUTb, OTNPABISASCh OT OTPE3KOB PaLMOHANBHOM
JUTMHBI,

HeBO3MOXHOCTDb ydgoenus kyba cpasy ClemyeT U3 HeMpPUBOAMMOCTH MHOTOWIEHA
z® — 2, BreKywweit 3a co6oit [Q(%) 1Ql=3#£2".

HOCTpOCHPlC NMpaBUJIbHOIO P-YroJbHMUKa (p l'lpOCTOC) PaBHOCHUJIBHO
NOCTPOCHUIO YUCTIa

1

2 . . 2w P
z=cos?+zsm—, 2 T +...+2+1=0,

OTKYZIa SICHO
[Q(2): Q] =p- 1
CJiei0BaTebHO, HEOOXOAUMO
p=2"+1

npu HeKOTopoM 7. Takue p Ha3bIBalOT npocmoimu ducramu Depma: 3, 5,
17, 257, 65537.

19 Y10 GasupyeTcs Ha BO3MOXHOCTH MO IBYM OTPE3KaM a M b MOCTPOMTb TMIOTEHY3Y
c=+va2+4b2.
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11.10. AQononHexnue

e AJITODUTMbI BblYMCeHUs rpynn [anya Mbl ocTaBiseM 3a Kagpom. Mines Bbi-
YMC/IEHUS! OMUpAeTCa Ha nBa 06CTosATENbCTBAa. Bo-mepBbix, Gy u3omopdHa rpymmne
MepPeCTaHOBOK KOPHEM, He MEHSIOLMX ajredpanyecKue 3aBUCMMOCTH MEXIY KOPHSMH.
Bo-BTOpBIX, O TaKMX MEPECTAHOBKAX MOXHO CYIMTb KOCBEHHO MO KO3(ddHLMeHTaM
MHOTOYIeHa U3-3a HaJIMYMs B3auMocBsadelt (hopmyn Buera).

e XOTa UrpOBOIA TUIOILAAKON B I/1aBe ObUTM YMCJIOBBIE TMOJIS HYJIEBOM XapaKTepH-
CTHKH, pe3y/ibTaThl MOC/Ee BHECEHUS OMPEAEeHHBIX MOMPABOK OCTAIOTCS CIpaBeLIn-
BbIMU B 0osiee LLIMPOKOM QUamna3oHe, B TOM YUC/ie — IJIsi KOHeYyHbIX noneid. B 1o xe
BpeMsi OrpaHUYEHHE TOPU3OHTOB KOMILIEKCHOM MI0CKOCThI0O C MO3BOJSAET B3TNSHYTH
Ha cuTtyauuio ¢ nosuuuit TOKII.

KopHu MHorouwieHa

f@=2"+a2""+... 4612 +a,

ecTb Hyiu dyHkuuu 2z(w), onpene/seMoil paBeHCTBOM w = f(z). AHanuTH4ecKas
dyHkums z(w), pasymeercs, MHOro3HauHa. I1pu aBuxeHuu no kpusoit C' (mpoxonsiLeit
TOJIBKO Yepe3 PEryNsapHbIe TOYKH) U3 TOYKH Wy B TOYKY W, 3HAYeHHe PYHKLMH MEHSAETCS
¢ 2(wp) Ha z(w;). Ilpu 3ToM 3HayeHHe z(w;) 3aBUCHT HE TOJBKO OT «KOHEYHOTO
MyHKTa» w,;, HO ¥ oT niytu C.

B ciyyae aBuXeHUs 10 3aMKHYmOii OPUEHTUPOBAHHOMN KpuBOi C (He npoxoasiien
yepe3 TOYKM BETBJIEHMs PELIEHMI), KOTOpass HAaYMHAETCs M 3aKaHYMBAeTCsi B W,
pellleHHe z; ypaBHeHus wy = f(z) mepeitneT B HEKOTOPOE APYToe PellieHUe Zx TOro XKe
ypaBHeHHs. B pe3ynbraTe Ha MHOXECTBE pelleHHH 2i,..., 2, ypaBHeHus wy = f(z)

. 1
BO3HUKAET epynna nodcmanoeok, KoTopas W sBasercsa epynnoi laaya o

h(z) = f(z) - wp.

Bonpoc o paspeinmoctu ypaBHeHus f(z) —wy = 0 B paauMkanax CBOIUTCS K MPU-
HaeXHOCTH z(w) kiaccy R dyHKuuit, KOTOpbie MOryT GbITh MosyyeHsl U3 I(w) = w
M KOHCTaHT (DYHKUMI g(w) = €) C MOMOLUBIO CAONCEHUR, GbIHUMAHUS, YMHONCEHUS,
Oenenus, a makxce 6036edeHus 6 yeavie cmenenu u usenedenus kopueil. Kinacc R, Kak
OKa3bIBaeTCA, XapaKTePU3YeTCs Pa3peliMMOCThIO Tpyrnn [anya — rpynn noacTaHOBOK,
onpenensieMbix GyHKUHAMH Z(Ww).

MHOTro4wieHa

e PaccmoTpenue mpobnematukud ¢ Toukd 3peHus TPOKII mosponser noGaBUTH
K Kjlaccy R OmHO3HayHble aHATUTHYeCKHe (PYHKUUU Oe3 U3MEHEHHUs BbIBOJOB O pa3-
PELLUMOCTH YpaBHEHUH — Tenepb yXe C BO3MOXHOCTbIO AOMOJHUTENbHBIX OINEpaLiMid.
K R MOXHO 106aBMTb H MHOTO3HAYHbIe (DYHKLMH THIIA Jiorapudma, HO TOTAA IPYTIIbI
lanya nepecTtaHyT ObITh KOHEYHBIMH, YTO HE MELIAET UM B NMPUHLIMME ObITH pa3peLiu-
MbIMU UJIM HEPA3pELIMMbIMU C AHAJIOTUYHBIMU TMOCJIEACTBUSIMH.

1 . .
%) Haswisaemas B TEOPMH AHATUTHYECKUX (anrebpanyeckux) GYHKUMIA epynnoii MoHO-
dpomuu. IHAMBUIYyabHbIE TIOACTAHOBKM OTBEYAIOT KIACCaM IKBUBAIEHTHBIX KpUBHIX C.
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Ipynnsi JIn

Co BpeMeHu oTkpbiTHsi Cohycom Jlu (1842—1899) HempepbiBHBIX IPyTN D YPOBEHb He-
NOCTYITHOCTH TEOPUU GBUT CYLIECTBEHHO MOOHAT YCUIMAMM IPYTHX MaTeMaTHKOB 2.
B pesynsTaTe COBPEMEHHbIE PYyKOBOACTBA Mo zpynnam Jlu [9, 18, 19, 27] nocturaior
LEJY JIMIIb B OYEHb Y3KOW ayIMTOPUM, a «pELENTypa» TepsieT CBS3b C MPHJIOXEHHU-
sMu. Ho TakoBa muanekthka. CIMIIKOM MHOTO «XBOCTOB» OCTaBJISIIOT YMPOLLEHHbIE
noaxonsl. C Ipyroit CTOpOHbI, HaBeAEHUE MOPsSOKA YBOAUT TaK HAJIEKO, YTO KPYTOM
«HMKOTO HeT». [To3TOoMY, KaK Gbl TaM HU ObUIO, MOpa BO3BpallaThcss 00paTHO. 2KepTBys
CTPOTOCTbIO M PEKOPAHBIMHM AOCTHXEHUSAIMU. KOHEYHO, MyTh acKeTW3Ma M 3aMajlyM-
BaHUSl TPYAHOCTEH, U36paHHBIM B I1aBe, YpeBaT WIJIIO3UAMU OOMAaHYMBOM MPOCTOTHI,
HO C 3TOTO MOXHO HaYMHaTh.

12.1. NapameTpuyeckue rpynnbi

Mycts £ € R", a € R", u {G,} — ceMeitcTBO HenmpephIBHBIX (BYHK-
umit Go(z) = G(z, a), npeobpasyiouux (Mpy 3aIaHHOM MapameTpe a)
TOYKM Z B TOYKM & TOro xe npocrparcrBa R”. YTo6bl ceMeiicTBO
npeobGpa3soBaHuil (umpux e 0603nauaem Ougpepenyuposanus)

' =G(z,a) (12.1)

COCTaBJIsLIO Ipynmny (C KOMMO3ULIMEN B KAYECTBE YMHOXEHMS), TOKHbI
BBIMOJIHSITLCSI OOBIYHBIE€ TPYNIOBBIE AKCUOMBI.

B 4acTHOCTH, rpyMnoBas OTepalMs He D0XHA BLIBOAUTL U3 {G,}, T.e.

' =G(z,a), ' =G(',b) = z"=G(z,c) (12.2)

npu HekoTopoM ¢ = ¢(a, b). UHbIMU c10BaMu, MOCNENOBATENbHOE BBIMOTHEHUE ABYX
npeobpasopaHuii THna (12.1) paBHOCWIBHO MpeoGPa3oBAHMIO TOrO Xe BUIA,

GbGa = Gw(a.b) .

Y Urorosas moHorpadus (Lie S. Vorlesungen iiber continuierliche Gruppen. Leipzig:
Teubner, 1893) — conepxut 6osee 800 cTpaHuLL.

2 Kak TOBOPWI JiiHumeliH, «C TeX MOP KaK 33 TEOPHIO OTHOCHTEJIbHOCTH NPUHSUIUCH
MaTeMaTHKH, g €€ yXe caM GoJiblie He MOHUMAIO».
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AccounatuBHOCTh ouyeBuaHa. Nasee, HeobxonuMo | G(z, €) = T | npu HEKOTOPOM 3Ha-

YEeHUHU MapaMeTpa @ = €, YTO TapaHTUPYET CYLIECTBOBAHWUE EIMHHUYHOTO 3JIEMEHTa
rpynnsl. Ins mpoctotsl o6blyHO monaraetcs € = 0, T.e. G(x,0) = z. HakoHel,
ypaBHeHus (12.1) o6si3aHbl uMeTh pelieHne ¢ = P(z’, a), npuueM dyukuus P(z’, a)
Noc/ie TIOAXOAsAILEH MepenapaMeTpu3aliy 10/KHA TOMNaaaTh B TO Xe CEMEHCTBO, T. €.

¥(z',a) = G(z',b), b=b(a).

310 0becrneynBaeT CyLIECTBOBAHHE OOPATHBIX 3/IEMEHTOB, G = Gia)-

YT106bI MONyYUTh OmnpeneseHue epynnol Jlu, NONOJHUTEIBHO HAno
MPeanoIoXuThb, yto dhyHkuuu b(a) u ¢(a, b) «rocratouHoe» yucio pa3s

HeMpepbIBHO IUdbhepeHLIMPYeMbI 3,

OGpaTMM BHMMaHHWe, 4TO BCe, KpoMe aubepeHUMPYEMOCTH, YKJIanblBaeTcs
B OOBbIYHbBIE OTpENEeHUsI TPYNMbl U COMYTCTBYIOLUMX TOHsATHIT. CeMeHcTBO GyHK-
unii {G(z, a)} MOXHO UHTepMpeTUPOBaTh Kak deiicmeue (raasa 3) rpynmsl G = {G,}
HAa 3/IEMEHTAX T. A MHOXECTBO

Orb(z) = {G,z : G, € G}

npeacrTasasieT coboi opbumy 3neMeHTa .

OnHonapaMerpuyeckue rpynnsl (7 = 1) HalOT MpOCTeHLUMil MyTh
K TOHMMaHM1O o0Lued uaeosoruu epynn Jlu, HO OTHOBPEMEHHO BBO-
oAt B 3abnyxneHue. Cytb liela, KaK BBISICHSETCSI, OJIU3Ka K TOMY, 4TO
¥ TaK XOPOLIO MU3BECTHO (MHTErpabl IBUXEHMUs, IPOM3BOJAHbIE MO Ha-
NpaBJeHNI0 BEKTOPHOTO 1oJist). B pesysbrate BO3HUKaeT BrieyatieHUe
0 0e30CHOBATEIbHOM NMEePEUHAYMBAHUU NPUBBIYHBIX MTOHSATUH.

12.1.1. B cayuae oononapamempuueckoié epynnbi C NOMOWbIO hepena-
pamempusayuu (3amenvl napamempa) ece20a MONCHO 006umbcs, 4moGbl
¢(a,b) = a+b, b(a) = —a. Huaue 2060ps,

GyGy = Gopp, Gi'=G_,. (12.3)

DTO COBCEM MPOCTOI, HO NMPUHUMNHUANLHBIN (akT. Pa3bsicHeHUs
Oynyr naHbl no3xe. [Toka Xe ocraHOBUMCSI Ha Oojiee BaXXHOM, XOTS
Y TPUBHUAJILHOM YTBEPXIEHUH.

3 310 YHpOLLEHHOE onpenejieHHe. MeHee NOHSATHbIE BAPMAHTBI MOXHO HaTH B yKa-
3aHHBIX BbILLE HCTOYHMKAX. O MPHYMHAX BO3HMKAIOLMX CIIOXHOCTEH OyneT cka3aHo aaiee.
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12.1.2. Ecau napamempusayus epynnoi Jlu G« {G,} makoea, umo ebi-
noansemes (12.3), mo G(z, a) moxcem Goimb noay4eno Kak pewenue 3a0avu
Kowu:

oG
90 &(f), Gl_o=2, (12.4)
2de
_ 0G(z,a)
{(z) = e |, (12.5)

< TIycrs G(z,0) = z. Torna

G(z,a+ Aa) = G(z,a) + %Aaﬂ-o(Aa), (12.6)
0
G(G(z, a), Aa) = G(G(z, ), 0) + 28 CE 0 1o ona). (12.7)
——— dAa
Gle.a) £(G(z.0))

B npeanonoxeuuu (12.3) nesbie yactu (12.6) u (12.7) — paBubl. [To3TOMY paBHbI
u npasble. OTKyna

0G(z,a)
e = €|G(z, a)]. > (12.8)

U3 n.12.1.2 cnenyer, uto ecs epynna {G(z,a)} onpedeasemcs npo-
u3600HbIMU 6 Hyne (12.5).

(!) Tocnennee uMeeT MeCTO M B MHOTOMapaMmeTpuyeckoM ciyuae. Ipynny Jlu
onpedeasem CKOAb Y200HO MAnas OKpecmHOCMb eOuHU¥Ho2o nemenma. Bce cemeiicTBo
{G(z, a)} onpenensercs ero noBeaeH1eM B OKPECTHOCTH TOXAECTBEHHOTO MpeoGpa3o-
Bauus G(z,0) = z. ITo ynuBUTENBHO, MIOTOMY YTO MPHYMHA 3aKJIOYAETCA HE B JiM-
HeiiHocTi. HanpawmBalorcs, KoHeyHo, apyrie aHaitoruu. Hampumep, 3amaHue aHa-
JIUTHYECKON (PYHKLMHU B OKPECTHOCTH JIIOOOH TOYKHU onpenesieT GyHKUHUIO LEJTUKOM.
B rpynnax JIu Bo3HHKaeT HeYTO MonobGHoe.

Heo6xonnmo noayepkHyTb, YTo 3anuch (12.4) mackupyeT GaHaib-
Hblit dakT. 3adava Kowu

dz
i £(2), =2(0) ==z, (12.9)
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MMeeT pelueHue 2(Z,t), YTO C TOYHOCTHIO [0 OOO3HAYEHUH U €CTh

G(z,a) =z(z,a). Takum 0Gpasom, o0Honapamempuyeckue epynnot Jlu vic-

yepnbiBaoTcst —(!) B npeanonoxexuu (12.3) — onepamopamu cosuea 4

z2=G(z,a) =G,z
110 TpaeKTopHsiM cucteM aud-ypaBHenuit Buga (12.9).

e [lockonbky cuctema (12.9) aBTOHOMHa, omnepatop caBura G, YIOBNETBODSIET
nonyapynnoeomy ceoiicmey G,G; = Gy, OTKyna cnenyer G, = (GA,,) NP4 YCIOBUHU
NAa = a v mobom N. INostomy G, onpenensiercs caBuroMm Ga, 3a CKOJIb YTOAHO
Majioe «BpeMsi» Aa, YTO U ObLIO BbILliE MPEAMETOM OOCYXKIEHUS.

o Ecnu cemeiictBo {G(z, @)} He yooBneTBOPSIET aKCMOMaM TPYTIIIBI, TO CEMEHCTBO
onepartopos casura {U,} mo Tpaekropusim (12.9) He coBnanaer ¢ {G,}.

[MocmoTpuM, 4TO Nosyyaercs: 6e3 npeanonoxenus (12.3). B ciayyae
= G(z,a), c = p(a,b) umeem, B cuny G(z',b) = G(z, p(a,b)),
TOXIECTBO
0G(z',b) 0G(z,c) dy(a, b)
b  dc a

nepexopsiiee mpu b =0 B

0G(z',0) 9G(z,a) dyp(a,b)
o  0Oa ab

b

b=0
YTO MOXHO 3anucaTh B BUJIE

dz' ,

— = .10

wla) o = &), (12.10)
rae
BG(:I: 0) dy(a, b)
() = ——, w(a)= |-
=0

ITpu nepexone K HOBOMY «BPEMEHM»

T ada
7=

4
) Ecnut a cuurars BpemeneM. Bonee npusbiuHO BHIIAAUT Uz BMecTo G,oT.
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nuddepenumanbHoe ypasHeHue (12.10) npuobperaer dbopmy

dz'
T.e. ykinanpiBaetrcss B dopmar (12.9), paBHocwibHbiil (12.4), — uto

!
doka3svieaem ymeepxcoerue 1. 12.1.1, 160 B HOBOM «BpeEMEHU» 4 TPYMITy
3amaet aBTOHOMHBIN andyp (12.11), onepatop caBura Mo TPaeKTOPUAM
KOTOPOTO 00JIANAET N0AYZPYNNOGLIM CEOUICMEOM.

Takum oGpa3oM, odnonapamempuyeckue epynnst Jlu — HeoOs3aTeNb-
Ho ynosnerBopsitoiue (12.3) — KUCYEPNBIBAIOTCS onepamopamu cO8uea

O TPAEKTOPHUSAM CHUCTEM ANG-YpaBHEHUI BUIA 5)

dz

i a(t)é(z), (12.12)

(ha3oBbie TPaEKTOPUM KOTOPBIX COBMANAIOT C TPAEKTOPUSMH aBTOHOM-
HbIx auddepeHmanbHbIX ypaBHeHuit (12.9). OmiMure — B CKOPOCTU
IBUXEHMSI [0 3TUM TPAEKTOPHSIM.

B clyyae OfHONApaMeTPHUYECKOi TPYTINbI
1
' =az, ¢y = o (12.13)

eAMHUYHOMY JIEMEHTY OTBeYaeT 3HaueHHe napameTpa a = 1. Ypasuenue (12.4) (¢ mo-
NpaBkoii Ha «a = 0» => «a = 1») uMeeT BUL
dG, dG

WZGI, d_t2:_G2’ Gi()=z, Gyl)=y.

ze
Pewenne G(z,t) = [ _;| AQBTOMAaTHYECKH MOYYaETCA ALAMTMBHBIM MO MApaMeTpy
ye

v ¢ onucanueM rpymnsl (12.13) He coBnagaer. UTo6bl BEPHYTbCA K MCXOOHOM mapa-

MeTPH3aLMH HAIO cienaTh 3aMeHy @ = e'. TTogoGHOro poxa «OMexH Ha BTOPUYHOM
YPOBHE» XapaKTEPHbI HE TOJIbKO /ISl MATEMATHKH.

12.2. UHBapuaHTbl U NepBble UHTerpanbl

WHBapuaHTamMu ogHOMapaMeTpUUYECKHX TPYTIN CAYXaT nepesie unmezpassi. HanoMHum
OCHOBHbIE CBefieHHs [4, T.2].

5 MMepexosiune B aBTOHOMHbIE — TPU 3aMEHE «BPEMEHH».
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[pou3BoiHasi 0 BpeMeHM CKalsipHO# GyHKuMM u(T) BIOIb Tpa-

exTopuii z(t) aBToHOMHOrO ypaBHenus | & = £(z) | paBHa

0
=3 (,,—Zfi(z) = Vu-£(@),

T. €. CKISIPHOMY TPOM3BEEHHIO rpanneHTa u(z) Ha BekTop £(T).

Benuuuny Vu - £(z) HasbIBalOT npou3seodnoii Jlu, u6o npouseooHoii
u(x) no nanpaenenuro (690av) 6ekmoprozo noas &(z).

Ecau npousBonHas u(z) Buojb () paBHa HYJIO, TO TPAEKTOPHHU
z(t) ueaMKOM pacrnojaraloTCsi Ha TIOBEPXHOCTSIX MOCTOSTHHOTO YPOBHsI
u(z) = const. B aToM ciiyyae roBopsT, uTo () ABJSAETCS Nepevim UHme-
epanom cuctemsl & = £(x). IpyruMu cioBamu, T060e HETPUBHAIbHOE
peLUeHUE AUHEIH020 YPAsHEeHUs ¢ YacmHubimu npou3eoonsimu Vu-£(z) = 0,
T.€.

Jdu
Xi: gi(m)%—i =0, (12.14)

SIBIISIETCSL NepebiM UHmezpasom ypasHeHuss & = &(z), — mocnenHee
Ha3bIBAIOT ypaeHeHUeM Xapakmepucmuk, a ero TPaeKTOpUM Xapakmepu-
cmukamu ypaBHeHusi (12.14).

Hanuyme nepBbix HHTErPaIOB y aBTOHOMHOM CHCTEMbI, BOOOILIE TOBOPS, PEAKOCTb.
COOTBETCTBEHHO, JIMHEIHOE ypaBHeHuUe (12.14) UMeET HETPUBHANIbHbBIE PELIEHUS JIMLIb
B MCKJIIOYUTENBHBIX c/ydasx. Ho B 1OCTaTOYHO MaibIX OKPECTHOCTSIX HEOCOOBIX TOYEK
(a30BOro MpOCTPaHCTBA — MeEpPBbIE MHTErPajibl CYLIECTBYIOT «Bceraar [4, T.2]. Tounee
roBOpsi, B HEBBIPOXAEHHBIX TOYKAX BEKTOPHOrO Mojisi £(Z) rapaHTMPOBAaHO JIOKATBHOE
CylLIeCTBOBaHME Tt — | MepBbIX HHTErpaoB. [IpUyYKHHA 3aKJII0YAETCS B TOM, YTO B MaJlOii
OKPECTHOCTH HeOcO0O0i TOYKH TpaeKTopuu & = £(T) MOYTH NMapasieNIbHb, U HX MOXHO
JIOKJIbHO# 3aMeHOIt mepeMeHHbIX (Iub@PeoMopbU3MOM) «BBIMPAMHUTE> M MEPEBECTU
B CUCTEMY

n=1 %=0, ..., ¥.=0, (12.15)

UMEIOLYIO N — | MHTETPAIOB ABUXEHUS: Yy = C, ..., Yn = Cq.
Kaxcowiii nepeviii unmeepan noseonsem noxuzume NOpadoK U3y4aeMol Cucmembl
Ha edunuyy. CkaxeM, ecii u(Z) — NepBbIi UHTerpa cucTeMsl & = £(), To Bbipaxas,

Hanpumep, T, U3 ypaBHeHus u(z) = ¢ (Mpu HaLnexaweM BbIGOPE KOHCTAHTHI ¢),
nonayyuM &, = @(Zy, ..., Ty_;), MOC/AE YETO OCTAETCSH PELIMTb CUCTEMY

i =&z, .. s Tpg, P(T1, .o, Tpy)) (E=1,...,0—1),

4TO OTPaXaeT CyTb HAEH.
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Jpyrast cCUTyalusi, UMelo11asi HeMOCPeICTBEHHOE OTHOILIEHHUE K IpyI-
naM JIu, BO3HMKAET B CBSI3U C PAacCMOTpeHMeM B R" neaemoromHbix
cucmem & = f(x, 1) v nepevix unmeepanos u(z,t), 3agucauux om epeme-
HU, — KaKOBbIMM Ha3bIBalOT GYHKUMHU (T, l), SBISIOLIMECS NEPBHIMM
WHTETpAJIaMM PacuiupeHHoli A8MOHOMHOU cucmembl:

(it

CaeniéHMe K TpeNbIIyIIeMy CIyyalo CO3/iaeT BrieyaTjieHHEe, YyTO TOBO-
pPHUTb, COOCTBEHHO, He 0 yeM. Ho curtyauust apyrasi. B ecrecTBeHHBIX

npeanonoxenusix® — ecezda cywecmeyem n gyHkyUOHANLHO He3aGUCU-
MbIX NepebixX UHMezpanoe
u(z,t)=c;, ..., up(z,t)=cp. (12.16)

OcmanbHbie nepevie unmezpanvl Gynkyuonansho 3aeucam om (12.16).

< Ecmu z = z(x,t) — pewenue cuctemnl £ = f(z,t), To pa3peLieHue
z = z(c,t) OTHOCHTE/ILHO BEKTOpA C [T N MEPBbIX UHTETPAIoB ¢; = ¥;(z,t). »

Undunntesnmanbubie onepatopbl. PaBeHctBo (12.14) MoxHO 3anucaTb

B Buze | X (u) = 0 | c momolLplo onepaTopa

X = Zgi(m)a%, (12.17)

rae d/0x; ob6o3HayaeT yacTHoe nuddepeHLHpOoBaHKE, MOI 3HAK KOTO-
pOro aBTOMaTUYeCKH nomnaznaet GyHKuMs () Mpy BO3NEHCTBUM Ha Hee
oneparopoM X.

aGi(z,
B cayuae (12.5) &i(z) = ﬂ , — (12.17) na3ssiBaercs

da 2=0
ungunumesumanohoim onepamopom rpynnsl {G(z,a)} ¢ kacameavnoim
B HyJIe BEKTOPHBIM noieM &(z).

(") Ecnu envMHUYHBIM 37IeMEHTOM Ipynnbl sBiaserca G(z, ag), T0o dopmyna mns
£i(x) MeHsaeTcs Ha
8G(z, a)

&i(z) = da

a=ay

%) JlokanbHas eIMHCTBEHHOCTb TUTIOC HENOKANbHAs MPOZOIKMMOCTb BCEX DELLEHHH
cucremsl & = f(z,t).
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[Tpumepni

1
e Bcnyuae ' = az, y' = —y eOIMHUYHOMY 37IEMEHTY TPYTIILI OTBEYAET 3HAYEHUE
a

a = 1. [Toatomy
Gaz| _, yle| __
da a=1 - da a=l1
B pesyabrare
7] 7]
X=z—-y—.
T oz y@y

o Jlna epynnoi epawenuii

! .
T =ZTcosy—ysing,
{, poyshy (12.18)
Yy =zsinp+ycosy
uMeeM
o |
0plomo T Oplymy

HMHduHnTe3MMaNbHBIA onepaTop:

i) 7]

WUnes kacameavnoeo noas B Teopuu rpynn JIu — OIUH U3 Kpaeyroyb-
HbIX KamHeit. Jiss onHonapaMeTpM4eCKMX IPyni OHa, Mo CYTH, XOPOLLO
U3BECTHA M JOCTAaTOYHO HarisinHa. CeMeMCTBO Heauwelinbix (GYHKUMA
G(z,a) (omepaTopoB CHBUra) OMHO3HAYHO OMNPENEISETCS JTMHEWHBIM
M0 @ ABUXEHHWEM BJIOJNb KacaTeJbHbIX BEKTOPOB

0G(z, a)
{(z) = o0
a a=0
Ecnu ¢yHkuust u(z) uHBapuaHTHa mogx aeictuem rpynnsl {G(z, a)},
T.€.

u|G(z, a)] = u(z), (12.19)

10 (12.19) paBHOCMIBHO TOMY, 4TO BekTOp () B JIOGOI TOuKe &
KacaTesleH K MOBepXHOCTH u(Z) = const — MHaye rosopsi, X (u) = 0,
T.e. {(z)Vu = 0.
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Ilepexon Ha $I3bIK MHOUHUTE3IUMABHBIX ONMEPATOPOB — BMECTO
pa3roBopoB o aubdepeHUHATBHBIX ypaBHeHUsIX Buaa (12.4) — u3bas-
JIIET OT HEYKIIIOXECTH B CBsI3U ¢ TpeGoBaHueM (12.3), B 3aBMCMMOCTH
OT Y€ero MpUXOIMTCS paccMaTpuBaTth To Ju ypaBHenue (12.4), To 1M —
(12.12), B TO BpeMst KaK MofoGHasi AUIEMMa MPUHLIMITUAIBHOIO 3HaYe-
HUs1 06bIYHO He uMeeT. Kak npaBuiio, BaXHBI KacaTeJlbHble HanpaBieHUs
M cCaMM TPaeKTOPHH, a He abCOJIIOTHbIE CKOPOCTU JABUXEHUS.

DyHkumio u(z), yrosietBopsioLiyio ycaosuio X (u) = 0, Ha3bIBaIOT
uneapuanmom epynnoi {G(z, a)}. UHaue rosopsi,

u (G(z, a)) = u(z),

YTO BBIPAXaeT OTMEYEHHOE BHILLE CBOMCTBO MEPBOr0 MHTErpaja: co-
JepXaTh TPAEKTOPUM LIEJIMKOM Ha MOBEPXHOCTSIX MOCTOSSHHOTO yPOBHSI
u(z) = const.

CueHapuii, KOHEYHO, BBIIIAAMT MaaruatoM. HoBu3HA — B Ha3BaHUAX, ayaUTO-
pusi — B HeJOyMEHUH. MOXET GbITb, IO3TOMY TPAAHLIMOHHbIE HU3NIOXeHUs Tpyrn Jiu
HAYMHAIOTCsA C OPYroro KoHua. [1psaMo ¢ WHPUHHUTE3MMATBHBIX OMEPATOPOB ¥ WHBA-
PUAHTOB TPYTIbI, B Pe3y/bTaTe YEro O MEePBbIX WHTETpajaXx B MONOMIEKE MHOIME TaK
¥ He noranbiBaioTca. TeM He MeHee MePBOHAYAIbHOE JBUXEHUE 10 3HAKOMBIM MECTaM
3aBOMUT MOCTEMEHHO B IKYHIJIH.

CkoJ1bK0 y rpynnbl HHBapHaHToB? Brillie oTMeUaioch, YTO B aBBTOHOMHOM
cjllyyae, 0 KOTOpPOM Bpoie Obl peyb, rapaHTUPOBAHO CYLLECTBOBaHUE
JIMLIB JIOKATbHBIX MHBapuaHTOB. Ha camoM nerne:

12.2.1. Odnonapamempuueckas epynna umeem n — 1 2100a1bHbIX PYHK-
WUOHANBHO HE3A8UCUMbIX UHBADUAHMOE.

B yrBepXxaeHuu 12.2.1 onyiueHo, Aist KpaTKOCTH POPMYTMPOBKH, TPEATIONOXEHHE
0 T06ANBHON M OTHO3HAYHOH Pa3pelMMOCTH ypaBHEHHs T = G(T, a) OTHOCUTEBHO
T, YTO 3/IeCh MOAPa3yMeBaeTCs, U OOBIYHO HA3bIBAETCS pecyasipHOCMbIO Oelicmaus TpyIi-
nbl. UMeHHO 3TO TpeGoBaHKe MO3BOIsET JOKaJIbHbIE MHBAPHAHTHI (CM. BblLlie) CPACTHTD
B rj00anbHble. [TOHATH pe3ynbTaT yaooHee, BUOMMO, ONMPAsACh HAa CAEAYIOIIMMA MTPHH-
LIMIUAJIbHBIN caM no cebe ¢akT:

7 . .
12.2.2. Odnonapamempuueckas epynna ) HeBbIPONCOeHHOU 3aMeHOl nepe-
Mennbix Y; = Y;(T) Moxcem Goimb npueedena k epynne nepeHocoe 6004b Y .

") Onsatb-taku peryssipHasi.
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< Bcuny
Z bl Z il 32, By,

oreparop
a
X =) &)
i
MePEXOANT B

X= Zx(yi)a—

B Masoit oKpecTHOCTH J11060i TOYKM BEKTOPHOE Moje £(Z) MOXHO BBINPAMHTD, obec-
neyuBas (12.15) B HOBbIX KOOPAMHATAX Y;, YTO MPUBOAUT (JIOKATBHO) K
= a a

X = 40— +.. 40 —.
ay, 3y, 0y

(12.20)

B Cujly PeryispHOCTH AeHCTBHs IPYIIbI A0KatbHbie Kapmei®) CpalMBalOTCs BOSIUHO,
u Torma (12.20) BbimoaHsieTcst 17106a1bHO. DTO 03HAYAET, YTO B HOBBIX KOOPAMHATAX
AeCTBUE IPYTIBI CBOAMTCS K CABUIY MO KOOPOMHATE ¥;. b

TakuM o0pa3oM, B KOOpAMHAaTax Y; MMeeTcsi m — | MEPBBIX MH-
TerpanoB Y(¥1), - - - » Yn(Y1), MEPEXOOALIMX NIPH BO3BPATE K MCXOIHBIM
niepeMeHHbIM B 1 — | uHTerpanos aBuxeuus J,(z), ..., Jn—1(z).

ITpumep
W HBapHaHTHI IPyMIbl PaCTAXEHUI ¢ UHOUHUTE3UMATBHBIM OMEepPaToOpoOM
X =2z— 9 FY—+ 25
oz dy 0z
onpenaensieT ypaBHEHUE
23@ +y@ +z¢')_u =0,
oz dy 0z
dr dy dz
CTaHIApTHO peLIaeMoe € MOMOLIbIO YPABHEHUS XapaKTEPUCTUK % ? ==

B uTore nosyyaercs qBa MepBHIX WHTErpana: y2/2: =C, u z/y = C,. Ycnosue

ot
X(@) = 2z£ = | npuBomuT K ¢ = In v/Z. B nepemennbix

2
w=L, w=% t=myz
T )

® Jlokansnoii Kapmoii Ha3bIBalOT ToMeOMOPMhH3M, KOTOPbIH OCYILECTBISIET JIOKATbHYIO
3aMeHy KOOpAMHaT.

% 3amena t = In V/Z BHITOZHEE «TPeHMPOBOYHO». [1poLIe MONOXHUTh £ = 2.
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rpymnna ¢ MHGUHUTE3UMATBHBIM omepaTtopoM X — ecTb Ipymnmna MepeHocoB Mo i,
a mo6Goe nud-ypaBHeHHE, HHBADMAHTHOE MO OTHOILEHHIO K 3TOii TPYINe, CTAHOBUTCSA
«aBTOHOMHBIM», T. €. €T0 MOPSIOK MOHUXKAETCS Ha ENUHUILY.

12.3. UHBapmaHTHble PYHKLMN U MHOXECTBA

Kak yxe ormevanoch, GyHkuusi u(r), MHBapUaHTHasi K JAEWCTBUIO
rpynnsl {G,}, XxapakTepu3yeTcsi TOXIECTBOM

w(Gyz) = u(x),

au6o ycnosueM €(z)Vu = 0, ¥ TOYKM T mOL AEHCTBUEM 3JIEMEH-
TOB TPYIIbI OCTAIOTCSI HA «CBOMX» MOBEPXHOCTSX MOCTOSIHHOTO YPOBHSI
u(z) = const. B ToM yucie coxpaHsieTcsi Hys1eBoi ypoBeHb. Ho nHorna
BaXHa MHBAapMAHTHOCTb TOJILKO HYJIEBOTO YpOBHsi. B aTOM Cilyyae HeT
HeoOXOIMMOCTH, YTOOBI U(Z) Oblla MHBAPUAHTHA.

12.3.1. IIycmb G — epynna Jlu ¢ ungunume3sumanrvibim onepamopom X
u Vu(z) # 0, ecau u(xz) = 0. Toeda mHoMcecmeo pewenuii ypaeHeHus

u(z) = 0 | uneapuanmmno omnocumensro G ¢ momm cay4ae, Koeda

X(u) =0 npuycrosuu u(zx) = 0.

IIpumep [19]
MHOXeCTBO pellieHHil ypaBHEHHs

u(z,y) =z + 2y’ +4° - 1=0

0 /]
MHBapUAHTHO OTHOCHTE/NLHO TPYTIMbl BpalIEeHHUsS (X = —ya +za—) HeitcTBu-
Y

TeBbHO,
X (u) = —42’y - 22y’ + 22y + 22y = —2zy(z® + 1) 'u(z, y),

1 nostomy X (u) = 0, ecnu u(z,y) = 0. [panveHT u BBHIPOXIEH TOBKO B HYJEBOl
Touke (¢ =y = 0), Ho u(0,0) # 0.
«CeKpeT» pacKpbIBaeT IPEeACTABIEHHUE

wz,y) = (' + 1)@= +y - 1),
OTKyna scHo: u(z,y) =0 & z’ + y2 =1.

Hano umeTh B Bully, YTO MHBAPUAHTHOCTb AU(-ypaBHEHUI Mofpa-
3yMeBaeT HeuTo nolfoOHoe. YpaBHeHUE & + az’ = ,[3:‘,—2 WHBapUaHTHO
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K rpyrnmne npeobpa3oBaHuit § = kt', z=(1/ k)x' HE MTOTOMY, YTO HE Me-
HsieT (opMbl, a MOTOMY 4YTO npu moactaHoske ¢ — kt, = — (1/k)x
NEePEXOANT B IKBUBAJIEHTHOE ypaBHEHHUE

%(z +azl—ptH =0 (k>0).

Pa3yMeCTC$[, BCTPEYAIOTCA Oonee 3anyTaHHbI€ BApHUAHTHI.

Ipu KOHLEHTpPALUHU BHUMAHHS Ha KOPHAX YPaBHEHUS A€iCTBUE IPYTBI MOXHO
Cy3UTb Ha MHOXeCTBO pelieHuidt u(z) = 0 — B pe3ynbraTe BO3HMKAaeT HOBas Ipynmna
U B KaKOH-TO Mepe HOBasi CUTyaLlus.

PaccmoTpuM, Hampumep, anreGpandeckoe ypaBHeHue P(z) = L rz+1= 0,
KOPHH KOTOPOTO BBIIEPXHBAIOT NpeoGpasoBanus T = x* mpu mo6oM k € Z, He KpaT-
HoM 3. (?) Ckaxem, mnst ' = ™' nonyuaercs P(z') = P(z)/«’, a B cnyvae ¢’ = 2’

PE)=2'+2*+1= (2’ -~z + 1)P(z).

Mostomy P(z) = 0 = P(z') = 0. TonuHOM, TakuM 06pa3oM, MpeoGpaxaercsi, HO
KOPHM OCTalOTCSl KOPHSIMH, XOTA 1O/ AEHCTBUEM 3JIEMEHTOB TPYIIIbI MOTYT MEHSTHCS
MecTaMu. B pesynsrate obpasyercs (hakTOp-rpymnia rnepecTaHoBOK KopHeit. Ha 3tom
NyTH U BO3HMKAIOT, COGCTBEHHO, 2pynnbi Tanya.

JleBble 4aCTH payUOHANbHBIX OMHOWEHUH

E i, iy Ty =0
it vin

MEXIy KODHAMHU Zj, ..., T, anre6pauyecKoro ypaBHEHHs, TI€ BCE @; .., — DaLHO-
HaJIbHbI, TIEPECTAHOBKA KOPHEW 0 TEPEBOIUT B BhIPAXEHHUS

i in
E iy inZy - - Tl
iyeenin

B pe3yJIbTaTe 4ero PaBEHCTBO HYJIO MOXET HapyLwiaThcs. [loarpyrmna nepecTaHOBOK, CO-
XpaHSIOLUMX BCE pallMOHaIbHbIE OTHOLUEHUs MEXIY KOPHSAMH, siBAsieTcs epynnoii Taaya.

IIpumep B o6pamaeHuu epynn Jlu BHILISIUT Gesi0it BOPOHOI, HO 3TO
He coBCceM TaK. Mneoiorum NCKpETHBIX U HEMPEPBIBHBIX IPYIMI BO MHO-
TOM MEPECEKAIOTCS, U MO3TOMY Gapbep MeXIy HUMM JIy4ll€e He CTaBUTb.
bBosnee Toro, B NpuIOXEHHUSIX 4YaCTO MMEET CMBICJT pacCMaTpUBaTh KOM-
OMHaLMM AMCKPETHBIX UM HempepbiBHbIX Ipynn. JduddepeHuuranbHbie
YPaBHEHMsI, KOTOpbIE MPEICTABJISIIOTCS BOTYMHON epynn JIu, — Onaro-
JIaTHbI OOBEKT C TOYKM 3PEHMSI HEYYBCTBUTEJbHOCTM M K JUCKDET-
HBbIM TNpeoOpa3oBaHusM. Hanpumep, MHBapMaHTHOCTb IUG-ypaBHEHUS

E aj:c(f) = 0 K oOpalleH!I0 BpeMEHU — BJieYeT 3a co0Oit paBEeHCTBO

J
HYJTIO BCeX KOIDMUUMEHTOB @; C HEYETHHIMM HOMEPAMHU.
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12.4. O paspgeneHun nepemMeHHbIx

BepHeMcsi K BommpocaM O METONE€ Pa3[e€HUsi TEPEMEHHBIX, KOTOphIE
B paszeiie 1.3 nmoBuciau 6e3 OTBETOB.

B o1HOM M3 MIPUMEPOB PACCMATPUBAIOCH YPaBHEHHUE

dz
— -3t=0, 2.
i 0 (12.21)

HE4YYBCTBUTEJbHOE K IEHCTBUIO TTPEeOOpa3oBaHuUii
t=t+a, ' =z+3a (12.22)
WuBapuanT rpynnsl (12.22) — ¢yHkuus z = ¢ — 3t. 3amena ¢ — 2z + 3t npusoguna

K YPaBHCHHUIO C pa3neasaOIUAMUCA MEPEMEHHbIMU

z
= —dt, MHTerpupoBaHue
+3 PP
KOTOPOTO B UTOT€ JaBaJIO pelLueHHe
z(t) =3t + Ce™ - 3.

OOpaTiM BHMMaHHWe, YTO MHBAPUAHT IPYNMbl 2 = T — 3t He 00s3aH ObITb U HE
ABJISIETC UHBAPUAHTOM (MEPBBIM MHTErpajioM) pewiaemoro audypa.

INpuyrHa NPOUCLIENIIEr0 pa3fe/ieHUs] NMepeMeHHbIX CBs3aHa HeE
CTONIBKO C ypaBHeHueM (12.21), CKOJNBKO C HATMYMEM WHBApPUAHTHOM
rpynmsi (12.22), KoTopasi ocsie 3aMeHbl ¢+ ¢, T — 2 + 3t cTaHOBUTCS
B TepEMEHHBIX (2, t) TPyNMoii MepeHOCoB BAOIb OCH t:

t=t+a, Z==z

OOGuimit xe Bun ypaBHeHusi 2 = f(z,t), HEBaXHO KaKoro, HO WHBapu-

aHTHOTO 0 OTHOLIEHUIO K TaKOM IpyIine '0), €CTb
dz dz
— = f(2) — =dt.
dat f(z)

B n106om nud-ypaBHEHUH, MHBADUAHTHOM K (12.22), nepeMeHHbIE pa3-
JEJISIIOTCS 3A04HO TOU XE CaMOil 3aMEHOM.

TakuMm obpa3om, B ciyyae IByX MEpeMEHHbIX paboTaeT eauHblt peuent. OaHOM
HOBOW MEPEMEHHOI Ha3HAYaeTCsl MHBAPUAHT TPYMIIbI, APYyTas epeMeHHas BbiOupaeTcst
TaK, 4ToGbI 1O Heil npoucxonu casur (nepeHoc). Hanpumep, nis rpynnst

' =az, t' =at (12.23)

19 B cuny f(z,t+a) = f(2,¢).
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WHBAPUAHTOM CIYXUT Z = zz/t. 3ameHa z = zz/t, T = 7(t) nepeBomMT onepaTop

a 7]
X—$a—z+2ta

~ a i} 0

ar
Beibop X (1) = 2ta = | npusommT K T = In V. B nepeMeHHbIX (z,T) meiictBue

TPYMIbI CBOAUTCA K nepeHocy no 7. CooTBETCTBYIOLLAs 3aMEHa Pa3BA3bIBACT MEPEMEH -
Hble B J1I060M aM(-ypaBHEHMH, HHBADUAHTHOM OTHOCHTEBHO rpymmsl (12.23).

BooO1uie roBopsi, BBIOOpP BTOpOIl MEPEMEHHOIM TaK, 4TOOBI MO HeH monyyancs
YKMCThIN CIOBHT, He Bceraa obssateneH. BMecto Z = f(z) MOXET Mony4nThesi ypaBHEHHE
z = w(t)f(z) Toxe c pasmeasOWIMMUCA mepeMeHHbiMU. HO B mpuHuMne BTOpas
nepeMeHHas TpeOyeT 3a60Tbl. CKaxeM

dy _y+zf(a*+y?)

dz  z-yf(a*+y?) (1224

C MPOU3BONBHOI (10 pasyMHbIX mpezesoB) dyHkuuein f — onmceiBaeT kiace audie-
pEeHUHANbHBIX YPAaBHEHHI, HHBADUAHTHBIX OTHOCUTEBHO IPYTIbI BpalLle HH i (12.18).
IMepexon K MONSAPHBIM KOOPAMHATAM B JIIOGOM U3 ypaBHeHHii Buaa (12.24) pasgensier

NMEPEMEHHBIC. Ho ecnu OrpaHUYUTHCS JULLUb 3aMEHON 2 = Z2 + yz, OCTaBMB B Ka4Y€CTBC
BTOPOIA MEPEeMEHHOM &, — HUYEro He MOJYYUTCH.

Ilpu Gonblleit pa3MEPHOCTH OMMCAHHAsi TEXHOJIOTHS TPeOyeT omnpeaeneHus BCex
n — | UHBapuaHTOB — CM. pasgen 12.2. B cuny n. 12.2.2 n1060€e ypaBHeHHe

dz

—_ = R",
dz, f(z), z€

MHBapUaHTHOE OTHOCHUTEJIBHO OAHONAPAMETPUYECKOIA IPYTIIbl, 3aMEHON MePEMEHHBIX
y(z) MoxXeT ObITb MPe06Pa30BaHO B HAKTUYECKH «ABTOHOMHYIO» CUCTEMY

dy =+
rz: = fi(yl9"' ’yﬂ)

(n — 1)-ro nopsinka, MOCKOAbKY f; = 1, a ocTanbHble f; He 3aBUCAT OT Y, MOCKONBKY
IpyTINa CBefieHa K IpyTIie NepeHOCoB BOb Y.

11 M o

) Onncanve XJ1acCOB AM(-ypaBHEHUH, HHBAPMAHTHBIX OTHOCHTEJIbHO TOH WJIM MHOM

IpymnMnbl, — CTAHAAPTHAs 3aJ4aya, KOTOpash NMPMBJIEKAET BHMMAHHME OMpPENENEHHON 4acTH
HCCenoBaTeNei.
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12.5. MHOronapameTpuyeckuin cueHapui

B ciayyae MHoronapaMeTpUuYeCKHMX TPYMN CHTyalldss HMIEOJOrMYECKH
ocTaeTcst Bpoae 6bl MpexXHeii, HO AeKopaLuuu MeHsitoTcst. PyHKUUs u(x)
MO AEHCTBUEM NTPeoOpa3oBaHus

Gi(z,,...,zy; 0ay,...,0a,), i=1,...,n

NoJIyyaeT npupalieHue 12)

Au = Zda] (Zﬁu 3 ) +olldal) -

=1

= Z da;Xju + o(|dal]), (12.25)
j=1
rae
X; _th] o d=lor, (12.26)
i=1 i

— UHQUHUMeE3UMAanbHble ONepamopbl TPYIIbl, KOTOPLIX TENEPb T IUTYK
BMECTO OIHOTO, a «KacaTeJIbHbIE MOJIsi» ONPEAEIAIOTCS IeMEHTaMU

9Gi(z, a)

oa; (12.27)

§ij(x) =

a=0
CripaseanuBocTb (12.25) onupaeTtcs Ha CEAyOLWME BbIKJIAAKH.
< Touka z = G(z, @) nox aeicTBreM BO3MyLLeHUS G4, MEPEXOAUT B
z + Az = G(z,0a) = G(z,0) + fi(2,0)da + o(]|dal|).
Ilpu 3TOM 13)
¢(a, da) = p(a, 0) + ¢'(a, 0)da + o(||dall),

OTKyZa
da=o(a)Aa+o(...l), Ae=p(a,da)—(a,0),

rae o(a) — obparHas MaTpuua K ¢'(a, 0).

12) Mt w3beraem meuTh MHIEKCHI Ha BEPXHHME M HWXKHHUE, YTO NMpU 60siee DeTATbHOM
aHaIM3e MO3BOJISIET PATUYATh KO8APUAHMHbBIEe I KOHMpaeapuakmusie nepeMeHHbie. Ho Tyt
CHUTYyaLusi Ta Xe, YTO M C AECATHMAIbLEBON CUCTEMOW MeyaTH, KOTOpas XOpowua Mpu
Habope 06BEMHBIX TEKCTOB.

13 IMonpasymesaercst auddepeHurpoBaHUe tp’ MO BTOPOMY apryMEHTY.
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YuutsiBas f,(z, 0) = £(z), OKOHYATENBLHO MMEEM

Az =¢&(z)o(a)Aa+o(...). » (12.28)

Pasymeercs, cobaronasi GopMaibHOCTH, HaIO GbLIO Gbl KOE-4TO oroBopuTh. Ha-
MPUMeEpP, HEBBIPOXIEHHOCTb MaTPHULIbI ¢p'(a,0). Ho Mbl 4acTh pyTHHBI OCTaBiisieM
3a GOpTOM.

Wrtak, 115t ”HBapUAHTHOCTH U(Z) OTHOCHMTENILHO TPYMNIbI npeobpa-
3oBaHuit {G(z, a)} Teneps TpeGyeTcs Gosnblie, yeM npexue. PaBeHCTBO
HYJIO TpUpallieHuss Au B NEPBOM NPHUOIMXEHUM — BJIEYET 3a COOOM
HEOOXOAMMOCTb O6pallEeHHs] B HYJIb T CKAISIPDHBIX NPOMU3BENECHUMN Ipa-
nveHTa VU Ha T KacaTeJIbHbIX BEKTOPOB:

€l €ir
L@)=1:1 ..., &z=1]": [, (12.29)
fnl fnr
T.c.
X;w)=0, j=1,...,r. (12.30)

3arto ecau UHTErpat ABUXeHUs u(x) ynosnetBopsieT ycnousim (12.30),

TO MOPAIOK CUCTEMBI I bePEHIMATBHBIX yPABHEHMI MOXHO (1H020a)

4
MOHU3UTH Cpa3y Ha T C}.IHHP[[Il )

Ananorom (12.12) B maHHOM ciyyae siBisietcsi, B cuiy (12.28),
3agava Koiuu misi cucteMbl 1uddepeHManbHbIX YPaBHEHUMHA B YACTHBIX
NMPOU3BOIHBIX BUIA

0z; !
a—; = 2 §ix(2)orj(a), 2(0) ==, (12.31)

peuieHust Kotopoit 2 = G(z, a) ucuepnsiBaiot rpynmny {G(z, a)}.

(1) ®opmyna (12.27) mpenmosaraet, YyTo €AMHUYHBIM JIEMEHTOM
rpynnsi siBisiercst G(z, 0). Eciu envHUYHbIN aneMeHT rpynmsl G(z, ag),

4 o

9 B otnuune ot OIHONMApaMETPUYECKOH CUTyallMH, He BCEraa SICHO, KaK M KOrma 3To
MOXHO creatb. [ToJIOXHUTEIbHOE peleH e BONPOCa 3aBUCHT OT paspeuumocnu VHIyLHU -
pyeMoii aazebput Jlu.
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o (12.27) meHsieTcst Ha

9Gi(z,a)
30,]'

§ij(z) = (12.32)

a=ag

12.5.1. Ilpu ymenuu aumepamypoi Hado umems 6 8UOy pasHoboii € mepmu-
Honoeuu, yOoOHblii ¢ mouku 3peHus c60600bi Maneepa. Hngunumesumans-
Hbimu onepamopamu, nomumo (12.26), naseieaiom maxxce: (i) auneiinote
xomobunayuu (12.26) u daxce (ii) 1106ste npeobpazosanun G(z, a) u3 do-
CMamo4Ho Manoli OKpecmHOCmU eOuUHU4Ho20 3nremenma epynnsl. Kpome
moeo, UHQpUHUMe3UMAaNbHble onepamopbl QuU3uUKU HA3blealom zenepamopa-
Mu z2pynnol.

IIpumepn
e [pynna HEBBIPOXIEHHBIX MPeoOpa3oBaHHU

a; a
z':Az:[” '2]:):
Q) ap

MMEET eNUHUYHBIIA /1eMeHT pu 4 = [(l) (l)] C yuetom (12.32) HHPUHUTE3UMANIbHBIE

omnepatopsi, o dopmyse (12.26):

1] 1] ad d
X1=213—z|, Xz—‘—zza—xl, X3=$|a—2:2, X4=2252—-
2

o [Ipu BpauieHUH TBEPOOro Tesia BOKPYT OCH T; C EXMHUYHON CKOPOCTBIO TOYKA
z = {z,,%,, €3} umeer ckopocts v = {0, —z3, ,}. CKOpPOCTb M3MEHEHHUS OGO
dbyHKuuu u(c) B 3TOM TOYKE paBHA

ou tz ou
-z
oz, 6 92, 823
ITo3ToMy HHDHHKHTE3MMaAIbHBIE ONEPATOPHI BpalEHUsS B R®:
X 9 9 X 9 9 X; 9 (12.33
=T —T3—, =T3— - —, =T — - .
: 2823 3822 2 362[ ! 823 ! 62:2 *2 %2, oz | )

4TO XapaKTepU3yeT BpallleHHe TBEPAOTo Tea, 3aKperieHHoro B Touke. [1pu ocBoboxne-
HMU TOCTYNATeIbHbIX CTeneHe cBoGoabt K (12.33) Hano 106aBUTH €LIE TPU ONEPaTOpa:

i) 7] i)
Xy =— X5—a—zz, XG'—‘a—ZJ.

COOTBETCTBYIOILIME KacaTe/bHbIE 110/ CKOPOCTEii:
&i(z) = (0,-23,73), &(z) = (23,0,-21), &(2) = (-2, 2,,0),
64(2:) = (1»0’ 0)9 {5(2) = (O» 190)’ gé(z) = (0’ O’ l)
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3aMeTuUM, aHaloroM yTBepxXaeHus: 12.3.1 saBisieTcs cieayolee.

12.5.2. ITycmb G — r-napamempuveckas 2pynna Jlu ¢ ungpunumesumans-
Hboimu onepamopamu X, ..., X, u cucmema ypasHeHuii

file)=0, ..., fu(x)=0, z€R", m<n, (12.34)

ofi
makoea, ymo mampuya Sxobu [— umMeem panwe m 6 A060M peuleHuu

(9:1,‘]'
cucmembl. Toc0a muoxcecmeo pewenuil cucmemst (12.34) uneapuanmmno
omuocumenvho G 6 momm cayuae, Koeoa

Vi, j: Xi(fi) =0
6 noboii mouxe ., yooearemeopsroueii (12.34).

Boripoc o uuciie MHBapUAHTOB T -rTapaMeTPUYECKHUX TPYIIN pellaeT-
Csl B MMPUHLIMIIE CJIEAYIOUIMM 00pa3oM.

12.5.3. Ecau epynna deiicmeyem ¢ R" u ee opbumst T-mepnbt, mo ona

15
umeem n — T 2106a1bHbIX d)ynxuuona./zbuo He3a6UCUMbIX UHEAPUAHMO0E )

12.6. JlokanbHble rpynnbl

[TockosbKY nepexos K pacCMOTPEHMIO HHGMHUTE3UMATBHBIX OMEepaTo-
POB coxpaHsieT MHGOPMALHUIO O IpyIre B ueoM, GOKyc BHUMAHUS NPU
obcyxnenun {G(z,a)} MOXHO Cy3uTb IO MATONH OKPECTHOCTH €IMHMY-
Horo anemeHTa G(z,0), 4TO 1aeT BO3MOXHOCTb TOBOPUTD O J0KAAbHbIX
epynnax.

Takoii mepexo Ha caMoM fiejie PUHLMMUaNEH. [Ielo B TOM, YTO
€CTb J0BOJILHO MHOTO MPaKTUYECKH MHTEPECHBIX OHOTIAPAMETPUYECKHMX
Tpynn TUna

J T ! y

z:—, = -,
1 —¢ex y l—¢ex

(12.35)

KOTOpblE MOTYT OBITh OmpefesieHbl JUIb JIoKaabHo. Ho atoro mocra-
TOYHO, YTOOBI OOCYXIaTh MHBAPUAHTHI TPYIIIIbI.

15) Jnst «rnoGanbHOCTU» HEOGXOIMMBI OTOBOPKH, aHATOTHYHbIE TEM, KOTOPhIE AENATHCh
MO NMOBOLY yTBepXIeHus 12.2.1.
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JlokanbHas rpynna (12.35) He MoxeT ObITb ompeneneHa mpu Beex € € R u3-3a
obpallieHHs 3HaMeHaTeJieil B Hyb. Ho eciiv €, €7 1OCTATOYHO Maibl, TO MOC/IEA0BATE b=
HOCTb ABYX npeo6pasoBaHuii (12.35) ¢ 3TUMK mapamMeTpamMu TOYKy (Z, y) MEpPeBOAMT B

(e L)
1-(e1+6&)z’ 1—(e,+€)z )’

M Ha TMyTY aHal13a HE BO3HUKAET MPENATCTBUI — MPUH PACCMOTPEHUHU KACaTebHOrO
noss (9:2, TY) v 2enepamopa

a a
.2
X=2 62+zy¢9y'

TpensaTCTBYS BO3HMKAIOT MPU PACCMOTPEHUH AUd-ypaBHeHus (12.4), UMEIOLLIETO B 1aH-
HOM cJlyyae BUI CUCTEMBI

dz d

2 Y

_—=0 —_— =T

de " de Y
peLIeHHs KOTOPOI HeA0KaabHo Henpodoaxcums: [4, T.2], 4TO U ABASETCA NPUYMHON 06-
palleHus B Hy/Ib 3HameHateseit (12.35).

Takum 006pa3oM, JJOKaJIbHbBIM XapaKTep ONpeneIeHu s TPYIIbl He Ka-
caeTcsi «MHOUHUTE3UMATILHOrO aHan3a». Ho 3TO TONbBKO «I0 MOph
0 BpEMEHU», MOKa HE BO3HUKAIOT «IJI0GATIbHbIE BOMPOCHI», MPUBOIS-
1IIMe K HeOOXOIMMOCTHU TMPOJOIKEHUS JTOKAJTbHOM IPYMnbl, — U 31€Ch
KapTMHAa W TPYIHOCTU €Ba JIU HE WAECHTUYHBI HPOOOANCEHUIO aHau-
muueckux gynkyuii [4, T.1]. B 1aHHOM KOHTEKCTE COOTBETCTBYIOLLME
MOAPOGHOCTH OCTAlOTCs 3a Kaxpom — cM. [19, 21].

12.7. AnreGpbi Jin

KoMmiekT UHDUHUTE3UMATIBHBIX OMEPaTOpPOB B MHOrorapaMmeTpuye-
CKOM ciiyyae oOpa3yeT, KaK HEOXUIAHHO BbISICHSIETCS, TAK Ha3bIBAEMYIO
aneebpy Jlu, NpeacTaBsIoONLyI0 CO00M «MHOUHUTE3UMAJILHOE SIpO», HE-
cyuiee Ha cebe Bcio UHpopmauuvio o rpynmne. HeauHelHble ycioBus
MHBApUaHTHOCTHU, HaNIPUMED, 3aMEHSIOTCS IMHEMHBIMU «MH(MUHUTE3U-
MaJIbHBIMU ypaBHeHUsIMU». HO 3TO fiexuT Ha moBepxHocTH. OGHapy-
XUBaloTCs GoJiee ryOoKMe MEXaHU3Mbl, MO3BOJISIOLIME pelliaTh HEMPU-
CTYIMHbIE C BUOY 3ajayd, TaKUe KaK NepeuuciieHHhe U KiaccudUKalus
WHBApUaHTHBIX IPyNM U AUd-ypaBHEHHUIA, HE TOBOPSI 00 WHTErPUPYEMO-
CTU B KBazparypax.
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IMocTpoeHue anreGpbl MUHOUHUTE3UMANIBHBIX ONEPATOPOB HaYyMHa-
ercst ¢ npocroro HabmoneHusi. [Ipoussenenue (kommosuuusi) aubode-
pPEHLIMATbHBIX ONIEPATOPOB

Z 6:(27 Z nz(m)_ (12.36)

i=1 =1

sBisieTcs nuddepeHLMaNbHBIM ONIEPATOPOM BTOPOrO MOPsiiKa, MOTOMY
41O

o) & B
be. 5z, T @G 5o

60) - m(@) 5 = 650

Ho xommymamop
(X, X5] = X\ X, - XX, (12.37)
Ha3biBaeMbl#i ckobkoi Jlu, OyneT nuddepeHIHaTbHBIM ONepaTopoM nep-

6020 nopﬂ()xa, MOCKOJIbKY Cjara€éMbi€ CO BTOPbIMU IMPOU3BOJIHBIMH B3a-
UMHO YHHUYTOXaTCA 16).

Cko6ka JIu B pe3y./ibrare:
_ 677' a{i 0
X0, X, = z |65 | 3

COOTBETCTBEHHO, KoMMymamop éexmophbix noaeii £(z), 1(T) nonaraeTcs paBHBIM
a"l a{l [ a"l aﬁx ] }
[&nl= {Z [El = 621] Z gnﬁz,, n .

Kommyrartop (12.37) nanee ciyXuT 6uauneiinoi onepayueii, nexa-
LLEH B OCHOBE ONpeNeNIeHUs aseebpbt JIu, KaKoBO# Ha3blBalOT BEKTOPHOE
npocTpaHcTBo L ¢ GuirvHeNHOM onepauyeit yMHOXeHusl [+, -], ynosie-
TBOPSIIOLLEHN CIENYIOLINM aKCUOMaM:

o buauneiinocmo:
alX), X;] = [aX), X3| = [X),aX,], a€R,
[X1, X2 + X3] = [X), Xo] + [X), X3),
[X) + Xa, X3] = [Xy, X3] + [ X2, X5).

19 W6o B ITIAIKOM CJIy4yae CMeLIaHHble MPOM3BOAHbBIE HE 3aBUCAT OT nopsaka audode-
peHuupoBaHus [4, T. 1].
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o AumucummempuvHocmby:
X\, X2] = -[X2, X\].
o Toxcdoecmeo Skobu:

(X1, [X2, X3]] + [Xo, [ X, Xo] + [ X5, [X), X = 0. (12.38)

Ecin dyHkumm () rankue, To MHOXECTBO onepaTopos (12.36)
¢ ymHoxenueM (12.37) — obGpasyet anre6py JIu. 3T0 MATOMHTEPECHDIN
daxt. UnrepecHo npyroe. HaGop vHPUHUTE3UMATBHBIX ONEPaTopoB
(12.26) cocraBnsier Gasuc kKoneuHomeprol anredpst Jlu L,. Tpu stom
mo6oit onepatop X C L, packianbiBaeTcsi no 6a3ucy, ¥ no3Tomy:

r
(X0, Xl =D Xy, Ap=1,...,r, (12.39)

v=I1

rae cK# € R — cmpykmypnbie koncmanmo: anredpsl L, .

Pesynbrar (12.39) siBnsieTcst B HeKOTOpoM pozie cropripusoM. Eciu
[X), X,] — nuddepeHumanbHblil onepatop nepBoro nopsiaka, To mo-
yeMy OH 00si3aH MpeNCTaB/IsiTb COOOM JUHEWHYI0O KOMOMHALUMIO psina
X,,..., X, — cpa3y He sicHo. TeM He MeHee COOOpa3nUTb HECJIOXKHO,
M 3TO XOpOIliee YNpaXHEHHUE, €CIU MBICINUTh reoMeTpuuecku. KoHty-
pbl pacCcyXIeHHusi MpuMepHO Takue. C OIHON CTOPOHBI, HET 0CObOi
pa3HMULIbI, TOBOPUTHL 06 MH(PUHUTE3UMANILHBIX OrepaTopax, Kak o rpe-
o6paszoBanusix G(z,a), GIM3KUX K €OJUHUYHOMY OMEPATOpPY PYMIbI
(cM. m. 12.5.1), n1u6o o KacarenbHbix BekTopax (12.29), 3agaioummux Ha-
TSHYTOE Ha HUX KacaTeJIbHOe MOANMPOCTPaHCTBO, armnmpoKCHUMHUpYIOLlee
rpynny B OKPEeCTHOCTH eOuHuLbl. C Apyroii — JIMHEWHas 4acThb IO-
cnenoBarenbHoro npuMeHenuss X)X, ob6sizaHa (B Cuily IpynnoBbIX
CBOJMCTB) JIEXaTh B TOM X€ «HATSIHYTOM MPOCTPAHCTBE», ¥ MOTOMY GyIeT
BbIpaXaThCsl KakK JIMHEHass KoMmOuHauusi X|,..., X,. DopMmanbHbiii
9KBUBAJIEHT PacCyXIEHHWs B BUIE 1Ien0oYku auddepeHIMpoBaHUI MOX-
HO HaliTh y Xamepmewa [26).

Moxcranoska (12.39) B moxdecmeo Sxo6u (12.38) npuBoaMT K cO-
OTHOLUEHUSIM

cK#cﬁT + czrcﬁp + c';pcf,p =0, (12.40)
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KOTOpbI€ 00513aHbl BBIMOJIHSITLCS Hapsiay C
v v
C,\# = _C[u\’ (1241)

YTO BBITEKACT U3 aHTUCUMMETPUYHOCTHU CcKOoOKwM Jlu.

Jlu nokasan, 4to nyTh K ypaBHeHusiM (12.40), (12.41) MoxHO npoii-
TH B 0OpaTHOM HampaBJIEHUH, ONpPeNeisisi TEM CaMbIM MO CTPYKTYPHBIM
KOHCTaHTaM asaeebpy Jlu, a 3HauuT, W epynny Jlu. UHaye rosops, JiO-
Gomy peueHuto cucremsl (12.40), (12.41) — otseuaer rpynna JIu, yto
CBOJUT TPYAHOOO03pUMYIO MpooieMy Kiaccudukauuu rpynn Jin K usy-
YEHUIO CUCTEMBI aireOpanyeCcKUX ypaBHEHUMA — JIOCTATOYHO CJIOXHOM,

. 17
HO MIEO0JOTMYECKHU 11p03palmoml ),

Ha BewecTBeHHO# npsamoii R rexeparopamu rpynnst G(z, a) MoryT GbiTh ore-

a
paTopbi §i(z)a C NIMHEWHO He3aBUCHMBbIMU GyHKUMAMU &(Z) — M MX JMHElHbIE

KoM6uHauuu. Pasnoxenue dynkumii £(z) B pan no {l,z,...,z",...} u nouck Ko-
HeYyHo# anreOpbl ¢ 6a3ucom
a
Xi=—, X)=z—, ... X,y =2 —
oz’ oz’ v At oz

MOKA3bIBAET, YTO T HE MOXET ObITh GosbLue ABYX. JleHCTBUTENBHO,

7]
X, Xpp1) =272 — = X,
[ r r+l] 9z 2r-1
4TO MPOTHBOPeyHT TpeGoBaHuo (12.39) B cayyae r > 2.
Taxum 00pa3oM, Ha BelIeCTBEHHOH MpsMOi R BO3MOXHBI JHLIb TPU KOHEYHO-
MepHble anreGpst JIn (¢ ToyHoCTBbIO 10 AubdeoMopdusma):
(i) anre6pa ¢ eAMHCTBEHHbIM HH(DUHHUTE3UMANBHBIM onepaTopom 9/, nopoxna-
was rpynny caguros G(z,a) = ¢ + a;
(if) anrebpa ¢ qByMsi reHepaTopamH,
a a
) X, = T—,
oz 2 oz
nopoxziaroiias AByXnapaMeTpuyeckyio rpynny G(z, a) = ¢,z + a,;
(iii) anredbpa ¢ TpeMs reHepaTopamu,
a a , 0

X = — X, = —_—, X: = ,
'~ oz’ 2= 5 3 zc’)z

17

) KoHeuHo, 3T0 CIMLIKOM CWIbHO CKa3ao. CucTeMa (12.40), (12.41) He TOMBLKO
CJIOXHA, €¢ Halo ele M3y4yaTb C YYeTOM 3KBMBAICHTHOCTH PELUEHHH — IOTOMY YTO
CTPYKTYpPHBIE KOHCTAHTBI MEHSIIOTCS TIPU 3aMEHE MEPEMEHHDIX.
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MOPOXJAOWIAs TPEXMApaMETPUYECKYIO TPYTINY, SKBUBAJIEHTHYIO MPOEKTHBHOI

rpymmne

a, T+ a,
Gle,a) ==

PaccyxneHue, KOHEYHO, COOEPXHT MPOOesibl, HO pe3yNbTaT MMEHHO TakoB. Ha Be-
LIECTBEHHOM MPAMO¥ BO3MOXHBI, MAKCUMYM, mpexnapamempuyeckue rpynibi JIu, npu-
YeM MX BCEro TpH (C TOYHOCTBIO IO IKBUBAIEHTHOCTH). JIu B aHaiu3e MPOABUHYJICA
Jajbllie, HO YX€ Ha TUIOCKOCTH TeXHHYECKHE JETald HACTONbKO rPOMO3IKH, YTO KHU-
I'd, B KOTOPbIX BOCTIPOM3BOAATCS COOTBETCTBYIOLLME PE3YJIBTAaThl, MOXHO TEPEeCYUTATh
Ha najbliax. Bo3MOXHBIX Tpymn oka3ajiochk 6onee 30 TUMOB, Cpear HUX MPUMHTHBHBIE,
MaKCHMYM, BOCbMUIIapaMETPUYECKHE, UMIIPUMHUTHBHbBIE — J11000 pa3MepPHOCTH.

12.8. AnddepeHumanbHbie ypaBHEHUS

IpuwroxeHus rpynn Jiu K nnddepeHIMaIbHbIM YPaBHEHUSAM CBSI3aHbI
B OCHOBHOM C MpoCcTbiM coobOpaxeHueMm. Eciu nudyp MHBapuaHTeH
K HEKOTOpO# rpyrmne npeodpa3oBaHMii, TO MHTETPaJibl IBUXEHHUS Ha-
JI0 MCKaTh B Kjlacce (PYHKUMM, MHBAPDUAHTHBIX OTHOCHUTEJIBHO TOM Xe
rpynnbl. «CoobpaxeHWe» MPOCTO BLIMISIANT, KOHEYHO, MOKa HE JOXOIUT
0 1ena, MOTOMY YTO B KOHKPETHBIX 3agayaX BO3HUKAIOT HESICHOCTH,
0 YeM MOXHO CYIUTb XOTs1 Obl 1O MpUMEpPaM M3 IaBhbl 1.

OnHaKO UMEHHO «ITPUMUTHUBHBIN MOAXOI» JIEXUT B OCHOBE 0O/IbILMHCTBA
MPAKTUYECKUX YCIEXOB, U 3TO MOJIE3HO ObUIO Obl MPH3HATH, HE MpPH-
KPBIBasiCh Pa3roBOPaMH O POJIM BbICOKOiIT Hayku. Ponb mocneaHeii He-
COMHEHHA, HO nymb K peuwleHur0 BCerna OOHapyXHMBAeTCs «Ha MajbLax».
IToroM Ha 060CHOBaHHE UHOTAA YXOIUT BCS XU3Hb, HO 3TO BTOPOIi 3Tarl.
OTKpbITHS M1060T0 Kanubpa U36eraloT «pUYeCaHHBbIX METOLOB». XOpO-
Las HaXxo[Ka — BCETAa pe3y/bTaT 03apeHHsi, MTHOPUPYIOLLETO CTPOTrHe
npaBuia.

Becb 3TOT pa3roBop K TOMYy, YTO MJISl YCHEIIHOTO NPUMEHEHMUS
TPYIIOBOM MIEOJNIOTUU K AMG-YpPaBHEHUSM — COBCEM He00s3aTesIbHO
HayuHaTh C U3yyeHUs] Teopuu rpynn JIu, oCOGEHHO B COBPEMEHHOM
uanoxeHuu [21]. Bonee Toro, HauBHbIN moaxox (iasa 1) maxe jyuiue,
00 pacKpemnoliaeT U BAOXHOBJsieT. CUCTEMaTUYECKUIM B3IJISiA MOTpeE-
OyeTcst Ha 3Tane H0paboTKU, U To He dakT. OnmHaKO 3apaHee IMOJIE3HO
UMETD 06uiee npedcmaenenue o chepe MOKUCKOB, BOBMOXHBIX TPYAHOCTSIX
U NPOCTEHILMX UHCTPYMEHTAaX.
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o Bor BHewiHe npocras cutyauusi. AuddepeHUMATBHOE ypaBHEHHE

t——z:+\/:z:2+t2 (12.42)
KakK JIErko yﬁenmbca, HUMEET YaCTHOC peLUCHUE
1
T = 5(t2 - 1), (12.43)

MHBAapHaHTHO OTHOCHTE/IbHO rpymnibl pactaxeHuil {Cz, Ct}, u noacraHoBka B (12.43)
{Cz, Ct} Bmecto {z,t} npuBoauT K 061eMy pewenuio (12.42):

1/ ., 1
I—E(Ct —E)

o TpioK IOBOJNBHO CUMIMATHYHbIA. M3 OOHOrO peleHHs TMOJyYaloTCcs cpa3y Bce.
Ho unes pa3MHOXeHHs pellieHHii ¢ MOMOILLBIO TPYNIOBOrO BO3AEHCTBUS HE BCeraa
pabotaet. CkaxeM, ypaBHeHHe PukkaTtu

. 2
MHBAPUAHTHOE OTHOCUTENILHO TPYIIbI PACTSXEHHUI
1
Cz, —t,, 12.45
{ca. 5} (12.45)
uMeeT obliee pelueHue
312 |
g=— - -, 12.46
B+C t ( )
KOTOPOE He MOXET GbITh MOMYYEHO IPYTITIOBBIM BO3AEHCTBUEM HH M3 YACTHOTO PEILICHUS
z = —1/t, nu u3 ¢ = 2/t. OxHaxo (12.46) nonyyaercs U3 pelleHHs
31
T= -~
r+1

1
MoICTaHOBKOH ¢ — Cx, t — Et C NocenyloLlei 3aMeHOW KOHCTAHTHI c*rC.

ITpuynHa BCKpBIBaETCA MPU PaCCMOTPEHUH MePBbIX HHTerpaioB. MHBapuaHTamu
TPYIIIBbI (12.45) cayxar KpuBble Tt = k, cpeny KOTOpPBIX JIMLb ABE,

ot=2, zt=-1,

nepeBoasTcs rpynnoi (12.45) camu B cebs 18 ViMeHHO OHHM ¥ He MOIXOAT ANS Leneil
«pa3sMHOXeHUs». B N1060M IpPyroM 4YacTHOM pelleHWM neiicTeue rpymmnsl & — Cz,

1
t— Et CIBUTaeT KOHCTAHTY, U MEXaHU3M paboTaer.

18 Y10 nposepsiercs noxcranoskoit ot = k B (12.44).
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Tpenbiayiiye NpUMepbl YKa3bIBalOT MyThb, HO OH JaJleKO He BCeraa
BelleT K uenu. OOliee peleHre BooOliie He 00sI3aHO MOy4aThCsl U3 KO-
HEYHOro YKCjia — YaCTHBIX.

CuuTtaercs, yto cuctemMa nuddepeHIUaTbHBIX YPaBHEHUIHA
= ®(z,t), z€R", (12.47)

UMeET QyHOaMeHmanvHylo cucmemy peuwleHull, €civ oOlliee pelueHue
(DYHKLIMOHAIIBHO BbIpaXaeTcsi Yepe3 KOHEYHOE YMCIIO 11 NMPOU3BOJILHO
BbIOPAHHBIX YACTHBIX PELIEHWH M 1 MPOU3BOJIBHBIX KOHCTAHT. 3a mpe-
neJlaMyd JIMHEHOro ciyyasi, B KOTOpoM (yHAaMeHTalbHasi CUCTeMa
peLlIEeHMi CyllecTBYeT Beerna [4, T.2], Bonpoc He TakK MpocT.

12.8.1. Teopema (JIn). Cucmema (12.47) umeem hynoamenmanvhyio cu-
cmeMy peuleHuli, ecau OHa npedcmasuma 6 guoe

i =v ()& 1(x) + ...+ ()éir(x), i=1,...,n,
u onepamopbi
- 7]
X; = i(x)—, Jj=1,...,7,
; €z](z) oz, J T
obpasyrom aneebpy Jlu. Ilpu smom m > r/n.

CraHoapTHbI pUMEP HETMHEMHOTO YpaBHEHHSA ¢ (DYHIAMEHTAAbHON CHCTEMOM
pelleHuit — ypagrenue Pukkamu:

& = a(t) + B(t)z + y(t)z’,

st KoToporo aire6py Jlu o6pasyloT onepaTopsl

d d , d
XI—E;’ Xz—.’L‘E';, X3—$ E
Teopema 12.8.1, koHeuHo, — dmar. IIpakTMyecku — pe3yJsraT

MaJIOIOJIE3HbIM, HO «(puiocodcku» — KpaiiHe BaXHbIM. MareMaTuka
BOOOLLIE AEPXUTCS Ha ONOPHBIX CTOJIGAX, KOTOPhIE YUCTO YTUIIUTAPHOTO
3HayeHUs] NMOYTH He uMeloT. Ho kak dyHmameHT, 0603HauYeHUE ropu-
30HTOB, JEMOHCTpAaUUs MEPCNEeKTUB, — 3THU CTOJIObI ONMOCPENOBaHHO
BJIMSIIOT Ha BCE OCTAJIbHOE.
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YT0 KacaeTcsl HETTOCPEACTBEHHO IIPAKTUKH, BHUMaHUE TPATUIIUOH-
HO KOHIEHTPUPYETCSI Ha MHTETPUPOBAHUU KOHKPETHBIX AU depeHIIm-
lbHbIX ypaBHeHMI. 1 XOTsI OHOE peMecIo — AalieKO HE SIIPO TEOPUU
(cM. [4, 1.2]), M nonE3HO BIAKETH.

K npumepam u npuemam M3 miaBbl | 37ech MoOJIE3HO 100aBUTH
HEKOTOpbIE 0011IMe COOOPaKeHHS, KOTOPhIE OTYACTH Pa3BA3BIBAIOT IJ1a3a.
DT0 He Bcerma mpeBpallacT MOMCK Bclienylo B Gojiee 3ddekTUBHOE
3aHSATHUE, HO B LIEJIOM — Jla€T NOHUMaHHe, KOTOPOE YacTO OKa3bIBAETCS
JIOPOXeE OTIEJIbHO pellieHHOW 3anayuM.

B nepByio ouepens HATO CKA3aTh O LIENeCOO0OPa3HOCTU UCTIONb30BAHUS UHPUHUME-
3umanvhoix onepamopos. Ecnu dyHKLuS 4(T, y) MHBADMAHTHA OTHOCHTENIBHO TPYIIIIbL
npeobpa3oBaHU it

7' =az y'=ly
b a’

TO UCIOJIB30OBAHUE 2eHepamopa 2pynnbl

a g
X=2—-y—
oz dy
0OCOOBIX BBIFOJ OOBIYHO HE CYJIUT.
Ecnu xe u(Z, y) MHBADHAHTHA OTHOCHTENILHO 2pynnbl 6paiyenuil
T =zcosp—ysingy,
’ .
Y =zsing +ycosy,
TO CaMa MPOBEPKA MHBADHAHTHOCTH € MOMOLIBI0 HHOUHHUTEIUMATBLHOTO OflepaTopa
a a
X=-y—+z—
e Ay

6bIBa€T HAMHOTO nmpoiue.

Wnrerpupyromuii Muoxutes. JuddepeHuMaNbHbIE YPaBHEHUs HA TUIOCKOCTH
dy _
de

f(z,y)

4acTo 3anuchIBaioT B popme dy — f(z, y) dz = 0. PaccmaTpuBaioT Takxe Gosee obLumit
cnydaii

P(z,y)dz + Q(z, y) dy = 0, (12.48)
paBHOlelJ'leblﬁ YPAaBHCHHUIO B YACTHBIX MPOU3BOAHBIX 19)
ou ou
o —Po-=0. 12.4
Q oz dy (12.49)

9 cu. pa3nen 12.2 o nepewix unmeepanax.
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Ecnu nesas 4actb (12.48) npeacraBnsieT coboit auddepeHLnan HeKOTOpoi GyHK-
uuu (noreHumana) u(z, y), T.e. du = P dz + Q dy, 4TO 03HayaeT

% _ p(s.y). ‘9—: ~ Qlz.y). (12.50)

Jz a
TO 3TO Cpa3y HaeT MepBblil WHTerpan u(T,y) = €, U TEM CaMbIM pelaeT UCXOOHOE
ypaBHEHHe.
W3 paBeHCTBa MEPEKPECTHBIX MPOU3BOAHBIX U(Z, y) BbiTeKaeT, B cwiy (12.50),

OP(z,y) _ 9Q(z,y)
oy oz

(12.51)

YTO CAYXHT JAOCTATOYHBIM YCJIOBMEM CYLIECTBOBAHHMS MOTEHUMana u(z, y).

TMockoabKy ymMHOXeHHe (12.48) Ha HeHyneBOW MHOXHUTENb (T,y) HE MeHseT
YDaBHEHMs MO CyTH, — MOTEHLIMAN U CYLUECTBYET M B TOM CJlyyae, KOLA YCJOBHIO TUMa
(12.51) ynoBneTBOpsieT ypaBHEHHE

p(z,y)P(z,y) dz + p(z, y)Q(z, y) dy = 0.

Toroa p(z,y) Ha3bIBAIOT UHMEPUDYIOUUM MHONCUMEAeM, U U OTPENENsIOT, UH-
Terpupys du = pP dz + pQ dy, a p npeaBapuTeNbHO HaXOOST, pellias ypaBHEHHE
C YaCTHBIMH MPOU3BOIHBIMH

ouP opuQ@
dy 0z’
4TO B OGLUEM Cllyyae He MEHee CJI0XHO, YeM pellieHHe MCXOLHOTO YPaBHEHMS.

Ho ecnu ypaBHeHue (12.48) donyckaem rpynmy npeoGpa3oBaHuit 0 ¢ HHUHKTE -
3UMAJIbHBIM OTEPATOPOM

i) i)
X = z, — + z, a0
£(@, y) 5+ ( y)ay
TO N06oi uHTerpan u(z, y) = C ypaBHeHus (12.48) non AeiCTBMEM IDYMIIBI OCTAETCA
uHterpaiom. IToatomy t06oe peienne (12.49) u(z,y) maer apyroe pewenve X (u)
Toro xe ypaBHenus. Ho pewenne y (12.49), ¢ TOYHOCTbIO 10 (YHKLMOHAIBLHOM
3aBMCHMOCTH, MOXET GbITh TONBbKO oxHO. CrenoBatensHo, X (v) = p(u), T.e.

Ju Ju

rie ¢ — HekoTopas pyHKuMS.

Pewas cucremy (12.49), (12.52) OTHOCHUTENBHO MPOU3BOAHBIX, MOAYYaEM

u _ _pP  O0u_  9Q
0z (P+nQ’ dy EP+nQ’

20 YpaBHeHue donyckaem rpynmy npeodpa3oBaHMi, €CIM OHO MHBAPUAHTHO OTHOCH-
TEJIbHO 3TOM TPYMNMbI.
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B utore
du  Pdz+ Qdy

pu)  EP+nQ

21)

1 o .«
OTKYZA BBITEKACT °, YTO UCKOMBIH UHMESPUPYIOUWUU MHONCUMEND.

1

B g

12.9. UHPuHMTE3NMaNbHbIE NPOJOIKEHNUS

[Mpu u3yyennu aubdepeHUHATbHBIX YpaBHeHuii f(&, z,t) = 0 (u6o
GoJiee BHICOKOTO MOPSAKA) C TOYKH 3pEHHUs] MHBADUAHTHOCTH — YacTo
MMEET CMBIC/T Ha MEepBUYHOM 3Talle MCCJIEIOBaHMS pacCMaTpPUBaTh OU-
oyp f(2, z, t) = 0 kaK cyry6o cTaTM4ecKoe ypaBHEeHHe, 3a0bIB Ha BpEMs,
4YTO & mpoM3BOAHAas. B3auMOCBs3b 3aay COXpaHseTCs UHaye: npodoa-
Jceruem NEUCTBUS M3ydaeMoii rpynnbl G Ha TiepeMeHHble &.

Ienaetcst 310 caemytowuM obpasom. ITycth anemenTsl rpynnsl G = {G,} neii-
CTBYIOT IO MpPaBUIY

y=®(z,t,a), T=1VY(z,t a) (12.53)
Torna

. dy Q, + 2P, .
=2 =—"——" =0(z,2,1t), 12.54
y dr 9, + 1V, @ 2,1) ( )

YTO B COBOKYNHOCTH ¢ (12.53) naeT onucanue npodoaxcenHoii epynnol G", neHCTBYIOLLIEH
B pacILMPeHHOM MPOCTPAHCTBE MepeMeHHbIX {Z, T, t}.

TTp1 HEOOXOMMMOCTH IPYTIY MOXHO MPOAOIXATh Ha MPOU3BOAHBIE GoJlee BBICO-
KUX nmopsakos. Hampumep,

dy O +0,+E6,

=Y _ , 12.55
dr U, + 27, (12:55)

uTo, OGynyuu nobasneHo K (12.53) u (12.54), naet npodonrxcennyro epynny G", neitctay-
I0LLIYIO B IPOCTPAaHCTBE NMEpeMEHHBIX {&, T, T, t}.

Bce 310, KOHEYHO, BBIIVISIIUT YIIpaXHEeHHeM Ha nuddepeHIIMpoBa-
HHME, U TPYIHO IOBEPUTh, YTO IIEe-TO MOXET HaTh BHIMIpHIL. Ho cu-
TyalMsl KapAHHAJIBHO MEHSETCS MPH Tlepexoae K UHPUHUTE3UMATbHBIM

du
M Yoo — — monmbIit nuddepeHLran.

p(u)
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oriepaTropam. Huuero CYLUECTBEHHO HOBOIO, BOOOILIE T OBOpsA, HE IT1OsIB-
JIAE€TCsI, HO HTOTOBBIC (bOpM)’J'I])I CLIC JAJIbLIC OTOAISIOTCSA OT UCXOIHOIo
OITMCaHUA IpymnIibl, U «YI[06CTBa» CTAHOBATCSA NMPUHLIHUITHAIBbHBI.

Ecnn
ad

X= 50t+'7a

TO KaKOB MH(MHHUTE3MMAJIbHBII OMEpaTOp MpOAOIKEHHON rpynnbi? Maeonornyecku
OTBET MpOCT, HO TEXHMYECKH TIPOMO3NOK, M BBIKJIALKU TPOAENbIBAIOTCA B OOLIEM
BHIE OIMH pa3, YToObl He BO3UTBCS C KaXIOH 3axayei otaenbHo. [1pu 3TOM ypaBHEHUs
(12.53) Hano 3aMeHuTb Ha § = T +an+o0(a), T = t+ af + o(a) 1 nepeiiTn x Hopmynam
tuna (12.54), (12.55) ¢ TOYHOCTBIO IO O-MaNbiX, TIONyYasi B pe3y/IsTaTe

y==%+aw,, §=2=%+aw,

roe
=D(n) - 2D(§), w,= D(w)—ED(),

YTO 3aMUCAHO ¢ MOMOLIBIO TaK Ha3bIBAEMOTO 0Nepamopa noaHo2o ouggeperyuposanus

D= a + a + 7]
b p— 4 F— .
at oz 0z
B pesynsbrate uuqﬁunumeawuaﬂbuui: onepamop nepeozo NPoooAXCeHUs

d d
tl_ —_ R
X X+w| 0z E +”0z+w]0:t’

8mopoeo npodoaxceHus
* * 0
X 2 =X ! + wy—.
0z

IIpumep

7] 7]
Jlns onepatopa X = —y—— + T—— TIpYNMNbl BpallUeHHUIi:
oz dy

_ i N
x* =-¥5, +23 (l+yz)ay2.
12.10. Momck AONycKaeMmbIxX rpynn

[Mox «donyckaembimu epynnamu» 30eCh NOAPa3yMEBAIOTCS IPYIIbI, OT-
HOCHUTEJIbHO KOTOPBIX MHBApUAHTHBI U3yyaeMble ypaBHEHHS.

YKa3zaHHIO OOMYyCKaeMOil Ipymnibl CIIOCOOCTBYET OOBIYHO IMOHMMa-
HUE COAEpXaTelbHON CTOPOHBI 3amayu. Pusnyeckue COOOPaKEHMs,
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paBHOMpAaBUE TEPEMEHHBIX, Ta WJIM HHas «reOMETpUYECKas» CHUMMET-
PUST — UMEHHO TaKoro copta ¢akTophl Yalile BCEro noMoraioT obHapy-
XHUTbh UCKOMYIO rpynny. bojee jorMuHas 3amaya «no ypaBHEHHIO HAMTH
rpynny ¢hbopMalbHbIMU CPEICTBAMH» — BbI3bIBA€T OOBIYHO MEHbILIE H-
Ty3ua3Ma HM3-3a TEXHUUYECKHUX TNPENATCTBUH, HO NMPUHLMITHAILHO OHa
pelaema.

Ecnu u3yyaercs ypaBHEHHE
f(&,z,t) =0, (12.56)

TO 11 UHBapuaHTHOCTH (12.56) OTHOCHTENBHO TPYNMbl ¢ HHOUHUTE-
3UMabHBIM onepatopoM X Tpebyercst (HEOOXOOMMO U JOCTATOYHO):

X*f=0 npuycnosun f(y,z,t) =0, (12.57)

I Y CTOMT BMECTO NPOM3BOAHOI &. [Tpy 3ToM (12.57) Ha3bIBaIOT onpe-
densrouwyum ypasHeruem 1isi IONyCKaeMoli rpynnbl ypasHeHus (12.56).

Ecnu 6b1 peub wuia 06 ypasHeHuHd BTOporo mopsiaka f(&,z,t) = 0, To BMecTO
(12.57) Tpe6oBanoch 6bl

X*zf =0 npuycnosun f(z,z,t) =0.

U 1ak nanee — nng ypaBHeHM# Gosiee BBICOKOTO MOpsLIKA.

Onpedeasrowue ypasnenus tana (12.57) oKa3bIBalOTCSI B UTOre CH-
CTEMaMH YPaBHEHHUH B YaCTHBIX IPOU3BOAHBIX, PELIEHHE KOTOPbIX (1103-
BOJISIIOLLEE yKa3aTh JONYCKAEMYIO IPYNMy), KaK MPaBUio, CIOXHeE MC-
xogHoro augypa. [103TOMy OBYMHKA HE CTOMT BBIIEJKH, €C/IM 3a1adya
yIupaeTcsi TONbKO B peuleHue aubdepeHHanbHOro ypapHeHus. On-
HaKo 3HaHHWE WHBAPMAHTHOM IPYNIbl OGBIYHO AaeT GOJbile, TO3BONISASL
CYAMTH O Pa3IMYHBIX CBOMCTBAX U3y4yaeMOro 0GbEKTa, YTO rOpas3ao Bax-
Hee CTEPWJIBHOTO peleHust. TaKoro poia cooGpaXkeHUs MOATAIKMBAIOT
K aHaIM3y ONpPEeENSIOIMX YPaBHEHUHA M TPUBOIAT (MHOrZa) K KOH-
CTPYKTHBHBIM pe3ynsrataM [18, 19].

12.11. YM-ypaBHenus

IMponomxeHue epynn Jlu B pacyeTe Ha U3ydyeHHe YpaBHEHHIA B YACTHBIX
TIPOM3BOAHBIX HAaXOOUTCA B TOM Xe€ HIEOJOorHYeckoM pyche. Ilepe-
MEHHBIE HENATCA Ha 3aBUCUMblE U = {Uj,..., Uy} ¥ HE3ABUCHMbIE
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z ={z,...,T,}. OnKMcaHue rpynmnbl BHELIHE MPEXHEE:
u=®(u,z,a), z=Y(u,z,a),

€ T Temepb UrpaeT pojib «MHOrOMEPHOTO BpeMeHHU». [Pyl mpomoJi-
XaloTCsA Ha TIepeMEHHbIE

311.,‘ 3211,,‘ "
;= — =t T. I
pl] 327]' p”k 327]'32?k A

Tpy omnpeneNeHHBIX COMIalleHUAX OTHOCHUTEIbHO 0003HavyeHHUM Gop-
MyJibl (TIPOIOIKEHHBIX OTIEPaTOPOB U ONPENENAIOLIMX YPAaBHEHU ) COB-
MafaoT C MPEeIbIAYILIUMH,

TyT, KOHEYHO, XOPOLIO ObUIO Obl MPUBECTU MPUMEPHI, HO PEIJIAMEHT
nomxkuMaeT. K TOMy Xe CUTyalMsl aHAJIOTUYHA «aJKOTOJI0 3a pyJieM».
MHoro nmuTh HeNb3sl, M0 — HeuHTepecHO. [103TOMy 31ech Jyuile
06paTUThCA K O6CTOSATENbHBIM UCTOYHKMKaM [18, 19]. B anemeHTapHOM
M3JI0OXEHHUHU TTPUMepBI ecTb B [10].

12.12. KommeHTapum

¢ O1kyaa Gepyrcs cnoxknocTH. O TPYIHOCTSIX CHCTEMATHUYECKOTO U3y4eHus epynn Jlu
HETPYAHO IoranaThcsi. ICTOUHUKOB <«HENMPHUATHOCTEH» HOBOJIBHO MHOro. Cepbe3Hyio
rojIOBHY10 GOJIb JOCTaBJSIOT BOIMPOCHI MPOJOMKEHHUS JIOKaAbHBIX rpymnn. Kak yxe
OTMEYaJIOCh, KapTHHA 3eCb HAalIOMMHAET Meopulo aHarumuveckux @ynkyuii. Bo MHo-
rUX MPAaKTHYECKU MHTEPECHBIX CIy4yasX MPOAODKEHHE JIOKANIBHOM TPYINMbl OKa3biBa-
€TCSl MHOTO3HAYHBIM (THUIa MPONOTKEHHUS jorapudmMa Ha KOMIUIEKCHOM IIOCKOCTH).
B TOKII nonoxeHue crnacaloT pUMaHOBBI MMOBEPXHOCTH, HA KOTOPBIX MHOTO3Ha4YHbIE
(YHKIUMH CTAHOBATCS OOQHO3HAYHBIMM, — HO MHCTPYMEHT He M3 MpocThiX. ITonobHy10
TEXHUKY MPUXOAMTCS BBOAMTH U 3€Ch, YTO B PSIOBBIX CUTYALIMSIX TIPUBOIMT K CTPE/b-
6e u3 myuiex no BopoObsiM. KOHEYHO, MOXHO HaTh YNPOIUEHHBIA BADHAHT TEOPHH,
HO €ro MPUXOMMTCA TO U ENO PacIMpPATh M MOACTpanuBath, OBLLMIt Xe MOIX0o poXIaeT
MOHCTpOB. [1pOCTblE UCXOIHBIE TMOHATUS MOCTENEHHO PACCHIMAIOTCH, U HEOXHAAHHO
BBISICHSIETCS, YTO H3YYaeTcs-TO MO CYTHM CMMOMO3 TEOpMM TPYMN C TEOPHEN [JIALKMX
MHOroo6pasuii. [Ipu 3TOM He CKaxellb, YTO XyXe: aired6panyeckue roJI0BOJIOMKH WK
TOIMOJIOrMYECKHE JIOBYLLKH.

o [leHTpaJIbHBIM MOTHBOM JESATEIHOCTH JIu M 06pa3LioM 1Sl MOApaXaHHS CITyXH-
n1a meopus lanya anreGpanyeckux ypaBHEHH. AHaJIOrOM «pa3peLiMMOCTH B pafuKajlax»
6bU1a MHTErpUpYeMOCTh AuddepeHLIMANbHBIX YPaBHEHMIt B KBafpaTypax. Ycrnex, BooO-
e roBopsi, He ObUT JOCTUTHYT, U Yepe3 HEKOTOpoe BpeMs TeMaTHKa ObLla OCTaBjieHa
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B I10KOE, XOTS Pe3y/LTaToB ObUIO 1MOJ1y4eHO MHOTO (Ju M ero GaMXaiiuMK nocneso-
BaTeNAMHU). B YaCTHOCTH, GBUIO BBISICHEHO, UTO cucmema dugdiepeHyuanshox ypasHenuil
n-20 nopsadka ¢ mpaxsumueroii epynnoit Jlu u pazpewumoii anze6poii JIu — unmezpupyema
8 K8aopamypax, a ecau MHOXEeCmea MpPaH3uMuUeHOCmu M -MepHbl, Mo NOPAAOK Cucmems
Kkeéadpamypamu moxcem 6bimb chuxcer do (n — m)-co. Ho 310 ewe He Teopus Tanya.
CucrtemMa MOXET 0Ka3aThCsl MHTETPUPYEMOM, IaXe eCIM OHa He MHBapUAHTHA OTHOCHU-

TEJIbHO XOTb KaKOH-HUOyab rpymmsl Jiu )

e Bextopnoe nosie £(z) B R" (160 Ha MHOroo6pasun M C R") B ecTeCTBEHHBIX
TMPEANOIOXEHHUSX 1Sl JIIOOOH TOYKU ONpenesieT KPUBYIO (TPAaeKTOPHIO), MPOXOMSLIYIO
yepe3 3Ty TOUKY M BCIOAY Kacalowuytocs noist (). B ciydae cucteMbl BEKTOPHBIX MONEH

§i(x) = {€(@),.... &Lj(x)}, J=1,...,r

BMECTO TPAeKTOPHii TOBOPAT 00 ummezpasvHuix muoeoobpasuax nonein {,..., &},
KacaTeJIbHbI€ TPOCTPAHCTBA KOTOPHIX B KaXIOH TOYKE & MOPOXIAKTCA BEKTOPAMH
{&i(z), ..., &(z)}. TIpu atom cucrema {&(z),...,& (z)} cuuraercs unmeepupyemoii,
€CJIM YEPE3 KaXIYIO TOUYKY Z MPOXOAUT MHTErpaibHOe MHOrooOpasue.

O cucreme {£(z),...,&(x)} roBopar kak o Haxodaweiica 6 uHBOMOKUU, ECITH
CYLLIECTBYIOT [ManKue QYHKUMH Cy,(Z), TAKHE YTO

[61\9£M] =Zc;”(z)€u, A!#Z 1,...,r,

v=1
cM. (12.39).
Teopema Dpobennyca. Cucmema 21a0Kux 6eKmMopHuIX noneii
{&(2),.... &)}
23)

unmeepupyema ¢ momm cayyae, eCau OHa Haxooumcs 6 UHeoNOYUU .

e OrnpeneeHHbIH MHTEPEC MPEACTABISET B3aHMOCBA3b KOMMYTaTOpa (cxo6xu Ju)
[4, B] = AB - BA,
rae noa A, B MOXHO MOHMMATh MaTPHIIbI, C 2PYRNOBHM KOMMYMAmopom
A, B]* = ABA™'B™".
B3aumocsa3b onpeneasieTcss paBeHCTBOM
2
[4,B] = % [e*, "]’

KOTOPOE MPOBEPSETCH NMPOCThIM AU GEePEHLIIMPOBAHUEM.

s
s=t=0

2) CoBpeMeHHblit BapyuaHT Teopuu Tanya s auddepeHuManbHbIX ypaBHEHMIA
cM. B KHure: Pommaret J. F. Differential Galois Theory. New York, 1983.

23 Ycroprueckue 1 TexHUYECKHE TOAPOGHOCTH CM. B [19].



CokpauwjeHns n o603HavyeHns

<« ¥ P — HayaJlo U KOHELl PacCyXIEHMs, TeMbI, [OKa3aTeIbCTBA.

(?) — npennaraeT MpoBepMTL WM [OKA3aTh YTBEPXIEHHWE B KAYeCTBE YNMPaXHEHMS,
6O OOBECTH PACCyXIEHHE IO «IOTMYECKOH TOUKHM», — HO HE SBJSETCH BOIPOCOM
«IIPaBUJIBHO WJIM HEMPaBUJIBHO?»

(!) — npennaraer 06paTUTL BHUMAHHE

«B TOMM CJIy4ae» — «B TOM M TOJIbKO TOM Cjlyyae»

HOJI — HauGonbiuuii OGIUKI AeIUTEND

HOK — HauMeHblilee oflLiee KpaTHOE

YIl-ypaBHEHHE — YpaBHEHME C YaCTHbIMM MPOM3BOAHBIMH

A= B — u3 A cnenyer B

T € X — z npuHamiexur X

X UY, XNnY, X\Y — o6benvHeHue, nepece4eHUE U pa3HOCTb MHOXECTB

X CY — X noaMHOXecTBO Y, B TOM yuciie MMeeTcsl B BULY BO3MOXHOCTh X C Y,
T.e. Mexny X CY u X CY paznuuus He nenaercs

N — MHoOXecTBO HaTypanbHbIxX yucen {1, 2,...}

Z — MHOXecTBO Uenbix uucen {...,—1,0,1,...}

Q — MHOXECTBO PaLIMOHAIBHBIX YHCE

R = (—00, 00) — BeliecTBeHHas MpsiMasi

C — KOMILIeKCHas TUIOCKOCTb

Z = a (mod p) — «Z Mpu AENEHHH HAa P NAET B OCTAaTKE @»

Aut G — rpymnmna aBToMopdu3MOB rpynnel G



206 Cokpaujernss n 0603HaYeHuns

2km
C, — rpyrmnmna noBopoTOB Ha yTJIb el k=0,1,...,n—-1

D, — rpynna au3apa, u3oMopdHa epynne camocosmeuieruii paBUIbHOIO N -yTOJIbHHKA
S, — CHMMeTpHYecKas Irpynmna MoACTaHOBOK 7i-i CTEMEeHHU

A, — 3HakomnepeMeHHas rpyrmna NoacTaHOBOK

a — b — oToGpaxeHue, COMOCTARAIOIIEE IEMEHTAM @ 3JIEMEHTHI b

(ay,...,a,) — rpynna c o6pa3ylolMMHK ay, ..., aQ,

(z,y) — ckanspHOe Mpou3BeaEHHE BEKTOPOB T, Y; pa3iiHuMe C MPeablayILMM 0603Ha-
YEHHMEM OMNpeneAeTCss KOHTEKCTOM

(§) — rpynmna nmopoxueHHass MHOXECTBOM S

*, ®, © — 3HaKH W1l 0603HAYEHHUS [PYTIIOBOM Onepauuy (TPYINOBOrO yMHOXEHHS)
ker ¢ — sinpo roMoMopdu3ma ¢

k(a) — HauMeHbllee pacluupeHue nos k, comepxaliee EMEHT a

|F : P] — crenenb pacuunpenus F Hax nonem P

|G : H| — unpekc noarpynnsl H B rpynne G
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