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Uju qhppp qpbint dtnwhnuwgniip wwjdwGwynpywé t GpLwGh
wewnwlwh hwiwuwpwih plwghnwlywb wyniintinGpnd pwns-
pwqntji dwpbdwwnhlywh nwuwywbniwb pGpwgpnid h hwjn Glwo
th 2wpp hwliquiwbpGtpny:

Lwhubwnwy, qunnig t, hGs nniuwg |tqyny qnjnipyntl nuGkgnn
tbdwowyw| dwpbiwwnhywywld gqpwywbnip)nilp, nphg tnwulwds-
JjwlyGbp wpnibGwly oquytip t dkp nuwuwGnnnipynilp, wGhpwdbn
nwwpwlwyny Iwjwuwnwhb sh GEpdnudymd: UjGwbu np, dwyptGh
lbqyny dwpbiwwnhywywl qpwywlmpuli pwywlwlwswih hw-
pniun pwGlh untinénuip nwpdtp b dwiwGwyh hpwiwjwywbp:

Ujnwu npnwwwunwnG wyG £, np 3wywuwnnwbh pnihbiph qpbipb
pninp pGwghnwlw6 pwdhGGtpnud ybipeht vwwphlGbphlG dwpbkdwwnh-
Ywjhg pGnniGGnipjwG pGGnipynLGp hwGbpnt hbnLwGpny, Jwwn waw-
ytpnGhph dnnn wyn wnwpywjh hwanty pngdywd pwiwhpwlp t
wnwowgb: Yw hwGqbgpky t GpwG, np pnith pGnnlGwéGhph Gh
unjuwp quiqywé nypngwywl dwpbiwwnhlywihg nnyyqlb hGs pwyw-
pwp ghwnbihpliph sh nhpwwbtinnd:

JdbpohlG hwiqwiwlpp hwyyh welkind” unpwyywéd Lo tnky dkn-
Gwpyh wnwehb Gpynt ginifup (wybh pwl ywpunth t9) qpbpt wd-
pnnontpjwdp hwuinlwgltp nwppwlwb dwpbiwwnhlwjhG Ybpwpt-
npnn, wju nwuplGpwgntd wGhpwdbwn Gynuph wpwnpdwp:

Gppnpn gintfup Gdhpdwé bt wGwihnhy  Gpypwswhnipjwp:
Pwpdpwagnyyl dwpbdwwnhywjh wju pwdbnid Gwyynn YnnpnhGwn-
Gtiph dtpnnp ns Shw)G pGwghunwlwl hwpgbpnid nlGh (wyG Yhpw-
nnipjnLGGtp, wjil hbnwquyntd uwhdwGynn pwqiwphy qunwigwp-
Gtp nu wGnnuiGbp Gpypwswihnpbt dEYGwpwGE NL hGwpwynpnepyntl
L pGatnnu:

2nppnpn qrhuncd wpwnpywé b uwhdwGGph ntiunep)niGp: Phip-
qwé GG hwonpnwywbnipyjw@, hul wylnihbinb Gwb $ncbGyghwih uwh-
dwGh hwpyiwl YwanGGbpp: UdkGw)G dwhpwiwubnpjwdp GEplYw-
Jugqwé t hpdGwywl wwppwlwb $nlyghwGph uwhdwGGph
hwydwh wnbhuGhywa:



2tnGwpyh wyu hwwnpp Gqpuithwlynid t hhGgtpnpn qinitup, npp
Gyhpywé t whpGnhwin dniGyghwhtiphG: Uyuntn, hGswbu L Gwiunpn
tpynt gqtuncy, pninp pnplidGtpp GhpYwjwgywé G0 dwhpwyplhin w-
wuwgniygltipny: Un JdtipghGGpp, hhwplyt, Ywhiujwsd phwghinwywl
wju Ywd wyl pwdGnid dtp wewpYwih hwiwp Gwhwnbuwsé dwiw-
pwlwyhg, Ywpnn 60 dwuwdp wanbudt: Uhw)l pl, wGhwulwé, w-
wwgnigiwG dtpnnGtphl jwywagnt)iu nhpwwbnbine wWwpwquyned
pGGwfuntyq pGplipgnnp Yywpnnwlw dtinp ptipt| plwghnwlwl pwg-
dwphy fuGnhpGtp |nuétint pwdwpwp hdwnnepyndG:

Stpuwnnud hwdwhuwyh Ywinwpynn hnnuibGtiph uwwygnepjwdp
G26Y, np n° IV. 3.5-p, ophGwy, ¢gnppnpn gtuh, Bppnpn wwpwapwdh
hhGgbpnpn YtwnG t, huly, wublp, n° 2.4-p" nwy grtuh, npnLd Yunwp-
ynud £ hanudp, Gpypnpn wwpwagpwdh gnppnpn Yhina t:

2tnGwpynid welw pnpnp qéwgpbph hwiwlwpqswiht dlw-
ynpdwG hwpgnid hGd dEdwwbiu oqlb| E 5M3 owwnhdw] Yuwrwywp-
dwl wtunpjwl L dnnnwynp hwyyh dkpnnlbph wiphnGh nngklwn
U.M. Mnnnujwip: 26nwghpp plpbipgt] 60 L Ywwwnpbp pwqiwphy
oquwlwp nhwuinpnipynGblip” M3 dwpbdwwhlwywli wGwihgh
wiphnGh nngtiGun U.U. Iwynpjwlp, wiphnGh dquphs, wypndbunp
U.b. MGwnpnuywlbp, InGyghwbtiph intiunipjwl wdphnlh nngkiln .4,
UhpwjbipgwGp L 6M3 Uwpbdwwnhlwjh L dbfuwGhywh $wlniinbnh
ntiywa, 3UU pnpwyhg-wlnwd, wpndtunp U.U. Uwhwljwhp: Pninp
w)n wGdwlg, hGswbu Gwb Gpwag, nyptip wyu qpph (nyu pGéw)iwh
gnpdnLd uwwnwpty GG hGd, hwyinGnud GBS hd wlGuwhdwG Gpwhunwgh-
wnLpynilp:

L.3. Quwjuunywl
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§ 1. RUQUNFE3AFLLEP

1°. PwqdnipymGGEph nbuntpyjwl wwpquagnyb hwuljwgnip-
JnibGbpp: Puqinipjwl qunwihwphl wnbsynid GGp wdkGniptp: Gpp
fununtd GGp (uwpwlnud GEpyw nwowlnnbbph fudeh, hpwwwpwyned
hwywplwé wdpnfup, ywSwnwubinwGhl wpjwé wwpwbplliph 4ney-
nh, wpywéd Ytwnng wGglnn nunhnGtiph thGph dwuhb, wikl wiqud
plngdywé pwnbphg jnipwpwbsyniph hnfuwpbb hwyjwuwpwybu Yw-
pnn tlp oguwgnpéb] «pwquinipynil» wnbpdhlp: Vwpbdwwhyw)nid
wnwybjwwbtu gqnpé bLGp nlGbGnud pdtiph, Ybwbiph, nunphnGbph,
$nGyghwlbph Ywi qulwqwl wy| dwpbdwwnhliwywl opjtyunGtph
pwqdnipyntGGlipp htiw:

OpjyunGlpp, npnlghg Ywquidwd t nw| pwqdnipynilp, Yng-
ynid 5O wyn pwqunipjwl tnwppbp:

Pwqunip)niGGtpp hhiGwlwbnid Gaulwyuynid G (wnhGlpkGh
Gtéwwnwrbpny, huly pwqinpjwl wwpptipp” inppwinwebpny: tpb
x-p A pwqinipjwl vwwpp b, www gpnud 56 x€ A (x-p WwnlwGnud
t A-pG), hwlwnwy nbypnd” x¢ A (x-p sh ywuwlwbnid A-hG):

A UL B pwqinip)niGGbpp hwdwpynud 66 hwywuwp' A= B, biph
npwip Ywquiywsé G 6hain LW Ghin dhlGny b tnwppkiphg:

Pwqdnipynibp, nph wwppbiph 6G a-G, b-G, ..., c-G, GauGwynid LG
{a;b;--‘;c}-nu‘: Uwulwynpwwbu {a}-G dhwyl dbY e wwpphg
Jwqigwdé pwqinpnilb t: Gnynipyntl nlGbG pwqlnipyniGGbph Gaw-
GwliwG wy| dubp, npnGg dkGp YéwGnpwlwlp hGnwqw wpwnpwi-
pnud: Udblwglblp dhw)l, np pwqinpniGlbph wnbunipjwl dkp nh-
wnwpyynid t Gwl dh wnwGdGwhwwnnly «pwqdnipynili», npp ng dh
wnwpp sh wwpniGwyned: Uyt yngynid t nwunwpy puqinipinil L
Gwlwlyynid @ -nyd: Yw nbpb wjunbn hGg-np waenwiny Gnyla t, hGs
0-h nbpp plwpwGnipywl dke:



2°. GGpwpwqunipymGGlp: pb A pwqinepjwl pnpnp viwppbipp
wwwnlwbnud b0 Owb B pwqinipjwlp, www A-G wldwGnid GG B-h
GGpwpwqunLp)nil Lqpnud” A € B (A-G pGYwé & B-nud) hwd B A
(B-0 wwpntbwynid t A-G): OphGwl, bpt N-p phwlwh pytiph pwq-
GnupyntGG t, puly Z-p wipnng pytiphlp, www wjl thwuwnp, np jnLpw-
pwisjnip pOwlw phy Gwb wdpnnp phy t, hwpkih t qpunt NC2Z
inbupny:

Swulwbwih t, np A-G B-h tGpwpwqincpynclp sk Ghw)0 w)l nbiw-
pnid, Bpp gnjnepjnil nilGh A-h nplt twipp, npp gh wwwnwbnd B-hG:
Ujn wpwdwpwlnipjwdp Ywpnn klp wlnki, np gwlywgwé B pug-
Gnipjwl hwiwp® @ < B: buwwbu, nwuwply pwqinp)nilp ng dh
nwpp snLGh, hGnbwpwp gnch wjlwhuhl, npp swwwnlwbbp B-hG:

Lnylpwl wwpq b, npptk ACB L BCC, wyw ACC: W-
uhlpl C pwquinipjwl GGpwpwqimpjwl opwpwqdnipjnilp C-h k-
pwpwqudnLpntl t:

4 YhuinnnnipjniG: Eopwpwqinipjwl uwhdwbnudhg hbwnbknud t, np gwi-
ywgwd B pwqinpjwl hwiwp B < B: Lwwnklp uwlw)l, np pt" wipnnp
B-h hwiwp, pt" nwunwnl pwqdnpjwl hwiwp «GGpwpwqdnipiniG» wntipdh-
Gp wjlGpwl tf uvwqulwa st: Wn t wwinBwnp, np hwiwfu npwip wiywbnld
G0 B pwqintpjwl «wGhulwlwh» GopwpwqdnwpnGabn:

hgnip P(x)-p wpjwé A pwqinipjwl wwpptiph ybpwptinjwg
nplt wwydwa t, hwwnynepynil Ywd wlnnid:

A pwqudnpjwl pnnp wyl x tnwppbph GGpwpwqdnipynilp, npnig
hwiwp P(x)-p G0wphwn t (npnlp pGnipwgpymd G P(x) hwun-
Ynpjwip Ywd npnGg hwiwp Ywwwpyned t P(x) wwjtwhp), Gow-
Guwynd BG° {x€ A: P(x)}:

OphGuwl 4: 5pt N ={1; 2; 3; ---} -p pOwlwh pybiph pwqdnipnila t, huy
z={0;t1;£2 ---}-p’ wdpnng pybiph, www Ywnnn tGp qnbi’

N={xeZ: x>0}

Ujuintin P(x)-p « x>0 » wihwywuwpnip)ntGi t;

OphGuwy 5: 6pb A-G L B-G pwqinupyniGlbp 606, wwyw

A\B={xe A: x& B}:

Uju nbuwgpnud P(x)-p « x¢ B » wwydwah t:



3°. Sbuwpwqdwlwl gnpénnmpinilGGlp: PwqlinipnllGlbph
Gholk uwhdwGynid GG vwppbp gnpénnnpyniGlbp, npnGghg dkq hw-
Gwp Yuwplnpp hGwnbyjw tptpa Ga.

1. A U B pwqdnipiniGGtph dhwynpnidp” AU B -G, pwqdnip-
G t, npp wqddwé t pngnp wyG twppbiphg, npnlp wwur
Jwlnid 5G A-hG Ywd B-hG (weldwqG dE4HG):

2. A U B pwqdnipniGlbph hwwnnidp AN B -G, pwqdnipiniG ¢,
npp Yuwqddwd t pngnp wyG tnwipptiphg, npnlp wwunljuwGnid
biG pti A-hG, pti B-pG:

3. A U B pwqdnipjniGGtiph wtnwppbpnipinilp’ A\ B-G, pwgq-
dnipyniG L, npp Juqddwo t A-h pnpnp wyG wnwppbiphg, npnGp
60 wwwnlwGnid B-pG:

Ophtuy 1: A={-1;v2; 3; a; b}, B={1;v2; 4, a}

AUB={-1;1;v2;3; 4 a; b};
ANB=1{2; a)
A\B={=1; 3; b}, B\A={]; 4}:

b6innpjwdp unnigyned b6 htinbyw) wonnuiGepp.
w)bp ACB,wyw' AUB=B, A(\B=A, A\B=0;
p)ipt ANB=0, wyw' A\B=A, B\A=B:
620wphuin B0 Gwb nEnwihnfuwlwb hbnbyw) optGplbpp.
AUB=BUA, ANB=BNA:

bpp ANB=9, A L B pwqdinpntGObnt wiywhntd GG shwwn-
ynn, ywd wuntd &G, np A-G L B-G gniGbG pGihwGnep Yewn (lwpp):

4°. Spwdwpwbwlwl GrwiGEp: Uwpbiwnhuwlwb guwiywgwsé
Ywnnyg hptGhg GEplYwjwglnid b wpwiwpwlwlwl wwpwpbngp
wunyplbph® wpuphndbtph, uwhdwlnudGtph, plinpbdGEph wpwg,
npnlgnud hwswhuwyh Ypybynn Sh wpp wpunwhwjnnepnlGblp hwp-
dwp t thnfuwphlby npnawlyh GawGGbpny: Ywip npwiwpwGnipjwb
dtg ogunwanpéynn GowGhEnG GG, npnGp pb” hGwpwynpnepyntl GG nw-
thu uwhdwbnuiGbph, pbnpbdGEph dLwlbpwnuiGbpp ubnd 2wpwnpbi,
L pt’ Guywuwnnud 66 nunnnnipynGGbph hutnwly Gwenigdwbp:



Nhgntp a-0 L B-0 hGg-np wunyplbp GO (Ww)dwG, hwinynipynch
Yuwd wlnnud):

1) «a-h G20wpwnwghnipyntGhg htnlndd t f-h G20wpuniwghnip)nt-
Gp» wpnwhwjnnipjwl hwdwp oguwgnpdynd b « o = £ » G wlw-
ynidp: Uj0 wpnn t yuwpnwgyl Owb hbnbjw) Ytipy. «bpb inbinh niGh
a-0, www A-6 G0wphunn t» Ywd «a-0 pwdwpwp wwydwl t g-h
G20wpunwghnipjwb hwdwp»:

OphGwl 2: a=b=>a* =b*:

2) «a wunypp G20wphwin b wyl L dhw)l w)b nbwpntd, bpp 620w-
nhun t A wunypp» wpnwhwjnnipjwl hwiwp ponniwé t «a < B»
Gawlwynwip: Uw Yuwpbih b jwpnw| Owb wjuwtu. «<npwbugh a-G |hGh
60wphwn, wlhpwdbn bt L pwywpwp, np G0wphun |hGh S-0»: Ujn
nbwpnud a-0 L A-0 whywbnud 50 hwdwpdtp wunypltp: UunypGhph
hwiwpdbpnipjwl wwwgnignudp unynpwpwn wnwpydnud t Bpyne gint-
(ny. Gh Ynndhg wwwgnigynd t, np @ = 4 (B wwydwGh wlhpwdby-

wninpyntlp), gjnwu Ynndhg' B = a (F-h pwywpwpnipynibp):

OppGwly 3: (a+b) =a’> +b* = a-b=0(wwuwgnigh]" plnadkiny
dtpp Gzdwo tinebipp):

3) Uwpbdwwnplwlwl npwiwpwlnipjwl 069 uwhdwlynud t
pwgwudwb (dundw) gnpénnnipyncl, nph hwdwp oquwagnpdyntd t
T Gwlp: Ja wunypp hwdwpynid £ §20wphin wjb b Shw)G w)l nbiw-
pnid, bpp a-0 §20wphwn st (4end wunyp t): Uju Gawlp hbnwquw w-
pwnpwipnid hwqlwnbiy b hwGnhwtpne: Ancgh Shw)G wyGwhuh nbw-
ptipnud, bGpp Owbwliwl wybih wwpwejwd dukph oquiwgnpdnLip
hwpdwp st: buly pOnhwGpwwbu, ophGwy, 7(x>0) qpbint thnfuwpkl
qmnd G x <0, T (xe A)-h hnfuwnbl’ x¢ A L wyG:

Pwgwudwl qnpénnnipjwl hbin 60 Jwwywd hbnlyw| bpynt
inpwiwpwliwywb ontiGplhpp. gwilwgwéd a L f wunyplbph hwiwp’

1. 77 ae a ynytwyh pwgwuliwb optiGp);

2. (@a=p)e (f>Ta) (hwywnpiwb opklp):



Eplpnpn opkifipp hwiwh wldwlnud b0 «hwlwunn GGpwnpnip-
jwG opkGp»: UWu optGph tmpjnilp hbnbjwiG t. a ww)jdwlhg A
wonnudG unwlwpnt hwiwp pwlwlw b GGpwnnby, pb A-G 620wphn
st Lwjnintinhg htiinlkigGh|, np a wwjdwOp sh juwwnwpyned:

4) Pwqiwphy uwhdwlnuibbph, pinpbdGEph dLwybpwdwb dbp
hwinhwnn «gwbywgwéd» b «gnynipinth nuGh» wpwnwhwjinnipynGat-
ph thnfuwpbl ogunwagnpéynd 66 V L 3 wpwiwpwlwlwb GawaGb-
po’, npnGp Yngynd GG hwiwwwwwuuwbwpwp pGahwaniph L gn-
jnupjwll pywluwnplbp: Epb A-G pwqdnpynil t, huy P(x)-p A-h
wwnppbph Jepwpbpjw) npbt wOnnu, www «A pwqinipyjwl pninp
wnwppbph hwiwp (gwilwgwd x mwpph hwdwp) G0wphun t P(x)-
p» wunypp gpnud BO0 Vxe A[fP(x)] wnbupny, huy «gnnipyml nubh A
pwqintpjwl wwpp (wrGdwqb Styp), nph hwdwp §08wppuin b Px) -

p» wunypp” dx€ A[fP(x)] wnbupny:
OphGwly 6: Gpt R-p hpwlwG pybph pwqlnipnlld b www

Vxe R (x* 20) wunypp Gawlwynd b’ quiywgwsé hpwlwh pyh pwawynt-
uhl ng pwgwuwlwo t:

OphGwly 7: 3xe R (x*-5x-6=0) (x*-5x-6=0 pwnwlniuh hw-
ywuwpnidb nloh weGuqb deYy hpwlw jnuenud):

Chnhwbniph L gnynpywl plwlnnpltipp Ywpnn GG hwinbu quy
Gwl hwdwuwbn:

OppGuily 8: Vxe R Jye R (x*y=x-y) (qullywgwsé x hpwywh pyuh
hwowp gnynup)ntl nGh y hpwiwt phy, npp hwiwp® xzy =x—-y)
OphGwly 9: 3ne N Yme N (m-n-pqnuqt):

OphGuwy 10: Mhgnip R.-p ng pwgwuwlywh hpwywb pytph pwqinip-
nbbt. R, ={xe R: x20}:

VxeR, VyeR, (x2y&x’2y):

* All (poynp), Exist (qnympymG mGh) pwnbnh ynedwd uyqpGunwntnG be:



Ujuntin wpnb0 hwiwwbin hwintiu 66 quihu GneyGwlnel pubunnpGbn:
Nppwlny np pt' x-p, pt’ y-p pOwnpynid GG GhLGnylG™ R, pwqdnipynilhg,
gnqwé wunyphb upbih b ww) wybith ubnd nbup.

Vx,yER, (x2yeax’2y'):

¢ YhuinnnapniG: Unnp-Unnph qpywé GnylwlnG pywbunnpbbpp Ju-
ptith t thnfuwwnbink,.

Vxe AVye B(P(x,y)) & Vye BVxe A(P(x,y)).

dxe Adye B(P(x,y)) < Jye BVxe A(P(x,y)):

LnyjGp, uwlw)G, sh Yupbih wit] nwpwinlt pywbunnpbtph niwpnud:
bPuljwwbu, ophGwy 8-nud phipdwé wunypp G20wphw t, pwhh np gwllwgwo

-6t Pug FyeR
1+x

VxeR (xzy = x —~y) wunypp S20wnhuwn gk, pwCh np g4w pnpnp x-tiph hwdwp

pGrhwGnip dh y, nph nhwpnid wunypnud ptipdwd hwydwuwpnepyniGp unntyq
L:

x-h hwiwp qnnpjntG nuGlignn y-p  htGg

Quihwqulg Ywplnp 66 pywluninpGbph pwgwudwa Yp Unpgu-
Gh" npwiwpwbwlwh htwnbyw) opkGpGtpp.

TVxe A[P(x)]  dxe A[TP(x)]
(unun t, pbi A pwqdnupjwl pngnp twppbipp odwnywd GG P hwwnlynip-

jwip’ Gawlwynud £, np gnynipynil nLGh A-h wnGdwqb d6Y wwpp, npp
odwnywsd st P hwwnlynipjwip):

T3xe A[P(x)] & Vxe A[TP(x)]
(unun t, pb pwqdnip)nilGlG nGh wwpp, npp odndwé t 2 hwwnynip-

Jwdp® Gawlwynud t, np A-h gwllwgwéd nwpp odnwé st wyn hwn-
Ynipjwdp):

‘u T Unpqu (1806-1871), oninqwGnuugh Swpbdwinhynu:
10



§ 2. PPUYUL RULP

1°. PGuwilywG b wdpnng pytin: Uyqpnud bink 6G pGwlwG pytnp.
1, 2, 3, ...; PGwlywi pyh qunuwihwphl wnwehl wiqwd swhnpwgb)
LGp bpb ny Gwluwnwpngwywl wnwphpnud, www nwpngh wnwohl
huy nwuwpwlnud, Gpp pywpwlwlwb gnpénnnipyntGlGbpp” gnudw-
pnud, hwinud b pwqiwwwnyned, jwunwpnid thGp thwynpyGtph gh-
ongny: Uju nwuplpwgh ppwlwylbpnid dkGp shlp wpwnpbint
plwlywb pytiph pwqinipjwl Ybpwpkpjwi gnjnipynil nilGkgnn fuuniw-
qnuy0 uwhdwbndGhpp, wpuhndGbpl m pbinpldGhpp: Y dkp 6pwgnh
dti9 sh tp dinGnud: Ywlwywln np, d6p hwingdwdp, npwip wykih po-
YuwibLh, wydbh «plwlwh» b0 nwpdbnud wyn pubpp, pwl pOwlywh
pyh dwuhb dbp wnwehl wwinlbpwgnidp® npybu thwynhyblph npn-
wlh «ynywnx:

POwlywa pdtiph pwqinip)nilp Gawlwynid GG N tnwneny.

N={l;2;--;mn+1;,--}:

3hbglblp nupngwlwl Spwaphg hwjynbh dh pwlih uwhiw-
GnudGEp L rwunbp, npnlp dbq whwnp Yqwl hEnwqugned:

Gpt m plwlywh phyp wnwlg dGwgnpnh pwdwGynid t 7 plhw-
Ywa pih, www m-0 wldwbnid 60 #-h pwqdwwwwnply, huy #-p° m-h
pwdwlwpuwn: bpb #-p pt’ m-h, pbt’ p-h pwdwlwpwpt t, wwyw w)t
wljwhnid G m L p pybiph pGnhwinp pwdwlwpwnp: Spqué m L p
pOwlwh pybpp Ynsgynid GG thnfuwnwpd wwpq, tpb Gpwlg dhwy
pGnhwGnip pwdwGwpwpp 1-G t: Gpt p>1 pGwywh phdp 1-hg L h-
ntithg pwgh niph; pwdwlwpwpbbp sntbh, www wjl whjwbnd GO
wwnq phy:

Pwpwlnipjwl hhdGwlwhb pEnpbdp wlnned k.

gwiwgwd pGwlwG phy dhwly duny (wpwnwnphsGph nwuwyn-

nnpjw G Brunnipjwdp) Gapuywgynid t npwbu wwnq pybph wp-

tnwnpjwy;

U0 hwlqwdwbpp, np Gpynt pGwywl pybph wnwppbpnipjnilp
Ywpnn t pGwlwG phy 1h0b|, pwqiwphy gnpélwywl fuGnhpltipndd,
hwaywpyGbpnid |nipe pwpnnipynilGlGbp tp wnwowglnud: Mpwhp
hwnpwhwpbint Gywwwynyd Gepdnddbp GG Gnp pdbp” 0,-1.-2, ...,
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npnGp pGwlywa pytph htwn dhwynpbiny Ywqik| 66 wdpnng pyYtiph
pwqunip)nilp.

Z={0;tL;t2 )

Udpnng phdp Yngdnud t qnuyq phy, bpt wyG (GwGh Gawnnip-
Jjwdp) 2-h pwqiwwuwinhy t: Bpb wdpnng phyp qnug st, www w)b
whjwhlnd &G YGwn phy: Cunn winyd, wdpnng pykiph pwqintpyntGp
winnhyntd t Gpynt shwinynn GGpwpwqdnipniGlbph, npnbp LG

{2k},eg =1{0; £ 2; %45} (anyq pytin),
(2k =1}, = {£L; £3; £5; -} (4tGwn putip):

Swonpn Ytinkphg dEYnLd oguwgnpéynid t hbinbyw] wwpq
wlnnudp.

me Z phyp qnuyq t wil b Shwyl wyG nbwpnid, ipp m* -G qnuyg

t (uwnnigliy):

2°. NwghnGwy pybp: Wipnng pytiph pwqunipjwl dkg pwdwi-
Gwh gnpénnnipjwl hbn Ywwywd huGnhpGlpp hwlgbigntp GG Gnp’
nwghnlwi pytph Gepdnuédwbp: Hwbp 2 wnbuph unynpwlwb Yn-

q

nnpwlbtnG GG, npnGgnud p-G L ¢-0 wdpnng pubp GG, pOn npnud
q#0:

3nipwpwlgnip nwghnGwy phy npwtiv unynpwlwl Ynwnpwly
GEpYwywgyned t nwppbn dubpny. —§-=%=-g-=_—§=-~: Unswinbny
yninnpwlp hwidwnphsh L hwjnwpwph wibklwdbé pGnhwnip pwdwlw-
npwpny L, b hwjnwpwpp pwgwuwlw t, pwqiwwwinybiny hwiw-
nhgl nt hwjinwpwpp =1-ny” vinwbnwd 66 wGypswwnbih Ynnnpul: Un
Ytpw, jnpwpwbgnip nwghnlwy phy nubbGnud t hp Shwl GEplywjwgnt-
dp’ npwbu npwywi hwjinwpwpny wiypSwwnbh Ynunnpul:

fhwghnGw( pybiph pwqdnipynilGp Gowbwlynd G © wnwnny.

Q={£:pe Z,gqge N}:
q
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3°. hbnuwghnGuwy pybp: PYwhG ninphn: bnwghnGw| pybph Gbp-
Gnuodwl whhpwdbnnipnibl wnwewgb) t wybd pwlhg hbwn, Gpp
nwghnlw| pdtipp plnnibyws Ywpgny pywjhl ninnh dpw inbinwpw;-
fubilhu wwpqytg t, np Jwh ninnh pwqiwphy Ytntbp, npnbg ng dh phy
sh dtpwanywe:

hobghtbp. ybpglnud GG hwppnipjwl Ypw nplt ¢ ninhn (np-
wbu LwanG® hnphgnOwlwh nhpenud) L wyn nunnp Yypw' npnawih O
ybwn: 2Gunptkny O-hg wo kY wyy, E Ybwn L pGnncGliny OF hwwnywop
npwbu Gplwpnipgwl swhdwb dhwdnp, O YLwnhG yepwgpnid GG O
phup, E YwnhG™ 1 phup, huly jnipwpwlynip p >0 nwghnlwy phy Ub-
pwagpnud GG O-hg we qunGynn wyl P bLwnhG, nph hbrwynpnipnilp
O-hg Ghaun p dhwynp t: Pwgwuwlwb pybipp nbknwpwtudnid GG O-hg
dwhy, pGn npnud” -p-G Ybpwgpynud t O Yenp Ghwuwndwdp P-hG hw-
dwswih P’ YknhG:

el

s* P

- P
P!

qgd. 1

Nhuwpyblp OF dhwynp hwndwdéh ypw Ywenigdwd dhwynp
pwnwlnwuhG (gé.1): Iwdwdw)jt Mmpwgnpwuh phnpbdh, OS wi-
Wnibwagdh Gpywpnipjwl pwnwyniuhG hwyjwuwp t 2-h: YwpyhGh
dhongny tinfuwnpbiny OS hwwnywdép, hGswbu nw wpjwé t qéwqg-
nnud, ¢ ninnh Ypw, YunwbwGp S° Ytwp, npphG, bpb YEpwanplwé
LhGtn, puwn pGrniGywé Ywngh, nplit rwghnbw phy, www wjn pyh
pwnwlniuhG wbwp t thGbp 2: UnnigkGp, np wynwhuh nwghnGwy
phu syw:

13



Ywunwpblp hwlwunn tGpwnpnip)nil. nhgnip 4 wlypSwwntbiih
q

2
ynunpwyh hwiwp® [EJ =2: MGkGp. p’ =2¢°, npbnhg" p’-G,
q

hbinbwpwn Gl p-G, qnuyg phy t. p=2k (k € Z): Stnwnpbiny ybip-
ohG hwyjwuwpnipjwl B9 Yuwnwlwlp' 4k =24° Lwd ¢° =2k%,
npwntinhg UniGEGwhp, np ¢-G b t qnuyq: Pwyg nw hwlwund t w)l
wwjdwGha, np p-0 L g-G thnhuwnwpd wwnpq GaG:

Ujuwhuny, ¢ ninnp ypw gunlybg «pwihnip» Ukw, npp ng 6h nw-
ghnlw| pyny qpwnbgwé st Ppwlywlnid wynwhuh Yhunbpp swihw-
qulg 2wuwn b0, whhwibdwwn wybih 2ww, pwh «nwghnbw» Ytwnbnph
G0: Yw GawGwynud t, hwuwnnpkG, np gnjnipjntlh nlGbG nunnp pwg-
Gwphy hwwnywsbbp, npnGg bpywpnepynilp hGwpwynp sk wpunwhwy-
ik nwghnOwy pyny Ywd, hGswbu plnniGwé b wuby, npnlp swih-
Jwib wpqwé shwynpp hbin «wbhwiwswihbp» bGa:

brwghnGw) pykiph GEpdniénudp Gywwnwywninnywé t htbg wyn
pwgp |pwgbbkin0:

Qnnip)nLl nilbb hnwghnGwy pytiph Ywnnigdwl nwppkp dnink-
gnuiGlip, npnGghg jnupwpwGgnipned pytiph nwawnl pOnw)Gynid k
wjGpw(, np ninnp wikG dh Ytwnh depwandws thGh npnawlh ph:
CGnudhG, nwghnlbwy pubkipp ninnh Ypw dGnud GG hGswbu np Ywo, hul
dGwgwé pninp «pwithnip» YeinbphG ypwagpynud G Gnp pykip, npnlp
ty htlg whywlnud GG hnwghnGw) pybp:

Udbih ni, hwenpn Ytintiphg dbyncd, pytipp (pYw)hG ninnh yb-
wnbpp) YoGpYwjwgybb npwbu Ybppwdnp Ywd wbdbpe wnwulnpnw-
Ywh YnwnnpwlbGtp L npwing huly, hwunnpbG, Junwbwb gnin plw-
pwlwlwh Gywpwghp:

NwghnGw) L hnwghnGw) pybtipp ShwuhG Yngyntd BG hpwywb
pybp: ¢ nuinhnl wGdwGnud GG pywyhG nmnhn, pywjhh wnwGgp
Ywd YnnpnhGwunwhG wnwbGgp: @Ywjht wnwigph jnupwpwbsjnip
Ytwnha ybipwgpywé phyl woywhbned 66 wyn Yswnp YnnpnhGuin:

bawghnGwy pybiph pwqdnipnilp Gawlwynd GG I wwany:
Ppwlw pdtiph pwqinipjwl hwdwp ponnGdwsd Gawbwynidbbpb GG
R Ywd (—o0; +90): pypnpn Gpwlwyniip wwjdwbwynpywé t pdbiph
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pwqlnipjwl Gbp bplpwswhwlwh pGYwdwip” npwbu tplne Ynnihg
whdwjpwéhp nunhn: M GUwinh nulibOwny” «phy» wnbipdhGh thnfuw-
ntl hwswiu oguwgnpénid bO «Ytn» inbpdhGp:

Sbuwpwqiwlwh htnlyw| weGsnipynibGEpb plngénud GG pw-
JhG nwzwnh plnw)0dwb OEpYwjwgywé thny bipp.

NCZCQCR,ICR,QUI=R,QNI=J:

4°, hpwlwl pytiph pjwpwlnipynilp: Uju Yennud hwiwnnn
Yowpwnptbp dh wnpp vwhdwbnuiGbp L pywpwlwlwh opklpltp
(Uw0nGGGP), npnGp, hhwpyb, h phdu pwqdwphd wy YwbnGGGph,
hwynOh GG Gwl nupngwlwh édpwgphg: Hpwig wyunbkn wnbn Lap
hwwnywglnid, pwbh np khdlwywa GG, wpuhndwwnhy pGnyph, L hkGg
wjn onklpGtpnd t, np Jwnenigynud £ nng pywpwlnip)nilp:

Ppwywl pybph pwqinipjwl d69 uwhiwbynid GG gnudwpdwb b
pwqiwwwwnyiwb gnpdnnnip)nilllp, npnbp GGpwpyynid GG hbwnb-
jw| opbklpGLphG.

gwlywgwé a,b,c pytph hwiwp’

I. a+b=b+a,a-b=b-a

(gnudwphp L wprwnpuih nbnwgnfuwlwb optGpGhp);

II. (@a+b)+c=a+(b+c), (a-b)y-c=a-(b-c)

(gnudwnh L wpinwnpjwih qnignpnwluwG ontGpltn);
1. (a+b)-c=ac+bc (pwatuwywh opkbp);

IV. hpwywb pytiphg 0-G bhwyb t, np YVae R (a+0=a);

V. hpwywb pybphg 1-p shwyGt, np Vae R (a-1=a);

V1. qulywgws a pyh hwiwp gnynepynil ntbh —a phy (Ungunud
t a-nG hwlwnhn), wjGwhupG, np a +(-a)=0;

VIL. gwGywgwé a # 0 pyh hwiwp gnjnipynth niGh a™ =i phu

a

(Yngynd t a-hG hwywnwnd), wjbwyhuhG, np a-a™' =1:

Spywé a L b pybph hwiwp a + (-b) -6 whywhnid 56 wyn pubph
nwppbpnpyntG L Guubwymd a-b, huly a-b7'-p, tipt b#0, wl-
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Jwlnud G a-h L b-h pwlnpn L GwGwyned’ %: Lywuwnkhp, np 0-h

pwdwbdwh gnpénnnipintl gh uwhdwGyned:

R-nud uwhdwGynud t Gwl Yuwpgh (d6¢ nu thnpph) hwpwpbipnep-
jnG. a < b (a-G thnpp t 4wl hwywuwp b-h):

Swllywgwé a,b,c pybiph hwiwp’

VIIL. Ywd a<b, ywi b<a;

IX. (a<blLb<a)=>(a=bh);

X. (asblubsc)=»(ago);

XI. (a<b)y=>(a+c<bhb+c);

XIL. (0<alL0<b)=>(0<a-b):

Gpb a<b L a#b, wyw qpnud GG a <b (a-G thnpp t b-hg Ywd
b-0 666 t a-hg): Qpnjhg uké pybipp Yngynid BG npwlywh pybp, huy
qpnjhg thnpp pytipp” pwgwuwywh: LiwwntkGp, np pdwyhb ninnh Ypw
npwlwh pybpp, hwiwdw)G dep Ywanigdwl, nwuwynpywé GG 0-hg
(uyqpGwltitnhg) wy, huy pwgwuwlwh pytipp’ 0-hg dwfu: U Yuw-
wwlgnipjwip wunid GG, np pyw)hG wewbgpp, puwn pybiph wddwa
Yunah, nunnyws t dwiuhg we:

5°. PYwhl pwqdnipiniGGhp: bpwlwl pytiph pwqunpjw bG-
pwpwqintpntGlbtpp Yngynid GG puyhl pwqinipyniGObp: Uwpb-
dwwhlwynud wewyt| hwdwiu hwGnhwnn npn; pywjhl pwqinipjniG-
Gbp nGEG hpkGg dEYpGnahwn pGanGywé GawbwynidGEpG nu wGyw-
GnudGepp: LpYwjwglkGp npwig gwayp.

R = (—0;+ ) (hpwlwG pytip);
N={1;23%} (PGwlwa pytin);
Z={0 112} (wiipnng putin);

0= {5 PEZ g€ N} (nwghnbw( pytp);

I=R\Q (hnwghnGwy pytip);
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[a;b]={xeR:a<sx<b} (thwy howlwip i hwunyws);
(a:b)={xeR:a<x<b} (Shpwluwyp Ywd pwg Showyw)p);

[a;0)={xeR:a<x<b}| (Yhuwthwy Ywd Yhuwpwg dhow-
(a;b]={xeR:a<x<b}| Ywptn);

(+®)={xeR:x>a}|  (wybng pwg Ghowlwptip Ywi Guw-
(-o;a)={xeR:x<a} nwqw)plbn);

[a;+0)={xeR:x> a}} (whybpe thwy Shewlwypkp Ywi thwly
(—o;a]={xeR:x<a)} Gwnwquw)plbp):
Swiywgwd 4 pywjhi pwqinipjwl hwiwp Gawbwynud 66
A ={xed: x>0}, A ={xeA:x<0}:
Vwulwynpuwbiu’
R, =[0;+®), R_=(-»;0]:

6°. Buyh pwgwpdwly wpdbpp (bnpnyp): Spdwd a pyh dnnnip’
| @|-G, uwhdwGynwd t hwnbyw) pwbwdling.

a, ipp a2 0,
lal=
—-a, bpp a<0:

Swlywgwé x L y pytiph hwiwp | x - y|-p x L y Ytwbph htinw-
ynpnipynilb t: Quuwnnpbl, |a |-G a Yhwnh hbnwdnpnipymbG t 0-hg

(Pwjhl wnwhgph uyqplwybinhg):
Nhgnip” aeR L €>0: 60wphin t hbwnbyw hwdwpdbpnipynt-

Gp.

lal<e & -e<a<e:

> bpnp, nhgnip” |alke: bpb a2 0, www th Ynnihg a>—¢,
djntu Ynnihg' a=al<e: buly bpt a <0, wyw Gwh a<e¢ L, pwgh
wjn, a=-|al>-¢:
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Jwdwnpdtpnipjwl hwlwawy Ynndp uinngynid t Gnyl nuwnn-
nnipjnLGGhpny <:

bwnlyw) wGhwywuwpnipynibGtipp, npnGg uinnignudp panGned
LGp pGptipgnnpG, Ynsunid b0 tnwbyjwh wGhwywuwpnipyntGGtip.

||a|—|bﬂ$|aib|$|a|+|b|:

7°. Upphdtnh uliqpnilGpp: thgnip h-p YuwidwjwlwlnpbG npdwé
npwlwl phy t:
Swllwgwo a pyh hwdwn gnynipiniG ntGh Jby b dhwyG dby m

wdpnng phy, nph hwdwp

mh<a<(m+1h:

Uju uygpnilph bBpYypwswihwlwd suwybpwynidp, npp ybpw-
qpynid t UpphdtnhG, hwjwnGh t Gwl nupngwlwG dpwgnphg.

nnnph gwlywgwé h U a hwnyjwdlbph hwdwnp h hwndwdp

upntih Einbnunpty a -h Ypw wylpwl wiquwd, np a -h Ynw JGw

h-hg thnpp JGwgnpn:

Upphdtrh uygpniGphg hbinlkinud 6O dh 2wpp whnnudbbp, npnGp
pb’ gnpélwlwh, pb” intuwlwh dES Gawbwynipinil nubkG:

Unwjdd wwwgnigkGp Gh pwhh thwuwnkp, npnGp ybpwpbpnud GG

PYwjhb ninnh ypw wdpnng, nwghnlw| L hnwghnbw) pybph thntuw-
nwnd nwuwynpnpjwip:

w) Swlywgwd a pyh hwiwp (nppwh k| wyG d&é |hGh) qn-
jnp)ntG mGh wyn phyp qbpwqubGgnn pGwywh phy:

» bpnp, Upphdtnh ulyqpniGph dLwybpwdwl dbe ybpghbiny
h=1, YnlGbGwilp a-0 qbpwqulgnn m+1 wdpnno phdp, npp bpb
npwlwb b, wyw Gwb pGwywb phy t: Puly Gpb m+1<0, www np-
whbu wwhwbgynn pGwlwh phy Ywpbih t ybpglb heGg 1-p <:

P) Swilwgwé >0 pyh hwdwp (nppwb t| wyG thnpp |hGh),
qnjntpjntl ntlih ne N phd, nph hwdwp —l—<e:
n
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> 3wdwdw)i Gwpunpn wOndwb gqnjnipjnth nibh l-n qbipw-
€

qugnn pOwlwb phy. 3ne N [n >—1—]: 36Gg wyn n-G t|, ophbGwy,
£

YthGh wwhwGoynn plwlwa phyp <:

q) Swijwgwd (a; b) dppwiwip wwpnGwynid t wrGwqb
dtYy nwghnGw| phy:
» Lwhunpn wonnuihg hGwnknud £, np gnynipynul nLih ge N phd,

nph hwdwnp O<l<b-a: JwiwdwjG Upphdtnh uyqpnilph’ gnjnip-
q

Jnil YnuObOw Gl pe Z phy, wjlGwhuhG, np

1
(p—l)-—Sa<p--l—:
q q

Swinqytlp, np £<b: hpnp, hwwnwy nbwpnud YnibtGwjhGp’
q

-1
P <a<b Sﬁ, npuintinhg widhpwwbu Yhbnlbp
q q
1 —_
1 p_ Pl .
9 4 q
wlhwywuwpnipynilp, npp, uwlw)l, hwlwunid t g-h pGupnpjwp:
UjGwbu np, npwbu npnlbh nwghnbwy phy Ywpnn GGp Jbpglby htlg
E-n <
q

¢ thunnnipyniG: Hhuwplbinyd wrwGdhG-wnwGahG [a; ﬁ] L [ﬁ;b]
q q
dhowlw)pbpp’ Ywnnn GGp wub|, puwn OGnp wwwgnigwd windwh, np npwG-
ahg jnpwpwignipnd Onylbwbu gnjnupynth nuGh webwqlb JEhwlwh nw-
ghnlw) phy: Unwtu 2wpnilwybiny’ hwingynud tGp, np gulywgwes (a; b)
dhpwlw)p wwpniGwynud t waybpp pwlwynipjwdp nwghnbw pykp:
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Npwbugh GnuyGwhup wlnnd wwwgnigkp Gwbl hpwghnGuwg
pubph hwiwp, Juwwnwpklp Sh pwbh wwpqwant)G nhnnnnipynii:
1. NwghnGwy pybph emidwpp, wwppbpnipnilp, wpunw-

npuwip, hGgybu Gwl pwGnpnp (6pt pwdwlwpwpp 0 3t)
nwghnbGuwy pybp b&G:

2. bphreQ,acl,wywr+acl:
3. bphreQ,r#¥0 b acl,wywr-acl:

Uwnniqtiip Ghw)b Gpypnpnp’ GjnLuGtph unnugnudp pnnGtpny pG-
ptipgnnhl:

» bpnp, bpt r +a -0 [hGbp nwghnlw, wyw a=F+a)-r
wnwppbpnip)nibp GnuyGwbu Y hGtp nwghnGwy, npp, uwlw)a, §20w-
phen st <:

n) Swiliwgwd (a;b) dhewlyw)p wwpnibwynd t welwql
gty hnwghnGwy phy:

> huluuby, bt 22

eI, www wyl npnGthG t buly bpb

A+ 0 L neN phil plnpyws t wilyby, np l<b‘

, Wyuw n-

nnGbLh hrwghnGuw phyp, ophGul, T*‘ V26t <

Ujuwnbn b hbaunnipjwdp Ywpnn GGp hwinqyby, np (a; b) -nud

wwpniGwlynn hrwghnGw pybph pwlwlp waybpg t:

LztiGp, np g)-nLd L p)-nud wywgnigywé thwuwnbph Yuwwwlgnip-
jwdp pnnuGdweé t wuby, np pb” nwghnbw) putph L p&” hnwghnGw]
putiph pwquinpyntGhtipp hpwlwl pybph pwqinipjwl 069 «wdkGnt-
ntp fuhwn» GG:

8°. PYh wdpnng dwup: Ppuwhwl pyh nmwulbnpnwywl Gbp-
quywgnidp: dhgmp' aeR: Upphdbnh ulqpnilpnid dbtpglbny
h=1, a-h hwiwp yquGklGp a,€Z phy, wlwhuhl, np
<a<a,+1: UhwpdtipnptG npnaunn wyn a, phyl wGwlmd 66 a-h
wdpnng Gwu b Gubwyns' [a]:
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Quwuwnptl, [a]-0 a phup sobpwquignn wikbGwdkd wipnng

phuG t:
Spdwé a-p hwiwp a -[a]-6 wGdwbnud &G a pdh Ynnnpwyw-

JhG Swu L Guwlwynd {a} " LywwbGp, np gwilwgwé a-h hwidwn
(npwlwa pb pwgwuwlwh), 0 < {a} <1:

OnphGwy 10.
[31=3, {3}=0.[0.3]=0. {0.3}=0.3; [-6,3]=-7. {-6,3}=0.7;

WaJer §2}=v2 -1, [ V2] 2. f42)=2- 42

fhgnip wydd” a20 L a, =[a]: Mwpq t, np a-0 Wwwnwbnud t
[a,; a, +1) Ghuwthwl dhowlw)phl:

Spdwé g puh nwubnpnuw w6 GEpYwjwgnidp vnwbwint hwdwp
Juwpyntd G htwnbyw| Ybpy. Gwhu a,-h Ynnpehb nGtigng unnpwytin L
wpnhtiiny [a,; a,+1) dhowlywjpp wwup hwlwuwp dhewlwjpbph’
wuwpqntd 66, pb ¢-0 unwglwd dhowlwpkiphg nphG b wwwnlwbnd:
Gpbt a€la,; a, +0.1) dhowlw)phl, www unnpwltitnhg htivin qpnud
GG 0 Ghyp, bpb ae€la, +0.1; a, + 0.2) ShpwlwjphG® 1 Ghzp..., btpk
aela, +0.9; a, +1) GhowlwphG™ 9 Ghzp: Upmynilipnid unwbnud GG
npnawhh a,, p, nwubnpnwywG Ynnnpwy, nph hwiwp’

a,, p,<a<a, p +0.1:

Jwenpn puiind, [y, pi; @y, p,+0.1) dhgwlwpp (wjl dhew-
Yuypp, nphG Wwnwlnd tp @-6) nwpdjwi wpnhtiny Lwup hwyw-
uwn dwubiph” wwnpqnud G, pb a-G npwlghg nphG b wywnlwbnid. bpb
aela,, p;a,, p+0.01) dhowluwphl, www p, Ghzhg hknn gpnid
G 0 Ghap, bpb a€fa,, p, +0.01; a,, p, +0.02) ShowlwyphG’ 1 Gh2p

) Uw nGnmGwd Guubwymy t: ipuybuqh wyl 2ginplGp Shw) by & mwpphg Juqiqwd
puqimpywl htun, qw npubu a-h Ynnnpruuw)jhG swu oguwgnpdtthu hwpl tnwd ghypmd
YYwunwnpblp hwiwwwwwuhuwl 6gpuamd:
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L wyG: Yplyobnd wyu pwytpp #» wlqwd, unwbnd 66 a,, p,p, - p,
Jtpewynp twulbnpnwlwh Ynunnpwyp, nph hwdwp’

a0’ plpzu.pn Sa<a0’ p,pz"'p"+10_":

Wu ybpehl wlihwywuwpnipjwl dwhu b we Ynndbpnd qpuwé
nwghnGw| pytpp Yngynud GG a pyh n-pn wwulbnpnwlywG dnunwp-
ynuiGhp® hwiwwwwnwuhwliwpwp «ywwunpanyd» L «hwybnt-
uny»: Oguwlwp t Gwl Gywwbl, np wyn dntwpynidGiphg jnLpw-
pwgnipp a-hg nnwppbpynud t wytith phg, pwa 107"-G t:

Swllwgwé ae[0;+) pyh hwiwp GYwpwapywé pwybpt wi-
dtpe wpnibwlybind’ uinwlmd GG a-h GEpYwjwgnip’ npwbu wi-
Jtipe wwulnpnwywl Ynunnpuwy.

a=a, pp,p,

Gpb npLt pwjnd ybpp gpdwé whhwywuwpnipiniGGtiphg dwup
Jbpwéynid b hwywuwpnipjwl, www hweonpn pwjbipnud wawywgnn
Ghzbpp nupnwyh qpnbtp GG: Ujn nbwpnid, thwunnpkh, a-6 Jbpow-
Unp viwulnpnwywl younnpwy t L nupEdc’ pwghnGw] phy: Ujnwbu

unnwgyned t wyb L Jhw)l wyl nbwpnuy, bpp 2 nwghnGw| Ynwnpw-
q

uh hwyinwpwpp® ¢-G, 10" (ne N) wnbuph nput pyh pwdwGwpwp t:
huly pGnhwbnip nbwpenid, hGswbu hwyinGh t nupngwywb épwgphg,
nwghnOwy pybpp, L dhwjb npwbp, GEpYuwjwgynid Bi wwppbpwyw
wnwulnpnwlywb Ynnnpwylbpny: Wowbu np, waybpe ns wwppbpw-
Ywb nwubnpnwyw Ynnnpwlbtpp hnwghnbw) pytinG GG:

U0 nEwpntd, Bpp a <0, Ywanignd 66 —a pyh twulnpnwlw
GbpYwjwgnudp L bpgGnud wyl «—» Gowhny’:

9°. UwpbdwwnpyuwlwG pGnmiyghuyh uviqpemilpp: Uju
uyqpnilpp GepYwjywgbned b plwlwl pytph wpuhndwwnhy nbunip-
Jw@ YwplnpwgnyyG wpuhniGtiphg dkYp:

) bpt sywuwndip g 20 b g <0 nbwpbph wwppbpwynuip, www, ophGwy, -3,7 Geplw-
Jwgnuip yhwulwgybp npybu -3+0.7:
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bpt N, c N pwqdnipjwl hwdwp quwnwnynid 66 hbnlyw tp-
Ynt wuydwoGEnp

I. leNg;

II. VneN (ne N,=>(n+l)eN,),

wyw N,=N:

blG6nd wju uyqpntlphg’ Ywenigynid t dwpbdwwnhywywb hG-

nniyghwjh dtpnnp, nph tnepynclp hbnbyuw G t.

nhgnip P(n)-p plwywh pybnh Jtnwpbinjwg dlwybpyyws npbt

wannud t: Gpb

L wOdhpwlwbnpbl uinnigly Op L hwdngdby, np 7, -h hwdwnp
wlnnudp® P(n,) -0, 820wphun t;

IL Ywidwywlywbnpbl pGupdwé m-h hwdwp plnniGBind, np
P(m)-p G0wphwnn t, Juwpnnwgk, btGp htwnlbglh, np
P(m+1)-0 t t 60wphwn, www, nupbdh, gwiywgwo n2n,
pOwlwa pdh hwowp P(n)-p Gdwphuwn t:

OphGuwy 11: UwwgnigtiGp, np gwllhwgwd n phwlwb pyh hwdwp’

2 _ n(n+1)-(2n+1)
B —

1 (1+D-(2-1+]) 1=2.3_1.
6 ‘ 6 )

II. Ghpwnpblp n-h hwiwp qpywd pwlwdlp G0wphin t L wwwgne-
gtiGp, np wjb YhGh G0wphwn Gwl 7 +1-h hwdwp.
(n+1)-(n+2)-2n+3)
p :

P+2 4+ +n

. n=1:1

P+28 4+ +n+(n+l)’ =

NLGkGE"

+(n+1)? =

PP+2 2+ +n? +(n+1)2 =%(2n+1)

_(n+])[n2n+D)+6(n+D] _(n+1)-(2n"+7n+6) _
- 6 6
- (n+1)-(n+2)-2n+3)

A :
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OphGwy 12: UyywgnigtilGp RtnGnetihh wGhwywuwnpnipniGp.

(+x)"21+nx (ne N, x>-1):

Ujuwntin t| ywunwnpbGp hGnniyghw:

L n=1: UWu nbwpnd§ unwlnd tip 1+x=1+x hwywuwpnpniGp,
nnG, hhwpytk, sh hwlwunus gpdwd ng tuhun wlhwywuwpnipjwg:

II. GGpwnntiGp wlhwywuwpnpntGp G28wphwn b n-h hwiwp: fwqiw-
wwuwnlbny Gpynt Ynndp 1+ x npwlwl pyny’ YunnwbwGp.

A+ =0+x)-Q+x)" 2A+x)-1+mx) =

=l+(+Dx+nx* 21+ +Dx:

UGhwywuwpnpymGGlph 2npwjh ytipghG onwlnud oquwgnpéytg wiG
thwuwnp, np guwllwgwé n pGulwh puh L gwilwgwd x-h hwiwp' n-x* 20:

UhGs hwonpn ophGwyhG wGgGtip, pbptlp dwpbdwwhlywjnid
pGnniGywé Gh pwbh Yuplinp GauwGwyndGbn:

Spwé ne N pyh hwdwn 1-hg dhGsk #-p GEpwnyw) pninp plw-
wG pytiph wpnwnpwlt wodwind G0 «n pwlinnphwp» L Gowlw-

Ynud.
nl=1.2.....n;

Uwulwdnpwwbu. U!'=1,(n+D!=n!-(n+1): dwywnnphwip uwh-
dwbynid t Gwl 0-h hwdwp. 0!=1:
Sndwé nke Z (0<k <n) pybiph hwdwp
c* ___n_!
" kNn-k)!
wpuwhwjynnep)nilp Ynsynid t BpywhnwdwihG qnpéwyhg Lwd

qnignpnntpntl n-hg k-wlwa':
3wyyblp wyu wpnwhwjnnipywb h pwih wpdbplhbp.

' ! !
C::—n. =1;C:=_n. =n; :: n =1:
0 (n-0)! I (n-D! n!-0!
Ibnlyw pwGwdlbpp unniqymd 60 whshpwlwb inbnwnpdwdp.
Cl = Cll-l Cl +Cl—l = Cl .

n+l

' «bpjwlimuiwihd gopdwihg» wigwGnuip wwpqupwiymd t ophGwly 14-nul: bul ¥jnu w-
JuGnuip Juwwo b, oppGwy, qnignupupymGGbph wibumpjwl Sbe hwynlp htwnbyw) hwunh
htuw. npywd 72 wnwpljuGiphg guljwgwd k-6 pGupbim wwnppbpwlyGhpp hn C_' hww bG:
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Nhgnip' p,q,neZ, 0<g<p<n: Spwé a,a,-,a, pytiph

hwdwp, a, +a,,,

P
+---+a, qnuiwpp Gawlwynud GO Zak -ny:
&

=q

Ophtwly 13:

7 7
D k=3 +4"+57+6"+7°, Y 1=1+1+I+1+1=5:
k=3 k=3

REpywéd Grwlwydwl dbp Ywpbh t ywwnwpb «ybpwhlnbpuwynpnid»
L, ophGwl, anbi|’

ptr

P p-s
PICEDICEL DI
k=q k

k=qrr =q-s

OphGwl 14: Uywgnigblp UnunnGh Gplulnwidh pwlwdlp: Swijw-
gwd a,be R L ne N pybiph hwiwp’

(a+b)"=) Cra"™*-b':
k=0
Ywunwpkbp hGnnyghw:

L n=1:Cla" - b°+Cla®-b'=a+b:

II. BGpwnptklp n-h hwdwp qpywo pwhwdlp Gdwphan t L wwwgne-
gliGp, np wjG Y hGh G2dwphw Gwl n+1-h hwdwp.

n+l
(a+b)"' = ZC,’.‘Ha"”'" -b*:
k=0
MGkGp®
(a+b)™ =(a+b)-(a+b)" =(a+b)-Y.Ct-a™ -b' =
k=0
=a-) Ci-a™ b +b-) Ci-a"* b =
k=0 £=0

n n
= ZC: 'aMl—k 'bk +ZC: B an—k .bh»l =
k=0 k=0

n n-l
= aMI + ZC: .an+l-k 'bk +ZC: .an-k _bh»l +bn+l
k=0

kal]
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(wnwohO gnuiwphg wnwGdGwgnpbghlp wnrwehl gqnulwpbihl (pp £k =0),

huy tpynnnn gnudwnhg’ YtipghG gnudwntithG (kpp & = n )):
Ujdd Gywuwntbp, np
n-1 n

ZC: .an-k .bhl = ZC:-l .an+l-k .bk

k=0 k=1

(Quuwnytg Ytpwhbnbpuwynpnud):
Stnwnpbny Ybpohl hwywuwpnipjwl dbe” Guunwlwap.

n n
(a+b)n+l = an+l +bn+l +ZC: _an+l—k ’b‘ +ZC:-I .anﬂ-k 'b‘ =
k=1 k=1
= an+l +bn+l + Z (C: + C:—l ).an+l—k 'b‘
k=1

(Quwwpybg 00wl winwdbbph Shwgnd):
UGnd t Ghwwby, np Cr+CH'=Ct,, a™=C’,-a™""b°,

b =™ @™ ™Y p™ L Shwglby YbnehGGhnp pGnhwGnup gnudwnhG:

n+l

§ 3. Uulvuvuouy pU2UNHEASNFLLEN:
P4U3hrL fU2UNHA3SUL Gartre

1°. Pwqdmpjwl dtowqnyG U thnppwqnyl wmwpplipp: "h-
gnip X-p pywjhG puqinipniG t:

UwhdwGmd 1: X pwqdnipjwl s awppp Ynsygnid t X-h dbEow-
qnyl (Gwpuhdwy) wwpp, bpt Yxe X (x<s):

Jwdwldwinpbl, ie X wwppp Ynsynid t X-h thnppwqniy (dh-
Ghdwy) nwpp, tpt Vxe X (i<x):

UtidwqnujG L thnppwgnt)G tnwppbipp GuwGwlynid bG.

s=maxX,i=minX :

Ubpywjwgynn oppGwlGtpp gnyg LG wiwlhu, np pwqinip)nilp
Ghzw sk, np nLGh dEdwqny G Ywd thnppwgntyb vnwppbp:
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OphGuwy 15: POwlwh pytiph pwainipywh thnppwgneyl wwppp 1-6 t°
minN =1, pwjg dkéwgnt)Gp qnynipjnil ¢nibh: bujwwtiu, ns Sh ne N phy
sh Qupnn hGty dtéwqnyG, pwbhnp n+1€e N Ln+l>n:

OphGwly 16: [0;1] hwwndwéh hwdwp 0-G nppwgnyb wwpp t, 1-p°
dtdwgne, huy (0; 1) pwg Showlwypp snLlh ns dkdwgneGp, n’s hnppwgnty-
Gp: Ppnp, ng Gh x€ (0;1) phd ¢h Yupnn (Gt dtowgnyG nwpp, pwGh np

x_zt_l_e O; D L %l > x UG Gwl sh Ywpnn |hGh] hnppwgneb wwpp, pw-

Gh np -%e ©; 1) b 1;—<x2
Spqwéd X c R pwqinipjwl hwdwp Gwlwlynd 6G°
-X={-x:xe X}:

Quuinnptl - X -p uwqidwé b X-h0 wwuinlwlnn pytphl hwlw-
nhn pdtnhg:

fthgnip X-G nubh dEdwagn0 wwpp: IEnbjwi hwywuwpnepjnilp
hGwpwynpnipyntd £ wwihu dbéwqnyl wwpph yepwpbpjwp nplt
winnud hwdwwwnwupuwb hnthntuntpjwip dLlwybpwb] Gwbl thnp-
nwagnG nwpph hwdwp.

min(-X)=-max X :

Jwywuwpnipyniip widhpwwby plund t (a<b) & (—a2-b)
hwdwpdbpnipjnilhg:

Pwqdnup)nilp, nph tnwppbiph pwlwyl wpnwhwjngnd t npnyw-
yh plwlwh pynd, Yngynid t yppwynp pwqinipynil: pb pwqinip-
jnilp ybpowynp st, www w)G wiywbnud GG wGybp pwqinipinil:

Swllwgwo ng nwwnwnl, Ybppwynp pyuyhG pwqdnipiniG niGh
dtidwqnuG U hnppwqniyb tnwppbip:

» Uwnwpblp hGnnlyghw:

I n=1 nbwpnuy, tpp pwqinpinilp Yuwqidws t dhwjlb dby
wnwpphg, pwqdnipjwb pb dbdwagnyl, pb hinppwagnyG twwppp htlg
wjn dhwy wwppl b Oqunwlwp t nhuvwpyt] Gwl wyG nbwpep, tpp
pwquinipinilp Ywqdiyws t Gpynt' a L b wwppbphg: Uu nbwpnud’
Ywd a<b L, npbdl, a-0 thnppwgnyGa t, huly -6° dEdwaqnilp, Ywd
a>b Ldbéwanyll wyu whquad a-Gk, huy thnppwagnyGp® b-G:
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IL bapwnptbp » vwpp WwpnibGwynn gubliwgwé pwqdnip)ntl
ntGh dkéwgnyl nwpp k wwywgnigklp, np n+1 twpphg Yuqdwé
gwllwgwé pwqincp nilb Gnibwbu YnilbGw dEdwqnyGp:

hgnip X-p Ywqigwé t n+1 wnwpphg bk a € X : Cun hGpnijinhy
Ghpwnpnipjwl, » vwpphg Yuwqidwé X \{a} pwqinpnilGl nibh O6-
owanyl nwpp. b=max(X \{a}): Un nbwpnid s =max{a; b} -0 Y h-
Gh dEdwqnyyGp hkGg X-nud:

Lwlh np X-p Jybpowynp pwqingnib t, Yybpowynp YihGh Gul
- X -p L, pun wyywgnigywsh, YnitlbGw dEéwagniyl wwpp: Ujuinbnhg
htwnknud £, np X-p YnilGbGw thnppwgniyG thwpp, pGn npnud’

min X = -max(-X) <:

2°. UwhdwGunpuwly puqdnipiniGGlp:

Uwhdwlmd 2: X cR pwqdmpnilp Ynsynmid t Jbplhg (w-
ohg) uwhdwGunpwly, tipli qnyntpynil niGh M phy, wibGwhuplG, np X-ph
pninp nnwppbipp pwdwpwpnid 66 x £ M wlhwywuwpnipjwip.

IMeR Vxe X (x<M):

Swllwgwd wynuhuh M wiwinid 66 X pwqdnipjwG Ybpha bqp:

SwdwGdwlnpll, X-p Yngynid t Geppuhg (Gwluhg) uwhdwbw-
thwy, bpt

dmeR Vxe X (m<x):

bpt qmynipynil niGh wynwhuh m, www wyl wlwlnid 56 X
pwqdnipjw G utnnphl bqn:

Uwhdwlmd 3: X pyuyhlG pwqdnipniGp Ynsynid t vwhdwbw-
thwly pwqdnipyni G, tipt
ICeR VVxeX (x|g0):

Npwbiugh X pwqdnipiniGp |hGh vwhidwGwhwl, wihpwdbw t U
pwywpwpn, np wyG |hGh vwhdwlunhwy pt Ybplihg, pti Gipplihg:

» huluybu, (| x|<C) < (-C <x<C) hwiwpdtpnipnibhg hu-
ynyG hbnknid t, np uwhdwGwduwly pwqdinpynilp pb’ YepLhg (C-nt) L
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pt’ Gtpplhg (- C -nY) vwhdwlwdwy t: 3wywnwlp. Epb X-p Jbplhg
uwhdwlwhwly t M-ny, GppLhg” m-nd L C =max{|m|, | M |}, wyw’
VxeX (xcO)<:

OphGwy 17: Ny nwwnwply, ybpowynp pwqdnipyniOp, hGswbu gnug
wnpybg Owpunpn Ybwnnud, mGh dEdwgnuyl L thnppwgnyl wtwppkp, npnGp,
wybhwywn t, wpnn GG Gwl Swawgti npwbu wyn pwqdntpjwl hwiwwwinwu-
huwGwp:wp JtiphG L unnphf tigptip: Yw GawGwynid t, np gwlywgwé Ytippw-
ynp pwqintp)nil uwhdwGwihwy t:

OphGwy 18: (a; +©) Ghpwlwiph hwdwp a-G uwnnphG tiqp t L,
htitnLbwpwn, dhpwlw)pp Gtipplhg vwhdwbwihwy b Ywywyl wil uwhiwiw-
thwy st, pwGh np uwhdwbwihwy st Ytplhg: Pufwuwtiv, iptk M <a , wyw
ybiphG tiqph uvwhiwGiwlG dhp wwhwlgynn wlhwywuwpnipjnlp ng Gh
x€(a; +) pyh hwiwp Gdwphw st: Pwig M >a nhiypnud L, ophGuly,
x=M+1 phdp, npp Wwwnywbnid £t nhunwplunn dhewyw;phl, ShLGnyyGa t,
x < M wihwjwuwpnipjwlp sh pwdwpwpnid:

¢ thuinnnip)nil: dbpghl ophGuwlynid Ywwnwnpywd nwnnnnepniGhbipp,
thwuwnnpkiG, hhiGwé G0 Mp Unpqulh npwiwpwlwlwb opkGpltiph ypw
(n° 1.1.4): Cuwn wyn opkiGpltiph, «X pwqdnipnilp uwhdwGwhwy t yepLhg»
wuniyph pwgwuntdp Ywnnigynud b htnbyw hpw.

TIMeR [Vxe X(x< M) VM eR[(Vxe X(x< M)] =
SVYMeR Ixe X[T(x< M) VM eR Ixe X(x> M):
Unwgywép dlwytipwtip pwntipny. X <R pwqinipjnilp ytpkhg

uwhdwlwhwy gt wjb b Shwyl wyl nbwpnid, bpp gwiywgwd (nppwl wutiu
0to) M puh hwiwp qnynipyntl nilh X-hG wwunlwlnn phd, npp dbé ¢t M-hg:

3°. hpwlwb pytiph pwqdnipjuwl wipGnhwwnmpmGp: Byw-
JhG pwqdmpyulb d2q9ppunn bqpbipp: Ppwlwl pdtinh pwqdnipywl
YwplnpwgniG hwinynip)niGGlphg dkLp, npl wldwbnid GO «wGphn-
hwnnip)nil», dLwlbpwyned t hbinbywy Yhpw.

gwllwgwd X U Y ng nuwwnwpy pyuyhlG pwqdmpniGaliph hwdwp,
Lipli X-h /nlnwpwﬂymn wnwppp thnpp b ywd hwywuwp Y-h prpnp tiwp-
nliphg, www grynupnG mGh ¢ phy, npp Uk b ywd hwjwuwn x-h pngpnp
wnwnptiphg U thnpp t Yuwd hwywuwn Y-h pagnp tiwnpbphg:
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Uju hwinynipjwl wldwlnidp wwjdwOwynpwé t pdwshl ninnh
gtp pOGYywpdwidp’ npwbu wOpbnhww, Shinpdwéplbp Ywd fugnidbbn
snLabkgnn, hnd ghd: LkGp, np wlpGnhwwnig)nilGp pGnpn t hbGg h-
pwlwa pytph pwquinipjwlp L np, ophGwly, nwghnlw| pytiph pwq-
dnepniGp wyn hwwnynipjwdp odinydwé sk lunpwdnifu shGbpny hwp-
gh wbuthjwywb dwlpwdwulbph dae™ GYwwkGp vhw)G, np Gpb np-
wtu X ybpglkGp pninp wyl npwiw nwghnGwy pytph pwquinipjnt-
Gp, npnGghg jnLpwpwbginiph pwrwlynwuhG thnpn t 2-hg, huly dGwgwé
npwywb nwghnlw| putiphg YwqitiGp Y pwqinipjnilp, wwyw Ghwy
phup, nnp Lwnnn tp «inbnudnpybys X-h L Y-h dhels, YihGtn 2 -p, n-
np, uwyw)G, nwghnlw) phy st:

Ppwlwb pytph pwqintpjwl waplnhwwnnepniGhg phunid t pyw-
Jh0 pwqunpjwl Gqptiph ybpwptipjwy dh wannid, npp dwpbdwunhlw-
Ywl wlwihgnud wewlgpwjh t L wyn Wwwnlwnny wju gifunid dLw-
YEpwywd pwqiwphy wannudGbph zwppnud wpwGdbwgynid t npwbu
ptinpbd:

UhGs wyn Ywinwnpblp pwqinipjwl bgpkiph Jtpwpetinjwy Gh pwh
nhuinnnupjniG;

TMwpq t, np pt X ¢ R pwqinipjwl hwdwp M-p ybphG bqp t,
wujw M-hg Uk¢ guwlGlwgwé phy GnylGutiu ytipht Gqp t: Uwlw)a, wjh
hwpghG, pt npG t, ophGwy, (0; 1) dhowlwph dtiphG Gqpp, jnupw-
pw(snip np, nd thnpphwwt dwinp t wyn qunwihwphl, wikGw)l
hwywOwlwbnipjwdp YpGuph 1-p: Ng pb 2-p, 7z -0 \[I_T-n, npnlp, hGs
funup, (0; 1)-h hwiwp YtphG bantin &G, wy htiGg w)G, npp Ghewlw)-
ph0 wibkGwdnwnG t, we Ynnihg Gpwl whdhpwwbu hwpnnp: UdkLh
tuhuin® nyjwy ophlGwlynud 1 pyh wepwbdGwhwwnynipynlGG wyb t, np
dhewlwjph pninp JbtphG Gqpbinphg wdbGwihnpnpb t, dhewlwjpa
ybpkhg «qwywqgntjlu uwhiwlwihwlynnp»:

UwhdwOmd 4: thgnip X-p ytiplhg uwhiwbwihwy pwquotpjnil t:

X pwqunipjwl tphG tqpbphg wdbkGwihnppp (Jtpd0 tqpbph
pwqunipjwl thnppwanyl wwppp) Yngynid t dzqpn Jephl bqp L
Grwlwlyntd sup X (unuwypbidnid X):
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tpti X-p uwhdwlwhwy t Gaippluhg, www Gnw uwnnphG bgnlinh
pwqdnipjwl dEdwqniyG wnwppp (unnphl bgpinhg wokGwdbép) Yns-
ynid t daqphn unnphG bqp U GwGwlynid inf X (hGphonid X)':

bpb X-p Ykiplhg (GEpplLhg) uwhdwGwihwy sk, www gpnud 6G

supX =+ (inf X =-o0):

Ptnptd: Swilwgwd ng nwwnwpy, Yipihg vwhdwlwhwly pwg-
dnupynil niGh 8pqphwn Ylinht tign:

Uwuwgnyg: » Nhgnip Y-p X pwqdnipjwl ybphG tgqpkph pwg-
OnipyntGG E: Mwipg t, np ¥ #J, pwlh np X-p Ybpkhg uwhdwlwihwy
t: dbiphl Gqph uwhdwGnudhg phundd £, np gwllwgwé xe X L yet
putiph hwiwnp® x < y: Iwdwdwyl weplnhwwnnipyjwb uyqpniGph, gn-
joipynth - YnGbkGw ¢ phy, wjlGwhuhG, np Vxe X (x<c¢) L
VyeY (c<y): buy nu dh Ynnihg Gawlwynid t, np c-G X-h ybphG
tqplphg t L, hilmbwpwp, c €Y, huly §nwu Ynndhg, np ¢-G Y-nul wik-
GwihnpnG E:<

PtnpLi0 wwwgnigykg:

Pwgwpéwlwwbu GnG nwwnnnnipntGGlpny Ywpnn Gop www-
gnighi, np gk X -p ng nwuwwply L Gepplhg vwhdwlwihwly puqdntp-
jnil b, www wyl nlGh Gqphin unnphl Liqp: Uwlwyl oquwlwp t
Gwb GYwwnby (Ypyakny n° 3.1-nLd Yuwwwpywé nwunnnnipyntGGtpp),
np —X pwqlnpjnilp Ybplhg uwhdwGuwhwy b, nopbdG, noGh
62qnhw ybphG Gqp L unwGw

inf X = —sup(-X)
hwywuwpnip)nilp:

iBJwpyklp pwqlinpjwl Gqphw iqplph dh pwih hwuynipnil-
Gtpn, npnGghg hGwnwquignid oqunybint khp:

w) bpb X-p uwhdwGwhwl t yipuhg U a=sup X , wwyw gwdl-
bwawd ¢ >0 pyh hwdwp gnymipinia ntGh xe X phy, npp dtd t
a-¢-hg:

Uw a-h ybphG bBqptphg wdkGwihnppp (hGhEine wGdhpwlwG
htwnlwGpl t. a-hg thnpp ns Bh phy (hGgwhuhG a—¢ -0 t) X-h hwidwp
wjLu YtiphG bqp gt:

: LwwnhGupt6’ “supremum” (wdbGwpwpép) L “infimum™ (wibGwgwop) pwnlph Ypdwwn
4LbnG uG:
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p) Ept X pwqdnipyniGG niGh dtdwaqnyl wwpp, wwyw wyd X-h
a2qnhwn YliphG Gqnl t:

Jwywnwyp S0wppwin st wyl wendnd, np Ytpthg uwhdwGw-
thwy (ng nwwnwpl) pwqdnipinilp dhain nilp Sqphuin dbiphG bap,
pw)g dbswqntyG nwpp ywpnn b b gncGtGwy (nb'u ophGuwy 16-p):

g) bpt X pwqdnipjwl 8rqphin YiphG bqpp wwinlwlnid t X-pa,
www wyl X-nud didwaqnyya t:

G29phin unnphl tqpp GnyGwwnhy hwwnynpyniGlbph dLwybp-
wnudb nu wwwgnignilp pnnGnud GGp pGpbpgnnhG:

durgnt@3ntuvuer

1.  QunGhb| 4 L B pwqdntpyntGGliph Shwynpntdp U hwwnnedp.
w) A=(a; b), B={a; b};
P 4=QMN[a; b]. B=IN[a; b]:
2. 9unGh| A\B-GL B\A-G.
w) 4=[2;5], B={xeR;|x-1|<2};
p) A=R, B=[a; +x):

3. w) Uwwgnighby, np %/—2--[3 hnwghnGw| phy t:
p) Qb A={xeQ;x’<2} U B={xeQ x’ >2} pwqinpjnlGtph

dhwynpnudp:
Q) 8nyg wwg, np Ve>0 3xe 4 3yeB ((x—ylce):

n) Qb {xeR;x’ <2} L {xeR;x’ >2} pwqinpnGGtiph Shwyn-
pnudp:
4.  Uwwgnigtif, np gwllwgwsd a,,q,,---,a, pYtinh hwiwp’

Ial +a, +---+a, | 5|al '+|az |+"'+'an |

8nignul: Oqunyby BnwGlw G wihwywuwpnipintlhg L Ywwnwpb| hGanyghuw:
5. Uwwgnigb| hwqwuwpnipnilp.

w) Y Cr=2"; ) D (-D*-Ci =0:

k=0 k=0

8nignuld: Oquiyby UjnunnGh bpwinwdh pwiwdlpg (ophGwly 14):
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6. "hgnip X -p L Y-p pquyhl pwqdnipyniGltip GG: 620wph™in t wpnynp, np

w) tpt Y-0 nLbh SEGwgnG vwpp U X <Y, www X -p GneyGubu nuGh
dtdwqgniyG nwpp;

p) Gt X L Y pwqinipniGGtphg jnipwpwGsnipG nmGh dEéwani
wnwnp, www X MY -p Gnylwtiu nlGh dedwaniyl nwnn:

Ptpt| hwiwwwwnwuhuwb ophGwyGtp:

7. Thgnp” X, YCR, X230, Y#J:

w) Uwwgnigty, np bpb X-p L Y-p uwhdwGwiwy 66 Ybpkhg, www
X UY -p Gnylwbu Ytiplhg uwhdwGwihwl t:

p) Snuyg wwy, np

sup(X UY) =max{supX;supl}:

q) Unnigbi, np tpk X L Y pwqdnipyniGGtphg jnipwpwlgnipG nilh db-
Swanyl nwpp, wwyw X UY -p GnyGwtu nGh deéwagnyl wwpn: Qwlbi
max(X UY)-p:

8.  Qunlk| sup A -G, inf A-G L, tipk gnynupynil nLlbG, max A -0, min A -G:

w) A=QN(0; 1): p) A=QN[0;1];

9) A=INO; 1); m A=IN[0;1]:
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QLNFh II

dnruLushusk gUAUGUNME:
SurfULUUL dAFLUShULEE

§ 1. dNLLUSPUSP QUAUOUNE

1°. dnubyghuyh vwhdwlnidp: dwiwlbwywlyhg swpbdwinhljw-
Jwi wlwihgph YEownpnhwlwl hwulwgnipjwl™ Inibyghwih qunuw-
thwpp dlwynpyby, 2wnlydt] L hwitdwunwpwp ybpelwlwb nbuph t
ptpybp XV nwph dbpehG, XVHI nwph ulqphlG: Unwohl wlqud
«pnillyghw» nbpdhGp hwGnhwnud t 1692p." LwjpGhgh” waluwinwip-
Gtphg dtYynud: Uwnnpl ptipynn uwhdwGnidp dbwlybpwyyk, t 1698p.°
£tnGnLhh”™ Ynnihg:

Uwhdwlnid 1: hgnip X-p U Y-p ng nuanwply pwqdnipniGGlp
tG:

bpti nplt f hwpgny (opbilpny) X pwqdnipjwl jnipwpwlsnip x
tnwpphl hwiwwwinwufuwbligwd t Y pwqdnipjwl npnwlh dtly y
twpp, www wuntd GG, np sipqué b f: X Y pnllhyghnGuwy huw-
dwwuwnwufuwGnipym G ywd pnclGlyghw, nph hwidwp X-p npndwl
whpnyp t, huly Y-p' thnihnfudwG tnhpnyp:

Spywd xe X wnwpphb hwiwwwwnwupiwlbgyws ye Y wnwppl
wOwlnd 5O x Yewnd £ pnbyghwjh wpdtp L Gauwlwynid® f(x):
Jwswhu npn2dwh inppnypnid thnthnfudnn x-0 widwlnud GG $nlby-
ghwih wpqnuitbwn Ywi wGywhe thnthnfuwywa, huy y-p, npp Ywtu-
Jwoé b x-h pGunpnipyniGhg, Ywiujwy thnihnfuwwa:

UjG, np X pwqunpjwl jnipwpwlsnip tnwpphG hwiwwywwnwu-
fuwlbgywé t Y-h npnawlh twpp, sh Gawlwynd (uwhdwOiwb 069
wjnwhup G2qpunnid sjw), np Y-hG wwnlwGnn wdbG dh tnwpp hwiw-
wwinwuhuiwObgyws t X-h nplt tnwpph:

‘q. LwjpGhg (1646-1716), qipdwlwgh swpbdwwhynuy, thhthunthw:
* h. AunGmth (1667-1748), 74bjgwpwgh Swpbdwwnpynu:
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Y pwquinipjwl wyb wwpptph Gipwpwqdnip)nilp, npnlghg jni-
pwpwlgnipp hwiwwwunwuuwibgws t X-h0 wwwlwlbnn wnb-
JwqC dbYy wwpph, Yngymud b/ pnulyghwsh wpdtipGtiph whpnyp
Ywd wpdtipGtph pwqinipnib L Gwlwlynd” {f(x): xe X} Ywd
E(f): bpypnpn Gawlwlydwhp gniqwhtn, npnzdwb wnhpnyph hwiwp
oquwgnpdynid t Gwl D(f) GawlGwlnudp:

d YhunnnipyntG 1: Y-h wyG vwppbipp, npnGp £ $nGlyghwih wpdtip-
Ghp 60 (wpdtipGtiph pwqinpjwlp 60 wwnwlnud), uwhdwiwé $nily-
ghnGw] hwiwwwwnwuhuwGnipjwb gt ny dh twlwl nbp 60 Guwinwpnud L,
gwlynipjwl nbwpnid, Ywpnn G0 wlwbudb;: Yw Gwwh nlbbGwingd’
[ XY Gwlwliwh  ¢nfuwpkl  hwSwhi  oquiwgnpénld GG
y=f(x), xe X Oawlwynudp: Blwbwn Gawlwydiwl wyn dLnd nlyghwih
dgindintudwb nplt whpnyp Gadwé st, wyl, wylnuwdblw)Ghy, wpdtipGtiph wnh-
pnyph dwuhb wépnnpwwb wwuinybpwgnud t twihu:

Qnjnipynl nulGbG «$niGyghw» wnbpdhGh wwppbp hndwGhGhp.
cwpnwwwinytpnud»,  «dLwhnfunipynl», «owbtpwwinp» L wyG:
Awlghg Jnipwpwlgniph gnpdwénidp hwwh wwjdwlwdnpyws t
LhGnud X' L Y pwqdnipynuGbtiph wd Gpulg wwpptiph pinypny: UkGp
Yogquwagnpshklp dhw)yl «wpunwwwwnlbpmd» wnbpdhGp. wyb tp hhd-
Gwywlnud hbwnljw) wpnwhwjpnnipjwG G6p. wpdws f: X >Y
dnibyghwyh yepwpbpjwy Ywublp, np fp X-0 wpnwwwnybpnud £ ¥-h
utg: WG dwulwynp nbwpnud, bpp Y-p Ah wpdbplbph pwqdnipyniGi
b, Ywublbp, np f-p X-0 wpunnwwwwnybpnid b Y-h gpus

OphGuwy 1: Spwé r wnwyhnG nlbkgnn 2ppwlwgsh € Bplwpnipynt-
Gp npnaynud t £ =277 pwlwdlng: Yu pwlwdlinid, hGswbu wntiubnud LGp,
£ -p GhpYwjwgywé t npytiu r-hg Ywhiwéd dniGlyghw: Qnun bphpwswthw-
Ywl wnnudny pGwlwG t $nbyghwih wpgndbGup® r-p, dindhnpub) (0;+ o)
dhowlwjpnid: Un nbwpnid £=2xr (r>0) InGlyghwih wpdbiplinh wh-
pnypp (0;+ o) -G t: Ywplinp t Gwb GYuwinb (nw Gplnud t hblg pwGwdlhg),

np wpgndkGunh twppbp wpdtiplbiphG hwiwwwwnwutuwGnud 66 dncblyghw-
Jh wwppbp wpdtiplbp (Lnwppbp wrwdhnGepny 2pewGuwqotinG nllbb wwn-
ptn Gpyunpnup)nlbGin):
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Upwnwgpbin £=2xr pwlwdlp ,=2Lg wnbupny’ Ywpnn LGp wjG
T

nhuwpytip npwbiu dp Gnp dniGhyghw (Ynsynid t vipwé $niblyghwihl hwlw-
nwnd dniGyghw), nph wpgnidkiGup wju waqwd £ -G £, huly Ywhywg tngin-
fjuwlwap® -p:

OphGw 2: Gpyph dwytplnyphg H pwpdpnipjwlb ypw qunbynn dwpd-
2
Gh wqwuwn whyndp GUwpwgpynud t A =_8;_ pwlwdling, npintin -0 walydwG

uygplwwwhhg hwyywé dwiwGwlyh t, A-p’ dwiwlwlh ¢ wwhhG dwpdGh
wlgwé Swlwwwphp, huy g hwuvwwnGp” Gpyph dgnnwlwbnipiniGhg
6GYnn wOlyiwl wpwquwgnidp: Uuwbkn A-p, ¢dwunnpbl, +~hg Juhuywé
dnibyghw t: dnelyghwyh npndwl whpnypp [0; 7] hwundwéh t, npintin 7-G

dwiwGwyh wjl wwhb t, Gpp dwpdhlp hwubg t Gpyph JwybplnyphG: Up-
dtiplliph wnhpntpp, hwulwGwih t, [0; H] hwuinydwda t:

OphGwly 3: y=x* —6x (xe€R) Inillyghwl npnadws t wipnng pyw-
JhG wrwhgph ypw: Iwpyh wnbbinyd, np x* = 6x=(x~3)* -9, GLwwntd
tGp, np $niGlghwih wpatiplliph whpnuypp [-9; +©) Ghewlw)ph t: LakGp
Gwl, np pwgwnnipjwip y =-9 wpdtiph, npp dniGlyghwh plnnclnud b dhw)G
x=3 Lbwnud, gwllwgwsd wy y wpdtip w)l plnniGnud £ Gpynt wppbp Yb-
wnbpnud: Un Ytimbpp qultiine huwp pwywlwl t (nék] x wlhwjnny
x?=6x-y=0 (y>-9) hwjwuwpnwip: Yw Ywunwpbind® unwgynid G

wngnuiblwnh x, =3+ ,/9 +y L x,=3-49+y wndtipltipp, npnlghg jnpw-
pwlgnipnid nhunwpyynn nillyghwih wpdbipp htiGg y-G t:

OphGwy 4: y=x*—-6x (x=3) $nilyghwsh npnadwl whpnupp
[3; + @) dhowluw)pl t, wpatipltiph pwqdnpjnilp’ [-9; + ) Ghpwlw)pp:
20wjws wju $nilyghwih L Gwhunpn ophGwynid pipdwé $nLGyghwih dhol
ubpu Yuwh (Gpyntul b wpywé 66 ShLGnyG pwlwdlng), wjlnuwdblw)Ghy
npwip wnwppbp LG, pwlGh np wwppbp GG npwGg npnadwl whpnypGbpp:
Npwlwywl dnw twppbpnepyntlG wyG b, np wyunbn wpnbG $nllyghw hp
JnipwpwGgnip wpdtipG pGnniGnid t npndwl wphpnyph dhwyb dkYy Yownnud:
ASw htwlnid t w)l dwuwnhg, np Gwhunpn  ophGwynd  unwgywd
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X, =3—,/m (y>-9) UYtivp, wyu ophGwynid npndwlb whpnyphb sh
wwinjwlnud, hbwbwpwp y wpdbipp $nbyghwb plnntGnd t Shwyl
x, =3+/9+y Yuwns:

Ohgnip nbklp g: X, =Y, L h: X, 5 Y, pnlyghwltpp, pGn n-
nnd® X, N X, =@: Lywlwyklp X =X, UX,, Y=Y, UY, L jwnnt-
ghlp f:X —Y $nlyghwl hbinlyw| ububdw)ny.

g(x), tppxe X,

f= {h(x), tpp x€ X, :

Swilwgwé xe X Ybwnid £ dnlyghwyh wpdbpp npnzbint hw-
dwp Owhiwwbu wwpgnid 66, pb x-p X, L X, pwqdntp)ntlOtphg n-
phG t wwuwnhwlnud: bpb x€ X, www f(x)=g(x), hul tipt xe X,
www f(x)=h(x): Wu ybepy Ywnnigqwé $nGhghwl whywlnid b6 g

L 2 nGyghwGtph dhwynpnid: LnyG dund Ywpbih t wnnigb) Gwb
tpbp L wybh $niblghwbbph ShwynpnidGbp:

2°. dnayghwttph hwdwnpnyp (pwpn pnlyghw): Splwé LG
f:X>5Y L g:Y—>Z dnllyghwlbpp:

Swllwgwé xe X wwpphl Gwh hwiwwwwnwuhuwbbgbbing Y
pwadnipjwl y= f(x) wwppp, huy wjlnihtink, wyn y wnwpphl
z=g(y) wwppp, unnwlnud 50 X L Z pwqdng)niGGliph dhol $nill-

ghnlw| hwiwwwwnwuhuwlnipnil, npG wijwnud BG f L g dnibly-
ghwlGtph hwdwnpnyp Ywd pwpn Inbyghw L Grwlwynd’
gof: X >Z Ywi z=g(f(x)), xe X :

Ophlwy 5: y=sinx (xé R) L z=2" (ye[-L1]) dnGyghwGlph
hwiwnpnypp z=2"* (x€ R) $nbyghw( t:

OphGwy 6: z =log,(1+ x*) (x€ R) $nLlyghwl Yunbih t nhinwnlty
npubu y=1+x’ (x€R) L z=log,y (y€[L; +e)) Iniliyghwhbph Yuwd
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y=x’ (xeR) L z=log,(1+y) (y€[0; +x)) ¥InGlyghwlbph hwiw-
npnup:

Rwpn $nbyghwl Ywpnn bt yuwqidwsd (h0kp Owbk Gpbp L wybih
dnbyghwlbphg: Spws f: X Y, g:Y>Z L h:Z->T Inmby-
ghwbtiph hwdwnpnypp ¢ =h(g(f(x))) (xe X) pwpn $nillyghwi t,
npp Jupbith t hwwuwpwwbu nhnwplbp pE npwbu 2= g(f(x)) L
t=h(z) Pnibyghwlbiph, pt npwbiu y=f(x) L 1="h(g(y)) Pniy-
ghwbtph hwdwnpnyp:

OppGwYy 7: Lwpunpn ophGwynid phipwé  PnGlghwt  y = x?,
z=1+y Lt =log, z dnGyghwlbtph hwiwnnpnipl t:

¢ Tthunnnqnipymlb 2: LjwwnbGp, np hwdwnpniph uwhdwGdwG ke g
dniblyghwih npn2dwl whpnypp hwdpGlbnud t f pnblghwih hinhnfuiwh
whpnyphG: Ywplnpp, vwlw)l, w)G t, np g-h npn20wl whpnuypp wwpniGwlyh
hp dbig f-h wpdbpGtph whpnypp’ E(f) < D(g): Tw wwpwwnhp ww)dwh
t, ipb ngnid Llp, np hwdwnpnypp npnzqwd |hGh wdpnne X pwqinipjwl
(wjL ng pb X-h GOpwpwqinipjwl) Ypw: Iwhwnwly nbwpnud, hGswbu Yunbu-

GtGp hwenpn ophGwynud, hwiwnpnpp Ywpnn t pGnhwbpwwbu gniply (h-
Gt nput hdwuwnhg:

Oppliwy 8: y=-x* (xeR) L z=4/y—1 (y=1) Pnilyghwltinh
hwdwnpnuihg unwgynud t v=x* =1 wpuwhwjnnipynilp, npp ng Sh x-h
hwdwp npnaywé st:

¢ TthunnnipimlG 3: bpb wnqwéd £ L g Pmlyghwlbph hwdwp
E(f)c D(g) u E(g) < D(f) (wbu Gwhunpn nhunnnipynilp) www Yunb-

th t ywqub) hGswbu go f, wilwbu b, f o g hwdwnpnypllnp: LywinkGp,
uwlw)G, np npwip, pGnhwinip wadwdp, wwppbp $nlyghwlbip bG:

OpphGwly 9: bpt f(x)=x*, g(x)=1+x, wyw g(f(x)=1+x",
fgG)=(01+x"
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3°. Onfudhwndtp Pnilyghwbtp: Jwhuwnwps pniGhghuw:

Uwhdwlmd 2: y= f(x) (xeR) dnllghwl Yngynid t hnfu-
vhwpdbp wd hwlhwnwpdbh pnillyghw, bpb wiG npnydwl np-
pnyph tnwpplip Gntpndd pGnndGned E nwpptp wpdtipGbp.

Vx,x, € X{x #x,= f(x)# f(x,)}:

Quwuwnnptib, thnfudhwpdbip $nlblghwh hp mpwpwlsinip wpdbp
pGnnGnud t npnadwl tnhpneyph dGY L dhw)G 0t Gennud:

6w t nbubby, np Gwhunpn Ytwh ophGwlbtphg 1-nud, 2-nud L
4-nd nhinwpyyqws $nblghwbbpp thnpudhwpdtp 5G, huy ophGwy
3-nud pipdwé pnillyghwh thntushwpdtp st:

Uwhdwlmd 3: 9hgnip y= f(x) (xeX) InGyghwb thnfu-
Ghwpdbp t, pGn npnud” E(f) =Y

Snipwpwlynip yeY wnwpphl hwlwyuwnwufuwGglbing X
pwqonipywl wyl shwly x tnwppp, nph hwdwp f(x)= y, unwlnid GG
Y-p X-h ypw wpinwwwinlbpnn pnllghw, mpl widwlnid &G f
dnillghwipG hwlwnwnd pnibhyghw U Gulwin ~ 7Y > X
hwd x=f7(y), yeY:

¢ YhuinnnnipjniG 4: bpb f hnfudhwpdbp dniblighwh npndwG whpnty-
0 X-G t, huly wpdtpGtph whpnupp Y-p, wyw ™4 hwdwp X-p nwnGnud t
wndtiplGbph whpneyp, huly Y-p* npndwl nhpnyp.

D(f™)=E(f). E(f)=D(f):

¢ YhunnnipyniG 5: Jwlwnwnd Hnilyghwih uwhiwbniihg hbwlinud t,
np gwllwgwé x€ X L yeY wwppbiph hwdwp y= f(x) bwywuwpnip-
jmbp hwdwpdtp t x = f7'(y) hwjwuwpnipjwlp: %w Gwlwynid t, np
npdwé y-h hwiwp £ (y) -p x wlhwpnny (xe X) f(x)- y =0 hwjwuwp-
Gwl [nednudG b, wyl tp Shwyp:

¢ YHhunnnpnil 6: UG hwhqwiwlpp, np y= f(x) (xe X) $may-
ghwjh hwhwnwpdp Gawlwlybg x = £7'(y) (y€l). hwpnn t uinbindty w)G
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p)nin nwwynpnipynilp, pb wyn Gwlwydwh dbe x L y nmwnatiph nhppwihn-
funp)nLlGl twywG t: Ppwlywlnud, hGswtiu Gaubg nhunnnipynll 1-nud, twyw-
Gp Shw)G $niblyghwih npndwh whpnyph b (wdyw nbwpnud Y-p) L wyl Yun-

qp (nwy nbwpnid £ -p), npny npnadwG whpnuph jntpwpwGgnip nwn-
phl hwiwwwwnwuhuwbbgynd £ $nblyghwih npnawlh wpdbp: Uhwku np,
htinbbiny wpgnudkGup x nwany, huy ywhyw) dhndhnuwlwbp y nwnny
GawGwybnt wywbnnyphl, hwywnwpd $nillyghwih hwdwp oguwgnpsnd
66 y=f'(x) (xe€Y) Guwlwyn.dp:

OphGuiy 10: y=-—Jcz (xe R,) uwnhushwpdtip dnilyghwih hwlw-
nwnpdp y=v-x (x€ R.) PmGlghwa t, huy y=-x* (x€ R_) Pnill-
ghwhlip’ y =—v-x (x€ R_) dnillghwl:

OphGury 11:

x, Lpp x€ Q,

fo= {— x, tppxe I

$nLlyghwh thnfudhwpdtip t (unnigb]): Iwywnwpd $niGyghwl npynd t
Bhaw (nyG pwlwdliny:

X pwqinipjwl hnfudhwpdtp wpnwwwwnytpnidp hp huy Ypw
Yngunid £ X pwqunipjwl tnnwithnfunipynil: X-h nbinwiniunip)ntG-
Gphg wwpquqgnuOp GeyyGwlwd wpnwwwnlbpnadb b (Owlwy-
ynud t 7, -nd), npp inpdned t hbnbyw) pwGwdbng.

I,(x)=x (xe X):

e f: X ->Y $nllghwh X-p pnfushwpdtp wpnwwuwnlyb-
pd t Y-hdpw b 7Y = X -p wyn $nillyghwih hwhwnwndG t, w-
ww

fleof=1, (Vxe X{f(f())=2x}),

fofT=1, (WyeY{f(f7 (=D,
npnbin 1, -p L 7, -p hwiwwwunwuuwlwpwnp X puqinipjwl L Y
pwqonpjwh GnylGwlwl wpnwwwnybpnudbbpt G6:
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§ 2. PUU3PL DdALLUSPULLP

1°. BYuht pnilGyghuwih vwhdwbnidp: dnllyghwh, nph pb’ n-
pn2dwb@ whpnypp, pb” wpdtiplph whpnypp pywihb pwqinupniGhtp
LG, Yyngynud t pwyhG dniGyghw:

PqwihG niGyghwsh wnpiwl wibtwwnwpwéywd bnulwlyp w-

Gwihinhy Gnwlwya t. $nGyghwt wpgnui £t y = f(x) (xe X) pw-
Gwalny, npnud £ (x) -p x hnthnfuwlwGhg Ywhiwd npnwyh wpnw-
hwjwnnipynih b WyG gnyg b inwphu, pb x-h htuin dwpbdwwnhywlw hag
gnpénnnipyntGGbp whinp t uwwwpk® x Yennnud £ pnuGyghwgh wp-
dtipp unwlGwnt hwdwnp:

Lwhinpn  Yewbpnud  pbpjwé  ophGwlyGbpnd  $nubyghwbbpp
wnnpqwé tha hkiGg whwhnhly Gnwlwyny:

Spwéd f(x) wpunwhwjinnipyw Bk x thnhnfuwywGh pninp w)G
wpdtipltiph pwquinpynilp, npnlGg hwiwp f(x) -nud welw gnpénnnip-
jniGGbpp pouwnpbth 66, wGwGmd B0 f(x) wpunwhwpnnipjub
pntjijwwnptih wpdbpObph pwqinipnia (BUR): PGpGHhG hwulwbwih
L, np tpt $mulyghwl npwé bt y = f(x) (x€ X) pwlwdliny, wup X-
p pnyjwwnpbith wpdtiplhph pwqunepjwl GGpwpwquinwg)nth t:

Mwjdwlwynpynid G pninp wyl nbwpbpnd, Gpp funuynud b w-
Gwihwnhly bnwiwyny npdwéd y = f(x) pnibyghwih dwuhl L hwwnnoy
¢h Gaynid npndwG wppnypp, hwdwpl, np $nllyghwb npnywd k
S(x) wpunwhwjunnipjwl BUR-h Ypw:

OphGwly 12: y = InLGyghuwih npnadwh whpnypp, pun wWwjdw-

x* -1

Gwynpwéntpjwl, wipnng pwhG wnwlgpl t' pwgwenipjwdp +1 Ybwk-
nh, npnGg nbwpnid we Ynndnul qpywé wpuiwhwyunnipjwb (Ynunnpwlyh) hwy-
wnwpwpp pwnbndd t 0: UjGwbu np,

D(y) =R\ {-1; I} = (~0; - DU (-11) U (l; + 0):
2°. UnnpnhGuiinughG hwppmpmG: dnGyghuyh qpudphlyp:

fhgnip Ox-p L Oy -p pqw)hG ninhnGtip GG, npnGp wpdwé hwppnip-
Jwe Jpw thnpuninqubwjwg GG L nlGEG pGnhwGnip uyqpbwytin:
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©ywjhG nunpnibph wynwhup qnyql widwGnu GG hwppnipjwh Ypw
wnpdwo nunnuGyynil YynnpnhGwinGtipp hwiwywnpg L Gywlwynud
Oxy, hul hwppnipyntlp’ YnnpnhGwinwihG hwppnipjntG:

!

.

M(xiy)

[) | 1

U0 dwulwynp nbwpnid, bpp
Ox wnwlgpl nuGh hnphgnGwlyw(
nhpp L ninnywé t nbwh we, huy
Oy-p’' ntwh dtp, pGn npnud® w-
nwGgplbpG nuGkG swipdwh dhl-
GnylG Shwynpp, Oxy-0 wGywbnid
L0 ntlwpwnywh YnnpnhbGwinGbph

qa. 1 hwdwlwng, huy hwppnipnilp’

nkjwpunjwG hwppnipyntl’ (qo. 1):

Swppnipjwl jnipwpwbgnip M Yhiinhg Oy L Ox wnwlgplGtiphG

gniqwhtinGtip nwGbiny™ unwgynid 50 wnwGgpltph hbin hwwndw x
L y Ykwnbpp (pukipp) (q6. 1), npnlp Ynsund GG Oxy hwidwlywpgnid M
ytiwnh YnnpppGuinlGbp: YnnpnhlGwwnltinphg wnwehlp® x-p, wiwnld
G M Ytwnh wpughu, hul Gpypnpnp’ y-p, M Yhinh oppplwn:
3nipwpwbynip M Ywnh hwiwp Yuwqibiny Gpw YnnpnhGwunGb-
nh (x;y) qnugp unwbGnud GG YnnpnhGwwnwhG hwppnipjwl pninp

Ytwnbiph L hpwywG pdliph pninp

(x;¥) Yuwpquynpdwd pywqnyqb-

nh” 0hol thnjudhwpdbp hwiwww- <0 ¥>0
nwuhuwbnipynil:

I (x>0, y>0)

Spdwé (x;y) YnnpnhlGwinGtip
nibbgnn M Ybwp Gowlwynid G 11T (x<0, y<O0)
M(x;y):

NGYwpunywih hwppnipynilp Ox qd. 2

o

IV (x>0, y<0)

wnwlgpny wipnhynid t 4tphG L unnphG YhuwhwppnipynilGlph, huly

Oy wnwlgpny” w9 L dwhu YyhuwhwppnipyntGGhph:

* b wwwnhy wyn qunuihwph htnhGwy, dnwluhwgh thhihunthw-swpbdwwnhynu 0. Fb-

Yuwpwnh (1596-1650):

Ywpquynnwd w)b waminy, np bpb x # y, www (x;y) L (y; x) pywqmgbpp, hGy-

whu L nhwbg hwdwywwnwuluwbnn Ynbpp, wwppbp b6:
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UnnpnhGuwnwihG wepwGgpGtph qrugp hwppnepynilGp pwdwGnud
t snpu pwnnpnGtiph, npnGp pGnnlGdwéd bt hwdwpwywiby hGsybu
q¢.2-nul:

UwhdwGmd 4: Spdwd t f: X 5 R pdwjhl pniblyghwi:
Nhwpinywl hwppnipywl dpw (x; f(x)) (x€ X) YnnpnhGwur-

GtpG mOtignn Ytwnbph pwqdnipinilp Ynsgdnid £ f niGyghugh gpuu-
Phy:

QnpéOwlwhnud, npwybu YwlnG, X-p npnawlh dhpwlw)p t: ChGwn-
ptitnd wyn dhpwlwypnid wpgniiblnp pwydwlwlwswigh fupn nwuw-
ynpdwé wpdtipGlp, Ywenignud G0 wjn wpdbtpGhphl hwiwwwwnwu-
luwlnn (x; f(x)) Ybwntpp L uwhnil gény Shwgbnud npwbp: UpnyntG-
pntd unwGnud GG dnGyghwyh gpwdhlh dnnnwynp wwunlytpp:

UG ntiwypnud, Gpp nGyghwh nlbh wjuwbiu Ynswéd «fuqnid-
Gtp», Gpw qpwhlp dhwyt wwjdwbwlwbnpbb Ywpbh b hwiwpb
«uwhntl ghé»: buly pwgwnhy nhiwptpnud, bpp, ophlwl, wyn tugnid-
Gtpp swdwqubg wwn G0 L npnzdwl whpnypnud fuhwn GG pwuwynp-
Juwd, gpwdphyh wrenignudp Ywpnn b L wGhGwp nunbw):

Gpwdhyp hGwpwynpnipynih b wiwihu Inlyghwih pwqiwphy
hwunynipynlGlbp EYOwpwb] tpypwswihnptb L ppwlnd huly nwpé-
GG, npwip whuwGbh: Wa, tpt pwdwlywlwswdr dnn £ hpwlw
wwwlbphG, Ywpnn b OGwlk YnndGnpngk, Gwwuwnbp pb” $nilyghwyh
ytipwptpjwy wnwppbp fubnhplbp (nusting, pt™ $nblyghwih Grpwlnp
hwuwnynipjntGlGbp pwgwhwjintignt hwpgnud:

QnjnLp)nil nLGEG hwwnney nbuGhlwlyw b uwpptip (wpnhngpwd,
oughingpwd, pwpngpwd), npnGp plhwghinwlwb wnwppbp dkonLp-
jnibltph dhpl $nubyghnlw| Yuwyyp whdhpwwbu qpwlgnud GG wpd-
ynn dwwwykGh ypw' gpwdhlyh wntiupny: Upu nhiwypnid wuned LG, np
wyn OténpynlGhGEph Ghpl $nillyghnlw] hwiwwwwnwutuwGnipynilp
wnnywé t qpwdphynpk:

AEYwpuywl hwppnpjwl Ypw Yhnbph gwblwgwd ng nunwnly
pwquinipinil (gwllwgwd wwwnlbkp) Ywpnn bt phrwpydtp npwbu
qnwdhynptiG wpdwé npnawlh dnilyghw, tpk, hhwplt, win Wwnys-
np Jntpwpwbgnp ninnuwdhg nunnh htn hwiydnid ¢ ng wybih pwl
Ok Ybwnud: Uyu ybpphl wwhwbep wwjdwGwynpywé b Gpwbnd, np
tpt wwuwybkpp Ox wawlgpp x YEwnld hwwnnn ninnwdhg nunh htin
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hwuwybp, ophGwy, Gpynt YEwned (g6. 3), www x-h0 hwiwwwwnwu-
fuwlGnn y-p Shwlp skp thGh L, hsnbwpwp, hwiwwwnwutuwbnep)nt-
Gp stn LhGh dnelyghnlw:

hi

6. 3 q¢. 4

Qniqwhbnwpwp G60Gp, np Gpt f: X —>Y $nllghwb thnfu-
dhwpdbp t, wwyw Gpw qpwdphyp hnphqnbwywh ninhnGbph hbw t,
Ywpnn t hwwnyby ng wybih, pwh dhw)b dbYy Yewnud: Iwlwnwly nby-
pnud dnilyghwh wwpptip Yewnbpnud (x; b x, ) YpGnniGep ShuGnu)G y
wndtipp (q6. 4), npp hwlwund b hnfushwpdtpnipjwp:

dniGyghwjh wpdwl pwqiwphy wyy bnwbwlybbp’ wwpwdbwnpw-
YwG hwywuwpmuiGtpp, wipwgwhwjn $nibyghwhtipp, $niGyghnbuw
L nhdbpbGghw| hwywuwpnuibbpp, YpGhwplytt hnwqw wpwn-
pwipnuy:

3°. Qnyq U YEGwn pniGyghwiGlp: thgnip f: X > R dnly-
ghwjh npn2dwl whpnypp Ox wnwlgph ulqplwlbwh GYwwndwdp
hwiwswih pwginpnib t. X =-X (n° L 3.1):

UwhdwGntd 5: f-p Yngynud t°

w) qnejq Pnillyghw, bpk Vxe X [f(-x) = f(x)];

P) Yt dnellghw, bipk Vxe X [f(=x)=-f(x)]:

bnilyghwlbph wyuophlwl wlwbnuibbpp ww)ydwlwynpywsd
G0 wjl hwuwnny, np qnijg gnighsny wuinh8wbwihG $nibyghwbbpp’

y=x*, y=x*, -~ qnyq dnLGlghwibp &G, huly YGwn gnighsny wunp-
SwlwyhG $nllyghwlbpp’ y=x, y=x, --- 4G Iniblyghwlbp bG:
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hulwwtiu, wnwehl nbwpnid, kpp, ophGwl, f(x)= x°, nGkGp’
fEx)=(=x)°=x* = f(x):

Enypnpn nbwpnd, bpp, ophGwy, f(x)=x’, unwgynd t
fEx)=(=x) ==x" =-f(x):

OphGwl 13: y=+/1-x Pnillghwt n’s qnug t, n’s 4aGw, pbyniq hblg
w)b wwwSwneny, np Gpw npn0wl whpnupp’ D(y) = (—<0; 1], ulqpbwybnh
Oywwndwdp hwiwswih st Pwyg, tpt OniGhuy npwbu npna0wl whpneyp
PUR-h thnfuwptib YtipghtGp Shwyl [-1; 1] hwwndwép,. npp O Lbwnh GYwwn-
Swip hwiwswih b, SLGNYGG L, f(x)=V1-x (-1<x<1) PnGlghwh sh
nwnrbw n3 qnijq, ny YEGw: Pwdwlwo t nhunwpllb hwdwswih Yhwnbpnid
dnibyghwyh, ophGuwl, f(-l)=‘/5 L f(1)=0 wpdbpGbpp L Gywwnb), np’
Sy f(1) ($nbyghwa qnyq st), F(-1) # - f(1) (InGyghwh Yhin st):

MEYwpnywb  hwppnipjw
llnw (_x; y) llbmn hwdwiwlh (-x:y) r Aww
b (% y) YbwnhG Oy wnwlGgph
Gywwndwdp, huly (-x; —y) Yb- - :
wp hwiwswih t Gyl wyn Yb- o e i *
whG' O ulqpGwlbwp Ghuw- )
dwdp (q6. 5): Unubtnhg ht-
nbmd t, np’

w) qnyq  dnllyghwih
gnwdhiyp hwiwswih t Oy wnwlgph Gyuuwdwidp, pwbh np guwlyw-
gwéd (x; f(x)) Ubwh htn' gqpwdhyhl t wwwlwlnd Gwl
(=x; f(=x)) = (=x; f(x)) Ytwnp;

p) UG Pnillyghwih gpwdhlp hwiwswth t O ulqphwytinh
Gywwdwdp, pwGh np gwlywgwsd (x; f(x)) Ybwnh hbn® gpudphyht t
wwwnlwbmyd Gwk (-x; f(-x))=(-x; = f(x)) Ytwnp:

qd. 5

4°. Nuppbpwlywl PpniGyghwlbp: thgnp T#0 L X pdwihl
pwqintpnthG wjbGwhupl t, np

Vxe X (xxT e X):
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Uwhdwlnd 6: y = f(x) (x€ X) pnihyghwl Yngyntd b wwppt-
pwlwh (T-wwppbpwlwi) $nbyghw, tipt
Vxe X [f(x+T)= f(x)]:

7T-0 wOywlnud 66 dnGyghwih wwpptpnipnih:

Epb f-p, ophGwl, npn2dwé t wdpnng pwjhl wnwlgph Ypw L
T-wwppbpwhwb b, www, Gpw gpwdhlp Ywemgbine hwdwp, pwydw-
Ywa t Ywnnigly y = f(x) (0<x<T) dnllyghwih gpwdhyp b unwg-
Jwé wwwnytipp wwpptipwpwp, 7 GpYwpnipjwdp pwjiny, nbinwwnpdbi
Ox wnwlgph nuinnnipjwip’ pb’ nbwh wy, pt' ntwh dwfu (qé. 6):

6.6

5°. UnGnunnG pmGyghwllip: Spquwd bt y= f(x) (xe X) pw-
1h@a pnLbyghwG:

Uwhdwlmd 7. f nilhyghwl Ynsynud t°

w) wann, bpk Vx,,x, € X {x, <x, = f(x)< f(x,)};

p) ghdwaqnn, tipk Vx,x,€ X {x, <x, = f(x)< f(x)};

q) Gjwqnn, tpl Vx,x,€ X {x <x, = f(x)> f(x)};

n) gwdnn, bpl Vx,x, e X {x <x, = f(x)2 f(x,)}:

Pninp wynwhuh dnbyghwGbpp dhwuhlG Yngynid GO dnGnnnG
PniGyghwtp: Gppbda, Gywwh nubEOwind uwhdwOiws w) L g) win-
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ntpmd wnlw  fupun wlihwywuwpnipynGGlpp, wsnn L Gwqnn
InGUghwltnpls wGywhnd 56 juhuwn nGnwnnG:

Swllywgwdé wonn pnilhyghw Gwl sG4waqnn t, gwllwguwd Gyur
qnn dniGyghw’ Gwl swbnn:

bpt f-p wonn t, wyw ~ f -p Gwaqnn t (unniqly):

tupuwn dnGnuinG pniGyghwl hwywnwpdbigh t (n®11. 1.3):

> hujwwbiu, nhgnip fpwénn t, x,x, € X L x, # x,:6pb x, < x,,
www f(x,)< f(x,), hul tpb x, >x,, wyw f(x,)> f(x,): Ulhwbu
np, Gpynu nbiwpnud k| f(x) # f(x,):<

Ljwqnn dnLGlghwh nbwypnid nuwnnnnupynllGlGbpp GnuyGa GG:

Jwdnqybiint hwdwp, np hwjwrwy winnidp G0wphun gk, pwyw-
Ywo t htinwgnut| ophlGwy 11-md pEpwé hwlwnwpdbih nily-
ghwb L wnbuGti|, np wyl pwyihG nunrh ng Gh dhewlwjpnid dnGnunnG
st

Usnn pniblghuyh hwlwnwpdp wdnn t, Gwaqnn pnilhyghuyhlp
odwaqnn:

UwhdwGmd 8: dnilyghwG, nph wpdbplhph pwqdnipynilp
Yuwqliyws t oGY tnwpphg, Yngynud £ hwuwnwwnna $niGlghw:

QwuwnnpkG, hwunwunntl $nclyghwb hp npndwb whpnyph pn-
Lhp YGwntipnud pGnnuGnud £ hLGnyG wpdbpp.

Vx,x,€ X [f(x)=f(x,)]:

Epb f InGlghwl hwunwunnib t, www gpnud GG f = const.:

Swuwnwum pduyhl pnillyghwl dhwowdwlwly swagnn t U
wonn: Gydwphwn t Gwl hwhwawlp. bpl pniGyghwi U sGwaqnn t Ui
swonn, www wil hwuwnwnnG t (unnigliy):

Epb dniblghwl dnGnunG sk, www wyl htitnwgnuntithu hwwiu
wwhwbgynwd t npnadwl wnhpnypp nipnhb| qnuyg wn qniyg shwanynn
whpniyplbph, npnGghg jnupwpwGsniph ypw dniblyghwb wdnn b Yud
Owqnn;:

dnibyghwih dnGnuinnGnipjwl htinwgnniwb dh pwGh wwpqw-
anyb fuGnhpGbp YnhvwplytG hwenpn wwpwgpwdnid, huly hwpgh
Swlpwypypwn numdGwuppmpymbp YYwuwwpdh wybih n” nhdt-
ptiGghw) hwyyh dkpnnGbpny:
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§ 3. SUPPULUL dAFLUSPULGP

1°. QowphG PpniGyghw: y=kx+b (x€ R) pwlwadlny wnplwé
InGyghwa (k-0 L b-G npnawyh pybip 6G) Yngynid t qdwyhG Pnilyghw:

qé. 7

Q6wjhG pnibyghwih qpwPphlyp ninhn ghd t (n° I 3.2), npp Oy
wnwigpp hwwnd t (0; ) Ybewnd L Ox wnwbgph hbwn Juqinud t
a wlynl, wylbwhuh, np rga =k (qd. 7): Uju ybpehl thwuwnp GYw-
inh nGEGwny” k-6 widwbnud 66 nenrgh wGyyniGuhG qnpéwyhg:

Gpp k<0, qéwihG $nblyghwh Gwqnn t, huy Gpp & > 0" wdnn
(9¢. 8):

k<0 y=-x y=x

qd. 8 qd. 9

UjG nbiwypnud, Gpp 5=0, k20" y=kx, qowjhG $nilyghwl wi-

Juwlnid GG nunpn hwidtdwwnwlwh wiund: Munhn hwitidwnwlyw
Ywhudwb gpwdhyl waglnud t YynnpnhGwunGbpp uyqplwybnny: Jwu-
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Gwdnpwwbu, & =1 ntiwpnud wyt YnnprhGwwnwhG | L1 pwnnpnGeph
YhunpnG t, huy Gpp k=-1" 11 L IV
pwnnpnltph Uhunpnp (96.9): | > yeb
Jdbppwwbu, tpp £ =0, dnLlOl-
ghwl hwuwnwinnl t° y=»5: Qpw- :
$hy0 wju nbwpnud (0; b) Ybwny 5
whgblnn hnphqnOwlwb ( Ox-hG qni- q0. 10
qwhbn) nunhn t (q6. 10):

2°. PwnwyniuwhG Pnibhyghw: y=ax’+bx+c (a#0) pu-

Gwélingd wpynn pniblghwl Yngdnid b pwnwlymuwihG pniGyghw:
Up Yynninud qpwéd wpnwhwjunmpniGl widwinud 66 pwnwyniup

bnwGnwd: CGn npnuld, ax’-0 brwGnwih wywg wlnwdb t° a gnp-
dwlgny, hul c-0 whdwbnud G0 wqwwn winuwad;

bpp b=c =0, pwnwyniuwihG $niGyghwh pGonilmd t y = ax’
nbupp: Uu nbwpnud $niGyghwh qnuyg t: Spwdphyp Oy wnwlbgph
GYwwndwdp hwiwswih wwpwpenp b (nbu n® 1. 4.4-nud), nph §)nnkipp
nunnywd GG Ybpls, Gpp @ >0 L Ghppl, Gpp a <0 (qd. 11):

a>o

a<o

6. 11 q6. 12
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CGnhwGnip nbwpnid, pwnwyniuh brwlnwip GeplwjwgGbiny

2
ax’ +bx+c=a[x+£—] _b —dac inbupny, Ywpbih t Gywwby, np
2a 4a
pwnwlnuwghlG $nclyghwih gpudphlp Gnyl y =ax® wwpwpeniG t

b* —4ac

X, =2—ba dhwynpny nbwh dwpu L y, = dhwynpny nbwh

Gbppl” gnigwhtin nbnwwpdyws (g6. 12):

Epp a >0, pwnwyniuwhl $nGlghwb [—w;——;—] dhowlwy-
a

pnud Gwgnn t, huy |:—2i;+00J dhowlwjpnid” wdénn: buly bpp
a

a <0, ywwnwpynud t Ghain hwlwnwyp:

3°. ununnpwlywqoughG pnblhyghw: Uju niGlyghwG wnpynud t

y___ax+b (c#20,ad-bc+0)
cx+d
pwlwadliny:
dniGughwjh npn20wG whpnypp plw)hl wrwgpl b pwgwnnip-

jwdp x, = —i ytnh.
c

D(y)=[- ;—1]U[-i;+wj;
c c

Epp a=d=0" y= L2 [k = 2] , Unninpuwqéwyht dniGyghwl
p 4 c

wojwlnud G0 hwjwnwpd hwikdwwnwlywl Ywlunwd: 3wywnuwpd
hwitiwwnwywh ywhudwh gpwdhlyp hpybippny t (n° 01 4.3 L n° 111
5, ophGwly 14), nph Gjnuntpp whybpg dnnbGnud GG YnnpnhGwwnwihG

* bpp x, <0 (y, <0) wbnuwnpdp bpwhwind jwwwpdmd t - x; Shwynpny nbwh wy
(= ¥, Shusdnnny nbuh bpl):
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wnwigpGtphG (q6. 13, 14): Wu ybpohG bplunyph Jwwwlgnipjudp
wuntd kG, np YnnpphGwwnwihG wnwbgpGtipp hhwtppnih wuhdw-
wnnunGbph kO:

06. 13 q6. 14

COnhwGnip nbwpnud, uwuwnwpbny

ax+b k ( bc-ad d aJ
+Yo k=

= 2 9x0

cx+d  x-x, c c c

dLwihnfunipyniGp, BqpuywglGnud GGp, np YninnpwlwqdishG dnily-
k

ghwih gpwdhyp Gnuyl y=- hh- |

wbppn(0 £ x, dhwdnpnyd nbwh we

L y, Shwynpny nbiwh dbpl’ nbnw-

2wndywé (q6. 15):

UuhdwunnGpl wyunbn Ox
wrwlgplG x, Ytwnd hwwnn nun-
nwdhg L Oy wnwlgpl y, Ybwnud
hwwnn hnphqnGwlwG ninhnGEpG
GG:

Epp bc—ad >0, Ynnnpulwg-
OwjhG HniGyghwl (—oo; —EJ L (—i; +ooj vhowlywyptiphg jnipw-
c c

'St Gw}unpn toh wnnuunwyn unwmpwd ghunnnpmGp:
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pwlgynmpnd (pwjg ng wipnne whpnypnud) Gwqnn b, huly bpp
bc —ad <0, G2dwd dhewlw)ptiphg jnupwpwbsjnipnid wénn k:
4°. NwghnGwy Ppnibyghw: P(x)=a,+ax+---a,x’ (a,#0)

wpunwhwjwnnepnilp Yngdnid b p wunhGwbh (p-pn Ywpgh) hwGpw-
hw2dwwi pwqiwbnwy:
tpt QO(x)-p by wjt, g-pn Ywpgh hwlipwhwzdwlwl pwqiws-

nwit” O(x)=b, +bx+---+bx%, wyw

P(x) a,+ax+--ax’
y: =
g(x) by +bx+--+bx"

pwlwdlny tnpywéd $niblyghwbd Ynsgyned t nuwghnbwy pnbyghw:
Ljwnklp, np bpp p=g=1, ab, —ab, #0, nwghnGwy pnlGy-
ghwl Ynwnpwlwaqdwjpt t: buy Gpp g=0, p=0,1,2, nwghnlw)
$nlyghwl Jbpwodnd bt hwiwwwinwuuwliwpwp  hwutnwinnda,
qéw)hl L pwrwynwwihG $nGyghwbbph:
Nwghnlwy $niGlghwh npn2dwl whpnypp pqwihG nunhnG t,
pwgwnnipjwip w)b Yhwnbph, npinbin O(x) = 0.

D(y)={xeR:Q(x)+0}:

5°. UunpBwGuipG pniGlyghw: dnllghwlG wnpymd bt y=x?

pwlwdéliny:
bpp pe Z, Inllyghwl nwghnlwy t:

COn npnud, Gpp p>0" D(y)=(-w; +), huy Gpp p<0°
1
y=—7 D(y) = (-;0)U (0;+ ) : Ubjwglklp Gwl, np qnuq p-h
nbwpnud $nllghwl qnuyg t, huly YeGuin p-h nbwpnd® YEGwn: 6. 16-nud
ptipJwd GO wunh8wlwhG pnGyghwih qpwdhylbpp p=3 (hnd
qony) L p=4 (Ywnwqgdtpny) nbwpbpnid, huy qb. 17-ny° p=-2
(hnd gény) L p =-3 (Ybwrwqobpny) nbwpbpned:
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qd. 16 qd. 17

LhwwnbGp, ybppwwbu, np y=x’ $nilyghwt wipnng wnwbgph
Upw wenn t, huly y = x* pnlyghwl (—o0;0]-nuld GYwqnn, [0;+ o) -nuf’

wsnn;: hGs ybpwpbpnud t y=—1; L y=—17 $nGyghwGtphl, www w-
x x

nwohlp (—o0;0) dhowlwjpnud wénn t, (0;+ ) dhowlw)pnd’ Gw-
qnn, huy Gpypnprp pb’ (—0;0) -nuy, pb° (0; + o0) -nud Guqnn t:

SYhunwpltlp Lu Gpyne opplGwly. (Gpp p=-;— L p=-;—) L npwlny
wdwpunblp wunh8wlwjhG InGyghwbbph hEtwqnuinudp:

! 1

UhGs y=x=vx L y=x=x PniGlghwGtnh qpwdhlGtnp
GEpYw)jwglbp, Ywuiwptklp fuhun oguwlwp h nhunnantpntG:

4 YhuinnnnpgniG: YGjwpuywl hwppmpjwa Ypw (x;y) L (y;x) Yb-
wbpp hwiwswih 66 y=x nqnh (I L I YnnpphGwnwihG pwenpnGtph Yh-
unnnh) Gwwndwdp: Ywlhg hbwnbnd t, np tpl y = f(x) dnlyghwl hw-
Gwnwpdbith t, www Gpw gpwdhyhG wuwnywlnn (x;y) = (x; f(x)) Ybwp
Y=x nnnp Gywwndwdp hwdwswh t hwyuqupd dnilyghwih qpudhyh
x)=(y; 1 "(y)) YbwnhG: U Yepw y = f(x) b y = f7'(x) $nilyghwlb-
nhg dbyh qpwdphlp dinsh huybiwhl wwnlepa t° y = x mnnh GYundwdp:
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q0. 18

6. 19

Q6. 18-nul wwinhbpwé GG y=x* (xeR,) dnlyghwh (Yb-
nwqotpny) L Gpw hwlwnwpdp hwinhuwgnn y=«/; (xeR,)
$nLGyghwyh (hnd qény) apwdhyGbpp: buy qb. 19-nud GhpYwjwgyws
G y=x" pnillyghwsh (Yhnwqstipny) L Gpw hwlwnwpdh' y=’~/;
$niGyghwih (hné qény) anpwdhylbpp:

6°. 8nigsuyhlG U (nquphpdwlwl PpniGyghwbln: 8nigswjhl

$nGlyghwl wipyned

1.
yo(=)*",
2’ ™

t

y=2*

q6. 20

y=a, xeR (a>0, a=])
pwlwdlny:

dnlyghwyh npn2dwl whpne)-
pPp, hOswbtu Gagwé t, R-G L, huy
wndtipGtph whpnypp’ (0;+ o) -p:

Lpp a>1 gnigswjhl
dnlyghwG wénn t, huy Gpp
0<a<!’ Gwqgnn;

fwbh np gwlywgwéd a-h hw-

dwp a° =1, $nillghwih apwPhlyp

waGglnud t (0;1) Ytwny: Jwyh wnlbiny Gwl, np [-1—] =a’*, biqpw-
a
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Ywglnd bGp, np y=(ﬂ nuGlghugh qpuiphln hwdwswih t

y=a -h qnwdhyhl’ Oy wnwlgph GYwwniwdp (q4. 20):
UpnkG G2ytg, np gnigswyhl pnLbGlyghwl fuhuw dnGnunG t (wénn t
ywd Gwqgnn): Unwnbnhg hbwnunud t :
(n°11. 2.5), np wyl hwlwnwpdtih t: g
8nigswihG $nillyghwsh hwyw- Fa
nwnpd $nillyghwl Yngynid t nqu- e
phpdwlywh PniGyghw b Grwlwy- L7
yud® y=log, x: e
Lnquphpdwywl  $niGyghwih s L
npn2dwl whpnpp (0;+ ) -G L, huy /
wndbiplph whpnupp’ (—o0;+ o) -
Uuwbin b, Gpp a>1, pmlyghwtG
wdnn t, huy bpp 0<a <1’ Gwqnn: q6. 21
Jwydph welbin Gwfunpn Yyb-
wnd Ywuiwpdws nhnnnnepyntlp, y =log, x dnllyghwih gpwdhyp
Ywpnn bGp Gbipywjwglly npwbu y=a” Pnilhghwih gpwdhyh hw)t-
lwihl wwwltp® y = x nunh Guwndwdp (6. 21):
3hztny Guwk n® I1. 1.3-nud pbipdwé GnuylnepiniGGlpp” Ywpnn Gap
qnbi.
a

5 =x (x>0), log,a"=x, xeR:

Rupblp wju $nilyghwlbiph Ybpwpbpjwy nwpngwywh dpwaphg
hwjywnGh dh pwlh pwlGwdl, npnGp oquiwgnpéybint 60 hblnwquw w-
pwnpwlpnid:

a’=1,a =a; log,1=0; log,a=1:
Swlywgwé x, y b w, v (u>0, v>0) pybph hwidwp

=a"-a’: log, u+log,v=Ilog (u-v);

5, a u
a”’ =—; log, u—-log,v=1log,—;
a’ v
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a'] =a"’; log, u*=x-log u;
(@) u :

a* =p™n; log, u=

7°. GowllynmGwsuhwlws pmGyghwbbp: UhlGs wju dnlly-
ghwGkphG wGglbip, hh2bglklp npwig wrbGsynn, nwpngwhwh dpwg-
nhg hwywnGh npn2 uwhdwbnudiblp L hwuwnbp:

Cpowlh wyb YEGuinpnGwhlo wbyniGp, npp hbGYwé t 2powlGwqésh

Ghawn % Gwup Ywqinn wnknhG, pGnnibnud GG npwbiu wGlnlGGeph

swihdw0 dhwynp, wiywbnud 60 wuwhwh U Gawbwyny 1°: Qwu-
wnnpkG’ (phy wiljwG dbénpynibp 360° t, thaywé whljwlp' 180° ni-
nhn waljwhp” 90°:

Uwpbiwwnhluwynud wybih hwlwu oguwgnpdynud b wilyniGGb-
ph swihdw GGl wyp Ghwdnp’ nwnhwGp: % 2ppwbh w)lb YeGupnGw-
Jh0 wllynGG £, nph hbGOwWG wnbnh BpYwpnipyntbp hwydwuwp t
2nowlh 2wnwynhG: Ujn Gpynt ShwynpGbph dhel wwp hGunbywiGt.

o

1 nwnhwlp = 1n. = 360 =57°:
n

Uwulwynpwwbu, 360° =2z n., 180° =z n., 90° =%n.:

bpb r wnwynny 2ppwlwqsh
YEOwnpnlwjho wlljwb dténpinLhp
x n. b, www Gpw hbGowG wnbnh
GpywpnupymGp YthGh® £=rx, huy
hwiwwwwnwuhuwl 2nowlwjhb

ublwnph dwybpbup” S =’—2‘:

AEYwpunywl hwppnpjwl Ypw
......... nhnwpytGe (0; 0) YtGupnGny L 7

qo. 22 2wnwynny 2nowlp (g6. 22):
“thgnip’ e R: bpp @20,

pUhl hwilwwwwnwupiwllglinud &G OP, wnwyhn-ybYwnnpp, npp
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unwgynud b OF, wnwihn-ybywnpp O btwnh znipep @ n. whlynilGny
wwnwnbhu® dwdwgnygh ujwph wpddwlp hwhwnwl nunnnupjwdp:
buy tipp @ <0, @-h0 hwiwwwwnwuluwlnn OP, wnwihn-YGYwinpp
utnwGwint hwiwp, - an. walyntiny wwnywnp uwwnwpnd 60 dwiw-
gntjgh ujwph 2wpddwh nLnnnLpjwip:

¢ Yhunnnip)nih: 3t b wnbubty, np Ghwpwgpws a — OP, hwiw-
wwuwuhuwbnipynibp 27 -wwppbpwywl b quwijwgwé a€ R pyh hbn
a+2mzn (neZ) wbuph pninp pUbphG hwiwwwwnwuhuwind t ShubnyG
OP, wnwyhn-yblinnpp: Ujnintinhg wGihpwwtu htitnlined ¢ unnpb uwhdwG-
gynn y=cosx b y=sinx bnwllnlwswhwyws $niblghwlbbph 27 -wwp-
pbpwywbnupyncp:

Spqwé @€ R pyh hwiwp cosa-G P, Ytwnh wpughuh L nh-
wwpyynn 2ppwbh 2wnwynh hwpwpbpnipynilG t, huy sina -6 ° GnyG
wyn Ywnh opnhGwinh L wrwidnh hwpwpbpneg)nihp.

x . y
cos@=—, sin@==:
r r

EnwGlynbwswihwlwh nwhqblub ne Ynnwbqblup vwhiwG-
ynul GG

sin@ cosa
tga = , ctga = —
cosa sin
pwlwdlbpny:

Udd GbpluwjwglGbGp GrwOyniGwiwhwywld  $nbyghwbbph
qnpw$hylbpp, qniquhtnwpwn pwnytiny npwlghg jnipwpwbyniph
hhiGwlwh hwnlynpynGGbpp.

I. y=sinx(q6. 23):
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Il. y=cosx(q6. 24):

q6. 24

Lwlu G260Gp, np hGswbu uhGniuh, wjlwbu tp YnuhGniuh npn2dw
whpnpp pwhl wnwigpl t, huly wpdbplbph pwqdnipynilp’ [-1;1]
hwwnywép.

D(sin) = D(cos) = (—o0;+ o), E(sin) = E(cos)=[-1;1]:

Epynt InGyghwbtpl t) 27 -wwpptipwywb GG (nbu nhnnnnp-
Jnulip).

sin(x+ 2x)=sinx, cos(x+2x)=cosx (xeR):
UhGniup YtGun $nbyghw k, huy Ynuhlniup® qnuyq.
sin(—x)=-sinx, cos(—x)=cosx (xeR):

UG nhwwpynidp, np y=cosx dInllyghwih qpuwdphyp Gnyyl
y=sinx pnlGyghwjh qpwdhyh t (uhGniunhnp)” Ox wnwhGgph nin-

nnipjwidp % dhwynpny ntwh dwhu nbnwwpdwsd, wwjiwbwynp-

qwé t htinlyw) pEpdwl pwlwdlny. cosx=sin(x+§] (xeR): Uju

JtpehGp, h phyu dh pwGh wy pbpiwl pwGwébbph, whdhpwwybu
phuntd t uhlniuh b YnuhGneup uwhdwGnuiGhphg:
NuunudGwuhpbipnd gpwdhybbpp’ Gywwnd GGp Gwb, np uhGnlup

[—%;%} hwunyjwénud wénn t, huy YnuhGneup [0; 7] hwnywsmd
Gwann: ", Jdwulwydnpwwbu, Owlwlynd t (0°11.2.5), np

y=sinx [xe{—%; %D L y=cosx (x€[0; 7]) $nOyghwlbbpp hw-
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ywnwpdbih GG: Ywplnp t Gwb wnbuGt], np upwGg wpdbplbph pwg-
GnupynulG kL Gryh [-1; 1] hwwnywoh t:

UhGniuh hwiwnwpdp Gawlwymd &G arcsin -ny, huly YnuhGniup
hwwnwpdp® arccos -ny: Uwnnpl GEpYwjwgqwé GG y = arcsinx (6.
25) L y =arccosx (qd. 26) dnLGyghwltiph qpuwdphybipp:

[}

x M
(2 -1 1

0. 25 q0. 26

UL wilqwd Lu pGnqgstilp, np
D(arcsin) = D(arccos)=[-1; 1];

E(arcsin) = {—z; f} . E(arccos)=[0; z]:
2 2

COnhwlnp wndwdp, hhwplt, ns uphGniup L ng & YnuhGniup
thnfudhwpdtip skG: CaGnhwywrwlp, GplnwuG b ywppbipwywb 66 L p-
nbGg jnupwpwlynip wpdkp pGnnGnd 66 whdbpg pdny Ytinkipned:
Swllwgwé xe[-1;1] pyht hwiwwwinwuhuwbbglbing siny=x
hwdwuwpdwG nusnuiGlph pwqinpyntGp Ywd, Gpypnpn wiwpptpw-
Unu, cos y = x hwywuwnpdw |néndGph pwqdngnilp, unwinud GG
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y = Arcsinx = {(—1)" arcsinx+7mn: ne Z}
L y=Arccosx ={tarccosx+2zn: ne Z},
wjuybiu ynsywd «pwqiwndtp» $nbyghwibipp:

UGnezwn, upwp b pnlyghw)h vwhdwbdwh zppwlwybhpnud gn-
jnpjwl hpwyniGp nuGEG, pwGh np Jnupwpwbgnip x-hG hwdwwwwnwu-
huwlnn Arcsinx L Arccos x pwqdnup)nilGltpp npnawyh GG: Uhw)G phi,
nppwiny np wjn $nblyghwbbph wpdtpltipp pwqdnpynibltip GG, w)y
ng pb pytin, pYw)hl pnilyghwhbnh 2wnphl npwip s56 Ywpnn nwuyby:

. y=tgx(q6. 27):

q6. 27

Lwfu GywwnkGp, np wnwbgbGuh npndwG whpnypp pywihl w-
nwigpl t, pwgwenipjwdp w)l Ywnbph, npnbGgnud cosx =0: Mhwp,

hGswbu hwyunGh t, %+ﬂn (ne Z) wnbuph pytipl &G, wylwbu np’

D(tg)=R\{%+ﬂn; ne Z}:



Spwdhlyp gniyg t vwhu Gwl, np
E(tg) = (-0; + )
b wwpptipnipjnil uhlnuuh L YnuhlGnwuh, y=2gx $nllyghwh

7 -wwpptipwywb t: Y Eplnud b géwgphg, sGwjwé wyn thwuwnh
Yuwpbih t Gwl hwighi’ oquytiiny

sin(x+ ) =—sinx, cos(x+m)=-cosx (xeR)
ptpdwl pwGwdlbtphg.
tg(x+ 1) = sin(x+7) -sinx _sinx _t

cos(x + ) T ~cosx  cosx

Swiqbklup, hGswbu L uhGnul nu YnuhGnuup, thntudhwpdtip st:
UwlywylG, uvwhiwlGwhwybiny Ppnibughwsh  npndwlG  wnhpnypp
(_E;ﬁ pwg Ghowlwjpny, unwbnld LG y = tgx —£<x<£J

2 2 2 2
dnibyghw, npp winn t L, powlwGwpwp, hwywnwpdbih: Pwugh wyn,
Gdwé dhewywypnid wyl planGnud t E(2g)-hG wwuwwlnn poinp
wpdtipGbpp: Wu pniGyghwih hwywnwpdh hwiwp plnniGdwéd t
y=arctg x GawlGwyniip (qd. 28):

D(arctg) = (—; +0),  E(arctg) = [‘% "25]:
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V. y=ctgx(qd. 29):

L]
|
*
]
|
NN
M
I
¥
I

96. 29 i
UnunwGqbbuh uwhdwGnidhg htwnblinud £, np
D(ctg)={xeR:sinx#0}=R\{rn:neZ}:
E(ctg) = (—o0; +0):

Uw ki, pOswybu L wwlqbGup, 7 -wjwppbpwlw t:
UwhdwGwdwytinyd npn20wh whpnypp Shwyl (0; 7) pwg dhow-

Yuypny’ unwlnud 60 y=ctgx (0 <x< ) GJwgnn L, nuptidh, hwiw-
nwpdbth $nGyghwh: Wn $nGyghwih hwlwnwpdp Gawlwynid GG
y=arcctg x (q¢. 30):

62

q6. 30



Lkbp, np
D(arcctg) = (~o0; + ),  E(arcctg) =(0; 7):

ypngwwb spwgpnid Ywl Grwblynbwswihwlwb $nibyghw-
Ghph bpwetpjw pwqiwphy pwlwadlbtp: BYwpyblp wjunbn npwi-
ghg Gh pwGhup, npnGp dbq whkwnp Yqwb hbnwguw)nid:

Swlywgwé a, # pybph hwdwp’

cos’a +sin*a=1;

cos(a t f)=cosa-cosf Fsina-sinf;

sin(a+ B)=sina-cos B tcosa-sin B,

tgatt
tg(at =22 LS
1 Ftga-tgf
sina—sinﬂ=2sina—ﬂ-cosa+ﬂ:
2 2
cosa-cosﬂ=—Zsina—ﬂ-sina+ﬂ;
2 2
cosa+cosﬂ=2cosa+'8-cosa_ﬂ:
2 2
tgaitgﬂ:M:
cosa-cosfB

Ujupwiny wywpunud Gop hpdGwlywh tnwppwlw $nGyghwb-
ph JGpwpbpjw) wju qulunid Gwpuwwnbuwé Gnph wpwnpwipp:
LatiGp dhwjG, np dGwgwé pninp wppwywb $nibyghwbbpp unwg-
Unud 60 wjunbin Gepywjwgqwé PniGyghwlliphg’ Ybippwynp pyny
gnuiwpiwb, pwqiwwwwnlydwh gnpénnnipyntGGlph, hwlwnwpd
dniGlghwatp L hwdwnpnypGbip ywenigbint dhengny:

63



durdnr@3nruvutn

Uwqldbl f: X 5Y L g:Y > Z dnlyghwltiph hwdwnnpnypp.
w) f(x)=x*, g(»)=2";p) f(x)=2", g(y)=y":

Spwsd t f(x)= dnGyghwl: Ywqdkp y=f(f(x)) L

1+ x?
y=f(f(f(x))) hwiwnpniplbnp:

Uwuwgnigli, np tpl y = f(x) (x€ R) InLllyghwl qnuq t (wwnppbipw-
wo t), wwyw gwllwgws z=g(y) (yeR) Inblghwih hwidwp
2= g(f(x)) pwpn dnilyghwh YihGh qnuyg (Wwppbpwywb):

Ahgnip y=f(x) (ra<x<a) dnlyghwl 4Ll t: Uwnigli, np
hbwnljw| $nLbyghwbbphg (hwiwnpnyplbiphg) jnipwpwlsynipp qnuyg t.
w) y=£x):p) y=f(0)]:9) y=F(x):

Uwnigb, np (-a; a) dhewywpnud npn2dwé gwllwgwéd tpyne qnug
ywd bpynt GG $nibGyghwbbph wpwnwnpwyp qnuyg t, huy dEjwlwG
qnuq L 4G $nGyghwhtiph wpwwnpjwip® YhGun:

Uwwgnigti(, np gwllwgwd y= f(x) (-a <x<a) dnlGyghw Yunbih t
Gpywjwglb| npwbu (—a; @) -nud npnywd dbljwlwb qnuyq L YkGwn
$nLGyghwhtiph gnudwn: 8Snuyg nwy, np winuwhuh GpQwywgnudp Shwl t:

f(x) +2f(—X) L b =2 -zf(—X)

8nugnul: Yhuinwnlly g(x) = $ni0yghwib-

np:

Uwnniglil, np Bpb y = f(x) dniGyghwih qpwdhlp hwiwswd t Ox
wawlgpp a Yhwnnud hwinnn ninnwdhg nunnh Ghwndwdp, wuww gwi-
Lwgwd b pyh hwiwp y= f(x+a)-b dnblghwb qnuq t:

Uwnnigbt, np Gpl y = f(x) Inibyghwih qpwdhlp hwdwswih t (a; b)
Ytwh GQwwndwip, www y = f(x+a)-b IniGyghwh Y&Gn t:

Snyg ww, npbpl f: X 5Y L g:Y > Z Inlyghwltipp tpyneub £
w6nn 60 Ywd tpynwub t) Gdwagnn, www go f: X —» Z hwdwnpnypp

wadnn t: P°Gs Yupbrh b wub] wyb nbwpnid, Bpp Gadwéd dnibyghwlbphg
dblyp wdnn t, hul gynwup® Gwqnn;:



10.

1L

12.

13.

14.

15.

16.

Uuninigli, np wénn $niGyghwlbph gqnuiwpp wénn t, puy Gwgnn
$niGyghwlbph gnidwpp’ Gwqnn:

60wph*nn bt wpnynp, np wénn $nblghwlbph wpnwnpjwip wonn t:
PEpbL hwiwwwuiwuhuwb opphGuly:

Uwuwgnighil, np tpl y = f(x) (ye R) $nilyghwl T-wwppbipwywa t,
www gulwgwd ke Z (k#0) pyh hwiwp k-T -G f~h wwppbpnipinth
t8'mgnui: Ywwnwpbiy hGnayghw:

Ohgnip” reQ L r#0: Uywgnigh, np tipk y= f(x) (x€ R) dnLbYy-
ghwl T-wwpptipwhwG t, bul y=g(x) (xe R) dnibyghwb’ r-T -wywp-
popwiwl, www f(x)+ g(x) Iniblyghwl wwppbpwwa t:

8nignul: Lbplw)jwglly r-p 5— Ynuinpwh inbupny L ogunytiy Gwhunpn fulinphg:

Uwwgnigb, np el y = f(x) (xe R) $nmbGlyghwih hwiwp qublwgwé
phy wwnptipntpymib t, www £ =const.:
Uwnigbit, np thpbtulbh $ncGlghwih hwdwp’

1, upp x€ Q,

xx= {O, tpp x€ I,

gqwilwgwé nwghnGw phy wwpptipnipyntb t:
Uwwgnighil, np bpt y= f(x) (x€ R) dnblyghwh hwiwnp quilwgwd
hnwghnGw| phy wwppbpnipntb t, www f =const :
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uLuLrShy 6PUPUUONHRB3NELE
UrPNFE3UL YU

§ 1. unnPabLUSLENP UGRNRALC

1°. MundGwuhpnipywl wnwplwl: Swppwlwl dwpbdwwnh-
Ywh nwuplGpwgnud Gpypwswihwlwb npny ulnhpltp (nuékhu og-
nwagnpdnud kG0 pybp, hwipwhwwlwl vnwpptp pwlwdlbp: BYL-
pny (pwlwdlbpny) 60 wprnwhwjnydnid hwnywaéh, 2ppwlwgéh wnb-
nh GpYwpnpyniGGbpp, wwuwlbph dwybpbup, dwpdGh dwywip L
w)jiG: bnwaynibwswihwlwb depnnGbpp hGwpwynpnipyntl GG nwhu
$nillyghnlw] Ywy untnébint whyniGotph L npwg wnGsynn npn-
2wlh hwunywdbbph hwpwpbpng)nilbGbph dhol: Pninp wyn dhenglt-
np, uwlw)b, ninnywé L6 qhwhwwnbint ipypwswihwlwb opjihuinh dh-
dhwjl swihubipp, puwn tnpjwb swpunwgnibiny gnun Bpypwswihwlwa
wnnudny gnigt wdkGwlwplnpp® opjtiiinh nhppp L jwrnigywépnp:

UGwyhwnhly Gpbpwswihnipjwl wowpywb pytpnd, hwbGpwhwzyh,
dwpbdwwnhlywywl wlwihgh wwpptp dhengltipny Gpupwswhwlwb
wju Ywd wyb opjtijinh pb” swihubiph, p&" wibnh L Ywenigywdph plnt-
pwqnni t:

Npwtu Glwybwnwiht opjbhwn hwinbu t qwihu Ybwp: UlGwgwéd
pninp Bpypwswihwlwl wywwnlybpGbpt nue dwpdhGGepp nhunwpyynid
G0 npwbu Yawnbph Gpypwswihwlwb inbnbip:

Spyws ywnh nhppp plnipwanpnn pytipp Yngynd GG Ytwnh Ynnp-
nhGunnGlp: Ujn qunwihwph ypw hhiGywé dbpnnp, npny hbwnwgn-
nnd b6 Bpbpwswhwywh op)bhnGhpp, wGywbnd 60 YpnpphGunn-
G6ph dbpnn:

2°. MnnuGlyym G YnnpphGwunwihG hwdwlywng: Iwppnipjwi
ypw Ytwh nhppp pybipny plnipwqpbint wiklwwwnq L wikGwwnw-
pwoqwé bnwlwyp ninnubynit YnnpnhGwwnGbph Ywd, hGswbu Gw-
tunpn gtuncd wGdwlbghGp (n° I1. 2.2), abwpunjwb YnnpphGwnGlph
hwiwbwpgh GEpdnténudG t 3wppnipynilp, Gpw Jpw Ywenigywd
nywpunwb  YnnpnhGwuwwiht hwdwlwpgnyd, wGywGtghlp nb&-
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Qwpumywl hwppnipymiG: YGwpnjwl hwppnipjwl Ypw, hGswbu
G2dbg, jnipwpwlgnip Ybwh nhppp dhwpdtipnptG npnadnud t hp
UnnpahGwwGtph qnuygny: Lwlunpn gifunid, thwunnpbl, wpdbg
UnnpnhGwwbbph dbpnnhl wnGsgynn hbwnlyw) Gpyne ulqpenibpuwhG
huGnhpGtph Gpypwswihwlw (neénudp (n° I1 2.2, 6. 2):
I. GOt hwppnipjwl Ypw Yuwdwjwywbnpbl wpyws M YEwnh
x Ly YynnpnhGwuwnGbpp:
II. Swllwgwéd (x;y) pywqnigh hwiwp G26 hwppnipjwl w)G
Ytwnp, nph YnnprhbGwinGipl GG x-p L y-p:
LywwnkGp, np Yewh Ynapoh- 4 o
Gwwltpp dkYpGnihinn npnwé L
wbpnhniu 360, wy| Ywhdws &6 LY M
hwiwlwpgh pGupnip)nibhg: Yw- A
nnigtiind bwppnipjwl Jpw nin-

nuGyniG YnnpnhlGwuwnGlph Gh Gnp " : "",,;;'r
hwiwlwpg' O'x'y" (g6. 1), Gnyh N
Ytwp hwiwp Yunwlwbp Ynnpnh- ° g x x

GuwwGliph 06Y wyl qnug” (x%5y°):
UnnpnhGwwnGkph  dpnnh  Ywpln- q¢. 1

nwagnt)G fuGnhpGphg 0GYG t) hhG L Gnp hwiwlwpglipnud M LGwnh
(xy) L (x;y") UnnpphGwwnGbph Ghol Yww hwuwnwnbG t: Un
tuGnphG Gyhpdwé b wyu qituh 4tipghl wwpwgpwdp:

3°. Ubwnbiph hbnwynpripinilp: Iwnduwoh bplywpnipynilp:
Ujuwnbin dbp huGnppl £ nbwpunjwb
hwppnipjwl Ypw wnpwé gublw-
gwé A(x:y) U B(x;;y,) Yewnbph
hGpwynpnip)nilp (Ybwnbkpp Ghwg-
Gnn nunnh huwwndwéh Gpywpnep)ni-
Gp), wpwwhwjinbl wn Ykwnbph
z YnnpnhGwuwnbbpny (6. 2):

Y = » Lwfu hhykiglkGp (n° 1. 2.6),

99.2 nn pdwjhG wnwlgph dnw x L x,
UnnpnhGwinGlpG nuGlignn Yewnkiph hrwynpnipynibp | x, —x, |-G
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Ninnh hwwnywdny dhwgltlp A L B Ubintpp L nhnwpltlp qd. 2-nud
wnwowgwéd ABC ninnwllntd GnwGynGp (LC =90°): RwGh np
|BClHx - x|, |[ACH Y, -y, |, wyw, hwiwdw)G Mynipwgnpwuh

ptinpbdh, AB Gbpplwdhgh Gpywpnipjwl (A L B Ytwnbkph hbnwyn-
pnipjwl) hwidwp unwGwlp hbnbyjw) pwGwdlp.

d=|AB|=\/(xl—x2)2+(yl—y2)2 < (1

4, Jwnjwoéh pwdwlimdp npwéd hwpwpbpnipjwdp: N6-
Ywpurywl hwppnipjwlb Ypw wnpdwé 66 A(x;3y,) b B(x,;y,) ltunk-
! pp’ Shwgywéd ninnh AB hwwn-
ywény (q6. 3): Ywuklp, np AB

tpt |AC|:| BC|=4:
‘ : : Upwnwhwjwnbklp C Ybwh
| ; . (%Y%) LnnpnhGwwnGbnp A,B
| - :3 = Yownbph  YnnpnhGwwnGbpnd L
99 A-ny:

> Swiblp Ox wnwlgphl qniquhtin AB, hwwndwép b nhuinwp-
uitp AC,C nu AB B tnwGyntGGlpp: GnwllyyniGGEph GdwGnipynt-
Ghg htinlknud t

|AB| _|AB |

|AC| | AC,|

2
, hwundwéhb wwwnlwlnn C Yb-
i np hwwnywép pwdwlnud t
’“f A (A>0) hwpwpbpnipjwip,
"

hwywuwpnip)ntlp, nphg, hGawnnipjwdp, Gpynt Ynndhg hwabiny 1,
unwbntd LGp

|AC| |AG|
hwywuwpnip)niGp:

68



|CB| _1
lac| 4
GUwuwnbGp, np A L B Ybwntiph gwlywgwéd nwuwynpnipywl nbwpnid
x,-0 pOlwé t x,-h L x,-h dhol, npp Grwlwynud t, np x, —x, L
x, —x, wwppbipnipyniGGbipp dhawn GhLOnyb GawOh GG: Stinwnpbing
(2)-p 0tip" uvwGnud LGp

NuGkGp . |CB dx,—x,|. |AC, |Hx, —x|: Wad

l=|x2 _xol_‘xz —xo\ X, 7 X

A |x = x| |xo"x1| Xo — X

hwywuwpnipynilp, npntinhg’

x +Ax,
X, & m—— 3
" 1+4 @)
LnyG nwwnnnepyntGatipny unwgynd t Gwl C Yhwnh opahGwunp.
= yl + )'y2 K 4
yo 1+)’ * ( )

UwuGwynpwwbiu, ipp C-6 AB hwinwéh dhelwybwnG t (A =1),

unwgywé pwlwdlbipp pGancGnud 6O
xo=x'+x2, yo=)’1;)’2

5
5 1~ ®)

inbupp:
OppGwl 1: "Glwpunywl hwppnipjw(
dnw quGk| A(-L5). B(;-2) L C(3;4) qu-
qwplbpG nilbgnn GnwGlyjwb AM dheliwgoh
Bpywpnip)ni0p (6. 4):
BC ynnih M dholwlbtinh (x,;y,) Ynnp-
nhGwwnlbpp npnynud 6G (5) pwGwalbphg.
1+3 _—2+4 _

I
Ogquytiny Gwl (1) pwlwdbhg' Yuunw-
GwGp.

|AM |= J(-1-2)* + (5-1)* =5:

1:
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OphGwly 2: by A(x;;y,), B(x,;y,) L C(x;;y;) quawplbipny hw-
Uwubn bnwljwhb swhpnipjwl YEGunpnGp (Ghplwqétiph hwundwh Ybnp):
BC ynndh M shelwltiwnh (x,;y,) UnnpahlGwwnGtipp Yihoko"

X, +X y, ty,.
X, = 223. V.= 22 3.
Swppwywb Epypwswihnipynibhg hwjinGh t, np GnwGyjwh shelwghép
thelwaqstiph hwwniwb O, Ytwnny pwdwlynid t 1:2 hwpwpbpnipjwdp.

|MO,| _1.
oAl 2

Oquybiiny (3) L (4) pwlwdlbphg” O, Ybwh (x,;y,) YnnphGuwnGtiph
hwdwp uunwlwbp®
X +x 1

2 2 __Atnhtx Nty ty.

r o 3 T3
1+=
2

Xo =

5°. PubnughG YnnpnhGuwwnGlp: 3wppnipjwl Ypw ninnublyynda
YnnpnhlGwwnlbbphg htiwnin hptilg qnpélwlwl Gwowlynipjwdp bpl-
Py pnpnp plbinwjhG Ynnpnh-
GwuwnObnG &G

Nhgnip O-G  hwp-
e pnipjwh nplt Lk &, huy
OP-0" O Ubwnhg nnipu b-
: 4nn Swrwqw)p, nph Ypw
e npjwé t swihdwh npn-

) i PI 2 wlh shwynp (g6. 5):
99.5 YwiwjwlywbnpkG
npjwd M hwnh nhppp hwppnipjw dpw npnaynud t OM wnwyhn-
ytywnph o Bplwpnpjwdp b w)l wlljywb nwnhwGwihG swhnyd' @,
npny OP Swnwquw)pp whitnp t wwnnby O Ytnh znipep, npwybiugh w)
nwetw OM wnwdhn-dtilwnphG hwdninnwé: Mwypdwbwynpynid
G0 @-0 ytipglObi|p wyniu G2whny, Gl wwnywp Juwwpynud b dwdw-
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gnijgh upwph wpddwlp hwlwnwly niqnnipjwidp L ShGnwu Gawbnyg'
hwlwnwly nbwpnud: Uju Ypw vwwgynn 0 L @ pytpt whwbnid
GG M Lbnh hwiwwuwnwutuwlGwpwp plhbrughG zwnwigpn L plb-
nughlG walyniG: Gpynwup ShwuhG Yngdmd GG M Yhwnh plbnwhG
YnnpppGunnGlp: PUtnwjhG  UnnpnhGwunlbph  hwdwlwpgnd O
ytwnb whdwlnd GG plbe, huy OP Gwnwquypp phbnuiht w-
nwgp:

M Ltwp, nph pltinwihG YnnpnhOwwnGlpG GG o-0 L @-G, hw-

Swhu Gwawynd GG M (o; @) -nd:

d Thunanpynih 1: RLrwihG YnnpnhGwwnbbph hwiwlwpgnd O Yh-
wh (putinh) pubinwihG wawyhnp, hhwplb, 0-6 t, uwlw)b pLbnwihl wayjne-
Gp wjn Ytwh hwdwp npnawlhnptio sh uwhdwGyned, pwbh np wyu nbiwpnid
ytipp Gwpwgpywé whlyniGp, npwtiv wynwhuha, gnynupyncG snLbh: UGhpw-
dhunipjwl nbiwypnid, GOGINY wju wd wyl tuGnph npuéphg, O YtwnhG
Ywntith t yipwgnb| gwlliwgwéd pLbinwha walyyniG:

¢ Hhnnnnpynith 2: b wwppbpneeynth nunnwGynis YnnpnhGwwnGtph
hwiwywpgh, pLtinwhb YynnpohGwnbbph hwdwywpgnid hwppnipjwb Yhnk-
nh L Gpwlg YnnpnhGwwnGtph dhol hwiwwwwnwuuwbnig)nilp hnfudhwp-
dhp st: Phwpyb, npdwd (o;¢) YnnpnhlwnlbnG nltignn M Ytinp dhwyG t:
Uwlwy0 Gni)G wyn M Yhwnh hwiwp npwbu pubnwjhG ynnpnhGunGbp Ywpbih
t Jtinglt| (o;¢ + 27rn) wbuph guwi-

Ywgwé pqwqnuq, npnid #-p Ywdw- M
Jwlwbnpto pGwnpdwé wipnng phy t:
Ontushwpdtipnip)ntl, hGg funup, Yw-

nbih t unbnéb” uwhdwbwhwlybiny

@-h thnihntudwl whpnypp [0; 27)

Ywd (-7;77] Shewlw)ptinhg nplt dt-

Uny: Pwjg nw thawn st, np Gwwwnw-
Ywhwpdwp t, pwGh np npn; tuGnhp-
Gbpnud, ophGuwl plLbnuwyhG Ynnpnh- °
GwunGbph hwiwlwpgnud Ynpbph hw-
JwuwpnuiGtipp Ywqibihu, wnwhuh uwhiwGwihwynidp Ywpnn b wy pwp-
nnip)ntGObp wnwewglb|:

QpbiGp hwppnipjwl Ypw npdwé nbhwpunjw YnnpnhGwinGliph L
PLbnwjhG YnnpphGwunGliph dhel Ywwp w)G wwpq nbwpnid, tpp
pltinp quGynid t Oxy hwidwlwpgh ulqplwltnnd, pltinuwjhl w-
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nwlgpp hwinunnywé £t Ox -hG, pln npnud” Epynt hwdwywpgbpnid ty
swihtwG Shwynpp GnuyGa t° (g6. 6):

Sndwé M ytwnh (x;y) nbwpmwb L (o;¢) pLtinwjhb Ynnpnh-
GuuwnObph Ghol Ywy hwunwung pwiwdLtipp wadhowwbu plunud GG
bnwlynLbwswihwlwb nGyghwbbph vwhiwbnidbiphg (n° I1. 3.7).

X=pcos@, y=psing: (6)

Fwlywnwpd Yuwwp GEpJwjwgymd t

p= x2+y2,tg¢=% (7)
pwlOwdlbpny:

OphGwy 3: QunlkGp nbwpwnjwb hwppnipjwl Ypw wnpdws A(-3;-4)

ybwnh plbnwjhG YnnpnhGwunGbpp:
PLubnwihG wnwdhnp wGdhowwbuv uwnwgynid t (7) pwlwdlhg.

£ =(=3)* +(—4)* =5: PO ybpwpbpnid t plbinwihG wilywlp, wwyw wiG,
hhwpyt, nibh ¢=arctg§+ 7n (ne Z) wbupp, Shwyl pb GYywwnklp, np wyn
wbkuph ng pninp pybipG 66, np hwlnhuwlnid G wpdwé A Yhnh plbinwihG
wllyntblbp: Liwwh nGkGwind, np arctg%-n I pwnnpnnud t, hul A-G

qubynd t III pwenpnnud, n€ Z wipnng pyhl whuwp t Ybipwanpbp shdhw)
ykiGuw wpdtiplbip: UjGwbu np, A Yhwh plbnwjhG YnnpnhGwnGhpp GEpywjwg-

ynud LG [5; arctg% +m(2k + l)j wbuph guwllywgwé pdwantgny, npnid k-G

wdpnng phy t:

§ 2. unPGP Gd IUdULUCNFULER

1°. bnpp npwbiy Epymt wGhwyinm] hwdwuwpdwG (nténdGeph

pwqunipyniG: Iwppnipjwl Ypw YnnpnhbGwwinGbph dhpnnh Ghpwnnie-
JntOGEpp hhiGwywGnd juwdws 66 Ynpbph L Gpwlg hwdwuwpnudGb-

* Wumhbwk by, npuybu Ywinb, nhjwpniwé L plinwjhé YnnpnhGwwnlbph hwdwwpgbph
hinfuwinupd nwuwynpmpymbp htiGg wjnyhuhG t (hGhpm:
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ph hGwnwgnuidwb hbwn: Ynpbiph npuuwlwl ophGwllbp 6G Gwiunpn

gituntd nhuinwnldws papnp nwppwiywh $nibyghwitiph gpwdhlytipp
(ntnpn, wwpwpeny, hhwtppn b w) G): UpGneunhnp, ophGwy, uwhdiwG-
g npwbu y =sinx pnibyghwih gpudhly: Unnwanbind wyn HniGy-
ghnGw| Ywwp sinx -y =0 wbupny, Gywwn GGp, np nbYwpuywi
hwppnipjwl Ypw uphGnwunhnp, thwunnptG, pninp wyG M (x;y) Ybunk-
nh pwqinpyntlGh b (Yewntph bpypwswihwlwb nknp), npnGg x L y Ynnp-
nhGwwnGtpp pwdwpwpnud G0 Gpyme wlhwpnny sinx -y =0 hwjw-
uwpiw0ip: Iwdwbdwbnpbb, y =kx+b pnGyghwih gpwdphlp’ nunhnp,
pninp wyb Ytwnbph Eplpwswipwlwb nbnb t, npnlGg x L y YnnpnhGun-
Gbpp pwydwpwpnul G0 kx - y + b =0 hwjwuwnpiwp:
COGnhwGpwgtbind Ywuwpywé nhunnwpynuiGbpp” hwiGgnud GO
hwppnipjwl Ypw nipdwé Ynph (hwpp Ynph) hbnbyw uwhdwGiwp:
Uhgnip F(x;y)-p x Uy thnhnfuwlwiGaphg Ywfudwd npnawih
wpunwhwywnnepyniG £ (Gpyne  thnhnfuwlwGh pughl  pniGhyghw):
bnnpnhGwwnuwghG hwppnipjwa Ypw pnpnp wyG M (x;y) Yhwnbph Gpy-
pwswihwlwl wbnp, npnGg  YnnpnpGwinGlpp pwiwpwpmd GG
F(x;y)=0 hwywuwpdwbp, Ynsynd t wn hwdwuwpmdny npnz-
ynn Ynp:
«4nph GphuyGpny wpdynn» M Ltwp thnhnfuwlwG Ynnpnp-
GwwnGbpG wGdwlnud &G Ynph pGpwghly YnnpnhGunnbbp:
3piGwywh puGrhplGbpp, np wowowlnid GO0 wjuwntn, hbwnbyw)
tpyniuG bG.
L. UnnpnhGwuwwihG hwppnipjwl ypw npdws k Ynp' npybiu Yb-
wbph Gpypwswithwlwl nbn: Ywaqit] Ynph hwywuwnpnidp:
II. Spywé t ytwnbph x Ly YynnpnhlGwwnlliphg Ywqidwé npnw-
Uh F(x;y) wpinwhwpnnip)ntl: Ywanigby F(x;y) =0 hw-
Jwuwpnudnyd npn2ynn Ynpp:
4 YhwnnnipyniG 1: bppbdlh F(x;y) wpnwhwjnnipyniGp Ywpnn t (-
Ok wyGwhuhG, np F(x;y) =0 hwywuwpdwlp pwjwpwpnn enbph Gpypw-
swhwyws wnknp Ghwys wwydwlwywlnpbG Gwpbih b wadwbby «ynpx»: Ujn-
wbu t, ophGuly, bpp F(x;y)=x* + y*: UyGhwpn t, np x* + y* =0 hwyw-
uwpdwip pwywpwpnn Shwy Yewnp (0;0) -0 t, b, htnbwpwn, wyn hwyjwuw-
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pnudnd npnadnn «ynpp» Yuqddwd b dhwyG dbly Ytunhg: buly, ophGuly,
0-x+0-y=0 hwjwuwpniiny npnzynn «ynpp» wdpnng hwppnipniGa t:
dbppwuwbu, |x|+|y|+1=0 hwlwuwpnuiny npnaynn «ynpp»  nunwny
pwaqunipyntGG t, pwbh np hwywuwnnidp ng dh (neénd snGh:

¢ Hhunnnipynib 2: Spywd hwjwuwpnudny npnadnn Ynph, npwbiv Yb-
wntph Epypwswipwlwb wnkinh, pb° nhppp, pt ywenigywépp Ywiudws t Yynnp-
nhGwwbbph hwdwlwpgh pGupnepinitbhg (nku, ophlwy, n° 4-nul): Un t
wwwdwnp, np hwswtu, dh Ynnd pnnlbiny Ynph bipypwswhwywl Gywpwgh-
np, npydwéd hwywuwpnudny npndnn Ynpp uwhdwlnid 66 npwbu wyn hwyw-
uwplwa | nonLdGbph pwaqinip)niG:

Uju Jtpohl ghunnnnipjwl Yuwwwygnipjwip Gywwnwwhwpdwp
t wyunithtinh wwjdwGwynpdtiy, np wwppetip hwjwuwpnudGtpnyg n-
nnzunn pninp Unpbipp” npybu Yewnbph Gpypwswihwywh nbinbp, nh-
wnwpyynud &G, tpb hwiwrwyp sh wudwé, ninnwbynit YnnprihGwn-
Gtiph GhuGnyyl hwiwywpgnid:

OphGwy 4: "GYwpunywi hwppnipjwlb Yypw Cla;b) yshunpnlny L r pw-

nwynny 2ppwlwghép npnadnid t \/()c-a)2 +(y=-b)=r Luwd, np
dhlGnyadat,

(x-a) +(y=-b)*=r’ (8)
hwywuwpnudny: Yw wnbulbine hwdwp pwdwywi t hhot 2npwlwgéh uwh-
dwlnuip® npwtiv tpdwé Ytwnhg (C-hg) hwywuwpwhbn (GhLbnyG r hbrwyn-
nnpjwl Ynw quliynn) Ytintiph bBpypwswthwywl ntn L oquty (1) pw-
Gwdlhg: Stnnud GakGp, np C YEGwpnhny L r wnwynny 2powlp, npp papnnp
w)b Yhwbph Epypwswihwlwt nknG t, npnGp C-hg kG ng wytith, pwG r hb-
rwynpnipyntl, plnipwgpynid t (x—a)? + (y - b)? < r? wlhwywuwpnuiny:

2°, Unpbph hwwnndp: Anpélwlwl wwppbp fulGnhpGbpnud w-
hpwdtiwn b (hGmud gl wipdwé hwjwuwpnudGepny npnzynn ynpb-
nh hwwndwG Ytwntph YnnprhGwwnGbpp:

Nthgnip Ynptipp wnpywé GG

F(xy)=0L G(x;y)=0 9)
hwjwuwpnudGtipny: Gpt M (x,;y,) Utiinp wpdwés Ynpkiph hwindwh
Ytiwn t, wuyw w)l ywwnlwlnud t pb” Sh YnphG, pb’ OynLuhl: IGwnluw-
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puin, (x55¥,) PYwanuap pwywpwpnud b pt” F(x;y) =0 hwywuwp-
dwlp, pt’ G(x;y)=0 hwjwuwpdwlp: buly nw GwGwynid t, np

(%05%0) -0

F(x;y)=0,
(xy) (10)
G(xy)=0
hwywuwpnuiGtiph hwdwlwngh (nuondd t: Iwlwewyp, tpb (x4 y,)
plwanejgp (10) hwdwlwpgh nplt |pudnd £, wyjuhlpb wyb pwywpw-
pnid t hwdwywpgh pt wnwehG, pb” tpypnpn hwyjwuwpdwGp, ni-
PGal (x;;¥,) YnnpnhGuinGtpny Yttnp wurnfwlmd t vwpdwé Ynpk-
nhg jnupwpwGgniphG L, hitnbwpwp, wyn Yynpbph hwindwG Yan t:

Uuwhunyd, wpjwéd (9) hwywuwpndGepny npnadnn Ynptiph
hwwndwl Ytwbph YnnpnhGwinGbph qnugbpp (10) hwiwlhwpgh (ne-
onuiGtipG GG L Shw)b npwp:

UwulGwynpwwbu, btpt Ynptpp hpbGghg GhpYwjwglnud &G
y=f(x) L y=g(x) ¥Pnllyghwlliph gqpwdhyltp, www npwig
hwwndw Ywbph wpughulbpp

f(x)=g(x)
hwywuwpdwh |neéntdlGbpld 66 L dpw)G npwlp: Iwwndwb Ybinbiphg
jnpwpwlgniph opnhlGwinp uinwgynud b npwbu wyn |nudnuiGiphg
pwpwbynipht hwiwwwnwupuwlnn £ Ywd, np ndjuy nbypnid
GhLGnyyGG t, g niGyghw)h wndbp:

3°. unph wwpwdbnpwlwl hwywuwpmdGbpp: IwSwly, Ynph
hwywuwpnuip Ywquibihu, Gywwwlwhwpdwp t pGpwghly Ynnprh-
GwwnGbph Ywwp vnwlw) ng pb wGihpwlwlnpbG® F(x;y)=0 hw-
JwuwpiwG wntupny, wy dh ppnpn” ¢ hinhnfuwlywGh dhengny, Gbp-
Ywjwglbiny jnipwpwlynip YnnpnhGwwnp npwbu  -hg  Ywhuwd
$niGyghw.
x=¢(t), y=w(@), teT:
Un nbwpnid wund &G, np Ynpp wpgwé b wwpwidbnpuwlywb hw-
JwuwpnuiGtpny: Onhnfuwlywa -6 wadwGnd 66 Ynph wwpwdbup:
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Muwpwdbwnph Jnupuwpwlgnip wpdbphl hwdwwwwnwupuwlnd b Yn-
nhG wwwlwGnn npnwlh Ytwh YnnpnhGuinGtnh (x; y) = (@)W @)
qnuq:

Muwpwibinpuwywl hwywuwpnudlepp Yuwplbnp nbp 60 Yunw-
pnud dbfuwGhywynid, npuinbin, ophlwly, wpdunn Gnupwlwb Ybwnh
ynnpnhlGwnlbpp GEpYwjwgyntd GG npwbiv dwilwlwlhg Ywiuwd
$niGyghwhbp: Un nbipp wnwbdbwwtiu dtéwhnud k, qnun gnpdlw-
Ywh wnnudny, Gpp Ynpph plpwghy YnnpnhGwwGbph dhol whdhow-
Jwl Ywwh unwgndp Juwyws t inupg pwpnnipyntGbbiph hbw (inb'u
onhGwy 6-p):

OphGwy 5: YwqiklGp 0(0;0) YLGwpnGnyd L r 2wnwynnd 2powlwgoéh
wwpwidbwpwlwb hwywuwpnidb-
np (6. 7):
> fhgnip M-p 2ppwlwqéh
(xy) plpwghy YnnpnhGuinGlipny
UG t, huy OM,-0° 2powlwqéh
YEGwpnGp M, (r;0) LGwnhG Ghwg-
Gnn qwnwyhn-y&ywinpp:
Npwbu ¢ wwpwdbwnp pGupkGp
wjl wilwh nwnhwGwhG swip, n-
pny tpk OM -0 wnnkGp O LLGwn-
npnGh 2nipep, www w)l YhwdpGyGh
6.7 OM-hG":
Gnwlyniwswhwlwa pnLly-
ghwGbph vwhdwbnuihg woshgwwbu hbwnlnud GG
x=rcost, y=rsint (11)

pwlwdlbipp, npnGp k) heGg Geplwiwgbnud GG nhuwplynn 2pewlwgdh wwpw-
GGipwlwl hwywuwpnudGepp: Udpnne 2pswlGwahép unwlwint hwiwp pw-
Julwi b wwpwdbpp dinthntut) [0;27) Shewlwpnud: LnuyG win 2pewlwgh-

6p Yuunwgyh, bipb -0 thnghntubiGp gwllwgwsé (1551, + 27) Shewlwipnu: Yw-

" Wyuwnbin t, hGwybu o° 11 3.7-md, wlljwi swip pgGmd bGp «+» Gawiny, bpb upangnp
Juwuwpymd t dwiwgnygh upwph wpdiwip hwijwnwy nupmpjwdp L «» Guiny’
hwlwnwy ghwpmd: LjuwwnbGp, np -G, hwuwanpbG, M Yhap plbowjhG wilyymba t (nb'u n°
1.5-m0):
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nbih t, hhwplt, 0 ghngnfut Gwl wdpnng pywhl wawbGgph Ypw, Shw)l ph
GywuwtiGp np tipp wib hp thnhnjudwl pGpwgpntd whuwhiwowdwl wsned t,
M(x;y) pOpwghy Ytiwnp 2ppwlwqdh bpyw)Gpny whytip wuinwnyned t° dwiw-
gniygh ujwph wpdiwbp hwywnwl ninnnipjwdp, huy tpp G Gwgned Lt
wwineinGtipp Ywinwpyned GG dwdwgniygh ujwph wpddwh ninnnipjwip:
Uunwgdwd (11) hwdwuwpnudltphg wpwpubind -0 (pwpdpwglbiiny
hwywuwpnidbbiph tipyne Ynnip pwnwyniuh L gnidwptipny)’ YunwGwGp pb-
pwghl YnnpphGwwGlipp wGshpwywGnptG Ywwnn x* + y* =r? hwjwuw-
pnLlp. npp, hGswbu wntuGnid LGp, (8) hwyjwuwpdwi Jwubwynp nbwph t:<

Ophlwy 6: YEQwpuinwG hwppnipjwG Jpw wpdwd t x> +(y -a)’ =a°
hwwuwpnuing npnadnn 2powlwghép (wGhyp), Gpw Ypw Odwd A(0;0)
ytwnny (qd. 8): M ltitnh hitnwghdp, tipp 2powlwghdp «qinpynid» t (wrwbg
uwhbnt) Ox wnwGgph Ypwyny, Yngynili t ghiynpn:

a C 2a
Tk :':"?Q
qd. 8

LUwqdkiGp ghyinhnh wwpwdbnpwlwo hwwuwpnedGlipp:

»>huwplllp 2ppwlwgsh 2wpddwlG dhwys oty ghylp (wwnijnp)
uyqpOwywG nhpphg ntiwh we:

Thgnip ghyinhnh M Ytiwnh plpwghy YnnprhGuwinbtpp x-6 ne -0 GG: Ap-
whv wwpwdbwp pownpbGp wylb wayws nwnhwGwihG swihp, npny CM w-
nuwyhn-Ytiywnnpp 2tinybi t hp ulqpGwlwG (ninnwshg) nhpphg: 36. 8-nul nw
ZMCS -0 t: U)0 dwuwnp, np 2powlwghdp qnpynid t wnwlg vwhbng, Gaw-
Gwyniid t, np 2powlwqéh MCS YhGwpnbwlwh wiyjwbp hwiwwwunwuhu-
Gnn wntinh GplwpnipyniGp” U MS -p, hwywuwp t OS-hG, npunbin S-p 2nowilwg-
6h L Ox wnwGgph znwihdwh Yt b IwdwduyG n® I1. 3.7 -m0 phipdwd puw-
Owélh™ U MS =gt : Qéwagphg tipunLd t, np

x=08 - MQ =UMS - MQ = at - asint,
y=CS-CQ=a—-acost:
77



Uuwhuny, ghynhnh wwpwdbunpwywl hwdwuwnpnuiGlint 66

x=a(t -sint), y=a(l—cost): (12)

Onihnhutny -6 [0;27] dhowlwypnid™ YuunwOwGp 2nowlGwqdh zwnd-
dwh a6y (phy ghyl, nph wpryniapnud Gadwé M Ltinp «qénud t» ghyinhnh
gbY Ywdwp b nwpdjwy hwjnGynid Ox wewlgph ynw® 27a wpughul nulb-
ann Ybwnnid: Lkhp, np r-h pwgwuwlwl wpdtipbphl hwiwwwwnwuhiwlnd
t 2powlwqéh wndniip ulqphwywl nhpphg nbuh dwhu:<

4°. Unph hwywuwpmdp plubnuwihG YnnpphGuinGbpny: 9n-
jaupyntlG nLGEG ynpkp, npnig hwywuwpnidGspp hwpdwp t uquik) ng
pb nblwpwnywl YnnpnhGwinGbpny, hGswbu nw wpymd tp Gwhunpn
ybwbpnid, wy plbnwjhG YnnpnhGwnGbpny: Ujuwbu, ophGwy, 2ppw-
Gwqéh, « boGhubwinh», «bnwpbpp ywpnh» hwywuwpnuibbpp plb-
nwjhG YnnpnhGwinGbpny niGbl hwibdwwnwpwn wybih wywpgq wnkup
L wybh pwgwhwjn &6 wpunwgnind Ynph pypwswgwlwa wenrg-
ywépp, pwh GnuyG wyn Ynpbph hwdwuwpnuGbpp nblwpwujwb ynnp-
nhGwuwGbpny;

fthgnip hwppnipjwl ypw wpwé t plbnwihG YnnpnhGwuinbbph
npnwyh hwiwywpg: PGswbu L n° I-nud, npwé F(o; ) =0 hwlw-
uwpnidng npnzynn Ynpp uwhdwbynud b npwbu hwppnipjwl pninp
wjyb yewntph Gpypwswdwlwb nbkn, npnGghg jnipwpwgniph plbnw-
JhG YnnpnhGwwnGbiph (0;¢) pdwqnygp pwywpwpnid b wyn hwyw-
uwpdwp:

Ujunbn L hbGunwquynud dEGp hhdGwlwbnud Yuwhiwlwdwy-
JkGp dpwjl wyGwhuh Ynpbpnd, npnGp wipdnud GG 0~ r(@) =0 dwu-
Gwynp wnbuph hwywuwpnidbbpny, npnGgnud (@) -0 @-hg Ywhuwé
npnawyh wpnwhwpnnip)ntl b SwGynipjwb nbwpntd wynwhuh Ynpp
wpbh t nhuwpyb] npytu plinwihG YnnpnhGuunbbph hwdwlwnp-
qnud o = r(@) Inillyghwih gpwdhy, npuinbin @-0 wpgnidblinG t, huy
£ -0 wiywh hnhnfuwywGp:

OphGuy 7: 0(0,0) UtGwpnlny L o, 2wnwynny 2nowliwgsh hwyw-

uwpnudp nbfwpuywG YnnpnhGwnGlpny nlh x* +y? = p,° wbupp, huy
plutinwh Ynnpnhlwinbtpny® o = o, wbupp: Paswbu Gywnnld Gip, pltnw-
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jhG ynnpnhGwwnGbiph hwdwlwpgmd O YEGupnGnyY 2pewlwghép hpbkGhg
GhpYwywgbnid t hwuwwwnniG $niGyghwih gpudphly:
Jwiwbdwbnpkb, ¢ =¢, hwjwuwnpndny npnaynn Ynpp plbnwihG w-

nwigpp pltinh 2ntpgp @, -nyY wWunbihu unwgynn Gwnwquw)pd t:

y

-2 -1 [¢] 1 2 x

-1

Q0. 9 qd. 10

Ljwwbiny Gwlk, np mnnulynG YnnpnhGwunGbph  hwdwlwpgnud
x = x, hwjwuwpnuiny npnzynn Ynpp nipnwehq nuhn b, huy y =y, hw-
Jwuwpniny npnayntd t hnphgnbGwlwG ninhn, wumd GG, np nupnuGyjel

UnnpnhGwunGtph gwGgp Ywqiywé t ninnwdhg L hnphgnGwywb nuighnGliphg
(96. 9), huy pLbrwjhG YnnpnhGuwnGhiph gwlgp® pLtirh 2npop qdwo hwiw-
LEGupnG 2pewlwqdtinhg L plbinhg nnipu bYynn Swnwqw)plbphg (qd. 10):

OphGury 8: PLERwIhG YnnpphGwwnGlph hwiwlywpgnd p=a-¢ (a>0)
hwjwuwpnuiny  npnaynn  Ynpp
(p=a-p 3ImlGyghwh qpwdh-
Un) Ungdnid t Upphdbnp quijw- n
pwagho (6. 11): Nppwny np plb- X3
nwihG pwnwihnn’ p -G, sh wnng /_\ j
thOb| pwgwuwywG, @-h inhnf-  [™ 9
dwG whpnypp whng b uwhiwlw-
thwlby  [0;+ )  Showlwjpny:
LjwunbkGp, np @-6 dhéwglhijhu

(nOpwghy Yhwp plbinh 2nipgp dw- -
dwgnigh ujwph wpdiwlp hw-
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Ywnwy ninnntpywdp wunbkihu) o -6 dbéwhncd t L, hbunbwpwn, Ynph pipw-
ghY Ybwnp hbnwlnud t pltinhg:

Qwupdjwy nipwnpnipynild nwpdlblp, np ninpn hwibdwinwlywo
YuwtudwG (n° 11. 3.1) gpuwdphlyp ninnwllyniG YnnpnhGuinGbph hwdw-
Jwpagnid ninpn t, huly pubnuyhl YnnpnhGuinGlph hwidwlwpgnid
quwnwqho:

§ 3. nF1bk 3UdUUUCNRUC

. UGlymGuyhG qnpowlhhg: Nhgnip £ -p nijwpunjwb hwp-
pnipjwl Ypw wpywé nnpn t, n-
pp Ox wnwlgpp hwwnnd t P
Ytitnnud (q6.12):

Munnh plipnipjwl  whlyniGp
Ox wnwlgph GYwwiwdp nw

wjG thnppwgnyylG ¢ wGyn GG t,
npny wtwp b Ox -p P YGwnh 2nip-

qd. 12
' op dwdwgni)gh upwph 2wpddwlp

hwlhwnwl nunnupjwip wunnty’, npwbugh wyl hwdpGyGh £ -hG:
Muinnh Ox wnwGgph GYwwndwdp ppnpjwl wiljwb nwbgqklup
wiywlnud 56 wyn nunnh wlyymGwihG gnpéwlhg b GawGwlnid k-ny.

k=1gp:

Uj0 nbwpnid, bpp £-p qniquhtin t Ox wnwGgphl, wnwyb)| Lu
tpp hwdpGyGnud t, plipnipjwl wllnuGp pGrncinud B0 hwywuwp 0-h:
UjGwbku np, Ox -hG qniqwhtin nunnh walniGwihG gnpéwlyhgp 0-G t.
k=1g0=0: bul bpp ¢-p nnnwhwjwg t Ox -hG (phipnipjwl whl)ne-

Gp % t) ninhnp wayntGwihG gnpéwlyhg sniGh, pwlh np nwbgbkGup

%-md YnpgGnud t hdwuwnp:

" bpb Ox -p JwpmGwybGp GnyG nanotpjwip wonb) @+, @+27, @+37,.-- wh-
WynGGupmy wujw w)G Gnphg m Gnphg YhwdpGydh £ -ha: UWyn whlyni@duphg thnppwgm)Gp
(Quwihwd nuwnhwGGhpny) pGywo t [0; 1) Shewlw)jpmy:
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2°. unnp hwdwuwpnidp wGlyymbGuyhlG gnpowlygmy: Iwp-
pnipjwl Ynw phip (ng ninnwdhq) ninnh nhppp npnzynud £ dhwndtipn-
pkl, Gpt wpdwé t Ox wnwlgph GUwuwndwdp Gpw phpnipjwl @

walnibp L Oy wnwlGgph htitn hwindwb B Yewnp b opnhGwunp (gé.
13): Wu ww)dwhGEpnud uwquklp nunnh hwywuwpnidp:

O]

qo. 13

> fhgnip M-p £ manh (xy) pGpwghly YnnpnhGwuinGinny
YtwnG t: thwwplyblp BMQ ninnuilynild trwGyniGp (LQ =90°):
Lyjwwbiny, np LBMQ=/BPO=180°-¢, QM =x, QB=b-y, x
Ly YnnpnhGwwinGtph Ghel unwGnd GGp

57 15180 - gy = -1 =
X
Yud
y=kx+b (13)

Ywwp, npinbin k-G nhunwplynn nupnh wGinbGwihG gnpéwlhgl t (n° 1):

Snp pGpwghy M Ybwnp qunGynud t g6. 13-nud wwinhbipwé M,
wd M, nhppnud, wnwehG nbwpnud hwdwpyGtipp GnyGG &G
£LBM Q =180° -9, OQM,=x, QB=b-y,, nuptil, wpnyniGpl |
unwgynud t GnyGp, puly Gpypnpn nbwpnd” £BM,Q, =180° — ¢,
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OM,=-x,, @B=y,—b L nupdw| unwlnd tGp y, =kx, +b
hwywuwpnipyntbp:

LGpbpgnnp hGpGnipnyG wpnn b hwdngyb), np ipp <0 Yuwd
0<9<90°, ninnh pGpwghy YnnpnhGwnGliph dhel Ywwp nwpdjwg
wnpynud t (13) hwywuwpnedny;

tpt M'(x;y") ybtwp sh qubynid ¢ ninh dpw, wyw M~ Yb-
wnhg wnwibnyd ninnwdhg ninhn 0hGsk £ -h hitn M ybinnud hwandbiip
(hh2t0p, np £ -p nunnwahg st) L Gywinbnyd, np £ -h0 Wwwnlwbnn M
ytwh (x;y) YnnpahGuwinbbpp pwywpwpned b6 (13) hwdwuwnpdwbp’
y=kx+b , iqpulwghlnud tGp, np M’ Ytwnh (x;y") YnnpnhGunGbpp
GnuyG wyn hwywuwpdwGp s66 pudwpwpncd, pwGhnp y' # y:

Uuwhuny, ntijwpunywl hwppnipywl Ypw gullugué ptip ninpn
npnayntd t (13) hwywuwnpnidny, npned k-G uyn nennh wilyntGuighG
qnpdéwlhgl t, huly b-G Oy wnwlgph htitn hwwndwl Gtwnp opnhGur
wnp <

Gpp =0" y=kx, ntnhnl whGglnud t YnnpahGwinGtph uligplbw-
ytuny, huy Gpp k-G t O y=b, www nuinhnp gniquhbn t Ox -hG:
Vwulwynpwybu, tpp k=5b=0, ninhnp hwipGlyand £ Ox wnw(g-
phl: Qwuwnnpkl Ox wnwlgpp npnzynid b y =0 hwdwuwpnudny:

3hzblp, Ybpowwbu (n° IL 3.1), np (13) pwGwadlnyd wpyncd t
qéw)h0 nblghw: Whwbu, np nlwpwn)wl hwppnipjwl ypw gul-
Yuwgwé plip nurhn ng wy( hGg t, G ng qéw)hG PnLllyghwih qpudhly:

3°. Mnnwiéhq mnph hwywuwpnidp: “thgnip hwppnipjwl Ypw
npjwd ninnwadhg (Ox wnwhOgphl nuinqwbhwjwg) ninhnp Ox -p hw-
wninid bt @ wpughub nGbgnn Yewnnud (qé. 14): Mwpq t, np guwllywgwsd
y-h hwiwp M(a;y) Ybwp qunbGynd t ¢ nunnh dpw: LnyGpwh wwpq
t Gwb, np bpb M (x;y) Lbwp wwwnwlmd t £ -hl, wwyw x=a: Uw
Gwlwlyned t hEinbywp.

ntywpumywl hwppnipjwl Ypw guihwgwd ninnwdhq ninhn n-
pnaynid ¢

x=a (14)
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hwywuwpnidny, npnud a-G wyn mnnh Ox  wnwlgph hbn hwndwG
Ltwh wpughud t:

Wh nbwpnid, tpp @ =0, ninhnp hwdplyGnud t Oy wnwﬁgphﬁ
w)lwbu np, Oy -h hwywuwpnidb nilGh

x=0 wnbupp:

Niawnpnipjntlb nwpdGlGp, np bk
hnphqnGwlwb (Ox -hG qniquhbn) ni-
nhnltph hwywuwpnuiGbpnd pwgu-
Yw)ntd tp x-p, www ninnwdhq nunhn-
Gipph  hwywuwpnudbbpnud  pwgwlw-
jnud t y-p: b wygbith Ywpbnp t Ghwnby,
np nupnwGyyntG YnnpnhGwwnGbph hw-
dwlwpgnd nunhnp, |hGh wyG ptip pb
ninnwahg, npnaynud b Bpyne wbhwy-
wny (x L y) wnwehl wunhSwlh Ywd, hOswbu pGnnodws b wijw-
G, géwjh0 hwywuwpnudny: Unwhuh hwjwuwpdwo |phy hbnwgn-
wnudl waglwgynid t hwenpn Yhwnnd:

6. 14

4. bpymt wGhwynny qowhG hwywuwpmdGEp: Mnnph pan-
hwinip hwyjwuwpnudp: Spynt. wihwynny qéwjh0 (wrwohl wunh-
6whh) hwywuwpdwh plnhwbnip wnbupp hbnlyw 6 t.

Ax+By+C=0, (15)

npuntin x-p L y-p wihwjunGlipG 66 (GinhnpuwlwGGbpp), huy A-G, B-G L
C-G npnwlh pybip GG:

Utip hulinhpG t htnwgnut] pbpywé hwywuwpnidp b wwpgby,
pb Ywhudwé A, B, C qnpéwlhgtiph pGunpniupyniGhg, hGs t hpkGhg Gbp-
Ywjwglnud wyn hwywuwpnuing npnzynn Yhwntph Bpypwswgwlwi
wnbinp: Ibnwgnndwh pGpwgpnid A, B,C gnpéwyhglbph pGupnipjw
hGwpwynp tnwppbpwyGtipp hbnbyw pynul GG.

L A*+B%=0 Ywd, npGnyGGt, A=B=0:

w) bpb C =0, www (15) hwywuwnpnidG pannilGnud t hbnbywy
wntupp. 0-x+0-y+0=0: UyGhwyn t np whhwjinGtph guwiywguéd
(x;y) pwqnuq hwywuwpdwh (nusnd t, npp GawGwymd t, np wyu
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nbwpnud (15) hwywuwpnuind npnaynn Ywnbph Gpypwswihwyw
wnbtinp nne ntywpujwb hwppnipyntlh k:

p) bpt C#0, wyw unwbnud LGp 0-x+0-y+C=0 hwjwuw-
pnudp, npp, GnyGpwl wybhwjn t, ng Gp (nuénd snilh: Wju wlqud
wpnbl (15) hwywuwpnuinyd npnagnn Yenbph Gpypwswhwlwh nb-
np nwuwply pwqunipyniGa t:

II. A’+B*#0:
w) bpt B=0, wyw A=#0: Iwjwuwpnudp, npb wju nbypnid

pGnniGnud £ Ax+C =0 wnbkupp, hwdwpdtp t xz-% hwyjwuwpw-

Gw@p, npny npnaynn Ynpp, hGswbu gnig wipdkg n® 3-nud, nbwpuin-
Jwl hwppnipjwl ypw nunnwdhg ninhn b Mwpq t Gwl, np Ywiwjw-
ywhGnptl pGunpwé ninnwdhq ninhn, npp Ox wnwigpp hwwnwd L a
wpughul niGtgnn YGwnnud, npnaygnud £ (15) hwywuwpnudng, npnud
A=], B=0,C=-~a:

p) bpt B#0, www (15 bhwwuwpnidp hwidwpdtp t

A C A C
=——x—-—— hwjwuwpdwlp, npp &k =-—, b=-— OHwlwlniibh-
y=-gi 3 Jwuwndw0p, npp B 5 % Y

pny pbpynud t y=kx+b wnbuph: Pwjg wju 4bpohlGp, hGswbu wnb-
uwlp n® 2-n1d, gbywpuywh hwppnupjwh Ypw ninnh hwywuwpnidh t
wayntbwh@G ghpéwlygny:
Udhnhbny unwgywé wpnynibplhpp” hwignud GGp hbnbywhG.
Ax+By+C=0 (A’ +B* £0) (16)

hwywuwnnitdny npnaynn Ynpp nbwpunywlG hwppnipywl Ypw ninhn
qho t: Jwhwnwlp, gwhwgwdé ninpn (ptip pt ninnwdhg) npnaynid t
wyn hwywuwpnidnyd A,B,C qnpéwlhgltiph wwunpwd pGunpnipjwdp:

Uw GYwwnh nGEGwyny, (16) hwywuwpnidG wGywlnud GG hwp-
pnipjwl Yypw mnnh pGnhwGnip hwywuwnpnid:

5°. MnhnGlph uwqdwd whlyniGp: 3wppnipjwl Ypw npduwéd
¢, L ¢, ninhnlGtph Ywqdwé wayjnclp’ (Z,;AZZ)-Q, nw wjl thnppw-
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gnij0 wGymGG t, npnd £,-p hp nplt Yewh 2npep dwdwgngh ujw-
ph wpddwlp hwlwnwl ninnnipjwdp wunwnbihu nweGnd t £, -hG
qniqwhbin’:
bpb whlyniGGbpp swihynid 56 pwnhwGGbpny L £, || £, , wyw,
putn uwhowGowG, (£,;€,)=(£,:¢,)=0: buy tpt £ A%, , wuw hbawn
b wbuGly, np (2,:,) =7 —(£,:£,): UwuGwdnpwwby, tpp £, L ¢,,
A A ”
(31;32)=(32;31)=_
Thgnp £,-p L £, -p nbwpnywh hwppnpjwl Ypw mnllwd hw-
fwwwunwuluwlwpwp
y=kx+b L y=k,x+b,
-3,
hwjwuwpnudGbpny npnaydnn
ptip ninhnGbp GG (q6. 15): Lyw-
OGwytlp ¢, L ¢, nunhnGbph
Jwqiwd  wlynGp g-nJ

»;
6=(,:¢,), huy Ox wnwhgph !;/ a0, 15
GYwwndwdp npwlg pbpnipjwl
waynGGbpp’ hwiwwwwnwuhsiwlwpwp @ -nd L @, -ny:

Lwthu GakGp, np 1ge, =k,, t1g@, = k,: Ljwwnbind Gwl, np @,-p
MPP, bnwGywl wpnwphG whlyniGG t L, hbnkwpwn, ¢, =@ +8,
6 wiljwh hwdwp unwbnud GGp hbnbjwy pwlwdlp.

¢ —tg¢1
1gh=1t =80 "80
89=180: =) 1+12@, 180,
Yuwd, ybpeGwlwh wnbupny,
-k
g__l- (17)
BTk &

m JSwGwynpymd 46 guGiwgwd mnhn hwiwpby hGp6 hptl gqmquhtn:
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¢ Hunnnipynil 1: bpp 1+, -k, =0 Ywd, np dhUGnyGa t (nw gnyg
yupyh hwenpn Ytinnud), bipp € =%, (17) pw@wadlp Ynpghnud t hdwuwp: Pw-

Gwalp sh gnpéntd Gwb w)l niwpenid, tipp £, L £, ninhnGbphg wnGywqG dbyp
ninnwdhg t: Wu nbwpntd whnp t pujwpwpyty € = @, — @, pwlwdliny:
¢ Yhinnnnpynili 2: bpt & -p £, L ¢, ninpnlbiph wqdiwé walyniGa b’

g =(£’2;£’,) =7 -6, wyw (17) pwlwdlhg unwgynud

tg9'=ﬁ=—tg0
1+k -k,

hwywuwpnipyntlp, npp thnyhlG hwlwwywunwuhbuwbnd bt brwOyniGwsw-
thnepyntbhg hwyinGh 1g(z —68) = —1g @ ptipdwl pwlwdlh:

6°. MnhnGbph qniquhbnnipjwi b ninnwhwjwgnipjuwl wuwj-
JwbGbpp: Jwppnipyjwl Ypw inpdwé £, L £, pbip nunhnGbpp YhotG
qniqwhbin wyl L Shwyl uyl nbwpndd, tpp Ox wnwlgph Gwwndwdp
Gpwlg ptipnipjwl ¢, L @, wOlnGGbpp hwywuwp 6G: Rwhh np
o.9€07), wyw ¢ =@, wlb L dhuyd wb nbwpnud, Gpp
tgp, =tg@,: buwwtbiu, @ =@, hwjwuwpnip)ntbhg g, =1g@, hw-
Juwuwpnipyntlp phunud | wOdhpwwytiv: UwnniqtiGp Gwh np tpb
18Q, =180, , www @ =@,: Mlbhp.

sin -
cos @, -cos¢2

npwnbnhg” sin(g, -@,)=0, ¢, -, =7-n (ne Z):
Puyg |@ - @, |< 7, hirnbwpwp n=0 Lnpbdl’ ¢ =@, :
3p26iny nunnph wblynbwyhl gnpéwlygh uwhdwlnudp (n°1)
unnwbnud bGp nunhnGtiph gniqwhbnnepwl hbwnbyw) bwpwnwGhzp:
L Npwbugh €, L £, ptip nunpnGtpp (hGLG qniquhtin, wGhpur
dtown b i pwywpwp, np Gpwlg wolyntGuyhG qnpdwyhgbtipp
LhGEG hwywuwp. k, =k, :
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Nhuwnlyblp wydd nuinhnGeph nunnwhwjwgnipjwi nbwpp:
Upunwqpbiny (17) pwhwdlp

1+k, -k,

cgl=
8 kz_kl

nbupnd L GYwwbind, np wyG qnpénud t Gub 0--% nbwpn.d,

(c1g6=0 L 96[0;7[))@[9=%} hwdwndbtpnipjnilhg unwanid

GGp nunhnGtph ninnwhwjwgnipjwl hbwnbyw; hwynwGhzp:

IL. Npwbuqgh ¢, U ¢, pbp ninpnlbipp (GGG hnfuninnwhwywg,
wlhpwdbyn t b pwywpwp, np Gpwbg k, U k, wGlyntGuyhG
gnpdwlhgllinp pwywpwnbG k, -k, = -1 wuydwiha:

COnhwGnip nbwpendd, tpp ¢, L ¢, nunhnGtpp npdwé GO hwiw-

wuwwnwuhiwbwpwp

Ax+By+C =0 L Ax+B,y+C,=0 (18)

hwdwuwpnudGepnd, pn npnuy

A’+B’#0, A’ +B#0, (19)

wwnq dlwihnpunipyniGGliphg htinn 8 = (t’l;Afz) whljwh hwowp (17)

pwlwdlh thnhuwpbl unwgyned t

g=AB:-AB (a7)
AA, + BB,

pwlwdbp: Pwlwdbhg wGshpwwbu htwnund t ninhnGtph qniquhb-
anpjwl htwnbyw) hwjnwGhyp:

Ig

I'. ¢, UL ¢, mnpnGtpp qriquhtn 66 wylG U dhuyG wyl nbur
pnid, bpp
AB,-AB =0: (20)
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LyjwuwnbGp, np bpb Gwiunpn’ I hwjwnwGhzp, gnpdnid tp dhdhw)G
ptip ninpnGiph nbwpnd, www I hwyjnwGhznid ninhnGeph nhpeh
dpw nplt vwhiwGwithwynid ghw: Gpki, ophlwy, ¢, -p ninnwdhg t,
www (nbu n° 4-h II vwppbpwynd ywwwpywé Jtipindnipynilp)
B, =0: Pwjg wjn ntwpntd, (19) L (20) wwjdwbltphg htinlnud t, np
AB,=0 L A #0, htwmbwpwp, B, =0: Uu ybpghlp Gawlwynid t,
np £,-0t t ninqwahg b, nupbdG, £ || ¢, :

NinhnGtph  nupnwbhwjwgnipjwl pGnhwbnip  hwynwbhp  hb-
nlyw)G L.

II'. ¢, L ¢, ninpnlbpp thnfuninnuhwywg 66 wyl b JhuyG wylG

nbwpnid, bpp

AA, +BB,=0: (21

Uwlpwypypw JtpnonipyniGp pnnbbnd pGptipgnnhG’ GotGp
dhw)G, np Gpp B, - B, # 0, tulnhpp hwigkgynid t I hwjnwGhzh Yh-
pwrdwlp, huy bpp B, - B, =0", ninhnGtphg dbyp ninqwdhg t, Gnt-
up” hnphqnGwlwG:

7°. MinhnGEph hwwnnedp: Yhgnip £, L £, ninhnGbpp npdwé GG
(18) hwywuwpnuiGepny: Ubp fulinhpG t wwpqgby, pb hwiwuwpnuiGtph
qnpéwyhglbiph Ynw npdwé hig wwydwhGitiph nbwpentd wyn ninhnGpp
YhwunybG L qnGh| hwwndwh Yewnh (YEnbph) YnnpnhGwunGtipp:
hGswtiu Goybg n° II. 2.2-nud, puGnhpp hwigbgynud b hwywuw-
pnudGtph
At B+, =0 @2)
Ax+B,y+C,=0
hwiwlwpgh hGunwgnundwbp:
2nun GpypwswthnplG wwpq t, np Gpl ¢, L ¢, nuinhnGpp qnt-
qwhbin sb6G, www Gpwlp hwwnynid GG L wyb b JhwyG dbY Yewnnud:

* LijwwbGp, np (19) L (20) wwjdwGGbph walwjnpjwdp B -B, =0 niypmd B =B, =0
wwnpbpwyp pugwnyma t:
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Wn dhwy Ytwnh YnnpnhGwinbiph (x;y) qnuqp (22) hwiwlwngh (nt-
6nuiG t L w)b b Shwyp: buly wyb nbwpnid, Gpp £, || €, L nunhnGepp
sb0 hwipGyGnud, hwndwb Yewn gnjnepynih snuGh L, hEnbwpwp, (22)
hwdwlwpgp (nenud gnubh: dbppwwbu, Gpp £, nuinhnp hwdapbyGnud

¢, nunnhG, ninpnGbphg dtyh Ywd, np 6hLGnyGG t, djnwuh pnpnp Y-
nbpp hwwndwb Ybwnbp 66, npp GawGwynd t, np (22) hwdwlywpgh
hwywuwpnuiGtiphg gwGywgwé dkyh, wnwhGdhb yipgdwé, pninp nt-
onudbbipp Y hGeG (nudnudGhp Gwbl gjnwuh hwdwp L, hGwnLlwpwp, hw-
dwywpgh hwdwnp: Wu nbwpnid, nupbdl, (22) hwiwlwpgp YniGbGw
tnonLilGbph waybpg pwqdnip)nil:

Uujwép whwphinpynpbl (YnnpnhGwinGGph dGpnnny) hhdGwyn-
pGnt Gywunwyny nhuwplbbp hbnbjw hGwpwdnp nwppbpwyGGpp.

I. 4B, -4,B #0: Uu nwpptipuwyp (n° 6, I' hwynnwGhz) hwiw-
wwuinwuhuwbnud b wjb nbwphb, Epp nuinhnGtpp qnuquwhtn 3tG:

Pwqiwwwwnlybiny (22) hwiwlwpgh wnwehlG hwywuwpnudp
Gwhu B,-ny, Gpupnpap B, -nd L hpwphg hwGbind, huy wjlnihbunl,
pwqiwwwwnlbind wnwehlp 4,-nd, Gpypnpnp 4, -nd L nwpdju
hpwphg hwbiny, YuunwGwip

{(Ale -4,B)x=BC, -BC,
(4B, - 4,B)y = 4C, - AC,

hwiwlwpqp:

Stnnud Gy6Gp, np pGnhwlmp wndwdp wju hwiwlwpgp hw-
dwndtip st (22) hwiwlhwnahl, pwGh np 4, 4,,B,,B, pytnhg dkyp
Jwd gjnup Ywpnn 66 0 hGEL: Pwyg Ywplnp b Gywnby, np npw nt-
onudGhph pwqdnueynibp wwpniGwynd t (22) hwdwlwpgh pnpnp nt-
énLiGbpp:

hGswbu wbuGnud BOp, wyu twppbpwynud (23) hwiwlwnpgl ni-
Gh dhwy (nuénud, npG wpnwhwyinyned t

(23)

x= BC,-BC, y= AL - 4G (24)
4B, - 4B A4B,- 4,5
pwlwdalbpny:
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Stnwnptiny (22)-nud” hwingynud GGp, np (24) pwGwdlbpny
wnpdwd (x;y) puqneygp (22) hwdwlwpgh (nténdG t, pGn npnud’
dhwyp: Wuwhuny, nhunwplynn vnwppbpwynd ¢, L £, nunhnGbpG
OG0 hwwndwb gty Ytw: Un dhwly Yownh YnnprihGuwnGpp wnpydnud
GG (24) pwlOwdlbpny:

H. 4B, - A,B =0: 3wiwdw)l I' hwjnwbhzh® vw w6 nbwp
t, bpp £, ]| ¢,: UGnud t wwpqbl, pb ninhnGpp shwwnyn®n 4G, pb° hw-
GpGyGnn;

Lwiu GyuwnbGp, np tpp BC, - B,C, #0 Gwid 4,C -A4C, #0,
(23) hwdwlwpgp (nronud snibh, wowybip Lu (nuénd snGh (22) hw-
dwlywpqp: UhwliqwiwyG wwpq t, np wju nbwpntd mnhnlGepp qnt-
quwhtin tG L shwdpGybnn:

Ahgnip, wydd, BC, - B,C, = AC,-4,C =0:

NLGLGp

4B, -4,B =BC,-B,C =4C,-4C =0 (25)

hwywuwnpnipyniGGbpp: Gpt 4,B,C, #0, wwyw wju hwywuwnpnip-
JneGGEpp Ywpbih b wponwgpb

A_B_C_,

A2 BZ C2
wntiupny, npuntinhg bGplnud t, np (22) hwdwywpgh bpypnpn hwyw-
vwniwb dwhu Ynnidp wowehl hwywuwpdwb dwu Ynndhg wwpptip-
nud b A4 pwqiwwwehhsny’: Mw GwGwynid t, np wyn hwjwuw-
pnudlbipp hwdwnpdtip GG, huy npwagny npnaynn ¢, L £, nnhnGbpp’
hwipGyGnn™: U)Gwbu np, (22) hwiwlwnpgh (ndnudGbiph pwqdnep)nt-
Gp hwipGyGnud £ Shwyl wawehG (Ywd Shw)G Gpypnpn) hwywuwp-

Gwl (ménmdGtph pwqdnipjwlp, npp, 2Gnphhy (19) wwjydwGh, wo-
ytng t:

* Ljwwnblp, np 4= 0: UWjpuwgbu Guimugybp A, = B, =0 hujwuwpmpjnlp, npp hwjw-
npynud t (19) wwjdwGhG:

** 2hzbgGhlp, np hwywuwpmdGhpn Ynyynd kG hudwnpdbp, bph niGhG mdntdGhph Shlbnyl
puqunipymGp: UjGybu np, hwdwpdtp hwywuwpmiGhpny npnzynn Ynpbpp hwdpGyGned ba:
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Wo nbwpnud, bpp A,B,C, =0, hwenpnwpwn nhwwpybing
A,=0, B,=0, C,=0 wwppbpwlltpp, Gywwnh nlbGwiny Gwl
(25) hwdwuwpnipntGOtp0 nu (19) wwjdwGGbpp, (22) hwiwlwpgp
Ywpbh b pbipt swhwquig wwnpq nbuph b wikt wiqwd hwinqyby,
np nunpnOtipp hwdpbybnn GG, huy hwdwlwpgb nlbh (nuenudGhph
wbytpe pwqdnipynil: Ujn htivnwqnundwb |phy hpwlwlwgnudp pnn-
Gnud GGp pOplipgnnhG’ pwywpwpdbny wjuwntn Shuwyl Sh twppbpw-
yh pGGwpYGwdp:;

Thgnip A, =0: Lwhu (19) Wwjdwhltphg htiinknud &, np B, #0:
UjGnihtinl, (25) hwywuwpnipnibGGtiphg unwbnud GGp® A, =0, nphg,
nwpdjw wlnpwnwelwiny (19) wwjdwbbkphl, Eqpuwywglnud Lap,
np B #0: Uppynibpnud® (22) hwidwlwpgh hwywuwnpnuiGepp hw-
dwpdtp G0 hwlwwwuwnwuhuwGwpwn

G G

y =—-—, = ——

Bl BZ
hwywuwpnudGephb: UGnud t hu‘ﬁbu wlqwy oquyt (25) hwywuw-
pnipymGltphg (B,C, - B,C, =0) L hwdnqyti, np wju nbiwpnid nh-

wnwplynn nunhnGtpp hnppgntwlwG GG L hwdpbyGnn:

8°. Spyjwd Ybwny whglnn b wipdwé ninnnipyniGG nLGlgnn
mnnh hwjwuwpnidp: Shgnip npjwd Yhnp C(x,;y,) -0 £ huly
npdwéd ninnnepyntGp npnzynud t & wbyniGwihG gnpéwlgny: LEpYw-
Juglbbp ninrh hwywuwpnidp

y=kx+b (26)
wntupny: UG, np nunpnp waGgbnud t (x,;y,) Ytwny, Gauwlwynud t, np
(%55 ¥,) pYwanuygp pwywpwpnid t (26) hwywuwpdwhp.

Yo =kx, +b:

QunGhny wjnntinhg b-h wpdbpp L wbnwnptiiny (26)-h dbg’
YuinwGwGp npnGbLh

Y=Y, =k(x—xy) (27)
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hwywuwpnuip: dbpwgpbiny &-h0 wwpptp wpdbpltip® YunwGwbp
(x5 ¥,) Ytwnyd whglnn pnnp ptip nurhnltiph pwqdncpynilp:
Jwppnipywl Ypw wnpwé (x,;y,) Ybwnng waglnn pnpnp ninhnlGt-
ph pwqdnipnilp Ynsdmid t (xy5y,) Y4bGupnGny mahnGlph thniGo:
Quwuwnnpkl, (27) hwywuwpnidp (x,;y,) YGGupnlnyd ninhnGtph
thGoh hwywuwpndl t° dhwjl dh pwgwanipjwdp. thlghl wwwnlyw-
Gnn nunnwéhg nunpnp wyn hwywuwpnidny sh GEpYwjwgyned, pwbh
np sntbh walyniGwihG gnpéwlhg: Ujn pwgp Ywpbith t hbizunnepjwdp

Lpwglb), Gywwnh nlbtGwny, np & =tg¢=—s—ms—2 L wpuwgptny (27)
co

hwywuwpnudp
(x—x,)singp—-(y—y,)cosp=0 (28)

mbugnq: Uh Ynndhg wwpq t, np gwlliwgwé ¢-h nbiwypnud (28) hw-
dJwuwpnudny npndnid t (x,;y,) Ytiwond whGglnn nirhn: Pw)g GnyG-
pwl wwpnq t, np gwblwgwé ninhn, npG whglnud t (x,;y,) Yty L
Ox wnw(gph GYwwndwdp ptipqwé b ¢ wllywh nwy, Ywnth t Ghp-
Yuwjwglty hbGg wjn hwywuwpnidny: @nhnfutiind ¢@-6 [0;77) dhow-
Yuwjpnud” Yuinwlbwlp (x,;y,) YtGwpnbnyd pninp nuinhnGbph thndbgp:
OlUphl wwwlwlnn ninqwéhg ninhnp, ophlwy, vwwgyntd t, tipp
- n .
¢7-5-
9°. Spdwd tipynt Yty wlglnn ninnph hwywuwpnidp: tyy-
thnywl  tphpwswipnipjwl  YwplinpwenyG  wpuhndGphg  dtlp
htwblyw) G L.

hwppmpywl guilwgwé tpynt Ywnny (hpwphg wwpplin) wig-
Gnid E ninpn, wyl b ohuyG dalyp:

Thgnip windwsé Bpune YewnbnG 66 P(x;y)-0 b Q(x,iy,) -0
LYwquibGp wyn YLwnkpny whglnn ninnh hwywuwpnidp:

> bpt x,=x, (y,#y,), wyw wwpq t, np P L Q Ytwnkpp
qulyntd 0 x = x, hwywuwpnidnyd npn2dnn ninnwdhg ninnh Upuw:
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Gpt y =y, (x #x), wyw httnwgnuynn nunhnp hnphqnGuw-
uwGt Lwpdnd bt y =y, hwdwuwpnidny:

NhunwplbGp wydd wyl ntiwpep, tpp X, #x, L y, #y,:

Mwngq t, np ninhnp Wwwnywlnud t P(x;y,) YeGupnGnyg plip ni-
nhnGtph thGohG L, hwnbwpwp, Gpw hwywuwpnudG nbh

y-y|=k(x—x1) (29)
wbupp: 3wadh wnGbind, np wyn nupnhG b wwanwGnd  Gub
Q(x,;y,) Ytnp

Y.~ h=k(x,-x),
qunGnud LGp k-h wpdbpp.

k=22, (30)

X, =X

Stnwnpbny k-h wpdbipp (29) hwywuwpdw 06 L dLwihntub-
(ny wyb hwiwswih wnbuph™ unwlnud GGp wpdwé bplym Yennd wig-
Gnn ninnp hbwnbyw)| hwywuwpnidp.

Yoh o275 g (31)

Y=n XX

4 Hunnnnpnil: Uju hwjwuwpnudG by, swjwd hwdwswihnipjwp, ni-
Gh puwn tnepjw GnyG phipnepyntlp, hGgh nulbp (27)-p° npwbiu thGph hwyw-
uwpnid: UjG nbwpenid, bpp P-G L Q-0 nwuwynpywé LG nunnwahqg jwd hnph-

qnGwywb nunnp Jpw, (30) hwywuwnnudp Ynpglnid £ hdwuwnp: Ujn pbpnip-
nilp 2inhbnt hwdwp pwywlwi b hwyjwuwpnidt wpunwgnt)

(O, = y)x=x)=(x, = x)Xy-y) (319

wnbtupny: Uw wpnbG, hGgwbu nbulnud GGp, plngpynid t Gpp nhunwpyywo
pninp bpbip nbwpebnp:

OpphGwy 9: 3wppnipjwl ypw npdwd 66 Plx;y), Q(x:y,) L
R(x,;y,) Ytwnbpp: Qunlklp wihpwdbn b pwywpwn wwjdwh, nph nbw-

pnud wyn Yewnbnh pGYwd GG ShLGnyG nunnh pw:
Lbpjuwywgltingd P L Q ytnbpny whglna ninnh hwywuwnnidp (317)
wnkupny L Gywwbind, np wpdwé bpbp Yhnbpp YownGytl dhLbnyG ninnh
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nw wjl L dhwyl wjl nbwpnid, tpp R Yewh YnnpnhGwwnbbnp pwdwpwnnd
60 02§wd hwywuwpiwip, YunwiwGp npnlGbh wwjdwlp.

(y, =~y )N x —x)=(x; —x )y, — )

10°. UnnpnhGunnGliph dbpnnh Yhpwnnip)ntGGpp: UGwihwnhy
Gpypwswihnipjwl Ghhs wydd wpwnpdwé dhenglbpp wpnbl huy
hGwpwynpnipyntld GG wwihu (mdtine qnpdlGwlywb GawlbwynipiniG
nillignn dh 2wpp fuGnhpGtp: thnwplblp wynwhuh dh pwbh fuGnhp’
GepYyuwjwglbiny jnupwpwlsyniph (nuddwl nupdughép:

hlGnhp 1: thgnip € -p hwppnipjwG Ypw

Ax+By+C=0 (A’+B*#0)

hwywuwnnudny npnzdnn nunhn t, huy PCx,; ¥,)-G" wyn niaahg nnupu
quiGynn Ybw: dnGkGp P Ytwnh hkrwynpnipynilp £ -hg™:

Lywlwlklp npnGELh hBnwynpnupyniGp d-ny:

tpt A=0, wyw ¢-p hnphqnOwlwG t L nGh y=—% hwyw-

uwpnud: UYGhwjw t, np wyu nbwpnid

-5l

d=
B |B]

tpt B=0, wyw ¢-p nnnwdhqg t L nbh x=——i— hwywuw-
pnud; Wu nbwpnd wpnbl

d=
A |A]

Nhwwnpltlp wydd w)b nbwpp, Gpp A#0, B#0: Pwpwlw-
Ywl ng pwpn, pwjg wywinl hwaqwplGlpp thnpp-hGs YpGwinbint
Gwwwwyny hwpdwp t nupnp hwywuwpmdp GEpYwywglb; walyjnt-
Gwjph qnpéwlgny.

* <hpbgGhlp, ap Yhwh hhowynpmpymGp ninnhg uwhdwGynud & npujbu wyn Yhinhg nunnhG
hebgywd ninqwhwjwgh bplwpnipymi:
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y=kx+b, k=—— b-—E
B’ B

Wuwntin wpnbG fubnph neédwh nipdwaghdp hbnbyw) G t:

1) Bllkind P(x; y,) UkGupnGny ninhnGliph thGeh (27) hwyw-
uwpntihg L n° 6-nud dLwybipwyywé ninhnGliph nupnwhwjwgnipywG 11
hwjnwbh2hg' Ywqdntd tlp P Ybwnny whglnn L ¢ ninnhG ninqwhuw-,

jwg £* nunnh hwywuwpnudp.
1 1
Y=Y =_'l:(x—xo) L|u“j Y=Y —Z(X_XO) :

2) |nuobny kx+b=y0—%(x—xo) hwywuwpnudp® qunbnud BGp
¢ L ¢* nnhnGph hwuindwG N Yanh x, wpughup, hul w)Gnihbnk
Gwl y, = kx, +b opnhGuwnp (n°2.2).

x, +ky, —kb kx, +k’y, +b
== =07
1+k 1+k
3) hwyunud kGp d = PN | htinwynpnipynilp’ oguyiny (n° 1.3)-nud
phpdwé (1) pwlwdlhg.
s — ko, —b

d=\/(x1~xo)2+(y|_yo) —lyﬁt% (32)

A
4) wbnwnpbiny dbpehG  wpuwhwpinnipjwlb Uk k——E

b=—%‘ unwOnd GGp P-h hbnwynpnip)niGp £ -hg” wpnwhwjnywé

ntnnh hwywuwpdwb gnpdwlhglbpny.

d =|A_’:%B£ﬂ; (33)

A+ B’

LlwuwnbkiGp, np wyu ytpehG pwlwdlp hp ke Ghpwnnud b ybpp
unwgywéd tipynt pwlwaélbpp’ npybu Swulwynp nbwpbn:

twnwppphp b Gwl Gywwnby, np £ mnnh (16) hwywuwpnedp hw-
Swpdbp t
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A B + ¢ =0 (34)

Ji  JaiE iR
hwywuwpdwbp, npl wGwbnd GG ¢ nunnh Gnpdwynpdwé (Gnp-
Ywy) hwywuwpnid: Qwunnpkb, wpdwds P Yhnh hbnwynpnipyniG
ninnhg qunGbnt hwiwp pwywlwa t wyn Yewh YynnpphGwinbtpp nb-
nwnpby ninnh Gnpdwynpywéd hwyjwuwpdwb dwhu Ynndned b hwadbi
unwgywsh pwgwpdwly wndtipp:

hiGnhp 2: GGk P(x;y), O(x;¥,) b R(x;;y,) ququwplbpny
Gnwlyjwh R quqwphg wwpjws pwpdpnipynilp:

Lwfu, oqunytiny (31) Ywd (317) pwlwadlbhg, Ywaqind kGp P L Q
yewnbpny whglnn nuinnp hwywuwpnudp, huly wjbnihtinb, Yhpwebing
(33) pwlwdlp, qunlnid R Ybwnh htnwynpnipyniGp PQ hwnywdp ww-
pnLGwynn nLnnhg:

hnhp 3: QunGb] Gwhunpn fuGRpnud wpywé POR tinwGlyjwh Gap-
phl walnGGEpp:

3wyynud GGp, oqunybiny (30) pwlwdlhg, hwiwwwunwufuwlbw-
pwp P,Q L P,R Ytwnbkpp Shwglnn ninhnGtph wilynbwjhG gnpéw-
Yhgltipp L Yyhpwnbny (17) pwlwdlp’ qunbnd £P-G: LywwnkGp, np
ZP-0 [0;7) dhewlw)ph shwly wayniGl t, nph wwlqkGup npnynd
L (17) pwGwdlny:

¢ Yhunnnipyni: UhGs (17) pwlwdlihg oginydbip, gwillwih t nbYwpunywl
hwppnipjwCG Jpw hwibdwuwnwpwnp  Ggphn G2 npnawyhnpbl wpdwd
P(x;¥), Q(x;y,) U R(xy;y,) Ytwbpp L hinwqnintip npwlg thnfuwnwnd
nwuwdnpnipinibp: Lwwwnwlp hbnbywG b wwngby, onhGwly £LP -G hwaybhu,
pt wjn waynilny dwiwgniygh upwph 2wnpddwlp hwiwnwy nipnnipjwip b-
nwilywh PQ ynndp whiwp t wwnnb P kkwinh 2nipep, npwtiugh wjb nwnlw PR
ynnihG hwdnuinndwd, pb” hwlwnrwyp: Ujjwwbu, Ynipnpkl oqundbiny (17) pw-
Gwdlhg, brwGywh unip waljwb wnwlgbluh hwdwn, ophGwy, Ywpnn LGp
unwiw] pwgwuwlwt wpdbp L uppwpiwdp GopwlwgGti, pt wayniGp pnip t:

hGrhp 4: QinGb| POR bnwGyjwi dwybpbup:

fuGnhpp Ywptigh t nst) Gphp Enwlwlyny” Grwbyywh dwltiptuh
hwiwp nwppwlwb GpYpwswihnpiniGhg hwjnGh hbnlbyw) bpbp pw-
Gwdlbphl hwiwwwunwuluwG.
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S=—1-ah. S=labsin¢9,
2 2

S= \[P(P -a)(p-b)(p-c) (Rtpnlh pwlwdl),

npwnbn a-G, b-0, c-0 Gnwblwh Ynndbnh b6, A-p’ a YnndhG hobtigwé
pwpdpnipjnilp, €-G° a L b Ynndbpny Ywqijws GhpphG whlyniGp,
at+b+c

huy p-G* GnwGyjwh Yhuwwwpwghép. p =

huGnph (nédwh bipkp uhubdwlbpG b pGpbpgnnp Ywpnn t hGp-
Gnipnyl0 Yuqdby: LywnbkGp dhwjG, np Gpypnpn wppbpwyndd, (17)
pwlwdkny ga-0 qulking htwn, LYwpbh t oguyly

sinf=—189L_ 1Gwalhg: 3nsbigGblp, np O€[0:7) L, hbunluw-
Jl+gla
pwp, sin@20:

hGnhp 5: GGk POR bnwGyjwh RS Yhunpnh GpYwpnip)niGp:
Swppwywb Gpypwswihnig)nibhg hwynbh t EnwGlyywb Yphunpnh
htwnbyw| hwwnynipynibp. | PR||QR|E PS|:|@S|: Uw hwauh wnlb-
(nd” wrwowpyned EGp fuGnph (nLédw b wjuwhuh bnwiwy.
1. (1) pwlwdbny hwaynd LOp Grwbljws PR L QR Ynndbkph
bpywpnipyntGGipp L Ywqind A = PR[:|QR| hwpwpbpnip-
Jnibp;
2. Subwh (x,;y,) UnnpnhGwinlbipp guGnud kGp (3) L (4) puw-
Gwalbpny;
3. nwpdyw) ogwnykiiny (1) pwlwdlhg’ hwayntd tbp RS Yhunp-
nh GplupnipyniGp:
hGohp 6: LGwqdib, hwppnipjwlG Jpw wpwé Plx;y) L
Q(x,;y,) Ytunbkpp GhwglGnn hwwndwoh dhelninnwhwjwgh hwywuw-
pnLdp:
Uu fuGnhpG £ ywpbip t (nety tpynt inwlbwyny. dhelGninnwhw-
jwgp nhunwpltp yw'd npwbu PQ hwinywéh dhplwlybknny whglnn L
PQ-hG ninnwhwjwg ninhn, Yw'd npwbu P-hg b O-hg hwywuwpwhtn

YGwbph Gpypwswhwywb nkn:
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Gpypnpn nbwpenud, thwuwnnpkG, dheGninnwhwjwgh hwdwnp
unwbnud GGp

JE=x) + (=) ={(x=x) +(y-y,)}

hwywuwpnuip, npp (16) wbuph phipbnt hwiwp pwdwywh b pwpd-
pwglb; pwrwlniup b wwpqbiglhy:

UnnpnhGwwnGbph dspnany |nuéynn qubwquwlb wy tuGnhpbtp pG-
ptipgnnp Ywpnn b Ywqob hGelnipnyl’ GwhuwGbind npwighg jni-
pwpwbsiniph pnesdwb nwpptp GnwGwlyatp:

§ 4. PUPNPD WULPGL LAPEP

1°. bpymt wGhwynny Gpypnpn wunhdwih hwipwhwyw-
Ywi hwywuwpnid: Lwhunpn wWwpwgpwdnid, hGswbu nbuwbp,
hwppnipjw Ypw Bpynt wihwjnny wrwohl wuwnh8wbh
Ax+By+C=0 (A’+B*#0)

hwipwhwzwlwb hwywuwpnudngd npnaygnid tp ninhn ghd:

Uju wwpwgpwdpnud qpunybint Ghp hhdlwywbnid bipbp nwuw-
YwG Ynpbph nuntdbGwuhpdwdp, npnGp nipynud GG Bpynt whhwjnny
Gpupnpn wuwnh8wGh hwipwhw;wlwt hwywuwpnuinyg: Wnwhuh
hwywuwpiwb pGnhwnip tnbupp hbunbyw| G t.

Ax’+Bxy+Cy*+Dx+Ey+F =0, (35)
npwntin A4,B,C gnpéwlhgGbipp Shwdwdwawy qpn skG".

A*+B*+C*20:

Enlpnpn wuwnhSwah (Epypnpn ungh) hwlwnwhwzdwywi hw-
Jwuwnntdny npnzunn Ynptipp Ynsunid &G Bpypnpn ywpgh Ynpkip :

OphGuiy 9: n° 2.1-nud (ophGwy 4) unwgywé nowlwqsh hwdwuwpnt-
dp Yunbith t Obpluwywglli (pwlwqstinp pwgtiny)

X +y' —2ax-2by+a* +b* -rt =0

‘bpp A=B=C =0, wyw (35)-p hwurnwgh wnwehG wuwnhdwsh hwywuwpmiy t:
“ NunhnGhnp, frwunnntl, Ywptih t wGjwbb) «unwghG yupgh Ynpbp»:
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wntupny L OYwuwntiy, np nw GnuyG (35) hwwuwnpdwl dwuGwynp ntiwpG t, tipp
A=C=1, B=0, D=-2a, E=-2b, F=d*+b*-r*: Uiwtu np, Jpow-
Gwaghép pypnpn Ywngh Ynn t:

OphGuwy 10: Ihwtppnp, npp n° [ 3.3 -nud nhunwpyybg npwtiu y:ﬁ
x

Inilyghwih qpwdhly, pypnpn Gupgh Ynp b Apwbnid hwdngybint hwdwp
pwywlwb t gpdwd dnilyghnlw| Ywwp wpuwant| xy -k =0 hwiwpdtp

wtupny L GYuwuwnbi|, np wyG (35) hwdwuwpdwl dwulGwynp nbwpl t, tpp
A=C=D=E=0, B=1, F=-k:

OphGwy 11: 3wppnipjwl Ypw (18) hwywuwnpnudGtipnd wpdwéd nunpn-
Gtph gulGywgws qniyg Ywnbith b nhunnwplyb npubu Gpypnpn wunhGwGh
(Ax+By+C)YA4x+By+C,)=0
hwywuwpniingd npnadnn Yhwnbph Bpypwswipwywd wnbn: Lawlwynd £

nunhnGtph qnyqp GniyGwtiu Gpypnpn Ywngh Ynp t:
20wjwé (35) hwldwuwpiwb dwiGpwypyhin hbnwgnunudp dbig

hwiwp épwapw)hG sk, pbpbGe, wylnuwdbGw)Ghy, Lu Bplne ophGuwl, n-
pnlgnud Lpypnpn wunhSwlh hwywuwpnuwing npnaynn Ytiinbiph Gpl-
pwswihwlw nbnp Shw)l nbuwywinpbb wpbih t «Ynp» hwdwpby:

OphGurly 12: Jwppnipjwl Ypw x> +y* =0 hwwuwpnidnd npnaydnn
«tinynnnn bwngh Ynpp» Ywqidws t dhwl gkl Yewnhg™ (0;0)

OphGwly 13: plypnpn wuwh8wth x? + y? +1=0 hwdwuwpnidp ng Gh
(méneld gnilh, hnbwpwn, npwiny npnadnn Yewnbph Gpypwswhwywh nknp h-
nwywwbu «tpypnpn Ywpgh Ynp» t, huly wuinwgh’ nwnwnpy pwqdnipyntG:

Ujdd whglhbp wyu Ybwnh ulhgpnd wyGwpydwd Gpupnpn Ywngh
bptp nwuwlwG Ynptipp® thwuh, hhwbppnih, wwpwenih L npwg
hwywuwpndGlph neunuGwuhpdwGp:

2°. hhwuh qwlnGwlwl hwywuwpnidp:

UwhdwbGnid: 3wppnipjwd pninp wyl Ytwntph Gphpwswhwlwl
wnbnp, npnGg wpywé F, U F, fwnbphg htnwynpnipiniGGph qni-
dwpp hwuwnwnniG b, Yngynid t bpwgu: F U F, YGnbpo wGywined
G0 tihyuh pnyniulbp (Uhquiybntp):
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YwqdkGp b hwup hwywuwpnudp wjb wwpq nbwpndd, Gpp Ynnp-
nhGwwnGbph hwppnipjwl Ypw Gpw nhppp «quinGulwb» k. nyniu-
Gbpp nwuwynpywé 60 Ox wnwlgph Ypw' O ulyqplwybinh Gluwin-
Jwdp hwiwswd:

hgnip  F(-¢;0)-G L F(c;0)-G thwup PnyniubbpG &G,
M (x;y)-p" pGpwghy YnnpnhGwunGtipny Yewp, huy d;-Gnu d,-p" wn
ytwnh htinwynpnip)nilGtipp hw-
Jwwwuwuhtuwlwpwn F L F,
$nunwiltiphg (6. 16): Cuwn
vwhiwGdiwb, d,+d, gqnuiwpp
hwuwwunintG 2 LawlGwybny
wjn hwunwinnilp 2a-ny” L (1)
pwlwdlny hwadbiny 4,-G nt

d,-p’ YuunwbwGp thwup htitnbyw) hwywuwpnidp.

i
L
7, (-c:0) ‘ o #:(e:0)

\/(x—c)2+yz+\/(x+c)2+y2 =2a: (36)

Enwlywl wihwywuwpnipynilhg htwnbknud £, np

2a=d +d, 2| FF,|=2c Jwd' a2c:

CGn npnuy, Gpp a=c¢, (36) hwywuwpdwip pwywpwpnn Ybunb-
nh Gpypwswihwlwb nbnp FF, hwindwoéh t: UjGwbu np, hpwlwa t-
thwu unwbwnt hwdwp whwp t GGpwnpby, np

a>c: (37

Stnwipntubny (36) hwywuwpiwb dwhu dwuh gnudwpbhGephg
dtlp we dwup L pwpdpwglbiny hwywuwpnudp pwnwiniup’ Yunw-
Gwip

x*=2cx+ct+yt =44’ —4a\/x2 +2cx+ct+y P +xP +2cx+ P+ y?

hwywuwpnudp, npp, Giwl winwdGbph dhwgnuihg L YpSwinbinig
htwnn pbpynud t

* Fhwyuh YwGnGwlws hwywuwniwd dbe hwinbu t quim hbGg a-G, w)) n; pb vwhiwGiw
b9 hhywunwlywd hwuwnwnmbp, npg, thwuwnnptl, a -h Ypylwwwinhyi t:
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cx+a’ =a\/x2 +2cx+ct+y?
hwywuwpdwp: Wu ybpehGp kY whqwd Lu pwpdpwglbiny pwnw-
yneup L wwpqbglbinyd' Yuunwbwbp

(@’ -cH)x? +a’y? =d*(@* - ¢?) (38)

hwlwuwpnudp: Uydd, Gywunbing, np (@>c¢>0)=> (@* >c?) L Gyw-

Gwybiny b=va*-c* " (38) hwywuwnnithg, pwodwlbiny wyl ab?
wpunwhwjunnpjwl ypw, Junwlwlp thyup Yuwinbwyws hwywuw-
pntdp bpolwlywl nbupny.

2 2

+<==1 (39)

m~| =

<

Jwywuwpiwl dbe welw a L b wwpwdbnpbpp Yngymd GG t-
Lhwuh huwnwlgpblip: tnwlp bpypwswihnpbl dEYOwpwbbinL hw-
dwn pwywlywl t gl Ox L
Oy wnuwlgplbph hbwn khw-
up hwuwndwh Yewbph Ynnpnh-
Gwwnlbpp: Un  Gwwunwlyny,

3
wlhpwdtawn t (39) hwywuwp- —, K
>

b

Jwl dbp Owhu wbnwnpbi
y=0 L wyn nbwpnid, [ndk-

(ny hwywuwpnip x-h GYuwwn-
dwdp, Yuwwgybl Ox w-
nwlgph htwn hwuniwb
A'(~a;0) L A(a;0) Ybwbpp, huy wibnihbubl, wbnunpbing (39)-nLd
x=0 L wju wiqwd |nobiny bwywuwpnuip y-h Glwwndwdp,
YunwgytiG Oy wnwGgph htn thwuh hwwniwG B'(0;—-b) L B(0;b)
LEwbpp (g6, 17):
bnwqgnnbiny Ywinbwlwb hwywuwpmdp, Ywpbh t pwgw-
hwjwb| tihwuh pwqdwphy hbnwppphp hwuynepynlGobp:
Lwjubwnwy G2tGp, np tthwup Gpypnpn Ywpgh Ynp t, pwlh np
npn2yncd t Bpypnpn wunhwGh hwGpwhwdwlwl hwyjwuwpnidny:
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Ywlnlwywl hwywuwpiwb d69 hwinbu GO quihu x-h L y-h Gh-
Uhw)G pwnwyniuhGbpp, nphg tqpuwywglnud GGp, np E hwuhl wwn-
YJwlnn jnipwpwlgnip (x;y) Ukwh hbn deynbn, GpwG B0 wwwnyuw-
Gnud Gwb (£x;ty) Ybwbpp' GawGlbph gwllwgwé plunpnipjwdp:
Nw Gawlwynd £, np YubnGwlwh nhppnd thwup hwiwswi t pl’
Ox , pb’ Oy wnwlgplbph L pb" uyqplGuybnp GHundwip:

CannGbny (39)-nud a=b=r" Junwlwlp O(0;0) YEGunpnlny
L r wnwynny 2ppwlwgéh hwywuwpnidp: Qwuwnptil, 2powlwgh-
6p hwywuwp Yhuwnwbgplhpny thwu t: Uu uywygnipjwidp w-
untl 60 Gub, np tihwyup «<nE$dnpdwgywé» (nplt wpwidwgdh nunnnip-
Jwip ubiniwé Ywd dqwé) npwlwghé t:

3°. hybppnp YuwlnGwlw G hwywuwpnidp:

UwhdwGmd: Iwppnpjwl pninp wylG Yhinbph Gpypwswhwlwi
wnbinp, npnGg wipdwd F, L F, LGnbphg hbnwynpnipintGGEph nwp-
plipnipyniGp’ hwuwnwnndG t, Ynsymd t hhwbppng: F u F, ybunbn

waywGnid 6G hhwbippn h pnyniullp (UJhquihtientip):

Nunnwlynl YynnpnhGwunGbph hwdwywpgnud hhwbppenth nhppep
YwOjwitlp YwlnGwilwa, tpk Gpw $nyniuGhpp nwuwdnpywé GG
Ox wnwigph dpw’ ulyqplwybnh Guwwndwdp hwiwswi (q6. 18):

s

qd. 18

° Swppbpmpjwd pwgwipdwl wndbpp:
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fhgnip  Fi(=c;0)-0 L F,(c;0)-G hhwbppnth $nyniuGlinG &G,
M(x;y)-p’ pGpwghy Ytwp, huy 2a-0 uwhdwhdwh dEp hhywwnwy-
Jwé hwuwnwwnnilp: 6pb d,-p b d,-p M Yewnh htinwdnpnipynGGEnpG
G0 hwiwwwwnwuluwbwpwp F-hg L F,-hg, www, hwiwdw)lG hh-
whppnih uwhdwGow,

|d, —d,|=2a: (40)

Cun btnwllwl wlhwjwuwpnippwl' 2a=d, -d, || EF, |=2¢
Jwd a<c: Mwpq t Gwl, np bpp a=c (40) hwjwuwnpdwlp pwywpw-
pnn Ytinbph Bplypwswihwywh nbnp (-o;-c]U[c;+ ) pwqinpnGG
t: Ppwlywl hhwbppnyp unwgyned t dhwyl wyl nbwpendd, bpp a<c:

Jwaytiny d, L 4, hbnwynpnipynilGnp (1) pwlwadtny L wnb-
nwnptiny (40) hwywuwpiwb dbp" uunwbuwhg.

‘\/(x+c)2 +y° —\/(,vc—c)2 +)

Pwpdpwglbiny unwgywép pwnwiyniuh b wwpgqbglbiny” hw-
gnuud bGp

=2c:

J(x+c)‘+y2 —\/(x—c)2+y2 =x'+y'+ct =24

hwywuwndwp: Wdd, bpb (hnwghnlwinipynilhg YbppGwlwlwwybu
wqwwybint hwiwp) hwdwuwpnip Lu 06y wlqwd pwpdpwglblp
pwnwyniuh, wyw pwqiwphy YpSwinnibbphg b Giwh wlnwdleph
dhwgntihg hbwn w)G Ywpnn GGp pbpky

(* -a*)x* -a*y* =ad*(c* -a?) 41)

wnbuph: UGnud t Gpwlwlyty b’ =c* —a* L (41)-p pwdwily a’b® wp-
nwhwjnnipjwl Ypw, npybugh unwgyh hhwbppnh YuinGwlywa
hwywuwpnidp ytipeGwiwh nbupny.
2 2
-1 (42)
a b
hGswbu nbulnud GGp, hwywuwpnuip hwipwhwywlwh t L wyb
tL Gpypnpn wuwhSwGh: Yw Gawlwynud t, np hhwbppnip GnyGwbu,
hGswbu L tihuyup, whwnp t nwuty Eplpapn Ywneh Ynnpbiph 2wngh:
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YwOnGwlwh nhppnud hhwbppnip hwiwswih Epb” Ox L Oy w-
nwGgpGtinhg jnupwpwGgjniph, pb’ uyqpGwybinh GUwindwdp:
pwtippnihé wWwwnlwinn guwliwgwsd M(x;y) Ubwnh hwdwp
2 2

X y
pEastA)

21 Ywd | x> a: Uw GuuGwyned t, np YubnGwlwG nhp-
pnud nipdwé hhwbppnip gunGdnud t hwppnipjwl x=—-a L x=a nun-
nwdhg ninhnGbpnd uwhdwlwthwldwé «tipnhg» nnupu: Ujh Yuqd-
qué t Oy -h Ghwwndwidp hwiwswd Gpynt Gyninhg, npnGghg dkYG po-
Ywsé t x =-a ninnhg dwhu, pGn npnud nw wyl §jnnG t, nph Yhwnbpp
pwdwpwpnud 66 d, —d, =2a hwwuwpdwhp, hul Gnwul pOyws t
x=a ninnhg we L Yuwqidwsé t wyb Yewbphg, npnlp pwdwpwpnd
b6 d, -d, =2a hwwuwpiwlp: Uju Gywpwaphg, hGswbu Gwl wi-
dhowwbu (42) hwqwuwpnidhg, dwulwynpwwtiv hGwnund t, np hp-
wbppnip Oy wnwlgph htwn hwwnud gnibh: buly, whw, Ox -h htin
wjl hwwndnud t A(a;0) L A'(-a;0) Ybwbpnud, npnlp Yngdned GG hp-
whkppnih ququpblp: Qwquplbpp dhwglnn ninhnp (YwinGwywl
nhppnid nw ninnuyh Ox -0 t) wGywnLd G0 hpwlippnih wnwlgp:

3wenpn ginifulitiphg dtyncd Yupdh Ynph wupdwyununh uwhiw-
Gnudp: T nunhn t, nph nhppp, puw tnupjwl, hbnghbnb wybih nu w-
Joth phg t wwppbndnud Ynph nhpphg, tpp pbpwghly Ybwnp whytpg
htinwGntd £ YnnpnhGwwGtiph ulqptwlbnhg: Yjuntin pwywpwpybbp
dhw)b Gobny, np (42) hwywuwpnidnd npnzgnn bhwbppni G nGh bip-
Ynt wuphdwywinwn (npwip gd. 18-nud Wwwipqwé LG Yewnwgdstpnd),
npnip wnpdnud G0 hwiwwwrnwuuwGwpwn y=—:b;x L y=§x hw-
JwuwpnidGbpny:

4°. Mwpwpnih YwnGuwywl hwywuwpnidp:

VwhidwGnid: Yhgnip £-p hwppnipjwl pw wnpdwé npnawlh
ninhn t, huy F-p* wyn ninnhg nnipu gnGynn npnawih Ybw:

Jwppnipywl wyl Yeinbph bpypwswhwlws inbnp, npnGp ¢ niun-
nhg U F Ytinpg hbnwgdwé b6 hwywuwpwwbu, Yngdnid b wwmw-
pny: £-p Ynsdnid b wwpwpenih phpbyinppu (nnanpnhpg), huy F-p
Pnyniu:
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Unnpnhbwuinlbbinh hwidwlywpgnid wwpwpnh nhppp hwdwpynud
t ywlnGwlwh, tpp Gpw $nyniup quliynd t Ox wewlgph Ypw,

F[%;O] (p>0) Ytwnnud, hul nhpklwiphup nunnwaha t L npnaynud t

x= —-g— hwwuwpniiny (gé. 19):

bwqdblp Wwpwpnih Yuwinlw-
Yuwl hwydwuwpnudp:

Tthgnip M(x;y)-p wwpwpnih
ppwghy LbwnG b Cun uwhdwd-
Jwl, |MF |9 MK |, npbin MK-GM .

O p
Ytuinhg ¢ nunrhG hebgywd ninnu- ry z
hwjwgh hwwnywéa t: Upinwhw)jnk- '

Ind [MF|-p U [MK|G (1) pu- |

iwdtny” YuunwGwbp :_
z
4 2 P 1
xX——| +y" =x+ : g.19
(x-2) 45 =i+ o
hwywuwpnudp: Fwpdpwglbing wju Ytipghlp pwewlniup b wwpqbig-
bnd” YyhwigkhGp

y =2px (43)
tpypnpn wuwnhdwih hwywuwpdwGp, npG t| heGg waJwhnld 66 ww-

pwpnth quinGwywl hwywuwpmd: Iwuuwpdwlb 0k welw p
qnpéwyhgp ($nyniup hGawynpnipinilp nhpbiynphuhg) Ungdmd t
wwpwpnh wwpwdbwnp:

Uuwhuny, wywpwpeni0 b, hGgwbu b thwul ne hhwbippnyp, bpy-
nnpn bwpgh Ynp t:

IEwnwqnunbiny (43) hwywuwpnudp® Gwhu Gywwnid GOp, np Ww-

pwpnip wipnnowwbu pGYws t we Yhuwhwppnipnilnud. (y* 20 L
p>0=x20): UjGnihtwnbk, pwih np (43) hwdwuwpdwlp pwdwpw-
pon gwllwgwé (x;y) Ybwh hbn dbhuntn win hwjwuwpdwbp pw-
Jwpwpnud b Gwl (x;— y) Ybwnp, Gwbwyndd £, np wwpwpnip Ywbn-
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Gwhwl nhppnud hwiwswih b Ox wnwigph Ghwwdwdp: Uw OGlwnh
nObOwiny” Ox -p (dnyniuny whglnn L nhpbhwphuhl nunqwhwjwg
ninhnpe) wGwiOnud G0 wwpwpnih wowGgp: Mwpwpnih wnwigph L
wwpwpnh hwndw ewno widwinud 60 wwpwpnih ququip:

5°. Gpypnpn Qupgh Ynpbpp npwbu YnGwlwl hunnnypbbn:
hOswbu Gywintighlp, tihwuh, hhwbppnth L wwpwenih pGnhwGnip
hwinwbhG6phg 06YG wyb bt (Gwiunpn Ybunbpnud nw wawGdGwhw-
wniy pangéytg), np npwbp pnpnpp npn2ynud GG Gpypnpn wunhSwbh
wju jwd wyl hwlpwhwwlwl hwywuwpnuinyg: Bywpyywsd tpbp
nwuwywb Ynpbpp dhwynpnn Lu dh hGunwppphp hwunwbhy Yww-
wé t unnpl Ghwpwagnpynn Gpypwswihwywb thwuinh hbun;

Nhuwwpytbp nwpwénpjwh dke npyws S ququpny 2ppwbwihl
YnOwlwl dwybpLnypp (6. 20), npp, ophlwy, Ywpbih bt unwlwg
nwppwiwb Gpypwswihnpinibhg hwynbh unynpwhwb YnGh Ynnd-
GwjhG dwybpunyphg™ 6éGnpnGkpp npwtiu nunhnltp, Gpynt Swjphg
wiytipg wpnibwybiny: Uyt uwqijws b hwiwwwwnwusfuwlwpwp SQ
L SP wnwlgplGtpG niGbgnn Gpym
«hwlwnhp» YnGkphg, npnlp Yns-
ynud G0 YnOwhwl dwhbplnyph
funnnsGtp:

Unbwlywl Jwytplnypp hwp-
pnipjnLlGtpn hwuinbihu unwg-
ynud GO wvwpwénipjulb  dbp
wwpapny  LAPHwS  wwppbp Unpbp: YpwGp
ypnud GG «YnOwlwG hwwnnyp-
Gbp» pGnhwinip wGywGnudp':

Gpp hwwinn  hwppnipynilp
whglnud t YnGwywb dwybplny-
ph S ququwpny, hwwnypp, wyh-
hwjn £, Jwd S bewG t, Yuwd
6lGnpnGtphg nplt dyp (hwppnip-

* SwpwompjwG dbe wpYwd Yopbpp Ynygmu bG wuwpwowlwd goplp, huy buppmpjwi Ypuw
nnjwd Ynpbpp' bwpp fapbp: Bbubn YnGwywl hwnmyplhpp yunmgymy k6 nwpwoni-
pjwG ubg, npwlp Gwl hwpp Ynpbp b6, pwih np, pun juwermgdw(, wipnnewujbu pGywd LG
hwwnnn hwppmpjwi Ypw:
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Jjntlp 2nzwthnud b dwybiplngpp), Yw'd hwwnynn nunhntiph (6GnpnGe-
nh) qnuq k:

Unwyb( hGwnwppphp t w)G nbwpp, Gpp hwppnipnilp sh whghnud
ququwpny: Ujunbin hGwpwdnp nwppbpwyGbpp Gnylwbu bptp GG.

w) tpb hwppnupyntlp qniqwhtn st nplt ¢Gnpnh L hwwnnid t dw-
ytpLneph dhwya dh funengp, www hwnnypp tthwu b Ywd, dwubw-
Unpwuwtiv, Gpp hwppnepnilp ninnwhwjwg t PQ wnwGgphl, 2pow-
Gwghd;

p) bpbk hwnppnipnilp hwwndd t Shwdwdwlwl Gpynt funnngGh-
np, www hwwnnipp hhwbppng t;

q) tpt hwppnipjnLlp qnigwhtn t nplt 6Gnpnh, www hwwnnypp
wwpwpny t:

Ujuwhuny, pt"tlhyup, pt hhwtippnip L pb wwpwpenip YnGwyw
hwuwnyplbp GG:

Ujuntn wnbnhG t Gp6) Owbl hGwnljw| «owwnhlwlywb» tGplknypp.
hwppnipjwl Upw, Gnwlhg nnipu qunlynn (nyuh wnpniph nhiwg
wwhywé 2ppwlwdl ujwywrwyh unybpp, Ywhudwsd ufwywrwyh
nhnphg, Ywpnn b hG6 Yw'd tihwyund, Ywd hhwbppnh dh Gninnd,
yw'd wwpwpnny vwhdwlwthwywsd ywunlkp:

§ 5. dusnrLEr

1°. dEywnplGEpp npwbu ninnnpnywé hwnydwébtp: POwgh-
nwlwi pwqdwphy fuGnhpGbpnd hwbnhwnn GténipynGGEpp (hGnud
GO Bpynt nhwh: Ywb dEénpnLbltp, hGswtiu, ophGwl, etipdwutnhbw-
Gp, Gynpwywl dwpdGh qubqyuép, swdwp, npnlp, swihdwb dhwn-
nh wnyuwjnipjwdp, pGnipwgpynd G0 npnawyh puny Ywd mbkG npn-
2wyh pyuwyhG wpdtp: Ywh Owl dEénp)nLGGER, hGswhuhp GG nudp, w-
pwanipyntlp, wpwaguwgnudp, npnGp pGnipwgnynid G0 ng ShwyG npnw-
bh pywjhG wpdtipny, wjik hwppnipjwlb Ypw Ywd nwpwénpjwl dbg
npnawyh nunnnipjwdp: UnwehGlbpp Yynsynud 60 ulwiyywp d&énip-
JnGGEp Ywy nunquyh ulywywpGep, huy Gpypnpn nhwh Gednipynil-
Gtpp” YBYywnnpwwh dEéntpniGGEp Ywi YEywnnplGbp:
EpypwswihnptiG dtynnpp wwwytipnd 66 hwndwsh Ywd, wyb-
th npnawyh, uwph &uny, nph GpywpnipyniGp hwdwuwp t Ytyunnpw-
Ywl dténpywl puiyhG wpdtiphG, huy ninnnipynibp hwdpGyGnud t
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Ytywnnpwlwb dEdnpjwl ninnnipjwlp (qé. 21): Upwph unip éwjpp

gnyg t vwhu, pt hwwnydwséh tip-

k ynt hGwpwynp (Ghyjwlg hwlw-

;) nhp) ninanupynLGGliphg npnawyhn-

ptiG np YnnilG t nuqnywé niuy

ytywnpp: Lzdwé unip 6wynb wo-

i/ - Jwbnud &G ybywnph ybpg, huy

3 hwlwrwl éwypp” ulhqp: tyunn-

nh uljhqpl nu ytipep dhinfuwntink-

A q0. 21 thu” uwnwgynid t dh Gnp ybyunp,

npp Yngynud t wpdwé yhklwnphl
hwlwnpp Y&lywnnp:

UwhdwGnid 1:; Jwppnipywl Ypw ninnph guwlwgwé hwwnywd,
nph dwypwlbintphg dGL4G pGunpydwdé t npwbiv ulhqp, huly dintup’ np-
whu ybng, Ynsgynid t mannpnydwd hunnywo:

JbGyunnpwlhwl dbénipywl pypwsunpwlwl wunnyipp, thwuwnn-
pbG, nuinnnpnywd hwwndwd t: Ynwhup hwindwoGnt widwbnid GG
y&ywnnpltip:

Spqwéd A uyhqpl nu B ytpeh nilbgnn Jtiyuwinpp GowGwynid Ga

ﬁ-nq: _B—f{-ﬁ, puwn wwjdwlwynpywénipjwl, A_é-hﬁ hwlwnhp kY-
wnnb £ JdbunnpGbph hwiwp oquiwgnpénud BG Gwl a, b.c.... ubny
GawOwynuiGbpp: Uu nbwpnud @ yblwnphG hwlywnhp yblunpp
Gawlwynd 6G —a -ny: 2nquligbpny hwlwnhp ybywnnph GawGwy-
dwl Bpynt dLukpp™ Ywpnn GOp gpb. _B—f{ = —ﬁ:

AB wd a ybywnph tpywpnepynibp (Ysywnpuywb stEénepjwl
plw)hl wpdtipp) whjwhnid &G Jbywnph dnpny Gwd puwgwpduwly
wpdtp L Gwwyned ’ﬁl -y Ywd |&]-ng: Mwnq t, ap ‘ﬁl =|EA",
a=-al:

Uwhdwlnid 2: JdGwnnpGlpp Ynsynid 66 hwdwgho (6. 22 w, p,

q), tpt pGlwé GG qniquhtin (JwulGwynpwwbu hwdpGyGnn) ninhnlt-
nh dpw: Epyme hwdwaghd Yahwnnplbn Ynsynid &G

* Quppmpjwl Ypws Yywinpp hp SheGwybnh ympep 180°-ny ununbjhu:
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w) hwdmnnywe, tpl nLGLG ShluGniyG ninnnipyniGp (g6. 22 p);
p) hwymnnywe, tpb Jayh ninnnipyniGp hwlwnpp t dyniup nin-
nntpjwln (Q6. 22 q):

7\

w

N\

Q6. 22

Uwhdwlmd 3: dJdbyunpGbpp hwdwpdmd 66 hwywuwp, bpb
npwlp hwdninnywd bG U nGEG SplGnyG bpywpnipiniGp’™: Uy ey,
bpynt {bhywnnpGbp hwywuwp 66 wyl U dhuyld wyG nbwpnid, tpp
nnwlghg dtp Yupbih t qniqus-
hbn wbnuipnfub; wyGuwbu, np

B
wyG pbi bpywpmpywdp, pb nun- = 4
nnpjwdp hwdpGyGh JyntupG:
Quuwnnpkl, tpti AB=A'B’
L wyn Jtywnplbpp plywé kG
dhllnyG nnnbh Jpw, www A-G 2
A"-hG L B-G B’-hG Ghwglbihu o qd. 23

A
unwgynn pwnrwbyntbp qnigu-
htnwghd t (q6. 23):

2°. dblpunnpGbph gmudwpnedp: dbyunnpGiph gnudwpdwb gnp-
onnnupjnLlGp uwhdwGynd t pun dehuwGhywjnd JehnnpwlwG db-
onwp)nLlGGEph gnidwndwl hwjnGh opkGph:

Lwu ywunwpbGp hbnlyw) oqunwlwp nhuingnepynilp, npl wi-
dhowwbu pluntd t Gwhunpn Yhewnnud wpdwé eynnpGeph hwywuw-
nnipjwl uwhdwbnuihg. gwlywgwé @ Ybywnnph b gwllwgwd O Yb-

' bhahywywl npny fuGnhpGhpmd Yhyunnpuiwi ghompymbp pGmpwgpdnd t ny dhw)G
pYw)jhG wpdbpny L nipnnipjwdp, wjik ghpwndwl Yanny bynnph uyhqpep Ghiplwjwglnng
Yhinh ghppny): Liwwh nGkwind, np YtjnpGiph hwjwuwpmpjwl wjuntn wnpdwd
uwhiwGdwb dhe G24wd YupghG hwwnlwbhop hwayh ph wnbynud, phuwplynn Yeunpbhpp
bppbdG whgwinud b0 «uquin Yaljnnpllips:
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wh hwdwp gnjnipynil nbh O YEwhg B Gnn (O ulyhqpl niGlgnn) OA
Jtywnnp, npp hwywuwn t @ -hG’:

Ohgnip @ -G L b-G gtywnpGbp GG: CGunpkny nplt O Ybw L w)n
Ybiihg wwGkiny OA=a L OB=b ytlwnpGnp” Yunnignid bG OA
L OB Uhg Ynnidtpny OACB gniqwhbinwghép (q6. 24): O Ybwp C qu-
qwph htitn dhwglnn O_C: =¢ ytywnpp (gniquhbrwgéh nunnnpnywé
walnGwghép) pGanclnud b6 npwtiv @ L b (54 L 5&) ybyuwnnGt-
nh anudwn L GawGwynd' € =d +b OC = 0A +5§):

Jdtywnpllph qnudwpiwl wju

ywlnGp YnsUynid t qreeuwhbnuqdp
Jwlnl. L{wwnkGp, np tpp a-0 L

b -G hwdwghé G, qniqwhbnwqéh
wlnGp sh gnpénd: Uu nliwypnud

§=d+b gnuiwpp uwhdwGnid &G
0. 24 hbunlyw] Yepwy.
bpb @-G L b -G hwinunqywé b6, www € -6 @-hG U b -hG hw-

dninnywé ysywnp t, pln npnud” |é'| = |ii| +|I;| :

bpt @ -G L b -G hwyninquw6 b6 b |5 @ | (@5 ), www & -G

hwdntnndwe t 5 -hG (@ -hG), nn namus” |5 ||| (|&]-15 |):
Jdbywnnpwlwl hwGpwhwayntd nhunwpyynud b Gwl wnwGdlbw-
hwwinty dh dbywnp® «qpnyulywb ybyinpp», nph «bplwpnepynilp» 0
t, buy ninnnepyntlp’ wGnpny: WG dkOp YOwlwlybkGp é-nq: UGhpw-
dtiuninipjwl nbuwpntd é-hﬁ Ybpwgpntd b0 Gwhiwwtu pGunpyjwéd Yw-
dwjwlywa nunnnepyntG:
Swilwgwé @ ytywnph hwiwp pGnncbned 66

d+0=0+d=d, a+(-d)=0: (44)

: 52 ybywnpp whwp t yunmghy @ -hG hwinnnywd’ JupgGhny m = F,‘|
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2ntquhtinwqéh Ywlnbhg dhwlqwdhg hbwnlkned E, np ybyunp-
Gtph gntdwpdwh gnpénnnipynlip GGpwplymd t wbnwdhnfuwlwb

optGphG. gwilwgwé @ L b ytywnnpGbph hwiwp’

i+b=b+a: (45)

Llwinbyny (g6. 24), nn AC = OB = b, qniqwhbinwgéh YwanGp
Yuwpbh t dLwhnfub YyEhwnnplGlph gnudwpdwb heunbyw) YuwbnGh.

npnwlhnptl pGupywd O Yhinhg nwbbiny &:a yLEywnpp,
04 ybywnph 4 Swjpwibunphg A_C. =b ybywnpp, Ywoenignid GG
OAC phljywp Gqpwthwiynn oC ninnnpywé hwwnywén, npb t) hkGg
d L b JtywnpGbph gnudwnG t:

3wyyh wnlkiny, np B_C. = 54 =da Lnp OBC phlywip bqpuihw-
ynn nennnpnywéd hwnywép Gnuyl OC-Gt (q6. 24)" nwpdjw| unw-
Gnid GOp @ +b = b +d@ hwywuwpnipyntlp:

JdbywnnpGtiph gnudwpdwb wyu Gnp® «pblywih QubGnGp» htwnng-
Jwip nwpwéynd t
tptip L wybh qnt-
dwpbihGtph  Ypw:
Spdwé @,b,¢ yby-
wnpGbph  gqnudwpp’
d+b+¢-G, uwh-
Gwlynmd t npytu
d@+b L ¢ ytlwnp- 'y
Giph qnedwp: UG 90.25
Ywpblh t yuanigh «pbljwih» hbnbyw| pGnhwbpwgywéd YuGnbny.
YwiwjwywbnpbG pGunpdwé O Yhinhg nwlnud 66 O4 =a JLywnpp,
A swypwibwnhg’ E =b ytwnpp, B dwjpwiybiinhg® BC =¢ Jtlwn-

np L uinwgywé OA4BC phljjwih O ulhgqpp oC ninnnpnywd hwnyw-
ony Shwglntd C dwypwibnh htinn (6. 25): 3k b inbiulbl, np

0—C.=a§+B_C.=(Zi+I;)+E:
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Uy, Ghwinbind (q6. 25), np @+ + & = OC = 04+ AC = + AC

—  e—— —»

L AC=AB+BC =b+¢, tiqpulwglnid kGp, np Ybywnpltph gni-
dwpdwG gnpénnnupinilp GGpwplyned b Gwb gnignpruwlwi optiGpha.
(E+5)+E=ii+(5+é’): (46)
Spdwé @ L & ybywnpGph hwdwp ii+(— 5) Jtywnnpl whydw-
Gnud BG @ -h L & -h twppbpnupyniG L GawGwlnud.

i+(-b)=d-b:

Epypwswihnpbb a-b wnwpptpnipjwl Ywnnigdwl «qnigwhb-
nwqsh YwinGp» hbnlyw(G t. tpk OA=ad, OB=5 (6. 24), www
BO=-OB=-b L, hbwnkwpwp, pun YehwnnpGhph gnidwpiwb Yuw-
Gnth, d=a-b=d+(-5)=(-5)+a=BO+04=Ba:

Ujuwhuny, a=04 L b=0B ytlwnplbpny Yuwnenigywé qniqu-
htinwqdh npnawlhnpbl nunnnpjwé wiymGwqdtiphg dtlip wjn
ybywnpGbpp qnudwnG t, huly Opntup” viwppbpnip)niGp: Oquwgnpsb-
Lny gniqwhbnwqéh Unndtiph L wGynGwgétiph dhele twppwliwb
tpypwswihnipyniGhg hwynGh Ywwp' Ywpnn tGp gt

|ii + 5‘2 + |ii - 5'2 = 2(|ii|2 + |5|2)

hwywuwpnip)niGp, npp G20wphun t gwlliwgws a L b ytywnnphbiph
hwdwp: hul, ophGwy, G GbnY w)b thwuwnhg, np Gnwiljwh gublyw-
gwé Ynndp thnpp t §jnwu Ynndtiph gnudwphg L 86 t npwlg nnwppb-
pnipjntihg’ yaywninpGhpp hwdwp unwandd bap

’|§|—,5”s|§i5’ <[a| +|3|
wBhwywuwpnepntGGlpp, npnlGp Yngynd G0 Gowlljwl wihwyw-
uwpnipymbGGEp: LwwnbGp np o° 1. 2.6 -myd pybiph hwdwp phpué

GnyOwGiw b wehwdwuwpnp)ntGGpG hpbGg whywGnudp unwgty GG
htig wjuwnbnhg:
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3°. dbywnph pwqiwwwnynmdp pyny: Spwé A puh L a
Jtywnph wpnwnpwie' A8 -G, uwhdwGynus t npwbu |4]-]g] tpyw-
prpyntlG mGbignn Jtywnp, npp hwdmnnywé t a-hG, tpp A>0 L
hwyninnuwé t @ -hG, pp A <0:

Swhlwgwéd A puh L @ Jbywnph hwiwp®

0-d=0, A-6=0, (-)-d@a=-a

npntin, pun Guiunpn YGwnbpnd pGnnGdwd GoulGwynudGhph, -G

qpnjwlw JsywnpG t, puy —-a -G' @ -hG hwlwnhp Jeywnpp:
Jdtywnnpp pund pwqiwwwnyiwh gppdnnnipynilp GGpwplyned

L «qnignpnulwi» b «pw2buwlwi» hbwnbjwl opkGphEpha.
gwllwgwé A, u pykph L a, b JtiyuwnpGeph hwiwp’

1-d=d, (47)
A(ud) = p(Ad) = (Ap)-a, (48)
(A+p)d=Ad+ d , (49)
A@+b)=Ad + b : (50)

Uju opkGpltphg wnwphG tpkiph uwnnignidp pnnlmd LGp plphbp-
gnnhG: bas Jepwptpnud t snppnpn opbGphl, www wyG nbwpndd, bpp
a-GLb-G hwiwghé bG, hwpgh |nLénwdp hwOgbgynid t wnwohl b-
nbp opbkGpGtph Yhpwndwhp: buly bpk a-0 L b -G hwiwghé skG, w-
ww pwywywb t Ywemgb) (Gwiunpn Yewnnd Gwpwgpywd pllwih
YwGnGnd) d+b L Ad+Ab gqmdwplbpp (q6. 26 w, p) L Gwuwnb
OAB L OA’B’ bnwGYniGGEph GowGnipyntGp (GiwGnpjwG A gnp-
owlygnd): Ypwlhg wGdhowwbu hbnlmd t opklpnd wwhwbpynn
hwywuwpnipyniGp™:

* Qdughp 26 p-m uwwlbpdwop hwiwwwnwuluwng t wiG nhwphG, tpp A>1: huy
0<A<l1 niypmd A’ L B’ Ybwbpp YqubGybG hwiwwywinwuluwGupwp OA U OB hwua-
Ywdfibph Ypw:
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b3
@ A B
7.’" -11 A 5 % oA =2F
. OB'slZ+2D
]
b) A>0
B & 3§ L Y A ) A>
a) <O
w p

6. 26

UyGhwywn t, np @ L & ng qpjwlwG Yslwnnplbpp hwdwghé &G
wyb L dhwyG wyb pbwpndd, Gpp gnynupynilG nlbh A phy, wyGwhuhG, np
@ =Ab: 0Gn npntd, tpt A>0, www d-G L -G hwininnywé &G,
huy tpt 4 <0 hwyninnywé:

Spjwé a0 JtywnphG hwdninnywé dhwynp Gpywpnipjwdp
ybyuwnpG whywhnud G @ -hG hwdninnyws dhwynp JElinnp L Gaw-
Gwynwd” @°: Mwpqt, np @ =|a|-a’:

4°. dblpinnph wpnjbyghwG wnwbgph Jpw: Iwppnipjwl Ypw

wnpdwé £ nunhnp, wyn ninnh ypw pGunpdwé € = OE dhwynp ybl-
wnpnd, Ynsdnid t menanpadwé (€ -hG hwininnwé) nenpn’ Ywd,
wuwpquwbu, wnwlgp:

"thgnip AB-G Gnuyl wyn
hwppnipjwl ypw nplt yby-
wnp t (q6. 27). Swlbiny Yby-
winph A L B éwjpwybinbiphg ¢
wnrwlgphG ninnwhwjuglbip’
YuinwGuGp £ -h htwn hwindwb
A" L B’ ybwbpp, npnGp Yng-
gmud GG Z-h Ypw hwiwww-

* Gwuwnnptl, £ -hG Jhpwgpynus k O—E. Ybljunnph monmpymGp:
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nwupuwbwpwnp A L B Ynbph wypnjbyghwlbp: Unwlgph Jpw wow-
pwgwd ﬁ yywnpl whywbnid GG AB Jyywnnph ¢ wnwlgphl
hwdwagh¢ pwnwnnphs:

Uwhdwilnid 4: ﬁ yblywnph dnnnyp’ Jbpgduwé wymu Grur
Gny, bpt A_'B'.-[_r hwdninnqwé t € -pG (e -hG) U ShGnwu Grwlny, bpt
wyl hwiyninndwé t € -pG, wldwlnid 6G ¢ wnwlgph Ypw AB Y-
wnph wpnybyghw U Gywlwynu s pr,A_é :

¢ YhinnnnipyniG: ¢ wnwlGgph Ypw plinpdwé OFE Shwidnp yblwninph
0 Swjpwlbnht hwiwwwinwufuwlbgbbing 0 phyp, huly E éuypwlbinhG 1
phyp, Bhywn wyGwbu, hGswbu nw wpybg n® I 2.3-nud, ¢ -p Qupbih t Jbpwéby
UnnpnpGwwnughG wnwlgph: Un nbwpnid, tpl x,-0 U x,-0 hwdwwwunwu-
hwGwpwn A' U B Ytinbiph YnnpnpGunGbpG 66, www hban b nbully, np
£-hdpw AB yblpinnph wpnjblyghwa ninnuwihh x, - x, wwppbpnipiniGa t:

fthgnip -G ﬁ L A'_B.'=ﬁ ytywnpGtpn Ywqijwéd w-
YnGG t (g6. 27): AA'B’B”-hg unwgynud t

anE:FE‘-cosa (51)
pwhwdlip:

q6. 28

JwinqybGp, np wjl G0wphwn b gwllwgwé nhppnud npywo

AB Jtywnph hwdwp: Lwpu GywwnbOp, np Gpp @=90° (GaYwo
tnwGlnGp, npwbu  wynwhuhG, sh wawgwinud), dh Ynndhg'
cosa =0, gjnwu Ynnihg’ AB-G wwpniGwynn ninhnp ninqwhwjwg t
¢ wnwigpht, wjlwbu np, Ybwnnph dwypwltnbph A" L B’ wpnjt-
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ghwlbpp hwdpGybnud GO L pr,;%—é:O: huy tpp a wGynilp prp
cosa <0, :4'—5‘.’-[3 hwyninnywé t e -hG (g6. 28) L, pun uwhdwGiwd,

pr,A_é = ~<:¥—B’1 = {:é‘ -cos(180" —a) = ‘Xé‘-cosa:

tpt, dtppwwtiu, wwjdwhwdnpdtilp ¢ wnwGgph dpw npwbu
qnnjwlwl Jdbywnnph wpnibyghw plnniGb) 0-0° pr,é=0. www (51)

pwlwdlp 80wphwn YihGh gwlywgws AB dtlywnph hwdwp:
Swlywgwé a Jtywnph L A pyh hwiwp Sdwphun b htinbyw|
hwwuwpnupyntbp:
prAd=A-pra: (52)

huywwbu, tpt @-G a dbywnnph ¢ wnwhGgph htn Ywqiws
wGyntG0 b, wwyw, pun (51) pwlwdlh, prd =a|-cosa: UG nbw-
pnud, ipp 4>0, A@-0 ¢-h htiin Yuqind t GnyG @ walnibp L,
htwnlwpwp, prig =/ Ad@|-cosa=|A|-|d|cosa=A-pra: huy bpp
A<0, Ag -G ¢-h htiwn Juqinud t 180° — & whlyni0, w)Gwtiu np,

pr.Aa@ 5| A|-|a@|-cos(180° - @) =

=-A|a|cos(180° —a)=A:|d|cosa = Apra:

Yhgnip, w)dd, npjwé GO a L b JtywnpGpp: Npnawyhnpkl

pGnpdwé A Ybuwhg wwGtind

AB=d L BC=b Jtywnplbpp’
YwqikGp, hwiwdw)i pLlwih

ywGnGh, AC=@+5b gqniiwpp
(q6. 29):

et x,-0, x,-0 L x.-0 hw-
- Swwwuwnwuhuwlwpwp A, B L C

g9. 29 T Ubwnbph ¢ wnwGgph Ypw wpn-

Jeughwltph YnnpnhGwwnGpb GG (nbu wyu Yewnnud Ywwwpwé np-
wnnnnipjnip), www
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prd=x,-x,, prb=x.-x,, pr@+b)=x.~x,:

Ujuntinhg wGdhpwwbu htnlnud t

pr(a +b)= pra+ pr,l; (53)
hwywuwnnipyntGp:

Uhwynptiiny (52) L (63) hwywuwpnipjniGlbpp” hwiGgnud bhp
dtywnnpuwlwl hwlpwhwynid hnyd Yuplbnp hbnbyw] wylnowGp.

gwllwgwé @ .5 ybywnnGbph L A, 2 putiph hwdwp'

pr.(Ad + ub) = Aprd + uprhb : (54)

5°. dGhywnpwlwl nwpwonipymbGbp: dEynnph Ynnpnh-
GwwnGEpp: Mnnh, hwppnipjwl Ypw Ywd tnwpwénipjwl ibp inpywé
ytywnnpltiph pwqinip)nilp, Gpwlnid uwhdwGywé Yytywnnpleph qnt-
Gwpdwl L yeywnpp pyny pwqiwwwniwb gnpdnnnipynilGhpny, n-
pnGp pwywnwnnd GG (44)-(50) wwjdwGaEphG, Ynsunud t yEunnpw-
ywl wmwpwonipym G: CGnudhl, tnwpwénipnGl whywbnid GG

w) dhwgwth, p) Gphswi, q) Gnwiwih ywd pwqiwiwi, bpb
wj)i Ywqijws t hwiwwwwnwuhiwlwpwp' w) nnnh ypw npjud
(hwdwghé) ybywnnpGtphg, p) hwppnipjw ypw npywé (hwiwhwnp)
ytywnplbphg, q) nwpwénipjwl Gt inpywéd «binwswih» Ywi «pwg-
dwswih» ybywnpltphg:

Ujuwntin, wju wwpwgpwph pewbwybbpnid, gnpéd YnlGhGwhp
GhwjG bpYswih yEynnpwywl nwpwénpjwl hbwn: Ywlb welsynn
Gnp uwhdwGnLdGEpG nu thwuwnbpp pGplipgnnp gqwilnipywl ntiwpntd
bwpnn t htaunnpjwdp dLhwihnfuby «Shwswih» YtlwnnpGhph hwiwp:
huly Grwswih nwpwénipjwb YelwnnpGlpp L npwig plnhwbGpwgnid-
Gbpp YnhuwpydbG wybith ney:

Nhgnip Oxy -p hwppnipjwG Ypw nuinnqwbyyntl YnnpohGwinGliph

npnwlh hwidwlwpg t:

UwhdwGmd 5: AB ybywnph wpnibhghwGtpp Ox U Oy
wnwhgpGbph Ypw Yngymd bG wyn Ybywnnph YnnpnhGunnbbp: Cin
npnd, hGswbu U hwppmipjwl Ybwnbph hwdwp, wpnjbighwl Ox
wnwlgph Ypw Yngynid t Jbywnnph wpughu, huy Oy wnwlgph dpur
ybyinnph opnhGunn:
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bpptidh, pGngétint hwdwn, np @ JelinpG nbh x Ly Ynnpnp-
GwuwnGbpp, wyl Gawlwynud G @(x; y)-ny:

bpb a = AB dtywnph A uyhqpl no B ybpep, npwbu nbywpunjwh
hwppntpjwl  Ytwnbp, mlb0 hwiwwwwnwuliwlwpwnp  (x;y) U
(x,5¥,) UnnpnhOwunGbpp, www, hwiwdwyl Gwhunpn Ybunnud Yw-
tnnwpywé nhinnnnipywl, @ -6 yniobGw (x, — x5 y, = ¥,) UnnpnhGun-
GGpp (q6. 30):

B

xn o x X -2
6. 30
Epypwswnptl wwpq t, np dhLbnyl wewGgph Ypw gulyuw-
gwé bpynt hwydwuwnp Jshinnplph wpnjbyghwGbpp hwdwuwp GG:
M Gawlwyned t, np YnnprhGwwnbbph dhLulneyl hwdwywpgnd hw-
Jwuwp Jbywnnplbpt nGEG hwdwuwp YnnpphbGwunGbp: Uwubwyn-
pwwbu, gwllwgwd a ythinnph hwdwp Ywenighiny uyqpGwybinhg

GLGnn O_M.=ii deywnpp L hwyiph welbind, np uyqplwlbnG nlh
(0;0) UYnnpnhGwuwnGbpp, Oywwnud GGp, np M Swjpwybnh nbywpw-
JwG YnnpnhGwinGlipp Shwowdwbwy dwrwjnid GG npwtu @ YLywnn-
nh YynnpnhGwuwnGbp (6. 30):

Jdtlunnpwywh hwGpwhwzymd YnnpnhGwinGhph dGpnnh tnepjnt-
Op Yuwjwlnud t hnbywnud. nbywpunjwb hwppnipjwl Ypw npgué
ntpupwGgnip @ Jeywnp thnfuwphGbiny wyn yeywnph YnnpnhGww-
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Geph (x;y) Ywpgquynpyws pwanyany’ nupnpndwé hwindwébbph
Jdeyuwnpwywl wwpwénipnlhg wiglnd &G qnun hwlpwhwzyw-
ywG opjtywnGliph” Ywpgwunpywé plwqnuqbph «ybynnpulwb nw-
pwénipywlp»: Uyu ytipphGnud gwllywguwé (x; y) L (#;v) «dblhwnnpGb-
ph» gnudwpdwl L (x;y) Jbywnpp guwllwgws A pyny pwqiw-
wwwnldwb gnpénnnipjntlGGlpp uwhiwlynid B0 hwiwdw)b Gwhunpn

ybwnnud wwwgnigwé (52), (53) Ywd, wybih pGnhwGnep, (54) pw-
Gwdlbph.

(xy)+wv)y=(x+u;y+v), (55)
A(xyy) = (Ax; Ay): (56)
"huinwplyblp, wjdy, hwiwwwunwuluwliwpwp Ox L Oy wnwigp-
(bphG hwinunnywsé 17(1;0) L f'(O;l) Ghwynp yblwnpGlpp (96. 31):
Swllwgwsé E(x;y)=07i dtywnph hwdwp Ywengbiind wyn
ythwnph wnwlgplbphG hw-
Swghé OM, L OM, pwnun- 4™ ... o
phsGtipp L GUwwnbiny, np ;
OM,=x-i,0M,=y-J bl

nnplbph gnuiwpdwl  qnuqu- i
htnwqéh YwhnGhg uwnwGnud ]

kGp @ JLlwnph hbwnbyw Ghp- e
[ 1 1 x
Yuwjwgnip. q6. 31
G=xi+y ], (57)

npwbin x-p L y-p @ -h YnnpnhGuuinGepG GG: LnyG wyn GEplwjwgnidp
Ywpbh t unwOw’ nhnwpytind JeywnnpGepp npwbu juwpgudnpywé
plwqnuygbip L oquybiny (55), (56) pwlwdltiphg.

x(L0)+ y(O;) = (x;0)+(0; ) = (x+0;0+ y) = (x; y):
Splwé d,,d,,---.d, Jeywnplbph U Ywiwjwywh 4,4, 4,

putiph hwiwp Ag, + 4, a, +---+Ad, yslwnpp Yngdnui t a,.a,,--.a,
YEYywnnpGlph gouyhl Yndphbwghw: QwuwnnpbG, (57) pwlwdlp Yuw-
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pth b 0EYOwpwlt] hbwnbyjw| Ybpw. hwppnipjwl Ypw wnpjwé gul-
Jwgwd YLywnp shwpdbpnpkb GEpYwjwgyntd b npubu Gpyne hhdlw-

@ il ] ytywnnpGlph qéwjhG yndphlGwghw: 3kGg wju ybpphl
thwuwnp Gywwnh nulkGwind” hwppnipjwl Ypw npdwé Jeyunnpliph
wnwpwontp)ntll wldwbnud GG Gpygweh: dynnpbbph {;]} qntjql
whywbnud BG Bpyswih nwpwonipjwlb pwqhu:

6°. Uywypwp wpnwnpjwy: dGljinnph ninnnpn YnuhGniuGbpp:
Thgnip a-0 L b-G ns qpnjwlwl yEyunnplhp GG: YnnprhGwwnbbph

ulqpbwybwnhg GiGnn Z)—/; =a b &5 =b ythwnnpGlpny (wyn Jtywinp-
Gtipp wwpniGwlynn Swnwqw)pltipny) Juwqidws bipyne walyyntGlGbphg
wjG, nph dEdnpynibp sh qbipwquignud 180°-p, pGnniGnid GO npwbu

a L b JbywnpGbpny Ywqoyws wilynil b Gowlwynts @:b):
Uwhdwlnid 6: Spqwé @ U b yblyunnpGtph @-b uljwyjwn wp-

tnwnpywyp vwhdwbynid t hbnlyw) pwGwdling.
d-b=d|-|b|-cos@b): (58)

LjwwnkGp, np ybhwnnpltph ujwywp «pwqiwywnlowb» wp-
mynilpned unwgyned t phy (uywywp dednipyncl), wyl ny pb yblywnnp:

bppd =6 Yws b =0, phiwtwn (@:b) walyndG, npwbu wynwhuh(,
sh wnwownd, gpnywlwb YEyunnphG, hGswbu Gadkg n® 2-nud, upbih t
Jtpwapkb Yuwiwjwlwlnpkl pGunpyws nplt ninnnepynih (hwdwpbp w)t
ulgpbwlbnhg GGnn nplt Swrwquw)ph «hwinuinnywoé») L pun wynd

uwhdwlb) (&':5) whlynilp: UGYwh wyn wilywG deonipynilhg, (58)
pwlwdlh we Ynnind, pwGh np |l§|=0, YuunwlwGp 0: UjGwku np,
puwn uwhdwGdwh, gwllwgws @ b b ytiyuwnpGtiph hwidwp’
ia-0=6-b=0-0=0: (59)
Conhwlpwwby, @-b =
plwpwinipjwG dkg, np @ =

hwywuwpnipjnilhg sh ptuncd, hGswbu
Gws b =6:bpk @-G L b-Gng qonjuw-
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Ywl yywnnpGp 66, www, puwn (58) pwlwdélh, d-b=0 wjl L 6hwyh

w)G nbwpntd, bpp cos@:b)=0 Ywd, np ShLGnyGG t, (&':5)=90°:
Wu ntiwpnud a-G L b-G wOdwinmd 60 hnfuninnwhwjwg Ywai op-
pnantwy JEyunnpGhp Lgpnus” @ L b

Spqwé a dblwnnph hwiwp @-@ uqwywp wprnwnpjwil widw-
Gnul b0 @ -h wywywp pwnwlniup L GowGwynd™ @: Mwpgt, np @ -G

hGpG hp htw Ywqind £ 0°-h wGlyniG L, hnlwpwp, cos(ii;Aii)=l:

Ujuntinhg hbwnlnid t, np 4byuninph uuywp pwnwlniuhG hwywuwp
t wyn yywnph Gnpnih pwnwlyneundG.

a=af: (60)

Uwhdwlnudhg wGdhpwwbu pfunid t, np deyunnplbph ufwpwn
pwqiwwwwnydwl gnpénnnupyniip GGpwpyynid t wnbnwihnfuwywl
onbGphG. gwllwgwé @ L b ybywnnpGhph hwdwp'

a-b=b-a: (61)

UGnihbiinb, tipl k-G L £ -p hwiwwwunwuhuwlwpwp @ L b yby-
wnnpGhphG hwdnuinnywé wpwhgplbp B0, wwyw, hwiwdw)b (51) pw-
Gwalh, @-b <d|-|b|-cos@;b)=@|-prb =|b|-prd: Unwlhg, Gyw-
inh weGbpny Gwh (53) pwlwalp, hbunnipjwdp unwgynud b uywpywn
wpunwnpjwih pwzbuwlws hbwnbjw; opkGpp.

gwllwgwé &,b,é YbywnpGhph hwdwp'
db+c)=a-b+a-c: (62)
LniyG (51) pwlwdlpg, wju wiqwd wpnkb Guwwnh wnlbbkiny (52)

pwlwdlp, unwgynid t ufwywp wpinwnpwip pyny pwqiwwwing-
0wl qnignpnwlw opkGpp.

gwllwgwé @ ,b YywnnpGhph L A puh hwiwp’
A-(@-b)=(Jd)-b=a (Ab): (63)

L2tGp, np (61)-(63) opkilpGhinp, Gwunpn Yhwnbpnud dLwlybpw-
Jwd (44)-(50) opkiGplGhph htwn dhwuhl, Yeiunnpuwlwl hwipwhws-
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Unud Ywwwpnid BG GnuyGpwG Ywplnp nbp, nppwG n° I 2.4-nd0 pbp-
Jwé opblpllpp pYwpwhnipjwl db9: Mpwlg 2Gnphhy t, np hGwpw-
dnp t nwelnd Swywnd wpunwhwjnnepntbbbpp L npwig hbn
Jwwywd pwpn dLuwthnfuntpyniGlbpl nu hwywpllbpp twubu wwp-
qbiglb:

Tthgnip, wydd, JbhwnnpGepp wpdwdéd GG hpkOg YnnpnhGwwnlb-
nnu. @(x;y,). B(x,;y,): Iwdwdw)l (57) pwGwalp’

- —

G=xi+yj, b=xji+y,j:
Lwhu Gywuwnklp, np flf L, htinLbwpwn, ;:']=]-f=0Z UjGnt-
htl, |§ [ =1, wlwbu np, pun (60) pwlwdlh, i’ =j*=1: up-

pwnbny Owl ujwywp wpnwnpuwih Jepwebpwy pp pywpyywe
opklpltpp” YuunwGwp.

ib= (xli: +J ) (xzi: + yz])= xrxz;:z + xlyzlr.; + yxxzj’? + )’1)’2]2
Ywd, Ybpelwlwl nbupny,

db=x-x+y (64)
Uwulwynpwuwbu, bpp b=a, (64)-hg utnwgynii t
@y + (65)

pwlwdlp, npp UEYwnph dnnny G wpunwhwjinnid t ysywnnph Ynnpnh-
Owwnbbpny:

hgnp -G L B-0 d@(x;y) ybywnnph hwiwwwnwupwGwpwp
Ox L Oy wnwlgpltiph htin Yuwqiwé walnGGbpG 6G: UGwywp wp-
wwhpwih  uwhdwGnushg  hbwnbnd &, np d-d ga|-cosa,
-j =ld|-cosf: Umwu  Unndhg, pun  (64)  pwGwalh,
ii-f=x-l+y-0=x, ii-f=x-0+y-l= y: Wuwnbnhg, oquhwgqnpdt-
(ny Gwk (65) pwGwadlp, unwgyned &G

Q)

COS Q@ = cosf = Y (66)
X+ X+ y?
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pwlwdlbpp: Wu pwlwdlbpnd uwhiwbdwé coser -G L cos #-0 Yns-
dnud GG a(x;y) JGywnph nenanpn YnuplneulGbp: d%ddup st Gyw-
ik, np npwip nz wj| hGg &G, pwG a-hG hwinuinnywé Shwynp Yby-
winph YnnpnhGwwnGtpp. @° =(cosa;cos f) :

b1GbLny (64) L (65) pwlwdlbnhg™ @(x;y,) L b(x,;y,) Ublwnp-
GEph Ywqiwd wlyywh Ynuhlniup Ywpbih bt wpnwhwjnb] wyn Jby-
wnnpGEph YnnpahGwunGtpnd.

XX 1YY,
\/xlz + ylz 'szz + yzz

Jwzyh wnGkiny Gwl (66) pwlwdlbpp’ YuinwiwGp

cos(&;l;) =

cos(@;b) = cosa, - cosa, +cos f, - cos 3,
pwGwalp, npnud (cos a;;cos B)-p L (cosa,;cos £,) -p hwiwwwinwu-

hwGwpwp a L b yblywnpGeph nunnnpn YnuhGnuulGbph qnuygqbipG Go:

§ 6. unArtrLUSLENP QGdUCNNNHR3NELE

1°. YnnpnhGwinGbph Suwhnfuripywl fulnhpp: LYwpunjwl
hwppnipjwl Ypw YEwh nhppp dhwpdbpnptl npnzgnud t Gpw Ynnpnh-
GwwnGbpny: Vwlw)h, hGswbu wylwpyybg wyu gifuh ulqpnud, npwip
twwbu Ywhjwd 6O YnnpnhGwwnlGbph hwdwlwpgh plunpnip)nibhg:
JdbpgGbind 06y wy hwdwlywpg' Gnuyl Yenh hwdwp unwgynd BG pn-
trpndhG wy’ x° L y" YnnpnhGuwnGbn (nk'u g6. 1): CGn npnd, Gnp hw-

dwlwpgp Ywpnn t wwppbipdt) GwiubhGhg ng Ghw)G hwppntpjw( ynw
gpwywé hp wbnny L nhppnd, hGswbu nw wwwnyipdwsé t q6. 1-nug,
w) b wnwGgplbph thnfuwnwpd nwuwynpnipjwip, swihdwb dhwynpny
L GnuyGhuly Ywnnigwépny: Unwhuh dh ophGwy kp n° 1. 1.5-nud Ghp-
Unwdywé plbinuwyhG YnnpnhGwunGeph hwdwywpgp:

UnnpphGwwlbph dLwdnfunipjwl fuGnhpG t° dh hwdwywpgned
npdwd Yewh YnnpohGwnlbpp wpunwhwyint] gjnwu hwdwlwpgntd
GnuyG wyn Yswnh YnnpahGunGtpny:
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Ujunnbin 060p Yuwhiwlwdwylblp wyl wwpquugnt)b nbwpny,
Gpp Gpynt hwdwlwpgbpG tp nbywpoywt GG, mO6G  swhowb
GhuGnyG Shwynpp L wnwhGgplbph dhulnyG hnfuwnwpd nwuwyn-
pnipynilp: Mwpqyned t, np gwllwgwé wynwhuh bpynt hwdwlwp-
qbiphg dkUp Ywpbih b ptpb §ynuuhG” wnwigpltiph qniqwhbn ntinw-
thnfunipjwdp L ulhgpGultnh 2nipep npnawlh wwnngn ywwnwpbiiny:

2°. 2niquwhbn wmbnwihnfunipyntG: thgnip hwppnipjwl Upw
nbywpnjwl YnnpnhGwuwnGtph Oxy hwdwlwpgp wnbnwywjdws t
«unwbnwpu» nhppnid. Ox wnwlgpp hnphgnOwlwG t L nunnywé t
nbwh we, huy Oy -p ninnwadhq t L ninnywsé t nbwh Ybip:

Uunid &G, np ntiuwpuyw YnnpphGwnGtiph O'x’y" hwiwlwp-
qp uwnwgiti t Oxy hwiwlwpghg' qniqwhtin nnwhnfunipjwip, b-

r pt tpynt hwdwlywpgbnb

nObG  swihdwh  ShuGnyG

Y dhwynpp, O'x’  wnwgpp
: hwdnunnywé t Ox -hG (gqnt-

qwhtin t Ox -h0 L nupnyué' t

e \v—“i—)l nbwh wg), huy Oy"-p hw-
e S dninnywé t Oy -hh (q6. 32):

) ’ Thgnip «Gnp» hwiwywpgh
R R x O ulaprGwltunp <hhGy hu-
Jb dwywpgnid  nGh  (a;b)

o * 46, 32 x X YnnprnhGwwnGbpp:  Ywiw)jw-

Yuwlnpbl pGunpywéd M Yk

UnnpnhGwwnGbpp Oxy hwiwlwpgnud GawlwybGp (x;y)-ny, O'x’'y’

hwiwywpgnud® (x';y") -nyY: 3dwqphg wiihgwuwbu tplnid £, np
x=x+a, y=y +b: (67)

* lunupp w)G dwuhG t, np Ox wnw(gpp, bpp w)G 90°-ny wwnnud bG O Yhwh ynipep’ dw-
dwgmjgh upwph 2wpddwGp hwjwnwy (ppwlywl) nigoipjwdp, hwipGyGmd t Oy -hi: b
nby, wnwGgplGbph wjynuihuh thnjuwnupd puuwynpmipjwl ghypmd wumd bG, np
YnnpnhGuwinGbhph hwdwlwng G mGh we §agdlapnradd:
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Upwlp &0, whw, wjl pwGwaéLbpp, npnlp Yuww BG hwuwnwwnnid
ybwinh «hhG» nL «Gnp» YUnnpphGwwnGlph dhel: Ypwighg thwigqwiihg
unnwgyntd t YynnpnhGwunGliph hwiwnwnpd Jwwp.

xX=x-a,y =y-b: (68)

3°. Mnnuywn uyqpGuwlybinh nppp: hgnip Oxy-p Gnyyh nhp-
pnud b, hGswbiu L q6. 1-nud, hul Gnp hwowlwpgp' Ox’y™-p, unwgyti
t Oxy-hg’ O Ubwh 2ningp @, y
wGlynGny wuwnbine wpnynuG- N P
pnud (qd. 33): A AR

Wuwbn £, Jwiwjwyw-
GnpG plwpjwé M Lbwnh
YnnpnhGwwbGbpp hhG L Gnp
hwiwlwpgbipnid pnn  (hGLG A .

. . LB x X

(xy)ol(x;y)-o

Yhuinwpyblp  uyqplwyt- ' 9¢. 33
wnp M YbwnhG dhwglnn W wnwipn-yywnpp: bpt A-0 Ox’ w-
nwigph GYwwndwdp wjn ybeywnph phpnipjwl walyniGb b, wuw, hGg-
whu bpunud t qéwaqphg’

‘/D
)
.

. '\I;

x5 OM |-cos B, y' = OM |-sin B,
x=|0_1vi |~cos(a+,8)=|0_1t'f|'(cosacos,8—sin asin f),

y =|ﬁi|~sin(af+,5) #W |-(sin @cos B+ cosasin f) :

JwywuwpnipyntGGbph wyu Gpyne qnighg wadhpwwbu unwg-
nui t

x=x.cosa-y'sma, (69)
y=x sina+y cosa
pwlwdélbph hwiwywpgp, npG £ h6Gg Ywwnid t Yhwnh Gnp Ynnpnh-
GwuwnGtipp hhG YnnpnhGwinGeph hbwn:

* hGywhu Shyw, guulwe b pugwuwlwG yunmpanGbpp whap ¢ nwppbnby (@° 10 3.7):
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Jwywnwnd dbwihntunipjwl pwlwdlbpp unwlwnt hwiwp pw-
Jwlwa t (69)-p nhnwplby npwbu x° L y" wGhwjnGpny hwywuw-
pnudGbph hwidwlwpg L nuétp wyl: SYw nbwpnid, vwlw)a, oguiw-
Ywp t Gwl Gyuwby, np tpt Ox’y” Gnp hwdwlwpgp utnwgytbi t
Oxy -hg" ulgqplwlybtwnh 2nipep @ wlyntGny wunbithu, www Oxy -p
Yuwwgyh Ox"y"-hg, tipk YtipehGu wunwnbbp —a whlniony: Uju nw-
winnnipjwdp, (69)-hg utnwgyniy t

x = xcos(—) — ysin(-a),

{y' = xsin(-a) + ycos(-a)

Ywd, ybpplwlwl nbupny,

{x' =xcosa + ysina, (70)

y' =-xsina+ ycos
hwiwlwngp:

Canhwlnip nbwpnuy, bpp dhwdwlwlwly Yuwwwpyt t Oxy hw-
dwlwpgh pb" qnigwhtin inbinwihnfunipynil, pt’ wwnuywn, Ynnpnh-
GwuwnlGbph dLwihntuntpjwl pwGwdlbpp unwgynd GG npwbu (67) L
(69) pwlwdlbph hwiwnpnud®

x=a+x cosa-y sina,
y=b+x sina+y cosa:

Awlwnwpd dLwihntuntpjwl pwlwdlbpp unwgyntd GG (68) L
(70) pwhwdlbphg.

x' =(x—a)cosa+(y-b)sina,
y =-(x—-a)sina+(y—b)cosa:

OphGwy 14: hlywbiu Gyybg n° I1. 3.3-nu4, y=£ (k 20) dnilyghwih
X

anwdhlp (x- y =k hwywuwpnidny npnaynn Ynnp) hhwtnpny t, nah hwdwn
ynnpnhGwunwihl wrwigpbbpp dwnwjnud LG npwbu wuhdwywnnGbn: 3w-
gnqytiint hwdwn, np gpwdhlh wiwbnudp wynnbn Ghawn t pGupwé, Yw-
nwnblp YnnpnhlwwnwihG hwiwlwpgh wwnyn' a = 45° wilnibny: Lwth
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V2

nn cos45° =sin45° =T' (69) pwlwdbLbtiphg YnbGbGwGp.

xX= X£—yJ— y—x.ﬁ-f.y ﬂ
2 2 2
Stnuwnnbiny xy = & hwywuwpdwb dbg” Yuunwlwhp

o2

-yt =2k
hwywuwnnidp, npp htilGg hhwbippnih YwinGwlwl hwywuwnpndG b (n° 4.3)
a=b=+2k ntwpnud: Laklp, np tipp &£ <0, wwnnwnp whnp t Yunwpyh
a =135 wayyn.lny:

dufdgntre3ntuvuen

L. Quwinfubin x*+y*-4x+6y-7=0 hwiwuwpniip (8) wbuph

(n° 2.1)" hwinqyby, np npwiny npnzynn Ynnp 2newlwghd t:
w) Gunltip wyn 2ppwlwqoh ykGwpnGh htnwynpnpynilp 2x-y+3=0

L Sx+4y+1=0 ninpnlbph hwwndwi Yhwnhg:
p) bwquib| 2ppwlwqoh YhGwpnlng whglnn b x+3y-10=0 nnnhl
ninnwhwjwg ninnh hwywuwnpnudp:

2. Lwqibp A(5;-3), B(-1;17) swypwytwnbpnd hwindwosh dhelwybnny
whbglnn L 4x + 2y -7 =0 nnnhl gniqwhtin ninnh hwjwuwpnudp:

3. Quab AB =5(—5;2) L A_D. =J(3;1) ynnitipny qniquhtinwqsh Gtpphl
whyyn G0N0 nL dwybiptup:

4. Spws t Ax+ By+C =0 nunpnp: Snyg wwy, np 7(A;B) ybluwnpp
win ninnp Ypw pllws gwlywgwé dblywnphl oppngnlwy b, huy
2(—B;A) ybywnpp’ hwdwghe:

5. Uwuwgnighi, np (x,:y,) Ybwny whglnn L 2(p;q) ytiywnnphl qniqwhbin
ninhnp npnadnud b x=x,+pr, y =y, + gt (—ee <t <+e0) wwnwdbn-
pwywb hwywuwpnuiGbpny:

6. Uwnwgby, np gwllwgws & L b ybywnpGbph hwdwp G0wphuwn t
(@-b)-(@+b)=al -|b [ hwwuwnnipynilp:
h°ag mbup Lmﬁnmﬁh hwywuwpng)ntlp wjl dwulwynp nbwpnud, tpp
a= OA Lb= OB yeywnpGbpp 2bnwljwh Yhg Ynnobnh bG: ULLGw-
pwb unwgywoép bpypwswihnnbl:
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10.

11.

12.

128

Lwnnigb [x] +% =1 (a>0;b>0) hwjwuwnpnidny npnaynn Ynnp:
a

gglgnld: UnnpnhGwwnwihG pwenpnGiphg jnupwpwlgnipnid wquinygtp dnnny-
nhg:

NLwpunjwl hwppnipywl Ynw npfws bG A(x;y,) L B(x,;y,) Ybwnk-
pp: 8nyg wwyg, np hwppnipjwl wyl Ytwnbph Gpypwswdhwlwh nbnp,
nnnGg” A Ytiwnhg htinwynpnipjwl pwnwlnwunt L B Ytinhg hnwynpnip-
jwl pwewyniunt nwnppbpnepynlGp hwunwwnniG t, ppkGhg Geplywjwg-
Gnui t 4 L B ybwnbpny waglnn ninnhG ninqwhwjwg ninpn:

wppnipjwl Ypw wpdwé GG A4(a;0) Yawp L x* +y* =r? (0Sr<a)
hwywuwpnidny npnauynn hwiwykGuinpnG 2pewbwqétiph pGuwGhpp:

w) Anlb w)h Ybwbpph Gpypwswhwlwh inbnp, npnGgnud 4 Yhwnnyg
whghnn nput nunhn 2n2wihnud t wyn 2ppwbwqétiphg nplt dGYHG:

p) Ywqdk| unwgynn Ynph hwywuwpnuip pubinwjhG YnnpnhGwnGlpny:
8nignid: Oqunybip wjb hwuwnhg, np 2n2withdwb Ybwnnid 2nwihnnp nipnwhw)jwg
t wnwynhG:

wppnipywl Ypw npywo b0 £ (—¢c;0) L F,(c;0) Ytintipp (Pnyncubbnp):
Jwppnipjwl wyb Yewnbph Gpypwswdwywl nbnp, npnlg” F L F, 4b-
wntiphg htnwynpnip)ntGlbpp wpunwnpwip hwunwwnnb t, Yngynud t
15dGhuyunn:

w) Ywqit) EoGhulwinh hwywuwpnudp wyG Jwulwynp nbwpnd, tpp
hhwunwyyjwd hwuwnwwnnilp cat:

p) Gwqik) GG wyn |ESGhulwnh hwyjwuwpnudp plbnwihG Ynnpnh-
GwuwnGbph hwiwlwpgnid: Ywuwnwptg géwghp:

8nignid: Oquyby n° 1.5-ntd pbpywé YnnpnhGwnGbph dbwihnfunipywl (8) L (7)
pwlwadlbphg:

wppnipjwl Ypw wpdwé G x+a=0 L y =0 ninhnGtpp: NunhnGtipp
ufunid 66wyl SpLGnyb wblynibGwihG wpwgnipjwip, pln npnd,
wnwehlp® (-a;0) UYbwh 2nipep, Gpypnpnp” (a;0) Ytwnh 2nipep: Ywa-
gbp wjn nunpnGbph hwwndwh yeinh hbnwqéh hwywuwpmdp, bpp nt-
nhnGtpp wwnwnynud 66

w) UhLGnyG ninnnupjwdp;

p) hijwlg hwywnwy ninnmpnitGlepny:

Nhuiwpytlp F(—c;0) L F,(c;0) $nyntuGtipny, @ b b Yhuwnwhgpllinny
2

tthwup b x = +2 hwywuwpnuiGepny wpws £° L £7 mnqwdhg nunhn-
c

Gtnp. npnGp Yngyntd BG tihwuh nhpbywphuGtin: Shgnip M (x; y) -p tihwuh
pGpwghy YnnpnhGwwnltipny Yewna t, huy d,-p b d, ¢° M Ybwnh hwiwww-
nwuluwlwpwn F, L F, dnyniultphg htrwynpnepyntGGhpp (6. 16):



13.

plbnwihG wnwGgpp hnphgnlwywo

nhnpnid’ nunAywé nbwh we, gnuyg
niwyg, np

nwihG YnnprhGwuwnGtiph plGnpjwé

w) 8nug ww, np d,-p L d,-p Jupbilh t hwaytki

d=at+te,d,=a-&
pwlwalitpny, npintin ¢ =fu ynsynud t tpugtiGunphuhuntinn:
a

8nignul: Ywaqdb dl2 -dl2 =(d, -d,)d, +d,) nwnpptipnipynilp U hwadh wn-
0k, bGbLny thwuh uwhdwlnwshg, np d, +d, =2a:

p) Uwwgnigbl, np nhunwplydnn tihwup wyb Yawnbiph bpypwswihwlywo
wbnG t, npnGg” F, $nlyniuhg (F, dnyniuhg) L £ ninnhg (£° nunnhg)
nbtigwé htinwynpnipynibGtiph hwpwptipnupynitbp hwuwnwwnnio t (hw-
Jwuwnt € -hG):

q) Mwbhwwtiiny uGnpnid uunwpywéd Gowbwynidbbpp” wwwgnighy
Ghaw GnuGuwhup wannud n® 4.3-nud uwhdwGywé hhwtippnh hwdwp:

n) 3wdtdwwb) p) L q) wonnuibtipp n° 4.4-nLd Lpywd wwpwpnih uwh-
JwOdw@ hbwn L Gywnt) fuGnpnud bhwunwyywé tipkip nwuwywb ynpb-
nh (YnGwlwa hwwnnplliph) Lu §h ywplnp pGrhwGpnepyniG:

Thgnip F-p tihwuh n° 4.2-nud F(=c;0) $nyniul t: F $nlniuny wiglnn
ninnwéhg (wph Ytup® FM, -G, | u(o;w) ..

GwlOwytibp p-ny (qo. 34):
COwpbny F-p npwtiu plbin, huy

w) tthwuh hwyjwuwpnuip plb-

hwdwywpgnid nilh

.r |
l-£cosp i

wbupp, npbn €-p tthwuh tpu-
giGwnphuhintinnG £t (0<e<1) (nbu Q0. 34

Gwhunpn fuGnhpp):

p) 3wdnqyb(, np tipp £ =1, GnyyG wyn hwywuwnnwdng npnaynn Ynpp ww-

nuwpny t, hul tipp € >1° hhwtippn| (hhwbppnih nbiwh we ninnywé Synunp):

Bnigmud: Swib) F $nyniuhl hwiwwwinwuhuwnn €7 ahpbiuphup b, ogunyt-
FM FM

(ny Gwlunpn huGnph p) wonnuwhg, GYwunbl, np ——=——-2=¢, npnbn M-p
MQ MR

Ynpp plpwghy YnnpohGwinbGbipny Yol t:
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QLN TV
uulvuuLutrk StunkH3NHL
§ 1. 3unNPrMULULNFER3NFLLEN

1°. Swenpnwlwlnipywl vwhdwlGndp: "hgnip Y-p nplt ng
nwuwny pwqdnepyntl t:

Uwhdwlmd 1: POwlwl pytph pwqdnipywl Ypw npnpywd
h:N->Y pnilGhyghwi Ynsynid t hwenpnwlwlGnipyntG (Y pwqini-
piwl tnnwppbphg Yuwqidwd woydting hwonpnwlwinipini0):

dnGyghwih wpdbpp 1 Yhwnnd® A1) -p, wojwbnid GG hwenp-
nwlwlnipjwl wnwehl wanwd, A(2)-p’ Gpypapn whnwd L w0
Onipnfuwlwh 7 pOwlwb pyh hwiwp A(n)-p wodwbnd GG A-pn Yuwd
panhwlnip wlnwyd: Swlywgwd n-h hwdwp A(n-1)-p (n>1 L
h(n+1)-p Ynsynud GG A(n) -h0 hwiwwwuwnwuhuwGwpwp Gwlunpnnn
L hwenpnnn winwdGbp:

Jwenpnuwlwbnipjwd n-pn wlnwdh® A(n)-h ¢ghnfuwpbs wybip
hwswhu ogunwagnpénud GG y, Gawlbwynwdp, npnud y-p GEplywjwgyws
t npwbu Y pwqinitpjw wnwpp, huly #-p gniyg t nmwihu, pb hwunjw-
whu np pOwywG pupl bt hwiwwwunwuuwibgwéd y-p Ywd hwenp-
nwywbnipjw npbpnpn wonwdG t w)l:

Jwtdwty, tpp funuynud t y, pGrhwlnip wlnwdny hwenprwyw-
Gnipjwl dwuhG, ninqwyh wundd 6G6° npdwé t y, Jwd

Vi Yaseees Yyreon 4
hwonpnwywbnipyniGp: Wu dbpeht Gwlwymip Gwbk wwpqupw-
linud0 t wyl hwngh, pb hGgnt GG pGwlwh pybph pwqinipjwl Upw
npn2dwé $nbyghwl wiywbnid «hwenprwlwbnipynib»:

4 Thunnnpimid 1: «UGdbpe hwenpnwlwbnipnil»  wiwbnuip
wwjdwlwynpqwé t Gpwany, np pGwlyws pybph pwqdnipnibGl whytipg t:
POs YEpwpbpdmud t Y -hG, www wjG Ywpnn t ng ShwyG Ytppwynp haky,
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wy GnuOhuy Ywqdws (hGk Shwyl dky wwpphg: Uu ybpehG nhiwpndd,
htnbbind n® 11 2.5-nud wpdwé uwhdwbnd 8-hG, hwenpnwlwanip)nilb
wljwinid &6 hwuwnwwnntb: Qwuwnnpbl, hwuwnwwnnl hwenprwlwbnt-
pjwl pninp whnwdGkpG hpwp hwywuwnp GG:

2°. ByuwijhG hwonpnwlwbnipyniGGlp: Iwenpnwlwbnipnilp,
nph wGnwdGkpp pYbip GG, Yngynid b plwjhG hwenpnwlwGnipynih:

P@uwjhG hwenpnwlwlnipnibp, hGswbu L pwihG Pnibyghwa,
wpbh t vnw) pwlwdling:

Ophbwy 1: y,_ =l: Uw, bipt GhplywjwglblGp (1) wnbkupny, hbwbjw| hw-
n
annwuwﬁhpjmﬁﬁ L.
1l
23

OphGwy 2: y, =(—1)": Wuwnbn gnné nilbklp dbyplndbe YpyGunn wa-
nwdbbpny hwenpnwlwlnipjwl htiwn.

-L1,-11-:

Eppbdl hweonpnwlwbnipynilp GEplwywgynid t hp wnweh dp
pwlh wlnwdGkpny, npnGg thnhnfudwG ophGwswihnipyntlp hnwzned

t (hhwplyb nw fuhuwnn st) pb hGsh GG hwywuwp npwiGg hwenpnnn
Jlwgwd whnwuibbpp:

OphGuwy 3: Cunn wikGw)Gh,
1 2 3 4

2 3 4 5

hwonpnwywlnipjwlb 5-pn whnwdp —%-0 t, buy pGnhwlnip wlnwdp

wpynud t x, = - n pwlwdlny:
n+l

Swun nwpwédywd t Gwl hwenpnulwlnipjwl wjuwbu Yngwoé
«wlnpuwnwpd pwlwdlbny» wpdwl bnwiwlp: Canhwinp whnwih
pwgwhwjn $niGyghnlwy Ywhunidp n-hg pwlwdlng wwint thnfuw-
nbG Gbpywjwgynd t wyn winwih Ywwp hpbG Gwhunpnnn 0L Yud
dh pwGh wlnwiGhph hbw:
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OphGwy 4: x, =a, x,=x, +d (n22): Nbblwny x-p, wlnpw-
nwnd pwlwdbny hulnt)b unwinud Gap.

x,=x+d=a+d, x,=x,+d=a+d+d=a+2d,...

X, =a+(n—l)a',...:

Ndqwn st wbubb, np unwgdwsd hwenppwlwibnipynilp puypnguwlwa
Spwanphg pwe Swlnp pywpwlwlywh wpngpbuhwh t: IGwnwppphp t Gwh
Ghwwbl, wpnwanptny #-pn winwih pwiwdbp x, =dn+a—-d wnbkupny, np
pwpwlwlwl wpngpbuhw, thwuwnnpkb, powywh pytph pwqdnipywl Jpw
npn2qws gbwihl dnibyghw t (d whlnibGwihG gnpdwlgny b a —d wquin
wlnwdny):

Oppbwly 5: x =1, x, =1, x, =x,_, +x

n

_, (n23): Wuwntin t|, hwenpnuw-
pwp quilnid GGp.
X,=x+x=1+1=2,
X, =X, +x,=2+1=3,
X=X, +x,=3+2=5
b wy)G: b nbw, vnwgywé hwenpnwlwbnipjwl winwdbkpp®
1,1,2,3,5,8,13, ..,

Yngyncd GG dhpnlGwghh pybp’ h wwuwnhy npwlp wrwehl wiqwd niunidlw-
uhpwé XIII nwph hvnwiwgh dwpbdwwhynu LenGwpnn Shpnlwghh:

3°. UnGnumnl hwgnpnwlwbnipniGabp: @Jwjht $nlbyghwlt-
nh hwdwp n° IL 2.5-nud pbpdwé uwhdwGnudGhpp twpwéynd bG

Gwl hwenpnwlwbnipyniGGlph ypw: OphGwy, y, hwenprwlywhnt-
pincbp Yynguh wdnn, tipk gwliywgwsd », L », pGwywh pytph hw-
dwp 7, <n, wihwdwuwpnipynilhg htitnlih Y, <Y, wlihwjwuwpnt-

pintGp: UwlwyG, hwzdh wnltind hwenprwlwbnipymGGlph, npwbu
Jwulwynp nhyh nGyghwbiph, wnwbdGwhwwnynipnibp, dnGnunn-
Gnipjwl vwhdwGnudGlphG Ywpbih b ww) wybh ywpq nbup:

Uwhdwlnid 2: x, hwonpnwlwGnipniGp Ynsdnid £
w) wonn, tpt VneN (x, <x,,,);
p) égdquqi bpb vne N (xn < n+l);
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q) Gywaqnn, tpt Vne N (x,, > xM,);
n) swonn, bpt VneN (x,2x,,);

3bwn t uwnniglip, np ophlwy 1-nud L 3-nud phunwpydwd hwenp-
nwlwbnup)ntGGlipp Gwqnn GG, ophGwy 5-nud” swénn, huy ophGwy
2-nud pEpYwép nunnwyh OnGnnnG st:

OphGwly 6:1,2,2,3,3,3,4,4,4,4, 5, ... hwonpnwiwlnip)nilp, npnud
1 phyp Gbplwywgywé b dbYy wihqwd, 2-p° Gplynt wiqud, 3-p° pkp wigqwd L
wy G, s4dwqnn t, pwyg wann st: Puqiwwwinlybingd pninp wlnwdbbipp -1-ny’
Luunwlwlp swsnn, pwjg ng Gwqnn hwenpnwlwbnipynil:

Wuwnbin t, hGswbu n° IL 2.5-nu, wnwGdGwhwwnndy GobGp, np
hwuwnwwnnid hwenpnwlywGnipyniGp dnlnwnnG t: 00 npnud, wyb Yw-

pnn t nhnwplybl pb” npwbu sGdwqnn, pb* npwbu swdnn hwenprw-
YwGnip)ntG:

4°. bapwhwonpnwlwlmpymbGtp: Splwoé t x, hwonprwlw-
GnipjnLGp:

Uwhidwimd 3: PGwlwi pybiphg Luwqiywé gullwgwd
k <k, <...<k, <... wonn hwgnpnwlwinipjwl hwiwp

Xy sXiys oos Xp s ooe {2
hwonpnwlwGnipiniGp Yngymd t x, hwegnpnuwlwlnipyjwl EGpwhw-
gnpnwlwbnipyntG: Uunid G0 G, np x,  GGpwhwenpnwlwhnipjnt-
Gp pGunpdwé t x, -hg:

bhwpyt, guwbynipjwl nbwpnid (2)-p Ywpbih t ghowpyb) npwbu
hGpGnipnyG hwonpnwywhnipniG hp x,  pGnhwlnip (7-pn) winw-

dny: Uhw)G pb GYwuntiGp, np bipt x, -p (2)-ntd 7-pn wlnwdG b, wwyw
bwybunwhG hweonpwlywinipjwlb Ywqdnd wyG Ypnd t £, -pn hw-
dwpp: bppbdG oquiwywp t thGnud hwadh walty, np 20nphhy &, hw-
onprwlywinep)jwl wdwh, gwGywgwé n-h hwdwp® k, 2n:

OppGwy 7: Spywséd x, hwenprwywGnipywl hwdwp Ywaqdbing pGw-
4w pytiph
2<4<b6<---<2n<--
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hwenpnwywGnepyniGp (k, =2n)" npwl hwiwwwwnwuhuwl Yunwlwbp x, -h
qnyq hwiwnGbpny wlnwdGtph topwhwenpnwlwbnip)nibp.

Xy Xgy XgseesXgyyunnt

buy ytpglbind &, =2n-1" JuunwGwlp x, -h YtGuw hwiwnGbpny wi-
nwilbkph tpwhwenpnwlwbnipyniGp:

5°. UwhdwGuwthwly hwonpnwlwGnipyniGlbp:

Uwhdwlmd 4: x, hwonpnwlwlnipintGp Ynsynid t dliplihg
vwhdwlwthwyy, tpt qnynipiniG niGh M phy, nphG hwonpnwlwnt-
pjwl ng bh wnwd sh gipwquigntd.

IMeR VneN (x,<M):

JwdwGdwlnpbl, x,-p Ynsynid t Gppuhg uwhdwlwihwy, tpt
qgynipnil nlGh m phy, wGwhuht, np
VneN (m<x,):

Uwhdwlmd 5: x, hwonpnwlwGntpinip Ynsynid t uwhdwlGw-
thwly, tpt wjG vwhdwGwhwy t pt” Ytiplhg, pt’ Gippluhg:

hGswbu L n’® I. 3.2-nud, wyuwnbin by htnnipyjwdp Ywpbih t gnyg
wuwt, np X, -p uwhdwlwiwly b w)lb b dhw)G wyb nbwpncy, Gpp

ICeR VneN (|x,|<C):

OphGuwl 1-ntd, 2-nud k 3-nd nhunwpydwé hwonpnwlwlnipindl-
Gtpp vwhdwGwihwy GG, pwGh np Gpepned b wlnwdGeph dnnnuGepp
$t0 qgbpwquwbgnuy 1-p:

OphGwy 8: PGwlwh pYtiph hwenpnwlwbnipyniGp’
1,2,3,...,n,...,

GGpplhg uwhdwGwihwy t 1-ny, huy YbpLhg vwhiwbGwihwy gk, pwah np (hp-
2tGp Upphdtinh uyqpnibpp), qwiywgwé M pyh hwiwp gnynipyntl nilh npw-
Ghg Uké pGwlw phy:

Wu dtpohG ophGwlp Lwwwlgnipjwidp wpdt Gwbl Gabg, np
saqwqnn hwonpnwlwGnipiniGp Gippluhg vwhdwGwhwy t, ophGuly
hn huly wnwohl wlnwdny, huy swdnn hwopnwlwlnipin Gp vwhdw-
Guithwl t ybpluphg (nwpdjw) wnwohl wlnwdny):
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OphGwy 9: x = (-1)" -n: Uu hwynpnwlwbnipjnibp uwhdwbwihwy
st n’g Gipplhg, n’s Ytipuhg:

§ 2. 3uLNMMULULNFR3UL UUIVULL

1°. bwubwhwl njunnnnipinGGEp: dhqhywywl wwppbp db-
onwpnibGbph pqwyhG wpdbipp npnzbint hwdwp Yuwnwpynn gnuan
nbhuhywywb swihnuiGipp hwqyunby Ywpnn 56 hwGqbglhy
G62gnphun wpryniGph: Mw, Gwhbwnwe, wwjdwlwynpdwé t Gpwbny,
np nbluGhywlwG ng 8h swihhs uwpp Gunwpwy st Upnie, ng ywlwu
Ywplnp hwlqwiwbpt wjl t, np qnpdlwlwl Gywwnwlny swihnid-
Ghp Ywwwpbihu, npwbu YwanG, ogunwgnpdnud GG Ghihw)G nwghn-
Gwy pybp: Puy npwbgny, hGswbu gniyg wnipdtig n° 1. 2.3-nud, Shwynp
pwnwyniunt wbynibwqdsh tplwpnipyniGp, ophlGwl, hGwpwynp st
629phwn wpwnwhwjnb: Mw, hGs funup, gnun nblubhywlwb wenudnyg
ulqpniGpwyhG by st: 510Gy uGnph wwhwleltphg™ thndhG Ywpbith t
pwywpwpyb] swihynn dbonpjwl wju Ywd wyl Ggpunnipjusdp
unwgywéd dninwynp wnpdbpny:

Uwlw)l, wiywulwé, pt’ qgnpéGuwlwi, pt” whuwlwl wenuding

uyqpnibpwyhb O hbwnbjw) hwpgwnpnudGtpp.

L. NppwGn™y t swihdwG wpmyniGpntd unwgywd dnwnwynp wp-
dipp Grgphunn wpunwhwynnid gwihynn dbénippwl ppwlwl
wpdtipp:

IL Gwpbp” t wpnynp hwdnqywd (hGhy, np npnwlh Enwlwlyny
bwwnwpynn rwpniGwwlwi sgwhnidGiphg uwnwgynn dnunw-
ynp wpnyniGpGipp, hGg-np dh puyihg uluwd, swihynn dkont-
pjwl ppwlhwl wndbphg Yuwnpbpdbl wybih phs, pwi Gu-
fuwwbu npdwd, gwllwgwd swhny thnpp npwlwl phya t:

Uhw wju pulnhpGbpG GG, np h ybpen hwlqbgnti GG hwenpnw-

YwGnipyw(, wybnihbunb Gwbl $ncbyghwih uwhdwbh qunwihwphG:
UwhiwGh qunwiwpp, puwn deq hwuwd wnpynipGbph, dwab t
ninbu wGwhY nwpwzpowbnud: Upphdtinp, ophbwy, wpdwéd npwiw-
qh6G nultignn 2powlh dwybpbup npnzbint hwdwp nhunwpymd tp
wjn 2powhG Gepgéwéd YwbnGwynp pwqiwbyyntl, hwaynid npw dw-
Ytptup L unwgywéh phnnuGnd npwbiv 2pewGh dwytiptivh wnwghl
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dnuwpynid: UjGnihtwnk, pwy we pw) Ypylwwwnlyting pwqiwi-
Wwb ynnitph phyp, Gw hpwywghnptiG hwjunwpwpnad tp, np npnw-
yp pwjtiphg htwn unwgynn pninp Gpgéwé pwqiwllyntGGtiph dw-
YbpbuGtpp Gwhwwbu uwhiwliwé guwllwgws Gunnipjwip hwyw-
uwp Y hGEG 2ppwlh dwltpbupG:

UwhdwGh qunwthwph hbnwqw hunwytignudb nt qupgugniip
hwlqbgpt| b dwiwlwlywyhg dwpbiwwhlwynid hnyd Ywplinp hwuw-
gnipjnLllbph’ $nLbyghw)h wéwhgwip L hGnbigpwih unbndtiwhp:

Jwonpnwliwbnipjwl vwhdwbh bwenpn YEwnnud wpjwé vwhdw-
Gnudp wwinwGnd £ O. UnzhhG’: 36Gg Gw b vk t uwhiwG nLGkgnn

hwenpnwywbnipyntGGEph uwywnhy Giwpwahpp:

2°. Jwpnpnwlwbmpjwl vwhdwGh uwhdwlnidp: Thgnip x, -p
pywjhG hwonpnuwlwbnip)ntb t:

Uwhdwbned 6: a phyp Ynsynid t x, hwonpnuwlywGnipjwG uwh-
dwh, bpt guwllwgwsd € npwlwl pyh hwdwp (nppwl ty wyl thnpp
LhGh) qnynipyniG niGh ny hwdwp, nphg vyuwé hwonpnuwlwinipjuwl
gninp winwdbbipb a -hg nwpptipynid &G wiybith phs, pwi € -G L.

Ve>0 IneN {n2n,=|x, —al<e}:

Gpti a-0 x, hwenpnuwlwlnipjwl vwhiwb t, www wund GO
Gwl, np x, -p dquincd t wd gniquishuninid t a-pG L gpnud’

limx,=a” Ywd x, oa:

Uwhdwl nlGtignn hwenpnwlwGnipynilp Ynsynud t gnigudtn,
huy uwhdwh sniGbgnnp” tnwpwdbn:

¢ HhunnnipymG 3: UwhiwGdwG gt hhawinwyynn n, hwdwph plw-
prpinLlp Yuwhujwo b £ -hg: Mtitnp & hwulwGwy, np nppwh thnpp t Guhuw-
wbu wndwéd € -p, w)lGpwa, npubiu YwhnG, dtd whwp t tipglGby n,-G: bpb

ophlwy €, <€, www

x, —a‘<€I wGhwywuwpnipjwlp pwywpwpnn wi-

* Ogymuinb8 Lath Unzh (1789-1857), pwluhwgh Swpbswwnhlnu: Qwiwpmy & Swphlw-
Ex.lhumlqmﬁ whwihqgh hhdGwnhpGhphg shyp:
LwunhGhphG limes (GwGwlynud  vwhiwG) pwnh YpSwwn LG L:
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nwilGtphg dh pwlGhup Ywpnn GG wjlku |x" —a|<(':2 wihwywuwpnipjwlp
¢pwywpunt(:

n+l

Ophlwy 10: Snyg nwlp, np x, = —— hwenpnwlwinipynilp gmqu-
n

dtwn t, pln npmud” limx, =1:
fhgnp € -p wiwjwlwbnpbG wpwé npwlywl phy t: CGwnptGp n,
plwlwl phyl wjlwbu, np Gdwphwn hGh L<g wihwywuwpnipynilp
nO

(nbu n° 1. 2.7-h p)-G): Gpb, wydd, n > n,, www'
1

1
=—<—<E,
n n,

n+l

2

!
n

|x, ~1|=

huly nw GawGwynid t, np 1, -G hblg uwhdwGdwh dtie wwhwgynn hwdwn( t:
Lywuwntilp, np wyu ophGwlnid dbq hwynnytg YuwiwjwlwGnpkl npwd
npwlwG pyh hwdwnp® 7, -h dhwil gnynipyniG0 wwwgnigh: UwhiwGdwG
069, h nbw, wybihG stp b wwhwGeymd: Uy pwG t, Gpp £ -p npnzwiyhnptG t
npywé:
beb, ophlwy, £ =1, wyw pwywywa t ytingGt| n, =2 L GYywwnby, np

1

nz22= x,,—l|=—]-s—<1:
n 2

Pwjg, tpp £ =107, wpnkG n, =2 hwdwpp whwwih st: Uinhwywé LGp
ytinglt| wnlywql 7, =1001 L wyn nbwpntd nwpdjuwy YniGbGwap.

SL<10":

n21001= !
n 1001

x,,—‘l|=

Ophlwy 11: y, =.1_: tpt Jwdiwjwlwhnptl wpdwd & npwlwb pyh
n

hwidwp n, -0 Gwhunpn ophGwymd pGupydwdh b, www, tpp n2n,°
I 1
ly, -0l =—<—<e.
n n,
npp Gawlwlynud k, np y, hwenpnwlwbnipiniGp gniguwibn t L nulh 0 uwhdwG:
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Udpwqnpbbp wju dtipght ophlwynid unwgywd thwunp, pwbh
np npwh pwqdhgu BOp winpwnwnGwnt.

lim2 =0: (3)

n

Spywé a pdh L gwllywgwés ¢ npuwywl pdh hwidwp pqwjhG
wnwigph (a-¢; a+¢) ShowywypG wilwlnud kG a YLwh (a puh)
£- npwlwp:

Upuwagnbiny |x,, —a\ <& wihwjwuwpnpnilp -e<x,-a<e¢
Ywd a-¢<x, <a+¢e wbupny uwhdwGnid 6-hG Yupbth £ wwy hb-
wnlywy hwdwndtip dLwybpwnudp:

Uwhdwlmd 6': a phyp Ynsynid t x, hwonpnwlwGnipjwl uwh-

dwd, bpt a-h guwlhwgwd (nppwl wubu Gbn) € —ppwlwipp wwnni-
Guwyntd t hwonpnwiwlnipjwl pninp winwdlbnp, pwgwnnipjudp,
qnigl, Ytpowynn pyYny wlnwdGbph:

hpnp, tpk a-G x,-h uwhdwG t pun uwhdwlnud 6-h, www Yuw-

SwywywnpblG wpdwéd £-h hwiwp plnpbind hwiwwywunwupuw
n, -G, YntGbGwGp, np tipp n2n,, |x,—al<e Jwd, np ShlGneyGa t,
x, € (a—e;a+£): Pwgwnnip)nth Ywpnn b6 Ywqot) dhwjl wrwohl
n, —~1 wlnwdGbpp, npnGp ybpowdnp hwwn LG:

Ujnwu Ynndhg, bpl a-0 x,-h uwhdwb t pun uwhdwlnd 6'-h,
www gwilwgwé € -h hwiwp' (a - €;a + €) thewlw)phg nnipu Yuw-
nnn 66 qunGyt) hwenpnwlwbnipywG dhwyb Ytpgwynp pyny winwd-
Gbp: 6pb npwlp x, ,x, ,...,x, winwdGlnb 66, www npwbu uwhdiw-
Gnud 6-nud wwhwboynn n, Ywpbih t Jbpglby

n, =1+max{k,,k2,...,k,}
pOwywh phyp:

3°. 2mquwdtin hwgnpnwlwlnipjwG hunnlynipintGGLpp:

Uwwgnghbp qniquitn hwenpnwwbnipjwb ywnnigywépp pwgw-
hwjwnn dh pwih wwpqugnyl twunbp:
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w) Qniquwdtin hwonpnuwlpwinipyuwl uwhdwlp Shwll t:

> fNhgnip' x, >a L b=#a: UyGhwpn L, np tpb £=|b;a|'

www a Yeinh £ -2ppwluw)pl nu b YEnh € -2ppuluwypp hwwnnud snt-
GkG: Lwlh np a-G x,-h uwhdwGG t, hwenpawlwbnipjwh pninp we-
nwdlbpp, pwgh, qnugk, dh pwGhuhg, pGYws GG (a - £;a + €) dhow-
Ywjpnud: wlhg dhwlqwihg htwnlmd t, np b-h & -2powlwyphg
nnipu wl hwenpnwwbnipjwl wiybkpe pyny whnwdGbp: IGwnbw-
pwp, puwn uwhdwlnud 6-h, b-0 sh Ywpnn (hGkp x, hwenpnwywhnt-
pjwl uwhiwG:<

p) Fwuwnwwnnt G hwonpnwluwGnipyniGp gniquidtn t:

> Uw wyGhwjn wOnmd t: Gpb x, =C, wyw C Ytwnh qubyw-

gwé 2ppwlw)p wwpnibGwynud £ hwenppwywlnpjwl pnpnp wlnwi-
Gtpp" wnwlg pwgwnnipjwl: Tpwlp ninnuyh wnbnwiwws LG
2newlwyph YEGupnGnud™ C Yewnnud: Uylwtu, np” limC =C :<

g) niqwdtin hwonpnuwlpwGnipyntlp uwhdwbuwhwly t:

> Mhgnp' x, = a: TthunwpltiGp, ophlwy, a Ytwnh 1-2ppwlwypp:
Mwpq &, np x, -h wyn 2ppwlyuw)pnid pOywé whnwdGtiph pwqdnipyniGp
uwhiwOwthwy t Gopplhg” a-1-ny, ytplhg" a+1-nd: RwGh np a-G
x, -h uwhdwGG t , wyn 2pewlwyphg nntpu Ywpnn BG qunGyt) hwonpnw-
Ywantpjwh dhw)G pgwynp pUny whnwdbbp. x, ,x,,,...x, :

dbpghtilp’

m=min{a — Ly 3Xp 5005, },

M =max{a + l;x,,l;;x,,z;...;x,,l} :

UYGhwyn t, np hwenpnwlwGnipjwG pnynp winwdGbnpa wahunhp
pOYwé Y hGeG [m; M] hwwndwéndd, npp htiGg GawGwynid t, np x,

hwonpnwlwnip)nilp uwhdwGwihwl t:<
Wuwnbn wnbinhG t phnwpyby, hwenpnwywbnipjwl dh ophGwy,
npp gnijg t twihy, np wwywgnigywé whnndp hwwnwpdbh sk
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Ophtuwl 12: hGswbu Gautig n® S-nul, x, =(~1)" hwenpnwlwGnipnip
uwhiwGwthwy t: Iwdnqyblp wydd, np wyG wwpwdbu t:

)
Swlljwgwé a pdh hwiwp nhunwplblp a-h 5—zn9wuwlpu-

(a —%;a +%): UjG hwuuwnhg, np zpewyw)ph tplwpnipyniGp pGnwdklp 1t

hul pywjhG wrwbGgph dpw -1 L 1 Yewntph dhel hinwynpnipyntGp hwyjwuwn t
2-h, htwlinud £, np wyn Yewbpp 366G Ywpnn GpynuuG b qunGyty nhuvwplyynn
2nowlwpnid: Niptidh, bpk, ophlGwly, -1-p wyn 2ppwlwypned sk, www win
2nowlw)phg nntpu G0 qunGyntd hwenpnwywinipjwh pninp Yo hwdwnGt-
pny wlnwdlbpp, npnGp, hwulwGw)h b, wGytpg 2wwn GG: buy ek -1-p GaYwd
2newlwypnid b, nuptdG 2pewlwyphg ancpu t dGnud 1-p*«wnwGtiind hp hbu» pn-
Lnp gnyg hwdwplGbpny wlnwdGbpp, npnGp, Ontylwbu, widtipg 2wwn GG

Wuwhuny, a-G pun uwhdwind 6-h, x, hwenpnwlwinipjwl uwhdiw-

Gp st: Y pwlh np w)G pGupywd tp YuwdwjwywbnpbG, npbda hwenpnwyw-
Gnip)ntGp uwhdwa sntGh’ nwpwdbun t:

Cwpnilwyblp pwplt qniquibn hwenpnwywinipjwl hww-
YnipynLGGLpp:

n) 6pt a uwhdwGG niGhignn hwonpnwlwGnipywl Ybpgwinp
pyny winwdGbp thnfuwphGdbit YwiwywwinpblG pGunpdwd wy pyt-
pny, www unwgywo hwenpnwlwbnipiniop nwnpdjwy YihGh qniqur
gt U Yni06Gw GnyG a uwhdwGp:

> Lawlwltbp n, -ny hnfuwphGywé whnwdGtph hwswnGbphg
ttidwgqn)Gp: Swalwgwé £>0 pyh hwidwp gnynp)nih Ynibblw n,
hwdwp, nphg ujuwé, Glwlbunwiha pninp wGnwdGbpp YgnGyka a-h
€ - 2npwlwpnid: bph, wjdd, Jtpgltlp n, =max{n, +1L;n,}, www
wwpq t, np n,-pn hwdwphg ufuwé dhnhnujwé hwenpnwlwine-
pjwl pninp wlnwdGkpp, npnlp Gnyl GjwybwnwihG hwenpnwlwant-
pjwl wlnwdlbpG &G (n, 2n +1), pGYwd Y hGELO GHws 2powljuwy-
pnud (ny2n,): 6y pwlh np €-p plnpdwé tp Yuwdwjwlwbnpkt,
GawlOwymd t, np a-6 Gk hnpnfujwé hwenpnwlwlnipjwl uwh-
dw@b t:<
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&) Qniqudtitn hwonpnuwwimpywl gwiwgwdé taGpwhwonpnur-
JwlnipntG qniquitinn £: Uyt hG, bpb hwonpnwlwlnipjwl vwhdwlp
a-G t, www Gpw pnpnp GopwhwonpnwlpwGnipintGGGnp ntG6G GniyG a
vwhdwlp:

> hujwuwbu, pwbh np a Yenh guwlliwgwé ppwlwiphg nnipu
wpnn &G0 hwjwnlGyb, hwenpnwlywlnipjwl dhwyl Yhpewynp pyny
wlnwdbbp (uwhdwbnud 6%, www, wnwyb] Ly, Ysppwynp YhGhG
wyn 2pewlwyphg nnipu qnlynn w)b wlnwdGtpp, npnGp plngnpyyws
LG GGpwhwenpnwwlnipjwl juqinul: <

Uju wlnnidl k| hwlwnwpdbh st* hbnbjwp wanuing. nplt Gopw-
hwenpnwlywbnipjwh gniquihwnipynilhg sh ptuncd GpwybwnwihG hw-
onprwlwlnipjwl qniqwihwnnepynilp: OphGwy, x, =(~1)" hwenp-
nwywbnipjwl dhw)b qnuyg hwiwnpbbpny Gpwhwenpnwlwbnip)nilp
hwuwnwinnil t L hwiwdw)l p) windwb gniquitn t, pwjg Ljwyb-
wnwjh0 hwenpnwlwbnipjnibp, hGswbu phs wnwy GUwwnbghlp, wnw-
pwuibwn t:

Ohgnip 0:N—> N $nlyghwl plwlwld pybiph pwqdinipjwl
nplt tnbnwhnfunupyniG t (n® 1. 1.3):

Spywé x, hwonpnwlywlnpjwlp qniqwhbin’ nhunwpyblp

xa(l).x,(z),...,xa(n),. ..

hwonpnwywlnipynilp: Mwjypdwlwynpytip wjl wlwlb| wbnpw-
thnfudwé hwpnpnuwlpwlnipiniG: LjwuntGp, np whnwihnfuwéd hw-
onpnwlwanipjwl whnwdlbpp GnyG x, -h wlnwdbbpG GG Gnpnyh
hwiwpwwyws:

q) bpt x, hwonpnwlwlnipynilp qriqudbinn U nilh a vwhduw-
Gp, wuww Xo() NGRwithnfuywo hwonpnwwlnipyniGp GnyGwbu qnt-
qwdbtn t b niGh GniyG a vwhdwp:

» hpnp, a Ytwnh gwlliwgwd £ -2ppwlw)phg antpu Ywpnn GG
hwjinGyb; x, hwgnppwywlnipjwl dhw)b Ytpgwynp pyny wlnwd-
G6p: Pwyg npwlp Gul X(a) hwonpnwywlnipjwl winwdlbpl GO
(gnigb pninpnyhG wy| hwiwpGbpny): Nupbdh, nbnwgnfuwéd hwennp-

141



nwiwbinpjwl wanwdibbphg k| £ -zppwlwjphg nnpu YhwyinGyba
6hown GnyGpwl wanwdibtp: buly nw, pun vwhdwbnd 6'-h Gawlw-
ynud t, np @-0 Owk x,, -h uwhiw(Go E:<

Uwwgnigywé wlinnuiGhphg plunud 56 pwqiwphy htwnbLwGpGhp,
npnlghg wyuwntn 0hw)G GpYyniup YnhunwpykGp:

JwenpnwlwbnipiniGp hwidwitap b ypen hwuwunnntl, tipk
nplt hwiwphg ufuwé Gpw pnpnp winwiGspe hpwp hwywuwp 6G:

IGwnlbwbp 1: b Ybpgn hwunwnntG hwonpnwlwbnipintGp qnt- -
qudbwn t:

» buywwbu, Jtppwynp pyny wlnwdiGtph ¢nhnfunipjwip h
Jytpen hwuwnwwind hweonpnwlwlnipynip Ywpbth £ nwpdlhp «h
uyqpwlb» hwunwwntG: UGnud k oqunybp Gwhu p) wlnnidhg, huy wy-
Gnihbwl’ n) wannuihg:<

> tinlwlp 2: bpb x, hwonpnwlhwbnipimGp qniquidtun t b nt-
0h a vwhdwlp, wyw gwllwgwl pe N pyh hwiwp y, = x,, , hur
onpnwlwinipyniGp GniyGybu qniquwdbn t U niGh a uwhdwbp:

» Uw wOdppwwbu hbwnbknud £ &) wGnnuiphg, Gpb GywwnbkGp, np
y,-0 x,-h Gapwhwenpnwlwbnepjntl k:<

Uju thwuwnph Ypwpbpw Gppbds wunud GG, np x,, -0 dqunud t

e p
a-h" x,-hg p pwyini wnwp pGYwS:

Uju dwulGwynp whwyh GGpwhwenpnwlwbnipyntGlbph nbwpntd
t) whnnidp Ywptih t 2pgt.

tpt nput pe N pih hwdwp x

ep hPNPNWYwWinipnilp qniqur
down t U niGh a vwhdwlp, wyw Gpwhbnuwhl x, hwoenpnwlwint-
pnilp GnyylGubiv qniqudbin t i niGh GniylG a uwhdwGp:

> bpnp, a Yiwnh gwlywgwé & -2pgwlwiphg nnipu gnGynn x,,,
hwenpnwlwbnepywl Ytpewdnp pyny wlnwilbpht Ywpnn GG gnigh
dhwlw; x, hwenpnwlwbnipjwlG dhw)G wrwohG p wGnwdGkpp,
npnGp, dhlGnyGl t, Bnwoéltph hbw nupdjw Yywqikt Yhppwynp
pwqinLpnih: <
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4°. UwhdwlwhG wignidp whhwywuwpnipinitGGbpnid: "h-
gnip x, hwenprwlywlnipnilp gnigwdbn b L nilh @ uwhdwp:

w) Gpl hwonpnwlwGnipjwa pninp winwdlbpp ns pwgwuwlwa
G0, wyw a=20:
» Gwuwpblp hwliwunn GGpwnpnpnch. a<0:

Jbpgltilp’ ¢ = —% >0 L nhurwpytGp a Yhwinh € -2ppwlwypp: Uh

nn g, ZDQLU LUjQ LUQ LUJDLU wnp a+£=a——=—-n. pwgwuw-
Ynndh Ywph wp Swypwlbing’ ; ;

Ywa t, npp GawGwyned £, np 2ppwlw)ph pninp Yewnkipp pwguuww
LG: Ujnwu Ynndhg, pwhh np x, > a, 2ppwlw)pp Yuwpnibwyh hw-
enpnwywinipjwl wiytpe pynd whnwdGtp, npnlp wynwhuny, whkinp
t 1hGGG pwgwuwlywb: Unwgwlp hwiwunipynil: <

p) 6pti a> 0, www npny hwiwphg uljuwds hwpnpnuwlwlnipyu G
pninp winwdabpp nhwywi bG:

» Uu whqud yLpglklp ¢ =% L GUwinkGp, np a-h € -2n9wtjuy-

phG wwwlywbnn pninp pybpp npwlhwhd GG LwGh np x, > a, pun
uwhdwbnid 6-h hwonpnwlywbnipjwl pninp winwdabpp, uyuwd hag-
np n, hwdwphg, Ygunlyto G2wé 2powlw)pnd L, hinlwpwn, Yih-
G5 ppwlwh: <

4 Yhunnnipjmb: Bpb qniqudbn hwenpnwlwinipywl pngnp winwd-
Gbpp npwlwl b6, www wbnbg, np uwhdwbp Gnulwbu ppulwG t, skGp Y-

pnn: Pwywlwa t hhaby x, =l npwlwl winwdbtpny hwenpnwlywinepywl
n

ophGwyp, nph uwhdwp 0-G t:
hGs ybpwpbpmo t p) windwlp, www wyjuwnbn b, Gpp @20, winky, pb
hGs-np hwiwphg ufuwé hwenprwlwlnipiwG winwiGepp ng pwgwuwywo

G0, nwpdjwy stiGp Ywpnn: bpnp, x, =——1- hwenpnwlwbnipjwl uwhdwGp
n

0-G t (ng pwgwuwlwa), uwyw)a hwenprwlwbnipjwl pngnp winwdbbpp pw-
guwuwywa kG:
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Q) hgnp x,,y,,2, hwonpnwlwlnipniGGbph bywlyp pwyu-
puwpned b hnlywy Gphne wuwydwGha.

1) VneN (x,<Y, Sz,,).'

2) x, U z, hwonpnwlwlnipntGGbpp qniqudbn GG U nlGLG
UhlGnyG a ywhdwap. limx, =limz, =a:

fUn nbwpnd y -p GnyGwbu qniqudbnn L, pln  npnud

limy,=a":7

» Ohgnip € -p Ywiwjwlywbnptl wpwd npwlywh phy t: Rwbh
np x, = a, gnnipyntl YniGbGw 7, hwdwp, wyGyhuhl, np

(nan):>(a—g<xn<a+e):

Pwbh np Gwbk z, = a, Yqubdh, pnhwipwwbu wuws vty w),
n, hwdiwp, w)Gwhuhl, np

(nznz):.‘>(a—e<zn<a+e):

Jdbpglklp n, =max{n;;n,}: Twpq t, np tpp n2n,, pt’ x,-h,
pt’ z,-h hwiwp unwglwé wihwdwuwpnepyntGitipp YYwwnwpytb
dhwdwiwGwly: Unwnbinhg, hwadh welbiny Gwbl 1) wwydwbp, 72 n,
hwiwpbbph nbiwpnd junwlwhp.

a-e<x, Sy, <z, <a+¢
wlhwywuwpnipynGltiph 2npwl, nphg whGdhpwwtiv hbwnbnwd £, np
y, hwonpnwlwbnpjwl whnwiGkpp, ujuwé n, hwdwphg, pwyw-
pwpnd GG a-e <y, <a+¢ Ywy, np GhubnyGG t, |y, —al<e wl-

hwjwuwpnmpjwlp: bul nw, punn uwhdwbnid 6-h, Gawbwlynd t, np
¥,-0 qnigwitin t L nGh a uwhdwGp:

* Ujuwnbn b pwywywi b wwhwlgby, ap wihwywuwpnipiniGGpp YwnwpybG aptt hwdw-
phg ujuwd:

“ MuwGnnGbph JpgwGmd wju wennuip Juwnwyny wiywand b6 <nunpywGGbph ptnpbd»:
Lljwwh mGuG, np a-G, hpp, nunpubwnmié t, mp X, b Z, «<nunplw@Ghppy y, «juu-
Judjwihl» papdwd b6 Gpwpynu:
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1
Jn(n+1)

nuwlwbnipynilp, npp dquinud t0-h Lz, = 1 hwenpnwywbnip)nilp, npp, hGs-
n

whiu Ga4btg ophGwl 11-nud, Gniylwybu dqunnid t 0-h: L{wwnbny, np gwlilw-
gwé n-h hwdwn G20wphun GG
0 <;<_l.

Jn(n+l) n

wihwywuwpnipynLGGbnp, q) winniudhg unwind 4G, np

. . 1
limy, =lim————
Jn(n+1)

5°. UwhdwGh hbwin quwwyydwé pwpwlwlwl gnpodnnnipni G-
Gtp:

Opphlwly 13: y = : dtipgltilp x, =0 hwuwnwwnil hwenp-

Snpjwé x, L y, hwenpnwlwhnipyntGGlph gnudwpp, wwpptipnt-
pjnLlp, wpnwnpwip L pwinpnp uwhdwbynd b0 npwbu hwiwww-
vwuhwlwpwp

X, + Y X+ Vasees X, + Vs oo

X = Vs Xy = Vaseees X = Vs ooei

Xy Vs X3 Vas eees X = Vys oo

R NS
s g rany geoe
yl y2 yn

hwonpnwlwlnpnlGGlp: 2wlnpnh nbwpnd plwywlwpwp tlpw-
npynud £, np y, -h ng dh wGnwdp O st:

Btnptd 1: bpb x, L y, hwenpnwlwlnip)niGlbipp qniqudtiin
0, www x,+y,, x,-y, hwenpnwlwlnipynGGlipp, huly bpb

limy, #0, wyw Gwl 1 hwenpnwywbnipyniGp’, qniquitinn &G,

pGn npaud’

* SBwympju6 ghuypnid ]/ ¥, -0 Yupbih t phuwpyby npybe x, =1 (hwwnunnmG) hwenp-
uywlnpjub Ly, hwenpruwlinipjui pwlnpng:
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w) lim(x, +y,)=limx, +limy,,

p) lim(x, - y,)=limx, -limy,,

9) lim—1—= :
y, limy,
Uwwgnyg: Lawlwyklp® limx, =a, limy, =b:
Ohgnip € -p Ywidwjwlwbnpbit wpdwé npuywi phy t:
» w) Ogquytiny trwlljwh wahwywuwpmpiniGhg (n° I 2.6)
4wpnn GGp gpbi.

|(x, +y.)=(a+b)|=|(x, - a)+(y, - b)| <| x, - a|+

y, - b (@)
wlh np x, o a, % npwywl pyhl hwiwwwwnwubuwb gnjni-
pJntl YniGbGw n,, wyluwhuhl, np
£
(nZn.‘)=>|x,,—a|<-§: (5)
Rwth np Gwl y, — b, GnyG wjn %-h hwowp YawGyh kY wy,
n, hwiwn, wjGuhuhG, np
£
(n2m) =]y, ~bl<: ©)
Jdtpgltiynd n, = max{n;n,}, Ywpnn tlp wlnby, np tpp n2n,,

(5)-h L (6)-h wo Ynnitph wihwywuwpnipinibbbpp Yuwuinwpynud GG
shwdwiwbwl: M nGEGwiny’ (4)-hg whdhowwbu unwGnud GGp.

(nz2n))=>

£ &£
+y)—(a+b)<—+—=¢:
(x, +y,)—(a+b)] S+3

Pw)g wju ybpohGp, pwGh np £-p wipwé tp JuwiwpwlwbnpkG,
Gawlwynud t hblg, np a+b-0 x, +y, hwonpnulwlnipjwl uwh-
Ow@b t:<
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> p) 3wdwéw)b n® 2.3-h q) whndwa, y, hwonprwlwhGnipynilp
(hhwpyb Gwl x, -p) vwhdwGwithwy t.

3KeR VneN (y, |<K):

W hwih weGkiny” Ywpnn GGp gpbi.

|x.y, —a-b|A x,y, ~ay, +ay, -~ab|<|x,y, —ay, | +|ay, —ab|=

= yul-lx,—al+|a|-|y,-b|<K:|x, -a|+|a]| |y, -b]:

£ £ .
Uuwntin t|, — b —— npwlwb pybph hwdwp gnynupynil ynuGh-

2K 2|a]|
Gwl hwiwwwwwutuwlwpwn n, b 7, pGwlwh pytip, wyGwhuhp, np
£
nzn)=>x —alk—,
( 1) | n | 2K
8 .
2|al|’

UGmad t, nuwpdwy, Jbpglby n, =max{n;n,} L GnylGnipjudp

Uply0L, Gwhunpn YEwnud ywwnwpywéd nwnnnnepynilGlbipp: <
» q) NulkGp.

F_L‘Jb—yn
. bl by,

Lwbh np b#0 L, nupbkaa, %>0, qnnipynth YnGkGw n, hw-

(n->'n2):>| yn _b|<

=|yn-b| . )
|5]]y.|

dwn, wybwhuhh, np

(nZn,)ﬁlyn-bklbl 8)

2
Oquybny brwGyjwh wGhwywuwpnipjmbhg’ Yuwnpnn GGp qnbi.
|blIHb-y,+y,[<l6-y,[+]y.]

. Gnpa=0, n,-h annippul hwngp gh wnwowlntd L npwtu hwennn winninnud hhw-
nwlynn n, Ywpbih t Ytipglty htlg n, -p:
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Yuwd
|y, 126]-y, -b]:
3w dh wnGkny Gwb (8)-p Yunwbwhp.

2] Ibl]
2n)> 2|b|-——=—1: 9
2= (15, 210|121 =12 ®
Ujdd pOwnpklp 7, pGwlhwb phyl wybwbu, np S20wphuwn (hGh

2
(nan):>|yn—b|<b7-£ (10)

hGnunipyniGp: Ujn nbwpnud, ybpglbind n, = max{n;n,}, (7)-(10)
pwlwadlbphg YynlbtGwGp.

(nZno)::oUi—lFé‘] <
Yo b

BEnpLuh wwwgnigykg:

4 Yhwnnnp)nil: Binpkdp hGwpwynpnipyniG t vwihu pwpn Gwnenig-
Jwép niGkgnn pwqdwphy hwenpnwlwnipintGGtph htunwgnuinudp hwi-
qbiglb; hwibdwwnwpwnp wwnpq Juwenigwéph hwenpnwywbnupniGabph hb-
nwqnundwlp: Puyg tipp x, Ly, hwenprwywbnipyniGGpp (wd npwighg

obyp) wwpwdtin GG, npp, plnhwlpwwbu wuwd, sth pwgwend x, +,.

x, -y, Jud L hwenpnwlwlnpniGGbpp (wd npwighg npld deLyh) qniqw-
dhuintpyntGp, pbnpbdnud uwhdwlOywé QwbnGhpp wylu g6 gnpdnud:
Mwg hwihpwyh Yhpwneniip hwswiu ptpnud b wyuwbu Yngwé «wGnpngnt-
pyntGGlph», npnGg wwpqbignuip wwhwGond t wyy, (pwanighy Ghengltn:
Ujnwhuh bpyni-tiptip ophGwy YnhuwplykG wjunbn, huly hhabwywh Jheng-
Gtipp YatipYwywgybG hwenpn wwpwgpwdnud: Ugkth nu 4abphwywgybG nh-
ItiptiGghwy hwayh dtpnnGtipny dawydwes, wanpnanipyniblbph wwnpqbgiwl
Gnp, ty wybith hqnp dhengGbp:

QLwytpwblp wwwgnigywd pbnpbdh Gh pwlh Ywplnp hb-
nbwip:

LinlwGp 1: dbipglbny ptinptish p) pwlwdlnd x, =C* Yunw-
Owlp.
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lim(C-y,)=C"limy, (11)

hwywuwnnepynilp, npp Juwwwlgnipjwdp wuntd GG, hwunwnndb
gnpdwlhgp Ywpbh t uwhdwGh Gwlh wwlhg nnipu pbpby:

Uwulbwynpwywbu, ipp C =-1, (11)-hg htwnlinii t, np.

lim(-y,)=-limy,: (12)

Uju ybipphl pwlwdlp, ophlwy, hGwpwynpnipynil t nnwihu Gw-
hunpn Yhwnh w) winnudp thnpuwphGt) hbinbjwny.

VneN (x,<0)=limx, <0:

Itinbwlp 2: Oquytiny pbnpbdph w) pwGwdlbhg L (12)-hg” Yw-
nnn tGp gnbi.

lim(x, - y,) =lim(x, + (-,)) =
. . . . (13)
=limx, +lim(-y, )=limx, -limy,:

Uwnwgywép, hGswtiu inbulnud Glp, hwdwhnils t pGnpbdnud plip-
Jwd pwlwdlbphl. gniqudbn hwonpnwlwlnipintGabph tnwppbipnt-
pjwl uwhdwlp hwywuwnp t npwlg uwhdwbabph tnwppbpnepywlp:

Itinbwlp 3: PLnptith p) L g) pwlwdlktiphg unwgynid t
lim %2 Iim[x,, -i] ~ limx, -lim-- =

y" y" y" (14)
1 limx,

=limx, -

limy, " lim ¥,
pwlwdlp, npp, dbY wlqwd Lu plngotlp, 620wphunn t dhwyl w)l
nbwpndd, Gpp limy, #0:

twnbwlp 4: Yhgnp x,-p by, -p qniquibiin hwenpnwywhne-
pjnilGbp GG: Wn nbwpnud’

VneN (x,2y,)=limx,2limy,:

hujwwby, z, =x, -y, hwenpnwlwlnipjwl pninp whnwdGtpp
ng pwgwuwlwh LG Lwhunpn YEwnh w) winnuihg b (13) pwGwdlhg
htwnlinud .

limx, —limy, =lim(x, - y,)=limz, 20:
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Uwnwgyqwép Ywpbiih b otiyowpwit| hinljw) Yhpy. wohwyjwuur
pnupywl Gpynt Ynndnid uwhdwGh wagGhpu wGhwwuwpnipynip sh
fuwpuinygmid: Uunid 66 Gwl, np whwywuwpnipjwl Jby Jwnpbih ¢
Jwuwnwpty uwhdwGuwihG wigned:

Uyuwnbin b qqniawglkGp, nptipp x, <y, (neN), www, vhb-
Gnuy0G t, uwhdwbuyhlG wigdwls wpnyniGpnid uwhdwGGtph dhpl
hupun wGhwywuwpnipyniG s66p Ywpnn Gpw2fuwdnpti (nku n° 4-nud
Yuwnwpywé nhninnnupnilp):

Ophtutl 14: x, =, y =~
n n
Oquytlp pinpbidh p) pwlwdlhg.
limx, = limL = lim[l -1—] = ]iml-liml =0-0=0,

n? non n n

limy, =1imi,=1im[l-lzJ=liml-limiz=o-o=o:
n nn n n

bhwpyt, Gnyl wyu wppynilpbtipp Ywnptih tp unwbwy, gpbiny

0<—12—<l. 0<—13-<l
n n n n

wGhwywuwpnipynlGbbipp U ogungbiiny wyu wiqwd n° 4-nud dbwlbipuywé q)
wGnnudhg:

Lwplnp t Gl Gyunty, np Lz L, wnwyb| Lu, i} hwenpnwlwlnt-
n n

p)nclGlpp wybith «wpwg» 60 dqunud 0-h, pwl l hwenpnuwlwbnipynilp:
n
buly, whw, hwenpn ophGwynis pepynn hwenpawlwinip)nilp dquinud t 0-h
wybh «nwlnwn», pwl l-n:
n
OphGwy 15: x, :L: Jwdnqytiint hwdwnp, np lim71==0, Yuidwjw-
n

Jn

YuwlnptiG npdwé £>0 pyh hwiwn Ytnglklp n, >i2 L Gywuwnkhp, np
£

(nZn,,):{|x,, |=7l:s-j:<e}:
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2n-5n+3 )
nt+n'n

Ununnpwyh n’s hwdwnhsp, n’s hwjnwpwnp, npwbu wnwGdht Ypgywé
hwonpnwlwbnipyniGhbip, qniqudbin $66: Ujbwbu np, (14) pwlwdlbhg widh-
pwwbiu oquiyti| sk0p Yupnn: Uwyuwl, pwdwGhiny hwdwphsl nt hwjnwpw-

np n?-h, Ywnnn tGp qnby.

s 3 . 5 3
-2+ lim 2-=+=
2n*-5n+3 2 ,,+,,2_ m{ n n2]=

limz =lim > =lim =
" 1
n’ +nn 1in{1+

Ophtwy 16: 7 =

1 1
lim2-5-lim—+3-lim—
_ n n? =2—5-0+3'0=2:

- 1+0

liml +limL

Jn

Ljwuwklp, np Ghwyb wyu dGYy ophGwlnid oquytighlip pb’ panpbdh w) L

P) pwlwdlbphg, pt’ (11)-hg, (13)-hg, (14)-hg, pt’ Gwlunpn ophGwlGtpnud
unwgywsd wpnynLbpGbphg:

Ophtwly 17: 7, =n+1-+/n : Wuwnbin t,, bpt thnndkGp z,-p Ghplw-

Jwglb) npwbiu x, =vn+l L Yy, =J;; hwonpnwlwbnipynlGGtph wwppbpnt-
pnLG, www, ShLGnyGG t, (13) pwlwdlhg oqut) stlp Ywnnn, pwih np wyn
hwonpnwlwbnipyniGGlphg ng dbyp qniqudbin gk: Uu wGqwd Ywpnn GGp
wpnyniGph hwuGbi htinbyw) dLwdntunipjwdp.

L W) (T e i) n1-n 1

" Jn+l+4n _ml+ﬁ—m1+ﬁ:

|
UyGhwpn t, np 0< z, <—=
Jn
UGnud t oquyti, ophGwy 15-nuld uwnwgyws wpnynilGphg b Yhpwnt) n® 4-h
9) whnnuip, npwbugh wwnq nwelw, np

lim(y+1 -+ )=0:
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6°. UGyting thnpp U wlbipp dt6 hwenpnwlwlbnipyniGatn:

Uwhdwlmd 7: a, hwgnpnwywlnipintlp Yngynid t wlybpp
thnpp, bpt lima, =0

Lwlunpn YGwnbph ophGwyGEphg 11-nud, 13-nud, 14-nud, 15-nd L
17-nud nhunwpyywéd pninp hwenprwlwbnipynibGbpp wGdbpe thnp-
pbip GG:

Ptinptid 1-hg (n° 5) whGdhpwwtiu plunid t, np

gwllwgwd bpynt wlybipg thnpplbiph gnidwpp U wpwnwnpjwip
waybpg hnpptip bG:

Ywwnwpbgny hnniyghw® hbunnepjwdp Ywpbih b wuywgnighl, np

ybpgpwynp pyny whytipg thnppbiph gnedwpp b wpwnwnpywip wi-
ytipg thnpptip GG:

UjGnihtiinb, (11) pwlwdlhg hGinlnud t, np

hwuwnwinntGh b wadbpe ¢hnpph wpinwnpwip Onylwbv wi-
yting thnpp t:

Uyu ybpehl wannuip Ywpbh t pGnhwGpwglbi.

uwhdwlwihwly hwonpnwwnipywl U waytipp thnpph wpunwn-
nwip wiybpg thnpp t:

» bpnp, nhgnip’ a, - 0, huly x, -p uwhdwGwihwy t.

3CeR VneN (|x, [<C):

YwidwjwywbnpklG npywd £>0 pyh hwdwp, % npwlwb pyhb

hwiwwwuinwubuwb gnpnpynil YniGbGw r,, wylwhuhG, np
£
(nzn,)= (l a,l< E]
Upwlhg whdhpwwbiu unwbnud GGp’
(n2n)=(x,-a,<C|a,l<e):<

Uwhdwbnid 8: a, hwonpnwlwlnipintlp Yngynid t wldbipg
uto, tpt guwllywgwd E (nppwl wubu 066) pyh hwidwp qninipntl
ntbh n, pGwlwi phy, wiGwhupl, np hwonpnwlwlnipywl pninp wi-
nwdlbpp, uyuwd ny -tpnpn hwiwphg, dnnnuyny 066 GG E-hg.

VEeR Eno(n 2n, = a,|> E):
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Gpt a,-p wGbtpp dbé L, www gpnd bO. limag, =« Ywd
a, > o (a, -pdgquninid b whybpeh Ywd whuwhdwlnip)wa):

UtGytpg dtotph wppnid wnwGdbGwghnud GG hwenppwlwnt-
pintlGhph Gpyne inbivwl, npnGp, hGswbu pGanGdwd b wuby, npnw-
YhnpklG dquined BG Yw's + oo -h, uw'd — oo -h:

UwhdwbGnid 9: Uunid &G, np a, -p dguanud |

1. +o-h, tipk VE>O0 3n,(n2n,=a, >E);
2. —o-h, tipt VE>0 3n(n2n,=a, <-E):

OphGwYy 18: a, =(-1)"-n hwenpnwlwinipjnibp waybng dbo t, pwg
wyl npnawyhnplG sh dquinud ny +oo-h, n’s —o-h: buly, whw, b =n L
¢, =—n hwenpnwlwinipjnGGinhg wnrwyhlp dguntd b +o0-h, hul bpy-
nnpnp’ —co -h:

¢ Hhuinnnnip)nil: PGpGHG hwulwGwih b, np waybpe U6 hwenpnwyw-
GnipyniOp vwhdwGwipwy st L, wewyb) Ly, qnigwdbun st (wku n° 3-h q)
wlnnudp): Uwyw)G, vwwpwibn hwonpnwywinupntGGtph 2wppnid wnwGd-
Guwglnud tG npwip, pwih np nGEG winwolbph ginthnfuiwl pwydwlywGhG
npn2wyh ywnp: buy utnnpl GepYwjwgynn ophGwyntd hwenpnwywinipjniGp
n's qniqwidbin b, n’s uwhdwlwihwy t L ns b whybipy Gtid:

Onptuly 19: x, = [(=1y" +1}-n.

0,4,0,8,0,12,...:

Np wyu hwenpnwywGnupnilp Ybpluhg vwhiwlwthwy st L, htnbwpwn,
nwpwibw t, nw wybGhw)n t: Pwyg wjl wiybpe dké b st pwhh np GnyGhul

E =1 pyh hwdwp hGswyhup n, b Ytingltbg, gnjnipynil niGh »,-hg utié hw-

dwpny wlnwd® x,, , -0, npp pwgwndwy wpdtpny oké st E-hg. x,, ,, =0:

Ny +
3bwnbyw] hwunbph unnignilip panGnud GGp pGebipgnnhG.
w) (a, > L x, -p uwhdwlwhwyt) = (a, +x, = ©);

p)(a"—')w lL x,-')C¢0) ﬁ(a".xn_,)w);
q) (a, >+ L b, —+x) = (a, +b, > +0);
m(a, >+o Lx ->C<0) =(a, x, >—x0):
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2uuwlybpwtip Lu Epynt thwuwn, npnGp Ywy LG hwutnwnnid w-
yting thnppbiph L whytne dLdLph Ghol.

G)(a, >0 L a"¢0):>(L——>oo] ;
a

n

a

q)(a, >o lLa, ¢0):>[L-—>O]:

7°. UGnpnynipyniGGEp: Anpdlwlywl wwppbp  fuGnhpGipnd
2w hwbwhu hwGnhwynud 66 wGdtpe thnpp L waykpe dkd hwenpnw-
YwGnLpyniGGLp, npnGg qnudwph, wpunwnpywih Ywd pwGnpnh uwh-
dwGp, tipk w)G qnynpyniG nuGh, hGwpwynp st hwyyby ng thwyG n® 5-nud
uwhiwbjwd plwpwlwlwh YwGnGbbpny, wjk, Gni)Ghuly, Gwtunpn
Ytivnnud pywplywé hwuwnbiph Yhpwndwdp:

bpb, ophGwl, @, =0, B —0 L wwhwleyntd t hwyyby %

pwinpnh uwhdwGp, www, pwGh np pwdwlwpwph uwhdwGp O L,
pbinptd 1-h q) YwlnGhg oquyt| skGp Ywpnn: Addwp st GYwwnbl, np
Gwhunpn Ytnmd wpwnpywd thwuntpG b, fulinph (nuddwlp nplt
Ybpw $66 OGwwuwnnid; UYkhG, hoswbtu YhwinqybGp unnpl Gepyw-

Jjwgynn ophGwyGpny, dhw)G hdwGwind, np a,-p L B,-p wGybng
thnpptip &G, fuGnph npnwlh (nuonud, npnawlh WwunwuhiwG s6Gp £

Ywpnn wybywb: tw Gwwh mbGGwind’ wunud GG, np welw t %
wntiuph wGnpnpnip)nil:

3wiwGiwGnpbG uwhdwGynus b6 g 0-0 L w-wo wbuph
whnpnznipynGGhpp:

OpptGwly 20: thgnip C-0 GuwiwjwlwlnpbG wpywé hwuwnwnntG b Nh-

wnwnltilp o, =£ L g =l hwonpnwlwnipynGGbpp: Ljwwintny, np bip-
n n

YnwuG b whytipg thnpptip GG, GgpwlwgGnud tGp, np %’ pwGnpnh uwhdwih

n
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hwyniip hwlqbglbint t % nbuph winpnanpywl: Phwpylk, wjunbn

all

wnrwidbwwbu |npg fulinhp sniGkGp, pwGh np =C - C: Uwlywl, jw-

plnnl wyG £, np winpnanipjwl «wwpabigwl» wpnynibGpnid, jwhwé a, b

B, waytng thnpptinh pGwpnipyniGhg, Ywpbith b unwlw) Gwhwwbu npdws

1
guiywgws C phy: UYLIhG, tpp a, =—, B, =L2, ﬁ=n—>oo: huy Gpp
n n

n

a’l

a, = ) . B, =l, unwlnul 6Gp == =(-1)" hwenpnwlwGnipnilp, npp
n n

n

uwhdwG gniGh:

OnpGwy 21: Mhgnip’ a, > o, b, > o Uuwnbkn wpnkl, tpb thnp-
dblp a, -5, wwpptipnipjwl uwhiwlp hwayb) (13) pwlwdlinyg, YhwigkGp
- whuph wlnpnnipjwl: bpk, ophlwy, a, =n+C, & =n. wyw
a,-b,=C—oC: buy bpt g, =2n, b,=n Yuwi a, =n+(-1)", b, =n,
www, th nhiwpnd® g, —b, =n— o, huly Gnw pbwpnd® g -4, =(-1)",
npp uwhdwG snubh:

hGs dbpwpbpnud t ks L 0.0 wbuph wlnpnznipntG0GRhG,
o0
www npwlp, Gwhunpn Yawnh q) thwunh Jhpwedwdp, widhpwwtiu
ptpynud GG % wnbuph winpnznupjwlp:

d thunnnmpynil: Mwpq t, np wiydbipg Uké hwenprwlwlnipjwG Shwjl
dtppwynp pyny wlnwdbtipp Yupnn b6 hwywuwp hGk 0-h: Bpb npwiip thn-
huwphGkGp 0-hg wiwnpbn guliwgwé w)) pYtipny, www, Ypybeing n° 3-h n)
Wonnuit wwwgnigbihu jwunwpdwéd nwwnnnnepnllOlipp, htuinepjwdp Yw-
non Gp hwinqybip. np hwenpnwlwGnipywl Junpp nghsny sh thnpuyh: huly
nw hGwpwynpnpinth Yuw, wihpwdbnnipjwl nbwpnid, a, wiybpg dtiéh

thnfuwpkG gnpé nubbiGw) @, = L wayknpg thnpph hbw:
a
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§ 3. UU3UULLGNk SEUNFRSUL IrULULUL
uuaernrueusre

1°. UnGnunG hwonpnwwlbmpjuwl qniqudhinmpynibp: dw-

Jépzwnpwuh ulyqpniGpp:

BEnpbY 2: (duybippunpwuh ulqenilpp): 264dwqnn U Jbiplihg
uwhdwGwhwly hwonpnwlwGnipinilp qniqudbin L:

Uwwgnig: » Yhgnip wjn hwenpnwlywhnepyniGp x, -G t.

X <x, <o <x, Kool

Pwlh np x, -p, nupbdl Gwl hwonprwywbnipjwl whnwdGkph
{x" :neN} pwqinip)nilp, Ybpbhg” uwhiwGwihwy b, uyl YniGElw
62qnhwn YtiphG qp (n° 1. 3.3).

a= sup{xn ‘ne N}:

8nig nwlp, np htilg a-G t| x, -h vwhdwGG t:

Luwiu, pwGh np a-0 ytiphG Gqp t,

VneN (x,<a): (15)

Ujnwu Ynndhg, pwlh np a-G 6qphw bphG Gqpl &, gwlywgwo
€>0 pyh hwiwp gnynpynil YniGbGw hwonpnwlwGnipjwh x, wl-
nwd (n° L. 3.3), wjGwhupb, np x, >a—¢&: Mptdh, 20nphhy x, -h un-
GnwinGnipjwl, Gpp n2n,, x, 2x, >a—¢: 3wyh wnltng Gwk
(15)-p, Ywpnn tGp qpby.

(nzn)>a-e<x,<a<a+e¢

Y

(n2n)>|x, —alke:<

PGnpLUl wwwgnigybg:

" 4. dawjbpawpuru (1815-1897), qbpdwGwgh duwpbdunplnu:
hhuiplyb, Gwl GeppLhg, pwlh ap x_ -p yGdwqnq t (n° 5):
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Ibwnljwy thwuwnbiph uinnignedp pnnGnud BGp pGplipgnnhG:
w) 2wdnn L Ghpplpg uwhdwluwhwy hwynpnwlwbnipniGp
gniquidtin t:

Gpb npywéd x, hwenppwlwlnipjwl hwiwp gnjnipyniG niGh p
pOwlwG phy, w)Gwhuhh, np x, -h

X X

p.@], x‘»z'“'a p.",--.

EGpwhwenprwlwGnipynilp UnGnunnG t (sGJwqnn t, swsnn t,..), wyw
x, -0 wOJwOnui &0 p Y&pon dnlGninnG (sGwqnn, swénn,..) hwenp-
nwlwGnipyne:

p) UwhdwGuwhwly U p dbpen dnGninnG hwonpnwlwGnipiniGp
gniqudbin t:

q) bpti x, hwonpnwlwlnipiniGp h Ybipgn sGywqnn t (swdnn t) b
ns uwhdwlwhwly, wwyw' x, — +0(—0) :

Uju ybLpohl hwwnynipjwip OnGnwnnG (h Ytpen dnGnwinG) hweonp-
nwywbnipjntbGGlpp 2whGlwlnptl thwppbipdnud B0 ophlwy 19-ned
GepYuwjwgywé hwonpnwlwbnipyntlhg, npp, s0wjws uwhdwbwihuly
&, pwyg L whytipy ukié ty st:

n

Ophlwl 22: x, = 5—' : NeGhGp’
n!

Snol 5.5n 5
xn-d = = = 'x,,
(n+D)! (n+D)-nl n+l
Yud
Fo 3 (16)
x n+l

Ujuwntirjhg hbwnbind t, np tipp 25, x,,, < x,: Uw Gwbwlynid t, np x,

hwenpnwlwGnip)niGp h Ybpen Gwgnn t: RWGh np hwenprwywinLpjwG pn-
{np winwdGtipp npwyws b6, w)b Gwl vwhdwGwihwy t Ghpplhg (ophGwly O-
ny): Jwiwdw)G pbnpbd 2-h, huly wybih uwnyg™ panptichG hwenpnnn p)
WindwG, x, hwenpnwywGnipinGp gnigwdbiv t: UnnigkGp, np x, — 0:

GGpwnntGp hwywnwyp. x, >a L a#0:
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Lwlu Gwwnklp, np tipl x, &> @, wwyw x,,, = a (n°2.3, htnkwip 2):
U)dd, (16) hwywuwpnipjwl dwiu L we Ynndbpnud wagbbyny uwhdwGh,
YuunwGwip.

—]irnx""I =£=1; lim—5—=0

lim 22 =
x, limx, a n+l

n

Uviwgwlp hwlwunip)niG, npp hwuwwwnud t, np ]ims—' =0:
n!

2°. ¢ pyp uwhdwGndp: thnwpytGp

X, = (1 + -I-J
n
hwenpnwywGnip)nilp:

Oquytiny LjnuinnGh phGndh (GpywGnwih) pwGwdlhg (n° 1. 2.9,
ophGwy 14)" ywpnn LGp qpby.

x =(1+lj clanLlynrizh 1
" n 2! :

n
+n(n—l) ----- [n—(n—l)]._l_=

n! n"

=2+.1_(1_l]++_1_(1_l] ..... [ _n__l]: (17)
2! n n! n n

Lwfu GyuintGp, np x, > 2, pwGh np 4tipghG wpunnwhwjinnipjwi
itp pninp gnuiwpbihGhpp npwywi BG: UjGnihbwnl,

k 1 1
1——’;<1, ESF (k=12

wOhwywuwpnipynifiGiphg wldhpwubu hnbnud t, np

x,<2+%+%+---+5,1:=1+ 1—21 <3

(oqunytighGp EplpwswidrulwG wpngptivhwh gnidwph pwGwdbhg):
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Wuwhuny, x, hwonppwlywhnipynilp uwhdwbwihwy t, pGn npnud
2<x,<3: (18)

Ujdd Gwinblp, np bpb Gnuyl (17) wpunwhwjnnipjwdp Ghpyw-
jwglblp x -hG hwenpnnn™  x winwip, www, pwlh np
k k
l-—<1- 1 uwnwgynn pninp gnudwpblhGepp wybih g6 YhGka
n n
L, pwgh wyn, Gh npwiwh gntdwpbih b wybp ynGbGwhp: Y Gwhw-
ynid t, np

vneN (x,<x,),

n+l

wjuhGplG’ x, hwonpnwlwlnip)nilp waénn t:
Jwiwdw)b Gwhunpn YEnnud wwywgnigyws penpbidh, x, -p qni-

qwudbuwn t: 360g wyn hwenpnwlwlnipjwl uwhdwOl ki, hbnlbiny
L. bjpphG’, GawGwynid G e tnwnny.

e=lim(1+lj :
n

Swzih wnGbny (18) wihwywuwpnipynilGbbpp L Ghpwnbinyg
n° 2.5-h hbinLwGp 4-p° e pyh hwiwp Yunwlwlp hbnbjw qlwhw-
wnwywp.

2<e<3:

Uybih uwnnuyg, hwynbh t, np e-G hnwghnGwy phy £, nph, ophlwy,
8-pn mwulnpnwiwb dnwnwpynudp hwybinudny hbnlyw G t.

e=2.71828183:

Pwywlwb 666 t wyu pup nbipp dwpbdwuinhyw)nLd: 8nigswihl L
inquphpiwlwl  wpunwhwjinnepynGGbp  wwpnilwynn  pwqdwphy
pwlwakbp 2w wybh wwpq nbup G0 unwbmd, pp npwtu wuwnh-
Swhh ywd nquphpih hhip pGupnid GG helg e phup: W wylpwl
Ywplnp t, np e hhdpny |nquphpdh hwdwp GnyGhuy wrwGdbwhw-
wnniy GwGwynud t plnmGdwe. log, x =Inx (phwlwl nqunhpd x):

" Lbnfwpy Ejbp (1707-1783), 2ybjgwpwgh Swpbdwnhynu:
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3°. Lempjwd hwwndwobGbph ulqpnilpp: Iwunywélbph
{la,;:b,1}., hwenpnwlywGnipinilp Ynsynd t Gpppywd huwinywe-
GEph hwenpnwlwbGnipni G, tpl’

[a;b]1D](a,;b,]1D:--Da,;b,]D--:

LEddw 1 (GEpnpwd hwwndwdébhph uyqpnilpp): 1) Lepnpywo
hwndwdéGbph gwiiwgwé { [an;bn]},“ hwonpnwlwlnpjws hwdwn
gnnipintG niGh ¢ b, npp wwanhwGnid t wyin hwndwdGhphg jnipur
pwlgyniphlG. Vne N (a,<c<b,):

2) bpt Gywo hwndwéGhph tplhwpnipintGGpp dqunnud GG O-fr
b, ~a, -0, wyw Gdduyntd hhruwwnwlwo c-G dhwll t, pln npncd

c=lima, =limb, :

Uwuwgnijg: » YhunwpytGp hwnywélbph hwiwwwnwuuwlw-
pwp dwfu L wy dwypwytntiph a, L b, hwenprwywbnipnibblipp:

Mupq t, np gwlywgwd n-h hwdwp’

a, <b : (19)

WGnihbwnk, 2Gnphhy  GEpnpdwoénpjwl’  [a,,,:b,,, 1C(a,;b,],
gwlywgwé n-h hwiwp §20wphun GG
bn Zblnl
wlhwywuwpnep)ntbbbipp, npp GaulGwynid t, np a, -p $Gdwqnn t, huy
b -p’ swénn: Rwlh np pb’ dkLh, pE* dynLuh pninp whnwdGkpp pGYwo
GG [a;;b,] hwundwoénd, nuptdl wyn hwenpnwwbnepyniGltpp Gub
vwhiwlwhwl GG:

Awiwdw)b dwytipanpwuh uyqpnilph, a, b b, hwenpnwywlnt-
pinLGGbpp qniquibun bG.

a, <a

n+l ?

lima, =, limb, = :
Uyda, (19)-nud ywuwpbiny vwhiwlwjhG wgnid, Yunwlwlp’
asp: (20)
hunwnyblp [@; 4] hwwndwép, npp, hhwnlt, 2Gnphhy (20)-h
nwuwnwpl st:
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Lwlbh np a,-p a-hG dqunud t sGuqbinyd, huy b,-p B-hG" sw-
gbLny, nupbdl, gwllywgwé n-h hwdwp’

a, <a, pB<b" (21)

Uw ninnwlh GawGwlynid b, np gwblwgwéd n-h hwdwp

[a:B]1cla,:b,]:

Wuwhund, [@;B] hwinywsh gublwgwé Yt Ywpnn t dwew)ti
npwbu | Eddwynud wwhwbeuynn ¢: Uk whgwd t) plnqétGp, np w)n-
whuh Yt Yuw, pwbh np [e; B]-G nuunwp gt:

¢ Yhwnnnpymb: IwdnqytiGp, np [@; f] hwindwshg nnipu qubynn

ng 0h Ybwn sh wpnn Shwdwiwbwl wwnlwlt pninp Gepnpdwé hwuwo-
O6phG: Puywwbiu, tpk, ophlwy, ¥ <@, www ytpgbhiny e=a—-y>0,

LqunGthGp Gh n,, wjlwhuhb, np a-€<a, <a+é€, nphg Yhtnlbn np

¥ <a, :Pul nw 4Owlwytn, np ¥ € [a,,o;bno]:

2) Ahgnip, wydld, b, —a, 5 0: Jwdwnpbind wju ww)dwhp
a,>a L b — A thwunbph htn® unwinud Gip a =4 hwjwuw-
pnipyntlp: Hw GowlGwynid t, np [; A] hwwndwép Ybpwéynd b yb-
wnh, nphg htitnbnud £, np npnGLgh ¢-6 dhwyb t.

¢ =lima, =limb, :<

4°, Pnygwln-duybppinpwup uhqenilpp: PGswbu gnyg wnipdtg
Gwturpn wwpwgpwdnud (n° 2.3, b)), qnigwdbn hwenpnwywbnipjw
gwilwgwd LGpwhwonpnwlwbnipnilp gniqudbn t: BlGGENY wo-
dbpe dkéh uwhdwhnudhg (n° 2.6) htwnipjwdp Ywpbih b wwywgnt-
ghy Gwl, np wGybpe 066 hwenpnwywlinipjwl gwblywgwd thpwhw-
onpnwlwbnipynilGp wGybpe 66 b Uw wpnbb Gaubwynid £, np we-
Utipe ULSh ng dh GGpwhwenpnwywGnipyntlp qniquidkin gt: Ujn wnnt-
dny htwnwppphp t L swhwquig Ywplnp hGnlbyw wlnnudp:

) <hzblp, np pinphd 2-h wujugnygmd @ = sup{a";ne N}: Quitnn b.. hwenpquljw-
Gmpjwl nhwpmd ymGhGwlp’ B = inf {b,, ;NE N}:
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LEddw 2 (Pnlgmﬁn'--imjbnzmnwuh ulyqpnilpp): Swihwgwd
uwhdwGuthwly hwonpnwlwlnipniGhg Yunpbih t pGnptip qniquidbn
bapwhwonpnwlwbnipnt G:

Uwwgnyg: » Thgnip x, -p uwhdwGwihwy hwenpnwlwbnupynib
t, a, =inf{x, :ne N} L b, =sup{x, :ne N}: Mwpq t, np x, hwenpnw-
Ywlnipjwl pnpnp wlnwdlbplG pGywé GG [a,;5,] hwunwénud: Clwn-
nbiGp wyn wlnwdiGbphg nplt delp, ophGwy x, -p L Yhublp hwindwop:
Pwih np hwenpnuywinipyjwl winwilsph pwiwyp wiybpg t, wyn Yb-
ubphg wnlywqlb obyntd pGUwsé YhGeG hwenpnwlwGnpjwl wlybkpy
pUny whnwdiGkp: LawlwybkGp wyn Ybup [a,;b,]-ny L pGinplGp wynnk-
nhg hwenprnuwlwinipjwl nplt winwd, nph hwdwpp 666 t n -hg:
hGwpwynp t, pwGh np n,-p sqbipwquignn hwiwpGbpny wanwdaGbpp
Jtpgwynp hwtn bG: thgnip phnpywé wlnwdp x, -Gt (7, >n,):

Uju pwjbipp wiybpe wpnilwybiny’ Yuinwlwbp Gepnpywsé
hwnjwsbbph whykpg hwenppwywbnipym @' [a,;5,] L x, hwenpnw-
Ywlnipjwl x, bGpwhwenppwlwbnipynil, wybwhuhp, np

bl —4
2‘—1

b, -a, = -0,

VkeN {x, ela;b,1}: (22)

Jwiwdw)l GEpnpywé hwinywébbph (addwyh, gnynipynib YniGb-
Gw ¢ Ybw, wyl b ShwyG de4p, npp Wwwnlwnud t [a,;5,] hwinyws-
Gbphg jnupwpwbsyniphG: LG npnud’

lima, =limb, =c:
Ujdd, qptiiny (22)-hg htitnkinn

a, <x, <b,

* 2. Poguwilin (1781-1848), sbju Gwpbdwwhyny:
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wihwywuwpnipynlGlbpp L ogqunytiny n° 2.4-h q) wannuihg' Yuinw-
GuwGp, np

limx, =c¢:<

LEddwl wwywgnigyhbg:

§° unzhp qniqudhinmpywi uyqpmbpp: Ujunbn wwwgnig-
ynud t dh ptinptd, npny (wyn SwuhG wytwplykg n® 2.1-nud) npynud t
gniqudtitn hwonpnwlwbnipynlblbph uywnhs Gywpwgqhpp:

UwhdwGmd 9: x, hwenpnwlwGnipiniGp Yngynid t pnilnw-
dkGwwy, tpt

Ve>03n,Vmne N {(mZn0 Ln2n)=x, —x,|<e}:  (23)

Btnpbd 3 (Unzhh qniqudhwnnipywl ulyqenilpp): Npybugh x,

hwonpnwwGnipnilp (hGh gniquidtin, wihpwdbyn t U pwdwpwp,
np uyl (hGh pnibnwoklnwy:

Uwwgnyg: » UGhpwdtnnipynbp: thgnip x, -p qniqudbn t L
limx, =a: Ywiwwlwlnptlt vpdwsd & >0 pyh hwdwp, %> 0 puyhG
hwiwwwunwuhuwb gnynpnit Ynilbbw 7, hwdwp, wyGwhuhG, np

(ano):>|x,—a|<§: (24)

Stnwnpbiny (24)-nl k=m2n, L k=n2n,” Yunwlwlp.

_x"

|x =|(x_—a)—(x,,—a)|s|x,,—a|+|x,,—a|<%+—§=s:
Pwywpwpnip)niip: Ghgnep x, -p dnilnwdbbnwg t:
Swhlwgwéd £ > 0 pyh hwiwp, —;:--hﬁ hwiwwwwnwuhuwb gnjnt-
pJnLl nuGh », hwdwp, wyGwhuhG, np

(m2n, hnan):>|x,,—x,,l<§-: (25)
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Jdtpgltinyd wyu Ytpehlnud 7 = n,* YnlGGGwhp, np tpp m > n,,
£ £
X, —E<x,, <x, +E.

Ujuntinphg, 4pyGtny n° 2.3-h q) winiwl wwwgniygnid jwwnwp-
Jwé nuuwnnnnepnilGGipp, Ywpon GGp unwlwi, np x, hwenpnwyw-
GnupyntGp uwhiwlwgwy b 3wiwdw)t Pnguwln-Jwbpwnnpwup |G-
dwjh (n° 4), x, hwenpnwlwGnipyniGhg Ywpbih b plunpb) X, qnqw-
g6 Gapwhwenpnuwljwintpynil:

Thgnip' x, —>a: Clunpklp n, plwlwl phyl wjlwbu, np
Gz2dwphw |hGh

(nzn)=> Ix,," - a’ < % (26)
htwnlnip)ntlp:

Gpb, wydd, n, = max{n;n,}, www, bpp n 2 n,, (25)-hg L (26)-hg
yhbuilh, np

| £ &
x,,—-a|=| X, —X, J+\x, —a lsixn—x,"|+|x," —a‘<—2-+5=8 :

Uw wpnbl, pwlh np €-p wpuwsé tp Yuwiwjwlwbnpbh, G2wlw-
ynud £, np x, hwenpnuwhnipynilp gniquibinn t L nilh a uwhdwGp:<
Ptinpbih wwywgnigykg:

§ 4. dNFLUSPUSP UUIUULL

1°. Byuyhl pwqdnipyul uwhdwbuyhG Yewinbpp: Yhgnip X-p
pyw)hb pwqintpniG t:

Uwhdwlntd 10: ae R Ybwp 4nsynid t X pwqdnipywl uwhdw-
GuypG wd YmunwlydwG Ytan, tpt gninipyniG ntGh h:N — X \{a}
hwonpnwlwGnipyntG, npp qniquidhuntd t a-hG:

" PGywbu Gz4bg n° 1.4-nul, gwllugwd n-h hwiwp k, > 7 : WGwhu ap, bpp 722 n,zn.,
wnuwb Lok, 2, ¢
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¢ Shunnnnipynil: UwhiwGiwG dkg hhpwwnwlyynn hwenprnwlwGnipn-
Gp wtiwnp t, hwuwnnptb, yweniggwd (hGh wybwybu, np 1) Gpw pnpnp winwd-
Gtpp pGwpdwd (hGEG X-hg, 2) pninpp LhGEG a-hg wwpptip, 3) hwenprwlw-
Gnipynilp thGh gniquidbn L nuGblw g uwhdwGp: UG nbwpntd, Gpp a¢ X,
2) ww)jiwlp nwnGnud t wybinpn:

OphGuwl 23: (-3;5) dhowlw)ph pninp Yewnbpp, hiswbu Gwb Swjpwyb-
ntpp, Ghewlywjph hwiwp uwhdwlwhto Ybnbp GG bulwwbu, btpb
-3<a<$, wyw, Ypglbind & =min{a +3;5-a}, Gwwnid Gp, np a Yb-

wnh 6 -2pewlwypp’ (a-48;a+6)-G, wipnnowwbu plGyws t (-3;5) dhow-
Yuypnid: RwGh np x_ =a+l hwenpnwlwbnipynilp dqwinid t a-h, Gpw pn-
n

(np wlnwyilGtpp, uquwé hGs-np n, -pn hwdwphg, Yhwjnnbytb g-h & - new-
wypnud b, nupbdl, (-3;5)-nud: Mw Gawlwymd t, np

X, s X

n°+l"xn°¢2’

hwenpnwlwhnip nilp pt’ dqunid t a-h, pb’ uqiywd &t Showlw)phl wwwn-
Ywlnn L a-hg vwppbip winwdGtphg: bul tpk, ophlwy, a =5, www Ywpt-

(b t waqibk| x, =5_-}- hwonpnwywlnipntlp, nph pninp wlnwdGtpp nh-
n

wwnlynn dhowlwyphg tib, a-hg nwppbp L™ x, - 5:

CGplipgnnhb LGp pnnGnud hGpGnipnyG hwdnqyby, np (-3;5) dhowlw)-
po G24wé Yhnbiphg quin ng 8h niphz uwhdwluwhG Y gnilh:

Swip uwhdwlwihG Ybwh d6Y w) vwhdwbnud, npp, hhwpyk,
hwdwndtip t ptipdwshh, pwyg, pt’ wyn qunwihwnh Ywpbnp dh pln-
hwipwgdwh hGwpwynpnipynil t tnwihu L pt’ pwqdwphy hwpgtipned
2w wybiih hwpdwnp t htGg npwbhg GGG p:

Uwhdwlmd 10': a Ytwnp Yngnid t X pwqdnipywl vwhdwbw-
JhG Ybwn, bpt a-h gwlhwgwdé (nppwl wubiu Glin) zppwlwip wwpnt-
Gwlynid t X-p wayting pyny wtnwppbip:

PEpYwé Gpyn uwhiwlnuiGeph hwidwpdtpnipjwl wuwgnignt-
dp dbq hwdwp uyqpnibpwihlb sk Sw, hGswbu L hGnwgqw wpwn-
pwipnid hwinhwnn dh 2wpp w)p wannuiGliph wywgnignip, pGhw-
tuntyq pGptipgnnp Ywpnn t thnpdby hGeGnLpnyl Ywinwnbi:
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OpphGwy 24: PGwlwG pdbph pwqdnipyntlp ng Gh uwhdwGuyhG Yhwn
snlh: Pulwuwbu, gwGywgwé a pdh, ophGwl, 1-2ppwlwypp Yupnn t wwnnt-
Gwyb; wdkbwwwnp Gpynt pGwywh phy: Lnylh WwnBwnwpwinepjwip® wu-
pnne pybiph pwqdinip)ntGG tg, ng bh uwhdwlwjhG Yawn snilh:

Lwhunpn wwpwgpwdnid vwhdwblwd whdbpe 666 hwonpnw-
YwGnupyniGGlpp, hbswbu Gwlh wju wwpwgpwdnid uwhdwbynn wi-
ytpe dtié¢ pnGuyghwlbpp, swihwqulg Ywplnp nbp 60 Juwinwpnd
wju nwupGpwgnid: Npwbugh uwhdwGGeph Ybpwpbpjw) pwqdwphy
uwhdwbndbbpa nu whnnwGbpp wpwéybt Gwl npwlg Ypw, Gujw-
vnwlwhwpdwp t 2ppwlwiph b pwqonpjwl Ynunwydwhb Ynh qu-
nwihwnGtpp thnpp-hGg plniw)Gh:

UwhdwOmd 11: Swlywgwé A pyh hwdwp (A;+0) U
(—o0;—A) dhpwluypbpl widwind G0 hwiwwwwnwufuwbwpwn
+w-h U —w-h A—ppwluypbp: IwdwlGdwlnpbl, gqwiliwgwd
A>0 pyh hwdwp R\[-A;A]=(~0;—A)U(A;+©) pwqdnipniGl
waywlnid &G © -h A - ppwljuyp:

Nhgnip X-p pwyhG pwqdnipyntG t:

Uwhdwlnmd 12; Uunid &G, np o -p (+o©-p, —o-p) X pwqdni-
pjwi vwhdwlwihG ywd Ynunwlydwb Yan t, ipt © -h (+ o -h, —cc -h)
gwilwgwd A - ppwlwip wwpntGwynid t X pwqdnipjuwlp wwnlur-
Gnn wGybpg pyny ytiwnkp:

UGnpwnwnbwiny ophGwly 24-hG" GYwuwbkGp, np pGwlwG pytph
pwqunpjwl hwdwn, npp ng 6ph (Ypowynnp) vwhdwlwhG Ybwn gne-
Gtp, + -0 wpnbG, hbnbwpwp Gwb ninnwyh < -p, pun vwhiwGnd
12-h, uwhowGwjhG Yo k: Pulwwybu, gwGiugwsd A pyh hwdwp gn-
Jjnpynil nuGh A -hg 0t¢ pGwlywl » phy: Yw Gawbwyned £, np waybpg
puny n,n+1,n+2,--- plwlwh pybpp pllwd GG + 0 -h A - zpowlw)-
pntd: LnyG Ybpw Ywpbih £ hwinqdby, np pb” + oo -p, pt&” — o -p wi-
pnng pybiph pwqintpjwi hwdwp vwhdwlw;hG Yewnbp GG:

bbb ny vwhdwbnud 10-hG dLwybpwbGp Gpynt hwuwn, npnlg
utnnigniip pnnGnud GGp pGpbpgnnhl:

Gpb X pwqinipjwl hwdwp o -p uwhdwlw)hb Ybwn b, wwyw’

w) X -p uwhdwluhwy st;

p) anynipynil nGh wGybipg oté hweonpnwlwbnipyniG, nph pninp
wlnwdGept pGunpwé 66 X -hg:
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Uju thwuwnbiph dwipwdwubnuip wjb nbwpbpnd, Gpp X -h Une-
tnwldwl Ybwinp +00 -0t Ywd —oo -p, pGpkipgnnp Ywpnn t hGplGnipniyh
Jwnwnbi:

2°.  dmlGyghuyp uvwhdwGh vwhdwGmdp: Splwé t
y=f(x), xe X, plwjhG $nilGlyghw:

Nhgnip a-0 X pwqinipjwl (npnadwG wnhpniph) nplt Ynonwl-
Ow Yyben t:

UwhdwGmd 13: A php Ynsynid t y = f(x) dnilyghuyh uwh-
Uwl a Yinmd Yuwd x-p a-pG dqunbiihu, bpt a-hG qniquidhunnn gui-
ywgwd x, hwenpnwlwlnipjwl hwidwp, nph winwdlbnp X-hg 66 L
a-hg twppbip, pnillyghwih wpdpGbph y, = f(x,) hwenpnwlwGnt-
pinLlp dqunid t A-p:

Uju ywpwqw)nd qpned GO°

lxi_r’gf(x)=A Ywd f(x)> 4,bpp x> a:

4 ThunnnipimG: dniblyghwih hbnwgnuniwh pGpwgpnid 2wn hwSwtu
wOhpwdtn t (hGnud wwpqbip wyu Yud wyb Yewnnud Gpuw uwhdwGh gnjnipjnup
U hwpyb| uwhdwbp: M pwywywil wy wwwnybpwgnid b wnwihu yewnh npuws-
Yuwjpnid $nulGyghwyh ywpph Swuhl: UwhdwGh hwaynidp wnwidlwwbu Yuw-
plnp t wyG nbwpnid, Gpp ahwnwplynn Yninwydwh Yhwnp $nibyghwih npng-
Gwl whpnuyphl sh wwwnlwbnud: Pwyg, bpb GnylGhuy $nibyghwl npndwe t
wjn Yewnnud, www Gpw wpdbipp Gppbda Ywpnn t pjnip Ywpshp unbinét) ybuwnh
ptyniq 2wwn Gbn 2ppwlw)pnid $niblghugh plnnibwe wndtipltiph dwuhG: Un
b wwwnSwnp, np uwhdwGh vwhiwGiwG dbp hwikGw)Gntiwyu wwhwbeynid t
x, hwdnprwlwnipjwl winwdbbn0 pGunbi a-hg wwppbip:

Uuqwép ywpqupwibGp ophGwlny:

OphGwy 25: Yhunwpyblp hbwnbyw dnblyghw (qo. 1).
x* -1, tppx#0,
f(x)=
S, tppx=0:

dnulyghwl npnawé t wipnng pywihG ninnh dpw, hbinbwpwp gwi-
Ywgwd Yhwn, Jwubwynpwwtu 0-G, npnadwl whpnyph hwdwp Yninwlydwd

Ybwn t: JwpybGp lingf(x) -p:
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Swalwgwé 0-h aquinn L 0-hg twppbp winwidttpny x, hwenpRwyw-
Gnipjwl hwiwp®™ f(x,) =x,,2 ~1: Yjawtu np,
lim f(x,) = lim(x,* ~1)=limx, -limx, ~lim1 =0-0-1=~1:
; Uw, pun uwhdwbnd 13-h, Gwlbw-
5 H . 1
ynud t, np lgng(x) =-1:
20wjwé, np f(0)=S5, wuby, pb
x=0 Ybwh pwywywGwsuh Gbn 2ppw-
Yuypnud dnbyghwih wpdtipbbipp nppwl

wubu dnwn &G 5-h0, sEGp Ywpnn: Ujy pwh t,
Gpp npwap hwikdwwnd Gap $niGlghwh

5 uwhdwbh hbwn: Mwpq t, np, nppwl dnun t
\/ wpgnuibOnp 0-hG, w)Gpwh Pnibyghwih
- wndtipp phs t wppbipynud —1-hg:

q6. 1 QLwybpwbbp wjdd Inblyghwih

uwhdwbp d6Y w)p vwhdwbnud, 13-pa
hwiwpdtp, npp Wwwnlwbnud £ Yn2hhi:
Thgnip wyuwnbn b, a-0 y= f(x) (x€ X) Inblyghwjh npndwl
tnhpnyph Yntinwidwh Y t:
Uwhdwlmd 13" A phdp Ynsdnid t f pmblyghwyh uwhdwi a
Yt d, (x-p a-hG dqunbihu), tipti

Ve>038>0Vxe X{0dx—al<d 2| f(x)-Al<e}: (27)

Qnpwép Yupbip b otLGwpwal) hbnlyw) Yepw.

A lbhwnh gwllwgwé (nppwl wutiu G6n) 2ppwlw)ph hwiwp gn-
jnipyntG niGh a-h & —ppwiwyp, nph Ghpunud £ dnGyghwgh pGnne-
Gwé pninp wpdbiplbpp (pwgwnnipjwip gnigt f(a)-h, bpt a€ X))
pGLYwo tG A-h € - 2powlw)pned:

WG, np wyu uwhdwbdwb d6p bt wpgnudkGuhG pnyg sh wnpynud
«dnunp gnpébip» a Ybwn, (27)-nud Gywé t | x - a > 0 wGhwywuwpnt-
pjwdp, npp plnwikbp GowGwynd t, np x# a:

Npwbugh a YEwnnid $nuGhyghwh uwhdwbh htwn gnpé nLlGEGwihu
witit whgwd unhwyywé s hGehp plngékp x # @ uwhdwlwihwynudp,
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wwjlwlwynpytilp wpqwé 6>0 pdh hwiwp dhowlwjptiph
(a-8;a)U(a;a+6) dhwdnpnudh wGwllby a Ybwp dhpwbghly
6 - 2npwljuwp:

3°, dnGyghuyh uwhdwGp wadbppnud: Thgnip
y=f(x) (xe X) dInGyghwjh npnzdwlG whpnyph hwidwp o -p
(—o-p. +00-p) Ynunwliwh Yo t:

UwhdwGmd 14: A phyp Ynsynid t f pnlGlyghugh uwhdwl x-p
o -ft dqunbihu (Ywd ninnwyph wGdbpgnid), tpt X pwqdnipjwl b
wnbiphg Ywqddwé gwljwgwd x, whytipy 066 hwyonpnwlwlnipywl
hwadwp y, = f(x,) hwonpnwlwlbnipynibp dguinid t A-h:

Wu nbwpmd gpnud GG 1i_£2f(x) =A4:

LnYG wju qunwihwph uwhdwlnidp « £ — & » hiqyny hbwnlyw| G

Ve>03A>0Vxe X{{x>A f(x)-Al<¢}:

hu| tipk

Ve>03A>0Vxe X{x>A| f(x)-Alé}, (28)
www A4-0 wawhbnud &G /£ $nlyghwih uwhiwG + w-nud L gpnud.
Em f(x)=A4:

hGs yepwpbpnd £ dnlyghwyp uwhdwGhl — oo -nil, www npw
uwhdwlnudp pb” hwonpnwywGnipyniGGbph, pt* « £ -8 » |tqyny pl-
ptipgnnp pnn thnpdh hGpGnipntyG dlwltpwbi:

OphGuly 26: f(x) =22

whpnyph hwidwp Yntnwldw Yo t: 3wdnqytitp, np

. xe R\{0}: Mwpq t, np o -p npnadwl

cOsX
=0:

hm f (x) =lim

X—»® X

Swlljwgws x, (x, #0) whbpe dté hwenpnwywinipywl hwdwn
f(x,)=

cosx,

=L~cosx,, hwenpnwlwGnipynibp, npwtiu is wytipg
x

" n x’l
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<1) hwonpnwywGnipjniGGtiph wp-

thnpp b cosx, uwhdwGwihwy (|cosx,,
nwnpjwi, wGykng thnpp t (n° 2.6):

4 Hhunnnpnil: bpb pnilGyghwh npnquwé t, ophluwly, nplt (a;b)
Ytpowynp Ywd waybpg Showlwypnid, www Yunbih b funubp Gpw uwhdwGh
qnnipjwl Jwuhl Ywd hwpybp vwhiwGp Showlwjph gulywgwéd Yhwnid,
haswbu Gwl Swypwybntpnid, pwbh np npwip pninpp wyn Ghowlw)ph hw-
dwpn Ynunwlyiwb Yenbp G6: Un b ywnbwnp, np uwhdwbh Guiwydwh gk
lim-h wwy hwwnndy plngéynid b, pb hwwnwwbu np Yewnnd GG hwaynud
InGyghwih vwhdwip: PGs Yepwptpnud b hwenppwlwbnipjwip, npp uwh-
dwiybg npwbiu pGwlwa pytph pwqintpjwl Ypw npndwé dniblyghw, www,
pwGh np N-p niGp Ghw)b dbY Ynunwydwh Yewn' + oo, w)pGnpwGph pwguw-
Ywjnipjwl wwpwquwynd whhpwdbtnnipnia shw Gt nt, pb wpgnudkbunp
n-p, np Ynunwyowhb Ytwnhb dqunbint wppynibpnid b hwonpnwlwGnipyniGp
dquinid hp uwhdwbhG: NwnidGwuppbiinyg n® 2.2-nd pipdwé uwhdwbnld 6-p,
GUwuwnd GGp, np wyG niqquyh + o -l Pnillyghwih uwhSwbh (28)-nLl
unpjwéd dtwybpwnudG b hwpdwpbgwé hwenpnwlwbnipyniGGph hwdwn:
UGwbu np, x, > a, tipp 7 — +o: Swllynipjwl ntiwpnd § 2-nd oguw-
qnpéywo limx, -h thnfuwpbG Ywptigh b ogunwgnpét, Gnylwbu 2w pGnndG-

Jwo, limx, Gawlwyniip:

4°, Uwhdwbh hunnympniGGtpp: 651G n uwhdwlnd 13-hg’
hwonpnwlwinipjwl uwhdwbh Yspwpbpuw| pwqiwphy whnndGbp
htwnipjwdp Jwpbih b wwpwés] dniblghwih uwhdwbh dpw: bune-
uwthtiny dhophlwly nwwinnme)nlGbph wpniGwlwlwG YpyGnep-
JniGhg’ pywnytiGe npwlghg dh pwhhup, wrwig wwwgntjgGtinh:

w) dnillyghuyh uwhdwbnp npnywyh Yewnncd Shwya t:

p) y=C hwunwunnG pnilhghwi guwlhugwd a Yaunnid nibh

uwhdwd, pln npnud
IimC=C:
q) bpt nipywd Ybwnnid pnGyghwa niGh vwhdwa, wyw win Y&

wnh nplt ppwlwypned pniGlyghwsh plGnniGwé wpdbpGbph pwqdnip-
JntGp uwhdwGuwthwly t:

n) bpt y=f(x) (xe X) b y=g(x) (xe X) dnlyghwitpp a
Ybwnid nlG6G uwhdwG, pGn npnid a-h nplt dhowlGghy 2powlwypntd
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nbnh ntGh f(x) < g(x) wohwywuwpnipyniOp, www wyn wihwyur
uwpnipjwl dbp Jupbih t ywinwnpby uwhdwawihG wigned.

lim f(x)<limg(x):

b) 6pbi y =h(x) (x€ X) pnillghwl a-h nplit dhpwlghl sngur
quypnid pwywpuwpnid b f(x) < h(x) < g(x) wlhwywuwnnipiniGGb-
phG U lim f(x) =limg(x)= A, www limh(x)=A":

q) bpt f(x) L g(x) dnllyghwllnp a Yhwnid ntG6G uwhdwd,

www f(x)tg(x) b f(x)-gx) dnblyghwlbnp a Y&wnd Gnylbuwbu
n GGG uwhdwd, pGn npnd

lim{f (x) £ g(x)]=lim £ (x) £ lim g (x);

lim{f (x)- g ()] =1im f (x)-limg (x):

bpt limg(x)#0, www Gdwppwn t Guwl pwlnpnp uwhdwoh
hwpydwi ;_;mu Jwy wbndp.

im0 L BRI

e g(x)  limg(x)

YSpywé bl f:X oY U g:Y—>Z pnllyghwlbpp:

1) bpb Li_r’?f(x)=b, beY U lyir_’xl}g(y)=g(b), www a Yannd
g(f(x)) pwpn $nLGyghwh niGh uwhdwa, pln npntd

(29)

(30)

limg(f(x)= g[limf(x)]= g(b): (31)

2) bpt lim f(x)=b, a -h nplt Jppwlhuypnid x#2a=> f(x)#b
i limg(y)= A, wiyw limg(f(x))=A:
y— x—a

Wu Jbpghl wGnnudGbpp wwwgnigdwb Ywphp nilbG, pwbh np
hwenpnwlwGnipyniGGaph hwiwp GdwGwinhy winnuiGp 606 Gnb|:

) Uju nhwh &lauybpuymuGupmy vwhdwéh Gawih oquwgrpomip unynpwpwp Gl Gw-
Gwynid t, np uwhdwGp gnynipymG niGh:
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Nhgnip € -p gwllwgwd npwljwb phy t:

» 1) Lwly, pwlh np g(y) — g(b), tipp y — b, qnnipynih Yni-
GEOw 7 >0 phy, w)Gujhuhb, np

|y-bl<n=|g(y)-gb)|<e: (32)

ewbh np, Owl, f(x)—b,bpp x —a, Gywé 7 pUh hwiwp gn-
jnipynil nGh 6 >0 phy, wylGwhuhG, np

O<|x-al<d | f(x)-bkn: (33)

Jwzygh wnbbny, np gwllwgwé xe X Lbwnd f(x)e Y L hw-
dwnptiiny (33) L (32) pwhwdltpp, Yunwlwbp

O<|x-al<d=|g(f(x)-gb)ke:

bul wju Ybpehbp, pun uwhdwbnud 13'-h, GawGwlyned t hkGg, np
(31)-p G20wphun k: <

¢ YhunnnipniG: UwhdwGnid 13'-nid wwhwieydnn 0 <| y —b| Yuwd, np
OhlGnyGG t, y # b wwjdwlp (32)-nid pwgwywynid t, pwGh np npw wihpw-
dtiwnnipnilp syw: UYGhwyn t, np y = b wndtipl b ¢ pwwpwpnud we ynn-
dnud gpwé wlihwywuwpnipjwlp: M, Ywnpébu ph, Swipnip t, pwyg™ 2wwn
twywa: bpt, wy wwpwguyntl, unhwyywé |hGehGp wybjwglt| Gywd wuwj-
dwip, www, nppwlny np (33)-h we Ynndnwd 0<| f(x)-b| wihwiwuw-

pneppnilp Gpwzbuwdnpywé sk, nupbdG (33)-h L (32)-h hwdwnpnudp ophlGw-
Ywa st (nbiu ophGwy 27-p):
» 2) Uyju innwppbipwynid wpnkb unhwywé BGp qpby’

0<|y-bl<n=|g(y)-Ake: (32)

Onfuwptbp, vwlw)b, 2)-nd weljw wwjdwbbGspp pney GG vwihu
(33)-p GEpYwjwglt hbwnbyw| wbupny.

O<|x-alkd=>04 f(x)-blkn: (33)
Ujdd, nwpdjwl, hwdwnptny (33")-p L (32')-p, hwGgnud bGp ww-
hwigynn hwywuwpnipjwlp: <

OphGuwly 27: j(x)=xsinl. x€ R\{0},
x

=1 =0
&Y=, y=zo:
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Swllwgwd &£ >0 pyh hwdwp, ytipglhinyd § = €, YniGhiGwGp.

0<|xl 6= F(x)—0|=| x| {sin—| | x|< & :

1
sin—
x

Uw Gawlwynui t, np b= li_{.pf(x) =0:
tL wybh whGhwyn t, np li_r.?g(y) =0:
b4
Ujdd hwdnqyliGp, np z=g(f(x)) hwiwnpnypp a =0 YLwnd uwh-
dwG gniGh:

Thuwnyblp x, =i hwenpnwlwGnupnilp: Mwpq L, np x, 20,
n

x, =0:

Lwlh np f(x,)=x, -sini=i-sin% hwenpnwlwnupywl pnynp
nn

Ytlw hwdwpGlipny winwdlbpp 0-hg wwpptip GG, huly qnuyg hwiwnpGbpny
wlnwdGtpp hwywuwn 6G 0-h, g(f(x,)) hwenpnwlwinipyndGp YniGhGuw

0,1,0,1,0,...
GEpYwjywgnuip, nphg wythwjunnpbb htwnlndd t, np wyG nwpwdbn t:

Uju Gplinyph wwwnSwnp dh Ynndhg wyb t, np

limg(y)=0#1=(0)
L, hbnbkwpwn, 1) Wondwl wwiwbGkphg sGYp pwywpwnywé st: Upnw Ynn-
dhg” a=0 Ybwh gwllywgwé ppwlwipnd YwlG wdytipe pyny Ytinbp®
u, =l , npnlgnLd f-h wpdbpGhpp hwdpGyGnud GG wyn Yhwnd $nibhghw-

n
Jh uwhdwGhG: Uyuplph, 2) windw dbp dlwybpwywd wwjdwbbhphg Jeyp
GnyGwbu pwydwpunywé sk:

5°. UpwynndwGh uvwhdwGGbp: Spyws t y= f(x) (x€ X)
Pnulyghwb: Nhgnip a-G X pwqinppul {x€ X:x<a} L
{x€ X :x> a} thpwpwquinpjnilGltphg jnipwpwlgniph hwdwp (ni-
ntuh Gwb X-h hwdwp) Yninwldw Yhn t:
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Uwhdwlnid 15: A phyp Ynsynid t a Yawnnd £ pniGhyghuyh dw-
fuwynnijwi vwhdwb, bpb

Ve>036>0Vxe X{a-d<x<ad|f(x)-Al<e}:

SwdwidwlnpbG, B phyp Ynsynid t a Ybwnid f pniGlhyghuyh
wpwynnywl uwhdwi, tpt

Ve>030 >0Vxe X{a<x<a+d 3| f(x)-Ble}):

Qwhiwlynndjwl Lk wewynnijwl vwhdwbGGbpp ShwuhG Ynsynid
G0 $niGyghwih dhwnndwih vwhdwbGEp: Ywlg hwdwp pGnniG-
wé LG hinbywy GawlwynudGpp.

A= lim f(x)=f(a-0), B=lim f(x)=f(a+0):

Muwpq t, np dhwynniwbh uwhdwbGbGEpp wpdwbh GG nRwnpnLp-
Jwh dhwyb wyb nliwpentd, Gpp nhvwpyynn Younnud dniGyghwh uwh-
GwG gniGh: Npnyhbnb, bpb pnGyghwl uwhdwb nuGh, wyw,
wyGhwpn t, Gpw dhwynniwbh vwhdwGGEpp gnynepyntl NGkl L hw-
qwuwp GG hbGg $nbyghwih uwhdwGhG: UdbhG, G20wphun t
hwbyw] whnnudp.

npwbugh f pnGhyghwl (uwhdwlnid 15-pG Gufunpnnn wwydwl
Gbpnid) a Ybwned niG6Gw vwhdwl, wohpwdbwn t U pwywpwn, np
wyn Ybwnnid grynipyniG niGbGwG Gpnw f(a—0) b f(a+0) dhwynn-
dwih vwhdwbGbpp U (hGEG hpwp hwywuwn:

Wu thwunh wwwgnigniop pnnGnud GGp pGplipgnrh:

OphGuwy 28: YhinwpytlGp y =sgn x (uhglnud x) $nilyghwi (qé. 2).

sl -1, x<0,
sgnx=< 0, x=0,
1, x>0

Lubh np $nilyghwo
pt’ 0-hg dwtu, pt’ 0-hg wp
hwuwnwinnil t, Shwiquidhg

q6. 2 Jupnn tGp gptit’
sgn(—0)=xlix_r%sgnx=-1. sgn(+0) = lin},sgnx=1:
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PGswbtiv wnbuGmd GGp, dmbyghwsh Shwynniwbh uwhdwbGhpp O-nLd
qnjnupyntl nilkb: Pwjg, pwih np npwlp hwywuwp g6G, nipbdG sgn x-p

0-nud uwhdwG gniGh:

OnphGuwly 29: y = cosl, x€ R\{0} (q0. 3):
X

Nppwlny np hwpy D
shwiwnbghlp uwhdwbnd g s
15-p dLwybpwhp Gwl hw-
enpnwlwbnpyniGGbph |bq-
ynd, hwinqywé, np pGpkp-
gnnp nw  YwGh hGplGni-
nnyl, wyu $nbyghwih ht-
nwgnuinldb waglwglbihu
hGg-nn  gwihny |pwgltGp
wjn pwgp:

Nhunwplklp 6.3

Y

x, =L hwenpnwlwanipynlp: Mwpq £, np x, <0 L x, = 0: Ljwuwb-
n

tny, np

Y. = cosi =cos(—wn)=cosmn=(-1)",
X

npp wwpwibn hwenpnwlwbnipnil t, Ggpulwgbnud thp, np dnmbGyghwb
dwhuwynndjwl uwhiwG gnilh: dbpglbiny x, =L, GnyG auny Yhwing-
zn

JtiGp, np nbyghwl wowlynnijwh uwhdwa b gnGh: Phwpyt, wyu Ybpehlp
wpnn thGp uwnwlwi, hwyyh wnGbind Owl, np $mbGyghwl qnuygq t
(f(=x) = f(x)). htwnbwpwn 0-h dwfu L we Ynndtpnd niGh Shwunbuwy

Jwnp:

6°. UGYLng hnpp U whybpp J&& pnilyghwlbp: Lwhunpn Ww-
nwgpwdpnid pbpywé whybpy thnpp L woytpg ks hwonpnwlwbnt-
pIntGGEph uwhdwbnudGepp (n° 2.6) wiGwl fudpwgpnipjwdp tw-
nwoynid 60 Gwl $mGyghwltph ypw:

Uwhdwbnid 16: y=a(x) (x€ X) Pnllghwl a Ytwnnd Yns-
ynid t wGybpy thnpp, tpb
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lima(x)=0:

Uwhowlnd 17: y=g(x) (xe X) PniGhyghwt a Ltunnid §ng-
ynid t wbybppg Uk, tipt

VE>036>0Vxe X{0<|x—al|<d = f(x)|>E}:

Uju nbwpnud wumd &G, np g(x)-p dquntd k «o-h, ipp x> a L
qpnuy’

limg(x)=o:

x—a

Uuntd 66, np x-p a-hG dqunbihu g(x)-p dquinid £
w) +oo-h, tipk VE>036>0Vxe X{0<| x—a|<d = g(x)>E};
p) —o-h, tip VE>035>0Vxe X{0< x—a|<d = g(x)<-E}:

OphGwly 30: y=l, x € (-0;0)J(0;+00): MunudlGwuhpblp wju
x

$nbyghwyh uppp 0-nud L o -nud:
1) Nhgnip” x = 0 : Swllwgwé E >0 pyh hwiwp, ybpglting & =%,

GYwuwinid BGp, np

0<|:c|<5:>H=L>l
x| |x| &

Uw Gawlwynd &, pun uwhdw-

.1
Grud 17-h, np lxu_g;-oo.

Udbh dwGpwypypwn nwunidGwuh-

ntitnd  dniGlyghwih Ywppp 0 Ytwnnd
Ywpnn btGp Gwlk  wbuGh, np

liml=—oo. lim1=+00 (q6. 4):
x—-0 X x—+0 X

Ujuwnbin [, hGswbu Gwpunpn oph-
Gwynud, oguwlwp £ Gyuwnby, np O Yb-
q9. 4 vnud pwywluwi t hwayby Shwynndwdh
uwhdwlGtphg Shw)G Okyp, pwbh np
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gjneup, 2Gnphhy $niblghwyh YhGunnpywl (f(—x) =-f(x)), Shawn GnyyGG L
hwywnwy Gywbny:
2) Thgnip, wjdd, x - o: Bwlywgws £>0 pyh hwdwp, Ybpglhlp

A= -1-: Ujn ntiwgpnud’
£

|x|>A:>H=—l—<l=
x| |x|] A
buy uw Gwlwynid t, np liml=01

o x

4 Yhinnnepynil: OphGwy 30-n1d $niGyghwih npnadwG wpkpnyph hw-
Gwp L’ —o0-p LU’ +o0-p Ynunwlydwh Ybuinbp GG: CGn npnld, wyn Bpyne yne-
nwldwh yhnbpndd £ $nblyghwih vwhdwhp 0 b LwwnkGp, uwlw), np bpp
x —» —o0, dnilighwt dqunnd t 0-p" dGwiny wpnilwl pwgwuwlwh, huy
tpp x — +oo, pnilyghwl dgqumd t 0-h" dGwiny npwiywb: WuophGuwly
Epluniyph pwgwhwynnidp tppbdla Ywpnn b $nlyghwlbph htitnwgnundwi L,
wnwidlwwtu, qpwdhylbtiph Ywnenigdwl hwpgnud wunn oguwlwp (habky:
N GYwwnh nbbGwinyd’ wwydwbwynpynd GG gpk|.

tpb a(x) > 4 L a(x)< A4, wyw’ a(x) > 4-0;
tpt a(x) > 4 L a(x)> 4, wyw’ a(x)—> 4+0:
Uuywéhg hbinlinud £, np

liml=—0, lim—l—=+01

o x Itw x

Uyu YbipehG thwuwtiph wpwnwgnnudp gpwdhlih dpw (q6. 4) htinbyw) G t.

tpp x = —©, hhwbppnth dwju G§minp wGdbpe dnnbGnud £ Ox
wnwlgph0’ SGwiny Ox-hg Ghppl, huly pp x — +00, hhwtppnih we Gyninp
nwpdjwy dninkGnud £ Ox -hG, pwyg, wju wlqwd, dhwiny Ox -hg Ybpl:

7°. UGyYkpg hnpptiph b whGytpp JE6Eph pwnnuinnedp: thgnip
npnawlh a Yewnnd a(x) L B(x) dnbyghwlbpp whytipe thnpptin GG:

w) Uuntd &G, np a Yewnd a(x)-p B(x)-h Gywwndwdp pwpdp
ywnpah wiytpg thnpp t, tpb
lim@ =0: (34)
*a fi(x)
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Un hwunh gpwndwl plantGywéd dlp htinnlywi G t.
a(x) = o(B(x)) (o-thnpp B(x)), tipp x — a:

Lawlbwybiny %=y(x)‘ wnbulntd thap, np tpt a -0 GepYyw-
jugwé t a(x)=y(x)-f(x) wbupny L y(x)—0, tpp x—a,
nupkidl @ =o(f) :

COnw)bGnY «o-thnpn» Gwlwldwl ogquwgnpéiwl nwawnp’
wwydwbwynpynd &G, wilwh wit pwbhg @ -0 L A -0 whytipp thnp-
ptip GG, pb ny, (34) hwywuwpnipjwl nbwpentd dhow gpbl” a =o(H):
Uwulbwynpwwtbiu, tipp A(x) =1 (hwuwnwwnG t), a=o(1)-p nunnw-
Uh Gwawyned t, np a -G waytpp thnpp t:

p) Epli qnynipyniG niGGG p > q > 0 pytip, wyGuwhuhp, np a Ytwnp
nplt dhowlghly 2ngwlwypnid

a(x) <
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wyw a-0Uu B -0 wwinid 66 dpulnyG Yupgh whGybpg thnppbp
L gpmd a(x)=0(B(x)) (0-0té B(x) ), tpp x —a:

Mg t, np, ipt @ = O(F) , wyuw, Gwl, f=0(a):

q) bpt npywé ke N pdh hwiwp a(x)=O0((B(x)}), wuyw
a-0 wijwind &6 B -p Gyuwndwdp Shyn k-pn wpeh wGybpg
thnpp:

n) UG nbwpntd, bpp

]im& =

e f(x)
a-6Uu f-0wijwind 66 hwdwpdtp whybpg thnppbp L qpnid
a(x)~ B(x), tpp x> a:

bpta~f,wyw f~a:

bpia~B U~y wywa~y:

qg<

1,
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hulwybu,
lim——= (%) lim[a(x)-ﬂ(x)]ﬂima(x) Ax) =1-1=1:
=ay(x) = P(x) y(x) ) = f(x) e y(x)
tpti a~p, wyw (a-pF)-0 pt" a-ph U pt’ B -h Gyundwdp
pwnan Yungh widtng thnpp t:
ﬂ_ =1- g o 2B _«
a

==1-1=0, ——=—-1-0:
a

hpnp,

Ujdd whnpunwrlwip waybpe dkétphG:
Nhgnip g(x) L A(x) ImbGyghwhbph a Y whybpe oGS Ga:

h(x)

b) bpt lim? =0, www, hwdwduwyl w)-nd pGnntGwd wwp
X—»a g x

dwowynpwénipywl, gpnid 66 h=0(g) U wuntd, np a Ynncd g-G
h-h Guwndwdp pwnpép Quwpgh waybpp Uk t:

UhLGneyh Ywpgh, dGhp Gjntup Gywindwdp £-pn Gupgh b hwdwp-
dtip whybkipp vtidtipp uwhdwGynd GG Gnyyh p), g) L n) YEnbpnud plip-
qué pwlwdlbpny:

Lzb0p Shwyl, np bpp A~ g, wyw L A-p L’ g-G (h— g)-h GUuwn-
dwdp pwpdp Ywpgh wiydtipy dtokp GG

Oppbwy 31: a(x) = x* -2x, B(x)=x"+4x*:
2wih nn lima(x)=0. limp(x)=0, @-0L [ -G 0-n18 wGykipg thnp-
pbp G0: UjGnihbunb’
201 lim(l 2x)
a(x) _ lim x(1-2x) _ 1

= —=].
=0 B(x) =0 x2(1+4x2) 11m(1+4x ) 1

Uw Gawlwymd t, np @ L A wGytipg thnpptipp hwiwpdtp 6G. a ~ 8,

tpp x> 0:
NuntiGwuhpbbp, wydd Gnyo wyu $nbGlyghwltiph yunppp oo -nud:
Luwtu GYwwntGp, np

la(x)|= 2%’ = x* [22] x| —|x[*2 x|, tnp [ x[21.
| B(x)|= x* +4x* 24| x|*:
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Uju qhwhwunwlwGlbnhg wGdhewwbiu htitnbntd k, np

lima(x) =, limB(x)=w:
&whbh np, Gwb

1.2
im %) _jimxl_x _0_,
1> ﬂ(x) o ‘]— 4

+4
xZ

mpbll a =o(f). tipp x—>co: WuhGpl' oo -nud p -0 a-h lhundwdip
pwnép wpgh wiykipg dké L:

8°. SwppwlywlG pniGyghwbbph uwhdwGGEph huipydnidp: Uww-

gnigtiGp dh pwGh wGhwywuwpnip)nibblp, npnlp oquwgnpéynd G
hhdGwYwl nwppwiwb pntyghwibph uwhdwGbhpp hwykhu:

1) |sinx|<| x|, xeR: (35)
> NhuwpytiGp (0;0) YtGwnpnGny L 7 pwnwidnny 2powlh x nw-
nhwG YEGunpnGwjhG waynb nlbtignn OF, P utiywninpp (q6. 5): Iwdw-
dw)b Lnwllynibwswhwyws dnbyghwllph uwhiwGiwG (n° 2.3.7),

. PS os
|sinx|=-—, |cosx|=—: Jwjwn- ,
r r
Gh t Owb (inbu GnylG wnbnnud), np Q
UPP=r|x|" '
UyGhwjwin k, np PS-p npwtiu P N
Yimhg Ox wnwGgphG hotigywoé ° 5 P

ninnwhwjwgh  hwwndwd, wybh
ywps k, pwh Gnyl P Yewp Ox-h
F, YtwnhG dhwglnn 2powlwgéh

PP, wnbnp: 9wGhg b hbGg qd. 5
htwnlnud £, np
sinxl= 25 < IIx Ly
r r

* Unnoyh Gwlp wGhpwdbyn b wyG gypmd, tpp x-p wawehlG pwnnpnh uwhdwGGiphg
nnipu b qunGynud:
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LywwnkGp, np uwnwgywéd wlhwywuwpnipjwlb by hwywuw-
pnipjnLlp hGwpwynp b dhw)0 wjG nbypnd, bpp x=0:

Nhgnip, wydy, 0< x< %:

Mwpq t, np OSQ ublwinph, OSP bnwGlwh LU OP, P ubywinph
dwytiptiuGbph hwiwp (q6. 5) G20wppun GG

SOSQ p SOSP < SOPOP

wlhwywuwpnipyntbObpp: 3wzdbind wyn dwybpbulGbpp’ unwbnud
tGp

l)c- ricos’x< L, cos xsin x Slrzx

2 2 2
wlhwywuwpnip)ntbGGtipp: PwdwGtiiny wju ybpehGh pninp Ynndkpp
%rzxcosx npwlwl wpnwhwjnnpjwl ypw' Junwbwlp

sinx 1
cosx$——=<

X COos x

(36)

wlhwywuwpnipynGGtpp:
bpp -—%<x<0, (36) whhwywuwpnip)ntlltipp nwpdjw G20w-

phwn &G, pwGh np npwlg Ynndbpnud welw tpbp $niblyghwbpl g
qnuyq bG:

2)'In(1+l]<l, neN: (37)
n n

1 n
» Uw wGdhpwlwl hbwnbwGpl bt wid hwuwnh, np x, =(1+—]
n
hwonprwlwGnipyntlp wadkiny dquinud t e-h (n° 3.2): M GawGwynud

t, np
( ljn

l1+—| <e, neN:

n
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Lwhh np e >1, htnbwpwp Inx $niGlyghwl wénn b, nupbdh’

nln[l+l]=ln(l+l] <lne=1:<
n n

3) Nhgnip' a > 1: PkrGnLhh wGhwywuwpnipjwG gk (n° 1. 2.9)
wbnunpbiny x =¥a -1, junwGwip

a=(1+x)" 21+nx=1+n(%—1)
wOhwywuwpnpyniGp, nphg, wwpq dLwintunip)nilGGtphg hbwn,
hwgnLd tiGp

va <1421 (38)
n

wihwywuwpnipjwlp:
Ujdd whglblp wwppwlywb $nbyghwlbph uwhdwbGbeph hwayy-
dwlp:

w) y=P(x)=a,+ax+---+ax*, xeR:

Uhpwnbiny n° 4-nd phpdwé (29) YwGnGGhpp, wGihpwwbu
unwGnd GGp, np gwllwgwéd x, € R Yhwnnuy

lim P(x) = P(x,)=a, +a,x, ++-+a,x : (39)
XX,

P(x) a,+ax+---+ax"
O(x) b, +bx+-+bx"

p) y=R(x)=

Epb x,-0 O(x) pwqiwlnwidh wpdww gt° O(x,) # 0, wyw, Yh-
pwnbny Gl (30) YulnGp, YuunwGwhp.

lim P(x)
limR(x) = lim T8 _ o PE)
Huty =2 0(x)  ImO(x)  O(x,)

UG nbwpnuy, Gpp O(x,) =0, P(x,)#0, ogunybiny n° 2.6-n1d
duwybpyywé p) L k) hwunbphg, Yuwpnn Gap hwdngyky, np
limR(x)=o:

I+xy

R(x,): (40)
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huly tipt O(x,) = P(x,) =0, www gnpé nLGkGp % inbuph wGn-

pn2ntpjwl htiwn: Uju inhwh wnpnnpynlGGhpp wwpqbint (wywagniyG
dhengp Lnwhwwih YuGnGG t, nphG YowbnpwGwhGp wybih ny:
Thgnip, wydld, x — o Lwpy, hwlh weGkny, np, k21 nbwy-

pnud li_{.gx‘ =00, P(x) pwqiwlnwdip, npnid a, =0, GhpYw)wglhGp

wnbupny: Rwlh np x* -, hulj thwlwqokpnud bnwé gnuiwpp
dquinud t a,-h, npp wtwpptip t 0-hg, htGukiny n® 2.6-h p) winiwG
Upw, Eqpulwglnud kGp, np

limP(x)=00;

unylOp Ywwwpbiny nwghnlGw| $nbyghwih hwiwphsh L hwyp-

nwpwph htwn L YpSwnbinyd Ynnnpwlp, hwignud Llp hGunbyw) wp-
yniGphG.

L, wpp k=r,

XD

ot &
b,

limR(x)=< 0, tpp k<r,
o, tpp k>r:

q) y=cosx, y=sinx, xe R: hgnp’ x, € R: 8nyg wnwlp, np

limcosx = cosx,, limsinx =sinx,: (41)

X XX,

Oquytiny bnwGynibwswihpwywb hwpnbh  pwlwdlbphg,
|cosa|<1 L |sina <] qlwhwwnwywbbbphg L, ybppwwbu, wju yb-
wnh (35) wlhhwywuwpnig)niGhg' Ywpnn GGp gnb.

|cosx-cosx°|=’—25mx %o .nx+x°l_

|
< 2lsinZ l_ i |—|x X, |5
|sinx—sinx°|=25inx—x°-cosx+2x°|525inx—zx°islx—xo|:
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Qpywohg whihpwwbu hwnbnud t, np Gpli gwlywgwsd & > 0 pih
hwiwp Jbpglbklp 6 = ¢, wyw’

|x—x,|]<8=>{ cosx—cosx,|<& L|sinx—sinx, [<&}:

buy nw, puwn uwhiwGiwG, Gawbwynid t, np (41) hwwuwpnip-
JnuGGipp G20wppun GG:
Oqunybny pwinpnh uwhdwGh hwpydwh Ywanbhg' YuinwGwp.

. T
limegx =tgx, (xo¢5+7rn,nez}
XKy

(42)
limctgx = ctgx, (x, #7n, neZ):

hGs Jtpwptipnud t hwlwgotpnud Goywé pwgwepl ltinnkphG,

piwbtinb npwlp $niGyghwih npn2dwl whpnyphg skG, pw)g, wyt-
hwjwn t, npn2dw@ wnppnyph hwiwp Yninwldwd Yewntp GG Iwadh
wnbtny nwagkbup L YnnnwGqbGuh 7 — wwppbpwywbnip)nilp, pw-

Jwywh t niunudGwuppby wwGqbGup wppp dhw)h, ophGwy, % ut-

winuy, hul YnunwbGgliGuhGp® dhw)l 0-nLy:;
Ljwunbny, np

lin;lsinx=sin§=l>0,

—=
2

lim cosx=+0, lim cosx=-0

—X_0 X0
2 2
(nbu n° 6-h Ytipgnud), iqpulwglnud LGp, np

lim tgx= lim ——>=+o, lim fgx=—o: (43)

,_.;_o x—»%-o COSx x+2—+0

UnunwlqliGuh hGnwgnuinudp x =0 YLwnud pnnGnud GGp pGpbp-
gnnhG:

n y=a*, xeR: Thgnp’ a>1: Lwh hwyykbp gnigswihG
$nibGlyghwyh uwhdwbp, bpp x - +0:
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Ywiwjwywnpbl wpwé € >0 pyh hwdwp plnptlp n, plw-

a-—1

Ywl phyl wylybu, np G20wphuin [hGh < £ wlhwywuwpnipjnt-

nO
Gp: dbpgGkGp® 5=i: Jwyh welbiny, np a>1 nbypnd a*
nO
$niGyghwl wénn t (n° 1L 3.6) L oqunytiiny (38) whhwywuwpnipnt-
Ghg™ Ywpnn GGp qnb(, np

1

O<x<d=>l-e<l<a*<a®=a™ 51+—a;1<1+£:
n,
M Gwlwlyned £, np
lima* =1:
x—+0
Bpp x> -0, —x=2z—> +0, wjGwybu np’
1ima’=lima"=limL=+=l=l: (44)
x—-0 2340 2+0 g* hrnoaz 1

Upmynibpnud, x=0 Ybwnud a”-h dhwiynniwbh uwhdwGGGpp
gnnip)ntG nuGbG U hpwp hwywuwp 66 3wdwdwjl n® 5-nud Sluw-
Ypwywd wlndwd

lima* =1:

Ujdd wpnkib, gwblwgwé x, Yewnnid YntbbGwbp’

lima* = lim(a"’ a’s )= a®-lima*™™ =a®-1=a", (45)
i ] X% X—Xg
pwlhnp x-x, 50"
Ohgnip, wjdy, O0<a<l1: Lawblwlhbny b=i L GYwuwbny, np
a

b>1, ynGhlGwbp’

" ot (44)-md, pt’ (45)-md, thwuwnnphG, oguuimd bGp pwnn mGyghwh vwhdwlh Yhpw-
phpjwy n° 4-h t) wGnmihg: LiwnhGp, np bpym phwpmd b wyn wipiwG dhe wwhwGgynn
ponp wwdwGGhpt walw bG:

185



T 1 1 1)* .
lima* = lim— =— =— =|2| =g~
=% =n b*  limb* b* \b

Uuwhuny, gullwgwé a-h nbwpnd a* gnigswihG $niblyghwl
hp npn20wG whpnph papnp Yhntpnd nuGh uwhdwG, pGn npnud’
lima* =a*: (46)

3Gwnwqnunkbp gnigswyhG $nLlyghwih Juwppp oo -nLd:
Thgnip™ a > 1: thuwplklp y, =a" hwynpnwlwbnipynibp:
fwlh np a>1, y=a* $nlhghwl wenn t: Inbwpwp, wénn t

Gwl y, =a" hwenpnwlwbnupntGp:
Oquytiiny dwjtipnpwuh ulyqpenilphg (n° 3.1) L npwG hwonp-
nnn q) wannidhg™ Ywpnn GOp wubl, np Yw'd y, -p qriquidbn £ L,
nLptid@, nibh 4 Jbpgwdnp uwhdwG, Yw'd y, > +o:
UnwohlG wwppbpwlnid, pwGh np y, 2y, =a>1 L, npkdl,
A21>0(n°2.5, htivnlwGp 4), 8 Ynndhg niGkGp

lim ynvl _ﬁ —

lim 22t = =
y" llm y" A
huy djnLu Ynndhg’

n+l

=lima=a>1,

lim 224 = Jim
Y,

]

npp hwlwunipyniG t:
UGnLd t nigh dbg Gpypnpn tnwnplpuwlyp.

lima" = +e0 (a>1):

Swllywgwé E >0 pyh hwiwp, Ytpgltlp n, -6 w)Gpwl dks, np-

whugh wtnh nGblw a™ > E wlhwdwuwpnignibp: Ujdd, Grwlwlt-
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tnd A =n, L ikl whqwd Lu oqundbind a* dniGlyghwyh dnGnunnGnip-
JnLGhg” Yuunw GwGp.
x>A=>a*>a*=a" >E:

Uju dtipphGp, pwGh np E-0 pGupdwé kp YwdwjwuwGnpbG, Gaw-
Guynud t, np

lim @* =+ (a>1): (47)

X—+0

Uunwgywoéhg whdhpwwtiu htwnlknud b, np

lima* = lima™ = lim lx =0: (48)

X—=—x X—p+0 X—p+0 a
CGptipgnnp hGpGnipnt)G Ywpnn t hwdnqytig, np tipp 0 <a <1,

lima* =0, lima*=+0 (0O<a<l): (49)

X—p+0 X—-

bB) y=Inx, xe(0;+): Lwh hwadklp $nbyghwsh wowlynny-
Jwl vwhdwlp x, =1 Ybwnnud:

LwhGh np e>1, Inx $nlblyghwl wénn b GwdwjwlwanpbG
wnpdwé £>0 pudh hwidwp pGunptkGp 7, pGwywh phy, wjGwhupG, np’
L<.t: : dbpglbny (5‘:i L oquytiny (37) whhwywuwpnipynilhg,

hy n,

Jupnn bGp qnbig

l<x<1+§:>O<lnx<ln(l+§)=ln[l+LJ<L<s.
nO nO

npp GawOwynid t, np

limlnx=0:

x—»1+0

1
Ujdd GwunbkGp, nptpp x> 1-0, u=——>1+0, wjlwbu np,
x

limilnx=-lim lnl=— limlnu=0:

x—1-0 x—-0 x u—l+0
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Wuwhuny’
limlnx=0:

x—»]

Nhgnip' x, € (0;+®): Mwpq t, np tipp x > x,, LA

0

Nupbd@”
1imlnx=lim[lni+lnx°]=0+lnxo=1nx0: (50)
x—bxg XX, xo

Jwinqykilp, yippwwbu, np

limlnx =40, linglnx:—oo: (51)

X+

bpt gulywgws E>0 pyh hwiwp, ybpglblp A=e®, www

JuunwGwGp

x>A=>Inx>InA=Ine* =E-Ine=E:

hGs UGpwpbpnud £ Gpypnpn uwhdwGhl, wyw pwywlywb b GYw-

wbi, np Gpp x> +0, u=l—>+oo, wjlwbu np’
X

linglnx:—lim lnlz— limlny=—-w:

x—+0 X U+

qQ) y=x°, xe(0;+): thgnp' x, € (0;+):
Oquybind Gwhunpn Ybwnbpnd unwgywés wpnyniGpltiphg

thwlqwihg Ywpnn GGp gqpbi.
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lim pinx
limx? =lime”™ =e™="" =e¢?"* =x’, (52)
lin}) x? =0, lim x? =+, tph p>0,
. X—,b-&@ (53)
llmox"=+oo, lim x? =0, tpt p<0:



9°. Lywbwiynp uwhdwGGlp:

L im3EX g (54)

=0

Uw, bpt hwzyh wnGbGp (36) wGhwywuwpnipyniGGtpp, wGidh-
pwwbu plunid t n° 4-p &) wGnnuihg L (41)-hg, pwGh np
cosx —>»cos0=1:

IL lim[l + lj =e: (55)

x—>® x

Luwfu unnighilp wyu hwdwuwpnepynilp, Gpp x — +o:
ThwwpykGp

" n n+1
x,,=(l+lJ . un=(l+L) L v"=(1+l)
n n+l n

hwonpnwwGnipyniGGLpp:
Lwlh np x, > e (n°3.2), YniGhGwabp

1 Y n+l n+l
u, =1+ . =X, " —e-l=e,
n+l n+2 n+2

n+l n
vn=(1+lJ =(1+lj -(1+1J=x"-(l+lJ—>e-l=e:
n n n n

Uw Gwlwynid £, np gwlywgwé € >0 pyp hwdwp gnynipjnil
nlbG, hwiwwwwnwuliwbwpwp, 7, b n, pGwywh pybp, wibyhuhp,

nn

nzn —oDe—-&<u,<e+e,
(56)
nzn,>e—e<y,<e+é&:
Jdbinglbiny n, = max{n;n,} Yupnn tGp wlnby, np bpp n2n,,
(56)-h we Ynnuinud gpywé whhwywuwpnipyntGlbpp Ywinwpyned GG
dhwowdiwlwy:
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Nhgnip [x]-p x puh wopnng dwub t (n° L 2.8):
ewlh np [x]<x<[x]+1, mpbild x> n, =[x]2n,:
CGwpklp A =n,: Lwh oquytiiny wuwhGwlwihl Lk gnigsw)hl

$nGyghwhbph dnGnunlnup)nilhg, huy wjlnihbiinl’ (56)-hg, Ywpnn
LGp qpbi, np tipp x>A"

x] x [xjl

1 1 1 .

e-eg<|1+ <|l+—| <[l +— <e+¢€:
[x]+1 x [x]

Aw Gwlwlymd t, np

lim (1 + -]—] =e:
X+ x

bpp x<~1 b x> -0, u=—-x-1-+o: ItGYLnty ybpohlt hw-
qwuwpnipjwl Ypw® YnbGbGwGp.

. 1y _ .. 1Y ()"
lim|1+—| =lim|l—-—— = lim| =— =
X x ¥—b+l u+1 [ u

el e

Lawlwykbp’ «a =l: Lwlh np (x > 0) <= (@ > 0), (55)-p Yw-
X

pnn LiGp GEplwjwglbl hbwnbyw) wbupny.

1
Ll_rg(l +a)* =e: (57)

limnd+a) _,.
a—0 a

1L (58)

nuakbp

. [1 . - _
Ll_r:rg[; -In(l + a):l = Ll_rgln(l +a)* =lne=1:
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x

IV. lime =1

x—0 X

Lywlwlhbp a=e*-1: Gpp a—0, x=ln(l+a)—>Inl1=0:
JtwnLwpwp’

X

, e — . a
lim =[im =1:
-0 x a0 In(ax +1)

P _
lim(1+ar) 1=

V.
a—0 104
nakap.
. (I+a)?P -1 . e | e™P -] In(l+a)
lim =lim =lim . .pl=
a0 o a=0 o a0 pln(l + @) o

. e -1 In(l+a)
p-lim -lim =
a% pln(l+ @) *+* «

p-l-1=p:

Upwlny Gqpuwithwlnud LGp wpu nuupGpwgnid wlhpwdbn Gow-
Gwynp uwhiwGGtiph gwiyp: UnwGdliwhwinnly GbGp, np qnitu VI-nud
htilig npwig dhengny t, np hGwpwynp t nwelbnud Ywqdk hhiGwywh
nwppwywb pndyghwtiph wéwbgywiGhiph wnynLuwyp:

Jdurdnr@sntuvitl

1.  w) Uwwgnigt| hwiwpdtpnipynilp.
(x, 20 e(x, 0
p) 8nuyg wwy, np
(x, 2 a)=(x, |-fa):
OnphGwyny hwinqyti, np hwywnwy htnbnipynilp 620wphuwn st:

2. Uwnugby, np bpl x, Ly, hwenpnwlwlnipinilGltinhg dbyp qniqudtiin
t, huy gnwup’ nwpwdbn, wyw x, +y, b x, —y, hwenppwywlnt-
pinLbbbphg jnLpwpwbgnipp nwpwidbion
p) Ywnbh® b wpnynp Gnylp wut x, -y, hwenpnwlwinipjwl hwdwn:
Rbpb| hwiwwwwnwuhiwh ophGuwl:
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Q) Ywqob| x, L y, wwpwibn hwenpnwlwGnipntGGEph qnyq, wjl-
n hwenpnwywdnipyntGGhpp pnpnpG ty |hGEG

n

whuhG, np x, - y,. x, +y, k

qniqudbin:

n) 8nug vy, np tipt x, + y, L x, — y, hwenpnwywGnipjnilGtipp tip-
Ynwub k| qniqudbinn G0, www x, L y, hwenpnwlwlnipyniGGtiphg jnLpw-
pwgnipp Gnuylwtiu qniqudtn t:

3. nhgnip® x, -y, = 0: Ywpbh® t wpnyynp wink, np x, L y, hwenpnw-
YwhnipyniGGlphg wrGywql SkLp whytipg thnpp t:
PEpL| hwiwwwwnwujuwlb ophGuwy:
4. Uwwgnighk|, np
w) (@, >+o kb 2a,)=>(b, —>+n);
p (@, —>+0o bbb 26>0)=>(a, b, >+x):
620wph’n t wpnynp, npbipti @, >+ L b, >0, www a, -5, > +o:
Ptpk| hwiwwwwnwujuwb ophGuwy:
S, w) Uwwgnighby, np wGybpe d66 hwenpnwlwinipjwh gwiywgwé LGpw-
hwenpnwljwhnipinilt whybipg 466 t:
p) Uwwgnigtip Pnigwin-dwjbipaunnpwup |Eddwh htinbyw| pGnhwlpw-
gnuip.
Gpt x, hwgnpnwlwlnipjnilp waGytpe 066 st (pil, qnigh, uwhdwbw-
thwl £ gt), www wyG nbGh qniquitinn Gopwhwenpnwlywbnip)niG:
8nignud: Lwlu gnuyg wwy, np x, -hg Gwpbh t pGunnt) wwhiwGwihwy blpwhw-
enpnwlwinegyniG, huly wjGnihbink oginyly hhawuwyywd (hidw;hg:

6. 8nyg wwy, np
w) liml":O (a>1);
a
p) limn'™-g"=0 (| q|<);

|
Q) lim = =0:
n
8nignud: 3tk ophOwl 22-nud (n° 3.1) Ywwwpywéd nwnnnne)nLGatphG:
C0nudhG, p)-nud, oqunytiiny YundnipyntG 1-hg, g-G Shwiqwuihg thnfuwnphGh |q| -ny,
huy q)-nd hhzb| e pyh uwhdwGnidp (n° 3.2):
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7.

Uwwgnigh, np

limix=0 (a>1):
X—’Ma

8nignul: Oqugtiy Jundnipynil 6-h w)-hg L kpyGlp n° 9.-h IL-nid Ywuinwnpwsé

nwinnnnipntGabpp:
8. 8nyguwuwy, np
. _In
lim—>=0:
X+ x

9.

10.

11,

12.

8nignud: Lawbwyb) x =e", Gywinbl, np (x = +00) <> (¥ = +®) L oguyhy
Jundnipynil 7-hg:

Jwyybi| uwhdwGp
1
w) lin})x’: p) lin})x‘; q) lirr})x-lnx:

Oquytiiny pwpn $nGyghwih uwhdwGh Yopwptinwy n® 4-h t) whnnud-

Ghphg' wwwgnighl, np tpb limu(x) =0, www
lim[1 + u(x)]’® = exp{ limu(x)- u(x)}':

8niyg vy, np

lim[l + 1) =e:
L n

Jwyyt| vwhdwap.

1
w) lino1(1 +sinx)*; ) lirrg(c052x)*‘"":

) <w6wly, bpp e -h gmghyp ywihwquig dwwimG t, Gwiwymd kG’ e° =expa:
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QLNtv V
ULLLI3US dNrLuUsShULEP
§ 1. DNFLUSPUSP ULLLNIUSNHE@3NFLE UGSNHY

1°. UGpGnhwwnipywl ywhdwbnidp: Lwhunpn gltuh bpenLd
(n° IV. 4.8) hhdGwlhwl wnwppwlwd $nibyghwlbph uwhdwGGbpp
hwaytithu GUwwntighGp, np npwghg jnipwpwlynipp hp npnzdwh
inhpnyph guwllywgwéd Ytwnnwd niGbp uwhowh, npp hwywuwnp tp wyn
ywnid pnillyghwih wpdbiphl: UjnophGwly hwinynipjwip oduwnywd
$niGlyghwlbipp, hGswtiu unnpl Yuwhdwbyh, Ynsynud 66 whplnhwn;

Thgnip X-p pdwhC ninnh npbt Ybpgwynp Ywd wbdtipe dhow-
Yuyp t:

Uwhdwlmd 1: y= f(x), xe X, pnGyghwt Ynsgnid t x, € X
Ltwnnud waplGnhwn, tpt

Ve>038>0VxeX{|x-x,|<6=f(x)- fx,)l<e}: (1)

Uju uwhdwbnudp, hGswbu L OGwhunpn gifuh uwhdwGnud 13-q,
wwwywlnud t UnzhhG: U)a, hogwbu wnbulnud Gap, nunnwyh Gawlw-
ynud t, np uwhdwlwihG x, Yannd f pniGyghwl npnzgwé t, nilGh
uwhdwa L, ybpowwbu, np wyn uwhdwOp hwipGybnud t x, Ytinnod
dnillyghwsh wpdtiphG.

lim ()= £(%,): @
UwhdwGnidp hwonpnwlwGnipyniGlbph (kqyny dlwybpuwuned k
hwnljw; Ybpw.
gwllwgwd x, - x, (x, € X) hwonpnwlwlnipjwl hwdwpy
limf(x,)= f(limx,) = f(x,): )

4 Thwnnnupynil 1: LjwwbkGp, np hGswbu (1)-nud t pwgwlywntd vwh-
‘wlh vwhiwGdwh dbp weyw 0 <|x —x, | wwydwhp, w)lwybu £ hwenpnw-

YwonipyniGGtiph (kqyny wnpwo uwhiwGiwG dke shw x, # x, uwhiwlw-
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thwlnudp: tw wwydwlwynpdwé t w)t hwiqudwbpny,, np $nllyghwyh
uwhdwGp hwywuwp t htiGg $niblighwih wndkiphG':
UpgnuitiGinh gwllwgwé xe X wpdbiph hwdwp, x-x, wnwp-

ptipnipynilp’ x-h 2tinmuip x, -hg, pnnuGws b wGwlly x, Yewnnud
wpgnuiblwnh wé U Gawlwyb]™ Ax=x-x,: Hwl hwiwwywunwu-
uw@, dniGyghwih 2bnndp hp uyqplwlywl  f(x,) wndbtiphg’
Af = f(x) - f(x,)-0, whywabnud 66 $nLlyghwih we

Uju Gnp GawGwlynmdGtpny (2)-p unwlnud b hBnbjuwg tnbupp.

lim Af = lim[/(x, + A¥) - f(x,)]=0:

Ar—0

Qpqwoén, hwuwnnptl, Gowlw-
ynud t, np $nuliyghwih whplnhw-
wnnipjwl ywpwagwjnd wpgnikl-
nh pwywlwlwswih thnpp 2bnnid-
GephG  hwiwwwwnwuhuwbnuy &G
$nGyghwjp Gwhwwbu uwhdw-
Jwé guwlywgwé swihny thnpp 26-
nniiGbp:

UtiyGwpwlblp, ybppwwbu,
x, Ytwnd niGyghwih wipbnhw-
nnpnlp gpwdhlnpbl:

Thuiwnllp y= f(x) pniby-
ghwih gpwdhlp (g6. 1):

Yw dwywlwbnnpkG inpjwé
£>0 pyh hwiwp, nwbklp y= f(x,)-& b y= f(x,)+¢& hnphqn-

GwywG nunhnGbpp:
dnGyghwih wGpGrhwinnipynilp x, -nud GawGwynud £, np gnynip-
G il x=x, ~ 8 L x=x, +J ninnwdhg nuinhnGp, w)Gwhuhp, np

qpwdhlh wyl wntinp, nnb pGYwé b wyn ninqwéhg nunhnbtipny Ywaqudp-
Jws 2bipinp Gepundd, gnupu sh quihu Gwb Gadwé hnphgnGwlw ninhn-

£(x)+e

P L7 T T ST QN N

[o] P L] X X xX+8

qgd. 1

" Sbu Gwl n° [V. 4.4-m4 t) wGniwGp bpwpbpon nhannnpymGp: -
“ «16» pwnh oquwugnpdnuil wjuwbn upwjiwwywi t w)G wondny, np hGaybu Ax -p,
w)Gubu b Af -p Yupnn bG (hGh( pb’ npwljwG, pb’ pugwuwuwi:
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GEpny Ywquiywé 2tpnh uwhiwbbbphg: Wuhlpl, gpuwdhyh gwiywgwsd
(x; £(x)) b, npinbin x € (x, = &; x, + ), qulynud t Ghwpwopyws
snpu ninhnGtpny uwhdwlwthwyywsé nunnuiblywh Ghpunid:

2°. Yinnmd whGpGnhunn pnibGlyghuwgh hunnynipiniGGlpp: Dh-
gnip X Ghowywpnid npndwé f(x) L g(x) dnibyghwlbpp x, € X
ytwnid wipbnhwtn GG:

Uin nbwpnid

w) f(x)tg(x) b f(x)-g(x) dmbyghwlbpp x,-nid wlpln-
hunn 6G;

p) tpt Vxe X (g(x)=0), www % dnilyghwl  x,-nid
g(x
OnyGwbu woplnhunn t;
g) tpti ¢:T > X PpniGhghwl T dhpwluwyph t, Ybwnnid wlpln-
huwn t, pGn npnud @(t,) =x,, www f(@(t)) hwdwnpnypp t,-nd
wlpGnhunn t.

lim /(00 = £{limo(® ) = £(x) = £(0(t):

» Unwohl tpyniup” w)-G L p)-G, pfund GG n° IV, 2.5-n0 wwjw-
gnigdwé ptinptidhg: Pwywlwl t dhuwyl GUwent, np gwllwgwséd
x, >x, (x,€X) hwonpnulwlnpjwl hwdwp, f(x,)—> f(x,).
g(x,) > g(x,): blg ybpwpbpnid t g)-hG, wyw wyG n° IV. 4.4-nud
wwjwgnigywé t) wliniwb 1) tnwppbpwiyh wishewywb hbnlwbph t,
pwlhnp

limp(t)=p@)=x,,  limf(x)=f(x):<

Jwenpn winnudp dwpbiwwnhywlwb gpwlywhnipjwb dbe hwjwn-

Gh t ppwbu whpGnhwwn nGyghwih «Gawbh wwhwwbdwlh SwuhG»
ptinpkd:

n) bpbi f-p x, Ytwnnd wlplnhunn t b, pwgh wyn, f(x,)>0, wr
ww gmnipyniG nibh x,-h 8 — zppwluwyp, nph Ghpunid wotGniptip'
f(x)>0:
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Uw hhabiglGnud t n°IV. 2.4-h p) wGnnudp L wpnn t unwgyti np-
wbu npw wodhpwihwb hownlbwip: Uwiw)l, nwwnnnpntGGepnid n-
nn2 pwqdiwquinipnd wwwhndbint Gwwwwiyny, wwwgnigbGp
n)-G° 60t ny whdshewwbtu (1) uwhiwbnldhg:

» Cuwnn vwhiwGdwG, hGswbu gulywgwé npuwiwh € -h, wybybu

ki, dwulwynpwwbu, f( 1(x)

>0 phu, wluhuhG, np

>0 puh hwdwp, qnympynid YniGbGw

f( xy).

x€(x, = 85x, +6) = f(x) - f(x)|<

Upwnwagpbiny w9 Ynnih whhwywuwnpnipintlp

L) ¢ - piny < L2

hwiwpdtip wbupny” Yuunwbuwbp

10> fia- L2 S

wGhwywuwpnipyniGp, npp S0wphun b x,-h 6 -2pwlw)ph patap Yo-
wnbpnud: <
LnyGwwnhy winiwb dbwybpwniip b wwywgnignuip w)l nbw-

ptpnud, bpp f(x,) <0 Ywi f(x,)2p (peR), pnnlnud Gp plplip-
gnnhG:

3°. SmbGyghwsh fuqmdGbpp: 5pt y=f(x). xe X, pnily-
ghwl x,e X Ubwnd wlplnhwn st wyw x,-0 wijwbnd &G
$nuGlyghwyh fuqiwl Ybwn L wunld, np f-p x, -nud fuqynn t:
Spdwé x, € X Utwnd pallyghwyh fuqybip Jwnnn b wwjiw-
Gwynpqwé thaby Shw)G hbunbyw Gpynt hwiqudwbGpny.
1. $nilyghwh uwhdwhp x,-nud gnynipynil nubh, pwjg hwyw-
uwp st f(x,)-hG;
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2. $nlGyghwi x,-nud ypgwynp uwhdwh snilh:

Unwehl wwpptpwlnd x, -0 wlywlnd G0 YEpwgltih fuqiwh
Ybw, Gywwnh nGtGwind, np Bpt dhw)l x, YEwnnd nGyghwyh wpdb-
pp thnfuwphGuh uwhdwGwihG wpdtpny, Giwgwé Yenkpnld wpdtplb-
np pnnGGLny Gnylp, www $nibyghwi Ynwnbw x, -nud wlplnhwn:

bpt x, fuquwl Ytwnnd -G niGh Ybippuynp Shwiynndwlh uwh-
dwaGlp (n° IV. 4.5), wwyw fuqnidp wldwlnd 66 wnwphG ubinh: buy
bpt dhwynnowlh uwhdwllGbphg nplt dbyp qynipynil snilh Ywd
whybnp t, www fuqnidp Bpypnpn ubnh t:

JdbpwgGbih fugnidp, plwlwlwpwn, whnp t nwub) wnwehb uti-
nhG, pwGh np wynwhup YEwnnid $nilyghwl niGh uwhdwl, wewyb)
Lu niGh yGppwynp shwynniwbh uwhdwGGhp:

Spywd x, wnrwhl ubinh uqiwl Yewnnd £ dnilyghwh dhw-
Ynndwlh uwhdwbObph wnwppbpnpynilp’  f(x, +0) — f(x, — 0) -0,
wijwiOnud GG $nbGuyghwih prpsp:

bpb x, huqiwh Yewnd f(x,) = f(x, +0) , www wuntd &G, np £G
x,-nid wohg whpGnhwen t: 3wdwbdwbnpkG, tpb f(x,) = f(x, - 0),
www f-p hwdwpnud G0 dwlupg wipGnhwn:

4 thunnnipyniG 2: bpb $nilyghwih npnzdwh wnhpnupp [a;b] hwinwéh
b, www, ophGuwy, @ Yuwnid Gwpbih t pGGwplb) Shwyt wewynndjwh uwhdwbh
qnnipjwl hwngp, pwih np a-hg dwu $niblghwh npnywé st: Mwpg t Guwl, np
wjn wpwlnnijwl uwhiwbp hblg $nibyghw)h uwhiwGh t g-nud: Gpb, nupkdG,
a-0 nlyghwh tuqiwh ytinn t L g Yannd pnbyghwh niGh Ybpgwinp uwh-
Jwl, www hugnudp whnp b hwdwpb| YEpwglbih b nwub] wewghl ubnhG: bul
bpt a-nud $nilyghwl ybpowynp uwhdwh snibh, www a-G Gphypnpn ubinh
tuqoiwh Yhwn t: UnyyGp Yuwnbih b wuby b dwypwltinh dbpwpbppwi:

UGglkGp ophGwlyGEph nhnwpydwp:

Lwpunpn gtuh n® 4.2-h ophGwy 25-nud phipdwé pnillyghwl
x, =0 Ubwnd fuqynn b tugnudp, hGswtiu hbnbnd bt wynnbn Yw-
nwpywd hinwgqnuinpynlihg, Ubpwglbih b LnyGp Yupnn Ghp wuby
n° IV. 4.4-h ophlwy 27-n8 pbipdwé g dnLlyghw)h dwuhs:
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bul, whw, n° IV. 4.5-h ophGwy 28-nui uwhSwGyws sgnx

Pnulyghwl x, =0 Ybwnud nGh wnrwohG ubinh fugnud, npG wpnkG
ytipwglbih st: dnLGyghwb 0-nul, hGswhiu pGnniGywé t wuby, Huwnw-
pntd t prhgp, nph dénpynLGp hwywuwn t

sgn(+0) —sgn(-0)=1-(-1)=2:

Oqutiny n° IV. 4.5-h ophGwly 29-nud Ghiplywjwgywéd pnull-
ghwjh htitnwqnundwG wpnynGphg® Ywpnn GGp GYwwnbl, np 4 pih
gwllywgwé plGunpnipjwl nhwpnud

_ cosl, tpp x # 0,
y= x
A4, tppx=0

$nillyghw, npp npnzdwé b Gwl x, =0 Ytwnud, wyn YEwnnud nbh
fuqntd b wyG k) Gpypnpn utinh:

4 YhunnnipyntG 3: Bpb nplt a Yt $nilyghwih npndwh whpntphl
sh Wwwnjwandd, www, hwulwbwih t, wn Yewnnd wGpGnbwunnigjwl JwuhG
funup hGti sh Ywpnn: Uwlw)l, wiG nbwpntd, Gpp a-G npnadwG whpnyph
ynuwnwydwb Yhwn t, bpptdt wwjdwlGwynpynd 66 wynwhuh YEwp hwdwpbyi
Inlyghwih fuqiwG YEw: CG npnud, Bet $nibyghwh a-nud nubh Ytpgwynp
ShwlnndwGh uwhdwGObp, www fugniip nwuntd 56 wnwehl ubnrh(, huly bpk
ng” plypnpn ukinhG:

§ 2. 3USYUSPh dNrU ULLLNIUS dMFLLUSHUSH
usunt@E3NLLLLNrE

1°. Jwwnydwoh Ypw whipbnhunn pnillyghwbbn:

Uwhdwlmd 2: bpt y= f(x), xe X, $nGyghwli X pwqinip-
Jwl jnipwpwlsimp Yhwnnd woplnhwan t, www wyl widwined GG
whpbGnhunn (X-h Ypw wiplnhwn) pniliyghw:

hGswbu wyGwnyytg Gwlunpn wwpwqpwph uygpnid, pninp hhd-
Gwlwb nwppuywb $nGyghwbbpp nupwpwGgnipt hp npnzdwh nh-
pnuyph Ynw) wipGnhwn b6: Mw wGdhpwwbiu htinlnud t n° IV. 4.8-nud
unwgyuwé (39)-(42), (46), (50) L (52) pwlwdlbphg:
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Mwpq t, np bpb fp X-h dpw whplnhwin t, wyw guwliwgwd
[a;]c X hwwndwéh ypw wyl Gnylwybu YhGh wiplnhwwn: Upu
wlydhwyn hwunp wnwGdbwyh 262nnd LOp, npndhtinl wju ww-
pwgpwdnid GEpYuwjwgdnn pnpnp phinptidlepp ybpwpbipnud 60 htGg
hwundwéh dpw wbplnhwwn dnGlyghwhtphh:

2°, Pnjqwin-Ynhph pbinptidp dhowlljwy wndtiph ybpwptinjuy :

Bbnpkd 1: bpt f-p [a;b] hwwnywdh Ynw wlpbnhwwn t b hwanyw-
6h Swypwybwnbpnid  pGnnibnid  t wwpptip  Gawlh  wnpdtiplbpy
f(a)- £(b) <0, wwuw qnynipinil niGh c € (a;b) Ytw, npmd” f(c)=0:

Uwuwgniyg: » Npnawlhnipjwl hwiwp GGpwnpblp® f(a)< 0,
f(b)>0:

UhubGp [a;b] hwunywép: bpb hwndwéh sholwhbwnnd pnily-
ghwjh wpdbpp 0 t, www hkGg w)n SheGwybwnG ty YihGh npnbGLh c-G:

tpb ns, www w)b nbwpnd, Gpp f[a+b

]>0, [a,;;5,]-nd G2wlw-

a+b
Utlp [a;b]-h dwtu Ybup, huy bpp f( 5
Unt nbwpnid tp ymOLOwGp. f(a,)<0, f(b)>0: Wdd Yhuklp
[a,;5,] hwungwép L Gyl ulygpnibGpny pluipkGp Gpw [a,;5,] Ybup,
nwpdjwy Guwwtiny, np f(a,) <0, f(b,)>0:
Wnwbu 2wpnOwlybnd, Jw'd npnwlh puynd unwgywéd
[a,;b,] hwwdwsh dhelGwybtwnd dnilyghwih wpdbpp hwywuwnp
UihGh 0-h L, hbwnbwpwpn, wjn hwnp Yéwnwjh npybu npnbbLh ¢, fwd

GUwpwgpdwd pwytipp wodtpe Yawpnilbwlyka: Un nbwypntd wpnbl
Lutnwgyh Gepnpwé hwindwdbbph

b,1>-

wiOdtpe hwonpnwywbnipynil, nph hwidwp Ywuwpdnid GG hbnbjwy
wwjdwhGLpp.

]<0. wuww’ w9 Ytup: tp-

[a;b]o[a;b,]12-Dla

"o

—da

n

bll_all=

-0,
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gwllwgwé n-h hwdwp’

fa,)<0,  f(b,)>0: 4)

Jwdwdw)b GEpnpYwé hwndwéGeph ulgpniGph (n° IV. 3.3), gn-
Jnpyntl YmGEGw shwy c €[a;b] Y, wyGwhuhG, np

a, >c, b —>c: (5)

2whh np fp whplnhwwn t [a;b]-h Ypw, nupbidG Gwl ¢ Yhwnnd,
(5)-hg Yyhtwnlh, np
lim f(a,) = f(c)=lim f(8,):

2niqwhbnwpwp wuinwpbiny uwhiwbwjhG wGgnud Gwb (4) wi-
hwywuwpnipyntGGepnLy” uunwGwGp.

f(e)=1lim f(a,)<0, f(c)=1lim f(b,)>0:

Pwjg wyu Ybpohl bpyniup hwiwwnbnbih 66 dhw)o w)b nbwpned,
Gpp f(c)=0 :<

BLnpLlt wwwgnigybg:

Uywgnigwé plinphidp hnnwppphp t 0bLGwpwGly Gwl qpuidh-
UnpkG (q6. 2): Lwhu whwp t panniGtg, np wGpGnhwnn pnLbyghw)h gpuw-
$hup wlpGnhwwn, Lunpunywéplbp
(uqnuiGbip) gnuGlgnn, hné ghé t: bB-
P wynwhuh ghép uwnnphG Yhuw-
hwnpnipjwG dbkg qunlunn (a; f(a)) ;
Ytwp Shwgbnud t ybphG Yhuwhwp-
pnpjwl  (b; f(5)) YbwhG, www
wjld sh Ywpnn qnGb Oy wlqud

shwuwnby Ox wnwGgpp: Mwpq t, np o AL
htGg wynhuh Ubwnnd b nlly-
ghwjh wpdtpp hwywuwp t 0-h:

£(a) 0.2

4 Shuonampinl 1: Pnigwlngh
dpnnny” unwgywé ¢ Yhiwnh Shwynip-

* Qwunywdp puyy wa puay Yhubm L npnzwih uyqpmipny Youbphg Shyp pwnpbim dbpang,
npG h Yhpgn hwiqhgGmy t Gapnpywd hunnywdGbph wiybpg hwenpmujwlmp b junmg-
dwip, pnmbywd t wiwih Aogwlah Jipny
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Jjnelp Yuipnn t uinbnét] wyG tnwwynpnepnilp, pb (a;b) dhpwluw)pnid gnjnt-
pinLG nGh dhwG d6Y ¢, npnud® f(c) =0: Ppwlwlnid nw wjnwbu st: 96. 2-nu4,

onhGwy, Yw winuwhuh bpkp Ybwn, sGwjws, Yupnn tp b wybhG hGG: PwaG
wjh t, np Jnupwpwbggnip puynud plGuiptbiny hwndwéh npnawlh Yhup, dkGp
wspwpnn thOp wanid Gjnwu Yeup, nph Swjpwlbnbpnid dniGhghwb nubtip
GhUGnL0 Gawlh wpdbplbp: Uwlw)l, tpt winwhuh hunndwénmd wwhwg-
4nn ¢ Ytwnh gnynipinilp Gpwzhuwynpdwo sk, www, hhwplb, pwgwayws b
st

REnpbY 2 (Showllyjw wndtph Ytpwpbpwy): hgnip f-p X dp-
pwlhuypnid npnpqwé b wopGnhwwn dniGyghw b, npp dhowlywph a U
b (a<b) Ybwbpnid pGnniomd t hpwphg wnwppln” f(a)=A4 U
f(b)=B wpdbpltp: Uin nbwypnid A U B pytiph dholi pGlwé gul-
Yugwé C pyh hwdwn gyl nibh (a;b) dhowlwyphl’ wunlu-
Gnn ¢ Ybawn, npntd f(c)=C :

Uwwgnyg: » Npnawyhnipjwl hwiwp Ghpwnptlp” A< B L,
nLpbda,

A<C<B:

Ahuwnwpyblp F(x)= f(x)-C dnbyghwG: RwGh np fp X-nud,
htiwnbwpwp Gwb [a;4] hwindwdéh Jpw, wipGnhwn t, huy C-G, np-
wbu hwunwwntt $nllyghw, gubhwgwd Showlw)pnid, nupbdl Gul
[a;b]-h dpw, Gnylybu whpbnhwn t (n° 1V. 4.4 p), F-p, npybu wi-

plnhwwn $nGyghwlbph nwpptipnupynil, Y hGh wipbnhwn:
Ujdd GYwuwnkGp, np

F(a)=f(a)-C=4-C<0, F(b)=f(b))-C=B-C>0,

w)lytiu np, F-p pwdwpwpnud t pbnpkd 1-h pnpnp wwydwGGbph:
Cuwn wyn pbnpbth, gnynip)nil nibh c e (a;b) Ybwn, wybwhuhl, np

F()=f(c)-C=0 qwyt" f(c)=C:<
Ptnpbilt wwwgnigytg:

" UyGhwipn t, np bpt X-p dhewlwp t b g,be X, wuyw’ [g;b]c X :
202



OnppGuwy 1: y=sgnx dpmlbyghwlt a=-2 L b=3 ytwnbipnd plnni-
Gnuit 4=sgn(-2)=-1 L B=sgn3 =1 wpdkpltpp, uwlw)G 4-h L B-h dhol.

paYywo —;— wndtipp. ophGwy, (a;5) =(-2;3) dhowywjph ng dh Ytwinud sh pl-

antinud: MwnGwnp, hwulwbwih t, wil t, np [-2;3] hwnjwshl Wwnyw-
Grn x, =0 Ytwnd sgnx-p tuqynn t: Uw gnuyg t twihu, np wywgnigyws
ptinptdGtnnLd [a;6] hwundwéh dpw f£h whpGnhwnnepynilp twlwl wwy-
Ow t:

4 Yhunnnipynth 2: Btinptd 1-p L, wewbdbwwbu, pnpbidh wwwgnig-
dwb dt9 Yhpweywéd Pnigwlnih dtipnnp, pwydwlywhhG qnpénil dhenglbin LG,
wju Yuwd wyl hwywuwnpdwb nplt |neédwb dninwynp wndtipGhipp gwlywgwé
Gunnipjwidp qubbint hwdwn: Gpk, ophlwl, f(x)=0 hwjwuwpiwG dwiu

Owul wylyhuhG t, np y = f(x) dnibyghwl npnawé t nL wlplnhwn X Gh-

owlwpnid L tpt hGs-np YGnw wwnqby Ghp, np dhowlywph nplt @ L b Yhwnb-
pnd f(x) wpunwhwpnnpjwl wpatipGbpp tnwppbin Gawbh &6, www hwu-

nwunwwbiu jwpnn G0p wanbi, np (a;b) (a<b) Ghawywipnd f(x)=0 hw-
Jwuwpnib nubp weGwqb gk (nuentd: Yppwabiing [a;b] hwndwsh GYwn-
Jwdp Pnigwlnsh dtpnng L pGupbiny {a,;b,] hwuindwébtipp Gnuyl uyqendl-
pny, hswbu nw wpybg ptnpbd 1-p wwywgnigbiihu, YnbbGwhp, np wyn hwn-
JuwéGbphg jnupwpwbgnipp wwpntGwynud t nhnwpyynn hwdwuwpdwb ne-
&nud: Ujn nbwpnid Yupnn GGp wubl, np [a,;5,]-h0 wwinwlnn gwilwgwé
x phd hwlnhuwlmd t  f(x)=0 bwywuwnpiwh dnunwynp (ALenLd

b -a =b——a-h Gaunnipywdp: Rwbh np b, —a, -0, niptdh, n-h Wwnpws

n n 2,,
pGwpnipjwip Ywpnn blip wwwhndt) hwiwuwpdwl dnnwdnp  |nuodwi
gwlywgwé Gunnpynih:

Opplwly 2: thwwplklp x° +4log,(1+x*)+10=0 hwywuwpnudp:

Lwfu GywinkGp, np f(x) = x* +4log,(1+x*) +10 Hnilyghwl wdpnng
pywhG ninnh Ypw npnadwé b nu wipGrhwn: 3wyh weGtiing, np

f(<2)=-32+4log,5+10<-22+4log,8=-22+12=-10<0,
f(-1)=-1+4log,2+10=-1+4+10=13>0,
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bqnwlwgGnud Glp, np gnynipynil nGh ce(-2;-1) Ybw, npnd™ f(c)=0:
Muwpnq t, np hkilg wyn ¢-0 £ 4LhGh nhuvwplynn hwdwuwpdwG nancdlbphg
Gbyp: Qwuwnnpkb, Ywpnn GGp wub|, np, ophlGwy, —1.5-p hwjwuwndwh dn-
wwynp (ndnul £ 0.5+ Sawnnupywidp”: Ghutiiny [-2;-1] hwndwép L GYwink-
(nd, nn

243 9 243
-1.5)=-—+41 1+=|+10>10—-——>0,
JELS)=- °g’(+4]+ 3

wwpqnud GGp, np (-2;-1.5) dhewlwpp Gniylwbu qunmﬁwhnui b hwjw-
uwndwh nednud: Uu wigwd wpnbt Ywpnn GGp winb(, np, ophbwl, —1.75-p
hwywuwniwi dnnwynp nedned £ 0.25-h Sunnepjwdp:

3°. Uwhdwlwhwly pmbyghwbbp: dwjbpanpwup ptnpbdab-
np:
Uwhdwlmd 2: y= f(x), xe X, dnGyghwi Yngymd £ w) Y&

plhg uwhdwbwhwly, p) GEpplhg uwhdwluwthwy, q) uwhdwbuwhwy,
tpt Hnilyghuwh wpdbiplliph pwqdnipyniGp’
w) uwhdwiwhwy t ypuhg. 3IM e R Vxe X{f(x) < M};

p) uwhdwlwhwy t GEpplhg. ImeR Vxe X{f(x)2m};
q) uwhiwlwhwy t. 3K >0 Vxe X{| f(x)|I<K}:

NeunuiGwuppbiny 11 qqfuh §3-md GEpYuwjwgywd bhhiGwlwh
nwppwlwl $nlyghwlbph wpdbplbph whpnyplbpp” Ywpnn Gip
wbulb|, np sinx, cosx, arcsinx, arccosx, arctgx L arcctgx

dniGlghwhbphg jnepwpwbsynepp hp npn2dwh nphpnypned vwhdwbw-
thwy t, pln npnLy’

|sinx|<1 (xeR), |[cosx|<1 (xeR).

|arcsinx|sZ2'- (xe[-1;1]), Osarccosx<7z (xe[-1;1]),

|arctgx|<% (xeR) O<arcctgx <7 (xeR):

* Mwnq pywpwlmpyml t. hwnwdh sheGwlbuh L hwnwdh guwlijwgwd wj) Yhuh
nwppbpnipjwl pugupdwy wndbpp hwnywoh bpjwpnipjwi Yhup th gbpwquigod:
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hpGs Jbpwptpnid bt bewbynlwswihwywt nwlqbGupl L Yn-
inwlgtiluhl, wwyw, hGswbu gniyg wnpdbg n° IV. 4.8-nul, y=1gx

/4
$nLGlghwh, ophlwy B Ltinh dhewlghl 2ngwlwypndd, n’s Ybiplhg,
n’s Gipplhg uwhdwGwthwy st, pwlh np

lim £gx = +oo, lim fgx = —oo:

x—»—-0 x—+0
2 2

LnyGp Jbpwpbpnud £t Owl y=l, xeR\{0} L y=Inx,
X

x€(0;+o) $nbyghwbbphl (nb'u n° IV.4.8-h ophGwly 30-nud L
n’IlV.4.8-h b)-nid  Ywuwpdwéd hbnwgnindwl  wprynuGpGbpp):
UhLGnyli dwiwGwly, y=Inx 3pnllyghwh, ophluwl, gwllywgwéd
6>0 L A>4 pybiph hwdwp, [4;A] hwindwéh dpw vwhiwlwdhwy

t: " Yuwpbh b unwilw) npytu $nGyghwih dnGninnGnpjwl whdh-
owlwh htinLwGp.

§<x<A=>Ind<Inx<hnA:

Rtnpbd 3 (dwjbippnpwuh wnwehl pinptidp): Jwndwéh pw
npnpgwd U wiplnhwwn pnGyghwl uwhdwlunpwly t:

Uwuwgnyg: »%hgnip y = f(x) InGyghwh npnadwé b nu wo-
pGnhwwin [a;5] hwwndwdh Ypw: Mbwnp t wwywgnighy, np fp [a;b]-h
Udpw vwhiwGwthwl t:

bGpwnptlp hwywrwyp' f~p uwhiwlwhwl st:

Lwquibny uwhdwOnud 2-h g) wnnh pwgwunuip’ Ywpnn tGp
wub, np gwlijwgwd X (nppwl wubu dbkd) pyh hwdwp, gnjnipntl
nbh [a;b] hwwndwéh x, LG, npnud’ | f(x,)|> K @ Iwgnpnwpwn
ybpglGtind K =1,2,---,m,---, Guunwlwlp [a;b] hwwndwéh Ybwnbph
X5 Xg50 "X, hwonprwlywbnipynl, wyliyhuhl, np

VneN {f(x,)>n}:
N Gawlwynmd t, np f(x,) hwenpnwlywGnepinilp whybing dké t:
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PwGh np x, hwonpnwlwbnipjwl pngnp wlnwdbbpp [a;b]-hg
BG, nupbdG x, -p uwhdwGwihwy b Iwdwdw)b Pngwln-dw)bpnpw-
uh uyqpnilph, x,-hg Ywpbih t plwpk x,  qniquibin GGpwhwgnp-
nwlywbnLpyne(:

Ohgnip’ limx, =c: Mwpqt, np cela;d]:

Cuwn pbnpbdh wwydwGh, fp [a;6]-h dpw, dwulwynpwwbu ¢
ybuinul, wGpGnhwwn k.

x, >c= f(x,)> f(0):

Pwjg, yntu Ynndhg, f(x, )-p, npybiu whybpg uk6 hwonpnwlw-
Gmpjwl’ f(x,)-h Ghpwhwenpnwlwlnpynil, whybpg ko t, htnbw-
pwp nwpwibn b Unwguwlp hwlwunip)ntl, npp hwuwnwwnnd £, np
J-0 uwhiwGwihwy t:<

BEnpbil wwwgnigybg:

OphGwy 3: y=%, x€(0;1] Pnilyghwh (0;1] Yhuwpwg dhowlw)ph

Upw whplnhwn t, pwjg, pwGh np limo—l- = o0, uwhdwlwdwy sk: Vw Gaw-
1540 x

Gwynwd t, np pbinpbdnid $nellyghwih whplGnhwwnnipjwl dhewlw)ph hwn-

qwéd hGhint wwydwGp twlw b bhwpyb, Gupbth t 0-nud $niGuyghwyhG yb-

pwqpb| gwlywgwé wpdtp: Pwyg, dhubnyyGl t, pwlh np $nilyghwl O-nud

sntlh dbppwynp uwhdwG, wil win Yhwnndd YhGh fuqynn L wju wlquwd

hiwhunywé Y hGh pbnptidh gjnu” whpbGnhwnnepjwl wwydwp:

OppGwy 4: Ywpdjw| winpwnwnlwip wpnblG pwqihgu nhunwpyywéd
y=sgnx, x € R, nilyghwhlG: dniGyghwih npnadwl wnhpnyypp, hbswbu
intiulnid tiGp, hwwnywd st MEn wybihG, $nlyghwl whpnyph x, =0 Yb-
wnud Gwl fuqynn b Uwlw)G, wyn wikGh htn deYwnbn, sgn x -p uwhdwGw-
hwf t. VxeR {|sgnx|<1}: Uw gnyg t wiwihu, np npnadwl nhpniyph

hwuindwé |hGkip L wyn hwnydwéh Ypw $nilyghwih wGpbnhwin |hGkp uwh-
Gwiwdwynipjwl hwdwp dhwyl pwywpwp wwdwGObp 66, pw)g, ns wi-
hpwdtizun:

206



Uwhdwlnd 3: y= f(x), xe X, pnllyghuyh wpdbplbiph pwgq-
dnipjwl dbdwaqnyG b thnppwgnylG wnnwppbinp Yngynid 6G pniGlghuish
Ubdwanyl U thnppwaqny G wpdbplbp U GrwGwlyni S

max{f(x):x € X} =max f(x),
min{f(x):xeX}=r2i;1f(x):

Lwlh np pwqimpjwi dbdwaniyG L thnppwgneG tnwppbpp hbGg
w)n pwqintpyntbhg kG, nupbdG, pun vwhdwbnud 3-h, whwnp t gngnip-
Jnil nubbGwh X whpnyph hwiwwwunwubuwlwpwp x, L x, Ybabp,

wjGwhuhp, np
Sfx)=maxf(x), f(x)=minf(x):

PGswbu gnuyg wpydtig n° 1. 3.1-nud, pwqdnipniGp, GnuyGhuy uwh-
dwlwhwynipjwld wwpwguwnud, upnn t dtéwagniG L thnppwgnt)l
wwppbp (Ywd npwlghg dbyp) snlbOwy: ek, ophlwy, $niGyghwih
wndtipGph whpnuyph Sqnhuin JbphG bapp”  sup{f(x):xe X}-p,
$nLGyghw)h wpdtip st (wpdtplbph whpnyphlt sh wWwunjwbanud), w-
ww wpdbpGbph whpnypp SEéwanyG vwpp snbh: Ujn nbwpnuld w-
unwd 6@, np pnilyghwl X pwqinpjwl pw Skdwgniyb wpdbp sh pG-
nnilnud Ywd X-h dpw pnibyghw)h unuypbinudp hwuwGtigh sk: LnyGp
ybpwpbipnid t Gwl hGPhindhh;

PLnpby 4 (dwjbpnpwup Gpypnpn pbnpbidp): Junywdh Ypw
wlpGnhunn pniGhyghwa plnniGnud t dedwanyl & thnppwgnyl wp-
dtiplbp:

Uupuwugniyg: » Lwh wwwgnighlp dEéwagneyb wpdtph gnjnipnt-
Gp: ‘

GOhpwnpbklp hwlwnwyp. [a;6] hwwnywsh Ypw whplnhwn
y = f(x) $nGyghwh dbdwant) wpdbp sh pGnnibned:

Rwlh np f~p, puwn Gwlunpn ptinptish, uwhdwbwhwy t, Gpw wp-
dtipltiph whpnypp YniGlGw dtpgwynp S2qnphin UbphG bqp.

S =sup{f(x):xe[a;b]}:

Fwiwdw)t ywwnwnpyws Ghpwnpnipjwl, Vxe(a;b] {f(x) < S}:
207



SGhunwpykGp
g(x)=;
S-f(x)
$nbyghw: Nppwlny np S — f(x)>0 (ng dh YLEwntd 0 sh nwnbned)
L wyG, npwbu hwunwinntG L wGpGnhwn $nlbyghwbbph nwppb-
pnipyntl, wGpGnbwun t, g-G YhGh [a;6] hwwnydwéh dpw npnzdwé L
wGpOnhwwn InLGlyghw:

Qwpdjwy, oquytiiny Guwlunpn plinptidhg, Ywpnn GGp wanbi, np
g-0 [a;b]-h dpw uwhiwbwihwy t.

3K >0 Vxela;b]{0<g(x)<K}: (6)

Nhgnip’ 0<e<%: PwGh np S —¢ phup, pun Gqphin Ytphl

Gqph uwhdwGdwG, fh wpdbpGbph whpnyph hwdwp JGphG Bqp st,
gnnipyntl YmlbGw x, €[a;b] Ybwn, npnud” f(x,)>S —& Luwd, np
GnuyGa t, S - f(x,) <& : UpyniGpnid YunwGwhp

1 1
_——>
S-f(x,) ¢
wlhwywuwpnipjniGp, npp hwwundd t (6)-hG:

hGs tipwptipnud & thnppwgnyl wpdbph gnynipjwlp, www Yw-
nbth t nhnwnlty A(x) =-f(x) $nillghwb L, ognytiiny hwunywsh
Upw wGplnhwwn $nibyghwih dbéwagnyl wpdbph qninipjwb wpnkl
wwwgnigywé hwuwnhg, Ghwnky, np

min f(x)=-max h(x):<
xe(a;b]f( ) xea;d) (x)

g(xo) =

PEnpLEY0 wwwgnigibg:

OphGuwy 5: "dwp st wnbuGby, np
x, bpp0<x<],
f(x)={0 P
, tppx=1
dnLllyghwyh [0;1] hwwndwéh Ypw pGrnbwé wpdtipGhiph thpnypp [0;1) Yh-
uwpwg Ghpwlw)plG t: Phwplyb, min f(x)=0, pwjg JLdwqnyl wpdbp
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dnlyghw sh plnnibnid: MwnBwnp, hwulwGwih b, wiG t, np pniliyghwo
x, =1 Ytwnned nGh fugnid: Ibnwglbiing uquiwh Yhwp npn2dwl whpniyphg’

YunwlOwGp [0;1) Yhuwpwg Ghowlw)ph ypw whpbnhwin $nllyghw, npp

nwpdjwy sniGh dhodwgnt)o wpdtip: Uju whqud wpnbh wwwSwnb wyb t, np n-
pn20wl (wiplGnhwwinipjw) wnhpnupp hwnywd gt:

4. wjwuwpwywh wpGnhwwnnipiniG: YwGinnph' pknpt-
dp: thgnip y= f(x), xe X, $nillyghwh wGpbnhwin t:

Npnawlh x, € X Yhwnud wlpOnhwuinnipjwl uwhdwGiwG (1)
pwlwdlnud gwllwgwsd &£ npulwh pyhl hwiwwwunwufuwbng 6
npwlywh ptlp pOGupnipinibp, wwpq t, Ywhudwé t g -hg: Nppwl € -p
thnpp t, wjlpw, npwbu Ywanh, unhwyws GGp (hGnud thnpp 6 plw-
pbL: Pwyg, Ywplnp b Owb hwulwGwy, np tipt x, -h hwdwp gpdué (1)
pwlwdlnid, wpdwsé € -hG hwdwwwinwufuwbng 6 -0 wpnkba pGup-
qwd b, www 0y wy” x; Ybwnd dnbyghwih wlpbnhwinnipjw (1)
pwlwadlbp gpbihu Ywpnn t wwpqib, np wyn 8 -0 wylu whwnwbh sk
Un nbwpnid unhwyyws wbwp t |hGEGp Gnuylb £ -h hwdwp b wybih
thnpp & hGwpb: Ulwku np, 6 -h pGupnpynibp Ywhudws b ng Shw)l
£ -hg, wjlk wyl Yewhg, npnid (1) pwGwdbng uwhdwbynud t $nily-
ghwjh wGpGnhwwnnepnilp:

Phwbiunk $nilyghwl whplnhwin b X pwqdnipjwl pninp Yhwnk-
pnud b, htiinLwpwn, jnipwpwbgnip x, € X Yhnnud guwljugwo € -h
hwidwp (1)-nd wwhwbgdnn &-G gnjnipyniG nibh, uwlw)G, hGswbu
UhwinqykGp ophGwyGtpny, dhawn sk, np hGwpwynp t §-0G plupby
w)Owbu, np wjl Shwdwdwbwy whuinwGh hGh papnp x, € X Yhwnbiph
hwdwp: Swlywgwd £ >0 puh hwiwp wynwhuh «nGhybpuw» 6 -h
qnnipjnilp GGpwnpnud t X pwqunipjwl Yypw dniblyghw)h whplnhw-
wnpjwl pnpnpnyhG Gnp npwly:

Uwhdwand 4: y= f(x), xe X, dnGyghwl Ynsymd t X pwq-
dnipywl Ypw hwwuwpwswih wGpGnhunn, bph guwijwgws & >0

* Q.. Qulhanp (1845-1918), qpiwGwgh Swpbiwwhynu:
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pyh hwdwpn, grynipynil nbh 8 > 0 phy, fwiudwd dhwyG € -hg, wyGwyh-
uht, np gwllwgwd x',x" € X hwntiph hwdwp, npnGg hbnwynpnipynt-
Go | x"—x'|-p, thnpp t 6-hg, Bpdwppw b | f(x") - f(x")|< € wlhu-
Ywuwpnipyniap.
Ve>038>0Vx' e XWx"e X{|x"-x"|<d = f(x")- f(X)|<€}: (7)
bpb nbnunpblp x' =x, L x" =x, wwyw (7) pwlwdlp YpGnnibh
Ve>038>0Vx, e XVxe X{|x—x,|<d = f(x)-f(x;,)|<€e} (7))

nbupp, npubinhg wldhywwbu Gplnud t, np X pwqinipyjwl ypw hw-
Juwuwpwswh wiplnhwn $nllighwb X-h guiuwgwd x, Lbwnud
wlplnhwun t:

4 HhunnnpyniG: Splwé X pwqdnipjwl pninp Ywnbpndd £ $nullyghwih
nuinnwyh wopGnhwwnnipnilp Ywnnn GOp, G0GNY (1) pwlwdLhg, uwhdwbb|
htinbjwy Ytipw.

Ve>0Vx, e X36>0Vxe X{|x-x,|<8 =3 f(x)- f(x,)|<e}: (8)

Jwibdwwntiiny wyu Yhipghlp (7’)-h htin® GYwwnid GGp, np (7')-nd gn-
jnpjwl L pGnhwGniph pywbunpltipp dhinfuwntnywé 60: NYw, hGswtu GaUtg
n° I. L.4-h nhunnnupjw dbg, Shawn sk, np pnywwnpbith & bhwplyt, npnz nbw-
pbipnud b’ (8)-p, P’ (7')-p Yupnn G dhwdwiwlwy G0wphwn (hGk(, uw-
YwjG, ShLOnLyGE L, npwlp wwppbp wunyplbn G6: Upnkh wnwbuwp, np (7°)-hg

htinbinid t (8)-p: PGswhiu hhdw YhwdnqukGp, (8)-hg dhawn sk, np htwlindd t
@)-p:

OphGuwy 6: f(x)=%. x €(0;1)., dniGyghwl dhowlwph pninn Ybinbk-

nned wipGnhwwn t: UnnugliGp, np wyG (0;1) dhpwiw)ph Upw hwjwuwpw-
swih wiplnhwwn st Mw hwiwp wbwnp t gnyg wwy, np gnynugynild nuGh
£, >0 phy, nph hwiwp hGswhuh & by pGunpbGp, dhulnyGh t, (0;1) dhow-
Yuwipnud YainGuh Yenbph x',x" gnug, wyGuwhuhG, np | x" —x'|< & , uwlw)G
| (") = f(X) |2 &

Jdtingltilp £, =1: Bwlijwgwé 6 >0 pyh hwiwp phnpkGp (0;1) Ghow-
Yuiyph ybinbph htiwnlywy gnygp.

* Sbu wyu Yownus wuwgmgywd phaphdp:
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x' < min{%;é‘} . x"=2x":

Ujn ntiwpnid, Sh Ynndhg YniGEGwGp, np
Ix"-x'|dq2x' - x'|=x'< &,

huy djnws Ynnihg’
|f(x')‘f(x')|=}$-2%t,‘=—zl;,>l.Dluﬁh nn x' <%:

Ophliwly 7: y = x*, x e R: Uu dnillyghw( b, s0wjwé wipnng pyuyht
ninnh Ypw whpGnhwan t, uwlyw)G, GnyGhuy X =[0;+w) thwl Swnwquwjph
Unpw hwjwuwpwswih whplGnhwin gt:

Pulwwbu, nwndjwy, hOswbu L Gwhunpn ophGwynud, YEpgGhlp £, =1 L
gwlywgwd 6> 0 pyh hwiwp YuqitGp x' L x" Ybwbph wu whqwyd wp-
nkG htwnlyw| qniyqp.

1
x’:—. X =

é

+

S| —
N O

, 0
Un niwpmd® | x" - x |=E <45, puyg

| f(") = fOD) = x" =% |=IX'+X'|-|X'—X'I=[—+—)~—>.l3

Btnptd 5 (YwlGuwnph ptnpbdp): Junnywdh yYpw wlpGnhunn
dnGhyghwi wyn hwinydwdh Ypw hwfwuwpw swith wipGnhunn t:

Uwwgnyg: » Thgnip y= f(x), xe[a;b], dnillighwl [a;d]
hwuidwsh pnpnp Yhnbpnud wlplnhwwn b UwwgnigkGp, np w)l
[a;b]-h dpw hwywuwpwswih wapGnhwn t:

Wuwnbn t, hOswbu Gwhunpn pinpbdb wwwgnigbhu, Ywnwpkip
hwywunn GGpwnpnipjnil. nhgnip fp hwywuwpwswd wiplnhwan
sk B GawGwyned t, np qnynipyniG nuGh &, >0 phy, wylwhuhlb, np
gwlywgwé 6 >0 pyh hwiwp, [a;b] hwndwénid Youldh Ybwnbph
x',x" qnuyq, npp pwydwpwpned t
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X" =x'|<6 L|f(x") - f(XN)]zg,
wlhwywuwpnepntGGtphG:

Uju nwuwnnnipjwdp, hweonpnwpwn 4tipgGting 5=l,%,-~,l,-~-,
n

Yuunwlwhp [a;b]-h Ybwnbphg Ywqidwé x! L x) hwenpnwlwGnip-
jnLGGtp, npnGg hwdwp Juwnwpyned GG

Xt~ X, |<% L1 AGS) - £ |2, (©)

ww)dwGGbpp:
Ujdd, oquiybind Pnigwln-dwjtipanpwuh ulqpnilGphg. pGunntiGp
x, uwhiwGwdwy (asx,',sb) hwonpnwlwlnipjwl nplt x; qnt-

qudbwn Ghpwhwenpnwlwbnpjnl L Gwlwyblp. ¢ =1imx;": -
nwnlblp x7 hwenpnwywbnipjwa GniyG hwdwpbbpny x;’" tGpwhw-
onpnwlwGnipyniGp: RwGh np x; - x, = 0 (nw htwknud £ (9)-h wow-
ohG wlhwlwuwnnipjnilhg), Gpw x; —x, bGGpwhwenpnwlwinip-
Jwl hwiwp Gnywbu YnBbGwlp® x; —x, — 0: Unwntinhg Yunwgyp’

Xy =X, +(x:. —x;")—) c+0=c:

Jwdwdw)b ptnpbih wwydwbh, fp cela;b] Ybwnd whpln-
hwun L: NupbaG”

x;" —)c:f(x;n)»f(c),

xp —)c:f(x;’")ef(c):

Uu JbpohGhg wadhowwbtu hbwnlnid t, np

1&)-16,)= f©- fler=0:

Pwjg nw hGwpwynp gk, pwGh np (9)-nud, hGswbu pninp pGwlwh
pytiph hwdwn, w)bwbu b, Swubwdnpwwbu, &, -tph hwdwp’

{f(x;’")—f(x;"l 2¢,:
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Uinwgwlp hwlwunipyntG, npp hwuthwnnid t [a;b] hwindwéh
dpw f£h hwdwuwpwswth wGpGnbwinnipynilp: <
PEnptdG wwwgnigybg:

§ 3. IULUAUNY dNFLUSPUSH ULLLARUSNHR3NFLE

1°. UnGnwnnG pniGhyghuh luqnidGbpp:
Btnpbd 6: Mhgnip y= f(x), xe€[a;b], dnillyghwl dnlGnunnG L:

Un nbwpmd

w) f-p uwhdwGwhwy t: UYLIhG, wyl nGh deSwaqnyl U thnppuw-
qnuG wpdtiplbn:

p) Jwwnydwdh a U b duypwybnbpnd  f-0 nlGh uwhdwi, huly
(a;b) dhowluwyph gqwlhwgwd Lbwnmd ° ybppwynp dhwiynndwih
uwhdwlbGbn:

q) dneGyghwl Yuwpnn t ntG6Gw) ShuyG wnwohl ubinh fugnidltn:

n) bpb x,-6 fh hquwl 4w b, wyw f(x,~0) L f(x,+0)
swinwybinbpny pwg dhowluwiph ns dh Lhwn, pwgwnenipjwdp qnigh
S(xo)-h, pnellghuwyh wndbp st:

Uwwgnyg: Npnwlhnipywl hwiwn f£p hwiwpkOp sG4waqnn:

» w) Wu wnndp dnGhyghwsh dnGnninbnipjwl L hwwndwoéh
ypw npnzdwé |hGEnt wGdppwywb htitnLlwGpG t.

Vxela;b] {f(a)s f(x)< f(b)},
pln npnuy’

f@)=min f(x), f(b)=maxf(x)<:

» p) BwGh np fp, pun w) windwG, uwhiwGwthwy t, gwiyw-
gwé x, Ytwnud grynipynil YniGEGwh hbnbyw) Ybppwynp G2gphin
tiqnbpp.

a(x,)=sup{f(x):a<x<x}, x,e(ab], (10)
P(x,)=inf{f(x): x,<x<b}, x,€[a;b):
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3winqytbp, np a(x,)-0 x, Ywnd fh dwhuiwynndjwl uwh-
JwaG t:

fhgnip € -p Ywiwjwlwbnpbl npdwéd npulwb phy t:

62qnphwn Gqph uwhdwbnushg hbwnbnud £, np gnynipyntG nubh
x'€[a;x,) b, npd” f(x") > a(x,) —€: Rwlh np fp sGduqnn t,
gwlywgwé xe(xx,) Ybwnnd  f(x)2 f(x)>a(x,)-¢: 3wzgh
wnbbny, np [a;x,) Ghewlw)ph pninp Yhwnbpned, niptidls Gwl gw-

wgwé xe (x;x,) Yownnd® f(x) < a(x,) <a(x,)+ ¢, unwlnud bGp.
X<x<x,Da(x)-e<f(x)<a(x,)+¢:

Uw b htGg Gwlwynid t, np

a(x,)= f(x, - 0): (11)
Lnuyb npwunnnnipyntlGGhpng Ywpnn GGp Gwb hwinqyby, np
B(x))=f(x, +0): (12)

UGnud t wybjwgGby, np a-hg dwpu L b-hg we $nilyghwb npny-
Juwé st, hbnbwpwn f(a+0)-6 L f(b—0)-0 $nLGyghwih hwiwww-
nwuhiwlwpwp a b b Yswnbpnud nupnuyh uwhiw(GbpG BG:<

» q) Uw wGdhowwtiu pfunud t p) winnuihg: <

» n) 3wadh wnbbny, np $nGyghwh sGwqnn t L oguygbiny
(10), (11), (12) pwlGwdlbphg" Ywpnn LOGp gqpbl, np gwilwgwé
x, € (a;b) Yhwnnd

f(x, -0)< f(x) < f(x, +0), (13)
huy a L b Swjpwybwnbpnuy’
f@sfla+0), f(b-0)<f(b): (14)

Uw GwGwynid t, np bGpb (13)-nud bpynt wihwywuwpnipjnil-
GtpG ¢ yhpwéyned 66 hwywuwpnipywl, www fp x,-nd wipGnhwwn
t: LnyGp Ybpwpbipnud t (14) wGhwdwuwpnip)nGGhiphg jnipwpwG-
sinLphl:

* St Gwl n° IV. 3.1-n.8 phnnbd 2-h wwwgnigp:
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fhgnip, w)dy, x, € (a;b) Whwnnud nilGyghwh fuqynn t (gé. 3):

£(b)

£ (2040)]

DT 8 T SO .
£ (20-0),
PTCTY) S—
o : =~ H
£(R)g- o e

6.3
Un nbwpnud, pwGh np (13) wlhwywuwpnipynlGbphg
wnldwql deYyp whwp t (hGh fuhuw, nupbdl (f(x0 -0); f(x, +0)) th-
owlw)pp nuuwwpy st UyGnihbnk, nwpdjwy winpunwneGwiny (10),
(11) L (12) pwGwalbphG, Ywpnn LGp GYwwnby, np gwlijwgwsd x' < x,
L x" > x, Ybwbph hwdwp’

f(x)<a(x,)=f(x,-0),

F(x)2 B(xy) = f(x,+0):

Uju ygbpehGhg wpntb hbwnbknd b, np [a;6] hwndwéh gpw
dnGyghwih plnnibwé wndtiplGtiphg dhdhwyl  f(x,)-G YJupnn t
hwjunGyb (f(xo—O);f(x°+0)) dhowlwypnid, wyl bty dhwyt wyh

nbwpnwy, Gpp (13) wihwywuwpnipyntGGepp Gpyneub by uhun B6:<
Btnptil wwywgnigytg:

4 MhunnnipjniG 1: Oquwlwp t Ywuwnb) pbnptish q) wlndwb
htwnbjwy Sqpuinudp. [a;b] hwindwoéh pw dnGninnG dniblyghwb a b b Swy-

pwytnbpnud Ywpnn t niGbGuw) ShwyG gbpwgGith fuqnudGlp, huy x, € (a;b)

" (p;q) pwg Showlw)pn nunnwply t hw) w)l nhwpnul, tpp p2q:
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GtpphG Ybwnud PnGhghwgh hGwpwynp fugnidp YtipwgGhh st: CGn npnd,
wynwhuh  Yewnnud  sGwgrn Pnullyghwl Ywwwpned bt npulwl prhsp
(f(xo +0) - f(x, —0)>0). huy  swsnn  dmbGUghwl  pwgwuwlwh
(f(x, +0)- f(x, -0)<0):

¢ Yhunnmp)nih 2: @LnpLdh n) windwb 69 Ywpbh b wybiwglty, np
bpt  sOdwaqnn  pmlyghwl  x, e(a;b) Ybwnmd  fqynid b, wwyw
(f (%o = 0% £(x,)) b (f(x,); £(x, +0)) Shguwlwyptinhg ns Stp $rLGlghush
ns Uh wpdtip sh wwpniGwynd’: LnyG Yepw, tpk £p fuqunid t, ophGwy, a
Swjpwhbnnd (6. 3), www (14)-nd f(a)< f(a+0) L, nwpdjuy,
(f(a); f(a+0)) Showlwypp qtind t nilyghwsh wpdtiplitinhg:

2°. UnGnunnl pnilGyghuyh wlpGnhunnnmpynilp:

PEnpkd 7: Jwwnywéh Ypw wlplnhwn pniGhyghuyh wndtipGtinh
wnhnpnypp hwnydwé t:

Uwwgnyg: » Thgnip y = f(x) dnblghwl npnaywé t L
wlplnbwwn [a;b] hwwndwéh dpw: 3wiwdwyls dwbpainpwup bGpy-
pnpn plinplidh (n° 2.3), fp [4;b]-h dpw plnnGnud t dkdwgnyG L
thnppwgnul wpdtipltip.

A=min f(x), B=max f(x):

asxsh asxsh

Nhuowpyklp [4;8] hwwnywép: UpnkG Gukg, np 4-06 L B-G
IniGyghwyh wpdtiplbip G0: Mwpgq t Gwb, np [4; 8] hwwndwéhg nnipu
gqubdnn ns dh phd $nLllyghwih wpdtip st: Ujniu Ynnohg, hwiwdw)l
dhowGyjw; wpdbiph Ubpwpbpjwi Pngwhn-Unzhh plinpkth (n° 2.2),
gwllywgwd C €(4;B) puh hwdwp, gnympjnil nbh ce(a;b) Y,
npnud’ f(c)=C: Uunbnhg htwnlnud t, np $nullyghwih wpdbphtiph
wnhpniypp htilig [4; B] -0 £:<

Btinpbd L wwwgnigykg:

OphGwyny hwdinqytlp, np pbnptidnid $nlyghwih whplnhw-
wninpynLlp 0hwyl pwywpwp wwydwo t:

" Ujn uhgwyw)pbphg npt vbyp (U whw)G dbyp) Ywpnn b heb punwpy b w6, wowyby Ly,
$niGyghwjh ny ¥h wndtp sh wwpmbwyh:
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OphGwly 7: NhuinwpykGp

fo-|

IniGyghw (q6. 4): UG, hGswbu wnbulinud

kGp, npnaywé t [-1;1] hwundwsh ynw L

x, =0 Ybwnd fuqynn t.
f(-0)=7(0)=0, f(+0)=1:
Uwywil, sbwjwé win hwlGguiwb-

ehG, $mlGyghwih wndtiplliph whpnypp
hwinjws t. E(f)=[0;2]:

Wdd wywgnighGp, np wyb pby- -1 o4 4 o 1
pnud, Bpp  fp dnlGnunnG t, plinpbd 7-
nd pniGyghwyh whpGnhwunnepnilp Gwl wGhpwdbn wwydw t:

Btnpkd 8: Nnwbugh [a;b] hwwnywdh Ynw dnGnuinnG pnGlghw-
Jh wpdtipGph wppnypp 1hGh hwinydwd, wihpwdbn t L pwywpuwn,
np pnilGlghwl [a;b]-h Ypw hGh whpGnhwn:

Uwuwgniyg: > Ygnp fp [a;b]-h dpw npndwé L Gwqnn
dnblyghw t:

Pwywpwpnipjnilp hbinlnud £ pnpkd 7-hg:

UGhpwdtinnipynilp: RwGh np f(a)-0 L f(b)-0 s0dwqnn f
3nllyghwjh hwiwwwwnwuhiwlwpwn hnppwgnyl b SdwagnyyG wp-
dbiplbpG GG L, pun wwjdwGh, F~h wpdbpGhph nppnypp hwindwé t,
nipbdl wyn hwwnywdép hkGg [ f(a); f(b)]-G t:

bpt fp, hwywewy pbnpbih windwd, [a;b]-h dpw g hGbp
wapOnhwwn, wjuhlpl, qnynipintl nilkGwp, ophlwy, x, € (a;b) Ybtwn,
npnud £p huqunn b, www, pun pbinpbd 6-h, (f(x, — 0% £ (x,)) L
(f(x): f(x, +0)) Ghowlwypbinhg wnGdwaql dbup, npp, hhwnlb,
[f(a@); f(F)] hwwnjwéh bGpwpwqinipynih t, YhGep ng nwwnwpl,
pwjg L sktp wwpniGwlh fh ng 6h wpdbp: buy nw Yhwlhwubp w)b
wwjdwGhG, pun nph [f(a); f(b)] hwwnywép wipnnowwbu Ywqd-

dwé t f Inilyghwh wpdtiplliphg:<
@bnpbi0 wwwgnigytg:

- X, -1<x<0,

x+1l, 0O<x<l
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3°. 3whwnwnd pniGlyghunh wipbnhunnnipyniGp:

BEnpbd 9: bpt y= f(x), x€[a;b], pnillhyghwl whplnhwn t U
fupuwn dnGninnl, wwwr

w) f-p hwlwnwnpdtith t;

p) f hwlwnwpd pnilyghuyh npndwl whpnypp f(a) U
f(b) éwjpwlytiintpny hwindwdl t, huly wndtipGliph wppnypp [a;b)
hwwnywadp;

g) f'-G mGh dnGninnGrupywG GnyG pGnypp, hGswhuhG f-p;

n) f7'-G hp npnpdwG wnppnypnid wlpGnhwun t:

Uwwgnyg: » w) Uju winnuip htnlwp t n° I 2.5-nud unnwg-
qwé wjl thwuwnh, np fuhunn dnGninnlG $nLlighwb thnfudhwpdtp t L,
nipbdh, hwywnwpdbh: <

> p) 3wdwdw)b pbnpkd 8-h, £ $niGlghw)h wpdbplbph nhpnyy-
pp f(a) L f(b) Swjpwybwnbpny hwindwéh t: Un hwndwép hbhg,
hGswbu Gyt t hwhwnwnpd $nllghw uwhdwbbihu (n° IL 1.3), £7'-h
npn20wa wnhpnypl k, huly [a;5]-0° wpdbplbph wnhpnypp:<

> q) thgnip £0 [@;b]-h dpw wenn t. x, <x, = f(x) < f(x,):

8nuyg nwlp, np f'-p [f(a); f(b)] hwwndwéh Ypw Gnylybu w-
6nn t:

buwuwbu, et y, <y, L f)=x, f(M)=x, wyw
x, 2 x, wlihwywuwpnipyntlhg, 20nphhy FAh wedwi, YnGLGwyhGp'
S(x)2 f(x;): Puyg, pwlh np f(x)=y,, f(x;)=y, L nupkdG,
f(x) < f(x)), x, 2x, whhwywuwpnipjnilp hGwpwynp gt UjGwbu
nn,

W< =270)<f )

UjG nbwpniy, pp fp Gdwqnn t, nuannnipyntGlbpp Gnuylh 6G:<

> 1) Cuwnn p) L g) whnnudGlph, £~ bwlwnwnd $nbyghwG dnhn-
wnnG t, npndwé b hwnywéh dpw b Gpw wpdbplbph nhpnypp’ [a;6]-
G, GnuyGubu hwndwé b Iwdwdw)l pbinpbd 8-h, £~ -p whpGnhwtn £:<

BEnnbA0 wwwgnigykg:
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Rtnpbd 9 Thgnip y= f(x) bnillhghwl npnaqws t (a;f)

ybpgwnp Gwd widbpp pwg dhpwlhwjpmd, uyn dhowlhwjpnid ur
GpGnhwn t U fupuwn dnGnunnG: Uin nbwypmd

w) f-h wpdtplbph whpnypp (4;B) ybppwynp Ywd wiybing
pwg Shpwluwypb t, npunbn’
A= inf f(x), B=sup f(x);

a<x<f a<x<f

p) £ hwhwnwpd dniGyghws (4;B) dhewluwypnid wlpGnhwn

Uwwgnyg: thgnip f~p winn k:

> w) Luwfu wwpq t, np 4-hg thnpp Ywd B-hg Gk6 ns Gh phy
IniGyghwyh wpdbip st: Iwdnqybbp, np 4-G L B-G t| fh wpdbpGhp
sbG: bpnp, tpb gnynipynLl nLlbGwp x € (a;F8) b, npnud” f(x)=4,
www gwllwgwd x'e(a;8) L x'<x Ubwnnd YunwGwihGp’
f(x)< f(x)= A4, nnp Yhwlwubip 4-h plGipnipjw(p:

B dwjpwlbuinp dbpwptipjwy nwwnnnnipyntGabpp GnyGa GG:

8nyg wwlp, Jtippwwby, np gwllwgws Ce(4;B) phd f

$ntlGyghwjh wpdbp t:
RwGh np C>4 L C<B, Gqphn bqptiph uwhdwnudGtphg

htwlntd t, np gnynpyniG nulkG (a;5) dhowlw)ph x, L x, Ytwntp,
npnGgnud” f(x,)<C, f(x,)>C : Jwiwdw)G dhpwllyjw| wndtiph yb-
pwpbnjw| PnigwGn-Ynzhh pbinpbidh, x; L x, Ytwnbkph dhel YgunlGyh ¢
ybwn, wylwhuhl, np f(c)=C :<

» p) £ hwlwnwnd $niGlyghwjh gnynipyntGp, hGswbu L pnpbd
9-n.q, htwnlnwd b £h fuhun dnGnuinnGnepynilhg:

8nyg wnwip, np gullwgwé y, € (4;B) Ytwnnd f'-p whpln-
hwun t:

Thgnp’ x,=f"'(y,) L 0<S<min{x, -a; 8- x,}: Wwp st
wnbuGby, np [x, - 8;x, + ] (a; B): Rwlh np f(x,)=y, L f-p wbnn
t, ywnnn LGp qpb) wGhwywuwpnipyntGGlph hbnbyw) 2npw.

A<f(x, =8) < f(x)=y, < f(x,+8)<B:
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Uju dtipghGp GawlGwynud t, np y,-0 [f(x, = 8); f(x, + 8)] hwun-
Jwéh Gepphh Yt £ (dwjpwlbun sk):

Ujdd, oquybindy pbnpbd 9-hg, Ywpnn GGp wnb, np
[x, = O3x, + 6] hwwnwéh Jpw IniGyghwih plnnlwé wndtiplbph
wnhpnypp [f(x, — 8); f(x, + )] hwndwoh t, nph Ypw, nupbdl Gwl
¥, Uwnid, £ $nlyghwl whpbnhwn £:<

PEnpbAlG wwwgnigybg:

¢ Yhunnnipynil 2: WG thwuwnp, np y, -0 [f(x, — 8); £ (x, + &)] hwn-
qwéh GepphG Yhw t Ywplnp t hGnbjwy wenwing. bpt (hGkp, ophGwl,
Yo = f(x,—5), wyw y,-nid pinptid 9-hg plunn /™' -h wopGnhwwnnipnilhg
yhbwinlbn ShwyG, np (4; B)-h ynw npndwé £~ dnillyghwh y,-nud whGpGn-
hwuw t wohg:

OphGwy 8: y =sinx, xe[—% -2—} dnilyghwl wiénn t L whplnhwun

(® IV. 4.8): 2wGh np minsinx=sin(—12r-j=—l. maxsinx=sin§=1_

IniGyghwjh wpdtipltiph whpnypp, puwn pbinptid 7-h, [-1;1] hwunywe t: Un
hwwndwéh Ynw npngwé y=arcsinxy hwlwnwpd dnibyghwi, hwiwdw)l

pbnptd 9-h, YihOh whpGnhwn:
unil qwunnnepniGGbpny Ywnbith t Gwl bwdnqyb, np y=cosx,

x€[0;7], $nlyghwih hwywnwpdp® y=arccosx Pnillyghwh, npnywsd t
[-1;1] hwuwndwéh Ypw, Gwqgnn t L wlpGnhwen:

OppGuwy 9: "hunwnlytilp y =tgx, xe(—% —2-] $nillyghw: Ihatilp

(n° II. 2.3.7), np tgx-p [— %;%)-md wdnn t: UjGnihbwnl, hGswbu gnug
windtig n° IV. 4.8-n1l, fgx dnillghwl whpGnhwwn t L, pwgh wyn,

lim zgx= lim £gx = +oo:

-2 50
2 2
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Uju tipphlp GawGwlnid b, np plinpbd 9%-nLd uwhdwGywé 4-h L B-h hw-
Owp nLOkGp.

A=inf{’8’“-%<:¢<%}=—eo. B=sup{tgx:—%<x<%}=+oo

Yhpwntiiny, wjddy, pinntid 9'-p, Yunwlwlp, np y = gretgx hwlwnwnd
dniGyghwl npndwé b (—oo;+ 00) -nil, wonn t L whplnhwn:

LnuG ytipy Yuptith t gnyg vy, np y =ctgx, x€(0;7), dnillghwih
hwywnwnpdp® arccrgx -p, npndwé t (—oo;+ o) -nul, Gwgnn t L waGpln-
hwuw:

Jdurg¢nt@snruuver

L. 8nyg vy, np tipk y= f(x), xe X, dmllghwl x, e X Ybwnd wa-
plnhwwin b, www y = f(x)| Inllyghwb x, -nud GnuyGybiu wlpGnhwen t:
Ophlwyny hwingylii, np | f(x)|-h wGpGnhwwnipiniGhg sh plund
f(x)-h wGpGnhwwnipynilp:

2. Spwédt y=f(x), xe X, dnllyghwh: Snyg vy, np nplit x, e X Yb-
wnd | f(x)] b fi(x) dnbyghwlbphg gwiywgwé dbyh wlplnhw-
wnipntlGhg htinbinud t djniuh wGpGnhwinnepyniGp:

3. 620wph’wn t wpnynp, np BpE y=f(x), xe X, L y=g(x), xeX,
InlyghwGlpp x, e X Ytwmd bpynul b fugyen G0, www
S()+g(x) L f(x) g(x) Pnilyghwllipp x,-nud GnujGutiv fuqynn LG:
ftpt hwiwwwunwuhuwb ophbwyGtp:

4. hgnp y=f(x), xe X, dnlyghwl x, € X Ytwnd whGplnhwwn t,
huy y=g(x), xe X, dnuliyghwl’ GnyyG wyn Yhwnnud fuqynn:

w) 8nug wwi, np £+ g dnblghwl x, -nd fuqynn t:
p) OphGwyny hwdnqytiy, np f-g dnbyghwl x,-nud Yupnn t Gk
whplnhwuwn:

5.  8nyg wnw np x°+7x* +6x° =1=0 hwywuwpndG nGh wnGywql tip-
Ynt hpwlwb énLd:
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10.

222

Uwwgnigti, np Yt wunh8wih guliugwé hwipwhwqwywh pwg-
dwlnwd niGh hpwywl wpdwn:

Uwuwgnigty, np ytppwdnp pwg dhowlwjph ypw npnzwé L hwyjwuw-
pwswih wipGnhwwn $nGyghwl uwhdiwbwhwy t:

PEptL R-h Ypw hwjwuwpwswih wipGnhwin $niblyghwih ophGuwy, npp
uwhlwawhwy st:

Uwwgnigtii, np ytpgwynp dhewywjph ypw whpbnhwwn dnibyghwh
wyn dhowYywph Ypw YhGh hwyjwuwpwswih wiplGnhwn wyG L Shw)h
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